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Chapter 1

Introduction

I took this course in spring 2010 to help me review linear systems again.

Good useful course and Professor Grewal was a nice and good instructor. He worked many
examples in the class which was very useful.

Figure 1.1: class schedule

Figure 1.2: Text book. Signals and Linear Systems 3rd edition by Robert A. Gabel and Richard
Roberts
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Figure 1.3: syllabus
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Chapter 2

cheat sheets

2.1 First mideterm
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2.2 Second midterm
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Chapter 3

HWs

3.1 HW 1

Date due and handed in Feb. 11,2010

3.1.1 Problem 3.5

Figure 3.1: Problem description

Part a

Let L ≡ D4+ 8D2+ 16 and let LA ≡ D2+ 1. Since1 LA [− sin t] = 0, then the differential equation
can be written as

LA [L [y (t)]] = 0(
D2 + 1

) (
D4 + 8D2 + 16

)
= 0(

D2 + 1
) (

D2 + 4
) (

D2 + 4
)
= 0

1LA [− sin t] =
(
D2 + 1

)
(− sin t) = (D (D (− sin t)) − sin t) = (D (− cos t) − sin t) = (sin t − sin t) = 0
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Hence the characteristic equation is(
r 2 + 1

) (
r 2 + 4

) (
r 2 + 4

)
= 0

And the roots from the particular solution are r1 = j and r2 = −j and the roots from the
homogeneous solution are ±2j and ±2j, which we call r3 = 2j,r4 = −2j and r5 = 2j and
r6 = −2j . Hence

yp (t) = c1e
−r1t + c2e

−r2t

and
yh (t) = c3e

−r3t + c4e
−r4t + c5te

−r5t + c6te
−r6t

Hence

yp (t) = c1e
−jt + c2e

jt

= c1 (cos t − j sin t) + c2 (cos t + j sin t)

= (c1 + c2) cos t + (jc2 − jc1) sin t

= C1 cos t +C2 sin t

Where C1 = (c1 + c2) and C2 = (jc2 − jc1)

and

yh (t) = c3e
−2jt + c4e

2jt + c5te
−2jt + c6te

2jt

= c3 (cos 2t − j sin 2t) + c4 (cos 2t + j sin 2t)

+ c5t (cos 2t − j sin 2t) + c6t (cos 2t + j sin 2t)

= (c3 + c4) cos 2t + (−jc3 + jc4) sin 2t + (c5 + c6) t cos 2t + (−jc5 + jc6) t sin 2t

= C3 cos 2t +C4 sin 2t +C5t cos 2t +C6t sin 2t

Where C3 = (c3 + c4) ,C4 = (−jc3 + jc4) ,C5 = (c5 + c6) ,C6 = (−jc5 + jc6)

Hence we have

y (t) =

yp︷                ︸︸                ︷
C1 cos t +C2 sin t +

yh︷                                                     ︸︸                                                     ︷
C3 cos 2t +C4 sin 2t +C5t cos 2t +C6t sin 2t (1)

To determine C1 and C2, we insert yp (t) into the ODE and obtain(
D4 + 8D2 + 16

)
yp (t) = − sin t(

D4 + 8D2 + 16
)
(C1 cos t +C2 sin t) = − sin t

C1
(
D4 + 8D2 + 16

)
cos t +C2

(
D4 + 8D2 + 16

)
sin t = − sin t (2)

But D4 (cos t) = D3 (− sin t) = D2 (− cos t) = D (sin t) = cos t and D2 (cos t) = D (− sin t) =
− cos t andD4 (sin t) = D3 (cos t) = D2 (− sin t) = D (− cos t) = sin t andD2 (sin t) = D (cos t) =
− sin t , hence (2) becomes

C1 (cos t − 8 cos t + 16 cos t) +C2 (sin t − 8 sin t + 16 sin t) = − sin t

(C1 − 8C1 + 16C1) cos t + (C2 − 8C2 + 16C2) sin t = − sin t
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Hence by comparing coefficients, we see that

C2 − 8C2 + 16C2 = −1

C1 − 8C1 + 16C1 = 0

Or

9C2 = −1

9C1 = 0

Hence C2 =
−1
9 and C1 = 0, therefore the particular solution is

yp (t) = C1 cos t +C2 sin t

=
−1
9

sin t

Substitute the above into (1), we obtain

y (t) =
− sin t

9
+C3 cos 2t +C4 sin 2t +C5t cos 2t +C6t sin 2t

Which is what we are required to show. Book uses different names for the constants I used.
This can be easily changed: Let C3 = C1, Let C4 = C2, Let C5 = C3 and let C6 = C4, the above
can be written as

y (t) = C1 cos 2t +C2 sin 2t +C3t cos 2t +C4t sin 2t −
sin t
9

Part b

We need to solve
(
D3 − 2D2 + D − 2

)
y (t) = 0 subject to the initial conditions y (0) = y′ (0) =

y′′ (0) = 1. The characteristic equation is

r 3 − 2r 2 + r − 2 = 0

By trial and error, we see that

(r − 2) (r − j) (r + j) = (r − 2)
(
r 2 + 1

)
= r 3 − 2r 2 + r − 2

Therefore, the roots are r1 = 2, r2 = j, r3 = −j, hence the solution can be written as

y (t) = c1e
r1t + c2e

r2t + c3e
r3t

= c1e
2t + c2e

jt + c3e
−jt

= c1e
2t + c2 (cos t + j sin t) + c3 (cos t − j sin t)

= c1e
2t + (c2 + c3) cos t + (jc2 − jc3) sin t



14

Let c2 + c3 = C2 and let jc2 − jc3 = C3, the above can be written as

y (t) = C1e
2t +C2 cos t +C3 sin t (1)

Now to find the constants Ci we apply the boundary conditions. The first boundary condition
y (0) = 1 yields

y (0) = 1 = C1 +C2 (2)

Now
y′ (t) = 2C1e

2t −C2 sin t +C3 cos t

And the second boundary condition y′ (0) = 1 yields

y′ (0) = 1 = 2C1 +C3 (3)

and
y′′ (t) = 4C1e

2t −C2 cos−C3 sin t

and the third boundary condition y′′ (0) = 1 yields

y′′ (0) = 1 = 4C1 −C2 (4)

So we have 3 equations to solve for C1,C2,C3. Add (2) and (4), we obtain 2 = 5C1, hence

C1 =
2
5

Hence from (2) we obtain C2 = 1 − 2
5

C2 =
3
5

and from (3) we obtain

C3 = 1 − 2C1 = 1 − 4
5 , hence

C3 =
1
5

Hence the solution is from (1) is found to be

y (t) = C1e
2t +C2 cos t +C3 sin t

=
2
5
e2t +

3
5
cos t +

1
5
sin t

=
1
5

(
2e2t + 3 cos t + sin t

)
Which is the answer we are asked to show.



15

Part(c)

The ODE is (
D4 − D

)
y (t) = t2

Hence L ≡ D4 − D and LA = D3 since D3 (
t2

)
= D2 (2t) = D (2) = 0, then the above ODE can

be written as
D3 (

D4 − D
)
y (t) = 0

And the characteristic equation is

r 3
(
r 4 − r

)
= 0

r 3r
(
r 3 − 1

)
= 0

Hence, for the roots that are related to the particular solution are r1 = r2 = r3 = 0.

And the roots that are related to the homogenous solution are r4 = 0 (notice now that this root
is repeated 4 times now), and the roots of

(
r 3 − 1

)
= 0 which are the cubic roots of unity and

can be found as follows

r 3 = 1

r 3 = e2π j

r = e
2π
3 j

Hence the 3 roots of unity are 1, e
2π
3 j, e

4π
3 j , therefore the first root of unity 1, and the second

root of unity is e
2π
3 j = cos

( 2
3π

)
+ j sin

( 2
3π

)
= −1

2 + j 12
√
3and the third root of unity is e

4π
3 j =

cos
( 4
3π

)
+ j sin

( 4
3π

)
= −1

2 − j 12
√
3

Hence r5 = 1, r6 = −1
2 + j

√
3
2 , r7 = −1

2 − j
√
3
2 , in otherwords, the solution is

y (t) =

yp (t)︷                         ︸︸                         ︷
c1e

r1t + c2te
r2t + c3t

2er3t +

yh (t)︷                                  ︸︸                                  ︷
c4t

3er4t + c5e
r5t + c6e

r6t + c7e
r7t

We now substitute the values of ri we found and obtain

y (t) =

yp (t)︷           ︸︸           ︷
c1 + c2t + c3t

2 +

yh (t)︷                                                 ︸︸                                                 ︷
c4t

3 + c5e
t + c6e

(
− 1

2+j
1
2

√
3
)
t
+ c7e

(
− 1

2−j
1
2

√
3
)
t

= c1 + c2t + c3t
2 + c4t

3 + c5e
t + c6e

− 1
2 te j

√
3
2 t + c7e

− 1
2 te−j

√
3
2 t

= c1 + c2t + c3t
2 + c4t

3 + c5e
t + e−

1
2 t

(
c6e

j
√
3
2 t + c7e

−j
√
3
2 t

)
= c1 + c2t + c3t

2 + c4t
3 + c5e

t + e−
1
2 t

(
c6

[
cos

√
3
2
t + j sin

√
3
2
t

]
+ c7

[
cos

√
3
2
t − j sin

√
3
2
t

] )
Hence

y (t) = c1 + c2t + c3t
2 + c4t

3 + c5e
t + e−

1
2 t

(
[c6 + c7] cos

√
3
2
t + [jc6 − jc7] sin

√
3
2
t

)
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Let [c6 + c7] = C6 and let jc6 − jc7 = C7 the above becomes

y (t) =

yp (t)︷           ︸︸           ︷
c1 + c2t + c3t

2 +

yh (t)︷                                                    ︸︸                                                    ︷
c4t

3 + c5e
t + e−

t
2

(
C6 cos

√
3
2
t +C7 sin

√
3
2
t

)
(1)

Now plug yp (t) back in the original ODE we obtain(
D4 − D

)
yp (t) = t2(

D4 − D
) (
c1 + c2t + c3t

2) = t2

D4 (
c1 + c2t + c3t

2) − D
(
c1 + c2t + c3t

2) = t2

D3 (c2 + 2c3t) − (c2 + 2c3t) = t2

D2 (2c3) − (c2 + 2c3t) = t2

− (c2 + 2c3t) = t2

Hence we see that c2 = 0 and c3 = 0, then (1) simplifies to

y (t) = c1 + c4t
3 + c5e

t + e−
t
2

(
C6 cos

√
3
2
t +C7 sin

√
3
2
t

)
(2)

To find c4 , we substitute y (t) found above, into the ode, hence(
D4 − D

)
y (t) = t2(

D4 − D
) [

c1 + c4t
3 + c5e

t + e−
t
2

(
C6 cos

√
3
2
t +C7 sin

√
3
2
t

) ]
= 0

Now, since we only care about finding c4, we can just apply D on that, hence

D4 [
· · · + c4t

3 + · · ·
]
− D

[
· · · + c4t

3 + · · ·
]
= t2

D3 [
· · · + 3c4t

2 + · · ·
]
−

[
· · · + 3c4t

2 + · · ·
]
= t2

D2 [· · · + 6c4t + · · · ] −
[
· · · + 3c4t

2 + · · ·
]
= t2

D [· · · + 6c4 + · · · ] −
[
· · · + 3c4t

2 + · · ·
]
= t2

−
[
· · · + 3c4t

2 + · · ·
]
= t2

By comparing coefficients, we see that c4 = −1
3 then (1) becomes

y (t) = c1 + c5e
t + e−

t
2

(
C6 cos

√
3
2
t +C7 sin

√
3
2
t

)
−
1
3
t3

Which is what we are asked to show.

3.2 HW 2

and HW3 combinedand HW3 combinedand HW3 combined and HW3 combined

Date due and handed in Feb. 18,2010
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3.2.1 Problem 3.8

Find the impulse response of the following systems defined by the following differential equa-
tions. Verify your answer

Part a(
D2 + 7D + 12

)
y (t) = u (t)

Answer

The impulse reponse h (t) satisfies the homogenouse part of the differential equation under the
initial conditions h (0) = 0,h′ (0) = 1.

Hence we solve the following (
D2 + 7D + 12

)
h (t) = 0 (1)

The charateristic equation is r 2 + 7r + 12 = 0 or (r + 4) (r + 3) = 0, hence

h (t) =
(
c1e

−3t + c2e
−4t ) ξ (t) (2)

Where ξ (t) is the unit step function. Now find c1 and c2 from initial conditions

h (0) = 0 = c + c2 (3)

and

h′ (t) =
(
−3c1e

−3t − 4c2e
−4t ) ξ (t) + (

c1e
−3t + c2e

−4t ) δ (t)
h′ (0) = 1 = (−3c1 − 4c2) + (c1 + c2)

1 = −2c1 − 3c2 (4)

From (3) and (4), we solve for c1, c2

c1 = 1

c2 = −1

Hence h (t) from (2) becomes
h (t) = (e−3t − e−4t) ξ (t) (5)

Now we verify this solution (note that ξ ′ (t) = δ (t))

h′ (t) =
(
−3e−3t + 4e−4t

)
ξ (t) +

(
e−3t − e−4t

)
δ (t)

h′ (t) =
(
−3e−3t + 4e−4t

)
ξ (t) (6)

And

h′′ (t) =
(
9e−3t − 16e−4t

)
ξ (t) +

(
−3e−3t + 4e−4t

)
δ (t)

=
(
9e−3t − 16e−4t

)
ξ (t) + (−3 + 4)δ (t)

=
(
9e−3t − 16e−4t

)
ξ (t) + δ (t) (7)
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Substitute (5),(6) and (7) into LHS of (1) we obtain(
D2 + 7D + 12

)
h (t) = h′′ (t) + 7h′ (t) + 12h (t)

=
(
9e−3t − 16e−4t

)
ξ (t) + δ (t)+

7
(
−3e−3t + 4e−4t

)
ξ (t)+

12
(
e−3t − e−4t

)
ξ (t)

=
(
9e−3t − 16e−4t − 21e−3t + 28e−4t + 12e−3t − 12e−4t

)
ξ (t) + δ (t)

=
[
(9 − 21 + 12) e−3t + (−16 + 28 − 12) e−4t

]
ξ (t) + δ (t)

= δ (t)

Hence we see that when the input is δ (t), then the solution is h (t), which is the definition of
h (t). Hence the solution is verified.

Part d(
D3 + 6D2 + 12D + 8

)
y (t) = u (t)

Answer

The impulse reponse h (t) satisfies the homogenouse part of the differential equation under the
initial conditions h (0) = 0,h′ (0) = 0,h′′ (0) = 1

Hence we solve the following (
D3 + 6D2 + 12D + 8

)
h (t) = 0 (1)

The charateristic equation is r 3 + 6r 2 + 12r + 8 = 0 or (r + 2) (r + 2) (r + 2) = 0, hence

h (t) =
(
c1e

−2t + c2te
−2t + c3t

2e−2t
)
ξ (t) (2)

Now we find unknown c′s . We start from h (0) = 0 and obtain

h (0) = 0 = c1

Hence the solution becomes

h (t) =
(
c2te

−2t + c3t
2e−2t

)
ξ (t)

h′ (t) =
(
c2t

(
−2e−2t

)
+ c2e

−2t + c3t
2 (
−2e−2t

)
+ 2c3te

−2t ) ξ (t) + (
c2te

−2t + c3t
2e−2t

)
δ (t)

=
(
−2c2te

−2t + c2e
−2t − 2c3t

2e−2t + 2c3te
−2t ) ξ (t)

And from h′ (0) = 0 we obtain
0 = c2
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Hence the solution becomes

h (t) =
(
c3t

2e−2t
)
ξ (t)

h′ (t) =
(
2c3te

−2t − 2c3t
2e−2t

)
ξ (t) +

(
c3t

2e−2t
)
δ (t)

=
(
2c3te

−2t − 2c3t
2e−2t

)
ξ (t)

h
′′

(t) =
(
2c3e

−2t − 4c3te
−2t − 4c3te

−2t + 4c3t
2e−2t

)
ξ (t) +

(
2c3te

−2t − 2c3t
2e−2t

)
δ (t)

=
(
2c3e

−2t − 4c3te
−2t − 4c3te

−2t + 4c3t
2e−2t

)
ξ (t)

And from h′′ (0) = 1 we find that

h′′ = 1 = 2c3

c3 =
1
2

Hence the final solution is
h (t) =

(
1
2
t2e−2t

)
ξ (t)

To verify, we need to evaluate h′′′ (t) + 6h′′ (t) + 12h′ (t) + 8h (t) and see if we obtain δ (t) as
the result.

h′ (t) =
(
te−2t − t2e−2t

)
ξ (t) +

(
1
2
t2e−2t

)
δ (t)

=
(
te−2t − t2e−2t

)
ξ (t)

And

h′′ (t) =
(
e−2t − 2te−2t − 2te−2t + 2t2e−2t

)
ξ (t) +

(
te−2t − t2e−2t

)
δ (t)

=
(
e−2t − 4te−2t + 2t2e−2t

)
ξ (t)

And

h′′′ (t) =
(
−2e−2t − 4e−2t + 8te−2t + 4te−2t − 4t2e−2t

)
ξ (t) +

(
e−2t − 4te−2t + 2t2e−2t

)
δ (t)

=
(
−6e−2t + 12te−2t − 4t2e−2t

)
ξ (t) + δ (t)

Therefore, LHS = h′′′ (t) + 6h′′ (t) + 12h′ (t) + 8h (t) becomes

LHS =
(
−6e−2t + 12te−2t − 4t2e−2t

)
ξ (t) + δ (t)

+ 6
( (
e−2t − 4te−2t + 2t2e−2t

)
ξ (t)

)
+ 12

( (
te−2t − t2e−2t

)
ξ (t)

)
+ 8

( (
1
2
t2e−2t

)
ξ (t)

)
= e−2t (−6 + 6) + te−2t (12 − 24 + 12) + t2e−2t (−4 + 12 − 12 + 4) + δ (t)

= δ (t)

Hence we see that when the input is δ (t), then the solution is h (t), which is the definition of
h (t). Hence the solution is verified
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Part e (
D3 + 6D2 + 12D + 8

)
y (t) = (D − 1)u (t)

Note: There is a typo in the textbook. The problem as shown in the text had the number 4 in
the above equation when it should be 6. I confirmend this with our course instructor. I am
sloving the correct version of the problem statment as shown above.

We start by finding the impluse response for the system
(
D3 + 6D2 + 12D + 8

)
y (t) = u (t),

which we call ĥ (t), then find the required impulse reponse using

h (t) = (D − 1) ĥ (t)

However, the impulse reponse of the above was found in part (d), and it is

ĥ (t) =

(
1
2
t2e−2t

)
ξ (t)

Therefore the required reponse reponse is

h (t) = (D − 1)

(
1
2
t2e−2t

)
ξ (t)

=
(
te−2t − t2e−2t

)
ξ (t) +

(
1
2
t2e−2t

)
δ (t) −

(
1
2
t2e−2t

)
ξ (t)

=

(
te−2t −

3
2
t2e−2t

)
ξ (t)

Therefore
h (t) =

(
te−2t −

3
2
t2e−2t

)
ξ (t)

Now we need to verify this solution.

h′ (t) =
(
e−2t − 2te−2t − 3te−2t + 3t2e−2t

)
ξ (t) +

(
te−2t −

3
2
t2e−2t

)
δ (t)

=
(
e−2t − 5te−2t + 3t2e−2t

)
ξ (t)

And

h′′ (t) =
(
−2e−2t − 5e−2t + 10te−2t + 6te−2t − 6t2e−2t

)
ξ (t) +

(
e−2t − 5te−2t + 3t2e−2t

)
δ (t)

=
(
−7e−2t + 16te−2t − 6t2e−2t

)
ξ (t) + δ (t)

And

h′′′ (t) =
(
14e−2t + 16e−2t − 32te−2t − 12te−2t + 12t2e−2t

)
ξ (t) +

(
−7e−2t + 16te−2t − 6t2e−2t

)
δ (t) + δ ′ (t)

=
(
30e−2t − 44te−2t + 12t2e−2t

)
ξ (t) − 7δ (t) + δ ′ (t)
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Now using the above, we evaluate the LHS of the ODE, we obtain

LHS =
(
D3 + 6D2 + 12D + 8

)
h (t)

= h′′′ (t) + 6h′′ (t) + 12h′ (t) + 8h (t)

=
(
30e−2t − 44te−2t + 12t2e−2t

)
ξ (t) − 7δ (t) + δ ′ (t)

+ 6
[ (
−7e−2t + 16te−2t − 6t2e−2t

)
ξ (t) + δ (t)

]
+ 12

[ (
e−2t − 5te−2t + 3t2e−2t

)
ξ (t)

]
+ 8

[ (
te−2t −

3
2
t2e−2t

)
ξ (t)

]
= e−2t (30 − 42 + 12) ξ (t)

+ te−2t (−44 + 96 − 60 + 8) ξ (t)

+ t2e−2t (12 − 36 + 36 − 12) ξ (t)

− δ (t) + δ ′ (t)

= e−2t (0) + te−2t (0) + t2e−2t (0) − δ (t) + δ ′ (t)

= δ ′ (t) − δ (t)

But the RHS is (D − 1)δ (t) which is δ ′ (t) − δ (t). Hence LHS=RHS, hence verified.

and HW3 combined

3.3 HW 4

Date due and handed in March 18,2010

3.3.1 Problem 3.23 (a)

Write the state variable equation for the following
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Figure 3.2: System description

Solution

Let x1 (t) and x2 (t) be the state variables. Hence from the diagram we see the following

x′1 (t) = ax1 (t) + u (t)

x′2 (t) = bx2 (t) + u (t)

And
y (t) = x1 (t) + x2 (t)

Hence

(
x′1 (t)

x′2 (t)

)
=

A︷  ︸︸  ︷(
a 0

0 b

) (
x1 (t)

x2 (t)

)
+

B︷︸︸︷(
1

1

)
u (t)

y (t) =

C︷ ︸︸ ︷(
1 1

) (
x1 (t)

x2 (t)

)

3.4 HW 5

Date due and handed in March 18,2010
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3.4.1 Problem 3.23 (a)

Figure 3.3: Problem description

Part(a)

Labeling the output from the branches as follows
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Figure 3.4: Problem description part(a) labeled

Then the differential equation becomes

y′′1 = u − 2y′1 − 26y1

While the output equation become
y = 29y1

Let x1 = y1
x1 = y1

x2 = y
′
1

}
→

x′1 = y
′
1 = x2

x′2 = y
′′

1 = u − 2y′1 − 26y1 = u − 2x2 − 26x1

}
Hence

(
x′1
x′2

)
=

A︷       ︸︸       ︷(
0 1

−26 −2

) (
x1

x2

)
+

B︷︸︸︷(
0

1

)
u (t)

y (t) =

C︷   ︸︸   ︷(
29 0

) (
x1

x2

)
+

D︷︸︸︷
(0) u (t)

Part b

To find eAt use the eigenvalue approach. Find find |A − λI |

|A − λI | =

�����
(
0 1

−26 −2

)
− λ

(
1 0

0 1

) ����� =
�����
(
−λ 1

−26 −2 − λ

) ����� = −λ (−2 − λ) + 26

Now solve −λ (−2 − λ) + 26 = 0 or λ2 + 2λ + 26 = 0, which has solutions

λ1 = −1 + 5j

λ2 = −1 − 5j

Hence we have the following 2 equations to solve for β0 and β1

eλ1t = β0 + λ1β1

eλ2t = β0 + λ2β1
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Solving we find

β0 = e−t
(
cos 5t +

1
5
sin 5t

)
β1 =

1
5
e−t sin 5t

Hence

eAt = β0 + β1A

= e−t
(
cos 5t +

1
5
sin 5t

) (
1 0

0 1

)
+
1
5
e−t sin 5t

(
0 1

−26 −2

)
= e−t

(
cos 5t + 1

5 sin 5t
1
5 sin 5t

−26
5 sin 5t cos 5t − 1

5 sin 5t

)
Part c

To find matrix (jωI −A)−1

jωI −A = jω

(
1 0

0 1

)
−

(
0 1

−26 −2

)
=

(
jω 0

0 jω

)
−

(
0 1

−26 −2

)
=

(
jω −1

26 jω + 2

)
Hence

(
jω −1

26 jω + 2

) −1
=

(
jω + 2 1

−26 jω

)
(jω) (jω + 2) + 26

=

(
jω + 2 1

−26 jω

)
−ω2 + 2jω + 26

=
1

−ω2 + 2jω + 26

(
jω + 2 1

−26 jω

)
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Part d

To find the frequency response function. Assuming zero initial conditions, from equation 3.10.4
in the book

H (jω) = C (jωI −A)−1 B

=
(
29 0

) 1
−ω2 + 2jω + 26

(
jω + 2 1

−26 jω

) (
0

1

)
=

1
−ω2 + 2jω + 26

(
29 0

) (
1

jω

)
=

29
−ω2 + 2jω + 26

Hence
|H (jω)| =

29
|−ω2 + 2jω + 26|

=
29√

(26 − ω2)
2
+ 4ω2

And phase is

arg (H (jω)) = arg (29) − arg
(
−ω2 + 2jω + 26

)
= − tan−1

2ω
26 − ω2

Part e

The state solution is

x (t) =

t∫
0

eAτBu (τ )dτ

and

y (t) = Cx (t) =

t∫
0

CeAτBu (τ )dτ

Hence, let u (τ ) = δ (t), then

h (t) = CeAtB

=
(
29 0

)
e−t

(
cos 5t + 1

5 sin 5t
1
5 sin 5t

−26
5 sin 5t cos 5t − 1

5 sin 5t

) (
0

1

)
= e−t

(
29 0

) (
1
5 sin 5t

cos 5t − 1
5 sin 5t

)
= e−t

(
29
5
sin 5t

)
ξ (t)
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3.5 HW 6

Date due and handed in April 6,2010

3.5.1 Problem 3.25

Write state variable description of the following 2 systems. For what values of k will the system
be stable?

Figure 3.5: Problem description

part(a)

This system has 2 integrators, hence it is of order 2. Hence we need 2 state variables. Assign a
state variable as the output of each integrator
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Figure 3.6: part(a) system with labels

Hence

x′1 = −3x1 + u1 + x2
x′2 = x2 + kx1 + u2

and y = x1,Hence

(
x′1
x′2

)
=

A︷    ︸︸    ︷(
−3 1

k 1

) (
x1

x2

)
+

B︷ ︸︸ ︷(
1 0

0 1

) (
u1

u2

)

y =

C︷ ︸︸ ︷(
1 0

) (
x1

x2

)
To find what values of k the system is stable, the eigenvalues of the A matrix are found and
the K range which makes these values negative is the range of value needed.

|A − λI | =

�����
(
−3 − λ 1

k 1 − λ

) ����� = (1 − λ) (−3 − λ) − k
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Hence the characteristic equation is

λ2 + 2λ − k − 3 = 0

and the roots are

λ1 = −1 +
√
k + 4

λ2 = −1 −
√
k + 4

consider λ1. For this root to be stable, then
√
k + 4 < 1 or k < −3

consider λ2. This root is stable for any value of k since when k + 4 < 0 then it is stable since
real part is already negative, and when k + 4 > 0 then it is stable also.

Hence we conclude that the system is stable for k < −3

To find the ODE:

From x′1 = −3x1 +u1 + x2 we obtain x′′1 = −3x′1 +u
′
1 + x

′
2. Substitute the value of x′2 from above,

we obtain x′′1 = −3x′1 + u
′
1 + x2 + kx1 + u2, but x2 =.x

′
1 + 3x1 − u1, hence

x′′1 = −3x′1 + u
′
1 + x

′
1 + 3x1 − u1 + kx1 + u2

= −2x′1 + x1 (3 + k) − u1 + u
′
1 + u2

since x1 = y we obtain
y′′ = −2y′ + y (3 + k) − u1 + u

′
1 + u2

Part(b)

This system has 2 integrators, hence it is of order 2. Hence we need 2 state variables. Assign a
state variable as the output of each integrator

Figure 3.7: Part(b) system
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Hence

x′1 = −
3
4
x1 + u1 + x2

x′2 = −
3
4
x2 + kx1

and y = x1,Hence

(
x′1
x′2

)
=

A︷      ︸︸      ︷(
−3

4 1

k −3
4

) (
x1

x2

)
+

B︷︸︸︷(
1

0

)
u1

y =

C︷ ︸︸ ︷(
1 0

) (
x1

x2

)
To find what values of k the system is stable, the eigenvalues of the A matrix are found and
the K range which makes these values negative is the range of value needed.

|A − λI | =

�����
(
−3

4 − λ 1

k −3
4 − λ

) ����� = (
−
3
4
− λ

) (
−
3
4
− λ

)
− k

Hence the characteristic equation is

λ2 +
3
2
λ − k +

9
16
= 0

and the roots are

λ1 = −
3
4
−
√
k

λ2 = −
3
4
+
√
k

For λ1, all values of k will result in stable root. For λ2,
√
k < 3

4 or k < 9
16 or k < 0.562 5

Hence k < 9
16 or k < 0.562 5 is the range of k for stability.

To find the ODE: From x′1 = −3
4x1 +u1 +x2, we obtain x′′1 = −3

4x
′
1 +u

′
1 +x

′
2 Substitute the value

of x′2 from above, we obtain x′′1 = −3
4x

′
1 + u

′
1 −

3
4x2 + kx1 but x2 = x′1 +

3
4x1 − u1, hence

x′′1 = −
3
4
x′1 + u

′
1 −

3
4

(
x′1 +

3
4
x1 − u1

)
+ kx1

= −
3
4
x′1 + u

′
1 −

3
4
x′1 −

9
16

x1 +
3
4
u1 + kx1

= −
3
2
x′1 + x1

(
k −

9
16

)
+ u′1 +

3
4
u1

since x1 = y we obtain

y′′ +
3
2
y′ − y

(
k −

9
16

)
= u′1 +

3
4
u1
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3.5.2 Problem 2

Figure 3.8: Problem description

part(a)

(
x′1
x′2

)
=

A︷      ︸︸      ︷(
0 1

−2 −3

) (
x1

x2

)
+

B︷︸︸︷(
0

1

)
u1

y =

C︷   ︸︸   ︷(
c1 c2

) (
x1

x2

)
+ [d] u1

(jωI −A) = jω

(
1 0

0 1

)
−

(
0 1

−2 −3

)
=

(
jω −1

2 jω + 3

)
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Hence

(jωI −A)−1 =

(
jω −1

2 jω + 3

) −1
=

1
(jω) (jω + 3) + 2

(
jω + 3 1

−2 jω

)
=

1
−ω2 + 3jω + 2

(
jω + 3 1

−2 jω

)
part(b)

To find eAt use the eigenvalue method.

|A − λI | =

�����−λ 1

−2 −3 − λ

����� = λ2 + 3λ + 2

Hence the roots of λ2 + 3λ + 2 = 0 are found to be λ1 = −1 and λ2 = −2. Hence the 2 equations
to solve are

eλ1t = β0 + β1λ1

eλ2t = β0 + β1λ2

or

e−t = β0 − β1

e−2t = β0 − 2β1

Solving we obtain

β0 = 2e−t − e−2t

β1 = e−t − e−2t

Hence

eAt = β0I + β1A

=
(
2e−t − e−2t

) (
1 0

0 1

)
+

(
e−t − e−2t

) (
0 1

−2 −3

)
=

Hence

eAt =

( (
2e−t − e−2t

) (
e−t − e−2t

)
−2

(
e−t − e−2t

)
−e−t + 2e−2t

)
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part (c)

First need to find H (jω). We start from the system equations

x′ = Ax + Bu (1)
y = Cx + Du (2)

Let u = e jωt , hence the state particular solution is

xp (t) = X (jω) e jωt (3)

And
yp (t) = H (jω) e jωt (4)

From (1) and (3) , we obtain

jωX (jω) e jωt = AX (jω) e jωt + Be jωt

jωX (jω) = AX (jω) + B

(jωI −A)X (jω) = B

X (jω) = (jωI −A)−1 B (5)

and from (2) and (4) we obtain

H (jω) e jωt = CX (jω) e jωt + De jωt

H (jω) = CX (jω) + D

Substitute (5) into the above

H (jω) = C (jωI −A)−1 B + D

From part(a) we found (jωI −A)−1, hence the above becomes

H (jω) =
(
c1 c2

) 1
−ω2 + 3jω + 2

(
jω + 3 1

−2 jω

) (
0

1

)
+ d

=
1

−ω2 + 3jω + 2

(
(jω + 3) c1 − 2c2 c1 + c2jω

) (
0

1

)
+ d

=
(c1 + c2jω)

−ω2 + 3jω + 2
+ d

=
(c1 + c2jω) + d

(
−ω2 + 3jω + 2

)
−ω2 + 3jω + 2

=

(
c1 + 2d − dω2) + j (c2ω + 3dω)

(−ω2 + 2) + 3jω

Hence

|H (jω)|2 =

(
c1 + 2d − dω2) 2 + (c2ω + 3dω)2

(−ω2 + 2)2 + 9ω2

=
d2ω4 + 5d2ω2 + 4d2 − 2dω2c1 + 6dω2c2 + 4dc1 + ω2c22 + c

2
1

ω4 + 5ω2 + 4
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Now, from diagram, at ω = 0 we have |H (jω)|2 = 1, hence

1 = d2 + dc1 +
1
4
c21 (6)

And at ω = 1 we have |H (jω)|2 = 0 hence

0 =
10d2 + 2dc1 + 6dc2 + c22 + c

2
1

10
Or

0 = 10d2 + 2dc1 + 6dc2 + c
2
2 + c

2
1 (7)

And at ω = −1 we have |H (jω)|2 = 0 but this will not add new equation. So need to look at
the limit as ω → ∞

|H (jω)|2 =
d2 + 5d2

ω2 +
4d2

ω4 −
2dc1
ω2 +

6dc2
ω2 +

4dc1
ω4 +

c22
ω2 +

c21
ω4

1 + 5
ω2 +

4
ω4

Hence we see that as ω → ∞, |H (jω)|2 → d2, hence d = 0 since |H (jω)| → 0 in the limit. So
now we know d , we have 2 equations and 2 unknowns to solve for from (6) and (7). Re write
(6) and (7) again by setting d = 0 we obtain

1 =
1
4
c21 (6)

0 = c22 + c
2
1 (7)

Hence c1 = 2 and c2 = 2j therefore, the system now looks like

(
x′1
x′2

)
=

A︷      ︸︸      ︷(
0 1

−2 −3

) (
x1

x2

)
+

B︷︸︸︷(
0

1

)
u1

y =

C︷  ︸︸  ︷(
2 2j

) (
x1

x2

)
Part(d)

To find h (t), Let the input be δ (t), and find y (t). From the system equation

yp (t) =

t∫
t0

CeA(t−τ )Bu (τ )dτ

Let u (τ ) = δ (t), so the above becomes

h (t) =

t∫
t0

CeA(t−τ )Bδ (τ )dτ

= CeA(t)B t ≥ 0
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But we found eA(t) in part (b), hence

h (t) =
(
2 2 j

) ( (
2e−t − e−2t

) (
e−t − e−2t

)
−2

(
e−t − e−2t

)
−e−t + 2e−2t

) (
0

1

)
= 2e−t − 2e−2t − 2j

(
e−t − 2e−2t

)
part(e)

To check for stability

|A − λI | =

�����
(
−λ 1

−2 −3 − λ

) ����� = (−λ) (−3 − λ) + 2

Hence
λ2 + 3λ + 2 = 0

The roots are −1,−2 and since they are both negative, hence the system is stable.

3.6 HW 7

Date due and handed in April 13,2010

3.6.1 Problem 3.25

Figure 3.9: Problem description

y′′ (t) + 3y′ (t) + 2y (t) = u (t)
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Using the Laplace approach. First we note that the input is a delayed step input, hence u (t) =
ξ (t − 1) where ξ (t) is the unit step function. Laplace transform of a delayed unit step is
∞∫
0

ξ (t − 1) e−stdt =

∞∫
1

e−stdt =
[
e−st

]∞
1

−s = e−s

s

Applying the Laplace transformation on the ODE gives

s2Y (s) − sy (0) − y′ (0) + 3sY (s) − y (0) + 2Y (s) =
e−s

s

s2Y (s) − 1 + 3sY (s) + 2Y (s) =
e−s

s

Y (s)
(
s2 + 3s + 2

)
− 1 =

e−s

s

Y (s) =
1

s2 + 3s + 2
+

e−s

s (s2 + 3s + 2)
(1)

Considering the first term on the RHS of (1), calling itY1 (s) = 1
s2+3s+2 , and using partial fractions

gives

Y1 (s) =
1

(s + 1) (s + 2)
=

A

s + 1
+

B

s + 2

A = lim
s−>−1

1
(s + 2)

= 1

B = lim
s−>−2

1
(s + 1)

= −1

Hence
Y1 (s) =

1
s + 1

−
1

s + 2

Considering the second term on the RHS, calling itY2 (s) = e−s

s(s2+3s+2) , and using partial fractions
gives

Y2 (s)

e−s
=

1
s (s + 1) (s + 2)

=
A

s
+

B

s + 1
+

C

s + 2

A = lim
s−>0

1
(s + 1) (s + 2)

=
1
2

B = lim
s−>−1

1
s (s + 2)

= −1

C = lim
s−>−2

1
s (s + 1)

=
1
2

Hence
Y2 (s)

e−s
=

1
2
1
s
−

1
s + 1

+
1
2

1
s + 2
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Therefore

Y (s) = Y1 (s) + Y2 (s)

=

(
1

s + 1
−

1
s + 2

)
+

(
1
2
e−s

s
−

e−s

s + 1
+
1
2
e−s

s + 2

)
(2)

The effect of e−as is to cause a time delay when finding the inverse Laplace transform.

e−asF (s) → f (t − a) ξ (t − a)

Now, taking the inverse Laplace transform of (2) gives the solution

y (t) = e−tξ (t) − e−2tξ (t) +
1
2
ξ (t − 1) − e−(t−1)ξ (t − 1) +

1
2
e−2(t−1)ξ (t − 1)

=
(
e−t − e−2t

)
ξ (t) +

1
2

(
1 − 2e−(t−1) + e−2(t−1)

)
ξ (t − 1)

3.7 HW 8

and HW9 combinedand HW9 combinedand HW9 combined and HW9 combined

Date due and handed in April 29,2010

3.7.1 Problem 1 (problem 6.10 in text)

Figure 3.10: Problem description
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Let E (s) be the Laplace transform of the error signal, then we write

E (s) = u (s) + д y (s) (1)
y (s) = E (s)G (s) (2)

Substitute (1) into (2)

y (s) = (u (s) + дy (s))G (s)

= u (s)G (s) + дy (s)G (s)

y (s) [1 − дG (s)] = u (s)G (s)

H (s) =
y (s)

u (s)
=

G (s)

1 − дG (s)

But G (s) = 1
(s−1)(s+3) , hence the above becomes

H (s) =
1

(s − 1) (s + 3) − д

Pole of H (s) is when denominator is zero. When д = 0, then the poles are s = 1 and s = −3.
Since one of poles is in the RHS plane (pole s = 1), then the system is unstable when д = 0.

In other words, system stability is determined by the plant stability itself. Since the plant itself
is unstable, then the overall system is unstable.

positive feedback

We found from the above what H (s) is.

H (s) =
1

(s − 1) (s + 3) − д
=

1
s2 + 2s − (3 + д)

The roots of the denominator of H (s) are

s1,2 =
−b

2
±
1
2

√
b2 − 4ac = −1 ±

1
2

√
4 + 4 (3 + д) = −1 ±

√
4 + д

Hence
s1 = −1 +

√
4 + д

s2 = −1 −
√
4 + д

For s1 to be stable, then
√
4 + д < 1 or 4 + д < 1 or д < −3. For s2, it is always stable for any

value of д.

negative feedback

When using negative feedback, the overall system transfer function will come out to be

H (s) =
1

(s − 1) (s + 3) + д
=

1
s2 + 2s + (д − 3)
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Hence the roots of the denominator of H (s) are

s1,2 =
−b

2
±
1
2

√
b2 − 4ac = −1 ±

1
2

√
4 − 4 (д − 3) = −1 ±

√
4 − д

Hence
s1 = −1 +

√
4 − д

s2 = −1 −
√
4 − д

For s1 to be stable, then
√
4 − д < 1 or 4 − д < 1 or д > 3. For s2, it is always stable for any

value of д.

Conclusion: For positive feedback, system is stable for д < −3 and for negative feedback,
system is stable for д > 3

3.7.2 Problem 2 (problem 2.2 part (c) in textbook)

Solve the following difference equation

y (k + 2) + y (k) = sink k ≥ 0 (1)

LA =
(
1 − e jS−1

) (
1 − e−jS−1

)
, hence

LA
[
S2 + 1

]
y (k) = 0(

1 − e jS−1
) (

1 − e−jS−1
) [

S2 + 1
]
y (k) = 0

The roots for yp (k) are r3 = e j and r4 = e−j , hence yp (k) = c3e jk + c4e−jk . Substituting this into
(1) gives

c3e
j(k+2) + c4e

−j(k+2) + c3e
jk + c4e

−jk = sink

But sink = e jk−e−jk

2j hence

c3e
j(k+2) + c4e

−j(k+2) + c3e
jk + c4e

−jk =
e jk − e−jk

2j

c3e
jke2j + c4e

−jke−2j + c3e
jk + c4e

−jk =
1
2j
e jk −

1
2j
e−jk

e jk
(
c3e

2j + c3
)
+ e−jk

(
c4e

−2j + c4
)
=

1
2j
e jk −

1
2j
e−jk

Hence (
c3e

2j + c3
)
=

1
2j(

c4e
−2j + c4

)
= −

1
2j

or

c3
(
1 + e2j

)
=

1
2j

c4
(
1 + e−2j

)
= −

1
2j
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or

c3 =
−j

2 (1 + e2j)

c4 =
j

2 (1 + e−2j)

Hence since yp (k) = c3e jk + c4e−jk we now obtain

yp (k) =
−je jk

2 (1 + e2j)
+

je−jk

2 (1 + e−2j)

Therefore
y (k) = yp (k) + yh (k)

Butyh (k) has the auxiliary equation r 2+1 = 0, hence roots are r = ±j henceyh (k) = c1jk −c2jk
hence

y (k) = yp (k) + yh (k)

=
−je jk

2 (1 + e2j)
+

je−jk

2 (1 + e−2j)
+ c1j

k − c2j
k

To find c1 and c2 we need initial conditions, which is not given. So we stop here. Hence

y (k) =
j

2

(
e−jk

1 + e−2j
−

e jk

1 + e2j

)
+ jk (c1 − c2)

This can be simplified to

y (k) =
j

2

(
e−jk

(
1 + e2j

)
− e jk

(
1 + e−2j

)
(1 + e−2j) (1 + e2j)

)
+ jk (c1 − c2)

=
j

2

(
e−jk + e j(2−k) − e jk − e−j(2−k)

2 + 2 cos 2

)
+ jk (c1 − c2)

=
j

2

©«
(
e−jk − e jk

)
+

(
e j(2−k) − e−j(2−k)

)
2 + 2 cos 2

ª®®¬ + jk (c1 − c2)

=
j

2

(
−2j sink + 2j sin (2 − k)

2 + 2 cos 2

)
+ jk (c1 − c2)

=
j

2

(
−2j sink − 2j sin (k − 2)

2 + 2 cos 2

)
+ jk (c1 − c2)

=
−1
2

(
−2 sink − 2 sin (k − 2)

2 + 2 cos 2

)
+ jk (c1 − c2)

Hence
y (k) =

1
2

(
sink + sin (k − 2)

1 + cos 2

)
+ jk (c1 − c2)
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3.7.3 check what is wrong version of solution and delete

Let E (s) be the Laplace transform of the error signal, then we write

E (s) = u (s) + д × y (s) (1)
y (s) = E (s)G (s) (2)

Substitute (1) into (2)

y (s) = (u (s) + дy (s))G (s)

= u (s)G (s) + дy (s)G (s)

y (s) [1 − дG (s)] = u (s)G (s)

H (s) =
y (s)

u (s)
=

G (s)

1 − дG (s)

But G (s) = 1
(s−1)(s+3) , hence the above becomes

H (s) =
1

(s − 1) (s + 3) − д

Pole of H (s) is when denominator is zero. When д = 0, then the poles are s = 1 and s = −3.
Since one of poles is in the RHS plane (pole s = 1), then the system is unstable when д = 0.

In other words, system stability is determined by the plant stability itself. Since the plant itself
is unstable, then the overall system is unstable.

positive feedback

We found from the above what H (s) is.

H (s) =
1

(s − 1) (s + 3) − д
=

1
s2 + 2s − (3 + д)

The roots of the denominator of H (s) are

s1,2 =
−b

2
±
1
2

√
b2 − 4ac = −1 ±

1
2

√
4 + 4 (3 + д) = −1 ±

√
4 + д

Hence
s1 = −1 +

√
4 + д

s2 = −1 −
√
4 + д

For s1 to be stable, then
√
4 + д < 1 or 4 + д < 1 or д < −3. For s2, it is always stable for any

value of д.
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negative feedback

When using negative feedback, the overall system transfer function will come out to be

H (s) =
1

(s − 1) (s + 3) + д
=

1
s2 + 2s + (д − 3)

Hence the roots of the denominator of H (s) are

s1,2 =
−b

2
±
1
2

√
b2 − 4ac = −1 ±

1
2

√
4 − 4 (д − 3) = −1 ±

√
4 − д

Hence
s1 = −1 +

√
4 − д

s2 = −1 −
√
4 − д

For s1 to be stable, then
√
4 − д < 1 or 4 − д < 1 or д > 3. For s2, it is always stable for any

value of д.

Conclusion: For positive feedback, system is stable for д < −3 and for negative feedback,
system is stable for д > 3

Problem 2 (problem 2.2 part (c) in textbook)

Solve the following difference equation

y (k + 2) + y (k) = sink k ≥ 0 (1)

LA =
(
1 − e jS−1

) (
1 − e−jS−1

)
, hence

LA
[
S2 + 1

]
y (k) = 0(

1 − e jS−1
) (

1 − e−jS−1
) [

S2 + 1
]
y (k) = 0

The roots for yp (k) are r3 = e j and r4 = e−j , hence yp (k) = c3e jk + c4e−jk Substituting this into
(1) gives

c3e
j(k+2) + c4e

−j(k+2) + c3e
jk + c4e

−jk = sink

But sink = e jk−e−jk

2j hence

c3e
j(k+2) + c4e

−j(k+2) + c3e
jk + c4e

−jk =
e jk − e−jk

2j

c3e
jke2j + c4e

−jke−2j + c3e
jk + c4e

−jk =
1
2j
e jk −

1
2j
e−jk

e jk
(
c3e

2j + c3
)
+ e−jk

(
c4e

−2j + c4
)
=

1
2j
e jk −

1
2j
e−jk

Hence (
c3e

2j + c3
)
=

1
2j(

c4e
−2j + c4

)
= −

1
2j
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Or

c3
(
1 + e2j

)
=

1
2j

c4
(
1 + e−2j

)
= −

1
2j

Or

c3 =
−j

2 (1 + e2j)

c4 =
j

2 (1 + e−2j)

Hence since yp (k) = c3e jk + c4e−jk then

yp (k) =
−je jk

2 (1 + e2j)
+

je−jk

2 (1 + e−2j)

Therefore
y (k) = yp (k) + yh (k)

Butyh (k) has the auxiliary equation r 2+1 = 0, hence roots are r = ±j henceyh (k) = c1jk −c2jk
and

y (k) = yp (k) + yh (k)

=
−je jk

2 (1 + e2j)
+

je−jk

2 (1 + e−2j)
+ c1j

k − c2j
k

To find c1 and c2 we need initial conditions, which is not given. So we stop here.

Using initial conditions. Assuming zero initial conditions, we have at k = 0 that y (0) = 0,
hence

0 =
−j

2 (1 + e2j)
+

j

2 (1 + e−2j)
+ c1 − c2

=
1
2

−j
(
1 + e−2j

)
+ j

(
1 + e2j

)
(1 + e2j) (1 + e−2j)

+ c1 − c2

0 =
1
2

−je−2j + je2j

(2 + e−2j + e2j)
+ c1 − c2

0 =
1
2

2 sin 2
(2 + 2 cos 2)

+ c1 − c2

0 =
1
2

sin 2
1 + cos 2

+ c1 − c2

Therefore
c1 − c2 =

−1
2

sin 2
1 + cos 2

(2)

Now at k = 1, y (k) = 0, hence from y (k) = −je jk

2(1+e2j ) +
je−jk

2(1+e−2j ) + c1j
k − c2j

k we obtain
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0 =
−je j

2 (1 + e2j)
+

je−j

2 (1 + e−2j)
+ c1j − c2j

=
1
2

(
−e j

(1 + e2j)
+

e−j

(1 + e−2j)

)
+ c1 − c2

=
1
2

(
−e j − e−j

)
+

(
e−j + e j

)
(1 + e2j) (1 + e−2j)

+ c1 − c2

=
1
2

0
2 + e−2j + e2j

+ c1 − c2

Hence
c1 = c2 (3)

(2)+(3) gives

2c1 =
1
2

− sin 2
1 + cos 2

c1 =
−1
4

sin 2
1 + cos 2

And
c2 =

1
4

sin 2
1 + cos 2

Hence the final solution is

y (k) =
−je jk

2 (1 + e2j)
+

je−jk

2 (1 + e−2j)
+ c1j

k − c2j
k

=
−je jk

2 (1 + e2j)
+

je−jk

2 (1 + e−2j)
−
1
4

jk sin 2
1 + cos 2

−
1
4

jk sin 2
1 + cos 2

and HW9 combined
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3.8 HW 10
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3.9 extra problem. verification of class problem

3.9.1 Problem:

Given y (k + 2) + 1
2y (k) =

1
4u (k + 2) −

1
4u (k) find the frequency transfer function H

(
e jω

)
Answer
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I will use the Z transform as it is a little faster. Let Y (z) be the Z transform of y (k) and letU (z)
be the Z transform of u (k), we obtain from the above

z2Y (z) +
1
2
Y (z) =

1
4
z2U (z) −

1
4
U (z)

Hence

H (z) =
Y (z)

U (z)
=

1
4z

2 − 1
4

z2 + 1
2

=
1
4
−1 + z2

1
2 + z

2

Since the DTFT H (z) at the unit circle, then let z = e jω in the above we obtain

H
(
e jω

)
=

1
4

(
−1 + e2jω

1
2 + e

2jω

)
=

1
4

(
−1 + e2jω

1
2 + e

2jω

) (
1
2 + e

−2jω

1
2 + e

−2jω

)
=

1
4

(
−1

2 − e−2jω + 1
2e

2jω + 1
1
4 +

1
2e

−2jω + 1
2e

2jω + 1

)
=

1
4

(
1
2 − (cos 2ω − j sin 2ω) + 1

2 (cos 2ω + j sin 2ω)
5
4 + cos 2ω

)
=

1
4

(
1
2 −

1
2 cos 2ω +

3
2 j sin 2ω

5
4 + cos 2ω

)
Hence

H
(
e jω

)
=

( 1
2 −

1
2 cos 2ω

)
+ j

( 3
2 sin 2ω

)
5 + 4 cos 2ω

Hence ��H (
e jω

) ��2 = ( 1
2 −

1
2 cos 2ω

) 2
+

( 3
2 sin 2ω

) 2
(5 + 4 cos 2ω)2

=

( 1
4 +

1
4 cos

2 2ω − 1
4 cos 2ω

)
+

( 9
4 sin

2 2ω
)

(5 + 4 cos 2ω)2

=

1
4 +

1
4 cos

2 2ω − 1
4 cos 2ω +

9
4 sin

2 2ω

(5 + 4 cos 2ω)2

=
sin2ω

5 + 4 cos 2ω

And
arg

(
H

(
e jω

) )
= arctan

(
3

tan (ω)

)
Please note, for the final 2 lines calculation above, I wanted to obtain the most simple result,
so I used Mathematica to simplify.
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Here is a plot of the magnitude and phase frequency response from Mathematica: (this is a
bandpass filter).

In[ ]:=

h =
1

4

1 + Cos[2 w]2 - Cos[2 w] + 9 Sin[2 w]2

5 + 4 Cos[2 w]
;

PlotSqrt
Sin[w]2

5 + 4 Cos[2 w]
, {w, -Pi, Pi}, Ticks → {{-Pi, -Pi/ 2, 0, Pi/ 2, Pi}, Automatic},

PlotLabel → Text@Style"|H(ejω|", 12, AxesLabel → {ω, None}

Out[ ]=

-π -π

2

π

2
π

ω

0.2

0.4

0.6

0.8

1.0

|H(ejω|

Figure 3.11: First plot

In[ ]:= PlotArcTan
3

Tan[w]
, {w, -Pi, Pi}, Ticks → {{-Pi, -Pi/ 2, 0, Pi/ 2, Pi}, {-Pi, Pi}},

PlotLabel → Text@Style"Arg(H(ejω)", 12, AxesLabel → {ω, None},

PlotRange → {{-Pi, Pi}, {-Pi, Pi}}

Out[ ]=

-π -π

2

π

2
π

ω

-π

π

Arg(H(ejω)

Figure 3.12: second plot
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3.10 Verification of example 3.9.3 in book

Verification of solution for example 3.9 .3 in book

by Nasser M. Abbasi

set up A matrix

In[1]:= HA = 88-1, -1<, 81, -1<<L �� MatrixForm

Out[1]//MatrixForm=

K -1 -1

1 -1
O

Find its eigenvalues

In[2]:= Heigs = Eigenvalues@ADL �� MatrixForm

Out[2]//MatrixForm=

K -1 + ä

-1 - ä
O

Set up the equations to solve for b0 and b1

In[3]:= eq1 = Exp@eigs@@1DD tD == b0 + b1 eigs@@1DD �� Simplify

eq2 = Exp@eigs@@2DD tD == b0 + b1 eigs@@2DD �� Simplify

Out[3]= b0 - H1 - äL b1 � ãH-1+äL t

Out[4]= b0 - H1 + äL b1 � ãH-1-äL t

Solve the above equations for b0 and b1

In[14]:= Clear@b0, b1D;
sol = First�Solve@8eq1, eq2<, 8b0, b1<D;
b0 = ExpToTrig@b0 �. solD �� FullSimplify;

b1 = ExpToTrig@b1 �. solD �� FullSimplify;

Print@"b0=", b0D;
Print@"b1=", b1D;

b0=ã-t HCos@tD + Sin@tDL

b1=ã-t Sin@tD

Printed by Mathematica for Students
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Now display eAt

Hb0 * IdentityMatrix@2D + b1 AL �� FullSimplify �� MatrixForm

Out[21]//MatrixForm=

ã-t Cos@tD -ã-t Sin@tD
ã-t Sin@tD ã-t Cos@tD

Redo the solution, but change the b0 and b1 order, we obtain the solution given in class

Now display eAt

In[39]:= Hb1 * IdentityMatrix@2D + b0 AL �� FullSimplify �� MatrixForm

Out[39]//MatrixForm=

-ã-t Cos@tD -ã-t HCos@tD + Sin@tDL
ã-t HCos@tD + Sin@tDL -ã-t Cos@tD

2   check.nb

Printed by Mathematica for Students
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3.11 Key solutions to some problems

3.11.1 HW 4,5 and 6 key
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3.11.2 HW 8 and 9 key
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3.11.3 HW 10 key
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Chapter 4

Exams

4.1 First exam

4.1.1 Questions
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4.1.2 my solution
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4.2 Second exam

4.2.1 Questions
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4.2.2 my solution
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4.3 Final exam

4.3.1 Questions
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4.3.2 my solution
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