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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
113 ]. This is test number | 8 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 ( 113 ) | 0.00 ( 0
Mathematica | 100.00 ( 113 ) | 0.00
Maple | 100.00 ( 113) | 0.00
Fricas 99.12 ( 112)
Giac 98.23 ( 111)
Maxima 98.23 (111 ) | 1.77
(107)
(1106 )

Sympy 94.69 ( 107
Mupad 93.81 ( 106

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 93.805 5.310 0.885 0.000
Maple 92.035 3.540 4.425 0.000
Giac 88.496 8.850 0.885 1.770
Fricas 87.611 11.504 0.000 0.885
Maxima, 86.726 8.850 2.655 1.770
Sympy 80.531 11.504 2.655 5.310
Mupad 0.000 93.805 0.000 6.195

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima



and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Maple 0 0.00 0.00 0.00
Fricas 1 100.00 0.00 0.00
Giac 2 100.00 0.00 0.00
Maxima, 2 100.00 0.00 0.00
Sympy 6 100.00 0.00 0.00
Mupad 7 0.00 100.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.



System Mean time (sec)
Rubi 0.02
Mathematica 0.05
Mupad 0.11
Maple 0.13
Maxima 0.22
Fricas 0.24
Giac 0.28
Sympy 1.29

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maple 20.01 1.08 13.00 0.88
Rubi 20.14 1.01 16.00 1.00
Giac 23.58 1.15 14.00 0.85
Maxima 23.66 1.16 14.00 0.88
Mathematica | 24.39 1.13 16.00 1.00
Fricas 24.87 1.16 14.00 0.95
Mupad 28.25 1.65 12.00 0.83
Sympy 30.84 1.68 15.00 0.83

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.



12

1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20

Rubi Mma
70t
. 60t o O
© T 5of
% 50F > 50
E 40/ £ 40
=} o
g %0 g 30¢
E 20f E 20p
z z
10¢ 10
o I o o
0 20 40 60 80 100 120 0 50 100 150 200 250
Leaf size Leaf size
Maple Fricas
70F 70t
2 60 2 60f
8 sof g s0f
c c
% 40t % 40}
g 30p g 30F
§ 20} § 20}
10 10F ‘ ‘
0 +— 0 | =
0 50 100 150 0 50 100 150 200 250
Leaf size Leaf size
Giac Maxima
80r
70¢
§ 60F 8 6ol
g 50 g
£ €
5 40 5 40f
é 30F g
3 20 5 2]
10
0 = e | L L L == o e
0 50 100 150 200 250 300 0 50 100 150 200 250
Leaf size Leaf size
Sympy Mupad
70¢ 70
60+
® 50 ® so0t
[= [=
E 40} S 40t
5 5 40
g 30¢F 3 30F
5, 20t 5 20F
10f 10
0 ! [ | 0 L [ -
0 50 100 150 0 50 100 150 200 250 300 350
Leaf size Leaf size

Figure 1.3: Solved integrals based on leaf size distribution



13

1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used



1.8 Leaf size vs. CPU
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time used

The following shows the relation between the CPU time used to solve an integral and the

leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

[ Mathematica script + grading +verification ]4>
[ Rubi script + grading + verification POST

PROCESSOR
PROGRAM

[ Python script to run sympy + grading ]—’@—’
> Generate Program that
l Matlab script for Mupad/SymboIictoolbox’—> sQL generates the

database 1 Latex reports

and analysis
using input
from the SQL

database

grading

SageMath/Python

o [l —
| SageMath
Maxima, Fricas +

script to test

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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2.1 List of integrals sorted by grade for each

CAS
Rubi . . . e
Mma . . . . e e 27
Maple . . . . . e e e 23
Fricas . . . . . . e e e 23
Maxima . . . . . . . e e e e e
Giac . . . e
Mupad . . . . . . e e 24
SYMPY . . . o e e e e e e e 24

Rubi

A grade (1251785} 6) 7)) BV} 1) 12, 3,145 167 15 19,20, 21, 2, 23,24, 25 6,27
[28,[29, 30} 311,32} 33, [34} 35, [36}, 37, [38}, 39, 0}, (AT}, 2] (43} 44}, (45}, 6], 47}, 48, [49} [50, 51}, 52} 53,
b4} [55}[66, 57, 58} 59460}, (61}, [62} (63, [64} (65} (66} (671, 68} 69} [70L [7 T}, [72} [73}[74L [75}, [76} [77,[78, [79),
B0} 18T, [82, B3}, 84} (85, [361, 87}, 88}, [89, 90}, 91}, [92}, 93, [94} 95}, 96}, 97, 98}, [99}, 100} [101}, [102} 103}, 104}
[105)[106, 107, 108,[105} 110} L1 1,112,113 }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[2,3[45,(61[7,89}[10} 11} 12} 13} 14} 15} 16, 17} 18} 19} 20} 21} 22} 23, 24} 25} 26} 27} 28}
[29}80}32, 33, 4, 35,136}, 37} [38, 39, 40} (A1), A3} 14} |45, 46}, A7} (48, 49}, 50, B 11, 52} 53} 54 (55, 56},
b7} 58} 59} (60 (611 (62} 63} (64} [65} (664 67, 68, [69} [7 3, 74 75, [76, [77} [78} [79} |80}, BT} B2} [83; [85, (86}
l&t%%@@@@mmmmmmmmmm
110

B grade { B30T I2EL)
C grade {[1}

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade (1251785} 6) 7)) BV O} 1) 12 3,145, 16} 7 15 19,20, 21 22, 23,24, 25 6,27
28,29, 30} 311,33}, 34}, [35}, 37, [38}, 39, 40}, (AT}, {3} (A4, 5], (46}, 7], 49}, [0}, 51}, 52, [5 3} 54, [55}, 56, [58,
[69;[60}[611, (62} [63}[64}[65}, (66}, 67} (69, [73}, [74} 75, [76, [77}, [78} [79), [80, B1}, 82} [83, B4}, 85}, (864 [87], B8,
89}, 00}, 01} 92}, 93}, 04}, 05}, 96}, 97}, 08, 09, [100}, 10T}, 102} 103} [T04]}, [T05} [L06},[107}, [108}, 109, [T 10} [T 1T}
12113}

B grade { [36,48,[57,[70 }
C grade {[32[42,[68|[71},[72 }
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Fricas

A grade { [238,5)6 7 ) L0} L1} [2} 3} 12 5, 6,7 [ 19} 20, 21, 22 23 4 25, 26,27 2
29,130, 311,33} 34} 35, [36}, 38} A1}, 43, 44}, (45}, 46}, 7], 48}, 49}, 50, 5T}, 52} 53} 54}, (55}, 56} 571, [68}, 59,
(60,61} 62, 63,6 65, 65, 67) 68, 71, 2% 75} 76, 77 78, 79, 50}, 1 B2 5, 86, 87, 88, €0, 00, 0T,
92,03,4,95, 96, 97, 98] 99} 101} 102} 103, [04[105} [106, 107} 108} 109} 110} L .1} 112} 113 }

B grade {[1}[9}37}[39}}40}[42,69}[70} 73, [74, 83,84, [100) }

C grade { }

F normal fail {32}
F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade {[1)21B1/4,5,6,7 B9} 12 [3) 14 [[5) 16} 7 18[9, 20,21, 22,23 2 25,26, 27, 28,2
(50, 31, (53 (3235, (37, 39, )3 56, 8, 49 50, 5, 52, 53, 5, 55}, 56, 57, 58, 5, 60, 6T
16263, 6265366, 73, 727576, 77} 75, 79, 50, 81, 52, 53, 52, 85,86, 88, 89, 00, 07, 02,03, 0
95,[96,97,98, 99, 100} 1013 (103, 103} 104 (105, 06,107} 108} 109} L 10, 111} 112,113 }

B grade {[36}[38}[40} 42,6869} 70} [71}[72,[87 }
C grade {[L0}[11][47]}

F normal fail {3267 }
F(-1) timedout fail { }

F(-2) exception fail { }
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Giac

A grade { {23,517 8,910} L1} 12} [3) 14 15} 16} 17 18} 19} 20} 21} 22 23) 24 26, 27 252
(50, 31,33, (3235, 57, 38, (59, T 6 8, 0, 50, 5, 52, 53, 5, 55, 56, 57, 58, 50, 60, 6T, 62
63464} 165} (66}, (67} (68, [73}, [74,[75} [76, [77}, [78, [T} 80} [}, 82} [83}, B4} (85}, 186} 87, [88} 8%, [90} 9T, 92,
9315419596, 97, 98] 99} [0, 101} 102} £03, 104} 105} 106, [107} 108} [09,[110} 111} [12,[113]}

B grade {[I}[25,[36}[40}[43} {45} (6% [70} [77}[72] }
C grade {47}

F normal fail {3242}
F(-1) timedout fail { }

F(-2) exception fail { }

Mupad

A grade { }

B grade { 12,314,516} [7} 8 9 L2} [L3}[14} 15} [16} (L7, [1&} [19} [20} [21} [22, [23, [24} [25 [26} 27 [28} [29},
80} 31433, 34} [35} 363, 37} 39} AT} 43}, 44}, (45}, 46}, 47} (A3, 49}, 50} b 11, 52, 63} 54 55} 564 5 71, 58} B,
(6061416263} (64, (65,66} (67} (63, [70} [T} [72, 73} 74, [753, 76}, (77} [78, [79} (80} BT}, 82} [83} 184, (85, (36}

87, [88,[89,[90, 9T}, [92} 93} [943 95}, [96}, 97} [98 99} [100} [T0T}, 102, [T03}, [104} 105}, (106}, 107} (108} 109,
[L10}[L11}[112)[113] }

C grade { }
F normal fail { }

F(-1) timedout fail {[10/[11}[32}[38}[40}[42}[69| }
F(-2) exception fail { }

Sympy

A grade {[1,21[3,[4[5}[6, 89} [10}[11} [12} 13} 14} 15} 16, [17} 19} 20} 21} [22} 23} 24} 25 [26} 27} 28} [29)
[80}81}32,[33, B4 (AT, A3} 44} [15}, 46, (A7, (48, 149}, [52, b3, 541, 55}, 57} [58} [69 (60} 61} 62} [63; (64 [65),
(67,68, [70} 74 [75, 76, [77, [78, [79 |80} 8T, BS, 136} |88, [89} 90}, 9T} 92, [93, 94,95}, 96, 97} [98, 99} (10T}
[102}[103}[104} [105,[106} [£07, [108} 109} [L10} 111} T12}[113] }

B grade { 71557 6050,51,50, 00 3 52,63, 54100))
C grade { }

F normal fail {[35][36}[40}[42}[69[87 }
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 22 11 16 48 19 34 10
N.S. 1 1.00 1.83  0.92 1.33 4.00 1.58 2.83 0.83
time (sec) N/A 0.011 0.001 0.058 0.271  0.243 0.025 0.266 0.002

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 12 15 19 14 15 12
N.S. 1 1.00 1.00 0.92 1.15 1.46 1.08 1.15 0.92
time (sec) N/A 0.004 0.006 0.136 0277 0.231 0.045 0.256 0.170

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 14 11 11 14 15 11 10
N.S. 1 1.00 0.74 0.58 0.58 0.74 0.79 0.58 0.53

time (sec) N/A 0.003 0.012 0.073 0.198 0.242 0.074 0.2v7 0.030
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 2 2 2 3 2 2 2 2 2
N.S. 1 1.00 1.00 1.50 1.00 1.00 1.00 1.00 1.00
time (sec) N/A 0.003 0.001 0.030 0.208 0.245 0.032 0.261 0.031
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 9 7 6 6 5 6 6
N.S. 1 1.00 1.00 0.78 0.67 0.67 0.56 0.67 0.67
time (sec) N/A 0.005 0.001 0.032 0.204 0.235 0.029 0.260 0.019
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 6 6 7 6 6
N.S. 1 1.00 1.00 0.88 0.75 0.75 0.88 0.75 0.75
time (sec) N/A 0.009 0.007 0.155 0.193 0.261 0.020 0.288 0.024
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 10 9 9 22 9 9
N.S. 1 1.00  1.00 0.77 0.69 0.69 1.69 0.69 0.69
time (sec) N/A 0.001 0.002 0.103 0.195 0.231 0.068 0.292 0.029
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 14 12 11 13 15 11 11
N.S. 1 1.00 0.74 0.63 0.58 0.68 0.79 0.58 0.58
time (sec) N/A 0.006 0.010 0.085 0.201 0.237 0.098 0.280 0.018
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 6 14 8 6 6
N.S. 1 1.00 1.00 0.88 0.75 1.75 1.00 0.75 0.75
time (sec) N/A 0.010 0.007 0.157 0.196 0.232 0.022 0.285 0.054
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 4 4 4 4 15 3 3 3 0
N.S. 1 1.00 1.00 1.00 3.75 0.75 0.75 0.75 0.00
time (sec) N/A 0.010 0.018 0.147 0.235 0.242 0.281 0.282  0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 2 2 2 3 13 2 2 2 0
N.S. 1 1.00 1.00 1.50 6.50 1.00 1.00 1.00 0.00
time (sec) N/A 0.011 0.019 0.081 0.231 0.254 0.389 0.279 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 8 7 7 5 7 7
N.S. 1 1.00  1.00 1.00 0.88 0.88 0.62 0.88 0.88
time (sec) N/A 0.005 0.010 0.104 0.193 0.241 0.032 0.298 0.042
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 7 7 6 6 5 6 6
N.S. 1 1.00 1.00 1.00 0.86 0.86 0.71 0.86 0.86
time (sec) N/A 0.017 0.036 0.043 0.201 0.236 0.035 0.309 0.191
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 26 21 19 19 20 19 21
N.S. 1 1.00 0.93 0.75 0.68 0.68 0.71 0.68 0.75
time (sec) N/A 0.029 0.044 0.036 0.191 0.237 0.039 0.273 0.056
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 22 22 17 16 16 15 16 16
N.S. 1 1.00 1.00 0.77 0.73 0.73 0.68 0.73 0.73
time (sec) N/A 0.005 0.013 0.031 0.188  0.235 0.037 0.279 0.046
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 6 6 5 6 6
N.S. 1 1.00 1.00 0.88 0.75 0.75 0.62 0.75 0.75
time (sec) N/A 0.006 0.001 0.049 0.188  0.260 0.034 0.283 0.017
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 9 7 6 6 5 6 6
N.S. 1 1.00  1.00 0.78 0.67 0.67 0.56 0.67 0.67
time (sec) N/A 0.005 0.000 0.033 0.191 0.249 0.029 0.272 0.002
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 10 9 9 22 9 9
N.S. 1 1.00 1.00 0.77 0.69 0.69 1.69 0.69 0.69
time (sec) N/A 0.002 0.001 0.104 0.180 0.256 0.070 0.272  0.002
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 6 6 6 6 5 5 5 5 5
N.S. 1 1.00 1.00 1.00 0.83 0.83 0.83 0.83 0.83
time (sec) N/A 0.013 0.013 0.020 0182 0242 0.030 0.299 0.034
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 9 6 5 5 7 5 )
N.S. 1 1.00 1.00 0.67 0.56 0.56 0.78 0.56 0.56
time (sec) N/A 0.000 0.001 0.037 0.183 0.237 0.032 0.281 0.042
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 10 10 9 8 8 7 8 8
N.S. 1 1.00 1.00 0.90 0.80 0.80 0.70 0.80 0.80
time (sec) N/A 0.003 0.008 0.076 0.184  0.240 0.045 0.263 0.067
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 8 7 7 7 7 7
N.S. 1 1.00  1.00 1.00 0.88 0.88 0.88 0.88 0.88
time (sec) N/A 0.004 0.001 0.032 0.190 0.226 0.046 0.251 0.017
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 10 19 8 7 7 8 7 7
N.S. 1 1.00 1.90 0.80 0.70 0.70 0.80 0.70 0.70
time (sec) N/A 0.019 0.029 0.150 0.201 0.259 0.285 0.261  0.209
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 18 13 15 15 34 15 12
N.S. 1 1.00 0.78 0.57 0.65 0.65 1.48 0.65 0.52
time (sec) N/A 0.003 0.016 0.109 0.191 0.230 0.555 0.289 0.032
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 25 10 17 17 17 19 9
N.S. 1 1.00 1.92 0.77 1.31 1.31 1.31 1.46 0.69
time (sec) N/A 0.002 0.004 0.127 0.275 0.253 0.063 0.268 0.157
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 14 13 13 15 13 13
N.S. 1 1.00 1.00 0.78 0.72 0.72 0.83 0.72 0.72
time (sec) N/A 0.023 0.038 0.049 0.283  0.251 0.062 0.264 0.090
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 31 20 19 76 22 19 19
N.S. 1 1.00  1.00 0.65 0.61 2.45 0.71 0.61 0.61
time (sec) N/A 0.025 0.039 0.087 0.294 0.245 0.078 0.270 0.235
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 9 8 11 8 8 8
N.S. 1 1.00 1.00 1.12 1.00 1.38 1.00 1.00 1.00
time (sec) N/A 0.027 0.016 0.041 0.182 0.258 0.040 0.289 0.211
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 15 14 14 10 13 12
N.S. 1 1.00 1.00 1.25 1.17 1.17 0.83 1.08 1.00
time (sec) N/A 0.005 0.004 0.054 0.186  0.233 0.033 0.266 0.066
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 20 17 16 16 15 16 16
N.S. 1 1.00 1.00 0.85 0.80 0.80 0.75 0.80 0.80
time (sec) N/A 0.016 0.001 0.144 0.186  0.245 0.122 0.267 0.207
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 49 49 260 41 40 40 46 40 52
N.S. 1 1.00 5.31 0.84 0.82 0.82 0.94 0.82 1.06
time (sec) N/A 0.028 0.118 0.146 0.280 0.239 0.078 0.275 0.129
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 115 115 142 41 0 0 54 0 0
N.S. 1 1.00 1.23 0.36 0.00 0.00 0.47 0.00 0.00
time (sec) N/A 0.041 0.306 0.385 0.000  0.000 1.501 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 22 22 17 16 16 20 16 16
N.S. 1 1.00 1.00 0.77 0.73 0.73 0.91 0.73 0.73
time (sec) N/A 0.011 0.018 0.075 0.192 0.250 0.096 0.277 0.248
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 18 13 15 15 34 15 12
N.S. 1 1.00 0.78 0.57 0.65 0.65 1.48 0.65 0.52
time (sec) N/A 0.005 0.002 0.105 0.198  0.228 0.559 0.282  0.002
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 32 32 33 25 24 24 0 24 24
N.S. 1 1.00 1.03 0.78 0.75 0.75 0.00 0.75 0.75
time (sec) N/A 0.009 0.006 0.093 0.188  0.240 0.000 0.284 0.002
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 44 44 75 75 80 55 0 61 57
N.S. 1 1.00 1.70 1.70 1.82 1.25 0.00 1.39 1.30
time (sec) N/A 0.008 0.141 0.191 0.284  0.250 0.000 0.290 0.203
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 35 35 44 30 44 63 105 29 91
N.S. 1 1.00 1.26 0.86 1.26 1.80 3.00 0.83 2.60
time (sec) N/A 0.006 0.106 0.257 0.273  0.250 0.398 0.279 0.169
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A C A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 52 44 113 44 190 90 0
N.S. 1 1.00 0.69 0.59 1.51 0.59 2.53 1.20 0.00
time (sec) N/A 0.008 0.091 0.120 0.177  0.241 18.654 0.288 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 35 35 44 30 44 63 105 29 91
N.S. 1 1.00 1.26 0.86 1.26 1.80 3.00 0.83 2.60
time (sec) N/A 0.006 0.005 0.165 0.276  0.235 0.391 0.272 0.002
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 51 51 78 90 114 129 0 295 0
N.S. 1 1.00 1.53 1.76 2.24 2.53 0.00 5.78 0.00
time (sec) N/A 0.021 1.540 0.566 0.272 0.262 0.000 0.336 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 11 10 10 10 10 10
N.S. 1 1.00 1.00 0.79 0.71 0.71 0.71 0.71 0.71
time (sec) N/A 0.004 0.002 0.061 0.191 0.256 0.018 0.269 0.029
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B C B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 49 57 99 149 116 244 0 0 0
N.S. 1 1.16  2.02 3.04 2.37 4.98 0.00 0.00 0.00
time (sec) N/A 0.069 0.166 1.128 0.274 0321 0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 6 5 9 9 3 30 4
N.S. 1 1.00 0.67 0.56 1.00 1.00 0.33 3.33 0.44
time (sec) N/A 0.011 0.003 0.054 0.189 0.249 0.098 0.285 0.184
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 7 7 6 6 5 6 6
N.S. 1 1.00 0.64 0.64 0.55 0.55 0.45 0.55 0.55
time (sec) N/A 0.005 0.001 0.026 0.185 0.236 0.028 0.267 0.016
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 9 9 8 8 5 30 8
N.S. 1 1.00 1.00 1.00 0.89 0.89 0.56 3.33 0.89
time (sec) N/A 0.018 0.070  0.100 0.188 0.232 0.033 0.287 0.084
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 7 7 6 6 5 6 6
N.S. 1 1.00 1.00 1.00 0.86 0.86 0.71 0.86 0.86
time (sec) N/A 0.023 0.002 0.040 0.187 0.239 0.032 0.285 0.162
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A A C B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 8 9 7 8 9 7
N.S. 1 1.00  1.00 0.73 0.82 0.64 0.73 0.82 0.64
time (sec) N/A 0.002 0.001 0.018 0.185 0.235 0.081 0.274 0.018
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 2 2 2 8 2 2 2 2 2
N.S. 1 1.00 1.00 4.00 1.00 1.00 1.00 1.00 1.00
time (sec) N/A 0.009 0.001 0.033 0.221 0.237 0.366 0.269 0.008
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 41 41 40 33 34 34 41 35 46
N.S. 1 1.00 0.98 0.80 0.83 0.83 1.00 0.85 1.12
time (sec) N/A 0.018 0.010 0.116 0.263 0.240 0.061 0.270 0.112
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 73 75 66 65 65 83 67 88
N.S. 1 1.55 1.60 1.40 1.38 1.38 1.77 1.43 1.87
time (sec) N/A 0.106 0.014 0.112 0.260  0.240 0.127 0.285  0.092
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 21 30 39 27 70 41 21
N.S. 1 1.00 1.00 1.43 1.86 1.29 3.33 1.95 1.00
time (sec) N/A 0.007 0.005 0.189 0.195 0.237 0.151 0.270 0.260
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 13 13 12 13 9
N.S. 1 1.00 1.00 0.82 0.76 0.76 0.71 0.76 0.53
time (sec) N/A 0.003 0.000 0.019 0.179  0.243 0.031 0.275 0.035
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 40 40 29 34 33 24 32 38 24
N.S. 1 1.00 0.72 0.85 0.82 0.60 0.80 0.95 0.60
time (sec) N/A 0.026 0.009 0.012 0.265 0.243 0.093 0.277 0.002
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 7 8 7 7 5 7 7
N.S. 1 1.00 1.00 1.14 1.00 1.00 0.71 1.00 1.00
time (sec) N/A 0.001 0.001 0.122 0.206  0.238 0.026 0.265 0.019
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 9 8 8 5 8 8
N.S. 1 1.00 1.00 1.12 1.00 1.00 0.62 1.00 1.00
time (sec) N/A 0.038 0.016 0.119 0.179  0.231 0.035 0.275 0.272
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 3 3 3 4 3 3 15 3 3
N.S. 1 1.00 1.00 1.33 1.00 1.00 5.00 1.00 1.00
time (sec) N/A 0.023 0.028 0.095 0.264 0.242 0.069 0.259 0.323
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 2 2 2 9 3 2 2 3 2
N.S. 1 1.00  1.00 4.50 1.50 1.00 1.00 1.50 1.00
time (sec) N/A 0.002 0.001 0.015 0.200 0.237 0.173 0.261  0.009
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 15 14 14 15 14 14
N.S. 1 1.00 1.00 1.07 1.00 1.00 1.07 1.00 1.00
time (sec) N/A 0.020 0.006 0.194 0.188 0.261 0.069 0.267 0.061
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 13 13 11 14 8 11 15
N.S. 1 1.00 0.76 0.76 0.65 0.82 0.47 0.65 0.88
time (sec) N/A 0.026 0.006 0.030 0.186  0.250 0.044 0.268 0.057
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 38 29 25 24 24 26 24 28
N.S. 1 1.00 0.76 0.66 0.63 0.63 0.68 0.63 0.74
time (sec) N/A 0.024 0.055 0.037 0.189 0.240 0.042 0.276 0.193
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 7 8 7 7 7 7 7
N.S. 1 1.00 1.00 1.14 1.00 1.00 1.00 1.00 1.00
time (sec) N/A 0.008 0.003 0.082 0.215 0.233 0.070 0.279 0.019
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 22 22 17 16 16 20 16 16
N.S. 1 1.00 1.00 0.77 0.73 0.73 0.91 0.73 0.73
time (sec) N/A 0.010 0.006 0.066 0.192 0.245 0.107 0.279 0.002
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 7 8 7 7 7 7 7
N.S. 1 1.00 1.00 1.14 1.00 1.00 1.00 1.00 1.00
time (sec) N/A 0.012 0.002 0.055 0.180  0.250 0.061 0.274 0.002
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 28 23 17 22 22 22 17
N.S. 1 1.00 1.00 0.82 0.61 0.79 0.79 0.79 0.61
time (sec) N/A 0.007 0.001 0.024 0.180 0.231 0.040 0.278 0.031
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 10 9 15 8 9 9
N.S. 1 1.00 1.00 0.91 0.82 1.36 0.73 0.82 0.82
time (sec) N/A 0.011 0.004 0.190 0.183  0.240 0.121 0.278 0.033
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 3 3 3 4 3 3 15 3 3
N.S. 1 1.00 1.00 1.33 1.00 1.00 5.00 1.00 1.00
time (sec) N/A 0.016 0.003 0.083 0.283 0.245 0.091 0.282 0.002
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 3 3 3 4 0 3 3 3 43
N.S. 1 1.00  1.00 1.33 0.00 1.00 1.00 1.00 14.33
time (sec) N/A 0.039 0.103 0.118 0.000 0.251 0.133 0.288 2.835
Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 20 53 15 12 21 13
N.S. 1 1.00 1.00 1.25 3.31 0.94 0.75 1.31 0.81
time (sec) N/A 0.033 0.0563 0.257 0.316 0.246 0.055 0.304 0.029
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Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 53 53 73 89 115 128 0 295 0
N.S. 1 1.00 1.38 1.68 2.17 2.42 0.00 5.57 0.00
time (sec) N/A 0.046 0.194 0.273 0.291 0.257 0.000 0.354 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 35 71 69 67 202 83 360
N.S. 1 1.00 2.19 4.44 4.31 4.19 12.62 5.19 22.50
time (sec) N/A 0.062 0.268 0.625 0.265 0.265 106.059 0.287 0.512
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B C B A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 35 70 68 26 422 82 352
N.S. 1 1.00 2.19 4.38 4.25 1.62 26.38 5.12 22.00
time (sec) N/A 0.098 0.022 0.178 0.277  0.255 0.991 0.284 0.238
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B C B A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 35 40 65 26 422 79 352
N.S. 1 1.00 2.19 2.50 4.06 1.62  26.38 4.94  22.00
time (sec) N/A 0.014 0.016 0.210 0.263  0.253 1.009 0.274 0.057
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 35 35 44 30 44 63 105 29 91
N.S. 1 1.00 1.26 0.86 1.26 1.80 3.00 0.83 2.60
time (sec) N/A 0.006 0.016 0.204 0.282 0.241 0.382 0.277  0.002
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 16 13 12 26 19 12 12
N.S. 1 1.00 1.14 0.93 0.86 1.86 1.36 0.86 0.86
time (sec) N/A 0.008 0.007 0.197 0.279  0.244 0.022 0.283 0.073
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 12 11 11 8 11 11
N.S. 1 1.00 1.00 0.92 0.85 0.85 0.62 0.85 0.85
time (sec) N/A 0.004 0.005 0.132 0.267  0.229 0.032 0.265 0.028
Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 7 7 6 6 5 6 6
N.S. 1 1.00 1.00 1.00 0.86 0.86 0.71 0.86 0.86
time (sec) N/A 0.021 0.002 0.039 0.188  0.240 0.032 0.276 0.002
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 19 24 23 23 20 30 24
N.S. 1 1.00 0.79 1.00 0.96 0.96 0.83 1.25 1.00
time (sec) N/A 0.266 0.379 0.128 0.301 0.239 0.048 0.278 0.247
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 9 9 8 8 7 8 8
N.S. 1 1.00 1.00 1.00 0.89 0.89 0.78 0.89 0.89
time (sec) N/A 0.004 0.015 0.026 0.182 0.236 0.029 0.255 0.033
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Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 20 24 19 19 19 19
N.S. 1 1.00 1.00 0.80 0.96 0.76 0.76 0.76 0.76
time (sec) N/A 0.032 0.004 0.037 0.185 0.244 0.039 0.257 0.228
Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 6 6 5 6 6
N.S. 1 1.00 1.00 0.88 0.75 0.75 0.62 0.75 0.75
time (sec) N/A 0.002 0.004 0.124 0.266  0.236 0.038 0.271 0.054
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 13 12 12 10 12 12
N.S. 1 1.00 1.00 0.81 0.75 0.75 0.62 0.75 0.75
time (sec) N/A 0.004 0.006 0.133 0.273  0.227 0.040 0.252 0.021
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 11 16 20 36 16 10
N.S. 1 1.00 1.00 0.79 1.14 1.43 2.57 1.14 0.71
time (sec) N/A 0.011 0.003 0.055 0.298 0.238 0.178 0.262 0.190
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 35 35 44 30 44 63 105 29 91
N.S. 1 1.00 1.26 0.86 1.26 1.80 3.00 0.83 2.60
time (sec) N/A 0.006 0.001 0.176 0.295 0.242 0.391 0.269 0.002
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 35 16 15 45 34 21 37
N.S. 1 1.00 2.06 0.94 0.88 2.65 2.00 1.24 2.18
time (sec) N/A 0.004 0.074 0.191 0.276  0.255 0.180 0.277 0.175
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 14 12 11 13 15 11 11
N.S. 1 1.00 0.74 0.63 0.58 0.68 0.79 0.58 0.58
time (sec) N/A 0.006 0.007 0.074 0.177  0.254 0.088 0.253 0.002
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 2 2 2 3 2 2 2 3 2
N.S. 1 1.00 1.00 1.50 1.00 1.00 1.00 1.50 1.00
time (sec) N/A 0.000 0.000 0.010 0.178 0.234 0.033 0.262 0.007
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 45 45 73 31 256 71 0 33 32
N.S. 1 1.00 1.62 0.69 5.69 1.58 0.00 0.73 0.71
time (sec) N/A 0.096 0.713 1.533 0.357  0.279  0.000 0.283 0.707
Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 11 10 10 10 16 10
N.S. 1 1.00 1.00 0.79 0.71 0.71 0.711 1.14 0.71
time (sec) N/A 0.005 0.002 0.054 0.179  0.237 0.023 0.269 0.003
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Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 14 11 11 10 14 11 10
N.S. 1 1.00 0.82 0.65 0.65 0.59 0.82 0.65 0.59
time (sec) N/A 0.002 0.013 0.040 0.182 0234 0077 0.254 0.026
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 31 20 19 27 19 27 27
N.S. 1 1.00 1.35 0.87 0.83 1.17 0.83 1.17 1.17
time (sec) N/A 0.007 0.069 0.378 0.271 0.239 0.255 0.306 0.101
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 6 10 5 6 6
N.S. 1 1.00 1.00 0.88 0.75 1.25 0.62 0.75 0.75
time (sec) N/A 0.009 0.002 0.079 0.176  0.265 0.034 0.264 0.027
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 6 6 6 6 5 5 5 5 5
N.S. 1 1.00  1.00 1.00 0.83 0.83 0.83 0.83 0.83
time (sec) N/A 0.011 0.001 0.023 0.184 0242 0032 0.254 0.003
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 11 10 10 8 10 10
N.S. 1 1.00 1.00 0.92 0.83 0.83 0.67 0.83 0.83
time (sec) N/A 0.017 0.002 0.033 0.191 0.238 0.037 0.280 0.047
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 8 9 10 10 7 8 6
N.S. 1 1.00 0.67 0.75 0.83 0.83 0.58 0.67 0.50
time (sec) N/A 0.008 0.006 0.069 0.179  0.247 0.163 0.270 0.208
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 6 6 7 6 6
N.S. 1 1.00 1.00 0.88 0.75 0.75 0.88 0.75 0.75
time (sec) N/A 0.009 0.002 0.142 0.172 0.239 0.021 0.261 0.003
Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 13 13 12 13 9
N.S. 1 1.00 1.00 0.82 0.76 0.76 0.71 0.76 0.53
time (sec) N/A 0.003 0.000 0.019 0.181 0.234 0.038 0.269 0.003
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 6 6 5 6 6
N.S. 1 1.00  1.00 0.88 0.75 0.75 0.62 0.75 0.75
time (sec) N/A 0.006 0.001 0.036 0.196 0.236 0.032 0.264 0.003
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 47 21 22 32 15 20 20
N.S. 1 1.00 1.96 0.88 0.92 1.33 0.62 0.83 0.83
time (sec) N/A 0.007 0.063 0.408 0.265 0.250 0.348 0.278 0.306
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Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 20 14 13 19 15 13 13
N.S. 1 1.00 1.00 0.70 0.65 0.95 0.75 0.65 0.65
time (sec) N/A 0.019 0.006 0.046 0.267 0.232 0.049 0.263 0.106
Problem 100| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 35 35 44 30 44 63 105 29 91
N.S. 1 1.00 1.26 0.86 1.26 1.80 3.00 0.83 2.60
time (sec) N/A 0.006 0.013 0.180 0.299  0.248 0.403 0.282 0.002
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 18 15 14 14 24 14 14
N.S. 1 1.00  0.90 0.75 0.70 0.70 1.20 0.70 0.70
time (sec) N/A 0.016 0.035 0.053 0.265 0.250 0.051 0.296 0.073
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 33 33 33 27 26 32 31 26 26
N.S. 1 1.00 1.00 0.82 0.79 0.97 0.94 0.79 0.79
time (sec) N/A 0.010 0.011 0.028 0.283 0.250 0.054 0.280 0.002
Problem 103| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 21 20 19 31 15 19 19
N.S. 1 1.00 1.00 0.95 0.90 1.48 0.71 0.90 0.90
time (sec) N/A 0.012 0.000 0.035 0.187  0.253 0.016 0.274 0.003
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 26 25 24 40 19 24 24
N.S. 1 1.00 1.00 0.96 0.92 1.54 0.73 0.92 0.92
time (sec) N/A 0.017 0.000 0.039 0.184 0.252 0.018 0.268 0.002
Problem 105 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 27 26 25 43 22 25 25
N.S. 1 1.00 1.00 0.96 0.93 1.59 0.81 0.93 0.93
time (sec) N/A 0.017 0.000 0.043 0.186  0.238 0.017 0.273 0.002
Problem 106] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 32 32 32 31 30 52 26 30 30
N.S. 1 1.00 1.00 0.97 0.94 1.62 0.81 0.94 0.94
time (sec) N/A 0.022 0.000 0.049 0.189 0.240 0.018 0.262 0.003
Problem 107| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 25 24 23 41 20 23 23
N.S. 1 1.00 1.04 1.00 0.96 1.711 0.83 0.96 0.96
time (sec) N/A 0.019 0.000 0.043 0.189  0.238 0.015 0.300 0.003
Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 29 30 29 28 50 24 28 28
N.S. 1 1.00 1.03 1.00 0.97 1.72 0.83 0.97 0.97
time (sec) N/A 0.026 0.000 0.050 0.188 0.241 0.017 0.266 0.003
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Problem 109 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 19 18 18 17 18 18
N.S. 1 1.00 1.00 1.00 0.95 0.95 0.89 0.95 0.95
time (sec) N/A 0.006 0.000 0.030 0.178  0.240 0.012 0.268 0.003
Problem 110| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 24 24 23 23 20 23 23
N.S. 1 1.00 1.00 1.00 0.96 0.96 0.83 0.96 0.96
time (sec) N/A 0.007 0.000 0.029 0.185 0.233 0.012 0.271 0.003
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 25 24 44 24 24 24
N.S. 1 1.00 1.00 1.00 0.96 1.76 0.96 0.96 0.96
time (sec) N/A 0.016 0.000 0.030 0.178 0.230 0.012 0.276 0.003
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 30 30 29 52 27 29 29
N.S. 1 1.00  1.00 1.00 0.97 1.73 0.90 0.97 0.97
time (sec) N/A 0.011 0.000 0.032 0.184  0.227 0.013 0.265 0.003
Problem 113| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 28 27 26 26 24 26 26
N.S. 1 1.00 1.04 1.00 0.96 0.96 0.89 0.96 0.96
time (sec) N/A 0.004 0.000 0.027 0.180 0.236 0.012 0.273 0.002
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf
number of rules
integrand size
is, the harder the integral is to solve. In this test file, problem number [50] had the largest

ratio of [.857099999999999973]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of nérmf%lizefi integrand number of rules
7 grade SJ::: uziize antlf:fns‘jr::we leaf size integrand leaf size
1 A 3 2 1.00 4 0.500
2 A 3 2 1.00 11 0.182
3 A 2 1 1.00 11 0.091
4 A 1 1 1.00 2 0.500
5! A 1 1 1.00 7 0.143
6 A 2 2 1.00 7 0.286
7l A 1 1 1.00 11 0.091
S A 1 1 1.00 6 0.167
9 A 2 2 1.00 7 0.286
10 A 2 2 1.00 4 0.500
11 A 1 1 1.00 6 0.167
12 A 3 2 1.00 6 0.333
13 A 4 2 1.00 16 0.125
14 A 5) 3 1.00 7 0.429
15 A 3 1 1.00 14 0.071
16 A 2 2 1.00 5 0.400
17, A 1 1 1.00 7 0.143
18 A 1 1 1.00 11 0.091
19 A 2 2 1.00 11 0.182
20 A 1 1 1.00 5 0.200
21 A 1 1 1.00 6 0.167
22 A 2 2 1.00 9 0.222
23 A 3 3 1.00 14 0.214
24] A 2 1 1.00 9 0.111
Continued on next page




Table 2.1 — continued from previous page

49

number of

number of

normalized

# mede| wes | wime | adeiwive | ET | kg,
25 A 3 3 1.00 7 0.429
26 A 2 2 1.00 15 0.133
27 A 2 2 1.00 17 0.118
28 A 3 3 1.00 13 0.231
29 A 1 1 1.00 ) 0.200
30 A 3 3 1.00 8 0.375
31 A 7 7 1.00 11 0.636
32 A 3 2 1.00 12 0.167
33 A 3 3 1.00 6 0.500
34 A 2 1 1.00 9 0.111
35 A 4 3 1.00 13 0.231
36 A 4 4 1.00 15 0.267
37} A 3 2 1.00 15 0.133
38 A 6 3 1.00 13 0.231
39) A 3 2 1.00 15 0.133
40 A 5 ) 1.00 29 0.172
41 A 2 2 1.00 4 0.500
42 A 6 6 1.16 19 0.316
43 A 1 1 1.00 6 0.167
44 A 2 2 1.00 5 0.400
45 A 1 1 1.00 10 0.100
46 A ) 3 1.00 13 0.231
AT A 1 1 1.00 ) 0.200
48 A 1 1 1.00 7 0.143
49 A 6 6 1.00 9 0.667
50 A 10 6 1.55 7 0.857
51 A 1 1 1.00 27 0.037
52 A 1 1 1.00 4 0.250
53 A 4 3 1.00 6 0.500
54 A 2 2 1.00 10 0.200
55 A 7 4 1.00 9 0.444
56 A 2 1 1.00 12 0.083
o7 A 1 1 1.00 4 0.250
58 A 6 4 1.00 7 0.571
59 A 4 3 1.00 11 0.273

Continued on next page
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number of

number of

normalized

# o gade| st | e | e | PO | RSN
60 A 6 3 1.00 9 0.333
61 A 2 2 1.00 4 0.500
62 A 3 3 1.00 6 0.500
63 A 2 2 1.00 4 0.500
64 A 2 2 1.00 6 0.333
65 A 2 1 1.00 9 0.111
66 A 2 1 1.00 12 0.083
67 A 2 2 1.00 20 0.100
68 A 2 2 1.00 10 0.200
69 A 6 6 1.00 30 0.200
70 A 5 5 1.00 39 0.128
71 A 6 5 1.00 43 0.104
72] A 1 4 1.00 31 0.129
73 A 3 2 1.00 15 0.133
ZHE 3 2 1.00 4 0.500
75 A 3 2 1.00 11 0.182
76 A 5 3 1.00 13 0.231
77 A 10 6 1.00 33 0.182
78 A 1 1 1.00 7 0.143
79 A 5 5 1.00 8 0.625
80 A 2 2 1.00 9 0.222
81 A 3 3 1.00 11 0.273
82 A 3 3 1.00 8 0.375
33 A 3 2 1.00 15 0.133
84 A 2 2 1.00 16 0.125
89 A 1 1 1.00 6 0.167
86 A 1 1 1.00 3 0.333
87 A 4 2 1.00 17 0.118
88 A 2 2 1.00 4 0.500
39 A 2 1 1.00 11 0.091
90 A 3 3 1.00 14 0.214
91 A 2 2 1.00 7 0.286
92 A 2 2 1.00 11 0.182
93 A 3 2 1.00 13 0.154
94 A 1 1 1.00 8 0.125

Continued on next page
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number of

number of

normalized

) o integrand ber of rul
# | grade s:se:; uniate antllj;ﬂsvi::ve loaf sigo | Ttegrand leaf size
95 A 2 2 1.00 7 0.286
96 A 1 1 1.00 4 0.250
97 A 2 2 1.00 5 0.400
98 A 3 3 1.00 17 0.176
99 A 3 3 1.00 16 0.188
100 A 3 2 1.00 15 0.133
101 A 3 3 1.00 15 0.200
102 A 3 3 1.00 8 0.375
103 A 1 1 1.00 20 0.050
104 A 1 1 1.00 25 0.040
105 A 1 1 1.00 26 0.038
106 A 1 1 1.00 31 0.032
107} A 1 1 1.00 24 0.042
108 A 1 1 1.00 29 0.034
109 A 1 1 1.00 18 0.056
110 A 1 1 1.00 23 0.043
111 A 1 1 1.00 24 0.042
112 A 1 1 1.00 29 0.034
113 A 1 1 1.00 27 0.037
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3.1 [ cot?(z) dz

Optimal result . . . . . . . . . . . . e ¥
Rubi [A] (verified) . . . . . . . . . by
Mathematica [C] (verified) . . . . . . . . . ... 58]
Maple [A] (verified) . . . . . . . .. bY]
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .. ..... bYe)
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 50
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 59
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 60)
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 60

Optimal result

Integrand size = 4, antiderivative size = 12

cot®(x)

/cot4(x) dz =z + cot(z) — 3
[Out] x+cot(x)-1/3*cot(x)"3

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, Bumber of rules _ 0.500, Rules used = {3554,
integrand size
8}

4 _ L 3
/cot (x)dx =z — 3 cot®(x) + cot(z)

[In] Int[Cot[x]~4,x]

[Out] x + Cot[x] - Cot[x]~3/3

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(m - 1)/(@@*(n - 1))), x] - Dist[b"2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]
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Rubi steps
1
integral = ~3 cot?(z) — / cot?(z) dz
3
= cot(x) — %(z)—l-/ldx

cot3(x)
3

=z + cot(z) —

Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.83

1 1
/ cot*(z) dr = —3 cot?(z) Hypergeometric2F1 (—g, 1, U tanz(x))

[In] Integrate[Cot[x]~4,x]
[Out] -1/3%(Cot[x]"3*Hypergeometric2F1[-3/2, 1, -1/2, -Tan[x]"2])

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.92

method result size
parallelrisch x + cot (x) — M 11
derivativedivides —(COtaT(z)) + cot (z) — 5 + arccot (cot (z)) | 16
default —M + cot (x) — § + arccot (cot (z)) | 16
nOrmAn —%+tan2t ;?(:fs(tan?’(x)) 18
risch z + ;z;z:a_es: +2) 31

[In] int(cot(x)~4,x,method=_RETURNVERBOSE)
[Out] x+cot(x)-1/3*cot(x)"3
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 48 vs. 2(10) = 20.

Time = 0.24 (sec) , antiderivative size = 48, normalized size of antiderivative = 4.00

4 4 cos (2z)> + 3 (zcos (2z) — z)sin (2z) + 2 cos (2z) — 2
/COt (z) do = 3(cos(2x) — 1)sin (2x)

[In] integrate(cot(x)~4,x, algorithm="fricas")
[Out] 1/3*(4*cos(2*x)~2 + 3*(x*cos(2*x) - x)*sin(2xx) + 2*cos(2*x) - 2)/((cos(2*x
) - 1)*sin(2%x))

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.58

4 _ g SO (z)  cos’(z)
/COt (#)de =z + sin(z) 3sin®(z)

[In] integrate(cot(x)**4,x)
[Out] x + cos(x)/sin(x) - cos(x)**3/(3*sin(x)**3)

Maxima [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.33

2
/cot4(x) dex =z + Mx)gl
3 tan (x)

[In] integrate(cot(x)~4,x, algorithm="maxima")

[Out] x + 1/3*%(3*tan(x)"2 - 1)/tan(x)"3
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 34 vs. 2(10) = 20.

Time = 0.27 (sec) , antiderivative size = 34, normalized size of antiderivative = 2.83

1 1\?3 15 tan (1w)2—1 5 1
cot?(z dx:—tan(—a:> +x+ 2 ——tan(—x)
/ (@) 24 2 24 tan (%x)?’ 8 2

[In] integrate(cot(x)~4,x, algorithm="giac")
[Out] 1/24*tan(1/2*x)"3 + x + 1/24*(15xtan(1/2*x)"2 - 1)/tan(1/2%x)~3 - 5/8xtan(1

/2%x)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/ cot*(z) dz = _cot:()):r) + cot(z) + =

[In] int(cot(x)~4,x)
[Out] x + cot(x) - cot(x)"3/3
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32  [agamde

1422)
Optimal result . . . . . . . . . . e 611
Rubi [A] (verified) . . . . . . . . . 611
Mathematica [A] (verified) . . . . . . .. ... L L 62
Maple [A] (verified) . . . . . . . .. L 62
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... .. 63
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 63
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 63}
Giac [A] (verification not implemented) . . . . . . ... ... .. Lo L. 63
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... 64

Optimal result

Integrand size = 11, antiderivative size = 13

/ 1 dx = _ L + E + arctan(z)
w4 (1+22) 313 «z

[Out] -1/3/x"3+1/x+arctan(x)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, Iﬁ%ﬁgﬁ;&fl rslilzlgs = 0.182, Rules used = {331,
209}

[ it doantan -
z* (1+ x?) T = arctan(e 323 =z
[In] Int[1/(x~4*x(1 + x~2)),x]

[Out] -1/3%1/x"3 + x~(-1) + ArcTan([x]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0I)

Rule 331

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*x
)"(m + 1)*((a + bxx™n)~(p + 1)/(a*cx(m + 1))), x] - Dist[b*x((m + nx(p + 1)
+ 1)/(axc"nx(m + 1))), Int[(c*x)"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a,
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b, c, p}, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,

x]

Rubi steps
. 1 1
111tegral = —ﬁ — / m dz

= 1+1+/ P
313z 14+ z2

1+1+acta()
=——— 4+ = rctan(z
3z3 =z

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/ L 4 L1 arctan(o)
— A = ——— — arctan\xr
zt (1 + 22) 33

[In] Integrate[1/(x"4x(1 + x72)),x]
[Out] -1/3%1/x"3 + x~(-1) + ArcTan[x]

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

method result size
default —3m5 + = + arctan (z) 12
meijerg —355 + + + arctan (z) 12
risch x‘:;% + arctan () 13
parallelrisch | — 3i 1n(z—z')z3—3z'6 1;13(z+i)z3+2—6w2 35

[In] int(1/x~4/(x"2+1) ,x,method=_RETURNVERBOSE)
[Out] -1/3/x"3+1/x+arctan(x)



Fricas [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.46

/ 1 dp — 3x3arctan (z) +32% — 1
4 (1+22) 33

[In] integrate(1/x~4/(x"2+1),x, algorithm="fricas")
[Out] 1/3*(3*x"3*arctan(x) + 3*x"2 - 1)/x73

Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

/ 1 dx = atan (z) + 82° —1
zt(1+22) 323

[In] integrate(1/x**4/(x**2+1),x)
[Out] atan(x) + (3*x**2 - 1)/(3%x**3)

Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/ 1 dx = 32° -1 + arctan (z)
4 (1+22) ~ 323

[In] integrate(1/x~4/(x"2+1),x, algorithm="maxima")
[Out] 1/3%(3%x"2 - 1)/x"3 + arctan(x)
Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/ 1 dx = 32° -1 + arctan ()
4 (1+22) ~ 323

[In] integrate(1/x~4/(x~2+1),x, algorithm="giac")
[Out] 1/3%(3*x"2 - 1)/x"3 + arctan(x)

63
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Mupad [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

/ 1 x?
(1122

_1
dz = atan(z) + 2

x3
[In] int(1/(x"4*(x"2 + 1)),x)

[Out] atan(x) + (x~2 - 1/3)/x"3
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3.3 f T+

Optimal result . . . . . . . . . . . . e 651
Rubi [A] (verified) . . . . . . . . . . 651
Mathematica [A] (verified) . . . . . . . . ... L 66
Maple [A] (verified) . . . . . . . . . 66
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ....... 66
Sympy [A] (verification not implemented) . . . . . . ... ... ... L. 67
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 67
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 67

Mupad [B] (verification not implemented)

Optimal result

Integrand size = 11, antiderivative size = 19

€Tr =

W 3 "5

[Out] 2/3*x~(3/2)+2/5%x~(5/2)

/x+x2d 2x3/2  215/2

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

_ __ 1 nhumber of rules _ _
of steps used = 2, number of rules used = 1, integrand size — 0.091, Rules used = {14}

z T = 5 + 3
[In] Int[(x + x~2)/Sqrt[x],x]

[Out] (2*xx~(3/2))/3 + (2*xx~(5/2))/5

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !MatchQ[u, (a_)
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

/w+x2d 2x%/2  2g3/2

Rubi steps

integral = / (Vz +3*?) dz

B 21:3/2 N 215/2
3 5




Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.74

2
2
/x+x dz = —23/*(5 + 3z)

VT

[In] Integratel[(x + x~2)/Sqrt[x],x]
[Out] (2*xx~(3/2)*(5 + 3%x))/15

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

15

method result size
3
2z 2 (5+3z)
gosper —F— |11
3
223 (5+3z)
trager =1
risch M 11
15
3 5
derivativedivides 2sz + 2””?7 12
3 5
default 2%7 + 2“’?? 12

[In] int((x~2+x)/x~(1/2),x,method=_RETURNVERBOSE)

[Out] 2/15%x~(3/2)*(5+3%x)

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.74
/ T + z? g — 2
Nz 15

[In] integrate((x~2+x)/x~(1/2),x, algorithm="fricas")

[Out] 2/15%(3*x~2 + 5*x)*sqrt(x)

(32> +5z)Vx
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Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

dz = 22°
Jz P T3

/m + 2 2r2 23

[In] integrate((x**2+x)/x**(1/2),x)
[Out] 2*x**(5/2)/5 + 2*x*%(3/2)/3

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

/m+x2dx_gx
Nz 5

[In] integrate((x~2+x)/x~(1/2),x, algorithm="maxima")

[Out] 2/5*x~(5/2) + 2/3*x~(3/2)

Do
Dl

L2
-
3

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

/m—l—xde_gz
NG 5

Nt
Njw

L2

3%
[In] integrate((x~2+x)/x~(1/2),x, algorithm="giac")
[Out] 2/5*%x~(5/2) + 2/3*x~(3/2)

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.53

X

Jz 15

(/x+ﬂd _ 22%%2(3x+5)

[In] int((x + x~2)/x~(1/2),x%)
[Out] (2*xx~(3/2)*(3*x + 5))/15
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3.4 [ cos(z) dzx

Optimal result . . . . . . . . . . . e 6]
Rubi [A] (verified) . . . . . . . . 68
Mathematica [A] (verified) . . . . . . . . . .. 69
Maple [A] (verified) . . . . . . . .. 69
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 69
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 70}
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... (0]
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. r(0)
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 70

Optimal result

Integrand size = 2, antiderivative size = 2

/ cos(z) dx = sin(z)
[Out] sin(x)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00, number

_ __ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.500, Rules used = {2717}

/ cos(z) dz = sin(z)

[In] Int[Cos[x],x]
[Out] Sin[x]
Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rubi steps

integral = sin(z)



Mathematica [A] (verified)

69

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ cos(z) dz = sin(z)

[In] Integrate[Cos[x],x]
[Out] Sin[x]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

method result size
lookup sin (z) 3
default sin (z) 3
meijerg sin (z) 3
risch sin (z) 3
parallelrisch | sin (z) 3
norman 11:;2 2 ] 17

[In] int(cos(x),x,method=_RETURNVERBOSE)

[Out] sin(x)

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ cos(z) dz = sin ()

[In] integrate(cos(x),x, algorithm="fricas")

[Out] sin(x)



70

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/cos(w) dx = sin (z)

[In] integrate(cos(x),x)

[Out] sin(x)

Maxima [A] (verification not implemented)

none
Time = 0.21 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/cos(m) dx = sin (z)

[In] integrate(cos(x),x, algorithm="maxima")

[Out] sin(x)

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ cos(z) dx = sin ()
[In] integrate(cos(x),x, algorithm="giac")
[Out] sin(x)

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/cos(x) dx = sin (z)

[In] int(cos(x),x)
[Out] sin(x)
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3.5 | ez d

Optimal result . . . . . . . . . . . e [71l
Rubi [A] (verified) . . . . . . . . [Tl
Mathematica [A] (verified) . . . . . . . . . ... 72
Maple [A] (verified) . . . . . . . . . . 72
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ... ... 721
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... ... 73
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 73]
Giac [A] (verification not implemented) . . . . . . .. ... .. .. L. 73
Mupad [B] (verification not implemented) . . .. .. ... .. ... .. ....... (73l

Optimal result
Integrand size = 7, antiderivative size = 9

2

2 e*
Yrdr = —
/6 T axr 9

[Out] 1/2*exp(x~2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Bumber of rules _ 5 143 Ryjes ysed = {2240}
integrand size

2

2 e*

X d__
/6 T axr = 9

[In] Int[E~x"2*x,x]
[Out] E~x"2/2
Rule 2240

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_)*(x_))"(m_))*((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(e + fx*x)"n*(F~(a + b*(c + d*x)"n)/(b*f*n*(c + d*x)"n
*Log[F])), x] /; FreeQ[{F, a, b, c, d, e, f, n}, x] && EqQ[m, n - 1] && EqQ
[dxe - cxf, 0]

Rubi steps

2

integral = €
gral =



Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

2

2 e*
z d _——
/re T axr B

[In] Integrate[E"x"2#x,x]
[Out] E~x"2/2

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.78

method result size

o]
8

gosper

8 l\')|
[

a

derivativedivides

|
[

[0}
8

default

8 N
»

norman

8 N

(¢}

risch

(¢}
b, vl
»

parallelrisch

4|

2

e(E
+ 2

|CD
© N N9 9 9 9=

N =

meijerg -

erﬁ(:vQ)\/Trz _ ﬁ(” erﬁ(z%ﬁ) 929

parts 3

[In] int(exp(x~2)*x,x,method=_RETURNVERBOSE)
[Out] 1/2%exp(x~2)

Fricas [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.67

2 1 /2
/exa:dx=§e(x)

[In] integrate(exp(x~2)*x,x, algorithm="fricas")

[Out] 1/2%e~(x"2)
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.56

2

2 e’
& d —_ —
/6 T axr 5

[In] integrate(exp(x**2)*x,x)

[Out] exp(x**2)/2

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.67

2 1
/ex zdx = 56(””2)

[In] integrate(exp(x~2)*x,x, algorithm="maxima")
[Out] 1/2%e”(x72)
Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.67

2 1 /2
/exa:dx=§e(x)

[In] integrate(exp(x~2)*x,x, algorithm="giac")

[Out] 1/2*%e”(x"2)

Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.67

2

2 e
z d = —
/6 xr axr 9

[In] int(x*exp(x~2),x)
[Out] exp(x~2)/2
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3.6 [ sec?(z) tan(z) dx

Optimal result . . . . . . . . . . . e [4
Rubi [A] (verified) . . . . . . . . re!
Mathematica [A] (verified) . . . . . . . . . .. .. 75
Maple [A] (verified) . . . . . . ... 75
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 75
Sympy [A] (verification not implemented) . . . . .. ... ... ... ... .. ... 761
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 76
Giac [A] (verification not implemented) . . . . . ... ... .. L L. 76
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 761

Optimal result

Integrand size = 7, antiderivative size = 8

sec?(x)

/ sec’(r) tan(z) dz = 5

[Out] 1/2*sec(x)"2

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.286, Rules used = {2686,
integrand size
30}

sec?(z)

/ sec’(z) tan(z) dz = 5

[In] Int[Sec[x] 2*Tan[x],x]
[Out] Sec[x]"2/2
Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2686

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(
n_.), x_Symbol] :> Dist[a/f, Subst[Int[(a*x)~(m - 1)*(-1 + x~2)"((n - 1)/2)
, x], x, Sec[e + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2]
&& !(IntegerQ[m/2] && LtQ[0, m, n + 1])



75

Rubi steps
integral = Subst( / z dz, z,sec(x))

sec?(x)
2

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

sec?(x)

/ sec?(r) tan(z) dr = 5

[In] Integrate[Sec[x]~2*Tan[x],x]
[Out] Sec[x]~2/2

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

method result size
derivativedivides M 7
default L) | 7

. 2 e2iw
risch (@ie11)? 17

[In] int(sec(x) 2*tan(x),x,method=_RETURNVERBOSE)
[Out] 1/2*sec(x)"2

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1

2 cos (z)?

/ sec’(z) tan(z) dz =

[In] integrate(sec(x) 2*tan(x),x, algorithm="fricas")

[Out] 1/2/cos(x)"2
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

2 —'——_;L___
/sec (z) tan(z) dz = 2 cos? (x)

[In] integrate(sec(x)**2*tan(x),x)

[Out] 1/(2*cos(x)**2)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1
/secz(:c) tan(z) dz = 3 tan ()2
[In] integrate(sec(x) 2*tan(x),x, algorithm="maxima")

[Out] 1/2*tan(x)~2

Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1
2 cos (z)?

/ sec’(r) tan(z) dr =

[In] integrate(sec(x) ~2*tan(x),x, algorithm="giac")

[Out] 1/2/cos(x)"2

Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

tan(z)?

/ sec’(z) tan(z) dz = 5

[In] int(tan(x)/cos(x)~2,x)
[Out] tan(x)~2/2



(s

3.7 [ zV1+ 22dx

Optimal result . . . . . . . . . . e irard
Rubi [A] (verified) . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . .. [78
Maple [A] (verified) . . . . . . ... 78
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... . ... 78
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... .. 79
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... ... 79
Giac [A] (verification not implemented) . . . . . . ... ... .. L. 79
Mupad [B] (verification not implemented) . . ... ... ... ... ... ...... R0

Optimal result

Integrand size = 11, antiderivative size = 13
1
/xvl +x2dr = §(1 +x2)3/2
[Out] 1/3%(x~2+1)~(3/2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00, number

_ __ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.091, Rules used = {267}

3/2

/z\/1+:v2dx=

HEES)
[In] Int([x*Sqrt[1l + x~2],x]

[Out] (1 + x~2)~(3/2)/3

Rule 267

Int[(x_ )" (m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps

3/2

integral = (1 + xz)

Wl
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Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/x\/1+x2dx=

(1 + $2)3/2

Wl

[In] Integrate[x*Sqrt[1 + x~2],x]
[Out] (1 + x72)7(3/2)/3

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
(2+1) 2
gosper . 10
3
derivativedivides | <+ 10
3
default )" 10
3
risch (#:1) : 10
3
pseudoelliptic (“"2:1) : 10
trager (%2 + %) x2+1 16
sz T (2z2+2) VzZ+1
meijerg ——3 1 ﬁ3 31

[In] int(x*(x"2+1)~(1/2),x,method=_RETURNVERBOSE)
[Out] 1/3*(x"2+1)~(3/2)

Fricas [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69
3
2

1
3 (@ +1)

/m\/1+x2dx=

[In] integrate(x*(x~2+1)~(1/2),x, algorithm="fricas")
[Out] 1/3%x(x"2 + 1)~(3/2)
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 22 vs. 2(8) = 16.

Time = 0.07 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.69

V2 +1 Va2 +1

/a:v1+x2dx= 3 + 3

[In] integrate(x*(x**2+1)**x(1/2),x)
[Out] x**2*sqrt(x**2 + 1)/3 + sqrt(x**2 + 1)/3

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

3
2

/x\/1+x2dx=%(x2+1)

[In] integrate(x*(x~2+1)~(1/2),x, algorithm="maxima")

[Out] 1/3%(x~2 + 1)~(3/2)

Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

3
2

/x\/1+x2dx:%(x2+1)

[In] integrate(x*(x~2+1)~(1/2),x, algorithm="giac")
[Out] 1/3*x(x"2 + 1)7(3/2)



Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

3/2

2
/x\/1+z2dx:%

[In] int(x*x(x"2 + 1)~(1/2),x)
[Out] (x~2 + 1)°(3/2)/3

80
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3.8 | e*sin(z) dz

Optimal result . . . . . . . . . . . . e 1l
Rubi [A] (verified) . . . . . . . . . 1]
Mathematica [A] (verified) . . . . . . . . . .. 82
Maple [A] (verified) . . . . . . . .. 82
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .. R2
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. ]3]
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... ]R3
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. ]3]
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... R3

Optimal result

Integrand size = 6, antiderivative size = 19
. 1 1, .
e”sin(z) dx = —563” cos(z) + ée”” sin(z)
[Out] -1/2%exp(x)*cos(x)+1/2*exp(x)*sin(x)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

_ __ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.167, Rules used = {4517}

/e“C sin(z) dz = %ez sin(x) — %e” cos(x)
[In] Int[E~x*Sin[x],x]
[Out] -1/2*(E"x*Cos[x]) + (E~x*Sin[x])/2
Rule 4517

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>
Simp [bxcxLog [F]1*#F~(c*(a + b*x))*(Sin[d + e*x]/(e”2 + b~2*%c”™2*Log[F]~2)), x
] - Simp[exF~(cx(a + b*x))*(Cos[d + exx]/(e”2 + b~2%c~2*Log[F]~2)), x] /; F
reeQ[{F, a, b, c, d, e}, x] && NeQ[e™2 + b~2*c~2xLog[F]~2, 0]

Rubi steps

1
integral = —Ee‘” cos(z) + Ee‘” sin(z)



Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.74

/ez sin(z) dz = %e”(— cos(z) + sin(z))
[In] Integrate[E"x*Sin[x],x]
[Out] (E~x*x(-Cos[x] + Sin[x]))/2

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.63

method result Size
parallelrisch e (= COS(g)ﬂin(w)) 12
default _¢ C;S(ac) L sizn(m) 14
o= tan(2) 4 (22 (8)) oo
e ’
risch _9(11")” _ ie“:)”” _ e(lzﬂ + ¢e<14—i)m 36

[In] int(exp(x)*sin(x),x,method=_RETURNVERBOSE)
[Out] 1/2*exp(x)*(-cos(x)+sin(x))

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.68

1 1
/e”” sin(z) dz = —5 cos (x)e” + 3 e” sin ()

[In] integrate(exp(x)*sin(x),x, algorithm="fricas")

[Out] -1/2*%cos(x)*e"x + 1/2%e"x*sin(x)

82
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Sympy [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

e”sin(z) €®cos(x)

/e sin(z) dz = 5 - 5

[In] integrate(exp(x)*sin(x),x)

[Out] exp(x)*sin(x)/2 - exp(x)*cos(x)/2

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

/e sin(z) dz = —3 (cos (z) —sin (z))e

[In] integrate(exp(x)*sin(x),x, algorithm="maxima")

[Out] -1/2*(cos(x) - sin(x))*e"x

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

/e sin(z) dz = ) (cos (z) —sin (z))e

[In] integrate(exp(x)*sin(x),x, algorithm="giac")

[Out] -1/2*%(cos(x) - sin(x))*e”x

Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

e” (cos (z) — sin (x))

/e sin(z) dr = — 5

[In] int(exp(x)*sin(x),x)
[Out] -(exp(x)*(cos(x) - sin(x)))/2
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3.9 [ cot(z) esc®(z) dx

Optimal result . . . . . . . . .. 84
Rubi [A] (verified) . . . . . . . . . . !
Mathematica [A] (verified) . . . . . . . . ... L 85
Maple [A] (verified) . . . . . . . . L R5)
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ....... R0
Sympy [A] (verification not implemented) . . ... ... ... ... ... ..., . 86l
Maxima [A] (verification not implemented) . . . . . . . ... ... .. L. 36l
Giac [A] (verification not implemented) . . . . . . . . ... ... L. 36
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ...... BT

Optimal result

Integrand size = 7, antiderivative size = 8

/ cot(z) csc®(x) dr = —3 csc?(x)
[Out] -1/3%csc(x)”3

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 0.286, Rules used = {2686,
integrand size
30}

/cot(x) csc®(x) dz = —= esc?(x)

[In] Int[Cot[x]*Cscl[x]~3,x]
[Out] -1/3*Csc[x]~3
Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2686

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(
n_.), x_Symbol] :> Dist[a/f, Subst[Int[(a*x)~(m - 1)*(-1 + x~2)"((n - 1)/2)
, x], x, Sec[e + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2]
&& !(IntegerQ[m/2] && LtQ[0, m, n + 1])
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Rubi steps
integral = —Subst < / rdx,z, csc(ac))

=—3 csc?(x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00
/cot(x) csc?(x) dr = —3 csc?(x)

[In] Integrate[Cot[x]*Csc[x]~3,x]
[Out] -1/3%Csc[x]"3

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

method result size
derivativedivides | — w 7
default — (Cscz(x)) 7
. (esc3(z))
parallelrisch - 7
. 8ie3iz
risch 3(e?ie 1) 18
_a (en?(3))  (een?(8))  (=n®(8))
norman 24 8 o )83 24 34
an b

[In] int(cos(x)*csc(x)~2/sin(x)"2,x,method=_RETURNVERBOSE)
[Out] -1/3*csc(x)~3
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 14 vs. 2(6) = 12.

Time = 0.23 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.75

3z)dz = =
/cot(x) csc(z)d 3 (cos (z)* — 1) sin (z)

[In] integrate(cos(x)*csc(x)~2/sin(x)~2,x, algorithm="fricas")

[Out] 1/3/((cos(x)"2 - 1)*sin(x))

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

3 _ 1
/ cot(x) csc’(z) dx = 35° (2)

[In] integrate(cos(x)*csc(x)**2/sin(x)**2,x)

[Out] -1/(3*sin(x)*%*3)

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

3 _ 1
/cot(x) csc’(z) dx = 3 sm (2 @

[In] integrate(cos(x)*csc(x)~2/sin(x)~2,x, algorithm="maxima")

[Out] -1/3/sin(x)"3

Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

3 _ 1
/cot(x) csc’(z) dx = 3 em (2 @

[In] integrate(cos(x)*csc(x)~2/sin(x)~2,x, algorithm="giac")

[Out] -1/3/sin(x)"3
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Mupad [B] (verification not implemented)
Time = 0.05 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1

3sin ()"

/ cot(z) csc®(x) dx = —

[In] int(cos(x)/sin(x)"4,x)
[Out] -1/(3*sin(x)~3)
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3.10 [ sin (e*) dz

Optimal result . . . . . . . . . . e 88|
Rubi [A] (verified) . . . . . . ... . ]88
Mathematica [A] (verified) . . . . . . . . ... L R9
Maple [A] (verified) . . . . . . . . . ]9
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ....... ]9
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... .. )
Maxima [C] (verification not implemented) . . . . . . ... ... ... ... 90
Giac [A] (verification not implemented) . . . . . . . .. ... .. Lo 90
Mupad [F(-1)] . . . o o 90

Optimal result

Integrand size = 4, antiderivative size = 4
/sin (€®) dz = Si(e”)
[Out] Si(exp(x))

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 555 Ryles used = {2320,
integrand size
3380}

/sin (€®) dz = Si(e”)

[In] Int[Sin[E~x],x]
[Out] SinIntegral [E"x]
Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 3380

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl{c, d, e, f}, x] && EqQ[d*e - c*f, 0]



89

Rubi steps

T

integral = Subst (/ M dz, x, e”)

= Si(e”)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/sin (€®) dx = Si(e”)
[In] Integrate[Sin[E~x],x]
[Out] SinIntegral [E"x]

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

method result size
derivativedivides | Si (e®) 4
default Si (e*) 4
risch _Treseme) ng;(em) +Si(e”) | 11

[In] int(sin(exp(x)),x,method=_RETURNVERBOSE)

[Out] Si(exp(x))

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.75

/Sin (%) dx = Si(e”)

[In] integrate(sin(exp(x)),x, algorithm="fricas")

[Out] sin_integral(e~x)
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Sympy [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.75

/ sin (¢) d = Si (¢%)

[In] integrate(sin(exp(x)),x)

[Out] Si(exp(x))

Maxima [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.24 (sec) , antiderivative size = 15, normalized size of antiderivative = 3.75

1 1
/ sin (¢°) dz = ~ i Bi(i¢") + i Ei(~i¢")
[In] integrate(sin(exp(x)),x, algorithm="maxima")
[Out] -1/2%IxEi(I*e”x) + 1/2%I*Ei(-I*e"x)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.75

/sin (€®) dz = Si(e”)

[In] integrate(sin(exp(x)),x, algorithm="giac")

[Out] sin_integral(e~x)

Mupad [F(-1)]
Timed out.

/ sin (e”) dx = sinint(e”)

[In] int(sin(exp(x)),x)
[Out] sinint(exp(x))
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3.11 [l gy

()
Optimal result . . . . . . . . . . OT]
Rubi [A] (verified) . . . . . . . . OT]
Mathematica [A] (verified) . . . . . . . . . . 92i
Maple [A] (verified) . . . . . . ... 92
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .... 92
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 93]
Maxima [C] (verification not implemented) . . . . . . . ... ... ... ... ... . 93
Giac [A] (verification not implemented) . . . . . . . ... ... ... L. 93]
Mupad [F(-1)] . . . . 93

Optimal result

Integrand size = 6, antiderivative size = 2

/ # dy = Si(y)

[Out] Si(y)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size 0.167, Rules used = {3380}

/ % dy = Si(y)

[In] Int[Sin[yl/y,y]
[Out] SinIntegrall[y]
Rule 3380

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Rubi steps
integral = Si(y)
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

[0 4,1

[In] Integrate[Sinl[yl/y,y]
[Out] SinIntegrally]

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

method | result size
default | Si(y) 3
meijerg | Si(y) 3
risch —%n(y) +Si(y) | 9

[In] int(sin(y)/y,y,method=_RETURNVERBOSE)
[Out] Si(y)

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/#szSi(y)

[In] integrate(sin(y)/y,y, algorithm="fricas")
[Out] sin_integral(y)



93

Sympy [A] (verification not implemented)

Time = 0.39 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

[0 4,10

[In] integrate(sin(y)/y,y)
[Out] Si(y)

Maxima [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.23 (sec) , antiderivative size = 13, normalized size of antiderivative = 6.50

i 1 1
/ SIny) gy = —5iEi(iy) + 5iBi(-iy)

[In] integrate(sin(y)/y,y, algorithm="maxima")
[Out] -1/2+I*Ei(I*y) + 1/2%I*Ei(-I*y)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

[204, 510

[In] integrate(sin(y)/y,y, algorithm="giac")
[Out] sin_integral(y)

Mupad [F(-1)]

Timed out.
/M dy = sinint(y)
Yy

[In] int(sin(y)/y,y)
[Out] sinint(y)
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3.12 [ (€* +sin(x)) dzx

Optimal result . . . . . . . . . . . . e 94
Rubi [A] (verified) . . . . . . . . 94
Mathematica [A] (verified) . . . . . . . . . .. 951
Maple [A] (verified) . . . . . . . .. 95
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 96
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 96
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 96
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 961
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ...... 97

Optimal result

Integrand size = 6, antiderivative size = 8

/ (e” + sin(z)) dx = €® — cos(x)
[Out] exp(x)-cos(x)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 3, number of rules used = 2, integrand size 0.333, Rules used = {2225,
2718}

/ (e +sin(x)) dz = €® — cos(x)

[In] Int[E~x + Sin[x],x]
[Out] E™x - Cos[x]
Rule 2225

Int [((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*(a +
b*x))) “n/(bxc*n*Log[F]), x] /; FreeQ[{F, a, b, c, n}, x]

Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
({c, d}, x]



Rubi steps
integral = / e’ dx + / sin(z) dx

= e — cos(x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00
/ (e” + sin(z)) dxr = €® — cos(x)

[In] Integrate[E"x + Sin[x],x]
[Out] E°x - Cos[x]

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

method result size
default e” — cos () 8
risch e” — cos () 8
parts e” — cos () 8
parallelrisch | —cos (z) +e* — 1 9
meijerg “lter (-2 |20
norman < (t?igg)(;ﬁz 25

[In] int(exp(x)+sin(x),x,method=_RETURNVERBOSE)
[Out] exp(x)-cos(x)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

/ (e + sin(z)) dz = —cos (x) + €°

[In] integrate(exp(x)+sin(x),x, algorithm="fricas")

[Out] -cos(x) + e7x

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.62

/ (¢" +sin(x)) dz = € — cos (x)

[In] integrate(exp(x)+sin(x),x)

[Out] exp(x) - cos(x)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

/ (e +sin(z)) dz = —cos (x) + €°
[In] integrate(exp(x)+sin(x),x, algorithm="maxima")
[Out] -cos(x) + e7x

Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

/(eg” +sin(z)) dz = —cos (z) + €”

[In] integrate(exp(x)+sin(x),x, algorithm="giac")

[Out] -cos(x) + e”x

96



Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88
/ (¢ +sin(z)) dz = ¢ — cos (z)

[In] int(exp(x) + sin(x),x)
[Out] exp(x) - cos(x)

97
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3.13 | (65”2 + 26“72:1:2) dx

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . . . O8]
Mathematica [A] (verified) . . . . . . . . ... L o 99
Maple [A] (verified) . . . . . . ... 99
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... . 100
Sympy [A] (verification not implemented) . . . ... ... ... ... ... .... 100
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 100!
Giac [A] (verification not implemented) . . . . . . . . ... ... L. 100
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... 101l

Optimal result

Integrand size = 16, antiderivative size = 7

/ (e’”2 + 26’”2352) de = e’z

[Out] exp(x~2)*x

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 4, number of rules used = 2, integrand size 0.125, Rules used = {2235,
2243}

/ (e“"2 + 26“"2.%2) de = e’z

[In] Int[E~x"2 + 2*%E~x"2%x"2,x]
[Out] E"x"2x%x
Rule 2235

Int[(F_)"((a_.) + (b_.)*x((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pil*(Erfil[(c + d*x)#*Rt[bxLogl[F], 2]11/(2*d*Rt[b*xLogl[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2243

Int [(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_))*((c_.) + (d_.)*(x_))"(m_
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + b*(c + d*x)"n)/(b*d*n*L
oglFl)), x] - Dist[(m - n + 1)/(b*n*Log[F]), Int[(c + d*x)"(m - n)*F~(a + b
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*(c + d*x)"n), x], x] /; FreeQ[{F, a, b, ¢, d}, x] && IntegerQ[2*((m + 1)/n
)] && LtQ[0, (m + 1)/n, 5] && IntegerQ[n] && (LtQ[0, n, m + 1] || LtQ[m, n,
01)

Rubi steps

integral = 2 / e’ 22 dz + / e dz

2 ]. 2
=e"z+ iﬁerﬁ(a:) - /ez dz

=€ T

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/ (e“”2 + 26z21}2> de = e’z

[In] Integrate[E"x"2 + 2*E"Xx"2%x"2,x]
[Out] E"x"2*x

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

method result size
gosper ez 7
default ez 7
norman ez 7
risch ez 7
parallelrisch | e’z 7
meijerg i(—ix e + ierﬁ(;)ﬁ> + erﬁ(g)ﬁ 29
2
parts erfi (z) /7 22 + TRV _ o /7 (””2 erfiz) _ exzz_\;r:?/;) 51

[In] int(2%exp(x~2)*x~2+exp(x~2),x,method=_RETURNVERBOSE)
[Out] exp(x~2)*x
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

/ (ezz + 2ez2z2> dz = ze®)

[In] integrate(exp(x~2)+2*exp(x~2)*x~2,x, algorithm="fricas")

[Out] x*e~(x"2)

Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

/ (ezz + 26”2z2> dx = ze*

[In] integrate(exp(x**2)+2*exp (x**2)*x**2,Xx)

[Out] x*exp(x**2)

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

/ (e”2 + 26”2332) dz = ze(®)

[In] integrate(exp(x~2)+2*exp(x~2)*x~2,x, algorithm="maxima")

[Out] x*e~(x"2)

Giac [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

/ (e’”2 + 26x2x2> dz = ze®)

[In] integrate(exp(x~2)+2*exp(x~2)*x~2,x, algorithm="giac")

[Out] x*xe~(x~2)
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Mupad [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

/ (e”z + 26”2352) de = ze®

[In] int(exp(x~2) + 2*x"2%exp(x~2),x)
[Out] x*exp(x~2)
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314  [(ef+x) dx

Optimal result . . . . . . . . . . . . e 102
Rubi [A] (verified) . . . . . . . . .. 102
Mathematica [A] (verified) . . . . . . . . . .. . 103l
Maple [A] (verified) . . . . . . . . .. 103l
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 104
Sympy [A] (verification not implemented) . . . . . .. ... ... ... L. 104
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 104
Giac [A] (verification not implemented) . . . . . . . . ... ... Lo L. 104
Mupad [B] (verification not implemented) . . . ... ... .. .. ... ....... 105

Optimal result
Integrand size = 7, antiderivative size = 28
2x 3

/(e"’“’—l—:v)2 d:cz—?e”—l—%—i—Qe””w—l—%

[Out] -2%exp(x)+1/2*%exp(2*x)+2*exp (x)*x+1/3*x"3

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 3, Bumber of rules _ 0.429, Rules used = {6874,

’ integrand size
2225, 2207}

T 2 _ .’L‘_3 T, LT ﬁ

/(e +z)" dr = 3+2ex 2e” + 2
[In] Int[(E"x + x)~2,x]
[Out] -2*E"x + E~(2*x)/2 + 2*%E"x*x + x~3/3
Rule 2207
Int[((b_)*(F_)~((g_.)*((e_.) + (£_)*x(x_))))"(m_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(gx(e + f*x))) n/(f*gxn*xLog[Fl)),
x] - Dist[d*(m/(f*g*n*Log[F])), Int[(c + d*x)"(m - 1)*(b*F~(gx(e + f*x))) n
, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] & GtQ[m, 0] & IntegerQ[2*m
1 && TrueQ[$UseGamma]

Rule 2225

Int [((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*x(a +
b*x))) "n/(bxcxn*Log[Fl), x] /; FreeQ[{F, a, b, c, n}, x]



Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Intl[v,

]

Rubi steps

integral = / (e2z + 2e°z + x2) dz

73
=—+2/e”mdm+/ehdm

3

3

2x 3
=%+2ezx+w——2/e”dx

2x 3

=—26”’+€—+2e”’x+x—

Mathematica [A] (verified)

2 3
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x] /; SumQ[v]

Time = 0.04 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.93

2z 3

/(e“”—Hv)2 dx=%+%+e”’(—2+2z)

[In] Integrate[(E"x + x)~2,x]

[Out] E~(2%x)/2 + x"3/3 + E~x*(-2 + 2%x)

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.75

method result size
risch “—33 +(—2+2z)e" + e; 21
default —2e" + esz +2€°z + % 22
norman —2e” + 62730 +2€"z + % 22
parallelrisch | —2e® + esz +2e"z + % 22
parts —2e” + 6270” +2e"x + % 22

[In] int((exp(x)+x)~2,x,method=_RETURNVERBOSE)
[Out] 1/3%x"~3+(-2+2%x)*exp(x)+1/2*exp (2*x)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.68

1 1
/(e””-i—alc)2 dx=§x3+2(x—1)ex+§e(2$)

[In] integrate((exp(x)+x)~2,x, algorithm="fricas")
[Out] 1/3*x"3 + 2x(x - 1)*e"x + 1/2%e”(2%x)

Sympy [A] (verification not implemented)
Time = 0.04 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.71
3 (dx—4)e® €=

T 2 _ ) .
/(e+x)dm 3+ 2 +2

[In] integrate((exp(x)+x)**2,x)
[Out] x*x3/3 + (4*x - 4)*exp(x)/2 + exp(2*x)/2

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.68

1 1
/(e”"—}—ac)2 dx=§x3+2(x—1)ex+§e(2”)

[In] integrate((exp(x)+x)~2,x, algorithm="maxima")

[Out] 1/3%x"3 + 2*%(x - 1)*e"x + 1/2%e”(2%x)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.68

1 1
/(ei”'—}—x)2 dx=§x3+2(x—1)ew+§e(2x)

[In] integrate((exp(x)+x)~2,x, algorithm="giac")
[Out] 1/3*x73 + 2x(x - 1)*e"x + 1/2%e” (2*x)
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Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.75

2x 3

/(e“”—l—gv)2 dx=e7—2e”+2xem+%

[In] int((x + exp(x))~2,x)
[Out] exp(2*x)/2 - 2%exp(x) + 2*x*exp(x) + x73/3
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3.15 [ (2¢* + €** + x?) dx

Optimal result . . . . . . . . . . . . e 106
Rubi [A] (verified) . . . . . . . . 106
Mathematica [A] (verified) . . . . . . . . . . .. 107
Maple [A] (verified) . . . . . . ... 107
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 107
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 108
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 108
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 108}
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 108

Optimal result

Integrand size = 14, antiderivative size = 22

62$ 1.3

T 2 2 _ T _ _
/(26 + € 4+ 2%) dz = 2" + 5 +3

[Out] 2*exp(x)+1/2*exp(2*x)+1/3*x~3

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 1, Bumber of rules _ 4 471 Ryjes used = {2225}
integrand size

3 e2x

/(26x+62w+$2) de =" 492¢° 4+
3 2

[In] Int[2*E~x + E~(2*x) + x~2,x]

[Out] 2*E"x + E~(2*x)/2 + x~3/3

Rule 2225

Int[((FL)~((c_)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(cx(a +
b*x))) “n/(bxc*n*Log[F]), x] /; FreeQ[{F, a, b, c, n}, x]

Rubi steps
23
integral = 3 +2 / e’ dr + / e? dx
6235 3

X
=% 4+ 4
e+2+3



Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/(2ez+e2m+x2>

[In] Integrate[2*E~x + E~(2*x) + x72,x]
[Out] 2#E"x + E~(2*x)/2 + x~3/3

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.77

2z

2

3

dz=2e“—|—e—+x—

3

method result size
default 2e” + 8271 + ””3—3 17
norman 2e” + % + z3—3 17
risch 2e7+ &1 +2 | 17
parallelrisch | 2e* + % + ””3—3 17
parts 2e” + % + %—3 17

[In] int(2*exp(x)+exp(2*x)+x~2,x,method=_RETURNVERBOSE)

[Out] 2*exp(x)+1/2*exp(2*x)+1/3*x~3

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

1 1
/(26“’+e2“+x2) dz = —x3+§e(2”")—|—26“

[In] integrate(2*exp(x)+exp(2*x)+x~2,x, algorithm="fricas")

[Out] 1/3%x"3 + 1/2%e”~(2*x) + 2%e"x

3
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Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.68

3 2z
/(2ez+e2w+x2) dm=%+%+2ew

[In] integrate(2*exp(x)+exp(2*x)+x**2,x)

[Out] x*x3/3 + exp(2*x)/2 + 2*exp(x)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

1 1
/(26””+62’”—|—x2) dx = §m3+§e(2x)+2e’”

[In] integrate(2*exp(x)+exp(2*x)+x~2,x, algorithm="maxima")

[Out] 1/3%x"3 + 1/2%e”~(2*x) + 2*e"x

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

1 1
/ (26”’ + e +a:2) dr = gx?’ + 56(2”’) +2e”
[In] integrate(2*exp(x)+exp(2*x)+x~2,x, algorithm="giac")

[Out] 1/3*x"3 + 1/2*xe”(2*x) + 2*e"x

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

2 3

/(26"’+62x+x2) dx:e?+2ex+%

[In] int(exp(2*x) + 2*exp(x) + x72,Xx)
[Out] exp(2*x)/2 + 2%exp(x) + x~3/3
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3.16 | cos(z) sin(zx) dz

Optimal result . . . . . . . . . . . . e 109
Rubi [A] (verified) . . . . . . . . 109
Mathematica [A] (verified) . . . . . . . . . .. 17101
Maple [A] (verified) . . . . . . ... 110
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 11T
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... 111l
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 111
Giac [A] (verification not implemented) . . . . . . ... ... ... ... 111
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 112

Optimal result

Integrand size = 5, antiderivative size = 8

/cos(w) sin(z) dz = : 5
[Out] 1/2*sin(x)"~2

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

_ __ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.400, Rules used = {2644,
30}

sin?(x)

/ cos(z) sin(z) dz = 5

[In] Int[Cos[x]*Sin[x],x]
[Out] Sin[x]~2/2
Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2644

Int[cos[(e_.) + (£_)*(x )1 (n_.)*((a_.)*sin[(e_.) + (£_D)*&)DD"(m_.), x_
Symbol] :> Dist[1/(axf), Subst[Int[x"m*(1 - x~2/a"2)"((n - 1)/2), x], x, a*
Sin[e + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] && !'(In
tegerQ[(m - 1)/2] && LtQ[0, m, n])
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Rubi steps
integral = Subst( / z dz, z,sin(z))

_ sin’®(z)
2

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ cos(z) sin(z) dz = —% cos? ()
[In] Integrate[Cos[x]*Sin[x],x]

[Out] -1/2%Cos[x]~2

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

method result size
derivativedivides w 7
default (e’ () 7
. cos(2z)

risch - 7

. cos(2z)
parallelrisch ;11 — % 9

2(tan?(%))
norman WZ 19
; )

meijerg —=— | 19

[In] int(cos(x)*sin(x),x,method=_RETURNVERBOSE)
[Out] 1/2*sin(x) "2
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Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/cos(x) sin(z) dz = —= cos (z)°

[In] integrate(cos(x)*sin(x),x, algorithm="fricas")

[Out] -1/2%cos(x)~2
Sympy [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.62

sin? ()

/ cos(z) sin(z) dz = 5

[In] integrate(cos(x)*sin(x),x)

[Out] sin(x)**2/2

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/cos(x) sin(z) dz = —% cos (z)°

[In] integrate(cos(x)*sin(x),x, algorithm="maxima")

[Out] -1/2*cos(x)"2

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/cos(a:) sin(z) dz = —% cos (z)?

[In] integrate(cos(x)*sin(x),x, algorithm="giac")

[Out] -1/2*cos(x)"2
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/cos(:z:) sin(z) dx = : 5

[In] int(cos(x)*sin(x),x)

[Out] sin(x)~2/2
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3.17 | e d

Optimal result . . . . . . . . . . . e 113l
Rubi [A] (verified) . . . . . . . . . 113
Mathematica [A] (verified) . . . . . . . . . .. L 114
Maple [A] (verified) . . . . . . . . 114
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... 114
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ..... 115
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. I
Giac [A] (verification not implemented) . . . . . . .. ... .. .. L. 115
Mupad [B] (verification not implemented) . . .. .. ... .. ... .. ....... 115

Optimal result

Integrand size = 7, antiderivative size = 9

2

2 e*
Yrdr = —
/6 T axr 9

[Out] 1/2*exp(x~2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Bumber of rules _ 5 143 Ryjes ysed = {2240}
integrand size

2
2 e*
X d__
/6 T axr = 9

[In] Int[E~x"2*x,x]

[Out] E"x"2/2

Rule 2240

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_))*((e_.) + (£_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(e + fx*x)"n*(F~(a + b*(c + d*x)"n)/(b*f*n*(c + d*x)"n

*Log[F1)), x] /; FreeQ[{F, a, b, ¢, d, e, f, n}, x] && EqQ[m, n - 1] && EqQ
[dxe - cxf, 0]

Rubi steps

2

integral = €
gral =



Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

2

2 e*
z d _——
/re T axr B

[In] Integrate[E"x"2#x,x]
[Out] E~x"2/2

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.78

method result size

o]
8

gosper

8 l\')|
[

a

derivativedivides

|
[

[0}
8

default

8 N
»

norman

8 N

(¢}

risch

(¢}
b, vl
»

parallelrisch

4|

2

e(E
+ 2

|CD
© N N9 9 9 9=

N =

meijerg -

erﬁ(:vQ)\/Trz _ ﬁ(” erﬁ(z%ﬁ) 929

parts 3

[In] int(exp(x~2)*x,x,method=_RETURNVERBOSE)
[Out] 1/2%exp(x~2)

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.67

2 1 /2
/exa:dx=§e(x)

[In] integrate(exp(x~2)*x,x, algorithm="fricas")

[Out] 1/2%e~(x"2)
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.56

2

2 e’
& d —_ —
/6 T axr 5

[In] integrate(exp(x**2)*x,x)

[Out] exp(x**2)/2

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.67

2 1
/ex zdx = 56(””2)

[In] integrate(exp(x~2)*x,x, algorithm="maxima")
[Out] 1/2%e”(x72)
Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.67

2 1 /2
/exa:dx=§e(x)

[In] integrate(exp(x~2)*x,x, algorithm="giac")

[Out] 1/2*%e”(x"2)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.67

2

2 e
z d = —
/6 xr axr 9

[In] int(x*exp(x~2),x)
[Out] exp(x~2)/2
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3.18 [2xV1+z?dx

Optimal result . . . . . . . . . . . . e 1716l
Rubi [A] (verified) . . . . . . . . 116
Mathematica [A] (verified) . . . . . . . . . ... 117
Maple [A] (verified) . . . . . . ... 117
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 117
Sympy [B] (verification not implemented) . . . ... ... ... ... ....... 118
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... .. 118
Giac [A] (verification not implemented) . . . . . . ... ... ... 118
Mupad [B] (verification not implemented) . . ... ... ... ... .. ....... INE)

Optimal result

Integrand size = 11, antiderivative size = 13
1
/xvl +22dr = §(1 +x2)3/2
[Out] 1/3%(x~2+1)~(3/2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00, number

_ __ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.091, Rules used = {267}

3/2

/z\/1+:v2dx=

HEES)
[In] Int[x*Sqrt[l + x~2],x]

[Out] (1 + x~2)~(3/2)/3

Rule 267

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps

3/2

integral = (1 + xz)

Wl
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Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/x\/1+x2dx=

(1 + $2)3/2

Wl

[In] Integrate[x*Sqrt[1 + x~2],x]
[Out] (1 + x72)7(3/2)/3

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
(2+1)2
gosper . 10
3
derivativedivides | <1 10
3
default @) 10
3
risch (#:1) : 10
3
pseudoelliptic (“"2:1) : 10
trager (%2 + %) x2+1 16
N (2z2+2) Vz2+1
meijerg -3 1 ﬁ3 31

[In] int(x*(x"2+1)~(1/2),x,method=_RETURNVERBOSE)
[Out] 1/3*(x~2+1)~(3/2)

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69
3
2

(a*+1)

/m\/1+x2dx=%

[In] integrate(x*(x~2+1)~(1/2),x, algorithm="fricas")
[Out] 1/3*x(x"2 + 1)~(3/2)
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 22 vs. 2(8) = 16.

Time = 0.07 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.69

V2 +1 Va2 +1

/a:\/1+x2dx= 3 + 3

[In] integrate(x*(x**2+1)**x(1/2),x)
[Out] x**2*sqrt(x**2 + 1)/3 + sqrt(x**2 + 1)/3

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

3
2

/x\/1+x2dx=%(x2+1)

[In] integrate(x*(x~2+1)~(1/2),x, algorithm="maxima")

[Out] 1/3%(x~2 + 1)~(3/2)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

3
2

/x\/1+x2dx:%(x2+1)

[In] integrate(x*(x~2+1)~(1/2),x, algorithm="giac")
[Out] 1/3*x(x"2 + 1)7(3/2)
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Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

3/2

2
/x\/1+z2dx:%

[In] int(xx(x"2 + 1)~(1/2),x)
[Out] (x~2 + 1)°(3/2)/3
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e

3.19 T dx

Optimal result . . . . . . . . . . 120
Rubi [A] (verified) . . . . . . ... .. 120
Mathematica [A] (verified) . . . . . . .. ... L 1211
Maple [A] (verified) . . . . . . . .. 1211
Fricas [A] (verification not implemented) . . . . . . .. . ... ... ... ... .. 121
Sympy [A] (verification not implemented) . . . .. ... ... .. ... ... ... 122
Maxima [A] (verification not implemented) . . . . . . . ... ... ... L. 1221
Giac [A] (verification not implemented) . . . . . . . .. ... ..o L. 122
Mupad [B] (verification not implemented) . . . ... ... ... ... .. ...... 122

Optimal result

Integrand size = 11, antiderivative size = 6

e’ -
/1+emdz—log(1+e)

[Out] 1n(1+exp(x))

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 0.182, Rules used = {2278,
integrand size
31}

e’ w
/1+emdx—log(e +1)

[In] Int[E~x/(1 + E~x),x]
[Out] Logl[1l + E~x]
Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 2278

Int[((F_)~((e_.)*((c_.) + (d_D)*x_)))"(a_.)*x((a_) + (b_.)*x((F_)~((e_.)*((
c_.) + (d_)*(xx)))"(n_.))"(p_.), x_Symbol] :> Dist[1/(d*e*n*Log[F]), Subs
t[Int[(a + b*x)"p, x], x, (F~(ex(c + d*x)))"n], x] /; FreeQ[{F, a, b, c, d,
e, n, p}, x]
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Rubi steps

1
integral = Subst ( / dz, z, ex)
1+z

=log (1 + €)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.00

[ e =181+ €)

[In] Integrate[E"x/(1 + E7x),x]
[Out] Log[1l + E~x]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.00

method result size
derivativedivides | In (1 +e*) | 6
default In(1+¢€*) |6
norman In(l1+¢€%) | 6
risch In(l1+¢€%) | 6
parallelrisch In(1+e*) |6

[In] int(1/(1+exp(x))*exp(x),x,method=_RETURNVERBOSE)
[Out] 1n(1+exp(x))

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.83

e’ x
/1+emdz—log(e +1)

[In] integrate(exp(x)/(1+exp(x)),x, algorithm="fricas")
[Out] log(e”x + 1)
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.83

e’ -
/1+6xdx—log(e +1)

[In] integrate(exp(x)/(1+exp(x)),x)
[Out] log(exp(x) + 1)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.83

/1j_e$dm=log(ez+1)

[In] integrate(exp(x)/(1+exp(x)),x, algorithm="maxima")
[Out] log(e”x + 1)
Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.83

/1j_ewda:=log(ex+1)

[In] integrate(exp(x)/(1+exp(x)),x, algorithm="giac")

[Out] log(e”x + 1)

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.83

/1_T_exdx=ln(e””—|—1)

[In] int(exp(x)/(exp(x) + 1),x)
[Out] log(exp(x) + 1)



3.20 | 32 dx

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . ... .
Mathematica [A] (verified) . . . . . . . . ... L
Maple [A] (verified) . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . . . ... ... ... ... ... .
Sympy [A] (verification not implemented) . . .. .. ... ... ... .. ... ..
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L.
Giac [A] (verification not implemented) . . . . . . . .. ... ..o L.
Mupad [B] (verification not implemented) . . . ... ... .. ... .. .......

Optimal result

Integrand size = 5, antiderivative size = 9

) 5/2
/:c3/2dx= z5

[Out] 2/5%x~(5/2)

Rubi [A] (verified)

123

Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00, number

— 1. humber of rules

of steps used = 1, number of rules used

5

[In] Int[x~(3/2),x]
[Out] (2*xx~(5/2))/5
Rule 30

> integrand size

2 5/2
/w3/2 dx = a2

= 0.200, Rules used = {30}

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] & N

eQ[m, -1]

Rubi steps
215/2

5

integral =
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Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

2 5/2
/x3/2 dr = _x5

[In] Integrate[x~(3/2),x]
[Out] (2*x~(5/2))/5

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.67

method result | size
5
2xr?2
gosper == 6
5
derivativedivides 2””?7 6
5
default 22 6
5
trager zZ2 16
5
risch 2“"72 6

[In] int(x~(3/2),x, meth0d=_RETURNVERBOSE)
[Out] 2/5%x~(5/2)

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.56

/w3/2dx=

[In] integrate(x~(3/2),x, algorithm="fricas")
[Out] 2/5%x~(5/2)

ot

ol N
8
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.78

2x
3/2d —
/.’E T 5

Njon

[In] integrate(x**(3/2),x)
[Out] 2*x**(5/2)/5

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.56

2
/w3/2dx= gx%

[In] integrate(x~(3/2),x, algorithm="maxima")
[Out] 2/5%x~(5/2)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.56

/$3/2dx=

[In] integrate(x~(3/2),x, algorithm="giac")
[Out] 2/5%x~(5/2)

5
T2

ol N

Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.56

9 5/2
/a:3/2dx= 3;

[In] int(x~(3/2),x)
[Out] (2*x~(5/2))/5
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3.21 [ cos(3 + 2z) dzx

Optimal result . . . . . . . . . . . e 126
Rubi [A] (verified) . . . . . . . . 126
Mathematica [A] (verified) . . . . . . . . . . .. 1271
Maple [A] (verified) . . . . . . ... 127
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 127
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 128]
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 128
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 128]
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 128

Optimal result

Integrand size = 6, antiderivative size = 10
1,
/cos(3 +2z)dz = 3 sin(3 + 2z)
[Out] 1/2*sin(3+2%x)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00, number

_ __ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.167, Rules used = {2717}

/cos(3 +2z)dz = % sin(2z + 3)

[In] Int[Cos[3 + 2*x],x]
[Out] Sin[3 + 2xx]/2
Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rubi steps

1
integral = 3 sin(3 + 2z)
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Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

1
/cos(3 +2z)dx = 3 sin(3 + 2x)
[In] Integrate[Cos[3 + 2*x],x]

[Out] Sin[3 + 2*x]/2

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.90

method result size
derivativedivides w 9
default Sm(?’THz) 9
risch —Sin(?’; 22) 9
parallelrisch w 9
tan ( 3 +w)
norman m ].6
. in(3)v/m (L _ cos(2x)

meijerg il ;m(%) LA ( \f = ) 30

[In] int(cos(3+2#*x),x,method=_RETURNVERBOSE)
[Out] 1/2*sin(3+2*x)

Fricas [A] (verification not implemented)
none

Time = 0.24 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/cos(3 +2z)dz = % sin (2z + 3)

[In] integrate(cos(3+2*x),x, algorithm="fricas")

[Out] 1/2*sin(2*x + 3)
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Sympy [A] (verification not implemented)
Time = 0.04 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.70
/cos(3 +2z)dx = w

[In] integrate(cos(3+2%*x),x)

[Out] sin(2*x + 3)/2

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/008(3 +2z)dx = % sin (2z + 3)

[In] integrate(cos(3+2*x),x, algorithm="maxima")

[Out] 1/2*sin(2*x + 3)

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/cos(3 +2z)dz = % sin (2z + 3)

[In] integrate(cos(3+2#x),x, algorithm="giac")

[Out] 1/2*sin(2*xx + 3)

Mupad [B] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80
in (2
/cos(3 + 2z)dz = w

[In] int(cos(2*x + 3),x)
[Out] sin(2*xx + 3)/2
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3.22 [ 2e**yz dx

Optimal result . . . . . . . . . . e 129
Rubi [A] (verified) . . . . . . . . 129
Mathematica [A] (verified) . . . . . . . . . .. 1301
Maple [A] (verified) . . . . . . . .. 130
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ... ..., 131
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... . 131
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. 131
Giac [A] (verification not implemented) . . . . . . . .. ... L. 131
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 132

Optimal result

Integrand size = 9, antiderivative size = 8

/ 2e*yz dx = e**yz
[Out] exp(2*x)*y*z

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.222, Rules used = {12,
integrand size
2225

/ 2e¥yz dr = e*®yz

[In] Int[2+E"(2%*x)*y*z,x]
[Out] E~(2%x)*y*z
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2225

Int[((F_)~((c_)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(cx(a +
b*x))) “n/(bxcxn*Log[Fl), x] /; FreeQ[{F, a, b, c, n}, x]
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Rubi steps
integral = (2yz) / e’ dx

= e*yz

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ 2e*yz dx = e**yz
[In] Integrate[2*E~(2*x)*y*z,x]

[Out] E~(2%x)*y*z

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

method result size
gosper e?®yz 8
derivativedivides | e*®yz 8
default e?®yz 8
norman e?®yz 8
risch e?yz 8
parallelrisch e?yz 8
parts e?yz 8
meijerg —yz(1—e*) | 13

[In] int(2%exp(2*x)*y*z,x,method=_RETURNVERBOSE)
[Out] exp(2%x)*y*z
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Fricas [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

/262”3/2 dz = yze®?)

[In] integrate(2*exp(2*x)*y*z,x, algorithm="fricas")

[Out] y*zxe™(2*x)

Sympy [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

/ 2e¥yz dx = yze®®

[In] integrate(2*exp(2*x)*y*z,x)
[Out] y*z*exp(2*x)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

/262zyz dz = yze®?)

[In] integrate(2*exp(2*x)*y*z,x, algorithm="maxima")

[Out] y*z*xe~(2*x)

Giac [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

/ 2%y z dx = yze®®)

[In] integrate(2*exp(2*x)*y*z,x, algorithm="giac")

[Out] y*z*xe~(2*x)
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88
/ 2e*%yzde =y ze?®

[In] int(2*y*z*exp(2%*x),x)
[Out] y*z*xexp(2+*x)
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3.23 [ €*cos? (€%) sin (e%) dz

Optimal result . . . . . . . . . . . . e 133
Rubi [A] (verified) . . . . . . . . 133
Mathematica [A] (verified) . . . . . . . . . ... 134
Maple [A] (verified) . . . . . . ... 134
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 135]
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 135]
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 135
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. 1361
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 136

Optimal result

Integrand size = 14, antiderivative size = 10
T 2(,.T\ o3 T 1 3 (,x
e” cos” (e”) sin (€¥) dzx = —3 cos (€%)
[Out] -1/3*cos(exp(x))~3

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00, number

_ __ o number of rules _ _
of steps used = 3, number of rules used = 3, integrand size 0.214, Rules used = {2320,
2645, 30}

/e”" cos® (¢%) sin (%) dz = —% cos® (%)

[In] Int[E~x*Cos[E~x]"2*Sin[E"x],x]
[Out] -1/3*Cos[E~x]"3
Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
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(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2645

Int[(cos[(e_.) + (£_)*x(x_)]*(a_.))"(m_.)*sin[(e_.) + (£_)*xx )] "(n_.), x_
Symbol] :> Dist[-(a*f)~(-1), Subst[Int[x"m*(1 - x"2/a"2)"((n - 1)/2), x], x
, axCos[e + fx*x]], x] /; FreeQl[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] &&

| (IntegerQ[(m - 1)/2] && GtQ[m, O] && LeQ[m, nl)

Rubi steps

integral = Subst ( / cos®(x) sin(z) dz, , ez>

— —Subst ( / z? dz, T, cos (ew))

=—3 cos® (%)

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.90

/e“ cos? (%) sin (€”) dz = _411 cos (e¥) — 1—12 cos (3e”)

[In] Integrate[E"x*Cos[E"x]~2*Sin[E~x],x]
[Out] -1/4%Cos[E"x] - Cos[3*E"x]/12

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

method result size

derivativedivides | — (Coszi)) 8

default (el 8

risch —cosffz) - C°S(13;ez) 14

parallelrisch 35— Cos(e ) _ cos(lzew) 15
_o(tant (<)) _2

norman (21(;%5 (2922)) ) 2 24




[In] int(exp(x)*cos(exp(x)) 2*sin(exp(x)),x,method=_RETURNVERBOSE)

[Out] -1/3*cos(exp(x))~3

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.70

/e‘” cos? (¢%) sin (%) dz = —% cos (e%)°

[In] integrate(exp(x)*cos(exp(x))~2*sin(exp(x)),x, algorithm="fricas")

[Out] -1/3*cos(e”x)"3

Sympy [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

3 (px
/e”” cos® (e¥) sin (e%) dz = _o® 3(6 )

[In] integrate(exp(x)*cos(exp(x))**2*sin(exp(x)),x)

[Out] -cos(exp(x))**3/3

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.70

/ew cos? (¢%) sin (%) dx = —% cos (%)’

[In] integrate(exp(x)*cos(exp(x)) 2*sin(exp(x)),x, algorithm="maxima")

[Out] -1/3*cos(e"x)"3

135
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Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.70

/e“’ cos? (¢%) sin (%) dz = —% cos (e%)°

[In] integrate(exp(x)*cos(exp(x))~2*sin(exp(x)),x, algorithm="giac")

[Out] -1/3*cos(e”x)"3

Mupad [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.70

/egc cos? (¢%) sin (%) dz = — 3

[In] int(cos(exp(x))~2*sin(exp(x))*exp(x),x)

[Out] -cos(exp(x))~3/3
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3.24 [zv1+zdz

Optimal result . . . . . . . . . . e 137
Rubi [A] (verified) . . . . . . . . 137
Mathematica [A] (verified) . . . . . . . . ... . 138
Maple [A] (verified) . . . . . . . . . . 138
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 138
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 139
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 1391
Giac [A] (verification not implemented) . . . . . . . ... ... ... L. 139
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 139

Optimal result

Integrand size = 9, antiderivative size = 23

/J:\/l—i-—a:dx = —;(1 + )% 4 %(1 + )52
[Out] -2/3%(1+x)~(3/2)+2/5%(1+x)~(5/2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 2, number of rules used = 1, integrand size — 0.111, Rules used = {45}

2 2
/a:\/1+xdx = 5(ac—i-1)5/2 — g(x+ 1)%/2

[In] Int([x*Sqrt[1 + x],x]
[Out] (-2x(1 + x)7(3/2))/3 + (2x(1 + x)~(5/2))/5
Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7#*m + 4*n + 4, 0]) || LtQ[9*m + 5*x(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

integral = / <—\/1 +z+(1+ x)3/2> dx

2 2
=30+ z)3/% + S+ x)5/2



Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.78

/x\/_l T ods = %(1 +2)¥2(=5 +3(1 + )

[In] Integrate[x*Sqrt[1 + x],x]

[Out] (2*x(1 + x)~(3/2)*(-5 + 3*(1 + x)))/15

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.57

method result size
osper 2(1+0)% (-2430) 13
gOSp 15
3 5
derivativedivides | — 2(1?) LA 2(1?)7 16
3 5
2(14+z)2 2(14+x) 2
default e 16
risch 2 (3x2+x1—52) Vitz 16
trager (2224 20— 4)V1+z |17
_M+4ﬁ(1+w>% (2-32)
meijerg b NG 15 27
[In] int(x*(1+x)~(1/2),x,method=_RETURNVERBOSE)

[Out] 2/15%(1+x)~(3/2)*(-2+3%x)

Fricas [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.65

2
/x\/l—l—:vdx:1—5(3x2+x—2)\/z+1

[In] integrate(x*(1+x)~(1/2),x, algorithm="fricas")
[Out] 2/15%(3*x"2 + x - 2)*sqrt(x + 1)

138
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Sympy [A] (verification not implemented)

Time = 0.56 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.48

2
— 2V V4 2V 1
/x 1+xda:=2x x—|-1+2x :v—|—1_4 T+

5 15 15

[In] integrate(x*(1+x)**(1/2),x)
[Out] 2*x**2*sqrt(x + 1)/5 + 2*x*sqrt(x + 1)/15 - 4*xsqrt(x + 1)/15

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.65

Nt
(NI

/x\/1+xdx=§(x+1) —;(x+1)

[In] integrate(x*(1+x)~(1/2),x, algorithm="maxima")

[Out] 2/5%(x + 1)7(5/2) - 2/3*%(x + 1)7(3/2)

Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.65

2 2
/x\/1+xdm=g(x+1)g—§(x+1)

(S

[In] integrate(x*(1+x)~(1/2),x, algorithm="giac")
[Out] 2/56%x(x + 1)7(5/2) - 2/3x(x + 1)~(3/2)

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.52

) @+ 1)

/r\/l—l—xdm= 2(3a7—215

[In] int(x*x(x + 1)~(1/2),x)
[Out] (2*x(3*x - 2)*(x + 1)7(3/2))/15
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3.25 [ dx

—1+2*
Optimalresult . . . ... ... . ... ... . . 140
Rubi [A] (verified) . . . . . . . . . . 1401
Mathematica [A] (verified) . . . . . . .. ... L Lo 141
Maple [A] (verified) . . . . . . ... 141
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... .. 142
Sympy [A] (verification not implemented) . . . ... ... ... ... ....... 142
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... .. 142
Giac [B] (verification not implemented) . . . . . . . . ... .. ... ... 1421
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 143

Optimal result

Integrand size = 7, antiderivative size = 13

42T T 2

/ 1 p arctan(z)  arctanh(z)

[Out] -1/2*arctan(x)-1/2*arctanh(x)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00, number

_ __ o number of rules _ _
of steps used = 3, number of rules used = 3, integrand size 0.429, Rules used = {218,
212, 209}

e 2

/ 1 arctan(z)  arctanh(z)

[In] Int[(-1 + x~4)"(-1),x]
[Out] -1/2*ArcTan[x] - ArcTanh[x]/2
Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0]1)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)
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Rule 218

Int[((a)) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[-a/b, 2
11, s = Denominator[Rt[-a/b, 2]]1}, Dist[r/(2*%a), Int[1/(r - s*x~2), x], x]

+ Dist[r/(2%a), Int[1/(r + s*x~2), x], x]] /; FreeQ[{a, b}, x] & !'GtQ[a/b
, 0]

Rubi steps

) 1 1 1 1
1ntegral:—<§/1_w2dx)—5/1+x2dx

_arctan(z) arctanh(z)
S22

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.92

/ 1 p arctan(zx)

1 1
I —I—Zlog(l—x)—zlog(l—l—x)

[In] Integrate[(-1 + x74)~(-1),x]

[Out] -1/2%ArcTan[x] + Logl[l - x]/4 - Logll + x]/4

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size

default _afctzn(@ _ arcta;h(x) 10

risch _arct;n(w) _ ln(14+x) + ln(—i+x) 18

parallelrisch ““(Z"i) — ““(Z‘“‘i) _ 111(14+:v) + ln(—i+z) 30
Ay : ) e e

meiferg z(ln(l ( )Z) 1n(1:-($));> 2arctan((m )Z)) .

[In] int(1/(x"4-1),x ,method=_RETURNVERBOSE)
[Out] -1/2*arctan(x)-1/2*arctanh(x)
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.31

1 1 1 1
/—1+x4 dw=—§ arctan(:c)—z log(ar:+1)-i-4—1 log (x — 1)

[In] integrate(1/(x"4-1),x, algorithm="fricas")
[Out] -1/2%arctan(x) - 1/4xlog(x + 1) + 1/4%log(x - 1)

Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.31

i a T 4 2

/ 1 _log(z—1) log(z+1) atan(z)

[In] integrate(1/(x**4-1),x)
[Out] log(x - 1)/4 - log(x + 1)/4 - atan(x)/2
Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.31

1 1 1 1
/_1+x4dx——§ arctan(x)—z 10g(av+1)-+—4—1 log (z — 1)

[In] integrate(1/(x"4-1),x, algorithm="maxima")
[Out] -1/2*arctan(x) - 1/4%log(x + 1) + 1/4%log(x - 1)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.27 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.46

/ 11 dx = —3 arctan (z) — 1 log (|z + 1|) + 1 log (|z —1|)

[In] integrate(1/(x"4-1),x, algorithm="giac")
[Out] -1/2%arctan(x) - 1/4*log(abs(x + 1)) + 1/4xlog(abs(x - 1))
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Mupad [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/ 1 dr — _atan(z) atanh(z)
—1+azt 2 2

[In] int(1/(x"4 - 1),x)
[Out] - atan(x)/2 - atanh(x)/2
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3.26 [;Sydz

+3e2%
Optimal result . . . . . . . . . . e 144
Rubi [A] (verified) . . . . . . . . . . 144
Mathematica [A] (verified) . . . . . . . . ... L Lo 145
Maple [A] (verified) . . . . . . . .. 145
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .... 146
Sympy [A] (verification not implemented) . . . ... ... ... ... .. ..... 146
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 146
Giac [A] (verification not implemented) . . . . . . . ... ... ... 1461
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 147

Optimal result

Integrand size = 15, antiderivative size = 18

/ e e arctan <\/§e’”>

2432 V6
[Out] 1/6*arctan(1/2*exp(x)*6~(1/2))*6~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

_ __ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.133, Rules used = {2281,
209}

o arctan ( %ew>
/ 2+ 3e%= do = V6

[In] Int[E~x/(2 + 3*E~(2*x)),x]

[Out] ArcTan[Sqrt[3/2]*E~x]/Sqrt[6]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 2281

Int[((a_) + (b_)*(F_)~((e_.)*((c_.) + (d_.)*(x_))))"(p_.)*(G_)~((h_.)*((f_
)+ (g_.)*(x_))), x_Symbol] :> With[{m = FullSimplify[d*e*(Log[F]/(gxh*Log
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[G]1))1}, Dist[Denominator [m]/(gxh*Log[G]l), Subst[Int[x~ (Denominator[m] - 1)
x(a + bxF~(cxe - d*ex(f/g))*x"Numerator[m])“p, x], x, G~ (h*((f + g*x)/Denom
inator[m]))], x] /; LtQ[m, -1] || GtQ[m, 111 /; FreeQ[{F, G, a, b, c, d, e,

f, g, h, p}, x]

Rubi steps

integral = Subst ( / 5 Az, x ex)
3

arctan ( 56””)

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ e i _arctan <\/§ew>

2+ 32 0 V6

[In] Integrate[E~x/(2 + 3*E~(2*x)),x]
[Out] ArcTan[Sqrt[3/2]*E~x]/Sqrt[6]

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

method | result size
arctan | €26 V6

default % 14
iv/6 In ew+@ iv6 In ew—i‘/g

risch (12 3 ) — (12 & ) 34

[In] int(exp(x)/(2+3%exp(2*x)),x,method=_RETURNVERBOSE)
[Out] 1/6*arctan(1/2*exp(x)*6~(1/2))*6~(1/2)
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.72

/ € dz = 1 V6 arctan <% \/ée’”)

2432 6

[In] integrate(exp(x)/(2+3%exp(2*x)),x, algorithm="fricas")
[Out] 1/6%sqrt(6)*arctan(1l/2*sqrt(6)*e”x)

Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

/ 5 +6362x dz = RootSum (242° + 1, (i — ilog (4i + €7)))

[In] integrate(exp(x)/(2+3*exp(2*x)),x)
[Out] RootSum(24* _z**2 + 1, Lambda(_i, _ix*log(4*_i + exp(x))))
Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.72

/ € dz = 1 V6 arctan (% \/ée”’)

2+3e2x 6

[In] integrate(exp(x)/(2+3%exp(2+*x)),x, algorithm="maxima")
[Out] 1/6%sqrt(6)*arctan(1/2*sqrt(6)*e”x)

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.72

/ © dzr = 1 V6 arctan (% \/66””)

2 + 3e2= 6

[In] integrate(exp(x)/(2+3*exp(2*x)),x, algorithm="giac")
[Out] 1/6%sqrt(6)*arctan(1l/2*sqrt(6)*e”x)



Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.72

54 30 = 6

/ e %atan(@)

[In] int(exp(x)/(3*exp(2*x) + 2),x)
[Out] (67(1/2)*atan((6~(1/2)*exp(x))/2))/6

147



148

3.27 | Ai dz

+Bei®
Optimal result . . . . . . . . . . . . 148
Rubi [A] (verified) . . . . . . . . 148
Mathematica [A] (verified) . . . . . . . . . .. 149
Maple [A] (verified) . . . . . . . .. 149
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .... 150
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 150
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... .. 150
Giac [A] (verification not implemented) . . . . . . . . ... .. L 1511
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 151

Optimal result

Integrand size = 17, antiderivative size = 31

\/EEZJJ
arctan( /A >

62:1:
dr =
/ A+ Bets ©° 9/ AV B

[Out] 1/2*arctan(exp(2*x)*B~(1/2)/A~(1/2))/A~(1/2)/B~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.118, Rules used = {2281,
211}

\/E 2x
arctan( \/% >

6235
dx =
/ A+ Bets 7 oV AVB

[In] Int[E~(2*x)/(A + B*+E~(4*x)),x]
[Out] ArcTan[(Sqrt[B]*E~(2*x))/Sqrt[A]]l/(2*Sqrt[A]l*Sqrt[B])
Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2281

Int[((a_) + (b_)*F_)"((e_)*x((c_.) + (d_.)*(x_)))) " (p_.)*(G_)~((h_.)*((f_
)+ (g_.)*(x_))), x_Symbol] :> With[{m = FullSimplify[d*e*(Log[F]/(g*h*Log
[G]1))1}, Dist[Denominator [m]/(g*h*Log[G]l), Subst[Int[x~(Denominator[m] - 1)
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x(a + bxF~(cxe - d*ex(f/g))*x"Numerator[m])“p, x], x, G~ (h*((f + g*x)/Denom
inator[m]))], x] /; LtQ[m, -1] || GtQ[m, 1]] /; FreeQ[{F, G, a, b, c, d, e,

f, g, h, p}, xl

Rubi steps

: 1 1 2x
integral = §Subst (/ A+ B2 dr,z,e )

\/E eQz
arctan (T)

2v/AVB

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00

e2e arctan (J\E}%h >
—  _dxr=
/ A+ Bets 7 oV AVB

[In] Integrate[E~(2#x)/(A + B*E~(4%*x)),x]
[Out] ArcTan[(Sqrt[B]*E~(2*x))/Sqrt[A]]/(2*Sqrt[A]*Sqrt[B])

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.65

method | result size
default % 20
2V/AB
. ln(eh—\/_‘:ﬁ) ln(e2x+ —AAB>
risch ——4/—ip 1V—AB 47

[In] int(exp(2*x)/(A+Bxexp(4*x)),x,method=_RETURNVERBOSE)

[Out] 1/2/(A*B)~(1/2)*arctan(Bxexp(x)~2/(A*B)~(1/2))
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 76, normalized size of antiderivative = 2.45

e v —AB]log (36(4 z)_geﬁ@ w)_A) vV AB arctan <—‘/E}e;_“) )
e dr= =
/A+B&Ew ,

4 AB B 2AB

[In] integrate(exp(2+*x)/(A+B*exp(4*x)),x, algorithm="fricas")

[Out] [-1/4*sqrt(-A*B)*log((B*xe~ (4*x) - 2*sqrt(-A*B)*e~(2xx) - A)/(B*e~(4*x) + A)
)/ (AxB), -1/2*sqrt(A*B)*arctan(sqrt(A*B)*e~ (-2*x)/B)/(A*B)]

Sympy [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.71

e?w | | | m
/ A Beiz 0% = RootSum (16z"AB + 1, (i ilog (44 + €*)))

[In] integrate(exp(2+*x)/(A+Bxexp(4*x)),x)
[Out] RootSum(16*_z**2*A*B + 1, Lambda(_i, _ix*log(4*_i*A + exp(2*x))))

Maxima [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.61

o2 arctan <%>
dzr =
/ A+ Bets 2\/AB

[In] integrate(exp(2+*x)/(A+B*exp(4*x)),x, algorithm="maxima")

[Out] 1/2*arctan(B*e”(2*x)/sqrt(A*B))/sqrt (A*B)
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Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.61

Be(22)
arctan < /4D )

e2a:
/ A+ B T T T 574

[In] integrate(exp(2+*x)/(A+Bxexp(4*x)),x, algorithm="giac")
[Out] 1/2*arctan(Bxe~(2*x)/sqrt(A*B))/sqrt(A*B)

Mupad [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.61

Be2m
/ o2 o — atan( Jﬁ)
A+ Bet= ™ 9./AB

[In] int(exp(2*x)/(A + Bkexp(4#*x)),x)
[Out] atan((Bxexp(2+*x))/(A*B)~(1/2))/(2x(A*B)~(1/2))
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eltz

3.28 o7 dx

Optimal result . . . . . . . . . . 152
Rubi [A] (verified) . . . . . . ... .
Mathematica [A] (verified) . . . . . . . . ... L L 153
Maple [A] (verified) . . . . . . . .. 153
Fricas [A] (verification not implemented) . . . . . . .. ... .. ... ... ... .. Y
Sympy [A] (verification not implemented) . . . ... ... ... . ... ... ..., 154
Maxima [A] (verification not implemented) . . . . . . . . .. ... ... 154
Giac [A] (verification not implemented) . . . . . . . ... ... L L 154
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 155

Optimal result

Integrand size = 13, antiderivative size = 8

el+:c
/1_'_690 dz = elog (1 + €)

[Out] exp(1)*1n(1+exp(x))

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, number of rules _ 0.231, Rules used = {2279,
integrand size
2278, 31}

el—{—w
/ e dz = elog (e + 1)

[In] Int[E"(1 + x)/(1 + E"x),x]
[Out] ExLogl[1l + E~x]
Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 2278

Int[((F_)~((e_.)*((c_.) + (d_D)*x_)))"(a_.)*x((a_) + (b_.)*x((F_)~((e_.)*((
c_.) + (d_)*(xx)))"(n_.))"(p_.), x_Symbol] :> Dist[1/(d*e*n*Log[F]), Subs
t[Int[(a + b*x)"p, x], x, (F~(ex(c + d*x)))"n], x] /; FreeQ[{F, a, b, c, d,
e, n, p}, x]
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Rule 2279

Int[((a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.))"(p_.)*((G_)~((
h_D)x((f_.) + (g_.)*(x_))))"(m_.), x_Symbol] :> Dist[(G~(h*x(f + g*x))) "m/(F
“(ex(c + d*x)))"n, Int[(F~(ex(c + d*x))) "n*(a + bx(F~(ex(c + d*x)))"n)"p, x
1, x] /; FreeQ[{F, G, a, b, c, d, e, f, g, h, m, n, p}, x] && EqQ[d*e*n*Log
[F], gxh*m*Logl[G]]

Rubi steps

ez
int l = d
integra, e/l—i—e” b

= eSubst (/ 1 dz,x, e”)
14z

=elog (1 + €°)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

61+m
/ e dx = elog (1 + €%)

[In] Integrate[E~(1 + x)/(1 + E"x),x]
[Out] ExLog[l + E~x]

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.12

method | result size
default | eln(1+¢€%) |9
norman | eln(1+¢€%) | 9
risch eln(14+¢€%) | 9

[In] int(exp(1+x)/(1+exp(x)),x,method=_RETURNVERBOSE)
[Out] exp(1)*1n(1l+exp(x))
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Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.38

61+x
/ T e dz = elog (e + @)

[In] integrate(exp(1+x)/(1+exp(x)),x, algorithm="fricas")

[Out] exlog(e + e~ (x + 1))

Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

el—i—x
/1+e$ dx = elog (e + 1)

[In] integrate(exp(1+x)/(1+exp(x)),x)
[Out] Exlog(exp(x) + 1)
Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

el+:c
/l—l—ex dx = elog (e + 1)

[In] integrate(exp(1+x)/(1+exp(x)),x, algorithm="maxima")
[Out] ex*log(e”x + 1)
Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

el+a:
/ e dx = elog (e + 1)

[In] integrate(exp(1+x)/(1+exp(x)),x, algorithm="giac")

[Out] ex*log(e”x + 1)
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Mupad [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

el—}-m
/1+6xdm=eln(ez+l)

[In] int(exp(x + 1)/(exp(x) + 1),x)
[Out] exp(1)*log(exp(x) + 1)
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3.29 [(10e)* dz:

Optimal result . . . . . . . . . . . e 156
Rubi [A] (verified) . . . . . . . . 156
Mathematica [A] (verified) . . . . . . . . . . .. 1571
Maple [A] (verified) . . . . . . ... 157
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 157
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 158
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 158
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 158]
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 158

Optimal result

Integrand size = 5, antiderivative size = 12

e, (10e)®

[Out] (10*exp(1))~x/(1+1n(10))

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

_ __ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.200, Rules used = {2225}

(10e)*

/(106)”’ dx = 1+ Tog(10)

[In] Int[(10*E)"x,x]
[Out] (10%E)~x/(1 + Log[10])
Rule 2225

Int[((F)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(cx(a +
b*x))) “n/(bxc*n*Log[F]), x] /; FreeQ[{F, a, b, c, n}, x]

Rubi steps
(10e)*

. T G0 A
integra. 1+ log(10)



Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

[a0ey da

[In] Integrate[(10*E)~x,x]
[Out] (10%E)~x/Log[10*E]

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.25

(106)
0g(10

method result size
gosper l(nl(olg):) 15
parallelrisch 1(111(01'(3)):) 15
norman % 16
risch % 18
meijerg — % 20

[In] int((10*exp(1))~x,x,method=_RETURNVERBOSE)
[Out] 1/1n(10*exp(1))*(10*exp(1))~x

Fricas [A] (verification not implemented)

nomne

Time = 0.23 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

e(a: log(10)+zx)

/(106)30 de = log (10) + 1

[In] integrate((10*exp(1))~x,x, algorithm="fricas")
[Out] e~ (x*log(10) + x)/(log(10) + 1)

157
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

s, (10e)*

[In] integrate((10*exp(1))**x,x)
[Out] (10*E)**x/(1 + log(10))
Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

s, (10e)”
/(106) de = log (10¢)

[In] integrate((10*exp(1))~x,x, algorithm="maxima")

[Out] (10*e)~x/log(10%*e)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.08

- (10 e)”
/(106) dx = Tog (10) + 1

[In] integrate((10%exp(1))~x,x, algorithm="giac")

[Out] (10%e)~x/(log(10) + 1)

Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00
m 10% e*

/(106) 9@ = A0 +1

[In] int((10*exp(1))~x,x)
[Out] (10"x*exp(x))/(log(10) + 1)
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3.30 [ z?sin (z?) dz

Optimal result . . . . . . . . . . e 159
Rubi [A] (verified) . . . . . . . . 159
Mathematica [A] (verified) . . . . . . . . . .. 160!
Maple [A] (verified) . . . . . . ... 161
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ... ..., 161
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... . 161l
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 162
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. 162
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 162

Optimal result

Integrand size = 8, antiderivative size = 20

(2
/x3 sin (2°) do = —%xQ cos (z°) + sméx )

[Out] -1/2*x"2%cos(x"2)+1/2*sin(x"2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3 number of rules _ 0.375, Rules used = {3460,

’ integrand size
3377, 2717}

[In] Int[x~3%Sin[x"2],x]
[Out] -1/2*%(x"2*xCos[x~2]) + Sin[x"2]/2
Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dx*x]/d4, x] /;
FreeQ[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*Co
sle + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]
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Rule 3460

Int[(x_)~"(m_.)*((a_.) + (b_.)*Sin[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxSin[c + d*x])~p
, xJ, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQ[p, 11 || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps
1
integral = ESubst ( / z sin(x) dz, x,a:2>

= —%.’E2 CcOS (xQ) + %Subst (/ cos(z) dz, =, xz)

sin (z?)
2

= —%x2 cos (z%) +

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

i 2
/xS sin (27) dz = —%:ﬁ cos (z%) + %

[In] Integrate[x~3%Sin[x"2],x]
[Out] -1/2*%(x"2*Cos[x~2]) + Sin[x"2]/2



Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

method result size
. . .. wzcos(zz) mn(zz)
derivativedivides | —— +— 17
default _z co; (%) + Sin(;?) 17
I‘iSCh _$2 co;(z2) _|_ sin(2w2) 17
parallelrisch _ oPoos(a?) + sin(a?) 17
2 2
meijerg Vi (T + 500 27
z2
z2+m2<mn2(if))+¢an<gz>
norman z ian? (ﬁ) 2 39
an 7
3 2(2 S(\/\/i;fv)\/iws 212005(12) 2sin( 2)
V27 S V2z )3 " 7r3 3 ar?
parts v 2( i ) - 2 7 69

[In] int(x"3*sin(x"2),x,method=_RETURNVERBOSE)
[Out] -1/2*x"2%cos(x"2)+1/2*sin(x"2)

Fricas [A] (verification not implemented)

nomne

Time = 0.25 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

/ x3sin (x2) dxr =

1 1 .
-5 z®cos (z°) + 5 sin (z)

[In] integrate(x~3*sin(x"2),x, algorithm="fricas")

[Out] -1/2*%x"2%cos(x"2) + 1/2*sin(x"2)

Sympy [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.75

/x3 sin (xz) dx

[In] integrate(x**3*sin(x**2),x)

z?cos(z?) = sin (z?)
2 2

[Out] -x**2*cos(x**2)/2 + sin(x**2)/2

161
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Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

/a:3 sin (2°) dz = —% z®cos (2°) + % sin (z°)

[In] integrate(x~3*sin(x"2),x, algorithm="maxima")

[Out] -1/2*x"2%cos(x"2) + 1/2*sin(x"2)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

/x?’ sin (xz) dr = —% x2 cos (:1:2) + % sin (x2)

[In] integrate(x~3*sin(x~2),x, algorithm="giac")

[Out] -1/2*x"2%cos(x"2) + 1/2*sin(x"2)

Mupad [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

sin (z?)  z? cos (z?)

3 2 _
/x sm(x)dx— 5 5

[In] int(x"3*sin(x"2),x)

[Out] sin(x"2)/2 - (x"2*cos(x"2))/2
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7
X
Optimal result . . . . . . . . . . e 163
Rubi [A] (verified) . . . . . . . . 163l
Mathematica [B] (verified) . . . . . . . . . ... 1651
Maple [A] (verified) . . . . . . ... 165
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .... 166!
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 1661
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 167
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 167l
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 167

Optimal result

Integrand size = 11, antiderivative size = 49

1—2z4
27 arctan( \/§> 1 . 1 A .
/1+x12da:—— 3 —Elog(l-l—w)—l-ﬂlog(l—x + z%)

[Out] -1/12%1n(x"4+1)+1/24*1n(x"8-x"4+1)-1/12*arctan(1/3*%(-2*xx~4+1)*37(1/2))*3~(1
/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.00, number

of steps used = 7, number of rules used = 7, number of rules _ 0.636, Rules used = {281,
integrand size

298, 31, 648, 632, 210, 642}

1—224

27 arctan( ﬁ> 1 . 1 o .
/mdx—— 3 —Elog(x +1)+ﬁlog(x —z'+1)

[In] Int[x"7/(1 + x~12),x]

[Out] -1/4*ArcTan[(1 - 2*x~4)/Sqrt[3]]1/Sqrt[3] - Logll + x"4]/12 + Logl[l - x74 +
x"8]/24

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, xI

Rule 210
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 281

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], %, X
“k], x] /; k '=1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 298

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> Dist[-(3*Rt[a, 3]1*Rt[b, 31)"(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x1, x] /; FreeQ[{a, b}, xl]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*xaxc - x~2, x], x], x, b + 2xc*xx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2*c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rubi steps

) 1 T 4
1ntegral=ZSubst(/1+x3 dx,x,x)
1 1 1 1+z
= —| —=Subst d 4 —Subst —d 4
(128us(/1+x x,x,x))+128us</1_x+x2 x,x,x)

=—Elog (1+:c )—I—ﬂSubst(/mdx,x,x )—I—gSubst(/mdl',xw’B >
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1 1 . s 1 1 A
=_Elog(1+x) ﬂlog(l—m +x)—ZSubst(/ﬂdx,x,—1+2m>

arctan (1"2“’4)
_ vi) _ 1 1 _
= e 12log(1+x) 24log(l z* + z°)

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 260 vs. 2(49) = 98.

Time = 0.12 (sec) , antiderivative size = 260, normalized size of antiderivative = 5.31

x’ 1 14++3 =22z 1—V3+2V2z
/—dx o1 <2\/§arctan< >—2\/§arctan< 3 )

1+ 12 1-+/3
-1 3+ 2v2 1 2
+2\/§arctan +\/_+ \/_w —2\/§arctan +\/_+ \/_w
1++3 —1++/3

—2log(1—\/§x+x2)—2log<1+\/_x+x2>
+log<2+\/§x—\/éx+2x2>+log<2+\/_( 1+\/_>a:+2x2>

+log<2—<\/§+\/5>x+2x2)+log<2+<\/_+\/_ w+2x )

[In] Integrate[x~7/(1 + x~12),x]

[Out] (2+Sqrt[3]*ArcTan[(1 + Sqrt[3] - 2xSqrt[2]*x)/(1 - Sqrt[3])] - 2xSqrt[3]*Ar
cTan[(1 - Sqrt[3] + 2#Sqrt[2]*x)/(1 + Sqrt[3]1)] + 2xSqrt[3]*ArcTan[(-1 + Sq

rt[3] + 2xSqrt[2]*x)/(1 + Sqrt([3])] - 2*Sqrt[3]*ArcTan[(1 + Sqrt[3] + 2*Sqr
t[2]*x) /(-1 + Sqrt[3])] - 2*Logl[l - Sqrt[2]*x + x~2] - 2*Logl[l + Sqrt[2]*x

+ x72] + Logl[2 + Sqrt[2]*x - Sqrt[6]*x + 2%x~2] + Logl[2 + Sqrt[2]*(-1 + Sqr
t[3])*x + 2*xx~2] + Logl[2 - (Sqrt[2] + Sqrt[6])*x + 2xx~2] + Logl[2 + (Sqrt[2

1 + Sqrt[6])*x + 2xx~2])/24

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.84



166

method | result size
zt—
default ln(m8;4z4+1) N arctan< (2 1231)\/§> V3 B ln(a:142+1) "
ek ln(4x8 ;le4+4) N arctan< (2””1‘;;1)%) V3 B ln(w142+1) i3
N x8 ln(1+(m12)%) x8 ln(l—(z12)%+(z12)%> a®V3 arctan(jf((;lj))i)
MEUEe | = )3 24(212)3 + 12(212)3 80

[In] int(x"7/(x"12+1) ,x,method=_RETURNVERBOSE)
[Out] 1/24*1n(x"8-x"4+1)+1/12*arctan(1/3*x(2*%x~4-1)*3"(1/2))*3~(1/2)-1/12%1n(x"4+1
)

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.82

7 1 1 4 1 5 A 1 .
/—1+x12dx—ﬁx/§arctan(§\/§(2x —1))+ﬂ10g(x —z +1)—Elog(x +1)

[In] integrate(x~7/(x"12+1),x, algorithm="fricas")

[Out] 1/12%sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~4 - 1)) + 1/24xlog(x"8 - x™4 + 1) - 1/
12x1og(x~4 + 1)

Sympy [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.94

V3zt V3
/ L __10g($4+1)+log(x8—x4+1)+\/§atan<%_?3>

14z2%7 12 24 12

[In] integrate(x**7/(x**12+1),x)
[Out] -log(x**4 + 1)/12 + log(x**8 - x**4 + 1)/24 + sqrt(3)*atan(2*sqrt(3)*x**4/3
- sqrt(3)/3)/12
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Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.82

x’ 1 1 1 1
/1+x12dm 12 3ar0tan(3\/§(2x4—1))+ﬁlog(rg—w4+1)—ﬁlog(x4+1)

[In] integrate(x~7/(x"12+1),x, algorithm="maxima")
[Out] 1/12%sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~4 - 1)) + 1/24x1log(x"8 - x74 + 1) - 1/
12%log(x~4 + 1)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.82

z’ 1 1 1 1
/—1+x12dm=E\/garctan(gx/g@x“ 1))+ﬂlog(x -z +1)—Elog(x +1)

[In] integrate(x~7/(x"12+1),x, algorithm="giac")
[Out] 1/12%sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~4 - 1)) + 1/24x1log(x"8 - x™4 + 1) - 1/
12*log(x~4 + 1)

Mupad [B] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.06

z” In (z* +1) . V31l 1 V31i
/—dx__—_ln T T 24+ 24

1+ x12 12

V31 1 1 /31
—|-ln<1'+ —5 ﬂ—i_ o4

[In] int(x"7/(x"12 + 1),x)
[Out] 1og((3"(1/2)*1i)/2 + x~4 - 1/2)*((37(1/2)*11)/24 + 1/24) - log(x~4 - (37(1/
2)x1i)/2 - 1/2)*((37(1/2)*11)/24 - 1/24) - log(x~4 + 1)/12
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3.32 [ 2% sin (z%*) dz

Optimal result . . . . . . . . . . . e 168]
Rubi [A] (verified) . . . . . . . .. . 168
Mathematica [A] (verified) . . . . . . . . ... L 169
Maple [C] (verified) . . . . . . . . . . 169
Fricas [F] . . . . . . 1701
Sympy [A] (verification not implemented) . . . . .. ... ... ... ... ... . 170
Maxima [F] . . . . . .o 1701
Giac [F] . . . o o Il
Mupad [F(-1)] . . o o Ival

Optimal result

Integrand size = 12, antiderivative size = 115

) a 20 —1t3a . 924
/ % sin (22°) dz = it (—iz®) > T(3(3+,), ™)
4a
i a(ian) (L (34 1) ia)
4a

[Out] 1/4%I*x~(1+3*a)*GAMMA(3/2+1/2/a,-Ixx~(2*a))/a/((-I*x~(2*a))~(1/2x(1+3%a)/a)
)-1/4xI*x~ (1+3*a) *GAMMA (3/2+1/2/a,I*x~ (2*a)) /a/ ((I*x~(2*a)) ~(1/2*(1+3%*a)/a)
)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.00,
_ _ o number of rules _

number of steps used = 3, number of rules used = 2, integrand size 0.167, Rules used

= {3504, 2250}

. a . a _3a;Ll . “
/m3“ sin (¢**) dx = i (—ig?)” = T(3(3+3),—ia™)
4a
) D5+ 1) i)
4a

[In] Int[x~(3*a)*Sin[x~(2*a)],x]

[Out] ((I/4)*x~(1 + 3*a)*Gamma[(3 + a~(-1))/2, (-I)*x~(2*a)])/(a*((-I)*x~(2*a))~(
(1 + 3*a)/(2%a))) - ((I/4)*x~(1 + 3*a)*Gamma[(3 + a~(-1))/2, I*x"(2¢a)])/(a
*(Ixx~(2%a))~((1 + 3*a)/(2*a)))

Rule 2250
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Int[(F_)~"((a_.) + (b_)*((c_.) + (A_.)*(x_))"(m ))*((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(-F~a)*((e + f*x)~(m + 1)/(f*n*((-b)*(c + d*x) n*xLogl
F1)"((m + 1)/n)))*Gamma[(m + 1)/n, (-b)*(c + d*x) n*Log[Fl], x] /; FreeQ[{F
,a, b, c, d, e, £, m, n}, x] && EqQ[d*e - c*f, 0]

Rule 3504

Int[((e_.)*(x_))"~(m_.)*Sin[(c_.) + (d_.)*(x_)~(n_)], x_Symbol] :> Dist[I/2,
Int[(e*x) " m*E~((-c)*I - d*xI*x"n), x], x] - Dist[I/2, Int[(e*xx) m*E~(c*I +
d*I*x"n), x], x] /; FreeQl{c, d, e, m, n}, x]

Rubi steps

1 . 2a 1 . on
integral = 5@ / e~ g3 dy — 51 / e 2% dg
- 143a( ;20\ 2% (1 1\ ;.2 143a(;2a\ 522 11 1\ ;.2
it (—iz?) L(3(3+1),—iz?) izlt3a(iz?) L(1(3+1),iz%)
- 4a B 4a

Mathematica [A] (verified)

Time = 0.31 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.23

/ z**sin (%) dz =

x1+a(m4a)_1;Ta (4a(x4a) e

2 cos (£2%) + (1 +a) (z’xz")%a L(4e, —iz?) + (14 a) (—ian)l;Ta NN

8a?

[In] Integrate[x~(3*a)*Sin[x~(2*a)],x]

[Out] -1/8*x(x~(1 + a)*(4*a*(x~(4*a))~((1 + a)/(2*a))*Cos[x~(2*a)] + (1 + a)*(I*x~
(2%a))~((1 + a)/(2*a))*Gamma [(1 + a)/(2*a), (-D)*x~(2*xa)] + (1 + a)*((-I)*x
~(2%a))~((1 + a)/(2%a))*Gamma[(1 + a)/(2*a), I*x~(2*a)]))/(a~2*(x~(4*a))~((

1+ a)/(2%a)))

Maple [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 4.

Time = 0.38 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.36

method | result size

4a
5a+1 5, 1.39, 1. =
z 1F2(4+4a’2’4+4a’ Z

meijerg Fori 41
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[In] int(x~(3*a)*sin(x~(2*a)),x,method=_RETURNVERBOSE)
[Out] 1/(5%a+1)#*x~(5%a+1)*hypergeom([5/4+1/4/al,[3/2,9/4+1/4/a],-1/4*xx"(4%a))

Fricas [F]
/x3“ sin (%) dz = /x“sin (z*) dz

[In] integrate(x~(3*a)*sin(x~(2*a)),x, algorithm="fricas")

[Out] integral(x~(3*a)*sin(x~(2*a)), x)

Sympy [A] (verification not implemented)

Time = 1.50 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.47

5a+1 5 1
et F(Z-I-E)lFQ(§ 94 1
274

/x?’“ sin (2°*) dz = W T+ D)

[In] integrate(x**(3%a)*sin(x**(2%a)),x)
[Out] x*x(5*a + 1)*gamma(5/4 + 1/(4xa))x*hyper((5/4 + 1/(4%a),), (3/2, 9/4 + 1/(4x
a)), -x*x(4%a)/4)/(4xaxgamma(9/4 + 1/(4x%a)))

Maxima [F]
/x3“ sin (x2“) dr = /m?’“sin (xza) dx

[In] integrate(x~(3*a)*sin(x~(2*a)),x, algorithm="maxima")

[Out] -1/2*(x*x"a*cos(x~(2%a)) - (a + 1)*integrate(x~a*cos(x~(2*a)), x))/a



Giac [F]

/x3“ sin () dz = /x“sin (z*) dz
[In] integrate(x~(3*a)*sin(x~(2*a)),x, algorithm="giac")
[Out] integrate(x~(3*a)*sin(x~(2*a)), x)

Mupad [F(-1)]

Timed out.

/ z3% sin (mQ“) dr = / 3% sin (zQ“) dz

[In] int(x~(3*a)*sin(x~(2*a)),x)

[Out] int(x~(3*a)*sin(x~(2*a)), x)

171
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3.33 [ cos (v/z) dz

Optimal result . . . . . . . . . . 172
Rubi [A] (verified) . . . . . . . . . . 1721
Mathematica [A] (verified) . . . . . . ... ... L o 173
Maple [A] (verified) . . . . . . . .. 173
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 174
Sympy [A] (verification not implemented) . . . ... ... .. .. ... ... ... . Ive!
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... Ive!
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 174
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 175

Optimal result

Integrand size = 6, antiderivative size = 22

/cos (Vz) dz = 2cos (vz) + 2¢/zsin (vz)
[Out] 2*cos(x~(1/2))+2*sin(x~(1/2))*x~(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ 500 Ryles used = {3443,

' integrand size
3377, 2718}

/cos (vVz) dz = 2y/zsin (vz) + 2cos (v/x)

[In] Int[Cos[Sqrt[x1],x]
[Out] 2#Cos[Sqrt[x]] + 2xSqrt[x]*Sin[Sqrt[x]]
Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*Co
sle + fxx], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, 0]

Rule 3443
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Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_))" (@ )1*(b_.))"(p_.), x_S
ymbol] :> Dist[1/(n*f), Subst[Int[x~(1/n - 1)*(a + b*Cos[c + d*x])"p, x], x
, (e + £*x)"n], x] /; FreeQ[{a, b, c, d, e, f}, x] & IGtQ[p, 0] && Integer
Q[1/n]

Rubi steps
integral = 2Subst ( / z cos(z) dz, , ﬁ)
= 2y/zsin (v/z) — 2Subst (/ sin(z) dz, z, \/5)
= 2cos (Vz) + 2v/zsin (Vz)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/cos (Vz) dz = 2cos (vz) + 2¢/zsin (vz)

[In] Integrate[Cos[Sqrt([x]],x]
[Out] 2*Cos[Sqrt[x]] + 2*Sqrt[x]*Sin[Sqrt [x]]

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.77

method result size
derivativedivides | 2cos (v/z) + 2sin (vZ) vz 17
default 2cos (v/) + 2sin (vz) VT 17
meijerg 4T (—ﬁ + CO;%E) + ﬁ;?};ﬁ)) 33

[In] int(cos(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 2*cos(x~(1/2))+2*sin(x~(1/2))*x~(1/2)
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/cos (\/a_v) dz = 2+/xsin (\/E) + 2 cos (\/5)

[In] integrate(cos(x~(1/2)),x, algorithm="fricas")
[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))

Sympy [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

/cos (Vz) dz = 2v/zsin (v/z) + 2cos (V)

[In] integrate(cos(x**(1/2)),x)
[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/cos (\/5) dz = 2+/xsin (\/E) + 2 cos (\/E)

[In] integrate(cos(x~(1/2)),x, algorithm="maxima")
[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/cos (Vz) dz =2+/zsin (v/z) + 2 cos (vx)

[In] integrate(cos(x~(1/2)),x, algorithm="giac")
[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))
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Mupad [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73
/cos (Vz) dz =2 cos (vVz) + 2+/z sin (Vz)

[In] int(cos(x~(1/2)),x)
[Out] 2*cos(x~(1/2)) + 2*x~(1/2)*sin(x~(1/2))
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3.34 [zv1+zdz

Optimal result . . . . . . . . . . . . e e 176
Rubi [A] (verified) . . . . . . . . . 176
Mathematica [A] (verified) . . . . . . . . . .. L I
Maple [A] (verified) . . . . . . . . 17
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... 177
Sympy [A] (verification not implemented) . . . ... ... ... ... .. ... ... 178
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 178l
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. 178
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 178

Optimal result

Integrand size = 9, antiderivative size = 23

/x\/l—i-—wdx = —;(1 + )% 4 %(1 + 2)%/2
[Out] -2/3%(1+x)~(3/2)+2/5%(1+x)~(5/2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 2, number of rules used = 1, integrand size — 0.111, Rules used = {45}

2 2
/a:\/1+xdx = 5(ac—i-1)5/2 — g(x+ 1)%/2

[In] Int([x*Sqrt[1 + x],x]
[Out] (-2%x(1 + x)7(3/2))/3 + (2x(1 + x)~(5/2))/5
Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, 4, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7#*m + 4*%n + 4, 0]) || LtQ[9*m + 5*x(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

integral = / <—\/1 +z+(1+ x)3/2> dx

2 2
=30+ z)3/% + S+ x)5/2



Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.78

/x\/_l T ods = %(1 +2)¥2(=5 +3(1 + )

[In] Integrate[x*Sqrt[1 + x],x]

[Out] (2*x(1 + x)~(3/2)*(-5 + 3*(1 + x)))/15

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.57

method result size
osper 2(1+2)% (-2+430) 13
gOSp 15
3 5
derivativedivides | — 2(1?) z 4 2(1?)7 16
3 5
2(14+z)2 2(14+x) 2
default —S5 1+ T 16
risch 2 (3x2+x1—52) Vitz 16
trager (2224 20— 4)V1+z | 17
_M+4ﬁ(1+w>% (2-32)
meijerg b NG 15 27
[In] int(x*(1+x)~(1/2),x,method=_RETURNVERBOSE)

[Out] 2/15%(1+x)~(3/2)*(-2+3%x)

Fricas [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.65

2
/x\/l—l—:vdx:1—5(3x2+x—2)\/z+1

[In] integrate(x*(1+x)~(1/2),x, algorithm="fricas")
[Out] 2/15%(3*x"2 + x - 2)*sqrt(x + 1)

177
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Sympy [A] (verification not implemented)

Time = 0.56 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.48

2
— 2V V4 2V 1
/x 1+xda:=2x x—|-1+2x :v—|—1_4 T+

5 15 15

[In] integrate(x*(1+x)**(1/2),x)
[Out] 2*x**2*sqrt(x + 1)/5 + 2*x*sqrt(x + 1)/15 - 4*xsqrt(x + 1)/15

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.65

ot
(NI

/x\/1+xdx=§(x+1) —;(x+1)

[In] integrate(x*(1+x)~(1/2),x, algorithm="maxima")
[Out] 2/5%x(x + 1)7(5/2) - 2/3x(x + 1)7(3/2)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.65

2 2
/x\/1+xdm=g(x+1)g—§(x+1)

(S

[In] integrate(x*(1+x)~(1/2),x, algorithm="giac")
[Out] 2/56%x(x + 1)7(5/2) - 2/3x(x + 1)~(3/2)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.52

) @+ 1)

/r\/l—l—xdm= 2(3a7—215

[In] int(x*x(x + 1)~(1/2),x)
[Out] (2*x(3*x - 2)*(x + 1)7(3/2))/15
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3.35 [—=—dx

Optimal result . . . . . . . . . . . . e 179
Rubi [A] (verified) . . . . . . . . . 179
Mathematica [A] (verified) . . . . . . . . . .. 1801
Maple [A] (verified) . . . . . . . .. 180
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 18T
Sympy [F] . . o o 181
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 181
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 181
Mupad [B] (verification not implemented) . . .. . ... ... ... ... ......

Optimal result

Integrand size = 13, antiderivative size = 32

n/vr+vrdm—Gvr—3vﬁ+2vﬁ—6bgﬂ+VF)

[Out] 6*x~(1/6)-3*x~(1/3)-6*%1n(1+x~(1/6))+2*x~(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 937 Ryjjeg ysed = {1607,
integrand size
272, 45}

/f e =2V 393+ 60/ — Blog (¥ + 1)

[In] Int[(x~(1/3) + Sqrt[x])~(-1),x]
[Out] 6*x~(1/6) - 3*x~(1/3) + 2*Sqrt[x] - 6*Log[l + x~(1/6)]
Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] &% NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4xn + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 272

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
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, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 1607

Int[(u_.)*((a_)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*p)*(a + b*x~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&

PosQlq - p]

Rubi steps

. 1
1ntegral = / mdx

z? ]
= 6Subst (/ 17 dz, x, \/E)

:fSSubst(/ (1+ _11_x —x+x2> dz, z, x%_n)

= 6/z — 3¢/z + 2y/7 — 6log (1 + ¥/7)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.03

/\/_+\/_d:v—(6 3v/z + 2¢/7) ¥z — 6log (1 + /)

[In] Integrate[(x~(1/3) + Sqrt[x])~(-1),x]
[Out] (6 - 3*x~(1/6) + 2*x~(1/3))*x~(1/6) - 6%Logl[l + x~(1/6)]

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.78

method result

derivativedivides | 625 — 3z3 — 61n (1 + x%> +2¢/z

x% (4x%—6x%+12) 1
meijerg 5 —61In <1 + xé)

default —In (mé + 26 +1> +2In (mé - 1) —2In <1—|—xé> +1n (x% — zs +1> +2y/z +In (;

[In] int(1/(x~(1/3)+x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 6*x~(1/6)-3*x~(1/3)-6*%1n(1+x~(1/6))+2*x~(1/2)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.75

1 1 1 1

[In] integrate(1/(x~(1/3)+x~(1/2)),x, algorithm="fricas")
[Out] 2*sqrt(x) - 3*x~(1/3) + 6*x~(1/6) - 6*xlog(x~(1/6) + 1)

Sympy [F]

[In] integrate(1/(x**(1/3)+x**(1/2)),x)
[Out] Integral(1/(x*x(1/3) + sqrt(x)), x)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.75

1 1 1 1
——dr =2 —3z3+6x5 —61 641
/%+\/Ex N T T og(z )

[In] integrate(1/(x~(1/3)+x~(1/2)),x, algorithm="maxima")
[Out] 2*sqrt(x) - 3*x~(1/3) + 6*x~(1/6) - 6%xlog(x~(1/6) + 1)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.75

1 1 1 1
/mdx=2\/_—3:r3 —|—6r6—6log(m6+1)

[In] integrate(1/(x~(1/3)+x~(1/2)),x, algorithm="giac")
[Out] 2*sqrt(x) - 3*x~(1/3) + 6*x~(1/6) - 6*xlog(x~(1/6) + 1)



182

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.75

1
/md$:2\/_—61n(.’[1/6+1)—3$1/3+6$1/6

[In] int(1/(x~(1/2) + x~(1/3)),x)
[Out] 2*x~(1/2) - 6*log(x~(1/6) + 1) - 3*xx~(1/3) + 6xx~(1/6)
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3.36 [ ,/L1Zdz

3+2x
Optimal result . . . . . . . . . . . . e e 183
Rubi [A] (verified) . . . . . . . . . . 183l
Mathematica [A] (verified) . . . . . . . . . .. L 184
Maple [B] (verified) . . . . . . . . . .. 185
Fricas [A] (verification not implemented) . . . . . . . . .. ... ... ... ... .. 1851
Sympy [F] . . o o 185
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... 186!
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... .. ... 186
Mupad [B] (verification not implemented) . . . .. ... ... ... .. .......

Optimal result

Integrand size = 15, antiderivative size = 44

arcsinh (v2v/1 + )
2v/2

[Out] -1/4*arcsinh(27(1/2)*(1+x)~(1/2))*27(1/2)+1/2*(1+x) ~(1/2) * (3+2*x) " (1/2)

1 1
/ ke dx=§\/1+x\/3+2x—

3+ 2x

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 4, Bumber of rules _ , 967 Ry jjeg ysed = {1978,
integrand size
52, 56, 221}

arcsinh ( Vo +1 )
2v2

1 1
/ Rk dr = vz +1v2x + 3 —
3+ 2z 2

[In] Int[Sqrt[(1 + x)/(3 + 2%x)],x]
[Out] (Sqrtl[1 + x]*Sqrt[3 + 2*x])/2 - ArcSinh[Sqrt[2]*Sqrt[1 + x]]/(2%Sqrt([2])
Rule 52

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1D*((c + d*x)"n/(bx(m + n + 1))), x] + Dist[n*((bxc - axd)/(
bx(m + n + 1))), Int[(a + b*x) m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 56

Int[1/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)]1), x_Symbol] :> Dis
t[2/Sqrt[b]l, Subst[Int[1/Sqrt[b*c - a*d + d*x~2], x], x, Sqrtla + b*x]], x]
/; FreeQ[{a, b, c, d}, x] && GtQ[bxc - axd, 0] && GtQ[b, O]

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 1978

Int[(u_.)*(((e_.)*((a_.) + (b_)*(x_)"(0_.)))/((c_) + (d_)*(x_)"(m_.)))"(p
_), x_Symbol] :> Int[ux((a*e + b*e*x"n)"p/(c + d*x"n)"p), x] /; FreeQ[{a, b
, ¢, d, e, n, p}, x] & GtQ[bxdxe, 0] && GtQ[c - a*(d/b), 0]

Rubi steps
integral = vitz dx
V3+2z
= VIR [ e
— V¥ avaTE - st ( [ o dvavTTa)
_ %\/H—xm— arcsinh(;\//ﬁﬁ\/l—i——x)

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.70

/\/m Y 3i3s 2\’1"‘35 (3+2z) — \/6+4xarctanh<—ﬁ%)>

[In] Integrate[Sqrt[(1 + x)/(3 + 2*x)],x]

[Out] (Sqrtl[(1 + x)/(3 + 2*xx)]*(2%Sqrt[1 + x]*(3 + 2*x) - Sqrt[6 + 4*x]*ArcTanh[S
qrt[3 + 2*x]/(Sqrt[2]*Sqrt[1 + x]1)]1))/(4xSqrt[1 + x])
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 74 vs. 2(30) = 60.

Time = 0.19 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.70

method | result
default L2 (3+20) (in( 22 +ov/I+ V2715013 ) vV2—4v/227 4 5013)
elat 8+/(3+2z)(1+z)
. (3+2x) 311—211 ln<( +2:v> +m>f\/g\/m
risch > — il
1, s —1=5  RootOf(__Z"~2) In(4RootOf (__Z"~2)2+8,/~ 555 w+5RootOf (__Z" ~2) +12,/- 5252 )
trager | 3(3+%)\/—F5s — v

[In] int(((1+x)/(3+2%x))~(1/2) ,x,method=_RETURNVERBOSE)
[Out] -1/8%((1+x)/(3+2%x))~(1/2)*(3+2*x) *(1n(5/4*2~ (1/2)+x*2~ (1/2)+(2*x~2+5*x+3) "~

(1/2)) %27 (1/2) -4% (2%x™2+5*x+3) = (1/2) ) / ((3+2*x) * (1+x) )~ (1/2)

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.25

1+zx
Ay —
/\/3+2a: v 5)

[In] integrate(((1+x)/(3+2*x))~(1/2),x, algorithm="fricas")

z+1
2x+3

1
2a:+3) +§\/§log<2\/§(2x+3) 5213

[Out] 1/2%(2*x + 3)*sqrt((x + 1)/(2*xx + 3)) + 1/8*sqrt(2)*log(2*sqrt(2)*(2*x + 3)

xsqrt ((x + 1)/(2%x + 3)) - 4*x - 5)

Sympy [F]

1+=x z+1

azzt=]

[In] integrate(((1+x)/(3+2%x))**(1/2),x)
[Out] Integral(sqrt((x + 1)/(2*x + 3)), x)
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(30) = 60.

Time = 0.28 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.82

x+1 x+1
1+x 1 \/5_2 2;;3 2;3
3+ 2 dng\/ibg B 1 - 2 (z+1)
X x T
V2+2, /555 2(T+a.—1>

[In] integrate(((1+x)/(3+2%x))~(1/2),x, algorithm="maxima")

[Out] 1/8*sqrt(2)*log(-(sqrt(2) - 2¢sqrt((x + 1)/(2%x + 3)))/(sqrt(2) + 2*sqrt((x
+ 1)/(2%x + 3)))) - 1/2*sqre((x + 1)/(2%x + 3))/(2%(x + 1)/(2%x + 3) - 1)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 61 vs. 2(30) = 60.

Time = 0.29 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.39

[T+z , 1 AETETE
/ 3+2xdx—§\/§log<‘ 2\/5(\/530 2z +5x+3> 5Dsgn(2x+3)
1
+§\/2m2+5m+3sgn(2x—|—3)

[In] integrate(((1+x)/(3+2*x))~(1/2),x, algorithm="giac")

[Out] 1/8*sqrt(2)*log(abs(-2*sqrt(2)*(sqrt(2)*x - sqrt(2*x~2 + 5*%x + 3)) - 5))x*sg
n(2*x + 3) + 1/2xsqrt(2*x~2 + 5*x + 3)*sgn(2*x + 3)

Mupad [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.30

/ 1+z . V2 atanh<\/§ 296;:1}3) 295;._'_13
—ar = — —
Vot i 2 (531

[In] int(((x + 1)/(2*%x + 3))7(1/2),x%)
[Out] - (27(1/2)*atanh(27(1/2)*((x + 1)/(2*x + 3))~(1/2)))/4 - ((x + 1)/(2*x + 3)
)=(1/2) /(2% ((2*x + 2)/(2*x + 3) - 1))
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$4

— $2)
Optimal result . . . . . . . . . . e 187
Rubi [A] (verified) . . . . . . . 187
Mathematica [A] (verified) . . . . . . . . . ... 188
Maple [A] (verified) . . . . . . . . . . 188
Fricas [B] (verification not implemented) . . . . . . .. .. ... ... ... ..... 1891
Sympy [B] (verification not implemented) . . . ... ... ... ... ... .. 189
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 1891
Giac [A] (verification not implemented) . . . . . . .. ... ... L L. 190
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 190

Optimal result

Integrand size = 15, antiderivative size = 35

.’L‘3

[ ade= S
(1 — z2)*? 3(1—22)*? VI—2a?

+ arcsin(x)

[Out] 1/3%x"3/(-x"2+1)~(3/2)+arcsin(x)-x/(-x"2+1)"(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, number of rules _ 0.133, Rules used = {294,
integrand size
229}

x x3

4
T
————dx = arcsin(z) — +
/(1—9[,-2)5/2 Y e AR

[In] Int[x~4/(1 - x~2)"(5/2),x]
[Out] x73/(3*%(1 - x72)7(3/2)) - x/Sqrt[1 - x72] + ArcSin[x]
Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 294

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c™(
n - Dx*(c*x)"(m - n + 1*((a + b*x™n)~(p + 1)/(b*nx(p + 1))), x] - Dist[c™n
*((m - n + 1)/(bxnx(p + 1))), Int[(c*x)"(m - n)*x(a + b*x™n)"(p + 1), x], x]
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/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] &% LtQ[p, -1] && GtQ[m + 1, n] && 'I
LtQ[(m + n*(p + 1) + 1)/n, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps

integral = x—3 — / x—2 dx
3(1—x2)*? (1—z2)*?

x3

T 1
— + dx
3(1—22)%% V1-—22 /\/1 — a2

z3 T ,
= 30_ )" Y + arcsin(x)

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.26

4 _ 42
/ﬁdﬂt=%+2arctan(
-z -z

x
—1+\/1—x2)

[In] Integrate[x~4/(1 - x72)~(5/2),x]
[Out] (x*x(-3 + 4*x~2))/(3*(1 - x72)~(3/2)) + 2*ArcTan([x/(-1 + Sqrt[l - x"2])]

Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.86

method result <izo
.'E3 . T
default Y + arcsin (z) — e 30
risch —Wx_(ig;—\z/__?gﬁ + arcsin (z) 30
% (_ i/ w(—20z2+315) + 3i/T a;csin(z) )
meijerg _ 10(-2241) 2 20
3ym
(1‘2—1)m arctan (@) +%—m
pseudoelliptic . 19
(—22+1)2
trager (4 2V | RootOf (L2 +1) In (RootOf (22 + 1) V=27 T 1 +) | 54

[In] int(x~4/(-x"2+1)~(5/2) ,x,method=_RETURNVERBOSE)
[Out] 1/3*x~3/(-x"2+1)"(3/2)+arcsin(x)-1/(-x"2+1)"(1/2) *x
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 63 vs. 2(29) = 58.

Time = 0.25 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.80

o 6(x4—2x2+1)arctan<—v_””z“_l)—(4m3—3m) —z2+1
A M
/(1—;,;2)5/2 ’ 3(z*t—222+1)

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="fricas")
[Out] -1/3*%(6%(x"4 - 2%x~2 + 1)*arctan((sqrt(-x"2 + 1) - 1)/x) - (4*%x"3 - 3*x)*sq
rt(-x"2 + 1))/(x"4 - 2%x"2 + 1)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 105 vs. 2(26) = 52.

Time = 0.40 (sec) , antiderivative size = 105, normalized size of antiderivative = 3.00

Y dr=
_3172)5/2 o 3x4—6x2+3+3w4—6x2—|—3

6z”asin (r)  3zv1—a? N 3asin (z)
3zt —622+3 3z*—622+3 3zt —622+3

/ zt 3z* asin () 4z3/1 — x2
(1

[In] integrate(x*x4/(-x**2+1)**(5/2),%)

[Out] 3*x**4xasin(x)/(3*x**4 - 6xx**2 + 3) + 4*xx*x3ksqrt(l - x**2)/(3xx*x4 - Gxx*
*2 + 3) - 6xx*x*2xasin(x)/(3*x**4 - 6xx**2 + 3) - *kx*sqrt(l - x*x2)/(3*x**4
- B*x*x2 + 3) + 3%asin(x)/(3*x**4 - 6*x**2 + 3)

Maxima [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.26

/ e dx = E z 328 2 - i + arcsin ()
(1—22)*? 37\ (—2241)2 (—22+1)2) 3V-2?+I1

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="maxima")
[Out] 1/3%x*(3*x72/(-x72 + 1)7(3/2) - 2/(-x72 + 1)7(3/2)) - 1/3*x/sqrt(-x"2 + 1)

+ arcsin(x)
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Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.83

z* 472 —3)V/—x2+ 1z .
/m €T = ( 3 (x)g — 1)2 + arcsin (51/')

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="giac")
[Out] 1/3*(4*x~2 - 3)*sqrt(-x"2 + 1)*x/(x"2 - 1)72 + arcsin(x)

Mupad [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 91, normalized size of antiderivative = 2.60

z* . 3v1—22 341-—22
/—(1—932)5/2 dx = asin(z) + 4(@—1) + L@+
v/ 2 1 1 e 1 1
“Vi-e (12 (m—l)_12(x—1)2)_ L-o <12 (x+1)+12(x+1)2>

[In] int(x~4/(1 - x~2)~(5/2),%)
[Out] asin(x) + (3*x(1 - x"2)7(1/2))/(4x(x - 1)) + (3*(1 - x72)"(1/2))/(4*x(x + 1))
- (1 -x2)"(/2)x(1/(12%(x - 1)) - 1/(12%(x - 1)"2)) - (1 - x~2)~(1/2)*(1

/(2% (x + 1)) + 1/(12%(x + 1)72))
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3.38 [Vz(1+2)%%d

Optimal result . . . . . . . . .. 191l
Rubi [A] (verified) . . . . . . .. .. 1911
Mathematica [A] (verified) . . . . . . . . ... L 192
Maple [A] (verified) . . . . . . . .. 193
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... ....... 193
Sympy [C] (verification not implemented) . . . ... ... ... ... ....... 193l
Maxima [B] (verification not implemented) . . . . . . ... ... ... L. 194
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 194
Mupad [F(-1)] . . . oo 195

Optimal result

Integrand size = 13, antiderivative size = 75

/\/9_3(1 + )52 dx = %\/5\/1 +z+ 3—52:33/2\/1 +z

52 5arcsinh (1/z)

9 3/ 32, 1 3
+ — 1+ + - 1+
x*%( x) 41: ( x) ol

24

[Out] 5/24%x~(3/2)*(1+x)~(3/2)+1/4*x~(3/2)*(1+x)~(5/2)-5/64*arcsinh(x~(1/2))+5/32
*x7(3/2) % (1+x) 7 (1/2)+5/64*x™ (1/2) * (1+x) = (1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 6, number of rules used = 3, integrand size 0.231, Rules used = {52,

56, 221}
/ Va(l+2)*? de = ——5arCSig‘Z(ﬁ)
1
+ Zx3/2(x +1)%2 4 %x3/2(x +1)¥2 4 3%91:3/2\/35 +1+ 6—54\/5\/36 +1

[In] Int[Sqrt[x]*(1 + x)~(5/2),x]

[Out] (5%Sqrt([x]*Sqrt[1 + x])/64 + (5*%x~(3/2)*Sqrt[1 + x])/32 + (5*x~(3/2)*(1 + x
)~(3/2))/24 + (x~(3/2)*(1 + x)~(5/2))/4 - (5xArcSinh[Sqrt[x]])/64

Rule 52

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*xx)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Dist[n*((b*xc - axd)/(
b¥(m + n + 1))), Int[(a + b*x) m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
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c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] && IntLinearQ[a, b, c, d, m, n, x]

Rule 56
Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)1), x_Symbol] :> Dis

t[2/8qrt[b]l, Subst[Int[1/Sqrt[b*c - a*d + d*x~2], x], x, Sqrtla + b*x]], x]
/; FreeQ[{a, b, c, d}, x] && GtQ[b*c - axd, 0] && GtQ[b, O]

Rule 221
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps
1
integral = ;1553/2(1 +2)? 4+ g / V(1 + )32 dz

1
221 + )2 + 4953/2(1 + )2 + /\/— A+ zde

T4

D TINTE T+ (14 2+ a1+ a) 4 m
zﬁ%ﬁm+3%x3/2\/1+—x+ 3/2(1+w)3/2+ix3/2(1+“’ - 128/ Nz \/1+—x
= S avITE LaiTE

+ %x:”/?(l + 2% 4 }13”3/2(1 +2)? - G%Subst (/ ﬁdm,x, \/:Tc>
=6%\/5\/14-—3:—1—3%353/2\/1-}-—m+%x3/2(1+m)3/2+im3/2(1+x)5/2—W

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.69

/f 1+w5/2dac—w—2\/_\/1—|—:v(15+118x—|—136x +48z°%) + 6—410g< \/_—l-\/l—l-:v)
[In] Integrate[Sqrt[x]*(1 + x)~(5/2),x]

[Out] (Sqrt[x]*Sqrt[1 + x]*(15 + 118%x + 136%x~2 + 48%*x~3))/192 + (5*Log[-Sqrt[x]
+ Sqrt[1 + x]])/64



193

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.59

method | result size
V7 V@ (4825413622 +1182+15) VIFo | /7 arcsinh(v/7)
] 360 + 24
meijerg | — NG 44
isch (4823+1362°+118z+15) vz vIta _ 5vVz(l+2) In(o+}+va"+z) 55
Tsc 102 128v1tz vz
dofarlt | VEQ0E _ vE@tnf  svaumi  syavigs | SVEOR) W(eiveTie) |
4 24 96 64 128\/1+z /x

[In] int(x~(1/2)*(1+x)~(5/2),x,method=_RETURNVERBOSE)
[Out] -15/8/Pi~(1/2)*(-1/360%Pi~(1/2)*x~(1/2)* (48*x~3+136%*x"2+118*x+15)* (1+x) ~(1/
2)+1/24%Pi~(1/2)*arcsinh(x~(1/2)))

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.59

1
/\/5(1 +2)%%de = 19 (482° + 136 2° + 118 2 + 15) vz + 1/x
5
+ 155 lo8 <2\/x+1\/_—2a:—1>

[In] integrate(x~(1/2)*(1+x)~(5/2),x, algorithm="fricas")
[Out] 1/192%(48%x~3 + 136%x"2 + 118%x + 15)*sqrt(x + 1)*sqrt(x) + 5/128%log(2*sqr
t(x + Dx*sqrt(x) - 2*x - 1)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 18.65 (sec) , antiderivative size = 190, normalized size of antiderivative = 2.53

[ v

5acosh (vz+1) (+1)% 7( +1)% (+1)% 5( +1)% 5vz+1
— e toas Toas T owve T oamve Toens  forlz+1[>1

5iasin (vz+1) i(x+1)% 7i(x+1)% i(x+1)% 5i(x+1)% 5iv/z+1 :
64 e + 24/~ + 96y/—z + 192/—z ~ 64y/—z otherwise

+2)%? dx =

[In] integrate(x*x(1/2)*(1+x)**(5/2),%)
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[Out] Piecewise((-5%acosh(sqrt(x + 1))/64 + (x + 1)**(9/2)/(4*sqrt(x)) - 7*(x + 1
Y*¥x(7/2)/(24*xsqrt(x)) - (x + 1)**x(5/2)/(96*sqrt(x)) - 5*(x + 1)**(3/2)/(192
*sqrt(x)) + b*sqrt(x + 1)/(64xsqrt(x)), Abs(x + 1) > 1), (5xI*asin(sqrt(x +
1))/64 - I*x(x + 1)*x(9/2)/(4*sqrt(-x)) + 7*Ix(x + 1)**x(7/2)/(24*sqrt(-x))

+ Ix(x + 1)**x(5/2)/(96*sqrt(-x)) + 5xIx(x + 1)**(3/2)/(192*sqrt(-x)) - 5xI*
sqrt(x + 1)/(64*sqrt(-x)), True))

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 113 vs. 2(47) = 94.

Time = 0.18 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.51

15(x+1)% + 73(x+1)% _ 55 (x-i—l)% + 15z +1
/ V(L + ) de = — 7 Ve
4
192 <(w—x|—41) . 4(?;1)3 n 6(@1)2 _ 4(xx-|—1) n 1>

) vz+1 5 ve+1
———log| ——+1]|+ < log| —— -1
128 N 128 N7

[In] integrate(x~(1/2)*(1+x)~(5/2),x, algorithm="maxima")

[Out] 1/192%(16%(x + 1)7(7/2)/x~(7/2) + 73x(x + 1)~(5/2)/x~(5/2) - 55x(x + 1)~(3/
2)/x~(3/2) + 1b*sqrt(x + 1)/sqrt(x))/((x + 1)74/x74 - 4*(x + 1)73/x73 + 6%(
x + 1)72/x72 - 4x(x + 1)/x + 1) - 5/128%log(sqrt(x + 1)/sqrt(x) + 1) + 5/12

8xlog(sqrt(x + 1)/sqrt(x) - 1)

Giac [A] (verification not implemented)

nomne

Time = 0.29 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.20

/ Vol + 22 d = F}Z (2(4(62 —19)(z+1) +163)(z + 1) — 219)Vz + 1v/Z

+é(2(4x—9)(z+1)+33)\/x+1\/5+Z(zx—s)\/xﬂ\/i
+\/a:+1\/5+6i4 log(x/:c—i- —ﬁ)

[In] integrate(x~(1/2)*(1+x)~(5/2),x, algorithm="giac")

[Out] 1/192%(2%(4*(6*x - 19)*(x + 1) + 163)*(x + 1) - 279)*sqrt(x + 1)*sqrt(x) +
1/8% (2% (4xx - 9)*(x + 1) + 33)*sqrt(x + 1)*sqrt(x) + 3/4*%(2*x - 3)*sqrt(x +
1)*sqrt(x) + sqrt(x + 1)*sqrt(x) + 5/64*log(sqrt(x + 1) - sqrt(x))
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Mupad [F(-1)]
Timed out.

/\/5(1+x)5/2dx:/\/5(x+1)5/2dx

[In] int(x~(1/2)*(x + 1)~(5/2),x%)
[Out] int(x~(1/2)*(x + 1)~(5/2), x)
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3.39 | (11'—45/2 dz

— $2)
Optimal result . . . . . . . . . . . e 196
Rubi [A] (verified) . . . . . . . . . 196
Mathematica [A] (verified) . . . . . . . . . .. 197
Maple [A] (verified) . . . . . . . . . 197
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ..... 198}
Sympy [B] (verification not implemented) . . . .. ... ... ... ... ... 198
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... T98]
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 199
Mupad [B] (verification not implemented) . . .. ... ... ... ... ....... 199

Optimal result

Integrand size = 15, antiderivative size = 35

/ = der = z S - arcsin(z)
(1 —z2)%? 3(1—x2)%? V1—2a2
[Out] 1/3*x~3/(-x"2+1)"(3/2)+arcsin(x)-x/(-x"2+1)~(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, number of rules _ 0.133, Rules used = {294,
integrand size
229}

x x3

4
T
————dx = arcsin(z) — +
/(1—9[,-2)5/2 A AR

[In] Int[x~4/(1 - x~2)"(5/2),x]
[Out] x73/(3*%(1 - x72)7(3/2)) - x/Sqrt[1 - x72] + ArcSin[x]
Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 294

Int[((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c™(
n - Dx*(c*x)"(m - n + 1)*((a + b*x™n)~(p + 1)/(b*nx(p + 1))), x] - Dist[c™n
*((m - n + 1)/(bxnx(p + 1))), Int[(c*x)"(m - n)*x(a + b*x™n)"(p + 1), x], x]
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/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] &% LtQ[p, -1] && GtQ[m + 1, n] && 'I
LtQ[(m + n*(p + 1) + 1)/n, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps

integral = 2’ — / z* dx
3(1—x2)*? (1—z2)*?

x3

T 1
- + dx
3(1—22)%% V1-—22 /\/1 — 12

z3 T ,
= 30_ " Y + arcsin(x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.26

4 _ 42
/ﬁdﬂt=w+2arctan(
-z -z

x
—1++1 —x2>

[In] Integrate[x~4/(1 - x72)~(5/2),x]
[Out] (x*x(-3 + 4*x~2))/(3*x(1 - x72)~(3/2)) + 2*ArcTan([x/(-1 + Sqrt[l - x~2])]

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.86

method result size
default sy Taresin () = iy 30
risch =5 __ 1 arcsin (z) 30

T 3(a2—1)vV—a2+1

% _i ww(—20z2+315)+3iﬁ a;csin(z)
10(—z2+1)?

meijerg — - N
(z2—l)m arctan(@>+%_m
pseudoelliptic . N
(—z2+1)2
trager %@ + RootOf (_Z +1) In (RootOf (_Z2 +1) v—a2 + 1 +z) | 54

[In] int(x~4/(-x"2+1)~(5/2) ,x,method=_RETURNVERBOSE)
[Out] 1/3*x~3/(-x"2+1)"(3/2)+arcsin(x)-1/(-x"2+1)"(1/2) *x
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 63 vs. 2(29) = 58.

Time = 0.24 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.80

o 6(x4—2x2+1)arctan<—v_f‘z“_l)—(4m3—3m) —z2+1
Y de=
/(1—;,;2)5/2 ’ 3(zt—222+1)

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="fricas")

[Out] -1/3%(6%(x"4 - 2*x"2 + 1)*arctan((sqrt(-x~2 + 1) - 1)/x) - (4*x"3 - 3%*x)*sq
rt(-x"2 + 1))/(x"4 - 2*x"2 + 1)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 105 vs. 2(26) = 52.

Time = 0.39 (sec) , antiderivative size = 105, normalized size of antiderivative = 3.00

Y de=
_ a:2)5/2 T = 351 _ 62 +3 + 3zt — 622+ 3
62 asin () 3zv/1 — 22 N 3asin (z)

374 —622+3 37*—622+3 32t —622+3

/ zt 3z* asin () 4z3/1 — x2
(1

[In] integrate(x*x4/(-x**2+1)**(5/2),%)

[Out] 3*xx*4xasin(x)/(3*x**4 - 6xx**2 + 3) + 4*xxx3ksqrt(l - x**2)/(3*xx*x4 - Gxx*
*2 + 3) - 6xx*x*2xasin(x)/(3*x**4 - 6xx**2 + 3) - *kx*sqrt(l - x*x2)/(3*x**4

- Bxx**2 + 3) + 3*xasin(x)/(3*xx*x*x4 - Gxx**2 + 3)

Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.26

/m_“ dx = lx 328 _ 2 - a + arcsin ()
(1—22)*? 37\ (—2241)2  (—22+1)2) 3V-2?+1

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="maxima")
[Out] 1/3%x*(3*x72/(-x72 + 1)7(3/2) - 2/(-x72 + 1)7(3/2)) - 1/3*x/sqrt(-x"2 + 1)

+ arcsin(x)
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Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.83

4 2 _ 9\ /12
/ a L dx = (42" = 3)V—a+ 1z + arcsin (z)

— x2)5/2 o 3 (22 — 1)2

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="giac")
[Out] 1/3*(4%x~2 - 3)*sqrt(-x"2 + 1)*x/(x"2 - 1)72 + arcsin(x)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 91, normalized size of antiderivative = 2.60

/ zt 3vI—a®  3/1-47
(1

dz = asin(z) + 4 (z—1) * 4(z+1)

2)°/?
Vi-a (12 (:cl— 1) 12 (xl— 1)2) Svise <12 (wl+ RSP (w1+ 1)2>

[In] int(x~4/(1 - x~2)~(5/2),%)
[Out] asin(x) + (3*x(1 - x"2)7(1/2))/(4x(x - 1)) + (3*(1 - x72)"(1/2))/(4*x(x + 1))
- (1 -x2)7(/2)x(1/(12%(x - 1)) - 1/(12%(x - 1)"2)) - (1 - x~2)~(1/2)*(1

/(2% (x + 1)) + 1/(12%(x + 1)72))
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3.40 [ VARBLBW g,

1-y
Optimal result . . . . . . . . . . . . e 200
Rubi [A] (verified) . . . . . . . . . 200
Mathematica [A] (verified) . . . . . . . . . ... 201]
Maple [A] (verified) . . . . . . ...
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........ 202
Sympy [F] . . o 203
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... 203
Giac [B] (verification not implemented) . . . . . . . . ... .. Lo oL 203
Mupad [F(-1)] . . . . 204

Optimal result

Integrand size = 29, antiderivative size = 51

By Ay )
Aarctanh
JAZT B2 - B2y2> FAarctan (\/A2 T B - B

/‘\/A2+BQ_BQ

2
1 dy = B arctan (
-y

[Out] B*arctan(B*xy/(-B~2*%y~2+A~2+B~2)~(1/2))+A*arctanh(A*xy/(-B~2*xy~2+A~2+B~2)~(1/
2))

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, number of rules _ 0.172, Rules used = {399,

integrand size
223, 209, 385, 212}

By Ay
JA D 32) +Aarctanh(\/A2 —5rr B2)

/\/A2+BZ—B

22
1 dy = B arctan (
-y

[In] Int[Sqrt[A~2 + B™2 - B 2xy~2]/(1 - y~2),y]

[Out] B*ArcTan[(B*y)/Sqrt[A™2 + B"2 - B"2*y~2]] + A*ArcTanh[(A*y)/Sqrt[A~2 + B~2
- B~2xy~2]]

Rule 209

Int[((a) + (b_.)*(x.)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 21*Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0])

Rule 212
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] |l LtQ[b, 01)

Rule 223

Int[1/Sqrt[(a_) + (b_.)*(x_)~2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !GtQ[a, 0]

Rule 385

Int[((a)) + (b_)*(x_)"(m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + bxx™n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] &% NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 399

Int[((a)) + (b_)*(x_)"(n))~(p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Di
st[b/d, Int[(a + b*x™n)~(p - 1), x], x] - Dist[(bxc - a*d)/d, Int[(a + b*x~
n)~(p - 1)/(c + d*x"n), x], x] /; FreeQ[{a, b, c, d, p}, x] && NeQ[bxc - ax
d, 0] & EqQ[nx(p - 1) + 1, 0] && IntegerQ[n]

Rubi steps

1 1
d 32/ d
(1—-y?2)\/A?2+ B2 — B?y? vt VA% + B? — B%y? Y

1 y
— A2
Subst (/ A2y dy, vy, Ny . BQy2)

1 ]
B?Subst —d
By Ay
T BQyQ) + Azeurctanh(\/A2 T BQy2)

Mathematica [A] (verified)

Time = 1.54 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.53

integral = A2 /

= Barctan (

\/A2+B2—B2y2d B _@Jr@
5 y = —2B arctan
11—y Y
+ Aarctanh VA + B - By
Ay

[In] Integrate[Sqrt[A~2 + B"2 - B 2xy~2]/(1 - y~2),y]

[Out] -2+B*ArcTan[(-(Sqrt[A~2 + B~2]/B) + Sqrt[A™2 + B"2 - B~2xy~2]/B)/y] + AxArc
Tanh[Sqrt[A~2 + B~2 - B~2%y~2]1/(A*y)]
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Maple [A] (verified)

Time = 0.57 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.76

method result
—_B2,42 2 2 —\/—B2,42 2 2
Aln<Ay+‘/ B;y +A<+B ) A1n<Ay \/ B?;y +A<+B > . ] 2
e . v/ —B?y?2+A%+B
pseudoelliptic 3 — 5 — Barctan (B—y
B2 arctan VB2 y A?ln 242257 (y—1)+2v/ 4 V =By
default J-By-1)*-2B2(y-1)+4? N G viamignar) v
2 2v/ B2 2V A2

[In] int((-B~2%y~2+A~2+B~2)~(1/2)/(-y~2+1),y,method=_RETURNVERBOSE)

[Out] 1/2%A*1n((Axy+(-B~2*%y~2+A~2+B~2)"(1/2))/y)-1/2*%Ax1n((A*xy-(-B~2xy~2+A~2+B~2)
~(1/2))/y)-B*arctan(1/B/y*(-B~2*y~2+A"2+B~2) " (1/2))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 129 vs. 2(47) = 94.

Time = 0.26 (sec) , antiderivative size = 129, normalized size of antiderivative = 2.53

VAZ ¥ B2 — B%?
dy
1—92
_32 2 2 2
=—Barctan(\/ y*+ A4 +B)
By
L doe (LA =B +2V=B + A2+ BAy+ A’ + B
474708 "
—lAl _(A2_32)1/2—2\/—32y2+A2+B2Ay+A2+Bz
1778 "

[In] integrate((-B~2*y~2+A~2+B~2)~(1/2)/(-y~2+1),y, algorithm="fricas")

[Out] -Bxarctan(sqrt(-B~2*xy~2 + A”2 + B"2)/(Bxy)) + 1/4xAxlog(-((A"2 - B"2)*y~2 +
2%sqrt (-B"2*%y~2 + A2 + B"2)*Axy + A”2 + B72)/y~2) - 1/4%Axlog(-((A"2 - B~
2)xy~2 - 2xsqrt(-B72xy~2 + AT2 + B72)*Axy + A"2 + B"2)/y"2)
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Sympy [F]

\/A2+B2_B2y2d _ \/A2_32y2+B2d
1—? o Y —1 Y

[In] integrate((-Bx*2xyx*2+Ax*2+Bx*2)*x(1/2)/(-y**2+1),y)

[Out] -Integral(sqrt(A**2 — B*x2*y*x2 + B**2)/(y**2 - 1), y)

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 114 vs. 2(47) = 94.

Time = 0.27 (sec) , antiderivative size = 114, normalized size of antiderivative = 2.24

21 B2 — B22 B2
/\/A + 4 dy = B arcsin (—y)

1—y? VA2B? + B*
1 A? —B%y2 + A% + B2A
—~ Alog ( B+ LB A
2 y+1 y+1
1 2 A? 24/—B?y2 + A2 + B2A
+ = Alog <—B2 + )
2 12y — 2| 2y — 2|

[In] integrate((-B~2*xy~2+A~2+B~2)~(1/2)/(-y~2+1),y, algorithm="maxima")

[Out] B*arcsin(B~2xy/sqrt(A"2*B~2 + B~4)) - 1/2%Axlog(B~2 + A"2/(y + 1) + sqrt(-B
T2%xy~2 + A”2 + B72)*A/(y + 1)) + 1/2xAxlog(-B"2 + 2xA"2/abs(2xy - 2) + 2%sq
rt(-B72%xy~2 + A™2 + B"2)*A/abs(2xy - 2))

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 295 vs. 2(47) = 94.

Time = 0.34 (sec) , antiderivative size = 295, normalized size of antiderivative = 5.78

dy

VAT T BT = B%?
1—y2

2
(\/WB+ 732y2+A2+B2|B|)
B2y -1
B2

B2
msgn(y) — 2 arctan | — (VT )
B 2|B|
4 ABlog (‘_(‘/A2+BZB+\/?12;JZ?J2+A2+B2|B| — \/A2+BzB+\/;;3;y2+A2+B2|B|>B " 2AD
2|B|
ABlog <‘_<\/A2+BQB+\/?2By2y2+A2+B2|B| — \/A2+B2B+\/J—Bf;y2+A2+B2|B|>B _ 2AD

- 21B|
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[In] integrate((-B~2xy~2+A"2+B~2)~(1/2)/(-y~2+1),y, algorithm="giac")

[Out] -1/2*(pi*sgn(y) - 2*arctan(-1/2*%B~2*xy*((sqrt(A~2 + B~2)*B + sqrt(-B"2xy~2 +
A"2 + B"2)*abs(B))~2/(B~4xy~2) - 1)/(sqrt(A™2 + B"2)*B + sqrt(-B"2*y~"2 + A

~2 + B"2)*abs(B))))*B"2/abs(B) + 1/2xA*Bxlog(abs(-(B~2*y/(sqrt(A"2 + B~2)*B

+ sqrt(-B"2%y~2 + A"2 + B~2)*abs(B)) - (sqrt(A~2 + B~2)*B + sqrt(-B~2%y"2

+ A”2 + B™2)*abs(B))/(B~2xy))*B + 2xA))/abs(B) - 1/2xA*Bxlog(abs(-(B~2*y/(s
qrt(A~2 + B72)*B + sqrt(-B"2*y~2 + A"2 + B~2)*abs(B)) - (sqrt(A™2 + B~2)*B

+ sqrt(-B"2*y~2 + A"2 + B~2)*abs(B))/(B"2*y))*B - 2%A))/abs(B)

Mupad [F(-1)]

Timed out.

\/A2+B2_B2y2d
1—92 y
— [ LB dy if A2+ B%=0

—In (2yv—-B%?+2A? - By + B?) \/—B2—atan<\/%) VA21li if A2+ B%#0

[In] int(-(A"2 + B"2 - B~ 2xy~2)~(1/2)/(y"2 - 1),y)

[Out] piecewise(A™2 + B™2 == 0, -int((-B~2xy~2)~(1/2)/(y"2 - 1), y), A™2 + B™2 ~=
0, - atan((y*(A~2)~(1/2)*1i)/(A"2 + B™2 - B™2*y~2)~(1/2))*(A~2)~(1/2)*1i -
log(2xy*(-B~2)~(1/2) + 2%x(A™2 + B™2 - B™2%y~2)~(1/2))*(-B~2)~(1/2))
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3.41 [ sin®(z) dz

Optimal result . . . . . . . . . . . . e 205
Rubi [A] (verified) . . . . . . . . 205
Mathematica [A] (verified) . . . . . . . . . .. 2061
Maple [A] (verified) . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ... ..., 207
Sympy [A] (verification not implemented) . . . . . ... ... ... .. L. 207l
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. 207
Giac [A] (verification not implemented) . . . . . . . .. ... L. 207l
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 208

Optimal result

Integrand size = 4, antiderivative size = 14

1 :
3 cos(z) sin(z)

/ sin®(z) dz =

N8

[Out] 1/2*x-1/2*cos(x)*sin(x)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.500, Rules used = {2715,
8}

1.
~3 sin(x) cos(x)

/ sin®(z) dz =

N8

[In] Int[Sin[x]~2,x]

[Out] x/2 - (Cos[x]*Sin[x])/2

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*%((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]
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Rubi steps
1 1d
integral = —3 cos(z) sin(x) + / 5 ?
1
= g ~3 cos(x) sin(z)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

X

1
) _ 4L L
/ sin“(z) dz = 5 4s1n(2gr:)

[In] Integrate[Sin[x]~2,x]
[Out] x/2 - Sin[2*x]/4

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.79

method result 7o
T cos(z) sin(z)
default 2 _ cos(z)sin(z) I
risch 2z _ Sinfx) 11
parallelrisch | § — Sinfw) "
T 27x_sm(2;c)
meijerg ‘f(ﬁ4 v ) 2
o | @3 +3+ B g |
(1+tan?(2))?

[In] int(sin(x)~2,x,method=_RETURNVERBOSE)
[Out] 1/2*x-1/2*cos(x)*sin(x)
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Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/sinQ(x) dx = —% cos (z) sin (z) + %x

[In] integrate(sin(x)~2,x, algorithm="fricas")

[Out] -1/2%cos(x)*sin(x) + 1/2xx

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71
xz  sin(z)cos ()

/sinz(:c) dx = 5~ 5

[In] integrate(sin(x)**2,x)

[Out] x/2 - sin(x)*cos(x)/2

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

1 1
. 2 _ = _ = .
/sm (x)dz = 5T~ 4 Sin (2z)

[In] integrate(sin(x)~2,x, algorithm="maxima")

[Out] 1/2*x - 1/4*sin(2*x)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

1 1
.92 it
/sm (z) dx 5T~ 4 sin (2x)
[In] integrate(sin(x)~2,x, algorithm="giac")

[Out] 1/2*x - 1/4*sin(2%*x)
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Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/sinz(x) dx = g o 512 2)

[In] int(sin(x)~2,x)
[Out] x/2 - sin(2*x)/4
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3.42 [ csc(z)\/ A2 + B?sin’(z) dx

Optimal result . . . . . . . . . . . . e 209
Rubi [A] (verified) . . . . . . . . . 209
Mathematica [B] (verified) . . . . . . . . . . .. 2111
Maple [C] (verified) . . . . . . . . . ... 211
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 212
Sympy [F] . . o 212
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 213
Giac [F] . . . o o 2131
Mupad [F(-1)] . . . . 213

Optimal result

Integrand size = 19, antiderivative size = 49

2 2sin?(x) dz = — B arctan B cos(z)
/csc(x)\/A + B (z)d B arct <\/A2—|—BQSin2(x)>

— Aarctanh ( A cos(z) )

\/ A% + B2sin?(z)

[Out] -Bxarctan(Bxcos(x)/(A"2+B~2*sin(x)~2)~(1/2))-A*arctanh(A*xcos(x)/(A"2+B™2*si
n(x)~2)"(1/2))

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.16, number
of steps used = 6, number of rules used = 6, Bumber of rules _ 376 Ryjos used = {3265,

' integrand size
399, 223, 209, 385, 212}
| et/ 27+ (e e = ~Bastan B2
/A2 — B2 cos?(z) + B2

— Aarctanh A cos(z)
/A2 — B2 cos?(z) + B2

[In] Int([Csc[x]*Sqrt[A~2 + B~2xSin[x]"2],x]

[Out] -(BxArcTan[(B*Cos[x])/Sqrt[A~2 + B~2 - B~2xCos[x]~2]]) - AxArcTanh[(A*Cos[x
1)/8qrt[A"2 + B™2 - B~2xCos[x]~2]]

Rule 209
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 223

Int[1/Sqrt[(a_) + (b_.)*(x_)~2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !GtQ[a, 0]

Rule 385

Int[((a) + (b_)*(x_)"(n))~(p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + bxx™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 399

Int[((a)) + (b_)*(x_)"(m D))~ (p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Di
st[b/d, Int[(a + b*x™n)~(p - 1), x], x] - Dist[(b*c - a*d)/d, Int[(a + b*x~
n)~(p - 1)/(c + d*x"n), x], x] /; FreeQ[{a, b, c, d, p}, x] && NeQ[bxc - ax
d, 0] && EqQ[nx(p - 1) + 1, 0] && IntegerQ[n]

Rule 3265

Int[sin[(e_.) + (£_.)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + f*x], x]}, Dist[-ff/f, S
ubst[Int[(1 - ££72%x72)"((m - 1)/2)*(a + b - bxff"2*xx~2)"p, x], x, Cos[e +
fxx]/££f], x]1] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rubi steps

P 7 _ B2,2
integral = —Subst </ VA + B2 B dx,x,cos(m))

1— 22

- (A2Subst (/ — \/A21+ s dz, z, coS(z)>)

— B?Subst ! dzx, z,cos(x)
VA? + B2 — B%32
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= —| A%Subst / % dz,x, cos(z)
1— A%z /A2 + B2 — B2 cos?(z)

— B?Subst /%dz,x, cos(z)
1+ B%g \/A2+BQ—B20082(CL')

= —Barctan ( B cos(z) )) — Aarctanh ( A cos(z) )

\/A%+ B% — B2cos?(z \/A2? + B2 — B2 cos?(z)

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 99 vs. 2(49) = 98.

Time = 0.17 (sec) , antiderivative size = 99, normalized size of antiderivative = 2.02

2 2 gin2 = —V A2arcta V2V A? cos(a)
| et/ + Bt do = v nh(\/2A2+B2—B2COS(2$)>

+ v —B?log (\/5\/ —B? cos(x)
+ /2A2 + B2 — B2 cos(2x)>

[In] Integrate[Csc[x]*Sqrt[A~2 + B~2*Sin[x]~2],x]

[Out] -(Sqrt[A~2]*ArcTanh[(Sqrt[2]*Sqrt[A~2]*Cos[x])/Sqrt[2*A~2 + B~2 - B~2*Cos[2
*x]]1]) + Sqrt[-B~2]*Log[Sqrt[2]*Sqrt[-B~2]*Cos[x] + Sqrt[2*A~2 + B~2 - B~2x%
Cos[2x*x]1]]

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 1.13 (sec) , antiderivative size = 149, normalized size of antiderivative = 3.04

method | result

in (_ A2 (sin?(2)) - B2 (sin?(2) ) -2 csgn(A)A\/(A2 +B2 (sin2(2) ) ) (cos2(2) ) —242 ) B

sin(z)2

\/(A2+B2 (sin?(z))) (cos2(z)) (A csgn(A

default | —
2 cos(z) \/A2 +B2(sin?(z))

[In] int((A~2+B~2*sin(x)~2)~(1/2)/sin(x) ,x,method=_RETURNVERBOSE)

[Out] -1/2%((A~2+B"2*sin(x)~2)*cos(x)~2)~(1/2)*(A*csgn(A)*1n(-(A"2*sin(x) "2-B"2%s
in(x)~2-2xcsgn(A)*Ax ((A"2+B~2*sin(x) "2)*cos(x)~2)~(1/2)-2%A"2) /sin(x) ~2) -B*
csgn(B)*arctan(1/2xcsgn(B) /Bx (2B~ 2*sin(x) "2+A~2-B~2) / ((A"2+B~2*sin(x) ~2) *c
0s(x)~2)7(1/2)))/cos(x)/(A~2+B~2*sin(x)~2)~(1/2)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 244 vs. 2(45) = 90.

Time = 0.32 (sec) , antiderivative size = 244, normalized size of antiderivative = 4.98

/csc(x) \/A2 + B2sin?(z) dz

1 ( (A*+2 A2B? + B*) cos (z) sin (z) — 2 (2 B® cos (z)* — (A2B + B®) cos (z)) 1/ — B2 cos (z)’
=— Barctan | —

4 Bicos (z)* + A4 + 2 A2B? + B4 — (A% 4 6 A2B2 + 5 B*) cos ()’

— % B arctan (:)I; g;) — % Alog (—32 cos (z)* + AB cos () sin (z) + A? + B?

+ \/—B2 cos (z)* + A2 + B%(Acos (z) + Bsin (w))) + % Alog (—32 cos (z)°

— ABcos ()sin (z) + A? + B% — \/—B2 cos (z)® + A2 + B%(Acos (z) — Bsin (x)))

[In] integrate((A~2+B~2*sin(x)~2)~(1/2)/sin(x),x, algorithm="fricas")

[Out] 1/2*B*arctan(-((A™4 + 2%A"2*¥B~2 + B~4)*cos(x)*sin(x) - 2*(2*%B~3*cos(x)~3 -
(A~2%B + B~3)*cos(x))*sqrt(-B"2*cos(x)"2 + A”2 + B"2))/(4*B"4xcos(x)"4 + A~

4 + 2¥A"2%xB"2 + B™4 - (A"4 + 6%xA"2%B"2 + 5*B"4)*cos(x)~2)) - 1/2*B*arctan(s
in(x)/cos(x)) - 1/2xA*log(-B"2*cos(x)~2 + A*Bxcos(x)*sin(x) + A2 + B"2 + s

qrt (-B"2*cos(x)"2 + A2 + B"2)*(Axcos(x) + B*sin(x))) + 1/2*Axlog(-B~2*cos(

X)"2 - A*Bxcos(x)*sin(x) + A”2 + B"2 - sqrt(-B"2*cos(x)"2 + A™2 + B"2)*(A*c
os(x) - B*sin(x)))

Sympy [F]

/Csc(x)\/Ag + B2sin®(z) dz = / VA + Bsin’ (@)

sin ()

[In] integrate((A*x2+B*x2*sin(x)**2)**(1/2)/sin(x),x)
[Out] Integral(sqrt(A**2 + Bx*2*sin(x)*#*2)/sin(x), x)
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 116 vs. 2(45) = 90.

Time = 0.27 (sec) , antiderivative size = 116, normalized size of antiderivative = 2.37

B2 cos (z) 1 A?
2 2 gin2 - _ i _z R —
/csc(w) \/A + B?sin®(x) dx B arcsin ( o 4) 5 Alog (B cos (2) — 1

\/—B2 cos (z)* + A2 4+ B2A 1
— " + 3 Alog | —B?

s(z) -1

A2 \/—32 cos (z)* + A2 + B2A
+cos(x)+1 cos( )+1

[In] integrate((A"2+B~2*sin(x)~2)~(1/2)/sin(x),x, algorithm="maxima")

[Out] -Bxarcsin(B~2*cos(x)/sqrt(A~2+%B"2 + B~4)) - 1/2xAxlog(B"2 - A"2/(cos(x) - 1
) - sqrt(-B"2*cos(x)”"2 + A”2 + B"2)*A/(cos(x) - 1)) + 1/2*%Axlog(-B~2 + A~2/
(cos(x) + 1) + sqrt(-B"2*cos(x)"2 + A”2 + B72)*A/(cos(x) + 1))

Giac [F]

\/B2 sin (z)* + A2

/csc(x) \/A2 + B2sin?(z) dx = / S0 (@) dz

[In] integrate((A™2+B~2*sin(x)~2)~(1/2)/sin(x),x, algorithm="giac")

[Out] integrate(sqrt(B"2*sin(x)~2 + A~2)/sin(x), x)

Mupad [F(-1)]

Timed out.

+ B2sin (

csc(x)y/ A2 + B2sin?(z) dz = \/A2 d:r
[ st/ /

sin (z)

[In] int((B~2*sin(x)"2 + A~2)~(1/2)/sin(x),x)
[Out] int((B~2*sin(x)"2 + A~2)"(1/2)/sin(x), x)
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3.43 — L __dx

14-cos(x)
Optimal result . . . . . . . . . . e 214
Rubi [A] (verified) . . . . . . . . . 214
Mathematica [A] (verified) . . . . . . . . ... . 215
Maple [A] (verified) . . . . . . . . . . 215
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... ... .... 215
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 276l
Maxima [A] (verification not implemented) . . . . . . ... ... ... L. 276l
Giac [B] (verification not implemented) . . . . . . . . ... .. ... L. 216
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 216

Optimal result

Integrand size = 6, antiderivative size = 9

/ 1 _ sin(z)
1 + cos(z) Ty cos(x)
[Out] sin(x)/(1+cos(x))

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Lumber of rules _ 167 , Rules used = {2727}
integrand size

1 _ sin(z)
/ 1 + cos(z) de = cos(z) + 1
[In] Int[(1 + Cos[x])~(-1),x]
[Out] Sin[x]/(1 + Cos[x])

Rule 2727

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> Simp[-Cos[c +
d*x]/(dx(b + axSin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b
~2, 0]

Rubi steps
sin(zx)

integral = ————
integral = T cos(z)



Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.67

/ 1+clos(:c) do = tan ( 3)

[In] Integrate[(1 + Cos[x])~(-1),x]
[Out] Tan[x/2]

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.56

method result size
default tan (2) | 5
norman tan ( 5 ) 5
parallelrisch | tan ( 3 ) 5
risch e,-fil 13

[In] int(1/(cos(x)+1),x,method=_RETURNVERBOSE)

[Out] tan(1/2%*x)

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

1
/ 1 + cos(z) dz

[In] integrate(1/(1+cos(x)),x, algorithm="fricas")

[Out] sin(x)/(cos(x) + 1)

215
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Sympy [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.33

/ l—i—clos(a:) do = tan (5)

[In] integrate(1/(1+cos(x)),x)
[Out] tan(x/2)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

/ 1 sin (z)

——dr= —————
1 + cos(x) cos(z)+1
[In] integrate(1/(1+cos(x)),x, algorithm="maxima")

[Out] sin(x)/(cos(x) + 1)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 30 vs. 2(9) = 18.

Time = 0.29 (sec) , antiderivative size = 30, normalized size of antiderivative = 3.33

— —dx =
oo T @) ()

/ 1 p 2 tan (1 z)

[In] integrate(1/(1+cos(x)),x, algorithm="giac")
[Out] -2*tan(1/2%x)/((x"2 + D*((x"2 - 1)/&"2 + 1) - 1))

Mupad [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 4, normalized size of antiderivative = 0.44

/ 1+ clos(x) do = tan(%)

[In] int(1/(cos(x) + 1),x)
[Out] tan(x/2)
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3.44 [ e*x dz

Optimal result . . . . . . . . .. e 217
Rubi [A] (verified) . . . . . . . 217
Mathematica [A] (verified) . . . . . . . . ... L 218
Maple [A] (verified) . . . . . . . . . 218
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ....... 219
Sympy [A] (verification not implemented) . . .. .. ... ... ... .. ... .. 27191
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. AR
Giac [A] (verification not implemented) . . . . . . . .. ... .. L. 219
Mupad [B] (verification not implemented) . . . ... ... .. .. ... ....... 220

Optimal result

Integrand size = 5, antiderivative size = 11
/e””x dr = —e® +e"x
[Out] -exp(x)+exp(x)*x

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 455 Ryles used = {2207,
integrand size
2225}

/e“’zdx =z — "

[In] Int[E~x*x,x]
[Out] -E°x + E"x*x
Rule 2207

Int [((b_.)*(F_)~((g_.)*((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*x((b*F~(gx(e + f*x))) n/(f*gxn*xLog[F]l)),
x] - Dist[d*(m/(f*g*n*Log[F])), Int[(c + d*x)"(m - 1)*(b*F~(gx(e + f*x))) n
, x]1, x]1 /; FreeQ[{F, b, c, d, e, f, g, n}, x] && GtQ[m, 0] && IntegerQ[2*m
1 && !TrueQ[$UseGamma]

Rule 2225

Int [((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*x(a +
b*x))) "n/(bxcxn*Log[Fl), x] /; FreeQ[{F, a, b, c, n}, x]



Rubi steps
integral = ez — / e’ dr
=—e"+ e’z

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.64
/e’”xdw =e(—1+1z)

[In] Integrate[E"x*x,x]
[Out] E"x*x(-1 + x)

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.64

method result size
gosper (—1+z)e* |7
risch (-1+z)e® |7
default —e* + €ex 10
norman —e” +e"x 10
parallelrisch | —e® + e"x 10
parts —e” 4+ e’z 10
meijerg 1-— —(_Qx;r 2 | 19

[In] int(exp(x)*x,x,method=_RETURNVERBOSE)
[Out] (-1+x)*exp(x)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.55

/exw dxr = (z — 1)e”

[In] integrate(exp(x)*x,x, algorithm="fricas")

[Out] (x - 1)*e"x

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.45

/ezxdz =(x—1)€"

[In] integrate(exp(x)*x,x)

[Out] (x - 1)*exp(x)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.55

/e”w dxr = (z — 1)e”

[In] integrate(exp(x)*x,x, algorithm="maxima")

[Out] (x - 1)*e"x

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.55

/e’”w dz = (z — 1)e”

[In] integrate(exp(x)*x,x, algorithm="giac")

[Out] (x - 1)*e"x
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.55
/e"’xda; =e"(z—1)

[In] int(x*exp(x),x)
[Out] exp(x)*(x - 1)
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345  [flpda

1+z)
Optimal result . . . . . . . . . . . e 22T
Rubi [A] (verified) . . . . . . . . 221]
Mathematica [A] (verified) . . . . . . . . . .. 2221
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ... ..
Sympy [A] (verification not implemented) . . . . .. ... ... ... ... ... .. 223
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 223
Giac [B] (verification not implemented) . . . . . . . . ... ... Lo 0L 223
Mupad [B] (verification not implemented) . . . . ... ... ... ... .......

Optimal result

Integrand size = 10, antiderivative size = 9

/ ez d e®
——dadx =
(1+z)? 14z

[Out] exp(x)/(1+x)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Zumber of rules _ , 1430 Ryles used = {2228}
integrand size

/ e*r do — e
(1+2)? T
[In] Int[(E~x*x)/(1 + x)~2,x]

[Out] E°x/(1 + x)

Rule 2228

Int [(F_)~((c_)*(v_))*(u_)"(m_.)*(w_), x_Symbol] :> With[{b = Coefficient[v
, X, 11, d = Coefficient[u, x, 0], e = Coefficient[u, x, 1], f = Coefficien
tlw, x, 0], g = Coefficient[w, x, 1]}, Simp[gxu~(m + 1)*(F~ (c*v)/(b*c*e*Log
[F1)), x] /; EqQle*xg*(m + 1) - bxcx(exf - d*g)*Logl[F]l, 0]] /; FreeQ[{F, c,
m}, x] && LinearQ[{u, v, w}, x]

Rubi steps

T

int 1 =
integra. T+



Mathematica [A] (verified)

222

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

61)

e‘x
/ Ata2 @

[In] Integrate[(E~x*x)/(1 + x)~2,x]
[Out] E°x/(1 + x)

Maple [A] (verified)

1

+x

Time = 0.10 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

method result | size
gosper 1e:z 9
default 1'?:36 9
norman 164:5 9
risch 16.:95 9
parallelrisch | £~ |9

[In] int(exp(x)*x/(1+x)~2,x,method=_RETURNVERBOSE)

[Out] exp(x)/(1+x)

Fricas [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.89

T

e

e‘x
/ 0+2) dz

=:v—|—1

[In] integrate(exp(x)*x/(1+x)~2,x, algorithm="fricas")

[Out] e~x/(x + 1)
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Sympy [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.56

T

/ etz do — e
(1+z)2 " =z+1

[In] integrate(exp(x)*x/(1+x)**2,x)
[Out] exp(x)/(x + 1)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.89

T

/ etxr do — e
(1+z)2 ~  z+1

[In] integrate(exp(x)*x/(1+x)~2,x, algorithm="maxima")

[Out] e"x/(x + 1)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 30 vs. 2(8) = 16.

Time = 0.29 (sec) , antiderivative size = 30, normalized size of antiderivative = 3.33

/ o e e(_(“ﬂ)(#l_l))
o™ @ (-1 -1

[In] integrate(exp(x)*x/(1+x)~2,x, algorithm="giac")
[Out] -e~(-(x + D*(1/(x + 1) - 1)/((x + D*xA/(x +1) - 1) - 1)

Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.89
e’r e’
=" dr=—
/ (1+2)2 T

[In] int((x*exp(x))/(x + 1)72,x)
[Out] exp(x)/(x + 1)



3.46 [ e (14 22?) dx

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . . .. ... ... ... ... ..
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .. ...
Maxima [A] (verification not implemented) . . . . . . . .. ... ...
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L
Mupad [B] (verification not implemented) . . . . ... .. ... ... .. .......

Optimal result

Integrand size = 13, antiderivative size = 7

/ez2 (1 + 2x2) de = ez

[Out] exp(x~2)*x

Rubi [A] (verified)

224

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00, number

of steps used = 5, number of rules used

— 3. humber of rules

2235, 2243}

/e’”2 (1 + 2:62) de = ez

[In] Int[E~x"2*%(1 + 2*x~2),x]
[Out] E~x"2%x
Rule 2235

' integrand size

= 0.231, Rules used = {2258,

Int[(F_)"((a_.) + (b_.)*x((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pil*(Erfil[(c + d*x)*Rt[b*Log[F], 2]11/(2*d*Rt[b*Log[F], 21)), x] /; FreeQ[{

F, a, b, c, d}, x] && PosQ[b]

Rule 2243

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_)*(x_))"(m_))*((c_.) + (d_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + bx(c + d*x) n)/(b*d*n*L
oglFl)), x] - Dist[(m - n + 1)/(b*n*Log[F]), Int[(c + d*x)"(m - n)*F~(a + b
*(c + d*x)"n), x], x] /; FreeQ[{F, a, b, ¢, d}, x] & IntegerQ[2*((m + 1)/n
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)] && LtQ[O0, (m + 1)/n, 5] && IntegerQ[n] && (LtQ[0, n, m + 1] || LtQ[m, n,
01)

Rule 2258

Int[(F_)"((a_.) + (b_)*((c_.) + (@_.)*x))"(m ))*(_), x_Symbol] :> Int[E
xpandLinearProduct [F~(a + b*(c + d*x)"n), u, c, d, x], x] /; FreeQ[{F, a, b
, ¢, d, n}, x] && PolynomialQ[u, x]

Rubi steps

integral = / (exz + 2e””2x2> dx

:2/e’”2x2dx+/e””2dac

— ez + %ﬁerﬁ(w) — /6”2 dz

2

=€ T

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/e’”2 (14 22?) dz = ez
[In] Integrate[E~x"2%(1 + 2*x~2),x]
[Out] E~x"2*x

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00



method result o
gosper ez -
default e .
norman ey .
risch ey .
parallelrisch ey ;
meijerg i(—ia: e + ierﬁ(;)ﬁ ) + erﬁ(;v)ﬁ 59
22
I R SV G LR e

[In] int(exp(x~2)*(2*x~2+1),x,method=_RETURNVERBOSE)
[Out] exp(x~2)*x

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

/6“2 (1 + 21:2) dzx = ze®)

[In] integrate(exp(x~2)*(2*x~2+1),x, algorithm="fricas")
[Out] x*e~(x72)

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

/ez2 (1 + 2x2) dx = ze®

[In] integrate(exp(x**2)* (2*x**2+1) ,x)
[Out] x*exp(x**2)

226
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Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

/ewz (1 + 2:62) dzx = ze®)

[In] integrate(exp(x~2)*(2*x~2+1),x, algorithm="maxima")

[Out] x*xe~(x~2)

Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

/e“’2 (1 + 2.%‘2) dzx = ze®)

[In] integrate(exp(x~2)*(2*x~2+1),x, algorithm="giac")

[Out] x*xe~(x~2)

Mupad [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

/6“2 (1 + 2932) de = ze®

[In] int(exp(x~2)*(2%x~2 + 1),x)
[Out] x*exp(x~2)
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3.47 | e dx

Optimal result . . . . . . . . . . . . e e 228
Rubi [A] (verified) . . . . . . . . . 228
Mathematica [A] (verified) . . . . . . . . . ... 229
Maple [A] (verified) . . . . . . . . . . 229
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... .. 2291
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... ... 230
Maxima [C] (verification not implemented) . . . . . . . ... ... ... ... .. 230
Giac [C] (verification not implemented) . . . . . . . . .. ... ... L. 230
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 230

Optimal result

Integrand size = 5, antiderivative size = 11

/ e dr = %ﬁerﬁ(m)
[Out] 1/2*erfi(x)*Pi~(1/2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Zumber of rules _ , 944 Ryles used = {2235}
integrand size

/ e dx = %ﬁerﬁ(w)

[In] Int[E~x"2,x]

[Out] (Sqrt[Pi]*Erfil[x])/2

Rule 2235

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil(c + d*x)*Rt[bxLog[F], 2]11/(2*d*Rt[b*Log[F], 2])), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rubi steps

integral = %ﬁerﬁ(m)



Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/ e dx = %ﬁerﬁ(w)

[In] Integratel[E"x"2,x]
[Out] (Sqrt[Pil*Erfilx])/2

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

method | result size
default M 8

. erfi(z)/T
meijerg 5 8
risch efil@lvr | g

[In] int(exp(x~2),x,method=_RETURNVERBOSE)
[Out] 1/2*%erfi(x)*Pi~(1/2)

Fricas [A] (verification not implemented)

nomne

Time = 0.23 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.64

/eg62 dr = % Verfi ()

[In] integrate(exp(x~2),x, algorithm="fricas")

[Out] 1/2*sqrt(pi)*erfi(x)
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Sympy [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

[ &= YA

[In] integrate(exp(x**2),x)
[Out] sqrt(pi)*erfi(x)/2

Maxima [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.18 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/er dx = —%iﬁerf (i)

[In] integrate(exp(x~2),x, algorithm="maxima")

[Out] -1/2%I*sqrt(pi)*erf (I*x)

Giac [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.27 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/er dx = %z Vmerf (—ix)

[In] integrate(exp(x~2),x, algorithm="giac")
[Out] 1/2*%Ixsqrt(pi)*erf (-I*x)

Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.64

[ VA

[In] int(exp(x~2),x)
[Out] (pi~(1/2)*erfi(x))/2
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3.48 | & dx

Optimal result . . . . . . . . .. e 231
Rubi [A] (verified) . . . . . . . . . 231
Mathematica [A] (verified) . . . . . . . . ... L 232
Maple [B] (verified) . . . . . . . . . . 232
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 232
Sympy [A] (verification not implemented) . . . .. ... ... ... ... ..., . 2331
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 233
Giac [A] (verification not implemented) . . . . . . . .. ... ... 233
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 233]

Optimal result

Integrand size = 7, antiderivative size = 2
/ € o= ExplIntegralEi(z)
x

[Out] Ei(x)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Bumber of rules _ 143 Ryl ysed = {2209}
integrand size

/ % dx = ExplntegralEi(z)

[In] Int[E~x/x,x]
[Out] ExpIntegralEi [x]
Rule 2209

Int [(F_)~((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - cx(£/d)))/d)*ExpIntegralEi[fxgx(c + d*x)*(Log[Fl1/d)], x] /; F
reeQ[{F, c, d, e, f, g}, x] & !TrueQ[$UseGamma]

Rubi steps
integral = ExplntegralEi(z)



Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

[In] Integratel[E"x/x,x]
[Out] ExpIntegralEi [x]

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 7 vs. 2(2) = 4.

Time = 0.03 (sec) , antiderivative size = 8, normalized size of antiderivative = 4.00

/ % dz = ExplntegralEi(x)

method | result size
default | —Ei; (—z) 8
risch —Eiy (—x) 8
meijerg | In(z) +im —In(—z) — Ei; (—z) | 21

[In] int(exp(x)/x,x,method=_RETURNVERBOSE)

[Out] -Ei(1,-x)

Fricas [A] (verification not implemented)

nomne

Time = 0.24 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ % de = Fi(z)

[In] integrate(exp(x)/x,x, algorithm="fricas")

[Out] Ei(x)

232
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Sympy [A] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/Z—wdzin(x)

[In] integrate(exp(x)/x,x)
[Out] Ei(x)

Maxima [A] (verification not implemented)

none
Time = 0.22 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ex—wdm = Ei(x)

[In] integrate(exp(x)/x,x, algorithm="maxima")

[Out] Ei(x)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ % dz = Fi(z)

[In] integrate(exp(x)/x,x, algorithm="giac")

[Out] Ei(x)

Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ % dx = ei(x)

[In] int(exp(x)/x,x)
[Out] ei(x)



234

3.49 [ s dx

1+x3
Optimal result . . . . . . . . . . . e 234]
Rubi [A] (verified) . . . . . . . . 234
Mathematica [A] (verified) . . . . . . . . . .. .
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .... 230
Sympy [A] (verification not implemented) . . . . . .. ... ... ... ... 237
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. 237
Giac [A] (verification not implemented) . . . . . . . ... ... oL 237
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 238

Optimal result

Integrand size = 9, antiderivative size = 41

1-2z
T arctan<ﬁ) 1 1 X
/1+x3dx=—T—glog(1+x)+glog(1—x+x)

[Out] -1/3*1n(1+x)+1/6*1n(x"2-x+1)-1/3*arctan(1/3*(1-2*xx)*3~(1/2))*3~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Lumber of rules _ () s67 Ryles used = {298,

integrand size
31, 648, 632, 210, 642}

T arctan (1\_/?) 1 ) 1
/1+$3dw=—T—|—glog(x —z+1) —glog(w—l-l)
[In] Intlx/(1 + x73),x]

[Out] -(ArcTan[(1 - 2*x)/Sqrt[3]11/Sqrt[3]) - Logl[l + x]/3 + Logl[l - x + x~2]1/6
Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
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& (LtQla, 0] Il LtQ[b, 0])

Rule 298

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> Dist[-(3*Rt[a, 3]*Rt[b, 31)"(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]1*x), x], x] + Dist[1/(3*#Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2*cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rubi steps

1/ 1 1 [ 14z
int l=—(= d - =" 4
tegtra <3/1+x x>+3/1—x+x2 v

1 1 —-1+2 1 1
=—§log(1+x)+—/idx+—/—dx

6/ 1—x+22 2) 1—x+ 22

=—§log(1+m)+%log(1—x+x2) —Subst(/ 31 2dx,x,—1+2x>

arctan (_1“'2”’)
_ vi) 1 1 _ 2
= 7 3log(1+x)+6log(1 T+ 1°)
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Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.98

—142x
z arctan( 73 ) 1 1 )
/1—|—x3dm: /3 —glog(1+x)—|—610g(1—a:+x)

[In] Integrate[x/(1 + x73),x]
[Out] ArcTan[(-1 + 2%x)/Sqrt[3]]/Sqrt[3] - Logl[l + x]/3 + Logll - x + x~2]/6

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.80

method | result size
I 9 V3 arctan(W)
risch _ln(13+z) + n(z gx—i—l) i . 33
n(z2— V/3 arctan Qz-1)V3
default | mefoetl) | YRR g ) In(L+o) 35
1
V3 (.7;3) 3
z2 ln(1+(w3)%) 22 1n(1—(z3)%+(x3)%) 224/3 arctan (2_(23)‘%)
meijerg | — p + P + 80
3(23)3 6(z3) 3 3(z3)3

[In] int(x/(x"3+1),x,method=_RETURNVERBOSE)
[Out] -1/3*1n(1+x)+1/6*1n(x"2-x+1)+1/3*3"(1/2)*arctan(2/3*(x-1/2)*3°(1/2))

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.83

1
/ﬁdx:%\/ﬁarctan (%\/5(2x—1)) +é log (z* —z +1) ~3 log (x + 1)

[In] integrate(x/(x"3+1),x, algorithm="fricas")
[Out] 1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2*x - 1)) + 1/6%log(x"2 - x + 1) - 1/3*log(
x + 1)
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Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00

V3z V3
/ x _log(a+1)  log(a®—c+1) V3atan (%_?3)

1+~ 3 6 3

[In] integrate(x/(x**3+1),x)
[Out] -log(x + 1)/3 + log(x**2 - x + 1)/6 + sqrt(3)*atan(2*sqrt(3)*x/3 - sqrt(3)/

3)/3

Maxima [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.83

/1-fz3 dz:%\/garctan <%\/§(2x—1)) +é log (22 —z + 1) —% log (z + 1)

[In] integrate(x/(x"3+1),x, algorithm="maxima")
[Out] 1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2*x - 1)) + 1/6%log(x"2 - x + 1) - 1/3*log(
x + 1)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.85

/1—f:v3 dx = %\/garctan (% V3(2z — 1)) —l-% log (z* —z+1) — % log (|z + 1|)

[In] integrate(x/(x"3+1),x, algorithm="giac")
[Out] 1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2*x - 1)) + 1/6%log(x"2 - x + 1) - 1/3*log(
abs(x + 1))
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Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.12

T _ In(z+1) 1 /31 1 +/31i
[ e R (o5 (105

1 31 1 /31
-l-ln(z—E-I- 2 ><6+ 5 )

[In] int(x/(x"3 + 1),x)

[Out] log(x + (37(1/2)*1i)/2 - 1/2)*((37(1/2)*1i)/6 + 1/6) - log(x - (37(1/2)*1i)
/2 - 1/2)*%((37(1/2)*11)/6 - 1/6) - log(x + 1)/3
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3.50 [ —%dz

—1+25
Optimal result . . . . . . . . . . . e 230
Rubi [A] (verified) . . . . . . . . . . 239
Mathematica [A] (verified) . . . . . . . . . ... 247]
Maple [A] (verified) . . . . . . . . .. 24T]
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 242
Sympy [B] (verification not implemented) . . ... ... ... ... ... ... ... 242
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... 2421
Giac [A] (verification not implemented) . . . . . ... ... .. L L. 243
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 243]

Optimal result

Integrand size = 7, antiderivative size = 47

V3z
/ 1 g — _arctan <ﬁ> B arctanh(z) B larctanh T
—1+20 " 2V/3 3 6 1+ 22

[Out] -1/3*arctanh(x)-1/6*arctanh(x/(x"2+1))-1/6*arctan(x*3~(1/2)/(-x"2+1))*3~(1/
2)

Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.55, number
of steps used = 10, number of rules used = 6, Bummber of rules _ g5z Ryjjes used = {216,

' integrand size
648, 632, 210, 642, 212}

/ 1 o arctan (7%””) ~ arctan <%) _ arctanh(z)
—1+ 5 2V/3 23 3
1 2 1 2
+Elog(a: —z+1) —Elog(x +z+1)

[In] Int[(-1 + x"6)~(-1),x]

[Out] ArcTan[(1 - 2*x)/Sqrt[3]]1/(2*Sqrt[3]) - ArcTan[(1 + 2%x)/Sqrt[3]]/(2*Sqrt[3
1) - ArcTanh[x]/3 + Logl[l - x + x72]/12 - Logl[l + x + x72]/12

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)
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Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 216

Int[((a)) + (b_.)*(x_)"(n_))"(-1), x_Symbol] :> Module[{r = Numerator[Rt[-a
/b, nl], s = Denominator[Rt[-a/b, nl], k, u}, Simp[u = Int[(r - s*Cos[(2xk*
Pi)/nl*x)/(r~2 - 2*r*s*Cos[(2%k*Pi)/nl*x + s72*%x~2), x] + Int[(r + s*Cos[(2
*k*xPi) /n]*x)/(r~2 + 2*rxsxCos[(2*%k*Pi)/nl*x + s72*xx72), x]; 2*x(r~2/(a*n))*I
nt[1/(r"2 - s72*x"2), x] + Dist[2*x(r/(a*n)), Sum[u, {k, 1, (n - 2)/4}], x],
x]] /; FreeQ[{a, b}, x] && IGtQ[(n - 2)/4, 0] && NegQ[a/b]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xcxd - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*d - bxe)/(2xc), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rubi steps

1 1-2 1 1+2 1 1
integral = — (= [ ——2—dz | —= | ——2—d ——/—d
Hesra (3/1—$+$U2 :c) 3/1+x+x2 T3 )12 ™

_arctanh(z) 1/ -1+ 2z iz 1/ 1+ 2z .
N 3 12) 1—z+ a2 12 ) 142+ 22

1/ 1 e 1/ 1 Iz
4 ] 1—x+ x2 4 ) 14+x24+ 22

_ _arctanh(z) 1 B o 1 5
=——F +12log(1 T+ z°) 1210g(1+z+x)

1 1 1 1
— —-142 — S 142
+2Subst(/ _3_m2dac,x, + x)+28ubst(/ _3_x2dx,a:, + x)
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arctan (1_2””> arctan (H%) tanh 1 1
7 V3 arctan (x)+Elog(1—$+x2)_ﬁlog(1+w

- 2v/3 2v/3 3

+ x2)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.60

1+ 2x

/ L gL (—2\/§arctan (%) — 2v/3arctan ( 7 ) + 2log(1 — )

-1+ 2 12

—2log(1+ z) + log (1 — z + z°) — log (1+x+w2))

[In] Integrate[(-1 + x76)~(-1),x]
[Out] (-2*%Sqrt([3]*ArcTan[(-1 + 2*x)/Sqrt[3]] - 2*Sqrt[3]*ArcTan[(1 + 2%x)/Sqrt[3]
1 + 2¥Log[1 - x] - 2xLog[1l + x] + Logll - x + x72] - Logl[l + x + x72])/12

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.40

method | result
default In(—1+2) 1n(z2+:c+1) arctan<(1+2§v)\/§)\/§ ln(:cQ—m—i—l) V3 arctan((zx*;)\/g> In(142)
elau 6 12 - 6 12 - 6 ~ "6
23 (z+l)
i \/5 t Y\ T2)
| mltoassa)  VBartan(CE) ygig) m(etret) T T In(~142)
risc 12 - 6 -~ 6 12 - 6 + %
6 % 6 flg 1 6 % 6 %‘
1 1 (=68 ()8 ey b () () V(s
x ln(l—(z6)6>—ln(1+(a:6)6)+ 3 —+/3 arctan T | — 5 —+/3 arctan /
(o)} 2+(=)
meijer
17e 6(c°)%

[In] int(1/(x"6-1),x,method=_ RETURNVERBOSE)
[Out] 1/6*1n(-1+x)-1/12%1n(x"2+x+1)-1/6%arctan(1/3*%(1+2*x)*3~(1/2))*3~(1/2)+1/12%
In(x"2-x+1)-1/6%3"(1/2)*arctan(1/3%(2*xx-1)*3~(1/2))-1/6*%1n(1+x)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.38

/ L dr = —% 3arctan (é V32 + 1)) — é\/garctan (% V32 — 1))

_]__|_$6

1 1 1 1
-1 log (2 +z+1) +33 log (2> —z+1) ~5 10g(a:+1)+6 log (z — 1)
[In] integrate(1/(x"6-1),x, algorithm="fricas")

[Out] -1/6*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx + 1)) - 1/6*sqrt(3)*arctan(1/3*sqrt(3)
*(2%xx - 1)) - 1/12*%log(x"2 + x + 1) + 1/12%log(x"2 - x + 1) - 1/6*log(x + 1

) + 1/6xlog(x - 1)

Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 83 vs. 2(36) = 72.

Time = 0.13 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.77

/ 1 dw_log(m—l)_log(m+1)+log(x2—x+1)_log(x2+m—|—1)
—1420"" 6 6 12 12

V3 atan (@ — \?) B V3 atan <@ + ‘/?:;)
6 6

[In] integrate(1/(x**6-1),x)

[Out] log(x - 1)/6 - log(x + 1)/6 + log(x**2 - x + 1)/12 - log(x**2 + x + 1)/12 -
sqrt (3) *atan(2*sqrt(3)*x/3 - sqrt(3)/3)/6 - sqrt(3)*atan(2*sqrt(3)*x/3 + s
qrt(3)/3)/6

Maxima [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.38

/ L ge= —é 3arctan <% V3(2z + 1)> - é\/garctan (% V32 — 1))

-1+ 26

1 9 1 9 1 1
-3 log (£ +z+1) +3 log (z° —z+1) ~5 log(x—i—l)—i—g log (z — 1)
[In] integrate(1/(x"6-1),x, algorithm="maxima")

[Out] -1/6*sqrt(3)*arctan(1/3*sqrt(3)*(2*x + 1)) - 1/6%*sqrt(3)*arctan(1/3*sqrt(3)
x(2%xx - 1)) - 1/12*%log(x"2 + x + 1) + 1/12%log(x"2 - x + 1) - 1/6*log(x + 1

) + 1/6%xlog(x - 1)
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Giac [A] (verification not implemented)

none

Time = 0.29 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.43

/L dz = —% 3arctan <% V321 + 1)) - é\/garctan (% V3(2z - 1))

—1+.'E6 -
_1 log (gv2—|-a:—|-1)—|-l log (:r:2—ac-|-1)—1 log (|z + 1|)+1 log (|z — 1|)
12 12 6 6

[In] integrate(1/(x"6-1),x, algorithm="giac")

[Out] -1/6+*sqrt(3)*arctan(1/3*sqrt(3)*(2*x + 1)) - 1/6*sqrt(3)*arctan(1/3*sqrt(3)
*(2%x - 1)) - 1/12%log(x"2 + x + 1) + 1/12%log(x"2 - x + 1) - 1/6%log(abs(x
+ 1)) + 1/6%log(abs(x - 1))

Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.87

/ 1 dm=—atanh(x)—atan z 1i + V3z ﬁ—l—li
—14 26 3 1++/31 14431 6 6

x 1i V3z V3 1.
— atan — — — =1
—1++31i —-1+4++/31i 6 6

[In] int(1/(x"6 - 1),x)

[Out] - atanh(x)/3 - atan((x*1i)/(37(1/2)*1i + 1) + (37(1/2)*x)/(37(1/2)*1i + 1))
*x(37(1/2)/6 + 1i/6) - atan((x*1i)/(37(1/2)*1i - 1) - (37(1/2)*x)/(37(1/2)*1

i - 1))*x(3°(1/2)/6 - 1i/6)
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1

3.51 J AT A B O

Optimal result . . . . . . . . . . e 244
Rubi [A] (verified) . . . . . . . . . . 244
Mathematica [A] (verified) . . . . . . . . ... L o 245
Maple [A] (verified) . . . . . . ... 245
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .. ... . 245
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... 240
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 246l
Giac [A] (verification not implemented) . . . . . . . .. ... ... 246
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... 247

Optimal result

Integrand size = 27, antiderivative size = 21

1 .- arctanh ( Z)

A+ — A2B? + (—A% + B?) o2 A(A? — B?)

[Out] arctanh(x/A)/A/(A"2-B~2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Bumber of rules _ ) y37 Ryjeg ysed = {214}
integrand size

1 o — arctanh (%)

AT — A2B? 4 (—A? + B?) 2 A (A2 = B?)

[In] Int[(A~4 - A"2%B"2 + (-A"2 + B™2)*x"2)~(-1),x]
[Out] ArcTanh([x/A]/(A*x(A"2 - B"2))
Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rubi steps

arctanh(%)
A (A% — B?)

integral =



Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

1 arctanh ( " )

At — A2B? + (—A%2+ B?) 12

[In] Integrate[(A™4 - A"2x%B"2 + (-A"2 + B"2)*x72)"(-1),x]

[Out] ArcTanh[x/A]/(A*x(A"2 - B~2))

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.43

A(A? — B?)

method result gize
parallelrisch | = lnéiff&i‘;é‘)‘ﬂ) 20
_In(A-z) | In(A+z)
default Z —— 34
norman —3a(A2—B?) T ZA(AT-B7) 44
i In(A—z) In(A+z)
risch —sacaz—py 1 2a047-B7) 44

[In] int(1/(A~4-A"2*%B~2+(-A"2+B~2)*x"2),x,method=_RETURNVERBOSE)

[Out] 1/2*(-1n(A-x)+1n(A+x))/A/(A"2-B~2)

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.29

1

dz

_log(A+2z)—log(-A+ 1)

/ A% — A2B? + (—A? 4 B?) 12

[In] integrate(1/(A"4-A"2%B~2+(-A"2+B~2)*x72),x, algorithm="fricas")

[Out] 1/2%(log(A + x) - log(-A + x))/(A"3 - A*B~2)

2 (A5 — AB?)

245
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 70 vs. 2(12) = 24.

Time = 0.15 (sec) , antiderivative size = 70, normalized size of antiderivative = 3.33

A3 AB?
log <_(A—B)(A+B) +@pars T x)

1
dz = —
/>ﬁ—ﬁ3u4ﬂ@+36ﬁ‘” 9A(A—B)(A+ B)
log <(A—B?(A+B) - (A—gﬁAJrB) + 3’)

94 (A - B)(A+ B)

[In] integrate(1/(A**4-A**x2%B*x2+(-A**2+B**2)*xx**2) ,X)

[Out] -log(-A**3/((A - B)*(A + B)) + AxB*x2/((A - B)*(A + B)) + x)/(2%A*(A - B)x*(
A + B)) + log(A*x3/((A - B)*(A + B)) - AxB**x2/((A - B)*(A + B)) + x)/(2%Ax(

A - B)x(A + B))

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.86

1 log(A+z) log(—A+z)

l/m—AwLuﬂ@+mm2x_um—Am) 2 (A% — AB?)

[In] integrate(1/(A"4-A"2%B~2+(-A"2+B~2)*x72),x, algorithm="maxima")
[Out] 1/2*%log(A + x)/(A"3 - A*B"2) - 1/2x1log(-A + x)/(A"3 - A*B~2)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.95

_ log(|JA+=z|) log(|—A+z)
T 2(A3— AB?)  2(A3— AB?)

dz

1
/m—ﬁm+@m+mm2

[In] integrate(1/(A"4-A"2%B~2+(-A"2+B~2)*x~2),x, algorithm="giac")
[Out] 1/2*%log(abs(A + x))/(A"3 - A*B~2) - 1/2xlog(abs(-A + x))/(A"3 - A*B~2)
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Mupad [B] (verification not implemented)
Time = 0.26 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

/ 1 B atanh(%)
A*— A2B? 4 (—A2+ B a2~ AB?— A3

[In] int(-1/(x"2%x(A"2 - B"2) - A™4 + A"2%B"2),x)
[Out] -atanh(x/A)/(A*xB~2 - A~3)
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3.52 [ zlog(x) dzx

Optimal result . . . . . . . . . . . e 248
Rubi [A] (verified) . . . . . . . . 248
Mathematica [A] (verified) . . . . . . . . . .. 249
Maple [A] (verified) . . . . . . . .. 249
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 249
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 2501
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 250
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 2501
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 250

Optimal result

Integrand size = 4, antiderivative size = 17

:L.Q

/wlog(w) de = — 1 + %azz log(z)
[Out] -1/4*x~2+1/2*x"2*1n(x)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Bumber of rules _ () 950 Rules used = {2341}
integrand size

1, z?
zlog(x) dx = 57 log(z) — T

[In] Int([x*Loglx],x]
[Out] -1/4%x"2 + (x"2xLogl[x])/2
Rule 2341

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))*((d_.)*(x_)) " (m_.), x_Symbol] :>
Simp[(d*x)~(m + 1)*((a + b*Loglcxx™nl])/(d*(m + 1))), x] - Simp[b*n*((d*x)"(
m+ 1)/(d*(m + 1)72)), x] /; FreeQ[{a, b, ¢, d, m, n}, x] && NeQ[m, -1]

Rubi steps

. 2 1,
integral = 7 T3% log(z)
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Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

2 1,
zlog(z) dx = 1 + 2% log(x)

[In] Integrate[x*Logl[x],x]

[Out] -1/4%x"2 + (x"2*Loglx])/2

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

method result size

default —% + @ 14

norman — % w 14
z2 z2 In(zx) 14

risch

parallelrisch | —%-

z2 In(zx) 14

+
n
® 4 @) |y
n

parts Y

[In] int(x*1n(x),x,method=_RETURNVERBOSE)
[Out] -1/4*x"2+1/2*x~2*1n(x)

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

1 1
/xlog(a:) dx = 3 z?log (x) — 1 z?

[In] integrate(x*log(x),x, algorithm="fricas")
[Out] 1/2*x"2xlog(x) - 1/4*x"2
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.71
2 1 2
/xlog(w)dz = %g(x) - %

[In] integrate(x*1n(x),x)
[Out] x**2*log(x)/2 - x**2/4

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

1 1
/xlog(x) dx = 5 z?log (x) — 1 z?

[In] integrate(x*log(x),x, algorithm="maxima")

[Out] 1/2*x"2*log(x) - 1/4%x~2

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/mlog(r) dx = % z?log () — :11 z?

[In] integrate(x*log(x),x, algorithm="giac")
[Out] 1/2*x"2xlog(x) - 1/4*x"2

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.53

/xlog(:c) dz == (In (g) ~3)

[In] int(x*log(x),x)
[Out] (x"2%(log(x) - 1/2))/2



3.53 [ z* arcsin(z) dz

Optimalresult . . ... ... ... ... ... ...........
Rubi [A] (verified) . . . .. ... .. ...
Mathematica [A] (verified) . . . . . . . . . ..
Maple [A] (verified) . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L.
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ......

Optimal result

Integrand size = 6, antiderivative size = 40

J1 =2
/a:2 arcsin(x) dz = 13 T

[Out] -1/9%(-x"2+1)"(3/2)+1/3*x"3*arcsin(x)+1/3*(-x"2+1)~(1/2)

Rubi [A] (verified)

1
(1-— :c2)3/2 + §x3 arcsin(z)

251

Time = 0.03 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00, number

— g humber of rules

of steps used = 4, number of rules used
272, 45}

1 1
/:c2 arcsin(x) dz = §x3 arcsin(z) — 5(1 _ x2)3/2 +

[In] Int[x"2*ArcSin[x],x]

[Out] Sqrtl[1l - x721/3 - (1 - x°2)~(3/2)/9 + (x~3*ArcSin[x])/3

Rule 45

’ integrand size

= 0.500, Rules used = {4723,

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, 4, n},
x] &% NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le

Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0]

Rule 272

Il GtQ[m + n + 2, 0])

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
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, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 4723

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcSin[c*x]) n/(d*(m + 1))), x] - Dist[b*c*(n
/(d*(m + 1))), Int[(d*x)~"(m + 1)*((a + bxArcSin[c*x])~(n - 1)/Sqrt[1l - c™2%
x~21), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rubi steps

integral = 1x3 arcsin(x) ! / = dzx
T3 3J) V1—x2

1

= §x3 arcsin(x) — éSubst (/ IL—x
1 3 - 1 1 ,
=37 arcsin(z) — ESubst —V1—z) da,z,z

dx, x,x2>

Vi—z
Vvi—z2 1 1
=" T 5(1 — x2)3/2 + gz?’ arcsin(z)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.72

/x2 arcsin(z) dz = % (v 1—22(2+3%) + 32° arcsin(x))

[In] Integrate[x~2xArcSin[x],x]
[Out] (Sqrtl[l - x™2]1*(2 + x72) + 3*x~3*ArcSin[x])/9

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.85

method | result Size
default ””3*’“;351“(’”) 4 22 —9x2+1 n 2@ 34

parts | Tein@ y 2?Voa¥il | 2voalil | gy

[In] int(x"2*arcsin(x),x,method=_RETURNVERBOSE)
[Out] 1/3%x"3%arcsin(x)+1/9*%x~2%(-x~2+1)~(1/2)+2/9*%(-x~2+1)~(1/2)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.60

1 1
/x2 arcsin(z) dz = 3 x3 arcsin (z) + 9 (£ +2)V—2z2+1

[In] integrate(x~2*arcsin(x),x, algorithm="fricas")

[Out] 1/3*x"3*arcsin(x) + 1/9*%(x"2 + 2)*sqrt(-x~2 + 1)

Sympy [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.80

zlasin(z) 2°V1—122 21— x2

2 _
/ x* arcsin(z) dx 3 + 9 + 9

[In] integrate(x**2*asin(x),x)
[Out] x*x3*asin(x)/3 + x**2*sqrt(l - x**2)/9 + 2xsqrt(l - x*%x2)/9

Maxima [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.82

1 1 2
/x2 arcsin(z) dz = 3 x3 arcsin () + 9 V—z2 + 12% + 5 vV—x?+1

[In] integrate(x~2*arcsin(x),x, algorithm="maxima")
[Out] 1/3*x"3*arcsin(x) + 1/9*sqrt(-x~2 + 1)*x"2 + 2/9*sqrt(-x~2 + 1)

Giac [A] (verification not implemented)
none
Time = 0.28 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.95

1 1 1 3 1
/:132 arcsin(z) dr = 3 (z* — 1)z arcsin (z) + 3 x arcsin (z) — 9 (-2 +1)2 + 3 —z2+1

[In] integrate(x~2*arcsin(x),x, algorithm="giac")
[Out] 1/3%(x"2 - 1)*x*arcsin(x) + 1/3*x*arcsin(x) - 1/9%(-x"2 + 1)7(3/2) + 1/3%sq

rt(-x"2 + 1)
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Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.60

3 asi 1— 22 (2249
/:c2 arcsin(z) dr = L as;n(ac) n mg(x +2)

[In] int(x"2*asin(x),x)

[Out] (x"3*asin(x))/3 + ((1 - x~2)~(1/2)*(x"2 + 2))/9
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1

3.54 1+22+x2 dx

Optimal result . . . . . . . . . . . . e 255
Rubi [A] (verified) . . . . . . . . . . 255
Mathematica [A] (verified) . . . . . . . . . ...
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... ... 257
Sympy [A] (verification not implemented) . . . . . ... ... ... L. 257
Maxima [A] (verification not implemented) . . . . . . ... ... ... L L. 257
Giac [A] (verification not implemented) . . . . . . .. ... .. Lo L. 257
Mupad [B] (verification not implemented) . . . ... ... . ... ... ....... 258

Optimal result

Integrand size = 10, antiderivative size = 7

/ 1 d 1
—  dxr = —
1422+ 22 142z

[Out] -1/(1+x)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ ( 940 Ryles used = {27,
integrand size
39}

/ 1 d 1
—_—  adxr = —
142z + 22 z+1

[In] Int[(1 + 2*x + x~2)"(-1),x]
[Out] -(1 + x)~(-1)
Rule 27

Int[(u_.)*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[uxCanc
el[(b/2 + c*x)~(2*p)/c7pl, x] /; FreeQl[{a, b, c}, x] && EqQ[b~2 - 4*axc, 0]
&& IntegerQ[pl]

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)"(m + 1)/(b*(m +
1)), x]1 /; FreeQ[{a, b, m}, x] && NeQ[m, -1]
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Rubi steps

1
integral = / m dx

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/ 1 o — 1
14+2z+22 14z

[In] Integrate[(1 + 2*x + x72)~(-1),x]
[Out] -(1 + x)~(-1)

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.14

method result | size
gosper — | 8
default — HLE 8
norman — H% 8
meijerg Trs 8
risch — H% 8
parallelrisch | — 1_'%@ 8

[In] int(1/(x~2+2*x+1) ,x,method=_RETURNVERBOSE)
[Out] -1/(1+x)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/ 1 4 1
—_—  adxr = —

1+ 2z + 22 z+1
[In] integrate(1/(x"2+2*x+1),x, algorithm="fricas")

[Out] -1/(x + 1)

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

/ 1 d 1
—_—  adxr = —

1+ 2z + 22 z+1
[In] integrate(1/(x**2+2*x+1),x)

[Out] -1/(x + 1)

Maxima [A] (verification not implemented)

none
Time = 0.21 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/ 1 4 1
—_  dxr = —

1+ 2z + 22 z+1
[In] integrate(1/(x"2+2xx+1),x, algorithm="maxima")

[Out] -1/(x + 1)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/;dag—— !
1+2z+22 ~ z+1

[In] integrate(1/(x~2+2*x+1),x, algorithm="giac")

[Out] -1/(x + 1)
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

j/ 1 d 1
—_—  —adxr = —
142z + 22 z+1

[In] int(1/(2*x + x°2 + 1),x)
[Out] -1/(x + 1)
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3.55 [ de

1+log(x))
Optimal result . . . . . . . . . . . . e 259
Rubi [A] (verified) . . . . . . . . 259
Mathematica [A] (verified) . . . . . . . . . .. .. 260
Maple [A] (verified) . . . . . . . . o 26T
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 261]
Sympy [A] (verification not implemented) . . . . . .. ... ... ... ... 2611
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 262
Giac [A] (verification not implemented) . . . . . ... ... . Lo L. 262
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 2621

Optimal result

Integrand size = 9, antiderivative size = 8

/ log(z) B x
1 +log@)2 ™~ 1+ log(2)
[Out] x/(1+1n(x))

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 4, Bumber of rules _ 444 Ryles used = {2407,

' integrand size
2334, 2336, 2209}

/ log(z) - x
(1 + log(z))? log(z) + 1

[In] Int[Loglx]/(1 + Loglx])~2,x]
[Out] x/(1 + Loglx])
Rule 2209

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - cx(£f/d)))/d)*ExpIntegralEi[fxgx(c + d*x)*(Log[Fl/d)], x] /; F
reeQ[{F, c, d, e, f, g}, x] && !TrueQ[$UseGamma]

Rule 2334

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))"(p_), x_Symbol] :> Simp[x*((a + b
*xLoglc*x™n])~(p + 1)/(bxnx(p + 1))), x] - Dist[1/(b*nx(p + 1)), Int[(a + b*
Loglc*x™n])~(p + 1), x], x] /; FreeQ[{a, b, c, n}, x] && LtQ[p, -1] && Inte
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gerQ [2xp]

Rule 2336

Int[((a_.) + Logl(c_.)*(x_)"(n_.)I*(b_.))"(p_), x_Symbol] :> Dist[1/(n*c~(1
/n)), Subst[Int[E~(x/n)*(a + b*x)~p, x], x, Loglc*x"n]], x] /; FreeQl{a, b,
c, p}, x] && IntegerQ[1/n]

Rule 2407

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(Logl(c_.)*(x_)"(n_.)I*(e_.
) + (d_))~(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Log[c*x~n]) p*(d +
exLoglc*x™n])~q, x], x] /; FreeQ[{a, b, c, d, e, n}, x] && IntegerQ[p] &%
IntegerQ[ql

Rubi steps

infiegral = / (‘(1 T 1§g<x>>2 s lig@c)) &
s ieere L el

T 1 e’
=—— | ———d bst d 1
1 + log(z) / 1 + log(z) z -+ Subs (/ 11z 0% og(z))

_ ExplIntegralEi(1 + log(x)) 4 il — Subst / ‘
o 1+ log(x) +T

dz,z, log(x))

_ x
1 +1log(z)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ log(z) dp — x
(1 +log(x)) 1+ log(x)

[In] Integrate[Logl[x]/(1 + Loglx])~2,x]
[Out] x/(1 + Loglx])
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.12

method result | size
default 1++n($) 9
norman 1++n(z) 9
risch 1++n($) 9
parallelrisch 1++n(x) 9

[In] int(1n(x)/(1+1n(x))~2,x,method=_RETURNVERBOSE)
[Out] x/(1+1n(x))

Fricas [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ log(z) .- z
(1 +log(z))? log (z) +1

[In] integrate(log(x)/(1+log(x))~2,x, algorithm="fricas")
[Out] x/(log(x) + 1)

Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.62

/ log(z) - x
(1 + log(z))? log (z) + 1

[In] integrate(ln(x)/(1+1n(x))**2,x)
[Out] x/(log(x) + 1)
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Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ log(z) B x
(1+log(@))? ™ log(z) + 1

[In] integrate(log(x)/(1+log(x))~2,x, algorithm="maxima")
[Out] x/(log(x) + 1)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ log(z) _ x
(1+1log(@))? "~ log(z) + 1
[In] integrate(log(x)/(1+log(x))~2,x, algorithm="giac")
[Out] x/(log(x) + 1)

Mupad [B] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ log(z) dp — x
(1 +log(x))? In(z)+1

[In] int(log(x)/(log(x) + 1)°2,x)
[Out] x/(log(x) + 1)



263

3.56 [ m L dx

1+log?(z))
Optimal result . . . . . . . . . . . e 263
Rubi [A] (verified) . . . . . . . . 263
Mathematica [A] (verified) . . . . . . . . . . .. 2641
Maple [A] (verified) . . . . . . ... 264
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 264
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... .. 2651
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 265
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 2651
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 260

Optimal result

Integrand size = 12, antiderivative size = 3

/ e llogQ(x)) dx = arctan(log(z))

[Out] arctan(ln(x))

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00, number

_ _ 1 nhumber of rules _ _
of steps used = 2, number of rules used = 1, integrand size 0.083, Rules used = {209}

/ T+ llogz(x)) dxz = arctan(log(z))

[In] Int[1/(x*(1 + Loglx]~2)),x]
[Out] ArcTan[Loglx]]
Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rubi steps
. 1
integral = Subst ( / 1122 dz,z, log(ac))

= arctan(log(z))
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/ e llogQ(x)) dx = arctan(log(z))

[In] Integrate[1/(x*(1 + Log[x]~2)),x]
[Out] ArcTan[Logl[x]]

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.33

method result size
derivativedivides | arctan (In (z)) 4
default arctan (In (x)) 4
risch iln(ln2(z)+i) _ iln(lném)—i) 20
parallelrisch iln(an(x)-l—i) _ iln(lnéx)—i) 20

[In] int(1/x/(1+1n(x)~2),x,method=_RETURNVERBOSE)

[Out] arctan(ln(x))

Fricas [A] (verification not implemented)

nomne

Time = 0.24 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/ T+ llogz(:c)) dx = arctan (log (z))

[In] integrate(1/x/(1+log(x)~2),x, algorithm="fricas")
[Out] arctan(log(x))
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 15 vs. 2(3) = 6.

Time = 0.07 (sec) , antiderivative size = 15, normalized size of antiderivative = 5.00

/ s+ llogQ(x)) dz = RootSum (42% + 1, (i — ilog (2i + log (z))))

[In] integrate(1/x/(1+1ln(x)**2),x)
[Out] RootSum(4#*_zx*2 + 1, Lambda(_i, _i*log(2*_i + log(x))))

Maxima [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/ 2+ llogz(x)) dx = arctan (log (z))

[In] integrate(1/x/(1+log(x)~2),x, algorithm="maxima")

[Out] arctan(log(x))

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/ e 110g2(x)) dx = arctan (log (z))

[In] integrate(1/x/(1+log(x)~2),x, algorithm="giac")

[Out] arctan(log(x))



266

Mupad [B] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

1
/ 2 (1 1og2(@)) dz = atan(ln (x))

[In] int(1/(x*(log(x)~2 + 1)),x)
[Out] atan(log(x))



267

3.57 L dx

log(z)
Optimal result . . . . . . . . . . e 267
Rubi [A] (verified) . . . . . . . . 267l
Mathematica [A] (verified) . . . . . . . . ... L 268
Maple [B] (verified) . . . . . . . . . .. 268
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ....... 268
Sympy [A] (verification not implemented) . . .. .. ... ... ... .. ... ... 2691
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 2691
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 269
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 269

Optimal result

Integrand size = 4, antiderivative size = 2

1
/ Iog(@) dx = LogIntegral(z)

[Out] Li(x)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ —
of steps used = 1, number of rules used = 1, integrand size 0.250, Rules used = {2335}

/ logl(x) dx = Loglntegral(x)

[In] Int[Log[x]~(-1),x]
[Out] LogIntegral [x]
Rule 2335

Int[Logl(c_.)*(x_)]"(-1), x_Symbol] :> Simp[LogIntegrallc*x]/c, x] /; FreeQ
[c, x]

Rubi steps
integral = LogIntegral(z)
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Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

1
——— dx = Logl |
/ og(@) dx = LogIntegral(z)

[In] Integrate[Logl[x]~(-1),x]
[Out] LogIntegral [x]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 8 vs. 2(2) = 4.

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 4.50

method | result size
default | —Ei; (—In(z)) | 9
risch —Eij(—In(z)) | 9

[In] int(1/1n(x),x,method=_RETURNVERBOSE)
[Out] -Ei(1,-1n(x))

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

1
— dr=1log i 1
/10 ( )dx og_integral ()

[In] integrate(1/log(x),x, algorithm="fricas")

[Out] log_integral(x)
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Sympy [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

1 .
/ og(@) dz =1i(x)

[In] integrate(1/1n(x),x)
[Out] 1i(x)
Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

1 .
/ Tog(@) dz = Ei(log (z))

[In] integrate(1/log(x),x, algorithm="maxima")

[Out] Ei(log(x))

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

1 .
/ Tog(@) dz = Ei(log (z))

[In] integrate(1/log(x),x, algorithm="giac")
[Out] Ei(log(x))

Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

1 :
/ Tog(@) dx = logint(z)

[In] int(1/log(x),x)
[Out] logint(x)
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3.58 [ z(cos(z) + sin(x)) dz

Optimal result . . . . . . . . . . . . e 270
Rubi [A] (verified) . . . . . . . . 270
Mathematica [A] (verified) . . . . . . . . . . .. 27T
Maple [A] (verified) . . . . . . ... 271]
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 272
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 272
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 273
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 273l
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 273

Optimal result

Integrand size = 7, antiderivative size = 14
/x(cos(x) + sin(z)) dr = cos(z) — z cos(z) + sin(z) + z sin(x)

[Out] cos(x)-x*cos(x)+sin(x)+x*sin(x)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 4, Bumber of rules _ 579 Ryjes used = {14,

integrand size
3377, 2718, 2717}

/z(cos(:c) + sin(z)) dz = zsin(z) + sin(z) — z cos(z) + cos(x)

[In] Int[x*(Cos[x] + Sin[x]),x]
[Out] Cos[x] - x*Cos[x] + Sin[x] + x*Sin[x]
Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_ )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dx*x]/d, x] /;
FreeQ[{c, d}, x]



271

Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
({c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)x*Co
sle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rubi steps

integral = / (x cos(z) + zsin(z)) dx
= /x cos(z) dx + /x sin(x) dz
= —zcos(z) + zsin(z) + /cos(ac) dz — /sin(x) dz

= cos(z) — z cos(z) + sin(z) + z sin(z)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/z(cos(w) + sin(x)) dz = cos(z) — x cos(x) + sin(z) + z sin(z)
[In] Integrate[x*(Cos[x] + Sin[x]),x]

[Out] Cos[x] - x*Cos[x] + Sin[x] + x*Sin[x]

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.07



272

method result size
default cos () — z cos (z) + sin (z) + zsin () 15
parts cos () — z cos (z) + sin (z) + zsin () 15
risch (1 —z)cos(z) + (14 z)sin (x) 16
parallelrisch | (1 — z)cos(z) + 1+ (1 + z)sin (z) 17
norman z(tan? (%))—m;—f;zzrz( ))+2tan( )+2 38
meijerg 2\/7—1_ (_# + cgiﬁg) + msm(z ) + 2\/— ( accos(m) suiﬁa;)) 49

[In] int(x*(cos(x)+sin(x)),x,method=_RETURNVERBOSE)

[Out] cos(x)-x*cos(x)+sin(x)+x*sin(x)

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/x(cos(x) +sin(z)) dz = —(z — 1) cos (z) + (z + 1) sin (z)

[In] integrate(x*(cos(x)+sin(x)),x, algorithm="fricas")

[Out] -(x - 1)*cos(x) + (x + 1)*sin(x)

Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.07

/w(cos(x) + sin(z)) dx = x sin (x) — x cos (z) + sin (z) + cos (z)

[In] integrate(x*(cos(x)+sin(x)),x)

[Out] x*sin(x) - x*cos(x) + sin(x) + cos(x)
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Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/w(cos(cc) + sin(z)) de = —z cos (z) + x sin (z) + cos (z) + sin (z)
[In] integrate(x*(cos(x)+sin(x)),x, algorithm="maxima")
[Out] -x*cos(x) + x*sin(x) + cos(x) + sin(x)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/w(cos(:c) + sin(z)) de = —z cos (z) + x sin (z) + cos (z) + sin (z)

[In] integrate(x*(cos(x)+sin(x)),x, algorithm="giac")

[Out] -x*cos(x) + x*sin(x) + cos(x) + sin(x)

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/x(cos(m) + sin(z)) dx = cos (x) + sin (z) — z cos (z) + z sin (z)

[In] int(x*(cos(x) + sin(x)),x)

[Out] cos(x) + sin(x) - x*cos(x) + x*sin(x)
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3.59 [e (e +z) dx

Optimal result . . . . . . . . . . 274
Rubi [A] (verified) . . . . . . . . 274
Mathematica [A] (verified) . . . . . . . . ... L 275
Maple [A] (verified) . . . . . . . . . 275
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ....... 276
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... .. 276l
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 276l
Giac [A] (verification not implemented) . . . . . . . .. ... .. Lo 276
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 27T

Optimal result

Integrand size = 11, antiderivative size = 17
/e‘””(ew +z)dr=—-e"+z— "2
[Out] -1/exp(x)+x-x/exp(x)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 973 Ry jeq ysed = {6874,
integrand size
2207, 2225}

/e‘x(e” +z)dr=—-e"z+zx—€"

[In] Int[(E"x + x)/E"x,x]
[Out] -E°(-x) + x - x/E"x
Rule 2207

Int [((b_.)*(F_)~((g_.)*((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*x((b*F~(gx(e + f*x))) n/(f*gxn*xLog[Fl)),
x] - Dist[d*(m/(f*g*n*Log[F])), Int[(c + d*x)"(m - 1)*(b*F~(gx(e + f*x))) n
, x]1, x] /; FreeQ[{F, b, c, d, e, f, g, n}, x] && GtQ[m, 0] && IntegerQ[2+*m
1 && !TrueQ[$UseGamma]

Rule 2225

Int [((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*x(a +
b*x))) "n/(bxcxn*Log[Fl), x] /; FreeQ[{F, a, b, c, n}, x]
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Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

integral = / (1+e°z) dx

=x+/e_”zd:c
=x—e_$:c—|—/e—”dw

=—e*4+zx—€e"z

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/e‘“”(egc +z)dr=e"(-1—2)+z
[In] Integrate[(E"x + x)/E"x,x]

[Out] (-1 - x)/E"x + x

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

method result size
risch z+(-1—2x)e™® 13
norman (—1+e"z—x)e ™ |15
parallelrisch | (—1+ ez —x)e ™™ | 15
default —ze " —e"+x 16
parts —re*—e 4z 16

[In] int((exp(x)+x)/exp(x),x,method=_RETURNVERBOSE)
[Out] x+(-1-x)*exp(-x)
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

/e"””(e“c +z) do = (ze® —z — 1)@
[In] integrate((exp(x)+x)/exp(x),x, algorithm="fricas")
[Out] (x*e”x - x - 1)*e~(-x)

Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.47

/e‘”(e“’ t+z)dr=xz+(—z—1)e™"
[In] integrate((exp(x)+x)/exp(x),x)
[Out] x + (-x - 1)*exp(-x)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.65

/e"”(e’” +2z)de=—(z+1)e™ +z
[In] integrate((exp(x)+x)/exp(x),x, algorithm="maxima")
[Out] -(x + 1)*e"(-x) + x

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.65

/e_z(ex +2)dr=—(z+1)e® 42

[In] integrate((exp(x)+x)/exp(x),x, algorithm="giac")

[Out] -(x + 1)*xe~(-x) + x
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Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

/e_””(ew +z)dr=xz—e"—ze”

[In] int(exp(-x)*(x + exp(x)),x)
[Out] x - exp(-x) - x*exp(-x)
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3.60 [(1+e)’xdx

Optimal result . . . . . . . . . . . . e e 278
Rubi [A] (verified) . . . . . . . . . 278
Mathematica [A] (verified) . . . . . . . . . ... 279
Maple [A] (verified) . . . . . . . . . . 279
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... .. 2801
Sympy [A] (verification not implemented) . . . .. ... ... ... ... ... ... 230
Maxima [A] (verification not implemented) . . . . . . ... ... ... L. 2801
Giac [A] (verification not implemented) . . . . . . . ... ... L L. 28]
Mupad [B] (verification not implemented) . . . . ... .. ... ... .. ....... 28]

Optimal result

Integrand size = 9, antiderivative size = 38

2z 1 2
/ (1+ e’ zdr = —2e" — % + 2e°z + 562”% + %

[Out] -2xexp(x)-1/4*exp(2*x)+2*exp(x)*x+1/2%exp (2%x) *x+1/2%x"2

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00, number

of steps used = 6, number of rules used = 3, number of rules _ 0.333, Rules used = {2214,
integrand size
2207, 2225}

2 e?x

1
/(1 + e xde = % + 2ez + 562% —2e” — R
[In] Int[(1 + E~x)"2%x,x]
[Out] -2*E~x - E~(2%x)/4 + 2xE~x*x + (E"(2%x)*x)/2 + x72/2
Rule 2207

Int [((b_)*(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*x((b*F~(gx(e + f*x))) n/(f*gxn*xLog[Fl)),
x] - Dist[d*(m/(f*g*n*Log[F])), Int[(c + d*x)~(m - 1)*(b*xF~(g*(e + f*x)))"n
, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] & GtQ[m, 0] & IntegerQ[2*m
] & !TrueQ[$UseGammal

Rule 2214

Int[((a_) + (b_.)*((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.))"(p_.)*((c_.) +
(d_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*(F



279

“(gx(e + £xx)))"n)"p, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, m, n}, x] &&
I1GtQ[p, O]

Rule 2225

Int [((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*(a +
b*x))) “n/(bxc*n*Log[F]), x] /; FreeQ[{F, a, b, c, n}, x]

Rubi steps

integral = / (m + 2ez + 62%) dx

72
=E+2/ezxda:+/e2”a:dx

1 2 1
=2ezx+—62‘”w+x———/e2“’dx—2/ezdx

2 2 2
2x 1 2
= —2e" — eT + 2e"z + 562901' + %

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.76

(8¢(—1+ z) + 22* + €**(—1 + 23))

B |

/(1+e“’)2zdm =

[In] Integrate[(1 + E"x)~2*x,x]
[Out] (8*E~x*(-1 + x) + 2*%x72 + E~(2*x)* (-1 + 2%x))/4

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.66

method result size
risch Cr(-i+2)e +(—2+2z)€" | 25
default —2e" — Q?TZ +2e°z + 62;“" + ’”—22 29
norman —2e* — esz +2ez + e2;”” + "”—22 29

2

parallelrisch | —2¢e” — efTw +2e"z + 62% + % 29

2

parts —2e””—e%m+2e””w+e2%+% 29
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[In] int((1+exp(x))~2*x,x,method=_RETURNVERBOSE)
[Out] 1/2*%x~2+(-1/4+1/2%x)*exp(x) ~2+(-2+2%x) *exp(x)

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.63

1 1
/(1+ez)2xdz= §x2+1(2x— 1)e®? +2(z —1)e®

[In] integrate((1+exp(x))~2#x,x, algorithm="fricas")
[Out] 1/2%x72 + 1/4%(2%xx - 1)*e”(2*%x) + 2*(x - 1)*e"x

Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.68

2 (2—1)e*  (8z—8)e
/(1+e””)2xdx=%+(x 4)6 +(x4)e

[In] integrate((1+exp(x))**2%x,x)
[Out] x*x2/2 + (2*%x - 1)*exp(2*x)/4 + (8*x - 8)*exp(x)/4
Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.63

1 1
/(1+e’”)2xdx: 5362—!-[—1(235— 1)el®? 42 (z —1)e®

[In] integrate((1l+exp(x))~2*x,x, algorithm="maxima")

[Out] 1/2*%x"2 + 1/4%x(2*%x - 1)*e~(2*x) + 2%(x - 1)*e"x
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Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.63

1 1
/(1+ew)2xdz: §x2+1(2x— 1)e®? 42 (z —1)e®

[In] integrate((1+exp(x))~2*x,x, algorithm="giac")
[Out] 1/2%x72 + 1/4%(2xx - 1)*e”(2*%x) + 2*(x - 1)*e"x

Mupad [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.74

2x 2x 2

z\2 _Te _ a:_e_ z JJ_
/(l—l—e)xdm— 5 2e 1 —|—2me—|—2

[In] int(x*(exp(x) + 1)72,x)
[Out] (x*exp(2*x))/2 - 2%exp(x) - exp(2*x)/4 + 2*xxxexp(x) + x72/2
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3.61 [ z cos(z) dz

Optimal result . . . . . . . . . . . e 282
Rubi [A] (verified) . . . . . . . . 282
Mathematica [A] (verified) . . . . . . . . . .. 2831
Maple [A] (verified) . . . . . . . .. 283
Fricas [A] (verification not implemented) . . . . . . .. . ... ... ... ... 284
Sympy [A] (verification not implemented) . . . . . .. ... ... ... ... 284
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... L. 287
Giac [A] (verification not implemented) . . . . . . . .. ... L 2841
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 285

Optimal result

Integrand size = 4, antiderivative size = 7
/1: cos(z) dz = cos(z) + x sin(x)
[Out] cos(x)+x*sin(x)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, 11111111‘33%(13'21(1)5 1;1i1zlgs = 0.500, Rules used = {3377,
2718}

/x cos(z) dz = zsin(z) + cos(x)

[In] Int[x*Cos[x],x]
[Out] Cos[x] + x*Sin[x]
Rule 2718

Int[sinl[(c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*Co
s[e + fxx], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, 0]
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Rubi steps
integral = z sin(z) — / sin(x) dx

= cos(z) + zsin(x)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/a: cos(z) dz = cos(z) + z sin(x)
[In] Integrate[x*Cos[x],x]
[Out] Cos[x] + x*Sin[x]

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.14

method result size
default cos (z) + zsin (z) 8
risch cos (z) + z sin () 8
parts cos (x) + x sin (x) 8
parallelrisch | zsin (z) + cos (z) + 1 9
norman % 21
meijerg 2/ (—ﬁ + Cgf}? mzl—;g—f)) 27

[In] int(x*cos(x),x,method=_RETURNVERBOSE)

[Out] cos(x)+x*sin(x)
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Fricas [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/x cos(z) dx = zsin (x) + cos (z)
[In] integrate(x*cos(x),x, algorithm="fricas")
[Out] x*sin(x) + cos(x)

Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/:v cos(z) dz = zsin (z) + cos (z)

[In] integrate(x*cos(x),x)

[Out] x*sin(x) + cos(x)

Maxima [A] (verification not implemented)

none
Time = 0.21 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/x cos(z) dx = zsin (x) + cos (z)
[In] integrate(x*cos(x),x, algorithm="maxima")
[Out] x*sin(x) + cos(x)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/x cos(z) dz = zsin (z) + cos (z)

[In] integrate(x*cos(x),x, algorithm="giac")

[Out] x*sin(x) + cos(x)
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/a:cos(:v) dz = cos (z) + z sin (z)

[In] int(x*cos(x),x)

[Out] cos(x) + x*sin(x)
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3.62 [ cos (v/z) dz

Optimal result . . . . . . . . . .
Rubi [A] (verified) . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ... L Lo 287
Maple [A] (verified) . . . . . . ... 287
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 288
Sympy [A] (verification not implemented) . . . ... ... ... . ... ... .... 288
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... ... 288
Giac [A] (verification not implemented) . . . . . . ... ... .. L.
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 289

Optimal result

Integrand size = 6, antiderivative size = 22

/cos (Vz) dz = 2cos (vz) + 2¢/zsin (vz)
[Out] 2*cos(x~(1/2))+2*sin(x~(1/2))*x~(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number
— _ o number of rules _ —

of steps used = 3, number of rules used = 3, integrand size 0.500, Rules used = {3443,

3377, 2718}

/cos (vVz) dz = 2y/zsin (vz) + 2cos (v/x)

[In] Int[Cos[Sqrt[x1],x]
[Out] 2#Cos[Sqrt[x]] + 2xSqrt[x]*Sin[Sqrt[x]]
Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*Co
sle + fxx], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, 0]

Rule 3443
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Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_))" (@ )1*(b_.))"(p_.), x_S
ymbol] :> Dist[1/(n*f), Subst[Int[x~(1/n - 1)*(a + b*Cos[c + d*x])"p, x], x
, (e + £*x)"n], x] /; FreeQ[{a, b, c, d, e, f}, x] & IGtQ[p, 0] && Integer
Q[1/n]

Rubi steps
integral = 2Subst ( / z cos(z) dz, , ﬁ)
= 2y/zsin (v/z) — 2Subst (/ sin(z) dz, z, \/5)
= 2cos (Vz) + 2v/zsin (Vz)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/cos (Vz) dz = 2cos (vz) + 2¢/zsin (vz)

[In] Integrate[Cos[Sqrt([x]],x]
[Out] 2*Cos[Sqrt[x]] + 2*Sqrt[x]*Sin[Sqrt [x]]

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.77

method result size
derivativedivides | 2cos (v/z) + 2sin (vZ) vz 17
default 2cos (v/) + 2sin (vz) VT 17
meijerg 4T (—ﬁ + CO;%E) + ﬁ;?};ﬁ)) 33

[In] int(cos(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 2*cos(x~(1/2))+2*sin(x~(1/2))*x~(1/2)
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/cos (\/a_v) dz = 2+/xsin (\/E) + 2 cos (\/5)

[In] integrate(cos(x~(1/2)),x, algorithm="fricas")
[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))

Sympy [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

/cos (Vz) dz = 2v/zsin (v/z) + 2cos (V)

[In] integrate(cos(x**(1/2)),x)
[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/cos (\/5) dz = 2+/xsin (\/E) + 2 cos (\/E)

[In] integrate(cos(x~(1/2)),x, algorithm="maxima")
[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/cos (Vz) dz =2+/zsin (v/z) + 2 cos (vx)

[In] integrate(cos(x~(1/2)),x, algorithm="giac")
[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))
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Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73
/cos (Vz) dz =2 cos (vVz) + 2+/z sin (Vz)

[In] int(cos(x~(1/2)),x)
[Out] 2*cos(x~(1/2)) + 2*x~(1/2)*sin(x~(1/2))
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3.63 [ z cos(z) dz

Optimal result . . . . . . . . . . . . e 290
Rubi [A] (verified) . . . . . . . . 290
Mathematica [A] (verified) . . . . . . . . . . .. 29T
Maple [A] (verified) . . . . . . ... 291]
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 292
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 292
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 292
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 2921
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 293

Optimal result

Integrand size = 4, antiderivative size = 7
/1: cos(z) dz = cos(z) + x sin(x)
[Out] cos(x)+x*sin(x)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, 11111111‘33%(13'21(1)5 1;1i1zlgs = 0.500, Rules used = {3377,
2718}

/x cos(z) dz = zsin(z) + cos(x)

[In] Int[x*Cos[x],x]
[Out] Cos[x] + x*Sin[x]
Rule 2718

Int[sinl[(c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*Co
s[e + fxx], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, 0]
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Rubi steps
integral = z sin(z) — / sin(x) dx

= cos(z) + zsin(x)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/a: cos(z) dz = cos(z) + z sin(x)
[In] Integrate[x*Cos[x],x]
[Out] Cos[x] + x*Sin[x]

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.14

method result size
default cos (z) + zsin (z) 8
risch cos (z) + z sin () 8
parts cos (x) + x sin (x) 8
parallelrisch | zsin (z) + cos (z) + 1 9
norman % 21
meijerg 2/ (—ﬁ + Cgf}? mzl—;g—f)) 27

[In] int(x*cos(x),x,method=_RETURNVERBOSE)

[Out] cos(x)+x*sin(x)
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/x cos(z) dx = zsin (x) + cos (z)
[In] integrate(x*cos(x),x, algorithm="fricas")
[Out] x*sin(x) + cos(x)

Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/:v cos(z) dz = zsin (z) + cos (z)

[In] integrate(x*cos(x),x)

[Out] x*sin(x) + cos(x)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/x cos(z) dx = zsin (x) + cos (z)
[In] integrate(x*cos(x),x, algorithm="maxima")
[Out] x*sin(x) + cos(x)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/x cos(z) dz = zsin (z) + cos (z)

[In] integrate(x*cos(x),x, algorithm="giac")

[Out] x*sin(x) + cos(x)
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Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/a:cos(:v) dz = cos (z) + z sin (z)

[In] int(x*cos(x),x)

[Out] cos(x) + x*sin(x)
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3.64 [ zlog*(z) dx

Optimal result . . . . . . . . . . . e 294
Rubi [A] (verified) . . . . . . . . 294
Mathematica [A] (verified) . . . . . . . . . ... 295
Maple [A] (verified) . . . . . . . . . . 295
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .. ..... 296
Sympy [A] (verification not implemented) . . . ... ... .. ... ... ... ... 296
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 2961
Giac [A] (verification not implemented) . . . . . . .. ... ... L oL 290
Mupad [B] (verification not implemented) . . . ... ... ... ... .. ....... 297

Optimal result

Integrand size = 6, antiderivative size = 28

2

1 1
/xlogZ(x) dz = xz — §x2 log(z) + §x2 log?(z)

[Out] 1/4*x"2-1/2%x"2%1n(x)+1/2*%x"2%1n(x) "2

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.333, Rules used = {2342,
2341}

2

1 1
/a:logz(x) dz = xz + §x2 log?(z) — éxz log(z)

[In] Int([x*Loglx]~2,x]
[Out] x~2/4 - (x"2xLogl[x])/2 + (x"2*Logl[x]~2)/2
Rule 2341

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))*((d_.)*(x_)) " (m_.), x_Symbol] :>
Simp[(d*x)~(m + 1)*((a + b*Loglc*x™n])/(d*(m + 1))), x] - Simp[b*n*((d*x)~(
m+ 1)/(d*(m + 1)72)), x] /; FreeQ[{a, b, ¢, d, m, n}, x] && NeQ[m, -1]

Rule 2342

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbo
1] :> Simp[(d*x)~(m + 1)*((a + b*Loglc*x~n]) p/(d*(m + 1))), x] - Dist[b*n*
(p/(m + 1)), Int[(d*x) m*(a + bxLoglc*xx™n]l)~(p - 1), x]1, x] /; FreeQ[{a, b,



c, d, m, n}, x] && NeQ[m, -1] && GtQ[p, O]

Rubi steps

1
integral = ~z?log?(z) — / z log(x) dz

2

[

r
4

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

/xlogz(x) dz =2

[In] Integrate[x*Log[x]~2,x]

N —

2

1
Z — 5.’52 ].Og

(z) + %zz log?(z)

[Out] x72/4 - (x"2xLoglx])/2 + (x~2xLoglx]~2)/2

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.82

z% log(z) + %x2 log?(z)

method result size
default % _z 1;1 @) 4 2 h;(m)Q 23
norman % _ 2?In(z) | 2?In(z)? 23
risch % _ 2?In(z) | 2? lr;(z)z 923
parallelrisch % _ @?in@) | 2@’ | o3
parts % _ a? 1;1(1,-) z2 lr;(z)z 923

[In] int(x*1n(x)~2,x,method=_RETURNVERBOSE)
[Out] 1/4*xx~2-1/2*x"2*1n(x)+1/2%x"2*1n(x) "2
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Fricas [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.79

1 1 1
/xlogz(x) dx = 3 2 log (z)° — 3 z?log (x) + 1 z?
[In] integrate(x*log(x)~2,x, algorithm="fricas")

[Out] 1/2*x"2*log(x)~2 - 1/2%x"2xlog(x) + 1/4%x"2

Sympy [A] (verification not implemented)
Time = 0.04 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.79
2

2 2 2]
/mlogQ(x)d:v=x log;(x) T 02g(x)+x4

[In] integrate(x*1ln(x)**2,x)
[Out] x**2%log(x)**2/2 - x**2*xlog(x)/2 + x**2/4
Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.61

/xlogz(x) dr = i (2 log (z)? — 2 log (z) + 1)

[In] integrate(x*log(x)~2,x, algorithm="maxima")

[Out] 1/4*%(2%log(x)~2 - 2*log(x) + 1)*x~2

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.79

2

1 1
/zlogQ(z) dx = %x2 log (z)? — 3 z?log (z) + 1%

[In] integrate(x*log(x)~2,x, algorithm="giac")
[Out] 1/2*x"2x1log(x)~2 - 1/2*x"2%log(x) + 1/4*x"~2



297

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.61

/xlogQ(x) P (2In (z) —42 In (z)+1)

[In] int(x*log(x)~2,x)
[Out] (x~2%(2%log(x)~2 - 2xlog(x) + 1))/4
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3.65 [ cos(z) (1 + sin®(z)) dz

Optimal result . . . . . . . . . .
Rubi [A] (verified) . . . . . . . . . . 298]
Mathematica [A] (verified) . . . . . . . . . ... 2991
Maple [A] (verified) . . . . . . . . . 299
Fricas [A] (verification not implemented) . . . . . . . ... ... ... .. ...... 299
Sympy [A] (verification not implemented) . . . ... ... ... ... .. ..., . 3001
Maxima [A] (verification not implemented) . . . . . . . ... ... ... L. 3001
Giac [A] (verification not implemented) . . . . . . . .. ... ... 300
Mupad [B] (verification not implemented) . . . .. ... ... ... .. ....... 300

Optimal result

Integrand size = 9, antiderivative size = 11

/cos(:v) (1+ sin®(z)) dz = sin(z) + #

[Out] sin(x)+1/4*sin(x)"4

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 1, Lumber of rules _ 0.111, Rules used = {3302}
integrand size

/cos(x) (1+sin’(z)) dz = sin‘j# + sin(x)

[In] Int[Cos[x]*(1 + Sin[x]"3),x]
[Out] Sin[x] + Sin[x]~4/4
Rule 3302

Int[cos[(e_.) + (£_)*(x )1 (m_.)*((a_) + (b_.)*((c_.)*sin[(e_.) + (f_.)*(x
DD~ )" (p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x], x]}, Di
st[f£f/f, Subst[Int[(1 - £f£72*x"2)"((m - 1)/2)*(a + b*x(c*ff*x)"n)"p, x], x,
Sin[e + f*x]/ff], x]] /; FreeQ[{a, b, c, e, f, n, p}, x] && IntegerQ[(m - 1
)/2] && (EqQ[n, 4] || GtQ[m, 0] || IGtQ[p, 0] || IntegersQ[m, p]l)

Rubi steps
integral = Subst (/ (1+2°) dz, =, Sin(m))

= sin(z) + Sinéf#
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Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

sin(z)
4

/cos(:v) (1+sin®(z)) dz =sin(z) +
[In] Integrate[Cos[x]*(1 + Sin[x]~3),x]

[Out] Sin[x] + Sin[x]"4/4

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size
derivativedivides | sin (z) + (Sini(z)) 10
default sin (z) + (Sinz(x)) 10
risch sin (z) + % - % 16
parallelrisch —% + Cos:,)(—;x) + o +sin(z) | 17

[In] int(cos(x)*(1+sin(x)~3),x,method=_RETURNVERBOSE)
[Out] sin(x)+1/4*sin(x)"4

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.36

1 1
/cos(x) (14 sin®(z)) dz = 1 o8 (x)* — 5 o8 (z)? + sin ()
[In] integrate(cos(x)*(1+sin(x)~3),x, algorithm="fricas")

[Out] 1/4*cos(x)~4 - 1/2*cos(x)"2 + sin(x)
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Sympy [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

/cos(x) (1+sin’(z)) dz = sin” () + sin (z)

[In] integrate(cos(x)*(1+sin(x)**3),x)

[Out] sin(x)**4/4 + sin(x)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/cos(x) (1+sin®(z)) dz = }l sin (z)* + sin (z)

[In] integrate(cos(x)*(1+sin(x)~3),x, algorithm="maxima")

[Out] 1/4*sin(x)~4 + sin(x)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/cos(z) (14 sin®(z)) dz = :11 sin (z)* + sin ()

[In] integrate(cos(x)*(1+sin(x)~3),x, algorithm="giac")

[Out] 1/4*sin(x)~4 + sin(x)

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/cos(az) (1+sin’(z)) dz = sinix) + sin ()

[In] int(cos(x)*(sin(x)"3 + 1),x)
[Out] sin(x) + sin(x)~4/4
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3.66 [ m L dx

1+log?(z))
Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . 3011
Mathematica [A] (verified) . . . . . . . . . ..
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... ..
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 3031
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ......

Optimal result

Integrand size = 12, antiderivative size = 3

/ e llogQ(x)) dx = arctan(log(z))

[Out] arctan(ln(x))

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00, number

_ _ 1 nhumber of rules _ _
of steps used = 2, number of rules used = 1, integrand size 0.083, Rules used = {209}

/ T+ llogz(x)) dxz = arctan(log(z))

[In] Int[1/(x*(1 + Loglx]~2)),x]
[Out] ArcTan[Loglx]]
Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rubi steps
. 1
integral = Subst ( / 1122 dz,z, log(ac))

= arctan(log(z))
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Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/ e llogQ(x)) dx = arctan(log(z))

[In] Integrate[1/(x*(1 + Log[x]~2)),x]
[Out] ArcTan[Logl[x]]

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.33

method result size
derivativedivides | arctan (In (z)) 4
default arctan (In (x)) 4
risch iln(ln2(z)+i) _ iln(lném)—i) 20
parallelrisch iln(an(x)-l—i) _ iln(lnéx)—i) 20

[In] int(1/x/(1+1n(x)~2),x,method=_RETURNVERBOSE)

[Out] arctan(ln(x))

Fricas [A] (verification not implemented)

nomne

Time = 0.25 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/ T+ llogz(:c)) dx = arctan (log (z))

[In] integrate(1/x/(1+log(x)~2),x, algorithm="fricas")
[Out] arctan(log(x))
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 15 vs. 2(3) = 6.

Time = 0.09 (sec) , antiderivative size = 15, normalized size of antiderivative = 5.00

/ s+ llogQ(x)) dz = RootSum (42% + 1, (i — ilog (2i + log (z))))

[In] integrate(1/x/(1+1ln(x)**2),x)
[Out] RootSum(4#*_zx*2 + 1, Lambda(_i, _i*log(2*_i + log(x))))

Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/ 2+ llogz(x)) dx = arctan (log (z))

[In] integrate(1/x/(1+log(x)~2),x, algorithm="maxima")

[Out] arctan(log(x))

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/ e 110g2(x)) dx = arctan (log (z))

[In] integrate(1/x/(1+log(x)~2),x, algorithm="giac")

[Out] arctan(log(x))
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Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

1
/ 2 (1 1og2(@)) dz = atan(ln (x))

[In] int(1/(x*(log(x)~2 + 1)),x)
[Out] atan(log(x))
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1

3.67 f V1—z?(1+4arcsin(z)?) dz

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. .
Maple [A] (verified) . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . . .. ... ... ... ... ..
Sympy [A] (verification not implemented) . . . . . .. ... ... ... ...
Maxima [F] . . . . . . o
Giac [A] (verification not implemented) . . . . . . . ... ... L L.
Mupad [B] (verification not implemented) . . .. ... .. ... ... .. .......

Optimal result

Integrand size = 20, antiderivative size = 3

1
V1 — 2% (1 + arcsin(z)?)

[Out] arctan(arcsin(x))

dx = arctan(arcsin(z))

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 154 Ryles used = {6828,
integrand size
200}

1
V1 — 22 (1 + arcsin(z)?)

[In] Int[1/(Sqrt[1 - x~2]*(1 + ArcSin[x]~2)),x]
[Out] ArcTan[ArcSin[x]]
Rule 209

Int[((a) + (b_.)*(x.)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 21*Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0])

dx = arctan(arcsin(z))

Rule 6828

Int[(u_.)*((a_.) + (b_.)*(y_)"(n_))"(p_), x_Symbol] :> With[{q = Derivative
Divides[y, u, x]}, Dist[q, Subst[Int[(a + b*x"n)"p, x], x, yl, x] /; !Fals
eQlql] /; FreeQ[{a, b, n, p}, x]
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Rubi steps

1
integral = Subst ( / T2 dz, x, arcsin(x))
= arctan(arcsin(x))

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

1

V1 — 22 (1 4 arcsin(z)?)

dx = arctan(arcsin(z))

[In] Integrate[1/(Sqrt[1 - x~2]*(1 + ArcSin[x]~2)),x]
[Out] ArcTan[ArcSin[x]]

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.33

method result size
derivativedivides | arctan (arcsin (z)) | 4
default arctan (arcsin (x)) | 4

[In] int(1/(1+arcsin(x)~2)/(-x"2+1)"(1/2),x,method=_RETURNVERBOSE)

[Out] arctan(arcsin(x))

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

1

V1 — 22 (1 + arcsin(z)?)

dx = arctan (arcsin (z))

[In] integrate(1/(1+arcsin(x)~2)/(-x"2+1)~(1/2),x, algorithm="fricas")

[Out] arctan(arcsin(x))
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Sympy [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

1

V1 —z?%(1 + arcsin(z)?)

dx = atan (asin (z))

[In] integrate(1/(1+asin(x)**2)/(-x**2+1)*x(1/2),x)

[Out] atan(asin(x))
Maxima [F]

1 1

V1 — 22 (1 + arcsin(z)?) i = / V=22 + 1 (arcsin (z)* + 1)

dz

[In] integrate(1/(1+arcsin(x)~2)/(-x"2+1)~(1/2),x, algorithm="maxima")
[Out] integrate(1/(sqrt(-x"2 + 1)*(arcsin(x)"2 + 1)), x)

Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

1

V1 — 22 (1 + arcsin(z)?2)

dx = arctan (arcsin (z))

[In] integrate(1/(1+arcsin(x)~2)/(-x"2+1)"(1/2),x, algorithm="giac")

[Out] arctan(arcsin(x))

Mupad [B] (verification not implemented)

Time = 2.84 (sec) , antiderivative size = 43, normalized size of antiderivative = 14.33

1 () ()
dr = - - 3
VI — 22 (1 + arcsin(z)?) i 2

[In] int(1/((1 - x72)~(1/2)*(asin(x)"2 + 1)) ,x)
[Out] (log((asin(x)*1i - 1)/(1 - x72)7(1/2))*1i)/2 - (log((asin(x)*1i + 1)/(1 - x
~2)7(1/2))*1i) /2
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3.68 [ opdode

x)—+sin(x)
Optimal result . . . . . . . . . . 308]
Rubi [A] (verified) . . . . . . ... .
Mathematica [A] (verified) . . . . . . . . ... L 309
Maple [C] (verified) . . . . . . . . . . 309
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... ... .... 310
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... BI10I
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... ... 3101
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L B11]
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... B11l

Optimal result

Integrand size = 10, antiderivative size = 16

/ COS(zS';ng)in(x) dz = g - %log(cos(x) + sin(z))

[Out] 1/2*x-1/2*1n(cos(x)+sin(x))

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.200, Rules used = {3176,
integrand size
3212}

sin(x) _z 1 )
/ cos(z) + sin(z) dz = 575 log(sin(z) + cos(z))
[In] Int[Sin[x]/(Cos[x] + Sin[x]),x]

[Out] x/2 - Log[Cos[x] + Sin[x]]/2

Rule 3176

Int[sin[(c_.) + (d_.)*(x_)]/(cos[(c_.) + (d_.)x(x_)I*(a_.) + (b_.)*sin[(c_.
) + (d_.)*(x_)]), x_Symbol] :> Simp[b*(x/(a"2 + b"2)), x] - Dist[a/(a"2 + b
~2), Int[(b*Cos[c + d*x] - a*Sin[c + d*x])/(a*Cos[c + d*x] + b*Sin[c + d*x]
), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 + b~2, 0]

Rule 3212

Int[((A_.) + cos[(d_.) + (e_.)*x(x )]*(B_.) + (C_.)*sin[(d_.) + (e_.)*(x_)1)
/((a_.) + cos[(d_.) + (e_.)*(x_)]*(b_.) + (c_.)*sin[(d_.) + (e_.)*(x_)]1), x
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_Symbol] :> Simp[(b*B + c*C)*(x/(b"2 + ¢c~2)), x] + Simp[(c*B - b*C)*(Logla

+ bxCos[d + e*xx] + cxSin[d + exx]]/(ex(b~2 + ¢c~2))), x] /; FreeQ[{a, b, c,

d, e, A, B, C}, x] && NeQ[b~2 + c~2, 0] && EqQ[A*(b~"2 + c~2) - ax(bxB + c*C
), 0]

Rubi steps

1 / cos(z) — sin(zx) da

T
integral = © — -

el =579 cos(z) + sin(x)
T

2

_ % log(cos(z) + sin(z))

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ sin(z) dr = z_ %log(cos(r) + sin(z))

cos(z) + sin(z) 2

[In] Integrate[Sin[x]/(Cos[x] + Sin[x]),x]
[Out] x/2 - Logl[Cos[x] + Sin[x]]/2

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

method result Size
risch 2y hl(ez;“ri) 20
default _ln(tanéw)ﬂ) + 1“(1+tzn2(w)) + arctan(;an(w)) 923
parallelrisch | £ + In ( ﬁ) +1n ( ﬁ) 30
I\ s R\ e
o 2(0?(8)) | iiaro(s 22 (2]
norman z—il_—{—tan;(%) +1 (1+t2 *(3) _ 1 (tan?(5) 22t (5)-1) 54

[In] int(sin(x)/(cos(x)+sin(x)),x,method=_RETURNVERBOSE)
[Out] 1/2%x+1/2%I*x-1/2*1n(exp(2*I*x)+I)
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

/ cos(;;nfvs)in(x) do = %w - i log (2 cos () sin (z) + 1)

[In] integrate(sin(x)/(cos(x)+sin(x)),x, algorithm="fricas")

[Out] 1/2*x - 1/4%log(2*cos(x)*sin(x) + 1)

Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.75

/ sin(z) P log (sin (z) + cos (z))
cos(z) + sin(z) 2 2

[In] integrate(sin(x)/(cos(x)+sin(x)),x)

[Out] x/2 - log(sin(x) + cos(x))/2

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 53 vs. 2(12) = 24.

Time = 0.32 (sec) , antiderivative size = 53, normalized size of antiderivative = 3.31

sin(z) _ sin (z) 1 _ 2sin(z) sin (z) B
/ cos(z) + sin(z) do = arctan (cos (z) + 1) 2 log ( cos(z) +1 + (cos (z) + 1) !
+ 1 o sin (z)? 41
2 ¢ (cos () 4 1)*
[In] integrate(sin(x)/(cos(x)+sin(x)),x, algorithm="maxima")

[Out] arctan(sin(x)/(cos(x) + 1)) - 1/2%log(-2*sin(x)/(cos(x) + 1) + sin(x)~2/(co
s(x) + 1)72 - 1) + 1/2x1log(sin(x)~2/(cos(x) + 1)72 + 1)
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Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.31

/ Cos(;)in-}(-xs)in(;p) dr = %x + i log (tan (z)* + 1) — % log ([tan (z) + 1)

[In] integrate(sin(x)/(cos(x)+sin(x)),x, algorithm="giac")

[Out] 1/2*x + 1/4*log(tan(x)"2 + 1) - 1/2*xlog(abs(tan(x) + 1))

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.81

de =2
cos(z) + sin(z) T 2

/ sin(x) z In(cos(z—7))

[In] int(sin(x)/(cos(x) + sin(x)),x)

[Out] x/2 - log(cos(x - pi/4))/2
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3.60 [V Tdy

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ... B14
Maple [A] (verified) . . . . . . . . .. 314
Fricas [B] (verification not implemented) . . . . . .. .. ... .. ... .. ..., . 314
Sympy [F] . . o
Maxima [B] (verification not implemented) . . . . . . ... ... ... . ...
Giac [B] (verification not implemented) . . . . . ... ... ... L oL 316
Mupad [F(-1)] . . . . o 3161

Optimal result

Integrand size = 30, antiderivative size = 53

VA2+ B2 (1—1?) ( By )
- dy = — B arct
[T = —Bactan (e
Ay
— Aarctanh
arctan (\/A2—|-BQ—B2y2)

[Out] -Bxarctan(B*y/(-B~2*y~2+A~2+B~2)~(1/2))-A*arctanh(A*y/(-B~2xy~2+A"2+B~2)~ (1
/2))

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 954 Ryles used = {1999,

’ integrand size
399, 223, 209, 385, 212}

A2+ B?2(1—9y? B
/—\/ +B -y )dy= —Barctan Y
1— 2 VAT = B%r + B?

Ay
— Aarctanh
arctan <\/A2—Bzy2—|—B2)

[In] Int[-(Sqrt[A~2 + B™2x(1 - y~2)1/(1 - y~2)),y]

[Out] -(B*ArcTan[(B*y)/Sqrt[A”2 + B™2 - B"2%y~2]]) - AxArcTanh[(Axy)/Sqrt[A~2 + B
~2 - B~2%y~2]]

Rule 209



313

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 223

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 385

Int[((a)) + (b_)*(x_)"(m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] &% NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 399

Int[((a)) + (b_.)*(x_)"(m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Di
st[b/d, Int[(a + b*x™n)~(p - 1), x], x] - Dist[(b*xc - axd)/d, Int[(a + b*x~
n)~(p - 1)/(c + d*x"n), x1, x] /; FreeQ[{a, b, c, d, p}, x] && NeQ[b*c - ax
d, 0] &% EqQ[n*(p - 1) + 1, 0] && IntegerQ[n]

Rule 1999

Int[(u_)~(p_.)*(v_)"(q_.), x_Symbol] :> Int[ExpandToSum[u, x] p*ExpandToSum
[v, x17q, x] /; FreeQ[{p, q}, x] && BinomialQ[{u, v}, x] &% EqQ[BinomialDeg
ree[u, x] - BinomialDegree[v, x], 0] && !BinomialMatchQ[{u, v}, x]

Rubi steps

A2+ B2 — B2.2
integralz—/\/ —E—y2 Y dy

:‘<A2/(1—y2> VI

1 y
— (a2 o
(wisavst( | +— g v )

1 Y
_ B2Subst /—d,, )
us( 1+ B2 Y BBy

1 1
dy | — B? / d
+ B? — B%y? y) VA? + B? — B%y? v
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By Ay
= —Barct — Aarctanh
arctan <\/A2 ;o Bzy2> arctan <\/A2 ;o Bzy2>

Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.38

-y VB - JR T B =B

2 2 __ 27,2
—Aarctanh(\/A +B° - By )
Ay

A2 1 B2 (1 — 2
/—\/ + (2 y)dy=23arctan< By >

[In] Integrate[-(Sqrt[A~2 + B 2x(1 - y~2)1/(1 - y~2)),y]
[Out] 2#BxArcTan[(Bxy)/(Sqrt[A~2 + B~2] - Sqrt[A™2 + B~2 - B~2%y~2])] - A*ArcTanh
[Sqrt[A~2 + B~2 - B~2*xy~2]/(A*y)]

Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.68

method result
_B2y21A24 B2 B A2 B2
Aln(Ayﬁ/W) A1n<Ay B; +A24B ) o
L J—B%A AP B2
pseudoelliptic | — 5 + 5 + Barctan (—By
2_oB2(y— 2./_B2(y—1)2
5 R - B’arctan VB2y 21 24728 1)+2¢TW
default VB -1 2B (1) 44 _ V—B2(y—1)2—2B2(y—1)+ A2 v
2 2v B2 2/ A2

[In] int(-(A"2+B~2x(-y~2+1))~(1/2)/(-y~2+1),y,method=_RETURNVERBOSE)
[Out] -1/2%A*1n((Axy+(-B~2*xy~2+A~2+B~2)~(1/2))/y)+1/2*Ax1n( (A*y-(-B~2*y~2+A~2+B~2
)~(1/2))/y)+B*arctan(1/B/y*(-B~2*y~2+A"2+B~2)~(1/2))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 128 vs. 2(49) = 98.
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Time = 0.26 (sec) , antiderivative size = 128, normalized size of antiderivative = 2.42

[AEEETA,

1—92

(\/_B2y2 + A2 + B2>
= Barctan

By
1 ( (A2 — B*)y? +2+/—B%?2 + A2 + B2Ay + A? + B2>

— ZAlog "

1 A?— B%)y® —2V/—B% + A2+ B?Ay + A>+ B’
+1A10g(_( )y° —2v yy2+ + B Ay + A + )

[In] integrate(-(A~2+B~2*x(-y~2+1))~(1/2)/(-y~2+1),y, algorithm="fricas")

[Out] B*arctan(sqrt(-B"2xy~2 + A~2 + B~2)/(Bxy)) - 1/4xAxlog(-((A"2 - B"2)*y~2 +
2xsqrt (-B"2*%y~2 + A"2 + B72)*Axy + A"2 + B72)/y~2) + 1/4xAxlog(-((A"2 - B"2
)*xy~2 - 2xsqrt(-B72xy~2 + AT2 + B72)*Axy + A2 + B72)/y"2)

Sympy [F]

/_\/A2+Bz(1_y2)d _ \/A2_32y2+32d
1—y? (y—1)(y+1)

[In] integrate(-(Ax*2+Bx*2x (—y**2+1))*x(1/2)/(-y**2+1),y)
[Out] Integral(sqrt(A*x2 — Bxx2xy**2 + B*x2)/((y - 1)x(y + 1)), y)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 115 vs. 2(49) = 98.

Time = 0.29 (sec) , antiderivative size = 115, normalized size of antiderivative = 2.17

2 2(1—9y2 :
/_\/A + B2 (1 y)dy:_Barcsin(L)

1—y? A?B? + Bt
1 A? —B%2 + A2 + B2A
+ = Alog ( B> + + v y+at
2 y+1 y+1
1 2 A? 2v/—B%y? + A2 + B2A
— ~ Alog (—B2+ )
2 2y — 2| 2y — 2|

[In] integrate(-(A~2+B~2*x(-y~2+1))~(1/2)/(-y~2+1),y, algorithm="maxima")

[Out] -B*arcsin(B~2*y/sqrt(A~2%B~2 + B~4)) + 1/2xAxlog(B~2 + A"2/(y + 1) + sqrt(-
B™2xy~2 + A”2 + B"2)*A/(y + 1)) - 1/2%Axlog(-B"2 + 2xA~2/abs(2xy - 2) + 2x*s
qrt(-B"2xy~2 + A"2 + B"2)xA/abs(2xy - 2))
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 295 vs. 2(49) = 98.

Time = 0.35 (sec) , antiderivative size = 295, normalized size of antiderivative = 5.57

/ \/A2+B2 1— )dy

B4y2

2
(JWBJr —32y2+A2+B2|B|)
BZy -1
B2

msgn(y) — 2 arctan | —

2 (VAT+B2B+\/~ B2+ A%+ B?| B

2|B]|
- By _ VA?+B?B+\/-B?y?+A+B?|B|
_ ABlog (‘ <\/A2+B2B+\/—B2y2+A2+B2|B| B2y )B + ZAD
2|B|
- By _ YA?+B?B+\/-B*+A2+B?|B|\ p _
+ AB log (’ <\/A2+B2B+\/—Bzy2+A2+B2|B| By >B 2AD
2B

[In] integrate(-(A~2+B~2*x(-y~2+1))~(1/2)/(-y~2+1),y, algorithm="giac")

[Out] 1/2*%(pi*sgn(y) - 2*arctan(-1/2*B~2xy*((sqrt(A~2 + B"2)*B + sqrt(-B~2xy~2 +
A"2 + B~2)*abs(B))"2/(B"4xy~2) - 1)/(sqrt(A~2 + B"2)*B + sqrt(-B"2*y~2 + A~
2 + B"2)*abs(B))))*B~2/abs(B) - 1/2*A*Bxlog(abs(-(B~2xy/(sqrt(A~2 + B~2)*B
+ sqrt(-B"2*y~2 + A™2 + B"2)*abs(B)) - (sqrt(A™2 + B"2)*B + sqrt(-B~2xy~2 +

A"2 + B"2)*abs(B))/(B~2xy))*B + 2xA))/abs(B) + 1/2xAxBxlog(abs(-(B~2*y/(sq
rt(A"2 + B"2)*B + sqrt(-B"2+#y~2 + A”2 + B"2)*abs(B)) - (sqrt(A~2 + B"2)*B +

sqrt (-B"2*xy~2 + A™2 + B~2)*abs(B))/(B"2xy))*B - 2xA))/abs(B)

Mupad [F(-1)]

Timed out.

/ \/A2+B21— )dy

[ dy if A4 B2 =0

In(2y V=B +2VA - B2’ + B%) V—B2 + atan(\/%> VA LI if A2+ B240

[In] int((A"2 - B™2x(y"2 - 1))~(1/2)/(y"2 - 1),y)

[Out] piecewise(A™2 + B~2 == 0, int((-B"2*xy~2)~(1/2)/(y"2 - 1), y), A"2 + B"2 ~=
0, atan((y*(A~2)"(1/2)*1i)/(A"2 + B"2 - B™2xy~2)~(1/2))*(A"2)~(1/2)*1i + lo
g(2xyx(-B~2)~(1/2) + 2x(A"2 + B™2 - B™2*y~2)~(1/2))*(-B~2)~(1/2))
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Optimal result . . . . . . . . . . e [B17]
Rubi [A] (verified) . . . . . . . . 317
Mathematica [B] (verified) . . . . . . . . . ... 3191
Maple [B] (verified) . . . . . . . . . .. 319
Fricas [B| (verification not implemented) . . . . . .. . ... ... ... ....... 319
Sympy [A] (verification not implemented) . . .. .. ... ... ... .. ... ... 3201
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... 3201
Giac [B] (verification not implemented) . . . . . . . . .. ... L. B21]
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 3211

Optimal result

Integrand size = 39, antiderivative size = 16

_A2_ 2 2

/ (-A°-B )CO§ (2) dz =—Bz — Aarctanh(Atan(z))
B <1 _ (A%24+B?) 81n2(z)) B

B2

[Out] -B*z-A*arctanh(Axtan(z)/B)

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, number of rules _ 0.128, Rules used = {12,

integrand size
3270, 400, 209, 212}

—A?% — B?) cos? A
/ ( . )ZCO_S 2(2) dz = —Aarctanh(—tan(z)) — Bz
B <1 _ A +BB)231n (z)) B

[In] Int[((-A"2 - B~2)*Cos[z]~2)/(B*x(1 - ((A"2 + B~2)*Sin[z]~2)/B~2)),z]
[Out] -(Bxz) - AxArcTanh[(A*Tan[z])/B]
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 209
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 400

Int[1/(((a)) + (b_.)*(x_)"(n_))*((c_ ) + (d_.)*(x_)"(n_))), x_Symbol] :> Dis
t[b/(b*c - a*d), Int[1/(a + b*x"n), x], x] - Dist[d/(b*c - a*d), Int[1/(c +
d*x"n), x], x] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0]

Rule 3270

Int[cos[(e_.) + (£_)*x(x_)]1"(m_)*((a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)1"2)"(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Sub
st[Int[(a + (a + b)*f£~2*x~2)"p/(1 + ££72%x"2)"(m/2 + p + 1), x], x, Tan[e
+ fxx]/£f£f], x]11 /; FreeQl[{a, b, e, f}, x] && IntegerQ[m/2] && IntegerQ[p]

Rubi steps

(A2+B?) [~ g,

(A2+B2) sin2(z)
L R

integral = —
integra. B

(A% + B?) Subst ( S 1 ) dz, z, tan(z))

(1+z2)(1+(1—%

B

A2Subst (f — s 4%, 2, tan(z)>

__A24B2 5
= — 1+<1 B ) —BSubst(/1 1

B + 22

= —Bz — Aarctanh(Atagl(z))

dz, z, tan(z))
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 35 vs. 2(16) = 32.

Time = 0.27 (sec) , antiderivative size = 35, normalized size of antiderivative = 2.19

(—A? — B?) cos?(2) B(A? 4+ B?) (Bz + Aarctanh(—“"g(z)))
dz = —
/ B (1 _ (A2+B2) sin2(z)> Z A2B + B3

32

[In] Integrate[((-A~2 - B~2)*Cos[z]~2)/(Bx(1 - ((A™2 + B~2)%*Sin[z]"2)/B"2)),z]
[Out] -((B*(A"2 + B~2)*(B*z + AxArcTanh[(A*Tan[z])/B]))/(A"2%B + B~3))

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 70 vs. 2(16) = 32.

Time = 0.62 (sec) , antiderivative size = 71, normalized size of antiderivative = 4.44

method result
. (_AQ_BQ) <A1n<Asinc(ozS)(-ﬁ;;3+clos(z))_A 1n<ASinéjgéﬁ_iOS(Z)>+2BZ>
parallelrisch AT I5°
A2 _ p2 Aln(Atan(z)+B) arctan(tan(z)) _ Aln(Atan(z)—B)
default (—A? — B?) B( 2B(A21B?) T A+B? 2B(A2+B?)
norman —Bz—2Bz(tan?(%))—Bz(tan* (%)) Aln(—B(tan?(%))+2Atan(%)+B) + Aln(B(tan®(%))+2Atan(%)—B)
(1+tan (3))° 2 2
) By A2 53, Aﬁ%*"-ﬁﬁf) Am@m_ﬁﬁw)y Aﬁﬂgh—ﬁﬁﬁ) Am@m—
risch TA2+BT T A24BE 2(A21B?) - 2(A2+B?) 2A% 1282 2AZ12B?

[In] int((-A"2-B~2)*cos(z)~2/B/(1-(A"2+B~2)*sin(z) “2/B~2),z,method=_RETURNVERBOS

E)
[Out] (-A"2-B~2)*(A*1n((A*sin(z)+B*cos(z))/(cos(z)+1))-A*x1n((A*sin(z)-B*cos(z))/(
cos(z)+1))+2xBxz) / (2*%A~2+2%xB~2)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 67 vs. 2(16) = 32.

Time = 0.27 (sec) , antiderivative size = 67, normalized size of antiderivative = 4.19

_ A2 _ Rp2 2
/ (-4 125’)200?2(»2) dz=—Bz— Alog (2 ABcos (2)sin () — (A? — B2) cos (2)* + 42)
B (1 _ %) 4

+ iAlog (—2 AB cos (z)sin (2) — (A — B?) cos (z)> + A?)
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[In] integrate((-A~2-B~2)*cos(z)~2/B/(1-(A"2+B~2)*sin(z)~2/B~2),z, algorithm="fr
icas")

[Out] -B*z - 1/4xAxlog(2*A*Bxcos(z)*sin(z) - (A"2 - B"2)*cos(z)"2 + A™2) + 1/4*Ax
log(-2*A*Bxcos(z)*sin(z) - (A2 - B"2)*cos(z)"2 + A"2)

Sympy [A] (verification not implemented)

Time = 106.06 (sec) , antiderivative size = 202, normalized size of antiderivative = 12.62

/ (—A?% — B?) cos?(2)
B <1 _ (A2+B;)2 sin2(z))

z
zsin? (2) zcos? (2) sin (z) cos (z)
(_A2 — Bz) 2 + 2 + 2
ABlog (—%+tan(§)—7v‘4if32) ABlog (—%+tan (%)4-7”1?;32) ABlog (%-I—tan (%)—7%;*32) AL
2A212B2 + 2421282 o 2A212B2 T

- B

[In] integrate((-A**2-B**2)*cos(z)**2/B/(1- (A*x*2+Bx*2)*sin(z)**2/B**2) ,z)

[Out] (-A**2 - B**x2)*Piecewise((z, Eq(A, 0) & Eq(B, 0)), (z*sin(z)**2/2 + z*cos(z
)*x2/2 + sin(z)*cos(z)/2, Eq(A, I*B) | Eq(A, -I*B)), (A*B*log(-A/B + tan(z/

2) - sqrt(A**2 + B**2)/B)/(2%Ax*2 + 2xBx*2) + AxBxlog(-A/B + tan(z/2) + sqr

t (Ax*2 + B*%x2)/B)/(2%A*x2 + 2*%B**2) - A*B*xlog(A/B + tan(z/2) - sqrt(A**x2 +
Bx*2) /B) / (2xA**2 + 2%B*x2) - AxBxlog(A/B + tan(z/2) + sqrt(A**2 + Bx*2)/B)/
(2%A*%2 + 2%B*%2) + 2xB**2xz/(2xA*%2 + 2xB**2), True))/B

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 69 vs. 2(16) = 32.

Time = 0.26 (sec) , antiderivative size = 69, normalized size of antiderivative = 4.31

( A4 Bz) ( 13252;;2 4 ABlogIEéigléz)-i-B) . ABlogX;&ia;éz)—B))

/ (—A?% — B?) cos?(z) L
B (1 B ) 2B

[In] integrate((-A~2-B~2)*cos(z)~2/B/(1-(A"2+B~2)*sin(z)~2/B~2),z, algorithm="ma
xima")

[Out] -1/2%(A"2 + B~2)*(2+%B~2*z/(A"2 + B~2) + AxBxlog(Axtan(z) + B)/(A"2 + B"2) -
AxBxlog(Axtan(z) - B)/(A"2 + B"2))/B
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 83 vs. 2(16) = 32.

Time = 0.29 (sec) , antiderivative size = 83, normalized size of antiderivative = 5.19

A%+ A2B? A%4A2B2 A2+ B2
Z =
B (1 _ <A2+B2>sin2(z>> 2B
B2

A3 log(|Atan(z A3 log(|Atan(z)— 2Z
/ (—A? — B?) cos?(2) e < Blog(|Atan(z)+B|) _ A°Blog(|Atan(z)-B|) | 2B )(A2+B2)

[In] integrate((-A~2-B~2)*cos(z)~2/B/(1-(A"2+B~2)*sin(z)~2/B"2),z, algorithm="gi
ac")

[Out] -1/2%(A"3*B*log(abs(A*tan(z) + B))/(A"4 + A"2%B"2) - A~3*Bxlog(abs(A*tan(z)
- B))/(A™4 + A"2%B"2) + 2%B~2%z/(A"2 + B"2))*(A"2 + B"2)/B

Mupad [B] (verification not implemented)

Time = 0.51 (sec) , antiderivative size = 360, normalized size of antiderivative = 22.50

/ (—A?% — B?) cos?(z) dr — — A stanh 2 A tan(2)
B (1 - W) 2A2B+6A0B3 +6A5B5 + 2 A5 B7

2 A" B tan(z)
T S ATB 1 6AU B+ 6 A B 4 2 A0 BT
6 A° B*tan(z)
+ 2A2B+6AYB3+4+6A8B5+2A%B7
6 A'! B? tan(z)
+ 2A12B+6A1033+6ASB5+2A6B7)
2 A* B tan(z)
2A1B3 4+ 6A3B5+6AB" +2 A4 B°
6 A% B" tan(z)
T AN BI £ 6A°B5 + 6 A° BT 1 2 A4S B9
6 A% B tan(z)
T A 1 645 B5 1 6 A0 BT + 2 A1 B
2 A% B3 tan(z)
+ zAwB3+6A835+6A637+2A439)

- B atan(

[In] int((cos(z)~2x(A"2 + B~2))/(B*((sin(z)~"2*x(A"2 + B~2))/B"2 - 1)),2)

[Out] - Ax*atanh((2*xA~13*tan(z))/(2*A~12%B + 2*A~6%B~7 + 6*A~8%B~5 + 6%A~10%B~3) +
(2xA~7*B~6*tan(z))/(2*xA"12*B + 2*xA~6*B~7 + 6*%A~8%B~5 + 6*A~10%B~3) + (6%A~
9%B~4xtan(z))/(2xA~12*B + 2%A~6%B~7 + 6%A"8*%B~5 + 6*%A~10%B~3) + (6%A~11%B~2
xtan(z))/(2%A"12*B + 2*%A~6*B~7 + 6%A"8*B"5 + 6%A~10*B~3)) - Bxatan((2*A~4x*B
~9xtan(z))/(2*xA"4*B~9 + 6*xA"6*B~7 + 6xA"8*B~5 + 2*xA~10%B~3) + (6*A"6%B~7*ta
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n(z))/(2%A~4%B~9 + 6%A~6*B~7 + 6%xA~8*%B~5 + 2*%A~10*B~3) + (6*%A~8%B~5xtan(z))
/(2%A~4%B~9 + 6%xA~6%B~7 + 6%A~8%B"5 + 2%A~10%B"3) + (2%xA~10%B~3*tan(z))/(2x%
A~4%B~9 + 6%A"6%B~7 + 6%A"8%B~5 + 2%xA~10%B~3))
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2 2
3.71 | A=B dw
B(1+w?)?( 1 (42+82)u
B2 <1+w2>
Optimal result . . . . . . . . . . . 323]
Rubi [A] (verified) . . . . . . . . . .
Mathematica [B] (verified) . . . . . . . . . ...
Maple [C] (verified) . . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .....
Sympy [C] (verification not implemented) . . . ... ... ... ... ....... 326
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... 327l
Giac [B] (verification not implemented) . . . . . . . ... ... Lo L. 327
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 328

Optimal result

Integrand size = 48, antiderivative size = 16

_A2 _ B2 A
/ 2 (A24B2)w? dw=—B arctan(w) - Aarctanh<fw)
B(1+w?) (1- G20

[Out] -Bxarctan(w)-A*arctanh(A*w/B)

Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ ¢ 104 Ryles used = {12,

integrand size
6820, 400, 209, 214}

—A? - B? A
/ 5 VT, dw = —Aarctanh(%) — Barctan(w)

[In] Int[(-A"2 - B"2)/(B*(1 + w2)"2%x(1 - ((A"2 + B"2)*w"2)/(B"2x(1 + w~2)))),w]
[Out] -(BxArcTan[w]) - AxArcTanh[(A*xw)/B]
Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 209
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0])

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 400

Int[1/(((a_) + (b_.)*(x_)"(m_))*((c_) + (d_.)*(x_)"(n_))), x_Symbol] :> Dis
t[b/(b*c - axd), Int[1/(a + b*x"n), x], x] - Dist[d/(bxc - axd), Int[1/(c +
d*x"n), x], x] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*xc - axd, O]

Rule 6820
Int[u_, x_Symbol] :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl

erIntegrandQ[v, u, x]]

Rubi steps

(A2+B2)f 1A2 2) 2 dw
(1+w?)? (1—( +82)w )
Bz(l+w2)
B

2
(A2+ B?) [ (1+w2)(g2_,42w2) dw
B

integral = —

=—((B(A2+BQ))/(1+U)2) (1132—A2w2) dw)

1 1
=—(B/1+w2 dw) — (A2B)/—BQ_A2w2 dw

= —Barctan(w) — Aarctanh <A_'w)

B
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 35 vs. 2(16) = 32.

Time = 0.02 (sec) , antiderivative size = 35, normalized size of antiderivative = 2.19

—A?2 - B? _ B(A%+ B?) (Barctan(w) + Aarctanh(4%))
/Bl 22 (1 _ @B} T A2B + B3
(1 +w?)™ (1= Briesy

[In] Integrate[(-A"2 - B72)/(B*x(1 + w~2)72%(1 - ((A"2 + B™2)*w"2)/(B"2*x(1 + w~2)
))),w]
[Out] -((B*(A"2 + B~2)*(B*ArcTan[w] + AxArcTanh[(A*w)/B]))/(A"2%B + B~3))

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.18 (sec) , antiderivative size = 70, normalized size of antiderivative = 4.38

method result
. —A2-B2)(—iB? In(w—1i)+iB? In(w+i)—AB In(Aw— ABIn(Aw
parallelrisch ( 5) (ZiB In(w=i)+ 32}3((A;L+332)Bl (Aw—B)+ 4B In(Aw+ 5))
arctan(w Aln(Aw+B Aln(Aw—B
default (_A2 - B2) B( A2+1é2) + QB(E42~|—B?)) o 2B(E42+Bz))>

_Ru(((-4°-B2A%+A%B*+B°
A3 In(— Aw—B) Aln(— Aw—B)B? _R:RootOf((A4+2A2 B2 +B4)_Z2 +B4)

risch 2(A21 B?) 2(A21 B?)

2B

[In] int((-A"2-B~2)/B/(w~2+1)"2/(1-(A"2+B~2)*w~2/B~2/(w"2+1)) ,w,method=_RETURNVE
RBOSE)

[Out] 1/2%(-A"2-B~2)/Bx(-I*B~2*1n(w-I)+I*B~2*1n(w+I)-A*B*1n(A*w-B)+A*B*x1n(A*w+B))
/(A~2+B~2)

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.62

_A2_ B2
/ ;4 B(A2+B2) — dw = —Barctan (w) — % Alog (Aw+ B) + % Alog (Aw— B)
B(1+w?)’ (1- G20

[In] integrate((-A"2-B~2)/B/(w~2+1)"2/(1-(A"2+B~2)*w~2/B~2/(w"2+1)),w, algorithm

="fricas")
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[Out] -Bxarctan(w) - 1/2*%Axlog(A*w + B) + 1/2xAxlog(A*w - B)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.99 (sec) , antiderivative size = 422, normalized size of antiderivative = 26.38

—A? - B?
/ 2 2 2 dw
B(1+w?)’ (1- G

B2(14+w?)
_ A9 - A"B 5 A5B3 5 A5 A3BS 5 51332
24 B2 2, B2 2.2 B(A2+B2 2.2 A“+B
Alog | w+ B(A2+B2)" (A2+4B2)” (4 +BA)2 ( ) (a2+B2)
= (A’B+B3) | —
w5+ FE
A9 5 A"B - A5B3 - A5 _ A3BS - 9332
B(A2+B2 A24 B2 A24B2 B(A2+B2 A24 B2 A“+B
O B o i e D W G MO
+
9B (A2 + B?)
iAGB23_ z’A4B43_ §A42 iA2B6 st iB8 - 5342
. A2+ B2 A24+B2 A%+B A24+B2 A2+ B2 A+B
Slog | w4+ _CEoT G T AT st )
+
2(A%2+ B?)
¢A6323 iA4B43 2iA42_ iA2B63_ iB8 _— %'342
2.2 2,2 A“+B 2,2 2.2 A“+B
Y B el D i o i LT
B 2 (A2 + B?)

[In] integrate((—A*x2-B**2)/B/(wx*2+1)**2/ (1- (A**2+B**2) *wx*2/B**2/ (w*2+1)) ,w)

[Out] (A**2xB + B*x3)*(-Axlog(w + (-A*x9/(Bx(A**2 + Bx*2)*%*3) — Ax*7*B/(A**2 + Bx
*2)*x*x3 + A*xx5xBxx3/(A**2 + Bx*2)*x3 + A*x*x5/(Bx(A*x*2 + Bx*2)) + A*x*x3*%xBxx5/(A
*x%2 + Bx*k2)*x3 + A*B**3/(A*x*2 + B*x2))/A*x2)/(2%Bx(A**2 + B**2)) + Axlog(w
+ (A**x9/(Bx (A**2 + B**2)**3) + A*x*7*B/(A**2 + B*%*2)**3 — Ax*5xB*x*3/(A**2 +
B**2)*%3 — A%*x5/(Bx(A**2 + B*x2)) — A**3xBxx5/(A*%*2 + B**2)*%3 — AxB*xx3/(A*
*2 + B*x2))/A**2) /(2%Bx (A**2 + B**2)) + Ixlog(w + (—I*A*x6xB*x2/(A**2 + Bxx
2)*%x3 — I*xA**x4*Bx*x4/(A*x*2 + B*xx2)*%3 — IxAx*4/(A**x2 + B*%*2) + I*xA**x2%xB*x*6/ (
A*x%x2 + Bx*2)*%3 + I*B*xx8/(A**2 + B**2)**%3 — I*Bx*x4/(A**x2 + B*x2))/A%x*x2) /(2%
(Ax*2 + B**2)) - Ixlog(w + (I*xA*x*x6xB*x*2/(A**2 + Bx*2)*%x3 + I*xA*x*x4*Bkx4/(A**
2 + Bx*2)**3 + IxA%xx4/(A*%2 + B*%x2) — I*Ax*2xB*x*x6/(A**2 + B**2)*%*3 — I*B**8
/ (A**%2 + B**x2)*%3 + I*Bx*4/(A**x2 + B*xx2))/A*xx2) /(2% (A**2 + B*x%x2)))
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 68 vs. 2(16) = 32.

Time = 0.28 (sec) , antiderivative size = 68, normalized size of antiderivative = 4.25

—A? — B?
/ 2?2 T
B(1+w?)’ (1- G20
2&1‘(3 an(w (0} w O, w—
B (A2 +Bz)(2BA2+tB2( ) | ABlAgg_ABQ—i-B) _ ABlAgsrABz B)>
B 2B

[In] integrate((-A"2-B~2)/B/(w~2+1)~2/(1-(A~2+B~2)*w~2/B~2/(w~2+1)),w, algorithm

="maxima")
[Out] -1/2%(A"2 + B~2)*(2+#B~2*arctan(w)/(A"2 + B"2) + A*Bxlog(A*w + B)/(A"2 + B"2
) - AxBxlog(A*w - B)/(A™2 + B~2))/B

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 82 vs. 2(16) = 32.

Time = 0.28 (sec) , antiderivative size = 82, normalized size of antiderivative = 5.12

_A2 _ B2
/ 2 (A24B2)w? dw
B(1+w?) (1 — B )

<A3Blog(|Aw+B|) _ A®Blog(|Aw—B|) 4 2 B2 arctan(w)>(A2 n Bz)

ATL A2B2 AL L A2B? A2 B2
2B

[In] integrate((-A"2-B~2)/B/(w~2+1)~2/(1-(A"2+B~2)*w~2/B~2/(w~2+1)),w, algorithm
="giac")

[Out] -1/2%(A~3*Bxlog(abs(A*w + B))/(A™4 + A"2%B"2) - A~3*Bxlog(abs(A*w - B))/(A"
4 + A"2%B"2) + 2xB~2xarctan(w)/(A"2 + B"2))*(A"2 + B"2)/B
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Mupad [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 352, normalized size of antiderivative = 22.00

/ —4* - B dw=—-A atanh( 245w
B(1+ ) (1- ) 2AB+6AO B3 1 6A8 B +2A° BT
2A" BSw
+ 2A2B +6A10PB3 +6A8B5+2A%B7
6 A° B*w
AR B16ANB 4 6A°B5 + 2 AC BT
6 A B2w
+ 2A123+6A1033+6ASB5+2A637)
2A*B°w
— Batan
(2A1033+6ASB5+6A637+2A4B9
6 A% B"w
+-214101334‘6x481354‘61461374_2144139
6 A% B> w
+-2,4101334—64481354—61461374-2444139
2A B3w
* 2AloB3+6ASB5+6A6B7+2A4B9>

[In] int((A™2 + B72)/(B*x(w~2 + 1)"2%((w™2*%(A"2 + B72))/(B"2*(w"2 + 1)) - 1)),w)

[Out] - Ax*atanh((2*xA~13*w)/(2*xA"12*%B + 2*xA"6*B~7 + 6xA"8*B~5 + 6xA~10*B~3) + (2*A
“T*xB~6*w) / (2xA~12*%B + 2*%A~6*B~7 + 6%A~8*B"5 + 6%A~10*B~3) + (6*xA~9%B~4x*w)/(
2%A"12*%B + 2*xA"6*B~7 + 6%A~8+%B~5 + 6%A"10*B"3) + (6%A~11xB"2+*w)/(2*%A"12*B +
2%xA~6*B~7 + 6%A"8*B~5 + 6%A~10%B~3)) - Bxatan((2*A~4*B~9xw)/(2%¥A"4xB"9 + 6
*A"6%xB~7 + 6%A"8%B~5 + 2%xA~10%B~3) + (6%A~6xB~7*w)/(2%A"4*xB~9 + 6%A~6*xB~7 +
6%A"8*%B~5 + 2%xA~10%B~3) + (6*%A~8*B~5%w)/(2*A"4*B~9 + 6%xA~6*%B~7 + 6%A~8%B"5

+ 2%A710*xB~3) + (2*%A~10%B~3*w)/(2*A"4%B~9 + 6*A"6%B~7 + 6%A~8+%B~5 + 2*A~10
*B~3))
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3.79 [ B(A*+B?) d
) (1+w?) (B2—A2w?)

Optimal result . . . . . . . . . . . e 329
Rubi [A] (verified) . . . . . . . . . . 3291
Mathematica [B] (verified) . . . . . . . . ... Lo 330
Maple [C] (verified) . . . . . . . . . .. 330
Fricas [A] (verification not implemented) . . . . . . .. ... .. ... ... ... .. 331
Sympy [C] (verification not implemented) . . . ... ... ... . ... ... ..., B31]
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... ..
Giac [B] (verification not implemented) . . . . . . . . .. ... ... ...
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... B34

Optimal result

Integrand size = 31, antiderivative size = 16

B(A* + B?) Aw
/_ (1+ w?) (B? — A2w?) dw = —Barctan(w) — Aarctanh(?>

[Out] -B*arctan(w)-A*arctanh(A*w/B)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number
_ _ 4 number of rules _ —

of steps used = 4, number of rules used = 4, integrand size 0.129, Rules used = {12,

400, 209, 214}

B(A? + B?) Aw
/— 1+ ) (B? — A2u?) dw = —Aarctanh(?> — Barctan(w)

[In] Int[-((B*(A~2 + B"2))/((1 + w2)*(B~2 - A"2%w"2))),w]
[Out] -(BxArcTan[w]) - A*ArcTanh[(A*w)/B]
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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, 01 |l GtQ[b, 01)

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 400

Int[1/(((a_) + (b_.)*(x_)"(m_))*((c_) + (d_.)*(x_)"(n_))), x_Symbol] :> Dis
t[b/(bxc - axd), Int[1/(a + b*x"n), x], x] - Dist[d/(b*c - axd), Int[1/(c +
d*x~n), x], x] /; FreeQ[{a, b, c, d, n}, x] && NeQ[bxc - a*d, 0]

Rubi steps

integral = — ((B (A2 + Bz)) / ) (;2 e dw)

1 1

= —Barctan(w) — Aarctanh (%)

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 35 vs. 2(16) = 32.

Time = 0.02 (sec) , antiderivative size = 35, normalized size of antiderivative = 2.19

(1+w?) (B2 — A2u?) ' = A2B + B°

/ B B(A? + B?) o — B(A? + B?) (Barctan(w) + Aarctanh(42))

[In] Integrate[-((Bx(A~2 + B~2))/((1 + w™2)*(B~2 - A~2*w"2))) ,w]
[Out] -((B*(A"2 + B"2)*(BxArcTan[w] + A*ArcTanh[(A*w)/B]))/(A"2%B + B~3))

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.21 (sec) , antiderivative size = 40, normalized size of antiderivative = 2.50
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method result
parallelrisch ““(1”2_")3 — “n(“’;i)B + 4 ln(A2w—B) A ln(A2w+B)
rctan Aln(Aw+B Aln(Aw—B
default —(A2+ B?) B <a;2i ,g:f) + 3 B(E421.$2)) -3 (54211320
AZB( > _Rln(((—AG—B2A4+A2B4+BG)_
3 Aln(—Aw—B) Aln(—Aw+B) _R:RootOf(1+(A4+2A232+B4)_ZQ)
risch — - + . _ 2

[In] int(-B*(A"2+B~2)/(w"2+1)/(-A"2*w~2+B~2) ,w,method=_RETURNVERBOSE)

[Out] 1/2*I*1n(w-I)*B-1/2%I*%1n(w+I)*B+1/2%A*1n(A*xw-B)-1/2*%A%1n(A*w+B)

Fricas [A] (verification not implemented)

nomne

Time = 0.25 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.62

dw = —B arctan (w) — %Alog (Aw+ B) + %Alog (Aw — B)

B B(A? + B?)
/ (1+ w?) (B? — A2u?)

[In] integrate(-B*(A~2+B~2)/(w~2+1)/(-A"2*w"2+B~2) ,w, algorithm="fricas")
[Out] -Bxarctan(w) - 1/2*Axlog(A*w + B) + 1/2xAxlog(A*w - B)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
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Time = 1.01 (sec) , antiderivative size = 422, normalized size of antiderivative = 26.38

/ B B(A? + B?) s
(1+ w?) (B2 — A%u?)

_ A9 - A'B 5 A5B3 5 A5 A3B5 5 ;1332
2. g2 2.2 2.2 B(A24+B2 2.2 A24B
Alog | w+ B(a2+482)° (a24B2)° (a4 +BA)2 ( ) (A2+B2)
= (A’B+B?) | -
w5+ ) T
A9 _— A"B - A5B3 .- A5 _ A3BS - ,24332
B(A2+B2 A24 B2 A24 B2 B(A2+B2 A24 B2 AS+B
Alog w4 202 et (e o) ]
+
9B (A? + B?)
_ iAGB23_ z'A4B43_ £A42 iA2B63 iB8 - 5'342
. A24 B2 A24 B2 A“+B A24 B2 A24 B2 A“+B
Slog [ w4 P ) B G v
+
2 (A2 + B?)
iA8 B2 . iAtBt . 2iA4 - iA2B6 - iB8 - 5’342
24 B2 2,2 A“+B 2,2 24 g2 A“+B
blog | w4 o st P G )
B 2 (A2 + B?)

[In] integrate(-B*(A**2+B**2)/(w**2+1)/(—A**2xyu*x*2+B**2) ,w)

[Out] (A**2xB + B*x3)*(-Axlog(w + (—A*x9/(Bx(A**2 + Bx*2)*%*3) — Ax*7*B/(A**2 + Bx
*2)*%3 + A*x*k5xB*x*x3/(A**2 + B**2)*%*3 + A%*x5/(Bx(A**2 + B*x2)) + A**3xBxx5/(A
*%2 + Bx*2)**3 + A*Bx*3/(A*x*2 + Bx*2))/A**2)/(2*Bx(A*x*2 + Bx*2)) + Axlog(w
+ (A*xx9/ (B* (A**2 + B**2)**3) + Ax*7*B/(A*x*2 + B*x2)*x3 — Ax*5*xB*x3/(A**2 +
B**2)*x*3 — Ax*5/(B*(A**x2 + B*%*2)) - Ax*3%Bx*5/(A**x2 + B**2)**3 — A*xB*xx3/(Ax*
*2 + B*x2))/A**2) /(2%Bx (A**2 + Bx*2)) + Ixlog(w + (-I*A*x6%B*x2/(Ax*2 + Bxx*
2)*%3 - IxAxx4%Bx*4/(A**x2 + B*x2)**x3 — IkxA*x*x4/(A*x*2 + B**2) + IxA**x2%Bx*6/ (
A*%x2 + B*%x2)**3 + I*B*x8/(A**2 + Bx*2)*%x3 — I*Bx*x4/(A**x2 + B*%x2))/A*%x2) /(2%
(Ax*2 + B**2)) - Ixlog(w + (I*xA*x*x6xB*x*2/(A**2 + B**2)**3 + I*xA*x*x4*Bk*x4/(A**
2 + B**2)*%3 + I*Ax*4/(A**%x2 + B**2) — I*xA**x2%B**x6/(A*x*2 + B**2)*%*3 — I*Bx*8
/ (A**%2 + B*%x2)*%x3 + I*Bx*4/(A**x2 + B*xx2))/A*x2) /(2% (A**2 + B*%x2)))
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 65 vs. 2(16) = 32.

Time = 0.26 (sec) , antiderivative size = 65, normalized size of antiderivative = 4.06

/ B B(A? + B?) p
(1+w?) (B2 — A2u?) ™"
1, 5 Alog (Aw+ B) Alog(Aw — B) 2 arctan (w)
=5 +B)B( A2B | B° A2B | B° A2+ B2

[In] integrate(-B*(A~2+B~2)/(w~2+1)/(-A"2*w"2+B~2),w, algorithm="maxima")
[Out] -1/2%(A"2 + B~2)*B*(A*log(A*xw + B)/(A"2xB + B"3) - Axlog(A*w - B)/(A"2%B +
B~3) + 2xarctan(w)/(A"2 + B"2))

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 79 vs. 2(16) = 32.

Time = 0.27 (sec) , antiderivative size = 79, normalized size of antiderivative = 4.94

/ B(A? + B?) dw
(1 + w?) (B2 — A2u?)

(A3 log(|Aw +B|) A’log(|Aw — B|) | 2 arctan (w)) (42 + B?)B
2

A‘B + A2B3 A‘B + A2B3 A%+ B2

[In] integrate(-B*(A~2+B~2)/(w~2+1)/(-A"2*w"2+B~2),w, algorithm="giac")
[Out] -1/2%(A"3*log(abs(A*xw + B))/(A"4*B + A"2%B"3) - A"3%log(abs(A*w - B))/(A™4x
B + A"2%B"3) + 2xarctan(w)/(A"2 + B72))*(A"2 + B72)*B
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Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 352, normalized size of antiderivative = 22.00

/— B(A2 + BQ) dw = —Aatanh 2A%w
(1+ w?) (B2 — A%2w?) - 2A12B + 6 A0 B3 + 6 A8 B5 +2 A6 B7

N 2 A7 BSw
2A2B4+6A0YB3 +6A8B5+2 A6 B
N 6 A° B*w
2A2 B +6A10B3 +6A% B> +2A%B7
N 6 A% B2w
2A12B +6 A0 B3 + 6 A8 B5S +2 A6 B7
2A*B°w
2A0 B3 + 6 A8 B>+ 6 A% B" + 2 A4 BY
N 6 A5 B" w
2A10 B3 1 6A8B5+4+6A%B7+2 A4 B9
N 6 A% B®w
2A10 B3 1 6A8 B5+4+6A% B" 4+ 2 A4 B°
N 2 A0 B3
2A10B3 4+ 6A8B5+6A6B7 +2 A4 BY

— B atan<

[In] int(-(B*(A"2 + B72))/((w"2 + 1)*(B"2 - A"2*%w"2)),w)

[Out] - Ax*atanh((2*xA~13*w)/(2*%A"12*B + 2*xA~6*B~7 + 6xA"8*B~5 + 6xA~10*B~3) + (2*A
“T*B~6*w) / (2xA~12*%B + 2*%A~6*B~7 + 6%A~8*B"5 + 6*xA~10*B~3) + (6*A~9%B~4x*w)/(
2xA"12%B + 2*xA"6%B~7 + 6%A"8*B~5 + 6%A~10%B~3) + (6%A~11%B~2*w)/(2%A"12+B +
2%A"6*%B"7 + 6%A"8*B~5 + 6%A~10%B~3)) - B*atan((2*xA~4*xB~9*w)/(2*A~4%B~9 + 6
*A"6*xB~7 + 6%A"8*B”"5 + 2xA"10*B"3) + (6*A"6*%B"7*xw)/(2%A"4xB~9 + 6*%A"6xB"7 +
6%A"8%B"5 + 2*xA~10%B~3) + (6%A~8%B~5%w)/(2*A"4*B~9 + 6%xA~6*%B~7 + 6%A~8%B"5

+ 2%A~10%B~3) + (2%xA~10%B~3*w)/(2%A~4*B~9 + 6%A~6%B~7 + 6%xA~8*B~5 + 2%A~10
*B~3))
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$4

— $2)
Optimal result . . . . . . . . . . . . e e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ... 330
Maple [A] (verified) . . . . . . . . . .
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. ... ... 337
Sympy [B] (verification not implemented) . . ... ... ... ... ... . ... .. B3
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 337
Giac [A] (verification not implemented) . . . . . . .. ... ... L L.
Mupad [B] (verification not implemented) . . . ... ... .. ... .. .......

Optimal result

Integrand size = 15, antiderivative size = 35

.’L‘3

[ ade= S
(1 — z2)*? 3(1—22)*? VI—2a?

+ arcsin(x)

[Out] 1/3%x"3/(-x"2+1)~(3/2)+arcsin(x)-x/(-x"2+1)"(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, number of rules _ 0.133, Rules used = {294,
integrand size
229}

x x3

4
T
————dx = arcsin(z) — +
/(1—9[,-2)5/2 Y e AR

[In] Int[x~4/(1 - x~2)"(5/2),x]
[Out] x73/(3*%(1 - x72)7(3/2)) - x/Sqrt[1 - x72] + ArcSin[x]
Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 294

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c™(
n - Dx*(c*x)"(m - n + 1*((a + b*x™n)~(p + 1)/(b*nx(p + 1))), x] - Dist[c™n
*((m - n + 1)/(bxnx(p + 1))), Int[(c*x)"(m - n)*x(a + b*x™n)"(p + 1), x], x]
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/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] &% LtQ[p, -1] && GtQ[m + 1, n] && 'I
LtQ[(m + n*(p + 1) + 1)/n, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps

integral = x—3 — / x—2 dx
3(1—x2)*? (1—z2)*?

x3

T 1
— + dx
3(1—22)%% V1-—22 /\/1 — a2

z3 T ,
= 30_ )" Y + arcsin(x)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.26

4 _ 42
/ﬁdﬂt=%+2arctan(
-z -z

x
—1+\/1—x2)

[In] Integrate[x~4/(1 - x72)~(5/2),x]
[Out] (x*x(-3 + 4*x~2))/(3*(1 - x72)~(3/2)) + 2*ArcTan([x/(-1 + Sqrt[l - x"2])]

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.86

method result <izo
.'E3 . T
default Y + arcsin (z) — e 30
risch —Wx_(ig;—\z/__?gﬁ + arcsin (z) 30
% (_ i/ w(—20z2+315) + 3i/T a;csin(z) )
meijerg _ 10(-2241) 2 20
3ym
(1‘2—1)m arctan (@) +%—m
pseudoelliptic . 19
(—22+1)2
trager (4 2V | RootOf (L2 +1) In (RootOf (22 + 1) V=27 T 1 +) | 54

[In] int(x~4/(-x"2+1)~(5/2) ,x,method=_RETURNVERBOSE)
[Out] 1/3*x~3/(-x"2+1)"(3/2)+arcsin(x)-1/(-x"2+1)"(1/2) *x
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 63 vs. 2(29) = 58.

Time = 0.24 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.80

o 6(x4—2x2+1)arctan<—v_””z“_l)—(4m3—3m) —z2+1
A M
/(1—;,;2)5/2 ’ 3(z*t—222+1)

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="fricas")
[Out] -1/3*%(6%(x"4 - 2%x~2 + 1)*arctan((sqrt(-x"2 + 1) - 1)/x) - (4*%x"3 - 3*x)*sq
rt(-x"2 + 1))/(x"4 - 2%x"2 + 1)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 105 vs. 2(26) = 52.

Time = 0.38 (sec) , antiderivative size = 105, normalized size of antiderivative = 3.00

Y dr=
_3172)5/2 o 3x4—6x2+3+3w4—6x2—|—3

6z”asin (r)  3zv1—a? N 3asin (z)
3zt —622+3 3z*—622+3 3zt —622+3

/ zt 3z* asin () 4z3/1 — x2
(1

[In] integrate(x*x4/(-x**2+1)**(5/2),%)

[Out] 3*x**4xasin(x)/(3*x**4 - 6xx**2 + 3) + 4*xx*x3ksqrt(l - x**2)/(3xx*x4 - Gxx*
*2 + 3) - 6xx*x*2xasin(x)/(3*x**4 - 6xx**2 + 3) - *kx*sqrt(l - x*x2)/(3*x**4
- B*x*x2 + 3) + 3%asin(x)/(3*x**4 - 6*x**2 + 3)

Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.26

/ e dx = E z 328 2 - i + arcsin ()
(1—22)*? 37\ (—2241)2 (—22+1)2) 3V-2?+I1

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="maxima")
[Out] 1/3%x*(3*x72/(-x72 + 1)7(3/2) - 2/(-x72 + 1)7(3/2)) - 1/3*x/sqrt(-x"2 + 1)

+ arcsin(x)
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Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.83

z* 472 —3)V/—x2+ 1z .
/m €T = ( 3 (x)g — 1)2 + arcsin (51/')

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="giac")
[Out] 1/3*(4*x~2 - 3)*sqrt(-x"2 + 1)*x/(x"2 - 1)72 + arcsin(x)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 91, normalized size of antiderivative = 2.60

z* . 3v1—22 341-—22
/—(1—932)5/2 dx = asin(z) + 4(@—1) + L@+
v/ 2 1 1 e 1 1
“Vi-e (12 (m—l)_12(x—1)2)_ L-o <12 (x+1)+12(x+1)2>

[In] int(x~4/(1 - x~2)~(5/2),%)
[Out] asin(x) + (3*x(1 - x"2)7(1/2))/(4x(x - 1)) + (3*(1 - x72)"(1/2))/(4*x(x + 1))
- (1 -x2)"(/2)x(1/(12%(x - 1)) - 1/(12%(x - 1)"2)) - (1 - x~2)~(1/2)*(1

/(2% (x + 1)) + 1/(12%(x + 1)72))
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3.74 [ tan*(y) dy

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . 339
Mathematica [A] (verified) . . . . . . . . . .. 3401
Maple [A] (verified) . . . . . . . .. 340
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ... . B4T]
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... . B41]
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. B341]
Giac [A] (verification not implemented) . . . . . . . .. ... L. 3411
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ......

Optimal result

Integrand size = 4, antiderivative size = 14

/tan4(y) dy =y — tan(y) + @

[Out] y-tan(y)+1/3*tan(y)~3

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, Bumber of rules _ 0.500, Rules used = {3554,
integrand size
8}

an®(y)

£
/ tan'(y) dy =y + 3~ —tan(y)

[In] Int[Tan[y]l~4,y]

[Out] y - Tan[y] + Tan[y]~3/3

Rule 8

Int[a_, x_Symbol] :> Simp([a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
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Rubi steps

t 3
integral = an3(y) - / tan®(y) dy

3
=—tan(y)+w+/ldy

t 3
=y — tan(y) + an3(y)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ tan*(y) dy = arctan(tan(y)) — tan(y) + w

[In] Integrate[Tan[y]~4,y]
[Out] ArcTan[Tan[y]l] - Tan[y] + Tan[y]~3/3

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

method result size
(tan3 (y))
default y—tan(y) + —5— 13
. 4 tan(y) tan(y) (sec?(y))
parallelrisch | y — =3 4 3 15
. 4i(3e*V43e2W 42
risch y— ( 3(62j;+1)3+ ) 31
y(tanﬁ(ﬂ))—y—M—l—%tanw 2))+ 3y(tan (4))—3y(tan*(¥))+2tan(¥)
norman 2 0 2"’( b)) 2 2 2 64
an 9

[In] int(sin(y)~4/cos(y)~4,y,method=_RETURNVERBOSE)
[Out] y-tan(y)+1/3*tan(y)~3
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 26 vs. 2(12) = 24.

Time = 0.24 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.86

[ty ay = 2o =B o) = D)

[In] integrate(sin(y)~4/cos(y)~4,y, algorithm="fricas")
[Out] 1/3%(3xy*cos(y)~3 - (4*cos(y)~2 - 1)*sin(y))/cos(y)~3

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.36

[ty -0

[In] integrate(sin(y)**4/cos(y)**4,y)
[Out] y + sin(y)**3/(3*cos(y)*+*3) - sin(y)/cos(y)

Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

1
/ tan*(y) dy = 5 tan (y)° +y — tan ()
[In] integrate(sin(y)~4/cos(y)~4,y, algorithm="maxima")
[Out] 1/3*xtan(y)~3 + y - tan(y)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/tan4(y) dy = % tan (y)* + y — tan (y)

[In] integrate(sin(y)~4/cos(y)~4,y, algorithm="giac")
[Out] 1/3*tan(y)~3 + y - tan(y)
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/tan4(y) dy = tanéy) —tan(y) +y

[In] int(sin(y)~4/cos(y)~4,y)
[Out] y - tan(y) + tan(y)~3/3
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4
zZ
Optimal result . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . 3431
Mathematica [A] (verified) . . . . . . . . . . . [344)
Maple [A] (verified) . . . . . . . .. 344
Fricas [A] (verification not implemented) . . . . . . . ... ... . ... ... .... 345]
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... .. 3451
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... ... 345
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 3451
Mupad [B] (verification not implemented) . . ... ... ... ... ... ...... 346

Optimal result

Integrand size = 11, antiderivative size = 13

24 23
/ dz = —z + — + arctan(z)
1+ 22 3

[Out] -z+1/3*z"3+arctan(z)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, humber of rules _ () 189 Ryjles used = {308,
integrand size
200}

3

4
/ 1 j_ g dz = arctan(z) + % —z

[In] Int[z"4/(1 + z72),z]
[Out] -z + z73/3 + ArcTan[z]
Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQb, 01)

Rule 308

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDividel[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, O] && Gt
Q[m, 2*n - 1]



Rubi steps

integral =

1
/(—1+z2+1+z2) dz

= z+Z3+/ 1 dz
- 3 1+ 22

3

z
=—z+ 3 + arctan(z)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

[+
14 22

[In] Integrate[z~4/(1 + z72),z]
[Out] -z + z"3/3 + ArcTan[z]

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

3
dz = —z+ % + arctan(z)

method result size

default —z+ % + arctan (2) 12

risch —z+ % + arctan (2) 12

meijerg —@ + arctan (z) | 14

parallelrisch ? —z+ “n(; ) _ “n(; =) | 26
[In] int(z"4/(z"2+1),z,method=_RETURNVERBOSE)

[Out] -z+1/3%z"3+arctan(z)

344
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Fricas [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

/ al dz = 28— o+ arcta (2)
z =~ 23 — 2z 4 arctan (2
1422 3

[In] integrate(z~4/(z"2+1),z, algorithm="fricas")

[Out] 1/3%z"3 - z + arctan(z)

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.62

4 3
/1_T_Z2dz=%—z+atan(z)

[In] integrate(z*x4/(z**2+1),z)
[Out] z**3/3 - z + atan(z)

Maxima [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

/ a d L + arctan (2)
z=-2"—z+ar
1+ 22 3

[In] integrate(z~4/(z"2+1),z, algorithm="maxima")
[Out] 1/3*z"3 - z + arctan(z)
Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

/ & d L + arctan (2)
z=-2"—z+arc
14 22 3

[In] integrate(z~4/(z"2+1),z, algorithm="giac")
[Out] 1/3*z"3 - z + arctan(z)
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Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

4 3
/1_T_szz=atan(z)—z+%

[In] int(z"4/(z"2 + 1),z)
[Out] atan(z) - z + z73/3



3.76 [ e (14 22?) dx

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . ... ... . ... ..o
Mathematica [A] (verified) . . . . . . . . . ...
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . . .. ... ... ... ... ..
Sympy [A] (verification not implemented) . . . . .. ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ...
Giac [A] (verification not implemented) . . . . . . . .. ... .. L.
Mupad [B] (verification not implemented) . . . ... ... .. ... .. .......

Optimal result

Integrand size = 13, antiderivative size = 7

/ez2 (1 + 2x2) de = ez

[Out] exp(x~2)*x

Rubi [A] (verified)

347

243)
249
249
250
200!
200!

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00, number

— 3. humber of rules

of steps used = 5, number of rules used
2235, 2243}

/e””2 (1 + 2:62) de = ez

[In] Int[E~x"2*%(1 + 2*x~2),x]
[Out] E~x"2%x
Rule 2235

’ integrand size

= 0.231, Rules used = {2258,

Int[(F_)"((a_.) + (b_.)*x((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pil*(Erfil(c + d*x)*Rt[b*Log[F], 2]11/(2*d*Rt[b*Log[F], 21)), x] /; FreeQ[{

F, a, b, c, d}, x] && PosQ[b]

Rule 2243

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_)*(x_))"(m_))*((c_.) + (d_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + bx(c + d*x) n)/(b*d*n*L
oglFl)), x] - Dist[(m - n + 1)/(b*n*Log[F]), Int[(c + d*x)"(m - n)*F~(a + b
*(c + d*x)"n), x], x] /; FreeQ[{F, a, b, ¢, d}, x] & IntegerQ[2*((m + 1)/n
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)] && LtQ[0, (m + 1)/n, 5] && IntegerQ[n] && (LtQ[0, n, m + 1] || LtQ[m, n,
01)

Rule 2258

Int[(F_)"((a_.) + (b_)*((c_.) + (@_.)*x))"(m ))*(_), x_Symbol] :> Int[E
xpandLinearProduct [F~(a + b*(c + d*x)"n), u, c, d, x], x] /; FreeQ[{F, a, b
, ¢, d, n}, x] && PolynomialQ[u, x]

Rubi steps
integral = / (e’cz +2e””2x2> dx

:2/e’”2x2dx+/e””2dac
2 1 2
=e" T+ éﬁerﬁ(x) — /e’” dz

=€ T

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00
/e’”2 (14 22?) dz = ez

[In] Integrate[E~x"2%(1 + 2*x~2),x]

[Out] E~x"2*x

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00



method result e
gosper e -
default e .
norman ey .
risch ey .
parallelrisch e’z ;
meijerg i(—ia: e 4 ierﬁ(;)ﬁ) + erﬁ(z)ﬁ 20
22
ot | ) Vrt SN —ays (g0 SRS g

[In] int(exp(x~2)*(2%x~2+1),x,method=_RETURNVERBOSE)
[Out] exp(x~2)*x

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

/6“2 (1 + 21:2) dzx = ze®)

[In] integrate(exp(x~2)*(2*x~2+1),x, algorithm="fricas")
[Out] x*e”(x72)

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

/ez2 (1 + 2x2) dx = ze®

[In] integrate(exp(x**2)* (2*x**2+1) ,x)
[Out] x*exp(x**2)

349
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Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

/ewz (1 + 2:62) dzx = ze®)

[In] integrate(exp(x~2)*(2*x~2+1),x, algorithm="maxima")

[Out] x*xe~(x~2)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

/e“’2 (1 + 2.%‘2) dzx = ze®)

[In] integrate(exp(x~2)*(2*x~2+1),x, algorithm="giac")

[Out] x*xe~(x~2)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

/6“2 (1 + 2932) de = ze®

[In] int(exp(x~2)*(2*x~2 + 1),x)
[Out] x*exp(x~2)
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f e"’”2 (1—|—4x2—|—x3—|—5x4+2x6) d

3.77
(1+22)°

Optimal result . . . . . . . . . . e 3511
Rubi [A] (verified) . . . . . . . . . 3511
Mathematica [A] (verified) . . . . . . ... ... L o
Maple [A] (verified) . . . . . . . .. 353
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [A] (verification not implemented) . . . .. . ... .. .. ... ... ..., 354
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 3541
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 354
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ......

Optimal result
Integrand size = 33, antiderivative size = 24

2

e’ (1 + 4% + 2% + 5z 4 225) 22 e
5 dr =e" x4+
(14 22) 2(1+2?)

[Out] exp(x~2)*x+1/2%exp(x~2)/(x"2+1)

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00, number
of steps used = 10, number of rules used = 6, Rumber of rules _ 0.182, Rules used = {6874,

' integrand size
2235, 2243, 6847, 2208, 2209}

22

e’ (14 4 + 2% + 5z* + 229) 2 e
3 dr=ce .’13+2—
(14 x2) 2(z2+1)

[In] Int[(E~x"2%(1 + 4*x"2 + x~3 + 5%x™4 + 2*xx76))/(1 + x~2)"2,x]
[Out] E"x"2%x + E™x"2/(2%(1 + x~2))
Rule 2208

Int [((b_)*(F_)~((g_.)*((e_.) + (£_)*(x_)))) " (n_)*((c_.) + (d_)*(x_))"(m
_), x_Symbol] :> Simp[(c + d*x)~(m + 1)*((b*F~(gx(e + £*x))) n/(d*(m + 1)))
, x] — Dist[f*g*nx(Log[F]/(d*(m + 1))), Int[(c + d*x)"(m + 1)*(b*F~(gx(e +
f*x)))"n, x], x] /; FreeQ[{F, b, c, d, e, f, g, n}, x] && LtQ[m, -1] && Int
egerQ[2*m] && !TrueQ[$UseGamma]

Rule 2209
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Int [(F_)~((g_.)*((e_.) + (£_)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - cx(£/d)))/d)*ExpIntegralEi[f*g*(c + d*x)*(Log[F1/d)], x] /; F
reeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma]

Rule 2235

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[bxLogl[F], 2]11/(2*d*Rt[b*Logl[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2243

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_)*(x_))"(m_))*((c_.) + (d_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + b*x(c + d*x) n)/(b*d*n*L
oglFl)), x] - Dist[(m - n + 1)/(b*n*Log[F]), Int[(c + d*x)"(m - n)*F~(a + b
*(c + d*x)"n), x], x] /; FreeQ[{F, a, b, ¢, d}, x] & IntegerQ[2*((m + 1)/n
)] && LtQ[0, (m + 1)/n, 5] && IntegerQ[n] && (LtQ[0, n, m + 1] || LtQ[m, n,
01)

Rule 6847

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, xJ], x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

1132 :I)2
int | = z2 9 22 2 e T e T d
integra /(e +2e" z (1+x2)2+1+$2 T

$2 1‘2
=2 ew2x2dx+/ex2dx—/ €T dx+/ © T iz
/ (1+av2)2 1+ 22

T

g2 1 1 e 2
=e x+2ﬁerﬁ(m) 2Subst(/ (1+x)2d$,x,m>

1 i
+ —Subst / ¢ dr,z,z? | — /e””2 dx
2 1+2x

2
> e” ExplntegralEi (1 + z%) 1 / e’ N
— e _ ZSubst( [ ——d
e x—|—2(1+x2)—|— % 5oubs T4z T,T,T

2

e

72
=e x—|——2(1+x2)
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Mathematica [A] (verified)

Time = 0.38 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.79

e’ (1 + 4z + 2% + 5z + 229) 42 1
3 dr=ce .’13+—2
(1+22) 2(1+2?)

[In] Integrate[(E"x"2*x(1 + 4*x™2 + x73 + 5*x"4 + 2*%x76))/(1 + x72)72,x]
[Out] E"x72%(x + 1/(2x(1 + x72)))

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

method result size
2
(2z%+2z+1)e”
gosper B 24
2
. (2z%+2z+1)e”
I'lSCh W 24
2 2 172
z3e®” +e” :c+e2
norman 2251 30
2 2 2
: 2236 +2e%" z+e%
parallelrisch 22212 31

[In] int(exp(x~2)*(2%x~6+5*%x~4+x"3+4*x~2+1)/(x"2+1)~2,x,method=_RETURNVERBOSE)
[Out] 1/2%(2*x~3+2*x+1)*exp(x~2)/(x72+1)

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

/ e” (14 422 4 2% + 5z* + 22°) gy 270 +22+ 1)e®@)
(1+ 22)? o 2(2?+1)

[In] integrate(exp(x~2)*(2*x~6+5*x~4+x"3+4*x"2+1)/(x72+1)"2,x, algorithm="fricas
ll)
[Out] 1/2%(2%x73 + 2*x + 1)*e”(x72)/(x72 + 1)
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Sympy [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.83

(1+22)° T g

/ e’ (14 42 + 2% + 5z* + 229) e 220422 +1) e”’

[In] integrate (exp (x**2)* (2kx**6+5*xx**k4+x*k*x3+4xx**2+1) / (x**2+1) **2,x)

[Out] (2*x**3 + 2%x + 1)*exp(x**2)/(2*x**2 + 2)

Maxima [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

(1+22)° ! 2(a2 +1)

/ e’ (1 + 42 + 23 + 5z* + 229) gp— 220 +22+ 1)e®)

[In] integrate(exp(x~2)*(2*x~6+5*xx~4+x"3+4xx~2+1)/(x"2+1)"2,x, algorithm="maxima
ll)
[Out] 1/2%x(2*x"3 + 2%x + 1)*e~(x72)/(x"2 + 1)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.25

T =

/ e’ (1 + 4% + z® + 5z* 4 225) dp — 22%e(®) +2ze(®) 4 (=)
(14 22)? 2(x2+1)

[In] integrate(exp(x~2)*(2*x~6+5*x~4+x"3+4*x"2+1)/(x"2+1)"2,x, algorithm="giac")
[Out] 1/2%(2%x"3%e~(x72) + 2*x*e~(x72) + e~ (x72))/(x"2 + 1)
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Mupad [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

/e’”z(l + 422 + 2° + 5z + 229) e — e (223 +2z +1)
(14 22)? 2 (22 4+ 1)

[In] int((exp(x~2)*(4*x"2 + x73 + 5xx74 + 2*x"6 + 1))/(x"2 + 1)72,x)
[Out] (exp(x~2)*(2*x + 2*x~3 + 1))/(2*%(x"2 + 1))
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3.78 [e " dx

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . . .. 3571
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...,
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 358
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 358
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 358

Optimal result

Integrand size = 7, antiderivative size = 9

/e‘l_x dr = —e 17"

[Out] -exp(-1-x)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00, number

_ __ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.143, Rules used = {2225}

/e—l—m d.’L‘ — _e—:c—l

[In] Int[E~(-1 - x),x]
[Out] -E°(-1 - x)
Rule 2225

Int[((FL)~((c_)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(cx(a +
b*x))) “n/(bxc*n*Log[F]), x] /; FreeQ[{F, a, b, c, n}, x]

Rubi steps

integral = —e~ 1%



Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

][e—l—zdx::__e—l—z

[In] Integrate[E~(-1 - x),x]
[Out] -E°(-1 - x)

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

method result size
gosper —e 12 9
derivativedivides | —e™17* 9
default —e 17 9
norman —e 17 9
risch —e 17 9
parallelrisch —e 12 9
meijerg e l(l1—e®) |12

[In] int(exp(-1-x),x,method=_RETURNVERBOSE)

[Out] -exp(-1-x)

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.89

/6_1_”” dx = —e(7=7D

[In] integrate(exp(-1-x),x, algorithm="fricas")

[Out] -e~(-x - 1)
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.78

/e—l—w dlL‘ — _e—m—l

[In] integrate(exp(-1-x),x)
[Out] -exp(-x - 1)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.89

/e—l—w dr = _6(—9:—1)

[In] integrate(exp(-1-x),x, algorithm="maxima")

[Out] -e~(-x - 1)

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.89

/e‘l_”” dz = —e(=@1)

[In] integrate(exp(-1-x),x, algorithm="giac")

[Out] -e~(-x - 1)

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.89

/e_l_z de = —e "1

[In] int(exp(- x - 1),x)
[Out] -exp(- x - 1)
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3.79 [ (1 +2)log(z)dz

Optimal result . . . . . . . . . . . e 359
Rubi [A] (verified) . . . . . . . . . . 3591
Mathematica [A] (verified) . . . . . . . . ... L 360
Maple [A] (verified) . . . . . . . . . 3611
Fricas [A] (verification not implemented) . . . . . . . . . ... ... ... ... .... 3611
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... 3611
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 362
Giac [A] (verification not implemented) . . . . . . . .. ... .. L. 362
Mupad [B] (verification not implemented) . . . ... ... .. ... .. .......

Optimal result

Integrand size = 8, antiderivative size = 25

2 2
/ (i + x) log(z) dz = _:vz + %xQ log(z) + log ()

[Out] -1/4%x"2+1/2%x"2*%1n(x)+1/2%1n(x) "2

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _  so5 Ryjes ysed = {1607,

' integrand size
14, 2393, 2338, 2341}

1 2 1, log?(z)
/ (5 + x) log(z) dz = —7 T3 log(z) + 5

[In] Int[(x~(-1) + x)*Logl[x],x]
[Out] -1/4%x"2 + (x"2*Loglx])/2 + Loglx]~2/2
Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !'MatchQ[u, (a.)
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 1607

Int[(u_)*((a_)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*xx
“(n*p)*(a + b*x~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
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PosQ[q - p]

Rule 2338

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))/(x_), x_Symbol] :> Simp[(a + bx*Lo
glcxx™n])~2/(2*b*n), x] /; FreeQ[{a, b, c, n}, x]

Rule 2341

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))*((d_.)*(x_)) " (m_.), x_Symbol] :>
Simp[(d*x)~(m + 1)*((a + b*Loglc*x™n])/(d*(m + 1))), x] - Simp[b*n*((d*x)~(
m+ 1)/(d*x(m + 1)°2)), x] /; FreeQ[{a, b, c, d, m, n}, x] && NeQ[m, -1]

Rule 2393

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.))*x((f_.)*(x_)) " (m_.)*((d_) + (e_.)*
(x_)~(r_.))"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[a + b*Log[c*x"n],
(f*x)"m*(d + e*x"r)~q, x]}, Int[u, x] /; SumQ[ul] /; FreeQl{a, b, c, d, e,
f, m, n, q, r}, x] && IntegerQ[ql && (GtQlq, 0] || (IntegerQ[m] && Integer
Qlrl))

Rubi steps

1+ 2%)1
integral = / ( +3:x) og(z) dz

:/Cng(x) +z10g(:c)) dz
:/10%5:6) dx—i-/xlog(ac) dz

2 1, log?(z)
4t 06 %)
1 + 5% og(z) + 5

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

1 2 1, log?()
/ (5 + x) log(z) dz = Y + 5% log(z) + 5

[In] Integrate[(x~(-1) + x)*Loglx],x]
[Out] -1/4%x"2 + (x"2*xLogl[x])/2 + Loglx]~2/2



Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.80

method result size
default + QIH(E) + ln(m)2 20
norman —% + 21n(a:) + ln(x)2 20
risch —% +Z ln(m) + ln(m) 20
parallelrisch | —2Z° 4 2 ln(w) + 1n(x)2 20
parts 22 2 ln(a:) n ln(:v) 20

[In] int((1/x+x)*1n(x),x,method=_RETURNVERBOSE)
[Out] -1/4*x"2+1/2*x"2*1n(x)+1/2*1n(x) "2

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.76

1 1, 1, 1
/(E+x)log(x)dx—2xlog(x) 12 —|—2

[In] integrate((1/x+x)*log(x),x, algorithm="fricas")
[Out] 1/2*x"2xlog(x) - 1/4*x"2 + 1/2*log(x)"2

Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.76

[ (2+) s -

[In] integrate((1/x+x)*1n(x),x)
[Out] x*x2%log(x)/2 - x**2/4 + log(x)**2/2

z*log (z)  a?

2 4

log (z)”

log (a:)2

2
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Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.96

1 1 1
/ <% + :v) log(z) dx = ~1 z? + 3 (z° + 2 log (z)) log (z) — 3 log (z)*
[In] integrate((1/x+x)*log(x),x, algorithm="maxima")

[Out] -1/4%x"2 + 1/2%(x"2 + 2*log(x))*log(x) - 1/2xlog(x)~2

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.76

1 1, 1, 1 2
/(5 —|—x> log(z) dz = 5% log () 12 + 5 log (z)
[In] integrate((1/x+x)*log(x),x, algorithm="giac")
[Out] 1/2*x"2xlog(x) - 1/4*x~2 + 1/2%log(x)"2

Mupad [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.76

/ (% + m) log(z) dz = 7 1;1 (=) _ %2 + In (2x)2

[In] int(log(x)*(x + 1/x),x)
[Out] (x"2%log(x))/2 + log(x)~2/2 - x~2/4
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X

3.80 = da

Optimal result . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ... 364
Maple [A] (verified) . . . . . . ... 364
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 365]
Sympy [A] (verification not implemented) . . . ... ... ... ... .. ... ... 365)
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ...
Giac [A] (verification not implemented) . . . . . . .. ... . oL 365
Mupad [B] (verification not implemented) . . .. .. .. ... ... ... ...... 360

Optimal result

Integrand size = 9, antiderivative size = 8

/ z o _ arctan (z?)
1+ 24 2

[Out] 1/2*arctan(x"2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.222, Rules used = {281,
209}

T _ arctan (z?)
/ 14 24 d = 2

[In] Intlx/(1 + x74),x]

[Out] ArcTan[x"2]/2

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 281

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))~(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*x(a + b*xx~(n/k))"p, x], x, X
“k], x] /; k !'= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, O] && IntegerQ[m]
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Rubi steps

1 1
integral = ESubst (/ 22 dz,z, x2)

__ arctan (z°)
=—

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

1+22 %~ 2

/ z o _ arctan (z?)
[In] Integratel[x/(1 + x74),x]
[Out] ArcTan([x"2]/2

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

method result Size
default M .
mGIJ erg a,rcta; (z?) .
risch arcta; (%) .
parallelrisch “n(ff“) _ iln(sj’—i) 99

[In] int(x/(x"4+1),x,method=_RETURNVERBOSE)
[Out] 1/2*%arctan(x”~2)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

T 1 9
/1+w4dx—§arctan(:c)

[In] integrate(x/(x"4+1),x, algorithm="fricas")

[Out] 1/2*arctan(x~2)

Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.62

/ T atan (z?%)

1+24%7

[In] integrate(x/(x**4+1),x)
[Out] atan(x**2)/2
Maxima [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/ x dr = 1 arctan (332)

14+ 24 2

[In] integrate(x/(x"4+1),x, algorithm="maxima")
[Out] 1/2*arctan(x~2)
Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/ x dr = 1 arctan (332)

14+ 24 2

[In] integrate(x/(x"4+1),x, algorithm="giac")

[Out] 1/2*arctan(x"2)
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/ z atan(z?)

1+24%7 7 2

[In] int(x/(x"4 + 1),x)
[Out] atan(x"2)/2
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)
X
Optimal result . . . . . . . . . . . . e 367
Rubi [A] (verified) . . . . . . . . 367
Mathematica [A] (verified) . . . . . . . . . ..
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... . ... ... .... 369
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... .. 369
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... ... 369
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 3691
Mupad [B] (verification not implemented) . . ... ... ... ... ... ...... 370

Optimal result

Integrand size = 11, antiderivative size = 16

T2 ®=5 " 2

/ x5 z?  arctan (z?)

[Out] 1/2*x"2-1/2*arctan(x"2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Rumber of rules _ () 973 Ryjjes used = {281,
integrand size
327, 209}

/ z° g — z®  arctan (2?)
14 x4 2 2

[In] Int[x"5/(1 + x~4),x]

[Out] x~2/2 - ArcTan[x"2]/2

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQb, 01)

Rule 281

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*x(a + b*xx~(n/k))"p, x], x, X
“k], x] /; k !'= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, O] && IntegerQ[m]
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Rule 327

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axcnk((m - n + 1)/(bx(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] & IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ x5 i — z®  arctan (z*)
14z 2 2

[In] Integrate[x”5/(1 + x74),x]
[Out] x72/2 - ArcTan[x"2]/2

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.81

method result size
default 2 arct*ﬂ‘;(%ﬂ) 13
meijerg 2 ar‘3“’“;1(902) 13
risch 90_22 _ arcm;(wz) 13
parallelrisch "”—22 + “n(”f—i) _ iln(ﬂfﬂ') o7

[In] int(x"5/(x"4+1),x,method=_RETURNVERBOSE)
[Out] 1/2%xx~2-1/2*arctan(x~2)
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Fricas [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.75

5 1 1
/1—T-a:4 dx = §x2— 5 arctan (z°)

[In] integrate(x~5/(x"4+1),x, algorithm="fricas")

[Out] 1/2*x~2 - 1/2%arctan(x”2)

Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.62

/ z° dr — z®  atan (%)
1+ x4 2 2

[In] integrate(x**5/(x**4+1),x)
[Out] x*x2/2 - atan(x**2)/2

Maxima [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.75

5 1 1
/lf_m4 dr = 59:2— 2 arctan (x2)

[In] integrate(x~5/(x"4+1),x, algorithm="maxima")
[Out] 1/2*x"2 - 1/2*arctan(x"2)
Giac [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.75

5 1 1
/1—?—304 dr = §x2— 3 arctan (xQ)

[In] integrate(x~5/(x"4+1),x, algorithm="giac")
[Out] 1/2*x"2 - 1/2*arctan(x"2)
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.75

/ zd dp — z®  atan(z?)
1+ z¢ 2 2

[In] int(x"5/(x"4 + 1),x)
[Out] x~2/2 - atan(x"2)/2
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3.82 — 1 _dx

1+tan?(z)
Optimal result . . . . . . . . . . e B71]
Rubi [A] (verified) . . . . . . . . 371
Mathematica [A] (verified) . . . . . . . .. ... L o
Maple [A] (verified) . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... B73l
Sympy [B] (verification not implemented) . . ... ... ... .. ... ... ...
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 373l
Giac [A] (verification not implemented) . . . . . . . ... ... L L B4
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ...... B4

Optimal result

Integrand size = 8, antiderivative size = 14

1 z 1 .
/I-I—TnQ(x) dx = 5 + 3 cos(x) sin(z)

[Out] 1/2*x+1/2*cos(x)*sin(x)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, rﬁ%{g&?gﬁé 1;1i1zlgs = 0.375, Rules used = {3738,
2715, 8}

1 z 1 .
/HTIlz(x) d.’L' = 5 + 5 Sln(fL') COS(.’IJ)

[In] Int[(1 + Tan[x]"2)"(-1),x]

[Out] x/2 + (Cos[x]*Sin[x])/2

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]
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Rule 3738

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[u*x(a*sec[e + f*x]~2)"pl, x] /; FreeQl[{a, b, e, f, p}, x] && EqQ
[a, b]

Rubi steps
integral = / cos’(z) dzx

1
= %cos(z) sin(x) + / de

1
= g + 3 cos(z) sin(z)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

1 z 1
—  _dz =24 >sin(2
/1+tan2(m) T= 5+

[In] Integrate[(1 + Tan[x]"2)~(-1),x]
[Out] x/2 + Sin[2*x]/4

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.79

method result size

risch 2+ %fz) 11

derivativedivides | 5 +2ta‘;(n”2)(m)) + "“Cta“(;an(x)) 19

default 2+2t(12$)(m)) + arctan(;an(x)) 19

parallelrisch x(tagiggglggin(@ 21
2

norman 920#%;% 95

[In] int(1/(1+tan(x)"2),x,method=_RETURNVERBOSE)
[Out] 1/2*x+1/4*sin(2%x)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.43

/ 1 - ztan (z)? + z + tan ()
1 + tan?(z) 2 (tan (z)* + 1)

[In] integrate(1/(1+tan(x)~2),x, algorithm="fricas")
[Out] 1/2*(x*tan(x)”"2 + x + tan(x))/(tan(x)"2 + 1)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 36 vs. 2(10) = 20.

Time = 0.18 (sec) , antiderivative size = 36, normalized size of antiderivative = 2.57

/ 1 i — z tan? (x) N T N tan ()
1+tan®(z) =~ 2tan®(z)+2 2tan®(z)+2 2tan®(z)+2

[In] integrate(1/(1+tan(x)**2),x)
[Out] x*tan(x)**2/(2*tan(x)**2 + 2) + x/(2xtan(x)**2 + 2) + tan(x)/(2*xtan(x)**2 +

2)

Maxima [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

1 1 . tan (x)
/ 1 + tan?(z) de = 2 2 (tan (z)* +1)

[In] integrate(1/(1+tan(x)~2),x, algorithm="maxima")

[Out] 1/2*x + 1/2*tan(x)/(tan(x)"2 + 1)
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Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

1 1 . tan (x)
/ 1 + tan?(z) do = 2 2 (tan (z)* +1)

[In] integrate(1/(1+tan(x)~2),x, algorithm="giac")
[Out] 1/2*x + 1/2%tan(x)/(tan(x)"2 + 1)

Mupad [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/ 1 dx_£+sin(2x)
1+tan?(z) =~ 2 4

[In] int(1/(tan(x)"2 + 1),x)
[Out] x/2 + sin(2*x)/4
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3.83 | (1“;—45/2 dz

— $2)
Optimal result . . . . . . . . . . . . e e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ... 376
Maple [A] (verified) . . . . . . . . . .
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. ... ... Rirdrd
Sympy [B] (verification not implemented) . . ... ... ... ... ... . ... .. B
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. Rirdrd
Giac [A] (verification not implemented) . . . . . . .. ... ... L L. B8
Mupad [B] (verification not implemented) . . . ... ... .. ... .. .......

Optimal result

Integrand size = 15, antiderivative size = 35

.’L‘3

[ ade= S
(1 — z2)*? 3(1—22)*? VI—2a?

+ arcsin(x)

[Out] 1/3%x"3/(-x"2+1)~(3/2)+arcsin(x)-x/(-x"2+1)"(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, number of rules _ 0.133, Rules used = {294,
integrand size
229}

x x3

4
T
————dx = arcsin(z) — +
/(1—9[,-2)5/2 Y e AR

[In] Int[x~4/(1 - x~2)"(5/2),x]
[Out] x73/(3*%(1 - x72)7(3/2)) - x/Sqrt[1 - x72] + ArcSin[x]
Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 294

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c™(
n - Dx*(c*x)"(m - n + 1*((a + b*x™n)~(p + 1)/(b*nx(p + 1))), x] - Dist[c™n
*((m - n + 1)/(bxnx(p + 1))), Int[(c*x)"(m - n)*x(a + b*x™n)"(p + 1), x], x]
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/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] &% LtQ[p, -1] && GtQ[m + 1, n] && 'I
LtQ[(m + n*(p + 1) + 1)/n, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps

integral = x—3 — / x—2 dx
3(1—x2)*? (1—z2)*?

x3

T 1
— + dx
3(1—22)%% V1-—22 /\/1 — a2

z3 T ,
= 30_ )" Y + arcsin(x)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.26

4 _ 42
/ﬁdﬂt=%+2arctan(
-z -z

x
—1+\/1—x2)

[In] Integrate[x~4/(1 - x72)~(5/2),x]
[Out] (x*x(-3 + 4*x~2))/(3*(1 - x72)~(3/2)) + 2*ArcTan([x/(-1 + Sqrt[l - x"2])]

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.86

method result <izo
.'E3 . T
default Y + arcsin (z) — e 30
risch —Wx_(ig;—\z/__?gﬁ + arcsin (z) 30
% (_ i/ w(—20z2+315) + 3i/T a;csin(z) )
meijerg _ 10(-2241) 2 20
3ym
(1‘2—1)m arctan (@) +%—m
pseudoelliptic . 19
(—22+1)2
trager (4 2V | RootOf (L2 +1) In (RootOf (22 + 1) V=27 T 1 +) | 54

[In] int(x~4/(-x"2+1)~(5/2) ,x,method=_RETURNVERBOSE)
[Out] 1/3*x~3/(-x"2+1)"(3/2)+arcsin(x)-1/(-x"2+1)"(1/2) *x
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 63 vs. 2(29) = 58.

Time = 0.24 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.80

o 6(x4—2x2+1)arctan<—v_””z“_l)—(4m3—3m) —z2+1
A M
/(1—;,;2)5/2 ’ 3(z*t—222+1)

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="fricas")
[Out] -1/3*%(6%(x"4 - 2%x~2 + 1)*arctan((sqrt(-x"2 + 1) - 1)/x) - (4*%x"3 - 3*x)*sq
rt(-x"2 + 1))/(x"4 - 2%x"2 + 1)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 105 vs. 2(26) = 52.

Time = 0.39 (sec) , antiderivative size = 105, normalized size of antiderivative = 3.00

Y dr=
_3172)5/2 o 3x4—6x2+3+3w4—6x2—|—3

6z”asin (r)  3zv1—a? N 3asin (z)
3zt —622+3 3z*—622+3 3zt —622+3

/ zt 3z* asin () 4z3/1 — x2
(1

[In] integrate(x*x4/(-x**2+1)**(5/2),%)

[Out] 3*x**4xasin(x)/(3*x**4 - 6xx**2 + 3) + 4*xx*x3ksqrt(l - x**2)/(3xx*x4 - Gxx*
*2 + 3) - 6xx*x*2xasin(x)/(3*x**4 - 6xx**2 + 3) - *kx*sqrt(l - x*x2)/(3*x**4
- B*x*x2 + 3) + 3%asin(x)/(3*x**4 - 6*x**2 + 3)

Maxima [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.26

/ e dx = E z 328 2 - i + arcsin ()
(1—22)*? 37\ (—2241)2 (—22+1)2) 3V-2?+I1

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="maxima")
[Out] 1/3%x*(3*x72/(-x72 + 1)7(3/2) - 2/(-x72 + 1)7(3/2)) - 1/3*x/sqrt(-x"2 + 1)

+ arcsin(x)
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Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.83

z* 472 —3)V/—x2+ 1z .
/m €T = ( 3 (x)g — 1)2 + arcsin (51/')

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="giac")
[Out] 1/3*(4*x~2 - 3)*sqrt(-x"2 + 1)*x/(x"2 - 1)72 + arcsin(x)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 91, normalized size of antiderivative = 2.60

z* . 3v1—22 341-—22
/—(1—932)5/2 dx = asin(z) + 4(@—1) + L@+
v/ 2 1 1 e 1 1
“Vi-e (12 (m—l)_12(x—1)2)_ L-o <12 (x+1)+12(x+1)2>

[In] int(x~4/(1 - x~2)~(5/2),%)
[Out] asin(x) + (3*x(1 - x"2)7(1/2))/(4x(x - 1)) + (3*(1 - x72)"(1/2))/(4*x(x + 1))
- (1 -x2)"(/2)x(1/(12%(x - 1)) - 1/(12%(x - 1)"2)) - (1 - x~2)~(1/2)*(1

/(2% (x + 1)) + 1/(12%(x + 1)72))
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3.84 [——2 du

(1=2?)
Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . . 379
Mathematica [B] (verified) . . . . . . . . ... . 380
Maple [A] (verified) . . . . . . . . . . 330
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. ... ...
Sympy [B] (verification not implemented) . . ... ... ... ... ... . ... ..
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L.
Giac [A] (verification not implemented) . . . . . . .. ... ... L L.
Mupad [B] (verification not implemented) . . . ... ... .. ... .. .......

Optimal result

Integrand size = 16, antiderivative size = 17

z? x .
/—m dr = —\/1—_7.7;2 + arcsm(x)
[Out] arcsin(x)-x/(-x"2+1)"(1/2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.125, Rules used = {294,
integrand size
229}

T

x? dp — )
_m x = arcsin(z) — i

[In] Int[-(x"2/(1 - x72)7(3/2)),x]
[Out] -(x/Sqrt[1 - x72]) + ArcSin[x]
Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 294

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c™(
n - Dx*(c*x)"(m - n + 1*((a + b*x™n)~(p + 1)/(b*nx(p + 1))), x] - Dist[c™n
*((m - n + 1)/(bxnx(p + 1))), Int[(c*x)"(m - n)*x(a + b*x™n)"(p + 1), x], x]
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/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] &% LtQ[p, -1] && GtQ[m + 1, n] && 'I

LtQ[(m + n*(p + 1) + 1)/n, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps

integral N / = d
integral = — x
s V1—g? V1—z?

S S— arcsin(x)
1— a2

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 35 vs. 2(17) = 34.

Time = 0.07 (sec) , antiderivative size = 35, normalized size of antiderivative = 2.06

/ i dx = ® 4 2arctan ( ? )
(1 — z2)3/? 1— 22 —1++/1—22

[In] Integrate[-(x"2/(1 - x~2)7(3/2)),x]

[Out] -(x/Sqrt[1 - x72]) + 2xArcTan[x/(-1 + Sqrt[1 - x72])]

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.94
method result size
default arcsin (z) — Warsasy 16
risch arcsin (z) — =5 16

3 z(—ﬁ+zﬁ arcsin(x))
meijerg - NG 32
arctan (7V_;2+1) V—z2+1+z
pseudoelliptic | — W] 38
trager 2v=2'+ 4 RootOf (_Z2 + 1) In (RootOf (_Z% +1) V=22 + 1+ 1) | 46

[In] int(-1/(-x"2+1)"(3/2)*x"2,x ,method=_RETURNVERBDSE)
[Out] arcsin(x)-1/(-x"2+1)"(1/2)*x
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 45 vs. 2(15) = 30.

Time = 0.26 (sec) , antiderivative size = 45, normalized size of antiderivative = 2.65

2 (z? — 1) arctan <—V_””2;+1_1> —vV—z?+1x

2
T
/_(1—x2)3/2dx=_ z?2 -1

[In] integrate(-x~2/(-x"2+1)~(3/2),x, algorithm="fricas")
[Out] -(2*(x"2 - 1)*arctan((sqrt(-x"2 + 1) - 1)/x) - sqrt(-x"2 + D*x)/(x"2 - 1)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 34 vs. 2(12) = 24.

Time = 0.18 (sec) , antiderivative size = 34, normalized size of antiderivative = 2.00

/ z? p z? asin (x) N zv1—1z2 asin(z)
—_  dx = —
(1 —z2)%? 2 —1 2 —1 2 —1

[In] integrate(-x**2/(-x**2+1)**(3/2),x)
[Out] x*x2*asin(x)/(x**2 - 1) + xxsqrt(l - x*x2)/(x**2 - 1) - asin(x)/(x**2 - 1)

Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

x? dp — T .
_m xr = —\/TH + arcsin (.'L')

[In] integrate(-x~2/(-x"2+1)~(3/2),x, algorithm="maxima")

[Out] -x/sqrt(-x~2 + 1) + arcsin(x)
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Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.24

x? -2+ 12
Y =Y T :
/ o) x o + arcsin ()

[In] integrate(-x~2/(-x"2+1)~(3/2),x, algorithm="giac")
[Out] sqrt(-x~2 + 1)*x/(x"2 - 1) + arcsin(x)

Mupad [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 37, normalized size of antiderivative = 2.18

x? ) V1—22 /1 —22
/——(1_m2)3/2 dz = asin(z) + 2 (@ =1) +3 @+1)

[In] int(-x"2/(1 - x~2)~(3/2),x)
[Out] asin(x) + (1 - x72)7(1/2)/(2*(x - 1)) + (1 - x”2)"(1/2)/(2*(x + 1))
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3.85 | e sin(z) dz

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ... 3841
Maple [A] (verified) . . . . . . ... 384
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ... ..., 334
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... ..
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. 3851
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ......

Optimal result

Integrand size = 6, antiderivative size = 19
. 1 1, .
e”sin(z) dx = —563” cos(z) + ée”” sin(z)
[Out] -1/2%exp(x)*cos(x)+1/2*exp(x)*sin(x)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

_ __ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.167, Rules used = {4517}

/e“C sin(z) dz = %ez sin(x) — %e” cos(x)
[In] Int[E~x*Sin[x],x]
[Out] -1/2*(E"x*Cos[x]) + (E~x*Sin[x])/2
Rule 4517

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>
Simp [bxcxLog [F]1*#F~(c*(a + b*x))*(Sin[d + e*x]/(e”2 + b~2*%c”™2*Log[F]~2)), x
] - Simp[exF~(cx(a + b*x))*(Cos[d + exx]/(e”2 + b~2%c~2*Log[F]~2)), x] /; F
reeQ[{F, a, b, c, d, e}, x] && NeQ[e™2 + b~2*c~2xLog[F]~2, 0]

Rubi steps

1
integral = —Ee‘” cos(z) + Ee‘” sin(z)



Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.74

/ez sin(z) dz = %e”(— cos(z) + sin(z))
[In] Integrate[E"x*Sin[x],x]
[Out] (E~x*x(-Cos[x] + Sin[x]))/2

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.63

method result Size
parallelrisch e (= COS(g)ﬂin(w)) 12
default _¢ C;S(ac) L sizn(m) 14
o= tan(2) 4 (22 (8)) oo
e ’
risch _9(11")” _ ie“:)”” _ e(lzﬂ + ¢e<14—i)m 36

[In] int(exp(x)*sin(x),x,method=_RETURNVERBOSE)
[Out] 1/2*exp(x)*(-cos(x)+sin(x))

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.68

1 1
/e”” sin(z) dz = —5 cos (x)e” + 3 e” sin ()

[In] integrate(exp(x)*sin(x),x, algorithm="fricas")

[Out] -1/2*%cos(x)*e"x + 1/2%e"x*sin(x)

384
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Sympy [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

e”sin(z) €®cos(x)

/e sin(z) dz = 5 - 5

[In] integrate(exp(x)*sin(x),x)

[Out] exp(x)*sin(x)/2 - exp(x)*cos(x)/2

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

/e sin(z) dz = —3 (cos (z) —sin (z))e

[In] integrate(exp(x)*sin(x),x, algorithm="maxima")

[Out] -1/2*(cos(x) - sin(x))*e"x

Giac [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

/e sin(z) dz = ) (cos (z) —sin (z))e

[In] integrate(exp(x)*sin(x),x, algorithm="giac")

[Out] -1/2*%(cos(x) - sin(x))*e”x

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

e” (cos (z) — sin (x))

/e sin(z) dr = — 5

[In] int(exp(x)*sin(x),x)
[Out] -(exp(x)*(cos(x) - sin(x)))/2
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3.86  [ldz

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . . ..
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...,
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ...
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [A] (verification not implemented) . . . . . . . .. ... ... L.
Mupad [B] (verification not implemented) . . . . ... ... ... ... .......

Optimal result

Integrand size = 3, antiderivative size = 2

1
/ - dz = log(z)
[Out] 1n(x)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.333, Rules used = {29}

/ i dz = log(z)

[In] Int[x~(-1),x]

[Out] Loglx]

Rule 29

Int[(x_)~(-1), x_Symbol] :> Simp[Log[x], x]

Rubi steps
integral = log(z)
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Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

1
/ - dz = log(z)
[In] Integrate[x~(-1),x]
[Out] Loglx]

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

method result | size
default In(z) | 3
norman In(z) | 3
risch In(z) | 3
parallelrisch | In (z) | 3

[In] int(1/x,x,method=_RETURNVERBOSE)
[Out] 1n(x)

Fricas [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/%dx = log (z)

[In] integrate(1/x,x, algorithm="fricas")

[Out] log(x)
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/%dx = log (z)

[In] integrate(1/x,x)
[Out] log(x)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/%dx = log (z)

[In] integrate(1/x,x, algorithm="maxima")

[Out] log(x)

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

| 5 do =18 la)

[In] integrate(1/x,x, algorithm="giac")

[Out] log(abs(x))

Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/idx=ln(m)

[In] int(1/x,x)
[Out] log(x)
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3.87 [ dt

2(t)+3tan(t)
Optimal result . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. .. 390
Maple [A] (verified) . . . . . . . . o 39T
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 391]
Sympy [F] . o o 3911
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . ... ... . Lo L.
Mupad [B] (verification not implemented) . . . . ... ... ... ... .......

Optimal result

Integrand size = 17, antiderivative size = 45

/ T sec3?f>(2+t)3 tan(®) 3 los(cos(t) = sin(t)) — ; log(cos(t) + sin(r)
1

1 .
+ 3 log(2 cos(t) + sin(t)) — m

[Out] -1/12*1n(cos(t)-sin(t))-1/4*1n(cos(t)+sin(t))+1/3*1n(2*cos(t)+sin(t))-1/2/(
1+tan(t))

Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 2, number of rules _ 0.118, Rules used = {723,
integrand size
814}

sec(2t) _ 1 1 .
/ T+ sec2(®) + 3tan(t) 2~ 2fan@®) +1) 12 log(cos(t) — sin(t))

~ {10g(sin(t) +cos(?)) + 5 log(sin(?) + 2cos(?))

[In] Int[Sec[2*t]/(1 + Sec[t]”2 + 3*Tan[t]),t]

[Out] -1/12%Log[Cos[t] - Sin[t]] - Logl[Cos[t] + Sin[t]]/4 + Log[2*Cos[t] + Sin[t]
1/3 - 1/(2%(1 + Tan[t]))

Rule 723

Int[((d_.) + (e_)*(x_))"(m_)/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol
1 :> Simple*x((d + exx)"(m + 1)/((m + 1)*(c*d™2 - bxd*e + a*xe~2))), x] + Dis
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t[1/(c*xd”2 - b*d*e + a*e”2), Int[(d + e*x)"(m + 1)*(Simp[c*d - bxe - c*exx,

x]/(a + bxx + c*x”2)), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b~2 -
4xaxc, 0] && NeQ[c*xd™2 - bxd*e + a*e”2, 0] && NeQ[2*c*xd - b*e, 0] && LtQ[m
, —1]

Rule 814

Int [((Cd_.) + (e_.)*(x_)) " (m )*((f_.) + (g_.)*(x_)))/((a_.) + (b_.)*(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx((f + g*x)/(a +
b*x + c*x72)), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[b~2 - 4xax
c, 0] && NeQ[c*d™2 - b*d*e + a*e”™2, 0] && IntegerQ[m]

Rubi steps

1
i = Subst dt,t
integral = Subs </ Q10 2—t—) t ,tan(t))

1 1 t
= Tt tan() 20Ut </ Grne-t-o " t’“‘“(t))
1 1 1 1 2
sy 2 (e w e taaes) 4hm)

1
2(1 + tan(t))

=— % log(cos(t) —sin(t)) — }1 log(cos(t)+sin(t))+ % log(2 cos(t)+sin(t)) —

Mathematica [A] (verified)

Time = 0.71 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.62

/ sec(2t) gt —
1 + sec?(t) + 3tan(t)
_ cos(t)(log(cos(t) — sin(t)) + 3log(cos(t) + sin(t)) — 4log(2 cos(t) + sin(?))) + (=6 + log(cos(t) — sin(?)
12(cos(t) + sin(t))

[In] Integrate[Sec[2*t]/(1 + Sec[t]"2 + 3*Tan[t]),t]

[Out] -1/12%(Cos[t]*(Logl[Cos[t] - Sin[t]] + 3*Logl[Cos[t] + Sin[t]] - 4xLog[2*Cos[
t] + Sin[t]]) + (-6 + Logl[Cos[t] - Sin[t]] + 3*Log[Cos[t] + Sin[t]] - 4x*Log
[2x%Cos[t] + Sin[t]])*Sin[t])/(Cos[t] + Sin[t])
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Maple [A] (verified)

Time = 1.53 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.69

method | result size
In(tan(t)+2) 1 In(1+tan(t)) In(tan(t)—1)
default, 3 ~ 2(+tan() 1 - 12 31
. 1 2it__; In 2’it+§+ﬂ 1 24t 4 ;
risch _2(82}t+i) _ n(e12 i) + (e . 575 ) _ n(e4 +i) 48

[In] int(sec(2*t)/(1+sec(t) 2+3*tan(t)),t,method=_RETURNVERBOSE)
[Out] 1/3*1n(tan(t)+2)-1/2/(1+tan(t))-1/4*1n(1+tan(t))-1/12*1n(tan(t)-1)

Fricas [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.58

/ sec(2t)
1 + sec?(t) + 3tan(t)
4 (cos (t) + sin (t)) log (2 cos (t)? + cos (t) sin () +

=

) — 3 (cos () + sin (t)) log (2 cos (¢) sin (t) + 1) — (c

- 24 (cos (t) + sin (t))

[In] integrate(sec(2*t)/(1+sec(t) 2+3*tan(t)),t, algorithm="fricas")

[Out] 1/24%(4x(cos(t) + sin(t))*log(3/4*cos(t)”2 + cos(t)*sin(t) + 1/4) - 3*(cos(
t) + sin(t))*log(2xcos(t)*sin(t) + 1) - (cos(t) + sin(t))*log(-2*cos(t)*sin
(t) + 1) - 6xcos(t) + 6*sin(t))/(cos(t) + sin(t))

Sympy [F]

sec(2t) B sec (2t)
/ 1 + sec?(t) + 3tan(t) dt = / 3tan (t) +sec? (t) +1 dt

[In] integrate(sec(2*t)/(1+sec(t)**2+3xtan(t)),t)
[Out] Integral(sec(2*t)/(3*tan(t) + sec(t)**2 + 1), t)
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Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 256 vs. 2(37) = 74.

Time = 0.36 (sec) , antiderivative size = 256, normalized size of antiderivative = 5.69

/ sec(2t)
1 + sec?(t) + 3tan(?)
3 (cos (2t)® +sin (2¢) + 2 sin (2¢) + 1) log (953674316406250 (3 cos (2t) + sin (2¢) + 4) cos (4t) + 23841

[In] integrate(sec(2*t)/(1+sec(t) 2+3*tan(t)),t, algorithm="maxima")

[Out] 1/48%(3x(cos(2*t)~2 + sin(2*t)~2 + 2*sin(2*t) + 1)*1og(953674316406250% (3*c
os(2xt) + sin(2*t) + 4)*cos(4*t) + 2384185791015625*cos(4*t)~2 + 9536743164
06250*cos (2*%t) "2 - 953674316406250* (cos(2*t) - 3*sin(2%t) + 3)*sin(4*t) + 2
384185791015625*%sin(4*t) "2 + 953674316406250*sin(2*t) "2 + 2861022949218750%
cos(2*t) - 953674316406250*sin(2*t) + 2384185791015625) - 6x(cos(2*t)~2 + s
in(2*t)~"2 + 2*sin(2*t) + 1)*log(cos(2*t)~2 + sin(2%t)~2 + 2*sin(2%t) + 1) +

5% (cos(2*t) "2 + sin(2*t)~2 + 2*sin(2*t) + 1)*1log(1/5*(5*cos(2*t)~2 + 5*sin
(2%xt)~2 + 6%cos(2%t) + 8*sin(2%t) + 5)/(cos(2*t)~2 + sin(2%t)~2 - 2*sin(2*t

) + 1)) - 24xcos(2xt))/(cos(2%t)"2 + sin(2*t)"2 + 2xsin(2*t) + 1)

Giac [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.73

sec(2t) _ 1 1
/ 1 + sec?(t) + 3 tan(t) dt = " 2(tan (¢) + 1) T3 log ([tan (¢) + 2)

— le log (|tan (¢) + 1]) — % log (|tan (t) — 1])

[In] integrate(sec(2*t)/(1+sec(t)~2+3*tan(t)),t, algorithm="giac")

[Out] -1/2/(tan(t) + 1) + 1/3*log(abs(tan(t) + 2)) - 1/4xlog(abs(tan(t) + 1)) - 1
/12xlog(abs(tan(t) - 1))
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Mupad [B] (verification not implemented)

Time = 0.71 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.71

/ sec(2t) _ In(tan(t) +2) In(tan(t) +1)
1+ sec?(t) + 3tan(t) 3 4
In (tan(t) — 1) 1
B 12 2 (tan(¢) + 1)

[In] int(1/(cos(2*t)*(3*tan(t) + 1/cos(t)”"2 + 1)),t)

[Out] log(tan(t) + 2)/3 - log(tan(t) + 1)/4 - log(tan(t) - 1)/12 - 1/(2*(tan(t) +
1))
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3.88 [ cos?(z) dx

Optimal result . . . . . . . . . . . . e 394
Rubi [A] (verified) . . . . . . . . 394
Mathematica [A] (verified) . . . . . . . . . .. 3951
Maple [A] (verified) . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ...
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 396
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 3961
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ......

Optimal result

Integrand size = 4, antiderivative size = 14

/COSQ(iB) dx = g + %cos(x) sin(z)

[Out] 1/2*x+1/2*cos(x)*sin(x)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.500, Rules used = {2715,
8}

/cos2(x) dx = g + %Sin(w) cos(z)

[In] Int[Cos[x]~2,x]

[Out] x/2 + (Cos[x]*Sin[x])/2

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]
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Rubi steps

[ 1ldz
2

1
integral = 3 cos(z) sin(z) +

1
- g + 5 cos(x) sin(c)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

2 _T 1y
/cos () dx = 5 + 4sm(2ac)

[In] Integrate[Cos[x]~2,x]
[Out] x/2 + Sin[2*x]/4

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.79

method result size
default 3+ w 11
. z sin(2z)
I'lSCh B + 4 11
parallelrisch | § + w 11
x tan4 z
norman | 2D +g—ant )+ B i) |
(1+tan?(3))

[In] int(1/sec(x)~2,x,method=_RETURNVERBOSE)
[Out] 1/2*x+1/2*cos(x)*sin(x)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/cosz(x) dz = % cos (z) sin (z) + %x

[In] integrate(1/sec(x)”~2,x, algorithm="fricas")
[Out] 1/2*cos(x)*sin(x) + 1/2*x

Sympy [A] (verification not implemented)
Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71
x  sin(z)cos ()

2 — —
/cos (x)dz = 5 T 5

[In] integrate(1/sec(x)**2,x)
[Out] x/2 + sin(x)*cos(x)/2
Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

1 1
/0052(x) dx = 3%ty sin (2 )

[In] integrate(1/sec(x)”~2,x, algorithm="maxima")

[Out] 1/2*x + 1/4*sin(2%*x)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

5 B lx tan ()
/cos (x)dzx = 5%+ 2 (tan (2)” + 1)

[In] integrate(1/sec(x)~2,x, algorithm="giac")
[Out] 1/2*x + 1/2%tan(x)/(tan(x)"2 + 1)
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Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

[In] int(cos(x)~2,x)
[Out] x/2 + sin(2*x)/4
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3.89 1+2® 1o

Optimal result . . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . . .. 399
Maple [A] (verified) . . . . . . . . . L 3991
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .... 399
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 400
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 400
Giac [A] (verification not implemented) . . . . . ... ... .. L L. 400
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 4001

Optimal result

Integrand size = 11, antiderivative size = 17

| 4 g2 0512
dx =2
/\/5 = 2et

[Out] 2/5%x~(5/2)+2*x~(1/2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 1, Bumber of rules _ 4 491 Ryles used = {14}
integrand size

1+$2d B 2x5/2

= 2
ﬁw5+\/5

[In] Int[(1 + x~2)/Sqrt[x],x]
[Out] 2#Sqrt[x] + (2*x~(5/2))/5
Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_ )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

integral = / (%—i—x?’/ 2) dx

2 5/2
=2z + x5

Rubi steps




Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

2

NZ7

[In] Integrate[(1 + x~2)/Sqrt[x],x]
[Out] (2*Sqrt[x]*(5 + x~2))/5

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.65

5

method result size
2v/x (z2+5)
gosper - 11
risch M 11
5
derivativedivides | 2% + 2/ 12
5
default 2242z 12
trager (% + 2> V| 12

[In] int((x~2+1)/x~(1/2),x,method=_RETURNVERBOSE)

[Out] 2/5%x~(1/2)*(x~2+5)

Fricas [A] (verification not implemented)

nomne

Time = 0.23 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.59

/l—l_mzda:
VT

2
5

(CL‘2 + 5)\/5

[In] integrate((x~2+1)/x~(1/2),x, algorithm="fricas")

[Out] 2/5%(x"2 + 5)*sqrt(x)

399



400

Sympy [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

1422 2r3
de=2""1429
/ Jz T 5 + 2/

[In] integrate((x**2+1)/x**(1/2),x)
[Out] 2*x**(5/2)/5 + 2*sqrt(x)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.65

1 2 2

[In] integrate((x~2+1)/x~(1/2),x, algorithm="maxima")
[Out] 2/5*x~(5/2) + 2xsqrt(x)
Giac [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.65

1+ z? 2
/ :;g de = 23 +2z
[In] integrate((x~2+1)/x~(1/2),x, algorithm="giac")
[Out] 2/5*x~(5/2) + 2*sqrt(x)

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.59

1+x2dz— 2z (2% +5)

Jz 5

[In] int((x~2 + 1)/x~(1/2),x)
[Out] (2*xx~(1/2)*(x"2 + 5))/5
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3.90 [——L _dz
Vot+2z+x

Optimal result . . . . . . . . . . e 40Tl
Rubi [A] (verified) . . . . . . . . . 40Tl
Mathematica [A] (verified) . . . . . . ... ... L o 02
Maple [A] (verified) . . . . . . ... L 02
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ....... 403
Sympy [A] (verification not implemented) . . . ... ... ... . ... ... ... 403
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... ... ... 403l
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 403
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... 404

Optimal result

Integrand size = 14, antiderivative size = 23

g T e 1+
/ 5—|—2z—|—x2dm Vi+2x+zx arcsmh( 5

[Out] -arcsinh(1/2+1/2%x)+(x"2+2*x+5)~(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 3, number of rules used = 3, integrand size 0.214, Rules used = {654,
633, 221}

T z+1
———dr=Va22+2z+5— arcsinh(—)
/ V5 + 2z + 2?2 2
[In] Int[x/Sqrt[5 + 2*x + x~2],x]
[Out] Sqrt[5 + 2*x + x~2] - ArcSinh[(1 + x)/2]
Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 633

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2xcx(-4*
(c/ ("2 - 4%a*c)))"p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]
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Rule 654

Int[((d_.) + (e_.)*x(x_))*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simple*x((a + b*x + c*xx"2)"(p + 1)/(2%c*x(p + 1))), x] + Dist[(2%c*d - b
*xe)/(2*c), Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, p}, xI]
&& NeQ[2*c*d - bxe, 0] && NeQ[p, -1]

Rubi steps

1
integral = V5 + 2z + 22 —/—dw
Vb5 + 2z + x?

1

1
=V5+2x+ 2 —arcsinh( —|2—x>

de,z,2 + 2x

1
=vV5+2x 4+ 12 — ZSubst

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.35

/ﬁdx:\/5+2x+x2+log(—1—x+\/5+2x+x2)
T+ T

[In] Integrate[x/Sqrt[5 + 2*x + x~2],x]
[Out] Sqrt[5 + 2*x + x72] + Log[-1 - x + Sqrt[5 + 2*x + x72]]

Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.87

method | result size
default | —arcsinh (% + %) + V22 4+ 2z +5 20
risch — arcsinh (% + %) +vVz2+ 2z +5 20
trager | v224+2zx+5—In (1+z+ \/JW) 28

[In] int(x/(x"2+2xx+5)~(1/2),x,method=_RETURNVERBOSE)
[Out] -arcsinh(1/2+1/2*%x)+(x"2+2*x+5)~(1/2)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.17

xT T

[In] integrate(x/(x"2+2xx+5)~(1/2),x, algorithm="fricas")

[Out] sqrt(x™2 + 2xx + 5) + log(-x + sqrt(x”2 + 2*%x + 5) - 1)

Sympy [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

T e e (2]
/ 5+2z+x2dm z2 4+ 22 + 5 — asin (2—|—2

[In] integrate(x/(x**2+2*x+5)**(1/2),x)
[Out] sqrt(x**2 + 2*%x + 5) - asinh(x/2 + 1/2)
Maxima [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

/;dx—\/m2+2x+5—arsinh 1a:+1
5+2z+a2 2 2

[In] integrate(x/(x"2+2*x+5)~(1/2),x, algorithm="maxima")
[Out] sqrt(x”2 + 2*x + 5) - arcsinh(1/2*x + 1/2)

Giac [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.17

T xT

[In] integrate(x/(x"2+2*x+5)~(1/2),x, algorithm="giac")
[Out] sqrt(x™2 + 2xx + 5) + log(-x + sqrt(x”2 + 2*%x + 5) - 1)
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Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.17

/ﬁdxz\/x2+2x+5—ln<x+\/:c2+2x+5+1>
T+

[In] int(x/(2*x + x~2 + 5)~(1/2),x%)
[Out] (2*x + x72 + 5)7(1/2) - log(x + (2*x + x”2 + 5)7(1/2) + 1)
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3.91 [ cos(z) sin®(z) dz

Optimal result . . . . . . . . . . . . e 405]
Rubi [A] (verified) . . . . . . . . 405
Mathematica [A] (verified) . . . . . . . . . .. 1061
Maple [A] (verified) . . . . . . ... 406
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 407
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... 210
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 00
Giac [A] (verification not implemented) . . . . . . ... ... ... ... 407
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 08|

Optimal result

Integrand size = 7, antiderivative size = 8

/cos(ac) sin®(z) dz = : 3
[Out] 1/3*sin(x)~3

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

_ __ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.286, Rules used = {2644,
30}

sin®(x)

/ cos(z) sin®(z) dx = 3

[In] Int[Cos[x]*Sin[x]~2,x]
[Out] Sin[x]~3/3
Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2644

Int[cos[(e_.) + (£_)*(x )1 (n_.)*((a_.)*sin[(e_.) + (£_D)*&)DD"(m_.), x_
Symbol] :> Dist[1/(axf), Subst[Int[x"m*(1 - x~2/a"2)"((n - 1)/2), x], x, a*
Sin[e + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] && !'(In
tegerQ[(m - 1)/2] && LtQ[0, m, n])
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Rubi steps
integral = Subst ( / rdzx,z, sin(x))

_ sin®(z)
3

Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

_ sin®(z)

/ cos(z) sin®(z) dx = 3

[In] Integrate[Cos[x]*Sin[x]~2,x]
[Out] Sin[x]~3/3

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

method result size
derivativedivides m 7
default (Sm:;—(m)) 7
risch % — % 12
parallelrisch % - Sinl(g””) 12
norman % 19

[In] int(sin(x)~2*cos(x),x,method=_RETURNVERBOSE)
[Out] 1/3*sin(x)"3
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Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.25

/cos(x) sin®(z) dz = —% (cos (z)* — 1) sin (z)

[In] integrate(cos(x)*sin(x)~2,x, algorithm="fricas")

[Out] -1/3%(cos(x)"2 - 1)*sin(x)
Sympy [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.62

sin3 ()

/ cos(z) sin®(z) dr = 3

[In] integrate(cos(x)*sin(x)**2,x)

[Out] sin(x)**3/3

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1

/cos(x) sin®(z) dz = 3 sin (z)*

[In] integrate(cos(x)*sin(x)~2,x, algorithm="maxima")

[Out] 1/3*sin(x)"3

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/cos(x) sin®(z) dz = % sin (z)°

[In] integrate(cos(x)*sin(x)~2,x, algorithm="giac")

[Out] 1/3*sin(x)"3
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Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

sin (z)°

/ cos(x) sin®(z) dz = 3

[In] int(cos(x)*sin(x)~2,x)

[Out] sin(x)~3/3
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e

3.92 T dx

Optimal result . . . . . . . . . . 409
Rubi [A] (verified) . . . . . . . . . 4091
Mathematica [A] (verified) . . . . . . . . ... L 410
Maple [A] (verified) . . . . . . . .. 410
Fricas [A] (verification not implemented) . . . . . . . ... ... ... .. ...... 410
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ..., 411
Maxima [A] (verification not implemented) . . . . . . . ... ... ... L. 417l
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 41T
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 417l

Optimal result

Integrand size = 11, antiderivative size = 6

e’ -
/1+emdz—log(1+e)

[Out] 1n(1+exp(x))

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 0.182, Rules used = {2278,
integrand size
31}

e’ .
/1+emdx—log(e +1)

[In] Int[E~x/(1 + E~x),x]
[Out] Logl[1l + E~x]
Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 2278

Int[((F_)~((e_.)*((c_.) + (d_D)*x_)N)N)"(m_)*((a_) + (b_.)*x((F_)"((e_.)*((
c_.) + (d_)*(xx))))"(n_.))"(p_.), x_Symbol] :> Dist[1/(d*e*n*Log[F]), Subs
t[Int[(a + b*x)7p, x], x, (F (ex(c + d*x)))"nl, x] /; FreeQ[{F, a, b, c, 4,
e, n, p}, x]
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Rubi steps

1
integral = Subst ( / dz, z, ex)
1+z

= log (1 + €)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.00

[ e =rom 1)

[In] Integrate[E"x/(1 + E7x),x]
[Out] Log[1l + E~x]

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.00

method result size
derivativedivides | In (1+€%) | 6
default In(1+e*) |6
norman In(1+¢€*) | 6
risch In(1+¢€%) | 6
parallelrisch In(1+e*) |6

[In] int(1/(1+exp(x))*exp(x),x,method=_RETURNVERBOSE)
[Out] 1n(1+exp(x))

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.83

e’ x
/1+emdz—log(e +1)

[In] integrate(exp(x)/(1+exp(x)),x, algorithm="fricas")
[Out] log(e”x + 1)
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.83

e’ -
/1+6xdx—log(e +1)

[In] integrate(exp(x)/(1+exp(x)),x)
[Out] log(exp(x) + 1)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.83

/1j_e$dm=log(ez+1)

[In] integrate(exp(x)/(1+exp(x)),x, algorithm="maxima")

[Out] log(e”x + 1)

Giac [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.83

/1j_ewda:=log(ex+1)

[In] integrate(exp(x)/(1+exp(x)),x, algorithm="giac")

[Out] log(e™x + 1)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.83

/1_T_exdx=ln(e’”—|—1)

[In] int(exp(x)/(exp(x) + 1),x)
[Out] log(exp(x) + 1)
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2%

3.93 < dx

Optimal result . . . . . . . . . . AT2]
Rubi [A] (verified) . . . . . . ... . A12
Mathematica [A] (verified) . . . . . . . . ... L 413
Maple [A] (verified) . . . . . . . . . 413
Fricas [A] (verification not implemented) . . . . . . .. . ... ... ... ... . ... 414
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... 414
Maxima [A] (verification not implemented) . . . . . . . . ... ... 414
Giac [A] (verification not implemented) . . . . . . . .. ... Lo L. 414
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 4T85

Optimal result

Integrand size = 13, antiderivative size = 12

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, number of rules _ 0.154, Rules used = {2280,
integrand size
45}

2%
/13_690 dz = e® —log (e + 1)

[In] Int[E~(2*x)/(1 + E~x),x]
[Out] E°x - Logl[l + E~x]
Rule 45

Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 2280

Int[((a_) + (b_.)*(F_)~((e_.)*((c_.) + (d_.)*(x_))))"(p_.)*(G_)~((h_.)*((f_
D) o+ (g_)*(x_))), x_Symbol] :> With[{m = FullSimplify[g*h*(Log[G]/(d*e*Log
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[F1))1}, Dist[Denominator [m]*(G~(£f*h - c*g*(h/d))/(d*exLog[F])), Subst[Int[
x~ (Numerator[m] - 1)*(a + b*x"Denominator[m])~p, x], x, F~(ex((c + d*x)/Den
ominator([m]))], x] /; LeQ[m, -1] || GeQ[m, 111 /; FreeQ[{F, G, a, b, c, d,

e, £, g, h, p}, x]

Rubi steps

integral = Subst < / z dz, x, e’”)
14z

+
1
= Subst (/ (1 + ) dx,x,e””)
—1—z

=e” —log (1 +¢€”)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

2z
/ lj-ez dz = e® —log (1 + €°)
[In] Integrate[E~(2*x)/(1 + E"x),x]
[Out] E°x - Logl[l + E~x]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.92

method | result size
default | e* —In(1+4¢€%) | 11
norman | e —1In(1+¢€%) | 11
risch e —In(1+¢€") | 11

[In] int(exp(2+*x)/(1+exp(x)),x,method=_RETURNVERBOSE)
[Out] exp(x)-1n(1+exp(x))
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

e2x p N | .
/1-|—e“’ z=e" —log(e* + 1)

[In] integrate(exp(2+*x)/(1l+exp(x)),x, algorithm="fricas")

[Out] e”x - log(e”x + 1)

Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.67

2z
/1j_exdx=e”—log(e’”+1)

[In] integrate(exp(2*x)/(1+exp(x)),x)
[Out] exp(x) - log(exp(x) + 1)
Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

2x
/liex dxr =¢e” —log (e® + 1)

[In] integrate(exp(2*x)/(1+exp(x)),x, algorithm="maxima")
[Out] e"x - log(e”x + 1)
Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

2%
/13_690 dxr =e” —log (e® + 1)

[In] integrate(exp(2+*x)/(1+exp(x)),x, algorithm="giac")

[Out] e"x - log(e”x + 1)
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

eZm
/1+exdm=ez—ln(ez+1)

[In] int(exp(2*x)/(exp(x) + 1),x)
[Out] exp(x) - log(exp(x) + 1)



416

3.94 — 1 __dx

1—cos(z)
Optimal result . . . . . . . . . . . e 416
Rubi [A] (verified) . . . . . . . .. . 416
Mathematica [A] (verified) . . . . . . . . ... L 417
Maple [A] (verified) . . . . . . . . . 417
Fricas [A] (verification not implemented) . . . . . . . . ... .. ... ... ... ... 417
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... AT8]
Maxima [A] (verification not implemented) . . . . . . ... ... ... L. AT8]
Giac [A] (verification not implemented) . . . . . . . .. ... .. L. 418
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 418

Optimal result

Integrand size = 8, antiderivative size = 12

v sin(@)
/ 1 — cos(z) d 1 — cos(z)

[Out] -sin(x)/(1-cos(x))

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Lumber of rules _ 0.125, Rules used = {2727}
integrand size

1 sin(@)
/ 1 — cos(z) d 1 — cos(z)

[In] Int[(1 - Cos[x])~(-1),x]
[Out] -(Sin[x]/(1 - Cos[x]))
Rule 2727

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> Simp[-Cos[c +
d*x]/(dx(b + axSin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b
~2, 0]

Rubi steps
sin(x)

integral = —————
integra. 1= cos(z)



Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.67

/1_;@) = —cot(3)

[In] Integrate[(1 - Cos[x])~(-1),x]
[Out] -Cot[x/2]

dz

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.75

method result size
1

default (2] 9
1

norman fan(Z) 9

parallelrisch | ——2+ | 9

tan(2)
risch - eif i_l 13

[In] int(1/(1-cos(x)),x,method=_RETURNVERBOSE)
[Out] -1/tan(1/2*x)

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

[In] integrate(1/(1-cos(x)),x, algorithm="fricas")

cos(z) +1

do = sin (z)

[Out] -(cos(x) + 1)/sin(x)

417
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Sympy [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.58

1 1
/ 1 — cos(z) do = ~tan (2)

[In] integrate(1/(1-cos(x)),x)
[Out] -1/tan(x/2)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

1 o 008 (z)+1
/ 1 — cos(z) d sin ()

[In] integrate(1/(1-cos(x)),x, algorithm="maxima")

[Out] -(cos(x) + 1)/sin(x)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.67

/ S S S
1—cos(z) =~ tan(lz)
[In] integrate(1/(1-cos(x)),x, algorithm="giac")
[Out] -1/tan(1/2%x)

Mupad [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.50

/ 1-— clos(:c) do = —cot(%)

[In] int(-1/(cos(x) - 1),x)
[Out] -cot(x/2)
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3.95 [ sec?(z) tan(z) dz

Optimal result . . . . . . . . . . . . e 419
Rubi [A] (verified) . . . . . . . . 419
Mathematica [A] (verified) . . . . . . . . . . . .. 420
Maple [A] (verified) . . . . . . ... 420
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 2200
Sympy [A] (verification not implemented) . . . . . .. ... ... ... ... 421
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... L. 421
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 421
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ...... 4211

Optimal result

Integrand size = 7, antiderivative size = 8

sec?(x)

/ sec’(r) tan(z) dz = 5

[Out] 1/2*sec(x)"2

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.286, Rules used = {2686,
integrand size
30}

sec?(z)

/ sec’(z) tan(z) dz = 5

[In] Int[Sec[x] 2*Tan[x],x]
[Out] Sec[x]"2/2
Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2686

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(
n_.), x_Symbol] :> Dist[a/f, Subst[Int[(a*x)~(m - 1)*(-1 + x~2)"((n - 1)/2)
, x], x, Sec[e + fxx]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2]
&& !(IntegerQ[m/2] && LtQ[0, m, n + 1])



Rubi steps

integral = Subst( / z dz, z,sec(x))

sec?(x)
2

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ sec?(r) tan(z) dr =

[In] Integrate[Sec[x]~2*Tan[x],x]
[Out] Sec[x]~2/2

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

sec?(x)
2

method result size
derivativedivides M 7
default L) | 7

. 2 e2iw
risch (@iet1)? 17

[In] int(sec(x)~2*tan(x),x,method=_RETURNVERBOSE)

[Out] 1/2*sec(x)~2

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/ sec’(z) tan(z) dz =

[In] integrate(sec(x) ~2xtan(x),x, algorithm="fricas")

[Out] 1/2/cos(x)"2

2 cos ()

420



421

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

2 —'——_;L___
/sec (z) tan(z) dz = 2 cos? (x)

[In] integrate(sec(x)**2*tan(x),x)

[Out] 1/(2*cos(x)**2)

Maxima [A] (verification not implemented)

none
Time = 0.17 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1
/secz(:c) tan(z) dz = 3 tan ()2
[In] integrate(sec(x) 2*tan(x),x, algorithm="maxima")

[Out] 1/2*tan(x)”2

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1
2 cos (z)?

/ sec’(r) tan(z) dr =

[In] integrate(sec(x) ~2*tan(x),x, algorithm="giac")

[Out] 1/2/cos(x)"2

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

tan(z)?

/ sec’(z) tan(z) dz = 5

[In] int(tan(x)/cos(x)~2,x)
[Out] tan(x)~2/2



422

3.96 [ zlog(x) dzx

Optimal result . . . . . . . . . . 4272
Rubi [A] (verified) . . . . . . . . 422
Mathematica [A] (verified) . . . . . . . . . .. 423]
Maple [A] (verified) . . . . . . . .. 423
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 123
Sympy [A] (verification not implemented) . . . . . .. ... ... ... ... 427
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... L. 427
Giac [A] (verification not implemented) . . . . . . . ... ... L L. 424
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ...... 424

Optimal result

Integrand size = 4, antiderivative size = 17

:L.Q

/wlog(w) de = — 1 + %azz log(z)
[Out] -1/4*x~2+1/2*x"2*1n(x)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Bumber of rules _ () 950 Rules used = {2341}
integrand size

1, z?
zlog(x) dx = 57 log(z) — T

[In] Int([x*Loglx],x]
[Out] -1/4%x"2 + (x"2xLogl[x])/2
Rule 2341

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))*((d_.)*(x_)) " (m_.), x_Symbol] :>
Simp[(d*x)~(m + 1)*((a + b*Loglcxx™nl])/(d*(m + 1))), x] - Simp[b*n*((d*x)"(
m+ 1)/(d*(m + 1)72)), x] /; FreeQ[{a, b, ¢, d, m, n}, x] && NeQ[m, -1]

Rubi steps

. 2 1,
integral = 7 T3% log(z)
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Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

2 1,
zlog(z) dx = 1 + 2% log(x)

[In] Integrate[x*Logl[x],x]

[Out] -1/4%x"2 + (x"2*Loglx])/2

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

method result size

default —% + @ 14

norman — % w 14
z2 z2 In(zx) 14

risch

parallelrisch | —%-

z2 In(zx) 14

+
n
® 4 @) |y
n

parts Y

[In] int(x*1n(x),x,method=_RETURNVERBOSE)
[Out] -1/4*x"2+1/2*x~2*1n(x)

Fricas [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

1 1
/xlog(a:) dx = 3 z?log (x) — 1 z?

[In] integrate(x*log(x),x, algorithm="fricas")
[Out] 1/2*x"2xlog(x) - 1/4*x"2
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Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.71
2 1 2
/xlog(w)dz = %g(x) - %

[In] integrate(x*1n(x),x)
[Out] x**2*log(x)/2 - x**2/4

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

1 1
/xlog(x) dx = 5 z?log (x) — 1 z?

[In] integrate(x*log(x),x, algorithm="maxima")

[Out] 1/2*x"2*log(x) - 1/4%x~2

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/mlog(r) dx = % z?log () — :11 z?

[In] integrate(x*log(x),x, algorithm="giac")
[Out] 1/2*x"2xlog(x) - 1/4*x"2

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.53

/xlog(:c) dz == (In (g) ~3)

[In] int(x*log(x),x)
[Out] (x"2%(log(x) - 1/2))/2
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3.97 | cos(z) sin(zx) dz

Optimal result . . . . . . . . . . . e 425
Rubi [A] (verified) . . . . . . . . 425
Mathematica [A] (verified) . . . . . . . . . .. 126l
Maple [A] (verified) . . . . . . ... 426
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 27
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... 427
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 427
Giac [A] (verification not implemented) . . . . . . . . ... . L Lo 427
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 428]

Optimal result

Integrand size = 5, antiderivative size = 8

/cos(w) sin(z) dz = : 5
[Out] 1/2*sin(x)"~2

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

_ __ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.400, Rules used = {2644,
30}

sin?(x)

/ cos(z) sin(z) dz = 5

[In] Int[Cos[x]*Sin[x],x]
[Out] Sin[x]~2/2
Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2644

Int[cos[(e_.) + (£_)*(x )1 (n_.)*((a_.)*sin[(e_.) + (£_D)*&)DD"(m_.), x_
Symbol] :> Dist[1/(axf), Subst[Int[x"m*(1 - x~2/a"2)"((n - 1)/2), x], x, a*
Sin[e + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] && !'(In
tegerQ[(m - 1)/2] && LtQ[0, m, n])
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Rubi steps
integral = Subst( / z dz, z,sin(z))

_ sin’®(z)
2

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ cos(z) sin(z) dz = —% cos? ()
[In] Integrate[Cos[x]*Sin[x],x]

[Out] -1/2%Cos[x]~2

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

method result size
derivativedivides w 7
default (e’ () 7
. cos(2z)

risch - 7

. cos(2z)
parallelrisch ;11 — % 9

2(tan?(%))
norman WZ 19
; )

meijerg —=— | 19

[In] int(cos(x)*sin(x),x,method=_RETURNVERBOSE)
[Out] 1/2*sin(x) "2
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/cos(x) sin(z) dz = —= cos (z)°

[In] integrate(cos(x)*sin(x),x, algorithm="fricas")

[Out] -1/2%cos(x)~2
Sympy [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.62

sin? ()

/ cos(z) sin(z) dz = 5

[In] integrate(cos(x)*sin(x),x)

[Out] sin(x)**2/2

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/cos(x) sin(z) dz = —% cos (z)°

[In] integrate(cos(x)*sin(x),x, algorithm="maxima")

[Out] -1/2*cos(x)"2

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/cos(a:) sin(z) dz = —% cos (z)?

[In] integrate(cos(x)*sin(x),x, algorithm="giac")

[Out] -1/2*cos(x)"2
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Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/cos(:z:) sin(z) dx = : 5

[In] int(cos(x)*sin(x),x)

[Out] sin(x)~2/2



429

3.98 [ AL dx

27— 12
Optimal result . . . . . . . . . . . e 429
Rubi [A] (verified) . . . . . . . . . . 4291
Mathematica [A] (verified) . . . . . . ... ... L o 430
Maple [A] (verified) . . . . . . ... L 430
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... .. 43T
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ..., 431
Maxima [A] (verification not implemented) . . . . . . . . . ... ... 4311
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 432
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 432

Optimal result

Integrand size = 17, antiderivative size = 24

1+z
V2zx — 12

[Out] 2*arcsin(-1+x)-(-x"2+2%x)~(1/2)

dr = —v2x — 22 — 2arcsin(1l — )

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 3, number of rules used = 3, integrand size 0.176, Rules used = {654,

633, 222}
14+
————dzr = —2arcsin(l — z) — V2 — z2
V2zx — 12 ( )

[In] Int[(1 + x)/Sqrt[2*x - x~2],x]
[Out] -Sqrt[2*x - x72] - 2*ArcSin[1 - x]
Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl

Rule 633

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2*cx(-4*
(c/ ("2 - 4%a*c)))"p), Subst[Int[Simp[1l - x72/(b"2 - 4*axc), x]7p, x], x, b
+ 2%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]
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Rule 654

Int[((d_.) + (e_.)*x(x_))*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simplex((a + b*x + c*x"2)"(p + 1)/(2%c*(p + 1))), x] + Dist[(2%c*d - b
*xe)/(2*c), Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, p}, xI]
&& NeQ[2*c*d - bxe, 0] && NeQ[p, -1]

Rubi steps

1
inte ral=—\/2x—m2—|—2/—d:c
& 2z — 12

1
/—dw,x,2—2x>
$2
V31=-7

= —V2z — 22 — 2arcsin(1 — )

= —v/2x — 2 — Subst (

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.96

l+z e — (=24 2)z — 4v/-2+ z\/zlog (V-2 + 7z — /T)

V2 — 22 —((—2+x)x)

[In] Integratel[(1 + x)/Sqrt[2*x - x72],x]

[Out] ((-2 + x)*x - 4*Sqrt[-2 + x]*Sqrt[x]*Logl[Sqrt[-2 + x] - Sqrt[x]1])/Sqrt[-((-
2 + x)*x)]

Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.88

method result size
default 2arcsin (—1+z) — vV—22 + 2z 21
. z(—2+z) . _
risch aCais T 2arcsin (—1+2z) 21
pseudoelliptic | —y/—z (—2 + z) — 4 arctan (—V_m(z_?”)) 27
trager —V/=2% + 2z + 2RootOf (_Z* + 1) In (RootOf (_Z* + 1) vV—22+ 2z +z — 1) | 45
2i<W ”1_%—1' T arcsin(ﬁﬁ)>
s . (V2T 2 2
meijerg 2arcsin | -+ _ 54
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[In] int((1+x)/(-x"2+2*x)~(1/2),x,method=_RETURNVERBOSE)
[Out] 2*arcsin(-1+x)-(-x"2+2%x)~(1/2)

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.33
1 V—x?42
idxz—\/—:c2+2x—4arctan vortor
V2x — 22 x

[In] integrate((1+x)/(-x"2+2*x)~(1/2),x, algorithm="fricas")
[Out] -sqrt(-x"2 + 2*x) - 4*arctan(sqrt(-x~2 + 2*x)/x)

Sympy [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.62

l1+z
——drx = —V—-22+2x+2asin(z — 1
V2zx — 22 ( )

[In] integrate((1+x)/(-x**2+2*x)**(1/2),%)
[Out] -sqrt(-x**2 + 2*x) + 2*asin(x - 1)

Maxima [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.92

1+2x
——dr=—V—-224+2z—2arcsin(—z +1
V2zx — 2 ( )

[In] integrate((1+x)/(-x"2+2xx)~(1/2),x, algorithm="maxima")

[Out] -sqrt(-x"2 + 2%x) - 2%arcsin(-x + 1)
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Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.83

1+2x
———dr = —V—22+2x+2 arcsin(z — 1
V2zx — 12 ( )

[In] integrate((1+x)/(-x"2+2xx)~(1/2),x, algorithm="giac")

[Out] -sqrt(-x"2 + 2*x) + 2%arcsin(x - 1)

Mupad [B] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.83

1+2x
————dr=2asin(z—1) —V2zx — 22
V2zx — 22 ( )

[In] int((x + 1)/(2*x - x~2)°(1/2),x%)
[Out] 2*asin(x - 1) - (2*x - x~2)°(1/2)
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2e”

3.99 2 dx

Optimal result . . . . . . . . . . . . . e 433
Rubi [A] (verified) . . . . . . . . . 433l
Mathematica [A] (verified) . . . . . . . . . ... 434
Maple [A] (verified) . . . . . . ... 434
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... ... 430
Sympy [A] (verification not implemented) . . . .. ... ... ... ... ... .. 430
Maxima [A] (verification not implemented) . . . . . . ... ... ... L. 435
Giac [A] (verification not implemented) . . . . . . .. ... .. L L. 435
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 1361

Optimal result

Integrand size = 16, antiderivative size = 20

/i dzr = \/?arctan \/ge’”
2432 7 3 2

[Out] 1/3*arctan(1/2*exp(x)*6~(1/2))*6~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ ( 188 Ryjes uged = {12,
integrand size
2281, 209}

/ 2¢” d —\/§artan \/ge“"
2+ 3e20 4T T\ 3 2

[In] Int[(2*E"x)/(2 + 3*E~(2*x)),x]
[Out] Sqrt[2/3]*ArcTan[Sqrt[3/2]*E"x]
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0]1)
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Rule 2281

Int[((a)) + (b_)*(F_)~((e_.)*((c_.) + (d_.)*(x_))))"(p_.)*(G_)~((h_.)*((f_
) + (g_.)*(x_))), x_Symbol] :> With[{m = FullSimplify[d*e*(Log[F]/(g*h*Log
[G]))]}, Dist[Denominator [m]/(gxh*Log[G]), Subst[Int[x”(Denominator[m] - 1)
*x(a + bxF~(cxe - d*ex(f/g))*x"Numerator[m])“p, x], x, G~ (h*((f + g*x)/Denom
inator[m]))], x] /; LtQ[m, -1] || GtQ[m, 111 /; FreeQ[{F, G, a, b, c, d, e,
f, g, h, p}, x]

Rubi steps
e(l?

integral = 2 / 51 307 dz

1 z
_2Subst(/md$,x,e>
_\/?a t \/gz
= 3 rctan 26

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ 2¢” dr = \/? arctan \/gez
2+3e2= 7\ 3 2

[In] Integrate[(2*E"x)/(2 + 3*E~(2*x)),x]
[Out] Sqrt[2/3]1*ArcTan[Sqrt[3/2]*E"x]

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.70

method | result size
arctan | €26 NG

default % 14
\/é In w+1\/6 \/é In :z:_i\/g

risch ! <Z & ) e (Z 2 ) 34

[In] int(2*exp(x)/(2+3*exp(2*x)),x,method=_RETURNVERBOSE)
[Out] 1/3*arctan(1/2*exp(x)*6~(1/2))*6~(1/2)



435

Fricas [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

/ 2e dz = % v/3v/2 arctan <% \/gx/ie””)

2 + 3e2=

[In] integrate(2*exp(x)/(2+3*exp(2*x)),x, algorithm="fricas")
[Out] 1/3*sqrt(3)*sqrt(2)*arctan(1/2*sqrt(3)*sqrt(2)*e~x)

Sympy [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.75

/ 5 —f;eh dz = RootSum (62% + 1, (i — ilog (2i + €7)))

[In] integrate(2*exp(x)/(2+3*exp(2*x)),x)
[Out] RootSum(6+*_z**2 + 1, Lambda(_i, _ixlog(2*_i + exp(x))))
Maxima [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.65

/ 2e dz = 1 V6 arctan (% \/ée”’)

2+ 3e2x 3

[In] integrate(2*exp(x)/(2+3*exp(2*x)),x, algorithm="maxima")
[Out] 1/3*sqrt(6)*arctan(1/2*sqrt(6)*e~x)

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.65

/ 2e dzr = 1 V6 arctan (% \/66””)

2 + 3e2= 3

[In] integrate(2*exp(x)/(2+3*exp(2*x)),x, algorithm="giac")
[Out] 1/3*sqrt(6)*arctan(1/2*sqrt(6)*e”x)



Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.65

54 30 = 3

/ 2¢% %atan(@)

[In] int((2*exp(x))/(3*exp(2*x) + 2),x)
[Out] (67(1/2)*atan((6~(1/2)*exp(x))/2))/3
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4

1—x2)
Optimal result . . . . . . . . . . e 437
Rubi [A] (verified) . . . . . . . 437
Mathematica [A] (verified) . . . . . . . . . ... 438
Maple [A] (verified) . . . . . . . . . . 438
Fricas [B] (verification not implemented) . . . . . . .. .. ... ... ... ..... 439
Sympy [B] (verification not implemented) . . . ... ... ... ... ... .. 439
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 4391
Giac [A] (verification not implemented) . . . . . . .. ... ... L L. 440
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 440

Optimal result

Integrand size = 15, antiderivative size = 35

.’L‘3

[ ade= S
(1 — z2)*? 3(1—22)*? VI—2a?

+ arcsin(x)

[Out] 1/3%x"3/(-x"2+1)~(3/2)+arcsin(x)-x/(-x"2+1)"(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, number of rules _ 0.133, Rules used = {294,
integrand size
229}

x x3

4
T
————dx = arcsin(z) — +
/(1—9[,-2)5/2 Y e AR

[In] Int[x~4/(1 - x~2)"(5/2),x]
[Out] x73/(3*%(1 - x72)7(3/2)) - x/Sqrt[1 - x72] + ArcSin[x]
Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 294

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c™(
n - Dx*(c*x)"(m - n + 1*((a + b*x™n)~(p + 1)/(b*nx(p + 1))), x] - Dist[c™n
*((m - n + 1)/(bxnx(p + 1))), Int[(c*x)"(m - n)*x(a + b*x™n)"(p + 1), x], x]
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/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] &% LtQ[p, -1] && GtQ[m + 1, n] && 'I
LtQ[(m + n*(p + 1) + 1)/n, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps

integral = x—3 — / x—2 dx
3(1—x2)*? (1—z2)*?

x3

T 1
— + dx
3(1—22)%% V1-—22 /\/1 — a2

z3 T ,
= 30_ )" Y + arcsin(x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.26

4 _ 42
/ﬁdﬂt=%+2arctan(
-z -z

x
—1+\/1—x2)

[In] Integrate[x~4/(1 - x72)~(5/2),x]
[Out] (x*x(-3 + 4*x~2))/(3*(1 - x72)~(3/2)) + 2*ArcTan([x/(-1 + Sqrt[l - x"2])]

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.86

method result <izo
.'E3 . T
default Y + arcsin (z) — e 30
risch —Wx_(ig;—\z/__?gﬁ + arcsin (z) 30
% (_ i/ w(—20z2+315) + 3i/T a;csin(z) )
meijerg _ 10(-2241) 2 20
3ym
(1‘2—1)m arctan (@) +%—m
pseudoelliptic . 19
(—22+1)2
trager (4 2V | RootOf (L2 +1) In (RootOf (22 + 1) V=27 T 1 +) | 54

[In] int(x~4/(-x"2+1)~(5/2) ,x,method=_RETURNVERBOSE)
[Out] 1/3*x~3/(-x"2+1)"(3/2)+arcsin(x)-1/(-x"2+1)"(1/2) *x
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 63 vs. 2(29) = 58.

Time = 0.25 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.80

o 6(x4—2x2+1)arctan<—v_””z“_l)—(4m3—3m) —z2+1
A M
/(1—;,;2)5/2 ’ 3(z*t—222+1)

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="fricas")
[Out] -1/3*%(6%(x"4 - 2%x~2 + 1)*arctan((sqrt(-x"2 + 1) - 1)/x) - (4*%x"3 - 3*x)*sq
rt(-x"2 + 1))/(x"4 - 2%x"2 + 1)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 105 vs. 2(26) = 52.

Time = 0.40 (sec) , antiderivative size = 105, normalized size of antiderivative = 3.00

Y dr=
_3172)5/2 o 3x4—6x2+3+3w4—6x2—|—3

6z”asin (r)  3zv1—a? N 3asin (z)
3zt —622+3 3z*—622+3 3zt —622+3

/ zt 3z* asin () 4z3/1 — x2
(1

[In] integrate(x*x4/(-x**2+1)**(5/2),%)

[Out] 3*x**4xasin(x)/(3*x**4 - 6xx**2 + 3) + 4*xx*x3ksqrt(l - x**2)/(3xx*x4 - Gxx*
*2 + 3) - 6xx*x*2xasin(x)/(3*x**4 - 6xx**2 + 3) - *kx*sqrt(l - x*x2)/(3*x**4
- B*x*x2 + 3) + 3%asin(x)/(3*x**4 - 6*x**2 + 3)

Maxima [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.26

/ e dx = E z 328 2 - i + arcsin ()
(1—22)*? 37\ (—2241)2 (—22+1)2) 3V-2?+I1

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="maxima")
[Out] 1/3%x*(3*x72/(-x72 + 1)7(3/2) - 2/(-x72 + 1)7(3/2)) - 1/3*x/sqrt(-x"2 + 1)

+ arcsin(x)
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Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.83

z* 472 —3)V/—x2+ 1z .
/m €T = ( 3 (x)g — 1)2 + arcsin (51/')

[In] integrate(x~4/(-x"2+1)7(5/2),x, algorithm="giac")
[Out] 1/3*(4*x~2 - 3)*sqrt(-x"2 + 1)*x/(x"2 - 1)72 + arcsin(x)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 91, normalized size of antiderivative = 2.60

z* . 3v1—22 341-—22
/—(1—932)5/2 dx = asin(z) + 4(@—1) + L@+
v/ 2 1 1 e 1 1
“Vi-e (12 (m—l)_12(x—1)2)_ L-o <12 (x+1)+12(x+1)2>

[In] int(x~4/(1 - x~2)~(5/2),%)
[Out] asin(x) + (3*x(1 - x"2)7(1/2))/(4x(x - 1)) + (3*(1 - x72)"(1/2))/(4*x(x + 1))
- (1 -x2)"(/2)x(1/(12%(x - 1)) - 1/(12%(x - 1)"2)) - (1 - x~2)~(1/2)*(1

/(2% (x + 1)) + 1/(12%(x + 1)72))
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3.101  [gdz

+ 4dx
Optimal result . . . . . . . . . . . e e [447]
Rubi [A] (verified) . . . . . . . . 441]
Mathematica [A] (verified) . . . . . . . . . .. 142
Maple [A] (verified) . . . . . . ... 442
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .... 443
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 443
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... .. 443
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 143]
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 444

Optimal result

Integrand size = 15, antiderivative size = 20

6x 2z 1
/ : _T_ e dx = 67 -3 arctan (e**)

[Out] 1/2%exp(2+*x)-1/2*arctan(exp(2*x))

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, number of rules _ 0.200, Rules used = {2280,
integrand size
327, 209}

6x 2x 1
/ : _T_ e dx = 67 -3 arctan (e**)

[In] Int[E~(6*x)/(1 + E~(4%x)),x]
[Out] E~(2*x)/2 - ArcTan[E~(2*x)]1/2
Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 327

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + 1)*((a + b*x™n)~(p + 1)/(bx(m + n¥p + 1))), x] - Dist[
axc™n*((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x™n)"p, x],
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x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2280

Int[((a_) + (b_.)*(F_)~((e_.)*((c_.) + (d_.)*(x_)))) " (p_.)*(G_)~((h_.)*((f_
D)+ (g_)*(x))), x_Symbol] :> With[{m = FullSimplify[g*h*(Log[G]/(d*e*Log
[F1))1}, Dist[Denominator [m]*(G~(f*h - cxg*(h/d))/(d*e*Logl[F])), Subst[Int[
x~ (Numerator[m] - 1)*(a + b*x"Denominator[m])~p, x], x, F~(ex((c + d*x)/Den
ominator[m]))], x] /; LeQ[m, -1] || GeQ[m, 1]1] /; FreeQ[{F, G, a, b, c, d,
e, f, g, h, p}t, x]

Rubi steps
2

1
integral = §Subst < / 1 _T_ 2 dz,z, 62:1:>

e 1 1 ”
= 7—§SUbSt(/md.’E,fE,€ >

2z

e 1 -
= 7 — 5 arctan (62 )

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

/ il dr = l(62’” — arctan (62“))
1+ et 2

[In] Integrate[E~(6%x)/(1 + E~(4%*x)),x]
[Out] (E~(2*x) - ArcTan[E~(2x*x)])/2

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.75

method | result size

default | < — —arcmg(eh) 15
™ iln 2w_i iln 2z )

risch % + 4 (e4 ) _ il (e4 ) | 30

[In] int(exp(6*x)/(exp(4*x)+1),x,method=_RETURNVERBOSE)
[Out] 1/2*exp(x)~2-1/2*arctan(exp(x)~2)
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.70

6x 1 1

/ 1 j_ e dx = -5 arctan (e(“)) + 3 e(2%)
[In] integrate(exp(6*x)/(1+exp(4*x)),x, algorithm="fricas")
[Out] -1/2*arctan(e”(2*x)) + 1/2*xe” (2*x)

Sympy [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

66$ B 6237: ) ' . ' .
/1—|—e4$ d:c—T—l-RootSum(le +1,(zn—>zlog(—4z+e )))

[In] integrate(exp(6+*x)/(1+exp(4*x)),x)
[Out] exp(2*x)/2 + RootSum(16%_z**2 + 1, Lambda(_i, _i*log(-4*_i + exp(2%*x))))

Maxima [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.70

/ e dz = —1 arctan (e(“)) + 16(2””)
14 et 2 2

[In] integrate(exp(6+*x)/(1+exp(4*x)),x, algorithm="maxima")
[Out] -1/2*arctan(e”(2%x)) + 1/2%e”(2%x)

Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.70

/ e dz = —1 arctan (6(2’”)) + 16(2””)
14 et 2 2

[In] integrate(exp(6%*x)/(1+exp(4#*x)),x, algorithm="giac")
[Out] -1/2%arctan(e”(2*x)) + 1/2%e”(2%*x)
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.70

/ b gy — e’”  atan(e*”)
1+ et 2 2

[In] int(exp(6*x)/(exp(4*x) + 1),x)
[Out] exp(2*x)/2 - atan(exp(2*x))/2
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3.102 [log (2 + 3z?) dx

Optimal result . . . . . . . . . . . . e 445
Rubi [A] (verified) . . . . . . . . . 445]
Mathematica [A] (verified) . . . . . . . . . ... 446
Maple [A] (verified) . . . . . . . . . . 446
Fricas [A] (verification not implemented) . . . . . . . . . ... ... ... 447
Sympy [A] (verification not implemented) . . . . . .. ... ... ... ... 447
Maxima [A] (verification not implemented) . . . . . . . .. ... ... 447
Giac [A] (verification not implemented) . . . . . . .. ... .. ... L. 448
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 448

Optimal result

Integrand size = 8, antiderivative size = 33

/log (2+32%) do = -2z + 2\/garctan (\/§x> + zlog (2 + 32?)

[Out] -2*x+x*1n(3*x~2+2)+2/3*arctan(1/2xx*x6~(1/2))*6~(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, rﬁ%ﬂ%‘;gl?(fl 1;1i1zlgs = 0.375, Rules used = {2498,
327, 209}

/log (2 + 3x2) dr = 2\/garctan (\/gx> + z log (3%2 + 2) — 2z

[In] Int([Logl[2 + 3*x~2],x]
[Out] -2*x + 2*Sqrt[2/3]*ArcTan[Sqrt[3/2]*x] + x*Log[2 + 3*x~2]
Rule 209

Int[((a) + (b_.)*(x_)~2)~(-1), x_Symboll :> Simp[(1/(Rt[a, 2]1#Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 0])

Rule 327

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + 1)*((a + b*x™n)~(p + 1)/(bx(m + n¥p + 1))), x] - Dist[
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axc™nx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2498

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)], x_Symbol] :> Simp[x*Loglc*(d
+ exx™n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, 4,
e, n, p}, xJ

Rubi steps
72
integral = zlog (2 + 32°) — 6/ 5T 32 dz
1
= —2z + x log (2—|—3$2) -|—4/ 21 322 dx

2
= 27+ 2\/;arctan <\/gx> + zlog (2 + 32?)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00

/log (2+32%) do = —22 + 2\/garctan (\/gx> + zlog (2 + 32?)

[In] Integrate[Log[2 + 3*x~2],x]
[Out] -2*x + 2*Sqrt[2/3]*ArcTan[Sqrt[3/2]*x] + x*xLog[2 + 3*x~2]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.82

method | result size
default | —2z + zln (32 +2) + Qamtang%a)\/é 27
risch | —2z+zln(32? +2) + 2”“&‘“&%6)% 27
parts -2z + zln (32 + 2) + Qamtang%ﬁ%/é 27

[In] int(1n(3*x~2+2),x,method=_RETURNVERBOSE)
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[Out] -2*x+x*1n(3*x~2+2)+2/3*arctan(1/2xx*x6~(1/2))*6~(1/2)

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.97

1
/log (2 + 3;c2) dx = ; v3V2arctan (5 \/g\/ﬁx) + z log (3 z2 4+ 2) -2z

[In] integrate(log(3*x~2+2),x, algorithm="fricas")
[Out] 2/3*sqrt(3)*sqrt(2)*arctan(1/2*sqrt(3)*sqrt(2)*x) + x*log(3*x~2 + 2) - 2*x

Sympy [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.94

24/6 atan <@)
/log (2—|—3a:2) dr = xlog (3x2+2) — 2z + 3

[In] integrate(1ln(3*x**2+2),x)
[Out] x*log(3*x**2 + 2) - 2%x + 2*sqrt(6)*atan(sqrt(6)*x/2)/3

Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.79

2 1
/log (2+ 32°%) dz = zlog (32% + 2) +§\/éarctan (5 \/éx) —2z

[In] integrate(log(3*x~2+2),x, algorithm="maxima")
[Out] x*log(3*x~2 + 2) + 2/3xsqrt(6)*arctan(1/2*sqrt(6)*x) - 2*x
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Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.79

2 1
/log (2—|—3x2) dr = xlog (3x2+2) —|—§\/6arctan (5 \/63:) -2z

[In] integrate(log(3*x~2+2),x, algorithm="giac")
[Out] x*log(3*x~2 + 2) + 2/3*sqrt(6)*arctan(1l/2*sqrt(6)*x) - 2%x

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.79

2\/§atan<@)
/log(2+3:c2) dr = 3 —2x—|—xln(3z2—|—2)

[In] int(log(3*x~2 + 2),x)
[Out] (2%6~(1/2)*atan((67(1/2)*x)/2))/3 - 2*x + x*log(3*x~2 + 2)



3.103 | s dr

Optimal result . . ... ... .........
Rubi [A] (verified) . .. ... ... ... ...
Mathematica [A] (verified) . . . . . . . .. ..
Maple [A] (verified) . . . . . . ... ... ...
Fricas [A] (verification not implemented) . . .
Sympy [A] (verification not implemented) . .
Maxima [A] (verification not implemented) . .
Giac [A] (verification not implemented) . . . .
Mupad [B] (verification not implemented) . .

Optimal result

Integrand size = 20, antiderivative size = 21

449

/ = dz =
rv—a? + 2Hr?

[Out] x/r/(2xH*r"2-a~2)"(1/2)

Rubi [A] (verified)

T
rv—a? + 2Hr?

Time = 0.01 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1,

/ 1 dz
= + 2H?

[In] Int[1/(r*Sqrt[-a~2 + 2xH*r~2]),x]
[Out] x/(r*Sqrt[-a~2 + 2*H*r~2])
Rule 8

number of rules _ () 050, Rules used = {8}

integrand size

X
T VRH - &

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

integral =

X

rv/—a 1 2Hr?



Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

/ 1 z
dxr =
rv—a?+ 2Hr? rv—a?+ 2Hr?

[In] Integrate[1/(r*Sqrt[-a~2 + 2xHxr"2]),x]

[Out] x/(r*Sqrt[-a~2 + 2*H*r~2])

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.95

method result size
default M/#Ta? 20
norman T\/#TGQ 20
parallelrisch N#Ta? 20

[In] int(1/r/(2%H*r"2-a~2)~(1/2),x,method=_RETURNVERBOSE)

[Out] x/r/(2xH*r"2-a~2)~(1/2)

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.48

V2Hr? —a?z

/ = dz
rv—a? +2Hr?

[In] integrate(1/r/(2xH*r~2-a~2)~(1/2),x, algorithm="fricas")

2Hr3 —a?r

[Out] sqrt(2*H*r"2 - a~2)*x/(2*H*r"3 - a~2%r)

450
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.71

1 T
d.’L‘ = —-—
/ rv/—a? + 2Hr? rv/2Hr? — a2

[In] integrate(1/r/(2xHxr**2-a**2)**(1/2),x)
[Out] x/(r*sqrt(2xH*r*x2 - ax*2))

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

1 z
dw = -
/ rv—a? +2Hr? V2 Hr? —a’r

[In] integrate(1/r/(2xH*xr~2-a~2)~(1/2),x, algorithm="maxima")
[Out] x/(sqrt(2*H*r"2 - a~2)*r)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

1 z
dw = -
/ rv—a? + 2Hr? V2 Hr? —a’r

[In] integrate(1/r/(2xH*r~2-a~2)~(1/2),x, algorithm="giac")
[Out] x/(sqrt(2xH*r"2 - a~2)*r)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

1 x
dr =
/r\/—a2+2HT2 rv2Hr?2— a?

[In] int(1/(r*(2xH*r"2 - a~2)~(1/2)),x)
[Out] x/(r*x(2xH*xr~2 - a~2)~(1/2))



3.104 f r\/—a2—1e2-|-2Hr2 dz

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . ... L Lo
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .....
Sympy [A] (verification not implemented) . . . ... ... ... . ... ... ...,
Maxima [A] (verification not implemented) . . . . . . . . .. ... ...
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ......

Optimal result

Integrand size = 25, antiderivative size = 26

/ 1 do — z
rv—a? — e+ 2Hr? rv—a? — e? + 2Hr?

[Out] x/r/(2xH*xr~2-a~2-e¢~2)"(1/2)

Rubi [A] (verified)

452

Time = 0.02 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 1, number of rules _ 0.040, Rules used = {8}

integrand size

/ 1 d T
xTr =
rv—a2 —e2 + 2Hr? rv/—a? — e2 + 2Hr?

[In] Int[1/(r*Sqrt[-a”2 - €72 + 2xHxr"2]),x]
[Out] x/(r*Sqrt[-a~2 - €72 + 2xH*r"2])

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
x
rv—a2 —e2 + 2Hr?

integral =




Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

/ 1 d z
T =
rv—a? — e+ 2Hr? rv—a? — e? + 2Hr?

[In] Integrate[1/(r*Sqrt[-a~2 - e~2 + 2*H*r~2]),x]
[Out] x/(r*Sqrt[-a~2 - e2 + 2xH*r"2])

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.96

method result size
deﬁuﬂt ;Zﬁﬁ%%iiiﬁ 25
norman ;Vﬁ?ﬁ%jfiﬁ 25
parallelrisch NWW 25

[In] int(1/r/(2*#H*r"2-a~2-e~2)~(1/2),x,method=_RETURNVERBOSE)
[Out] x/r/(2*H*r"2-a~2-e72)~(1/2)

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.54

/ 1 dp — V2H”r? — a2 — e2x
rv—a? — e +2Hr?  2Hr3—(a?+e?)r

[In] integrate(1/r/(2xH*r~2-a~2-e72)~(1/2),x, algorithm="fricas")
[Out] sqrt(2*H*r"2 - a2 - e~2)*x/(2xH*xr~3 - (2”2 + e72)*r)

453
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.73

/ 1 d z
Tr =
rvV—a? —e? + 2Hr? rv2Hr? — a? — €2

[In] integrate(1/r/(2xHxr*x2-a*x2-e**2)**(1/2),x)
[Out] x/(r*sqrt(2xHxr**2 — a*x*2 - e*xx*2))

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

/ 1 d z
Tr =
rv—a? — e+ 2Hr? V2 Hr? —a? — e?r

[In] integrate(1/r/(2xH*xr~2-a"2-e~2)~(1/2),x, algorithm="maxima")

[Out] x/(sqrt(2xH*r"2 - a”2 - e~2)*r)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

/ 1 d z
Tr =
rv—a? — e+ 2Hr? V2 Hr? —a? — e?r

[In] integrate(1/r/(2xH*r~2-a"2-e~2)~(1/2),x, algorithm="giac")
[Out] x/(sqrt(2xH*r"2 - a”2 - e~2)*r)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

/ 1 d T
T =
rv—a? —e2 + 2Hr? rv/—a?2—e2+2Hr?

[In] int(1/(r*x(2*H*xr"2 - a~2 - €~2)"(1/2)),x)
[Out] x/(r*x(2xH*r"2 - a~2 - e72)°(1/2))



3.105 f T\/—CL2+2}{T2—2KT4 dz

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . . .
Mathematica [A] (verified)
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .......
Sympy [A] (verification not implemented)

Maxima [A] (verification not implemented)
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L.
Mupad [B] (verification not implemented)

Optimal result

Integrand size = 26, antiderivative size = 27

1 T
dr =
/r\/—a2+2Hr2—2Kr4 rv—a? + 2Hr? — 2Kr4

[Out] x/r/(-2*K*r~4+2xH*r~2-a~2)~(1/2)

Rubi [A] (verified)

455

Time = 0.02 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 1, number of rules _ 0.038, Rules used = {8}

integrand size

1 T
dz =
/r\/—a2+2Hr2—2Kr4 rv—a? + 2Hr?2 — 2Kr4

[In] Int[1/(r*Sqrt[-a~2 + 2*H*r"2 - 2%K*r~4]) ,x]
[Out] x/(r*Sqrt[-a~2 + 2*%H*r~2 - 2%K*r~4])
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
x

integral =
& rv—a? + 2Hr? — 2Kr4




Mathematica [A] (verified)

456

Time = 0.00 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00

T

1
dz
/ rv—a2 + 2Hr?2 — 2Kr4

- rv—a? + 2Hr? — 2Kr4

[In] Integrate[1/(r*Sqrt[-a~2 + 2¥H*r~2 - 2*K*r~4]),x]

[Out] x/(r*Sqrt[-a~2 + 2*%H*r~2 - 2*K*r~4])

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.96

method

result

size

default

norman

parallelrisch

x
rvV—2K ri4+2H r2—qa?2

x
rvV—2K ri4+2H r2—q?2

z
rv/—2K rf+2H r2—q?

26
26
26

[In] int(1/r/(-2%Kxr~4+2*H*r~2-a~2)~(1/2),x,method=_RETURNVERBOSE)

[Out] x/r/(-2*xK*xr~4+2xH*xr~2-a~2) " (1/2)

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.59

_\/—2K7“4—|—2Hr2 — a’x

1
/ rv—a? + 2Hr? — 2Kr4

2Kr5 —2Hr3+a?r

[In] integrate(1/r/(-2*K*r~4+2xH*r~2-a~2)~(1/2),x, algorithm="fricas")

[Out] -sqrt(-2*K*r~4 + 2xH*r~2 - a~2)*x/(2*Kxr~5 - 2%H*xr~3 + a~2%r)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.81

1 z
dx =
/r\/—a2+2Hr2—2Kr4 rv2Hr? — 2Kr* — a2

[In] integrate(1/r/(-2*K*r**4+2xHxrx*2-ax*2)*x(1/2),x)
[Out] x/(r*sqrt(2xH*r**2 — 2%K¥r**4 - a*x2))

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.93

1 z
dx =
/r\/—a2+2Hr2—2Kr4 V—2Kr*+2Hr? —a’r

[In] integrate(1/r/(-2*K*r~4+2+H*r"2-a~2)~(1/2),x, algorithm="maxima")
[Out] x/(sqrt(-2#K+r~4 + 2xH*r"2 - a~2)*r)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.93

1 z
dx =
/r\/—a2+2Hr2—2Kr4 V—2Kr*+2Hr? —a’r

[In] integrate(1/r/(-2*K*r~4+2xH*r"2-a~2)~(1/2),x, algorithm="giac")
[Out] x/(sqrt(-2#K+*r~4 + 2xH*r~2 - a~2)*r)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.93

1 T
dx =
/r\/—a2—|—2Hr2—2Kr4 rv/—a2—2Krt+2Hr?

[In] int(1/(r*(2xH*r~2 - 2xKxr~4 - a~2)~(1/2)),x)
[Out] x/(r*x(2xH*xr~2 - 2%K+r~4 - a~2)~(1/2))



3.106 f r\/—a2—e2-|—12Hr2—2K7'4 dz

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . ... L Lo
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .....
Sympy [A] (verification not implemented) . . . ... ... ... ... .......
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... ..
Giac [A] (verification not implemented) . . . . . . . .. ... ... L.
Mupad [B] (verification not implemented) . . . .. ... .. ... ... .......

Optimal result

Integrand size = 31, antiderivative size = 32

1 T
dx =
/r\/—a2—62+2Hr2—2Kr4 rv—a? —e2 + 2Hr? — 2Kr4

[Out] x/r/(-2%K*r~4+2xH*r"2-a"2-e72)~(1/2)

Rubi [A] (verified)

458

Time = 0.02 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 1, number of rules _ 0.032, Rules used = {8}

integrand size

1 T
dr =
/T\/—a2—€2+2H7‘2—2K7‘4 rv—a? —e2 + 2Hr? — 2Krt

[In] Int[1/(r*Sqrt[-a”2 - e”2 + 2xHxr~2 - 2xKxr~4]),x]
[Out] x/(r*Sqrt[-a~2 - e™2 + 2%H*r"2 - 2xK*r~4])
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
x
rv—a? —e?2 +2Hr?2 — 2Kr4

integral =
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Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00

1 T
dr =
/r\/—a2—62+2Hr2—2K7'4 rv/—a? —e2 + 2Hr? — 2Kr4

[In] Integrate[1/(r*Sqrt[-a”2 - €72 + 2*H*r~2 - 2*K*r~4]),x]
[Out] x/(r*Sqrt[-a~2 - e™2 + 2%H*r"2 - 2xK*r~4])

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.97

method result size
default rv—2K r4+;H r2—ag2—e? 31
horman rv—2K r4+;H r2—qg2—e? 31
parallelrisch | ————rtrmr—0— | 31

[In] int(1/r/(-2xKxr~4+2*H*xr~2-a~2-e~2)~(1/2) ,x,method=_RETURNVERBOSE)
[Out] x/r/(-2*%K*r~4+2*H*r~2-a~2-e72)~(1/2)

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.62

de = —
rv—a? —e? + 2Hr? — 2Kr* N 2Kr5—2Hr3+ (a® + e?)r

/ 1 V—2Krt+2Hr? — a2 — ez

[In] integrate(1/r/(-2*K*r~4+2xH*r"2-a~2-e~2)~(1/2),x, algorithm="fricas")
[Out] -sqrt(-2*K*r~4 + 2xH*r"2 - a~2 - e72)*x/(2*K+xr~5 - 2%Hxr"3 + (2”2 + e~2)*r)



460

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.81

1 z
dx =
/r\/—a2—e2+2Hr2—2Kr4 rv2Hr? — 2Kr* — a? — e?

[In] integrate(1/r/(-2*K*r**4+2xHxr**2-ax*2-ex*2)*x(1/2),x)
[Out] x/(r*sqrt(2xH*r**2 — 2%K¥xr*x*4 — a*x*x2 — ex*2))

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.94

1 T
dx =
/T\/—a2—€2+2HT2—2KT‘4 V—2Krt+2Hr?2 — a2 —e?r

[In] integrate(1/r/(-2*%K*r~4+2xH*r"2-a~2-e~2)~(1/2),x, algorithm="maxima")

[Out] x/(sqrt(-2%K+xr~4 + 2xH*xr"2 - a”2 - e~2)*r)

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.94

1 T
dx =
/T\/—a2—€2+2HT2—2KT‘4 V—2Krt+2Hr?2 —qa?—e?r

[In] integrate(1/r/(-2*K*r~4+2+H*r"2-a~2-e~2)~(1/2),x, algorithm="giac")
[Out] x/(sqrt(-2%K+xr~4 + 2xH*xr"2 - a~2 - e~2)*r)

Mupad [B] (verification not implemented)
Time = 0.00 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.94

1 T
dx =
/r\/—a2—e2—|—2Hr2—2Kr4 rv—a2—e2—2Krt+2Hr?

[In] int(1/(r*(2%H*r"2 - 2%K*r~4 - a2 - ¢72)~(1/2)),x)
[Out] x/(r*x(2xH*r"2 - 2%K*r~4 - a~2 - e~2)~(1/2))



3.107 / r\/_a2_21K7“+2Hr2

Optimal result . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . . ..
Mathematica [A] (verified) . . . . . ... ... .. Lo Lo
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... .....
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ...
Mupad [B] (verification not implemented) . .. .. ... ... ... ......

Optimal result

Integrand size = 24, antiderivative size = 24

1 T
dr =
/ rv—a? — 2Kr + 2Hr? v rv/—a2 —2r(K — Hr)
[Out] x/r/(-a~2-2%r*(-H*r+K))~(1/2)

Rubi [A] (verified)

461

Time = 0.02 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 1, Bumber of rules _ 4 o490 Ryles used = {8}

integrand size

1 x
dz =
/r\/—a2—2Kr+2Hr2 r/—a2 —2r(K — Hr)

[In] Int[1/(r*Sqrt[-a”2 - 2*K*r + 2xH*r~2]),x]
[Out] x/(r*Sqrt[-a~2 - 2*r*(K - Hxr)])

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
x

ry/—a® —2r(K — Hr)

integral =
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Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.04

1 T
dr =
/r\/—a2—2K7‘+2HT2 rv/—a?2 — 2Kr + 2Hr?

[In] Integrate[1/(r*Sqrt[-a~2 - 2xKxr + 2xH*r~2]),x]
[Out] x/(r*Sqrtl[-a~2 - 2*K*xr + 2%H*r~2])

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

method result size
default NWW 24

x
horman r2H r2—2Kr—a? 24

parallelrisch T\/Ww 24

[In] int(1/r/(2xH*r"2-2%K*r-a~2)~(1/2),x, method=_RETURNVERBDSE)
[Out] 1/r/(2%H*xr~2-2%xKxr-a~2)~(1/2)*x

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.71

/ 1 d£_\/2H7“2—a2—2er
rv/—a? — 2Kr + 2Hr2 ~ 2Hr3—a?r —2Kr?

[In] integrate(1/r/(2xH*r~2-2*%K*r-a~2)~(1/2),x, algorithm="fricas")
[Out] sqrt(2xH*r"2 - a~2 - 2xK*r)#*x/(2xH*r"3 - a~2*r - 2%K*xr~2)



463

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.83

1 T
dx =
/T\/—a2—2K7”—|—2H7"2 rv/2Hr?2 — 2Kr — a2

[In] integrate(1/r/(2xHxr*x2-2%K*r-a*x*2)**(1/2),x)
[Out] x/(r*sqrt(2xH*r**x2 — 2xKxr - ax*2))

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

1 T
dx =
/r\/—a2—2Kr+2Hr2 V2Hr? —a?2 —-2Krr

[In] integrate(1/r/(2xH*xr~2-2*K*r-a~2)~(1/2),x, algorithm="maxima")
[Out] x/(sqrt(2*H*r"2 - a2 - 2*K*r)*r)

Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

1 T
dx =
/T\/—aQ—QKr+2Hr2 V2Hr? —a?2—-2Krr

[In] integrate(1/r/(2xHxr~2-2*K*r-a~2)~(1/2),x, algorithm="giac")
[Out] x/(sqrt(2*H*r"2 - a2 - 2*K*r)x*r)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

1 T
dx =
/r\/—a2—2K'r+2Hr2 rv—a2+2Hr2—-2Kr

[In] int(1/(r*(2xH*r~2 - 2xKxr - a~2)~(1/2)),x)
[Out] x/(r*x(2xH*xr~2 - 2%K*r - a~2)~(1/2))



1

3.108 f rv—a?—e2—2Kr+2Hr?

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . ... L Lo
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .....
Sympy [A] (verification not implemented) . . . ... ... ... ... .......
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... ..
Giac [A] (verification not implemented) . . . . . . . .. ... ... L.
Mupad [B] (verification not implemented) . . . .. ... .. ... ... .......

Optimal result

Integrand size = 29, antiderivative size = 29

1
/ dr = v
rv—a? — e — 2Kr + 2Hr? r/—a2 —e2 —2r(K — Hr)
[Out] x/r/(2%H*r 2-2*xKxr-a~2-e~2)~(1/2)

Rubi [A] (verified)

464

464
404
465
465
4695
460
466
460
466

Time = 0.03 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 1, Bumber of rules _ 434 Ryjes used = {8}

integrand size

1 x
dx =
/r\/—a2—62—2Kr+2Hr2 r/—a2 —e2 —2r(K — Hr)

[In] Int[1/(r*Sqrt[-a”2 - e72 - 2xKxr + 2xHxr~2]),x]
[Out] x/(r*Sqrt[-a~2 - e"2 - 2*r*(K - H*r)])

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rubi steps
x

r/—a® —e? —2r(K — Hr)

integral =



465

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.03

1 z
dz =
/r\/—az—eQ—QK'r+2H7'2 rv/—a? —e2 — 2Kr + 2Hr?

[In] Integrate[1/(r*Sqrt[-a~2 - e~2 - 2*K*r + 2%H*r~2]),x]
[Out] x/(r*Sqrt[-a”2 - e2 - 2xK+r + 2xHxr~2])

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00

method result size
default ATk | 29
norman ATk | 29
parallelrisch | e | 29

[In] int(1/r/(2xH*r"2-2%K*r-a~2-e¢~2)~(1/2),x ,method=_RETURNVERBOSE)
[Out] x/r/(2%H*r 2-2*%K*xr-a~2-e~2)~(1/2)

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.72

/ 1 dx_\/QHr2—a2—eQ—2K1"z
rv/—a? —e2 —2Kr + 2Hr?2 ~ 2Hr3 —2Kr? — (a2 +e?)r

[In] integrate(1/r/(2xH*xr~2-2*%K*r-a~2-e~2)~(1/2),x, algorithm="fricas")
[Out] sqrt(2xH*r"2 - a”2 - e72 - 2xK*r)*x/(2xH*r"3 - 2%xK+r~2 - (a2 + e72)*r)



466

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.83

1 T
dx =
/r\/—a2—e2—2K7’+2HT2 rv/2Hr2 — 2Kr — a? — e?

[In] integrate(1/r/(2xHxr**2-2xK+r-a*x*2-e**2)**(1/2) ,x)
[Out] x/(r*sqrt(2xH*r**x2 — 2xKxr - ax*2 - e**2))

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.97

1 T
dx =
/r\/—az—eQ—QKr+2Hr2 V2Hr? —a?2—e2—-2Krr

[In] integrate(1/r/(2xHxr~2-2*K*r-a~2-e~2)~(1/2),x, algorithm="maxima")
[Out] x/(sqrt(2*H*r"2 - a”2 - e72 - 2%K*r)x*r)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.97

1 T
dr =
/r\/—a2—62—2Kr+2Hr2 V2H”r2 —a?2—e2—2Krr

[In] integrate(1/r/(2xHxr~2-2*K*r-a~2-e~2)~(1/2),x, algorithm="giac")
[Out] x/(sqrt(2*H*r"2 - a™2 - e~2 - 2%K*r)x*r)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.97

1 T
dx =
/T\/—a2—62—2K’I"—|—2H7"2 rv—a2—e2+2Hr2—2Kr

[In] int(1/(r*(2%xH*r"2 - 2%xK*xr - a~2 - e~2)"(1/2)),x)
[Out] x/(r*x(2xH*r"2 - 2%K*r - a~2 - e72)"(1/2))



3.109 [ —f—sds

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . ... ... L o
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .......
Sympy [A] (verification not implemented) . . . ... ... ... . ... ... ...
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ... L.
Mupad [B] (verification not implemented) . . . . ... ... ... ... .......

Optimal result
Integrand size = 18, antiderivative size = 19

rr

r
dr =
/ v —a? + 2er? v —a? + 2er?

[Out] r*x/(-a~2+2*exp(1)*r~2)~(1/2)

Rubi [A] (verified)

467

467
467
408!
408!
468
469
469
469
469

Time = 0.01 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 1, number of rules _ 0.056, Rules used = {8}

integrand size

r rT
' A=
/ v —a? + 2er? v V2er? — a2

[In] Int([r/Sqrt[-a~2 + 2*E*xr~2],x]

[Out] (r*x)/Sqrt[-a~2 + 2*E*r~2]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
re

v —a? + 2er?

integral =



Mathematica [A] (verified)

468

Time = 0.00 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

r rT
—  dr= —n——
/ v —a? + 2er? v —a? + 2er?

[In] Integrate[r/Sqrt[-a~2 + 2xE*r~2],x]

[Out] (r*x)/Sqrt[-a~2 + 2*E*r~2]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

method result size
deﬁuﬂt 7ij§%i;§ 19
norman \/ﬁ 19
parallelrisch ﬁ 19
[In] int(r/(-a"2+2xexp(1)*r~2)~(1/2),x,method=_RETURNVERBOSE)

[Out] r*x/(-a"2+2*xexp(1)*r~2)~(1/2)

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.95

TT

r
dz
/ v —a? + 2er?

B V2r2e — a?

[In] integrate(r/(-a~2+2*exp(1)*r~2)~(1/2),x, algorithm="fricas")

[Out] r*x/sqrt(2*r~2xe - a~2)



469

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

rr

r
dr =
/ v —a? + 2er? v —a? + 2er?

[In] integrate(r/(-a**2+2%exp(1)*r**2)**(1/2),x)

[Out] r*x/sqrt(-a**2 + 2+Exr**2)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.95

r re
—_— dr = ——
/ v —a? + 2er? V2r2e —a?

[In] integrate(r/(-a~2+2*exp(1)*r~2)~(1/2),x, algorithm="maxima")

[Out] r*x/sqrt(2*r~2xe - a~2)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.95

r re
—_—dr = ——
/ v —a? + 2er? V2r2e —a?

[In] integrate(r/(-a~2+2*exp(1)*r~2)~(1/2),x, algorithm="giac")

[Out] r*x/sqrt(2*r~2xe - a~2)
Mupad [B] (verification not implemented)
Time = 0.00 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.95

rTr

T
dr =
/\/—a2—|—26r2 vV2r2e —a?

[In] int(r/(2*xr~2*exp(1) - a~2)~(1/2),x)
[Out] (r*x)/(2*r~2xexp(1) - a~2)~(1/2)



3.110

r
f VvV —a2—e242er2

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . .. ... L Lo
Maple [A] (verified) . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . . . ... ... ... ... ..
Sympy [A] (verification not implemented) . . . ... ... ... ... .......
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... ..
Giac [A] (verification not implemented) . . . . . . . .. ... ... L.
Mupad [B] (verification not implemented) . . . .. ... .. ... ... .......

Optimal result

Integrand size = 23, antiderivative size = 24

/ T de — TT
V—a? — €% + 2er? vV—a? — e? + 2er?

[Out] r*x/(-a~2-e~2+2*xexp(1)*r~2)~(1/2)

Rubi [A] (verified)

470

Time = 0.01 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 1, number of rules _ 0.043, Rules used = {8}

integrand size

/ r do — X
V—a? — e2 + 2er? V—a? — e2 + 2er?

[In] Int([r/Sqrtl[-a”2 - e”2 + 2xE*r~2],x]

[Out] (r*x)/Sqrt[-a"2 - e~2 + 2*Exr~2]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
re

V—a? — e2 + 2er?

integral =




471

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

/ T d TT
T =
vV—a? — €% + 2er? vV—a? — e? + 2er?

[In] Integratel[r/Sqrt[-a”2 - e™2 + 2*Exr~2],x]
[Out] (r*x)/Sqrt[-a"2 - e”2 + 2*Exr~2]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

method result size
default \/ﬁ 24
norman \/ﬁ 24
parallelrisch ﬁ 24

[In] int(r/(-a"2-e~2+2*exp(1)*r~2)~(1/2),x,method=_RETURNVERBOSE)
[Out] r*x/(-a"2-e"2+2*exp(1)*r~2)~(1/2)

Fricas [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

/ T do — rT
V—a? — e? + 2er? V2r2e —a? — €2

[In] integrate(r/(-a~2-e~2+2xexp(1)*r~2)~(1/2),x, algorithm="fricas")
[Out] r*x/sqrt(2*r~2xe - a~2 - e72)



472

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.83

/ T do — T
V—a? — €% + 2er? V—a? — e? + 2er?

[In] integrate(r/(-a**2-e*x*2+2xexp(1)*r*x2)**(1/2),x)

[Out] r*x/sqrt(-a**x2 - ex*2 + 2*%E*xr**2)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

/ T do — TT
V—a? — e? + 2er? V2r2e —a? — e

[In] integrate(r/(-a~2-e~2+2xexp(1)*r~2)~(1/2),x, algorithm="maxima")

[Out] r*x/sqrt(2*r~2xe - a~2 - e~2)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

/ T do — T
V—a? — e? + 2er? V2r2e —a? — e

[In] integrate(r/(-a~2-e~2+2xexp(1)*r~2)~(1/2),x, algorithm="giac")

[Out] r*x/sqrt(2*r~2xe - a~2 - e72)
Mupad [B] (verification not implemented)
Time = 0.00 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

/ T do — rx
V—a? — e? + 2er? vV—a?—e2+2er?

[In] int(r/(2*r~2*exp(1l) - a”2 - e72)~(1/2),x)
[Out] (r*x)/(2*r~2xexp(l) - a"2 - e~2)~(1/2)



473

ul dx

3.111 f vV —a?42er?—2Kr4

Optimal result . . . . . . . . . . . e 473
Rubi [A] (verified) . . . . . . . . . . 473l
Mathematica [A] (verified) . . . . . . .. ... L L Zye\
Maple [A] (verified) . . . . . . . .. Zye)
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... .. Zye!
Sympy [A] (verification not implemented) . . . ... ... ... . ... ... ... 475
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... ... ... 475
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 475
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 475

Optimal result

Integrand size = 24, antiderivative size = 25

T do — rT
vV—a? + 2er? — 2Kr* vV—a? + 2er? — 2Kr*

[Out] r*x/(-a~2+2*exp(1)*r~2-2%K*r~4)~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00, number

_ __ 1 nhumber of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.042, Rules used = {8}

r dp — rT
V—a? + 2er? — 2Kr4 V—a? — 2Kr* + 2er?

[In] Int([r/Sqrt[-a~2 + 2*Exr~2 - 2*K*xr~4],x]
[Out] (r*x)/Sqrt[-a”2 + 2xE*r~2 - 2xKxr~4]
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
re

vV—a?+ 2er? — 2Kr4

integral =




474

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

T p rT
r =
vV—a? + 2er? — 2Kr* vV—a? + 2er? — 2Kr*

[In] Integratelr/Sqrt[-a~2 + 2*Exr~2 - 2xKxr~4],x]
[Out] (r*x)/Sqrt[-a”2 + 2*E*r~2 - 2xKxr~4]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

method result size
default T +2Teﬁ =7 | 29
norman T +2’Z 5 | 290
parallelrisch \/_a2+2g =577 | 29

[In] int(r/(-a"2+2xexp(1)*r~2-2xK*r~4)~(1/2) ,x,method=_RETURNVERBOSE)
[Out] r*x/(-a"2+2*%exp(1)*r~2-2xKxr~4)~(1/2)

Fricas [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.76

r V—2Krt+2r2e — a?rz

d
\/—a2+2er2—2K7~4 v 2Krt —2r2e+ a?

[In] integrate(r/(-a~2+2%exp(1)*r~2-2*%K*r~4)~(1/2),x, algorithm="fricas")
[Out] -sqrt(-2*K*r~4 + 2*r~2xe - a~2)*r*x/(2*K*r~4 - 2+r~2%e + a~2)



475

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.96

T = rT
vV—a? + 2er? — 2Kr* V—2Kr* — a? + 2er?

[In] integrate(r/(-a**2+2%exp (1) *r**2-2*%K*xrx*4)*x(1/2) ,x)

[Out] r*x/sqrt(-2%Kxr**x4 — ax*2 + 2kExr**x2)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.96

r rr

dx =
vV—a? + 2er? — 2Kr* V—2Kr*+2r2e — a?

[In] integrate(r/(-a~2+2*exp(1)*r~2-2+%K*r~4)~(1/2),x, algorithm="maxima")

[Out] r*x/sqrt(-2*xK*r~4 + 2*r~2%e - a~2)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.96

T rr

dx =
vV—a? + 2er? — 2Kr* V—2Kr*+2r2e — a?

[In] integrate(r/(-a~2+2*exp(1)*r~2-2+%K*r~4)~(1/2),x, algorithm="giac")

[Out] r*x/sqrt(-2*xK*r~4 + 2*r~2%e - a~2)
Mupad [B] (verification not implemented)
Time = 0.00 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.96

r dp — rc
vV—a?+ 2er? — 2Kr4 V—a?2—2Krt+2er?

[In] int(r/(2*r~2*exp(1l) - 2xK*r~4 - a~2)~(1/2),x)
[Out] (r*x)/(2*r~2xexp(1l) - 2*Kxr~4 - a~2)~(1/2)



3.112 f \/—a2—e2-|—r2er2—2K7'4 dz

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . .. ... L Lo
Maple [A] (verified) . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . . . ... ... ... ... ..
Sympy [A] (verification not implemented) . . . ... ... ... ... .......
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... ..
Giac [A] (verification not implemented) . . . . . . . .. ... ... L.
Mupad [B] (verification not implemented) . . . .. ... .. ... ... .......

Optimal result
Integrand size = 29, antiderivative size = 30

T T
dx =
V—a? — e? + 2er? — 2Kr* vV—a? —e?+ 2er? — 2Kr!

[Out] r*x/(-a~2-e~2+2xexp(1)*r~2-2xK*xr~4)~(1/2)

Rubi [A] (verified)

476

40l
476!

47d
478
473
473

Time = 0.01 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 1, number of rules _ 0.034, Rules used = {8}

integrand size

r rT
dr =
vV—a? —e2 4+ 2er2 — 2Krt V—a? —e2 — 2Kr4 + 2er?

[In] Int([r/Sqrt[-a~2 - e72 + 2*E*r~2 - 2xK*r~4],x]
[Out] (r*x)/Sqrt[-a”2 - e”2 + 2*Exr~2 - 2*K*xr~4]
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
re
vV—a? — €2 + 2er? — 2Kr*

integral =




477

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00

T T
dz =
V—a? — e? + 2er? — 2Kr* vV—a? —e?+ 2er? — 2Kt

[In] Integratelr/Sqrt[-a~2 - e72 + 2*Exr~2 - 2xKxr~4],x]
[Out] (r*x)/Sqrt[-a”"2 - e”2 + 2*%Exr~2 - 2*K*xr~4]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00

method result size
default et | 30
norman s ama | 0
parallelrisch | ———-"——7 | 30

[In] int(r/(-a"2-e~2+2*exp(1)*r~2-2xK*r~4)~(1/2),x,method=_RETURNVERBOSE)
[Out] r*x/(-a"2-e"2+2*exp(1)*r~2-2xKxr~4)~(1/2)

Fricas [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.73

r V=2Kr*+2r2 —a? —e3rz

d
\/—0,2—62+267'2—2K7'4 x 2K7'4—2T'2€+O/2+€2

[In] integrate(r/(-a"2-e~2+2%exp(1)*r~2-2*K*r~4)~(1/2),x, algorithm="fricas")
[Out] -sqrt(-2*K*r~4 + 2*r~2xe - a~2 - e~ 2)*r*x/(2xK+*r~4 - 2*xr~2%e + a”2 + e72)



478

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.90

T rr

dx =
vV—a? —e?+2er? — 2Krt vV—2Krt —a? — e2 + 2er?

[In] integrate(r/(-a**2-e**2+2%exp (1) *r**2-2*K*xr**4)*x(1/2) ,x)

[Out] r*x/sqrt(-2%Kxr**4 — a*x*2 — e**x2 + 2xExrx*2)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.97
T T
dzr =
V—a? — e? + 2er? — 2Kr* V—2Krt+2r2 —a? — €2

[In] integrate(r/(-a~2-e~2+2xexp(1)*r~2-2xKxr~4)~(1/2),x, algorithm="maxima")

[Out] r*x/sqrt(-2*K*r~4 + 2*r~2%e - a"2 - e72)

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.97
T T
dzr =
V—a? — e? + 2er? — 2Kr* V—2Krt+2r2 —a? — €2

[In] integrate(r/(-a~2-e~2+2xexp(1)*r~2-2*K*r~4)~(1/2),x, algorithm="giac")

[Out] r*x/sqrt(-2*xK*r~4 + 2*r~2%e - a"2 - e72)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.97

r rx

dx =
vV—a? —e2? + 2er? — 2Kr4 V—a?2—e2—2Krt+2er?

[In] int(r/(2*r~2*exp(1l) - 2xK*r~4 - a~2 - e72)7(1/2),x)
[Out] (r*x)/(2*r~2xexp(1l) - 2*K*r~4 - a2 - e72)7(1/2)



479

r

3.113 f V—a?—e?—2Kr+2Hr?

Optimal result . . . . . . . . . . . e 479
Rubi [A] (verified) . . . . . . . . . . 479
Mathematica [A] (verified) . . . . . . ... ... L o 4300
Maple [A] (verified) . . . . . . ... L 4300
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ....... A0
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ..., [48T]
Maxima [A] (verification not implemented) . . . . . . . . . ... ... 48Tl
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L. 48T
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... 48T]

Optimal result

Integrand size = 27, antiderivative size = 27

T T
dz =
vV—a?— e —2Kr + 2Hr? \/—a?—e?—2r(K — Hr)

[Out] r*x/(2%H*r 2-2%K*xr-a~2-e¢~2)~(1/2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Bumber of rules _ 4 437 Ryjes ysed = {8}
integrand size

r rT
dx =
vV—a?—e?—2Kr + 2Hr? \/—a?—e?—2r(K — Hr)

[In] Int[r/Sqrt[-a”2 - €72 - 2xK+r + 2xHxr~2],x]
[Out] (r*x)/Sqrt[-a"2 - €72 - 2xrx(K - Hxr)]
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
re
\/—a?—e2 —2r(K — Hr)

integral =



Mathematica [A] (verified)
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Time = 0.00 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.04

r

dz
vV—a?—e2—2Kr + 2Hr?

rr

vV—a? —e2—2Kr + 2Hr?

[In] Integratelr/Sqrt[-a~2 - e72 - 2xKxr + 2xHxr~2],x]
[Out] (r*x)/Sqrt[-a”"2 - e"2 - 2*%Kxr + 2*H*r~2]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00

method result size
default Arr o | 27
morman | i 27
parallelrisch N — | 27

[In] int(r/(2xH*r"2-2xKxr-a~2-e~2)~(1/2),x,method=_RETURNVERBOSE)

[Out] r*x/(2*%H*r 2-2*%K*r-a~2-e¢~2)~(1/2)

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.96

r

dx
vV—a?—e2—2Kr + 2Hr?

rT

- V2Hr2 —a?2—e2—2Kr

[In] integrate(r/(2*H*r~2-2+#K*r-a~2-e~2)~(1/2),x, algorithm="fricas")

[Out] r*x/sqrt(2*H*r"2 - a~2 - e72 - 2xKxr)
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Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.89

T re

dx =
vV—a? —e? —2Kr + 2Hr? V2Hr? —2Kr — a? — €2

[In] integrate(r/(2*H*r**2-2xKxr-a*x*x2-e*x2)**(1/2) ,x)

[Out] r*x/sqrt(2*%H*r**2 — 2%K*r — a*x*2 - ex*2)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.96
r T

dr =
vV—a?—e2—2Kr+ 2Hr? V2Hr2 —a?2—e2—2Kr

[In] integrate(r/(2*H*r~2-2+#K*r-a~2-e~2)~(1/2),x, algorithm="maxima")

[Out] r*x/sqrt(2+H*r~2 - a~2 - e”2 - 2xKxr)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.96
T rT
dr =
V—a?—e2—2Kr+ 2Hr? V2Hr2 —a?2—e2—2Kr

[In] integrate(r/(2*H*r~2-2+#K*r-a~2-e~2)~(1/2),x, algorithm="giac")

[Out] r*x/sqrt(2*H*r~2 - a~2 - e”2 - 2xKxr)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.96

T rx

dx =
vV—a? —e2 —2Kr+ 2Hr? V—a?2—-e2+2Hr2—-2Kr

[In] int(r/(2xH*r~2 - 2#%K*r - a~2 - e72)~(1/2),x)
[Out] (r*x)/(2xH*r"2 - 2%K*r - a~2 - e~2)~(1/2)
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4.1 Listing of Grading functions . . . . . . . .. ... ... L oL, 483

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)

(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)

(*
(*

(* ::Subsection:: *)

Small rewrite of logic in main function to make it*)
match Maple's logic. No change in functionality otherwis

(*GradeAntiderivative[result,optimal]*)

(* ::Text:: *)

(*If result and optimal are mathematical expressions, *)

483



484

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];
expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complez*)
If [1leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}

, (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
» (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (*ELSE*) (*result does mnot contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}
1;
finalresult

(* ::Text:: *)
(*The following summarizes the type number assigned an *)

Result,leafCor

leaf count i

f optimal. $":

al. Order "<>




(*expression based on the functions it involves*)
(*¥1 = rational function*)

(¥2 = algebraic function*)

(*¥3 = elementary function*)

(%4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(*7 = rootsum function*)

(*¥8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType[expn[[1]]],
If [Head[expn[[2]]]===Rational,
If[IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]1],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],71]1,
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
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Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
},func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);




#
#
#
#
#
#
#
#

IIFII

IICII
"BII
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#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=", ExpnType
fi;

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

if ExpnType_result<=ExpnType_optimal then

if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non s

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",

rsion issues

. optimal);

af count of




convert (leaf_count_optimal,string)," ) = ",con

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
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print("result do not contain complex, this assumes optimal do

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;

return "B",cat("Leaf count of result is larger than twice the lea
convert(leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver

fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal. Or

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

vert (2*leaf_c

not as well")

f count of op

t (2+leaf_coun

der ",
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The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

ExpnType := proc(expn)

if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest(expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
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9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriciF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False
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except AttributeError as error:
return False

def expnType(expn):

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)), maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, 1list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:

,ezpn) ), Expn Ty

x')

ist,expn]],7]],
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

grade_annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth’,'arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question /49179 /what—is—sagemath—equivalent—to—atomic—t;
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1list: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #mazx(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn.
Add) or isinst

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

>sult is larger th

1. "+str(leaf ¢

xpnType_ resul
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	Mupad [B] (verification not implemented)

	 1  x (1+^2(x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 x ((x)+(x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^-x (e^x+x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (1+e^x)^2 x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 x (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 x (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 x ^2(x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (x) (1+^3(x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  x (1+^2(x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  1-x^2 (1+(x)^2)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (x)  (x)+(x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 -A^2+B^2 (1-y^2)  1-y^2  dy
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 

	 (-A^2-B^2) ^2(z)  B (1-(A^2+B^2) ^2(z)  B^2)  dz
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 -A^2-B^2  B (1+w^2)^2 (1-(A^2+B^2) w^2  B^2 (1+w^2))  dw
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 -B (A^2+B^2)  (1+w^2) (B^2-A^2 w^2)  dw
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 x^4  (1-x^2)^5/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^4(y)  dy
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 z^4  1+z^2  dz
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^x^2 (1+2 x^2)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^x^2 (1+4 x^2+x^3+5 x^4+2 x^6)  (1+x^2)^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^-1-x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (1  x+x) (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 x  1+x^4  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 x^5  1+x^4  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  1+^2(x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 x^4  (1-x^2)^5/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 -x^2  (1-x^2)^3/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^x (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (2 t)  1+^2(t)+3 (t)  dt
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1+x^2  x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 x  5+2 x+x^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (x) ^2(x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^x  1+e^x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^2 x  1+e^x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  1-(x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(x) (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 x (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (x) (x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1+x  2 x-x^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 2 e^x  2+3 e^2 x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 x^4  (1-x^2)^5/2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^6 x  1+e^4 x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (2+3 x^2)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  r -a^2+2 H r^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  r -a^2-e^2+2 H r^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  r -a^2+2 H r^2-2 K r^4  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  r -a^2-e^2+2 H r^2-2 K r^4  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  r -a^2-2 K r+2 H r^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  r -a^2-e^2-2 K r+2 H r^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 r  -a^2+2 e r^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 r  -a^2-e^2+2 e r^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 r  -a^2+2 e r^2-2 K r^4  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 r  -a^2-e^2+2 e r^2-2 K r^4  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 r  -a^2-e^2-2 K r+2 H r^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
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