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1 Problem 1

1.1 Part (a)

Initially, when mass is given velocity v, then the equation of motion is
mx + kyx =0

with IC x (0) = vy, x (0) = 0, hence the solution is

x(t) = Acosw,t + Bsinw,t

K2 . oy
Where w,, = ‘,ZZ in this case.



From IC x (0) = 0 we obtain that A = 0 and now

[k [k
x() =B =2 cos+[ -2t
m m

Hence from IC i (0) = vy we obtain that B =

-0 and then we write the solution as

\/E
x(t) = ‘/Z—Zvosin\/%t

The above is the | solution for EOM of the mass when it is attached to k,spring |

Now the mass will move to the right, losing its kinetic energy to the potential energy of the

spring until it stops at the maximum displacement on the right, which will be kﬂvo. Then
2

the mass will starts to move to the left again towards the static equilibrium position, gaining
speed as it does and the spring losing potential energy until the mass is back to x = 0 where
it will have speed of v, but in the left direction. When it hits the left spring k;, it will move

in an EQM given by

mX+kix=0

With initial x given by static equilibrium position (i.e. x = 0) and initial velocity of v, but to
the left direction. Hence as before, we obtain

mo. k
x(t) = ‘lavosm\/it

The above is the | solution for EQM of the mass when it is attached to spring k;

. We see

that the maximum displacement will be x (f) = /kﬂvo in this case.
1

Therefore, we conclude the following:

Mass will move to the right of the static equilibrium position a maximum distance of lkﬂvo
2

and

Mass will move to the left of the static equilibrium position a maximum distance of

m

ey 00

And since k, >k, then it will move the left a longer distance than to the right.

1.2 Part(b)

. . . . . k
From above, the period of motion when the mass is attached to k; is found by settmgw/ﬁt =

2nft hence f = ﬁ\/%, therefore

T = ZHF sec
ko




The period of motion when the mass is attached to k; is found by setting\/gt = 2nft hence

-1 b = o [T
f=5A5 therefore | T = 2n 7, Sec

We see that the period when the mass is attached to k; is longer than the period when the
mass is attached to k.




2 Problem 2

The Lagrangian which I will call ' (since I am using L for the current length of the band)
is given by T — U, where T is the kinetic energy of the system and U is the potential energy
of the system.

We take x to be from the unstretched length of the rubber band along the length of the
band.

First, we determine the velocity of mass m. Assume that the length of the rubber band at
any point time is given by L (t), then

2 _ 2 2
U” = Uhorizontal + Uhertical

2 2
d
+ [E (Svertz’cal)]

d _F
= [E (L (t)sin 9)] +

d
= [E (Shorizontal)

q 2
T (L (t) cos 6)]

= [L®)sin 6 + LB cos () 0] +[L.(t)cos 6 —L(t)sin (0) O
= L2 (t)sin® 0 + L2 () cos? () 6% + 2L (t) sin (0) L (t) cos () O
+L2(t)cos? 0 + L2 (b) sin® (60) 6% — 2L (t) cos (O) L (t) sin (6) O
=12(t) [sinz 0 + cos? 9] +12(t) 62 [C082 (0) + sin? (6)]
=[2(t) + L% (t) 67

Therefore, the system kinetic energy is

T = —mv?

2
= %m (L2 (t) + L2 (1) 6?)

Now we find U, the potential energy for the mass, with the help of this diagram



U,yass = —mg (Lcos O = 1)

Where the minus sign at the front since the mass has lost PE as it is assume x has stretched
the band and hence the mass is lower than its static position.

And the potential energy for the band is

1
Upang = Ekxz (t)
Hence, the Lagrangian I' is

r=7-u

= %m (L2 (1) + L2 (1) 6?) - (%kxz (t) - mg (L cos O — 1))

But L =1+ x(t), hence the above becomes

2
I= %m [(% (I +x (t))) +(1+x (1) 92} - (%kx2 () —mg [(I +x () cos 6 — l])

Hence

T = sm [ (6) + (12 + 22 () +21x (1) 62] - 5ka? (£) + mg [1 (cos 6 — 1) + x (£) cos ]

Hence EQM is now found. For 6 we have
ddr  JT
dtdo 90

4 (%m [2(2 + 2 (1) + 21 (1)) 9‘]) —mg[~Isin 6 - x(f)sin 6] = 0

at

m [(2x () & () + 20 (1) O + (P + 22 (t) + 21x (1)) 6] + mg [Isin 0 + x (£) sin 6] = 0
(2 +x2 (1) + 21x () 0 + (2x (1) & (B) + 2L (1) O + gsin O [ + x ()] = 0

(2 +x2(t) + 20x () 0+ (I +x (1) 2t () O + gsin O [l + x ()] = 0

The above can be simplified more if we observer that (12 + X% (t) + 2Ix (t)) =[l+ x(i,‘)]2 =12



and [ + x (t) = L, hence EQM becomes
L?0 + 2L%0 + gLsin 6 = 0
Or

LO +2i0 + gsin 6 = 0

Using small angle approximation, sin 0 ~ 6 and 0 can be neglected, we obtain

LO+g0=0
6+=0=0
L
Hence, the effective stiffness is % and w,, = % = Zj (t)Hence we observe that as the band

is stretched more, w, becomes smaller and the period becomes longer. Now we derive the
EQM in the x direction

S [ (8) + (12 + 2% (1) + 20x (1)) 6] - ska? (£) + mg [1 (cos © 1) +x (£) cos O]

d, . 3
pT (mx(t))+kx(t)=0
Hence EQM is

$()+x() =0

. . .k k . . .
Hence, the effective stiffness is — and w,, =/~ The solutions can now be given easily as

O(t) = Acoswy,t + Bsinwy,t

x(t) = Ccoswy, t+ Dsinw, t

_ | & Y
O (t) = Acos l+x(t)t+Bsm l+x(t)t
L(¥) :Z+Ccos\/£t+Dsin\/£t
m m

Where A, B,C,D can be obtained from initial conditions.

or




3 Problem 3

EOM is given by
. 03
0+ Cl)(z) (8 - Z) =0

The above can be put in the form
0=£() 1)
Where
g3
f(9)=w5(g—9)

Hence, this is an autonomous differential equation since f(0) does not depend on the
independent variable ¢ explicitly.

- d . . .
Now, Let x; = 0 and x, = 0, then % = x, and using the new state variables we can rewrite
the differential equation as

dt
dxy dxq 2 x%
dx, dt 0\ 6
dx; ) X3
—_ Xy = — X1 — —
dx, 2 Wo | X1 6
3
X
dexZ = —a)g X1 — —) dxl

Integrate both side

2 3
X X
_Zz—a)cz)f(xl—gl)dx1+cl
2 4
X X
xﬁ:‘wg[é‘ﬁ +C

- ) 62 4
02 = 20| = - = |+ ()



We are told that when 6 = 6, then 0 = 0, hence from the above

05 o3
oz—zmg[z 24] o

94
2
C1 Wy [9 12 :|
Then (2) becomes

2 24 12
or
1 04
62 = o2 [ﬁw _ 92]+w3 6 - E]
Therefore

. 1 0;
0= C"O\/E@4 62 + 65 - E

de Wy
5 = —\/64 - 1262 +1263 - 65

\/92 12 +92(12 63)

Hence integrating the above we obtam
1

| a0 = == [[dt+c
J (2 -12) + 3 (12-63)  2V3 i

1
d6=22s1c,

f \/92 (62 -12) + 03 (12 - 63) 23

We can stop here. What remains is to evaluate the integral above by some analytical method
to obtain an expression for O (f). The constant C, can be found if we are given the position
initial condition.




4 Problem 3, different method

EQM is given by

0+ w3 (6 - %3) =0
The above can be put in the form
0=r£(0) (1)
Where

3
f(0) = wh (% - 9)

Hence, this is an autonomouse differential equation since f(0) does not depend on the
independent variable ¢ explicility.

To solve (1), we first write

.
| ())&
il

) ) @

d((ar\™")  (de\ T % (dr\”
do\\de) | \de) de2\de

Substitute the above into (2) we obtain

G [ 2 g2 g\t
~ \do] de2\de

But

-3
dt\ " d?t
*(@) de? ©)
But
Ld ((de)F)__(dr)" e ”
2do\\d0) | \do) do?

Compare (4) and (3) we see that (3) can be written as



o=l

THerefore, we use this expression for 6 in (1) and obtain

4l

Substitute the expression for f(60) we obtain

L ((&)) = er (2 -0)

Integrate we obtain

-2
1 (adt ,(0°
E(%) —fa)o(z—e)d6+cl

1

) -
W) 2 [t (% -0)do+c,

Hence

d@ o4 2
\/ZQ)(% (R - ?) + C1

Integrate again, we obtain

10



11

do

—C2+

f\/——w062+C1

f N 12w§92 + G

Where C; =12C4, a new constant. Hence

t=Cy+2V3 [ ————d0

04-120%02+C3

second approach

=0 | 1=%
Let ) 2 hence using the new state variables we can rewrite the
XZZQ Xz——a)o(xl—g)

differential equation as

dx; 5 x3
— + -—1=0
t 0 (xl 6
dxy dxq ) 3
dx1 dt 0 ! 6
dx, X3
EXZ = —a)g X1 — g
3
dexZ = —wg X1 — x6—1) dx1

Integrate both side



3

X X
EZ :—a)%f(xl—gl)dx1+C1

. 6* 6
0% = —20)3 [? - ﬂ]+ Cq

We are told that when 6 = 6, then 0 = 0, hence from the above

03 o
0:—2w5[?°—2—2]+c1

Then (2) becomes

or

1 o4
:%Jﬁﬁ—m+%—é

‘”0\/ 2 4
= ——/604-1202 + 12065 -6
2\/5 0 0

Hence integrating the above we obtain

12

(2)



@
(=20 f 04 — 1202 + 1262 — O4dt
2\/5 \/ 0 0

)
=—= 64—1262+1262—64)t+c
(2\/5\/ 0 0 2

13
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5 Problem 4

The nonlinear equation is
#+01(x2-1)x+x=0
Let

Hence

[551] _ [ X ) _ (g (xlzxz)]
Xy -0.1 (x% - 1) Xy — X1 f(x1,x2)

X 0
Solve for [xl] =1, for equilibrium. Hence x, = 0 and therefore x; = 0 as well. Now we

X2
obtain the linearized state matrix A at the equilibrium point found. First we note that
9g _ adg _, df 0

of
o 0, pod 1, o = o (—0.1x%x2 +0.1x, — xl) = -0.2x;x, —1 and pod ~0.1x% + 0.1, hence

Jdg  Jg

— &Xl QXZ

A=197 5f
dx;  dx x1=0,x=0

_ 0 1
|-02xx%, -1 012 +0.1

(o0 1
-1 01

Find the eigenvalues, we obtain

x1=0,x,=0

-A 1
-1 01-A
-0IA+A%2+1=0

Hence
A12 =1{0.05 + 0.998 75i, 0.05 — 0.998 751}
This is of the form
A=axfi
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With a > 0, hence | unstable, and spiral out. | So. now we can draw the phase portrait near

(0,0) as shown below.

Side QUESTION:

If I wanted to draw the phase plot itself, I am getting this. How to finish this last step? It is
not separable?

To obtain phase plane plot, we need to express x, as function of x;. Looking at the original
nonlinear differential equation again and rewrite using the state variables, we obtain

5&+0.1(x2—1)5c+x:0

de
E +0.1 (x%—l)xz + X1 = 0
de dxl 2
d_x]ﬁ +0.1 (Xl —1)x2 +X1 = 0
de
EXZ +0.1 (X%—].)XZ +X1 = 0
d
ﬁxz +0.1x3x, — 0.1xp + 1 = 0
dX1

d
22 _01-012- 2
dx1 Xp
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6 Problem 5

The equation is
6 +0.50 +sin6 = 0.8
Let
x1=60 | ¥x=06 X1 =%
X, =0 } Xy, = 0.8-0.50 —sin 0 } &, = 0.8 — 0.5x, — sinx;
(ﬂ) _ ( X ] _ (g (xl,xz))
Xy 0.8 — 0.5xy — sin x; f (1, x2)

0
) = (0) for equilibrium. Hence x, = 0 and therefore x; = sin~! (0.8).

Hence

Solve for (xl
X2

Now we obtain the linearized state matrix A at the equilibrium point found. First we note
dJ d d . d
that 8 =0, 28 =1, % - 2 (0.8 —=0.5x, —sinxy) = —cosx; and % = —0.5, hence
2

9}(1 / axz / 07)(1 - o"xl
9g 98
A — Bxl axz

of of

dxy dx x1 :sin71(0.8),x2=0

B 0 1
- —cosx; -0.5

xlzsin_l(O.S),xzzo
0 1
= cos (sin_1 (0.8)) -0.5

~ 0 1
(= c0s(0.927295) -0.5

(o 1
1-06 -05

Hence find the eigenvalues, we obtain

-A 1
-06 -05-41
A% +0.51+0.6=0

=0




Hence

Arp = {=0.25 +0.733 14, -0.25 — 0.73314i)

This is of the form

With a <0, ,

Hence stable, spiral in.

A=a=xpi

17
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7 Problem 6

The equation is
O+cO+sind =0
With IC 6(0) = 6;,and 0 (0) = 0 Let

X1 = 0 5C1 = 6 5C1 = X7
Xy = 6 5[2 = —CQ —sin @ JICZ = —CXp — Sinx1

1 _ X2 _ (&G, x2)
X —CXy — sin xq f(x1,x2)

Now, we are told to consider the initial condition 6 = 0, but this is the same as ¥; = 0. But
if speed is zero, then acceleration must also be zero, hence 0 = 0 or &, = 0. Therefore we

need to solve for (le = (0) or
X 0
x2 _ O
—CXxp —sinxq 1o

Therefore x, = 0 and then sinx; =0 or x; = nnm for n =0, %1, £2, ---.

Hence

Now we obtain the linearized state matrix A at the equilibrium point found. First we note

98 _n 98 _ 4 Of _ 9if _
that ol 0, o 1, ol cosx; and pod ¢, hence
Jg 98
— axl (93(2
A=13/ 5f
dx; Ix x1=17,x=0

3 0 1
| =cos Xy —C

B 0 1
B —cos(nm) -c

x1=n7,x2=0




Hence find the eigenvalues, we obtain

-A

—cos (nm)

1
—-c-A

—A(=c—=A)+cos(nm) =0
A2 +cA+cos(nm) =0

19

Now, we are asked to evaluate this at the center of the phase portrait, which means at x; =0
and x, = 0, in other words, when n = 0 (since when n = 0, then x; = 0). Hence, when n =0,
the characteristic equation becomes

Hence

A2+cA+1=0

We now consider all the possible values of c and see its effect on the roots of the characteristic
equation. This is done using a table

¢ value

roots form

Location of roots

type of stability at (0,0)

c<0and]c <2

a + i where a > 0

In RHS complex plane

Spiral out, UNSTABLE

c<0and]c|>2

a+pf wherea>0andf<a

In RHS on the real line

Repelling, UNSTABLE

c>0and|c <2

a + i where a <0

In LHS complex plane

Spiral in, STABLE

c>0and|c| >2

a+pf wherea<0Oandf<a

In LHS on the real line

Attracting, STABLE

Therefore, we conclude that for ¢ < 0 the system is unstable at equilibrium point (0,0) and
for c > 0 the system is stable at equilibrium point (0,0).

Notice that we did not use the initial condition on the position at all. i.e. knowing that
0 (0) = 6y was not needed to solve this problem.
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8 Problem 7

EOM is
5&+ff +w2x =0
il "

We need to determine the phase plane trajectories. The term %will be either +1 or -1

depending on the sign of x
Hence for & > 0 we have
¥+ f+wix=0
¥+wix=-f
And for ¥ < 0 we have
¥-f+wix=0

¥+wix=f

Analyze each case separately. | For ¥ > 0 we have

%x+a},21x1——f
%errzle_—f
dx, d
ﬁ% i =—f
%xz+a}%x1——f
% 2=—f -win

Integrating both sides, we obtain




Using IC given by x; (0) = 10 and X, (0) = 0, then the above becomes

2 +C

10 2 2
= f - 50w 2 4)+C
a))’l a)l’l
10 2 2
C= f +50f
a)n 1’1
Hence
2
c=60(L)
wy

Therefore, the phase portrait is

f 2
= -2fx; — w2x3 + 120( )

1’1

Hence

2
X = i\/120(§) ~2fx; - wBd

Given f and w, we can plot the phase plane. | For ¥ < 0 we have

d .
Ex+a),%x1 :f

de
Xy = w x
dxl f ntl

dexZ = (f - a)%x1) dx1
Integrating both sides, we obtain
2

2.2
(fx1 - ‘””xl) +C

Using IC given by x; (0) =10 (é) and x, (0) = 0, then the above becomes

i 2
C= 10f2+50f2

(Un wn

21



Hence

C=40 (i)z

Wy

o5l

£V
x5 =2fx; — wix? + 80 (a)_)

n

Therefore, the phase portrait is

N[5

Hence

N\
xzzi\/SO( )+2fx1—a),%x%

Wy

Given f and w, we can plot the phase plane
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9 Problem 8

dy  —cy- (x - 0.1x3)
dx y

From the above phase plane, obtain the differential equation, and then convert back to state
space and obtain the system matrix.

Writing it in state space, where we take y = x, and x = x;, we obtain

dx,  —CXp— (x1 - 0.1x§’)
E - X2
d
ﬁxz = —CXy — (x1 - 0.1x§')
dx, dx
d_xjd_tl =—cxy — (x1 - 0.1x§’)
d
% = —Cxy — (x1 - O.1x‘;’)
X=-cx,— (xl - O.1x§’)

Hence the ODE is

Therefore

xp=x | X1=x% X1 =%
Xo =% | dp=-—ck-— (x - 0.1x3) Xy = —Cxp — (x1 - 0.1x§)

(551] _ ( X2 ] _ (8 (x11x2)]
Xy —CXy — (x1 - O.1x‘;’) f (1, x2)

Hence, the linearized system matrix is, which we evaluate at (0,0) is

Jdg  Jg
axl 8x2

Hence

A=1590 9F

axl 8x2

X1=0,X2=O
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x1=0,x2=0
0 1 )
A=
-1 —c
Hence
-A 1
=0
-1 —c-A
(A (=c-A)+1=0
A2-cA+1=0
Hence
¢ 2
—+45 -1
2 4
Ap = [ <P, ]
2 4
We set up the following table
c value roots form Location of roots type of stability at (0,0)
c>0and|c|] <2 | a+if where a >0 In RHS complex plane | Spiral out, UNSTABLE
c>0and|c|>2 | a+p where @ >0 and f <a | In RHS on the real line | Repelling, UNSTABLE
c<0and|c] <2 | a+if where a <0 In LHS complex plane | Spiral in, STABLE
c<0and|c|>2 | a+p where @ <0and f <a | In LHS on the real line | Attracting, STABLE

We see that for ¢ > 0, system is UNSTABLE and depending on value of c, it is either Spiral
out or Repelling
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