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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
49 |. This is test number [ 159 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (49 ) | 0.00 (0)

Mathematica | 100.00 (49 ) | 0.00 (0 )
Maple 73.47 (36) | 26.53 (13)
Fricas 55.10 (27) | 44.90 ( 22)
Giac 51.02 (25 ) | 48.98 ( 24)
Maxima | 30.61 (15) | 69.39 ( 34)
Mupad | 24.49 (12) | 75.51 (37)
Sympy | 24.49 (12) | 75.51 (37)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 77.551 10.204 12.245 0.000
Maple 65.306 8.163 0.000 26.531
Fricas 44.898 10.204 0.000 44.898
Maxima, 28.571 2.041 0.000 69.388
Giac 24.490 26.531 0.000 48.980
Sympy 8.163 0.000 16.327 75.510
Mupad 0.000 24.490 0.000 75.510

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.



System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Maple 13 100.00 0.00 0.00
Fricas 22 90.91 0.00 9.09
Giac 24 91.67 0.00 8.33
Maxima, 34 100.00 0.00 0.00
Mupad 37 0.00 100.00 0.00
Sympy 37 94.59 5.41 0.00

Table 1.4: Faijlure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.



System Mean time (sec)
Rubi 0.11

Maxima 0.22

Fricas 0.28

Giac 0.31
Mathematica 0.52

Mupad 0.92

Maple 0.93

Sympy 12.51

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 41.50 0.91 40.00 0.92
Maxima 50.80 1.20 52.00 1.14
Sympy 67.67 1.56 56.00 1.67
Fricas 121.11 1.34 51.00 0.83
Rubi 124.59 1.00 79.00 1.00
Giac 155.00 1.80 81.00 1.75
Mathematica | 170.96 1.50 99.00 1.11
Maple 217.97 1.61 138.50 1.60

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps

Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.

100
80
60
40
20

% solved

100
80
60
40
20

% solved

100
80
60
40
20

% solved

Rubi

Mma

% solved

100
80
60

% solved

25

% solved

25

20¢

40
20t
O E
10 15 20 25 5 10 15 20
Rubi number of steps Rubi number of steps
Fricas Giac
N 100f oo .
80F 4
L] ° L]
£ 60f
o o S . o
40
X
o 20F o
ee o oo . OF oo o oo .
10 15 20 25 5 10 15 20
Rubi number of steps Rubi number of steps
Sympy Mupad
100
80F
el
£ 60} °
S o o
@ 40t
x

10 15 20 25
Rubi number of steps

Rubi number of steps

25

100}
80}
60}
40}
20}

5 10 15 20
Rubi number of steps

Maxima

25

100f
80f
60f
40f
20t

5 10 15 20
Rubi number of steps

Figure 1.2: Solving statistics per number of Rubi steps used

25

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {27,[28|[33}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

[ Mathematica script + grading +verification ]4>
[ Rubi script + grading + verification POST

PROCESSOR
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[ Python script to run sympy + grading ]—’@—’
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High level overview of the CAS
independent integration test
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build system

One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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CHAPTER 2

DETAILED SUMMARY TABLES OF
RESULTS

2.1 List of integrals sorted by grade for each CAS . . . . .. ... ... ... ...
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2.1 List of integrals sorted by grade for each

CAS
Rubi . . . . e e
Mma . . . . e e 27
Maple . . . . . e e e 23]
Fricas . . . . . . e e e e e 23
Maxima . . . . . . . e e e e e
Giac . . . e
Mupad . . . . . . e e 24
SYMPY . . o o o e e e e e e e e e 24

Rubi

A grade { (112,34 516, 75119, 0L 1,2} 3} 4. 13} 6
128|291 30} 31 321 33, B4 35, 6, 571 B8} 9L 40} A1, (2, 43, 4] 4,46 A7 [Asl 49 }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[}2B/AREMNEHOI
50) 57 1] 42,5 4 ] 40, T S 1 )

B grade {[13,32,38,3%,140 }

C grade {[16][21)[23[24,[25[26] }
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }



23

Maple

A grade {[2,3[45[6}[7,8) 9} [10} 11} [12} [13} 14} 15} 16, [17} 18} 19} [20} 21} 23} 27} [28) [29} 30} 32} 33
[B4[35,38} 40,49 }

B grade {[22]24}[25][26] }

C grade { }

P normal fail { [}5156, 575012 3 5y 6,8 )
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { 23,4 [5}[7}[8}[9}[L0} L1} [14 [L5, [17, [I&} [19} [20} [24} [25} 26} (45} (46} (47} 4] }

B grade {[L3,[21}[23,38,[39 }

C grade { }

F normal fail {[I}6,[I2[22 27,28 [29,[30,31} 32, 33} 34} 35} 36} 37} (41} |42} [43} (44, 49] }
F(-1) timedout fail { }

F(-2) exception fail {[16][40]}

Maxima

A grade {[2,3,[4[5}[7,[9}[10}[T1}[13}[14},[T5, 21} 38}[39 }
B grade {[§}
C grade { }

F normal fail {[16T216/7T8
(57} 0, 1, 2 43 4 5, 0] A7 s 0

F(-1) timedout fail { }
F(-2) exception fail { }

I
(0.9)
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Giac

A grade {[7[8}[9}[10}[L1}[14[T5}[20}[23} 39} (45, [49] }

B grade { B35, 3015 DELZEE05 )

C grade { }

F normal fail { [1}[12}[16}[22}28}[29}30} 31} 32,33} (34} [35}[36,[37, 40} [4 1} 42} 43| 44} [46), 47} 48] }

F(-1) timedout fail { }
F(-2) exception fail {[6227 }

Mupad

A grade { }

B grade { (15,0710, L1133 21,55 59/ )
C grade { }

F normal fail { }

F(-1) timedout fail {50,450
52,53, 54) 35,56, 37 12 43, 45,0, 7, S, 19

F(-2) exception fail { }

N
N

3
5

Sympy

A grade {1015}

B grade { }

C grade {[2[3,[45[7 L3[4 }

F normal fail {[1}5,12[T6,17[8,19,20
56,57, [0} 1] 2 13} 1, 5,46, 7 A5 9 )

F(-1) timedout fail {[38,[39}
F(-2) exception fail { }

=
Ne)
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 62 62 56 0 0 0 0 0 58
N.S. 1 1.00  0.90 0.00 0.00 0.00 0.00 0.00 0.94
time (sec) N/A 0.066 0.037 0.000 0.000 0.000 0.000 0.000 0.894

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A C B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 58 58 40 40 66 32 119 152 0

N.S. 1 1.00 0.69  0.69 1.14 0.55 2.05 2.62 0.00
time (sec) N/A 0.014 0.020 0.250 0.189  0.258 63.927 0.292  0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A C B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 47 35 35 52 27 90 116 0

N.S. 1 1.00 0.74 0.74 1.11 0.57 1.91 2.47 0.00

time (sec) N/A 0.013 0.018 0.194 0.191 0.254 19.272 0.287  0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 27 28 38 20 61 80 0
N.S. 1 1.00 0.75 0.78 1.06 0.56 1.69 2.22 0.00
time (sec) N/A 0.009 0.016 0.235 0.195 0.265 5.871 0.283  0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 21 20 12 29 41 20
N.S. 1 1.00 1.00 1.31 1.25 0.75 1.81 2.56 1.25
time (sec) N/A 0.003 0.002 0.233 0.215 0.254 2.010 0.282 1.271
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F(-2) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 56 56 54 105 0 0 0 0 42
N.S. 1 1.00 0.96 1.88 0.00 0.00 0.00 0.00 0.75
time (sec) N/A 0.070 0.039 0.812 0.000  0.000 0.000 0.000 1.056
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 38 32 44 51 21 76 32 28
N.S. 1 1.00 0.84 1.16 1.34 0.55 2.00 0.84 0.74
time (sec) N/A 0.013 0.020 0.250 0.267 0.267 12.862 0.271 0.852
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A C A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 54 54 55 57 80 30 146 59 0
N.S. 1 1.00 1.02 1.06 1.48 0.56 2.70 1.09 0.00
time (sec) N/A 0.014 0.035 0.252 0.270  0.256 42.491 0.271  0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 56 56 42 56 54 39 51 68 0
N.S. 1 1.00 0.75 1.00 0.96 0.70 0.91 1.21 0.00
time (sec) N/A 0.040 0.026 1.767 0.264 0.250 0.178 0.277  0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 47 44 67 46 38 41 48 38
N.S. 1 1.00 0.94 1.43 0.98 0.81 0.87 1.02 0.81
time (sec) N/A 0.021 0.023 1.760 0.266  0.246  0.147 0.276 0.773
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 27 23 26 22 26 23
N.S. 1 1.00 1.00 1.08 0.92 1.04 0.88 1.04 0.92
time (sec) N/A 0.008 0.007 1.744 0.184 0.252 0.135 0.269 0.110
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 59 59 54 125 0 0 0 0 49
N.S. 1 1.00 0.92 2.12 0.00 0.00 0.00 0.00 0.83
time (sec) N/A 0.056 0.033 2.609 0.000  0.000 0.000 0.000 0.773
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 32 32 93 31 52 65 27 61 30
N.S. 1 1.00 2.91 0.97 1.62 2.03 0.84 1.91 0.94
time (sec) N/A 0.023 0.104 0.085 0.198  0.283 1.148 0.284 0.727
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 38 35 33 32 38 51 61 0
N.S. 1 1.00 0.92 0.87 0.84 1.00 1.34 1.61 0.00
time (sec) N/A 0.018 0.020 1.472 0.275  0.272 0.667 0.294 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 60 69 54 64 92 99 80 0
N.S. 1 1.00 1.15 0.90 1.07 1.53 1.65 1.33 0.00
time (sec) N/A 0.033 0.040 1.459 0.285 0.276 1.411 0.273 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 69 69 63 155 0 0 0 0 0
N.S. 1 1.00 091 2.25 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.071 0.062 1.380 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 197 197 174 329 0 151 0 408 0
N.S. 1 1.00 0.88 1.67 0.00 0.77 0.00 2.07 0.00
time (sec) N/A 0.175 0.139 0.385 0.000  0.283 0.000 0.300 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 155 155 149 248 0 129 0 300 0
N.S. 1 1.00 0.96 1.60 0.00 0.83 0.00 1.94 0.00
time (sec) N/A 0.103 0.187 0.312 0.000  0.275 0.000 0.297 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 116 116 129 193 0 117 0 203 0
N.S. 1 1.00 1.11 1.66 0.00 1.01 0.00 1.75 0.00
time (sec) N/A 0.072 0.137 0.314 0.000  0.283 0.000 0.293 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 79 79 110 106 0 102 0 134 0
N.S. 1 1.00 1.39 1.34 0.00 1.29 0.00 1.70 0.00
time (sec) N/A 0.042 0.087 0.319 0.000  0.289 0.000 0.290 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 469 43 55 75 0 81 33
N.S. 1 1.00 13.03 1.19 1.53 2.08 0.00 2.25 0.92
time (sec) N/A 0.021 0.395 0.079 0.190 0.269 0.000 0.299 1.015
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 210 210 375 607 0 0 0 0 0
N.S. 1 1.00 1.79 2.89 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.236 0.353 1.871 0.000  0.000 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 69 69 115 127 0 278 0 96 0
N.S. 1 1.00 1.67 1.84 0.00 4.03 0.00 1.39 0.00
time (sec) N/A 0.073 0.281 0.705 0.000  0.318 0.000 0.311 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 123 123 199 319 0 428 0 217 0
N.S. 1 1.00 1.62 2.59 0.00 3.48 0.00 1.76 0.00
time (sec) N/A 0.150 0.545 0.711 0.000  0.313 0.000 0.353 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 180 180 241 528 0 548 0 450 0
N.S. 1 1.00 1.34 2.93 0.00 3.04 0.00 2.50 0.00
time (sec) N/A 0.234 0.334 0.720 0.000  0.319 0.000 0.366 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 239 239 307 795 0 673 0 841 0
N.S. 1 1.00 1.28 3.33 0.00 2.82 0.00 3.52 0.00
time (sec) N/A 0.328 0.360 0.720 0.000 0.365 0.000 0.374 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F(-2) F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 366 366 453 703 0 0 0 0 0
N.S. 1 1.00 1.24 1.92 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.218 3.950 1.530 0.000  0.000 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 272 272 347 500 0 0 0 0 0
N.S. 1 1.00 1.28 1.84 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.176 4.462 1.421 0.000  0.000 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 145 145 213 212 0 0 0 0 0
N.S. 1 1.00  1.47 1.46 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.099 0.699 0.987 0.000  0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 86 99 150 0 0 0 0 0
N.S. 1 1.00 1.15 1.74 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.051 0.109 0.523 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 324 324 408 0 0 0 0 0 0
N.S. 1 1.00 1.26 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.367 0.289  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 254 254 802 302 0 0 0 0 0
N.S. 1 1.00 3.16 1.19 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.325 2.494 1.638 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 464 464 656 749 0 0 0 0 0
N.S. 1 1.00 1.41 1.61 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.306 7.179  1.487 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 264 264 314 425 0 0 0 0 0
N.S. 1 1.00 1.19 1.61 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.197 0.622 1.246 0.000  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 140 140 162 224 0 0 0 0 0
N.S. 1 1.00 1.16 1.60 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.082 0.087 0.860 0.000  0.000 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 448 448 554 0 0 0 0 0 0
N.S. 1 1.00 1.24 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.445 0.282 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 378 378 289 0 0 0 0 0 0
N.S. 1 1.00 0.76 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.515 0.339 0.000 0.000  0.000 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 48 48 127 54 63 88 0 91 44
N.S. 1 1.00 2.65 1.12 1.31 1.83 0.00 1.90 0.92
time (sec) N/A 0.048 0.137 0.226 0.181 0.276  0.000 0.336 1.188
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F A B F(-1) A B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 48 48 130 0 66 94 0 74 42
N.S. 1 1.00 2.711 0.00 1.38 1.96 0.00 1.54 0.88
time (sec) N/A 0.054 0.197  0.000 0.182 0.305 0.000 0.332 0.894
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F F(-2) F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 85 85 280 188 0 0 0 0 91
N.S. 1 1.00 3.29 2.21 0.00 0.00 0.00 0.00 1.07
time (sec) N/A 0.063 0.418 1.849 0.000  0.000 0.000 0.000 1.448
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 95 95 79 0 0 0 0 0 0
N.S. 1 1.00 0.83 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.095 0.332 0.000 0.000  0.000 0.000 0.000 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 87 87 101 0 0 0 0 0 0
N.S. 1 1.00 1.16 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.080 0.193  0.000 0.000  0.000 0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 87 87 54 0 0 0 0 0 0
N.S. 1 1.00 0.62 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.076  0.072  0.000 0.000  0.000 0.000 0.000 0.000
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 43 43 75 0 0 0 0 0 0
N.S. 1 1.00 1.74 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.042 0.046 0.000 0.000  0.000 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 39 39 33 0 0 23 0 42 0
N.S. 1 1.00 0.85 0.00 0.00 0.59 0.00 1.08 0.00
time (sec) N/A 0.026 0.029 0.000 0.000  0.263 0.000 0.279 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 41 41 30 0 0 32 0 0 0
N.S. 1 1.00 0.73 0.00 0.00 0.78 0.00 0.00 0.00
time (sec) N/A 0.033 0.031  0.000 0.000  0.280 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 84 84 54 0 0 41 0 0 0
N.S. 1 1.00 0.64 0.00 0.00 0.49 0.00 0.00 0.00
time (sec) N/A 0.050 0.105 0.000 0.000  0.295 0.000 0.000 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 81 81 50 0 0 51 0 0 0
N.S. 1 1.00 0.62 0.00 0.00 0.63 0.00 0.00 0.00
time (sec) N/A 0.051 0.117  0.000 0.000  0.307 0.000 0.000 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 69 69 59 167 0 0 0 114 0
N.S. 1 1.00 0.86 2.42 0.00 0.00 0.00 1.65 0.00
time (sec) N/A 0.070 0.059 1.198  0.000  0.000 0.000 0.502 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf
number of rules
integrand size
is, the harder the integral is to solve. In this test file, problem number [34] had the largest

ratio of [1.19999999999999996]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of n(Trma?lize.d integrand umber of rules
7 | grade ic:é); uzﬁ;e antlfa(}r:i/jzlve leaf size integrand leaf size
1 A 7 6 1.00 10 0.600
2 A 4 3 1.00 10 0.300
3 A 4 3 1.00 10 0.300
ul A 4 3 1.00 8 0.375
5! A 3 3 1.00 6 0.500
6 A 7 6 1.00 10 0.600
7 A 5 5 1.00 10 0.500
3 A 6 ) 1.00 10 0.500
9 A 5 4 1.00 10 0.400
10 A 4 4 1.00 8 0.500
11 A 3 3 1.00 6 0.500
12 A 6 6 1.00 10 0.600
13 A ) 5 1.00 10 0.500
14 A 3 3 1.00 10 0.300
15 A 6 6 1.00 10 0.600
16 A 7 6 1.00 10 0.600
17, A 9 8 1.00 10 0.800
18 A 8 7 1.00 10 0.700
19 A 7 6 1.00 10 0.600
20 A 6 6 1.00 8 0.750
21 A ) 5 1.00 6 0.833
22 A 14 8 1.00 10 0.800
23 A 6 6 1.00 10 0.600
24] A 8 8 1.00 10 0.800
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
25 A 9 9 1.00 10 0.900
26 A 10 9 1.00 10 0.900
27 A 20 9 1.00 12 0.750
28 A 17 9 1.00 12 0.750
29 A 11 8 1.00 10 0.800
30 A 8 6 1.00 8 0.750
31 A 17 9 1.00 12 0.750
32 A 12 8 1.00 12 0.667
33 A 25 14 1.00 12 1.167
34 A 16 12 1.00 10 1.200
35 A 10 7 1.00 8 0.875
36 A 20 10 1.00 12 0.833
37} A 14 9 1.00 12 0.750
38 A 6 6 1.00 12 0.500
39) A 6 6 1.00 14 0.429
40 A 7 7 1.00 10 0.700
41 A 6 4 1.00 10 0.400
42 A 6 4 1.00 8 0.500
43 A 5 3 1.00 6 0.500
44 A 6 5 1.00 10 0.500
45 A 3 3 1.00 10 0.300
46 A 5 4 1.00 10 0.400
A7 A 6 4 1.00 10 0.400
48 A 6 4 1.00 10 0.400
49 A 8 8 1.00 19 0.421
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CHAPTER 3

LISTING OF INTEGRALS

31 [El ) gn
32  [ZPesct(Vr)dm ...
33  [ZPescr(VI)dm ...

3.4 Jzese (Vo) dz ...
35  JescM(VEm)dr ...

36 [ET WM ar

S (e
.

38 [ WElan

39  [afesc (&) dm . ...

310 [wescTH(Z)dr ...

311 fesc (&) dz ...

csc™1(2)
3.12 T2 dT . e e e e
f csc xl(ﬂ) v

303 [ Glag .
1(a

304 [T Glar.

csc— (2

305 [ Wdp.

316 [ gy

317  [ztescTMa4br)dr . ..

318  [ZescM(a4br)dr . . ...

319 [zPescM(a4br)dr . ...

320 [zescMa+br)dr . ...

321  [escMa+bz)dr . ...
-1

3.22 [l gn

3.23 [ gp
)

324 [l gn

3.25 [t g



3.26
3.27
3.28
3.29
3.30
3.31
3.32
3.33
3.34
3.35

3.36

3.37
3.38
3.39
3.40
3.41
3.42
3.43

3.44
3.45
3.46
3.47

3.48
3.49

csc (5a+ ) dz

[ z? cgc_l(a +0x)2dT ..
[ z? csc_l(a +0x)2dT ..
[z csc_ Ya4+bx)2dr . . . .. . .
JeseHa+bx)?de . . ..o

—1(;”(’”’)2 dz
1(a+b:c)2 dz

[ 2? csc “Ha+br)ddr .. ...
Jz csc Ya+br)ddr . . .. ..
JeseHa+bz)ddr . ..o

—1(;“””)3 dz
1(a+bw)3 dz

[ =3 csc‘1 (@a+bxt)dz . . .. ..
Sz Hreseta+bz™)dr ..
Jese™(ce™™) dx . oL

f ecsc_l(az)x dx

j‘ecsc_l(az) dx
f ecsc (az) dx

1:
f csczz(az) dm
f csczs(a:c) dg;
f cscx (am) dx

f ecsc (aa:) dw

x5

f csc™ 1 (a+bzx) dz

ad+d
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3.1 [l g,

T
Optimal result . . . . . . . . . . 41l
Rubi [A] (verified) . . . . . . . . .. 41
Mathematica [A] (verified) . . . . . . . . ... L L 13
Maple [F] . . . . o 43l
Fricas [F] . . . . . o o 43l
Sympy [F] . . . 44
Maxima [F] . . . . . . o 44
Giac [F] . . . o o 44
Mupad [B] (verification not implemented) . . . . ... ... ... .. ... ...... 44

Optimal result
Integrand size = 10, antiderivative size = 62
-1 5 1 1 =1
/CSCT(CW) de — EZ csc—l (ax5)2 -z cse! (az®) log <1 _ pRicse (axs))

1 . 2icsc‘1(a15)
+ l_OZ PolyLog (2, e )

[Out] 1/10*xI*arccsc(a*x~5)"2-1/5*arccsc(a*x~5)*1n(1-(I/a/x"5+(1-1/a"2/x710)"(1/2)
)~2)+1/10%I*polylog(2, (I/a/x~5+(1-1/a"2/x~10)~(1/2))"2)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 655 Ryles used = {5327,

' integrand size
4721, 3798, 2221, 2317, 2438}

csc™! (azS) 1. 2icsc™! (az®) 1. -1 5\ 2
/ — dr = 0 PolyLog (2, e ) + giese (az®)

1 Fage—1
- g csct (aq;5) log <1 — p2icsc (aa:5)>

[In] Int[ArcCscla*x"5]/x,x]

[Out] (I/10)*ArcCscl[a*x~5]"2 - (ArcCsc[a*x~5]*Log[l - E~((2*I)*ArcCsc[a*x~5])])/5
+ (I/10)*PolyLog([2, E~((2*I)*ArcCsc[a*x~5])]

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*nxLog[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
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st [d* (m/ (bxf*gxn*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*((F~(g*(e + f*x)
))°n/a)], x]1, x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logl[a + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Log[(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E” (2%I*%k*Pi) * (E~(2%xIx(e + f*x))/(1 + E~(2%I*xk*Pi)*E~(2*xI*(e + f*x)))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4721

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x) nxCot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 5327
Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b

*xArcSin([x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rubi steps

1 -1
integral = gSubst ( / CSCT((M) dx,m,x5)

—(swst aresin (2) gz, L

5 x il

1 —1(, 5
=— gSubst z cot(z) dz, z, csc ™' (az®)

1 52, 2, ey “1( .5
= 102 csc (ax ) + 5zSubst </ [ — oo dz,x,csc (ax )



43

1 ) - 1 - icsc” (ax
= Jgiese l(ax‘r’)z—gcsc 1( )log< g2icse™ ! ( 5))

+ %Subst (/ log (1 2“’) dz,z,csc! (aw5))

— l ; -1 5\2 _ 1 -1 2zcsc l(ax5)
= 102030 (az®) 7 oS (az®) log (1 )

- —zSub t / log(1 — z) A G
10 z

1

_ -1 5)2 1 -1 ( 2wsc 1(ax5)) 1 . < 2icsc_1(ax5))
=— - 1 1— —1 PolyLL 2
10zcsc (ax ) 5 csc ( ) og +1OZ olyLog (2, e

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.90

L = g™ o) (™ () 20 1)
+ PolyLog (27 €2icsc_1(am5)>>

[In] Integrate[ArcCscl[a*x~5]/x,x]

[Out] (I/10)*(ArcCscla*x”5]*(ArcCsc[a*x”5] + (2*I)*Logl[l - E~((2*I)*ArcCsc[a*x"5]
)]) + PolyLogl[2, E~((2+I)*ArcCscla*x~5])])

Maple [F]

X

/ arcesc (a z°) I

[In] int(arccsc(a*x~5)/x,x)

[Out] int(arccsc(a*x”5)/x,x)

Fricas [F]

Z T

-1 5 5
/ csc™t (ax®) dp — / arccsc (az®) i

[In] integrate(arccsc(a*x~5)/x,x, algorithm="fricas")

[Out] integral(arccsc(a*x~5)/x, x)
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Sympy [F]
/csc_1 (azx®) i — / acsc (az®) i

T T

[In] integrate(acsc(a*x**5)/x,x)

[Out] Integral(acsc(a*x**5)/x, x)

Maxima [F]

X

—1 (5 5
/ csc (ax®) dp — / arccsc; (az®) i

[In] integrate(arccsc(a*x~5)/x,x, algorithm="maxima")

[Out] 5*a"2*integrate(sqrt(a*x~5 + 1)*sqrt(a*x~5 - 1)*log(x)/(a"4*x~11 - a~2*x),
x) - BxI*a~2xintegrate(log(x)/(a~4*x"11 - a"2xx), x) + (arctan2(l, sqrt(a*x

“5 + 1)xsqrt(a*x”5 - 1)) + Ixlog(a))*log(x) - 1/2xIxlog(a~2*x~10)*log(x) +
1/2%Ixlog(a*xx~5 + 1)*log(x) + 1/2xIxlog(-a*x~5 + 1)*log(x) + 5/2*I*log(x)~2

+ 1/10*Ixdilog(a*x~5) + 1/10*Ixdilog(-a*x~5)

Giac [F]

-1 5 5
/ csc™t (ax®) dp — / arccsc (az®) i

Z T

[In] integrate(arccsc(a*x”5)/x,x, algorithm="giac")
g g g

[Out] integrate(arccsc(a*x~5)/x, x)

Mupad [B] (verification not implemented)

Time = 0.89 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.94

_ asin<$) 2 1
/ esc! (az%) o _ln (1 e asm(ms)

T 5

10 + 0

= o

_|_

[In] int(asin(1/(a*x"5))/x,x)
[Out] (polylog(2, exp(asin(1/(a*x~5))#*2i))*1i)/10 - (log(l - exp(asin(1/(a*x~5))x*
2i))*asin(1/(a*x~5)))/5 + (asin(1/(a*x~5))~2x1i)/10



45

3.2 [z3csc™t (V) do

Optimal result . . . . . . . . . . . e 5]
Rubi [A] (verified) . . . . . . . . . . 5]
Mathematica [A] (verified) . . . . . . . . ... L 40
Maple [A] (verified) . . . . . . . . . 4
Fricas [A] (verification not implemented) . . . . . . . . . ... ... ... ... .... 47
Sympy [C] (verification not implemented) . . . . .. ... ... ... ... ...... 47
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 48]
Giac [B] (verification not implemented) . . . . . . . . ... .. ... ... 4
Mupad [F(-1)] . . . 19

Optimal result
Integrand size = 10, antiderivative size = 58
v—1 1
/x3 csc (V) dz = % + Z(_l + )32

3 1 1
(=1 5/2 (=1 7/2 — a4 -1
+ 20( +x)%?% + 28( + )%+ 1% osc (V)

[Out] 1/4*(-1+x)~(3/2)+3/20%(-1+x)~(5/2)+1/28*(-1+x)~(7/2)+1/4*x"4*arccsc(x~(1/2)
)+1/4%(-1+x)~(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ 0.300, Rules used = {5379,
integrand size
12, 45}

1 4

/x3 csc! (\/5) dz = ~z*csc! (\/E) + 1 v—1

@= 1)+ o (@=1)+ (o= 1)+ Y

4 28 20

[In] Int[x"3*ArcCsc[Sqrt[x]],x]

[Out] Sqrtl[-1 + x]/4 + (-1 + x)7(3/2)/4 + (3*(-1 + x)7(5/2))/20 + (-1 + x)~(7/2)/
28 + (x"4*ArcCsc[Sqrt[x]])/4

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 45
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Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, 4, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5379

Int[((a_.) + ArcCsclu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
plc + d*x)"(m + 1)*((a + b*ArcCsc[u]l)/(d*(m + 1))), x] + Dist[b*(u/(d*(m +

1)*Sqrt[u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[u
~2 - 11)), x], x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !'Function0fQ[(c + d*x)~"(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rubi steps

1 1 x3
integral = —z*csc™! (V) + = / —dx
gt =4 (Vo) + W—l+tz

1 -
= —g*csct

1 z3
et (V) g [ o
= i-’”‘lcsc_l (V) +%/ <—,%+z+3\/T+:C+3(—1+x)3/2+(—1+:c)5/2) do
Neer

1 1 1
=t é_l(_l + )32 4 %(—1 + )52 4 %(—1 + )%+ Zx‘* csc! (V)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.69

/1'3 csc™t (V) dz = El()v_l + z(16 + 8z + 62° + 5z°) + }lx‘l cse”! (V)

[In] Integrate[x~3*ArcCsc[Sqrt[x]],x]
[Out] (Sqrt[-1 + x]*(16 + 8*x + 6%x~2 + 5*xx73))/140 + (x"4*ArcCsc[Sqrt([x]])/4



47

Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.69

method result size
4ar =1 /z (52°+622+82+16
parts d aCCZC(ﬁ) 4 VE Vel T ) | 40
derivativedivides | Z-2reec(ve) + (o=1) (b2’ 67 +B2+16) 43
4 140,/221 /i
z? arcesc(y/z) (z—1) (5234622 +8z+16)
default 1 + "™ \/szﬁ 43

[In] int(x"3*arccsc(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 1/4*x"4*arccsc(x”(1/2))+1/140%((x-1)/x)"(1/2)*x~(1/2) *(5*%x~3+6*x"2+8*x+16)

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.55

/x‘gcsc_1 (Vz) dz = ix‘larccsc (V) + El() (52° + 62>+ 8z +16)vVzr —1

[In] integrate(x~3*arccsc(x”(1/2)),x, algorithm="fricas")

[Out] 1/4*x"4*arccsc(sqrt(x)) + 1/140%(5%x"3 + 6%x~2 + 8xx + 16)*sqrt(x - 1)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 63.93 (sec) , antiderivative size = 119, normalized size of antiderivative = 2.05

/m3 csc ! (\/5) dx

3. [ 2 /o — —
2z \7/:1: 1 + 12z 3\5/:1: 1 + 16:33\/5:3 1 + 32\3/2 1 for |$| >1

. 3 — ) — . — ; _ .
2ix \7/1 T + 12zx3\5/1 T + 16w3\5/1 T + 321\3/51 T Othel'WISG

_ a*acsc (v/x)
B 4 * 8

[In] integrate(x**3*acsc(x**(1/2)),x)

[Out] x**4*acsc(sqrt(x))/4 + Piecewise((2*x**3*sqrt(x - 1)/7 + 12*xx**2*sqrt(x - 1
)/35 + 16xx*sqrt(x - 1)/35 + 32*sqrt(x - 1)/35, Abs(x) > 1), (2*I*x*x3*sqrt
(1 - x)/7 + 12xI*x*x2*sqrt(1 - x)/35 + 16xI*x*sqrt(l - x)/35 + 32*I*sqrt(l

- x)/35, True))/8
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Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.14

Njon

7
1 = 1 2 3 s 1 2
3 csc! L I I A
/a: csc”! (Vz) dz 28az2( z+) —|—20a:2( x+)
T

3
1 1 1 2 1 1
+—x4arccsc(\/5)—|—— 3 —Z41) +>Vz /=41
4 4 x 4 x

[In] integrate(x~3*arccsc(x”(1/2)),x, algorithm="maxima")
[Out] 1/28*x~(7/2)*(-1/x + 1)~(7/2) + 3/20xx~(5/2)*(-1/x + 1)7(5/2) + 1/4*x"4*arc
csc(sqrt(x)) + 1/4*x~(3/2)*(-1/x + 1)°(3/2) + 1/4*xsqrt(x)*sqrt(-1/x + 1)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 152 vs. 2(38) = 76.

Time = 0.29 (sec) , antiderivative size = 152, normalized size of antiderivative = 2.62

7 5
1 . 1 7T 1
S (Y A R IR Y Y R |
3584362( = ' >+2560x2< 2 ' )
3
1, . (1 7 1 35 1
+ 2 arcsm(—)-l-ﬁaw( —;—I—l—l) +m\/5<“_5+1—1>

Nz

6 4 2
12250%(\ /-1 +1-1) +24502(\ /-1 +1-1) +492(\/-1+1-1) +5
o 7
1792005 (/-1 +1-1)

[In] integrate(x~3*arccsc(x~(1/2)),x, algorithm="giac")

[Out] 1/3584*x~(7/2)*(sqrt(-1/x + 1) - 1)77 + 7/2560%x~(5/2)*(sqrt(-1/x + 1) - 1)
~5 + 1/4*x"4xarcsin(1/sqrt(x)) + 7/512*%x~(3/2)*(sqrt(-1/x + 1) - 1)7°3 + 35/
512*sqrt (x)*(sqrt(-1/x + 1) - 1) - 1/17920*%(1225*x~3*(sqrt(-1/x + 1) - 1)76
+ 245%x" 2% (sqrt (-1/x + 1) - 1)74 + 49xx*x(sqrt(-1/x + 1) - 1)°2 + 5)/(x~(7/

2)*(sqrt(-1/x + 1) - 1)°7)




Mupad [F(-1)]

Timed out.

[In] int(x~3*asin(1/x~(1/2)),x)
[Out] int(x~3*asin(1/x~(1/2)), x)

49
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3.3 [z?esc™t (V) dz

Optimal result . . . . . . . . . . . e B0
Rubi [A] (verified) . . . . . . . . . 501
Mathematica [A] (verified) . . . . . . .. ... L b1l
Maple [A] (verified) . . . . . . . .. b1l
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., . 52
Sympy [C] (verification not implemented) . . . ... ... ... ... ....... 52
Maxima [A] (verification not implemented) . . . . . . . . . ... ... ... ... .. 53]
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 53
Mupad [F(-1)] . . . oo !

Optimal result

Integrand size = 10, antiderivative size = 47

v—1 2 1 1
/m2 csc™ (V) dz = % + 5(—1 +z)*% + 1—5(—1 + 2)%% 4 §x3 cse”! (V)

[Out] 2/9%(-1+x)~(3/2)+1/15%(-1+4x) ~(5/2)+1/3*x"3*arccsc(x~(1/2))+1/3*x(-1+x)~(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, number of rules _ 0.300, Rules used = {5379,
integrand size
12, 45}

1 1 2
/w2 csc”! (V) dz = 51'3 csc (V) + 1—5(m —1)%2 4 §(x —1)¥2 4

vr—1
3

[In] Int[x"2*ArcCsc[Sqrt[x]],x]

[Out] Sqrt[-1 + x]1/3 + (2x(-1 + x)7(3/2))/9 + (-1 + x)7(5/2)/15 + (x"3*ArcCsc[Sqr
t[x]1)/3

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 45

Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQlc, 0] && Le
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Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5379

Int[((a_.) + ArcCsclu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)~"(m + 1)*((a + b*ArcCsc[ul)/(d*(m + 1))), x] + Dist[b*x(u/(d*(m +
1)*Sqrt[u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(uxSqrt[u
~2 - 11)), x1, x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Function

OfExponentialQ[u, x]

Rubi steps

1 1 x?
integral = —z° csc— —/—d
Hegrat = gt ese (Va) + 3) 2v/-1+z v

1
= Zg3csct

3 (ﬁ)%—%/%dm
= 191:3(:sc_1 (Vz) +1/ (;+2\/T-|-x+(—l+x)3/2> dx

3 6 vV=1l+=z
v—1 2 1 1
= % + 5(—1 +2)%% + E(_l + 2)%% + §x3 csc”! (V)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.74

/x2 cse™! (V) dz = %x/Ter(f% + 4z + 32%) + %ws csc! (V)

[In] Integrate[x~2*ArcCsc[Sqrt([x]],x]
[Out] (Sqrt[-1 + x]*(8 + 4*x + 3%x72))/45 + (x"3*ArcCsc[Sqrt[x]])/3

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.74
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method result size
parts = arcc;c(\/i) + xT_lﬁz(éﬁHHS) 35
derivativedivides | = arccgc(ﬁ) + (z;?\(/?’%'f/z;s) 38
default = arccgc(ﬁ) + (z;?\(/?’%rf/z;s) 38

[In] int(x"2*arccsc(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 1/3*x"3*arccsc(x”(1/2))+1/45%x((x-1)/x)~(1/2)*x~(1/2) *(3*x~2+4*x+8)

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.57

/aczcsc_1 (Vz) dz = %x?’arccsc (V) + 4—15 (3z* +4z+8)Vz—1

[In] integrate(x~2*arccsc(x~(1/2)),x, algorithm="fricas")

[Out] 1/3*x"3*arccsc(sqrt(x)) + 1/45%(3*x"2 + 4*x + 8)*sqrt(x - 1)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 19.27 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.91

2x2/r—1 8xv/T—1 16y/z—1
e e e e T for |z| > 1

iz?2/I—z | 8iz/I—z | 16iy/1-=z :
23 acse (\/z 2 + + otherwise
/12 cse—! (Va) dz = 3(\/_) " 5 15 ¥ 15

[In] integrate(x**2*acsc(x**(1/2)),x)

[Out] x**3*acsc(sqrt(x))/3 + Piecewise((2*x**2xsqrt(x - 1)/5 + 8xx*sqrt(x - 1)/15
+ 16*sqrt(x - 1)/15, Abs(x) > 1), (2xIxx**2*sqrt(l - x)/5 + 8*Ixx*sqrt(l -
x)/15 + 16*I*sqrt(1 - x)/15, True))/6
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Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.11

/x2 cse”! (V) dz = % s <—% + 1) ’ + %x?’ arcesc (/)

3
2 1 2 1 1
Foo (=2 41) +ZvE /- +1
9 T 3 T

[In] integrate(x~2*arccsc(x”(1/2)),x, algorithm="maxima")
[Out] 1/15%x~(5/2)*(-1/x + 1)~(5/2) + 1/3*x"3*arccsc(sqrt(x)) + 2/9*x~(3/2)*(-1/x
+ 1)7(3/2) + 1/3*sqrt(x)*sqrt(-1/x + 1)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 116 vs. 2(31) = 62.

Time = 0.29 (sec) , antiderivative size = 116, normalized size of antiderivative = 2.47

5
144008 (/-1 +1-1)

[In] integrate(x~2*arccsc(x~(1/2)),x, algorithm="giac")

[Out] 1/480*x~(5/2)*(sqrt(-1/x + 1) - 1)°5 + 5/288*x~(3/2)*(sqrt(-1/x + 1) - 1)73
+ 1/3*x"3*%arcsin(1/sqrt(x)) + 5/48*sqrt(x)*(sqrt(-1/x + 1) - 1) - 1/1440%(
150%x~2*%(sqrt(-1/x + 1) - 1)74 + 26*x*(sqrt(-1/x + 1) - 1)72 + 3)/(x~(5/2)*

(sqrt(-1/x + 1) - 1)75)



Mupad [F(-1)]

Timed out.

[In] int(x"2*asin(1/x~(1/2)),x)
[Out] int(x"2*asin(1/x~(1/2)), x)

o4



3.4 [zesc™ (Vz) do

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . . . .
Maple [A] (verified) . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . ... ... ...
Sympy [C] (verification not implemented) . . . ... ... ... ... ... ......
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L.

Giac [B] (verification not implemented) . . . . . .. ... .. .. L 0L
Mupad [F(-1)] . . . . o

Optimal result

Integrand size = 8, antiderivative size = 36

/ancsc_1 (Vz) dz = voite +

2

[Out] 1/6%(-1+x)~(3/2)+1/2%x~2%arccsc(x~(1/2))+1/2%x(-1+x)~(1/2)

Rubi [A] (verified)

3/2 + lxz cset

95

Time = 0.01 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used

— g humber of rules

12, 45}
1

[aesc (VB) do= gt s (VE) + 4o =1+

2

[In] Int[x*ArcCsc[Sqrt[x]],x]

[Out] Sqrt[-1 + x]/2 + (-1 + x)°(3/2)/6 + (x"2*ArcCsc[Sqrt[x]])/2

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &&

Qlu, (_)*(v_) /; FreeQ[b, x]]

Rule 45

’ integrand size

= 0.375, Rules used = {5379,

IMatch

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*x(c + d*x)°n, x], x] /; FreeQ[{a, b, c, d, n},
x] &% NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le

Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), O]

|l GtQ[m + n + 2, 0])
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Rule 5379

Int[((a_.) + ArcCsclu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pllc + d*x)~"(m + 1)*((a + b*ArcCsc[ul)/(d*x(m + 1))), x] + Dist[b*(u/(d*(m +

1)*Sqrt[u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[u
~2 - 11)), x], x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rubi steps

X

1
S ——=——4
z/zm“’

1
integral = §x2 cse”! (V) +

1
= —g?csct

1 T
2 W”z‘i/m‘“’

= %xQ csc (vz) + i/ (—%-l-x + m) dx

v—1 1 1
= % + 6(_1 +2)%2 + 5:102 cse”! (V)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.75

/xcsc_1 (Vz) dz = %(\/—1 +z(2+ z) + 3z°csc ' (V7))

[In] Integrate[x*ArcCsc[Sqrt[x]],x]
[Out] (Sqrt[-1 + x]*(2 + x) + 3*x~2xArcCsc[Sqrt([x]])/6

Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.78

method result size

z2 arccsc(y/z) + ZT_l Vz (2+z) 28
6

parts -
derivativedivides A am;C (V=) + (ﬁx_i)—(f? 31
default z? arccQsc(\/E) + (z—1)(2+=) 31

6\/’”7j\/5
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[In] int(x*arccsc(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 1/2*xx"2*arccsc(x~(1/2))+1/6%x((x-1)/x)"(1/2)*x~(1/2) *(2+x)

Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.56

/:ccsc_1 (Vz) dz = %x2 arcese (vVz) + é (z+2)Vr—1

[In] integrate(x*arccsc(x~(1/2)),x, algorithm="fricas")

[Out] 1/2*x"2xarccsc(sqrt(x)) + 1/6x(x + 2)*sqrt(x - 1)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 5.87 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.69

2m\/3ﬁ + 4@ for |z| > 1

1T/ 1—x 4iv/1—x .
22 acse (v/T 2 + otherwise
/xcsc_1 (\/5) dr = 5 (\/_) + ° Z

[In] integrate(x*acsc(x**(1/2)),x)
[Out] x**2*acsc(sqrt(x))/2 + Piecewise((2*x*sqrt(x - 1)/3 + 4*sqrt(x - 1)/3, Abs(
x) > 1), (2xIkx*sqrt(l - x)/3 + 4*xI*sqrt(l - x)/3, True))/4

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.06

3
1 1 2 1 1 1
/:Ecsc_1 (V) dx=6x% (—;+1> +§x2arccsc (\/5)+§\/5 _§+1

[In] integrate(x*arccsc(x~(1/2)),x, algorithm="maxima")

[Out] 1/6%x~(3/2)*(-1/x + 1)~(3/2) + 1/2xx"2*arccsc(sqrt(x)) + 1/2*sqrt(x)*sqrt(-
1/x + 1)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(24) = 48.

Time = 0.28 (sec) , antiderivative size = 80, normalized size of antiderivative = 2.22

3
1 1 1 1
—1 _ _ - _ =2 .
/xcsc (Vz) dz = i (\/ . +1 1) + 5 @ arcsin (—\/g_c>

- S
48x5( —§+1—1>

[In] integrate(x*arccsc(x~(1/2)),x, algorithm="giac")
[Out] 1/48%x~(3/2)*(sqrt(-1/x + 1) - 1)73 + 1/2*x"2*arcsin(1/sqrt(x)) + 3/16*sqrt
(x)*(sqrt(-1/x + 1) - 1) - 1/48%(9*x*(sqrt(-1/x + 1) - 1)72 + 1)/(x"(3/2)*(

sqrt(-1/x + 1) - 1)73)

N

Mupad [F(-1)]

Timed out.

[In] int(x*asin(1/x~(1/2)),x)
[Out] int(x*asin(1/x~(1/2)), x)
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3.5 [ese™t (V) da

Optimal result . . . . . . . . . . . e HOl
Rubi [A] (verified) . . . . . . . . . . kY
Mathematica [A] (verified) . . . . . . . . ... L 60
Maple [A] (verified) . . . . . . . . .. 60
Fricas [A] (verification not implemented) . . . . . . . . . ... ... ... ... .... 611
Sympy [C] (verification not implemented) . . . . .. ... ... ... ... ...... 61]
Maxima [A] (verification not implemented) . . . . . . . . ... ... 611
Giac [B] (verification not implemented) . . . . . . . . ... .. ... ... 62
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 62

Optimal result

Integrand size = 6, antiderivative size = 16

/csc‘1 (Vz) do=v-1+z+zcsc (Va)
[Out] x*arccsc(x~(1/2))+(-1+x)"(1/2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 55 Ryles used = {5377,
integrand size
12, 32}

/csc_1 (Vz) dz=+vz —1+zcsc (V)

[In] Int[ArcCsc[Sqrt(x]],x]
[Out] Sqrt[-1 + x] + x*ArcCsc[Sqrt[x]]
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQlb, x]]

Rule 32
Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)~(m + 1)/(b*(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 5377
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Int[ArcCsc[u_], x_Symbol] :> Simp[x*ArcCsc[ul, x] + Dist[u/Sqrt[u~2], Int[S
implifyIntegrand [x*(D[u, x]/(u*Sqrt[u~2 - 1])), x], x], x] /; InverseFuncti
onFreeQ[u, x] && !'FunctionOfExponentialQ[u, x]

Rubi steps
1

integral = z csc™! /—d
integral = zcsc™ (V) + 2mx

DGRy et
=v-1+z+zcsc' (V)

= I Ccsc

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/csc_1 (Vz) dz=+v—-1+z+zcsc (Vx)

[In] Integrate[ArcCsc[Sqrt([x]],x]
[Out] Sqrt[-1 + x] + x*ArcCsc[Sqrt[x]]

Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.31

method result size
parts z arcese (vz) + /=1 Vx| 21

derivativedivides | z arccsc (v/z) + \/:—%11\[ 24

default z arcesc (v/z) + \/f;_llﬁ 24

[In] int(arccsc(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] x*arccsc(x~(1/2))+((x-1)/x)"(1/2)*x~(1/2)
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.75

/csc_1 (Vz) dz = zarcese (vz) + Vz — 1

[In] integrate(arccsc(x~(1/2)),x, algorithm="fricas")

[Out] x*arccsc(sqrt(x)) + sqrt(x - 1)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 2.01 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.81

{2\/:10 -1 for|z|>1

2i14/1 — therwi
/csc_1 (Vz) dz = zacsc (Vz) + ' 332 LT

[In] integrate(acsc(x**(1/2)),x)
[Out] x*acsc(sqrt(x)) + Piecewise((2*sqrt(x - 1), Abs(x) > 1), (2xIxsqrt(1l - x),
True))/2

Maxima [A] (verification not implemented)

none
Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

/csc_1 (Vz) dz = zarcese (vVz) + vz —i +1

[In] integrate(arccsc(x~(1/2)),x, algorithm="maxima")

[Out] x*arccsc(sqrt(x)) + sqrt(x)*sqrt(-1/x + 1)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 41 vs. 2(12) = 24.

Time = 0.28 (sec) , antiderivative size = 41, normalized size of antiderivative = 2.56

/cs,c—1 (Vz) dz = zarcsin (%) +%\/E<\/—i+1—1) - 2\/5(@_1)

[In] integrate(arccsc(x~(1/2)),x, algorithm="giac")
[Out] x*arcsin(1/sqrt(x)) + 1/2*sqrt(x)*(sqrt(-1/x + 1) - 1) - 1/2/(sqrt(x)*(sqrt
(-1/x + 1) - 1))

Mupad [B] (verification not implemented)

Time = 1.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

/csc_1 (Vz) dz = xasin(%) + \/EH

[In] int(asin(1/x~(1/2)),x)
[Out] x*asin(1/x~(1/2)) + x~(1/2)*(1 - 1/x)~(1/2)
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3.6 [ WD)g,

T
Optimal result . . . . . . . . . . e 631
Rubi [A] (verified) . . . . . . . . e 63
Mathematica [A] (verified) . . . . . . . . . .. 651
Maple [A] (verified) . . . . . . . .. 65
Fricas [F] . . . . . o 66
Sympy [F] . . o 66
Maxima [F] . . . . . . 66
Giac [F(-2)] . . . o o o 661
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ...... 67

Optimal result

Integrand size = 10, antiderivative size = 56

T

/ —Csc_l (ﬁ) dr =icsc™? (\/5)2 —2csc™? (\/3_6) log (1 — emsc_l(ﬁ))

+ i PolyLog <2, griese™ (‘/5))

[Out] I*arccsc(x~(1/2))"2-2*arccsc(x”(1/2))*1n(1-(I/x~(1/2)+(1-1/x)"(1/2))"2)+I*p
olylog(2, (I/x~(1/2)+(1-1/x)"(1/2))"2)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6 number of rules _ 0.600, Rules used = {5327,

’ integrand size
4721, 3798, 2221, 2317, 2438}

-1
/ &L W) (va) dz = i PolyLog (2, e%csc_l(ﬁ)) +icsc! (\/5)2

x
— 92csc ! (\/5) log (1 . ezicsc‘l(ﬁ))

[In] Int[ArcCsc[Sqrt([x]]/x,x]

[Out] Ix*ArcCsc[Sqrt[x]]~2 - 2*ArcCsc[Sqrt[x]]*Logl[l - E~((2*I)*ArcCsc[Sqrt[x]])]
+ I*PolyLog[2, E~((2*I)*ArcCsc[Sqrt[x]]1)]

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*nxLog[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
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st [d* (m/ (bxf*gxn*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*((F~(g*(e + f*x)
))°n/a)], x]1, x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logl[a + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Log[(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E” (2%I*%k*Pi) * (E~(2%xIx(e + f*x))/(1 + E~(2%I*xk*Pi)*E~(2*xI*(e + f*x)))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4721

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x) nxCot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 5327
Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b

*xArcSin([x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rubi steps

csc ()

integral = 2Subst ( / dz,z,\/T >

—— (asubse ([ =2 0, )
~(2subs ( [ wcot(a) do,z,avcsin () )

=tarcsim | —— 13ubs —— - ar,Tr,arcsin | ——
\/_ 1-— 62“” T \/5
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2 1 2iarcsin(i)
) — 2arcsin <%) log (1 —e vz >
/log (1 —€**) dz,z,arcsin (%))

? . 1 2iarcsin(i>
) — 2arcsin (%) log <1 —e v )
/ ].0g(1 — x) diE,.’E, eQiarcsin(ﬁ))

T

= ¢ arcsin (

Sl

+ 2Subst

7 N\

= ¢ arcsin (

Sl

— 4Subst

1 2 1 i arcsin( ——= . i arcsin( ——=
=1 arcsin (%> —2arcsin (ﬁ) log (1—62 (}5)) +1 PolyLog (2,62 (\}5))

VR

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.96

/Csc_lz(ﬁ) dr — i(CSC_l (\/5) (CSC_l (\/5) + 2ilog (1 _ e2icsc*1(\/i)>>
+ PolyLog (2,e?'(v)))

[In] Integrate[ArcCsc[Sqrt[x]]/x,x]

[Out] I*(ArcCsc([Sqrt[x]]*(ArcCsc[Sqrt[x]] + (2*I)*Log[l - E~((2*I)*ArcCsc[Sqrt[x]
1)1) + PolyLog[2, E~((2*I)*ArcCsc[Sqrt[x]]1)])

Maple [A] (verified)

Time = 0.81 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.88

method result
derivativedivides | ¢ arccsc (\/5)2 — 2 arcesc (/7) In <1 — \/LE —4/1-= %) + 2i polylog (2, \/LE +4/1— %)
default iarcesc (\/5)2 — 2 arcesc (/7) In <1 - \/Li —4/1— %) + 2i polylog (2, \/LE +4/1— i)

[In] int(arccsc(x~(1/2))/x,x,method=_RETURNVERBOSE)

[Out] I*arccsc(x~(1/2))~2-2*arccsc(x~(1/2))*1n(1-I/x~(1/2)-(1-1/x)"(1/2))+2*I*pol
ylog(2,I/x~(1/2)+(1-1/x)~(1/2))-2%arccsc(x~(1/2))*1n(1+I/x~(1/2)+(1-1/x)"(1
/2))+2%I*polylog(2,-1/x~(1/2)-(1-1/x)~(1/2))
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Fricas [F]

T T

[, (),

[In] integrate(arccsc(x~(1/2))/x,x, algorithm="fricas")

[Out] integral(arccsc(sqrt(x))/x, x)

Sympy [F]

[,

X

[l

X

[In] integrate(acsc(x**(1/2))/x,x)
[Out] Integral(acsc(sqrt(x))/x, x)

Maxima [F]

Z T

/csc_1 (V) e — / arcesc (1/z) e

[In] integrate(arccsc(x~(1/2))/x,x, algorithm="maxima")

[Out] integrate(arccsc(sqrt(x))/x, x)

Giac [F(-2)]

Exception generated.

csc™! (V) . :
————~ dx = Exception raised: NotImplementedError
x

[In] integrate(arccsc(x~(1/2))/x,x, algorithm="giac")

[Out] Exception raised: NotImplementedError >> unable to parse Giac output: Inval
id series expansion: non tractable function asin at +infinity
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Mupad [B] (verification not implemented)

Time = 1.06 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.75
-1 2
asin( —= ) 2i N . 1 .
/M dx = polylog (2,e ( w> 2) li+ asm(—) 1i
x N
asin( —= ) 2i . 1
—21In <1 —e€ <\}5>2) asm(—)
N7

[In] int(asin(1/x~(1/2))/x,x)

[Out] polylog(2, exp(asin(1/x~(1/2))*2i))*1i + asin(1/x~(1/2))72%1i - 2*log(l - e
xp(asin(1/x~(1/2))*2i))*asin(1/x~(1/2))
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3.7 | < (V2) gy

T
Optimal result . . . . . . . . . . . e 68}
Rubi [A] (verified) . . . . . . . . . . 68}
Mathematica [A] (verified) . . . . . . ... ... L o 70
Maple [A] (verified) . . . . . . . .. 70
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .... 70
Sympy [C] (verification not implemented) . . . ... ... ... . ... ... ..., (71l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... (71l
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L (71l
Mupad [B] (verification not implemented) . . . .. ... .. ... ... ....... 72

Optimal result

Integrand size = 10, antiderivative size = 38

/M dr = _m - csc”! <\/E) - 1arctan (\/TH)
2

T2 2x T

[Out] -arccsc(x~(1/2))/x-1/2*arctan((-1+x)~(1/2))-1/2*x(-1+x)~(1/2) /x

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00, number

of steps used = 5, number of rules used = 5, Bumber of rules _ , 555 Ryles used = {5379,
integrand size

12, 44, 65, 209}

-1 S -1
/—CSC 2(\/5) dz = — 2 arctan (Vz —1) - z-1 o (vE)
T 2 2z T
[In] Int[ArcCsc[Sqrt[x]]/x"2,x]
[Out] -1/2#Sqrt[-1 + x]/x - ArcCsc[Sqrt[x]]/x - ArcTan[Sqrt[-1 + x]]/2
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 44

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Dist[d*((
m+n + 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
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1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 209

Int[((a) + (b_.)*(x.)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 21*Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0])

Rule 5379

Int[((a_.) + ArcCsclu_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)"(m + 1)*((a + b*xArcCsc[u])/(d*(m + 1))), x] + Dist[bx(u/(d*(m +
1)*Sqrt[u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[u
~2 - 11)), x]1, x1, x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] &% Inverse
FunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rubi steps
. csc™! (V) 1
1ntegral = —T — / m dl‘
csc! (vz) 1 / 1 p
_—— . - ——— dx
T 2 ) -1+ z2?
__\/—1+x_csc_1(\/5)_1/ 1
B 2z T 4) /-1+zz
Vo - -1
= — 1+z oc (\/5) —ESubst /de,m,\/—l—l—:c
2x x 2 1+ 2

V=1l+z B csc”! (V) — larctan (m)
2

2z T
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

vV—1+z+2csc™! (y/z) — zarcsin (\%)

z2 2x

[In] Integrate[ArcCsc[Sqrt[x]]/x"2,x]
[Out] -1/2%(Sqrt[-1 + x] + 2xArcCsc[Sqrt[x]] - x*ArcSin[1/Sqrt([x]])/x

Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.16

method result size
arcesc(+/z zT_l (arctan(v/z—1)z++/z—1)
parts _ x(f ) _ VI e 44
arccsc(1/T z—1 (arctan( —~— Jz—v/z—1
derivativedivides | — m(f) + ( - (\/:*13) ) 46
z—1 2
z—1 (arctan | 2= )z—v/z—1
default _a“’cs;(‘/a + Va1 ( tz <‘/F;) ) 46
z—1 2

[In] int(arccsc(x~(1/2))/x"2,x,method=_RETURNVERBOSE)
[Out] -arccsc(x~(1/2))/x-1/2%((x-1)/x)"(1/2)/x~(1/2)*(arctan((x-1)~(1/2) ) *x+(x-1)
~(1/2))/(x-1)"(1/2)

Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.55

/ csc! (vz) o — (z — 2)arcese (vz) — Vo — 1

2 21

[In] integrate(arccsc(x~(1/2))/x"2,x, algorithm="fricas")
[Out] 1/2%((x - 2)*arccsc(sqrt(x)) - sqrt(x - 1))/x
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Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 12.86 (sec) , antiderivative size = 76, normalized size of antiderivative = 2.00

. 1\ i i 1
1 acosh <ﬁ) \/5\/—1+§ + x%\/_H% for ol > 1
Casin (L) 4 V= -
/ csc—1 ( \/5) ; asin < \/5> + 7 otherwise acse ( \/E)
T =— —
x2 2 x

[In] integrate(acsc(x**(1/2))/x**2,x)

[Out] -Piecewise((I*acosh(1/sqrt(x)) - I/(sqrt(x)*sqrt(-1 + 1/x)) + I/(x**(3/2)*s
qrt(-1 + 1/x)), 1/Abs(x) > 1), (-asin(1/sqrt(x)) + sqrt(l - 1/x)/sqrt(x), T

rue))/2 - acsc(sqrt(x))/x

Maxima [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.34

/Mdﬂc— oyt —arccsc(ﬁ)—larctan<\/5 —14—1)
2 x

x? _2(x(%—1)—1) x

[In] integrate(arccsc(x~(1/2))/x"2,x, algorithm="maxima")
[Out] 1/2*sqrt(x)*sqrt(-1/x + 1)/(x*(1/x - 1) - 1) - arccsc(sqrt(x))/x - 1/2*arct
an(sqrt (x)*sqrt(-1/x + 1))

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

/M dz = — <1 — 1) arcsin <L) — —‘_%H _! arcsin (i)
x? - \z NZ7 2z 2 VT
[In] integrate(arccsc(x~(1/2))/x"2,x, algorithm="giac")
[Out] -(1/x - 1)*arcsin(1/sqrt(x)) - 1/2xsqrt(-1/x + 1)/sqrt(x) - 1/2*arcsin(1/sq
rt(x))
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Mupad [B] (verification not implemented)

Time = 0.85 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.74

JEal - ;esin(J) (2-1)
x? 2z 2

[In] int(asin(1/x~(1/2))/x"2,x)
[Out] - (1 - 1/x)°(1/2)/(2*x~(1/2)) - (asin(1/x~(1/2))*(2/x - 1))/2
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3.8 [ W3 g,

3
Optimal result . . . . . . . . .. 73]
Rubi [A] (verified) . . . . . . ... .. 73
Mathematica [A] (verified) . . . . . . . . ... L L 75
Maple [A] (verified) . . . . . . . .. 75
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .. .... 75
Sympy [C] (verification not implemented) . . . ... ... ... ... ....... 76
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... .. 761
Giac [A] (verification not implemented) . . . . . . . ... ... L L |
Mupad [F(-1)] . . . o o e

Optimal result

Integrand size = 10, antiderivative size = 54

3 8x2 16z 22 16

J A P = BV = el B W=

[Out] -1/2*arccsc(x~(1/2))/x"2-3/16*arctan((-1+x)~(1/2))-1/8%(-1+x)~(1/2)/x~2-3/1
6% (-1+x)~(1/2) /x

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ 0.500, Rules used = {5379,

’ integrand size
12, 44, 65, 209}

/csc_l (vz) 3 (Vo —1) - V-1 st (vVz) 3V -1

dr = —— arctan 12 972 162

x3 16
[In] Int([ArcCsc[Sqrt[x]]/x"3,x]

[Out] -1/8*Sqrt[-1 + x]/x"2 - (3*Sqrt[-1 + x])/(16*x) - ArcCsc[Sqrt[x]]/(2*x~2) -

(3*ArcTan[Sqrt[-1 + x]]1)/16
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 44

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Dist[d*((
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m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + bxx)"(m + 1)*(c + d*x)"n, x], x
1 /; FreeQ[{a, b, c, d, n}, x] & NeQ[b*c - a*d, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x]1, x, (a + bxx)~(1/p)], x11 /; FreeQl{a, b, c, d}, x] && NeQ
[b*c - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0]1)

Rule 5379

Int[((a_.) + ArcCsclu_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)"(m + 1)*((a + b*ArcCsc[u])/(d*(m + 1))), x] + Dist[b*(u/(d*(m +
1)*Sqrt[u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[u
~2 - 11)), x]1, x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] &% Inverse
FunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rubi steps
csc! (vz) 1 1
integral = — VY _ 2 [ 2 g
itegra 922 5 / /1 F 223 X
csc™! () 1/ 1 p
212 4 ) -1+ zz3 v
V=l+z  csc! (V) _i/ 1 i
- 812 212 16 / -1+ zx?
V-I+z 3/-T+z csc' (V3 _i/ 1
8x2 16x 2x2 32 ) /-1+zzx
V-1+z 3y/=1+z ocsc'(vz) 3 1
S - - — °Subst( [ —— de,z,v/—1
822 162 227 T / 12OV Te

V=1+z 3/=1+z ocsct(yz) 3
T R 5ot 16 arctan (vV—1+ z)
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.02

/ csc! (V) 1 3 [-1+z esct(yvz) 3 A
———dz=|— — — + — arcsin | —=
z3 8z3/2  164/x T 222 16 N

[In] Integrate[ArcCsc[Sqrt([x]]/x"3,x]
[Out] (-1/8%1/x~(3/2) - 3/(16*Sqrt[x]))*Sqrt[(-1 + x)/x] - ArcCsc[Sqrt[x]]/(2*x~2
) + (3xArcSin[1/Sqrt[x]])/16

Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.06

method result size
arccsc(1/T Vz—1 (3arctan( 2= )22 —3vz—1z—2v2z—1
derivativedivides | — Qx(;f) + ¥ (3arcta (T )xl A A ) 57
=1 x2
arcese (/T Vz—1 (3arctan( 2= )22 —3vz—1z—2vz—1
defau].t — ngf) + ( (\/ﬁ) — ) 57
16 %xf
arts () _ /5 etV Det0va Tas2a ) | o
P 202 1602 /71

[In] int(arccsc(x~(1/2))/x"3,x,method=_RETURNVERBOSE)

[Out] -1/2*arccsc(x~(1/2))/x"2+1/16*%(x-1)"(1/2)*(3*arctan(1/(x-1)~(1/2))*x"2-3*(x
-1)7(1/2) *x-2*%(x-1)~(1/2)) / ((x-1)/x)~(1/2) /x~(5/2)

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.56

B T 1622

/ csc! (V) p (3z? —8)arcese (vz) — Bz +2)vVz — 1

[In] integrate(arccsc(x~(1/2))/x"3,x, algorithm="fricas")
[Out] 1/16%((3*x~2 - 8)*arccsc(sqrt(x)) - (3*x + 2)*sqrt(x - 1))/x"2
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Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 42.49 (sec) , antiderivative size = 146, normalized size of antiderivative = 2.70

3iacosh <71 ) ) —
vz 3i L L :
. 1 3 Tt o3 1 for Elg 1
4z [-141  42%\/-141 0 223 /-1+1
. 1
3asm( \/5> 3 . 1 _ 1 otherwise

-1 (\/5) B 4 +4ﬁ 1-1 a3, /1-1  2,3,/1-1

csc dp —
/ 3 == 4
_acse (V)

212

[In] integrate(acsc(x**(1/2))/x**3,x)

[Out] -Piecewise((3*I*acosh(1/sqrt(x))/4 - 3*I/(4*sqrt(x)#*sqrt(-1 + 1/x)) + I/(4x
xx*(3/2)*sqrt (-1 + 1/x)) + I/(2*x*x(5/2)*sqrt(-1 + 1/x)), 1/Abs(x) > 1), (-
3*asin(1/sqrt(x))/4 + 3/(4*sqrt(x)*sqrt(l - 1/x)) - 1/(4*x*x(3/2)*sqrt(1l -

1/x)) - 1/(2*x**(5/2)*sqrt(1 - 1/x)), True))/4 - acsc(sqrt(x))/(2xx**2)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(38) = 76.

Time = 0.27 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.48
3
—_— 2 ar = —
z? 16 (22(2 -1)" - 20(1 = 1) +1)

1
_ e Ve (ﬁ) _3 arctan (\/5 L + 1>

2 12 16

[In] integrate(arccsc(x~(1/2))/x"3,x, algorithm="maxima")

[Out] -1/16%(3*x~(3/2)*(-1/x + 1)7(3/2) + 5*sqrt(x)*sqrt(-1/x + 1))/ (x"2*(1/x - 1
)72 - 2xxx(1/x - 1) + 1) - 1/2%arccsc(sqrt(x))/x"2 - 3/16*arctan(sqrt(x)*sq

rt(-1/x + 1))
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Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.09

/J do = (1 - 1)2arcsm (%) N (1 B 1) (%)

(-=1+41)? 5y-3+1 5 /1
+ — — arcsin [ —
JT

8z 16z 16

[In] integrate(arccsc(x~(1/2))/x"3,x, algorithm="giac")

[Out] -1/2%(1/x - 1)~ 2*arcsin(1/sqrt(x)) - (1/x - 1)*arcsin(1/sqrt(x)) + 1/8%(-1/
x + 1)7(3/2)/sqrt(x) - 5/16%sqrt(-1/x + 1)/sqrt(x) - 5/16*arcsin(1/sqrt(x))

Mupad [F(-1)]

Timed out.

3 3

/—csc_l (\/E) dr = /—aSin<\/L5> dz

[In] int(asin(1/x~(1/2))/x"3,x)
[Out] int(asin(1/x~(1/2))/x"3, x)



78

3.9 [ z%csc™t (%) dx

Optimal result . . . . . . . . . . . . e 78]
Rubi [A] (verified) . . . . . . . .. . 78
Mathematica [A] (verified) . . . . . . . . ... L 79
Maple [A] (verified) . . . . . . . . . R0
Fricas [A] (verification not implemented) . . . . . . . ... .. .. ... ....... R0
Sympy [A] (verification not implemented) . . . . .. ... ... ... ... ... . k)
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 81l
Giac [A] (verification not implemented) . . . . . . . ... ... L. BT
Mupad [F(-1)] . . . o o 1]

Optimal result

Integrand size = 10, antiderivative size = 56

3/2
s 1 /@ 1/ 22 1 z? 1, . /z
/.’L' CSC <5> d.’L' = ga 1 — ; — §CL (1 —_ ; + gl‘ arcsin <E>

[Out] -1/9*%a~3*%(1-x"2/a~2)~(3/2)+1/3*x"3*arcsin(x/a)+1/3*%a"~3*(1-x"2/a~2)~(1/2)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00, number
_ _ 4 humber of rules _ _

of steps used = 5, number of rules used = 4, integrand size 0.400, Rules used = {5373,

4723, 272, 45}

1 2\32 2 1
/z2 csc ! (%) dz = —§a3 (1 — %) + §a3 1-— % + §x3 arcsin <§>

[In] Int[x~2%ArcCscla/x],x]

[Out] (a~3#Sqrtl[1 - x72/a"2])/3 - (a~3*x(1 - x72/a"2)~(3/2))/9 + (x~3*ArcSin[x/a])
/3

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[b*c - a*xd, 0] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 272
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Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 4723

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcSin[c*x]) " n/(d*(m + 1))), x] - Dist[bxcx(n
/(d*x(m + 1))), Int[(d*x)"(m + 1)*((a + bxArcSin[c*x])~(n - 1)/Sqrt[1l - c~2x
x~2]1), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, O] && NeQ[m, -1]

Rule 5373
Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
u*ArcSin[a/c + b*x(x"n/c)]”m, x] /; FreeQ[{a, b, ¢, n, m}, x]
Rubi steps
integral = / z? arcsin <E> dx
a

J

Subst (

( )d:cwx)
) + x arcsin (2)

14 x
= —z” arcsin | —
3 a

1 3
-3y e (1-
Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.75

1 2 1
/x2 csc (%) dz = §a(2a2 +2%)1/1— % + §x3 csc! (%)

[In] Integrate[x~2*ArcCscla/x],x]
[Out] (a*x(2*a~2 + x~2)*Sqrt[1 - x72/a"2])/9 + (x~3*ArcCsc[a/x])/3

NIH



Maple [A] (verified)

Time = 1.77 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00

method result =
2202, [1—22 944 [1_ =2
parts z3 arcgsc(%) . \é%a_2 \/;? .
derivativedivides | —a® | =% argzzc(%) _ (% )2(2“2 +1)at 66
default _a?| =% argzzc(%) _ (5~ )2(27+1) ot 66
o B
=2 U7,

80

[In] int(x"2*arccsc(a/x),x,method=_RETURNVERBOSE)
[Out] 1/3*x"3%arccsc(a/x)-1/3/a*(-1/3*%x"2%xa~2*%(1-x"2/a"2)"(1/2)-2/3%a~4*(1-x"2/a~
2)°(1/2))

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.70

a2 — 2

1 1
/x2 csct <%> dzr = § x> arcesc (%) + § (2 a’x + x3) 2

[In] integrate(x~2*arccsc(a/x),x, algorithm="fricas")

[Out] 1/3*x"3*arccsc(a/x) + 1/9%(2*a"2*x + x~3)*sqrt((a”2 - x72)/x72)

Sympy [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.91

3 _12
2 -1 (@ 2av1;2 V macsc“” fora #0
T“cse — ) dx = 9
x - )
soz3 otherwise

[In] integrate(x**2*acsc(a/x),x)
[Out] Piecewise((2xa**3xsqrt(1l - x**2/a**2)/9 + a*x**2*ksqrt(l - x**2/ax*2)/9 + xx
*3*acsc(a/x)/3, Ne(a, 0)), (zoo*x**x3, True))
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Maxima [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.96

2a4\/—2—§+1+a2x2\/—2—§+1

/352 csct <E> dz = lx?’ arccsc <2> +
3 T 9a

[In] integrate(x~2*arccsc(a/x),x, algorithm="maxima")

[Out] 1/3*x"3*arccsc(a/x) + 1/9%(2xa~4xsqrt(-x~2/a"2 + 1) + a”2*x"2*sqrt(-x"2/a"2
+1))/a

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.21

3
1 2 1 2
/332 csct <g) dx = 3 a2w<z—2 — 1) arcsin (g) -3 a’ (—% + 1>

1, . (T 5 | a2
+-a :carcsm(—)—l——a —— 41
3 a a?

[In] integrate(x~2*arccsc(a/x),x, algorithm="giac")
[Out] 1/3*a"2*x*(x"2/a"2 - 1)*arcsin(x/a) - 1/9%a"3*(-x"2/a"2 + 1)~(3/2) + 1/3*a"
2xx*arcsin(x/a) + 1/3*a"3*sqrt(-x"2/a"2 + 1)

Mupad [F(-1)]

Timed out.
z3 asin(%) VaZ—z2 (2 a2+x2) .
/x2 csc! (2) dz = g T 9 if 0<a
r [ z?asin(%) dz if 0<a

[In] int(x"2*asin(x/a),x)
[Out] piecewise(0 < a, (x"3*asin(x/a))/3 + ((a”2 - x72)7(1/2)*(2*a"2 + x72))/9, ~
0 < a, int(x"2*asin(x/a), x))
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3.10 [zesc™? (%) dx

Optimal result . . . . . . . . . . . e 821
Rubi [A] (verified) . . . . . . . . . . ]2
Mathematica [A] (verified) . . . . . . . . . .. . ’3
Maple [A] (verified) . . . . . . . . .. !
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., (!
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... R5)
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... ... R5)
Giac [A] (verification not implemented) . . . . . . .. ... .. L oL ]9
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 861

Optimal result

Integrand size = 8, antiderivative size = 47

/ cs _1(a>d 1 1/1 z 1 2 arcsi (m)+1 2 arcsi (a:)
T CSC —) dz = ~azx — — — —g”arcsin | — —x“arcsin | —
T 4 a? 4 a 2 a
[Out] -1/4*a"2*arcsin(x/a)+1/2*x"2*%arcsin(x/a)+1/4*axx*x(1-x"2/a~2)"(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ 500 Ryles used = {5373,

' integrand size
4723, 327, 222}

1 (Y gr— — L2 aresin (Z) + Loz /1 — %+ L2 aresin (F

/zcsc (x) dx = 4a arcsin (a) + 4ax 1 22 + 293 arcsin <a>

[In] Int[x*ArcCscla/x],x]

[Out] (axx*Sqrt[l - x72/a"2])/4 - (a"2*xArcSin[x/al)/4 + (x"2*xArcSin[x/al)/2
Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 327

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + bxx™n) " (p + 1)/(bx(m + n*xp + 1))), x] - Dist[
axc™nx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
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+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 4723

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcSin[c*x]) n/(d*(m + 1))), x] - Dist[b*c*(n
/(d*x(m + 1))), Int[(d*x)"(m + 1)*((a + bxArcSin[c*x])~(n - 1)/Sqrt[1l - c™2%
x~21), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 5373

Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
uxArcSin[a/c + bx(x"n/c)]1"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rubi steps

T

integral = / x arcsin <—> dx
a

Ik 2 _ dg
]_ [1—2z=2
= —z? arcsin (£> Ve
2 a 2a

1 /1 2 1, . /T 1 1 d

= Zax — ? + 51’ arcsin <E> — ZG; \/ﬁ X
T a2

= 1cm: 1-— x_z — 1a2 arcsin (£> + 1352 arcsin <E>

T4 Y a? 4 a 2 a

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.94

1 / 2
/accsc_1 <2) dr=-|azxy\/1— r +2z%csc! (2) — a? arcsin <£>
T 4 a? T a

[In] Integrate[x*ArcCscla/x],x]
[Out] (a*x*Sqrt[1 - x"2/a~2] + 2*x~2*ArcCsc[a/x] - a~2*ArcSin[x/al)/4
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Maple [A] (verified)

Time = 1.76 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.43

method result size

1
Va2 67

2 ( 2 )
X~ arccsc
Z
parts 3 %0

arctan 1 a2
ﬂ2 1
2 \ 22~ 2
-1 —tF L /21|28
x x

22

9 x? arcesc ( 2 ) 91

derivativedivides | —a* | — >
2a ( a2 1) 22
4

arctan 1 a2
ﬁ —1
a? 2 a2 1 (EB

a1
132 x

91

9 x? arccsc ( 2 )

default —a®| — +
2a? 4\/ (%22_1>m2

[In] int(x*arccsc(a/x),x,method=_RETURNVERBOSE)
[Out] 1/2*x"2%arccsc(a/x)-1/2/a*(-1/2*xx*a~2x(1-x"2/a~2)~(1/2)+1/2%a~2/(1/a~2)"(1/
2)*arctan((1/a"2)~(1/2)*x/(1-x"2/a~2)~(1/2)))

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.81

4 /@ 1 5 ja?—2> 1 , 9 a
/:vcsc (—)daz—zm p -~ (a —2x)arccsc(;)

S

[In] integrate(x*arccsc(a/x),x, algorithm="fricas")
[Out] 1/4*x"2*xsqrt((a”2 - x72)/x72) - 1/4*%(a"2 - 2xx~2)*arccsc(a/x)
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Sympy [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.87

IEZ a
2 (;) n am\/l—aﬁ + :1:2aCSC(;) for a 7& 0

1 a _a acsc
/:ccsc_ (—) dr = 4 4 2
x . .

Soz? otherwise

[In] integrate(x*acsc(a/x),x)
[Out] Piecewise((-a**2*acsc(a/x)/4 + axx*sqrt(l - x*x2/ax*2)/4 + xx*2*acsc(a/x)/2

, Ne(a, 0)), (zoo*xx*x2, True))

Maxima [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.98

. 2
3 arcsin (f) —a’z - +1

a
/:ucsc_1 <2> dr = lxz arccsc (2) —
T 2 T 4a

[In] integrate(x*arccsc(a/x),x, algorithm="maxima")

[Out] 1/2*x"~2*arccsc(a/x) - 1/4*%(a"3*arcsin(x/a) - a~2xxxsqrt(-x~2/a"2 + 1))/a

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.02

1 2 1 1 [ x2
/.’ECSC_l (9> dx = = a* ro_ 1 ) arcsin (f) + = a? arcsin <£> + -azx _r +1
T 2 2 a 4 a 4 a?

a

[In] integrate(x*arccsc(a/x),x, algorithm="giac")
[Out] 1/2*a"2x(x"2/a"2 - 1)*arcsin(x/a) + 1/4xa"2*arcsin(x/a) + 1/4xa*x*sqrt(-x~2

/a”2 + 1)
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Mupad [B] (verification not implemented)

Time = 0.77 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.81

a? asin(ﬁ) (20%2 — 1> ax —z

/msc_l (%) de = 7 Ty .

[In] int(x*asin(x/a),x)

[Out] (a~2*xasin(x/a)*((2*x"2)/a"2 - 1))/4 + (a*xx*x(1 - x~2/a"2)"(1/2))/4
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3.11 [esc™? (%) dx

Optimal result . . . . . . . . . . e 87
Rubi [A] (verified) . . . . . . . . 87
Mathematica [A] (verified) . . . . . . . . . ... 88
Maple [A] (verified) . . . . . . . . . . ]Y
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 89
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... ... 89
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 89
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. 90
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 90

Optimal result

Integrand size = 6, antiderivative size = 25

2
/csc_1 <2> dr =ay\/1— :v_2 + z arcsin <£>
T a a

[Out] x*arcsin(x/a)+a*x(1-x"2/a~2)~(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, rﬁ%ﬁ%ﬁ;ﬁé 1;1i1zlgs = 0.500, Rules used = {5373,
4715, 267}

2
/csc_1 (E) dr =ay/1—- x_z + z arcsin <E>
T a a

[In] Int[ArcCscla/x],x]
[Out] a*Sqrt[1 - x~2/a"2] + x*ArcSin[x/al
Rule 267

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1l

Rule 4715

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*Ar
cSinf[c*x])"n, x] - Dist[b*c*n, Int[x*x((a + b*ArcSin[c*x])"(n - 1)/Sqrt[1 -
c™2xx~2]), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, 0]



Rule 5373
Int [ArcCsc[(c_

D/ ((a_

D+ (b_)*(x )" (n_. )17 (m_.)*(u_.), x_Symbol]

uxArcSin[a/c + b*(x"n/c)]"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rubi steps

integral = / arcsin (£> dr
a

| 7=
=xarcsin< ) \/7

\/ - — —l—xarcsm

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

/ csc™

dx—a\/1—7+xcsc
a

[In] Integrate[ArcCscla/x],x]

[Out] a*Sqrt[1 - x~2/a"2] + x*ArcCscla/x]

Maple [A] (verified)

Time = 1.74 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.08

1 —_—

method result size
parts z arcesc (2) + ay/ “2—“”2 o7
a 2(a? _ 1
derivativedivides | —a | —Z arczsc(m) __° ng ) 59
VEDES
a 2 ﬁ_l
default —Qa _z arczsc(z) — i SZ2 ) 52
TG
€T a2 a2

[In] int(arccsc(a/x),x,method= RETURNVERBOSE)
[Out] x*arccsc(a/x)+a*x((a~2-x"2)/a"2)"(1/2)

88

:> Int[
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.04

4 /@ a a? — x?
csc —)dr==zarccsc|— |+ =z 5
T T T

[In] integrate(arccsc(a/x),x, algorithm="fricas")

[Out] x*arccsc(a/x) + x*sqrt((a”2 - x72)/x72)

Sympy [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.88

/CSC_I(E) gp = @\/1— & +zacsc($) foraz0

T ~ )
0T otherwise

[In] integrate(acsc(a/x),x)
[Out] Piecewise((a*sqrt(l - x**2/ax*2) + x*acsc(a/x), Ne(a, 0)), (zoo*x, True))
Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.92

2
/CSC_l <E> dx = x arccsc (2) +ay/ _x_2 +1
x x a

[In] integrate(arccsc(a/x),x, algorithm="maxima")

[Out] x*arccsc(a/x) + axsqrt(-x"2/a"2 + 1)
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Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.04

in (% 2
/csc_]L (E) dx = a(—xarcsm (“) + ”_ac_z + 1)
T a a

[In] integrate(arccsc(a/x),x, algorithm="giac")
g g g

[Out] a*(x*arcsin(x/a)/a + sqrt(-x"2/a"2 + 1))

Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.92

2
/csc_1 (2) dr=ay/1— x—2 +zasin<£)
T a a

[In] int(asin(x/a),x)
[Out] ax(1 - x~2/a"2)"(1/2) + x*asin(x/a)
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312 [ G gy

T
Optimal result . . . . . . . . . . . . e OT]
Rubi [A] (verified) . . . . . . . . OT]
Mathematica [A] (verified) . . . . . . . . . .. 93]
Maple [A] (verified) . . . . . . . .. 93
Fricas [F] . . . . . o o 94
Sympy [F] . o o o 94
Maxima [F] . . . . . o 94
Giac [F] . . o o 94
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 95

Optimal result
Integrand size = 10, antiderivative size = 59

-1 (a
a 1 2 .
/ M dr = _Ei arcsin <£> + arcsin <£> log (1 — e2mr°5m(5))
a

x a
1 .
— 51 PolyLog (2, e arcsm(ﬁ))

[Out] -1/2*Ixarcsin(x/a) 2+arcsin(x/a)*1n(1-(I*x/a+(1-x"2/a"2)"~(1/2))~2)-1/2*I*po
lylog(2, (Ixx/a+(1-x"2/a"2)~(1/2))"2)

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6 number of rules _ 0.600, Rules used = {5373,

’ integrand size
4721, 3798, 2221, 2317, 2438}

/ M dr — —%i PolyLog <2, e2iafcsin(§)> — %z arcsin <£>2

x a
+ arcsin <£> log <1 - e%arc“n(%))
a

[In] Int[ArcCscla/x]/x,x]

[Out] (-1/2%I)*ArcSin[x/al~2 + ArcSin[x/al*Logl[l - E~((2*I)*ArcSin[x/al)] - (I/2)
*PolyLog[2, E~((2*I)*ArcSin[x/al)]

Rule 2221

Int [CCCF) " ((g_ ) *((e_.) + (£_)*(x))))"(a_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
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[((c + dxx)"m/(bxfxginrLog[F1))*Log[L + b*((F~(gx(e + £+x)))"n/a)], x] - Di
st [d* (m/ (bxf*gxn*Log[F]1)), Int[(c + d*x)~(m - 1)*Logl[l + b*((F~(g*x(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] & IGtQ[m, O]

Rule 2317

Int[Logl(a)) + (b_.)*((F)"((e_.)*((c_.) + (d_.)*(x))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + bxx]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d.) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3798

Int[((c_.) + (d_.)*(X_))A(m_,)*tan[(e__) + Pi*(k__) + (f_-)*(X_)], X_Symbol
1 :> Simp[I*((c + d*x)~(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E~ (2% Ixk*Pi)* (E~(2%I*x(e + f*x))/(1 + E~(2%I*k*xPi)*E~(2%Ix(e + f*x)))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, O]

Rule 4721

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol]l :> Subst[Int[(
a + b*x) n*xCot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 5373

Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
uxArcSin[a/c + b*(x"n/c)]"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rubi steps

. arcsin (2)
integral = / Tadw

= Subst (/xcot(z) dx, x,arcsin <g>)
2ix

1 2
= ——tarcsin <£> — 2iSubst / e—m. dz, x,arcsin <£>
2 a 1— e2ix a

1 2 .
= ——garcsin <£> + arcsin <£> 10g (1 _ eZzarcsm(a)>

— Subst (/ log (1 — €***) dz,z,arcsin (g))
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1 2
= —57; arcsin <£> + arcsin < > IOg (1 2zarcsm( )>
a

1 1 _
+ §’isubSt (/ M dl‘, z, eZzarcsm(a))

X

1 2 : 1 o
—52' arcsin <£> + arcsin ( > log (1 213“35“1(;)) _ El PolyLog (2’ eQzarcsm(a))
a

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.92

-1(a
/csc (w) e
T

= csc™ ( ) log < picse 1(%)) _ %z (Csc_l <g>2 4 PolyLog (2,62icsc—1(;))>

[In] Integrate[ArcCscla/x]/x,x]
[Out] ArcCscla/x]*Logl[l - E~((2*I)*ArcCscla/x])] - (I/2)*(ArcCscla/x]~2 + PolyLog

[2, E-((2%I)*ArcCscla/x])])

Maple [A] (verified)

Time = 2.61 (sec) , antiderivative size = 125, normalized size of antiderivative = 2.12

method result
. a2 .
derivativedivides —% + arcesc (£) In (1 + 24 4/1— z—z) — i polylog ( —Z 41— 2—2) +a

default —%+arccse( )ln(l+%+\/1—2—§)—zpolylog( —&_ 1—ﬁ—§>+a:

[In] int(arccsc(a/x)/x,x,method=_RETURNVERBOSE)

[Out] -1/2*Ixarccsc(a/x) "2+arccsc(a/x)*1n(1+I*x/a+(1-x72/a~2)~(1/2))-I*polylog(2,
-I*xx/a-(1-x"2/a"2)~(1/2))+arccsc(a/x)*1n(1-I*x/a-(1-x"2/a~2)~(1/2))-I*polyl

og(2,I*x/a+(1-x72/a"2)"(1/2))
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Fricas [F]

/csc_1 (%) J /arccsc (%) q
— 2y = | ———22 (g

T T

[In] integrate(arccsc(a/x)/x,x, algorithm="fricas")

[Out] integral(arccsc(a/x)/x, x)

Sympy [F]

-1 (a ]
/csc (E) do — / acsc (m) I
x x

[In] integrate(acsc(a/x)/x,x)
[Out] Integral(acsc(a/x)/x, x)

Maxima [F]

/csc_1 (2) J /arccsc () p
—— = | —— 2l gy

Z Z

[In] integrate(arccsc(a/x)/x,x, algorithm="maxima")

[Out] integrate(arccsc(a/x)/x, x)

Giac [F]

/csc‘1 (2) p /arccsc (2) p
— el = | —— 2l gy

T T

[In] integrate(arccsc(a/x)/x,x, algorithm="giac")

[Out] integrate(arccsc(a/x)/x, x)
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Mupad [B] (verification not implemented)

Time = 0.77 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.83

T r= 2 a 2

-1 (a polylog (2, exsin(3)21) 1j o o z\2 1
/CSC (&) g _ ( ) 41 (1 en(D7) asin (%) - asin (g )" 1i
[In] int(asin(x/a)/x,x)

[Out] log(1l - exp(asin(x/a)*2i))*asin(x/a) - (polylog(2, exp(asin(x/a)*2i))*1i)/2
- (asin(x/a)~2%1i)/2
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3.13 [ @y

2
Optimal result . . . . . . . . . . . e 96!
Rubi [A] (verified) . . . . . . . . . . 96l
Mathematica [B] (verified) . . . . . . .. ... L oo
Maple [A] (verified) . . . . . . . .. 98
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........
Sympy [C] (verification not implemented) . . . ... ... ... ... ... .... 99
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 99
Giac [B] (verification not implemented) . . . . . ... ... ... Lo oL 99
Mupad [B] (verification not implemented) . . . .. ... .. ... ... ....... 100

Optimal result

Integrand size = 10, antiderivative size = 32

csc L (%)d B arcsin (f) arctanh(\/_iz_z)
T Y Rt

[Out] -arcsin(x/a)/x-arctanh((1-x"2/a"2)"(1/2))/a

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5 number of rules _ 0.500, Rules used = {5373,

’ integrand size
4723, 272, 65, 214}

18
~

2 a T

2
/ csc™! (2) J arctanh( 1- 0_2) arcsin (£
— 7 dr = —

[In] Int[ArcCscla/x]/x"2,x]
[Out] -(ArcSin[x/al/x) - ArcTanh[Sqrt[1 - x"2/a"2]]/a
Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x11 /; FreeQl{a, b, c, d}, x] && NeQ
[b*c - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 272

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 4723

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcSin[c*x]) n/(d*(m + 1))), x] - Dist[b*c*(n
/(d*x(m + 1))), Int[(d*x)~"(m + 1)*((a + bxArcSin[c*x])~(n - 1)/Sqrt[1l - c™2%
x~2]), x]1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 5373

Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
u*xArcSin[a/c + bx(x"n/c)]1"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rubi steps

_ arcsin (£)
integral = [ ———*~dx
x

B _arcsin (%) N T\ /1-25

T a

1 2
arcsin (£) . Subst (f Py dz,z,z )

T 2a

in (Z 2
:—M—aSub3t</%da¢ z, 1_:0_)
x a

2
.z arctanh -
arcsin (5) a
x a
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 93 vs. 2(32) = 64.

Time = 0.10 (sec) , antiderivative size = 93, normalized size of antiderivative = 2.91

csct (2) csct (%) V it <—log (1 B ./—1+“§x> + log (1 + ,/—1+“§x)>
[ g ” - \/7 z
a )

[In] Integrate[ArcCscla/x]/x"2,x]

[Out] -(ArcCscla/x]/x) - (Sqrt[-1 + a~2/x"2]*x*(-Log[l - a/(Sqrt[-1 + a~2/x"2]*x)
1 + Logll + a/(Sqrt[-1 + a~2/x"2]*x)]))/(2*xa~2+Sqrt[1 - x~2/a"2])

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.97

method result size
arctanh ( 1 5 )
a 1-Z
parts — arCCS:(’”) — - a2 31
arccsc(g)a+1n<a+a 1—%)
derivativedivides | — ” 42
arccsc(%)a-'_ln <a+a1 / l—i—g )
default — A 42

[In] int(arccsc(a/x)/x"2,x,method=_RETURNVERBOSE)
[Out] -arccsc(a/x)/x-1/a*arctanh(1/(1-x"2/a~2)~(1/2))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 65 vs. 2(30) = 60.

Time = 0.28 (sec) , antiderivative size = 65, normalized size of antiderivative = 2.03

a a2_$2 a2_x2
/ ese (2) 2aarcese (2) + zlog (x\ [+ a) —zlog (m e a)
2 \e) g
z? 2ax

[In] integrate(arccsc(a/x)/x"2,x, algorithm="fricas")
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[Out] -1/2%(2xa*arccsc(a/x) + x*log(x*sqrt((a”2 - x72)/x72) + a) - x*log(x*sqrt ((
a”2 - x72)/x72) - a))/(axx)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 1.15 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.84

>1

a?
ZE2

—acosh (%) for

iasin () otherwise

/csc_1 (2) p acsc (2) N
P \a) g

2 T a

[In] integrate(acsc(a/x)/x**2,x)
[Out] -acsc(a/x)/x + Piecewise((-acosh(a/x), Abs(a**2/x*x2) > 1), (I*asin(a/x), T

rue))/a

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.62

2aarccsc(%) +10g( /_Z_z+1+1) _]Og (-”—Z—i-l—l-l—l)

csc™! (2) B x
o :

xr2

[In] integrate(arccsc(a/x)/x"2,x, algorithm="maxima")
[Out] -1/2%(2xa*arccsc(a/x)/x + log(sqrt(-x~2/a"2 + 1) + 1) - log(-sqrt(-x~2/a"2
+1) +1))/a

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 61 vs. 2(30) = 60.

Time = 0.28 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.91

log<’a+m’) log<‘—a+\/m‘)

/de__"( T ) e

2 |al x

[In] integrate(arccsc(a/x)/x"2,x, algorithm="giac")
[Out] -1/2%a*(log(abs(a + sqrt(a™2 - x72)))/a - log(abs(-a + sqrt(a™2 - x72)))/a)
/abs(a) - arcsin(x/a)/x
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Mupad [B] (verification not implemented)

Time = 0.73 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.94

2 T a

1
/csc‘1 (2) p asin () atanh( 1—23)
— 27 dr = — —

[In] int(asin(x/a)/x"2,x)
[Out] - asin(x/a)/x - atanh(1/(1 - x"2/a"2)~(1/2))/a
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314 [ G gy

3
Optimal result . . . . . . . . .. 10Tl
Rubi [A] (verified) . . . . . . . . ... 101
Mathematica [A] (verified) . . . . . . . . ... L 102
Maple [A] (verified) . . . . . . ... 102
Fricas [A] (verification not implemented) . . . . . . . ... ... ... .. ...... 103
Sympy [C] (verification not implemented) . . . ... ... ... ... .. ..... 103l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... L. 103l
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 104
Mupad [F(-1)] . . . oo 104

Optimal result

Integrand size = 10, antiderivative size = 38

2

/ csc™! (2) p 1—%  arcsin (%)
2/ dr

3 2ax 22

[Out] -1/2*arcsin(x/a)/x"2-1/2%x(1-x"2/a"~2)~(1/2)/a/x

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Illllllrgé‘;gl?(fl I;ilzlgs = 0.300, Rules used = {5373,
4723, 270}

2

/ csc™! (2) p 1—%  arcsin (%)
2/ dr

3 2ax 22

[In] Int[ArcCscla/x]/x"3,x]
[Out] -1/2%Sqrt[1 - x72/a~2]/(a*x) - ArcSin[x/al/(2*x~2)
Rule 270

Int[((c_.)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(cx
x)"(m + 1)*((a + bxx™n) " (p + 1)/(a*xcx(m + 1))), x] /; FreeQ[{a, b, ¢, m, n,
p}, x] & EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rule 4723

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.)) " (n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcSin[c*x])"n/(d*(m + 1))), x] - Dist[b*c*(n
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/(@*(m + 1))), Int[(d*x)"(m + 1)*((a + b*ArcSin[c*x])~(n - 1)/Sqrt[1 - c™2x
x~21), x1, x] /; FreeQ[{a, b, ¢, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 5373
Int [ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(n_.))] " (m_.)*(u_.), x_Symbol] :> Int[

u*ArcSin[a/c + b*(x"n/c)]™m, x] /; FreeQ[{a, b, c, n, m}, x]

Rubi steps

_ arcsin (2)
integral = [ ———*~dz
x

1
_ arcsin (%) J 2?y/1-25 dz

212 2a

z2 .
1—-%  arcsin (%)
2ax 212

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.92

/ csc! (2) . zy\/1— ﬁ—i +acsc™t (2)

T = —
x3 2a12

[In] Integrate[ArcCscla/x]/x"3,x]
[Out] -1/2%(x*Sqrt[1 - x72/a"2] + axArcCscla/x])/(a*x"2)

Maple [A] (verified)

Time = 1.47 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.87

method result size
2
arccsc ( g) 27
parts — g — 33
2
a2arccsc(%)+ z<;—2—1>
2z2 (%f; — 1) a:2
derivativedivides | — ’ 2 " |54
a2
2
azarccsc(%)_i_ 1(2771>
2% (% - 1) x2
2 z ] a
default — — u 54
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[In] int(arccsc(a/x)/x"3,x,method=_RETURNVERBOSE)
[Out] -1/2*%arccsc(a/x)/x"2-1/2%x(1-x"2/a~2)~(1/2)/a/x

Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00

o) . a®arcesc (2) + :c%/%
Tr =

csc™! (2
x3 2 a2x2

[In] integrate(arccsc(a/x)/x~3,x, algorithm="fricas")

[Out] -1/2*(a"2*arccsc(a/x) + x"2*sqrt((a”™2 - x72)/x72))/(a"2*x~2)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.67 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.34

>1

a’
for s

A | )
- otherwise

3 212 2a

/csc‘1 (2) J acsc (2) N
— 7 dr = —

[In] integrate(acsc(a/x)/x**3,x)
[Out] -acsc(a/x)/(2*x**2) + Piecewise((-sqrt(a**2/x**2 - 1)/a, Abs(a**2/x**2) > 1
), (-I*sqrt(-a**2/x**2 + 1)/a, True))/(2*a)

Maxima [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

csc! (%) dr — arccsc (%) _2_2 +1
/ 3 T 222 2azx

[In] integrate(arccsc(a/x)/x"3,x, algorithm="maxima")

[Out] -1/2%arccsc(a/x)/x"2 - 1/2*sqrt(-x~2/a"2 + 1)/(a*x)
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Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.61

a atvaZ—a? _ z
csce™! (%) o a’zx (a+m)a2 arcsin (f)
/ —p = 41al - 212

[In] integrate(arccsc(a/x)/x"3,x, algorithm="giac")
[Out] -1/4%a*x((a + sqrt(a™2 - x72))/(a"2*x) - x/((a + sqrt(a™2 - x72))*a~2))/abs(

a) - 1/2*arcsin(x/a)/x"2

Mupad [F(-1)]

Timed out.

—-1(a . z
/csc 3(z) do — / asmiga) dx
x x

[In] int(asin(x/a)/x"3,x)
[Out] int(asin(x/a)/x"3, x)
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74
Optimal result . . . . . . . . . . . e 105
Rubi [A] (verified) . . . . . . . . . . 1051
Mathematica [A] (verified) . . . . . . .. ... L L 107
Maple [A] (verified) . . . . . . ... 107
Fricas [A] (verification not implemented) . . . . . . . ... ... . ... .. ..... 108
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... . 108
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 109
Giac [A] (verification not implemented) . . . . . . . .. ... .. L. 109
Mupad [F(-1)] . . . oo 109

Optimal result

Integrand size = 10, antiderivative size = 60

“1/a 122 . arctanh | 4/ —%
csc™! (2) o arcsin (2) a

/ x4 dv = - 6az> 313 6a3

[Out] -1/3*arcsin(x/a)/x"3-1/6*arctanh((1-x"2/a~2)~(1/2))/a"~3-1/6x(1-x"2/a~2)~(1/
2)/a/x"2

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 655 Ryles used = {5373,

' integrand size
4723, 272, 44, 65, 214}

2

/ CSC—I (%) p 1— -Z'_; aI‘Ctanh( 1-— ?> arcsin (§>

x fry
xt 6ax? 6a3 33

[In] Int[ArcCscla/x]/x"4,x]

[Out] -1/6*Sqrt[1 - x~2/a"2]/(a*x"2) - ArcSin[x/a]/(3*%x~3) - ArcTanh[Sqrt[1 - x72
/a~2]]1/(6%a~3)

Rule 44

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[

(a + b*x)"(m + 1)*x((c + d*x)~(n + 1)/((b*xc - a*d)*(m + 1))), x] - Dist[d*((

m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*xd, 0] && ILtQ[m, -1] && !Int
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egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 4723

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.)) " (n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcSin[c*x])"n/(d*(m + 1))), x] - Dist[bxcx(n
/(d*x(m + 1))), Int[(d*x)"(m + 1)*((a + bxArcSin[c*x])~(n - 1)/Sqrt[1 - c~2x
x~2]), x], x] /; FreeQl[{a, b, c, d, m}, x] && IGtQ[n, 0] &% NeQ[m, -1]

Rule 5373
Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[

uxArcSin[a/c + b*(x"n/c)]"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rubi steps

, arcsin (2)
integral = [ —— —*~dzx
x

1
arcsin (£) J a3, /1-25 de

3x3 3a

1 2
arcsin (£) . Subst <f ey dr,z, T )

3x3 6a
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1 2
1-%  arcsin (2) n Subst <f PN = dz,z,x )

6ax? 373 12a°
1 -2
_ 1- 2_; arcsin (g) Subst (f a?—a2z? dr,z,\/1— ;)
B 6az? 323 6a
2
_ \/@ arcsin (2) arctanh( 1- F)
B 6az? 313 605

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.15

z2 —1(a z2
/ ese1 (2) ; a’z\/1— % 4+ 2ad csc™! (2) — z®log(z) + z°log <1 +4/1— ;)
— 27 dxr = —

xt 6a313

[In] Integrate[ArcCscla/x]/x"4,x]

[Out] -1/6*(a"2*x*Sqrt[1 - x~2/a"2] + 2*a~3*ArcCscla/x] - x~3*Logl[x] + x~3*Logl1
+ Sqrt[1 - x72/a"2]1])/(a"3%x"3)

Maple [A] (verified)

Time = 1.46 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.90

method result size
arctanh ( 1 )
) 22
arccsc(ﬂ) - 1_;2— T2
parts _ 323 T + 222 = 2a2 54
a a2 -1
“%—1 f’f +1n<%+ %—1) z
a3 arccsc(%) + z z
323 2
z . (;Z - 1) z2
. . o e s E———
derivativedivides | — e t 91
2
ay/ 25 —1
\ %71 iz +1n<%+ ;%4) z
a~ arccsc ( % ) +
23
3 ERE
6 zﬁi a
default — 3 u 91

[In] int(arccsc(a/x)/x"4,x,method=_RETURNVERBOSE)
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[Out] -1/3*arccsc(a/x)/x"3+1/3/ax(-1/2/x"2*x(1-x"2/a~2)~(1/2)-1/2/a"2*arctanh(1/(1
-x~2/a~2)"(1/2)))

Fricas [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.53

.’L'4
4 a3 arcesc (%) + 3 ]og (x, /a2;_2932 + a) — 3 log (x /a2x—23:2 . a) + 2 a2 /azx_fz

- 12 @323

/csc‘1 (2) s

[In] integrate(arccsc(a/x)/x"4,x, algorithm="fricas")

[Out] -1/12%(4*a"3*arccsc(a/x) + x"3xlog(x*sqrt((a”2 - x72)/x72) + a) - x"3*log(x
xsqrt((a™2 - x72)/x72) - a) + 2¥a*x"2*xsqrt((a”2 - x72)/x72))/(a"3%x"3)

Sympy [A] (verification not implemented)

Time = 1.41 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.65

22
VET acosh (2) :
") __acosh (§ a?
T 2z 2a? for 2 >1
iasin (& .
+ 2a2( :) otherwise

ia _ i
/CSC_l (%) o — _acsc (%) N 29/~ 25+l 200/~ 2 +1
Tt T 33 3a

[In] integrate(acsc(a/x)/x**4,x)

[Out] -acsc(a/x)/(3*x**3) + Piecewise((-sqrt(a**2/x*x2 - 1)/(2xa*x) - acosh(a/x)/
(2xax*x2) , Abs(a*x*2/x**2) > 1), (I*a/(2*x**3*sqrt(-a*x*2/x*x*2 + 1)) - I/(2*ax
xksqrt (—ax*2/x**2 + 1)) + Ixasin(a/x)/(2*ax*2), True))/(3*a)
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Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.07

24/—Z5 41
a2 2
-1(a a a
/csc (x) dr — — o + __arcese (z)
6a 313

[In] integrate(arccsc(a/x)/x"4,x, algorithm="maxima")
[Out] -1/6*(log(2*sqrt(-x~2/a"2 + 1)/abs(x) + 2/abs(x))/a"2 + sqrt(-x"2/a"2 + 1)/
x~2)/a - 1/3%arccsc(a/x)/x"3

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.33

R g

1/(a a 3 - 3 + 2,2 s (x

/ csc™! (%) o a a a*z _ arcsin (£)
zt v 12 |a| 323

[In] integrate(arccsc(a/x)/x"4,x, algorithm="giac")

[Out] -1/12*a*(log(abs(a + sqrt(a™2 - x72)))/a"3 - log(abs(-a + sqrt(a™2 - x72)))
/a~3 + 2xsqrt(a™2 - x72)/(a"2*%x"2))/abs(a) - 1/3*arcsin(x/a)/x"3

Mupad [F(-1)]

Timed out.

-1(a s (z
/csc 4(90) o — / a,smia) e
T T

[In] int(asin(x/a)/x"4,x)
[Out] int(asin(x/a)/x"4, x)
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3.16 [ @y

T
Optimal result . . . . . . . . . . . . e 1101
Rubi [A] (verified) . . . . . . . . 110
Mathematica [C] (verified) . . . . . . . . . ... 112
Maple [A] (verified) . . . . . . . .. L 112
Fricas [F(-2)] . . . . o o e 113
Sympy [F] . . o 113
Maxima [F] . . . . . . 113
Giac [F] . . o 114
Mupad [F(-1)] . . . o o 114

Optimal result

Integrand size = 10, antiderivative size = 69

2i csc™ 1 (az™) )

csc! (az™) p icsc! (az™)? csc™ (az™) log <1 —€
/ T = 2n B n
i PolyLog (2, e2 CSC_l(”n)>

+ 2n

[Out] 1/2*Ix*arccsc(a*x™n) 2/n-arccsc(a*x"n)*1n(1-(I/a/(x"n)+(1-1/a"2/(x"n)"2)~(1/
2))~2)/n+1/2%I*polylog(2, (I/a/(x"n)+(1-1/a"2/(x"n)"2)"(1/2))"2)/n

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6 number of rules _ 0.600, Rules used = {5327,

’ integrand size
4721, 3798, 2221, 2317, 2438}

. 2icsc™ 1 (ax™
/ csc! (az) e ¢ PolyLog (2, e ( )> N i cse—! (axn)2
T - 2n 2n
CSC_l (axn) 10g (1 _ e2z’csc_1(ax")>

n

[In] Int[ArcCscl[a*x"n]/x,x]

[Out] ((I/2)*ArcCscla*x™n]~2)/n - (ArcCscla*x"n]*Log[1l - E~((2*I)*ArcCsc[a*x"n])]
)/n + ((I/2)*PolyLogl[2, E~((2*I)*ArcCscla*x™n])])/n

Rule 2221
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Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3798

Int[((c_.) + (@_.)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 :> Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E~ (2% I*k*Pi)* (E~(2%I*(e + f*x))/(1 + E~(2*I*k*Pi)*E~(2*I*(e + f*x)))), x],
x] /; FreeQl{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4721

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x) nxCot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 5327

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcSin[x/cl)/x, x], x, 1/x] /; FreeQl[{a, b, c}, x]

Rubi steps

Subst (f %1(”) dz, T, x")
n
Subst <f miﬁ dz,, x‘”)
n
Subst <f z cot(x) dz, x, arcsin (%))

n

integral =
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—-n

-n 2 iz
i arcsin <””T> (2i)Subst (f 16_27?,5 dz, x,arcsin <‘”T>>

N 2n + "
1 arcsin (ﬂ)Q arcsin (%) lOg <1 _ €2iarcsin(z; ))
N 2n B o
Subst (flog (1 — €*?) dz, z, arcsin <?>>
+
n
i arcsin (ﬂ>2 arcsin (%) log <1 _ e%arcsin(wa ))
7Subst <f w dCL', z, e2ia,rcsin(za ))
- 2n
iarcsin <ﬂ>2 arcsin <§> log (1 _ eziarcsin(’”a)) i PolyLog (2, eQiarcsin(wa)>
) " _ " " 2n

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 0.06 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.91

1 n CL'_n3F2(_,l,l;_a_;a_2) "
/csc (az™) dr — — 2272272 + (csc—l (az™) — arcsin (%)) log(x)

T an

[In] Integrate[ArcCsc[a*x"n]/x,x]

[Out] -(HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, 1/(a"2*x~(2*n))]/(a*n*x"n)
) + (ArcCscla*x™n] - ArcSin[1/(a*x"n)])*Log[x]

Maple [A] (verified)

Time = 1.38 (sec) , antiderivative size = 155, normalized size of antiderivative = 2.25

method result

. ny2 e — - — -
%—arccsc(ax")ln<1+#+\/l—magn)—i—ipolylog(Q,—”an—\/l—za§n>—arccsc(ax")ln(l—“an

derivativedivides -

: ny2 e — - — -
%—arccsc(az”)ln(1+¥+g/1—’”a§n)+ipolylog(2,—”an—y/l—magn)—arccsc(ax”)ln(l—#—

default —
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[In] int(arccsc(a*x"n)/x,x,method=_RETURNVERBOSE)

[Out] 1/n*(1/2*I*arccsc(a*x™n) 2-arccsc(a*x™n)*1ln(1+I/a/(x"n)+(1-1/a"2/(x"n)~2)~(
1/2))+I*polylog(2,-I/a/(x"n)-(1-1/a"2/(x"n)~2)~(1/2))-arccsc(a*x"n)*1n(1-I/
a/(x"n)-(1-1/a"2/(x"n)~2)~(1/2))+I*polylog(2,I/a/(x"n)+(1-1/a"2/(x"n)"2)~ (1

/2)))

Fricas [F(-2)]

Exception generated.

-1 n
csc™ (ax
/ # dx = Exception raised: TypeError

x

[In] integrate(arccsc(a*x"n)/x,x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code: integ
rate: implementation incomplete (constant residues)

Sympy [F]

/ csc! (az™) i — / acsc (az™) i

T T

[In] integrate(acsc(a*x**n)/x,x)

[Out] Integral(acsc(a*x**n)/x, x)

Maxima [F]

-1 n n
/ csc™t (az™) dp — / arccsc (az™) i

T T

[In] integrate(arccsc(a*x™n)/x,x, algorithm="maxima")

[Out] a"2*n*integrate(sqrt(a*x™n + 1)*sqrt(a*x™n - 1)*log(x)/(a~4*x*x~(2*n) - a~2
*x), x) + arctan2(1, sqrt(a*x™n + 1)*sqrt(a*x™n - 1))*log(x)
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Giac [F]

-1 n n
/ csc ! (az™) dp — / arccsc (az™) i

T T

[In] integrate(arccsc(a*x™n)/x,x, algorithm="giac")

[Out] integrate(arccsc(a*x™n)/x, x)

Mupad [F(-1)]

Timed out.

et [,

T T

[In] int(asin(1/(a*x"n))/x,x)
[Out] int(asin(1l/(a*x"n))/x, x)
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3.17 [ z*csc™(a + bz) dz

Optimal result . . . . . . . . . . e 115l
Rubi [A] (verified) . . . . . . . . 115
Mathematica [A] (verified) . . . . . . . . . .. 17191
Maple [A] (verified) . . . . . . . .. 119
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 120)
Sympy [F] . . o 120
Maxima [F] . . . . . o 120
Giac [B] (verification not implemented) . . . . . . . . .. ... L. 1211
Mupad [F(-1)] . . . .o 1211

Optimal result

Integrand size = 10, antiderivative size = 197

a(20 +53a?) (a +b2) /1 = oy
30b°

1laz*(a + bx),/1 — m N z’(a+bz), /1 — (a+1bac)2

6063 2062

9+ 58a2) (a+ bx)21 /1 — —(a_dm)g . a® CSC_l(a + bz)

1206° 5b°

(3 + 40a? + 40a*) arctanh (\/% )

4065

/x4 csc(a+ bx) dr = —

+

1
+ 5905 csc(a + bx) +

[Out] 1/5*%a"5*arccsc(b*x+a)/b~5+1/5*%x"5*arccsc(b*x+a)+1/40%(40*a~4+40%a"2+3)*arct
anh((1-1/(b*x+a)~2)~(1/2))/b~5-1/30*a*x (53*a~2+20) * (b*xx+a) * (1-1/ (b*x+a) ~2) ~(
1/2) /b75-11/60*a*x~2* (b*x+a) * (1-1/(b*x+a) ~2) ~(1/2) /b~3+1/20*x~3* (b*x+a) * (1-
1/ (bxx+a)~2)~(1/2) /b"2+1/120*% (58*%a~2+9) * (bxx+a) ~2* (1-1/ (b*x+a) ~2)~(1/2) /b~5

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.00,

number of steps used = 9, number of rules used = 8, Bumber of rules _ 0.800, Rules used
integrand size
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= {5367, 4512, 3867, 4141, 4133, 3855, 3852, 8}

1
/$4 cscY(a + be) do = a® csc™(a + bx) B (53a* 4 20) a(a + bx), /1 — (atbz)2

£5 3065
(5842 +9) (a + bx)%/%

12065
(40a* + 40a? + 3) arctanh( 1- m)

+ 406°

1laz?(a + bx),/1 — m

60b°

x3(a+bx),/l—m 1 5

2 -1
+ 5002 + 2 csC (a + bx)

+

[In] Int[x"4*ArcCscl[a + b*x],x]

[Out] -1/30%(a*x(20 + 53*a~2)*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]1)/b"5 - (1l*a*xx™2x
(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]1)/(60%b~3) + (x73*(a + b*x)*Sqrt[1l - (a +
b*x)~(-2)]1)/(20%b"2) + ((9 + 58*a~2)*(a + b*x) 2xSqrt[1 - (a + bxx)~(-2)])
/(120%b~5) + (a~bxArcCscl[a + b*x])/(5*%b~5) + (x"5*ArcCsc[a + b*x])/5 + ((3

+ 40*%a”~2 + 40*a~4)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)]1]1)/(40%b~5)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQl{c,
d}, x] && I1GtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh([Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3867

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_))~(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + b*Csc[c + d*x])"(n - 2)/(d*(n - 1))), x] + Dist[1/(n - 1)
, Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a~3*(n - 1) + (bx(b™2x(n - 2) + 3*a
~2%(n - 1)))*Cscl[c + d*xx] + (axb™2%(3*n - 4))*Cscl[c + d*x]~2, x], x], x] /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] &% IntegerQ[2*n]
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Rule 4133

Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (£_.)*x(x_)]"2*(C_.
Nx(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*C*Cscl[e +
fxx]*(Cot[e + fxx]/(2%f)), x] + Dist[1/2, Int[Simp[2*A*a + (2*B*a + b*(2*A
+ C))*Cscle + f*xx] + 2x(a*xC + Bxb)*Csc[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, f, A, B, C}, x]

Rule 4141

Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (£_.)*x(x_)]"2*(C_.
Nx(cscl(e_.) + (£_)*(x)1*(b_.) + (a_))"(m_.), x_Symbol] :> Simp[(-C)*Cot
[e + fxx]*((a + bxCsc[e + fxx])"m/(fx(m + 1))), x] + Dist[1/(m + 1), Int[(a
+ bxCscle + f*x])~"(m - 1)*Simp[axA*(m + 1) + ((A*b + a*xB)*x(m + 1) + b*Cxm)
xCsc[e + fxx] + (b*Bx(m + 1) + a*Ckm)*Csc[e + f*x]~2, x], x], x] /; FreeQ[{
a, b, e, f, A, B, C}, x] && NeQ[a"2 - b~2, 0] && IGtQ[2*m, O]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Csc[(c_.) + (d_.)*(x_)I*(Cscl(c_.) + (d_.)*(x_)
Ix(b_.) + (a))"(n_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx)"m)*((a + bxCsclc + d*x])~(n + 1)/(bxdx(n + 1))), x] + Dist[f*x(m/ (b*dx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])™m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps
, Subst ([ = cot(z) csc(z)(—a + csc(z))* dz, z, csc ™ (a + bz))
integral = — o

1 Subst( [ (—a + csc(z))® dz, z, csc ™ (a + bz))

= 5x5 csc(a + bz) —

— 15 1
= 25007 + g2’ cse (a+bx)

_ Subst ([(—a+ csc(z))? (—4a® + 3(1 + 4a?) esc(z) — 1lacsc?(z)) dz, z, csc™ (a + bz))

5b°

206°
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1laz*(a + bx), /1 — m z(a+bz)/1 - (a+%7z)2 1.

B -1
=— 5053 + 5002 + 5% csC (a+ bx)

_ Subst ([(—a + csc(z)) (12a* — a(31 + 48a?) csc(z) + (9 + 58a?) csc?(z)) dz, z,csc™ (a + bz))

6065

1laz*(a + bx), /1 — m z’(a +bz), /1~ (a+%)w)2

60b° + 2002

(9458a%) (a+bx)*\ /1— s 1

L5 a1
+ 1205° + 2 csC (a + bx)
Subst ([ (—24a® + 3(3 + 40a® + 40a*) csc(x) — 4a(20 + 53a?) csc?(z)) dz, z, csc*(a + b))

1200°

1laz*(a + bx), /1 — m N z(a + bx)\/ 1- (a+%n:)2

6003 2002

(9 + 58a%) (a + bz)?, /1 — (a+%)ac)2 a® csc™(a + bx)
+

1200° 5b°

n %af esc~ (a + bz) + (a(20 + 53a?)) Subst ([ ;f)c;(x) dz,z,csc™ (a + bz))

(3 4 40a? + 40a*) Subst( [ csc(z) dz, z, csc™ (a + bz))
B 406°

1laz*(a + bx), /1 — (a+1bw)z z*(a + bx) \/ (a+boc)2

6003 2002

(9 + 58a%) (a + bz)?, /1 — (a-{-})ac)Q a® csc™(a + bx)
+

1200° 5b°

1 (3 + 40a? + 40a*) arctanh(, /1— m>
+ 2% csc(a + bx) +

5 4065

(a(20 + 53a?)) Subst (f ldz,z,(a+bx),/1 — m>

3006°

a@0+%a ) (a+ bz),/ Hm:a+M) ~ iy

300 600

}(a+bz),/1— m (9 +58a%) (a + bx)Q\/ 1— (a+1bx)2 a’® csc™(a + br)
+ +

2062 1206° 5b°

(3 + 40a® + 40a*) arctanh(1 /1— m>

40b°

+

+

_|_

1
+ 5x5 csc*(a + bx) +
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Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 174, normalized size of antiderivative = 0.88

/z4 csc ' (a + bz) dx

—\/ et % (0 (T1 + 1540%) + 2a(31 + 48a%) bx — 9(1 + 4a?) b2? + 16ab°z® — 6b'a?) + 24b°2° cs
- 12065

[In] Integrate[x~4*ArcCscla + b*x],x]

[Out] (-(Sqrt[(-1 + a2 + 2%a*b*x + b~2*x"2)/(a + b*x) 2]*(a"2x(71 + 154xa~2) + 2
*ax (31 + 48%a~2)*b*x - 9x(1 + 4*a~2)*b"2*x"2 + 16*a*b”3*x"3 - 6*b~4*x74)) +
24%b"5*xx"5*ArcCsc[a + b*x] + 24*a~5*ArcSin[(a + b*x)~(-1)] + 3*(3 + 40*a"2

+ 40%a~4)*Log[(a + bxx)*(1 + Sqrt[(-1 + a2 + 2%a*b*x + b~2%x"2)/(a + b*x)
~2]1)1)/(120%b~5)

Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 329, normalized size of antiderivative = 1.67

method result

5
— % +arcesc(bz+a)a? (bz+a)—2 arcesc(bz+a)ad (br+a)?+2 arcesc(bz+a)a?(br+a)® —arcesc(bz+a)a(bo+

derivativedivides
5
— w +arcesc(bz+a)a? (bz+a)—2 arcesc(bz+a)ad (br+a)2+2 arcesc(bz+a)a?(br+a)d —arcesc(bz+a)a(bo+
default
5 VB2zZ+2abz+aZ—1 ( —623vb2r2+2abz+aZ—1 b3vVb2+22vb2 Vb2z2+2abs+a2—1 a b2z —24a°
z° arccsc(bz+a)
parts 5 —

[In] int(x"4*arccsc(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/b"5%(-1/5*arccsc(b*x+a)*a”5+arccsc(b*x+a)*a~4*(b*x+a)-2*arccsc(b*x+a)*a”3
* (bxx+a) ~2+2*arccsc (b*x+a) *a”~2* (b*x+a) “3-arccsc (bxx+a) *a* (b*x+a) “4+1/5*arcc
sc(bxx+a) * (bxx+a) “5+1/120* ((b*x+a) ~2-1) ~(1/2) * (24*xa~5*arctan(1/ ((b*x+a) ~2-1

)~ (1/2))+120*a"4*1n (b*x+a+((b*x+a) ~2-1) " (1/2) ) -240*a~3* ((b*x+a) "2-1)~(1/2)+
120*a~2* (b*xx+a) * ((bxx+a) "2-1) ~(1/2) -40*a* (b*x+a) ~2* ((b*x+a) "2-1)~(1/2)+6* (b

*x+a) 3% ((b*x+a) "2-1) " (1/2)+120*a~2*1n (b*xx+a+ ((b*x+a) "2-1) ~(1/2) ) -80*a* ((b*
x+a)"2-1) " (1/2) +9* (b*x+a) * ((b*xx+a) “2-1) " (1/2) +9*1n (b*x+a+ ((b*x+a) "2-1)~(1/2

)))/ (((b*x+a) ~2-1) / (bxx+a) ~2) ~(1/2) / (b*x+a) )
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Fricas [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.77

/z4 csc ' (a + bz) dx

_ 24b°2 arcesc (bx + a) — 48 a® arctan (—bx — a + Vb?a? + 2abx 4 a2 — 1) — 3 (40a* + 40a® + 3) log (—b
B 1

Y

o

[In] integrate(x~4*arccsc(b*x+a),x, algorithm="fricas")

[Out] 1/120%(24*b~5*x"5*arccsc(b*x + a) - 48*a~b*arctan(-b*x - a + sqrt(b™2*x"2 +
2%axbxx + a”2 - 1)) - 3*%(40%xa~4 + 40%a"2 + 3)*log(-b*x - a + sqrt(b™2*x"2

+ 2%axbxx + a”2 - 1)) + (6%b73%x"3 - 22%a*b”2xx"2 - 154*a”3 + (58*a"2 + 9)*

b*x - 71%a)*sqrt(b~2*x~2 + 2%a*b*x + a2 - 1))/b"5

Sympy [F]
/x4 csc (a + bx) dz = /x4 acsc (a + bz) dx
[In] integrate(x**4*acsc(b*x+a),x)

[Out] Integral(x**4*acsc(a + b*x), x)

Maxima [F]
/x4 csc”!(a + bz) dz = /:c4 arccsc (bx + a) dz

[In] integrate(x~4*arccsc(b*x+a),x, algorithm="maxima")

[Out] 1/5*x"5xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + integrate(1/5*(b~
2%x76 + axb*x~5)*e”(1/2xlog(b*x + a + 1) + 1/2%log(b*x + a - 1))/(b™2*x"2 +
2%a*xb*x + a”2 + (b72*x72 + 2%axbxx + a”2 - 1)*e"(log(b*x + a + 1) + log(bx*
X+a_1)) _1), X)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 408 vs. 2(173) = 346.

Time = 0.30 (sec) , antiderivative size = 408, normalized size of antiderivative = 2.07

/z4 csc”!(a + bz) dz =

5( 5a _ _10a? 106> _ _5a% _ - 1 3(bx +a)
1 b 192 (bx + a) <bx+a (bw+a)2 + (b:l:+a)3 (bz+a)4 1> arcsin ( (b97+a')<bzi—a_l>_a) +

960 b6

[In] integrate(x~4*arccsc(b*x+a),x, algorithm="giac")

[Out] -1/960%b*(192*(b*x + a) ~5x(5xa/(b*x + a) - 10*%a~2/(b*x + a)~2 + 10*a~3/(b*x
+ a)”3 - 5%¥a”4/(b*x + a)~4 - 1)*arcsin(-1/((b*x + a)*(a/(b*x + a) - 1) - a
))/b76 + (3*(bxx + a)~4*(sqrt(-1/(b*x + a)~2 + 1) - 1)74 + 40*(b*x + a)~3*a
*(sqrt(-1/(b*xx + a)”2 + 1) - 1)73 + 240*(b*x + a) 2%a"2*(sqrt(-1/(b*x + a)~
2 + 1) - 1)72 + 960*(b*x + a)*a~3x(sqrt(-1/(b*x + a)~2 + 1) - 1) + 24*(b*x
+ a)"2x(sqrt(-1/(bxx + a)~2 + 1) - 1)72 + 360*(b*x + a)*ax(sqrt(-1/(b*x + a
)72 + 1) - 1) + 24%(40*%a"4 + 40%a"2 + 3)*log(-(sqrt(-1/(b*x + a)"2 + 1) - 1
)*abs(b*x + a)) - (120%(8*a~3 + 3*a)*(b*x + a)~3x(sqrt(-1/(b*x + a)~2 + 1)
- 1)73 + 24%(10%a"2 + 1) *(b*x + a) 2x(sqrt(-1/(b*x + a)~2 + 1) - 1)72 + 40%
(b*x + a)*ax(sqrt(-1/(bxx + a)"2 + 1) - 1) + 3)/((bxx + a)~4*(sqrt(-1/(b*x
+a)”2+1) - 1)74))/b"6)

Mupad [F(-1)]

Timed out.

/x4csc_1(a+bx)dx:/x4asin< ! ) dx
a+bzx

[In] int(x~4*asin(1/(a + b*x)),x)
[Out] int(x~4*asin(1/(a + b*x)), x)
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3.18 [ z?csc™(a + bx) dz

Optimal result . . . . . . . . . . . 1221
Rubi [A] (verified) . . . . . . . . 1221
Mathematica [A] (verified) . . . . . . . . . ... 1251
Maple [A] (verified) . . . . . . . .. 125
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... ... .... 126
Sympy [F] . . o o 1261
Maxima [F] . . . . . o e 1261
Giac [B] (verification not implemented) . . . . . . . ... ... Lo L. 127
Mupad [F(-1)] . . . oo 127

Optimal result

Integrand size = 10, antiderivative size = 155

/x3 osc™(a + br) da = (24 17a%) (a + bx) /1 - (a+1lzw)_2 . z?(a + bx)\/l_i (a_+1bw)2

1264 1262
2 1
e+t 1 Grp atoso(a + ba)
3bt 4b*
2 1
1 a(1+2a”)arctanh( /1 — —3—5
+ Zx‘* csc(a + bz) — 2b4< (etbe) >

[Out] -1/4*a"4*arccsc(b*x+a)/b~4+1/4*xx"4*arccsc(b*x+a)-1/2*%a*(2*a~2+1)*arctanh((1
-1/ (b*x+a) "2)~(1/2)) /b~4+1/12% (17*a~2+2) * (bxx+a) * (1-1/ (b*x+a) ~2) ~(1/2) /b~4+
1/12%x7 2% (b*xx+a) * (1-1/(b*x+a) ~2) ~(1/2) /b~2-1/3*a* (b*x+a) “2* (1-1/ (b*x+a) "2)~
(1/2)/v~4

Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.00,

number of steps used = 8, number of rules used = 7, Bumber of rules _ 754 Ryles used
integrand size

= {5367, 4512, 3867, 4133, 3855, 3852, 8}

a* csc™(a + b) (2a® + 1) aarctanh( 1-— —(a+})m)2>

/x3 csc(a + bx) dr = —

4b* B 2
(17a* + 2) (a + bz), /1 — m a(a+ bx)Q\/ 1— (a+1bac)2
" _
12b* 3b*
i a+bz), /1 —
a+tbx 1
+ O g csc”'(a + bz)

122 4
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[In] Int[x"3*ArcCscl[a + b*x],x]

[Out] ((2 + 17*a"2)*(a + b*x)*Sqrt[1 - (a + bxx)~(-2)]1)/(12%b"4) + (x"2*(a + b*x)
xSqrt[1 - (a + b*x)~(-2)]1)/(12%b"2) - (a*(a + b*x)~"2*xSqrt[1 - (a + b*x)~(-2
)1)/(3*b~4) - (a~4*ArcCscla + bxx])/(4*b~4) + (x~4*ArcCscla + b*x])/4 - (ax

(1 + 2xa~2)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)]1]1)/(2%xb~4)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3867

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + b*Csc[c + d*x])"(n - 2)/(d*(n - 1))), x] + Dist[1/(n - 1)
, Int[(a + bxCsc[c + d*x])~(n - 3)*Simp[a~3*(n - 1) + (bx(b"2x(n - 2) + 3*a
~2%(n - 1)))*Csclc + d*x] + (a*xb™2%(3*n - 4))*Cscl[c + d*x]~2, x1, %1, x] /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] && IntegerQ[2*n]

Rule 4133

Int[((A_.) + cscl[(e_.) + (f_.)*(x )]*(B_.) + cscl[(e_.) + (£f_.)*x(x_)]"2*(C_.
N x(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*C*Cscl[e +
fxx]*(Cot[e + fxx]/(2%f)), x] + Dist[1/2, Int[Simp[2xA*a + (2*B*a + b*(2xA
+ C))*Cscl[e + f*x] + 2x(a*C + B*b)*Csc[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, f, A, B, C}, x]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)I*Csc[(c_.) + (d_.)*(x )]1*(Cscl(c_.) + (d_.)*(x.)
Ix(b_.) + (@)~ (m_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
f*x)"m)*((a + bxCsclc + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (b*d*(
n+ 1))), Int[(e + f*x)"(m - 1)*(a + bxCsclc + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367
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Int[((a_.) + ArcCscl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, O] && IntegerQ[m]

Rubi steps
. Subst ([ = cot(z) csc(z)(—a + csc(z))® dz, z, csc ™ (a + bz))
integral = — i

Subst( [ (—a + csc(z))* dz, z, csc™ (a + bz))

1
= Zz4 csc Y (a + bx) —

xz(a+b$)1/1—m 1

_ L4 -1
= 1207 + 4@ esc (a+bx)

_ Subst(f(=a+ csc(z)) (=3a® + (2 + 9a?) csc(z) — Bacsc®(z)) dz,z,csc” (a + bx))

44

12v*

z2(a+bx),/1 — —(aﬁm)z a(a+bx)?, /1 — —(a+1bw)2 1,

= - + ~2*csc™(a + bx)

1202 3b* 4
Subst ([ (6a* — 12a(1 + 2a?) csc(z) + 2(2 + 17a?) csc?(x)) dx, , csc™ (a + bx))
24b*
B z%(a + bzx), /1 (a+bw)2 a(a+bz)*\ /1 — e atoscl(a+ba)
1262 3bt 4b*
N }1374 esc(a + br) + (a(1 + 2a?)) Subst ([ cs;b4 ) dz, z, csc™ (a + b))
(2 4 17a?) Subst ( [ csc?(z) dz, z, csc™ (a + bz))

12p*

1 1
z*(a+bz),/1— @z ola+ bx)zy/ - iy gt csc!(a + bzx)

1
= — - +-z*csc™(a

1202 3b* 4v 4
a(1+ 2a?)arctanh( /1 — ——
+ bx) — 2b4< (o) >
(24 17a%) Subst(f ldz,z, (a+bzx),/1— m>
_|_
12p*

(24176 (a+bo)y /1 - e +x2(a +02)\ /1= Gy ala+b2)*y /1~ i
- 1264 1262 3b*

at esc=1(a + bx) a(1+ 2a?) arctamh(1 /1— m>

1
+ ~z*csc™ (a + bx) —

4b* 4 2b*
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Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.96

/z3 csc ' (a + bz) dx

\/ _1+“?:ff£)€+b2z2 (2a 4 13a® 4 2bz + 9a’bx — 3ab®z? + b°2®) + 3b*z* csc™!(a + bx) — 3a* arcsin () -

- 120

[In] Integrate[x”~3*ArcCsc[a + b*x],x]

[Out] (Sqrt[(-1 + a2 + 2xa*b*x + b~2%x72)/(a + b*x) 2]*(2*%a + 13*a~3 + 2%b*x + 9
*a”"2%bxx - 3*%a*b"2*x"2 + b~3*x"3) + 3*b~4xx"4xArcCsc[a + b*x] - 3*a~4*ArcSi

nl(a + b*x)~(-1)] - 6*xax(1 + 2*a~2)*Logl[(a + b*x)*(1 + Sqrt[(-1 + a2 + 2*a

xb*x + b"2*xx72)/(a + b*x)~2])])/(12%b"4)

Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 248, normalized size of antiderivative = 1.60

method result
£/ (bz
arccsc(l;z+a)a4 —arccsc(bz+a)a3(bz+a)+3 arccsc(bm+2a)a2(bz+a)2 _arccsc(bw+a)a(bw+a)3+arccsc(bzt}a)(bz+a)4 +
derivativedivides
\/ (bz
arccsc(l:lz+a)a4 —arccsc(bx+a)a3(bx+a)+3 arccsc(bm+2¢7,)a2(bz+a)2 _arccsc(bx+a)a(bx+a)3+arccsc(bw-tla)(bz+a)4 +
default
22 2_ 2 22 2_1p2 2__2.4 1 2__ 2
parts 24 arceso(ba-+a) + Vb2224+2abz+a2—1 (a: V2224 2abz+a2—1b Vb2—3a arctan(\/m>\/b> 4/
4

[In] int(x"3*arccsc(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/b~4x(1/4*arccsc(b*x+a)*a”4-arccsc(b*xx+a)*a~3* (b*x+a)+3/2*arccsc(b*xx+a)*a”
2% (bxx+a) "2-arccsc (b*x+a) *ax (bxx+a) “3+1/4*arccsc (bxx+a) * (b*x+a) ~4+1/12* ((b*

x+a) "2-1)"(1/2) *(-3*a~4*arctan(1/((b*x+a) ~2-1)~(1/2))-12*a"3*1n (b*x+a+((b*x

+a) "2-1)"(1/2))+18*a~2*x ((b*x+a) ~2-1) " (1/2) -6*xa* (b*x+a) * ((b*x+a) "2-1) ~(1/2)+
(bxx+a) ~2* ((b*xx+a) "2-1) ~(1/2) -6*a*1n(b*x+a+((b*x+a) "2-1)~(1/2) ) +2* ((b*x+a)~
2-1)"(1/2))/ (((b*x+a) ~2-1) / (b*x+a) ~2) ~(1/2) / (b*x+a))
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Fricas [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 129, normalized size of antiderivative = 0.83

/z3 csc ' (a + bz) dx

_ 3b*z*arcesc (bx + a) + 6 a* arctan (—bz — a + V0?22 4+ 2abz + a? — 1) + 6 (24° + a) log (—bz — a + V/b*
B 1264

[In] integrate(x~3*arccsc(b*x+a),x, algorithm="fricas")

[Out] 1/12%(3xb~4*x"4*arccsc(b*x + a) + 6*%a~4xarctan(-bxx - a + sqrt(b™2*x"2 + 2%
axbxx + a”2 - 1)) + 6%(2%a"3 + a)*log(-b*x - a + sqrt(b”2*xx"2 + 2*axbxx + a

72 - 1)) + sqrt(bT2*x72 + 2*%axb*x + a”2 - 1)*(b72%x"2 - 4*xaxb*x + 13%a”2 +
2))/b"4

Sympy [F]
/x3 csc (a + bx) dz = /x3 acsc (a + bz) dx
[In] integrate(x**3*acsc(b*x+a),x)

[Out] Integral(x**3*acsc(a + b*x), x)

Maxima [F]
/x3 csc”!(a + bz) dz = /:c3 arccsc (bx + a) dz

[In] integrate(x~3*arccsc(b*x+a),x, algorithm="maxima")

[Out] 1/4*x"~4xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + integrate(1/4x*(b~
2xx75 + axb*x"4)*e”(1/2xlog(b*x + a + 1) + 1/2%log(b*x + a - 1))/(b™2*x"2 +
2%a*xb*x + a”2 + (b72*x72 + 2%axbxx + a”2 - 1)*e"(log(b*x + a + 1) + log(bx*
x+a-1) -1), x)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 300 vs. 2(135) = 270.

Time = 0.30 (sec) , antiderivative size = 300, normalized size of antiderivative = 1.94
3 ol _
/z csc” (a+bx)dx =

3 1
24 (bx + a)4< 2a 6a® 4 _da% 1) arcsin (—(bw+a)( L ) (bz +a) (\/ " (ba+a)’

1 br+a (bz+a)? (bz+a)® e —1) —a

_9_6b 5 —

[In] integrate(x~3*arccsc(b*x+a),x, algorithm="giac")

[Out] -1/96%bx(24*(b*x + a) 4*(4*a/(b*x + a) - 6*a~2/(bxx + a)~2 + 4*a~3/(b*x + a
)73 - 1)*arcsin(-1/((b*x + a)*(a/(b*x + a) - 1) - a))/b75 - ((b*x + a)~3x(s
qrt(-1/(b*x + a)~2 + 1) - 1)73 + 12x(b*x + a) 2xa*x(sqrt(-1/(b*x + a)~2 + 1)

- 1)72 + 72%(b*x + a)*a"2x(sqrt(-1/(b*x + a)~2 + 1) - 1) + 9x(b*x + a)*(sq
rt(-1/(b*x + a)”2 + 1) - 1) + 48%(2*xa~3 + a)*log(-(sqrt(-1/(b*x + a)~2 + 1)

- 1)*abs(b*x + a)) - (9%(8*a"2 + 1)*(b*x + a) " 2x(sqrt(-1/(b*x + a)~2 + 1)

- 1)72 + 12%(b*x + a)*ax(sqrt(-1/(b*x + a)~2 + 1) - 1) + 1)/((b*x + a)~3*(s
qrt(-1/(b*x + a)~2 + 1) - 1)73))/b"5)

Mupad [F(-1)]

Timed out.

1
3 ol S
/ac csc (a-l—bx)da:—/ asm(a-l—bx) dx

[In] int(x"3%asin(1/(a + b*x)),x)
[Out] int(x~3*asin(1/(a + b*x)), x)
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3.19 [ z*csc™(a + bz) dz

Optimal result . . . . . . . . . . . . e 128
Rubi [A] (verified) . . . . . . . . 128
Mathematica [A] (verified) . . . . . . . . . .. 1301
Maple [A] (verified) . . . . . . ... 131
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 131
Sympy [F] . . o 132
Maxima [F] . . . . . o 132
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 1321
Mupad [F(-1)] . . . o 133

Optimal result

Integrand size = 10, antiderivative size = 116

5a(a+bx)1/1—ﬁ x(a+bx) 1—#
/xQCsc_l(a—i—bac)dx:— ete) + o)
663 6b?
3 -1 1
a4 e 3153 +bo) + gzv?’ csc™!(a + bx)

(1+ 6a?) arctanh(, /1— m)

663

+

[Out] 1/3*a”~3*arccsc(b*x+a)/b~3+1/3*x"3*arccsc(b*x+a)+1/6*(6*a~2+1)*arctanh((1-1/
(bxx+a)~2)~(1/2)) /b"3-5/6*ax* (b*x+a)*(1-1/ (b*x+a) ~2) ~(1/2) /b~3+1/6*x* (b*x+a)
*(1-1/(b*x+a)~2)~(1/2)/b~2

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 6, Lumber of rules _ ( 540 Ryles used

' integrand size
= {5367, 4512, 3867, 3855, 3852, 8}

3 cgel (6a® 4 1) arctanh( /1 — —3—>
/mz esc(a+ b dz = & 3(5;1 + bx) N 6b3< (atba) )
5a(a +b2)\/1 = ey
- 6b°
z(a+bz), /1 - = 1
+ (ete) + =23 csc™!(a + bx)

6b2 3
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[In] Int[x"2%ArcCscl[a + b*x],x]

[Out] (-5*ax(a + bxx)*Sqrt[1l - (a + b*x)~(-2)])/(6%xb~3) + (x*x(a + b*x)*Sqrt[1 - (
a + bxx)~(-2)]1)/(6%b~2) + (a"3*ArcCscla + b*x])/(3*b"3) + (x"3*ArcCsc[a + b
*x])/3 + ((1 + 6%a~2)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)]11)/(6%b"3)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3867

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCscl[c + d*x])"(n - 2)/(d*(n - 1))), x] + Dist[1/(n - 1)
, Int[(a + b*Csc[c + d*x])~(n - 3)*Simp[a~3*(n - 1) + (b*x(b"2*(n - 2) + 3*a
~2%(n - 1)))*Cscl[c + d*x] + (axb™2%(3*n - 4))*Cscl[c + d*x]~2, x], x], x] /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] &% IntegerQ[2*n]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Csc[(c_.) + (d_.)*(x_)I*(Cscl(c_.) + (d_.)*(x_)
Ix(b_.) + (a_))"(m_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx)"m)*x((a + bxCsclc + d*x])~(n + 1)/ (bxdx(n + 1))), x] + Dist[f*x(m/ (b*dx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])™m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]
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Rubi steps
_ Subst ([ = cot(z) csc(z)(—a + cse(z))? dz, z, csc ™ (a + bz))
integral = — 5

Subst( [ (—a + csc(z))® dz, z, csc ™ (a + bz))

1
= gz?’ csc (a + bx) — T

z(a+bx),/1— —(a-l—lbz)z 1

= + gz?’ csc ™ (a + br)

602
Subst( [ (—2a® + (1 + 6a?) csc(z) — bacsc?(z)) dz, z, csc™ (a + bz))
6b°
r(a+bz), /1 — —1 3 nqe—1
B @tz  a’cscM(a+bx) 1 5
= =5 + 253 + 52" ose (a+ bx)
(5a)Subst ( [ csc?(z) dz, z, csc™ (a + bz))
+ e
(14 6a?) Subst( [ csc(z) dz, z, csc*(a + bz))
6b3
r(a+bx) /1 — —+~ 3 .1
B @tbz)?  a’csc(a+bx) 1 5
- o + 23 + 327 esc (a+bx)
(1 + 6a2) arctanh( 1— m> (5a)Subst (f ldz,z,(a+bx),/1 — m)
+ —
6b3 6b°
1 1
Sa(a+bz)\/1— e @@ +00)\/1 - e @3 cse(a + ba)
== 63 + 62 * 33

1+ 6a?)arctanh( /1 — —1
I g 1 ( ( (a+be)?
+ g” osc (a+bx) + 653

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.11

/x2 csc ' (a + bz) dx

(—5a% — dabz + b*x?) \/ _1+“f:f§;’)€+b2z2 + 2b%23 csc™! (a + bx) 4 2a® arcsin () + (1 + 6a?) log ((a + bs
603

[In] Integrate[x~2*ArcCscl[a + b*x],x]

[Out] ((-5%a”2 - 4xaxb*x + b~2%x~2)*Sqrt[(-1 + a~2 + 2xaxbxx + b~2*x72)/(a + b*x)
~2] + 2xb~3*x"3%ArcCscla + b*x] + 2%¥a”~3xArcSin[(a + b*x)~(-1)] + (1 + 6*a~2
)*xLogl[(a + b*x)*(1 + Sqrt[(-1 + a”2 + 2*xaxbxx + b™2*x"2)/(a + b*x)"2])])/(6

*b~3)
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Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.66

method result

\/(bz+a)2 -1 <—2a3 arctan (7

arccsc(bx+a)(bm+a)3 _
3

3
— w +arcesc(bz+a)a? (bz+a)—arcesc(bz+a)a(bz+a)?+

derivativedivides =

\/ (bz+a)2—1 (—2(13 arctan (7

3 3
— w +arcesc(bz+a)a? (bz+a)—arcesc(bz+a)a(bz+a)’+ arccsc(bwt:) (bzta)” _

default =
3 V02221 2abz+a?—1 | —2a3 arctan| ———L— | Vb2 —2vb2222abz+a>—1 bvVb2—61n
parts z? arccsc(bz+a) V222 +2abs+a2 -1
3 6b3 \/b2z2+f
(¢

[In] int(x"2*arccsc(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/b~3*(-1/3*arccsc(b*x+a)*a”3+arccsc(b*x+a)*a~2* (b*x+a)-arccsc(b*xx+a)*xa*x (b*
x+a) "2+1/3*arccsc (b*xx+a) * (b*x+a) “3-1/6* ((b*x+a) ~2-1) " (1/2) *(-2*a~3*arctan(1

/ ((bxx+a) "2-1)~(1/2))-6*a~2*1n(b*x+a+((b*x+a) "2-1)~(1/2) ) +6*a* ((b*xx+a) ~2-1)
~(1/2) - (b*x+a) * ((b*x+a) "2-1) " (1/2) -1n(b*x+a+ ((b*x+a) "2-1)~(1/2))) / (((b*x+a)
~2-1)/(b*xx+a) ~2)~(1/2) / (b*x+a))

Fricas [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.01

/w2 csc Y(a + bx) dz

_ 2b%3 arcesc (bx + a) — 4a® arctan (—bz — a + vb?3? + 2abz + a? — 1) — (6a® + 1) log (—bz — a + V/b?
B 6 b

[In] integrate(x~2*arccsc(b*x+a),x, algorithm="fricas")

[Out] 1/6%(2%b~3*x"3*arccsc(b*x + a) - 4*a~3xarctan(-b*x - a + sqrt(b™2*x"2 + 2xa
*¥b*x + 2”2 - 1)) - (6%a”2 + 1)*log(-b*x - a + sqrt(b™2xx"2 + 2*axb*x + a~2

- 1)) + sqrt(b™2*x72 + 2*a*b*x + a”2 - 1)*(b*x - 5*a))/b"3
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Sympy [F]
/x2 csc Y(a + bx) dz = /x2 acsc (a + bz) dx

[In] integrate(x**2*acsc(b*x+a),x)

[Out] Integral(x**2*acsc(a + b*x), x)

Maxima [F]
/x2 csc ' (a+ bx) dx = /x2 arccsc (bx + a) dx

[In] integrate(x~2*arccsc(b*x+a),x, algorithm="maxima")

[Out] 1/3*x"3*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + integrate(1/3*(b”
2%x~4 + axb*x~3)*e”(1/2xlog(b*x + a + 1) + 1/2xlog(b*x + a - 1))/(b™2*x"2 +
2%axbxx + a”2 + (b72*x"2 + 2*kaxbxx + a”2 - 1)*e"(log(b*x + a + 1) + log(b*

x+a-1) -1), x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 203 vs. 2(100) = 200.

Time = 0.29 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.75

/w2 csc ! (a + bx) dx =

3( 3a __ _3a%> 3 _
1 8(ba+a) (bw+a (bz+a)® 1) arcsm( (be+a) (5t —1)—a N

2
1 ) (bx+a)2< —m—l-l—l) 4

_ﬂb bt

[In] integrate(x~2*arccsc(b*x+a),x, algorithm="giac")

[Out] -1/24xbx(8*(b*x + a)~3x(3*a/(b*x + a) - 3*a~2/(b*x + a)~2 - 1)*arcsin(-1/((
b*x + a)*(a/(b*x + a) - 1) - a))/b”4 + ((b*x + a)~2*(sqrt(-1/(b*x + a)~2 +
1) - 1)72 + 12%(b*x + a)*a*x(sqrt(-1/(b*xx + a)"2 + 1) - 1) + 4x(6%a"2 + 1)*1
og(-(sqrt(-1/(b*xx + a)~2 + 1) - 1)*abs(b*x + a)) - (12x(b*x + a)*a*x(sqrt(-1
/(bxx + a)”2 + 1) - 1) + 1)/((b*x + a)"2x(sqrt(-1/(b*xx + a)~2 + 1) - 1)72))

/b~4)
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Mupad [F(-1)]

Timed out.

/:c?csc_l(a+bx)d:c:/z2asin< ! ) dx
a+bzx

[In] int(x"2*asin(1/(a + b*x)),x)

[Out] int(x~2*asin(1/(a + b*x)), x)
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3.20 [z csc™Ha + br) dzx

Optimal result . . . . . . . . . . . . e 134
Rubi [A] (verified) . . . . . . . . 134
Mathematica [A] (verified) . . . . . . . . . .. 1361
Maple [A] (verified) . . . . . . . .. 136
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 137
Sympy [F] . . o 137
Maxima [F] . . . . . o 137
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 138]
Mupad [F(-1)] . . . o 138

Optimal result

Integrand size = 8, antiderivative size = 79

(a+b2),/1— =5 42 o1
/xcsc_l(a+bx) dz (whal? _ a”cse (a+br)

22 2b2

aarctanh(1 /1— m>

b2

1
+ 5302 csc ' (a + bz) —

[Out] -1/2*a~2*arccsc(b*x+a) /b~ 2+1/2*x"2*arccsc(b*x+a)-a*arctanh((1-1/(b*xx+a)~2)~
(1/2)) /v~2+1/2*% (bxx+a)*(1-1/ (b*x+a)~2)~(1/2) /b2

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 754 Ryjeg ysed = {5367,

' integrand size
4512, 3858, 3855, 3852, 8}

2 g1 aarctanh( /1 — ﬁ
/$CSC_1(a+bx)dx:_a csc™(a + bx) (m)

2b2 b?

(a+b2)\/1~ Grop 1
Lo -1
+ 72 + 52 esc (a+bx)

[In] Int[x*ArcCsc[a + b*x],x]

[Out] ((a + bxx)*Sqrt[1 - (a + b*x)~(-2)])/(2%xb~2) - (a"2xArcCscla + b*x])/(2xb~2
) + (x"2*ArcCsc[a + b*x])/2 - (a*ArcTanh[Sqrt[1 - (a + b*x)~(-2)]1]1)/p"2

Rule 8
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Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh([Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3858

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2#*x, x] +
(Dist[2*a*b, Int[Csc[c + d*x], x], x] + Dist[b~2, Int[Cscl[c + d*x]~2, x],
x]) /; FreeQ[{a, b, c, d}, x]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)I*Csc[(c_.) + (d_.)*x(x_)]1*(Cscl(c_.) + (d_.)*(x))
1x(b_.) + (@) " (a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx)"m)*x((a + bxCsclc + d*x])~(n + 1)/(bxdx(n + 1))), x] + Dist[f*x(m/ (b*dx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps
, Subst ([ z cot(z) cse(z)(—a + csc(z)) dz, z, csc™*(a + b))
integral = — =

_ %xz esc (a4 be) — Subst([(—a + csc(x)z);dx, z,csc” a + br))

a?cscYa+bx) 1, Subst( [ csc?(z) dz, z, csc™ (a + b))
=— 552 + a7 csc (a+bzx) — 52
N aSubst ([ csc(z) dz, z,csc™ (a + bz))

b2
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aarctamh(1 /1— m)

2 -1 b 1
_ oo (a+ba) + ~2%csc™!(a + bx) —

2 2 b2
X Subst(f 1dz,z, (a+ bx)\/l—i ﬁ)
202
T 1
(a+bz), /1 - e a? CSC_l(CL tbr) 1, aarctanh( 1-— —(a+bx)2>
= o%2 T Tt e (athe)- 4

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.39

/w csc”H(a + bx) dx

(a + bx) \/_“a(zjf,ff)x;b%ﬁ + b*2% csc™ (a + bx) — a® arcsin () — 2alog ((a + bx) (1 + \/W
N 22

[In] Integrate[x*ArcCscl[a + b*x],x]

[Out] ((a + b*xx)*Sqrt[(-1 + a2 + 2xa*b*x + b~2%x72)/(a + b*x)~2] + b ~2*x"2xArcCs
cla + b*x] - a"2*ArcSin[(a + b*x)~(-1)] - 2xaxLogl[(a + b*x)*(1 + Sqrt[(-1 +

a2 + 2kaxb*x + b72*x72)/(a + b*x)"2])])/(2%b~2)

Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.34

method result

\/ (ba:+a)2—1 <—2a 1n<bm+a+\/(bz+a)2—1) +\/(bm+a)2—1)

2
w —arcesc(bz+a)a(bz+a)+

(bm+a)2—l ota
. . .. 2 “brta)? (bz+a)
derivativedivides 2
2 \/(bz+a)2—1 —2aln( bx4a+ (bz+a)2—1 + (bz+a)2—1
w—armso(bw—i—a)a(bz+a)+ ( ( \/ ) \/ )
5, [ (bz+a)2—1 (bo-+a)
default (ote)
b2
2z 252 2abz+a2— \/1772 al
212249 21 —a2 S S 2_9aq1 b“z+/b +2abz+ 1 +
parts o axccse(pe-ra) | V0T T T me e i ) VU R Vo2
2 252 2
9 [ b4x“+2abz+a“—1 p)
2b \/7@2_’_&)2 (bz+a)Vb

[In] int(x*arccsc(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/b~2x(1/2*arccsc(b*x+a) *(b*xx+a) “2-arccsc(b*x+a) *a* (bxx+a)+1/2/ (((b*x+a) ~2-
1)/ (b*x+a)~2)~(1/2) / (b*x+a) * ((b*xx+a) “2-1) ~(1/2) * (-2*a*1n (b*x+a+((b*x+a) ~2-1
)" (1/2))+((bxx+a)~2-1)"(1/2)))
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Fricas [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.29

/z csc ' (a + bz) dx

_ b’z arcesc (br 4 a) + 2a® arctan (—bz — a 4+ V22 4+ 2abx + a® — 1) + 2alog (—bz — a + Vb2 4 2a
B 262

[In] integrate(x*arccsc(b*x+a),x, algorithm="fricas")

[Out] 1/2%(b~2*x"2*arccsc(b*x + a) + 2*a~2*arctan(-b*x - a + sqrt(b~2*x"2 + 2xax*b
*x + a”2 - 1)) + 2*xaxlog(-b*x - a + sqrt(b™2*xx"2 + 2*xaxbxx + a”2 - 1)) + sq
rt(b™2*%x"2 + 2%axb*x + a”2 - 1))/b"2

Sympy [F]

/xcsc_l(a + bz) dz = /xacsc (a + bx) dz

[In] integrate(x*acsc(b*x+a),x)

[Out] Integral(x*acsc(a + b*x), x)

Maxima [F|
/x csc ' (a+ bx) dx = /a: arccsc (bz + a) dz

[In] integrate(x*arccsc(b*x+a),x, algorithm="maxima")

[Out] 1/2*x"2xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + integrate(1/2x(b~
2*x"3 + a*b*x"2)*e”(1/2xlog(b*x + a + 1) + 1/2%log(b*x + a - 1))/ (b™2*x"2 +
2%axb*xx + a”2 + (b72%x"2 + 2%axb*x + a”2 - 1)*e"(log(b*x + a + 1) + log(b*

x+a-1)) - 1), x)
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Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.70

/zcsc_l(a +bz)dz =

— 1 — —
2 (bz + a)%% — 1) arcsin (—(Wra)(;?m_l)_a) (bz + a)( Geray T 1 1) +4alog ( (w

_Zb b3

[In] integrate(x*arccsc(b*x+a),x, algorithm="giac")

[Out] -1/4%bx(2*x(b*xx + a)~2*(2*a/(b*x + a) - 1)*arcsin(-1/((b*x + a)*(a/(b*x + a)
- 1) - a))/b™3 - ((bxx + a)*(sqrt(-1/(b*x + a)~2 + 1) - 1) + 4*axlog(-(sqr
t(-1/(b*x + a)"2 + 1) - 1)*abs(b*x + a)) - 1/((b*x + a)*(sqrt(-1/(b*x + a)~

2+ 1) -1)))/b73)

Mupad [F(-1)]

Timed out.

1
-1 _ :
/zcsc (a+bx)da:—/wa81n<a+bm> dx

[In] int(x*asin(1/(a + b*x)),x)
[Out] int(x*asin(1/(a + b*x)), x)
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3.21 [ csc™Ha + bz) dz

Optimal result . . . . . . . . . . e 139
Rubi [A] (verified) . . . . . . . . 139
Mathematica [C] (verified) . . . . . . . . . ... 1411
Maple [A] (verified) . . . . . . ... 141
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. ...... 142
Sympy [F] . . o 142
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 142
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 143]
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 143

Optimal result

Integrand size = 6, antiderivative size = 36

_ 1
/ csc(a + bz) dx (a + bz) csc™'(a + bx) arctanh( V! (a+bx)2>

- b + b

[Out] (b*x+a)*arccsc(b*x+a)/b+arctanh((1-1/(b*x+a)~2)~(1/2))/b

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, dumber of rules _ ; g33 Ry jjeq ysed = {5359,

' integrand size
379, 272, 65, 212}

arctanh( ,/1 — ﬁ 1
/CSC_l(a +bz) dz = ( (e+02) ) (a +bz)esc™ (a + b)

b * b

[In] Int[ArcCscla + b*x],x]
[Out] ((a + b*x)*ArcCscl[a + b*x])/b + ArcTanh[Sqrt[1 - (a + b*x)~(-2)]11/b
Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x11 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 212
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 379

Int[(u_ )~ (m_.)*((a_) + (b_)*(v_)"(n_))"(p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]*v"m), Subst[Int[x"m*(a + b*x™n)"p, x], x, v], x] /; FreeQ[{
a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 5359
Int[ArcCscl[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcCsclc + d*x]

/d), x] + Int[1/((c + d*x)*Sqrt[1 - 1/(c + d*x)~2]), x] /; FreeQl[{c, d}, x]

Rubi steps

-1
integral = (a + bx) csc(a + bx) N / 1 i
(a + bz)

b / 1
1— (a+bx)?

Subst (f L dx,z,a+ bx)

_ (a+bx)csc™(a+ bx) J1-%e
a b b
(a + bx) csc™(a + bx) B Subst (f \/11wa dz, z, m)
B b 2b
1 1
_ (a4 bzx)csc'(a + bx) N Subst (f 17 47,7, /1 = (a+bx)2>
N b b

1
(a+ bz)csc™(a + bx) N arctanh(v 1- (a+bw)2>

b b
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Mathematica [C] (verified)

Result contains complex when optimal does not.
Time = 0.40 (sec) , antiderivative size = 469, normalized size of antiderivative = 13.03
/csc_l(a + bz) dr = z csc™(a + bx)

(a + bx)\/—1+a2+2abm+b2x2 ( 4/__1(_2- + /_1 + a2) \/27; —3a2 + 24 /—1 + a2 arctan (a\(/—_ll)i;‘lz\_/lzli\;jizi\_/’_

(a+bx)?

[In] Integrate[ArcCscl[a + b#*x],x]

[Out] x*ArcCscla + b*x] - ((a + b*x)*Sqrt[(-1 + a™2 + 2*a*b*x + b™2*x72)/(a + b*x
)72]*((-1)"(1/4)*(-I + Sqrt[-1 + a~2])*Sqrt[2*I - I*a~2 + 2*Sqrt[-1 + a~2]]
*ArcTan[((-1)"(3/4)*Sqrt [2*I - I*a~2 + 2*Sqrt[-1 + a~2]]1*b*x)/(a*Sqrt[-1 +
a”2] - axSqrt[-1 + a”2 + 2*axbxx + b™2*x"2])] + (-1)7(3/4)*(I + Sqrt[-1 + a
~2])*Sqrt [-2*I + I*a~2 + 2+Sqrt[-1 + a~2]]1*ArcTan[((-1)"(1/4)*Sqrt[-2*I + I
*a~2 + 2xSqrt[-1 + a”2]]*b*x)/(axSqrt[-1 + a~2] - axSqrt[-1 + a™2 + 2xaxbx*x
+ b™2%x72])] + ax(axArcTan[(Sqrt[-1 + a~2]*b"2*x"2)/(a"4 + a"3*b*x + b™2%x
2 - a”2%(1 + Sqrt[-1 + a”2]*Sqrt[-1 + a”2 + 2xa*b*x + b~2%x"2]))] - Logl[Sq
rt[-1 + a”2] - b*x - Sqrt[-1 + a”2 + 2*%axb*x + b~2xx"2]] + Log[b~2*(Sqrt[-1
+ a”2] + b*x - Sqrt[-1 + a™2 + 2%a*b*x + b~2%x72])])))/(axb*Sqrt[-1 + a~2
+ 2%axbxx + b72%x72])

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.19

method result

arccsc(bz+a)(bz+a)+In (bx+a+(bx+a) 1— *12)

. . o . (bz+a)
derivativedivides 5
___ 1 _

arccsc(bz+a)(bz+a)+1n (bw+a+(bm+a) /1 (bz+a)2)

default T
Vo222 oabatai—1 (a arctan (W) VBZ4In ( 2ot \/b2z2+2(f/b%h12—1 V2
x adxr+a“ —
parts x arcesc (bx + a) + — -
b\/ B2e2 a1 (4 ) /57

[In] int(arccsc(b*x+a),x,method=_ RETURNVERBOSE)
[Out] 1/bx(arccsc(b*xx+a)* (b*x+a)+1n(b*x+a+(b*x+a)*(1-1/(b*x+a)~2)~(1/2)))
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 75 vs. 2(34) = 68.

Time = 0.27 (sec) , antiderivative size = 75, normalized size of antiderivative = 2.08

/csc_l(a + bz) dz

_ bzarcese (br 4 a) — 2 aarctan (—=bz — a+ Vb?z% + 2abz + a®> — 1) — log (—bz — a + Vb?z? + 2 abz + a?
- b

[In] integrate(arccsc(b*x+a),x, algorithm="fricas")

[Out] (bxx*arccsc(b*x + a) - 2xa*arctan(-b*x - a + sqrt(b™2#x"2 + 2xaxb*x + a~2 -
1)) - log(-b*x - a + sqrt(b™2*x~2 + 2*a*bxx + a”2 - 1)))/b

Sympy [F]
/csc‘l(a + bz)dz = /acsc (a + bx) dz

[In] integrate(acsc(b*x+a),x)

[Out] Integral(acsc(a + b*x), x)

Maxima [A] (verification not implemented)

none

Time = 0.19 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.53

/csc_l(a + bz) dz

2 (bz + a) arccsc (bz + a) + log (,/—m+1+1> — log (—1 /—W-l—l-l—l)

2b

[In] integrate(arccsc(b*x+a),x, algorithm="maxima")

[Out] 1/2%(2*(b*x + a)*arccsc(b*x + a) + log(sqrt(-1/(b*x + a)~2 + 1) + 1) - log(
-sqrt(-1/(b*x + a)"2 + 1) + 1))/b



143

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 81 vs. 2(34) = 68.

Time = 0.30 (sec) , antiderivative size = 81, normalized size of antiderivative = 2.25
/csc_l(a + bz) dz

2 (bz + resin | — L __ 1 >_ <_ 1 )
(bz + a)a (@HﬂﬁrWJ kg@/wmrﬂ+l log et 141

_|_

=30 b2 b2

[In] integrate(arccsc(b*x+a),x, algorithm="giac")

[Out] 1/2%b*x(2x(bxx + a)*arcsin(-1/((b*x + a)*(a/(b*x + a) - 1) - a))/bp"2 + (log(
sqrt(-1/(b*x + a)"2 + 1) + 1) - log(-sqrt(-1/(b*x + a)"2 + 1) + 1))/b"2)

Mupad [B] (verification not implemented)

Time = 1.01 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.92

atanh (%) + asin(ﬁ) (a+bx)

- (a+b z)?
b

/csc_l(a + bx) dz =

[In] int(asin(1/(a + b*x)),x)
[Out] (atanh(1/(1 - 1/(a + b*x)"2)"(1/2)) + asin(1/(a + b*x))*(a + b*x))/b
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3.99 f cse™ 1 (a+bx) dx

T
Optimal result . . . . . . . . . . . e 144
Rubi [A] (verified) . . . . . . . . 145
Mathematica [A] (verified) . . . . . . . . . .. T48]
Maple [B] (verified) . . . . . . . . . . 149
Fricas [F] . . . . o . o o 149
Sympy [F] . . o 150
Maxima [F] . . . . . . 150
Giac [F] . . . o o 1501
Mupad [F(-1)] . . . o e 150

Optimal result

Integrand size = 10, antiderivative size = 210

csc_l(a + bIL‘) ,l'aeicsc_l(a—i—bz)
= dr=csc Ha+bx)log |1+ —F———
/ . ( )log 1-+vV1-a?

+csc(a + bx) log <1 + 2

:icsc”!(a+bx)
1+v1—a?
— csc™(a + br) log <1 — e Cscfl(‘”bm))

 PolvL. 5 iaeicsc_l(a—i-bw)
— i PolyLo ————
yhoe 1—+v1—a?

iaetesc L(a+bzx)

_iPolyLog (2,
Y g( 14++v1—a?

1 o
) + 52 POlyLOg (2’ e22csc l(a—i—bx))

[Out] -arccsc(b*x+a)*1n(1-(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2)) 2)+arccsc(b*x+a)*1n(1
+I*ax*x(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2+1)~(1/2)))+arccsc(b*x+a) *1n
(1+I*a*(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a"2+1)~(1/2)))+1/2*I*polylog(

2, (I/(b*x+a)+(1-1/(bxx+a) ~2) ~(1/2))~2) -I*polylog(2, -I*a*(I/(b*x+a)+(1-1/(b*
x+a)~2)7(1/2))/(1-(-a"2+1)~(1/2)) ) -I*polylog(2,-I*a*(I/(bxx+a)+(1-1/(b*x+a)
~2)°(1/2))/(1+(-a"2+1)~(1/2)))
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.00,

number of steps used = 14, number of rules used = 8§, number of rules _ 0.800, Rules used
integrand size

= {5367, 4648, 4625, 3798, 2221, 2317, 2438, 4615}

-1 b :icsc™!(a+bx) . icsc™!(atb)
[t byt <z,_we—) i PolyLog (2, )

z 1-vVi-a V- +1
- _icsc”!(a+bx)
ae
+ CSC_1 a—+ bx) lo 1+ ——
( ) log ( o >
- icsc™!(a+bx)
ae
+ CSC_1 a—+ bx) lo 1+ ——
( )log ( v1—a?+1 )

1 ? - . p—
+ E’L POlyLOg (2, 622 cse 1(a+bw)) _ csc_l(a + bl’) log (1 _ 621 csc 1(a+bz)>

[In] Int[ArcCscl[a + b*x]/x,x]

[Out] ArcCscl[a + bxx]*Log[l + (I*a*E~(I*ArcCscl[a + b*x]))/(1 - Sqrt[1l - a~2])] +
ArcCsc[a + b*x]*Log[l + (I*a*xE~(I*ArcCscla + b*x]))/(1 + Sqrt[l - a~2])] -
ArcCscl[a + b*x]*Log[l - E~((2*I)*ArcCsc[a + bxx])] - I*PolyLog[2, ((-I)*a*E
~(I*ArcCscla + b*x]))/(1 - Sqrt[1 - a~2])] - I*PolyLog[2, ((-I)*a*E~(I*ArcC
scla + b*x]))/(1 + Sqrt[1l - a~2])] + (I/2)*PolyLogl[2, E~((2*I)*ArcCscla + b
*x]) ]

Rule 2221

Int [CC(F)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438
Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3798
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Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (£f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2+I, Int[(c + d*x)"m
*E~ (2%Ixk*Pi) * (E~(2%xIx(e + f*x))/(1 + E~(2%xI*xk*Pi)*E~(2*xI*(e + f*x)))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, O]

Rule 4615

Int[(Cos[(c_.) + (d_.)*(x_)]1*((e_.) + (£_)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[(-I)*((e + f*x)~"(m + 1)/(bxfx(m + 1
))), x] + (Int[(e + f*x)"m*x(E~(I*(c + d*x))/(a - Rt[a"2 - b~2, 2] - I*xb*xE~(
I*x(c + d*x)))), x] + Int[(e + f*x)"m*x(E~(I*(c + d*x))/(a + Rt[a"2 - b~2, 2]
- Ixb*xE~(I*(c + d*x)))), x]) /; FreeQ[{a, b, ¢, d, e, £}, x] && IGtQ[m, O]
&& PosQ[a~2 - b~2]

Rule 4625

Int[(Cot[(c_.) + (d_.)*(x_)]1 " (n_.)*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.
)*¥Sin[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) “m*Cot[c +
d*x]°n, x], x] - Dist[b/a, Int[(e + f*x) m*Cos[c + d*x]*(Cot[c + d*x]~(n -
1)/(a + bxSin[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m,
0] && I1GtQ[n, O]

Rule 4648

Int[((Ce_.) + (£_D)*(x_))"(m_)*(F_)[(c_.) + (A_.)*(x_D]1"(n_.)*(G) [(c_.) +

(d_)*x(x_)1"(p_.))/(Cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_)), x_Symbol] :> In
t[(e + fxx) m*Sin[c + d*x]*F[c + d*x] "n*(G[c + d*x]~p/(b + a*Sin[c + d*x]))
, x] /; FreeQ[{a, b, c, d, e, f}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, n, p]

Rule 5367

Int[((a_.) + ArcCscl(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + fxCsc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

integral = —Subst < / z cot(e) cse(z) dz,z,csc ™ (a + bz))

—a + csc(x)

= —Subst (/ _zootlz) dz,z,csc(a + bx))

1 — asin(z)
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_ (aSubst (/ % dz,z,csc (a + bx)))

— Subst (/ x cot(z) dz, x,csc™(a + bx))

] einx .
= 2iSubst — dz,z,csc” (a + bx)
1 — e2ix
e
— V1 —a?+iae®®

ey
— aSubst / — dz,z,csc (a + bz >
( 14++1— a2+ iae= ( )

— aSubst( dz,z,csc(a + bx))

icsc™!(a+bx)

; . _icsc™!(a+bx)
= csc™(a + bz) log (1 + 2 e )

— | 4+cescHa+br)log |1+ ————
1—\/1—a2> ( ) g( 1++/1—a?
— cscY(a + bx) log < e CSC_I(aerm))

— Subst </log <1 + L) dz,z,csc (a + bx))
1—+1-a?

— Subst (/log (1 + 14_@%) dz,z,csc”(a + bx))
+ Subst (/log (1 —€**) dz,z,csc l(a—l-b:c))

icsc™!(a+bx)

; . _icsc™!(a+bx)
= csc”(a + bz) log (1 + 2 e )

— | 4+cescHa+br)log |1+ ————
1—\/1—a2> ( ) g( 14++v1—a?
log(1 — o
— csc Y (a + br) log (1 gicse” 1(““’””)) iSubst ( / —og( z) dz, z,e* 1(““’””))
x

+ iSubst icsc™!(a+bx)

/log <1+ %)

1-
dx,x,e
x

icsc™!(a+bx)

log (1 + ez %)
+ #Subst / Vi dr,z,e

icsc™!(a+bx)

; . _icsc™!(a+bx)
= csc”!(a + bx) log (1 + e 'Lae—)

1—\/1—0,2 _|_,/1_a2

1 2 1 (b ,I:aeicscfl(a—}-bm)
—csc¢ (a+bx)lo < rose e ””) —11PolyLog | 2, ——F——

1 -
+ 52 POlyLOg (2’ glicse 1(a+bm)>

> + csc™!(a + bx) log (1 +

 PolvL, 5 ,l'aeicsc_l(a—i-bx)
— ¢ PolyLo e ———————
yhoe 1++vV1—a?
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Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 375, normalized size of antiderivative = 1.79

-1
/csc (a+bx) i

T

|

(i(ﬂ' —2csc™Ha + bav))2

@) arctan ((1 +a) cot ((m +2csc(a + bx))) ) —4 (w

V2 V1 —a?

— 327 arcsin (

—1+4a -1
a 14++/1— 2 e—tcsc (a+bzx)
—2csc™!(a + bx) + 4arcsin ( 7 ) ) log <1 i(= )

—14a 1
a 1 V1 — 2 —z csc™ 1t (a+bx)
—4<7r—2csc1(a+bx)—4arcsin ( )) log (1— i1+ ) )

V2

— 8csc ' (a + bx) log <1 2”5"71(‘”1’”)) +4(m — 2csc (a + br)) log ( .

b (—1 4+ /1 — a2 —icsc™ ! (a+bz)
+ 8csc™!(a + bx) log (_x) +8i (PolyLog <2, —Z( @?)e
a—+ bx a
1 /1 = q2) e—tcsc” L(a+bx)
+ PolyLog <2 ( T ¢ ) )
a

+ 44 (csc_l(a + bz)? + PolyLog (2, e Csc_l(““”)))

[In] Integrate[ArcCscla + b*x]/x,x]

[Out] (I*(Pi - 2*ArcCscla + b*x])~2 - (32*%I)*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Arc
Tan[((1 + a)*Cot[(Pi + 2*ArcCsc[a + b*x])/4])/Sqrt[1 - a~2]] - 4*(Pi - 2xAr
cCscla + bxx] + 4*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]])*Log[1l + (I*(-1 + Sqrt[1

- a~2]))/(a*E"(I*ArcCsc[a + b*x]))] - 4*(Pi - 2xArcCsc[a + b*x] - 4*ArcSin
[Sqrt[(-1 + a)/al/Sqrt[2]]1)*Logl[l - (I*(1 + Sqrt[1 - a~2]))/(a*E~(I*ArcCsc[

a + bxx]))] - 8xArcCscla + b*x]*Log[l - E~((2*I)*ArcCscl[a + b*x])] + 4*(Pi

- 2xArcCsc[a + b*x])*Log[(b*x)/(a + b*x)] + 8xArcCsc[a + b*x]*Log[(b*x)/(a

+ bxx)] + (8+I)*(PolyLogl[2, ((-I)*(-1 + Sqrt[1 - a~2]))/(a*xE~(I*ArcCscla +
b*x]))] + PolyLogl[2, (I*(1 + Sqrt[1l - a~2]))/(a*E~(I*ArcCsc[a + b*x]))]) +
(4*%I)*(ArcCsc[a + b*x]"2 + PolyLog[2, E~((2*I)*ArcCsc[a + b*x])]))/8
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 606 vs. 2(269) = 538.

Time = 1.87 (sec) , antiderivative size = 607, normalized size of antiderivative = 2.89

method result
J 1 _ 2 _ 144 i 1 _ 2_1-4
bt/ a2>a+\/ﬁ+1 (b et o a2>a+\/a i
ia? dilog( < ere :b +2 )1 ia? dilog v (,I:L+ ; T arccsc(bx
derivativedivides | — 5 — 5 —
a‘—1 a?—1
(i R VaZ T4 AR ru— VaZ1 i
bzF +,/1 ﬁ>a+ a 1414 (b ¥ +./1 ﬁ>a+ a [3
ia? dilog < ere - (bata) ia? dilog * (,b ta) arccsc(bx
2 2
i+vVa4—1 —i+Vva“—1
default — = — p —

[In] int(arccsc(b*x+a)/x,x,method=_RETURNVERBOSE)

[Out] -I*xa~2/(a"2-1)*dilog((-(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))*a+(a"2-1)"(1/2)+I)
/(I+(a~2-1)"(1/2)))-I*a"2/(a"2-1) *dilog (((I/(b*x+a)+(1-1/(bxx+a)~2)~(1/2))*
a+(a”2-1)"(1/2)-1)/(-1+(a"2-1)"(1/2)))-arccsc(b*x+a)/(a"2-1) *1n( (- (I/ (b*x+a
)+(1-1/(b*x+a)~2) " (1/2))*a+(a"2-1)"(1/2)+I)/(I+(a"2-1)"(1/2))) -arccsc(b*x+a
)/ (a”2-1)*1n(((I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))*a+(a"2-1)"(1/2)-I)/(-I+(a"2
-1)"(1/2)))+a"2*arccsc(b*x+a)/(a~2-1) *1n((-(I/ (b*x+a)+(1-1/ (b*x+a) ~2) ~(1/2)
)*xa+(a”2-1)"(1/2)+I)/(I+(a"2-1)"(1/2)))-I*dilog(I/ (b*x+a)+(1-1/(b*x+a) ~2) " (
1/2))+I*dilog(1+I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))+a~2*arccsc(b*x+a)/(a"2-1)*
In(((I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))*a+(a"2-1)"(1/2)-1)/(-I+(a"2-1)"(1/2))
)-arccsc(b*x+a)*1n(1+I/ (b*x+a)+(1-1/(b*x+a) ~2)~(1/2))+I/(a~2-1)*dilog((-(I/
(bxx+a)+(1-1/(b*x+a)~2)~(1/2))*a+(a"2-1)"(1/2)+I)/(I+(a"2-1)"(1/2)))+I/(a"2
-1)*dilog(((I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))*a+(a"2-1)"(1/2)-I)/(-I+(a"2-1)

~(1/2)))

Fricas [F|

T T

-1
/csc (a + bx) dr — / arccsc (bx + a) i

[In] integrate(arccsc(b*x+a)/x,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)/x, x)
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Sympy [F]

-1
/csc (a + bx) dp — / acsc (a + bz) s

T T

[In] integrate(acsc(b*x+a)/x,x)

[Out] Integral(acsc(a + b#*x)/x, x)

Maxima [F]

T T

-1
/ csc ' (a + bx) dp — / arcesc (bx + a) i

[In] integrate(arccsc(b*x+a)/x,x, algorithm="maxima")

[Out] integrate(arccsc(b*x + a)/x, x)

Giac [F]

-1
/ cse (Z + bx) dp — / arcesc ;bx +a) i

[In] integrate(arccsc(b*x+a)/x,x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)/x, x)

Mupad [F(-1)]

Timed out.
1

/ csc(a + bx) e — / asin(m) s

T T

[In] int(asin(l/(a + b*x))/x,x)
[Out] int(asin(1/(a + b*x))/x, %)
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3.23 f cse™ 1 (a+bx) dx

72
Optimal result . . . . . . . . .. e [I51]
Rubi [A] (verified) . . . . . . . 1511
Mathematica [C] (verified) . . . . . . . . ... .. 1531
Maple [A] (verified) . . . . . . . . Y
Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ....... 154
Sympy [F] . . . 153
Maxima [F] . . . . . .o 155
Giac [A] (verification not implemented) . . . . . . . .. ... .. L. 155
Mupad [F(-1)] . . . oo 156

Optimal result

Integrand size = 10, antiderivative size = 69

a—tan(% csc 1 (a+bz))
/ csc!(a + bx) dp — _besc'(a+bx) csc'(a+br) 2barctan ( Via? )

x2 a T av'1 —a?

[Out] -b*arccsc(b*x+a)/a-arccsc(b*x+a)/x-2xb*xarctan((a-tan(1/2*arccsc(b*x+a)))/ (-
a~2+1)~(1/2))/a/(-a~2+1)~(1/2)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6 number of rules _ 0.600, Rules used = {5367,

’ integrand size
4512, 3868, 2739, 632, 210}

a—tan(3 csc™! (a+bz))
/ csc™(a + bx) e — 2barctan < Vi—a? ) _bescMa+bx)  cscM(a+ bx)

z? av1 — a2 a x
[In] Int[ArcCscla + b*x]/x"2,x]

[Out] -((b*ArcCsc[a + b*x])/a) - ArcCscla + b*x]/x - (2*b*ArcTan[(a - Tan[ArcCsc[
a + bxx]/2])/Sqrt[1 - a~2]])/(a*Sqrt[1 - a~2])

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
& (LtQla, 0] || LtQ[b, 0])

Rule 632
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Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]1}, Dist[2*(e/d), Subst[Int[1/(a + 2*bkexx + ax
e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3868

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d}, x
] && NeQ[a"2 - b~2, 0]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Csc[(c_.) + (d_.)*(x_)]1*(Cscl(c_.) + (d_.)*(x))
1x(b_.) + (@) " (a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx) " m)*((a + bxCscl[c + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (b*dx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

ntegral = — ubst [ 7RI EAD) o g, cse o+ b)) )

-1
_ oo (atbo) + bSubst (/ 1 dz,z,csc(a + bx))

x —a + csc(z)
bescHa+bz)  csc(a+ bx) N bSubst (f #m(x) dz, z,csc™ (a + bz))

a T 4

_besc ! (a+bx) csc”!(a+ ba) N (2b)Subst ([ 15—z da, , tan (5 csc ™' (a + bx)))

4 T a
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_bescM(a+bx)  cscT'(a+ba)
a T
(4b)Subst <f m dz,z,—2a + 2tan (1 csc™(a + bx)))

a

a—tan (2 csc™(a+bz))
besc l(a+bx) cscl(a+br) 2barctan ( i )

a z av'1— a?

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.28 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.67

/ csc !(a + bx) p csc!(a + bzx)
x? x

) 2
_ za(—1+a +abw) _ 71+a2+2abz+b2z2
2 ——F——=—%—a(a+tbz), | LIS
V1—a2 (a+bx)

ilog om

b| — arcsin (a Jrlbx) + Via?

[In] Integrate[ArcCscla + b*x]/x"2,x]

[Out] -(ArcCscl[a + b*x]/x) + (b*(-ArcSin[(a + b*x)~(-1)] + (I*Log[(2*x(((-I)*ax(-1
+ a”2 + axb*x))/Sqrt[1 - a”2] - ax(a + bxx)*Sqrt[(-1 + a2 + 2*%axb*x + b~2
*x~2)/(a + bxx)~2]))/(b*x)])/Sqrt[1 - a~2]))/a
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Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.84

method result
(bx+a)2—1 arctan| ——2—— |v/a2—1—-In 2Va?-1y (bota)?—142(baFa)a—2
derivativedivides | b| —2eesclbeta) _ V(be+a)® 1 "
bx b 2_1
\/% (bz+a)ava2-1
% (bx+a)?—1  arctan| ——2—— |vaZ—1—In 2vaZ-1y (bota)® 142(bta)a2
default b __arccsc(bzta) V (bz+a)2—1 be
bx b 2_1
% (bz+a)ava?—1
arcesc(bz-a) V222 +2abr+ac—1 (arctan(W) \ /7(12_1_111<2a2_2+2abw+2\/a2_w1 Vb22242aba
T TTQa Vv x adxr+a“—
parts - —
’ \/71)%22;21?2;2“2_1 (bx+a)ava2—1

[In] int(arccsc(b*x+a)/x"2,x,method=_RETURNVERBOSE)

[Out] b*(-1/b/x*arccsc(b*x+a)-((b*x+a) 2-1)"(1/2)*(arctan(1/((b*x+a)~2-1)"(1/2))*
(a72-1)"(1/2)-1n(2*((a"2-1) " (1/2) * ((b*x+a) "2-1) " (1/2) +(b*x+a)*a-1) /b/x) ) / ((
(bxx+a) ~2-1)/(b*x+a)~2) ~(1/2) / (b*x+a) /a/(a"2-1)~(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 132 vs. 2(63) = 126.

Time = 0.32 (sec) , antiderivative size = 278, normalized size of antiderivative = 4.03

-1

/wm
T

a?bz+ad+vb2z2+2 abr+a?—1(a? -+

2(a2_1)bxamtan(_bx_a+\/b2w2+2abx+a2—1)+\/a2—1bxlog< ] +x

(a3 —a)z

[In] integrate(arccsc(b*x+a)/x"2,x, algorithm="fricas")

[Out] [(2%(a"2 - 1)*b*x*arctan(-b*x - a + sqrt(b”2*x~2 + 2*axbxx + a”2 - 1)) + sq
rt(a”2 - 1)*b*xx*log((a~2xb*x + a~3 + sqrt(b™2*x"2 + 2*a*b*x + a”2 - 1)*(a"2

+ sqrt(a”2 - 1)*a - 1) + (a*b*x + a”2 - 1)*sqrt(a™2 - 1) - a)/x) - (2”3 -
a)*arccsc(b*x + a))/((a"3 - a)*x), (2x(a”2 - 1)*bxx*arctan(-b*x - a + sqrt(
b~2xx"2 + 2%axbxx + a”2 - 1)) - 2xsqrt(-a”2 + 1)*b*x*arctan(-(sqrt(-a"2 + 1

)*¥b*x - sqrt(b™2*x"2 + 2%a*b*x + a”2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1)) - (a~3

- a)*arccsc(b*x + a))/((a"3 - a)*x)]
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Sympy [F]

-1
/ csc ! (a + bx) p / acsc (a + bz) s

€Tr =
2 2

[In] integrate(acsc(b*x+a)/x**2,x)

[Out] Integral(acsc(a + b*x)/x**2, x)

Maxima [F]

-1
/ csc™(a + bx) dp — / arcesc (bx + a) i

2 T2

[In] integrate(arccsc(b*x+a)/x"2,x, algorithm="maxima")

[Out] -(x*integrate((b~2*x + axb)*e”(1/2xlog(b*x + a + 1) + 1/2%log(b*x + a - 1))
/(b~2*%x"3 + 2*axbxx"2 + (a2 - 1)*x + (b™2*x"3 + 2*a*xb*x"2 + (a2 - 1)*x)*e
“(log(b*x + a + 1) + log(b*x + a - 1))), x) + arctan2(1l, sqrt(b*x + a + 1)*

sqrt(bxx + a - 1)))/x
Giac [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.39

-1
/csc (a2+ bx) i
T

(bz+a) ( /—m+1—1> +a>
arcsin (— L )
(bz+a) <

2 arctan o L
bz+a )_a

_a’2 + la a’(ba:i-a - 1)

=—b

[In] integrate(arccsc(b*x+a)/x"2,x, algorithm="giac")

[Out] -b*(2*arctan(((b*x + a)*(sqrt(-1/(b*x + a)~2 + 1) - 1) + a)/sqrt(-a~2 + 1))
/(sqrt(-a~2 + 1)*a) - arcsin(-1/((b*x + a)*(a/(b*x + a) - 1) - a))/(ax(a/(b

*x +a) - 1)))
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Mupad [F(-1)]

Timed out.
1

-1 :
/csc Eva2+bx) dx=/asm(a+bw) i

x2

[In] int(asin(1l/(a + b*x))/x"2,x%)
[Out] int(asin(1/(a + b*x))/x"2, x)
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3.24 f csc_l(a+ba:) dx

3

Optimal result . . . . . . . . . . . e 157
Rubi [A] (verified) . . . . . . . . 157
Mathematica [C] (verified) . . . . . . . . ... L 160
Maple [B] (verified) . . . . . . . . . .. 161l
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ... ..., 161
Sympy [F] . . o 162
Maxima [F] . . . . . o 162
Giac [B] (verification not implemented) . . . . . . . . ... .. Lo L. 162
Mupad [F(-1)] . . . . o 1631

Optimal result

Integrand size = 10, antiderivative size = 123

1
/ csc !(a + bx) p b(a +bx)\/1 — Grpp N b%csc(a + bx)
—_— L dr = —
x3 20(1—a?)z 2a?
a—tan (2 csc—1(a+bx)
csc(a + bx) (1 — 2a?) b* arctan ( (2\/1_Q2 ))
B 212 a? (1 — a2)3/2

[Out] 1/2*b~2*arccsc(b*xx+a)/a~2-1/2*arccsc(b*x+a)/x"2+(-2*%a~2+1)*b~2*xarctan((a-ta
n(1/2*arccsc(bxx+a)))/(-a~2+1)~(1/2))/a~2/(-a~2+1)~(3/2) -1/2xb* (bxx+a) * (1-1
/(b*x+a)~2)~(1/2)/a/(-a~2+1) /x

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.00,

number of steps used = 8, number of rules used = 8, number of rules _ 0.800, Rules used
integrand size

= {5367, 4512, 3870, 4004, 3916, 2739, 632, 210}

a—tan (1 csc™!(a+bz))
/ csc(a + bzx) i (1 —24%)b" arctan ( Vi-a? > N b? csc™!(a + bx)

3 a2 (1 _ a2)3/2 2a2
b(a +bz),/1 = oy csc™!(a + bx)
2a(1—a?)z 222

[In] Int[ArcCsc[a + b*x]/x"3,x]

[Out] -1/2*%(b*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)])/(a*x(1 - a~2)*x) + (b~2*ArcCscla
+ bxx])/(2%¥a"2) - ArcCscla + bxx]/(2*x"2) + ((1 - 2*a~2)*b~2xArcTan[(a - T
an[ArcCsc[a + bxx]/2])/Sqrt[1 - a~2]1]1)/(a"2*(1 - a~2)~(3/2))
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Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e"2%x72), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3870

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2xCot[
c + dxx]*((a + bxCscl[c + d*x])"(n + 1)/(axd*(n + 1)*(a"2 - b~2))), x] + Dis
t[1/(ax(n + 1)*(a"2 - b72)), Int[(a + bxCsclc + d*x])"(n + 1)*Simp[(a”2 - b
“2)*%(n + 1) - axbx(n + 1)*Csc[c + d*x] + b"2*(n + 2)*Csc[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b2, 0] && LtQ[n, -1] &% Intege
rQ[2*n]

Rule 3916

Int[cscl(e_.) + (£_.)*(x_)1/(cscl(e_.) + (£_)*(x_)]1*(_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQl[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*x(x_)1*(b_.) +
(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(bxc - a*d)/a, Int[Csc[e + f*x

1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc -
axd, 0]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Csc[(c_.) + (d_.)*(x_)I*(Cscl(c_.) + (d_.)*(x_)
Ix(b_.) + (a))"(n_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx)"m)*x((a + bxCsclc + d*x])~(n + 1)/(bxdx(n + 1))), x] + Dist[f*x(m/ (b*dx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
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eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

integral = — (bZSubst ( / 7 cot() cse(z) dz,z,csc (a + bw)) >

(—a + csc(x))?3

csci(a+bz) 1, / 1 1
= - d b
92 + 2b Subst( E—1 z,z,csc (a + bx)
—az—aCSC x —
_b(a +bzx),/1— m _csc‘l(a +ba) b?Subst (f 1—Tsc(zg) dz,z,csc™ (a + bx))
2a(1-a?)x 222 2a (1 —a?)
1
B _b(“ +b2)\ /1 = iy N b csc'(a+bx)  csc”'(a+bx)
2a(1—a?)z 2a? 212
~ ((1 — 2a®) b*) Subst (f _;icc(::)(x) dz,z,csc(a + bx))
2a% (1 —a?)
1
B _b(a +02)\ /1 — e N b*csc(a+bx) csc”(a+ bx)
2a(1—a?)z 2a? 212
~ ((1 — 2a?) b*) Subst (f #m(w) dz,z,csc (a + bx))
2a% (1 —a?)
1
B _b(a +02)\ /1 = Gy N b*csc(a+bx) csc”(a+ bx)
20(1—a?)z 2a? 222
_(a- 2a%) b?) Subst ([ 15— dz, z,tan (3 csc™'(a + bz)))
a? (1 — a?)
1
_ b(a +bx)\ /1 — Gy N b csc'(a+bx)  csc'(a+bx)
2a(1—a?)z 2a? 212

(2(1 — 2a?%) b%) Subst (f “ii—e—s? 4%, %, —2a + 2tan (3 csc (a + bx)))
a? (1 —a?)

+
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1
b(a + bx)\/ 1= Grmp N b%csc™(a + bx)

20(1—a?)z 2a2
2 1.2 a—tan (2 csc™(a+bz))
- cse™(a + bx) (1 — 2a®) b* arctan ( L= >
212 a2 (1 _ a2)3/2

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.55 (sec) , antiderivative size = 199, normalized size of antiderivative = 1.62

-1
/csc (a + bx) s

X
) 2. i(—1+a2+abw) b
4(=14a)a“(14a) T Jica? +(a+ -’”)\/

i(—14+2a2)b%z? log (—1+242)b2z

2 2.2

ba(atbz), | —ita t+2abaibia” 222 arcsin( —1—
(a+b )2 _ I~ arcsin b
— —csc Ha +bx) + () +

a(—1+a?) a?

a2(1—a2)3/2

212

[In] Integrate[ArcCscl[a + bxx]/x"3,x]

[Out] ((b*xx(a + bxx)*Sqrt[(-1 + a~2 + 2*a*bxx + b"2*x"2)/(a + bxx)~2])/(ax(-1 +
a~2)) - ArcCscla + bxx] + (b"2*xx"2xArcSin[(a + b*x)~(-1)])/a"2 + (Ix(-1 + 2
*a~2) *b~2%x"2*Log[(4* (-1 + a)*a~2*(1 + a)*((I*(-1 + a~2 + axbxx))/Sqrt[1 -

a”2] + (a + b*x)*Sqrt[(-1 + a2 + 2%a*b*x + b™2%x"2)/(a + b*x)"2]))/((-1 +
2%a”2)*b"2xx)])/(a”2%(1 - a”2)7(3/2)))/(2*x~2)
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 318 vs. 2(109) = 218.

Time = 0.71 (sec) , antiderivative size = 319, normalized size of antiderivative = 2.59

method result

3
2

bvb2x2+2abz+a2—1 ( (a?-1) ) a2bz—21n ( 2% ~2+2abz+2V/a? _wl Vi

1
arctan | —————————
(\/ b212+2aba:+a2—1

arccsc(bx+a
parts — 29(52 ) +

3 3
\/ (bz+a)?—1 | arctan| ———— | (a2—1) Za3—arctan | ——L—— | (a2—1) 2a2(bz+
: . L 2 arccsc(bx+a r+a)s—1 z+a)2—1
derivativedivides | b | — bota) _ Vbata?-1 Y V(bota)® -
2b2x2
3 3
\/ (bz+a)?—1 [ arctan | —L—— | (a2—1) 2 a3—arctan | —L—— | (a2—1) 2 a2(bz+
2 arccsc(bx+a r+a)s—1 z+a)2—1
default b — bata) _ Vbata?-1 Y V(bota)® -
2b2x2

[In] int(arccsc(b*x+a)/x"3,x,method= RETURNVERBOSE)

[Out] -1/2*arccsc(b*x+a)/x"2+1/2*xb* (b~ 2*x~2+2*%a*b*x+a~2-1) " (1/2)*((a~2-1)~(3/2) *a
rctan(1/ (b~ 2xx"2+2*a*b*x+a~2-1) " (1/2) ) *a~2xb*x-2*1n (2* (a*b*x+(a~2-1) " (1/2) *
(b™2%x~2+2%axb*xx+a~2-1) ~(1/2)+a"~2-1) /x) *a~4*xbxx-b*arctan(1/ (b~ 2*xx~2+2%a*xb*x
+a”~2-1)"(1/2) )*x*x(a~2-1) " (3/2)+(a"2-1) " (3/2) * (b~2*x"2+2*a*b*x+a"~2-1) ~(1/2) *
a+3*1n(2* (a*b*x+(a~2-1) ~(1/2) * (b~ 2*x"2+2*axb*x+a~2-1) ~(1/2)+a~2-1) /x) *a~2%b
*x-b*x1n (2% (a*xbxx+(a~2-1) ~(1/2) * (b~ 2*x~2+2*a*b*x+a~2-1) ~(1/2)+a~2-1) /x) *x) / (
(b™2*x"2+2*a*b*x+a~2-1) / (b*x+a) ~2) ~(1/2) / (b*x+a) /a~2/(a"2-1)"(5/2) /x

Fricas [A] (verification not implemented)

nomne

Time = 0.31 (sec) , antiderivative size = 428, normalized size of antiderivative = 3.48

x3

/ csc(a + bx) i

a?bz+ad+vb2224+2 abr+a2—1 (aQ—\/aP—la—l) —(abz+a%-1)Va2—1—a

(2a2—1)\/a2—1b2x210g( - ) —2(a*—2a%*+1

[In] integrate(arccsc(b*x+a)/x"3,x, algorithm="fricas")

[Out] [1/2*%((2*a"2 - 1)*sqrt(a”2 - 1)*b~2*xx"2x1log((a~2*b*x + a~3 + sqrt(b™2*x"2 +
2%axbxx + a”2 - 1)*(a”2 - sqrt(a”2 - 1)*a - 1) - (a*b*x + a”2 - 1)*sqrt(a”

2 -1) - a)/x) - 2x(a”™4 - 2¥a”2 + 1)*b"2*xx"2*arctan(-b*x - a + sqrt(b~2*x"2
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+ 2xaxb*x + a”2 - 1)) + (273 - a)*b"2xx"2 + sqrt(b"2*x"2 + 2*axbxx + a~2 -
1)*(a"3 - a)*bxx - (2”6 - 2*a"4 + a~2)*arccsc(b*x + a))/((a"6 - 2xa~4 + a~
2)*x72), 1/2%(2x(2*a~2 - 1)*sqrt(-a”2 + 1)*b~2*x"2*arctan(-(sqrt(-a~2 + 1)*
b*x - sqrt(b~2*x"2 + 2%a¥b*x + a”2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1)) - 2*¢(a"4
- 2%¥a”2 + 1)*b”"2*x"2*arctan(-b*x - a + sqrt(b"2*x"2 + 2%axb*x + a”2 - 1))
+ (273 - a)*b72%x"2 + sqrt(b~2*x"2 + 2*axbxx + a”2 - 1)*(a”3 - a)*bxx - (a~

6 - 2*%a”~4 + a~2)*arccsc(b*x + a))/((a”6 - 2*xa~4 + a~2)*x"2)]

Sympy [F]

-1
/csc (a + bx) dxz/acsc (a + bx) I

3 3

[In] integrate(acsc(b*x+a)/x**3,x)

[Out] Integral(acsc(a + b*x)/x**3, x)

Maxima [F]

-1
/csc (a+ bx) dx_/arccsc (bz + a) i

z3 3

[In] integrate(arccsc(b*x+a)/x"3,x, algorithm="maxima")

[Out] -1/2%(2*x"2*integrate(1/2*%(b~2*x + axb)*e”(1/2xlog(b*x + a + 1) + 1/2*log(b
*x + a - 1))/(b72%x74 + 2xaxbxx"3 + (272 - 1)*x72 + (b"2%x74 + 2%a*xb*x"3 +
(a™2 - 1)*x"2)*e~(log(b*x + a + 1) + log(b*x + a - 1))), x) + arctan2(l, sq

rt(b*x + a + 1)*sqrt(b*x + a - 1)))/x"2

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 217 vs. 2(108) = 216.

Time = 0.35 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.76

-1
/csc (a+bx) i

3

V—a2+1

(bz+a) ( /—m—i—l—l) +a>

2 (2 a®b — b) arctan (

2 <(bz‘ + a)ab( —m +

~Ly "
2 (a* — a?)v—a? +1 ((bx n a)2<

1

o (bnc+a)i

—|—1—1>2+2(bx+a)a(

\
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[In] integrate(arccsc(b*x+a)/x"3,x, algorithm="giac")

[Out] 1/2*%bx(2%(2*a~2*b - b)*arctan(((b*x + a)*(sqrt(-1/(b*x + a)"2 + 1) - 1) + a
)/sqrt(-a~2 + 1))/((a"4 - a"2)*sqrt(-a~2 + 1)) + 2*((b*x + a)*axbx(sqrt(-1/
(b*x + a)72 + 1) - 1) + b)/(((b*x + a)~2x(sqrt(-1/(b*x + a)"2 + 1) - 1)72 +
2% (b*x + a)*ax(sqrt(-1/(b*x + a)"2 + 1) - 1) + 1)*(a”3 - a)) - (2xa*b/(b*x
+ a) - b)*xarcsin(-1/((b*x + a)*x(a/(b*x + a) - 1) - a))/(a"2x(a/(b*x + a) -

1)72))

Mupad [F(-1)]

Timed out.
1

-1 :
/CSC (a+bx) dxz/a'SH]'(a—i-bz) dr

3 3

[In] int(asin(1/(a + b*x))/x"3,x)
[Out] int(asin(1/(a + b*x))/x"3, x)
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3.95 f csc_l(a+baz) dx

74
Optimal result . . . . . . . . . . . e 164
Rubi [A] (verified) . . . . . . . . 164
Mathematica [C] (verified) . . . . . . . . . .. L 167
Maple [B] (verified) . . . . . . . . . 168}
Fricas [A] (verification not implemented) . . . . . . . ... ... . ... ... .... 169
Sympy [F] . . o 1701
Maxima [F] . . . . . . 170
Giac [B] (verification not implemented) . . . . . . .. ... ... . L. 1701
Mupad [F(-1)] . . . . o Il

Optimal result

Integrand size = 10, antiderivative size = 180

/Csc_l(aerx)d _b(a+bx) 1—m+(2—5a2)b2(a+bx),/l—m

zt v 6a (1 — a?) 22 6a2 (1 —a2)’z
_ besc(a+ba)  cscT(a+ br)
3a3 33

2 4\ 1.3 a—tan (2 csc™! (a+bz))
- (2 — ba* + 6a*) b° arctan ( L= >
3a3 (1 — a2)*?

[Out] -1/3%b~3*arccsc(b*x+a)/a~3-1/3*arccsc(b*x+a)/x"3-1/3*(6*a~4-5%xa~2+2) *xb~3*ar
ctan((a-tan(1/2*arccsc(b*x+a)))/(-a~2+1)~(1/2))/a~3/(-a~2+1)~(5/2)-1/6*b*x (b

xx+a) * (1-1/(b*x+a) "2)~(1/2)/a/(-a"2+1) /x"2+1/6* (-5*%a”~2+2) xb~2* (b*x+a) * (1-1/
(b*xx+a)~2)~(1/2)/a~2/(-a~2+1)"2/x

Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.00,

number of steps used = 9, number of rules used = 9, number of rules _ 0.900, Rules used
integrand size

= {5367, 4512, 3870, 4145, 4004, 3916, 2739, 632, 210}

1
/ csc !(a + bx) dp — _bPescM(a + ba) N (2 — 5a%) b*(a + bz), /1 — (a+bz)?

zt 3a3 6a2 (1 —a2)’x
bla+bx),/1— m
6a (1 — a?) z?
a—tan(1 csc!(atbz
(6a* — 5a% + 2) b3 arctan ( (2\/1_“2( ))> csc™!(a + bx)

3a3 (1 — a?)°/? 3z?
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[In] Int[ArcCscl[a + b*x]/x"4,x]

[Out] -1/6%(b*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)])/(ax(1 - a~2)*x~2) + ((2 -
)*¥b~2%(a + b*x)*Sqrt[1 - (a + bxx)~(-2)])/(6%a”2%(1 - a~2)"2*x) - (b~3*ArcC
scla + b*x])/(3*%a"3) - ArcCscla + b*x]/(3*x73) - ((2 - 5%a”2 + 6*%a~4)*b~3*A
rcTan[(a - Tan[ArcCsc[a + b*x]/2])/Sqrt[1 - a~2]]1)/(3*a"3x(1 - a~2)~(5/2))

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*xx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x1}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e~2%x"2), x], x, Tan[(c + d*x)/2]1/el, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b~2, 0]

Rule 3870

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + dxx]*((a + b*Csclc + d*x])~(n + 1)/(axdx(n + 1)*(a"2 - b"2))), x] + Dis
t[1/(ax(n + 1)*(a"2 - b~2)), Int[(a + b*Csclc + d*x])"(n + 1)*Simp[(a”™2 - b
“2)x(n + 1) - axbx(n + 1)*Cscl[c + d*x] + b™2*%(n + 2)*Csc[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2#n]

Rule 3916

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_)*(x_)]1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Cscle + f*x
1/(a + b*Cscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c -
axd, 0]

5%a”~2
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Rule 4145

Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (£_.)*x(x_)]"2*(C_.
Nx(cscl(e_.) + (£_)*(x)]1*(b_.) + (a_))"(m_), x_Symbol] :> Simp[(A*b~2 -

a*b*B + a~2xC)*Cot[e + f*x]*((a + b*Cscle + f*x])~(m + 1)/(a*f*(m + 1)*(a"2
- b72))), x] + Dist[1/(ax(m + 1)*(a"2 - b"2)), Int[(a + b*Csc[e + f*x]) " (m
+ 1)*Simp[A*(a™2 - b"™2)*(m + 1) - ax(Axb - a*B + b*C)*(m + 1)*Cscl[e + f*x]
+ (A*%b~2 - axbxB + a~2*%C)*(m + 2)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a,

b, e, £, A, B, C}, x] && NeQ[a"2 - b~2, 0] && LtQ[m, -1]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Csc[(c_.) + (d_.)*(x_)]*(Csc[(c_.) + (d_.)*(x_)
1x(_.) + (@)~ (_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx) " m)*((a + bxCsclc + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (b*xdx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])™m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

gl = — vt [ ZLXDED o siia 1))

cscHa+bz) 1, 1 .
I a— + §b Subst (/ ( 5 dz,x,cs¢ (a+ bx))

—a + csc(x))
1
B _b(a +02)\ /1 — e _csc”!(a + bx)

6a (1 — a?) 22 3z3

—a2 —40a CSC(T —CSC2 T —

- b3Subst (f 2L ()—¢12+csc((z)))2 @ gz, 2, csc Ya + ba:))
6a (1 — a?)
bla+bx),/1— m N (2 — 5a?) b*(a + bzx), /1 — m
6a (1 — a?) 22 6a2 (1 —a?)’x

1—a2)2—a(1—4a2)

csc(a + ba) b3Subst (f 1 atee(a) @) 4z, 2, csc~H(a + bz))
3z? " 6a2 (1 — a2)’
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b(a+bx),/1— m (2 —5a%) b*(a +bz), /1 — (a+1bm)2 b® csc™(a + bx)

6a (1 — a?) 22 6a2 (1 — a?)’x 3a®
csc(a + be) ((2 — 5a® + 6a*) b®) Subst <f —;—T—cc(s?(x) dz,z,csc™ (a + bx))
B 3z3 6a3 (1 — a?)*
- _b(a +bx),/1— m (2 —5a%) b*(a + bx), /1 - m _ b esc(a + ba)
6a (1 — a?) z2 6a2 (1 —a2)’z 3a?
csc~(a + b) ((2 — 5a® + 6a*) b®) Subst (f Toasi) 4%, T csc (@ + bx))
B 3z3 6a3 (1 — a?)?
- _b(a +bx),/1— m (2 —5a0°) b*(a + br)\/1— m _ bPesci(a+ba)
B 6a (1 — a?) z2 6a2 (1 —a2)’z 3a?
csc~Y(a + br) .\ ((2 — 5a* + 6a*) b*) Subst ([ 51— dz, z, tan (3 csc™'(a + bx)))
3a3 3a3 (1 — a?)?
 batbe)y/1-Grgp  (2-5a%) b (a+be)\/1 - o
6a (1 — a?) z2 6a2 (1 —a2)’z
_ bPesc(atbx)  cscT(a+ bx)
3a3 33
(2(2 — 5a% + 6a*) b®) Subst (f m dz,z,—2a + 2tan (1 csc™'(a + bm)))
3a3 (1 — a?)?
~ _b(a+ bz),/1— m N (2 - 5a%) b*(a + bx), /1 — m _ bPescl(a+ba)
N 6a (1 — a?) z2 6a2 (1 —a2)’z 3a®

csc(a+bz) (2~ 5a® +6a%) b’ arctan (“‘tan(% csc‘l(a+bw>)>

V1—a2?
33 3a3 (1 — a2)5/2

Mathematica [C] (verified)

Result contains complex when optimal does not.
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Time = 0.33 (sec) , antiderivative size = 241, normalized size of antiderivative = 1.34

-1
/csc (a+ bx) s

rl

by LR (a1 4 aby — da’ba + 2% — (14 563%)) 9 gee1 (g + ba)

a? (—1+ a2)2 2 3

| =

2b® arcsin ()

_ a+bx
a3
3 oy2 [ _i(-1+a’+abz) —1+a242abetb2a2
12a (—1+a, ) —W—(a+bm) B A

i(2 — 5a% + 6a*) b3 log —5a2 7600z

* ad(1— a?)S/2

[In] Integrate[ArcCscl[a + b*x]/x74,x]

[Out] ((b*Sqrtl[(-1 + a™2 + 2xaxb*x + b~2xx"2)/(a + bxx)"2]*(a"4 + a*b*x - 4*a~3%b
*X + 2¥b72%x72 - a”2%x(1 + 5xb72%x72)))/(a"2*(-1 + a~2)72xx"2) - (2xArcCscla

+ b*x])/x73 - (2%b~3*ArcSin[(a + b*x)~(-1)]1)/a"3 + (I*(2 - 5xa™2 + 6*a~4)=*
b~3*Log[(12%a~3*% (-1 + a~2)"2*x(((-I)*(-1 + a~2 + a*b*x))/Sqrt[l - a~2] - (a

+ bxx)*Sqrt[(-1 + a2 + 2xa*b*x + b~2%x"2)/(a + b*x)~2]))/((2 - 5%a”2 + 6*a
~4)*b~3*x)]1)/(a”3*x(1 - a~2)~(5/2)))/6

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 527 vs. 2(160) = 320.

Time = 0.72 (sec) , antiderivative size = 528, normalized size of antiderivative = 2.93

method result

3 2 Vo
bVb2224+2abx+a2—1 2(a2—1) Zarctan( ————1 ) g4p2x2—61n( 207 —2+2abz+2 a?—1,
parts __arccsc(bz+a) Vb2z2+42abz+a2—1 z
33

derivativedivides | Expression too large to display
default Expression too large to display

[In] int(arccsc(b*x+a)/x"4,x,method=_RETURNVERBOSE)
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[Out] -1/3*arccsc(b*x+a)/x"3-1/6*b* (b~ 2*x"2+2*axbxx+a~2-1) " (1/2)*(2%(a~2-1)"(3/2)
xarctan(1/(b~2xx"2+2*a*b*xx+a~2-1) ~(1/2) ) *a"~4*b~2*xx~2-6*1n (2* (axb*xx+(a~2-1)"
(1/2) ¥ (b™2*xx~2+2*a*b*x+a~2-1) ~(1/2)+a"2-1) /x) *a~6*b~2*x"2-4* (a~2-1) ~(3/2) *a
rctan(1/ (b~ 2xx"2+2*a*b*x+a”2-1) " (1/2) ) *a~2*xb"2*x"2+5% (b~ 2*x " 2+2*a*xb*x+a~2-1
)~ (1/2)*(a"2-1) " (3/2) *a~3*xb*x+11*1n (2% (a*b*x+(a~2-1) " (1/2) * (b~ 2xx~2+2*a*b*x
+a”~2-1)"(1/2)+a~2-1) /x) *a~4*b~2*xx~2+2xb"2xarctan (1/ (b~ 2*x"2+2*axb*x+a~2-1) "
(1/2))*x~2%(a~2-1) " (3/2) - (b~ 2xx~2+2*axb*x+a~2-1) ~(1/2) *(a~2-1) ~(3/2) *a~4-2*
(b~ 2%x"2+2*axb*xx+a~2-1) ~(1/2) *(a~2-1) " (3/2) *a*xb*x-7*1n (2* (axb*x+(a~2-1)~(1/
2) % (b~ 2*%x"2+2*axbxx+a~2-1) " (1/2)+a"2-1) /x) *a~2*xb~2*xx "2+ (b~ 2*x~2+2*a*b*x+a”~2
-1)"(1/2)*(a"2-1) "~ (3/2) *a~2+2*%b~2*1n (2* (axb*x+(a~2-1) ~ (1/2) * (b~ 2*x~2+2*%axbx*
x+a~2-1)"(1/2)+a~2-1) /x) *x~2) / ((b~2*x~2+2*xaxbxx+a~2-1) / (b*x+a) ~2) ~(1/2) / (b*
x+a)/a~3/(a~2-1)"(7/2)/x"2

Fricas [A] (verification not implemented)

none

Time = 0.32 (sec) , antiderivative size = 548, normalized size of antiderivative = 3.04

-1
/ csc (a4+ bx) i
T

a?bz+ad+v/b2224+2 abr+a2—1( a?+va2—1la—1 abr+a?—-1)va2—1—a
(6a4—5a2+2)\/a2—1b3x3log( M Lihe Ll +x )+ (atora-) )—|—4(a6—3

92 (6 et —5a2+ 2)\/T+1b3x3 arctan (_ \/—a2+1bx—\/b2x2—2|—2 abx+a2—1\/—a2+1> _4 (aﬁ —3a*+3a2— 1]

a“—1

[In] integrate(arccsc(b*x+a)/x"4,x, algorithm="fricas")

[Out] [1/6%((6*xa~4 - 5*xa”2 + 2)*sqrt(a”2 - 1)*b~3*x"3xlog((a~2*b*x + a~3 + sqrt(b
T2%x72 + 2%axb*xx + a”2 - 1)*(a”2 + sqrt(a”2 - 1)*a - 1) + (a*xb*x + a2 - 1)
xsqrt(a”2 - 1) - a)/x) + 4%(a”6 - 3*a"4 + 3*a”"2 - 1)*b~3xx"3*arctan(-b*x -
a + sqrt(b™2#x72 + 2xaxb*x + a”2 - 1)) - (5%a”5 - 7*a"3 + 2¥a)*b~3%x"3 - 2x
(a”9 - 3*%a”7 + 3*%a”5 - a"3)*arccsc(b*x + a) - ((5*xa”5 - 7*a™3 + 2%a)*b~2%x~
2 - (276 - 2*%a"4 + a"2)*b*x)*sqrt(b"2*xx"2 + 2*axb*x + a”2 - 1))/((a”9 - 3*a
“7 + 3*%a”5 - a”3)*x"3), -1/6%(2*(6%xa”4 - 5*a”2 + 2)*sqrt(-a”2 + 1)*b~3*x"3x
arctan(-(sqrt(-a"2 + 1)*b*x - sqrt(b~2*x"2 + 2%a*b*x + a2 - 1)*sqrt(-a~2 +
1))/(@”2 - 1)) - 4%(a"6 - 3*a"4 + 3*a"2 - 1)*b~3xx"3*arctan(-b*x - a + sqr
t(b™2*x72 + 2%axbkx + a”2 - 1)) + (6%xa”b - 7*a”3 + 2*%a)*b~3*%x"3 + 2%(a”9 -
3*a”7 + 3*%a”5 - a~3)*xarccsc(b*x + a) + ((6xa”5 - 7*a~3 + 2*a)*b”"2*x"2 - (a~
6 - 2%a~4 + a~2)*b*x)*sqrt(b"2*xx"2 + 2*axb*x + a”2 - 1))/((a”9 - 3*xa”7 + 3%
a”6 - a”3)*x"3)]
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Sympy [F]

4 4

-1
/csc (a+bx) dgj_/acsc (a+bzx) i

[In] integrate(acsc(b*x+a)/x**4,x)

[Out] Integral(acsc(a + b*x)/x**4, x)

Maxima [F]

-1
/csc (a + bx) dr = / arccsc (bx + a) i

zt 4

[In] integrate(arccsc(b*x+a)/x"4,x, algorithm="maxima")

[Out] -1/3%(3*x"3*integrate(1/3*(b"2*x + a*b)*e~(1/2*log(b*x + a + 1) + 1/2xlog(b
xx + a - 1))/(b"2*%x75 + 2*%a*xb*x~4 + (2”2 - 1)*x73 + (b"2%x"5 + 2%axb*x~4 +

(a”2 - 1)*x"3)*e”" (log(b*x + a + 1) + log(b*x + a - 1))), x) + arctan2(1, sq
rt(b*x + a + 1)*sqrt(b*x + a - 1)))/x"3

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 450 vs. 2(156) = 312.

Time = 0.37 (sec) , antiderivative size = 450, normalized size of antiderivative = 2.50

-1
/csc (a + bx) dp —

74
(bz—i—a)( /—*lg—i-l—l)—i-a
412 21,2 2 (bz+a) 3
. (6a*b® — 5a’b® + 2b%) arctan ( e 4(bx+a)3a3b2< _(bz-lm)2 +1_1>
_gb (@™ =205 +a3)vV—a?+1 -

[In] integrate(arccsc(b*x+a)/x"4,x, algorithm="giac")

[Out] -1/3%b*((6%a~4%b~2 - 5xa~2%b~2 + 2xb~2)*arctan(((b*x + a)*(sqrt(-1/(bxx + a
)72 + 1) - 1) + a)/sqrt(-a”2 + 1))/((a”7 - 2¥a”5 + a~3)*sqrt(-a”2 + 1)) + (
4x(bxx + a)”~3*a”3*%b"2x(sqrt(-1/(b*x + a)”2 + 1) - 1)73 + 10*(b*x + a)~2*a"4
*b~2%(sqrt(-1/(b*x + a)™2 + 1) - 1)72 - (b*x + a)~3*xa*b”~2*x(sqrt(-1/(b*x + a
)72 + 1) - 1)73 + (b*x + a)~2*a"2%b"2*(sqrt(-1/(b*x + a)"2 + 1) - 1)72 + 16
*(b*x + a)*a~3*b”"2*%(sqrt(-1/(b*x + a)"2 + 1) - 1) - 2*(bxx + a) 2*%b~2*(sqrt
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(-1/(b*x + a)”2 + 1) - 1)72 - 7*(bxx + a)*a*b~2*x(sqrt(-1/(b*x + a)~2 + 1) -
1) + 5%a”2*%b"2 - 2%b72)/((a"6 - 2¥a~4 + a~2)*((bxx + a) 2*(sqrt(-1/(b*x +
a)"2 + 1) - 1)72 + 2x(b*xx + a)*ax(sqrt(-1/(b*x + a)”"2 + 1) - 1) + 1)72) + (
3xaxb~2/(b*xx + a) - 3*%a"2xb~2/(b*x + a)~2 - b~2)*arcsin(-1/((b*x + a)*(a/(b

*x + a) - 1) - a))/(a"3x(a/(bxx + a) - 1)73))

Mupad [F(-1)]

Timed out.

/csc_l(a—l—bx) dp — / asin(ajbx) s

4 4

[In] int(asin(1/(a + b*x))/x"4,x)
[Out] int(asin(1l/(a + b*x))/x"4, x)
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3.26 f cse™ 1 (a+bx) dx

79
Optimal result . . . . . . . . . . . e 172
Rubi [A] (verified) . . . . . . . . 1721
Mathematica [C] (verified) . . . . . . . . ... .. L o 176
Maple [B] (verified) . . . . . . . . . .. I
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... .. 178
Sympy [F] . . o 179
Maxima [F] . . . . . 1791
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... 179
Mupad [F(-1)] . . . o o 180

Optimal result

Integrand size = 10, antiderivative size = 239

/ csc(a + be) b(a+bzx),/1— —(a-l—lbm)z . (3 —8a?)b*(a + bx),/1 — —(a+§)x)2

dz = —
= v 12a (1 — a?) 23 2402 (1 — a2)? 72

(6 — 17a® + 26a*) b*(a + bz) /1 — oy
B 2403 (1 — a2)’z
N b*csc'(a+bx) csc(a+bx)
4a* 4
(2 — 7a® + 8a* — 8a) b* arctan <a_tan(% CSC_I(HM)))

V1—a2
4at (1 — a2)™/?

+

[Out] 1/4xb~4*arccsc(b*x+a)/a~4-1/4*arccsc(b*xx+a)/x"4+1/4*%(-8*a~6+8*a”~4-7*a ~2+2)*
b~4*arctan((a-tan(1/2*arccsc(b*x+a)))/(-a~2+1)~(1/2))/a~4/(-a~2+1)~(7/2)-1/

12*b* (bxx+a) * (1-1/(b*x+a) "2) ~(1/2) /a/(-a~2+1) /x"3+1/24* (-8*a~2+3) *b~2* (b*x+
a)*x(1-1/(bxx+a)~2)~(1/2)/a~2/(-a~2+1)"2/x"2-1/24*% (26*%a~4-17*a"2+6) *b~3* (b*x
+a)*(1-1/(b*x+a)~2)~(1/2)/a~3/(-a"2+1)"3/x

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 239, normalized size of antiderivative = 1.00,

number of steps used = 10, number of rules used = 9, number of rules _ 0.900, Rules used
integrand size
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= {5367, 4512, 3870, 4145, 4004, 3916, 2739, 632, 210}

1
/ csc™(a + bx) dp — b* csc™(a + br) N (3 —8a?) b*(a +bz)\/1 — iy

x5 4a* 24a? (1 — a?)” 22

b(a-l-bx),/l—m

120 (1 — a?) 23
(—8ab + 8a* — Ta? + 2) b* arctan (“—tan(% Csc_l(a+bx)))

V1—a2
44 (1 — a2)"?

(26a* — 17a” 4 6) b*(a + bx) /1 - (a+%7x)2 csc™!(a + bx)

24a3 (1 —a2)’z 4zt

_|_

[In] Int[ArcCscl[a + b*x]/x"5,x]

[Out] -1/12x(b*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]1)/(ax(1 - a”2)*x73) + ((3 - 8*a”
2)*b~2*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]1)/(24*a~2%(1 - a~2)"2*x~2) - ((6 -
17*a~2 + 26*a~4)*b~3*(a + b*x)*Sqrt[1l - (a + b*x)~(-2)])/(24*a~3*%(1 - a~2)

~3*x) + (b~4*xArcCscl[a + b*x])/(4*xa"4) - ArcCscl[a + b*x]/(4*x"4) + ((2 - T*a

"2 + 8%a"4 - 8%a"6)*b~4*ArcTan[(a - Tan[ArcCsc[a + b*x]/2])/Sqrt[1 - a~2]])
/(4*xa~4x(1 - a~2)"(7/2))

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], X, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]1}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax
e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b"2, 0]

Rule 3870

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2x*Cot[
c + d*x]*((a + bxCsclc + d*x])~(n + 1)/(axd*x(n + 1)*(a"2 - b2))), x] + Dis
t[1/(a*x(n + 1)*(a"2 - b72)), Int[(a + b*Csc[c + d*x])~(n + 1)*Simp[(a”2 - b
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“2)*x(n + 1) - axbx(n + 1)*Cscl[c + d*x] + b™2x(n + 2)*Cscl[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] &% LtQ[n, -1] && Intege
rQ[2*n]

Rule 3916

Int[cscl(e_.) + (f_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*x(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(bxc - a*d)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 4145

Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (£_.)*x(x_)]"2*(C_.
Nx(cscl(e_.) + (£_)*(x)]1*(b_.) + (a_))"(m_), x_Symbol] :> Simp[(A*b~2 -

axb*B + a”~2*C)*Cot[e + f*x]*((a + b*Cscl[e + f*x])"(m + 1)/(a*fx(m + 1)*(a"2
- b72))), x] + Dist[1/(a*x(m + 1)*(a”2 - b~2)), Int[(a + b*Cscle + f*x]) " (m
+ 1)*Simp[A*(a™2 - b~™2)*(m + 1) - ax(A*b - a*B + b*C)*(m + 1)*Csc[e + f*x]
+ (A*%b™2 - axbxB + a~2*%C)*(m + 2)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a,

b, e, £, A, B, C}, x] && NeQ[a"2 - b~2, 0] && LtQ[m, -1]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Cscl[(c_.) + (d_.)*(x_)]*(Cscl(c_.) + (d_.)*(x))
1x(b_.) + (@) " (_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx)"m)*((a + bxCsclc + d*x])~(n + 1)/(bxd*x(n + 1))), x] + Dist[f*(m/(b*xd*(
n+ 1))), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)1*(_.))"(p_.)*x((e_.) + (f£_.)*(x)) " (m
_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + fxCsc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, O] && IntegerQ[m]

Rubi steps

integral = — (b4Subst < / z cot() cse(z) dz,z,csc (a + bz)) )

(—a + csc(x))b
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cscHa+bz) 1 1
- 7 1 “p*Subst d -1 b
1 —|—4 Subs (/ (Cat osc(@) z,x,cs¢” (a+ :v))
1
B _b(a—i— bz)\ /1 = by _csc”!(a + bx)
12a (1 — a?) 23 4zt
- b*Subst ( s )(_?;TCS:C%))): =) 4, z, csc(a + bx))
12a (1 — a?)
 Matbe)y1- e (B-80)P(a+b2)\/1-Gram csel(a+ ba)
12a (1 — a?) 23 2402 (1 — a2)2 x2 44

(—a+csc(z))?
24a2 (1 — a2)?

b(a+bx), /1 — ey N (3—8a%)b*(a+b2),/1 — oy
12a (1 — a?) 23 24a2 (1 — a?)? 22
(6 - 170 + 26a")¥*(a + b2) /1 — Gigap e (a + ba)
24a3 (1 — a?)’ z 4zt
3
b*Subst ( i 6(1—a?) _%izsii;r(m‘l) cso(a) dz,x,csc™(a + bx))

24a3 (1 — a2)®

ba+b0)\/1— G (3—8a?) b (a+b2)\/1 — rohors

b4Subst (f 6(1—a2) —2a(1—6a2) csc(:c)—(3—8a2) csc?(z) dIL', z, csc_l(a + b.’E))
+

B 2a(l—a)a® | 2402 (1 — a?)? 22
1
(6 — 174 + 26a*) b°(a + br)\/1— o csc(a+br) csci(a+ bx)
- 3 + 4 o 4
240 (1 —a?)’z 4a 4x
((2 — 7a® + 8a* — 8a®) b*) Subst <f % dz,z,csc™(a + bx))
8at (1 — a?)®
- bla+b2)\/1 — iy . (3 —8a®)b*(a+b2)\/1 — ey
12a (1 — a?) 23 24a2 (1 — a?)? 22
1
(6 —17a® +26a*) b*(a + b2)\ /1 — oriayr 32 csc a4+ br)  csc (a4 ba)
- 3 + 4 - 4
240 (1 —a?)’z 4a 4z

((2 — 7a® + 8a* — 8a®) b*) Subst(f asing@) 0%, T, csC” (a—}-bx))
8at (1 — a?)?
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b(a+bx)\ /1 — oy . (3—8a%)b*(a+b2),/1 — ey
12a (1 — a?) z3 24a? (1 — a?)? 22
2 4y 13 1
(6 —17a* + 26a%) b*(a + bx) /1 — gz gt csc(a+br) csci(a+ bx)
3 + 4 o 4
240 (1 —a?)’z 4a 4x
((2 — 7a® + 8a* — 8a%) b*) Subst ([ {=5o772 d, z, tan (5 csc™ (a + bx)) )
40t (1 — a?)?
b(a+bz),/1— m . (3 —8a?) b?*(a + bx), /1 — m
124 (1 — a?) 23 24a2 (1 — a2)” 22
2 4y 73 / 1
(6 —17a° + 26a%) b°(a + bz), /1 — @tbe)?  bicscl(a+bx) csci(a + bx)
3 + 4 o 4
24a3 (1 —a?)’z 4a 4x
((2 — 7a® + 8a* — 8a%) b*) Subst (f m dz,z,—2a + 2tan (1 csc™'(a + bw)))

_|_

2a% (1 — a?)®

ba+b0)\/1— G (3—8a%)B(a+2)\/1 — (oo

12a (1 — a2) 23 24a2 (1 — a?)? 22

(6 — 17a® + 26a*) b*(a + be), /1 — o ot csc(a + be)
+

2403 (1 — a?)’ z 4a*
a—tan(% csc™!(a+bz)) )
V1—a2

csc~(a + bx) (2 — 7a® + 8a* — 8a®) b* arctan (

4zt 4t (1 — a2)™?

Mathematica [C] (verified)

Result contains complex when optimal does not.
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Time = 0.36 (sec) , antiderivative size = 307, normalized size of antiderivative = 1.28

-1
/csc (a+bx) i

o

b\/ =Ltait2abeihe? (907 — 6aShr + 3ab’x? + 6b%z° + a(2 — 66°22) + 2a°(—2 + 9b?z?) + atba(7 + 26t

(a+bx)?
3a3 (-1 + a?)® 23

ool

2csc!(a + bx) N 2b* arcsin (ﬁ)
x4 at

3 ((i(~1+a®+abo —1+a2+2abz+b2z2
1604 (~1+a?) <(\/1T12)+(a+bm)m>

7:(_2 +7a® — 8a* + 80‘6) b* log (—2+7a2—8a*+8aS)biz

* a*(1— a2)7/2

[In] Integrate[ArcCscl[a + b*x]/x75,x]

[Out] ((b*Sqrt[(-1 + a™2 + 2xaxb*x + b~2xx"2)/(a + bxx)~2]*(2*%a”7 - 6%a"6*b*x + 3

*axb~2*%x"2 + 6%b73*%x"3 + a”3%(2 - 6*%b72%x"2) + 2*a”~bx(-2 + 9*%b"2*x"2) + a~4

*¥bxx* (7 + 26%b72%x72) - a"2*(b*x + 17*b~3%x73)))/(3*a"3*%(-1 + a~2)"3*x"3) -
(2*%ArcCsc[a + b*xx])/x"4 + (2+%b"4*ArcSin[(a + b*x)~(-1)])/a"4 + (I*(-2 + 7%

a"2 - 8%a"4 + 8xa"6)*b~4xLog[(16*a~4*(-1 + a~2) 3*((I*(-1 + a2 + axbxx))/S

qrt[l - a”2] + (a + b*x)*Sqrt[(-1 + a”2 + 2*axbxx + b™2*x"2)/(a + b*x)"2]))

/((-2 + 7T*a"2 - 8*%a"4 + 8*a~6)*b~4xx)])/(a"4x(1 - a~2)~(7/2)))/8

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 794 vs. 2(215) = 430.

Time = 0.72 (sec) , antiderivative size = 795, normalized size of antiderivative = 3.33

method result

3 2 5
V0222 2abatai—1 2_1)% 1 \g6p3g3— 2a2—2+2abz+2v/a?
__ arcese(ba-+a) bvb222+2abz+a?—1  6(a®—1) 2 arctan T )¢ b3r3_241n

parts 1 +

derivativedivides | Expression too large to display
default Expression too large to display




178

[In] int(arccsc(b*x+a)/x~5,x,method=_RETURNVERBOSE)

[Out] -1/4*arccsc(b*x+a)/x"4+1/24*xb* (b~ 2xx~2+2*a*xb*x+a~2-1) ~(1/2) *(6*x(a~2-1)~(3/2
Yxarctan(1/ (b~ 2*x"2+2*axb*xx+a~2-1) ~(1/2)) *a~6xb~3*x~3-24*1n (2* (a*b*x+(a”~2-1
)" (1/2) % (b™2%x"2+2%axb*x+a~2-1) ~(1/2)+a~2-1) /x) *a"8*%b~3*x~3-18*(a~2-1) ~(3/2
Y*xarctan(1/ (b~ 2*x"2+2*axb*x+a~2-1) ~(1/2) ) *a~4*b~3*x"3+26* (b~ 2*x"2+2*a*xb*x+a
~2-1)"(1/2)*(a"2-1) " (3/2) *a~5*xb~2*x~2+48*1n (2% (axb*xx+(a~2-1) " (1/2) * (b~ 2*x"2
+2*%axbxx+a~2-1) " (1/2)+a"2-1) /x) *a~6*b~3*x~3-8* (b~ 2*x"2+2*ax*b*x+a”~2-1) ~(1/2)
*(a~2-1) " (3/2) *a"6*xb*x+18*(a~2-1) " (3/2) *arctan(1/ (b~ 2*x~2+2*axb*xx+a~2-1) ~ (1
/2))*a”~2xb"3*x"3+2* (b~ 2*x"2+2*xaxb*x+a~2-1) " (1/2)*(a~2-1) ~(3/2) *a~7-17* (b~ 2%
X" 2+2*xaxbxx+a~2-1) " (1/2) *(a"2-1) " (3/2) *a~3*b"2*x"2-45%1n (2* (a*xb*x+(a~2-1) ~(
1/2) * (b~ 2xx"2+2*a*b*x+a~2-1) ~(1/2)+a"2-1) /x) *a~4*b"3*x"3+11* (b~ 2*x~2+2*axbx*
x+a~2-1)"(1/2)*(a~2-1) " (3/2) *a"~4*xb*x-6xb~3*arctan(1/ (b~ 2*x~2+2*a*b*x+a~2-1)
~(1/2))*x"3*%(a"2-1) " (3/2) -4* (b~2*x"2+2*a*xb*x+a”~2-1) ~(1/2)*(a~2-1) " (3/2) *a"5
+6* (b™2xx~2+2*a*xb*xx+a”~2-1) " (1/2) *(a"2-1) ~(3/2) *a*b~2*x~2+27*1n (2* (axb*x+(a”
2-1)"(1/2) * (b~ 2*x"2+2*a*xb*x+a~2-1) ~(1/2)+a"2-1) /x) *a~2*%b"3*x"3-3* (b~ 2*x~2+2
*axb*x+a~2-1) " (1/2) *(a~2-1) ~(3/2) *a~2*b*x+2* (b~ 2*x~2+2*a*xbxx+a~2-1) ~ (1/2) *(
a~2-1)"(3/2)*a~3-6%b~3x1n (2% (axb*x+(a~2-1) ~(1/2) * (b~ 2%x~2+2%axbxx+a~2-1) ~ (1
/2)+a"2-1) /x)*x~3) / ((b~2*x"2+2*a*xb*x+a”~2-1) / (bxx+a) ~2) ~(1/2) / (b*x+a) /a~4/(a
~2-1)"(9/2)/x"3

Fricas [A] (verification not implemented)

nomne

Time = 0.37 (sec) , antiderivative size = 673, normalized size of antiderivative = 2.82

-1
/csc (a + bx) i

xrd

azbm+a3+\/b2z2+2abz+a2—l(a2—\/a2—1a—1)—(abw—}-az—l) a2—1—a) 1
— 12

3(8a6—8a4+7a2—2)\/a2—1b4x410g( -

[In] integrate(arccsc(b*x+a)/x~5,x, algorithm="fricas")

[Out] [1/24%(3%(8*%a"6 - 8%a~4 + 7xa~2 - 2)*sqrt(a”™2 - 1)*b~4xx"4xlog((a"2*b*x + a
~3 + sqrt(b™2*x"2 + 2*axb*x + a”2 - 1)*(a”2 - sqrt(a”2 - 1)*a - 1) - (a*b*x

+ a”2 - Dx*sqrt(a”™2 - 1) - a)/x) - 12x(a”8 - 4*%a”6 + 6*a”4 - 4*xa”2 + 1)*b~
4xx~4*arctan(-b*x - a + sqrt(b~2#x"2 + 2xaxb*x + a”2 - 1)) + (26%a”7 - 43%a

~5 + 23%¥a”3 - 6*%a)*b"4*xx"4 - 6%(a”12 - 4*a~10 + 6%a”8 - 4*a~6 + a~4)*arccsc

(b*x + a) + ((26%a”7 - 43*%a”5 + 23%a”3 - 6*a)*b~3*x"3 - (8%a™8 - 19%a”6 + 1

4xa~4 - 3*%a~2)*b"2xx"2 + 2*%(a”9 - 3*%a”7 + 3*%a”5 - a~3)*b*x)*sqrt(b"2*xx"2 +
2%axb*x + a”2 - 1))/((a”12 - 4%a~10 + 6*%a”8 - 4*xa~6 + a~4)*x"4), 1/24x(6x(8

*a~6 - 8%a"4 + T*a"2 - 2)*sqrt(-a”2 + 1)*b~4xx"4*arctan(-(sqrt(-a~2 + 1)*Dbx

X - sqrt(b™2*x"2 + 2%a*b*x + a”2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1)) - 12x(a"8
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- 4%a”6 + 6*%a"4 - 4%a”2 + 1)*b"4xx"4*arctan(-b*x - a + sqrt(b”2*x"2 + 2xax*b
xx + a”2 - 1)) + (26%a”7 - 43*a”5 + 23*a~3 - 6*a)*b~4*x"4 - 6x(a”12 - 4xa”1
0 + 6%xa”8 - 4*a~6 + a"4)*arccsc(b*x + a) + ((26*a”7 - 43*%a"5 + 23*xa”~3 - 6*a
)*b~3%x"3 - (8%a"8 - 19%¥a”6 + 14*a~4 - 3*a”2)*xb"2xx"2 + 2*(a”9 - 3*a”7 + 3%
a”5 - a”3)*bxx)*sqrt(b~2*x"2 + 2*xaxbxx + a”2 - 1))/((a”12 - 4%xa~10 + 6*a”8

- 4%a”6 + a~4)*x"4)]

Sympy [F]

-1
/csc (a + bx) dp — / acsc (a + bz) d

0 zd

[In] integrate(acsc(b*x+a)/x**5,x)

[Out] Integral(acsc(a + b*x)/x**5, x)

Maxima [F]

-1
/ csc™(a + bx) dp — / arccsc (br + a) i

zd 5

[In] integrate(arccsc(b*x+a)/x~5,x, algorithm="maxima")

[Out] -1/4%(4*xx"4*xintegrate(1/4*(b~2*x + axb)*e”(1/2xlog(b*x + a + 1) + 1/2*log(b
*x + a - 1))/(b72%x76 + 2%axb*xx”5 + (a”2 - 1)*x74 + (b"2%x"6 + 2¥a*xb*x~5 +

(a™2 - 1)*x"4)*e" (log(b*x + a + 1) + log(b*x + a - 1))), x) + arctan2(1, sq
rt(b*x + a + 1)*sqrt(b*x + a - 1)))/x74

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 841 vs. 2(209) = 418.

Time = 0.37 (sec) , antiderivative size = 841, normalized size of antiderivative = 3.52

dxz = Too large to display

/ csc™(a + bx)

x5

[In] integrate(arccsc(b*x+a)/x~5,x, algorithm="giac")

[Out] 1/12%b*(3*(8*a~6%b~3 - 8%a~4xb~3 + 7xa~2xb~3 - 2xb~3)*arctan(((b*x + a)*(sq
rt(-1/(b*x + a)"2 + 1) - 1) + a)/sqrt(-a”2 + 1))/((a”10 - 3*a™8 + 3*a™6 - a
“4)xsqrt(-a”2 + 1)) + (18*(b*x + a) 5*a~b*b~3*(sqrt(-1/(b*x + a)"2 + 1) - 1
)75 + 84*(b*x + a) 4*a"6xb~3*(sqrt(-1/(b*x + a)~2 + 1) - 1)74 + 104*(b*x +
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a) "3*xa~7xb"3x(sqrt(-1/(b*x + a)~2 + 1) - 1)73 - 6*(b*x + a) 5*a~3*b~3x*(sqrt
(-1/(b*x + a)”2 + 1) - 1)75 - 12%(b*x + a) 4*a~4xb~3*(sqrt(-1/(b*x + a)~2 +
1) - 1)74 + 88x(b*x + a)~3*xa~b*b"3*(sqrt(-1/(b*x + a)~2 + 1) - 1)73 + 3*(b
*x + a) b*a*b~3*(sqrt(-1/(b*x + a)"2 + 1) - 1)75 + 228*%(b*x + a) 2*xa"~6*b~3x
(sqrt(-1/(b*x + a)~2 + 1) - 1)72 - 3x(b*xx + a)~4*a”2xb~3*(sqrt(-1/(b*x + a)
"2 + 1) - 1)74 - 78x(bxx + a)~3*%a”3*b"3x(sqrt(-1/(b*x + a)"2 + 1) - 1)73 -

114*(bxx + a)~2*a"4*b~3*(sqrt(-1/(b*x + a)~2 + 1) - 1)72 + 6x(b*x + a) ~4xb~
3% (sqrt(-1/(b*x + a)"2 + 1) - 1)74 + 138*(b*x + a)*a ~5*b~3*(sqrt(-1/(b*x +
a)"2 + 1) - 1) + 36*%(b*x + a) 3*a*xb~3x(sqrt(-1/(b*x + a)"2 + 1) - 1)°3 + 24
*x(bxx + a)~2%xa”2+%b"3*(sqrt(-1/(b*x + a)~2 + 1) - 1)72 - 96*(b*x + a)*a~3%b~
3k(sqrt(-1/(b*x + a)”2 + 1) - 1) + 26%a"4%b"3 + 12x(b*x + a) " 2*b~3*(sqrt(-1
/(bxx + a)”2 + 1) - 1)72 + 33*(bxx + a)*a*b~3*(sqrt(-1/(b*x + a)"2 + 1) - 1
) - 17*%a”"2*%b~3 + 6%b~3)/((a”9 - 3*a”7 + 3*a”5 - a~3)*((b*x + a)~2*(sqrt(-1/
(b*x + )72 + 1) - 1)72 + 2x(b*x + a)*ax(sqrt(-1/(b*x + a)"2 + 1) - 1) + 1)
~3) - 3x(4xaxb”~3/(b*x + a) - 6xa"2xb"3/(b*x + a)~2 + 4xa”~3xb"3/(b*x + a)~3
- b™3)*arcsin(-1/((b*x + a)*(a/(b*x + a) - 1) - a))/(a"4x(a/(b*x + a) - 1)~
4))

Mupad [F(-1)]

Timed out.
1

-1 1 —
/CSC (:‘5+ b.’E) dl,z/a'Sln(a—i-bz) dr

xd

[In] int(asin(1/(a + b*x))/x"5,x)
[Out] int(asin(1/(a + b*x))/x~5, x)



3.27 [ z?csc™ (a + bx)? dx

Optimalresult . ... ... ... ... .........
Rubi [A] (verified) . . . ... ... ... ... ... .
Mathematica [A] (warning: unable to verify) . . . . . .
Maple [A] (verified) . . . . . . ... Lo Lo
Fricas [F] . . ... .. . .. . .. .
Sympy [F] . .. ..
Maxima [F] . . ... ... ... ... ... .. ...,
Giac [F(-2)] . . . . . o o
Mupad [F(-1)] . . ... ... o

Optimal result

Integrand size = 12, antiderivative size = 366

181

................ 182

................ 186
................ 188
................ 188
................ 1189
................ L&Y

(a+ bz)? (a+bx),/1— m csc(a + bx)
+

3 ool 2
/x csc” (a+bx) dxr = — b3 C 4 1268

3a2 (a+0bx),/1 (a+bx)2 cscH(a+ bx)

a(a + bzr)?,/1 —mcsc ~L(a+ bx)

b4

(a+b2)* /1 — g osc™ (a+bz) g csc”'(a + bx)?

+ 60

4p*

2a csc™!(a + bzr)arctanh (e" CSC_I(“*””)

1
+ 114 csc ' (a + bx)? —

b4

4a® csc™!(a + bz)arctanh (ei CSC_I(‘”Z””)) log(a + bz)

b4

3421 b ta PolyLog
o @PobLan (3

3b*
etosc™ 1(a+bx) )

b4

b4

2ia® PolyLog (2 wsc‘l<a+bw>)

+ b

ta PolyLog <2, et CSC’I(aerZ)) 2ia3 PolyLog (2, ¢t cscfl(a+bw)>

b4

b4

[Out] -a*xx/b~3+1/12*%(b*x+a) ~2/b~4-1/4xa"4xarccsc(b*xx+a) ~2/b~4+1/4*xx"4*xarccsc (b*x+
a) ~2-2xaxarccsc (bxx+a)*arctanh (I/ (b*x+a)+(1-1/(b*xx+a)~2)~(1/2))/b~4-4%a~3%a
rccsc(bxx+a) xarctanh (I/ (b*xx+a)+(1-1/(b*xx+a)~2)~(1/2))/b~4+1/3*1n(b*x+a) /b4
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+3*%a”~2x1n(b*x+a) /b~4+I*a*polylog(2,-I/(bxx+a)-(1-1/(b*x+a)~2)~(1/2))/b"4-2%
I*xa~3*polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~4+2xI*a~3*polylog(2,-I/(
bxx+a)-(1-1/(b*x+a)~2)~(1/2))/b~4-I*a*polylog(2,I/(b*x+a)+(1-1/(bxx+a)~2)~(
1/2))/b~4+1/3*(b*x+a) *arccsc (b*xx+a) * (1-1/ (b*x+a) ~2) " (1/2) /b~4+3*a~2* (b*x+a)
xarccsc (b*x+a)*(1-1/(b*x+a)~2)~(1/2) /b~4-a* (b*x+a) “2*arccsc (b*x+a)*(1-1/ (b*
x+a)~2)~(1/2) /b~4+1/6* (b*x+a) “3*arccsc (b*x+a)*(1-1/(b*x+a) ~2)~(1/2)/b"4

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 366, normalized size of antiderivative = 1.00,

number of steps used = 20, number of rules used = 9, number of rules _ 750, Rules used
integrand size

= {5367, 4512, 4275, 4268, 2317, 2438, 4269, 3556, 4270}

a*csc1(a + bx)? 4a3 csc™!(a + bz)arctanh (ei Csc_l(a""””))

/x3 csc(a + bx)?dr = —

4b* a b
2ZCL3 PolyLog ( 'LCSC (a+b:c)>
+ b
; icsc_1 a+bx
27,a3 PolyLog < (a+b )> 342 log(a + bz)
b4

3a2(a +bz),/1 (a+b tarbay €8¢ (a + bx)

2a csc™ (a + bm)arctanh (eZ cse 1(a+bﬂU)>

b
ia PolyLog ( “S‘:‘l<a+bw>) ia PolyLog (2, gicse™ <a+bx>>
* b* B b4
(a+bz)? log(a + bx) a(a+bx)%, /1 (a+bm (atbay? ©SC ~1(a + bx)
T T s bl
(a+bx)?\ /1 — =z csc™!(a+ bx)
+ (6b4 )
(a+bz),/1 — —=zcsc™ (a + bz) 1
+ (?:;1) - (Z—f + Zx“ csc”!(a + bx)?

[In] Int[x"3*ArcCscl[a + b*x]~2,x]

[Out] -((a*x)/b~3) + (a + b*x)~2/(12%b"4) + ((a + b*x)*Sqrt[1l - (a + b*x)~(-2)]*A
rcCscla + b*x])/(3*%b~4) + (3*a~2x(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcCsc[
a + bxx])/b"4 - (ax(a + bxx)~2xSqrt[1 - (a + b*x)~(-2)]*ArcCsc[a + b*x])/b~
4 + ((a + bxx)~3xSqrt[1 - (a + b*x)~(-2)]*ArcCsc[a + b*x])/(6%b"4) - (a~4*A
rcCscla + bxx]~2)/(4%b~4) + (x"4*ArcCscl[a + bxx]~2)/4 - (2*axArcCsc[a + b*x
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1*ArcTanh [E™ (I*ArcCsc[a + b*x])]) /b4 - (4*a~3*ArcCsc[a + b*x]*ArcTanh[E~ (I
xArcCsc[a + b*x])]) /b4 + Logla + b*x]/(3*%b"4) + (3*a"2*Logl[a + b*x])/b~4 +

(I*a*PolyLog[2, -E~(IxArcCscl[a + b*x])])/b~4 + ((2*I)*a~3*PolyLogl[2, -E~(I
*ArcCsc[a + b*x])])/b~4 - (I*a*PolyLog[2, E~(I*ArcCscla + b*x])])/b~4 - ((2
*I)*a~3*PolyLog[2, E~(I*ArcCscl[a + b*x])])/b~4

Rule 2317
Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]

:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d ) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]

Rule 4268

Int[cscl(e_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) m*x(ArcTanh[E~(Ix(e + f*x))]/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - D*Logl[l + E"(Ix(e + £xx))], x], x]) /; FreeQl{c, 4, e, £}, x] && IGtQ
[m, O]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*
Cotle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 4270

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
Simp[(-b~2)*(c + d*x)*Cot[e + f*x]*((b*Cscle + f*x])"(n - 2)/(f*(n - 1))),
x] + (Dist[b"™2*x((n - 2)/( - 1)), Int[(c + d*x)*(b*Cscle + f*xx])~(n - 2),

x], x] - Simp[b~2*d*((b*Csc[e + f*x])~(n - 2)/(f"2x(n - 1)*(n - 2))), x]) /
; FreeQ[{b, c, d, e, £}, x] & GtQ[n, 1] && NeQ[n, 2]

Rule 4275

Int[(cscl(e_.) + (f_.)*(x_)]*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
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x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Csc[(c_.) + (d_.)*(x_)]*(Cscl(c_.) + (d_.)*(x))
Ix(b_.) + (a))"(m_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx)"m)*((a + b*Csclc + d*x])~(n + 1)/(bxd*(n + 1))), x] + Dist[f*(m/ (b*d*(
n+ 1)), Intl(e + f*xx)"(m - 1)*(a + b*Csc[c + d*x])"(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps
, Subst ( [ z* cot(z) csc(z)(—a + csc(z))? dz, z, csc ™ (a + bz))
integral = — i

Subst( [ z(—a + csc(z))* dz, z, csc ™ (a + bz))

1
= Zx‘l csc ' (a + bz)? —

2b*
1
= Zz4 csc ! (a + bx)?

Subst( [ (a*z — 4a®z csc(x) + 6ax csc?(z) — daz csc®(z) + z esct(z)) dz, z, csc™ (a + bz))

2b*
atcscl(a+bx)? 1, ,  Subst( [ zecsct(z)dz, z,csc™(a + bx))
- pTE + 2" esc (a+bx)” — 5pi
N (2a)Subst( [ z csc®(z) dz, z, csc™ (a + b))
bl
(3a?) Subst ([ z csc?(z) dz, z, csc™ (a + bz))
_ o

N (2a®) Subst ([ z csc(z) dz, z, csc™ (a + bz))
bl
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(a + bz)? 3a?(a + bx) (a+bz)2 csc!(a + bx)
b3 12v4 b*

a(a + bz)? \/% csclatbz)  (a+ba) m esc-1(a+ ba)
ot i 66
4a3 csc™(a + br)arctanh (ei Csc_l(a+bz)>

a*cesc(a+bz)? 1 _
— m +Zx4 csc” ' (a+bz)? —
_ Subst(J zcsc*(z) dz, z, csc” (a + b))

3b*

aSubst( [ z csc(z) dz, z, csc™! (a + bz))
+ b
~ (3¢?) Subst ([ cot(z) dz, z, csc™ (a + bz))

bl
_ (20%) Subst ([ log (1 — €*) dz, z,csc™*(a + b))
bl

N (2a®) Subst( [ log (1 + €*) dz, z, csc™*(a + bz))

b
(a+ bx)?

_ . (a+bx),/1 (a+bw)2 csc!(a + bx)

b3 12v* 3bt

3a*(a+bz),/1 — g ese(a+bz)  ala+b2)? /1~ g csc™'(a + bx)

+ b4 - iz

(a+bx)3,/1 (a,+ba:)2 csc”(a+bz) e csc™!(a + bx)?
6b4 B 4b4
2a csc!(a + bz)arctanh <ei °SC_1(a+bz)>
bt

b4

+

1
+ Zx4 csc ' (a + bz)? —

4a3 csc™!(a + bz)arctanh (ei Cscfl(‘”rbw))
bi
+ 3a®log(a + bz)  Subst ([ cot(z) dz, z, csc™ (a + bz))
b | 303
_ aSubst( [ log (1 — e*) dz, z,csc™'(a + bz))
bl
N aSubst( [ log (1 + €*) dz,z,csc™ (a + bz))
bl
(2,&.&3) Subst (f log(i—ac) dx, z, ei csc_l(a+bz)>
bi
(2ia®) Subst ( i —log(;“’) dz,z, € °S°71(“+bx)>
bl

_|_
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(a+b2)\/1 — ey csc ™' (a + ba)

_ (a+ bx)?
——F i 35
3a*(a+bz), /1 — g ese(a+bz)  ala+bz)’ /1~ g csc™'(a + bx)
+ = - -
N (a+bzx)3,/1— m CSC_l(a + bx) at csc!(a + bz)?
6b* 4
1, , 2a csc™!(a + br)arctanh (e" CS"_I(“H’Z))
+ 4@ csc (a+bx)* — 7
- 4a3 csc™!(a + br)arctanh (e" CSC_I(“JFI’-’”)) log(a + bz)
b* 3p4
3a’log(a + bx) 2ia® PolyLog ( eree 1(a+bx)>
+ b + x
2ia® PolyLog <2, et CSC_I(‘H'bz)) (ia)Subst <f log(glc—oc) dz, z, et csc_l(a+ba:)>
(ia)Subst ( [ CSC*I(“JFZ’”))
_ -
az  (a+ bz)? (a+b2),/1 — ppm csc” ' (a + bz)
e T im 354
3a(a + bx), /1 (a+bz)2 cscl(a+bz) a(a+bx)?,/1 (a+bm)2 csc i(a + bx)
+ b4 — 1
+ (a + ba)’ \/ T (e +b {atba)? ©5€ “H(a+bz) B a* csc™(a + br)?
6b* 4b*
1, ) ) 2a csc™!(a + bz)arctanh <ei CSC_l(‘“F”’”))
+ 4@ csc (a+bx)* — 7
- icsc™!(a+bz
~ 4a® csc™!(a + bz)arctanh (e (a+b )> . log(a + b) s 342 log(a + bz)
b 3bt bt
ia PolyLog (2 1<“+””>) 2ia® PolyLog (2 1<a+bm>>
+ 5 + "

iaPolyLog (2,ei '@+))  24a? PolyLog (2, eic (o440
B b* - pa
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Mathematica [A] (warning: unable to verify)

Time = 3.95 (sec) , antiderivative size = 453, normalized size of antiderivative = 1.24

/x3 csc ' (a + bz)? dx

—16(6a — 2(1 + 9a*) csc™*(a + bz) + 3(a + 2a®) csc™ (a + bz)?) cot (3 csc™ (a + bz)) + 2(2 — 24a csc™

[In] Integrate[x~3*ArcCscla + b*x]~2,x]

[Out] (-16%(6*a - 2x(1 + 9*a~2)*ArcCsc[a + b*x] + 3*(a + 2*a~3)*ArcCsc[a + b*xx]"2
)*Cot [ArcCsc[a + b*x]/2] + 2%(2 - 24xaxArcCsc[a + b*x] + (3 + 36*a~2)*ArcCs
cla + b*x]"2)*Csc[ArcCscl[a + b*x]/2]"2 + 3*ArcCscl[a + b*x] “2*Csc[ArcCsc[a +
b*x]/2]"4 - (2%ArcCscl[a + b*x]*(-1 + 6*a*ArcCsc[a + b*x])*Csc[ArcCsc[a + b
*xx]/2]174)/(a + b*x) - 64x(1 + 9*xa~2)*(Log[1/((a + bxx)*Sqrt[1 - (a + b*x)~(
-2)1)] + LoglSqrt[1l - (a + b*x)~(-2)]]) + 192x(a + 2*xa~3)*(ArcCsc[a + b*x]=*
(Log[1 - E"(I*ArcCsc[a + b*x])] - Logl[l + E~(IxArcCscla + b*x])]) + I*(Poly
Log[2, -E~(I*ArcCsc[a + b*x])] - PolyLog[2, E~(I*ArcCscl[a + b*x])])) + 2%(2
+ 24*xaxArcCsc[a + b*x] + (3 + 36*a"2)*ArcCsc[a + bxx]~2)*Sec[ArcCsc[a + Dbx
x]/2]172 + 3*ArcCsc[a + b*x] "2*Sec[ArcCsc[a + b*x]/2]74 - 32*%(a + b*x) " 3*Arc
Cscl[a + b*x]*(1 + 6*a*ArcCsc[a + b*x])*Sin[ArcCsc[a + b*x]/2]74 - 16%(6*a +
2% (1 + 9*a~2)*ArcCscla + bxx] + 3*(a + 2*xa"3)*ArcCsc[a + b*x]~2)*Tan[ArcCs
cla + b*x]/2])/(192%b~4)

Maple [A] (verified)

Time = 1.53 (sec) , antiderivative size = 703, normalized size of antiderivative = 1.92

method result

21n(ﬁ+ /1—%2) ln(ﬁ-ﬂ- /1—%-1) 9 5
a | (bz+a) a ; (bz+a) +(bwj—2a) _(bm+a)a_arccsc(bx+a)2a3(bm+a)+3arccsc(bw+(;) 1

derivativedivides
2In( =t 4 j1——1 In( %+ /1——1 71>
n<bx+a L W) _ n<bm+a 5 (ba+a)? +(bmf2a)2 —(bz+a)a—arccsc(bz+a)2a3(bm+a)+73 arccsc(bx+z)2'
default

[In] int(x"3*arccsc(b*x+a)~2,x,method=_ RETURNVERBOSE)

[Out] 1/b”4%(-1/3*1n(1+I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))+1/12* (b*x+a) ~2- (b*x+a) *xa+
2/3*1n(I/(b*xx+a)+(1-1/(b*x+a)~2)~(1/2))-1/3*1n(I/(b*x+a)+(1-1/(b*x+a)~2) "~ (1
/2)-1)+2*1n(1-I/(b*x+a)-(1-1/(b*x+a) ~2)~(1/2))*a"3*arccsc (b*x+a)-2x1n(1+I/(
bxx+a)+(1-1/(b*x+a) ~2) ~(1/2))*a~3*arccsc(b*x+a)+2*I*polylog(2,-I/(b*x+a)-(1
-1/ (b*x+a)~2)~(1/2) )*a~3-2xI*polylog(2,I/ (bxx+a)+(1-1/(bxx+a)~2)~(1/2))*a"~3
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+1n(1-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))*a*arccsc(b*x+a)-1n(1+I/(b*x+a)+(1-1/
(bxx+a)~2)~(1/2))*axarccsc(b*x+a)+I*polylog(2,-I/(bxx+a)-(1-1/(b*x+a)~2)~ (1
/2))*a-Ixpolylog(2,I/(b*xx+a)+(1-1/(b*x+a)~2)~(1/2))*a-arccsc(b*x+a) ~2xa~3%*(
b*x+a)+3/2*arccsc(b*x+a) “2*xa”~2*x (bxx+a) “2-arccsc(b*x+a) ~2*xax* (b*x+a) “3+1/6*ar
ccsc(b*x+a) * (((b*x+a) "2-1) / (b*xx+a) “2) = (1/2) * (b*x+a) ~3-3*I*a~2*arccsc (b*x+a)
+1/3*arccsc(b*x+a)* (((b*x+a) ~2-1)/(b*x+a) ~2) ~(1/2) * (bxx+a)+3*arccsc (b*xx+a) *
(((b*x+a)~2-1)/(b*x+a)~2) " (1/2) *a~2x (b*x+a) -arccsc (b*x+a) * (((b*xx+a) ~2-1) /(b
*xx+a) ~2) " (1/2) *ax (b*x+a) “2+6*1n(I/ (bxx+a)+(1-1/(b*x+a) ~2)~(1/2))*a~2-3*1n(1
+I/(bxx+a)+(1-1/(b*x+a) ~2)~(1/2))*a"2-3*1n(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2)-
1)*a~2+1/4*arccsc(b*xx+a) ~2* (b*x+a) ~4-1/3*I*arccsc(b*x+a))

Fricas [F]
/x3 csc Y (a + bx)’ dx = /m3 arcesc (bz + a)® dzx

[In] integrate(x~3*arccsc(b*x+a)~2,x, algorithm="fricas")

[Out] integral(x~3*arccsc(b*x + a)~2, x)

Sympy [F]
/x?’ csc ' (a+ bz)?dr = /x3 acsc’ (a + bz) dx

[In] integrate(x**3*acsc(b*x+a)**2,x)

[Out] Integral(x**3*acsc(a + b*x)**2, x)

Maxima [F]
/x3 csc Y (a + bx)? dx = /w3 arcesc (bz + a)® dzx

[In] integrate(x~3*arccsc(b*x+a)”~2,x, algorithm="maxima")

[Out] 1/4*x"4xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/16*x"4*log(b~
2*x"2 + 2%axbxx + a”~2)72 + integrate(1/4x(2*sqrt(b*x + a + 1)*sqrt(b*x + a

- 1)*b*x"4*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - 4x(b"3*x"6 + 3
*axb~2*xx"5 + (3%a”2 - 1)*b*x"4 + (a”3 - a)*x"3)*log(b*x + a)~2 + (b"3*x"6 +
2%axb~2*x"5 + (a2 - 1)*b*x"4 + 4x(b"3*x"6 + 3*axb”2%x"5 + (3%a”2 - 1)*b*x

“4 + (2”3 - a)*x"3)*log(b*x + a))*log(b~2%x"2 + 2xaxb*x + a~2))/(b~3%x"3 +
3*axb"2*x"2 + a~3 + (3*%a”2 - 1)*b*x - a), x)
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Giac [F(-2)]

Exception generated.

/ 2% csc™!(a + bz)? dx = Exception raised: RuntimeError

[In] integrate(x~3*arccsc(b*x+a)”~2,x, algorithm="giac")
[Out] Exception raised: RuntimeError >> an error occurred running a Giac command:

INPUT: sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const vect
eur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

2
/x3csc_1(a+ba:)2dx=/a:3asin( ! ) dz
a+bzx

[In] int(x"3*asin(1/(a + b*x))~2,x)
[Out] int(x"3*asin(1/(a + b*x))~2, x)
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3.28 [ z%csc™ (a + bx)? dx

Optimal result . . . . . . . . . . . . e 190
Rubi [A] (verified) . . . . . . . . 191
Mathematica [A] (warning: unable to verify) . . . . . . .. ... ... ... .. 1951
Maple [A] (verified) . . . . . . . .. 195
Fricas [F] . . . . . . o 196
Sympy [F] . . o 196
Maxima [F] . . . . . o 196
Giac [F] . . o o 197
Mupad [F(-1)] . . . o o 197

Optimal result

Integrand size = 12, antiderivative size = 272

2a(a + bz), /1 — ——z csc(a + bx)
/xzcsc Y(a+ bx)*dz i (otbe)

T3 b?
N (a+bz)% /1 - (a+bz)2 csc™!(a + br) N a®csc™(a + bx)?
3b3 33

2 csc™!(a + br)arctanh (ei esc™! (“H’x))

3b3
4a® csc™!(a + bz)arctanh (ei Csc_l(“Jf”w)) 2alog(a + bx)
b3 N [
i POlyLOg (2 ’Csc_l(“*bm)) 2ia? PolyLog (2 ”SC_I(““’E))
3b3 b3
i PolyLog <2, e’ CSC_I(‘”I’”)) 2ia? PolyLog (2, e’ CSC_I(an))

+ 353 + =

1
+ gﬂc?’ csc(a + bz)? +

+

[Out] 1/3*x/b~2+1/3*a"3*arccsc(b*x+a) ~2/b"3+1/3*x"3*arccsc(bxx+a) “2+2/3*arccsc(b*
x+a)*arctanh(I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~3+4*a~2*arccsc(b*x+a)*arcta
nh(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~3-2*a*x1n(b*x+a) /b~3-1/3*I*polylog(2,-

I/ (bxx+a)-(1-1/(b*x+a)~2)~(1/2))/b~3-2*I*a~2*polylog(2,-I/(b*x+a)-(1-1/(b*x
+a)~2)~(1/2)) /b~3+1/3*Ixpolylog(2,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2)) /b~ 3+2xI*
a~2*polylog(2,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/b~3-2*a* (b*x+a)*arccsc(bxx+a
)*(1-1/(b*x+a)~2)~(1/2) /b~3+1/3* (b*x+a) “2*arccsc(b*x+a) * (1-1/(b*x+a) ~2) = (1/
2)/b"3



191

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 272, normalized size of antiderivative = 1.00,

number of steps used = 17, number of rules used = 9, number of rules _ 750, Rules used
integrand size

= {5367, 4512, 4275, 4268, 2317, 2438, 4269, 3556, 4270}

4a? csc™!(a + bz)arctanh <ei CS‘fl(a+bﬂv))

3 aep—1 2
/w2 csc M (a + bz)? dx = 4 e 3(; + bo) + 73
2ia? PolyLog <2 ’CSC_I(‘”‘W))
b3

2ia? PolyLog (2, e CSC‘I(a+bz)>
+ =

2csc(a + br)arctanh (ei Csc_l(‘”bx))
" 3b3

U PolyLog (2 eree 1("“”)) i PolyLog (2, e csc_l(a%w))

363 + 3p3

2alog(a + bx) 2a(a + br) (a+b {atba) CSC ~a+bx)
B b3 B b3

(a+b2)*\/1 = G esc(a+bz) 4 \ .
+ + —z°csc” (a—l— bw)

303 3 352

[In] Int[x"2%ArcCscl[a + b*x]~2,x]

[Out] x/(3*%b~2) - (2%ax(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcCsc[a + b*x])/b~3 +
((a + b*x)~2%Sqrt[1 - (a + b*x)~(-2)]*ArcCsc[a + b*x])/(3%¥b~3) + (a~3%ArcCs
cla + bxx]~2)/(3*b"3) + (x"3*ArcCscla + b*x]~2)/3 + (2%ArcCscla + bxx]*ArcT
anh[E™(I*ArcCscla + b*x])])/(3%b73) + (4xa~2*ArcCscla + b*x]*ArcTanh[E™(I*A
rcCscla + bxx])]) /b3 - (2xaxLogla + b*x])/b~3 - ((I/3)*PolylLogl[2, -E~(I*Ar
cCscla + b*x])]1)/b~3 - ((2%I)*a~2%PolyLog[2, -E~(I*ArcCsc[a + b*x])])/b~3 +
((I/3)*PolyLog[2, E~(I*ArcCscla + b*x])]1)/b~3 + ((2*I)*a~2*PolyLog[2, E~(I
*ArcCsc[a + b*x])])/b"3

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d) + (e_.)*x(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]
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Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4, x] /; FreeQl{c, d}, x]

Rule 4268

Int[cscl(e_.) + (£_)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) m*x(ArcTanh[E~(Ix(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Log[l + E~(Ix(e + fxx))], x], x]) /; FreeQ[{c, d, e, f}, x] && IGtQ
[m, O]

Rule 4269

Int[cscl(e_.) + (f_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)x*
Cotl[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 4270

Int[(cscl(e_.) + (£_.)*(x_)I1*(b_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
Simp[(-b~2)*(c + d*x)*Cot[e + f*x]*((b*Cscle + f*x])~"(n - 2)/(f*(n - 1))),
x] + (Dist[b"2x((n - 2)/( - 1)), Int[(c + d*x)*(b*Cscle + f*xx])"(n - 2),

x], x] - Simp[b~2*d*((bxCsc[e + f*x])~(n - 2)/(f"2x(n - 1)*(n - 2))), x]) /
; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]

Rule 4275

Int[(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)”"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)I*Cscl(c_.) + (d_.)*(x_)]1*(Cscl(c_.) + (d_.)*(x))
1x(b_.) + (@) " (_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx)"m)*((a + bxCscl[c + d*x])~(n + 1)/(bxdx(n + 1))), x] + Dist[f*x(m/ (b*dx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCsc[(c_) + (d_)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - cxf + f*Csc[x])"m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
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d, e, f}, x] && IGtQ[p, 0] &% IntegerQ[m]

Rubi steps
, Subst ([ z* cot(z) csc(z)(—a + csc(z))? dz, z, csc* (a + bz))
integral = — E

2Subst ([ z(—a + csc(z))® dz, z, csc ™ (a + bz))

1
= §x3 csc ' (a + bx)? —

3v3
1
= gz?’ csc ! (a + bx)?

2Subst ([ (—a*z + 3a’z csc(z) — 3az csc?(z) + z esc?(z)) dz, z, csc™ (a + bx))

3b3
adcscHa+bx)2 1 5, ,  2Subst( [ zcsc®(z) dz, z,csc™ (a + b))
= 253 + g% csc (a+bzx)* — T
N (2a)Subst( [ z csc?(z) dz, z, csc™ (a + b))
b3
(2a?) Subst ([ = csc(z) dz, z, csc™ (a + bx))
_ 3
¢ 2a(a+bz)\/1— s esc (a + ba)
BECE b
(@ +b2)* /1~ G osc(a+bz) g3 csc (a4 bz)2 1
1 s -1 2
+ 253 253 + g% cscC (a+bx)
4a” csc™'(a + bz)arctanh (ez oo (a+bz)> Subst ([ = csc(z) dz, z, csc™ (a + bx))
- b - 357
N (2a)Subst ( [ cot(z) dz, z,csc™ (a + bz))
b3
N (2a?) Subst ( [ log (1 — ) dz,z, csc™ (a + bz))
b3

(2a?) Subst( [ log (1 + €) dz, z,csc™*(a + bz))
b3
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s 2a(a+bx),/1— mcsc_l(a—k br) (a+bx)?,/1— mcsc_l(a—i— bx)

B b * 30°
3 o1 bz)? 2 csc™!(a + bx)arctanh (efese” (a+ba)
¢ 3§)Z+ ?) + 3:63 csc(a+ bx)? + 53 < )
4a? csc™!(a + bx)arctanh (ei Csc_l(““’x)) 2alog(a + b)
* b N
Subst( [ log (1 — ™) dz,z,csc™*(a + b))
* 307
Subst ([ log (1 + €™) dz, z,csc™ (a + b))
3b3
(2ia®) Subst ( i w dz,z, € Csc_l(”b””))
_ 3
(24a®) Subst < i w dz, z, e CSC_I(““LI’“’))
+ b3
r  2a(a+bz), /1~ m csc(a+bx) (a+bx)?,/1— m csc!(a + bx)
BECE b * 308
a3 csc(a + bx)? 2 csc™!(a + bz)arctanh <ei CSC_I(“JFZ"”))

+ x csc™ (a4 bx)? +

33 3 3b3

4a? csc™!(a + bz)arctanh (ei Csc_l(‘”bx)) 2alog(a + b)
* b T

2za2 PolyLog (2 “SC_I(“"'bm)) 2ia? PolyLog (2, et CSC_I(““‘”””))

b3 + b3

iSubst ( [ 02D g g e cscfl(”b“”)) iSubst ( [180ED) gy g e "SC*I(“J“”))
- 308 * 308
¢ 20(a+bz),/1 - rpmese(a+ba)  (a+b2)? /1~ G osc (a + ba)

T3 b * 363

2csc™!(a + bz)arctanh <ei CSC_I(‘””’”))

3 b 2
a’cse” (a+ bz) + L3 ese Ya+bz)*+ T

33 3
4a? csc™!(a + bz)arctanh (ei CSC_I(““"”)) 2alog(a + bz)
b3 b3
i PolyLog ( e’ ose 1(“+b’”)> 2ia’ PolyLog ( etese 1(a+bw))
3b3 b3
iPolyLog (2, )} 2ia? PolyLog (2, e+

+ 353 + =

+
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Mathematica [A] (warning: unable to verify)

Time = 4.46 (sec) , antiderivative size = 347, normalized size of antiderivative = 1.28

/x2 csc (a+ bx)?dr =

—2(2 — 12acsc™(a + bz) + (1 + 6a?) csc™*(a + bz)?) cot (4 csc™(a + bz)) + 2csc™ (a + bx) (—1 + 3

[In] Integrate[x~2xArcCscla + b*x]~2,x]

[Out] -1/24%(-2%(2 - 12*axArcCsc[a + b*x] + (1 + 6*%a~2)*ArcCsc[a + b*x]~2)*Cot[Ar

cCscla + b*x]/2] + 2*ArcCsc[a + b*x]*(-1 + 3*axArcCsc[a + b*x])*Csc[ArcCsc|[
a + b*x]/2]72 - (ArcCscl[a + b*x] "2*Csc[ArcCscla + b*x]/2]"4)/(2*%(a + b*x))

- 48xax(Log[1/((a + b*x)*Sqrt[1 - (a + b*x)~(-2)]1)] + Log[Sqrt[1l - (a + bxx
)"(-2)11) + 8%(1 + 6*%a~2)*(ArcCsc[a + b*x]*(Log[l - E~(I*ArcCscla + b*x])]

- Log[1 + E~(I*ArcCsc[a + b*x])]) + Ix*(PolyLogl[2, -E~(I*ArcCscla + b*x])] -
PolyLog[2, E~(I*ArcCscla + b*x])])) + 2#ArcCsc[a + bxx]*(1 + 3*axArcCsc[a

+ b*x])*Sec[ArcCsc[a + b*x]/2]"2 - 8*(a + b*x) 3*ArcCsc[a + b*x] “2*Sin[ArcC
sc[a + b*x]/2]74 - 2x(2 + 12*axArcCsc[a + b*x] + (1 + 6*a~2)*ArcCsc[a + b*x
172)*Tan[ArcCsc[a + b*x]/2])/b"3

Maple [A] (verified)

Time = 1.42 (sec) , antiderivative size = 500, normalized size of antiderivative = 1.84

method result
2 3 2 arccs
arccsc(bw+a)2a2(bx—i—a)—arccsc(bx+a)2a(bx+a)2+arccsc(bm+;) (bzta)” g arcesc(bz+a) % a(bz+a)+
derivativedivides
2 3 arccs
arccsc(bz+a)2a2(ba:+a,)—arccsc(bz+a)2a(bw+a)2+arccsc(bz+a) (bzt+a)” _o arccsc(bz+a) (b:c+a)2gl a(bz+a)+
default i (bate)

[In] int(x"2*arccsc(b*x+a)”2,x,method=_RETURNVERBOSE)

[Out] 1/b~3*(arccsc(b*x+a) ~2xa~2*(b*x+a)-arccsc(b*x+a) ~2*ax*x (bxx+a) ~2+1/3*arccsc(b

xx+a) ~2x (bxx+a) “3-2*arccsc (b*x+a) * (((b*x+a) "2-1) / (bxx+a) ~2) ~ (1/2) *a* (b*x+a)
+1/3*arccsc (bxx+a) * (((b*x+a) “2-1) / (b*x+a) ~2) = (1/2) * (b*x+a) “2-1/3*I*polylog(
2,-I/(bxx+a)-(1-1/(b*xx+a)~2)~(1/2))+1/3*%bxx+1/3*%a+1/3*arccsc(b*x+a)*1n(1+I/
(bxx+a)+(1-1/(b*x+a)~2)~(1/2) ) +2xIxpolylog(2,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2
))*a~2-1/3*arccsc(bxx+a)*1n(1-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))-2*I*polylog(
2,-I/(b*xx+a)-(1-1/(b*x+a)~2) " (1/2))*a~2+2*1n(1+I/ (b*x+a)+(1-1/(b*x+a)~2)~ (1
/2))*a-4*1n(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))*a+2*x1n(I/(b*x+a)+(1-1/(b*x+a)”~
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2)"(1/2)-1)*a+2x1n (1+I/ (b*x+a)+(1-1/ (b*x+a) ~2) ~(1/2) ) *a~2*arccsc (b*xx+a) -2*1
n(1-I/(b*x+a)-(1-1/(b*xx+a) ~2)~(1/2))*a~2*arccsc(b*x+a)+2xI*xa*xarccsc (b*x+a)+
1/3*Ixpolylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2)))

Fricas [F]
/x2 csc(a + bx)?dr = /:c2 arcesc (bx + a)’ dx

[In] integrate(x~2*arccsc(b*x+a)~2,x, algorithm="fricas")

[Out] integral(x~2*arccsc(b*x + a)~2, x)

Sympy [F]

/x2 csc ' (a+bz)?dr = /a:2 acsc’ (a + bz) dx

[In] integrate(x**2*acsc(b*x+a)**2,x)

[Out] Integral(x**2*acsc(a + b*x)**2, x)

Maxima [F]
/x2 csc ' (a + bx)?dr = /x2 arcesc (bz + a)? dz

[In] integrate(x~2*arccsc(b*x+a)~2,x, algorithm="maxima")

[Out] 1/3*x"3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/12%xx"3*log(b~
2%x"2 + 2%a*xbxx + a”2)72 + integrate(1/3*x(2*sqrt(b*x + a + 1)*sqrt(b*x + a

- 1)*b*x"3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - 3*(b"3*x"5 + 3
*axb~2xx"4 + (3%a”2 - 1)*b*x"3 + (2”3 - a)*x"2)*log(b*x + a)~2 + (b~3*x"5 +
2%axb~2*x"4 + (a”2 - 1)*bxx”"3 + 3*(b"3*x"5 + 3%axb"2%x"4 + (3%a”2 - 1)*b*x

~3 + (2”3 - a)*x"2)*log(b*x + a))*log(b~2%x"2 + 2*axbxx + a~2))/(b~3*x"3 +
3*axb”2%x"2 + a~3 + (3%a”2 - 1)*b*x - a), x)



Giac [F]

/x2 csc ' (a + bx)?dr = /x2 arcesc (bx + a)® dz

[In] integrate(x~2*arccsc(b*x+a)”~2,x, algorithm="giac")

[Out] integrate(x~2*arccsc(b*x + a)~2, x)

Mupad [F(-1)]

Timed out.

1 \2
2 -1 2, _ [ .2,
/x csc(a + bx) da:—/:c aSln<a+bx) dz

[In] int(x"2*asin(1/(a + b*x))"2,x)
[Out] int(x"2*asin(1/(a + b*x))~2, x)

197
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3.29 [zcescHa + bx)* dz

Optimal result . . . . . . . . . . . . e 198
Rubi [A] (verified) . . . . . . . . 198
Mathematica [A] (verified) . . . . . . . . . . .. 20T
Maple [A] (verified) . . . . . . . ..
Fricas [F] . . . . . . o 202
Sympy [F] . . o 202
Maxima [F] . . . . . o 203
Giac [F] . . . o o 2031
Mupad [F(-1)] . . . o 203

Optimal result

Integrand size = 10, antiderivative size = 145

(a+bz),/1 — —=zcsc™ (a + bz)
/a:csc_l(a +bz)?dx = ( ; )

2 ool b2)2 1
_a’csc”(a + br) —|—§x2csc_1(a+bx)2

2b2
4a csc™!(a + bz)arctanh <ei esc™ (ot bx)) log(a + bz)
- b2 b2
2ta PolyLog (2, —e' CSC‘I(GHUC)) 2ia PolyLog (2, el csc_l(a+bx)>
+ = _ -

[Out] -1/2*a"2*arccsc(b*x+a) ~2/b~2+1/2*x"2*arccsc (b*x+a) “2-4*a*arccsc(b*x+a)*arct
anh (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b"2+1n(b*x+a)/b~2+2*I*a*polylog(2,-I/(
b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b~2-2xI*a*polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)
~(1/2)) /b7 2+(b*x+a) *arccsc (b*x+a) * (1-1/ (b*x+a) ~2) ~(1/2) /b~2

Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.00,

_ _ o number of rules _
number of steps used = 11, number of rules used = 8§, integrand size 0.800, Rules used
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= {5367, 4512, 4275, 4268, 2317, 2438, 4269, 3556}

/x csc(a + bz)? dx = _a2 csc(a + bz)? B dacsc™(a + bz)arctanh (eiCSC_l(a+bZ)>
202 b2
2ia PolyLog (2, el csc—l(a+bx)>
B2
2ia Polylog (2’ ¢ Csc_l(a_l_bm)) log(a + bz)
- b? + b2

(a+bx),/1— m csc™(a + bx)

1
+ = + §m2 csc™ ! (a + bx)?

+

[In] Int[x*ArcCsc[a + b*x]~2,x]

[Out] ((a + b*x)*Sqrt[l - (a + b*x)~(-2)]*ArcCsc[a + b*x])/b~2 - (a"2*ArcCsc[a +
b*x]~2)/(2¥b~2) + (x"2*%ArcCscl[a + b*x]~2)/2 - (4*axArcCsc[a + b*x]*ArcTanh[
E~(IxArcCsc[a + b*x])])/b"2 + Logla + b*x]/b~2 + ((2+I)*a*PolyLog[2, -E~(I*
ArcCscla + b*x])])/b~2 - ((2xI)*a*PolyLog[2, E~(I*ArcCsc[a + b*x])])/b~2

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl{c, d}, x]

Rule 4268

Int[cscl(e_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) “m*x(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - D*Logl[l + E"(Ix(e + £xx))], x], x]) /; FreeQl{c, 4, e, £}, x] && IGtQ
[m, 0]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*
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Cotl[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)”"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)I*Csc[(c_.) + (d_.)*(x )]1*(Csc[(c_.) + (d_.)*(x.)
1x(b_.) + (a_))"(n_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx) " m)*((a + bxCsclc + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (bxdx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

Subst ([ z* cot(z) csc(z)(—a + csc(z)) dz, z, csc™ (a + bz))
b2
Subst( [ z(—a + csc(z))? dz, z, csc (a + b))
b2
Subst( [ (a®z — 2az csc(z) + z csc®(z)) dz, z, csc™ (a + bx))
b2
_ _d®esc(a + ba)’ N 1z2 ese (at br)? — Subst ([ z csc?(z) dz, z, csc ™ (a + bz))
2b? 2 b?
N (2a)Subst ( [ z csc(x) dz, z, csc™ (a + bz))
b2

(a+bx),/1— m csc™!(a + bx) B a’®csc™(a + br)?

1
= + ~x?csc(a + br)?

integral = —

1
= 5.152 csc ' (a + bz)? —

1
= §x2 csc” ' (a+bz)? —

b2 2b? 2
4acsc™'(a + bz)arctanh (eZ CSC?l(aerz)) Subst ([ cot(z) dz, z,csc™ (a + bz))
o b2 o b2
(2a)Subst ( [ log (1 — ™) dz,z,csc™*(a + b))
_ 5

N (2a)Subst ([ log (1 + ) dz,z,csc™*(a + b))
b2
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(a+bx),/1— m csc™!(a + bz) _a’csc”(a + ba)?

B b2 2h2
1 4a csc™(a + bz)arctanh (ei csc‘l(a+bw)>
+ 5562 csc”!(a + bx)* — s
log(a + bz) (2ia)Subst < Ik W dz,z, e Csc_l(a+bw)>
b? + b2
(2ZG)SUbSt (f w d.'E, T, ei csc—l(a-i-ba:))
— =
(a+bx)\/ b 2CSC (a+b-'1:) 2 -1 b 2
- . ;)_2 ) - 2= 25)(;—'_ ?) +2x csc™!(a + bx)?
4a csc™!(a + bx)arctanh <ei °S°_1(0+bx)> log(a + bz)
_ b2 -
2iaPolyLog (2, —¢i™'(*+%))  2iaPolyLog (2, e’ (@)
+ = _ -

Mathematica [A] (verified)

Time = 0.70 (sec) , antiderivative size = 213, normalized size of antiderivative = 1.47

/x csc ' (a + bz)? dx

2a\/ _1+“?:fg£)€+b2z2 csc™(a + bx) + 2b:c\/ _1+“(2:fl;‘£)””2+b2z2 cscH(a + bz) — a®csc™(a + bx)? + b2x? csc™!

[In] Integrate[x*ArcCscla + b*x]~2,x]

[Out] (2%a*Sqrt[(-1 + a2 + 2*axb*x + b~2*x"2)/(a + b*x) 2]*ArcCsc[a + bxx] + 2*b
*xx*xSqrt[(-1 + a”2 + 2%a*b*x + b~2*x"2)/(a + b*x) 2]*ArcCscla + b*x] - a”2xA
rcCscla + b*x]~2 + b~2*x"2*%ArcCsc[a + b*x]~2 + 4*axArcCsc[a + b*x]*Log[l -
E~(I*ArcCscl[a + b*x])] - 4*xaxArcCsc[a + b*x]*Log[l + E~(I*ArcCscla + b*x])]

- 2¢Logl[(a + b*x)~(-1)] + (4*I)*axPolyLog[2, -E~(I*ArcCscl[a + bxx])] - (4%
I)*a*PolyLog[2, E~(I*ArcCscl[a + b*x])])/(2%b"2)
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Maple [A] (verified)

Time = 0.99 (sec) , antiderivative size = 212, normalized size of antiderivative = 1.46

method result
—a (a,rccsc(b:t—i-a)2 (bz+a)—2 arccsc(bz+a) In (1— —bzz_a - J1-—1 ) +2 arccsc(bz+a) In (1+ L H & JH E— ) -
. . .« . bx+ bx+ b+ 2
derivativedivides Vi Grar V- G
default —a (abrccsc(bac—}-a)2 (bz+a)—2 arccsc(br+a) In (1— ﬁ — \/%) +2 arcesc(bz+a) In (H‘ﬁ + 1= (bwia)2 ) ]

[In] int(x*arccsc(b*x+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/b~2x(-a*(arccsc(b*x+a) ~2%(b*xx+a)-2*arccsc(b*x+a)*1n(1-I/(b*xx+a)-(1-1/(b*x
+a)~2)~(1/2))+2*arccsc(b*x+a) *1n(1+I/ (b*x+a)+(1-1/(b*x+a) ~2) ~(1/2) ) -2xI*dil
og(1+I/(b*x+a)+(1-1/(b*x+a) ~2) = (1/2) ) +2*I*dilog(1-I/(b*x+a)-(1-1/(b*x+a)~2)
~(1/2)))+1/2*%arccsc(bxx+a) ~2* (b*x+a) ~2+arccsc (bxx+a) * (((b*x+a) ~2-1) / (b*x+a)

~2)7(1/2) *(bxx+a)-1n(1/(b*x+a)))

Fricas [F]

/x csc(a + bx)?dr = /x arccsc (bz + a)® dz

[In] integrate(x*arccsc(b*x+a)”~2,x, algorithm="fricas")

[Out] integral(x*arccsc(b*x + a)~2, x)

Sympy [F]

/xcsc_l(a +bz)?dr = /xacsc2 (a+bx)dz

[In] integrate(x*acsc(b*x+a)**2,x)

[Out] Integral(x*acsc(a + b*xx)**2, x)
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Maxima [F]
/x csc ' (a + bx)?dr = /x arccsc (bx + a)® dx

[In] integrate(x*arccsc(b*x+a)~2,x, algorithm="maxima")

[Out] 1/2*x~2xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/8%x"2*log(b~2
*X~2 + 2*%axbxx + a”2)"2 + integrate(1/2x(2*sqrt(b*x + a + 1)*sqrt(b*x + a -
1)*bxx~2*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - 2x(b"3*x"4 + 3%
a*b"2*x"3 + (3*xa”2 - 1)*b*x”2 + (a”3 - a)*x)*log(b*x + a)~2 + (b™3*x"4 + 2%
a¥b™2*%x"3 + (a”2 - 1)*b*x"2 + 2%(b"3*x"4 + 3*axb”2*x"3 + (3%a”2 - 1)*b*x"2

+ (a3 - a)*x)*log(b*x + a))*log(b~2%x"2 + 2*axbxx + a~2))/(b~3*x~3 + 3*a*b
“2%x72 + a”3 + (3%a”2 - 1)*b*x - a), x)

Giac [F]
/x csc ' (a + bx)?dz = /x arccsc (bx + a)® dz

[In] integrate(x*arccsc(b*x+a)”~2,x, algorithm="giac")

[Out] integrate(x*arccsc(b*x + a)~2, x)

Mupad [F(-1)]

Timed out.

2
/xcsc_l(a+bx)2da::/xasin( ! ) dx
a+bzx

[In] int(x*asin(1/(a + b*x))~2,x)
[Out] int(x*asin(1/(a + b*x))"2, x)
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3.30 [escHa + bx)* dzx

Optimal result . . . . . . . . . . e 204
Rubi [A] (verified) . . . . . . . . 204
Mathematica [A] (verified) . . . . . . . . . .. 2061
Maple [A] (verified) . . . . . . ... 207
Fricas [F] . . . . o . o e 207
Sympy [F] . . o 207
Maxima [F] . . . . . o 208
Giac [F] . . . o o 208}
Mupad [F(-1)] . . . o 208

Optimal result

Integrand size = 8, antiderivative size = 86
a + bx) csc™!(a + bx)? 4 csc™(a + br)arctanh <ei csc_l(‘”bx))
+
b b
2t PolyLog (2, —ét CSC‘I(a+bw)> 2i PolyLog (2, et csc_l(a+bac)>

B b + b

/csc_l(a +bz)?dr = (

[Out] (b*x+a)*arccsc(bxx+a) ~2/b+4*xarccsc(b*x+a)*arctanh(I/ (bxx+a)+(1-1/(b*xx+a) ~2)
~(1/2)) /b-2xI*polylog(2,-I/ (b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b+2*I*polylog(2,I
/ (b*xx+a)+(1-1/(bxx+a)~2)~(1/2)) /b

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.00, number

of steps used = 8, number of rules used = 6, number of rules _ 0.750, Rules used = {5361,
integrand size

5325, 3843, 4268, 2317, 2438}

4csc(a + br)arctanh (ei CSC_I("“’I))

/csc_l(a +bz)?dx =

b
2i PolyLog (2, ¢t csC—l(a—i-bx))
- b
) icsc 1 (a+bx
2 Polylos <2’ e )> (a+ bz)csc™ (a + bz)?
+ ; + 4

[In] Int[ArcCscl[a + b*x]~2,x]
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[Out] ((a + b*x)*ArcCscl[a + b*x]~2)/b + (4xArcCsc[a + b*x]*ArcTanh[E~ (I*ArcCscla
+ b*x])]1)/b - ((2*%I)*PolyLog[2, -E~(I*ArcCsc[a + b*x])])/b + ((2*I)*PolyLog
[2, E"(I*ArcCscl[a + b*x])])/b

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logl[a + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Log[(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3843

Int[Cot[(a_.) + (b_.)*(x_)"(n_.)]1"(q_.)*Cscl(a_.) + (b_.)*(x_)"(n_.)1"(p_.)
*(x_)~(m_.), x_Symbol] :> Simp[(-x"(m - n + 1))*(Csc[a + b*x"n] p/(b*n*p)),
x] + Dist[(m - n + 1)/(b*n*p), Int[x"(m - n)*Cscla + b*x™n]”"p, x], x] /; F
reeQ[{a, b, p}, x] && IntegerQ[n] && GeQ[m, n] && EqQ[q, 1]

Rule 4268

Int[cscl(e_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) “m*x(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - Dx*Logl[l + E"(Ix(e + £xx))], x], x]) /; FreeQl{c, 4, e, £}, x] && IGtQ
[m, 0]

Rule 5325

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Dist[-c~(-1), Sub
st[Int[(a + b#*x) “n*Csc[x]*Cot[x], x], x, ArcCsclc*x]], x] /; FreeQ[{a, b, c
, n}, x] && IGtQ[n, O]

Rule 5361

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)]1*(b_.))"(p_.), x_Symbol] :> Dist[1/d,
Subst [Int[(a + b*ArcCsc[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d},
x] && IGtQlp, O]

Rubi steps

Subst ([ csc™}(z)? dz, z, a + bz)
b

integral =
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Subst ( [ z* cot(z) csc(z) dz, z, csc™ (a + bz))
a b
(a+ bx)csc(a + bx)?  2Subst( [ z csc(z) dz, z, csc™ (a + bz))
b b

(a + bx) csc™(a + bx)? 4csc™!(a + bx)arctanh <ei csc_l(a,-}—bx))
N 2Subst ([ log (1 — &) dz, z, csc™ (a + bx))

)
b
2Subst( [ log (1 + €*) dz,z, csc™ (a + bz))
- b

(a+bx)csc(a+br)? 4csc™'(a + br)arctanh (ei csc—1<a+bx>>

_ : N :
(26)Subst ( [ 1802 gy g e csc—l(a+bx>>
B b
(20)Subst | 2502 dg, 3, eies i)
b
(a+bz)csc (a+bx)2 4 csc!(a + bz)arctanh (ei CSC_l(“erx))
= +
b b
2i PolyLog (2, —e’ CS°_1<"+”””>> 2i PolyLog (2, eicsc‘1<a+bx>)
_ a N :

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.15

/csc_l(a + bz)? dx

csc™!(a + bx) <(a + bz) csc™(a + bx) — 2log (1 —é CSC_I(‘””“)) + 2log (1 + ¢ CSC_I(‘”"“)» — 2i PolyLog
B b

[In] Integrate[ArcCscl[a + b*x]~2,x]

[Out] (ArcCscla + b*x]*((a + b*x)*ArcCsc[a + b*x] - 2*xLog[l - E~(I*ArcCsc[a + b*x
1)1 + 2#Log[1 + E~(IxArcCsc[a + b*x])]) - (2xI)*PolyLog[2, -E~(I*ArcCscl[a +
bxx])] + (2%I)*PolyLog[2, E~(I*ArcCscl[a + b*x])])/b
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Maple [A] (verified)

Time = 0.52 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.74

method result
arcesc(bz+a)? (br+a)—2 arcesc(bz+a) ln(l—ibwz_a_ 1——1 _ 2)+2 arcesc(bz+a) In (H— i 4 -1 )_21
. . .« . bx+ bz+a b+ 2
derivativedivides Ve - V= G
arccsc(bz4a)? (bz+a)—2 arccsc(bz+a) In (1— ﬁ — \/%) +2 arccsc(bz+a) In (1+ﬁ +\/%) _9,
default
b

[In] int(arccsc(b*x+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/b*(arccsc(b*x+a) 2% (b*x+a)-2*arccsc(b*x+a)*1n(1-I/(b*x+a)-(1-1/(b*x+a)~2)
~(1/2))+2*arccsc(b*x+a) *1n(1+I/ (b*x+a)+(1-1/(b*x+a) "2) ~(1/2))-2*I*dilog(1+I

/ (bxx+a)+(1-1/(b*x+a) ~2) ~(1/2) )+2*xIxdilog(1-I/ (b*x+a)-(1-1/(b*x+a)~2)~(1/2)

))

Fricas [F]
/ csc Y (a + bx)? dx = /arccsc (bz + a)® dx

[In] integrate(arccsc(b*x+a)”~2,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~2, x)

Sympy [F]

/csc_l(a +bz)?dr = /ac302 (a+ bx) dx

[In] integrate(acsc(b*x+a)**2,x)

[Out] Integral(acsc(a + b*x)**2, x)
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Maxima [F]
/csc_l(a + br)? dx = /arccsc (bx + a)® dz

[In] integrate(arccsc(b*x+a)”~2,x, algorithm="maxima")

[Out] x*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/4*xxlog(b~2*x"2 + 2
*axb*x + a”2)72 + integrate((2*sqrt(b*x + a + 1)*sqrt(b*x + a - 1)*bxx*arct
an2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - (b™3*x"3 + 3*a*b™2*xx"2 + a~3

+ (3%a”2 - 1)*b*x - a)*xlog(b*xx + a)~2 + (b~3*x"3 + 2xaxb~2*x"2 + (a2 - 1)x*

bxx + (b™3*%x73 + 3%a*b”2#x"2 + a”3 + (3*a”2 - 1)*b*x - a)*log(b*x + a))*log
(b~2%x"2 + 2%a*b*x + a”2))/(b~3*x"3 + 3%a*b™2*x"2 + a~3 + (3*%a"2 - 1)*bxx -

a), x)

Giac [F]
/csc_l(a + br)? dx = /arccsc (bx + a)® dz

[In] integrate(arccsc(b*x+a)~2,x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)~2, x)

Mupad [F(-1)]

Timed out.

2
/csc_l(a+bw)2da::/asin( ! ) dx
a+bzx

[In] int(asin(1/(a + b*x))~2,x)
[Out] int(asin(1/(a + b*x))"2, x)
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3.31  [o (el gy

T
Optimal result . . . . . . . . . . 2091
Rubi [A] (verified) . . . . . . ... . 210
Mathematica [A] (verified) . . . . . . . . ... L 215
Maple [F] . . . o o 216
Fricas [F] . . . . . o o 216
Sympy [F] . . . 216
Maxima [F] . . . . . .o 216
Giac [F] . . . o o 217
Mupad [F(-1)] . . . o o 217

Optimal result

Integrand size = 12, antiderivative size = 324

csc_l(a + b.’E)z iaei csc~(a+bzx)
dr = csc Ha+bx)log [1+ — —
/ - ( )" log A

,L'aei csc™!(a+bzx) )

1++v1—a?
—csc(a + br)? log (1 — e Csc_l(‘””””))

+csc”'(a + bx)’log (1 +

iaet csc~!(a+bzx)
)
iaet csc™!(a+bzx)
e
+ i csc™(a + bx) PolyLog (2, o2 CSC_l(a-H)m))
iqetcsc (a+bz) )

— 2icse” ! (a + bz) PolyLog (2, -

— 2icsc*(a + bx) PolyLog (2, —

+ 2PolyLog (3, —

1—+/1-—a?
. icsc™!(a+bx) 1
rae . 1
+ 2 PolyLo 3,————————— | — = PolyLo (3, g2icsc (a+bw)>
yhoe ( 1++v1—a? ) 2 yLo8

[Out] -arccsc(b*x+a) 2*1n(1-(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))"2)+arccsc(bxx+a) 2%
1n(1+Ixa*(I/ (bxx+a)+(1-1/ (b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))+arccsc (bxx+a
)~2x1n(1+I*a*(I/ (bxx+a)+(1-1/(bxx+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)))+I*arccsc
(bxx+a)*polylog(2, (I/(bkx+a)+(1-1/(b*x+a)~2)~(1/2))~2)-2*I*arccsc(b*x+a)*po
1ylog(2,-Ixax(1/(bxx+a)+(1-1/ (bxx+a)"2)~(1/2))/ (1-(-a"2+1)"(1/2)))-2*Ixarcc
sc(bxx+a)*polylog(2,-Ixa*(I/ (bxx+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2
)))-1/2%polylog(3, (I/ (bkx+a)+(1-1/(bxx+a)~2)~(1/2))~2)+2*polylog(3,-I*ax(I/
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(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2+1)~(1/2)) ) +2*polylog(3,-I*a* (I/(b*x
+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)))

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 324, normalized size of antiderivative = 1.00,

number of steps used = 17, number of rules used = 9, umber of rules _ 750 Ryjjes used
integrand size

= {5367, 4648, 4625, 3798, 2221, 2611, 2320, 6724, 4615}

-1 b 2 . icscT(a+bx)
/ csc” (o + br) dx = —2icsc'(a + bz) PolyLog <2, _me_)

x 1—+v1-—a2
iae csc™1(a+bzx)
V-2 +1 )
iaé csc™ 1 (a+bx)

1-v1-a? )

iae csc™ 1 (a+bx)

Vi—d+1 )

+ csc™!(a + bx)*log (1 +

— 2icsc(a + bx) PolyLog (2,
+ 2 PolyLog (3, —

+ 2 PolyLog (3,

iaet csc™ 1 (a+bx)
1—+v1-a? )
iaet csc™ 1 (a+bz)

Vi )

+ icsc_l(a + bx) PolyLog (27 et CSC_I(a-H);E))

+ csc™!(a + bx)*log (1

1 o o
— 5 POlyLOg (3, 622 csc 1(a+bm)> —CSC_l(CL-I-bw)z log <1 _621 csc 1(a+bx)>

[In] Int[ArcCsc[a + b*x]"2/x,x]

[Out] ArcCscl[a + bxx]~2xLog[l + (I*a*E~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a~2])]
+ ArcCscla + b*x]"2*Log[1l + (Ixa*E~(I*ArcCscl[a + b*x]))/(1 + Sqrt[1 - a~2])

] - ArcCsc[a + b*x]~2*Log[l - E~((2*I)*ArcCsc[a + b*x])] - (2*I)*ArcCscl[a +
bxx] *PolyLog[2, ((-I)*a*E~(IxArcCscl[a + b*x]))/(1 - Sqrt[l - a~2])] - (2%I
)*ArcCsc[a + bxx]*PolyLog[2, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 + Sqrt[l - a
~2])] + IxArcCsc[a + b*x]*PolyLog[2, E~((2*I)*ArcCsc[a + b*x])] + 2*PolyLog

[3, ((-I)*a*xE~(I*ArcCscla + b*x]))/(1 - Sqrt[1 - a~2])] + 2*PolyLogl[3, ((-I
)*a*E~ (I*ArcCsc[a + b*x]))/(1 + Sqrt[1 - a~2])] - PolyLog[3, E~((2*I)*ArcCs

cla + b*x])]1/2

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*nxLog[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
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st [d* (m/ (bxf*gxn*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*((F~(g*(e + f*x)
))°n/a)], x]1, x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) ~n]l/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x1, x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] && GtQ[m, O]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E” (2%I*xk*Pi) ¥ (E~(2xIx(e + f*x))/(1 + E~(2%Ixk*Pi)*E~(2xI*x(e + f*x)))), x],
x] /; FreeQl{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4615

Int[(Cos[(c_.) + (d_.)*(x_)]1*((e_.) + (£_)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[(-I)*((e + f*xx)"(m + 1)/(b*fx(m + 1
))), x] + (Int[(e + f*x) " m*x(E"(I*x(c + d*x))/(a - Rt[a"2 - 72, 2] - I*b*E"(
Ix(c + d*x)))), x] + Int[(e + fxx) " m*x(E~(I*(c + d*x))/(a + Rt[a"2 - b"2, 2]
- I*b*E~(I*(c + d*x)))), x]) /; FreeQ[{a, b, c, 4, e, £}, x] & IGtQ[m, 0]
&& PosQ[a"2 - b~2]

Rule 4625

Int[(Cot[(c_.) + (d_.)*(x_)]1 " (n_.)*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.
)*¥Sin[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Cot[c +
d*x]"n, x], x] - Dist[b/a, Int[(e + f*x) m*Cos[c + d*x]*(Cot[c + d*x]~(n -
1)/(a + bxSin[c + d*x])), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && IGtQ[m,
0] && IGtQ[n, O]

Rule 4648

Int[((Ce_.) + (£_)*(x)) " (m_.)*x(F_)[(c_.) + (@_)*(x_)1"(n_.)*(G_)[(c_.) +
(d_)*(x_)]1"(p_.))/(Cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_)), x_Symbol] :> In
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t[(e + fxx)"m*Sin[c + d*x]*F[c + d*x] "n*(G[c + d*x]"p/(b + a*Sin[c + d*x]))
, x] /; FreeQ[{a, b, c, d, e, £}, x] && TrigQ[F] && TrigQ[G] &% IntegersQ[m
, n, pl

Rule 5367

Int[((a_.) + ArcCscl[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps

2
integral = —Subst ( / @ col(z) esc(z) dz,z,csc(a + bx))
—a + csc(z)

2
= —Subst (/ 2 cot(z) dz,z,csc(a + bx))

1 — asin(z)

B z? cos(z) 1
= —(aSllet (/Tsin(x)dx,x,csc (a—i—bx)))
— Subst (/ x? cot(x) dx,z, csc™ (a + bx))

20 1.2
= 2iSubst / ——dx,z,csc”(a + bx)
1 _ e?zz
eixe
1—+/1—a?+iae®

eixl.2
— aSubst / — dz,z,csc” (a + bz )
( 1++1—a?+iae= ( )

— aSubst < dz,r,csc(a + bx))
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iaei csc~!(a+bx)

| +4cscHa+bx)log | 1+
1—+v1—a2 > ( )" log (
— cse (a + b$)2 log ( e2icse 1(a,+b;1:)>

— 2Subst (/a:log (1 + 1_@%) dz,z,csc”(a + bx))

— 2Subst </mlog <1 + %) dz,z,csc”(a + bx))
+ 2Subst (/zlog (1—€**) dz,z,csc (a+ ba:))

. icsc™!(a+bx)
= cscH(a + bz)? log (1 + 1ae )

1++v1—a?

iaetcsc” L(a+bzx)

———— | +esc(a+bz)log [ 1+
Vi@ ) (a+ba)log (
—csc(a + bx)?log ( gRicse 1(a+bz))

iaetee (a+be) )

:icsc™!(a+bx)
= csc”H(a + bz)? log (1 + 1ae )

1++1—a?

— /1 =a2

iaei csc~!(a+bzx)

1++v1-—a?
+ icsc_l(a + bx) PolyLog (2, e CSC_l(a,-H)z))

— 1Subst (/ PolyLog (2, e%z) dz,z,csc”(a + bm))

+ 2iSubst / PolyLo (2, e ) dz,z,csc (a + bx )
([ potvLog m (a+ o)
+ 2iSubst (/ PolyLog (2, 14 i a2> dx,z,csc” (a + bm))

— 2icsc(a + bx) PolyLog (2, —

— 2icsc™!(a + bx) PolyLog (2, —
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1( b )21 1 iaeicsc_l(a"'bz) 1( 1 )21 ) iaeicsc_l(a-l-bac)
=csc “{a+0z)%lo +———+—— ] +csc (a+0x)°lo =
¢ 1—+v1—a? ¢ 1++v1-a?

—csc Y (a + br)?log (1 % csc—l(a+ba:))

iaei csc_l(a-i-bm)
1-+v1—-a?
,’:aei csc~(a+bzx)
1++v1—a?

+ icsc_l(a, + bx) PolyLog (2, e CSC_l(a,-H)m))

1 PolyLog(2 N
— gSubse( [ PNEED) gy g e )

PolyLog (2, #ﬂi_ﬁ)
T

— 2icsc(a + bx) PolyLog (2, —

— 23 CSC_l(a + bx) PolyLog (2, _

icsc™ ! (a+bx)

dr,z,e

+ 2Subst /

PolyLog (2, - H:}’%)
T

icsc™!(a+bzx)

dr,z,e

+ 2Subst /

Z‘aei csc!(a+bx)

1—\/172> + csc™ (a + bz)?log <1
-Vli—a

— csc”!(a + bx)?*log (1 — e CSC_l(a+bw))

: icsc™!(a+bx)
= csc_l(a + bx)2 log (1 + tae )

e
1++vV1—-a?

2 cse!(a + ba) PolyLog [ 2, —19¢ ™ "7
— 2tcsc” " (a + bx) PolyLo f—_—
( ) PolyLog ——

iaeicse (a+ta) )

1+vVi-a®

+icsc(a + bx) PolyLog (2, e Csc_l(“J’bx)) + 2 PolyLog <3, —

— 2icsc ! (a + bx) PolyLog (2, —
iae csc™(a+bz)
1-v1-a?
iae’ csc—l(a+bz>) 1

HME ) - PolyLog (3, e (et
1++vV1—-a?

+ 2 PolyLog (3, — 5
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Mathematica [A] (verified)

Time = 0.29 (sec) , antiderivative size = 408, normalized size of antiderivative = 1.26

-1 2 3 1 o
/ e ((;—i_ bz) dzr = Z% - 37' csc  (a + bx)® — csc™!(a + bx)?log <1 —e e 1(“+bz)>

—csc(a + br)? log <1 + €' CSC*I(“JFI’“”))
iaetesc L(a+bzx)

—14++vV1—-a?

iae’ csc™ ! (a+bx) )

+ csc(a + bx)? log (1 -

+csc Y (a+bx)?log | 1+
( ) g( Y g

— 2icsc™!(a + bx) PolyLog ( 2,e "¢ 1(“+b’”)>

+ 2icsc™*(a + bx) PolyLog ( 2, —e"™¢ l(a-i-bz))

etcsc™ L(a+bx)
— 25 csct a + bz) PolyLo
( y g( Sy e _a2>

zcsc_l(a+bw)
—2icsc” (a + bzx) PolyLog | 2, —
( ) PolyLog ( P )
— 2 PolyLog <3, e_iCSC_l(aerw)) 2 PolyLog (3 gicse” (a—i—bx))
tae jaetcse  (atbz) >

————— | +2PolyLog | 3, -————
—1+\/1—a2) Y g( 1++v1—a?

icsc™!(a+bx)

+ 2 PolyLog (3,

[In] Integrate[ArcCscla + b*x]~2/x,x]

[Out] (I/6)*Pi~3 - (I/3)*ArcCscl[a + b*x]~3 - ArcCscl[a + b*x] 2xLog[l - E~((-I)*Ar

cCscla + b*x])] - ArcCsc[a + b*x]~2%Log[1 + E~(I*ArcCsc[a + b*x])] + ArcCsc
[a + bxx]~2*Log[1l - (I*a*E~(IxArcCscla + b*x]))/(-1 + Sqrt[1 - a"2])] + Arc
Cscla + b*x]~2*Log[1l + (I*axE~(I*ArcCscla + b*x]))/(1 + Sqrt[1l - a~2])] - (
2xI)*ArcCsc[a + b*x]*PolyLog[2, E~((-I)*ArcCsc[a + bxx])] + (2xI)*ArcCscla
+ bxx]*PolyLog[2, -E~(I*ArcCsc[a + b*x])] - (2*I)*ArcCsc[a + bxx]*PolyLog[2
, (I*xa*E~(I*ArcCscl[a + b*x]))/(-1 + Sqrt[1l - a~2])] - (2*I)*ArcCscl[a + b*x]
*PolyLog[2, ((-I)*a*E~(IxArcCscla + b*x]))/(1 + Sqrt[1l - a"2])] - 2xPolyLog
[3, E((-I)*ArcCsc[a + b*x])] - 2*PolyLog[3, -E~(I*ArcCscla + b*x])] + 2*Po
lyLog[3, (I*a*E~(I*ArcCscl[a + b*x]))/(-1 + Sqrt[1l - a~2])] + 2*PolyLogl[3, (
(-I)*a*E~ (I*ArcCscl[a + b*x]))/(1 + Sqrt[1 - a~2])]
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Maple [F]

/ arcesc (bz + a)® p

T
T

[In] int(arccsc(b*x+a)”~2/x,x)

[Out] int(arccsc(b*x+a)~2/x,x)

Fricas [F]

-1 2 2
/ csc(a + bx) dp — / arcesc (bx + a) i

T T

[In] integrate(arccsc(b*x+a)”~2/x,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~2/x, x)

Sympy [F]

Z Z

-1 2 2
/csc (a+ bx) dx:/acsc (a+ bzx) i

[In] integrate(acsc(b*x+a)**2/x,x)

[Out] Integral(acsc(a + b*x)**2/x, x)

Maxima [F]

—1 2 2
/csc (a+bzx) dp — / arcesc (bx + a) i

T T

[In] integrate(arccsc(b*x+a)~2/x,x, algorithm="maxima")

[Out] integrate(arccsc(b*x + a)~2/x, x)
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Giac [F]

-1 2 2
/ csc(a + bx) dp — / arccsc (bz + a) i

T T

[In] integrate(arccsc(b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)~2/x, x)

Mupad [F(-1)]

Timed out.
1

-1 2 . 1 2
/CSC (a’+bx) dw:/asnl(a—l—bz) dr

T T

[In] int(asin(l/(a + b*x))"2/x,x%)
[Out] int(asin(1/(a + b*x))~2/x, x)
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3.392 f cse™ 1 (cH—bm)2 dx

72
Optimal result . . . . . . . . . . . e 218
Rubi [A] (verified) . . . . . . . . 2719
Mathematica [B] (verified) . . . . . . . . . ... L
Maple [A] (verified) . . . . . . . .. 223
Fricas [F] . . . . . o 223
Sympy [F] . . o 224
Maxima [F] . . . . . 224]
Giac [F] . . . . o o 224
Mupad [F(-1)] . . . o o 224

Optimal result

Integrand size = 12, antiderivative size = 254

_besc(a+bx)*  cscl(a+ ba)?

-1 2
/cse (a + bx) dp —

T2 a T

) Vi
; 1Z<:sc_1 atbx
ZibCSC—l(a + bx) log (1 + %)

+
av'1 —a?

. icsc 1 (a+bx) . icsc 1 (a+bx)

2b PolyLog (2, —%) 26 PolyLog <2, _wel_,_W)
— +
av'1 — a? av'1 — a?

[Out] -b*arccsc(bxx+a)~2/a-arccsc(b*x+a) ~2/x-2*Ixb*arccsc(bxx+a)*1n(1+I*ax(I/(b*xx
+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2+1)~(1/2)))/a/(-a~2+1) " (1/2)+2*xIxb*arccs
c(b*x+a) *1n(1+Ixa*x(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)))/a/(
-a"2+1)~(1/2)-2xb*polylog(2,-I*a*(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2
+1)°(1/2)))/a/(-a~2+1) "~ (1/2) +2xb*polylog(2,-I*a*(I/(b*x+a)+(1-1/(b*x+a) ~2)~
(1/2))/(1+(-a~2+1)~(1/2)))/a/(-a~2+1)~(1/2)
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.00,
number of steps used = 12, number of rules used = 8 number of rules _ 0.667, Rules used

' integrand size
= {5367, 4512, 4276, 3404, 2296, 2221, 2317, 2438}

iaet csc_l(a+bz) iaet csc_l(a+bz)
/ CSC_l(a + bx)Z dx B _2b POIYLOg (2, _W> N 2b POIYLOg <2, —W>
x? av'1 — a? av'1—a?

24besc™!(a+ br) log (1+ 2= )

1-v1-a?
av/1—a?
2ibcsc™(a + bx) log (1 e
av/1— a?
besc™ (a+bz)?  csc(a + bx)?
a a a z

iae’ esc—1 (a+bx) )

n V1—-a2+1

[In] Int[ArcCscl[a + b*x]"2/x72,x]

[Out] -((b*ArcCscl[a + b*x]~2)/a) - ArcCscla + b*x]~2/x - ((2%I)*b*ArcCscl[a + b*x]
xLog[1 + (I*a*E~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a~2])])/(axSqrt[1 - a~2]

) + ((2%I)*bxArcCsc[a + b*x]*Log[l + (I*axE~(I*ArcCsc[a + b*x]))/(1 + Sqrtl[

1 - a”2])])/(a*xSqrt[1 - a~2]) - (2*b*PolyLogl[2, ((-I)*a*E~(IxArcCscl[a + b*x
1))/ - Sqrt[1 - a~2])]1)/(a*Sqrt[1 - a~2]) + (2¥b*PolyLogl[2, ((-I)*axE~(I*
ArcCscla + bxx]))/(1 + Sqrt[1 - a~2])]1)/(a*Sqrt[1 - a~2])

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2296

Int [((F_)~(u)*((£f_.) + (g_.)*(x_)) " (m_.))/((a_.) + (b_.)*(F_)~(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4xa*c, 2]}, Dist[2*(c/q), Int[
(f + gxx)"m*x(F~u/(b - q + 2%xcxF~u)), x], x] - Dist[2*(c/q), Int[(f + g*x)"m
*(F~u/(b + q + 2%¥cxF"w)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] & EqQl[v,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
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)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3404

Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1), x_Sy
mbol] :> Dist[2, Int[(c + d*x) m*x(E~(I*(e + f*x))/(I*b + 2*xa*xE~(I*(e + f*x)
) - IxbxE~(2*%I*(e + f*x)))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[
a“2 - b"2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)I*Csc[(c_.) + (d_.)*(x_ )]1*(Cscl(c_.) + (d_.)*(x.)
Ix(b_.) + (@)~ (m_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
f*x)"m)*((a + bxCsclc + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (b*d*(
n+ 1))), Int[(e + f*x)"(m - 1)*(a + bxCsclc + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] &% IntegerQ[m]

Rubi steps

z2 cot(x) csc(x
(—a + csc(x))?

integral = — (bSubst ( dz,z,csc(a + bm)) >

csc™(a + bx)?

_ -1
- . + (2b)Subst </ Spa—— dx, z,csc” (a + bx))

_cse”Ha + bx)? z -1
- o + (2b)Subst /( + o —asm(x))) dx, z,csc (a—l—bx))
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besc'(a+bx)?  cscl(a + ba)? s (2b)Subst (f Tasm(@) 9%, T, csc™Ha + bx))
a T a

besc™ (a+bz)?  csc(a + bx)? N (4b)Subst <f —ia+2§zgj—ia62” dz, z,csc™ (a + bx))
a T a

_bescl(a+bx)*  cscm(a + bx)?
a T

(4’Lb)SUbSt <f 2_2\/1%% d.'L', x, CSC_l(a + b.’L'))

V1 —a?

(44b)Subst (f m dz,z,csc™ (a + bw))

V1 —a?
: icsc_l(a+bm)>

 bese Y (a+ ba)? csc‘l(a+bx)2 2ibesc™ (a + bz) log (1 + " ———

_ - w/i-a
2tbcsc™ a + ba:) log <1 + zaewsc (G+b:c))

++/1—a?
av'1 — a?

(2ib)Subst (f log {1+ ; é’\”}%) dz,z,csc (a + bx))

av'1 — a?

(
(2ib)Subst (f log (1 2;’%) dz,z,csc(a+ bx))

av'1 — a?

. _ jaetcsc” ~(atbx)
_ bescla+bz)?  cscl(a+ br)? 2ibcsc™ (a + bz) log (1 + W)

- a x av'1—a?
. _icsc™ L (atba
2ibcsc™ (a + bx) log (1 + M)

1+v1—a?
av'1 — a?

+ 2iazx

log( 1
(2b)Subst (f g( 2-21-a? ) dz, z, eicsc_l(a+bw)>

+

+

+

+

T

+

log| 1+
(2b)Subst (f g( 2“@) dz, z, ezcsc_l(a+bx)>

av'1—a?
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iaet csc 1 (a+bx) )

_ boscYa+bx)?  csc(a+ br)? ~ 2ibcsc™ (a + bz) log (1 + e

- a z av'1—a?

2ibcsc™ (a + bz) log (1 + %)

+
av'1 — a?
iae’ csc_l(a+bm) iae’ csc_l(a-Hm:)
2 PolyLog (2, — 5= ) 2 PolyLog (2, —i25 ™" )
—~ +
av'1—a? a1 — a2

Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 802 vs. 2(254) = 508.

Time = 2.49 (sec) , antiderivative size = 802, normalized size of antiderivative = 3.16

-1 2
/csc (a + bx) dr —

x2

1—a2 —1+a?

a)cot (1 (m+2csc™ L (atba
2mrctan<“—t‘“‘(%CS°_1<“+”I>)) 2(-2arccos(}l)arctanh<(1+ oot (3 (r+2cee atd ))))+(w—2cs
+

(a+bz) csc™ ! (a+bx)?
b a 49 Cszx a 49 +

V1—a?

[In] Integrate[ArcCscla + b*x]~2/x72,x]

[Out] -((b*(((a + b*x)*ArcCsc[a + b*xx]~2)/(b*x) + (2+PixArcTan[(a - Tan[ArcCsc[a
+ bxx]/2])/Sqrtl[1 - a~2]])/Sqrt[1 - a~2] + (2x(-2*ArcCos[a”(-1)]*ArcTanh[((
1 + a)*Cot [(Pi + 2%ArcCsc[a + b*x])/4])/Sqrt[-1 + a”2]] + (Pi - 2%ArcCscla
+ b*x])*ArcTanh[((-1 + a)*Tan[(Pi + 2xArcCscl[a + b*x])/4])/Sqrt[-1 + a~2]]
+ (ArcCos[a”(-1)] + (2xI)*(-ArcTanh[((1 + a)*Cot[(Pi + 2xArcCsc[a + b*x])/4
1)/Sqrt[-1 + a~2]] + ArcTanh[((-1 + a)*Tan[(Pi + 2*ArcCsc[a + b#*x])/4])/Sqr
t[-1 + a~2]]1))*Log[((1/2 + I/2)*Sqrt[-1 + a~2])/(Sqrt[al*E~((I/2)*ArcCscla
+ bxx])*Sqrt [-((b*x)/(a + b*x))]1)] + (ArcCos[a”(-1)] + (2*I)*ArcTanh[((1 +
a)*Cot [(Pi + 2*%ArcCsc[a + b*x])/4]1)/Sqrt[-1 + a~2]] - (2*I)*ArcTanh[((-1 +
a)*Tan[(Pi + 2*ArcCsc[a + b*x])/4])/Sqrt[-1 + a~2]]1)*Logl[((1/2 - I/2)*Sqrt[
-1 + a"2]*E~((I/2)*ArcCsc[a + b*x]))/(Sqrt[al*Sqrt[-((b*x)/(a + b*x))]1)] -
(ArcCos[a~(-1)] - (2*I)*ArcTanh[((1 + a)*Cot[(Pi + 2*ArcCsc[a + b*x])/4])/S
qrt[-1 + a~2]1)*Log[((-1 + a)*(I + I*a + Sqrt[-1 + a~2])*(-I + Cot[(Pi + 2%
ArcCscla + bx*x])/4]1))/(ax(-1 + a + Sqrt[-1 + a~2]*Cot[(Pi + 2*ArcCsc[a + bx*
x]1)/41))] - (ArcCos[a”(-1)] + (2*I)*ArcTanh[((1 + a)*Cot[(Pi + 2%ArcCsc[a +
bxx])/4]1)/Sqrt[-1 + a~2]1)*Log[((-1 + a)*(-I - I*a + Sqrt[-1 + a~2])*(I +
Cot[(Pi + 2*ArcCscl[a + b*x])/4]1))/(a*(-1 + a + Sqrt[-1 + a~2]*Cot[(Pi + 2%A
rcCscla + b*x])/4]1))] + Ix(-PolyLogl[2, ((1 - I*Sqrt[-1 + a"2])*(1 - a + Sqr
t[-1 + a~2]*Cot [(Pi + 2*ArcCsc[a + bxx])/4]1))/(ax(-1 + a + Sqrt[-1 + a~2]*C
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ot [(Pi + 2xArcCsc[a + b*x])/4]1))] + PolyLogl[2, ((1 + I*Sqrt[-1 + a~2])*(1 -
a + Sqrt[-1 + a~2]*Cot[(Pi + 2*ArcCscl[a + b*x])/4]))/(ax(-1 + a + Sqrt[-1
+ a~2]*Cot [(Pi + 2*ArcCscl[a + b*x])/41))1)))/Sqrt[-1 + a~2]))/a)

Maple [A] (verified)

Time = 1.64 (sec) , antiderivative size = 302, normalized size of antiderivative = 1.19

method result
3 / 1 2 .
— m+ l—ﬁ>a+\/a —1+1 -
2 arccsc(bz+a) ln( < ‘f:/+2 )1 2 arccsc(bz+a)In| —
e . . . b b 2
derivativedivides | b| — (bzta)arcescbzta)” +

abx ava?-1

i+va2—1 o
__(bz+a) arccsc(bz+a)? _
default b i ava?—1

3 / 1 2 .
— m-{— l—ﬁ>a+\/a —1+41 —
2 arccsc(bz+a) ln( < (bata) 2 arccsc(bz+a) In
+

[In] int(arccsc(b*x+a)~2/x"2,x,method=_RETURNVERBOSE)

[Out] b*(-(b*x+a)=*arccsc(b*x+a)”~2/a/b/x-2/a*arccsc(b*x+a)/(a"2-1)"(1/2)*1n((-(1/(
bxx+a)+(1-1/(b*x+a)~2)~(1/2))*a+(a"2-1)"(1/2)+I)/(I+(a~2-1)"(1/2)))+2/a*arc
csc(b*xx+a)/(a~2-1)"(1/2)*1n((-(I/ (b*x+a)+(1-1/(b*x+a) ~2) ~(1/2) ) *a+I-(a~2-1)
~(1/2))/(I-(a~2-1)"(1/2)))+2*I/a/(a~2-1)~(1/2) *dilog ((-(I/ (b*x+a)+(1-1/ (b*x
+a)~2) " (1/2))*a+(a~2-1)"(1/2)+I)/(I+(a~2-1)"(1/2)))-2*I/a/(a~2-1) " (1/2) *dil

og ((-(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))*a+I-(a~2-1)"(1/2))/(I-(a"2-1)"(1/2))

))

Fricas [F]

-1 2 2
/ cscH(a + bx) dp — / arcesc (bx + a) i

x2 $2

[In] integrate(arccsc(b*x+a)~2/x"2,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~2/x72, x)
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Sympy [F]

-1 2 2
/csc (a+ bx) dx:/acsc (a+ bzx) i

2 2

[In] integrate(acsc(b*x+a)**2/x**2,x)

[Out] Integral(acsc(a + b*x)**2/x**2, x)

Maxima [F]

-1 2 2
/ csc (a2+ bx) gy — / arcesc (bzsc +a) i
T T

[In] integrate(arccsc(b*x+a)”~2/x"2,x, algorithm="maxima")

[Out] -1/4*(4*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 + 4*x*integrate ((
2xsqrt(b*x + a + 1)*sqrt(b*x + a - 1)*b*x*arctan2(1l, sqrt(b*x + a + 1)*sqrt
(bxx + a - 1)) + (b73%x73 + 3*a*xb™2*x"2 + a3 + (3*%a"2 - 1)*bxx - a)*log(b*
X + a)72 + (b™3*%x"3 + 2%a*b"2*%x"2 + (2”2 - 1)*b*x - (b"3*x"3 + 3*axb~2*x"2
+ a”3 + (3*¥a”2 - 1)*b*x - a)*log(b*x + a))*log(b~2*x"2 + 2*axb*x + a~2))/(b
“3xx75 + 3*axb”2*x"4 + (3*%a”2 - 1)xb*x"3 + (a”3 - a)*x"2), x) - log(b~2*xx"2

+ 2%axb*x + a~2)"2)/x

Giac [F]

csc! bx)? b 2

/ (a2—|- ) dp — / arcesc ( 2alc—l—a) i
x x

[In] integrate(arccsc(b*x+a)~2/x"2,x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)~2/x72, x)

Mupad [F(-1)]

Timed out.
1

) 2
/csc_l(a—Hms)2 dxz/a31n(a+bx) i

2 2

[In] int(asin(1/(a + b*x))~2/x"2,x)
[Out] int(asin(1/(a + b*x))"2/x"2, %)
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Optimal result

Rubi [A] (verified)
Mathematica [A] (warning: unable to verify)
Maple [A] (verified)
Fricas [F] . . .
Sympy [F] . .
Maxima [F] . .
Giac [F] . . ..

[ z%csc™ (a + bx)® dx

225
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Optimal result

Integrand size = 12, antiderivative size = 464

/$2 cseY(a + be)® do = (a +bz) CSbff;l(a +bz)  3ia csc‘zga + bx)?
3a(a + bx) mcsc L(a + bz)?
b3
+ ot bx)zmcsc H(a +b2)” N a®csc”'(a + bx)®
203 3p3

15 3 csc™(a + bz)?arctanh (ei C5‘3‘1(a+bm)>
+ g% csc (a+ bx)® + .

6a? csc™!(a + bz)?arctanh (ei CSC_I(‘HM))
+ 73

arctanh “/% )
+ =

6a csc™!(a + bx) log ( o2 csc—l(a+bx)>
+ 73

icsc(a + bx) PolyLog (2 zCSC‘I(<1+bac)>

b3

6ia’ csc™!(a + bx) PolyLog (2 ’lCSC_l(a—}-qu))
_ -

icsc ! (a + bx) PolyLog (2, et CSC‘l(a+bw)>
+ 7

6ia® csc™!(a + br) PolyLog <2, el csc_l(a-Hm))
+ 7

3ia PolyLog (2, e CSC_l(aerw)) PolyLog (3 zcsc_l(a-i-b:c))
B b3 t b3

6a? PolyLog (3 giose” (a+bw))
+ 73

PolyLog (3, e’ CS°‘1(“+1“>> 6a2 PolyLog (3, el csc‘1<a+bx>>
B b3 B b3

[Out] (b*x+a)*arccsc(b*x+a)/b~3+6%I*a~2%arccsc(b*x+a)*polylog(2,I/(bxx+a)+(1-1/(b
*xx+a) ~“2) ~(1/2))/b~3+1/3*a~3*arccsc (b*x+a) “3/b"3+1/3*x~3*arccsc (b*x+a) “3+arc
csc(b*x+a) “2+arctanh (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~3+6*a"2*arccsc (b*x+
a) "2*arctanh (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2)) /b~ 3+arctanh((1-1/ (b*x+a)~2)~(
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1/2)) /b~3+6*a*arccsc(b*x+a)*1n(1-(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))~2)/b~3-6
xIxa~2*arccsc(b*x+a)*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b~3-3*I*ax
arccsc(bxx+a) ~2/b~3-3*I*a*polylog(2, (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))~2) /v
3+I*arccsc(b*x+a)*polylog(2,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/b~3-I*arccsc(b
xx+a) *polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b~3+polylog(3,-I/(b*x+a)-
(1-1/(b*x+a)~2)~(1/2)) /b~ 3+6*a~2*polylog(3,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2)
)/b~3-polylog(3,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~3-6%a~2xpolylog(3,I/(b*x
+a)+(1-1/(b*x+a) ~2) " (1/2)) /b~3-3*ax (b*x+a) *arccsc (b*x+a) “2x (1-1/(b*x+a) ~2)~
(1/2) /b~3+1/2*(b*x+a) “2*arccsc(b*x+a) “2*(1-1/(b*x+a) ~2)~(1/2) /b~3

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 464, normalized size of antiderivative = 1.00,

number of rules _
integrand size 1.167, Rules

number of steps used = 25, number of rules used = 14,
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used = {5367, 4512, 4275, 4268, 2611, 2320, 6724, 4269, 3798, 2221, 2317, 2438, 4271, 3855}

/12 csc™ (a + br)? dz = a’csc(a + bx)? 6a? csc™!(a + bx)2arctanh (e" CSC’I(aerW))
3b3 b3
6ia® csc1(a + br) PolyLog <2 gicse 1(a+bx)>
b3

6ia” csc™!(a + bz) PolyLog (2, ¢ csc—l(a+bz)>
+ b3

6a’ PolyLog (3 1<“+bz>) 6a? PolyLog (3, ¢ csc‘1<a+bw>)
+ g _ -

arctanh Q/%) csc™(a + bz)?arctanh (e" cse™ ! (at+ bx))
* b3 + b3

icsc™1(a + bx) PolyLog ( ZCSC_I(a+bw))
_ )

icsc!(a + bx) PolyLog <2, et CSC‘l(a+bw)>
+ 7

3ia PolyLog (2, e2 CSC‘l(aerw))
_ iy

PolyLog <3 gicse l(a—i-bx)) PolyLog (3, o csc*l(a+bx))
* b3 B b3
L o)\ 1 — g ese ™ (a + bo)?

2b3
3a(a + bm)\/%csc_l(a + bx)?
b3

3ia Csc_l(a + b:L')2 (a + b.’I:) CSC_l(a n bx)
B b3 + b3

6a csc™!(a + bx) log < p2icsc™ 1(a+bx)>
+ b3 + gw?’ csc ! (a + bx)?

[In] Int[x"2*ArcCscl[a + b*x]~3,x]

[Out] ((a + b*x)*ArcCscl[a + b*x])/b"3 - ((3*I)*axArcCscl[a + b*x]~2)/b"3 - (3*ax(a
+ b*xx)*Sqrt[1 - (a + bxx)~(-2)]*ArcCsc[a + b*x]~2)/b"3 + ((a + b*x) "2xSqrt
[1 - (a + b*x)~(-2)]*ArcCsc[a + b*x]~2)/(2*xb~3) + (a~3*ArcCsc[a + b*x]~3)/(
3*%b~3) + (x"3*ArcCscla + b*x]~3)/3 + (ArcCscla + bxx] 2*ArcTanh[E~ (I*ArcCsc
[a + bxx])])/b"3 + (6*a~2*ArcCsc[a + b*x] “2*xArcTanh[E~(I*ArcCsc[a + b*x])])
/b~3 + ArcTanh[Sqrt[1 - (a + b*x)~(-2)]]1/b"3 + (6*axArcCsc[a + b*x]*Logl[l -
E~((2*I)*ArcCsc[a + b*x])])/b~3 - (I*ArcCsc[a + b*x]*PolyLog[2, -E~(I*ArcC
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scla + b*x])]) /b3 - ((6%I)*a~2*ArcCsc[a + bxx]*PolyLog[2, -E~(I*ArcCscl[a +

b*x])])/b"3 + (IxArcCscla + b*x]*PolyLog[2, E~(I*ArcCsc[a + b*x])])/b"3 +
((6%I)*a~2*ArcCsc[a + bxx]*PolyLog[2, E~(I*ArcCscl[a + b*x])])/b~3 - ((3*I)=*
a*PolyLog[2, E~((2*I)*ArcCsc[a + b*x])])/b"3 + PolyLog[3, -E~(I*ArcCscla +
b*x])]/b~3 + (6xa~2+PolyLogl[3, -E~(I*ArcCscl[a + b*x])])/b~3 - PolyLog[3, E~
(IxArcCscla + b*x])]/b"3 - (6*a~2*PolyLogl[3, E~(I*ArcCscl[a + b*x])])/b~3

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv.] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2611

Int[Logll + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_)]1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))~"nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (£f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2+I, Int[(c + d*x)"m
*E~ (2xIxk*Pi) % (E~(2%I*(e + f*x))/(1 + E~(2xIxk*Pi)*E~(2*%I*(e + f*x)))), x],
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x] /; FreeQl[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4268

Int[csc[(e_.) + (£_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(Ix(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - D*Logl[l + E"(Ix(e + £xx))], x], x]) /; FreeQl{c, 4, e, £}, x] && IGtQ
[m, O]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*
Cot[e + f*x], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]

Rule 4271

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (n_)*((c_.) + (d_.)*(x_))"(m_), x_Symbo
1] :> Simp[(-b~2)*(c + d*x) “m*Cot[e + f*x]*((bxCscl[e + f*x])~(n - 2)/(fx(n
- 1)), x] + (Dist[b™2*%d"2*m*((m - 1)/(f"2*x(n - 1)*x(n - 2))), Int[(c + d*x)
“(m - 2)*(bxCscle + f*x])~(n - 2), x], x] + Dist[b™2*%((n - 2)/(n - 1)), Int
[(c + d*x) "m*(b*Csc[e + £xx])"(n - 2), x], x] - Simp[b~2*d*m*(c + d*x)~(m -
1)*((b*Cscle + f*x])~(n - 2)/(f"2x(n - 1)*(n - 2))), x]) /; FreeQ[{b, c, d
, e, T}, x] && GtQ[n, 1] && NeQ[n, 2] && GtQ[m, 1]

Rule 4275

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Cscl[(c_.) + (d_.)*(x_)]*(Cscl(c_.) + (d_.)*(x.)
Ix(b_.) + (a_))"(n_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx) " m)*((a + bxCsclc + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (b*xdx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Csc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367
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Int[((a_.) + ArcCscl(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, O] && IntegerQ[m]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps
_ Subst ([ z* cot(z) cse(z)(—a + csc(z))? dz, z, csc ™ (a + b))
integral = — 73

Subst( [ #*(—a + csc(x))? dz, z, csc ™ (a + bz))

1
= gz?’ csc(a + bx)® — 73

1
= §x3 csc ' (a + bz)®

Subst ([ (—a®z? + 3a’z? csc(z) — 3az? csc?(z) + z% esc®(x)) dx, z, csc™ (a + br))

b3
Subst ([ z* csc®(z) dz, z, csc™ (a + bx))
b3

a*escta+bx)* 1 5, 5
= 353 + 32" esc (a+ bzx)° —
N (3a)Subst( [ z* csc?(z) dz, z, csc ™ (a + bz))
b3
(3a?) Subst( [ 2 csc(z) dz, z, csc™ (a + b))

b3
a+bz)cesc(a+br) Sala+bz),/1— arime osc”H(a + bx)?
(a+ bx) csc™ (a + bz) (a+b2)

b3 b3

(a+b2)* /1 — g esc (@ +b2)° 8 =14  br)3

263 3b3
6a? csc™!(a + bz)%arctanh <ei CSC_I(“H’“"))
b3
Subst ([ z* csc(z) dz, z,csc™ (a + bz))  Subst( [ csc(z) dz, z, csc™ (a + bx))
- 263 N b
N (6a)Subst ( [ z cot(z) dz, z, csc™*(a + b))
b3
N (6a?) Subst( [ zlog (1 — €*) dz, z,csc™(a + bz))
b3
(6a?) Subst( [ zlog (1 + €) dz,z, csc™ (a + bz))
b3

+

1
+ §x3 csc ' (a + bx)® +
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(a+bx)csc ™ (a+bx) 3iacsc™(a+ br)?

b3 b3
3a(a +bz),/1 — gz ose(a+b2)?  (a+b2)* /1 — g cse ™! (a + bx)?
- b - 20
a? csc(a + ba)? .\ 1. . csc(a+ bx)zarctanh(eicsc_l(“bz))
3b9 58" csc (a+bzx)° + =
2 -1 2 icsc™1(a+bz 1
. 6a? csc(a + bx) ar;tanh(e (ot )> . arctanh(, /1— m)
b b3
6ia? csc™!(a + bz) PolyLog <2, —et CSC_I(“*””)
_ 3
6ia® csc™!(a + bz) PolyLog (2, et CSC_I(“H’”’))
+
b3
N Subst ([ zlog (1 — €®) dz,z,csc™ (a + bz))
b3
B Subst ([ zlog (1 + €) dz,z,csc™(a + bz))
b3
(12ia)Subst (f L8 do,x,cs¢Ha + b:c))
_ 3
N (6ia®) Subst (| PolyLog (2, —€™®) dz, z, csc™!(a + bz))
b3

(6ia?) Subst ([ PolyLog (2, €™) dz,z,csc™*(a + b))
b3
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(a+bx)csc ™ (a+bx) 3iacsc™(a+ br)?

b3 b3
b3 T 2h3
adcesc(a+bx)® 1 4 csc™!(a + bx)2arctanh (ei Csc_l(a+bz)>
_ -1 3
313 + 356 csc”(a+ bx)® + 3

6a” csc™'(a + bx)*arctanh (ei "SC_I(‘”I’”)) a,rcta,nh<\/1—7 ;2)

+ + (a+bx)
b3 b3

6a csc™!(a + br) log (1 — 2 CSC‘I(a+bw)>

+
b3

icsc(a + bz) PolyLog <2, —et CSC‘l(a+bm)>
_ -

6ia® csc™1(a + bxr) PolyLog <2, et CSC_l(a—i-bx))
_ =

icsc_l(a + b.’I?) PolyLog (2, et csc_l(a-Hm))
+ 73

6ia” csc™(a + bz) PolyLog (2, ¢ csc—l(a+bz)>
+ 7
4 iSubst ( [ PolyLog (2, —€™) dz, z, csc™*(a + b))

b3
_ iSubst ([ PolyLog (2,€") dz,z,csc™ (a + b))
b3
B (6a)Subst ( [ log (1 — €*7) dz,z, csc™ (a + bz))
b3

(6a?) Subst ( [ %g(z,—x) dz, z, €l Csc_l(a-l—ba;)>

+
b3

(6a?) Subst < i —POIyLZg(Q’x) dzr,z, € CSC_I(””“’))
b3
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(a+bx)csc ™ (a+bx) 3iacsc™(a+ br)?

b3 b3
3a(a + bx)\/%csc‘l(a +bz)2  (a+ bx)2mcsc Y(a + bx)?
- b3 + 2h3
3 -1 3 -1 2 icsc™(a+bz
a’ csc 3(bc:: + bx) N %x?’ csc_l(a N bac)3 N csc™(a + bx) arcl’)c:nh (e ( ))
6a? csc~!(a + bx)2arctanh (ei "SC_I(‘”I’”)) arctanh<\/1—i>
+ + (a+bx)?
b3 b3
6a csc l(CI, + bJI) log (1 21 csc 1(a+bw)>
+ =
icsc(a + bz) PolyLog <2 giose 1(a+bm)>
— -
6ia® csc1(a + bzr) PolyLog < ZCSC_l(ﬂ“#)-’iﬂ))
_ -
icsc™!(a + bz) PolyLog (2, e’ csc_l(‘”bw))
+ =
6ia® csc™! (a + bx) PolyLog (2, ¢ csc‘l(a+bw>> 6a2 PolyLog (3 wsc‘l(a+bz>)
* b3 + b3
6a? PolyLog (3 , €t CSC*I(G'HH)) Subst ( [ P01yL+g(2=—$) dz, z, € csc*l(a+bx)>
a b3 + b3
Subst <f %g@,m) d:l), z, ei csc_l(a-i-bx))
_ =

(320,) Subst <f log(glﬂ—a:) diI?, z, eZi csc! (a+bw)>
b3

+
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(a+bx)csc ™ (a+bx) 3iacsc™(a+ br)?

b3 b3
3a(a +bz),/1 — gz oset(a+b2)?  (a+ bx)chsc 1(a + br)?2
- b3 + 2h3
a®cscl(a+bx)® 1 5, | , csc(a + bx)?arctanh (ei Csc_l(a+bz)>
353 + 537 csc (a+bx)® + s
6a? csc™!(a + bx)?arctanh (ei csc™! (““””)) arctanh ( \/% )
* b3 T b3
6acsc(a + bz) log (1 e2icsc” (a+bw)>
+ =
icsc(a + bz) PolyLog (2 giose 1(a+bw)>
_ -
6ia® csc™1(a + bxr) PolyLog < ZCSC_l(ﬂLJrIWC))
_ -
icsc!(a + bx) PolyLog (2, et CSC‘l(aerw))
+ 7
6ia® csc™'(a + bz) PolyLog <2, e’ Csc_l(““’“)) 3ia PolyLog (2, e CSC_l(a+bﬂv)>
M b3 N b3
PolyLog (3 1<“+bw>) 6a? PolyLog (3 1<a+bz>)
* b3 + b3
PolyLog (3, el CSC”(“W)) 6a2 PolyLog (3, el csc‘1<a+bx>)
a b3 N b3

Mathematica [A] (warning: unable to verify)

Time = 7.18 (sec) , antiderivative size = 656, normalized size of antiderivative = 1.41

/z2 csc (a+ bx)ddr =

72ia csc!(a + bz)? — 12 csc™ (a + bx) cot (5 esc™ (a + bz)) + 36a csc™ (a + bz)? cot (5 csc™ (a + bx)

[In] Integrate[x~2xArcCsc[a + b*x]~3,x]

[Out] -1/24%((72xI)*axArcCsc[a + b*x]~2 - 12%ArcCsc[a + b*x]*Cot[ArcCsc[a + b*xx]/
2] + 36*xax*ArcCsc[a + b*x]"2xCot[ArcCsc[a + b*x]/2] - 2*ArcCsc[a + b*xx]~3*Co
t[ArcCscla + bxx]/2] - 12*a~2*ArcCscl[a + b*x] ~3*Cot[ArcCsc[a + b*x]/2] - 3%
ArcCsc[a + b*x] "2xCsc[ArcCsc[a + b*x]/2]72 + 6*a*ArcCsc[a + b*x] “3*Csc[ArcC
scla + b*x]/2]°2 - (ArcCscl[a + b*x] "3*Csc[ArcCsc[a + b*x]/2]74)/(2*%(a + b*x
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)) + 12xArcCsc[a + b*x]"2*Log[1l - E~(I*ArcCscla + b*x])] + 72*a~2xArcCscla
+ bxx]"2xLog[1 - E~(I*ArcCsc[a + b*x])] - 12*%ArcCsc[a + b*x]~2xLog[1 + E~(I
*ArcCsc[a + b*x])] - 72*a"2xArcCsc[a + b*x] 2xLog[1 + E~(I*ArcCscl[a + b*x])
] - 144xaxArcCsc[a + b*x]*Log[l - E~((2*I)*ArcCscla + b*x])] + 24xLogl[Tan[A
rcCscla + bxx]/2]] + (24*I)*(1 + 6*%a~2)*ArcCsc[a + b*x]*PolyLog[2, -E~(I*Ar
cCscla + bxx])] - (24*I)*(1 + 6%a~2)*ArcCsc[a + b*x]*PolyLog[2, E~(I*ArcCsc
[a + bxx])] + (72*I)*a*PolyLog[2, E~((2*I)*ArcCsc[a + b*x])] - 24*PolyLogl[3
, “E7(I*ArcCscl[a + b*x])] - 144xa~2xPolyLog[3, -E~(I*ArcCscl[a + b*x])] + 24
*PolyLog[3, E~(I*ArcCscla + b*x])] + 144*a~2*PolyLog[3, E~(I*ArcCscl[a + b*x
1)1 + 3%ArcCscl[a + b*x]~2*Sec[ArcCsc[a + b*x]/2]72 + 6*axArcCsc[a + b*x] 3
Sec[ArcCsc[a + b*x]/2]72 - 8x(a + b*x)~3*ArcCsc[a + b*x]~3*Sin[ArcCsc[a + b
*x] /2] "4 - 12%ArcCsc[a + b*x]*Tan[ArcCsc[a + b*x]/2] - 36*a*ArcCscla + b*x]
~2xTan[ArcCsc[a + b*x]/2] - 2%ArcCsc[a + b*x] 3xTan[ArcCsc[a + b*x]/2] - 12
*a~2xArcCsc[a + bxx]“3*Tan[ArcCsc[a + b*x]/2])/b"3

Maple [A] (verified)

Time = 1.49 (sec) , antiderivative size = 749, normalized size of antiderivative = 1.61

method result

5 )
. . arccsc(bz+a) 1n<1—ﬁ_\/%) ' 4
—6i polylog ( 2,— —t——, /1— —1 - —6ipolylog( 2, ——t —— [1— T _
v polylog| 2,— gz 14 (ata)? )¢ 3 ipolylog| 2,— 5t oo

derivativedivides
) arccsc(bm+a)21n<l—ﬁ— /l—m) )
—6i polylog ( 2,— -t~ —, /1——L1— Ja— —6i polylog( 2,— -t~ —, /1——1
bx+a (bz+a) 2 bx+a (bz+a)
default

[In] int(x"2*arccsc(b*x+a)~3,x,method=_RETURNVERBOSE)

[Out] 1/b~3*(-6*I*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))*a-1/2*arccsc(b*x+a)
~2x1n(1-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))-6*I*xpolylog(2,-I/(b*x+a)-(1-1/(b*x
+a) ~2)~(1/2))*a~2*arccsc(b*x+a)-polylog(3,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))+
1/2*arccsc(b*x+a) "2*x1n(1+I/(b*x+a)+(1-1/(b*x+a) ~2) ~(1/2))-I*arccsc(b*x+a)*p
olylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))+polylog(3,-I/(b*x+a)-(1-1/(b*x+a
)~2)~(1/2))+2*arctanh(I/ (bxx+a)+(1-1/(b*x+a)~2)~(1/2))+6*1n(1-I/(b*x+a)-(1-
1/ (b*x+a)~2)~(1/2))*a*arccsc(b*x+a) +6*1n(1+I/ (b*x+a)+(1-1/(b*xx+a)~2)~(1/2))
*xaxarccsc (b*x+a)+I*arccsc(b*x+a)*polylog(2,I/(b*xx+a)+(1-1/(b*x+a)~2)~(1/2))
-6xIxaxarccsc(b*x+a) “2+6xI*polylog(2,I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))*a~2*a
rccsc(b*x+a)-3*1n(1-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))*a~2*arccsc(b*x+a) ~2+1/
6*arccsc (bxx+a) * (6xarccsc (bkxx+a) “2*%a~2x (b*x+a)-6*arccsc (b*x+a) “2*ax (b*x+a)~
2+2xarccsc (b*x+a) ~2* (b*xx+a) “3-18*arccsc (b*x+a) * (((b*x+a) "2-1) / (bxx+a) ~2) ~ (1
/2) *ax (b*x+a)+3*arccsc (b*x+a) * (((b*x+a) "2-1) /(b*x+a) ~2) = (1/2) * (b*x+a) ~2+18*
Ixa*arccsc(b*x+a) +6xb*xx+6%a)+3*1n (1+I/ (b*x+a)+(1-1/(b*x+a) ~2) ~(1/2))*a~2*ar
ccsc(b*x+a) “2-6*I*polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))*a-6*polylog(3,
I/ (bxx+a)+(1-1/(b*x+a)~2)~(1/2))*a~2+6*polylog(3,-I/(b*x+a)-(1-1/(b*x+a)~2)
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~(1/2))*a"2)

Fricas [F]
/x2 csc l(a + bx)? dx = /m2 arcesc (b + a)® dx

[In] integrate(x~2*arccsc(b*x+a)~3,x, algorithm="fricas")

[Out] integral(x~2*arccsc(b*x + a)~3, x)
Sympy [F]
/x2 csc ' (a+bz)ddr = /x2 acsc® (a + bz) dx

[In] integrate(x**2*acsc(b*x+a)**3,x)

[Out] Integral(x**2*acsc(a + b*x)**3, x)

Maxima [F]
/x2 csc(a + bx)d dr = /x2 arcesc (bx + a)® dx

[In] integrate(x~2*arccsc(b*x+a)”~3,x, algorithm="maxima")

[Out] 1/3*x"3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 1/4*x"3*arctan2
(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))*log(b~2%x"2 + 2*xaxb*x + a”2)"2 - i
ntegrate(1/4*(12%(b~3*x"6*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) +
3*axb~2*x"4*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (3*a"2*arcta
n2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - arctan2(l, sqrt(b*x + a + 1)*s
qrt(b*x + a - 1)))*b*xx~3 + (a"3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a -
1)) - axarctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*x"2)*log(b*x + a)
~2 - (4xb*x~3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*x"3*log
(b™2%x72 + 2*%axb*x + a~2) 2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) - 4x(b"3*x
“Bxarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 2*a*b~2*x"4*arctan2(1,
sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (a”2*arctan2(1, sqrt(b*x + a + 1)*s
qrt(b*x + a - 1)) - arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x"3
+ 3x(b~3xx"b*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a — 1)) + 3*a*b”~2*x"4x
arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (3*a"2*arctan2(1, sqrt(b*
X + a+ 1)*sqrt(b*x + a - 1)) - arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a -
1)))*b*x~3 + (a~3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - a*arct
an2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*x"2)*log(b*x + a))*log(b~2*x"2
+ 2%axbxx + a~2))/(b"3%x"3 + 3*axb"2*x"2 + a~3 + (3*%a"2 - 1)*b*x - a), x)



Giac [F]

/x2 csc ' (a + bx)d dr = /x2 arcesc (bz + a)® dx

[In] integrate(x~2*arccsc(b*x+a)”~3,x, algorithm="giac")

[Out] integrate(x~2*arccsc(b*x + a)~3, x)

Mupad [F(-1)]

Timed out.

1 \3
2 -1 35 _ [ .2,
/x csc(a + bx) da:—/:c aSln<a+bx) dz

[In] int(x"2*asin(1/(a + b*x))"3,x)
[Out] int(x"2*asin(1/(a + b*x))~3, x)
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3.34 [z escHa + bz)3 dz

Optimal result . . . . . . . . . . e 239
Rubi [A] (verified) . . . . . . . . 240
Mathematica [A] (verified) . . . . . . . . . .. 245]
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Sympy [F] . . o 240
Maxima [F] . . . . . o 247
Giac [F] . . o o 247
Mupad [F(-1)] . . . oo 248

Optimal result

Integrand size = 10, antiderivative size = 264

/ﬂv csc M(a + bx)* dr = Bicse” (a+ br)’ + ot bﬁ)\/%csc_l(a +be)”
202 2h2
_ aPesc 125)2 + bz)? N %xz csc (@ + bz)?
6a csc™!(a + br)%arctanh (ei CSC_l(aerw))
b2
3csc™a + br) log (1 _ g2 csc—l(a-l—bm)>
b2
6ia csc™!(a + bx) PolyLog <2, g csc—l(a+bz)>
b2
6ia csc™(a + bx) PolyLog (2’ el csc*l(a+bx)>
b2
3¢ PolyLog (2, e CSC_l(aerw))
2b2
6a PolyLog (3, —e' Csc_l(‘”b””)) 6a PolyLog (3, el Csc_l(a+bz))
- +

b2 b?

_.|_

+

[Out] 3/2*I*arccsc(b*x+a)~2/b~2-1/2*a"2*arccsc(b*x+a) ~3/b"2+1/2*xx"2*arccsc (b*x+a)
~3-6*a*arccsc(b*xx+a) "2*arctanh (I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~2-3*arccs
c(bxx+a) *1n(1-(I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))"2) /b~ 2+6*I*a*arccsc (b*x+a)*
polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b~2-6*I*a*arccsc(b*x+a)*polylog
(2,I/(b*x+a)+(1-1/(b*x+a) ~2)~(1/2)) /b~2+3/2xI*polylog(2, (I/(b*x+a)+(1-1/(b*
x+a)~2)~(1/2))~2) /b"2-6*axpolylog(3,-I/(b*x+a)-(1-1/(b*x+a) ~2)~(1/2))/b~2+6
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*xaxpolylog(3,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/b"2+3/2*(b*x+a)*arccsc (b*x+a)
~2%(1-1/(b*x+a)~2)~(1/2) /b~2

Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 264, normalized size of antiderivative = 1.00,

number of steps used = 16, number of rules used — 12, humber of rules _ 1 959 Ryles
integrand size

used = {5367, 4512, 4275, 4268, 2611, 2320, 6724, 4269, 3798, 2221, 2317, 2438}

a®csc™(a + br)? 6a csc™!(a + br)%arctanh (ei Csc_l(a+bw))
B 2b2 N b2
6ia csc™!(a + bx) PolyLog (2, ¢t csc—l(a+bz)>

b2
6ia csc™(a + bx) PolyLog (2’ el CSC_l(a-i—bx))
b2
3i PolyLog (2, o2 csc—l(a+bx)>
202

6a PolyLog (3, et csc—l(a+ba:)> 6a PolyLog <37 gicse(a +bz)>
B b2 + b2
Sa+t bx)\/%csc—l(a + bz)? n 3icsc'(a + bx)?

2b2 252

3csc™(a + br) log (1 — e CSC_l(aerw))

_ -

/x csc(a+ bx)d dr =

_+_

+

+

+ 5902 csc”!(a + bx)?

[In] Int[x*ArcCsc[a + b*x]~3,x]

[Out] (((3*I)/2)*ArcCscla + b*x]~2)/b"2 + (3*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]*A
rcCscl[a + b*x]~2)/(2*xb~2) - (a"2xArcCsc[a + b*x]~3)/(2*xb~2) + (x"2*ArcCscla

+ bxx]~3)/2 - (6*%axArcCsc[a + b*x] “2*ArcTanh[E~(I*ArcCsc[a + b*x])])/b"2 -
(3xArcCsc[a + b*x]*Log[l - E~((2*I)*ArcCsc[a + b*x])])/b"2 + ((6%I)*a*xArcC
sc[a + b*x]*PolyLog[2, -E~(I*ArcCscl[a + b*x])])/b~2 - ((6%I)*a*ArcCscla + b
*xx] *PolyLog[2, E~(I*ArcCscla + b*x])])/b"2 + (((3*I)/2)*PolyLog[2, E~((2*I)
xArcCscla + b*x])])/b~2 - (6*%a*PolyLog[3, -E~(I*ArcCscla + b*x])])/b~2 + (6
*axPolyLog[3, E~(I*ArcCscl[a + b*x])]1)/b~2

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
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))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logl[a + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, vl], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 2611

Int[Logl[l + (e_.)*((F_)~"((c_.)*((a_.) + (b_.)*(x_))))"(n_.)1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x))) "n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*cxnxLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"n], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2+I, Int[(c + d*x)"m
*E~ (2%Ixk*Pi) * (E~(2xIx(e + f*x))/(1 + E~(2%xI*xk*Pi)*E~(2*xI*(e + f*x)))), x],
x] /; FreeQl[{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4268

Int[cscl(e_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) "mx(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Logl[l + E~(Ix(e + fxx))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, O]

Rule 4269
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Int[cscl(e_.) + (£_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*
Cotle + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*x(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)I*Cscl(c_.) + (d_.)*(x_)]1*(Cscl(c_.) + (d_.)*(x))
1x(b_.) + (@) " (m_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx)"m)*((a + bxCsclc + d*x])~(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (b*dx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps

Subst( [ 23 cot(z) csc(z)(—a + csc(z)) dz, z, csc ™ (a + bz))
b2
3Subst( [ z*(—a + csc(z))? dz, z, csc™ (a + b))
2b?
3Subst( [ (a?z? — 2az? csc(z) + 2° csc?(z)) dz, z, csc™ (a + bz))

integral = —

1
= 53:2 csc ' (a + bz)® —

Lo 1 3
= 5" csc (a+bx)°— 5p2

a’csc(a+bx)® 1, | 5 3Subst( [ z*csc?(z) dz, z, csc ™ (a + bx))
=— op2 +5z" ese (a+bx)’— o2
N (3a)Subst ( [ % csc(z) dz, z, csc™ (a + bz))

b2
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3(& + b.’l:) (a_Hn,)z CSC 1((], + bx) a2 CSC_l((L + bx)3
B 2b2 2h2
1 6a.csc™(a + bx)2arctanh (ei csc-1<a+bw>>
+ 5.’52 csc”!(a + bx)® — .

3Subst( [ = cot(z) dz, z,csc™ (a + bx))
_ -
(6a)Subst( [ zlog (1 — €*) dz,z,csc™(a + bz))
_ .
N (6a)Subst ( [ zlog (1 + €*) dz,z,csc™(a + bz))
b2

3 csc_l(a + b.’v)2 N 3(a + b:L‘), /1 — m csc—l(a + bm)z B a2 CSC_l(a + bCE)3
2b2 202 2h2

6a csc™!(a + bz)?arctanh (ei °sc—1(a+b””)>

b2
6ia csc*(a + bz) PolyLog (2 gioe 1(‘”’“))

b2
6ia csc™(a + bx) PolyLog <2, e Cscfl(‘”bz))
b2

(6i)Subst< 15 62” dz,z,csc™(a + bx))

b2

(6ia)Subst( [ PolyLog (2, —€™®) dz, z, csc™*(a + bz))
b2
N (6ia)Subst( [ PolyLog (2, €™) dz,z,csc™(a + bz))
b2

1
+ 5302 csc ' (a + bz)® —

+
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20 2b2 - 2b2
6a csc™!(a + br)?arctanh (ei csc™! (“+b$))

b2

1
+ Eazz csc(a + bx)® —

3csc™a + br) log ( e2i csc_l(a+ba:))
b2
6ia csc™!(a + bz) PolyLog (2 ZCSC‘I(GME))
b2
6ia csc(a + bx) PolyLog <2, el CSC_I(a—i—bz))
b2
. 3ubst([ log (1 — ¢**) da,z, esc™ (a + b))
b2
(6a)Subst ( i %g@_w) dz, z, & csc_l(a+bx)>
b2
(6a)Subst ( [ PolvLoB@a) gy o csc—1<a+bm>>
b2
Siese (a + ba)’ + o+ bx)\/%csc—l(a + be)’ a®csc”!(a + bx)®
202 22 o 2h2
6a csc™!(a + br)%arctanh (ei Csc_l(a“’w))
b2

_|_

1
+ §x2 csc(a + bx)® —

3csci(a + br) log ( e Csc_l(““’m))
b2
6ia csc1(a + br) PolyLog (2, gicse 1(a+bx)>
b2
6ia csc(a + bx) PolyLog (2, e CSC‘l(a+bw)> 6a PolyLog (3 gicse 1(a+bx))
b? b2
6a PolyLog <3, e CSC_I(“*‘”””)) (34)Subst ( [ 8022 gy, g, €2 CSC_I(‘I“’“‘))

n _
b? 22

+
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1 -1 2
_ 3icsc™!(a + bx)? N 3(a+bz) /1 = Gz osc (a + bz) _ d’csc(a+bx)®

2b2 22 22
1 6a csc™!(a + bz)?arctanh (e"' CSC_l(aerw))
+ 5562 csc”!(a + bx)® — b2
3csc™a + br) log (1 — % Csc_l(a+bw))
_ _
6ia csc™!(a + bz) PolyLog (2, et csc—l(a+bz)>
+ =
6ia csc™!(a + bx) PolyLog (2, et CSC‘1(a+baﬂ)) 3i PolyLog (2, o2 csc_l(a—‘,—bz))
B b? * 252
6a PolyLog (3, —e' Csc_l(‘”bx)) 6a PolyLog <3, eicsc_l(%bx))
a b2 + b2

Mathematica [A] (verified)

Time = 0.62 (sec) , antiderivative size = 314, normalized size of antiderivative = 1.19

/z csc”Ha + bx)® dx

3icsc™(a + bx)? + 3a\/ —l+a?+2abaib%0® o50—1(g + br)? + 3bx\/ ‘1+“f:f,f£)“’2+b2z2 cscl(a + bz)? — a?csc?

(a+bx)?

[In] Integrate[x*ArcCsc[a + b*x]~3,x]

[Out] ((3*I)*ArcCscl[a + b*x]~2 + 3*a*xSqrt[(-1 + a2 + 2xaxb*x + b~2xx"2)/(a + b*x
)"2]*ArcCsc[a + b*x]~2 + 3xb*x*Sqrt[(-1 + a”2 + 2*xaxbxx + b"2*x"2)/(a + b*x
)~2]*ArcCsc[a + bxx]~2 - a"2*ArcCsc[a + b*x]~3 + b~2*x"2*ArcCsc[a + b*x]~3

+ 6xaxArcCsc[a + b*x] 2+Log[l - E~(I*ArcCscla + b*x])] - 6*xa*ArcCsc[a + b*x
172xLog[1 + E~(I*ArcCsc[a + b*x])] - 6*%ArcCscla + b*x]*Log[l - E~((2*I)*Arc
Cscla + b*x])] + (12xI)*axArcCscla + b*x]*PolyLog[2, -E~(I*ArcCsc[a + b*x])

1 - (12#I)*axArcCsc[a + bxx]*PolyLog[2, E~(I*ArcCsc[a + b*x])] + (3*I)*Poly
Log[2, E~((2*I)*ArcCsc[a + b*x])] - 12xaxPolyLog[3, -E~(I*ArcCscl[a + b*x])]

+ 12%a*PolyLog[3, E~(I*ArcCscl[a + b*x])])/(2xb~2)
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Maple [A] (verified)

Time = 1.25 (sec) , antiderivative size = 425, normalized size of antiderivative = 1.61

method result
arccsc(b:c+a)2 <2 arccsc(bz+a)a(bz+a)—arccsc(b:v+a)(b:v+a)2—3 (b(zb:j_)f);l (bw+a)+3i> )
derivativedivid - 5 +3aarccsc(bz+a)? In (l—ﬁ—\/
erivativedivides
arccsc(bz+a)2 2 arccsc(bz+a)a(bz+a)—arccsc(bz+a)(bz+a)2—3 (bo+a)®—1 (bz+a)+3i
(bz{—a)2 2 .
— 5 +3a arccsc(bz+a) In (l—ﬁ—\/
default

[In] int(x*arccsc(b*x+a)~3,x,method=_RETURNVERBOSE)

[Out] 1/b72x(-1/2*arccsc(b*x+a) ~2* (2*arccsc(b*xx+a) *a* (bxx+a)-arccsc (b*x+a) * (b*xx+a
) ~2-3% (((b*x+a) "2-1) / (b*x+a) ~2) ~(1/2) * (b*x+a) +3*I) +3*a*arccsc (b*xx+a) “2*1n(1
-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))-3*a*arccsc(b*x+a) “2*1n(1+I/ (b*x+a)+(1-1/(
b*x+a)~2)~(1/2))-3*arccsc(b*x+a)*1n(1-I/(b*x+a)-(1-1/(b*x+a) ~2) ~(1/2))+6*ax
polylog(3,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))-3*arccsc(b*x+a)*1n(1+I/(b*x+a)+(
1-1/(bxx+a) ~2)~(1/2))-6*a*polylog(3,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))-6%I*a
*arccsc (b*x+a) *polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))+6*I*a*arccsc(b*x+
a)*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))+3*I*arccsc(b*x+a) ~2+3*I*poly
log(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))+3*I*polylog(2,-I/(b*x+a)-(1-1/(b*x+a
)72)7(1/2)))

Fricas [F]
/x csc ' (a + bx)? dr = /x arccsc (bz + a)® dx

[In] integrate(x*arccsc(b*x+a)”~3,x, algorithm="fricas")

[Out] integral(x*arccsc(b*x + a)~3, x)

Sympy [F]
/z csc ' (a + bz)d dr = /x acsc® (a + bz) dz

[In] integrate(x*acsc(b*x+a)**3,x)

[Out] Integral(x*acsc(a + b*xx)**3, x)
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Maxima [F]
/x csc ' (a + bx)? dr = /x arccsc (bz + a)® dx

[In] integrate(x*arccsc(b*x+a)”~3,x, algorithm="maxima")

[Out] 1/2*x"2*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))~3 - 3/8*x"2xarctan2
(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))*log(b™2%x"2 + 2*xaxb*x + a”2)72 - i
ntegrate (3/8* (8% (b~3*x"4*arctan2(1l, sqrt(b*x + a + 1)xsqrt(b*x + a - 1)) +
3*%a*b~2*x"3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (3*%a"2*arctan
2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - arctan2(l, sqrt(b*x + a + 1)*sq
rt(bxx + a - 1)))*b*x"2 + (a”~3*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a -
1)) - akxarctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*x)*log(b*x + a)~2
- (4*b*xx~2xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*x"2*log(b~
2%x72 + 2%a*xb*x + a”2)"2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) - 4x(b"3*x"4*
arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 2*a*b~2xx"3*arctan2(1, sq
rt(bxx + a + 1)*sqrt(bxx + a - 1)) + (a"2*arctan2(1, sqrt(b*x + a + 1)*sqrt
(bxx + a - 1)) - arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x"2 + 2
*(b~3*x"4*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3xa*xb~2*x"3*arc
tan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (3*a"2*arctan2(1, sqrt(b*x +
a + 1)*sqrt(b*x + a - 1)) - arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)
))*b*x~2 + (a~3*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - a*arctan2
(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*x)*log(b*x + a))*log(b~2*xx~2 + 2%
axb*x + a~2))/(b"3%x"3 + 3*a*b~2*%x"2 + a~3 + (3*xa"2 - 1)*b*x - a), x)

Giac [F]
/x csc(a + bx)® dx = /x arcesc (bz + a)® dx

[In] integrate(x*arccsc(b*x+a)~3,x, algorithm="giac")

[Out] integrate(x*arccsc(b*x + a)~3, x)



Mupad [F(-1)]

Timed out.

1 3
-1 3 _ .
l/xcm (a+bm)dx—:/xamn(a+bm) dx

[In] int(x*asin(1/(a + b*x))~3,x)
[Out] int(x*asin(1/(a + b*x))~3, x)

248
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3.35 [ csc™Ha + bx)3 dzx

Optimal result . . . . . . . . . . . . e 249
Rubi [A] (verified) . . . . . . . . 249
Mathematica [A] (verified) . . . . . . . . . .. 2531
Maple [A] (verified) . . . . . . . .. 253
Fricas [F] . . . . . o e 257
Sympy [F] . o o o 254
Maxima [F] . . . . . o 254
Giac [F] . . . o o 2551
Mupad [F(-1)] . . . oo 255

Optimal result

Integrand size = 8, antiderivative size = 140

(a + bx) csc™(a + bx)3 6 csc™!(a + br)%arctanh <ei csc_l(a-i-bx))

/csc_l(a + bz)? dz = ; + -
6i csc™*(a + bz) PolyLog (2, _giese (a+ba) )
- b
6 csc™(a + bx) PolyLog (2, el csc—l(a+bx)>
+
b
6 PolyLog <3, —et CSC‘l(aerw)) 6 PolyLog (3’ el Csc_l(a-l—bw)>
+ 2 — ;

[Out] (b*x+a)*arccsc(b*x+a) 3/b+6*arccsc(b*x+a) "2*arctanh(I/(b*x+a)+(1-1/(b*x+a)”
2)~(1/2)) /v-6*xIxarccsc(b*x+a)*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b
+6*I*arccsc(b*x+a)*polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b+6*polylog(3
,—I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2)) /b-6*polylog(3,I/(b*x+a)+(1-1/(b*x+a)~2)"~
(1/2))/b

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.00,

_ _ ~ number of rules _
number of steps used = 10, number of rules used = 7, integrand size 0.875, Rules used
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= {5361, 5325, 3843, 4268, 2611, 2320, 6724}

6 csc™!(a + br)%arctanh (ei CSC_I(HM‘))
b

64 csc™(a + bx) PolyLog (2, ¢t CSC_I(a—i-bx))
- b
6i csc!(a + bx) PolyLog (27 et CSC_l(a~|—bz)>

b
6 PolyLog (3, i csc-l(a+bz>>
b
6 PolyLog (3’ ez’cscfl(a+bx)) (a + bz) csc~(a + ba)?
b T b

/csc_l(a +bz)dx =

_|_

_|_

[In] Int[ArcCscl[a + b*x]~3,x]

[Out] ((a + bxx)*ArcCsc[a + b*x]~3)/b + (6%ArcCsc[a + bxx] 2xArcTanh[E~ (I*ArcCscl[
a + b*x])])/b - ((6%I)*ArcCsc[a + b*x]*PolyLog[2, -E~(I*ArcCscl[a + b*x])])/

b + ((6*%I)*ArcCsc[a + b*x]*PolyLog[2, E~(I*ArcCsc[a + b*x])])/b + (6*PolyLo

gl3, -E~(I*ArcCscla + b*x])]1)/b - (6xPolyLogl[3, E~(I*ArcCsc[a + b*x])])/b

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F))[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*((a_.) + (b_)*(x_))))"(n_.)1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)“m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) "n]/(b*c*n*Log[F])), x] + Dist[g*(m/(bxc*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3843

Int[Cot[(a_.) + (b_.)*x(x_)"(n_.)]1"(q_.)*Cscl(a_.) + (b_.)*(x_)"(n_.)]1"(p_.)
*(x_)~(m_.), x_Symbol] :> Simp[(-x"(m - n + 1))*(Csc[a + b*x"n] p/(b*n*p)),
x] + Dist[(m - n + 1)/(b*n*p), Int[x"(m - n)*Csc[a + b*x"n]"p, x], x] /; F
reeQ[{a, b, p}, x] && IntegerQ[n] &% GeQ[m, n] && EqQlq, 1]

Rule 4268
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Int[cscl(e_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) "m*x(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Logl[l + E~(I*(e + fxx))], x], x]) /; FreeQl{c, 4, e, £}, x] && IGtQ
[m, O]

Rule 5325

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Dist[-c~(-1), Sub
st[Int[(a + b*x) n*Csc[x]*Cot[x], x], x, ArcCsclc*x]], x] /; FreeQ[{a, b, c
, n}, x] && IGtQ[n, O]

Rule 5361

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)I*(b_.))"(p_.), x_Symbol] :> Dist[1/d,
Subst [Int[(a + b*ArcCsc[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d},
x] && IGtQ[p, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps

Subst( [ csc™(z)® dz, z,a + bz)
b
Subst ( [ z3 cot(z) csc(z) dz, z, csc ™ (a + bz))
b
(a + bx)csc(a +bx)®  3Subst([ 22 csc(z) dz, z, csc™ (a + bx))
b b

integral =

(a + bx) csc™(a + bx)3 6 csc™!(a + br)%arctanh <ei csc_l(a-i-bx))
b + ;
N 6Subst( [ zlog (1 — €) dz, z,csc™}(a + bz))

b
6Subst ([ zlog (1 + ) dz,z,csc™ (a + bz))

b
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(a + bx)csc™(a + bx)? 6 csc™(a + bz)?arctanh (ei CSC’I(avaﬂc)>

b + 3

6i csc™(a + bx) PolyLog (2, et CSC_l(a+bx))
b
67 csc_l(a + bx) PolyLog <2, eicsc—l(a+bx))
* b
N (6¢)Subst ([ PolyLog (2, —€'®) dz,z,csc™ (a + bz))
(6i)SUbSt(f PolyLog (2, ee””) dz,z,csc(a + bx))
b

(a + bx) csc™(a + bx)3 6 csc—'(a + bx)%arctanh (ei csc—l(aerx))

b + >
6: csc(a + bx) PolyLog (2, —et csc—l(a+bz)>
b
67 csc_l(a + bx) PolyLog (27 eiCSC_l(a—i-bm))
b
6Subst <f PolyLog(2,~2) dz,z, et csc_l(a-i-bx))
b
6Subst (f PolyLog(2,z) dx, z, et csc—l(a—i-bx))
- b

_|_

+

(a + bx) csc™i(a + bx)? 6 csc™(a + bz)?arctanh <ei CSC_l(f“rbﬂv)>
+
b b
67 csc™(a + bx) PolyLog (2, et csc*l(a+bx)>
b
67 csc™1(a + br) PolyLog <2, et CSC_l(a+bx))
b
6 PolyLog (3, —e“sc_l(”b””)) 6 PolyLog (3, el Csc_l(“+b“’)>
b - b

+

+
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Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 162, normalized size of antiderivative = 1.16

/csc_l(a + bz)3 dx

acsc™ (a+ bz)® + bz csc™(a + bx)® — 3csc™(a + bx)? log (1 - ei"sc_l(“bw)) + 3csc™(a + bx)?log (1 s

[In] Integrate[ArcCscl[a + bxx]~3,x]

[Out] (axArcCscla + b*x]~3 + bxx*ArcCsc[a + b*x]~3 - 3*ArcCsc[a + b*x] 2xLog[l -
E~(I*ArcCsc[a + b*x])] + 3*ArcCscl[a + b*x]~2*Log[1l + E~(I*ArcCscla + b*x])]

- (6*%I)*ArcCsc[a + bxx]*PolyLog[2, -E~(I*ArcCscl[a + b*x])] + (6*I)*ArcCsc[

a + b*x]*PolyLog[2, E~(I*ArcCsc[a + b*x])] + 6*%PolyLog[3, -E~(I*ArcCscla +
b*x])] - 6%PolyLog[3, E~(I*ArcCscl[a + bxx])])/b

Maple [A] (verified)

Time = 0.86 (sec) , antiderivative size = 224, normalized size of antiderivative = 1.60

method result
arccsc(bz+a)3 (bz+a)—3 arcesc(bz+a)? In (1— ﬁ —/1- %) +6% arccsc(bz+a) polylog (2, e ')/ —
. . . e (bz+a) bz+a (bz+a)
derivativedivides - .
default arccsc(bz+a)® (bz+a)—3 arcesc(bz+a)? In (1— ﬁ —./1- m) +6i arcesc(bz+a) polylog (2, ﬁ+1 /1— (b:c-&l—a)Q
elau

[In] int(arccsc(b*x+a)~3,x,method=_RETURNVERBOSE)

[Out] 1/b*(arccsc(b*x+a) ~3*(b*x+a)-3*arccsc(b*x+a) “2*x1n(1-I/(b*x+a)-(1-1/(b*x+a)”
2)~(1/2))+6*I*arccsc(b*x+a)*polylog(2,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))-6*po
lylog(3,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))+3*arccsc(b*x+a) “2*1n(1+I/ (b*x+a)+(
1-1/(bxx+a)~2)~(1/2))-6*I*arccsc(b*x+a)*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2

)~ (1/2))+6*polylog(3,-I/(bxx+a)-(1-1/(b*x+a)~2)~(1/2)))



254

Fricas [F]
/csc‘l(a +bz)3dx = /arccsc (bx + a)® da

[In] integrate(arccsc(b*x+a)”~3,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~3, x)

Sympy [F]
/csc_l(a + bz)3dx = /acsc3 (a + bx) dx

[In] integrate(acsc(b*x+a)**3,x)

[Out] Integral(acsc(a + b*x)**3, x)

Maxima [F]
/csc_l(a +br)* dr = /arccsc (bz + a)® dz

[In] integrate(arccsc(b*x+a)~3,x, algorithm="maxima")

[Out] x*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))~3 - 3/4*x*arctan2(1l, sqrt
(bxx + a + 1)*sqrt(b*x + a - 1))*log(b~2*x"2 + 2%a*b*x + a~2)"2 - integrate
(3/4* (4% (b~3*x"3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3*axb™2x
x"2xarctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + a~3*arctan2(1, sqrt(b
*x + a + 1)*sqrt(bxx + a - 1)) + (3*a"2*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b
*x + a - 1)) - arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x - axarc
tan2(1, sqrt(b*x + a + 1)x*sqrt(b*x + a - 1)))*log(b*x + a)~2 - (4xbxx*arcta
n2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - bxx*log(b~2*x"2 + 2*axb*x +
a”2)"2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) - 4x(b~3*x"3*arctan2(1, sqrt(b*
X + a + 1)*sqrt(b*x + a - 1)) + 2*a*b~2*x"2*arctan2(l, sqrt(b*x + a + 1)*sq
rt(b*x + a - 1)) + (a"2*xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - a
rctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x + (b~3*x"3*arctan2(1, s
qrt(b*xx + a + 1)*sqrt(b*x + a - 1)) + 3*a*b”~2*x"2xarctan2(1l, sqrt(b*x + a +
1) *sqrt(b*x + a - 1)) + a~3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)
) + (3*a”2*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - arctan2(1, sqr
t(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x - ak*arctan2(1l, sqrt(b*x + a + 1)*sqr
t(b*xx + a - 1)))*log(b*x + a))*log(b~2*x~2 + 2*axbxx + a~2))/(b"3*x"3 + 3*a
*b"2%x"2 + a”3 + (3*%a"2 - 1)*b*x - a), x)



Giac [F]

/csc_l(a +br)? dr = /arccsc (bx + a)® dz

[In] integrate(arccsc(b*x+a)~3,x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)~3, x)

Mupad [F(-1)]

Timed out.

3
/csc_l(a+b$)3da:=/asin( ! ) dx
a+bx

[In] int(asin(1/(a + b*x))~3,x)
[Out] int(asin(1/(a + b*x))~3, x)
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256

Optimal result . . . . . . . . . . . e 256
Rubi [A] (verified) . . . . . . . . 257
Mathematica [A] (verified) . . . . . . . . . .. 2651
Maple [F] . . . . 260
Fricas [F] . . . . o . o o 260
Sympy [F] . . . 260
Maxima [F] . . . . . o 267
Giac [F] . . o 267
Mupad [F(-1)] . . . o o 267

Optimal result

Integrand size = 12, antiderivative size = 448

/

csci(a + bx)3

T

dz = csc*(a + bx)®log (1 +

iaei csc™(a+bx)
1—+v1-a?
iae csc”(a+bzx)
1++vV1—a?
— csc”!(a + bx)® log (1 —e* "Scfl(“J“b””))
iaei csc”!(a+bzx)
1—-+v1—-a?

+ csc™!(a + bx)* log <1 +

— 3icsc™(a + bx)? PolyLog (2, —

: icsc™!(a+bx)
rae
— 3icsc(a + bz)? PolyLog | 2, ——————
( ) yRo8 ( 1++vV1—-a? )

3. .
+ 52 csc_l(a + bac)2 PolyLog (2, gicsc 1(a+bx)>
jaeicse ! (atba) )

+ 6¢csc ! (a + bx) PolyLog | 3, —
(a + bz) Poly g( Yy

6 1 b) PolvL, 5 iaeicsc_l(a—i—bac)
+ 6csc” “(a + box) PolyLo  ——————
(o + b PolvLos | 3= e

3 . —
3 csc™!(a + bx) PolyLog (3, gicse 1(a+bz)>
iqetcse (atba)
Vi@

: icsc™!(a+bx)
+ 67 PolyLog | 4, — R, §z PolyLog
1++1-a? 4

+ 67 PolyLog (4, —

(4, e2i csc™!(a+bx) )
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[Out] -arccsc(b*x+a) ~3*1n(1-(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2)) 2)+arccsc(b*x+a) 3%
1n(1+I*a*(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))+arccsc(b*x+a
) "3x1n(1+I*xa*x(I/(b*x+a)+(1-1/(bxx+a)~2)~(1/2))/(1+(-a"2+1)~(1/2)))+3/2*I*ar
ccsc(b*x+a) “2*polylog(2, (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))~2)-3*I*arccsc(b*x
+a) "2*polylog(2,-I*ax*(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))-
3xIxarccsc(b*x+a) "2*polylog(2,-I*a*(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a
~2+1)~(1/2)))-3/2*arccsc(b*x+a) *polylog(3, (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))
~2)+6*arccsc(b*xx+a)*polylog(3,-I*a*(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a
~2+1)~(1/2)) ) +6*arccsc(b*x+a) *polylog(3,-I*ax(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/
2))/(1+(-a"2+1)~(1/2)))-3/4*I*polylog(4, (I/(bxx+a)+(1-1/(bxx+a)~2)~(1/2))"2
)+6*%I*polylog(4,-I*a*(I/(b*xx+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2+1)~(1/2)))+
6*xIxpolylog(4,-TI*xa*x(I/(b*x+a)+(1-1/(b*xx+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)))

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 448, normalized size of antiderivative = 1.00,

, number of rules _ 0.833, Rules
integrand size

number of steps used = 20, number of rules used = 10
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used = {5367, 4648, 4625, 3798, 2221, 2611, 6744, 2320, 6724, 4615}

csc!(a + bx)3 iaetcse (atba)
dr = —3icsc (a + bx)? PolyLog [ 2, —————
/ . ( )* PolyLog T

iaet csc~(a+bx)
iaet csc™ 1 (a+bzx)
)
iaet csc™ 1 (a+bzx)
Vi-a@+1 )

— 3icsc™!(a + bx)? PolyLog (2,
+ 6 csc™!(a + bx) PolyLog (3, -

+ 6 csc(a + bx) PolyLog (3,

iaet csc™!(a+bzx)
1-v1-a? )
iaet csc™!(a+bz)
Vi-d+1 >

iaet csc™ 1 (a+bzx)
1—+v1—a? )

+ 6¢ PolyLog (4, —
+ 6¢ PolyLog (4,

+ csc™!(a + bx)? log (1 +

iae csc”!(a+bzx)
1+
vV1—a2+1
3 N
+ 52’ csc™!(a + bx)? PolyLog (2, g2iese 1(‘”“))

+ csc(a + bx)? log (

- g csc™!(a + bx) PolyLog (3, o2 CSC_l(a+b1;))

— Zz PolyLog (4, g2icse™ (ot "””>>

_ csc_l(a + b.’E)3 lOg <1 _ e2icsc*1(a+b:v)>

[In] Int[ArcCsc[a + b*x]~3/x,x]

[Out] ArcCscla + b*x]~3*Log[l + (I*axE~(I*ArcCscla + b*x]))/(1 - Sqrt[1l - a~2])]
+ ArcCscla + b*x]~3*Log[l + (Ix*axE~(I*ArcCscl[a + b*x]))/(1 + Sqrt[1l - a~2])
] - ArcCsc[a + b*x]"3%Log[1l - E~((2*I)*ArcCsc[a + b*x])] - (3+I)*ArcCscl[a +
bxx] “2*%PolyLog[2, ((-I)*a*E~(I*ArcCscl[a + b*x]))/(1 - Sqrt[1l - a~2])] - (3
*I)*ArcCsc[a + b*x]“2#PolyLog[2, ((-I)*a*E~(I*ArcCscl[a + b*x]))/(1 + Sqrt[1
- a~2])] + ((3*I)/2)*ArcCsc[a + b*x] 2*PolyLog[2, E~((2*I)*ArcCsc[a + b*x]
)] + 6%ArcCsc[a + b*x]*PolyLog[3, ((-I)*axE~(I*ArcCsc[a + b*x]))/(1 - Sqrtl[
1 - a”2])] + 6xArcCscla + b*x]*PolyLog[3, ((-I)*a*E~(I*ArcCscl[a + bx*x]))/(1
+ Sqrt[1 - a”2])] - (3xArcCsc[a + bxx]*PolyLog[3, E~((2*I)*ArcCsc[a + b*x]
)1)/2 + (6%I)*PolyLogl[4, ((-I)*a*E~(I*ArcCscl[a + b*x]))/(1 - Sqrt[1l - a~2])
1 + (6*%I)*PolyLog[4, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 + Sqrt[1l - a~2])] -
((3*%I)/4)*PolyLogl[4, E~((2*I)*ArcCsc[a + b*x])]
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Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*fxg*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxf*xg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] & !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))=*
(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*((a_.) + (b_)* NN~ (_)I*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “n]/(bxc*n*Log[F])), x] + Dist[gx(m/(bxc*n*Log[F])), Int[(f + g*x) (m
- 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3798

Int[((c_.) + (@_.)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 :> Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E~ (2% I*k*Pi)*(E~(2%I*(e + f*x))/(1 + E~(2*I*k*Pi)*E~(2*I*(e + f*x)))), x],
x] /; FreeQl{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4615

Int[(Cos[(c_.) + (d_.)*(x_)]*((e_.) + (£_)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)]), x_Symbol] :> Simp[(-I)*((e + f*x)"(m + 1)/(bxfx(m + 1
))), x] + (Int[(e + f*x) " m*x(E~(I*(c + d*x))/(a - Rt[a"2 - b™2, 2] - I*b*xE~(
Ix(c + d*x)))), x] + Int[(e + fxx)"m*x(E~(I*(c + d*x))/(a + Rt[a"2 - b~2, 2]
- I*b*E~(I*(c + d*x)))), x]) /; FreeQ[{a, b, ¢, 4, e, f}, x] & IGtQ[m, 0]
&& PosQ[a"2 - b~2]

Rule 4625

Int[(Cot[(c_.) + (d_.)*(x_)]1 " (n_.)*((e_.) + (£_.)*(x_))"(m_.))/((a) + (b_.
)*¥Sin[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Cot[c +
d*x]"n, x], x] - Dist[b/a, Int[(e + f*x) m*Cos[c + d*x]*(Cot[c + d*x]~(n -
1)/(a + b*Sin[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m,
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0] && IGtQ[n, O]

Rule 4648

Int[(((e_.) + (£_)*(x_))"(@_)*(F_ ) [(c_.) + (d_)*x)1"(a_.)*(G_ ) [(c_.) +

(d_)*(x_)17(p_.))/(Cscl(c_.) + (a_.)*(x_)I*(b_.) + (a_)), x_Symbol] :> In
t[(e + £*x)"m*Sin[c + d*x]*F[c + d*x] "n*(G[c + d*x]"p/(b + a*Sin[c + d*x]))
, x] /; FreeQ[{a, b, c, d, e, f}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, n, p]

Rule 5367

Int[((a_.) + ArcCscl[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))~(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQl{a, b, c, d
, €, n, p}, x] && EqQ[b*d, axe]

Rule 6744

Int[((e_.) + (£_.)*(x_)) " (m_.)*PolyLog[n_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)1, x_Symbol] :> Simp[(e + f*x) “m*(PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl/(bkcxpxLog[F1)), x] - Dist[f*(m/(b*c*pxLog[F1)), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, 0]

Rubi steps

3
integral = —Subst ( / 2" cot(z) cse(z) dz,z,csc(a + bx))
—a + csc(z)

3
= —Subst (/ _zcot(z) dz,z,csc(a + bx))

1 — asin(z)

B z3 cos(z) 1
= —(aSllet (/Tsin(x)dflf,w,csc (a—i—bx)))
— Subst (/ z cot(x) dx,z, csc™ (a + bx))
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2% .3
= 2iSubst (/ 1 o2 dz,r,csc(a + bz))

— €
3

ey
— 1 —a?+iae*

eixx3
— aSubst / — dz,z,csc” (a + bz )
( 14++1—a?+iae® ( )

— aSubst < dz,z,csc (a + bm))

icsc™!(a+bx)

; :icsc™!(a+bx)
= csc ' (a + bz)? log (1 + 22 e )

————— | +cescHa+bz)llog [ 1+ ——F——
1—\/1—@2) ( ) g( 1++v1—a?

—csc” a + bx)3 log <1 2zcsc_1(a+bx))

— 3Subst< r%log (1 + ) dz,z,csc (a + bz))

V1-—a?
= m) dz,r,csc(a + bx))
+ 3Subst (/x log (1 — €**) dz,z,csc 1(a+bx))

—3Subst( z?log ( 1+

icsc™!(a+bx)

; : icsc™!(a+bx)
= csc ' (a + bz)? log (1 + 2 e )

| +csc(a+bx)log [ 1+ — —ror
1—V1—a2> (ab2) g( I+Vioa
— cscHa + bz)®log < o2 csc 1(a+bz)>
iqetcse (atba)

—Jl—a

. icsc(a+bx)
— 3icsc ! (a + bx)? PolyLog | 2, _we
( ) PolyLog ( T

—z cse™ —}-bm) PolyLog( 2“5‘3_1(””””))

— 3icsc(a + bx)? PolyLog (2, -

— 3iSubst m PolyLog 2, 2“”) dz,z,csc (a + bx)>

T

iae
— ) dz,z,csc Y (a + bx )
1—+1- a2) ( )
iae'®

(a
+ 6zSubst( x PolyLog (2,

+ 6iSubst 9: PolyLog (2 > dz,z,csc(a + bm))

14++v1—a?
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iaei csc~!(a+bx)

1-+v1—-a?
— CSC_l(a + bCB)B log (1 _ e2icsc_1(a+bae))

iaei csc~!(a+bx)
1-+v1—-a?

=csc ' (a+bzx)®log (1 +

: icsc™!(a+bx)
> +csc™(a + bx)® log (1 4 e )

1++1—a?

— 3icsc™!(a + bx)? PolyLog (2, -
iae’ csc~!(a+bx)
1++v1—a?
3 -
+ 52 csc*(a + bx)? PolyLog (2, e2iese 1(“+b“’)>
iae’ csc™!(a+bzx) )

— 3icsc(a + bx)? PolyLog (2, -

1—+1-—a?

:icsc™!(a+bx)
tae
+6csc(a+ bx) PolyLog | 3, ——————
( ) PolyLog ( 14++v1—a? )

3 o
5 csc_l(a + bx) PolyLog (3, g2iose 1(a+bx)>

+ gSubst (/ PolyLog (3, €**) dz,z,csc™ (a + b:v))

+ 6 csc* (a + bx) PolyLog (3, -

1ae™

— 6Subst (/ POlyLOg (3, _1——@) d.’E, Z, CSC_l(CL + bx)>

PN %

iae
— 6Subst /Pol Log ( 3, —————— | dz,z,csc  (a + b )
< y g( = m) z,x,csc” (a + bx)
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Ya+bz)31 1 igeese (@) Ya+bz)?1 1 igetose ! (a+ba)
=csc “(a+bx)"lo + ———F——— ] +csc (a+0x)’lo =
\i-visa \Tievica

— cscY(a + bx)? log (1 _ e2icsc_1(a+ba:))

jqetcsc ! (atba)
=
jqetesc ! (atbx)
)
+ gz csc!(a + bx)? PolyLog (2, o2 csc—l(a+ba;)>

— 3icsc ! (a + bx)? PolyLog (2, —

— 3icsc™!(a + bx)? PolyLog (2’ —

:icsc”!(a+bx)

ae
+ 6csct(a + bx) PolyLog | 3, ————
( ) Poly g( - _1_(12)

:icsc™!(a+bx)

1ae
+6csc(a+ bz) PolyLog | 3, ——————
( ) Poly g( " _1_a2>

3 .
3 csc_l(a + bx) PolyLog (3, g2icse 1(a+bx)>

PolyLL N
~ Sisuber [ PN gy it

PolyL (3 _x>
Oy Og 7—1+m dx, l', eiCSC_l(a+bz)

X

+ 6:Subst /

PolyLog (3, - 1+\i/alﬂ”_7>
x

icsc™!(a+bx)

dz,z,e

+ 6:Subst /
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1( b )3 ] 1 iaei csc™ ! (a+bz) 1( 1 )3 l ) iaei csc ™! (a+bx)
=csc¢ (a+0bx)° lo +————— ] +4+csc (a+0x) lo 4+ —
8 1—-v1-a2 8 1+vV1-a?

—csc Y (a + bx)log (1 — e Csc_l(‘“'b””))

iaet csc™ 1 (a+bzx)
iaet csc™ 1 (a+bx)
1+vV1-a? )

+ gz csc*(a + bx)? PolyLog (2, e CSC_I(“”Z))

— 3icsc!(a + bx)? PolyLog (2, —

— 3icsc™!(a + bx)? PolyLog (2, —

. icsc”!(a+bx)
1ae
+ 6csc(a + bx) PolyLog [ 3, ——————
( ) yLo8 ( 1-— \/17 — a? )

. icscT!(a+bx)
ae
+6csc(a + ba) PolyLog [ 3, -2

3 . . icscT!(atbz)
—3 csc_l(a + bx) PolyLog (3, g2iose 1("“’””)) + 67 PolyLog (4, _we

1—+1—a?

3 o
— ZiPolyLog (4, ¥+

. _icsc™!(atbx)
+ 6i PolyLog (4, _tae ) -

1++1—a?
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Mathematica [A] (verified)

Time = 0.28 (sec) , antiderivative size = 554, normalized size of antiderivative = 1.24

-1 3 1 N
/ e ((;—i_ bz) dzr = % - Zz csc (a + bx)* — csc™!(a + bx)® log <1 —e e 1(“+bz))

—csc(a + br)? log <1 + €' CSC*I(“JFI’”))
iaetesc L(a+bzx)

—14++vV1—-a?

iae’ csc™ ! (a+bx) )

+ csc(a + bx)? log (1 -

14++v1—a?
— 3icsc*(a + bx)? PolyLog ( “SC_l(‘”b’”))

+ csc(a + bx)? log (1 +

+ 3icsc™ (a + bx)? PolyLog (2, elese (“+b‘”)>

—l—i—\/l—a2

gicsc™ Y(a+bx)
2, —
1+Vi-a

—6csc ' (a + bx) PolyLog 3 e tese” “H’””))

gicsc™ L(a+bzx)
— 3icsc*(a + bx)? PolyLog 2,
— 3icsc™!(a + bx)? PolyLog (

— 6csc™!(a + bx) PolyLog (3 giose 1(a+bw)>
wel csc™ 1 (a+bx)
“1+Vi-a
iaez csc”!(a+bx)
1++v1—-a?
+ 6¢ PolyLog <4, et Csc_l(a"‘b-’”)) 6: PolyLog (4 eiose” (a+bx)>
iaeicse ! (at+be) )

+ 6csc' (a + bz) PolyLog (

+ 6csc*(a + bx) PolyLog (3, —

—1++v1—-a?
iaet csc™(a+bx)
1++v1—a?

+ 6¢ PolyLog (

+ 6¢ PolyLog (4, —

[In] Integrate[ArcCscl[a + b*x]~3/x,x]

[Out] (I/8)*Pi~4 - (I/4)*ArcCscla + b*x]~4 - ArcCsc[a + b*x]~3xLog[l - E~((-I)*Ar
cCscla + b*x])] - ArcCscla + b*x]“3*Log[l + E~(I*¥ArcCsc[a + b*x])] + ArcCsc
[a + bxx]~3*Log[l - (I*a*E~(IxArcCscla + b*x]))/(-1 + Sqrt[1 - a"2])] + Arc
Cscla + b*x]~3*Log[1l + (I*axE~(Ix*ArcCscla + b*x]))/(1 + Sqrt[1l - a~2])] - (
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3*I)*ArcCsc[a + b*x]~2xPolyLog[2, E~((-I)*ArcCsc[a + bxx])] + (3*I)*ArcCscl
a + bxx]~2xPolyLog[2, -E~(I*ArcCsc[a + b*x])] - (3*I)*ArcCsc[a + b*x]~2%Pol
yLog[2, (I*axE~(I*ArcCscla + b*x]))/(-1 + Sqrt[l - a~2])] - (3*I)*ArcCscla
+ b*x] "2#PolyLog[2, ((-I)*a*E~(I*ArcCscl[a + b*x]))/(1 + Sqrt[1l - a"2])] - 6
xArcCsc[a + b*x]*PolyLog[3, E~((-I)*ArcCsc[a + b*x])] - 6*%ArcCscl[a + b*x]*P
olyLog[3, -E~(IxArcCsc[a + b*x])] + 6xArcCsc[a + b*x]*PolyLog[3, (I*axE~(Ix
ArcCscla + b*x]))/(-1 + Sqrt[1 - a~2])] + 6%ArcCsc[a + b*x]*PolyLog([3, ((-I
)*xaxE~(I*ArcCsc[a + b*x]))/(1 + Sqrt[1 - a"2])] + (6%I)*PolyLogl[4, E~((-I)*
ArcCscla + b*x])] - (6xI)*PolyLog[4, -E~(IxArcCsc[a + b*x])] + (6*I)*PolyLo
gl4, (I*axE™(I*ArcCscla + b*x]))/(-1 + Sqrt[1 - a”2])] + (6xI)*PolyLogl[4, (
(-I)*a*E~ (I*ArcCsc[a + b*x]))/(1 + Sqrt[1 - a~2])]

Maple [F]

/ arcesc (bz + a)° i

X

[In] int(arccsc(b*x+a)~3/x,x)

[Out] int(arccsc(b*x+a)~3/x,x)

Fricas [F]

-1 3 3
/ csc(a + bx) dp — / arccsc (br + a) i

T T

[In] integrate(arccsc(b*x+a)~3/x,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~3/x, x)

Sympy [F]

-1 3 3
/ cse (c;+ bx) o — / acsc (Z + bx) i

[In] integrate(acsc(b*x+a)**3/x,x)

[Out] Integral(acsc(a + b*x)**3/x, x)
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Maxima [F]

-1 3 3
/ csc(a + bx) dp — / arccsc (bz + a) i

T T

[In] integrate(arccsc(b*x+a)~3/x,x, algorithm="maxima")

[Out] integrate(arccsc(b*x + a)~3/x, x)

Giac [F]

-1 3 3
/csc (c;—i— bx) dp — / arcesc (2x+a) iz

[In] integrate(arccsc(b*x+a)~3/x,x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)~3/x, x)

Mupad [F(-1)]

Timed out.
1

: 3
/csc_l(a-l- br)3 o — / asin (-4-) i

T T

[In] int(asin(1l/(a + b*x))~3/x,x)
[Out] int(asin(1/(a + b*x))~3/x, x)
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-1 3

3.37 f cse Ecc?—bx) dx

Optimal result . . . . . . . . . . . e 268
Rubi [A] (verified) . . . . . . . . 2691
Mathematica [A] (verified) . . . . . . ... ... L o 273
Maple [F] . . . . 273
Fricas [F] . . . . o o o 274
Sympy [F] . . o 274
Maxima [F] . . . . . 274
Giac [F] . . . . o o 275
Mupad [F(-1)] . . . o o 275

Optimal result

Integrand size = 12, antiderivative size = 378

/ cscHa + bz)? dp — _bescT!(a + ba)? csc_l(a + bx)3
x? N a
1 2 Zaez csc™ (a+bz)
3ibcsc (a + bx)® log (1 + = )

1
i _ iaet esc (a+bx)
.\ 3ibcsc (a + bz) log (1+ ﬁ)
av1—a?
_ 7:aeicsc_l(u bx)
- 66 csc™!(a + bx) PolyLog (2, i /71_:2 )
av'1 —a?
_ 7:ae'icsc_l(a bx)
. 6b csc™!(a + br) PolyLog <2, —ﬁ>
av'1 — a?

. _icse™1 (a+bx)

. iae . iaeicsc_l(a bx)
6ib PolyLog <3,— T ) 6:b PolyLog (&‘ﬁ)

av1—a? - av1 — a?

[Out] -bxarccsc(b*x+a)~3/a-arccsc(b*x+a) ~3/x-3*I*b*arccsc(b*x+a) ~2*1n(1+I*ax(I/(b
*xx+a)+(1-1/ (b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))/a/(-a~2+1) ~(1/2) +3*xIxb*arc
csc(b*x+a) "2x1n (1+I*a*(I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a"2+1)~(1/2)))
/a/(-a~2+1)~(1/2) -6*b*arccsc(b*x+a) *polylog(2,-I*a*x(I/(b*x+a)+(1-1/(b*x+a)~
2)7(1/2))/(1-(-a~2+1)~(1/2)))/a/(-a~2+1) " (1/2) +6*b*arccsc (b*x+a) *polylog(2,
-Ixax(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a"2+1)"(1/2))) /a/(-a"2+1) " (1/2)
-6xIxbxpolylog(3,-I*a*(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2+1)"(1/2)))
/a/(-a~2+1)~(1/2)+6*I*b*polylog(3,-I*a* (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1
+(-a™2+1)7(1/2)))/a/(-a"2+1)~(1/2)
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Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 378, normalized size of antiderivative = 1.00,

number of steps used = 14, number of rules used = 9, number of rules _ 0.750, Rules used
integrand size

= {5367, 4512, 4276, 3404, 2296, 2221, 2611, 2320, 6724}

— iaeicsc_l(a-Hn:)
/ csc!(a + bz)3 e — _6bcsc 1(a + bx) PolyLog ( 2, _ﬁ>
x? a av1—a?

. _icscT1 (a+bzx)

6bcsc™!(a + bx) PolyLog (2, —melﬁ)

_|_

av'1 — a?
. iaet csc_l(a+ba:) . iaet csc_l(a+bz)
6ib PolyLog ( 3, _W) 6:b PolyLog (3» —W>
— +
av1 —a? av1—a?
. _ iae’ cscfl(a-‘-bw)
- 3ibcsc(a + br)?log (1 + W)
av1 — a?
. _ iaet csc_l(a z)
+ 3ibesc™ (a + be)* log <1 + ﬁ_—zflb)
av'1 — a?
besc (a+bz)®  csc(a + bx)?
a T

[In] Int[ArcCscl[a + b*x]~3/x"2,x]

[Out] -((b*ArcCsc[a + b*x]~3)/a) - ArcCscl[a + b*x]~3/x - ((3*I)*b*ArcCsc[a + b*x]
~2xLog[1 + (I*a*E~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a~2])])/(a*Sqrt[1 - a~

2]) + ((3%I)*b*ArcCscl[a + b*x]~2xLog[l + (I*a*E~(I*ArcCscla + b*x]))/(1 + S
qrt[1 - a~2])]1)/(a*Sqrt[1 - a~2]) - (6*%bxArcCsc[a + b*x]*PolyLog[2, ((-I)*a
*E~(IxArcCsc[a + b*x]))/(1 - Sqrt[1l - a~2])])/(a*Sqrt[1 - a~2]) + (6*b*ArcC

sc[a + bxx]*PolyLog[2, ((-I)*a*E~(Ix*ArcCscl[a + b*x]))/(1 + Sqrt[1l - a~2])])
/(a*xSqrt[1 - a~2]) - ((6%I)*b*PolyLog[3, ((-I)*a*E~(IxArcCscl[a + b*x]))/(1

- Sqrt[1 - a”2])1)/(a*Sqrt[1 - a”2]) + ((6%I)*b*PolyLogl3, ((-I)*axE~(I*Arc
Cscla + b*x]))/(1 + Sqrt[1l - a~2])])/(a*Sqrt[1 - a~2])

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m/(bxf*g*n*xLog[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2296

Int[((F)~(u)*((£_.) + (g_)*(x))"(m_.))/((a_.) + (b_.)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4*axc, 2]}, Dist[2*(c/q), Int[
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(f + g*x)"mx(F"u/(b - q + 2xc*F~u)), x], x] - Dist[2*(c/q), Int[(f + g*x)“m
*(F~u/(b + q + 2*c*¥F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)“m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) ~“n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*nxLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3404

Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1), x_Sy
mbol] :> Dist[2, Int[(c + d*x) " m*x(E~(I*(e + £*x))/(I*b + 2*xa*xE~(I*(e + f*x)
) - IxbxE~(2*%I*(e + f*x)))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[
a“2 - b"2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)1*Cscl[(c_.) + (d_.)*(x_)]1*(Cscl(c_.) + (d_.)*(x_)
Ix(b_.) + (@)~ (m_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
f*x)"m)*((a + bxCsclc + d*x])~(n + 1)/(bxdx(n + 1))), x] + Dist[f*x(m/ (b*d*(
n+ 1))), Int[(e + f*x)"(m - 1)*(a + bxCsclc + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f_.)*(x_)) " (m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b#*x) p*Csc[x]*Cot[
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x]*(d*e - cxf + f*Csc[x])"m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] &% IGtQ[p, 0] && IntegerQ[m]

Rule 6724

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] && EqQ[b*d, axe]

Rubi steps

z3 cot(z) csc(x)

integral = — (bSubst( dz,z,csc(a + bx)))

(—a+ csc(z))?
— _CSC_l(C;—i_ bz)” + (3b)Subst </ %jsc(x) dz,z,csc” (a + bx))
_ _csc_l((;—l— bx)? + (3b)Subst (/ (—%2 + ol = sz(x))) dz,z,csc(a + bx))

besc(a+bx)®  cscl(a + ba)? . (3b)Subst (f #(fn(m)dx,x, csc(a + bx))
a x a

1T .2

besc(a+bz)®  cse\(a + ba)® . (6b)Subst (f oot riaez A2, T, cs¢7 (a + bx))
a T a
besc a4+ bz)®  csci(a + bz)?
B a h T
(64b)Subst (f 2_2\/%% dz,z,csc™ (a + bx))
V1—a?

(6Zb)SUbSt (f W%ﬁ d.’L', z, csc_l(a + bx))

V1 —a?
iae’ esc™ 1 (a+bx)

bosc M+ br)* Csc—l(a +ba)? 3ibesc™ (a + bx)? log (1 + ﬁ>

- PV
3’Lb CcsC™ a. _|_ b$)2 log <1 + Zael csc™ (G-H)x))
1

+v1—a?
av'1l — a?

(6ib)Subst (fxlog 1+ é’\‘}%) dz,z,csc (a + bx))

av'1 — a?

(
(6ib)Subst (f z log (1 2+22’\“/61_7> dz,x,csc™ (a + bx))

av'1 — a?

+

+

+
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iaet csc1 (a+bx) )

bCSC_l(a/ + bx)3 CSC_l(a + bz)3 3’lb CSC_l(a + b:l:)2 ].Og (1 + 1_@

a z av1—a?

. _icsc™1(atbx
3ibesc™(a + br)%log (1 + %)

RS

+

i

av'1 — a?
6b csc™!(a + bz) PolyLog

. icsc™1 (a+bx)

9 __tae )
’ 1-v1-a?

/N

—_
[

IS
[\v]

a

. icse™L(a+ba
6b csc™(a + bz) PolyLog (2, —%)
+

j
=)
™

a —_—

(6b)Subst (f PolyLog ( 2, —2_2;\‘}%) dz,z,csc(a + bx))

av'1 —a?
9, —_ 2iac’® ) dz,z,csc™(a + bx))

T 242v1-a?
av1 —a?
iaet csc_l(a+bz) )

bCSC_l(a/ + bx)3 CSC_l(a + bz)3 3’lb CSC_l(a/ + b:l:)2 ].Og (1 + 1_@

a z av1—a?

. icsc1(atba
3ibcsc™(a + br)?log (1 + %)

/N |/

(6b)Subst < J PolyLog

RS

+
av'1 — a?
_ iaeicsc_l(a bx)
~ 6b csc™!(a + bx) PolyLog (2, —ﬁ)
av/1 — a?
_ iaeicsc_l(a )
. 6bcsc™(a + bz) PolyLog (2, —H—1¢_—a+2l’>

i

av1—a

2 iax

PolyLog

(6Zb)Sl,1bSt (f ,ac_1+ _“2) dz, x, et csc_l(a+ba:)>
av1—a?
PolyLog <2,— oz

(6zb)Subst (f - 1ty 1_"2) dz, x, et csc_l(a+bw)>

av'1 — a?

i

N

+
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iae’ csc1 (a+bx) )

_ boscYa+bx)®  cscl(a+ bz)? 3ibesc™ (a + bx)? log (1 + e

a a z av'1—a?

. icsc1(atbx
3ibcsc(a + br)?log (1 + %)

av'1 — a?
; icsc_l(a+b:1:)>

6b csc™*(a + bz) PolyLog (2, —de =

av'1l — a?
— iae’ csc_l(a+bm)
6b csc™(a + bz) PolyLog (2, _W>

av'1—a?
. iaet csc_l(a+bz) . iaet csc_l(a+bz)
62 POIYLOg (3, _W> 62 POIYLOg <3, —W>
- +

av'1 — a? av'1 — a?

+

_|_

Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 289, normalized size of antiderivative = 0.76

-1 3
/csc (a+bx) dp —

xr2

 descTl iaet csc L (atb
3ib (csc_1 (a+bx)? log (1 - %) —csc™ ! (a+bzx)? log (1+ %) —2i csc™ 1 (a+bz) PolyLog

(a+bx) CSCQ:_1 (a+bz)3 +

[

[In] Integrate[ArcCscla + b*x]~3/x72,x]

[Out] -((((a + b*x)*ArcCsc[a + b*x]~3)/x + ((3*I)*b*(ArcCsc[a + b*x] 2*xLog[l - (I

*axE”~ (I*ArcCsc[a + b*x]))/(-1 + Sqrt[1 - a"2])] - ArcCscl[a + b*x] 2xLog[1l +
(IxaxE~(IxArcCscla + b*x]))/(1 + Sqrt[1l - a~2])] - (2xI)*ArcCscl[a + b*x]*P

olyLog[2, (I*a*E~(I*ArcCscl[a + b*x]))/(-1 + Sqrt[1 - a~2])] + (2xI)*ArcCscl

a + b*x]*PolyLog[2, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 + Sqrt[l - a"2])] + 2

*PolyLog[3, (I*a*E~(I*ArcCscl[a + b*x]))/(-1 + Sqrt[1 - a~2])] - 2*PolyLogl[3

, ((-I)*a*E~(I*ArcCsc[a + b*x]))/(1 + Sqrtl[l - a~2])]1))/Sqrtl[l - a~2])/a)

Maple [F]

/ arcesc (b + a)® i

2

[In] int(arccsc(b*x+a)~3/x72,x%)

[Out] int(arccsc(b*x+a)~3/x72,x)
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Fricas [F]

-1 3 3
/csc (a+ bx) dp — / arcesc (bx + a) i

2 2

[In] integrate(arccsc(b*x+a)”~3/x"2,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~3/x"2, x)

Sympy [F]

-1 3 3
/csc (a+ bx) dx:/acsc (a+ bx) i

2 2

[In] integrate(acsc(b*x+a)**3/x**2,x)

[Out] Integral(acsc(a + b*x)**3/x**2, x)

Maxima [F]

-1 3 3
/csc (a + bx) dr — / arcesc (bx + a) i

2 2

[In] integrate(arccsc(b*x+a)”~3/x"2,x, algorithm="maxima")

[Out] -1/4%(4*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))~3 - 3*xarctan2(1, sq
rt(b*x + a + 1)*sqrt(b*x + a - 1))*log(b™2%x"2 + 2xa*b*x + a~2)"2 - 4#x*int
egrate(-3/4*(4x(b~3*x"3%arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3
*axb~2*x"2*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + a~3*arctan2(1,
sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (3*a"2*arctan2(l, sqrt(b*x + a + 1)
xsqrt(b*xx + a - 1)) - arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x
- axarctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*log(b*x + a)~2 + (4xbx
xxarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - bxxxlog(b™2*x"2 + 2*a
*bxx + a”2)"2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) + 4x(b~3*x"3*arctan2(1,
sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 2*%a*b"2*x"2*arctan2(1, sqrt(b*x + a
+ 1)*sqrt(b*x + a - 1)) + (a"2xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a -
1)) - arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x - (b~3*x"3*arcta
n2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3*axb~2*x"2*arctan2(1, sqrt(b*
X + a + 1)*sqrt(b*x + a - 1)) + a"3*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x +
a - 1)) + (3*xa~2*xarctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - arctan2
(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x - axarctan2(l, sqrt(b*x + a +

1) *sqrt(b*x + a - 1)))*log(b*x + a))*log(b~2*x"2 + 2*a*b*x + a~2))/(b~3*x~
5 + 3*%axb™2*xx"4 + (3*%a”2 - 1)*b*x"3 + (2”3 - a)*x"2), x))/x
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Giac [F]

-1 3 3
/ csc(a + bx) dp — / arccsc (bz + a) i

z2 2

[In] integrate(arccsc(b*x+a)~3/x"2,x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)~3/x72, x)

Mupad [F(-1)]

Timed out.

-1 3 : 1 3
/CSC (a’+bx) dw:/asnl(a—l—bz) dr

2 2

[In] int(asin(1/(a + b*x))~3/x"2,x)
[Out] int(asin(1/(a + b*x))~3/x"2, x)
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3.38 [z?csc™ (a + bz*) dz

Optimal result . . . . . . . . . . . e 276
Rubi [A] (verified) . . . . . . . . 276
Mathematica [B] (verified) . . . . . . . . . .. 278
Maple [A] (verified) . . . . . . . .. 278
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 279
Sympy [F(-1)] . . o oo 279
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 279
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 2801
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 280

Optimal result

Integrand size = 12, antiderivative size = 48

_ 1
/a:3 cseL (a n bx4) dx (a+ bz*) csc™! (a + bx?) . arctanh(m>

- 4b 4b

[Out] 1/4%(b*x"4+a)*arccsc(b*x"4+a)/b+1/4*arctanh((1-1/(b*x"4+a)~2)~(1/2))/b

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ 500 Ryles used = {6847,

’ integrand size
5359, 379, 272, 65, 212}

1
arctanh (/1 — ) | (a+bot)ese (a+be?)
4b 4

/z3 csct (a + bx4) dr =

[In] Int[x"3*ArcCsc[a + b*x"4],x]

[Out] ((a + b*x~4)*ArcCsc[a + b*x~4])/(4xb) + ArcTanh[Sqrt[1 - (a + b*x"4)~(-2)]]
/ (4%b)

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[

{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x]1] /; FreeQl[{a, b, c, d}, x] && NeQ

[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] |l LtQ[b, 01)

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 379

Int[(u_)"(m_.)*((a_) + (b_.)*(v_)"(n_))"(p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]1*v"m), Subst[Int[x"m*(a + b*x"n)"p, x], x, v], x] /; FreeQ[{
a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 5359

Int[ArcCsc[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcCsclc + d*x]
/d), x] + Int[1/((c + d*x)*Sqrt[1 - 1/(c + d*x)~2]), x] /; FreeQ[{c, d}, x]

Rule 6847

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, x], x], x, x“(m + 1)1, x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rubi steps
) 1
integral = L—ISubst ( / csc ' (a + bz) dz, , a:

(a+ bz*)csc™! (a + bx?)

—I— S bst dz,z, m4>
4b
( (a+bx),/1 (a+1bw)2

 (a+brt)esc! (at bat) Subst( dx z,a+ bx )
B 4b
_ (a+bz*)csc™! (a + bat) SUbSt< = 4%, T, (a,+bm4) >
B 4b 8b
1
(a + bx?) csc™! (a + bz?) SUbSt< (a+bx4)§>

4b 4b
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1
(a + bx?) csc™! (a + bz?) N arctanh( 1- (a+bz4)§)

- 4b 4b

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 127 vs. 2(48) = 96.

Time = 0.14 (sec) , antiderivative size = 127, normalized size of antiderivative = 2.65

/x3 csct (a+bz?) dz
_ (a+bz*)csc™! (a+ ba?)
- 4b

~ o2 — __atbet __atbat
VL r b (tog (1- et ) g (14 e )

8b(a+bx4) ].—m

_|_

[In] Integrate[x~3*ArcCscl[a + b*x"4],x]

[Out] ((a + b*x"4)*ArcCscl[a + b*x~4])/(4xb) + (Sqrt[-1 + (a + b*x"4)~2]*(-Logl[l -
(a + b*x"4)/Sqrt[-1 + (a + b*x"4)"2]] + Log[l + (a + b*x"4)/Sqrt[-1 + (a +
b*xx~4)~2]1))/(8*b*(a + b*x~4)*Sqrt[1 - (a + b*xx"4)~(-2)])

Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.12

method result size
arcesc(bz*+a) (bz*+a)+In <bx4+a+ (bzt+a) 1—b412>

derivativedivides T3 (bot+e) 54
arccsc(bx4+a) (b x4+a) +In (bx4+a+ (b$4+a) 1—b412>

default T3 (bot+e) 54

[In] int(x"3*arccsc(b*x~4+a),x,method=_ RETURNVERBOSE)
[Out] 1/4/b*(arccsc(b*x~4+a)*(b*x~4+a)+1n(b*x"4+a+(b*x~4+a)*(1-1/(b*xx"4+a)~2)~(1/
2)))
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 88 vs. 2(42) = 84.

Time = 0.28 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.83

/z3 csc”! (a+bz?) dz

_ ba*arcesc (b 4 a) — 2aarctan (—bz* — a 4+ Vb2a® + 2abat + a? — 1) —log (—bz* — a + v/b22® + 2 ab:
B 4b

[In] integrate(x~3*arccsc(b*x~4+a),x, algorithm="fricas")

[Out] 1/4*(b*x"4*arccsc(b*x”™4 + a) - 2*axarctan(-b*x~4 - a + sqrt(b~2*x"8 + 2xax*b
*x74 + a”2 - 1)) - log(-b*x"4 - a + sqrt(b”2*xx"8 + 2*axb*x"4 + a”2 - 1)))/b

Sympy [F(-1)]

Timed out.

/ z?csc™! (a + bz*) dz = Timed out

[In] integrate(x**3*acsc(b*x**4+a),x)

[Out] Timed out

Maxima [A] (verification not implemented)

none

Time = 0.18 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.31

/w3 csc”! (a+bz?) dz

2 (bz* + a) arccsc (bz* + a) + log (1 /—m +1+1> —log (—1 /—m +1+1>

8b

[In] integrate(x~3*arccsc(b*x~4+a),x, algorithm="maxima")

[Out] 1/8%(2*%(b*x~4 + a)*arccsc(b*x™4 + a) + log(sqrt(-1/(b*x"4 + a)"2 + 1) + 1)
- log(-sqrt(-1/(b*x~4 + a)~2 + 1) + 1))/b
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 91 vs. 2(42) = 84.

Time = 0.34 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.90
/z3 csc”! (a+bz?) dz

. 1
2(bx4+a)arcsm( (o ra) (ot 1)_a) log (1/ oeiia )2+1+1>—log (—1/ (ooi1a )2+1+1>

b2 + b?

=-b
8

[In] integrate(x~3+*arccsc(b*x~4+a),x, algorithm="giac")

[Out] 1/8%b*(2x(b*x~4 + a)*arcsin(-1/((b*x"4 + a)*(a/(b*x"4 + a) - 1) - a))/b"2 +
(log(sqrt(-1/(b*x"4 + a)"2 + 1) + 1) - log(-sqrt(-1/(b*x"4 + a)"2 + 1) + 1
))/b"2)

Mupad [B] (verification not implemented)

Time = 1.19 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.92

atanh (%)
~ (botta)® asin (— bzt +a
/x3 csct (a—|—ba;4) dr = 4b(b +e) + (b +4>b( )

[In] int(x~3*asin(1/(a + b*x~4)),x)

[Out] atanh(1/(1 - 1/(a + b*x"4)"2)"(1/2))/(4xb) + (asin(1l/(a + b*x"4))*(a + b*x~
4))/(4%b)
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3.39 [z csc™t (a + bx™) dz

Optimal result . . . . . . . . . . . . e 28]
Rubi [A] (verified) . . . . . . . . . 28]
Mathematica [B] (verified) . . . . . . . . ... 2831
Maple [F] . . . . 283
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .. ..... 283
Sympy [F(-1)] . . o o 234
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. 284
Giac [A] (verification not implemented) . . . . . . . .. ... L. 2841
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 285

Optimal result

Integrand size = 14, antiderivative size = 48

1
(a+ bz™) csc™! (a + bz™) 4 arctanh( 1- (a+bm")2>

bn bn

/m_l"'" csc ! (a + bz™) do =
[Out] (a+b*x"n)*arccsc(a+b*x"n)/b/n+arctanh((1-1/(a+b*x"n)"2)~(1/2))/b/n

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 499 Ryles used = {6847,

' integrand size
5359, 379, 272, 65, 212}

arctanh( , /1 — — L 1
a+bxn)? + bx™ bx™
/x_“’" csct (a+ ba") dx = ( (atbar) > + (a +ba™) cse™ (a + ba™)

bn bn

[In] Int[x~(-1 + n)*ArcCsc[a + b*x"n],x]

[Out] ((a + b*x"n)*ArcCsc[a + b*x"n])/(b*n) + ArcTanh[Sqrt[1 - (a + b*x"n)~(-2)]]
/ (b*n)

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[

{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
dx(x"p/b))"n, x], x, (a + bxx)~(1/p)], x]1] /; FreeQl[{a, b, c, d}, x] && NeQ

[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]
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Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 379

Int[(u_)"(m_.)*((a_) + (b_.)*(v_)"(n_))~(p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 11*v°m), Subst[Int[x"m*(a + b*x"n)~p, x], x, vl, x] /; FreeQ[{
a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 5359

Int[ArcCsc[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcCscl[c + d#*x]
/d), x] + Int[1/((c + d*x)*Sqrt[1 - 1/(c + d*x)~2]1), x] /; FreeQl[{c, d}, x]

Rule 6847

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, x], x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQlx"(m + 1), u, x]

Rubi steps

Subst( [ csc™!(a + bz) dz, T, ™)
n

integral =

_ (a+bz™)csc! (a+ bz™) N

bn <a n
<

(a + bz™) csc™! (a + bz™)
= +
bn bn

_ (a+bz™) csc™! (a + bz™) Subst( [ 7= dz, 2, (a—}-blac”)2)
N bn

(a + bz™) csc™! (a + bz™)
= +
bn bn
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1
_ (a+bz™)csc! (a+ bz™) N arctanh( 1- (a+bmn)§)
N bn bn

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 130 vs. 2(48) = 96.

Time = 0.20 (sec) , antiderivative size = 130, normalized size of antiderivative = 2.71

/x‘”" csc™! (a + bz") dzx
_ (a+bz™)csc™! (a + bz™)

bn
—1+ (a+bz")*( —1lo 1_%)“0 (1+ atbe” ))
+¢ o (o Jarara? ) T8 T ey
2om (a+b2") \/1 =~ Ggtary

[In] Integrate[x~(-1 + n)*ArcCsc[a + b*x"n],x]

[Out] ((a + b*x"n)*ArcCsc[a + b*x"n])/(b*n) + (Sqrt[-1 + (a + b*x"n)~2]*(-Logl[l -
(a + b*x™n)/Sqrt[-1 + (a + b*x"n)~2]] + Log[l + (a + b*x"n)/Sqrt[-1 + (a +
b*x"n)~2]]1))/(2*b*n*(a + b*x"n)*Sqrt[1 - (a + b*x™n)~(-2)])

Maple [F]
/x‘Hn arccsc (a + bz") dz

[In] int(x~(-1+n)*arccsc(a+b*x"n),x)

[Out] int(x~(-1+n)*arccsc(a+b*x"n),x)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 94 vs. 2(46) = 92.

Time = 0.30 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.96

/x‘”" csc ! (a+ bz") dzx

_ ba™arcesc (ba” + a) — 2aarctan (—bz" — a + V222" + 2abs” + a? — 1) — log (—bz" — a + Vb2x?" 4 ¢
B bn

[In] integrate(x~(-1+n)*arccsc(a+b*x"n),x, algorithm="fricas")
[Out] (b*x"n*arccsc(b*x™n + a) - 2xa*arctan(-b*x"n - a + sqrt(b~2*x~(2*n) + 2xa*b
*x™n + a”2 - 1)) - log(-b*x"n - a + sqrt(b”2*xx~(2*n) + 2xa*b*x™n + a~2 - 1)

))/ (b*n)
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Sympy [F(-1)]
Timed out.
/ " csc™! (a + b2™) dr = Timed out

[In] integrate(x**(-1+n)*acsc(a+b*x**n),x)

[Out] Timed out

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.38

/x‘”" csc”! (a+ bz") dzx

2 (bz™ + a) arccsc (bx™ + a) + log <, /—m—l—l—l—l) —log (—, /—W%—l—l—l)

- 2bn

[In] integrate(x~(-1+n)*arccsc(a+b*x"n),x, algorithm="maxima")

[Out] 1/2%(2*(b*x"n + a)*arccsc(b*x™n + a) + log(sqrt(-1/(b*x™n + a)~"2 + 1) + 1)
- log(-sqrt(-1/(b*x™n + a)~2 + 1) + 1))/ (b*n)

Giac [A] (verification not implemented)

none
Time = 0.33 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.54

/w"l"'” csc™ ! (a + bx™) dx

b (2 (bz™+a) arcsin(m) n log (\/ﬁ+l> —log (—\/ﬁ+l) >

b2 b2

2n

[In] integrate(x~(-1+n)*arccsc(a+b*x"n),x, algorithm="giac")
g g g

[Out] 1/2%bx(2*%(b*x"n + a)*arcsin(1/(b*x"n + a))/b~2 + (log(sqrt(-1/(b*x"n + a)~2
+ 1) + 1) - log(-sqrt(-1/(b*x™n + a)"2 + 1) + 1))/b"2)/n
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Mupad [B] (verification not implemented)

Time = 0.89 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.88

atanh (\/1_%1) + asin(m) (a+bz™)
(a+bz™)2

bn

/x_“r" csc! (a+ bz™) dz =

[In] int(x~(n - 1)*asin(1/(a + b*x"n)),x)

[Out] (atanh(1/(1 - 1/(a + b*x"n)~2)~(1/2)) + asin(1/(a + b*x"n))*(a + b*x"n))/(b
*n)
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3.40 [esc™? (ce"”be) dx

Optimal result . . . . . . . . . . e 286
Rubi [A] (verified) . . . . . . . .. .
Mathematica [B] (verified) . . . . . . . . . ... 288
Maple [A] (verified) . . . . . . . . . 289
Fricas [F(-2)] . . . .« 289
Sympy [F] . . . 290
Maxima [F] . . . . . . e 290
Giac [F] . . . o o 290
Mupad [B] (verification not implemented) . . . ... ... ... ... .. ....... 291]

Optimal result

Integrand size = 10, antiderivative size = 85

/CSC—l (cea+bx> dr — icse ! (cea+bm)2 ~ csc ! (cea+bac) log (1 _ ezicsc—l(ce(H_bz))
2b :
1 PolyLog <2, g2icsc™? (cea+bz)>
2b

+

[Out] 1/2*xIxarccsc(c*exp(b*x+a)) 2/b-arccsc(cxexp(b*x+a))*1n(1-(I/c/exp(b*x+a)+(1
-1/c”2/exp(b*x+a) ~2)~(1/2))~2) /b+1/2*I*polylog(2, (I/c/exp(b*x+a)+(1-1/c"2/e
xp(b*x+a)~2)~(1/2))"2) /b

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 7, Bummber of rules _ 70 Ryles used = {2320,

' integrand size
5327, 4721, 3798, 2221, 2317, 2438}

/ - ( a+bz) dx = i PolyLog (2’ 621’08071(66&%1)) + icsc! (Cea+bw)2

csc (ce o= . z
csc! (Cea+bx) lOg (1 _ e2icsc_1 (ce“+bw)>

. b

[In] Int[ArcCscl[c*E~(a + b*x)],x]

[Out] ((I/2)*ArcCsc[c*E~(a + b*x)]172)/b - (ArcCsc[c*E~(a + b*x)]*Logl[l - E~((2*I)
xArcCsc[c*E~(a + b*x)]1)])/b + ((I/2)*PolyLogl[2, E~((2*I)*ArcCsc[c*E~(a + bx*
x)1)1) /b
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Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*fxg*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxf*xg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rule 3798

Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E” (2%I*k*Pi) ¥ (E~(2xIx (e + f*x))/(1 + E~(2%Ixk*Pi)*E~(2xI*x(e + f*x)))), x],
x] /; FreeQl{c, 4, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4721

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x) n*Cot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 5327

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcSin[x/cl)/x, x]1, x, 1/x] /; FreeQ[{a, b, c}, x]
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Rubi steps
csc™(cx) atbe
Subst(f o D gy, z,e >
integral =
b
Subst( [ =) dr, 7, =)
T b
Subst (f z cot(z) dz, z, arcsin (ef‘:b” ) )
T b
. i o i ) Ziw . —a—bzx
7 arcsin (e - ) (2¢)Subst <f L% dv, v, arcsin (e - ))
N 2 + ;
: . [e—a—bzx
i arcsin (e_a—bz)2 arcsin (e—ac—bz> 10g <1 _ 622 arcsm( . )>
N 2 - -
Subst <f log (1 — €*?) dz, z, arcsin (ef‘:’””))
+
b
. . efafbm
4 arcsin (e—a—bz>2 arcsin (e_ac—bz> lOg <1 . e21,arcsm( . ))
) og(l—xz 2i arcsin(e_a_bm)
iSubst (f % de,z, e - )
2b
. . e—a—bz
jarcsin (e_“_'”’)? arcsin (e_ac_bm> log (1 _ gtimosin(==% ))
; 2i arcsin(e_a_bz >
1 PolyLog (2, e c )
- 2b

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 280 vs. 2(85) = 170.

Time = 0.42 (sec) , antiderivative size = 280, normalized size of antiderivative = 3.29

/ csct (ce““”’) dr = xcsc! (ce““’x)

e—obz (4\/ —1 + c2e2(a+b2) aretan <\/ -1+ 6262(‘”'1’”3)) (2bz — log (c?eX(@+b0))) 4 /1 — c2e(atba) (10g2 (c

+




[In] Integrate[ArcCsc[c*E~(a + b#*x)],x]

[Out] x*ArcCsc[c*E~(a + b*x)] + (E"(-a - b*x)*(4*Sqrt[-1 + c™2+xE~(2x(a + b*x))]*A
rcTan[Sqrt[-1 + c™2*E~(2*(a + b*x))]]*(2xb*x - Log[c™2+E~(2*(a + b*x))]) +

Sqrt[1 - c™2+#E~(2*(a + b*x))]*(Loglc™2*E~(2*(a + b*x))]~2 - 4xLogl[c™2xE~ (2%

(a + b*x))]*Log[(1 + Sqrt[1l - c™2+#E~(2*(a + b*x))])/2] + 2xLog[(1 + Sqrt[1

- c"2xE7(2x(a + b*x))]1)/2]172) - 4*Sqrt[1l - c”2+#E~(2*(a + b*x))]*PolyLogl[2,

(1 - Sqrt[1l - c™2*xE~(2x(a + b*x))]1)/2]))/(8*b*c*Sqrt[1 - 1/(c"2*xE~(2x(a + b

*x)))1)

Maple [A] (verified)

Time = 1.85 (sec) , antiderivative size = 188, normalized size of antiderivative = 2.21

method result

; bz+a 2
iarccsc( e c . —br— —2bz—2 . . —bx— —9bz—2
#—arccsc(ebz‘*“c) ln(l—’e : a—\/l—e cz a)—i—zpolylog(Q,’e : a—h/l—e cz a)—aI‘CCS(

2

derivativedivides 5
. bz+a 2 e bo— — — e bo— — —
W—arccsc (e***4¢) In (1_ e : - —y/1-2 23 2 ) +i polylog (2, e : ¢ +4/1-% 21;2 2a ) —arcese
default v

[In] int(arccsc(exp(b*x+a)*c) ,x,method=_RETURNVERBOSE)

[Out] 1/b*(1/2*I*arccsc(exp(b*x+a)*c) 2-arccsc(exp(b*x+a)*c)*1n(1-I/exp(b*x+a)/c-
(1-1/c~2/exp(b*x+a) ~2) ~(1/2))+I*polylog(2,I/c/exp(b*x+a)+(1-1/c~2/exp(b*x+a
)~2)~(1/2))-arccsc(exp(b*x+a)*c)*1n(1+I/c/exp (b*x+a)+(1-1/c”2/exp (b*x+a) ~2)
~(1/2))+I*polylog(2,-I/exp(b*x+a)/c-(1-1/c~2/exp(b*x+a)~2)~(1/2)))

Fricas [F(-2)]

Exception generated.

/ csc™' (ce®t™) dz = Exception raised: TypeError

[In] integrate(arccsc(c*exp(b*x+a)),x, algorithm="fricas")
[Out] Exception raised: TypeError >> Error detected within library code: integ

rate: implementation incomplete (constant residues)
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Sympy [F]
/ csc™t (cet) dz = / acsc (ce®t™*) dz

[In] integrate(acsc(ckxexp(b*x+a)),x)

[Out] Integral(acsc(c*exp(a + b*x)), x)

Maxima [F]

/ csc? (ce‘”bx) dxr = / arccsc (ce(b“a)) dz

[In] integrate(arccsc(c*exp(b*x+a)),x, algorithm="maxima")

[Out] 1/2%(2%b~2*c”2*integrate(x*e~(2*¥b*x + 2*a + 1/2*log(c*e”(b*x + a) + 1) + 1/
2xlog(c*xe”(b*x + a) - 1))/(c™2xe”(2xbxx + 2%a) + (c™2%e” (2%b*xx + 2%a) - 1)*
e"(log(cxe~(bxx + a) + 1) + log(cxe~(b*x + a) - 1)) - 1), x) - 2*I*b~2%c”~2x
integrate(x*e” (2%b*x + 2%xa)/(c"2*e” (2%bxx + 2%a) + (c™2*e”(2*b*x + 2xa) - 1

)*e~ (log(cxe™(b*x + a) + 1) + log(c*e“(b*x + a) - 1)) - 1), x) + I*b"2%x"2

- Ixbxx*log(c™2xe”(2xb*x + 2%a)) + Ixb*xxlog(c*e”(b*x + a) + 1) + Ix*bxx*log
(—cxe~(b*x + a) + 1) - 2+((-I*a - arctan2(l, sqrt(cxe~(bxx + a) + 1)*sqrt(c
xe~(bxx + a) - 1)))*b - Ixbxlog(c))*x + Ix*dilog(cxe~(b*x + a)) + Ixdilog(-c

*xe” (b*x + a)))/b

Giac [F]
/ cse™! (ce®t) dx = / arccsc (ce(b““)) dx

[In] integrate(arccsc(c*exp(b*x+a)),x, algorithm="giac")

[Out] integrate(arccsc(c*xe”(b*x + a)), x)
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Mupad [B] (verification not implemented)

Time = 1.45 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.07

. e—a—ba: 2% 9
pO].y].Og (2, eaSln(f) 1) 11 asin<e—a—bz > 11
-1 a+bx _ c
/csc (ce®**) dz = T + 55
asin emobe 2i . —a—bz
In <1 —e ( c ) ) asm(e ) )

b

[In] int(asin(exp(- a - b*x)/c),x)
[Out] (polylog(2, exp(asin(exp(- a - bx*x)/c)*2i))*1i)/(2xb) + (asin(exp(- a - b*x
)/c)~2%11)/(2%b) - (log(l - exp(asin(exp(- a - bxx)/c)*2i))*asin(exp(- a -

b*x)/c)) /b
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3.41 | e05¢(a2) 2.2 e

Optimal result . . . . . . . . . . e 292
Rubi [A] (verified) . . . . . . . . 292
Mathematica [A] (verified) . . . . . . . . . ... 294
Maple [F] . . . . 297
Fricas [F] . . . . o . o 294
Sympy [F] . . o 295
Maxima [F] . . . . . 295
Giac [F] . . . o o 2951
Mupad [F(-1)] . . . o 295

Optimal result

Integrand size = 10, antiderivative size = 95

/ ecsc_1 (az) 332 dr

(3 — 121) g(1+30) ese™! (az) Hypergeometric2F1 (% —£3,2-1 e2ics°_1(“””)>

a3

(3 — 240) g(1+30) ese™*(az) Hypergeometric2F1 (g —14,5-14 62“30_1(‘“”))

a3

[Out] (4/5-12/5%I)*exp((1+3*I)=*arccsc(a*x))*hypergeom([3, 3/2-1/2%I], [5/2-1/2%I],
(I/a/x+(1-1/a"2/x72)~(1/2))"2) /a~3+(-8/5+24/5%I) *xexp ((1+3*I)*arccsc(a*x))*h
ypergeom( [4, 3/2-1/2%1],[5/2-1/2*1],(I/a/x+(1-1/a~2/x"2)~(1/2))"2)/a"3

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 4, Bumber of rules _ , 455 Ryles used = {5375,

integrand size
12, 4559, 2283}

/ecsc_l(az)x2 dr

(4 — 12i) g(+3) s (a2) Hypergeometric2F1 (% -1352-14 62““_1(‘“")>

e
(8 — 24i) (1439 cse™'(az) Hypergeometric2F1 (% —£,4,2 -4 e%CSC_l(‘”))

a3

[In] Int[E"ArcCscla*x]*x"2,x]
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[Out] ((4/5 - (12%I)/5)*E~((1 + 3*I)*ArcCsc[a*x])*Hypergeometric2F1[3/2 - I/2, 3,
5/2 - 1/2, E7((2xI)*ArcCscla*x])])/a"3 - ((8/5 - (24*I)/5)*E~((1 + 3*I)*Ar
cCsc[a*x])*Hypergeometric2F1[3/2 - I/2, 4, 5/2 - 1/2, E~((2*I)*ArcCsc[a*x])
1)/a"3

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 2283

Int[((a_) + (b_.)*(F_)~((e_.)*((c_.) + (d_.)*(x_))))"(p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[a~p*(G~(h*(f + g*x))/(gxh*Log[G]))*Hype
rgeometric2F1[-p, g*h*(Log[G]/(d*exLogl[F])), gxh*x(Logl[Gl/(d*e*xLogl[F])) + 1,
Simplify[(-b/a)*F~(ex(c + d*x))]], x] /; FreeQ[{F, G, a, b, c, d, e, £, g,
h, p}, x] & (ILtQLp, 01 |l GtQla, 01)

Rule 4559

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_)]"(m_.)*(H_) [(
d_.) + (e_.)*(x_)]"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(c*(a + b*x)),
G[d + e*x]"m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] &% IGtQ[n, 0] && TrigQ[G] && TrigQ[H]

Rule 5375

Int[(u_.)*(£_)~(ArcCsc[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x => -a/b + Csc[x]/b)*f~(c*xx"n)*Csc[x]*Cot [x], x],
x, ArcCscla + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rubi steps
Subst (f %W dz, z, csc‘l(ax)>
integral = —
a
Subst ([ €® cot(z) csc®(z) dz, z, csc™ (az))
= _ —
o(1430)z o(1430)z _
B Subst <f ((1_61+e2w)4 + (§1+62m)3> dz,x,csc 1(az))
= — 3
e(1+30)z _ o(1+30)z _
_8Sllet (f m dw, X, CsC 1((1.’1’)) 16Subst (f m’ dx, X, csc l(ax)>

asd a3
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(4 — 12i) (+3) s (a2) Hypergeometric2F1 (% - %324 ezics"*l(‘“”)>
(% — 24) e(1+30) esc™'(az) Hypergeometric2F1 <% —i4,2 -1 62“50_1(%))

as

Mathematica [A] (verified)

Time = 0.33 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.83

/ecsc_l(ax)xZ dr

e (a2) <(4 + 44)e**c”(92) Hypergeometric2F 1 <

z—: 13-4 e2iCSC‘1(aw)> + a3z3(5 — cos (2csc™(ax))

12a3

[In] Integrate[E~ArcCsc[a*x]*x~2,x]

[Out] (E~ArcCscla*x]*((4 + 4xI)*E~(I*ArcCsc[axx])*Hypergeometric2F1[1/2 - I/2, 1,
3/2 - 1I/2, E((2*I)*ArcCscla*x])] + a"3*x"3*(5 - Cos[2*ArcCsc[a*x]] + Sin[
2xArcCsc[axx]])))/(12%a"3)

Maple [F]
/earccsc(az)a:de

[In] int(exp(arccsc(a*x))*x"2,x)

[Out] int(exp(arccsc(a*x))*x"2,x)

Fricas [F]
/ecsc_l(ax)x2 dr = /x2e(arccsc(az)) dr

[In] integrate(exp(arccsc(a*x))*x~2,x, algorithm="fricas")

[Out] integral(x~2*e~(arccsc(a*x)), x)



Sympy [F]

/ecsc_l(ax)xQ dr = /xZeacsc (az) dr

[In] integrate(exp(acsc(a*x))*x**2,x)

[Out] Integral(x**2xexp(acsc(a*x)), x)

Maxima [F]

/ecsc_l(ax)x2 dr = /:L.2e(arccsc(ax)) dr

[In] integrate(exp(arccsc(a*x))*x~2,x, algorithm="maxima")

[Out] integrate(x~2*e”(arccsc(a*x)), x)
Giac [F]

/ecsc_l(am)lj dr = /:L_2e(arccsc(a:1:)) dx

[In] integrate(exp(arccsc(a*x))*x~2,x, algorithm="giac")

[Out] integrate(x~2*e~(arccsc(a*x)), x)

Mupad [F(-1)]

Timed out.

/eCSC_l(aw)x2 da; = /[Ez eaSin(ﬁ) dSC

[In] int(x"2*exp(asin(1/(a*x))),x)
[Out] int(x"2*exp(asin(1/(a*x))), x)

295
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3.42 | eoscH(az) g o

Optimal result . . . . . . . . . . e 296
Rubi [A] (verified) . . . . . . . . 296
Mathematica [A] (verified) . . . . . . . . . ... L 298]
Maple [F] . . . . 298
Fricas [F] . . . . . o 298
Sympy [F] . . o 298
Maxima [F] . . . . . 299
Giac [F] . . . o o 2991
Mupad [F(-1)] . . . o 299

Optimal result

Integrand size = 8, antiderivative size = 87

/ecsc_l(ax)x dz

(8 +4)el+2) ese™!(az) Hypergeometric2F1 (1 —£,2,2-4, ezicsc_l(‘””)>

a2
(36 + &) e0+20) ese™*(az) Hypergeometric2F1 (1 —13,2-1%, eQicsc_l(‘“’)>

a?

[Out] (8/5+4/5%I)*exp((1+2*I)*arccsc(a*x))*hypergeom([2, 1-1/2%I],[2-1/2%I],(I/a/
x+(1-1/a"2/x72)~(1/2))~2) /a~2-(16/5+8/5*I) *exp ((1+2*I) *arccsc(a*x)) *hyperge
om([3, 1-1/2*xI],[2-1/2*I],(I/a/x+(1-1/a"2/x"2)"(1/2))"2)/a"~2

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 4, Bumber of rules _ , 555 Ryles used = {5375,

integrand size
12, 4559, 2283}

/ecsc_l(am)m dr

(8 + %) el+2) ese™(az) Hypergeometric2F1 (1 —12,2-1%, ezicsc_l(‘”)>

a2
(18 4 &) (1420 e an) | tric2F1 (1 — §,3,2 — i, eZicse™ (e2)
6 4 & ypergeometric £,3,2—1Le

a?

[In] Int[E"ArcCscla*x]*x,x]
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[Out] ((8/5 + (4*I)/5)*E~((1 + 2*I)*ArcCsc[a*x])*Hypergeometric2F1[1 - I/2,
- I/2, E-((2xI)*ArcCscla*x])])/a"2 - ((16/5 + (8*xI)/5)*E~((1 + 2*I)*ArcCscl[
a*x] ) *Hypergeometric2F1[1 - I/2, 3, 2 - I/2, E~((2*I)*ArcCscla*x])])/a"2

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 2283

Int[((a)) + (b_)*(F_)~((e_.)*((c_.) + (d_.)*(x_))))~(p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[a~p*(G~(h*(f + g*x))/(g*h*Log[G]))*Hype
rgeometric2F1[-p, gxh*(Logl[G]/(d*exLogl[F]l)), gxh*(LoglGl/(d*exLogl[Fl)) + 1,
Simplify[(-b/a)*F~(ex(c + d*x))]], x] /; FreeQ[{F, G, a, b, c, d, e, £, g,
h, p}, x] && (ILtQ[p, O] || GtQla, 0])

Rule 4559

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*x(x_)]1"(m_.)*(H_) [(
d_.) + (e_.)*(x_)]"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(c*(a + b*x)),
G[d + e*x]"m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] & IGtQ[n, 0] &% TrigQ[G] && TrigQ[H]

Rule 5375

Int[(u_.)*(f_)~(ArcCsc[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x -> -a/b + Csc[x]/b)*f~(c*x"n)*Csc[x]*Cot [x], x],
x, ArcCscla + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rubi steps
Subst (f M dr, z, csc‘l(ax)>
integral = —
a
Subst ([ e” cot(z) csc?(z) dx, z, csc™ (ax))
= — —
8ie(112i)z 4ie(1+20)z -1
Subst(f <_(-1+e2m)3 — (_1+6M)2> dz, z,csc (aa:))
S -
. o(1+20)z _ . e(1+20)z _
- (44)Subst <f Crerey? 42, @, csC 1(aw)> .\ (8i)Subst (f ez A, @, osc 1(aac))
B a? a?

(3 + %) e(+20) ese™(az) Hypergeometric2F 1 (1 —£,2,2—-4, eQicsc_l(‘”))

a2
(36 + &) e(+20) ese™*(az) Hypergeometric2F1 (1 —£,3,2-4, ezicsc_l(““")>

a?
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Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.16

/ecscl(ax)x dr

(1 4 &) e (o) <(2 — i)aw( 1— 5+ ax) + (1 + 2¢) Hypergeometric2F1 (—%, 1,1- %, ezicsc_l(‘“”)) :

a2x?

a2

[In] Integrate[E~ArcCsc[a*x]*x,x]

[Out] ((1/5 + I/10)*E~ArcCscla*x]*((2 - I)*a*x*(Sqrt[l - 1/(a"2*x"2)] + a*x) + (1
+ 2xI)*Hypergeometric2F1[-1/2*%I, 1, 1 - I/2, E~((2*I)*ArcCscla*x])] + E~((
2xI)*ArcCsc[a*x] ) *Hypergeometric2F1[1, 1 - I/2, 2 - I/2, E~((2*I)*ArcCsc[a*
x]1)1))/a"2

Maple [F]

/ earccsc(ax) rdr

[Out] int(exp(arccsc(a*x))*x,x)

[In] int(exp(arccsc(a*x))*x,x)

Fricas [F]
/ecsc_l(az)m dr = /xe(arccsc(a,a:)) dr

[In] integrate(exp(arccsc(a*x))*x,x, algorithm="fricas")

[Out] integral(x*e~(arccsc(a*x)), x)

Sympy [F]

/ecsc_l(am)xdz — /weacsc (az) dr

[In] integrate(exp(acsc(a*x))*x,x)

[Out] Integral(x*exp(acsc(a*x)), x)
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Maxima [F]

/ecsc_l(ax)x dr = /xe(arccsc(ax)) dr
[In] integrate(exp(arccsc(a*x))*x,x, algorithm="maxima")

[Out] integrate(x*e~(arccsc(a*x)), x)

Giac [F]

/ecsc_l(ax)m dr = /:L.e(arccsc(am)) dr

[In] integrate(exp(arccsc(a*x))*x,x, algorithm="giac")

[Out] integrate(x*e~(arccsc(a*x)), x)

Mupad [F(-1)]

Timed out.

/ecsc_l(a,a:)z dr = /weasin(alz) dr

[In] int(x*exp(asin(1/(a*x))),x)
[Out] int(x*exp(asin(1/(a*x))), x)
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3.43 | eosc(az) o

Optimal result . . . . . . . . . . . . e 300
Rubi [A] (verified) . . . . . . . . .. 300
Mathematica [A] (verified) . . . . . . . . . . ...
Maple [F] . . . . 3021
Fricas [F] . . . . . . .
Sympy [F] . . o
Maxima [F] . . . . . .
Giac [F] . . . o o
Mupad [F(-1)] . . . 303

Optimal result

Integrand size = 6, antiderivative size = 87

/ s a) gy _ (1 — 4)e(t+d) esc™ (a2) Hypergeometric2F1 <% —41,3 -1 ezicsc_l(‘””)>

a

(2 — 2i)e(t+i) esc™(a2) Hypergeometric2F1 (% — 12,3 1 ¢* CSC_I(M‘))

+
a

[Out] (-1+I)*exp((1+I)*arccsc(a*x))*hypergeom([1, 1/2-1/2%I],[3/2-1/2*I],(I/a/x+(
1-1/a"2/x72)~(1/2))"2) /a+(2-2*I) *exp ((1+I) *arccsc(a*x))*hypergeom([2, 1/2-1
/2%1], [3/2-1/2%1],(1/a/x+(1-1/a"2/x72)"(1/2))"2)/a

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 3, Bummber of rules _ 500 Ryles used = {5375,

' integrand size
4559, 2283}

/6CSC_1(ax) o (2- Qi)e(1+i) csc™ ! (az) Hypergeometric2F1 (% _ %7 2, % _ %’ eQicsc_l(aw)>

a
(1 — 4)e(+) esc™ (a2) Hypergeometric2F1 (% —31,3 -4, eZiCSC‘l(aw))

a

[In] Int[E"ArcCscla*x],x]

[Out] ((-1 + I)*E~((1 + I)*ArcCsc[a*x])*Hypergeometric2F1[1/2 - I/2, 1, 3/2 - I/2
, ET((2xI)*ArcCscla*x])])/a + ((2 - 2*xI)*E~((1 + I)*ArcCsc[a*x])*Hypergeome
tric2F1[1/2 - 1I/2, 2, 3/2 - 1/2, E~((2xI)*ArcCscla*x])])/a
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Rule 2283

Int[((a_) + (b_.)*(F_)~((e_.)*((c_.) + (d_.)*(x_))))"(p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[a~p*(G~(h*(f + g*x))/(gxh*Log[G]))*Hype
rgeometric2F1[-p, g+h*(Log[G]/(d*exLog[F1)), g+h*(Log[Gl/(d*exLog[F1)) + 1,
Simplify[(-b/a)*F~(ex(c + d*x))1], x] /; FreeQ[{F, G, a, b, c, d, e, £, g,
h, p}, x] && (ILtQ[p, 0] || GtQ[a, 0])

Rule 4559

Int[(F_)"((c_)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_)]1"(m_.)*(H_) [(
d_.) + (e_.)*(x_)]1"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(c*(a + b*x)),
G[d + exx]"m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] && IGtQ[n, 0] && TrigQ[G] && TrigQ[H]

Rule 5375

Int[(u_.)*(f_)”(ArcCsc[(a_.) + (b_.)*(X_)]A(n_.)*(C_.)), X_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x -> -a/b + Csc[x]/b)*f"(c*x"n)*Csc[x]*Cot[x], x],
x, ArcCscla + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rubi steps

Subst( | e cot(z) cse(z) dz, z, csc™ (az))
a

integral = —

2e(1+i)z 4e(1+i)z _1
Subst(f ( em — (_;_’_eziw)z) dz,x,csc ! (ax)

a

2Subst< ‘i(_lz)i dz, z, csc‘l(ax)> 4Subst ( i (_el(j;;);)z dz, z, csc‘l(ax)>
=— +
a a

(1 — 4)e(+9 esc™ (a2) Hypergeometric2F1 (% -%1,8-4 e2ics<;—1(am))

a

(2 — 2i)e(1+d) esc™(92) Hypergeometric2F1 (% -i23_% eQiCSC‘l(ax))

+

a
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Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.62

/ ecsc*1 (az) dr

eosc” ' (a2) (ax + (1 4 i)e*e'(42) Hypergeometric2F1 (% -11,8-4 e%CSC_l(“)»

a
[In] Integrate[E~ArcCsc[a*x],x]
[Out] (E"ArcCscla*x]*(a*x + (1 + I)*E™(I*ArcCsc[a*x])*Hypergeometric2F1[1/2 - I/2
, 1, 3/2 - I/2, E~((2*I)*ArcCscla*x])]))/a

Maple [F]

/ earccsc(am) dr

[In] int(exp(arccsc(a*x)),x)

[Out] int(exp(arccsc(a*x)),x)

Fricas [F]

/ecsc_l(a,a:) dr = /e(arccsc(az)) dr

[In] integrate(exp(arccsc(a*x)),x, algorithm="fricas")

[Out] integral(e~(arccsc(a*x)), x)

Sympy [F]

/ecsc_l(az) dr = /eacsc(az) dr

[In] integrate(exp(acsc(a*x)),x)

[Out] Integral(exp(acsc(a*x)), x)
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Maxima [F]

/ecsc_l(ax) dr = /e(arccsc(ax)) dr

[In] integrate(exp(arccsc(a*x)),x, algorithm="maxima")

[Out] integrate(e”(arccsc(a*x)), x)

Giac [F]

/6csc_1(am) dr = /e(arccsc(ax)) dr

[In] integrate(exp(arccsc(a*x)),x, algorithm="giac")

[Out] integrate(e”(arccsc(a*x)), x)

Mupad [F(-1)]

Timed out.

/ecsc_l(am) dr = /easin(alz) dr

[In] int(exp(asin(1/(a*x))),x)
[Out] int(exp(asin(1/(a*x))), x)
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ecsc_1 (ax)
3.44 [ g

T
Optimal result . . . . . . . . .. 304
Rubi [A] (verified) . . . . . . . . . . 304
Mathematica [A] (verified) . . . . . . . . ... L
Maple [F] . . . . 300
Fricas [F] . . . . . o o
Sympy [F] . . . 306
Maxima [F] . . . . . .
Giac [F] . . . o o o 307
Mupad [F(-1)] . . . o o

Optimal result
Integrand size = 10, antiderivative size = 43

csc™!(az) B ~ . . o
/ dp = —ie™ () | 9 (0) Hypergeometric2F'1 (—%, 1,1— %, g2iosc 1(aw))
x

[Out] -Ixexp(arccsc(axx))+2*I*xexp(arccsc(a*x))*hypergeom([1, -1/2%I], [1-1/2%I],(I
/a/x+(1-1/a"2/x72)~(1/2))"2)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 554 Ryles used = {5375,

' integrand size
12, 4528, 2225, 2283}

ecsc_l(az) . i
/ — dz = 2™ (@ Hypergeometric2F1 (—5, 5
x

] 1, 1— z, e2icsc_1(ax)> _ 7;ecsc_l(aac)
[In] Int[E"ArcCscla*x]/x,x]

[Out] (-I)*E"ArcCscla*x] + (2*I)*E~ArcCsc[a*x]*Hypergeometric2F1[-1/2*I, 1, 1 - I
/2, ET((2*I)*ArcCscla*x])]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (M )*(v_) /; FreeQ[b, x]1]

Rule 2225
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Int[((FL)~((c_)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(cx(a +
b*x))) "n/(b*cxn*Log[Fl), x] /; FreeQ[{F, a, b, c, n}, x]

Rule 2283

Int[((a_) + (b_.)*(F_)~((e_.)*((c_.) + (d_.)*(x_))))~(p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[a~p*(G~(h*(f + g*x))/(gxh*Log[G]))*Hype
rgeometric2F1[-p, g*h*(Logl[G]/(d*e*Logl[F])), g*h*(Logl[Gl/(d*e*Logl[F]l)) + 1,
Simplify[(-b/a)*F~(ex(c + d*x))1], x] /; FreeQ[{F, G, a, b, c, d, e, £, g,
h, p}, x] & (ILtQ[p, 0] || GtQ[a, 0])

Rule 4528

Int[Cot[(d_.) + (e_.)*(x_ )1 (n_.)*(F_)~((c_.)*((a_.) + (b_.)*(x_))), x_Symb
0l] :> Dist[(-I)"n, Int[ExpandIntegrand[F~(c*(a + b*x))*((1 + E~(2*I*x(d + e
*xx)))"n/(1 - E"(2%I*(d + e*x)))"n), x], x], x] /; FreeQ[{F, a, b, c, d, e},
x] && IntegerQ[n]

Rule 5375

Int[(u_.)*(£f_)~(ArcCscl[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x -> -a/b + Csc[x]/b)*f~(c*x"n)*Csc[x]*Cot[x], x],
x, ArcCscl[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, 0]

Rubi steps

Subst( [ ae® cot(z) dz, z, csc™ (az))
a

integral = —

= —Subst (/ e” cot(z) dx,x,csc_l(ax))

. x 263: -1

= 1Subst (/ (—e g e%w) dz,z,csc (ax))

_ . T -1 Y e’ -1

= (zSubst (/e dz,z,csc (ax))) 2iSubst (/ g dz,z, csc (ax))

= —ie™ (92) 4 940" (%) Hypergeometric2F1 <—%, 1,1 — %, e csc_l(aw))
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Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.74
ecsc_l(az) . i i - 1
/ — dz = —i| —e= (@) Hypergeometric2F1 [ —=, 1,1 — =, ¥ (@) | _ [ 2
T 2 2 5
21 N ; ;o
_ EZ) (1+20) csc™ (az) Hypergeometric2F'1 (1, 1-— %, 92— %, p2icsc 1(ax)>)

[In] Integrate[E~ArcCscl[a*x]/x,x]

[Out] (-I)*(-(E"ArcCsc[a*x]*Hypergeometric2F1[-1/2*I, 1, 1 - I/2, E~((2*I)*ArcCsc
[a*x])]) - (1/5 - (2%I)/5)*E~((1 + 2xI)*ArcCsc[a*x])*Hypergeometric2F1[1, 1
- I1/2, 2 - 1/2, ET((2*I)*ArcCsclax*x])])

Maple [F]

arccsc(az)
[
T

[Out] int(exp(arccsc(a*x))/x,x)

[In] int(exp(arccsc(a*x))/x,x)

Fricas [F]

csc~1(ax) (arcesc(ax))
e e
[ [,
x x

[In] integrate(exp(arccsc(a*x))/x,x, algorithm="fricas")

[Out] integral(e~(arccsc(a*x))/x, x)

Sympy [F]

csc™ ! (ax) acsc (azx)
/ S = / ¢ dz
T T

[In] integrate(exp(acsc(a*x))/x,x)

[Out] Integral(exp(acsc(a*x))/x, x)
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Maxima [F]

csc™1(ax) (arcesc(ax))
[ —w= [
x x

[In] integrate(exp(arccsc(a*x))/x,x, algorithm="maxima")
g p g

[Out] integrate(e”(arccsc(a*x))/x, x)

Giac [F]

csc™1(ax) (arcesc(ax))
[ [
T T

[In] integrate(exp(arccsc(a*x))/x,x, algorithm="giac")

[Out] integrate(e”(arccsc(a*x))/x, x)

Mupad [F(-1)]

Timed out.

csc™1(ax) asin(-L)
j[e dx::L/ne dx
x T

[In] int(exp(asin(1/(a*x)))/x,x)
[Out] int(exp(asin(1/(a*x)))/x, x)
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ecsc_l(ax)
3.45 [ gy

2
Optimal result . . . . . . . . . . .
Rubi [A] (verified) . . . . . . . ..
Mathematica [A] (verified) . . . . . . . . ... L 309
Maple [F] . . . . o 309
Fricas [A] (verification not implemented) . . . . . . . ... .. .. ... ....... 310
Sympy [F] . . . 310
Maxima [F] . . . . . . 310
Giac [A] (verification not implemented) . . . . . . . .. ... ... 3101
Mupad [F(-1)] . . . o B11]

Optimal result

Integrand size = 10, antiderivative size = 39

csc™1(ax) 1 1 csc™ ! (ax)
e -1 e
_ __— . ,cscH(ax) _ _
/ x2 dr = 2 ae V 1 a?z? 2z

[Out] -1/2%exp(arccsc(axx))/x-1/2xaxexp(arccsc(axx))*(1-1/a"2/x72)~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 354 Ryjes used = {5375,
integrand size
12, 4518}

csc™1(ax) 1 1 csc™ ! (ax)
€ csc™ L (ax €
| e = gy 1- e - S

[In] Int[E"ArcCscla*x]/x"2,x]
[Out] -1/2%(a*xE~ArcCscla*x]*Sqrt[1 - 1/(a"2*x~2)]) - E~ArcCsc[a*x]/(2*x)
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 4518

Int[Cos[(d_.) + (e_.)*x(x_)1*(F_)~((c_.)*((a_.) + (b_.)*(x_))), x_Symbol] :>
Simp [bxc*Log[F]1*#F~(cx(a + b*x))*(Cos[d + e*x]/(e”2 + b~2xc~2xLog[F]1~2)), x
1 + Simpl[exF~(c*x(a + b*x))*(Sin[d + e*x]/(e”2 + b~2*c~2*Log[F]1~2)), x] /; F
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reeQ[{F, a, b, c, d, e}, x] & NeQ[e™2 + b~2*c~2xLog[F]~2, 0]

Rule 5375

Int[(u_.)*(£_)~(ArcCsc[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x -> -a/b + Csc[x]/b)*f~(c*x"n)*Csc[x]*Cot [x], x],
x, ArcCscla + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rubi steps

Subst( | a’e” cos(z) dz, z, csc ™ (ax))

a

=— (aSubst (/ e” cos(z) dz, x, csc_l(ax)) )
1 . 1 ecscfl(a,:/v)

— _ _ pCsC (az) 1— _
9% V a’z? 2z

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.85

csc~1(ax) 1 1 1
e CSC_1 ar
[ e = e )< l-aat e

[In] Integrate[E~ArcCsclax*x]/x"2,x]
[Out] -1/2%(a*E~ArcCscla*x]*(Sqrt[1 - 1/(a"2*x"2)] + 1/(a*x)))

integral = —

Maple [F]

earccsc(az)
[
1.2

[In] int(exp(arccsc(a*x))/x~2,x)

[Out] int(exp(arccsc(a*x))/x~2,x)
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Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.59

/ 6Csc—l(a:z;) (m + 1)6(arccsc(a,a:))

2 dr = - 2x

[In] integrate(exp(arccsc(a*x))/x"2,x, algorithm="fricas")

[Out] -1/2*(sqrt(a~2#x~2 - 1) + 1)*e~(arccsc(a*x))/x

Sympy [F]

csc™ ! (ax) acsc (azx)
€ €

[In] integrate(exp(acsc(a*x))/x**2,x)

[Out] Integral(exp(acsc(a*x))/x**2, x)

Maxima [F]

e(arccsc(az))

csc~1(ax)
e

[In] integrate(exp(arccsc(a*x))/x"2,x, algorithm="maxima")

[Out] integrate(e”(arccsc(a*x))/x"2, x)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.08

csc™ 1 (azx) 1 1 ) (arcsin(é))
S S Y S (aresin()) 4 € %
/ 2 de 2 ( a?z? +le + ax a4

[In] integrate(exp(arccsc(a*x))/x"2,x, algorithm="giac")
[Out] -1/2%(sqrt(-1/(a"2*x"2) + 1)*e~(arcsin(1/(a*x))) + e~ (arcsin(1l/(a*x)))/(a*x

))*a
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Mupad [F(-1)]

Timed out.

ecsc_1 (az) easin ( ﬁ)
/ p dr = / p dz

[In] int(exp(asin(1/(a*x)))/x"2,x)
[Out] int(exp(asin(1/(a*x)))/x~2, x)
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ecsc_l(ax)
3.46 [y

3
Optimal result . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. . 313
Maple [F] . . . . . RIE!
Fricas [A] (verification not implemented) . . . . . . . .. ... .. ... ... ... 314
Sympy [F] . o o 314
Maxima [F] . . . . . o 314
Giac [F] . . . o o e
Mupad [F(-1)] . . . . 3151

Optimal result

Integrand size = 10, antiderivative size = 41

csc™1(ax) 1 3 1 3
/ ¢ ;—dr = gazecsc 1(92) cog (2¢csc(az)) — Ea2e°s° '(a2) gin (2¢csc™(az))
x

[Out] 1/5%a~2*exp(arccsc(a*x))*cos(2*arccsc(a*x))-1/10*xa"2*xexp(arccsc(a*x))*sin(2

*arccsc(a*xx))

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4 number of rules _ 0.400, Rules used = {5375,

’ integrand size
12, 4557, 4517}

csc~ 1 (azx) 1 3 1 3
/ ¢ ;—dr = gazecsC 1(92) cog (2¢csc™(az)) — Ea2e°sc '(a2) gin (2¢csc™(az))
x

[In] Int[E~ArcCscla*x]/x"3,x]

[Out] (a"2*%E~ArcCsc[a*x]*Cos[2*¥ArcCsc[a*x]])/5 - (a"2*E~ArcCsc[a*x]*Sin[2*ArcCsc[
axx]])/10

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 4517

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>
Simp [bxc*Log[F]1*#F~(c*(a + b*x))*(Sin[d + e*x]/(e”2 + b~2xc~2xLog[F]1~2)), x
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] - Simp[exF~(c*(a + b*x))*(Cos[d + e*x]/(e~2 + b~2xc~2*Log[F]1~2)), x] /; F
reeQ[{F, a, b, c, d, e}, x] & NeQ[e™2 + b~2*c~2xLog[F]~2, 0]

Rule 4557

Int[Cos[(f_.) + (g_)*(x)]1 " (a_)*(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_
)+ (e_.)*(x_)]"(m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(c*x(a + bx*x)),
Sin[d + e*x] m*Cos[f + g*x]°n, x], x] /; FreeQ[{F, a, b, c, d, e, £, g}, xl
&& IGtQ[m, 0] && IGtQ[n, O]

Rule 5375

Int[(u_.)*(£_)~(ArcCsc[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x => -a/b + Csc[x]/b)*f~(c*x"n)*Csc[x]*Cot [x], x],
x, ArcCscla + b*xx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rubi steps

Subst( [ ae” cos(z) sin(z) dz, z, csc ™ (az))

a

integral = —

= —(a2Subst( [ € cos(z) sin(z) dz, z, csc " (az)
(crsuse{ f )

=— <a2Subst (/ %ex sin(2z) dz, z, csc_l(ax)) >
Ly - -1
=—| 35 Subst( [ e®sin(2x)dz,z,csc™ (ax)

1 - 1 -
= Za%e™ (®) cog (2csc(az)) — 1—0a2eCSC '(a2) gin (2csc(az))

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.73

csc™1(ax)
/ ¢ p dx = —%a%m_l(‘”) (—2cos (2csc™ (az)) + sin (2csc ' (az)))

[In] Integrate[E~ArcCscl[a*x]/x"3,x]
[Out] -1/10%(a~2*E~ArcCsc[a*x]*(-2*%Cos [2*ArcCsc[a*x]] + Sin[2*ArcCscl[a*x]]))
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Maple [F]

earccsc(az)
[
x3

[In] int(exp(arccsc(a*x))/x"3,x)

[Out] int(exp(arccsc(a*x))/x"3,x)

Fricas [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.78

/ ecsc_l(ax) (0,2.’132 _ \/m _ 2)e(arccsc(ax))

3 dz = 512

[In] integrate(exp(arccsc(a*x))/x"3,x, algorithm="fricas")

[Out] 1/5%(a"2*x"2 - sqrt(a™2*x"2 - 1) - 2)*e”~(arccsc(a*x))/x"2

Sympy [F]

csc™!(ax) acsc (ax)
e e

[In] integrate(exp(acsc(a*x))/x**3,x)

[Out] Integral(exp(acsc(a*x))/x**3, x)

Maxima [F]

csc™1(ax) (arccsc(ax))
€ €
[t [

[In] integrate(exp(arccsc(a*x))/x"3,x, algorithm="maxima")

[Out] integrate(e”(arccsc(a*x))/x"3, x)
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Giac [F]

csc™1(ax) (arcesc(ax))
e €

[In] integrate(exp(arccsc(a*x))/x"3,x, algorithm="giac")

[Out] integrate(e”(arccsc(a*x))/x"3, x)

Mupad [F(-1)]

Timed out.

csc™1(ax) asin(-L)
e e ax
/ o dz = / o dx

[In] int(exp(asin(1/(a*x)))/x"3,x)
[Out] int(exp(asin(1/(a*x)))/x"3, x)
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ecsc_l(ax)

Optimal result . . . . . . . . . . . 316
Rubi [A] (verified) . . . . . . . ..
Mathematica [A] (verified) . . . . . . . . ... L BI8
Maple [F] . . . . o 318
Fricas [A] (verification not implemented) . . . . . . . ... .. .. ... ....... BI8
Sympy [F] . . . 318
Maxima [F] . . . . . . 319
Giac [F] . . . o o 319
Mupad [F(-1)] . . . 319

Optimal result

Integrand size = 10, antiderivative size = 84

csc™(ax csc™(ax
/e—() dr = _1a3ecsc_1(az) 1— 1 _ 0’26 (a2)
x* 8 a’z? 8x
1 - 3 -
+ Ea‘?ecSC ') cos (3 csc ™ (ax)) + Ea?’eCSC ') sin (3 csc ™ (az))

[Out] -1/8%a"2*exp(arccsc(a*x))/x+1/40*a~3*exp(arccsc(a*x))*cos(3*arccsc(a*x))+3/
40*a~3*exp (arccsc(a*x))*sin(3*arccsc(a*x))-1/8*a"3*exp(arccsc(a*x))*(1-1/a"

2/x72)"(1/2)

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 4, Bumber of rules _ , 454 Ryles used = {5375,

integrand size
12, 4557, 4518}

csc~ 1 (ax) 1 B
/ erx = Eaﬁ‘e"SC H(92) ¢og (3esc™(az)) + —a’e™ '(a2) 5in (3csc™(az))
_ azecsc_l(aw) _ 1@3 1_ 1 c—(az)
8z 8 a%z

[In] Int[E~ArcCscla*x]/x"4,x]

[Out] -1/8%(a"3*E~ArcCscla*x]*Sqrt[1 - 1/(a"2%x72)]) - (a~2*E~ArcCsc[a*x])/(8*x)
+ (a~3*E~ArcCsc[a*x]*Cos[3*ArcCsc[a*xx]]) /40 + (3*a~3*E~ArcCsc[a*x]*Sin[3*Ar
cCscla*x]])/40

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 4518

Int[Cos[(d_.) + (e_.)*(x_)1*(F_)~((c_.)*((a_.) + (b_.)*(x_))), x_Symbol] :>
Simp [bxcxLog [F]1*F~(c*x(a + b*x))*(Cos[d + e*x]/(e”2 + b~2*%c”™2*Log[F]~2)), x
1 + SimplexF~(c*(a + b*x))*(Sin[d + e*x]/(e”2 + b~2*c~2*Log[F]1~2)), x] /; F
reeQ[{F, a, b, c, d, e}, x] && NeQ[e™2 + b~2*c~2xLog[F]~2, 0]

Rule 4557

Int[Cos[(f_.) + (g_)*(x_)]1"(a_)*xF_)"((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_
)+ (e_)*(x_)]1"(m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(c*(a + b*x)),
Sin[d + e*x] m*Cos[f + g*x]°n, x], x] /; FreeQ[{F, a, b, c, d, e, £, g}, xl
&& IGtQ[m, 0] && IGtQ[n, O]

Rule 5375

Int[(u_.)*(£_)~(ArcCsc[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x => -a/b + Csc[x]/b)*f~(c*xx"n)*Csc[x]*Cot [x], x],
x, ArcCscla + b*xx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rubi steps

Subst( [ a*e” cos(z) sin®(z) dz, z, csc ™ (az))
a

3Subst( e ® cos(x) sin?(z) dz, x, csc™ (aw)))

-(c
( 3Subst( <—e cos(z) — ie cos(3m)> dx,m,csc_l(ax))>
-
1
8

integral = —

i 3Subst( e” cos(z) dz, z, csc_l(am)>) —|—ia3Subst (/ e” cos(3z) dz, z, csc_l(ax))

1 al26csc_1 (az)

3ecsc*1(ax) 1—

a?z? 8x

1 3 -
1 Oa?’ecsC ') cos (3 csc ™ (az)) + 4—0a3ecs° ') sin (3 csc ™ (ax))
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.64

csc ! (ax)
/ g da
T

1 3 csc(ax 1 5 -1 : -1
= 0% (az) (-5\ /11— 22 " ar + cos (3csc™'(az)) + 3sin (3csc (am)))

[In] Integrate[E~ArcCscla*x]/x"4,x]
[Out] (a~3*E~ArcCscla*x]*(-5*Sqrt[1 - 1/(a~2*x"2)] - 5/(a*x) + Cos[3*ArcCsc[a*x]]
+ 3xSin[3*ArcCsc[a*x]]))/40

Maple [F]

earccsc(az)
SR
T

[In] int(exp(arccsc(a*x))/x"4,x)

[Out] int(exp(arccsc(a*x))/x~4,x)

Fricas [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.49

r= 1023

/ ecsc_l(ax) p (a2a:2 _ (02$2 + 1)\/042-'17T _ 3) e(arccsc(ax))

xrd

[In] integrate(exp(arccsc(a*x))/x"4,x, algorithm="fricas")

[Out] 1/10%(a"2%x"2 - (a"2*x"2 + 1)*sqrt(a”2*x"2 - 1) - 3)*e”(arccsc(a*x))/x"3

Sympy [F]

csc™(ax) acsc (ax)
e e

[In] integrate(exp(acsc(a*x))/x**4,x)

[Out] Integral(exp(acsc(a*x))/x**4, x)
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Maxima [F]

csc™1(ax) (arcesc(ax))
€ e

[In] integrate(exp(arccsc(a*x))/x"4,x, algorithm="maxima")

[Out] integrate(e”(arccsc(a*x))/x"4, x)

Giac [F]

csc™1(ax) (arcesc(ax))
€ €

[In] integrate(exp(arccsc(a*x))/x"4,x, algorithm="giac")

[Out] integrate(e”(arccsc(a*x))/x"4, x)

Mupad [F(-1)]

Timed out.

ecse” 1(azx) gasin ()
/ por dr = / o dx

[In] int(exp(asin(1/(a*x)))/x"4,x)
[Out] int(exp(asin(1/(a*x)))/x"4, x)
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ecsc_l(ax)
3.48 [ gy

0
Optimal result . . . . . . . . . . . 320
Rubi [A] (verified) . . . . . . . .. 320
Mathematica [A] (verified) . . . . . . . . ... L
Maple [F] . . . . o
Fricas [A] (verification not implemented) . . . . . . . ... .. .. ... .......
Sympy [F] . . .
Maxima [F] . . . . . . 323
Giac [F] . . . o o
Mupad [F(-1)] . . .

Optimal result

Integrand size = 10, antiderivative size = 81

csc™ ! (ax) 1 3 1 _

/ eT de = 1—0a4eCSC (@) cos (2 csc ™ az)) — ﬁa‘*eCSC (@) cos (4 csc ™ (az) )
1 - 1 -

- 2—0a4ecsC '(a2) 5in (2cscM(az)) + 1—36(146CS° '(a2) 5in (4csc™(az))

[Out] 1/10%a"4*exp(arccsc(a*x))*cos(2*arccsc(a*x))-1/34*a~4*exp(arccsc(a*x))*cos(
4xarccsc(axx))-1/20*a"4*exp (arccsc(a*x) ) *sin(2*arccsc(axx))+1/136xa~4*exp(a
rccsc(a*x))*sin(4*arccsc(a*x))

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 4, number of rules _ 0.400, Rules used = {5375,

integrand size
12, 4557, 4517}

csc™ ! (ax) 1 3 1 3
/ GT dx = 1—0a4e°S° '(92) cog (2csc™(az)) — ﬁa‘le“sC 1(92) cos (4csc™(az))
1 - 1 -

- 2—0a4e°5° ') in (2 csc ™ (az)) + ﬁa“ecs" ") sin (4csc™ (az))

[In] Int[E~ArcCscla*x]/x"5,x]

[Out] (a~4*E~ArcCsc[a*xx]*Cos[2*%ArcCsc[a*x]])/10 - (a~4*xE~ArcCsc[a*x]*Cos[4*xArcCsc
[a*x]])/34 - (a~4*E~ArcCsc[a*x]*Sin[2*%ArcCsc[a*x]])/20 + (a~4*E~ArcCsc[ax*x]
*Sin[4*ArcCsc[a*x]])/136

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 4517

Int[(F)~((c_)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>
Simp [bxcxLog[F1*#F~(cx(a + b*x))*(Sin[d + e*x]/(e”2 + b"2*c"2*Log[F]~2)), x
1 - Simpl[exF~(c*(a + b*x))*(Cos[d + e*x]/(e”2 + b~2*c~2*Log[F]1~2)), x] /; F
reeQ[{F, a, b, c, d, e}, x] && NeQ[e™2 + b~2*c~2xLog[F]~2, 0]

Rule 4557

Int[Cos[(f_.) + (g_)*(x_)]1"(a_)*xF_)"((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_
)+ (e_)*(x_)]1"(m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(c*(a + b*x)),
Sin[d + e*x] m*Cos[f + g*x]°n, x], x] /; FreeQ[{F, a, b, c, d, e, £, g}, xl
&& IGtQ[m, 0] && IGtQ[n, O]

Rule 5375

Int[(u_.)*(£_)~(ArcCsc[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x => -a/b + Csc[x]/b)*f~(c*xx"n)*Csc[x]*Cot [x], x],
x, ArcCscla + b*xx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rubi steps

Subst ( [ a®e” cos(z) sin®(z) dz, z, csc ™ (az))

a

integral = —

=— (a4subst ( / e cos(z) sin’(z) dz, , csc—l(ax)))

__ (a4Subst ( / <lee$ sin(2z) — %ew sin(4x)) dz,z, csc_l(ax)))

1
= §a4Subst </ e”sin(4z) dz, z, csc_l(ax)) - }la‘LSubst (/ e sin(2z) dz, z, csc_l(aac)>

1 - 1 -
= 1—0a46CSC ') cos (2 csc Y ax)) — ﬁa‘leCSC '(@2) cos (4 csc7ax) )

1 - 1 -
- %a‘lecSC ') sin (2 csc ™ (az)) + ﬁa‘lecSC ') sin (4csc™(az))
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Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.62

csc™(ax) 1 3
/ eT dr = —@a‘leCSC '(a2) (68 cos (2 csc ™ (az)) + 20 cos (4 csc™ (ax))

+ 34sin (2csc™' (az)) — 5sin (4esc (az)))

[In] Integrate[E~ArcCsc[ax*x]/x"5,x]
[Out] -1/680%(a~4*E~ArcCsc[a*x]*(-68*Cos[2*xArcCsc[a*x]] + 20%Cos[4*ArcCscl[a*x]] +
34%Sin[2*xArcCscla*x]] - 5%Sin[4*ArcCscla*x]]))

Maple [F]

earccsc(ax)
[
xrd

[In] int(exp(arccsc(a*x))/x"5,x)

[Out] int(exp(arccsc(a*x))/x"5,x)

Fricas [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.63

/ ecsc_l(am) (6 atrt +3 a’r? — (6 a?r? + 5)\/&2$T _ 20) e(arccsc(a.ac))
———dz =
x® 85 &4

[In] integrate(exp(arccsc(a*x))/x"5,x, algorithm="fricas")

[Out] 1/85%(6*xa~4*x"4 + 3*a~2*%x"2 - (6*a~2*x"2 + 5)*sqrt(a”2*x"2 - 1) - 20)*e”(ar

ccsc(axx))/x"4

Sympy [F]

csc™ ! (ax) acsc (azx)
(& (&

[In] integrate(exp(acsc(a*x))/x**5,x)

[Out] Integral(exp(acsc(a*x))/x**5, x)
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Maxima [F]

csc™1(ax) (arcesc(ax))
e €

[In] integrate(exp(arccsc(a*x))/x"5,x, algorithm="maxima")

[Out] integrate(e”(arccsc(a*x))/x"5, x)

Giac [F]

csc™1(ax) (arcesc(ax))
€ €

[In] integrate(exp(arccsc(a*x))/x~5,x, algorithm="giac")

[Out] integrate(e”(arccsc(a*x))/x"5, x)

Mupad [F(-1)]

Timed out.

ecse” 1(azx) gasin ()
/ poc dr = / o dx

[In] int(exp(asin(1/(a*x)))/x"5,x)
[Out] int(exp(asin(1/(a*x)))/x"5, x)
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3.49 f csc;;(cﬂ—ba:) dx

7+daz
Optimal result . . . . . . . . . . e 3241
Rubi [A] (verified) . . . . . . . . . 324
Mathematica [A] (verified) . . . . . . . . . ... 320
Maple [A] (verified) . . . . . . . .
Fricas [F] . . . . . 3271
Sympy [F] . . o o 327
Maxima [F] . . . . . .
Giac [A] (verification not implemented) . . . . . . . ... ... .. L.
Mupad [F(-1)] . . .«

Optimal result

Integrand size = 19, antiderivative size = 69

csc(a + bx) icsc(a + bx)? csc™'(a + bz) log <1 —e* csc_l(aJFbx))
[ i
o | g 2d d

ZPOlyLOg (27 e2i csc_l(a+bac)>

+ 24

[Out] 1/2*xI*arccsc(b*x+a)”2/d-arccsc(b*x+a)*1n(1-(I/(b*xx+a)+(1-1/(bxx+a)~2)"(1/2)
)~2)/d+1/2*xIxpolylog(2, (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))"2)/d

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.00, number
_ _ ¢ humber of rules _ _

of steps used = 8, number of rules used = §, integrand size 0.421, Rules used = {5365,

12, 5327, 4721, 3798, 2221, 2317, 2438}

; icsc™!(a+bx
/ csc(a + bx) e — i PolyLog <2, g (otb )> N icsc™(a + bx)?
“ t dy - 2d 2d

csc(a + bx) log <1 —e% CSC_I("""’””))
d

[In] Int[ArcCscl[a + b*x]/((axd)/b + d*x),x]

[Out] ((I/2)*ArcCscla + b*x]"2)/d - (ArcCscl[a + bxx]*Log[l - E~((2*I)*ArcCscla +
b*x]1)1)/d + ((I/2)*PolyLogl[2, E~((2*I)*ArcCscla + b*x])])/d

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2221

Int [(((F)~((g_.)*((e_.) + (£_)*(x )N~ (n_.)*x((c_.) + (d_.)*x(x_))"(m_.))/
((a_) + (b_)*((F)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symboll :> Simp
[((c + d*x)"m/(b*f*gxn*Log[F]))*Log[l + b*x((F~(g*(e + f*x)))"n/a)], x] - Di
st [dx (m/ (b*f*g*n*Log[F]1)), Int[(c + d*x)~(m - 1)*Logl[l + bx((F~(gx(e + f*x)
))"n/a)], x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 3798

Int[((c_.) + (d_.)*(x))~(m_.)*tan[(e_.) + Pi*x(k_.) + (f_.)*(x_)], x_Symbol
1 :> Simp[I*((c + d*x)~(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E” (24 I*#k*Pi)* (E™(2xIx(e + £*x))/(1 + E™(2*I*k*Pi)+E~(2*I*(e + £*x)))), x],
x] /; FreeQ[{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4721

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x) nxCot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 5327

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcSin[x/cl)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 5365

Int[((a_.) + ArcCsc[(c ) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(m
_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) mx(a + b*ArcCsc[x])’p, x],
x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &&
I1GtQ[p, 0]
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Rubi steps

Subst (f bese x) dz, a+bm>
b
Subst (f CSC;J dz,z,a + bx)
d
B Subst(f%dxw )

) a+bx
d

Subst ( [ z cot(z) dz, z, arcsin (ajbx))
o d

i arcsin ( +1b )2 . (2i)Subst( 7 2;” dz, z,arcsin (a +bx)>

2d d

in( —L—
B 7 arcsin ( L )2 arcsin (a—i—bx) log ( e arcsm(wbz))

integral =

a+bx _
2d | y
Subst ([ log (1 — €#%) dz, , arcsin (1))
" d
B ¢arcsin (- )2 arcsin (Flbz) log (1 _ e2ia.rcsin<a+1b$))

a+bx _
2d d
iSubst (f 080-2) G, 1, €™ arcsm(“:bm))
B 2d

1 )2 arcsin ( ) log ( e* arcsm(‘”lb””)) i PolyLog (2, e ar°Sin(wltzm))

_ darcsin (=5 e

= 2d - d + 24

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.86

/csc 1(a—l—bav) e

d 4 dg

—csc™!(a + bz) log (1 e 1(“+b“’)> + 30 (csc‘l(a + bz)? + PolyLog (2, e °sc—1(a+bz)>>
d

[In] Integrate[ArcCscl[a + b*x]/((a*d)/b + d*x),x]

[Out] (-(ArcCscla + b*x]*Log[l - E~((2*I)*ArcCscla + b*x])]) + (I/2)*(ArcCscla +
b*x]~2 + PolyLog[2, E~((2*I)*ArcCsc[a + b*x])]))/d
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Maple [A] (verified)

Time = 1.20 (sec) , antiderivative size = 167, normalized size of antiderivative = 2.42

method result

@ arccsc(bz+a)2 ~ b arccsc(bz+a) In <1— ﬁ - /1= m) N ib polylog (2, ﬁ-k /1— m) B b arccsc(bz+a) In <1+WZ
derivativedivides 2d 4 : b ‘

@ arccsc(bz+a)2 ~ b arccsc(bz+a) In (1— ﬁ - J1- m) N ib polylog (2, ﬁ-ﬁ- /1— W) ~ b arccsc(bz+a) In (:H_Wi
default 24 4 ‘ b ‘

[In] int(arccsc(b*x+a)/(a*d/b+d*x) ,x,method=_RETURNVERBOSE)

[Out] 1/b*(1/2*%Ixb/d*arccsc(b*x+a) 2-b/d*arccsc(b*x+a)*1n(1-I/(b*x+a)-(1-1/(b*x+a
)~2)~(1/2))+I%b/d*polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))-b/d*arccsc(b*x
+a) *1n(1+I/ (b*x+a)+(1-1/(b*x+a)~2) ~(1/2) ) +I*b/d*polylog(2,-I/(b*x+a)-(1-1/(

bkxx+a)~2)~(1/2)))

Fricas [F|

/ csc;;(a + bx) dp — / arcesc (bai ;— a) i
G +dz dr + %

[In] integrate(arccsc(bxx+a)/(a*d/b+d*x),x, algorithm="fricas")

[Out] integral(b*arccsc(b*x + a)/(b*d*x + a*xd), x)

Sympy [F]
/ escl(atbe) _bJ = de
— dr =
B + d.’L' d

[In] integrate(acsc(b*x+a)/(a*d/b+d*x),x)

[Out] bxIntegral(acsc(a + b*x)/(a + b*x), x)/d
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Maxima [F]

-1
/ csc d(a + bx) dr — / arcesc (bx;— a) i
& +dz dr + %

[In] integrate(arccsc(b*x+a)/(a*d/b+d*x),x, algorithm="maxima")

[Out] 1/2*(2xbxd*integrate(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)*log(b*x + a)/(b"3x
d*x”3 + 3*a*xb”2%d*x"2 + (3*%a”2 - 1)*bxd*x + (a”3 - a)*d), x) - 2*I*b*d*xinte
grate(log(b*x + a)/(b~3xd*x~3 + 3*axb~2*d*x"2 + (3*a”2 - 1)*b*d*x + (a3 -

a)*d), x) + (2*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + Ixlog(-b*x

- a + 1))*log(b*x + a) - Ixlog(b~2*x~2 + 2%a*xb*x + a~2)*log(b*x + a) + Il
og(b*x + a + 1)xlog(b*x + a) + Ixlog(b*x + a)~2 + Ik*dilog(b*x + a) + I*dilo

g(-b*xx - a))/d

Giac [A] (verification not implemented)

none

Time = 0.50 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.65

-1
/ cscad (a + bx) dp —

2 : 1 (bz+a)( /- +1—-1) - —F——
1, 2 (bz + a)” arcsin ( ((Wra) (zwia—l) _a) (m‘l — 1)+a) N < (bz+a) ) (bx—l—a)( O
4 b3d b3d

[In] integrate(arccsc(b*x+a)/(a*d/b+d*x),x, algorithm="giac")

[Out] -1/4xb~2x(2*(b*x + a) " 2*arcsin(1/(((bxx + a)*(a/(b*x + a) - 1) - a)*(a/(b*x
+a) - 1) +a))/(b73xd) + ((b*x + a)*(sqrt(-1/(b*x + a)"2 + 1) - 1) - 1/((
b*x + a)*(sqrt(-1/(b*x + a)"2 + 1) - 1)))/(b"3%d))

Mupad [F(-1)]
Timed out.

-1 asin (—t—
/CSC (a+bx) dJIZ/ (a—i—bx) dr

ad ad
& +dx dzr + %°

[In] int(asin(1/(a + b*x))/(d*x + (a*d)/b),x)
[Out] int(asin(1/(a + b*x))/(d*x + (axd)/b), x)
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)

(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)

(*
(*

(* ::Subsection:: *)

Small rewrite of logic in main function to make it*)
match Maple's logic. No change in functionality otherwis

(*GradeAntiderivative[result,optimal]*)

(* ::Text:: *)

(*If result and optimal are mathematical expressions, *)
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(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];
expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complez*)
If [1leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}

, (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
» (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (*ELSE*) (*result does mnot contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}
1;
finalresult

(* ::Text:: *)
(*The following summarizes the type number assigned an *)

Result,leafCor

leaf count i

f optimal. $":

al. Order "<>




(*expression based on the functions it involves*)
(*¥1 = rational function*)

(¥2 = algebraic function*)

(*¥3 = elementary function*)

(%4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(*7 = rootsum function*)

(*¥8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType[expn[[1]]],
If [Head[expn[[2]]]===Rational,
If[IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]1],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],71]1,
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
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Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
},func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);




#
#
#
#
#
#
#
#

IIFII

IICII
"BII

IIAII
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#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=", ExpnType
fi;

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

if ExpnType_result<=ExpnType_optimal then

if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non s

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",

rsion issues

. optimal);

af count of




convert (leaf_count_optimal,string)," ) = ",con

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
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print("result do not contain complex, this assumes optimal do

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;

return "B",cat("Leaf count of result is larger than twice the lea
convert(leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver

fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal. Or

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

vert (2*leaf_c

not as well")

f count of op

t (2+leaf_coun

der ",
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The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

ExpnType := proc(expn)

if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest(expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
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9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriciF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False
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except AttributeError as error:
return False

def expnType(expn):

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)), maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, 1list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:

,ezpn) ), Expn Ty

x')

ist,expn]],7]],
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

grade_annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth’,'arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question /49179 /what—is—sagemath—equivalent—to—atomic—t;
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1list: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #mazx(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn.
Add) or isinst

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

>sult is larger th

1. "+str(leaf ¢

xpnType_ resul
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	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 

	 ^-1(a+b x)  x^4  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 

	 ^-1(a+b x)  x^5  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 

	 x^3 ^-1(a+b x)^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (warning: unable to verify)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 

	 x^2 ^-1(a+b x)^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (warning: unable to verify)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 x ^-1(a+b x)^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^-1(a+b x)^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^-1(a+b x)^2  x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^-1(a+b x)^2  x^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 x^2 ^-1(a+b x)^3  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (warning: unable to verify)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 x ^-1(a+b x)^3  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^-1(a+b x)^3  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^-1(a+b x)^3  x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^-1(a+b x)^3  x^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 x^3 ^-1(a+b x^4)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 x^-1+n ^-1(a+b x^n)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^-1(c e^a+b x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [A] (verified)
	Fricas [F(-2)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [B] (verification not implemented)

	 e^^-1(a x) x^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 e^^-1(a x) x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 e^^-1(a x)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 e^^-1(a x)  x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 e^^-1(a x)  x^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 e^^-1(a x)  x^3  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 e^^-1(a x)  x^4  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 e^^-1(a x)  x^5  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^-1(a+b x)  a d  b+d x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
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