T= kinetic energy of time zzrozm;:m(;l‘,)" Al

Let z, = max fmum o[fspzmrnenf' on rigH:“ tide. xy
fo‘tenhai energy in fpring ok W : SR e
Xy J.k,_x,_ ( x 4 zero ok :r.,_) ...... ~Fy

. | Y J 3

tet %X = paximum &n'spla.ce.me-n‘b £o :QC;F* ,s.'Je . V= %k' *

T=Vv gives ®, = ’% ("."o)%- ’ i
(@) Snce f,< Ky, mWMaximum Jq:fec{:aon = X = ’%—;
(b) Peried of vibration for o JP‘“"& mags

In the preseed cate, (mmmty
' X=0 J'Ltm’w'

& x= 0)+

e for m ﬁ?e'ﬁx“*zfmm

M (
™ ™
s Tu=T ;‘;-—}-j%) t=0 omd netitn B x= 0)

P




Xy =x+E€sin 0 ; xp =% + € 0 cos 0

yo =& cosl ; 3 =~ € Osin 0

. 2 .2

: TmiM"z“*'}“m(Xz +7¥3)

v 2 2

1,,.2 1 ) . . . g
g =5 M3 + 2 m |+ 20 cos 6)7 +(~ £ Fsin 0)
m-%»(M+m)ic2+—;—mé’2  +mexdcos b
Vm%kxz—}—mgf(l——coa@)

Qr =F(t) 5 Qo = Mlt)

Equations of motion:
(M+m)if+m6"6"0039-mfézsin9+kaF‘(t) (1)
mé’z§+mé’iﬁc033w-mt’§césin9+mgfsin9wMg(t) (2)




Using the approximations

) 2
éosl?%lmﬁ—- ; sin9’”~38-i
2 .6

Eqs. (1) and (2) can be expressed as

. - 1 . .21 . 1
MAmE+med—Zme@i-meod +2mer i iy py

mé’z@+mf§iw~;~mfﬁziwm€9‘9i+}gmfﬁ3éi
+mg£’9-—~%—mg€93=th(t)

By neglecting the nonlinear terms, the linearized equations of motion can be wﬁt

M+m)¥+méf+kx=F()

.

mé§+méX+mgef=Mft)

PS



Se

g + G, (s--—;—e)_o - ED
This egua—fuon is similar te Ep- (I? 3) wifh
x=8, o=© F(x)_.f:(e)-e-
Eg- (€) can be rewrlitten of
“ ( )+zw (e- eg):-:.o E2)

wh.ch upen mtegra.t-on gives
2

8o
e = 2("90 f F—‘(—rz)&q = ZCL’OJA (*I“‘"'gL qa).a‘vt
e

w:’(%v*z"_;%*z‘f)e = (6d-5 0, 4_gtebo ) E9)
= o, (81-0") §1 - 15 (o5 + o)} | (B4

Since the maximum value of @ s 8, W€ assume

i

p(t) = ©, sinf _; Es)
Thus 6 —e* = g - & siifp = 62 cos'f (es)
e+ o = o (14 sin @) (E7)

and 6 = Ay o5 P :i% (55)

Substitution of Ezg (E¢) & (Eg) into (54) gives

9: C"SZ(B (—i—%)z = C.S: 9,, w¥ F {1 "‘Ti‘eo ("f' S\n(‘-”)}

'..e., 62 . 2.(5

J z - z _ e z _ ) Sin }’ =
(37?) = % (' iz O ){1 iz (1= 75 8 ) =)
Defining .

af* = 90 (E!o)
2 ("' 12 o )

Ez (E3) can Le used ‘b.: express (f:aumnj Pasih‘ve roo‘{i>1

= G, (f-—- L 6 ) (1_;’ sin P) (ew)

oH:

Ie,

&9(5——“1‘9:52!:#: 5 z z_ﬁ
z \jrf-a../ﬁn‘&

In{'ejra.'hon of (E,z) yields

B 4B
6.9(! '19> (t- te) = A,\ﬂ a,a.n(é (ﬂa)




U_f;‘nj the fnitial conditions ﬁo =0 at ta = O, Eg. (E,-;) Can be
reduced to . 8 ”
NG - '
ey = T et )
where F (e, P) i§ an imcomplete -'eLln‘P{:rc ;‘nf'egr‘ml. of the
f-‘rsf ku‘nd - ,US‘u’nj /3== —3;—' wl-.en e = 90 aun& ‘6:—-0 Wl\en =g
we 3ef for one-—guo—r"—'ﬁ”*‘ ,be,n'acl, J

T 1

— ’t o N F _"g"_
¥ s(-h eyt (D (Es)

Thus the time period of the Pendu‘.um is given L:f
4
. Flo, I a
&, (1- 5 9:)-;: (o I ) (Ei)

T =

V5



P hot (L)X 4+ x = o or x = - [9-1(%7'-1_)::: + x|

L_a‘t‘ i, - xi . ';C‘ - %z’z fl ('xi, 7(2)

. . .
%y = = Lot (2 -1) %z 4 xy )| = £ (xe X1)
: Foxr Ezu.flfbr{um R
i
: fzo » xz=0 ; Ho P x4=0
{';r.i } _ @y Qg { *a
Xq Q) Qryq xq
i whevre '
, | _ % - - 1&\ -
Qu= 9x, 1{0s0Y 7 o . D12= Txpl(0,0) T 1.
i .
ﬂ Qi = 2% = —(0‘27‘:114" i) =-1,
L 3% (0, 0) (0,0)
) o, = 252 - : \ = o-1
! 92= 1R = - o il (xy-1 = 0
; 3 |(0.0) [ ( ¢ >] (0,0)

we find “P: oL, = 1

Mo da= g (ot Z Jowoi—4 ) = complex with positive real parts
Since ?)O , the %gﬁkem is unstable ot the ee,uffe‘l;ri;m }Jor"ﬁ’{'
(,%) = (0, 0)" R
Hence the rhaSe-)ffa.ne -f‘r@jec{:orj in the
nefghborhooc’ of the ezm'lz‘f:rl‘um }aoSi\'::‘on
appears 23 shown m the ;Ft‘gurg;’. _ \

i Al
i

4




Eﬁuai:fon of motion: % + £fE2- + &9: x =0 (Ed)

(=}
e ek (xta) o s I e (&)
amd % b @t (e 2o for % <o (Es)
Wwhere w= £/ (&)
s B 2 2 z ’ (ES)
o+ O, (xew) = R‘; for x* > © (
Vg Oy (X-"‘)i = R;H for x <o 'E‘)

Pl



where R; and ’R;';_, are Enfeﬁrn’\‘:f‘on constants which are fo be
c.ornpu{:d ok each Awitching of sign of x .
wWe can r‘o{: the i:ra,jgc,‘hor{er of a re.rresan'!;a,{:ive. point
whese coordinates are
A= (O, % , Hg=m X (£7)
E&S- (E’g) amd (EG) show that the "l:'m.jec{'arj is made of
semicireles  whose centers arve located at x= —a (or x;:*tztﬂ?n)

and x=+a (or %= +albd,) af shown in the ;Fo“owa'nj figure.

.,,zi

Ry tan be obtained from the
mitiel conditions using Ep. (Es)ax:

1 .2 2/ 10f F 2 SF\* _ 9¥
= deon (-G =(50) 2 e O
Notice that the radii of the ciccles Ry, Rz,--- decrease a-c.C-Ochfﬁj

to the velation
Ri= RJ"_.! - 2.0 Clsh 5 }':l,z)_..

and the system will stop when

Ry S 200 9,

' 2§ 74 2§ 54
Here R, = 9 = B,— = s R,= R, -~ - 22
r i ,_5-3-;' > R?_ E[ wh wn > 3 2 &9; 6.9" }
- 25 3§ - .
TR T

and the motion sborf at this Jzoin‘f (ouf{:er five
%wa”oyc{eS> since R <« 2au 9y, = i

™




L

6 6 +CH + 5n O =0 or g =~c@ — sin 6

let x= 8 omd = dx _ 2
;=T =
dx _ -
dt I jj: = Y - Sin X ()

Eguilibrium 0¥ critical point (where %:o and %:O) of this
system i§ (x=0, F=0), Linearization of Egs- (E) abeut the
eﬁuiitbrium Jporn{- (on‘afn) leads ta
or dx/,,u; o i x
{A»/ax} Tl -e ]l ()
The eigenvalues of this system ave given by

e 1

[ ]__)Y—l a} .
-4 - ] {

e ‘-«)\ {

- | wh—C

ber A= -3 E \} (‘%)2— i (&)

Ij‘- c=0 1 ﬁ’=058='3 >\h1=i\r:?\
The origin will be a center.

= O Y- )-14— Ac 4 o E>\1+1">«+&=‘°

If o<cc<2: p>os5 g > o )\h“l = C"’“"P“"" c.onjuga;bes
The origin will be @ sbable focak pornt (spiral point) .
1:5. c= 2% ‘7>~0;f_,>0', A"z'i-‘ ne,ja..\‘:fve, and 3&““1"
The origin will be « stakble aodad point -
If ¢ 72 pros ¢ >0 T Az = né.ja.{:t‘ve real , the
origin will be a stable nodal )oainw‘:.

Ip -2<c<0: <03 v FO Moo= com plex Conju;a:f:“cs-
The orfsi‘n will be an wunstable :fm::ai g}*’cfm'»'
(Bpival point). T
Eaua,h‘on of wotion: 8 +0.56 + sn 8 =08 &)

Let x=zo omd y= 4%

;o % :y) % - - §ln X -5 o +O‘8 PCI (E-Z)



4 —Sin X =05 Y% + 08

- = '(Ez>
dx Y
At (oc:: s{n“‘o.g, b= o), _‘j:_:g.. :-'-..g.. amd  fence £ will be an
s

Egpdabtcuﬁn Jaofn'}:- To investigate the nature of s-'n_gufa.,riéy,
we rewrite Egs- (E2) in L’nea,rt';e.cf Form as

dx  _ x
E = (0) -+ (1) F } (E‘q>
ot

Thus the eigenvalues of the system are given by

7] { [ o o ¥ \
— A = O or - — o
o -0 5 o] 1 o S =)

YET Atesh o= AT+ prv g =o

A, =0 Ay = ne'ga_ta‘vé

Here 4= Pesi-&:‘ve . g=e, ATo
and Ag= 'nega,t:ve.

Thus the eguflfbm’um jaofn'f:
folls on the border of
saddie Fofn’!:.&’ and stable

nodal points a3 Ahoum in
the wdjmcenf f.‘sure.

\yw

dx.

Tl (o) x + (1) % &)
dr _

el Sl + (@0 x’ )

Eps- (E)) omd (E2) are 3zZero ot (x=0, y=0)- Hence the origin
(0,0) will be egufl:'brt‘um point (s;‘n_g,u{a,r(ftj>.~ The

ea'genva,lues are given fny

\ o 1 4 © _ —A {
| = “C]“A[O 1]\\” \_1 .,c.«,\ama
te, MNedett = N4 prtp =o

{ce,) A'Jz - % "“C j:. \l CL“"‘" 4 }
FA




For ¢>0 and c¢c< 2:

Pros >0 and ) .= com plex conjugates.
Hence the origin will be a stable focus (or spivad peint) .
For ¢c> 2 -
?}‘2 >a, ¥ >0 ; ’\I,z = ﬂeja;f:ive real .
Hence the origin will be a stable nedal point.
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Van der tel’s epuation :

’.k:—-*\’(lwxz')a':+x =0, o) O (Et)
ASS‘ume - Z
x(B)= X (£) +« % (£) + & %, (£) (&)
S
Cr&,:':jz-.c,g:”__acag,__ 0('2'692. (EB)

where &3:::{*-: coefficient of x in Ep- (E).
substitution of (E2) a.ml (E3) into (Ey) gives

ﬂ( ["‘o*"‘g x°]+ « ["‘i”“o"“o :"w,xo-f*@z"l:\

Z : ‘,1“5:
3 (It
+ & [xz""r+x. xo—i-l”‘o"‘o X, - Uy %o — X+ O Xz ] il

+ dg[.--]..‘...., =0 (E‘f>
Setting coefficient of x® in (Ey) to 3ere, we obta.in
x, + W %y =0 s e,

x, F) = A, o5 ot + Ay sin ot (Es)

x({ey= A o~ = (o) =a, W 9et
A= A amd Azr=o0. Thus (E;) reduces 1o

x, () = A cos @t (€e)
Se.‘f:bns coeff;c;enf’ of o(i to 3ero, m Bg. (Eg),

'x,+(,a ® = *o - 'x xc + 68, %o

ASSuming the initiel conditions

B

~Ae S:nw{:+A @ B wt, cofwt 4 @ A ces ot

_-_-,,(Aw-f»q,aw)s-‘nw{:-t»wp( mscat-;-_&‘_r‘_'fsmsmt

(g4
The ceefficients of sinwt omd cos wt wmust be 3ero in 58'(57)>
to owoid secular terms. This gives

. E
A= t2 , 9, = ¢ (%q)
Thus the Par‘!.‘i'cula.r solution of (E7) c_a_n: ke enprassa& al
x(t) = Ay sin 30t + Ay cos 3t

(Es)
substitution of (Eg)omd (Eg) inte Ey 9ives
3
Ay= £ & omd Ay =0 (E10)
Thus x(t) = 35 ..%3.. sitn 3wt . &)

Finally, setting c,oe,ff‘“;_.‘e‘l-‘{; of 0(2 n (E,,) & zere, we Jet
;14‘ i K, = 5:,_,-;(' x,,z»-zxc,';co Xy 4 63, ¥y + 69 X (E“’-)
substitution of (£,), (Eg) amd (Eg) nte (£p) fleads to

%y + X, = —---A cos 3t - (32 A? cos 3c-3f)}\ cos” @t
— 2 (A cos ot) (- AW sin ot ) (

Sin 3c.9t> + 3, A cos ot

._( 123A+64A +Ac.9)msmt+(—-—}\ -m,q ) cos 3@t

-+ ( tzs ‘g’;,‘ A )cos swt | (Ela) F/l



To ovoid secular terms, the coefficient of cos st in (Bi3) wust

. . I
be 3e¥0 - This gives 2= T35 4 (E"&)
with this, and using A=2, EBy. (Ei3) reduces to
-32,_&- ca"'xz = --% cos 365t — _f;:. eos St (E,s)
Assuming %, () = Ag S35t + A¢ <4 Swt (5")
we §ind, from Ep. (Eis),
5 i
As= 57 5T Ae= 5g G Er)
L] . — ;
SR (E)Y = vyl 3wt 4 = tos 5@t (eig)
Thus the tomplels pobdion , Eps. (E2) amd (Es), become
o 3 geo*
-x({"):: 2 (o3 69'b -+ ) Scn?wf+ mwi 3&3'&4-;;:; (_asswi:

amd

(A

z

—

i+

g




