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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 50 |. This is test number [ 4 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1
(Aug 20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev. 6657. December 10, 2023. On Linux.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.

Reduce was run directly.

1.1. Listing of CAS systems tested
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1.2 Reduce test script

The following is the Reduce script used to run Reduce test for this file on my Linux
[reduce_script.red|

1.2. Reduce test script


reduce_script.red
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1.3 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 100.00 ( 50 ) | 0.00 (0 )
Fricas 100.00 ( 50 ) | 0.00 (0)
Rubi 96.00 (48) | 4.00(2)
Giac 82.00 (41) | 18.00 (9)
Maple 66.00 (33 ) | 34.00 (17)
Maxima | 52.00 (26) | 48.00 (24)
Reduce | 46.00 (23) |54.00 ( 27)
Sympy | 38.00 (19) |62.00 (31)
Mupad | 24.00 (12) | 76.00 (38)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.

1.3. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 86.000 4.000 6.000 4.000
Mathematica 80.000 8.000 12.000 0.000
Fricas 60.000 36.000 4.000 0.000
Giac 52.000 30.000 0.000 18.000
Maxima 42.000 6.000 4.000 48.000
Maple 34.000 16.000 16.000 34.000
Sympy 30.000 6.000 2.000 62.000
Mupad 0.000 24.000 0.000 76.000
Reduce 0.000 46.000 0.000 54.000

Table 1.3: Antiderivative Grade distribution of each CAS

1.3. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely

1.3. Results
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indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.

System Number failed Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Rubi 2 100.00 0.00 0.00
Giac 9 100.00 0.00 0.00
Maple 17 100.00 0.00 0.00
Maxima 24 100.00 0.00 0.00
Reduce 27 100.00 0.00 0.00
Sympy 31 70.97 29.03 0.00
Mupad 38 0.00 100.00 0.00

Table 1.4: Failure statistics for each CAS

1.4 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.

1.4. Time and leaf size Performance




CHAPTER 1. INTRODUCTION

System Mean time (sec)
Reduce 0.00
Mathematica 0.21
Giac 0.30
Rubi 0.31
Maxima 0.32
Maple 0.61
Mupad 0.65
Fricas 0.73
Sympy 4.41

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 44.32 1.48 31.00 0.98
Rubi 68.42 1.30 42.00 1.00
Reduce 69.17 1.50 44.00 1.22
Fricas 84.74 1.58 50.50 1.35
Giac 88.37 1.61 50.00 1.41
Mathematica | 112.46 1.58 45.50 1.00
Maple 152.39 2.27 54.00 1.15
Maxima 220.77 3.04 27.00 0.88
Mupad 223.25 2.82 69.00 1.98

Table 1.6: Leaf size performance for each CAS

1.4. Time and leaf size Performance
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1.5 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more

complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.5. Performance based on number of rules Rubi used
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1.6 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.

1.6. Performance based on number of steps Rubi used
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1.7 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals

solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.7. Solved integrals histogram based on leaf size of result
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1.8 Solved integrals histogram based on

CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals

based on CPU time used with @.1 second bin width
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1.9 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
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1.9. Leaf size vs. CPU time used
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1.10 list of integrals with no known an-
tiderivative

{}

1.11 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.12 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi ({237
Mathematica {45[}

Maple

Maxima Verification phase not currently implemented.

1.10. list of integrals with no known antiderivative
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Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.13 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

For Reduce CAS, since it has no support for timelimit, there was no time limit used.
But the time used was still recorded.

1.14 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica
and Maple.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.

1.13. Timing
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1.15 Important notes about some of the
results

1.15.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.

1.15. Important notes about some of the results
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1.15.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.15.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
V/ask.sagemath.org/question/ofl123/could-we-have-a-leat count-function-1j

n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
n
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

1.15. Important notes about some of the results
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.15.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate

the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an

integral

p
‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')

‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.15. Important notes about some of the results
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

| Mathematica script + grading +verification ]

[ Rubi script + grading + verification }—»@——*
Test files from Albert " paple script + grading+ verification '—’@—>
Rich Rubi web site
Waldek Hebisch - -
test file | Python script to run sympy + grading ]
: | Matlab script for Mupad/Symbolic toolbox

Sam Blake test file

s
SageMath/Python %—»
script to test || SageMath Fricas

Maxima, Fricas +

grading

High level overview of the CAS

independent integration test

Generate
saL
database

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)

3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. 0 if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.

10. integer. O or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi
20. String. The optimal antiderivative in Mathematica syntx

Naser M. Abbosi
June 27,203
Designvde

POST
PROCESSOR
PROGRAM
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2.1 List of integrals sorted by grade for

each CAS
2.1.1 Rubi. ... ... e 22
2.1.2 Mma. . . . . . e e e 22
2.1.3 Maple . . . . . 23]
2.1.4 Fricas . . . . . . . e e e e e 23]
2.1.5 Maxima . . . . . . .. e e e 23
2.1.6 Giac . . . . .. e e
2.1.7 Mupad . . .. .. e
2.1.8 SYympy . . . .o o e e e 24
2.1.9 Reduce . ... .. .. . ...

2.1.1 Rubi

A grade {[1)2)6)75, 10} ) T35 167151920, 21 223,27 25,20 27 25 2 B0
51) 52,331 54,35, 36, 57 35 B9, 0L 41, 3} 14, i, 7 S, 0} 0 }

B grade {[@[42}

C grade { }

F normal fail {[3|[45}
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.2 Mma

A grade { 12545, 10,1} {14 16} 5} 19,20} 22,23, 7423, 2627 25,20 L BT 52
53|54 55,30, 35,59 HO, 42} 3] 44, 5, 46, 5} 49,50 }

B grade {[15[17[21[41] }
C grade {[}8[12[13,37,47 }
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade { 2570192027 52, 557 5 00 3, 06,9 )
B grade { [JA B ILMED}

C grade { BBEEEEEE)

F normal fail { [10}[11}[13[14[15}[16}[17} 20}[21} [22} 23} 25} 26} 29} |30} A1} 45) }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade { [12)B} ) B} 0 1) 123 14 15,9} 20} 23,2 25,26 27 25,29, B0, BT, 52 53
455,56, 30, 46. ) )

B grade {[4[6}[7}[L5,[16,[1721}22,37}[38| 40} |41} (42} 43} 44} A7} 49} [50] }
C grade {[gl[45}
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.5 Maxima

A grade {[1}[23,[9}[16,[18][19} 20} 24} [25} [27] [28] 31} 32} 33} [34} [35] [36 [37} 46} [48] }
B grade {[7}[40,[43]}
C grade {[8[30/}

F normal fail {{{[5][6,[10}11,[12[13}[14[15,[17,21}[22, 23} 26|[29, 38} 39} 41} |42} 14} 45, (47
A9 }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade { 2}[6}[10,[14)[15,[16}[17}[18}[19} 20} 21} 22} [24}[25, 26} 28} 33} ]34} 35, [36} [40} 43} AT,
4849150 }

B grade { [L[1/83[327 29,50, BL 62 67 AL 3 )
C grade { }

F normal fail { 75502355 69/15,10}

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.7 Mupad

A grade { }
B grade { [4[9}[12}[19[24}[30,[37}[40} 46} 47} 48} 5] }
C grade { }

F normal fail { }

F(-1) timedout fail {[1}[2[3}5}[6}[7}/8} (10} (L1} (I3} [14 [L5} [16, (17, [18, [20, 21, [22} [23} [25} [26}
[27)28, [29}31}32}33}[34}[35, 36} 38} 39} 41} 42} 43} 44, {45}, (49 }

F(-2) exception fail { }

2.1.8 Sympy

A grade { 1530)(5) 10,20, 21,25, 555,86,/ )

B grade { [28,[37}[40] }

C grade {[16]}

F normal fail {[3,[6}[7}[8[9%[14[L7}[21}[22} 26} 27, [29} 30} 32} 38} [39} 4T} 42} 43} (45, 47} [49] }

F(-1) timedout fail {[4][}[11][12][13}[15}[23}[44}[50] }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.9 Reduce
A grade { }

B grade { 2 T 19} 20,25} 2 25 26) 27 25 29,50, 51 53, 5 56, 57 55,0, 46,5, 0
}

C grade { }

F normal fail { [1)5,55,75, 0L, 1) (23 14 (5,6, 1721, 22, 52 55,60, A 2 3,
) 5| 0 )

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed
time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.
It is given as F(-2) if the failure was due to an exception being raised, which could
indicate a bug in the system. If the failure was due to integral not being evaluated
within the time limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A B A A A B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 51 51 52 93 58 54 102 272 7 0

N.S. 1 1.00  1.02 1.82 1.14 1.06 2.00 5.33 0.14 0.00
time (sec) N/A 0.181 0.018 0.146 0.277 0.263 3.722 0.281 0.001 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 17 17 17 16 15 15 12 15 14 0
N.S. 1 1.00 1.00 0.94 0.88 0.88 0.71 0.88 0.82 0.00
time (sec) N/A 0.165 0.006 0.213 0.307 0.241 0.084 0.296 0.001 0.000
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A C A A F F F F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD TBD
size 69 0 106 252 4 49 0 0 12 0
N.S. 1 0.00 1.54 3.65 0.06 0.71 0.00 0.00 0.17 0.00
time (sec) N/A 0.000 0.700 1.098 0.907 23.673 0.000 0.000 0.008 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B A B F B F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 97 332 188 413 0 451 0 235 199 666
N.S. 1 3.42 1.94 4.26 0.00 4.65 0.00 2.42 2.05 6.87
time (sec) N/A 0.847 0.273 0.179 0.000 0.255 0.000 0.399 0.006 1.504
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C C C F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 45 306 159 312 0 33 0 0 30 0
N.S. 1 6.80  3.53 6.93 0.00 0.73 0.00 0.00 0.67 0.00
time (sec) N/A 0.655 0.806 2.597  0.000  0.302 0.000 0.000 0.003 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 54 74 64 0 88 0 79 12 0
N.S. 1 096  1.32 1.14 0.00 1.57 0.00 1.41 0.21 0.00
time (sec) N/A 0.228 0.084 0.259 0.000 0.308 0.000 0.301 0.003 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 15 12 27 30 0 28 20 0
N.S. 1 1.00 1.00 0.80 1.80 2.00 0.00 1.87 1.33 0.00
time (sec) N/A 0.194 0.012 0.576 0.205 0306 0.000 0.299 0.002 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C B C C F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 137 149 99 1604 4065 226 0 495 13 0

N.S. 1 1.09 0.72 11.71 29.67 1.65 0.00 3.61 0.09 0.00
time (sec) N/A 0.406 0.201 1.602 0.781 0.300 0.000 0.336  0.002 0.000

Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 41 39 70 36 60 32 0 0 11 60
N.S. 1 095 1.71 0.88 1.46 0.78 0.00 0.00 0.27 1.46
time (sec) N/A 0.211 0.249 0.297 0.289  0.258 0.000 0.000 0.002 0.420

Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F A A A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 44 67 38 0 0 28 56 46 20 0

N.S. 1 1.52 0.86  0.00 0.00 0.64 1.27 1.05 045 0.00

time (sec) N/A 0.792 0.169  0.000 0.000 0.246 0.383 0.276  0.005 0.000

Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F A F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 68 74 64 0 0 43 0 0 27 0

N.S. 1 1.09 0.94 0.00 0.00 0.63 0.00 0.00 0.40 0.00

time (sec) N/A 0.374 0.038 0.000 0.000 0.262 0.000 0.000 0.005 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A C C C F A F(-1) B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 141 274 226 471 0 191 0 364 107 661
N.S. 1 1.94 1.60 3.34 0.00 1.35 0.00 2.58 0.76 4.69
time (sec) N/A 0.880 0.132 0.096 0.000 0.268 0.000 0.291 0.012 1.375

Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A C C F F A F(-1) B F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 152 283 2175 0 0 200 0 373 115 0

N.S. 1 1.86 14.31  0.00 0.00 1.32 0.00 2.45 0.76 0.00
time (sec) N/A 0.686 3.092 0.000 0.000 0.266  0.000 0.341 0.010 0.000

Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F A F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 45 51 44 0 0 63 0 57 31 0

N.S. 1 1.13  0.98  0.00 0.00 1.40 000 127  0.69 0.00

time (sec) N/A 0.280 0.034 0.000 0.000  0.259 0.000 0.290 0.004 0.000

Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A B F F B F(l) A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 34 34 76 0 0 62 0 36 32 0

N.S. 1 1.00 224 000 000 1.82 000 1.06 094 0.0
time (sec) N/A 0.182 0.073 0.000 0.000 0282 0.00 0285 0.007 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F A B C A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 22 22 22 0 18 56 78 18 24 0

N.S. 1 1.00 1.00 0.00 0.82 2.55 3.55 0.82 1.09 0.00
time (sec) N/A 0.172 0.020 0.000 0.262 0.275 20.249 0.280 0.006 0.000

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A B F F B F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 32 32 89 0 0 58 0 36 30 0

N.S. 1 1.00 2.78 0.00 0.00 1.81 0.00 1.12 0.94 0.00
time (sec) N/A 0.182 0.0564 0.000 0.000 0.257 0.000 0.269 0.007 0.000

Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A C A A A A B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 43 43 43 89 41 32 42 62 44 0

N.S. 1 1.00 1.00 207 095 074 098 144  1.02 0.0

time (sec) N/A 0.184 0.017 0.080 0.272 0.261 2.687 0.282 0.003 0.000

Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 28 28 28 21 34 34 48 35 31 174
N.S. 1 1.00 1.00 0.75 1.21 1.21 1.71 1.25 1.11 6.21
time (sec) N/A 0.138 0.015 0.336 0.181  0.228 0.901 0.270 0.000 0.144

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F A A A A B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 26 26 26 0 22 22 20 22 20 0

N.S. 1 1.00 1.00 0.00 0.85 0.85 0.77 0.85 0.77 0.00
time (sec) N/A 0.166 0.016 0.000 0.227 0.241 3.249 0.284 0.000 0.000

Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A B F F B F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 38 43 85 0 0 138 0 38 25 0

N.S. 1 113  2.24 0.00 0.00 3.63 0.00 1.00 0.66 0.00
time (sec) N/A 0.217 0.063 0.000 0.000 0.259 0.000 0.285 0.015 0.000

Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F B F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 70 82 88 0 0 110 0 52 21 0

N.S. 1 1.17  1.26  0.00 0.00 1.57 000 0.74 0.30 0.00

time (sec) N/A 0.283 0.063 0.000 0.000  0.255 0.000 0.296 0.015 0.000

Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F A F(-1) F B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 58 58 58 0 0 48 0 0 65 0

N.S. 1 1.00 1.00 0.00 0.00 0.83 0.00 0.00 1.12 0.00
time (sec) N/A 0.407 0.026 0.000 0.000 0.256  0.000 0.000 0.004 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 55 49 41 37 36 35 31 36 43 27
N.S. 1 0.89 0.75 0.67 0.65 0.64 0.56 0.65 0.78 0.49
time (sec) N/A 0.233 0.016 0.052 0.190 0.234 2143 0.263 0.001 0.398

Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F A A A A B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 26 26 26 0 22 22 20 22 20 0

N.S. 1 1.00 1.00 0.00 0.85 0.85 0.77 0.85 0.77 0.00
time (sec) N/A 0.171 0.015 0.000 0.321 0.244 3.568 0.279 0.001 0.000

Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F A F A B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 78 78 119 0 0 115 0 122 148 0

N.S. 1 1.00 1.53  0.00 0.00 1.47  0.00 1.56 1.90 0.00

time (sec) N/A 0.457 0.041 0.000 0.000 0.246 0.000 0.347 0.005 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 39 39 25 35 35 39 0 73 49 0

N.S. 1 1.00 0.64  0.90 0.90 1.00 0.00 1.87 1.26 0.00
time (sec) N/A 0.196 0.023 0.073 0274 0.241 0.000 0.280 0.003  0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A C A A B A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 17 17 17 54 15 23 29 23 21 0

N.S. 1 1.00 1.00 3.18 0.88 1.35 1.71 1.35 1.24 0.00
time (sec) N/A 0.170 0.012 0.645 0.268 0.252 0435 0.284 0.002 0.000

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F A F B B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 57 63 77 0 0 81 0 104 99 0

N.S. 1 1.11 1.35 0.00 0.00 1.42 0.00 1.82 1.74 0.00
time (sec) N/A 0.236 0.045 0.000 0.000 0.250 0.000 0.298 0.010 0.000

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F C A F B B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 45 45 45 0 387 69 0 108 152 37
N.S. 1 1.00 1.00  0.00 8.60 1.53 0.00  2.40 3.38 0.82

time (sec) N/A 0.203 0.026  0.000 0.442 0.258 0.000 0.284 0.006 0.031

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A C A A A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 29 29 33 56 22 47 19 54 40 0

N.S. 1 1.00 1.14 1.93 0.76 1.62 0.66 1.86 1.38 0.00
time (sec) N/A 0.196 0.019 0.677 0272 0.249 3.830 0.278 0.006  0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 32 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 20 19 22 0 40 18 0

N.S. 1 1.00 1.00 0.95 0.90 1.05 0.00 1.90 0.86 0.00
time (sec) N/A 0.182 0.011 0.229 0.272 0.252 0.000 0.291  0.002 0.000

Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A C A A A A B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 34 41 27 119 27 27 29 28 29 0

N.S. 1 1.21  0.79 3.50 0.79 0.79 0.85 0.82 0.85 0.00
time (sec) N/A 0.175 0.014 0.083 0.281 0.248 1.369 0.293 0.002 0.000

Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 33 33 21 29 29 33 26 58 55 0

N.S. 1 100 064 088 088 100 079 176 167  0.00

time (sec) N/A 0.174 0.019 0.069 0.275 0.244 2951 0.266 0.003  0.000

Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A C A A A A F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 25 25 35 34 15 15 22 22 14 0

N.S. 1 1.00 1.40 1.36 0.60 0.60 0.88 0.88 0.56 0.00
time (sec) N/A 0.173 0.031 0.388  0.202  0.245 16.148 0.303 0.003  0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 34 41 40 39 25 41 41 44 40 0

N.S. 1 1.21 1.18 1.15 0.74 1.21 1.21 1.29 1.18 0.00
time (sec) N/A 0.172 0.013 0.064 0.295 0.268 2.595 0.272  0.002 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 46 14 24 29 46 27 45 13
N.S. 1 1.00 2.88 0.88 1.50 1.81 2.88 1.69 2.81 0.81
time (sec) N/A 0.163 0.074 0.154  0.274 0.255 9.243 0.275 0.002  0.220

Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F B F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 23 22 0 42 0 0 28 0

N.S. 1 1.00 1.00 0.96 0.00 1.83 0.00  0.00 1.22 0.00

time (sec) N/A 0.168 0.300 1.543 0.000 0.269 0.000 0.000 0.001 0.000

Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 23 19 0 18 0 0 50 0

N.S. 1 1.00 1.00 0.83 0.00 0.78 0.00 0.00 2.17 0.00
time (sec) N/A 0.169 0.262 1.048 0.000 0.271 0.000 0.000 0.007  0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 22 22 39 24 82 93 105 36 66 55
N.S. 1 1.00 1.77 1.09 3.73 4.23 4.77 1.64 3.00 2.50
time (sec) N/A 0.279 0.033 0.606 0.284 0.264 0.659 0.304 0.002 0.386

Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A B F F B F B F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 42 45 87 0 0 146 0 90 11 0

N.S. 1 1.07  2.07 0.00 0.00 3.48 0.00 2.14 0.26 0.00
time (sec) N/A 0.422 0.067 0.000 0.000 0.268 0.000 0.321  0.002 0.000

Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A B A B F B F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 28 v 45 78 0 54 0 92 20 0

N.S. 1 275 161 279 0.00 1.93 0.00 329 0.71 0.00

time (sec) N/A 0.385 0.028 0.773 0.000  0.279 0.000 0.509  0.002 0.000

Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 34 34 55 37 565 186 0 50 20 0

N.S. 1 1.00 1.62 1.09 16.62 5.47 0.00 1.47 0.59 0.00
time (sec) N/A 0.210 0.044 0.220 0370 0.262 0.000 0.293 0.001 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A B F B F(-1) B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 39 50 65 67 0 63 0 67 24 0

N.S. 1 1.28 1.67 1.72 0.00 1.62 0.00 1.72 0.62 0.00
time (sec) N/A 0.234 0.068 0.888 0.000 0.298 0.000 0.328 0.004 0.000

Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A F A F F C F F F F(-1)
verified N/A N/A No N/A TBD TBD TBD TBD TBD TBD
size 337 0 552 0 0 337 0 0 16 0

N.S. 1 0.00 1.64 0.00 0.00 1.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.000 2.848 0.000 0.000 0.272  0.000 0.000 0.002 0.000

Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 101 58 78 67 52 87 0 v 78
N.S. 1 1.31  0.75 1.01 0.87 0.68 1.13 0.00 1.00 1.01

time (sec) N/A 0.978 0.088  4.497 0.277  0.247 0.501 0.000 0.000 0.256

Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C B F B F A F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 120 130 95 508 0 298 0 92 11 413
N.S. 1 1.08 079  4.23 0.00 2.48 0.00 0.77 0.09 3.44
time (sec) N/A 0.390 0.165 0.171 0.000 0.261 0.000 0.284 0.010 1.102

2.2. Detailed conclusion table per each integral for all CAS systems



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 38
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 31 41 31 28 26 22 29 27 27 40
N.S. 1 1.32  1.00 0.90 0.84 0.71 0.94 0.87 0.87 1.29
time (sec) N/A 0.195 0.092 0.041 0.317 0.253 9.144 0.286 0.011 0.802
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 29 29 29 138 0 60 0 34 15 0
N.S. 1 1.00 1.00 4.76 0.00 2.07 0.00 1.17 0.52 0.00
time (sec) N/A 0.180 0.025 0.194 0.000 0.261 0.000 0.326 0.007  0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 106 106 106 210 0 205 0 111 279 455
N.S. 1 1.00  1.00 1.98 0.00 1.93 0.00 1.05 2.63 4.29
time (sec) N/A 0.323 0.177 0.096 0.000 0.275 0.000 0.345 0.032 1.153

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [46]
had the largest ratio of [1.08332999999999990]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
1] A 2 2 1.00 ) 0.400
2 A 2 1.00 15 0.133
F 0 0 N/A 0.000 N/A
4 B 3 3 3.42 14 0.214
i C 8 7 6.80 19 0.368
6} A 9 8 0.96 13 0.615
7] A 6 5 1.00 13 0.385
3] A 12 11 1.09 14 0.786
9) A 8 7 0.95 12 0.583
10j A 6 ) 1.52 19 0.263
11] A 7 7 1.09 29 0.241
12} C 4 4 1.94 14 0.286
13] C 4 4 1.86 27 0.148
14] A 2 2 1.13 18 0.111
15) A 4 3 1.00 24 0.125
16} A 4 3 1.00 12 0.250
17] A 4 3 1.00 22 0.136
18 A ) 4 1.00 15 0.267
19 A ) 4 1.00 13 0.308
20) A 2 2 1.00 23 0.087
21 A ) ) 1.13 17 0.294
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:S; ui?el;e antlf;rlszzzlve leaf size integrand leaf size
22] A 9 8 1.17 15 0.533
23] A 4 4 1.00 25 0.160
24] A 6 5 0.89 27 0.185
25) A 2 2 1.00 23 0.087
26} A 3 3 1.00 27 0.111
27] A 3 3 1.00 17 0.176
28] A 2 2 1.00 13 0.154
29[ A 7 6 1.11 17 0.353
30) A 6 ) 1.00 15 0.333
31| A 5 4 1.00 15 0.267
32] A 2 2 1.00 17 0.118
33| A 6 5 1.21 13 0.385
34 A 3 3 1.00 15 0.200
35) A 2 2 1.00 13 0.154
36| A 6 5 1.21 13 0.385
3_7 A 4 3 1.00 11 0.273
3| A 3 2 1.00 24 0.083
39) A 3 2 1.00 24 0.083
40 A 7 7 1.00 10 0.700
41 A 10 9 1.07 12 0.750
42 B 7 6 2.75 13 0.462
43 A 6 ) 1.00 13 0.385
44| A 6 ) 1.28 15 0.333
F 0 0 N/A 0.000 N/A
4_6 A 14 13 1.31 12 1.083
47] A 12 11 1.08 12 0.917
4g | A 8 7 1.32 18 0.389
49 A ) 4 1.00 14 0.286
50) A 7 6 1.00 14 0.429

2.3. Detailed conclusion table specific for Rubi results
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3.1 [ arcsin(z) log(z) dz

3.1.1 Optimalresult . .. ... ... ... .. ... 43]
3.1.2 Mathematica [A] (verified) . . . . . ... ... ... o L 43
3.1.3 Rubi [A] (verified) . . ... ... .. 44
3.1.4 Maple [B] (verified) . ... ... ... .. ... 45
3.1.5  Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 45
3.1.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... 161
3.1.7 Maxima [A] (verification not implemented) . . ... ... ... ..... 461
3.1.8 Giac [B] (verification not implemented) . . . ... ... ... ...... 47
3.1.9 Mupad [F(-1)] . . . . o 48
3.1.10 Reduce [F] . . . . . o e 48

3.1.1 Optimal result

Integrand size = 5, antiderivative size = 51

/arcsin(a:) log(z)dz = —2v1 — 22 + arctanh(V 1— x2>
— zarcsin(z)(1 — log(z)) + V1 — x2? log(x)

output ‘ arctanh((-x"2+1)~(1/2))-x*arcsin(x)*(1-1n(x))-2*(-x"2+1) ~(1/2) +1n(x) * (-x~2 ‘
D7 (1/2) J

3.1.2 Mathematica [A] (verified)
Time = 0.02 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.02
/arcsin(x) log(z) dz = —2v/1 — 22 + z arcsin(z)(—1 + log(x))
+ <—1 + V1 —a:2> log(x) + log (1 + V1 —a:2>

inputLIntegrate[ArcSin[x]*Log[x],X] J

N

)
output‘ -2xSqrt[1 - x72] + x*ArcSin[x]*(-1 + Log[x]) + (-1 + Sqrt[1 - x~2])*Logl[x] ‘
‘ + Log[l + Sqrt[1 - x~2]] ‘

3.1.  [arcsin(z) log(z) dz



input

output

rule 2009 |

rule 2834
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3.1.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00,

=2, number of rules _ 400, Rules
integrand size

number of steps used = 2, number of rules used =
used = {2834, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ arcsin(z) log(x) dz
| 2834
- / (arcsin(x) + \/1;—$2> dx + z arcsin(z) log(z) + V1 — z2log(z
| 2009

—z arcsin(z) + z arcsin(z) log(z) + arctanh(\/ 1-— x2> —2v1 =22+ /1 — 22log(z)

{Int [ArcSin[x]*Log[x],x]

| —

‘—2*Sqrt [1 - x72] - x*ArcSin[x] + ArcTanh[Sqrt[1 - x"2]] + Sqrt[1l - x~2]*Lo
‘g[x] + x*ArcSin[x]*Log[x]

3.1.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(_.))*x(Px_.)*(F_)[(d_.)*x((e_.) + (£f_.)*
(x_))]1"(m_.), x_Symbol] :> With[{u = IntHide[Px*F[d*(e + f*x)]"m, x]}, Simp
[(a + b*Loglc*x™n]) u, x] - Simp[b*n Int[1/x u, x], x]] /; FreeQl{a,
b, ¢, d, e, £, n}, x] &% PolynomialQ[Px, x] && IGtQ[m, 0] && MemberQ[{ArcSi
n, ArcCos, ArcSinh, ArcCosh}, F]

3.1.  [arcsin(z) log(z) dz



CHAPTER 3. LISTING OF INTEGRALS 45

3.1.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 92 vs. 2(45) = 90.

Time = 0.15 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.82

method | result

2tan ( a.rcsl2n(z) 2tan ( arcslzn(z)

2 arCSin(w) tan ( arcs;n(z) ) ln < 1+tan2 ( arCSTin(z))) ) _2 (tan2 <arCSi2n(m) )) ln ( 1+tan2 (arCSTiD(IQ ) ) _2 arCSin(w) tan(%) _4

1+tan? (arcsizn(x) )

default

inputLint(arcsin(x)*ln(x),x,method=_RETURNVERBUSE) J

Output‘2*(arcsin(x)*tan(1/2*arcsin(x))*1n(2*tan(1/2*arcsin(x))/(1+tan(1/2*arcsin(
‘ x))~2))-tan(1/2*arcsin(x)) "2*1n(2*tan(1/2*arcsin(x))/(1+tan(1/2*arcsin(x)) ‘
‘“2))-arcsin(x)*tan(1/2*arcsin(x))-2)/(1+tan(1/2*arcsin(x))”2)-1n(1+tan(1/2
‘*arcsin(x))“2) ‘

3.1.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.06

/ arcsin(z) log(x) dz = z arcsin (x) log (x) — z arcsin (z) + vV —z2 + 1(log () — 2)

+ 2 log (Vo2 1 141) — 2 log (Va2 +1-1)

inputLintegrate(arcsin(x)*log(x),x, algorithm="fricas") J

Output‘x*arcsin(x)*log(x) - x*arcsin(x) + sqrt(-x"2 + 1)*(log(x) - 2) + 1/2*log(s
Lqrt(—x‘2 + 1) + 1) - 1/2xlog(sqrt(-x"2 + 1) - 1)

3.1.  [arcsin(z) log(z) dz
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3.1.6 Sympy [A] (verification not implemented)

Time = 3.72 (sec) , antiderivative size = 102, normalized size of antiderivative = 2.00

/arcsin(a:) log(z) dz = zlog (z) asin (z) — z asin (z) + V1 — z2log (z) — V1 — 22

z 1 1 1
— —acosh (=) + for = >1
1+ (x) oy /[-1+ % |2
xT xT
2 _ +jasin (1) - —A— otherwise
1—-L T . /1—-L

input ‘ integrate(asin(x)*1n(x) ,x)

output‘x*log(x)*asin(x) - x*asin(x) + sqrt(l - x**2)*log(x) - sqrt(l - x**2) - Pi
‘ecewise((-x/sqrt(-l + x¥*(-2)) - acosh(1/x) + 1/(x*sqrt(-1 + x**(-2))), 1/
‘Abs(x**2) > 1), (I*x/sqrt(l - 1/x**2) + Ik*asin(1/x) - I/(x*sqrt(l - 1/x*x2
1)), True))

3.1.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.14

/arcsin(m) log(x) dz = (xlog () — z) arcsin (z) + vV —x2 4 1log ()
—2vV—22+1+log (ﬂ%-l)

] ||

p
input

integrate(arcsin(x)*log(x),x, algorithm="maxima")

N\

OUtPHt‘(x*log(x) - x)*arcsin(x) + sqrt(-x"2 + 1)*log(x) - 2*sqrt(-x~2 + 1) + log(
‘2*sqrt(-x“2 + 1)/abs(x) + 2/abs(x))

3.1.  [arcsin(z) log(z) dz

N

J
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3.1.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 272 vs. 2(42) = 84.

Time = 0.28 (sec) , antiderivative size = 272, normalized size of antiderivative = 5.33

/ arcsin(z) log(x) dz = z arcsin (z) log (z) + v —22% + 1log ()

2 z arcsin (z)

V—x?+ 1 s+ 1
( vl )<(m+1 + )
N z?log (V-2 +1+1) log \/T+ 1)
s+ 1
2 \/T
(V=22 F+1+1) (< z2++12+1> ++1)
B z*log (|z]) 10g(|93|)
_ et
(\/.’1774- 1) (m + 1) ( +1+1)
N 2 z?
— 2 \/T
(V=22 +1+1) <<T2++12+1> 1)

inputLintegrate(arcsin(x)*log(x),x, algorithm="giac")

output

x*arcsin(x)*log(x) + sqrt(-x"2 + 1)*log(x) - 2*x*arcsin(x)/((sqrt(-x~2 + 1
) + 1)*%(x"2/(sqrt(-x"2 + 1) + 1)72 + 1)) + x"2xlog(sqrt(-x"2 + 1) + 1)/((s
qrt(-x~2 + 1) + 1)7"2%(x"2/(sqrt(-x"2 + 1) + 1)72 + 1)) + log(sqrt(-x~2 + 1
) + 1)/(x"2/(sqrt(-x"2 + 1) + 1)72 + 1) - x"2*xlog(abs(x))/((sqrt(-x"2 + 1)
+ 1)72%(x72/(sqrt(-x"2 + 1) + 1)72 + 1)) - log(abs(x))/(x"2/(sqrt(-x"2 +
1) + 1)72 + 1) + 2xx72/((sqrt(-x"2 + 1) + 1)72%x(x"2/(sqrt(-x"2 + 1) + 1)72
+ 1)) - 2/(x"2/(sqrt(-x"2 + 1) + 1)72 + 1)

3.1.  [arcsin(z) log(z) dz



CHAPTER 3. LISTING OF INTEGRALS

48

3.1.9 Mupad [F(-1)]
Timed out.

/ arcsin(x) log(x) dz = / asin(z) In (z) dz

input tint (asin(x)*log(x) ,x)

output Lint (asin(x)*log(x), x)

3.1.10 Reduce [F]

/ arcsin(z) log(z) dz = / asin(z) log(x) dz

input Lint (asin(x)*log(x),x)

output tint (asin(x)*log(x) ,x)

3.1.  [arcsin(z) log(z) dz
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3 . 2 f Wi arcsm dx
V122

3.2.1 Optimalresult . . ... ... ... ... ... 49|
3.2.2 Mathematica [A] (verified) . . . . . ... ... .. L 49
3.2.3 Rubi [A] (verified) . . . ... ... . ... 501
3.24 Maple [A] (verified) . ... ... ... .. LIl
3.2.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... b1l
3.2.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... Il
3.2.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 52
3.2.8 Giac [A] (verification not implemented) . . . .. .. ... ... .....
329 Mupad [F(-1)] . . . ..o 52
3.2.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 53

3.2.1 Optimal result

Integrand size = 15, antiderivative size = 17

x arcsin(z)

V1—ga?

dx = x — V1 — x? arcsin(z)

outputLx-arcsin(x)*(-x”2+1)“(1/2)

3.2.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

zarcsin(z)

V1—zx2

dx

=2

— V1 — x?arcsin(z)

input‘Integrate[(x*ArcSin[x])/Sqrt[l - x72],x]

output‘x - Sqrt[1 - x"2]*ArcSin[x]

3.2.

f zar:s:r;(zw) dz



input

output
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3.2.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

number of rules _ 0.133, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5182, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x arcsin(zx)
V1 — x2
| 5182

/ld:r — /1 — z2arcsin(z)

| 24
x — /1 — z2? arcsin(z)

dz

-

Int [(x*ArcSin[x])/Sqrt[1 - x~2],x]

‘x - Sqrt[1 - x~2]*ArcSin[x]

3.2.3.1 Defintions of rubi rules used

e

rule 24LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 5182

~—

Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.)) " (n_.)*(x_)*((d_) + (e_.)*(x_)"2)"(p_
.), x_Symbol] :> Simp[(d + e*x~2)"(p + 1)*((a + b*ArcSin[c*x]) n/(2*ex(p +
1)), x] + Simp[b*(n/(2%cx(p + 1)))*Simp[(d + e*x"2)"p/(1 - c~2*x"2) p] I
nt[(1 - c™2*x"2)"(p + 1/2)*(a + b*ArcSin[c*x])~(n - 1), x], x] /; FreeQ[{a,
b, c, d, e, p}, x] & EqQ[c™2*d + e, 0] && GtQ[n, 0] && NeQ[p, -1]

N

csm(;c) dz

3.2, [ e
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3.2.4 Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.94

method | result size
default | x — arcsin (x)v—2z2+1 | 16

inputLint(x*arcsin(x)/(—xA2+1)‘(1/2),x,method=_RETURNVERBOSE)

output | x-arcsin(x) *(-x~2+1)~(1/2)

N\

3.2.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

x arcsin(x) .
——~‘dr=—V—x2+larcsin(z) +z
T % (z)

inputLintegrate(x*arcsin(x)/(—x‘2+1)‘(1/2),x, algorithm="fricas")

outputt—sqrt(—x‘Q + 1)*arcsin(x) + x

3.2.6 Sympy [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.71

x arcsin(z) )
——————dr=z—+V1—2%asin(z
T % ()

p
inputLintegrate(x*asin(x)/(—x**2+1)**(1/2),X)

—

output |x - sqrt(l - x**2)*asin(x)

'SR

-/

csm(;c) dz

3.2, [ e
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3.2.7 Maxima [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

x arcsin(z) .
——————‘tdrx=—/—z?24+1arcsin(z) + =z
T3 Y (z)

input Lintegrate (x*arcsin(x)/(-x"2+1)~(1/2) ,x, algorithm="maxima")

output L—sqrt(—x“2 + 1)*arcsin(x) + x

3.2.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

x arcsin(z) .
————— Yt dr=—/—z?24+1larcsin(z) +z
e v («)

input Lintegrate (x*arcsin(x)/(-x"2+1)~(1/2) ,x, algorithm="giac")

output L—sqrt(—x‘Q + 1)*arcsin(x) + x

3.2.9 Mupad [F(-1)]

Timed out.
rarcsin(z) , [ zasin(x)

—— —dr= | ——L dx
V1 —z2 V1 —z2

input Lint((x*asin(x)) /(1 - x"2)~(1/2),%)

-

outputkint((x*asin(x))/(l - x"2)°(1/2), x)

—

3.2, [ i) aLl’S_h;gw) dz
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3.2.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

x arcsin(z) .
————tdr=—V—z24+1asin(z) +x
T3 Y (z)

input

int ((asin(x)*x)/sqrt( - x**2 + 1),x)

N\

outputt - sqrt( - x**2 + 1)*asin(x) + x

3.2, [ i) aLf_il;g””) dz
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3.3 [ —arcsin (vz —V/1+1z) dz

3.3.1 Optimalresult . .. ... ... ... .. ... 54
3.3.2 Mathematica [A] (verified) . . . . . ... ... ... o L b4
3.3.3 Rubi[F] . oottt 55
3.34 Maple [C] (verified) . . . .. .. .. ... 50
3.3.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... by
3.3.6 Sympy [F] . . . . . . 57
3.3.7 Maxima [A] (verification not implemented) . ... ... ... ... ... bY
338 Giac [F] . . . e bY
3.3.9 Mupad [F(-1)] . . . . oo bY
3.3.10 Reduce [F] . . . . . o o e 59

3.3.1 Optimal result

Integrand size = 18, antiderivative size = 69

(vVa+3vITa) -z +vavita
44/2
— <§ + x) arcsin <\/_ — \/1+—x>

/—arcsin <\/_— \/l—l-—x) dr =

N

output ‘(—(3/8+x) *arcsin(x”~(1/2)-(1+x) ~(1/2))+1/8%(x~ (1/2)+3* (1+x) ~(1/2) ) * (-x+x~(1/ ‘
L2)*(1+x)‘(1/2))‘(1/2)*2‘(1/2) J

3.3.2 Mathematica [A] (verified)

Time = 0.70 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.54

/—arcsin <\/_— \/1—|——x> dz = %<ﬁ+3\/1+—m> \/—2x+ 2vzV/1 +

— g arcsin <\/_ — \/1—|-—z>

3 2w+ 2vayTT e
— —arctan —\/5-1— \/1+—z

33. [—arcsin(vz—+1+2)dz
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input ‘ Integrate[-ArcSin[Sqrt[x] - Sqrtl[1 + x]],x] ‘

‘n[Sqrt [x] - Sqrt[1 + x]] - (3*ArcTan[Sqrt[-2*x + 2*Sqrt[x]*Sqrt[1 + x]]1/(-

output ‘ ((Sqrt[x] + 3*Sqrt[1 + x])*Sqrt[-2*x + 2*Sqrt[x]*Sqrt[1 + x]]1)/8 - x*ArcSi ‘
‘Sqrt[x] + Sqrt[1 + x1)1)/8 ‘

3.3.3 Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/— arcsin <\/_ —Vz+ 1) dx
l 25
— /arcsin <\/_ —Vz+ 1) dx
l 5339
/ %%mdw—xarcsin (\/_—\/(E-l-l)
l 27
\Vaveri-a
/ Vatl & — zarcsin (\/_—\/x+1>
22
l 7267
VT s
[ Vvava e PVEEL g aresin vz - va+1)
l 7299
JVVevEtl—wdya 1l (va-v&1)
V2
input tInt [-ArcSin[Sqrt[x] - Sqrt[1 + x1],x] J

33. [—arcsin(vz—+1+2)dz
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output L$Aborted

3.3.3.1 Defintions of rubi rules used

ruke25t;nt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27

rule 5339

rule 7267

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[ArcSin[u_], x_Symbol] :> Simp([x*ArcSin[u], x] - Int[SimplifyIntegrand[x
*(D[u, x]/Sqrt[1 - u~2]), x], x] /; InverseFunctionFreeQ[u, x] && !Functio
nOfExponentialQ[u, x]

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]1])], x
] /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

rule 7299LInt [u_, x_] :> CannotIntegrate([u, x]

3.3.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 1.10 (sec) , antiderivative size = 252, normalized size of antiderivative = 3.65

method | result

(2 arcsin (v/z—+v/1+z)+i) (22', [ —2x+2+/x /1+x /1+5—2i1/ —22+2y/% V/1+T /T—4/T \/1+$+4$+1)
- 32

(21'\ | —2z+2/z

default

input tint (-arcsin(x~(1/2)-(1+x)~(1/2)) ,x,method=_RETURNVERBOSE)

33. [—arcsin(vz—+1+2)dz
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output

-1/32x(2*xarcsin(x~(1/2)-(1+x) ~(1/2) )+I) % (2xI* (-2*x+2%x~ (1/2) *(1+x) ~(1/2))"
(1/2)*(1+x) ~(1/2) -2*%I* (-2*xx+2*%x~ (1/2) * (1+x) ~(1/2)) " (1/2) *x~ (1/2) -4%x~(1/2)
*(1+x) 7 (1/2) +4*x+1)-1/32% (2% I* (-2*x+2*x~ (1/2) * (1+x) ~(1/2) )~ (1/2) *x~ (1/2)-2
* Tk (-2xx+2%x~ (1/2) * (1+x) ~(1/2) )~ (1/2) *(1+x) ~(1/2) +4*x-4*x~ (1/2) * (1+x) ~(1/2
Y+1)*(-I+2*xarcsin(x”~(1/2)-(1+x) " (1/2)))-1/4x(2*x~ (1/2) * (1+x) ~(1/2) +2*x+1) *
(2%I*x~(1/2) * (1+x) =~ (1/2) =2%I*x-(1+x) ~(1/2) * (-2*x+2*x~ (1/2) * (1+x) ~(1/2))~ (1
/2)+(—2*x+2%x~ (1/2)* (1+x) ~(1/2)) " (1/2)*x~ (1/2) +arcsin(x~ (1/2)-(1+x) ~(1/2))
-1)

-

3.3.5 Fricas [A] (verification not implemented)

Time = 23.67 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.71

/—arcsin <\/_—\/1+—$> dx:%(8x+3)arcsin <\/ﬁ—\/5>
+50/2VETTVE - 22(3VE T+ Va)

inputLintegrate(—arcsin(x‘(1/2)—(1+x)‘(1/2)),x, algorithm="fricas")

output‘

N

-/

1/8%(8%x + 3)*arcsin(sqrt(x + 1) - sqrt(x)) + 1/8*sqrt(2*sqrt(x + 1)*sqrt(
x) - 2xx)*(3xsqrt(x + 1) + sqrt(x))

3.3.6 Sympy [F]

/—arcsin (x/_—\/l—i——x> dxz—/asin <\/_—\/m> dz

input[integrate(-asin(x**(1/2)-(1+x)**(1/2)),X)

A ‘/

-

outputL—Integral(asin(sqrt(x) - sqrt(x + 1)), x)

-/

33. [—arcsin(vz—+1+2)dz
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3.3.7 Maxima [A] (verification not implemented)

Time = 0.91 (sec) , antiderivative size = 4, normalized size of antiderivative = 0.06

/—arcsin <\/_—\/1—|——x> dz = %mc

inputLintegrate(—arcsin(x‘(1/2)—(1+x)‘(1/2)),x, algorithm="maxima")

outputt1/2*pi*x

3.3.8 Giac [F]

/—arcsin <\/_— \/1+—m> dx = /—arcsin (—\/a:——|—1+ \/E> dx

p
inputtintegrate(-arcsin(x‘(1/2)-(1+x)‘(1/2)),x, algorithm="giac")

e—

-

output Lintegrate(—arcsin(-sqrt(x + 1) + sqrt(x)), x)

N

3.3.9 Mupad [F(-1)]

Timed out.

/—arcsin (\/_— \/1+—x> dr = /asin(x/ar— ﬁ) dx

input Lint(asin((x + 1)°(1/2) - x~(1/2)),%)

output Lint(asin((x + 1)°(1/2) - x~(1/2)), %)

33. [—arcsin(vz—+1+2)dz
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59

3.3.10 Reduce [F]

/—arcsin <\/_— \/l—l-—x> dr = /asin(\/ﬁ— \/ﬂ_v) dz

input Lint(asin(sqrt(x + 1) - sqrt(x)),x)

output Lint(asin(sqrt(x + 1) - sqrt(x)),x)

33. [—arcsin(vz—+1+2)dz
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3.4 [ log (1 + xm) dx

34.1 Optimalresult . . ... ... ... .. ... .. ... 60]
3.4.2 Mathematica [A] (verified) . . . . . . ... ... Lo 611
3.4.3 Rubi [B] (verified) . . ... ... ... . ... .. 611
344 Maple [B] (verified) . ... ... ... .. ... .. 63
3.4.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... 64
34.6 Sympy [F(-1)] . . . o 66
3.4.7 Maxima [F] . . ... 66!
3.4.8 Giac [B] (verification not implemented) . . .. ... ... ... ..... 67
3.4.9 Mupad [B] (verification not implemented) . . . ... .. ... ... ... 68
3.4.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 69

3.4.1 Optimal result

Integrand size = 14, antiderivative size = 97

/log <1+xm> dr = —2x+~/2<1+\/5> arctan (\/—2+\/5<x+m>)
— 2<—1+\/5)arctanh(\/2+\/3(x+\/1+7m2))

+ zlog (1—|—a:\/1+m2)

output ‘/—2*x+x*1n(1+x* (x72+1)~(1/2))-arctanh ((x+(x"2+1) ~(1/2))*(2+57(1/2))~(1/2) ) * \
(242457 (1/2)) " (1/2) +arctan ( (x+(x"2+1) " (1/2) )% (=245~ (1/2)) " (1/2)) % (24245~ (|
L1/2))“(1/2)

J

34.  [log (14 zv1+42?) dz
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3.4.2 Mathematica [A] (verified)

Time = 0.27 (sec) , antiderivative size = 188, normalized size of antiderivative = 1.94

(54 +/5) arctan < 1+2\/5x>

/10 (1+/5)
+\/%<1+\/5)arctan< %—F?\/m)

(—5 + \/5) arctanh( _12 x)

/10 (=1 4 v/5)

/log (1 +xm> dr = —2x +

&

S

1 1
—\/3 (—1+\/3)arctanh( —§+§\/1+x2)
+ zlog <1+x\/1+x2>
input LIntegrate [Log[1 + x*Sqrt[1 + x~2]],x] J

output | -2xx + ((5 + Sqrt[5])*ArcTan[Sqrt[2/(1 + Sqrt[5])]1#*x])/Sqrt[10*x(1 + Sqrt[5
1)1 + Sart[(1 + Sqrt[5])/2]*ArcTan[Sqrt[1/2 + Sqrt[56]/2]*Sqrt[1 + x~2]] -
((-5 + Sqrt[5])*ArcTanh[Sqrt[2/(-1 + Sqrt[5])]1#*x])/Sqrt[10*(-1 + Sqrt[5])]

- Sqrt[(-1 + Sqrt[5])/2]*ArcTanh[Sqrt[-1/2 + Sqrt[5]/2]*Sqrt[1 + x~2]] +
xxLog[1 + x*Sqrt[1 + x~2]]

3.4.3 Rubi [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 332 vs. 2(97) = 194.

Time = 0.85 (sec) , antiderivative size = 332, normalized size of antiderivative = 3.42,

number of rules _
integrand size 0.214, Rules

number of steps used = 3, number of rules used = 3,
used = {3028, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

34.  [log (14 zv1+42?) dz
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/log (\/302 + 1z + 1) dz

l 3028

—— (2x +1)
mlog( x2+1x+1)_/x3+w+m

l 7293

223 x
zlo <\/m2+1m+1>—/( + )d:c
- Brz+vVei+l BHz+Vz2+1

l 2009

2 3 2 2 3
g(\/5—1> arctan( \/x + ) 5(\/gl)a,rctaua( ﬁ\/x +1> +

(52 e
§<1+ arctanh<\/7 \/71>+\/T\/5 arctanh( \/aT )

% (\/5 1>arctanh< \/3—1x> +2 %(\/5 2>arctanh< 5 1 >+

p
input LInt [Log[1 + x*Sqrt[1 + x~2]],x]

output | -2xx - Sqrt[(1 + Sqrt[5])/10]*ArcTan[Sqrt[2/(1 + Sqrt[5]1)]*x] + 2xSqrt[(2

+ Sqrt[5])/5]1*ArcTan[Sqrt[2/(1 + Sqrt[5])]1*x] + Sqrt[2/(5*%(-1 + Sqrt[5]))]
xArcTan [Sqrt [2/(-1 + Sqrt[5])]1*Sqrt[1 + x~2]] + Sqrt[(2*(-1 + Sqrt[5]))/5]
xArcTan [Sqrt [2/(-1 + Sqrt[5])]1*Sqrt[1 + x~2]] + 2xSqrt[(-2 + Sqrt[5])/5]*A
rcTanh[Sqrt[2/(-1 + Sqrt[5]1)1#*x] + Sqrt[(-1 + Sqrt[5])/10]*ArcTanh[Sqrt[2/
(-1 + Sqrt[51)1*x] + Sqrt[2/(5*%(1 + Sqrt[5]))]*ArcTanh[Sqrt[2/(1 + Sqrt[5]
)I*Sqrt[1 + x~2]] - Sqrt[(2*(1 + Sqrt[5]))/5]*ArcTanh[Sqrt[2/(1 + Sqrt[5])
I*Sqrt[1 + x"2]] + x*Logl[l + x*Sqrt[1 + x~2]]

34.  [log (14 zv1+42?) dz
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3.4.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3028 Int[Log[u_], x_Symbol]l :> Simp[x*Log[ul, x] - Int[SimplifyIntegrand [x*(DI[u,
x]/u), x], x] /; InverseFunctionFreeQ[u, x]

rule 7293 Int[u_, x_Symbol]l :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

3.4.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 412 vs. 2(75) = 150.

Time = 0.18 (sec) , antiderivative size = 413, normalized size of antiderivative = 4.26

method | result

(3—}-\/5)\/5 arctan \/2’37 <\/5—3) v/5 arctanh \/72“”7 v/5 arctanh /| 2
parts zln(1+2vVz2+1) — 2z + 5\/2+2\/<g 2”‘/3) — 5\/_2“55 2”‘/5) — 5\/2L+
v/54+1)4/5 arctan 2z v/5—1)+/5 arctanh 2z 2(34+/5)V5 ¢
default | zln (1 + zvz? + 1) — ( ) 5\/2+2\/(5 2+2‘/5) + ( ) 5\/_2”55 _2+2\/5) — 2z + <—>5\/

input Lint (In(1+x*(x~2+1)~(1/2)) ,x,method=_RETURNVERBOSE) J

34.  [log (14 zv1+42?) dz
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output | x*1n(1+x*(x72+1)7(1/2))-2%x+1/5%(3+57(1/2))*57(1/2) / (2+2%5~(1/2) )~ (1/2) *ar
ctan(2xx/(2+2%57(1/2))~(1/2))-1/5%(57(1/2)-3)*57(1/2) / (-2+2x57(1/2) )~ (1/2)
*arctanh (2*x/(-2+2%x57(1/2))~(1/2))-1/5%5"(1/2) / (2+5~(1/2) )~ (1/2) *arctanh ((
(x72+1)7(1/2)-x) /(2+57(1/2))~(1/2))-1/5%5"(1/2) / (-2+57(1/2) ) " (1/2) *arctan(
((x72+1)7(1/2)-x) / (-2+57(1/2) )~ (1/2) )-1/5%(-2+57(1/2) ) ~(1/2) *567 (1/2) *arcta
nh(((x72+1)7(1/2)-x) / (-2+57(1/2)) " (1/2) ) +1/5%(2+57(1/2) )~ (1/2) ¥67 (1/2) *arc
tan (((x72+1)7(1/2)-x) /(2+57(1/2))~(1/2))+2/5%57(1/2) / (2+2*57(1/2) )~ (1/2) *a
rctan(2*x/ (2+2*57(1/2)) 7 (1/2))+2/5%57(1/2) / (-2+2*57(1/2) )~ (1/2) *arctanh (2x
x/(-2+2*%57(1/2))7(1/2))-1/10%(3+57(1/2))*5~(1/2) /(2+57(1/2) )~ (1/2) *arctanh
(((x™2+1)7(1/2)-x) /(2+567(1/2) )~ (1/2))+1/10% (57 (1/2)-3)*57(1/2) / (-2+57(1/2)
)~ (1/2)*arctan (((x"2+1)~(1/2)-x)/ (-2+57(1/2))~(1/2))-1/10% (57 (1/2)-1)*5" (1
/2)/(-2+5~(1/2)) " (1/2) *arctanh (((x~2+1)~(1/2)-x) / (-2+57(1/2) )~ (1/2) ) +1/10%
(567(1/2)+1)%57(1/2) / (2+57(1/2) )~ (1/2) *arctan (((x~2+1) " (1/2)-x) / (2+57(1/2))
~(1/2))

3.4.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 451 vs. 2(75) = 150.

34.  [log (14 zv1+42?) dz
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Time = 0.26 (sec) , antiderivative size = 451, normalized size of antiderivative = 4.65

/log<1+xm) dx:—i 91/ —v/5 — 1log <4$2
-m((ﬁ\/ﬁ-ﬁ) _¢5_1+4x)
+ (VBVar - vaz) —\/5—1+4)
+}l\/§ —x/E—llog(4x2
+m<(¢5\/§—\/§)m_4x)
~ (V3vaz - var)y/ V5 -1 +4)
+}L\/§ \/5—110g<4x2—4mx
+ (VBVar - VaT +1(VEVa+ V2 +var)y/VE -1
+4)—i\/§ \/g—llog(4x2—4\/mw
— (V3vaz — V@ +1(VEV2+v3) +Var )\ VB -1
+4) +alog (VT T +1)
4= f V5 — llog<2x+\/_ V5 — 1)
——\/_ V5 — 1log(2x )
1‘/5 —\/_—110g(2x+\/_ —v5 — 1)
—i 2 —\/5—110g<233—\/§ —\/3—1>—2

input Lintegrate (log(1+x*(x72+1)~(1/2)) ,x, algorithm="fricas")

34.  [log (14 zv1+42?) dz



output
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-1/4*sqrt(2) *sqrt (-sqrt(5) - 1)*log(4*x~2 - sqrt(x~2 + 1)*((sqrt(5)*sqrt(2
) - sqrt(2))*sqrt(-sqrt(5) - 1) + 4xx) + (sqrt(5)*sqrt(2)*x - sqrt(2)*x)*s
gqrt(-sqrt(5) - 1) + 4) + 1/4xsqrt(2)*sqrt(-sqrt(5) - 1)*log(4*x~2 + sqrt(x
2 + 1)*((sqrt(5)*sqrt(2) - sqrt(2))*sqrt(-sqrt(5) - 1) - 4*x) - (sqrt(5)*
sqrt(2)*x - sqrt(2)*x)*sqrt(-sqrt(5) - 1) + 4) + 1/4*sqrt(2)*sqrt(sqrt(5)

- 1)*log(4*x~2 - 4*sqrt(x”2 + 1)*x + (sqrt(5)*sqrt(2)*x - sqrt(x"2 + 1)*(s
qrt(5)*sqrt(2) + sqrt(2)) + sqrt(2)*x)*sqrt(sqrt(5) - 1) + 4) - 1/4*sqrt(2
)*sqrt(sqrt(5) - 1)*log(4*x~2 - 4*sqrt(x”2 + 1)*x - (sqrt(5)*sqrt(2)*x - s
qrt(x"2 + 1)*(sqrt(5)*sqrt(2) + sqrt(2)) + sqrt(2)#*x)*sqrt(sqrt(6) - 1) +

4) + x*log(sqrt(x™2 + 1)*x + 1) + 1/4xsqrt(2)*sqrt(sqrt(5) - 1)*log(2*x +

sqrt (2)*sqrt(sqrt(5) - 1)) - 1/4*sqrt(2)*sqrt(sqrt(5) - 1)*log(2*x - sqrt(
2)*sqrt(sqrt(5) - 1)) + 1/4xsqrt(2)*sqrt(-sqrt(5) - 1)*log(2*x + sqrt(2)*s
qrt(-sqrt(5) - 1)) - 1/4*xsqrt(2)*sqrt(-sqrt(5) - 1)*log(2*x - sqrt(2)*sqrt
(-sqrt(5) - 1)) - 2*x

3.4.6 Sympy [F(-1)]
Timed out.

/log (1 +zvV1+ z2> dzxr = Timed out

inputLintegrate(ln(1+X*(X**2+1)**(1/2)),X)

output

N

Timed out

3.4.7 Maxima [F]

/log <1+xm) da::/log (Ww—i—l) dz

e

inputtintegrate(1og(1+x*(x‘2+1)“(1/2)),x, algorithm="maxima")

~—

output‘x*log(sqrt(x‘z + 1)*x + 1) - 2*x + arctan(x) + integrate((2*x~2 + 1)/(x"2

‘+ (x"3 + x)*sqrt(x"2 + 1) + 1), x)

34.  [log (14 zv1+42?) dz
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3.4.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 235 vs. 2(75) = 150.

Time = 0.40 (sec) , antiderivative size = 235, normalized size of antiderivative = 2.42

/log (1—|—x\/1+m2> dz
1 CL‘—‘/CL'2+1++
= zlog <Vac2+1x+1> + =1/2v5 + 2arctan | — 2—Vai+l
2 25 — 2

1 /
+ - 2\/5+Qarctan -
ViV

[\V]

1/ / 1
—Z 2\/5—210g<—m+vx2+1+ 2\/g+2_.27——1:2—|-1>

1 1 1 1 1 1
+4_1 2\/5—2log<x+ 5\/_—5)—L—l\/2\/5—210g<x—\/§\/5—§>

1 1

- — —_ 2 —_ - - —
+4\/2\/5 2log(‘ T+ Vi + \/2\/54-2 - $2+1D 2x

-

inputLintegrate(log(1+x*(x“2+1)“(1/2)),x, algorithm="giac")

output | x¥log(sqrt(x~2 + 1)*x + 1) + 1/2*%sqrt(2*sqrt(5) + 2)*arctan(-(x - sqrt(x~2
+ 1) + 1/(x - sqrt(x~2 + 1)))/sqrt(2*sqrt(5) - 2)) + 1/2*sqrt(2*sqrt(5) +
2)*arctan(x/sqrt(1/2*sqrt(5) + 1/2)) - 1/4*sqrt(2*sqrt(5) - 2)*log(-x + s
qrt(x"2 + 1) + sqrt(2*sqrt(5) + 2) - 1/(x - sqrt(x”2 + 1))) + 1/4*sqrt(2x*s
qrt(5) - 2)xlog(abs(x + sqrt(1/2*sqrt(5) - 1/2))) - 1/4*sqrt(2*sqrt(5) - 2
)*xlog(abs(x - sqrt(1/2*sqrt(5) - 1/2))) + 1/4*sqrt(2*sqrt(5) - 2)*log(abs(
-x + sqrt(x”"2 + 1) - sqrt(2*sqrt(5) + 2) - 1/(x - sqrt(x”™2 + 1)))) - 2#*x

| —

N\

34.  [log (14 zv1+42?) dz



input

output
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3.4.9 Mupad [B] (verification not implemented)

Time = 1.50 (sec) , antiderivative size = 666, normalized size of antiderivative = 6.87

/ log (1 +zv1+ x2) dzr = Too large to display

(int(log(x*(x‘Q + 1)°(1/2) + 1),x)

x*log(x*(x~2 + 1)7(1/2) + 1) - 2xx + (log(x - (27(1/2)*(5°(1/2) - 1)~(1/2)
)/2)x(57(1/2)/2 - 5/2))/(2%(67(1/2)/2 - 1/2)"(1/2) + 4x(6~(1/2)/2 - 1/2)°(
3/2)) - (log(x + (27(1/2)*(57(1/2) - 1)~(1/2))/2)*(6~(1/2)/2 - 5/2))/(2*(5
“(1/2)/2 - 1/2)7(1/2) + 4x(57(1/2)/2 - 1/2)7(3/2)) - (log(x - (27(1/2)*(-

57(1/2) - 1)~(1/2))/2)*(57(1/2)/2 + 5/2))/(2%(- 57(1/2)/2 - 1/2)"(1/2) + 4
*(- 57(1/2)/2 - 1/2)7(3/2)) + (log(x + (27(1/2)*(- 57(1/2) - 1)7(1/2))/2)*
(5°(1/2)/2 + 5/2))/(2*%(- 57(1/2)/2 - 1/2)~(1/2) + 4x(- 5°(1/2)/2 - 1/2)"(3
/2)) + ((Qog(x - (27(1/2)*(57(1/2) - 1)7(1/2))/2) - 1log((27(1/2)*x*(57(1/2
) - 17/2))/2 + (27(1/2)*(x72 + 1)7(1/2)*(57(1/2) + 1)7(1/2))/2 + 1)) *((
57(1/2)/2 - 1/2)7(1/2) + 2%(57(1/2)/2 - 1/2)7(3/2)))/((2%(5~(1/2)/2 - 1/2)
~(1/2) + 4x(57(1/2)/2 - 1/2)7(3/2))*(57(1/2)/2 + 1/2)7(1/2)) + ((log(x + (
27(1/2)*(57(1/2) - 1)7(1/2))/2) - 1log((27(1/2)*(x"2 + 1)~ (1/2)*(57(1/2) +

1)°(1/2))/2 - (27(1/2)*x*x(67(1/2) - 1)7(1/2))/2 + 1))*((67(1/2)/2 - 1/2)°(
1/2) + 2x(57(1/2)/2 - 1/2)7(3/2)))/((2x(6~(1/2)/2 - 1/2)~(1/2) + 4%(5~(1/2
)/2 - 1/2)7(3/2))*(67(1/2)/2 + 1/2)7(1/2)) - ((Log((27(1/2)*(x~2 + 1)~ (1/2
dx(1 - 57(1/2))°(1/2))/2 - (27(1/2)*x*(- 57(1/2) - 1)~(1/2))/2 + 1) - log(
x + (27(1/2)*%(- 57(1/2) - 1)7(1/2))/2))*((- 57(1/2)/2 - 1/2)"(1/2) + 2x(-

57(1/2)/2 - 1/2)7(3/2)))/((2x(- 67(1/2)/2 - 1/2)"(1/2) + 4%(- 57(1/2)/2 -

1/2)7(3/2))*(1/2 - 57(1/2)/2)"(1/2)) - ((Qog((27(1/2)*xx(- 57(1/2) - 1)~ (1
/2))/2 + (2°(1/2)*(x"2 + 1)~(1/2)*(1 - 57(1/2))~(1/2))/2 + 1) - log(x -...

34.  [log (14 zv1+42?) dz
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3.4.10 Reduce [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 199, normalized size of antiderivative = 2.05

e (1425t =2 o L2

_@t(%>
\/7\/_10g(\/9627—\/7+x)
\/7\/_10g(\/3327+ \/7-%1:)
\/710g<\/$27—\/7+x>
\/710g<\/$27+ VVE—2+2)

2vx2 + 123 +3\/m2 lx+2z* +422 +1
+ log
V2 +1x+ 22241

— 2z

input‘int(log(sqrt(x**2 + 1)*x + 1),x%)

output

(2*sqrt(sqrt(5) + 2)*sqrt(5)*atan((sqrt(x**2 + 1) + x)/sqrt(sqrt(5) + 2))
- 2xsqrt(sqrt(5) + 2)*atan((sqrt(x**2 + 1) + x)/sqrt(sqrt(5) + 2)) + sqrt(
sqrt(5) - 2)*sqrt(5)*log(sqrt(x**2 + 1) - sqrt(sqrt(5) - 2) + x) - sqrt(sq
rt(5) - 2)*sqrt(5)*log(sqrt(x**2 + 1) + sqrt(sqrt(5) - 2) + x) + sqrt(sqrt
(5) - 2)*log(sqrt(x**2 + 1) - sqrt(sqrt(5) - 2) + x) - sqrt(sqrt(5) - 2)*1
og(sqrt(x**2 + 1) + sqrt(sqrt(5) - 2) + x) + 2%log((2*ksqrt(x**2 + 1)*x**3
+ 3*ksqrt(x**2 + 1)*x + 2xx*x4 + 4*kx*k*2 + 1)/(2%sqrt(x**2 + 1)*x + 2%x**2 +
1))*x - 4%x)/2

34.  [log (14 zv1+42?) dz
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3.5 [—2@ gy
\/14cos?(x)+cos?(z)

3.5.1 Optimalresult . .. ... ... ... ... .. ... [70l
3.5.2 Mathematica [C] (verified) . . . . . . ... ... ... oL 70}
3.5.3 Rubi [C] (verified) . . ... ... . ... ... [71]
3.5.4 Maple [C] (verified) . ... ... ... .. ... ... 74
3.5.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 75
3.5.6 Sympy [F(-1)] . . . . 75)
3.5.7 Maxima [F] . . ... . . 75
358 Giac [F] . . . o 76
3.5.9 Mupad [F(-1)] . . . . o 761
3.5.10 Reduce [F] . . . . . . . . 76

3.5.1 Optimal result

Integrand size = 19, antiderivative size = 45

cos?(x) r 1
dx = - + _ arctan
V/1+ cos?(z) + cost(z) 3 3

( cos(z) (1 + cos?(x)) sin(x) )

1 + cos?(z)+/1 + cos?(z) + cos?(z)

(1/3*x+1/3*arctan(cos(x)*(1+cos(x)‘2)*sin(x)/(1+cos(x)‘2*(1+cos(x)‘2+cos(x)

“4)“(1/2))) ‘

3.5.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 4 vs. order 3 in optimal.

Time = 0.81 (sec) , antiderivative size = 159, normalized size of antiderivative = 3.53

/ V1+ co(:;sa:) —)f- cos?(z)

i i— i tan? (z itan?(z
21 cos?(z) EllipticPi (g + ‘[ zarcsmh( — +f tan(z)) , §z+£) \/ 2 g+\(f) \/1 23t+\})

\/ ~ =55 V15 + 8 cos(22) + cos(4x)

cos?(zx)

f V/1+cos?(z)+cos?(z) dz

3.5.
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input ‘ Integrate[Cos[x]~2/Sqrt[1 + Cos[x]"2 + Cos[x]~4],x] ‘

output (((-2*1) *Cos [x] "2*E1lipticPi[3/2 + (I/2)*Sqrt[3], I*ArcSinh[Sqrt[(-2*I)/(-3 \‘
(*I + Sqrt[31)1*Tan[x]], (3*I - Sqrt[3]1)/(3+I + Sqrt[31)]1*Sqrt[1 - ((2+I)*T
‘ an[x]72)/(-3*I + Sqrt[3])]*Sqrt[1 + ((2*I)*Tan[x]~2)/(3*I + Sqrt[3]1)])/(Sq ‘
Lrt [(-I)/(-3*I + Sqrt[3])]1*Sqrt[15 + 8xCos[2*x] + Cos[4*x]]) J

3.5.3 Rubi [C] (verified)

Result contains higher order function than in optimal. Order 4 vs. order 3 in optimal.

Time = 0.65 (sec) , antiderivative size = 306, normalized size of antiderivative = 6.80,

number of rules __
integrand size 0.368, Rules

number of steps used = 8, number of rules used = 7,
used = {3042, 4889, 7270, 1540, 27, 1416, 2220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

cos?(x)
\/cost(z) + cos?(x) + 1

J,3042

dzr

cos(x)?
\/cos(z)* + cos(z)? + 1
l 4889
1

2 2 [tan*(z)+3tan?(z)+3
(tan*(z) +1) \/ (tan?(z)+1)

dz

dtan(z)

l 7270

V/tan?(z) + 3tan?(z) + 3 [ CPETENEY \/tan14 OEITT: (x)+3dtan(:c)

tan4(z)+3tan2(x)+3
(tan?(z) + 1) \/ ((ta)n2(x)+1§2)

l 1540

cos?(zx)

f V/1+cos?(z)+cos?(z) dz

3.5.
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1 tan?(x)+/3 1 1
\/tan + 3 tan? ( ) + 3<2 (3 + \/g) f V3(tan2(z)+1)+/tan?(z)+3 tanz(:v)+3dtan(m) 2 (]‘ + \/g) f \/tan*(z)+3 tan?(a

tan?(x)+3 tan2(z)+3
(tan?(z) + 1) \/ = (ﬁm;flgg)
l 27

(3+f) e ;? (mi:\)f = dtan(z)
tan4(z)+1 tan*(x)+3 tan4(xz)+3 1
\/tan + 3tan® ( ) +3 2v/3 S 2 (1 + \/_) f V/tan?(z)+3 tan2(w)+3dtan(a
2 tan?(z)+3 tan?(z)+3
(tan’(z) +1) \/ (tan2(z)+1)2
l 1416
() oty () [P
V/tan?(z) + 3tan?(z) + 3 ) >2\a}m —— - 1
4 \/gx/‘can‘1 (z)+3t:

(tan2 (.’13) + 1) \/tan4 (z)+3tan2(z)+3

(tan2(z)+1)°
l 2220
1+/3 tan2(m)+\/§ M%-,——SEllipticPi<l 3—2v3 ,2arctan<tan($)> 2— \f)
. (1+v3) ) (s b(s-2v3) i) AC-) .
4\/§ tan4(z)+3tan2(z)+3
V/tan*(z) + 3tan?(z) + 3 73
(tan?(z) + 1) \/;
input LInt [Cos[x]~2/Sqrt[1 + Cos[x]~2 + Cos[x]~4],x] J
3.5. cos’ (z) dx

f V/1+cos?(z)+cos?(z)



output

rule 27

rule 1416

rule 1540

rule 2220
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N

(Sqrt[3 + 3*Tan[x]"2 + Tan[x]~4]1*(-1/4*((1 + Sqrt([3])*EllipticF[2*ArcTan[T
an[x]1/3~(1/4)]1, (2 - Sqrt[3]1)/41*(Sqrt[3] + Tan[x]~2)*Sqrt[(3 + 3*Tan[x]"2
+ Tan[x]~4)/(Sqrt[3] + Tan[x]"2)"2])/(37(1/4)*Sqrt[3 + 3*Tan[x]"2 + Tan[x
1741) + ((3 + Sqrt[3])*(-1/2*x((1 - Sqrt[3])*ArcTan[Tan[x]/Sqrt[3 + 3*Tan[x
172 + Tan[x]"4]1]1) + ((1 + Sqrt[3])*EllipticPi[(3 - 2%Sqrt[3])/6, 2xArcTan[
Tan[x]/37(1/4)]1, (2 - Sqrt[3])/41*(Sqrt[3] + Tan[x]"2)*Sqrt[(3 + 3*Tan[x]"
2 + Tan[x]74)/(Sqrt[3] + Tan[x]~2)"2])/(4%*37(1/4)*Sqrt[3 + 3*Tan[x]"2 + Ta
n[x]1741)))/(2*Sqrt[3]1)))/((1 + Tan[x]~2)*Sqrt[(3 + 3*Tan[x]"2 + Tan[x]"4)/
(1 + Tan[x]"2)"2])

3.5.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + g 2*x~2)*(Sqrt[(a + b*x"2 + c*x~4)/(ax(1 + q~2*x~2)"2)]/
(2*g*Sqrt[a + b*x"2 + c*xx"4]))*EllipticF[2*ArcTan[qg*x], 1/2 - bx(q~2/(4*c))

1, x1]1 /; FreeQ[{a, b, c}, x] &% NeQ[b~2 - 4*axc, 0] && PosQ[c/al

Int[1/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4]1), x_S
ymbol] :> With[{q = Rtl[c/a, 2]}, Simp[(c*d + axe*q)/(c*d"2 - a*xe”2) Int[1
/Sqrt[a + b*x~2 + c*x~4], x], x] - Simp[(axex(e + d*q))/(c*d"2 - a*e™2) I
nt[(1 + g*x72)/((d + e*x"2)*Sqrt[a + b*x"2 + cxx~4]), x], x]] /; FreeQ[{a,
b, ¢, d, e}, x] && NeQ[b~2 - 4*xaxc, 0] && NeQ[c*d"2 - bxd*e + axe~2, 0] &&

NeQ[c*d"2 - a*xe”2, 0] && PosQ[c/al

Int[(CAL) + (B_.)*(x_)"2)/(((d) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"4]1), x_Symbol]l :> With[{q = Rt[B/A, 21}, Simp[(-(Bxd - Axe))*(A
rcTan[Rt[-b + c*(d/e) + a*x(e/d), 2]*(x/Sqrtla + b*x"2 + c*xx~4]1)]/(2*d*exRt [
-b + cx(d/e) + ax(e/d), 21)), x] + Simp[(B*d + A*e)*(1 + q~2*x~2)*(Sqrt[(a
+ b*x"2 + c*x74)/(ax(1 + q"2*x"2)"2)]/(4xd*e*g*Sqrt[a + b*x"2 + c*x"4]))*El
lipticPi[-(e - d*q~2)"2/(4xd*exq~2), 2*ArcTan[q*x], 1/2 - b/(4*a*q~2)], x1]

/; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[c*d~2 - a*e”2, 0] && PosQ[c/al &
& EqQ[c*A~2 - a*B~2, 0] && PosQ[B/A] && PosQ[-b + cx(d/e) + ax(e/d)]

cos?(zx)

f V/1+cos?(z)+cos?(z) dz

3.5.




rule 3042

rule 4889

rule 7270
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Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[u_, x_Symbol] :> With[{v = FunctionOfTrig[u, x]}, With[{d = FreeFactors
[Tan(v], x]}, Simp[d/Coefficient[v, x, 1] Subst [Int [SubstFor[1/(1 + d"2*x
~2), Tan[v]/d, u, x], x], x, Tan[v]/d], x]1] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x]] /; InverseFunctionFreeQ[u, x] && !MatchQ[
u, (v_.)*((c_.)*tan[w_]1"(n_.)*tan[z_1"(n_.))"(p_.) /; FreeQl{c, p}, x] && I
ntegerQ[n] && LinearQ[w, x] && EqQ[z, 2*w]]

Int[(u_.)*((a_.)*(v_ )" (m_.)*(w_)"(n_.))"(p_), x_Symbol] :> Simp[a~IntPart[p
1*((a*v m*w™n) “FracPart [p]/ (v~ (m*FracPart [p]) *w™ (n*FracPart[p])))  Int[u*v
~(m*p)*w~(n*p), x], x] /; FreeQ[{a, m, n, p}, x] && !IntegerQ[p] && !Free
Qlv, x] && !'FreeQ[w, x]

3.5.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 4 vs. order 3.

Time = 2.60 (sec) , antiderivative size = 312, normalized size of antiderivative = 6.93

method | result

1V 3—cos(2xz)—:

- . —1+4v/3) (cos(2z)—1) ;
2\/(7+4 COS(2Z)+C0S2 (2%)) (Sln2 (2:1:)) (Z\/§_3) \/ ((i\/§—3))(1+cos(2Z)) (1+COS(2:E))2 \/ (1\;%1?”3)(—1’—42—::5\(/51))

(i\/§—3)(1+cos(2

default | —

(—1+i\/§) \/(cos(2x)—1)(1+cos(2x)) (cos(2x)+2+i\/§> (z 3—cos(2x)—2> sin(2z)+/

input | int (cos (x) "2/ (1+cos(x) “2+cos(x)~4)~(1/2) ,x,method=_RETURNVERBOSE)

output

)/sin(2%x) / (T+4%cos (2%x)+cos (2%x) ~2) ~(1/2)

=-2% ((T+4x*cos (2*x) +cos (2%x) "2) *sin (2*x) ~2) ~(1/2) * (I*3~(1/2)-3) * ((-1+I*3~(1/
2))*(cos(2*x)-1)/(I*37(1/2)-3)/(1+cos(2*x))) ~(1/2) *(1+cos (2*x) ) ~2* ((cos (2%
x)+2+I%37(1/2))/(I*37(1/2)+3) / (1+cos(2*x)) ) ~(1/2) * ((I*3~(1/2) -cos (2*x)-2) /
(I*37(1/2)-3)/(1+cos(2*x)))~(1/2)*E11lipticPi (((-1+I*3~(1/2))*(cos(2*x)-1)/
(I*3°(1/2)-3)/(1+cos(2*x)))~(1/2),(I*37(1/2)-3)/(-1+I*3"(1/2)), ((1+I*3~(1/
2))*(I*3~(1/2)-3)/(I*3~(1/2)+3) /(-1+I*3~(1/2)))~(1/2))/(-1+I*3~(1/2))/ ((co
s(2xx)-1)*(1+cos(2*x) ) * (cos (2*x) +2+I*37(1/2) ) * (I*3~(1/2) -cos(2*x)-2) )~ (1/2

cos?(zx)

f V/1+cos?(z)+cos?(z) dz

3.5.
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3.5.5 Fricas [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.73

(z) 2 \/cos * + cos (z)® + 1 cos (z)° sin (z)
dz = 6 arctan

/ cos?
V/1+ cos?(z) + cos*(z) 2 cos (z)° — 1

inputkintegrate(cos(x)‘2/(1+cos(x)‘2+cos(x)‘4)“(1/2),x, algorithm="fricas") J

output‘1/6*arctan(2*sqrt(cos(x)‘4 + cos(x)"2 + 1)*cos(x) " 3*sin(x)/(2*cos(x)"6 - 1
N

3.5.6 Sympy [F(-1)]

Timed out.
/ cos'(z) dx = Timed out
V/1+ cos?(z) + cos*(z)
input Lintegrate (cos(x) **2/ (1+cos (x) **2+cos (x) **4) **(1/2) ,x) J
output LTimed out J

3.5.7 Maxima [F]

cos?(z) dp — / cos (z)? d
V/1+ cos?(z) + cost(z \/ cos (z)* + cos (z)* + 1
input Lintegrate (cos(x)~2/(1+cos(x) "2+cos(x)~4)~(1/2) ,x, algorithm="maxima" J
output Lintegrate(cos (x)~2/sqrt(cos(x)"4 + cos(x)"2 + 1), x) J

cos?(zx)

f V/1+cos?(z)+cos?(z) dz

3.5.
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3.5.8 Giac [F]

C(2)S (x) . / cos () i
V1 cos*(z) + cos'(z \/cos * 4 cos (z)’ +1
inputLintegrate(cos(x)‘2/(1+cos(x)‘2+cos(x)‘4)‘(1/2),x, algorithm="giac") J
output Lintegrate(cos(x)"2/sqrt(cos(x)"4 + cos(x)"2 + 1), x) J

3.5.9 Mupad [F(-1)]

Timed out.

cos?(x) cos ()
- i dz
/1 + cos?(z) + cost(z \/ 44 cos (z)’ + 1

COS

input Lint(cos(x)‘2/(cos(x)‘2 + cos(x)74 + 1)°(1/2),x) J

outputLint(cos(x)“2/(cos(x)*2 + cos(x)"4 + 1)°(1/2), x) J

3.5.10 Reduce [F]

/ cos?(x) p / \/cos * + cos (z)* + 1 cos (z)°

= dz
V/1+ cos?(z) + cos*(z) cos (z)* + cos (z)> + 1

input Lint(cos(x)**Q/sqrt(cos(x)**4 + cos(x)**2 + 1),x) J

output‘int((sqrt(cos(x)**4 + cos(x)**2 + 1)*cos(x)**2)/(cos(x)**4 + cos(x)**2 + 1

‘),x) ‘

cos?(zx)

3.5. f V/1+cos?(z)+cos?(z)

dz
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3.6 [tan(z)\/1 + tan?(x) dzx

3.6.1 Optimalresult . .. ... ... ... .. ... .. (77
3.6.2 Mathematica [A] (verified) . . . . . ... ... ... Lo L ()
3.6.3 Rubi [A] (verified) . . . .. . ... ... 78
3.6.4 Maple [A] (verified) . . ... .. ... ... .. 1]
3.6.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... 1]
3.6.6 Sympy [F] . . . .. . 82
3.6.7 Maxima [F] . ... .. ... .. ’2
3.6.8 Giac [A] (verification not implemented) . . . . ... ... ... ..... R2
3.6.9 Mupad [F(-1)] . . . . . 83
3.6.10 Reduce [F] . . . . . . e ’3

3.6.1 Optimal result

Integrand size = 13, antiderivative size = 56

1
/tan(az)\ /1 + tan*(z) dz = —Earcsinh(tanQ(x))
arctanh< L-tan’ (@)

Vv2y/1+tan(z) ) 1 4
— + —4/1 4 tan*(z
V2 2 (z)

output ‘ -1/2%arcsinh(tan(x) ~2)-1/2%arctanh(1/2*(1-tan(x) ~2)*2~(1/2)/(1+tan(x) ~4)~( ‘
11/2))%27(1/2)+1/2% (1+tan (x)"4) " (1/2)

3.6.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.32

/ tan(z)y/1 + tan*(z) dz

(—Qﬁarcsinh(cos@x)) cos?(z) — 2arctanh(\/%) cos?(z) + /3 + cos(4x)> V/1+ tan?(z)

24/3 + cos(4x)

input LIntegrate [Tan[x]*Sqrt[1 + Tan[x]~4],x] J

3.6.  [tan(z)y/1+ tan*(z)dzx
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output ‘ ((-2xSqrt [2] *ArcSinh[Cos [2*x]]*Cos[x] "2 - 2*ArcTanh[(2*Sin[x]~2)/Sqrt[3 +
‘ Cos[4*x]]]*Cos[x]"2 + Sqrt[3 + Cos[4*x]])*Sqrt[1 + Tan[x]~4])/(2*Sqrt[3 +
‘ Cos[4*x]])

3.6.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.96,

— 8, number of rules _ 615, Rules

number of steps used = 9, number of rules used =
integrand size

used = {3042, 4153, 1577, 493, 719, 222, 488, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/tan(w)\/tan‘l(a}) + 1ldx

l 3042

/ tan(z) y/fan(@) + 1dz
l 4153

/ tan(z)/tan*(x) + 1dtan(w)
tan?(z) + 1
| 1577

1/' tan*(z) + 1dtan2(:c)

2/ tan%(z)+1

l 493

1 1- tan2(m) an2 T an4 T
2(/ (tan?(z) +1) \/tan4(m)+1dt () -/ tan( )+1>

l 719

9 1
( /\/tan dtan (@) +2/(tan2(x)+1) tan*(z) + 1

J,222

dtan®(z) + y/tan*(z) + 1)

3.6.  [tan(z)y/1+ tan*(z)dzx



CHAPTER 3. LISTING OF INTEGRALS 79

N =

- an®(z) — arcsinh (tan?(z an(z
(2/ (tan(@) 1 1) Vian @) 4 1 ) h(tan”()) +m)

J'488

tan2
1 (—2/ 1 g-L—tan () _ arcsinh (tan?(z)) + /tan*(z) + 1)

2 —tan*(z) | /tan®(z) + 1

l 219

1 ) 1 — tan?(x)
2 (—arcsmh (tan?(z)) — v/2arctanh ( 7 W) \/tan*(z) + 1)

input LInt [Tan[x]*Sqrt[1 + Tan[x]~4],x] J

output ‘ (-ArcSinh[Tan[x]~2] - Sqrt[2]*ArcTanh[(1 - Tan[x]~2)/(Sqrt[2]*Sqrt[1 + Tan ‘
[x]74D)] + Sqrt[1 + Tan[x]"41)/2

3.6.3.1 Defintions of rubi rules used

rule 219 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 01)

rule 222 | Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[a]l>1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

rule 488‘Int[1/(((c_) + (d_.)*(x_))*Sqrtl[(a_) + (b_.)*(x_)"2]), x_Symbol] :> -Subst[ ‘
'Int[1/(b*c™2 + a*d™2 - x72), x], x, (a*d - bxc*x)/Sqrtla + b*x~2]] /; FreeQ
L[{a, b, c, d}, x] J

3.6.  [tan(z)y/1+ tan*(z)dzx



rule 493

rule 719

rule 1577

rule 3042

rule 4153
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Int[((c_) + (@_.)*(x))"(n_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
(c + d*x)~(n + 1)*((a + b*x"2)"p/(d*(n + 2xp + 1))), x] + Simp[2*(p/(d*(n +
2xp + 1))) Int[(c + d*x)"n*(a + b*x"2)"(p - 1)*(a*d - bxc*x), x], x] /;

FreeQ[{a, b, ¢, d, n}, x] && GtQ[p, 0] && NeQ[n + 2*p + 1, 0] && ( !'Rationa
1Q[n] Il LtQ[n, 11) && !'ILtQ[n + 2*p, 0] &% IntQuadraticQ[a, 0, b, c, d, n

» P, %]

Int[((d_.) + (e_.)*(x_)) " (m_)*((£f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[g/e Int[(d + exx)"(m + 1)*(a + c*x"2)7p, x], x] +
Simp[(exf - d*g)/e Int[(d + e*x) m*(a + c*x72)7p, x], x] /; FreeQ[{a, c,
d, e, f, g, m, p}, x] & !IGtQ[m, O]

N\

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Simp[1/2  Subst[Int[(d + exx)"g*(a + c*x"2)7p, x], x, x72], x] /; Free
Ql{a, c, d, e, p, q}, x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((d_.)*tan[(e_.) + (£_.)*(x_)])"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(E_)*x& )1~ @ ))"(p_.), x_Symbol]l :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Simp[c*(£f£/f)  Subst[Int[(d*ff*(x/c)) m*x((a + bx(ff*x)"n) p/(c”2 + £
£72%x72)), x], x, cx(Tan[e + f*x]/£f£)], x]] /; FreeQ[{a, b, c, d, e, f, m,
n, p}, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p]l && Ratio

nalQ[nl))

3.6.  [tan(z)y/1+ tan*(z)dzx
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3.6.4 Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.14

method result size
v/2 arctanh ( (_Q(tanz (I))+2) V2 )
an?(z 2_ an?(z arcsin. an“(x tan2(z 2— tan2 (x
derivativedivides \/(Ht ( ); 2Atan®(@)) _ h(; (=) _ 4\/(”2 @) —2(tan? (@) 64
V/2 arctanh ( (=2(tan’@))+2) v2 )
an2(z))?—2(tan?(z arcsinh (tan2(z tan2(z)) > =2 (tan2(z
defalt Vi)~ 2ne) _ wesinh(ms?(e) _ wflerol swr)) | o0

input‘int((1+tan(x)”4)“(1/2)*tan(x),x,method=_RETURNVERBOSE)

output | 1/2#((1+tan(x)“2)~2-2*tan(x)~2)"(1/2)-1/2*arcsinh(tan(x)~2)-1/2%2"(1/2)*¥ar
‘ctanh(1/4*(—2*tan(x)“2+2)*2“(1/2)/((1+tan(x)‘2)“2—2*tan(x)“2)‘(1/2))

3.6.5

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 88 vs. 2(43) = 86.

Time = 0.31 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.57

/tan(x) 1+ tan*(z) dzx

3 tan (z)* — 2 tan (z)* + 2 \/tan (z)* + 1(v2tan (z)® — V2) +3

1
1 V2log

1 1
+§\/tan(x)4+1+§

tan (z)* + 2 tan (z)> + 1

log (— tan () + y/tan (z)* + 1>

input Lintegrate ((1+tan(x)~4)~(1/2)*tan(x) ,x, algorithm="fricas")

J

output‘ 1/4*sqrt (2) *log((3*tan(x) "4 - 2*tan(x) "2 + 2*ksqrt(tan(x)~4 + 1)*(sqrt(2)*t ‘
‘an(x)"2 - sqrt(2)) + 3)/(tan(x)"4 + 2¥tan(x)"2 + 1)) + 1/2*sqrt(tan(x)"4 +

| 1) + 1/2xlog(-tan(x)"2 + sqrt(tan(x)"4 + 1))

3.6.

[ tan(z)\/1 + tan*(z) dz
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3.6.6 Sympy [F]

/tan(m)\ /1 + tan*(z) dx = / \/tan? (z) + 1tan (z) dz

input Lintegrate ((1+tan(x)**4)**x(1/2) *tan(x) ,x) J

output LIntegral(sqrt(tan(x)**4 + 1)*tan(x), x) J

3.6.7 Maxima [F]

/tan(w)\/ 1+ tan*(z) dz = / \/tan (z)* + 1tan (z) dz

inputLintegrate((1+tan(x)“4)‘(1/2)*tan(x),x, algorithm="maxima") J

output Lintegrate(sqrt(tan(x)% + 1)*tan(x), x) J

3.6.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.41

tan (z)> — v2 — \/tan (z)* + 1+ 1

+ % \/tan (z)* + 1 +% log <—tan (z)* + \/tan (z)* + 1)

input Lintegrate ((1+tan(x)"4)~(1/2)*tan(x) ,x, algorithm="giac") J

output‘ 1/2*sqrt(2)*log(-(tan(x)~2 + sqrt(2) - sqrt(tan(x)"4 + 1) + 1)/(tan(x)"2 - ‘
‘ sqrt(2) - sqrt(tan(x)"4 + 1) + 1)) + 1/2xsqrt(tan(x)"4 + 1) + 1/2xlog(-ta ‘
‘n(x)‘2 + sqrt(tan(x)”4 + 1)) ‘

3.6.  [tan(z)y/1+ tan*(z)dzx
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3.6.9 Mupad [F(-1)]

Timed out.

/tan(z)\ /1+ tan'(z) dz = /tan(x) tan (z)* + 1dz

input Lint(tan(x)*(tan(x)‘ll + 1)7(1/2) ,%)

output Lint(tan(x)*(ta.n(x)“‘l + 1)°(1/2), x)

3.6.10 Reduce [F]

/tan(z)\/ 1+ tan*(z) dz = / \/tan (z)* + 1 tan (z) dz

input Lint(sqrt(tan(x)**ll + 1)*tan(x),x)

output Lint(sqrt(tan(x)**‘i + 1)*tan(x),x)

3.6.  [tan(z)y/1+ tan*(z)dzx



CHAPTER 3. LISTING OF INTEGRALS 84
3.7 f tan(z d

3.71 Optimalresult . .. ... .. .. .. .. ... 1!
3.7.2 Mathematica [A] (verified) . . . . . . .. ... Lo !
3.7.3 Rubi [A] (verified) . . . .. ... .. i)
3.74 Maple [A] (verified) . ... ... ... ... 36
3.7.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... 87
3.76  Sympy [F] . . . . 87
3.7.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... RY
3.7.8 Giac [B] (verification not implemented) . . ... ... .. ... ..... RY
3.79 Mupad [F(-1)] . . . . o ]88
3.7.10 Reduce [F] . . . . . o o 89

3.7.1 Optimal result

Integrand size = 13, antiderivative size = 15

tan(z)

1+ sec®(z)

2
—_Z2 3
dx 3arctanh< 1+ sec (z))

outputL-Q/B*arctanh((1+sec(x)“3)“(1/2))

3.7.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

_ tan(z)

1+ secd(z

2
= - 3
3arctanh( 1+ sec (m))

input tIntegrate [Tan[x]/Sqrt[1 + Sec[x]~3],x]

output L(—Z*ArcTanh [Sqrt[1 + Sec[x]~3]1]1)/3

3.7.

J

tan(z)

v/ 1+sec3(zx) dz
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3.7.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00,

number of rules _ 0.385, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {3042, 4627, 798, 73, 220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

tan(z)
secd(z) +1

l 3042

dz

tan(z) i
Vsec(z)d +1
| 4627

L(‘”)d sec(z)

Vv/secd(z) +1
| 798

1 cos(z)

3] Veow) i
| 73
2/1d\/sec3(x)+1

3 ) secb(z)—1
| 220

dsec?(z)

2
_Z 3
3arctanh< sec3(x) + 1)

input LInt [Tan[x]/Sqrt[1 + Sec[x]~3],x]

output L (-2xArcTanh[Sqrt[1 + Sec[x]°3]11)/3

tan(z)
37.  f Wer=r dz



rule 73

rule 220

rule 798

rule 3042

rule 4627
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3.7.3.1 Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(- )

1)) *ArcTanh[Rt [b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] &&
(LtQ[a, 0] || GtQlb, 01)

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[1/n  Subst
[Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQl{a,
b, m, n, p}, x] & IntegerQ[Simplify[(m + 1)/n]]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*((c_.)*secl[(e_.) + (£_.)*(x_)1)" (0 )) " (p_.)*tan[(e_.) + (
f_)*(x_ )1 (m_.), x_Symbol]l :> With[{ff = FreeFactors[Sec[e + f*x], x]}, Si
mp[1/f  Subst[Int[(-1 + ££72*x"2)"((m - 1)/2)*((a + b*(c*xff*x) n) p/x), x]
,» X, Secle + f*x]/ff], x]] /; FreeQl[{a, b, c, e, £, n, p}, x] && IntegerQ[(
m - 1)/2] && (GtQ[m, 0] || EqQ[n, 21 || EqQ[n, 4] || IGtQ[p, 0] || Integers
Q[2*n, pl)

3.7.4 Maple [A] (verified)

Time = 0.58 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.80

method result size
2 arctanh( /1+sec3(z

derivativedivides | — <3 ( )> 12
2 arctanh( /1 3

default _2anctanh (VIHTE) | 1

tan(z)

37 f \/l—f-s—e—c?‘(:c) diL'
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inputLint(tan(X)/(1+sec(x)”3)“(1/2),x,method=_RETURNVERBOSE)

outputL-2/3*arctanh((1+sec(x)“3)“(1/2))

3.7.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 30 vs. 2(11) = 22.

Time = 0.31 (sec) , antiderivative size = 30, normalized size of antiderivative = 2.00

3
_ tan@) _1 log | 2 M cos (z)° — 2 cos (z)° — 1
1+ sec’(z 3 cos ()

inputLintegrate(tan(x)/(1+sec(x)“3)”(1/2),x, algorithm="fricas")

outputti/S*log(2*sqrt((cos(x)‘3 + 1)/cos(x)~3)*cos(x) "3 - 2*cos(x)"3 - 1)

3.7.6 Sympy [F]

tan (x)

tan(z
/ V1+ sec3 V/(sec (z) + 1) (sec? (z) — sec (z) + 1)

dx

input [integrate (tan(x)/ (1+sec(x)**3) **(1/2) ,x)

-/

output LIntegral(tan(x)/sqrt((sec(x) + 1)*(sec(x)**2 - sec(x) + 1)), x)

tan(z)

37 f \/l—f-s—e—c?‘(:c) diL'
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3.7.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 27 vs. 2(11) = 22.

Time = 0.20 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.80

tan(x) 1 1 1 1
" dr=—log | ——5+1+1|+Zlog|,——5+1-1
v/ 1+ sec3(x) 3 b ( cos (z)* ) 3% ( cos (z)° )

inputLintegrate(tan(x)/(1+sec(x)“3)“(1/2),x, algorithm="maxima")

outputL—1/3*log(sqrt(1/cos(x)‘3 + 1) + 1) + 1/3%log(sqrt(1/cos(x)”"3 + 1) - 1)

3.7.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 28 vs. 2(11) = 22.

Time = 0.30 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.87

tan(zx) 1 1 1 1
1+ sec?(x) dr = 3 log (\/ cos (z)? Tt 1) *3 log (' \/ cos (z)° il )

inputLintegrate(tan(x)/(1+sec(x)“3)‘(1/2),x, algorithm="giac")

output(—1/3*log(sqrt(1/cos(x)‘3 + 1) + 1) + 1/3*log(abs(sqrt(1/cos(x)"3 + 1) - 1)
)

3.7.9 Mupad [F(-1)]

Timed out.
_ tan(z) _ tan(z)

\/1+sec3(z /COS( . _|_1

input [int(tan(x)/(l/cos(x)‘B + 1)7(1/2) ,%)

output Lint(tan(x)/(l/cos(x)”B +1)°(1/2), x)

tan(z)

37 f \/l—f-s—e—c?‘(:c) diL'
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3.7.10 Reduce [F]

\/sec (z 541 tan (x

/ tan(z
\/1+sec3 sec( > +1

input tint (tan(x)/sqrt(sec(x)**3 + 1),x)

output Lint((sqrt(sec(x)**S + 1)*tan(x))/(sec(x)**3 + 1),x)

tan(z)

37 f \/l—f-s—e—cz‘q‘(:c) dl‘
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3.8

3.8.1
3.8.2
3.8.3
3.8.4
3.8.5
3.8.6
3.8.7
3.8.8
3.8.9
3.8.10

[ /2 + 2tan(z) + tan?(x) dzx
Optimalresult . . . . . .. .. .. ... ... .. 901
Mathematica [C] (verified) . . . . . . ... ... .. L L OT]
Rubi [A] (verified) . . . ... . ... . ... 9Tl
Maple [B] (verified) . . ... ... ... . . ... ... ... 95
Fricas [C] (verification not implemented) . . . . . .. ... ... ..... 96
Sympy [F] . . o 98
Maxima [C] (verification not implemented) . . . . . . ... ... ... .. 98]
Giac [B] (verification not implemented) . . ... ... ... ... ... .. 99
Mupad [F(-1)] . . . . o 100
Reduce [F] . . . . . o 100

3.8.1 Optimal result

Integrand size = 14, antiderivative size = 137

/ \/2 + 2tan(z) + tan®(z) dz

= arcsinh(1 + tan(x))

1<1+f>m( 25— (5 5) tan) )

2 \/10 (1 4+ +/5) /2 + 2tan(z) + tan’(z)

1(1+\/_>arctanh( 2V5 + (5 — V5) tan(s) )
2

1/10 (=1 ++/5) /2 + 2 tan(z) + tan?(z)

output‘arcsinh(1+tan(x))—1/2*arctanh((2*5‘(1/2)+(5—5‘(1/2))*tan(x))/(—10+10*5A(1/
12))7(1/2)/ (2+2¥tan (x) +tan(x) 2) " (1/2)) * (-2+2%57(1/2) )~ (1/2)-1/2%arctan ((2x
157(1/2)-(5+57(1/2))*tan(x))/ (10+10%57(1/2)) " (1/2) / (2+2*tan(x) +tan(x)~2)~ (1
/2))% (242457 (1/2))7(1/2)

3.8.

[V/2 +2tan(z) + tan?(z) dz
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3.8.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.20 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.72

/ \/2 + 2tan(z) + tan?(z) dz

= arcsinh(1 + tan(z)) + %z (Marctanh( (241) + (1 +4) tan(zx) )

V1+2i\/2 + 2tan(z) + tan?(z)

/T Tiarctan (4 — 2i) + (2 — 24) tan(z)
b et h<2m\/2+2tan(w)+tan2(x)>>

-

N
input LIntegrate [Sqrt[2 + 2*Tan[x] + Tan[x]"2],x] J

output ArcSinh[1 + Tan[x]] + (I/2)*(Sqrt[1 + 2+I1*ArcTanh[((2 + I) + (1 + D)*Tan[
‘x])/(Sqrt [1 + 2%I]1%Sqrt[2 + 2#Tan[x] + Tan[x]"2])] - Sqrt[1 - 2*I]*ArcTanh ‘
[((4 - 2¥I) + (2 - 2¥D)*Tan[x])/(2*Sqrt[1 - 2#I]*Sqrt[2 + 2+Tan[x] + Tan[x
172D |

3.8.3 Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.09,

number of steps used = 12, number of rules used = 11, Bumber of rules _ 4 765 Ryyjes
integrand size

used = {3042, 4853, 1321, 25, 1090, 222, 1369, 25, 1363, 216, 220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ \/tan2 (z) + 2tan(z) + 2dx

l.3042

/ Vtan(z)? 4 2 tan(x) + 2dz

l 4853

3.8. [ \/2+2tan(z) + tan’(z) dzx
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/ V/tan?(z) + 2tan(z) + 2 dtan(z)

tan?(z) + 1
l 1321
/ 1 dtan(z) — / 2tan(z) + 1 dtan(z)
V/tan?(z) + 2tan(z) + 2 (tan?(z) + 1) \/tan?(z) + 2tan(z) + 2
l 25
1 2tan(z) + 1
dtan(x) + / dtan(x
/ V/tan?(z) + 2tan(z) + 2 (@) (tan?(z) + 1) \/tan?(z) + 2 tan(z) + 2 (=)
l 1090
/ 2tan(z) + 1 dtan / d(2tan(z) +
(tan?(z) + 1) \/tan?(z) + 2tan(z) + \/ 2tan(z) +2)2 + 1
2)
l 222
2tan(z) +1 , (1 >
dtan(x) + arcsinh | —(2tan(x) + 2
/ (tan?(z) + 1) \/tan?(z) + 2tan(z) + 2 (=) 2( (=)+2)
l 1369
_ —2v/5tan(z)—v5+5 _ 2v/5 tan(z)+v/5+5
f (tanz(m)+1)\/tan2(x)+2tan(z)+2dtan(x) _ f (ta,nQ(x)+1)\/tan2(z)+2tan(x)+2dtan(x) n
2v/5 2v/5
arcsinh <; (2tan(z) + 2))
l 25
—2+/5tan(z)—v5+5 2v/5 tan(z)+v5+5
f (tan2(z)+1)+/tan(z)+2 tan(x)+2dtan( ) f (tan2(z)+1)+/tan?(z)+2 tan(x)+2dtan(m) i

2v5 2v5
arcsinh <; (2tan(z) + 2))

l 1363
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B 1 (5— \/_) tan(z) + 2v/5
2\/3(1 \/S> / 2((5—\/5) tan(x)+2\/5)2 120(1-V5) ( V/tan?(z) + 2tan(z) + 2)
tan?(z)+2 tan(z)+2 -
1 2v/5 — (5 + v/5) tan(x)
2\@(1 + \/5> / 2(2v5—(5+v5) tan(z)) 4 V'tan?(z) + 2 tan(z) + 2 *

tan2(z)+2 tan(z)+2 (1 + \/_)
arcsinh (; (2tan(z) + 2))

l 216

—+/5) tan(z) + 2v/5
2/5(1- V5) 1 <_ (5 ) N
T N S T

arcsinh<;(2 tan(z) + 2)> — % (1 + \/g) arctan ( 2v5 — (5+ V/5) tan(z) )

\/10 (1 + v/5) /tan?(z) + 2 tan(z) + 2

| 220
arcsinh<;(2 tan(zx) + 2)> _
: (1 + \/_> arctan ( 2V5 — (54 V5) tan(a) ) +

2 \/10 (1 + v/5) /tan?(z) + 2 tan(z) + 2

(1 — +/5) arctanh <5_f) tan(e)+2v5
\/10( >\/tan2(:1:)+2 tan(z)+2

2(v5-1)

input LInt [Sqrt[2 + 2*Tan[x] + Tan[x]"2],x] J

output ‘ ArcSinh[(2 + 2xTan[x])/2] - Sqrt[(1 + Sqrt([5])/2]*ArcTan[(2*Sqrt[5] - (5 + ‘
‘ Sqrt [6]1)*Tan[x])/(Sqrt [10%(1 + Sqrt[5])]1*Sqrt[2 + 2*Tan[x] + Tan[x]"2])] ‘
‘ + ((1 - Sqrt[5])*ArcTanh[(2*Sqrt[5] + (5 - Sqrt[5])*Tan[x])/(Sqrt[10*(-1 + ‘
‘ Sart[6]1)1*Sqrt[2 + 2*Tan[x] + Tan[x]~2])]1)/Sqrt[2*(-1 + Sqrt[5])] ‘
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3.8.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 216

rule 220

rule 222

rule 1090

rule 1321

rule 1363

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] &&
(LtQ[a, 0] Il GtQ[b, 01)

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/(2%c*(-4*
(c/(©"2 - 4*a*c)))"p)  Subst[Int[Simp[1 - x72/(b"2 - 4*axc), x]"p, x], x,
b + 2*c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Int[Sqrtl(a_) + (b_.)*x(x_) + (c_.)*(x_)"2]/((d.) + (£_.)*(x_)"2), x_Symboll
:> Simp[c/f  Int[1/Sqrtl[a + b*x + c*x~2], x], x] - Simp[1/f Int[(cxd -

a*f - bxf*x)/(Sqrtla + b*x + c*xx~2]*(d + f*x~2)), x], x] /; FreeQ[{a, b, c,
d, £}, x] && NeQ[b~2 - 4xa*c, 0]

Int[((g_) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£f
_.)*(x_)"2]), x_Symbol] :> Simp[-2*a*g*h  Subst[Int[1/Simp[2*a~2*g*h*c + a
xe*xx"2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + e*xx + f*x~2]], x] /; FreeQ
[{a, c, d, e, £, g, h}, x] && EqQ[a*h~2%e + 2xgxh*(c*d - axf) - g~ 2*c*e, 0]
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rule 1369 Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - a*f)~2 + axcxe~2, 2]}, Simp
[1/(2*%q) Int[Simp[(-a)*h*e - gx(cxd - a*f - q) + (hx(cxd - a*f + q) - g*c
xe)*x, x]/((a + c*x"2)*Sqrt[d + e*x + £*x~2]), x], x] - Simp[1/(2%q) Int[
Simp[(-a)*h*e - gk(ckd - axf + q) + (h*(c*d - axf - q) - gkcxe)*x, x]/((a +
c*x"2)*Sqrt[d + exx + fxx~2]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x]
&& NeQ[e™2 - 4xd*f, 0] && NegQ[(-a)x*c]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4853 | Int [u_, x_Symbol] :> With[{v = FunctionOfTrig[u, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2*x
~2), Tan[v]l/d, u, x], x], x, Tan[vl/d]], x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] && TryPureTanSubst[ActivateTrig[ul, x

1]

3.8.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1603 vs. 2(105) = 210.

Time = 1.60 (sec) , antiderivative size = 1604, normalized size of antiderivative = 11.71

method result size

derivativedivides | Expression too large to display | 1604

default Expression too large to display | 1604

input‘int((2+2*tan(x)+tan(x)“2)“(1/2),x,method=_RETURNVERBOSE)

3.8. [ \/2+2tan(z) + tan’(z) dzx
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/arcsinh(tan(x)+1)—1/10*(10*(—1/2*5”(1/2)+1/2+tan(x))”2/(—1/2*5“(1/2)—1/2—t

an(x))~2-2%5"(1/2)*(-1/2%5~(1/2)+1/2+tan(x)) ~2/(-1/2%5"(1/2)-1/2-tan(x)) "2
+10+2*57(1/2)) " (1/2)*5~(1/2)*(3*56~ (1/2) * (-10+10%5~(1/2) )~ (1/2) *arctan(1/80
*(-22+10%57(1/2))~(1/2)*((5-5"(1/2) ) * (2% (-1/2*5~(1/2)+1/2+tan(x) ) ~2/(-1/2%
5~(1/2)-1/2-tan(x)) ~2+5~(1/2)+3)) ~(1/2) * (11*%5~(1/2) *(-1/2*5~(1/2) +1/2+tan (
x))~2/(-1/2%5"(1/2)-1/2-tan(x)) ~2+25*% (-1/2*5~(1/2)+1/2+tan(x)) "2/ (-1/2*57(
1/2)-1/2-tan(x)) "2+4*5~(1/2)+10)*(-1/2%x5~(1/2)+1/2+tan(x) )/ (-1/2%x5~(1/2)-1
/2-tan(x))*(57(1/2)-5)/((-1/2*5"(1/2)+1/2+tan(x))~4/(-1/2%x5~(1/2)-1/2-tan(
X)) "4+3*%(-1/2x5"(1/2)+1/2+tan(x)) "2/ (-1/2%5"(1/2)-1/2-tan(x) ) "2+1) ) * (-22+1
0%57(1/2))~(1/2)+5*%(-10+10%57(1/2) )~ (1/2) *arctan(1/80* (-22+10*5~(1/2))~(1/
2)%((5-5"(1/2))* (2% (-1/2%5~(1/2)+1/2+tan(x)) ~2/(-1/2%5~(1/2)-1/2-tan(x)) "2
+57(1/2)+3)) " (1/2) % (115~ (1/2) % (-1/2%5~(1/2)+1/2+tan(x) ) "2/ (-1/2*5~ (1/2) -1
/2-tan(x)) "2+25%(-1/2%5"(1/2)+1/2+tan(x)) "2/ (-1/2*%5"(1/2)-1/2-tan(x)) ~2+4*
57(1/2)+10)*(-1/2*57(1/2)+1/2+tan(x)) /(-1/2*57(1/2)-1/2-tan(x) ) *(57(1/2)-5
)/ ((-1/2%5~(1/2)+1/2+tan(x)) "4/ (-1/2%5~(1/2)-1/2-tan(x)) ~4+3*(-1/2%5~(1/2)
+1/2+tan(x))~2/(-1/2%5"(1/2)-1/2-tan(x) ) "2+1) ) * (-22+10*5~(1/2) ) ~(1/2) -20*a
rctanh((10*(-1/2%5(1/2)+1/2+tan(x))~2/(-1/2*5"(1/2)-1/2-tan(x)) ~2-2*x5" (1/
2)*x(-1/2%5"(1/2)+1/2+tan(x)) "2/ (-1/2*x5~(1/2)-1/2-tan(x)) ~2+10+2*x5~(1/2) ) ~(
1/2)/(-10+10%5"(1/2))~(1/2))*5~(1/2) +60*arctanh ((10* (-1/2*5~ (1/2)+1/2+tan(
x))"2/(-1/2*x5"(1/2)-1/2-tan(x) ) ~2-2%5"(1/2)*(-1/2*5"~(1/2)+1/2+tan(x) ) ~2...

3.8.5 Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

3.8. [ \/2+2tan(z) + tan’(z) dzx
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Time = 0.30 (sec) , antiderivative size = 226, normalized size of antiderivative = 1.65

/ \/2 + 2tan(z) + tan®(z) dz =

Eay— (m((gz'Jr 13) tan ()2 + (7i + 24) tan (z) — 15i + 20) 2+ \/tan (2)* +2 tan (c)
4 tan (z)” +1
B }1 /T Tiog (\/—m‘ ~T(—(9i — 13) tan ()2 — (7i — 24) tan (z) + 15;: (2;)))21 }/tan @ 120

-I-i Vo3 —Tlog (\/—22' —1((9¢ — 13) tan (z)* + (7i — 24) tan (z) — 15i — 20) + \/tan (z)* 4 2 tan

tan (z)° + 1

V2i — 1(—(9% + 13) tan (z)* — (7i + 24) tan (z) + 15i — 20) + \/tan (z)® + 2 tan (a
tan (z)” + 1

1
+Z V2i —1log (

+ log (—\/tan (z)* + 2 tan (z) 4 2 — tan (z) — 1)

-

input Lintegrate ((2+2*tan(x)+tan(x)~2)~(1/2),x, algorithm="fricas")

-/

output | -1/4*sqrt(2*I - 1)*log((sqrt(2*I - 1)*((9*I + 13)*tan(x)~2 + (7*I + 24)*ta
n(x) - 16%I + 20) + sqrt(tan(x)”~2 + 2*tan(x) + 2)*((24*I - 7)*tan(x) + 7*I
+ 24))/(tan(x)"2 + 1)) - 1/4*sqrt(-2+I - 1)*log((sqrt(-2+I - 1)*(-(9*I -
13)*tan(x)~"2 - (7*I - 24)*tan(x) + 15*%I + 20) + sqrt(tan(x)”2 + 2xtan(x) +
2)*(-(24*I + T)*tan(x) - 7+I + 24))/(tan(x)"2 + 1)) + 1/4*sqrt(-2+I - 1)*
log((sqrt(-2*I - 1)*((9*I - 13)*tan(x)"2 + (7*I - 24)*tan(x) - 15%I - 20)
+ sqrt(tan(x)~2 + 2xtan(x) + 2)*(-(24*I + T)*tan(x) - 7*I + 24))/(tan(x)"2
+ 1)) + 1/4%sqrt(2*I - 1)*log((sqrt(2*I - 1)*(-(9*I + 13)*tan(x)"2 - (7*I
+ 24)xtan(x) + 15%I - 20) + sqrt(tan(x)”2 + 2xtan(x) + 2)*((24*I - 7)*tan
(x) + 7*I + 24))/(tan(x)"2 + 1)) + log(-sqrt(tan(x)~2 + 2*tan(x) + 2) - ta
n(x) - 1)
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3.8.6 Sympy [F]

/ \/2 + 2tan(z) + tan?(z) dz = / \/tan2 (z) + 2tan (z) + 2dz

input | integrate ((2+2+tan (x)+tan (x) +#2)+(1/2) %) )

e hY

Integral (sqrt(tan(x)**2 + 2xtan(x) + 2), x)

- J

output

3.8.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.78 (sec) , antiderivative size = 4065, normalized size of antiderivative = 29.67

/ \/ 2 + 2tan(z) + tan?(x) dz = Too large to display

-

input Lintegrate ((2+2*tan(x)+tan(x)~2)~(1/2),x, algorithm="maxima")

-/

3.8. [ \/2+2tan(z) + tan’(z) dzx
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-1/400%*sqrt (10) * (4*sqrt (10) * (sqrt (5) *sqrt (2) *sqrt (sqrt(5) + 1) - sqrt(5)*s

qrt (2)*sqrt(sqrt(5) - 1))*arctan2(-1/2*sqrt(2)*(6*(2*cos(2*x) - 4*sin(2%*x)
- 1)*cos(4*x) + 5*xcos(4*x)~2 + 36*cos(2*x)"2 + 4*x(6*cos(2*x) + 3*sin(2*x)
+ 2)*sin(4#*x) + 5*sin(4*x)~2 + 36*sin(2*x) "2 + 12*cos(2*x) + 24*sin(2+*x)
+ 5)7(1/4)*sqrt(sqrt(5) - 1)*cos(1l/2*arctan2(-2*cos(4*x) + sin(4*x) + 6*si
n(2xx) + 2, cos(4*x) + 6*cos(2*x) + 2*sin(4*x) + 1)) + 1/2xsqrt(2)*(6x(2*c
0s(2*x) - 4*sin(2*x) - 1)*cos(4*x) + 5*cos(4#*x)”~2 + 36*cos(2*x) "2 + 4*(6*c
0s(2*x) + 3*sin(2*x) + 2)*sin(4*x) + 5*sin(4*x)~2 + 36*sin(2*x)"2 + 12*cos
(2%x) + 24xsin(2*x) + 5)7(1/4)*sqrt(sqrt(5) + 1)*sin(1/2*arctan2(-2*cos(4*
x) + sin(4*x) + 6*xsin(2+*x) + 2, cos(4*x) + 6%cos(2*x) + 2*sin(4*x) + 1)) -
2xcos (2*x) + sin(2*x), 1/2*sqrt(2)*(6*(2*cos(2*x) - 4*sin(2*x) - 1)*cos(4
*x) + Bxcos(4*x)”2 + 36*cos(2*x) "2 + 4x(6*cos(2*x) + 3*sin(2*x) + 2)*sin(4
*x) + 5xsin(4%x)”2 + 36%sin(2*x) "2 + 12%cos(2*x) + 24*sin(2*x) + 5)~(1/4)=*
sqrt(sqrt(5) + 1)*cos(1/2*arctan2(-2*cos(4*x) + sin(4*x) + 6*sin(2*x) + 2,
cos(4*x) + 6%cos(2*x) + 2*sin(4*x) + 1)) + 1/2*sqrt(2)*(6%(2*cos(2*x) - 4
*3in(2*x) - 1)*cos(4*x) + 5*xcos(4*x)”2 + 36*cos(2*x)72 + 4x(6*cos(2*x) + 3
*sin(2*x) + 2)*sin(4*x) + b*sin(4*x) "2 + 36*sin(2*x)”"2 + 12xcos(2*x) + 24x
sin(2*x) + 5)~(1/4)*sqrt(sqrt(5) - 1)*sin(1/2*arctan2(-2*cos(4*x) + sin(4x*
X) + 6*sin(2*x) + 2, cos(4*x) + 6*cos(2*x) + 2*xsin(4#*x) + 1)) + cos(2*x) +
2¥sin(2*x) + 3) + 10*sqrt(10)*sqrt(2)*sqrt(sqrt(5) + 1)*arctan2((6*(2x*...

3.8.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 495 vs. 2(104) = 208.

Time = 0.34 (sec) , antiderivative size = 495, normalized size of antiderivative = 3.61

/ \/ 2 + 2tan(z) + tan®(z) dz = Too large to display

inputLintegrate((2+2*tan(x)+tan(x)“2)‘(1/2),x, algorithm="giac")
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output | -1/4*sqrt (2*sqrt(5) - 2)*1log(256*(sqrt(5)*(sqrt(tan(x)~2 + 2*tan(x) + 2) -
tan(x)) + sqrt(5)*sqrt(sqrt(5) - 2) - sqrt(5) - 2*sqrt(tan(x)”~2 + 2*tan(x
) + 2) - 2xsqrt(sqrt(5) - 2) + 2xtan(x) + 2)72 + 256%(sqrt(5)*(sqrt(tan(x)
2 + 2xtan(x) + 2) - tan(x)) + sqrt(5) - 2*sqrt(tan(x)~2 + 2*tan(x) + 2) +
sqrt(sqrt(5) - 2) + 2xtan(x) - 2)72) + 1/4*sqrt(2*sqrt(5) - 2)*1log(256*(s
qrt(5)*(sqrt(tan(x) "2 + 2*tan(x) + 2) - tan(x)) - sqrt(5)*sqrt(sqrt(5) - 2
) - sqrt(5) - 2*sqrt(tan(x)~2 + 2*tan(x) + 2) + 2*sqrt(sqrt(5) - 2) + 2*ta
n(x) + 2)72 + 256*(sqrt(5)*(sqrt(tan(x)~2 + 2*tan(x) + 2) - tan(x)) + sqrt
(5) - 2xsqrt(tan(x)”2 + 2*tan(x) + 2) - sqrt(sqrt(5) - 2) + 2*tan(x) - 2)°
2) + 1/4%(pi + 4*arctan(-1/2%(2*sqrt(5)*sqrt(sqrt(5) - 2) + sqrt(5) + 4*sq
rt(sqrt(5) - 2) + 3)*(sqrt(tan(x)~2 + 2xtan(x) + 2) - tan(x)) + 3/2*sqrt(5
Y*sqrt(sqrt(5) - 2) + 1/2xsqrt(5) + 7/2*sqrt(sqrt(5) - 2) + 3/2))*sqrt(2*s
qrt(5) - 2)/(sqrt(5) - 1) - 1/4x(pi + 4*arctan(1/2*(2*sqrt(5)*sqrt(sqrt(5)
- 2) - sqrt(5) + 4xsqrt(sqrt(5) - 2) - 3)*(sqrt(tan(x)~2 + 2xtan(x) + 2)
- tan(x)) - 3/2*sqrt(5)*sqrt(sqrt(5) - 2) + 1/2xsqrt(5) - 7/2xsqrt(sqrt(5)
- 2) + 3/2))*sqrt(2*sqrt(5) - 2)/(sqrt(5) - 1) - log(sqrt(tan(x)~2 + 2xta
n(x) + 2) - tan(x) - 1)

3.8.9 Mupad [F(-1)]

Timed out.

/ \/2 + 2tan(z) + tan®(z) dz = / \/tan (z)® + 2tan (z) + 2dz

input‘ int ((2*tan(x) + tan(x)"2 + 2)7(1/2),x)

output‘int((Q*tan(x) + tan(x)"2 + 2)7(1/2), x)

3.8.10 Reduce [F]

/ \/2 + 2tan(z) + tan®(z) dz = / \/tan (z)® + 2tan (z) + 2dz

p
input

int (sqrt(tan(x)**2 + 2*tan(x) + 2),x)

-

output‘int(sqrt(tan(x)**2 + 2¥tan(x) + 2),x)
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3.9 [ arctan (\/ —1+ sec(x)) sin(z) dz

3.9.1 Optimalresult . ... ... ... ... ... ... ... 10Tl
3.9.2 Mathematica [A] (verified) . . . . . . ... ... Lo 101
3.9.3 Rubi [A] (warning: unable to verify) . . .. ... ... ... .. ... .. 102
3.9.4 Maple [A] (verified) . ... ... ... ... 104
3.9.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 104
3.9.6 Sympy [F] . . . . . 105
3.9.7 Maxima [A] (verification not implemented) . . ... ... ... ..... 1051
3.9.8 Giac [F] . ... . 105
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3.9.1 Optimal result

Integrand size = 12, antiderivative size = 41
) 1
/arctan (\/ -1+ sec(x)) sin(z) dz = 5 arctan ( -1+ Sec(x)>

— arctan ( -1+ sec(x)) cos(z)

1
+ 2 cos(z)/—1 + sec(x)

output ‘ 1/2*arctan((-1+sec(x))~(1/2))-arctan((-1+sec(x))~(1/2))*cos(x)+1/2*cos (x) * ‘
(“1+sec(x))7(1/2) J

3.9.2 Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.71

/ arctan <\/Tsec(z)) sin(x) dz

= — arctan < -1+ sec(x)) cos(z)

1 tan (2) cos(z) x
+3 (cos(x) + arctan ( = ) T+ cos(@) cot <§>) —1 + sec(x)

1+cos(z)

3.9.  [arctan <\/Tsec(z)) sin(z) dx
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input ‘ Integrate[ArcTan[Sqrt[-1 + Sec[x]]]*Sin[x],x] ‘

output ‘f- (ArcTan[Sqrt[-1 + Sec[x]]1]*Cos[x]) + ((Cos[x] + ArcTan[Tan[x/2]/Sqrt[Cos[
‘ x]/(1 + Cos[x])]]1*Sqrt[Cos[x]/(1 + Cos[x])]*Cot[x/2])*Sqrt[-1 + Sec[x]])/2

\‘

3.9.3 Rubi [A] (warning: unable to verify)

Time = 0.21 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.95,

—7, number of rules — 0.583, Rules
integrand size

number of steps used = 8, number of rules used =
used = {4835, 5726, 27, 773, 52, 73, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ sin(z) arctan (/Sec(z) 1) da
| 4835
—/mmm(%wm—gm%@
| 5726
/ —2secl(z)_1dcos(x) — cos(x) arctan (/sec(z) 1)
l 27
cos() (— arctan (W

l 773

dcos(z

2| Ve

sec?(z
;/\/S%(ag%dsec(w) — cos(z) arctan ( sec(z) — 1)
| 52

% (; / sec(w)ld sec(z) + v/sec(z) — 1 sec(ac)) — cos(x) arctan ( sec(z) — 1)

sec(x) —
| 73

3.9.  [arctan ( -1+ sec(w)) sin(z) dx
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1 cos(z)d+/sec(z) — 1+ /sec(z) — 1sec(z) | — cos(z) arctan ( sec(z) — 1)
2

| 216
%(arctan (x/sec(m) - 1) + /sec(z) — 1 sec(ac)) — cos(z) arctan (\/sec(ac) - 1)

input ‘ Int [ArcTan[Sqrt[-1 + Sec[x]]]*Sin[x],x]

output‘—(ArcTan[Sqrt[—l + Sec[x]]1]1*Cos[x]) + (ArcTan[Sqrt[-1 + Sec[x]]] + Sqrt[-1
‘ + Sec[x]]1*Sec[x])/2 ‘

3.9.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 52 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 216 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] Il GtQ[b, 01)

N J

rule 773 Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a + b/x"n) p/x~
2, x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && !IntegerQ[p]

3.9.  [arctan <\/Tsec(w)) sin(z) dx
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rule 4835 Int[(u_)*(F_) [(c_.)*((a_.) + (b_.)*(x_))], x_Symbol] :> With[{d = FreeFacto
rs[Cos[c*(a + b*x)], x]1}, Simp[-d/(b*c) Subst [Int [SubstFor[1, Cos[c*(a +
b*x)]1/d, u, x], x], x, Cos[cx(a + b*x)]/d], x] /; FunctionOfQ[Cos[c*(a + bx*
x)1/d, u, x, Truel] /; FreeQ[{a, b, c}, x] & (EqQ[F, Sin] || EqQ[F, sin])

rule 5726 | Int [ArcTan[u_], x_Symbol] :> Simp[x*ArcTan[u], x] - Int[SimplifyIntegrandl[x
*(D[u, x]/(1 + u2)), x], x] /; InverseFunctionFreeQ[u, x]

3.9.4 Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.88

method result size
tan (/—1 rsecta) tan (/—1+
derivativedivides | —— an(sec (Jsec(x)) 3 i:;s(z)( )4 = an( 3 Sec(w)) 36
arctan(\/—1+sec(:1:)) /—1+sec(z) arctan(\/—1+sec(a:))
default B sec(x) + 2 secs((:; s + 2 36
input Lint (arctan((-1+sec(x))~(1/2))*sin(x) ,x,method=_RETURNVERBOSE) J

output‘—1/sec(x)*arctan((—1+sec(x))‘(1/2))+1/2*(—1+sec(x))‘(1/2)/sec(x)+1/2*arcta
n((-1+sec(x))~(1/2)) |

3.9.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.78

1
/arctan (\/ -1+ sec(z)) sin(z) dz = —3 (2 cos (z) — 1) arctan ( sec (x) — 1)
1 cos(z) —1
+ 2\ cos(z) cos (@)
input Lintegrate (arctan((-1+sec(x))~(1/2))*sin(x),x, algorithm="fricas") J

output‘—1/2*(2*cos(x) - 1)*arctan(sqrt(sec(x) - 1)) + 1/2*sqrt(-(cos(x) - 1)/cos( ‘
' x))*cos (x) |

3.9.  [arctan <\/Tsec(w)) sin(z) dx
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3.9.6 Sympy [F]

/arctan (W) sin(z) dz = /sin (x) atan ( sec (z) — 1> dx

input Lintegrate (atan((-1+sec(x))**(1/2))*sin(x),x) J

output LIntegral(sin(x)*atan(sqrt(sec(x) - 1)), x J

3.9.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.46

/arctan ( -1+ sec(x)) sin(z) dx = — arctan ( —M> cos ()

cos (z)
/ _cos(z)—1
cos(z)

N cos(z)—-1
2( cos(z) 1>

4 1 arctan cos(z) —1
2 cos (z)
input Lintegrate (arctan((-1+sec(x))~(1/2))*sin(x) ,x, algorithm="maxima") J

output‘—arctan(sqrt(—(cos(x) - 1)/cos(x)))*cos(x) - 1/2*sqrt(-(cos(x) - 1)/cos(x) ‘
‘)/((cos(x) - 1)/cos(x) - 1) + 1/2*arctan(sqrt(-(cos(x) - 1)/cos(x))) ‘

3.9.8 Giac [F]

/ arctan < -1+ sec(x)) sin(z) dx = / arctan (W) sin (z) dx

input Lintegrate (arctan((-1+sec(x))~(1/2))*sin(x) ,x, algorithm="giac") J

output Lundef J

3.9.  [arctan <\/Tsec(z)) sin(z) dx
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3.9.9 Mupad [B] (verification not implemented)

Time = 0.42 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.46
/ arctan ( -1+ sec(x)) sin(x) dz

1
= —atan( s (@) 1) cos (z)

J asin \/m —cos(z
cos (z) ( 2C£S(w)3/2 ) _3 21(:08(90)( )> 1 — cos (z)
3 cosl(x) -1

input Lint(ata.n((l/cos(x) - 1)°(1/2))*sin(x) ,x)

J

output‘— atan((1/cos(x) - 1)7(1/2))*cos(x) - (cos(x)*((3*asin(cos(x)~(1/2)))/(2*c
‘os(x)‘(3/2)) - (3%(1 - cos(x))~(1/2))/(2*cos(x)))*(1 - cos(x))~(1/2))/(3*(
\1/cos(x) - 1)7(1/2))

3.9.10 Reduce [F]

/arctan ( -1+ sec(x)) sin(z) dz = / atan(W) sin (z) dx

input [int(atan(sqrt(sec(x) - 1))*sin(x) ,x)

-/

output Lint(ata.n(sqrt(sec(x) - 1))*sin(x) ,x)

3.9.  [arctan <\/Tsec(w)) sin(z) dx



CHAPTER 3. LISTING OF INTEGRALS 107

3.10 [e T :

3.10.1 Optimalresult . . . . . . ... ... ... 107
3.10.2 Mathematica [A] (verified) . . . . . ... ... ... .o L 107
3.10.3 Rubi [A] (verified) . . . . . . ... ... 108
3.104 Maple [F] . . . . . o o 109
3.10.5 Fricas [A] (verification not implemented) . . . . . .. .. ... ... ... 17101
3.10.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... 110
3.10.7 Maxima [F] . . . . . ... 110
3.10.8 Giac [A] (verification not implemented) . . . ... ... ... ...... 111l
3.10.9 Mupad [F(-1)] . . . . o 111
3.10.10Reduce [F] . . . . . . o 111

3.10.1 Optimal result

Integrand size = 19, antiderivative size = 44

arcsin(z) .3 1 )
(& T
arcsin(z) <3 3 _ 2 2 2)
—e z+z° —3vV1—z22-3z°V1—=x
V1-— x2 10

output Li/lO*exp(arcsin(x) ) * (3*kx+x"3-3*% (—x"2+1) ~(1/2) -3*x"2* (-x~2+1) ~(1/2)) J

3.10.2 Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.86

arcsin(z) .3 1 .
¢ — ;2 —4—Oeamln(””) (15 <—x +v1— x2> — 3 cos(3 arcsin(z))
+ sin(3 arcsin(x))>
input LIntegrate [(E"ArcSin[x]*x~3)/Sqrt[1 - x~2],x] J

output| -1/40% (E"ArcSin[x]*(16%(-x + Sqrt[1 - x"2]) - 3#Cos[3*ArcSin[x]] + Sin[3*xA
'rcSin[x11)) |

310. [y
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3.10.3 Rubi [A] (verified)

Time = 0.79 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.52,

number of rules _ 0.263, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5335, 7292, 7271, 4934, 4932}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3 earesin (z)

—dz
V1—1z?
| 5335
/ 232 d arcsin(z)
| 4934
. 1 . .

§ / earcsm(z)md arcsin(x) + 7w3earcsm(m) _ E /1 — x2$26arcsm(m)
5 10 10

| 4932

1 3 arcsin(z) 3 2..2 jarcsin(z) 3(1 arcsin(z) 1 9 jarcsin(z)
10:5@ 10\/1 rere +5 5 Te 2 1-—z2e

-

input LInt [(E"ArcSin[x]*x~3)/Sqrt[1 - x~2],x] J

output‘ (E"ArcSin[x]*x73)/10 - (3*E"ArcSin[x]*x"2*Sqrt[1 - x~2])/10 + (3*((E"ArcSi ‘
‘n[x]*x)/2 - (E"ArcSin[x]*Sqrt[1 - x721)/2))/5 ‘

3.10.3.1 Defintions of rubi rules used

rule 4932 Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x)], x_Symboll :>
| Simp[b*c*Log[F1*F~(c*(a + b*x))*(Sin[d + exx]/(e™2 + b 2xc"2+Log[F]1"2)), x
'] - Simp[e*F~(c*(a + b¥x))*(Cos[d + exx]/(e”2 + b 2xc™2%Logl[F1°2)), x] /; F
‘TeeQ[{F, a, b, c, d, e}, x] &k NeQ[e"2 + b~2%c~2+Log[F]12, 0]

earcsin(z)

310. [ 2 dx
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rule 4934 Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)]1"(n_), x_Symbo
1] :> Simp[b*c*Log[F]*F~(c*(a + b*x))*(Sin[d + e*x] n/(e"2*n~2 + b~2xc~2*Lo
glF172)), x] + (-Simp[e*n*F~(cx(a + b*x))*Cos[d + exx]*(Sin[d + e*x]"(n - 1
)/(e"2*n"2 + b~ 2*c"2+Log[F]1~2)), x] + Simp[(n*(n - 1)*e~2)/(e”2*n"2 + b~2*c
~2xLog[F]~2) Int[F"(cx(a + b*x))*Sin[d + exx]~(n - 2), x], x]) /; FreeQ[{
F, a, b, ¢, d, e}, x] & NeQ[e"2*n"2 + b~2*c~2xLog[F]~2, 0] && GtQ[n, 1]

rule 5335 Int[(u_.)*(£f_)~(ArcSin[(a_.) + (b_.)*(x_)1"(n_.)*(c_.)), x_Symbol] :> Simp[
1/b Subst[Int[(u /. x -> -a/b + Sin[x]/b)*f~(c*x"n)*Cos[x], x], x, ArcSin
[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

rule 7271 Int[(u_.)*((a_.)*(v_)"(m_.))"(p_), x_Symbol] :> Simp[a~IntPart[p]*((a*v m)"
FracPart [p] /v~ (m¥FracPart[p]))  Int[uxv~(m*p), x], x] /; FreeQ[{a, m, p},
x] && !'IntegerQ[p] && !'FreeQlv, x] && !'(EqQl[a, 1] && EqQ[m, 1]1) && !'(Eq
Qlv, x] && EqQ[m, 11)

rule 7292 Int [u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int([v, x] /; v =!
= u]

3.10.4 Maple [F]
earcsin(x) 3

——d
V—z2+1

X

inputtint(exp(arcsin(x))*x‘3/(-x‘2+1)‘(1/2),X)

OutputLint(exp(arcsin(x))*x‘3/(—x‘2+1)‘(1/2),x)

earesin(z) 2.8

Wi

310. [
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3.10.5 Fricas [A] (verification not implemented)
Time = 0.25 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.64

earcsin(m) 3 1

Nl dr = 1 (:c3 —3(*+ 1)\/T+1 + 3x> oaresin(z)

inputLintegrate(exp(arcsin(x))*x“3/(—x‘2+1)‘(1/2),x, algorithm="fricas") J

-

0utputL1/10*(x‘3 - 3%(x"2 + 1)*sqrt(-x~2 + 1) + 3*x)*e"arcsin(x)

-/

3.10.6 Sympy [A] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.27

earcsin(x) 3 r3easin (z) 32 measin (z) N 3re?sin (z) 3measin (z)

T = 1o 10 10 10

inputtintegrate(exp(asin(x))*X**3/(—X**2+1)**(1/2),X) J

e B
Output‘x**3*exp(asin(x))/10 - 3xx**2xsqrt (1 - x**2)*exp(asin(x))/10 + 3*x*exp(asi

‘n(x))/10 - 3*sqrt(1 - x*+2)*exp(asin(x))/10 |

3.10.7 Maxima [F]

earcsin(z) .’L'3 .’1:3 earcsin(z)

——dr = | ———=d
V1—2z? ! vV—z?+1 !

inputLintegrate(exp(arcsin(x))*x*3/(—x“2+1)“(1/2),x, algorithm="maxima") J

output ‘ integrate(x~3*e~arcsin(x)/sqrt(-x"2 + 1), x) ‘

earcsin(z)

3
T
— dz

310. [



CHAPTER 3. LISTING OF INTEGRALS

111

3.10.8 Giac [A] (verification not implemented)
Time = 0.28 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.05

ea,rcsin(x) 3 1

; 3 3 .
2 arcsin(z 2 arcsin(z
= = g (&~ Dae O 4 15 (o 1) e
2 : 3 .
+ g xearcsm(x) _ 5 /—1'2 4 learcsm(a:)

input Lintegrate (exp(arcsin(x))*x~3/(-x"2+1)~(1/2) ,x, algorithm="giac")

J

output‘ 1/10*%(x"2 - 1)*x*e"arcsin(x) + 3/10*%(-x"2 + 1)~ (3/2)*e"arcsin(x) + 2/5*x*e ‘
"‘arcsin(x) - 3/5*sqrt(-x~2 + 1)*e"arcsin(x) ‘

3.10.9 Mupad [F(-1)]

Timed out.

ea,rcsin(x) 3 3 ea,sin(ac)

Vice O e

inputLint((x‘B*exp(asin(x)))/(l - x"2)°(1/2),x%)

outputLint((x‘3*exp(asin(x)))/(1 - x72)°(1/2), x)

3.10.10 Reduce [F]

earcsin(m) $3 easin(m) $3

——dr = | ———d
V1—x? ! vV—x?+1 v

inputLint((e**asin(x)*x**s)/sqrt( - x**2 + 1),x)

output‘ int ((e**asin(x)*x**3)/sqrt( - x**2 + 1),x)

3.10. [ €m0 gy

1—22
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zlog(1+2?) log <x+\/ 1—|—x2>
3.11 | : dz
1+

3.11.1 Optimal result . . . . . . ... . . ... .. 112
3.11.2 Mathematica [A] (verified) . . . . . . . . ... ... .. 112
3.11.3 Rubi [A] (verified) . . . . . . .. .. 113l
3.114 Maple [F] . . . . . . oo 1151
3.11.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 1151
3.11.6 Sympy [F(-1)] . . . . o 116
3.11.7 Maxima [F] . . . . . . 116
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3.11.1 Optimal result

Integrand size = 29, antiderivative size = 68

/xlog(1+x2)10g (z 4+ V1+2?)
V1422

dz = 4z — 2arctan(z) — zlog (1 + z°)

—2v1+ z2log <x+\/1+x2>
+ V1+ z2log (1 + z%) log <x+\/1+x2>

N

output ‘(4*x—2*arctan (x)-x*1n(x"2+1) -2*%1n(x+(x"2+1) " (1/2)) *(x~2+1) ~(1/2)+1n(x"2+1) * ‘
Lln(x+(x‘2+1)’“ (1/2))*(x~2+1)~(1/2) J

3.11.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.94

dx = 4z — 2 arctan(z)

—2V1+ 22log <m+m> + log (1
+ z?) (—x—l-mlog <x+m>>

/a:log(1+x2)log (z+V1+2?)
V14 z?

zlog(1+x?) log (m—i-\/ 1—|—x2> d
V1422

311. [ z
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input ‘ Integrate[(x*Log[1l + x"2]*Logl[x + Sqrt[1 + x~2]]1)/Sqrt[1 + x~2],x]

p
output‘4*x - 2xArcTan([x] - 2*Sqrt[1 + x"2]*Logl[x + Sqrt[1 + x"2]] + Logl[1l + x~2]*
‘ (-x + Sqrt[1 + x"2]*Logl[x + Sqrt[1l + x~2]1)

3.11.3 Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.09,

=7, number of rules — 0.241, Rules

number of steps used = 7, number of rules used =
integrand size

used = {3037, 27, 2898, 262, 216, 3034, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

zlog (2% + 1) log (\/.@2 +1+ a:)
/ z2 +1
J’3037

2zlog (z + V2 +
—/log(a:2+1)dx—/ ( >da:+\/a:2 1log (z -l-l)log( w2+1+x>

z2+1
l 27

zlog (z +vVx2 +
—/10g(w2+1)dw—2/ ( 1 >dw+\/w2 1log (z? +1)10g< +ac)
T

l 2898

22 z log (ac + vV + 1) )
2/x2+1dac—2/ \/CUQ—H dz — zlog (° +1) +

V2 + 1log ( 1+ m) log (z° +1)

l 262

1 :rlog(x+\/a:2+1)
2<x—/m2+1dw>—2/ dzr — zlog (z* +1) +

2 +1

V2 + 1log (\/a:2+1+x) log (z° +1)
| 216

zlog(1+x?) log (m—i-\/ 1—|—x2> d

311. [ =

T



e

CHAPTER 3. LISTING OF INTEGRALS

114

_z/“‘)g(“ Ya+)

dz + 2(z — arctan(z)) — zlog (z* + 1) +
z2+1
V22 +1log (z° +1) log< 241+ )

l 3034

—2(\/ z2 + 1log (\/ 2+ 1+ x) - / 1da7> +2(z — arctan(z)) — zlog (2% + 1) +

Va2 +1log (z° +1) log( +1+ )

l'24

2(x — arctan(z)) — zlog (22 + 1) + V2 + 1log (2> + 1) log (\/ 22+ 1+ x) -

(\/$2 10g< 2 +1 +x>—x)

input tInt [(x*Log[1 + x"2]*Logl[x + Sqrt[1 + x~2]])/Sqrt[1 + x~2],x]

L

p
output‘ 2%(x - ArcTan[x]) - x*Logl[l + x~2] + Sqrt[1 + x"2]*Logl[l + x"2]*Logl[x + Sq

\rt[1 + x72]]1 - 2%(-x + Sqrt[1 + x"2]*Log[x + Sqrt[1 + x~21])

3.11.3.1 Defintions of rubi rules used

\‘

rule 24 Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 27

rule 216

rule 262

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] &&
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Ma

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a

, 01 |l GtQlb, 01)

Int[((c_)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - 1)*((a + b*xx"2)"(p + 1)/(b*(m + 2%p + 1))), x] - Simp[a*c™2*((m - 1)/
(bx(m + 2%p + 1)))  Int[(c*xx)"(m - 2)*(a + b*x~2)7p, x], x] /; FreeQ[{a, b

,» C, pr, x] && GtQ[m, 2 - 1] && NeQ[m + 2xp + 1, O] && IntBinomialQ[a,
» 2, m, p, x]

b, ¢

zlog(1+x?) log (z—i-\/ 1+x2> d

311. [ =

T
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rule 2898 | Int [Log[(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)], x_Symbol] :> Simp[x*Log[c*(d
+ exx™n)"pl, x] - Simp[e*n*p Int[x"n/(d + exx"n), x], x] /; FreeQl{c, d,

e, n, p}, x]

rule 3034 Int[Loglu_l*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Simp[Loglu]l w, x
] - Int[SimplifyIntegrand[w*(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w,
x]] /; InverseFunctionFreeQ[u, x]

rule 3037 Int[Logl[v_]*Loglw_l*(u_), x_Symbol] :> With[{z = IntHide[u, x]}, Simp[Loglv
IxLoglw]l 2z, x] + (-Int[SimplifyIntegrand([z*Logl[w]l*(D[v, x]/v), x], x] - I
nt [SimplifyIntegrand[z*Log[v]l*(D[w, x]/w), x], x]) /; InverseFunctionFreeQ[
z, x]] /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQ[w, x]

3.11.4 Maple [F]

/xln(m2+ 1)In (x—i—\/xz—i—l)dx

2 +1

inputLint(x*ln(x“2+1)*1n(X+(X‘2+1)“(1/2))/(X‘2+1)“(1/2),X)

e

outputtint(x*ln(x“2+1)*ln(x+(x“2+1)“(1/2))/(x“2+1)*(1/2),x)

~—

3.11.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.63

zlog (1 + %) log (z + V1 + 2?) 5 ) 5
/ N dz = Vz? + 1(log (z +1)—2)log(z+\/x -I-1>

—zlog (> + 1) + 4z — 2 arctan (z)

input integrate(x*log(x~2+1)*log(x+(x~2+1)"(1/2))/(x"2+1)~(1/2) ,x, algorithm="fr

icas")

output | sqrt(x~2 + 1)*(log(x~2 + 1) - 2)*log(x + sqrt(x”"2 + 1)) - x*log(x"2 + 1) +
4*x - 2*arctan(x)

zlog(1+x?) log (m—i-\/ 1+x2> d
V1422

311. [ z
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3.11.6 Sympy [F(-1)]
Timed out.

dxr = Timed out

/xlog(1+x2)log (z 4+ V1+2?)
V14?2

inputLintegrate(x*ln(x**2+1)*1n(x+(x**2+1)**(1/2))/(x**2+1)**(1/2),x)

output ‘ Timed out

3.11.7 Maxima [F]

/xlog(1+x2)log (z+V1+2?) dx_/xlog(a:2+1)log (z+ Va2 +1) s
V1+ 22 2%+ 1

input  integrate(x*log(x~2+1)*log(x+(x~2+1)~(1/2))/(x~2+1)~(1/2),x, algorithm="ma
xima")

output | -(2*%x"2 - (x72 + 1)*log(x~2 + 1) + 2)*log(x + sqrt(x"2 + 1))/sqrt(x"2 + 1)
+ integrate((log(x”"2 + 1) - 2)/(x"2 + sqrt(x”2 + 1)*x), x) - integrate(-(
2%x"2 - (x72 + 1)*log(x"2 + 1) + 2)/(sqrt(x”2 + 1)*x), x)

3.11.8 Giac [F]

/xlog(1+x2)log (z 4+ V1+2?) dx_/mlog(xz—kl)log (z4+ Va2 +1) "
V1+ 22 z? + 1

input‘integrate(x*log(x“2+1)*1og(x+(x‘2+1)‘(1/2))/(x‘2+1)‘(1/2),x, algorithm="gi
‘ac")

output Lintegrate(x*log(x“Q + 1)*log(x + sqrt(x”2 + 1))/sqrt(x"2 + 1), x)

zlog(1+x?) log (z—i-\/ 1+x2>
dx
V1422

311. [
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3.11.9 Mupad [F(-1)]

Timed out.

/mlog(1+x2)log(x—|—\/1+m2) p /mln(m2+1) In (z +v22+1) p
T = T
V1+ 2?2 z?+1

inputtint((x*log(x‘2 + Dx*log(x + (x72 + 1)7(1/2)))/(x"2 + 1)7(1/2) ,x)

output Lint((x*log(x? + Dx*logx + (x72 + 1)7(1/2)))/(x"2 + 1)°(1/2), x)

3.11.10 Reduce [F]

dz

/xlog(1+x2)log (z+V1+2?) /log(x2+1)log( ?+1+z)z
dzr =
V1+ 22 2 +1

inputtint((log(x**Q + 1)*log(sqrt (x**2 + 1) + x)*x)/sqrt(x**2 + 1),x)

output Lint((log(x**2 + 1)xlog(sqrt(x**2 + 1) + x)*x)/sqrt(x**2 + 1),x)

zlog(1+x?) log (z—i-\/ 1+x2> d
V1422 z

311. [
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3.12 [arctan (z + V1 — 2?) dz
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3.12.6 Sympy [F(-1)] . . . . o 1221
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3.12.9 Mupad [B] (verification not implemented) . . . . .. ... .. ... ... 125
3.12.10Reduce [F] . . . . . o o 126

3.12.1

Optimal result

Integrand size = 14, antiderivative size = 141

. ) .
/amtan (x + m) dz = _ aresin(z) + ~+v/3arctan <+—\/§”>

2 4 V1—22
1 1++/3z
+ =+/3arctan
1 (m)

1 —1 4+ 222
~ 1 3 arctan (ﬁ) + zarctan (a: +v1-— w2>

V3
- iarctanh <:v\/1 - x2> - élog (1—2*+2%)

output‘—1/2*arcsin(x)+x*arctan(x+(—x“2+1)A(1/2))—1/4*arctanh(x*(—x‘2+1)“(1/2))—1/
‘8*1n(x‘4—x‘2+1)—1/4*arctan(1/3*(2*x‘2—1)*3‘(1/2))*3‘(1/2)+1/4*arctan((—1+X
‘*3“(1/2))/(—x‘2+1)‘(1/2))*3‘(1/2)+1/4*arctan((1+x*3“(1/2))/(—x“2+1)“(1/2))

}*3*(1/2)

3.12.

[ arctan (z + v1— xz) dz



inputLIntegrate[ArcTan[x + Sqrt[1 - x721],x]

output
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3.12.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.13 (sec) , antiderivative size = 226, normalized size of antiderivative = 1.60

/arctan (x + V1 - x2> dx = — arctan ( > + z arctan (x +v1 - x2)

x
—14+1— 22

1 1
— log(x) + ; log (—1 FVIz x2> — 5RootSum [1 — 041 4 2412 4 2413

—log(z) +log (=14 V1 — 22 — z#1) — log(z)#1 + log (—1 + V1 — 22 — z#1) #1 — 3log(:

+#1%&,
# —1 4 2#1 + 3

~—

+

-ArcTan[x/(-1 + Sqrt[1 - x72])] + x*ArcTan[x + Sqrt[1l - x"2]] - Loglx]
ogl-1 + Sqrt[1 - x72]]1/2 - RootSum[1 - 2*#1 + 2x#172 + 2*#173 + #1°4 & ,
-Log[x] + Logl[-1 + Sqrt[1 - x"2] - x*#1] - Logl[x]*#1 + Log[-1 + Sqrt[1
~2] - x*#1]x#1 - 3xLogl[x]*#1°2 + 3xLog[-1 + Sqrtl[l - x~2] - x*#1]*#1-2
og[x]*#1°3 + Logl[-1 + Sqrtl[l - x72] - x*x#1]*#173)/(-1 + 2%#1 + 3*x#172 + 2%
#1°3) & 1/2

L
(
X
L

3.12.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.88 (sec) , antiderivative size = 274, normalized size of antiderivative = 1.94,

number of rules _ 0.286, Rules

number of steps used = 4, number of rules used = 4, = :
integrand size

used = {5726, 27, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/arctan (\/ 1—x22+ x) dz

l 5726

3.12. [ arctan (z +41— xz) dz
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marctan( 1—a:2+:v>—/ m<1_ 1:”2) dz
2(\/1—x2x+1>
l 27

1 w(l'-:7%%:)
:varctan( l—a:2+:v>—— 1=2%) iz

2) V1i—z2zx+1
l 7293
a:arctan( 1—:r2+a:)—1/< z + d >d:c
2 —x—V1—-22 V1—-2z2z+1
l 2009
z arctan (\/ 1—z2+ .’L‘) +
2 arctan (
1 1 1 — 222 1
= | —arcsin(z) + =+v/3arctan <x> + = <—\/§+ 3i> arctan i +
2 2 \/5 6 _# /1 — xz
3+t

;
input | Int [ArcTan[x + Sqrt[1 - x~2]],x]

output | x¥ArcTan[x + Sqrt[1 - x72]] + (-ArcSin[x] + (Sqrt[3]*ArcTan[(1 - 2*x72)/Sq
rt[3]1]1)/2 + (2*ArcTan[x/(Sqrt[-((I - Sqrt[3]1)/(I + Sqrt[3]))]*Sqrt[1 - x~2
1)1)/8qrt[3] + ((3*I - Sqrt[3])*ArcTan[x/(Sqrt[-((I - Sqrt[3]1)/(I + Sqrt[3
1))1*Sqrt[1 - x72]1)1)/6 + (2*ArcTan[(Sqrt[-((I - Sqrt([3]1)/(I + Sqrt[3]1))]*
x)/Sqrt[1 - x72]]1)/Sqrt[3] - ((3*I + Sqrt[3])*ArcTan[(Sqrt[-((I - Sqrt[3])
/(I + Sqrt[3]1))1*x)/Sqrt[1 - x72]1)/6 - Logll - x~2 + x~41/4)/2

3.12.3.1 Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, xI] ‘

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul ‘

3.12. [ arctan (z +41— xz) dz
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rule 5726 | Int [ArcTan[u_], x_Symbol] :> Simp[x*ArcTan[ul, x] - Int[SimplifyIntegrandl[x
*(D[u, x]1/(1 + u™2)), x], x] /; InverseFunctionFreeQ[u, x]

rule 7293 | Int [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

3.12.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.10 (sec) , antiderivative size = 471, normalized size of antiderivative = 3.34

method | result

2 .
In (et —g241 arctan< (23:231)\/5)\/3 (i\/§+%) 1n<(\/Tl) N (1+1\/§)(\;
default | zarctan (w + \/T-I-l) _ In(zf-a?41) B

8 1 5
o2 — ) . 2 ; .
In(ct—22+1) arctan< (2 31)\/§> V3 <11\é§+i) ln( (\/T 1) + (1+ \/5)( :
parts x arctan (ac ++/—x2 4 1) . ] :

input | int (arctan(x+(-x"2+1)~(1/2)) ,x,method=_RETURNVERBOSE)

output | x*arctan(x+(-x"2+1)~(1/2))-1/8*1n(x"4-x"2+1)-1/4*arctan(1/3* (2*xx~2-1)*3~ (1
/2))*37(1/2)-1/2x(1/12*xI*3~(1/2)+1/4) *1n(((-x"2+1) " (1/2)-1)"2/x" 2+ (1+I*3"(
1/2))%((-x~2+1)~(1/2)-1) /x-1)-1/2%(1/4-1/12%xI*3~(1/2) ) *1n (((-x~2+1) ~(1/2) -
1)72/x72+(1-I*37(1/2) ) *((-x"2+1) " (1/2)-1) /x-1)+1/2% (1/12%I*37 (1/2) +1/4) ¥1n
(((=x"2+1)"(1/2)-1)"2/x"2+(-1-I*37(1/2) ) * ((-x~2+1) ~(1/2)-1) /x-1)+1/2*% (1 /4~
1/12%I%3°(1/2))*1n(((-x"2+1)~(1/2)-1)"2/x"2+(-1+I*3~(1/2)) *((-x"2+1)~(1/2)
-1)/x-1)-1/12%I%37(1/2) *1n(((-x"2+1) " (1/2)-1) "2/x"2+(1+I*37(1/2) ) * ((-x"2+1
)7(1/2)-1) /x-1)+1/12%T*37 (1/2) *1n(((-x"2+1) ~(1/2)-1)"2/x"2+(1-I*37 (1/2) ) *(
(-x"2+1)~(1/2)-1) /x-1)+arctan(((-x"2+1)~(1/2)-1) /x)-1/12*I*3"(1/2) *1n(((-x
~2+1)7(1/2)-1)72/x72+(-1+I*%37(1/2) ) *((-x~2+1) ~(1/2)-1) /x-1) +1/12%I*3~(1/2)
*1n (((-x~2+1)~(1/2)-1)"2/x~2+(-1-I*3~(1/2) ) * ((-x~2+1)~(1/2)-1) /x-1)

3.12. [ arctan (z +41— xz) dz
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3.12.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.35

/arctan <:c +v1— 932) dx = r arctan (m +V—-x2+ 1)
1 1
-1 3arctan (§ \/5(2 a— 1))

—1 3arctan 4V3v—a®t 1z + V3
8 3(222-1)

1 43V =22 + 1z — /3
_§\/§arctan< 3@a% — 1) )

1 vV—z2+1 1

+ 5 arctan (q;__—i;ﬂﬂ) -3 log (z* — z° + 1)
1

~ 16 log <—x4+3:2+2\/—x2+1x—|-1>
1

—|—1—6 log (—z4—|—z2—2v—x2+1x—|—1>

inputLintegrate(arctan(x+(—x‘2+1)“(1/2)),x, algorithm="fricas")

output | x¥arctan(x + sqrt(-x~2 + 1)) - 1/4*sqrt(3)*arctan(1/3*sqrt(3)*(2*x~2 - 1))
- 1/8*sqrt(3)*arctan(1/3*(4*xsqrt (3)*sqrt(-x~2 + 1)*x + sqrt(3))/(2*x"2 -
1)) - 1/8*sqrt(3)*arctan(1/3*(4*sqrt(3)*sqrt(-x"2 + 1)*x - sqrt(3))/(2*x~2
- 1)) + 1/2xarctan(sqrt(-x~2 + 1)*x/(x"2 - 1)) - 1/8xlog(x"4 - x"2 + 1) -
1/16%1log(-x"4 + x72 + 2*sqrt(-x"2 + 1)*x + 1) + 1/16%log(-x"4 + x"2 - 2%s

art(-x"2 + 1)*x + 1)

3.12.6 Sympy [F(-1)]

Timed out.

/ arctan (x +V1— x2> dz = Timed out

.
input | integrate(atan (x+(-x**2+1)*x(1/2)),x)

N\

outputLTimed out

3.12. [ arctan (z +41— xz) dz
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3.12.7 Maxima [F]

/arctan (a: + M) dr = /arctan (z + \/T—Fl) dx

input Lintegrate (arctan(x+(-x"2+1)~(1/2)),x, algorithm="maxima") J

‘ + 1) + 1/2%log(-x + 1)) - x)/(x"4 + (x"2 - 1)*e"(log(x + 1) + log(-x + 1)

e hY
output‘x*arctan(x + sqrt(x + 1)*sqrt(-x + 1)) - integrate((x~3 + x"2%e”(1/2*log(x
)+ 2x(x73 - x)*e~(1/2%1log(x + 1) + 1/2xlog(-x + 1)) - 1), x) |

3.12.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 364 vs. 2(110) = 220.

3.12. [ arctan (z +41— xz) dz
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Time = 0.29 (sec) , antiderivative size = 364, normalized size of antiderivative = 2.58
/arctan (x +v1— x2> dx
1
= rarctan (m +V—z?+ 1) ~ 1 msgn(x)
v=r5i-1)’
(v=a7+1-1) B 1)

\/§x<\/—zi+1—l + -
- 3(vV—r2+1-1)

1
+3 V3| wsgn(z) + 2 arctan

T 2

\/395( g (V) + 1)

1
—|——\/§ msgn(x) + 2 arctan
8 gn() 3(V=a2+1-1)
B s
. ( ;1 1) 1
— 1 3 arctan <1 \/3(2302 — 1)) — 1 arctan | —
4 3 2 2(vV-22+1-1)
2
1 1 vV=z2+1-1
—Zlog(z*—2°+1) + = log e _voTt
8 8 vV—x?2+1-1 x
N 2z _2(\/—x2+1—1)+4
vV—z2+1-1 T
2
_110 x _\/—a:2+1—1 B 2z
8 & vV—r2+1-1 T v—r?2+1-1
2(\/—x2+1—1)+4
T

input tintegrate (arctan(x+(-x"2+1)~(1/2)) ,x, algorithm="giac")

3.12. [ arctan (z +41— xz) dz
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output | x*arctan(x + sqrt(-x~2 + 1)) - 1/4*pi*sgn(x) + 1/8xsqrt(3)*(pi*sgn(x) + 2%
arctan(-1/3*sqrt (3)*x*((sqrt(-x"2 + 1) - 1)/x + (sqrt(-x"2 + 1) - 1)72/x72

- 1)/(sqrt(-x"2 + 1) - 1))) + 1/8xsqrt(3)*(pi*sgn(x) + 2*arctan(1/3*sqrt(
3)*kx*((sqrt(-x"2 + 1) - 1)/x - (sqrt(-x~2 + 1) - 1)72/x72 + 1)/(sqrt(-x~2
+ 1) - 1))) - 1/4xsqrt(3)*arctan(1/3*sqrt(3)*(2*x~2 - 1)) - 1/2*arctan(-1/
2%xx((sqrt(-x72 + 1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1)) - 1/8%log(x"4 -
X2 + 1) + 1/8x1log((x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)"2 +

2xx/(sqrt(-x"2 + 1) - 1) - 2*(sqrt(-x"2 + 1) - 1)/x + 4) - 1/8%log((x/(sqr
t(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)°2 - 2*x/(sqrt(-x"2 + 1) - 1) +

2% (sqrt(-x"2 + 1) - 1)/x + 4)

3.12.9 Mupad [B] (verification not implemented)

Time = 1.37 (sec) , antiderivative size = 661, normalized size of antiderivative = 4.69

/ arctan (m +v1-— x2) dx = Too large to display

input(int(atan(x + (1 - x72)7(1/2)),%)

output | x¥atan(x + (1 - x72)7(1/2)) - asin(x)/2 + (log(x - 37(1/2)/2 - 1i/2)*(3"(1
/2)/2 + (37(1/2)/2 + 1i/2)73 + 1i/2))/(2%37(1/2) - 8*(37(1/2)/2 + 1i/2)"3

+2i) - (Qog(x - 37(1/2)/2 + 1i/2)*(3~(1/2)/2 + (37(1/2)/2 - 1i/2)"3 - 1i/
2))/(8%(37(1/2)/2 - 1i/2)"3 - 2%3°(1/2) + 2i) - (log(x + 3°(1/2)/2 - 1i/2)
*(37(1/2)/2 + (37 (1/2)/2 - 1i/2)"3 - 1i/2))/(8%(37(1/2)/2 - 1i/2)"3 - 2%*3~
(1/72) + 2i) + (Qog(x + 37(1/2)/2 + 1i/2)*(37(1/2)/2 + (3°(1/2)/2 + 1i/2)"3
+ 1i/2))/(2*37(1/2) - 8x(37(1/2)/2 + 1i/2)"3 + 2i) + (Log((((x*(3~(1/2)/2
+1i/2) - 1)*1i)/(1 - (37(1/2)/2 + 1i/2)72)"(1/2) - (1 - x72)~(1/2)*1i)/(
37(1/2)/2 - x + 1i/2))*((37(1/2)/2 + 1i/2)72 + 1))/((1 - (37(1/2)/2 + 1i/2
)72)7(1/2)*(2%37(1/2) - 8%(37(1/2)/2 + 1i/2)73 + 2i)) - (Log((((x*(37(1/2)
/2 - 1i/2) - 1)*1i)/(1 - (37(1/2)/2 - 1i/2)72)"(1/2) - (1 - x72)"(1/2)*11i)
/(x - 37(1/2)/2 + 1i/2))*((37(1/2)/2 - 1i/2)"2 + 1))/((1 - (37(1/2)/2 - 1i
/2)72)~(1/2)*(8%(37(1/2)/2 - 1i1/2)73 - 2%37(1/2) + 2i)) + (Log((((x*(3~(1/
2)/2 - 1i/2) + D*1i)/(1 - (37(1/2)/2 - 1i/2)72)"(1/2) + (1 - x72)7(1/2)*1
i)/(x + 37(1/2)/2 - 1i/2))*((37(1/2)/2 - 1i/2)"2 + 1))/((1 - (37(1/2)/2 -

11/2)72)~(1/2)*(8%(3~(1/2)/2 - 1i/2)"3 - 2%3~(1/2) + 2i)) - (Log((((x*(3"(
1/2)/2 + 1i/2) + D*1i)/(1 - (37(1/2)/2 + 1i/2)72)"(1/2) + (1 - x72)7(1/2)
*11)/(x + 37(1/2)/2 + 1i/2))*((37(1/2)/2 + 1i/2)"2 + 1))/((1 - (37(1/2)/2

+ 1i/2)72)7(1/2)*(2%x37(1/2) - 8x(37(1/2)/2 + 1i/2)"3 + 2i))

3.12. [ arctan (z +41— xz) dz
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3.12.10 Reduce [F]

/arctan (r + m> dr = — asin(z) + atan (\/T—I—l + x) x

2
3/ Ftimrm )
+ 2

+210g(m ()" (250) )
+2tan (0E) g (96 +1)

. 2
31 —z2+1 1
4log (tan (asz;z(x)) +1> B og(V x2+ z+1)

input kint(atan(sqrt( - x*x*%2 + 1) + x),x) J

e ™

( - asin(x) + 2*atan(sqrt( - x**2 + 1) + x)*x + 3*int(x**2/(sqrt( - x**2 + |
‘ 1) - x*#x3 + x),x) + 4*log(tan(asin(x)/2)**4 - 2*tan(asin(x)/2)*+*3 + 2xtan ‘
 (asin(x)/2)**2 + 2xtan(asin(x)/2) + 1) - 8*log(tan(asin(x)/2)**2 + 1) - 3% |
‘log(sqrt( - xxx2 + 1)*x + 1))/2 ‘

output

3.12. [ arctan (z +41— xz) dz
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x arctan (:l:—l—\/ 1 —a:2>
3.13 | > dz
1-z

3.13.1 Optimal result . . . . . ... ... .. ... .. 127
3.13.2 Mathematica [C] (verified) . . . . . . . . ... . L 128
3.13.3 Rubi [C] (verified) . . . .. ... . . ... 128
3.134 Maple [F] . . . . . .o 1301
3.13.5 Fricas [A] (verification not implemented) . . . . . .. .. ... ... ... 131
3.13.6 Sympy [F(-1)] . . . . o 131
3.13.7 Maxima [F] . . . . . .. . 132
3.13.8 Giac [B] (verification not implemented) . . . ... ... ... ... ... 132
3.13.9 Mupad [F(-1)] . . . . . oo 134
3.13.10Reduce [F] . . . . . . 134

3.13.1 Optimal result

Integrand size = 27, antiderivative size = 152

/ zarctan (z + v1 — z?)
V1 — x2

dr =

arcsin(z) 1 —1++/3x
_T —+ Z\/ﬁarctan (ﬁ)

1 1 3 1 —1 + 222
+Z\/§arctan (+—\/_ac> — —\/ﬁarctan <¢)

V1—x? 4
— /1 — z2arctan <x+\/1—x2)

1 1
+ Zarctanh <x\/ 1— m2> +3 log (1 — z° + z*)

V3

output‘—1/2*arcsin(x)+1/4*arctanh(x*(-x‘2+1)‘(1/2))+1/8*ln(x‘4-x‘2+1)-1/4*arctan(
\1/3*(2*x*2-1)*3‘(1/2))*3‘(1/2)+1/4*arctan((—1+x*3*(1/2))/(-x*2+1)*(1/2))*3
‘A(1/2)+1/4*arctan((1+x*3‘(1/2))/(-x*2+1)‘(1/2))*3‘(1/2)-arctan(x+(—x‘2+1)‘
(1/2)%(-x"2+1) " (1/2)

3.13.

J

x arctan (x+\/@ )

V1—z2

T
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3.13.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 3.09 (sec) , antiderivative size = 2175, normalized size of antiderivative = 14.31

xarctan (z + V1 — 2
( ) dx = Result too large to show
V1—22

-

inputLIntegrate[(x*ArcTan[x + Sqrt[1 - x72]1)/Sqrt[1 - x~2],x]

output

| —

(-24%ArcSin[x] - 48*Sqrt[1 - x"2]*ArcTan[x + Sqrt[l - x72]] + (2%(-3*I + S
qrt[3])*ArcTan[(3 - I*Sqrt[3] + (-3 - I*Sqrt[3])*x"4 + 2*x*(-6*%I + 2xSqrt[
3] - I*Sqrt[2 - (2*I)*Sqrt[3]1*Sqrt[1 - x~2]) - 2*xx"3*(6*I + 2*Sqrt[3] + I
*Sqrt [2 - (2*I)*Sqrt[3]]1*Sqrt[1 - x72]) - (2*I)*Sqrt[3]1*x~2*(6 + Sqrt[2 -

(2*I)*Sqrt[311*Sqrt[1 - x72]1))/(I - Sqrt[3] + (6+I)*(I + Sqrt[3])*x - 2*(-
16%I + Sqrt[3])*x~2 + 6%(1 + (3*xI)*Sqrt[3])*x~3 + (11*I + 3*Sqrt[3])*x"4)]
)/Sart[(1 - I*Sqrt[3])/6] - (2*(-3*I + Sqrt[3])*ArcTan[(3 - IxSqrt[3] + (-
3 - I*Sqrt[3])*x~4 + 2xx~3%(6%I + 2*xSqrt[3] + I*Sqrt[2 - (2*I)*Sqrt[3]1]*Sq
rt[1 - x72]) + x*(12%I - 4*Sqrt[3] + (2*I)*Sqrt[2 - (2*I)#*Sqrt[3]]1*Sqrt[1

- x72]) - (2*I)*Sqrt[3]1*x~2*(6 + Sqrt[2 - (2*I)*Sqrt[3]]1*Sqrt[1 - x~2]))/(
I - Sqrt[3] + (6 - (6*%I)*Sqrt[3])*x - 2*%(-15%I + Sqrt[3])*x~2 + (-6 - (18*
I)*Sqrt[3])*x~3 + (11%I + 3*Sqrt[3])*x~4)])/Sqrt[(1 - IxSqrt[3])/6] - (2*(
3*xI + Sqrt[3])*ArcTan[(-3 - I*Sqrt[3] + (3 - I*Sqrt[3])*x"4 + 2xx~3*(-6%I

+ 2x3qrt[3] - I*Sqrt[2 + (2*I)*Sqrt[3]]1*Sqrtl[l - x72]) - 2*x*x(6*I + 2*Sqrt
[3] + IxSqrt[2 + (2*I)*Sqrt[3]11*Sqrt[1 - x~2]) - (2*I)*Sqrt[3]1*x~2*(6 + Sq
rt[2 + (2¥I)*Sqrt[3]1*Sqrt[1 - x72]))/(-I - Sqrt[3] + (-6 - (6xI)*Sqrt[3])
*x — 2%(16%I + Sqrt[3])*x"2 + 6x(1 - (3*I)*Sqrt[3])*x~3 + (-11*I + 3%Sqrt[
31)*x~4)1)/Sqrt[(1 + I*Sqrt([3])/6] + (2x(3*I + Sqrt[3])*ArcTan[(-3 - I*Sqr
t[3] + (3 - IxSqrt[3])*x~4 + 2*x*(6%xI + 2xSqrt[3] + IxSqrt[2 + (2*I)*Sqrt[
311*Sqrt[1 - x72]) + x"3*(12+I - 4xSqrt[3] + (2*I)*Sqrt[2 + (2*I)*Sqrtl[...

3.13.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.69 (sec) , antiderivative size = 283, normalized size of antiderivative = 1.86,

number of steps used = 4, number of rules used = 4,
used = {5730, 27, 7293, 2009}

integrand size

number of rules _ 0.148, Rules

x arctan (x+\/@)
V1—z2

313. [ z
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Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
x arctan (\/1 —z2 4 :L')
dx
| ==
| 5730
_/ ; (x I_‘ ;;Qfl) dz — \/1 — 22 arctan (\/ 1—x2 +w>

l 27
=2
—% ud:v—\/l—xzarctan<\/1—a}2+x>

V1—z2x+1
l 7293
1 x vV1—2z2
—= — dr — /1 — x? arctan 1—2242
2/(\/1—x2x+1 \/1—w2x+1> ( )
l 2009

—\/1—w2arctan< 1—m2+ﬂc) +

T

arctan | —=2—
_ =3+
) Va1

1 1 1 — 272

~ | —arcsin(z) + ~+v/3arctan () < V3 + 3z) arctan (

2 2 V3 6 [ —3ti T2 V3
V3+i

~—

inputLInt[(x*ArcTan[x + Sqrt[1 - x2]]1)/Sqrt[1 - x~2],x]

~

-(Sqrt[1 - x~2]*ArcTan[x + Sqrt[1 - x72]]) + (-ArcSin[x] + (Sqrt[3]*ArcTan
[(1 - 2xx~2)/Sqrt[3]11)/2 + ArcTan[x/(Sqrt[-((I - Sqrt[3])/(I + Sqrt([3]1))]*
Sart[1 - x72])1/Sqrt[3] - ((3*I - Sqrt[3])*ArcTan[x/(Sqrt[-((I - Sqrt[3])/
(I + Sqrt[31))]1*Sqrt[1 - x721)]1)/6 + ArcTan[(Sqrt[-((I - Sqrt([3])/(I + Sqr
t[31))1*x)/Sqrt[1 - x72]11/8qrt[3] + ((3*I + Sqrt[3])*ArcTan[(Sqrt[-((I - S
qrt[3]1)/(I + Sqrt[31))1#*x)/Sqrt[1l - x~211)/6 + Logll - x"2 + x~4]1/4)/2

output

3.13. f xarctar\l/(lx_-i-mxz/@) dx




CHAPTER 3. LISTING OF INTEGRALS 130

3.13.3.1 Defintions of rubi rules used

ruk327‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] \

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 5730 | Int[((a_.) + ArcTan[u_J*(b_.))*(v_), x_Symbol] :> With[{w = IntHidel[v, x]1},
Simp[(a + bxArcTan[u]) w, x] - Simp[b Int[SimplifyIntegrand[w*(D[u, x]
/(1 +u2)), x], x], x] /; InverseFunctionFreeQ[w, x]] /; FreeQ[{a, b}, x]
&& InverseFunctionFreeQ[u, x] && !MatchQ[v, ((c_.) + (d_.)*x)"(m_.) /; Fre
eQ[{c, d, m}, x]] && FalseQ[FunctionOfLinear[v*(a + bxArcTan([ul]), x]]

rule 7293 | Int [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

3.13.4 Maple [F]

zarctan (z + v —z2 + 1) p
x
vV—=z2+1
input Lint (x*arctan (x+(-x~2+1)~(1/2))/ (~x"2+1)~(1/2) , %) J
OutputLint(x*arctan(x+(—x“2+1)‘(1/2))/(-X“2+1)A(1/2),X) J

x arctan (x+\/@ )
V1—z2

313. [ z
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3.13.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.32

t V1 — 2
/xarc an (o + x)dx:—l 3arctan 1\/3(2x2—1)
V1-—22 4 3

— v —x2 + larctan <x + V=22 + 1)

1 43V -2+ 1z + /3
— —+/3arctan
8 3(222-1)

1 (4\/§\/—x2+1x—\/§>
~3 3 arctan

3(222-1)

1/_2 1 1
x?—1 8

1
+E log (—z4+z’2—|—2\/—m2—|—1z+1>

1
~ 16 log(—a:4+:c2—2\/—x2+1x+1>

1
+ 3 arctan (

input | integrate (x*arctan (x+(-x"2+1)~(1/2))/(-x"2+1)~(1/2) ,x, algorithm="fricas")

output | -1/4*sqrt(3)*arctan(1/3*sqrt(3)*(2*x~2 - 1)) - sqrt(-x"2 + 1)*arctan(x + s
qrt(-x~2 + 1)) - 1/8*sqrt(3)*arctan(1/3*(4*sqrt(3)*sqrt(-x~2 + 1)*x + sqrt
(3))/(2*x"2 - 1)) - 1/8%sqrt(3)*arctan(1/3*(4*sqrt(3)*sqrt(-x"2 + 1)*x - s
qrt(3))/(2*x"2 - 1)) + 1/2*arctan(sqrt(-x~2 + 1)*x/(x"2 - 1)) + 1/8xlog(x”
4 - x72 + 1) + 1/16%¥1log(-x"4 + x72 + 2*sqrt(-x~2 + 1)*x + 1) - 1/16%log(-x
4 + x72 - 2%sqrt(-x"2 + 1)*x + 1)

3.13.6 Sympy [F(-1)]

Timed out.
£ 1—a?
/ I arctan (z + \/73”) dx = Timed out
V1—zx2

input(integrate(x*atan(x+(-x**2+1)**(1/2))/(—X**2+1)**(1/2),X)

-

output LTimed out

x arctan (x+\/@)
V1—z2

313. [ z
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3.13.7 Maxima [F]

zarctan (z + v1 — z?) zarctan (z + v —2z2 + 1)
dzr = dx
V1—z? —z2+1

input‘integrate(x*arctan(x+(-x“2+1)”(1/2))/(—x“2+1)“(1/2),x, algorithm="maxima")

output‘-sqrt(x + 1)*sqrt(-x + 1)*arctan(x + sqrt(x + 1)*sqrt(-x + 1)) - integrate
‘(x/(x“Q + 2xxxe” (1/2*log(x + 1) + 1/2*log(-x + 1)) + e~ (log(x + 1) + log(-
X+ 1)) + 1), %)

3.13.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 373 vs. 2(119) = 238.

x arctan (x+\/@)
V1—z2

313. [ z
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Time = 0.34 (sec) , antiderivative size = 373, normalized size of antiderivative = 2.45

/ zarctan (z + V1 — 2?) J
x
V1—22
_ ! msgn(x)

T 2

x/§x< sy () 1)

1
+—\/§ msgn(x) + 2 arctan
8 gn() 3(vV=a2+1-1)

T 2

\/§$ (x/?—i—l—l ( _x2+1_1>2 + 1)

1
+—\/§ msgn(x) + 2 arctan
8 en() 3(V—a2+1-1)

(=)

1y x _V=zP+1-1 + 2z
s V=r?+1-1 x vV—z?+1-1
_2(\/—x2+1—1)+4 +110 T V2411
x g ° vV—r?2+1-1 x
B 2z 2(vV—22+1-1) 4
v—z?+1-1 x

input Lintegrate (x*arctan(x+(-x"2+1)~(1/2))/(-x"2+1)~(1/2) ,x, algorithm="giac")

x arctan (x+\/@ )
V1—z2

313. [ z
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output | -1/4*pi*sgn(x) + 1/8xsqrt(3)*(pi*sgn(x) + 2*arctan(-1/3*sqrt(3)*x*((sqrt(-
x"2 + 1) - 1)/x + (sqrt(-x"2 + 1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1))) +

1/8*sqrt (3)*(pi*sgn(x) + 2*arctan(1/3*sqrt(3)*x*((sqrt(-x"2 + 1) - 1)/x -

(sqrt(-x"2 + 1) - 1)72/x"2 + 1)/(sqrt(-x"2 + 1) - 1))) - 1/4*sqrt(3)*arct
an(1/3*sqrt(3)*(2*x~2 - 1)) - sqrt(-x~2 + 1)*arctan(x + sqrt(-x"2 + 1)) -
1/2xarctan(-1/2*x*((sqrt(-x"2 + 1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1)) +

1/8%log(x"4 - x72 + 1) - 1/8xlog((x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1
) - 1)/x)72 + 2%x/(sqrt(-x"2 + 1) - 1) - 2x(sqrt(-x"2 + 1) - 1)/x + 4) + 1
/8*%log((x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)"2 - 2*x/(sqrt(-x~
2+ 1) - 1) + 2%(sqrt(-x"2 + 1) - 1)/x + 4)

3.13.9 Mupad [F(-1)]

Timed out.

/xarctan (z+V1—2a?) p /xatan(x-l-\/l — 22) p
Tr =
V1 — 22 V1 — 22

input [1nt((x*atan(x + (1 -x"2)"(1/2)))/( - x72)7(1/2) ,%)

~—

output [int((x*atan(x + (1 -x"2)7(1/2)))/(1 - x72)°(1/2), x)

-/

3.13.10 Reduce [F]

/ T arctan (z +41— x2)
V1— 12
3( i Ldz)
aszn(w) —V—z2+1 atan(\/ —z2+1+ 1‘) J?;_x3+z
5 log (tan asm(:c) — 9tan <asw2b(m)> + 2tan <aszg(z)> + 2tan (aszn(a:)) + 1)
2
2
3log(vV—22+1z+1
—5log (tan asm + 1) _ 8( 332 z+1)
zarctan(z+v1—z2
313 [l ) g
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input‘int((atan(sqrt( - x*¥*2 + 1) + x)*x)/sqrt( - x**2 + 1),x)

output(( - asin(x) - 2*sqrt( - x**2 + 1)*atan(sqrt( - x**2 + 1) + x) + 3xint(x**2
‘/(sqrt( - x*%%2 + 1) - x**3 + x),x) + bxlog(tan(asin(x)/2)**4 - 2*xtan(asin(
‘x)/2)**3 + 2xtan(asin(x)/2)**2 + 2*tan(asin(x)/2) + 1) - 10xlog(tan(asin(x
L)/z)**z + 1) - 3xlog(sqrt( — x**2 + 1)*x + 1))/2

| —

x arctan (x+\/@ )

313,  [———

T
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3.14 f arcsin(z) dx

1+v1—22
3.14.1 Optimalresult . . . ... . ... ... ... ... ... ... . 136
3.14.2 Mathematica [A] (verified) . . . . . .. ... .. ... 136
3.14.3 Rubi [A] (verified) . . . . . . .. . . ... 137
3144 Maple [F] . . . . . . o 138
3.14.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 138l
3.14.6 Sympy [F] . . . . . 138
3.14.7 Maxima [F] . . . . . . . 139
3.14.8 Giac [A] (verification not implemented) . . . ... ... ... ... ... 1391
3.14.9 Mupad [F(-1)] . . . . oo 139
3.14.10Reduce [F] . . . . . . 140

3.14.1 Optimal result

Integrand size = 18, antiderivative size = 45

arcsin(x) rarcsin(z)  arcsin(z)?
———dr=— + —log (14 V1 — 22
/1+\/1—x2 1+v/1-22 2 5 )

output L1/2*arcsin(x) ~2-1n(1+(-x~2+1)~(1/2) ) -x*arcsin(x) / (1+(-x~2+1)~(1/2)) J

3.14.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.98

/ arcsin(z) o — (=14 v/1 — 2?) arcsin(z) N arcsin(z)® log (1 N m)
14+ v1—2a? x 2
inputLIntegrate[ArcSin[x]/(l + Sqrt[1 - x72]),x] J

output‘((—l + Sqrt[1 - x~2])*ArcSin[x])/x + ArcSin[x]~2/2 - Logl[l + Sqrt[l - x~2]

& J

3.14. [ 2R gy



input

output

rule 2009

rule 5290
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3.14.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.13,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5290, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

arcsin(zx) i
V1i—z2+1
| 5290

/ <arcsin(ac) B V1—2z2 arcsin(x)) de

z2 x2

l 2009

vVI=arcsin(@) | arcsin(a)® _ arcsin(z) arctanh (/1 - 22) - log(z)

T 2 T

-

LInt [ArcSin[x]/(1 + Sqrt[1 - x~2]),x]

‘—(ArcSin[x] /x) + (8qrt[l - x"2]*ArcSin[x])/x + ArcSin[x]~2/2 - ArcTanh[Sqr
‘t[l - x72]] - Loglx]

| —

3.14.3.1 Defintions of rubi rules used

;
Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.)) " (n_.)*(Px_.)*x((£_) + (g_.)*((d.) + (
e_)*(x_)"2)"(p_)) " (m_.), x_Symbol] :> With[{u = ExpandIntegrand[Px*(f + g*
(d + exx~2)"p)"mx(a + b*ArcSin[c*x])"n, x]1}, Int[u, x] /; SumQ[ul]] /; FreeQ
[{a, b, c, d, e, £, g}, x] && PolynomialQ[Px, x] && EqQ[c"2*d + e, 0] && IG
tQlp + 1/2, 0] && IntegersQ[m, nl

3.14. [ 2R gy
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3.14.4 Maple [F|
/ arcsin (z) s

1+v-22+1
inputLint(arcsin(x)/(1+(—x‘2+1)“(1/2)),X) J
output Lint (arcsin(x)/(1+(-x"2+1)"(1/2)) ,x) J

3.14.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.40

/ arcsin(z) i

14+ +v1—2z?
_ zarcsin(z)’ — 2zlog (z) — zlog (V=2 + 1+ 1) + zlog (V=22 + 1 — 1) + 2 /=22 + L arcsin (z) — 2
B 2z

input [integrate (arcsin(x)/(1+(-x"2+1)~(1/2)) ,x, algorithm="fricas") J

output‘1/2*(x*arcsin(x)‘2 - 2*x*log(x) - x*log(sqrt(-x~2 + 1) + 1) + x*log(sqrt(-
‘x‘2 + 1) - 1) + 2*sqrt(-x"2 + 1)*arcsin(x) - 2*arcsin(x))/x ‘

3.14.6 Sympy [F]

/ arcsin(z) do — asin () du
1++/1—22 Vi—az2+1

input Lintegrate (asin(x)/ (1+(-x**2+1) **(1/2)) ,x) J
output LIntegral(asin(x)/(sqrt(l - x**2) + 1), x) J

3.14. [ 2R gy
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3.14.7 Maxima [F]

/ arcsin(x) dp — arcsin () .
14++v1—22 V-2 +1+1

input Lintegrate (arcsin(x)/(1+(-x"2+1)~(1/2)) ,x, algorithm="maxima") J
output Lintegrate (arcsin(x)/(sqrt(-x"2 + 1) + 1), x) J

3.14.8 Giac [A] (verification not implemented)
Time = 0.29 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.27

arcsin(x) 1 ) o zarcsin ()
——————dr = arcsin(z)' - ————=—"— —2 log (2
/1+\/1—x2 2 (=) vV—r?2+1+1 5(2)

+log<2\/T+1+2> —210g<\/T+1+1>

input Lintegrate (arcsin(x)/(1+(-x"2+1)"(1/2)) ,x, algorithm="giac") J

output‘ 1/2*arcsin(x) "2 - x*arcsin(x)/(sqrt(-x"2 + 1) + 1) - 2xlog(2) + log(2*sqrt ‘
(-x72 + 1) + 2) - 2xlog(sqrt(-x"2 + 1) + 1) |

3.14.9 Mupad [F(-1)]

Timed out.
/ arcsin(z) dr — asin(x) .
1++/1—22 Vi-22+1
input Lint(asin(x)/((l - x2)~(1/2) + 1),x%) J
output Lint(asin(x)/((l - x2)~(1/2) + 1), %) J

3.14. [ 2R gy
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3.14.10 Reduce [F]

/ arcsin(z) dp — asin(z)* B ( asin(x) dx)
1++v1—22 2 V—r24+1—22+1

input Lint(asin(x)/(Sqrt( - xx*x2 + 1) + 1),x)

Outpu'ﬂt(asin(x)**2 - 2xint(asin(x)/(sqrt( - x**2 + 1) - x**%2 + 1),x))/2

3.14. [ 2R gy
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log <x+\/1+7>

3.15 | TR dx

3.15.1 Optimalresult . . . . .. .. ... ... ... 141
3.15.2 Mathematica [B] (verified) . . . . . . .. ... .. Lo o L 141
3.15.3 Rubi [A] (verified) . . . .. . ... .. 142
3.154 Maple [F] . . . . . . . o 143l
3.15.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... 143}
3.15.6 Sympy [F(-1)] . . . . . . 144
3.15.7 Maxima [F] . . . . . ... 144
3.15.8 Giac [A] (verification not implemented) . . ... ... ... ....... 144
3.15.9 Mupad [F(-1)] . . . .« 145
3.15.10Reduce [F] . . . . . .o 1451

3.15.1 Optimal result

Integrand size = 24, antiderivative size = 34

log (z + V1 + ?) . o wlog (z4+V1+2?)
/ 372 T = —— arcsin (w ) +
(1—22) 2 V1 —x?
outputL-1/2*arcsin(x“2)+x*1n(x+(x“2+1)“(1/2))/(-x“2+1)“(1/2) J

3.15.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 76 vs. 2(34) = 68.

Time = 0.07 (sec) , antiderivative size = 76, normalized size of antiderivative = 2.24

/log(x—i-\/l—l-x?) e — 1_$2(\/1+x2arctan <—V1:E§4> _xlog(x+~/1+x2))

(1—22)%? V1— 2t —1+ a2

input LIntegrate [Loglx + Sqrt[1 + x72]1/(1 - x72)7(3/2),x] J

N

output‘ Sqrt[1 - x"2]1*((Sqrt[1 + x"2]*ArcTan[Sqrt[1 - x~4]1/(1 + x~2)])/Sqrt[1 - x~ ‘
\4] - (x*Loglx + Sqrt[1 + x~211)/(-1 + x°2))

log (m-i—\/l-i-T)

(1—22)3/2 z

315. [



input {Int [Log[x + Sqrt[1 + x~2]11/(1 - x72)~(3/2),x]

output L—1/2*ArcSin [x"2] + (x#Logl[x + Sqrt[1 + x~2]1]1)/Sqrt[1 - x~2]
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3.15.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00,

number of rules _ 0.125, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {3034, 807, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
log (\/352 +1+ x)
dz
/ (1— 22)%2
l 3034
z log (\/:1:2+1+:c) .
S
v1—z2 /\/1—:34 v
l 807
zlog (\/x2+1+:c) 1 1 2
V1—z2 _2/\/1—w4x
l 923
z log (V w24+ 1+ I) arcsin (z?)
V1—22 2

~—

-

-/

3.15.3.1 Defintions of rubi rules used

rule 223‘Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt ‘

\[a])]/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

log (m-i—\/l-i-T)

(1-2)3/2 o

315. [
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rule 807 Int[(x_)~(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Simp[1/k Subst[Int[x"((m + 1)/k - 1) *(a + b*x"(n/k))"p, x], x,
x"k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

rule 3034 Int[Loglu_l*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Simp[Loglu]l w, x
] - Int[SimplifyIntegrand[w*(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w,

x]] /; InverseFunctionFreeQ[u, x]

3.15.4 Maple [F]

/ln(:c+\/x2+1)d
3 X
(—z2+1)2
input | int (1n e+ (x°2+1) " (1/2))/ (-x"2+1)"(3/2) ) J
output Lint(ln(x+ (x"2+1)7(1/2))/(-x~2+1)~(3/2) ,x) J

3.15.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 62 vs. 2(28) = 56.

Time = 0.28 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.82

log (z + V1 + z2) B
/ (1—z2)%?
V=22 + 1zlog (z + vz? + 1) — (z* — 1) arctan (—V ””2+1V$;””2+1_1)

2 -1

input ‘ integrate(log(x+(x~2+1)~(1/2))/(-x~2+1)~(3/2) ,x, algorithm="fricas") ‘

output‘-(sqrt(-x‘? + 1)*x*log(x + sqrt(x”2 + 1)) - (x72 - 1)*arctan((sqrt(x”2 + 1 ‘
p*sqrt(-x*z +1) - 1)/x°2))/(x"2 - 1) J

log (m-i—\/l-i-T)

(1—22)3/2 z

315. [
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3.15.6 Sympy [F(-1)]

Timed out.
1 V1 2
8 (x + T ) dxr = Timed out
(1- a:2)3/ 2

inputLintegrate(ln(x+(x**2+1)**(1/2))/(-X**2+1)**(3/2),X)

output tTimed out

3.15.7 Maxima [F]

/log(x+\/1-l-7x2)d /log(m+\/3027-+-1)

(1—22)%? (a2 +1)?

inputLintegrate(log(x+(x“2+1)‘(1/2))/(—x‘2+1)‘(3/2),x, algorithm="maxima")

output Lintegrate(log(x + sqrt(x”2 + 1))/(-x"2 + 1)7(3/2), x)

3.15.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.06

/log (z+V1+2?) e V—22 + 1zlog (z + Va2 + 1)
(1 _ .'L'2)3/2 T = 1'2 -1

-3 arcsin (m2)

input‘integrate(log(x+(x“2+1)“(1/2))/(-x“2+1)“(3/2),x, algorithm="giac")

output  -sqrt(-x"2 + 1)*x*xlog(x + sqrt(x~2 + 1))/(x"2 - 1) - 1/2*%arcsin(x"2)
q g q:

log (m-i—\/@)

(1-2)3/2 o

315. [
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3.15.9 Mupad [F(-1)]

Timed out.

dx

/log(x+m) dxz/ln(x+\/m)

(1—22)%? (1—22)%?

inputtint(log(x + (x72 + 1)°(1/2))/(1 - x2)7(3/2) ,%)

Outputtint(log(x + (x72 + 1)°(1/2))/(1 - x72)7(3/2), x)

3.15.10 Reduce [F]

log (z + V1 + z2) d vV—x+ log Va2 +1+z) i
/ (1 - 22)*? N —222+1

input Lint(( - log(sqrt(x**2 + 1) + x))/(sqrt( - x**2 + 1)*(x**2 - 1)),x)

Outputtint((sqrt( - x**%2 + 1)*log(sqrt(x**2 + 1) + x))/(x**x4 - 2*x**2 + 1),x)

log (m+\/1+7)

(1-2)3/2 o

315 [



CHAPTER 3. LISTING OF INTEGRALS 146

3.16 f arcsin(x) dx

(1+22)3/2
3.16.1 Optimalresult . . .. ... ... ... ... .. ... .. 146
3.16.2 Mathematica [A] (verified) . . . . . . ... ... oL 1461
3.16.3 Rubi [A] (verified) . . . .. . ... . ... 147
3.16.4 Maple [F] . . . . . . . e 148
3.16.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... 148
3.16.6 Sympy [C] (verification not implemented) . . ... ... ... ... ... 149
3.16.7 Maxima [A] (verification not implemented) . ... ... ... ... ... T49]
3.16.8 Giac [A] (verification not implemented) . . . . ... ... ... ..... 150
3.16.9 Mupad [F(-1)] . . . . . oo e 150
3.16.10Reduce [F] . . . . . . . 150

3.16.1 Optimal result

Integrand size = 12, antiderivative size = 22

——Q5 AT
(14 22)*? V1+a? 2

/ arcsin(z) rarcsin(z) arcsin (z?2)

output L—1/2*arcsin (x~2)+x*arcsin(x)/(x~2+1)~(1/2)

3.16.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

i
14 22)*? V1+a? 2

[ e, _ i) s

input LIntegrate [ArcSin[x]/(1 + x72)7(3/2),x] J

output ‘ (x*ArcSin[x])/Sqrt[1 + x~2] - ArcSin[x72]/2

3.16. [ (Tjj;‘)(;g d
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3.16.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00,

= 3, number of rules _ 250, Rules
integrand size

number of steps used = 4, number of rules used =
used = {5170, 807, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/ arcsin(zx) iz
(22 4+ 1)%/2

below.

| 5170
zarcsin(z)
Vot ) A
l 807
warcsm(w) 1 2
V2 + V1-— m4
l 223

rarcsin(z) arcsin (z?)
2 +1 2

input ‘ Int[ArcSin([x]/(1 + x72)~(3/2),x]

output L (x*ArcSin[x])/Sqrt[1 + x72] - ArcSin[x72]/2

rule 223

rule 807

3.16.3.1 Defintions of rubi rules used

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a]l)]1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Simp[1/k Subst[Int[x"((m + 1)/k - 1)*(a + b*x"(n/k))"p, x], X,
x°k], x] /; k '= 1] /; FreeQl[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

3.16. [ (jfl;‘)(;g d
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rule 5170 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x~2)"p, x]}, Simp[(a + bxArcSin[c*x]) u, x
] - Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 - c~2*x~2], x], x], x]] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[c™2xd + e, 0] && (IGtQ[p, 0] || ILtQ[p + 1/2
, 01)

3.16.4 Maple [F]
/ arcsin () s

input Lint (arcsin(x)/(x"2+1)~(3/2) ,x)

output Lint (arcsin(x)/(x~2+1)~(3/2) ,x)

3.16.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 56 vs. 2(18) = 36.

Time = 0.28 (sec) , antiderivative size = 56, normalized size of antiderivative = 2.55

arcsin(z) 2+v/x2 + 1z arcsin (z) + (z* + 1) arctan (W)
/ dr =
(1+22)"? 2(z2+ 1)

inputLintegrate(arcsin(x)/(x‘2+1)“(3/2),x, algorithm="fricas")

e

output

1/2x(2*sqrt (x~2 + 1)#*x*arcsin(x) + (x72 + 1)*arctan(sqrt(x~2 + 1)*sqrt(-x~
2+ D#x"2/ (x4 - 1))/ (x72 + 1)

3.16. [ (Tjj;‘)(;g d
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3.16.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 20.25 (sec) , antiderivative size = 78, normalized size of antiderivative = 3.55

13 111
G6,2 47 4 219215 1
. . "esl g 113 g =
/ arcsin(x) 4 z asin (z) N v 130 40 b
xTr =
(14 22)*? 2 +1 83
1 111
G276 _5’ _1707 Z’é’l e—2i7r
6,6 4
—5i 1,0,0,0 *
- 872
input Lintegrate (asin(x)/ (x**2+1)*x(3/2) ,x) J

output‘x*asin(x)/sqrt(x**2 + 1) + Ixmeijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, ‘
‘1/4’ 1/2, 3/4, 1, 0), ), x**x(-4))/(8*pi**(3/2)) - meijerg(((-1/2, -1/4, ‘
0, 1/4, 1/2, 1), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(-2*I*pi)/x
\**4)/(8*pi**(3/2)) \

3.16.7 Maxima [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ amrcsin(a;)2 dp — zarcsin(z) 1 arcsin (27)

(14 22)¥ 2+1 2

input Lintegrate (arcsin(x)/(x"2+1)~(3/2) ,x, algorithm="maxima") J
output Lx*arcsin(x) /sqrt(x”2 + 1) - 1/2*arcsin(x"2) J

3.16. [ (Tjj;‘)(;g d
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3.16.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

T = — — arcsin
1+ 22)%? 21 2

/ arcsin(zx) dp — zarcsin (z) 1 (a?)
(

inputLintegrate(arcsin(x)/(x“2+1)“(3/2),x, algorithm="giac")

outputtx*arcsin(x)/sqrt(x“2 + 1) - 1/2*%arcsin(x"2)

3.16.9 Mupad [F(-1)]

Timed out.
arcsin(z) i asin(z)
12T | et
(14 2?) (2 +1)

input‘int(asin(x)/(x“2 + 1)7(3/2),%)

outputtint(asin(x)/(x”2 + 1)7(3/2), x)

3.16.10 Reduce [F]

arcsin(z) asin(z)

— ~ * dx = dx
(1+22)*? V2 +1z2+vz?+1

input Lint(asin(x)/(sqrt(x**2 + 1)*(x*x*2 + 1)),x)

outputtint(asin(x)/(sqrt(x**2 + 1)*xx*2 + sqrt(x**2 + 1)) ,x)

3.16. [ (jfjg)(;g d
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log <x+\/T+x2>

3.17 | s de
(1+22)

3.17.1 Optimalresult . . .. ... ... ... ... . .. 1510
3.17.2 Mathematica [B] (verified) . . . . . . . . ... ..o 1511
3.17.3 Rubi [A] (verified) . . . . .. .. . . ... 1521
3174 Maple [F] . . . . . . . 153
3.17.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... 153
3.17.6 Sympy [F] . . . . . Y
3.17.7 Maxima [F] . . . . . . 154
3.17.8 Giac [A] (verification not implemented) . . ... .. ... ... ..... 154
3.17.9 Mupad [F(-1)] . . . . . oo 155
3.17.10Reduce [F] . . . . . . o 155

3.17.1 Optimal result

Integrand size = 22, antiderivative size = 32

log (z 4+ V-1 + z?) 1 o zlog (z++vV-1+1?)
/ 372 dzr = ——arccosh(x ) +
(14 2?) 2 V1 + 22
output L—1/2*arccosh (x"2)+x*1n(x+(x"2-1)"(1/2))/(x"2+1)~(1/2) J

3.17.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 89 vs. 2(32) = 64.

Time = 0.05 (sec) , antiderivative size = 89, normalized size of antiderivative = 2.78

2 2
V=142 (1+%2?) (log (1— Jj—wl) —log (1+ J_””l—+x4>>

/log (x+\/—1+x2) 4.’L'10g (.'L'+ V_1+.’I;2)+ V—1ta2
xTr =
(1+22)*? 4y/1 + 22

-

input LIntegrate [Loglx + Sqrt[-1 + x72]1/(1 + x72)7(3/2),x]

~—

log (w-i—x/T—i—xz)

(1+2)3/2 *

317.



CHAPTER 3. LISTING OF INTEGRALS 152

output‘ (4xx*Log[x + Sqrt[-1 + x72]]1 + (Sqrt[-1 + x"2]*(1 + x"2)*(Log[1l - x~2/Sqrt ‘
[-1 + x7411 - Log[1 + x"2/Sqrt[-1 + x~411))/Sqrt[-1 + x~41)/(4xSqrt[1 + x~
2D |

3.17.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00,

— 3, number of rules _ 136, Rules
integrand size

number of steps used = 4, number of rules used =
used = {3034, 338, 43}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
log (¢x2——1 + x)
/ (x2 + 1)3/2 &
| 3034
z log <\/— + x
2 +1 / \/352— \/mZ—
| 338
z log (\/— +x 2
) e

| 43

zlog <V T —1+ ac) arccosh (z?)

z2+1 2

input [Int [Loglx + Sqrt[-1 + x72]1]1/(1 + x72)7(3/2),x]

-/

output L—1/2*ArcCosh[x‘2] + (xxLoglx + Sqrt[-1 + x72]]1)/Sqrt[1 + x72] J
log( z+v—1+x2
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3.17.3.1 Defintions of rubi rules used

rule 43 Int[1/(Sqrtl[(a_) + (b_.)*(x_)I1*Sqrtl[(c_) + (d_.)*(x_)]), x_Symbol]l :> Simp[
ArcCosh[b*(x/a)]1/(b*Sqrt[d/bl), x] /; FreeQ[{a, b, c, d}, x] && EqQ[b*c + a
*d, 0] && GtQ[a, 0] && GtQ[d/b, 0]

rule 338 | Int [(x_)~(m_.)*((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(p_), x_Sym

bol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(a + b*x) px(c + d*x)7p, x], x,

x~2], x] /; FreeQ[{a, b, c, d, p}, x] && EqQ[b*c + a*d, 0] && IntegerQ[(m -
1)/2]

ruk33034‘Int[Log[u_]*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Simp[Log[u]l w, x
‘] - Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w,

x]] /; InverseFunctionFreeQ[u, x]

N J

3.17.4 Maple [F]

/ln (z4+ Vz? — l)d
3 i
(1}2 + 1)5
input[int(ln(x+(x‘2-1)‘(1/2))/(X“2+1)‘(3/2),X) J
output it (1n(x+ (x°2-1)"(1/2))/ (x"2+1)°(3/2) ) )

3.17.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 58 vs. 2(26) = 52.

Time = 0.26 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.81

/ log (z + v—1+ z?) o 2vz? + 1zlog (z + V22 — 1) + (22 4+ 1) log (—2® + V22 + 1v/z? — 1)
(1+22)*? e 2(z2 4+ 1)
inputLintegrate(log(x+(x“2—1)‘(1/2))/(x“2+1)‘(3/2),x, algorithm="fricas") J
log( z+v—1+x2
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output‘ 1/2x(2xsqrt (x72 + 1)*x*log(x + sqrt(x™2 - 1)) + (x72 + 1)*log(-x"2 + sqrt( ‘
X724 D*sqre(xT2 - 1))/ (x72 + 1)

3.17.6 Sympy [F]

/log(x+\/—1+x2)d /log($+\/x2—1)d

x = - T

(1+22)*? (a2 +1)2

input | integrate (1n(x+ (x#2-1)%%(1/2))/ (x++2+1)#%(3/2) ,x) J
outputtlntegral(log(x + sqrt(x**2 - 1))/ (x**2 + 1)*x(3/2), x) J

3.17.7 Maxima [F]

/log(x—l—\/—1+w2)d /log(m+\/:v2—1)d

T = 4h

(1+22)"* (@2 +1):
inputtintegrate(log(x+(x‘2-1)‘(1/2))/(x‘2+1)‘(3/2),x, algorithm="maxima") J
outputtintegrate(log(x + sqrt(x”2 - 1))/(x"2 + 1)7(3/2), x) J

3.17.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.12

1 -1+ 22 1 2-1 1
/ og (¢ + v 3:—1: ) 4o Tlog(e+Va?—1) L1 10g<x2_ /—x4_1)
(14 22)¥ 22 +1 2
input Lintegrate (Log(x+(x"2-1)"(1/2))/(x"2+1)~(3/2) ,x, algorithm="giac") J
output Lx*log(x + sqrt(x”2 - 1))/sqrt(x"2 + 1) + 1/2%log(x"2 - sqrt(x"4 - 1)) J
10g($+\/—1+x2)

T

317.

(14x2)3/2
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3.17.9 Mupad [F(-1)]

Timed out.

/log(x+\/T—|—x2) dxz/ln(m—i—m) "

(14 22)*? (22 + 1)

inputtint(log(x + (x72 - 1)7(1/2))/(x"2 + 1)7(3/2) ,x)

outputtint(log(x + (x72 - 1)°(1/2))/(x"2 + 1)7(3/2), %)

3.17.10 Reduce [F]

/log(:c-l—\/—li—i-ﬂc2 /\/Tlog (Va2 —1+2)

(1 + 22)3/? x4+ 212 + 1

dz

inputtint(log(sqrt(x**2 - 1) + x)/(sqrt(x**2 + 1)*(x**%2 + 1)),x)

output Lint((sqrt(x**2 + 1)*log(sqrt (x**2 - 1) + x))/(x**4 + 2xx*x2 + 1),x)

log (m-i—x/T—i—xz)

——————dz
(14x2)3/2

317.
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_ log(z)

3.18 /= m dz

3.18.1 Optimalresult . .. .. ... .. ... ... ... ... . ... .. ... . 156
3.18.2 Mathematica [A] (verified) . . . . . .. . ... .. 156
3.18.3 Rubi [A] (verified) . . . . .. .. . . ... 157l
3.18.4 Maple [C] (warning: unable to verify) . . . . . . ... ... ... ... .. 158
3.18.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... IY)
3.18.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... 159
3.18.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 160
3.18.8 Giac [A] (verification not implemented) . . . ... ... ... ... ... 1601
3.189 Mupad [F(-1)] . . . . . oo 160
3.18.10 Reduce [B] (verification not implemented) . . . . . . .. ... ... ... 161l

3.18.1 Optimal result

Integrand size = 15, antiderivative size = 43

log(z) V—1+2? T vV —1+ z?log(z)
———~—dr = ———— — arctanh +
12/—1 + 22 z VvV—1+z2 T

outputL—arctanh(x/(x‘2—1)‘(1/2))+(x‘2-1)‘(1/2)/X+ln(X)*(x‘2—1)‘(1/2)/X

3.18.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.00

log(x) V1422 -1+ a%log(x) >

p
input LIntegrate [Log[x]/(x~2%Sqrt[-1 + x~2]),x]

-/

outputLSqrt[—l + x72]/x + (Sqrt[-1 + x"2]*Logl[x])/x - Loglx + Sqrt[-1 + x~2]] J

3.18. [t dg
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3.18.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.00,

number of rules _ 0.267, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {2773, 247, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

log(x) de
222 -1
l 2773

va? —llog(z) / Va2 — 1dm
x x?

l 247
1 V2 —1 22 —1log(z)
— d
/ o T + ac + x
l 224
1 T V2 —1 +/z2 - 1log(x)
- d + +

/ 1 2”“72_1 z? -1 z x
l 219

—arctanh a: + va? ~1 + Va? —1 log(x)

2 -1 x z

input LInt [Loglx]/(x"2%Sqrt[-1 + x~2]),x]

output‘ Sqrt[-1 + x~2]/x - ArcTanh[x/Sqrt[-1 + x72]] + (Sqrt[-1 + x"2]*Loglx])/x

3.18. [t dg



CHAPTER 3. LISTING OF INTEGRALS 158

3.18.3.1 Defintions of rubi rules used

rule 219 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 224 Int[1/Sqrtl[(a_) + (b_.)*(x_)"2], x_Symbol]l :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

rule 247 Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)~
(m + 1)*((a + b*x"2)"p/(c*(m + 1))), x] - Simp[2*b*(p/(c"2*(m + 1))) Int[
(c*x)~(m + 2)*(a + b*xx"2)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && GtQl[p,
0] && LtQ[m, -1] && !'ILtQ[(m + 2*p + 3)/2, 0] && IntBinomialQ[a, b, c, 2,

m, p, x]

rule 2773 Int[((a_.) + Logl(c_.)*(x_)~(n_.)1*(b_.))*((£_.)*(x_))"(m_.)*((d_) + (e_.)*
(x_)"(r_.))"(q_), x_Symbol] :> Simp[(f*x)~(m + 1)*(d + exx"r)"(q + 1)*((a +
b*Logl[c*x™n])/(d*f*x(m + 1))), x] - Simp[bx(n/(d*(m + 1)))  Int[(f*x) m*(d
+ exx"r)~(q + 1), x], x] /; FreeQ[{a, b, ¢, 4, e, f, m, n, q, r}, x] & Eq
Q[m + r*(q + 1) + 1, 0] && NeQ[m, -1]

3.18.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.08 (sec) , antiderivative size = 89, normalized size of antiderivative = 2.07

method | result size
\/ — signum (12—1) V—z241 /- signum(zz—l) In(z)V—z2+1
. \/— signum(z2—1) arcsin(z) \/Sig““m (=2-1) \/Sign“m («2-1)
meyerg | — \/signum(z2—1) + z 89

input| int (An(x)/x"2/(x~2-1)~(1/2) ,x,method=_RETURNVERBOSE)

3.18. [t dg
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output‘-1/signum(x“2—1)”(1/2)*(—signum(x“2—1))“(1/2)*arcsin(x)+(—1/signum(x“2—1)“
‘(1/2)*(-signum(x“2-1))”(1/2)*(-X“2+1)”(1/2)-1/Signum(x“2-1)”(1/2)*(‘Signum
| (x72-1))7(1/2)*1n(x)* (-x"2+1)~(1/2)) /x

3.18.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.74

log() o — zlog (—z + V22 —1) + Va2 — 1(log (z) + 1) + =
2v/—-1+z% x

inputLintegrate(log(x)/x“2/(x‘2-1)”(1/2),x, algorithm="fricas")

outputt(x*log(-x + sqrt(x”2 - 1)) + sqrt(x"2 - 1)*(log(x) + 1) + x)/x

3.18.6 Sympy [A] (verification not implemented)

Time = 2.69 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.98

log(z) d =<{@ forx>—1/\x<1)10g($)

r2/—1+ 22 v
NaN forx < —1
— log(a:—i-\/m)—‘/%;_1 forz <1
NaN otherwise

-

input Lintegrate (In(x) /x**2/ (x*x*2-1) **(1/2) ,x)

| —

output‘Piecewise((sqrt(x**2 - D/x, (x> -1) & (x < 1)))*log(x) - Piecewise((nan,
‘ x < -1), (log(x + sqrt(x**2 - 1)) - sart(x**2 - 1)/x, x < 1), (nan, True)
)

3.18. [t dg
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3.18.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.95

7 _ 2 _
log(z) dp — Vz? — 1log () n vz -1 log (2x+ 2m>

x2y/—1+ z? z x
inputLintegrate(log(x)/x‘2/(x“2—1)”(1/2),x, algorithm="maxima") J

output‘ sqrt(x”2 - 1)*log(x)/x + sqrt(x~2 - 1)/x - log(2*x + 2*sqrt(x~2 - 1)) ‘

3.18.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.44

log(z) dp — 2 log (x) 4 2
2?V/—1+ a2 -V —1)"+1 (z—va2—1)"+1
1 2
+3 log ((x—\/x2—1 — log (|z|)
input Lintegrate (log(x)/x"2/(x72-1)"(1/2) ,x, algorithm="giac") J

output‘2*1og(x)/((x - sqrt(x”2 - 1))72 + 1) + 2/((x - sqrt(x"2 - 1))72 + 1) + 1/2
L*log((x - sqrt(x”2 - 1))°2) - log(abs(x)) J

3.18.9 Mupad [F(-1)]

Timed out.
log(z) . In (z) s
r2/—1+ 22 z2z? —1
input Lint(log(x)/(x"Q*(x'? - 1)7(1/2)),%) J

e

outputtint(log(x)/(x“Q*(x“2 - 1)7(1/2)), x)

A >

3.18. [t dg
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3.18.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.02

log(#) .
12y/—1+ 22
_ Va? —1log(x) + Va2 — 1 —log(2vz? — 1z 4 22°) z + log(z) z + =

T

inputLint(log(x)/(sqrt(x**Q - 1)*x*%2),x)

output‘(sqrt(x**Q - 1)*log(x) + sqrt(x**2 - 1) - log(2*sqrt(x**2 - 1)*x + 2xx**2)
‘*x + log(x)*x + x)/x

3.18. [t dg
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3.19  [Ylgy

3.19.1 Optimal result . . . . . . ... ... ... .. 162
3.19.2 Mathematica [A] (verified) . . . . . .. . ... ... . 162
3.19.3 Rubi [A] (verified) . . . . . . .. .. 163
3.19.4 Maple [A] (verified) . . ... ... ... ... 164
3.19.5 Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... 165
3.19.6 Sympy [A] (verification not implemented) . . . ... ... ... ..... 1651
3.19.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 166
3.19.8 Giac [A] (verification not implemented) . . . .. .. ... ... ..... 1661
3.19.9 Mupad [B] (verification not implemented) . . . ... ... .. ... ... 167
3.19.10 Reduce [B] (verification not implemented) . . . . . . .. ... ... ... 167

3.19.1 Optimal result

Integrand size = 13, antiderivative size = 28

/\/17 :2m 2 (m)

3
;—x dx 3 — garctanh

output t—2/3*arctanh( (x~3+1)~ (1/2) ) +2/3% (x~3+1)~ (1/2) J

3.19.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

- Tr = EErE—— garctanh

/md 21423 2 (m)

input LIntegrate [Sqrt[1 + x~3]1/x,x]

A >

-

output L(2*Sqrt [1 + x73]1)/3 - (2*ArcTanh[Sqrt[1 + x~3]1]1)/3

-/

3.19. [ty
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3.19.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00,

= 4, number of rules _ 308, Rules
integrand size

number of steps used = 5, number of rules used =
used = {798, 60, 73, 220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
NGEs
dx
x
l 798
Neza g
3 dr
x
l 60
1
s/ a2/ )
l 73
1 1
1 3 3
3(2/x6— 3 +1 x+1>
l 220
(2\/:53 +1-— 2arctanh(\/ 3 + >>
input LInt [Sqrt[1 + x~31/x,x] J

p
output L(2*Sqrt [1 + x73] - 2%ArcTanh[Sqrt[1 + x~3]1)/3

3.19. [ty

~—
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3.19.3.1 Defintions of rubi rules used

rule 60 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*xx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 220 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2]1)"(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b]l &&
(LtQla, 0] || GtQ[b, 01)

rule 798  Int[(x_)~(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[1/n  Subst
[Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQl{a,
b, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

3.19.4 Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.75

3.19. [ty
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method result size
2 arctanh (vz3+1
default - 3 ) + 2 ’f“ 21
2 arctanh 341
elliptic ki . wH) + 2ot 21
hl( z +2vr§17+2)
trager 33
ln Vr3+1-1 14+vz3+1
pseudoelliptic ( 3 ) ( 3 ) 35
—2(2—21n(2)+3 In(z)) VT+4y/T—4y/T VI F1+4/7 In (%+ Vil )
meijerg — NG 56
inputLint((x‘3+1)*(1/2)/x,x,method=_RETURNVERBOSE) J

output‘-2/3*arctanh((x“3+1)“(1/2))+2/3*(X”3+1)“(1/2)

3.19.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.21

V1 3 2 1 1
/%dx=§\/x3+1—§log(\/x3+1+1)+§log<\/x3+1—1)
inputLintegrate((x“3+1)“(1/2)/x,x, algorithm="fricas") J

output‘2/3*sqrt(x“3 + 1) - 1/3*%log(sqrt(x”3 + 1) + 1) + 1/3*log(sqrt(x”3 + 1) - 1
) |

3.19.6 Sympy [A] (verification not implemented)
Time = 0.90 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.71

2 asinh <l3) 9
2
- +
1

3 3r3/1+ %

/ Vitad 212
Z

31+ 5

3.19. [ty
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input‘integrate((x**3+1)**(1/2)/X,X)

output‘2*x**(3/2)/(3*sqrt(1 + x*x(=3))) - 2*asinh(x**(-3/2))/3 + 2/(3*x**(3/2)*sq
‘rt(l + xkk(-3))) ‘

3.19.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.21

/ 3
13—:|-a: dngx/x3+1—%log(\/x3+1+1>+%log<\/x3+1—1>

inputLintegrate((x“3+1)‘(1/2)/x,x, algorithm="maxima") J

p
output‘2/3*sqrt(x“3 + 1) - 1/3%log(sqrt(x~3 + 1) + 1) + 1/3%log(sqrt(x~3 + 1) - 1
) |

3.19.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.25

vita 2¢m_- log (VA ¥ 1+1) + 1og((¢m_1\)
o 3

input Lintegrate ((x~3+1)~(1/2)/x,x, algorithm="giac") J

output‘2/3*sqrt(x“3 + 1) - 1/3%log(sqrt(x~3 + 1) + 1) + 1/3*log(abs(sqrt(x~3 + 1) ‘

L—l)) J

3.19. [ty
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3.19.9 Mupad [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 174, normalized size of antiderivative = 6.21

V1423 gy = 2VE 1 2\/x3+
x

9 (§ + \/?:li) 2+\f11 z+1 *_x"'fll _|_ \[11 asm z+1 ‘ _ %"‘
2 2 +f11 3+f11 3+f11 %_,_\/52;11 _%+

1 V31i 1 V31i 1 V31i 1 V31i
\/$3+<—(—§+T) (§+T>_1>x_<_§+ 2 ) <§+ 2 )

input int((x~3 + 1)°(1/2)/x,x)

output (2x(x73 + 1)7(1/2))/3 - (2%x((37(1/2)*1i)/2 + 3/2)*((x + (37(1/2)*1i)/2 - 1
/2)/((37(1/2)%11)/2 - 3/2))~(1/2)*((x + 1)/((3~(1/2)*1i)/2 + 3/2))~(1/2)*(
((3~(1/2)*1i)/2 - x + 1/2)/((3~(1/2)*1i)/2 + 3/2))~(1/2)*ellipticPi((3~(1/
2)*1i)/2 + 3/2, asin(((x + 1)/((37(1/2)*1i)/2 + 3/2))~(1/2)), -((37(1/2)*1
i)/2 + 3/2)/((3~(1/2)*1i)/2 - 3/2)))/(x"3 - xx(((37(1/2)*1i)/2 - 1/2)*((3"
(1/2)*1i)/2 + 1/2) + 1) - ((3~(1/2)*1i)/2 - 1/2)*((3"(1/2)*1i)/2 + 1/2))~(
1/2)

3.19.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.11

V1423 dp — 23 +1 N log(vz3+1—1) log(vVa®+1+1)
x 3 3 B 3

—

input  int(sqrt(x**3 + 1)/x,x)

N\

outputt(2*sqrt(x**3 + 1) + log(sqrt(x**3 + 1) - 1) - log(sqrt(x**3 + 1) + 1))/3

3.19. [ty
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z log <m+\/ —1-|—x2)
3.20 | dx
Vi

3.20.1 Optimal result . . . . . ... ... . ... .. 168
3.20.2 Mathematica [A] (verified) . . . . . .. . ... .. . 168
3.20.3 Rubi [A] (verified) . . . . . . ... .. 169
3.204 Maple [F] . . . . . .o 1701
3.20.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 1))
3.20.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... 1701
3.20.7 Maxima [A] (verification not implemented) . ... ... ... ... ... Ival
3.20.8 Giac [A] (verification not implemented) . . . ... ... ... ... ... 171
3.20.9 Mupad [F(-1)] . . . . . .o Ival
3.20.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 172

3.20.1 Optimal result

Integrand size = 23, antiderivative size = 26

/

zlog (z + v—1+ 22?)

‘/_1+$2

dr=—-x+vV—-1+ 2x2log <x+\/—1+x2>

output L—x+ln(x+(x“2—1)“(1/2))*(X“2-1)‘(1/2)

3.20.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

/

zlog (z + v—1+ 2?)

’/_1+$'2

dr=—z++vV—-14z2log <x+\/—1+x2>

-

inputLIntegrate[(x*Log[x + Sqrt[-1 + x~2]]1)/Sqrt[-1 + x72],x]

| —

output L—x + Sqrt[-1 + x"2]*Logl[x + Sqrt[-1 + x~2]]

3.20.

J

z log (m—i—m)

v—=1+z2

X
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3.20.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 0.087, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {3034, 24}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

/aclog <m+m) o

2 —1

| 3034
V2 —1log (\/fcz—l+w) —/ldw

| 24
V2 —1log (\/IZ—l—l-.'L') —x

input ‘ Int[(x*Log[x + Sqrt[-1 + x~2]])/Sqrt[-1 + x~2],x]

-

output L-x + Sqrt[-1 + x"2]*Log[x + Sqrt[-1 + x72]]

| —

3.20.3.1 Defintions of rubi rules used

-

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

-/

rule 3034‘ Int[Loglu_l*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Simp[Loglu]l w, x

‘ ] - Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w,
x]] /; InverseFunctionFreeQ[u, x]

N\

J

z log (m—i—m)

320, [/

X
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3.20.4 Maple [F]

/xln (m+\/x2—1)d
T
2 —1

input Lint (x*1n(x+(x~2-1)"(1/2)) /(x~2-1)~(1/2) ,x)

output Lint (x*1n(x+(x"2-1)"(1/2))/(x~2-1)"(1/2) ,x)

3.20.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

zlog (z 4+ v-1+z?)
/ s dm=\/x2—llog<x+\/x2—1)—x

inputLintegrate(x*log(x+(x‘2—1)“(1/2))/(x‘2—1)*(1/2),x, algorithm="fricas")

output | sqrt(x~2 - 1)*log(x + sqrt(x™2 - 1)) - x
q g q

3.20.6 Sympy [A] (verification not implemented)

Time = 3.25 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.77

zlog (z 4+ v—-1+z2)
/ s dx=—x+\/x2—1log<3:+\/1:2—1>

inputLintegrate(x*ln(x+(x**2—1)**(1/2))/(x**2—1)**(1/2),x)

output‘ -x + sqrt(x**2 - 1)*log(x + sqrt(x**2 - 1))

z log (m—i—\/T—i-wQ)
v—=1+z2

320. [ x
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3.20.7 Maxima [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

zlog (z + v—1+ 22)
/ s dx=\/x2—1log<x+\/x2—1)—x

input‘integrate(x*log(x+(x“2-1)“(1/2))/(x”2-1)“(1/2),x, algorithm="maxima")

output | sqrt(x~2 - 1)*log(x + sqrt(x™2 - 1)) - x
q g q

3.20.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

zlog (z + v—1+ 22)
/ s dszx2—1log<x+Vx2—1)—x

inputLintegrate(x*log(x+(x“2-1)“(1/2))/(x“2-1)“(1/2),x, algorithm="giac")

output | sqrt(x"2 - 1)*log(x + sqrt(x”2 - 1)) - x
q g q

3.20.9 Mupad [F(-1)]

Timed out.

/mlog(r+\/—1+x2)d /xln(w—}—\/:cz—l)d
T = x
vV=1+2x2 x?—1

inputtint((x*log(x + (x72 - D-@W/22IN/ T2 - 1)7(1/2),%)

output Lint((x*log(x + (x72 - 1)7(1/2)))/(x"2 - 1)7(1/2), x)

z log (m—i—\/T—i-wQ)
v—=1+z2

320. [ x
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3.20.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.77

/xlog (z+v—-1+22)

V—1+2z2 dx=\/x2—110g<\/x2—1+x>—x
—1+z

input | int((log(sqrt(x**2 - 1) + x)*x)/sqrt(x+*2 - 1),x)

output | sqrt (x**2 - 1)*log(sqrt(x**2 - 1) + x) - x
q: g(sq

z log (m—i—m)
v—=1+z2

320. [ x
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3.21.1 Optimal result

Integrand size = 17, antiderivative size = 38

3 i 1 1 inh
Tamnd) a_icill;ix) dx = Zx\/ 1422 — 5\/ 1 — z*arcsin(z) + —arcsnz (=)

output‘1/4*arcsinh(x)+1/4*x*(x“2+1)”(1/2)—1/2*arcsin(x)*(—x”4+1)”(1/2)

3.21.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 85 vs. 2(38) = 76.

Time = 0.05 (sec) , antiderivative size = 85, normalized size of antiderivative = 2.24

x° arcsin(z) 1{zv1—2xt
dr = - | —=—= — 2V/1 — z*arcsin(z) + log (1 — 2°
Vice Ui\ Vica (#) +log {1 =)
—log<—x+x3+\/1—x2\/1—x4>)
inputLIntegrate[(xAS*ArcSin[x])/Sqrt[i - x74],x] J

N

output‘ ((x*Sqrt[1 - x74])/Sqrt[1 - x72] - 2*Sqrt[1 - x"4]*ArcSin[x] + Log[l - x~2 ‘
‘] - Log[-x + x73 + Sqrt[1 - x"2]*Sqrt[1 - x"4]1]1)/4

3.21. f T arcsm(m) dz
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3.21.3 Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.13,

=5, number of rules _ ) 9g 4, Rules
integrand size

number of steps used = 5, number of rules used =
used = {5286, 27, 1386, 211, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
z?aresin(z)
V1—2z4
| 5286
V1—2zt 1
— [ -1 = _dz— =+/1— ztarcsin(z

/ 2v/1 — z2 2 \/7 (@)
l 27

1 [V1—-2z4 1 1 .

3 ﬁdx - imamsm(a:)
l 1386

% / V22 + 1dz — %Marcsin(x)
l 211

1 1
i 2 1 _ 1 — 4
5 ( 5 mdw + - \/mi ac) \/793 arcsin(z)
l 222
1 h(z
3 <ar031;1 4= \/aﬁa,) - f\/ﬁarcsm( )
input LInt [(x~3%ArcSin[x])/Sqrt[1 - x~4],x] J
output L-1/2* (Sqrt[1 - x"4]*ArcSin[x]) + ((x*Sqrt[1 + x72])/2 + ArcSinh[x]/2)/2 J

3.21. f T arcsm(m) dx



rule 27

rule 211

rule 222

rule 1386

rule 5286

input

output
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3.21.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[x*((a + b*x"2)"p/(2%p + 1
)), x] + Simp[2*a*x(p/(2*xp + 1)) Int[(a + b*x~2)"(p - 1), x], x] /; FreeQl
{a, b}, x] & GtQ[p, 0] && (IntegerQ[4*p]l || IntegerQ[6*pl)

/Int[l/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt

(al>]1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Int[(u_.)*((a_) + (c_)*(x_)"(@2_.))"(p_)*((@.) + (e_)*x_)"(n_))"(a_.),
x_Symbol] :> Simp[(-e~2/c)"q Int[ux(d - e*x"n)"p, x], x] /; FreeQl{a, c,
d, e, n, p, qF, x] & EqQ[n2, 2*n] && EqQ[c*d~2 + a*e~2, 0] && EqQ[p + q, O
] && GtQ[d, 0] && LtQlc, 0] && GtQ[e~2, 0]

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Simp[(a + b*ArcSin[c*x]) v, x] - Simp[b*c Int[SimplifyIntegran
d[v/Sqrt[1 - c~2*%x"2], x], x], x] /; InverseFunctionFreeQ[v, x]] /; FreeQ[{
a, b, c}, x]

3.21.4 Maple [F]

x3 arcsin (r)

———dx
Vot 1

int (x"3*arcsin(x)/(-x"4+1)"(1/2),x)

N

Lint (x~3*arcsin(x)/(-x~4+1)~(1/2) ,x)

321 [ o) aresina) gy
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3.21.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 138 vs. 2(28) = 56.

Time = 0.26 (sec) , antiderivative size = 138, normalized size of antiderivative = 3.63

z3 arcsin(z)

———Cdx =
Vv1—zt
4+/—x% +1(2? — 1) arcsin (z) + 2vV—2* + 1v/—22 + 1z + (22 — 1) log <“’3+\/T$1_z_m2+1_z> — (2%
B 8(z2—1)
input Lintegrate (x"3*arcsin(x)/(-x~4+1)~(1/2) ,x, algorithm="fricas") J
output‘ -1/8*(4*sqrt(-x"4 + 1)*(x"2 - 1)*arcsin(x) + 2*sqrt(-x"4 + 1)*sqrt(-x"2 + ‘
D*x + (x72 - 1)*log((x™3 + sqrt(-x"4 + 1)*sqrt(-x"2 + 1) - x)/(x"3 - x)) |
- (x"2 - 1)*log(-(x"3 - sqrt(-x"4 + D*sqre(-x"2 + 1) - x)/x"3 - )/ (x~
2-1) |
3.21.6 Sympy [F]
x3 arcsin(z) - x3 asin () i
V1—a? V—(-1)(z+1)(z2+1)
input ‘ integrate (x**3*asin(x) / (—x**4+1) **(1/2) ,x) ‘
output LIntegral(x**3*asin(x)/sqrt(-(x - D*(x + D*(x**x2 + 1)), x) J

3.21.7 Maxima [F]

x3 arcsin(z) e / x3 arcsin () .
V1—zt V—zt+1

321 [ o) aresina) gy
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inputLintegrate(x“3*arcsin(x)/(—x”4+1)“(1/2),X, algorithm="maxima") J

output‘-1/2*sqrt(x“2 + 1) *sqrt(x + 1)*sqrt(-x + 1)*arctan2(x, sqrt(x + 1)#*sqrt(-x
‘ + 1)) + integrate(1/2*sqrt(x"2 + 1)/(x"2 + e~ (log(x + 1) + log(-x + 1))), ‘
® |

3.21.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00

3 i 1 1 1
7 ames) ici_u;(f)dx: ZVx2+1 —5\/—x4+1arcsin(x)—1 log (—w+\/x2+1>

inputLintegrate(x“3*arcsin(x)/(-x“4+1)“(1/2),x, algorithm="giac") J

output‘1/4*sqrt(x‘2 + 1)*x - 1/2xsqrt(-x"4 + 1)*arcsin(x) - 1/4*log(-x + sqrt(x~2
o+ 1) |

3.21.9 Mupad [F(-1)]

Timed out.
3 : 3 aqi
x® arcsin(z) dr— [ © asin(z) d
Vot V-t
input Lint((x“B*asin(x))/(l - x74)"(1/2) ,x) J
output Lint((x“s*asin(x))/(l - x74)"(1/2), x) J

321 [ o) aresina) gy
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3.21.10 Reduce [F]

x3 arcsin(z ( / m asm(x)ac >
xff:TEZ

inputLint((asin(x)*x**S)/sqrt( - xk*k4 + 1),X%)

outputt - int((sqrt( - x**4 + 1)*asin(x)*x**3)/(x**x4 - 1),x)

3.21. f T arcsm(:c) dz
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3.22.1 Optimal result

Integrand size = 15, antiderivative size = 70

1
z3 sec™1(x) —1+x4 1 1— 5z
\/ —1+ z%sec (z) + —arctanh | —r
/\/—1+x4 /1 (@) 2 vV-1+z*

(1/2*arctanh(x*(1—1/x‘2)‘(1/2)/(x“4-1)‘(1/2))+1/2*arcsec(x)*(x“4-1)‘(1/2)—1
/2% (x"4-1)"(1/2) /x/ (1-1/%72)"(1/2)

3.22.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.26

+ vV —1+ ztsec™(z) — log (z — z°)

w3sec_1(x)d 1 1— Sav/-1+a
vV—1+2x* e -1+ 22

1
+ log (1—352— 1——2x\/—1+x4>)
T

input LIntegrate [(x~3*ArcSec[x])/Sqrt[-1 + x~4],x] J

z3 sec™1(x)
3.22. et dz
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output‘ (-((Sqrt[1 - x~(-2)]*x*Sqrt[-1 + x74])/(-1 + x72)) + Sqrt[-1 + x"4]*ArcSec
L[x] - Loglx - x73] + Logl[l - x72 - Sqrt[1 - x~(-2)]*x*Sqrt[-1 + x~4]1])/2

3.22.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.17,

=8, number of rules _ 533, Rules
integrand size

number of steps used = 9, number of rules used =
used = {5769, 27, 1896, 1396, 243, 60, 73, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

J

below.
x3 sec” (:1:)
T
l 5769
1
V7t — 1sec™}(z) — /
2 2:/1— —x2
l 27
A
1\/ x4 — 1sec™!(zx) — 1 / Iildw
2 2 \/1-— x%xz
l 1896
V1-22 "x4 d:c
1\/ x4 — 1sec™!(x) — f
2 2,/1- La
l 1396
AT [ Y
1\/ xt — 1sec™ L/ v
2 2w/1 - —2x\/—w2
l 243
1/_1’.2 d 2
1\/ —Isec™i(z) — vet—1] ’
2 4,/1— a:\/ —x2
l 60
3.22. 2P sec () o

Vi
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Vet =1(2v=a? =1 - [ G A—da?)
41— Lav=a? =1
| 73
\/ﬁ(zf S -y R g 1)

4\/1 - Hzv/—z? -1

1
Va4 —1sec™ (z) —

2

%\/ x4 — 1sec () —

VvVt — 1(2\/—332 —1—2arctan (\/ﬁ))

44/1 - Lav—-a? -1

1\/ x4 — 1sec™!(x) —

2

-

input LInt [(x~3*ArcSec[x])/Sqrt[-1 + x~4],x]

~—

Output‘(Sqrt[—l + x"4]*ArcSec[x])/2 - (Sqrt[-1 + x"4]*(2*Sqrt[-1 - x~2] - 2%ArcTa

rule 27

rule 60

rule 73

n[Sqrt[-1 - x72]11))/(4*Sqrt[1 - x~(-2)]1*x*Sqrt[-1 - x~2])

N\

3.22.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*x(m + n + 1))), x] + Simp[n*((b*c - axd)/(
b*¥(m + n + 1))) Int[(a + b*x)"m*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Qn] Il (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

Int[((a_.) + (b_.)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

z3 sec™1(x)
3.22. et dz
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rule 217

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
& (LtQla, 0] || LtQ[b, 01)

rule 243

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 1396

Int[(u_.)*((a) + (c_)*(x_)"(@2_.))"(p)*((d.) + (e_.)*(x_)"(n_))"(q_.), x

_Symbol] :> Simp[(a + c*x”~(2#n)) FracPart[p]l/((d + e*x"n) FracPart[p]*(a/d

+ c*(x"n/e)) FracPart[p]) Int[ux(d + e*x"n)"(p + q@)*(a/d + (c/e)*x"n) p,

x], x] /; FreeQ[{a, c, 4, e, n, p, q}, x] && EqQ[n2, 2*n] && EqQ[c*xd~2 + ax
e~2, 0] && !'IntegerQ[p] & !'(EqQlq, 1] && EqQ[n, 21)

rule 1896

Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"(mn_.))"(q )*((a_) + (c_.)*(x_)"(m2_.))"(
p_.), x_Symbol]l :> Simp[(e~IntPart[ql*((d + e*x"mn) FracPart[q]/(1 + d*(1/(
x"mn*e))) “FracPart[q]))/x” (mn*FracPart[q]) Int[x"(m + mn*q)*(1 + d*(1/(x~
mn*e)))“q*(a + c*x"n2)7p, x], x] /; FreeQ[{a, c, 4, e, m, mn, p, q}, x] &&
EqQ[n2, -2*mn] && !IntegerQ[p] && !IntegerQlql && PosQ[n2]

rule 5769}

L

input L

Int[((a_.) + ArcSec[(c_.)*(x_)1*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Simp[(a + b*ArcSec[c*x]) v, x] - Simp[b/c Int[SimplifyIntegran
dlv/(x"2*Sqrt[1 - 1/(c"2%*x72)1), x]1, x], x] /; InverseFunctionFreeQ[v, x]]
/; FreeQ[{a, b, c}, x]

|
|
|
J

3.22.4 Maple [F]
/ z3 arcsec () i

i —1

int (x"3*arcsec(x)/(x"4-1)"(1/2) ,x)

e

output t

int (x"3*arcsec(x)/(x"4-1)"(1/2) ,x)

~—

z3 sec™1(x)
3.22. et dz
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3.22.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 110 vs. 2(54) = 108.

Time = 0.26 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.57

z3sec!(x) i
v—14+ x4
(z? — 1) log <’”2+v z4m_21_”1””2_1_1) —(z? —1)log (—”2_” ”496_21:1’”2_1_1) + 2vz* — 1((z* — 1) arcsec (z) —
B 4(z2-1)
inputLintegrate(x‘3*arcsec(x)/(x“4—1)‘(1/2),x, algorithm="fricas") J

output‘1/4*((x‘2 - 1)*log((x"2 + sqrt(x™4 - D*sqrt(x™2 - 1) - 1)/(x"2 - 1)) - (x
"2 - D)*log(-(x"2 - sqrt (x4 - D*sqre(x™2 - 1) - 1)/(x"2 - 1)) + 2*sqrt(x |
\*4 - 1)*((x™2 - 1)*arcsec(x) - sqrt(x™2 - 1)))/(x"2 - 1) \

3.22.6 Sympy [F]

z3 sec_l(x z3 asec (z) dz
\/—1—|—x4 V=1 (z+1) (22 +1)
inputLintegrate(x**3*asec(x)/(x**4—1)**(1/2),X) J

output‘ Integral (x**3*asec(x)/sqrt((x - 1)*(x + 1)*(x**2 + 1)), x) ‘

3.22.7 Maxima [F]

z° sec”! (z) i x3 arcsec (z) p
V=14 z* Vat—1
inputLintegrate(x‘3*arcsec(x)/(x*4—1)“(1/2),x, algorithm="maxima") J

z3 sec™1(x)
3.22. et dz
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output | 1/2*sqrt(x~2 + 1)*sqrt(x + 1)*sqrt(x - 1)*arctan(sqrt(x + 1)*sqrt(x - 1))
- integrate((2x(x"3*e~(3/2*log(x + 1) + 3/2*log(x - 1)) + x"3*e”~(1/2xlog(x
+ 1) + 1/2xlog(x - 1)))*sqrt(x”2 + 1)*log(x) + (x73 + x)*e”(1/2*log(x"2 +
1) + 3/2*%log(x + 1) + 3/2x1log(x - 1)))/((x"2 + 1)*(e”(2*log(x + 1) + 2*lo
glx - 1)) + e"(log(x + 1) + log(x - 1)))), x)

3.22.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.74

3

-1 1 1
z”sec (x) dxr = = Vx* — 1 arccos (—)
x

1/_1_|_x4 5
2vVz2+1—log (Va2 +1+1) +log (Va2 +1—1)
4sgn (z)

inputLintegrate(x‘3*arcsec(x)/(x“4—1)‘(1/2),x, algorithm="giac")

e

output

1/2*sqrt(x~4 - 1)*arccos(1/x) - 1/4%(2*sqrt(x”2 + 1) - log(sqrt(x™2 + 1) +
‘ 1) + log(sqrt(x™2 + 1) - 1))/sgn(x)

3.22.9 Mupad [F(-1)]

Timed out.
z3sec™(x) 2 acos (1)

Y—_——dr = | ——=%"dz
vV-1+zt Vat—1

inputLint((x“3*acos(1/x))/(x“4 - 1)°(1/2),x)

OutputLint((x"3*acos(1/x))/(x’"4 - 1)°(1/2), x)

z3 sec™1(x)
3.22. et dz
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3.22.10 Reduce [F]

z3 sec™( / VIt — 1asec(x)
'v-14—m4

input Lint((asec(x)*x**3)/sqrt(x**4 - 1),x)

output Lint((sqrt(x**ll - 1)*asec(x)*x**3)/(x**4 - 1),x)

z3 sec™1(x)
3.22. et dz
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x arctan(z) log <a:-|—\/ 1-|-:c2)
3.23 | 5 dz
1+

3.23.1 Optimal result . . . . .. ... ... ... .. .. 186
3.23.2 Mathematica [A] (verified) . . . . . .. . ... .. L 186
3.23.3 Rubi [A] (verified) . . . . . ... .. 187
3.234 Maple [F] . . . . . . . o 1R8]
3.23.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 1891
3.23.6 Sympy [F(-1)] . . . . o e 189
3.23.7 Maxima [F] . . . . . ... 189
3.23.8 Giac [F] . . . . . o 190
3.23.9 Mupad [F(-1)] . . . . . .o 190
3.23.10 Reduce [B] (verification not implemented) . . . . . . .. ... ... ... 190

3.23.1 Optimal result

Integrand size = 25, antiderivative size = 58

/

zarctan(z) log (z + V1 + 22)

V14 22

1
dr = —rarctan(z) + 3 log (1 + z?)
+ V1 + z?arctan(z) log (x +V1+ x2>
1
- ilog2 <x+\/1—|—x2>

p
output ‘ -x*arctan(x)+1/2*x1n(x"2+1)-1/2*%1n(x+(x"2+1) ~(1/2)) "2+arctan(x) *1n(x+(x"2+1

)7 (1/2))* (x72+1) 7 (1/2)

3.23.2

/

zarctan(z) log (z + V1 + 22)

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.00

V14 z2

1
dr = —rarctan(z) + 3 log (1 + z?)
+ V1 + z?arctan(z) log (m +V1+ x2>
1
- ilog2 <x+\/1—|—x2>

3.23.

J

z arctan(z) log (m—i-\/ 1+w2)

Vita?

i

N
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input ‘ Integrate[(x*ArcTan[x]*Log[x + Sqrt[1 + x~2]]1)/Sqrt[1 + x~2],x] ‘

p
output‘ -(xxArcTan([x]) + Logl[l + x72]/2 + Sqrt[1 + x"2]*ArcTan[x]*Log[x + Sqrt[1 + ‘
‘ x72]] - Loglx + Sqrt[1l + x~2]]172/2 ‘

3.23.3 Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.00,

= 4, number of rules — 0.160, Rules
integrand size

number of steps used = 4, number of rules used =
used = {5735, 5345, 240, 7237}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

z arctan(z) log (\/ z2+1+ w)
/ z?2+1
| 5735

log (z + V2 +
— /arctan(x)da: - / <m ) dz + v/ 22 + larctan(z) log ( 1+ x)
T

l 5345

log (z + V2 +
/ - / ( ) dz + v/ x? + larctan(z) log ( 241+ x) — rarctan(z)

2 +1 2+ 1
l 240

_/log<w+m)

dz + v/ x? + larctan(z) lo ( +m>—xarctanx +
VT v (@log @

3 log (2 +1)
| 7237

1 1
V22 + larctan(z) log ( z2+1+ w) — zarctan(z) — 3 log? ( z2+1+ :c) +5 log (z° +1)

p
input LInt [(x*ArcTan[x]*Log[x + Sqrt[1 + x~2]]1)/Sqrt[1 + x~2],x]

-/

z arctan(z) log (m—i-\/ 1+w2)
Vita?

323. [ m
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output ‘ -(xxArcTan([x]) + Logl[l + x72]/2 + Sqrt[1 + x"2]*ArcTan[x]*Log[x + Sqrt[1 +

rule 240

rule 5345

rule 5735

rule 7237

L x72]] - Loglx + Sqrt[1 + x~2]1°2/2

|
J

3.23.3.1 Defintions of rubi rules used

Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
=2, x11/(2%b), x] /; FreeQ[{a, b}, xI]

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)1*(b_.))"(p_.), x_Symbol] :> Simpl[x*(a
+ bxArcTan[c*x"n])"p, x] - Simp[b*c*n*p Int[x"n*((a + bxArcTan[c*x"n])"(p
- 1)/ + c~2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 |l EqQlp, 11D

Int[ArcTan[v_]*Log[w_]*(u_), x_Symbol] :> With[{z = IntHide[u, x]}, Simp[Ar
cTan[v]l*Loglw] =z, x] + (-Int[SimplifyIntegrand[z*Log[w]l*(D[v, x]/(1 + v~2
)), x], x] - Int[SimplifyIntegrand[z*ArcTan[v]*(D[w, x]/w), x], x]) /; Inve
rseFunctionFreeQ[z, x]] /; InverseFunctionFreeQ[v, x] && InverseFunctionFre

eQlw, x]

Int[(u_)*(y_)~(m_.), x_Symbol] :> With[{q = DerivativeDivides[y, u, x]}, Si
mplg*(y"(m + 1)/(m + 1)), x] /; !FalseQlql] /; FreeQ[m, x] &% NeQ[m, -1]

3.23.4 Maple [F]

/ zarctan (z) In (z + V22 + 1) p
T

241

input Lint (x*arctan(x)*1n(x+(x"2+1)~(1/2))/(x"2+1)~(1/2) ,x)

-

output Lint (x*arctan (x) *1n(x+(x~2+1)~(1/2)) / (x~2+1)~(1/2) ,x)

-/

z arctan(z) log (m—i-\/ 1+w2)
Vita?

323. [ m
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3.23.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.83

zarctan(z) log (z + V1 + 2?)
dr = Vz? 4 larctan (z) log (z + V22 + 1
/ V14 2 () g( )
2
— zarctan (z) — % log (x + V2 + 1)

+% log (z* + 1)

input  integrate(x*arctan(x)*log(x+(x"2+1)~(1/2))/(x"2+1)~(1/2),x, algorithm="fri
cas")

output | sqrt(x~"2 + 1)*arctan(x)*log(x + sqrt(x”2 + 1)) - x*arctan(x) - 1/2xlog(x +
sqrt(x”2 + 1))72 + 1/2%log(x"2 + 1)

3.23.6 Sympy [F(-1)]

Timed out.
t 1 1 2
/ x arctan(z) log (x +V1+x ) dr — Timed out
V1 + z2
input Lintegrate (x*atan (x) *1n (x+ (x**2+1) **% (1/2) ) / (x**2+1) **(1/2) ,x) J
output tTimed out J

3.23.7 Maxima [F]

/ z arctan(z) log (z + V1 + z2) p / zarctan (z) log (z + vz2 + 1) p
T = T
V1422 2%+ 1

input‘integrate(x*arctan(x)*log(x+(x‘2+1)‘(1/2))/(x‘2+1)‘(1/2),x, algorithm="max

Lima") J

output Lintegrate(x*arctan(x)*log(x + sqrt(x72 + 1))/sqrt(x”2 + 1), x) J
z arctan(z) log( z++v/1+x2
323. [ i +g62 ) x
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3.23.8 Giac [F|

/ z arctan(z) log (z + V1 + 2?) p / zarctan (z) log (z + vz2 + 1) p
T = T
V14 x? z?2+1

input‘integrate(x*arctan(x)*log(x+(x‘2+1)“(1/2))/(x‘2+1)“(1/2),x, algorithm="gia
c") ‘

output Lintegrate (x*arctan(x)*log(x + sqrt(x"2 + 1))/sqrt(x"2 + 1), x) J

3.23.9 Mupad [F(-1)]

Timed out.
/ z arctan(z) log (z + V1 + z2) J / zatan(z) In (z + V22 + 1) J
T = T
V14 z? 241
input Lint((x*atan(x)*log(x + (x72 + 1)7(1/2)))/(x"2 + 1)7(1/2) ,%) J

-

outputkint((x*atan(x)*log(x + (x72 + 1D°1/2)))/x72 + 1)7(1/2), x)

e—

3.23.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.12

tan(z)1 V142’ VPl Vv
/ z arctan(z) log (z + V1 + 2?) dz = Vz2 + 1 atan(z) log( 41+ x) ~ atan(z)z

V1422
2
log(vVz? +1
B og(Vz ;— + z) —log< /—x2+1+x)
+ log(2\/x2 +1z+22%+ 2)
input Lint((ata.n(x)*log(sqrt(x**Z + 1) + x)*x)/sqrt(x**2 + 1),x) J

output‘ (2*sqrt (x**2 + 1)*atan(x)*log(sqrt(x**2 + 1) + x) - 2*atan(x)*x - log(sqrt ‘
‘(x**2 + 1) + x)**2 - 2xlog(sqrt(x**2 + 1) + x) + 2*log(2*sqrt(x**2 + 1)*x ‘
+ 24xHR2 + 2))/2 |

z arctan(z) log (w—i-\/ 1+w2)
Vita?

323. [ m
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3.24

3.24.1
3.24.2
3.24.3
3.24.4
3.24.5
3.24.6
3.24.7
3.24.8
3.24.9

Optimal result

J

xlog<1+\/m>

dx

1—xz2

Mathematica [A] (verified) . . . . . . . .. ... ... Lo L
Rubi [A] (warning: unable to verify) . . . ... ... ... ... . ....
Maple [A] (verified)
Fricas [A] (verification not implemented) . . . . . . ... ... ... ...
Sympy [A] (verification not implemented) . . . . ... ... ... .. ..
Maxima [A] (verification not implemented) . . . ... ... ... .. ..
Giac [A] (verification not implemented) . . . ... ... ... ......
Mupad [B] (verification not implemented) . . . . ... ... ... ... ..
3.24.10 Reduce [B] (verification not implemented) . . . . . . .. ... ... ...

3.24.1 Optimal result

Integrand size = 27, antiderivative size = 55

/zlog (141 —22)

V1 — 2

192
193]

1991
199)
199]

dz =1 — 22 —log <1+\/1—x2>—\/1—leog (l+m>

output L—ln(1+(—x"2+1) “(1/2))+(-x"2+1) " (1/2)-1n(1+(-x"2+1) ~(1/2) ) *(-x"2+1) ~(1/2)

J

3.24.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.75

/

zlog (14 V1 — z?)

V1—a?

dxzﬂ—(l—i-\/l—iﬂ)log(l—i-\/l—ixz)

-

input LIntegrate [(x*#Log[1 + Sqrt[1l - x~2]1)/Sqrt[1 - x~2],x]

| —

output LSqrt [1 - x72] - (1 + Sqrt[1 - x"2])*Log[1 + Sqrt[1 - x~2]]

3.24.

J

14+v1-2?)

z log

(

-z

2

dz
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3.24.3 Rubi [A] (warning: unable to verify)

Time = 0.23 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.89,

number of rules _ 0.185, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {3034, 2024, 774, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

x log (m—i- 1)
R
l 3034

dx-—\/IffEEiog(\/I?TEE4-1>
| 2024
(1-2%) - VI—a2log (V1-22+1)
| 774
L/if?;?d¢1—m2—vﬁ—m2mg(¢f—fk+g
| 49
/<1+m2 )d¢1—x2—vﬁ—aﬂbg(¢T—x2+1)
| 2009

\/1—x2—log(2—x2)—\/1—w210g<\/1—x2+1)

x
/\/1—x2+1

1“/11d
2) V1-22+1

1
-2

input LInt [(x*Log[1 + Sqrt[1 - x2]])/Sqrt[1 - x~2],x]

e

output | Sqrt[1 - x72] - Log[2 - x72] - Sqrt[1 - x"2]*Log[l + Sqrt[1 - x~2]]
q g q g q

~—

xlog(l—i—@)

— dz

324. [
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3.24.3.1 Defintions of rubi rules used

rule 49 Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, O]

rule 774 Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = Denominator[nl},
Simp[k  Subst[Int[x~(k - 1)*(a + b*x~(k*n))"p, x], x, x~(1/k)], x]] /; Fre
eQ[{a, b, p}, x] && FractionQ[n]

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 2024 Int[((a_.) + (b_.)*(Pq_)"(n_.))"(p_.)*(Qr_), x_Symbol] :> With[{q = Expon[P
q, x], r = Expon[Qr, x]}, Simp[Coeff[Qr, x, r]/(q*Coeff[Pq, x, q]) Subst[
Int[(a + b*x"n)"p, x], x, Pql, x] /; EqQlr, q - 1] && EqQ[Coeff[Qr, x, r]*D
[Pq, x], q*Coeff[Pq, x, ql*Qrl] /; FreeQ[{a, b, n, p}, x] && PolyQ[Pq, x] &
& PolyQ[Qr, x]

rule 3034 Int[Loglu_l*(v_), x_Symbol] :> With[{w = IntHidel[v, x]}, Simp[Log[ul w, x
] - Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w,
x]] /; InverseFunctionFreeQ[u, x]

3.24.4 Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.67

method result size
derivativedivides | — In (1 +v/—z2 4+ 1) (1 +V—x2+ 1) +1++—224+1 |37
default —In (1+\/—x2—|—1) (1—|—\/—z2—|—1) +14++/—=22+1137

-

input Lint (x*1n(1+(-x~2+1)"(1/2))/(-x"2+1)~(1/2) ,x ,method=_RETURNVERBOSE)

-/

output L—ln(1+(—x’"2+1) “(1/2))*(1+(-x"2+1) " (1/2) ) +1+(-x"2+1) " (1/2)

xlog(1+\/12—7) d

324. [

-z
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3.24.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.64

[HRUEAE o (VT 1) g (VT 1) VT

input‘integrate(x*log(1+(—x“2+1)”(1/2))/(—x“2+1)”(1/2),x, algorithm="fricas")

output | -(sqrt(-x~2 + 1) + 1)*log(sqrt(-x"2 + 1) + 1) + sqrt(-x"2 + 1)
q g(sq

3.24.6 Sympy [A] (verification not implemented)

Time = 2.14 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.56

/xlog(\l/% «/3612—zc2) dx:\/l—x2_(\/1_x2+1>10g<m+1)+1

inputLintegrate(x*ln(1+(-x**2+1)**(1/2))/(-X**2+1)**(1/2),X)

output  sqrt (1 - x**2) - (sqrt(l - x**2) + 1)*log(sqrt(l - x**2) + 1) + 1
q q: g(sq

3.24.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.65

zlog (1+v1—-2%) 5 - >
/ T dx-—(x/—x +1+1>log<\/—w +1+1>+\/—x F1+1

inputLintegrate(x*log(1+(-x”2+1)“(1/2))/(-x“2+1)“(1/2),x, algorithm="maxima"

output | -(sqrt(-x~2 + 1) + 1)*log(sqrt(-x"2 + 1) + 1) + sqrt(-x"2 + 1) + 1
q gisq

xlog(1+\/12—7) dz

324. [

-z
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3.24.8 Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.65

zlog(1+vV1—2%)
[EECEEEE) - (VT4 g (VIR 1) + VR 41

inputLintegrate(x*log(1+(-x“2+1)“(1/2))/(—x‘2+1)“(1/2),x, algorithm="giac") J

e

output | -(sqrt(-x~2 + 1) + 1)*log(sqrt(-x"2 + 1) + 1) + sqrt(-x"2 + 1) + 1
q glsq

A >

3.24.9 Mupad [B] (verification not implemented)

Time = 0.40 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.49

[T o (VT 1) 1) (Ve 1)

N

input | int ((x*log((1 - x72)°(1/2) + 1))/(1 - x°2)~(1/2),x)

f
~—

-

outputt—(log((l - x72)7(1/2) + 1) - D*(A - x72)7°(1/2) + 1)

-/

3.24.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.78

/xlog (141 —22)

V1—22 dz = —\/—x2+1log<\/—x2+1+1>
—x

V=P log (V= F1+1)

inputtint((log(sqrt( - xx*2 + 1) + 1)*x)/sqrt( - x**2 + 1) ,x) J

output‘ - sqrt( - x**2 + D)*log(sqrt( - x**2 + 1) + 1) + sqrt( - x**2 + 1) - log( ‘
‘sqrt( - x*x¥2 + 1) + 1)

xlog(1+\/12—7) dz

324. [

-z
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x log <x+\/1—|—7>

3.25 | — dx
1+x

3.25.1 Optimal result . . . ... ... ... ... .. ... 196
3.25.2 Mathematica [A] (verified) . . . . . .. . ... .. 196
3.25.3 Rubi [A] (verified) . . . . . . ... .. 197
3.25.4 Maple [F] . . . . . .. 198}
3.25.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 198}
3.25.6 Sympy [A] (verification not implemented) . . . ... ... .. ... ... 198}
3.25.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 199
3.25.8 Giac [A] (verification not implemented) . . . ... ... ... ... ... 199
3.25.9 Mupad [F(-1)] . . . . . .. 199
3.25.10 Reduce [B] (verification not implemented) . . . . . . .. ... ... ... 200

3.25.1 Optimal result

Integrand size = 23, antiderivative size = 26

1 + V1422
/xog(\ajm x)da::—x+\/1+x210g<x+\/1+z2>

output L—X+ln(x+(x’"2+1)“(1/2))*(x’"2+1)’"(1/2) J

3.25.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

1 V1422
/x og(z—l—l—+z2+x ) dxz—z+v1+a:210g<w+\/1+z2>

/

input‘Integrate[(x*Log[x + Sqrt[1 + x72]1)/Sqrt[1 + x72],x]

A >

-

output L—x + Sgrt[1 + x"2]*Log[x + Sqrt[1 + x~2]]

-/

z log (m—i—\/@)

3.2 [——dz
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3.25.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 0.087, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {3034, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/aclog <\/ac2—+1+m) i
x

2 +1
l 3034

V2 + 1log (\/fcz—l—l—i—w) —/ldw

| 24
V2 +1log (\/x2+1+:17> —x

input ‘ Int[(x*#Log[x + Sqrt[1 + x~2]11)/Sqrt[1 + x~2],x] ‘

-

output L-x + Sqrt[1 + x"2]*Logl[x + Sqrt[1 + x~2]]

| —

3.25.3.1 Defintions of rubi rules used

-

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

-/

rule 3034‘ Int[Loglu_l*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Simp[Loglu]l w, x ‘
‘ ] - Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w, ‘
x]] /; InverseFunctionFreeQ[u, x]

N\ J

z log (m—i—\/@)

3.2 [——dz
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3.25.4 Maple [F]

/xln(x+\/x2+1)d
T
241

input Lint (x*1n(x+(x72+1)7(1/2))/ (x72+1)~(1/2) ,x)

output Lint (x*1n(x+(x"2+1)"(1/2))/(x~2+1)~(1/2) ,x)

3.25.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

zlog (z + V1 + 22)
/ Ve dx:\/m2+1log<x+\/x2+1>—x

inputLintegrate(x*log(x+(x“2+1)“(1/2))/(x‘2+1)“(1/2),x, algorithm="fricas")

output | sqrt (x"2 + 1)*log(x + sgrt(x”2 + 1)) - x
q: g q:

3.25.6 Sympy [A] (verification not implemented)

Time = 3.57 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.77

zlog (z + V1 + 22)
/ Ve dx:—a:+\/x2+1log(z+\/x2+1>

input[integrate(x*ln(x+(x**2+1)**(1/2))/(x**2+1)**(1/2),x)

~—

-

output L—x + sqrt(x**2 + 1)xlog(x + sqrt(x**2 + 1))

-/

z log (m—i—m)

3.2 [——dz
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3.25.7 Maxima [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

zlog (z + v/1+ 22)
/ N dx:\/m2+1log<x+\/m2+1>—x

inputLintegrate(x*log(x+(x“2+1)“(1/2))/(x“2+1)“(1/2),x, algorithm="maxima")

output | sqrt (x"2 + 1)*log(x + sgrt(x”2 + 1)) - x
q: g q:

3.25.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

zlog (z + V1 + 22)
/ Niew dx:\/x2+1log<x+\/x2+1>—x

p
inputkintegrate(x*log(x+(x‘2+1)‘(1/2))/(x‘2+1)‘(1/2),x, algorithm="giac")

e—

-

Outputtsqrt(x‘2 + 1)*log(x + sqrt(x”2 + 1)) - x

-/

3.25.9 Mupad [F(-1)]

Timed out.

/xlog(x+\/1+:c2)d /zln(:c—l—\/x2+1)d
T = T
V1422 2241

-

inputtint((x*log(x + (x72 + 1)7(1/2)))/(x"2 + 1)7(1/2) ,%)

—

Outputtint((x*log(x + (x72 + 1)7(1/2)))/(x"2 + 1)7(1/2), x)

z log (m—i—m)

3.2 [——dz
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3.25.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.77

zlog (z + V1 + 22)
/ Vi dm:\/x2+1log<\/x2+l+m>—x

input Lint((log(sqrt(x**2 + 1) + x)*x)/sqrt(x**2 + 1),x)

output tsqrt(x**2 + 1)*log(sqrt(x**2 + 1) + x) - x

z log (m—i—m)

3.2 [——dz
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z log (m+\/ 1—x2>
3.26 | —dx
1-z

3.26.1 Optimal result . . . ... ... .. .. ... . ... 20T]
3.26.2 Mathematica [A] (verified) . . . . . . ... ... .. L 201]
3.26.3 Rubi [A] (verified) . . . . . . ... ... 202
3.26.4 Maple [F] . . . . . . . o 2031
3.26.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 2031
3.26.6 Sympy [F] . . . . . . 204
3.26.7 Maxima [F] . . .. . ... .. 204
3.26.8 Giac [A] (verification not implemented) . . . ... ... ... ... ... 205
3.26.9 Mupad [F(-1)] . . . . . .. 205
3.26.10 Reduce [B] (verification not implemented) . . . . . . .. ... ... ...

3.26.1 Optimal result

Integrand size = 27, antiderivative size = 78

/ zlog (z + V1 — 2?) P = arctanh(v/2z) B arctanh(v/2v/1 — 22)
V1-—2? V2 V2

—v1—22log (w+m>

output‘1/2*arctanh(x*2‘(1/2))*2‘(1/2)-1/2*arctanh(2‘(1/2)*(-x“2+1)‘(1/2))*2‘(1/2)
L+(-x“2+1)‘(1/2)—ln(x+(—x‘2+1)‘(1/2))*(—x“2+1)‘(1/2) J

3.26.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.53

[ L (o= 4 2 (V2 22)
—v/2log (2— \/§x+\/m>
— V2log (2+ V20 + V2 - 227)
—4v1 —22log (x-l—\/l —$2>>

zlog (m—i— 1—x2>

= dz

3.26. [

-z
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input ‘ Integrate[(x*Log[x + Sqrt[1l - x~2]]1)/Sqrt[1 - x~2],x] ‘

‘x + Sqrt[2 - 2%x72]] - Sqrt[2]*Logl[2 + Sqrt[2]*x + Sqrt[2 - 2*x~2]] - 4%Sq

- N
output ‘ (4xSqrt[1 - x72] + 2#Sqrt[2]*Logl[Sqrt[2] + 2*x] - Sqrt[2]*Logl[2 - Sqrt[2]* ‘
rt[1 - x"2]*Loglx + Sqrt[1 - x~211)/4

3.26.3 Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.111, Rules

number of steps used = 3, number of rules used = 3,
used = {3034, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
xlog(x/l—x2+x)
d
/ V1— 22 !
J,3034
z—V1—1? 2 2
_1/x+fg_ﬂﬂdm_vq—4:bg(vT—a:+x)
l 7293
T 1—$2
_ _ dz — /1 — 221 1— a2
/(H S 1_$2) o~ VI atlog (Vs a2 +0)
l 2009
arctanh<\/§v 1-— 1‘2) arctanh(v/2z)

7 + NG +\/1—w2—\/1—w210g(\/1—m2+x>

input {Int [(x*Loglx + Sqrt[1 - x~2]]1)/Sqrt[1 - x~2],x]

A >

p
output ‘ Sqrt[1 - x72] + ArcTanh[Sqrt[2]*x]/Sqrt[2] - ArcTanh[Sqrt[2]*Sqrt[1 - x~2]
L] /Sqrt[2] - Sqrt[l - x~2]*Loglx + Sqrt[1 - x~2]]

~

zlog (:r—i— 1—x2>

1—z2

326 [ dz
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3.26.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3034 Int[Loglu_l*(v_), x_Symbol] :> With[{w = IntHidel[v, x]}, Simp[Log[ul w, x
] - Int[SimplifyIntegrand[w*x(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w,
x]] /; InverseFunctionFreeQ[u, x]

rule 7293 Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

3.26.4 Maple [F]

/xln (x+\/T+1)dx

—z2+1

input Lint (x*1n(x+(-x"2+1)~(1/2))/ (-x~2+1)~(1/2) ,x)

output Lint (x*#1n(x+(-x"2+1)"(1/2))/(-x"2+1)"(1/2) ,x)

3.26.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.47

/xlog (z4+V1-—z?) p
x
i
=—\/—z2+llog<m+\/—x2+1>
622 —2v2(22% -3)+2vV—-22+1(3v2—-4) -9
+i\/§log<x ELE: );x2_1x+ 8v2-4) )

1 222 +24/2 1
+Z\/§10g< 7422 + >+\/—x2+1

2z2 -1

inputLintegrate(x*log(x+(-x”2+1)“(1/2))/(-x“2+1)“(1/2),x, algorithm="fricas")

zlog (:r—i— 1—x2>

= dz

3.26. [

-z
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output‘-sqrt(—x“2 + 1)*log(x + sqrt(-x"2 + 1)) + 1/4*sqrt(2)*log((6*x"2 - 2*sqrt(
\2)*(2*x“2 - 3) + 2xsqrt(-x"2 + 1)*(3*sqrt(2) - 4) - 9)/(2%x"2 - 1)) + 1/4x%
‘sqrt(2)*log((2*x‘2 + 2%sqrt(2)*x + 1)/(2*x"2 - 1)) + sqrt(-x"2 + 1)

3.26.6 Sympy [F]

/xlog (z+v1—2?) o — zlog (z + V1 — 22?) e
V1 —2? V—(z-1)(z+1)

inputLintegrate(x*ln(x+(—x**2+1)**(1/2))/(—x**2+1)**(1/2),x)

output LIntegral(x*log(x + sqrt(1 - x*#2))/sqrt(-(x - *(x + 1)), x)

3.26.7 Maxima [F]

/mlog(r—l—\/l—x?)d /mlog(m+\/—x2—|—1)d
T = x
V1—2x2? —z2+1

inputLintegrate(x*log(x+(—x‘2+1)*(1/2))/(—x‘2+1)‘(1/2),x, algorithm="maxima")

output‘ (x72 - 1)*log(x + sqrt(x + 1)*sqrt(-x + 1))/(sqrt(x + 1)*sqrt(-x + 1)) - i
‘ntegrate((x“2 - 1)*e”~(-1/2xlog(x + 1) - 1/2*log(-x + 1))/x, x) - integrate
‘(1/(x“2 + sqrt(x + 1)*x*sqrt(-x + 1)), x)

xlog(m—i— 12—x2> dr

3.26. [

-z
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3.26.8 Giac [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.56

J1— 22
/a:log(x—i— L x)dx=—\/—x2+1log<x+\/—x2+1>

V1-—2z?
2
‘_4\/54_2(—'_22:1_1)_6
1
—Z\/ﬁlog >
4\/§+2<_¢—31+1—1>_6‘
1 1
+Z\/§log(m+§\/§’)
1 1
—Z\/élog(x—ix/ébﬁ— —z2+1

inputtintegrate(x*log(x+(-x‘2+1)“(1/2))/(-x‘2+1)‘(1/2),x, algorithm="giac")

output‘—sqrt(—x‘2 + 1)*log(x + sqrt(-x"2 + 1)) - 1/4xsqrt(2)*log(abs(-4*sqrt(2) +
‘ 2x(sqrt(-x"2 + 1) - 1)72/x72 - 6)/abs(4*sqrt(2) + 2*x(sqrt(-x~2 + 1) - 1)~
‘2/x‘2 - 6)) + 1/4xsqrt(2)*log(abs(x + 1/2*sqrt(2))) - 1/4*sqrt(2)*log(abs(
‘x - 1/2%sqrt(2))) + sqrt(-x"2 + 1)

3.26.9 Mupad [F(-1)]

Timed out.

dz

/xlog(x—l—\/l—xQ) dz_/zln(a:—l—\/l—ﬁ)
V1—2x2 B V1—2x2

input {int((x*log(x + (1 -x"2)7(1/2)))/1 - x72)"(1/2) ,x)

A >

-

output Lint((x*log(x + (1 - x72)7(1/2)))/1 - x72)7(1/2), x)

-/

xlog(m—i— 12—362) dr

3.26. [

-z
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3.26.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.90

—tan <asig(:1:)> + 2tan <asm(x)> +1

/xlog (z + V1 —22) dz = —v/—22 F 1log

vV 1— 22 tan (asi;z(ac)) +1
ﬁlog(—\/ﬁ + tan (—“Sin(w)> — 1>
+vV—-z?2+1-— 5 ’
V2log (\/_ + tan (asm(“’)> — 1)
+ 2

+log (tan ( “Sig(x) ) y 1)
(2t (55 1)
e (502) )

—tan (asig(z)) + 2tan (asm(m)) +1

asin(z)
tan (T) +1

+ log

inputLint((log(sqrt( - xF*2 + 1) + x)*x)/sqrt( - x**2 + 1),%)

( - 2xsqrt( - x**2 + 1)*log(( - tan(asin(x)/2)**2 + 2*tan(asin(x)/2) + 1)/
(tan(asin(x)/2)**2 + 1)) + 2*sqrt( - x*x2 + 1) - sqrt(2)*log( - sqrt(2) +

tan(asin(x)/2) - 1) + sqrt(2)#*log(sqrt(2) + tan(asin(x)/2) - 1) + 2xlog(ta
n(asin(x)/2)**2 + 1) - 2xlog( - sqrt(2) + tan(asin(x)/2) - 1) - 2*log(sqrt
(2) + tan(asin(x)/2) - 1) + 2*log(( - tan(asin(x)/2)**2 + 2*tan(asin(x)/2)

+ 1)/(tan(asin(x)/2)**2 + 1)) - 2)/2

output

~—

zlog (:r—i— 1—x2>

= dz

3.26. [

-z
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3.27 [l gg
TV 1-x

3.27.1 Optimalresult . .. . ... ... ... ... ... ... ... 207
3.27.2 Mathematica [A] (verified) . . . . . . .. ... .. L 207
3.27.3 Rubi [A] (verified) . . . . .. .. . . ... 208}
3.27.4 Maple [A] (verified) . . ... ... ... ... 209
3.27.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 209
3.27.6 Sympy [F] . . . . . 210
3.27.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 2101
3.27.8 Giac [B] (verification not implemented) . . . . ... ... ... ..... 2101
3.27.9 Mupad [F(-1)] . . . . . .o 211
3.27.10 Reduce [B] (verification not implemented) . . . . . . .. ... ... ... 211

3.27.1 Optimal result

Integrand size = 17, antiderivative size = 39

log(z) V1 —z? ) V1 — z?log(x)
————dzr = — — arcsin(z) —
x2y/1 — 22 z z
output L—arcsin(x) -(-x"2+1)"(1/2) /x-1n(x) * (-x~2+1) ~(1/2) /x J

3.27.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.64

_loglw) dx = — arcsin(z) — 1= o*(1 + log(x))
x2y/1 — 22 x

input ‘ Integrate[Log[x]/(x"2*Sqrt[1 - x~2]),x]

-

output L-ArcSin [x] - (Sqrtll - x~2]*(1 + Logl[x]))/x

| —

327, [ % dg
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3.27.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00,

number of rules _ 0.176, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {2773, 247, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ log(z)
z24/1 — 22
l 2773
/ V1 _x2da: _ V1 -—z%log(z)
z2 z
l 247
_/ 1 dw_\/l—xQ_\/l—:c2log(x)
V1—22 x z
l 993
— .2 — 2
— arcsin(x) — \/lm T vi xx log(z)

input LInt [Logl[x]/(x~2*Sqrt[1 - x~2]),x]

output‘—(Sqrt [1 - x72]/x) - ArcSin[x] - (Sqrt[1 - x"2]*Log[x])/x

rule 223

rule 247

3.27.3.1 Defintions of rubi rules used

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[al)1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)~
(m + D*((a + b*xx"2)"p/(c*x(m + 1))), x] - Simp[2xb*(p/(c"2*(m + 1))) Int[
(c*x)"(m + 2)*(a + b*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && GtQlp,
0] && LtQ[m, -1] && !'ILtQ[(m + 2*p + 3)/2, 0] && IntBinomialQ[a, b, c, 2,

m, p, x]

327, [ % dg
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rule 2773 Int[((a_.) + Logl(c_.)*(x_)~(n_.)1*(b_.))*((£_.)*(x_)) " (m_.)*((d_) + (e_.)*
(x_)~(r_.))"(q.), x_Symbol]l :> Simp[(f*x)~(m + 1)*(d + e*x"r)~(q + 1)*((a +
b*Loglcxx™n])/(d*fx(m + 1))), x] - Simp[b*(n/(d*(m + 1))) Int[(f*x) m*x(d
+ exx"r)"(q + 1), x], x] /; FreeQ[{a, b, ¢, 4, e, £, m, n, q, r}, x] && Eq
Qm + r*(q + 1) + 1, 0] && NeQ[m, -1]

3.27.4 Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.90

method | result size
—In(z)vV—z2+1—v—22+1 35

meijerg | — arcsin (z) +

inputLint(1n(x)/x‘2/(—x“2+1)“(1/2),x,method=_RETURNVERBOSE)

output ‘ —arcsin(x)+(-1n(x) *(-x"2+1) " (1/2)-(-x"2+1)~(1/2)) /x

3.27.5 Fricas [A] (verification not implemented)
Time = 0.24 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00
log() 2 x arctan (—V_””i“_l) —v/—2% + 1(log (z) + 1)
d —

T
2/1 — 22 T

inputLintegrate(log(x)/x‘2/(-x‘2+1)‘(1/2),x, algorithm="fricas")

outputL(2*x*arctan((sqrt(—x‘2 + 1) - 1)/x) - sqrt(-x"2 + 1)*(log(x) + 1))/x

327, [ % dg
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3.27.6 Sympy [F]

_ log(z) log (x) d
x2\/1—x2 2/ (z—1)(z+1)
integrate (1n(x) /x*+2/ (~x*2+1) %% (1/2) ,x) J
output LIntegral(log(x)/(x**2*sqrt(—(x - D*(x + 1)), x) J

3.27.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.90

_log(z) dp — _V—z?+llog(z) v-z*+1

— arcsin (z

z2y/1 — 22 T x ()
inputtintegrate(log(x)/x‘2/(—x‘2+1)‘(1/2),x, algorithm="maxima") J
outputt—sqrt(—x‘2 + 1)*log(x)/x - sqrt(-x~2 + 1)/x - arcsin(x) J

3.27.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 73 vs. 2(35) = 70.

Time = 0.28 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.87

log(z) 1 x v—a22+1-1
—————dr =~ — log (x)
z2y/1 — x2 2\vV—22+1-1 T
z vV-z2+1-1 ,
+ - — arcsin (z)

2(V-22+1-1) 2z

inputLintegrate(log(x)/x“2/(—x‘2+1)‘(1/2),x, algorithm="giac") J

OutPUt‘1/2*(x/(sqrt(-x‘2 +1) - 1) - (sqrt(-x"2 + 1) - 1)/x)*log(x) + 1/2*x/(sqrt
((x"2 + 1) - 1) - 1/2%(sqrt(-x"2 + 1) - 1)/x - arcsin(x) |

327, [ % dg



CHAPTER 3. LISTING OF INTEGRALS 211

3.27.9 Mupad [F(-1)]

Timed out.
_log(z) In (z) s
x2\/1—z2 z2/1 — 2
input Lint(log(x)/(x’?*(i - x72)7(1/2)) ,x) J
output int (Log(x)/(x"2+(1 = x"2)°(1/2)), ®) )

3.27.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.26

an asin(x)
—asin(z) z —v/—z2 + 1log (%) —vV—z?+1
/ log(z) P (=52
x2y/1 — 22 x

input Lint(log(x)/(sqrt( - X¥*2 + 1)*x¥*2) ,X) J

output| ( - (asin(x)*x + sqrt( - x#*2 + 1)*log((2*+tan(asin(x)/2))/(tan(asin(x)/2)*
‘*2 + 1)) + sqrt( - x**2 + 1)))/x ‘

327, [ % dg
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3.28 f x arctan(z diT)
V142

3.28.1 Optimalresult . . .. .. .. ... ... .. .. 212
3.28.2 Mathematica [A] (verified) . . . . . .. . ... .. L 212
3.28.3 Rubi [A] (verified) . . . . .. ... . ... 2131
3.28.4 Maple [C] (verified) . ... ... ... .. ... ... .. 214
3.28.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 214
3.28.6 Sympy [B] (verification not implemented) . . ... ... ... ... ... 214
3.28.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 215
3.28.8 Giac [A] (verification not implemented) . . . . ... ... ... ..... 2751
3.28.9 Mupad [F(-1)] . . . . . oo 215
3.28.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 216

3.28.1 Optimal result

Integrand size = 13, antiderivative size = 17

z arctan(z)

V1422

dz = —arcsinh(z) + V1 + z? arctan(z)

output L-arcsinh(x) +arctan(x)*(x"2+1)~(1/2)

3.28.2

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

x arctan(z)

V1+ 22

dx = —arcsinh(z) + V1 + 22 arctan(z)

input ‘ Integrate[(x*ArcTan[x])/Sqrt[1 + x~2],x]

output ‘ -ArcSinh[x] + Sqrt[1 + x"2]*ArcTan[x]

3.28.

f marctan(w) dz



input

output

rule 222

rule 5465
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3.28.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

number of rules _ (j 15 4, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5465, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
x arctan(z) i
Va2 +1
| 5465
1
\/JTHarctan(x)— / \/m2_+1d:c
| 222

V x2 + larctan(x) — arcsinh(z)

e

Llnt[(x*ArcTan[x])/Sqrtu + x°2],x] J
[—ArcSin.h[x] + Sqrt[1 + x~2]#ArcTan[x] J
3.28.3.1 Defintions of rubi rules used

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[alD)1/Rt[b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.)) " (p_.)*(x_)*((d_) + (e_.)*(x_)"2)"(q_

.), x_Symbol] :> Simp[(d + e*x~2)"(q + 1)*((a + b*ArcTan[c*x]) p/(2*ex(q +
1))), x] - Simp[b*(p/(2*%cx(q + 1))) Int[(d + e*x"2)"q*(a + b*ArcTan[c*x])
“(p -1, x1, x] /; FreeQ[{a, b, c, d, e, q}, x] & EqQ[e, c~2xd] && GtQlp,
0] && NeQ[q, -1]

3.28. [ zardanlz) af%’;gw) dz
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3.28.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.64 (sec) , antiderivative size = 54, normalized size of antiderivative = 3.18

method | result size

default | \/(z —1) (z +¢) arctan (z) + In < - z) —In (\ZT—"L + z) 54

inputLint(x*arctan(x)/(x“2+1)‘(1/2),x,method=_RETURNVERBOSE) J

output‘((x-I)*(x+I))“(1/2)*arctan(x)+1n((1+I*x)/(x‘2+1)‘(1/2)-I)—1n((1+I*x)/(x“2+
‘1)‘(1/2)+I) ‘

3.28.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.35

zarctan(z) dx = Vx? 4+ 1arctan (z) + log (—:c + V2 + 1)

V14 x?
inputLintegrate(x*arctan(x)/(x“2+1)”(1/2),x, algorithm="fricas") J
outputtsqrt(x‘2 + 1)*arctan(x) + log(-x + sqrt(x~2 + 1)) J

3.28.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 29 vs. 2(14) = 28.

Time = 0.44 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.71

x arctan(z) dr — z? atan () _ asinh (z) + atan (x)
V1422 vt +1 z?+1
input  integrate(x*atan(x)/(x**2+1)**(1/2),x)
output Lx**2*atan(x) /sqrt(x**2 + 1) - asinh(x) + atan(x)/sqrt(x**2 + 1) J

3.28. [ zadten() af%gw) dz
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3.28.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

z arctan(z) .
dz z2 4+ 1arctan (z) — arsinh (z
irs @V (=) ()

integrate(x*arctan(x)/(x"2+1)~(1/2),x, algorithm="maxima")

output qurt (x~2 + 1)*arctan(x) - arcsinh(x)

3.28.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.35

T arctan(z)
dr =+Vz?+ larctan(z) + log ( —z + V22 + 1
V1+ 2?2 (=) & ( )

inputLintegrate(x*arctan(x)/(x‘2+1)‘(1/2),x, algorithm="giac")

;
output qurt(x‘2 + 1)*arctan(x) + log(-x + sqrt(x”2 + 1))

—

3.28.9 Mupad [F(-1)]

Timed out.
T arctan(x) T atan(z) )
V1422 Vo2 +1

input Lint((x*atan(x)) /(x"2 + 1)°(1/2),%)

output [int((x*atan(x))/(x? + 1)°(1/2), %)

A J

3.98. f z arctan(w) dz



CHAPTER 3. LISTING OF INTEGRALS 216

3.28.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.24

z arctan(z)
————2dr=+vVz2+ 1latan(z) —log(vVzZ+1+x
V14 x? (@) g( >

input

int ((atan(x)*x) /sqrt (x**2 + 1),x)

N\

output qurt(x**2 + 1)*atan(x) - log(sqrt(x**2 + 1) + x)

3.28. [ zadten() af%gw) dz
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3.29 f arctan dLE

3.29.1 Optimalresult . . .. ... ... ... ... ... 217
3.29.2 Mathematica [A] (verified) . . . . . . ... ... oL 217
3.29.3 Rubi [A] (verified) . . . .. .. ... 218
3.29.4 Maple [F] . . . . . . . 220
3.29.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 220
3.20.6 Sympy [F] . . . . . . e 220
3.29.7 Maxima [F] . . . . . .. ...
3.29.8 Giac [B] (verification not implemented) . . . ... ... ... ...... 22T]
3.29.9 Mupad [F(-1)] . . . . . oo e
3.29.10 Reduce [B] (verification not implemented) . . . . . .. ... . ... ... 222

3.29.1 Optimal result

Integrand size = 17, antiderivative size = 57

J1 — 2 J1— 2
j;%d — 1-z zrctan(x) —arctanh(\/l — x2> +\/§arctanh< 1\/;6 )

N

output ‘/-arctanh( (-x~2+1)~(1/2))+arctanh(1/2%2~(1/2)*(-x"2+1) ~(1/2))*2~(1/2) -arcta ‘
‘n(x)*(—x"2+1)"(1/2)/x ‘

3.29.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.35

arctan(zx) dp = — V1 — x? arctan(zx) + log(z) — log (1 + z?)
N z 2
log (3 — 22 + 2v/2 — 222
+Og( e+ m)_log<1+ /1_‘,1:2)
V2
input LIntegrate [ArcTan[x]/(x"2*Sqrt[1 - x72]),x] J

output -((Sqrt[1 - x"2]*ArcTan[x])/x) + Loglx] - Log[l + x"2]/Sqrt[2] + Logl3 - x |
‘“2 + 2xSqrt[2 - 2%x72]1/Sqrt[2] - Logl[1l + Sqrt[1 - x~2]] ‘

3.29. [0 gy
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3.29.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.11,

— 6, number of rules _ 353, Rules
integrand size

number of steps used = 7, number of rules used =
used = {5511, 25, 354, 94, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

arctan(z)
z2y/1 — z?
| w511
/ V1-— a:2 _ V1 —z?arctan(z)
z (22 + 1) z
| 25

/ \/ﬁ m arctan(zx)

dx

z (% + 1 x
| 354
/ V1 — 2 o2 V1 — z2? arctan(z)
z2 (2 + 1) T
| o4
1 ( 1 dn? — 2/ 1 d:c2> _ V1 -—2z%arctan(z)
2 x2y/1 — x2 V1—2z2(z2+1) z

| 73

1— 2 _
v 1—z4

1 2) V1 — z2? arctan(zx)
— x —

x

(422
l 219

1 (2\/§arctanh <m> — 2arctanh<m>> _vi- 2* arctan(z)

2 V2 x

input [Int [ArcTan[x]/(x"2*Sqrt[1 - x~2]),x]

3.29. [0 gy
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output‘—((Sqrt[l - x"2]*ArcTan[x])/x) + (-2*ArcTanh([Sqrt[1 - x72]] + 2xSqrt[2]*Ar
LcTanh[Sqrt[l - x72]/8qrt[211)/2

3.29.3.1 Defintions of rubi rules used

-

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 94 Int[((e_.) + (£_.)*(x_))"(p_)/(((a_.) + (b_.)*x(x_))*((c_.) + (d_.)*(x_))),

x_] :> Simp[(bxe - axf)/(b*c - axd) Intl[(e + £xx)"(p - 1)/(a + bxx), x],

x] - Simp[(d*e - c*f)/(bxc - a*d) Int[(e + £xx)~(p - 1)/(c + d*x), x], x]
/; FreeQ[{a, b, c, d, e, f}, x] && LtQ[0, p, 1]

e

rule 219 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
‘ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt

Qla, 0] |1 LtQlb, 01)

rule 354 | Int [(x_)~(m_.)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2)"(q_.), x_S
ymbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(a + b*x) px(c + d*x)"q, x], x
, x°2]1, x] /; FreeQ[{a, b, c, d, p, q}, x] && NeQ[bxc - axd, 0] && IntegerQ
[(m - 1)/2]

rule 5511 Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))*((£f_.)*(x_))"(m_.)*((d_.) + (e_.)*(x
_)"2)"(q_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + exx~2)"q, x]}, Sim
pl(a + b*ArcTan[c*x]) u, x] - Simp[b*c Int[SimplifyIntegrand[u/(1 + c~2
*x~2), x], x], x]1] /; FreeQ[{a, b, ¢, d, e, £, m, q}, x] && ((IGtQlq, 0] &&

1 (ILtQ[(m - 1)/2, 0] && GtQ[m + 2%q + 3, 0])) || (IGtQ[(m + 1)/2, 0] &&
1(ILtQ[q, 0] && GtQ[m + 2%xq + 3, 0])) || (ILtQ[(m + 2%q + 1)/2, 0] && !'ILt
Ql(m - 1)/2, 01))

3.29. [0 gy
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3.29.4 Maple [F]

arctan () i
2V —2? +1
input | int (arctan()/x"2/ (-x°2+1)"(1/2),%) |
output Lint (arctan(x)/x"2/(-x"2+1)~(1/2) ,x) J

3.29.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.42

arctan(z) i
2/ 1 — 2
V2z log (’” _2‘/;2*’;1"’2“_3) —zlog (V—22+1+1) +zlog (vV—22+1—1) — 24/—2z% + 1arctan (z)
- 2z
inputLintegrate(arctan(x)/x“2/(-x‘2+1)“(1/2),x, algorithm="fricas") J

output‘1/2*(sqrt(2)*x*log((x‘2 - 2%sqrt(2)*sqrt(-x"2 + 1) - 3)/(x"2 + 1)) - x*log
‘(sqrt(—x‘2 + 1) + 1) + x*¥log(sqrt(-x"2 + 1) - 1) - 2*sqrt(-x"2 + 1)*arctan
) /x |

3.29.6 Sympy [F]

/ arctan / atan dx
x2\/1—x2 2y /—(z — 1) ( x+1)

input Lintegrate (atan(x) /x**2/ (-x**2+1) **(1/2) ,x) J

output LIntegral(atan(x)/(x**2*sqrt(-(x - Dx*(x + 1)), x) J

3.29. [ Hanl) gy
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3.29.7 Maxima [F]

arctan(z) arctan (x)

——————dr = | —————dz

e hY

integrate(arctan(x)/x"2/(-x"2+1)~(1/2) ,x, algorithm="maxima")

input

N\

output Lintegrate(arctan(x)/(sqrt(—x‘2 + 1)*x72), x) J

3.29.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 104 vs. 2(48) = 96.

Time = 0.30 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.82

arctan(x) 1 x vV—r?2+1-1
—————dx=— - arctan (z)
z24/1 — 22 2\vV-22+1-1 x
1 V2 — =22 +1
— ZV2log
2 V2+V/—22+1

—%log(m+l)+%log<—m+l>

input‘ integrate(arctan(x)/x~2/(-x"2+1)~(1/2),x, algorithm="giac") ‘

‘(2)*log((sqrt(2) - sqrt(-x"2 + 1))/(sqrt(2) + sqrt(-x"2 + 1))) - 1/2xlog(s

e DY
output‘1/2*(x/(sqrt(-x“2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)*arctan(x) - 1/2*sqrt
qrt(-x"2 + 1) + 1) + 1/2%log(-sqrt(-x"2 + 1) + 1) |

3.29. [0 gy
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3.29.9 Mupad [F(-1)]

Timed out.
arctan(z atan(z)

——7 _dzx
x2\/1—z2 z24/1 — z2

input [int(ata.n(x)/(x?*(l - 2~ (1/2)),%)

-/

output Lint(atan(x)/(x‘2*(1 - x2)~(1/2)), %) J

3.29.10 Reduce [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.74

arctan(z) i
221 — z2
an asin(x) )
_2\/—$2 1atan< t(ﬁgﬂ@)) ) ) \/_10g< \/§z+tan (%(93))+i>x_\/§log<\/§?’+tan<aszg(z
- 2z
input Lint(atan(x)/(sqrt( - x*%2 + 1)*x**2),%) J

output‘( - 2%sqrt( - x**2 + 1)*atan((2*tan(asin(x)/2))/(tan(asin(x)/2)**2 + 1)) - ‘
‘ sqrt(2)*log( - sqrt(2)*i + tan(asin(x)/2) + i)*x - sqrt(2)*log(sqrt(2)*i ‘
‘+ tan(asin(x)/2) - i)#*x + sqrt(2)*log(2*sqrt(2) + tan(asin(x)/2)**2 + 3)*x ‘
-+ 2+log(tan(asin(x)/2))*x) / (2%x) |

3.29. [0 gy
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3.30 i ”Lfaf; dx

3.30.1 Optimalresult . .. ... ... . ... ... ... . ... ... ..., 223
3.30.2 Mathematica [A] (verified) . . . . . .. ... .. .. 223
3.30.3 Rubi [A] (verified) . . . . ... ... ... 2241
3.30.4 Maple [F] . . . . . . o 225
3.30.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 220]
3.30.6 Sympy [F] . . . . . 220
3.30.7 Maxima [C] (verification not implemented) . . . . . . ... ... ... .. 226
3.30.8 Giac [B] (verification not implemented) . . ... ... .. ... .....
3.30.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ... 228
3.30.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 229

3.30.1 Optimal result

Integrand size = 15, antiderivative size = 45

x arctan(z) V2z
————~*dx = —arcsin(z) — V1 — 22 arctan(z) + \/ﬁarctan
T3 (z) =V (z) —0

output ‘ -arcsin(x)+arctan(x*27(1/2)/(-x"2+1)~(1/2)) %2~ (1/2) -arctan(x) * (-x~2+1) ~(1/ ‘

J

3.30.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00

x arctan(z) ) V2z
——————~ 2 dx = —arcsin(z) — V1 — z? arctan(z) + \/§arctan
— (2) -V () =

input LIntegrate [(x*ArcTan[x])/Sqrt[1 - x~2],x] J

output ‘ -ArcSin[x] - Sqrt[1 - x"2]*ArcTan[x] + Sqrt[2]*ArcTan[(Sqrt[2]*x)/Sqrt[1 - ‘
L x~2]1] J

3.30. [ rarctenlz) ijzgw) dz
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3.30.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00,

=5, number of rules _ 333, Rules
integrand size

number of steps used = 6, number of rules used =
used = {5509, 301, 223, 291, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
z arctan(z) i
V1 — x2
l 5509
V1= 2
/ 1-2 V1 — 22 arctan(z)
21’

J,301

1 1
— dac+2/ dr — \/1 — x2? arctan(z
/\/1—m2 V1—22(z2+1) (=)

| 223
dx — arcsin(z) — /1 — z2 arctan(z)
| 201

1
2 — arcsin(z) — v/ 1 — z2 arctan(z
| 2t — weinte) = V= Fesetaate)
l 216

2
—arcsin(z) — v/1 — z2 arctan(z) 4+ V2 arctan ( I/_x )

2/ ml(w2 +1)

)

input ‘ Int [(x*ArcTan[x])/Sqrt[1 - x~2],x] ‘

output ‘ -ArcSin[x] - Sqrt[1 - x"2]*ArcTan[x] + Sqrt[2]*ArcTan[(Sqrt[2]#*x)/Sqrt[1 - ‘
‘ x~2]] ‘

3.30. f T arctan(x) dz
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3.30.3.1 Defintions of rubi rules used

rule 216 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

rule 223 Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol]l :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[al>)1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

ruk3291/Int[1/(Sqrt[(a_) + (b_)*(x_)"2]*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtl[a + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, O]

rule 301 Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_ ) + (d_.)*(x_)"2), x_Symbol] :> Simp[b/
d Int[(a + b*x~2)"(p - 1), x], x] - Simp[(b*c - a*d)/d Int[(a + b*x"2)"
(p - 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - a*d, 0]
&& GtQ[p, 0] && (EqQlp, 1/2] || EqQ[Denominator(pl, 4] || (EqQlp, 2/3] && E
qQ[bxc + 3*axd, 0]))

rule 5509 Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))*(x_)*((d_.) + (e_.)*(x_)"2)"(q_.), x
_Symbol] :> Simp[(d + e*x"2)"(q + 1)*((a + b*ArcTan[c*x])/(2xex(q + 1))), x
] - Simp[b*(c/(2%ex(q + 1))) Int[(d + e*x"2)"(q + 1)/(1 + c™2%x72), x], x
1 /; FreeQ[{a, b, c, 4, e, q}, x] && NeQ[q, -1]

3.30.4 Maple [F]

x arctan (x)

———dx
VZF1

input‘int(x*arctan(x)/(—x‘2+1)“(1/2),X)

output‘int(x*arctan(x)/(—x‘2+1)“(1/2),X)

3.30. [ rarctenlz) af%”ggw) dz
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3.30.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.53

z arctan(z) 1 V2(3z% —1)v/—22+1
———=-dzr = —~ V2arctan
V1-— 12 2 4 (23 — x)

vz 11
— v/ —x2 + larctan (z) + arctan (f—+1x>
x PR—

inputtintegrate(x*arctan(x)/(—x‘2+1)‘(1/2),x, algorithm="fricas")

Output‘—1/2*sqrt(2)*arctan(1/4*sqrt(2)*(3*x‘2 - 1)*sqrt(-x"2 + 1)/(x"3 - x)) - sq
‘rt(—x‘2 + 1)#*arctan(x) + arctan(sqrt(-x~2 + 1)*x/(x"2 - 1))

3.30.6 Sympy [F]

x arctan x atan dz
V1-— x2 V—(-1)(z+1)

integrate (x*atan(x)/(-x**2+1) % (1/2) ,x)

output LIntegral(x*atan(x)/sqrt(—(x - Dx*x(x + 1), x

3.30.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

3.30. j‘iﬁ%;%?ldx
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Time = 0.44 (sec) , antiderivative size = 387, normalized size of antiderivative = 8.60

x arctan(z)
————~ 2 drx = —v—x2+ larctan (z
i v (2)

. 4 . 2 1, 2| z+1]%2—1
(z*+ iz +1* —2(@® - D]iz + 1]° + 222 + 1) sin (% arctan <|m2f1|2,—x |Lz;:1||2

1
= V2arct
+2\/_arcan iz 1|

l .
($4 + |'L$ - 1|4 -2 (:L'2 — 1)|711' — 1|2 + 2 12 + 1) 4 gin (l arctan <| 2z 22—|iz—1]2—1

1 2 112y . _12
+=v/2arctan - iell iz 1]
2 lix — 1]
— arctan (w, —z2 4+ 1)
inputLintegrate(x*arctan(x)/(-x“2+1)‘(1/2),x, algorithm="maxima") J

output | -sqrt(-x"2 + 1)*arctan(x) + 1/2*sqrt(2)*arctan2(((x"4 + abs(I*x + 1)74 - 2
*(x72 - 1)*abs(I*x + 1)72 + 2*x72 + 1)7(1/4)*sin(1/2*arctan2(2*x/abs(I*x +
1)72, =(x"2 - abs(I*x + 1)72 - 1)/abs(I*x + 1)72)) + x)/abs(I*x + 1), ((x
“4 + abs(I*x + 1)74 - 2%(x"2 - 1)*abs(I*x + 1)72 + 2*xx~2 + 1)~(1/4)*cos(1/
2*%arctan2 (2*x/abs(I*x + 1)72, -(x"2 - abs(I*x + 1)72 - 1)/abs(I*x + 1)72))
+ 1)/abs(I*x + 1)) + 1/2*sqrt(2)*arctan2(((x"4 + abs(I*x - 1)74 - 2*(x"2
- 1)*abs(I*x - 1)72 + 2*x~2 + 1)~ (1/4)*sin(1/2*arctan2(2*x/abs(I*x - 1)°2,
-(x"2 - abs(I*x - 1)72 - 1)/abs(I*x - 1)72)) + x)/abs(I*x - 1), ((x"4 + a
bs(I*x - 1)74 - 2%(x”2 - 1)*abs(I*x - 1)72 + 2*x"2 + 1)~ (1/4)*cos(1/2*arct
an2(2*x/abs(I*x - 1)72, -(x"2 - abs(I*x - 1)°2 - 1)/abs(I*x - 1)°2)) + 1)/

abs(I*x - 1)) - arctan2(x, sqrt(-x~2 + 1))

3.30. [ rarctenlz) af%”ggw) dz



CHAPTER 3. LISTING OF INTEGRALS 228

3.30.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 108 vs. 2(37) = 74.

Time = 0.28 (sec) , antiderivative size = 108, normalized size of antiderivative = 2.40

x arctan(z) i 1 sen(z)
- @@ 7 = —— T
V1—x? 2 "%

fx<@—1>

1
+3 V2| msgn(z) + 2 arctan | —

4(vV—-22+1-1)
( m 1 1)
— v/ —x2 + larctan (z) — arctan | —
2(V-z2+1-1)
input Lintegrate (x*arctan(x)/(-x"2+1)7(1/2) ,x, algorithm="giac") J

output‘—1/2*pi*sgn(x) + 1/2%sqrt(2) *(pi*sgn(x) + 2*arctan(-1/4*sqrt(2)*x*((sqrt(-
‘x‘2 +1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1))) - sqrt(-x"2 + 1)*arctan(x) ‘
‘ - arctan(-1/2*x*((sqrt(-x"2 + 1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1)) ‘

3.30.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.82

T arctan(z) V2 5
i dx = \/_atan< - z2) —atan(z) V1 — 22 — asin(z)

input Lint((x*atan(x))/(l - x72)7(1/2) ,%) J

Output‘2"(1/2)*atan((2’"(1/2)*}()/(1 - x72)7(1/2)) - atan(x)*(1 - x°2)°(1/2) - asin ‘
‘ (x) ‘

3.30. [ rarctenlz) af%”ggw) dz
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3.30.10 Reduce [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 152, normalized size of antiderivative = 3.38

asin(z) asin(zx)
z arctan(z) , tan ( 2 ) tan ( 2 >
22 de = —asin(z) + V2atan| ————2 | + atan| ————2

V1—z2 (@) ( V2+1 V2+1

asin(x)
2tan ( 5 )
tan (—“ig(z)> +1
asin(x)
2tan ( 3 >
asin(z)
tan (T) +1

ﬂlog(—\/iz + tan (“SZ"(@) + z)
h 2
s ﬁlog(x/ﬁz + tan (“s’g(x)> — z) i

— V=22 4+ 1atan

+ atan

2
10g<—\/§z + tan (asm(x)> + z) i
_|_
2
log <\/§z + tan ((mg(z)) — z) i
- 2

input‘ int((atan(x)*x)/sqrt( - x**2 + 1),x)

output| ( - 2*asin(x) + 2*sqrt(2)*atan(tan(asin(x)/2)/(sqrt(2) + 1)) + 2*atan(tan(
asin(x)/2)/(sqrt(2) + 1)) - 2#sqrt( - x**2 + 1)*atan((2*tan(asin(x)/2))/(t
an(asin(x)/2)**2 + 1)) + 2xatan((2*tan(asin(x)/2))/(tan(asin(x)/2)**2 + 1)
) - sqrt(2)*log( - sqrt(2)*i + tan(asin(x)/2) + i)*i + sqrt(2)*log(sqrt(2)
*i + tan(asin(x)/2) - i)*i + log( - sqrt(2)*i + tan(asin(x)/2) + i)*i - lo
g(sqrt(2)*i + tan(asin(x)/2) - i)*i)/2

3.30. [ rarctenlz) af%”ggw) dz
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3.31 f arctan d33

142
3.31.1 Optimalresult . . ... ... ... ... .. ... 230
3.31.2 Mathematica [A] (verified) . . . . . .. . ... ... . 230
3.31.3 Rubi [A] (verified) . . . . .. ... . ... 2311
3.31.4 Maple [C] (verified) . ... ... ... .. ... ... .. ... 232
3.31.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 233
3.31.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... 233
3.31.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 234
3.31.8 Giac [B] (verification not implemented) . . .. ... ... ... ..... 234
3.31.9 Mupad [F(-1)] . . . . . oo 234
3.31.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 235

3.31.1 Optimal result

Integrand size = 15, antiderivative size = 29

arctan(z) _ V14 2?arctan(z)
dz — arctanh (V1 + 22
2 m - arctan ( +z )

output[—arctanh((x‘2+1)‘(1/2))-arctan(x)*(x‘2+1)‘(1/2)/x

~—

3.31.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.14

arctan(zx) V1 + z? arctan(z)

——=dz = — 1 —log (1+ V14 22

Wi T - + log(z) og( + +x>
inputLIntegrate[ArcTan[x]/(x‘2*Sqrt[1 + x72]) ,x] J

output{—((Sqrt[l + x"2]*ArcTan[x])/x) + Loglx] - Logl[l + Sqrt[1 + x~2]]

~—

33l [ % g
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3.31.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00,

= 4, number of rules _ 267, Rules
integrand size

number of steps used = 5, number of rules used =
used = {5479, 243, 73, 220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

arctan(zx)
xQ\/x2—
| 5479
/ 1 d — V% 4 1arctan(z)
zVz? +1 T
| 243

1 / 1 de? V2 + larctan(zx)
2z +1 x

l73

/ o z2+1 arctan(w)
l 220
Va2 +1
vz + Zrctan(a:) — arctanh(x/ x? + 1)

input ‘ Int[ArcTan[x]/(x"2*Sqrt[1 + x~2]),x]

output ‘ -((Sqrt[1 + x"2]*ArcTan[x])/x) - ArcTanh([Sqrt[1 + x~2]]

33l [ % g
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3.31.3.1 Defintions of rubi rules used

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 220 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2]1)"(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b]l &&
(LtQla, 0] || GtQ[b, 01

rule 243 | Int [(x_) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tx~((m - 1)/2)*(a + bxx)"p, x1, x, x°2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 5479 Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*((£f_.)*(x_))"(m_.)*((d_) + (e_
I*(x_)"2)"(q_.), x_Symbol] :> Simp[(f*x)~(m + 1)*(d + exx"2)"(q + 1)*((a +
b*ArcTan[cxx]) “p/(d*f*(m + 1))), x] - Simp[b*cx(p/(f*(m + 1)))  Int[(£f*x)
“(m + 1)*(d + exx"2)"g*(a + b*ArcTan[c*x])~(p - 1), x], x] /; FreeQ[{a, b,
c, d, e, £, m, q}, x] && EqQle, c"2*%d] && EqQ[m + 2xq + 3, 0] && GtQ[p, O]
&& NeQ[m, -1]

3.31.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.68 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.93

method | result size
default | — DR actents) gy (gl ) —in (2L 4 1) | 56

input‘int(arctan(x)/x“2/(x”2+1)“(1/2),x,method=_RETURNVERBOSE)

33l [ % g
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output ‘ - ((x-D)*(x+I))~(1/2)*arctan(x) /x+1n((1+I*x) / (x~2+1) " (1/2)-1) -1n((1+I*x) / (x ‘
"2+1)7(1/2)+1) |

3.31.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.62

arctan(x) i
r2y/1 + 22
zlog (—z+ V22 +1+41) —zlog (—z + vV#® + 1 — 1) + v/z2 + larctan (z)
o x
input Lintegrate (arctan(x)/x"2/(x"2+1)"(1/2) ,x, algorithm="fricas") J

Olltput‘-(x*log(-x + sqrt(x”2 + 1) + 1) - x*log(-x + sqrt(x”2 + 1) - 1) + sqrt(x”2 ‘
L + 1)*arctan(x))/x J

3.31.6 Sympy [A] (verification not implemented)

Time = 3.83 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.66

arctan(x) ) 1 V2 + latan (z)
——=dzr = —asinh [ - | —
221 + z2 x T
input Lintegrate (atan(x) /x**2/ (x**2+1) **(1/2) ,x) J
output L—asinh(i/x) - sqrt(x**2 + 1)*atan(x)/x J

33l [ % g
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3.31.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.76

arctan(z) Vx? 4+ larctan () 1
——=dx = — — arsinh
z2y/1 4 22 T |$|

inputLintegrate(arctan(x)/x‘2/(x‘2+1)‘(1/2),x, algorithm="maxima") J

p
output L—sqrt(x"2 + 1)*arctan(x)/x - arcsinh(1/abs(x))

-/

3.31.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 54 vs. 2(25) = 50.

Time = 0.28 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.86

arctan(z) - 2 arctan ()
z2V1+ 22 (w—\/a:2—|—1)2—1
— log (‘—x—l— V2 +1+ ID + log (’—x—l— Va2 41— 1‘)

+ arctan ()

p
input Lintegrate (arctan(x) /x"2/(x"2+1)~(1/2) ,x, algorithm="giac")

-/

output‘2*arctan(x)/((x - sqrt(x”2 + 1))72 - 1) + arctan(x) - log(abs(-x + sqrt(x~ ‘
‘2 + 1) + 1)) + log(abs(-x + sqrt(x”2 + 1) - 1)) ‘

3.31.9 Mupad [F(-1)]

Timed out.
arctan(w atan(z)

—— _dx
x2x/1+z2 222 +1

Lint(atan(x)/(x 2% (x~2 + 1)~(1/2)),%)

outputLint(atan(x)/(x”2*(x‘2 + 1)7(1/2)), %) J

33l [ % g
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3.31.10 Reduce [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.38

arctan(x) i
xz2y/1 4 22
—Vz?2 + Latan(z) + log(Va> + 1+z— 1)z —log(Vz? +1+z+ 1)z

T

input Lint (atan(x)/(sqrt (x**2 + 1)*x**2),x)

J

output‘( - sqrt(x**2 + 1)*atan(x) + log(sqrt(x**2 + 1) + x - 1)*x - log(sqrt (x**2
S+ D)+ x o+ D) /x

33l [ % g
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3.32.3 Rubi [A] (verified) . . . . .. ... . ... 237
3.32.4 Maple [A] (verified) . ... ... ... ... 238
3.32.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 238
3.32.6 Sympy [F] . . . . . 238
3.32.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 239
3.32.8 Giac [B] (verification not implemented) . . ... .. ... ... ..... 239
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3.32.10 Reduce [F] . . . . . . 240

3.32.1 Optimal result

Integrand size = 17, antiderivative size = 21

arcsin(x)

[

V1—2z?

dr = —

V1 — z? arcsin(zx)

T

+ log(z)

output Lln(x) -—arcsin(x)*(-x"2+1)~(1/2)/x

3.32.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

_arcsin(z)

22y/1 — 22

dx

V1 — z? arcsin(zx)

X

+ log(z)

input ‘ Integrate[ArcSin[x]/(x"2*Sqrt[1 - x72]),x]

output L-( (Sqrt[1 - x"2]*ArcSin[x])/x) + Loglx]

3.32.

J

arcsm(z) dx
z24/1—22



input

output

rule 14

rule 5186
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3.32.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

number of rules _ 0.118, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5186, 14}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

arcsin(zx)
x2y/1 — z2
l 5186

/ ldm _ V1 —z?arcsin(z)
x z

| 14
V1 — 22 arcsin(z)

X

dz

log(z) —

‘ Int [ArcSin[x]/(x"2*Sqrt[1 - x72]),x]

[-((Sqrt [1 - x"2]*ArcSin([x])/x) + Loglx]

| —

3.32.3.1 Defintions of rubi rules used

-

LInt[(a_.)/(x_) , X_Symbol] :> Simp[a*Log[x], x] /; FreeQ[a, x]

Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.)) " (n_.)*((f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x_)"2)"(p_), x_Symbol]l :> Simp[(f*x)~(m + 1)*(d + exx™2)"(p + 1)*((a + b
*ArcSin[c*x]) "n/(d*fx(m + 1))), x] - Simp[b*cx(n/(f*(m + 1)))*Simp[(d + e*x
“2)7p/(1 - c™2%x”2)"p]l  Int[(£*x)"(m + 1)*(1 - c™2*%x"2)"(p + 1/2)*(a + b*A
rcSinfc*x])~(n - 1), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, p}, x] & EqQlc~
2xd + e, 0] && GtQ[n, 0] && EqQ[m + 2xp + 3, 0] && NeQ[m, -1]

~—

3.32. [ 55R0 4y
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3.32.4 Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.95

method

result

size

default

In(x) —

arcsin(m)m\/ —z241 20

input Lint (arcsin(x)/x"2/(-x~2+1)~(1/2) ,x,method=_RETURNVERBOSE)

outputLln(x)—arcsin(x)*(—xA2+1)‘(1/2)/X

3.32.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.05

arcsin(z)

241 — 22

dz =

z log (x)

— v/—x? + 1arcsin (z)

T

inputLintegrate(arcsin(x)/x‘2/(-x‘2+1)‘(1/2),x, algorithm="fricas")

outputt(x*log(x) - sqrt(-x"2 + 1)*arcsin(x))/x

3.32.6 Sympy [F]

arcsm

x2\/1 — x2

asin (z)

z2/—

(x—1)(z+1)

dz

input Lintegrate (asin(x) /x**2/ (-x**2+1) **(1/2) ,x)

output LIntegral(asin(x)/(x**2*sqrt(-(x - Dx*(x + 1)), x)

3.32.

J

arcsm(z) dz
z24/1—22
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3.32.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

_arcsin(z) dr = — v —x? + 1arcsin (x) +1og ()
224/1 — 2 x
inputLintegrate(arcsin(x)/x“2/(—x‘2+1)“(1/2),x, algorithm="maxima") J

output‘ -sqrt(-x~2 + 1)*arcsin(x)/x + log(x) ‘

3.32.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 40 vs. 2(19) = 38.

Time = 0.29 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.90

Larcsin(z) 1 iy vV=z2+1-1 )
de = - — arcsin (z) + log (|z|)
z24/1 — 2 T2 vV—r?+1-1 x
inputLintegrate(arcsin(x)/x‘2/(-x‘2+1)‘(1/2),x, algorithm="giac") J

output‘ 1/2%(x/(sqrt(-x~2 + 1) - 1) - (sqrt(-x~2 + 1) - 1)/x)*arcsin(x) + log(abs( ‘

Lx) ) J

3.32.9 Mupad [F(-1)]

Timed out.
arcsin x) asm(:c) s
x2m z2 V1
input Lint (asin(x)/(x"2*%(1 - x72)7(1/2)),x) J
outputLint(asin(x)/(x“2*(1 - x"2)7(1/2)), %) J

3.32. [ 55R0 4y
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3.32.10 Reduce [F]

arcsin(z) .- asin(z) s
z2/1 — 22 V—r?+1z?

inputtint(asin(x)/(sqrt( - X**%2 + 1)*x%%2) ,x)

outputLint(asin(x)/(sqrt( - X*%2 + 1)*x*%2),X)

332. [ —j;‘“Ll“_(zL dx
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3.33 [ gy

3.33.1 Optimalresult . . .. ... ... ... ... ... 247]
3.33.2 Mathematica [A] (verified) . . . . . .. ... .. ... 247]
3.33.3 Rubi [A] (verified) . . . . .. ... . ... 2421
3.33.4 Maple [C] (warning: unable to verify) . . . . . . ... ... ... ... .. 244
3.33.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 244
3.33.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... 247
3.33.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 245
3.33.8 Giac [A] (verification not implemented) . . . ... . ... ... ..... 245
3.33.9 Mupad [F(-1)] . . . . oo 245
3.33.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 240

3.33.1 Optimal result

Integrand size = 13, antiderivative size = 34

z log(z)
—————=dr=—V-1+22+arctan (V—-1+22) ++v—-1+221
—1 + 22 ( x) #* log()

output Larctan((x"2-1)"(1/2))-(x“2-1)"(1/2)+1n(x)*(x"2-1)"(1/2)

3.33.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.79

z log(x) ( 1 )
— 27 _dr=— t - | 4+vV=-14+z2(-1+1
7 5 O arctan T > z?( og(z))

input LIntegrate [(x*¥Log[x])/Sqrt[-1 + x~2],x]

output L—ArcTan [1/Sqrt[-1 + x72]]1 + Sqrt[-1 + x"2]1*(-1 + Log[x])

3.33. [ IRE9 g
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3.33.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.21,

number of rules _ 0.385, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {2776, 243, 60, 73, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z log(x)
VT
| 2776
V2 — 1log(z) — / Ii_ 1dx

J'243

1 [Vx2-1
\/ac2—110g(x)—2/ i dz?

2

dz

dz? — 2v/z2 — 1) + V22 — 1log(z)

l 73
1<2/ 1 d\/x2—1—2\/w2—1>+\/ﬁ108(”3)

2 z4+1

WEve

l 216

%<2arctan (\/.’IT—].) —2/z2 — 1> + Va2 - 1log(z)

-

input LInt [(x*Log[x])/Sqrt[-1 + x~2],x]

~—

outputt(—2*Sqrt [-1 + x~2] + 2*ArcTan[Sqrt[-1 + x~2]]1)/2 + Sqrt[-1 + x~2]*Logl[x]

3.33. [ ZeEd gy



CHAPTER 3. LISTING OF INTEGRALS 243

3.33.3.1 Defintions of rubi rules used

rule 60 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*xx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 216 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

rule 243  Int[(x_)~(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 2776 Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.)) " (p_)*((£_.)*(x_)) "~ (m_.)*((d_) +
(e_)*(x_)"(r_))"(q_.), x_Symbol] :> Simp[f"m*(d + exx"r)~(q + 1)*((a + bxL
oglc*x™n]) "p/(e*r*(q + 1))), x] - Simp[b*f m*n*(p/(exr*(q + 1))) Int[(d +
exx"r)~(q + 1)*((a + b*Loglc*x™n])~(p - 1)/x), x], x] /; FreeQ[{a, b, c, d
, e, f, m, n, q, r}, x] && EqQ[m, r - 1] && IGtQ[p, 0] && (IntegerQ[m] || G
tQ[f, 0]) && NeQl[r, n] && NeQ[q, -1]

3.33. [ IRE9 g
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3.33.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.08 (sec) , antiderivative size = 119, normalized size of antiderivative = 3.50

method | result

. \/— signum(z2—1) (2—2\/—x2+1) \/— signum(z2—1) In(z) (2—2\/?4-1) — signum(z2-1) (‘16+16V —z?4+1-
meijerg | — i 5 . 5 + ~ 51
\/signum(22—1) 2,/signum(z2—1) 32/signum(22—1

input‘int(x*ln(x)/(x“2—1)”(1/2),x,method=_RETURNVERBUSE)

output ‘/-1/4/signum(x"2-1) ~(1/2)*(-signum(x~2-1)) " (1/2) * (2-2% (-x"2+1) " (1/2))+1/2/s \‘
ignum(x~2-1)"(1/2)* (~signum(x~2-1)) " (1/2) *1n(x) % (2-2% (-x~2+1) ~(1/2))+1/32/ |
signum(x"2-1)~(1/2)*(-signum(x~2-1))~(1/2)*(-16+16% (-x"2+1)~(1/2)-32+1n(1/
241/2¢ (-x"2+1)°(1/2)) J

3.33.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.79

zlog(z) dz = vVz? — 1(log (z) — 1) + 2 arctan (—x +Va? — 1>

vV—=1422
inputLintegrate(x*log(x)/(x”2-1)“(1/2),x, algorithm="fricas") J
outputtsqrt(x‘Q - 1)*(log(x) - 1) + 2¥arctan(-x + sqrt(x”2 - 1)) J

3.33.6 Sympy [A] (verification not implemented)

Time = 1.37 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.85

z log(x) - 1
\/_1:_|_x2dx_ Va? — 1log (z) — {VxQ—l—acos(E) forr>-1Az<1

input ‘ integrate (x*1n(x)/(x**2-1)**(1/2) ,x)

3.33. [ IRE9 g
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output‘ sqrt (x**2 - 1)*log(x) - Piecewise((sqrt(x**2 - 1) - acos(1/x), (x > -1) &
@< 1))

3.33.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.79

z log(x) , ( 1 )
—= dr=+vz2-1lo —Vz2 -1 —arcsin | —
Vol aE oV g (@) = ]

-

inputLintegrate(x*log(x)/(x‘2—1)“(1/2),x, algorithm="maxima")

-/

output | sqrt (x”2 - 1)*log(x) - sqrt(x”2 - 1) - arcsin(1/abs(x))
q g q

3.33.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.82

z log(x) = 5 5
\/_1:_chdx—\/x —1llog(z) — Vx —1—|—arctan(\/x —1>

inputtintegrate(x*log(x)/(x‘2—1)‘(1/2),x, algorithm="giac")

output | sqrt(x~"2 - 1)*log(x) - sqrt(x”2 - 1) + arctan(sqrt(x"2 - 1))
g

3.33.9 Mupad [F(-1)]

Timed out.
z log(z) 4 z In(x)

——dr= | (—=dx
V=14 22 Va2 —1

-

inputLint((x*log(x))/(x“Q - 1)7(1/2) ,x)

output Lint((x*log(x))/(x“Q - 1)°(1/2), x)

3.33. [ IRE9 g
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3.33.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.85

z log(x) .
\/—1:4—x2d = 2atan(\/x2 -1 +m) + V22 —1llog(z) — V2 —1

input

int ((log(x)*x)/sqrt (x**2 - 1),x)

N\

output LQ*atan(sqrt(x**2 - 1) + x) + sqrt(x**2 - 1)*log(x) - sqrt(x**2 - 1)

3.33. [ IRE9 g
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3.34 [ 2 4y

1+x
3.34.1 Optimalresult . ... ... ... ... ... ... .. ... ... ..., 247
3.34.2 Mathematica [A] (verified) . . . . . .. ... .. .. 247
3.34.3 Rubi [A] (verified) . . . . .. ... . ... 248]
3.34.4 Maple [A] (verified) . ... ... ... ... 249
3.34.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 249
3.34.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... 250
3.34.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 250
3.34.8 Giac [A] (verification not implemented) . . . .. .. ... ... ..... 2501
3.3¢.9 Mupad [F(-1)] . . . . oo 251]
3.34.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 251]

3.34.1 Optimal result

Integrand size = 15, antiderivative size = 33

/ 2 / 2
_log(z) dx = _vita + arcsinh(z) — 1+ 2% log(z)
.'132\/ 1+ .’172 T €T

Output[arcsinh(x)-(x“2+1)“(1/2)/x-ln(x)*(x“2+1)“(1/2)/x

~—

3.34.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.64

2
_ log(z) 4z = arcsinh(z) — V1+22(1 + log(z))
22y/1 + 22 x
inputLIntegrate[Log[x]/(x“2*Sqrt[1 + x72]) ,x] J

output [ArcSinh[x] - (Sqrt[1 + x~2]*(1 + Loglx]))/x

A >

3.34. [ % 4y
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3.34.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00,

= 3, number of rules _ 200, Rules
integrand size

number of steps used = 3, number of rules used =
used = {2773, 247, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

_ log(z)
fL‘21 /.’172 _+_
l 2773

\/372 _ Va2 +1log(z)

l'247
/ 1 i — vzl +1  Va? 4 1log(z)
z?+1 x T
| 222
2 2
arcsinh(x) — \/mm+1 - v +x110g(ac)

input LInt [Log[x]/(x~2*Sqrt[1 + x~2]),x]

output‘ -(Sqrt[1 + x72]/x) + ArcSinh[x] - (Sqrt[1 + x~2]*Loglx])/x

rule 222

rule 247

3.34.3.1 Defintions of rubi rules used

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)~
(m + D*((a + b*xx"2)"p/(c*x(m + 1))), x] - Simp[2xb*(p/(c"2*(m + 1))) Int[
(c*x)"(m + 2)*(a + b*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && GtQlp,
0] && LtQ[m, -1] && !'ILtQ[(m + 2*p + 3)/2, 0] && IntBinomialQ[a, b, c, 2,

m, p, x]

3.34. [ % 4y
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rule 2773 Int[((a_.) + Logl(c_.)*(x_)~(n_.)1*(b_.))*((£_.)*(x_)) " (m_.)*((d_) + (e_.)*
(x_)~(r_.))"(q.), x_Symbol]l :> Simp[(f*x)~(m + 1)*(d + e*x"r)~(q + 1)*((a +
b*Loglcxx™n])/(d*fx(m + 1))), x] - Simp[b*(n/(d*(m + 1))) Int[(f*x) m*x(d
+ exx"r)"(q + 1), x], x] /; FreeQ[{a, b, ¢, 4, e, £, m, n, q, r}, x] && Eq
Qm + r*(q + 1) + 1, 0] && NeQ[m, -1]

3.34.4 Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.88

method | result size
—In(z)Vz2+1—vz2+1 29

meijerg | arcsinh (z) +

input Lint (1n(x)/x"~2/ (x~2+1)~(1/2) ,x,method=_RETURNVERBOSE)

output ‘ arcsinh(x)+(-1n(x)*(x~2+1)~(1/2)-(x"2+1)~(1/2)) /x

3.34.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00

log () zlog (—z+ V22 +1) + Va2 + 1(log (z) + 1) + =
—dx = —
z2v/1 + 22 z

input Lintegrate (log(x) /x~2/(x"2+1)~(1/2) ,x, algorithm="fricas")

output L—(x*log(—x + sqrt(x™2 + 1)) + sqrt(x™2 + 1)*(log(x) + 1) + x)/x

3.34. [ % 4y



CHAPTER 3. LISTING OF INTEGRALS 250

3.34.6 Sympy [A] (verification not implemented)

Time = 2.95 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.79

2 2
log(z) dz = asinh (z) — vz? +1log(z) vz?+1
221 + 22 x x

input Lintegrate (In(x) /x**2/ (x**2+1) **(1/2) ,x)

output

asinh(x) - sqrt(x**2 + 1)*log(x)/x - sqrt(x**2 + 1)/x

N\

3.34.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.88

1 Va2 +11 V2 +1
_log(@) dz = - Y72 +1llog(z) Vot + arsinh (z)
z2/1 4 22 x x

inputLintegrate(log(x)/x“2/(x‘2+1)“(1/2),x, algorithm="maxima")

e

outputt—sqrt(x‘2 + 1)*log(x)/x - sqrt(x”2 + 1)/x + arcsinh(x)

~—

3.34.8 Giac [A] (verification not implemented)
Time = 0.27 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.76
log(z) dp — 2 log () 2
r?V1 + 22 (z— $2—|—1)2—1 (z— x2—|—1)2—1
—log (—x + Va2 + 1) + log (|z|)

inputLintegrate(log(x)/x‘2/(x‘2+1)‘(1/2),x, algorithm="giac")

J

OutPUt‘2*10g(x)/((x - sqrt(x”2 + 1))72 - 1) + 2/((x - sqrt(x™2 + 1))72 - 1) - log
‘(—x + sqrt(x”2 + 1)) + log(abs(x))

3.34. [ % 4y
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3.34.9 Mupad [F(-1)]

Timed out.
_ log(z) _In(z)

d
z2y/1 + z2 21?2 +

input Lint(log(x)/(x’?* (x72 + 1)7(1/2)) ,%)

outputLint(log(x)/(x‘2*(x‘2 +1)7(1/2)), x)

3.34.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.67

log(z) .
224/1 + 72

—Vz? +1log(z) — Va2 + 1+ log(vVz? +1+z— 1)z +log(vVa?+1+z+1)z —log(z)z — =

X

inputLint(log(x)/(sqrt(x**2 + 1)%x**2) ,x)

J

output | ( - sqrt(x#*2 + 1)*log(x) - sqrt(x+*2 + 1) + log(sqrt(x#*2 + 1) + x - 1)*x

L + log(sqrt(x**2 + 1) + x + 1)*x - log(x)*x - x)/x

J

3.34. [ % 4y
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3.35

3.35.1
3.35.2
3.35.3
3.35.4
3.35.5
3.35.6
3.35.7
3.35.8
3.35.9

v v

Optimal result

rsec

\/—1-1—91:

Mathematica [A] (verified) . . . . . . . ... ... Lo L.

Rubi [A] (verified)

Maple [C] (warning: unable to verify) . . . . . . ... ... ... ... ..
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ..
Sympy [A] (verification not implemented) . . ... ... ... ... ...
Maxima [A] (verification not implemented) . . . ... ... ... .. ..
Giac [A] (verification not implemented) . . ... ... ... .......

Mupad [F(-

3.35.10 Reduce [F]

1]

3.35.1 Optimal result

Integrand size = 13, antiderivative size = 25

-1
zsec (x) i

T
v—1+ 22

=V—-1+z2sec !(z) — ml;i_(f)

output [—x*ln (x)/(x~2)~(1/2)+arcsec(x)*(x~2-1)"(1/2)

3.35.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.40

( 1+ z%) sec™H(z) — /1 — S log(z)

zsec” (x)
N V-1+a?

-/

input LIntegrate [(x*ArcSec[x])/Sqrt[-1 + x~2],x]

output [((-1 + x"2)*ArcSec[x] - Sqrt[1 - x~(-2)]*x*Logl[x])/Sqrt[-1 + x~2]

A >

3.35.

T sec 1(3:)
—1+a?

dz
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3.35.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00,

=2, number of rules _ (j 15 4, Rules

number of steps used = 2, number of rules used =
integrand size

used = {5759, 14}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
rsec !(z) d
vz -1
| 5759
V2 —1sec ™ (z) — w\f/;_;lx
| 14
V2 —1sec  (z) — xl\(;gx_(zx)
input LInt [(x*ArcSec[x])/Sqrt[-1 + x~2],x] J
output LSqrt [-1 + x~2]*ArcSec[x] - (x*Logl[x])/Sqrt[x~2] J
3.35.3.1 Defintions of rubi rules used
rule 14 LInt [(a_.)/(x_), x_Symbol] :> Simp[a*Logl[x], x] /; FreeQla, x] J

rule 5759‘Int[((a .) + ArcSec[(c_.)*(x_)]1*(b_.))*(x_)*((d_.) + (e_.)*(x_)"2)"(p_.), x ‘
‘_Symbol] :> Simp[(d + e*x"2)~(p + 1)*((a + b*ArcSec[c*x])/(2*ex(p + 1))), x ‘
1 - Simp[bxc*(x/(2%ex(p + 1)*Sqrtlc™2%x"21))  Int[(d + exx™2)~(p + 1)/(x*S
‘qrt[c"2*x"2 - 11), x1, x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[p, -1] ‘

zsec™! (m)
3.35. = 9) g
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3.35.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.39 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.36

method | result size

default | csgn (z\ /1— z—lz) (arcsec (x)x “”2;;1 +1In (%)) 34

p
input Lint (x*arcsec(x)/(x"2-1)"(1/2) ,x,method=_RETURNVERBOSE)

-/

output Lcsgn(x* (1-1/x"2)~(1/2) ) *(arcsec (x) *x* ((x~2-1)/x~2) ~(1/2)+1n(1/x))

3.35.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.60

T sec (x) 2 _ larcsec (z) — log (z
m =vz2 -1 (z) — log ()

-/

p
input Lintegrate (x*arcsec(x)/(x"2-1)"(1/2) ,x, algorithm="fricas")

output qurt(x"2 - 1)*arcsec(x) - log(x)

3.35.6 Sympy [A] (verification not implemented)

Time = 16.15 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.88

x sec” (w)
dr = Vx2 — 1asec —log () forz>-1Az<1
e @ = {~os ()

input Lintegrate (x*asec(x)/ (x**2-1)*x(1/2) ,x)

output qurt(x**Q - 1)*asec(x) - Piecewise((-log(1/x), (x > -1) & (x < 1)))

T sec 1(a:)
3.35. = 9) g
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3.35.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.60

zsec(z)
————dz = +Vz2 — larcsec (z) — log (z
Vit Py (#) ~log (2)

inputLintegrate(x*arcsec(x)/(x“2—1)”(1/2),x, algorithm="maxima")

output | sqrt (x~2 - 1)*arcsec(x) - log(x)
q g

3.35.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.88

zsec(z) - 1 log (|z)
T M =22 — 1 )=
a2 dr z arccos (x) sen (z)

input Lintegrate (x*arcsec(x)/(x"2-1)"(1/2) ,x, algorithm="giac")

output qurt(x"2 - 1)*arccos(1/x) - log(abs(x))/sgn(x)

3.35.9 Mupad [F(-1)]

Timed out.

/xsec_l(z) " :/xacos(%) i
vV—=1422 z?2 -1

inputLint((x*acos(l/x))/(x“2 - 1)7(1/2) ,x)

outputLint((x*acos(l/x))/(x“Q - 1)°(1/2), x)

zsec”!(x)
335 [UeWap
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3.35.10 Reduce [F]

zsec™(z) asec(x) T

Y———dr= | —(—dz
V=14 22 vz -1

inputLint((asec(x)*x)/sqrt(x**2 - 1),x)

outputLint((asec(x)*x)/sqrt(x**2 - 1),x)

zsec”!(x)
335 [UeWap
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v1+x
3.36.1 Optimalresult . . .. ... ... ... ... ... 257
3.36.2 Mathematica [A] (verified) . . . . . .. . ... .. . 257
3.36.3 Rubi [A] (verified) . . . . ... ... ... 258]
3.36.4 Maple [A] (verified) . . ... ... ... . ... 260
3.36.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 260
3.36.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... 260
3.36.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 2611
3.36.8 Giac [A] (verification not implemented) . . . . ... ... ... ..... 2611
3.36.9 Mupad [F(-1)] . . . . . .o 261]
3.36.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 262

3.36.1 Optimal result

Integrand size = 13, antiderivative size = 34

x log(x)

der = —V1+ 22+ arctanh(Vl + x2> + V1 + z2log(z)

T =
V1422

output Larctanh( (x72+1)~(1/2))-(x~2+1) " (1/2)+1n(x) * (x~2+1)~(1/2)

3.36.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.18

x log(x) da
V14?2

= —V1+ 2?2 —log(z) + V1 + 22 log(x) + log <1+\/1+x2>

input ‘ Integrate[(x*Log[x])/Sqrt[1 + x~2],x]

output‘ -Sqrt[1 + x72] - Loglx] + Sqrt[1 + x"2]*Logl[x] + Logl[l + Sqrt[1 + x~2]]

3.36.

J

zlog(z)
V1ta? dx
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3.36.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.21,

=5, number of rules _ 385, Rules
integrand size

number of steps used = 6, number of rules used =
used = {2776, 243, 60, 73, 220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z log(x)
V2 +
| 2776

2
V2 + 1log(z) — II+ 1dx
J'243

V2 + 1log(z) — = i +

d

dz® — 2v/22 + 1> + V22 + 1log(z)

| 73

1 1
2<_/x2\/w2+1
+1—2\/a:2+1> + V22 + 1log(x)

1 1
= (2
2( /I4—
l 9220

5 (anctonh (V5 1) ~22% 1) 4 v + Tog(o

input LInt [(x*Log[x])/Sqrt[1 + x~2],x]

output‘ (-2*%Sqrt[1 + x72] + 2%ArcTanh[Sqrt[1 + x72]]1)/2 + Sqrt[1 + x"2]*Logl[x]

3.36. [ LY dr
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3.36.3.1 Defintions of rubi rules used

rule 60 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*xx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 220 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2]1)"(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b]l &&
(LtQla, 0] || GtQ[b, 01)

rule 243  Int[(x_)~(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 2776 Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.)) " (p_)*((£_.)*(x_)) "~ (m_.)*((d_) +
(e_)*(x_)"(r_))"(q_.), x_Symbol] :> Simp[f"m*(d + exx"r)~(q + 1)*((a + bxL
oglc*x™n]) "p/(e*r*(q + 1))), x] - Simp[b*f m*n*(p/(exr*(q + 1))) Int[(d +
exx"r)~(q + 1)*((a + b*Loglc*x™n])~(p - 1)/x), x], x] /; FreeQ[{a, b, c, d
, e, f, m, n, q, r}, x] && EqQ[m, r - 1] && IGtQ[p, 0] && (IntegerQ[m] || G
tQ[f, 0]) && NeQl[r, n] && NeQ[q, -1]

3.36. [ LY dr
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3.36.4 Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.15

method | result size

In(z) ( —2+2vz2+1
meijerg | 1 —vz2+1+ @ J; +)+ln<%—|- x;“) 39

inputLint(x*ln(x)/(x“2+1)“(1/2),x,method=_RETURNVERBOSE) J

output ti—(x“2+1) ~(1/2)+1/2%1n(x) * (-2+2% (x~2+1) " (1/2) ) +1n(1/2+1 /2% (x~2+1) " (1/2)) J

3.36.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.21

rlog(z) ., 5 5
mdm—\/x +1(log(x)—1)+log<—m+\/x +1—|—1>—log<—x—|—\/m +1
_1>

inputLintegrate(x*log(x)/(x‘2+1)‘(1/2),x, algorithm="fricas") J

output‘ sqrt(x”2 + 1)*(log(x) - 1) + log(-x + sqrt(x”2 + 1) + 1) - log(-x + sqrt(x ‘
2+ 1) - 1) |

3.36.6 Sympy [A] (verification not implemented)

Time = 2.60 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.21

z log(z . 1 1
————— + V2?2 4 1llog (z) + asinh (—) -
/ V1+ $2 /1 @) T y/14+ %
input Lintegrate (x*1n(x) / (x**2+1) %% (1/2) ,x) J

output‘—x/sqrt(l + x#x(-2)) + sqrt(x**2 + 1)*log(x) + asinh(1/x) - 1/(x*sqrt(1l + ‘
xk%(=2))) |

3.36. [ LY dr
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3.36.7 Maxima [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.74

x—log( z) = /12 og(z) — Va2 + arsin
1—|—x2d =Vz?2+1log(z) — 14 h(| |)

B
inputLintegrate(x*log(x)/(x‘2+1)‘(1/2),x, algorithm="maxima")

-/

outputtsqrt(x‘2 + 1)*log(x) - sqrt(x~2 + 1) + arcsinh(1/abs(x))

3.36.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.29

rlog(z) , 5 1 5 1 5
mdz—\/x + 1log (z)—Vz +1+§log (\/a: +1+1>—§log <\/a: +1—1>

-

1nputtlntegrate(x*log(x)/(x‘2+1)‘(1/2),x, algorithm="giac")

A >

p
0utput‘sqrt(x‘2 + 1)*log(x) - sqrt(x"2 + 1) + 1/2*log(sqrt(x”2 + 1) + 1) - 1/2%lo
‘g(sqrt(x‘2 +1) - 1)

—

3.36.9 Mupad [F(-1)]

Timed out.
z log(x) dp — z In(z) i
Vit ") Vel

input Lint((x*log(x))/(x? + 1)7(1/2) ,x)

output Lint((x*log(x))/(x’? + 1)°(1/2), x)

3.36. [ LY dr
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3.36.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.18

rlog(z) . 5 5 5
mdm—\/m + 1log(z) — Vz +1—log<v:c +1—|—m—1)—|—log<v:r +1+z
+1)

input Lint((1og(x)*x)/sqrt(x**2 +1),x) J

output‘ sqrt (x**2 + 1)*log(x) - sqrt(x**2 + 1) - log(sqrt(x**2 + 1) + x - 1) + log
‘(sqrt(x**2 +1) +x + 1)

3.36. [ LY dr
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sin(x)

3.37 1+sin?(x) dx

3.37.1 Optimalresult . . .. ... ... ... . .. ... ... 263]
3.37.2 Mathematica [C] (verified) . . . . . . . . ... .. L 263
3.37.3 Rubi [A] (verified) . . . . .. ... . ... 2641
3.37.4 Maple [A] (verified) . ... ... ... . ... 265
3.37.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... 265
3.37.6 Sympy [B] (verification not implemented) . . ... ... ... ... ... 260
3.37.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 260
3.37.8 Giac [B] (verification not implemented) . . . .. .. ... ... ..... 260
3.37.9 Mupad [B] (verification not implemented) . . . ... .. ... ... ... 267
3.37.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 267

3.37.1 Optimal result

Integrand size = 11, antiderivative size = 16

/

sin(x)

1 + sin?(z)

arctanh ( cos(z) )

V2

V2

output‘—1/2*arctanh(1/2*cos(x)*2“(1/2))*2‘(1/2)

3.37.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.07 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.88

/Liis,ni—gz)(x)dx__

z’(arctan (

—i+tan(%)

V2

) — arctan (

i+tan ( %)
V2

)

V2

input LIntegrate [Sin[x]/(1 + Sin[x]72),x]

output‘ ((-I)*(ArcTan[(-I + Tan[x/2])/Sqrt[2]] - ArcTan[(I + Tan[x/2])/Sqrt[2]1))/

‘ Sart[2]

3.37.

sin(z)
1+sin?(z)

dz

J

N
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3.37.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _ 0.273, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {3042, 3665, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
sin(x)
/ sin?(z) + 1 de
| 3042
sin(z)
/ sin(z)2 + 1d;v
| 3665
1
/ 5 Cosz(m)dcos(:v)
l 219
arctanh(%)
- V2
inputLInt[Sin[x]/(l + Sin[x]172),x] J

( hY

-(ArcTanh [Cos [x]/Sqrt [2]]/Sqrt[2])

N J

output

3.37.3.1 Defintions of rubi rules used

rule 219 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/bp] && (Gt
Qla, 01 |l LtQ[b, 01)

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.37. sin(z) __ 7.

1+sin?(z)
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ruk33665‘Int[sin[(e_.) + (fF_)*(x )1 (m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"
‘(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + f*x], x]}, Simp[-ff/f
‘Subst[Int[(l - £f£72xx72)"((m - 1)/2)*(a + b - b*ff~2+%x"2)"p, x], x, Cos[e +
‘ fxx]/££f], x]]1 /; FreeQl[{a, b, e, £, p}, x] && IntegerQ[(m - 1)/2]

3.37.4 Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

method | result size
rctanh cos(x) V2 V2
defautlt | —==mtl - ) 14
\/51 2im_2\/§ ia:+1 \/51 2im+2\/§ ia:+1
risch n(e 1 ‘ ) — n(e 1 ‘ ) 48

N

input

—_—

int(sin(x)/(1+sin(x) "2) ,x,method=_RETURNVERBOSE)

~—

-

output L—1/2*arctanh(1/2*cos (x)*27(1/2))*27(1/2)

-/

3.37.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 29 vs. 2(13) = 26.

Time = 0.26 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.81

sin(x) 1 cos (z)* — 2v/2cos () + 2

cos (z)* — 2

input‘integrate(sin(x)/(1+sin(x)”2),x, algorithm="fricas")

outputL1/4*sqrt(2)*log(-(cos(x)“2 - 2*sqrt(2)*cos(x) + 2)/(cos(x)"2 - 2))

3.37. sin(z) __ 7.

1+sin?(z)
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3.37.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 46 vs. 2(19) = 38.

Time = 9.24 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.88

/ sin(x) e — V2log (tan? (£) — 2v/2 + 3) B V2log (tan? (2) + 2v2 + 3)
1 + sin?(x) v 4 4
1nput[1ntegrate(sin(x)/(1+sin(x)**2),x) ]

Output(sqrt(2)*log(tan(x/2)**2 - 2xsqrt(2) + 3)/4 - sqrt(2)*log(tan(x/2)**2 + 2*s )
Lqrt(Q) + 3)/4 J

3.37.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.50

/ sin(z) dp — i Valog (_\/5 — cos (x))

1 + sin?(z) V2 + cos (z)

| —

p
inputLintegrate(sin(x)/(1+sin(x)‘2),x, algorithm="maxima")

outputL1/4*sqrt(2)*log(—(sqrt(2) - cos(x))/(sqrt(2) + cos(x))) J

3.37.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 27 vs. 2(13) = 26.

Time = 0.27 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.69

/1_?:151)( )d =——\/_log(\/_+cos( )>+}1\/§log(\/§—cos(x))

.
integrate(sin(x)/(1+sin(x)"2),x, algorithm="giac")

output L—1/4*sqrt(2)*log(sqrt(2) + cos(x)) + 1/4xsqrt(2)*log(sqrt(2) - cos(x)) J

3.37. sin(z) __ 7.

1+sin?(z)
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3.37.9 Mupad [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.81

V2 cos(z
/ sin(z) dr— ﬁatanh(%)

1 + sin?(x) 2
input Lint(sin(x)/(sin(x) "2 + 1),%) J
output | - (27 (1/2) *atanh ((2~(1/2) *cos(x))/2))/2

N\ J

3.37.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 45, normalized size of antiderivative = 2.81

sin(x)
/ 1 + sin?(z) de
V2 <log(—\/§i +tan (Z) + i) +log(v2i +tan (£) — i) — log(2\/§ + tan (%)2 + 3))
- 4
input Lint(sin(x)/(sin(x) **2 + 1) ,%) J

output| (sqrt(2)*(log( - sqrt(2)*i + tan(x/2) + i) + log(sqrt(2)*i + tan(x/2) - i)
‘ - log(2*sqrt(2) + tan(x/2)**2 + 3)))/4 ‘

3.37. sin(z) __ 7.

1+sin?(z)
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3.38  [—L__gp
(1-22)V1+z?

3.38.1 Optimalresult . ... ... ... ... ... ... .. .. 268
3.38.2 Mathematica [A] (verified) . . . . . . ... .. ... oL 268]
3.38.3 Rubi [A] (verified) . . . .. . ... ... 269
3.38.4 Maple [A] (verified) . . . ... .. .. ... 2701
3.38.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... 270
3.38.6 Sympy [F] . . . . . . R71]
3.38.7 Maxima [F] . . . .. ... .. 271]
3.38.8 Giac [F] . . . . o 271]
3.38.9 Mupad [F(-1)] . . . . . oo e 272
3.38.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 272

3.38.1 Optimal result

Integrand size = 24, antiderivative size = 23

1+ z2

arctanh (

3z
1+z4

)

/i

1—x2)\/1+x4

V2

outputL1/2*arctanh(x*2“(1/2)/(x“4+1)“(1/2))*2”(1/2)

3.38.2

Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00

1+ 22

arctanh (

V2z
14+z4

)

/i

1—x2)\/1+x4

V2

inputLIntegrate[(l + x72)/((1 - x"2)*Sqrt[1 + x74]),x]

~4]]1/Sqrt[2]

3.38.

f(l

1422
z2)v/1+x4
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3.38.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00,

=2, number of rules _ 083, Rules
integrand size

number of steps used = 3, number of rules used =
used = {2213, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

¢ +1
/(1_;62)\/304—
l2213

/ 1 d T
1— 22 /rt+1

441
l 219
arctanh ( \/%)
V2

input {Int[(l + x72)/((1 - x~2)*Sqrt[1 + x74]),x]

output LArcTanh [(Sqrt[2]*x)/Sqrt[1 + x~411/Sqrt[2]

rule 219

rule 2213

| —

3.38.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Int[(CA) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"41)
, Xx_Symbol] :> Simp[A Subst[Int[1/(d + 2*a*exx~2), x], x, x/Sqrtla + c*xx~
411, x] /; FreeQl{a, c, d, e, A, B}, x] &% EqQ[cxd~2 - axe~2, 0] && EqQ[Bxd
+ Axe, 0]

1+z
338 [iAo—d
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3.38.4 Maple [A] (verified)

Time = 1.54 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.96

method result size

arctanh ( V2 2:4+1 ) V2

elliptic 22

RootOf (_ZQ—2> In (—itz)(1+a)

(RootOf <_ZQ—2) z—\/m)
trager - 39

2
V2 <arctanh < :::1 ﬁ) —arctanh < z2;%ﬁ> >
default A 47
V2 <arctanh< ° _z+1 ﬁ) —arctanh< +z+13 f>>
pseudoelliptic 1 47

input Lint ((x~2+1)/(-x~2+1) /(x~4+1)~(1/2) ,x ,method=_RETURNVERBOSE)

1/2*arctanh(1/2/x*27(1/2)*(x~4+1)~(1/2))*2~(1/2)

3.38.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 42 vs. 2(18) = 36.

Time = 0.27 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.83

1+ 22 1 2+ 2V + 1z + 222 + 1
dz = =~ /2log
(1—-22)vV1+2* zt—222+1

inputLintegrate((x“2+1)/(-x‘2+1)/(x‘4+1)“(1/2),x, algorithm="fricas")

p
output‘1/4*sqrt(2)*log((x‘4 + 2xsqrt(2)*sqrt (x4 + 1)*x + 2*xx72 + 1)/(x"4 - 2%x72
o+ 1)

338. [ = zl;)r\zﬁ
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3.38.6 Sympy [F]

1

dx

/ 1+ dx——/ x? dac—/
(1-2?)V1+a* et +1 -Vt +1 Vet +1 -Vt +1

inputLintegrate((X**2+1)/(-X**2+1)/(X**4+1)**(1/2),X)

J

output‘—Integral(x**2/(x**2*sqrt(x**4 + 1) - sqrt(x**4 + 1)), x) - Integral(1l/(xx*

‘*2*sqrt(x**4 + 1) - sqrt(x**4 + 1)), x)

3.38.7 Maxima [F]

1+ 22 B 2 +1 i
(1-22)v1 +x4 Vat+1(z2 - 1)

p
inputLintegrate((x‘2+1)/(_x‘2+1)/(x‘4+1)‘(1/2),x, algorithm="maxima")

N

output L—integrate((x“Z + 1)/(sqrt (x4 + D*(x"2 - 1)), x)

3.38.8 Giac [F]

1422 2 +1 p
— X
(1—=x2) \/1+z4 VvVt +1(z? - 1)

inputtintegrate((x“2+1)/(-x‘2+1)/(x‘4+1)“(1/2),x, algorithm="giac")

p
outputtintegrate(-(x‘2 + 1)/(sqrt(x”4 + 1)*(x"2 - 1)), x)

338. [ = zl;)r\zﬁ
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3.38.9 Mupad [F(-1)]

Timed out.
/ 1+ z? 2’ +1 de
(1—1'2)\/1+934 (@ -1 Vet
inputLint(-(x‘2 + 1)/((x"2 - D*x"4 + 1)°(1/2)),%) J
Outputtint(—(x‘Q + 1)/((x"2 - (x4 + 1)~(1/2)), %) J

3.38.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.22

/ 1+ 22 do — V2 (—log(z? — 1) + log(—vz* + 12 — 2z))
(

T =
1—22)y/1+ 2t 2
inputLint(( - (x%*2 + 1))/(sqrt(x**4 + 1)*(x**2 - 1)),x) J
output L(sqrt(2)*( - log(x**2 - 1) + log( - sqrt(x**4 + 1)*sqrt(2) - 2*x)))/2 J

338. [ = zl;)r\zﬁ
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339 [ —L2__4p
(1+22) V1424

3.39.1 Optimalresult . . ... ... ... ... .. .. ... .. 273
3.39.2 Mathematica [A] (verified) . . . . . . ... ... oL 273
3.39.3 Rubi [A] (verified) . . . . .. ... . ... 274
3.39.4 Maple [A] (verified) . ... ... ... .. ... .. 275
3.39.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 275
3.39.6 Sympy [F] . . . . . . 276
3.39.7 Maxima [F] . . ... ... . 276
3.39.8 Giac [F] . . . . o 276
3.39.9 Mupad [F(-1)] . . . .« oo e 277
3.39.10RedUCe [F] .+« o v v oo e e 27T

3.39.1 Optimal result

Integrand size = 24, antiderivative size = 23

1— 22 . arctan ( ‘ﬁz 4>
€Tr =
(14+2%)vV1+2* V2

outputL1/2*arctan(x*2“(1/2)/(x‘4+1)“(1/2))*2“(1/2)

3.39.2 Mathematica [A] (verified)

Time = 0.26 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00

1 — z2

arctan <

ﬂx
144

)

dzr =
(14+22) V1424

V2

inputLIntegrate[(l - x72)/((1 + x~2)*Sqrt[1 + x74]),x]

~4]1/Sqrt[2]

3.39.

f (1+z2)\/7
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3.39.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00,

=2, number of rules _ 083, Rules
integrand size

number of steps used = 3, number of rules used =
used = {2213, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1—=x
/(a:2+1)\/w4— v
l 9213

/ 1 d x
22 41 Vet 41
l 216

V2z
arctan ( m)

V2

input [Int[(l - x72)/((1 + x"2)*Sqrt[1 + x~4]),x]

output LArcTan [(Sqrt[2]1*x)/Sqrt[1 + x~4]11/Sqrt[2]

rule 216

rule 2213

| —

3.39.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Int[(CA) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"41)
, Xx_Symbol] :> Simp[A Subst[Int[1/(d + 2*a*exx~2), x], x, x/Sqrtla + c*xx~
411, x] /; FreeQl{a, c, d, e, A, B}, x] &% EqQ[cxd~2 - axe~2, 0] && EqQ[Bxd
+ Axe, 0]

339. [ ikt—d
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3.39.4 Maple [A] (verified)

Time = 1.05 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

method result size
arctan ( ) \@

default 19
arctan ( zv2 N ) V2

pseudoelliptic — 19

arctan ( V2 V +1 )
elliptic — 22
RootOf _Z2 +2 z—\/m

RootOf (_ZZ—G—Q) In (— ( w2+1> )

trager 5 37

input Lint ((-x~2+1) / (x~2+1) / (x~4+1)~(1/2) ,x ,method=_RETURNVERBOSE)

outputL1/2*arctan(x*2”(1/2)/(x“4+1)”(1/2))*2”(1/2)

3.39.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.78

1— 22

1+ 22)v1+2*

1
dr = 3 2 arctan (

V2z

i +1

)

inputtintegrate((-x‘2+1)/(x‘2+1)/(x‘4+1)‘(1/2),x, algorithm="fricas")

outputLl/2*sqrt(2)*arctan(sqrt(2)*x/sqrt(x‘4 + 1))

3.39.

f (1+z2)\/7
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3.39.6 Sympy [F]

/ 1-z dx=—/ 2’ dx
(1+22)v1+ 24 2Vt + 1+t +1
NS E

input Lintegrate ((—x*x2+1) / (x**2+1) / (x**4+1) %% (1/2) ,x) J

output‘—Integral(x**2/(x**2*sqrt(x**4 + 1) + sqrt(x**4 + 1)), x) - Integral(-1/(x ‘
(*k2ksqrt (xaxd + 1) + sqrt(xerd + 1)), x) |

3.39.7 Maxima [F]

1— 22 B 2 —1 i
(1+2?) m VIt +1(z2 + 1)
input Lintegrate ((-x~2+1)/(x~2+1) / (x~4+1)~(1/2) ,x, algorithm="maxima") J
output L—integrate((x“Z - 1)/(sqrt(x™4 + 1)*(x"2 + 1)), x) J
3.39.8 Giac [F]
1— 22 B z?2—1 I
(1+ x2) m Vi +1(z% + 1)
input tintegrate((-x“2+1)/(x“2+1)/(x"4+1)'" (1/2) ,x, algorithm="giac") J
output Lintegrate(-(x? - 1)/(sqrt (x4 + 1)*(x"2 + 1)), x) J

339. [ ikt—d
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3.39.9 Mupad [F(-1)]

Timed out.
/ 1—z / 2 —1
dr = — dx
(14+22)v1+ 2* (x24+1) vzt +1
inputtint(—(x’? - 1)/((x°2 + D*(x~4 + 1)(1/2)),%) J
output L—int((x"Q S 1)/((x"2 + D4 + 1)°(1/2)), %) J

3.39.10 Reduce [F]

/ 1—2z? VvVt + / VvVt + 122 i
(1+z2)\/1+x4 x6+w4+x2+1 0+t + 2241
inputtint(( - x#*2 + 1)/(sqrt(xx*d + 1)*(x+*2 + 1)),%) J

output‘ int(sqrt(x*x*4 + 1)/(x*x6 + x**4 + x**2 + 1),x) - int((sqrt(x**4 + 1)*x**x2) \
‘/(x**G + x*%4 + x**x2 + 1),x%) ‘

339. [ ikt—d



outputL-x-arctanh(cos(x))-cos(x)*ln(sin(x))/(1+sin(x))
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3.40 Lg(In®) gy
+sin(z)

3.40.1 Optimalresult . . . ... ... ... ... . 278
3.40.2 Mathematica [A] (verified) . . . . . ... ... ... Lo L 278
3.40.3 Rubi [A] (verified) . . . .. ... .. 279
3.40.4 Maple [A] (verified) . . . .. .. ... ... 281
3.40.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... 28]
3.40.6 Sympy [B] (verification not implemented) . . ... ... ... ... ... 2821
3.40.7 Maxima [B] (verification not implemented) . . . . . . ... ... ... ..
3.40.8 Giac [A] (verification not implemented) . . . ... ... ... ...... 283
3.40.9 Mupad [B] (verification not implemented) . . . ... ... .. ... ... 283
3.40.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 283

3.40.1 Optimal result

Integrand size = 10, antiderivative size = 22

/ log(sin(z))

1 + sin(z)

—z — arctanh(cos(x)) —

cos(x) log(sin(z))

1 + sin(z)

3.40.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.77

/ log(sin(z)) i

1 + sin(x)

—x — 2log (cos (

T

3))+

2log(sin(z)) sin

cos (£) +sin (

input LIntegrate [Log[Sin[x]]1/(1 + Sin[x]),x]

output

-

N\

-x - 2xLog[Cos[x/2]] + (2*Log[Sin[x]]1#*Sin[x/2])/(Cos[x/2] + Sin[x/2])

3.40.

J

log(sin(z

1+sin(z

)
) dz
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3.40.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00,

number of rules _ 0.700, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {3034, 25, 3042, 3318, 24, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ log(sin(z)) i

sin(z) +1
l 3034

B / _cos(z) cot(z) d — cos(z) log(sin(z))
sin(z) + 1 sin(z) + 1

| 25

/cos(a:) cot(a:)d _ cos(z) log(sin(z))

sin(z) +1 v sin(z) + 1
| 3042
/ cos(x)? o <05(@) log(sin(z))
sin(a) (sin(e) + 1) (@) 1 1
| 3318
cos(z) log(sin(x))
- / ldx + /csc(x)dx ~ @) + 1
l 24
cos(z) log(sin(x))
/csc(x)dac -t sin(z) + 1
| 3042
cos(z) log(sin(x))
l 4257
—arctanh(cos(z)) — z — COS(::itZg)(_S:Ii(x))

input \ Int[Log[Sin[x]1/(1 + Sin[x]),x]

3.40. [ 'EERE) gy

1+sin(z



CHAPTER 3. LISTING OF INTEGRALS 280

output‘-x - ArcTanh[Cos[x]] - (Cos[x]*Log[Sin[x]]1)/(1 + Sin[x])

3.40.3.1 Defintions of rubi rules used

ruka24LInt[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x] J

-

rule 25 LInt [-(Fx_), x_Symboll :> Simp[Identity[-1]  Int[Fx, x], x]

-/

rule 3034 Int[Loglu_l*(v_), x_Symbol] :> With[{w = IntHidel[v, x]}, Simp([Log[u]l w, x
] - Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w,
x]] /; InverseFunctionFreeQ[u, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3318 Int[((cos[(e_.) + (f_.)*(x_)I1*(g_.))"(p_)*((d_.)*sinl[(e_.) + (£_.)*(x_)1)"(
n_.))/((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]), x_Symbol] :> Simp[g~2/a Int
[(gxCos[e + £*x])~(p - 2)*(d*Sin[e + f*x])"n, x], x] - Simp[g~2/(bxd) Int
[(gxCos[e + f*x])~(p - 2)*(d*Sin[e + f*x])~(n + 1), x], x] /; FreeQ[{a, b,
d, e, £, g, n, p}, x] & EqQ[a~2 - b2, 0]

ruka4257‘lnt[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
‘ /; FreeQ[{c, d}, x]

log(sin(x
3.40. [ 'EERE) gy
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3.40.4 Maple [A] (verified)

Time = 0.61 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

method result
parallelrisch | In (csc (z) — cot (z)) + (—sec (z) + tan (z)) In (sin (z)) — x

a(z
—z—xtan(§)+2tan(g)ln< 2ta (2>

an2 z )
norman Fean(®) crm(5) +1n (1 + tan® (%))
. 21n(e'®) —21n(e?*®—1)+In(e**+1)+In(e?®—1) —2iz—im csgn(i sin(z))2—iln (e*®4+1)e'®—iln(e'®—1)e™® —im csgn (ie ™
risch o T
inputLint(ln(sin(x))/(sin(x)+1),x,method=_RETURNVERBUSE) J
output Lln(csc (x)-cot (%) )+(-sec(x)+tan(x))*1n(sin(x))-x J

3.40.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 93 vs. 2(22) = 44.

Time = 0.26 (sec) , antiderivative size = 93, normalized size of antiderivative = 4.23

/ log(sin(x)) dp —
1+sin(z) ~

4 (cos () + sin (z) + 1) arctan (—%) + 4z cos (z) + (cos (z) + sin (z) + 1) log (5 cos ()

2 (cos (z

inputLintegrate(log(sin(x))/(1+sin(x)),x, algorithm="fricas") J

Output‘—1/2*(4*(cos(x) + sin(x) + 1)#*arctan(-(cos(x) + sin(x) + 1)/(cos(x) - sin( ‘
‘x) + 1)) + 4xxxcos(x) + (cos(x) + sin(x) + 1)*log(1/2*cos(x) + 1/2) - (cos ‘
‘(x) + sin(x) + 1)#*log(-1/2*cos(x) + 1/2) + 2x(cos(x) - sin(x) + 1)*log(sin
‘(x)) + 4d*xxxsin(x) + 4*x)/(cos(x) + sin(x) + 1)

log(sin(x
3.40. [ 'EERE) gy
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3.40.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 105 vs. 2(20) = 40.

Time = 0.66 (sec) , antiderivative size = 105, normalized size of antiderivative = 4.77

/log(Siﬂ(x)) gy Ttan (2) z 2log <ta$n(( )) )tan (3)
1+sin(z) ~ tan()—l—l tan()+1 tan (2) + 1
N log (tan2 (%) +1) tan (g) log (tan® (2) +1) 2log(2)tan (%)
an (£) +1 tan (2) +1 tan (2) +1
inputLintegrate(ln(sin(x))/(1+sin(x)),x) J

2 + 1))*tan(x/2)/(tan(x/2) + 1) + log(tan(x/2)**2 + 1)*tan(x/2)/(tan(x/2)
'+ 1) + log(tan(x/2)#*2 + 1)/(tan(x/2) + 1) + 2¥log(2)*tan(x/2)/(tan(x/2) +

output ‘(—x*tan(x/2)/(ta.n(x/2) + 1) - x/(tan(x/2) + 1) + 2xlog(tan(x/2)/(tan(x/2)** \‘
= |

3.40.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 82 vs. 2(22) =

Time = 0.28 (sec) , antiderivative size = 82, normalized size of antiderivative = 3.73

2 log ( . 22 sin(z) )
. sin(x) .
/ log(sin(z)) dp = — (2n s +1) (cos(@)+1) 5 arctan ( sin () )
1

1 + sin(z) COSSI?SJ)FI +1 cos (z) +

sin (z) 1 sin ()
+2 log <cos (z) + 1) log ((cos (x) + 1)2 + 1>

inputLintegrate(log(sin(x))/(1+sin(x)),x, algorithm="maxima") J

A\

(—2*log(2*sin(x)/((sin(x)‘Z/(cos(x) + 1)72 + 1)*(cos(x) + 1)))/(sin(x)/(cos
‘(x) + 1) + 1) - 2*arctan(sin(x)/(cos(x) + 1)) + 2+log(sin(x)/(cos(x) + 1)) ‘
| - log(sin(0)"2/(cos(x) + 172 + 1) )

3.40. [ 'EERE) gy

1+sin
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3.40.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.64
log((si 2 log (si 1 \? 1
/M dr=—x— M 2 log (tan (Z x) +1> +2 log ( tan (4_1 x) )

1 + sin(z) tan (3 z) + 1
inputLintegrate(log(sin(x))/(1+sin(x)),x, algorithm="giac") J

output ‘(—x - 2*¥log(sin(x))/(tan(1/2*x) + 1) - 2xlog(tan(1/4*x)~2 + 1) + 2+log(abs( \‘
Ltan(1/4*x))) J

3.40.9 Mupad [B] (verification not implemented)

Time = 0.39 (sec) , antiderivative size = 55, normalized size of antiderivative = 2.50

log(sin(z)) , _ _ z +1In (2 sin (z) — cos (z) 2i — 2i) (-1 —i
/mdag_Q—H(Z () — cos (z) 2i — 2i) (-1 —1)

2 In (sin (z))
cos (x) + sin (x) 1i+ 1i

+1n (2 sin (z) — cos (z) 21+ 2i) (1 —1i) —

input [1nt(log(sin(x))/(sin(x) +1),%) \J

output(log(Q*sin(x) - cos(x)*2i + 2i)*(1 - 1i) - log(2*sin(x) - cos(x)*2i - 2i)*(
‘1 + 1i) - 2xx - (2*%log(sin(x)))/(cos(x) + sin(x)*1i + 1i)

\‘

3.40.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 66, normalized size of antiderivative = 3.00

/ log(sin(z))
1+ sin(z )

log(tan (%)2 + 1) tan (2) + log(tan (% ) + 1) + 2log( 2tan(§) ) tan () —tan (3)z —=

tan (2) + 1

3.40. [ 'EERE) gy

1+sin(z
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input Lint(log(sin(x))/(sin(x) + 1),%) J

output‘ (log(tan(x/2)**2 + 1)*tan(x/2) + log(tan(x/2)**2 + 1) + 2xlog((2*tan(x/2)) ‘
\/(tan(x/z)**z + 1))*tan(x/2) - tan(x/2)*x - x)/(tan(x/2) + 1) \

log(sin(x
3.40. [ 'EERE) gy
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3.41 [ log(sin(x))+/1 + sin(z) dz

3.41.1 Optimal result . . . . . ... .. .. ... .. 285]
3.41.2 Mathematica [B] (verified) . . . . . .. . ... .. L 285
3.41.3 Rubi [A] (verified) . . . . ... . . . ... 2861
3414 Maple [F] . . . . . . .
3.41.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... 2891
341.6 Sympy [F] . . . . . e 289
3.41.7 Maxima [F] . . . . . . . 290
3.41.8 Giac [B] (verification not implemented) . . . .. ... .. ... ..... 2901
3.41.9 Mupad [F(-1)] . . . . . oo 290
341.10Reduce [F] . . . . . . e 291]

3.41.1 Optimal result

Integrand size = 12, antiderivative size = 42

/ log(sin(x))+/1 + sin(x) dx = —4arctanh< cos(z) )

1 + sin(z)
4 cos(z) 2 cos(z) log(sin(z))

- /1 +sin(z) - 1 + sin(z)

N

output ‘(—4*arcta.nh(cos (x)/(1+4sin(x) )~ (1/2) ) +4*cos(x) / (1+sin(x) )~ (1/2) -2*cos (x) *1n( ‘
'sin(x))/(1+sin(x))"(1/2)

3.41.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 87 vs. 2(42) = 84.

Time = 0.07 (sec) , antiderivative size = 87, normalized size of antiderivative = 2.07

/ log(sin(x))+/1 + sin(z) dx

_ 2(—log (1 +cos (%) —sin (£)) +1log (1 — cos (£) +sin (£)) — cos (£) (=2 + log(sin(z))) + (-2 + log
cos ( ) + sin (2)

341.  [log(sin(z))\/1 + sin(z) dz
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input ‘ Integrate[Log[Sin[x]]1*Sqrt[1 + Sin[x]],x]

output‘f(Q*(-Log[l + Cos[x/2] - Sin[x/2]] + Logl[l - Cos[x/2] + Sin[x/2]] - Cos[x/2
‘]*(-2 + Log([Sin[x]]) + (-2 + Logl[Sin[x]])*Sin[x/2])*Sqrt[1 + Sin[x]])/(Cos
[x/2] + Sin[x/2])

\‘

3.41.3 Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.07,

number of steps used = 10, number of rules used = 9

number of rules
’ integrand size

used = {3034, 27, 3042, 3353, 3042, 3460, 3042, 3252, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ Vvsin(z) + 1log(sin(z)) dz

l 3034

_ 2cos(z) cot(z) dp — 2 cos(z) log(sin(z))

Vsin(z) +1 g Vsin(z) + 1
| 27

cos(z) cot(zx) dr — 2 cos(z) log(sin(z))
Vsin(z) +1 Vsin(z) +1
| 3042
2/ ‘ cos(x)? d — 2 cos(z) log(sin(z))

(z)+/sin(z) + 1 v Vsin(z) +1

| 3353
— sin(e)) /il . 2 cos(z) log(sin(z))
2/csc(w)(1 (2))/sin(z) + 1d s
| 302
5 (1 —sin(x))+/sin(x) + 1dw _ 2cos(z) log(sin(z))
sin(z) Vsin(z) +1
| 3460

= 0.750, Rules

3.41.

[ log(sin(z))+/1 + sin(z) dz
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( ese(z)/ain(@) T 1do + 2 cos(z) > _ 2cos(z) log(sin(z))

Vsin(z) + 1 sin(z) + 1
| 3042
( V/sin(z 2 cos(zx) ) _ 2cos(z) log(sin(z))
sin 27) \/sin(a:) +1 Vsin(z) +1
| 3252
5 2cos(z) 5 1 d cos(x) _ 2cos(z) log(sin(z))
sin(z) + 1 1-— ng?:c;‘i)l Vsin(z) + 1 sin(z) +1
| 219
2( 2cos(z) 2arctanh< cos(x) >> _ 2cos(z) log(sin(z))
vsin(z) +1 Vsin(z) +1 sin(z) + 1

e

input L

Int [Log[Sin[x]]1#Sqrt[1 + Sin[x]],x]

~—  /

p
output ‘

L

(-2*Cos [x] *Log[Sin[x]])/Sqrt[1 + Sin[x]] + 2*(-2*ArcTanh[Cos[x]/Sqrt[1 + S
in[x]]] + (2#Cos[x])/Sqrt[1 + Sin[x]])

~

3.41.3.1 Defintions of rubi rules used

rule 27

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 219

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/bp] && (Gt
Qla, 01 |l LtQ[b, 01)

rule 3034

Int[Loglu_l*(v_), x_Symbol] :> With[{w = IntHidelv, x]}, Simp[Logl[ul] W, X

] - Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w,
x]1] /; InverseFunctionFreeQ[u, x]

341.  [log(sin(z))\/1 + sin(z) dz
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3252 Int[Sqrt[(a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)11/((c_.) + (d_.)*sin[(e_.) + (
f_.)=*(x_)]), x_Symbol] :> Simp[-2*(b/f) Subst[Int[1/(b*c + a*d - d*x~2),

x], x, bx(Cos[e + f*x]/Sqrtl[a + b*Sin[e + f*x]]1)], x] /; FreeQ[{a, b, c, d,
e, £}, x] && NeQ[b*c - a*d, 0] && EqQ[a"2 - b~2, 0] && NeQ[c™2 - d~2, 0]

rule 3353 | Int[cos[(e_.) + (f_.)*(x_)]1"2%x((d_.)*sin[(e_.) + (f_.)*(x_)1) " (n_)*((a_) +

(b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_), x_Symbol] :> Simp[1/b"2 Int[(d*Sin[e
+ f*x]) n*x(a + b*Sin[e + f*x])~(m + 1)*(a - b*Sin[e + f*x]), x], x] /; Fre
eQ[{a, b, d, e, f, m, n}, x] && EqQ[a~2 - b2, 0] && (ILtQ[m, 0] || 'IGtQL
n, 0])

rule 3460 Int[Sqrt[(a_) + (b_.)*sinl(e_.) + (£_.)*(x_)11*((A_.) + (B_.)*sinl[(e_.) + (
f_)*x(x_)1)*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Simp
[-2xb*B*Cos[e + f*x]*((c + d*Sin[e + f*x])~(n + 1)/(d*f*(2*n + 3)*Sqrt[a +

b*Sin[e + £*x]]1)), x] + Simp[(A*b*d*(2+n + 3) - B*(b*c - 2*xa*d*x(n + 1)))/(b
*d*(2*n + 3)) Int[Sqrt[a + b*Sin[e + f*x]]*(c + d*Sin[e + f*x])“n, x], x]
/; FreeQ[{a, b, ¢, d, e, £, A, B, n}, x] && NeQ[b*c - axd, 0] && EqQ[a~2 -
b"2, 0] && NeQ[c™2 - 42, 0] && !'LtQ[n, -1]

3.41.4 Maple [F]
/ In (sin (z)) v/sin (z) + 1dz

input‘int(ln(sin(x))*(sin(x)+1)“(1/2),X)

output‘int(ln(sin(x))*(sin(x)+1)“(1/2),X)

341.  [log(sin(z))\/1 + sin(z) dz
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3.41.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 146 vs. 2(36) = 72.

Time = 0.27 (sec) , antiderivative size = 146, normalized size of antiderivative = 3.48

/log(sin(x))\/ 1+ sin(z) dz =

(COS (.’E) +sin (.’,C) + 1) lOg (cos(z)2—(cos(z)—1) sin(z)+2 (cos(z)—sin(z)+1)+/sin(z)+1+2 cos(z)+1> _ (COS (17) + sin (:

2 (cos(z)+sin(z)+1)

input ‘ integrate(log(sin(x))*(1+sin(x))~(1/2),x, algorithm="fricas") ‘

output -((cos(x) + sin(x) + 1)*log(1/2*(cos(x)"2 - (cos(x) - 1)*sin(x) + 2*(cos(x
) - sin(x) + 1)*sqrt(sin(x) + 1) + 2%cos(x) + 1)/(cos(x) + sin(x) + 1)) -
(cos(x) + sin(x) + 1)*log(1/2*(cos(x)"2 - (cos(x) - 1)*sin(x) - 2*(cos(x)
- sin(x) + 1)*sqrt(sin(x) + 1) + 2*cos(x) + 1)/(cos(x) + sin(x) + 1)) + 2%
((cos(x) - sin(x) + 1)*log(sin(x)) - 2%cos(x) + 2*sin(x) - 2)*sqrt(sin(x)
+ 1))/(cos(x) + sin(x) + 1)

3.41.6 Sympy [F]

/log(sin(x))\/ 1+ sin(z) dzx = / V/sin (z) + 1log (sin (z)) dz

input integrate (In(sin(x))* (1+sin(x))*+*(1/2),%) J

outputtIntegral(sqrt(sin(x) + 1)*log(sin(x)), x) J

341.  [log(sin(z))\/1 + sin(z) dz
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3.41.7 Maxima [F]

/log(sin(x))\/ 1 +sin(z) dz = / Vsin (z) + 1log (sin (z)) dx

inputLintegrate(log(sin(x))*(1+sin(x))“(1/2),x, algorithm="maxima") J

output‘integrate(sqrt(sin(x) + 1)*log(sin(x)), x) ‘

3.41.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 90 vs. 2(36) = 72.

Time = 0.32 (sec) , antiderivative size = 90, normalized size of antiderivative = 2.14
/log(sin(x))\/ 1+ sin(z) dz

1 1 1 1 |-2v2+4sin(inr—1z
=+/2( 2 log (sin (z sn(cos(——ﬂ+—x)>sin(——7r+—x)+ V2lo 4 2
g (sin (z)) sg 4" 72 4" "2 ®\ J2v2+4sin (- La)

inputLintegrate(log(sin(x))*(1+sin(x))“(1/2),x, algorithm="giac") J

output‘sqrt(2)*(2*log(sin(x))*sgn(cos(-1/4*pi + 1/2%x))*sin(-1/4%pi + 1/2*x) + (s
‘qrt(2)*log(abs(—2*sqrt(2) + 4*xsin(1/4#pi - 1/2*x))/abs(2*sqrt(2) + 4xsin(1
‘/4*pi - 1/2%x))) + 4*sin(1/4xpi - 1/2%x))*sgn(cos(-1/4*pi + 1/2%x))) ‘

3.41.9 Mupad [F(-1)]

Timed out.
/log(sin(x))\/ 1+ sin(z) dzx = /111 (sin(z)) /sin (z) + 1dz
input (int(log(sin(x))*(sin(x) + 1)7(1/2) ,x%) \

N\ J

output Lint(log(sin(x))*(sin(x) + 1)°(1/2), x) J

341.  [log(sin(z))\/1 + sin(z) dz
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3.41.10 Reduce [F]

/log(sin(x))\/ 1+ sin(z) dx = / Vv sin (z) + 1log(sin (z)) dzx

input Lint(sqrt(sin(x) + 1)*log(sin(x)),x)

output Lint(sqrt(sin(x) + 1)*log(sin(x)),x)

341.  [log(sin(z))\/1 + sin(z) dz
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3.42 [~ 1+ - da

3.42.1 Optimalresult . . . . . . ... ... ... 292
3.42.2 Mathematica [A] (verified) . . . . . ... ... ... Lo L 292
3.42.3 Rubi [B] (verified) . . ... ... ... .. ... 293
3.42.4 Maple [B] (verified) . . .. ... ... .. ... 295
3.42.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... 295
3.42.6 Sympy [F] . . . . . 296
3427 Maxima [F] . . . . .. .. 296
3.42.8 Giac [B] (verification not implemented) . . . ... ... ... ... ... 290
3.42.9 Mupad [F(-1)] . . . .« o 297
3.42.10Reduce [F] . . . . o . 2971

3.42.1 Optimal result

Integrand size = 13, antiderivative size = 28

cos(z) cot(z)/—1+sect(x)
sec(z) arctanh < e >

=1+ sect(z B V2

output[-1/2*arctanh(1/2*cos(x)*cot(x)*(-1+sec(x)‘4)“(1/2)*2”(1/2))*2“(1/2)

| —

3.42.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.61

sec(z) arctanh (% V4 -2 sin2(a:)> \/3 + cos(2z) sec(z) tan(z)

v =1+ sect(z - 2\/—1 +sect(z)

lnputtIntegrate[Sec[x]/Sqrt[—i + Sec[x]~4],x] J

output ‘(—1/2* (ArcTanh[Sqrt[4 - 2*Sin[x]~2]/2]1*Sqrt[3 + Cos[2*x]]*Sec[x]*Tan[x])/Sq
‘rt[—l + Sec[x]~4]

\‘

342. [ X8 —da
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3.42.3 Rubi [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 77 vs. 2(28) = 56.

Time = 0.39 (sec) , antiderivative size = 77, normalized size of antiderivative = 2.75,

number of rules _ () 469 Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {3042, 4636, 7273, 2085, 1400, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

sec(z)
sect(z) — 1

l 3042

dx

sec(z)
| 4636
/ 1
(1 — sin%(z)) L

S S
(1—sin?(z)) 2

l 7273

w2 201
\/1 (1 —sin?(z)) f\/m
(1= sin’(2) | /Gy ~ !

dz

dsin(z)

dsin(z)

| 2085
. 2 1 .
\/1 — (1 —sin?(z))” [ \/2sin2(z)_sin4(m)ds1n(m)
— gin2 S
(1 — sin%(z)) (o (@)? 1
| 1400

. 2 sin(z
\/1 - (1 o Sln2(m)) f 25§n2(w) d\/2 sin2(z()—)sin4(m)
J— 2)

T2 sin2 (z)—sinZ(

(1 — sin%(z)) 7(1—sinl2(x))2 -1

l 219

3.42. [ =gy

—1+sect(z)



input

output

rule 219

rule 1400

rule 2085

rule 3042

rule 4636

rule 7273
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\/1 - (1- Sin2(w))23rctanh( V2sin(z) )

\/2sin2(z)—sin?(z)

V2 (1 —sin?(z)) L

(1—sin2(z)) 2

LInt [Sec[x]/Sqrt[-1 + Sec[x]~4],x]

J

‘ -((ArcTanh[(Sqrt [2]*Sin[x])/Sqrt[2*Sin[x]~"2 - Sin[x]~4]]*Sqrt[1 - (1 - Sin
‘ [x]172)72]1)/(Sqrt[2]1*(1 - Sin[x]"2)*Sqrt[-1 + (1 - Sin[x]"2)"(-2)1))

3.42.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 01)

Int[1/8qrt[(b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> -Subst[Int[1/(1 - b*x
~2), x], x, x/Sqrt[b*x~2 + c*x~4]] /; FreeQ[{b, c}, x]

Int[(u_)~(p_), x_Symbol]l :> Int[ExpandToSum[u, x]~p, x] /; FreeQlp, x] && T
rinomialQ[u, x] && !TrinomialMatchQ[u, x]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sec[(e_.) + (f£_)*(x_)]1"(m_.)*((a_) + (b_.)*secl[(e_.) + (f_.)*(x_)]1 (n_
))~(p_), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x], x]}, Simp[ff/f
Subst[Int[(a + b/(1 - ££72%x72)"(n/2)) " p/(1 - ££72*x~2)"((m + 1)/2), x], x
, Sin[e + f*x]/ff], x]] /; FreeQl[{a, b, e, £, p}, x] && IntegerQ[(m - 1)/2]
&% IntegerQ[n/2] && !'IntegerQ(p]

Int[(u_.)*((a_.) + (b_.)*(v_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*v"n) Fra
cPart [p]l/ (v~ (n*FracPart [p])*(b + a/v™n) “FracPart[p]) Int[u*xv”™(n*p)*(b + a
/v°n)"p, x], x] /; FreeQ[{a, b, p}, x] && !IntegerQ[p] && ILtQ[n, O] && Bi
nomialQ[v, x] && !LinearQ[v, x]

3.42. [ =gy

—1+sect(z)
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3.42.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 77 vs. 2(23) = 46.

Time = 0.77 (sec) , antiderivative size = 78, normalized size of antiderivative = 2.79

method | result size
arcsinh( _ci:(;(;i(j) ) —arctanh 1+\£§S2 = / (i;*sc(‘:)i(f))z (tan(z)+sec(x) tan(z))Vv/8
defaul ot 417 78
efault 8y/(tan? (2)) (sec® (@) +1)
inputLint(sec(x)/(—1+sec(x)‘4)‘(1/2),x,method=_RETURNVERBOSE) J

output ‘ 1/8%(arcsinh((-1+cos(x))/(cos(x)+1))-arctanh(1/2/((1+cos(x)~2)/(cos(x)+1)~ ‘
12)7(1/2)%27(1/2)))*((1+cos (x)"2) / (cos (x)+1)"2) " (1/2) / (tan(x) “2x(sec(x)"2+1 |
1))7(1/2)* (tan (x) +sec (x) xtan (x))*8~ (1/2)

3.42.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 54 vs. 2(23) = 46.

Time = 0.28 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.93

sec(z) d
/=1 + sect(x)
2 (22, /- 2@ 1 oog (z)® — (cos (z)* + 3) sin ()
_ 1 \/ilog . < cos(x) >

4 (cos (z)* — 1) sin (z)

input‘ integrate(sec(x)/(-1+sec(x)~4)~(1/2),x, algorithm="fricas") ‘

output‘ 1/4*sqrt (2) *log(-2* (2*sqrt (2) *sqrt (-(cos(x) "4 - 1)/cos(x)~"4)*cos(x)"2 - (c ‘
(0s(x)72 + 3)*sin(x))/((cos(x)"2 - 1)*sin(x))) |

3.42. [ =@ gy

—1+sect(z)
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3.42.6 Sympy [F]

/ sec(z _ / sec (z) de
V=14 sec4 V/(sec (z) — 1) (sec (z) + 1) (sec? (z) + 1)
input Lintegrate(sec (x)/ (~1+sec(x) **¥4) **(1/2) ,x) J
outputLIntegral(sec(x)/sqrt((sec(x) - D*(sec(x) + 1)*(sec(x)**2 + 1)), x) J
3.42.7 Maxima [F]
/ sec(x do — / sec (
V-1 +sec4 [sec (z

inputtintegrate(sec(x)/(-1+sec(x)‘4)‘(1/2),x, algorithm="maxima") J
outputLintegrate(sec(x)/sqrt(sec(x)‘4 - 1), x) J

3.42.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 92 vs. 2(23) = 46.

Time = 0.51 (sec) , antiderivative size = 92, normalized size of antiderivative = 3.29
sec(z)

\/§<log <tan (5 z)2 —4/tan (3 ac)4 +1+ 1) —log (— tan (3 x)2 + 4/tan (3 z)4 +1+ 1) + log (— :

4sgn<tan(% ) +2tan(% )3+tan(%x))

inputLintegrate(sec(x)/(—1+sec(x)‘4)‘(1/2),x, algorithm="giac") J

output‘1/4*sqrt(2)*(log(tan(1/2*x)‘2 - sqrt(tan(1/2*x)"4 + 1) + 1) - log(-tan(1/2
‘*x)‘2 + sqrt(tan(1/2*x)~4 + 1) + 1) + log(-tan(1/2*x)"2 + sqrt(tan(1/2xx)"
4+ 1)))/sgn(tan(1/2+x)°5 + 2+tan(1/2+x)"3 + tan(1/2%x)) |

3.42. [ =@ gy

—1+sect(z)
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3.42.9 Mupad [F(-1)]

Timed out.
/ sec(z 1 dz
V=14 5604(35 cos (z) , /Kzzyf -1
inputLint(i/(cos(x)*(l/cos(x)“4 - 1)7(1/2)) ,%)
output Lint(l/(cos(x)*(l/cos(x)“4 - 1)7(1/2)), x)
3.42.10 Reduce [F]
sec(x) sec (x)” — 1 sec ( "

=1+ sect(z sec( ) -1

inputLint(sec(x)/sqrt(sec(x)**4 - 1),x)

output Lint((sqrt(sec(x)**ll - 1)*sec(x))/(sec(x)**4 - 1),x)

342 f \/% d$
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3.43 [ g,
) \/1-|—ta—n

3.43.1 Optimalresult . . . . .. ... ... .. .. 298]
3.43.2 Mathematica [A] (verified) . . . . . ... ... .. Lo 298
3.43.3 Rubi [A] (verified) . . . .. . ... .. 299
3.43.4 Maple [A] (verified) . . .. ... . ... ... 300
3.43.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... 3011
3.43.6 Sympy [F] . . . . .
3.43.7 Maxima [B] (verification not implemented) . . . . . . . . ... ... ...
3.43.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...
3.43.9 Mupad [F(-1)] . . . . .
3.43.10Reduce [F] . . . . . . o 3031

3.43.1 Optimal result

Integrand size = 13, antiderivative size = 34

arctanh (M)
_ tan(z) B V2\/T+tan’(z)
V1+ tan4(x 2v/2

output [-1/4*arctanh(1/2*(1-tan(x)*2)*2*(1/2)/(1+tan(x) ~4)~(1/2))*27(1/2)

| —

3.43.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.62

tan(z) o — \/3 + cos(4z) log ( 2cos(2z) + /3 + cos(4x)> sec?(z)
\/1+ tan*(z) 44/24/1 + tan’(z)

1nput[Integrate[Tan[x]/Sqrt[i + Tan[x]~4],x] }

output ‘{—1/4* (Sqrt[3 + Cos[4*x]]1*Log[Sqrt[2]*Cos[2*x] + Sqrt[3 + Cos[4*x]]]*Sec[x] \‘
L‘z) /(Sqrt [2]1*Sqrt[1 + Tan[x]"4]) J

tan(z)
343. [ TrenT®) dz



CHAPTER 3. LISTING OF INTEGRALS 299

3.43.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00,

number of rules _ 0.385, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {3042, 4153, 1577, 488, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

tan(z) iz
Vtan*(z) + 1
| 3042
tan(z)
Vtan(z)t +1

l'4153

dz

tan(z) an(z
/ (tan?(z) + 1) \/tan(z) + 1dt (=)

l 1577
1 1 an2 xr
2 / (tan?(z) + 1) y/tan*(z) + ldt (@)
l 488

_1/ 1 p 1 — tan?(z)
2/ 2—tan*(z) Vtani(z) +1

l 219

1—tan?(x)
~ arctanh <7\/§ eanT(2) 71 >

2v2

input ‘ Int[Tan[x]/Sqrt[1 + Tan[x]~4],x]

output L-1/2*ArcTanh[(1 - Tan[x]~2)/(Sqrt[2]*Sqrt[1 + Tan[x]~4])]/Sqrt[2]

tan(z)
343. [ TrenT®) dz
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3.43.3.1 Defintions of rubi rules used

rule 219 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 488  Int[1/(((c_) + (d_.)*(x_))*Sqrtl[(a_) + (b_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(b*c™2 + a*d™2 - x72), x], x, (a*d - bxc*x)/Sqrtl[a + b*x~2]] /; FreeQ
[{a, b, c, d}, x]

rule 1577 Int [(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symboll
:> Simp[1/2 Subst[Int[(d + e*x)~g*(a + c*x"2)7p, x], x, x"2], x] /; Free
Ql{a, c, d, e, p, q}, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4153 Int[((d_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(£_)*(x_)1)"(@))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Simp[c*x(£f£/f)  Subst[Int[(d*ff*(x/c)) m*x((a + bx(ff*x)"n) p/(c”2 + £
£72xx~2)), x], x, cx(Tan[e + f*x]/ff)], x1] /; FreeQ[{a, b, c, d, e, £, m,
n, p}, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQlp]l && Ratio
nalQ[n]))

3.43.4 Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.09

method result size

V2 arctanh ( (=2(tan’@))+2)v2 >

. . .. 4,/ (14tan2(z) 2—2tn2(z)
derivativedivides | — ( Z ) -2(tnt@) 37

v/2 arctanh ( (_2(tan2(w))+2)\/§ )

4\/(1+tan2 (z)) 2 -2 (tan2 (m))
4

default 37

tan(z)
343 f \/H-TT(:D) dlL'
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input | int (tan(x)/(1+tan(x)~4)"(1/2),x,method=_RETURNVERBOSE) |

output(—1/4*2”(1/2)*arctanh(1/4*(-2*tan(x)“2+2)*2‘(1/2)/((1+tan(x)“2)“2-2*tan(x)“
\2)“(1/2)) \

3.43.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 186 vs. 2(25) = 50.

Time = 0.26 (sec) , antiderivative size = 186, normalized size of antiderivative = 5.47

tan(zx) s
/1 + tan*(z)

577 tan (z)*® — 1912 tan (z)'* + 4124 tan (2)'2 — 6216 tan (z)'° + 7110 tan (z)® — 6216 t:
_ 1 V2log
T 32

B
inputLintegrate(tan(x)/(1+tan(x)*4)‘(1/2),x, algorithm="fricas")

-/

output | 1/32xsqrt (2) *1og((577*tan(x) 16 - 1912*tan(x) 14 + 4124*tan(x)~12 - 6216%t
an(x)~10 + 7110*tan(x)~8 - 6216*tan(x)~6 + 4124*tan(x)~4 - 1912*tan(x)"2 +
8% (51*sqrt (2)*tan(x)~14 - 169*sqrt(2)*tan(x)~12 + 339*sqrt(2)*tan(x)~10 -
465*sqrt (2) *tan(x) "8 + 465*sqrt(2)*tan(x) "6 - 339*sqrt(2)*tan(x)~4 + 169*
sqrt(2)*tan(x) "2 - 51*sqrt(2))*sqrt(tan(x)~4 + 1) + 577)/(tan(x)~16 + 8*ta
n(x)"14 + 28xtan(x)~12 + 56+tan(x)~10 + 7O0*tan(x)~8 + 56xtan(x)”6 + 28*tan
(x)74 + 8xtan(x)"2 + 1))

3.43.6 Sympy [F]

tan (z)

tan(z
dz dz
/Vl-l—tan Vtan* (z) + 1

integrate(tan (x)/(1+tan(x)+*&)*+(1/2) %)

outputLIntegral(tan(x)/sqrt(tan(x)**4 + 1), %) J

tan(z)
343 f \/H-TT(:E) dlL'
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3.43.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 565 vs. 2(25) = 50.

Time = 0.37 (sec) , antiderivative size = 565, normalized size of antiderivative = 16.62

tan(x)

V/1+ tan(z)

dx = Too large to display

-

inputLintegrate(tan(x)/(1+tan(x)‘4)‘(1/2),x, algorithm="maxima")

output | -1/16*sqrt (2) * (Log (4*sqrt (2% (6xcos(4*x) + 1)*cos(8*x) + cos(8*x)~2 + 36%co
s(4*x)"2 + sin(8*x)"2 + 12*sin(8*x)*sin(4+*x) + 36*sin(4*x)"2 + 12*cos(4*x)
+ 1)*cos(1/2*arctan2(sin(8*x) + 6*sin(4*x), cos(8*x) + 6xcos(4*x) + 1))°2
+ 4*sqrt (2% (6*cos(4*x) + 1)*cos(8*x) + cos(8*x)~2 + 36*cos(4*x)~2 + sin(8
*x) "2 + 12%sin(8*x)*sin(4*x) + 36*sin(4*x)~2 + 12xcos(4*x) + 1)*sin(1/2*ar
ctan2(sin(8*x) + 6xsin(4*x), cos(8*x) + 6xcos(4*x) + 1))72 + 32%x(2*(6*cos(
4*x) + 1)*cos(8*x) + cos(8*x)~2 + 36%cos(4*x)"2 + sin(8*x)~2 + 12*sin(8+*x)
*sin(4*x) + 36*sin(4*x) "2 + 12*cos(4*x) + 1)~ (1/4)*cos(1/2*arctan2(sin(8*x
) + 6%sin(4*x), cos(8+*x) + 6*cos(4*x) + 1)) + 64) + log(4*cos(4*x)~2 + 4xs
in(4*x) "2 + 4*sqrt(2*(6*cos(4*x) + 1)*cos(8*x) + cos(8+*x)~2 + 36%cos(4*x)”
2 + sin(8*x) "2 + 12*sin(8+*x)*sin(4*x) + 36*sin(4*x) "2 + 12*cos(4*x) + 1)*(
cos(1/2*arctan2(sin(8*x) + 6*sin(4*x), cos(8*x) + 6*cos(4*x) + 1))72 + sin
(1/2*arctan2(sin(8%*x) + 6%sin(4*x), cos(8*x) + 6*cos(4*x) + 1))72) + 8% (2%
(6%cos(4*x) + 1)*cos(8*x) + cos(8%x)"2 + 36*cos(4*x)72 + sin(8+x)"2 + 12#s
in(8*x)*sin(4*x) + 36%sin(4*x)~2 + 12%cos(4*x) + 1)~ (1/4)*((cos(4*x) + 3)*
cos(1/2xarctan2(sin(8*x) + 6*xsin(4*x), cos(8*x) + 6xcos(4*x) + 1)) + sin(4
*x)*sin(1/2*arctan2(sin(8*x) + 6*sin(4*x), cos(8*x) + 6*cos(4*xx) + 1))) +

24x*cos (4*x) + 36))

-/

3.43.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.47

tan (z)° + v2 — \/tan (z)* + 1 + 1

tan (z)? — v2 — y/tan (z)* + 1+ 1

tan(x) dr = lx/ilog _

/1 + tan*(z) 4

input‘integrate(tan(x)/(1+tan(x)*4)”(1/2),x, algorithm="giac")

tan(z)
343 f \/l-l-t—aT(m) dl‘
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output‘ 1/4*sqrt(2)*log(-(tan(x)~2 + sqrt(2) - sqrt(tan(x)"4 + 1) + 1)/(tan(x)"2 - ‘
‘ sqrt(2) - sqrt(tan(x)~4 + 1) + 1)) ‘

3.43.9 Mupad [F(-1)]

Timed out.
/ tan(z _ / tan(z
Vi1t tan4(x \/tan (z)* + 1
input Lint (tan(x)/(tan(x)"~4 + 1)~(1/2),x) J
outputLint(tan(x)/(tan(x)“4 + 1)°(1/2), x) J

3.43.10 Reduce [F]

 tan(z) \/tan (z)* + 1 tan (z

1+ tan*(z tan (z)* + 1

input, int (tan(x)/sqre (tan(*s4 + 1),x) J

output Lint((sqrt(tan(x)**él + 1)*tan(x))/(tan(x)**4 + 1),x) J

tan(z)
343. [ TrenT®) dz
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3.44 | ﬂ_Lflg(m) dz

3.44.1 Optimalresult . . . . . . ... ... ... 3041
3.44.2 Mathematica [A] (verified) . . . . . ... ... ... Lo L
3.44.3 Rubi [A] (verified) . . . .. . ... 305
3.44.4 Maple [B] (verified) . . .. ... ... ... 300
3.44.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... 307
3.44.6 Sympy [F(-1)] . . . . o
3.44.7 Maxima [F] . . .. . . .. 308
3.44.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...
3.44.9 Mupad [F(-1)] . . . . o
3.44.10Reduce [F] . . . . . . 3091

3.44.1 Optimal result

Integrand size = 15, antiderivative size = 39

V3 cos(z) (1+sin?(z))
sin(x) arctanh( 21/1—sin®(z) )
L GO
/1 —sin®(z) 2v/3

e

output ti/G*arctanh(l/Q*cos (x)*(1+sin(x)"2)*37(1/2)/(1-8in(x)"6) ~(1/2))*3~(1/2)

L

3.44.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.67

2 (—3+cos(2))
sin(z) ] arctanh ( \/1;)/_;8 —r 4x)) cos(z)+/15 — 8 cos(2z) + cos(4x)
— _dr=—
/1 — sin®(z) 4,/6 — 6sin®(x)

input ‘ Integrate[Sin[x]/Sqrt[1 - Sin[x]~6],x]

output ‘ -1/4*(ArcTanh [(Sqrt [3/2]* (-3 + Cos[2#x]))/Sqrt[15 - 8*Cos[2*x] + Cos[4#*x]]
\ 1*%Cos [x]1*Sqrt [15 - 8%Cos[2*x] + Cos[4*x]1)/Sqrt[6 - 6xSin[x]"6]
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3.44.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.28,

=5, number of rules _ 333, Rules
integrand size

number of steps used = 6, number of rules used =
used = {3042, 3695, 2093, 1951, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

sm(a;)
\/1 — sin®
l 3042

sm(ar;)
/1 —sin(z

l'3695

d cos(z)

1
/ \/1 — (1 — cos?(z))?

l 2093

1
- / \/cos8(z) — 3 cost(z) + 3 cos?(x) dcos(z)

| 1951
/ 1 p 3cos(z) (2 — cos’(z))
1 ARy )~ o) 1
| 219

arctanh( V3 cos(z) (2—cos?(z)) )

2,/cos®(z)—3 cos?(x)+3 cos?(z)

2V3

-

input LInt [Sin[x]/Sqrt[1 - Sin[x]~6],x]

~—

output ‘(ArcTanh[(Sqrt [31*Cos [x]*(2 - Cos[x]"2))/(2*Sqrt[3*Cos[x]~2 - 3*Cos[x]"4 +

LCOS [x]1°61)]/(2*Sqrt [3])

~



rule 219

rule 1951

rule 2093

rule 3042

rule 3695

input
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3.44.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[1/Sqrtl(a_.)*(x_)"2 + (b_.)*(x_)"(n_.) + (c_.)*(x_)"(r_.)], x_Symbol] :
> Simp[-2/(n - 2) Subst [Int[1/(4*a - x~2), x], x, x*x((2*xa + b*x"(n - 2))/
Sqrt[a*x~2 + b*x"n + c*x°r])], x] /; FreeQ[{a, b, ¢, n, r}, x] & EqQ[r, 2*

n - 2] && PosQ[n - 2] && NeQ[b~2 - 4x*axc, O]

Int[(u_)~(p_), x_Symbol] :> Int[ExpandToSum[u, x]~p, x] /; FreeQlp, x] && G
eneralizedTrinomialQ[u, x] && !GeneralizedTrinomialMatchQ[u, x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[sin[(e_.) + (f_)*(x_ )] " (m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1 (n_
))~(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + f*x], x]}, Simp[-ff/f

Subst [Int[(1 - ££72%x"2)"((m - 1)/2)*(a + bx(1 - ££72*xx~2)"(n/2))"p, 1,
x, Cosl[e + f*x]/ff], x]1] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/
2] &% IntegerQ[n/2]

3.44.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 66 vs. 2(29) = 58.

Time = 0.89 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.72

method | result size

cos(z) /c0s1(z) ~B(cos2(2)) 13 V3 arctanh< o0 2) 5 )
defalﬂt _— 2\/‘3054($)—3(C052 (:1;))+3 67
6+/cos5 (z) —3(cos? (z))+3(cos?(z))

-

Lint (sin(x)/(1-sin(x)~6) ~(1/2) ,x,method=_RETURNVERBOSE)

-/
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output‘-1/6/(cos(x)“6-3*cos(x)“4+3*cos(x)”2)“(1/2)*cos(x)*(cos(x)“4—3*cos(x)“2+3)
| ~(1/2)*3(1/2) *arctanh (1/2%(cos (x) "2-2)*3~ (1/2) / (cos (x) “4-3%cos (x) "2+3) ~ (1
/2)) |

3.44.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 63 vs. 2(29) = 58.

Time = 0.30 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.62

sin(z)

—___dx
/1 — sin®(z)
1 7 cos (z)® — 24 cos (z)® — 4 \/cos (z)° — 3 cos (z)* + 3 cos (z)* (V3 cos (z)* — 2/3) +24
=—/3log =
12 cos ()
inputtintegrate(sin(x)/(l-sin(x)“6)‘(1/2),x, algorithm="fricas") J

output‘1/12*sqrt(3)*log((7*cos(x)‘5 - 24*cos(x)"3 - 4*sqrt(cos(x)~6 - 3*cos(x)~4
‘+ 3*cos(x) "2) *(sqrt (3)*cos(x) "2 - 2*sqrt(3)) + 24*cos(x))/cos(x)”5) ‘

3.44.6 Sympy [F(-1)]

Timed out.
sin(z)

/1 —sin(z)

dz = Timed out

-

inputLintegrate(sin(x)/(1-sin(x)**6)**(1/2),X)

-/

output LTimed out J
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3.44.7 Maxima [F]

[ e [

inputLintegrate(sin(x)/(l-sin(x)“6)“(1/2),x, algorithm="maxima") J

output Lintegrate(sin(x)/sqrt(—sin(x)"6 + 1), x) J

3.44.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 67 vs. 2(29) = 58.

Time = 0.33 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.72

__sin(z)
1-— 31n6(x
V3log (cos (z)> +3 - \/cos (z)* — 3 cos (z)® + 3) —v/3log (— cos (x)? 4+ /3 + y/cos (z)* =3 ¢
Bl 6 sgn (cos (z))
input Lintegrate(sin(x)/(1—sin(x) ~6)~(1/2),x, algorithm="giac") J

output‘—1/6*(sqrt(3)*log(cos(x)“2 + sqrt(3) - sqrt(cos(x)~4 - 3*cos(x)”"2 + 3)) -
‘sqrt(3)*log(-cos(x)“2 + sqrt(3) + sqrt(cos(x)”4 - 3*cos(x)”2 + 3)))/sgn(co
‘s(x)) ‘

3.44.9 Mupad [F(-1)]

Timed out.
/ s1n dx _ / s1n
vl—Sm \/1—sin(z
input Lint(sin(x)/(l - sin(x)~6)~(1/2),%) J
outputtint(sin(x)/(l - sin(x)"6)"(1/2), x) J
sin(z)
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3.44.10 Reduce [F]

sin(ac (/ \/—Sln a:) +1 sm(z )

\/1 — sin®

inputtint(sin(x)/sqrt( - sin(x)**6 + 1),x)

output{ - int((sqrt( - sin(x)**6 + 1)*sin(x))/(sin(x)**6 - 1),x)

—




CHAPTER 3. LISTING OF INTEGRALS 310

3.45 | \/— v/ —1+sec(z) + /1 + sec(z) dz

3.45.1 Optimal result . . . .. . ... ... ... ... B10]
3.45.2 Mathematica [A] (warning: unable to verify) . . . . . ... ... ... .. B11l
3453 Rubi [F] .« oo oot
3454 Maple [F] . . . . . . o e 313
3.45.5 Fricas [C] (verification not implemented) . . . . . . ... ... ... ... 314
3.45.6 Sympy [F] . . . . . 316
3.45.7 Maxima [F] . . . . . ... 316
3458 Giac [F] . . . . . . e B17
3.45.9 Mupad [F(-1)] . . . . oo B17
345.10Reduce [F] . . . . . . . BI7

3.45.1 Optimal result

Integrand size = 23, antiderivative size = 337

/ \/—\/—1 + sec(x) + /1 + sec(z) dz
vV -2+ 2\/§<—\/_ —/—1+sec(z) +/1+ sec(ac)) )
= 2| \/—1+ v2arctan
( ( 2\/—\/—1+Sec(x)+ /1 + sec(z)
V2+ 2\/§<—\/_ —/—1+sec(z) ++/1+ sec(z))
—1/1++2arctan
" ( 2\/—\/—1+sec(x)—|— V/1+ sec(z)
B marc’canh ( V=2+ 2\/5\/—\/—1 + sec(z) + /1 + sec(z)

V2 — /=1 +sec(z) + /1 + sec(z)

V2+ 2\/5\/—\/—1 + sec(z) + /1 + sec(x)
+1/ =1+ v/2arctanh ( V3= /17 00(@) + I3 500@) cot(z)y/—1 + sec(z)/1 + se

345. [ \/— v/ —1+sec(z) + /1 + sec(z) dz



output

input

output
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cot (x)*2~(1/2)*(-1+sec(x))~(1/2)*(1+sec(x))~(1/2)*(arctan(1/2*x (-2~ (1/2)-(-
1+sec(x))~(1/2)+(1+sec(x))~(1/2))*(-2+2%27(1/2))~(1/2) / (- (-1+sec(x) )~ (1/2)
+(1+sec(x))~(1/2))~(1/2))*(27(1/2)-1)"(1/2) +arctanh ((2+2%27(1/2) )~ (1/2) * (-
(-1+sec(x))~(1/2)+(1+sec(x))~(1/2))~(1/2) /(27 (1/2)-(-1+sec(x)) ~(1/2)+(1+se
c(x))~(1/2)))*(27(1/2)-1)"(1/2)-arctan(1/2*(-27(1/2) - (-1+sec(x)) " (1/2) +(1+
sec(x))~(1/2))*(2+2%27(1/2))~(1/2) / (-(-1+sec(x)) ~(1/2)+(1+sec(x)) ~(1/2))~(
1/2))*(1+27(1/2)) " (1/2) -arctanh ((-2+2*%2~(1/2) )~ (1/2) * (- (-1+sec (x) ) ~(1/2) +(
1+sec(x))~(1/2))~(1/2) /(27 (1/2)-(-1+sec(x)) ~(1/2)+(1+sec(x)) ~(1/2))) *(1+2~
(1/2))~(1/2))

3.45.2 Mathematica [A] (warning: unable to verify)

Time = 2.85 (sec) , antiderivative size = 552, normalized size of antiderivative = 1.64

/\%ﬂﬁ4+ﬁ%@%+%l+%d@dx

2 csc(Z)4/—+/—1+sec(x sec(z
V2 cos(z) <\/—1 + sec(z) — /1 + Sec(x)> (2 arctan (cot (z) - (2)y/=V/~Ttsec(@)+/T+sec(z)

V2

o

us
8

-

LIntegrate[Sqrt[—Sqrt[—i + Sec[x]] + Sqrt[1 + Sec[x]11],x]

-

(27(1/4)*Cos [x]*(Sqrt[-1 + Sec[x]] - Sqrt[1 + Sec[x]]) "2x(2xArcTan[Cot[Pi/
8] - (Csc[Pi/8]*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[l + Sec[x]1]1)/27(1/4)]1*Cos[
Pi/8] - 2xArcTan[Cot[Pi/8] + (Csc[Pi/8]*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 +
Sec[x]111)/27(1/4)]1%Cos[Pi/8] + Cos[Pi/8]*Logl[2 + Sqrt[2]*(-Sqrt[-1 + Sec[
x]] + Sart[1 + Sec[x]]) - 2%27(3/4)*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec
[x]11#Sin[Pi/8]] - Cos[Pi/8]*Log[2 + Sqrt[2]*(-Sqrt[-1 + Sec[x]] + Sqrt[1
+ Sec[x]]) + 2%27(3/4)*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec[x]]1]1*Sin[Pi/
8]] + 2*%ArcTan[(Sec[Pi/8]*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec[x]]1])/27(
1/4) - Tan[Pi/8]]*Sin[Pi/8] + 2*ArcTan[(Sec[Pi/8]*Sqrt[-Sqrt[-1 + Sec[x]]

+ Sqrt[1 + Sec[x]111)/27(1/4) + Tan[Pi/8]11*Sin[Pi/8] - Logl[2 - 2%27(3/4)*Co
s[Pi/8]*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec[x]]] + Sqrt[2]*(-Sqrt[-1 +

Sec[x]] + Sqrt[1 + Sec[x]])]1*Sin[Pi/8] + Log[2 + 27(1/4)*Csc[Pi/8]*Sqrt[-S
grt[-1 + Sec[x]] + Sqrt[1 + Sec[x]]] + Sqrt[2]*(-Sqrt[-1 + Sec[x]] + Sqrt[
1 + Sec[x]]1)1*Sin[Pi/8]1)*Sin[x])/(-1 + Cos[2*x] + 2*Cos[x]*Sqrt[-1 + Sec[x
J1*Sqrt[1 + Sec[x]])

345. [ \/— v/ —1+sec(z) + /1 + sec(z) dz
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3.45.3 Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/\/\/sec(x) +1— /sec(z) — ldzx
l 3042
/ \/\/sec(ac) +1— /sec(z) — 1dz
l 4902
4 tan? (%)
0 \/5\/ l—tanz(z) l—tanz(%) p z
tan? (Z) + 1 tan (3)
l 27
\/ Ol
1—tan? (2 1—tan2 (2
4 2 2 x
2\/5/ ton? (%) 1 dtan( )
l 7276
. tan? (2 tan? (2
. Z\/\/ l—ta1112(%) ~\/ 1—tan? ()% \/m l—tang()%)
2‘/5/ 2 (i —tan (2)) 2 (tan () +1
l 2009
tan? ( 92” ) 1 _ tan2(%)
\/\/ 1- tan2 1—tan?(%) p . 1 \/\/ 1-tan?(2) 1-tan?(2) J
i — tan tan <§> + 22/ tan (%) +1 tan (
output L$Aborted J

345. [ \/— v/ —1+sec(z) + /1 + sec(z) dz
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3.45.3.1 Defintions of rubi rules used

ruk327‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rukzZOOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk33042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]

rule 4902 Int[u_, x_Symbol] :> With[{w = Block[{$ShowSteps = False, $StepCounter = Nu
11}, Int[SubstFor[1/(1 + FreeFactors|[Tan[FunctionO0fTrigl[u, x]/2], x]~2%x"2)
, Tan[Function0fTrig[u, x]/2]/FreeFactors[Tan[Function0fTriglu, x1/2], x],
u, x], x]1}, Module[{v = FunctionOfTrig[u, x], d}, Simp[d = FreeFactors[Tan
[v/2], x]; 2*(d/Coefficient[v, x, 1])  Subst[Int[SubstFor[1/(1 + d"2*x~2),
Tan([v/2]/d, u, x], x], x, Tan[v/2]/d], x]] /; CalculusFreeQ[w, x]] /; Inve
rseFunctionFreeQ[u, x] &% !FalseQ[FunctionOfTrig[u, x]]

rule 7276 | Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

3.45.4 Maple [F]

/ \/—\/—1 + sec (z) + /1 + sec (z)dz

inputLint((-(—1+sec(x))“(1/2)+(1+sec(x))“(1/2))‘(1/2),x)

-

outputLint((-(—1+sec(x))‘(1/2)+(1+sec(x))‘(1/2))“(1/2),X)

-/

345. [ \/— v/ —1+sec(z) + /1 + sec(z) dz
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3.45.5 Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

345. [ \/— v/ —1+sec(z) + /1 + sec(z) dz
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Time = 0.27 (sec) , antiderivative size = 337, normalized size of antiderivative = 1.00

/\/_\/—1+Sec($)+\/1+sec(a:)dx:%\/4i+4log ivV4i+4

—C‘;ﬁgl (cos (z) — sin (z) + 1)
+2
cos(z)+1

1
— 5 V4i+4log | —iv4i+4

—“;fg(gl (cos (z) — sin (z) + 1)
+2
cos(z)+1

1
— 5\/—4z'+410g 1vV—4i+4

\/ —CC;S;S%J)FI (cos (z) — sin (z) + 1)
+ 2

cos(z)+1

1
+ 5 V—di+4log | —iv/~4i+4

\ /%(COS (x) —sin (z) + 1)
+2

cos(z)+1

1
— 5 Vi —dlog | iv4i—4

\/ —Cocs.fsm();)rl (cos (z) — sin (z) + 1)
+ 2

cos(z) +1

RN
3.45. f \/— \/—1 + sec(z) + \/1 T Sec(x)_gzﬁ V4i — 4log k—z Vi — 4

‘ Jecos(x)+1/ /7 N e/ N 1\\
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input  integrate((-(-1+sec(x))~(1/2)+(1+sec(x))~(1/2))~(1/2),x, algorithm="fricas
n)

output | 1/2*sqrt (4*I + 4)*log(I*sqrt(4*I + 4) + 2*sqrt(sqrt((cos(x) + 1)/cos(x))*(
cos(x) - sin(x) + 1)/(cos(x) + 1))) - 1/2*sqrt(4*I + 4)*log(-I*sqrt(4*I +
4) + 2xsqrt(sqrt((cos(x) + 1)/cos(x))*(cos(x) - sin(x) + 1)/(cos(x) + 1)))
- 1/2xsqrt (-4+I + 4)*log(I*sqrt(-4*I + 4) + 2*sqrt(sqrt((cos(x) + 1)/cos(
x))*(cos(x) - sin(x) + 1)/(cos(x) + 1))) + 1/2xsqrt(-4*I + 4)*log(-I*sqrt(
-4xI + 4) + 2*sqrt(sqrt((cos(x) + 1)/cos(x))*(cos(x) - sin(x) + 1)/(cos(x)
+ 1))) - 1/2*sqrt(4*xI - 4)*log(I*sqrt(4*xI - 4) + 2*sqrt(sqrt((cos(x) + 1)
/cos(x))*(cos(x) - sin(x) + 1)/(cos(x) + 1))) + 1/2xsqrt(4*I - 4)xlog(-I*s
qrt(4*I - 4) + 2*sqrt(sqrt((cos(x) + 1)/cos(x))*(cos(x) - sin(x) + 1)/(cos
(x) + 1)) + 1/2xsqrt(-4*I - 4)*log(I*sqrt(-4*I - 4) + 2*sqrt(sqrt((cos(x)
+ 1)/cos(x))*(cos(x) - sin(x) + 1)/(cos(x) + 1))) - 1/2%sqrt(-4*I - 4)*lo
g(-Ixsqrt(-4*I - 4) + 2*xsqrt(sqrt((cos(x) + 1)/cos(x))*(cos(x) - sin(x) +

1)/(cos(x) + 1)))

3.45.6 Sympy [F]

/\/—\/—l—l—sec(z)—i—\/1+sec(x)dz=/\/—\/sec(z)—1+\/sec(x)+1d$

input‘integrate((—(—1+sec(x))**(1/2)+(1+sec(x))**(1/2))**(1/2),X)

outputLIntegral(sqrt(-sqrt(sec(x) - 1) + sqrt(sec(x) + 1)), x) J

3.45.7 Maxima [F]

/\/—\/—l—i-sec(x)—i—\/l—i—sec(x)dx:/\/\/sec(a:)-l—l—\/sec(x)—lda:

input‘integrate((-(-1+sec(x))‘(1/2)+(1+sec(x))“(1/2))“(1/2),x, algorithm="maxima
||)

C J

outputLintegrate(sqrt(sqrt(sec(x) + 1) - sqrt(sec(x) - 1)), x) J

345. [ \/— v/ —1+sec(z) + /1 + sec(z) dz
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3.45.8 Giac [F|

/\/—\/—l—i-sec(x)—i—\/1+sec(x)dx=/\/\/sec(a:)—l—l—\/sec(ac)—lda:

inputLintegrate((-(—1+sec(x))‘(1/2)+(1+sec(x))‘(1/2))‘(1/2),x, algorithm="giac")

output Lintegrate(sqrt(sqrt(sec(x) + 1) - sqrt(sec(x) - 1)), x)

3.45.9 Mupad [F(-1)]

Timed out.

/\/—\/—1+sec(x)+\/1+sec(x)dx—/J\/®+1—\/$1(x)—1dw

inputkint(((l/cos(x) + 1)°(1/2) - (1/cos(x) - 1)~(1/2))~(1/2),%)

outputtint(((l/cos(x) + 1)7(1/2) - (1/cos(x) - 1)°(1/2))~(1/2), x)

3.45.10 Reduce [F]

/\/—\/—1+sec(m)+\/1+sec(x)dm=/\/—\/sec(m)—1+\/SeC(CL')—I-ldw

input Lint(sqrt( - sqrt(sec(x) - 1) + sqrt(sec(x) + 1)),x)

output Lint(sqrt( - sqrt(sec(x) - 1) + sart(sec(x) + 1)),x)

345. [ \/— v/ —1+sec(z) + /1 + sec(z) dz



CHAPTER 3. LISTING OF INTEGRALS 318

3.46 [ z arctan(z)?log (1 + 2?) dz

3.46.1 Optimalresult . . . ... ... ... ... .. .. 318
3.46.2 Mathematica [A] (verified) . . . . . ... ... ... . Lo L 318
3.46.3 Rubi [A] (verified) . . . .. . ... ... 319
3.46.4 Maple [A] (verified) . . . .. .. ... ... 323
3.46.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 3231
3.46.6 Sympy [A] (verification not implemented) . . . ... .. ... ... ...
3.46.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 3241
346.8 Giac [F] . . . . . . e 325
3.46.9 Mupad [B] (verification not implemented) . . . ... ... .. ... ...
3.46.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ...

3.46.1 Optimal result

Integrand size = 12, antiderivative size = 77

3arct L |
/:carctan(x)2 log (1 + 2°) dz = 3z arctan(z) — %n(x) — 5932 arctan(z)?

- glog (1+ 2*) — zarctan(z) log (1 + z°)

+ %(1 + z°) arctan(z)’ log (1 + z*) + L—lllog2 (14 2?)

e DY
output ‘ 3xx*arctan(x)-3/2*%arctan(x) "2-1/2*x"2*arctan(x) ~2-3/2*%1n(x"2+1) -x*arctan(x ‘

\ )*1n(x~2+1)+1/2% (x~2+1) *arctan (x) ~2%1n(x~2+1)+1/4%1n(x"2+1) "2 \

3.46.2 Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.75

/xarctan(x)2 log (1+2°) dz = %L(—4w arctan(z) (—3 +log (1 + z°))

+ (—6 +log (1 + 2°)) log (1 + z?)
+ 2arctan(z)® (-3 — 2> + (1 +2°) log (1 + 27)))

3.46. [ zarctan(z)?log (1 + 2?) dz
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input ‘ Integrate [x*ArcTan[x] "2xLog[1 + x~2],x] ‘

p
output‘ (-4xxxArcTan[x]*(-3 + Logl[l + x72]) + (-6 + Log[1l + x"2])*Log[1 + x~2] + 2 ‘

N

‘*ArcTan[x] “2%(-3 - x72 + (1 + x"2)*Logl[1l + x72]))/4 ‘

3.46.3 Rubi [A] (verified)

Time = 0.98 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.31,

number of steps used = 14, number of rules used = 13, number of rules _ 1.083, Rules
integrand size

used = {5558, 5451, 5345, 240, 5419, 5544, 2925, 2837, 2738, 5451, 5345, 240, 5419}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/avabrctan(av)2 log (z° +1) da

| 5558
x? arctan(x) 9 1
Lo erat\v) _ 1 T2 2
/ 211 dxl / arctan(z) log (z° + 1) dz 5% arctan(z)“ +
3 (z® + 1) arctan(z)? log (z* + 1)
| 5451
arctan(z) 9 14 9
_ de — [ arctan(z)log (z° + 1) dz + | arctan(z)dz — 3% arctan(z)” +
1
3 (z® + 1) arctan(z)? log (z* + 1)
| 5345
— / Mdm - /arctan(x) log (% + 1) dz — / P g 1:1:2 arctan(z)? +
2 8 21772
2 (z? + 1) arctan(z)? log (2 + 1) + zarctan(z)
| 240

¢ 1
N / de - /arctan(x) log (z° + 1) dz — 5302 arctan(z)? +

%(:c2 +1) arctan(z)? log (z* + 1) + z arctan(z) — %log (a:2 +1)

l 5419

3.46. [ zarctan(z)?log (1 + 2?) dz
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1 1
- / arctan(z) log (z* + 1) dz — 5302 arctan(z)? + 3 (z? + 1) arctan(z)? log (2? + 1) —

2
1
arcta;(w) + zarctan(z) — 3 log (z° +1)
| 5544
z? arctan(z) zlog (2% +1) 1, )
9 [ T ) TN UV e — =
/ 21 dz + / 211 dz 5% arctan(x)” +
1 t 2
5 (z? + 1) arctan(z)? log (z? + 1) — z arctan(z) log (z* + 1) — arca2n(x) + zarctan(z) —
1
3 log (z° +1)
| 2925
x? arctan(x) 1 flog(z2+1)  , 1, 0
1 2
B (z? + 1) arctan(z)? log (2 + 1) — z arctan(z) log (z* + 1) — arctazn(x) + zarctan(z) —
1
2 log (z° +1)
| 2837
2 arct 1 [log(z*+1 1
y [ ratene) g, 1 [18E 41y - Lo rctan(ey? +
1 t 2
5 (z? + 1) arctan(z)? log (2 + 1) — zarctan(z) log (z* + 1) — arcazn(a:) + zarctan(z) —

1 2
§log (% +1)
l 2738

% arct 1 1
2/ de - 5;32 arctan(z)? + 3 (z® + 1) arctan(z)? log (22 + 1) —

t 2 1 1
zarctan(z) log (22 + 1) — arcazn(a:) + zarctan(z) + 1 log® (z2 +1) — 5 log (z° +1)
| 5451
arctan(x) 1, 9 1,4 9 9
2| [ arctan(z)dz — T—l—ldm — 3% arctan(z)” + 3 (z* + 1) arctan(z)” log (z* + 1) —
t 2 1 1
zarctan(z) log (22 + 1) — arcazn(a:) + xarctan(z) + 1 log® (z* +1) — 5 log (z° + 1)

l 5345

3.46. [ zarctan(z)?log (1 + 2?) dz
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¢ 1
2<_ / de B / mzﬁ- ldx + xarctan(;c)> - 5372 arctan(z)? +

arctan(z)?

5 + z arctan(z) +

(z? + 1) arctan(z)? log (2? + 1) — zarctan(z) log (z* + 1) —

N =

ilog2 (2 +1) - %log (z® +1)

l 240

t 1 1
9 <_ / de + zarctan(z) — 3 log (z° + 1)) - §w2 arctan(z)? +

arctan(z)?

5 + zarctan(z) +

%(xz + 1) arctan(z)? log (z* + 1) — zarctan(z) log (z® + 1) —
ilog2 (2 +1) — %log (2 +1)

l 5419

|_|

%(ﬁ +1) arctan(m)2 log (z® + 1) — zarctan(z) log (2> + 1) +

—3% x? arctan(z)? +
2 (—2 arctan(z)? + arctan(a:) 3 log (ac2 + 1)) -

arctan(z)?

5 + zarctan(z) +

1 log2 (2 +1) — %log (22 +1)

input | Int [x*ArcTan[x] ~“2*Log[1 + x~2],x]

N\

output‘x*ArcTan[x] - ArcTan([x]"2/2 - (x"2*ArcTan[x]"2)/2 + 2*(x*ArcTan[x] - ArcTa
‘n[x]"2/2 - Logll + x72]/2) - Logll + x72]/2 - x*ArcTan[x]*Log[1 + x"2] + (
‘ (1 + x~2)*ArcTan[x] "2xLog[1 + x~2])/2 + Logl[l + x~2]°2/4

3.46.3.1 Defintions of rubi rules used

rule 240 | Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
"2, x]11/(2%b), x] /; FreeQ[{a, b}, x]

rule 2738 Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))/(x_), x_Symbol] :> Simp[(a + b*Lo
glcxx™n])~2/(2%b*n), x] /; FreeQ[{a, b, c, n}, x]

3.46. [ zarctan(z)?log (1 + 2?) dz



rule 2837

rule 2925

rule 5345

rule 5419

rule 5451

rule 5544
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Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))"(p_.)*((f_) + (g_.
)*(x_))"(q_.), x_Symbol] :> Simp[1/e  Subst[Int[(f*(x/d)) g*(a + bxLoglc*x
“nl)°p, x1, x, d + exx], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, p, q}, x] &&
EqQ[exf - dx*g, 0]

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)1*(b_.))"(q_.)*(x_)"(m
_)x((£) + (g_)*(x_)"(s_))"(r_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Si
mplify[(m + 1)/n] - 1)*(f + g*x~(s/n)) rx(a + b*Loglcx(d + exx)~pl)~q, x],
x, x"n], x] /; FreeQ[{a, b, c, d, e, f, g, m, n, p, q, ¥, s}, x] & Integer
Qlr] && IntegerQ[s/n] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, O
1 1l 1GtQlq, 01)

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcTan[c*x"n]) "p, x] - Simp[b*c*n*p Int[x"n*((a + b*ArcTan[c*x"n])~(p
- 1)/ + c2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 |l EqQlp, 11D

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQ[e, c~2xd] && NeQlp, -1]

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*((£_.)*(x_))"(m_))/((d_) + (e
_)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)"(m - 2)*(a + bxArcTan[c*x]
)7°p, x1, x] - Simp[d*x(£~2/e) Int[(£f*x)"(m - 2)*((a + b*ArcTan[c*x]) “p/(d
+ exx~2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1]

Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))*((d_.) + Logl(f_.) + (g_.)*(x_)"2]*(
e_.)), x_Symbol] :> Simp[x*(d + exLog[f + gxx~2])*(a + bxArcTan[c*x]), x] +

(-Simp[b*c  Int[x*((d + exLoglf + g*x~2])/(1 + c"2%x72)), x], x] - Simp[2
*exg  Int[x"2%((a + b*ArcTan[c*x])/(f + g*x~2)), x], x]) /; FreeQ[{a, b, c

, d, e, £, g}, x]

3.46. [ zarctan(z)?log (1 + 2?) dz



rule 5558
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Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"2*((d_.) + Logl(f_) + (g_.)*(x_)"2]*
(e_.))*(x_), x_Symbol] :> Simp[(f + g*x~2)*(d + exLog[f + g*x~2])*((a + b*A
rcTan[c*x])"2/(2*g)), x] + (-Simp[e*x~2*((a + bxArcTan[c*x])"2/2), x] - Sim
plb/c  Int[(d + exLoglf + gxx"2])*(a + b¥ArcTan[c#x]), x], x] + Simp[bc*e

Int[x~2*%((a + b*ArcTan[c*x])/(1 + c~2*x"2)), x], x]) /; FreeQ[{a, b, c,
d, e, £, g}, x] && EqQlg, c™2xf]

3.46.4 Maple [A] (verified)

Time = 4.50 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.01

method result
2 2
parallelrisch | 2@+ a;Ctan(x) G arc;an(w)2 — zarctan (z)In (z* + 1) + arcmn(z);n(xzﬂ) + 3z arctan (2
default Expression too large to display
risch Expression too large to display
input Lint (x*arctan(x) ~2*1n(x"2+1) ,x,method=_RETURNVERBOSE) J

output ‘ 1/2%1n(x"2+1) *arctan(x) ~2*x~2-1/2*x"2*arctan(x) "2-x*arctan(x) *1n(x~2+1)+1/ ‘

\ 2%arctan (x) ~2%1n(x~2+1)+3*x*arctan(x)-3/2%arctan (x) ~2+1/4%1n(x~2+1) ~2-3/2% \
Lln(x"2+1) J

3.46.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.68

1
/zarctan(z)2 log (14 2?) dz = —3 (z* + 3) arctan (z)* + 3z arctan (z)
1
+ 2 ((z* + 1) arctan (z)? — 2z arctan (z) — 3) log (z?
1
+1) + 4 log (% +1)°
input Lintegrate (x*arctan(x) “2xlog(x~2+1) ,x, algorithm="fricas") J

output‘ -1/2%(x~2 + 3)*arctan(x)~2 + 3*x*arctan(x) + 1/2*x((x"2 + 1)*arctan(x)"2 - ‘

‘2%x*arctan(x) - 3)*log(x"2 + 1) + 1/4%log(x"2 + 1)72

3.46. [ zarctan(z)?log (1 + 2?) dz
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3.46.6 Sympy [A] (verification not implemented)

Time = 0.50 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.13

_ z?log(z®+ 1) atan® (x) «®atan’® (z)
B 2 B 2

/xarctan(a:)2 log (14 2%) dz

log (2> + 1)
—zlog (z* + 1) atan(x)+3xatan(m)+w

log (z% + 1) atan® (z) 3log(z®>+1) 3atan?(x)
* 2 - 2 2

inputLintegrate(x*atan(x)**2*1n(x**2+1),X) J

0utput‘x**2*log(x**2 + 1)*atan(x)**2/2 - x**2*atan(x)**2/2 - x*xlog(x**2 + 1)*atan \
(x) + 3*xxatan(x) + log(x**2 + 1)*%%2/4 + log(x**2 + 1)*atan(x)**2/2 - 3%lo
(g(xk*2 + 1)/2 - Batan(x)**2/2 |

3.46.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.87

/acaurctan(:zc)2 log (14 2?) dz = —% (2% — (2% + 1) log (* + 1) + 1) arctan (z)?

— (zlog (z* + 1) — 3z + 2 arctan (z)) arctan (z)

+ arctan (z)* + éll log (z* + 1)2 - g log (z* + 1)

input‘integrate(x*arctan(x)”2*10g(x“2+1),x, algorithm="maxima"

output‘—1/2*(x”2 - (x72 + 1)*log(x"2 + 1) + 1)#*arctan(x)”2 - (x*log(x~2 + 1) - 3%
‘x + 2%arctan(x))*arctan(x) + arctan(x)”2 + 1/4*log(x"2 + 1)72 - 3/2*log(x"
2+ 1) |

3.46. [ zarctan(z)?log (1 + 2?) dz
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3.46.8 Giac [F|

/:v arctan(z)’log (1 + z°) dz = /warctan (z)*log (2 +1) do

input ‘ integrate(x*arctan(x) "2*log(x~2+1) ,x, algorithm="giac") ‘

-

output Lintegrate(x*arctan(x)"2*1og(x"2 + 1), x)

| —

3.46.9 Mupad [B] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.01

In (z% +1)° _3ln(s®+1)
4 2
3atan(z)® In(z?+ 1) atan(z)’
2 2
+ z (3atan(z) — In (z* + 1) atan(z))
2 (atan(x)2 _In(a®+1) atan(x)2>
2 2

/xarctan(x)2 log (14 2?) dz =

input Lint (x*xlog(x~2 + 1)*atan(x)~2,x) J

output ‘/log(x"2 + 1)72/4 - (3xlog(x~2 + 1))/2 - (3*%atan(x)~2)/2 + (log(x~2 + 1)*at
‘a.n(x)“2)/2 + x*(3*atan(x) - log(x~2 + 1)*atan(x)) - x"2*(atan(x)"2/2 - (lo
g(x™2 + 1)*atan(x)"2)/2)

N\ J

\‘

3.46.10 Reduce [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00

atan(z)* log(z? + 1) z2 N atan(z)” log(z? + 1)

/zarctan(x)2 log (1+2°) dz =

2 2
¢ 2 2 ¢ 2
g an(2:c) v _3a a;t(x) — atan(z)log(z* + 1) z
log(z? +1)°  3log(a? +1
+ 3atan(z) z + og(z4—|— S _3 og(z 1)

3.46. [ zarctan(z)?log (1 + 2?) dz
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input | int (atan (x)**2xlog(x**2 + 1)%x,X)

output‘(2*atan(x)**2*log(x**2 + 1)*x*x2 + 2*atan(x)**2xlog(x**2 + 1) - 2xatan(x)=*
‘*2*}{**2 - 6*atan(x)**2 - 4*atan(x)*log(x**2 + 1)*x + 12*atan(x)*x + log(x*
\*2 + 1)%%2 - 6xlog(x**2 + 1))/4

3.46. [ zarctan(z)?log (1 + 2?) dz
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3.47 [ arctan (:c\/l + x2> dx

3471 Optimalresult . . .. ... ... ... ... ...
3.47.2 Mathematica [C] (verified) . . . . . . . .. ... ... oL
3.47.3 Rubi [A] (warning: unable to verify) . . . ... ... ... ... ... ..
3.47.4 Maple [B] (verified) . ... ... . ... ... B31]
3.47.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ...
3.47.6 Sympy [F] . . . . . e 334
3.47.7 Maxima [F] . . . . . . . . 334
3.47.8 Giac [A] (verification not implemented) . . . .. .. ... ... ..... 334
3.47.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ...
3.47.10Reduce [F] . . . . . .

3.47.1 Optimal result

Integrand size = 12, antiderivative size = 120

/ arctan (xx/@) dx = x arctan (xm) + %arctan (x/ﬁ —~ 2\/1+7x2>
~ 5 arctan (V3424 )
—ivﬁbg@+4?—v@VTIzﬂ

+%v@kg<2+x2+v@¢TI§ﬂ

output ‘ -1/2*arctan(-37(1/2)+2*(x"2+1) ~(1/2) ) +x*arctan(x*(x~2+1) ~(1/2))-1/2*arctan ‘
(37 (1/2)+2% (x2+1) 7 (1/2))-1/4%1n(2+x72-3" (1/2) % (x~2+1) ~(1/2) ) ¥3~(1/2) +1/4%
Lln(2+x‘2+3“(1/2)*(x‘2+1)‘(1/2))*3“(1/2) J

3.47. [ arctan (z\/l + xz) dz
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3.47.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.16 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.79

/arctan (xx/@) dr = 1 (1 — 2\/5) arctan (% (1 — z\/g) m)

2
— %(1 + ’L\/§> arctan (% (1 + Z\/§> m)
+ x arctan (xW)

( hY

Integrate[ArcTan[x*Sqrt[1 + x~2]1],x]

N J

input

output‘ -1/2%((1 - I*Sqrt[3])*ArcTan[((1 - I*Sqrt[3]1)*Sqrt[1 + x2]1)/2]) - ((1 + I
‘ *Sqrt [3])*ArcTan[((1 + I*Sqrt[3])*Sqrt[1 + x~2])/2]1)/2 + x*ArcTan[x*Sqrt[1 ‘
s |

3.47.3 Rubi [A] (warning: unable to verify)

Time = 0.39 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.08,

number of steps used = 12, number of rules used = 11, Bumber of rules _ 4 917 Ryjes
integrand size

used = {5726, 2238, 1197, 25, 1483, 27, 1142, 25, 1083, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/arctan (m\/ 2 + 1) dx

l'5726

z arctan (:c\/ z2 + 1) — x(2m2 + 1) dx

VoAl + 22+ 1)
l 9238
1 222 +1

2 _ 1 2

I arctan (:v x +1) 5 \/332—4—1(:c4+m2+1)dw
l 1197

3.47. [ arctan (z\/l + xz) dz
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X
l25

/ g 1-22° ————  _dv/2x2?2+ 1+ zarctan (:c\/ x2 4 1)

4+]_
l 1483
VEseTil g ey VALV “)d\/wz—
fm4—\/§\/?tl f 24+\[Vm2;\/f1 + zarctan (am/aT—l—l)

l 27
V3-3Vz2+¥1 /31 —
/ z!=/3n x2+1+1d v + 1 V3val 141 dvz?2 + 1+ zarctan (wV:cQ + 1)
2v/3 2) 4 4+V3V22+1+1
l 1142

_1 -1 2 _ 3 [ __V3-2V/z’41 2
2V3) Gy Ve 1 -5 |~ e Ve F 1
2v/3

2
11\/5/ 2Va? + 14+ V3 d\/m_l/ 1
2\2 2 +V3Vr2+1+1 2) 4 4+V3V22+1+1

x arctan <m\/ 2 + 1)
l 25

L SR VT T = WS ol VAT
2v3

2
! 1\/5/ Ve +14 V3 d\/ac2+1—1/ ! dva?+1)+
2\ 2 A VAVE 141 2) 2t +V3Va? +1+1

z arctan <x\/ z2 + 1)
l1083
V3 [ hmd(2VETH1-VE) + § [ R aVeT A T
2v/3
1(/ —r—d(2Ve?+1+8) + 5 f/ 2Vl +1+ V3 dm>+

dvz? + 1) +

+

+

2 4 +/3Vr2 +1+1
x arctan (a:\/ z2 4 1)

l 217

3.47. [ arctan (z\/l + xz) dz



input

output

rule 25

rule 27

rule 217

rule 1083
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3—2vz2+1 / /
%fmd w2+1+\/§arctan<\/§—2 $2+1>

+
2V/3
1(1 2Vz2+1++/3 > I
2(2\/5/:1:4—1-\/5 —x2+1+1d\/m +1—arctan(2 z +1+\/§> +
x arctan <x\/ x2 4 1)
l1103
V3 arctan <\/§— 2V x? + 1) - %log <x4 —V3V2+1+ 1)
x arctan (x\/:c2+1) + e +

;(;ﬁlog <z4 + ﬁ\/ﬁ%— 1) — arctan (2\/ 22+ 1+ \/§>>

-

LInt [ArcTan[x*Sqrt[1 + x~2]]1,x]

~—

‘ xxArcTan [x*Sqrt[1 + x72]] + (Sqrt[3]*ArcTan[Sqrt[3] - 2#Sqrt[1 + x~2]] - (
‘ 3%Logl[l + x™4 - Sqrt[3]*Sqrtl[1 + x72]11)/2)/(2*Sqrt([3]) + (-ArcTan[Sqrt[3]
‘ + 2xSqrt[1 + x2]] + (Sqrt[3]*Logl[l + x~4 + Sqrt[3]*Sqrt[1 + x~2]11)/2)/2

3.47.3.1 Defintions of rubi rules used

e

LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

/Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[la, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 0])

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

3.47. [ arctan (z\/l + x2) dz
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rule 1103 Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

rule 1142 Int [((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*%c*d - b*e)/(2%c) Int[1/(a + b*x + c*x"2), x], x] + Simpl[e/(2%c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x]

rule 1197 Int[((f_.) + (g_.)*(x_))/(Sqrtl(d_.) + (e_.)*(x_)I1*((a_.) + (b_.)*(x_) + (c
_)*(x_)"2)), x_Symbol] :> Simp[2 Subst[Int[(e*f - d*g + g*x~2)/(c*d"2 -
bxdxe + axe”2 - (2*c*d - b*e)*x"2 + c*x"4), x], x, Sqrt[d + e*x]], x] /; Fr
eeQ[{a, b, c, d, e, £, g}, x]

rule 1483 Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[a/c, 2]}, With[{r = Rt[2*q - b/c, 2]}, Simp[1/(2*c*q*r) In
t[(d*xr - (4 - exq)*x)/(q - r*x + x72), x], x] + Simp[1/(2*c*q*r) Int[(d*r
+ (d - exq@)*x)/(q + r*x + x72), x], x]1] /; FreeQ[{a, b, c, d, e}, x] & N
eQ[b~2 - 4*axc, 0] && NeQ[c*xd"2 - b*xdxe + a*e”2, 0] && NegQ[b~2 - 4*axc]

rule 2238  Int [(Px_)*(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[(Px /. x -> Sqrt[x])*(d + e*x
)~g*(a + b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]
&& PolyQ[Px, x~2]

g
ruk35726‘1nt[ArcTan[u_], x_Symbol] :> Simp[x*ArcTan[u], x] - Int[SimplifyIntegrand[x
L*(D[u, x]/(1 + u2)), x], x] /; InverseFunctionFreeQ[u, x] J

3.47.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 507 vs. 2(92) = 184.

Time = 0.17 (sec) , antiderivative size = 508, normalized size of antiderivative = 4.23

3.47. [ arctan (z\/l + xz) dz
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method | result

2(—14x)2 )
2(*1+z)2 mﬁ 2(1+z)2 (1—z)
V2 Cien? +2+/3 arctanh — V2 W+2 v/3 arctanh 5

default | zarctan (x\/ T2 + 1) +

o

—1— —

3 (—1+:+1) (zz+1) 3
—I-z

(-1- (-

(£ +1)

2(—1+2)2 2(14<
2(—1+2)2 VG 2(1+2) e
V2 17@2+2 v/3 arctanh —— V2 )2 +2+4/3 arctanh

parts zarctan (zvz? + 1) + 4

—1—z

(=1ta)2
3 %(:ﬁﬁ—f-l) 3

input \ int (arctan(x*(x"2+1)~(1/2)) ,x,method=_RETURNVERBOSE)

output | x*arctan(x*(x~2+1)~(1/2))+1/3%x2~(1/2) / (((-1+x) "2/ (-1-x)"2+1) / ((-1+x) / (-1-x
)+1)72)7(1/2) / ((-1+x) / (-1-x) +1) * (2% (-1+x) "2/ (-1-x) "2+2) " (1/2) *3~ (1/2) *arct
anh(1/2% (2% (-1+x)~2/(-1-x) "2+2) ~(1/2)*3~(1/2) )+1/3*2~(1/2) / (((1+x) "2/ (1-x)
~2+1) /((1+x) / (1-x)+1)~"2) " (1/2) / ((1+x) / (1-x) +1) * (2% (1+x) "2/ (1-x) ~2+2) " (1/2)
*37(1/2)*arctanh(1/2* (2% (1+x) "2/ (1-x)"2+2) " (1/2)*37(1/2))-1/12%27(1/2) * (2%
(-1+x) "2/ (-1-x)"2+2) " (1/2)* (3~ (1/2) *arctanh (1/2* (2% (-1+x) "2/ (-1-x) ~2+2) ~ (1
/2)*37(1/2))-3*arctan(1/((-1+x) "2/ (-1-x) "2+1) * (2% (-1+x) "2/ (-1-x) "2+2) ~(1/2
Yk (=1+x)/(-1-x))) / (((-1+4x) "2/ (-1-x) "2+1) / ((-1+x) / (-1-x)+1)"2) ~(1/2) / ((-1+x
)/ (m1-x)+1)-1/12%27(1/2) * (2% (1+x) "2/ (1-x) ~2+2) ~(1/2) * (37 (1/2) *arctanh (1/2*
(2% (1+x) "2/ (1-x)"2+2) ~(1/2)*3~(1/2) ) -3*arctan (1/ ((1+x) "2/ (1-x) ~2+1) * (2% (1+
x)72/(1-x)"2+2) " (1/2) *(1+x) / (1-x))) / (((1+x) "2/ (1-x) ~2+1) / ((1+x) / (1-x) +1) "2
)~ (1/2)/((1+x) / (1-x) +1)

3.47.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 298 vs. 2(92) = 184.

3.47. [ arctan (z\/l + xz) dz




inputLintegrate(arctan(x*(x‘2+1)‘(1/2)),x, algorithm="fricas")

output
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Time = 0.26 (sec) , antiderivative size = 298, normalized size of antiderivative = 2.48

/arctan (x\/1—|—7> dr = x arctan (\/7130) - = \/_ —v/=3+1log <4 z?
+V2(V=3z+z)\/—vV=3+1

—m(\/ﬁ(\/——ul)ﬁﬂx) +4)

+ - \/_ —v—3+ 1llog (43:2

2(\/_31'—|—x)\/ —vV-3+1

+¢T( (V=3+1)\/—vV=3+1~- 4x>+4)
——f \/_+110g(4x — 422+ 1z

+ (Ve +1(V=3-1) - VA(V=3z - z) )\ /V=3 +1

+4>+ V2 \/_+110g(4x — 4z + 1z

— (VaVaZ+1(V=3-1) - V3(V=32 - 2) )y V=3 +1

)

x*xarctan(sqrt(x”2 + 1)*x) - 1/4*sqrt(2)*sqrt(-sqrt(-3) + 1)*log(4*x~2 + sq
rt(2)*(sqrt (-3)*x + x)*sqrt(-sqrt(-3) + 1) - sqrt(x"2 + 1)*(sqrt(2)*(sqrt(
-3) + D*sqrt(-sqrt(-3) + 1) + 4%x) + 4) + 1/4*sqrt(2)*sqrt(-sqrt(-3) + 1)
*log(4*x~2 - sqrt(2)*(sqrt(-3)*x + x)*sqrt(-sqrt(-3) + 1) + sqrt(x”2 + 1)*
(sqrt(2)*(sqrt(-3) + 1)*sqrt(-sqrt(-3) + 1) - 4xx) + 4) - 1/4*sqrt(2)*sqrt
(sqrt(-3) + 1)*log(4*x~2 - 4*sqrt(x~2 + 1)*x + (sqrt(2)*sqrt(x~2 + 1)*(sqr
t(-3) - 1) - sqrt(2)*(sqrt(-3)*x - x))*sqrt(sqrt(-3) + 1) + 4) + 1/4*sqrt(
2)*sqrt(sqrt(-3) + 1)*log(4*x~2 - 4*xsqrt(x”2 + 1)*x - (sqrt(2)*sqrt(x~2 +

1) *(sqrt(-3) - 1) - sqrt(2)*(sqrt(-3)*x - x))*sqrt(sqrt(-3) + 1) + 4)

3.47. [ arctan (z\/l + xz) dz
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3.47.6 Sympy [F]

/ arctan (xm) dr = / atan (xx/aT—l—l) dx

inputLintegrate(atan(x*(x**2+1)**(1/2)),X)

outputLIntegral(atan(x*sqrt(x**2 + 1)), x)

3.47.7 Maxima [F]

/ arctan (xW) dr = / arctan (\/QT-H.’E) dx

-

inputLintegrate(arctan(x*(x‘2+1)*(1/2)),x, algorithm="maxima")

-/

output‘x*arctan(sqrt(x‘Q + 1)*x) - integrate((2*x~3 + x)*sqrt(x~2 + 1)/((x"4 + x~
P)*(XAQ +1) +x72 + 1), %)

N

3.47.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.77
1
/arctan (le -+ x2> dr = r arctan (\/ x? + 1x> -+ 1 V3log <x2 +V3Ve2+ 1+ 2)
1
——\/_log<a:2—\/§\/a:2+l+2>

- = arctan
2

1 t
— — arctan
2

(
-

V3+2Va? +1)
\/§+2\/m>

inputLintegrate(arctan(x*(x‘2+1)‘(1/2)),x, algorithm="giac")

J

output‘x*arctan(sqrt(x‘Q + 1)*x) + 1/4*xsqrt(3)*log(x~2 + sqrt(3)*sqrt(x™2 + 1) +
‘2) - 1/4xsqrt(3)*log(x”2 - sqrt(3)*sqrt(x”2 + 1) + 2) - 1/2*arctan(sqrt(3)
‘ + 2xsqrt(x”2 + 1)) - 1/2*arctan(-sqrt(3) + 2*sqrt(x™2 + 1))

3.47.

[ arctan (zv/1+ 2?) dz
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3.47.9 Mupad [B] (verification not implemented)

Time = 1.10 (sec) , antiderivative size = 413, normalized size of antiderivative = 3.44

/ arctan (x\/ 1+ x2) dx = Too large to display

input Lint(atan(x*(x“Z + 1)7(1/2)) ,%)

output | x*atan(x*(x"2 + 1)7(1/2)) - ((log(x - (37(1/2)*1i)/2 - 1/2) - log(x/2 + (3
“(1/2)/2 + 1i/2)*(x72 + 1)7(1/2) + (37(1/2)*x*11)/2 + 1))*((37(1/2)*1i)/2
+ 2%x((37(1/2)*11)/2 + 1/2)73 + 1/2))/((((37(1/2)*11)/2 + 1/2)"2 + 1)7(1/2)
*(37(1/2) %11 + 4x((3~(1/2)*11)/2 + 1/2)°3 + 1)) - ((log(x - (3~ (1/2)*1i)/2
+ 1/2) - 1og((3~(1/2)/2 - 1i/2)*(x"2 + 1)~(1/2) - x/2 + (37(1/2)*x*1i)/2
+ 1))*((37(1/2)*1i) /2 + 2% ((3~(1/2)*1i)/2 - 1/2)73 - 1/2))/((((3~(1/2)*1i)
/2 = 1/2)72 + 1)7(1/2)*(37(1/2)*1i + 4% ((3~(1/2)*1i)/2 - 1/2)"3 - 1)) - ((
log(x + (37(1/2)*1i)/2 - 1/2) - log(x/2 + (37(1/2)/2 - 1i/2)*(x"2 + 1)~ (1/
2) - (37(1/2)*x*1i)/2 + 1))*((37(1/2)*1i)/2 + 2% ((37(1/2)*1i)/2 - 1/2)"3 -
1/2)) /(37 (1/2)*11) /2 - 1/2)72 + 1)7(1/2)*(37(1/2)*1i + 4x((37(1/2)*1i)
/2 - 1/2)73 - 1)) - ((log(x + (37(1/2)*1i)/2 + 1/2) - 1log((37(1/2)/2 + 1i/
2)*(x72 + 1)7(1/2) - x/2 - (37 (1/2)*x*11)/2 + 1))*((37(1/2)*1i)/2 + 2% ((3"
(1/2)%11)/2 + 1/2)73 + 1/2))/((((37(1/2)*1i)/2 + 1/2)"2 + 1)~(1/2)*(37(1/2
)*1i + 4% ((37(1/2)*1i)/2 + 1/2)73 + 1))

3.47.10 Reduce [F]

/ arctan (x@) dr = / atan (\/JTH x) dx

input‘int(atan(sqrt(x**Q + 1)*x),x)

-

output | int(atan(sqrt(x**2 + 1)*x),x)

N

3.47. [ arctan (z\/l + xz) dz
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3.48 [ —arctan (v/z —+v/1+2z) dz

3.48.1 Optimalresult . . . ... ... ... .. ... 336
3.48.2 Mathematica [A] (verified) . . . . . ... ... ... Lo L 330
3.48.3 Rubi [A] (warning: unable to verify) . . . . ... ... ... ... .. .. 337
3.48.4 Maple [A] (verified) . . .. ... ... . ... 339
3.48.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 339
3.48.6 Sympy [A] (verification not implemented) . . . ... .. ... ... ... 3391
3.48.7 Maxima [A] (verification not implemented) . ... ... ... ... ... 3401
3.48.8 Giac [A] (verification not implemented) . . . ... .. ... ....... 3401
3.48.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... 3401
3.48.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 341]

3.48.1 Optimal result

Integrand size = 18, antiderivative size = 31

/—arctan <\/_ — \/l—l-—x> dx = g — (1 + z) arctan (\/_ — \/1-1-—36)

-

output L—(1+x) *arctan(x”(1/2)-(1+x)~(1/2))+1/2*x~(1/2)

~—

3.48.2 Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00

/—arctan <\/_ — \/l-l——:c> dr = g — (1 + z) arctan <\/_ - \/1-|——x>

input LIntegrate [-ArcTan[Sqrt[x] - Sqrtl[1 + x]11,x]

~—

-

output LSqrt [x]1/2 - (1 + x)*ArcTan[Sqrt[x] - Sqrt[l + x]]

-/

348. [ —arctan (v —+1+1) dz
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3.48.3 Rubi [A] (warning: unable to verify)

Time = 0.19 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.32,

number of rules _ 0.389, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {25, 5682, 24, 5345, 60, 73, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ — arctan <\/_ — M) dz
| 25

— / arctan (\/_ — \/ac—-i-1> de
| 5682

7rf41da: - % /arctan (V) do

™ _ % /arctan (\/5) dx

4
| 5345
1/1 NG T
2<2/x+1dm—marctan (\/E)) +

| 60
;(; <2\/_— / mdx) _ varctan (ﬁ)) +
l 73

;(; <2\/§— 2/ 1d\/5> — zarctan (ﬁ)) +or

x+1
l 216

1

! <; (2y/7 — 2arctan (v/z)) — arctan (\/5)) L

input ‘ Int[-ArcTan[Sqrt[x] - Sqrt[1 + x]],x]

348. [ —arctan (v —+1+1) dz
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output‘(Pi*x)/4 + ((2*Sqrt[x] - 2*ArcTan[Sqrt([x]])/2 - x*ArcTan[Sqrt([x]])/2

3.48.3.1 Defintions of rubi rules used

p
ruk324LInt[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

-

-

rule 25 LInt [-(Fx_), x_Symboll :> Simp[Identity[-1]  Int[Fx, x], x]

-/

rule 60 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Qn] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 216 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] Il GtQ[b, 01)

rule 5345 Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a

+ bxArcTan[c*x"n])"p, x] - Simp[b*c*n*p Int[x"n*((a + bxArcTan[c*x"n])”(p
- 1)/ + c2*x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 |l EqQlp, 11D

rule 5682 Int[ArcTan[(v_) + (s_.)*Sqrt[w_]]*(u_.), x_Symbol] :> Simp[Pi*(s/4) Int[u
» x], x] + Simp[1/2  Int[u*ArcTan[v], x], x] /; EqQ[s~2, 1] && EqQ[w, v~2
+ 1]

348. [ —arctan (v —+1+1) dz
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3.48.4 Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.90

method | result size
default | —zarctan (vz — v1+z) + \/75 _ afcta];(\/-’?) 28
vz

parts —zarctan (vz — v1+z) + % — arcta;(\/i) 28

inputLint(-arctan(x“(1/2)-(1+x)“(1/2)),x,method=_RETURNVERBOSE)

outputL—X*arctan(x“(1/2)-(1+x)“(1/2))+1/2*x‘(1/2)-1/2*arctan(x‘(1/2))

3.48.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.71

/—arctan (\/_—\/H—x) dx = (z + 1) arctan (\/ﬁ—ﬁ) +%\/§

input Lintegrate (-arctan(x~(1/2)-(1+x)~(1/2)) ,x, algorithm="fricas")

output‘(x + 1)*arctan(sqrt(x + 1) - sqrt(x)) + 1/2xsqrt(x)

3.48.6 Sympy [A] (verification not implemented)

Time = 9.14 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.94

/— arctan (\/_ — \/1+—$) dx = g — x atan (\/_ — \/m> _ atan2(\/§)

input ‘ integrate(-atan(x**(1/2)-(1+x)**(1/2)) ,x)

output qurt(x)/2 - x*atan(sqrt(x) - sqrt(x + 1)) - atan(sqrt(x))/2

348. [ —arctan (v —+1+1) dz
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3.48.7 Maxima [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.84

/— arctan <\/_ — \/l—l——x> dx = x arctan <\/F - ﬁ) + % N % arctan (\/:E)

input Lintegrate (-arctan(x~(1/2)-(1+x)~(1/2)) ,x, algorithm="maxima") J

e hY

x*arctan(sqrt(x + 1) - sqrt(x)) + 1/2xsqrt(x) - 1/2*arctan(sqrt(x))

N\ J

output

3.48.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.87

/ — arctan (f— \/H——az> dx = —x arctan <—\/m+ ﬁ) +% VT — % arctan (v/z)

inputLintegrate(-arctan(x‘(1/2)-(1+x)‘(1/2)),x, algorithm="giac")

~—

-

output L—x*arcta.n(—sqrt(x + 1) + sqrt(x)) + 1/2xsqrt(x) - 1/2*xarctan(sqrt(x))

-/

3.48.9 Mupad [B] (verification not implemented)

Time = 0.80 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.29

N2
(=1+v= 1i) > 1i

/—arctan(f_\/H—x> dxzxatan(Vm_\/@_Fg_ln( le

input Lint(atan((x +1)7(1/2) - x7(1/2)),x) J

output | x*atan((x + 1)7(1/2) - x~(1/2)) - (Qog((x~(1/2)*1i - 1)72/(x + 1))*1i)/4 +
\ x~(1/2)/2 \

348. [ —arctan (v —+1+1) dz
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3.48.10 Reduce [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.87

[ - arctan (V- vI5) do=aton (Y watan( )+ L

N

-

input | int(atan(sqrt(x + 1) - sqrt(x)),x)

J

N\

output‘ (2xatan(1/(sqrt(x + 1) + sqrt(x)))*x + 2*atan(1/(sqrt(x + 1) + sqrt(x))) + \
1 sqrt(x))/2

348. [ —arctan (v —+1+1) dz
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349 [arcsin (;E) do
V1—22

3.49.1 Optimalresult . . .. .. ... .. ... .. .. .. 342
3.49.2 Mathematica [A] (verified) . . . . . . ... ... oL 3421
3.49.3 Rubi [A] (verified) . . . .. ... ..
3.49.4 Maple [B] (verified) . ... ... . ... . ... .. 344
3.49.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ...
3.49.6 Sympy [F] . . . . . o e 345
3.49.7 Maxima [F] . . . . . . . .. 3461
3.49.8 Giac [A] (verification not implemented) . . . ... . ... ... ..... 346
3.49.9 Mupad [F(-1)] . . . . . oo 346
3.49.10Reduce [F] . . . . . . o 347

3.49.1 Optimal result

Integrand size = 14, antiderivative size = 29

/acs' ( ac )d arcsi ( z
rcsin T = z arcsin
1— 22 V1 —z2

) + arctan (@)

output x*arcsin(x/(-x"2+1)"(1/2))+arctan((-2%x"2+1)"(1/2))

-

3.49.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00

/ arcsin( z )dx—xarcsin( z
1—zx2 V1 — x2

)+ axctan (vI=22)

inputLIntegrate[ArcSin[x/Sqrt[l - x72]],%]

-/

outputtx*ArcSin[x/Sqrt[l - x72]] + ArcTan[Sqrt[1 - 2*x~2]]

3.49. farcsin( z 2) dx

-z
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3.49.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00,

number of rules _ 0.286, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {5339, 353, 73, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

T
arcsin [ ——— | dz
/ (vl—x2>
l 5339

I arcsin <

\/li—x?> _/\/ﬁﬂu—x?)dw
l,353

2

. Z
rarcsim | —F(/—— ) — =

m) ;/@(1_@)‘”

| 73

1 1
- / ———d\/1 — 22 +acarcsin<
2 L_i_l
2 T2
| 216

) + arctan <m>

i)

T arcsin (

x
V1—22?

input LInt [ArcSin[x/Sqrt[1 - x~2]],x]

output ‘ xxArcSin[x/Sqrt[1 - x72]] + ArcTan[Sqrt[1 - 2xx~2]]

3.49. farcsin( z 2) dx

-z



rule 73

rule 216

rule 353

rule 5339
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3.49.3.1 Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]1*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] Il GtQ[b, 01)

Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2)"(q_.), x_Symbol]
:> Simp[1/2  Subst[Int[(a + b*x) p*x(c + d*x)"q, x], x, x°2], x] /; FreeQ[
{a, b, c, d, p, q}, x] && NeQ[b*c - a*d, 0]

Int[ArcSin[u_], x_Symbol] :> Simp[x*ArcSin[u], x] - Int[SimplifyIntegrand[x
*(D[u, x]1/Sqrtl[1 - u~2]), x], x] /; InverseFunctionFreeQ[u, x] && !Functio
nO0fExponentialQ[u, x]

3.49.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 137 vs. 2(25) = 50.

Time = 0.19 (sec) , antiderivative size = 138, normalized size of antiderivative = 4.76

method | result
2521 V) 2z—1 _ 142z — 3 2021 /3
. - I (\/ 2x +1+arctan(\/m> arctan(m))\/ x?+1 71 V—z*+1
default | zarcsin > + 3
V—22+1 V=227+1 (24v2) (-2+2)
/2021 ) 2z—1 _ 142z — 32 2221 /3
) - 271 (\/ 2x +1+arctan(\/m) arctan(\/m))\/ x4+1 7 V—=x?+1
parts T arcsin 5 + D)
V—a2+1 V=227H1 (24v2) (-2+2)

input Lint (arcsin(1/(-x"2+1) "~ (1/2)*x) ,x,method=_RETURNVERBOSE)

3.49. farcsin( z 2) dx

-z
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output‘x*arcsin(l/(—x“2+1)”(1/2)*x)+((2*x”2-1)/(X”2-1))“(1/2)*((—2*x“2+1)“(1/2)+a
'rctan((2%x-1)/ (-2%x~2+1) " (1/2))-arctan ((1+2%x) / (-2%x~2+1) " (1/2)) ) * (-x"2+1)
T(1/2)/ (—2%x72+1) 7 (1/2) /(2427 (1/2)) / (-2+27 (1/2) ) +1/2% ((2%x~2-1) / (x2-1) ) " (
‘1/2)*(—x“2+1)“(1/2) \

3.49.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 60 vs. 2(25) = 50.

Time = 0.26 (sec) , antiderivative size = 60, normalized size of antiderivative = 2.07

/ . ( T ) ) <\/ —z2 + lx)
arcsin — dr = —zarcsin [ ——————
—z

2 —1

xr2

2 +v/—z2+1 2;”22—__11—1
—+ arctan

-

N
input Lintegrate (arcsin(x/(-x"2+1)7(1/2)),x, algorithm="fricas") J

output‘ -x*arcsin(sqrt(-x~2 + 1)*x/(x"2 - 1)) + arctan((x"2 + sqrt(-x"2 + 1)*sqrt(

|
L(2*x‘2 - 1)/(x"2 - 1) - 1)/x7°2) J

3.49.6 Sympy [F]

/arcsin (L) dz = /asin (L) dz
1—22 1— 22

input Lintegrate (asin(x/ (-x**2+1)**(1/2)) ,x) J

output LIntegral(asin(x/sqrt(l - x*%2)), x) J

3.49. farcsin( z 2) dx

-z
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3.49.7 Maxima [F]

/ arcsin( z > dzr = / arcsin <L) dz
-2 W

-

input Lintegrate (arcsin(x/(-x"2+1)7(1/2)),x, algorithm="maxima")

-/

outputLintegrate(arcsin(x/sqrt(—x“Q + 1)), x)

3.49.8 Giac [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.17

arctan (\/—2 z2 + 1)

/ arcsin ( m ) dz = x arcsin ( z > +
1— 22 —r241 sgn (z2 —1)

inputLintegrate(arcsin(x/(-x“2+1)“(1/2)),x, algorithm="giac")

outputtx*arcsin(x/sqrt(-x“2 + 1)) + arctan(sqrt(-2*x~2 + 1))/sgn(x"2 - 1)

3.49.9 Mupad [F(-1)]

/arcsin( z )dx=/asin( z )daz
1— 22 1— 22

Timed out.

inputtint(asin(x/(l - x72)"(1/2)),%)

outputtint(asin(x/(l - x"2)°(1/2)), x)

3.49. farcsin( z 2) dx

-z
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3.49.10 Reduce [F]

/arcsin( z > da::/asz'n(#) dz
1—x2 -2 41

input Lint(asin(x/sqrt( - x**2 + 1)) ,x)

\ 4

output Lint(asin(x/sqrt( - x*x2 + 1)),x)

3.49. farcsin( z 2) dx

-z
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3.50 [ arctan (:c\/l — :1:2) dx

3.50.1 Optimalresult . . . ... ... ... .. ... ... 348]
3.50.2 Mathematica [A] (verified) . . . . . ... ... ... .. Lo L
3.50.3 Rubi [A] (verified) . . . .. . ... ... 349
3.50.4 Maple [B] (verified) . . ... .. ... ... B51l
3.50.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ...
3.50.6 Sympy [F(-1)] . . . . 353
3.50.7 Maxima [F] . . ... ... .
3.50.8 Giac [A] (verification not implemented) . . . .. ... ... ....... 353
3.50.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... 354
3.50.10 Reduce [B] (verification not implemented) . . . . . ... ... ... ... 350

3.50.1 Optimal result

Integrand size = 14, antiderivative size = 106

/arctan (xﬂ) dr = — L (1 + \/5) arctan ( % (1 + \/5) M)

2
+ z arctan (wﬂ)
+ % (—1 + ﬁ)arctanh( % <—1 + \/5) m>

‘ 1/2))*%(-2+2%57(1/2))~(1/2)-1/2*%arctan(1/2*(-x"2+1) " (1/2) *(2+2%57(1/2) )~ (1/

output‘(x*arctan(x*(-x“2+1)"(1/2))+1/2*arc:tanh(1/2*(-x"2+1)’“(1/2)*(-2+2*5”(1/2))“( \\
2))%(2+2%57(1/2))~(1/2) |

3.50.2 Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.00

/ arctan (mﬂ) dxr = z arctan (mm)
V1 + v/Barctan (\/% (1+ \/E)M) — \/T\/garctanh(\/% (-1+ \/E)M)

V2

3.50.  [arctan (zv1— x2) dz
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input ‘ Integrate[ArcTan[x*Sqrt[1 - x~2]11,x] ‘

‘ J#Sqrt[1 - x~2]] - Sqrt[-1 + Sqrt[5]]*ArcTanh([Sqrt[(-1 + Sqrt[5])/2]*Sqrtl[

output ‘fx*ArcTan [x*Sqrt[1 - x72]] - (Sqrt[1 + Sqrt[5]]*ArcTan[Sqrt[(1 + Sqrt([5])/2 \‘
‘ 1 - x72]1])/Sqrt[2] ‘

3.50.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.429, Rules

number of steps used = 7, number of rules used = 6,
used = {5726, 2238, 1197, 1480, 217, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ arctan (:c\/ 1- w2> dx

l 5726

a:(l — 2332)
x arctan (wM) - / m(_gﬁ + 2+ 1)d:c

l 2938
1 1— 222 9
T arctan (mﬂ) -3 = (adta? 1 1)dx
l 1197
_ 4
rarctan (2v/1 - 2?) - / _ngﬂdﬁ
l 1480
1 1
2 2 2
/;(1—\/5)—x4d l1-z —i—/%(1+\/g)_x4dm+xarctan<x\/ﬁ>

l 217
/1( 1 dv1—a?—,| 2 arctan<

2
1+v5) —a* vb—1 vb—1

z arctan (:v\/ 1-— ac2)

w/l-—:vz) +

3.50.  [arctan (zv1— x2) dz
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l 219

[ 2 [ 2 5 5
_ ﬁ_larctan< \/5_1\/1—:1:)—l—xarctan(z\/l—x)-i-
[ 2 [ 2
Warctanb( 1 n \/g V 1 —l'z)

N
inputLInt[ArcTan[x*Sqrt[l - x72]],x] J

output‘—(Sqrt[2/(—1 + Sqrt[6])]1*ArcTan[Sqrt[2/(-1 + Sqrt[5]1)1*Sqrt[l - x~2]]1) + x
‘*ArcTan[x*Sqrt[l - x72]] + Sqrt[2/(1 + Sqrt[5])]*ArcTanh[Sqrt[2/(1 + Sqrt[
5]1)1*Sqrt[1 - x~2]]

N J

3.50.3.1 Defintions of rubi rules used

rule 217 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0I)

rule 219 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] || LtQ[b, 01)

rule 1197 Int[((f_.) + (g_.)*(x_))/(Sqrtl(d_.) + (e_.)*(x_)I*((a_.) + (b_.)*(x_) + (c
_)*(x_)"2)), x_Symbol] :> Simp[2 Subst[Int[(exf - d*g + g*x~2)/(c*d"2 -
b*d*e + a*xe”™2 - (2xcxd - b*e)*x"2 + c*x”4), x], x, Sqrtld + exx]], x] /; Fr
eeQ[{a, b, c, d, e, £, g}, x]

rule 1480 | Int [((d_) (e_)*x(x)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xa*c, 2]}, Simp[(e/2 + (2%c*d - bxe)/(2*%q)) Int[1/(

b/2 - q/2 + c*x72), x], x] + Simp[(e/2 - (2%c*d - bxe)/(2*q)) Int[1/(b/2
+ q/2 + c*xx72), x], x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0]
&& NeQ[c*d"2 - a*e”2, 0] && PosQ[b~2 - 4*axc]

+

3.50.  [arctan (zv1— x2) dz
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rule 2238 Int [(Px_)*(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[(Px /. x -> Sqrt[x])*(d + e*x
)~g*x(a + b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]
&& PolyQ[Px, x~2]

rule 5726 | Int [ArcTan[u_], x_Symbol] :> Simp[x*ArcTan[u], x] - Int[SimplifyIntegrandl[x
*(D[u, x]/(1 + u2)), x], x] /; InverseFunctionFreeQ[u, x]

3.50.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 209 vs. 2(79) = 158.

Time = 0.10 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.98

method | result

2(\/—z2+1—1)2 \/—124—1—1)2

2(
T_Q\/g_,_zl S B—
V5 arctan( ey v/5 arctanh YWy
+

N

+4+2\/3) (_ )
_|_

default | z arctan (m —z2 4 1) +

5V —2+v5 5V/2+v5
2(vV=a?ti-1)? 2(vV=a?t1-1)?
T*2\/5+4 T+4+2\/§ 1
v/5 arctan Py v/5 arctanh WY (—5—
— 2
parts zarctan (zv—z2 + 1) + T2 + T +
input Lint (arctan(x*(-x"2+1)~(1/2)) ,x,method=_RETURNVERBOSE) J

output | xxarctan (xx(-x"2+1) ~(1/2))+1/5%5~(1/2) / (-2+5"(1/2)) " (1/2) *arctan (1/4* (2% ((
-x"2+1)7(1/2)-1)"2/x"2-2*5"(1/2)+4) / (-2+5~(1/2) ) ~(1/2) )+1/5*5~(1/2) / (2+5"(
1/2))~(1/2)*arctanh (1/4* (2% ((-x~2+1)~(1/2)-1)"2/x"2+4+2%5~(1/2) ) / (2+5~(1/2
))~(1/2))+(-1/2+3/10%57(1/2)) / (-2+457(1/2) )~ (1/2) *arctan(1/4* (2% ((-x~2+1) ~(
1/2)-1)"2/x~2-2%5"(1/2)+4) / (-2+5~(1/2))~(1/2))+(1/2+3/10%56~(1/2) ) / (2+5~ (1/
2))~(1/2)*arctanh(1/4% (2% ((-x~2+1)~(1/2)-1)"2/x"2+4+2%5~(1/2)) / (2+5~(1/2))
~(1/2))

3.50.  [arctan (zv1— x2) dz
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3.50.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 205 vs. 2(79) = 158.

Time = 0.27 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.93

/ arctan (2v1— 2 ) dz = warctan (V2% + 1z

+iva \/5_110g((¢5\/§+\/§) VI
+4x/T+1)

—}1\/5 ﬁ—llog(—(x/g\/ﬁ+\/§>\/ﬁ
+4x/T+1)

iV —ﬁ_llog((ﬁf—ﬁ)\/ﬁ
+4\/T+1)

NG —\/B—uog(—(\/gx/i—\/ﬁ) V-
+4\/T+1)

inputLintegrate(arctan(x*(—x“2+1)“(1/2)),x, algorithm="fricas")

p

output | x¥arctan(sqrt(-x"2 + 1)*x) + 1/4*sqrt(2)*sqrt(sqrt(5) - 1)*log((sqrt(5)*sq
rt(2) + sqrt(2))#*sqrt(sqrt(5) - 1) + 4xsqrt(-x~2 + 1)) - 1/4*sqrt(2)*sqrt(
sqrt(5) - 1)*log(-(sqrt(5)*sqrt(2) + sqrt(2))*sqrt(sqrt(5) - 1) + 4*sqrt(-
X"2 + 1)) - 1/4*sqrt(2)*sqrt(-sqrt(5) - 1)*log((sqrt(5)*sqrt(2) - sqrt(2))
*sqrt (-sqrt(5) - 1) + 4*sqrt(-x"2 + 1)) + 1/4*sqrt(2)*sqrt(-sqrt(5) - 1)*1
og(-(sqrt(5)*sqrt(2) - sqrt(2))*sqrt(-sqrt(5) - 1) + 4*xsqrt(-x~2 + 1))

3.50.  [arctan (zv1— x2) dz
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3.50.6 Sympy [F(-1)]

Timed out.

/ arctan <x\/ 1-— a:2> dx = Timed out

inputLintegrate(atan(x*(-x**2+1)**(1/2)),X)

~—

-

output LTimed out

-/

3.50.7 Maxima [F]

/ arctan (xﬂ) dr = / arctan (VT—l—lx) dx

inputLintegrate(arctan(x*(-x“2+1)“(1/2)),x, algorithm="maxima"

output‘x*arctan(sqrt(x + 1)*x*sqrt(-x + 1)) - integrate((2*x~3 - x)*e”(1/2*log(x
‘+ 1) + 1/2*%log(-x + 1))/ (x"2 + (x"4 - x"2)*e"(log(x + 1) + log(-x + 1)) -
1, %

3.50.8 Giac [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.05

/ arctan (a:ﬂ) dxr = r arctan <\/T—|—1x>

—1\/2\/5+2arctan ﬂ
: Vive-1

+i\/2\/5—210g (mﬂ/%x/%Jr%)
—;1\/2\/5—210g ('m—\/%\@-ﬁ-%)

3.50.  [arctan (zv1— x2) dz
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input‘integrate(arctan(x*(—x“2+1)”(1/2)),x, algorithm="giac")

output‘x*arctan(sqrt(-x“Z + 1)*x) - 1/2*sqrt(2*sqrt(5) + 2)*arctan(sqrt(-x"2 + 1) ‘
‘/sqrt(1/2*sqrt(5) - 1/2)) + 1/4*sqrt(2*sqrt(5) - 2)*log(sqrt(-x"2 + 1) + s ‘
‘qrt(1/2*sqrt(5) + 1/2)) - 1/4*sqrt(2*sqrt(5) - 2)*log(abs(sqrt(-x"2 + 1) - ‘
| sqrt(1/2+sqrt(5) + 1/2)))

3.50.9 Mupad [B] (verification not implemented)

Time = 1.15 (sec) , antiderivative size = 455, normalized size of antiderivative = 4.29

/ arctan (wﬂ) dx

1_+5 3/2
In 2z ( \/754_%_2(\/754_%) )

:a:atan<x\/1—x2>+ 32
V51 5 1 1 V5
(2 7+§—4<?+§> ) 1T
m\lf—ﬁ— i
( %fz 1)1_\/@1i 3/2
P+ 1 _ 5 1 _ 5
In AZjﬁ_ﬁ 5—"7—2<§—3»
2 2
_|_
3/2
1_ V5 1_ V5 V5 1
(2 5—7—4<5—7) ) 2 ta
zﬁf i
< 2+%+1>1+\/@n
In 3-45 ( ﬁ+l_2<ﬁ+l>3/2>
x+\/§+% 2 T2 2 T2
+
3/2
VE o1 VE o1 1_ 5
(2‘7+§—4(7+§> ) i 7%
ml—\/g i
< §T+1>l+mn
In P 1_ﬁ_2(1_ﬁ>3/2
o+y/3- 202 272
+

3.50. [ arctan (z\/l —z2) dx

~—r
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input‘int(atan(x*(i - x72)7(1/2)) ,x)

output | x¥atan(x*(1 - x72)7(1/2)) + (Log((((x*x(5~(1/2)/2 + 1/2)~(1/2) - 1)*1i)/(1/
2 -57(1/2)/2)7(1/2) - (1 - x72)7(1/2)*11)/(x - (67(1/2)/2 + 1/2)7(1/2)))*
((57(1/2)/2 + 1/2)~(1/2) - 2*(57(1/2)/2 + 1/2)7(3/2)))/((2%(56"(1/2)/2 + 1/
2)7(1/2) - 4x(57(1/2)/2 + 1/2)7(3/2))*(1/2 - 57(1/2)/2)7(1/2)) + (log((((x
*(1/2 - 57(1/2)/2)~(1/2) - 1)*1i)/(6~(1/2)/2 + 1/2)~(1/2) - (1 - x72)~(1/2
)x1i)/(x - (1/2 - 57(1/2)/2)~(1/2)))*((1/2 - 57(1/2)/2)~(1/2) - 2%(1/2 - &
~(1/2)/2)°(3/2)))/((2%(1/2 - 57(1/2)/2)"(1/2) - 4*(1/2 - 57(1/2)/2)~(3/2))
*x(57(1/2)/2 + 1/2)7(1/2)) + (Qog((((xx(5~(1/2)/2 + 1/2)~(1/2) + 1)*1i)/(1/
2 -57(1/2)/2)"(1/2) + (1 - x72)~(1/2)*1i)/(x + (67(1/2)/2 + 1/2)~(1/2)))*
((67(1/2)/2 + 1/2)~(1/2) - 2%(57(1/2)/2 + 1/2)7(3/2)))/((2%(5~(1/2)/2 + 1/
2)7(1/2) - 4x(67(1/2)/2 + 1/2)7(3/2))*(1/2 - 57(1/2)/2)~(1/2)) + (Log((((x
*(1/2 - 57(1/2)/2)~(1/2) + 1)*1i)/(67(1/2)/2 + 1/2)"(1/2) + (1 - x72)"(1/2
)x1i)/(x + (1/2 - 57(1/2)/2)7(1/2)))*((1/2 - 57(1/2)/2)~(1/2) - 2%(1/2 - &
~(1/2)/2)"(3/2)))/((2x(1/2 - 57(1/2)/2)~(1/2) - 4x(1/2 - 57(1/2)/2)~(3/2))
*(57(1/2)/2 + 1/2)~(1/2))

3.50.  [arctan (zv1— x2) dz



CHAPTER 3. LISTING OF INTEGRALS 356

3.50.10 Reduce [B] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 279, normalized size of antiderivative = 2.63
/arctan (le - x2> dx
— 2v—z*+ 2vV—z2+
\/ NG \/_Oatan(\/if> V5 \/iatan(\/if)

4
+ atan(mx> o mmm(m\f— \/m>

\/7x/_log(\/Tf+\/7)
+¢f7flog(x/Tf—¢7)
_\/\/5+1\/§10g(\/T+1\/§+\/\/5+1)

8
log (tan (‘mg“)) + 8tan (‘“"2‘(”)) — 2tan (‘mg@)) + 8tan (“5"2‘(@) + 1)

+

2
_2log<tan (%(x))z—}—l) — log<— \/5+1+\/§x>

2

log(VVEH14+V2z)  1og(y/Bt 202 - 1)
2

2

;
input | int (atan(sqrt( - x**2 + 1)*x),x)

N

output | ( - 2*sqrt(sqrt(5) - 1)*sqrt(10)*atan((2*sqrt( - x**2 + 1))/(sqrt(sqrt(5)
- 1)*sqrt(2))) - 2*sqrt(sqrt(5) - 1)*sqrt(2)*atan((2*sqrt( - x**x2 + 1))/(s
grt(sqrt(5) - 1)*sqrt(2))) + 8*atan(sqrt( - x**2 + 1)*x)*x - sqrt(sqrt(5)
+ 1)*sqrt(10)*1log(sqrt( — x**2 + 1)*sqrt(2) - sqrt(sqrt(5) + 1)) + sqrt(sq
rt(5) + 1)*sqrt(10)*log(sqrt( - x**2 + 1)*sqrt(2) + sqrt(sqrt(5) + 1)) + s
grt(sqrt(5) + 1)*sqrt(2)*log(sqrt( - x**2 + 1)*sqrt(2) - sqrt(sqrt(5) + 1)
) - sqrt(sqrt(5) + 1)*sqrt(2)*log(sqrt( - x**2 + 1)*sqrt(2) + sqrt(sqrt(5)
+ 1)) + 4xlog(tan(asin(x)/2)**8 + 8xtan(asin(x)/2)**6 - 2*tan(asin(x)/2)*
*4 + 8+tan(asin(x)/2)**2 + 1) - 16*log(tan(asin(x)/2)**2 + 1) - 4xlog( - s
grt(sqrt(5) + 1) + sqrt(2)*x) - 4xlog(sqrt(sqrt(5) + 1) + sqrt(2)*x) - 4x1
og(sqrt(5) + 2xx**2 - 1))/8

3.50.  [arctan (zv1— x2) dz
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality othe
(* ::Subsection:: *)

(*GradeAntiderivative[result,optimal]*)

(* ::Text:: *)

357

rwisex)
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(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(*» "F" if the result fails to integrate an expression that*)
(* is integrablex)
(¥ "C" if result involves higher level functions than necessary+*)
(* "B" if result is more than twice the size of the optimalx*)
(* antiderivative*)
(*» "A" if result can be considered optimal¥*)
GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafC
expnResult = ExpnTypel[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimall];
(*Print ["exzpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (xELSE*)
finalresult={"B","Both result and optimal contain complex
]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n
]
, (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,

finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf cou

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

ountResult,leaf

but leaf count

ot . "}

nt of optimal.

finalresult={"C","Result contains higher order function than in optimal. Order "

3

finalresult={"F","Contains unresolved integral."}

4.1.

Listing of Grading functions
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1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(¥2 = algebraic function*)

rational function*)

(%3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)
(%6 = appell function*)

(*¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]]],
ExpnType[expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType [expn[[2]]1],31]1],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]1],
If [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

4.1. Listing of Grading functions
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],61],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
},func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.1. Listing of Grading functions




CHAPTER 4. APPENDIX

361

4.1.2 Maple grading function

e

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;

leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);
ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=", Expn]

fi;
# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

"F" if the result fails to integrate an expression that

#

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);

4.1. Listing of Grading functions
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;

4.1. Listing of Grading functions
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

4.1. Listing of Grading functions
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9

4.1. Listing of Grading functions
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

4.1. Listing of Grading functions
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approximation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_ function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

4.1. Listing of Grading functions
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

4.1. Listing of Grading functions
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

4.1. Listing of Grading functions
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not

grade = "C"

grade_annotation ="Result contains complex when optimal does not."

else: # result do not contain complez, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

nn

grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

4.1.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor', 'abs', 'log__integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

4.1. Listing of Grading functions
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma','log gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")

return m

def is _hypergeometric__function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellfl] can't find this in sagemath

def is atom(expn):
#debug=False

if debug:
print ("Enter is_atom, expn=",expn)
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if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1list: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn, Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args/1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
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if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:

return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz

elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(¢
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is_ hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.,
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type optlmal) " type(optimal))

leaf count_result = tree_size(result) #leaf count(result)

4.1. Listing of Grading functions

(8,expnType(expr
zpn,Add) or isin:

func)

)

)

)




CHAPTER 4. APPENDIX 374

leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B'

grade_ annotation ="Both result and optimal contain complex but leaf count

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B’

grade__annotation ="Leaf count of result is larger than twice the leaf count of of

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

of result is larger

rtimal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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	Mupad [F(-1)] 
	Reduce [F] 

	 --1+(x)+1+(x)  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [F] 
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x (x)^2 (1+x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (x 1+x^2)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 -(x-1+x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (x  1-x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 (x 1-x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)
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