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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
71 ]. This is test number [ 203 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (71) | 0.00 (0)

Mathematica | 98.59 (70 ) | 1.41 (1)
Maple | 74.65 (53) | 25.35 (18 )
Fricas 74.65 (53 ) | 25.35 (18 )
Maxima 59.15 (42 ) | 40.85 (29 )
Mupad | 57.75 (41) | 42.25 (30)
Sympy | 50.70 (36) | 49.30 (35)
Giac 45.07 (32) | 54.93 (39)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 74.648 8.451 15.493 1.408
Fricas 47.887 26.761 0.000 25.352
Maxima 45.070 14.085 0.000 40.845
Sympy 42.254 1.408 7.042 49.296
Maple 30.986 36.620 7.042 25.352
Giac 28.169 16.901 0.000 54.930
Mupad 0.000 57.746 0.000 42.254

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

WA
WmB
c
I .F
Rubi Mathematica Maple FriCAS Giac Maxima Sympy Mupad
The figure below compares the grades of the CAS systems.
5
>
4
100 | .8
D ©
£
[}
s
80| 2
i o
®©
L E3 o o
© = S a
60 - § Es Og Ev
I = 32 MED'S
- 2£ o %S
i 1 ? 5 © =
a8 o = S oo [
L S |8 @ © a8
0} S = T2
] © 9] o= LC
L IS % S
20+ 2 S0 2 5
I 8 g, Stx 5
c = e & .E(?m -5
- 2 3 e} ogx¥a o%
=] > = =20 3 =}
- 4 4 LL(DEHE x=
0 T T T
A B C F

The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates

an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of

error requires more investigation to determine the cause.



System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 1 100.00 0.00 0.00

Fricas 18 88.89 0.00 11.11

Maple 18 100.00 0.00 0.00

Maxima, 29 93.10 0.00 6.90

Mupad 30 0.00 100.00 0.00

Sympy 35 91.43 8.57 0.00

Giac 39 84.62 0.00 15.38

Table 1.4: Faijlure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.



System Mean time (sec)
Rubi 0.13
Maxima 0.23
Fricas 0.24
Giac 0.28
Maple 0.33
Mathematica 0.83
Sympy 1.67
Mupad 5.15

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 45.49 0.94 42.00 0.93
Sympy 57.83 1.13 50.00 1.18
Maxima 69.24 1.31 59.50 1.21
Giac 78.41 1.65 73.00 1.49
Fricas 104.72 1.78 70.00 1.37
Rubi 104.72 1.01 61.00 1.00
Maple 111.94 1.96 111.00 1.65
Mathematica | 256.67 1.31 54.00 1.02

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage

of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps

Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to

solve the same integral. Note that the number of steps Rubi needed can be much higher

than the number of rules, as the same rule could be used more than once.

% solved

% solved

% solved

100
80f
60f
401
20f

100}
80"
60"
40}
20!

100}
80}
60
40t
20}

Rubi

Mma

% solved

100f
80
60
40t
20t

5 10 15 20
Rubi number of steps

Fricas

5 10 15
Rubi number of steps

Giac

20

% solved

100}
80}
60}
40!
20f

5 10 15 20
Rubi number of steps

Sympy

5 10 15
Rubi number of steps

Mupad

20

% solved

100}
80[
60[
40}
20}

5 10 15 20
Rubi number of steps

5 10 15
Rubi number of steps

20

% solved

% solved

100f
80f
60f
401
20f

100}
80!
60F
407
20!

Maple
. . .
L]
. ®e
5 10 15 20
Rubi number of steps
Maxima
L .
L]
L
L]
L
L L] L L
5 10 15 20

Rubi number of steps

Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.
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Figure 1.3: Solved integrals based on leaf size distribution



13

1.7 Solved integrals histogram based on CPU

time used

The following shows the distribution of solved integrals for each CAS system based on CPU

time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals

based on CPU time used with 0.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {7} [} [12}[13]}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/

18

X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system
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independent integration test
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build system

One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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2.1 List of integrals sorted by grade for each

CAS
Rubi . . . . e e
Mma . . . . e e 27
Maple . . . . . e e e 23
Fricas . . . . . . e e e 23
Maxima . . . . . . . e e e e e
Giac . . . e
Mupad . . . . . . e e 24
SYMPY . . . o e e e e e e e 24

Rubi

@@H@@@“@l@ll@@@@
llllllllll@ [66}[67}[68} 69 [70 [71] }
B grade {}
C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[1}[23,6[14 15} [16}[17}[18} 19 20} 21} 22} 24 [26} 27} 28} [29} 30} 31} 32} ]33, 34 35} 36
@@@@@@@@@@@@@@@@@@@@@

B grade { [£}[9}[L0}[25}[70}[71] }
C grade { [[7}[8}[12}[13|[23][38} [0} 42, 44, {46] }

F normal fail {[11]}
F(-1) timedout fail { }
F(-2) exception fail { }
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Maple

A grade {[12,3[14[15}[16,[17, 19} 20} 21} [22}[27) [28) [29} 34} 36} 47} 49} 50} 55}, 57} [70] }
B gre}{@@

C grade {[38 40,42 [44,46) }
F normal fail { [4}[7,8}[0}[10}[L1}[12}[13}[18}[23} 24} 25 26} 37} (48} [5% [69} [71] }
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[14[15[16][17,[19}[20, 21} 22} 27, [28) [29} 30} 32} 34} [36, 38} 39} 40} 4} [46} 47} 49} 50} 5 1}
[63157 58} 60}[6 11 62} 63} 6466, [68] }

B grade { [1}[2,(3}5}[6}B1} 33} 35} (41} [43, [45, [52} 54} 55}, (56,65} 67} [70} [71] }
C grade { }
F normal fail { [4[7,8}9}[10}[11}[12}[13} 18}[24} 26} 37 {42, [48 59} 69 }

F(-1) timedout fail { }
F(-2) exception fail {[23][25}

Maxima

A grade {[14[15[16][17,[19}[20, 21} 22} 27} [28, [29} 30} 31} 32} 34} 36} 39} 43} 47, 49} 50} 5 1} 524 53,
[65}[67}[61} 63} 66} 68} (70} 71 }

B grade {[33}[35,[41,[45|[54,[56, [58,[60} /62,64 }

C grade { }

F no%f?il { (2 314 516} 78} 94 [0 [L1} [12} 13} 18} [23} [24} [25} [26)[38) [40} (42} 44} 46,59} 65}

F(-1) timedout fail { }
F(-2) exception fail {3748}
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Giac
A grade {[27}[28][29}[30}31}[35,[39} 41} |43} [49} 51} [56} [58} [60} (61} [62} [63), 64} [66}[68] }
B grade {[33)[34,[36}[45[47} 50,52} [54[55} 57} [65}/67] }

C grade { }

F normal fail {[12}[3}[4}[5}6}[7,8 9 [10}[1 1} 12} 13} [14, 15} 6} 17} 18} [19}[20} 21} [22} 23} 24} 25
[B8} 40} (42} 44, 46,69} 70} [71] }

F(-1) timedout fail { }

F(-2) exception fail {[26][32[3748,[3}[59 }

Mupad
A grade { }

B gade {7107 7,8 70775 5 050075 1 5 ) S ED .63
53,4516, 57 65, 60,61 5263 64 65,66, 67, B8, 710

C grade { }
F normal fail { }

F(-1) timedout fail {[1}[2,[3}[4[5}6}[7}8}[0} L0} (L1} [12} 13} 14} L5} 6} 8} 20} 21} 23} 24} 25} 26}
[B71[38} 140} 46448, 59} 69| }

F(-2) exception fail { }

E

Sympy

A grade {[22)26,27,28,[29}[30, 31} 32} 33,34 35} 36} 37} [3% 41} |43} 45} A7} 48} [49}, 50} 5 1} 524 53,
[65}[561/57, 58} 6668 }

B grade {4}
C grade {B3[40H2[A4 16 }

F normal fail { 12,5745 )75, 10) 1 12 ) [5,6) [7 5 19, 20L 21, 25) 24, 25 6
61} 626364656769 }

F(-1) timedout fail {[13][70[71] }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 147 147 149 227 0 325 0 0 0

N.S. 1 1.00 1.01 1.54 0.00 2.21 0.00 0.00 0.00
time (sec) N/A 0.127 0.293 0.408 0.000 0.279 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 110 110 129 170 0 306 0 0 0

N.S. 1 1.00 1.17 1.55 0.00 2.78 0.00 0.00 0.00
time (sec) N/A 0.081 0.179 0.317  0.000 0.278 0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 110 97 0 285 0 0 0

N.S. 1 1.00 1.47 1.29 0.00 3.80 0.00 0.00 0.00

time (sec) N/A 0.046 0.096 0.332 0.000 0.260 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 162 162 427 0 0 0 0 0 0
N.S. 1 1.00 2.64 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.227 0.480 0.000 0.000  0.000 0.000 0.000 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 63 141 127 0 343 0 0 0
N.S. 1 1.00 2.24 2.02 0.00 5.44 0.00 0.00 0.00
time (sec) N/A 0.078 0.168 0.641 0.000  0.274 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 114 114 220 318 0 461 0 0 0
N.S. 1 1.00 1.93 2.79 0.00 4.04 0.00 0.00 0.00
time (sec) N/A 0.165 0.472 0.658 0.000  0.279 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 501 501 1487 0 0 0 0 0 0
N.S. 1 1.00 297 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.701 13.063 0.000 0.000  0.000 0.000 0.000 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 351 351 893 0 0 0 0 0 0
N.S. 1 1.00 2.54 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.379 7.967  0.000 0.000  0.000 0.000 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 194 194 427 0 0 0 0 0 0
N.S. 1 1.00 2.20 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.212 2.957  0.000 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 85 85 176 0 0 0 0 0 0
N.S. 1 1.00 2.07 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.065 0.211  0.000 0.000  0.000 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 475 475 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.761 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 448 448 2061 0 0 0 0 0 0
N.S. 1 1.00  4.60 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.766 12.804 0.000 0.000  0.000 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F(-1) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 1024 1024 8350 0 0 0 0 0 0
N.S. 1 1.00 8.15 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.618 13.372 0.000 0.000  0.000 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 114 114 47 40 58 55 0 0 0
N.S. 1 1.00 0.41 0.35 0.51 0.48 0.00 0.00 0.00
time (sec) N/A 0.020 0.027 0.225 0.195 0.250 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 89 89 42 35 46 50 0 0 0
N.S. 1 1.00 0.47 0.39 0.52 0.56 0.00 0.00 0.00
time (sec) N/A 0.017 0.020 0.185 0.194 0.240 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 64 64 35 28 34 43 0 0 0
N.S. 1 1.00 0.55 0.44 0.53 0.67 0.00 0.00 0.00
time (sec) N/A 0.012 0.019 0.194 0.233  0.274 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 24 21 18 36 0 0 18
N.S. 1 1.00 0.77 0.68 0.58 1.16 0.00 0.00 0.58
time (sec) N/A 0.006 2.309 0.192 0.199 0.238 0.000 0.000 5.437
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 46 46 46 0 0 0 0 0 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.067 0.021  0.000 0.000  0.000 0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 63 42 45 65 44 0 0 33
N.S. 1 1.00 0.67 0.71 1.03 0.70 0.00 0.00 0.52
time (sec) N/A 0.016 0.017 0.191 0.220  0.257 0.000 0.000 4.839
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 90 90 47 57 92 53 0 0 0
N.S. 1 1.00 0.52 0.63 1.02 0.59 0.00 0.00 0.00
time (sec) N/A 0.018 0.028 0.204 0.194 0.259 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 115 115 52 67 116 58 0 0 0
N.S. 1 1.00 0.45 0.58 1.01 0.50 0.00 0.00 0.00
time (sec) N/A 0.024 0.032 0.190 0.206  0.249 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 18 17 16 22 14 0 14
N.S. 1 1.00 1.12 1.06 1.00 1.38 0.88 0.00 0.88
time (sec) N/A 0.004 0.003 0.177 0.191 0.248 0.052 0.000 0.079
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 61 61 64 0 0 0 0 0 0
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.081 0.063 0.000 0.000  0.000 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 54 54 50 0 0 0 0 0 0
N.S. 1 1.00 0.93 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.079 0.025 0.000 0.000  0.000 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 7 7 236 0 0 0 0 0 0
N.S. 1 1.00 3.06 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.074 0.706  0.000 0.000  0.000 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F A F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 52 52 54 0 0 0 65 0 0
N.S. 1 1.00 1.04 0.00 0.00 0.00 1.25 0.00 0.00
time (sec) N/A 0.035 0.034 0.000 0.000  0.000 2.803 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 54 54 49 53 50 53 63 78 41
N.S. 1 1.00 091 0.98 0.93 0.98 1.17 1.44 0.76
time (sec) N/A 0.021 0.033 0.108 0.225 0.252 1.282 0.277 4.856
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 76 112 107 79 73 69 61
N.S. 1 1.00 1.01 1.49 1.43 1.05 0.97 0.92 0.81
time (sec) N/A 0.033 0.042 0.056 0.231 0.252 2,592 0.300 5.490
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 38 43 25 41 41 44 33
N.S. 1 1.00 1.23 1.39 0.81 1.32 1.32 1.42 1.06
time (sec) N/A 0.016 0.030 0.053 0.223 0.248 1.119 0.264 5.046
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 47 47 85 78 64 29 52 39
N.S. 1 1.00 1.00 1.81 1.66 1.36 0.62 1.11 0.83
time (sec) N/A 0.023 0.023 0.053 0.230 0.244 1.575 0.283 4.883
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 31 35 113 64 86 48 66 36
N.S. 1 1.29  1.46 4.71 2.67 3.58 2.00 2.75 1.50
time (sec) N/A 0.011 0.016 0.104 0.216 0.242 0.759 0.271 4.895
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A A F(-2) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 38 42 109 54 64 41 0 34
N.S. 1 1.00 1.11 2.87 1.42 1.68 1.08 0.00 0.89
time (sec) N/A 0.023 0.028 0.052 0236 0240 2271 0.000 5.156
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 40 40 43 145 86 102 37 82 42
N.S. 1 1.00 1.08 3.62 2.15 2.55 0.92 2.05 1.05
time (sec) N/A 0.022 0.020 0.052 0.230 0.248 0.886 0.268 5.629
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 37 42 25 47 48 69 42
N.S. 1 1.00 1.19 1.35 0.81 1.52 1.55 2.23 1.35
time (sec) N/A 0.017 0.024 0.057 0.227  0.267 0.995 0.278 4.802
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 65 65 53 173 129 113 95 103 61
N.S. 1 1.00 0.82 2.66 1.98 1.74 1.46 1.58 0.94
time (sec) N/A 0.029 0.033 0.056 0.231 0.260 1.035 0.292 5.619
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 51 51 46 52 41 58 58 124 61
N.S. 1 1.00 0.90 1.02 0.80 1.14 1.14 2.43 1.20
time (sec) N/A 0.029 0.026 0.055 0.234 0.246 1.105 0.295 5.165
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F A F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 59 59 55 0 0 0 71 0 0
N.S. 1 1.00 0.93 0.00 0.00 0.00 1.20 0.00 0.00
time (sec) N/A 0.035 0.047  0.000 0.000  0.000 2.731 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F A C F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 202 202 112 150 0 89 48 0 0
N.S. 1 1.00 0.55 0.74 0.00 0.44 0.24 0.00 0.00
time (sec) N/A 0.094 0.174 0.957 0.000 0.088 1.170 0.000 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 52 52 53 94 81 70 36 57 42
N.S. 1 1.00 1.02 1.81 1.56 1.35 0.69 1.10 0.81
time (sec) N/A 0.025 0.038 0.106 0.227 0.273 1.755 0.258 5.315
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F A C F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 86 113 104 0 56 41 0 0
N.S. 1 1.00 1.31 1.21 0.00 0.65 0.48 0.00 0.00
time (sec) N/A 0.037 0.164 0.542 0.000  0.076 1.033 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 40 40 42 116 71 88 58 61 43
N.S. 1 1.00 1.05 2.90 1.78 2.20 1.45 1.52 1.08
time (sec) N/A 0.026 0.022 0.115 0.227  0.253 2975 0.267 5.714
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F C F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 165 165 96 146 0 0 42 0 24
N.S. 1 1.00 0.58 0.88 0.00 0.00 0.25 0.00 0.15
time (sec) N/A 0.060 0.106 0.709 0.000  0.000 0.499 0.000 5.158
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 46 22 86 54 74 54 66 36
N.S. 1 1.00 0.48 1.87 1.17 1.61 1.17 1.43 0.78
time (sec) N/A 0.024 0.038 0.100 0.219 0.242 4951 0.281 5.115
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F A C F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 91 91 96 111 0 57 42 0 27
N.S. 1 1.00 1.05 1.22 0.00 0.63 0.46 0.00 0.30
time (sec) N/A 0.032 0.110 0.795 0.000 0.074 1.052 0.000 5.265
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 42 42 24 114 92 101 42 76 42
N.S. 1 1.00 0.57 2.711 2.19 2.40 1.00 1.81 1.00
time (sec) N/A 0.029 0.034 0.114 0.227 0.245 1.339 0.270 6.321
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F A C F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 181 181 114 171 0 97 44 0 0
N.S. 1 1.00 0.63 0.94 0.00 0.54 0.24 0.00 0.00
time (sec) N/A 0.071 0.146 0.928 0.000 0.084 1.190 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 39 42 25 49 49 71 44
N.S. 1 1.00 1.26 1.35 0.81 1.58 1.58 2.29 1.42
time (sec) N/A 0.017 0.034 0.100 0.220  0.255 1.459 0.273 4.798
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F A F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 64 64 57 0 0 0 76 0 0
N.S. 1 1.00 0.89 0.00 0.00 0.00 1.19 0.00 0.00
time (sec) N/A 0.233 0.046  0.000 0.000  0.000 3.103 0.000 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 85 85 84 127 117 87 82 80 73
N.S. 1 1.00 0.99 1.49 1.38 1.02 0.96 0.94 0.86
time (sec) N/A 0.190 0.044 0.117 0.214 0.249 2,615 0.304 4.842
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 38 44 59 32 49 51 66 40
N.S. 1 1.00 1.16 1.55 0.84 1.29 1.34 1.74 1.05
time (sec) N/A 0.203 0.032 0.128 0.221 0.249 1.120 0.293 5.231
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 52 52 57 98 89 72 36 62 51
N.S. 1 1.00 1.10 1.88 1.71 1.38 0.69 1.19 0.98
time (sec) N/A 0.170 0.025 0.053 0.206  0.252 1.609 0.303 5.063
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 43 44 129 75 99 63 82 52
N.S. 1 1.00 1.02 3.00 1.74 2.30 1.47 1.91 1.21
time (sec) N/A 0.121 0.033 0.057 0.220 0.262 1.733 0.276  5.090
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A A F(-2) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 47 52 113 59 73 49 0 47
N.S. 1 1.00 1.11 2.40 1.26 1.55 1.04 0.00 1.00
time (sec) N/A 0.057 0.029 0.058 0.210  0.249 1.708 0.000 4.916
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 38 39 164 93 112 87 118 44
N.S. 1 1.00 1.03 4.32 2.45 2.95 2.29 3.11 1.16
time (sec) N/A 0.162 0.036 0.056 0.244 0.242 2.003 0.283 4.869
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 54 46 56 28 57 58 75 51
N.S. 1 1.59 1.35 1.65 0.82 1.68 1.71 2.21 1.50
time (sec) N/A 0.145 0.029 0.059 0.229 0.245 1.189 0.303 4.832
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 73 73 73 189 139 121 109 112 68
N.S. 1 1.00 1.00 2.59 1.90 1.66 1.49 1.53 0.93
time (sec) N/A 0.176 0.034  0.059 0.256  0.254 1.247 0.275 5.225
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 58 58 54 65 52 67 71 134 67
N.S. 1 1.00 0.93 1.12 0.90 1.16 1.22 2.31 1.16
time (sec) N/A 0.170 0.034 0.058 0.220 0.253 1.262 0.316 5.913
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 96 96 74 222 180 131 117 140 89
N.S. 1 1.00 0.77 2.31 1.88 1.36 1.22 1.46 0.93
time (sec) N/A 0.195 0.050 0.059 0.230  0.253 1.305 0.280 5.502
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 85 85 88 0 0 0 0 0 0
N.S. 1 1.00 1.04 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.085 0.454  0.000 0.000  0.000 0.000 0.000 0.000
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 92 92 85 172 162 90 0 89 79
N.S. 1 1.00 0.92 1.87 1.76 0.98 0.00 0.97 0.86
time (sec) N/A 0.078 0.085 0.955 0.310 0.266 0.000 0.284 5.337
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 72 72 64 125 49 58 0 85 61
N.S. 1 1.00 0.89 1.74 0.68 0.81 0.00 1.18 0.85
time (sec) N/A 0.068 0.058 0.862 0.237  0.255 0.000 0.272 5.216
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 59 59 54 138 107 68 0 61 51
N.S. 1 1.00 0.92 2.34 1.81 1.15 0.00 1.03 0.86
time (sec) N/A 0.063 0.065 0.862 0.328  0.277 0.000 0.291 5.247
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 35 89 31 38 0 44 31
N.S. 1 1.00 0.97 2.47 0.86 1.06 0.00 1.22 0.86
time (sec) N/A 0.049 0.039 0.851 0.259  0.245 0.000 0.290 5.377
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 38 85 61 38 0 34 21
N.S. 1 1.00 141 3.15 2.26 141 0.00 1.26 0.78
time (sec) N/A 0.042 0.115 0.858 0.308  0.248 0.000 0.270 5.824
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 33 33 37 170 0 80 0 70 38
N.S. 1 1.00 1.12 5.15 0.00 2.42 0.00 2.12 1.15
time (sec) N/A 0.036 0.069 0.881 0.000  0.247 0.000 0.286 5.409
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 30 157 34 41 42 43 29
N.S. 1 1.00 1.00 5.23 1.13 1.37 1.40 1.43 0.97
time (sec) N/A 0.052 0.061 0.847 0.318 0.248 2.257 0.272 5.505
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 60 58 216 0 130 0 114 61
N.S. 1 1.00 0.97 3.60 0.00 2.17 0.00 1.90 1.02
time (sec) N/A 0.075 0.076  0.863 0.000  0.247 0.000 0.279 5.396
Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 61 61 54 197 56 70 102 82 57
N.S. 1 1.00 0.89 3.23 0.92 1.15 1.67 1.34 0.93
time (sec) N/A 0.067 0.082 0.868 0.317  0.2568 2.259 0.273  5.203
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Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 61 61 53 0 0 0 0 0 0
N.S. 1 1.00 0.87 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.073 0.049 0.000 0.000  0.000 0.000 0.000 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F(-1) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 46 95 52 57 266 0 0 42
N.S. 1 1.00 2.07 1.13 1.24 5.78 0.00 0.00 0.91
time (sec) N/A 0.047 0.097 0.174 0.221 0.278 0.000 0.000 5.752
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F A B F(-1) F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 46 46 93 0 60 334 0 0 40
N.S. 1 1.00 2.02 0.00 1.30 7.26 0.00 0.00 0.87
time (sec) N/A 0.056 0.127  0.000 0.237  0.287 0.000 0.000 5.626
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf
number of rules
integrand size
is, the harder the integral is to solve. In this test file, problem number [42] had the largest

ratio of [.875000000000000000]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of n(Trma?lize.d integrand umber of rules
# | grade i“:é); uzﬁ;e antlfa(}r:i/jzlve leaf size integrand leaf size
1 A 8 7 1.00 10 0.700
2 A 7 6 1.00 10 0.600
3 A 6 6 1.00 8 0.750
4 A 14 8 1.00 10 0.800
5! A 6 6 1.00 10 0.600
6 A 8 8 1.00 10 0.800
7 A 20 9 1.00 20 0.450
3 A 17 9 1.00 20 0.450
9 A 11 8 1.00 18 0.444
10| A 8 6 1.00 12 0.500
11 A 17 9 1.00 20 0.450
12 A 12 8 1.00 20 0.400
13 A 23 11 1.00 20 0.550
14 A 4 3 1.00 10 0.300
15 A 4 3 1.00 10 0.300
16 A 4 3 1.00 8 0.375
17 A 3 3 1.00 6 0.500
18 A 7 6 1.00 10 0.600
19 A ) ) 1.00 10 0.500
20 A 6 5 1.00 10 0.500
21 A 7 ) 1.00 10 0.500
22 A 3 3 1.00 4 0.750
23 A 7 6 1.00 10 0.600
24] A 7 6 1.00 10 0.600
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
25 A 7 7 1.00 10 0.700
26 A 4 4 1.00 10 0.400
27 A 4 4 1.00 10 0.400
28 A 7 7 1.00 10 0.700
29 A 3 3 1.00 10 0.300
30 A 6 6 1.00 8 0.750
31 A ) 5 1.29 6 0.833
32 A 6 6 1.00 10 0.600
33 A ) ) 1.00 10 0.500
34 A 3 3 1.00 10 0.300
35 A 6 6 1.00 10 0.600
36 A 5 4 1.00 10 0.400
37} A 4 4 1.00 12 0.333
38 A 8 8 1.00 12 0.667
39) A 6 6 1.00 12 0.500
40 A 5 5 1.00 12 0.417
41 A 6 6 1.00 10 0.600
42 A 7 7 1.00 8 0.875
43 A 6 6 1.00 12 0.500
44 A 5 5 1.00 12 0.417
45 A 6 6 1.00 12 0.500
46 A 7 7 1.00 12 0.583
A7 A 3 3 1.00 12 0.250
48 A 5 4 1.00 12 0.333
49 A 8 7 1.00 12 0.583
50 A 4 3 1.00 12 0.250
51 A 7 6 1.00 12 0.500
52 A 6 5 1.00 10 0.500
53 A 7 6 1.00 8 0.750
54 A 6 5 1.00 12 0.417
55 A 4 3 1.59 12 0.250
56 A 7 6 1.00 12 0.500
57 A 6 4 1.00 12 0.333
58 A 8 6 1.00 12 0.500
59 A 4 3 1.00 23 0.130

Continued on next page
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number of

number of

normalized

# | gade| s | i | ancerimive | CEO | R,
60| A 9 7 1.00 21 0.333
61| A 6 5 1.00 21 0.238
62| A 7 7 1.00 21 0.333
63| A 3 3 1.00 21 0.143
64| A 9 9 1.00 19 0.263
65| A 7 7 1.00 18 0.389
66| A 4 4 1.00 21 0.190
67| A 7 6 1.00 21 0.286
68| A 7 9 1.00 21 0.238
69| A 8 8 1.00 19 0.421
70 A 6 6 1.00 12 0.500
71| A 6 6 1.00 14 0.429
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3.1 [ x3csch™'(a + bz) dx

Optimal result . . . . . . . . . . . e 406l
Rubi [A] (verified) . . . . . . . . . . 161
Mathematica [A] (verified) . . . . . . . .. ... Lo 19
Maple [A] (verified) . . . . . . . .. 19
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 50
Sympy [F] . . o 50
Maxima [F] . . . . . . 50
Giac [F] . . . . o b1l
Mupad [F(-1)] . . . oo b1l

Optimal result

Integrand size = 10, antiderivative size = 147

(2—17a%) (a+bz)/1+ 2~ 22(a+bz),/1+
/$3CSCh_1(a+bz)dx:— (a+bx) 4 (a+bx)

12b* 1262
2 1
~ ala+bx)*,/1+ @Ha? a*csch ™ (a + bz)
3bt 4
a(1l — 2a?) arctanh(, /1+ m)

L4 21
+ 47 csch™ (a + bx) + opt

[Out] -1/4*a”~4xarccsch(b*x+a)/b"4+1/4*xx"4*xarccsch(b*x+a)+1/2*a*(-2*%a”~2+1)*arctanh
((1+1/ (b*x+a)~2)~(1/2)) /b~4-1/12% (-17*a"2+2) * (b*x+a) * (1+1/ (b*x+a) "2)~(1/2)/
b~4+1/12%x" 2% (b*x+a) * (1+1/ (b*x+a) ~2) ~(1/2) /b"2-1/3*ax* (b*x+a) “2*x (1+1/ (b*x+a)
~2)~(1/2)/v"4

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 7, Lumber of rules _ ( 700 Ryles used

' integrand size
= {6457, 5577, 3867, 4133, 3855, 3852, 8}

2 1
/x3csch‘1(a +ba) dz = _a4csch_1(a, + bx) N (1-2a )aarctanh<\/mﬁ)

4b4 2b*

(2 —17a?%) (a + bzx),/ m +1 a(a+ bx)2\/ (a+%7a:)2 +1

12b* 3b*

?(a+bx), /= + 1
a 29 1
o) + ~z'csch™(a + bx)

122 4

+
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[In] Int[x"3%*ArcCschl[a + b*x],x]

[Out] -1/12%((2 - 17*a"2)*(a + b*x)*Sqrt[1 + (a + b*x)~(-2)]1)/p"4 + (x"2x(a
)*¥Sqrt[1 + (a + b*x)~(-2)]1)/(12xb~2) - (ax(a + bxx)"2xSqrt[1 + (a + b*x)~(-
2)1)/(3%b~4) - (a~4*ArcCsch[a + b*x])/(4*b~4) + (x"4*ArcCschl[a + b*x])/4 +
(a*x(1 - 2*a~2)*ArcTanh[Sqrt[1 + (a + b*x)~(-2)]1]1)/(2*b"4)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3867

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + b*Csc[c + d*x])"(n - 2)/(d*(n - 1))), x] + Dist[1/(n - 1)
, Int[(a + bxCsc[c + d*x])~(n - 3)*Simp[a~3*(n - 1) + (bx(b"2x(n - 2) + 3*a
~2%(n - 1)))*Csclc + d*x] + (a*xb™2%(3*n - 4))*Cscl[c + d*x]~2, x1, %1, x] /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] && IntegerQ[2*n]

Rule 4133

Int[((A_.) + cscl[(e_.) + (f_.)*(x )]*(B_.) + cscl[(e_.) + (£f_.)*x(x_)]"2*(C_.
N x(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*C*Cscl[e +
fxx]*(Cot[e + fxx]/(2%f)), x] + Dist[1/2, Int[Simp[2xA*a + (2*B*a + b*(2xA
+ C))*Cscl[e + f*x] + 2x(a*C + B*b)*Csc[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, f, A, B, C}, x]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)]*(Cschl[(c_.) + (d_.)*(
x_ )]x(b_.) + (@ )" (a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + b*Cschlc + d*x])"(n + 1)/(bxd*(n + 1))), x] + Dist[f*x(m/(b
*d*(n + 1))), Intl[(e + f*x)"(m - 1)*(a + b*Cschl[c + d*x])~(n + 1), x], x] /
; FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

+ b*x
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Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*f + f*xCsch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, f}, x] && IGtQ[p, 0] &% IntegerQ[m]

Rubi steps
_ Subst ([ z coth(z)csch(z)(—a + csch(z))® dz, z, csch™ (a + bz))
integral = — b

Subst ([ (—a + csch(z))* dz, z, csch ™' (a + bz))

1
= Zx4cs0h_1(a + bx) —

xz(a—l—bx),/l-i-m 1

+ Zz"lcsch_l(a + bx)

4b*

1262
Subst ([ (—a + csch(z)) (—3a® — (2 — 9a?) csch(z) — 8acsch®(z)) dz,z,csch™'(a + bz))
12b%
z2(a+bx),/1+ —(aﬁ)w)z a(a + bx)%, /1 + —(aﬁm)z 1,
= 1207 - ap1 + 47 csch™ (a + bx)
Subst ([ (6a* + 12a(1 — 2a?) csch(z) — 2(2 — 17a?) csch®(z)) dz, z,csch™'(a + bx))
24b*
1
_ z*(a+ bx), /1 + (a+bm)2 a(a + bx)* \/ 1+ Gty B a*csch™(a + bx)
B 12b2 3b4 , abt
N ix“csch_l(a b+ (2 — 17a?) Subst( [ 030112(;) dz,z,csch™ (a + bz))
(a(1 — 2a?)) Subst( [ csch(z) dz, z, csch™"(a + bz))
- 2b*
B *(a+bz),/1+ —(a+lb$)2 - a(a+bz)?,/1+ —(a+})x)2 - a*csch™(a + bz)
B 1202 3b* 4b*
1
1 a(1 — 2a?) arctanh( /14 ——3
+ Za:“csch_l(a + bx) + 2b4< (ote) )
(i(2 — 1742)) Subst( [1dz,z,—i(a +bz), /1 + ﬁ)
B 120
(2—17a%) (a +bzx),/1+ m +z2(a+ bx),/1+ m a(a+bz)?,/1+ (a+b$)2
B 1264 12b2 3b*
a4csch_1(a + bz) a(1l — 2a?) arctanh(, /1+ —(aﬁm)z)

1m‘lcsch_l(a + bx) +

4b* + 4 2b*
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Mathematica [A] (verified)

Time = 0.29 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.01

/z?’csch_l(a + bzx) dz

; /W(—mz +13a® — 2bz + 9a’bz — 3ab’z® + b°2®) + 3b*z*esch™ (a + bz) — 3a*arcsinh ()
1264

[In] Integrate[x~3*ArcCschl[a + b*x],x]

[Out] (Sqrt[(1 + a”2 + 2*axbxx + b™2*x"2)/(a + b*x)~2]*(-2%a + 13*%a~3 - 2%b*x + 9
*a"2%bxx - 3*%a*b~2*x"2 + b~3*x"3) + 3*xb”"4xx"4*ArcCschl[a + b*x] - 3*a~4*ArcS
inh[(a + b*x)~(-1)] + 6*a*(1 - 2*a~2)*Log[(a + b*xx)*(1 + Sqrt[(1 + a~2 + 2%
axb*x + b"2*xx72)/(a + b*x)~2])])/(12%b"4)

Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.54

method result

arccsch(im+a)a4 —arccsch(bz+a)a3 (ba:—l—a)—l— 3 arccsch(bzta)a2(bm+a)2 —arccsch(bw+a)a(bz+a)3+ arccsch(bmia)(bac+a)4= _

derivativedivides

arccsch(2z+a)a4 —arccsch(bx+a)a3 (bx—i—a)—i— 3 arccsch(ba:-ga)az(ba:-ﬁ—a)2 —arccsch(bx+a)a(bx+a)3-l— arccsch(ba:-jl-a)(ba:-ﬁ-a)4 _
default

24 arcesch(bo-+a) Vb2x24+2abz+a2+1 <3a4 arctanh (m) Vb2 —22/0202 1 2abz+aZ+1 b2 Vb2 +4
parts 7 —

[In] int(x"3*arccsch(b*x+a),x,method=_ RETURNVERBOSE)

[Out] 1/b~4x(1/4*arccsch(b*x+a)*a”4-arccsch(b*xx+a)*a~3* (b*x+a)+3/2*arccsch(b*xx+a)
*a”~2* (b*x+a) “2-arccsch (b*x+a) *a* (b*x+a) “3+1/4*arccsch(b*x+a) * (bxx+a) ~4-1/12

* ((b*xx+a) "2+1) " (1/2) *(3*a~4*arctanh (1/((b*x+a) ~2+1)~(1/2))+12*xa"3*arcsinh(b

*xx+a) -18*a~2x ((b*xx+a) "2+1) ~(1/2) +6*a* (bxx+a) * ((bxx+a) "2+1) ~(1/2) - (b*x+a) ~2x*
((b*x+a)~2+1)~(1/2)-6*a*arcsinh (b*x+a)+2* ((b*x+a) ~2+1) ~(1/2) )/ (((b*x+a) ~2+1

)/ (b*xx+a) ~2)~(1/2) / (bxx+a))
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 325 vs. 2(127) = 254.

Time = 0.28 (sec) , antiderivative size = 325, normalized size of antiderivative = 2.21
/:c?’csch_l(a + bx) dz

(bo+a)y Bt ¥ :
3 btz log —3a'log (—bx + (bz + a)\/% —a+ 1) + 3atlog (—bx

bz+a

[In] integrate(x~3*arccsch(b*x+a),x, algorithm="fricas")

[Out] 1/12%(3*b~4*x"4*xlog(((b*x + a)*sqrt((b~2*x"2 + 2*a*xb*x + a2 + 1)/(b"2*x"2
+ 2xaxb*x + a”2)) + 1)/(bxx + a)) - 3*a"4*log(-b*x + (b*x + a)*sqrt((b~2*x~

2 + 2%a*xb*x + a”2 + 1)/(b72%x72 + 2%a*b*x + a”2)) - a + 1) + 3*a"4*xlog(-b*x

+ (b*xx + a)*sqrt((b™2*x"2 + 2*axb*x + a”2 + 1)/(b"2%x"2 + 2*axb*x + a~2))

- a - 1) + 6%x(2xa”3 - a)*log(-b*x + (bxx + a)*sqrt((b~2*x"2 + 2*xa*b*x + a”2

+ 1)/(b72*%x"2 + 2%a*xbxx + a”2)) - a) + (b73*x"3 - 3*a*xb"2xx"2 + 13*%a”3 + (
9%a~2 - 2)xb*x - 2*a)*sqrt((b~2*x"2 + 2%a*b*x + a”2 + 1)/(b~2%x"2 + 2*xaxb*x

+ a”2)))/b"4

Sympy [F]
/m3csch_1(a +bz)dz = /333 acsch (a + bx) dz

[In] integrate(x**3*acsch(b*x+a),x)

[Out] Integral(x**3*acsch(a + b*x), x)

Maxima [F]
/ z’csch™ (a + bx) dz = / z® arcsch (bx + a) dz

[In] integrate(x~3*arccsch(b*x+a),x, algorithm="maxima")

[Out] -1/2%(-I*a"3 + I*a)*(log(I*(b~2*x + a*b)/b + 1) - log(-I*(b~2*x + a*b)/b +
1))/074 + 1/8*%(2*b"4*x"4xlog(sqrt(b™2*x"2 + 2%axb*x + a”2 + 1) + 1) + b"2#*x

~2 - 6*axbxx - (a”4 - 6*%a”2 + 1)*xlog(b~2*x~2 + 2%a*b*x + a”2 + 1) - 2% (b~4x

Xx"4 - a”4)*log(b*x + a))/b"4 + integrate(1/4*(b~2*x"5 + axb*x74)/(b~2%x"2 +
2%axb*x + a”2 + (b™2%x"2 + 2%axb*x + a2 + 1)°(3/2) + 1), x)
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Giac [F]

/ z*csch™ (a + br) dz = / x® arcsch (bx + a) dz

[In] integrate(x~3*arccsch(b*x+a),x, algorithm="giac")

[Out] integrate(x~3*arccsch(b*x + a), x)

Mupad [F(-1)]

Timed out.

/z?’csch_l(a—i—bx) dz = /x?’ asinh( ! > dz
a+bzx

[In] int(x~3*asinh(1/(a + b*x)),x)
[Out] int(x~3*asinh(1/(a + b*x)), x)
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3.2 [ x%csch™'(a + bz) dx

Optimal result . . . . . . . . . . . . e H2]
Rubi [A] (verified) . . . . . . . . . . 52
Mathematica [A] (verified) . . . . . . . . . ... 5!
Maple [A] (verified) . . . . . . . . . . k%
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ....... k%)
Sympy [F] . . o o 56l
Maxima [F] . . . . . . 50
Giac [F] . . . o o H0
Mupad [F(-1)] . . . o 57

Optimal result

Integrand size = 10, antiderivative size = 110

Sa(a+be)\ 1+ e ®(a+b2)\/1+ oop
/x2csch_1(a+bx)dx (erbe) + (erbe)

- 6b° 602

Scsch™ 1
a’csc 3b(3a + bx) + §w3csch_1 (a+ ba)
(1 —6a?) arctanh(, /1+ m)
- 663

[Out] 1/3*a~3*arccsch(b*x+a)/b~3+1/3*x"3*arccsch(b*x+a)-1/6%(-6*%a”~2+1)*arctanh((1
+1/(b*xx+a)~2)~(1/2)) /b~3-5/6%a* (b*xx+a) * (1+1/ (b*xx+a) ~2) ~(1/2) /b~3+1/6%x* (b*x
+a) *(1+1/(b*x+a)~2)~(1/2)/b"2

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 6, Lumber of rules _ 0.600, Rules used

' integrand size
= {6457, 5577, 3867, 3855, 3852, 8}

— Bn2 1
/z2csch_1(a+ be) das = acsch™ (a + bx) (1—6a )arctanh<\/(a+T W)

363 663
[ 1
B 5a(a + bCL') (atba)? +1
663
z(a+bz), /e +1 4
+ 6b2( ) + §x3csch_1(a + bx)
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[In] Int[x"2%ArcCschl[a + b*x],x]

[Out] (-5*ax(a + bxx)*Sqrt[1l + (a + b*x)~(-2)])/(6%xb~3) + (x*x(a + b*xx)*Sqrt[1 + (
a + bxx)~(-2)]1)/(6%b~2) + (a"3*ArcCschl[a + bx*x])/(3*%b"3) + (x~3*ArcCsch[a +
b*x])/3 - ((1 - 6*xa~2)*ArcTanh[Sqrt[1 + (a + b*x)~(-2)]11)/(6xb"3)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3867

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCscl[c + d*x])"(n - 2)/(d*(n - 1))), x] + Dist[1/(n - 1)
, Int[(a + b*Csc[c + d*x])~(n - 3)*Simp[a~3*(n - 1) + (b*x(b"2*(n - 2) + 3*a
~2%(n - 1)))*Cscl[c + d*x] + (axb™2%(3*n - 4))*Cscl[c + d*x]~2, x], x], x] /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] &% IntegerQ[2*n]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)]*(Csch[(c_.) + (d_.)*(
x_ )]x(b_.) + (a_))"(a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ fxx)"m)*((a + b*Csch[c + d*x])"(n + 1)/(bxd*(n + 1))), x] + Dist[fx(m/(b
*d*(n + 1))), Intl[(e + fxx)~(m - 1)*(a + b*Cschl[c + d*x])~(n + 1), x], x] /
; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*xf + f*Csch[x])™m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]
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Rubi steps
. Subst ([ z coth(z)csch(z)(—a + csch(z))? dz, z, csch™ (a + bz))
integral = — =

Subst ([ (—a + csch(z))? dz, z, csch ™' (a + bz))

= %zg’csch_l(a + bx) —

a:(a—i—bw)«/l—i-m 1

— L3 k1
= 652 +37 csch™ (a + bx)

Subst ([ (—2a® — (1 — 6a?) csch(z) — bacsch®(z)) dz, z,csch™'(a + bx))
- 663

1
z(a+bx)\/1+ Gy acsch™ (a + bz)

_ L3 21
= 6 + 303 + 3% csch™ (a + bx)
N (5a)Subst ( [ csch®(z) dz, z, csch ™' (a + bx))

6b3
N (1 — 6a?) Subst( [ csch(z) dz, z, csch ™ (a + bz))

6b3

1
z(a+bx)\/1+ iy N acsch™ (a + bz)

6b2 363

2 1
1 (1—6a )arctanh(1 /14 m)
+ ~az3csch™(a + bx) — (o+b)

3 663

(5ia)Subst <f ldz,z,—i(a+bzx),/1+ m>

6b3

5a(a +bx), /1 + m z(a + bx)\/ 1+ (a+%7:1:)2 a’csch™'(a + bx)
+ +

663 6b? 363

(1 —6a?) arctanh(, /1+ m>

663

363

1
+ gx?’csch_l(a + bx) —

Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.17

/xzcsch_l(a + bz) dz

(—5a% — dabz + b*2?) , /W + 26%z%csch ™ (a + bz) + 2a3arcsinh () + (—1 + 6a?) log ((a +

- 6b°

[In] Integrate[x~2xArcCschl[a + b#*x],x]
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[Out] ((-5%a”2 - 4xaxb*x + b~2*x"2)*Sqrt[(1 + a~2 + 2*xaxb*x + b~2*xx"2)/(a + b*x)~
2] + 2xb~3*x"3xArcCsch[a + b*x] + 2%a~3%ArcSinh[(a + b*x)~(-1)] + (-1 + 6%a
~2)*Logl(a + bxx)*(1 + Sqrt[(1 + a”2 + 2*a*b*x + b™2*x"2)/(a + b*x)~2])]1)/(

6%b~3)

Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.55

method result
5 5 \/ (b:c+a)2+1 (20,3 arctanh
— w +arcesch(bz+a)a?(br+a)—arcesch(bz+a)a(bz+a) 2+ arCCSCh(bmga) (bzta)” 4
derivativedivides B3
\/ (bz+a)2+1 (2113 arctanh
3 3
—w—l—arccsch(bz—i—a)a?(bx+a)—arccsch(bx+a)a(bac+a)2+arCCSCh(bm;axbz"’a) +
default =
VOZrZ T 9abzta? 11 (203 arctanh | ————L___)v/bZ+61n( tle+Vb2e+2abora?+1 Vo2-
x3 arccsch(bz+a) oreabaTa @ AR Vp2esabatatil " Vb2
parts 3 +
6b3\/ 202
(

[In] int(x"2*arccsch(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/b~3*(-1/3*arccsch(b*x+a)*a”~3+arccsch(b*x+a)*a~2* (b*x+a)-arccsch(b*xx+a) *a*
(b*xx+a) ~2+1/3*arccsch(b*xx+a) * (b*x+a) “3+1/6* ((b*x+a) "2+1) ~(1/2) *(2*a~3*arcta
nh(1/((b*x+a) ~2+1)~(1/2))+6*a~2*arcsinh (b*x+a)-6*a*x ((bxx+a) ~2+1) ~(1/2) +(b*x

+a) * ((bxx+a) "2+1) ~(1/2) —arcsinh(b*x+a) )/ (((b*xx+a) ~2+1) / (b*x+a) ~2) ~(1/2) / (b*

x+a))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 306 vs. 2(94) = 188.

Time = 0.28 (sec) , antiderivative size = 306, normalized size of antiderivative = 2.78

/xzcsch_l(a + bz) dx

(bw+a) b2z2z+2 al;zl—ai+l +1
26323 log [ pemioabee? +2a3log<—bz+(bx+a) w—a—}-l)—%ﬁ”log (—b

br+a b2x2+2 abz+a?

[In] integrate(x~2*arccsch(b*x+a),x, algorithm="fricas")

[Out] 1/6%(2*%b~3*x"3*log(((b*x + a)*sqrt((b~2*xx"2 + 2*axb*xx + a”2 + 1)/(b"2*x"2 +
2%axbxx + a~2)) + 1)/(b*x + a)) + 2*xa~3xlog(-b*x + (b*x + a)*sqrt((b~2*x"2
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+ 2%axbxx + a”2 + 1)/(b"2xx"2 + 2%axb*x + a”2)) - a + 1) - 2*xa”~3*log(-b*x
+ (b*x + a)*sqrt((b™2*x"2 + 2*a*xbxx + a2 + 1)/(b"2*x"2 + 2%a*b*x + a~2)) -
a - 1) - (6%a”2 - 1)xlog(-bxx + (b*x + a)*sqrt((b~2*x"2 + 2*xaxb*x + a~2 +
1)/(b"2%x~2 + 2%a*xb*x + a~2)) - a) + (b™2*x"2 - 4*axbxx - 5*a~2)*sqrt((b~2x

X"2 + 2%axb*x + a”2 + 1)/(b72*x"2 + 2%axb*x + a~2)))/b"3

Sympy [F]

/mQCsch_l(a +bx)dx = /332 acsch (a + bx) dz

[In] integrate(x**2*acsch(b*x+a),x)

[Out] Integral(x**2*acsch(a + b*x), x)

Maxima [F]
/:v2csch_1(a + bx) dx = /x2 arcsch (bx + a) dx

[In] integrate(x~2*arccsch(b*x+a),x, algorithm="maxima")

[Out] -1/6%(3*I*a"2 - I)*(log(I*(b~2*x + axb)/b + 1) - log(-I*(b"2*x + a*b)/b + 1
))/b”"3 + 1/6%(2xb~3*x"3*xLlog(sqrt (b~"2*x"2 + 2%a*b*x + a”2 + 1) + 1) + 2xbxx

+ (@73 - 3%a)*xlog(b~2*x"2 + 2%axbxx + a”2 + 1) - 2x(b~3*x"3 + a~3)*log(b*x

+ a))/b”3 + integrate(1/3*(b~2*x"4 + axbxx~3)/(b"2*x"2 + 2*axbxx + a~2 + (b
"2%x72 + 2xaxb*x + a”2 + 1)7(3/2) + 1), x)

Giac [F]
/ z’csch™ (a + bx) dx = / x? arcsch (bx + a) dz

[In] integrate(x~2*arccsch(b*x+a),x, algorithm="giac")

[Out] integrate(x~2*arccsch(b*x + a), x)
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Timed out.

/z2csch_1(a +bz)dz = /:c2 asinh(

[In] int(x"2*asinh(1/(a + b*x)),x)
[Out] int(x"2*asinh(1/(a + b*x)), x)

a+bx

) o

o7
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3.3 [ zcsch™(a + bx) dx

Optimal result . . . . . . . . . . . . e H8]
Rubi [A] (verified) . . . . . . . . . . bY
Mathematica [A] (verified) . . . . . . . . . .. . 60
Maple [A] (verified) . . . . . . . . . . 60)
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... .. ..., 611
Sympy [F] . . o 61]
Maxima [F] . . . . . . o 611
Giac [F] . . . o o 62
Mupad [F(-1)] . . . 62

Optimal result

Integrand size = 8, antiderivative size = 75

—1 f—
/a:csch_l(a +bz)dr = (a+ba) v L Gy _ a’cesch '(a + ba)

2b2 2b2

aaurctaunh(1 /1 + m>

b2

1
+ §x2csch_1(a + bx) —

[Out] -1/2*a"2*arccsch(b*x+a)/b~2+1/2*xx~2*xarccsch(b*x+a)-a*arctanh((1+1/ (b*xx+a) "2
)=(1/2))/v72+1 /2% (b*x+a) * (1+1/ (b*xx+a) ~2) ~(1/2) /b~2

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00, number

of steps used = 6, number of rules used = 6, Bumber of rules _ 0.750, Rules used = {6457,
integrand size

5577, 3858, 3855, 3852, 8}

2¢sch™! aarctanh( |/ —3— + 1
/avcsch_l(a + bx) dx = _a’csch™ (a + bx) (\/T)

2b2 b2

(a+bx),/m+1

+ 2p2

1
+ §x2csch_1(a + bx)

[In] Int[x*ArcCschla + b*x],x]

[Out] ((a + b*xx)*Sqrt[1 + (a + b*x)~(-2)]1)/(2%b~2) - (a~2*ArcCsch[a + b*x])/(2*b~
2) + (x"2*%ArcCsch[a + b*x])/2 - (a*xArcTanh[Sqrt[1 + (a + b*x)~(-2)]1]1)/b~2

Rule 8
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Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh([Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3858

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2#*x, x] +
(Dist[2*a*b, Int[Csc[c + d*x], x], x] + Dist[b~2, Int[Cscl[c + d*x]~2, x],
x]) /; FreeQ[{a, b, c, d}, x]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)*(
x )1*x(_.) + (a)) " (a_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ fxx)"m)*((a + bxCsch[c + d*x])"(n + 1)/(bxd*(n + 1))), x] + Dist[fx(m/(b
*d*(n + 1))), Intl[(e + fxx)~(m - 1)*(a + b*Cschl[c + d*x])~(n + 1), x], x] /
; FreeQ[{a, b, c, d, e, f, n}, x] & IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*xf + f*Csch[x])™m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

Subst ([ z coth(z)csch(z)(—a + csch(z)) dz, z, csch ™ (a + bz))
b2
Subst ([ (—a + csch(z))? dz, z, csch ™' (a + bz))
2b2
__ a’*csch™(a + bz) n 1$2csch_1(a +ba)— Subst ([ csch®(z) dz, z, csch ™' (a + bz))

2b? 2 2b?
N aSubst ( [ csch(z) dz, z, csch ™' (a + bz))

b2

integral = —

= 13v2csch_1(a + bx) —
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aarctanh(1 /1+ m)

2 -1
_ _aesch la + bz) + 1xzcsch_l(a +bx) —

202 2 b?
. iSubst (f ldz,z,—i(a+bzr),/1+ (a+%7w)2>
2b2
: / 1
(a+bz),/1+ @tto? a?csch '(a+bx) 1 , ., aarctanh( t (a+bx)2)
_ T _ o5 +§z csch™'(a+bx)— ®)

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.47

/ zesch™ (a + bz) dx

(a+ b@y/% + b%z%csch™ (a + bx) — a®arcsinh (4-) — 2alog ((a + bx) (1 + @/%

N 2b2

[In] Integrate[x*ArcCschl[a + b*x],x]

[Out] ((a + bxx)*Sqrt[(1 + a”2 + 2*a*bxx + b™2*x"2)/(a + b*x)~2] + b~2*x"2xArcCsc
h[a + bxx] - a"2*ArcSinh[(a + b*x)~(-1)] - 2xaxLog[(a + b*x)*(1 + Sqrt[(1 +
a"2 + 2%a*b*x + b"2%x72)/(a + b*x)~2])])/(2%¥b~2)

Maple [A] (verified)

Time = 0.33 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.29

method result

2 v/ (ln:+a)2+1 2a arcsinh(bz+a)— (bz+a)2+l
— arccsch(bz+a)a(bz+a)+ arCCSCh(bmga)(bw"'G) — ( )

(bz+a)2+1
2(bz+a i P
derivativedivid (bata), | T
erivativedivides >
2 . 5
—arccsch(bcc+a)a(bw+a)+arCCSCh(bz+‘l)(bz+a)2_ (beta)™+1 <2a arcsinh(bata)—y (beta) +1)
2 2(bx+a)\/(bz+a)2+l
default T(bata)?
b2
21 2452 abz+a2 b2
\/ﬁ — a2 I S 2_ b“z+vV'b +2abz+a“+1 E
parts 22 arcesch(bz-+a) n b2z2+2abz+a?+1 | —a? arctanh PN vb2—2a1n 2 kY

(bz+a)?

2 2b2\/b2 2+2abz+a2+1 (bx+a)\ﬁ

[In] int(x*arccsch(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/b~2x(-arccsch(b*x+a)*xa*(b*xx+a)+1/2*xarccsch(b*x+a) *(b*xx+a) ~2-1/2*% ((b*x+a)”
2+1) " (1/2) *(2*xa*arcsinh (b*x+a) - ((b*x+a) “2+1) ~(1/2) )/ (b*x+a) / (((b*x+a) ~"2+1) /
(b*x+a)~2)~(1/2))
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 285 vs. 2(65) = 130.

Time = 0.26 (sec) , antiderivative size = 285, normalized size of antiderivative = 3.80
/ xesch™ (a + bx) dz

(bata) / B5 A2t T 11 2 :
b%x? log vt —a?log (—bx+(bz+a)\/%—a+l)+a210g (—bx—i—(

bx+a

[In] integrate(x*arccsch(b*x+a),x, algorithm="fricas")

[Out] 1/2%(b~2*x"2*1log(((b*x + a)*sqrt((b"2*x"2 + 2*a*b*x + a”2 + 1)/(b"2%x"2 + 2
*axb*x + a”2)) + 1)/(bxx + a)) - a"2xlog(-b*x + (b*x + a)*sqrt((b"2*x"2 + 2
*xaxb*x + a”2 + 1)/(b72%xx"2 + 2*%axbxx + a”2)) - a + 1) + a"2xlog(-bxx + (b*x

+ a)*sqrt ((b™2xx™2 + 2*%axb*x + a”2 + 1)/(b™2%x"2 + 2xa*b*x + a”2)) - a - 1

) + 2xaxlog(-bxx + (b*x + a)*sqrt((b~2+x72 + 2*xaxb*x + a”2 + 1)/(b"2*xx"2 +
2xaxb*x + a”2)) - a) + (b*x + a)*sqrt((b™2*x"2 + 2xa*b*x + a~2 + 1)/(b"2*x~

2 + 2%axb*x + a~2)))/b"2

Sympy [F]
/xcsch_l(a + bx) dx = /:r acsch (a + bx) dz

[In] integrate(x*acsch(b*x+a),x)

[Out] Integral(x*acsch(a + b*x), x)

Maxima [F]
/ xesch™!(a + bx) dr = / z arcsch (bx + a) dx

[In] integrate(x*arccsch(b*x+a),x, algorithm="maxima")

[Out] 1/2*%Ixa*x(log(I*(b~2*x + a*b)/b + 1) - log(-Ix(b~"2*x + a*b)/b + 1))/b"2 + 1/
4% (2¥b~2xx"2*log(sqrt(b™2*x"2 + 2*%axb*x + a”2 + 1) + 1) - (a”2 - 1)*log(b~2

*X"2 + 2kaxbxx + a”2 + 1) - 2x(b72*xx"2 - a~2)*log(b*x + a))/b~2 + integrate
(1/2%(b™2%x"3 + axb*x"2)/(b~2%x"2 + 2*axb*x + a”2 + (b72*x"2 + 2%a*b*x + a~

2+ 1)7(3/2) + 1), x)
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Giac [F]

/ zesch™!(a + bz) dr = / z arcsch (bx + a) dx

[In] integrate(x*arccsch(b*x+a),x, algorithm="giac")

[Out] integrate(x*arccsch(b*x + a), x)

Mupad [F(-1)]

Timed out.

/xcsch_l(a—i—bx) da::/xasinh( ! ) dz
a+bzx

[In] int(x*asinh(1/(a + b*x)),x)
[Out] int(x*asinh(1/(a + b*x)), x)
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3.4 [ csch ™ (a+b2) g

i
Optimal result . . . . . . . . . . . . e 631
Rubi [A] (verified) . . . . . . . . 64
Mathematica [C] (verified) . . . . . . . . . ... 67
Maple [F] . . . . 68
Fricas [F] . . . . . o 68
Sympy [F] . . o o 63
Maxima [F] . . . . . o 69
Giac [F] . . . o o e 69
Mupad [F(-1)] . . . o 69

Optimal result

Integrand size = 10, antiderivative size = 162

-1 csch™!(a+bzx)
/ csch (a +bz) dx = csch™!(a + bz)log | 1 — R
x 1—-+vV1+a?

aesh™ Y(a+bzx)
1++v1+a?

— csch™(a + br) log (1 - e2°SCh71(“+b‘”)>

aecsch_1 (a+bz) aecsh” Y(a+bz)
+PolyLog 2,25 | + PolyLog | 2, = ——
U TV e U TR

+ csch™(a + bz) log (1 —

1 ;
— 5 PolyLog (2, e (e+12))

[Out] -arccsch(b*x+a)*1n(1-(1/(b*xx+a)+(1+1/(b*x+a)~2)~(1/2))"2)+arccsch(b*x+a)*1n
(1-a*x(1/ (bxx+a)+(1+1/(b*x+a) ~2)~(1/2))/(1-(a~2+1)~(1/2) ) )+arccsch(b*x+a)*1n

(1-a*x(1/ (bxx+a)+(1+1/ (b*x+a) ~2)~(1/2))/(1+(a~2+1)~(1/2)))-1/2xpolylog(2, (1/
(b*x+a)+(1+1/(b*x+a)~2)~(1/2))~2)+polylog(2,a*(1/(b*x+a)+(1+1/(b*x+a)~2)~ (1
/2))/(1-(a"2+1)~(1/2)))+polylog(2,a*(1/ (b*x+a)+(1+1/(b*x+a) ~2)~(1/2))/(1+(a
~2+1)°(1/2)))



64

Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 162, normalized size of antiderivative = 1.00,

number of steps used = 14, number of rules used = 8, number of rules _ 0.800, Rules used
integrand size

= {6457, 5715, 5688, 3797, 2221, 2317, 2438, 5680}

h— 1 b csch™1 (a+bx) csch™!(a+bz)
/ csch ™ (a + bz) dx = PolyLog (2, i + PolyLog ae
x

2,
1—+va?2+1 vaz+1+1

csch™1(a+bzx)
ae
+csch Y a+bx)log |1 - —— ——
( ) log ( 1—-—+va2+1 >

aecschfl(a—i-bz)
V@ +1+1

1 )
— 5 PolyLog (2, (+1))

— csch™(a + br) log (1 - eZCSChfl(“erz))

+ csch™'(a + bx) log (1

[In] Int[ArcCsch[a + b*x]/x,x]

[Out] ArcCsch[a + bxx]*Log[1l - (a*E~ArcCsch[a + b*x])/(1 - Sqrt[l + a"2])] + ArcC
sch[a + b*x]*Log[l - (a*E"ArcCsch[a + b*x])/(1 + Sqrt[1 + a~2])] - ArcCschl[

a + bxx]*Log[l - E~(2*ArcCsch[a + b*x])] + PolyLog[2, (a*E~ArcCsch[a + b*x]

)/(1 - Sqrt[1 + a~2])] + PolyLog[2, (a*E~ArcCsch[a + b*x])/(1 + Sqrt[1 + a~

2])] - PolyLog[2, E~(2xArcCschl[a + b*x])]/2

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(bxf*g*nxLog[F]))*Log[l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438
Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3797
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Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%xI, Int[((c + d*x)"m*(E~(2%x((-I)*e + fxfzxx))/(1 + E~(2%((-I)*e + fxfz*x)
)/E~ (2xIxk*Pi))))/E~(2*%Ixk*Pi), x], x] /; FreeQl[{c, d, e, f, fz}, x] &% Int
egerQ[4*k] && IGtQ[m, O]

Rule 5680

Int[(Cosh[(c_.) + (d_.)*(x_)I*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
h{(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[-(e + f*x)~(m + 1)/(bxfx(m + 1)),
x] + (Int[(e + f*x)"m*(E~(c + d*x)/(a - Rt[a"2 + b~2, 2] + b*E~(c + d*x)))
, x] + Int[(e + f*x)"m*(E~(c + d*x)/(a + Rt[a”™2 + b2, 2] + b*E~(c + d*x)))
, x]1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Rule 5688

Int[(Coth[(c_.) + (d_)*(x_)]1"(n_.)*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_
D*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Coth[c
+ d*x]"n, x], x] - Dist[b/a, Int[(e + f*x) m*Cosh[c + d*x]*(Coth[c + d*x]~
(n - 1)/(a + b*Sinh[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & I
GtQ[m, 0] && IGtQ[n, O]

Rule 5715

Int[(((e_.) + (£_)*(x_))"(m_)*(F_)[(c_.) + (d_.)*(x_ )1 (n_.)*(G_ ) [(c_.) +

(d_.)*(x_)1"(p_.))/(Cschl(c_.) + (d_.)*(x_)1*(b_.) + (a_)), x_Symbol] :> I
nt[(e + f*x) m*Sinh[c + d*x]*F[c + d*x] n*(G[c + d*x] p/(b + axSinh[c + d*x
1)), x]1 /; FreeQ[{a, b, c, d, e, f}, x] && HyperbolicQ[F] && HyperbolicQ[G]
&% IntegersQ[m, n, pl

Rule 6457

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*f + f*Csch[x])™m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

integral = —Subst / z coth(z)esch(z) dz,z,csch™(a + bx)
—a + csch(z)

B x coth(z) 4
= —Subst (/ T asinh(z) dz,z,csch™ (a + bx))



(osw( f

z cosh(z)
1 — asinh(z)

dz,z,csch™(a + bx)) >

— Subst (/ x coth(z) dz, z, csch™(a + bx))

2z
= 2Subst ( / 16—

_ 62:1:

— aSubst <

1
— aSubst < /

1+m—aex
= csch™(a + bx)log | 1 —
g

— csch™!(a + bx) log (

— Subst ( / log
— Subst ( / log

X

etx

—V1+a?—ae*

e‘x

1—

(15
-

+ Subst (/ log (1 —

= csch™'(a + bz) log (1 —

— csch™!(a + bx) log (1 —e

IOg(l — .27) dr.x e2csch_1(a+bz))

+ %Subst (/

T

ae

1—|—a2

1+m

csch ™! (a+bx)

1—+v1+a?

2csch L(a+bzx) )

dz,z,csch™(a + bm))
dz,z,csch™(a + bx))

dz,z,csch™(a + bac))

> dz,z,csch™(a + bz)>

) dz,z,csch™(a + bz))

e*”) dz,z,csch™'(a + bx))

ae

1+a2

log (1—
— Subst ( / ( -
z

),

csch ™! (a+bx)

1—+v1+a?

2csch ™! (a+bzx) )

-1
T, ecsch (a—i—bz))

log <1 — ) ~
— Subst (/ +v1+a dz, ecsch Ha+bz)
x

= csch™(a + bz) log <1 -

+ PolyLog (2,

ae
1

csch™1 (a+bzx)

+m>

ae

csch™! (a+bx)
1-+vV1+a?
csch™1 (a+bx)
ae
—csch™(a + bz) lo ( gZesch™ 1(‘”1””)) + PolyLog | 2, ——F——

1 _
-3 PolyLog (2, g2esch 1(a+b"”)>

) + csch™!(a + bz) log (1 -

) + csch™!(a + bz) log (1 -

) + csch™(a + bz) log (1 —

66

aecsch_ L(a+bx) >

1++v1+a?

1++vV1+a2

aeseh™ L(a+bzx) >

aecsch_ Y(a+bx) >

1++vV1+a?
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.48 (sec) , antiderivative size = 427, normalized size of antiderivative = 2.64

-1
/ csch Sva—l-bx) d

= é 7?2 — 4imesch™! (a + bx) — 8csch™ (a + bx)?

— 32 arcsin

V2 V1+ a?
(_1 + 1 /1 + (12) ecsch_l(a,—}-bz)

a

(=14 VI+ a?) ecsch™ (atbo)

a

/% (_1 + m) ecsch™! (a+bz)
log [ 1—
\/§ a

—ita o 1 . -1
Voo ) o an ((1 ia) cot (3 (m + 2icsch™ (a + b))

—8csch™(a+bz) log (1 - e_2°s"h_1(“+bx)) + 4im log (1 -

+ 8csch™!(a + bz) log (1 -

+ 167 arcsin

(]_ + 1+ a2) ecsch_l(a—i-bx)

a

(14 VT @) e ot

a

\V %ﬂ (1 + m) gosch™ (a+bz) . bz
log | 1+ — 4amlog

V2 a a+ bx

+ 4im log <1 +

+ 8csch™*(a + bz) log <1 +

— 167 arcsin

_ —1 + 4 /1 + a2 ecsch_l(a,+bz)
+ 4 PolyLog (2, g~ 2csch 1<a+”x>) + 8 PolyLog (2, ( )

a

+ 8 PolyLog (2 (1+vita?) e“"h_l‘“*’””))
y »

a

[In] Integrate[ArcCsch[a + b*x]/x,x]

[Out] (Pi~2 - (4*I)*Pi*ArcCsch[a + b*x] - 8*ArcCschl[a + b*x]~2 - 32xArcSin[Sqrt[(
-I + a)/al/Sqrt[2]]1*ArcTan[((1 - I*a)*Cot[(Pi + (2*I)*ArcCsch[a + b*x])/4])
/Sqrt[1 + a~2]] - 8%ArcCsch[a + b*x]*Log[l - E~(-2*ArcCschla + b*x])] + (4%
I)*PixLog[1 - ((-1 + Sqrt[1 + a~2])*E~ArcCschl[a + b*x])/al + 8%ArcCschla +
bxx]*Log[1l - ((-1 + Sqrt[1 + a"2])*E"ArcCsch[a + b*x])/al + (16*I)*ArcSin[S
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qrt[(-I + a)/al/Sqrt[2]]*Log[l - ((-1 + Sqrt[1 + a~2])*E~ArcCsch[a + b*x])/
a] + (4xI)xPixLog[1 + ((1 + Sqrt[1 + a"2])*E~ArcCsch[a + b*x])/a] + 8xArcCs
chla + bxx]*Log[1l + ((1 + Sqrt[1 + a"2])*E~ArcCsch[a + b*x])/a] - (16%I)*Ar
cSin[Sqrt[(-I + a)/al/Sqrt[2]]*Logl[l + ((1 + Sqrt[1 + a"2])*E~ArcCschl[a + b
xx])/a]l - (4xI)*PixLog[(b*x)/(a + b*x)] + 4xPolyLog[2, E~(-2*ArcCsch[a + b*
x])] + 8xPolyLog[2, ((-1 + Sqrt[1 + a~2])*E~ArcCsch[a + bx*x])/a] + 8*PolyLo
gl2, -(((1 + Sqrt[1 + a~2])*E~ArcCsch[a + b*x])/a)])/8

Maple [F]

/ arccsch (bz + a)
T

dz

[In] int(arccsch(b*x+a)/x,x)

[Out] int(arccsch(b*x+a)/x,x)

Fricas [F]

-1
/ csch™ (a + bx) dr — / arcsch (bz + a) s

T T

[In] integrate(arccsch(b*x+a)/x,x, algorithm="fricas")

[Out] integral(arccsch(b*x + a)/x, x)

Sympy [F]

-1
/csch ;a+bx) dp — / acsch (;L-l—bac) I

[In] integrate(acsch(b*x+a)/x,x)

[Out] Integral(acsch(a + b*x)/x, x)
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Maxima [F]

-1
/ csch™ (a + bx) dr — / arcsch (bz + a) i

T T

[In] integrate(arccsch(b*x+a)/x,x, algorithm="maxima")

[Out] integrate(arccsch(b*x + a)/x, x)

Giac [F]

-1
/ csch (xa + bx) dp — / arcsch Q(be +a) i

[In] integrate(arccsch(b*x+a)/x,x, algorithm="giac")

[Out] integrate(arccsch(b*x + a)/x, x)

Mupad [F(-1)]

Timed out.

/ asinh(ﬁ) i

T T

/ csch™(a + bx) i

[In] int(asinh(1/(a + b*x))/x,x)
[Out] int(asinh(1/(a + b*x))/x, X)
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35 [ csch™ (atbo) 5
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Optimal result

Integrand size = 10, antiderivative size = 63

/ csch™(a + bx) dr — _bcsch_l(a +bz) csch™(a + bx)
x? a x

V1+a2

aVv'1+ a?

[Out] -b*arccsch(b*x+a)/a-arccsch(b*x+a)/x+2*b*arctanh((a+tanh(1/2*%arccsch(b*x+a)

))/(@"2+1)~(1/2))/a/(a"2+1)~(1/2)

a+tanh lCSCh_1 a+bx
2barctanh< Hanh(; (ot )>)

_|_

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6 number of rules _ 0.600, Rules used = {6457,

’ integrand size
5577, 3868, 2739, 632, 212}

/ csch™(a + bx) s

xr2

tanh ( icsch™ (a—f-bm)) +a
2barctanh :
_ archan ( va?+1 _besch™'(a+bx)  csch™!(a + bx)
ava? +1 a z

[In] Int[ArcCschl[a + b*x]/x"2,x]

[Out] -((bxArcCsch[a + b*x])/a) - ArcCschl[a + b*x]/x + (2%b*ArcTanh[(a + Tanh[Arc
Csch[a + bxx]/2])/Sqrt[1 + a~2]])/(a*Sqrt[1 + a~2])

Rule 212
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] |l LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e"2%x72), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3868

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d}, x
] && NeQ[a"2 - b~2, 0]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)*(
x )1x(_.) + (@ )" (a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*xx)"m)*((a + b*Cschlc + d*x])~(n + 1)/(b*d*(n + 1))), x] + Dist[f*x(m/(b
*dx(n + 1))), Intl[(e + f*x)"(m - 1)*(a + b*Cschl[c + d*x])~"(n + 1), x], x] /
; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)I*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*xe - cxf + fxCsch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

) . x coth(z)csch(x) 1
integral = (bSubst ( / (—a + csch(@))? dz,z,csch™ (a + bx)

-1
S Gl B / o do,zesch” (o + bo)
T —a + csch(z)
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_ besch™ '(a+bx) csch™(a+ bx) N bSubst (f #nh(a:) dz,z,csch™ (a + bx))
a z a

besch™(a +bx)  csch™ (a + bx) N (2b)Subst ([ +—~— dz,z, tanh (2csch™ (a + bz)))

a T a
_ bcsch_l(a bz) csch_l(a + bx)
B z
(4b) Subst <f prgEm 2) > dz,,—2a — 2tanh (1csch™'(a + bx)))
a
a-+tanh < % csch™ ! (a+b:c))
2 h
_ besch™' (a + bx) 3 csch™!(a + bx) 4 barctan ( Vita? )

T a T av'1+a?

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 141 vs. 2(63) = 126.

Time = 0.17 (sec) , antiderivative size = 141, normalized size of antiderivative = 2.24

dz =

x? T
b(\/l + a2arcs1nh(a+bz) + log(z) — log (1 +a? + abz + a1 + a2 1+a2-{a-3_(21?:)-2|—b2z2 +VIF b /1+a2§‘
av1+ a?

/ csch™(a + bx) B csch™(a + bx)

[In] Integrate[ArcCsch[a + bxx]/x"2,x]

[Out] -(ArcCschl[a + b*x]/x) - (b*(Sqrt[1 + a~2]*ArcSinh[(a + b*x)~(-1)] + Loglx]
- Logl[l + a”2 + axb*x + axSqrt[1l + a~2]*Sqrt[(1 + a~2 + 2*xaxb*x + b~2%xx"2)/

(a + b*x)"2] + Sqrt[1 + a~2]*b*x*Sqrt[(1 + a~2 + 2*a*b*x + b~2*x~2)/(a + b*
x)~211))/(a*Sqrt[1 + a~2])

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 126 vs. 2(57) = 114.

Time = 0.64 (sec) , antiderivative size = 127, normalized size of antiderivative = 2.02
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method result

(bz+a)?+1 [ arctanh | —2—— |vaZ+1-In 2VaP 41y (beta)®+1+2(bata)at2
__arccsch(bz+a) \/ (ba+a)?+1 be

derivativedivides | b e 2
\/(bz+a) '2"1 (bz+a)ava2+1
(bz+a)

> VaZFi-In < 2va2+1 \/(bx+a;i+l+2(b:c+a)a+2> )

(bz+a)?+1 [ arctanh | ——L1——
_arccsch(bx-{—a) _ \/m

default b = S
r+a
\/ (bz+a);— (bz+a)ava2+1
bvb2z2+2abz+a2+1 (arctanh (ﬁ) VaZ+1-In ( 20% 42+ 2abs+2+/a? +Zl V22242
parts __arcesch(bz+a) V222 2abz+a2+1

[In] int(arccsch(b*x+a)/x"2,x,method=_RETURNVERBOSE)

[Out] b*x(-1/b/x*arccsch(b*x+a)-((b*xx+a) ~2+1)~(1/2)*(arctanh(1/ ((b*xx+a) ~2+1)~(1/2)
)*(a”2+1)7(1/2)-1n (2% ((a~2+1) ~(1/2) * ((b*x+a) ~2+1) ~(1/2) + (b*x+a) *a+1) /b/x) ) /
(((b*xx+a) ~2+1) / (b*x+a) ~2)~(1/2) / (b*x+a) /a/(a~2+1)~(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 343 vs. 2(57) = 114.

Time = 0.27 (sec) , antiderivative size = 343, normalized size of antiderivative = 5.44

x2

(a% + 1)bx log (—bx-l— (bx+a)\/% —a+ 1) — (% + 1)bz log (—bx-l— (bx+a),/%

/ csch™(a + bz) 4

[In] integrate(arccsch(b*x+a)/x"2,x, algorithm="fricas")

[Out] -((a"2 + 1)*b*x*xlog(-bxx + (b*x + a)*sqrt((b~2*%x"2 + 2xa*b*x + a~2 + 1)/(b~
2*x"2 + 2%a*xbxx + a”2)) - a + 1) - (2”2 + 1)*b*x*log(-b*x + (b*x + a)*sqrt(
(b~2*%x"2 + 2%a*bxx + a2 + 1)/(b"2*x"2 + 2%a*b*x + a”2)) - a - 1) - sqrt(a”

2 + 1)*bxxxlog(-(a™2xbxx + a”3 + (a*b*x + a~2 + (a*b*x + a~2)*sqrt((b~2*x~2

+ 2xaxb*x + a”2 + 1)/(b72%x"2 + 2%axb*x + a”2)) + 1)x*sqrt(a”2 + 1) + (2”3

+ (272 + 1)*bxx + a)*sqrt((b~2*x"2 + 2%axb*x + a”2 + 1)/(b72*xx"2 + 2*axbxx

+ a”2)) + a)/x) + (2”3 + a)*log(((b*xx + a)*sqrt((b~2*x"2 + 2*axb*x + a~2 +
1)/(b"2%x"2 + 2*a*b*x + a~2)) + 1)/(b*x + a)))/((a"3 + a)*x)
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Sympy [F]

-1
/csch (a + bx) dr — / acsch (a + bx) s

T2 T2

[In] integrate(acsch(b*x+a)/x**2,x)

[Out] Integral(acsch(a + b*x)/x**2, x)

Maxima [F|

/ csch™!(a + bx) dp — / arcsch (bz + a) i

x2 2

[In] integrate(arccsch(b*x+a)/x"2,x, algorithm="maxima")

[Out] -1/2%I%b*(log(I*(b~2%x + a*b)/b + 1) - log(-I*(b~2*x + axb)/b + 1))/(a"2 +
1) - bxlog(x)/(a"3 + a) - 1/2x(a"2xb*xx*log(b~2*x"2 + 2*a*b*x + a”2 + 1) - 2
x(a"3 + (a"2xb + b)*x + a)*log(b*x + a) + 2%(a”3 + a)*log(sqrt(b~2*xx"2 + 2%
axbxx + a”2 + 1) + 1))/((a"3 + a)*x) - integrate((b”2*x + axb)/(b"2*x~3 + 2
*xaxbxx"2 + (272 + 1)*x + (b72%x"3 + 2xaxbxx"2 + (a2 + 1)*x)*sqrt(b™2*x"2 +

2%axbxx + a”2 + 1)), x)

Giac [F]

-1
/ csch™ (a + bx) dp — / arcsch (bz + a) s

x2 2

[In] integrate(arccsch(b*x+a)/x"2,x, algorithm="giac")

[Out] integrate(arccsch(b*x + a)/x"2, x)

Mupad [F(-1)]

Timed out.

/csch_l(a+ bx) dp — / asinh(a:bm) e

2 2

[In] int(asinh(1/(a + b*x))/x"2,x%)
[Out] int(asinh(1/(a + b*x))/x"2, x)
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3.6 [ csch™ (atbo) 5

3
Optimal result . . . . . . . . . . e 751
Rubi [A] (verified) . . . . . . . . 75
Mathematica [A] (verified) . . . . . . . .. ... o 78
Maple [B] (verified) . . . . . . . . ... 78
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........ 79
Sympy [F] . . o o R0
Maxima [F] . . . . . . R0
Giac [F] . . . o o k)
Mupad [F(-1)] . . . oo &1

Optimal result

Integrand size = 10, antiderivative size = 114

1
/ csch™(a + bx) dp — b(a + bw)\/ 1+ Gy 4 b?csch™'(a + bx) B csch™(a + bx)
z3 B 201+ a?)zx 2a? 212

V1+a2

1
(1 + 2a?) b%arctanh (aHanh(éCSCh (a+02) )

a2 (1+ a2)*?

[Out] 1/2xb~2*arccsch(b*x+a)/a~2-1/2*%arccsch(b*x+a)/x~2-(2*a~2+1) *b~2*arctanh((a+
tanh(1/2*arccsch(b*x+a)))/(a~2+1)~(1/2))/a~2/(a~2+1) ~(3/2)+1/2*xb*x (b*x+a) * (1
+1/(bxx+a)~2)~(1/2)/a/(a"2+1) /x

Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 8, Bumber of rules _ 4 g5 Ryles used

' integrand size
= {6457, 5577, 3870, 4004, 3916, 2739, 632, 212}

9 9 tanh(%CSCh_l(a—i-bz))—}-a
esch~(a -+ ba) (2a*+1)b arctanh( T
3 dr = — 3/2
z a?(a?+1)
1
N b%csch™'(a + bx) N ba + be) \ ooz T 1 B csch™(a + bx)
2a? 20 (a®+ 1)z 212

[In] Int[ArcCschl[a + b*x]/x"3,x]
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[Out] (bx(a + b*x)*Sqrt[1 + (a + b*x)~(-2)])/(2*a*(1 + a~2)*x) + (b~2*ArcCsch[a +
bxx])/(2*¥a"2) - ArcCsch[a + b*x]/(2%x72) - ((1 + 2xa~2)*b~2*ArcTanh[(a + T
anh[ArcCsch[a + b*x]/2])/Sqrt[1 + a~2]]1)/(a"2x(1 + a~2)~(3/2))

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2*cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x1}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e~2%x"2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b~2, 0]

Rule 3870

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2xCot[
c + d*x]*((a + b*Csclc + d*x])"(n + 1)/(axd*x(n + 1)*(a"2 - b~2))), x] + Dis
t[1/(a*x(n + 1)*(a"2 - b72)), Int[(a + b*Csc[c + d*x])~(n + 1)*Simp[(a”2 - b
“2)*(n + 1) - axb*(n + 1)*Csclc + d*x] + b™2*(n + 2)*Csc[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] & NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2*n]

Rule 3916

Int[cscl(e_.) + (£_.)*x(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQl[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (f_.)*(x_)]1*(d_.) + (c_))/(cscl(e_.) + (£_.)*x(x_)I*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Cscle + f*x
1/(a + b*Cscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c -
axd, 0]

Rule 5577



(s

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)*(
x )1x(b_.) + (@ )" (a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*xx)"m)*((a + bxCsch[c + d*x])"(n + 1)/(bxd*x(n + 1))), x] + Dist[fx(m/(b
*d*(n + 1))), Int[(e + f*x)~(m - 1)*(a + b*Cschl[c + d*x])~(n + 1), x], x] /
; FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)I*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - cxf + f*Csch[x])"m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,

b, ¢, d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

) 9 x coth(z)csch(x) .
= _ h
integral (b Subst < / (a + csch(@))? dz,x,csch™ (a + bx)

csch'(a+bz) 1, 1 .
= _ - h b
502 + 2b Subst / Cat osch(@))? dz,z,csch™ (a + bx)
1 —1—a2—aCSCh(x) -1
~ bla+bz)\/1+ Grppe _csch™(a + bx) . b*>Subst (f ~arcsch@ dz,z,csch™ (a + bx))
2a (14 a?)z 222 2a (1 + a?)
1
_ b(a + bx)\/ 1+ ey 4 b?csch™'(a + b2) B csch™(a + bx)
2a(14+a?)z 2a? 212
ch(z -
- ((1 + 2a?) b*) Subst (f %csc(ﬁ dz,z,csch™ (a + bx))
2a2 (1 4 a?)
1
_ b(a + bx)\/ 1+ ey N b?csch™'(a + bx) B csch™(a + bx)
2a(14+a?)x 2a? 212
~ ((1 + 2a?) b*) Subst (f Tasimh 92, @, csch ™ (a + bx))
2a? (1 + a?)
1
_ b(a + bx)\/ 1+ ey L b?csch™'(a + bx) B csch™(a + bx)
2a(14+a?)z 2a? 212

((1 + 2a%) b%) Subst( [ 11— d=z, z, tanh (3csch™'(a + bz)))
a? (1+ a?)
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1
b(a + bx)\/ 1+ ey 4 b?csch™'(a + b2) B csch™(a + bx)

- 201+ a?)zx 2a? 222

2(1 + 2a?) b?) Subst( [ =7 dz, z, —2a — 2 tanh (csch™(a + bz

4(14-a?)—z 2
a?(1+ a?)
1
_ b(a +bx)\ /1 + Gy N b?csch™'(a +bz) csch™'(a + bx)
2a(14+a?)z 2a? 212
a+tanh l(ZSC}171 a+bz
(1+ 2a?) bzarctanh( = (2\/1+a2 s ))>

a?(1+ (,‘L2)3/2

Mathematica [A] (verified)

Time = 0.47 (sec) , antiderivative size = 220, normalized size of antiderivative = 1.93

/ csch™(a + bx) s

3
1+a2+2abz+b2z2 .
1 b(a + bm),/% ~ csch™!(a + bz) N b%rcsmh(ﬁbx) 4 (1 + 2a?) b*log(z)
_2 a(1+a2)a; :L.Q a2 2 23/2
a? (14 a?)

1+ 2a?) b?log (1 + a2 + abz + av/1 + a2,/ Lrelt2ebeib®a? | /174 (3py [ 1+a®+2aboib?a?
(a-+bz) (a+bx)
a?(1+ a2)3/ 2

[In] Integrate[ArcCsch[a + b*x]/x"3,x]

[Out] ((b*x(a + bxx)*Sqrt[(1 + a”2 + 2%a*b*x + b~2*x"2)/(a + b*x)~2])/(a*x(1 + a~2)
*x) — ArcCschl[a + b*x]/x"2 + (b"2xArcSinh[(a + b*x)~(-1)]1)/a"2 + ((1 + 2xa~
2)*b~2*xLog[x])/(a~2*%(1 + a~2)~(3/2)) - ((1 + 2%¥a~2)*b~2*Log[1l + a2 + axb#*x

+ a*xSqrt[1 + a"2]*Sqrt[(1 + a™2 + 2xaxb*x + b~2*x"2)/(a + b*x)~2] + Sqrt[1

+ a”2]*b*x*xSqrt [(1 + a”2 + 2%axb*x + b~2xx"2)/(a + b*x)~2]]1)/(a~2x(1 + a~2

)7(3/2)))/2

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 317 vs. 2(100) = 200.

Time = 0.66 (sec) , antiderivative size = 318, normalized size of antiderivative = 2.79
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method result

3 2 .
\/ﬁ 2 5 1 N 2 2a°+2+2abz+2va?+1
__ arcesch(bz+a) bvb222+2abz+a2+1 ( (a?+1) 2 arctanh Tl br—2In .

parts 527 +

3 3
(bz+a)®+1 [ —arctanh | —2L— | (a2+1) Za3+arctanh | ——L1— | (a2+1) 24’
\/ (bm+a)2+l \/ (bm+a)2+1

. . .. h(b:
derivativedivides | b2 —arccs;bz(wff ta)
3 3
\/ (bz+a)?+1 | —arctanh | ——L—— | (a2+1) 2 a3+arctanh | ——L—— | (a2+1) 2 a’
default b2 __arccsch(bz+a) + V (bz+a)2+1 ( ) \/(bz+a)241 ( )
2b2z2

[In] int(arccsch(b*x+a)/x"3,x,method=_RETURNVERBOSE)

[Out] -1/2*arccsch(b*x+a)/x"2+1/2*%b* (b~ 2*x~2+2*a*b*x+a~2+1) ~(1/2)*((a~2+1)~(3/2) *
arctanh(1/ (b~ 2*x"2+2*a*xb*x+a~2+1) ~(1/2) ) *a~2xb*x-2*1n (2* (a*b*x+(a~2+1) ~(1/2

)*x (b~ 2%x"2+2*ax*b*x+a”~2+1) "~ (1/2)+a~2+1) /x) *a~4*b*x+b*arctanh (1/ (b~ 2xx~2+2*a*
bxx+a~2+1) " (1/2)) *x*(a~2+1) " (3/2)+(a~2+1) " (3/2) * (b~ 2*x~2+2*axbxx+a~2+1) ~(1/
2)*a-3*x1n (2% (a*xbxx+(a~2+1) ~(1/2) * (b~ 2*x"2+2*a*b*x+a~2+1) ~(1/2)+a"~2+1) /x) *a~
2*bxx—b*1n (2% (axbxx+(a"~2+1) ~(1/2) * (b~ 2*x~2+2*a*b*x+a~2+1) ~(1/2)+a”~2+1) /x) *x

)/ ((b™2%x"2+2%a*b*x+a~2+1) / (b*x+a) ~2) ~(1/2) / (b*x+a) /a~2/(a"2+1)~(5/2) /x

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 461 vs. 2(100) = 200.

Time = 0.28 (sec) , antiderivative size = 461, normalized size of antiderivative = 4.04

3

/ csch™(a + bx) s

2 3_ 2 2\ /22242 abz+a2+1 ) 3 2 522242 abz+a?-
a“bx+a (abz+a +(abz+a ) m+l) Vva +1+(a +(a —l—l)bm-l—a) 32a% 42 abota

(2a? + 1)vVa? + 10?z%log | — -

[In] integrate(arccsch(b*x+a)/x"3,x, algorithm="fricas")

[Out] 1/2%((2%¥a~2 + 1)*sqrt(a”™2 + 1)*b~2xx"2*log(-(a~2*b*x + a~3 - (a*b*x + a™2 +
(axbxx + a~2)*sqrt((b~2*%x"2 + 2xa*b*x + a~2 + 1)/(b72%x"2 + 2*axb*x + a”~2)

) + 1)*sqrt(a”™2 + 1) + (273 + (272 + 1)*bxx + a)*sqrt((b"2*xx"2 + 2*axb*x +

a”2 + 1)/(b72%x72 + 2*%axb*x + a”2)) + a)/x) + (2”4 + 2*a”2 + 1)*b~2*x"2x*log

(-b*x + (b*x + a)*sqrt((b~2*x~2 + 2xaxbxx + a”2 + 1)/(b72*x"2 + 2*a*b*x + a

"2)) —a+ 1) - (274 + 2¥a”2 + 1)*b"2*x"2x1log(-b*x + (b*x + a)*sqrt((b~2*x~

2 + 2%a*xb*x + a”2 + 1)/(b72%x72 + 2%a*b*x + a”2)) - a - 1) + (2”3 + a)*b”2%
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x"2 - (276 + 2*a"4 + a~2)*x1log(((b*x + a)*sqrt((b"2*x~2 + 2*axbxx + a~2 + 1)
/(D7"2%x72 + 2%a*b*x + a”2)) + 1)/(b*x + a)) + ((a”3 + a)*b™2*x"2 + (2”4 + a
~2)*bxx) *sqrt ((b"2*x"2 + 2%a*b*x + a~2 + 1)/(b~2*%x"2 + 2xa*b*x + a~2)))/((a
6 + 2*¥a"4 + a"2)*x72)

Sympy [F]

3 3

-1
/csch (a+bzx) dp — / acsch (a + bz) i

[In] integrate(acsch(b*x+a)/x**3,x)

[Out] Integral(acsch(a + b*x)/x**3, x)

Maxima [F]

-1
/ csch™ (a + bx) dr — / arcsch (bx + a) i

3 3

[In] integrate(arccsch(b*x+a)/x"3,x, algorithm="maxima")

[Out] 1/2*%Ixaxb~2*(log(I*(b~2*x + axb)/b + 1) - log(-I*(b~2*x + axb)/b + 1))/(a~4
+ 2%a"2 + 1) + 1/2x(3*%a"2*%b"2 + b"2)*log(x)/(a"6 + 2*xa"4 + a~2) + 1/4x((a”
4xb~2 - a"2*%b”2)*x"2x1log(b~2*x"2 + 2*%axbxx + a”2 + 1) + 2%(a"3%b + axb)*x +
2x(a”6 + 2xa~4 - (a”4%b”2 + 2%a”2*%b"2 + b"2)*x"2 + a"2)*log(b*x + a) - 2%(

a"6 + 2%¥a”4 + a~2)*xlog(sqrt(b™2*x"2 + 2%a*b*x + a”2 + 1) + 1))/((a"6 + 2xa~

4 + a”2)*x"2) - integrate(1/2*(b~2*x + axb)/(b"2*x~4 + 2*axbxx~3 + (2”2 + 1

)*¥x72 + (b7™2*x"4 + 2*%axbxx~3 + (272 + 1)*x72)*sqrt(b"2*x"2 + 2*a*xbxx + a~2

+ 1)), x)

Giac [F]

-1
/ csch (t;+ba:) dp — / arcsch (gx—i-a) s
T T

[In] integrate(arccsch(b*x+a)/x"3,x, algorithm="giac")

[Out] integrate(arccsch(b*x + a)/x"3, x)



Mupad [F(-1)]

Timed out.

3 3

/csch_l(a-l-bx) dzz/aSiHh(afbw) i

[In] int(asinh(1/(a + b*x))/x"3,x%)
[Out] int(asinh(1/(a + b*x))/x"3, x)
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3.7 [(e+ fz)? (a+besch™'(c + d:z:))2 dx

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . e
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... .. ... ...
Maple [F] . . . .
Fricas [F] . . . . . o e

Sympy [F] . . o
Maxima [F] . . . . . .

Giac [F] . .

Optimal result

Integrand size = 20, antiderivative size = 501

/(e + fz)? (a+ besch ™' (c + dz))* da

_ BfAde—cf)z b f3(c+ d)? bf3(c+dz),/1+ m(a—l-bcsch_l(c—i-dz))

d3 12d4 3d*
N 3bf(de — cf)?(c+dx),/1+ m(a + besch ™' (¢ + dx))
d4
. bf?(de — cf)(c+dz)*\ /1 + g (a + besch™ (¢ + dz))
d4
bf3(c+dzx)3,/1+ m (a + besch™ (c + dz))
_+_
6d*
(de — cf)* (a+bosch ™ (c+dx))® (e + fz)* (a+ besch ™ (c + da))
- adif + if
2bf2(de — cf) (a + besch™ (¢ + dz)) arctanh (eCSChfl(chd’”))
_ =
.\ 4b(de — cf)? (a + besch™' (¢ + dz)) arctanh <e°5°h_l(°+d$)> /% log(c + da)
d* 3d*
3% f(de — cf)2log(c + dz) b2 f%(de — cf) PolyLog (2, —ecsch (C+d”’)>
M 2 - g
2b%(de — cf)3 PolyLog <2, —eCSCh_l(Cerm))
+ 7

b%f?(de — cf) PolyLog <2, eCSCh_l(c“Ld””)) 2b%(de — cf)3 PolyLog <2, eCSCh_l(chdx))
* iz - iz
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[Out] b~ 2*f~ 2% (—cxf+d*e) *x/d~3+1/12*%b"2+f " 3* (d*x+c) "2/d"4-1/4* (—cxf+d*e) ~4* (a+b*a
rccsch(dxx+c))~2/d"4/f+1/4% (fxx+e) ~4*x (atb*arccsch(d*x+c)) ~2/f-2xbxf~2x (—c*f
+d*e) * (a+b*arccsch(d*x+c) ) *arctanh (1/ (d*x+c)+(1+1/(d*x+c) ~2) ~(1/2)) /d"4+4%b
* (—c*f+d*e) "3* (at+b*arccsch(d*x+c) ) *arctanh (1/ (d*x+c)+(1+1/(d*x+c)~2)~(1/2))
/d"4-1/3*b"2+f~3*1n(d*x+c) /d~4+3*b"2*f* (—cxf+d*e) "2x1n(d*x+c) /d~4-b~2*f " 2% (
—-c*f+d*e) *polylog(2,-1/(d*x+c)-(1+1/(d*x+c)~2)~(1/2))/d"4+2%b~2% (-cxf+d*e)~
3*polylog(2,-1/(d*x+c)-(1+1/(d*x+c)~2)~(1/2))/d"4+b~2*f~2x (—c*f+d*e) *polylo
g(2,1/(d*x+c)+(1+1/(d*x+c) ~2)~(1/2)) /d~4-2xb~2x (—cxf+d*e) "3*polylog(2,1/(d*
x+c)+(1+1/(d*x+c)"2)~(1/2))/d"4-1/3*b*xf~3* (d*x+c) * (a+b*arccsch(d*x+c) ) * (1+1
/(d*x+c)~2) " (1/2) /d"4+3*xbxf* (~cxf+d*e) ~“2x (d*x+c) * (a+b*arccsch (d*x+c) ) *(1+1/
(d*x+c)~2)~(1/2) /A" 4+b*f~ 2% (—cxf+d*e) * (d*x+c) ~2* (at+b*arccsch(d*x+c) ) * (1+1/(
d*x+c)~2) " (1/2) /d"4+1/6%b*f~3* (d*x+c) ~3* (a+b*arccsch(d*x+c) ) * (1+1/ (d*x+c) "2
)" (1/2)/474

Rubi [A] (verified)

Time = 0.70 (sec) , antiderivative size = 501, normalized size of antiderivative = 1.00,

number of steps used = 20, number of rules used = 9, umber of rules _ 4 450 Ryles used
integrand size
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= {6457, 5577, 4275, 4267, 2317, 2438, 4269, 3556, 4270}

/(e + fz)® (a + besch ™' (c+ do[:))2 dz

2bf%(de — cf)arctanh (eCSCh_l(”d“)) (a + besch ™ (c + dz))

— =i
4b(de — cf)3arctanh <eCS°h71(C+d”)) (a + besch™ (¢ + dz))
_|_
g7
. bf?(c+dz)?\/ ramy + L(de — cf) (a + besch™ (¢ + dz))
d4
(de — cf)* (a + besch ™' (c + dz‘))2
B 4def
.\ 3bf(c+ dz), /m + 1(de — cf)? (a + besch ™' (c + dx))
d4
bf*(c+ dz)*, /iy + 1(a + bosch™ Y(c+dz))
+ 6d*
~ bf3(c+dz),/ v T 1(a + besch™ '(c+dz)) N (e+ fz)* (a+ besch™'(c + dac))2
344 if
b2 f?(de — cf) PolyLog (2 ecsch™ 1(C+dw)> b2 f%(de — cf) PolyLog <2, eCSCh_l(CJ“d“”))
d* + d*
2b%(de — cf)3 PolyLog < ecsch” (c+d’”)> 2b%(de — cf)3 PolyLog (2, eCSChfl(CJ“d””))
* 2 - &
3b2f(de — cf)?log(c + dz) N B*f3(c+dx)®> b f’log(c+dx) N b’ f2z(de — cf)
d* 12d4 3d* d3

[In] Int[(e + f*x)~3*(a + b*ArcCschl[c + d*x])~2,x]

[Out] (b~2%f~2x(d*e - c*f)*x)/d"3 + (b™2*f"3*(c + d*x)~2)/(12%d"4) - (b*f~3x(c +
d*x)*Sqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCschlc + d*x]))/(3%d"4) + (3xbxf*x(d
xe — c*xf)"2+(c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCsch[c + d*x]))/d"~
4 + (bxf~2x(dxe - c*xf)*(c + d*x)~2*Sqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCsch[
c + dxx]))/d"4 + (bxf~3%(c + d*x)~3*Sqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCsch
[c + d*x]))/(6%xd"4) - ((d*e - c*f)~4*(a + b*ArcCschlc + d*x])~2)/(4xd~4x*f)
+ ((e + f*xx)~4x(a + bkArcCschlc + d*x])~2)/(4*f) - (2*bxf~2x(d*e - c*f)*(a
+ b*ArcCsch[c + d*x])*ArcTanh[E~ArcCschlc + d*x]])/d"4 + (4*b*x(d*e - c*xf)~3
*(a + b*ArcCsch[c + d*x])*ArcTanh[E~ArcCsch[c + d*x]])/d"4 - (b~2*f~3x*Loglc
+ dxx])/(3%d"4) + (3xb~2*f*x(d*e - cxf) 2xLoglc + d*x])/d"4 - (b~2xf~2x(d*e
- cxf)*PolyLog[2, -E"ArcCschlc + d*x]])/d"4 + (2*b"2x(d*e - cx*f) 3*PolyLog
[2, -E"ArcCschlc + d*x]])/d"4 + (b~2xf~2x(d*e - c*f)*PolyLog[2, E~ArcCschlc
+ d*x]])/d~4 - (2¥b~2%(d*e - cx*f) 3*PolyLog[2, E~ArcCschlc + d*x]])/d~4
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Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]

Rule 4267

Int[cscl[(e_.) + (Complex[0, fz_])*(f_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfzxx)]/(fxfz*I)), x]
+ (-Dist[d*(m/(£fxfz*I)), Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + f*fzx*x)
1, x], x] + Dist[d*(m/(f*fz*I)), Int[(c + d*x)~(m - 1)*Logl[l + ET((-I)*e +
fxfzxx)], x], x]) /; FreeQl{c, d, e, f, £z}, x] && IGtQ[m, O]

Rule 4269

Int[cscl(e_.) + (£_)*x(x_)]1"2x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)x*
Cotl[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 4270

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
Simp[(-b~2)*(c + d*x)*Cot[e + f*x]*((b*Cscle + f*x])"(n - 2)/(f*(n - 1))),
x] + (Dist[b™2*%((n - 2)/(n - 1)), Int[(c + d*x)*(b*Cscl[e + f*x])~(n - 2),

x], x] - Simp[b~2*xd*((b*Cscle + f*x])~(n - 2)/(f72x(n - V*x(n - 2))), x1) /
; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]

Rule 4275

Int[(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*x(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)”"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)*(
x )1*x(_.) + (@) " (a_)*((e_.) + (f_.)*(x))"(m_.), x_Symbol]l :> Simp[(-(e
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+ fxx)"m)*((a + bxCschlc + d*x])~(n + 1)/(bxd*(n + 1))), x] + Dist[f*(m/(b
xd*(n + 1))), Int[(e + f*x)~(m - 1)*(a + b*Csch[c + d*x])~(n + 1), x], x] /
; FreeQ[{a, b, c, d, e, f, n}, x] & IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*xf + f*Csch[x])™m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps
_ Subst( [ (a + bz)? coth(z)csch(z) (de — cf + fesch(z))? dz, z, csch™ (¢ + dz))
integral = — i
(e+ fz)* (a+besch ™' (c + d:c))2
— v
bSubst( [ (a + bz)(de — cf + fesch(z))* dz, z, csch ™ (c + dz))
B 2d* f
_ (e+ fz)* (a+besch™ (c+ da:))2
- o
bSubst ( f <d4e4 (1 + Cf(_4d3e3+66d2;j£_462def2+C3f3)> (a + bx) + 4d®e3 f (1 — Cf(3d2€2;§2§ef+czf2)> (

(de — cf)* (a+besch ™ (c+dz))® (e + fz)* (a + besch™ (¢ + da))?
1dif + if
(bf?) Subst( [ (a + bz)csch*(z) dz, z, csch ™ (c + dz))

2d4
(2bf2(de — cf)) Subst( [ (a + bz)csch®(z) dz, z, csch ™' (c + dx))
4
(3bf(de — cf)?) Subst( [ (a + bz)csch®(z) dz, z, csch ™' (c + dx))
4
(2b(de — cf)3) Subst( [ (a + bz)csch(z) dz, z, csch ™ (c + dz))
d4
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_ U’f*(de—cf)z N b2 f3(c + dz)?

a3 12d4
N 3bf(de — cf)?(c+dx),/1 + m(a + besch ™! (¢ + dx))
g7
N bf?*(de —cf)(c+dz)*\ /1+ (a + besch ™ (c + dz))
d4

bf3(c+dx)3,/1+ m (a + besch™ (¢ + dz))

+
6d*
(de — cf)* (a + besch ™' (c + dw))2 N (e+ fz)* (a+ besch™'(c + dar:))2
4dAf 4f

4b(de — cf)? (a + besch™ (¢ + dz)) arctanh (eCSCh_l(Cerz))
+ 7

(bf?) Subst( [ (a + bz)csch?(z) dz, z, csch™ (c + dz))
* 38
N (bf*(de — cf)) Subst( [ (a + bz)csch(z) dz, z, csch ™ (c + dz))

d4

(32 f(de — cf)?) Subst( [ coth(z) dz, z,csch ™' (c + dz))
_ i
N (26*(de — cf)®) Subst( [ log (1 — €®) dz,z, csch™ (c + dz))

d4

(2b%(de — cf)®) Subst( [ log (1 + €%) dz,z, csch™ (c + dz))
d4
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B f2(de —cf)r b33 (c+ dz)? bf3(c+dz),/1+ m(a + besch ™ (¢ + dx))
B a3 T s 3d*
3bf(de — cf)*(c+dzx),/1+ m (a + besch™ (¢ + dz))
d4
N bf?(de — cf)(c+dzx)?, /1 + m (a + besch ™ (c + dz))
a4
bf3(c+dzx)3,/1+ m (a + besch™ (¢ + dz))
+
6d*
(de — cf)* (a + besch ™' (c + d$)>2 (e + fz)* (a+besch ™ (c + da:))2
- adif + af
2bf2(de — cf) (a + besch™ (¢ + dz)) arctanh (ecs‘:h*l(”d‘”))
g7
4b(de — cf)? (a + besch™' (¢ + dz)) arctanh <e"s°h_l(°+dx)>
d4
3b2f(de — cf)2 log(c + dx) (b2 f2) Subst ([ coth(z) dz, z, csch™ (c + dz))

3d4
(B f?(de — cf)) Subst flog 1 — €%) dz,z, csch™ (c + dz))

+

+

N (b%f2(de — cf)) Subst( | log (1 + €*) dz, z,csch™ ' (c + dx))

+

(
(
(2b%(de — cf)?) Subst( 1°g<1 2 dg, 7, et (o4

(26%(de — cf)?) Subst ( [ log(lﬂ) dz, z,esh” 1(C+dw))
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_ b f(de -
_ Vf(de—cf)z | O*f3(c+ da)? bf3(c+dz) 1+ L
- (i (@ + besch™ (¢ + da))

3
3bf‘(ld 124
e—cf)?(c+dzx 3d
+ )y/1+ m (a + bcsch_l(c + dac))
bf?(de — cf)( &
—cf)(c+ dz)?
n z)*/1+ m (a + bcsch_l(c + dm))
4
e+ da’ ’
n )/l + W (a + besch™ (¢ + dz))
_ (de—cf)* (a+bes h-ﬁld4 :
C (C + dx)) (6 + f$)4
1] 4 (a+bcsch‘1(c+dx))2
2b £%(de — _ 4
. Cf) (a/ + bCSCh 1(C + d:I?)) a,rcta,nh <6CSCh1(C£da:)
4b(de _ Cf)3 d4 >
+ (CL + bCSCh_l(C + da:)) arctanh <eCSCh_1(C+d:1:)>
2
362 f(de — cf)?1 d* _ Bf*log(c + dz)
+ —¢f)?log(c+dz)  20*(de—cf)? 3d.
2 p7 ) + ( Cf) POlyLOg <2, —6CSCh_1(C+dz)>
2
B b?(de — cf)? PolyLog (2, ecsch—l(c-l-d:c)) @
2 d!
2
_ (de—cf))Subst<fde 2. gesch™ (chda)
z y ,e SC! C T
d* )

(52f2(de — cf S lo,
+ )) Subst (f # dz,z, eCSCh_l(C+dw)>
d4
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_ V1 (de — cf)z | Bf(c+da)® bf3(c+dz),/1+ m(a + besch ™ (¢ + dx))

a3 12d4 3d*

3bf(de — cf)*(c+dzx),/1+ m(a + besch ™! (¢ + dx))
4

bf?(de — cf)(c+dzx)?, /1 + m(a + besch ™' (c + dz))
d4

bf3(c+ dm)gy /14 m (a + besch ™ (e + dx))

6d*
(de — cf)* (a+bosch ™ (c+dx))® (e + fz)* (a + besch ™ (c + da))?
4dtf + T
2bf?(de — cf) (a+ besch™ (¢ + d) ) arctanh (eCSChfl(chdx))
4
4b(de — 3 -1 csch™1(c+dx
(de — cf)? (a + besch™ (¢ + dx) ) arctanh (e (et )> B3 log(c + da)
d* 3d4
N 3b2f(d€ _ Cf)2 log(c i d.’L‘) b2f2(de _ Cf) PolyLog <2’ _ecsch—l(c+dm)>

+

+

_|_

+

d* 7
2b?(de — cf)? PolyLog (2, _ ecsch_l(c-l-dz))
d4
b%f?(de — cf) PolyLog (2, ecsch_l(c-‘rdx))
p7
202 (de — Cf)3 PolyLog <2’ ecsch_l(c+dw)>
d4

_|_

+
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Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 13.06 (sec) , antiderivative size = 1487, normalized size of antiderivative = 2.97
3
/(e + fz)? (a + besch ™' (c + dar:))2 dx = a’e*z + 5(1262f:z:2 + a’ef’z?

1 1
- Za2f3x4 + éab 31‘(463 +6efr + def’a® + f3m3) csch™(c + dx)

fle+ da) | [ LR EE (—2 1 13¢2) f? — 2cdf (15e + 2fx) + d*(18¢” + befz + f22?)) — 3c(—4dPe’

_|_

b%e3 <—csch_1(c + dz) ((c + dz)csch™ (¢ + dz) — 2log (1 — e‘cs"h_l(”d””)) +2log (1 + e‘CSCh_1(°+d’”)>
B d

1 -1 _ -1 1 -1
2822 (ctde) /14 5pC8Ch™ (etdn) (o gr2csch ™ (opde)?  ©CSCh T (c+de)? coth(1csch™ (c+d))  log(
e’ fx &2 + 202 - 28 T TR

b’ef? (2(—2 + 12cesch™ (¢ + dz) + esch ™" (¢ + dz)? — 6c®csch ™' (¢ + dz)?) coth (2esch™ (¢ + dx)) +

b’ f3z3 (—16(2csch_1(c + dz) — 18c*csch ™' (c + dz) + 6c3csch ™' (¢ + dz)? — 3c(—2 + csch ™' (c + dz)?)

[In] Integrate[(e + f*x)~3*(a + bxArcCschl[c + dx*x])~2,x]

[Out] a~2*%e"3xx + (3*a~2%e"2xf*x"2)/2 + a"2xexf~2*x"3 + (a"2*xf73%x74)/4 + (a*xb*(3
*xx*k (4*xe”3 + 6xe"2kf*x + 4xexf 2xx"2 + £ 3xx"3)*ArcCschlc + d*x] + (fx(c + d
*x)*Sqrt[(1 + c72 + 2%c*kd*x + d"2*%x72)/(c + d*x)"2]*((-2 + 13*xc™2)*f72 - 2%
ckd*f*(16%e + 2xf*x) + d™2%(18%e”2 + B*exf*x + f72%x72)) - 3*c*(-4*d"3%e"3
+ 6xcxd"2%xe"2%f - 4xcT2xd*e*xf~2 + c~3*%f"3)*ArcSinh[(c + d*x)"(-1)] + 6%(2xd
“3%e”3 - 6xcxd"2%e”"2xf + (-1 + 6%c”2)*dxe*xf"2 + cx(1 - 2xc”2)*f"3)*Logl[(c +
d*x)*(1 + Sqrt[(1 + ¢c™2 + 2xckd*x + d"2*x"2)/(c + d*x)~2])]1)/d"4))/6 - (b~
2xe~3*(-(ArcCsch[c + d*x]*((c + d*x)*ArcCsch[c + d*x] - 2xLog[l - E~(-ArcCs
chlc + d*x])] + 2xLogl[l + E~(-ArcCsch[c + d*x])])) + 2xPolyLog[2, -E~(-ArcC
schlc + d*x])] - 2*PolyLog[2, E~(-ArcCschlc + d*x])]1))/d - (3*b~2*d*e~2xf*x
*(((c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*ArcCschlc + d*x])/d~2 + ((c + d*x)~2%
ArcCschlc + d*x]72)/(2*¥d"2) - (c*ArcCsch[c + d*x]~2*Coth[ArcCschlc + d*xx]/2
1)/(2%d"2) - Logl[(c + d*x)~(-1)]1/d"2 - ((2*I)*c*x(I*ArcCsch[c + d*x]*(Logl[1
- E7(-ArcCsch[c + d*x])] - Log[l + E"(-ArcCschlc + d*x])]) + Ix(PolyLogl2,
-E~(-ArcCsch[c + d*x])] - PolyLog[2, E~(-ArcCschlc + d*x])])))/d"2 + (c*Arc
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Csch[c + d*x] 2xTanh[ArcCschl[c + d*x]/2])/(2*d"2)))/((c + d*x)*(-1 + c/(c +
d*x))) - (b™2%exf~2x (2% (-2 + 12*xc*ArcCsch[c + d*x] + ArcCsch[c + d*x]~2 -
6*xc~2xArcCsch[c + d*x]~2)*Coth[ArcCsch[c + d*x]/2] + 2xArcCsch[c + d*xx]*(-1
+ 3*%cxArcCsch[c + d#*x])*Csch[ArcCschlc + d*x]/2]72 - (ArcCschlc + d*xx]~2*C
sch[ArcCschlc + d*x]/2]174)/(2x(c + d*x)) - 48xcx(Logl[1/((c + d*x)*Sqrt[1 +
(c + d*x)~(-2)]1)] + LoglSqrt[1 + (c + d*x)~(-2)]1]) + 8x(-1 + 6*%c~2)*(ArcCsc
h[c + d*x]*(Log[l - E~(-ArcCsch[c + d*x])] - Log[l + E~(-ArcCschlc + dx*x])]
) + PolyLog[2, -E~(-ArcCsch[c + d*x])] - PolyLog[2, E~(-ArcCsch[c + d*x])])
- 2%ArcCsch[c + d*x]*(1 + 3*c*ArcCschl[c + d*x])*Sech[ArcCschlc + d*x]/2]"2
- 8%(c + d*x) " 3*ArcCsch[c + d#*x] 2*Sinh[ArcCschlc + d*x]/2]74 + 2%(2 + 12%
cxArcCsch[c + d*x] - ArcCsch[c + d*x]~2 + 6*c”2xArcCsch[c + d*x]~2)*Tanh[Ar
cCschlc + d*x]/2]))/(8%d~3) - (b~2*f~3*x"3*%(-16*(2*xArcCsch[c + d*x] - 18*c~
2*%ArcCschc + d*x] + 6%c”3*ArcCsch[c + d*x]~2 - 3*cx(-2 + ArcCschlc + d*x]~
2))*Coth[ArcCschlc + d*x]/2] + 2%(2 - 24*c*ArcCschl[c + d*x] - 3*ArcCschlc +
d*x] "2 + 36%c~2*ArcCschlc + d*x]~2)*Csch[ArcCsch[c + d*x]/2]°2 + 3*ArcCsch
[c + d*x]~2*Csch[ArcCsch[c + d*x]/2]"4 - (2*ArcCsch[c + d*x]*(-1 + 6*c*ArcC
sch[c + d*x])*Csch[ArcCschlc + d*x]/2]174)/(c + d*x) - 64x(-1 + 9xc~2)*(Logl[
1/((c + d*x)*Sqrt[1 + (c + d*x)~(-2)]1)] + Log[Sqrt[1 + (c + d*x)~(-2)]1]1) +
192xcx (-1 + 2xc~2)*(ArcCsch[c + d*x]*(Log[l - E~(-ArcCsch[c + d*x])] - Logl
1 + E"(-ArcCsch[c + d*x])]) + PolyLog[2, -E~(-ArcCsch[c + d*x])] - PolyLogl
2, ET(-ArcCschlc + d*x])]) - 2%(2 + 24*cxArcCsch[c + d*x] - 3*ArcCsch[c + d
*x] "2 + 36*c”2xArcCsch[c + d*x]~2)*Sech[ArcCsch[c + d*x]/2]"2 + 3*ArcCschlc
+ d*x] “2*Sech[ArcCsch[c + d*x]/2]"4 - 32*(c + d*x) " 3*ArcCschlc + d*x]*(1 +
6*xcxArcCsch[c + d*x])*Sinh[ArcCschlc + d*x]/2]"4 + 16*x(-2*%ArcCschl[c + d*x]
+ 18%c"2xArcCschlc + d*x] + 6*c”3*ArcCschlc + d*x]~2 - 3*c*(-2 + ArcCschlc
+ d*x]~2))*Tanh[ArcCsch[c + d*x]/2]))/(192*xd*(c + d*x)~3*(-1 + c/(c + d*x)

)~3)

Maple [F]
/ (fx + 6)3 (a + b arccsch (dz + c))2 dx

[In] int((f*x+e) 3*(at+b*arccsch(d*x+c))~2,x)

[Out] int((f*x+e) ~3*(a+b*arccsch(d*x+c))~2,x)
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Fricas [F]
/(e + fz)? (a+ besch™ (¢ + dz))* da = / (fz + e)®(barcsch (dz + ¢) + a)® dz

[In] integrate((f*x+e) 3% (at+b*arccsch(d*x+c))~2,x, algorithm="fricas")

[Out] integral(a”2*f~3*x"3 + 3*a~2%exf~2xx"2 + 3*a~2%e”2*xf*x + a~"2*%e”3 + (b"2%xf"3
*x73 + 3*b"2%exf"2%xx"2 + 3xb"2xe"2*f*x + b~2%e”3)*arccsch(d*x + ¢)”2 + 2*(a
*b*f~3*%x"3 + 3kaxbxexf~2xx~2 + 3*axb*e”2%f*x + axbxe~3)*arccsch(d*x + c¢c), x

)

Sympy [F]
/(e + fz)® (a + besch ™' (c+ dac))2 dx = / (a + bacsch (c + dz))® (e + fz)° dz

[In] integrate((f*x+e)**3*(atb*acsch(d*x+c))**2,x)

[Out] Integral((a + b*acsch(c + d*xx))#**x2x(e + f*x)**3, x)

Maxima [F]

/(e + fz)? (a+ besch™ (¢ + dz))* de = / (fz + e)(barcsch (dz + ¢) + a)® dz

[In] integrate((f*x+e) 3% (at+b*arccsch(d*x+c))~2,x, algorithm="maxima")

[Out] 1/4*%a"2+%f"3%x"4 + a~2%xexf~2%xx"3 + 3/2*%a"2*e " 2*xf*xx"2 + a~2*xe~3*xx + (2*x(d*x +
c)*arccsch(d*x + c) + log(sqrt(1/(d*x + c)"2 + 1) + 1) - log(sqrt(1/(d*x +
c)"2 + 1) - 1))*a*xb*e”3/d + 1/4*%(b"2*xf"3*x"4 + 4xb~2%e*xf "2%x"3 + 6*b"2%e”2
*fxx"2 + 4xb~2%e”3*x)*log(sqrt(d™2*x"2 + 2xcxd*x + c”2 + 1) + 1)72 - integr
ate(-1/2%x(2x(b~2*xd"2*%f"3*%x"5 + b"2*%c"2*%e”3 + b~ 2*%e"3 + (3*%b"2*d"2*e*xf"2 + 2
*b"2xckd*f73) *x"4 + (6%b"2xckd*e*f~2 + bT2xcT2+%f73 + (3*d"2xe"2xf + £73)*b”
2)*x73 + (6*%b"2xcxd*e”2*f + 3*xb"2*%c " 2%exf"2 + (d72*xe”3 + 3*exf~2)*b"2)*x"2
+ (2¥b"2xc*d*e”3 + 3xb"2*%c"2xe"2+f + 3xb~2xe”2*f)*x)*log(d*x + c)"2 - 4x*(ax
bxd"2+%f " 3%x”"5 + (3*axbxd"2*e*f~2 + 2ka*b*ckxd*f~3)*x"4 + (6*axbkckdxexf~2 +
axbxc”2*f"3 + (3*%d"2xe"2*f + f£73)*axb)*x"3 + 3x(2xaxbkckd*e”2*f + axbxc"2*e
*£72 + axbxexf~2)*x"2 + 3k (axbkc"2xe”2*f + axbxe”2*f)*x)*log(d*x + c) + (4%
axbxd"2*xf"3*x"5 + 4*x(3*a*b*xd"2xe*xf”2 + 2xaxbkckd*f~3)*x"4 + 4x*(6xaxbkckd*ex
£72 + axb*c™2+%f~3 + (3*d"2xe"2xf + f£73)*axb)*x"3 + 12x(2*axbxckxdxe”2*f + ax
bxc"2%e*xf~2 + axb*exf~2)*x"2 + 12x(axbkc " 2%e”2xf + axb*e”2xf)*x - 4% (b~2*xd"
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2%f"3*%x"5 + b"2xc"2%e"3 + b~ 2%e"3 + (3*b"2xd"2xexf"2 + 2x%b"2*c*kd*f"3)*x"4 +

(6*b~2%c*xd*xexf~2 + b 2xc"2*f"3 + (3*xd"2*%e"2*f + f~3)*b"2)*x"3 + (6%b~2*c*d
xe@~2xf + 3*xb"2xc"2*e*f"2 + (d72%e”3 + 3kexf"2)*b"2)*x"2 + (2*xb"2*c*d*e”3 +
3%b~2%c"2%e"2%f + 3*%b”2%e”2*f)*x)*log(d*x + c) + ((4*axb*xd™2*xf~3 - b~2*d~2x%
£73)*x”5 + (12*axbxd™2*e*f~2 — 4*b~2+xd"2xe*xf~2 + (8*xaxb*d*f~3 - b~ 2*d*f~3)x*
c)*x”4 - 2% (3*xb"2xd"2%e"2xf — 2*a*xb*xc”2xf"3 - 2% (3*xd"2*e"2*f + f~3)*axb - 2
* (6xaxbxd*exf~2 — b ™2*d*xexf~2)*c)*x~3 — 2% (2%b"2*xd"2*e”3 - 6*xaxbkc 2*xexf"2
- 6xaxbxexf~2 - 3x(4*xaxb*dxe”2xf — b 2xdxe”"2*f)*c)*x"2 - 4* (b 2xcxd*e"3 - 3
xaxbkxc~2%e 2xf — 3kaxb*e”2xf)*x - 4% (b~2%xd"2*f"3*x"5 + b"2%c"2*xe”~3 + b~ 2xe”
3 + (3*%b72xd"2xe*f~2 + 2xb~2kcxd*f"3)*x"4 + (6%¥b”2xckdkexf~2 + bT2xc”"2xf"3
+ (3%d"2xe"2*f + f£73)*b"2)*x"3 + (6*b"2*ckxdxe”2*f + 3*xb"2kc"2*exf"2 + (d72%
e”3 + 3*xexf"2)*b"2)*x"2 + (2*%b"2*c*d*e”3 + 3*b"2*xc"2xe " 2*f + 3*xb"2ke”2*f)*x
)*log(d*x + c))*sqrt(d™2*x"2 + 2kcxd*x + c”2 + 1))*log(sqrt(d™2*x"2 + 2*xcxd
*X + ¢72 + 1) + 1) + 2xsqrt(d™2*x72 + 2xckd*x + c”2 + 1)*((b"2xd"2*f"3*x"5
+ b72*%c"2%e”3 + b~2%e”3 + (3*b"2+d"2%exf"2 + 2%b~2kckd*f"3)*x"4 + (6%b”2*cx*
d*e*f~2 + b72%c™2%f"3 + (3*d"2xe"2*f + £73)*b"2)*x"3 + (6*b"2*c*kd*xe"2xf + 3
*b~2xc"2%e*xf"2 + (d72%e”3 + 3*ke*xf"2)*b"2)*x"2 + (2*xb"2*c*d*e”3 + 3*b"2*c"2x*
e"2xf + 3*%b"2xe”2+f)*x)*Llog(d*x + c)”2 - 2x(axbxd~2*f~3*x"5 + (3*a*xb*xd 2xex
£72 + 2kaxbxcxd*f~3)*x"4 + (6*axbkckd*exf~2 + axbxc™2%f~3 + (3*d"2*e " 2*xf +
£73)*xaxb) *x"3 + 3*(2*a*b*ckxdxe”2*f + axbxc”2ke*f”2 + axbkexf~2)*xx"2 + 3*(ax
bxc™2%xe"2xf + axb¥e”2xf)*x)*log(d*x + c)))/(d™2%x"2 + 2*cxd*x + c”2 + (d72%
X"2 + 2%xcxd*x + ¢c”2 + 1)°(3/2) + 1), x)

Giac [F]
/(e + fz)® (a+ besch™ (¢ + dz))* de = / (fz + e)*(barcsch (dz + ¢) + a)® dz

[In] integrate((f*x+e) 3*(atb*arccsch(d*x+c))~2,x, algorithm="giac")

[Out] integrate((f*x + e) 3*(b*arccsch(d*x + c) + a)~2, x)

Mupad [F(-1)]

Timed out.

/(e+fx)3 (a—I—bcsch_l(c-l-dav))2 dr = /(e+fa:)3 (a-l—basinh(c_i_ldx))zdx

[In] int((e + f*x)~3*(a + b*asinh(1/(c + d*x)))"2,x)
[Out] int((e + f*x)~3*(a + b*asinh(1/(c + d*x)))~2, x)
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3.8 [(e+ fz)? (a+besch™'(c + d:z:))2 dx

Optimal result . . . . . . . . . . e 951
Rubi [A] (verified) . . . . . . . . 96
Mathematica [C] (warning: unable to verify) . . . . . .. ... ... ... ... ... 101
Maple [F] . . . . 102
Fricas [F] . . . . . o o 102
Sympy [F] . . o 102
Maxima [F] . . . . . 103
Giac [F] . . . o o 103l
Mupad [F(-1)] . . . o o 104

Optimal result

Integrand size = 20, antiderivative size = 351

/(e + fz)* (a + besch ™' (c+ d:c))2 dz
B 22 2bf(de — cf)(c+dx),/1+ m(a + besch ™' (c + dx))

3d? + d3
. bf?(c+dz)?,/1+ m(a + besch ™! (c + dz)) (de — cf)? (a+ besch™ (¢ + dm))2
3d3 3d3f
N (e + fz)* (a+ besch ™ (c + da))? 2bf2(a + besch™ (¢ + dz)) arctanh (ecsch_l(c-l-dm))
3f 3d3

4b(de — cf)? (a + besch ™ (c + dz)) arctanh <ecsch‘1<c+dx>)

+
FR)
| 2 (de = cf)log(c+ da) _ ¥ Polylog (2, et era))
a3 3d3

9b%(de — cf)? PolyLog (2, _ecsch—1<c+dm>>
+ B

b* f? PolyLog (2, €CS°h71(C+d”)> 2b?(de — cf)? PolyLog (2, eCSCh*l(C+dw)>
* 3d3 B 3

[Out] 1/3*b~2*xf~2xx/d"2-1/3*(-c*f+d*e) “3* (a+b*arccsch(d*x+c)) ~2/d"3/f+1/3*(f*x+e)
~3* (at+b*arccsch(d*xx+c) ) ~2/f-2/3*b*f 2% (a+b*arccsch(d*x+c) ) *arctanh (1/ (d*x+c
)+(1+1/(d*x+c) ~2)~(1/2)) /d~3+4xb* (—cxf+d*e) ~2* (a+b*arccsch (d*x+c) ) *arctanh (
1/ (d*x+c)+(1+1/(d*x+c)~2)~(1/2)) /d"3+2xb~2*f* (-c*xf+d*e) *1n (d*x+c) /d"3-1/3%*Db
~2xf~2*polylog(2,-1/(d*x+c)-(1+1/(d*x+c)~2)~(1/2))/d"3+2xb~2* (-cxf+d*e) ~2*p
olylog(2,-1/(d*x+c)-(1+1/(d*x+c)~2)~(1/2))/d"3+1/3*b~2xf~2*polylog(2,1/(d*x
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+c)+(1+1/(d*x+c)~2)~(1/2))/d"3-2%b~ 2% (-cxf+d*e) “2*polylog(2,1/ (d*x+c)+(1+1/
(d*x+c)~2)~(1/2)) /d"3+2xbxf* (—c*f+d*e) * (d*x+c) * (a+b*arccsch(d*x+c) ) *(1+1/(d
*x+c) ~2) " (1/2) /d”3+1/3*b*xf 2% (d*x+c) “2x (a+b*arccsch(d*x+c) ) * (1+1/ (d*x+c) ~2)
~(1/2)/4"3

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 351, normalized size of antiderivative = 1.00,

_ _ o humber of rules _
number of steps used = 17, number of rules used = 9, integrand size 0.450, Rules used

= {6457, 5577, 4275, 4267, 2317, 2438, 4269, 3556, 4270}

/(e + fz)* (a + besch ™' (c+ d:c))2 dz

4b(de — cf)%arctanh <e°s“h_1(c+d””)> (a + besch™ (¢ + dz))

3

2b f?arctanh (eCSChfl(chd‘”)) (a + besch ™ (c + dz)) (de — cf)? (a + besch™ (c + dx))2
B 3d3 B 3d3f

2bf(c+ dx) m + 1(de — cf) (a + besch™'(c + dx))
_|_

d3

bf*(c+dz)*\ ) iy + 1(a+ besch™ (¢ + dz))
+ 3d3

(e+ fz)® (a+ besch™ (c+ dz))2 2b*(de — cf)? PolyLog (2, —eoh (C+d$)>
+ +

3f d?

2b*(de — cf)? PolyLog (27 6°SCh_1(c+dz)> 2b%f (de — cf) log(c + dz)
- a3 * a3

b2f2 PolyLog (2’ _ecschfl(c—f-dx)) b2f2 PolyLog (2, ecschfl(c—i-dm)) b2f2x
B 343 * 343 MY

[In] Int[(e + f*x)~2x(a + b*ArcCschlc + d*x])~2,x]

[Out] (b~2%f~2%x)/(3%d"2) + (2%b*f*x(d*e - cxf)*(c + d*x)*Sqrt[l + (c + d*x)~(-2)]
*(a + bxArcCschlc + d*x]))/d"3 + (b*f~2+(c + d*x)~2xSqrt[1 + (c + d*x)~(-2)

Ix(a + b*ArcCschlc + d*x]))/(3*d"3) - ((d*e - cxf)~3x(a + bxArcCsch[c + d*x
1)°2)/(3*d"3*%f) + ((e + f*x)~3x(a + bxArcCschlc + d*x])~2)/(3*f) - (2%b*f~2

*(a + bxArcCsch[c + d*x])*ArcTanh[E~ArcCsch[c + d*x]])/(3*d"3) + (4xb*(d*xe

- c*xf)~2x(a + b*ArcCschlc + d*x])*ArcTanh[E"ArcCschlc + d*x]])/d"3 + (2%b~2
xfx(d*e - c*f)*Loglc + d*x])/d"3 - (b~2xf~2xPolyLog[2, -E~ArcCsch[c + d*x]]

)/ (3%d"3) + (2xb~2*(d*e - c*f) 2*PolyLog[2, -E~ArcCsch[c + d*x]])/d~3 + (b~
2xf~2xPolyLog[2, E"ArcCschlc + d*x]])/(3*d~3) - (2xb~2x(d*e - c*f) 2*PolyLo

g[2, E"ArcCschlc + d*x]]1)/d"3
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Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]

Rule 4267

Int[cscl[(e_.) + (Complex[0, fz_])*(f_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfzxx)]/(fxfz*I)), x]
+ (-Dist[d*(m/(£fxfz*I)), Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + f*fzx*x)
1, x], x] + Dist[d*(m/(f*fz*I)), Int[(c + d*x)~(m - 1)*Logl[l + ET((-I)*e +
fxfzxx)], x], x]) /; FreeQl{c, d, e, f, £z}, x] && IGtQ[m, O]

Rule 4269

Int[cscl(e_.) + (£_)*x(x_)]1"2x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)x*
Cotl[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 4270

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
Simp[(-b~2)*(c + d*x)*Cot[e + f*x]*((b*Cscle + f*x])"(n - 2)/(f*(n - 1))),
x] + (Dist[b™2*%((n - 2)/(n - 1)), Int[(c + d*x)*(b*Cscl[e + f*x])~(n - 2),

x], x] - Simp[b~2*xd*((b*Cscle + f*x])~(n - 2)/(f72x(n - V*x(n - 2))), x1) /
; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]

Rule 4275

Int[(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*x(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)”"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)*(
x )1*x(_.) + (@) " (a_)*((e_.) + (f_.)*(x))"(m_.), x_Symbol]l :> Simp[(-(e
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+ fxx)"m)*((a + bxCschlc + d*x])~(n + 1)/(bxd*(n + 1))), x] + Dist[f*(m/(b
xd*(n + 1))), Int[(e + f*x)~(m - 1)*(a + b*Csch[c + d*x])~(n + 1), x], x] /
; FreeQ[{a, b, c, d, e, f, n}, x] & IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*xf + f*Csch[x])™m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

Subst( [ (a + bz)? coth(z)csch(z)(de — cf + fesch(z))? dz, z, csch™ (¢ + dz))
B

integral = —

(e + fz)? (a+besch ™' (c + d:c))2

— 37
(2b)Subst ([ (a + bz)(de — cf + fesch(z))? dz, z, csch™ (c + dz))
38 f

_ (e+ fz)® (a+besch™ (c+ da:))2

3f
(2b)Subst <f (d363 <1 - Cf(3d262;§z§ef+02f2)> (a + bz) + 3d2e2f(1 + W) (a + bx)csch(z)
38 f

(de — cf)® (a+besch ™ (c+ dz))® (e + fz)3 (a + besch™ (¢ + da))
38 f + 37
(2bf?) Subst( [ (a + bz)csch®(z) dz, z, csch™ (¢ + dx))

3d3
(2bf(de — cf))Subst( [ (a + bz)csch®(z) dz, z, csch ™' (c + dx))
&3
(2b(de — cf)?) Subst( [ (a + bz)csch(z) dz, z, csch ™ (c + dz))
B
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b2 2z 2bf (de — cf)(c+dx),/1+ m (a + besch™ (c + dz))
T 32 + d3
bf*(c+dz)® /1 + m (a + besch™ (¢ + dz))
3d3
(de — cf)? (a+ besch™ (c+ d:c))2 N (e+ fz)® (a+ besch™ (c+ dx))2
3d* f 3f
4b(de — cf)* (a + besch™ (¢ + dz)) arctanh (eCSCh_l(Cerx))
+ e
N (bf?) Subst( [ (a + bz)csch(z) dz, z, csch ™ (c + dz))

3d3
(2b2f (de — cf)) Subst( [ coth(z) dz, z, csch™' (c + dz))
B
N (2b?(de — cf)?) Subst( [ log (1 — €) dz, z, csch™' (c + dz))
B
(2b?(de — cf)?) Subst( [ log (1 + €%) dz,z,csch™'(c + dz))
B

+

b 21 2bf(de —cf)(c+dx), /1 + m (a + besch™ (¢ + dz))
R Pz
bf*(c+dz)*\ /1 + gz (a+ besch™ (¢ + dz))
3E
(de — cf)?® (a+ besch ™ (c + da))’ N (e + fz) (a+ besch ™ (c + da))?
3d3f 3f
2bf2(a + besch™ (¢ + dz)) arctanh (eCSCh_l(chdz))

3d3
4b(de — cf)? (a + besch™' (¢ + dz)) arctanh (eCSCh_1<C+d“’)>
+
B
N 20 f(de — cf)log(c +dz)  (b*f) Subst([ log (1 —€”) da,, csch™!(c +dx))
d3 3d3
N (b%£?) Subst ([ log (1 + €®) dz, z,csch™'(c + dz))
3d?
(2b*(de — cf)?) Subst (f 80=2) gy, a, eCS“h_l(c"’dz))
pE
(2b2 (de _ Cf)2) Subst (f log(glv+z) d(L‘, z, 6cs.ch_l(c-i-dz)>
B

_|_

+
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Bf . 2bf(de — cf)(c+dx),/1+ m(a + besch™ (¢ + dz))
32 &3

bf?(c+dx)?,/1+ W (a + besch™ (¢ + dz))

3d3
(de — cf)? (a + besch ™' (c + d:c))2 N (e + fz)? (a+besch ™ (c+ alav))2
3df 37
2bf2(a + besch™ (¢ + dz)) arctanh <eCSCh_1("+d$)>
3d?
4b(de — cf)?* (a + besch™ (¢ + dz)) arctanh (eCSCh_l(C+dz)>
B
22 f (de — cf) log(c + dz) 2b%(de — cf)? PolyLog (2, —eoseh” (°+d””))
+ +
a3 a3
2b?(de — cf)? PolyLog <2, eCSCh_l(Cdex))
_ =
(b*f?) Subst ( [ 8022 gy, eCSCh_l(CJFd”))
3d?
(12 2) Subst ([ 1BL1 gy, g, eesh ™ (4 )
3d3

+

_|_

+

P f . 2bf(de — cf)(c+dzx),/1+ m(a + besch ™! (¢ + dx))
32 &3

bf?(c+dx)?,/1+ m(a + besch ™' (c + dx))

3d3
(de — cf)? (a+ besch™ (c+ dx))2 N (e+ fz)3 (a+ besch™'(c + d:v))2
3d> f 3f
2bf?(a + besch™ (¢ + dz)) arctanh (eCSCh_l(Hdw))
3d3
4b(de — cf)? (a + besch ™ (¢ + dz)) arctanh (ecsch‘1<c+dw>>
3
N 20 f (de — cf)log(c+ dx) b? f? PolyLog (2, —esch” (C+dx>)
d3 343
2b%(de — cf)? PolyLog (2, _ecsch—1<c+dz)>
PE
b* f? PolyLog (2, emh’l“*d”)) 2b*(de — cf)? PolyLog (2, ecsch*1<c+dw>)
3d3 - 3

+

+

_|_

+
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Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 7.97 (sec) , antiderivative size = 893, normalized size of antiderivative = 2.54
/(e + fz)? (a+ besch ™ (c + dz))* da

1 1
= a%e’z + a’efz’ + §a2f2x3 + gab 29:(362 + 3efr + f2x2) csch™(c + dx)

—f(c+ dz) %(Sd — d(6e + fz)) + 2c(3d?e? — 3cdef + 2 f?) arcsinh () + (6d%€? —
B

_|_

b’e? (—csch_l(c + dz) <(c + dz)csch ™! (¢ + dx) — 2log (1 - e‘CSCh_l(”d’”)) + 2log (1 + e_CSCh_1(°+d“’)>

d
-y (c+da) [T+ 27 CSCh T (e+da) (o4 gscsch (epde)2  €OSCh ™ (ctdz)? coth(Sesch ™ (ctda))  log( 7
efz & + 282 - 282 T2

b f2 (2(—2 + 12cesch™ (¢ + dz) + esch™ (¢ + dz)? — 6c?csch ™' (c + dz)?) coth (2esch™ (¢ + dz)) + 2«

[In] Integratel[(e + f*x)~2%(a + b*ArcCsch[c + d*x])~2,x]

[Out] a™2*%e™2*x + a~2*exf*x™2 + (a~2*xf72%x73)/3 + (axbx(2*x*(3*e”2 + 3*xexf*xx + f~
2xx~2)*ArcCschc + d*x] + (-(fx(c + d*x)*Sqrt[(1 + c™2 + 2*ckxd*x + d~2*x"2)
/(c + dxx)~2]*(B*c*xf - d*(6%e + fxx))) + 2kc*k(3*d"2%e”2 - 3kckdxexf + c™2xf
~2)xArcSinh[(c + d*x)~(-1)] + (6%d"2%e”2 - 12kckdxexf + (-1 + 6%c™2)*f~2)*L
ogl(c + d*x)*(1 + Sqrt[(1 + c™2 + 2*c*d*x + d"2%x72)/(c + d*x)~2])])/d"3))/
3 - (b™2xe"2x(-(ArcCsch[c + d*x]*((c + d*x)*ArcCsch[c + d*x] - 2+Logl[1l - E~
(-ArcCsch[c + d*x])] + 2xLog[l + E~(-ArcCsch[c + d*x])])) + 2xPolyLog[2, -E
~(-ArcCsch[c + d*x])] - 2*PolyLog[2, E~(-ArcCschlc + d*x])]))/d - (2%b~2*dx*
exfxxx(((c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*ArcCschlc + d*x])/d"2 + ((c + d*
x) "2*ArcCschlc + d*x]~2)/(2%d"2) - (c*ArcCsch[c + d*x]~2*Coth[ArcCsch[c + d
*xx]/2]1)/(2%xd"2) - Logl(c + d*x)~(-1)]1/d"2 - ((2*I)*c*x(I*ArcCschl[c + d*x]*(L
ogll - E"(-ArcCschl[c + d*x])] - Logl[l + E~(-ArcCsch[c + d*x])]) + Ix(PolyLo
gl[2, -E"(-ArcCsch[c + d*x])] - PolyLog[2, E~(-ArcCschlc + d*x])])))/d"2 + (
c*ArcCsch[c + d*x]~2*Tanh[ArcCschlc + dxx]/2])/(2%xd~2)))/((c + d*x)*(-1 + c
/(c + d*x))) - (b~2*%f~2x(2%(-2 + 12xc*kArcCsch[c + d*x] + ArcCschlc + d*x]~2
- 6*%c"2*ArcCsch[c + d*x]~2)*Coth[ArcCsch[c + d*x]/2] + 2*ArcCsch[c + d*x]*
(-1 + 3xcxArcCsch[c + d*x])*Csch[ArcCsch[c + d*x]/2]"2 - (ArcCsch[c + d*x]~
2xCsch[ArcCschlc + d*x]/2]174)/(2x(c + d*x)) - 48*c*x(Logl[1/((c + d*x)*Sqrt[1
+ (c + d*x)~(-2)1)] + Logl[Sqrt[1 + (c + d*x)~(-2)]1]1) + 8%(-1 + 6xc~2)*(Arc
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Cschlc + d*x]*(Log[l - E"(-ArcCsch[c + d*x])] - Logl[l + E~(-ArcCsch[c + d*x
1)1) + PolyLog[2, -E~(-ArcCsch[c + d*x])] - PolyLog[2, E~(-ArcCsch[c + d*x]
)]) - 2%ArcCschlc + d*x]*(1 + 3*cxArcCsch[c + d*x])*Sech[ArcCsch[c + d*x]/2
172 - 8%(c + d*x)~3*xArcCsch[c + d*x] 2*Sinh[ArcCschlc + d*x]/2]"4 + 2*%(2 +

12*%c*ArcCsch[c + d*x] - ArcCsch[c + d*x]~2 + 6*c”2*ArcCsch[c + d*x]~2)*Tanh
[ArcCsch[c + d*x]/2]))/(24%d"3)

Maple [F]
/ (fx + e)2 (a + b arccsch (dz + c))2 dx

[In] int((f*x+e) 2% (a+b*arccsch(d*x+c))~2,x)

[Out] int((f*x+e) 2% (a+b*arccsch(d*x+c))~2,x)

Fricas [F]

/(e + fz)? (a+ besch ' (c + d$))2 dx = / (fz + €)*(barcsch (dz + ¢) + a)* dz

[In] integrate((f*x+e) 2% (a+b*arccsch(d*x+c))~2,x, algorithm="fricas")

[Out] integral(a™2*f~2%x72 + 2¥a~2xexf*x + a™2xe”2 + (b™2*f~2*%x"2 + 2*%b"2*e*xf*x +
b~2xe"2)*arccsch(d*x + c)~2 + 2% (a*bxf"2xx~2 + 2*axb*exf*xx + axbke~2)*arcc
sch(d*x + c), x)

Sympy [F]
/(e + fz)? (a4 besch ' (c+ dm))2 dx = / (a + bacsch (¢ + dz))? (e + fz)? dzx

[In] integrate((f*x+e)**2*(a+b*acsch(d*x+c))**2,x)

[Out] Integral((a + b*acsch(c + d*x))**2x(e + f*x)**2, x)
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Maxima [F]
/(e + fz)? (a+ besch™ (¢ + dz))* da = / (fz + e)*(barcsch (dz + ¢) + a)® dz

[In] integrate((f*x+e) 2*x(at+b*arccsch(d*x+c))~2,x, algorithm="maxima")

[Out] 1/3*a~2xf~2xx~3 + a~2*e*xf*x~2 + a~2%e"2*xx + (2*x(d*x + c)*arccsch(d*x + c) +
log(sqrt(1/(d*x + c)"2 + 1) + 1) - log(sqrt(1/(d*x + c)~2 + 1) - 1))*a*bxe
~2/d + 1/3*x(b"2*£72%x"3 + 3xb"2%e*f*x"2 + 3*%b"2*%e"2xx)*log(sqrt(d~2*x"2 + 2
xcxd*x + c”2 + 1) + 1)72 - integrate(-1/3*(3*%(b~2xd"2*xf"2xx"4 + b~ 2xc"2xe"2
+ b72*%e”"2 + 2% (b"2x%d"2%e*f + b~ 2*kckd*f"2)*x"3 + (4*%b"2*ckd*e*f + bT2kc"2*f
"2 + (d72%e72 + £72)*%b72)*x"2 + 2% (b"2xckxd*e”2 + bT2xc"2%exf + bT2kexf)*x)x*
log(d*x + )72 - 6%(a*xb*d™2*xf72%x"4 + 2x(axbxd~2%e*f + axbxc*d*f~2)*x~3 + (
4xaxbxcxdxexf + axbxc”2xf"2 + axbxf~2)*x72 + 2k (a*b*xc”2xexf + axbxexf)*x)*1
og(d*x + c) + 2%(3xaxbxd"2xf"2xx"4 + 6% (a*b*d™~2%e*f + axb*ckxd*f~2)*x"3 + 3%
(4xaxb*ckd*e*xf + axbkxc™2*xf~2 + axbxf~2)*x"2 + 6*(a*bkc”2kexf + axbxexf)*x -
3% (b™2xd"2*f"2%x"4 + b~2*c"2%e"2 + b"2%e"2 + 2% (b"2*%d"2xe*xf + b 2xcxd*f~2)
*x73 + (4%b"2xcxdxe*xf + b72xc™2*%f72 + (d"2*%e”2 + £f72)*b"2)*x"2 + 2% (b~ 2xc*d
*xe~2 + b72xc"2xe*xf + b~ 2xexf)*x)*Llog(d*x + c) + ((3xaxb*d~2*xf72 - b~2xd"2xf
“2)*x"4 + (6xaxbxd”"2%exf - 3xb"2+%d"2xexf + (6*axbxd*f~2 - b 2xd*f~2)*c)*x”3
- 3% (b"2*%d"2*%e”2 - axbxc 2xf"2 - a*b*f~2 - (4*xaxbxdxexf - b 2xd*e*f)*c)*x”
2 - 3x(b"2%c*d*e”2 - 2*axbxc”2kexf - 2xaxbkexf)*x - 3x(b"2+%d"2*xf"2*x"4 + b~
2%Cc72xe”2 + b72xe”2 + 2% (b"2xd"2*e*xf + b7 2xckd*f72)*x"3 + (4*b"2xckd*exf +
b"2*%c™2+%f72 + (d72%e”2 + £72)*b"2)*x"2 + 2% (b 2*ckd*e”2 + b~2kc " 2%exf + b”2
xexf)*x)*log(d*x + c))*sqrt(d~2*x"2 + 2xc*d*x + c”2 + 1))*log(sqrt(d~2*x"2
+ 2%xckd*x + c72 + 1) + 1) + 3*ksqrt(d™2*x"2 + 2kckd*x + ¢72 + 1)*x((b~2%d"~2*f
T2xx74 + DbT2xCcT2%e”2 + bT2xe”2 + 2% (b72xd"2*e*xf + b7 2kckd*f72)*x"3 + (4%b”2
xckd*e*xf + b~ 2kc"2xf"2 + (d"2%e”2 + £72)*b"2)*x"2 + 2% (b~ 2xcxd*e”2 + b~ 2%c”
2xexf + b~2kexf)*x)*log(d*x + c)~2 - 2k (a*xb*d 2*xf"2+x"4 + 2x(axbxd~2%e*xf +
axbxcxd*xf~2)*x~3 + (4*axbxckxdxexf + axbxc™2*xf"2 + axbxf~2)*x72 + 2k (a*b*c”~2
xexf + axbxexf)x*x)*log(d*x + c)))/(d"2*%x"2 + 2%c*d*x + c”2 + (d"2*%x"2 + 2xc
xd*x + c72 + 1)7(3/2) + 1), x)

Giac [F]
/(e + fz)? (a+ besch ' (c + dalc))2 dx = / (fz + €)*(barcsch (dz + ¢) + a)* dz

[In] integrate((f*x+e) 2% (at+b*arccsch(d*x+c))~2,x, algorithm="giac")

[Out] integrate((f*x + e)~2*(b*arccsch(d*x + c) + a)~2, x)
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Mupad [F(-1)]

Timed out.

/(e+fx)2 (a+ besch ™ (c + da))? de = /(e+f:c)2 (a+basinh(c+1dw)>2dx

[In] int((e + f*x)~2*(a + b*asinh(1/(c + d*x)))"2,x)
[Out] int((e + f*xx)~2*(a + b*asinh(1/(c + d*x)))"2, x)
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Optimal result

Integrand size = 18, antiderivative size = 194

/(e + fz) (a + besch™ (c + d:r:))2 dz

bf(c+dzx),/1+ W(a—i— besch™' (¢ + dz))

a2

(de — cf)? (a+ besch ™ (c + da))’ N (e + fz)? (a+ besch ™ (c + da))?

242 f 2f

4b(de — cf) (a + besch ™' (c + dz)) arctanh (eCSCh_l(c’Ld’”)) B2 f log(c + dz)

+ . +
d d?

20 (de — cf) PolyLog <2, —ecs‘:h_l(”d””)) 2b?(de — cf) PolyLog (2, eCSCh_l(Cerx))

* Pz - Pz

[Out] -1/2*%(-c*f+d*e) 2% (a+b*arccsch(d*x+c))~2/d"2/f+1/2x(f*x+e) ~2x(a+b*arccsch(d
*x+c)) "2/f+4xbx (—cxf+d*e) * (a+b*arccsch(d*x+c) ) *arctanh (1/ (d*x+c)+(1+1/ (d*x+
c)~2)"(1/2))/d"2+b"2xf*1n(d*x+c) /d"2+2%b~2* (-cxf+d*e) *polylog(2,-1/(d*x+c) -
(1+1/(d*x+c)~2)~(1/2))/d"~2-2*%b"2* (-c*f+d*e) *polylog(2,1/ (d*x+c)+(1+1/(d*x+c
)~"2)7(1/2))/d"2+b*f* (d*x+c) * (a+b*arccsch (d*x+c) ) x(1+1/(d*x+c)~2)~(1/2)/d"2
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 194, normalized size of antiderivative = 1.00,

number of steps used = 11, number of rules used = 8, number of rules _ 0.444, Rules used
integrand size

= {6457, 5577, 4275, 4267, 2317, 2438, 4269, 3556}

/(e + fz) (a+ besch™ (c + dac))2 dz

4b(de — cf)arctanh (eCSCh_l(C+d””)) (a+ besch™'(c + dz))

2
(de — cf)? (a + besch™(c + dw))2 bf(c+ dz) m +1(a + besch ™' (c + dz))
_ 2] + p
(e + fz)? (a+ besch™ (c + dz))2 2b%(de — cf) PolyLog (2, —eCSCh_l(chdw))
+ +
2f d?
2b*(de — cf) PolyLog <2, €CSCh_1(C+dz)> b’ f log(c + dzx)
- iz - iz

[In] Int[(e + f*x)*(a + b*ArcCschl[c + d*x])~2,x]

[Out] (b*f*(c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*(a + bxArcCschlc + d*x]))/d~2 - ((d
xe - cxf)~2*%(a + b*ArcCschlc + d*x])~2)/(2xd"2xf) + ((e + f*x)~2*(a + b*Arc
Cschlc + d*x])~2)/(2xf) + (4*bx(d*e - c*f)*(a + b*ArcCsch[c + d*x])*ArcTanh
[E"ArcCschlc + d*x]])/d"2 + (b~ 2xfxLoglc + d*x])/d"2 + (2¥b~2*(d*e - cxf)*P
olyLog[2, -E~ArcCschlc + d*x]])/d"2 - (2*b~2*(d*e - c*f)*PolyLog[2, E~ArcCs

chlc + d*x]])/d"2

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3556
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d

*x], x]1/d, x]1 /; FreeQl{c, d}, xI

Rule 4267
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Int[csc[(e_.) + (Complex[0, fz_])*(f_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfzxx)]/(fxfz*I)), x]
+ (-Dist[d*(m/(£xfz*I)), Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + f*fzx*x)
1, x], x] + Dist[d*(m/(f*fz*I)), Int[(c + d*x)~"(m - 1)*Logl[l + ET((-I)*e +
fxfzxx)], x], x]) /; FreeQ[{c, d, e, £, fz}, x] && IGtQ[m, O]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*
Cotle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (a_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)*(
x )]x(b_.) + (a_))"(a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + b*Cschlc + d*x])"(n + 1)/(bxd*(n + 1))), x] + Dist[fx(m/(b
*d*(n + 1))), Int[(e + f*x)~(m - 1)*(a + b*Cschl[c + d*x])~(n + 1), x1, x] /
; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*xf + f*Csch[x])™m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,
b, ¢, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

Subst ([ (a + bz)? coth(z)csch(z)(de — cf + fesch(z)) dz, z, csch™ (c + dz))
a2

integral = —

(e+ fz)? (a+ besch™'(c + d:c))2
2f
_ bSubst ([(a+ bz)(de — cf + fesch(z))? dz, z, csch™ (¢ + dz))
d’f




108

(e+ fz)? (a+besch™'(c + da:))2
2f
bSubst (f (d262 <1 + %) (a+bx) +2def(1 — <L) (a + bx)esch(z) + f2(a + bx)csch?(z)
_ 77

(de — cf)? (a+ besch ™' (c + d:::))2 (e+ fzr)? (a+besch™ (c+ dm))2
202 f + of
(bf)Subst( [ (a + bz)csch’(z) dz, z, csch™ (c + dx))
2
(2b(de — cf))Subst( [ (a + bz)csch(z) dz, z, csch™ (c + dz))
&2

bf(c+dx),/1+ m(aqL besch™ (¢ + dz))

2
(de — cf)? (a+ besch ™' (c + doc))2 (e+ fz)? (a+ besch™'(c + d:v))2
2 * of

4b(de — cf) (a + besch ™' (c + dz)) arctanh <eCS°h_1(c+dz))
a2
(b%f) Subst( | coth(z) dz, z,csch ™' (c + dx))
&2
N (2b*(de — cf)) Subst ([ log (1 — €®) dz,z, csch™ " (c + dz))
2
(2b%(de — cf)) Subst( [ log (1 + €®) dz, z,csch™'(c + dx))
2

bf(c+dz)y/1+ gy (a+ besch™ (¢ + dz))

d2
(de — cf)? (a+ besch ™ (c + da)) N (e + fz)? (a+ besch ™ (c + da))?
242 f 2f
4b(de — cf) (a + besch™ (¢ + dz)) arctanh <e°S°h_1(C+d’”))
2
B2 f log(c + de) (2v?(de — cf)) Subst (f 8(0-2) gy, 1, eCSCh_l(C"'dz))
d? + d?
(2b%(de — cf)) Subst (f w dz,x, eCSCh_l(chdw))
d2

+

+
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bf(c+dz)y/1+ gy (a+ besch™ (¢ + dz))

2

(de — cf)? (a + besch™ (c + dw))Q + (e+ fz)* (a+besch™'(c + dac))2
- 242 f oF

4b(de — cf) (a+ besch™ (¢ + di)) arctanh (eCSCh_l(C+dx))
+

2
b2f1 2b2(de — cf) PolyLog (2, —e®h ™" (c+dz)
flog(c+ dz) N ( )
d? d2

9b2(de — cf) PolyLog (2, ecsch—1<c+dz>>

_ -

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 427 vs. 2(194) = 388.

Time = 2.96 (sec) , antiderivative size = 427, normalized size of antiderivative = 2.20

/(e + fz) (a + besch™ (c + dalc))2 dz

2a2(de — cf)(c + dz) + a®f(c + dx)* + 2abf (c + dx) (, /1+ m + (¢ + dzx)csch™ (¢ + dm)) + 2b2f<(

[In] Integratel[(e + f*x)*(a + b*ArcCsch[c + d*x])~2,x]

[Out] (2%a~2%(d*e - cxf)*(c + d*x) + a~2xf*x(c + d*x)~2 + 2*xaxbxf*x(c + d*x)*(Sqrt[
1+ (c + d*x)"(-2)] + (c + d*x)*ArcCschc + d*x]) + 2*b"2*xf*((c + d*x)*Sqrt
[1 + (c + d*x)~(-2)]*ArcCsch[c + d*x] + ((c + d*x)~2*ArcCschl[c + d*x]~2)/2
- Logl(c + d*x)~(-1)]) + 4*axbxdxe*((c + dxx)*ArcCsch[c + d*x] + Log[Csch[A
rcCschlc + d*x]/2]/(2x(c + d*x))] - Log[Sinh[ArcCsch[c + d*x]/2]]) - 4*axbx
cxfx((c + d*x)*ArcCsch[c + d*x] + Logl[Csch[ArcCschlc + d*x]/2]/(2*(c + d*x)
)] - Log[Sinh[ArcCschlc + d*x]/2]]) + 2%b~2xd*e*(ArcCschlc + d*x]*((c + d*x
)*ArcCsch[c + d*x] - 2*Log[l - E~(-ArcCsch[c + d*x])] + 2+Log[1l + E~(-ArcCs
chlc + d*x])]) - 2*PolyLog[2, -E~(-ArcCsch[c + d*x])] + 2*PolyLog[2, E~(-Ar
cCschlc + d*x])]) - 2+%b~2*xcxfx(ArcCschlc + d*x]*((c + d*x)*ArcCsch[c + d*x]
- 2+¢Log[1 - E"(-ArcCsch[c + d*x])] + 2*Log[l + E~(-ArcCsch[c + d*x])]) - 2
*PolyLog[2, -E~(-ArcCsch[c + d*x])] + 2xPolyLogl[2, E~(-ArcCsch[c + d*x])]))
/(2xd"~2)
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Maple [F]
/ (fz +e) (a+ b arcesch (dz + c))2 dz

[In] int((f*x+e)*(at+b*arccsch(d*x+c))~2,x)

[Out] int((f*x+e)*(at+b*arccsch(d*x+c))~2,x)

Fricas [F]
/(e + fz) (a+ besch™ (c + d:c))2 dx = / (fz + e)(barcsch (dz + ¢) + a)* dz

[In] integrate((f*x+e)*(atb*arccsch(d*x+c))~2,x, algorithm="fricas")

[Out] integral(a™2xf*x + a"2xe + (b~2*f*x + b~2%e)*arccsch(d*x + c)~2 + 2x(axb*xfx
X + axbxe)*arccsch(d*x + c), x)

Sympy [F]
/(e + fz) (a+besch ™' (c + dalc))2 dz = / (a + bacsch (¢ + dz))* (e + fz) dx

[In] integrate((f*x+e)*(a+b*acsch(d*x+c))**2,x)

[Out] Integral((a + b*acsch(c + d*x))**x2x(e + f*x), x)

Maxima [F]
/(e + fz) (a+ besch™ (c + d:c))2 dx = / (fz + e)(barcsch (dz + ¢) + a)? dz

[In] integrate((f*x+e)*(a+b*arccsch(d*x+c))~2,x, algorithm="maxima")

[Out] 1/2*%a~2xf*x"2 + a~2%e*x + (2%(d*x + c)*arccsch(d*x + c) + log(sqrt(1/(d*x +
c)”2 + 1) + 1) - log(sqrt(1/(d*x + c)"2 + 1) - 1))*a*bxe/d + 1/2%x(b~2*xf*x~

2 + 2xb"2%e*x)*log(sqrt(d™2*x"2 + 2xcxd*x + c”2 + 1) + 1)72 - integrate(-((

b~2%d"2*f*x"3 + bT2%c"2%e + b"2xe + (b72*%d"2%e + 2%b~2kckd*f)*x"2 + (2%xb~2*

ckd¥e + b72%c”2*f + b72%f)*x)*log(d*x + c)”2 - 2%(axbxd"2xf*x"3 + 2*axbxckxd
*xfxx72 + (a*xb*c™2+f + axb*f)*x)*log(d*x + c) + (2%axbxd~2xf*x~3 + 4*xaxbkxckxd
*xfxx72 + 2% (a*xb*xc™2+f + axbxf)*x - 2%(b~2xd"2*f*x"3 + b~2%c"2%e + b"2%xe + (
b~2%d"2%e + 2%b”2kckd*f)*x"2 + (2%b~2*ckd*e + bT2kc"2xf + bT2%f)*x)*log(d*x
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+ c) + sqrt(d™2*x72 + 2xcxd*x + c”2 + 1)*((2%a*b*d"2xf - b72xd"2xf)*x"3 -
(2xb~2%d"2*%e - (4xaxb*d*f - b~2*d*f)*c)*x"2 - 2% (b~2kckxdxe — axbxc™2xf - ax
b*f)*xx — 2%(b"2*%d"2*f*xx"3 + b"2xc"2%e + b"2xe + (b"2*%d"2*e + 2*¥b”2kckxd*f)*x
“2 + (2xb"2%ckd*e + b~2kc"2xf + b~2*f)*x)*log(d*x + c)))*log(sqrt(d™2*x~2 +

2kckd*x + €72 + 1) + 1) + sqrt(d™2*x"2 + 2kckdkx + ¢72 + 1)*((b™2xd"2xf*x”
3 + b™2%c"2%e + b"2%e + (b"2%d"2xe + 2*b"2xckd*f)*x"2 + (2%b"2xcxd*e + b~2x
c~2xf + b72*f)*x)*xlog(d*x + c)~2 - 2*(axb*xd"2*f*x"3 + 2*axbxcxd*f*x~2 + (ax
bxc”2*f + axb*f)*x)*log(d*x + c)))/(d"2*x"2 + 2*ckd*x + c™2 + (d™2*x"2 + 2%
cxd*x + ¢c72 + 1)7(3/2) + 1), x)

Giac [F]
/(e + fz) (a + besch™ (c + da:))2 dx = / (fz + €)(barcsch (dz + ¢) + a)’ dz

[In] integrate((f*x+e)*(at+b*arccsch(d*x+c))~2,x, algorithm="giac")

[Out] integrate((f*x + e)*(b*arccsch(d*x + c) + a)~2, x)

Mupad [F(-1)]

Timed out.

/(e+fx) (a+ beseh ™ (c + do))’ dx=/(e+fx) <a+basinh<c+1dx>)2dx

[In] int((e + fxx)*(a + b*asinh(1/(c + d*x)))"2,x)
[Out] int((e + f*xx)*(a + b*asinh(1/(c + d*x)))"2, x)
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3.10 [ (a+besch™(c+ dw))2 dx

Optimal result . . . . . . . . . . . 1121
Rubi [A] (verified) . . . .. . ... .. 112
Mathematica [B] (verified) . . . . . . . . ... L 115
Maple [F] . . . . 115
Fricas [F] . . . . . o o 115
Sympy [F] . . o o 1716l
Maxima [F] . . . . . o e 176l
Giac [F] . . . o o o 116
Mupad [F(-1)] . . . o o 117

Optimal result

Integrand size = 12, antiderivative size = 85

(c+dz) (a+ besch™ (c + da;))2
d
4b(a + besch™ (¢ + dz)) arctanh <ecsch—1(c+dm)>
d
2b? PolyLog (2, —eCSCh_l(C+dw))

d
20 PolyLog (2, e+

d

/ (a + besch™ (¢ + dac))2 dr =

+

_|_

[Out] (d*x+c)*(atb*arccsch(d*x+c)) ~2/d+4*xbx (a+b*arccsch(d*x+c))*arctanh(1/(d*x+c)
+(1+1/(d*x+c)~2)~(1/2)) /d+2*b~2*polylog(2,-1/ (d*x+c) - (1+1/(d*x+c)~2)~(1/2))
/d-2*%b~2xpolylog(2,1/ (d*x+c)+(1+1/(d*x+c)~2)~(1/2))/d

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.00, number

of steps used = 8, number of rules used = 6, Bumber of rules _ , 554 Ryles used = {6451,
integrand size
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6415, 5560, 4267, 2317, 2438}

4barctanh <e°SCh_l(c+dw)) (a + besch ™ (c + dz))

d
(c+dz) (a+ besch™ (c+ da:))2
+
d
2b2 PolyLog <2, _ecsch_l(c—i-dx))
d
202 PolyLog (2’ e<:sch_1(c~|—dac)>
- d

/ (a + besch™ (¢ + dalc))2 dx =

+

[In] Int[(a + b*xArcCschlc + d*x])~2,x]

[Out] ((c + d*x)*(a + bxArcCschl[c + d*x])~2)/d + (4*bx(a + bxArcCsch[c + d*x])*Ar
cTanh[E"ArcCsch[c + d*x]])/d + (2%¥b~2xPolyLog[2, -E~ArcCsch[c + d*x]])/d -
(2¥b~2*PolyLog[2, E~ArcCschlc + d*x]])/d

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 4267

Int[cscl[(e_.) + (Complex[0, fz_])*(f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfzxx)]/(fxfz*I)), x]
+ (-Dist[d*(m/(£xfz*I)), Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + f*fzx*x)
1, x], x] + Dist[d*(m/(f*fz*I)), Int[(c + d*x)~"(m - 1)*Logl[l + ET((-I)*e +
fxfzxx)], x], x]) /; FreeQ[{c, d, e, £, fz}, x] && IGtQ[m, O]

Rule 5560

Int[Coth[(a_.) + (b_.)*(x_)]1"(p_.)*Csch[(a_.) + (b_.)*(x_)]1"(n_.)*((c_.) +
(d_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(c + d*x)"m)*(Cschl[a + b*x]"n/(b*n))
, x] + Dist[d*(m/(b*n)), Int[(c + d*x)"(m - 1)*Csch[a + b*x]"n, x], x] /; F
reeQ[{a, b, ¢, d, n}, x] && EqQ[p, 1] && GtQ[m, O]

Rule 6415
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Int[((a_.) + ArcCsch[(c_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Dist[-c~(-1), Su
bst[Int[(a + b*x) “n*Csch[x]*Coth[x], x], x, ArcCsch[c*x]], x] /; FreeQ[{a,
b, ¢, n}, x] && IGtQ[n, O]

Rule 6451

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x)1*(b_.))~(p_.), x_Symboll :> Dist[1/d
, Subst[Int[(a + b*ArcCsch[x])~p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d}
, x] && IGtQ[p, 0]

Rubi steps

Subst (f (a+ bcsch_l(ac))2 dr,z,c+ da:)
d
Subst ( [ (a + bz)? coth(z)csch(z) dz, z, csch™ (¢ + dz))
d
(c+dx) (a+ besch ™' (c+ dac))2 (2b)Subst( [ (a + bz)csch(z) dz, z, csch ™ (c + dz))

d d

(c+dz) (a+ besch ™ (c + dw))2 .\ 4b(a + besch™ (¢ + dz)) arctanh <e°5°h_1("+d’”))

integral =

d d
2b%) Subst ( [ log (1 — €*) dz, z, csch™ (¢ + dx
+
d
(2b?) Subst ( [ log (1 + €®) dz, z, csch™ (c + dx))
d
(c+dz) (a+ besch ™ (c + dx))2 4b(a + besch™ (¢ + dz)) arctanh <eCSCh_1(C+dm)>
= +
d d
(2b?) Subst ( Jeel=n) g o, ecsch*1<c+dx>> (2b%) Subst ( [ ) ecsch*(ﬁdw))
- d B d
(c+dz) (a+ besch ™ (c + dx))2 4b(a + besch™ (¢ + dz)) arctanh <e°S°h_1(C+d’”))
= +
d d

2b? PolyLog <2, —eCSCh_l(C+dw)> 262 PolyLog (2’ ecsch_l(c+d:z))

+ d B d
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 176 vs. 2(85) = 170.

Time = 0.21 (sec) , antiderivative size = 176, normalized size of antiderivative = 2.07

/ (a+besch™'(c+ dw))2 dz

a’c + a’dx + 2ab(c + dz)csch™' (c + dz) + b?cesch™ (¢ + dx)? + b2dzcsch™ (¢ 4 dz)? — 2b%csch™ (¢ + da

[In] Integrate[(a + b*ArcCsch[c + dx*x])~2,x]

[Out] (a™2%c + a"2xd*x + 2*axbx(c + d*x)*ArcCsch[c + d*x] + b~2*cxArcCschl[c + d*x
172 + b~2*d*x*ArcCschl[c + d*x]~2 - 2*b~2xArcCsch[c + d*x]*Log[l - E~(-ArcCs

chlc + d*x])] + 2xb~2*ArcCsch[c + d*x]*Log[l + E~(-ArcCsch[c + d*x])] + 2xa
*bxLog [Cosh[ArcCsch[c + d*x]/2]] - 2*ax*b*Log[Sinh[ArcCsch[c + dxx]/2]] - 2%
b~2xPolyLog[2, -E~(-ArcCsch[c + d*x])] + 2%b~2%PolyLog[2, E~(-ArcCschlc + d
*x]1)1)/d

Maple [F]
/ (a + b arcesch (dz + ¢))? de

[In] int((at+b*arccsch(d*x+c))~2,x)

[Out] int((at+b*arccsch(d*x+c))~2,x)

Fricas [F]
/ (a+ besch ™' (c+ dac))2 dz = / (barcsch (dz + c) + a)® dz

[In] integrate((a+b*arccsch(d*x+c))~2,x, algorithm="fricas")

[Out] integral(b~2*arccsch(d*x + c)~2 + 2*axbxarccsch(d*x + c) + a~2, x)
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Sympy [F]
/ (a + besch™ (¢ + dac))2 dz = / (a + bacsch (¢ + dz))* da

[In] integrate((a+b*acsch(d*x+c))**2,x)

[Out] Integral((a + b*acsch(c + d*x))**2, x)

Maxima [F]

/ (a + besch™ (c + dav))2 dx = / (barcsch (dz + c) 4 a)® dz

[In] integrate((at+b*arccsch(d*x+c))~2,x, algorithm="maxima")

[Out] (x*log(sqrt(d™2*x"2 + 2*c*d*x + c”2 + 1) + 1)72 - integrate(-((d"2*x"2 + 2x
ckd*x + c2 + 1)7(3/2)*1log(d*x + c)~2 + (d72*x"2 + 2kcxd*x + c¢”2 + 1)*log(d

*X + c)72 - 2x((d72%x72 + 2xcxd*x + c”2 + 1)xlog(d*x + c) + sqrt(d~2*x"2 +
2xcxd*xx + ¢72 + 1)*(d72*x"2 + ckd*kx + (d72*x"2 + 2kcxdxx + c¢”2 + 1)*log(d*x

+ ¢)))*log(sqrt(d™2*x"2 + 2%c*d*x + c”2 + 1) + 1))/(d"2*x"2 + 2%c*xd*x + c”

2 + (A72*%x72 + 2%cxd*x + ¢c”2 + 1)7(3/2) + 1), x))*b"2 + a”2*x + (2x(d*x + ¢
)*arccsch(d*x + c) + log(sqrt(1/(d*x + c)~2 + 1) + 1) - log(sqrt(1/(d*x + ¢

)72 + 1) - 1))*axb/d

Giac [F]
/ (a + besch™ (c + da:))2 dr = / (barcsch (dz + ¢) 4 a)® dz

[In] integrate((atb*arccsch(d*x+c))~2,x, algorithm="giac")

[Out] integrate((b*arccsch(d*x + c) + a)~2, x)



Mupad [F(-1)]

Timed out.

2
/(oz-l—bcsch_l(c-i-dac))2 dzz/(a—l-basinh( ! )) dz
c+dx

[In] int((a + b*asinh(1/(c + d*x)))~2,x)
[Out] int((a + b*asinh(1/(c + d*x)))"2, x)
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Optimal result

Rubi [A] (verified)

Mathematica [F]

Maple [F] . . . .
Fricas [F] . . . . o . o

Sympy [F] . . o o

Maxima [F]

-1 2
f (a,—l-bCS(;}—:fx(c—Fdx)) I
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Optimal result

Integrand size = 20, antiderivative size = 475

besch ™ (¢ + dz))’
/(a—l— csch™ (¢ + dz)) i

e+ fx
(a + bCSCh_l(C + dx))2 log (1 _ e2<:sch—1(c-|—d;c))

f—/d2e2—2cdef+(1+c?) f2
+

csch™(ctdx
(a+bcsch c—i—da: log (1 eesch™ " (e+d2) (de—cf) )
f

ecsch_l(c+dz) de—c
(a + besch™ (¢ + d:v log ( f+\/d252—2cdef:-(l+t{2))f2>

+

b(a + besch™'(c + dx)) PolyLog (2, e2°SCh_1(c+dm))
f

1 eCSCh_l(c+dz) de—cf
2b(a + besch™ (¢ + dz) ) PolyLog (2, _f—\/d2e2—2cdef(+(1+c2))f2)

+

f
_1 _ eCSCh_l(c-}—dz) (de—cf)
N 2b(a + besch™' (¢ + dz)) PolyLog (2, f+\/d262—2cdef+(1+c2)f2)
f
B eCSCh_l(c+d<v) de—cf
b* PolyLog (3, g?esch 1“*“’) 2b* PolyLog (3’ _f—\/d2e2—2cdef:-(1+c2))f2)
_I_ J—
2f f

csch™ (ct+de) (g._
2 e (de—cf)
2b POIYLOg (37 f~|—\/d262—2cdef+(1+c2)f2>

f

[Out] -(at+b*arccsch(d*x+c)) " 2x1n(1-(1/(d*x+c)+(1+1/(d*x+c)~2)~(1/2))"2)/f+(atb*ar
ccsch(d*xx+c)) ~2x1n(1+(1/ (d*x+c)+(1+1/ (d*x+c) ~2) ~(1/2) ) * (—cxf+d*e) / (f-(d"2*e
~2-2xcxdxexf+(c"2+1)*f~2)~(1/2)) ) /f+(at+b*arccsch(d*x+c)) ~2x1n(1+(1/(d*x+c)+
(1+1/(d*x+c)~2) " (1/2) ) * (—cxf+d*e) / (f+(d"2%e"2-2xcxd*e*xf+(c™2+1) *£~2)~(1/2))
) /f-b* (a+b*arccsch(d*x+c))*polylog(2, (1/(d*x+c)+(1+1/(d*x+c)~2)~(1/2))"2) /£
+2xb* (at+b*arccsch (d*x+c) ) *polylog(2,-(1/(d*x+c)+(1+1/(d*x+c) ~2) ~(1/2) ) *(-c*
f+dxe) / (f-(d"2%e~2-2xc*d*e*xf+(c™2+1)*£~2) ~(1/2))) /f+2%b* (a+b*arccsch (d*x+c)
)*polylog(2,-(1/(d*x+c)+(1+1/(d*x+c) ~2)~(1/2)) *(—c*f+d*e) / (f+(d"2%e™2-2%c*d
xexf+(c™2+1)*x£72)~(1/2)))/£+1/2%b~2*polylog(3, (1/(d*x+c)+(1+1/(d*x+c)~2)~ (1
/2))"2) /£-2%b~2xpolylog(3,-(1/(d*x+c)+(1+1/(d*x+c)~2)~(1/2) ) *(—cxf+d*e) / (£f-
(d"2*%e"~2-2kcxd*exf+(c™2+1)*£72)~(1/2))) /£-2xb~2*polylog(3,-(1/ (d*x+c)+(1+1/
(d*x+c)~2) " (1/2)) *(—cxf+d*xe) / (f+(d"2*xe"2-2*c*kd*e*xf+(c"2+1)*xf~2)~(1/2))) /£
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Rubi [A] (verified)

Time = 0.76 (sec) , antiderivative size = 475, normalized size of antiderivative = 1.00,

number of steps used = 17, number of rules used = 9, number of rules _ 0.450, Rules used
integrand size

= {6457, 5715, 5688, 3797, 2221, 2611, 2320, 6724, 5680}

T

/ (a + besch™ (¢ + dx))2 p

e+ fx
_ ecsch™ (c+de) (go_c
2b <a + besch l(c + dw)) POlyLog (2’ - f_\/d2e2_2cdfeg-(c2+fl))f2)

B f
_ Ecsch_l(c-+-alac) de—c
2b (a’ + besch 1(C + dx)) PolyLog (2’ B f+\/d262—20dfe-(|-(c2+fl))f2)
+
f
_ 2 de—ecf)ecsch ™ (c+dx)
(a + besch™ (¢ + dz))” log (f—(\/(cz-lj—ci)f2—2cdef+d2e2 + 1>

+

f
_ 2 de—c ecschfl(c-rda:)
(a + besch™ (¢ + da)) " log (\/ ((c2+1)];)2—2cdef+d2e2+f + 1)
+ f

b PolyLog (2, ezCSCh_l(chdx)) (a+ besch™'(c + dz))
B f

log <1 — ezcs"h_l(chdw)) (a + besch™ (¢ + dav))2
f

. eCSCh_l(c+dm) (de—cf)
f—/d2e2—2cdfe+(c?+1) f2

ecsch_1 (c+dz) (de—cf)

2b% PolyLog (3, R RYF P (62+1)f2> b2 PolyLog (3’ 62csch—1(c+dx))
- +
f 2f

2b? PolyLog (3,

[In] Int[(a + bxArcCsch[c + d*x])~2/(e + fx*xx),x]

[Out] -(((a + b*ArcCsch[c + d*x])~2xLog[l - E~(2*ArcCschl[c + d*x])])/f) + ((a + b
xArcCsch[c + d*x])~2*xLog[1l + (E"ArcCsch[c + d*x]*(d*e - c*f))/(f - Sqrt[d~2

*xe"2 — 2xcxdxexf + (1 + c~2)*£72])])/f + ((a + b*ArcCsch[c + d*x]) 2+Logl[1

+ (E"ArcCschlc + d*x]*(d*e - cxf))/(f + Sqrt[d™2*e”2 - 2*ckd*exf + (1 + c~2
)*x£72]1)]1)/f - (b*(a + b*ArcCsch[c + d*x])*PolyLog[2, E~(2*ArcCschlc + d*x])

1)/f + (2¥b*(a + bxArcCsch[c + d*x])*PolyLog[2, -((E"ArcCsch[c + d*x]*(d*e

- cxf))/(f - Sqrt[d™2*e”2 - 2%ckdxexf + (1 + c™2)*£72]))])/f + (2%bx(a + bx
ArcCschlc + dxx])*PolyLog[2, -((E"ArcCsch[c + d*x]*(d*e - c*f))/(f + Sqrtld
“2xe”2 - 2xcxdxexf + (1 + c”2)*£72]))])/f + (b"2*PolyLog[3, E~(2*ArcCschlc
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+ d*x])])/(2%f) - (2%b~2xPolyLog[3, -((EArcCschlc + d*x]*(d*e - c*f))/(f -
Sqrt [d™2*e”2 - 2*ckdxexf + (1 + c™2)*£72]))])/f - (2*b~2xPolyLogl[3, -((E"A
rcCschlc + d*x]*(d*e - cxf))/(f + Sqrt[d~2xe”2 - 2xcxdxexf + (1 + c~2)*f"2]
N/

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))7°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)]1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)“m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))~n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*nxLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x1, x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%xI, Int[((c + d*x) m*x(E~(2*x((-I)*e + f*fz*x))/(1 + E~(2*%((-I)*e + fxfz*x)
)/E~(2xI*k*Pi))))/E~(2xI*k*Pi), x], x] /; FreeQ[{c, d, e, f, fz}, x] && Int
egerQ[4*k] && IGtQ[m, O]

Rule 5680

Int[(Cosh[(c_.) + (d_.)*(x_)I*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
h[(c_.) + (d_.)*(x_)]), x_Symbol]l :> Simp[-(e + f*x)"(m + 1)/(b*fx(m + 1)),
x] + (Int[(e + f*x)"m*(E"(c + d*x)/(a - Rt[a"2 + b72, 2] + b*E~(c + d*x)))
, x] + Int[(e + fxx) " m*(E~(c + d*x)/(a + Rt[2a"2 + b™2, 2] + D*E~(c + d*x)))
, x]) /; FreeQ[{a, b, ¢, d, e, £}, x] & IGtQ[m, 0] && NeQ[a~2 + b~2, 0]

Rule 5688
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Int[(Coth[(c_.) + (d_)*(x_)]1"(n_.)*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_
)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Cothl[c
+ d*x]~°n, x], x] - Dist[b/a, Int[(e + f*x) m*Cosh[c + d*x]*(Coth[c + d*x]~
(n - 1)/(a + bxSinh[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & I
GtQ[m, 0] && IGtQ[n, O]

Rule 5715

Int[((Ce_.) + (F_D)*(x))"(m_)*(F )[(c_.) + (d_D)*x)DI"(n_.)*(G ) [(c_.) +
(d_)*(x_)]1"(p_.))/(Cschl(c_.) + (d_.)*(x_)]*(b_.) + (a_)), x_Symbol] :> I

nt[(e + f*x) m*Sinh[c + d*x]*F[c + d*x] n*(G[c + d*x]"p/(b + a*xSinh[c + d*x

1)), x] /; FreeQ[{a, b, ¢, d, e, f}, x] && HyperbolicQ[F] && HyperbolicQ[G]
&% IntegersQ[m, n, pl

Rule 6457

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - cxf + f*Csch[x])™m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,

b, c, d, e, f}, x] && IGtQ[p, 0] &% IntegerQ[m]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
> €, I, p}, X] && EqQ[b*d, a*e]

Rubi steps

_ (a + bz)? coth(z)csch(z) .
l=— h
integra. Subst ( / de—cf + fosch(@) dz,x,csch™ (c + dx)

(a + bz)? coth(z)
f + (de — c¢f) sinh(x)
B Subst ( [ (a + bz)? coth(z) dz, z, csch™ (c + dz))

f

(de — cf)Subst <f % dz,z,csch™(c + dx))

f

— —Subst < dz,,csch™(c + d:c))

+
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2Subst (f % dz,z,csch™(c + dac))

f
e (a+bz)? —
. (de — cf)Subst (f f—i—em(de—cf)—\/(d2t2—)2cdef+f2+c2f2 dz,x,csch™ (c + da:))
f
e (a+bz)? —
. (de — cf)Subst (f f—‘,—ez(de—cf)+\/(d2t2—)2cdef+f2+c2f2 dz,x,csch™ (c+ dx))
f

(a + besch™ 1(6 + dx)) ]Og (1 e2csch™ 1(c+dm))

f—+/d2e2—2cdef+(1+c2) f2
+

(a + besch ™ (¢ + d:L' log

eCSCh_l(c+dz) (de—cf)
f+\/d262—20def+(1+c2)f2

csch™ 1 (ctda
(a + besch ™t (c+ dz log ( eesch™" (e+d2) (Je—cf) )
f
+
f

(2b)Subst ([ (a + bz) log (1 — €*) dz, z,csch™'(c + dz))
! f

- (2b)Subst< (a + bz)log ( + \/dzezi(zd:‘;;{:fQHsz) dz,,csch™(c + dm))

f

(2b)Subst < J(a+ bz)log (1 + 77 d2e§i(§§d_e;’_? p f2) dx,x,csch™ (c + dx))

f
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(a + besch™ 1(C + d:)g)) log <1 g2csch™ l(c—i-dz))

eCSCh_l(c+dz)(de_cf)
. (a + besch™ (¢ + dz)) log ( T T
f
b h d l ecsch_l(c+dz)(de_cf)

+ (a + bese c+ z 08 f+\/d262—2cdef+(1+02) 12

b(a+ besch ™' (c + dx)) PolyLog (2, eQCSCh_l(chd””))
- f

_ eCSCh_l(c+dz) e—c

2b(a + besch ™' (c + dz)) PolyLog <2, _f—\/d262—2cdef:(-i(1+52))f2>

+
f
_ eCSCh_l(chdm) e—c

2b(a + besch™" (c + dz)) PolyLog (2’ - f+¢d2e2_zcdef(+d(1+f'~>)>f2>

+
f
b2Subst(f PolyLog (2, €%®) dz,z,csch™ (c + dz))
f
- (2b?) Subst < J PolyLog <2, Y, d%i_(;;;’:z T f2) dz,x,csch™ (c + dx))
f
(2b?) Subst ( J PolyLog (2, 7 dz;_(;:d_eﬁ yE f2> dz,,csch™ (c + dx))

f
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(a + besch™ 1(C + d:)g)) log <1 g2csch™ l(c—i-dz))

eCSCh_l(c+dz) (de—cf)
(a + besch™ (¢ + dz)) log ( P B —2edef (1)
+
f
b h d l eCSCh_l(C+dz) (de—cf)
(a +besch™ (c + dz)) " log T B seder (11
+

b(a + besch™ (c + dx)) PolyLog (2, 62csch—1(c+dw))
f

-1 ecsch_l(c+dz)(de_cf)
2b(a + besch™ (¢ + dz) ) PolyLog (2, R e (LT

+
f
-1 ecsch_l(chdm)(de_cf)
2b(a + bCSCh (C + dz)) PO]-YLOg <27 _f+\/d2€2—26def—|—(1+c2)f2
+
f
b2Subst (f PolyLog(2,z) dz,z, e2csch_1(c-|-d:c)>
+ T

2f

PolyLog | 2, (de—cf)z
—f+\/d282—2cdef+ (1+c2)f2

T

csch™1(c+dzx)

(26) Subst | [

dr,z,e

f

csch™1 (ct+dz)

PolyLog (27_ - 2(de cf)w - 2)
f d<e<—2cdef+(14c4)f
(262) Subst | | a (%)

dz,x,e
xr
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(a + besch™ 1(6 + dx)) log <1 g2csch™ l(c—i-dz))

ecsch_l(c+dz)(de_cf)
(a + besch™ (¢ + dz)) log ( P B —2edef+ (11 A)
+
f
ecsch_l(c+dz) de—cf
(a+besch™'(c+ dz)) log ( f+\/d262_2cdefi(1+02))fz)
+
b(a + besch™ (C + d.’E)) PolyLog (2, 62(:sch—1(c-i-daz:)>
B f
-1 eCSCh_l(c+dm) (de—cf)
. 2b(a + besch™ (¢ + dz) ) PolyLog <2’ T /@ —2cdef+(1+2)
f
-1 ecsch_l(chdm)(de_cf)
N 2b(a + besch™ (¢ + dz)) PolyLog <2’ T IR —2cdef+(142) f2
f
B eCSCh_l(c+dw) de—c
b? PolyLog (3, e?eh 1(°+d””)> 2b* PolyLog <3’ _f—\/d2e2—2cdef:-(l+f2))f2>
+

2f - f
ecschfl(c+dw) de—c,
2b% PolyLog (3, - f+\/d262—2cdef:-(1+fj;))f2)

f

Mathematica [F]

-1 2 —1 2
/(a—l—bcsch (c+dz)) dx=/ (a + besch™' (¢ + dz)) i

e+ fx e+ fx

[In] Integrate[(a + b*ArcCschl[c + d*x])~2/(e + f*x),x]
[Out] Integrate[(a + b*ArcCsch[c + d*x])~2/(e + f*x), x]
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Maple [F]

/ (a + b arcesch (dz + ¢))”
dz
fx+e

[In] int((at+b*arccsch(d*x+c)) "2/ (f*x+e),x)
[Out] int((at+b*arccsch(d*x+c)) "2/ (f*x+e),x)

Fricas [F]

dx

(a+ besch™ (¢ + dz)) o — (barcsch (dz + ¢) + a)®
/ e+ fz i / fo+e

[In] integrate((atb*arccsch(d*x+c))~2/(f*x+e),x, algorithm="fricas")

[Out] integral((b~2*arccsch(d*x + c)~2 + 2%a*b*arccsch(d*x + c) + a~2)/(f*x + e),

x)

Sympy [F]

dz

/ (a + besch™ (¢ + dac))2 / (a + bacsch (¢ + dz))?
dr =
e+ fx e+ fx

[In] integrate((atb*acsch(d*x+c))**2/(f*xx+e),x)

[Out] Integral((a + b*acsch(c + d*x))**x2/(e + f*x), x)

Maxima [F]

dz

(a + besch™ (c + da:))2 dp — (barcsch (dz + ¢) + a)?
/ e+ fz 0T / fo+e

[In] integrate((at+b*arccsch(d*x+c))~2/(f*x+e),x, algorithm="maxima")

[Out] a~2*log(f*x + e)/f + integrate(b~2xlog(sqrt(1/(d*x + c)~2 + 1) + 1/(d*x + c
))"2/(f*x + e) + 2%axbxlog(sqrt(1/(d*x + c)”2 + 1) + 1/(d*x + c))/(f*x + e)
» X)
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Giac [F]

(a + besch™ (¢ + dav))2 iy — / (barcsch (dz + ¢) + a)® i
/ e+ fz N fr+e

[In] integrate((at+b*arccsch(d*x+c))~2/(f*x+e),x, algorithm="giac")

[Out] integrate((b*arccsch(d*x + c) + a)~2/(f*x + e), x)

Mupad [F(-1)]

Timed out.
)

/ (a + besch ™ (¢ + dz))” . :/ (a4 basinh (-
e+ fx e+ fr

dz

[In] int((a + b*asinh(1/(c + d*x)))"2/(e + f*xx),x)
[Out] int((a + b*asinh(1/(c + d*x)))"2/(e + f*x), x)
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(a+bCSCh_1(c+dx)) i

12
Optimal result . . . . . . . . . . e 129
Rubi [A] (verified) . . . . . . . . 130
Mathematica [C] (warning: unable to verify) . . . . . .. ... ... ... ... ... 134
Maple [F] . . . . 135
Fricas [F] . . . . . o 135
Sympy [F] . . o 136
Maxima [F] . . . . . . 136
Giac [F] . . o o o 1361
Mupad [F(-1)] . . . oo 137
Optimal result
Integrand size = 20, antiderivative size = 448

/ (a + besch™ (¢ + clx))2 J
x
(e+ fz)?
B d(a+besch™'(c + dac))2 (a + besch™ (¢ + dac))2
f(de = cf) fle+ fz)

f—+/d2e2—2cdef+(1+c?) f2
(de — cf)+/d?e? — 2cdef + (1 + ¢2) f2

1 eesh™ (e+42) (de—cf)
2bd(a + besch™ (¢ + dx)) log (1 T @I sede (14 2

(de — cf)+/d2e? — 2cdef + (1 + c2) f2
2b2d PolyLog (2, eesch” (¢+4) (de—cf) )

csch™ ! (c+da
2bd(a + besch™ (¢ + dz)) log <1 e (A decf) )

+

T f—\/d2e2—2cdef+(1+c2) f2
(de — cf)+/d2e? — 2cdef + (1 + 2) f2

csch™Y (c+da) (go_
) e (de—cf)
2b%d POlyLOg (27 f+\/d262—2cdef+(1+c2)f2 >

(de — cf)+/d?e? — 2cdef + (1 + ) f2

+

[Out] d*x(at+b*arccsch(d*x+c)) "2/f/(-cxf+d*xe)-(atb*arccsch(d*x+c)) ~2/f/ (fxx+e)-2xb*
d* (a+b*arccsch(d*x+c) ) *1n(1+(1/ (d*x+c)+(1+1/(d*x+c)~2) " (1/2) ) *(—cxf+d*e) / (f
-(d"2xe"2-2*c*xd*xexf+(c"2+1)*f~2) " (1/2)) )/ (-c*xf+d*e) / (d"2*e"2-2xcxd*e*f+(c~2
+1)*f~2) = (1/2) +2*b*d* (a+b*arccsch (d*x+c) ) *1n(1+(1/ (d*x+c)+(1+1/ (d*x+c) ~2) ~(
1/2) ) * (—cxf+d*e) / (f+(d~2%e~2-2%cxd*e*xf+(c™2+1)*£~2)~(1/2)) )/ (—c*f+d*e) / (d~2
xe~2-2*ckdxexf+(cT2+1)*x£72) " (1/2) -2*b~2xd*polylog(2,-(1/ (d*x+c)+(1+1/(d*x+c
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)"2) " (1/2) ) *x(—c*xf+d*e) / (f-(d"2%e"2-2xckd*e*xf+(c™2+1) *£72)~(1/2))) / (—cxf+d*e
)/ (d72%e"2-2xcxd*e*xf+(c”2+1) *£72) ~(1/2) +2xb~2*d*polylog(2,-(1/ (d*x+c)+(1+1/
(d*x+c)~2)~(1/2)) * (—cxf+dxe) / (f+(d"2xe”2-2*c*xd*xexf+(c™2+1)*f~2)~(1/2)))/(-c
*f+d*e) / (d"2*%e”2-2kcxdxexf+(c™2+1)*£~2)~(1/2)

Rubi [A] (verified)

Time = 0.77 (sec) , antiderivative size = 448, normalized size of antiderivative = 1.00,

_ __ ¢ number of rules _
number of steps used = 12, number of rules used = 8§, integrand size 0.400, Rules used

= {6457, 5577, 4276, 3403, 2296, 2221, 2317, 2438}

dz

/ (a+besch™'(c+ dav))2
(e+ fz)?

2bd(a + bCSCh_l(C + de')) lOg ( (de—Cf)CCSCh_ (c+dx) + 1)

F—+/(2+1) f2—2cdef+d2e?
(de — cf)\/(2 + 1) f2 — 2cdef + d2e?
2bd(a + besch™ (¢ + dz)) log (

(de—cf)eCSCh_ 1 (c+dz)

(@D P acdef T A 1] T 1) N d(a +besch™'(c + dac))2
(de — cf)/(2 + 1) f2 — 2cdef + d?e? f(de —cf)

csch™ Y (c+da) (g,
2 ___ € (de—cf)
(a + besch (e + dav))2 2b°d PolyLog (2’ f—\/d262—2cdfe+(c2+1)f2)

fle+ fz) (de — cf)\/(2 + 1) f2 — 2cdef + d2e?

9 _ ecsch_l(c+d:c)(de_cf)
2b“d PolyLog (2, [Ny e ey

(de — cf)\/(c2 + 1) f2 — 2cdef + d?e?

_|_

[In] Int[(a + b*ArcCschl[c + d*x])~2/(e + f*x)~2,x]

[Out] (d*(a + bxArcCschlc + d*x])~2)/(f*(dxe - cxf)) - (a + bxArcCschlc + dxx])~2
/(fx(e + fxx)) - (2%b*d*(a + bxArcCsch[c + d*x])*Log[l + (E"ArcCsch[c + d*x
1x(d*e - cxf))/(f - Sqrt[d~2*e”2 - 2*ckdxexf + (1 + c~2)*£f72])])/((d*e - cx*
f)*Sqrt[d"2*e”2 - 2*ckd*exf + (1 + c"2)*£72]) + (2xbxdx(a + b*ArcCsch[c + d
*x])*Log[1 + (E"ArcCschlc + d*x]*(dxe - cxf))/(f + Sqrt[d~2xe”2 - 2xckxdxexf
+ (1 + c™2)*£72])])/((d*e - c*f)*Sqrt[d~2*e”2 - 2*ckd*exf + (1 + c~2)*f"2]
) - (2%b~2*d*PolyLog[2, -((E"ArcCsch[c + d*x]*(dxe - c*f))/(f - Sqrt[d~2xe~
2 - 2xckxd*exf + (1 + c”2)*£72]))])/((d*e - cxf)*Sqrt[d~2%e”2 - 2xcxd*e*xf +
(1 + c™2)*£72]) + (2¥b~2xd*PolyLog[2, -((E"ArcCschlc + dxx]*(d*e - cxf))/(f
+ Sqrt[d~2xe”2 - 2xcxdxexf + (1 + c™2)*£72]))])/((d*e - c*f)*Sqrt[d~2xe~2
- 2xcxd¥xexf + (1 + c72)*£72])

Rule 2221

Int [CCCF)~((g_)*((e_.) + (£_)*(x))))"(a_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
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[((c + d*x)~m/(b*fxg*nxLog[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxf*gxn*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2296

Int [((FL)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xa*c, 2]}, Dist[2*(c/q), Int[
(f + g*x)"m*(F"u/(b - q + 2*xcxF~u)), x], x] - Dist[2*(c/q), Int[(f + g*x)"m
*(F~u/(b + q + 2*c*¥F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3403

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])*
(f_.)*(x_)]1), x_Symbol] :> Dist[2, Int[(c + d*x) "m*x(E~((-I)*e + fxfzx*x)/((-
I*b + 2xa*E~((-I)*e + fxfz*x) + IxbxE~(2x((-I)*e + fxfz*x)))), x], x] /; F
reeQ[{a, b, c, d, e, f, fz}, x] && NeQ[a~2 - b2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)x*(
x )1*x(b_.) + (a_))"(n_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*xx)"m)*((a + b*xCschlc + d*x])"(n + 1)/(bxd*(n + 1))), x] + Dist[f*x(m/(b
*d*(n + 1))), Intl[(e + f*x)~(m - 1)*(a + b*Cschlc + d*x])~(n + 1), x1, x] /
; FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 6457
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Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*f + f*xCsch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, f}, x] && IGtQ[p, 0] &% IntegerQ[m]

Rubi steps

integral =

(o A )

(a + bcsch_l(c—i— dz))2 (2bd)Subst (f ﬁ%dx,r,csch_l(c—l— dm))

= +
fle+ fz) f
(a + besch™ (c + dav))2
fle+ fz)
a+bzx f(a+bz) -1
. (2bd)Subst ( i ( deer T Caore) (Frae(1—50) sinh(m))> dz,z,csch™(c + d:c))
f

d(a +besch™ (c + dav))2 (et besch™ (¢ + dw))Q
f(de - cf) fle+ fz)

(2bd)Subst ( i v (1‘14%93 — dz,z,csch™ (c + da:))

de — cf
d(a -+ besch™' (c + dx))2 (a + besch™ (¢ + dav))2
f(de —cf) fle+ fz)
e® (a+bx) -1
(4bd)Subst (f e (1=t ) e (1) dz,z,csch™ (c+ daz))
B de — cf
d(a+ besch™'(c + dx))2 (a + besch™ (¢ + dav))2
f(de —cf) fle+ fz)
e® (a+bz) -1
(4bd)Subst ( J e (1) 2y e T T dz,z,csch™ (c+ da:))

Vd%e? — 2cdef + (1 + c2) f2

e*(a+bx) -1
(4bd)Subst < S e (1) 2 P BT T dz,z,csch™ (c+ dm))

Vd2e2 —2cdef + (1 + c2) f?

_|_
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_ d(a+besch™(c+ doc))2 (a+besch™'(c+ dac))2
f(de —cf) fle+ fz)
2bd(a + besch™ (¢ + dz)) log <1 g st () (de—cf) )

f—+/d%2e2—2cdef+(1+c2) f2
(de — cf)+/d2e2 — 2cdef + (1 + c2) f2

-1 eCSCh_l(c+dz) (de—cf)
2bd(a + besch™ (¢ + dz)) log (l MY 7 e v v

(de — cf)+/d?e? — 2cdef + (1 + ¢2) f2
2dee® (l—c—)

+

de

(2b2d) Subst <f10g (1 + 2f_2\/d262_26def+f2+02f2> dz,z,csch™(c + dx))
(de — cf)\/d?e? — 2cdef + (1 + c2) f2
ee® (1— <L
(2b%d) Subst (f log (1 + 2dect (1) ) dz,,csch™(c + dx))

+

2f+2+/d%e2—2cdef+f2+c2 f?
(de — cf)+/d2e2 — 2cdef + (1 + ¢2) f?
d(a+ besch™'(c + dx))2 (a + besch™ (¢ + dav))2

f(de —cf) fle+ fz)

_ eCSChil(c-ﬁ-dz) de—c
2bd(a + besch l(c + dd,')) log (1 + f—\/d2e2—20def€|-(1+<{2))f2)

(de — cf)+/d?e2 — 2cdef + (1 + 2) f2
2bd(a + besch™ (¢ + dz)) log (1 o< (A (decf) >

f+/d2e2—2cdef+(1+c2) f2
(de — cf)+/d2e2 — 2cdef + (1 + ¢2) f?

log <1+ 2ae(1- 5 ) )
(20°d) Subst | [ 2/-2\/d2e?—2cdef+ 242 f2

T

_|_

csch™!(c+dzx)

dx,x,e

+

(de — Cf)\/dze2 — 2cdef + (1+ ¢2) f?
log<1+ jd:(l‘%)ZQ i 2)
(20%d) Subst | [ 2f+2\/d?e2—2cdef+ 1242

csch™!(c+dzx)

dr,z,e
xr

(de — cf)+/d2e2 — 2cdef + (1 + 2) f2
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d(a+ besch™ (¢ + doc))2 B (a+besch™'(c+ dx))2
f(de —cf) fle+ fz)

_ eCSCh_l(c+dz) de—c
2bd(a + besch™ (¢ + dz)) log <1 + f_wd%z_zcdefi(lj%p)

(de — cf)+/d2e2 — 2cdef + (1 + c2) f2

-1 eCSCh_l(c+da:) (de—cf)
2bd(a + besch™ (¢ + dz)) log (1 N7 r e v v

(de — cf)+/d?e? — 2cdef + (1 + ¢2) f2

CSChil(c-ﬁ-dz) de—
2b%d PolyLog (2’ o f—i/d262—20def:-§1—:i;))f2)

(de — cf)+/d2e2 — 2cdef + (1 + ¢2) f?
2b2d PolyLog <2, e c)) >

+

T f+/d2e2—2cdef+(1+c2) f2
_l_

(de — cf)\/d?e? — 2cdef + (1 + c2) f2

Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 12.80 (sec) , antiderivative size = 2061, normalized size of antiderivative = 4.60

dx = Result too large to show

/ (a + besch™ (¢ + dx))2
(e+ fz)?

[In] Integrate[(a + b*ArcCschl[c + d*x])~2/(e + f*x)~2,x]

[Out] -(a”2/(fx(e + £*x))) - (2*%a*xbx(c + d*x)~2x(f + (dxe - c*f)/(c + d*x))~2x(Ar
cCschlc + dxx]/(f + (d*e)/(c + d*x) - (c*f)/(c + d*x)) - (2*ArcTan[(d*e - c
xf - f*Tanh[ArcCsch[c + d*x]/2])/Sqrt[-(d"2*e”2) + 2kckxdxexf - (1 + c™2)*f~
2]11)/Sqrt[-(d"2xe~2) + 2%ckd*exf - (1 + c”2)*£72]))/(d*x(-(d*e) + cxf)*x(e +
fxx)72) - (b™2*(c + d*x)"2*(f + (d*e - cxf)/(c + d*x)) 2*(ArcCsch[c + d*x]~
2/((-(dxe) + c*f)*(f + (d*e)/(c + d*x) - (cxf)/(c + d*x))) + (2x(((-I)*Pi*A
rcTanh[(-(d*e) + c*f + f*Tanh[ArcCsch[c + d*x]/2])/Sqrt[f~2 + (d*e - c*f)~2
11)/Sqrt[£f~2 + (d*e - cxf)~2] - (2%(Pi/2 - I*ArcCsch[c + d*x])*ArcTanh[((f
- Ix(d*e - cx*f))*Cot[(Pi/2 - IxArcCschl[c + d*x])/2])/Sqrt[-(d"2*e~2) + 2xcx*
dxexf - £72 - c”2*%£f72]] - 2%ArcCos[((-I)*f)/(d*e - c*f)]*ArcTanh[((-f - Ix*(
d*e - c*f))*Tan[(Pi/2 - I*ArcCschlc + d*x])/2])/Sqrt[-(d"2*e~2) + 2*cxd*exf
- £72 - c™2%£72]] + (ArcCos[((-I)*f)/(d*e - c*f)] - (2*I)*(ArcTanh[((f - I
*x(dxe - c*f))*Cot[(Pi/2 - I*ArcCschlc + d*x])/2])/Sqrt[-(d"2*e~2) + 2*cxd*e
xf - £72 - ¢c”2%f72]] - ArcTanh[((-f - Ix(d*e - c*f))*Tan[(Pi/2 - I*ArcCschl[
c + dxx])/2])/Sqrt[-(d"2xe~2) + 2*ckdxexf - £72 - c~2%f72]]))*Log[Sqrt[-(d~
2xe”~2) + 2xcxd*exf - £72 - c"2x£72]/(Sqrt[2]*E~((I/2)*(Pi/2 - I*ArcCsch[c +
d*x]))*Sqrt [(-I)*(d*e - cxf)]*Sqrt[f + (d*e - cxf)/(c + d*x)])] + (ArcCos[
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((-I)*f)/(d*e - c*xf)] + (2%I)*(ArcTanh[((f - I*(d*e - c*f))*Cot[(Pi/2 - I*A
rcCschlc + d*x])/2])/Sqrt[-(d"2*e~2) + 2xc*d*exf - £72 - c"2xf~2]] - ArcTan
h[((-f - I*(d*e - cx*f))*Tan[(Pi/2 - I*ArcCsch[c + d*x])/2])/Sqrt[-(d"2*e~2)
+ 2kckdkexf - £72 - c¢"2%£72]]))*Log[(E~((I/2)*(Pi/2 - I*ArcCschlc + d*x]))
*Sqrt [-(d"2%e”2) + 2kxcxdxexf - £72 - ¢”2xf72])/(Sqrt[2]*Sqrt [(-I)*(d*e - c*
£)I1*Sqrt[f + (dxe - c*f)/(c + d*x)])] - (ArcCos[((-I)*f)/(d*xe - cxf)] + (2%
I)*xArcTanh[((-f - Ix(d*e - c*f))*Tan[(Pi/2 - I*ArcCschl[c + dx*x])/2])/Sqrt[-
(d"2*%e”2) + 2xcxdxexf - £72 - c”2x£72]])*Log[l - (I*(f - IxSqrt[-(d~2*e"2)
+ 2xckdkexf - £72 - c72xf72])*(f - Ix(d*e - cxf) - Sqrt[-(d"2*e”2) + 2xcxd*
exf - £72 - c”2%f"2]*Tan[(Pi/2 - I*ArcCschlc + d*x])/2]1))/((d*e - c*f)*(f -
Ix(d*xe - cxf) + Sqrt[-(d~2xe”2) + 2*ckdxexf - £72 - c”2*%f"2]*Tan[(Pi/2 - I
xArcCschlc + d*x])/2]1))] + (-ArcCos[((-I)*f)/(d*e - cxf)] + (2*I)*ArcTanh[(
(-f - Ix(d*e - c*f))*Tan[(Pi/2 - IxArcCschl[c + d*x])/2])/Sqrt[-(d"2*e"2) +
2xcxdxexf - £72 - c"2x£72]])*Log[1l - (I*(f + I*Sqrt[-(d"2*e”2) + 2*c*d*exf
- £72 - c”2%x£72])*x(f - Ix(d*xe - c*f) - Sqrt[-(d~2*e”2) + 2*cxd*exf - £72 -
c~2xf"2]*Tan[(Pi/2 - I*ArcCschlc + d*x])/2]))/((d*xe - c*f)*(f - Ix(d*e - c*
f) + Sqrt[-(d"2xe~2) + 2%c*d*exf - 72 - c”2xf"2]*Tan[(Pi/2 - I*ArcCsch[c +
d*x])/21))]1 + Ix(PolyLogl[2, (Ix(f - IxSqrt[-(d"2*e~2) + 2xcxd*e*xf - £72 -
c™2+%f72])*(f - Ix(d*e - cxf) - Sqrt[-(d"2xe~2) + 2*c*d*exf - 72 - c™2%f"2]
*Tan[(Pi/2 - I*ArcCschlc + d*x])/2]))/((dxe - c*f)*(f - I*(d*e - cxf) + Sqr
t[-(d"2%e"2) + 2%cxd*exf - £72 - c”2*f72]*Tan[(Pi/2 - I*ArcCsch[c + dxx])/2
1))]1 - PolyLogl[2, (Ix(f + IxSqrt[-(d"2*e~2) + 2xcxd*exf - £72 - c™2%x£72])*(
f - Ix(dxe - c*f) - Sqrt[-(d"2*xe~2) + 2xc*d*exf - £72 - c"2xf"2]*Tan[(Pi/2
- I*ArcCschlc + d*x])/2]))/((d*e - cxf)*(f - I*(d*e - cxf) + Sqrt[-(d"2xe"2
) + 2xckdkexf - £72 - c”2+f"2]*Tan[(Pi/2 - I*ArcCschlc + d*x])/2]1))]1))/Sqrt
[-(d"2*%e™2) + 2%cxdxexf - £72 - c"2%£72]))/(d*e - c*f)))/(d*(e + £*x)~2)

Maple [F]

/ (a + b arcesch (dz + c))de

(faH—e)2

[In] int((at+b*arccsch(d*x+c)) "2/ (fxx+e)~2,x)
[Out] int((at+b*arccsch(d*x+c)) 2/ (f*x+e)”2,x)

Fricas [F|

/ (a+besch™'(c+ dﬂc))2 / (barcsch (dz + c) + a)® e

(e + fx)? - (f:c—l—e)2

[In] integrate((a+b*arccsch(d*x+c))~2/(f*x+e)~2,x, algorithm="fricas")

[Out] integral((b~2*arccsch(d*x + c)~2 + 2%a*b*arccsch(d*x + c) + a~2)/(£72*x"2 +
2%exf*x + €72), x)



136

Sympy [F]

dz

(a + besch ™ (¢ + dz)) [ (a+bacsch (c + dz))”
/ e+ far 7 / (e + fo)?

[In] integrate((a+b*acsch(d*x+c))**2/(f*x+e)**2,x)
[Out] Integral((a + b*acsch(c + d*x))*x2/(e + f*x)**2, x)

Maxima [F]

dz

/ (a+besch™'(c+ dyc))2 o — / (barcsch (dz + ¢) + a)?
(e+ fx)? (fz +e)’

[In] integrate((at+b*arccsch(d*x+c))~2/(f*x+e)”2,x, algorithm="maxima")

[Out] -b~2%log(sqrt(d™2*x~2 + 2%cxd*x + c”2 + 1) + 1)72/(£f72xx + exf) - a~2/(f72%
x + exf) - integrate(-((b~2*d~2*xf*x~2 + 2*¥b~2xcxd*f*x + (c™2xf + f)*b~2)*lo
g(d*x + c)72 - 2x(axbxd~2*f*x"2 + 2xa*bkckxdxfxx + (c™2*f + f)*axb)*log(d*x
+ c) + 2x(axbxd~2*f*x"2 + 2%axbkckxdxf*x + (c"2*f + f)*axb — (b~2*d"2*f*x"2
+ 2xb~2%ckd*xfxx + (c”2*f + f)*b"2)*log(d*x + c) + (b~2*ckd*e + (c™2%f + f)*
axb + (axbxd~2*f + b~2xd"2*f)*x"2 + (2*kaxbxckd*f + (d"2%e + c*d*f)*b~2)*x -

(b™2%d"2*f*x"2 + 2%b~2kcxdxf*x + (c™2*f + f)*b~2)*log(d*x + c))*sqrt(d~2+*x
"2 + 2%ckd*x + c”2 + 1))*1log(sqrt(d™2*x"2 + 2%ckd*x + c¢”2 + 1) + 1) + sqrt(
d72xx72 + 2xcxd*x + c”2 + 1)*x((b72*%d"2*xf*xx"2 + 2%b"2xckd*f*x + (c™2xf + f)x*
b~2)*xlog(d*x + c)~2 - 2%(axb*xd~2*f*x~2 + 2*axbkckxd*f*x + (c™2xf + f)*axb)x*l
og(d*x + ¢)))/(d72*f73*x"4 + c™2xe"2xf + 2x(d"2%e*f"2 + c*d*f"3)*x"3 + e 2%
f + (d72%xe”2+f + 4xcxdxe*f~2 + c”2+%f73 + £73)*x72 + 2k (ckd*e"2xf + c"2kexf”
2 + exf"2)xx + (d72*%f73*%x"4 + c"2xe"2xf + 2% (d"2*%exf"2 + ckd*f~3)*x"3 + e72
xf + (d72%e"2*f + 4xckd*exf”2 + c"2*f73 + £73)*x"2 + 2x(ckd*e"2xf + c"2xexf
"2 + exfT2)*x)*sqrt(dT2*x"2 + 2%cxd*x + c”2 + 1)), x)

Giac [F]

dz

/ (a + besch™ (c + da:))2 dp — / (barcsch (dz + ¢) + a)?
(e + fx)? (fr+e)?

[In] integrate((atb*arccsch(d*x+c)) 2/ (f*x+e)”2,x, algorithm="giac")
[Out] integrate((b*arccsch(d*x + c) + a)~2/(f*x + e)~2, x)
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Mupad [F(-1)]

Timed out.
2

dx

(a + besch ™ (¢ + dz)) [ (a+basinh(75;))
/ RS / (e + fo)

[In] int((a + b*asinh(1/(c + d*x)))"2/(e + f*x)~2,x)
[Out] int((a + b*xasinh(1/(c + d*x)))"2/(e + f*x)~2, x)



3.13

Optimal result

Rubi [A] (verified)

(a—I—bCSCh_l(c-i—dx)) ’
S s

Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... ..

Maple [F] . . .
Fricas [F] . . .

Sympy [F(-1)]
Maxima [F]

Giac [F] . . o o
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Optimal result

Integrand size = 20, antiderivative size = 1024

dz

/ (a+besch™'(c+ dx))2
(e+ fz)?
bd? f (/1 + gz (@ + besch™ (¢ + dz))

- _(de —cf) (d?€? — 2cdef + (1 + ) f2) (f + ‘ie;—d'f)
d*(a + besch ™' (c + dac))2 (a + besch™ (¢ + dz)) 2
2f(de — cf)? ~ 2f(e+ fo)?

~ ecschfl(c+dw) de—c
bd?f2(a + besch™ (¢ + dz)) log (1 ¥ a0 )

(de — cf)? (d2e? — 2cdef + (1+ c2) f2)*/2

_1 ecsch_l(c+dz)(de_cf)
2bd? (a + besch™ (e + dx)) log (1 + T JEE e L)

(de — cf)2\/d?e® — 2cdef + (1 + &) f2
bd? f? (a + bcsch‘l(c + dx)) log (1 + eosch™ (c+d2) (Je—cf) )

+

f+/d2e2—2cdef+(1+c2) 2

(de — cf)? (d?€2 — 2cdef + (1+ c2) f2)°/°

o 1 ecsch_1 (c+dz) (de—cf)
2bd*(a + besch™' (¢ + dz)) log (1 + f+\/d262_26def+(1+52)f2)

(de — cf)Q\/dQe2 —2cdef + (1+ ¢2) f2
. b2d? flog (f + de=cf)
(de — cf)? (d?€? — 2cdef + (1 + ¢2) f?)

2 19 2 . ecsch_l(c+dz)(de_cf)
b°d* f* PolyLog <2, [N e

(de — cf)? (d?€® — 2cdef + (1 + 2) f2)*/?
2b2d? PolyLog (2, eosch™ (c+d2) (de—cf) )

+

o f—/d2e2—2cdef+(1+c?) f2
(de — cf)2\/d?e? — 2cdef + (1 + c2) f?

2 12 £9 _ eCSCh_l(c+dz)(de_cf)
bd f POlyLOg (2a f+/d2e2—2cdef+(1+c2) f2

(de — cf)? (d?e? — 2cdef + (1 + ¢?) ]‘2)3/2
2b2d? PolyLog (2, ecsch (c+42) (de—cf) )

T ft\/d2e2—2cdef+(1+c2) f2

* (de — cf)2\/d%e® — 2cdef + (1 + c2) f?

[Out] 1/2*d"2%(at+b*arccsch(d*x+c)) ~2/f/(-cxf+d*xe) ~2-1/2*% (a+b*arccsch(d*x+c))~2/f/
(fxx+e) ~2+b"2%d"2*xf*x1n (f+(—cxf+d*e) / (d*x+c) )/ (—cxf+d*xe) "2/ (d~2%xe~2-2*c*d*e*
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f+(c™2+1) *f~2) +bxd~2*f ~2* (a+b*arccsch (d*x+c) ) *1n (1+(1/ (d*x+c)+(1+1/ (d*x+c)~
2)7(1/2)) * (—cxf+dxe) / (f-(d"2xe”2-2*c*xd*xexf+(c"2+1)*f~2) ~(1/2)) )/ (-c*f+d*e)”
2/ (d"2xe"2-2*ckxd*xexf+(c~2+1) *f~2) " (3/2) -b*xd~2*f ~2* (atb*arccsch(d*x+c) ) *1n(1
+(1/ (d*x+c)+(1+1/(d*x+c) ~2) " (1/2) ) * (—cxf+d*e) / (f+(d"2%e"2-2*c*kd*e*xf+(c~2+1)
*£72)7(1/2))) / (mcxf+d*xe) ~2/(d"2*xe"2-2*c*kd*e*xf+(c™2+1) *f~2) ~(3/2)+b~2*%d"2*f"~
2xpolylog(2,-(1/(d*x+c)+(1+1/(d*x+c) ~2) ~(1/2) ) *(-cxf+dxe) / (£-(d"2*e~2-2*c*d
xexf+(c™2+1)*f~2)"(1/2)) )/ (-cxf+d*e) "2/ (d"2*e"2-2xcxd*e*xf+(c™2+1) *f~2)~(3/2
)-b~2*d"2xf~2*polylog(2,-(1/(d*x+c)+(1+1/(d*x+c) ~2) ~(1/2)) *(~c*xf+dxe) / (f+(d
“2%e"2-2kckdkexf+(c"2+1)*f~2) " (1/2)) )/ (—ckf+d*xe) "2/ (d"2xe"2-2*c*d*e*xf+(c”2+
1) *£~2)~(3/2) -2%b*d~2* (atb*arccsch(d*x+c) ) *1n(1+(1/ (d*x+c)+(1+1/ (d*x+c) ~2)~
(1/2) ) *(—cxf+dxe) / (f-(d"2xe~2-2*c*d*xexf+(c™2+1)*£72)~(1/2)) )/ (~cxf+dxe) ~2/(
d"2%e"2-2xckd*exf+(c™2+1) *£72) ~(1/2) +2%b*xd~2* (a+b*arccsch (d*x+c) ) *1n(1+(1/(
d*x+c)+(1+1/(d*x+c)~2) " (1/2) ) * (—cxf+d*e) / (f+(d"2*e 2-2xcxd*e*xf+(c™2+1) *f~2)
~(1/2)))/ (-c*xf+dxe) ~2/ (d"2xe~2-2*c*kd*e*f+(c™2+1) *£72) = (1/2) -2%b~2*d~2*polyl
0g(2,-(1/(d*x+c)+(1+1/(d*x+c) ~2) " (1/2) ) * (—c*xf+dx*e) / (f-(d"2*e"2-2*c*kd*e*xf+(c
~2+1)*£72) " (1/2))) / (mcxf+dxe) "2/ (d"2*%e"2-2*ckd*exf+(c™2+1) *f~2) " (1/2) +2*%b"2
*d~2*polylog(2,-(1/(d*x+c)+(1+1/(d*x+c) ~2)~(1/2)) *(—c*f+d*e) / (f+(d"2%e"2-2x%
cxdxexf+(c™2+1)*xf~2) " (1/2)))/ (—cxf+d*e) "2/ (d"2*xe~2-2kc*kd*exf+(c™2+1) *£~2) ~(
1/2)-bxd~2*f* (a+b*arccsch(d*x+c) ) *(1+1/(d*x+c)~2)~(1/2) / (—ckf+d*e) /(d"2*xe"2
—2kcxd*xexf+(c™2+1) *x£72) / (f+(-c*xf+d*e) / (d*x+c))

Rubi [A] (verified)

Time = 1.62 (sec) , antiderivative size = 1024, normalized size of antiderivative = 1.00,

number of rules _ 0.550, Rules

number of steps used = 23, number of rules used = 11, integrand size
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used = {6457, 5577, 4276, 3403, 2296, 2221, 2317, 2438, 3405, 2747, 31}

dz

/ (a+besch™'(c+ dw))z
(e + fz)?
) (a + besch—(c + dx))Q 2 bf,/1+ —(cJﬂlh)z (a + bcsch—l(c + dx)) d2
T 2f(de—cf)? (de — cf) (d2e? — 2edfe + (2 + 1) f2) (f + %)
) ecsch™ (etdz) (ge_c ) 2
2b(a + besch (c + dw)) log (f_\/d2e2—2cdfe+(c2+1)f2 * 1) d
(de — cf)2\/d?e? — 2cdfe + (c® + 1) f2
, ) ecsch™ (e+do) (o cf) 2
bf?(a + besch™ (¢ + dz)) log (f_\/d2e2—20dfe+(02+1)f2 + 1) d
(de — cf)? (€” — 2edfe + (& + 1) )
1 eesch ™" (c+d2) (de—cf) 2
2b(a + besch (C + d-’l?)) log <f+\/d262_2cdfe+(02+1)f2 + 1) d
(de — cf)?\/d?e? — 2cdfe + (2 + 1) f?
, . ecsch_l(c+dm)(de—cf) 2
bf (a + besch™ (¢ + d:c)) log <f+\/d262—2cdfe+(c2+1)f2 + 1) d

(de — cf)? (d2e? — 2cdfe + (2 + 1) f2)*/

+

) B ccsch ™! (c+da) (de—cf) 2
b flog (f + %=L & 2" PolyLog (2’ f—ﬂ%?—wf”““”fz)
N —
(de—cf P (@ —2cdfe + (E+1)[2)  (de— cf)2\/e? — 2edfe + (@ + 1) [
- ecsch™ (e+dz) (go_c ) 2
b f* PolyLog (2, - f_\/d2e2—2cdfe+(62+1)f2> d
(de — cf)? (d2e? — 2cdfe + (2 + 1) f2)*?

csch ™! (c+da
2b2 PolyLog (2, eeSh™ (c4d2) (de—cf) ) d?

o f+v/d2e2—2cdfe+(c2+1) 2

(de — cf)?/d2e? — 2cdfe + (2 + 1) f2

ecsch™ L(ctde) (de—cf)

2 £2 — 2
b*f* PolyLog (2’ f+\/d262—2cdfe+(c2+1)f2> d (@ + bosch™ (¢ + da) )

(de — cf)? (d?€® — 2cdfe + (¢ + 1) f2)3/? 2f(e+ fz)?

[In] Int[(a + b*ArcCschlc + d*x])"2/(e + f*xx)~3,x]

[Out] -((b*d~2*f*Sqrt[1 + (c + d*x)~(-2)]*(a + bxArcCschlc + d*x]))/((d*e - cx*f)x
(d72%e"2 - 2xcxd¥exf + (1 + c”2)*f72)*(f + (d*e - cxf)/(c + d*x)))) + (d™2x%
(a + bxArcCschlc + d*x])~2)/(2xfx(d*e - c*f)~2) - (a + bxArcCschlc + d*x])~
2/ (2xfx(e + £xx)~2) + (b*d~2*xf~2x(a + b*ArcCsch[c + d*x])*Log[l + (E"ArcCsc
hlc + d*x]*(d*e - cxf))/(f - Sqrt[d~2*e”2 - 2xc*d*exf + (1 + c~2)*x£72])])/(
(d*e - c*xf)~2x(d"2*%e"2 - 2kckd*exf + (1 + c”2)*£72)7(3/2)) - (2%bxd"2*(a +
bxArcCsch[c + d*x])*Log[l + (E"ArcCsch[c + d*x]*(d*e - cxf))/(f - Sqrt[d™2*
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e”2 - 2xckdkexf + (1 + c”2)*£72])])/((d*e - c*f) ~2xSqrt[d~2*e”2 - 2xcxd*e*f
+ (1 + c™2)*£72]) - (b*d"2*f~2x(a + b*ArcCsch[c + d*x])*Log[l + (E"ArcCsch
[c + dxx]*(d*e - cxf))/(f + Sqrt[d~2*e”2 - 2*ckdxexf + (1 + c~2)*£72]1)]1)/((
dxe - c*f)"2%(d"2%e”2 - 2xckdkexf + (1 + c”2)*£72)7(3/2)) + (2xb*d"2*(a + b
xArcCsch[c + d*x])*Log[l + (E"ArcCschl[c + d*x]*(d*e - c*f))/(f + Sqrt[d~2xe
"2 - 2%ckdxexf + (1 + c72)*£72])]1)/((d*e - c*xf)~2xSqrt[d~2*e”2 - 2xcxd*e*f

+ (1 + c™2)x£72]) + (b~2*d"2xfxLog[f + (d*e - cxf)/(c + d*x)])/((d*e - cxf)
~2x(d"2xe"2 - 2xcxdxexf + (1 + c”2)*£72)) + (b~2*d"2xf~2xPolyLog[2, -((E"Ar
cCschlc + d*x]*(d*xe - c*f))/(f - Sqrt[d~2*e”2 - 2xcxd*exf + (1 + c~2)*£72])
)1)/((d*e - c*f)"2x(d"2%e™2 - 2xckdxexf + (1 + c™2)*£72)7(3/2)) - (2%b~2%d~
2xPolyLog[2, -((E"ArcCsch[c + d*x]*(dxe - c*f))/(f - Sqrt[d~2*e”2 - 2xc*d*e
xf + (1 + c™2)*%£72]))]1)/((d*e - c*f)~2*Sqrt[d~2*e”2 - 2*ckdxexf + (1 + c~2)
*£72]) - (b~2*d"2xf~2+PolyLog[2, -((E"ArcCschlc + d*x]*(d*e - c*f))/(f + Sq
rt[d™2%e”2 - 2kckxdxexf + (1 + c72)*£72]))]1)/((d*e - c*xf)~2x(d"2*%e”2 - 2%c*d
xexf + (1 + c72)*£72)7(3/2)) + (2¥b~2*xd"2*PolyLog[2, -((E"ArcCschlc + d*x]*
(dxe - c*f))/(f + Sqrt[d~2*e”2 - 2xcxd*exf + (1 + c~2)*£72]))])/((d*e - cxf
) "2*Sqrt [d"2*e”2 - 2*ckdxexf + (1 + c~2)*£72])

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI

Rule 2221

Int [(CCF_)~((g_D)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))7°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2296

Int [((F)~(u)*((f_.) + (g_)*x_))"(m_.))/((a_.) + (b_.)*(F_)~(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4xa*c, 2]}, Dist[2*(c/q), Int[
(f + g*x)"m*(F~u/(b - q + 2*xcxF~u)), x], x] - Dist[2*(c/q), Int[(f + g*x)“"m
*(F~u/(b + q + 2*c*¥F~w)), x], x]] /; FreeQ[{F, a, b, c, £, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438
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Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2747

Int[cos[(e_.) + (£_)*(x_)]1"(p_.)*((a_) + (b_.)*sin[(e_.) + (f£_)*(x_)])"(mn
_.), x_Symbol] :> Dist[1/(b~p*f), Subst[Int[(a + x)"m*(b"2 - x~2)"((p - 1)/
2), x], x, b*Sin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQL(p
- 1)/2] && NeQ[a"2 - b~2, 0]

Rule 3403

Int[((c_.) + (@_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])=*
(f_.)*(x_)]1), x_Symbol] :> Dist[2, Int[(c + d*x) m*(E~((-I)*e + fxfzxx)/((-
I)*b + 2%a*E~((-I)*e + fxfzxx) + I*b*E~(2x((-I)*e + fxfz*x)))), x], x] /; F
reeQ[{a, b, ¢, d, e, f, fz}, x] && NeQ[a~2 - b"2, 0] && IGtQ[m, O]

Rule 3405

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"2, x_
Symbol] :> Simp[b*(c + d*x) m*(Cosl[e + f*x]/(f*(a"2 - b~2)*(a + b*Sin[e + £
*x]))), x] + (Dist[a/(a"2 - b™2), Int[(c + d*x)"m/(a + bxSin[e + f*x]), x],
x] - Dist[b*dx(m/(fx(a"2 - b72))), Int[(c + d*x)~(m - 1)*(Cos[e + f*xx]/(a
+ bxSin[e + f*x])), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)*(
x )1x(b_.) + (@ )" (a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + b*xCschlc + d*x])"(n + 1)/(bxd*(n + 1))), x] + Dist[fx(m/(b
*dx(n + 1))), Int[(e + f*x)"(m - 1)*(a + b*Csch[c + d*x])"(n + 1), x], x] /
; FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*f + fxCsch[x])"m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
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b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

(a + bx)? coth(z)csch(x)
(de — cf + fesch(z))?

integral = — (d2Subst ( dx,x,csch™(c + dx)) )

_ (a+ besch ™ (¢ + dg[;))2 (bd?) Subst ( i (de—cff;clgch o dz,z,csch™(c + da:)>

2f(e+ fx)? * f
(a + besch™ (¢ + dalc))2
2f(e+ fx)?
bd?) Subst atbe 2f(a+bz) f?(a+bz) > | dz, =z, csch
+( ) Hbs <f <(de—cf) + (de—cf)? (—f—de(l—%) sinh(x)) + (de—cf)? (f-l—de(l—%) sinh(w)> %> &, 56
f
_ d?*(a+besch™ (¢ + dac))2 (a+besch™'(c+ dz))2
2f(de — cf)? 2f(e+ fx)?
(2bd?) Subst ( J — (fjfj> — dz,z,csch™(c + dx))
de
" (de — cf
2 at+bzx -1
(bd? f) Subst <f (Frae(iot) s dz,z,csch™ (c+ dx))
" (de — cf

bd’f /1 + ramyz (@ + besch™ (¢ + dz))
(de — cf) (d?e® — 2cdef + (1 + ¢2) f2) (f + ‘f:—d‘f)
d*(a + besch ™' (c + dm))2 (a+ besch™ (¢ + d:v))2

2f(de — cf)? 2f(e+ fx)?
2 e*(a+bx) -1
(4bd?) Subst (f e rae (158 e (1) dz,z,csch™ (c+ dx))
! (de = cf)?

(b %) Subst <f f+de (1a—§g§ sinh(z) dz,z,csch™ (c + dx)>

(de — cf)? (d?e% — 2cdef + (1 + ¢2) f?)
(b%d? f) Subst ( i cosh(z) dz,z,csch™ (c + dx)>

f+de (1—%) sinh(z)
(de — cf) (d?e? — 2cdef + (1 + ¢2) f?2)

+

+
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bdf\J1+ iy (a + besch™ (¢ + dz)) N & (a + besch™ (¢ + dz) )
(de — cf) (d2e2 — 2cdef + (1 + c2) f2) (f + %=<f) 2f(de — cf)?

ct+dx
1 de(l—‘;ﬁ))

272 1
(a + bCSCh_l(C —+ dx))2 (b d f) Subst (f f+z d.’L‘, z, c+dx

2f(e+ fx)? (de — cf)? (d?e? — 2cdef + (1 + ¢2) f?)
2 £2 e”(a+bx) -1
(2bd? f?) Subst (f e rae (1= )dec (1) dz,z,csch™ (c+ dx))

+

(de — cf)? (d?e? — 2cdef + (1 + ?) f?)
(4bd?) Subst ( J ¢*(atbe) dz,z,csch™(c + dx))

—2f—2dee® (1—%) —2/d2e2—2cdef+ f2+c2 f2

(de — cf)+/d2e? — 2cdef + (1 + 2) f2

2 e”(a+bzx) -1
(4bd?) Subst ( i i (1T )2 P dz,z,csch™ (c+ dx))

(de — cf)+/d?e2 — 2cdef + (1 + ¢2) f2

+
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bd?f,/1+ m (a+ besch™'(c + dz))
(de — cf) (d?€? — 2cdef + (1 + ¢2) f2) (f + ‘ii:—d?)
d*(a + besch™ (¢ + dac))2 (a + besch™ (¢ + clx))2

2f(de — cf)? 2f(e+ fx)?

_ eCSCh_l(c+dz) de—c
2bd? (a + besch™ (¢ + dz)) log (1 * f—\/d262—2cdef(+(1+£’))f2)

(de — cf)2/d?e? — 2cdef + (1 + &2) f2

1 CSCh_l(c+d:v)(d —cf)
2bd*(a + besch™' (¢ + dz)) log <1 + f+i/dze2—2cdef+(61—:c2)f2

+

(de — cf)2\/d?e? — 2cdef + (1 + c2) f2
. B flog (H5)
(de — C_f)2 (d262 — chef + (1 + 02) f2)

2 £2 e*(a+bx)
(2bd? f?) Subst ( J i (1) 2 P a A T dz,z,csch™ (c—I—d:c))

(de — cf) (de? — 2cdef + (1 + %) f2)*

2 £2 e®(a+bx)
(2bd? f?) Subst ( i e (1) 2y PR T T dz,z,csch™ (c+dz))

(de — cf) (d2e? — 2cdef + (14 ¢2) f2)/
2dee” (1— £
(2b%d?) Subst (flog <1 - _2f_2\/d262_<26d:f3f2+62f2) dz,z,csch™(c + dr)

(de — Cf)2\/d262 —2cdef + (1 + ¢?) f2

2 12 2deez< —%)
(2b%d?) Subst <f log (1 — R Pk T dz,z,csch™ ' (c + dz)

(de — cf)2\/d%e® — 2cdef + (1 + c2) f?

+

+
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bd?f,/1+ m (a + besch™ (¢ + dg;))
(de — cf) (d2e? — 2cdef + (1 + &) f2) (f + E5l)

c+dx
d*(a + besch™ (¢ + dac))2 (a + besch™ (¢ + clx))2
2f(de — cf)? ~ 2f(e+ fo)?

~ ecsch_l(c+d$) de—c
bd2f2(a + besch™ (¢ + dz)) log (1 t R T )

(de — cf)2 (d262 _ 2cdef + (1 + 02) f2)3/2
2bd? (a + bcsch_l(c + dx)) log (1 + e0sch™ (etdw) (de—cf) )

f—+/d2e2—2cdef+(1+c2)f?
(de — cf)2\/d?e? — 2cdef + (1 + c2) f2

2 2 -1 eCSCh_l(c+dz) (de—cf)
bd f (CL + besch (C + dx)) 10g <1 T f+\/d262—2cd€f+(1+02)f2)

(de — cf)? (d?€2 — 2cdef + (1+ c2) £2)*/*
2bd> (CL + bcsch_l(c + d.’I})) log (1 + eosch™ (etda) (ge_cf) )

f+/d2e2—2cdef+(1+c?) f2

+
(de — c_f)2\/d2e2 — 2cdef + (1 + c2) f?
b log (<54)

+ (de — cf)? (d2e? — 2cdef + (1 + c2) £?)

2dee® (1—¢f
(b2d2 f2) Subst <f log (1 + 2f—2\/d262—§cde;:-)f2+c2f2> dx,,csch™(c + da:))
) (de — cf)? (d2e? — 2cdef + (1 + ) f2)*/?
2dee® (1—<L B
(b2d2 f2) Subst (f log (1 + 2f+2\/d262_§cde;2f2+02f2) dz, z,csch™(c + dz))
(de — cf)? (d?€? — 2cdef + (1 + ¢2) f2)*/?
(26%d?) Subst | [ —2f—2\/d2e? —2cdef+ 2 +c2 12

T

+

csch™!(c+dzx)

de,z,€e

(de — cf)2\/d?e® — 2cdef + (1 + c2) f?

or(1-— i)
(2b2d2) Subst f —2+2y/d2e?—2cdef+ 2+ £2

T

csch™1 (e+dz)

dr,z,€e

+

(de — cf)?/d?e? — 2cdef + (1 +¢2) f?
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bd?f,/1+ m (a + besch™ (¢ + dg;))
(de — cf) (d2e? — 2cdef + (1 + &) f2) (f + E4l)

c+dx
d*(a + besch™ (¢ + dac))2 (a + besch™ (¢ + clx))2
2f(de — cf)? ~ 2f(e+ fo)?

~ ecsch_l(c+d$) de—c
bd?f2(a + besch™ (c + dz)) log (1 ey )

(de — cf)? (d?e% — 2cdef + (1 + ¢?) f2)3/2
2bd? (a + besch ™ (e + dm)) log (1 + e0sch™ (c+da) (Je—cf) )

f—V/d2e2—2cdef+(1+c?) f2
(de — cf)?y/d?e® — 2cdef + (1 + c2) f2

2 £2 -1 eCSCh_l(c+dz) (de—cf)
bd f (CL + besch (C + dx)) 10g <1 T f+\/d262—2cd€f+(1+62)f2)

(de — cf)? (d2e? — 2cdef + (1 + 2) f2)*?
2bd? ((L + bcsch_l(c + dx)) log (1 + 08ch ™ (e+da) (de—cf) )

f+v/d2e2—2cdef+(1+c?) f2

+
(de — cf)?/d2e? — 2cdef + (1 + c?) f2
. v log (555
(de — cf)? (d?e? — 2cdef + (1 + ¢?) f?)
CSCh_l(c+dw) —
2 72 e (de—cf)
2b°d POIYLOg (2? _f—\/d262—26d6f+(1+62)f2)
(de — cf)?y/d2e? — 2cdef + (1 + c2) f2
csch™ Y (ctda) (g,
2 72 __ e (de—cf)
2b°d PolyLOg (2, f+\/d252—2cdef+(1+c2)f2)
+
(de — cf)2\/d%e® — 2cdef + (1 + c2) f?
log <1+ 2de(1—%§)z )
(b2d2f2) Subst f 2f—2\/d252x—2cdef+f2+c2f2 dx, x’ eCSCh_l(C+dZ)
- (de — cf)? (d2e® — 2cdef + (1 + 2) f2)*?
log <1+ 2de(1—%)z >
(b2d2f2) Subst f 2f+2\/d2e1—2cdef+f2+c2f2 dz, ., ecsch_l(c+dw)
_|_

(de — cf)? (d2e? — 2cdef + (1+ c2) f2)*2



149

bd?f,/1+ m (a+ besch™'(c + dz))
(de — cf) (d?€? — 2cdef + (1 + ¢2) f2) (f + ‘ii:—d?)
d*(a + besch™ (¢ + dac))2 (a + besch™ (¢ + clx))2

2f(de — cf)? 2f(e+ fx)?

~ ecsch_l(c+d$) de—c
bd2f2(a + besch™ (¢ + dz)) log (1 t R T )

(de — cf)? (d?e% — 2cdef + (1 + ¢?) f2)3/2
2bd? (a + bosch ™ (c + dz)) log (1 o de—e]) )

f—+/d2e2—2cdef+(1+c2)f?
(de — cf)?y/d?e® — 2cdef + (1 + c2) f2

2 2 -1 eCSCh_l(c+dz) (de—cf)
bd f (CL + besch (C + dx)) 10g <1 T f+\/d262—2cd€f+(1+02)f2)

(de — cf)? (d?€® — 2cdef + (1 + 2) f2)*?
2bd?(a + besch ™' (c + dz)) log (1 e P (deef) )

f+/d2e2—2cdef+(1+c?) f2

+
(de — cf)?/d2e? — 2cdef + (1 + c?) f2
i flog (5152

+ (de — cf)? (d?e? — 2cdef + (1 + ¢?) f?)

b2d? f2 PolyLog <2, ecsch™ (¢+42) (de—cf) )

T f—/d2e2—2cdef+(1+c2)f2
(de — cf)? (d2e? — 2cdef + (1 + ) f2)*?

csch™ (c+de) (go_
)5 e (de—cf)
2b*d* PolyLog (2, f_\/d262—2cdef+(1+02)f2)

(de — cf)2\/d?e® — 2cdef + (1 + c2) f?

2 12 2 . eCSChil(c-ﬁ-dz)(de_cf)
b=d f PolyLOg (2a F+\/d2e2—2cdef+(1+c2) 2

(de — cf)? (d2e? — 2cdef + (1 + 2) f2)*

csch™ (c+de) (go_
2 12 S ide—c/)
2b°d* PolyLog (2, f+\/d2e2—2cdef+(1+62)f2)

(de — cf)2\/d%e® — 2cdef + (1 + c2) f?

+
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Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.
Time = 13.37 (sec) , antiderivative size = 8350, normalized size of antiderivative = 8.15

besch™ (¢ + dz))”
/ (@ + besch™ (c + dz)) dz = Result too large to show
(e + fx)3

[In] Integrate[(a + b*ArcCsch[c + d*x])~2/(e + f*x)~3,x]

[Out] Result too large to show

Maple [F]

/ (a + b arccsch (cga: + C))2dx
(fr+e)

[In] int((at+b*arccsch(d*x+c)) 2/ (f*x+e)~3,x)
[Out] int((at+b*arccsch(d*x+c)) 2/ (f*x+e) 3,x)

Fricas [F]

/ (a + besch™ (c + da:))2 _ / (barcsch (dz + ¢) + a)? i
(e+ fz)3 (falc—l-e)3

[In] integrate((a+b*arccsch(d*x+c))~2/(f*x+e)~3,x, algorithm="fricas")
[Out] integral((b~2*arccsch(d*x + c)~2 + 2%a*b*arccsch(d*x + c) + a~2)/(£73*x"3 +

3kexf"2%xx"2 + 3xe"2xf*xx + €73), x)

Sympy [F(-1)]

Timed out.

besch ™ (¢ + dz))
/ (a+ besch™ (c + dz)) dz = Timed out
(e+ fz)?

[In] integrate((a+b*acsch(d*x+c))**2/(f*x+e)**3,x)

[Out] Timed out
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Maxima [F]

dx

/ (a + besch™ (¢ + diB))2 _ / (barcsch (dz + ¢) + a)®
(e + fz)3 (fz+e)®

[In] integrate((a+b*arccsch(d*x+c))~2/(f*x+e)~3,x, algorithm="maxima")

[Out] -1/2%b"2%log(sqrt(d™2*x"2 + 2kckd*x + c”2 + 1) + 1)72/(£73%x72 + 2xexf~2%x
+ e72xf) - 1/2%a”2/(£73*%x"2 + 2%e*xf~2*x + e72%f) - integrate(-((b~2*d~2*f*x
“2 + 2xb"2xcxdxfxx + (c”2%f + f)*b72)*log(d*x + c)”2 - 2% (axbxd"2xfxx"2 + 2
xaxbkxckdxfxx + (c72xf + f)*a*b)*log(d*x + c) + (2xaxb*xd~2xf*x~2 + 4*axbxcxd
xfxx + 2% (c"2xf + f)*axb — 2% (b72*d"2xfxx"2 + 2xb~2xckd*xfxx + (c"2xf + f)*b
~2)*log(d*x + c) + (b"2*cxdxe + 2% (c™2*f + f)*axb + (2xaxb*d~2*f + b~2*d"~2x%
£)*x72 + (4*xaxbkcxd*f + (d"2%e + cxd*f)*b~2)*x — 2x(b~2*d"2*f*x"2 + 2%b~2%c
xdxf*xx + (c™2%f + f£)*b~2)*log(d*x + c))*sqrt(d~2*x"2 + 2xc*d*x + c”2 + 1))*
log(sqrt(d™2*x"2 + 2%cxd*x + c”2 + 1) + 1) + sqrt(d™2*x"2 + 2xc*d*x + c™2 +

D *x((b72+%d"2xfxx"2 + 2¥b~2xc*xd*f*x + (c™2xf + f)*b~2)*xlog(d*x + c)~2 - 2x*(
axbxd"2*f*x"2 + 2%a*xbkckxdxfxx + (c"2*f + f)*axb)*log(d*x + c)))/(d"2*f " 4xx~
5 + c™2%e”3*f + (3*d"2%e*f"3 + 2xckd*f~4)*x"4 + e”3*f + (3%d"2xe"2*f"2 + 6%
ckxdxexf~3 + c”2xf74 + £74)*x"3 + (d"2%e"3xf + Bkcxdxe"2*%f"2 + 3kc"2xexf"3 +
3xexf3)*xx"2 + (2%ckd*e"3xf + 3kcT2xe"2+%f"2 + 3xe”2*%f"2)*x + (dT2*xf74xx75
+ c72%e”3*%f + (3*d"2xe*f"3 + 2xc*kd*f"4)*x"4 + e”3*f + (3%d"2xe"2xf"2 + 6xcx
dxe*f~3 + c”2%f74 + £74)xx"3 + (d"2*e"3*f + BGkcxd*e"2+f"2 + 3kc"2*kexf"3 + 3
*xexf~3)*x"2 + (2%ckd*e"3xf + 3kcT2xe"2*%f72 + 3%e”2%f72)*x)*sqrt(dT2*x"2 + 2
xckd*x + ¢c”2 + 1)), x)

Giac [F]

dz

/ (a + besch™ (c + d:c))2

(barcsch (dz + ¢) + a)?
crrr =]

(fr+e)’

[In] integrate((at+b*arccsch(d*x+c))~2/(f*x+e)”~3,x, algorithm="giac")
[Out] integrate((bxarccsch(d*x + c) + a)~2/(f*x + e)~3, x)
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Mupad [F(-1)]

Timed out.
2

dx

(a + besch ™ (¢ + dz)) [ (a+basinh(75;))
/ RS E / (e +fa)

[In] int((a + b*asinh(1/(c + d*x)))"2/(e + f*x)~3,x)
[Out] int((a + b*asinh(1/(c + d*x)))"2/(e + f*x)~3, x)
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3.14 [ z3csch™(y/z) dx

Optimal result . . . . . . . . . . . . e 153]
Rubi [A] (verified) . . . . . . . . . 153
Mathematica [A] (verified) . . . . . . . . . .. Y
Maple [A] (verified) . . . . . . . . . . 1551
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 155
Sympy [F] . . o o 155
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 156
Giac [F] . . . o o 156
Mupad [F(-1)] . . . 156

Optimal result

Integrand size = 10, antiderivative size = 114

/x?’csch_l(\/g_g) de = Vel-zyr (m1-2)Vz 3(-1-2) Yz

4/ —x 4/—x 20v/—2x
—1-2)"*Vz 4. 1—1
- ( 128\/)—_x\/_ + }lx csch (\/E)

[Out] 1/4*x~4*arccsch(x~(1/2))-1/4*x(-1-x)"(3/2)*x~(1/2)/(-x)~(1/2)-3/20*(-1-x)~(5
/2)*x~(1/2)/(-x)~(1/2)-1/28*(-1-x)~(7/2) *x~(1/2) / (-x) ~(1/2)-1/4*x(-1-x) ~(1/2
)*x~(1/2)/(-x)~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.00,
_ _ o number of rules _

number of steps used = 4, number of rules used = 3, integrand size 0.300, Rules used

= {6481, 12, 45}

/.’1)3CSCh_1 (Vz) dz = 1ac‘*csch_l(\/:?) I DR

4 28v/—zx
_cz-)PVE (—e-1PVE  Voe-1yE
20y/—z 4/—zx 4/—zx

[In] Int[x"3*ArcCsch[Sqrt[x]],x]

[Out] -1/4*(Sqrt[-1 - x]*Sqrt[x])/Sqrt[-x] - ((-1 - x)~(3/2)*Sqrt[x])/(4*Sqrt [-x]
) - (3x(-1 - x)7(5/2)*Sqrt[x])/(20%Sqrt[-x]) - ((-1 - x)~(7/2)*Sqrt([x])/(28
*Sqrt [-x]) + (x"4xArcCsch([Sqrt[x]])/4

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 45

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] &% NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 6481

Int[((a_.) + ArcCschlu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*((a + bxArcCsch[u])/(d*(m + 1))), x] - Dist[b*(u/(d*(m
+ 1)*Sqrt[-u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqr
t[-1 - u21)), x1, x1, x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] &% !'FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Func
tionOfExponentialQ[u, x]

Rubi steps

1 4 -1 \/Ef\/%dx
=0 csch (\/5) — W
) Jz [ (—ﬁ 31—z —3(—1—2)¥% - (—1 —w)5/2> dz

= Zx4csch_1 (V) — 8/ 3

_ V-l-azyz (-1-2)2Vz 3(-1-2)"yz (-1- x)7/2x/5+1x4csch_1 (Va)
B 4y/—z 4~z 20v/—x 28v/—1x 4

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.41

/x3CSCh_1 (Vz) dz = Elo 1+ %\/5(_16 + 8z — 62° + 5z°) + }laﬂ“csch_1 (V)

[In] Integrate[x~3*ArcCsch[Sqrt[x]],x]

[Out] (Sqrt[1 + x~(-1)]*Sqrt[x]*(-16 + 8*x - 6%x~2 + 5%x73))/140 + (x"4*ArcCsch[S
qrt[x]11)/4
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Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.35

method result size
x4 ar T e /(523 —6x2+82—16
parts acczch(\f) + ViV ( - ) 40
4or 3 _622+8x—
derivativedivides | == ccffh(ﬁ) y (xe)(E 169” +82-16) 43
140,/ 2 /z
default x4arcczch(\/5) + (1+z)(5x3_16x2+8w—16) 43
140,/ 2 /z

[In] int(x"3*arccsch(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 1/4*x"4xarccsch(x~(1/2))+1/140*%((1+x)/x) " (1/2)*x~(1/2)*(5*x~3-6*x"2+8*x-16)

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.48

x+1
1 z T-{-\/E 1 1
/x‘q‘csch_l(\/i) dx=:lx4log EE— +E0(5x3—6x2+8x—16)\/5 x:

[In] integrate(x~3*arccsch(x~(1/2)),x, algorithm="fricas")
[Out] 1/4*x~4x1log((x*sqrt((x + 1)/x) + sqrt(x))/x) + 1/140%(5*x"3 - 6%x"2 + 8*x -
16) *sqrt (x) *sqrt ((x + 1)/x)

Sympy [F]

/ zicsch ™' (vz) dz = / z® acsch (v/z) dz

[In] integrate(x**3*acsch(x**(1/2)),x)
[Out] Integral(x**3*acsch(sqrt(x)), x)
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Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.51

7 5
1 -/1 2 3 s5/1 2

3osch™! (2 41) - 2341
/xcsc (Vz) dz 28x2(x+) 20x2(x+)

3
1 1 1 2 1 1
+L—lm4arcsch(\/5)+zxg<5+l) 1 x E—i_l

[In] integrate(x~3*arccsch(x~(1/2)),x, algorithm="maxima")

[Out] 1/28%x~(7/2)*(1/x + 1)~(7/2) - 3/20%x~(5/2)*(1/x + 1)~(5/2) + 1/4*x"4*arccs
ch(sqrt(x)) + 1/4xx~(3/2)*(1/x + 1)°(3/2) - 1/4*xsqrt(x)*sqrt(1/x + 1)

Giac [F]

/ rlesch ™ (vz) dz = / z® arcsch (v/z) dz

[In] integrate(x~3*arccsch(x~(1/2)),x, algorithm="giac")

[Out] integrate(x~3*arccsch(sqrt(x)), x)

Mupad [F(-1)]
Timed out.

/x3csch_1(\/5) dx z/ 3asinh<%) dx

[In] int(x~3*asinh(1/x~(1/2)),x)
[Out] int(x~3*asinh(1/x~(1/2)), x)
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3.15 [ z%csch™ (\/z) dx

Optimal result . . . . . . . . . . . e 157
Rubi [A] (verified) . . . . . . . . 157
Mathematica [A] (verified) . . . . . . . . . .. . 158
Maple [A] (verified) . . . . . . . . . . 1591
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. ... 150
Sympy [F] . . o o 159
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 160
GIaC [F] . o o o o e e T60
Mupad [F(-1)] . . . . o 1601

Optimal result

Integrand size = 10, antiderivative size = 89

3v/—1 9/—z 15v/—2x t3

[Out] 1/3*x"3*arccsch(x”(1/2))+2/9*(-1-x)~(3/2)*x~(1/2)/(-x)~(1/2)+1/15%(-1-x)~ (5
/2)xx~(1/2)/ (-x)~(1/2)+1/3*(-1-x)~(1/2)*x~(1/2) / (-x) = (1/2)

/wQCSCh_l (‘/E) dr = REEE + A1)t + (C1-2PPye 13v3csch_1 (V)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ 0.300, Rules used = {6481,
integrand size
12, 45}

2 -1 _ 13 -1 (-2 -1V 2(-z-1**Vz -a-1/z
/z csch™ (Vz) dz = 37 csch™ (Vz) + I5v-2 + W + W
[In] Int[x"2*ArcCsch[Sqrt[x]],x]

[Out] (Sqrt[-1 - x]*Sqrt[x])/(3*Sqrt[-x]) + (2*(-1 - x)~(3/2)*Sqrt[x])/(9*Sqrt[-x
1D + ((-1 - x)7(5/2)*Sqrt [x])/(156%Sqrt[-x]) + (x~3*ArcCsch[Sqrt[x]])/3

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
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x] &% NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 6481

Int[((a_.) + ArcCschlu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*((a + bxArcCsch[u])/(d*(m + 1))), x] - Dist[b*(u/(d*(m
+ 1)*Sqrt[-u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqr
t[-1 - u21)), x1, x1, x] /; FreeQl[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] &% !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Func
tionOfExponentialQ[u, x]

Rubi steps

Va A

1
integral = §x3csch_1 (\/g_v)

3v/—z
1, Vo[ e
=37 csch™ (V) — N
Jz [ ( 1o /T—z+4(-1- x)3/2> dz

_1ls
=37 csch™ (V) e

CVTTEE L 2A-1-aVE | ((l-a)VE 1,
=5 4+ e + 5v=s + 32 csch™ (V)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.47

1

2 -1 _ 1
/x csch™ (Vz) dz = G

1+ %\/5(8 — 4z + 32%) + %zzcg'csch_1 (V)

[In] Integrate[x~2*ArcCsch[Sqrt[x]],x]
[Out] (Sqrt[1l + x~(-1)]*Sqrt[x]*(8 - 4*x + 3%x~2))/45 + (x"3*ArcCsch[Sqrt[x]])/3
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Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.39

method result size
z3 arcesch(/z) Ltz /7 (322 —42+8)
parts 3 + = 35
derivativedivides | & arccs;h(ﬁ) + 1) (3f2 i +8) 38
45,/ 142 \/z
z3 arcesch (/) (1+z) (322 —42+8)
default 3 + - \/@ vz 38

[In] int(x"2*arccsch(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 1/3*x"3*arccsch(x™(1/2))+1/45%x((1+x)/x)~(1/2)*x~(1/2) *(3*x~2-4*x+8)

Fricas [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.56

1 Y e VAN
/xQCsch_l(\/E) dx=§x3log E— +E(3x2—4x+8)\/5

rz+1

[In] integrate(x~2*arccsch(x~(1/2)),x, algorithm="fricas")
[Out] 1/3*x"3xlog((x*sqrt((x + 1)/x) + sqrt(x))/x) + 1/45%(3*x"2 - 4*x + 8)*sqrt(
x)*sqrt((x + 1)/x)

Sympy [F]
/xzcsch"l(\/i) dr = /a:2 acsch (vz) dz

[In] integrate(x**2*acsch(x**(1/2)),x)
[Out] Integral(x**2*acsch(sqrt(x)), x)
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Maxima [A] (verification not implemented)
none

Time = 0.19 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.52

5 3
1 2 1 2 1 2 1 1
S 4+1) +Zz%arcesch (VE)—Sz2 (= +1) +Zv@y /= +1
x 3 9 x 3 x

1
—x
15

jon

/xzcsch_l(\/a_:) dz =

[In] integrate(x~2*arccsch(x~(1/2)),x, algorithm="maxima")

[Out] 1/15%x~(5/2)*(1/x + 1)~(5/2) + 1/3*x"3*arccsch(sqrt(x)) - 2/9*x~(3/2)*(1/x
+ 1)7(3/2) + 1/3*sqrt(x)*sqrt(1/x + 1)

Giac [F]

/z2csch_1 (\/E) dx = /9:2 arcsch (\/g_n) dx

[In] integrate(x~2*arccsch(x~(1/2)),x, algorithm="giac")

[Out] integrate(x~2*arccsch(sqrt(x)), x)

Mupad [F(-1)]

Timed out.
/xzcsch_l(\/i) dzr = /x2 asinh(%) dx

[In] int(x~2*asinh(1/x~(1/2)),x)
[Out] int(x~2*asinh(1/x~(1/2)), x)
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3.16 [ zesch™(v/z) dz

Optimal result . . . . . . . . . . . e 16Tl
Rubi [A] (verified) . . . . . . . . [161]
Mathematica [A] (verified) . . . . . . . . . .. . 162
Maple [A] (verified) . . . . . . . . . . 163l
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. ... 163
Sympy [F] . . o o 163
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 164
GIAC [F] « v o e e e 164
Mupad [F(-1)] . . . . o 164

Optimal result

Integrand size = 8, antiderivative size = 64

+_

oz 6v—2 2

[Out] 1/2*x"2xarccsch(x~(1/2))-1/6*%(-1-x)~(3/2)*x~(1/2)/(-x)~(1/2)-1/2*(-1-x)~(1/
2)*xx~(1/2)/(-x)~(1/2)

/.’L‘CSCh_l (\/5) der = — —1-2ve — (=1- x)3/2\/§ 1$2CSCh_1 (\/9_3)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ 0.375, Rules used = {6481,
integrand size

12, 45}
—r— 3/2 T \/ —1 — T
/accsch_1 (Vz) dz = %ac%sch_1 (V) — ( 6\/1—)_30 Ve _ 2\/_—;/_

[In] Int[x*ArcCsch[Sqrt([x]],x]

[Out] -1/2%(Sqrt[-1 - x]*Sqrt[x])/Sqrt[-x] - ((-1 - x)~(3/2)*Sqrt[x])/(6xSqrt[-x]
) + (x"2*%ArcCsch[Sqrt[x]])/2

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
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x] &% NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 6481

Int[((a_.) + ArcCschlu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*((a + bxArcCsch[u])/(d*(m + 1))), x] - Dist[b*(u/(d*(m
+ 1)*Sqrt[-u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqr
t[-1 - u21)), x1, x1, x] /; FreeQl[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] &% !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Func
tionOfExponentialQ[u, x]

Rubi steps

Ve e

1
integral = 5:102(3sch_1 (\/a_:)

2\/—x
Lo o Ve | e
=§x csch (\/g_v)— oz
S e = S At K
=57 esch™ (vz) — Ve

vV—1—zyz (-1—-2)%%/x 5 11
- _ 21\/__;/__( 16\/_)_w\/_+%xcsch (V)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.55

/xcsch_l(\/i) dx = %\ [1+ %(—2 + )T + %x%sch_l (V)

[In] Integrate[x*ArcCsch[Sqrt([x]],x]
[Out] (Sqrt[1l + x~(-1)1*(-2 + x)*Sqrt[x])/6 + (x"2xArcCsch[Sqrt[x]])/2
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Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.44

method result size
x“ arccsc T e /z (z—2
parts - zh(‘[) + = {( ) 28
o s . z2 arccsch (/) (1+z)(z—2)
derivativedivides + 31
? 6,/ 1= va
z2 arccsch (/) (14z)(z—2)
default + 31
2 6 /1Iz V&E

[In] int(x*arccsch(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 1/2*xx"2*arccsch(x™(1/2))+1/6%x((1+x)/x)~(1/2)*x~(1/2) *(x-2)

Fricas [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.67

/I HVE)

1
/xcsch_l(\/i) dx = 5 z?log — + 5 (x —2)Vx

z+1
z

[In] integrate(x*arccsch(x~(1/2)),x, algorithm="fricas")
[Out] 1/2*x"2x1log((x*sqrt((x + 1)/x) + sqrt(x))/x) + 1/6%(x - 2)*sqrt(x)*sqrt((x
+ 1)/x%)

Sympy [F]
/xcsch"l(\/i) dr = /xacsch (Vz) dz

[In] integrate(x*acsch(x**(1/2)),x)
[Out] Integral(x*acsch(sqrt(x)), x)
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Maxima [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.53

1\ 1, 1 1
-+ +52 arcsch(\/i)—éﬁ 5-1—1

[N

T

/a:csch_l(\/i) dz = éx

[In] integrate(x*arccsch(x~(1/2)),x, algorithm="maxima")

[Out] 1/6%x~(3/2)*(1/x + 1)7(3/2) + 1/2*x"2*arccsch(sqrt(x)) - 1/2*sqrt(x)*sqrt(l
/x + 1)

Giac [F]
/xcsch_1 (\/E) dx = /:varcsch (\/E) dzx

[In] integrate(x*arccsch(x~(1/2)),x, algorithm="giac")

[Out] integrate(x*arccsch(sqrt(x)), x)

Mupad [F(-1)]
Timed out.

[ zesen () d = | xasinh(%) da

[In] int(x*asinh(1/x~(1/2)),x)
[Out] int(x*asinh(1/x~(1/2)), x)
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3.17 [esch™ (v/x) dx

Optimal result . . . . . . . . . . . . e 165
Rubi [A] (verified) . . . . . . . . . 165
Mathematica [A] (verified) . . . . . . . . . .. . 166
Maple [A] (verified) . . . . . . . . . . 1661
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 167
Sympy [F] . . o o 167
Maxima [A] (verification not implemented) . . . . . . ... ... ... L L. 167
Giac [F] . . 167

Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 168

Optimal result

Integrand size = 6, antiderivative size = 31

/csch_1 (Vz) dz = %;\/E + zesch ™ (v/z)

[Out] x*arccsch(x~(1/2))+(-1-x)~(1/2)*x~(1/2)/(-x)~(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 554 Ryles used = {6479,
integrand size
12, 32}

-1 _——x—lﬁ zesch™ (Vzx
/csch (vVa) do = Y=V o esch ™! (1)

[In] Int[ArcCsch([Sqrt[x]],x]
[Out] (Sqrt[-1 - x]*Sqrt[x])/Sqrt[-x] + x*ArcCsch[Sqrt[x]]
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 32
Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)"(m + 1)/(b*(m +
1)), x1 /; FreeQl{a, b, m}, x] && NeQ[m, -1]

Rule 6479
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Int[ArcCsch[u_], x_Symbol] :> Simp[x*ArcCsch[u], x] - Dist[u/Sqrt[-u~2], In
t [SimplifyIntegrand [x*(D[u, x]/(u*Sqrt[-1 - u~21)), x], x], x] /; InverseFu
nctionFreeQ[u, x] && !FunctionOfExponentialQ[u, x]

Rubi steps
T [ ——A—dx
integral = zesch™ (v/z) — \/_fj/_v_l_z
—x

. N7 _ll_w dz
= zesch™ (V) — f2 Ve

%5\/5 + zesch ™ (V)

Mathematica [A] (verified)

Time = 2.31 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.77
1
/csch_l(\/i) de =/1+ 5\/5 + zesch™ (V)

[In] Integrate[ArcCsch([Sqrt([x]],x]
[Out] Sqrt[1 + x~(-1)]1*Sqrt[x] + x*ArcCsch[Sqrt[x]]

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.68

method result size
parts z arcesch (vz) + /122 /x| 21
. . .. 14z
derivativedivides | z arccsch (v/z) + N 24
14z
default z arcesch (v/z) + Tt v 24

[In] int(arccsch(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] x*arccsch(x~(1/2))+((1+x)/x)~(1/2)*x~(1/2)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.16

Ty 2+ x
/csch_l(ﬁ) dr = zlog (+ + vz x—;—l

[In] integrate(arccsch(x~(1/2)),x, algorithm="fricas")
[Out] x*log((x*sqrt((x + 1)/x) + sqrt(x))/x) + sqrt(x)*sqrt((x + 1)/x)

Sympy [F]

/csch_l(ﬁ) dr = /acsch (Vz) dz

[In] integrate(acsch(x**(1/2)),x)
[Out] Integral(acsch(sqrt(x)), x)

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.58

/csch_1 (Vz) dz = zaresch (Vz) + vz i +1

[In] integrate(arccsch(x~(1/2)),x, algorithm="maxima")

[Out] x*arccsch(sqrt(x)) + sqrt(x)*sqrt(il/x + 1)

Giac [F]
/csch_1 (\/E) dx = /arcsch (\/E) dx

[In] integrate(arccsch(x~(1/2)),x, algorithm="giac")

[Out] integrate(arccsch(sqrt(x)), x)
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Mupad [B] (verification not implemented)

Time = 5.44 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.58

/csch"l(\/E) dr = zasinh(%) + vz é +1

[In] int(asinh(1/x~(1/2)),x)
[Out] x*asinh(1/x~(1/2)) + x~(1/2)*(1/x + 1)~(1/2)
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-1
csch™ (vz

3.18 | V2 g

T
Optimal result . . . . . . . . . . . . e 169
Rubi [A] (verified) . . . . . . . . 169
Mathematica [A] (verified) . . . . . . . . . . .. Il
Maple [F] . . . . Ival
Fricas [F] . . . . . o Ival
Sympy [F] . . o 172
Maxima [F] . . . . . 172
Giac [F] . . . o o e 172
Mupad [F(-1)] . . . o o

Optimal result

Integrand size = 10, antiderivative size = 46

T

-1
/ esch™ (v) dz = csch™ (v/z)? — 2csch ™ (v/7) log (1 — ezCSCh_l(ﬁ))

_ PolyLog (2, g2esch™! Wf))

[Out] arccsch(x~(1/2))"2-2*arccsch(x”(1/2))*1n(1-(1/x"~(1/2)+(1+1/x)~(1/2))~2)-pol
ylog(2, (1/x~(1/2)+(1+1/x)~(1/2))~2)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6, Bummber of rules _ 60 Ryles used = {6417,

' integrand size
5775, 3797, 2221, 2317, 2438}

dz = — PolyLog (2, ezcs"h_l(ﬁ)) + csch™? (\/5)2

— 2csch™! (v/z) log (1 - eZCSCh_l(\/E))

/ csch™! (V)

X

[In] Int([ArcCsch([Sqrt[x]]/x,x]

[Out] ArcCsch[Sqrt([x]]~2 - 2xArcCsch[Sqrt[x]]*Logl[l - E~(2*ArcCsch[Sqrt[x]])] - P
olyLog[2, E~(2xArcCsch[Sqrt[x]])]

Rule 2221

Int [CCCF)~((g_ ) *(Ce_.) + (£_)*(x))))"(a_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
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[((c + d*x)~m/(b*f*g*nxLog[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxf*gxn*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logl[a + b*x]/x, x], x, (F (ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xe*x"n]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%I, Int[((c + d*x)"m*(E~(2%x((-I)*e + fxfzxx))/(1 + E-(2%((-I)*e + fxfz*xx)
)/E”(2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQl[{c, d, e, £, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 5775

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Dist[1/b,
Subst [Int [x"n*Coth[-a/b + x/b]l, x], x, a + b*ArcSinh[c*x]], x] /; FreeQ[{a,
b, c}, x] && IGtQ[n, O]

Rule 6417
Int[((a_.) + ArcCschl[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh[x/c]l)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rubi steps

csch™ ()

integral = 2Subst ( / — dz,z, \/5)

(a0, 1)
—_ (28ubst ( / z coth(z) dz, z, arcsmh(%) >)

= arcsinh i : + 4Subst / € dz, z, arcsinh L
a VT 1—e2 777 VT
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) — 2arcsmh( 1 ) log <1 _ ezarcsinh(\}i))
vz
/lo (1 —€*) dz,z,arcsinh 1
g o

) 2arcsmh< 1 ) IOg (1 _ e2arcsinh<\}5>)
.’I,'

]-Og 1 - $) da; eQarcsmh(\/lE>>

= arcsinh(

%\H

+ 2Subst

7 N\

= arcsinh<

+ Subst

1 2 1 arcsinh ( -1 arcsinh ( -1
=arcsinh(%) —2arcsinh(ﬁ) log (1 ? h<f)) —PolyLog (2, e’ h<\/5))

Q%\H

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00

/ —CSCh_;(\/E) dz = csch™ (\/5) ((:sch_1 (\/_ ) — 2log < Gl (\f)))

_ PolyLog (2, g2esch™! WE))

[In] Integrate[ArcCsch([Sqrt[x]]/x,x]
[Out] ArcCsch[Sqrt([x]]*(ArcCsch[Sqrt([x]] - 2xLog[l - E~(2*ArcCsch[Sqrt[x]])]) - P
olyLog[2, E~(2*ArcCsch[Sqrt[x]])]

Maple [F]

T

/ arcesch (v/7) i

[In] int(arccsch(x~(1/2))/x,x)
[Out] int(arccsch(x~(1/2))/x,x)

Fricas [F]

/ csch™ (/) o — / arcsch (1/7) i

T

[In] integrate(arccsch(x~(1/2))/x,x, algorithm="fricas")

[Out] integral(arccsch(sqrt(x))/x, x)
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Sympy [F]

/csch_1 (V) e — / acsch (y/z) i

T Z

[In] integrate(acsch(x**(1/2))/x,x)
[Out] Integral(acsch(sqrt(x))/x, x)

Maxima [F]

T T

/ csch™! (V) o — / arcsch (1/z) i

[In] integrate(arccsch(x~(1/2))/x,x, algorithm="maxima")

[Out] integrate(arccsch(sqrt(x))/x, x)
Giac [F]

/csch_1 (V) d — / arcsch (/7) e

T T

[In] integrate(arccsch(x~(1/2))/x,x, algorithm="giac")

[Out] integrate(arccsch(sqrt(x))/x, x)

Mupad [F(-1)]
Timed out.

T

/asinh(\/ii) ]
— dx

[,

T

[In] int(asinh(1/x~(1/2))/x,x%)
[Out] int(asinh(1/x~(1/2))/x, %)
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csch™ (vz

3.19 [ S Vg,

Optimal result . . . . . . . . . . e 173
Rubi [A] (verified) . . . . . . . . 173l
Mathematica [A] (verified) . . . . . . . . . ... L 1751
Maple [A] (verified) . . . . . . . .. 175
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 175
Sympy [F] . . o 176
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 176
Giac [F] . . . o o 176l
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... I

Optimal result

Integrand size = 10, antiderivative size = 63

2 NN z 2/—x

[Out] -arccsch(x~(1/2))/x+1/2%(-1-x)~(1/2)/(-x)~(1/2) /x~(1/2)-1/2*arctan((-1-x) ~(
1/2))*x~(1/2)/(-x)~(1/2)

/csch_l(\/i) o — vV—=1—z csch™'(yz) +/zarctan(v/—-1—1)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00, number
_ _ = nhumber of rules _ _

of steps used = 5, number of rules used = 5, integrand size 0.500, Rules used = {6481,

12, 44, 65, 210}

/ csch ™! (V) o — _ Y/zarctan (vV—z—1) N V- -1 csch™! (V)

x2 2v/—z 2\/—xz+\/T z

[In] Int[ArcCsch[Sqrt([x]]/x"2,x]

[Out] Sqrt[-1 - x]/(2*Sqrt[-x]*Sqrt[x]) - ArcCsch[Sqrt[x]]/x - (Sqrt[x]*ArcTan[Sq
rt[-1 - x]1]1)/(2*%Sqrt[-x])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 44
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Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+Db*xx)"(m + D*((c + d*xx)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 21)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 6481

Int[((a_.) + ArcCschlu_]*(b_.))*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*((a + bxArcCsch[u])/(d*(m + 1))), x] - Dist[b*(u/(d*(m
+ 1)*Sqrt[-u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqr
t[-1 - u"2])), x], x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Func
tionOfExponentialQ[u, x]

Rubi steps
h_l z +2d£L'
integral = _&¢ (\/E) + vz | —l—zz

z V-
__oschM(VE) | VB e de
= p, N
_V-1-z csch™ (y/x) VT [ \/ﬁz da
- 2 /—-’I;\/E T 4\/__1,
_ V-1-=x csch™! (\/5) N \/ESubst(fﬁdz,x, m)

vV—=1—z csch™'(yz) +/warctan(v/—1—1)

NN z 0W—z
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.67

/csch_12(\/5) i — \/% B csch™' (V)

1 i 1
= — —arcsinh| —
2\/x x 2

)

[In] Integrate[ArcCsch[Sqrt[x]]1/x72,x]
[Out] Sqrt[(1 + x)/x]1/(2*Sqrt[x]) - ArcCsch[Sqrt[x]]/x - ArcSinh[1/Sqrt([x]]/2

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.71

method result size
Vitzx arctanh z++/ 1+
derivativedivides | — arccsc:(ﬁ) s (= ; 15 f )o+/I5e) 45
default _ arccsch (+/z) " Vitz < arctanh( )z+\/m> 45
x 2 /l-L-z 137
arccsch (/) 1-&—7:6 vz (In(vI+z—1)z—In(vVItz+1)z+2v/1+x)
parts . T /iTe (Vite—1) (Viterl) 77

[In] int(arccsch(x~(1/2))/x~2,x,method=_RETURNVERBOSE)

[Out] -arccsch(x™(1/2))/x+1/2*%(1+x)~(1/2)*(-arctanh(1/(1+x)~(1/2))*x+(1+x)~(1/2))
/((+x) /x)~(1/2) /%~ (3/2)

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.70

/Md . (w+210g(\/ﬁ+‘f> N

2 2x

[In] integrate(arccsch(x~(1/2))/x72,x, algorithm="fricas")
[Out] -1/2*%((x + 2)*log((x*sqrt((x + 1)/x) + sqrt(x))/x) - sqrt(x)*sqrt((x + 1)/x
))/x
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Sympy [F]

2

/csch_1 (V) e — / acsch 2(\/5) i

[In] integrate(acsch(x**(1/2))/x**2,x)
[Out] Integral(acsch(sqrt(x))/x**2, x)

Maxima [A] (verification not implemented)

none
Time = 0.22 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.03

2 dx:z(x(l+1)—1)_ z

——log(x/_ :1U ) log<\/_ —+1—1)

[In] integrate(arccsch(x~(1/2))/x"2,x, algorithm="maxima")

[Out] 1/2*sqrt(x)*sqrt(1/x + 1)/(x*(1/x + 1) - 1) - arccsch(sqrt(x))/x - 1/4*log(
sqrt(x)*sqrt(1/x + 1) + 1) + 1/4xlog(sqrt(x)*sqrt(1/x + 1) - 1)

/ csch™! (V) VT3 +1 arcsch (y/z)

Giac [F]

/ csch™! (V) o — / arcsch (1/z) i

2 xr2

[In] integrate(arccsch(x~(1/2))/x~2,x, algorithm="giac")

[Out] integrate(arccsch(sqrt(x))/x"2, x)
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Mupad [B] (verification not implemented)

Time = 4.84 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.52

/dez \/g 2asinh(\/%) (ﬁi+\/fi>

72 2y vz

[In] int(asinh(1/x~(1/2))/x"2,%)

[Out] (1/x + 1)°(1/2)/(2*x~(1/2)) - (2*asinh(1/x~(1/2))*(1/(2*%x~(1/2)) + x~(1/2)/
4))/x~(1/2)
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csch™ (vz

3.20 [ S g,

Optimal result . . . . . . . . . . e 178
Rubi [A] (verified) . . . . . . . . 178
Mathematica [A] (verified) . . . . . . . . . ... L 1801
Maple [A] (verified) . . . . . . ... L 180
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 180
Sympy [F] . . o o 181
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 181
Giac [F] . . 18T
Mupad [F(-1)] . . . o o 182

Optimal result

Integrand size = 10, antiderivative size = 90

/csch_l(\/i) o — V=l-z 3/-1-z csch™ (v/x) N 3y/zarctan (v—1—z)
7 t T 8/ z?  16v—2v/T 212 16v/—z

[Out] -1/2%arccsch(x~(1/2))/x"2+1/8*(-1-x)~(1/2)/x~(3/2)/(-x)~(1/2)-3/16%(-1-x) ~(
1/2)/(-x)~(1/2) /x~ (1/2)+3/16*arctan((-1-x) ~(1/2))*x~(1/2) / (-x)~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.00, number
_ _ = nhumber of rules _ _

of steps used = 6, number of rules used = 5, integrand size 0.500, Rules used = {6481,

12, 44, 65, 210}

3 v 16v—2 8/—zz%2 222 16v—a/z
[In] Int[ArcCsch[Sqrt[x]]/x"3,x]

[Out] Sqrt[-1 - x]/(8*Sqrt[-x]*x~(3/2)) - (3*Sqrt[-1 - x])/(16*Sqrt[-x]*Sqrt[x])
- ArcCsch([Sqrt[x]]1/(2*%x72) + (3%Sqrt[x]*ArcTan[Sqrt[-1 - x]])/(16xSqrt[-x])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

/csch_l(\/i) o — 3y/zarctan (v/—z — 1) N vV—z—1 csch(yz) 3y—z—1

Rule 44
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Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+Db*xx)"(m + D*((c + d*xx)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((b*c - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*xd, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 6481

Int[((a_.) + ArcCschlu_]*(b_.))*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*((a + bxArcCsch[u])/(d*(m + 1))), x] - Dist[b*(u/(d*(m
+ 1)*Sqrt[-u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqr
t[-1 - u"2])), x], x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Func
tionOfExponentialQ[u, x]

Rubi steps
h_l z %d.’l)
integral = _&¢ (\/5) vz [ 2/—1—zz
212 W—z
csch™ (va) | V2 o &

B 212 4/—z

_VIma s (vE)  (BVE) [ e de

- 8v/—ag®? 202 16v/=z

_V=1-z 3/=T-z csch' (Vo) N (3vz) | 7= da

8y/—zx’?2 16\/—z\/T 272 32v—z

_V-l-z 3/-1-z csch™! (V) _ (3y/z) Subst( [ - dz,z,+/—1 — x)
~ 8y/—zz3/2  16y/—a\/7 222 16v/—=
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V=-l-z 3/-1-z csch™! (V) N 3y/zarctan (v/—1 —z)

8y —za3/? 16y/—x/T 212 16y/—2x

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.52

/ esch™ (/2) . /1+ 1(2 - 3z)/z — 8csch™ (v/x) + 3w2arcsinh<iz>

S

3 - 1622

[In] Integrate[ArcCsch[Sqrt[x]]/x~3,x]
[Out] (Sqrtl[1 + x~(-1)]*(2 - 3*x)*Sqrt[x] - 8xArcCsch[Sqrt[x]] + 3*x~2*ArcSinh[1/

Sqrt [x]])/(16%x72)

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.63

method result —
1+ (3 arctanh 234z a+2V/14a
derivativedivides —arccszci;(ﬁ) m( arctan (I\Ck Vitzz w) .
default _ arceseh(VE) V¥ (3 arctanh(m)ﬁ_a\/mﬁz\/m) o
’ 16,/ 1tz 3
1, arccsch \/m\[ 3In(vI+z+1)2®=3In(vi+z—1)a?—6vItz a+4v/1+) 90
parts ng + 32v/11z (vVito+1)? (vVita—1)2

[In] int(arccsch(x~(1/2))/x~3,x,method=_RETURNVERBOSE)

[Out] -1/2*arccsch(x~(1/2))/x"2+1/16%(1+x)~(1/2)*(3*arctanh(1/(1+x) ~(1/2))*x~2-3*
(1+x) = (1/2) #x+2% (1+x) ~(1/2) ) / ((1+x) /x) ~(1/2) /x~(5/2)

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.59

/de Br-2)vE/ - 8)1og(ﬂ>

3 - 16 22

[In] integrate(arccsch(x~(1/2))/x"3,x, algorithm="fricas")
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[Out] -1/16%((3*x - 2)*sqrt(x)*sqrt((x + 1)/x) - (3*x"2 - 8)*log((x*sqrt((x + 1)/
x) + sqrt(x))/x))/x"2

Sympy [F]
/csch_l(\/i) e — / acsch (/z) s

[In] integrate(acsch(x**(1/2))/x**3,x)
[Out] Integral(acsch(sqrt(x))/x**3, x)
Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.02

3
/csch_l(\/i) p 3oz (L+1)2 -5y /1 +1 arcsch (1/z)
— 2 dx = — —_
z® 16 (x2(% +1)°—2z(1+1) + 1) 272
+310g<\/5 1+1+1>——log<\/_ —+1—1>
32 T

[In] integrate(arccsch(x~(1/2))/x"3,x, algorithm="maxima")

[Out] -1/16%(3*x~(3/2)*(1/x + 1)7(3/2) - 5*sqrt(x)*sqrt(1/x + 1))/ (x"2x(1/x + 1)~
2 - 2xx*x(1/x + 1) + 1) - 1/2*%arccsch(sqrt(x))/x"2 + 3/32*log(sqrt(x)*sqrt(1l

/x + 1) + 1) - 3/32*%log(sqrt(x)*sqrt(1/x + 1) - 1)
Giac [F]

/ csch™ (v/z) o — / arcsch (1/7) s

3 3

[In] integrate(arccsch(x~(1/2))/x"3,x, algorithm="giac")

[Out] integrate(arccsch(sqrt(x))/x"3, x)



Mupad [F(-1)]

Timed out.

/csch_l(\/i) dx:/asinh<\/l5> d

3

[In] int(asinh(1/x~(1/2))/x"3,%)
[Out] int(asinh(1/x~(1/2))/x"3, %)

182
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csch™ (vz

3.21 [ S g,

Optimal result . . . . . . . . . . . e 183
Rubi [A] (verified) . . . . . . . . . . 183l
Mathematica [A] (verified) . . . . . . . . ... L 185
Maple [A] (verified) . . . . . . . .. 185
Fricas [A] (verification not implemented) . . . . . . . ... ... ... .. ...... 186
Sympy [F] . . o 186
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 186!
Giac [F] . . . o o o 187
Mupad [F(-1)] . . . o o 187

Optimal result

Integrand size = 10, antiderivative size = 115

V=7 5/0I=z 5/1=z

/ csch™ (/)

dz = -
zt v 18y/—xx5/2  72¢/—x23/? * 48+/—xz+\/T
csch™'(yz)  By/marctan (v—1—1x)

33 48\/—x

[Out] -1/3*%arccsch(x~(1/2))/x"3+1/18%x(-1-x)~(1/2)/x~(5/2)/(-x)~(1/2)-5/72*(-1-x)"
(1/2)/x~(3/2)/(-x)~(1/2)+5/48* (-1-x)~(1/2) / (-x)~(1/2) /x~(1/2)-5/48*arctan ((
-1-x)"(1/2))*x~(1/2) / (-x)~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 5, Bumber of rules _ 534 Ryles used

' integrand size
= {6481, 12, 44, 65, 210}

/csch_1 (V) o — _5yarctan (V=2 -1) 5y/=z—1
x 48+/—x 72/—zz3/2

N V-1 csch ™! (V) N 5v—x — 1

18y/—z x5/ 3z3 48v/—z+/T

[In] Int[ArcCsch[Sqrt([x]]/x"4,x]

[Out] Sqrt[-1 - x]/(18*Sqrt[-x]*x~(5/2)) - (5xSqrt[-1 - x])/(72*Sqrt[-x]*x~(3/2))
+ (5%Sqrt[-1 - x])/(48%Sqrt[-x]*Sqrt[x]) - ArcCsch[Sqrt[x]]/(3*x~3) - (5%S
qrt [x]*ArcTan[Sqrt[-1 - x]]1)/(48*Sqrt[-x])

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 44

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)~"(n + 1)/((b*c - axd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] & NeQ[b*c - a*d, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x11 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 6481

Int[((a_.) + ArcCschlu_J]*(b_.))*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Si
mp[(c + d*x)~(m + 1)*((a + b*ArcCsch[u])/(d*(m + 1))), x] - Dist[b*(u/(d*(m
+ 1)*Sqrt[-u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqr
t[-1 - u™21)), x1, x1, x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] &% !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Func
tionOfExponentialQ[u, x]

Rubi steps

esch(vz) vz Wﬁ dz

integral = —

3z3 3V—z
csch™ (v/x) N Ve [ o de
B 33 6V —2x

V=i=z schi(yz) (5v7) [ m5=mde

- 18+/—xx5/? B 33 36y/—x
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B V=1l—1z B 5+—1—2x B csch™! (\/5) + (5\/5) f \/Tl—x;m_ dx
18y —xx¥? T2/—zx¥/? 3z? Bv—z

V=i—z 5/=1—-z b5y=1—gz ocsch’i(yz) (V2)[ == do

T By Tay—zz | a3 96y/—%
_ V-l-z  5/-1-2 N 5/-1—1 _csch‘l(\/i)
C18y/—zad/2 72y/—xxd?  48/—zn\/x 33
(5v/x) Subst( [ = dz,z,v/—1 — z)
* 48y/—2x
_ V-l-z  5/-1-x N 5/-1-z csch™! (V) _ 5y/warctan (vV-1—-1=)
C18y/—xxd/? T2 /—xad/? | 4A8y/—z/x 33 48+/—x

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.45

A 4= 14423

/ esch™!(yvz)  \/1+ 2VE(B— 100 + 150) — d8esch™ (Vz) — 150%arcsinh ( ;)

[In] Integrate[ArcCsch[Sqrt[x]]/x~4,x]

[Out] (Sqrt[1l + x~(-1)]*Sqrt[x]*(8 - 10*x + 15%x~2) - 48*ArcCsch[Sqrt[x]] - 15*x~
3*ArcSinh[1/Sqrt [x]])/(144%x"3)

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.58

method result size
. . L. arcesch (/T Vv14z ( —15 arctanh L 2341514z 221014 z+8v/1+x

derivativedivides | — 3x3(‘f) + ( (A=) —— ) 67

144, /112 22
arccsch (\/5) Vitzx (—15 arctanh( \/11-Ta: ) 2341514z 22 —10v/14x z+8+/ 1+x>

default ——.3 + —— 67

144, /12 22
arts arcesch (/z) " Ltz /z (151n(vitz—1)z3—15In(vitz+1)23+30v/1+z 2220V 1+z z+16V/1+z) 100
P 323 288v/1+z (vita—1)° (Vita+1)®

[In] int(arccsch(x~(1/2))/x~4,x,method=_RETURNVERBOSE)

[Out] -1/3%arccsch(x~(1/2))/x~3+1/144%(1+x)~(1/2)*(-15*arctanh(1/(1+x)~(1/2))*x"3
+15% (1+x) 7 (1/2) *x~2-10* (1+x) =~ (1/2) *x+8* (1+x) ~(1/2) ) / ((1+x) /x) ~(1/2) /x~(7/2)
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.50

T “”TH+\/5
esch™ (/3) ] (152% — 10z + 8)y/z( /2L — 3(52° + 16) log <T)
/ 7 = 144

[In] integrate(arccsch(x~(1/2))/x"4,x, algorithm="fricas")
[Out] 1/144x((15%x72 - 10*x + 8)*sqrt(x)*sqrt((x + 1)/x) - 3*(5*x~3 + 16)*log((x*
sqrt((x + 1)/x) + sqrt(x))/x))/x"3

Sympy [F]
/csch_1 (V) e — / acschiﬁ) i

[In] integrate(acsch(x**(1/2))/x**4,x)
[Out] Integral(acsch(sqrt(x))/x**4, x)

Maxima [A] (verification not implemented)

none
Time = 0.21 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.01

15x%(%+1)% —40x%(§+1)% +33vz /3 + 1 arcsch (va)

3z3

/csch"l(ﬁ) o —

! - 144<x3(§+1)3—3x2(§+1)2+3x(§+1)—1)

—Elog<\/_ )—I—ilog(\/_ —+1—1>

[In] integrate(arccsch(x~(1/2))/x"4,x, algorithm="maxima")

[Out] 1/144x(15%x~(5/2)*(1/x + 1)7(5/2) - 40*x~(3/2)*(1/x + 1)~(3/2) + 33*sqrt(x)
xsqrt(1/x + 1))/ (x"3*(1/x + 1)73 - 3*x"2%(1/x + 1)72 + 3*x*x(1/x + 1) - 1) -
1/3%arccsch(sqrt(x))/x"3 - 5/96*%log(sqrt(x)*sqrt(1/x + 1) + 1) + 5/96%log(

sqrt(x)*sqrt(1/x + 1) - 1)
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Giac [F]

/csch_1 (V) i — / arcsch (/7) e

Tt xt

[In] integrate(arccsch(x~(1/2))/x"4,x, algorithm="giac")

[Out] integrate(arccsch(sqrt(x))/x~4, x)

Mupad [F(-1)]
Timed out.

/ csch™! (V) i

s

[In] int(asinh(1/x~(1/2))/x"4,x)
[Out] int(asinh(1/x~(1/2))/x74, x)
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3.22 | csch™! (%) dx

Optimal result . . . . . . . . . . e 188
Rubi [A] (verified) . . . . . . . . 188
Mathematica [A] (verified) . . . . . . ... ... L o 189
Maple [A] (verified) . . . . . . ... L 189
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 190
Sympy [A] (verification not implemented) . . . ... ... ... . ... ... ... 190
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... ... .. 190
Giac [F] . . . o o 1901
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... 191

Optimal result

Integrand size = 4, antiderivative size = 16

/csch_1 (1> dx = —V'1 + 22 + zarcsinh(x)

X

[Out] x*arcsinh(x)-(x"2+1)"(1/2)

Rubi [A] (verified)

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 754 Ryjles used = {6463,
integrand size
5772, 267}

1
/csch"1 (—) dz = zarcsinh(z) — Va2 +1

T

[In] Int[ArcCsch[x~(-1)],x]
[Out] -Sqrt[1 + x~2] + x*ArcSinh[x]
Rule 267

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(@m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 5772

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*A
rcSinh[c*x])"n, x] - Dist[b*c*n, Int[x*((a + b*ArcSinh[c*x])~(n - 1)/Sqrt([1
+ c”2%x72]), x], x] /; FreeQ[{a, b, c}, x] & GtQ[n, 0]
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Rule 6463
Int[ArcCschl(c_.)/((a_.) + (b_.)*(x_)"(n_.))]1 " (m_.)*(u_.), x_Symbol] :> Int

[u*ArcSinh[a/c + b*(x"n/c)]”m, x] /; FreeQ[{a, b, ¢, n, m}, x]
Rubi steps
integral = / arcsinh(z) dx

T

= garcsinh(z) —
(@) / V1422
= —v/1 + 22 + zarcsinh(x)

dz

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/csch_1 (%) dx = —v1+ 22 + zesch ™t <%)
[In] Integrate[ArcCsch[x~(-1)],x]
[Out] -Sqrt[1 + x"2] + x*ArcCsch[x"(-1)]

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.06

method result size
parts x arccsch (%) —va2+1 17
derivativedivides | z arccsch (1) — \7;(1””1—2;)1) 29
2+l z?
2(L
default z arcesch (1) — % 29
z%+1 z2

[In] int(arccsch(1/x),x,method=_RETURNVERBOSE)
[Out] x*arccsch(1/x)-(x"2+1)"(1/2)
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.38

1
/csch_1 (—) dz = zlog <x + V2 + 1) — V2 +1
x
[In] integrate(arccsch(1/x),x, algorithm="fricas")
[Out] x*log(x + sqrt(x”2 + 1)) - sqrt(x"2 + 1)

Sympy [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/csch_1 (i) dx = x acsch (é) —Vz2+1

[In] integrate(acsch(1/x),x)
[Out] x*acsch(1/x) - sqrt(x*x2 + 1)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/csch_1 (i) dxr = z arcsch (%) —VzZz+1

[In] integrate(arccsch(1/x),x, algorithm="maxima")

[Out] x*arccsch(1/x) - sqrt(x”2 + 1)

Giac [F]

/csch_1 (1) dz = /arcsch (1) dz
T T

[In] integrate(arccsch(1/x),x, algorithm="giac")

[Out] integrate(arccsch(1/x), x)
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Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88
(1 :
csch™ | — ) dz = zasinh(z) — V22 +1
x

[In] int(asinh(x),x)
[Out] x*asinh(x) - (x~2 + 1)°(1/2)
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3.93 fcsch (az™) ..

T
Optimal result . . . . . . . . . . . . e 192
Rubi [A] (verified) . . . . . . . . . 192
Mathematica [C] (verified) . . . . . . . . . .. 194
Maple [F] . . . . 195
Fricas [F(-2)] . . . . . o e 195
Sympy [F] . . o 195
Maxima [F] . . . . . o 195
Giac [F] . . . o o e 196
Mupad [F(-1)] . . . .o 196

Optimal result

Integrand size = 10, antiderivative size = 61

2csch™!(az™) )

csch™(az™) csch™ (az™)? csch™ (az™) log (1 —e€
[ - -
z 2n n
PolyLog (2, e (e=")
2n

[Out] 1/2*arccsch(a*x"n) 2/n-arccsch(a*x"n)*1n(1-(1/a/(x"n)+(1+1/a~2/(x"n)"2)~(1/
2))~2) /n-1/2xpolylog(2, (1/a/(x"n)+(1+1/a"2/(x"n)"2)~(1/2))"2) /n

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6 number of rules _ 0.600, Rules used = {6417,

’ integrand size
5775, 3797, 2221, 2317, 2438}

T T= 2n 2n

csch_l(ax") log <1 _ €2csch_1(ax”))

n

csch™1 (az™
/ csch ™ (az™) p _PolyLog (2762 ( )> N csch™ (az™)?

[In] Int[ArcCschl[a*x"n]/x,x]

[Out] ArcCsch[a*x"n]~2/(2*%n) - (ArcCsch[a*x"n]*Log[l - E~(2*ArcCsch[a*x"n])])/n -
PolyLog[2, E~(2*ArcCsch[a*x™n])]/(2*n)

Rule 2221
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Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3797

Int[((c_.) + (@_.)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_1)=*(f_
D*(x_ )], x_Symbol] :> Simp[(-I)*((c + d*x)~(m + 1)/(d*(m + 1))), x] + Dist
[2xI, Int[((c + d*x) m*x(E~(2*x((-I)*e + f*xfzxx))/(1 + ET(2%((-I)*e + fxfz*x)
)/E~ (2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQl[{c, d, e, f, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 5775

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Dist[1/b,
Subst [Int [x"n*Coth[-a/b + x/bl, x], x, a + bxArcSinh([c*x]], x] /; FreeQ[{a,
b, c}, x] && IGtQ[n, O]

Rule 6417

Int[((a_.) + ArcCschl[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rubi steps

1
Subst (f M dz,z, m”)
n

Subst (f m dz, x, x_”)

n

integral =
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Subst ( | z coth(z) dz, z, arcsinh <§> )

n
2
arcsinh (%) 2Subst < J 18_2% dz, T, arcsinh (%) )
= +
2n n
arcsinh (ﬂ) > arcsinh (?) log (1 _ graresin (257 )
B 2n B n
Subst (f log (1 — €**) dz, =, arcsinh(%))
+
n
arcsinh (ﬂ) > arcsinh (%) log (1 — e2msmh( =) )
B 2n B n
Subst (f w d.T, x’ 62arcsinh<-’va ))
* 2n
arcsinh (ﬂ) 2 arcsinh (%) log (1 _ 62&I‘CSinh(%> ) PO].YLOg <2, e2arcsinh ( z; ) )
- 2n B n - on

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 0.06 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.05

T an

-1 n .’,C_n3F2 l,l7l;§’§;_za2 -n
/csch (ax )dxz— (2 222 )+(csch_l(ax")—arcsinh<%)>log(x)

[In] Integrate[ArcCsch[a*x"n]/x,x]

[Out] -(HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, -(1/(a"2*x~(2*n)))]/(a*n*x
“n)) + (ArcCsch[a*x"n] - ArcSinh[1/(a*x"n)])*Log[x]
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Maple [F]
/ arccsch (a z™) i
x
[In] int(arccsch(a*x"n)/x,x)

[Out] int(arccsch(a*x"n)/x,x)

Fricas [F(-2)]

Exception generated.

h—l n
/ csc—(ax) dxr = Exception raised: TypeError
x

[In] integrate(arccsch(a*x™n)/x,x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code: integ

rate: implementation incomplete (constant residues)
Sympy [F]

-1 n n
/ csch™ (az™) dp — / acsch (az™) i

T T

[In] integrate(acsch(a*x**n)/x,x)

[Out] Integral(acsch(a*x*#*n)/x, x)

Maxima [F]

/ csch™(az™) dp — / arcsch (az™) i

T T

[In] integrate(arccsch(a*x™n)/x,x, algorithm="maxima")

[Out] a"2*n*integrate(x”(2*n)*log(x)/(a"2*x*x~(2*n) + (a"2*x*x~(2#n) + x)*sqrt(a”
2xx~(2%n) + 1) + x), x) + nxintegrate(log(x)/(a"2*x*x~(2*n) + x), x) - log(
a)*log(x) - log(x)*log(x~n) + log(x)*log(sqrt(a~2*x~(2%n) + 1) + 1)
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Giac [F]

/ csch™(az™) dr — / arcsch (az™) i

T T

[In] integrate(arccsch(a*x™n)/x,x, algorithm="giac")

[Out] integrate(arccsch(a*x™n)/x, x)

Mupad [F(-1)]

Timed out.

Z Z

/ csch™ (az™) do — / asinh (1) i

[In] int(asinh(1/(a*x"n))/x,x)
[Out] int(asinh(1/(a*x"n))/x, x)
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csch™ (az®
3.24 | 97 Gy
T

Optimal result . . . . . . . . . . . e 197
Rubi [A] (verified) . . . . . . . . 197
Mathematica [A] (verified) . . . . . . . . . .. 1991
Maple [F] . . . . 199
Fricas [F] . . . . . . o 199
Sympy [F] . . o 200
Maxima [F] . . . . . 200
Giac [F] . . . o o e 200
Mupad [F(-1)] . . . o o 2001

Optimal result
Integrand size = 10, antiderivative size = 54

csch™ (az®) _ 1 1,52 L —~1( .5 2csch™ (az®)
/T dr = 1—Ocsch (az®)” — 5csch (az®) log (1 —e )

1 2csch™?! (a:l:s) >
10 PolyLog (2, e

[Out] 1/10*arccsch(a*x~5) 2-1/5*%arccsch(a*x~5)*1n(1-(1/a/x"5+(1+1/a~2/x710)"(1/2)
)~2)-1/10%polylog(2, (1/a/x"5+(1+1/a~2/x710)~(1/2))"2)

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6 number of rules _ 0.600, Rules used = {6417,

’ integrand size
5775, 3797, 2221, 2317, 2438}

1 —
- ECSCh_1 (ax5) log (1 _ g2csch 1(az5)>

-1 5
/ csch (07 gy = L PolyLog (2, ezcscyl(axfl)) + speseh (az”)’

[In] Int[ArcCschl[a*x"5]/x,x]

[Out] ArcCsch[a*x~5]"2/10 - (ArcCsch[a*x~5]*Log[1 - E~(2*ArcCsch[a*x~5])])/5 - Po
lyLog[2, E~(2*ArcCsch[a*x~5])]/10

Rule 2221

Int [CCCF_) " ((g_ ) *(Ce_.) + (£_)*(x))))"(a_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
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[((c + d*x)~m/(b*f*g*nxLog[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxf*gxn*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)"nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*x(x_ )], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2+¢I, Int[((c + d*x)"mx(E~(2*x((-I)*e + fxfzxx))/(1 + ET(2*x((-I)*e + f*xfz*x)
)/E~(2%I*k*Pi)))) /E~(2*%I*k*Pi), x], x] /; FreeQ[{c, d, e, f, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 5775

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Dist[1/b,
Subst [Int [x"n*Coth[-a/b + x/bl, x], x, a + bxArcSinh[c*x]], x] /; FreeQ[{a,
b, c}, x] && IGtQ[n, O]

Rule 6417

Int[((a_.) + ArcCschl[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rubi steps

1 h~!
integral = ESubst (/ CSCT(M;) dx,x,x5>

i
— (Lot / aresinh () o 1
5 T 0

- _ (%Subst ( /  coth(z) dz, x, csch™* (ax5)) >

2z

1 2 2 e“*x
= — h_l 5 —_ h—l 5
165 (az®)” + 5Subst (/ T dz,z,csch™ (az ))
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_ i -1 5\2 1 -1 2csch (az®)
= 10csch (aac) 5csch ( )log( >

+ %Subst(/log (1 —é? ) dx,x,csch™ ( 5))
- lcs<:h_1(aac5)2 — écsch_l( ®) log (1 g2esch™ (aa® ))

10
—Subst / log(1 — z) dz, z, 25 (a2%)
10 z

1 2 1 _ 1 1 —1(gp5
— h™ 5\<_ — h 1 1 (1 2csch™? (ax® )> _ PolvL <2 2csch™! (az ))
—1OCSC (CL.’L' ) 5 CsC ( ) og —10 olyLog | 4,¢€

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.93

csch ™ (az® 1 _ _ coch1 (az
/%dzzl—()(csch 1(am5)2—2080h '(az )log< e2esch ™ ( ))
_ POlyLOg (2, e2csch_1(am5)>>

[In] Integrate[ArcCsch[a*x~5]/x,x]
[Out] (ArcCsch[a*xx"5]"2 - 2*ArcCsch[a*x~5]*Log[1 - E~(2xArcCsch[a*x"5])] - PolyLo
gl[2, E~(2xArcCsch[a*x~5])])/10

Maple [F]

X

/ arccsch (a z°) e

[In] int(arccsch(a*x~5)/x,x)

[Out] int(arccsch(a*x~5)/x,x)

Fricas [F|

T

—1(, 5 5
/ csch w(aw ) dp — / arcsch (az®) i

[In] integrate(arccsch(a*x”5)/x,x, algorithm="fricas")

[Out] integral(arccsch(a*x~5)/x, x)
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Sympy [F]

~1(, .5 5
/ csch™ (az®) dr — / acsch (az®) s

T T

[In] integrate(acsch(a*x**5)/x,x)

[Out] Integral(acsch(a*x**5)/x, x)

Maxima [F|

—1( 5 5
/ csch x(ax ) dp — / arcscl;(ax ) i

[In] integrate(arccsch(a*x~5)/x,x, algorithm="maxima")

[Out] 5*a"2*integrate(x~9*log(x)/(a"2*x~10 + (a"2*x~10 + 1)7(3/2) + 1), x) - 1/2%
log(a~2*x~10 + 1)*log(x) - log(a)*log(x) - 5/2xlog(x)~2 + log(x)*log(sqrt(a
“2xx~10 + 1) + 1) - 1/20*dilog(-a~2*x~10)

Giac [F]

T T

~1(, 5 5
/ csch™ (az®) dp — / arcsch (azx®) i

[In] integrate(arccsch(a*x”5)/x,x, algorithm="giac")

[Out] integrate(arccsch(a*x~5)/x, x)

Mupad [F(-1)]

Timed out.

/ csch™ (az?) gy — / asinh (1) "

T

[In] int(asinh(1/(a*x"5))/x,x)
[Out] int(asinh(1/(a*x~5))/x, x)
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3.25 | csch™! (ce‘”rbx) dx

Optimal result . . . . . . . . . . e 20T]
Rubi [A] (verified) . . . . . . . . 201]
Mathematica [B] (verified) . . . . . . . . . ... 203
Maple [F] . . . o o 204
Fricas [F(-2)] . . . . . . 204
Sympy [F] . . o o 204
Maxima [F] . . . . . .o 205
Giac [F] . . . o o 205
Mupad [F(-1)] . . . o 205

Optimal result

Integrand size = 10, antiderivative size = 77

_ at+bx)2 h_]- (cea+bz) log <1 _ e2CSCh_1 (ce‘“’bz))
-1 a+bx _ csch 1(ce +b ) B csce
/ csch™ (ce™™**) dz = = b
POlyLog <2, e2csch—1 (cea+bz)>
2b

[Out] 1/2*arccsch(c*exp(b*x+a)) ~2/b-arccsch(c*exp(b*x+a))*1n(1-(1/c/exp(b*x+a)+(1
+1/c~2/exp(b*x+a) ~2)~(1/2))~2) /b-1/2*polylog(2, (1/c/exp(b*x+a)+(1+1/c~2/exp
(b*x+a)~2)~(1/2))~2)/b

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , 754 Ryles used = {2320,

' integrand size
6417, 5775, 3797, 2221, 2317, 2438}

PolyLog (2’ GQCSCh_l(ceHM)) + csch_l(cef“rbm)2
csch™! (cea"'bx) log <1 _ e2csch_1(cea+bz)>
b

/ csch™! (ce®t™) dzx = —

[In] Int[ArcCsch[c*E~(a + b*x)],x]

[Out] ArcCsch[c*E~(a + b*x)]72/(2%b) - (ArcCsch[c*E~(a + b*x)]*Logl[l - E~(2*ArcCs
ch[c*E~(a + b*x)])])/b - PolyLogl[2, E~(2*ArcCsch[c*E~(a + b*x)])]/(2xb)

Rule 2221
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Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (=c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%I, Int[((c + d*x)"m*x(E~(2*x((-I)*e + f*xfzxx))/(1 + ET(2%((-I)*e + fxfz*x)
)/E”(2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQl[{c, d, e, £, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 5775

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Dist[1/b,
Subst [Int [x"n*Coth[-a/b + x/b]l, x], x, a + bxArcSinh[c*x]], x] /; FreeQ[{a,
b, c}, x] && IGtQ[n, O]

Rule 6417

Int[((a_.) + ArcCsch[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh[x/c]l)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]
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Rubi steps
Subst ( i w dz, , ea“m)
integral = 5
Subst (f m dz,x, e_“_b””)
T b
Subst ( [ x coth(z) dz, z arcsmh( — bz))

b

—a—bz 2 z —a—bx
arcsinh(e C " ) 2Subst<fle_27’”mdx,x, arcsinh(e - ’ >>
= -

2b b
aurcsi]ah(‘f“c”’m > 2 arosmh( ) log ( Zarcsmh(e_ac_bw ))
2b - b
Subst < [log (1 —€*) dz,x arcsmh( — bm))

’ b
—amte) ® 2arcsmh —a—be
arcsinh(e . > > (1 - ))
N 2b o 5
—a— bz
Subst ( f w dz, z, 2arcsmh )
" 2b
—amte) ® e bz 2arcsmh —a—be )
arcsinh ( I > arcsmh log 1— -
N 2b o 5
. e~ @ bx
PolyLOg (2, e2arcsmh<f> )

2b

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 236 vs. 2(77) = 154.

Time = 0.71 (sec) , antiderivative size = 236, normalized size of antiderivative = 3.06

/ csch_l(cea+b””) dx = xcsch_l(ce“+b””)

e—0bz /1 ¥ 2¢2(atba) <log2 (—c2e?lettn) 4 arctanh(V 1+ 0262(““"’“”)) (—8bz + 4log (—c?eX@+t))) —.

+
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[In] Integrate[ArcCsch[c*E~(a + b*x)],x]

[Out] x*ArcCsch[c*E~(a + b*x)] + (E~(-a - b*x)*Sqrt[1 + c™2*E~(2x(a + b*x))]*(Log
[-(c™2*¥E~(2*(a + b*x)))]"2 + ArcTanh[Sqrt[1 + c™2*E~(2*(a + b*x))]]*(-8*b*x

+ 4xLog[-(c™2*E~(2*(a + b*x)))]) - 4xLog[-(c™2*E~(2*(a + b*x)))]1*Log[(1 +

Sqrt[1 + c™2*E~(2*(a + b*x))1)/2] + 2*Log[(1 + Sqrt[1 + c 2*E~(2%(a + b*x))
1)/2172 - 4%PolyLogl[2, (1 - Sqrt[l + c™2+E~(2*x(a + b*x))])/2]))/(8*b*cxSqrt

[1 + 1/(c”2*E~(2*%(a + b*x)))])

Maple [F]
/ arccsch (eb”""'“c) dz

[In] int(arccsch(exp(b*x+a)*c),x)

[Out] int(arccsch(exp(b*x+a)*c),x)

Fricas [F(-2)]

Exception generated.

/ csch™' (ce®t™) dz = Exception raised: TypeError

[In] integrate(arccsch(c*exp(b*x+a)),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code: integ
rate: implementation incomplete (constant residues)

Sympy [F]

/ csch™! (cet®) dz = / acsch (ce®™") dz

[In] integrate(acsch(cxexp(b*x+a)),x)

[Out] Integral(acsch(cxexp(a + b*x)), x)
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Maxima [F]

/ csch™ (ce®t”) dz = / arcsch (ce(b”“)) dx

[In] integrate(arccsch(c*exp(b*x+a)),x, algorithm="maxima")

[Out] bxc™2*xintegrate(x*e” (2xbxx + 2xa)/(c™2xe”(2*b*x + 2¥a) + (c"2%e~(2*%b*x + 2%
a) + 1)7(3/2) + 1), x) - 1/2%b*x"2 - (a + log(c))*x + x*log(sqrt(c~2*e” (2*b
*x + 2%a) + 1) + 1) - 1/4x(2*b*xxlog(c”2*%e” (2%b*x + 2%a) + 1) + dilog(-c~2x%

e~ (2xb*x + 2%a)))/b

Giac [F]

/ csch™ (ce®t??) dx = / arcsch (ce(b”“)) dx

[In] integrate(arccsch(c*exp(b*x+a)),x, algorithm="giac")

[Out] integrate(arccsch(cxe”(b*xx + a)), x)

Mupad [F(-1)]

Timed out.

—a—bzx
/ csch™! (ce““’z) dx = / asinh(e - ) dx

[In] int(asinh(exp(- a - b*x)/c),x)
[Out] int(asinh(exp(- a - b*x)/c), x)
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3.26 | ecsch™(az) pm 1.

Optimal result . . . . . . . . . . . e 206
Rubi [A] (verified) . . . . . . . . . 200
Mathematica [A] (verified) . . . . . . . . . .. L 207
Maple [F] . . . . o o 208
Fricas [F] . . . . . . 208}
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... ... 208
Maxima [F] . . . . . . 208
Giac [F(-2)] . - o o e 209
Mupad [F(-1)] . . . 209

Optimal result

Integrand size = 10, antiderivative size = 52

m m : 1 1 _
/6csch_1(ax)xm dr = - + z't Hypergeometrlc2F11(—:§, 5(_1 B m)’ 2 _W)
m

[Out] x"m/a/m+x~(1+m)*hypergeom([-1/2, -1/2-1/2+*m], [1/2-1/2%m],-1/a"2/x"2)/(1+m)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.00, number
_ _ 4 nhumber of rules _ —

of steps used = 4, number of rules used = 4, integrand size 0.400, Rules used = {6471,

30, 346, 371}

1-m 1

/ecsch—l(ax)wm o — 2™ ! Hypergeometric2F1 (—3,1(—m — 1), 552, ——55) 2™

m + am

[In] Int[E~ArcCschla*x]*x"m,x]

[Out] x"m/(a*m) + (x~(1 + m)*Hypergeometric2F1[-1/2, (-1 - m)/2, (1 - m)/2, -(1/(
a™2*%x72))1)/(1 + m)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 346

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[(-c~
(1)) *(c*x)"(m + D*(1/x)"(m + 1), Subst[Int[(a + b/x"n)"p/x"(m + 2), x], x
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, 1/x1, x] /; FreeQ[{a, b, ¢, m, p}, x] && ILtQ[n, 0] && !'RationalQ[m]

Rule 371

Int[((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(c*(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQ[a, 0])

Rule 6471

Int [E"ArcCschl(a_.)*(x_ )~ (p_.)I*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*xSqrt[1 + 1/(a"2*x"(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

—14+m
integral = u—l—/\/qu%xmdw
a a’x
:x__<(1) xm)Subst< x~ \/1+ )
am x

1

g™ z'*™ Hypergeometric2F1 (—1, (=1 — m), 157, — ;)

1
27
am 14+m

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.04

/ecsch_l(ax)xm dr

g™ '™ Hypergeometric2F1 (—1, (-1 —m),1+ (-1 — m), — ;)

am 1+m

[In] Integrate[E~ArcCsch([a*x]*x"m,x]

[Out] x"m/(a*m) + (x~(1 + m)*Hypergeometric2F1[-1/2, (-1 - m)/2, 1 + (-1 - m)/2,
-(1/(a"2*x~2))]1)/(1 + m)
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Maple [F]

1 / 1
/(—+ 1+ﬂ> z"dx
axr a“x

[In] int((Q1/a/x+(1+1/a"2/x"2)"(1/2))*x"m,x)
[Out] int((1/a/x+(1+1/a"2/x72)"(1/2))*x"m,x)

Fricas [F]

- /1 1
/ecsch 1(a,a:)l,m dr = /xm< o +1+ _) dx
a“x axr

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))*x"m,x, algorithm="fricas")
[Out] integral((a*x*x m*sqrt((a”2*x~2 + 1)/(a"2%x"2)) + x"m)/(a*x), x)

Sympy [A] (verification not implemented)

Time = 2.80 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.25

- iw) {—log(x) form=0

1 m

m,,—m—1, mp(_m 27 2

a™a g™ (—2)Fy mo
2 m

csch™!(azx),.m - _ _
/e z™ dx 5T (1 - %) .

m

-z otherwise

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))*x**m,x)

[Out] -ax*m*ax*(-m - 1)*x**m*xgamma(-m/2)*hyper((-1/2, m/2), (m/2 + 1,), a**2*x*x2
*xexp_polar (I*pi))/(2*xgamma(l - m/2)) - Piecewise((-log(x), Eq(m, 0)), (-x**
m/m, True))/a

Maxima [F]

_ [ 1 1
/ecsch l(aw)xm dr = /xm< — +1+ _) dz
a“x ax

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"m,x, algorithm="maxima")

[Out] integrate(sqrt(a”2*x"2 + 1)*x"m/x, x)/a + x"m/(a*m)
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Giac [F(-2)]

Exception generated.

/ eesch ™ (aa) pm g Exception raised: TypeError

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"m,x, algorithm="giac")

[Out] Exception raised: TypeError >> an error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const in
dex_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.
_ 1 1
eesch ™ a@)gm gy [ gm +14+— | dzx
a? 2 azx

[In] int(x"m*((1/(a"2*x~2) + 1)°(1/2) + 1/(a*x)),x)
[Out] int(x"m*x((1/(a~2%x"2) + 1)~(1/2) + 1/(a*x)), x)
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3.27 | ecsch™!(az) 14 1o

Optimal result . . . . . . . . . . . . e 210
Rubi [A] (verified) . . . . . . . . . . 210
Mathematica [A] (verified) . . . . . . . . . ... 211
Maple [A] (verified) . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .....
Sympy [A] (verification not implemented) . . . . .. ... ... ... ... ... . 212
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 213
Giac [A] (verification not implemented) . . . . . . .. ... .. Lo oL 213
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 2131

Optimal result

Integrand size = 10, antiderivative size = 54

) 9(1 4+ 1. 3/2 3 4 3/2
/e"“h Han) gt g = — (Lt am) "2 +$—+1<1+ 1 ) d

15a2 4a 5 a?z?
[Out] -2/15%(1+1/a"2/x"2)~(3/2)*x~3/a"2+1/4*%x~4/a+1/5%(1+1/a~2/x"2)~(3/2) *x"5

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 4, Bumber of rules _ , 454 Ryles used = {6471,
integrand size

30, 277, 270}

3/2 2 3 1 1 3/2 4
/ecsch_l(am)lA dr = %1’5< 1 + 1) _ z (a2m2 + ) + ‘T_

a2x? 15a2 4a

[In] Int[E~ArcCschla*x]*x"4,x]

[Out] (-2x(1 + 1/(a"2*x"2))"(3/2)*x~3)/(15%a~2) + x~4/(4*xa) + ((1 + 1/(a"2%x"2))"
(3/2)*x75)/5

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 270

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*x((a + b*x"n)~(p + 1)/(a*cx(m + 1))), x] /; FreeQ[{a, b, ¢, m, n,
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p}, x] & EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rule 277

Int[(x_)"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x~(m + 1)*((
a+ bxx™n)~(p + 1)/(ax(m + 1))), x] - Dist[b*((m + nx(p + 1) + 1)/(a*(m + 1
))), Int[x"(m + n)*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, m, n, p}, x] && IL
tQ[Simplify[(m + 1)/n + p + 1], 0] && NeQ[m, -1]

Rule 6471

Int [E"ArcCschl(a_.)*(x_ )~ (p_.)I*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*xSqrt[1 + 1/(a"2*x"(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

3d / 1
integral = J 2 d + / 1+ ——z*dr
a ax?
41 1 \3? 2[\/14 252’ dx
1+ z° —
5a2

2@4-5 a?z?

=— + 4

2(1 + a21$2)3/2 3 gt 1 1 3/2 5
15a2 4a 5

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.91

4 /14 L52(—2 + a®z® + 3az*
/ecsch_l(ax)mél dr = IE_ + afz? ( )

4a 15a*

[In] Integrate[E~ArcCsch[a*x]*x~4,x]
[Out] x~4/(4*a) + (Sqrtl[l + 1/(a"2*x"2)]*x*(-2 + a~2*x"2 + 3*a~4*x"4))/(15%a~4)
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Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.98

method | result size
[a22241 2.2 2.2
AQZ;ffx(a T +J)(3a z2-2) at
default 5 + 4 53
(z3+z2+z+4)(z—1) (3a4w4+a2w2—2)w _za?s?-1
+
trager 4 Lin 63
a

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))*x"4,x,method=_RETURNVERBOSE)
[Out] 1/156%((a~2*xx"2+1)/a"2/x"2) " (1/2)*x*x(a~2*xx~2+1) /a~4* (3xa~2xx~2-2)+1/4*xx"4/a

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.98

a?z?
/ecsch-l(ax)x4 o 15a%z* + 4 (3a*2® 4 a’2® — 2x),/ <54
60 a*

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"4,x, algorithm="fricas")
[Out] 1/60%(15*%a~3*x"4 + 4*(3*%a~4*x~5 + a~2*x"3 - 2*x)*sqrt((a~2*x"2 + 1)/(a"2*x"
2)))/a"4

Sympy [A] (verification not implemented)

Time = 1.28 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.17

csch~(az) 4 *Va2z?+1 2t ?Va2z2+1  2va2x? + 1
e rrdr=———"——+4+—+ —
5a 4a 15a3 15a°

[In] integrate((1/a/x+(1+1/a**2/x**2)**x(1/2))*x**4,x)
[Out] x**4xsqrt(ax*2*x*x*2 + 1)/(5*a) + x**4/(4%a) + x**2ksqrt(a*x*2*x**2 + 1)/(15%
ax*3) - 2*sqrt(a**x2*x**2 + 1)/(15xa*x5)
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Maxima [A] (verification not implemented)

none
Time = 0.22 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.93

3
2

5
/eCSChl(aw)x‘l dx _ fL'_4 + 3a2:1j5(a211,2 + 1) 2 _ 5$3(a2;2 + ].)
4 15 a?

a

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"4,x, algorithm="maxima")
[Out] 1/4*x"4/a + 1/15%(3*%a~2xx"5%x(1/(a"2*x"2) + 1)°(5/2) - 5xx~3%(1/(a"2*x~2) +
1)°(3/2))/a"2

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.44

2,2
csch™Y(az) 4 _ a“z” + 1 2 |CL|SgH($)
/e (@)t dg = — 5 a5 + 15 ¢f
2,2 5 2,2 : 2,2 2
N 12 (a®z? 4 1)2|a|sgn(z) — 20 (a*z? 4 1)2|a|sgn(z) + 15 (a*z* + 1)"a
60 ab

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"4,x, algorithm="giac")

[Out] -1/2%(a"2%x"2 + 1)/a”5 + 2/15xabs(a)*sgn(x)/a"6 + 1/60*(12*x(a~2*%x"2 + 1)~(5
/2)*abs(a)*sgn(x) - 20*(a”2*x"2 + 1)7(3/2)*abs(a)*sgn(x) + 15%(a~2*%x"2 + 1)

~2%a)/a"6

Mupad [B] (verification not implemented)

Time = 4.86 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.76

- 1 2z x3 z?
csch™!(az) 4d — 1= — el
/e = ezt <5 15a4+15a2>+4a

[In] int(x~4*((1/(a"2*x"2) + 1)7(1/2) + 1/(a*x)),x)
[Out] (1/(a"2*xx"2) + 1)~ (1/2)*(x"5/5 - (2*x)/(15*a~4) + x~3/(15*%a~2)) + x~4/(4x*a)
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Optimal result . . . . . . . . . . e 214
Rubi [A] (verified) . . . . . . . . 214
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Optimal result

Integrand size = 10, antiderivative size = 75

1 1
/ecsch_l(am)lj dr = —\W $3 1 1 n a‘rCta’nh< 1 + m)

8a? +3_a+1 1+a212z B 8at

[Out] 1/3*x~3/a-1/8*arctanh((1+1/a"2/x"2)"(1/2))/a~4+1/8*x"2x(1+1/a~2/x~2)~(1/2)/
a~2+1/4xx~4x(1+1/a~2/x"2)~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , 70 Ryles used = {6471,

' integrand size
30, 272, 43, 44, 65, 214}

/a2 +1 1 arctanh( . 1) 3
csch™1(ax),.3 dr = az Z 4 1 — ar CL'_
/ € Tax 8a? + 4x a?x? + 8at + 3a

[In] Int[E"ArcCschla*x]*x"3,x]

[Out] (Sqrtl[1l + 1/(a"2*x"2)]*x"2)/(8*a~2) + x~3/(3*a) + (Sqrt[l + 1/(a"2%x"2)]*x"
4)/4 - ArcTanh[Sqrt[1 + 1/(a"2%x~2)]1]1/(8*a~4)

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 43
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Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a +Db*xx)"(m + 1D*((c + d*x)"n/(b*x(m + 1))), x] - Dist[d*x(n/(b*(m + 1))), I
nt[(a + bxx)"(m + 1)*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& NeQ[bxc - a*xd, 0] && ILtQ[m, -1] && !'IntegerQ[n] && GtQ[n, O]

Rule 44

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+Db*xx)"(m + D*((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*xd, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6471
Int [E"ArcCsch[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m

- p), x], x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

integral =

2d / 1
.'13+/ 1+ﬂ$3d{15
a“x

= — —Subst( /1t dz,x, $2>
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1+a21x2x2 3 1 1 4 Subst(fmdx,z,,/l-i-ﬁ—lxz)

8a? 3a 4 a?x? 8a?
1+ —ma? 3 q 1, arctanh( 1+ #)
S A A T AR & [ R
8a? + 3a + 4 + a2x2x 8al

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.01

/ecsch_l(aac)x3 dr

- a2?(3y/14 s +8az + 601+ st ) —3log ((1+ /14 7)o

2404

[In] Integrate[E~ArcCschla*x]*x"3,x]
[Out] (a=2#x72*%(3*Sqrt[1 + 1/(a"2*x"2)] + 8*axx + 6*%a~2xSqrt[1 + 1/(a”2*x"2)]*x~2
) - 3xLog[(1 + Sqrt[1 + 1/(a"2*x"2)])*x])/(24*a"~4)

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.49

method | result size

3
a2z2+1 a2a:2+1 2 4 a2:52+1 2 a2z2+1
\/ o gk 2x 2 a*—z\/ 5 —In( z+ B s

8\/&2224-1 al + 3_ll 112

default

[In] int((1/a/x+(1+1/a~2/x"2)~(1/2))*x"~3,x,method=_RETURNVERBOSE)

[Out] 1/8*((a~2*x~2+1)/a"~2/x72) "~ (1/2) *x*x (2*x* ((a~2*x"2+1) /a~2) " (3/2) *a~4-x* ((a~2x*
x"2+1)/a~2) " (1/2)*a~2-1n(x+((a~2%x~2+1) /a~2)~(1/2)))/((a~2*x~2+1) /a~2) ~(1/2
)/a~4+1/3*%x"3/a
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.05

8a3z® + 3 (2a'z? + a’x?) —“22131 + 3 log (ar aiﬁi"z'l - ax>
csch™!(az),.3 dr =
/ e z° dx Y

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))*x"3,x, algorithm="fricas")
[Out] 1/24%(8*a”~3*x"3 + 3*%(2*a~4*x~4 + a~2xx"2)*sqrt((a"2*x"2 + 1)/(a"2*%x72)) + 3
*xlog(a*x*sqrt((a"2*x"2 + 1)/(a"2*x"2)) - a*x))/a~4

Sympy [A] (verification not implemented)

Time = 2.59 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.97

° z3 323 T asinh (ax)

/ L i +
4va2z2+1 3a  8ava2xz?+1 8adva?x?+1 8a*

[In] integrate((1/a/x+(1+1/a**2/x**2)**(1/2))*x**3,x)

[Out] a*x**5/(4*xsqrt(ax*2xx*x2 + 1)) + x*x3/(3%a) + 3*x**3/(8xa*sqrt (a*x*2*x**2 +
1)) + x/(8*a**x3*sqrt(a**x2*x*x2 + 1)) - asinh(ax*x)/(8*a*x4)

Maxima [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.43

3
_ 3 (@2 +1)" 1/ ap +1
/ecsch 1(am).,L,B dr = .’L'_

+ 2
30 8 (et (e +1)" — 204 (s +1) + )

a?z?
log(,/#+1+l> log(w/#-l—l—l)
B 16 a* + 16 a*

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))*x"3,x, algorithm="maxima")

[Out] 1/3*x73/a + 1/8%((1/(a"2%x"2) + 1)7(3/2) + sqrt(1/(a"2*x~2) + 1))/(a~4*(1/(
a"2xx"2) + 1)72 - 2*%a”4x(1/(a"2*%x"2) + 1) + a"4) - 1/16xlog(sqrt(1/(a~2*x"2
) + 1) + 1)/a"4 + 1/16%log(sqrt(1/(a"2%x"2) + 1) - 1)/a"4
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Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.92

2
/ecsch_l(ax)xQZ dr = 1 a?z2 + 1 2z |a’|Sgn(x) + |a|sgn(x) T
8 a? at

x> log (—zla| + va?z? + 1) sgn(z)

+%+ 8 at

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"3,x, algorithm="giac")

[Out] 1/8*sqrt(a”2*x"2 + 1)*(2*x"2*abs(a)*sgn(x)/a~2 + abs(a)*sgn(x)/a"4)*x + 1/3
*x~3/a + 1/8xlog(-x*abs(a) + sqrt(a”2*x~2 + 1))*sgn(x)/a~4

Mupad [B] (verification not implemented)

Time = 5.49 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.81

A1 atanh(y/gn +1) s /A1
csch_l(aw)z3 dr = _ + ‘T_ y_vrr

/e 4 8 a* 3a 8 a?

[In] int(x~3*%((1/(a"2*x~2) + 1)°(1/2) + 1/(a*x)),x)
[Out] (x~4x(1/(a"2*%x"2) + 1)°(1/2))/4 - atanh((1/(a"2*x"2) + 1)~(1/2))/(8%a~4) +
x73/(3*%a) + (x"2x(1/(a"2%x"2) + 1)~(1/2))/(8%a"2)
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3.29 | eosch™(az) 12 1.

Optimal result . . . . . . . . . . . e 219
Rubi [A] (verified) . . . . . . . . . 219
Mathematica [A] (verified) . . . . . . . . . ... 220
Maple [A] (verified) . . . . . . . . . . 220
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ...
Sympy [A] (verification not implemented) . . . . . .. ... ... ... L. 22T
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 22T
Giac [A] (verification not implemented) . . . . . . . ... ... L L. 221]
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 222

Optimal result

Integrand size = 10, antiderivative size = 31

2 3/2
csch™1(az),.2 dr = x_ 1 1 1 3
/ € var 2a + 3 + a?x? o

[Out] 1/2*x~2/a+1/3%(1+1/a"2/x72)~(3/2)*x"3

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 3, number of rules used = 3, integrand size 0.300, Rules used = {6471,
30, 270}

- 1,/ 1 g2
csch™!(az),.2 de = = 3 1 il
/e o dr 333 (_a2:c2 + ) + %

[In] Int[E~ArcCschla*x]*x"2,x]
[Out] x~2/(2*a) + ((1 + 1/(a"2*x"2))~(3/2)*x~3)/3
Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 270

Int[((c_.)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(cx
x)"(m + 1)*((a + b*x"n)"(p + 1)/(a*xcx(m + 1))), x] /; FreeQ[{a, b, ¢, m, n,
p}, x] & EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]
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Rule 6471

Int [E"ArcCschl(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x

]

Rubi steps

d 1
integral = Jzde + / 1+ 7% dz
a a’z?

22 1 1\**
=~ + (14—
2a+3( +a2x2> v

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.23

B 3az? +21/1 4 o (z + a®a®)
/ecsch 1(ax)x2 dr =

6a2

[In] Integrate[E~ArcCsch[a*x]*x~2,x]
[Out] (3*a*x~2 + 2*Sqrt[1 + 1/(a”2*x"2)]1*(x + a~2*x"3))/(6%a~2)

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.39

method | result size
\/7‘12’”2‘“ z(a?z2+1 2
default afa? 3a2( ) + £ 43
2,2
(a=D)(14a) , (@22 F1)oy/ - =2
t 2 + 3a 49
rager ~

[In] int((1/a/x+(1+1/a~2/x"2)"(1/2))*x~2,x,method=_RETURNVERBOSE)
[Out] 1/3x((a~2*x"2+1)/a"2/x"2) " (1/2)*x*x(a~2*xx~2+1) /a~2+1/2*x"2/a
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.32

csch™1(azx),.2 d 3 am2 +2 (0,2.1’3 + x) \/ azifm_gl
r ar =

/e 6 a2

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"2,x, algorithm="fricas")
[Out] 1/6%(3*%a*x~2 + 2*(a"2*x"3 + x)*sqrt((a”2*x"2 + 1)/(a"2*x~2)))/a"2

Sympy [A] (verification not implemented)

Time = 1.12 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.32

-1 22Va2x2+1 2 a2z +1
ecsch (ax)x2 dp=2Y"= T~° ¥z o
3a 2a 3a3

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))*x**2,x)
[Out] x*x2*sqrt(a**x2*x*x2 + 1)/(3*a) + x*x*2/(2*%a) + sqrt(ax*2*xx**2 + 1)/(3*a*x3)
Maxima [A] (verification not implemented)

none
Time = 0.22 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.81

2 2
csch™!(az),.2 dr = 1 3 1 1 2 .’E_
/e rodr 3 x (a2w2 + + 2a

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))*x"2,x, algorithm="maxima")
[Out] 1/3*x"3%(1/(a"2%x"2) + 1)°(3/2) + 1/2%x"2/a

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.42

3
/ecsch_l(ax)xQ dr = (CL2$2 + 1)2 |CL|SgI’l($) + a’z? +1 _ |a|sgn(w)
3a* 2a3 3at

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"2,x, algorithm="giac")
[Out] 1/3%(a”"2*x"2 + 1)~(3/2)*abs(a)*sgn(x)/a~4 + 1/2x(a"2*x"2 + 1)/a"3 - 1/3xabs
(a)*sgn(x)/a~4
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Mupad [B] (verification not implemented)

Time = 5.05 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.06

3 2
csch™!(azx) 2d — z IL‘_ 1 1 x
/e v (3a2+ 3 a2x2+ +2a

[In] int(x"2*%((1/(a"2*x~2) + 1)°(1/2) + 1/(a*x)),x)
[Out] (x/(3%a~2) + x~3/3)*(1/(a"2*x"2) + 1)7(1/2) + x~2/(2*a)
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3.30 | ecsch™1(az) 1 i1

Optimal result . . . . . . . . . . . . e e 223
Rubi [A] (verified) . . . . . . . . . 223
Mathematica [A] (verified) . . . . . . . . . ... 225
Maple [B] (verified) . . . . . . . . . .. 225
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ... ...
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... ... 226
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 2261
Giac [A] (verification not implemented) . . . . . . .. ... .. .. L. 220
Mupad [B] (verification not implemented) . . .. ... .. ... ... .. ....... 227

Optimal result

Integrand size = 8, antiderivative size = 47

) arctanh( 1—}—#)
1+ °+

1
+ 2 a’x? 2a2

/ecsch_l(a,z)w dr =

SIS

[Out] x/a+1/2*arctanh((1+1/a"2/x"2)"(1/2))/a~2+1/2*xx~2*x(1+1/a"2/x"2)"(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bummber of rules _ 75y Ryjes used = {6471,

’ integrand size
8, 272, 43, 65, 214}

_1 arctanh(, [ + 1)
/ecsch (ax)x dr = +

1
2a2 2 a?z?

[In] Int[E~ArcCsch[a*x]*x,x]

[Out] x/a + (Sqrt[l + 1/(a"2*x"2)]*x"2)/2 + ArcTanh[Sqrt[1 + 1/(a"2*x"2)]]/(2*a"2
)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 43

Int[((a_.) + (b_.)*x(x_))~(m )*((c_.) + (d_.)*(x_))~(n_), x_Symboll :> Simp[
(a + bxx)"(m + 1)*((c + d*x)"n/(bx(m + 1))), x] - Dist[d*x(n/(bx(m + 1))), I
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nt[(a + b*x)"(m + D*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, xl]
&& NeQ[bxc - a*d, 0] && ILtQ[m, -1] && !'IntegerQ[n] && GtQ[n, O]

Rule 65

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~ (Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6471

Int [E"ArcCschl(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"mxSqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

1d / 1
integral = u + / 1+ 5zde
a a’x

1+ 25
:———Subst< +“ dac:c—)

xr2

a 2 a?x? 4a2
1/ 1, 1 1 1
:a 3 1+Wx —ESubst</ ETR 2d$,$6, +@>
r 1 1, arctanh( 1+ a21:1:2>
=24+ 24/1
a + 2 + a2x2x + 2a?
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00

az(2+a,/1+a2—1xzx) +log<<1+\/1+#> :c)

/ecschl(ax)x dr = o
a

[In] Integrate[E~ArcCsch[a*x]*x,x]
[Out] (a*xx*(2 + a*Sqrt[1 + 1/(a"2*x~2)]1*x) + Log[(1 + Sqrt[1l + 1/(a"2%x"2)])*x])/
(2%a~2)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 84 vs. 2(39) = 78.

Time = 0.05 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.81

method | result size

2,2 2,2 [a222
\/a ; -21—1:”(%\/0, Z2+1 a2+1n($+ a z +1)>

a“x

default 2/

+ 85

QI8

[In] int((1/a/x+(1+1/a~2/x"2)~(1/2))*x,x,method=_RETURNVERBOSE)
[Out] 1/2x((a~2*xx"2+1)/a~2/x72) " (1/2)*x*x(xx((a~2*xx"2+1)/a~2) " (1/2)*a~2+1n(x+((a"2
*x"2+1)/a"2)"(1/2)))/((a"2%x"2+1)/a"2)~(1/2)/a~2+x/a

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.36

a2x?

252 27,2
a’x?\/ 2+ 4 202 —log (ax e dl az)
-1
ecsch (az)xdw — -
2a

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))*x,x, algorithm="fricas")
[Out] 1/2*%(a"2*x"2xsqrt((a”2*x"2 + 1)/(a"2%x72)) + 2%a*x - log(a*x*sqrt((a~2*x"2
+ 1)/(a"2*%x"2)) - a*x))/a"2
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Sympy [A] (verification not implemented)

Time = 1.57 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.62

2a a 2a?

- Vva?r? +1 inh
/ecsch az) y gy — TV AT+ L% asin (ax)

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))*x,x)
[Out] x*sqrt(a*x*2*x**2 + 1)/(2%a) + x/a + asinh(a*x)/(2%ax*2)

Maxima [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.66

\/ =+ 1 log<\/#+1+1> log<\/ﬁ+1—1>
_|_ —

2 (a2(a21z2 + 1) — a2) 4 g2 4 a?

/ecsch_l(az)m dr = §+

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x,x, algorithm="maxima")
[Out] x/a + 1/2*sqrt(1/(a~2*x"2) + 1)/(a"2*%(1/(a"2*x"2) + 1) - a~2) + 1/4*log(sqr

t(1/(a"2%x72) + 1) + 1)/a”2 - 1/4xlog(sqrt(1/(a~2*%x"2) + 1) - 1)/a"2
Giac [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.11

-1 Va2z? + 1zlalsgn(z) = log (—zla| + Va?z? + 1) sgn(z)
ecsch (az).’L'd.’E — + 2

2a? a 2a?

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x,x, algorithm="giac")

[Out] 1/2*sqrt(a”2*x"2 + 1)#*x*abs(a)*sgn(x)/a~2 + x/a - 1/2*log(-x*abs(a) + sqrt(
a"2xx~2 + 1))*sgn(x)/a~2
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Mupad [B] (verification not implemented)

Time = 4.88 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.83

B atanh(a/#—f-l) 22/ + 1
/ecsch l(ax)x dr = z _

2 a2 tat 2
[In] int(x*((1/(a"2*x"2) + 1)°(1/2) + 1/(a*x)),x)

[Out] atanh((1/(a"2*x"2) + 1)°(1/2))/(2*a"2) + x/a + (x"2*%(1/(a"2*x"2) + 1)°(1/2)
)/2
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Optimal result

Integrand size = 6, antiderivative size = 24

/ecsch_l(ax) dr = ecsch_l(ax)x _ csch_l(az) + 10g(.’L‘)
a ¢

[Out] (1/a/x+(1+1/a"2/x"2)"(1/2))*x-arccsch(a*x)/a+1n(x)/a

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.29, number
_ _ = number of rules _ _

of steps used = 5, number of rules used = 5, integrand size 0.833, Rules used = {6466,

29, 248, 283, 221}

14 log(z) csch™(ax)
a’z? a a

/ecsch_l(am) dr =

[In] Int[E"ArcCschla*x],x]

[Out] Sqrt[1 + 1/(a"2*x"2)]*x - ArcCsch[a*x]/a + Logl[x]/a

Rule 29

Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], x]

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 248
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Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a + b/x"n) p/x"~
2, x], x, 1/x] /; FreeQ[{a, b, p}, x] & ILtQ[n, O]

Rule 283

Int[((c_.)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx™n) "p/(cx(m + 1))), x] - Dist[b*n*(p/(c"n*x(m + 1))), In
t[(cxx)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQlp, 0] && LtQm, -1] && 'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 6466
Int [E"ArcCschl(a_.)*(x_)~(p_.)], x_Symbol] :> Dist[1/a, Int[1/x"p, x], x] +
Int[Sqrt[1 + 1/(a™2*x~(2*%p))], x] /; FreeQ[{a, p}, x]

Rubi steps
Ldz 1
a a’x
V1+%
= M — Subst (/—Qde,w,l)
a x x
1 1
_ it LI og(z) _
a’x a
_ /1+ 21 . csch™(azx) +log(:c)
a’x a a

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.46

B a\/1+ 3z — arcsinh () + log(az)
/ecsch (az) dr =

integral =

2

Subst (f % dz, z, %)
+L

a

a2

a

[In] Integrate[E~ArcCschla*x],x]
[Out] (axSqrt[1 + 1/(a"2*x"2)]*x - ArcSinh[1/(a*x)] + Logla*x])/a
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 112 vs. 2(37) = 74.

Time = 0.10 (sec) , antiderivative size = 113, normalized size of antiderivative = 4.71

method | result size
a2w2
P W )
default | — + @ | 113
/1 \/ a22241 o a
p) o2

[In] int(1/a/x+(1+1/a~2/x"2)~(1/2),x,method=_RETURNVERBOSE)

[Out] -((a~2*x"2+1)/a"~2/x72)~(1/2)*x*(-(1/a"2)~(1/2)*((a~2*x~2+1) /a~2) ~(1/2) *a~2+
In(2*((1/a72) " (1/2)*((a™2*x™2+1) /a~2) " (1/2)*a~2+1) /x/a"2)) /(1/a~2) " (1/2) / ((

a~2*xx"2+1)/a"2)"(1/2)/a~2+1ln(x)/a

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 86 vs. 2(37) = 74.

Time = 0.24 (sec) , antiderivative size = 86, normalized size of antiderivative = 3.58

/ecsch_l(ax) dx
ar a?z241 lo a?z241 1 1 a?z241 _ 1
o g | ar\/ 54 ar+1) +log ( ax\/ 5 ax — 1 | +log (x)

a

[In] integrate(1/a/x+(1+1/a"2/x"2)~(1/2),x, algorithm="fricas")

[Out] (axx*sqrt((a~2*x"2 + 1)/(a"2*x"2)) - log(a*xxsqrt((a~2*x~2 + 1)/(a"2%x72))
- axx + 1) + log(a*xxsqrt((a"2*x~2 + 1)/(a"2%x72)) - a*x - 1) + log(x))/a

Sympy [A] (verification not implemented)

Time = 0.76 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.00

: 1
/ s (aa) g x N log (z) _ asinh (%) N 1

1+ == @ a a?zy /14 =

[In] integrate(1/a/x+(1+1/a**2/x**2)**(1/2),x)
[Out] x/sqrt(1 + 1/(ax*2*x**2)) + log(x)/a - asinh(1/(a*x))/a + 1/(a*x*2*x*sqrt(1
+ 1/ (a*x*x2xx*%x2)))
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Maxima [A] (verification not implemented)

none

Time = 0.22 (sec) , antiderivative size = 64, normalized size of antiderivative = 2.67

log <axw/a2—1zz+1+1) log (ax«/ﬁ-l—l—l)
/ecsch_l(aw) de =1z 1 n log (117)

1—
a’z? + 2a + 2a a
[In] integrate(1/a/x+(1+1/a"2/x"2)"(1/2),x, algorithm="maxima")
[Out] x*sqrt(1/(a"2*x"2) + 1) - 1/2xlog(a*x*sqrt(1/(a"2*x~2) + 1) + 1)/a + 1/2*lo

g(axx*sqrt(1/(a~2*%x"2) + 1) - 1)/a + log(x)/a

Giac [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 66, normalized size of antiderivative = 2.75

/ecsch_l(am) dr

(log (Va2z2 + 1+ 1) sgn(z) — log (Va2z? + 1 — 1) sgn(z) — 2 va2z? + 1sgn(z))|al

2 a?

1

. log (ja)
a

[In] integrate(1/a/x+(1+1/a"2/x"2)~(1/2),x, algorithm="giac")

[Out] -1/2%(log(sqrt(a~2*x"2 + 1) + 1)*sgn(x) - log(sqrt(a"2*x~2 + 1) - 1)*sgn(x)
- 2xsqrt(a”2*x”2 + 1)*sgn(x))*abs(a)/a"2 + log(abs(x))/a

Mupad [B] (verification not implemented)

Time = 4.89 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.50

_ 1 1 asin (L) 1i
/ecsch Yazx) dr = n(x) +z +14+ (am)
a a? 2 a

[In] int((1/(a"2*x~2) + 1)°(1/2) + 1/(a*x),x)
[Out] log(x)/a + (asin(1i/(a*x))*1i)/a + x*(1/(a"2*x~2) + 1)~(1/2)
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csch™az
3.32 [0 @iy

T
Optimal result . . . . . . . . . . . e 232
Rubi [A] (verified) . . . . . . . . 232
Mathematica [A] (verified) . . . . . . . . . .. 234
Maple [B] (verified) . . . . . . . . ... 234
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 234
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 2351
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... 235
Giac [F(-2)] . - o o o o e 235
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 2361

Optimal result

Integrand size = 10, antiderivative size = 38

csch™!(azx) 1 1 1
/e—da::—wl-l-————i-arctanh \/14+ ==
x a?x? ax a?x?

[Out] -1/a/x+arctanh((1+1/a"2/x"2)"(1/2))-(1+1/a~2/x~2)"(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bummber of rules _ 50 Ryles used = {6471,

’ integrand size
30, 272, 52, 65, 214}

csch™1(azx) 1 1 1
/e—dxzarctanh +1])— +1—-—
T a2x? a’x? az

[In] Int[E~ArcCschla*x]/x,x]
[Out] -Sqrt[1 + 1/(a"2*x"2)] - 1/(a*x) + ArcTanh[Sqrt[1 + 1/(a"2%x"2)]]
Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 52

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*xx)"(m + 1)*((c + d*x)"n/(bx(m + n + 1))), x] + Dist[n*x((b*c - a*xd)/(
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bx(m + n + 1))), Int[(a + b*x) m*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ
[b*c - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6471
Int [ETArcCschl(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m

- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

[ % dzx 1+ o
integral = ””— + / —d:c

:____subst< VITE 1)

1 1 1Sbt 1 d 1
— — — =Subs ——dzx, T, —
a’x? axr 2 r/1+ 5 2

[ 1 1 1 1
= — 1+@_£—GSUbSt</md(L’,CE, 1+@>
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.11

csch™! (az) 1 1 1
/e—dx=— 1+ —— +log| [14+4/1+ z
T a’zx?  azx a’x?

[In] Integrate[E~ArcCsch([a*x]/x,x]
[Out] -Sqrt[1 + 1/(a"2*%x"2)] - 1/(a*x) + Logl[(1 + Sqrt[1l + 1/(a"2*x~2)])*x]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 108 vs. 2(34) = 68.

Time = 0.05 (sec) , antiderivative size = 109, normalized size of antiderivative = 2.87

method | result size
3
ll21E2 (l21)2 j a21:2 a2z2
. a2w;1 (az( a2+1) _/ a2+1 a2x2—ln<x+ / a2+1>z> 1 )
default | — T -1 1109
a

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))/x,x,method=_RETURNVERBOSE)

[Out] -((a~2%x"2+1)/a"2/x"2)"(1/2)*x(a~2*x((a~2*xx"2+1)/a~2) " (3/2)-((a~2*x"2+1) /a~2)
~(1/2)*a"2%x"2-1n(x+((a~2*xx~2+1) /a~2) " (1/2))*x) / ((a~2*xx~2+1) /a~2)~(1/2)-1/a

/x

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.68

2,52 2,2
az log (ax %—ax) +az\/“E At +az + 1

ecsch_l(aw)
= -
T azxr

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))/x,x, algorithm="fricas")
[Out] -(a*xx*log(a*x*sqrt((a~2*x~2 + 1)/(a”2*x72)) - a*x) + axxxsqrt((a”2*x"2 + 1)
/(@a"2%x"2)) + axx + 1)/(a*xx)
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Sympy [A] (verification not implemented)

Time = 2.27 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.08

csch™1(az)
/ ¢ dr = i + asinh (ax) 1 L
T Ve +1 ar  azva?a? + 1

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))/x,%)

[Out] -a*x/sqrt(a**2*x*x2 + 1) + asinh(a*x) - 1/(a*x) - 1/(a*x*sqrt(a**2*x**2 + 1

)

Maxima [A] (verification not implemented)

nomne

Time = 0.24 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.42

csch™1(azx) 1 1 1 1 1 1

e

c  dr=- 1——+=log |/ 1+1)—>1 1-1
/ z o a?z? + a$+2 8 a?z? Tt 2 08 a?z? +

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x,x, algorithm="maxima")

[Out] -sqrt(1/(a~2*x"2) + 1) - 1/(axx) + 1/2*log(sqrt(1/(a”2*x72) + 1) + 1) - 1/2
xlog(sqrt(1/(a~2%x"2) + 1) - 1)

Giac [F(-2)]
Exception generated.

ecsch_l(am)
/ — dxr = Exception raised: TypeError

[In] integrate((1/a/x+(1+1/a~2/x~2)~(1/2))/x,x, algorithm="giac")

[Out] Exception raised: TypeError >> an error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT :Error: Bad Argument Type
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Mupad [B] (verification not implemented)

Time = 5.16 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.89

csch™!(azx) 1 1 1
e
/wa=atanh< a2x2+1>_ a2x2+1_ﬂ

[In] int(((1/(a"2%x72) + 1)7(1/2) + 1/(a*x))/x,x)
[Out] atanh((1/(a"2*x~2) + 1)7(1/2)) - (1/(a"2*x~2) + 1)7(1/2) - 1/(a*x)
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csch™(az
3.33 [ W

2
Optimal result . . . . . . . . . . e 237
Rubi [A] (verified) . . . . . . . . 237
Mathematica [A] (verified) . . . . . ... . ... L L o 239
Maple [B] (verified) . . . . . . . . ... 239
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ....... 230
Sympy [A] (verification not implemented) . . . ... ... ... ... .. ..... 240
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... .. 240
Giac [B] (verification not implemented) . . . . . . . . .. ... ... L. 2401
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... 24T]

Optimal result

Integrand size = 10, antiderivative size = 40

csch™!(az) 1 1+ ag—lwz 1
/ i » v

- §acsch_1 (ax)

2 C2ax? 2z
[Out] -1/2/a/x"2-1/2*a*arccsch(a*xx)-1/2*%(1+1/a~2/x"2)~(1/2)/x

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5 number of rules _ 0.500, Rules used = {6471,

’ integrand size
30, 342, 201, 221}

csch™1 (ax) ﬁ +1 1 1
[ =Y

-1
p - 5 = 5t Eacsch (ax)

[In] Int[E"ArcCschla*x]/x"2,x]
[Out] -1/2%1/(a*x"2) - Sqrt[l + 1/(a"2*x~2)]/(2*x) - (a*ArcCschla*x])/2
Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] & N
eQm, -1]

Rule 201

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(n*p + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free
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Ql{a, b}, x] & IGtQ[n, 0] && GtQlp, 0] && (IntegerQ[2+p] || (EqQln, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)]1/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] & ILtQ[n, 0] &% Int
egerQ [m]

Rule 6471

Int [E"ArcCschl(a_.)*(x_)~(p_.)I*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

L dx A/ 1+ a21m2
integral = J 22 74 dx
a x2

1 / x2 1
=~ ugE Subst (/ 1+ de,x,5>
1
1 Vitaez 1 1 1
= — — L —Subst / de,x, —
2 1+x_§ T

2ax? 2x

1
=— - - Eacsch_1 (ax)
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.08

/ gesch™ (az) 1+ ay/1+ 2z + a*zarcsinh (1)

der = —
2 2a1?

[In] Integrate[E~ArcCschla*x]/x"2,x]
[Out] -1/2%(1 + a*Sqrt[1 + 1/(a"2*x"2)]*x + a~2*x"2*ArcSinh[1/(a*x)])/(a*x~2)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 144 vs. 2(32) = 64.

Time = 0.05 (sec) , antiderivative size = 145, normalized size of antiderivative = 3.62

method | result size
3 2 1 a2z2+1 a2+2
Ve (a?(“zzi“)f\/;z—\/*zi“ \/a12a2w2+1n( Lt ¥ 3
1
default e NEn 5.3 | 145
a2 a,2

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))/x"2,x,method=_RETURNVERBOSE)

[Out] -1/2%((a"2*x~2+1)/a~2/x"2)~(1/2) /x*(a"2x((a~2*x"2+1)/a~2)~(3/2)*(1/a~2)~(1/
2)-((a"2xx"2+1)/a~2)~(1/2)*(1/a~2) " (1/2)*a~2*x~2+1n(2*x ((1/2a~2) " (1/2) * ((a~2*
x"2+1)/a~2)"(1/2)*a"~2+1) /x/a~2)*x~2) /((a~2*x~2+1) /a~2)~(1/2)/(1/a~2)~(1/2) -

1/2/a/x"2

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 102 vs. 2(32) = 64.

Time = 0.25 (sec) , antiderivative size = 102, normalized size of antiderivative = 2.55

csch™1(azx)
e
[

a’z?log (ax\/ —aiﬁiﬁl —azr + 1) — a®z?log (a:p\ / —“Zﬁiﬁl —az — 1) +ax,/ —“iﬁi‘;’l +1

2 ax?

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x"2,x, algorithm="fricas")

[Out] -1/2%(a"2*x"2*log(a*x*sqrt((a~2*x"2 + 1)/(a"2*x"2)) - a*x + 1) - a~2%x"2x*lo
g(axx*sqrt((a~2*x"2 + 1)/(a"2*%x"2)) - a*x - 1) + axxxsqrt((a”2*xx"2 + 1)/(a~
2xx72)) + 1)/(a*x"2)
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Sympy [A] (verification not implemented)

Time = 0.89 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.92

/ gesch ™ (az) asinh (1) /1t i 1

dr = — —
2 v N 2 + 2ax 2az2

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))/x**2,x)
[Out] -ax(asinh(1/(a*x))/2 + sqrt(1l + 1/(a**2xx*%x2))/(2%a*x)) - 1/(2*%axx**2)

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 86 vs. 2(32) = 64.

Time = 0.23 (sec) , antiderivative size = 86, normalized size of antiderivative = 2.15

ecsch_l(ax) a2:c # +1 1 1
s dr=- v — ~al e+ 1+1
/ 2 T T (@ar( L v 1) at B\ Ve T

a?z?
1 /1 1
—|—Zalog (ax W+1_1>_2ax2

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x"2,x, algorithm="maxima")

[Out] -1/2%a"2*x*sqrt(1/(a"2*xx~2) + 1)/(a"2*x"2*(1/(a"2*x~2) + 1) - 1) - 1/4*ax*lo
g(a*xxxsqrt(1/(a"2*%x72) + 1) + 1) + 1/4*xaxlog(a*x*sqrt(1/(a"2*%x2) + 1) - 1)

- 1/2/(a*x"~2)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 82 vs. 2(32) = 64.

Time = 0.27 (sec) , antiderivative size = 82, normalized size of antiderivative = 2.05

csch™1(azx)
e
2 (vVa2z2+1a*|a|sgn(z)+a®
alalog (VaT2TF 1 + 1) sga(z) — ala|log (VAT ¥ 1 — 1) sgu(z) + L e leben( i<’

4a*

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))/x"2,x, algorithm="giac")

[Out] -1/4%(a"4x*abs(a)*log(sqrt(a”2*x~2 + 1) + 1)*sgn(x) - a~4x*abs(a)*log(sqrt(a”
2*x"2 + 1) - 1)xsgn(x) + 2*(sqrt(a”2*x~2 + 1)*a~4x*abs(a)*sgn(x) + a~5)/(a"2

*x"2))/a"4



241

Mupad [B] (verification not implemented)

Time = 5.63 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.05

Ny —
ecsch_l(az) p asin T # +1 1
(/'_??__ re 9. /1 B 2z " 2az?
a2

[In] int(((1/(a™2*x72) + 1)7(1/2) + 1/(a*x))/x72,x)

[Out] - asinh((1/a"2)"(1/2)/x)/(2*x(1/a~2)"(1/2)) - (1/(a"2*xx"2) + 1)~(1/2)/(2*x)
- 1/(2*%a*xx~2)
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csch™az
3.34 IE b da

3
Optimal result . . . . . . . . . . . 2472
Rubi [A] (verified) . . . . . . ... . 242
Mathematica [A] (verified) . . . . . . . . . ... 243]
Maple [A] (verified) . . . . . . . . . 243
Fricas [A] (verification not implemented) . . . . . . . . . ... ... ... ... ... . 247
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... 244]
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 2441
Giac [B] (verification not implemented) . . . . . . . . .. ... ... .. 245
Mupad [B] (verification not implemented) . . . . . ... ... ... .. ....... 245

Optimal result

Integrand size = 10, antiderivative size = 31

csch™!(azx) 1 1 3/2 1
e

- dr=-Za%1+ = -
/ x3 v 3% < + a2x2) 3azx3

[Out] -1/3%a~2%(1+1/a"2/x"2)~(3/2)-1/3/a/x"3

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 354 Ryjles used = {6471,
integrand size
30, 267}

csch™!(azx) 1 1 3/2 1
e
- dr=--d’—+1 —
/ x3 o 3" <a2x2 + ) 3ax?

[In] Int[E"ArcCschl[a*x]/x"3,x]
[Out] -1/3*%(a"2%(1 + 1/(a"2*x"2))~(3/2)) - 1/(3*a*xx"3)
Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 267

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]
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Rule 6471

Int [E"ArcCschl(a_.)*(x_)~(p_.)I*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x

]

Rubi steps

L dx Vit o
integral = / 22 74 dx
a x3

1, 1 \*? 1
= —~a?(1+ — _
3% ( + a2x2) 3az3

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.19

ecsch_l(ax) 1 +a 1 —+ #x(l + 0;21'2)
/ o M

3 3az3

[In] Integrate[E~ArcCschla*x]/x"3,x]
[Out] -1/3%(1 + axSqrt[1 + 1/(a"2*x"2)I*x*(1 + a~2xx"2))/(a*x"3)

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.35

method | result size
a212+1 2.2
2 5—T= (az“+1
default | — \/?23%2 ) _ 3a1m3 42
) a(a212+1) /_ —aa22222—1
trager 8 — 46

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))/x"3,x,method=_RETURNVERBOSE)
[Out] -1/3*%((a"2*x"2+1)/a"2/x72)~(1/2)/x"2*x(a"2*x"2+1)-1/3/a/x"3
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Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.52

a®z3 + (a®z® + ax),/ —“Zﬁi‘gl +1

ecsch_1 (az)
T dr=—
/ x3 o 3ax3

[In] integrate((1/a/x+(1+1/a~2/x~2)~(1/2))/x"3,x, algorithm="fricas")
[Out] -1/3%(a"3*x"3 + (a”3%x"3 + axx)*sqrt((a"2*x"2 + 1)/(a"2%x72)) + 1)/(a*x~3)

Sympy [A] (verification not implemented)

Time = 1.00 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.55

. «/1+#(§+3%) for kb #0)|
@ T 3a3

ecsch_ Y(az)
- = 1 i
/ o dz o7 otherwise

;

fora #0

otherwise

[In] integrate((1/a/x+(1+1/a*x2/x**2)**(1/2))/x**3,x)

[Out] Piecewise(((-a*Piecewise((sqrt(1 + 1/(ax*2xx**2))*(ax*2/3 + 1/(3*x**2)), Ne
(a*x(-2), 0)), (1/(2*x**x2), True)) - 1/(3*x**3))/a, Ne(a, 0)), (0, True))

Maxima [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.81

csch™!(azx) 1 1 % 1
e

- dr=--a*—+1) -

/ x3 N 3¢ (a2x2 * ) 3az?

[In] integrate((1/a/x+(1+1/a~2/x~2)~(1/2))/x"3,x, algorithm="maxima")

[Out] -1/3%a"2*%(1/(a"2*%x"2) + 1)7(3/2) - 1/3/(a*x"3)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 69 vs. 2(25) = 50.

Time = 0.28 (sec) , antiderivative size = 69, normalized size of antiderivative = 2.23

2 (3 (zla] — Va2z® + 1)4a25gn(m) + azsgn(m)) 1

/ ecsch_l(am) p
— 3 = 3 - 3
T 3 ((m|a| —Vatz? + 1)2 - 1) Saz

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))/x"3,x, algorithm="giac")

[Out] 2/3*%(3*%(x*abs(a) - sqrt(a™2*x~2 + 1)) 4xa~2*sgn(x) + a~2xsgn(x))/((x*abs(a)
- sqrt(a™2*x"2 + 1))°2 - 1)°3 - 1/3/(a*x"3)

Mupad [B] (verification not implemented)

Time = 4.80 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.35

1
_ o/ g+l 1
gosch™ (az) i e a2 a* )z +1
—_—ar = — —
3 3 3

[In] int(((1/(a"2*%x"2) + 1)7(1/2) + 1/(a*x))/x"3,x)
[Out] - ((xx(1/(a"2*x"2) + 1)°(1/2))/3 + 1/(3*%a))/x"3 - (a"2*(1/(a"2*x"2) + 1)~ (1
/2))/3
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csch™(az
3.35 [0 W

74
Optimal result . . . . . . . . . . e 246
Rubi [A] (verified) . . . . . . . . 246
Mathematica [A] (verified) . . . . . . . . . ... 248]
Maple [B] (verified) . . . . . . . . . . 248
Fricas [B] (verification not implemented) . . . . ... ... ... ... ........ 248
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 249
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... .. 249
Giac [A] (verification not implemented) . . . . . . . .. ... ..o 2501
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 250

Optimal result

Integrand size = 10, antiderivative size = 65

ecsch_l(ax) 1 1+ a21w2 a?,/1 + # 1
[ e -y

3 -1
z dazt 4x3 8z + éa esch™ (az)

[Out] -1/4/a/x"4+1/8*a~3*arccsch(a*x)-1/4x(1+1/a~2/x"2)"(1/2)/x"3-1/8*a"2x(1+1/a"
2/x72)°(1/2) /x

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ 50 Ryles used = {6471,

' integrand size
30, 342, 285, 327, 221}

ecsch_l(ax) 1 5 . az\/021x2 +1 \/# +1 1
ot do = 8" csch™ (az) - 8z T 423 4ag?
[In] Int[E"ArcCschlaxx]/x"4,x]

[Out] -1/4%1/(a*x”4) - Sqrt[l + 1/(a"2*x"2)]1/(4%x"3) - (a~2#Sqrt[1 + 1/(a"2*x~2)]
)/ (8%x) + (a~3*ArcCschla*x])/8

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 221
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Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 285

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + n*xp + 1))), x] + Dist[a*n*(p/(m + n*p + 1
)), Int[(c*x)"m*(a + b*x"n)~(p - 1), x], x] /; FreeQ[{a, b, c, m}, x] && IG
tQ[n, 0] && GtQ[p, 0] && NeQ[m + n*p + 1, O] && IntBinomialQ[a, b, ¢, n, m,
p, X]

Rule 327

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Distl[
axc™nx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] & ILtQ[n, 0] &% Int
egerQ [m]

Rule 6471
Int [E"ArcCsch[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m

- p), x], x] + Int[x"m*Sqrt[1 + 1/(a~2*x~(2xp))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

f Ldz \V 1+ a21z2
integral = —*—+ | ——dz
a x4
1 o [, 2 1
=—4a$4—Subst</x 1+¥dx,x,5>

1

1 I+ a?x? 1 2 1
= T lagh 125 — ZSubst / ? = dx,x, —
ax x 142 x

1 2/ 1
1 1+ a?x? a 1+ a’x? 1 1 1
=— - — + —a’Subst / de,z,—
x

4axt 43 8z 8
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1 2 / 1
1 1+ a?z? a 1+ a?z? 1
= - + §a3csch_1(ax)

T 4axt 43 8z

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.82

/ sosch= (az) —2 —ay/1+ 5z(2 4 a®z?) + a*z*arcsinh (1)

dr =
T4 Rart

[In] Integrate[E~ArcCschla*x]/x"4,x]
[Out] (-2 - axSqrt[1l + 1/(a"2*x"2)]*x*(2 + a"2*%x"2) + a~4*x"4*ArcSinh[1/(a*x)])/(

8*xaxx~4)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 172 vs. 2(53) = 106.

Time = 0.06 (sec) , antiderivative size = 173, normalized size of antiderivative = 2.66

method | result -
3 2 J;VEE§§£IQ2+2 3
2,2 2,2 5 > ! 2 - 3
aagmgl o ((a :.2+1) \/aga2$2_\/%277+1 \/ ;]'g a2z4+ln< \/: azi 14—2(%#) \/g
1 ‘
2 Va2

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))/x"4,x,method=_RETURNVERBOSE)

[Out] 1/8%((a~2%x"2+1)/a"2/x~2)~(1/2)/x"3*a~2*(((a~2*%x"2+1)/a"2)~(3/2)*(1/a~2)" (1
/2)*a”2xx"2-((a"2*xx"2+1)/a~2)~(1/2)*(1/a~2) ~(1/2) *a~2*xx~4+1n (2% ((1/2~2) " (1/
2)*((a™2*x72+1) /a~2)~(1/2)*a"~2+1) /x/a~2) *x~4-2*% ((a"2*xx"2+1) /a~2)~(3/2)*(1/a
~2)7(1/2))/((a~2*x"2+1) /a”~2)~(1/2) /(1/a~2) " (1/2)-1/4/a/x"4

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 113 vs. 2(53) = 106.

Time = 0.26 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.74

csch™1 (ax)
e
fe

a*zlog (aa: 22241 _ gy 4 1) —a*ztlog (az “Zﬁ?{l —ax — 1) — (a®23 + 2azx)4/ “Zﬁif{l -2

a2x?

az?
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[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))/x"4,x, algorithm="fricas")

[Out] 1/8*%(a”4*x"4xlog(a*x*sqrt((a”2*x"2 + 1)/(a"2%x72)) - axx + 1) - a~4*x"4xlog
(axx*sqrt((a”2*x"2 + 1)/(a"2*%x72)) - a*x - 1) - (a”™3*x"3 + 2*a*x)*sqrt((a~2

*x72 + 1)/(a"2%x"2)) - 2)/(a*xx"4)

Sympy [A] (verification not implemented)

Time = 1.03 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.46

csch™!(azx)
€
fem

)
a?log (24/14+ 25,/ H+-2
k) R (2 ) e o
= # otherwise

fora #0

otherwise

_ 1
424

[In] integrate((1/a/x+(1+1/a**2/xx*2)*x(1/2))/x**4,x)

[Out] Piecewise(((-a*Piecewise((-a**2xlog(2*sqrt(1l + 1/(ax*2xx**2))*sqrt(a*x*(-2))
+ 2/(ax*2*x))/(8xsqrt(ax*(-2))) + sqrt(l + 1/(ax*2xxx*2))*(a*x*2/(8%x) + 1/
(4xx*%3)), Ne(a*x*x(-2), 0)), (1/(3*x**3), True)) - 1/(4*x**4))/a, Ne(a, 0)),

(0, True))

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 129 vs. 2(53) = 106.

Time = 0.23 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.98

csch™!(az) 1 1 1 1
€ i 3 3
/Td$—1—6@10g<aw\/@+l+l>—l—6alog ar @—i—l—l

3
a3 (s +1)% +a'sy /55 +1 1

a?x?

8 (@12t (s +1)" — 2% (s +1) +1) ~ dazt

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x"4,x, algorithm="maxima")

[Out] 1/16%a"3*log(a*x*sqrt(1/(a"2*x"2) + 1) + 1) - 1/16%a"3xlog(a*x*sqrt(1/(a”~2*
x72) + 1) - 1) - 1/8%(a"6*x"3*%(1/(a"2%x"2) + 1)7(3/2) + a~4*x*sqrt(1/(a"2*x
~2) + 1)) /(a"4xx"4x(1/(a"2%x72) + 1)72 - 2%a"2%x"2%(1/(a"2*%x"2) + 1) + 1) -

1/4/(axx~4)
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Giac [A] (verification not implemented)

none

Time = 0.29 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.58

ecsch_1 (azx)
/ g =
Xz

3
2 ((a2x2+1) 2 g5|alsgn(z)+va2z2+1ab|alsgn(a

_ a%allog (Va2a? + 1+ 1) sgn(z) — a%la|log (va?a? + 1 — 1) sgn(z) — ——1
B 16 a*

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x"4,x, algorithm="giac")

[Out] 1/16*(a"6*abs(a)*log(sqrt(a™2*x"2 + 1) + 1)*sgn(x) - a~6*abs(a)*log(sqrt(a”
2%x"2 + 1) - 1)*sgn(x) - 2x((a™2*x"2 + 1)7(3/2)*a"6*abs(a)*sgn(x) + sqrt(a”
2%x72 + 1)*a”6x*abs(a)*sgn(x) + 2*a~7)/(a"4*x"4))/a"4

Mupad [B] (verification not implemented)

Time = 5.62 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.94

gosch™ (az) ; aSlnh(T) \ ez 1 1 a?y\/ 5 +1
/ x4 = 8(l)3/2 413 daxt 8z

a2

[In] int(((1/(a"2%x72) + 1)7(1/2) + 1/(a*x))/x74,x)

[Out] asinh((1/2"2)"(1/2)/x)/(8x(1/a"2)~(3/2)) - (1/(a~2*x~2) + 1)~ (1/2)/(4*x"3)
- 1/(4*a*xx~4) - (a~2x(1/(a"2*x~2) + 1)~(1/2))/(8*x)
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csch™(az
3.36 [0 g

)
Optimal result . . . . . . . . . . . e 2511
Rubi [A] (verified) . . . . . . . . 251]
Mathematica [A] (verified) . . . . . . . . . .. . 252
Maple [A] (verified) . . . . . . . . . . 253
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 253
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 253
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. 2541
Giac [B] (verification not implemented) . . . . . . .. ... ... L. 257
Mupad [B] (verification not implemented) . . . . ... .. ... .. ... ....... 254

Optimal result

Integrand size = 10, antiderivative size = 51

csch™!(ax) 1 1 3/2 1 1 5/2 1
e

————dz = zd*(1 ——a*( 1 -

/ Gl N ( * a2m2) 5" < + a2x2) Sax®

[Out] 1/3*%a~4x(1+1/a~2/x72)"(3/2)-1/5*%a"4*x(1+1/a"2/x~2)~(5/2)-1/5/a/x"5

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00, number

of steps used = 5, number of rules used = 4, Bumber of rules _ , 454 Ryles used = {6471,
integrand size
30, 272, 45}

csch~!(ax) 1 1 5/2 1 1 3/2 1
e

S dr=—ad -1 ot 1) —

/ xd N 5" (a2x2 + ) * 3" (a%z * ) Saxd

[In] Int[E"ArcCschla*x]/x"5,x]

[Out] (a"4*(1 + 1/(a"2%x72))"(3/2))/3 - (a”4x(1 + 1/(a"2*x~2))~(5/2))/5 - 1/(5*ax
x~5)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
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x] &% NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6471

Int [E"ArcCschl(a_.)*(x_ )~ (p_.)I*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a"2*x"(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

[ dx V1t o
integral = —= + / o dz

a

1 1 x 1
= 5 §Subst</x,/1+ ;dw,az,;)
_ 1 1 9 | x 9 x \3/2 1
= 2Subst(/( a“y 1+ p +a (1+ az) ) dr,z, x2)

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.90

/ gesch™ (az) —3+ay/14 —5x(—3 — a®z* + 2a*z?)
-

x° 15az®

[In] Integrate[E~ArcCschla*x]/x"5,x]
[Out] (-3 + axSqrt[1l + 1/(a"2*%x"2)]*x*(-3 - a™2*%x"2 + 2xa~4*x"4))/(15%a*x"5)
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Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.02

method | result size
a2z241 (a222+1) (202223
2202 az—i—)(ax—)_ 1
default T 55 | 92
1 a(2a4w4—a2$2—3)y/—%
_7_’_ a““x
trager fie Fa— 55

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))/x"5,x,method=_RETURNVERBOSE)
[Out] 1/15%x((a~2*x~2+1)/a"2/x"2)~(1/2)/x"4*x(a~2*xx~2+1)*(2*a~2%x~2-3)-1/5/a/x"5

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.14

/ ¢esch (az) o 2a%2° + (2a°2° — a®z® — 3az)y/ Lot — 3
x5 o 15 azb

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x75,x, algorithm="fricas")
[Out] 1/15%(2%a~b*x"5 + (2*a~5%x~5 - a~3*x"3 - 3*axx)*sqrt((a”2*x"2 + 1)/(a"2*x"2
)) - 3)/(a*x”5)

Sympy [A] (verification not implemented)

Time = 1.11 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.14

.

1+ s (— %+ gke) ford #0

a?x?

ecsch_ Yazx) —a
/ ———dzr = L otherwise

525
5 427
x fora # 0

otherwise

[In] integrate((1/a/x+(1+1/a**2/x**2)**x(1/2))/x**5,x)

[Out] Piecewise(((-a*Piecewise((sqrt(1l + 1/(a**2xx**2))*(-2%a**4/15 + a**2/(15*x*
*2) + 1/(5*x¥*4)), Ne(a*x(-2), 0)), (1/(4*x**4), True)) - 1/(5*x**5))/a, Ne

(a, 0)), (0, True))
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Maxima [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.80

ecsch_l(az‘) p 1 4 1 % 1 4 1 ! % 1
/T =50 (7* > T30 (7+ ) " S

[In] integrate((1/a/x+(1+1/a~2/x~2)~(1/2))/x75,x, algorithm="maxima")

[Out] -1/5%a~4*x(1/(a"2*x"2) + 1)°(5/2) + 1/3*a~4x(1/(a"2*x~2) + 1)~(3/2) - 1/5/(a
*x75)

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 124 vs. 2(41) = 82.

Time = 0.29 (sec) , antiderivative size = 124, normalized size of antiderivative = 2.43

csch™1(ax)
€
[

4 <15 (z]a| — Va2 + 1)6a4sgn(x) + 5 (z|a| — Va?z? + 1)4a4sgn(x) + 5 (z|a|] — Va?a? + 1)2a4sgn(x) —

5
15 ((x|a| —Va?z? + 1)2 - 1)
1
5ax®

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))/x"5,x, algorithm="giac")

[Out] 4/15%(15%(x*abs(a) - sqrt(a™2*x"2 + 1)) 6*a~4*sgn(x) + 5*(x*abs(a) - sqrt(a
T2%x72 + 1))74*a"4xsgn(x) + Bk(x*abs(a) - sqrt(a”2*x”2 + 1)) 2*a"4xsgn(x) -
a~4xsgn(x))/((xxabs(a) - sqrt(a™2*x"2 + 1))°2 - 1)°5 - 1/5/(a*x”5)

Mupad [B] (verification not implemented)

Time = 5.17 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.20

j_1 _
/ecsch_l(aw) 2&4\/#4‘1 %_{.% 62\/#"‘1

& %= 15 75 15 22

[In] int(((1/(a"2*x"2) + 1)°(1/2) + 1/(a*x))/x75,x%)

[Out] (2%a~4x*(1/(a"2*x~2) + 1)7(1/2))/156 - ((xx(1/(a"2*x"2) + 1)°(1/2))/5 + 1/(5%
a))/x"5 - (a”2x(1/(a"2*x"2) + 1)7(1/2))/(156%x"~2)
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3.37 | ecsch™ (az?) pm 1.

Optimal result . . . . . . . . .. 255
Rubi [A] (verified) . . . . . . . ... 255
Mathematica [A] (verified) . . . . . . . . ... . L L 250
Maple [F] . . . . o 257
Fricas [F] . . . . o o o 257
Sympy [A] (verification not implemented) . . . ... ... .. .. ... ... ..., 257
Maxima [F(-2)] . . . . . . . o 257
Giac [F(-2)] . . . o o 258
Mupad [F(-1)] . . . oo 258

Optimal result

Integrand size = 12, antiderivative size = 59

—14m 1+m . _1
/ gesch ™ (aa?) gm g _ _ T N z'*™ Hypergeometric2F1 (-3,
a(l—m) 14+m

[Out] -x~(-1+m)/a/(1-m)+x~(1+m)*hypergeom([-1/2, -1/4-1/4+m], [3/4-1/4*m],-1/a"2/x
~4)/(1+m)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 4, umber of rules _ , 333 Ry j0q yged = {6471,
integrand size

30, 346, 371}

/6csch_1(ax2)xm do — z™*! Hypergeometric2F1 (—1, 1(—m — 1), 352, — L) zm1

m+ a(l —m)

[In] Int[E"ArcCschl[a*x”2]*x"m,x]

[Out] -(x"(-1 + m)/(a*x(1 - m))) + (x~(1 + m)*Hypergeometric2F1[-1/2, (-1 - m)/4,
B -m/4, -(1/(a™2%x74))]1)/(1 + m)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 346

Int[((c_.)*(x_))"(m_)*((a_) + (b_)*(x_)"(n_))~(p_), x_Symbol] :> Dist[(-c~
(1)) *(c*x)"(m + D*(1/x)"(m + 1), Subst[Int[(a + b/x"n)"p/x"(m + 2), x], x
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, 1/x1, x] /; FreeQ[{a, b, ¢, m, p}, x] && ILtQ[n, 0] && !'RationalQ[m]

Rule 371

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQ[a, 0])

Rule 6471

Int [E"ArcCschl(a_.)*(x_ )~ (p_.)I*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a"2*x"(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

—24+m
integral = u + / \/1+ Lxm dr
a a?zt
.'E_1+m 1 m \/7
= = m 1
a(l—m) ((m) z )Subst( T~ + )

1 —1—m). =m __1_

g~itm z'+™ Hypergeometric2F1 (—1, 2(

1
— 27
a(l —m) 1+m

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.93

/ecsch_l(ax2)xm dr = x—l-{—m 1
a(—1+m)

z? Hypergeometric2F1 (-4, —3 — 2,3 -2 — )
1+m

P [eM]

[In] Integrate[E~ArcCschla*x~2]*x"m,x]

[Out] x~(-1 + m)*(1/(a*(-1 + m)) + (x"2*Hypergeometric2F1[-1/2, -1/4 - m/4, 3/4 -
m/4, -(1/(a"2*xx74))1)/(1 + m))
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Maple [F]

1 / 1
_— 14— | g™
/(ax2+ +a2x4>x dx

[In] int((1/a/x"2+(1+1/a"2/x~4)~(1/2))*x"m,x)
[Out] int((1/a/x"2+(1+1/a"2/x"4)"(1/2))*x"m,x)

Fricas [F]

[In] integrate((1/a/x"~2+(1+1/a~2/x74)~(1/2))*x"m,x, algorithm="fricas")
[Out] integral((a*x~2*x"m*sqrt((a”2*x~4 + 1)/(a"2%x"4)) + x"m)/(a*x~2), x)

Sympy [A] (verification not implemented)

Time = 2.73 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.20

1 m 1 z™
m+1] m IR T2 4T g e mxr—x for m 7& 1
z T4~ 4)2hn 3 a%zt my
i 17 2"log(@)  Gtherwise
ecse (az )xm dr = — +
arE_m .
47 4

[In] integrate((1/a/x**2+(1+1/a**2/x**4)**(1/2))*x**m,x)

[Out] -x**(m + 1)*gamma(-m/4 - 1/4)*hyper((-1/2, -m/4 - 1/4), (3/4 - m/4,), exp_p
olar(I*pi)/(a**2*x**4))/(4*gamma(3/4 - m/4)) + Piecewise((x**m/(m*x - x), N
e(m, 1)), (xx*mxlog(x)/x, True))/a

Maxima [F(-2)]

Exception generated.

/ esch™ (az®) gm g — Exception raised: ValueError

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x"m,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(m-2>0)’, see ‘assume?‘ for more det
ails)Is
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Giac [F(-2)]

Exception generated.

/ gesch ™t (az?) pm g Exception raised: TypeError

[In] integrate((1/a/x"2+(1+1/a~2/x74)~(1/2))*x"m,x, algorithm="giac")

[Out] Exception raised: TypeError >> an error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const in
dex_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.
_ 1 1
/ecs"h 1(‘“”2)xmdx=/wm( st 1+ 2) dz
a’x ax

[In] int(x"m*x((1/(a"2*x"4) + 1)°(1/2) + 1/(a*xx"2)),x)
[Out] int(x"m*x((1/(a"2*x"4) + 1)~(1/2) + 1/(a*xx"2)), x)
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3.38 | gosch™ (az?) 14 7.

Optimal result . . . . . . . . . . . e 250
Rubi [A] (verified) . . . . . . . . . 260
Mathematica [C] (verified) . . . . . . . . .. .. 262
Maple [C] (verified) . . . . . . . . . . 263
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ... ... 2631
Sympy [C] (verification not implemented) . . . .. ... ... ... ... ...... 263
Maxima [F] . . . . . . o 264
Giac [F] . . . o o 264
Mupad [F(-1)] . . . o 264

Optimal result

Integrand size = 12, antiderivative size = 202

2,/1-|—L 2,/1—|—Lx 3
/ e (05 gt gy = S G L Y W
5a? 3a

_5a2(a—|—mi2)m 5 1 %x

2, | (0 &) B(2cot (Vaz) |3)

(o+2)
5a7/2\/1 + -

42t (a+ &) EllipticF (2cot™ (vaz) , 1)

x

5a7/2\/1 + -3

a2zt

[Out] 1/3*x"3/a-2/5*x(1+1/a~2/x"4)~(1/2)/a~2/(a+1/x"2) /x+2/5*%x*(1+1/a"2/x"4)~(1/2)
/a~2+1/5%x"5%(1+1/a"2/x"4)~(1/2)+2/5* (a+1/x"2) * (cos (2*xarccot (x*xa~(1/2)))"2)
~(1/2)/cos(2xarccot (x*¥a~(1/2)))*EllipticE(sin(2*arccot (x*xa~(1/2))),1/2%2~ (1
/2))*((a"2+1/x74) /(a+1/x72)"2)~(1/2) /a~(7/2) /(1+1/a~2/x"4) " (1/2)-1/5*%(a+1/x
~2)*(cos(2*xarccot (x*a~(1/2)))~2)~(1/2) /cos(2*arccot (x*a~(1/2)))*EllipticF(s
in(2*arccot (x*a~(1/2))),1/2x2-(1/2))*x((a~2+1/x"4) /(a+1/x"2)"2)~(1/2) /a~(7/2

)/ (1+1/a"2/x74)~(1/2)
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Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 202, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 8 number of rules _ 0.667, Rules used

' integrand size
= {6471, 30, 342, 283, 331, 311, 226, 1210}

296\/% 1 . 2\/%
esch™(az?) gt g VOT 205 [ = __ves

/e x*dx 5a2 + 51' a2zt +1 5021 (a_|_ z%)
ﬁ (a + ) EllipticF (2cot™ (vaz), 3)

otz
5072\ [ s + 1
a2+% 1 1 )
2 ﬁ(a‘l‘ %) E(2cot™ (yaz) |3)

(o+2) 4
+ N

5a7/2 a21E4 +1 3a

[In] Int[E"ArcCschl[a*x~2]*x"4,x]

[Out] (-2*Sqrt[1 + 1/(a"2%x74)])/(6xa~2*(a + x~(-2))*x) + (2*Sqrt[1 + 1/(a"2%x"4)
1*x)/(6%xa~2) + x73/(3%a) + (Sqrt[l + 1/(a"2*x"4)]1*x75)/5 + (2*Sqrt[(a”2 + x
~(-4))/(a + x~(-2))"2]*(a + x~(-2))*EllipticE[2*ArcCot [Sqrt[al*x], 1/2]1)/(5
*a~(7/2)*Sqrt[1 + 1/(a"2%x~4)]) - (Sqrt[(a~2 + x~(-4))/(a + x~(-2))"2]*(a +
x~(-2))*EllipticF [2*ArcCot [Sqrt[al*x], 1/2])/(6%a~(7/2)*Sqrt[1 + 1/(a~2*x"

4)]1)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(
1 + q"2*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x72)"2)]/(2*g*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 283

Int[((c_.)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(cx
x)"(m + 1)*((a + bxx"n)"p/(cx(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
t[(c*x)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQlp, 0] && LtQm, -1] && 'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]
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Rule 311

Int[(x_)~2/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 21}, D
ist[1/q, Int[1/Sqrt[a + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrtl[a +
b*x~4], x], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 331

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*x
) (m + D*((a + bxx"n)"(p + 1)/(a*xc*(m + 1))), x] - Dist[bx((m + nx(p + 1)

+ 1)/(a*c™nx(m + 1))), Int[(c*x)"(m + n)*(a + b*x"n)”p, x], x] /; FreeQl{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 342

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 1210

Int [((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(ax(1 + q"2*x~2))), x] + Simp[dx*
(1 + qg"2*x"2)*(Sqrt[(a + c*x74)/(ax(1 + q~2%x72)"2)]/(q*Sqrt[a + c*xx~4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 6471
Int [ETArcCschl(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x~(m

- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

2d 1
integralzfx x+/\/1+ﬂw4dx
a a*x
3 1+Z_4 1
T _ Subst i dx,x,—
3a x6 x

2Subst (f # dx, z, %)
x +Z—2

3a 5 a?rt 5a2




262

72 1
2,/1+ a21$4$ 3 1 2Subst <f \/TT% dz, z, E)
e B e a
5a? 3a 5 a?rt 5a*
2 1 + a21x4.’15 .’133 1 1 5
— dE N b
5a? + 3a + 5 + a%‘lx
Z2
2Subst (f —L _dz,z, 917) 2Subst (f 1_74 dz, T, g—lc>
B 1425 N 1+2;
5a3 5a3
2¢/1+ a21x4 2 \/ 1+ a21x4$ 1173 1 1 5
— . _ 1 -
502 (a+ ) = + 5a2 + 3a + 5 + Py
a2+i _
2 (or 114)2 (a+ =) E(2cot™ (Vaz) |3)
)
+
5a7/2, /1 + 3

a2zt

o>t o (a + Z5) EllipticF (2cot™ (vaz), 3)

T

5a7/2, /1 + 5

a2zt

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 0.17 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.55

—1(,.2
/ecsch (az )$4 dz

ecsch_1 (amz)

2csch™?! (a:v
e

5/2 ) ) 5/2
44/2¢0sch™ (as?) ( ) > x5 (—4 + Te2esch™ (aa?) 4 4(1 — e2esch” (‘“’2)> Hypergeometric2F1

—1+

21 (az?)®/

[In] Integrate[E~ArcCschla*x~2]*x~4,x]

[Out] (4xSqrt[2]*(E"ArcCschla*x~2]/(-1 + E~(2xArcCsch[a*xx"2])))~(5/2)*x"5*(-4 + 7
*E~(2xArcCsch[a*x~2]) + 4x(1 - E~(2*ArcCsch[a*x~2]))~(5/2) *Hypergeometric2F

1[3/4, 7/2, 7/4, E-(2xArcCsch[a*x~2])]))/(21*E"ArcCsch[a*x"2] *(a*x~2)~(5/2)

)
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Maple [C] (verified)
Result contains complex when optimal does not.
Time = 0.96 (sec) , antiderivative size = 150, normalized size of antiderivative = 0.74

method | result
default v/ %@‘}%‘% z2 (\/171 a3z +z3avia+2iv—ia 22+1 Via 22+1 EllipticF <x ia,i) —2iv/—ia £24+1Via 241 EllipticE (x ia,i) ) z
clat 5a(zta24+1)Via + 3¢

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))*x"4,x,method=_RETURNVERBOSE)

[Out] 1/5%((a~2*x"4+1)/x"4/a~2)~ (1/2)*x~ 2% ((I*a)~(1/2)*a"~3*x~7+x"3*a*x(I*xa) " (1/2)+
2xIx (1-I*axx~2)~(1/2)*(1+I*a*xx~2)~(1/2)*E1llipticF (x*(I*a)~(1/2),I)-2*I*(1-I
*¥axx~2) " (1/2)* (1+I*a*xx~2)~(1/2)*E1llipticE(x*(I*a)~(1/2),I))/a/(a"2*xx~4+1)/(

Ixa)~(1/2)+1/3%x~3/a

Fricas [A] (verification not implemented)

none
Time = 0.09 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.44

/ ecsch_1 (azz)wél dz

Rt AT
5aw3+6(—a—12)iE'(arcsin<( ) ) |—1)—6(—a%)iF(arcsin<( ‘;12) ) | —1) + 3 (a?2® + 21),/ %2

15a?

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x"4,x, algorithm="fricas")

[Out] 1/15%(5%a*xx~3 + 6x(-1/a"2)~(3/4)*elliptic_e(arcsin((-1/a"2)~(1/4)/x), -1) -
6x(-1/a~2)~(3/4)*elliptic_f(arcsin((-1/a"2)~(1/4)/x), -1) + 3*(a"2*x"5 + 2
*xx)*sqrt((a"2*x"4 + 1)/(a"2*x"4)))/a~2

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 1.17 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.24

/ecsch_l(axz)x4 dr = — + 5

[In] integrate((1/a/x**2+(1+1/ax*2/x*x*4)**(1/2))*x**4,x)
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[Out] -xx*5xgamma(-5/4)*hyper((-5/4, -1/2), (-1/4,), exp_polar(I*pi)/(a**2xx**4))
/ (4xgamma(-1/4)) + x**3/(3%*a)

Maxima [F]

_ 1 1
P C R P Py +1+— |de
a2zt azx?

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x"4,x, algorithm="maxima")

[Out] 1/3*x"3/a + integrate(sqrt(a™2*x"4 + 1)*x"2, x)/a

Giac [F]

_ 1 1
e (@) gl gy = [ 2 —+1+— |dz
a’zt azx?

[In] integrate((1/a/x"2+(1+1/a~2/x74)~(1/2))*x"4,x, algorithm="giac")
[Out] integrate(x~4*(sqrt(1/(a~2+#x74) + 1) + 1/(a*x"2)), x)

Mupad [F(-1)]

Timed out.
1
) dz

csch™1(az?) 4 _ 4 1
/e (>zdm_/} ( ﬂxf+1+gﬁ

[In] int(x"4*((1/(a"2*x"4) + 1)~(1/2) + 1/(a*xx"2)),x)
[Out] int(x~4*((1/(a~2%x~4) + 1)~(1/2) + 1/(a*x"2)), x)
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3.39 | eosch™ (az?) 13 7.

Optimal result . . . . . . . . .. 265
Rubi [A] (verified) . . . . . ... ... 265
Mathematica [A] (verified) . . . . . . . . ... L L 267
Maple [B] (verified) . . . . . . . . . . 267
Fricas [A] (verification not implemented) . . . . . . .. ... .. ... ... ... 267
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... . 268
Maxima [A] (verification not implemented) . . . . . . . ... ... ... L. 268]
Giac [A] (verification not implemented) . . . . . . . .. ... ... 268
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 269

Optimal result

Integrand size = 12, antiderivative size = 52

2 arctanh 14+ =
csch™1(az?) .3 _ T 1 1 4 ( a2w4>
/e (a2%) ¢ dm_2_a+4_l”1+a2x4x + 1

[Out] 1/2*x"2/a+1/4*arctanh((1+1/a"2/x74)"(1/2))/a~2+1/4*x"4x(1+1/a~2/x"4)~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bunber of rules _ 53 Ryles used = {6471,

’ integrand size
30, 272, 43, 65, 214}

arctanh(« / ﬁ + 1) 1 1 2
/ecsch_1 (aa:2)x3 dr = + —$4 414 x_
4"\ a2zt

4a2 2a

[In] Int[E"ArcCschl[a*x~2]*x"~3,x]

[Out] x72/(2*%a) + (Sqrt[1l + 1/(a"2*x"4)]*x"4)/4 + ArcTanh[Sqrt([1 + 1/(a"2*x"4)]]1/
(4%a~2)

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 43

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1)*((c + d*x)"n/(bx(m + 1))), x] - Dist[d*(n/(b*(m + 1))), I
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nt[(a + b*x)"(m + D*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, xl]
&& NeQ[bxc - a*d, 0] && ILtQ[m, -1] && !'IntegerQ[n] && GtQ[n, O]

Rule 65

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~ (Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6471

Int [E"ArcCschl(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"mxSqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

d / 1
integral = M + / 1+ ﬂx?’ dx
a a’x

2 S
=w——18ubst / +“dxac 1
2a 4 x2

Y 7::64

, Subst(fﬁdx,x,x—ﬂ)

! 14 .

2 4 a2zt 8a?
2 1 1 4, 1 1 1
22 1 1 arctanh( 1+ a21m4>

=4+ 4/1 4
2a + 4 + a2x4x + 4a2
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Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.02

2 1 2 1 2
PO 0 e N (o

4a?

[In] Integrate[E~ArcCschla*x~2]*x"3,x]
[Out] (a*xx"2*%(2 + a*Sqrt[1l + 1/(a"2*x"4)]1*x"2) + Logl[(1 + Sqrtl[l + 1/(a"2*x"4)])*
x72])/ (4%a~2)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 93 vs. 2(42) = 84.

Time = 0.11 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.81

method | result size

VIR e (TR e (2 TET))
+ 5 94

default o/

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))*x"3,x,method=_RETURNVERBOSE)

[Out] 1/4*x((a~2%x"4+1)/x74/a~2)" (1/2)*x" 2% (x"2*%(1/a"2*(a"2*x~4+1) )~ (1/2)*a"2+1n(x
~2+(1/a"2*(a"2%x74+1))~(1/2)))/(1/a"2x(a"2*xx~4+1) )~ (1/2) /a~2+1/2*x"2/a

Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.35

a2zt

204 24
CL2$4 a’z+41 + 2(1.’1:2 _ lOg (az2 aa:gzi-l _ az2)
—1(, .2
ecsch (az ).’L'3 dr = >
4a

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x"3,x, algorithm="fricas")
[Out] 1/4*x(a~2*x"4xsqrt((a”2*xx~4 + 1)/(a"2%x74)) + 2%a*x"2 - log(a*x~2xsqrt((a”~2*
x"4 + 1)/(a"2*%x"4)) - a*x"2))/a"2
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Sympy [A] (verification not implemented)

Time = 1.76 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.69

/ peseh (aa?) 13 g r2va2zt + 1 N z? N asinh (az?)
4a 2a 4a?

[In] integrate((1/a/x**2+(1+1/a**2/x**4)**(1/2))*x**3,x)
[Out] x*x2*sqrt(a**x2*x*x4 + 1)/(4*a) + x**2/(2*%a) + asinh(a*x**2)/(4*a*x*2)

Maxima [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.56

f_1
/ecschl(ax2)x3 dr = z’ a’zt +1

~+
2a 4(a2(a21w4 + 1) —a2)

log<,/a2—1z4+1+1> log (Vﬁ"‘l—l)
+ 8 a? B 8 a?

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x"3,x, algorithm="maxima")
[Out] 1/2*x"2/a + 1/4xsqrt(1/(a"2*x"4) + 1)/(a"2x(1/(a"2*%x"4) + 1) - a”2) + 1/8%1

og(sqrt(1/(a~2*x"4) + 1) + 1)/a"2 - 1/8xlog(sqrt(1/(a"2*x"4) + 1) - 1)/a"2
Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.10

log( —z2|a|+Va2zt+1
2az? + <\/a2m4 + 12?2 — (== ||;L| * )) |al

/ ecsch_1 (azz)m3 dr = pe

[In] integrate((1/a/x"2+(1+1/a~2/x74)~(1/2))#*x"3,x, algorithm="giac")
[Out] 1/4*%(2*a*x"2 + (sqrt(a”2*x"4 + 1)*x"2 - log(-x"2*abs(a) + sqrt(a™2*x~4 + 1)
)/abs(a))*abs(a))/a~2
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Mupad [B] (verification not implemented)

Time = 5.32 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.81

B atanh(,/;%;—%l) ety g+l 2
/ecsch 1(a:z:z)x3 dr = :1;_

4a2 + 4 4_2a

[In] int(x~3%((1/(a"2*x~4) + 1)~(1/2) + 1/(a*x"2)),x)

[Out] atanh((1/(a"2*x"4) + 1)°(1/2))/(4*xa~2) + (x~4x(1/(a"2*x~4) + 1)~(1/2))/4 +
x~2/(2*a)
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3.40 | eosch™ (az?) 12 7.

Optimal result . . . . . . . . . . . e 2770
Rubi [A] (verified) . . . . . . . . . 270
Mathematica [C] (verified) . . . . . . . . . . ... 272
Maple [C] (verified) . . . . . . . . . . 272
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... .. 2721
Sympy [C] (verification not implemented) . . . .. ... ... ... ... ...... 273
Maxima [F] . . . . . . 273
Giac [F] . . . o o 273
Mupad [F(-1)] . . .« o 274

Optimal result

Integrand size = 12, antiderivative size = 86

2 1
a
+o1

o (a + %) EllipticF (2cot™ (v/az) , 1)

-1 1/ 1 at o2
/ecsch (am2)$2 dr = E 4= 1 + - 4‘,11,3 _
@ 3 T 3a5/2\ /1 + s

[Out] x/a+1/3*x"3*%(1+1/a~2/x"4)"(1/2)-1/3*(a+1/x"2)*(cos(2*arccot (x*xa~(1/2)))"2)"
(1/2) /cos(2*arccot (x*a~(1/2)))*EllipticF(sin(2*arccot (x*xa~(1/2))),1/2*x2~(1/
2))x((a~2+1/x"4)/(a+1/x"2)"2)"(1/2)/a~(5/2)/(1+1/a"2/x"4)~(1/2)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5 number of rules _ 417 , Rules used = {6471,

’ integrand size
8, 342, 283, 226}

2 1
a2+ L1
+.o1

i) (a+ %) EllipticF (2cot™ (y/az) , 1)

/ecsch_l(aa;2)m2 d.'E — 11}3 % + 1 _ _|_ z
3 a’x 3052/ Ar 41 a

[In] Int[E"ArcCschla*x~2]*x"2,x]

[Out] x/a + (Sqrtl[1l + 1/(a"2*x~4)]1*x"3)/3 - (Sqrtl[(a~"2 + x~(-4))/(a + x~(-2))"2]*
(a + x7(-2))*EllipticF [2*ArcCot [Sqrt[al*x], 1/2]1)/(3*a~(5/2)*Sqrt[1 + 1/(a”
2xx74)])

Rule 8
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Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 226
Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(

1 + q72*%x72)*(Sqrt[(a + b*xx"4)/(a*(1 + q~2*x"2)"2)]/(2*q*Sqrt[a + b*xx"4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 283

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
t[(c*x)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, 0] &% LtQ[m, -1] && 'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] & ILtQ[n, 0] && Int
egerQ [m]

Rule 6471

Int [ETArcCschl(a_.)*(x_)~(p_.)I1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

T 1
T a xt dz, 2, z
1 =
N .y 2Subst(f 1+%dx,a:, )
a a2zt” 3a?
ﬁg (a+ &) EllipticF (2cot™! (vaz) , 1)
otz

z 1 1 4
=—+\/1+ 577 —
a 3 a“x 3a5/2 /1+a2_1x4



Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

272

Time = 0.16 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.31

/ecsch_1 (awz)w2 dr =

2\/§e—csch*1 (az?) (

—14

ecsch_ 1 (az2)

2csch™1! (am2
e

2 a2 )\ P2
)> T (1 — Qe2esch™" (az?) _ (1 — g2esch™ (az )> Hypergeometric2F1 (

[In] Integrate[E~ArcCschla*x~2]*x~2,x]
[Out] (-2*Sqrt[2]*(E"ArcCsch[a*x~2]/(-1 + E~(2*ArcCsch[a*x"2])))~(3/2)*x*(1 - 24E
~(2*ArcCsch[a*x"2]) - (1 - E~(2*ArcCsch[a*x~2]))~(3/2)*Hypergeometric2F1[1/

4, 1/2, 5/4, E~(2*ArcCsch[a*x~2])]))/(3*a*xE~ArcCsch[a*x~2]*Sqrt [a*x~2])

Maple [C] (verified)

Result contains complex when optimal does not.

3av azx?

Time = 0.54 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.21

method | result

size

\/ %% z2 (\/171 a225+2v—ia 2?+1 Viaz2+1 EllipticF (:c ia,i) +z\/ﬁ)

+ 104

Q18

default

3(z%a2+1)Via

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))*x"2,x,method=_RETURNVERBOSE)

[Out] 1/3%((a™2*x~4+1)/x"4/a~2) " (1/2)*x~2x ((I*a) ~(1/2)*a”2*x"5+2x (1-I*a*x"2)~(1/2
)*(1+I*a*x~2) " (1/2)*E1llipticF (x*(I*a)~(1/2) ,I)+x*x(I*a)~(1/2))/(a"2*xx~4+1) /(

Ixa)~(1/2)+x/a

Fricas [A] (verification not implemented)

none

Time = 0.08 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.65

/ecsch_1 (ax2)$2 dr =

axr

3

a2zi+1
a?xt

: ()
+2a(—2%)* F(arcsin | ~—2/—

T

) |-1)+3z

3a

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x~2,x, algorithm="fricas")
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[Out] 1/3*%(a*x”3*sqrt((a"2*x~4 + 1)/(a"2*x74)) + 2xax(-1/a"2)~(3/4)*elliptic_f(ar
csin((-1/a"2)"(1/4)/x), -1) + 3*x)/a

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.03 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.48

[In] integrate((1/a/x**2+(1+1/a**2/x**4)**(1/2))*x**2,x)
[Out] -x**3*gamma(-3/4)*hyper((-3/4, -1/2), (1/4,), exp_polar(I*pi)/(a*x*2*x**4))/
(4*gamma(1/4)) + x/a

Maxima [F]

/eCSCh_l(‘“”Q)xde: /x2 \/—1 —|—1—|—i dz
a’zrt azx?

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x"2,x, algorithm="maxima")

[Out] x/a + integrate(sqrt(a™2*x~4 + 1), x)/a

Giac [F]

_ 1 1
e () 2 gy = [ 22 —+1+— |dz
a’zt azx?

[In] integrate((1/a/x"2+(1+1/a~2/x74)~(1/2))*x"2,x, algorithm="giac")
[Out] integrate(x~2x(sqrt(1/(a~2*x"4) + 1) + 1/(a*x"2)), x)
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Mupad [F(-1)]

Timed out.
csch™1 (a:cz) 2 2 1 1
e z°dr= | = o +—14————5 dzx
a’zx azr

[In] int(x"2*%((1/(a"2*x~4) + 1)°(1/2) + 1/(a*x"2)),x)
[Out] int(x~2*%((1/(a"2*x~4) + 1)~(1/2) + 1/(a*x"2)), x)




3.41 | ecsch™ (a2%) 1. e

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ..
Maple [B] (verified) . . . . . . . . . ..
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... .. ...,
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... ...
Maxima [B] (verification not implemented) . . . . . . . .. ... ... . ...
Giac [A] (verification not implemented) . . . . . . .. ... .. ... L.
Mupad [B] (verification not implemented) . . . ... ... . ... ... .......

Optimal result

Integrand size = 10, antiderivative size = 40

csch™ (az?)

a?rt

/eCSCh_l(‘”Q)z dr = % 1+ !

[Out] -1/2%arccsch(a*x~2)/a+1n(x)/a+1/2xx"2*x(1+1/a"2/x"4)~(1/2)

Rubi [A] (verified)

275

Time = 0.03 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00, number

of steps used = 6, number of rules used

— . humber of rules

29, 342, 281, 283, 221}

a?rt

/eCSChl(“Z)x dx = %az2 i +1

[In] Int[E"ArcCschla*x~2]*x,x]

[Out] (Sqrtl[1 + 1/(a"2%x"4)]*x~2)/2 - ArcCschl[a*x~2]/(2*a) + Loglx]/a

Rule 29

Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], x]

Rule 221

’ integrand size

csch™(az?)

= 0.600, Rules used = {6471,

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt

[al)1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 281
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Int[(x_)~"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], X, X
“k], x] /; k != 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 283

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
t[(c*x)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] & GtQ[p, 0] && LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 342

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6471

Int [ETArcCsch(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x~(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

. [Ldz 1
integral = —*— + 1+ 5 zde
a a’x

V1t
—M—Subst(/—g)adxz 1)
a T

1 1 1+ & 1
= M — —Subst ( >— dz,z, —2)
a x x

1 1 log(z) =
=4/1 2
2 + a?xt a 2a2
1 1 csch'(az?)  log(z)
= —4/1 2 _
2 + a2x4x 2a + a
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.05

s a\/1+ —zx? — arcsinh(-1;) + log (az?)
/ecsch (am ).’L'd.’L' —

2a

[In] Integrate[E~ArcCsch[a*x~2]*x,x]
[Out] (a*Sqrt[1 + 1/(a"2*x"4)]*x~2 - ArcSinh[1/(a*x"2)] + Logla*x~2])/(2*a)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 115 vs. 2(34) = 68.

Time = 0.12 (sec) , antiderivative size = 116, normalized size of antiderivative = 2.90

method | result size
9. /1  [zta241 2,
4,2 4,2 2 2
Ve (\/a% \/%M—ln( e
1
default = + n((lz) 116
2z Vet

[In] int((1/a/x"2+(1+1/a~2/x"4)"~(1/2))*x,x,method=_RETURNVERBOSE)

[Out] 1/2x((a”2*x~4+1)/x"4/a"2)"(1/2)*x~2%((1/a~2)~(1/2)*(1/a"2*(a"2*x"4+1))~(1/2
)*¥a~2-1n(2%((1/a"2)~(1/2)*(1/a"2*x(a~2*x~4+1))~(1/2)*a~2+1) /a~2/x"2)) /(1/a"2
)" (1/2)/(1/a"2x(a"2*x"4+1) )~ (1/2) /a~2+1n(x)/a

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 88 vs. 2(34) = 68.

Time = 0.25 (sec) , antiderivative size = 88, normalized size of antiderivative = 2.20

/ ecsch_:L (axz)x dz

2az%/% —log <ax2\/% + 1) + log (awzg/% - 1) + 4 log (z)

- 4a

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))#*x,x, algorithm="fricas")

[Out] 1/4*%(2%a*x~2*sqrt((a~2*x~4 + 1)/(a"2xx"4)) - log(axx~2xsqrt((a”2*x"4 + 1)/(
a~2xx74)) + 1) + log(a*x™2*xsqrt((a™2*x~4 + 1)/(a"2*x"4)) - 1) + 4x*log(x))/a
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Sympy [A] (verification not implemented)

Time = 2.98 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.45

2 1

/eCSCh_l(“’”Q)xdx _ T N log (z) asinh (-L5) N
2/1+ 2, @ 2a 20202, /1 + L

[In] integrate((1/a/x*x2+(1+1/a**2/x**4)**(1/2))*x,x)
[Out] x*x2/(2*sqrt(1 + 1/(a**x2xx*x4))) + log(x)/a - asinh(1/(axx**2))/(2xa) + 1/(
2kax*k2kxx*k2ksqrt (1 + 1/(ax*2xx**4)))

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 71 vs. 2(34) = 68.

Time = 0.23 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.78

~ / log -7 +1—|—1>
/ecsch ( xdw i
4a

log (ax - w4 +1 ) log
a

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))#*x,x, algorithm="maxima")

[Out] 1/2*x"2*sqrt(1/(a"2*x"4) + 1) - 1/4*log(a*x”2*sqrt(1/(a"2*x74) + 1) + 1)/a
+ 1/4xlog(a*x~2*xsqrt(1/(a”2*%x~4) + 1) - 1)/a + log(x)/a

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.52

/ecsch_l(axz)xdx
(a —|a|)log (Va2z* + 1+ 1) + (a + |a|) log (Va?zt + 1 — 1) + 2Va%z? + 1|q|

- 4 a?

[In] integrate((1/a/x"~2+(1+1/a~2/x74)~(1/2))*x,x, algorithm="giac")

[Out] 1/4*((a - abs(a))*log(sqrt(a™2*x~4 + 1) + 1) + (a + abs(a))*log(sqrt(a~2*x~
4 + 1) - 1) + 2xsqrt(a”2*x"4 + 1)*abs(a))/a"2
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Mupad [B] (verification not implemented)

Time = 5.71 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.08

2 1 asinh(\/“Tz) S
/ecsch_l(axz)xdm _TW@atl () = «

2 2a 2

[In] int(x*((1/(a"2*x~4) + 1)°(1/2) + 1/(a*x"2)),x)

[Out] (x"2%(1/(a"2%x"4) + 1)7(1/2))/2 - log(1/x"2)/(2*%a) - (asinh((1/a"2)~(1/2)/x
~2)x(1/a72)"(1/2))/2
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3.42  [esch (e gy

Optimal result . . . . . . . . . . . . e e 280
Rubi [A] (verified) . . . . . . . . 28Tl
Mathematica [C] (verified) . . . . . . . . . . ... 283
Maple [C] (verified) . . . . . . . . . . 283
Fricas [F] . . . . . . 2841
Sympy [C] (verification not implemented) . . . ... ... ... ... ... ..., . 284
Maxima [F] . . . . . . 284
Giac [F] . . . o o 234
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 285

Optimal result

Integrand size = 8, antiderivative size = 165

a3/2\/ 1+ a21x4

[Out] -1/a/x-2*%(1+1/a"2/x"4)~(1/2)/(a+1/x72) /x+x*(1+1/a"2/x"4) "~ (1/2) +2* (a+1/x"2) *
(cos(2*arccot (x*a~(1/2)))~2)~(1/2) /cos(2*arccot (x*xa~(1/2)))*E1l1lipticE(sin(2
xarccot (x*a~(1/2))),1/2x2~(1/2))*((a~2+1/x"4) /(a+1/x"2)"2)~(1/2)/a~(3/2) /(1
+1/a"2/x74)~(1/2)-(a+1/x"2) *(cos(2*arccot (x*a~(1/2)))"2)~(1/2) /cos(2*arccot
(xxa~(1/2)))*EllipticF(sin(2*arccot(x*a~(1/2))),1/2x2~(1/2))*((a"2+1/x74) /(
a+1/x72)"2)~(1/2)/a~(3/2)/(1+1/a~2/x~4)~(1/2)
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Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 7 number of rules _ () 875, Rules used

' integrand size
= {6466, 30, 248, 283, 311, 226, 1210}

/ \/a24+1
/csch az? d.’E_.’IJ

ﬁz (a+ 52) EllipticF (2cot™! (y/az) , 1)
atiz

a3/2 azlx‘l +1

ﬁ(a+ %) E(2cot™ (Vaz) |3)

axr

[In] Int[E"ArcCschla*x"2],x]

[Out] -(1/(a*x)) - (2xSqrt[1 + 1/(a"2*%x"4)])/((a + x~(-2))*x) + Sqrt[1l + 1/(a"2*x
~4)]*x + (2+Sqrt[(a”2 + x~(-4))/(a + x7(-2))"2]*(a + x~(-2))*EllipticE[2*Ar
cCot[Sqrtlal*x], 1/2]1)/(a"(3/2)*Sqrt[1 + 1/(a"2*x"4)]) - (Sqrt[(a"2 + x~(-4
))/(a + x~(-2))"2]*(a + x~(-2))*EllipticF[2*ArcCot [Sqrt[al*x], 1/2]1)/(a~(3/

2)*Sqrt[1 + 1/(a"2*x"4)])
Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 226

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt([b/a, 41}, Simp[(
1 + q"2*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x"2)"2)]/(2*g*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]]1 /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 248

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a + b/x"n) p/x"
2, x]1, x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, O]

Rule 283

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + b*x"n)"p/(c*(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
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t[(c*x)"(m + n)*(a + b*xx"n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, O] && LtQ[m, -1] && !ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 311

Int[(x_)"2/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 2]},
ist[1/q, Int[1/Sqrt[a + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrtla
bxx~4], x], x]] /; FreeQ[{a, b}, x] &% PosQ[b/al

+ O

Rule 1210

Int[((d ) + (e_.)*(x_)~"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q
Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(ax(1 + q72*x~2))), x] + Simp[d*
(1 + qg"2*x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x72)"2)]/(q*Sqrt[a + c*x~4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 6466

Int [E"ArcCschl(a_.)*(x_)~(p_.)], x_Symbol] :> Dist[1/a, Int[1/x"p, x], x] +
Int[Sqrt[1 + 1/(a™2*x~(2*%p))], x] /; FreeQ[{a, p}, x]

Rubi steps

Ld / 1
integral = u + / 1+ dx
a a’x
1 Vits o
:———Subst(/ )

o dz, T, —
azr x x

1 1 1+2y
- 1 — a
ar +a2x4 a?
w2
9Subst( [ —L—dz,z, 1) 2Subst( [ == dz,z,1
__i—i_ 1+1x_ u (f 1+23zxm)+ u (f 1+Z% T,T,

ax a?zt a a
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(a+ %) E(2cot™ (Vaz) |3)

1 2 \/ I+ a21v4 I %
=T 2 4 /
axr a T 0,3/2 a21$4

a2+x% (a + z—12) EllipticF (2 cot ™1 (\/5.’1:) ) %)

(e+25)"
a’/ 2\ / a21ac4

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 0.11 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.58

/ecsch_1 (az?) dz
csch™! (az2)

V/2¢ecsh ™ (az?) \/ —16 roschT(a7) ¥ (—3 + 44/1 — e2esch™ (az?) Hypergeometric2F1 (%, It ezCSCh_l(a””Q)))

IS

—_ +e
3vazx?

[In] Integrate[E~ArcCsch[a*x~2],x]

[Out] (Sqrt[2]*E~ArcCsch[a*x~2]*Sqrt[E~ArcCsch[a*x~2]/(-1 + E~(2*ArcCsch[a*x"2]))
1*xx (-3 + 4*Sqrt[1 - E~(2xArcCsch[a*x~2])]*Hypergeometric2F1[3/4, 3/2, 7/4,
E~(2*ArcCsch[a*x~2])]) )/ (3*Sqrt [a*xx~2])

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.71 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.88

method | result

\/ 44242'1 .’1:( Via a2z +2iv—ia z2+1 Via 22 +1 z EllipticF (a: ia,i) a—2iv/—iaz2+1+/ia z2+1 z EllipticE <:1: ia,i) a—\/ra,)
(z%a2+1)Via

default

[In] int(1/a/x"2+(1+1/a"2/x~4)"(1/2) ,x,method=_RETURNVERBOSE)

[Out] ((a~2*x~4+1)/x"4/a"2)"(1/2)*x* (- (I*a)~ (1/2)*a~2xx"4+2*I* (1-I*a*xx~2) "~ (1/2) *(
1+I*a*x~2) " (1/2) *x*E1lipticF (x*(I*a)~(1/2),I)*a-2*I*(1-I*axx~2)~(1/2)*(1+I*
a*x~2) " (1/2) *x*E1lipticE(x*(I*a)~(1/2),I)*a-(I*a)~(1/2))/(a~2*x"4+1)/(I*a)"~
(1/2)-1/a/x
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Fricas [F]

csch™! (az? . 1 1
/6 ( )dw—/\/%—i-l-l-@dx

[In] integrate(1/a/x~2+(1+1/a"2/x"4)~(1/2),x, algorithm="fricas")
[Out] integral((a*x~2*sqrt((a~2*x~4 + 1)/(a”2*x"4)) + 1)/(a*x"2), x)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.50 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.25

csch_l(axz) - _ -
/ € de 4T (3) azx

[In] integrate(1/a/x**2+(1+1/a**2/x**x4)**(1/2),x)
[Out] -x*gamma(-1/4)*hyper((-1/2, -1/4), (3/4,), exp_polar(Ixpi)/(a*x*2xx**4)) /(4%
gamma (3/4)) - 1/(a*x)

Maxima [F]

csch™ ! (az? _ / 1 1

[In] integrate(1/a/x"2+(1+1/a"2/x"4)~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(a~2*x"4 + 1)/x72, x)/a - 1/(a*x)

Giac [F]

_ 1 1
csch™! (az? _
/e ( )dx_/’/_a2x4+1+_ax2dx

[In] integrate(1/a/x"2+(1+1/a"2/x~4)~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(1/(a~2*x74) + 1) + 1/(a*x"2), x)



285

Mupad [B] (verification not implemented)

Time = 5.16 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.15

1 1 1 3 1 1
csch™! (az?) dr = F. (-2 —-=. 2. _ _
/e TETRN Ty Ty 4 T 2l ax

[In] int((1/(a"2*%x"4) + 1)~(1/2) + 1/(a*x"2),x)
[Out] x*hypergeom([-1/2, -1/4], 3/4, -1/(a"2*%x"4)) - 1/(a*x)
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3.43

T
Optimal result . . . . . . . . . . . . e 286
Rubi [A] (verified) . . . . . . . . . . 280
Mathematica [A] (verified) . . . . . . . . . .. . 288
Maple [B] (verified) . . . . . . . . .
Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .......
Sympy [A] (verification not implemented) . . . . .. ... ... ... ... ... .. 289
Maxima [A] (verification not implemented) . . . . . . . .. ... ... . ... 289
Giac [A] (verification not implemented) . . . . . . .. ... . Lo L. 289
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 2901

Optimal result

Integrand size = 12, antiderivative size = 46

csch™! (az?) 1 1 1 1 1
/e—dx= —— /14 + —arctanh 1+

T 2 a2zt 2ar? ' 2 a?zt
[Out] -1/2/a/x~2+1/2%arctanh((1+1/a~2/x"4)~(1/2))-1/2%(1+1/a~2/x~4)~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Buber of rules _ 54 Ryles used = {6471,

’ integrand size
30, 272, 52, 65, 214}

csch™! (az?) 1 1 1 1 1
e
| 5”“”11(\/@“ TV et T s

[In] Int[E~ArcCschla*x~2]/x,x]
[Out] -1/2#Sqrt[1 + 1/(a"2*x"4)] - 1/(2*a*x"2) + ArcTanh[Sqrt[1 + 1/(a"2xx~4)]1]/2
Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 52

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Dist[n*((b*c - a*d)/(
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bx(m + n + 1))), Int[(a + b*x) m*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ
[b*c - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6471
Int [ETArcCschl(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m

- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

[Ldz 1+ o
integral = z— + / —dw

- __Sbt<m 1)

- 2ax?

1 1+ 1 1 1S bst 1 d 1
== — —— — ZSubs ——dzx, T, —
2 a2zt  2ax?2 4 z/1+ 5% Tt

1 1 1 1 1 1
= —= 1+————§a28ubst(/—dx,x, 1—|——)

2 a2zt 2az? —a? + a2x?

1 1 1 1 1
= T\ 1T gagt T gggr Tprctanh |\ I+ oo
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Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.48

csch™?! (axz) 1 B B
/ € " dr = _éecsch ! (az?) + arctanh (ecsch 1 (axz))

[In] Integrate[E~ArcCschla*x~2]/x,x]
[Out] -1/2+#E~ArcCsch[a*x~2] + ArcTanh[E~ArcCsch[a*x"2]]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 85 vs. 2(36) = 72.

Time = 0.10 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.87

method | result size

z4a2 IL‘4(12 Z4ﬂ2
[T (o),

default | — Were — 5o.7
a2

[In] int((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x,x,method=_RETURNVERBOSE)

[Out] -1/2%((a~2*x"4+1)/x"4/a"2)~(1/2)*(-1In(x"2+(1/a"2*(a"2*x~4+1) ) ~(1/2) ) *x~2+(1
/a”2x(a”2*%x"4+1))~(1/2))/(1/a~2*(a"2*x"4+1))~(1/2)-1/2/a/x"2

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 74 vs. 2(36) = 72.

Time = 0.24 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.61

a2zt

csch~1 (azz)
e
-  dr=-
/ T v 2 ax?

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x,x, algorithm="fricas")

[Out] -1/2%(a*x"2*log(a*x~2*sqrt((a™2*x"4 + 1)/(a"2*%x74)) - a*x™2) + a*xx~2*xsqrt ((
a"2*x"4 + 1)/(a"2*x74)) + a*x"2 + 1)/(a*xx"2)

204 2.4
az?log (am2 a’ct4l _ axQ) + az?\/ 53 +ax? + 1
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Sympy [A] (verification not implemented)

Time = 4.95 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.17

/ ecsch ™" (az?) az? asinh (az?) 1 1

= + -
x 2W/a2xt + 1 2 2022 2ax2v/a2zt + 1

[In] integrate((1/a/x**2+(1+1/ax*2/x**4)**(1/2))/x,%)
[Out] -axx**x2/(2*sqrt(ax*2*xx*x*4 + 1)) + asinh(a*x**2)/2 - 1/(2%a*x**2) - 1/(2xa*x
*x*k2ksqrt (ax*2kxx*4 + 1))

Maxima [A] (verification not implemented)

none
Time = 0.22 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.17

csch~! (az?) 1 1 1 1 1
e
C dr=—iy)— Al log [\ 141
/ z o 2 a2z4+ 2az2+4 8 a2x4+ +
1 /1
—Zlog< W"‘l—l)

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x,x, algorithm="maxima")
[Out] -1/2%sqrt(1/(a"2*x"4) + 1) - 1/2/(a*x"2) + 1/4xlog(sqrt(1/(a"2*x"4) + 1) +
1) - 1/4%log(sqrt(1/(a™2*x74) + 1) - 1)

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.43

2 2 /2.4 1) _ 2a? a
gesch™ (az?) a*log (~a’lal + vz +1) <$2|a|—\/a2z4+1>2—1 N
/ T -
2a?

T

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x,x, algorithm="giac")
[Out] -1/2%(a"2*log(-x"2*abs(a) + sqrt(a™2*x"4 + 1)) - 2*a~2/((x"2*abs(a) - sqrt(
a"2%x"4 + 1))72 - 1) + a/x"2)/a"2
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Mupad [B] (verification not implemented)

Time = 5.11 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.78

/ ecsch_l(a:z:Q) p atanh“/# + 1) \/# +1 1
——adx = J— —

T 2 2 2az?

[In] int(((1/(a"2*x"4) + 1)~(1/2) + 1/(a*xx"2))/x,x)
[Out] atanh((1/(a"2*x"4) + 1)7(1/2))/2 - (1/(@"2*x~4) + 1)°(1/2)/2 - 1/(2*a*x"~2)
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3.44

2
Optimal result . . . . . . . . . . e 291]
Rubi [A] (verified) . . . . . . . . . . 2971
Mathematica [C] (verified) . . . . . . . . ... . . L Lo 293
Maple [C] (verified) . . . . . . . . . ... 293
Fricas [A] (verification not implemented) . . . . . . . ... ... . ... ... ... 293
Sympy [C] (verification not implemented) . . . ... ... ... ... ... . ... 294
Maxima [F] . . . . . o 294
Giac [F] . . o 2941
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 295

Optimal result

Integrand size = 12, antiderivative size = 91

2 1
a
+o1

ecsch_l(az2) 1 £/ 1+ # <a+m%)2
/—2 dz = T 313 3 - ——

[Out] -1/3/a/x73-1/3%(1+1/a"2/x"4)~(1/2) /x-1/3*(a+1/x72) *(cos (2*arccot (x*a~ (1/2))
)~2)~(1/2) /cos(2*arccot (x*a~(1/2)))*EllipticF(sin(2*arccot (x*a~(1/2))),1/2*
27(1/2))*((a™2+1/x74) /(a+1/x72)"2)~(1/2) /a~(1/2) / (1+1/a"2/x74) " (1/2)

(a + ) EllipticF (2cot™ (v/az) , 1)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5 number of rules _ 477 , Rules used = {6471,

’ integrand size
30, 342, 201, 226}

a?+ 1 o s -1 1
—=2 (a + -3 ) EllipticF (2 cot , 1
gosch (as?) b /# 1 (a+112>2(a %) EllipticF (2 cot™ (v/az) , 3) )
/ x? T T s B 3./a /a21m4_|_1  3az3

[In] Int[E"ArcCschla*x~2]/x"2,x]

[Out] -1/3%1/(a*x"3) - Sqrt[l + 1/(a"2*xx"4)]/(3*x) - (Sqrtl[(a”2 + x~(-4))/(a + x~
(-2))"2]*(a + x~(-2))*EllipticF[2*ArcCot [Sqrt[al*x], 1/2])/(3*Sqrt[al*Sqrt[
1+ 1/(a™2%x"4)])

Rule 30
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Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 201

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(nxp + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQlp, 0] && (IntegerQ[2*p] || (EqQln, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3*p]) || LtQ[Denominator[p + 1/n],
Denominator [p]])

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(
1 + q72*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x72)"2)]1/(2*g*Sqrt[a + b*x"4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]1] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 342

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6471
Int [ETArcCschl(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m

- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

14 A1+ =
integral = ° + / —de
= 3ax3_SUbSt</“1+ >

=

R +(a+ L) BllipticF (2cot™" (vaz) , 1)

_ —
3azx /1 + a2w4




293

Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 0.11 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.05

csch™?! (az2)
/ e e

x2

_ +2e2csch_ 1 (ax2)

csch™! (a2 _
a\/ e (=) x <—1 + e2esch™ (a2®) | 4,/1 — e2esch™(az?) Hypergeometric2F1 (%, %
2

(N[

,€

2csch™! (a:z:2)

3vVazx?

[In] Integrate[E~ArcCsch[a*xx~2]/x72,x]

[Out] -1/3%(a*Sqrt[E"ArcCsch[a*x~2]/(-2 + 2*%E~(2xArcCsch[a*xx~2]))]*xx(-1 + E~(2%A

rcCschla*x~2]) + 4xSqrt[1 - E~(2%ArcCsch[a*x~2])]*Hypergeometric2F1[1/4, 1/

2, 5/4, E~(2*ArcCsch[a*x~2])]1))/Sqrt[a*xx~2]

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.80 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.22

method | result size

[a4a241 (_o /73 E—) it ) 3,2 2,4 -
defa,ult VA ( 2vV/—ia 2241 Via z2+1 ElhptlcF(:c za,z)z a?++ia a2z +\/'E) 1 111
3z(z4a2+1)Via 3ax3

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))/x"2,x,method=_RETURNVERBOSE)

[Out] -1/3%((a~2%x"4+1)/x"4/a"2) "~ (1/2) *(-2*x (1-I*a*x"2) ~(1/2) * (1+I*a*x~2) " (1/2) *E1l

lipticF(x*(I*a)~(1/2),I)*x"3*%a"~2+(I*a)~(1/2)*a~2*+x"4+(I*a)~(1/2))/x/(a"~2*x~

4+1)/(I*a)~(1/2)-1/3/a/x"3

Fricas [A] (verification not implemented)

none

Time = 0.07 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.63

dr = —
2 3azr3

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"2,x, algorithm="fricas")

[Out] -1/3%(2x(-a"2)~(3/4)*x"3*elliptic_f(arcsin((-a~2)~(1/4)*x), -1) + a*x"2xsqr

t((@a™2*xx™4 + 1)/(a"2*%x"4)) + 1)/(a*xx"3)
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 1.05 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.46

_11|
csch_l(axQ) F(i) 2F1< 2§ 4 ;27)
/ e = ! _ !
x2 42T (g) 3ax3

[In] integrate((1/a/x**2+(1+1/ax*2/xx*4)**x(1/2))/x**2,x)

[Out] -gamma(1/4)*hyper((-1/2, 1/4), (5/4,), exp_polar(I*pi)/(a*x*2*x**4))/(4d*x*ga
mma(5/4)) - 1/(3%a*x**3)

Maxima [F]

ecsch_l(azz) ﬁ + 1 + a_alc2
[ g [V
T x

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"2,x, algorithm="maxima")
[Out] integrate(sqrt(a~2*x~4 + 1)/x74, x)/a - 1/3/(axx"3)

Giac [F]

ecsch_l(aa:z) # + 1 + G—;Q
—y—da= [ dz

[In] integrate((1/a/x~2+(1+1/a~2/x~4)~(1/2))/x"2,x, algorithm="giac")
[Out] integrate((sqrt(1/(a"2*x~4) + 1) + 1/(a*xx"2))/x"2, x)
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Mupad [B] (verification not implemented)

Time = 5.26 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.30

csch™1 (az? 1 1.5, __1_
€ (a2%) d 2F1( 2747 47 a2x4) _ 1
2 z 3
x x dazx

[In] int(((1/(a"2*x"4) + 1)°(1/2) + 1/(a*x"2))/x"2,x)
[Out] - hypergeom([-1/2, 1/4], 5/4, -1/(a"2*x"4))/x - 1/(3*a*x~3)
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3.45

3
Optimal result . . . . . . . . . . e 296
Rubi [A] (verified) . . . . . . . .. . 296
Mathematica [A] (verified) . . . . . . . . ... L 298
Maple [B] (verified) . . . . . . . . . .. 298
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ........ 298
Sympy [A] (verification not implemented) . . ... ... ... ... ... ... ... 2991
Maxima [B] (verification not implemented) . . . . . . ... ... ... . L. 2991
Giac [B] (verification not implemented) . . . . . . . . ... .. ... ... 299
Mupad [B] (verification not implemented) . . . .. ... ... ... .. ....... 300

Optimal result

Integrand size = 12, antiderivative size = 42

csch_l(amz) 1 1 + % 1
e ax _1 2
[ e g = L ot

[Out] -1/4/a/x"4-1/4*a*arccsch(a*x”2)-1/4x(1+1/a~2/x~4)~(1/2)/x"2

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6 number of rules _ 0.500, Rules used = {6471,

’ integrand size
30, 342, 281, 201, 221}

csch_l(an) ﬁ + 1
/e \/ aZet 1 1 (az?)

N -1
o de = — 122 ~ Zacsch

[In] Int[E"ArcCschla*x~2]/x"3,x]
[Out] -1/4%1/(a*x”4) - Sqrt[l + 1/(a"2*x~4)]/(4%x"2) - (axArcCsch[axx"2])/4
Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 201

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(n*p + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free
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Ql{a, b}, x] & IGtQ[n, 0] && GtQlp, O] && (IntegerQ[2+p] || (EqQln, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)]1/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 281

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k = GCD[m
+ 1, n]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*x(a + b*x~(n/k))"p, x], x, x
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] &% IntegerQ[m]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6471

Int [ETArcCschl[(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

[ % dz 1+ o
integral = “”T + / ——dz

3
1 x4 1
=—4ax4—Subst< m/l—l-gd:v,x,E)

1 1 / x? 1
= o —ESubst</ 1+¥d:v,m, E)
1
1 Vitas 1 1 1
= o —Subst / dz,z, —
4 142 T

4axt 4z

1 1+ _1 1 » ,
= — lat 122 — Zacsch (aa: )
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.57

ecsch_1 (amz) 1 - 9 )
/T dr = _§a<e2csc (a2®) 4 9csch™ (ax2)>

[In] Integrate[E~ArcCschl[a*x~2]/x73,x]
[Out] -1/8%(a*(E~(2*ArcCsch[a*xx~2]) + 2xArcCsch[a*x"2]))

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 113 vs. 2(34) = 68.

Time = 0.11 (sec) , antiderivative size = 114, normalized size of antiderivative = 2.71

method | result size
o [ [zta241 2.,
e (l< |
1
default | — g, — oo | 114
T2\ T2 2
a a

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))/x"3,x,method=_RETURNVERBOSE)

[Out] -1/4%((a"2*x~4+1)/x~4/a~2)"(1/2)/x~2*(In(2*x((1/a"2)~(1/2)*(1/a"2*x(a"2*xx~4+1
))"(1/2)*a"2+1) /a~2/x72) *x"4+(1/a"2x (a"2*%x"4+1) ) ~(1/2)*(1/a"2)~(1/2))/(1/a"

2x(a™2%x74+1))"(1/2)/(1/a~2)~(1/2)-1/4/a/x"4

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 101 vs. 2(34) = 68.

Time = 0.24 (sec) , antiderivative size = 101, normalized size of antiderivative = 2.40

ecsch_ 1 (azz)
[,
T

a2zt log (a$2 /aiz;;-i-l + 1) — a2t log (CLIL'2 /aiz;;i-l _ 1) + 2 ax? /ai:gi—i—l +2

ar?

[In] integrate((1/a/x"2+(1+1/a~2/x~4)~(1/2))/x"3,x, algorithm="fricas")

[Out] -1/8*(a"2*x"4*log(a*x~2*sqrt((a"2*x"4 + 1)/(a"2%x74)) + 1) - a"2*x"4*log(ax
x"2xsqrt ((a™2%x~4 + 1)/(a"2%x74)) - 1) + 2xa*x"2*xsqrt((a™2*x~4 + 1)/(a™2xx”

4)) + 2)/(axx"4)
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Sympy [A] (verification not implemented)

Time = 1.34 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.00

asinh <ﬁf) 1/1—i—ﬁ
ecsch_1 (az?) a 2 + 2ax2 1
= — _
/ 3 7 2 4axt

[In] integrate((1/a/x**2+(1+1/a**2/x**4)**(1/2))/x**3,x)
[Out] -ax(asinh(1/(a*x**2))/2 + sqrt(1l + 1/(ax*2xxx*4))/(2%axx**2))/2 - 1/(4*a*xx*
*4)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 92 vs. 2(34) = 68.

Time = 0.23 (sec) , antiderivative size = 92, normalized size of antiderivative = 2.19

6cschfl(a:cQ)d a%%z#-l—l 1 1 0 1 ] .
/ x__4(a2x4(1 +1)—1)_§a0g awVan‘l—l_ +

a?z?
1 o [ 1 1
+§alog (ax W-I—l—l) T tadh

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"3,x, algorithm="maxima")

[Out] -1/4%a~2*xx"2xsqrt(1/(a"2*x"4) + 1)/(a"2*x"4*(1/(a"2%x"4) + 1) - 1) - 1/8*ax
log(a*x~2*sqrt(1/(a”2+%x74) + 1) + 1) + 1/8*axlog(a*x”2*sqrt(1/(a"2*x~4) + 1

) - 1) - 1/4/(a*x"4)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 76 vs. 2(34) = 68.

Time = 0.27 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.81

csch_l(axz)
e
LN
2 (Va2zt+1at|a|+a®
a*lallog (Va?z? + 1+ 1) — a*|a|log (Va?zt+1—1) + ( ;14 obt<")

- 8 at

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"3,x, algorithm="giac")

[Out] -1/8%(a~4*abs(a)*log(sqrt(a™2*x~4 + 1) + 1) - a"4xabs(a)*log(sqrt(a™2*x~4 +
1) - 1) + 2x(sqrt(a™2*x~4 + 1)*a"4*abs(a) + a~5)/(a"2*x"4))/a"4
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Mupad [B] (verification not implemented)

Time = 6.32 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.00

ecsch_l(a$2) p asinh TaZ # +1 1
/ x3 T=T 4./1 T 492 ~ dazt
a2

[In] int(((1/(a"2*%x"4) + 1)°(1/2) + 1/(a*xx"2))/x"3,%)

[Out] - asinh((1/a"2)~(1/2)/x72)/(4x(1/a~2)"(1/2)) - (1/(a"2*x"4) + 1)~(1/2)/(4*x
~2) - 1/(4*xa*xx"4)
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Optimal result . . . . . . . . .. e
Rubi [A] (verified) . . . . . . ... .
Mathematica [C] (verified) . . . . . . . . . .. L 304
Maple [C] (verified) . . . . . . . . . . 304
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... ....... 305
Sympy [C] (verification not implemented) . . . . . ... ... ... ... ......
Maxima [F] . . . . . .
Giac [F] . . . o o 306
Mupad [F(-1)] . . .«

Optimal result

Integrand size = 12, antiderivative size = 181

gesch™ (a2?) 1 ltas 201+ 5a
|t -

x4 5ax> 53 5(a+ )z
2va <++> (a+ %) E(2cot™ (vaz) |3)
aty

5y/14 =2

a2+ -1
va ((l%:“)(a + %) EllipticF (2cot™! (vaz) , })

5y/14 =

[Out] -1/5/a/x"5-1/5%(1+1/a"2/x"4)~(1/2)/x~3-2/5*%a~2*(1+1/a"2/x"4)~(1/2)/(a+1/x"2
)/x+2/5%(a+1/x"2) *(cos(2*arccot (x*a~(1/2)))"2)~(1/2) /cos(2*arccot (x*a~(1/2)
))*EllipticE(sin(2*arccot (x*a~(1/2))),1/2x2~(1/2))*a~(1/2)*((a~2+1/x~4)/(a+
1/x72)72)"(1/2)/(1+1/a~2/x"4)~(1/2)-1/5*(a+1/x"2) * (cos (2*xarccot (x*a~(1/2)))
~2)~(1/2) /cos(2*arccot (x*a~(1/2)))*EllipticF(sin(2*arccot (x*a~(1/2))),1/2*2
~(1/2))*a~(1/2)*((a~2+1/x"4) /(a+1/x"2)"2)~(1/2) / (1+1/a~2/x"4) "~ (1/2)
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Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 7 number of rules _ 0.583, Rules used

' integrand size
= {6471, 30, 342, 285, 311, 226, 1210}

/ ecsch_1 (aa:2) \/ ﬁ + 1 20,2\ / 211‘4 + 1

Tt do = - 53 5z (a + m%)

Ja _w‘i)g (a + 2) EllipticF (2cot™ (v/az) , 1)

54/ + 1

a2zt

2//a Zzitgii(a-+-£%)ff(200t_l<”A5x)lé) 1
a+ s
5ax®

5 a21z4 +1

[In] Int[E~ArcCschl[a*x~2]/x"4,x]

[Out] -1/5%1/(a*x”5) - Sqrt[l + 1/(a"2*x~4)]1/(5%x"3) - (2*a~2*Sqrt[1 + 1/(a"2*xx~4
)1)/(6%(a + x~(-2))*x) + (2*Sqrtl[al*Sqrt[(a~2 + x~(-4))/(a + x~(-2))"2]*(a

+ x7(-2))*EllipticE[2*ArcCot [Sqrt [al*x], 1/2])/(5%Sqrt[1 + 1/(a"2*x"4)]) -
(Sqrtl[al*Sqrt[(a”2 + x~(-4))/(a + x~(-2))"2]*(a + x~(-2))*EllipticF[2*ArcCo
t[Sqrtl[al*x], 1/2])/(5xSqrt[1 + 1/(a"2*x~4)])

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 226

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt([b/a, 41}, Simp[(
1 + q"2*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x72)"2)]/(2*g*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]]1 /; FreeQ[{a, b}, x] && PosQ[b/al]

Rule 285

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + b*x"n)"p/(c*(m + n*p + 1))), x] + Dist[a*n*x(p/(m + nxp + 1
)), Int[(c*x)"m*(a + b*x"n)~(p - 1), x], x] /; FreeQ[{a, b, c, m}, x] && IG
tQ[n, 0] && GtQlp, 0] && NeQ[m + n*p + 1, O] &% IntBinomialQ[a, b, c, n, m,
p, x]

Rule 311
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Int[(x_)~2/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 21}, D
ist[1/q, Int[1/Sqrt[a + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrtl[a +
b*x~4], x], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 342

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] & ILtQ[n, 0] && Int
egerQ [m]

Rule 1210

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)~"4], x_Symbol] :> With[{q =
Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(ax(1 + q72*x~2))), x] + Simp[dx*
(1 + qg"2*%x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x72)"2)]/(q*Sqrt[a + c*xx~4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 6471
Int [ETArcCsch(a_.)*(x_)~(p_.)]*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x~(m

- p), x], x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*%p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

f ie dx 1+ a?zt
integral = ——— + / —dx
a

vl
1 5 [, 1
Eagt Subst( /14 o dz,x, x)
1 1+ a21x4 Sub d
= — — 3 — —dubst T, T, —
5ax® 5z 5 14
1 L+ o 1 1
=R T s —(2a)Subst dr,x, —
azx x 1"‘2_;1
1 1-z 1
—(2a)Subst 2 -
+5( a)Subs ( = m,x,m)

142
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a’+ 1 -1 1

x 1 t 1

1 \/ 1+ ﬁ 20/2 1+ a21x4 2\/6 (a+zi2>2 (a + “"2) E(2 co (\/a$) |2)
T sk N

Va, | 2355 (o + L) EllipticF (2cot™ (vaz) , 1)

(a-i—;lg)
5y/14 o2

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

5ax®

Time = 0.15 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.63

ecsch_1 (amz)
[
T

_ 3/2 _ _
(ax2)3/2 (3(1 _ e2csch 1(a$2)) + 462CSCh l(an) Hypergeometric2F1 (_%’ %, L_Z) eZCsch l(axQ))>

6\/2 _ 262csch_1(ax2) \/Mw3

—1+e2CSCh_ 1 (aa:2)

[In] Integrate[E~ArcCschla*x~2]/x"4,x]

[Out] ((a*x~2)~(3/2)*(3*x(1 - E~(2xArcCsch[a*x~2]))~(3/2) + 4*E~(2xArcCsch[a*x"~2])
*Hypergeometric2F1[-1/2, 3/4, 7/4, E~(2*ArcCsch[a*x~2])]))/(6%Sqrt[2 - 2*E~
(2*ArcCsch[a*x~2])]*Sqrt [E"ArcCsch[a*xx~2] /(-1 + E~(2xArcCsch[a*x~2]))]1*x~3)

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.93 (sec) , antiderivative size = 171, normalized size of antiderivative = 0.94

method | result
Y. ziZiJ{l <—2\/i>a a*z8+42ia3v/—ia 2241 Via z2+1 z° EllipticF (a: ia,i) —2ia%v/—ia 241 Via £2+1 z° EllipticE (z ia,i) —3via a
523 (z4a2+1)Via

default

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))/x"4,x,method=_RETURNVERBOSE)

[Out] 1/5%((a"2*x~4+1)/x"4/a~2) " (1/2)*(-2x(I*a) " (1/2) *a"~4*x~8+2xI*a”~3* (1-I*a*xx"2)
~(1/2) % (1+I*a*xx~2) " (1/2) *x~5*E1lipticF (x* (I*a) ~(1/2),I)-2*I*a~3*(1-I*a*x"2)
~(1/2) % (1+I*a*xx”~2) " (1/2) *x"5*E1lipticE(x* (I*a) ~(1/2),I)-3*(I*a)~(1/2)*a~2*x
~4-(I*a)~(1/2))/x"3/(a~2*xx~4+1) /(I*a)~(1/2)-1/5/a/x"5
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Fricas [A] (verification not implemented)

none

Time = 0.08 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.54

ecsch_1 (aa:z)
[ 0
x

2 (—aQ)% a’z° E (arcsin <(—c¢2)i x) |—-1)—2 (—aQ)% a’z° F (arcsin ((—a?)

5az®

I e

x) | —1) + (2a3z° + a:cQ)\

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"4,x, algorithm="fricas")

[Out] -1/5%(2x(-a"2)~(3/4)*a~2*x"b*elliptic_e(arcsin((-a"2)~(1/4)*x), -1) - 2x(-a
~2)7(3/4)*a"2*xx"5xelliptic_f(arcsin((-a~2)~(1/4)*x), -1) + (2%a~3*x”"6 + a*x
"2)xsqrt((a~2*x"4 + 1)/(a"2*x74)) + 1)/(a*x”5)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.19 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.24

csch™?! (az2)
/ O S

x4 473T (%)  baz®

[In] integrate((1/a/x**2+(1+1/ax*2/x**4)**x(1/2))/x**4,x)

[Out] -gamma(3/4)*hyper((-1/2, 3/4), (7/4,), exp_polar(I*pi)/(a*x*2*x**4))/(4*x**3
xgamma (7/4)) - 1/(5*a*x**5)

Maxima [F]

ecsch_l(an) ﬁ +1+ a_alv2
[ g [P,
X X

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"4,x, algorithm="maxima")
[Out] integrate(sqrt(a™2*x~4 + 1)/x76, x)/a - 1/5/(a*x"5)
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Giac [F]

ecsch_l(a$2) # + 1 + a—iz
[y [
[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"4,x, algorithm="giac")

[Out] integrate((sqrt(1/(a"2*x~4) + 1) + 1/(a*xx"2))/x"4, x)

Mupad [F(-1)]

Timed out.

ecsch*1 (axz) # + 1 + a_.}ﬁ
g —do= | T dz

[In] int(((1/(a"2*x~4) + 1)°(1/2) + 1/(a*xx"2))/x"4,x)
[Out] int(((1/(a"2*x~4) + 1)°(1/2) + 1/(a*xx"2))/x"4, x)
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3.47

)
Optimal result . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . . ... 308
Maple [A] (verified) . . . . . . . . . L
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .... 309
Sympy [A] (verification not implemented) . . . . .. ... ... ... ... ... . 309
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 309
Giac [B] (verification not implemented) . . . . . . . . ... ... L L. BI0I
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 3101

Optimal result

Integrand size = 12, antiderivative size = 31

csch™! (az?) 1 1 3/2 1
e
- dr==-Za%(14+ — -
/ x® v 6" ( + a2x4) 6azS

[Out] -1/6%a~2%(1+1/a"2/x"4)~(3/2)-1/6/a/x"6

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, number of rules _ 0.250, Rules used = {6471,
integrand size
30, 267}

csch™! (az?) 1 1 3/2 1
e
Z  dr=—-Zq 1 -
/ x® v 6" <a2x4 + ) 6az"

[In] Int[E"ArcCschl[a*x~2]/x75,x]
[Out] -1/6x(a"2*x(1 + 1/(a"2%x"4))"(3/2)) - 1/(6*a*xx"6)
Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 267

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]
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Rule 6471

Int [E"ArcCschl(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x

]

Rubi steps

L dx Vs et
integral = / o7 74 dx
a x®

1, 1 \*?* 1
= —~a?(1+ — _
6" ( + a2x4) 6azS

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.26

/ ecsch_l(axz) 1 + A/ 1 + a21:v4x2(1 + 0,21'4)
- dx —

z° 6axb

[In] Integrate[E~ArcCschl[a*x~2]/x75,x]
[Out] -1/6%(1 + a*Sqrt[1 + 1/(a"2*x"4)]1*x"2*x(1 + a~2%x"4))/(a*x"6)

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.35

method | result size
m4a2+1 4 2
\/ —i—=— (x*a“+1
default | — ”34“26;1 ) _ s | 42
) a(z4a2+1) _—m44a22—1
trager | —8=%— 7 46

[In] int((1/a/x"2+(1+1/a"2/x~4)~(1/2))/x"5,x,method=_RETURNVERBOSE)
[Out] -1/6%((a~2*x"4+1)/x"4/a~2)"(1/2)/x"4*(a~2*x"4+1)-1/6/a/x"6
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.58

24
a3x6 + (a3x6 -I-CLIEQ) aagwi-l _|_ 1

csch~?! (amz)
/ e =

zd 6 ax®

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"5,x, algorithm="fricas")
[Out] -1/6%(a"3*x"6 + (a”3*x"6 + axx~2)*sqrt((a"2*x"4 + 1)/(a"2*x74)) + 1)/(a*x"6
)

Sympy [A] (verification not implemented)

Time = 1.46 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.58

;

1 2 1 1
csch™! (az?) a 14+ a2zt <% + @) for P 7é 0 a
° 3z
/ G de = # otherwise
2a fora # 0
. otherwise

[In] integrate((1/a/x**2+(1+1/ax*2/x**4)**x(1/2))/x**5,x)

[Out] Piecewise(((-a*Piecewise((sqrt(1 + 1/(ax*2xx**4))*(ax*2/3 + 1/(3*x**4)), Ne
(axx(-2), 0)), (1/(2*x**4), True)) - 1/(3*x**6))/(2*a), Ne(a, 0)), (0, True

))

Maxima [A] (verification not implemented)

none
Time = 0.22 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.81

csch™! (az?) 1 1 % 1
€

- dr=—-a*—=—4+1) =

/ x? v 6" (a2x4 + > 6 ax®

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"5,x, algorithm="maxima")

[Out] -1/6%a~2%(1/(a"2%x~4) + 1)~(3/2) - 1/6/(a*x"6)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 71 vs. 2(25) = 50.

Time = 0.27 (sec) , antiderivative size = 71, normalized size of antiderivative = 2.29

4
2 (3 <x2|a|—\/a2z4+1) a4+a4>

ecsch_l(an) (<z2|a|—\/a2x4+1>2—1>3
/ T =
x® 6 a?

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"5,x, algorithm="giac")
[Out] 1/6%(2*%(3*(x"2*abs(a) - sqrt(a™2*x~4 + 1))~"4xa~4 + a~4)/((x"2xabs(a) - sqrt
(a”2%x74 + 1))72 - 1)73 - a/x"6)/a"2

a
z6

Mupad [B] (verification not implemented)

Time = 4.80 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.42

2 /1
csch™! (az?) 1 z Zgatl (1,2 . +1
/ e d 6a + 6 a2t
—  dx = —

0 6 6

[In] int(((1/(a"2*%x"4) + 1)~(1/2) + 1/(a*x"2))/x"5,x)
[Out] - (1/(6xa) + (x72*(1/(a™2*x74) + 1)7(1/2))/6)/x76 - (a"2x(1/(a"2*x"4) + 1)~

(1/2))/6
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3.48 f echch_l(ax)xm dr

Optimal result . . . . . . . . . . e B11]
Rubi [A] (verified) . . . . . . . . . B1T1]
Mathematica [A] (verified) . . . . . . . . . ...
Maple [F] . . . . o B13
Fricas [F] . . . . . . 313l
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ..... 313
Maxima [F(-2)] . . . . . . o o 314
Giac [F(-2)] .« o o o 314
Mupad [F(-1)] . . . o B14

Optimal result

Integrand size = 12, antiderivative size = 64

-1
/e2csch (az)xm dr

o 2gTim g'+m  2z™ Hypergeometric2F1 (—3, - 2,1 — 2, ——L5)

T @2(1-m)  1+m am

[Out] -2*x~(-1+m)/a~2/(1-m)+x~ (1+m)/(1+m)+2*x"m*hypergeom([-1/2, -1/2*m], [1-1/2*m
1,-1/a"2/x72)/a/m

Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4 number of rules _ 0.333, Rules used = {6473,

’ integrand size
6874, 346, 371}

2z™ Hypergeometric2F1 (—%, =5, 1=, —#) 2™ 1 gmt!

am _az(l—m)_'_m—i-l

-1
/e2csch (ax)xm dr =

[In] Int[E~(2*ArcCschla*x])*x"m,x]

[Out] (-2*x~(-1 + m))/(a"2*(1 - m)) + x~(1 + m)/(1 + m) + (2*x"mxHypergeometric2F
1[-1/2, -1/2*m, 1 - m/2, -(1/(a"2%x~2))])/(a*m)

Rule 346

Int[((c_.)*(x_))"(m_ )*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Dist[(-c~
(-1))*(c*x)"(m + D*(1/x)"(m + 1), Subst[Int[(a + b/x"n)"p/x"(m + 2), x], x
, 1/x1, x] /; FreeQ[{a, b, ¢, m, p}, x] && ILtQ[n, 0] && !'RationalQ[m]
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Rule 371

Int[((c_.)*(x_))~(m_)*((a_) + (b_)*(x)"(n_))"(p_), x_Symboll :> Simp[a”p
*((c*xx)~(m + 1)/(c*(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQlp, 0] && (ILt
Qlp, 0] |l GtQ[a, 0])

Rule 6473

Int [E”(ArcCschlu_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps
o1\
integral = / ( 1+ 5+ _> ™ dx
a’r?  azx
op-2+m  24/14 pitm

_/ a2 + a +z™ dx

9p—14+m plHm 2 [4/1+ #x—l-i-m dr
__az(l—m)jL1+mJr a

2x—1+m x1+m (2(%)"1 xm) Subst (f .'L'_l_m 1+ ﬁ_; d:[;) T, %)
T a(l-m)  1+m a
o 2gTtm g'*™ 2z Hypergeometric2F1 (—3, - 2,1 — 2, — L)

a’(l—m)  14m am

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.89

2csch™1(az),.m _.m 2 T
/e @) gm dy = (aQ(—1+m)w+1+m

4 2 Hypergeometric2F1 (—3,—2,1 -2 —_1.)
am
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[In] Integrate[E~(2*ArcCsch[a*x])*x"m,x]
[Out] x"m*(2/(a"2*%(-1 + m)*x) + x/(1 + m) + (2*Hypergeometric2F1[-1/2, -1/2*m, 1
- m/2, -(1/(a"2%x~2))]1)/(a*m))

Maple [F]

[In] int((1/a/x+(1+1/a~2/x"2)"(1/2)) " 2*x"m,x)
[Out] int((1/a/x+(1+1/a"2/x"2)"(1/2)) " 2*x"m,x)

Fricas [F|

2
_ 1 1
/e2CSCh 1(“$)zmdx=/xm<\/ 2.2 +1—|-—> dx
a’x ax

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2*x"m,x, algorithm="fricas")
[Out] integral ((2xa*x*x m*sqrt((a”™2*x~2 + 1)/(a”2*x"2)) + (a™2*x"2 + 2)*x"m)/(a"2

*x~2), X)

Sympy [A] (verification not implemented)

Time = 3.10 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.19

1 _m
Zm+1 xmr(_%) 21 ( 12,_ m2 ae;aﬂ)
/62csch_1(ax)xm dr = m+1 for m 7é -1 _ _ 2
log (z) otherwise al' (1-17%)
mfﬂm_x form # 1
2 ™
%g("’) otherwise
+ 2
a

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))**2xx**m,x)

[Out] Piecewise((x**(m + 1)/(m + 1), Ne(m, -1)), (log(x), True)) - x**m*gamma(-m/
2) *hyper ((-1/2, -m/2), (1 - m/2,), exp_polar(I*pi)/(a**2*x**2))/(a*gamma (1
- m/2)) + 2*Piecewise((x**m/(m*x - x), Ne(m, 1)), (x**mxlog(x)/x, True))/a*

*2
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Maxima [F(-2)]

Exception generated.

/ g2esch™ (az) pm g Exception raised: ValueError

[In] integrate((1/a/x+(1+1/a~2/x72)~(1/2))"2*x"m,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(m-2>0)’, see ‘assume?‘ for more det
ails)Is

Giac [F(-2)]

Exception generated.

/ g2esch ™ (az) pm g Exception raised: TypeError

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2*x"m,x, algorithm="giac")

[Out] Exception raised: TypeError >> an error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ; OUTPUT : sym2poly/r2sym(const gen & e,const in
dex_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.
2
_ 1 1
chsch 1(aav)xm dr = ™ +1+ — dx
a? 2 azx

[In] int(x"m*x((1/(a"2*x"2) + 1)°(1/2) + 1/(a*x))"2,x)
[Out] int(x"m*x((1/(a"2*x"2) + 1)°(1/2) + 1/(a*x))"2, x)
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3.49 f echch_l(ax)x4 dr

Optimal result . . . . . . . . . . . e 315l
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. L B17
Maple [A] (verified) . . . . . . . . B17
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ... ... 318
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... ... 318
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 318l
Giac [A] (verification not implemented) . . . . . . .. ... .. .. L. 319
Mupad [B] (verification not implemented) . . .. .. ... .. ... .. ....... 319

Optimal result

Integrand size = 12, antiderivative size = 85

1 .2 1,4 1
/ezcsch—l(az)a;‘l do — \ 1+ oz N 2_x3 \/ 1+ =z 5 arctanh( 1+ m)

4q3 3a? + 2a + 5 4ab

[Out] 2/3*x~3/a~2+1/5*%x"5-1/4*arctanh((1+1/a~2/x~2)~(1/2))/a~5+1/4xx"2*(1+1/a"~2/x
~2)7(1/2)/a"3+1/2*xx"4x(1+1/a~2/x"2)~(1/2) /a

Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.00, number
of steps used = 8, number of rules used = 7, Bummber of rules _  5g3 Ryjjes used = {6473,

' integrand size
6874, 272, 43, 44, 65, 214}

4 /1 1 2 /1
/62csch1(a:c)x4dx:2_x3 Tz 1 arctanh( a2x2+1> T\ 1 5

3a? + 2a B 4a® + 4a3 + 5

[In] Int[E~(2%ArcCschla*xx])*x"4,x]

[Out] (Sqrtl[1l + 1/(a"2*x"2)]*x"2)/(4*a~3) + (2*x~3)/(3*%a"2) + (Sqrt[l + 1/(a"2*x~
2)1*x~4)/(2*a) + x°5/5 - ArcTanh[Sqrt[1 + 1/(a"2*x"~2)]]/(4*a"5)

Rule 43

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Dist[d*(n/(b*x(m + 1))), I
nt[(a + b*xx)"(m + 1)*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& NeQ[bxc - a*d, 0] && ILtQ[m, -1] && !'IntegerQ[n] && GtQ[n, O]
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Rule 44

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+Db*xx)"(m + D*((c + d*xx)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Dist [d*((
m+n + 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*xd, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
dx(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQl{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6473

Int [E~(ArcCschlu_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps
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3a? 5 a
Sub Y2 g,
93 5 ubst f 5— AT, T,
T 32 ' 5 a

4a3 3a? 2a 5 8a’®
14 2522 9.3 14+ —5z* 5 Subst (f —mramm Az, /14 ag—lgcQ>
7 i

14 o522 9.3 14+ Lzt 5 arctanh( 1+a2—1wz)

4a3 3a? 2a 5 4ab

8

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.99

-1
/e2csch (am)x4 dr

a0? (15\/1+ 7y + 40az + 3007\ /1 + ;0% +120%°) — 1510g ((1+/1+ 72 ) @)

60a®

[In] Integrate[E~(2*ArcCschla*x])*x"4,x]

[Out] (a~2*x"2*%(156%xSqrt[1 + 1/(a"2*x"2)] + 40%a*x + 30*%a~2*Sqrt[1 + 1/(a"2*x"2)]*
X"2 + 12%a”3%x"3) - 15%Logl[(1 + Sqrt[1 + 1/(a"2%x~2)])*x])/(60*a~5)

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.49

method | result size
3
a2w2+1 _ a2w2+1 2 4 a2z2+1 2 a2:c2+1
La2454 143 Ry w( 235(7£12 ) a -I—acy/ia2 a“+In x+\/7a2 "
default 5 5 3 — == + 322 127
Qa 40,5\/‘1 z2+1 Q
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[In] int((1/a/x+(1+1/a"2/x"2)"(1/2)) "2*x~4,x,method=_RETURNVERBOSE)

[Out] 1/a"2%(1/5%a~2%x"5+1/3*x~3)-1/4/a"5%((a~2*x"2+1)/a~2/x"2) ~(1/2) *x* (-2*xx* ((a
~2%x72+1) /a"2) " (3/2)*a"4+x*x ((a~2*%x"2+1) /a~2) ~(1/2) *a~2+1n(x+((a"2*%x"2+1) /a~
2)7(1/2)))/((a~2*x~2+1)/a~2)~(1/2)+1/3*x~3/a~2

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.02

/eZCsch_l(am)lA dr
12a5z% + 40 a3z3 + 15 (2 a*z* + a22?),/ % + 15 log (aa: “Zﬁ?{l — ax)

o 60 a®

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2*x"4,x, algorithm="fricas")

[Out] 1/60%(12*%a~5*x~5 + 40%a~3*x"3 + 15x(2*a~4*x"4 + a~2*xx"2)*sqrt((a”2*x"2 + 1)
/(a"2xx72)) + 15*xlog(a*xx*sqrt((a~2*x"2 + 1)/(a"2*x"2)) - a*x))/a"5

Sympy [A] (verification not implemented)

Time = 2.61 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.96

5 5 3 3 :
1 T T 2z 3z T asinh (ax
/e2csch (am)x4 dr ( )

—+ + o+ =
5 ov@ 1 3@ i@ 1 daVar 1 dad

[In] integrate((1/a/x+(1+1/a**2/x**2)**x(1/2))**2xx**4, x)

[Out] x*x5/5 + x**5/(2*sqrt(a**2*x**x2 + 1)) + 2*x*x3/(3*ax*2) + 3xxx*3/(4*a*x*2*sq
rt(ax*2*%x**2 + 1)) + x/(4*a*x4xsqrt(a**2xx**2 + 1)) - asinh(a*x)/(4*a**5)

Maxima [A] (verification not implemented)

none

Time = 0.21 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.38

2csch™1(ax) 4d _ 1 5 2z
/e T = 5 3

(( 2+1) ty ¢121m2+1> log<\/%+l> n log<,/ﬁ+1—1)

() e () ;

+ 8a
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[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2*x"4,x, algorithm="maxima")

[Out] 1/5%x75 + 2/3*x73/a"2 + 1/8%(2%((1/(a"2%x"2) + 1)7(3/2) + sqrt(1/(a"2*x"2)
+ 1)) /(a"4*x(1/(a"2%x72) + 1)72 - 2xa~4x(1/(a"2*x"2) + 1) + a”4) - log(sqrt(
1/(a"2*x"2) + 1) + 1)/a"4 + log(sqrt(1/(a~2*x"2) + 1) - 1)/a"4)/a

Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.94

2
/e2csch1(a:c)x4 dr = 1 a2x? + 1z 2z |a|sgn(z) + |a|sgn(z)
4 ad ad

3a%r5 + 103 N log (—z|a| + Va?z? + 1) sgn(z)
15a? 4 ab

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2*x"4,x, algorithm="giac")

[Out] 1/4*sqrt(a™2*x"2 + 1)*x*(2*x"2*abs(a)*sgn(x)/a~3 + abs(a)*sgn(x)/a~5) + 1/1
Bk (3*xa~2*x~5 + 10%x73)/a"2 + 1/4xlog(-x*abs(a) + sqrt(a™2*x~2 + 1))*sgn(x)/

a~b

Mupad [B] (verification not implemented)

Time = 4.84 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.86

208 o \Am 1 2\ a1 atan(y/ph +110) 1i
+ + +
2a

4a3 4 a®

/e2csch_1(ax)x4 dr = z° +
5 3a?

[In] int(x~4*((1/(a"2*x"2) + 1)°(1/2) + 1/(a*xx))"2,x)

[Out] (atan((1/(a"2*x~2) + 1)~(1/2)*1i)*1i)/(4*a"5) + x75/5 + (2%x73)/(3*a~2) + (
x"4x(1/(a"2*x~2) + 1)°(1/2))/(2*a) + (x"2x(1/(a"2*x"2) + 1)7(1/2))/(4%a~3)
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3.50 f echch_l(ax)xB dr

Optimal result . . . . . . . . . . . . e 320
Rubi [A] (verified) . . . . . . . . . 320
Mathematica [A] (verified) . . . . . . . . . . ... B21]
Maple [A] (verified) . . . . . . ... B21]
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... ..
Maxima [A] (verification not implemented) . . . . . . . .. ... ... . ...
Giac [B] (verification not implemented) . . . . . . . . ... ... L oL 3231
Mupad [B] (verification not implemented) . . . . ... ... ... ... .......

Optimal result

Integrand size = 12, antiderivative size = 38

1 )\3/2
echch_l(az)mEI dr = z? 2(1 + azzz) z’ z*
a? 3a 4

[Out] x~2/a"2+2/3*x(1+1/a~2/x"2) " (3/2)*x~3/a+1/4*xx"4

Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, number of rules _ 0.250, Rules used = {6473,
integrand size
6874, 270}

- 2 2x3( L+ 1)3/2 z*
2csch™1(az),.3 — .’E_ a’z? il
/ e z° dzx p + % + 1

[In] Int[E~(2*ArcCschl[a*x])*x"3,x]
[Out] x72/a"2 + (2x(1 + 1/(a"2*x"2))~(3/2)*x~3)/(3*a) + x~4/4
Rule 270

Int[((c_.)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(cx
x)"(m + 1)*((a + bxx™n) " (p + 1)/(a*xcx(m + 1))), x] /; FreeQ[{a, b, ¢, m, n,
p}, x] & EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rule 6473

Int [E~(ArcCschlu_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]
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Rule 6874
Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.16

2 o4 2¢/1+4 5 (x + a®2?)
/eZCSCh_l(az)xEI dr = .'E_ z a’z?

2 1" 3a?

[In] Integrate[E~(2*ArcCsch[a*x])*x"3,x]
[Out] x72/a"2 + x74/4 + (2*Sqrt[1 + 1/(a"2*x"2)]*(x + a~2%x~3))/(3*a"3)

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.55

method | result size
22241 2,2
(azav2+1)2 2\/ ﬁaa 22 ‘”("‘ T +1) z2
default i T 323 + 50 59
(a213+a2z2+a2z+a2 +4z+4) (z—1) + 2 (a2m2+1) zy/— ;02122%22_—1
trager 4 — 3a 73

[In] int((1/a/x+(1+1/a"2/x72)~(1/2))~2*x"3,x,method=_RETURNVERBOSE)

[Out] 1/4/a"4x(a~2%x"2+1)"2+2/3/a"3*%((a"2*xx"2+1)/a"2/x"2) " (1/2) *x*x(a~2*xx~2+1)+1/2
*x~2/a"2
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.29

3.4 2 2.3 [ a2a2+1
l/gmwaﬁdw=3ax-+Rmn+8@x-+@ g
12a3

[In] integrate((1/a/x+(1+1/a~2/x72)~(1/2))"2*x~3,x, algorithm="fricas")
[Out] 1/12%(3*a”~3*x"4 + 12%axx~2 + 8x(a”"2*x"3 + x)*sqrt((a”2*x"2 + 1)/(a"2*x"2)))
/a~3

Sympy [A] (verification not implemented)
Time = 1.12 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.34

222vVa2x2 +1 2 2Va2x?+1

4
2csch™!(az),.3 dr = CI?_ -
/e z° dx 4—% 32 +af+ 34

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))**2xx**3,x)
[Out] x*x4/4 + 2xxx*2xsqrt(ax*2xxx*2 + 1)/(3%a**2) + x**2/a**2 + 2*sqrt (a**2*x**2
+ 1)/ (3*%ax*4)

Maxima [A] (verification not implemented)

none
Time = 0.22 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

203(Ay +1)° g2

3a a?

- 1
/e2csch 1(a:v):l:3 dr = Z .’134 +

[In] integrate((1/a/x+(1+1/a~2/x72)~(1/2))"2*x"3,x, algorithm="maxima")
[Out] 1/4*x"4 + 2/3*x"3x(1/(a"2*x"2) + 1)7(3/2)/a + x"2/a"2
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 66 vs. 2(32) = 64.

Time = 0.29 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.74

3 2
[ g P L 2le) | 80 )+ 0 1)
2 at 3a® 1247

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2%x"3,x, algorithm="giac")
[Out] 1/2%(a"2*x"2 + 1)/a~4 - 2/3*abs(a)*sgn(x)/a~5 + 1/12%(8*(a~2*x"2 + 1)~(3/2)
*xa~2*abs(a)*sgn(x) + 3x(a"2*x"2 + 1)72*%a~3)/a"7

Mupad [B] (verification not implemented)

Time = 5.23 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.05

3 4 2
2sch~(az) ;3 g0 _ | L 2z 2727\ = z°
/e v do a2m2+1(3a3+3a +4+a2

[In] int(x~3*%((1/(a"2*x"2) + 1)°(1/2) + 1/(a*xx))"2,x)
[Out] (1/(a™2*x"2) + 1)~(1/2)*((2*x)/(3*a~3) + (2*xx~3)/(3*a)) + x~4/4 + x~2/a"2
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3.51 f echch_l(ax)x2 dr

Optimal result . . . . . . . . . . . e 324
Rubi [A] (verified) . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . ... L 326
Maple [B] (verified) . . . . . . . . . . 326
Fricas [A] (verification not implemented) . . . . . . .. ... .. ... ... . ... ..
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...,
Maxima [A] (verification not implemented) . . . . . . . . .. ... ... 3271
Giac [A] (verification not implemented) . . . . . . . .. ... ...
Mupad [B] (verification not implemented) . . . .. ... ... ... .. .......

Optimal result

Integrand size = 12, antiderivative size = 52
1
.’133 aI'CtaIlh( 1+ W)

/14 1 2
/ e2esch™ (az) 12 g 2_325 + VAR +5+

a a a3

[Out] 2*x/a~2+1/3*x"3+arctanh((1+1/a"2/x"2)"(1/2))/a~3+x~2*%(1+1/a~2/x"2)"(1/2)/a

Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.00, number
_ _ @ humber of rules _ —

of steps used = 7, number of rules used = 6, integrand size 0.500, Rules used = {6473,

6874, 272, 43, 65, 214}

3 /55 +1 arctanh(a/az—lgﬁ—kl) 3
/GQCsch_l(am)xZ dr = a’z? 2z £

a +§+ as +§

[In] Int[E~(2*%ArcCschla*x])*x"2,x]

[Out] (2%x)/a"2 + (Sqrt[l + 1/(a"2*x"2)]*x"2)/a + x~3/3 + ArcTanh[Sqrt[1 + 1/(a"2
*x72)]11/a"3

Rule 43

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Dist[d*(n/(bx(m + 1))), I
nt[(a + bxx)"(m + 1)*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& NeQ[bxc - a*d, 0] && ILtQ[m, -1] && !'IntegerQ[n] && GtQ[n, O]

Rule 65
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Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, p}, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 6473

Int [E”(ArcCsch[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2])"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

2
1 1
integralz/< 1+ﬂ+—> r? dx
a’z?  azx

a? a

or 23 2[\/1+ zzzdx
“e 3T a

St
0p 48 Subst(fm—z"zdx,x,%)
a3 a

1

op /14 Asz? Subst(fx gdxx,x—z)
27 & '3 24
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9 1+ 52?3 Subst<f —rta 43,3, [14 #>
y 4+

a? a 3 a

9 1+ 52?3 arctanh(, /14 a2—112>
=S+ 3

a a 3 a

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.10

1 a$<6+3a\/1+#w+a2z2>+3log(<1+ 1+a2_1xz>w>
/GZCsch (aw)x2 dr =

3a3

[In] Integrate[E~(2*ArcCschla*x])*x"2,x]

[Out] (a*x*(6 + 3*a*xSqrt[1 + 1/(a"2*x"2)]*x + a"2*x"2) + 3*Log[(1 + Sqrt[l + 1/(a
"2*x72)]) *x])/(3*a”3)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 97 vs. 2(46) = 92.

Time = 0.05 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.88

method | result size
a2w2+1 a2z2+1 2 a2<v2+1
%a2m3+z \/ a2z2 x(x\/ 2 @ —Hn(x-{—v a2 )) x
default 5 5= + 5 | 98
a a3\/a zerl a

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))"2*x~2,x,method=_RETURNVERBOSE)

[Out] 1/a~2%(1/3*a~2*x"3+x)+1/a"3x((a~2*xx"2+1)/a~2/x"2) " (1/2) *x*x (xx((a~2*xx"2+1) /a
~2)~(1/2)*a~2+1n(x+((a~2*%x~2+1)/a"2)~(1/2)))/((a~2*x~2+1) /a~2)~(1/2) +x/a"2
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.38

a2x?

2712 22
a®z3 + 3a%2%,/ 25+ + 6az — 3 log <ax el — am)
—1
e2csch (am)a;Z dr = .
3a

[In] integrate((1/a/x+(1+1/a~2/x72)~(1/2))"2*x"2,x, algorithm="fricas")
[Out] 1/3%(a”3%x73 + 3*a~2*x"2xsqrt((a”2*x"2 + 1)/(a"2*x"2)) + 6*axx - 3*xlog(a*xx
sqrt((a™2*x"2 + 1)/(a"2*x"2)) - a*x))/a"3

Sympy [A] (verification not implemented)

Time = 1.61 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.69

zvalz?+1 2z 4 asinh (azx)

3
2csch™!(azx) .2 _ %
e dp==—+—-*"-— ~ 4+ =
/ z°dx 3 + 22 + 22 e

[In] integrate((1/a/x+(1+1/ax*2/x*x*2)*x(1/2))**2xx**2,X)

[Out] x*x3/3 + x*sqrt(ax*2xx**2 + 1)/ax*2 + 2xx/a**2 + asinh(axx)/a*x*3

Maxima [A] (verification not implemented)

none
Time = 0.21 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.71

2 a? a?
2csch™ ! (az) 2d — 1 3 e ( 2_:1:
/e T°dx 3x + %a + 22

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2*x"2,x, algorithm="maxima")

[Out] 1/3*x73 + 1/2%x(2xsqrt(1/(a”2*x"2) + 1)/(a"2%(1/(a"2*x”2) + 1) - a~2) + log(
sqrt(1/(a”2*%x72) + 1) + 1)/a"2 - log(sqrt(1/(a~2*%x"2) + 1) - 1)/a"2)/a + 2%

x/a"2
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Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.19

/eQCSCh_l(ax)xQ g =V a?z? + 1z|a|sgn(x) N a’z® +6x log (—z|a| + va?z? + 1) sgn(z)
- o 3

a3 3a? a

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2*x"2,x, algorithm="giac")

[Out] sqrt(a”2#x"2 + 1)x*x*abs(a)*sgn(x)/a~3 + 1/3*(a"2*x"3 + 6%x)/a"2 - log(-x*ab
s(a) + sqrt(a™2*x~2 + 1))*sgn(x)/a"3

Mupad [B] (verification not implemented)

Time = 5.06 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.98

2p 28 Oy w1 atan(y/h +110) 1

/62csch1(am)w2 dr = = + 4
a

3 a asd

[In] int(x"2*x((1/(a"2*x"2) + 1)°(1/2) + 1/(a*x))"2,x)
[Out] (2*x)/a"2 - (atan((1/(a"2*x"2) + 1)~ (1/2)*1i)*1i)/a~3 + x~3/3 + (x"2x(1/(a"
2xx72) + 1)°(1/2))/a
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3.52 | g2esch™ (az) 00 10,

Optimal result . . . . . . . . . . . . e 329
Rubi [A] (verified) . . . . . . . . . 329
Mathematica [A] (verified) . . . . . . . . . .. B31]
Maple [B] (verified) . . . . . . . . . 3311
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... .. ..., B31
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . ... ... ... .. ...
Giac [B] (verification not implemented) . . . . . . .. ... ... L L.
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 333l

Optimal result

Integrand size = 10, antiderivative size = 43

a + 2 a? a?

/14 S5z 2 -1
/ p2osch 1 (az) o g0 aZz? z®  2csch (ax) + 2log(z)

[Out] 1/2*x"2-2*%arccsch(a*x)/a~2+2*x1n(x)/a~2+2*xx*x(1+1/a~2/x"2)~(1/2)/a

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ 540 Ryles used = {6473,

’ integrand size
6874, 248, 283, 221}

a a? a? 2

_ 20/ 2z +1 9] 2csch™! :
/e2csch l(am).’){:d.’l} — + Og($) . CsC (ax) i .’L’_

[In] Int[E~(2*ArcCschla*x])*x,x]

[Out] (2#Sqrt[1 + 1/(a"2*x"2)]*x)/a + x72/2 - (2xArcCschl[a*x])/a"2 + (2+Logl[x])/a
2

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[a])1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 248

Int[((a)) + (b_.)*(x_)"(n_))~(p_), x_Symbol] :> -Subst[Int[(a + b/x"n) p/x"
2, x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, O]
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Rule 283

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
t[(c*x)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, 0] &% LtQ[m, -1] && 'ILtQ[(m + n*p + n + 1)/n, 0] &% IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 6473
Int [E"(ArcCsch[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1 +

1/u~2])"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6874
Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

2
1 1

integral=/< 1+ — 2+—> xdz
a’r?  ax

2 2log(x) zf\/1+a2_1z2dx
=4 + -

2 a?

22 2lo
_ 2% 2log(z)
2 a? a
1 1
9 /1+#‘”+x2 +210g(x) 2Subst<f e dm,z,w)
o a 2 a a3

a 2 a? a?
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.02

/ sesch ) a-’lﬂ<4\/1—|—(m2 +ax> — 4arcsinh (1) + 4log(z)
e CSC. aiﬂx r =

2a?

[In] Integrate[E~(2*ArcCsch[a*x])*x,x]
[Out] (axx*(4xSqrt[1 + 1/(a"2*x"2)] + a*x) - 4*ArcSinh[1/(a*x)] + 4xLoglx])/(2*a~
2)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 128 vs. 2(39) = 78.

Time = 0.06 (sec) , antiderivative size = 129, normalized size of antiderivative = 3.00

method | result size
2/ (f\/ﬁ 2 1n< Wv ale 1l 2+2))
2.2
2z +4In(x) In(z)
default 2+ ENCZ = + =& | 129

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2)) " 2*x,x,method=_RETURNVERBOSE)

[Out] 1/a"2x(1/2*a~2*x"2+1n(x))+2/a~3*((a"2*x"2+1)/a~2/x"2)~(1/2)*x*x((1/a~2)~(1/2
)*((@a~2*%x"2+1)/a"2)~(1/2)*a"2-1n(2*%((1/a"2) " (1/2)*((a~2*x"2+1) /a~2) " (1/2) *a
~2+1)/x/a~2))/((a~2*x"2+1) /a~2)~(1/2)/(1/a~2)~(1/2)+1n(x) /a~2

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 99 vs. 2(39) = 78.

Time = 0.26 (sec) , antiderivative size = 99, normalized size of antiderivative = 2.30

/ chsch_:L (ax)x dr

(12352—1—4aac\/2:§—§r 4log( \/“ J{ aa:+1)+410g<aw %—az—l)+4log(z)

N 2a?

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2*x,x, algorithm="fricas")
[Out] 1/2%(a™2*x”2 + 4xaxx*ksqrt((a™2*x"2 + 1)/(a"2%x72)) - 4xlog(a*x*sqrt((a~2*x"
2 + 1)/(a"2*%x"2)) - a*x + 1) + 4xlog(a*x*sqrt((a"2*x"2 + 1)/(a"2%x"2)) - ax
x - 1) + 4xlog(x))/a~2
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Sympy [A] (verification not implemented)

Time = 1.73 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.47

2 2 21 2asinh (L 2
/ AL w2l 2emn(l)

echch_l(am)xdx =" 4 > .
a\/1+ a a a3y /14

[In] integrate((1/a/x+(1+1/ax*2/x*x2)*x(1/2))**2%xx,x)

[Out] x*x2/2 + 2xx/(a*sqrt(l + 1/(ax*2xx*x*2))) + 2xlog(x)/a**2 - 2*asinh(1/(a*x))
/a*xx2 + 2/(a*xx3xx*sqrt (1 + 1/(a**x2*x*x*2)))

Maxima [A] (verification not implemented)
none

Time = 0.22 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.74

21’\/% _ log(aw\/%—f-l) + log(am\/%_l)
2

- 1 a a 21
/e2csch l(a:c)z de = = 2 + n Og2(.’l,')
2 a a

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2)) 2*x,x, algorithm="maxima")

[Out] 1/2*x~2 + (2xx*sqrt(1/(a”2*x"2) + 1) - log(axx*sqrt(1/(a"2*x"2) + 1) + 1)/a
+ log(a*x*sqrt(1/(a"2*x~2) + 1) - 1)/a)/a + 2xlog(x)/a"2

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 82 vs. 2(39) = 78.

Time = 0.28 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.91

/ echoh_l(am)x dr

_ 4Va?z? + 1alsgn(z) + (a’2® + 1)a — 2 (|a|sgn(z) — a) log (Va?z? + 1+ 1) + 2 (|alsgn(z) + a) log (Va?a

2a3

[In] integrate((1/a/x+(1+1/a~2/x~2)~(1/2))"2*x,x, algorithm="giac")

[Out] 1/2*%(4*sqrt(a”2*x"2 + 1)*abs(a)*sgn(x) + (a"2*%x"2 + 1)*a - 2x(abs(a)*sgn(x)
- a)xlog(sqrt(a™2*x”"2 + 1) + 1) + 2*(abs(a)*sgn(x) + a)*log(sqrt(a™2*x~2 +
1) - 1))/a"3
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Mupad [B] (verification not implemented)

Time = 5.09 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.21

) 1 9 /1 +1 Qasmh( - )

/e2csch_1(ax)m dr = I_ _ 2In (z) + a®z? _
2 a? a a3 /L
a2

[In] int(x*x((1/(a"2*x"2) + 1)°(1/2) + 1/(a*x))"2,x)

[Out] x72/2 - (2%log(1/x))/a~2 + (2*x*(1/(a"2%x"2) + 1)~(1/2))/a - (2*asinh((1/a”
2)~(1/2)/x))/(a~3%(1/a"2)~(1/2))
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3.53 f echch_l(ax) dr

Optimal result . . . . . . . . . . . . e B34
Rubi [A] (verified) . . . . . . . . 334
Mathematica [A] (verified) . . . . . . . . . .. 3361
Maple [B] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... B37
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... . B3
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. B37
Giac [F(-2)] . . . o o o 338
Mupad [B] (verification not implemented) . . .. . ... ... ... .. .......

Optimal result
Integrand size = 8, antiderivative size = 47

B 20/1+ =5 9 2arctanh< 1+#>
/eZCsch Yazx) dr

= - T+
a a“x a

[Out] -2/a~2/x+x+2*arctanh((1+1/a"2/x"2)"(1/2))/a-2*x(1+1/a"2/x"2)"~(1/2)/a

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6, Bummber of rules _ 75y Ryjes used = {6468,

' integrand size
6874, 272, 52, 65, 214}

~ 2arctanh<,/a2—1w2+1> 2y/ =z +1
/e2csch Y(azx) dr =

- -tz
a a a“xT

[In] Int[E~(2%ArcCschl[a*x]) ,x]

[Out] (-2*Sqrt[1 + 1/(a"2*x"2)])/a - 2/(a"2*x) + x + (2%ArcTanh[Sqrt[1 + 1/(a"2*x
~2)11)/a

Rule 52

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+Db*xx)"(m + D*((c + d*x)"n/(b*(m + n + 1))), x] + Dist[n*((b*xc - a*d)/(
bx(m + n + 1))), Int[(a + b*x) " m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[b*c - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && ! (IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6468

Int [E~(ArcCsch[u_J]*(n_.)), x_Symbol] :> Int[(1/u + Sqrt[l + 1/u”2])"n, x] /
; IntegerQ[nl]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps
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9 /1+a,21:1;2 Subst(fz lgdx,x,w%)
S -
a a’z a
21+ a2 o 1 1
:—T—%jtm—(Za)Subst /mdl‘,x, 1—{—@
2/1+ L 2arctanh (/1 + )
=—Y T _Z 4+
a a’x a

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.11

] 2 /144 o 2log (a(1+ /1+ 7 ) o)
/e2csch Yaz) dr = — *z? e

5t T+
a a“x a

[In] Integrate[E~(2*ArcCschla*x]),x]
[Out] (-2*%Sqrt[1 + 1/(a"2%x72)])/a - 2/(a"2*x) + x + (2xLogla*x(1 + Sqrt[1 + 1/(a”
2xx72)])*x])/a

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 112 vs. 2(43) = 86.

Time = 0.06 (sec) , antiderivative size = 113, normalized size of antiderivative = 2.40

method | result size
3
2.2
T () a1 ) )
default | z — %5 — — 113
Ta a\/a z2+1
a2

[In] int((1/a/x+(1+1/a"2/x~2)~(1/2))~2,x,method=_RETURNVERBOSE)

[Out] x-2/x/a~2-2/a*((a~2*x"2+1)/a"2/x"2) " (1/2)*(a~2*((a~2*x"2+1)/a~2)~(3/2)-((a~
2%x"2+1)/a"2) " (1/2)*a~2*xx"2-1n(x+((a"2*x"2+1) /a~2) ~(1/2))*x) / ((a~2*x"2+1) /a

~2)7(1/2)
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.55

22 22
a’z? — 2axlog (ax a’z tl —ar) —2az\/ 25 — 2az — 2

a2x?

-1
echch (ax) dr = -
a“x

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2,x, algorithm="fricas")
[Out] (a™2#x72 - 2¥a*xx*log(a*xx*sqrt((a~2*x~2 + 1)/(a”2%x72)) - a*xx) - 2%a*x*sqrt(
(a™2%x72 + 1)/(a™2%x72)) - 2*xa*xx - 2)/(a”2*x)

Sympy [A] (verification not implemented)

Time = 1.71 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.04

-1 2z 2asinh (az) 2 2
e2csch (ax) der = — + - - -
a?z? +1 a a’r  a2zva2z2 + 1

[In] integrate((1/a/x+(1+1/a**2/x**2)*x(1/2))**2,x)
[Out] x - 2xx/sqrt(a**x2*x**2 + 1) + 2xasinh(a*x)/a - 2/(a*x*2xx) - 2/(a*x*2*x*sqrt(

ax*k2*kx**x2 + 1))

Maxima [A] (verification not implemented)

none
Time = 0.21 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.26

2./=5+1-1lo (,/L+1+1>+lo (,/L+1—1>
/e2csch1(aw) de = ¢ — a?z? & a?a? & a?z? _ i
a a’r

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2,x, algorithm="maxima")
[Out] x - (2*sqrt(1/(a"2*x"2) + 1) - log(sqrt(1/(a”2*x~2) + 1) + 1) + log(sqrt(1/
(a™2%x"2) + 1) - 1))/a - 2/(a"2%x)
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Giac [F(-2)]

Exception generated.

/ g2esch ™ (az) g Exception raised: TypeError

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2,x, algorithm="giac")

[Out] Exception raised: TypeError >> an error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT :Error: Bad Argument Type

Mupad [B] (verification not implemented)

Time = 4.92 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00

) 2 /A= +1 o atan(/pk +110) 2
/62csch 1(azx) dr =1 — _ _

a a’zx a

[In] int(((1/(a"2*%x"2) + 1)7(1/2) + 1/(a*x))"2,x)

[Out] x - (atan((1/(a"2*x"2) + 1)~ (1/2)*1i)*2i)/a - (2x(1/(a"2*xx"2) + 1)~(1/2))/a
- 2/(a"2*x)
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csch™(az
3.54 [e P gy

X
Optimal result . . . . . . . . . . . . e e
Rubi [A] (verified) . . . . . . . . . 3391
Mathematica [A] (verified) . . . . . . . . ... 3411
Maple [B] (verified) . . . . . . . . . . B341]
Fricas [B] (verification not implemented) . . . . . . .. .. ... ... ......... B41]
Sympy [B] (verification not implemented) . . ... ... ... ... ... ... ...
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . . . .. ... ... L. 343
Mupad [B] (verification not implemented) . . . ... ... .. ... .. .......

Optimal result

Integrand size = 12, antiderivative size = 38

— 1
echch L(ax) 1 1+ 22
[ da- v

- - —csch™ 1
" oy . csch™ (az) + log(x)

[Out] -1/a"2/x"2-arccsch(a*x)+1n(x)-(1+1/a"2/x"2)~(1/2)/a/x

Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ 417 Ryjes used = {6473,

' integrand size
6874, 342, 201, 221}

/ e2csch_1(az) p z/ # +1 1
—————— ax

— csch™(az) + log(x)

T azr a’x?

[In] Int[E~(2*ArcCschla*x])/x,x]
[Out] -(1/(a"2*%x~2)) - Sqrt[1l + 1/(a"2*x"2)]/(a*x) - ArcCsch[axx] + Logl[x]
Rule 201

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(nxp + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] && GtQlp, 0] && (IntegerQ[2*pl || (EqQln, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 221
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Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 342

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQl[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6473

Int [E”(ArcCsch[u_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2])"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6874
Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

]

Rubi steps

( 1+ a?z? + é
integral = / dz

x
2 2¢/1+ a21:c2 1
= ~1d
/ a2z + ax? x o
It o
[ === dx
=—5a2t log(z) + .

=T log(z) — a

. 1+ 1 Subst(f 11—% dz, T, %)
T e ax +log(z) - aa

1 ers

=— - — csch™(az) + log(x)
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Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.03

chsch_l(ax) 1+ Qy/ 1+ xz.’E 1
/ —dr = - a,rcsmh( ) + log(x)
ax

T a?x?

[In] Integrate[E~(2*ArcCsch[a*x])/x,x]
[Out] -((1 + a*Sqrt[1 + 1/(a™2*x72)]1*x)/(a"2*x~2)) - ArcSinh[1/(a*x)] + Logl[x]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 163 vs. 2(36) = 72.

Time = 0.06 (sec) , antiderivative size = 164, normalized size of antiderivative = 4.32

method | result size
/ a2z +1 a2+2
2 In(z)— 2 i2i+1 ( ( 2+1> i 2+1 * 2““( ) )
default | &0 "2 _ — 1. |164
@ az, /L \/a2z2+1 20222
22 o2

[In] int((1/a/x+(1+1/a~2/x"2)~(1/2))"2/x,x,method=_RETURNVERBOSE)

[Out] 1/a"2*%(a”2*1n(x)-1/2/x"2)-1/a*((a~2*xx"2+1)/a~2/x"2)~(1/2) /x*x(a"2* ((a~2*xx~2+
1)/a~2)~(3/2)*(1/a~2) " (1/2)-((a~2*xx~2+1) /a~2) ~(1/2) *(1/a"2) ~(1/2) *a~2xx~2+1
n(2*%((1/a"2)"(1/2)*((a"2*x~2+1) /a~2)~(1/2)*a~2+1) /x/a~2)*x~2) /(1/a~2)~(1/2)
/((a~2*x~2+1)/a~2)~(1/2)-1/2/a~2/x"2

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 112 vs. 2(36) = 72.

Time = 0.24 (sec) , antiderivative size = 112, normalized size of antiderivative = 2.95

2csch™ ! (azx)
/ S M
T

21°g(“””\/“ =k ax+1>—ax210g(az\/“ e w—l)—am210g()+ax\/—ai§$1+1

a?z?

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))"2/x,x, algorithm="fricas")

[Out] -(a"2*x"2*log(a*x*sqrt((a”2*x"2 + 1)/(a"2%x72)) - a*x + 1) - a~2*x"2*log(ax
xxsqrt ((a™2*x72 + 1)/(a™2%x72)) - a*xx - 1) - a~2*x"2xlog(x) + a*x*sqrt((a~2

*x"2 + 1)/(a"2%x72)) + 1)/(a"2*x"2)
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Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 87 vs. 2(32) = 64.

Time = 2.00 (sec) , antiderivative size = 87, normalized size of antiderivative = 2.29

2csch™!(ax)
e,
T

(

1 1 2 1
IOg (2\/ 1+a2:52 V a72+m) + \/ 1+a2z2 for i 7é 0
2
a? log (z)—2a 2 (%2 2z @ — Z%
- % otherwise )
— fora® #0
{ NaN otherwise

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))**2/x,x)

[Out] Piecewise(((a**2%log(x) - 2*a*Piecewise((log(2*sqrt(1l + 1/(a**2*x**2))*sqrt
(a*xx(-2)) + 2/(a*x*2xx))/(2xsqrt(ax*(-2))) + sqrt(l + 1/(a*x*2xx*x*2))/(2*x),
Ne(a**(-2), 0)), (1/x, True)) - 1/x*x2)/axx2, Ne(a*x*2, 0)), (nan, True))

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 93 vs. 2(36) = 72.

Time = 0.24 (sec) , antiderivative size = 93, normalized size of antiderivative = 2.45

2402z 91?24-1 N 1
m + alog (ax\/;—i— 1) —alog (ax\/% - 1)

-1
chsch (az) e
C  dr=-—
z 2a

1
- W + log (117)

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2/x,x, algorithm="maxima")

[Out] -1/2%(2*a"2*xx*sqrt(1/(a"2*x"2) + 1)/(a"2*xx"2x(1/(a"2*x"2) + 1) - 1) + axlog
(axx*sqrt(1/(a”2*%x72) + 1) + 1) - axlog(a*x*sqrt(1/(a"2*x"2) + 1) - 1))/a -
1/(a"2%x72) + log(x)
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 118 vs. 2(36) = 72.

Time = 0.28 (sec) , antiderivative size = 118, normalized size of antiderivative = 3.11

chsch_:L (az)
/ " =
Xz

(a*|alsgn(z) — a®) log (Va?z? + 1 + 1) — (a*|alsgn(z) + a®) log (Va2z? + 1 —1) +

2ab

2 (\/Waﬂtﬂsgn(x)
(\/a2x2-|—1-|—1) (\/aQacz-}

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2/x,x, algorithm="giac")

[Out] -1/2%((a"4*abs(a)*sgn(x) - a~5)*log(sqrt(a™2*x~2 + 1) + 1) - (a"4*abs(a)*sg
n(x) + a"b)*log(sqrt(a™2*x"2 + 1) - 1) + 2*(sqrt(a™2*x"2 + 1)*a”4*abs(a)*sg
n(x) + a”b5)/((sqrt(a™2*x"2 + 1) + 1)*(sqrt(a™2*x"2 + 1) - 1)))/a"5

Mupad [B] (verification not implemented)

Time = 4.87 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.16

i T axr axr

2csch™1(azx) 1 1 1 # +1
[E (1) (L) L,
asx

[In] int(((1/(a"2*x"2) + 1)7(1/2) + 1/(a*x))"2/x,x)
[Out] - log(1/x) - asinh(1/(a*x)) - 1/(a"2*x"2) - (1/(a"2*x"2) + 1)~(1/2)/(a*x)
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Optimal result . . . . . . . . . . . e [344]
Rubi [A] (verified) . . . . . . . . 1344
Mathematica [A] (verified) . . . . . . . . . .. .. 345
Maple [A] (verified) . . . . . . . . .. 3461
Fricas [B] (verification not implemented) . . . . . . .. ... ... ... ....... 346]
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... ... 346
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 347
Giac [B] (verification not implemented) . . . . . . . .. ... ... . ... 347
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ...... 1347

Optimal result

Integrand size = 12, antiderivative size = 34

2csch ™! (ax) 2 1 3/2 2 1
/e—dx:——a<1+—) T3 =

2 3

[Out] -2/3%a*x(1+1/a"2/x72)~(3/2)-2/3/a"2/x"3-1/x

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.59, number
of steps used = 4, number of rules used = 3, Bummber of rules _ 95y Ryjes used = {6473,

' integrand size
6847, 2142}

_ 3
/ e2csch Yazx) J 1 1 14 1 1 1 1 1
———dr=—=a| /5= — | —za\/ == - —
x2 6 a?x? ax 2V a2z? 2z

[In] Int[E~(2%ArcCschla*xx])/x"2,x]

[Out] -1/2%(axSqrt[1 + 1/(a"2*x"2)]) - (a*(Sqrt[1l + 1/(a"2*x"2)] + 1/(a*x))"3)/6
- 1/(2%x)

Rule 2142

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (f_.)*Sqrtl[(a_) + (c_.)*(x_)"2])"(
n_))"(p_.), x_Symbol] :> Dist[1/(2*e), Subst[Int[(g + h*x"n) “p*((d"2 + axf~
2 - 2xd*x + x72)/(d - x)72), x], x, d + exx + f*Sqrt[a + c*xx~2]]1, x] /; Fre
eQl{a, c, d, e, f, g, h, n}, x] && EqQ[e”2 - c*f~2, 0] && IntegerQ[p]

Rule 6473
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Int [E~(ArcCschlu_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*x(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6847

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, x], x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rubi steps

1

2
( 1+ a?z? + é)
integral = / 5 dr
x

2

2
= —Subst /(E—l-\/l—i-x—z) dac,alc,1
a a x

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.35

/ e2csch_1(ax) 2+ 3a2m2 + 204 /1+ #.’L’(l + 0,2.’1)2)
s dr=-

2 3a2x3

[In] Integrate[E~(2xArcCschla*x])/x"2,x]
[Out] -1/3%(2 + 3*a~2*x"2 + 2*xa*Sqrt[1 + 1/(a~2*x"2)]1*x*(1 + a~2*x"2))/(a"2*x"3)
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Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.65

method | result size
3a2x2+2 2a(a2x2+1) [_ —aa21;1:2_1
trager f e 56
1 _a? [a222+41 (2.2
default | “3:S_= _ 2V o2 (@a™+1) 1 63
a? 3a 2 3a2x3

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))"2/x"2,x,method=_RETURNVERBOSE)
[Out] 1/a"2*%(-1/3%(3*%a"2*%x"2+2)/x"3-2/3/x"2%a*x(a"2*%x"2+1) *(-(-a~2*x"2-1)/a~2/x"2)
~(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 57 vs. 2(28) = 56.

Time = 0.25 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.68

a?x2+1

dz

20323 + 3a’z? + 2 (a®z® + ax)

a?x?

+2

-1
e2csch (az)
1-2

3a2x3

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2/x"2,x, algorithm="fricas")
[Out] -1/3%(2%a"3%x"3 + 3*a~2*%x"2 + 2%(a"3%x"3 + axx)*sqrt((a”2*x"2 + 1)/(a"2*x"2
)) + 2)/(a”2*x73)

Sympy [A] (verification not implemented)

Time = 1.19 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.71

a2

?"'3%2) for L #0

323

dzr =

otherwise

-1
echch (az)
x2

a2

fora? # 0

otherwise

NaN

[In] integrate((1/a/x+(1+1/a**2/x**x2)**(1/2))**2/x**2,x)

[Out] Piecewise(((-a**2/x - 2*a*Piecewise((sqrt(1l + 1/(a**2*xx**x2))*(a**x2/3 + 1/(3
*x*x2)), Ne(a*x*x(-2), 0)), (1/(2%x*x2), True)) - 2/(3*x**3))/a**2, Ne(a**2,

0)), (nan, True))
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Maxima [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.82

/ echch_l(ax) p 2 1 41 3 1 2
2 3 \a?z? z 3a%zd

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2/x"2,x, algorithm="maxima")
[Out] -2/3%a*x(1/(a"2%x~2) + 1)7(3/2) - 1/x - 2/3/(a"2*x"3)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 75 vs. 2(28) = 56.

Time = 0.30 (sec) , antiderivative size = 75, normalized size of antiderivative = 2.21

4 <3 (z]a| — Va2 + 1)4asgn(z) + asgn(:c)) 30222 + 92

e2csch™ Y(az)
/ x? de = 2 3 3 a213
3 ((m|a| — Va2 +1) — 1>

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2/x"2,x, algorithm="giac")

[Out] 4/3*(3*(x*abs(a) - sqrt(a™2*x"2 + 1)) 4*a*sgn(x) + axsgn(x))/((x*abs(a) - s
grt(a™2*x"2 + 1))72 - 1)73 - 1/3*%(3*a"2*%x"2 + 2)/(a"2*x"3)

Mupad [B] (verification not implemented)
Time = 4.83 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.50
2z /L 5+1 207/ —5t5+1
22 22 §2 22 +1

2csch™ ! (azx) 2
€ dr = — 3a? + 3a _
x2 3 x

[In] int(((1/(a"2*x"2) + 1)~(1/2) + 1/(a*x))"2/x"2,x)
[Out] - (2/(3*a~2) + (2*x*x(1/(a"2*x"2) + 1)°(1/2))/(3*a))/x"3 - ((2*xa*xx*x(1/(a~2*x
~2) + 1)°(1/2))/3 + 1)/x
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Mathematica [A] (verified) . . . . . . . . . ... 3501
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Mupad [B] (verification not implemented) . . . .. ... ... ... ... ......

Optimal result
Integrand size = 12, antiderivative size = 73

/ e2csch_1(aw) q 1 A/ 1+ # 1 Qy/ 1+ #
r =

2 -1
- — — - VT 2 2esch
3 2a2x4 2ax3 22 4z + 4a esch™ (az)

[Out] -1/2/a~2/x"4-1/2/x"2+1/4*a"2*arccsch(a*xx)-1/2x(1+1/a~2/x~2)~(1/2)/a/x"3-1/4
xa*x (1+1/a"2/x"2)"(1/2) /x

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 500 Ryles used = {6473,

' integrand size
6874, 342, 285, 327, 221}

2csch™1(az) 1 ay/ a2_1x? +1 A/ a21x2 +1 1
/e— dx = - + ~a*csch(az) — ——

3 T a2zt Az 2az3 4 212

[In] Int[E~(2%ArcCschla*x])/x"3,x]

[Out] -1/2%1/(a"2*%x"4) - Sqrt[l + 1/(a"2%x"2)]/(2*a*x~3) - 1/(2*x~2) - (a*Sqrt[1
+ 1/(a"2%x~2)])/(4xx) + (a"2xArcCschla*x])/4

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 285
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Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + n*xp + 1))), x] + Dist[a*n*(p/(m + n*p + 1
)), Int[(c*x)"m*(a + b*x"n)~(p - 1), x], x] /; FreeQ[{a, b, c, m}, x] && IG
tQ[n, 0] && GtQ[p, 0] && NeQ[m + n*p + 1, O] && IntBinomialQ[a, b, c, n, m,
p, x]

Rule 327

Int[((c_.)*(x_))"(@m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axcnk((m - n + 1)/(bx(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] & ILtQ[n, 0] && Int
egerQ[m]

Rule 6473

Int [E”(ArcCsch[u_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

2
(V1+ e +2)
integral =/ dx

3
o 2/1+az 1
:/ a?xb + ax?t + z3 de

2024 22 a
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z? 1
1 N+ Subst(f e dz, z, w)

T 222 2az8 212 2a
1 Vitae 1 aofltas 1 1 1
= — — - — Y~ 4+ —aSubst ——d -
2a2x4 2ax3 212 4z + i / 2 oy
1+2
1
1 1+ a2x2 1 ay/1+ a2z2 1 9
_ _ . A - h—l
2a2x4 2az3 212 4z + 4a csch™ (az)

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.00

eZCsch_l(ax) 1 1 1 a 1+ a2z 1 9 . 1
/ dr = ~ il " 533 + (_ i E) \/ i + 1% arcsmh(E)

3

[In] Integrate[E~(2*ArcCsch[a*x])/x"3,x]
[Out] -1/2%1/(a"2*%x"4) - 1/(2*x"2) + (-1/2%1/(a*x"3) - a/(4*x))*Sqrt[(1 + a~2xx~2
)Y/ (a~2%xx~2)] + (a~2*%ArcSinh[1/(a*x)])/4

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 188 vs. 2(59) = 118.

Time = 0.06 (sec) , antiderivative size = 189, normalized size of antiderivative = 2.59

method | result

2

1
—42% 232
default el " \/a2z2+1 NEs
a2 a2

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))"2/x"3,x,method=_RETURNVERBOSE)

[Out] 1/a~2x(-1/4/x"4-1/2*a"2/x"2)+1/4*xax((a~2xx~2+1)/a~2/x"2)~(1/2) /x"3*x(((a~2*x
~2+1)/a"2)"(3/2)*(1/a~2) "~ (1/2) *a~2*x~2-((a~2*x"2+1) /a~2) ~(1/2)*(1/a~2)~(1/2
Y*a~2xx~4+1n (2% ((1/a"2) " (1/2)*x((a~2*x~2+1) /a~2) ~(1/2) *a~2+1) /x/a"2) *x~4-2%(
(a~2*x~2+1)/a~2)~(3/2)*(1/a~2)~(1/2))/((a~2*x~2+1) /a~2)~(1/2) /(1/a~2)~(1/2)

-1/4/a~2/x"4
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 121 vs. 2(59) = 118.

Time = 0.25 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.66

chsch_:L (az)
=
T

a*z*log (ax Pl _ g 4 1) — a*z*log <az Pl _ g — 1) — 2022 — (a®2% 4 2az),/ C2H

a2x? a2x?

402zt

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2/x"3,x, algorithm="fricas")

[Out] 1/4*(a~4*x"4xlog(a*xx*sqrt((a~2*x~2 + 1)/(a"2%x"2)) - a*x + 1) - a"4*x"4xlog
(axx*sqrt((a™2*x"2 + 1)/(a"2%x72)) - a*x - 1) - 2%a™2%x"2 - (a”3*x"3 + 2%ax
x)*sqrt ((a™2*xx72 + 1)/(a™2*x72)) - 2)/(a™2*x"4)

Sympy [A] (verification not implemented)

Time = 1.25 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.49

e2csch_ Y(ax)
B
i

_a2log (2,/1+7a21w2 \/fﬁﬁ) +./1+ 1 (a? + 1 for L # 0
o2 8. /1 a22? \ 8z 43 a? 1
o2 20 V a2 oA
= o3 otherwise
- fora® # 0
| NaN otherwise

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))**2/x**3,x)

[Out] Piecewise(((-a**2/(2xxx*2) - 2*axPiecewise((-a**2xlog(2*sqrt(l + 1/(ax*2*x*
*2))*sqrt (ax*(-2)) + 2/(ax*2*x))/(8*sqrt(a*x(-2))) + sqrt(l + 1/(axx2*x*x2)
)x(ax*x2/(8%x) + 1/(4*x**3)), Ne(a**(-2), 0)), (1/(3*x*x3), True)) - 1/(2*x*

x4)) /ax*2, Ne(a**2, 0)), (nan, True))
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 139 vs. 2(59) = 118.

Time = 0.26 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.90

2csch™!(azx)
[
z
2 <a6x3((121x2+1) %—i—a“xm)
3 1 3 1
a’ log (aw, | oz T 1+ 1) —a’log (ax« [z +1— 1) — a4z4<ﬁ+1>2—2a2m2<ﬁ+1>+1
N 8a
1 1
2x22  2a2x?

[In] integrate((1/a/x+(1+1/a~2/x72)~(1/2))~2/x"3,x, algorithm="maxima")

[Out] 1/8x(a"3*log(a*x*sqrt(1/(a~2*x~2) + 1) + 1) - a~3xlog(a*x*sqrt(1/(a~2*x"2)
+ 1) - 1) - 2x(a"6*xx73*%(1/(a"2%x72) + 1)7(3/2) + a~4*x*sqrt(1/(a"2*x"2) + 1
))/(@"4*x74x(1/(a"2%x72) + 1)72 - 2%a™2xx"2%(1/(a"2*x"2) + 1) + 1))/a - 1/2
/x72 - 1/2/(a"2xx"4)

Giac [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.53

e2csch™ Yazx)
[
2 (a2m2+1)%a6|a|sgn(z)+\/a2w2+1a6|a|sgn(1
__d%la|log (Va?x? + 14 1) sgn(x) — a%lallog (Va?z? +1 — 1) sgn(z) — ( ——

8 a®

[In] integrate((1/a/x+(1+1/a~2/x~2)~(1/2))~2/x"3,x, algorithm="giac")

[Out] 1/8x(a~6*abs(a)*log(sqrt(a~2*x"2 + 1) + 1)*sgn(x) - a”~6*abs(a)*log(sqrt(a”2
*x72 + 1) - D)x*sgn(x) - 2x((a"2*%x"2 + 1)7(3/2)*a"6*abs(a)*sgn(x) + sqrt(a~2
*x~2 + 1)*a”6*abs(a)*sgn(x) + 2x(a”2*x"2 + 1)*a”7)/(a~4*x"4))/a"5
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Mupad [B] (verification not implemented)

Time = 5.22 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.93

aasih (V) DS
B 4z S 2

e2csch_1(am)
———dx = — _
/ x3 4./1 2a2 x? 2a 13
a2

[In] int(((1/(a"2*%x"2) + 1)°(1/2) + 1/(a*x))"2/x"3,%)

[Out] (a*asinh((1/a~2)"(1/2)/x))/(4*x(1/a~2)"(1/2)) - 1/(2*a"2*x"4) - (a*x(1/(a"2*x
~2) + 1)7(1/2))/(4*xx) - 1/(2%x"2) - (1/(a"2*%x"2) + 1)~(1/2)/(2*a*x"~3)
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Maple [A] (verified) . . . . . . . .. L 350
Fricas [A] (verification not implemented) . . . . . . . ... ... ... .. ..... 3501
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 350
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... L. 357
Giac [B] (verification not implemented) . . . . . . . . ... ... L.
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ......

Optimal result

Integrand size = 12, antiderivative size = 58

62csch_:L (az) 2 1 3/2 2 1 5/2 2 1
¢ =1+ —) -1+ ) -
/ x* T3t ( + a2x2) 5" ( * a2x2) 5a%x5  3x3

[Out] 2/3*a~3*(1+1/a"2/x~2)~(3/2)-2/5*%a"~3*(1+1/a~2/x~2)~(6/2)-2/5/a~2/x"5-1/3/x"3

Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.00, number

of steps used = 6, number of rules used = 4, Bumber of rules _ (, 333 Ry 10q yged = {6473,
integrand size

6874, 272, 45}

g2esch ™ (a) 2 2,/ 1 g 1 2
——dr=—————Za*( - +1 “ad| —— +1 - —
/ x4 v 5a2z5 5 (a2z2 * ) * 3" <a2x2 + ) 33

[In] Int[E~(2*%ArcCschla*x])/x"4,x]

[Out] (2%a~3%x(1 + 1/(a"2%x"2))~(3/2))/3 - (2*a~3x(1 + 1/(a"2%x"2))~(5/2))/5 - 2/(
5xa~2*x~5) - 1/(3*x73)

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 272
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Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6473

Int [E~(ArcCschlu_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2])"n, x] /; FreeQ[m, x] && IntegerQ([n]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

2
(it +2)
integral = / dx

4
2 2/1+az 1
:/ a2z + axd + x4 de

14—t
2 1 2fVTSlg
5a2xz® 33

a
2 1 Subst([z/1+ Zdz,z,%)
a

" a2z 323
) 1 Subst(f (—a2 1+ % +a?(1+ %)3/2> dz, x, x%)
= " ba?rd 343 a

2 1 \*? 2, 1 \*"? 2 1
=243(1 ~Za*(1 S .
3" ( + a2x2> 5" + a’z? 5a2x®  3x3

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.93

/ o2csch™ (az) 6 + 5a?z® + 2ay/1 + 5z(3 + a’z? — 2a’z?)
C de—-—

Tt 15a22°

[In] Integrate[E~(2*ArcCschla*x])/x~4,x]

[Out] -1/15%(6 + 5xa~2*x~2 + 2xa*Sqrt[1 + 1/(a”2*x"2)]1*x*(3 + a"2*x"2 - 2*%a~4xx~4
))/(a~2%x75)
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Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.12

method | result size
5022216 2a(2a4m4—a2m2—3)1/—;‘;22%22_—1
- +
trager e F E— 65
a? 1 [a22241 ( 2 2 2,2_
default | —32 w5 4 2V o7 i G 73
a2 15a x4 5a2z°

[In] int((1/a/x+(1+1/a~2/x"2)~(1/2))"2/x"4,x,method=_RETURNVERBOSE)
[Out] 1/a"2%(-1/15%(5%a~2%x~2+6) /x"5+2/15/x " 4*ax*x (2*xa~4*xx"4-a~2*xx"2-3) * (- (-a~2*x"2
-1)/a"2/x"2)"(1/2))

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.16

-1
e2csch (az)
$4

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2/x"4,x, algorithm="fricas")
[Out] 1/15%(4*a”b*x"5 - B*a~2*%x"2 + 2%(2xa~5xx~5 - a”3*x"3 - 3*axx)*sqrt((a”2*x"2
+ 1)/(a™2xx72)) - 6)/(a"2*x75)

a2x241
a?x?

-6

4a°r° — 5a%2% 4+ 2 (2a°z® — a®z® — 3ax)

15 a225

dr =

Sympy [A] (verification not implemented)

Time = 1.26 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.22

-1
62csch (azx)
.’L'4

(

dx

1 2a* a? 1 1
2, 1+ 22 ( 15 T2 T 5x4> for 2y # 0 o
358 <@ . 5B
= e otherwise )
p fora® # 0
NaN otherwise

[In] integrate((1/a/x+(1+1/a**2/x**2)**(1/2))**2/x**4,x)

[Out] Piecewise(((-a**2/(3*x**3) - 2*a*Piecewise((sqrt(1l + 1/(a**x2*x*x*2))*(-2*a**
4/15 + a**2/(15*%x**2) + 1/(5%x**4)), Ne(a*x(-2), 0)), (1/(4*x**x4), True)) -
2/ (6%x**5)) /a*x*x2, Ne(ax*2, 0)), (nan, True))
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Maxima [A] (verification not implemented)

none

Time = 0.22 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.90

dz = —

5 3
/ e?csch_l(aw) 2 <3 CL4(# + 1) 2 — 5044(# + 1) 2) 1 2
xt 15a 3z3 5a2xd

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2/x"4,x, algorithm="maxima")

[Out] -2/15%(3%a~4*x(1/(a"2*xx"2) + 1)°(5/2) - 5*xa~4x(1/(a"2*xx"2) + 1)°(3/2))/a - 1
/3/x"3 - 2/5/(a~2*x75)

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 134 vs. 2(46) = 92.

Time = 0.32 (sec) , antiderivative size = 134, normalized size of antiderivative = 2.31

echch_ Y(ax)
=
x

8 (15 (z]a| — Va2 + 1)6a3sgn(x) + 5 (z|a| — Va?z? + 1)4a3sgn(x) + 5 (z|a|] — Va?z? + 1)2a3sgn(x) -

15 ((az|a| —Va2z? + 1)2 - 1)5

5a%x2 + 6
15 a2z®

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))"2/x"4,x, algorithm="giac")

[Out] 8/15%(16x(x*abs(a) - sqrt(a”2#x~2 + 1)) 6xa~3*sgn(x) + 5x(x*abs(a) - sqrt(a
“2xx72 + 1)) "4xa”3*sgn(x) + 5x(x*abs(a) - sqrt(a”2*x"2 + 1)) 2*%a"3*sgn(x) -
a~3*sgn(x))/((xxabs(a) - sqrt(a™2*x"2 + 1))72 - 1)°5 - 1/156%x(5%xa"2%x"2 + 6

)/ (a~2*x"5)

Mupad [B] (verification not implemented)

Time = 5.91 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.16

[ L 1
2csch™ ! (ax) 40,31/#4—1 2oz /oy tl +l 2 4 2z @2 tl

€ dr = _ 15 3 _ ba? 5a
xt 15 x3 x5

[In] int(((1/(a"2*%x"2) + 1)°(1/2) + 1/(a*x))"2/x"4,%)

[Out] (4*a~3%(1/(a"2%x72) + 1)7(1/2))/15 - ((2*axx*x(1/(a"2*x"2) + 1)7(1/2))/15 +
1/3)/x73 - (2/(6%a~2) + (2*x*x(1/(a"2*x~2) + 1)~(1/2))/(56%a))/x"5
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csch™(az
3.58  [£=0 Wy

)
Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . . 358
Mathematica [A] (verified) . . . . . . . . . ... 360
Maple [B] (verified) . . . . . . . . . .. 360
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... ... 3611
Sympy [A] (verification not implemented) . . . . . ... ... ... .. L. 3611
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... 3621
Giac [A] (verification not implemented) . . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .......

Optimal result

Integrand size = 12, antiderivative size = 96

2osch ™ (02) 1 ltae 1 ayltas adl+an
feme 1 e

0 " 3a215  3aa’ 44 1223 8z

[Out] -1/3/a"2/x"6-1/4/x"4-1/8%a"4*arccsch(a*x)-1/3x(1+1/a"2/x"2)"(1/2)/a/x"5-1/1
2%ax(1+1/a"2/x72)~(1/2) /x~3+1/8%a~ 3% (1+1/a~2/x"2)~(1/2) /x

Rubi [A] (verified)
Time = 0.20 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.00, number
of steps used = 8, number of rules used = 6 number of rules _ 0.500, Rules used = {6473,

' integrand size
6874, 342, 285, 327, 221}

csch™L(az f_1 /1 3 /1
/—62 " dzx = —la‘lcsch_l(aa:)— ! se Tl Waatl Gymatl 1
8

0 302z  3ax® 1223 + 8z  4gt

[In] Int[E~(2*ArcCschla*x])/x"5,x]

[Out] -1/3%1/(a"2*%x"6) - Sqrt[l + 1/(a"2%x~2)]/(3*%a*x~5) - 1/(4*x~4) - (axSqrt[1
+ 1/(a”2%x72)]1)/(12*x~3) + (a"3*Sqrt[1 + 1/(a"2%x"2)])/(8*x) - (a~4xArcCsch
[a*x])/8

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 285
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Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + n*xp + 1))), x] + Dist[a*n*(p/(m + n*p + 1
)), Int[(c*x)"m*(a + b*x"n)~(p - 1), x], x] /; FreeQ[{a, b, c, m}, x] && IG
tQ[n, 0] && GtQ[p, 0] && NeQ[m + n*p + 1, O] && IntBinomialQ[a, b, c, n, m,
p, x]

Rule 327

Int[((c_.)*(x_))"(@m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axcnk((m - n + 1)/(bx(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] & ILtQ[n, 0] && Int
egerQ[m]

Rule 6473

Int [E”(ArcCsch[u_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

2
(V1+ e +2)
integral =/ dx

75
o 2/1+az 1
:/ a2z’ + axb + x5 de

_1
1 Y a2

3a2z% 4zt a

2Subst (f gty /1+ % dz, =, %)

3a2z6  4z* a
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1 1 + a2$2 1+LT2
© 3a2x6 3ax5 4zt 3a
1 1+ a2m2 1 ay/1+ a2z? .’Ez 1
T T 30246 3ar®  4at 12z3 + 4aSUbSt / 22 dz, z,
1+
1 1+ a21x2 1 a \/ 1+ #
© 3a226 3axb 4zt 1223

1 1 /
1 1+ 5> 1 a 1+
o - —a “csch™ (ax)

30225 3az® 4t 12x3

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.77

_ 4+3a2x2 2—2a 1+ z+a°,/1+ z3 .

e2csch Y(azx) p ( ( \/ 2 \/ 2 z2 ) _ 3aﬁarcsmh($)

€Tr =
x5 2402

[In] Integrate[E~(2*ArcCschla*x])/x"5,x]

[Out] (((4 + 3*a"2*xx"2)*(-2 - 2*xaxSqrt[1 + 1/(a"2*x"2)]*x + a~3*Sqrt[1 + 1/(a"2*x
~2)]*x73))/x"6 - 3*a~6*xArcSinh[1/(a*x)])/(24*a"2)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 221 vs. 2(78) = 156.

Time = 0.06 (sec) , antiderivative size = 222, normalized size of antiderivative = 2.31

method | result

2,2
am+la2+2

3 1
o, R (W () et (W =
default | —=2
2405/ 22241 \/aiz
[In] int((1/a/x+(1+1/a~2/x"2)"(1/2))"2/x"5,x,method=_RETURNVERBOSE)

[Out] 1/a"2%(-1/4%a~2/x"4-1/6/x76)-1/24*%ax((a~2*%x"2+1)/a"~2/x72)~(1/2)/x"5*(3*(1/a
~2)7(1/2)*((a~2%x"2+1) /a”~2) ~(3/2) *a~4*x~4-3*(1/a"2) ~(1/2) *((a"2*x"2+1) /a~2)

3
2.2
)a2$6_6<a =)V
a a

__1_
66

4
a?
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~(1/2)*a~4*xx~6+3*%1n (2% ((1/a"2) " (1/2) *((a~2*x~2+1) /a~2) "~ (1/2) *a~2+1) /x/a~2) *
a~2xx"6-6% ((a~2xx"2+1) /a~2)~(3/2)*(1/a"2) " (1/2) *a~2*x~2+8* ((a~2*x~2+1) /a”~2)
~(3/2)%(1/a~2)~(1/2))/((a~2*x~2+1) /a~2)~(1/2) /(1/a~2)~(1/2)-1/6/a~2/x"6

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.36

e2csch*1 (az)
— &=
T

3 ab%z%log (ax\/% —az + 1) — 3a%2%log (ax\/% —az — 1) + 6a%r? — (3a%r® — 242 —

24 a2x6

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2/x"5,x, algorithm="fricas")

[Out] -1/24*%(3*a"6*x"6*log(a*xx*sqrt((a~2*x~2 + 1)/(a”2*x72)) - axx + 1) - 3*a"6#*x
~6xlog(a*x*sqrt((a"2*x"2 + 1)/(a"2%x72)) - a*x - 1) + 6*%a~2*xx"2 - (3*a~b*x~
5 - 2xa”3%x"3 - 8%a*x)*sqrt((a”2*x”2 + 1)/(a"2*x"2)) + 8)/(a"2*x"6)

Sympy [A] (verification not implemented)

Time = 1.31 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.22

chsch_:L (az)
S
T

4
4 1 1 2
a log (2\/14“2—” p 1/;2"‘;2;) + 1 + 1 _i + a2 + L for L 7£ 0
o2 16. /L a?x? 16z 2473 6x5 a?
0720 a2 T 346
- 5% otherwise )

— fora® #0

NaN otherwise

[In] integrate((1/a/x+(1+1/ax*2/x*x2)*x(1/2))**2/x**5,%)

[Out] Piecewise(((-a**2/(4*x**4) - 2xaxPiecewise((a**4*xlog(2*xsqrt(l + 1/(a**2*x*x*
2))*sqrt(a*x*(-2)) + 2/(ax*2xx))/(16*sqrt(a**x(-2))) + sqrt(1l + 1/(a*x*2*x**2)
)*x(—ax*x4/(16%x) + ax*2/(24*x**x3) + 1/(6*x**5)), Ne(a*x*x(-2), 0)), (1/(5*x**5

), True)) - 1/(3*x**6))/a**x2, Ne(ax*2, 0)), (nan, True))
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 180 vs. 2(78) = 156.

Time = 0.23 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.88

chsch_ Yax)
W=
T
1 g 1 % 1
2 <3a10x5<112$2+1> —8(181'3 (W—Fl) —3(161? m

34510 ( «/L+1+1)—3510 ( ./L+1—1)— \
a g ar a2$2 a g axr a2$2 aﬁxs<ﬁ+1>3_3a4z4(ﬁ+1>2+3a2m2(ﬁ.’-l/

48 a

1 1
4z  3a2zb

[In] integrate((1/a/x+(1+1/a~2/x~2)~(1/2))~2/x75,x, algorithm="maxima")

[Out] -1/48%(3*a~5*log(a*x*sqrt(1/(a~2*x~2) + 1) + 1) - 3*a~5xlog(a*x*sqrt(1/(a~2
*x72) + 1) - 1) - 2+%(3*a”10*x"5x(1/(a"2*x"2) + 1)7(5/2) - 8*a~8*xx"3x(1/(a"2

*x~2) + 1)7(3/2) - 3*a"6xx*sqrt(1/(a”2*x72) + 1))/(a"6*x"6x(1/(a"2*x~2) + 1

)73 - 3*%a~4*xx"4x(1/(a”2%x72) + 1)72 + 3*a”2*x"2%(1/(a"2*x"2) + 1) - 1))/a -
1/4/x4 - 1/3/(a"2%x76)

Giac [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.46

e2csch*1 (az)
SEE—— AR
T

3alallog (Va?z? + 1+ 1) sgn(z) — 3a®jallog (Va?z? + 1 — 1) sgn(z) —

48 ab

5
2 (3 (a?22+1) 2 a®|alsgn(z)—8 (a?z2+1

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2/x"5,x, algorithm="giac")

[Out] -1/48%(3*a~8*abs(a)*log(sqrt(a™2*x~2 + 1) + 1)x*sgn(x) - 3*a~8*abs(a)*log(sq
rt(a™2*x"2 + 1) - 1)x*sgn(x) - 2*(3*%(a"2*x"2 + 1)~ (5/2)*a"8*abs(a)*sgn(x) -

8% (a"2*x"2 + 1)~(3/2)*a"8xabs(a)*sgn(x) - 3*sqrt(a”2*x~2 + 1)*a"8*abs(a)*sg

n(x) - 6x(a™2*x"2 + 1)*a”9 - 2*a~9)/(a"6*x"6))/a"5
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Mupad [B] (verification not implemented)

Time = 5.50 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.93

/ e2csch_1(az) do — a® a21x2 +1 1 a azlxz +1
s = 8z 3a? xS 12 23
1
. 14 a’ asinh( ;2 )
acx
4 5
4z Jax 8 a%

[In] int(((1/(a"2*x~2) + 1)°(1/2) + 1/(a*x))"2/x75,x)

[Out] (a™3%(1/(a™2*x72) + 1)7(1/2))/(8*x) - 1/(3*a"2xx76) - (ax(1/(a"2%x"2) + 1)~
(1/72))/(12*x73) - 1/(4*x74) - (1/(a"2*x72) + 1)7(1/2)/(3*a*x"5) - (a"3*asin

h((1/a72)7(1/2)/x)) /(8% (1/a~2)~(1/2))
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-1
eCSCh (cz) dz)™

3.59 [ ) gy

Optimal result . . . . . . . . .. e 364
Rubi [A] (verified) . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . ... L 365
Maple [F] . . . o o 360
Fricas [F] . . . . . o o 360
Sympy [F] . . . 3606
Maxima [F] . . . . . . o 367
Giac [F(-2)] . . . o o 367
Mupad [F(-1)] . . . oo 367

Optimal result

Integrand size = 23, antiderivative size = 85

/ eesch™ (@) () . _d(dw)‘“‘m Hypergeometric2F1 (3, 157,352 — L)
1+ c%a? c2(1 —m)
N (dz)™ Hypergeometric2F1 (1, 2, 2™ —c?z?)

cm

[Out] -dx*(d*x)~(-1+m)*hypergeom([1/2, 1/2-1/2+m], [3/2-1/2%m],-1/c~2/x72)/c"2/(1-m
)+(d*x) “mxhypergeom([1, 1/2*m], [1+1/2*m],-c"2*x"2)/c/m

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, umber of rules _ , 134 Ryjes used = {6477,
integrand size

346, 371}
/ ecsch‘l(cw)(dx)m (dz)™ Hypergeometric2F1 (1, 2, ™2 —c2z?)
Tr =
1+ c2a? cm
d(dz)™ ! Hypergeometric2F1 (1, 157, 35 — 1)
(1l —m)

[In] Int[(E"ArcCschlc*x]*(d*x)"m)/(1 + c~2*xx"2),x]

[Out] -((d*(d*x)~ (-1 + m)*Hypergeometric2F1[1/2, (1 - m)/2, (3 - m)/2, -(1/(c™2*x
~2))1)/(c”2*%(1 - m))) + ((d*x) mxHypergeometric2F1[1, m/2, (2 + m)/2, -(c~2
*x72)1) / (c*m)

Rule 346



365

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[(-c~
-1))*(c*x)"(m + D*(1/x)"(m + 1), Subst[Int[(a + b/x"n)"p/x"(m + 2), x], x
, 1/x1, x] /; FreeQ[{a, b, c, m, p}, x] && ILtQ[n, O] && !'RationalQ[m]

Rule 371

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(c*(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-P)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQ[a, 01)

Rule 6477

Int [(E"ArcCsch[(c_.)*(x_)I1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)"(m - 2)/Sqrt[1l + 1/(c"2*x~2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},
x] &% EqQ[b - a*c™2, 0]

Rubi steps
dx)—2tm
df (dx) 21+2m [ (do) )+ — dz
integral = 1+; £ + Czc -
_ (dz)™Hypergeometric2F1 (1, 2, 2™, —c*z?)
N cm
<d(%)_1+m (dz)‘”m) Subst (f 2" dz, x, %)
1422

_ >

_ _d(dx)‘Hm Hypergeometric2F1 (3, 157,352 — L)
(1 —m)
N (dz)™ Hypergeometric2F1 (1, 2, 24™  —c2z?)

cm

Mathematica [A] (verified)
Time = 0.45 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.04
csch™1(czx) dx)™
/ e (dz) i

1+ c2x2
(d.’L‘)m (\/1+C2112mHypergeometricQFl(%,73,1-1-7;,—629:2) Hypergeometrlc2F1(1 g 1+— —cC :112))

V14222 + c

m

[In] Integrate[(E"ArcCsch[c*x]*(d*x)"m)/(1 + c~2*x"2),x]
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[Out] ((d*x) " m*x((Sqrt[1 + 1/(c”2#x"2)]*x*Hypergeometric2F1[1/2, m/2, 1 + m/2, -(c
~2xx72)])/Sqrt[1 + c"2*x~2] + Hypergeometric2F1[1, m/2, 1 + m/2, -(c™2*x"2)

1/¢))/m
Maple [F]
1+ )(dx)m

1
/<a+ Ere

cr? +1

dx

[In] int((1/c/x+(1+1/c~2/x"2)~(1/2))*(d*x) "m/(c"2*x"2+1) ,x)
[Out] int((1/c/x+(1+1/c"2/x"2)~(1/2))*(d*x) "m/ (c"2*x"2+1) ,x)

Fricas [F]

ecsch_l(cw) (da;)m (d.’L’)m (\/ # +1+ é)
/ dr = / dx

1+ c2x2 ccx?+1
[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*(d*x) m/(c"2*x"2+1) ,x, algorithm="fri

cas")
[Out] integral (((d*x) “mxc*x*sqrt((c™2*x"2 + 1)/(c”™2*x"2)) + (d*x)"m)/(c”3*x"3 + c

*X), X)
Sympy [F]

m cx(dz)™ | /14—
/ecsch_l(cz)(dw)m B f cgixf")+w dz + f %_ﬁdw

1+ 222 c

[In] integrate((1/c/x+(1+1/c*x*2/xx*2)*x(1/2))*(d*x)**m/ (c**2xx**2+1) ,x)

[Out] (Integral((d*x)**m/(c**2*x**3 + x), x) + Integral (c*x*(d*x)**m*sqrt(l + 1/(
cHx*2%x*%2)) / (ck*2xx**3 + x), x))/C
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Maxima [F]

T

dr =
1+ 222 v cr? +1

/ geseh ™ (e2) (g)m / (dz)™ (\ /2 +1+ é) ;

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*(d*x) m/(c"2*x"2+1),x, algorithm="max
ima")
[Out] integrate((d*x) m*x(sqrt(1/(c™2*x"2) + 1) + 1/(c*x))/(c"2*x"2 + 1), x)

Giac [F(-2)]

Exception generated.

ecsch_:L (cz) (dx)m
/ dx = Exception raised: TypeError
1+ c2x?

[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))*(d*x) m/(c"2*x~2+1) ,x, algorithm="gia
C")
[Out] Exception raised: TypeError >> an error occurred running a Giac command:INP

UT:sage2:=int (sage0,sageVARx) : ; OUTPUT : sym2poly/r2sym(const gen & e,const in
dex_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.
/ 6cs.chfl(cm)(dm)m o — / (1 / # + 1 + é) (dCB)m q

14 22 c2r?2+1

T

[In] int((((1/(c™2%x72) + 1)7(1/2) + 1/(c*x))*(d*x)"m)/(c"2*x"2 + 1),x)
[Out] int((((1/(c™2*%x"2) + 1)°(1/2) + 1/(c*x))*(d*x)"m)/(c"2*x"2 + 1), x)
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csch™l(cz
3.60 [0 g,

1+c?z?
Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . ..
Mathematica [A] (verified) . . . . . . . . . ... 370
Maple [B] (verified) . . . . . . . . . .. B71]
Fricas [A] (verification not implemented) . . . . . . . .. .. ... ... 371
Sympy [F] . . o o B7T]
Maxima [B] (verification not implemented) . . . . . . ... ... ... L.
Giac [A] (verification not implemented) . . . . . . .. ... .. ... L.
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... B73

Optimal result

Integrand size = 21, antiderivative size = 92

/ ecsch_l(cw)x5 T 34+/1+ $$2 $3 A/ 1+ #.@4
8ct

Tide TS TET T ga  Taat T 4@
/ 1
N arctan(cz) N 3arctanh< 1+ @>
b 8¢5

[Out] -x/c~5+1/3*x~3/c"3+arctan(c*x)/c~6+3/8*arctanh((1+1/c~2/x"2)~(1/2))/c"6-3/8
*x"2%x (1+1/c72/x72)~(1/2) /c”4+1/4xx"4x (1+1/c~2/x"2)~(1/2) /c"2

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.00, number
of steps used = 9, number of rules used = 7, Bummber of rules _ ) 333 Ryjoq ysed = {6477,

’ integrand size
272, 44, 65, 214, 308, 209}

/ gesch™(cz) 5 o arctan(cz) s 3arctanh<, [ 2z + 1> .

1+ 222 o 8cb o
1

06
B T+l 32/ +
tes T T e T g

[In] Int[(E~ArcCschlc*x]*x~5)/(1 + c~2*xx~2),x]

[Out] -(x/c”5) - (3*Sqrt[1 + 1/(c”2*x"2)]1*x"2)/(8*%c”4) + x~3/(3%c~3) + (Sqrt[1 +
1/(c™2*x~2)]1*x~4) /(4*%c~2) + ArcTan[c*x]/c”6 + (3*xArcTanh[Sqrt[1 + 1/(c”2*x~
2)11)/(8%c”6)




369

Rule 44

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+Db*xx)"(m + D*((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Dist[d*((
m+n + 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 21*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 308

Int[(x_ )" (m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, O] && Gt
Q[m, 2*xn - 1]

Rule 6477

Int [(E"ArcCsch[(c_.)*(x_)1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)~(m - 2)/Sqrt[1l + 1/(c"2*x~2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},
x] &% EqQ[b - a*c™2, 0]
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Rubi steps

x3
—Z __d
f\/1+cziz x+f1+”g—;§12dx

integral = 5
c c

1 1
Sllet(f xS\/@dxa"I;? w2> f(—c%‘l‘ac:_;"‘m) dr

T 2¢? + c
1 1

r 23 1+ et i —1+012x2 dz 3Subst (f a2, [1+% dz, z, ””2)

Tt T e T s ¢ 8¢t
3. /1 1 3Subst (f dac , T, %)

oz + c2x25'3 + c2:z:2x arctan cm) z,/1+ e
S 8ct 1606

z 3,/1+62m2x \/1+5212x
T8 & 3c3

-
4 arctan(cx) 3Subst (f m dz,x, 1/ 1+ 021:2)
3 ]. + 2 21: ‘ / 1 + c2w2fL’ arctan cx) 3a:rcta:nh<\ / 1 + 62132)
+

8cf

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.92

csch™1(cz) .5
/ R .

1+ c%z?
cx(—24 —9¢\/1+ 5z 4+ 8c%2® +6¢%/1+ #x:”) + 24 arctan(cz) + 9log ((1 +4/1+ #) x)
- 24

[In] Integrate[(E~ArcCschlc*x]*x~5)/(1 + c~2*x~2),x]
[Out] (c*x*(-24 - 9*c*xSqrt[1 + 1/(c™2*%x"2)]*x + 8%c™2%x"2 + 6%c~3*Sqrt[1 + 1/(c™2
*x~2)]1*x73) + 24*ArcTan[c*x] + 9xLog[(1 + Sqrt[1l + 1/(c”2*x"2)])*x])/(24*c™

6)
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 171 vs. 2(78) = 156.

Time = 0.96 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.87

method | result

3 — 224/ —2) (2ot v/ —c2
°2§2§'1 x Zx(@) 204—5x\/%02—51n($+\/%)+81n x-l—\/—( Catve )4(c phv e ) 1280
ceT c C (&3 C + T_lr_,

2.2
8\/c Lyt e ¢

default

[In] int((1/c/x+(1+1/c"2/x~2)~(1/2))*x75/(c"2*x~2+1) ,x,method=_RETURNVERBOSE)

[Out] 1/8%((c™2*xx~2+1)/c™2/x72) ~(1/2) *x* (2xx* (1/c~ 2% (c™2%x~2+1)) ~(3/2) *c~4-5%x* (1
/c72x(c™2*%x72+1) )~ (1/2) *c~2-5x1n(x+(1/c"2*x (c™2%x"2+1) )~ (1/2) ) +8*1n(x+ (- (-c~
2xx+(-c~2) " (1/2) ) *(c™2*x+(-c"2)~(1/2)) /c~4)~(1/2))) /(1 /c~ 2% (c"2*xx"2+1) )~ (1/
2)/c”6+1/c*(1/c”4*x(1/3*%c™2*xx"3-x)+1/c"5*arctan(c*x))

Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.98

csch™(cx) .’135
| S o

1+ c2x?
8% — 24 cx + 3 (2ctzt — 322?)/ C2HL + 24 arctan (cz) — 9 log (ca: ol cx)
- 24.¢8

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x75/(c"2*x"2+1) ,x, algorithm="fricas"
)

[Out] 1/24%(8%c™3%x"3 - 24*cxx + 3*%(2%c™4*x"4 - 3*%c™2xx"2)*sqrt((c™2*x~2 + 1)/(c”
2%x72)) + 24xarctan(c*x) - 9*xlog(c*x*sqrt((c™2*x"2 + 1)/(c™2*x"2)) - c*x))/

c"6

Sympy [F]

c2x241

5 / 1
_1 4 Ccx 1+c21‘2
/GCSCh (cw)m5 f #Li-ldx—'_ f —dx

—_— x_
14 c2x2 c

[In] integrate((1/c/x+(1+1/cx*2/xx*2)**x(1/2))*x**5/ (Ckx*2*x**2+1) ,x)

[Out] (Integral (x**4/(cx*2*xxx*2 + 1), x) + Integral (ckx**bksqrt(l + 1/(cx*2kx*x*2)
)/ (cx*x2xx*x*%2 + 1), x))/c
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 162 vs. 2(78) = 156.

Time = 0.31 (sec) , antiderivative size = 162, normalized size of antiderivative = 1.76

ecsch_1 (czx) 8
/ T
1+ 222

x x
c C

3
>2)
¢ 63 021:2 02132
— 3 log (—”Jl—l—l) + 3 log (—”;1—1)

’z® — 3z e B 7 S
3¢ 16 ¢
arctan (cx)
b

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x75/(c"2*x"2+1) ,x, algorithm="maxima"

)

[Out] 1/3%(c™2%x73 - 3%*x)/c”5 - 1/16%(2*%(5xsqrt((c™2*x"2 + 1)/x72)/c - 3*((c™2*x"
2 + 1)/x72)7(8/2)/c”3) /(2% (c™2*xx"2 + 1)/(c”2*x72) - (c™2%x"2 + 1)72/(c™4*x~

4) - 1) - 3*xlog(sqrt((c™2*x"2 + 1)/x72)/c + 1) + 3xlog(sqrt((c™2*x"2 + 1)/x
~2)/c - 1))/c”6 + arctan(c*x)/c”6

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.97

/ e (gt 1 mx(“?lclsgn(w) 3 Iclsgn(@)

1+ c2a? 8 ct b
3 log (—z|c| + V/c®z? + 1) sgn(z)  arctan(cz) cfz® —3c'x
- + +
8 b b 3¢

[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))*x75/(c"2*x"2+1) ,x, algorithm="giac")

[Out] 1/8*sqrt(c™2*x"2 + 1)#*x*(2*x"2*abs(c)*sgn(x)/c~4 - 3*abs(c)*sgn(x)/c”6) - 3
/8xlog(-x*abs(c) + sqrt(c™2*x"2 + 1))*sgn(x)/c”6 + arctan(c*x)/c™6 + 1/3*(c

~6%x~3 - 3%c”4x*x)/c”9
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Mupad [B] (verification not implemented)

Time = 5.34 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.86

_ 1
/ gosch ™ () 15 q 3atanh(v Zz T 1) N 3atan(cz) —3cz + 3

1+ 222 - 8cb 3cb
/2 +1 322/ +1
+ 4¢2 B 8 ct

[In] int((x"5*x((1/(c™2*x72) + 1)7(1/2) + 1/(c*x)))/(c™2*x"2 + 1),x)

[Out] (3*atanh((1/(c™2*x~2) + 1)7(1/2)))/(8%c”6) + (3*atan(c*x) - 3*c*x + c~3*x"3
)/ (3%c™6) + (x~4%(1/(c™2*xx~2) + 1)°(1/2))/(4xc~2) - (3*xx~2%(1/(c”2*x~2) + 1

)7(1/2))/(8%c™4)
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csch™ ez
3.61 [ Gty

1+c?z?
Optimal result . . . . . . . . . . [374]
Rubi [A] (verified) . . . . . . . . 374
Mathematica [A] (verified) . . . . . . . . ... L L 376
Maple [B] (verified) . . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... ... ... .. ......
Sympy [F] . . . B77
Maxima [A] (verification not implemented) . . . . . . . ... ... ... Rirdrd
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L B
Mupad [B] (verification not implemented) . . . .. ... ... ... .. ....... B78

Optimal result
Integrand size = 21, antiderivative size = 72

/ ecsch_l(cx)lA 2,/1+ ﬁx 22 1+ ﬁ.’lfq’ log (1 + 62172)

dp = ———M— + —
1+ 222 v 3ct + 2c3 + 3c? 2c°

[Out] 1/2*x72/c”3-1/2*1n(c”2*x"2+1)/c~5-2/3*x*x(1+1/c~2/x72)~(1/2) /c~4+1/3*x"3*(1+
1/c72/x72)"(1/2)/c™2

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ 938 Ryjles yused = {6477,

’ integrand size
277, 197, 272, 45}

/ ecsch_l(cm)x4 $2 (L’3q / # +1 lOg (021.2 + 1) 2$\ / ﬁ +1

dr =
14 222 v 2¢c3 3c? 2¢P 3ct

[In] Int[(E"ArcCschlc*x]*x"4)/(1 + c~2*x"2),x]

[Out] (-2*Sqrtl[1 + 1/(c™2*x"2)]*x)/(3*%c™4) + x72/(2%c”3) + (Sqrt[1l + 1/(c"2*x"2)]
*x73)/(3%c™2) - Logll + c™2xx72]/(2%c”5)

Rule 45

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] &% NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])
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Rule 197

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[i/n + p + 1, 0]

Rule 272

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 277

Int[(x_)"(m_)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x~(m + 1)*((
a + b*xx™n)"(p + 1)/(a*(m + 1))), x] - Dist[b*((m + nx(p + 1) + 1)/(ax(m + 1
))), Int[x"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a, b, m, n, p}, x] && IL
tQ[Simplify[(m + 1)/n + p + 1], 0] && NeQ[m, -1]

Rule 6477

Int [(E"ArcCsch[(c_.)*(x_)I*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d"2/(a*c”2), Int[(d*x)"(m - 2)/Sqrt[1 + 1/(c"2*x~2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},

x] &% EqQ[b - a*c™2, 0]

Rubi steps
[ —da 5
1 T d
integral = \/? n f Trc2a2 0T
¢ c
mxz& 2 2y Subst(f & da, ,7%)
) 2c

2\/1 + = 21‘ \/1 + = 21"3 SubSt<f (cl? - c2(1j—c2x)> d$,$,$2>

2c
2\/1—}-#:10 \/1+czm2x _ log (1 +c?a?)
T 3ct 2 23"

2cP

C
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Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.89

gesch™ (cz) .4 ; ca:(—4\ /14 25 +3cz + 267 /1 + #:ﬂ) — 3log (1 + 2z?)
/ 1+ c2x2 = 6¢c°

[In] Integrate[(E"ArcCschlc*x]*x~4)/(1 + c~2*%x"2),x]
[Out] (c*xx*(-4*Sqrt[1 + 1/(c™2%x72)] + 3*c*x + 2%xc™2xSqrt[1 + 1/(c”™2*x"2)]*x"2) -
3xLog[1l + c™2%x"2])/(6*c"5)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 124 vs. 2(60) = 120.

Time = 0.86 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.74

size

3
029:2+1 0212+1 2 2_3 _(
222 z c2 ¢ 4 xz_ _ N 7/
+ 2¢2 2c4 125

default
4 222 +1 C
3c \/ =

method | result
_62z+\/j) (C2$+\/j) ) 2 ln(02w2+1)

[In] int((1/c/x+(1+1/c~2/x72)"(1/2))*x~4/(c"2*x"2+1) ,x,method=_RETURNVERBOSE)

[Out] 1/3%((c™2*xx"2+1)/c"2/x72)"(1/2)*x/c"4*x((1/c"2*%(c"2*%x"2+1) )~ (3/2) *c~2-3* (- (-
c~2xx+(-c72) " (1/2)) % (c™2*xx+(-c"2)~(1/2)) /c”4)~(1/2)) /(1/c™2x(c"2*x"2+1) )~ (1
/2)+1/cx(1/2*x2/c"2-1/2/c”4*1n(c"2%x"2+1))

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.81

pesch™ (cz) 4 . 32?4+ 2(3x® — 2 cx) 02022;*2'1 — 3 log (c2z® + 1)
/ 1+ c2x? °= 6 cb

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x~4/(c"2*x"2+1) ,x, algorithm="fricas"

)
[Out] 1/6x(3xc™2%x"2 + 2*%(c™3%x"3 - 2*c*x)*sqrt((c™2*x"2 + 1)/(c"2%x72)) - 3*log(

c"2%x"2 + 1))/c”5
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Sympy [F]

gy

-1
/eCSCh (ca‘)wél f c2a:2+1 dz + f T 2z2+1

1+ c2x2 dz = c

[In] integrate((1/c/x+(1+1/c**2/x**2)x*(1/2))*x**4/ (c**2*x**2+1) ,x)
[Out] (Integral (x**3/(cx*2*xx**2 + 1), x) + Integral(ckx*x*4d*xsqrt(l + 1/(cx*2kx**2)

)/ (cxx2xx*+2 + 1), x))/c
Maxima [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.68

/ eesch™ (cx) 4 . z? c2r? +1(c*r? —2)  log(x® +1)
1+ 222 268 3¢ 2c°
[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))*x"4/(c"2*%x"2+1) ,x, algorithm="maxima"

)
[Out] 1/2*%x72/c”3 + 1/3*sqrt(c™2*x"2 + 1)*(c™2*x"2 - 2)/c”5 - 1/2x1log(c”™2*x"2 + 1

)/c”5

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.18

/ gesch™ (cx) 4 e log (?z®> +1) = 2|c|sgn(z)
1+c2z? 20 3¢8
N 2(c?z® + 1) c'?|c|sgn(z) — 6 v/c2z2 + 1c'?|c|sgn(z) + 3 (c?z® + 1)c3

6 c18

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x"4/(c"2*x"2+1) ,x, algorithm="giac")

[Out] -1/2%log(c™2*x"2 + 1)/c”5 + 2/3*abs(c)*sgn(x)/c”6 + 1/6*%(2*(c™2*%x"2 + 1)~ (3
/2)*c”12xabs(c) *sgn(x) - 6*sqrt(c”2#x"2 + 1)*c~12*abs(c)*sgn(x) + 3x(c™2*x"

2 + 1)*c”13)/c"18



378

Mupad [B] (verification not implemented)

Time = 5.22 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.85

gosch ™ () 4 B )a=m+1l 2z4/F5+1 In (2% + 1) — 222
————dr = - 3cA —

14 22 o 3c? 2cd

[In] int((x"4*x((1/(c™2*x"2) + 1)°(1/2) + 1/(c*x)))/(c™2*%x"2 + 1),x)

[Out] (x73%(1/(c™2*x"2) + 1)7(1/2))/(3*c™2) - (2*xx*x(1/(c™2*x~2) + 1)~(1/2))/(3*c™
4) - (log(c™2*x™2 + 1) - c™2%x72)/(2%c”5)
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csch™ ez
3.62 [ Gl gy

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . ... 379
Mathematica [A] (verified) . . . . . . . . ... L
Maple [B] (verified) . . . . . . . . . . 3311
Fricas [A] (verification not implemented) . . . . . . . . .. ... ... ... ... ..
Sympy [F] . . . o
Maxima [B] (verification not implemented) . . . . . . . ... ... ... . ...
Giac [A] (verification not implemented) . . . . . . .. ... ... L.
Mupad [B] (verification not implemented) . . . . ... ... ... ... .......

Optimal result

Integrand size = 21, antiderivative size = 59

/ gesch™(cz) 13 T \/ 1+ m22? arctan(cz) arctanh(, /1+ ﬁ)

1+ c2x2 c3 2c2 A 2ct

[Out] x/c~3-arctan(c*x)/c”4-1/2*%arctanh((1+1/c~2/x"2)"(1/2))/c”4+1/2xx~2x(1+1/c"2
/x72)"(1/2)/c™2

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 7, Bumber of rules _ () 333 Ryjeq ysed = {6477,

' integrand size
272, 44, 65, 214, 327, 209}

/ ecsch_1 (cz) 3 arctan(cx) arctanh (\ / # + 1>

z xz\/$+1
dr = — - + S+ — 5

14 c2z2 ct 2ct c3 2c?

[In] Int[(E"ArcCschlc*x]*x~3)/(1 + c~2*x"2),x]

[Out] x/c”3 + (Sqrt[1l + 1/(c™2%x"2)]1*x~2)/(2*%c"2) - ArcTan[c*x]/c”4 - ArcTanh[Sqr
t[1 + 1/(c™2xx"2)]1]1/(2%c"4)

Rule 44

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+bxx)"(m + DD*((c + d*x)"(n + 1)/((b*xc - a*xd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((b*c - a*xd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && ILtQ[m, -1] && !Int
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egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQlb, 01)

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 327

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*x(x_)"(n_))~(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*x(m + n*p + 1))), x] - Dist[
axc™n*((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 6477

Int [(E"ArcCsch[(c_.)*(x_)1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)~(m - 2)/Sqrt[1l + 1/(c”2*x"~2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},
x] &% EqQ[b - a*c™2, 0]

Rubi steps

x
—Z—d
f V 1+c21zz ! + f 1+"£w2 dz
02

Cc

integral =
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1 1
z f 1+32x2 dz Subst (f wz\/@ 4 zz)

c c 2c2

1 Subst| [ —A—dz, z, L
z 1t T arctan(cx) N (f e /1+% "’2>

=&t 2c? ct 4ct

_% 1+ gm0 arctan(czx) N Subst <f W dz, z, V 1+ #)
— 3 202 ct 2c?

a . 1+ #xz arctan(ce) arctanh(,/l + ﬁ)

S 2c? ct 2ct

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.92

/ gesch(cz) 3 ; —cx (2 +c /14 #x) + 2arctan(cx) + log ((1 +4/14 #) cc)
-  drx=-—

1+ 222

2ct

[In] Integrate[(E"ArcCschlc*x]*x~3)/(1 + c™2%x72),x]

[Out] -1/2%(-(c*x*(2 + c*Sqrt[1l + 1/(c”2%x~2)]*x)) + 2xArcTan[c*x] + Log[(1 + Sqr
tl1 + 1/(c™2%x"2)])*x])/c"4

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 137 vs. 2(51) = 102.

Time = 0.86 (sec) , antiderivative size = 138, normalized size of antiderivative = 2.34

method | result size
_c2 /—c2 2 /—e2
Cigig_l x <:E\/62ZC;+1 02+1n (.’L‘-i-\/ %) —2In <$+\/— ( i 6621(0 s ‘ ) )) xz _ arctan(cz)
default por] + L —= 138
Nt

[In] int((1/c/x+(1+1/c"2/x72)"(1/2))*x"3/(c"2*x~2+1) ,x,method=_RETURNVERBOSE)

[Out] 1/2%x((c™2*x~2+1)/c”2/x"2) " (1/2) *x*x (x*(1/c™ 2% (c™2*x"2+1)) ~(1/2) *c~2+1n(x+(1/
c" 2% (c™2%x"2+1)) " (1/2)) -2x1n(x+ (- (-c"2*xx+(-c~2) ~(1/2) ) * (c"2*x+(-c"2) " (1/2))
/c”4)~(1/2)))/(1/c”2%(c™2*%x~2+1) )~ (1/2) /c"4+1/c*x(x/c"2-1/c"3*arctan(c*x))
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Fricas [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.15

gosch ™ (ez) 13 2x?\ /241 + 2 cx — 2 arctan (cz) + log <c:p Cortl c:r)
Z T dr =
/ 1+ ez 7 9 oA

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x~3/(c"2*x"2+1) ,x, algorithm="fricas"
)

[Out] 1/2*%(c™2%x"2*sqrt((c™2*x~2 + 1)/(c™2*x72)) + 2%c*x - 2*arctan(c*x) + log(cx
xksqrt ((c™2*x"2 + 1)/(c™2%x72)) - c*x))/c"4

Sympy [F]

3 1
eyt

csch™! 3 _z?
/ e (cac)x _ f c2z2+1 dr + f c2z2+1

dr =
1+ c2x2 o c
[In] integrate((1/c/x+(1+1/cx*2/xx*2)*x(1/2))*xx**3/ (Ckx*2*x**2+1) ,x)

[Out] (Integral (x**2/(cx*2*xx**2 + 1), x) + Integral (ckx**3*sqrt(l + 1/(cx*2kx**2)
)/ (ck*x2xxxx2 + 1), x))/c

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 107 vs. 2(51) = 102.

Time = 0.33 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.81

9,/ Le2+1 2s211 22711
csch™1(cz) .3 % - log Q +1)+ log Q -1
‘ P () arctan (cz)
Sl - arctan

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x~3/(c"2%x"2+1) ,x, algorithm="maxima"
)

[Out] x/c”3 + 1/4x(2*sqrt((c™2*x"2 + 1)/x72)/(c*x((c™2%x~2 + 1)/(c™2*x"2) - 1)) -
log(sqrt((c™2*x™2 + 1)/x72)/c + 1) + log(sqrt((c™2*x"2 + 1)/x72)/c - 1))/c”

4 - arctan(c*x)/c”4
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Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.03

csch™1(cz) .3
/ e T

1+ c2a?
Vz? +1z|clsgn(z) =z log (—z|c| + V/2x? + 1) sgn(z)  arctan (cz)
B 2 A et 24 T A

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x~3/(c"2*x"2+1) ,x, algorithm="giac")

[Out] 1/2*sqrt(c™2*x"2 + 1)#*x*abs(c)*sgn(x)/c”4 + x/c”3 + 1/2*log(-x*abs(c) + sqr
t(c™2%x72 + 1))*sgn(x)/c”4 - arctan(c*x)/c~4

Mupad [B] (verification not implemented)

Time = 5.25 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.86

esch™ (ez) ;3 p z? \/ ot 1 atan(cz) — cx atanh(v a2t 1)
= _ _

/ 1+ c2x2 N 2 c? ct 2ct

[In] int((x"3%((1/(c™2*x"2) + 1)°(1/2) + 1/(c*x)))/(c™2*%x"2 + 1),%)
[Out] (x"2x(1/(c™2*x"2) + 1)°(1/2))/(2*c"2) - (atan(c*x) - c*x)/c”4 - atanh((1/(c
~2%x72) + 1)7(1/2))/(2%c"4)
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csch™l(cz
3.63 [ Gy,

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . . 384
Mathematica [A] (verified) . . . . . . . . ... L
Maple [B] (verified) . . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... .......
Sympy [F] . . .
Maxima [A] (verification not implemented) . . . . . . . ... ... ... L.
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L.
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ......

Optimal result

Integrand size = 21, antiderivative size = 36

/ eesch™ (cw) ;2 V1t Eri N log (1 + c*z?)

dr =
1+ c2x2 L c2 2c3

[Out] 1/2*%1n(c”2*x~2+1)/c”3+x*(1+1/c"2/x72)~(1/2)/c"2

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 143 Ryjeg used = {6477,
integrand size
197, 266}

1+ c2x2 - c2 2¢3

/ gosch™ (cz) 2 i T4/ g T1 N log (c?z? + 1)

[In] Int[(E"ArcCschlc*x]*x"2)/(1 + c~2*x"2),x]
[Out] (Sqrtl[1 + 1/(c”2*x"2)]*x)/c”2 + Logl[l + c~2*x~2]/(2%c~3)
Rule 197

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x™n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]
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Rule 6477

Int [(E7ArcCsch[(c_.)*(x_)]1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)~(m - 2)/Sqrt[1l + 1/(c"2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},
x] && EqQ[b - a*c~2, 0]

Rubi steps

x
f 14+c2x2 dx

integral =

c? c
Y 1+ 22 log (1 + c*z?)
N c? + 2c3

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.97

/ gesch ™ (cz) 5.2 . 2¢/1 4 zz +log (1 + *2?)
=

14 c2x2 o 2¢3

[In] Integrate[(E"ArcCsch[c*x]*x72)/(1 + c~2*x"2),x]
[Out] (2%c*Sqrt[1l + 1/(c™2*x"2)]*x + Logl[l + c™2xx~2])/(2%c~3)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 88 vs. 2(32) = 64.

Time = 0.85 (sec) , antiderivative size = 89, normalized size of antiderivative = 2.47

method | result size
22241 \/ —¢ z+\/: (Zatv/=c2) ) o
242 ln(c T +1)
default \/Cz 211 + 5z 89

[In] int((1/c/x+(1+1/c"2/x72)"(1/2))*x"2/(c"2*x~2+1) ,x,method=_RETURNVERBOSE)

[Out] ((c™2%x~2+1)/c~2/x"2) " (1/2) *x*x (- (-c~2*x+(-c~2) " (1/2)) *(c~2*x+(-c~2)~(1/2))/
c4)~(1/2)/(1/cm2x(c™2xx~2+1) )~ (1/2) /c~2+1/2%1n(c"2*x~2+1) /c~3
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.06

ecsch_l(c:c)x2 p 2cx % + log (szL'2 + 1)
/ 1+ 222 T 23

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x~2/(c"2*x"2+1) ,x, algorithm="fricas"

)
[Out] 1/2%(2xcxx*sqrt((c™2*x"2 + 1)/(c™2%x72)) + log(c™2*x"2 + 1))/c”3

Sympy [F]
cx?,/ L
/ecsch_l(cw)m2 _ f ﬁd:p_k f %ﬁdw
14 c2x2 o c

[In] integrate((1/c/x+(1+1/cx*2/xx*2)*x(1/2))*xx**2/ (ckx*2*x**2+1) ,x)
[Out] (Integral(x/(c**2*xx**2 + 1), x) + Integral (cxx**2*sqrt(1l + 1/(c**2xx*x*2))/(

cxx2xx**2 + 1), x))/c

Maxima [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.86

/ eosch ™ (ex) 2 L, log (z® +c) N x? 41
1+ c%z? B 2¢3 c3

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x~2/(c"2*x"2+1) ,x, algorithm="maxima"

)
[Out] 1/2*log(c”™3*x"2 + c)/c”3 + sqrt(c™2*x"2 + 1)/c”3
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Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.22

/ pesch™ (cz) 5,2 . /222 + 1|c|sgn(z) N log (22 +1) |c|sgn(z)
N — = 1 -

14 22 c 2¢c3 A

[In] integrate((1/c/x+(1+1/c~2/x72)"(1/2))*x~2/(c"2*x"2+1) ,x, algorithm="giac")
[Out] sqrt(c™2*x~2 + 1)*abs(c)*sgn(x)/c™4 + 1/2%log(c™2*x"2 + 1)/c”3 - abs(c)*sgn
(x)/c™4

Mupad [B] (verification not implemented)

Time = 5.38 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.86

In(c2?+1)+2cz /5 +1

/ ecsch_l(cz)x2
dx =
1+ c2x2 2¢3

[In] int((x"2*x((1/(c™2*x"2) + 1)°(1/2) + 1/(c*x)))/(c"2*x"2 + 1),x)
[Out] (log(c™2*x~2 + 1) + 2kckxx*x(1/(c™2*%x"2) + 1)7(1/2))/(2%c™3)
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csch™ ez
3.64 [0 Pagy

1+c2x?
Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . .. .
Mathematica [A] (verified) . . . . . . . . . ... 390
Maple [B] (verified) . . . . . . . . . .. 390
Fricas [A] (verification not implemented) . . . . . . .. .. ... ... ... ... .. 3901
Sympy [F] . . o o 3911
Maxima [B] (verification not implemented) . . . . . . . .. ... ... L. 39T
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L. 391]
Mupad [B] (verification not implemented) . . . ... ... .. ... .. .......

Optimal result

Integrand size = 19, antiderivative size = 27

/ gosch ™ (ez) 4, arctan(cz) arctanh(, /14 ﬁ)
—d +

Tr =
1+ c2z2 c? 2

[Out] arctan(c*x)/c 2+arctanh((1+1/c”~2/x"2)"(1/2))/c"2

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00, number

of steps used = 5, number of rules used = 5, Bumber of rules _ , 963 Ryjjeg ysed = {6477,
integrand size

272, 65, 214, 209}

_ 1
/ eesch ™ (cz) 5 arctan(cz) N arctanh(w 22 T 1)

—_— x fr—
1+ c2x2 c? c?

[In] Int[(E"ArcCschlc*x]*x)/(1 + c~2*xx~2),x]
[Out] ArcTan[c*x]/c”2 + ArcTanh[Sqrt[1 + 1/(c”2%x"2)]]1/c"2
Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 209
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6477

Int [(E7ArcCsch[(c_.)*(x_)]1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)~(m - 2)/Sqrt[1l + 1/(c”2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},

x] && EqQ[b - a*c~2, 0]

Rubi steps

1
—_—d
/ Vit Zee m+ fm;zmzdx
C2

integral =
c

Subst| [ —A—dz,z, &
_ arctan(cz) e (f””\/lﬂwz o z>

c? 2c2?

arctan(cz) 1 1
=T—Sub8t</md$,$, ].—l-@)

1
__ arctan(cz) N arctanh(v 1+ W)

c? c?
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Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.41

B 1 1 14c2x2
/ ecs.ch 1(coﬂ)l. J arctan(cm) N og (CL‘( + 222
——adxr =
1+ c2x2 c? c?

[In] Integrate[(E"ArcCschlc*x]*x)/(1 + c~2%x72),x]
[Out] ArcTan[c*x]/c™2 + Loglx*(1 + Sqrt[(1 + c™2xx~2)/(c"2*x~2)]1)]/c"2

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 84 vs. 2(25) = 50.

Time = 0.86 (sec) , antiderivative size = 85, normalized size of antiderivative = 3.15

method | result size
o L)
default JETE g + ‘"“Ctj‘;(”) 85
Falil,

[In] int((1/c/x+(1+1/c~2/x72)~(1/2))*x/(c”2*x"2+1) ,x,method=_RETURNVERBOSE)

[Out] ((c™2%x~2+1)/c”2/x"2)~(1/2) *x*1n(x+(-(-c~2*x+(-c~2) ~(1/2) ) *(c"2*x+(-c~2)~ (1
/2))/c”4)~(1/2))/(1/c™ 2% (c™2*x~2+1)) ~(1/2) /c~2+arctan(c*x) /c™2

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.41

_ c2z241
/ gosch=(ca) 1 ; arctan (cz) — log (cx s cz)
1+c2z2 c?
[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x/(c”2*%x"2+1) ,x, algorithm="fricas")
[Out] (arctan(c*x) - log(c*x*sqrt((c™2*x~2 + 1)/(c™2%x72)) - c*x))/c"2
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Sympy [F]
_ ety /14—
/GCSCh 1(“)117 fﬁdﬁﬂﬁ-[ﬁdw
T =
1+ 222 c

[In] integrate((1/c/x+(1+1/c**2/x**2)**(1/2))*x/ (c*x*2*x**2+1) ,x)
[Out] (Integral(cxx*sqrt(l + 1/(ck*2kx*%2))/(ck*2xx**x2 + 1), x) + Integral(1l/(c*x
2xxx*2 + 1), x))/c

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 61 vs. 2(25) = 50.

Time = 0.31 (sec) , antiderivative size = 61, normalized size of antiderivative = 2.26

/02z2+1 c2m2+1
log (—””2 + 1> — log (—V””2 — 1)
¢ ¢ arctan (cx)

ecsch_1 (cx) T
S Cdr=
/ 1+ 222 v 2 c2 + c2

[In] integrate((1/c/x+(1+1/c”2/x72)"(1/2))*x/(c”2*x"2+1) ,x, algorithm="maxima")

[Out] 1/2*%(log(sqrt((c™2*x"2 + 1)/x72)/c + 1) - log(sqrt((c™2*x"2 + 1)/x72)/c - 1
))/c”2 + arctan(c*x)/c"2

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.26

—_— x P—
1+ c2x2 c c?

/ eesch™ (cz) . log (—zlc| + v/c2z? + 1) sgn(z) N arctan (cx)
- 2

[In] integrate((1/c/x+(1+1/c"2/x72)~(1/2))*x/(c"2*x"2+1),x, algorithm="giac")
[Out] -log(-x*abs(c) + sqrt(c™2*x"2 + 1))*sgn(x)/c”2 + arctan(c*x)/c"2
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Mupad [B] (verification not implemented)

Time = 5.82 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.78

/ ecsch_l(cx)l. p atanh(w / # + 1) + atan(cx)
& 5 ax

1+ 222 c2

[In] int((x*x((1/(c™2%x~2) + 1)7(1/2) + 1/(c*x)))/(c"2*x"2 + 1) ,x)
[Out] (atanh((1/(c”2*x"2) + 1)~(1/2)) + atan(c*x))/c"2
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csch™l(cz
3.65 [0 Wy

1+c’z
Optimal result . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . . . .. 395
Maple [B] (verified) . . . . . . . . . ..
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........
Sympy [F] . . o 396
Maxima [F] . . . . . o 396
Giac [B] (verification not implemented) . . . . . . . . ... ... L oL 396
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. .......

Optimal result

Integrand size = 18, antiderivative size = 33

Tr =

/ gesch™ (ez) csch™ (cz) N log(z) log (1 + c*z?)
1+ 22 c c 2c

[Out] -arccsch(c*x)/c+1n(x)/c-1/2*1n(c™2*%x"2+1)/c

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 7, Bumber of rules _ ( 339 Ryjles used = {6475,

’ integrand size
342, 221, 272, 36, 29, 31}

dr =

/ gesch™ (cz) log (?z? + 1) N log(r) csch™'(cx)
1+ c%a? 2c c c

[In] Int[E"ArcCschlc*x]/(1 + c~2%x"2),x]

[Out] -(ArcCschlc*x]/c) + Loglx]l/c - Logl[l + c~2*xx~2]/(2%c)
Rule 29

Int[(x_)"(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 31
Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 36
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Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(b*c - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)]1/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6475

Int [ETArcCsch[(c_.)*(x_)]1/((a_) + (b_.)*(x_)"2), x_Symbol] :> Dist[1/(a*c”2
), Int[1/(x"2*Sqrt[1 + 1/(c"2%x~2)]1), x], x] + Dist[1/c, Int[1/(x*(a + bxx~
2)), x1, x] /; FreeQ[{a, b, c}, x] && EqQ[b - a*c™2, 0]

Rubi steps
/ ! dx 1
o e 4T
integral = \/? + f (1+c2z2)
¢ c

Subst ( [ wl; dz,z, %) Subst( | e 4o, 2, -’vz)

- c? + 2c

_ _csch_l(cx) + Subst(f % dw,xaxz) _ %cSubst (/

C 2c

1 2

_csch™ (cx) N log(z) log(1+c*z?)
c c 2c
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Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.12

/ ecsch_l(cm) arcsinh(é) log(z) log (1 + szQ)
———dr = — + -
1+C2.'I,'2 c C 2c

[In] Integrate[E~ArcCschlc*x]/(1 + c™2*x72),x]
[Out] -(ArcSinh[1/(c*x)]/c) + Loglxl/c - Logl[l + c~2xx~2]/(2%c)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 169 vs. 2(31) = 62.

Time = 0.88 (sec) , antiderivative size = 170, normalized size of antiderivative = 5.15

method | result

c2x241 24
P e v e 2

default \/I2 \/C2m§+1 ’ + —

[In] int((1/c/x+(1+1/c~2/x72)"(1/2))/(c"2%x~2+1) ,x,method=_RETURNVERBOSE)

[Out] ((c™2%x72+1)/c”2/x72)"(1/2)*x*((1/c”2)~(1/2) *(1/c” 2% (c"2*x~2+1) ) ~(1/2) *c~2-
(=(=c™2*x+(-c"2) " (1/2) ) *(c"2*x+(-c"2)~(1/2)) /c~4) = (1/2) *c"2x(1/c"2) " (1/2)-1
n(2x((1/c”2)"(1/2)*(1/c™2x(c™2%x"2+1) ) ~(1/2) *c~2+1) /c"2/x) )/ (1/c~2)~(1/2) / (
1/¢c72%(c™2*x"2+1))~(1/2) /c™2+1/c*x(In(x) -1/2*1n(c"2%x"2+1))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(31) = 62.

Time = 0.25 (sec) , antiderivative size = 80, normalized size of antiderivative = 2.42

ecsch_l(cx) q
/ 14 222 T
log (22 + 1) + 2 log (c:c\/ ol e+ 1) —2log (ca: Sl _ep — 1) — 2 log (z)

B 2¢c

[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))/(c"2%x"2+1) ,x, algorithm="fricas")

[Out] -1/2%(log(c™2*x"2 + 1) + 2xlog(cxx*sqrt((c™2*xx"2 + 1)/(c™2*x"2)) - c*x + 1)
- 2xlog(c*x*sqrt ((c™2*x"2 + 1)/(c™2*x"2)) - c*x - 1) - 2xlog(x))/c
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Sympy [F]

csch™Y(cx) V 2 2 dx + f

(& de = T 25341 xs+z
14 c2x2 c

[In] integrate((1/c/x+(1+1/c**2/x**2)**(1/2))/(c**2*x**2+1) ,x)
x) + Integral(1/(cxx

dz

02m3+z

[Out] (Integral(cxx*sqrt(l + 1/(c**2*x**2))/(c*k*2kx**3 + x),
2%xx**x3 + x), x))/C

Maxima [F]

/ecsch 1(cx) /\/022+1+—

1+ c2x2 c2r? +1

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/(c"2%x"2+1) ,x, algorithm="maxima")
[Out] -1/2%log(c™2*x"2 + 1)/c + log(x)/c + integrate(sqrt(c™2*x"2 + 1)/(c"3*x"3 +

c*x), X)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 70 vs. 2(31) = 62.

Time = 0.29 (sec) , antiderivative size = 70, normalized size of antiderivative = 2.12

/ gesch™ (ez) e — _log(2* +1)  (|c|sgn(z) — c)log (Va2 +1+1)
1+c222 2c 2¢?
N (Jc|sgn(z) + c) log (Vc2z? +1 — 1)
2¢?

[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))/(c"2*x"2+1),x, algorithm="giac")

[Out] -1/2%log(c™2*x"2 + 1)/c - 1/2*(abs(c)*sgn(x) - c)*log(sqrt(c™2*x~2 + 1) + 1
)/c”2 + 1/2*(abs(c)*sgn(x) + c)*log(sqrt(c™2*x"2 + 1) - 1)/c™2
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Mupad [B] (verification not implemented)

Time = 5.41 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.15

ecsch_l(cw) ) clz 1 In (02 :(:2 + 1) —21n (3’))
/ T o dxr = —asinh (T) 2 %c
[In] int(((1/(c”2*x"2) + 1)~(1/2) + 1/(c*x))/(c”2*x"2 + 1),x)

[Out] - asinh((1/c”2)~(1/2)/x)*(1/c”2)~(1/2) - (log(c™2*x~2 + 1) - 2*log(x))/(2x*c
)
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3.66 f ccsch 1(ca:) du
) z(1+c%z?)

Optimal result . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . .. . .
Mathematica [A] (verified) . . . . . . . . . ... 399
Maple [B] (verified) . . . . . . . . . .. 400
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 4001
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... . 400
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 40Tl
Giac [A] (verification not implemented) . . . . . . . ... ... oL 40T
Mupad [B] (verification not implemented) . . . . ... .. ... ... ... ...... 40T

Optimal result

Integrand size = 21, antiderivative size = 30

ecsch_l(cx) 1 1
/md(l]z— 1+@—a—arctan(cw)
[Out] -1/c/x-arctan(c*x)-(1+1/c"2/x72)~(1/2)

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00, number
_ _ 4 nhumber of rules _ —

of steps used = 4, number of rules used = 4, integrand size 0.190, Rules used = {6477,

267, 331, 209}

ecsch_l(cx) 1 1
/mdx = —arctan(cz) — 2 +1-— -
[In] Int[E~ArcCschlc*x]/(x*x(1 + c~2%x~2)),x]
[Out] -Sqrt[1 + 1/(c”2*x"2)] - 1/(c*x) - ArcTan[c*x]
Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 267

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
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NeQ[p, -1]

Rule 331

Int[((c_)*(x_))"(m )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> Simp[(c*x
) (m + x((a + bxx"n)~(p + 1)/(a*cx(m + 1))), x] - Dist[b*x((m + nx(p + 1)
+ 1)/(axc"nx(m + 1))), Int[(c*x)"(m + n)*(a + b*x"n)"p, x], x] /; FreeQ[{a,
b, c, p}, x] & IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 6477

Int [(E"ArcCsch[(c_.)*(x_)]1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)~(m - 2)/Sqrt[1 + 1/(c"2*x~2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, ¢, d, m},
x] &% EqQ[b - a*c™2, 0]

Rubi steps
1
x
. f 14 5y a? f m2(1—f:-lc2w2) dzx
integral = >
c c

= 1+ 1 L c/ 1 dx
o c2r?  cx 1+ 222

1 1
=—y/1+ 22 g arctan(cz)

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00

ecsch_l(cx) 1 1
/mdl‘z— 1+@—E—arctan(cw)

[In] Integrate[E~ArcCschlc*x]/(x*x(1 + c~2*x"2)),x]
[Out] -Sqrt[1 + 1/(c”2*x"2)] - 1/(c*x) - ArcTan[c*x]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 156 vs. 2(28) = 56.

Time = 0.85 (sec) , antiderivative size = 157, normalized size of antiderivative = 5.23

method | result
3 2ot/ -2 (2ot o2
2 2 + +
7‘:26’52;'2"1 <7° “22""1) 2c2—\/7°2“§+1 czxz—ln(x—i-\/iczizﬂ)z—i-ln x+\/—( e CCZ(C ¢ ¢ ) z e |
- carctan(c
c

default | — /I

c

[In] int((1/c/x+(1+1/c”2/x72)"(1/2))/x/(c"2*x"2+1) ,x ,method=_RETURNVERBOSE)

[Out] -((c™2*xx~2+1)/c"2/x"2)"(1/2)*((1/c” 2% (c™2*x"2+1) ) ~(3/2)*c~2-(1/c" 2% (c"2*x"2
+1))7(1/2)*c”2xx"2-1n(x+(1/c” 2% (c™2*xx"2+1) ) ~(1/2) ) *x+1n (x+ (- (-c"2*x+(-c~2)~
(1/2))*(c™2*x+(-c"2)~(1/2)) /c™4)~(1/2))*x) / (1/c”2x (c™2*x"2+1) ) ~(1/2) +1/c* (-

1/x-c*arctan(c*x))

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.37

eosch™ (cz) . cx arctan (cz) + cx 02;?;1 +cx+1
/m(1+62x2) T cx

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x/(c"2*%x"2+1) ,x, algorithm="fricas")

[Out] -(c*x*arctan(c*x) + c*x*sqrt((c™2*x"2 + 1)/(c™2*x72)) + c*x + 1)/(c*x)

Sympy [A] (verification not implemented)

Time = 2.26 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.40

/ eesch™! (cx) ; NaN forc=0 . catan (#:z) 1
—— dx = —c _
z (1 +c*2?) —14?1? otherwise Ve cr

[In] integrate((1/c/x+(1+1/c*x*2/x*x*2)*x(1/2))/x/ (c*x*2xx**2+1) ,x)
[Out] -cx+Piecewise((nan, Eq(c, 0)), (sqrt(1l + 1/(cx*2xxx*2))/c, True)) + c*atan(l
/ (x*sqrt (c**2)))/sqrt(c**2) - 1/(c*x)
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Maxima [A] (verification not implemented)

none
Time = 0.32 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.13

ecsch_l(cx) c2r2 +1 1
/— de = ———— — — — arctan (cz)
z (14 c2x?) cx cx

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x/(c"2*x"2+1) ,x, algorithm="maxima")

[Out] -sqrt(c™2*x"2 + 1)/(c*x) - 1/(c*x) - arctan(c*x)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.43

csch™!(cx) 2 1
/ 6—22 dx = sgn(z) 5 — — —arctan (cx)
z (1+ c?z?) (zle] — V222 +1)"—1 <

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x/(c”2*x"2+1) ,x, algorithm="giac")
[Out] 2*sgn(x)/((x*abs(c) - sqrt(c™2*x"2 + 1))72 - 1) - 1/(c*x) - arctan(c#*x)

Mupad [B] (verification not implemented)

Time = 5.51 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.97

csch™!(cx) T A /# +1+4+ %

e
/m de‘ = —atan(c:v) — T

[In] int(((1/(c”2*x"2) + 1)7(1/2) + 1/(c*x))/(x*(c™2*x"2 + 1)),x)
[Out] - atan(c*x) - (x*(1/(c™2%x"2) + 1)°(1/2) + 1/c)/x
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csch™ ez
3.67 [ ©gy

72 (1+c%z2)
Optimal result . . . . . . . . . . . e 402
Rubi [A] (verified) . . . . . . . . . 1021
Mathematica [A] (verified) . . . . . . .. ... L Lo 404
Maple [B] (verified) . . . . . . . . . .. 404
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ..., 404
Sympy [F] . . o o 405
Maxima [F] . . . . . . 405
Giac [B] (verification not implemented) . . . . . ... ... ... Lo 0L 405
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 406

Optimal result
Integrand size = 21, antiderivative size = 60

/ ecsch_l(cz) 1 \/J14+ #

_ 1
_ -1 2,2
(15 &) dr = ~ o 5 + éccsch (cx) — clog(x) + Eclog (1 + )

[Out] -1/2/c/x"2+1/2*c*arccsch(c*x)-cx1n(x)+1/2*xcx1n(c™2*%x"2+1)-1/2%(1+1/c~2/x"2)
~(1/2)/x

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6, Bummber of rules _  9g5 Ryjjes used = {6477,

' integrand size
342, 327, 221, 272, 46}

ecschfl(c:/v) # +1
/ dp= -V

22 (14 c222) 2z

1 1 1
+ Eclog (CPz®+1) — 2eg? clog(z) + Eccsch_l(cz)

[In] Int[E"ArcCschlc*x]/(x"2x(1 + c~2%x"2)),x]

[Out] -1/2%1/(c*x"2) - Sqrtl[l + 1/(c”2*x~2)]1/(2%x) + (cxArcCsch[c*x])/2 - cxLoglx
1 + (cxLogl[l + c™2%x~2])/2

Rule 46

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
xpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
NeQ[b*c - a*d, 0] &% ILtQ[m, 0] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m +
n + 2, 0])
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Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)1/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 327

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n

- D*(c*xx)"(m - n + 1)*((a + bxx™n)"(p + 1)/(bx(m + nxp + 1))), x] - Distl[
axc’n*((m - n + 1)/(bx(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQl[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6477

Int [(E"ArcCschl(c_.)*(x )1*((d_)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d"2/(a*c”2), Int[(d*x)"(m - 2)/Sqrt[1 + 1/(c”2*x~2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, ¢, d, m},

x] &% EqQ[b - a*c™2, 0]

Rubi steps

integral =

1
| = | wa
02

c

SUbSt(f\/lmTT;dx’w’ %) Subst(f@dw,x,ﬁ)

T c? + 2c
V1t as g 1 Subst(f <zi2 ~ <+ 1-|f:;x> dx,x,xQ)
= — g+ 5 Subst z,— |+ 5
x 42 c

1 1
+ éccsch_l(cx) — clog(x) + §clog (1+c*2?)



404

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.97

csch™!(cx) 1 1 z/ 1+ ﬁ 1
/ © de == ( V7 “ | carcsinh (—) —2clog(z) + clog (1+c*z?)

2 (14222 2| ca? x cx
[In] Integrate[E~ArcCschlc*x]/(x"2*%(1 + c~2*x~2)),x]

[Out] (-(1/(c*x"2)) - Sqrt[1l + 1/(c”2%#x"2)]/x + c*ArcSinh[1/(c*x)] - 2xcxLog[x] +
cxLog[1l + c™2*x"2])/2

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 215 vs. 2(50) = 100.

Time = 0.86 (sec) , antiderivative size = 216, normalized size of antiderivative = 3.60

method | result

(5 (et e (R
default | — e ye

[In] int((1/c/x+(1+1/c"2/x72)~(1/2))/x"2/(c"2*x"2+1) ,x,method=_RETURNVERBOSE)

[Out] -1/2%((c™2*x72+1)/c"2/x72) " (1/2) /x*x(c"2*(1/c™2*x (c™2*x"2+1) )~ (3/2) *(1/c~2) ~(
1/2)+(1/c” 2% (c™2%x72+1) )~ (1/2)*(1/c”2) ~(1/2) *c~2*x"2-2*x(1/c~2) ~ (1/2) * (- (-c~
2%x+(-c”2) " (1/2) ) *(c™2*x+(-c~2)~(1/2))/c”4) " (1/2) *c~2xx~2-1n(2*x ((1/c"2)~(1/
2)%(1/c”2x(c™2xx"2+1) )~ (1/2)*c™2+1) /c~2/x)*x72) / (1/c™ 2% (c"2*%x"2+1) )~ (1/2) / (
1/c72)"(1/2)+1/c*(-1/2/x"2-c"2%1n(x) +1/2*%c"2*1n (c"2*x"2+1))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 130 vs. 2(50) = 100.

Time = 0.25 (sec) , antiderivative size = 130, normalized size of antiderivative = 2.17

ecsch_l(cz)
————— dz
/ z? (1 + c%z?)

22 log (2?4 1) + 2z log (c:v e 1) — 2z log (cz Sl ex — 1) —2c%z%log (z) —

c2x?

2 cx?

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x"2/(c"2*x"2+1) ,x, algorithm="fricas"
)
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[Out] 1/2%(c”2*x"2x1log(c™2*x"2 + 1) + c~2*x"2xlog(c*x*sqrt((c™2*x"2 + 1)/(c™2*x~2
)) - c*x + 1) - c"2xx"2%log(cxx*xsqrt((c™2*x"2 + 1)/(c™2%x72)) - c*xx - 1) -
2xc"2xx"2%log(x) - cxx*sqrt((c™2*x"2 + 1)/(c™2%x72)) - 1)/(c*x"2)

Sympy [F]
/ ﬂ dr = CQ Wt ] s o
:1:2 (1 _|_ 02.'1;2) C

[In] integrate((1/c/x+(1+1/cx*2/xx*2)*x(1/2)) /x**2/ (ckx*2*x**2+1) ,x)
[Out] (Integral(c*x*sqrt(l + 1/(cx*2xx**2))/(ck*2*x**5 + x**3), x) + Integral(1/(

c*x*2*x**5 + x**3), x))/cC

Maxima [F]

/ gesch ™ (ca) / Ve t1+ 4

22 (1+ czx2 (222 + 1 x2

[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))/x"2/(c"2*%x"2+1) ,x, algorithm="maxima"

)
[Out] 1/2*c*log(c™2*x"2 + 1) - cxlog(x) - 1/2/(c*x"2) + integrate(sqrt(c™2*x"~2 +

1)/(c™3*%x"5 + c*x"3), x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 114 vs. 2(50) = 100.

Time = 0.28 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.90
6cs.chfl(cm) 1 1
/ dr = 5 clog (z* +1) + 1 (|c|sgn(z) — 2¢) log (\/ Az +1+ 1)

- i (Ic|sgn(z) + 2 ¢) log (m _ 1)

V2z? + 1clsgn(z) + ¢
2(V22+1+1) (Va2 +1-1)

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x"2/(c"2*x"2+1) ,x, algorithm="giac")

[Out] 1/2*c*log(c™2*x"2 + 1) + 1/4x(abs(c)*sgn(x) - 2*c)*log(sqrt(c™2*x"2 + 1) +
1) - 1/4x(abs(c)*sgn(x) + 2*c)*log(sqrt(c™2*x"2 + 1) - 1) - 1/2x(sqrt(c”™2*x
~2 + 1)*abs(c)*sgn(x) + c)/((sqrt(c™2*x"2 + 1) + 1)*(sqrt(c™2*x"2 + 1) - 1)

)
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Mupad [B] (verification not implemented)

Time = 5.40 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.02

2

/ ecsch_l(ca:) asinh( z ) cln (—(32 .’L’2 _ 1)

dx = + —cln(z)—

2 2,2
z? (14 c2x?) 2\/012 2

[In] int(((1/(c™2%x"2) + 1)7(1/2) + 1/(c*x))/(x"2%(c™2*x"2 + 1)),x)

[Out] asinh((1/c"2)~(1/2)/x)/(2%x(1/c"2)~(1/2)) + (c*log(- c™2*x"2 - 1))/2 - cxlog
(x) - (1/(c™2*x"2) + 1)7(1/2)/(2*x) - 1/(2%c*x"2)
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csch™l(cz
3.68 [ gy

23 (1+c%2?)
Optimal result . . . . . . . . . . e 407
Rubi [A] (verified) . . . . . . . . . . 407
Mathematica [A] (verified) . . . . . . .. ... L oo 409
Maple [B] (verified) . . . . . . . . ... 409
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .... 409
Sympy [A] (verification not implemented) . . . ... ... ... . ... ... ... 4101
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... ... ... AT0)
Giac [A] (verification not implemented) . . . . . . . .. ... ..o L. 410
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 41T

Optimal result

Integrand size = 21, antiderivative size = 61

csch™!(cz) 1 1 1 3/2 1
€ _ 2 2 c 2
/m‘“’—c VIt e 3 (”%) T 38 T T ¢ arctan(ea)

[Out] -1/3%c™2x(1+1/c~2/x"2)~(3/2)-1/3/c/x"3+c/x+c"2*arctan(c*xx)+c~2x(1+1/c~2/x"2
)~(1/2)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.00, number
_ _ r number of rules _ —

of steps used = 7, number of rules used = 5, integrand size 0.238, Rules used = {6477,

272, 45, 331, 209}

csch™!(cz) 1 1 3/2 1 1
€ _ 2 2 9 c
/mdm_c arctan(cz) — 3¢ (@“) TN ap T s Ty

[In] Int[E"ArcCschlc*x]/(x"3*(1 + c~2%x72)),x]

[Out] c™2xSqrt[1 + 1/(c™2*x"2)] - (c™2+%(1 + 1/(c™2%x72))"(3/2))/3 - 1/(3*c*x"3) +
c/x + ¢~ 2%ArcTan[c*x]

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, 4, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7#m + 4*n + 4, 0]) || LtQ[9*m + 5*x(n + 1), 0] || GtQ[m + n + 2, 0])
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Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 331

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*x
)"(m + D*((a + b*xx™n)"(p + 1)/(a*xc*(m + 1))), x] - Dist[b*x((m + nx(p + 1)
+ 1)/(a*c™nx(m + 1))), Int[(c*x)~(m + n)*(a + b*x"n)"p, x], x] /; FreeQl{a,
b, c, p}, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 6477

Int [(E"ArcCsch[(c_.)*(x_)I*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)~(m - 2)/Sqrt[1l + 1/(c”2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},
x] && EqQ[b - axc~2, 0]

Rubi steps

1
f /1~|—021702x5 d.'L' + f mdl’
c2

integral =
c
Subst ( | 7= doz, %) .
- _ _ © —c | ——————=dx
3cx? 2¢? / x2 (1 + c%a?)
. Subst(f (— fiw +62\/1+C%) dx,x,%z)
c 2 3
- 4 d
3cx®  x 2c2 te / 1+ c2x2 o
1 1 1\*? 1
— 2 2 2
— ¢ 1+@—§c (14_@) —%4—54—0 arctan(cz)
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Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.89

1+ 55 (=14 2c%2?)
+ c? arctan(cz)

/ ecsch_l(cz) p 1 N c N
x3 (1 4 c%z?) P78 T 32

[In] Integrate[E~ArcCschlc*x]/(x"3*(1 + c~2%x72)),x]
[Out] -1/3%1/(c*x"3) + c/x + (Sqrtl[l + 1/(c™2*xx"2)]1*(-1 + 2%c™2*x"2))/(3*x"2) + c
~2%ArcTan [c*x]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 196 vs. 2(53) = 106.

Time = 0.87 (sec) , antiderivative size = 197, normalized size of antiderivative = 3.23

methOd result
3 2 —o2) (2 —2
2 2 +V/ +V 2 2
v/ czcgi-zkl c? (3(c “;2'*'1) 202m2—3\/‘2—c2“;2+1 c2x4—31n<x+\/‘r°222+1>m3+31n <x+\/— ( o CCZ(C il ° ))x3—(° 922-#1

default Wz

[In] int((1/c/x+(1+1/c~2/x72)~(1/2))/x~3/(c"2*x~2+1) ,x,method=_RETURNVERBOSE)

[Out] 1/3%((c™2*xx"2+1)/c"2/x72)"(1/2)/x"2%c™ 2% (3*x(1/c”2x (c™2*x"2+1) ) ~(3/2) *c~2*x"~
2-3%(1/c” 2% (c™2xx"2+1) ) ~(1/2) *c™2*%x~4-3*1n(x+(1/c” 2% (c"2*xx"2+1) ) ~(1/2) ) *x~3
+3*1n (x+(-(-c™2*x+(-c"2) " (1/2) ) *(c"2*x+(-c"2)"(1/2))/c”4) " (1/2) )*x~3-(1/c"2
*(c™2%x"2+1))7(3/2))/(1/c”2x(c™2%x"2+1) )~ (1/2)+1/c*x(-1/3/x"3+c~2/x+c"3*arct

an(c*x))
Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.15

ecsch_l(cx)
< dr =
/ x3 (14 c%z?) 3cz?

[In] integrate((1/c/x+(1+1/c~2/x72)"(1/2))/x~3/(c"2%x"2+1) ,x, algorithm="fricas"
)

[Out] 1/3%(3%c~3*x"3*arctan(c*x) + 2%c~3*x"3 + 3*c™2*x"2 + (2%c~3*x"3 - c*x)*sqrt
((c™2xx72 + 1)/(c™2%x72)) - 1)/(c*x"3)
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Sympy [A] (verification not implemented)

Time = 2.26 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.67

/ ecsch™ Yex) e — c3 atan ( x\}cj>

xr3 (1 + 02332) /cz
3
1+ 2 14 L
4 < c2w2> 22 l
2c ( o3 5o3 ) for 5 #0 c 1
—C + N —
x  3cxd
clog (c2+ﬁ12)
z 1 :
-9 + 2022 otherwise

[In] integrate((1/c/x+(1+1/cx*2/xx*2)*x(1/2)) /x**3/ (ckx*2*x**2+1) ,x)

[Out] -c**3*atan(1/(x*sqrt(c**2)))/sqrt(c**2) - c*Piecewise((2xc**4x((1 + 1/(c**2
*x*k%2) ) %% (3/2) / (6xc**3) - sqrt(l + 1/(ck*2kxx*2))/(2%c**3)), Ne(c**(-2), 0)
), (-cxlog(c**2 + xx*x(-2))/2 + 1/(2*c*x**2), True)) + c/x - 1/(3*cxx**3)

Maxima [A] (verification not implemented)

none
Time = 0.32 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.92

csch™!(cx) 2.2 _ 2.2 2.2 _
e 9 (2cfz® — V2?2 +1  3cz? —1
/ 27 (1 i) 0% = ¢ arctan (cz) + 3eq0 308

[In] integrate((1/c/x+(1+1/c~2/x72)"(1/2))/x~3/(c"2%x"2+1) ,x, algorithm="maxima"

)
[Out] c™2*arctan(c*x) + 1/3*%(2%c™2*x"2 - 1)*sqrt(c™2*x"2 + 1)/(c*x”3) + 1/3%(3*c”

2xx72 - 1)/(c*x73)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.34

4 (3 (z]c] — V2z? + 1)2 - 1>czsgn(z) 3242 — 1
3cx3

/ ecsch_l(cac) q ) ( )
——dx = c“arctan (cx) +
3 (1 —+ 02172) 3 ((mlc| _JEP T 1)2 . 1>3

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x"3/(c"2*x"2+1) ,x, algorithm="giac")

[Out] c~2*arctan(c*x) + 4/3%(3*(x*abs(c) - sqrt(c™2*x"2 + 1))72 - 1)*c"2xsgn(x)/(
(xxabs(c) - sqrt(c™2*x"2 + 1))72 - 1)73 + 1/3*%(3*%c™2*x"2 - 1)/(c*x"3)
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Mupad [B] (verification not implemented)

Time = 5.20 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.93

1 1
2c2w\/02z2+1 w\/m+1

csch™1(cx) 1
e c+ +
————dx = 3 — 3 3¢ 4 Patan(cx
/ z? (1 + c2z?) T 3 (ca)

[In] int(((1/(c™2*x"2) + 1)°(1/2) + 1/(c*x))/(x"3*%(c™2*x"2 + 1)),x)

[Out] (c + (2xc™2*x*(1/(c™2*%x72) + 1)7(1/2))/3)/x - ((xx(1/(c”2*x"2) + 1)~(1/2))/
3 + 1/(3*%c))/x"3 + c~2*xatan(c*xx)
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3 69 I cscg_l(ﬁbx) Ix

7+d$
Optimal result . . . . . . . . . . . . e AT2]
Rubi [A] (verified) . . . . . . . . . . 412
Mathematica [A] (verified) . . . . . . . . . .. . 415
Maple [F] . . . . . AT5l
Fricas [F] . . . . . . o 415
Sympy [F] . . o 415
Maxima [F] . . . . . o 410
Giac [F] . . . o o 410
Mupad [F(-1)] . . . . o 476l

Optimal result

Integrand size = 19, antiderivative size = 61

csch™(a + bx) csch™(a + bz)? csch™(a + bz) log (1 _ e2csch_1(a+bx)>
/ ad d:L' == —
PolyLog (2’ 62csch—1(a,+bz)>
- 2d

[Out] 1/2*arccsch(b*x+a)~2/d-arccsch(b*x+a)*1n(1-(1/(b*x+a)+(1+1/(b*x+a)~2)~(1/2)
)~2)/d-1/2*polylog(2, (1/(bxx+a)+(1+1/(b*x+a)~2)~(1/2))~2)/d

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.00, number
of steps used = 8, number of rules used = 8, Bumber of rules _ 491 Ryles used = {6455,

’ integrand size
12, 6417, 5775, 3797, 2221, 2317, 2438}

d gy 2d 2d
csch™'(a + bx) log <1 — e2°SCh_1(a+b””)>
d

/ csch™ (a + bx) dr — _PolyLog <2’ e mbm)) 4 csch™(a + br)?

[In] Int[ArcCschla + b*x]/((a*d)/b + d*x),x]

[Out] ArcCsch[a + b*x]~2/(2%d) - (ArcCschl[a + b*x]*Log[l - E~(2*ArcCsch[a + b*x])
1)/d - PolyLog[2, E~(2*ArcCschl[a + b*x])]/(2*d)
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI1]

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%I, Int[((c + d*x)"m*(E~(2%x((-I)*e + fxfzxx))/(1 + E-(2%((-I)*e + fxfz*xx)
) /E”(2%Ixk*Pi)))) /E~(2+Ixk*Pi), x], x] /; FreeQ[{c, 4, e, f, fz}, x] && Int
egerQ[4*k] && IGtQ[m, O]

Rule 5775

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Dist[1/b,
Subst [Int [x"n*Coth[-a/b + x/b]l, x], x, a + bxArcSinh[c*x]], x] /; FreeQ[{a,
b, c}, x] && IGtQ[n, O]

Rule 6417

Int[((a_.) + ArcCsch[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
bxArcSinh[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 6455

Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcCsch[x]) p, x]
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, X, ¢ + dxx], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &
& IGtQ[p, 0]

Rubi steps

Subst < rreseh @ gy oo m)
b

Subst(f wdw,x,a_i_ bx)
N d

Subst ( / al”CSiznh@) dz, z, - +1bx>
- d

Subst ( [ z coth(z) dz, z, arcsinh +bx))
o d

~ arcsinh (L L )2 2Subst ( = ¢ £ dz,z,arcsinh ( +bz)>
N 2d + d

_ arcsinh (535 )2 arcsinh (75 ) log (1 — ezarcsmh<a+bw)>
- 2d N y
+ Subst ([ log (1 — €**) dz, z, arcsinh ( +bx))
d

arcsinh | —L—
_ arcsmh(a%w)? arcsinh (- +bx) log (1 — e h(ww))
2d B i
Subst (f w d:L', T, 62arcsinh(a+1bx)>
2d

integral =

+

arcsinh ( =

) log (1 _ e2arcsinh<a+1bz)> POlyLog <2, e2arcsinh<a+1bz))

arcsmh ( o ) 2
2d B d 7




415

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.87

h—l
/csc ; (a+bx) i
& +dz
csch™(a + bx)? — 2csch ™ (a + bx) log <1 gZesch” 1(“+b‘”)) — PolyLog (2, e2°SCh_1(“+b””))
- 2d

[In] Integrate[ArcCschl[a + b*x]/((a*d)/b + d*x),x]
[Out] (ArcCschla + b*x]~"2 - 2*ArcCsch[a + b*x]*Log[l - E~(2*ArcCsch[a + b*x])] -
PolyLog[2, E~(2*ArcCsch[a + b*x])])/(2*d)

Maple [F]

h
/ arcciz (bx + a) i
B +dx

[In] int(arccsch(b*x+a)/(a*d/b+d*x) ,x)
[Out] int(arccsch(b*x+a)/(a*d/b+d*x),x)

Fricas [F]

-1
/ cschd (a + bzx) dp — / arcsch (bz ;— a) s
& +dr dr + %

[In] integrate(arccsch(b*x+a)/(a*d/b+d*x),x, algorithm="fricas")

[Out] integral(b*arccsch(b*x + a)/(b*d*x + a*d), x)

Sympy [F]
/ csch™(a + bx) b [ achlatbs) +Z: %) dg
— dx =
B + dx d

[In] integrate(acsch(b*x+a)/(axd/b+d*x),x)
[Out] b*Integral(acsch(a + bxx)/(a + b*x), x)/d
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Maxima [F]

-1
/ cschd (a+ bx) dr — / arcsch (b:cd-l— a) s
& +dz dr + %

[In] integrate(arccsch(b*x+a)/(axd/b+d*x),x, algorithm="maxima")

[Out] -1/4%(2*1log(b~2*x~2 + 2*a*b*x + a”2 + 1)*log(b*x + a) + dilog(-b~2*x~2 - 2%
axbxx - a”2))/d - 1/2%(log(b*x + a)~2 - 2*log(b*x + a)*log(sqrt(b~2*x~2 + 2
*axb*x + a”2 + 1) + 1))/d + integrate((b"2*x + a*b)*log(b*x + a)/(b~2*d*x~2
+ 2xaxb*d*x + a”2+d + (b"2*d*x"2 + 2*axbxd*x + a"2*d + d)*sqrt(b”2*x"2 + 2

xa¥xb*x + a~2 + 1) + d), x)

Giac [F]

-1
/ cschad (a+ bzx) dp — / arcsch (ba:‘l ;— a) s
G +dz dr + %

[In] integrate(arccsch(b*x+a)/(a*d/b+d*x),x, algorithm="giac")

[Out] integrate(arccsch(b*x + a)/(d*x + a*d/b), x)

Mupad [F(-1)]

Timed out.
/ csch™(a + bx) dp — asinh(a_i_lbw) e
ad - ad
G +dz dzr + %°

[In] int(asinh(1/(a + b*x))/(d*x + (a*d)/b),x)
[Out] int(asinh(1/(a + b*x))/(d*x + (axd)/b), x)
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3.70 [ z3csch™'(a + bz?) dx

Optimal result . . . . . . . . . . . e 417
Rubi [A] (verified) . . . . . . . . 417
Mathematica [B] (verified) . . . . . . . . ... .. 419
Maple [A] (verified) . . . . . . . . . . AT9)
Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ....... 220
Sympy [F(-1)] . . o A20)
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... A20)
Giac [F] . . 421
Mupad [B] (verification not implemented) . . . . ... .. ... ... .. ....... 421

Optimal result

Integrand size = 12, antiderivative size = 46

arctanh< 14+ —L

(a + bz*) csch™(a + ba?) N (a+bm4)2>

4b 4b

/mg‘csch_1 (a + bx4) dr =
[Out] 1/4*(b*x~4+a)*arccsch(b*x”4+a)/b+1/4*arctanh((1+1/(b*x"4+a)~2)~(1/2))/b

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 55 Ryles used = {6847,

' integrand size
6449, 379, 272, 65, 213}

arctanh( , /—2— +1 . . )
/w3csch—1 (a+ bx4) do — <m> i (a + bx*) csch™ (a + bz*)

4b 4b

[In] Int[x"3*ArcCschl[a + b*x~4],x]

[Out] ((a + b*x~4)*ArcCschl[a + b*x74])/(4*b) + ArcTanh[Sqrt[1 + (a + b*x~4)~(-2)]
1/ (4xb)

Rule 65

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 213

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 21)]1, x] /; FreeQ[{a, b}, x] && NegQl[a/b]l &&
(LtQ[a, 0] |l GtQ[b, 01)

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 379

Int[(u_)~(m_.)*((a_) + (b_.)*(v_)"(n_))"(p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]*v'm), Subst[Int[x"m*(a + b*x"n)"p, x], x, v], x] /; FreeQ[{
a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 6449

Int[ArcCsch[(c_) + (d_.)*(x_)], x_Symbol]l :> Simp[(c + d*x)*(ArcCsch[c + d*
x]1/d), x] + Int[1/((c + d*x)*Sqrt[1 + 1/(c + d*x)~2]), x] /; FreeQl{c, d},
x]

Rule 6847
Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +

1), u, x], x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, xl]

Rubi steps
. 1 ~1 4
integral = ZSubst csch™ (a + bx)dz, z,

(a+ bzt csch(a +bz?) 1 /
+ —Subst dz, z, z*
4b 4 a+bx,/1+(a+b$)2

Subst(f - —dz, a—l—bx)

(a + bz*) csch™(a + bx?)
1b *

(a +bz*) csch™(a + ba*) Subst <f z\/i-i-:c dz, z, (a+;x4)2>
- 4b 8b
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1 1
(a4 bz*) csch ™ (a + bz?) Subst (f 112 42,7, \/ 1+ (a+bw4)§)

4b 4b

) arctanh( 1+ —L
_|_

(a + bz*) csch™(a + bx* (a+bm4)2>

o 4b 4b

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 95 vs. 2(46) = 92.

Time = 0.10 (sec) , antiderivative size = 95, normalized size of antiderivative = 2.07

(a + bz*) csch™(a + bx?)
4b

1+ (a+ bzt)’log (—a —br*+4/14+ (a+ bx4)2)

4b (a + bx*) , /1 +

/x3csch_1 (a + bx4) dr =

1
(a+bz4)?

[In] Integrate[x~3*ArcCschl[a + b*x~4],x]

[Out] ((a + b*x"4)*ArcCschl[a + b*x74])/(4*b) - (Sqrt[1l + (a + b*x"4)"2]*Logl[-a -
bxx~4 + Sqrt[1 + (a + b*x"4)"2]])/(4xbx(a + b*x"4)*Sqrt[1 + (a + b*x"4)~(-2
)1)

Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.13

method result size

(bz*+a) arccsch(bzt+a)+In <b zi+a+(bzt+a) [1+ 1 >
derivativedivides T3 52

(b x4+a) arccsch (b m4+a) +In (b zt+a+ (b z4-|-a) 1+ L 5 )
default o 52

[In] int(x"3*arccsch(b*x~4+a),x,method=_RETURNVERBOSE)

[Out] 1/4/b*((b*x~4+a)*arccsch(b*x~4+a)+1n(b*x"4+a+(b*x~4+a)*(1+1/(b*xx"4+a)~2)~ (1
/2)))
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 266 vs. 2(40) = 80.

Time = 0.28 (sec) , antiderivative size = 266, normalized size of antiderivative = 5.78

/z?’csch_1 (a + bx4) dx

(bw4+a) b2z8+2abz4+a2+1+1
122812 abzd+a2
4 b%2%+2 abz"+a | 4 b2184+2 abzt+a?+1 _ _ _hed
bz* log b2t + alog < bx* + (bz* + a)\/ ey U 1) alog ( br* +
4b

[In] integrate(x~3*arccsch(b*x~4+a),x, algorithm="fricas")

[Out] 1/4*%(b*x~4*xlog(((b*x~4 + a)*sqrt((b~2*x~8 + 2*axbxx~4 + a~2 + 1)/(b"2*x"8 +
2%axbxx~4 + a~2)) + 1)/(b*xx~4 + a)) + axlog(-b*x"4 + (b*x"4 + a)*sqrt((b~2

*X"8 + 2%axbxx~4 + a”2 + 1)/(b"2*x"8 + 2*%axbxx"4 + a"2)) - a + 1) - axlog(-
b*x"4 + (b*x"4 + a)*sqrt((b™2*x"8 + 2*axb*x~4 + a”2 + 1)/(b"2*x"8 + 2%axb*x

"4 + a”2)) - a-1) - log(-b*x"4 + (b*x~4 + a)*sqrt((b~2*x"8 + 2*axb*x~4 +

a”2 + 1)/(b"2*x"8 + 2*axbxx~4 + a~2)) - a))/b

Sympy [F(-1)]
Timed out.
/ z’csch™ (a + bz*) dz = Timed out

[In] integrate(x**3*acsch(b*x**4+a),x)

[Out] Timed out

Maxima [A] (verification not implemented)

none
Time = 0.22 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.24

/ z’csch™ (a + bz*) do

- 2 (bz* + a) arcsch (bz* + a) + log <,/m+1+1> —log (1/m+1—1)

- 8b

[In] integrate(x~3*arccsch(b*x~4+a),x, algorithm="maxima")

[Out] 1/8%(2*(b*x~4 + a)*arccsch(b*x™4 + a) + log(sqrt(1/(b*x"4 + a)"2 + 1) + 1)
- log(sqrt(1/(b*x~4 + a)~2 + 1) - 1))/b
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Giac [F]
/ z’csch™ (a + bz') dz = / z? arcsch (bz' + a) dz
[In] integrate(x~3*arccsch(b*x~4+a),x, algorithm="giac")

[Out] integrate(x~3*arccsch(b*x"4 + a), x)

Mupad [B] (verification not implemented)
Time = 5.75 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.91

atanh( m + 1) asinh(m) (bz* + a)

3 .1 4 _
/xcsch (a+bz*) dz = 15 + b

[In] int(x~3*asinh(1/(a + b*x~4)),x)
[Out] atanh((1/(a + b*x~4)"2 + 1)~(1/2))/(4xb) + (asinh(1/(a + b*x"4))*(a + b*x"4

))/ (4%b)
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3.71 [z "csch™(a + ba™) dz

Optimal result . . . . . . . . . . . . e 4272
Rubi [A] (verified) . . . . . . . . . 22
Mathematica [B] (verified) . . . . . . . . . .. L 424
Maple [F] . . . . . 424
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... .. ..., 42
Sympy [F(-1)] . . o o 425
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 425
Giac [F] . . . o o 425
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 426

Optimal result

Integrand size = 14, antiderivative size = 46

arctanh< 14+ —L1

(a + bz™) csch ™ (a + bz™) N (a+bxn)2>

bn bn

/x_1+”csch_1(a + bz™) dx =

[Out] (a+b*x"n)*arccsch(a+b*x"n)/b/n+arctanh((1+1/(a+b*x"n)"2)~(1/2))/b/n

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 499 Ryles used = {6847,

' integrand size
6449, 379, 272, 65, 213}

arctanh( ,/—2— +1 -1
a+bzm)? n h T
/x_1+"csch_1(a+bxn) dr — ( (a-+bz™) ) + (@ + bz™) csch™ (a + bz™)

bn bn

[In] Int[x~(-1 + n)*ArcCsch[a + b*x"n],x]

[Out] ((a + b*x"n)*ArcCschl[a + b*x"n])/(b*n) + ArcTanh[Sqrt[1 + (a + b*x"n)~(-2)]
1/ (b*n)

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[

{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ

[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]
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Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt[b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] &&
(LtQ[a, 0] |l GtQ[b, 01)

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 379

Int[(u_ )" (m_.)*((a_) + (b_.)*(v_ )" (n_))"(p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]1*v"m), Subst[Int[x"m*(a + b*x"n)~p, x], x, vl, x] /; FreeQ[{
a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 6449

Int[ArcCsch[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcCsch[c + d*
x]1/d), x] + Int[1/((c + d*x)*Sqrt[1l + 1/(c + d*x)~2]1), x] /; FreeQ[{c, d},
x]

Rule 6847

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, x], x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQlx"(m + 1), u, x]

Rubi steps

Subst ([ csch™ (a + bz) dz, z, ")
n

integral =

bn

Subst d
(a + bz™) csch™*(a + ba™) e <f (a+bw)\/1+(a+bx)2 HET )

(a+ bz™) csch™(a + bz™)

bn

_ (a+ bz™) csch™(a + bz™) Subst (f z\/ifz dz, z, (a+bm") >

bn

(a + bz™) csch™*(a + bz™)

bn



424

1
) arCtanh( 1 + m)

(a+ bz™) csch™(a + bz™
+
bn bn

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 93 vs. 2(46) = 92.

Time = 0.13 (sec) , antiderivative size = 93, normalized size of antiderivative = 2.02

/x_1+"csch_1(a + bz") dz

/14 (a+bz™)? log <—a—bx”+\/ 1+(a+bx”)2)

1
\/ I+ (atbam)?

(a + bz™)? csch™(a + bz™) —

bn (a + bz™)

[In] Integrate[x~(-1 + n)*ArcCsch[a + b*x"n],x]

[Out] ((a + b*x"n) 2xArcCsch[a + b*x"n] - (Sqrt[1 + (a + b*x"n) 2]*Log[-a - b*x"n
+ Sqrt[1 + (a + b*xx™n)~2]]1)/Sqrt[1 + (a + b*x"n)~(-2)]1)/(b*n*(a + b*x"n))

Maple [F]
/ z "™ arcesch (a + ba™) dx

[In] int(x~(-1+n)*arccsch(a+b*x"n),x)

[Out] int(x~(-1+n)*arccsch(a+b*x"n),x)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 334 vs. 2(44) = 88.

Time = 0.29 (sec) , antiderivative size = 334, normalized size of antiderivative = 7.26

/z_1+”csch_1(a + bz™) dx

. 2 ab+(a2+b241) cosh(n log(z))— (a2 —b2+1) sinh(n log(x))
alog (—b cosh (nlog (x)) — bsinh (nlog (z)) — a + \/ AR cosilo(snl(zlg(omg))x—sinha&nlog(m))s e 1) —aq

[In] integrate(x~(-1+n)*arccsch(a+b*x"n),x, algorithm="fricas")

[Out] (axlog(-b*cosh(n*log(x)) - b*sinh(n*log(x)) - a + sqrt((2*axb + (2”2 + b~2
+ 1)*cosh(n*log(x)) - (2”2 - b2 + 1)*sinh(n*log(x)))/(cosh(n*log(x)) - sin
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h(n*log(x)))) + 1) - a*log(-b*cosh(n*log(x)) - b*sinh(n*log(x)) - a + sqrt(
(2xaxb + (2”2 + b~2 + 1)*cosh(n*log(x)) - (a”2 - b™2 + 1)*sinh(n*log(x)))/(
cosh(n*log(x)) - sinh(n*log(x)))) - 1) + (b*cosh(n*log(x)) + b*sinh(n*log(x
)))*log((sqrt((2*a*b + (a”2 + b~2 + 1)*cosh(n*log(x)) - (2”2 - b™2 + 1)*sin
h(n*log(x)))/(cosh(n*log(x)) - sinh(n*log(x)))) + 1)/(b*cosh(n*log(x)) + bx
sinh(n*log(x)) + a)) - log(-bxcosh(n*log(x)) - b*sinh(n*log(x)) - a + sqrt(
(2xaxb + (2”2 + b~2 + 1)*cosh(n*log(x)) - (a”2 - b™2 + 1)*sinh(n*log(x)))/(
cosh(n*log(x)) - sinh(n*log(x))))))/(b*n)

Sympy [F(-1)]

Timed out.

/ " "csch™ (a + bx™) dx = Timed out

[In] integrate(x**(-1+n)*acsch(a+b*x**n),x)

[Out] Timed out

Maxima [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.30

/x_1+"csch_1(a + bz™) dx

2 (bz™ + a) arcsch (bz™ + a) + log (,/W+1+1> —log (,/W+1—1)

o 2bn

[In] integrate(x~(-1+n)*arccsch(a+b*x™n),x, algorithm="maxima")
[Out] 1/2%(2*(b*x"n + a)*arccsch(b*x™n + a) + log(sqrt(1/(b*x™n + a)~2 + 1) + 1)
- log(sqrt(1/(b*x™n + a)~2 + 1) - 1))/ (b*n)

Giac [F]
/x_1+"csch_1(a + bx") dx = /:v”_l arcsch (bz" + a) dx

[In] integrate(x~(-1+n)*arccsch(a+b*x™n),x, algorithm="giac")

[Out] integrate(x~(n - 1)*arccsch(b*x™n + a), x)
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Mupad [B] (verification not implemented)

Time = 5.63 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.87

atanh| /ﬁ; +1) 4+ asinh(-——) (a+bz")
/x_1+"csch_1(a +bz") dz = ( (atbar) ) "

bn

[In] int(x~(n - 1)*asinh(1/(a + b*x"n)),x)

[Out] (atanh((1/(a + b*x™n)"2 + 1)°(1/2)) + asinh(1/(a + b*x"n))*(a + b*x"n))/(bx*
n)
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)

(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)

(*
(*

(* ::Subsection:: *)

Small rewrite of logic in main function to make it*)
match Maple's logic. No change in functionality otherwis

(*GradeAntiderivative[result,optimal]*)

(* ::Text:: *)

(*If result and optimal are mathematical expressions, *)
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(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];
expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complez*)
If [1leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}

, (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
» (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (*ELSE*) (*result does mnot contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}
1;
finalresult

(* ::Text:: *)
(*The following summarizes the type number assigned an *)

Result,leafCor

leaf count i

f optimal. $":

al. Order "<>




(*expression based on the functions it involves*)
(*¥1 = rational function*)

(¥2 = algebraic function*)

(*¥3 = elementary function*)

(%4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(*7 = rootsum function*)

(*¥8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType[expn[[1]]],
If [Head[expn[[2]]]===Rational,
If[IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]1],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],71]1,
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
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Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
},func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);




#
#
#
#
#
#
#
#

IIFII
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#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=", ExpnType
fi;

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

if ExpnType_result<=ExpnType_optimal then

if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non s

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",

rsion issues

. optimal);

af count of




convert (leaf_count_optimal,string)," ) = ",con

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
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print("result do not contain complex, this assumes optimal do

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;

return "B",cat("Leaf count of result is larger than twice the lea
convert(leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver

fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal. Or

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

vert (2*leaf_c

not as well")

f count of op

t (2+leaf_coun

der ",
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The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

ExpnType := proc(expn)

if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest(expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
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9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriciF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




436

except AttributeError as error:
return False

def expnType(expn):

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)), maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, 1list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:

,ezpn) ), Expn Ty

x')

ist,expn]],7]],
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

grade_annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth’,'arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question /49179 /what—is—sagemath—equivalent—to—atomic—t;
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1list: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #mazx(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn.
Add) or isinst

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

>sult is larger th

1. "+str(leaf ¢

xpnType_ resul
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	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^2 csch^-1(a x)  x^5  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^csch^-1(c x) (d x)^m  1+c^2 x^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 

	 e^csch^-1(c x) x^5  1+c^2 x^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^csch^-1(c x) x^4  1+c^2 x^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^csch^-1(c x) x^3  1+c^2 x^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^csch^-1(c x) x^2  1+c^2 x^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^csch^-1(c x) x  1+c^2 x^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^csch^-1(c x)  1+c^2 x^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^csch^-1(c x)  x (1+c^2 x^2)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^csch^-1(c x)  x^2 (1+c^2 x^2)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 e^csch^-1(c x)  x^3 (1+c^2 x^2)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 csch^-1(a+b x)  a d  b+d x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 x^3 csch^-1(a+b x^4)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)

	 x^-1+n csch^-1(a+b x^n)  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
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