T= kinetic energy ot time zevo us-,'-:m(i,,)‘
Let %, = maximum Jl‘?}kwcmn‘l‘ on rig\\f tide.

V= potential energy in fpring ok Ju'o&um-'mf
2

g = -{-ﬁ‘_xt ( s 46 zEYO okzz.)-

St =V, - (Y - [ s
R A A ,
Let 2= maximum displacement fo lept side. V= {4 X
- N ’m . 3_‘ - .
T=V 3IV3$ LT —‘:; (1-0 “ = \ :' % .
@) Swce k,< Ky, maximum Jefled:c‘on = X = J:“-‘;' x, .
(b) Peried of vibration for @ gpring — mass i ThEITNG !
In the PM s, ’rnz (t’ﬂl— fm’m 5 f b xr=% ;M"
x=0 ord nediine 4 x= 0)-1-' '

- (teme for m figof;x':-*zf'"m
& 'U:T(\/—:—;-]—J%) x=0 om.cl rllﬁ)‘"\ﬁ x=0)
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mF
Xy =x+€sinf ; g =%+¢0cosd

ys =€ cosf ; yg=— &€ Dein 0

Tm%-Mi’ +-;-m(i§ +73)

=-;-Mi2 +-}2-m [(i+eécoaa)= +(—et?sin0)’]

m%(M+m)iz+-;—mt”bz+m€ibcos0
V=.;.kx’ +mg € (1 — cos 6)

Q =F(t) ; Qs =M,(t)
Equations of motion:

M+m)¥+mébcos §—med sind+kx=F(t)

m€’§+mt’iioo30—~m€iésin0+mgt’sin9=M¢(t)

(1)
2)




Using the approximations

mezl-f;- ; aina‘k"-ﬂ—-fi

Eqs. (1) and (2) can be expressed as

MtmEsmel-gme@i-meod + med i puyopy

m(’é+mfx--2-m€6’x—-mt’901+ méPhx
-!-mgt’o--—-mgl"as == My(t)

By neglecting the nonlinear terms, the linearized equations of motion can be wnt
M+m)¥+méb+kx=Pt) '

m & é+m€x+mg¢’8=Mt(t)

P3
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e + W, (6"3'9)=° &)
(™ This eguation is similar to Eg- (1% -9) with

x=208, o=@ » (x)g F(E): o -
gy- (E)) can be rewritten as

L) +20, (-5 ') =o €:)

wlnch upon mtegra:hon gives

8o
ézszw, f P(-q).&:l =-.zw,'j' (q-—-"-qz).ahz
=zw:'(,_q--,;‘z)a (024 e-a+,e) Es)

e s @it ®
Since the maximum value of © s G, W€ assume
e(t)= ©, sinf 5 E&s)
Thus e°2 _ez - e:' -— a:' S?ﬂzp = 9: CO‘zp (E‘)
er+e" = o (1+ sin ) (&)
“““ O. = Ay cof ‘5 %g (EB)

Substitution of Egps (Ee) & (Eg) into (E4) gives

eo mSP (1&) = G’o e° MF{l-fie:(l-{-""“z("‘)}

.ioé 2 = f"o - n 6, { - :.'n"P (59>
Ei}.-z..,., ( U (“ % %) I
o = 90"" (E,,)

{2 (‘_ i e:-)

Eg- (Bs) cam be used to express (‘.’mm‘nj pesitive raot) .

4 .o, (- e,,) (1- o sin 3% (ew)
(En.)

»

l'ec,

2 E
©o ('--‘J'ie") & = fﬁ_a‘,‘mn"p'

In{'ejra-hon of (E,z) yields

g4
o, (1- % &) (£ = 'pfo \F_;;‘y@. (es)
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Using the initial conditions (39 so at t,=0, Eg. (E,.,) can be
reduced to p ]
+ il
-k a2 . = =
o (1= o) ‘[ Vi- o sin®g’ F@p)  Cu)
where F (o, ‘5) is an incomplete elliptic integral of the

fl‘rsf kc‘ndo AUﬁng ﬂ=% when 6= 684 ond P:o Wl\en 9:0‘
we get for one-guarter period,

X = t =

' F(a, & E
a?a(f- _‘Ji eoa)'& (a' 2 ) (IS)
Thus the time period of the pendulum is given by

= 4 . o, It
T= G,°Cg--.'-ze:’)4’: F( ) z)’ (Ew)

5



;E-I—O‘L (2}-1)';‘- 4+ X = O

or %z = [0t (x-1)% +=]
Let 2= %4 . %, = gz § (=g, %) :

° %y = =[od (2F-t) 24 %) = f, (%05 X1)
For ezu:'h‘!m’ um ,
fl=0 H RNy =0 .FQ_=O$ x4 = Q
{fu } _ [-C“n Gopg 1{ *1 }
_ Xq @y Qg L™
where A ) _ 1&\ )
0y = 3x, |(0s0) T o 2= Ix (0,0) ~ 1.
W, = 2.%3'_ = - 2 X + 1 =-1,
! ax,t(o,a) (o ' )‘ (0,0)
= o5 = - } 2 _ = o-1
gy mi(o‘o) [o-t (x4 1)]\(010) )
we find f): o1, 9= 4
Ao de= T (oot Jo-oi—4 ) =complex with positive real parts
Since ?)o , the &sshm is unstable ot the a&odlc'l:r.fwn koiﬁ‘f
(l,i) = (O, O)’ ;"/r‘
Hence the phase-plane fra,jectory n the
neighborhood of the ezu.'la' brium position A =
appears ol #houm n the Figure. _ \)
[Ea 4A] : - o

[Es 4C]



Ezuaa‘.'t'on of motion: x + f _‘_5‘_,_ + @, = =0
x€
e ve -
e ® 4 &S5, (x-l-‘b) =0 for x >0

amd X4+ @ (%= 20 Hor x <o

where wsz $f9?

Multiplying by 2; and integrating , (6, )omd (E3) yield
2 40 (xea) = R}' for = >0
oy (x-a) = Ry Fr % <o

n
YN

(&)

Er)
(E3)
&> -

(es)
(;c)

P
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where R; and ‘R;'H ate tn'ke_gra,ln‘on constants which are to be
wmrut'erl ok ench Awitching of sign of x .

we can r\o(: the ’l:ra,ja:.forter of rerresen'ﬁai'ive point
whose coordinates are

Xy= 9, % , K= X ' (&2)
Eps- (Es) amd (Eg) show that the trajectory is made of

semiciveles whose centers ave located af x= —a (or x,a-a,w,,)
and x=+a (or %= tad,) af shown in the ;fo“owt'ns $igure.

R, tan be obtained from the
initial conditions using Ep.(Bg)as: ;
2_ A2 2 70 £ \2 9SF \* ., . 2F &
e e ol (Bh-Gy-(G) e
Notice that the radii of the circles R,, Rz,... decrease accordthy

th velation .
.b © Rj: Rj‘i -2 Sy 4_'3!,2,...

and the system will stoje when
Re = 220,

Here R‘z _9_6_’5'_:_‘ » ng g."" --d,—'" - > R;"’ Rz"'-‘-;; = "("s: H
¥
RQ’RI‘%{'=%{', RS=RQ—E;=..‘F_,

Wn

g,np‘ the mo'L‘l'on st’or: at this J’oin‘ﬁ (a,féer f.‘ve
&mlf—f':jd“) since R; < 2@, = s,

-
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'e'-l-ce'-l-st'ne:o or @ =-Cc@ — sin ©

Let x= 8 omd y‘—' %%‘- =0
J .
ﬁz. 3 > %z_ = —CF —~ Sin X (E|\
Eouilibrium or critical point (where %"—za and ‘%—za) of this
system i§ (x=0, ¥=0)., Linearijation of Epgs- (ED about the
ezu.tltbrin.m roin'l: (origin) leads ta

d .
ﬁ:y, %s -CYy —%

or {Aﬁ/& _ o 1. «®L
Aa/.u.—} ) [—1 -c]{&} (&)
The eigenvalues of this system ore given by

SR A

= fes A4 Ac s?sz'fﬂ-fa:.o

l -1 S

e A‘ﬂ,: - % + ’(%)3_1 (ES)

If cz0: gp=osg=13 A,2= £ -1
The oryin will be a center.
-I§ o<c<2: f=oi 2>0° W X‘,;z “mf’le" conjuga.:tes
The origin will be o stable focal point (spiral point).
If c=2: bros § >0 )N,,,_'—‘ nejo,h’ve and e&"-“l”
The origin will be o stable nodad point -
I ¢ >2: pro; 9 >0; Tf Az = negative real , the

or;‘gfn will be a stable nodal ]pm‘n'!:. .
ates -

I -2< c<0: a:<o; Y >0 )“,zz comp‘ex conjug

The origin will be an unstable ;Focal a”"""k

(spival point). —
Egua.h‘on of wotion: @ +056 + sin & =08 &

¥z % =%, 3—% = =Sin X =053 +o0-8 PCI @")




110
0.
7
L
o,
{

o e,

_il_& - —Sn % —05 Y + 08 '(53)
dz 2

Af (u- Sm-.o-s, —-O), i_#__ = ° qmpt ﬁenu Lf‘ w.'l.l be an
ar

e‘o,u.l‘.bu.wm peint. T mvegt.‘gg.{-e the nature of sm_gu.fa.néy,
we rewrite Eg: (E2) in Imewn;ecl form a8

-37 = (o) +(1) ¥ }
4 = - 05 ”
‘2% (o)x —o

(E4)

Thus the eu‘gcnvn.lue.: of the system are given by

G Lkl

AY4050 = A "'1”"“3

. A, =0, Ag = ne.ga.tl’ve
Here ¢ = pcsi‘h‘ve, g=0, Ai1To
and A, = negative.

Thus the. eguilfbﬂ’um point
falls on the border of
saddle points and stable

nodal ;’o:‘nts a8 Ahown in
the adjacent figure.

dx _ ©)x+ ()% P

ST

= «fx —CY 400 x® ((2Y)

%3- (E') W\“A ('E'.) are 53!‘0 at (%-':0, y.;o). Hence the Ol’!‘gl'n
(0,0) will be egu.u’ll'brc‘u.m point (singularity). The

esgenva.lue: are given

IR \:: -

e, MNtdett = AN 4prryp =

te. Mz:{-—ct\]c,i‘}
2

r )




For ¢>0 and c¢c< 2:

Fr>o, g>0 and Moz = com}alex conjugates.
Hence the origin will be a stable focus (or spiral peint) .
For c>2:
>0, ¥>03 A ,= negative real.
F:_e_rlce the origin will l?e a stable nedal point.

~



\:v.n der Fol’s aguation xex(l-x) 2 +x =0, «>0 (&)
ssume
" x()= %(E) +x 7 () 4+ & X, () (&)
6’:: { = 69:.'- L §
% 63, - «* cs, (&3)

i
v

where @2 = (= coefficient of = in B- (Er).

substitution of (Ep) and (E3) into (Ey) gives

% [.’:'o‘l'"”"‘o]i' ot [':n-’.‘o'*' o %o ~9, % + @ % )

+ « ["t - %, + %, "o + 2% Ko Xy — Wy Xp =Wy Xy F o* “&]

+ L)+~ =0 €
Setting coefficient of «° in (E,) to 3erc, we obfain

%, + & %p =0 ,  hen  x ) mA w5 ot + Ay shot (&s)
AsSuming the initial conditions %) A amd *(¢) =0, We get i
A=A omd Ar=o0. Thus (? reduces to ?';Jf:
%, (t) = A cos ot (&) ,{%j
Se:ktmﬁ coef ficient of «?! & 3ero, n &. (£y), ’:}3
%.-l'(.g x = x,—x,x, + @, %o {ﬁ;
~ = A sinot 4 AY s Aot co"ot + @ A cor o i
i
=(—-AG+"A69)Smw‘E + A aswt-:-%mwté— i
The coefficients of sinwt amd cwswt mut be 3ero iy 6. ((:7) '
to oweid secular terms. This 5|ves ") 'Hg"lj
A=+2 , =0 ' (58)
Thus the particular solution of (E7) can be expressed as t
(t) = A3 sin 30t + Ay cos 3wt - (Ey)
substitution of (Ep)omd (Eg) inte & 9ives
3 4
Az = 3'2 -2’-— amd Ay =0 (379 ]
Thes ) = g A sin sut | €&

Fmafllj, sel:&mg coaff.;.enf os- c( in (Eq) . 52’!’0) we 78‘.&

xpt 0F X = X —x, ":—;‘lo"‘o X + @, X + 6 %) (&)

Subs{:téut.‘on of (&,), () omd (Eg) into (E;) leads &
+C0"X,_.. --—-A cos 30t — (32. A? cos 3ut)A cos @t

-2 (Acsot)(-Aw smwt)( Sin 3:.91:)-1» Gy A cos

~ =(-;;_-§A+‘,,A +Aas,>wwt+(;’-z-ﬂa--‘?‘? A") cos 3wt

('(zg f“';; As) cos st . (E,;) F/l



To owocid secular terms, the coefficient of cos ot in (E13) wmust

be 3ero- This gives c.g,,= T'.'!.'s_ Al' (Em)
with this, and using A=2, Bp. (E13) reduces to

;z*'wzxz:_% cosﬂﬂt"'%: s Swt ()
Ass uming %, (£) = Ag wS3st + A¢ &t Swt (e¢)
we Sind, from &. (Eis),

5 )
As= gt AeT 55l ' - G

. - _3 5

Thus the complotz  poluion , Bps. (B2) omed (E3), become

2 2
3"“. s 3t + 2% o5 st
320 9% W

= i S
x(t)= 2 b ot + I sin 300t 4
amd 2

Y



