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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
35 ]. This is test number [ 2 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 97.14 (34 ) | 2.86 (1)
Rubi 94.29 (33) | 5.71(2)
Maple | 80.00 (28 ) | 20.00 (7)
Fricas | 7143 (25) | 28.57 (10)
Giac 48.57 (17) | 51.43 (18)
Maxima | 45.71 (16 ) | 54.29 ( 19)
Mupad | 25.71 (9) | 74.29 (26)
Sympy 25.71 (9) | 74.29 (26)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 94.286 0.000 0.000 5.714
Mathematica 65.714 11.429 20.000 2.857
Maple 48.571 14.286 17.143 20.000
Fricas 37.143 28.571 5.714 28.571
Maxima 37.143 5.714 2.857 54.286
Giac 28.571 17.143 2.857 51.429
Sympy 17.143 8.571 0.000 74.286
Mupad 0.000 25.714 0.000 74.286

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Mathematica | 1 100.00 0.00 0.00

Rubi 2 100.00 0.00 0.00

Maple 7 100.00 0.00 0.00

Fricas 10 80.00 0.00 20.00

Giac 18 83.33 0.00 16.67

Maxima, 19 100.00 0.00 0.00

Mupad 26 0.00 100.00 0.00

Sympy 26 88.46 11.54 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Maxima 0.30
Giac 0.33
Rubi 0.45
Mupad 0.59
Fricas 0.75
Mathematica 1.33
Sympy 2.57
Maple 4.50

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Giac 107.76 1.52 55.00 1.03
Maple 134.25 1.15 73.00 0.82
Sympy 143.00 3.02 65.00 1.21
Mupad 160.00 1.47 49.00 0.94
Rubi 170.24 1.10 92.00 1.01
Mathematica | 180.21 1.40 87.50 1.00
Fricas 486.16 2.44 73.00 1.38
Maxima 851.50 8.19 53.50 1.24

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used

1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {0,10[228)

Mathematica {[7]
Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL
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grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS
2.1.1 Rubi. . ... .. e e e 211
2.1.2 Mma. . . . . . e e 211
2.1.3 Maple . . . . o 22]
2.1.4 Fricas . . . . . . . e e e 22]
2.1.5 Maxima . . . . . .. e e e e e e e e 22
2.1.6 Giac . . . . .. e e e 23]
2.1.7 Mupad ... 23]
2.1.8 SYympy . . . . oo e 23

2.1.1 Rubi

A grade { 1,25, 516,510, 21314 5 16, 7 75, [} 20, 21 22,23, 2 25, 26,27 28
20,/80,1,52,83) 54,53}

B grade { }

C grade { }

F normal fail {[7,[§}
F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade {0 5/78)5) 101012 15,1617 15 21,22, 23 24 7,65/ 29, 52,5465}
B grade {[19,20,31[33] }

C grade { LABBEEE)

F normal fail {30}

F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade { [1}5)/010) 71,220, 21,22 23,2527 B0, 52 B3 B4, 55 )
B grade {[2[I7[19[24,26] }

C grade {BEAEDEME )

F normal fail {[9}[15][16}[18][28}[29}[31] }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade { 12545012 (5167 18022 }
B grade { [10,11){[3)[[120,21,23 226,59 )

C grade {[6[25}

F normal fail { (272520505152, 5459 }
F(-1) timedout fail { }

F(-2) exception fail {[7[§}

2.1.5 Maxima

A grade {[L3EE0LE 00288
B grade {21123}

C grade {{}

F normal fail { £6,0L3 /15 10718, 2 253 20 27,25, 29,50 51 52,59
F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade {[BBEOLEZEIEE)

B grade {BITIHE0E3ET}

C grade {{]}

F normal fail {18615 523 E7 23 E9 B0 BLEA BI85 )
F(-1) timedout fail { }

F(-2) exception fail {[13}[14][16 }

2.1.7 Mupad

A grade { }

B grade { LBEHBELELTIE )
C grade { }

F normal fail { }

F(-1) timedout fail {[A){)B)BT0){TT, 12 [3 14 5} 16,7 15,10} 20, 2 25, 27 25 29,30,
52535459 }

F(-2) exception fail { }

2.1.8 Sympy

A grade {[B[46,10,[IT}[I2]}
B grade {[1}[522 }

C grade { }

F normal fail { 2)0\T3)(14 15)6) 7 15) 0, 20,21 23, 27 25 26,27 25 50, 51 52, B3 B 5
}

F(-1) timedout fail {[7}[g[29 }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 22 7 18 20 25 61 18 16
N.S. 1 1.00  3.50 0.82 0.91 1.14 277 0.82 0.73
time (sec) N/A 0.161 0.056 0.263 0.289  0.246 4.899 0.297 0.140
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 32 30 49 50 0 44 0 147 49
N.S. 1 094 1.53 1.56 0.00 1.38 0.00 4.59 1.53
time (sec) N/A 0.196 0.125 0.026 0.000  0.247 0.000 0.321 0.630
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 16 16 23 20 14 15 14
N.S. 1 1.00 0.64 0.64 0.92 0.80 0.56 0.60 0.56
time (sec) N/A 0.190 0.008 0.066 0.194 0.243 0.200 0.290 0.168

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A A C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 58 58 68 42 112 46 53 43 0
N.S. 1 1.00 117  0.72 1.93 0.79 0.91 0.74 0.00
time (sec) N/A 0.347 0.013 0.067 0.287 0.259 1.002 0.285 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 50 55 26 30 56 67 838 32 88
N.S. 1 1.10 0.52 0.60 1.12 1.34 16.76  0.64 1.76
time (sec) N/A 0.268 0.027 0.393 0.194 0.246 3.801 0.289 0.288
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 334 362 30 34 0 149 26 248 313
N.S. 1 1.08 0.09 0.10 0.00 0.45 0.08 0.74 0.94
time (sec) N/A 0.605 0.004 0.277 0.000 0.266 1.421 0.270 0.266
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F A C A F(-2) F(-1) F F(-1)
verified N/A N/A  No Yes TBD TBD TBD TBD TBD
size 291 0 310 172 366 0 0 0 0
N.S. 1 0.00 1.07  0.59 1.26 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.198 0.286 0.287  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F A C A F(-2) F(-1) F F(-1)
verified N/A N/A  No Yes TBD TBD TBD TBD TBD
size 308 0 326 199 378 0 0 0 0
N.S. 1 0.00 1.06 0.65 1.23 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.132 0.027  0.282  0.000 0.000 0.000 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD
size 84 73 105 0 0 66 0 0 0
N.S. 1 0.87 1.25 0.00 0.00 0.79 0.00 0.00 0.00
time (sec) N/A 0.244 0.224 0.000 0.000 0.244 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 41 71 41 34 51 101 65 51 0
N.S. 1 1.73  1.00 0.83 1.24 2.46 1.59 1.24 0.00
time (sec) N/A 0.411 0.097 0.035 0271  0.245 4932 0.274 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 73 75 69 46 63 112 76 67 0
N.S. 1 1.03 0.95 0.63 0.86 1.53 1.04 0.92 0.00
time (sec) N/A 0.349 0.104 0.154 0.271  0.245 2487 0.493 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 73 103 52 60 7 110 88 79 0
N.S. 1 1.41 0.71 0.82 1.05 1.51 1.21 1.08 0.00
time (sec) N/A 0.503 0.084 0.050 0.271  0.248 3.964 0.460 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F B F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 365 367 217 109 0 5235 0 0 0
N.S. 1 1.01  0.59 0.30 0.00 14.34  0.00 0.00 0.00
time (sec) N/A 0.968 0.262 0.158 0.000 5918 0.000 0.000 0.000
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F B F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 337 339 212 105 0 4535 0 0 0
N.S. 1 1.01  0.63 0.31 0.00 13.46  0.00 0.00 0.00
time (sec) N/A 0.844 0.233 0.092 0.000  3.395 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 7 7 74 0 0 56 0 0 0
N.S. 1 1.00  0.96 0.00 0.00 0.73 0.00 0.00 0.00
time (sec) N/A 0.248 10.028 0.000 0.000 0.480 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F A F F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 118 118 112 0 0 73 0 0 0

N.S. 1 1.00 0.95 0.00 0.00 0.62 0.00 0.00 0.00
time (sec) N/A 0.378 10.055 0.000 0.000 0.801 0.000 0.000 0.000

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 83 92 7 298 0 81 0 188 0

N.S. 1 1.11  0.93 3.59 0.00 0.98 0.00 2.27 0.00
time (sec) N/A 0.300 0.143 0.053 0.000 1.753 0.000 0.501 0.000

Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 96 106 89 0 0 122 0 0 0

N.S. 1 1.10 0.93  0.00 0.00 1.27 000 0.00 0.00

time (sec) N/A 0.279 0.337  0.000 0.000 1.817  0.000 0.000 0.000

Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 65 49 36 34 0 55 0

N.S. 1 1.00  2.60 1.96 1.44 1.36 0.00 2.20 0.00
time (sec) N/A 0.232 0.113 0.102 0.278  0.260 0.000 0.289 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A B F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 57 33 35 55 0 54 0

N.S. 1 1.00 2.28 1.32 1.40 2.20 0.00 2.16 0.00
time (sec) N/A 0.211 0.049 0.536 0276  0.252 0.000 0.299 0.000

Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 108 184 213 95 12209 219 0 104 307
N.S. 1 1.70  1.97 0.88 113.056  2.03 0.00  0.96 2.84
time (sec) N/A 0.313 3.802 119.017 0.854 0.306 0.000 0.264 1.250

Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 29 56 27 40 46 66 30 26
N.S. 1 1.00 193  0.93 1.38 1.59 2.28 1.03 0.90

time (sec) N/A 0215 0.026 0.288 0.195 0267 0423 0288 0.278

Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 26 20 43 68 0 21 19
N.S. 1 1.00 1.00 0.77 1.65 2.62 0.00 0.81 0.73
time (sec) N/A 0.163 0.013 0.165 0.282  0.247 0.000 0.296 0.160

2.2. Detailed conclusion table per each integral for all CAS systems



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 30
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 110 126 121 366 0 220 0 379 0
N.S. 1 1.15  1.10 3.33 0.00 2.00 0.00 3.45 0.00
time (sec) N/A 0.521 0.085 0.243 0.000 0.261 0.000 0.396 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 40 40 86 75 0 23 0 0 0
N.S. 1 1.00 215 1.88 0.00 0.58 0.00 0.00 0.00
time (sec) N/A 0.453 10.905 0.662 0.000  0.071  0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 185 349 920 469 0 427 0 301 608
N.S. 1 1.89 497 2.54 0.00 231 0.00 1.63 3.29
time (sec) N/A 1.072 0.354 0.260 0.000 0.267 0.000 0.341 2.153
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 102 102 102 83 0 0 0 0 0
N.S. 1 1.00 1.00 0.81 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.310 0.015 0.074 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 159 161 122 0 0 0 0 0 0

N.S. 1 1.01  0.77 0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.402 0.073  0.000 0.000 0.000 0.000 0.000 0.000

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 395 410 389 0 0 0 0 0 0

N.S. 1 1.04 0.98 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.716 0.160 0.000 0.000 0.000 0.000 0.000 0.000

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A F A F F F F F(-1)
verified N/A Yes N/A Yes TBD TBD TBD TBD TBD
size 981 983 0 722 0 0 0 0 0

N.S. 1 1.00 0.00 0.74 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 1.372 0.000 0.144 0.000  0.000 0.000 0.000 0.000

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B F F F F F  F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 555 580 1280 0 0 0 0 0 0

N.S. 1 1.05 231 0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.948 6.895 0.000 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 313 337 303 252 0 0 0 0 0
N.S. 1 1.08 097 0.81 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.559 0.068 0.208 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 80 83 262 113 84 220 0 0 0
N.S. 1 1.04 3.28 1.41 1.05 2.75 0.00 0.00 0.00
time (sec) N/A 0.309 0.178 0.826 0.284  0.259 0.000 0.000 0.000
Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 51 44 71 31 0 0 0 0
N.S. 1 0.89  0.77 1.25 0.54 0.00 0.00 0.00 0.00
time (sec) N/A 0.291 0.044 0.914 0.310  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 121 134 131 171 0 0 0 0 0
N.S. 1 1.11  1.08 1.41 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.522 0.148 0.723 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [21] had the largest
ratio of [1.55556000000000005]

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma.blize.d integrand ummber of rules
# | grade ic:é)j uzi:e antlfaicr;;’::ve leaf size integrand leaf size
1] A 2 2 1.00 12 0.167
2 A 2 2 0.94 19 0.105
3 A 4 4 1.00 6 0.667
4 A 8 7 1.00 10 0.700
o A 6 6 1.10 7 0.857
6] A 11 10 1.08 8 1.250
7| F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
9 A ) 4 0.87 19 0.211
10j A 6 5 1.73 25 0.200
11 A 7 6 1.03 19 0.316
12} A ) 4 141 21 0.190
13] A 5 4 1.01 28 0.143
14 A ) 4 1.01 21 0.190
15) A 3 2 1.00 27 0.074
16} A 4 3 1.00 36 0.083
17] A 9 8 1.11 17 0.471
18] A 9 8 1.10 17 0.471
19 A 9 8 1.00 25 0.320
20) A 9 8 1.00 14 0.571
21 A 15 14 1.70 9 1.556
22] A 7 6 1.00 8 0.750
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page

number of numjber of no.rma?lize.d integrand umber of rules
# | grade ?::5; u;ﬂﬁ:;e antll(:laefr:iszlve leaf size integrand leaf size
23] A 4 3 1.00 10 0.300
24| A 8 7 1.15 16 0.438
§ A 10 10 1.00 11 0.909
26} A 3 3 1.89 16 0.188
27 A 4 3 1.00 16 0.188
% A 5 4 1.01 12 0.333
29| A 5 4 1.04 13 0.308
@ A ) 4 1.00 18 0.222
31 A 6 5 1.05 18 0.278
g A 5 4 1.08 14 0.286
33] A 6 5 1.04 ) 1.000
34 A 3 3 0.89 8 0.375
@ A 9 8 1.11 14 0.571

2.3. Detailed conclusion table specific for Rubi results
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anh(z
324 [PEELdr. . 173
3.25  [y/sech(z)sinh(2z)dz . ... ... .. ... ... 180
326 [log(z®+V1—a?)de ... ... ... ... ... 136
327 [ ‘°§$§;§w) AT . 96
3.28  [cosh(z)log? (1+cosh®(z)) dz . . . . . . ... ...
3.2  [cosh(z)log? (cosh?(z) +sinh(z)) dz . . . .. .. ... ... L.,
330 [ ‘°g(””11;§+ Ddm . 215
331 [ % V)”””) T
3.32 [N go 23T
3.33  [arctan(2tan(z))dz . . . . .. ... 237
3.3¢ [Eeten@los@ gy
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3.1 dz

1
f v/2+cos(z)+sin(z)

3.1.1 Optimal result . . . ... .. .. ... e 37
3.1.2 Mathematica [C] (verified) . . . . . . . . ... . L 37
3.1.3 Rubi [A] (verified) . . . . ... ... ... 38
3.1.4 Maple [A] (verified) . ... ... ... ... 39
3.1.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... .... 39
3.1.6 Sympy [B] (verification not implemented) . . ... ... ... ... ... .. 39
3.1.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 4a
3.1.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... A0
3.1.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... .. 40

3.1.1 Optimal result

Integrand size = 12, antiderivative size = 22

/ 1 P V/2sin(?)
V2 + cos(2) + sin(z) cos(z) — sin(z)

output t (-1+sin(=2)*2°(1/2))/(cos(z)-sin(z)) J

3.1.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.06 (sec) , antiderivative size = 77, normalized size of antiderivative = 3.50

/ 0 —(((1+3d) +v2) cos (£)) + ((1 +4) — iv2) sin (%)
V2 4 cos(z) + sin(2) ((1+Z)+\/_)COS( )-H (=1-1) +\/_)5m(§)

input LIntegrate [(Sqrt[2] + Cos[z] + Sin[z])~(-1),z] J

OUtPUt‘ (-(((1 + 3%I) + Sqrt[2])*Cos[z/2]) + ((1 + I) - I*Sqrt([2])*Sin[z/2])/(((1
‘+ I) + Sqrt[2])*Cos[z/2] + Ix((-1 - I) + Sqrt[2])*Sin[z/2])

3.1. dz

1
f V/2+cos(z)+sin(z)
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3.1.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 167 Ryjles used = {3042,
integrand size
3593}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 dz
sin(z) + cos(z) + v/2
| 3042

1
/ sin(z) + cos(z) + \/de
| 3593
1 — v/2sin(z)

~ cos(z) — sin(z)

input LInt [(Sqrt[2] + Cos[z] + Sin[z])~(-1),z]

output L—( (1 - Sqrt[2]1#Sin[z])/(Cos[z] - Sin[z]))

rule 3042

rule 3593

3.1.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cos[(d_.) + (e_.)*(x_)1*(b_.) + (a_) + (c_.)*sin[(d_.) + (e_.)*(x_)1)"
(-1), x_Symbol] :> Simp[-(c - a*Sin[d + e*x])/(c*ex(cxCos[d + exx] - b*Sin[
d + exx])), x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[a"2 - b2 - ¢~2, 0]

3.1. dz

1
f V/2+cos(z)+sin(z)
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3.1.4 Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

method result size
. 2tan(Z
parallelrisch tan(%)% 18
faul — 2 21
default (Vo-1) (sn(3) +v211)
(—2-2v2) tan()+2
norman tan?(Z)+2tan(£)—1 32
. 2 2
risch ~ Varzertia T Virzerriva | 20

input Lint (1/(cos(z)+sin(z)+2~(1/2)) ,z,method=_RETURNVERBOSE)

-

output L2*tan(1/2*z) /(tan(1/2*z)+2~(1/2)+1)

~—

3.1.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.14

/ 1 dz:\/icos(z)—i—\/?sin(z)—Z
V2 + cos(z) + sin(2) 2 (cos (2) — sin (2))

input Lintegrate (1/(cos(z)+sin(z)+27(1/2)) ,z, algorithm="fricas")

~—

output(1/2*(sqrt(2)*cos(z) + sqrt(2)*sin(z) - 2)/(cos(z) - sin(z))

N\

i

3.1.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 61 vs. 2(15) = 30.

Time = 4.90 (sec) , antiderivative size = 61, normalized size of antiderivative = 2.77

198
 —239tan () + 169/2tan (2) — 70v/2 + 99
N 140v/2

—239tan (%) + 169v/2tan (Z) — 70v/2 + 99

| A
V2 + cos(z) + sin(z)

3.1. dz

1
f V/2+cos(z)+sin(z)
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input ‘ integrate(1/(cos(z)+sin(z)+2**(1/2)),z)

p
output‘-198/(-239*tan(z/2) + 169*sqrt(2)*tan(z/2) - 70*sqrt(2) + 99) + 140%*sqrt(2
‘)/(-239*tan(z/2) + 169*sqrt(2)*tan(z/2) - 70*sqrt(2) + 99)

3.1.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

1 2
dz = —
/ V2 + cos(z) + sin(z) ‘ (V2-1) sin(2)

cos(z)+1

+1

inputLintegrate(1/(cos(z)+sin(z)+2“(1/2)),z, algorithm="maxima")

outputt—2/((sqrt(2) - 1)*sin(z)/(cos(z) + 1) + 1)

3.1.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ 1 b 2(/2+1)
V2+4cos(z) +sin(z)  vV2+tan(lz)+1

-

input Lintegrate (1/(cos(z)+sin(z)+27(1/2)),z, algorithm="giac")

-/

output L—Q*(sqrt@) + 1)/(sqrt(2) + tan(1/2*z) + 1)

~—

3.1.9 Mupad [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/ 1 dy — — 2
V2+4cos(z) +sin(z)  tan(Z) (vV2—-1)+1

3.1. dz

1
f V/2+cos(z)+sin(z)
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inputtint(i/(cos(z) + sin(z) + 27(1/2)),2)

output L-2/(tan(z/2)*(2"(1/2) -1) +1)

3.1. dz

1
f V/2+cos(z)+sin(z)
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1
3.2 f (\/1—:v+\/1+x)2

3.21 Optimalresult . . . ... ... .. ...
3.2.2 Mathematica [A] (verified) . . . . . .. ... ... Lo
3.2.3 Rubi [A] (verified) . . . . . . ...
3.24 Maple [B] (verified) . . .. ... .. ...
3.2.5 Fricas [A] (verification not implemented) . . . . . ... ... ... ... ... .
3.26 Sympy [F] . . . .
3.2.7 Maxima [F] . . ...
3.2.8 Giac [B] (verification not implemented) . . . ... ... ... ... .....
3.2.9 Mupad [B] (verification not implemented) . . .. ... ... ... ......

3.2.1 Optimal result

Integrand size = 19, antiderivative size = 32

de = —— +
(\/1—x+\/1+x)2 2 2z 2

/ 1 1 V1—2? + arcsin(z)

output L—1/2/x+1/2*arcsin(x)+1/2* (-x"2+1)~(1/2) /x

-/

3.2.2 Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.53

/ 1 o —1+ /1 — 22 + 4z arctan (“‘[HT V;""’)
(Vi—z+I+3) 2z

input LIntegrate[(Sqrt [1 - x] + Sqrt[1 + x]1)~(-2),x]

output‘ (-1 + Sqrt[1 - x72] + 4*x*ArcTan[(-Sqrt[2] + Sqrt[1 + x])/Sqrt[1l - x]1)/(2
-

1
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3.2.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.94, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 145 Ryles used = {7241,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 dx
(VI—z+vz+1)’
l 7241

— 2
1/(;_2¢12>d$

4 €T
l 2009
2vi-a? 2 )
X

1
1 (2 arcsin(z) + -

-

input LInt[(Sqrt[i - x] + Sqrt[1 + x]1)~(-2),x]

~—

outputt(—Q/x + (2#%Sqrt[1 - x°2])/x + 2*ArcSin[x])/4 J

3.2.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7241‘Int[(u_.)*((e_.)*Sqrt[(a_.) + (b_)*(x_)"(n_.)] + (£_.)*Sqrt[(c_.) + (d_.)=*
‘(x_)“(n_.)])“(m_), x_Symbol] :> Simp[(b*e”2 - d*f"2)"m  Int[ExpandIntegran
‘d[(u*x‘(m*n))/(e*Sqrt [a + b*xx"n] - f*Sqrtlc + d*x"n])"m, x], x], x] /; Free
Ql{a, b, c, d, e, £, n}, x] & ILtQ[m, 0] && EqQla*e™2 - c*£72, 0]

1
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3.2.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 49 vs. 2(24) = 48.

Time = 0.03 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.56

method | result size
1 (— arcsin(z)z—v/ —zQ—H) Vitzr/1—z
default | —5- — eV a7 50

inputkint(l/((l—x)‘(1/2)+(1+x)‘(1/2))‘2,x,method=_RETURNVERBOSE)

Output‘—1/2/x—1/2*(—arcsin(x)*x—(-x‘2+1)“(1/2))*(1+x)‘(1/2)*(1-x)‘(1/2)/x/(—x“2+1
)7 (1/2)

3.2.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.38

dr = —
VI—z+vT+2) 2z

/ 1 2zarctan<—””+1 v;’”"’1_1>—\/ﬂv—+-1\/—:)3—|—1—}-1

inputLintegrate(l/((1—x)“(1/2)+(1+x)‘(1/2))‘2,x, algorithm="fricas")

output‘—1/2*(2*x*arctan((sqrt(x + 1)*sqrt(-x + 1) - 1)/x) - sqrt(x + 1)*sqrt(-x +
1)+ /x

3.2.6 Sympy [F]

/ 1 2dac=/ 1 5 dx
(Vi—z++V1+x) (Vi—z++Vz+1)

input Lintegrate (1/((Q-x)*x(1/2)+(1+x) *% (1/2) ) **2,x)

output LIntegral((sqrt(l - x) + sqrt(x + 1))*x(-2), x)

1
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3.2.7 Maxima [F]

/ 1 2d:c=/ 1 5 dz
(Vi—z++1+1z) (Ve +14++/—z+1)

inputkintegrate(l/((1—x)‘(1/2)+(1+x)‘(1/2))‘2,x, algorithm="maxima")

-

output Lintegrate((sqrt(x + 1) + sqrt(-x + 1))°(-2), x)

-/

3.2.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 147 vs. 2(24) = 48.

Time = 0.32 (sec) , antiderivative size = 147, normalized size of antiderivative = 4.59

2<\/§—\/T+1_ Va+l )
Va+1l V2—v—z+1 1

1 1
[ jiom et 1) 1
(Vi—-z++1+1) 2 (\/ﬁ—\/—w+l_ VaFl )_4 2z
V41 V2—v/—z+1

¢x+1<QE%§53i—1)
2(V2— V-2 +1)

+ arctan

inputkintegrate(l/((1—x)‘(1/2)+(1+x)‘(1/2))‘2,x, algorithm="giac")

output‘l/Z*pi + 2%((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(sqrt(2) -
‘sqrt(—x + 1)))/(((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(sqrt(
‘2) - sqrt(-x + 1)))72 - 4) - 1/2/x + arctan(1/2*sqrt(x + 1)*((sqrt(2) - sq
Tt(x + 1))72/(x + 1) - 1)/(sqrt(2) - sqrt(-x + 1)))

1
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3.2.9 Mupad [B] (verification not implemented)

Time = 0.63 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.53

/‘ 1 (m:(§+5\A—x__1_2%m«wq—x—1>
(VI—z+V/T+2) VT +1 2z Vz+1-1

inputtint(l/((x + 1)7(1/2) + (1 - x)°(1/2))72,%)

-/

OUtPUt‘ ((x/2 + 1/2)*(1 - x)7(1/2))/(x*(x + 1)7(1/2)) - 1/(2*x) - 2*atan(((1 - x)~
(1/72) - 1/((x + 1)7(1/2) - 1))

N

1
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33 [ iemrde

14-cos(z))
3.3.1 Optimalresult . .. ... .. .. .. . 4T
3.3.2 Mathematica [A] (verified) . . . . . .. ... ... Lo oo 47
3.3.3 Rubi [A] (verified) . . . ... ... 43
3.34 Maple [A] (verified) . . . ... ... ... 19
3.3.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... . .... 49
3.3.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 501
3.3.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 50
3.3.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 50
3.3.9 Mupad [B] (verification not implemented) . . . . ... ... ... .. ..... Bl

3.3.1 Optimal result

Integrand size = 6, antiderivative size = 25

1 - sin(x) sin(x)
/ 1+ cos(@)® = 3+ cos@) T 301+ cos(@))

-

output Ll/s*sin(x) /(1+cos(x))~2+1/3*sin(x)/(1+cos(x))

~—

3.3.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.64

1+ cos(z))? v 3(1 + cos(x))?

/ : 1 p (2 4 cos(z)) sin(z)

input LIntegrate [(1 + Cos[x])~(-2),x]

~—

-

i

((2 + Cos[x])*Sin[x])/(3*%(1 + Cos[x])"2)

N\ J

output

3.3. f m de‘



input LInt[(l + Cos[x])~(-2),x]

output

rule 3042

rule 3127
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3.3.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 667 Ryjles used = {3042,

integrand size
3129, 3042, 3127}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (cos(z) +1)2 de
| 3042

/ 1 dx
(sin (w + %) + 1)2

| 3129
1 1 sin(z)
3/ cos(x) + ldw + 3(cos(z) + 1)?
| 3042

1 / 1 dz + sin(z)
3/ sin(z+%)+1 3(cos(z) +1)2
| 3127

sin(z) sin(z)
3(cos(z) +1)  3(cos(z) +1)2

-/

Sin[x]/(3*(1 + Cos[x])~2) + Sin[x]/(3*(1 + Cos[x]))

N J

3.3.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> Simp[-Cos[c +
d*x]/(d*(b + axSinl[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b
=2, 0]

3.3. f m de‘
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rule 3129‘Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*Cos[c
\+ d*x]*((a + b*Sin[c + d*x])"n/(a*d*(2*n + 1))), x] + Simp[(n + 1)/(a*(2*n
'+ 1))  Int[(a + b*Sin[c + d*x])"(n + 1), x], x] /; FreeQ[{a, b, c, d}, x]
& EqQ[a™2 - b"2, 0] && LtQ[n, -1] && IntegerQ[2+n]

3.3.4 Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.64

method result size
default (tanz(%)) + tanz(%) 16
norman (tanz(%)) + tanzg) 16
parallelrisch (tanz(%)) + tan2(%> 16
risch % 22

input Lint (1/(cos(x)+1)~2,x,method=_RETURNVERBOSE)

-

output L1/6*tan(1/2*x) ~3+1/2*tan (1/2%x)

~—

3.3.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.80

1 + cos(z))? 3 (cos (z)* +2 cos (z) + 1)

/ : 1 dp — (cos (z) + 2) sin (z)

input Lintegrate (1/(1+cos(x))"2,x, algorithm="fricas")

output‘ 1/3*(cos(x) + 2)*sin(x)/(cos(x)"2 + 2*cos(x) + 1)

3.3. f m de‘
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3.3.6 Sympy [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.56

1 + cos(x))? 6 2

/ ( 1 o — tan® (%) N tan (2)

input

integrate(1/(1+cos(x))**2,x)

N\

outputttan(x/2)**3/6 + tan(x/2)/2

3.3.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.92

/ : 1 dp — sin () + sin ()

1+cos(z))> "~ 2(cos(z)+1)  6(cos(z)+1)°

inputLintegrate(l/(1+cos(x))‘2,x, algorithm="maxima")

outputL1/2*sin(x)/(cos(x) + 1) + 1/6xsin(x)~3/(cos(x) + 1)73

3.3.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.60

/ 1 dx—ltan lx 3-l-ltan lx
(1+cos(z))2 =~ 6 2 2 2

inputLintegrate(i/(1+cos(x))‘2,x, algorithm="giac")

outputp/s*tanu/z*x)*s + 1/2*%tan(1/2%x)

3.3. f m de‘
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3.3.9 Mupad [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.56

(1 + cos(z))? do = 6

/ 1 tan (%) (tan(%)z +3)

input Lint(l/(COS(X) +1)72,%)

outputL(tan(x/2)*(tan(x/2)A2 + 3))/6

3.3. f m de‘
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3.4 f SlIl

3.4.1 Optimalresult . ... ... ... ... .. ... e 52l
3.4.2 Mathematica [C] (verified) . . . . . . . . ... Lo 52
3.4.3 Rubi [A] (verified) . . . ... ... ... 53]
3.4.4 Maple [A] (verified) . ... ... ... .. 5%
3.4.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 5%
3.4.6 Sympy [A] (verification not implemented) . . . .. ... ... ... . .... 55
3.4.7 Maxima [C] (verification not implemented) . . . . . . .. ... ... ... .. 56
3.4.8 Giac [C] (verification not implemented) . . . . ... ... ... ....... 13}
349 Mupad [F(-1)] . . . . oo 57

3.4.1 Optimal result

Integrand size = 10, antiderivative size = 58

sin(z) = g T | — V2w Fresne z z | sin
\/H_wdx—\/ﬂcos(l)FresneIS <\/;\/1+ ) V27 FresnelC (\/;\/1+ ) (1)

output ‘{cos (1) *FresnelS(2~(1/2) /Pi~ (1/2)*(1+x) ~(1/2))*2~(1/2) #*Pi~ (1/2)-FresnelC(2" ‘
L(1/2) /Pi~(1/2)*(1+x) ~(1/2) ) *sin(1)*2~(1/2)*Pi~(1/2) J

3.4.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.01 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.17

sin(z) . (\/ (1+2)L (5, —i(1 + ) +e*/i(1 + z)T'(5 z(l—l—x)))
Vitz 2v/1+z

B
input LIntegrate [Sin[x]/Sqrt[1 + x],x]

~—

output‘—1/2*(Sqrt[(—I)*(1 + x)]*Gamma[1/2, (-I)*(1 + x)] + E~(2*I)*Sqrt[I*(1 + x)
1*Gamma[1/2, I*(1 + x)1)/(E"I*Sqrtli + x1)

N J

34. f f}?% dz
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3.4.3 Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.00, number
of steps used = 8, number of rules used = 7, Bumber of rules _ , 754 Ryles used = {3042,

’ integrand size
3787, 3042, 3785, 3786, 3832, 3833}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

sin(z)
Ve +1
| 3042

dx

sin(z)
Vo +1
l3m7

) sm(a: -|— 1) d:c _sin 1)/ cos(m + 1)

dzr

cos(1
| 3042

1
cos(1) Slil/(xT—l_l — sin 1)/Sln Tyt dw
z

l3m5

1)
cos 1)/smx+ dx — 2sin( 1)/cos(w+1) vz +1

| 3736
2003(1)/sin(:c +1)dvz + 1 — 2sin(1) /cos(a: +1)dvz +1
| 3832

V27 cos(1) FresnelS (\/z\/x + 1) —2sin(1) /cos(a: + Ddvz+1
| 3833

V27 cos(1) FresnelS <\/z\/as + 1) — V27 sin(1) FresnelC (\/E\/I + 1)

input LInt [Sin[x]/Sqrt[1 + x],x]

34. f f}?% dz



output

rule 3042

rule 3785

rule 3786

rule 3787

rule 3832

rule 3833
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‘ Sqrt [2xPi] *Cos [1] *FresnelS[Sqrt [2/Pi]l*Sqrt[1 + x]] - Sqrt[2#Pi]*FresnelC[S
Lqrt [2/Pil*Sqrt[1 + x]11*Sin[1]

3.4.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> S
imp[2/d  Subst[Int[Cos[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c,
d, e, f}, x] && ComplexFreeQ[f] && EqQ[d*e - cxf, 0]

Int[sin[(e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)]1, x_Symbol] :> Simp[2/4
Subst [Int [Sin[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d, e, f
}, x] && ComplexFreeQ[f] && EqQ[d*e - cxf, 0]

Int[sin[(e_.) + (£_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Cos
[(d*e - cx£f)/d] Int[Sin[c*(£/d) + f*xx]/Sqrtlc + d*x], x], x] + Simp[Sin[(
dxe - cxf)/d] Int [Cos[c*x(£/d) + f*x]/Sqrtlc + d*x], x], x] /; FreeQl[{c, d
, e, £}, x] && ComplexFreeQ[f] && NeQ[d*e - cx*f, 0]

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt([Pi/2]/(£f*Rt[
d, 21))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt([Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

34. f f}?—% dz
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3.4.4 Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.72

method result size
derivativedivides | v/2 /7 (cos (1S (ﬂ \/%Jrz) —sin (1) C (ﬁ \/7%”)) 42
default V2T (cos (1)S (‘@\/;r‘”) —sin(1)C (ﬁ\/;r”)) 42

int (sin(x)/(1+x)~(1/2) ,x,method=_RETURNVERBOSE)

output‘2“(1/2)*Pi“(1/2)*(cos(1)*FresnelS(2”(1/2)/Pi“(1/2)*(1+x)”(1/2))—sin(1)*Fre
\snelc(z*(1/2)/Pi*(1/2)*(1+x)“(1/2)))

3.4.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.79

sin(z) = T COS —\/ﬁ\/m - s —\/ﬁ\/m sin
\/_d =27 ()( ﬁ)\/i\/‘c( Y ) (1)

input‘integrate(sin(x)/(1+x)‘(1/2),x, algorithm="fricas")

output‘sqrt(2)*sqrt(pi)*cos(l)*fresnel_sin(sqrt(2)*sqrt(x + 1)/sqrt(pi)) - sqrt(2
‘)*sqrt(pi)*fresnel_cos(sqrt(2)*sqrt(x + 1)/sqrt(pi))*sin(1)

3.4.6 Sympy [A] (verification not implemented)

Time = 1.00 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.91

sin(z) dz —\/_\/_<—s1n( )C (_ﬁﬁ) +cos(1)S<—\/§\/x—+1>)

Vitz VT VT

inputLintegrate(sin(x)/(1+X)**(1/2),X)

output‘sqrt(2)*sqrt(pi)*(—sin(i)*fresnelc(sqrt(Q)*sqrt(x + 1)/sqrt(pi)) + cos(1)x
‘fresnels(sqrt(2)*sqrt(x + 1) /sqrt(pi)))

34. f TZ% dz
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3.4.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.29 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.93

sin(x)
mdﬂ:
:%ﬁ(((z—i—l) \/ﬁcos(l)—i-(i—l) \/§sin(1)> erf((§z+ ) \/_\/F) <(i—1) \/§cos(1)+(i-

input‘integrate(sin(x)/(1+x)“(1/2),x, algorithm="maxima") ‘

output | 1/8*sqrt (pi)*(((I + 1)*sqrt(2)*cos(1) + (I - 1)*sqrt(2)*sin(1))*erf ((1/2*I
+ 1/2)*sqrt(2)*sqrt(x + 1)) + ((I - 1)*sqrt(2)*cos(1) + (I + 1)*sqrt(2)*s
in(1))*erf ((1/2*I - 1/2)*sqrt(2)*sqrt(x + 1)) + (-(I - 1)*sqrt(2)*cos(l) -
(I + 1) *sqrt(2)*sin(1))*erf(sqrt(-I)*sqrt(x + 1)) + ((I + 1)*sqrt(2)*cos(
1) + (I - 1)*sqrt(2)*sin(1))*erf((-1)~"(1/4)*sqrt(x + 1)))

3.4.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.29 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.74

) o= - (it ) vaviet (~(§i+}) vaveET) e

Vite 1
T (}1 - -) Vaymert ((_ - -) fﬁ)

input‘integrate(sin(x)/(1+x)“(1/2),x, algorithm="giac") ‘

output‘—(1/4*I + 1/4)*sqrt(2)*sqrt(pi) *erf (-(1/2*%I + 1/2)*sqrt(2)*sqrt(x + 1))*e”
I+ (1/4%I - 1/4)*sqrt(2)*sqrt (pi)*erf ((1/2+I - 1/2)*sqrt(2)*sqre(x + 1))*
‘e“(-I) ‘

34. f f}?% dz
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3.4.9 Mupad [F(-1)]

Timed out.

/ sin(x) s
1+=z

g

sin (x)

ve+1

dz

inputtint(sin(x)/(x +1)°(1/2) ,%x)

outputtint(sin(x)/(x +1)°(1/2), x)

34. f f}?—% dz
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1

3.5 f (cos(z)+sin(z))® dx

3.5.1 Optimalresult . .. ... ... . .. ... 58]
3.5.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL bY]
3.5.3 Rubi [A] (verified) . . ... ... .. bY¢)
3.5.4 Maple [C] (verified) . ... ... ... .. ... .. 60
3.5.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 611
3.5.6 Sympy [B] (verification not implemented) . . . .. ... ... ... ...... 611
3.5.7 Maxima [A] (verification not implemented) . ... .. ... ... ...... 62
3.5.8 Giac [A] (verification not implemented) . . ... .. ... ... ....... 63
3.5.9 Mupad [B] (verification not implemented) . . . ... ... ... ... .... 63

3.5.1 Optimal result

Integrand size = 7, antiderivative size = 50

1
/ (cos(z) + sin(z))® dz
___cos(z)—sin(z)  cos(z) —sin(z) 2sin(x)
10(cos(z) + sin(x))>  15(cos(z) + sin(z))® = 15(cos(z) + sin(z))

output ‘ 1/10%(-cos (x)+sin(x))/(cos (x)+sin(x)) ~5+1/15%(-cos(x)+sin(x))/(cos(x)+sin( ‘
X))73+2/16%sin () / (cos (1) +sin(x)) J

3.5.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.52

+ sin(z))6 v= 30(cos(z) + sin(z))?

/ 1 dp— 5cos(3z) — 10sin(z) + sin(5z)
(cos(x)

input LIntegrate [(Cos[x] + Sin[x])~(-6),x]

~—

-

i

-1/30*(5%Cos[3*x] - 10%Sin[x] + Sin[5#*x])/(Cos[x] + Sin[x])~5

N J

output

1
35. [ (cos(z)+sin(z))® dx
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3.5.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.10, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , g57 Ry jjeg ysed = {3042,

’ integrand size
3555, 3042, 3555, 3042, 3554}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (Sin(z) + cos(@))®
l 3042

1
/ (5in(z) + cos(@))F °
l’3555

2 1 . cos(z) — sin(z)
5 / (cos(z) + sin(x))4d 10(sin(z) + cos(z))?

| 3042
2 1 cos(z) — sin(zx)
/ (cos( d

5 ) +sin(z))? " 10(sin(z) + cos(z))?
| 3555
2(1 / 1 . cos(z) — sin(zx) > _ cos(z) —sin(z)
5\3 ) (cos(z) + sin(z))? 6(sin(z) + cos(z))3 10(sin(z) + cos(z))®
| 3042
21 1 _ cos(z) — sin(zx) _ cos(z) —sin(z)
5 <3 / (cos(z) + sin(w))Qd 6(sin(z) + cos(a:))3> 10(sin(z) + cos(z))?
| 3554
2< sin(x) _ cos(z) —sin(z) > _ cos(z) —sin(z)
5\ 3(sin(z) + cos(z))  6(sin(z) + cos(z))3 10(sin(z) + cos(z))®

-

input Int[(Cos[x] + Sin[x])~(-6),x]

N\

output‘—l/lO*(Cos [x] - Sin[x])/(Cos[x] + Sin[x])~5 + (2*(-1/6*(Cos[x] - Sin[x])/(
(Cos[x] + Sin[x])"3 + Sin[x]/(3*(Cos[x] + Sin[x1))))/5

1
35. [ (cos(z)+sin(z))® dx




rule 3042

rule 3554

rule 3555
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3.5.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-2), x
_Symbol] :> Simp[Sin[c + d*x]/(axd*(axCos[c + d*x] + b*Sin[c + d*x])), x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

Int[(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x
_Symbol] :> Simp[(b*Cos[c + d*x] - a*Sin[c + d*x])*((a*Cos[c + d*x] + b*Sin
[c + d*x])"(n + 1)/(@*(n + D*(@"2 + b°2))), x] + Simp[(n + 2)/((n + 1)*(a~
2 + b™2)) Int[(a*Cos[c + d*x] + b*Sin[c + d*x])~(n + 2), x], x] /; FreeQ[
{a, b, c, d}, x] && NeQ[a~"2 + b~2, 0] && LtQ[n, -1] && NeQ[n, -2]

3.5.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.39 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.60

method result
. _l+4e4iz+2ie2ix
risch 15 (e2i?; oy
4 8 1 2 2
default T Sten@)11)°  3an@+1)? @@l T Gan@iD! | Gan@)1)?
. —9sin(5z)+25 sin(3z)+90 sin(z) —45 cos(3z) —5 cos(5z)+50 cos(z)
parallelrisch | —3 cos(5a)— 150 cos(3)+300 cos(z) —30 sin(5z)+ 150 sin(3z) + 300 sin(z)
an3 x an7 z anG x an4 x an5 x
corman | 2B () 2tan(5) 20 (3) 48(sant () - 2L BNl (5)) s(el(5)) | Herl(5)) | el (5]
(tan?(%)—2tan(§)-1)°
input Lint (1/(cos(x)+sin(x)) ~6,x,method=_RETURNVERBOSE) J
output L2/15* (-1+10%exp (4*I*x) +5*Ixexp (2% I*x) )/ (exp (2% I*x)+I) "5 J

1
35. [ (cos(z)+sin(z))® dx
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3.5.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.34

/ ! dz
(cos(z) + sin(x))®
8 cos (z)° — 20 cos (z)° — (8 cos (2)* + 4 cos (z)* — 7) sin (z) + 5 cos (z)
30 (4 cos (z)° + (4 cos (z)* — 8 cos (z)* — 1) sin (z) — 5 cos (z))

inputLintegrate(1/(cos(x)+sin(x))‘6,x, algorithm="fricas")

output‘-l/BO*(S*cos(x)“S - 20*cos(x) "3 - (8*cos(x)"4 + 4*cos(x)"2 - 7T)*sin(x) + 5
‘*cos(x))/(4*cos(x)“5 + (4*cos(x)”"4 - 8*cos(x)"2 - 1)*sin(x) - 5*cos(x))

3.5.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 838 vs. 2(51) = 102.

Time = 3.80 (sec) , antiderivative size = 838, normalized size of antiderivative = 16.76

1 .
/ (cos(z) + sin(z))® dz = Too large to display

-

input Lintegrate (1/(cos(x)+sin(x))**6,x)

~—

1
35 | oy @



output

input

output
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-30*tan(x/2)**9/ (15*tan (x/2) **10 - 150%tan(x/2)**9 + 525%tan(x/2)**8 - 600
*tan(x/2)**7 - 450*tan(x/2)**6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 600%
tan(x/2) **3 - 525xtan(x/2)**2 - 150*tan(x/2) - 15) + 120*tan(x/2)**8/(15*t
an(x/2)**10 - 150*tan(x/2)**9 + 525%tan(x/2)**8 — 600*tan(x/2)**7 - 450*ta
n(x/2)**6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 600*tan(x/2)**3 — 525%tan
(x/2)*%2 - 150*tan(x/2) - 15) - 200*tan(x/2)**7/(15*tan(x/2)**10 - 150*tan
(x/2)*%9 + 52bxtan(x/2)**8 - 600*tan(x/2)**7 - 450*tan(x/2)**6 + 1020*tan(
x/2)**5 + 450*tan(x/2)**4 - 600*tan(x/2)**3 - 525xtan(x/2)**2 - 150*tan(x/
2) - 15) - 40xtan(x/2)*+*6/(15xtan(x/2)**10 - 150*tan(x/2)**9 + 525*tan(x/2
)*#x8 — 600*tan(x/2)*x7 - 450*tan(x/2)**6 + 1020*tan(x/2)**5 + 450*tan(x/2)
*x4 - 600*tan(x/2)**3 - 525xtan(x/2)**2 - 150*tan(x/2) - 15) + 236*tan(x/2
Y**5/(15%tan(x/2) **10 - 150*tan(x/2)**9 + 525xtan(x/2)**8 — 600*tan(x/2)**
7 - 450%tan(x/2)**6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 600*tan(x/2)**3
- 525xtan(x/2)**2 - 150*tan(x/2) - 15) + 40*tan(x/2)**4/(15*%tan(x/2)**10
- 150*tan(x/2)**9 + 525*%tan(x/2)**8 - 600*tan(x/2)**7 - 450*tan(x/2)**6 +
1020*tan(x/2) **5 + 450*tan(x/2)**4 - 600*tan(x/2)**3 - 525*xtan(x/2)**2 - 1
50*%tan(x/2) - 15) - 200*tan(x/2)**3/(15*%tan(x/2)**10 — 150*tan(x/2)**9 + 5
25xtan(x/2)**8 - 600*tan(x/2)**7 - 450*tan(x/2)**6 + 1020*tan(x/2)**5 + 45
Oxtan(x/2)**4 - 600*tan(x/2)**3 - 525%tan(x/2)**2 - 150%tan(x/2) - 15) - 1
20%tan (x/2) **2/ (15%tan(x/2)**10 - 150*tan(x/2)**9 + 525xtan(x/2)**8 - 6...

3.5.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.12

j/ ! dz
(cos(z) + sin(z))8
15 tan (x)* 4 30 tan (z)° + 40 tan (z)* + 20 tan (z) + 7
15 (tan (z)° + 5 tan (z)* + 10 tan (z)* + 10 tan (z)* + 5 tan (z) + 1)

Lintegrate(i/(cos(x)+sin(x))‘6,x, algorithm="maxima")

-/

.
‘—1/15*(15*tan(x)‘4 + 30*tan(x) "3 + 40*tan(x)~2 + 20*tan(x) + 7)/(tan(x)~5
‘+ 5xtan(x)~4 + 10*tan(x)~3 + 10*tan(x)~2 + 5xtan(x) + 1)

-

1
35. [ (cos(z)+sin(z))® dx
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3.5.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.64

/ 1 dr — — 15 tan (ar:)4 + 30 tan (:c)3 + 40 tan (:c)2 +20 tan (z) +7
(cos(z) + sin(x))8 15 (tan (z) + 1)°
input Lintegrate(i/(cos (x)+sin(x))"6,x, algorithm="giac") J

output | -1/15%(165xtan(x)"4 + 30%tan(x)~3 + 40xtan(x)"2 + 20%tan(x) + 7)/(tan(x) +
1175 |

3.5.9 Mupad [B] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.76

| oo+ s
(cos(z) + sin(x))® v
2mn@)@5mqgﬁ—6mMm@7+ummn@f+2mM4@5—rmmn@f—QmMm@3+ummm§

15 (—tan (%)2 + 2tan (%) + 1)5

input [int(l/(cos(x) + 8in(x))~6,x)

—

Output‘/(2*tan(x/2)*(60*tan(x/2) + 100*tan(x/2)"2 - 20*tan(x/2)"3 - 118*tan(x/2)"4
‘ + 20*tan(x/2)°5 + 100*tan(x/2) "6 - 60*tan(x/2)"7 + 15*%tan(x/2)"8 + 15))/(
(16 (2+tan(x/2) - tan(x/2)"2 + 1)75)

————————

1
35. [ (cos(z)+sin(z))® dx



CHAPTER 3. LISTING OF INTEGRALS

64

3.6 [log (55 +2*) dz

3.6.1 Optimal result

3.6.2
3.6.3
3.6.4

Mathematica [C] (verified)

Rubi [A] (verified)
Maple [C] (verified)

3.6.5
3.6.6
3.6.7
3.6.8
3.6.9

Fricas [C] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [F]
Giac [A] (verification not implemented)

Mupad [B] (verification not implemented)

3.6.1 Optimal result

Integrand size = 8, antiderivative size = 334

1 = V2-v2-2z
/log<—4+x4) dr = —4r — 2+\/§arctan( )
z 2+ /2
—\/2—\/§arctan 2+v2 -2
2—-2
+\/2+\/§arctan 2-v2+2
2++/2
/ V2+v2+ 2z
+1/2 — v2arctan
( V22
1
-5 2—\/§log<1—\/2—\/§x—|—x2>
+%\/2—\/§log(1+\/2—\/§m+x2)
—% 2+\/§log<1— 2+\/§w—|—x2>
+% 2+\/§log(l+ 2+\/§w+x2>+zlog<—4+x4)

3.6. [log (% +z*) dz
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output  -4xx+x*1n(1/x"4+x"4)-arctan((-2*x+(2+27(1/2))~(1/2))/(2-27(1/2))~(1/2))*(2
-27(1/2)) " (1/2)+arctan ((2*x+(2+27(1/2))~(1/2)) /(2-27(1/2))~(1/2) ) *(2-27(1/
2))7(1/2)-1/2*1n(1+x72-x* (2-27(1/2)) " (1/2) ) *(2-27(1/2) )~ (1/2) +1/2*1n (1+x72
+x*x(2-27(1/2))7(1/2))*(2-27(1/2) )~ (1/2) —arctan ((-2*x+(2-27(1/2) )~ (1/2)) / (2
+27(1/2))°(1/2))*(2+27(1/2) )~ (1/2) +arctan ((2*x+(2-2"(1/2))~(1/2) )/ (2+2~(1/
2))7(1/2))*(2+27(1/2))~(1/2)-1/2*1n(1+x~2-x* (2+27(1/2) )~ (1/2) ) *(2+27(1/2) )
~(1/2)+1/2x1n(1+x72+x* (2+27(1/2) )~ (1/2) ) *(2+27(1/2) )~ (1/2)

3.6.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.00 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.09

1 1 1
/log (F + x4> dr = —4x + 8x Hypergeometric2F'1 <§, 1, z, —z8> + zlog (E + a:4>

input LIntegrate [Log[x~(-4) + x~4],x] J

output L—4*x + 8*xxHypergeometric2F1[1/8, 1, 9/8, -x"8] + x*Logl[x~(-4) + x74] J

3.6.3 Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 362, normalized size of antiderivative = 1.08,

number of steps used = 11, number of rules used = 10, number of rules _ 1.250, Rules
integrand size

used = {3003, 27, 913, 757, 1483, 1142, 25, 1083, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/log <m4 + ;) dz

l 3003

3.6. [log (% +z*) dz
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l 913
1 L1
4(2/x8+1dw—:c> + xlog (x +m4)
l'757
2—z2 x +\[
2/2 2\/" x4
l 1483
1 f)u-m 1/2(2 f 1 f s I 2(2+\/§)—(1+\/§)wdx I (1+\/§)$+«/2(2+\/§) i
22—v/2—v2a+1 + z2+2— fw+1 22— /242241 + z24+V2+2z+1
4] 2 2v2-2 2v2-v2 n 2V2+v2 2V2+v2 e o
2v2 2v2
1
z log <x4 + a:4>
l 1142
V2 \/7+1dx+%(1_\/§>f_#J%2;1dw V2 e 2( )f 22_:;;2_27_\/5\23_1(1(13
4| 2 2v2-v2 222
2v/2
1
z log <x4 + $4>
l 25
IV HVa [ — \/7+1dx—%( v2) J QV?/L%_de 3V2rAVR [ e (- )fsz% V_Q\}fﬂdx
4| 2 2v/2-v2 2v/2—2
2v2

1
zlog <x4 + 4>
x

l 1083

3.6. [log (& +z*) do
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V2—v2-2z / V/ z+/2-v2 / _
_%< )f 2—\/_72 +1dx 2+v2 _( z—/2— - ) V3 2d(21:— 2_\/5) _%(1_\/§> I 22.;_}7 .;_1dz 2+ f
ne 2v/2—/2 + 21/2—/"
2v2
1
z log <x4 + a:4>
l 217
arctan(M\_/fvf\;iﬁ)— ( )f 2v2\/L2z’”+1dz N arctan(zx\jfvf\_/%@)—%(l—\/ﬁ> J ;f%vz_’_ldz %(1-}-\/5) 1) zZ@
ne 2v/2—/2 2v/2-/2
+
22
1
z log <x4 + a:4>
l 1103
arctan<2z\_/2iv+2\;§ﬁ>+% (l—ﬂ) log(z‘Q—\/ 2—\/§CB+1> N arctan(uﬁ)—% (l—\/i) log(z‘2+\/ 2—\/511:-1-1) arctan(%\_/%
e 2v/2—2 21/2—v2 n
22

1
z log <x4 + 934)

inputLInt[Log[x‘(-4) + x4],x]

|

output | 4*(-x + 2*(((ArcTan[(-Sqrt[2 - Sqrt[2]] + 2#x)/Sqrt[2 + Sqrt[2]11] + ((1 -
Sart[2])*Logl[1l - Sqrt[2 - Sqrt[2]]1*x + x72]1)/2)/(2%Sqrt[2 - Sqrt[2]1) + (A
rcTan[(Sqrt[2 - Sqrt[2]] + 2*x)/Sqrt[2 + Sqrt[2]]1] - ((1 - Sqrt[2])*Logll
+ Sqrt[2 - Sqrt[2]]1*x + x72])/2)/(2*Sqrt[2 - Sqrt[2]11))/(2%Sqrt[2]) + ((Ar
cTan[(-Sqrt[2 + Sqrt[2]] + 2*x)/Sqrt[2 - Sqrt[2]1]] - ((1 + Sqrt[2])*Logl1
- 8qrt[2 + Sqrt[2]1*x + x72]1)/2)/(2*Sqrt[2 + Sqrt[2]]) + (ArcTan[(Sqrt[2 +
Sqrt[2]] + 2*x)/Sqrt[2 - Sqrt[2]]] + ((1 + Sqrt[2])+*Log[l + Sqrt[2 + Sqrt
[2]11*x + x72]1)/2)/(2%Sqrt[2 + Sqrt[2]1]1))/(2*Sqrt[2]))) + x*Loglx~(-4) + x~
4]

3.6. [log (& +z*) do



rule 25

rule 27

rule 217

rule 757

rule 913

rule 1083

rule 1103

rule 1142
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3.6.3.1 Defintions of rubi rules used

‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Int[((a_) + (b_.)*(x_)"(n_))"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b,
4]], s = Denominator[Rt[a/b, 411}, Simpl[r/(2*Sqrt[2]*a) Int[(Sqrt[2]*r -
s*x~(n/4))/(xr~2 - Sqrt[2]*r*s*x~(n/4) + s~2*%x"(n/2)), x], x] + Simp[r/(2#S
grt[2]*a) Int[(Sqrt[2]*r + s*x~(n/4))/(r~2 + Sqrt[2]*r*s*x~(n/4) + s72*x~
(n/2)), x1, x]11 /; FreeQ[{a, b}, x] && IGtQ[n/4, 1] && GtQ[a/b, 0]

Int[((a_) + (b_.)*(x_)"(m_ )" (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp [d*x*((a + b*x"n)~(p + 1)/(bx(nx(p + 1) + 1))), x] - Simp[(a*d - bxc*(n*(
p+ 1)+ 1))/ (ox(ax(p + 1) + 1)) Intl[(a + b*x™n)"p, x], x] /; FreeQ[{a, b
, €, d, n, p}, x] & NeQ[bxc - a*d, 0] && NeQ[nx(p + 1) + 1, 0]

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x]

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

Int[((d_.) + (e_.)*(x_))/((a)) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*c*d - bxe)/(2xc) Int[1/(a + b*x + c*x~2), x], x] + Simp[e/(2*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x]

3.6. [log (% +z*) dz
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rule 1483 Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[a/c, 2]}, With[{r = Rt[2*%q - b/c, 2]}, Simp[1/(2*c*q*r) In
t[(d*xr - (4 - exq)*x)/(q - r*x + x72), x], x] + Simp[1/(2*c*gq*r) Int[(d*r
+ (d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] & N
eQ[b"2 - 4%a*xc, 0] &% NeQ[c*d~2 - b*xdxe + a*e”2, 0] && NegQ[b~2 - 4*ax*c]

rule 3003 Int[((a_.) + Logl[(c_.)*(RFx_)~(p_.)1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a +

b*Log[c*RFx~p]) “n, x] - Simp[b*n*p Int[SimplifyIntegrand[x*(a + b*Log[c*
RFx~pl)~(n - 1)*(D[RFx, x]/RFx), x], x], x] /; FreeQ[{a, b, c, p}, x] && Ra
tionalFunctionQ[RFx, x] && IGtQ[n, O]

3.6.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.28 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.10

method | result size
. 1 4 In (“’_—R>
risch zln (X +a*) — 4z + > — | |34
_R=RootOf(_Z8+1) —
n(z—_R
parts | zln (5 +2*) — 4z + > 1<—E7—> 34
_R=RootOf(_Z8+1) —
n(z—_R
default | zln (Z4!) - 42+ > % 36
_R=RootOf(_Z8+1) —

input‘int(ln(l/x“4+x‘4),x,method=_RETURNVERBOSE)

outputLx*ln(l/x‘4+x‘4)-4*x+sum(1/_R“7*1n(x-_R),_R=Root0f(_Z‘8+1))

3.6. [log (% +z*) dz
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3.6.5 Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.27 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.45
1 1 1.1

/log ( ) dz = zlog (u) + (§z' + 5) V2(—1)% log <2x +(i+1) \/5(—1)é>
—<l——> 1) log 2x—(z—1 >
1
( ’—5) 1) log 2x+(%—1 s>

1 1

~(ata) Vi )

4 (~1) log (x+ (—1)) +i(-1)" log (x+z( 1
—i(=1)% log (x —i(—1)%) — (=1)% log (w — (-

8log 2x—(z+1

0o

)
) -4z

)
1)

00|

input‘integrate(log(l/x“4+x‘4),x, algorithm="fricas")

output | x*log((x~8 + 1)/x74) + (1/2+I + 1/2)*sqrt(2)*(-1)~(1/8)*log(2*x + (I + 1)*
sqrt(2)*(-1)"(1/8)) - (1/2*I - 1/2)*sqrt(2)*(-1)"(1/8)*log(2*x - (I - 1)*s
qrt(2)*(-1)~(1/8)) + (1/2*I - 1/2)*sqrt(2)*(-1)"(1/8)*1log(2*+x + (I - 1)*sq
rt(2)*x(-1)"(1/8)) - (1/2*%I + 1/2)*sqrt(2)*(-1)"(1/8)*log(2*x - (I + 1)*sqr
t(2)*(-1)7(1/8)) + (-1)7(1/8)*log(x + (-1)7(1/8)) + I*(-1)"(1/8)*log(x + I
*(-1)7(1/8)) - I*x(-1)"(1/8)*log(x - I*(-1)"(1/8)) - (-1)"(1/8)*log(x - (-1
)7(1/8)) - 4x*x

3.6.6 Sympy [A] (verification not implemented)

Time = 1.42 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.08

1 1
/log (a? + x4> dr = zlog (a:4 + E) — 4z — RootSum (¢° + 1, (t — tlog (—t + z)))

integrate (1n(1/x**4+x%*4) ,x)

;
output‘x*log(x**4 + x**(-4)) - 4*x - RootSum(_t**8 + 1, Lambda(_t, _t*log(-_t + x
B)))

3.6. [log (% +z*) dz
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3.6.7 Maxima [F]

1 1
/log (—4+x4> dx=/log <x4+—4) dx
x x

B
input Lintegrate (log(1/x~4+x~4) ,x, algorithm="maxima")

-/

output Lx*log(x‘s + 1) - 4*x*log(x) - 4*x + 8*integrate(1/(x"8 + 1), x)

3.6.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 248, normalized size of antiderivative = 0.74

/log (é—i_ﬂ) dz = zlog <w4+$) +\/\/_+2arctan( Tty _+22+2>
+1/V2 + 2arctan (2x )
+\ —V/2 + 2arctan ( ’ )

V—v2+2 )

( \/i g
arctan

1
+3 \/§+2log( +a \/§+2+1>
—% \/§—|—2log<x2—r \/§+2+1>
1/
+§ —\/_+2log(x +z \/§+2+1)
1/ /
—3 —\/_—|—210g(z —z\/ V2 + )—4x

input Lintegrate (log(1/x"4+x74) ,x, algorithm="giac")

3.6. [log (% +z*) dz
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output | x¥log(x~4 + 1/x74) + sqrt(sqrt(2) + 2)*arctan((2*x + sqrt(-sqrt(2) + 2))/s
qrt(sqrt(2) + 2)) + sqrt(sqrt(2) + 2)*arctan((2*x - sqrt(-sqrt(2) + 2))/sq
rt(sqrt(2) + 2)) + sqrt(-sqrt(2) + 2)*arctan((2*x + sqrt(sqrt(2) + 2))/sqr
t(-sqrt(2) + 2)) + sqrt(-sqrt(2) + 2)*arctan((2*x - sqrt(sqrt(2) + 2))/sqr
t(-sqrt(2) + 2)) + 1/2xsqrt(sqrt(2) + 2)*log(x~2 + x*sqrt(sqrt(2) + 2) + 1
) - 1/2xsqrt(sqrt(2) + 2)xlog(x~2 - x*sqrt(sqrt(2) + 2) + 1) + 1/2*sqrt(-s
qrt(2) + 2)*log(x~2 + x*sqrt(-sqrt(2) + 2) + 1) - 1/2xsqrt(-sqrt(2) + 2)*1
og(x~2 - x*sqrt(-sqrt(2) + 2) + 1) - 4*x

3.6.9 Mupad [B] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 313, normalized size of antiderivative = 0.94

/log(1 —|—z) dzz:cln(%—l—x‘l) —4zx
i
+ atan z vV —/2 — 22097152i
2097152 /2 — /2 /—v/2 — 2 + 2097152 /2

2 /2 — /22097152i ) (mli

2097152 /2 — v/2 /=2 — 2 + 2097152 /2

VY \/510 _atan< v/ V2 — 22097152i

2097152 v/2 + 2097152 v/v/2 — 2/ V2 + 2

2 V/v/2 + 220971521 |
T 2097152 v/2 + 2097152 v/v/2 — 2 /v/2 + 2) (\/E 1i
+\/E1i)+atan(—\/§x 2\/§+2

reVens (Jo b)) (25 gi) Varom

—atan(m \/_+2<—_%> 29U\/711> (

1
+§i> \/ V2422

inputtint(log(l/x‘4 + x74),x)

3.6. [log (% +z*) dz
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/x*log(l/x“4 + x74) - 4xx + atan((xx(- 27(1/2) - 2)7(1/2)*2097152i) /(209715

2%(2 - 27(1/2))~(1/2)*(- 27(1/2) - 2)~(1/2) + 2097152%27(1/2)) - (x*(2 - 2
~(1/2))"(1/2)%*2097152i) / (2097152% (2 - 2~ (1/2))~(1/2)*(- 2~(1/2) - 2)~(1/2)
+ 2097152%27(1/2)))*((- 27(1/2) - 2)7(1/2)*1i - (2 - 27(1/2))~(1/2)*1i) -
atan((x*(27(1/2) - 2)7(1/2)*2097152i) /(2097152*2~(1/2) + 2097152*(2~(1/2)
- 2)7(1/2)%(27(1/2) + 2)7(1/2)) + (xx(27(1/2) + 2)~(1/2)*20971521i) /(20971
52x27(1/2) + 2097152%(27(1/2) - 2)~(1/2)*(27(1/2) + 2)7(1/2)))*((2"(1/2) -
2)"(1/2)*1i + (2°(1/2) + 2)°(1/2)*1i) + atan(x*(2~(1/2) + 2)~(1/2)*(1/2 +
1i/2) - (27 (1/2)*xx(27(1/2) + 2)~(1/2))/2)*((2~(1/2)*1i)/2 - (1/2 + 1i/2)
)*(27(1/2) + 2)7(1/2)*2i - atan(x*x(27(1/2) + 2)~(1/2)*(1/2 - 1i/2) + (2= (1
/2)*xxx(27(1/2) + 2)°(1/2)*%1i)/2)*(27(1/2)/2 - (1/2 - 1i/2))*(2°(1/2) + 2)~
(1/2)*2i

3.6. [log (& +z*) do
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log(1+4x)
3.7 f:v\/l—l- 1+:1:d

3.71 Optimalresult . . . . .. .. . .. .
3.7.2 Mathematica [A] (warning: unable to verify) . . . . . .. ... ... ... ..
373 RUDL[F]  © o vt oot e
3.74 Maple [C] (verified) . ... ... ... ...
3.75 Fricas [F(-2)] . . . . . o
3.7.6  Sympy [F(-1)] . . . . o
3.7.7 Maxima [A] (verification not implemented) . .. .. ... ... .......
3.7.8 Giac [F] . . . o
3.79 Mupad [F(-1)] . . . . o

3.7.1 Optimal result

Integrand size = 21, antiderivative size = 291

log(1 + ) ( ) 2log(1 + z)
dxr = —8arctanh 1+vV1l+z ) — ——=
zvV/1++vV1+z 1+vV1+x

7 ) log(1+ )
+ Zﬁarctanh(%> log (1 —\/1+V1+ :c)

- 2\/§arctanh(%) log (1 +v1+v1+ :c)

\/5(1— 1+ 1+x>
+v/2PolyLog | 2, —

2-+2

\/§<1— 1+\/1+—:c>
2+/2

ﬁ(1+m))

— v/2PolyLog | 2,

—v2PolyLog | 2, —

2 Va
ﬁ(wm))

+ v2PolyLog [ 2,
yhoe 2++/2

log(1+x)
37.  f oYy e dr
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output -8*arctanh((1+(1+x)~(1/2))~(1/2))-arctanh(1/2*(1+(1+x)~(1/2))~(1/2)*2"(1/2
) *1n(1+x)*2~ (1/2)+2*arctanh (1/2*27(1/2) ) *1n(1-(1+(1+x)~(1/2))~(1/2))*2~ (1
/2)-2*arctanh (1/2*27(1/2))*1n(1+(1+(1+x)~(1/2))~(1/2))*2~(1/2) +polylog(2, -
27(1/2) *(1-(1+(1+x) ~(1/2))~(1/2)) / (2-27(1/2) ) ) %2~ (1/2) -polylog (2,2~ (1/2) *(
1-(1+(1+x)7(1/2))7(1/2)) / (2+27(1/2) ) ) *27(1/2) -polylog(2,-27 (1/2) * (1+(1+(1+
x)~(1/2))°(1/2))/(2-27(1/2)))*2" (1/2) +polylog(2,2~ (1/2) * (1+(1+(1+x) ~(1/2))
~(1/2))/(2+27(1/2)))*27(1/2) -2*1n(1+x) / (1+(1+x) ~(1/2) )~ (1/2)

3.7.2 Mathematica [A] (warning: unable to verify)

Time = 0.20 (sec) , antiderivative size = 310, normalized size of antiderivative = 1.07

log(1+ x) s
VitV
B 2log(1+ )
= —8arctanh( 1+v1+ a:) — m
. log(1+ ) (log (V2= V1+v1+2) —log (VZ+ 1+ VI +3))
\/ﬁ

+\/§(—log (—1+\/§) log (1-@) +log (1+\/§) log (1—m
+log<—1+\/§>log(l+ 1+\/1+—z>—log<1—|—\/§>log<1+ 1+vVita
— PolyLog (2, —((—1 + \/§> (—1 + m»

(214 v8) (-1 s vies)
-I-PolyLog(, 1+f( 1+ 1+w)
-(( )

1+\f < 1+ 1—|—x))

+ PolyLog

— PolyLog (

inputLIntegrate[Log[l + x]/(x*Sqrt[1 + Sqrt[1 + x]1]),x]

log(1+x)
37.  f oYy e dr
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output -8+ArcTanh[Sqrt[1 + Sqrt[1 + x]]] - (2*Logl[1l + x])/Sqrt[1 + Sqrt[l + x]] +

(Logl[1 + x]*(Log[Sqrt[2] - Sqrt[1 + Sqrt[1 + x]]1] - Logl[Sqrt[2] + Sqrt[1
+ Sqrt[1 + x]11]1))/Sqrt[2] + Sqrt[2]*(-(Logl[-1 + Sqrt[2]1*Logl[l - Sqrt[1 +
Sqrt[1 + x]1]) + Logl[l + Sqrt[2]]*Log[1l - Sqrt[1 + Sqrt[1 + x]]] + Logl[-1
+ Sqrt[2]]*Log[1 + Sqrt[1 + Sqrt[1 + x]]] - Logll + Sqrt[2]]*Logl[l + Sqrtl[
1 + Sqrt[1 + x]]] - PolyLog[2, -((-1 + Sqrt[2])*(-1 + Sqrt[1 + Sqrt[1 + x]
1))]1 + PolyLogl[2, (1 + Sqrt[2])*(-1 + Sqrt[1l + Sqrt[1 + x]]1)] + PolyLogl[2,

(-1 + Sqrt[2])*(1 + Sqrt[1 + Sqrt[l + x]])] - PolyLogl[2, -((1 + Sqrt[2])=*
(1 + Sqrtl[1 + Sqrtl[1 + x11))1)

3.7.3 Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

log(z + 1)
zvVvz+1+1

l 2867

dx

log(z + 1)

vV +1+1

dr

input LInt[Log[l + x]/(x*Sqrt[1 + Sqrt[1 + x11),x] J

output L$Aborted J

log(1+x)
37.  f oYy e dr
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3.7.3.1 Defintions of rubi rules used

rule 2867‘Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_.)*(AFx_), x_Sy ‘
‘mbol] :> Unintegrable[AFx*(a + bxLogl[c*(d + e*x)"nl)"p, x] /; FreeQ[{a, b,
‘c, d, e, n, p}, x] &% AlgebraicFunctionQ[AFx, x, Truel ‘

3.7.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.29 (sec) , antiderivative size = 172, normalized size of antiderivative = 0.59

method result
1 - 1
(LT 00 (VIR ) o (VAP TF— o) n (S
derivativedivides | 8 >

8
__a=RootOf (_Z2—2)

(ln( 1+\/1+7;J) el —dilog<4 1_+\/1Tx—1>_1n(\/1+— Vite—_a) 1%@—

1+ o

default 8 >

8
__a=RootOf (_Z2—2)

input Lint (1n(1+x) /x/ (1+(1+x)~(1/2))~(1/2) ,x ,method=_RETURNVERBOSE) J

output | 8*Sum(1/8*(1/2*1n((1+(1+x)~(1/2))~(1/2)-_alpha)*1n(1+x)-dilog(((1+(1+x)~ (1
/2))~(1/2)-1)/(-1+_alpha))-1n((1+(1+x)~(1/2))~(1/2)-_alpha) *1n (((1+(1+x) ~(
1/2))°(1/2)-1)/(-1+_alpha))-dilog ((1+(1+(1+x)~(1/2))~(1/2))/(1+_alpha))-1n
((1+(1+x)~(1/2))~(1/2)-_alpha) *1n ((1+(1+(1+x)~(1/2))~(1/2))/(1+_alpha)) ) *_
alpha,_alpha=Root0f (_Z"2-2))-2*1n(1+x)/(1+(1+x)~(1/2))~(1/2)-8*arctanh ((1+
(1+x)~(1/2))~(1/2))

3.7.5 Fricas [F(-2)]

Exception generated.

log(1 + )

v/ 1++v/14+zx

dxr = Exception raised: TypeError

-

inputLintegrate(10g(1+x)/x/(1+(1+x)‘(1/2))‘(1/2),x, algorithm="fricas")

~—

log(1+x)
37.  f oYy e dr
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output‘Exception raised: TypeError >> Error detected within library code: inte
‘grate: implementation incomplete (constant residues) ‘

3.7.6 Sympy [F(-1)]

Timed out.
log(1+ x) .
dz = Timed out
zv/1++v/1+z
input Lintegrate (In(1+x) /x/ (A+(1+x) %% (1/2) ) ¥x (1/2) ,x) J
output LTimed out J

3.7.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 366, normalized size of antiderivative = 1.26

log(1 + z) (\/—1 ( —VVz+1 ) 4 >log(x+1)
o1+ 1+x 2 V2+VVr+1+1 Ve+1+1
VECVVETIHL |\ | (VEEVVETIAL
+\/§<log<\/§+ \/x+1+1)1 ( N >+L12< NG
/ —VVz+1 V2—Vz+1+1
—ﬁ<10g<—\/§+ \/:v—i-l-l—l)log( NS > 2< N
+\/§<log<\/§+ \/:v+1—|—1)1 (\/_Jr\f”z f;’ >+Liz(\/_+‘2f;rl 1
—\/§<log<—\/§+\/\/x+1+1)log(—\/__ x+1+1+1>+Li2<\/__ z+l+l
Vv2-1 V2-1
—4log \/m—|—1+1)+4log( M+1—1)
input Lintegrate(log(lﬂ{) /x/(1+(1+x)~(1/2))~(1/2) ,x, algorithm="maxima") J

log(1+x)
37.  f oYy e dr
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1/2x(sqrt (2) *log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + sqrt(sqrt(x
+ 1) + 1)) - 4/sqrt(sqrt(x + 1) + 1))*log(x + 1) + sqrt(2)*(log(sqrt(2)
+ sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) +
1) + 1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1))) - sqrt(
2)*(log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) - sqrt(sqrt(x + 1)
+ 1))/(sqrt(2) + 1) + 1) + dilog((sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(
2) + 1))) + sqrt(2)*(log(sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) +
sqrt(sqrt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) + sqrt(sqrt(x +
1) + 1))/(sqrt(2) - 1))) - sqrt(2)*(log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))
*log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2
) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) - 1))) - 4xlog(sqrt(sqrt(x + 1) + 1) +
1) + 4%log(sqrt(sqrt(x + 1) + 1) - 1)

3.7.8 Giac [F]

log(1+ ) s log (z + 1)

v/ 1+ 1—|—z vV +1+1

dz

inputLintegrate(log(1+x)/x/(1+(1+x)‘(1/2))‘(1/2),x, algorithm="giac")

outputtintegrate(log(x + 1)/ (x*sqrt(sqrt(x + 1) + 1)), x)

N ]

3.7.9 Mupad [F(-1)]

Timed out.

log(1+ ) i In (z + 1)

v/ 1+ 14—x T/ x%—

inputLint(log(x + 1)/ G*((x + 1)7(1/2) + 1)7(1/2)),%)

output[int(log(x F1)/Gx((x + D (/2) + D (1/2), 0

~—

log(1+x)
3.7. jdgvﬁijﬁiittr



CHAPTER 3.

LISTING OF INTEGRALS

80

3.8

3.8.1 Optimal result . ... ..

f \/1+\/1+§log(1+x) dx

3.8.2 Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ..

3.8.3 Rubi [F]

3.8.4 Maple [C] (verified) . . .
3.8.5 Fricas [F(-2)] . . ... ..

3.8.6 Sympy [F(-1)]

3.8.7 Maxima [A] (verification not implemented)

3.8.8 Giac [F]
3.8.9 Mupad [F(-1)]

3.8.1 Optimal result

Integrand size = 21, antiderivative size = 308

\/1+\/1+xlog(1+x /
/ . =—-16 +4/1 + z + 16arctanh 1++/1+2z

q
8
o"

g(1l+ x)

1t 1-|—1:> log(1+ )

+ 4v/2arctanh <i
— 42 arctanh(

+ 2v/2PolyLog | 2, —

\/5(1— 1+\/1+—x>
24++/2

ﬁ(1+m>)

— 2v/2PolyLog | 2,

— 2v/2PolyLog | 2, —

2-v2

ﬁ(1+m)
2++/2 )

+ 2v/2 PolyLog | 2,

3,8, f \/ 1+V 1+‘: 10g(1+$) dx
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output | 16*arctanh((1+(1+x)~(1/2))~(1/2))-2*arctanh(1/2* (1+(1+x)~(1/2))~(1/2)*2~ (1

/2))*1n(1+x)*2~ (1/2) +4*arctanh(1/2%27(1/2) ) *1n(1-(1+(1+x) ~(1/2))~(1/2))*2~
(1/2)-4*arctanh(1/2*27(1/2) ) *1n(1+(1+(1+x)~(1/2))~(1/2))*2~(1/2)+2*polylog
(2,-27(1/2)* (1-(1+(1+x)~(1/2))~(1/2) ) / (2-27(1/2) ) ) *27 (1/2) -2*polylog (2,27 (
1/2)*(1-(1+(1+x) = (1/2))~(1/2)) / (2+27(1/2) ) ) *27 (1/2) -2*polylog(2,-2~ (1/2) *(
1+(1+(1+x)7(1/2))7(1/2)) / (2-27(1/2) ) ) *27 (1/2) +2*polylog (2,27 (1/2) * (1+(1+(1
+x)7(1/2))7(1/2)) /(2427 (1/2) ) ) *27 (1/2) -16% (1+(1+x) 7 (1/2) ) ~(1/2) +4*1n (1+x) *
(1+(1+x)~(1/2))~(1/2)

3.8.2

Mathematica [A] (warning: unable to verify)

Time = 0.13 (sec) , antiderivative size = 326, normalized size of antiderivative = 1.06

V1++v/1+ zlog(l+ z)
dr = —164/1 1 16arctanh 1 1
/ " T \/1+ 1+ z + 16arctan +vVitz

+4\/1+V1+zlog(l+x)

+\/§log(l+x)(log(\/§— 1+\/1+—$)
—1og<x/§+\/ﬁ>)

—2\/§(Iog<—1+\/§>log(l— 1+ 1+a:)
—10g<1+\/§>10g(1— 1+vV1itz
—log<—1+\/§>log(1+ 1+vVita
+log<1+\/§>log(1+ 1+vVIta
+PolyL0g<2,—( 1+f( >
( 1+f( 1+ 1+x>
—PolyLog(, (1+ 1+ 1+x>
a )

+ PolyLog (

14+4y1+ 1+x)

— PolyLog

input LIntegrate[(Sqrt [1 + Sqrt[1 + x]]*Logll + x1)/x,x]

3.8.

f V1+v1tzlog(l+x) de
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output -16+Sqrt[1 + Sqrt[1 + x]] + 16xArcTanh[Sqrt[1 + Sqrt[1 + x]]] + 4*Sqrt[1 +
Sqrt[1 + x]]*Log[1l + x] + Sqrt[2]*Logl[1l + x]*(Logl[Sqrt[2] - Sqrt[1 + Sqrt
[1 + x]1] - Logl[Sqrt[2] + Sqrt[1 + Sqrt[l + x]]1]) - 2xSqrt[2]*(Log[-1 + Sq
rt[2]]*Log[1l - Sqrt[1 + Sqrt[1l + x]]] - Logl[l + Sqrt[2]]*Logl[l - Sqrt[1 +
Sqrt[1 + x]]] - Logl[-1 + Sqrt[2]]*Logl[1l + Sqrt[1 + Sqrt[1 + x]]] + Logl[l +
Sqrt [2]]1*Log[1 + Sqrt[1 + Sqrt[1 + x]]1] + PolyLogl[2, -((-1 + Sqrt[2])*(-1
+ Sgrt[1 + Sqrt[1 + x]]1))] - PolyLogl[2, (1 + Sqrt[2])*(-1 + Sqrt[1 + Sqrt
[1 + x]1)] - PolyLogl[2, (-1 + Sqrt[2])*(1 + Sqrt[1 + Sqrt[l + x]])] + Poly
Log[2, -((1 + Sqrt[2])*(1 + Sqrt[1 + Sqrtl[i + x]1))]1)

3.8.3 Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/\/\/m+ 1log(z + 1) i

l 2867

/\/\/ac-l-l—i-llog(ac+1)dac

input | Int[(Sqrt[1 + Sqrt[l + x]1*Logll + x1)/x,x]

-

outputL$Aborted

| —

3,8, f \/ 1"{‘\/ ].+: 10g(1+$) dx
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3.8.3.1 Defintions of rubi rules used

rule 2867‘Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_.)*(AFx_), x_Sy ‘
‘mbol] :> Unintegrable[AFx*(a + bxLogl[c*(d + e*x)"nl)"p, x] /; FreeQ[{a, b,
‘c, d, e, n, p}, x] &% AlgebraicFunctionQ[AFx, x, Truel ‘

3.8.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.03 (sec) , antiderivative size = 199, normalized size of antiderivative = 0.65

method result

derivativedivides | 41n (1 +2)v1+v1+z—16v/1++vI+z—8In (\/1 tVitz-— 1) +81n (1 +

default Aln(1+2)V1+vVite—16V1+vita—8ln <\/1 FVita- 1) +8In (1 +y
input Lint (1n(1+x) * (1+(1+x)~(1/2))~(1/2) /x, % ,method=_RETURNVERBOSE) J

output | 4*1n(1+x)*(1+(1+x)~(1/2))~(1/2)-16*%(1+(1+x)~(1/2))~(1/2)-8*1n((1+(1+x)~(1/
2))"(1/2)-1)+8*1n(1+(1+(1+x) " (1/2))~(1/2) ) +8*Sum (1/4* (1/2*1n ((1+(1+x) ~(1/2
))~(1/2)-_alpha)*1n(1+x)-dilog(((1+(1+x)~(1/2))~(1/2)-1)/(-1+_alpha))-1n((
1+(1+x)~(1/2))~(1/2)-_alpha)*1n(((1+(1+x)~(1/2))~(1/2)-1)/(-1+_alpha))-dil
og ((1+(1+(1+x)~(1/2))~(1/2))/(1+_alpha) )-1n((1+(1+x)~(1/2))~(1/2)-_alpha)*
In((1+(1+(1+x)~(1/2))~(1/2))/(1+_alpha)) ) *_alpha,_alpha=Root0f (_Z"2-2))

3.8.5 Fricas [F(-2)]

Exception generated.

/\/1+\/1+—xlog(1+z)

dxr = Exception raised: TypeError

input Lintegrate (Qog(1+x) * (1+(1+x)~(1/2))~(1/2) /x,x, algorithm="fricas") J

3,8, f \/ 1+V 1+‘: 10g(1+$) dx
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output‘Exception raised: TypeError >> Error detected within library code:
‘grate: implementation incomplete (constant residues)

inte

3.8.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ V1++/1+zlog(l+ z)

input Lintegrate (In(1+x) * (1+(1+x) ** (1/2) ) **(1/2) /x, %)

output LTimed out

3.8.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 378, normalized size of antiderivative = 1.23

/ \/l—l—\/l—l——wlog(l—l—x) i

(4

f+¢T

\/x+1+1> log (z + 1)

ViV rIA1 Va4 Ve rI41
+2v2 log(\/_+ VI + 1+1)1 < N )+ ( N )
—24/2 log( )log( 2_\/§_+$_:_1+1+1>+L12< 2_\/_i—1i_1+1 )
1212 1og(\/§+ )log(—ﬁ_'_\/_VZ ”f?1+1+1)+ <\/_+fv2 f;r )
—2v2 log( V2 + )log( 2_\[”2 ”fjl+1+1>+m2< fv f;’ )

—16\/vx+1+ 1—|—810g( +1—|—1+1)—81og<\/\/:c+1+1—1>

inputLintegrate(log(1+x)*(1+(1+x)“(1/2))“(1/2)/x,x, algorithm="maxima"

3,8, f \/ 1+V 1+‘: 10g(1+$) dx
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output

(sqrt(2)*log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + sqrt(sqrt(x + 1
) + 1))) + 4xsqrt(sqrt(x + 1) + 1))*log(x + 1) + 2*sqrt(2)*(log(sqrt(2) +
sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1
) + 1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1))) - 2*sqrt(
2)*(log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) - sqrt(sqrt(x + 1)
+ 1))/(sqrt(2) + 1) + 1) + dilog((sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(
2) + 1))) + 2xsqrt(2)*(log(sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2)
+ sqrt(sqrt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) + sqrt(sqrt(x
+ 1) + 1))/(sqrt(2) - 1))) - 2*sqrt(2)*(log(-sqrt(2) + sqrt(sqrt(x + 1) +
1)) *log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sq
rt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) - 1))) - 16*sqrt(sqrt(x + 1) + 1)
+ 8%log(sqrt(sqrt(x + 1) + 1) + 1) - 8xlog(sqrt(sqrt(x + 1) + 1) - 1)

3.8.8 Giac [F]

/\/1+\/1+—xlog(1+x)dm:/\/\/m+1log(x+1)d$

inputt

integrate(log(1+x)*(1+(1+x)~(1/2))~(1/2)/x,x, algorithm="giac")

outputt

integrate(sqrt(sqrt(x + 1) + 1)xlog(x + 1)/x, x)

inputL

3.8.9 Mupad [F(-1)]

Timed out.

/\/1+\/1-I-—$log(1+x)dx:/ln(z+1) \/\/m+1dx

int ((log(x + 1)*((x + 1)~(1/2) + 1)~(1/2))/x,x)

-

outputtint((log(x + D*((x + 1)7(1/2) + 1)°(1/2)) /%, x)

~—

3,8, f \/ 1+V 1+‘: 10g(1+$) dx
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1

3.9 / 1+V z+v/1+22 az

39.1 Optimalresult . .. .. ... .. ... . ... 801
3.9.2 Mathematica [A] (verified) . . . . . .. ... .. .. L R0
3.9.3 Rubi [A] (warning: unable to verify) . . .. . ... ... .. L. ¥
394 Maple [F] . . . . . . 88
3.9.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. ]9
3.9.6 Sympy [F] . . . . . 89
3.9.7 Maxima [F] . . .. . . . 89
3.9.8 Giac [F] . . . . . 90)
3.99 Mupad [F(-1)] . . . ..o 90

3.9.1 Optimal result

Integrand size = 19, antiderivative size = 84

1 1 1
dxr = — + +\z+ V1422
/1+\/3c—|—\/1+x2 2(z+V1+2®) o+1+a2

1
+§log <x+\/1+a:2> —2log (1—!— x-l-\/l-l—z?)

output \ 1/2*%1n(x+(x"2+1) " (1/2) ) -2+1n(1+(x+(x~2+1)~(1/2))~(1/2))-1/2/ (x+(x~2+1)~(1/
L2) Y41/ (x+(x"2+1) 7 (1/2) )~ (1/2)+(x+(x"2+1)~(1/2) )~ (1/2) J

3.9.2 Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.25

1
/ dx
1+ vVz++v1+2?
1 —1+5:1:+2(1+z)\/x—|—\/1—I—x2+\/1—|—x2<5+2\/x+\/1+a:2)
T2 z+V1+22

+log<x+\/1+x2> —4log (1—|— x+\/1+x2>)

I S
39. f YO e dz
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input | Integrate[(1 + Sqrt[x + Sqrt[1 + x"211)(-1),x] |

p

output‘ ((-1 + B5xx + 2%(1 + x)*Sqrt[x + Sqrt[1 + x72]] + Sqrt[1 + x"2]*(5 + 2*Sqrt
‘ [x + Sqrt[1 + x72]1]1))/(x + Sqrt[1 + x72]) + Loglx + Sqrt[l + x"2]] - 4xLog
[1 + Sqrtlx + Sqrtlt + x72111)/2

3.9.3 Rubi [A] (warning: unable to verify)
Time = 0.24 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.87, number
of steps used = 5, number of rules used = 4, Bumber of rules _ 917 Ryjes used = {2542,

integrand size
2361, 2123, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
dx
/\/\/w2+1—|—x+1

l 9542

1/ (:1:+\/a:2—|—1) +1 d(x+m>
(

2] (o v 1) (Var Vo r1+1)

l 2361

d\/Vz:+1+z

/ (\/:cz——i-l+a:>2+1
(Ve +1+2)” (Ve T 14a+1)

l 2123

1 1 1
+1|dyvVa2+1+z

2
- + - +
/ Vvl +1l+zxz+1 \/\/:E2+1—|—a: Vel +1+zx (\/wz—-|—1+:c)3/2

| 2009
1 1
VVzZ+1+ 2+ — +log (Va2 +1+z)—2log(vVa2+1+z+1
VaZ+1l+az 2(m+w>2 ( ) ( )
input LInt[(l + Sqrt[x + Sqrt[l + x7211)~(-1),x] J

I S
39. f YO e dz



output

rule 2009

rule 2123

rule 2361

rule 2542

input

output
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‘-1/2*1/(x + Sqrt[l + x72])°2 + (x + Sqrt[1 + x72])"(-1) + Sqrt[x + Sqrt[1
‘+ x72]] + Loglx + Sqrt[1 + x"2]] - 2#Logl[l + x + Sqrt[1 + x"2]]

3.9.3.1 Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

‘Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
‘ :> Int[ExpandIntegrand[Px*(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c
L, d, m, n}, x] && PolyQ[Px, x] &% (IntegersQ[m, n] || IGtQ[m, -2])

Int[(Pq ) *(x_)~"(m_.)*((a ) + (b_.)*(x_)"(n_))"(p_.), x_Symbol] :> Simp[1/n

Subst [Int [x~ (Simplify[(m + 1)/n] - 1)*SubstFor[x"n, Pq, x]*(a + b*x)“p, x
1, x, x"n], x] /; FreeQ[{a, b, m, n, p}, x] && PolyQ[Pq, x"n] && IntegerQ[S
implify[(m + 1)/n]]

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£_.)*Sqrtl[(a_) + (c_.)*(x_)"2]1)"(
n_))"(p_.), x_Symbol] :> Simp[1/(2*%e) Subst[Int[(g + h*x"n) p*((d"2 + axf
"2 - 2%dxx + x72)/(d - x)72), x], x, d + exx + fxSqrt[a + cxx"2]], x] /; Fr
eeQ[{a, c, 4, e, f, g, h, n}, x] && EqQ[e™2 - cx£72, 0] && IntegerQ[p]

3.9.4 Maple [F]

/ 1 dx
1+Vz+vVz2+1

Lint(l/(1+(x+(x“2+1)”(1/2))”(1/2)),X)

tint(l/(1+(x+(x‘2+1)‘(1/2))‘(1/2)),X)

I S
39. f YO e dz
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3.9.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.79

1 1 1
/ dx:—\/x+\/x2+1<a:—\/x2+1—1)—l——x—— z?2+1
1+ Vaz+V1+a? 2 2
—2log( w+Vm2+1+1)+log( a:-l—\/xz—i—l)

inputLintegrate(1/(1+(x+(x‘2+1)‘(1/2))‘(1/2)),x, algorithm="fricas")

output‘—sqrt(x + sqrt(x”2 + 1))*(x - sqrt(x™2 + 1) - 1) + 1/2xx - 1/2*sqrt(x"2 +
‘1) - 2xlog(sqrt(x + sqrt(x”2 + 1)) + 1) + log(sqrt(x + sqrt(x”2 + 1)))

3.9.6 Sympy [F]

/ 1 d:cz/ 1 dz
1+vVz+v1+ 22 Ve+vVzri+1+1

inputLintegrate(1/(1+(x+(x**2+1)**(1/2))**(1/2)),X)

outputLIntegral(l/(sqrt(x + sqrt(x**2 + 1)) + 1), x)

3.9.7 Maxima [F]

1 1
dm=/ dz
/1+\/:I7+\/1-|-:L'2 vVz+vVrz+14+1

inputLintegrate(1/(1+(x+(x‘2+1)“(1/2))“(1/2)),x, algorithm="maxima"

outputLintegrate(l/(sqrt(x + sqrt(x”2 + 1)) + 1), x)

1
3.9. f—Hm dz
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3.9.8 Giac [F]

14+4vVz+vV1+22 vV+vVz2+1+1

inputLintegrate(1/(1+(x+(x“2+1)“(1/2))“(1/2)),x, algorithm="giac")

output Lintegrate(l/(sqrt(x + sqrt(x”2 + 1)) + 1), x)

3.9.9 Mupad [F(-1)]

Timed out.

1+ Vo + V1422 Ve+vVz?+1+1

inputtint(l/((x + (x72 + 1)7(1/2))°(1/2) + 1),x)

outputtint(l/((x + (x72 + 1)7°(1/2))°(1/2) + 1), x)

1
39 I e



CHAPTER 3. LISTING OF INTEGRALS 91

1+2x
3.10 fﬁ TV iE dx

3.10.1 Optimal result . . . . .. . . . .. OT]
3.10.2 Mathematica [A] (verified) . . . . . . . ... ... Lo OT]
3.10.3 Rubi [A] (warning: unable to verify) . . . . ... ... ... ... ... ... 92
3.10.4 Maple [A] (verified) . . . .. .. ... ... 93
3.10.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... .. 94
3.10.6 Sympy [A] (verification not implemented) . . . .. ... ... ... .. .. .. 94
3.10.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 951
3.10.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 95
3.10.9 Mupad [F(-1)] . . . . o o 95

3.10.1 Optimal result

Integrand size = 25, antiderivative size = 41

8arctanh <1+2— V\I/JE *’1”)
5

/ VIts oIt as
t+V1+Vi+z V5

output | 8/5*arctanh (1/5% (1+2%(1+(1+x)~(1/2))~(1/2))*57(1/2) )*5~(1/2)+2*(1+x) = (1/2)

N\

3.10.2 Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00

8arctanh <1+2— Vj/JC ”1+z>
5

/ 1tz dr =2v/1+z +
t+\/1++/1+zx NG

-

inputLIntegrate[Sqrt[l + x]/(x + Sqrt[1 + Sqrt[1 + x1]),x]

output L2*Sqrt [1 + x] + (8*ArcTanh[(1 + 2xSqrt[1 + Sqrt[1 + x]1])/Sqrt([51])/Sqrt[5]

Vits
310. [ A ds

~—
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3.10.3 Rubi [A] (warning: unable to verify)

Time = 0.41 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.73, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 954 Ryles used = {7267,

integrand size
25, 7267, 1200, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ vVe+1
T+vVvVr+1+1

l.7267

r+1
2/— dvz+1
—zrz—VVvr+1+1

| 25

—2/ z+1 dvz +1
_w_

Ve+1+1
l 7267
2
4/<1_vaijfjﬁiffj?+l+l>d Vo Fri+1
l 1200
l 2009
4(m+1 bg@vaﬁﬂfﬂ+—v€+1)+hg(2¢¢EIT+1+v€+1))
2 V5 V5

p
input

Int[Sqrt[1 + x]/(x + Sqrt[1 + Sqrt[1 + x11),x]

N\

output‘4*((1 + x)/2 - Log[l - Sqrt[5] + 2*Sqrt[1 + Sqrt[1 + x]111/Sqrt[5] + Logl1
'+ Sqrt[5] + 2*Sqrt[1 + Sqrt[1 + x111/Sqrt[51)

Vits
310. [ A ds
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3.10.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 1200‘Int[(((d_.) + (e_)*(x)) " (m_)*((f_.) + (g_)*(x_))"(_.))/((a_.) + (b_.)*
‘(x_) + (c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(d + exx) mx((f + gx
‘x)‘n/(a + b*x + c*x~2)), x], x] /; FreeQ[{a, b, c, d, e, £, g, m}, x] && In
‘tegersQ[n]

e

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

A >

ruka7267‘1nt[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
‘mp[lst[[2]]*lst[[4]] Subst[Int[1st[[1]], x], x, 1st[[31]1°(1/1st[[2]11)], x
‘] /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

3.10.4 Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.83

method result size
8 arctanh (W) NG

derivativedivides | 2v/1+ 2 +2 + = 34
8 arctanh <W) V5

default 2V1+x+2+ = 34

inPlltLint((1+x)‘(1/2)/(x+(1+(1+x)‘(1/2))‘(1/2)),x,method=_RETURNVERBUSE)

output | 2+ (1+x) " (1/2)+2+8/5+arctanh (1/5+ (1+2% (1+(1+x)~(1/2))~(1/2)) %56~ (1/2) )5~ (1/
2)

Vits
310. [ A ds
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3.10.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 101 vs. 2(32) = 64.

Time = 0.25 (sec) , antiderivative size = 101, normalized size of antiderivative = 2.46

/ Vvi+z dz
T+V1+V1+z
=§\/510g (2x2—\/5(3x+1)— (VB(z+2)—5z)vz+1+ (VB(z+2)+ (VB(2z—1)—5)vz+1—
5 ?—z—1
+2vVz+1
inputLintegrate((1+x)“(1/2)/(x+(1+(1+x)“(1/2))“(1/2)),x, algorithm="fricas") J

output‘4/5*sqrt(5)*log((2*x“2 - sqrt(5)*(3*x + 1) - (sqrt(5)*(x + 2) - 5*x)*sqrt(
‘x + 1) + (sqrt(8)*(x + 2) + (sqrt(5)*(2*x - 1) - B)*sqrt(x + 1) - 5*x)*sqr
Lt(sqrt(x +1) + 1) + 3*x + 3)/(x72 - x - 1)) + 2%sqrt(x + 1) J

3.10.6 Sympy [A] (verification not implemented)

Time = 4.93 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.59

/ vVi+z iz
z+vV1i+V/1l+z

1/5(—1og (VVEF 1+ 145+ %) +log (VVa+1+1-¥+1))
=T +1- +2

5

-

input | integrate ((1+x)%*(1/2)/ (x+(1+(1+x) %% (1/2))**(1/2)) ,%)

~—

output(2*sqrt(x + 1) - 4*sqrt(5)*(-log(sqrt(sqrt(x + 1) + 1) + 1/2 + sqrt(5)/2) +
‘ log(sqrt(sqrt(x + 1) + 1) - sqrt(5)/2 + 1/2))/5 + 2

~

Vits
310. [ A ds
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3.10.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.24

Vi+z 4 Vb—2vVVr+1+1-1
de = —=+/5log | — +2vVxr+1+42
z+\V1+V1+z 3 VE+2VVr+1+1+1

inputLintegrate((1+x)‘(1/2)/(x+(1+(1+x)‘(1/2))‘(1/2)),x, algorithm="maxima")

Output‘—4/5*sqrt(5)*log(—(sqrt(5) - 2xsqrt(sqrt(x + 1) + 1) - 1)/(sqrt(5) + 2*sqr
‘t(sqrt(x + 1) + 1) + 1)) + 2xsqrt(x + 1) + 2

3.10.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.24

/ vite dzz—il\/glog _Vh-2yyrdl+l-d +2VE+1+2
z+V1+vV/1+zx 5 VE+2VVz+1+1+1

input‘integrate((1+x)“(1/2)/(x+(1+(1+x)“(1/2))“(1/2)),x, algorithm="giac")

output‘-4/5*sqrt(5)*log(-(sqrt(5) - 2xsqrt(sqrt(x + 1) + 1) - 1)/(sqrt(5) + 2*sqr
‘t(sqrt(x + 1) +1) + 1)) + 2#sqrt(x + 1) + 2

3.10.9 Mupad [F(-1)]

Timed out.
/ Vi+z dac—/ vr+1 dx
z+V1++v/14+2x z+vVvVr+1+1

inpu’ﬂtint((x + D7/2)/(x + ((x + 1)7(1/2) + 1)7(1/2)) ,%)

outputtint((x + 1)°(1/2)/(x + ((x + 1)°(1/2) + 1)~(1/2)), %)

Vits
310. [ A ds
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1

311 [—Ll—ds

3.11.1 Optimal result . . . . . . . . . .. 96!
3.11.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo oL 96
3.11.3 Rubi [A] (verified) . . . . . . .. .. 97
3.11.4 Maple [A] (verified) . . . ... . ... ... 98
3.11.5 Fricas [B] (verification not implemented) . . . . . . ... ... . ... .... 99
3.11.6 Sympy [A] (verification not implemented) . . . ... ... ... ... .... 99
3.11.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 100!
3.11.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 100
3.11.9 Mupad [F(-1)] . . . . o o 101

3.11.1 Optimal result

Integrand size = 19, antiderivative size = 73

1 2
dr = —
zT—V1++1+2x 5
2

+5<5—\/3>log(1+x/3—2 1+\/1+—x)

(5—|—\/5>log(1—\/3—2 1+¢m>

outputl2/5*1n(1+5*(1/2)-2*(1+(1+x)‘(1/2))‘(1/2))*(5-5*(1/2))+2/5*1n(1-5*(1/2)—2*(
1+(1+x)7(1/2)) 7 (1/2)) % (5+57(1/2))

3.11.2 Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.95

/x_mdz=—§<—5+\/5>log<l+\/5—2 1+\/1_|-—z>

+§<5+v%)Mg(—y+¢5+2V1+vTIE)

input LIntegrate[(x - Sqrt[1 + Sqrtl1 + x]1)~(-1),x]

output‘ (-2x (-5 + Sqrt[5])*Log[1 + Sqrt[5] - 2*Sqrt[1 + Sqrt[1 + x]]1]1)/5 + (2*(5 + ‘
‘ Sqrt[6])*Log[-1 + Sqrt[5] + 2*Sqrt[1 + Sqrt[1 + x]1]1)/5 ‘

3.11.

1
f z—V/1+v/1+z dz
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3.11.3 Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.03, number
of steps used = 7, number of rules used = 6, Bummber of rules _ 316 Ryjes used = {7267,

’ integrand size
25, 7267, 25, 1141, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
dx
z—vVvr+1+1

l 7267
VT T
2/— i1 1_md\/:c+1

| 25

—2/ verl gzt
ve+l+1—=x

l 7267

— ¢+i+1_ dyVoritl
l 25
4 1‘5:”*— a/VETI+1

1—=z
l 1141
B 5++/5 _ 1-v5 —1
4/( G%AETT?1WE+Q —m@v%ﬂﬁ+1+¢hw)d T
l 2009

—461$<5+v€>bg(—M/¢51T+4=—v3+1)—12(5—v%)Mg<—%/¢E¥T+J:k¢3+1>>

~—

input LInt[(x - Sqrt[1 + Sqrt[1 + x11)~(-1),x]

output ‘/—4*(—1/10*((5 + Sqrt[5])*Logl[l - Sqrt[5] - 2#Sqrt[1 + Sqrt[1 + x11]1) - ((5
‘ - Sqrt[5])*Log[1 + Sqrt[5] - 2xSqrt[1 + Sqrt[1 + x]1])/10)

—.

1
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3.11.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 1141 Int[((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_)*(x_) + (c_.)*x(x_)"2)"(p_), x_
Symbol] :> With[{q = Rt[b"2 - 4x*a*c, 2]}, Simp[1/c”p Int[ExpandIntegrand[
(d + e*x)"m*x(b/2 - q/2 + c*x)"p*(b/2 + q/2 + c*x)7p, x], x], x] /; EqQlp, -
1] || !'FractionalPowerFactorQ[ql]l /; FreeQ[{a, b, c, d, e}, x] && ILtQlp,
0] && IntegerQ[m] && NiceSqrtQ[b~2 - 4*a*c]

-

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

—/

p

ruka7267‘1nt[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
‘mp[lst[[Q]]*lst[[4]] Subst [Int [1st[[1]], x], x, 1st[[3]11°(1/1st[[2]11)], x
‘] /; 'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

——————

3.11.4 Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.63

method result
4y/5 arct h((2 1**/“7—1)*/3>
arctan. - S——
derivativedivides | 21n <\/1 +z—V1+V1+ x) + -
(1+2v1+V1F2)

In(z2—z—1) V5 arctanh(ex_sl)‘/g) 2 arctanh | ~———F%—*

default 7t 5 ~In (VITe+VI+VIita)+ i
input {int (1/(x-(1+(1+x)~(1/2))~(1/2)) ,x,method=_RETURNVERBOSE) J

output| 2+In( (1+3) " (1/2)- (1+(1+%) ~(1/2))~ (1/2))+4/6%5" (1/2) varctanh (1/6% (2% (1+(1+x
)7 (1/2))7(1/2)-1) %57 (1/2)) |

1
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3.11.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 112 vs. 2(51) = 102.

Time = 0.25 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.53

1
T — \/1+\/1+—zdx

—2\/510g <2m2—|—\/5(3m+1) + (VB +2)+5z)vVz+1+ (VB(z+2)+ (VB2z—1)+5)vVz+1+
5

2 —x—1

+210g(\/ﬁ—ﬁ>

input Lintegrate(l/(x-(1+(1+x) ~(1/2))"(1/2)) ,x, algorithm="fricas") J

Output‘2/5*sqrt(5)*log((2*x“2 + sqrt(B)*(3*x + 1) + (sqrt(5)*(x + 2) + 5*x)*sqrt(
x + 1) + (sqrt(8)*(x + 2) + (sqrt(5)*(2%x - 1) + 5)*sqrt(x + 1) + 5*x)*sqr
‘t(sqrt(x + 1) + 1) + 3*x + 3)/(x"2 - x - 1)) + 2xlog(sqrt(x + 1) - sqrt(sq ‘
Tt(x + 1) + 1) J

3.11.6 Sympy [A] (verification not implemented)

Time = 2.49 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.04

1
dz
z—V1++1+2x

2\/3<—log( Vr+1+ —%+‘/75>+10g< r+1+1-

oy
I
N[
SN—
N—

5
+ 2log (\/ac+ - \/\/x—|—1+1)
input Lintegrate(l/(x—(1+(1+x) *x(1/2))*%(1/2)) ,x) J

( N

output | -2*sqrt (5)*(-log(sqrt(sqrt(x + 1) + 1) - 1/2 + sqrt(5)/2) + log(sqrt(sqrt(
‘x + 1) + 1) - sqrt(5)/2 - 1/2))/5 + 2xlog(sqrt(x + 1) - sqrt(sqrt(x + 1) + ‘
5 J
1
3.11. fz—\/m dz
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3.11.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.86

1 iz = —2 \Blog VB2V F1+1+1
z—V1+V1+z 5 VE+2vV/Vr+1+1—-1

+2log(\/ﬁ—\/\/m“)

inputLintegrate(l/(x—(1+(1+x)‘(1/2))‘(1/2)),x, algorithm="maxima")

Output(—2/5*sqrt(5)*log(—(sqrt(5) - 2xsqrt(sqrt(x + 1) + 1) + 1)/(sqrt(5) + 2*sqr
Lt(sqrt(x + 1) +1) - 1)) + 2xlog(sqrt(x + 1) - sqrt(sqrt(x + 1) + 1))

3.11.8 Giac [A] (verification not implemented)

Time = 0.49 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.92
VB2 VErI+1-1]
\/_ 5log
VE+2V/VErT+1-1]

+2 log ('\/m_\/ x+1+1D

r—V1++v1+z

integrate(1/(x-(1+(1+x)~(1/2))~(1/2)) ,x, algorithm="giac")

output‘-2/5*sqrt(5)*log(abs(-sqrt(5) + 2*sqrt(sqrt(x + 1) + 1) - 1)/abs(sqrt(5) +
‘ 2xsqrt(sqrt(x + 1) + 1) - 1)) + 2+log(abs(sqrt(x + 1) - sqrt(sqrt(x + 1)

‘+ 1))
1
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3.11.9 Mupad [F(-1)]

Timed out.

1 1
dzr = dz
/x—\/1+\/1+x r—vVvVr+1+1

inputtint(l/(x - ((x + 1)°(1/2) + 1)°(1/2)),%)

outputtint(i/(x - ((x + 1)°(1/2) + 1)°(1/2)), x)

1
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I

312 [—L—da

3.12.1 Optimal result . . . . . . . . . . ... 102
3.12.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo 102
3.12.3 Rubi [A] (warning: unable to verify) . . ... ... ... ... .. ... 103l
3.12.4 Maple [A] (verified) . .. .. ... ... 104
3.12.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 104
3.12.6 Sympy [A] (verification not implemented) . . . ... ... ... ... .... 1051
3.12.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... .. 105
3.12.8 Giac [A] (verification not implemented) . . . .. ... ... ... ...... 106!
3.12.9 Mupad [F(-1)] . . . . oo

3.12.1 Optimal result

Integrand size = 21, antiderivative size = 73

/m+\/liﬁ

+

2
dr=2V1+7—4 1—\/1+m+(1—\/1+x)

8arctanh (1“— V}; ”1+””>
5

V5

output‘ 8/5%arctanh (1/5% (1+2* (1-(1+x)~(1/2))7(1/2))*57(1/2))*5~(1/2)+(1-(1+x)~(1/2
) T2+2% (1+x) ~(1/2) -4* (1-(1+x)~(1/2))~(1/2)

N\

3.12.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.71

T
/x—i- 1—+1+z

dr=x—-4\/1—+V1+4+z+

8arctanh ( i2vi-yvite V\lf vite )
5

V5

-

input LIntegrate [x/(x + Sqrt[1 - Sqrt[1 + x]1),x]

~—

output‘x - 4%Sqrt[1 - Sqrt[1 + x]] + (8*ArcTanh[(1 + 2*Sqrt[1 - Sqrt[l + x]]1)/Sqr

\ t[511)/Sqrt [5]

3.12.

Iy e
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3.12.3 Rubi [A] (warning: unable to verify)

Time = 0.50 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.41,
number of steps used = 5, number of rules used = 4, Mumber of rules _ ( 199 Ryles used

integrand size
= {7267, 7267, 2159, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

T
dz
/x—i-\/l—\/w—i—l

l 7267

/T +1
2/—_x_md\/x+1

l 7267

a—xxx+n<v€iiéiﬁ+1)
e« S G G

l 2159

{/(@+1ﬁ9— 1—vVe+i+4 = —4>dw1—vx+1

—r—1-vz+l
l 2009

V5 V5

4(hx+D2+;Fw—1%- T_VZIT_bg@Ml—Mw+ —v%+1)+bg@M1—Mx+1+V3+0\

inputtlnt[x/(x + Sqrt[1 - Sqrt[1 + x]1]),x]

| J

output‘4*((—1 -x)/2+ (1 +x)72/4 - Sqrt[1 - Sqrt[1 + x]] - Log[l - Sqrt[5] + 2%

\Sqrt [1 - Sqrt[1 + x]11/Sqrt[5] + Logll + Sqrt[5] + 2*Sqrt[1 - Sqrt[1 + x]]

L]/Sqrt[S]) J

/
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3.12.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruka2159‘Int[(Pq_)*((d_.) + (e_)*(x)) " (m_)*((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p
‘_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x"2)7p, x ‘
1, x] /; FreeQl{a, b, c, d, e, m}, x] & PolyQ[Pq, x] && IGtQlp, -2] |

rule 7267 ‘ Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si ‘
‘mp[lst[[2]]*lst[[4]] Subst[Int[1st[[1]1], x], x, 1st[[3]11"(1/1st[[211)], x ‘
‘] /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]1]

3.12.4 Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.82

method result size
9 8 arctanh <(1+21_5\/¢z)\/5> V5
derivativedivides | (1—v1+2z) +2V1+z—-2—-4V/1—-V1+z+ - 60
9 8 arctanh <w> \/5
defauls (1-Vi+z) +2VI+2-2-4V/1—VI+z+ 5 60
input Lint (x/ (x+(1-(1+x)~(1/2))~(1/2)) ,x ,method=_RETURNVERBOSE) J

output | (1-(14x)~(1/2))~2+2% (14x) ~ (1/2)-2-4% (1~ (14x) ~ (1/2) )~ (1/2) +8/5+arctanh (1/5%
(1425 (1= (1420~ (1/2)) " (1/2)) %57 (1/2)) %67 (1/2) |

3.12.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.51

T
/ dz
r++vV1—+vV1+=x

2—z—1

Zévgbg(Zﬁ—w@@z+1%+@@@+2)—&ﬂdx+l+(¢ax+2}—h@@m—l%—@dw+l—
5

+z—-4\/—Vr+1+1
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input | integrate (x/ (x+(1-(1+x)~(1/2))~(1/2)) ,x, algorithm="fricas")

output(4/5*sqrt(5)*log((2*x“2 - sqrt(B)*(3*x + 1) + (sqrt(8)*(x + 2) - 5*xx)*sqrt(
‘x + 1) + (sqrt(B)*(x + 2) - (sqrt(5)*(2*x - 1) - B)*sqrt(x + 1) - b*x)*sqr
‘t(-sqrt(x + 1) + 1) + 3*%x + 3)/(x"2 - x - 1)) + x - 4*sqrt(-sqrt(x + 1) +
EY)

|

3.12.6 Sympy [A] (verification not implemented)

Time = 3.96 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.21

xr
/ dx
T+ 1—\/1-I-—$
2
=—4\/1—\/:v—|—1+<1—\/1'+1> F oz +1

4v5(—log (VI—vaFI+}+ %) +log (VI—VaF - +1))

-2
5

-

inputLintegrate(x/(x+(1-(1+x)**(1/2))**(1/2)),X)

-/

output‘—4*sqrt(1 - sqrt(x + 1)) + (1 - sqrt(x + 1))**2 + 2*sqrt(x + 1) - 4*sqrt(5
‘)*(—log(sqrt(l - sqrt(x + 1)) + 1/2 + sqrt(5)/2) + log(sqrt(l - sqrt(x + 1
)) - sqrt(5)/2 + 1/2))/5 - 2

N

3.12.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.05

T (e \* 4 o VB2V +1+1-1
/z—i— 1_\/1+—xd$_< Tl 1> 5\/51g< VE+2V -V +il+1+1

+2Ve+1—4\/ —vVx+1+1-2

)

inputLintegrate(x/(x+(1—(1+x)‘(1/2))‘(1/2)),x, algorithm="maxima")

-/

Output‘ (sqrt(x + 1) - 1)72 - 4/5xsqrt(5)*log(-(sqrt(5) - 2*sqrt(-sqrt(x + 1) + 1)
‘ - 1)/(sqrt(5) + 2*sqrt(-sqrt(x + 1) + 1) + 1)) + 2*sqrt(x + 1) - 4*sqrt(-
‘sqrt(x +1) +1) -2
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3.12.8 Giac [A] (verification not implemented)

Time = 0.46 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.08

z 2 4 VB2V =V rT+1+1]
| = () _5ﬁ1°g< Vir2V—Varielsl )

+2vVz+1—4\/—v/zr+14+1-2

input{integrate(x/(x+(1-(1+x)‘(1/2))‘(1/2)),x, algorithm="giac")

e—

p

output‘ (sqrt(x + 1) - 1)72 - 4/5%sqrt(5)*log(abs(-sqrt(5) + 2*sqrt(-sqrt(x + 1) +
‘ 1) + 1)/(sqrt(5) + 2*sqrt(-sqrt(x + 1) + 1) + 1)) + 2*sqrt(x + 1) - 4*sqr
t(-sqre(x + 1) + 1) - 2

———————

3.12.9 Mupad [F(-1)]
Timed out.

dz

T T
dac=/
/m+\/1—\/1+1’ r++vV/1—+vzx+1

inputLint(x/(x + (1 - (x+ 1)°W2)°(1/2),x)

outputtint(x/(x + (1 - (x+1)"W/2))°(1/2)), %)
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V142
3.13 | WEE) dx

3.13.1 Optimal result . . . . . . . . . ... . 107
3.13.2 Mathematica [C] (verified) . . . . . . . . .. ... L Lo 108
3.13.3 Rubi [A] (verified) . . . . . ... .. 108
3.13.4 Maple [C] (verified) . ... ... . .. .. 110
3.13.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .. 1101
3.13.6 Sympy [F] . . . . . 1T
3.13.7 Maxima [F] . . . . . .. 111
3.13.8 Giac [F(-2)] . . . o o o 111
3.13.9 Mupad [F(-1)] . . . o o 112

3.13.1 Optimal result

Integrand size = 28, antiderivative size = 365

. 2+/1—i—(1— 2F)\/1+x)
r+vV1+z , * arctan ( 2VitV1—ivatvIta

xTr =
V1itz(1+z? 1
a:( z) 2 i+v/1—i

24V1+i— (1-2v1+i)Vita )
2/ —i+v/1FivVa+v/ 1+

9, /14t
i—V1+14

2—VI=i— (1+2F)m>

7 arctan (
_|_

jarctanh (

2V —i+v1—ivz+V1+z

1—1
2\/~ i—v/1—i
2—\/1+i—(1+2\/1+¢)\/1+z’)
2V/i+/1+i/ 2+ 1+

+

jarctanh (

144
i+ 1+4

output | 1/2*I*arctanh(1/2*(2-(1-I)~(1/2)-(1+2*(1-I1)~(1/2))*(1+x)~(1/2))/ (-I+(1-I)~
(1/2))°(1/2) / (x+(1+x)~(1/2))~(1/2)) / ((-1+I) /(I-(1-I)"(1/2)) )~ (1/2)-1/2xI*a
rctan(1/2*(2+(1-I)~(1/2)-(1-2%x(1-I)~(1/2) ) *(1+x)~(1/2) ) /(I+(1-I)~(1/2))~(1
/2)/ (x+(1+x)~(1/2))~(1/2))/((1-I)/(I+(1-I)~(1/2)) )~ (1/2)+1/2*I*arctan(1/2*
(2+(1+1)~(1/2)-(1-2%x (1+I) " (1/2) ) *(1+x) ~(1/2) ) / (-I+(1+I)~(1/2))~(1/2) / (x+(1
+x)7(1/2))7(1/2))/((-1-I) /(I-(1+I)~(1/2)) )~ (1/2)-1/2*I*arctanh (1/2% (2-(1+I
)7 (1/2) - (1+2% (1+I) " (1/2) ) * (1+x) ~(1/2)) / (I+(1+I)~(1/2) )~ (1/2) / (x+(1+x) ~(1/2
))(1/2))/((1+I) / (T+(1+I)~(1/2)))~(1/2)

/14
3.13. [ b da
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3.13.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.26 (sec) , antiderivative size = 217, normalized size of antiderivative = 0.59

z++v1+z 1 2 3 4 5 6
dr = ——=RootSum | 1 — 8#1 + 404#1° — 4841° + 204#1% + 8#1°> — 4+#1
Vita(l+a) T 2 AL A0 — ST 2071 4 S — 4

~log (—\/H——x+ Vi+Vita- #1) +5log (—m +Vr+Vita- #1) #12 — 510

—1 4 1041 — 1841% + 1041°

input LIntegrate [Sqrt[x + Sqrtl[1 + x]1/(Sqrt[1 + x]*(1 + x~2)),x] J

output | -1/2+%RootSum[1 - 8*#1 + 40*#172 - 48*#173 + 20*#174 + 8*#175 - 4x#176 + #1
8 & , (-Log[-Sqrt[1 + x] + Sqrt[x + Sqrt[1 + x]] - #1] + 5xLog[-Sqrt([1 +
x] + Sqrtlx + Sqrt[l + x]] - #1]*#1°2 - 5*xLog[-Sqrt[1 + x] + Sqrt[x + Sqgrt
[1 + x]] - #1]1*#1°4 + 2+Log[-Sqrt[1 + x] + Sqrtlx + Sqrt[1 + x]] - #1]*#1~
5)/(-1 + 10*#1 - 18*#172 + 10*#173 + 5*x#174 - 3*#175 + #177) & ]

3.13.3 Rubi [A] (verified)
Time = 0.97 (sec) , antiderivative size = 367, normalized size of antiderivative = 1.01,
number of steps used = 5, number of rules used = 4, number of rules _ 0.143, Rules used

integrand size
= {7267, 7292, 7279, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

r++vr+1 da
Vr+1(z2+1)
l7267

2 / —md\/aﬂ—i—l

2 4+1

l 7292

z+vz+1
2/(ar:+1)2—2(ac+1)+2“l“‘”Jrl

Vat+v1+z
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l 7279

2/( ivz+vr+1 ivr+vr+1 )dE:T

(2+20)—2@+1)  2@@+1)—(2—2i)

| 2009
. —((1—2v1=4) Va+1) +v1—i+2 . —((1=2v1+8) Vo+1) +v1+i+2 . —((14+2v1=0)Vz+1)
) _ tarctan ( N =N ) 4 varctan ( 2/ Iti—iy/a /ot ) + ZarCtanh< 2/ VI—i—iv/ot
1— 1+i 1—i
4 vz 4 i1+ 4 i1

input(Int[Sqrt[x + Sqrt[1 + x11/(Sqrt[1 + x]*(1 + x72)),x]

output | 2% (((-1/4*I)*ArcTan[(2 + Sqrt[1 - I] - (1 - 2xSqrt[1 - I])*Sqrt[1 + x]1)/(2
*Sqrt [I + Sqrt[1 - I11*Sqrtlx + Sqrt[1 + x11)1)/Sqrt[(1 - I)/(I + Sqrt[1 -
I1)]1 + ((I/4)*ArcTan[(2 + Sqrt[1 + I] - (1 - 2+Sqrt[1 + I])#*Sqrtl[1 + x])/
(2%8qrt[-I + Sqrt[1 + I]1]*Sqrtlx + Sqrt[1 + x1])]1)/Sqrt[(-1 - I)/(I - Sqrt
[1 + I1)] + ((I/4)*ArcTanh[(2 - Sqrt[1 - I] - (1 + 2#Sqrt[1 - I])*Sqrt[1l +
x])/(2*Sqrt[-I + Sqrt[1 - I]1]1*Sqrt[x + Sqrtl[i + x]11)1)/Sqrtl[(-1 + I)/(I -
Sqrt[1 - I1)] - ((I/4)*ArcTanh[(2 - Sqrt[1 + I] - (1 + 2xSqrt[1 + I])*Sqr
t[1 + x])/(2%Sqrt[I + Sqrt[1 + I]]1*Sqrt[x + Sqrtl[1 + x]11)]1)/Sqrt[(1 + I)/(
I+ Sqrtl1 + I1D1)

N

3.13.3.1 Defintions of rubi rules used

.
rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 7267 Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[lst[[1]1], x], x, 1st[[31]1°(1/1st[[2]11)], x
] /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]1]

rule 7279 Int[(u_)/((a_.) + (b_.)*(x_)"(n_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
{v = RationalFunctionExpand[u/(a + b*x™n + c*x~(2*n)), x]}, Int[v, x] /; Su
mQ[v]] /; FreeQ[{a, b, c}, x] && EqQ[n2, 2*n] && IGtQ[n, O]

rule 7292 Int [u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int([v, x] /; v =!
= u]

T+ 1+w
3.13. [ b da
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3.13.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.16 (sec) , antiderivative size = 109, normalized size of antiderivative = 0.30

method result

(2_R5 75_R4+5_R2 71> In ( Vet IFz—/1F

Z 7 5 4 3 2
L L (_R—RootOf(_Zg—4_ZG+8_Z5+20_Z4—48_ZS+40_Z2—8_Z+1) _R's R+s Rtio R'-1s R'410
derivativedivides | — 3

(2_R5 —5_R4+5_R2 —1) In (m—\/ﬁ

>
(_R:RootOf (_28—4_Ze+8_Z5 420 Z%_48 ZB440 72 —s_Z+1) _R7—3_R5+5_R4+10_R3—18_R2+10_
default — 5

input lint ((x+(1+x)~(1/2))~(1/2) / (x~2+1) / (1+x) ~(1/2) ,x ,method=_RETURNVERBOSE) J

output‘—1/2*sum((2*_R‘5—5*_R‘4+5*_R‘2—1)/(_R‘7-3*_R‘5+5*_R‘4+10*_R‘3-18*_R‘2+10*_
\R—i)*ln((x+(1+x)‘(1/2))‘(1/2)—(1+x)‘(1/2)—_R),_R=Root0f(_Z‘8—4*_Z‘6+8*_Z‘5
\+20*_z*4—48*_z*3+40*_z*2—8*_z+1)) \

3.13.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 5235 vs. 2(201) = 402.

Time = 5.92 (sec) , antiderivative size = 5235, normalized size of antiderivative = 14.34

V1
T (1t a7 40 = Too large to display
iHPUt Lintegrate ((x+(1+x)"(1/2))"(1/2) / (x~2+1) / (1+x)~(1/2) ,x, algorithm="fricas") J

A

p
output tToo large to include

T+ 1+w
3.13. [ b da
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3.13.6 Sympy [F]

r++vV1l+zx do — z+vr+1 dx
Vitz(1+22) ) Ve+1(@2+1)

inputtintegrate((x+(1+x)**(1/2))**(1/2)/(x**2+1)/(1+x)**(1/2),x)

OutputLIntegral(sqrt(x + sqrt(x + 1))/(sqrt(x + 1)*(x**2 + 1)), x)

3.13.7 Maxima [F]

z++V1+z dx—/ z++vVzr+1 Iz
Vitz(Q+22) ) @4+ 1)Vr+1

inputLintegrate((x+(1+x)‘(1/2))*(1/2)/(x‘2+1)/(1+x)‘(1/2),x, algorithm="maxima")

output Lintegrate(sqrt(x + sqrt(x + 1))/((x"2 + 1)*sqrt(x + 1)), x)

3.13.8 Giac [F(-2)]

Exception generated.

r++vV1+zx
V1+z(1+42?)

dxr = Exception raised: TypeError

-

inputtintegrate((x+(1+x)“(1/2))‘(1/2)/(x‘2+1)/(1+x)‘(1/2),x, algorithm="giac")

e—

p

output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx) : ;0UTPUT: Invalid _EXT in replace_ext Error:
‘Bad Argument Valuelnvalid _EXT in replace_ext Error: Bad Argument ValueDon

Le

-~ @@

T+ 1+w
3.13. [ b da
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3.13.9 Mupad [F(-1)]

Timed out.

z++V1+z d _/ z++vVr+1 dx
(@2+1)Vz+1

tz(l+z)

iTlpu’ﬂtint((x + (x + 1)7(1/2))7(1/2)/((x72 + D*(x + 1)7(1/2)),x)

outputtint((x + (x + 1)W/2))°(1/2)/((x72 + D)*(x + 1)7(1/2)), x)

/14
3.13. [ b da
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3.14  [VEVIIT gy
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3.14.7 Maxima [F] . . . . . . 118
3.14.8 Giac [F(-2)] . . . . o o INE
3.14.9 Mupad [F(-1)] . . . . oo 118

3.14.1 Optimal result

Integrand size = 21, antiderivative size = 337

/—x+\/H—xdx= 1, i ++/1 —iarctan <2+\/1——i—(1—2\/1——i)\/1+—x>

o 2Vi+VI—ivo+V1+z
+ 2iy/ =i+ VI farctanh (2 ;ﬁ;%ifj%t—x )
_ %imamanh (2 - ;/ﬁ;g\jf\/%/f—x)

output 1/2*I*arctanh(1/2*(2-(1-I)~(1/2)-(1+2%(1-I)"(1/2))*(1+x)~(1/2))/(-I+(1-I)~

(1/2))7(1/2) / (x+(1+x)~(1/2)) " (1/2) ) * (-I+(1-1)"(1/2) )~ (1/2) +1/2*I*arctan(1/
2% (2+(1-I)~(1/2)-(1-2%(1-I)~(1/2) ) *(1+x) ~(1/2)) /(I+(1-I)~(1/2))~(1/2) / (x+(
1+x)7(1/2)) 7 (1/2))*(I+(1-1)~(1/2) )~ (1/2)-1/2*xI*arctan (1/2* (2+(1+I) " (1/2)-(
1-2%x(1+ID)7(1/2))*(1+x) 7 (1/2) ) / (-I+(1+I) " (1/2)) " (1/2) / (x+(1+x) = (1/2) )~ (1/2)
)x(-I+(1+I)~(1/2))~(1/2)-1/2*I*arctanh(1/2%(2-(1+I)~(1/2) - (1+2*%(1+I)~(1/2)
)x(1+x)7(1/2)) /(T+(1+1) 7 (1/2) )~ (1/2) / (x+(1+x) 7 (1/2)) 7 (1/2) ) *(I+(1+I) ~(1/2)
)~ (1/2)

3.14. [ MELOAE gy

1422
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3.14.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.23 (sec) , antiderivative size = 212, normalized size of antiderivative = 0.63

Vz+y/1+a 1
/ $1++ x2+ = do = 5RootSum | 1 — 871 + 40#1% — A8#1% + 20#1* + 84#1° — 4#1°

” log (—\/1 Yo+vVetrvita-— #1> +2log (—\/1 Yo+vVe+vIta-— #1) #1— 2log (
1

T#LIE, —1 4 1041 — 1841 4 10#1°% +
input LIntegrate [Sqrt[x + Sqrtl[1 + x]11/(1 + x72),x] J

RootSum[1 - 8*#1 + 40*#172 - 48*#173 + 20*#174 + 8*#175 — 4*#1°6 + #1°8 &
» (Log[-Sqrt[1 + x] + Sqrtl[x + Sqrt[l + x]] - #1] + 2%Log[-Sqrt[1 + x] + S
grtlx + Sqrtl[1 + x]] - #1]1*#1 - 2*Log[-Sqrt[1 + x] + Sqrt[x + Sqrtl[1 + x]]
- #1]*#1°5 + Log[-Sqrt[1 + x] + Sqrtlx + Sqrt[1 + x]] - #11*#176)/(-1 + 1
Ox#1 — 18*#172 + 10*#17°3 + b*#174 - 3x#1°5 + #1°7) & 1/2

3.14.3 Rubi [A] (verified)
Time = 0.84 (sec) , antiderivative size = 339, normalized size of antiderivative = 1.01,
number of steps used = 5, number of rules used = 4, number of rules _ () 190, Rules used

integrand size
= {7267, 7292, 7279, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/\/a:—l— r+1
241
l 7267
2/\/ac+ \/2m+—|—1 rz+1 d\/—
l'7292

2/(Wmd_

z+1)2-2(z+1)+2

3.14. [ VEtvlEz g,

T 1422
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l 7279

2/<i\/a:+1\/m+i\/x+1\/x+\/m> AaTT

(2+2i) — 2z +1) 2(z + 1) — (2 — 2i)

lgoog
1./ — aretan —((1-2V/T=d) Vo +1)+vVI—i+2 Y et —(1—2vi+i

-

inputLInt[Sqrt[x + Sqrtl1 + x]11/(1 + x72),x]

-/

output | 2% ((I/4)*Sqrt[I + Sqrt[1 - I]]*ArcTan[(2 + Sqrt[1l - I] - (1 - 2#Sqrt[l - I
1)*Sqrt[1 + x])/(2*%Sqrt[I + Sqrt[1 - I]]*Sqrt[x + Sqrt[1 + x]]1)] - (I/4)*S
grt[-I + Sqrt[1 + I]I*ArcTan[(2 + Sqrt[1 + I] - (1 - 2*Sqrt[1 + I])*Sqrt[1
+ x])/(2*%Sqrt[-I + Sqrt[1 + I]]*Sqrt[x + Sqrt[1 + x]1)] + (I/4)*Sqrt[-I +
Sqrt[1 - I]]l*ArcTanh[(2 - Sqrt[1 - I] - (1 + 2#Sqrt[1 - I])#*Sqrtl[1 + x]1)/
(2#Sqrt[-I + Sqrt[1 - I]1*Sqrtlx + Sqrt[1l + x]1)] - (I/4)*Sqrt[I + Sqrt[1
+ I]]*ArcTanh[(2 - Sqrt[l + I] - (1 + 2%Sqrt[1 + I])*Sqrt[1 + x])/(2*Sqrtl[
I + Sqrt[1 + IJ]1*Sqrtlx + Sqrt[1 + x11)1)

3.14.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7267 Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1"(1/1st[[2]11)], x
1 /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]1]

rule 7279 Int[(u_)/((a_.) + (b_.)*(x_)"(n_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
{v = RationalFunctionExpand[u/(a + b*x™n + c*x~(2*n)), x]1}, Int[v, x] /; Su
mQ[v]] /; FreeQ[{a, b, c}, x] && EqQ[n2, 2xn] && IGtQ[n, O]

ruka7292‘1nt[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!
B

—

3.14. [ MELOAE gy

1422
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3.14.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.09 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.31

method result

<_R672_R5+2_R+1> tn (Vo - VI

>
. . L. (_R—RootOf(_Z8—4_ZG+8_Z5+20_Z4—48_Z3+40_Z2—8_Z+1) _R7—3_R5+5_R4+10_R3—18_R2+10_B
derivativedivides 5

<_R6—2_R5+2_R+1) In (m— ViFo—_

>
(_R:RootOf (_Z8 —4 7848 ZPi20 Z*-48 ZBia0_ 72 —8_Z+1) _R7—3_R5+5_R4+10_R3—18_R2+10_B
default 3

input Lint ((x+(1+x)~(1/2))~(1/2)/(x~2+1) ,x ,method=_RETURNVERBOSE) J

output | 1/2+sum((_R"6-2%_R"5+2%_R+1)/(_R"7-3%_R"5+5x_R"4+10%_R"3-18%_R"2+10%_R-1)*
In((x+(1+x)"(1/2))~(1/2)- (14x)~(1/2) - _R) ,_R=Root0f (_Z"8-4x_Z6+8%_Z 5+20%_
| Z°4-48%_Z"3+40%_Z72-8%_Z+1)) |

3.14.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 4535 vs. 2(185) = 370.

Time = 3.40 (sec) , antiderivative size = 4535, normalized size of antiderivative = 13.46

T2 x = Too large to display
x

/md

input integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1) ,x, algorithm="fricas")

3.14. [ MELOAE gy

1422
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-1/4*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4*I + 1/4) - 2xsqrt(-3/16*(2*sqrt(1/
4x1 + 1/4) + I)72 - 1/8%(2*sqrt(1/4*I + 1/4) + I)*(2*sqrt(-1/4*I + 1/4) -
I) - 3/16*%(2*sqrt(-1/4*I + 1/4) - I)~2))*log(-1/4*(2*x(((2*%x + 1)*sqrt(x +
1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4) + I) + 4%(2*x + 1)*sqrt(x + 1) - x - 8)
xsqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I)"2 + 2x(((2*x + 1)*sqrt(x
+ 1) - 9%x - 2)*(2*%sqrt(1/4*I + 1/4) + I)72 + (3*x - 16)*sqrt(x + 1) + 4%
x - 3)*sqrt(x + sqrt(x + 1))*(2xsqrt(-1/4*I + 1/4) - I) + 8*((((2*x + 1)*s
grt(x + 1) - 9%x - 2)*x(2*sqrt(1/4*I + 1/4) + I) + 4%(2*x + 1)*sqrt(x + 1)
- x - 8)*sqrt(x + sqrt(x + 1))*(2xsqrt(-1/4*I + 1/4) - I) + ((4x(2xx + 1)*
sqrt(x + 1) - x - 8)*(2xsqrt(1/4*I + 1/4) + I) - (3%x - 16)*sqrt(x + 1) -
4*xx + 3)*sqrt(x + sqrt(x + 1)))*sqrt(-3/16x(2xsqrt(1/4*I + 1/4) + I)°2 - 1
/8% (2xsqrt (1/4*1 + 1/4) + I)*(2xsqrt(-1/4*I + 1/4) - I) - 3/16%(2xsqrt(-1/
4xI + 1/4) - I)72) + 2%((4*%(2*x + 1)*sqrt(x + 1) - x - 8)*(2*sqrt(1/4*I +
1/4) + I)72 + ((3*x - 16)*sqrt(x + 1) + 4*x - 3)*(2xsqrt(1/4*I + 1/4) + I)
+ 12%(2*%x + 1)*sqrt(x + 1) + 32%x + 46)*sqrt(x + sqrt(x + 1)) + ((3*x"2 +
8*sqrt(x + 1)*x(x - 2) - 16%x + 5)*(2ksqrt(1/4*I + 1/4) + I)"2 + (3*x"2 -
2% (4*x"2 - sqrt(x + 1)*(x - 2) + 2%x - 5)*(2*sqrt(1/4*I + 1/4) + I) + 8%sq
rt(x + D*x(x - 2) - 16%x + 5)*(2*%sqrt(-1/4*I + 1/4) - I)"2 + 44*x"2 - 2%(6
*x"2 + (16*x + 3)*sqrt(x + 1) + 3*x + 10)*(2*sqrt(1/4*I + 1/4) + I) - 2*((
4xx"2 - sqrt(x + 1)*x(x - 2) + 2%x - 5)*(2*xsqrt(1/4*I + 1/4) + I)72 + 6%*...

3.14.6 Sympy [F]

/md _/m

1422 241

input | integrate ((x+(1+x)**(1/2))**(1/2)/ (x**2+1) ,x)

» X)

3.14. [ VEtvlEz g,

T 1422
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3.14.7 Maxima [F]

/m /m

1+ 22 241

inputLintegrate((x+(1+x)“(1/2))“(1/2)/(x*2+1),x, algorithm="maxima")

output‘ integrate(sqrt(x + sqrt(x + 1))/(x"2 + 1), x)

3.14.8 Giac [F(-2)]
Exception generated.

/m

1522 dxr = Exception raised: TypeError

inputLintegrate((x+(1+x)“(1/2))“(1/2)/(x“2+1),x, algorithm="giac")

output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Invalid _EXT in replace_ext Error:
‘Bad Argument Valuelnvalid _EXT in replace_ext Error: Bad Argument ValueDon
e

3.14.9 Mupad [F(-1)]

Timed out.

/m /m

1+ 22 2+1

inputtint«x + (x + 1D°QW/2D)"W/2D/(x"2 + 1),%)

outputtint((x + (x + 1)"W/2))"(1/2)/(x"2 + 1), %)

3.14. [ VEtvlEz g,

T 1422
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3.15 f\/1+\/5—|-\/1—|—2\/5+2xda:

3.15.1 Optimalresult . . .. .. .. .. . .. ... . e 119
3.15.2 Mathematica [A] (verified) . . . . . . .. .. ... L INE)
3.15.3 Rubi [A] (verified) . . . . . . . . . . ... 1201
3.15.4 Maple [F] . . . . . o o [121]
3.15.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 1211
3.15.6 Sympy [F] . . . . . 121
3.15.7 Maxima [F] . . . . . . . 122
3.15.8 Giac [F] . . . . . o 1221
3.15.9 Mupad [F(-1)] . . . . oo 122

3.15.1 Optimal result

Integrand size = 27, antiderivative size = 77

/\/1+\/5+\/1+2\/5+2xdx

2¢1+v%+\ﬂ+avz+z(2+v%+6ﬁﬂ—(z—¢@\ﬂ+av%+2@
- 15\/

output | 2/15% (2+6%x~ (3/2)+x~ (1/2) - (2-x" (1/2) ) * (1+2%x+2%x" (1/2))~ (1/2) )% (1+x~ (1/2) +
‘(1+2*x+2*x“(1/2))“(1/2))“(1/2)/x“(1/2)

3.15.2 Mathematica [A] (verified)

Time = 10.03 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.96

/\/1+\/5+\/1+2\/5+2xdx

zvﬁ+vE+\ﬂ+a¢5+242+¢5+mﬁﬁ+p2+¢a 1+2/z +20)
- 15\/

input  Integrate[Sqrt[1 + Sqrt[x] + Sqrt[1 + 2*Sqrt[x] + 2*x]],x]

3.15. f\/1+\/5+ V1+2yz+2zde
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output‘(2*Sqrt[1 + Sqrt[x] + Sqrtl[l + 2xSqrt[x] + 2*xx]]1*(2 + Sqrtl[x] + 6*%x~(3/2)
L+ (-2 + Sqrt[x])*Sqrt[1 + 2*Sqrt[x] + 2*x]))/(15%Sqrt[x])

3.15.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, Bumber of rules _ , 474 Ryjles used = {7267,
integrand size
2539}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/\/\/E+\/2x+2\/5+1+1dw

| 7267
2/\/9_0\/\/E+\/2x+2\/5+1+1d\/§
l 2539
2\/VE+ /22 +2Va +1+1(60%2 4+ V& — (2- V) V20 + 25 +1+2)
15\
inputtlnt [Sqrt[1 + Sqrt[x] + Sqrt[1l + 2*Sqrt[x] + 2x*x]],x] J

e B

(2#Sqrt[1 + Sqrt[x] + Sqrt[1l + 2*Sqrt[x] + 2*xx]]1*(2 + Sqrt[x] + 6*x~(3/2)
\— (2 - Sqrt[x])*Sqrt[1 + 2%Sqrt[x] + 2*x1))/(15%Sqrt[x]) J

output

3.15.3.1 Defintions of rubi rules used

rule 2539 Int[((g_.) + (h_.)*(x_))*Sqrt[(d_.) + (e_.)*(x_) + (f_.)*Sqrtl(a_.) + (b_.)
*¥(x_) + (c_.)*(x_)"2]1]1, x_Symbol] :> Simp[2*((£*(5*bxc*g™2 - 2%b~2*gxh - 3%
axcxg¥h + 2xaxb*h~2) + cxf*x(10*cxg™2 - bxgxh + a*h™2)*x + 9*c™2xfxg*h*x~2 +
3*%c"2xf*h"2%x"3 - (exg - d*h)*(5*cxg - 2%bxh + c*h*x)*Sqrt[a + b*x + c*x"2
1)/ (16xc™2*xf*(g + h*x)))*Sqrt[d + exx + f*xSqrtl[a + b*x + c*x"2]], x] /; Fre
eQ{a, b, c, d, e, £, g, h}, x] && EqQ[(e*g - d¥h)~2 - £72*(c*g™2 - b*gxh +
axh~2), 0] && EqQ[2*e~2%g - 2xd*exh - f£~2%(2%c*g - bxh), 0]

3.15. bf¢1+v%+w/r+2¢§+2zm:
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ruk37267‘Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
‘mp[lst[[2]]*lst[[4]] Subst [Int [1st[[1]], x], x, 1st[[3]11°(1/1st[[2]11)], x
‘] /; [FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

3.15.4 Maple [F]

/\/1+\/5+\/1+2m+2\/5dx

inputLint((1+x‘(1/2)+(1+2*x+2*x‘(1/2))“(1/2))*(1/2),X)

outputLint((1+x‘(1/2)+(1+2*x+2*x‘(1/2))‘(1/2))‘(1/2),X)

3.15.5 Fricas [A] (verification not implemented)

Time = 0.48 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.73

/\/1+\/5+\/1+2\/5+2xdx

2<6x2+\/2x+2\/5+1(x—2\/5)+x+2\/§>\/\/2x+2\/5+1+\/5+1
- 15«

inputLintegrate((1+x“(1/2)+(1+2*x+2*x“(1/2))“(1/2))‘(1/2),x, algorithm="fricas")

output‘2/15*(6*x‘2 + sqrt(2*x + 2*sqrt(x) + 1)*(x - 2*sqrt(x)) + x + 2*sqrt(x))*s
‘qrt(sqrt(2*x + 2*%sqrt(x) + 1) + sqrt(x) + 1)/x

3.15.6 Sympy [F]

/\/1+\/ﬂ_v+\/1+2\/5+2mdx=/\/\/5+\/2\/3_v+2m+1+1dx

input Lintegrate ((L+x#k (1/2) + (1+2xx+2%xxx (1/2) ) ** (1/2) ) ** (1/2) ,x)

outputLIntegral(sqrt(sqrt(x) + sqrt(2*sqrt(x) + 2*%x + 1) + 1), x)

3.15. f\/1+\/5+ V1+2yz+2zde
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3.15.7 Maxima [F]

/\/1+\/5+\/1+2\/5+2xdz=/\/\/2z+2\/5+1+\/5+1dx

input Lintegrate ((1+x~(1/2)+(1+2*x+2%x~(1/2))~(1/2))~(1/2) ,x, algorithm="maxima")

outputLintegrate(sqrt(sqrt(2*x + 2%¢sqrt(x) + 1) + sqrt(x) + 1), x)

3.15.8 Giac [F]

/\/1+\/5+\/1+2\/5+2xdx=/\/\/2x+2\/5+1+\/5+1dx

inputtintegrate((1+x“(1/2)+(1+2*x+2*x‘(1/2))‘(1/2))‘(1/2),x, algorithm="giac")

outputtintegrate(sqrt(sqrt(2*x + 2%sqrt(x) + 1) + sqrt(x) + 1), x)

3.15.9 Mupad [F(-1)]

Timed out.

/\/1+\/5+\/1+2\/5+2xd$=/\/\/2z+2\/5+1+\/5+1dx

inputtim:(((z*x + 2%x~(1/2) + 1)~(1/2) + x~(1/2) + 1)~(1/2),%)

output Lint(((2*x + 2%x~(1/2) + 1)°(1/2) + x~(1/2) + 1)~(1/2), x)

3.15. f\/1+\/:i+ V1+2yz+2zde
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3.16 f\/\/§+\/5+\/2+2\/§\/5—|—233d33

3.16.1 Optimalresult . . .. .. .. ... .. ... .. . 123
3.16.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 123
3.16.3 Rubi [A] (verified) . . . . . . ... .. 124
3.16.4 Maple [F] . . . . . . o 125
3.16.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.16.6 Sympy [F] . . . . . . 126
3.16.7 Maxima [F] . . . . . .. .. .. 126
3.16.8 Giac [F(-2)] . o v vt 27
3.16.9 Mupad [F(-1)] . . . . o o 127

3.16.1 Optimal result

Integrand size = 36, antiderivative size = 118

/\/\/§+\/E+\/2+2\/§\/5+25'3dx

VA VB4 VE + VBT VBVE (44 VEVE + 8V~ VE@VE - VE) |14 VEVE )
- 157

e B

2/16%27 (1/2) % (4+3%x~(3/2) %27 (1/2)+27 (1/2) *x~ (1/2)-27(1/2) * (2%27 (1/2)-x~(1/
2)) % (14x427 (1/2)%x7 (1/2)) 7 (1/2) )% (27 (1/2) 4% (1/2)+27 (1/2) % (143427 (1/2) #x(
11/2))7(1/2))7(1/2) /x"(1/2) |

output

3.16.2 Mathematica [A] (verified)

Time = 10.05 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.95

/\/\/§+\/E+\/2+2\/§\/£_6+2xdx

2\/5(4+\/§\/5+3\/§x3/2+\/§(—2\/§+\/5) \/1+\/§\/E+x) \/\/5+\/§(1+\/1+\/§\/5+x\
/
- 15/

3.16. f\/\/§+\/a‘c+ \/2+2\/§\/5+2xdx
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input ‘ Integrate[Sqrt[Sqrt[2] + Sqrtl[x] + Sqrt[2 + 2*Sqrt[2]*Sqrt[x] + 2*x]],x] ‘

‘ + Sqrt[x])*Sqrt[1 + Sqrt[2]*Sqrt[x] + x])*Sqrt[Sqrt[x] + Sqrt[2]*(1 + Sqrt

output ‘/(2*Sqrt [2]*(4 + Sqrt[2]*Sqrt([x] + 3*Sqrt[2]*x~(3/2) + Sqrt[2]*(-2xSqrt[2] \‘
‘ [1 + Sqrt[2]*Sqrt[x] + x]1)1)/(15*%Sqrt[x]) ‘

3.16.3 Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 3, Bumber of rules _ 483 Ryles used

' integrand size
= {7267, 2540, 2539}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/\/\/E+\/2x+2\/§\/5+2+\/§d33

l 7267

2/\/5\/x/§<\/m+\/§\/a?+1+1) + Vzd\/T

l 2540

2 [ VYV + VaeVaVE 1+ ViiYE

l 2539

2|V + VB e VaVE + 14 VE(3VER 4 VEVE ~ VE(VE - VE) ot VB 1 44)

15V

input ‘ Int[Sqrt[Sqrt[2] + Sqrt[x] + Sqrt[2 + 2*Sqrt[2]*Sqrt[x] + 2*x]],x] ‘

‘ *(4 + Sqrt[2]*Sqrt[x] + 3*Sqrt[2]*x~(3/2) - Sqrt[2]*(2+Sqrt[2] - Sqrtl[x])=*

output ‘{(Q*Sqrt [2]1*Sqrt [Sqrt[2] + Sqrt[x] + Sqrt[2]*Sqrt[1 + Sqrt[2]*Sqrt[x] + x]] \‘
Sqrt[1 + Sqrt[2]*Sqre[x] + x1))/(16+Sqrt[x]) |

3.16. f\/\/§+\/a‘c+ \/2+2\/§\/5+2xdx
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3.16.3.1 Defintions of rubi rules used

rule 2539

rule 2540

Int[((g_.) + (h_.)*(x_))*Sqrtl[(d_.) + (e_.)*(x_) + (£f_.)*Sqrt[(a_.) + (b_.)
*(x_) + (c_.)*(x_)"2]1]1, x_Symbol] :> Simp[2*((£x(5*bxc*g™2 - 2%b~2*gxh - 3%
axckgxh + 2%axb*h~2) + cxf*(10*c*g™2 - b*gxh + a*h™2)*x + 9*c™2xf*gxh*x~2 +
3xc"2xfxh"2*x"3 - (e*g - d*h)*(5*ckg - 2*%b*h + ckh*x)*Sqrt[a + b*x + c*x™2
1)/ (16xc™2*xf*(g + h*x)))*Sqrt[d + exx + f*xSqrtl[a + b*x + c*x"2]], x] /; Fre
eQ[{a, b, c, d, e, £, g, h}, x] && EqQ[(e*g - dxh)~2 - £~2%(c*g~2 - b*g*h +
a*h~2), 0] && EqQ[2*e~2*g - 2*d*exh - f£72x(2*c*g - b*h), 0]

Int[(Cu_) + (£_.)*((G_.) + (k_.)*Sqrtlv_1))"(n_.)*((g_.) + (h_.)*(x_)) " (m_.
), x_Symbol] :> Int[(g + h#*x) m*(ExpandToSum[u + f*j, x] + f*k*Sqrt[ExpandT
oSum[v, x]1)°n, x] /; FreeQ[{f, g, h, j, k, m, n}, x] && LinearQ[u, x] && Q
vadraticQ[v, x] && !(LinearMatchQ[u, x] && QuadraticMatchQ[v, x] && (EqQ[j
, 01 || EqQ[f, 11)) && EqQ[(Coefficient[u, x, 1]*g - h*(Coefficient[u, x, O
1 + £%j))"2 - £72xk™2*(Coefficient[v, x, 2]*g™2 - Coefficient[v, x, 1]*g*h
+ Coefficient[v, x, 0]*h~2), 0]

rule 7267

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[lst[[1]], x], x, 1st[[3]11°(1/1st[[2]11)], x
1 /; 'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

3.16.4 Maple [F]

/\/\/5+\/5+\/2+2x+2\/§\/5dx

input L

int ((27(1/2) +x7 (1/2) +(2+2xx+2%27 (1/2) *x~(1/2) )~ (1/2) )~ (1/2) ,x)

e

output L

int ((27(1/2)+x7 (1/2) +(2+2*x+2%27 (1/2) *x~(1/2) ) ~(1/2) )~ (1/2) ,x)

3.16. f\/\/§+\/a‘c+ \/2+2\/§\/5+2xdx

~—
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3.16.5 Fricas [A] (verification not implemented)

Time = 0.80 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.62

/\/x/ﬁ+\/5+\/2+2\/§\/5+2xdx

_2<6x2+(ﬁx—4\/§)\/2\/§\/5+2x+2+4\/§\/5+2x)\/\/§+\/2\/§\/E+2x+2+\/5
152

input integrate((27(1/2)+x~(1/2)+(2+2*x+2%2~(1/2)*x~(1/2))~(1/2))~(1/2) ,x, algor
ithm="fricas")

output | 2/16%(6*%x~2 + (sqrt(2)#*x - 4*sqrt(x))*sqrt(2*sqrt(2)*sqrt(x) + 2*xx + 2) +
4*sqrt (2) *sqrt(x) + 2*x)*sqrt(sqrt(2) + sqrt(2xsqrt(2)*sqrt(x) + 2*x + 2)
+ sqrt(x))/x

3.16.6 Sympy [F]

/\/\/5+\/?c+ \/2+2x/§\/5+2xdx=/\/\/”_”+\/2‘/5\/5+2‘”+2+‘/§dx

input Lintegrate((2**(1/2)+x**(1/2)+(2+2*x+2*2**(1/2)*x** (1/2))*x(1/2))*x(1/2) ,x) J

outputLIntegral(sqrt(sqrt(x) + sqrt(2*sqrt(2)*sqrt(x) + 2*x + 2) + sqrt(2)), x) J

3.16.7 Maxima [F]

/\/\/5+\/3_3+\/2+2\/§\/§+293d1'=/\/\/§+\/2\/5\/5+2z+2+\/5dm

input‘integrate((QA(1/2)+x‘(1/2)+(2+2*x+2*2‘(1/2)*X‘(1/2))‘(1/2))‘(1/2),X, algor
‘ithm="maxima") ‘

outputLintegrate(sqrt(sqrt(2) + sqrt(2*sqrt(2)*sqrt(x) + 2*%x + 2) + sqrt(x)), x) J

3.16. f\/\/§+\/a‘c+ \/2+2\/§\/5+2xdx



CHAPTER 3. LISTING OF INTEGRALS 127

3.16.8 Giac [F(-2)]

Exception generated.

/ \/ V24 z + \/ 2 + 2v/2/z + 2z dx = Exception raised: TypeError

input | integrate ((27(1/2)+x~ (1/2)+(2+2*x+2*27(1/2)*x~(1/2))~(1/2))~(1/2) ,x, algor
ithm="giac")

output | Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ;OUTPUT:The choice was done assuming [sageV
ARx]=[79] sym2poly/r2sym(const gen & e,const index_m & i,const vecteur & 1)

Error: B

3.16.9 Mupad [F(-1)]

Timed out.

/\/\/§+\/5+\/2+2\/§\/5+2xdw=/\/\/2x+2\/§\/5+2+\/§+\/5d$

input{int(((2*x + 2x27(1/2)*x~(1/2) + 2)~(1/2) + 27(1/2) + x~(1/2))~(1/2) ,%)

—

-

Outputtint(((2*x + 2%27(1/2)*x~(1/2) + 2)~(1/2) + 27(1/2) + x~(1/2))~(1/2), %)

-/

3.16. f\/\/i+\/a‘c+ \/2+2\/§\/5+2xdx
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VIt+y1+x
3.17.1 Optimal result . . . . . . . . . .. .. 128]
3.17.2 Mathematica [A] (verified) . . . . . . . . .. ... 128]
3.17.3 Rubi [A] (verified) . . . . . .. . .. 129
3.17.4 Maple [B] (verified) . . . . . .. . . ... 131
3.17.5 Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. 1321
3.17.6 Sympy [F] . . . . o 132
3.17.7 Maxima [F] . . . . . . 133
3.17.8 Giac [B] (verification not implemented) . . . ... ... ... ... ..... 133
3.17.9 Mupad [F(-1)] . . . . o o o 134

3.17.1 Optimal result

Integrand size = 17, antiderivative size = 83

v+vVl+zx ve+vVl4+z 1 3+vV1+zx
de=_f_ arctan 5

r++v14+x

—l—%arctanh( 1-3vitz )

2V ++v/1l+x

)

output ‘ -1/4*arctan(1/2*(3+(1+x)~(1/2))/ (x+(1+x)~(1/2))~(1/2) ) +3/4*arctanh (1/2*(1-
3x(1+x)7(1/2)) / (x+(1+x)~(1/2))~(1/2) ) - (x+(1+x) " (1/2) )~ (1/2) /x

N\

3.17.2 Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.93

/—de:—w—larctan (1+\/1+x—\/z+\/1+x>
T T 2

— garctanh<1 —vV14+x+ \/x-l-\/l—i-x)

input LIntegrate [Sqrt[x + Sqrt[1 + x]1/x72,x]

output‘ -(Sqrt[x + Sqrt[1 + x]1/x) - ArcTan[1l + Sqrt[1 + x] - Sqrt[x + Sqrt[1 + x]

‘]]/2 - (3*ArcTanh[1 - Sqrt[1 + x] + Sqrt[x + Sqrt[1 + x]1]1)/2

3.17.

f—”t‘{mdw
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3.17.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.11, number
of steps used = 9, number of rules used = 8, Bummber of rules _ 471 Ryjes used = {7267,

integrand size
1347, 27, 1366, 25, 1154, 217, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

[VerdeE,
$2
l 7267
2/\/m\/;+\/md\/x_ﬂ
l 1347
1 2Vr+1+41 T \/:p—|— T+
2<2/2xvx+vEITd )

l 97
2(_1/:_2%51T+4.d¢51__\hr;gfii>

1) ool
l 1366
1{ 3 1 1 1 Y
2(4(‘2/(1_¢m) v GCRTRY hwrs oy xwmd“”“)‘ 2%
l 25
1(1 1 3 1 T+vVz+1
2(4(2/(¢x—+1+1)md°$+1_2 (1-vaFi) x+\/md””“>_ 2 )
l 1154
2<1<3 1 ,1-3Va+1 _ 1 d(_ VTFIi+3 ))_ :n+¢x+1)
83—z \z+yz+1 J -5 z+Vz+1 2z
l 217
/‘ 1—3%??'_1Ma Vz+1+3 _Vzt+Vr+l
3_93 Vz+vz+1 2m 2z

3.17. [V gy
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l 219

1/(3 1-3vx+1 1 vVe+1+4+3 r++vVr+1
2| - | zarctanh| ————| — - arctan | ———— -
4\2 2vVz+vz+1 2 2vVz++vz+1 2z

inputLInt[Sqrt[x + Sqrt[1 + x]1/x72,x]

0utput‘2*(—1/2*Sqrt[x + Sqrtl[1 + x]1/x + (-1/2*%ArcTan[(3 + Sqrt[1 + x])/(2*Sqrt([x
‘ + Sqrt[1 + x]11)] + (3%ArcTanh[(1 - 3*Sqrt[1 + x])/(2*Sqrt[x + Sqrt[1l + x]
DH1/2)/4)

3.17.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

ruk327‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

N

rule 217 Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

rule 219 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0]1)

rule 1154 Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d~2 - 4*bxd*e + 4*axe”™2 - x~2), x], x, (
2kaxe — bkd - (2%c*d - b*e)*x)/Sqrtla + bxx + cxx~2]1]1, x] /; FreeQl{a, b, c
’ d, e}: X]
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rule 1347 Int[((g_.) + (h_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p_)*((d_) + (e_.)*(x_) + (£
_I)*(x_)"2)7(q_), x_Symbol] :> Simp[(a*h - gxc*x)*(a + c*x"2)"(p + 1)*((d +

exx + f*x72)7q/(2*axcx(p + 1))), x] + Simp[2/(4*a*cx(p + 1)) Int[(a + c*
x72)7(p + 1)*(d + exx + £*x72)7(q - 1)*Simp[g*c*d*(2*p + 3) - ax(hxe*q) + (
gxckxex(2+%p + q + 3) - ax(2¥h*xfxq))*x + gxc*f*(2*%p + 2xq + 3)*x~2, x], x], x
1 /; FreeQl{a, c, 4, e, £, g, h}, x] && NeQ[e™2 - 4xdxf, 0] && LtQ[p, -1] &
& GtQlq, 0]

rule 1366 Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol]l :> With[{q = Rt[(-a)*c, 2]}, Simp[(h/2 + c*(g/(2*q
)))  Int[1/((-q + c*x)*Sqrt[d + exx + f*x~2]), x], x] + Simp[(h/2 - c*(g/(
2%q)))  Int[1/((q + c*x)*Sqrt[d + e*x + f*xx~2]), x], x]] /; FreeQl[{a, c, d
, e, £, g, h}, x] & NeQ[e™2 - 4*dxf, 0] && PosQ[(-a)x*c]

ruk37267‘Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
‘mp[1st[[2]1%1st[[4]]  Subst[Int[1st[[1]], x], x, 1st[[311~(1/1st[[21])], x |
‘] /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x11]

3.17.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 297 vs. 2(59) = 118.

Time = 0.05 (sec) , antiderivative size = 298, normalized size of antiderivative = 3.59

method result

3 \
—1+v1F2)*+3v1+z—2) * i) ravita—s I d+vIFet/(-1+vIite) +3vIta—2
derivativedivides —(( VIR 3V 2) + 3/ (-1t 1+4) tovitem2 <2 v )

2(-1+v1+z) 2
A
default — S (C1viTa) + 1 + 5

input | int ((x+(1+x)"~(1/2))"~(1/2)/x~2,x,method=_RETURNVERBOSE) |
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output | -1/2/ (-1+(1+x)~(1/2) ) * ((-1+(1+x) ~(1/2)) ~2+3* (1+x) ~(1/2)-2)~(3/2) +3/4* ((-1+
(1+x)~(1/2))"2+3* (1+x) " (1/2)-2) " (1/2)+1/2*1n(1/2+(1+x) " (1/2) +((-1+(1+x) " (1
/2))72+3% (1+x) ~(1/2)-2) ~(1/2) )-3/4*arctanh (1/2% (-1+3* (1+x) ~(1/2)) / ((-1+(1+
x) " (1/2)) 7 2+3% (1+x) ~(1/2)-2) " (1/2) )+1/4* (1+2% (1+x) ~(1/2) ) * ((-1+(1+x) ~ (1/2)
) T2+3% (1+x) ~(1/2)-2)"(1/2)-1/2/ (1+(1+x) " (1/2)) * ((1+(1+x) ~(1/2) ) "2-(1+x)~ (1
/2)-2)"(3/2)-1/4*%((1+(1+x)~(1/2) ) "2-(1+x)~(1/2)-2)~(1/2)-1/2*¥1n(1/2+(1+x) "
(1/2)+(A+(1+x) " (1/2))"2-(1+x)~(1/2)-2)"(1/2))+1/4*xarctan(1/2*x (-3-(1+x) " (1
/2))/((1+(1+x) ~(1/2))"2-(1+x) " (1/2)-2) ~(1/2) ) +1/4* (1+2*% (1+x) = (1/2) ) * ((1+(1
+x)7(1/2))"2-(1+x) " (1/2)-2)~(1/2)

3.17.5 Fricas [A] (verification not implemented)

Time = 1.75 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.98

/\/x—l—\/l—l—:cdz
22

2Vz+vz+1(vVz+1-3) 2Vae+vz+1(Vz+1+1)—32—2Vz+1-2
- >+3cclog< )—4 r+Vr+1

x arctan ( -

4z

input Lintegrate((X+(1+X)A(1/2))A(1/2)/XA2,X, algorithm="fricas")

~—

output‘1/4*(x*arctan(2*sqrt(x + sqrt(x + 1))*(sqrt(x + 1) - 3)/(x - 8)) + 3*x*log
‘((2*sqrt(x + sqrt(x + 1))*(sqrt(x + 1) + 1) - 3xx - 2xsqrt(x + 1) - 2)/x)
‘- 4xsqrt(x + sqrt(x + 1)))/x

3.17.6 Sympy [F]

/\/x+\/1+xdx_/\/x+\/x+1dz
x? N x?

e hY

integrate ((x+(1+x) %% (1/2))**(1/2) /x**2,x)

N\ J

input

outputLIntegral(sqrt(x + sqrt(x + 1))/x**2, x) J
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133
3.17.7 Maxima [F]
/\/x+\/1+—xdm=/vx+\/mdx
x? x?
input Lintegrate ((x+(1+x)~(1/2))~(1/2)/x"2,%, algorithm="maxima") J

output‘integrate(sqrt(x + sqrt(x + 1))/x72, x)

3.17.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 188 vs. 2(59) = 118.

Time = 0.50 (sec) , antiderivative size = 188, normalized size of antiderivative = 2.27

/\/:U+\/1+:cdm_
2 -

_2(m_¢z+1)3_3(m_@+1)2_mwﬁm

(\/a:+\/x+ —\/x+1>4—2(\/w+\/m+ —\/x+1)2+4\/z+\/ﬁ—4\/x—+1
+%arctan( x+\/x+1—\/x+1—1)—zlog<’ x—l—\/w+1—\/x—|—1+2')
+Zlog(‘ x+\/:v+1—\/w+1')

inputLintegrate((x+(1+x)“(1/2))‘(1/2)/x“2,x, algorithm="giac")

-

output | -(2*(sqrt(x + sqrt(x + 1)) - sqrt(x + 1))7°3 - 3*(sqrt(x + sqrt(x + 1)) - s

grt(x + 1))7°2 - sqrt(x + sqrt(x + 1)) + sqrt(x + 1) + 1)/((sqrt(x + sqrt(x
+ 1)) - sqrt(x + 1))74 - 2*(sqrt(x + sqrt(x + 1)) - sqrt(x + 1))72 + 4#*sq

rt(x + sqrt(x + 1)) - 4*sqrt(x + 1)) + 1/2*arctan(sqrt(x + sqrt(x + 1)) -

sqrt(x + 1) - 1) - 3/4*log(abs(sqrt(x + sqrt(x + 1)) - sqrt(x + 1) + 2)) +
3/4xlog(abs(sqrt(x + sqrt(x + 1)) - sqrt(x + 1)))
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3.17.9 Mupad [F(-1)]

Timed out.

/\/m—l—\/l—l-xdw_/\/x—l—\/m—l—ldz
x? N x?

input Lint((x + (x + 1)°(1/2))"(1/2)/x72,%)

output Lint((x + (x + 1)°(1/2))"(1/2)/x"2, x)

3.17. [V gy
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318 | \/ 1+2+2dz
T T

3.18.1 Optimalresult . . .. ... ... . .. ... . e 135
3.18.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 136
3.18.3 Rubi [A] (verified) . . . . . ... ..
3.184 Maple [F] . . . . . o o 139
3.18.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 139
3.18.6 Sympy [F] . . . . . . 140
3.18.7 Maxima [F] . . . . . . .. 140
3.18.8 Giac [F] . . . . o 1401
3.18.9 Mupad [F(-1)] . . . . o 141]

3.18.1 Optimal result

Integrand size = 17, antiderivative size = 96

1 1 1 1 1 344143
/ 1+ -4+ —-dz= 14—+ —z + —arctan
r z r x 4
24/4/1+2+1

3 1-3,/1+1

— —arctanh
24/4/1+14+1

OUtPUt‘ 1/4*xarctan(1/2*(3+(1+1/x)~(1/2)) / (1/x+(1+1/x)~(1/2))~(1/2))-3/4*arctanh(1/
‘ 2% (1-3*%(1+1/x)7(1/2)) / (1/x+ (1+1/x) 7 (1/2)) = (1/2) ) +x* (1/x+(1+1/x) = (1/2)) = (1/
2)

318. [4/y/l+i+1do
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3.18.2 Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.93

/ 1 1 1 / 1 1
/ 1—|— —|— dac—— 2 1+—+—-z+arctan [ 1+ /14 — — 1+ -—+-—
T T x x

+3arctanh | 1 —4/1+ -+ +

i

SN
8|

input‘ Integrate[Sqrt[Sqrt[1 + x~(-1)] + x~(-1)],x]

output‘ (2xSqrt[Sqrt[1 + x~(-1)] + x~(-1)]*x + ArcTan[1 + Sqrt[1 + x~(-1)] - Sqrt[
‘Sqrt [1 + x(-1)] + x~(-1)]1] + 3*ArcTanh[1 - Sqrt[1 + x~(-1)] + Sqrt[Sqrt[1
X701+ x DI /2

3.18.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.10,
number of steps used = 9, number of rules used — 8, Lumber of rules _ ( 471 Ryles used

integrand size
= {7268, 1347, 27, 1366, 25, 1154, 217, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1 1
/\/ *+1+fdm

7268
—%/v&+w 1+ + x%d1+
1347
2 1+1+Qx
1 z 1 1 1
-2 / d\/1+=—A[\/=+1+-2
2 1 1 x 2 T
2 1+5+5

318.  [y/\/l1+i+ldx
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21+ 1 +1)z

1 z 1 1/ /1 1

—2—4/—< ) d\[14+ =\l /- +1+ 2
Vy1+i+2

l 1366

|
()
NN
N W
—_

—
IS
[am—
+
S|
N | =
—
IS
—
_|_
|~
|
N =
<

(1-1+2)y1+i+1 (Vi+i+1)y/y/1+1+1

111 1 1 1 1 1 1
-2| = / d 1+——§ d\/1+—| —= -
41 2 1 T 1 r 2 1 I 1 T 2 a
(Vi+i+1)y/y/1+1+1 (1= 1+1)1+1+12
l 1154
1 1
1 1 1-34/1+ = 1 1+=+43 1 1
SRVRVA R v 1+1+3
l 217
1 /1
1 1 1-3,/1+= 1 =4+1+4+3 1 1 1
2| - 3/ 1al * _ arctan m - = —+1+ -z
4 3— T 1 2 1 1 2 T T
J1+i+1 2\/y/E+1+1
l 219
1 /1
1 1-3,/=+1 1 =+1+4+3 1 1 1
21 = §arctanh ’ — —arctan ’ - = —+1+ -z
41 2 1 1 I 1 2 T T
20/ st 1+ 2 s+H1+

e

input tInt [Sqrt[Sqrt[1 + x~(-1)] + x~(-1)],x]

A >

output(—2*(—1/2*(Sqrt[Sqrt[1 + x°(-1)] + x~(-1)I1*x) + (-1/2*ArcTan[(3 + Sqrt[1 + )
‘x‘(—l)])/(Z*Sqrt[Sqrt[l + x~(-1)]1 + x~(-1)1)] + (3*ArcTanh[(1 - 3*Sqrt[1 +
x~(-1)1)/(2*%Sqrt [Sqrt[1 + x~(-1)] + x~(-1)1)1)/2)/4)

N J

318.  [y/\/l1+i+ldx
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3.18.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 217 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

ruk3219/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Q[a, 0] || LtQ[b, 01)

rule 1154 Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d"2 - 4*b*dxe + 4*a*xe”2 - x°2), x], x, (
2%a*xe — bkd - (2*c*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c
, d, e}, xl]

rule 1347 Int[((g_.) + (h_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p_)*((d_) + (e_.)*(x_) + (£
_I)*(x_)"2)7(q_), x_Symbol] :> Simp[(a*h - gxc*x)*(a + c*x"2)"(p + 1)*((d +

exx + £*x72)7q/(2*%axcx(p + 1))), x] + Simp[2/(4*axc*(p + 1)) Int[(a + c*
x72)7(p + 1)*(d + exx + £*x72)7(q - 1)*Simp[g*c*d*(2*p + 3) - ax(hxe*q) + (
gxckex(2%p + q + 3) - ax(2¥h*xfxq))*x + gxc*f*(2*p + 2xq + 3)*x"2, x], x], x
1 /; FreeQl{a, c, 4, e, £, g, h}, x] && NeQ[e~2 - 4xdxf, 0] && LtQ[p, -1] &
& GtQlq, 0]

rule 1366 Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol]l :> With[{q = Rt[(-a)*c, 2]}, Simp[(h/2 + c*(g/(2*q
)))  Int[1/((-q + c*x)*Sqrt[d + exx + f*x~2]), x], x] + Simp[(h/2 - c*(g/(
2%q))) Int[1/((q + c*x)*Sqrt[d + e*x + f*x~2]), x], x]] /; FreeQl[{a, c, d
, e, £, g, h}, x] & NeQ[e™2 - 4*dxf, 0] && PosQ[(-a)*c]

318.  [y/\/l1+i+ldx
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ruk37268‘Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfQuotientOfLinears
‘[u, x]}, Simp[lst[[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]]1~(1/1s
t[[21D], %] /; !FalseQ[lst]]

3.18.4 Maple [F]

/ 1+\/1+1dx
\ = iy

inputtint((1/x+(1+1/x)‘(1/2))‘(1/2),X)

-

outputLint((1/x+(1+1/x)‘(1/2))‘(1/2),X)

e—

3.18.5 Fricas [A] (verification not implemented)

Time = 1.82 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.27

o4/ 2L

1 1 T\ /B 41 2 (/22 —32) /2
/ 1+ -4+ —dr=2\| ———— + - arctan
r T 4 8r—1
x+1
[c+1 z\) %+ 1 1
+2 log 2<a: i+x> Vo T e /P o y3
4 T T T

inputLintegrate((1/x+(1+1/x)“(1/2))‘(1/2),X, algorithm="fricas")

-/

output‘x*sqrt((x*sqrt((x + 1)/x) + 1)/x) + 1/4*arctan(2*(x*sqrt((x + 1)/x) - 3*x)
‘*sqrt((x*sqrt((x +1)/x) + 1)/x)/(8*%x - 1)) + 3/4*xlog(2*(x*sqrt((x + 1)/x)
-+ x)*sqre((eksqre((x + 1)/x) + 1)/x) + 2kx*sqre((x + 1)/x) + 2%x + 3)

318. [4/y/l+i+1do
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3.18.6 Sympy [F]

[t [T L
xr xr T xr

inputtintegrate((1/x+(1+1/x)**(1/2))**(1/2),X)

outputLIntegral(sqrt(sqrt(l + 1/x) + 1/%x), x)

3.18.7 Maxima [F]

/\/\/1+1+1dx=/\/\/1+1+1dﬂv
i T T T

inputLintegrate((1/x+(1+1/x)“(1/2))*(1/2),x, algorithm="maxima")

outputLintegrate(sqrt(sqrt(l/x +1) +1/3), x)

3.18.8 Giac [F]

/f \ﬁl+-1-+££d¢::L/a \/1-+:1+-};dx
V T T V Vz x

inputtintegrate((1/x+(1+1/x)‘(1/2))‘(1/2),x, algorithm="giac")

outputtintegrate(sqrt(sqrt(l/x +1) + 1/x), %)

318.  [4/\/1+i+1ldx
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3.18.9 Mupad [F(-1)]

1 1
/ 1/1+—+—dx=/ 1/1+1+1dx
V x oz V Vz x

Timed out.

inputtint(((l/x + 1)7(1/2) + 1/x)7(1/2) ,%)

output tint(((l/x +1)°(1/2) + 1/x)°(1/2), %)

318.  [4/\/1+i+1ldx
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3.19  [YHe_dx

_e—$+6x
3.19.1 Optimalresult . . . . .. .. ... .. 1421
3.19.2 Mathematica [B] (verified) . . . . . . ... ... . L Lo oL 142
3.19.3 Rubi [A] (verified) . . . . . ... .. 143
3.19.4 Maple [B] (verified) . . . . ... . ... ... 145
3.19.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 145
3.19.6 Sympy [F] . . . . . . 146
3.19.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 1461
3.19.8 Giac [B] (verification not implemented) . . . ... ... ... ........ 146
3.19.9 Mupad [F(-1)] . . . . o o 147

3.19.1 Optimal result

Integrand size = 25, antiderivative size = 25

/ —1 te” dx = —\/ﬁarctanh(—l + e_m)
—e T 4 et \/i

e

output L—arctanh(l/Q* (1+exp(-x))~(1/2) %27 (1/2))*2~(1/2)

~—

3.19.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 65 vs. 2(25) = 50.

Time = 0.11 (sec) , antiderivative size = 65, normalized size of antiderivative = 2.60

z e 1-e®+e/2/1+e®
/ Viter _\/ie 2\V1+e arctanh(T>
—e T 4" V1+e®

input LIntegrate [Sqrt[1 + E"(-x)]/(-E~(-x) + E"x),x] J

output‘ -((Sqrt[2]*E~(x/2)*Sqrt[1 + E~(-x)]*ArcTanh[(1 - E"x + E~(x/2)*Sqrt[1 + E~ ‘
x1)/Sqrt[211)/Sqre 1 + E°x]) |

3.19. [ dy

_e—(E +ew
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3.19.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00, number
of steps used = 9, number of rules used = 8, Bumber of rules _ , 394 Ryjeg used = {2720,

integrand size
25, 1776, 1388, 946, 25, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

\/T
et —e™ T
l 2720
/ \/T
1—62“”
l 25

[

1—e2z
l 1776
eEVITes

-1 + e—2:c
l 1388

e—2x
- de®
/ (—14+e*)V/1+e*
l 946

1 -
/:Xl—eﬁhﬁFTITe
l 25

_'}/(1-e—w;§ﬁf17535d6_

| 73

1
—Q/d\/].—l-e_x
2—e

l 219
—+/2arctanh (e—i—)

V2

3.19. [ dy

_6—13 +ew
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input‘ Int[Sqrt[1 + E(-x)]1/(-E~(-x) + E"x),x]

output L- (Sqrt [2] #*ArcTanh[Sqrt[1 + E~(-x)]/Sqrt[2]1])

|

3.19.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 73

rule 219

rule 946

rule 1388

rule 1776

-/

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, 4, m, n, x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Simp[1/n  Subst[Int[(a + b*x)“p*(c + d*x)~q, x], x, x"n],
x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[b*c - a*d, 0] &% EqQ[m - n
+ 1, 0]

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.))"(p_.)*x((d_) + (e_.)*(x_)"(m_))"(q_.),

x_Symbol] :> Int[ux(d + exx™n)~(p + @)*(a/d + (c/e)*x"n)"p, x] /; FreeQl{a,
c, d, e, n, p, qt, x] && EqQ[n2, 2*n] && EqQ[c*d"2 + axe”2, 0] && (Integer
Qlp]l Il (GtQl[a, 0] && GtQ[d, 01))

Int[((a_.) + (c_.)*(x_)"(mn2_.))"(p_.)*((d_) + (e_.)*(x_)"(m_.))"(q_.), x_S
ymbol] :> Int[((d + e*x"n) q*(c + a*x~(2*n)) p)/x~(2*n*p), x] /; FreeQ[{a,
c, d, e, n, q}, x] && EqQ[mn2, -2*n] && IntegerQ[p]

3.19. [ dy

_e—(E +ew
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rule 2720 | Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

3.19.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 48 vs. 2(19) = 38.

Time = 0.10 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.96

method | result size
v/ (1+e%)e~ e¥+/2 arctanh (1+3:z)\f
default | — (4 Vel +e? ) 49
2./(1+e%)e*

input Lint ((1+exp(-x))~(1/2)/ (-exp(-x) +exp(x)) ,x,method=_RETURNVERBOSE)

e

output | -1/2* ((1+exp(x))/exp(x) )~ (1/2) *exp(x) / ((1+exp(x) ) *exp(x) )~ (1/2)*2~ (1/2) *ar

‘ctanh(1/4*(1+3*exp(x))*2‘(1/2)/(exp(x)‘2+exp(x))“(1/2))

3.19.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.36
Vite™ 1 22" +1e(3%) —3e” — 1
Y~ _dr=_+2log
—e % +e” 2 e —1

input | integrate ((1+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x, algorithm="fricas")

N

output‘ 1/2*sqrt (2) *log((2xsqrt (2) *sqrt(e™x + 1)*e~(1/2*x) - 3xe"x - 1)/(e"x - 1))

3.19. [ dy

_e—(E +ew
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3.19.6 Sympy [F]

dz

/\/1+e‘wd _/ 1—|—e‘we

—e % 4 e —1)(e*+1)

input Lintegrate ((1+exp(-x))**(1/2)/ (-exp(-x) +exp(x)) ,x)

outputtlntegral(sqrt(l + exp(-x))*exp(x)/((exp(x) - 1)*(exp(x) + 1)), x)

3.19.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.44

V1+e=® 1 V2 —+Vel2) +1
——dx = - \/ﬁlog -
—e T +e? 2 V2 +Vel0) +1

input Lintegrate ((1+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x, algorithm="maxima")

~—

output‘(1/2*sqrt(2)*1og(—(sqrt(2) - sqrt(e”(-x) + 1))/(sqrt(2) + sqrt(e”(-x) + 1))
)

—

3.19.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 55 vs. 2(19) = 38.

Time = 0.29 (sec) , antiderivative size = 55, normalized size of antiderivative = 2.20

/ Vite™ L /5 ‘—2\/§+2\/6(2’”)+6x—2e“’+2’
Td$=— 210g
—e " te 2 )2\/§+2\/m—2ew+2‘

inputLintegrate((1+exp(-x))“(1/2)/(—exp(—x)+exp(X)),x, algorithm="giac")

output‘1/2*sqrt(2)*log(abs(—2*sqrt(2) + 2xsqrt(e”(2%x) + e7x) - 2*%e"x + 2)/abs(2*
qurt(2) + 2xsqrt(e”(2*x) + e"x) - 2xe"x + 2))

3.19. [T dy

—w+ew




CHAPTER 3. LISTING OF INTEGRALS

147

3.19.9 Mupad [F(-1)]

Timed out.

/_de:_/_\’e_“’“

dx

inputtint(-(exp(-x) + 1)7(1/2)/(exp(-x) - exp(x)),x)

OutputL—int((exp(-x) + 1)7(1/2)/(exp(-x) - exp(x)), x)

3.19. [ lte® gy

_6—(E _l’_eZ




CHAPTER 3. LISTING OF INTEGRALS 148

3.20 [ V14 e %csch(z) dx

3.20.1 Optimal result . . . . .. .. . ... . 148]
3.20.2 Mathematica [B] (verified) . . . . . . . ... ..o L Lo oL 148
3.20.3 Rubi [A] (verified) . . . . . ... .. 149
3.20.4 Maple [A] (verified) . . . . . . . .. ... [I5T]
3.20.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. .. 1511
3.20.6 Sympy [F] . . . . . . 152
3.20.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 1521
3.20.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 152
3.20.9 Mupad [F(-1)] . . . . o o 153

3.20.1 Optimal result

Integrand size = 14, antiderivative size = 25

/ V1+ e%csch(z) dz = _Zﬁamtanh($>

e

outputl—2*arctanh(1/2*(1+exp(—x))‘(1/2)*2‘(1/2))*2A(1/2)

~—

3.20.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 57 vs. 2(25) = 50.

Time = 0.05 (sec) , antiderivative size = 57, normalized size of antiderivative = 2.28

x/2 —x \/2e%/2
2v/2e%/2,/1 + e arctanh(\/W)

/\/1 + e~®csch(z) dr = — N
inputtIntegrate[Sqrt[l + E~(-x)]*Csch[x],x] J

( N

(-2%Sqrt [2]1 #E~ (x/2) *Sqrt [1 + E~(-x)]*ArcTanh[(Sqrt[2]1*E~(x/2))/Sqrt[1 + E~
x]11)/Sqrt[1 + E"x] |

output

320.  [+/1+ e Zcsch(z)dz
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3.20.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00, number
of steps used = 9, number of rules used = 8, Bumber of rules _ , 577 Ryjeg ysed = {2720

integrand size
27, 1776, 1388, 946, 25, 73, 219}

Y

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Ve + 1csch(z) dz

l 2720
/_2\/6_9” + 1dez

1—e2®

l 27
vi+e™ o
-2 | ————de

1—e2
l 1776
—2z —T
9 / eVIte™ .
—1+4+e 2
l 1388

6—21'
—2/ de®
(-14+e?)V14e=
l 946

1 —z
2/_(1—6_””)\/de
| 25
_2/ 1 -
(1-e2)Vit+e™®
| 73
-4J/]'dx/T§?E:5

2—e2

l 219

A /p—T
—2+/2arctanh (e+1>

V2

320.  [+/1+ e Zcsch(z)dz
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input | Int[Sqrt[1 + E~(-x)]1*Cschlx],x]

-

outputL-2*Sqrt[2]*ArcTanh[Sqrt[1 + E7(-x)]/Sqrt[2]]

|

3.20.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 219 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

rule 946 Int [(x_)~(m_.)*((a_) + (b_.)*(x_)"(@_))"(p_.)*((c_) + (d_)*(x_)"(n_))"(q_.
), x_Symbol] :> Simp[1/n  Subst[Int[(a + b*x)“p*(c + d*x)~q, x], x, x"n],
x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[bxc - a*d, 0] && EqQ[m - n
+ 1, 0]

rule 1388 Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.))"(p_.)*((d_) + (e_)*(x_)"(n_))"(a_.),
x_Symbol] :> Int[ux(d + exx™n) (p + @)*(a/d + (c/e)*x"n)"p, x] /; FreeQl{a,
c, d, e, n, p, 9}, x] && EqQ[n2, 2*n] && EqQ[c*d"2 + axe”2, 0] && (Integer
Qlpl Il (GtQla, 0] && GtQ[d, 01))

rule 1776 Int[((a_.) + (c_.)*(x_)~(mn2_.))"(p_.)*((d_) + (e_.)*(x_)"(n_.))"(q_.), x_S
ymbol] :> Int[((d + e*x"n) q*(c + a*x~(2*n)) p)/x~(2*n*p), x] /; FreeQ[{a,
c, d, e, n, q}, x] & EqQ[mn2, -2*n] && IntegerQ[p]

320.  [+/1+ e Zcsch(z)dz
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rule 2720 | Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

3.20.4 Maple [A] (verified)

Time = 0.54 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.32

method | result size

default | —2v/2, /m \/tanh (2) + 1 arctanh ( tanh (2) + 1) 33
2

inputLint((1+exp(—x))‘(1/2)/sinh(x),x,method=_RETURNVERBOSE)

~—

output‘—2*2‘(1/2)*(1/(tanh(1/2*x)+1))‘(1/2)*(tanh(1/2*x)+1)‘(1/2)*arctanh((tanh(1
/2%x)+1)7(1/2))

3.20.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 55 vs. 2(19) = 38.

Time = 0.25 (sec) , antiderivative size = 55, normalized size of antiderivative = 2.20

/ V1 + e %csch(z) dz
/s 2 (v2cosh (z) + v/2sinh (z)) \/% — 3 cosh (z) — 3 sinh (z) — 1
=2l
o8 cosh (z) + sinh (z) — 1

inputtintegrate((1+exp(-x))‘(1/2)/sinh(x),x, algorithm="fricas")

output‘ sqrt (2) *1log((2* (sqrt (2) *cosh(x) + sqrt(2)*sinh(x))*sqrt((cosh(x) + sinh(x)
‘ + 1)/(cosh(x) + sinh(x))) - 3*cosh(x) - 3*sinh(x) - 1)/(cosh(x) + sinh(x)
L - 1)

320.  [+/1+ e Zcsch(z)dz
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3.20.6 Sympy [F]

/mcsch(x) d:cz/sil%&_)xdx

input Lintegrate ((1+exp(-x))**(1/2) /sinh(x) ,x)

output tIntegral(sqrt(i + exp(-x))/sinh(x), x)

3.20.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.40

/\/1 + e~%csch(z) dz = v2log ( V2 Vel + 1)

V2 Ve 1

inputLintegrate((1+exp(—x))‘(1/2)/sinh(x),x, algorithm="maxima")

~—

-

output  sqrt(2)*log(-(sqrt(2) - sqrt(e”(-x) + 1))/(sqrt(2) + sqrt(e~(-x) + 1)))

N\

i

3.20.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 54 vs. 2(19) = 38.

Time = 0.30 (sec) , antiderivative size = 54, normalized size of antiderivative = 2.16

~2v2+ 26l e — 267 42
/ V1 + e~%csch(z) de = v/2log

Pvﬁ+2«dhﬁ+W—2ﬂ+a‘

input Lintegrate ((1+exp(-x))~(1/2) /sinh(x) ,x, algorithm="giac")

output‘ sqrt (2) *log(abs(-2*sqrt(2) + 2*sqrt(e”(2*x) + e"x) - 2%e”x + 2)/abs(2*sqrt
1(2) + 2%sqrt(e”(2%x) + e7x) - 2%e”x + 2))

320.  [+/1+ e Zcsch(z)dz
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3.20.9 Mupad [F(-1)]

Timed out.

/mcsch(x) dx:/sie%(—;)ldx

input Lint((exp(—x) + 1)~(1/2)/sinh(x) ,x)

output Lint((exp(-x) + 1)7(1/2)/sinh(x), x)

320.  [+/1+ e Zcsch(z)dz
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321 f , da
) (cos(x)+cos(3x))°

3.21.1 Optimal result . . . . . . .. . ... 154
3.21.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 155
3.21.3 Rubi [A] (verified) . . . . . ... .. 155
3.21.4 Maple [A] (verified) . . .. ... ... .. 150
3.21.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 159
3.21.6 Sympy [F] . . . . . 160
3.21.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 1601
3.21.8 Giac [A] (verification not implemented) . . . . . ... ... ... ....... 161
3.21.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... ... .. [161]

3.21.1 Optimal result

Integrand size = 9, antiderivative size = 108

1 523 .
/ (cos(z) + cos(3x))? dz = —carctanh(sin(z)) +

1483arctanh (v/2 sin(z))

5124/2
sin(x) B 17 sin(x)
32(1 —2sin?(z))*  192(1 — 2sin?(z))
203 sin(z) 437 sin(x)
768 (1 — 2sin?(z))? 512 (1 — 2sin®*(x))
1 3
~ 56 sec(z) tan(x) — 108 %€ (z) tan(z)

output ‘ -523/256*arctanh(sin(x))+1/32*sin(x)/(1-2*sin(x) ~2) "4-17/192*sin(x) / (1-2*s
‘ in(x)~2)~3+203/768*sin(x)/(1-2*sin(x) ~2)~2-437/512*sin(x)/(1-2*sin(x) "2)+1
‘ 483/1024*arctanh(sin(x)*2~(1/2))*2~(1/2)-43/256%*sec (x)*tan(x)-1/128*sec(x)

‘“S*tan(x)

3.21.

f 1
(cos(z)+cos(3z))°

dz



CHAPTER 3. LISTING OF INTEGRALS 155

3.21.2 Mathematica [A] (verified)

Time = 3.80 (sec) , antiderivative size = 213, normalized size of antiderivative = 1.97

dz

1
/ (cos(z) + cos(3x))°
12552 log (cos (%) — sin (%)) — 12552 log (cos (%) + sin (%)) — 4449\/§log (\/§ — 2sin(x)) + 44494/210

input LIntegrate [(Cos[x] + Cos[3*x])~(-5),x] J

output | (12552*Log[Cos[x/2] - Sin[x/2]] - 12552*Log[Cos[x/2] + Sin[x/2]] - 4449%Sq
rt[2] *Log[Sqrt[2] - 2#Sin[x]] + 4449*Sqrt[2]*Log[Sqrt[2] + 2#Sin[x]] - 12/
(Cos[x/2] - Sin[x/2])"4 - 516/(Cos[x/2] - Sin[x/2])"2 + 12/(Cos[x/2] + Sin
[x/2]1)"4 + 516/ (Cos[x/2] + Sin[x/2])"2 - 136/(Cos[x] - Sin[x])~3 - 2622/(C
os[x] - Sin[x]) + 136/(Cos[x] + Sin[x])~3 + 2622/(Cos[x] + Sin[x]) + 6*Sec
[2*x] ~4*(190*Sin[x] + 79+ (-Sin[3*x] + Sin[5*x])))/6144

3.21.3 Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.70,

number of steps used = 15, number of rules used = 14, Lumber of rules _ 1.556, Rules
integrand size

used = {3042, 4825, 27, 316, 27, 402, 402, 402, 402, 27, 402, 27, 397, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (cos(z) + cos(3z))d dz
| 3042

1
/ (cos(@) + cos(32))F
l 4825

1
/ 32 (1 — 2sin2(z))° (1 - sin?(z))’

l27
1 1

32 (1- 2sin2(ac))5 (1 —sin?(z))

dsin(z)

sdsin(z)

1
3.21. f (cos(z)+cos(3z))° dx
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l 316

2(3 — 11sin*(z)) (o sin(x)
/ (1- 25in2(31:))4 (1- sinQ(x))?’dS1 (e) + 4(1- 2sin2(:c))4 (1- sin2(ac))2>

l27

QO | =

1
32

1(1 3 — 11sin?(x) sin(z sin(x)

32 <4 / (1- 25in2(3lc))4 (1- sin2(x))3d () + 4(1- 2sin2(:c))4 (1- sin2(a:))2>
| 402

1 (1 (1 / 45sin?(x) + 23 dsin(z) — 5sin(z) > sin(x)

32\4\6/J (1- 2sin2(x))3 (1-— sin2(37:))3 6(1— 2sin2(x))3 (1-— sin2(azt))2 4(1- 2sin2(x))4 (1-
| 402

1(1(1(1 1 — 637sin?(x) sin(z 91sin(x) B 5 sin(

32 (4 (6 (4 / (1- 2sin2(ac))2 (1- sinz(a:))?’d (=) + 4(1- 2sin2(:1c))2 (1- sin2(x))2> 6(1— 2sin2(a:))3
| 402

1(1(1({1(1 / 8175sin’(a) +637 @) - 635 sin(z) N 91si

32\4\6\4\2/ (1-2sin?(z)) (1 - sinQ(w))3 2 (1 —2sin?(z)) (1 - sinz(arz))2 4 (1— 2sin%(z))
| 402

1f1f1f1f1{ 1 / _ 24(953sin*(z) + 265) dsin(z) — 953sin(z) | 635 sin(z)

32\4\6\4\2\ 4/ (1-2sin%()) (1 —sin®(x))* (1-sin2(z))®)  2(1—2sin%(z)) (1 — sin’
| 27

1(1f1f1faf / 953 sin?(z) + 265 dsin(z) — 953sin(z) |\ _ 635 sin(z)

32\4\6\4\2 (1—2sin%(z)) (1- sin2(ac))2 (1- sin2(ac))2 2 (1 — 2sin?(z)) (1 — sin?(z))
| 402

Lfrfififafof 1 / _ 4(609sin*(z) +437) dsin(z) — 609sin(z) |  953sin(z) |

32\4\6\4\2 2 (1 —2sin?(z)) (1 — sin?(z)) 1 — sin?(z) (1-— sin2(x))2 2(1-:

| 27

3.21. dz

f 1
(cos(z)+cos(3z))°
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1(1f1(1(1 609 sin?(z) + 437 sin(z) — 609sin(z) \  953sin(z) B €
32 (4 (6 <4 (2 <6 (2/ (1 —2sin?(z)) (1 — sin®(z)) dsin(z) 1-— Sinz(w)> (1- sin2(w))2> 2 (1 — 2sin

l 397
3% <i (flj (i (; (6 (2 (1483 / 1_2;n2(m)alsin(ﬂﬂ) — 1046 / 1_Siln2(x)dsm($)> - 16(19;11112(2)> - (192:;
l 219

1(1{1({1(1 1483arctanh (v/2sin(z)) ) 609 sin(z) 953 sin(z)
32 <4 (6 <4 (2 (6 (2( 7 — 1046arctanh(s1n(a:))> -1 sin2(:1:)> - i sin2(m))2> —

input ‘ Int[(Cos[x] + Cos[3*x])~(-5),x] ‘

output | (Sin[x]/(4*(1 - 2#Sin[x]"2)"4*(1 - Sin[x]"2)"2) + ((-5*Sin[x])/(6x(1 - 2%S
in[x]"2)"3*(1 - Sin[x]"2)"2) + ((91*Sin[x])/(4*(1 - 2%Sin[x]~2)~2*(1 - Sin
[x]~2)~2) + ((-635%Sin[x])/(2*(1 - 2+Sin[x]~2)*(1 - Sin[x]~2)"2) + ((-953%
Sin[x])/(1 - Sin[x]~2)"2 + 6*(2*(-1046*ArcTanh[Sin[x]] + (1483*ArcTanh[Sqr
t[2]*Sin[x]])/Sqrt[2]) - (609*Sin[x])/(1 - Sin[x]172)))/2)/4)/6)/4)/32

3.21.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 219 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

1
3.21. f (cos(z)+cos(3z))° dx



rule 316

rule 397

rule 402

rule 3042

rule 4825
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Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (a_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*xx(a + b*x"2)"(p + 1)*((c + d*x"2)"(q + 1)/(2*a*x(p + 1)*(bxc - axd))
), x] + Simp[1/(2%a*(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)~g*Simp[b*c + 2x(p + 1)*(b*c - a*d) + d*bx(2*x(p + q + 2) + 1)*x"2, x], x
1, x1 /; FreeQ[{a, b, c, d, q}, x] &% NeQ[b*c - axd, 0] && LtQ[p, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQlq, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 4, x]

Int[((e ) + (£_)*(x_)"2)/(((a_) + (b_.)*(x_)"2)*((c_) + (d_.)*(x_)"2)), x_
Symbol] :> Simp[(b*e - a*f)/(bxc - a*xd) Int[1/(a + b*x~2), x], x] - Simp[
(d*e - cxf)/(b*c - a*d) Int[1/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d, e
» £}, x]

Int[((a) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (f_)*(x
_)"2), x_Symbol] :> Simp[(-(bxe - axf))*x*(a + b*x~2)"(p + 1)*((c + d*x~2)"
(q + 1)/(ax2*(b*c - axd)*(p + 1))), x] + Simp[1/(a*2x(b*c - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2) g*Simp[cx(b*e - a*f) + e*2x(b*c - a*d)
*(p + 1) + dx(bxe - a*f)*(2x(p + q + 2) + 1)*x"2, x], x], x] /; FreeQ[{a, b
, ¢, d, e, £, qF, x] &% LtQlp, -1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cos[(m_.)*((c_.) + (d_.)*(x_))I*(a_.) + cos[(n_.)*((c_.) + (d_.)*(x_))
I*(_.))"(p_), x_Symbol]l :> Simp[1/d  Subst[Int[Simplify[TrigExpand[a*Cos[
m*ArcSin[x]] + b*Cos[n*ArcSin[x]]]1]1 p/Sqrt[1l - x~2], x], x, Sin[c + dx*x]],
x] /; FreeQ[{a, b, c, d}, x] && ILtQ[(p - 1)/2, 0] && IntegerQ[(m - 1)/2] &
& IntegerQ[(n - 1)/2]

1
3.21. f (cos(z)+cos(3z))° dx
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3.21.4 Maple [A] (verified)

Time = 119.02 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.88

method | result

4 437(sin” (2)) | 3527(sin®(@))  3257(sin®(@)) | 331 gin(x)
defaul ——6 t s 307 2048 1483 arctanh(sin(x) \/Q) Va2 . i
efault | — (2(sin?())—1)" . 1024 ~ 512(sin(z)—1)2 + 553GnG@

1(1827 2321 3733 6211% 16115 €199+ 9109 €1 752 + 5746 £15:% 1 2382 137 2382 e1 117 _5746 £7® —9109 e7** —6115 £5:* —3733 31 —1
1536(66iz+e4iz +e2i:v +1)4

risch

e hY

int (1/ (cos(x)+cos(3*x))~5,x,method=_RETURNVERBOSE)

N J

input

output‘—4*(—437/256*sin(x)‘7+3527/1536*sin(x)“5—3257/3072*sin(x)‘3+331/2048*sin(x
‘))/(2*sin(x)”2-1)“4+1483/1024*arctanh(sin(x)*2“(1/2))*2“(1/2)—1/512/(sin(x
‘)-1)“2+43/512/(sin(x)-1)+523/512*1n(sin(x)-1)+1/512/(sin(x)+1)“2+43/512/(s
in(x)+1)-523/512*1n(sin(x)+1) |

3.21.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 219 vs. 2(88) = 176.

Time = 0.31 (sec) , antiderivative size = 219, normalized size of antiderivative = 2.03

1
/ (cos(z) + cos(3x))5 dz
4449 (16 v/2 cos ()" — 32v/2 cos (2)'* + 24 v/2 cos (z)® — 8 v/2 cos (z)° + v/2 cos (2)*) log <_w

2 cos(z)

input  integrate(1/(cos(x)+cos(3*x))~5,x, algorithm="fricas")

output | 1/6144+* (4449* (16*sqrt (2)*cos(x) "12 - 32*sqrt(2)*cos(x)~10 + 24*sqrt(2)*cos
(x)78 - 8*sqrt(2)*cos(x)”6 + sqrt(2)*cos(x)~4)*log(-(2*cos(x)~2 - 2*sqrt(2
Y*sin(x) - 3)/(2*cos(x)"2 - 1)) - 6276*(16*cos(x)"12 - 32*cos(x) 10 + 24xc
0s(x)"8 - 8*cos(x)”6 + cos(x) 4)*log(sin(x) + 1) + 6276*(16*cos(x)~12 - 32
*cos(x) 710 + 24x*cos(x)”8 - 8*cos(x)”6 + cos(x)~4)*log(-sin(x) + 1) - 4x(14
616*cos(x)~10 - 25420*cos(x)~8 + 15570%cos(x) "6 - 3677*cos(x)”"4 + 162%cos(
x)72 + 12)*sin(x))/(16*cos(x) "12 - 32*cos(x) 10 + 24*cos(x)~8 - 8*cos(x)”6
+ cos(x)~4)

1
3.21. f (cos(z)+cos(3z))° dx
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3.21.6 Sympy [F]

L 1
/ (cos(z) + cos(3z))° = / (cos (z) + cos (3z))° @

input‘integrate(1/(cos(x)+cos(3*x))**5,x)

-

outputLIntegral((cos(x) + cos(3*x))*x(-5), x)

| —

3.21.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 12209 vs. 2(88) = 176.

Time = 0.85 (sec) , antiderivative size = 12209, normalized size of antiderivative = 113.05

1
/ (cos(z) + cos(3x))® x = Too large to display

input  integrate(1/(cos(x)+cos(3*x))~5,x, algorithm="maxima")

output | -1/12288* (8+(1827*sin(23%x) + 3733*sin(21*x) + 6115*sin(19%x) + 9109*sin(1
T7*x) + 5T746*sin(15%x) + 2382*sin(13*x) - 2382*sin(11*x) - 5746*sin(9*x) -
9109*sin(7*x) - 6115*sin(5*x) - 3733*sin(3*x) - 1827*sin(x))*cos(24*x) - 1
4616% (4*%sin(22*x) + 10*sin(20*x) + 20*sin(18%*x) + 31*sin(16*x) + 40*sin(14
*x) + 44xsin(12*x) + 40*sin(10*x) + 31*sin(8*x) + 20*sin(6*x) + 10*sin(4*x
) + 4*sin(2*x))*cos(23*x) + 32*%(3733*sin(21*x) + 6115*sin(19%x) + 9109*sin
(17*x) + 5746*sin(15%x) + 2382*sin(13*x) - 2382*sin(11*x) - 5746*sin(9*x)
- 9109*sin(7*x) - 6115%sin(5*x) - 3733*sin(3*x) - 1827*sin(x))*cos(22*x) -
29864+ (10*sin(20*x) + 20*sin(18+*x) + 31*sin(16%x) + 40*sin(14*x) + 44*sin
(12%x) + 40*sin(10%*x) + 31*sin(8%*x) + 20*sin(6*x) + 10*sin(4#*x) + 4*xsin(2x
X)) *cos(21*x) + 80*(6115+%sin(19*x) + 9109*sin(17*x) + 5746*sin(15+x) + 238
2%5in(13*x) - 2382*sin(11*x) - 5746*sin(9*x) - 9109*sin(7*x) - 6115*sin(5*
x) - 3733*sin(3*x) - 1827*sin(x))*cos(20*x) - 48920*(20*sin(18*x) + 31*sin
(16*x) + 40*sin(14*x) + 44*sin(12*x) + 40*sin(10*x) + 31*sin(8*x) + 20*sin
(6*x) + 10*sin(4*x) + 4*sin(2*x))*cos(19*x) + 160*(9109*sin(17*x) + 5746%s
in(15*x) + 2382*sin(13*x) - 2382*sin(11*x) - 5746*sin(9*x) - 9109*sin(7*x)
- 6115*sin(5*x) - 3733*sin(3*x) - 1827+*sin(x))*cos(18*x) - 72872*(31*sin(
16*x) + 40*sin(14*x) + 44xsin(12*x) + 40*sin(10*x) + 31*sin(8+*x) + 20*sin(
6*x) + 10*sin(4*x) + 4*sin(2+#x))*cos(17*x) + 248%(5746*sin(156*x) + 2382xsi
n(13+x) - 2382*sin(11*x) - 5746*sin(9*x) - 9109*sin(7#x) - 6115*sin(5*x...

1
3.21. f (cos(z)+cos(3z))° dx
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3.21.8 Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.96

/ 1 xz_@\/glog<|—2\/§+4sin(x)|>+43 sin (z)* — 45 sin ()
(cos(z) + cos(3z))® 2048 12v/2 + 4 sin (z)| 256 (sin (z)> — 1)2
10488 sin (z)" — 14108 sin (z)® + 6514 sin (z)* — 993 sin (z)
1536 (2 sin ()2 —1)"

523 523
923 : 923 o 1
£ log(sm(m)—}—l)—l—512 log (—sin (z) + 1)

inputLintegrate(1/(cos(x)+cos(3*x))‘5,x, algorithm="giac") J

e

-1483/2048+*sqrt (2) *log(abs (-2*sqrt(2) + 4*sin(x))/abs(2*sqrt(2) + 4+*sin(x)
‘)) + 1/256%(43*sin(x) "3 - 45%sin(x))/(sin(x)"2 - 1)72 + 1/1536%(10488*sin(
‘x)‘? - 14108*sin(x) "5 + 6514*sin(x)~3 - 993*sin(x))/(2*sin(x)"2 - 1)°4 - 5
L23/512*log(sin(x) + 1) + 523/512%log(-sin(x) + 1)

output

~

3.21.9 Mupad [B] (verification not implemented)

Time = 1.25 (sec) , antiderivative size = 307, normalized size of antiderivative = 2.84

/ ! dr =
(cos(z) + cos(3z))5
11492 sin (3z) + 18218 sin (5 z) + 12230 sin (7 x) + 7466 sin (9x) + 3654 sin (11 z) + 276144 atanh(-:

input Lint(l/(cos (3*x) + cos(x))~5,x) J

1
3.21. f (cos(z)+cos(3z))° dx



output
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-(11492*sin(3*x) + 18218+*sin(5*x) + 12230*sin(7*x) + 7466*sin(9*x) + 3654*

sin(11*x) + 276144*atanh(sin(x/2)/cos(x/2)) + 4764*sin(x) + 502080*cos (2*x
)*atanh(sin(x/2)/cos(x/2)) + 389112*cos(4*x)*atanh(sin(x/2)/cos(x/2)) + 25
1040*cos (6*x) *atanh (sin(x/2) /cos(x/2)) + 125520%*cos(8*x)*atanh(sin(x/2)/co
s(x/2)) + 50208*cos(10#*x)*atanh(sin(x/2)/cos(x/2)) + 12552*cos(12*x)*atanh
(sin(x/2)/cos(x/2)) - 97878*2~(1/2)*atanh(27(1/2)*sin(x)) - 177960*2~(1/2)
*atanh (27 (1/2)*sin(x))*cos(2*x) - 137919*2~(1/2)*atanh (2~ (1/2)*sin(x))*cos
(4xx) - 88980*2~ (1/2)*atanh(2”(1/2)*sin(x))*cos(6*x) - 44490%2~(1/2)*atanh
(27 (1/2)*sin(x) ) *cos (8*x) - 17796%2~(1/2)*atanh(2~(1/2)*sin(x))*cos(10*x)
- 4449%27(1/2)*atanh (2" (1/2)*sin(x))*cos (12*x))/(122880*cos (2*x) + 95232%*c
os(4*x) + 61440%cos(6*x) + 30720*cos(8*x) + 12288%cos(10*x) + 3072xcos(12*
X) + 67584)

1
3.21. f (cos(z)+cos(3z))° dx




CHAPTER 3. LISTING OF INTEGRALS 163

1
3.22 f (1+4cos(z)+sin(z))? dx

3.22.1 Optimal result . . . . . . .. . .. 163l
3.22.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 163
3.22.3 Rubi [A] (verified) . . . . . . ... 164
3.22.4 Maple [A] (verified) . . . ... ... ... 165
3.22.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 166
3.22.6 Sympy [B] (verification not implemented) . . .. .. ... ... ....... 166!
3.22.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... ... 167l
3.22.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 167
3.22.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... .. 167

3.22.1 Optimal result

Integrand size = 8, antiderivative size = 29

1 x cos(z) — sin(z)
/ (1 + cos(z) + sin(@))? 0 = 18 (1 +tan (5)) " 1+ cos(z) + sin(z)

-

outputL-ln(1+tan(1/2*x))+(-cos(x)+sin(x))/(1+cos(x)+sin(x))

~—

3.22.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.93

/ (1+ cos(a:)l—l— sin(z))? dz = log (COS <§>) ~log <COS <g> +sin (g>>

sin (%)

cos (%) + sin (%) + 2 tan (5)

input[lntegrate[(l + Cos[x] + Sin[x])~(-2),x]

~—

output(Log[Cos[x/Z]] - Logl[Cos[x/2] + Sin[x/2]] + Sin[x/2]/(Cos[x/2] + Sin[x/2])
+ Tan[x/2]1/2

~

3.22.

1
il (1+-cos(@) +sin(z))2 dzx



input LInt[(l + Cos[x] + Sin[x])~(-2),x]
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3.22.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 754 Ryjeg used = {3042,

’ integrand size
3608, 25, 3042, 3603, 16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (Sin(z) + cos(@) + 1) &
l 3042

1
/ (Sin(z) + cos(@) + 122
l’3608

/_ 1 . cos(z) — sin(x)
cos(x) +sin(z) + 1 sin(x) + cos(z) + 1

| 25

1 . cos(z) — sin(zx)
cos(x) +sin(z) + 1 sin(x) + cos(z) + 1

l.3042

/
/ 1 i cos(z) — sin(x)
/

cos(z) +sin(z) + 1 sin(z) + cos(z) + 1
| 3603

1 dtan (g) __ cos(z) — sin(z)

| 16

o tn (§) +1) - o))

2tan (%) + 2 sin(x) + cos(z) + 1

~—

-

-Log[1 + Tan[x/2]] - (Cos[x] - Sin[x])/(1 + Cos[x] + Sin[x])

i

1
322. [ (1+-cos(@) +sin(z))2 dzx
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3.22.3.1 Defintions of rubi rules used

ruk316‘Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
‘b*x, x11/b), x] /; FreeQl{a, b, c}, x]

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk33042‘Int[u_, x_Symbol] :> Int([DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]

rule 3603 | Int [(cos[(d_.) + (e_.)*(x_)1*(b_.) + (a_) + (c_.)*sin[(d_.) + (e_.)*(x_)1)"
(-1), x_Symbol] :> Module[{f = FreeFactors[Tan[(d + e*x)/2], x]}, Simp[2x*(f
/e) Subst[Int[1/(a + b + 2%cxfxx + (a - b)*f~2*x"2), x], x, Tan[(d + e*x)
/21/£1, x1]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[a"2 - b~2 - ¢c~2, 0]

rule 3608 Int[(cos[(d_.) + (e_.)*(x_)]1*(b_.) + (a_) + (c_.)*sin[(d_.) + (e_.)*(x_)1)"
(n_), x_Symbol] :> Simp[((-c)*Cos[d + e*x] + b*Sin[d + exx])*((a + b*Cos[d
+ exx] + c*Sin[d + e*x])"(n + 1)/(ex(n + 1)*(a”2 - b™2 - ¢c72))), x] + Simp[
1/((n + 1D*(@2 - b2 - ¢c"2)) Intl(a*x(m + 1) - bx(n + 2)*Cos[d + e*x] - ¢
*(n + 2)*Sin[d + exx])*(a + b*Cos[d + exx] + c*Sin[d + e*x])"(n + 1), x], x
] /; FreeQ[{a, b, c, d, e}, x] && NeQ[a"2 - b2 - c~2, 0] && LtQ[n, -1] &&
NeQ[n, -3/2]

3.22.4 Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.93

method result gize
tan(%) -

default 2) _ 1+taln(%) —In (1+tan (%)) 27
(ta"Z(% ) _3 i

norman Tz~ —In (1+tan (%)) 30

parallelrisch (=2—2tan(3)) ;rjr(zlz;t:? %( )%))+tan2 (5)-3 36

3.22. dz

f 1
(14-cos(z)+sin(z))?
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input‘int(1/(1+cos(x)+sin(x))“2,x,method=_RETURNVERBUSE) ‘

output L1/2*tan(1/2*x)-1/ (1+tan(1/2%x))-1n(1+tan(1/2%x)) J

3.22.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.59

1
(1 + cos(x) + sin(z))? v
_ (cos (z) + sin () + 1) log (5 cos () + 3) — (cos (x) + sin (x) 4 1) log (sin (x) 4+ 1) — 2 cos (z) + 2 sin (z
2 (cos (z) +sin (z) + 1)

input Lintegrate (1/(1+cos(x)+sin(x))~2,x, algorithm="fricas") J

output‘1/2*((cos(x) + sin(x) + 1)*log(1/2*cos(x) + 1/2) - (cos(x) + sin(x) + 1)x*1 ‘
‘og(sin(x) + 1) - 2*cos(x) + 2*sin(x))/(cos(x) + sin(x) + 1) ‘

3.22.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 66 vs. 2(22) = 44.

Time = 0.42 (sec) , antiderivative size = 66, normalized size of antiderivative = 2.28

/ 1 e — _ 2log (tan (£) + 1) tan (2) _ 2log (tan (Z) +1)
(1 + cos(z) +sin(z))2 2tan (£) + 2 2tan (£) + 2
tan? (£)

2 tan (%) + 2 " 2tan (%) + 2

e—

p
input Lintegrate (1/(1+cos(x) +sin(x) ) **2,x)

output ‘/—2*log(tan(x/2) + 1) *tan(x/2)/(2*tan(x/2) + 2) - 2#log(tan(x/2) + 1)/(2*ta ‘
‘n(x/2) + 2) + tan(x/2)**2/(2xtan(x/2) + 2) - 3/(2*tan(x/2) + 2) ‘

1
322. [ (1+-cos(@) +sin(z))2 dzx
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3.22.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.38

/ (1 + cos(z) + sin(z))? do = 2(cos(z)+1) @ 4

cos(z)+1

1 _ sin(z) 1 (Lﬂc)lﬂ)

cos (z) +

input Lintegrate (1/(1+cos(x)+sin(x))~2,x, algorithm="maxima")

OUtPUt‘1/2*sin(x)/(cos(x) + 1) - 1/(sin(x)/(cos(x) + 1) + 1) - log(sin(x)/(cos(x)
L + 1) + 1)

3.22.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.03

t L +1 +1t L
an| 5z 5 tan| 5z

1 _ tan (52) o
/ (14 cos(z) + sin(z))? do = tan (3 z) +1 log (

input Lintegrate (1/(1+cos(x)+sin(x))~2,x, algorithm="giac")

—/

output Ltan(l/Z*x)/(ta.n(l/Q*x) + 1) - log(abs(tan(1/2*x) + 1)) + 1/2%tan(1/2*x)

-/

3.22.9 Mupad [B] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.90

N8 [ =

1 tan(%) T
/(1+cos(x)+sin(m))2 do=—"~h (tan<§)+1> " tan (2) +1

input‘int(l/(cos(x) + sin(x) + 1)72,x)

output Ltan(x/Q)/2 - log(tan(x/2) + 1) - 1/(tan(x/2) + 1)

1
322 | wres@rm@y %@
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3.23 [ +/1+tanh(4z)dz

3.23.1 Optimal result . . . . . . . . . . . . . . e 168]
3.23.2 Mathematica [A] (verified) . . . . . . . ... .. .. Lo 168
3.23.3 Rubi [A] (verified) . . . . ... . . . ... 1691
3.23.4 Maple [A] (verified) . ... ... ... ... 170
3.23.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 170l
3.23.6 Sympy [F] . . . . . 171
3.23.7 Maxima [B] (verification not implemented) . . . . . ... ... ... ... ... Ival
3.23.8 Giac [A] (verification not implemented) . . . .. ... ... ... ....... Il
3.23.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... .. 172

3.23.1 Optimal result

Integrand size = 10, antiderivative size = 26

arctanh(—V 1+tjgh(4w)>
/ v 1+ tanh(4z) dz =
2v/2
output L1/4*arctanh(1/2* (1+tanh (4%x) )~ (1/2)%2~(1/2)) %2~ (1/2) J

3.23.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

arctanh (—W)
/ /1 + tanh(4z) dz =
2V/2

input LIntegrate [Sqrt[1 + Tanh[4*x]],x]

~—

-

i

output

ArcTanh([Sqrt[1 + Tanh[4#*x]]/Sqrt[2]]/(2*Sqrt[2])

N\

3.23.  [4/1+ tanh(4z)dz



input
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3.23.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 354 Ryjes used = {3042,
integrand size
3961, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Vtanh(4z) + 1dz

J,3042

[ Vi=itn(iiz)ds

l 3961
1 1 i@ 71
5 / T tanhi(az) tanh(4w)d tanh(4z) + 1
l 219

arctanh <7V tanl\l/(;m)"'l )

2V2

Int[Sqrt[1 + Tanh[4*x]],x]

N\ J

output ‘ ArcTanh([Sqrt[1 + Tanh[4#*x]]/Sqrt[2]]/(2*Sqrt[2])

rule 219

rule 3042

3.23.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Q[a, 0] || LtQ[b, 0]1)

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.23.  [4/1+ tanh(4z)dz
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ruk33961‘Int[Sqrt[(a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[-2*(b/d)
‘ Subst [Int[1/(2%a - x~2), x], x, Sqrt[a + b*Tan[c + d*x]]], x] /; FreeQ[{a
, b, ¢, d}, x] & EqQ[a~2 + b~2, 0] ‘

3.23.4 Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.77

method result size
arctanh (7@ \/E) V2

derivativedivides 7 20
arctanh (*@ \/5) V2

default 20

4

p
input Lint ((1+tanh(4*x))~(1/2) ,x,method=_RETURNVERBOSE)

-/

output L1/4*arctanh(1/2* (1+tanh (4%x) )~ (1/2) %27 (1/2))*2~(1/2)

~—

3.23.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 68 vs. 2(19) = 38.

Time = 0.25 (sec) , antiderivative size = 68, normalized size of antiderivative = 2.62

/\/1+tanh (4z)dx = - \/_log< 2\/_\/ cosh (4) (cosh (4x) + sinh (4 z))

cosh (4z) — sinh (4 z)

— 2 cosh (4z)® — 4 cosh (4z) sinh (4z) — 2 sinh (4z)°* — 1)

-

1nputLlntegrate((1+tanh(4*x))‘(1/2),x, algorithm="fricas")

~—  /

;
output\ 1/8%sqrt (2) *log(-2*sqrt (2) *sqrt (cosh(4*x)/(cosh(4*x) - sinh(4*x)))*(cosh(4
'*¥x) + sinh(4*x)) - 2%cosh(4%x)"2 - 4xcosh(4xx)*sinh(4*x) - 2*sinh(4%x)"2 -

Li)

~

3.23.  [4/1+ tanh(4z)dz
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3.23.6 Sympy [F]

/ V1 + tanh(4z) dz = / \/tanh (4z) 4+ 1dz

input Lintegrate ((1+tanh(4*x))**(1/2) ,x)

output

Integral (sqrt(tanh(4*x) + 1), x)

-

3.23.7 Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 43 vs. 2(19) = 38.

Time = 0.28 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.65

Vo —

V2 - 7
/ 1 + tanh(4x) dz = _é \/ilog (_ Ve(=82) 41
Ve 11

inputLintegrate((1+tanh(4*x))‘(1/2),x, algorithm="maxima")

output‘—1/8*sqrt(2)*log(-(sqrt(2) - sqrt(2)/sqrt(e~(-8*x) + 1))/(sqrt(2) + sqrt(2
)/sqrt(e”(-8%x) + 1)))

3.23.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.81

/ 1+ tanh(4z) dz = —}1 v2log (\/ eB2) +1 — 6(4””))

input Lintegrate ((1+tanh(4*x))~(1/2) ,x, algorithm="giac")

outputL-1/4*sqrt(2)*log(sqrt(e“(8*x) + 1) - e7(4%x))

3.23.  [4/1+ tanh(4z)dz
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3.23.9 Mupad [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.73

V2 atanh <ﬁ \/tan2h(4x)+1>
/ v 1+ tanh(4z) dx = 1

inputtint((tanh(él*x) + 1)7(1/2) ,x)

outputL(2“(1/2)*atanh((2“(1/2)*(tanh(4*x) + 1)7(1/2))/2)) /4

3.23.  [4/1+ tanh(4z)dz
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3.24  [TEd 4y
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3.24.1 Optimal result

Integrand size = 16, antiderivative size = 110

arctan (M> arctan (M>

t h v er+e<® —iver+eT
_tanh(z) dr = 2e%V/e® + €27 — 2\/F' A 2F, e
Vver + e V1+i v1—i

output‘arctan(1/2*(I+(1+2*I)*exp(x))/(1-I)”(1/2)/(exp(x)+exp(2*x))“(1/2))/(1-1)”(
\1/2)-arctan(1/2*(I+(-1+2*I)*exp(x))/(1+I)‘(1/2)/(exp(x)+exp(2*x))‘(1/2))/(
‘1+I)“(1/2)+2*(exp(x)+exp(2*x))‘(1/2)/exp(x) ‘

3.24.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.10

_tanh(z)

dz
ez + ez
2 +2e” — (1 —14)%2e"/2/T+ e””arctanh(%z) — (1 +1)32e*2/T+ e%rctanh(%)

e* (14 e®)

input LIntegrate [Tanh[x]/Sqrt [E"x + E~(2*x)],x]

-/

output‘(2 + 2%E"x - (1 - I)"(3/2)*E~(x/2)*Sqrt[1 + E~x]*ArcTanh[(Sqrt[1 - I]*E~(x
‘/2))/Sqrt[1 + E"x]] - (1 + I)7(3/2)*E"(x/2)*Sqrt[1 + E"x]*ArcTanh[(Sqrt[1 ‘
+ II*E"(x/2))/Sqrt[1 + E"x]11)/Sqrt[E"xx (1 + E™x)] |

3.24. [ gy
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3.24.3 Rubi [A] (warning: unable to verify)

Time = 0.52 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.15,
number of steps used = 8, number of rules used = 7, Lumber of rules _ ( 438 Ryles used

integrand size
= {2720, 25, 2467, 2003, 2035, 2247, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

tanh(z)
A /ex + e2.1/:
l 2720

2x
/- =)
(eQm + 1 6293

l 25
3 / —F(1-e*) &
(11 ™) Jer §

l 2467
Vevertl] T e e
A /ex + 62.’1)

l 2003
VEET [ (S e
Vet
l 2035
aveEye [ I e
A /ex + 6235
l 92247
2\/67 /e +1 [ (HGT;H o2 /—1+e2z) dv/e&
Vet
l 2009

2\/6_’”\/61 (%( i)3/zarctanh(\/\/;i7\f?) + %(1 + i)3/2arctanh(%) —e % /e2r I 1)

A /ex + 621'

dz

3.24. [ gy
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input‘Int[Tanh[x]/Sqrt[E“x + E7(2%x)],x]

output((-2*Sqrt[E“x]*Sqrt[1 + E"x]*(-(Sqrt[1 + E"(2*x)]1/E"x) + ((1 - I)"(3/2)*Arc
‘Tanh[(Sqrt[l - I]*Sqrt[E"x])/Sqrt[1 + E~(2*%x)]1]1)/2 + ((1 + I)~(3/2)*ArcTan
‘h[(Sqrt[l + I1*Sqrt[E"x1)/Sqrt[1 + E~(2%x)11)/2))/Sqrt[E"x + E~(2%x)]

-

3.24.3.1 Defintions of rubi rules used

-

rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

N\

ruka2003‘Int[(u_)*((c_) + (d_)*(x_))"(a_)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :

‘> Int[ux(c + d*x)~(n + p)*(a/c + (b/d)*x)"p, x] /; FreeQl[{a, b, c, d, n, p}
, x] && EqQ[b*c~2 + a*d~2, 0] && (IntegerQ[p]l || (GtQ[a, 0] && GtQlc, 0] &&
‘ IIntegerQ[n]))

rukzZOOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2035 Int[(Fx_)*(x_)"(m_), x_Symbol] :> With[{k = Denominator[m]}, Simp[k Subst
[Int[x~(k*(m + 1) - 1)*SubstPower[Fx, x, k], x], x, x~(1/k)], x]] /; Fracti
onQ[m] && AlgebraicFunctionQ[Fx, x]

rule 2247 Int [(Px_)*((£_.)*(x_)) " (m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)
~4)~(p_.), x_Symbol] :> Int[ExpandIntegrand [Px*(f*x) m*(d + e*x"2)"g*(a + c
*x~4)"p, x], x] /; FreeQ[{a, c, d, e, £, m, q}, x] && PolyQ[Px, x] && Integ
erQ[pl]

rule 2467 Int[(Fx_.)*(Px_)~(p_), x_Symbol] :> With[{r = Expon[Px, x, Min]}, Simp[Px"F
racPart [p]/ (x~ (r*FracPart [p] ) *ExpandToSum[Px/x"r, x] FracPart[p]) Int[x"(
p*r) *ExpandToSum [Px/x"r, x] p*Fx, x], x] /; IGtQlr, 0]] /; FreeQ[p, x] && P
olyQ[Px, x] && !'IntegerQ[p]l &% !MonomialQ[Px, x] && !PolyQ[Fx, x]

3.24. [ gy
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rule 2720 | Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

3.24.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 365 vs. 2(81) = 162.

Time = 0.24 (sec) , antiderivative size = 366, normalized size of antiderivative = 3.33

method | result

V2 (, /tanh(2)+1v2 V=2+2v2 In(tanh($)+1- /tanh (%) +1 v2v2+2+v2) V2V2+2  tanh(5) +1 V2 V/=2+2v2 In

default | —

inputLint(tanh(x)/(exp(x)+exp(2*x))‘(1/2),x,method=_RETURNVERBDSE) J

e N

output | -1/4%2~(1/2)*((tanh(1/2*x)+1) ~(1/2)*2~(1/2) * (-2+2%2~(1/2))~(1/2) *1n(tanh (1
/2%x)+1-(tanh (1/2*%x)+1) = (1/2)*(2%27(1/2)+2) ~(1/2)+27(1/2) ) *(2%x2~(1/2) +2) ~ (
1/2)-(tanh(1/2*x)+1) ~(1/2)*2~(1/2) * (-2+2%2~(1/2) )~ (1/2) *1n(tanh (1/2*x) +1+(
tanh (1/2%x)+1) ~(1/2) % (2%27(1/2)+2) ~(1/2)+27(1/2) )% (227 (1/2)+2) ~(1/2) +4x (¢
anh (1/2*x)+1) ~(1/2)*arctan ((2*(tanh(1/2*x)+1) ~(1/2)-(2*%2"(1/2)+2)~(1/2)) /(
-2+2*%27(1/2))~(1/2) )+4*(tanh (1/2*x)+1) " (1/2) *arctan((2* (tanh (1/2*x)+1) ~(1/
2)+(2%27(1/2)+2)~(1/2) )/ (-2+2%27(1/2) )~ (1/2) ) -(tanh(1/2*x)+1) = (1/2) * (-2+2*
27(1/2))"(1/2)*1n(tanh(1/2*x)+1-(tanh (1/2*x)+1) ~(1/2) *(2%x2~(1/2)+2) ~(1/2)+
27(1/2))* (2527 (1/2)+2) ~(1/2)+(tanh (1/2*x)+1) ~(1/2) * (-2+2%x27(1/2) )~ (1/2) *1n
(tanh (1/2*x)+1+(tanh (1/2*x)+1) "~ (1/2) *(2%x2~(1/2)+2) " (1/2)+27(1/2) ) * (2x2~(1/
2)+2) " (1/2)+8% (-2+2%2~(1/2))~(1/2) )/ (-2+2%27(1/2))~(1/2) / (tanh (1/2*x)-1) / (
(tanh(1/2*x)+1)/(tanh(1/2%x)-1)"2)~(1/2)

3.24. [ gy
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3.24.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 220 vs. 2(67) = 134.

Time = 0.26 (sec) , antiderivative size = 220, normalized size of antiderivative = 2.00

_tanh(z)
Vet o
2¢ — 2(cosh (z) + sinh (z)) log ((z +1) vV2i—2+2 \/% — 2 cosh (z) — 2 sinh (z) — 2i> -

dz

~—

inputLintegrate(tanh(x)/(exp(x)+exp(2*x))“(1/2),x, algorithm="fricas")

output | 1/2%(sqrt(2*I - 2)*(cosh(x) + sinh(x))*log((I + 1)*sqrt(2*I - 2) + 2*sqrt(
(cosh(x) + sinh(x) + 1)/(cosh(x) - sinh(x))) - 2%cosh(x) - 2*sinh(x) - 2*I
) - sqrt(2*I - 2)*(cosh(x) + sinh(x))*log(-(I + 1)*sqrt(2*I - 2) + 2xsqrt(
(cosh(x) + sinh(x) + 1)/(cosh(x) - sinh(x))) - 2*cosh(x) - 2*sinh(x) - 2+*I
) + sqrt(-2*I - 2)*(cosh(x) + sinh(x))*log(-(I - 1)*sqrt(-2*I - 2) + 2%sqr
t((cosh(x) + sinh(x) + 1)/(cosh(x) - sinh(x))) - 2*cosh(x) - 2*sinh(x) + 2
*I) - sqrt(-2*I - 2)*(cosh(x) + sinh(x))*log((I - 1)*sqrt(-2*I - 2) + 2*sq
rt((cosh(x) + sinh(x) + 1)/(cosh(x) - sinh(x))) - 2*cosh(x) - 2*sinh(x) +

2xI) + 4xsqrt((cosh(x) + sinh(x) + 1)/(cosh(x) - sinh(x))) + 4*cosh(x) + 4
*sinh(x))/(cosh(x) + sinh(x))

3.24.6 Sympy [F]

_tanh(z) i tanh ()

——— _dx
Ver 4+ e (ez+1)e”

input‘integrate(tanh(x)/(exp(x)+exp(2*x))**(1/2),X) ‘

outputLIntegral(tanh(x)/sqrt((exp(x) + D*exp(x)), x) J

3.24. [ gy
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3.24.7 Maxima [F]

tanh(z) dp — tanh (z)

Ver 4+ e ,/6(2:1;)_'_693 T

)
integrate(tanh(x)/(exp(x)+exp(2*x))~(1/2),x, algorithm="maxima")

output Lintegrate(tanh(x)/sqrt(e“(2*x) + e7x), x) J

3.24.8 Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 379 vs. 2(67) = 134.

Time = 0.40 (sec) , antiderivative size = 379, normalized size of antiderivative = 3.45

_tanh(z)

Vet e
1
=—(Zz+ ) 2\/_+2< +1)log< Ve@o) 4 ez — e”)
+2vV2V/2vV2 -2 —4ivV2 — (20 4+2) \/2V2 -2 — 4/ e(2) £ ez 4 4¢” +4z)

+(411 ) 2\/_+2< +1)1 < Vel 4 ev — e””)

—2v2\/2vV2 -2 - 4iV2+ (20 +2) —2 -4 4 ev 4 4¢” +4z>—(;li
+}1) \/2\/5—2<\/;_1+1> log(—20\/§<—(z'+2) Velo) 4 e + (i +2) e”’)

+10v21/10v2 — 14 + (40i — 20) V2 — (2i + 14) /102 — 14
1
— (28i + 56) V/e22) + v + (28i + 56) €* — 56i + 28) + (Zi

+}1> \/2\/57—2<\/;_1+1> log (—20\/5(—(z'+2) Vel 4 em + (42) e

—10v/21/10V/2 — 14 + (40i — 20) V2 + (2i + 14) /102 — 14
2

Vel2z) 4+ eT — ez

— (28i + 56) \/e(?) + e + (28i + 56) €* — 56i + 28> +

3.24. [ gy
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inPllt‘integrate(tanh(x)/(exp(x)+exp(2*x))"(1/2),x, algorithm="giac")

output | -(1/4*I + 1/4)*sqrt(2*sqrt(2) + 2)*(I/(sqrt(2) + 1) + 1)xlog(4*sqrt(2)*(sq
rt(e”(2*x) + e7x) - e"x) + 2xsqrt(2)*sqrt(2*sqrt(2) - 2) - 4*I*sqrt(2) - (
2xI + 2)*sqrt(2*sqrt(2) - 2) - 4*sqrt(e”(2*x) + e"x) + 4xe"x + 4xI) + (1/4
*I + 1/4)*sqrt(2*sqrt(2) + 2)*(I/(sqrt(2) + 1) + 1)*log(4*sqrt(2)*(sqrt(e”
(2%x) + e7x) - e7x) - 2xsqrt(2)*sqrt(2*sqrt(2) - 2) - 4xI*sqrt(2) + (2xI +
2)*sqrt (2xsqrt(2) - 2) - 4xsqrt(e”(2xx) + e"x) + 4xe"x + 4*I) - (1/4*I +
1/4) *sqrt (2xsqrt(2) - 2)*(I/(sqrt(2) - 1) + 1)*log(-20*sqrt(2)*(-(I + 2)*s
qrt(e”(2*x) + e7"x) + (I + 2)*e"x) + 10*sqrt(2)*sqrt(10*sqrt(2) - 14) + (40
*I - 20)*sqrt(2) - (2+I + 14)*sqrt(10*sqrt(2) - 14) - (28I + 56)*sqrt(e”(
2%x) + e7x) + (28+I + 56)*e”x - 56%I + 28) + (1/4%I + 1/4)*sqrt(2*sqrt(2)
- 2)*(I/(sqrt(2) - 1) + 1)*1log(-20*sqrt(2)*(-(I + 2)*sqrt(e”(2*x) + e7x) +

(I + 2)*xe"x) - 10*sqrt(2)*sqrt(10*sqrt(2) - 14) + (40*I - 20)*sqrt(2) + (
2xI + 14)*sqrt(10*sqrt(2) - 14) - (28I + 56)*sqrt(e”(2*x) + e"x) + (28%I
+ 56)*e"x — 56xI + 28) + 2/(sqrt(e”(2*x) + e7x) - e7x)

3.24.9 Mupad [F(-1)]

Timed out.
tanh(z) dr — tanh(z)

— —~ * _dx = —Fax
1/€w+62$ ,/e2z+ea:

input | int (tanh(x)/(exp(2¢x) + exp(x))~(1/2),%)

output‘int(tanh(x)/(exp(2*x) + exp(x))~(1/2), x)

3.24. [ gy
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3.25.2 Mathematica [C] (verified) . . . . . . . . ... Lo 180
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3.25.4 Maple [A] (verified) . ... ... ... ... 183
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3.25.7 Maxima [F] . . . . . . . 184
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3.25.9 Mupad [F(-1)] . . . . . oo 185

3.25.1 Optimal result

Integrand size = 11, antiderivative size = 40

2iv2E(% — 2|2) \/sinh(z)

isinh(z)

/ \/sech(z) sinh(2z) dz =

output(2*1*(sin(1/4*Pi+1/2*I*x)“2)”(1/2)/sin(1/4*Pi+1/2*I*x)*EllipticE(cos(1/4*Pi
\+1/2*I*x),2*(1/2))*2*(1/2)*sinh(x)*(1/2)/(I*sinh(x))‘(1/2)

3.25.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 10.91 (sec) , antiderivative size = 86, normalized size of antiderivative = 2.15

- 2 . 137 9 (T 2 (T
/ \/sech(z) sinh(2z) dr = 3 (—3 + Hypergeometric2F'1 (5, ot tanh <§)> sech (5)
7

g, L—l,tanh2 <g>> sech? (g)) \/sech(z) sinh(2z) tanh (g)

+4 Hypergeometric2F'1 (Z,

input LIntegrate [Sqrt [Sech[x]*Sinh [2*x]] ,x]

-/

output ‘ (2%(-3 + Hypergeometric2F1[1/2, 3/4, 7/4, Tanh[x/2]"2]*Sqrt[Sech[x/2]"2] +
‘ 4*Hypergeometric2F1[3/4, 3/2, 7/4, Tanh[x/2]"2]*Sqrt[Sech[x/2]°2])*Sqrt[S
‘ech[x]*Sinh[2+x]]#Tanh[x/2])/3

3.25. [ \/sech(z)sinh(2z) dz
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3.25.3 Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00, number

of steps used = 10, number of rules used = 10, Bumber of rules _ 959 Ryles used =
integrand size

{3042, 4898, 3042, 4900, 3042, 4709, 3042, 4797, 3042, 3119}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ \/sinh(2z)sech(z) dz
| 3042
/ \/—i sin(2ix) sec(iz)dx

l 4898

\/sinh(2z)sech(z) [ +/isech(z) sinh(2z)dz
\/isinh(2z)sech(z)

l 3042

\/sinh(2z)sech(z) [ +/sec(iz) sin(2iz)dz
\/isinh(2z)sech(z)

l 4900

\/sinh(2z)sech(z) [ /sech(z)+/isinh(2z)dz
\/isinh(2z)+/sech(z)

| 3042
\/sinh(2z)sech(z) [ +/sec(iz)/sin(2iz)dz
\/isinh(2z)+/sech(z)
| 4709
\/cosh(z)+/sinh(2z)sech(z) [ V\;:z;h%
isinh(2z)
| 3042
\/cosh(z)+/sinh(2z)sech(z) [ % dx
isinh(2z)
| 4797

3.25. [ \/sech(z)sinh(2z) dz



input

output

rule 3042

rule 3119

rule 4709

rule 4797
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\/sinh(2z)sech(z) [ +/isinh(z)dz
/isinh(x)

3042

\/sinh(2z)sech(z) [ /sin(iz)dz
\/isinh(x)

l 3119

2E(% — %|2) \/sinh(2z)sech(z)

\/isinh(x)

[Int [Sqrt[Sech[x]*Sinh[2*x]],x]

-/

‘ ((2*I)*EllipticE[Pi/4 - (I/2)*x, 2]*Sqrt[Sech[x]*Sinh[2#x]])/Sqrt[I*Sinh[x

L]]

~

3.25.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[Sqrt[sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, xI]

/Int[(u_)*((c_.)*sec[(a_.) + (b_.)*(x_)1)"(m_.), x_Symbol] :> Simp[(c*Secl[a
+ b*x]) “m*(c*Cos[a + b*x])"m  Int[ActivateTrig[ul/(c*Cos[a + b*x])"m, x],
x] /; FreeQ[{a, b, c, m}, x] & !IntegerQ[m] && KnownSineIntegrandQ[u, x]

Int[(cos[(a_.) + (b_.)*(x_)]1*(e_.)) " (m_.)*((g_.)*sin[(c_.) + (d_.)*(x_)1)"(
p_), x_Symbol] :> Simp[(g*Sin[c + d*x])~p/((exCos[a + b*x]) p*Sin[a + bxx]~
p) Int[(exCos[a + b*x])~(m + p)*Sin[a + b*x]”p, x], x] /; FreeQl[{a, b, c,
d, e, g, m, p}, x] & EqQ[bxc - axd, 0] &% EqQ[d/b, 2] && !IntegerQ[p]

3.25. [ \/sech(z)sinh(2z) dz



rule 4898

rule 4900
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Int[(u_.)*((a_)*(v_))"(p_), x_Symbol] :> With[{uu = ActivateTrig[ul, vv = A
ctivateTrig[v]}, Simp[a~IntPart[p]*((a*vv) FracPart[p]/vv-FracPart[p]) 1In
t[uuxvvp, x], x]1] /; FreeQ[{a, p}, x] && !'IntegerQlp] &% !InertTrigFreeQ
[v]

Int[(u_)*((v_) " (@m_.)*(w_)"(n_.))"(p_), x_Symbol] :> With[{uu = ActivateTri
glul, vv = ActivateTrigl[v], ww = ActivateTrig[w]l}, Simp[(vv m*ww~n) FracPar
t [pl/ (vv~ (m*FracPart [p]) *ww™ (n*FracPart[p]))  Int[uu*vv™ (m*p)*ww” (n*p), x]
, x]]1 /; FreeQ[{m, n, p}, x] && !IntegerQ[p] && ( !'InertTrigFreeQ[v] || !
InertTrigFreeQ[w])

3.25.4 Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.88

method | result
2,/—i(sinh(z)+i) \/—i(— sinh(z)+1) \/i sinh(z) (2E<\ /1—1 sinh(z),%) —F<\ /1—1 sinh(z),?))
default .
cosh(z)+/sinh(z)
T eT /—2eT —eT | — ezv\/§ ex,\/i
(_ \/4((9(2 2—1) ) +2\/1+ V=2eT+2+/ ( 229/1: T)+F (\/1+ T)) ) ) JE
eT (esT—1 e —e
risch 2\/e7* (e — 1) + oy

;
int ((sinh(2*x)/cosh(x) )~ (1/2) ,x,method=_RETURNVERBOSE)

output‘ 2% (~I*(sinh (x)+I))~(1/2)*(-I*(-sinh(x)+I)) "~ (1/2) *(I*sinh(x) )~ (1/2) *(2*E11i

‘ pticE((1-I*sinh(x))~(1/2),1/2%27(1/2))-EllipticF((1-I*sinh(x))~(1/2),1/2%2
~(1/2)))/cosh(x)/sinh(x)~(1/2)

3.25.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.07 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.58

/ \/sech(x) sinh(2z) de = —2v/2+/sinh (z

—4 weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cosh ()
+ sinh (x)))

3.25. [ \/sech(z)sinh(2z) dz
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inputLintegrate((sinh(2*x)/cosh(x))“(1/2),x, algorithm="fricas")

output‘-2*sqrt(2)*sqrt(sinh(x)) - 4xyeierstrassZeta(4, 0, weierstrassPInverse(4,

‘O, cosh(x) + sinh(x)))

3.25.6 Sympy [F]

sinh (2z)
/\/sech x) sinh(2z) dx —/ mdm

inputtintegrate((sinh(2*x)/cosh(x))**(1/2),x)

outputLIntegral(sqrt(sinh(2*x)/cosh(x)), x)

3.25.7 Maxima [F]

sinh 2 x)

/ \/sech(z) sinh(2z) dz = /

cosh

inputLintegrate((sinh(2*x)/cosh(x))‘(1/2),x, algorithm="maxima")

outputLintegrate(sqrt(sinh(2*x)/cosh(x)), x)

3.25.8 Giac [F]

cosh

/ \/sech(z) sinh(2z) dz = / sinh (22) da:

inputLintegrate((sinh(2*x)/cosh(x))“(1/2),x, algorithm="giac")

outputLintegrate(sqrt(sinh(2*x)/cosh(x)), x)

3.25. [ \/sech(z)sinh(2z) dz
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3.25.9 Mupad [F(-1)]

Timed out.

sinh (2 z)

/ \/sech(z) sinh(2z) dz = / “cosh (z) dx

inputLint((sinh(2*x)/cosh(x))‘(1/2),X)

outputLint((sinh(2*x)/cosh(x))‘(1/2), x)

3.25. [ \/sech(z)sinh(2z) dz



output
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3.26.1 Optimalresult . . . . .. .. . ... .. .. 186
3.26.2 Mathematica [C] (verified) . . . . . . . . ... L Lo 187
3.26.3 Rubi [A] (verified) . . . . . . ... .. 188
3.26.4 Maple [B] (verified) . . . . ... . ... .. 189
3.26.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 190
3.26.6 Sympy [F] . . . . . . 192
3.26.7 Maxima [F] . . .. . . .. .. 192
3.26.8 Giac [B] (verification not implemented) . . . .. .. ... ... ....... 193
3.26.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... .. 194
3.26.1 Optimal result
Integrand size = 16, antiderivative size = 185

/log <x2 +V1-— 1'2) dx = —2zx — arcsin(z) + 1 <1 + \/5) arctan

2 1+ \/5

+\/%<—1+\/5)arctanh< 1_?_\/5
_ %(—1+\/5)arctanh( %\/11_;;2/5 )

-2xx-arcsin(x)+x*1n(x~2+(-x"2+1) " (1/2))+1/2*arctanh (x*2~(1/2) /(6" (1/2)-1)"
(1/2))*(-2+2*57(1/2))~(1/2)-1/2*arctanh (1/2*x* (-2+2%5~(1/2))~(1/2) / (-x"2+1
)T (1/2)) % (-2+42%x57(1/2) )~ (1/2)+1/2*arctan (x*2~(1/2) /(5" (1/2)+1)~(1/2) ) * (2+2
*57(1/2)) " (1/2)+1/2*arctan(1/2*x* (2+2+%5~(1/2))~(1/2) / (=x"2+1) " (1/2) ) * (2+2%
57(1/2))~(1/2)

3.26.  [log (2> ++v1—12?) dz
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3.26.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.35 (sec) , antiderivative size = 920, normalized size of antiderivative = 4.97

/log (w2 + m> dx

—8v/bz — 4v/Barcsin(z) + 51/2 (—1 + v/5) arctan < 1+2\/5x> + /10 (=1 + +/5) arctan (

2
1+vV5

z) -

input{ Integrate[Log[x~2 + Sqrt[1 - x~2]],x]

output

(-8xSqrt [6]*x - 4*Sqrt[5]*ArcSin[x] + 5*Sqrt[2*(-1 + Sqrt[5])]*ArcTan[Sqrt
[2/(1 + Sqrt[5])]1*x] + Sqrt[10*(-1 + Sqrt[5])]*ArcTan[Sqrt[2/(1 + Sqrt[5])
I*x] - (-5 + Sqrt[56])*Sqrt[2*x(1 + Sqrt[5])]*ArcTanh[Sqrt[2/(-1 + Sqrt[5])]
*x] - 5*Sqrt[2 + Sqrt[5]]*Log[-Sqrt[2*(-1 + Sqrt[5])] + 2xx] + 3*Sqrt[5*(2
+ Sqrt[6])]*Log[-Sqrt[2*x(-1 + Sqrt[5])] + 2*x] + 5*Sqrt[2 + Sqrt[5]]*Logl
Sqrt[2*(-1 + Sqrt[5])] + 2*x] - 3*Sqrt[5*(2 + Sqrt[5])]*Logl[Sqrt[2*(-1 + S
qrt[5]1)] + 2*x] - (5*I)*Sqrt[-2 + Sqrt[5]]*Log[(-I)*Sqrt[2*(1 + Sqrt[5])]
+ 2xx] - (3*I)*Sqrt[6x(-2 + Sqrt[5])]*Logl[(-I)*Sqrt[2*(1 + Sqrt[5])] + 2*x
1 + (5%I)*Sqrt[-2 + Sqrt[5]]1*Log[I*Sqrt[2*(1 + Sqrt[5]1)] + 2*x] + (3%I)*Sq
rt[6x(-2 + Sqrt[5])]*Log[I*Sqrt[2*(1 + Sqrt[5])] + 2*x] + 4*Sqrt[5]*x*Logl
x"2 + Sqrt[1 - x72]] + (5xI)*Sqrt[-2 + Sqrt[5]]*Logl4 - (2*I)*Sqrt[2*(1 +
Sqrt[6])]1*x + 2*Sqrt[2*(3 + Sqrt[5])I*Sqrt[1 - x~2]] + (3*I)*Sqrt[5*(-2 +
Sqrt[6])1*Log[4 - (2+I)*Sqrt[2*(1 + Sqrt[5])]*x + 2*Sqrt[2*(3 + Sqrt[5])]*
Sqrt[1 - x72]] - (5*I)*Sqrt[-2 + Sqrt[5]]*Logl[4 + (2*I)*Sqrt[2*(1 + Sqrt[5
1)1*x + 2xSqrt[2*(3 + Sqrt[5]1)1*Sqrt[1 - x~2]]1 - (3*I)*Sqrt[5*(-2 + Sqrt[5
D1xLogl[4 + (2*%I)*Sqrt[2*(1 + Sqrt[5])]*x + 2xSqrt[2*(3 + Sqrt[5])]*Sqrt[1
- x72]] - 5#Sqrt[2 + Sqrt[5]]*Log[2*(2 + Sqrt[2*(-1 + Sqrt[5])]*x + Sqrt[
2]*Sqrt[(-3 + Sqrt[5])*(-1 + x72)]1)] + 3*Sqrt[5%(2 + Sqrt[5])]*Log[2*(2 +
Sqrt[2* (-1 + Sqrt[5])]1*x + Sqrt[2]1*Sqrt[(-3 + Sqrt[5]1)*(-1 + x72)]1)] + 5%S
qrt[2 + Sqrt[5]]1*Logl[4 - 2*Sqrt[2*(-1 + Sqrt[5])]*x + 2+Sqrt[2]*Sqrt[(-...

3.26.  [log (2> ++v1—12?) dz
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3.26.3 Rubi [A] (verified)

Time = 1.07 (sec) , antiderivative size = 349, normalized size of antiderivative = 1.89,
number of steps used = 3, number of rules used — 3, Lumber of rules _ ( 188 Ryles used

integrand size
= {3028, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/log (ac2+ 1—ac2) dz

| 3028
zlog (:r2+\/1—:r2> —/m;(i_\/{%) dz
l 7293
xlog(a:2+ 1—3:2)—/( 5 22° - 2 )d:c
224+vV1—22 1-2222 -22+1
l 2009

—_

—arcsin(z) + 24/ =
(z) E T

% <1 + \/5) arctan (%\St_;/f)x) + 2 % (2 + \/5) arctan (1 / 1+2\/3I> —
1 (\/5 — 1) arctanh ('%(\/_5_1):”) —

<2 + \/3) arctan (M) —

T

i <1 + \/5) arctan (

[\
N———

10 1++5 10 V1-—22?
V35— 1)
2 % (\/5— 2>arctanh (m) + % <\/5— 1>arctanh< \/32_ 1I> +
2 % (\/5—2)arctanh< \/52_ 1x> + xlog <x2+ V1 —;1;2) — 2z

e

input LInt [Log[x"2 + Sqrt[1 - x~2]],x]

~—

3.26.  [log (2> ++v1—12?) dz
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output | -2*x - ArcSin[x] - Sqrt[(1 + Sqrt[5])/10]*ArcTan[Sqrt[2/(1 + Sqrt[5])]x*x]
+ 2+Sqrt[(2 + Sqrt([5])/5]*ArcTan[Sqrt[2/(1 + Sqrt[5])]1*x] - Sqrt[(1 + Sqrt
[6]1)/10]*ArcTan[(Sqrt[(1 + Sqrt([5])/2]*x)/Sqrt[1 - x~2]] + 2xSqrt[(2 + Sqr
t[5]1) /5] *ArcTan[(Sqrt[(1 + Sqrt[5])/2]*x)/Sqrt[1l - x~2]] + 2*Sqrt[(-2 + Sq
rt[5])/5]*ArcTanh[Sqrt[2/(-1 + Sqrt([5])]*x] + Sqrt[(-1 + Sqrt[5])/10]*ArcT
anh[Sqrt[2/(-1 + Sqrt[5])]1*x] - 2*Sqrt[(-2 + Sqrt[5])/5]*ArcTanh[(Sqrt[(-1
+ Sqrt[5])/2]1*x)/Sqrt[1 - x~2]1] - Sqrt[(-1 + Sqrt[5])/10]*ArcTanh[(Sqrt[(
-1 + Sqrt[5])/21*x)/Sqrt[1 - x~2]] + x*Log[x~2 + Sqrt[1l - x~2]]

3.26.3.1 Defintions of rubi rules used

rukzZOOQLInt[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] J

ruk33028‘Int[Log[u_], x_Symbol] :> Simp[x*Logl[ul, x] - Int[SimplifyIntegrand [x*(D[u,
‘ x]/u), x], x] /; InverseFunctionFreeQ[u, x] ‘

ruk37293‘Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
] |

3.26.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 468 vs. 2(138) = 276.

Time = 0.26 (sec) , antiderivative size = 469, normalized size of antiderivative = 2.54

method | result

v5+1)4/5 arctan 2z v5—1)/5 arctanh 2z V5
parts | zln (22 + V-2 +1) — (/5) 5\/2+2\/(5 2+2‘/g) + (5) 5\/_2+2\§5' _2“\/5) + arcsin (z) — (—
<\/5+1)\/5 arctan( \/22””7) (\/5—1)\/5 arctanh( \/ﬁ) 2<3+\/5>\/5z
default | zln (22 ++v—-22+1) — T =LV AN A ACYEN — 2z + %7
input | int (1n(x~2+(-x"2+1)~(1/2)) ,x,method=_RETURNVERBOSE) J

3.26.  [log (2> ++v1—12?) dz



output
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/X*ln(X”2+(—X”2+1)”(1/2))—1/5*(5”(1/2)+1)*5”(1/2)/(2+2*5“(1/2))”(1/2)*arcta

n(2*x/(2+2x5~(1/2))~(1/2))+1/5% (56~ (1/2)-1)*5~(1/2) / (-2+2%5~(1/2) )~ (1/2) *ar
ctanh (2%x/ (-2+2%5~(1/2))~(1/2))+arcsin(x)-1/10%(5~(1/2)+1)*5~(1/2) / (2+5~ (1
/2))~(1/2)*arctanh (((-x"2+1)~(1/2)-1)/x/(2+57(1/2))~(1/2))+1/10% (57 (1/2)-1
)*57(1/2)/(-2+567(1/2)) "~ (1/2)*arctan(((-x~2+1) ~(1/2)-1) /x/(-2+56"(1/2) )~ (1/2
))-1/10%(5~(1/2)-3)*5~(1/2) / (-2+5~(1/2) )~ (1/2) *arctanh (((-x~2+1) ~(1/2)-1)/
x/(-2+567(1/2))~(1/2))+1/10%(3+56~(1/2) )*5~(1/2) / (2+5~(1/2) )~ (1/2) *arctan (((
-x"2+1)7(1/2)-1) /x/(2+57(1/2))~(1/2))-2/5%56"(1/2) / (2+57(1/2) ) ~(1/2) *arctan
h(((-x"2+1)"(1/2)-1)/x/(2+5~(1/2))~(1/2))-2/5%5"(1/2) / (-2+5~(1/2) )~ (1/2) *a
rctan(((-x"2+1)~(1/2)-1) /x/(-2+5"(1/2))~(1/2) )+2/5% (-2+5~(1/2))~(1/2)*5~ (1
/2)*arctanh (((-x~2+1)~(1/2)-1)/x/ (-2+5~(1/2)) ~(1/2))-2/5* (2+5~(1/2))~(1/2)
x5~ (1/2)*arctan(((-x"2+1)~(1/2)-1)/x/(2+5°(1/2) )~ (1/2) ) +4*arctan (((-x"2+1)
~(1/2)-1)/x)-2%x+2/5% (3+5~(1/2) )*5~(1/2) / (2+2%5~(1/2) ) ~(1/2) *arctan (2*x/ (2
+2%57(1/2))~(1/2))-2/5%(57(1/2)-3)*5"(1/2) / (-2+2%5~(1/2) ) " (1/2) *arctanh (2%

x/ (-2+2%5~(1/2))~(1/2))

3.26.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 427 vs. 2(138) = 276.

3.26.  [log (2> ++v1—12?) dz
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Time = 0.27 (sec) , antiderivative size = 427, normalized size of antiderivative = 2.31

/ log (22 + VI~ ?) da
= alog (o 4+ Va2 11) + 3 V2 ﬁ_nog@mwi \/5—1)

iV f_uog@z_f f_1)+ V2 f_uog@xwé -«5_1)

—Z\/é 5—110g(2x—\/_ —1)

x2

—}1\/5 5—110g<

222 +v2zv/—v/5 —1— ¢T<fxm—2> —2)

x2

+i\/§ 5—1log(

22% + (VEV—F ¥ 1o — vVie) VB — 14+ 2y 2 T1-2

+i\/§ V5 — 1log (

x?

IRy 2 BRI e e T

—2x+2 arctan(

m_1>

X

222 — 2o/ =5 — 1 +\/T<\/_w\/ —1+2) - )

)
)

inputLintegrate(log(x‘2+(-x“2+1)“(1/2)),x, algorithm="fricas")

output

x*xlog(x~2 + sqrt(-x~2 + 1)) + 1/4*sqrt(2)*sqrt(sqrt(5) - 1)*log(2*x + sqgrt
(2)*sqrt(sqrt(5) - 1)) - 1/4*sqrt(2)*sqrt(sqrt(5) - 1)*log(2*x - sqrt(2)*s
qrt(sqrt(5) - 1)) + 1/4*sqrt(2)*sqrt(-sqrt(5) - 1)*log(2*x + sqrt(2)*sqrt(
-sqrt(5) - 1)) - 1/4*sqrt(2)*sqrt(-sqrt(5) - 1)*log(2*x - sqrt(2)*sqrt(-sq
rt(5) - 1)) - 1/4xsqrt(2)*sqrt(-sqrt(5) - 1)*log(-(2*x"2 + sqrt(2)*x*sqrt(
-sqrt(5) - 1) - sqrt(-x"2 + 1)*(sqrt(2)*x*sqrt(-sqrt(5) - 1) - 2) - 2)/x"2
) + 1/4*sqrt(2)*sqrt(-sqrt(5) - 1)*log(-(2*x~2 - sqrt(2)*x*sqrt(-sqrt(5) -
1) + sqrt(-x"2 + 1)*(sqrt(2)*x*sqrt(-sqrt(5) - 1) + 2) - 2)/x72) + 1/4%sq
rt(2)*sqrt(sqrt(5) - 1)*log(-(2*x"2 + (sqrt(2)*sqrt(-x"2 + 1)*x - sqrt(2)*
x)*sqrt(sqrt(5) - 1) + 2*sqrt(-x~2 + 1) - 2)/x72) - 1/4*sqrt(2)*sqrt(sqrt(
5) - 1)*log(-(2*%x"2 - (sqrt(2)*sqrt(-x~"2 + 1)*x - sqrt(2)*x)*sqrt(sqrt(5)
- 1) + 2xsqrt(-x"2 + 1) - 2)/x72) - 2*x + 2*arctan((sqrt(-x"2 + 1) - 1)/x)

3.26.  [log (2> ++v1—12?) dz
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3.26.6 Sympy [F]

/log <x2+M) dx=/log <x2+m> dz

inputLintegrate(ln(x**2+(-X**2+1)**(1/2)),X) J

outputtlntegral(log(x**2 + sqrt (1l - x**2)), x) J

3.26.7 Maxima [F]

/log <x2+m> dx:/log <x2+\/T+1> dz

p
inputtintegrate(log(x‘2+(-x‘2+1)‘(1/2)),x, algorithm="maxima")

e—

p

output‘x*log(x‘2 + sqrt(x + 1)#*sqrt(-x + 1)) - x - integrate((x"4 - 2%x72)/(x74 -
‘ x"2 + (x72 - D*e”(1/2%log(x + 1) + 1/2x1log(-x + 1))), x) + 1/2%log(x + 1
‘) - 1/2*xlog(-x + 1)

———————

3.26.  [log (2> ++v1—12?) dz
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3.26.8 Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 301 vs. 2(138) = 276.

Time = 0.34 (sec) , antiderivative size = 301, normalized size of antiderivative = 1.63

/log (m2 + M) dx

1 1
=x10g<x2+\/—x2+1>——7rsgn(ac)+—\/2\/5+2arctan S —
2 2 JiVE L
2 2
T V—x2+1-1
1 V—a?1-1 x
— = 1/2v5 + 2arctan | — =5+
2 ( 2542 )
1 / 1 1 1 / 1 1
+4_1 2\/3—210g(m+ 5\/_—5)—1 2\/5—210g<:c— 5\/5—5)
1 x v—z2+1-1
— =2V —2log | [\/2V5—2— +
4 g( vV—r?2+1-1 z >
1 x vV—z?+1-1
+-4/2v5 —2log [ |-\/2V5 -2 — +
1 g( V= +1-1 z )

2

()

— 2x —arctan | —

2(V—22+1-1)

inputtintegrate(1og(x‘2+(-x‘2+1)‘(1/2)),x, algorithm="giac")

output

x*xlog(x~2 + sqrt(-x~2 + 1)) - 1/2*pi*sgn(x) + 1/2*sqrt(2*sqrt(5) + 2)*arct

an(x/sqrt(1/2*sqrt(5) + 1/2)) - 1/2*sqrt(2*sqrt(5) + 2)*arctan(-(x/(sqrt(-
X2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)/sqrt(2*sqrt(5) + 2)) + 1/4*sqrt(2*
sqrt(5) - 2)*log(abs(x + sqrt(1/2*sqrt(5) - 1/2))) - 1/4*sqrt(2*sqrt(5) -
2)*log(abs(x - sqrt(1/2xsqrt(5) - 1/2))) - 1/4*xsqrt(2xsqrt(5) - 2)*log(abs
(sqrt(2*sqrt(6) - 2) - x/(sqrt(-x"2 + 1) - 1) + (sqrt(-x"2 + 1) - 1)/x)) +

1/4*sqrt (2xsqrt(5) - 2)*log(abs(-sqrt(2*sqrt(5) - 2) - x/(sqrt(-x"2 + 1)
- 1) + (sqrt(-x"2 + 1) - 1)/x)) - 2*x - arctan(-1/2*x*((sqrt(-x"2 + 1) - 1
)"2/x72 - 1)/(sqrt(-x~2 + 1) - 1))

3.26.  [log (2> ++v1—12?) dz
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3.26.9 Mupad [B] (verification not implemented)
Time = 2.15 (sec) , antiderivative size = 608, normalized size of antiderivative = 3.29

/log (x2+m> dz =z In <x2+m> —asin(z) — 2z
nfo-265) (59

2 2

3/2

29 - +4(% - 3)
V2VV6-1 v6 _ 5
n(x+ 2455) (- 1)

3/2
/\/g 1 \/g 1

3.26.  [log (2® + V1 —a?) d€2 /_%5_%+4(_?5_%>3/2) S
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input | int (log(x"2 + (1 - x°2)~(1/2)) %)

output

xxlog(x™2 + (1 - x72)7(1/2)) - asin(x) - 2*x + (log(x - (27(1/2)*(57(1/2)
- 1)7(1/2))/2)*(67(1/2)/2 - 5/2))/(2x(67(1/2)/2 - 1/2)~(1/2) + 4%(57(1/2)/
2 - 1/2)7(3/2)) - (Qog(x + (27(1/2)*(57(1/2) - 1)7(1/2))/2)*(67(1/2)/2 - 5
/2))/(2%(57(1/2)/2 - 1/2)7(1/2) + 4%(567(1/2)/2 - 1/2)7(3/2)) - (log(x - (2
“(1/2)*%(- 57(1/2) - 1)7(1/2))/2)*(57(1/2)/2 + 5/2))/(2x(- 57(1/2)/2 - 1/2)
“(1/2) + 4x(- 57(1/2)/2 - 1/2)7(3/2)) + (Log(x + (27(1/2)*(- 57(1/2) - 1)~
(1/2))/2)*(57(1/2)/2 + 5/2))/(2%(- 57(1/2)/2 - 1/2)~(1/2) + 4%(- 57(1/2)/2
- 1/2)7(3/2)) + (Qog((((x*x(57(1/2)/2 - 1/2)~(1/2) + 1)*1i)/(3/2 - 57(1/2)
/2)7(1/2) + (1 - x72)7(1/2)*1i)/(x + (67(1/2)/2 - 1/2)7(1/2)))*((3%x57(1/2)
)/2 - 8/2))/((2%x(57(1/2)/2 - 1/2)7(1/2) + 4*%(57(1/2)/2 - 1/2)7(3/2))*(3/2
- 57(1/2)/2)"(1/2)) - (Qog((((x*(- 57(1/2)/2 - 1/2)"(1/2) + 1)*1i)/(57(1/2
)/2 + 3/2)7(1/2) + (1 - x72)7(1/2)*1i)/(x + (- 57(1/2)/2 - 1/2)7(1/2)))*((
3%567(1/2))/2 + 5/2))/((2x(- 57(1/2)/2 - 1/2)~(1/2) + 4x(- 57(1/2)/2 - 1/2)
~(3/2))*(567(1/2)/2 + 3/2)7(1/2)) - (Log((((x*(5~(1/2)/2 - 1/2)~(1/2) - 1)*
11)/(3/2 - 57(1/2)/2)~(1/2) - (1 - x72)"(1/2)*1i)/(x - (57(1/2)/2 - 1/2)(
1/2)))*((3%57(1/2))/2 - 5/2))/((2%(57(1/2)/2 - 1/2)7(1/2) + 4%(57(1/2)/2 -
1/2)7(3/2))*(3/2 - 57(1/2)/2)~(1/2)) + (Qog((((x*x(- 57(1/2)/2 - 1/2)~(1/2
) - 1)*1i)/(57(1/2)/2 + 3/2)7(1/2) - (1 - x72)"(1/2)*1i)/(x - (- 57(1/2)/2
- 1/2)7(1/2)))*((3%57(1/2))/2 + 5/2))/((2%(- 57(1/2)/2 - 1/2)7(1/2) + 4x*(
- 57(1/2)/2 - 1/2)7(3/2))*(67(1/2)/2 + 3/2)~(1/2))

3.26.  [log (2> ++v1—12?) dz
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3.27 [l g,

1427
3.27.1 Optimal result . . . . . . .. . ... . 196
3.27.2 Mathematica [A] (verified) . . . . . . . .. ... .. Lo oL 196
3.27.3 Rubi [A] (verified) . . . . . . .. . 197
3.27.4 Maple [A] (verified) . .. . ... . ... .. 198
3.27.5 Fricas [F] . . . . . . . o 1991
3.27.6 Sympy [F] . . . . . 199
3.27.7 Maxima [F] . . . . . .. 199
3.27.8 Giac [F] . . . . . o 200
3.27.9 Mupad [F(-1)] . . . . o 200

3.27.1 Optimal result

Integrand size = 16, antiderivative size = 102

log(14+e¢*) , 1 1 3\,. -
/ 1o dx = 2log((2 2)(2 e))log(l—l—e)

- %log ((—% - %) (i + e”)) log (1 + €®) — PolyLog (2, —e®)

1 1 i ) 1 1 i i
-5 PolyLog (2, (5—5) (1+e )) —3 PolyLog (2, (§+§> (1+e ))

output‘—1/2*1n((1/2—1/2*1)*(I—exp(x)))*1n(1+exp(x))—1/2*1n((-1/2—1/2*1)*(I+exp(x)
‘))*ln(1+exp(x))—polylog(2,-exp(x))—1/2*polylog(2,(1/2-1/2*I)*(1+exp(x)))—1
L/2*polylog(2,(1/2+1/2*I)*(1+exp(x)))

3.27.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.00

log (1 + €%) 1 1 4\,
=2 2200007 ____1 - _ LT l 1 x
/ Lrer =73 Og((z 2) (ie )) og(1+¢)

1 1 3
—3 log ((—5 - %) (i + em)) log (1 + €”) — PolyLog (2, —e®)

1 1 = 1 1 2
— — PolyLL 2, =—= | (1+€*) | — = PolyL 2, =4+= ) (1+¢€”

3.27. [ loaltel) gy

14-e2=
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input‘ Integrate[Log[l + E"x]/(1 + E~(2#*x)),x]

‘x)]*Log[l + E°x])/2 - PolyLogl[2, -E"x] - PolyLogl[2, (1/2 - I/2)*(1 + E"x)]

output ‘/-1/2*(Log[(1/2 - I/2)*(I - E"x)]*Logll + E"x]) - (Logl(-1/2 - I/2)*(I + E~ \‘

/2 - PolyLogl2, (1/2 + I/2)*(1 + E"x)1/2

3.27.3 Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 3, Bumber of rules _ 198 Ryles used

integrand size
= {2720, 2863, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

log (e® + 1)
/ ez +1 dzx

l 2720

—.'131 T
/6 og(e”+1) , o
e2r +1

l 2863

*1 T+1
/ <e_’” log (e +1) — ezgx(j_:-)> de”®

l 2009

1 1 ] 1 1 ]
— PolyLog (2, —e") — 2 PolyLog <2, (2 - ;) 1+ e’”)) — 5 PolyLog <2, (2 + ;) 1+ e””)> -

%log <<; - ;) (—e® +7;)> log (% + 1) — %log <<—; - ;) (& + 7;)> log (¢® + 1)

-

input LInt [Logl[1 + E"x]/(1 + E"~(2%x)) ,x]

output‘—l/z*(Log[(l/Q - I/2)*(I - E"x)]*Logl[1l + E"x]) - (Logl(-1/2 - I/2)*(I + E~
'x)]*Logl[l + E"x]1)/2 - Polylogl[2, -E"x] - PolyLogl2, (1/2 - I/2)*(1 + E™x)]
/2 - PolyLogl2, (1/2 + I/2)*(1 + E"x)1/2

~—

3.27. [ loaltel) gy

1+4e2%
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3.27.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2720 | Int [u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 2863 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)]*(b_.))"(p_.)*((h_.)*(x_))
“(m_)*((£) + (g_)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLoglcx(d + e*x)"n]) p, (h*x) m*x(f + g*x"r)~q, x], x] /; FreeQl{a, b, c
,d, e, f, g, h, m, n, p, q, r}, x] & IntegerQ[m] && IntegerQ[q]

N\

3.27.4 Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.81

method | result

£ T | i(1+e”) > o i(14e%) ]
risch —dﬂOg (1 + ex) _ In(1+e )ln<%—7+ 142- ) B In(14-e )1n(%_7_ 142- ) } dllog(

2 2

inputLint(ln(1+exp(x))/(1+exp(2*x)),X,method=_RETURNVERBOSE)

output‘—dilog(1+exp(x))—1/2*1n(1+exp(x))*ln(1/2-1/2*exp(x)+1/2*I*(1+exp(x)))-1/2*
‘1n(1+exp(x))*ln(1/2-1/2*exp(x)—1/2*I*(1+exp(x)))-1/2*dilog(1/2-1/2*exp(x)+
‘1/2*I*(1+exp(x)))—1/2*dilog(1/2—1/2*exp(x)—1/2*I*(1+exp(x)))

3.27. [ loaltel) gy

14-e2=
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3.27.5 Fricas [F]

log(1+¢€®) . [log(e”+1)
/ 1+ e2® dx_/ e(?) 41 dz

inputLintegrate(log(1+exp(x))/(1+exp(2*x)),x, algorithm="fricas")

outputtintegral(log(e“x + 1)/(e”(2%x) + 1), x)

3.27.6 Sympy [F]

/log(1+ez) dxz/log(ez+1) i

1+e%x e? +1

inputLintegrate(ln(1+exp(x))/(1+eXp(2*X)),X)

output LIntegral(log(exp(x) + 1)/(exp(2*x) + 1), x)

3.27.7 Maxima [F]

/log(1+ez) dxz/log(e“+1) i

input Lintegrate (log(1+exp(x))/(1+exp(2*x)),x, algorithm="maxima")

output Lintegrate(log(e“x +1)/(e”(2%x) + 1), x)

3.27. [ loaltel) gy

1+4e2%
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3.27.8 Giac [F|

log(1+¢€®) . [log(e”+1)
/ 1+ e2® dx_/ e(?) 41 dz

input Lintegrate (log(1+exp(x))/(1+exp(2*x)) ,x, algorithm="giac")

output Lintegrate(log(e“x + 1)/(e”(2*x) + 1), x)

3.27.9 Mupad [F(-1)]

Timed out.

log (1 + €%) _/ln(e””—l—l)
/ Trer W= [ @y ®

input Lint(log(exp(x) + 1)/ (exp(2*x) + 1),x)

output Lint(log(exp(x) + 1)/(exp(2%x) + 1), x)

3.27. [ loaltel) gy

1+4e2%




output
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3.28 [ cosh(z) log? (1 + cosh®(z)) dz

3.28.1 Optimal result . . . . . . .. . ... .

3.28.2 Mathematica [A] (verified)

3.28.3 Rubi [A] (verified) . . . ..
3.284 Maple [F] . . . . . .
3.28.5 Fricas [F] . . . . . o o o
3.28.6 Sympy [F] . . . . . .
3.28.7 Maxima [F] . .......
3.288 Giac [F] . .........
3.28.9 Mupad [F(-1)] . ......

3.28.1 Optimal result

Integrand size = 12, antiderivative size = 159

/ cosh(z) log? (1 + cosh®(z)) dz =

—8\/5 arctan (smh(m)) + 4@'\/5 arctan (smh(x)

v V2
sinh(z) 2v2

+ 8v/2arctan ( /2 > log <\/§ +1 sinh(x)>

+ 4+/2arctan (%) log (2 + sinb’ (z))

+ 4iv/2 PolyLog (2’ =7 +2i\fnh($)>

+ 8sinh(z) — 4log (2 + sinh*(z)) sinh(z)
+ log? (2 + sinh*(z)) sinh(z)

201
202
204
204
2041
200)
200)
200}

;

8*sinh(x)-4*1n(2+sinh(x) ~2)*sinh(x)+1n(2+sinh(x)~2) "2*sinh(x)-8*arctan(1/2
*sinh (x)*27(1/2)) %27 (1/2) +4*xI*arctan(1/2*sinh (x) *2~(1/2)) ~2*2~ (1/2) +4*arct
an(1/2*sinh(x)*27(1/2))*1n(2+sinh(x)~2)*2~(1/2)+8*arctan(1/2*sinh(x)*2~(1/
2))*1n(2%27(1/2) / (I*sinh (x)+27(1/2)) ) %27 (1/2) +4*I*polylog(2,1-2%x27(1/2) /(I

*sinh(x)+27(1/2)))*27(1/2)

3.28. [ cosh(z)log” (1 + cosh®(z)) dz




input

output
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3.28.2 Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.77

2 ? = M —2 + ¢arctan sinh(z)
/cosh(x) log® (1 + cosh®(z)) dz = 4\/§arctan( NG ) ( 2+ t < NG )
4i oy
Y \/ﬁsinh(x)) + log (2 + sinh (x)))
2 + /2 sinh(z)
—2i + 1/2sinh(z)
+ (8 —4log (2+sinh®(z)) +log” (24 sinh*(z)) ) sinh(z)

+210g<

+ 4i+/2 PolyLog (2,

LIntegrate [Cosh[x]*Log[1 + Cosh[x]~2]"2,x] J

s

4xSqrt [2] *ArcTan [Sinh [x]/Sqrt[2]]1*(-2 + I*ArcTan[Sinh[x]/Sqrt[2]] + 2*Logl
\(4*1)/(2*1 - Sqrt[2]*Sinh[x])] + Logl[2 + Sinh[x]~2]) + (4*I)*Sqrt[2]*PolyL
‘og[2, (2*I + Sqrt[2]*Sinh([x])/(-2*%I + Sqrt[2]*Sinh[x])] + (8 - 4%Logl[2 + S
\inh[x]~2] + Log[2 + Sinh[x]"2]~2)*Sinh[x]

N

3.28.3 Rubi [A] (verified)
Time = 0.40 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.01,
number of steps used = 5, number of rules used = 4, number of rules _ 0.333, Rules used

integrand size
= {4858, 2900, 2926, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cosh(z) log? (cosh?(z) + 1) da
| 4858
/ log? (sinh?(z) + 2) dsinh(z)

l 2900

log (sinh?(z) + 2) sinh?(z)
sinh?(z) + 2

sinh(z) log? (sinh®(z) + 2) — 4 / dsinh(z)

l 2926

3.28. [ cosh(z)log” (1 + cosh®(z)) dz
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2log (sinh?(z) + 2)
sinh?(z) + 2

sinh(z) log? (sinh?(z) + 2) — 4 / (log (sinh?(z) +2) — > dsinh(z)

| 2009
sinh(z) log? (sinh?(z) + 2) —

4 (—i\/ﬁ arctan (sinjéx) > : + 2v/2 arctan (sinjéx)) — V/2arctan (sin\/héx)) log (sinh2 (z)+2) — 2v/2 arctan <

input LInt [Cosh[x]*Log[1 + Cosh[x]~2]"2,x]

~—

output | Log[2 + Sinh[x]~2]~2*Sinh[x] - 4%(2*Sqrt[2]*ArcTan[Sinh[x]/Sqrt[2]] - I*Sq

rt[2] *ArcTan[Sinh[x]/Sqrt[2]1]1°2 - 2*Sqrt[2]*ArcTan[Sinh[x]/Sqrt[2]]1*Log[(2

*Sqrt [2])/(Sqrt[2] + I*Sinh[x])] - Sqrt[2]*ArcTan[Sinh[x]/Sqrt[2]]*Logl[2 +
Sinh[x]~2] - I*Sqrt[2]*PolyLogl[2, 1 - (2*Sqrt[2])/(Sqrt[2] + I*Sinh([x])]

- 2xSinh[x] + Log[2 + Sinh[x]"2]*Sinh[x])

3.28.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 2900 Int[((a_.) + Logl[(c_.)*((d.) + (e_.)*(x_)"(n_))"(p_.)1*(b_.))"(q_), x_Symbo
1] :> Simp[x*(a + b*Log[c*(d + e*x"n)"pl)~q, x] - Simp[b*e*n*p*q  Int[x"n*
((a + bxLoglcx(d + exx™n)"pl)~(q - 1)/(d + e*x"n)), x], x] /; FreeQ[{a, b,
c, d, e, n, p}, x] && IGtQ[q, 0] && (EqQ[q, 1] || IntegerQ[n])

rule 2926 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_ )" (p_.)1*(b_.))"(q_.)*(x_)"(m
_Ox((£) + (g )*(x_ )" (s_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b
xLog[c*(d + e*x"n)"pl)~q, x"m*x(f + g*x"s)"r, x], x] /; FreeQ[{a, b, c, 4, e
, f, g, m, n, p, 9, r, s}t, x] && IGtQ[g, O] && IntegerQ[m] && IntegerQ[r] &
& IntegerQ[s]

rule 4858 | Int[Cosh[(c_.)*((a_.) + (b_.)*(x_))I*(u_), x_Symbol] :> With[{d = FreeFacto
rs[Sinh[c*x(a + b*x)], x]1}, Simp[d/(b*c) Subst [Int [SubstFor[1, Sinh[c*(a +
b*x)1/d, u, x], x], x, Sinh[cx(a + b*x)]/d], x] /; FunctionO0fQ[Sinh[c*(a +
bxx)1/d, u, x]]1 /; FreeQ[{a, b, c}, x]

N\ J

3.28. [ cosh(z)log” (1 + cosh®(z)) dz
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3.28.4 Maple [F]

/ cosh (z) In (1 + cosh? (ac))2 dz

inputLint(cosh(x)*ln(1+cosh(x)‘2)‘2,x)

OutputLint(cosh(x)*1n(1+cosh(x)“2)*2,x)

3.28.5 Fricas [F]

/ cosh(z) log® (1 + cosh®(z)) dzx = / cosh (z) log (cosh (z)* + 1)2 dx

inputLintegrate(cosh(x)*log(1+cosh(x)“2)“2,x, algorithm="fricas")

outputtintegral(cosh(x)*log(cosh(x)‘2 + 1)72, x)

3.28.6 Sympy [F]

/ cosh(z) log? (1 + cosh®(z)) dz = / log (cosh® (z) + 1)2 cosh (z) dz

inputLintegrate(cosh(x)*1n(1+cosh(x)**2)**2,x)

output LIntegral(log(cosh(x)**2 + 1)**2*cosh(x), x)

3.28. [ cosh(z)log” (1 + cosh®(z)) dz
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3.28.7 Maxima [F]

/cosh(a:) log” (1 + cosh®(z)) dz = /cosh (z) log (cosh (z)* + 1)2 dx

p
input

integrate(cosh(x)*log(1+cosh(x)~2)~2,x, algorithm="maxima")

output

1/2% (e~ (2%x) - 1)*e~(-x)*log(e”(4*x) + 6%e~(2*x) + 1)72 - 2*x(e~(-x) + inte
grate((e~(2*x) + 6)*e"x/(e”(4%x) + 6%e~(2*x) + 1), x))*log(2)~"2 + 2x(e"x -
integrate((6%e~(2xx) + 1)*e"x/(e”(4*x) + 6%e~(2xx) + 1), x))*log(2)"2 + 1
4xintegrate(e” (3*x)/ (e~ (4*xx) + 6%e”(2%x) + 1), x)*log(2)~2 + l4xintegrate(
e"x/(e”(4xx) + 6xe”(2*x) + 1), x)*log(2)~2 + 4*integrate(x*e” (6*x)/ (e~ (5*x
) + 6%e~(3*x) + e7x), x)*log(2) + 28*integrate(x*e”(4*x)/(e~(5*x) + 6%e~(3
*x) + e7x), x)*log(2) + 28xintegrate(x*e”(2*x)/(e”(5*x) + 6*e~(3*x) + e7x)
, x)*xlog(2) - 2+integrate(e” (6*x)*log(e”(4*x) + 6%e~(2*x) + 1)/(e”(5*x) +
6xe~(3*x) + e7x), x)*log(2) - 14xintegrate(e”(4x*x)*log(e” (4*x) + 6%e” (2%x)
+ 1)/(e”(5*x) + 6xe~(3*x) + e"x), x)*log(2) - 14xintegrate(e”(2*x)*log(e”
(4%x) + 6*%e~(2%x) + 1)/(e”(5*x) + 6%e~(3*x) + e"x), x)*log(2) + 4*integrat
e(x/(e”(5*x) + 6xe~(3*x) + e7x), x)*log(2) - 2xintegrate(log(e”(4*x) + 6*e
“(2*x) + 1)/(e”(5xx) + 6xe~(3*x) + e"x), x)*log(2) + 2+integrate(x~2*e” (6%
x)/(e”(5*x) + 6*e~(3*x) + e"x), x) + ldxintegrate(x~2xe”(4*x)/(e”(5*x) + 6
xe” (3*%x) + e7x), x) + ldxintegrate(x~2*e~(2*x)/(e” (5*x) + 6*e”(3*x) + e7x)
, X) — 2*integrate(x*e”(6*x)*log(e” (4*x) + 6xe~(2*x) + 1)/(e”(5*x) + 6%e”(
3*%x) + e"x), x) - l4xintegrate(x*e”(4*x)*log(e”(4*x) + 6*%e~(2*x) + 1)/(e”(
5xx) + 6xe”(3%x) + e7x), x) - 14xintegrate(x*e” (2*x)*log(e”(4*x) + 6xe” (2%
x) + 1)/(e”(b*x) + 6*%e~(3*x) + e"x), x) + 2xintegrate(x”2/(e”(5%x) + 6*e”(

3%x) + e7x), x) - 2*xintegrate(x*log(e”(4xx) + 6xe~(2*x) + 1)/(e”(5*x) +...

3.28.8 Giac [F]

/cosh(x) log” (1 + cosh®(z)) dz = /cosh (z) log (cosh (z)* + 1)2 dz

inputt

integrate(cosh(x)*log(l+cosh(x)~2)~2,x, algorithm="giac")

7

output’

integrate(cosh(x)*log(cosh(x)~2 + 1)72, x)

3.28. [ cosh(z)log” (1 + cosh®(z)) dz
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3.28.9 Mupad [F(-1)]

Timed out.

/cosh(x) log® (14 cosh®(z)) dz = /ln (cosh(z)® + 1)2 cosh(z) dx

inputtint(log(cosh(x)‘2 + 1)~2*cosh(x) ,x)

output tint(log(cosh(x)’? + 1)"2%cosh(x), x)

3.28. [ cosh(z)log” (1 + cosh®(z)) dz
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3.29 [ cosh(z) log? (cosh?(z) + sinh(z)) dz

3.29.1 Optimalresult . . . . . . .. . ... .. 208]
3.29.2 Mathematica [A] (verified) . . . . . . ... ... .. L Lo oL 209
3.29.3 Rubi [A] (verified) . . . . . ... .. 210
3.20.4 Maple [F] . . . . . . o 212
3.20.5 Fricas [F] . . . . . o o o 212
3.29.6 Sympy [F(-1)] . . . . o 2121
3.29.7 Maxima [F] . . . . . ... . 213
3.20.8 Giac [F] . . . . . o 213
3.29.9 Mupad [F(-1)] . . . . . o 214
3.20. [ cosh(z)log” (cosh®(z) + sinh(z)) dz
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3.29.1 Optimal result

Integrand size = 13, antiderivative size = 395

/ cosh(z) log® (cosh®(z) + sinh(z)) dz = —4v/3arctan (&\/Igh(z»

— %(1 — z\/§> log? (1 —iV3+ 2sinh(x))

- (1 +2\/§) log (Z(l — Z\/zj_/; sinh(w))) log (1

+ivV3+2 sinh(m))

_ % (1 + z\/?;> log? <1 +iV3+ ZSinh(:v))

— (1 — z\/§> log (1 —iv3
i(1+4 iv/3 + 2sinh(z)) )
2V/3

+ 2sinh(z) ) log (—
— 2log (1 + sinh(z) + sinh*(z))
+ (1 . 2\/5) log (1 — V342 sinh(x)) log (1
+sinh(z) + sinh?(z)) + (1 + z\/ﬁ) log (1 +iV3
+2 sinh(m)) log (1 + sinh(z) + sinh?(z))

, i — /3 + 2isinh(z)
_ <1+2\/§) PolyLog (2, — W )

— (1 — 2\/?:) PolyLog (2, i+ V342 sinh(x))

2V/3
+8sinh(z) — 4log (1+sinh(z) 4 sinh*(z)) sinh(z)
+log? (1 + sinh(z) + sinh*(z)) sinh(z)

-2%1n(1+sinh(x)+sinh(x) ~2)+8*sinh(x)-4*1n(1+sinh(x)+sinh(x) ~2)*sinh(x)+1n(
1+sinh(x)+sinh(x) "2) “2*sinh(x)+1n(1+sinh(x)+sinh(x) ~2) *1n(1+2*sinh (x)-I*3"
(1/2))*(1-I*%37(1/2))-1/2*%1n(1+2*sinh (x)-I*37(1/2)) "2*x (1-I*37(1/2) ) -1n(1+2*
sinh(x)-I*37(1/2))*1n(-1/6*I* (1+2*sinh(x)+I*3"(1/2))*3~(1/2))*(1-I*3"(1/2)
)-polylog(2,1/6*(I+2*I*sinh(x)+37(1/2))*37(1/2))*(1-I*37(1/2))+1n(1+sinh(x
)Y+sinh(x) ~2)*1n(1+2*sinh (x)+I*37(1/2)) *(1+I*3~(1/2))-1/2*1n(1+2*sinh (x)+I*
37(1/2)) 2% (1+I%37(1/2) ) -1n(1+2*sinh (x) +I*3~(1/2) ) *1n(1/6*I* (1+2*sinh(x)-I
*37(1/2))*37(1/2))*(1+I*3~(1/2) )-polylog(2,1/6% (-I-2xI*sinh (x)+3~(1/2))*3~
(1/2))*(1+I*37(1/2))-4*arctan(1/3* (1+2*sinh(x))*37(1/2))*37(1/2)

3.20. [ cosh(z)log” (cosh®(z) + sinh(z)) dz
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3.29.2 Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 389, normalized size of antiderivative = 0.98

/ cosh(z) log? (cosh?(z) + sinh(z)) dz = —4v/3arctan (L\/lgh(z))

+ z(z + \/§> log <_i + V3 - 2i sinh(m)) log (1

2v/3
— V342 sinh(x))

+ %z (z + \/§> log? (1 —iV3+ ZSinh(x))
- (1 H\/g) log (z +V3+2 sinh(x)) log (1

2v/3
+ivV3+2 sinh(x))
_ % (1 + 2\/3) 10g2 (1 +ivV3 + 2sinh(a:)>

— 2log (1 + sinh(z) + sinh*(z))

+ (1 - zx/§> log (1 — V342 sinh(x)) log (1

+sinh(z) + sinh®(z)) + (1 + z\/§> log (1 +iV/3
+2 sinh(x)) log (1 + sinh(z) + sinh*(z))

_ (1 +Z\/§) PolyLog <2, it \/52?/? Sinh@))

+ z(z + \/§> PolyLog (2, i+ V342 s1nh(w)>

2vV3
+8sinh(z) —4log (1+sinh(z) +sinh*(z)) sinh(z)
+ log? (1 + sinh(z) + sinh*(z)) sinh(z)

input | Integrate [Cosh[x]*Log[Cosh[x]~2 + Sinh[x]]"2,x]

3.20. [ cosh(z)log” (cosh®(z) + sinh(z)) dz
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output | -4xSqrt [3] *ArcTan[(1 + 2#Sinh([x])/Sqrt[3]] + I*(I + Sqrt[3])#*Logl[(-I + Sqr
t[3] - (2xI)*Sinh[x])/(2%Sqrt[3])]*Logll - I*Sqrt[3] + 2*Sinh[x]] + (I/2)*
(I + Sqrt[3])*Logl[1l - I*Sqrt[3] + 2*Sinh[x]]"2 - (1 + IxSqrt[3])*Log[(I +
Sqrt[3] + (2*I)*Sinh([x])/(2*Sqrt[3])]*Logl[l + I*Sqrt[3] + 2*Sinh[x]] - ((1
+ IxSqrt[3])*Logl[l + I*Sqrt[3] + 2*Sinh[x]]~2)/2 - 2*Log[l + Sinh[x] + Si
nh[x]~2] + (1 - IxSqrt([3])*Log[l - I*Sqrt[3] + 2*Sinh[x]]*Log[1 + Sinh[x]
+ Sinh[x]~2] + (1 + I*Sqrt[3])*Logl[l + IxSqrt[3] + 2*Sinh[x]]*Log[1 + Sinh
[x] + Sinh[x]~2] - (1 + I*Sqrt[3])*PolyLog[2, (-I + Sqrt[3] - (2*I)#*Sinh[x
1)/(2%Sqrt[3]1)] + Ix(I + Sqrt[3])*PolyLogl[2, (I + Sqrt[3] + (2+I)*Sinh[x])
/(2xSqrt[3])] + 8+Sinh[x] - 4*Log[1l + Sinh[x] + Sinh[x]~2]*Sinh[x] + Logl[1
+ Sinh[x] + Sinh[x]~2]~2*Sinh[x]

3.29.3 Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 410, normalized size of antiderivative = 1.04,
number of steps used = 5, number of rules used = 4, Mumber of rules _ ( 348 Ryles used

integrand size
= {4858, 3003, 3008, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cosh(z) log? (sinh(z) + cosh®(z)) dz
| 4858
/ log? (sinh?(z) + sinh(z) + 1) dsinh(z)

l_3003

sinh(z) log? (sinh®(z) + sinh(z) + 1) —
2/ log (sinh?(z) + sinh(z) + 1) sinh(z)(2sinh(z) + 1)dSin

sinh?(z) + sinh(z) + 1 h(z)

l 3008

sinh(z) log? (sinh2 (x) + sinh(zx) + 1) _
.12 . .
2/ (2 log (sinh2 (z) + sinh(z) + 1) — log (sinh?(z) + sinh(z) + 1) (sinh(z) + 2)

sinh?(z) + sinh(z) + 1 ) dsinh(z)

l 2009

3.20. [ cosh(z)log” (cosh®(z) + sinh(z)) dz
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sinh(z) log? (sinh?(z) + sinh(z) + 1) —

2sinh(z) +1) 1 _ 2isinh(z) —v3+i) 1 _ :
2 (2\/§arctan <\/§> + 3 (1 + Z\/g) PolyLog <2, — 23 + 3 (1 — 2\/5) PolyLog | 2, -

-

inputLInt[Cosh[x]*Log[Cosh[x]‘2 + Sinh[x]]172,x]

~—

output | Log[1 + Sinh[x] + Sinh[x]~2]"2*Sinh[x] - 2%(2*Sqrt[3]*ArcTan[(1 + 2*Sinh[x
1)/8qrt[3]1] + ((1 - I*Sqrt[3])*Log[l - I*Sqrt[3] + 2#Sinh([x]]1"2)/4 + ((1 +
IxSqrt[3])*Log[((I/2)*(1 - I*Sqrt[3] + 2*Sinh[x]))/Sqrt[3]]*Log[1 + I*Sqr
t[3] + 2*Sinh[x]])/2 + ((1 + I*Sqrt[3])*Log[l + I*Sqrt[3] + 2*Sinh[x]]"2)/
4 + ((1 - IxSqrt[3])*Logl[l - IxSqrt[3] + 2#Sinh[x]]*Logl[((-1/2*I)*(1 + I*S
qrt[3] + 2#Sinh([x]))/Sqrt[3]11)/2 + Logll + Sinh[x] + Sinh[x]"2] - ((1 - Ix*
Sqrt[3])*Log[1 - I*Sqrt[3] + 2*Sinh[x]]*Logl[l + Sinh[x] + Sinh[x]~2])/2 -
((1 + I*Sqrt[3])*Logl[l + IxSqrt[3] + 2#Sinh[x]]*Logl[l + Sinh[x] + Sinh[x]~
21)/2 + ((1 + I*Sqrt[3])#*PolyLogl[2, -1/2%(I - Sqrt[3] + (2*I)*Sinh[x])/Sqr
t[3]11)/2 + ((1 - I*Sqrt[3])*PolyLogl[2, (I + Sqrt[3] + (2*I)*Sinh[x])/(2%xSq
rt[3]1)])/2 - 4xSinh[x] + 2*Log[l + Sinh[x] + Sinh[x]~2]*Sinh[x])

3.29.3.1 Defintions of rubi rules used

ruka2009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3003 | Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a +

bxLog[c*RFx~p]l)"n, x] - Simp[b*n*p Int[SimplifyIntegrand[x*(a + b*Logl[c*
RFx"pl)~(n - 1)*(D[RFx, x]/RFx), x], x], x] /; FreeQ[{a, b, c, p}, x] && Ra
tionalFunctionQ[RFx, x] && IGtQ[n, O]

rule 3008 Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)1*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Log[c*RFx~pl)"n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQl[{a, b, c, p}, x] &% RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

rule 4858 Int[Cosh[(c_.)*((a_.) + (b_.)*(x_))I*(u_), x_Symbol] :> With[{d = FreeFacto
rs[Sinh[cx(a + b*x)], x]}, Simp[d/(b*c) Subst [Int [SubstFor[1, Sinh[c*(a +
b*x)]1/d, u, x], x], x, Sinh[c*x(a + b*x)]/d], x] /; FunctionOfQ[Sinh[c*(a +
b*x)1/d, u, x]] /; FreeQ[{a, b, c}, x]

3.20. [ cosh(z)log” (cosh®(z) + sinh(z)) dz
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3.29.4 Maple [F]

/ cosh (z) In (cosh? (z) + sinh (av))2 dz

inputLint(cosh(x)*1n(cosh(x)‘2+sinh(x))“2,x)

output Lint (cosh(x)*1n(cosh(x) ~2+sinh(x))"~2,x)

3.29.5 Fricas [F]

/ cosh(z) log® (cosh®(z) + sinh(z)) dz = / cosh (z) log (cosh (z)? + sinh (ac))2 dzx

input Lintegrate (cosh(x)*log(cosh(x) "2+sinh(x))~2,x, algorithm="fricas")

output tintegral(cosh(x)*log(cosh(x)"2 + sinh(x))"2, x)

3.29.6 Sympy [F(-1)]
Timed out.

/ cosh(z) log® (cosh®(z) + sinh(z)) dz = Timed out

input Lintegrate (cosh(x)*1n(cosh(x)**2+sinh(x))**2,x)

-/

output LTimed out

3.20. [ cosh(z)log” (cosh®(z) + sinh(z)) dz
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3.29.7 Maxima [F]

/ cosh(z) log? (cosh®(z) + sinh(z)) dz = / cosh (z) log (cosh (z)? + sinh (:c))2 dz

( N

integrate(cosh(x)*log(cosh(x) “2+sinh(x))~2,x, algorithm="maxima")

N J

input

output | 1/2%(e”(2%x) - 1)*e”(-x)*log(e”(4*x) + 2xe~(3*x) + 2%e~(2*x) - 2%e"x + 1)~
2 + 2%x(2%x - e"(-x) - integrate((2*e~(3*x) + 5*e~(2*x) + 6%e"x - 2)*e"x/(e
“(4%x) + 2xe”(3*x) + 2%e”(2*x) - 2*e"x + 1), x))*log(2)"2 - 4*(x - integra
te((e”(3%x) + 2%e~(2xx) + 2xe"x - 2)*e"x/(e”(4*x) + 2xe”(3*x) + 2*e” (2*x)
- 2%e"x + 1), x))*1log(2)”"2 + 2x(e"x - integrate((2*e~(3*x) + 2*e~(2*x) - 2
xe"x + 1)*e"x/(e”(4*xx) + 2xe”(3*x) + 2*%e~(2*x) - 2%e”x + 1), x))*log(2)"2
+ 4xintegrate(e”(4*x)/(e”(4*x) + 2*%e”(3*x) + 2*%e”(2%x) - 2*e"x + 1), x)*lo
g(2)72 + 6*integrate(e”(3*x)/(e”(4*x) + 2%e~(3%x) + 2%e”(2%x) - 2xe”x + 1)
, x)*1log(2)"2 + 6*integrate(e”x/(e”(4*x) + 2xe~(3%x) + 2%e~(2%x) - 2%e"x +
1), x)*log(2)~2 + 4xintegrate(x*e”(6*x)/(e” (5*x) + 2xe”(4*x) + 2%xe” (3%x)
- 2%e~(2#x) + e"x), x)*log(2) + 8+integrate(x*e”(5*x)/ (e~ (5xx) + 2*e~(4*x)
+ 2%e”(3*x) - 2%e”(2#x) + e"x), x)*log(2) + 12xintegrate(x*e”(4*x)/(e” (5%
X) + 2xe”(4xx) + 2%e”(3*x) - 2xe~(2*x) + e"x), x)*log(2) + 12xintegrate(x*
e” (2*x)/ (e~ (5%x) + 2%e”(4*x) + 2xe~(3*x) - 2¥e”(2*x) + e7x), x)*log(2) - 8
xintegrate (x*e”x/ (e~ (5xx) + 2xe” (4*x) + 2xe”(3*x) - 2*%e~(2*x) + e7x), x)*1
0og(2) - 2*xintegrate(e”(6*x)*log(e”(4*x) + 2%e~(3*x) + 2%xe”(2%x) - 2%e"x +
1)/(e”(5*x) + 2%e~(4*x) + 2%e~(3*x) - 2*e~(2*x) + e7x), x)*log(2) - 4*inte
grate (e~ (5*x)*log(e” (4*x) + 2xe~(3*x) + 2*e~(2%x) - 2%e"x + 1)/(e~(5*x) +
2%e” (4*x) + 2%e~(3*x) - 2%e~(2#x) + e7x), x)*log(2) - 6*integrate(e”(4*x)*
log(e~(4%x) + 2%e”~(3%x) + 2xe”(2%x) - 2*xe"x + 1)/(e”(5*x) + 2%e~(4*x) +...

3.29.8 Giac [F]

/ cosh(z) log® (cosh®(z) + sinh(z)) dz = / cosh (z) log (cosh (z)? + sinh (ac))2 dz

inputLintegrate(cosh(x)*log(cosh(x)‘2+sinh(x))‘2,x, algorithm="giac") J

( h

output’integrate(cosh(x)*log(cosh(x)‘2 + sinh(x))"2, x) J

3.20. [ cosh(z)log” (cosh®(z) + sinh(z)) dz
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3.29.9 Mupad [F(-1)]

Timed out.

/ cosh(z) log” (cosh’(z) + sinh(z)) dz = / cosh(z) In (cosh(z)? + sinh(ac))2 dz

input Lint(cosh(x)*log(sinh(x) + cosh(x)~2)72,x)

outputLint(cosh(x)*log(sinh(x) + cosh(x)"2)"2, x)

3.20. [ cosh(z)log” (cosh®(z) + sinh(z)) dz
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3.30. [ lelEivIie) g,
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3.30.1 Optimal result

Integrand size = 18, antiderivative size = 981

/log(:cl-:_xi—I-x) dmzéilog <\/1—7J—\/1—I-x> log (ac—l-\/l-I——x)
—%ilog<\/1+i—\/1+m>log<w+\/1+—$>
<x+\/1+—$>
—%z’log Vi4+i+V1i+z log(a:+\/1-l-—x>
( +2\/1+—w>
1-2/1—i—+5

1-v5+2y/1+z
1+2V/1—i—+/5

1-V5+2/1+x
1-2/1+i—+5

—V5+2V/1+z
1+2v/14+i—+/5
1+v5+2V/1+z
1—-2v/1—i+5

b 1+v5+2/1+z
& 1+2V/1—i+5

log <1+\/5—I—2\/1+—x>

Vi—i++V1l+z

1
—§zlog V1—i++/1+4+2)log

I
A
<)
[0S
<
—
I
I
<
—
+
8

log

— —ilog (V1 —i4++V1+2)log

|
4
<)
o=
<
—
|
|
<.
—
+
8

+ Zilog (V1+i++V1+2z

1-2V1+i+V5
1+\/5+2\/1+—$)
14+2V1+i++5
2(\/1—i—\/1+x)>

1+2v/1—14

2(V1—i—+1+2)

1+2v/1—i++5

(Vi+i—+V1+7) ;
)

Jio
)
)
)
)
Viti—VIit x>log
)
)
)
)

Vi+i—V1+z log(

1
— Qz PolyLog

1
— 52 PolyLog

1+2V1+i—
2(V1I+i—+v1+u1)

"1+ 2VI+i+V5
2(VI—i++1+1)

1
— 52 PolyLog

 1-2/1-i-+/5 )
2(VI—i+Vita)
1-2VT—i++5

3.30. [ lelEivIie) g,

(
-
+ %iPolyLog (2,
(
(
(

1
— 52 PolyLog
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1/2%T*polylog(2,-2% ((1+1)~(1/2)+(1+x)~(1/2))/ (1-2% (1+1)~(1/2)+5~(1/2))) -1/
2+ I*1n((1-1)~(1/2) - (1+x)~ (1/2) ) *¥1n (145~ (1/2)+2% (1+x)~ (1/2) ) / (142 (1-1)~ (1
/2)+5~(1/2)))-1/2+Tx1n (x+(1+x) ~ (1/2))*1n ((1+I)~ (1/2) +(1+x)~ (1/2) ) ~1/2*T*po
1ylog(2,2% ((1-I)~(1/2)-(1+x)~(1/2))/ (1+2% (1-I)~(1/2)+5~(1/2))) +1/2*I*1n((1
~I)~(1/2) - (1+x) ~ (1/2) ) %1n G+ (14x) ~ (1/2) )+1/2% I¥1n (1+1) = (1/2) - (1+x) ~ (1/2))
10 ((1-5" (1/2)+2% (1+x)~(1/2)) / (1+2% (1+1) ~ (1/2) -5~ (1/2))) -1/2+T¥1n ((1-I)~ (1
/2)=(1+x)~(1/2)) *1n ((1-5"(1/2) +2% (1+x) ~ (1/2) ) / (1+2% (1-1)~ (1/2) -5~ (1/2)) ) +1
/2% T¥polylog(2,2% ((1+1)~(1/2)- (1+x)~(1/2))/ (1+2% (1+1)~ (1/2)+5~ (1/2)) ) +1/2%
I*1n( (1+I)~ (1/2) - (1+x) " (1/2)) *1n( (1457 (1/2) +2% (1+x) ~ (1/2)) / (1+2% (1+4I) " (1/2
)+5~(1/2)))-1/2*I*polylog(2,-2% ((1-I)~ (1/2)+(1+x)~(1/2))/(1-2%(1-1)~ (1/2)-
57(1/2)))-1/2%Ixpolylog(2,-2% ((1-I)~(1/2)+(1+x)~(1/2))/ (1-2% (1-I)~ (1/2)+5"
(1/2)))-1/2+T*1n((1-1)~ (1/2)+(1+x) ~ (1/2)) *1n ((1+5~ (1/2) +2% (1+x)~ (1/2)) / (1-
2% (1-I)~ (1/2)+5"(1/2)))-1/2%Ixpolylog(2, 2% ((1-I)~(1/2) - (1+x) ~(1/2)) / (1+2%(
1-I)~(1/2)-5"(1/2)))+1/2%I*polylog (2, 2% ((1+I)~(1/2) - (1+x)~(1/2)) / (1+2% (1+I
)~ (1/2)-5"(1/2)))+1/2%I¥1n((1+I)~ (1/2)+(1+x) ~ (1/2) ) ¥1n ((1+5™ (1/2) +2% (1+x) ~
(1/2))/ (1-2% (1+I)~ (1/2)+5~(1/2)))+1/2xIx1n (x+(1+x) " (1/2) ) *1n ((1-I)~ (1/2) +(
14%) " (1/2))-1/2¢I¥1n ((1+1)~ (1/2) - (14x) ~ (1/2) ) ¥1n (x+ (1+x) = (1/2) ) +1/2%T*poly
Tog(2,-2%((1+I)~(1/2)+(1+x)~(1/2))/ (1-2% (1+I)~ (1/2) -5~ (1/2) ) ) +1/2+I*1n( (1+
1)~ (1/2)+(1+x)~ (1/2)) *1n ((1-5~ (1/2) +2% (1+x)~ (1/2)) / (1-2% (1+1)~ (1/2) -5~ (1/2
)))-1/2%I*1n((1-I)~(1/2)+(1+x) ~(1/2))*1n((1-5~ (1/2)+2% (1+x) " (1/2)) / (1-2. . .

3.30.2 Mathematica [F]

/log(ac-l—\/l-l——ac)dﬂcz/log(ac—}-\/l—i-—av)dac

1+ 22 14 22

input‘ Integrate[Logl[x + Sqrt[1 + x]]1/(1 + x72),x]

output‘Integrate[Log[x + Sqrt[1 + x]1/(1 + x72), x]

3.30. [ lelEivIie) g,
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3.30.3 Rubi [A] (verified)
Time = 1.37 (sec) , antiderivative size = 983, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 5 999 Ryles uged

integrand size
= {3010, 7292, 3008, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/log(x+\/m+ )
2 +1
l 3010
/\/I—l- 10g2x—|—\/x+ ) T
4 +1
l 7292

/\/a:—i- log T+ + )d\/—

z+1)2—-2z+1)+2

l 3008
iVTF1log(z+vz+1)  iva+ilog(z+vz+1)
2/( (242i) —2(x+1) 2+ 1) — (2—2i) )d\/x—-l-l
l 2009

2<iilog<\/m—\/w—+l)log<x+\/m>—iilog(x/l_-}-i W)log(a:-}-\/ﬁ) —zlog<\/m<

input | Int[Loglx + Sqrt[1 + x11/(1 + x"2),x] |

log (x—i—\/ 1+a:) dz

3.30. [ty



output

rule 2009

rule 3008

rule 3010

rule 7292
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2% ((I/4)*Log[Sqrt[1 - I] - Sqrtl[l + x]1*Loglx + Sqrt[1 + x]] - (I/4)*LoglS
grt[1 + I] - Sqrt[1 + x]]*Loglx + Sqrt[1 + x]] + (I/4)*Log[Sqrt[1 - I] + S
grt[1 + x]]*Loglx + Sqrt[1 + x]] - (I/4)*Logl[Sqrt[1 + I] + Sqrt[1 + x]]*Lo
glx + Sqrt[1 + x]] - (I/4)*LoglSqrt[1 - I] + Sqrt[1 + x]]*Logl(1 - Sqrt[5]
+ 2*%Sqrt[1 + x]1)/(1 - 2*Sqrt[1 - I] - Sqrt[5])] - (I/4)*Log[Sqrt[1 - I] -
Sqrt[1 + x]]1*Log[(1 - Sqrt[5] + 2#Sqrt[1 + x])/(1 + 2*Sqrt[1 - I] - Sqrtl
51)1 + (I/4)*Logl[Sqrt[1 + I] + Sqrt[1 + x]]1*Logl[(1 - Sqrt[5] + 2xSqrt[1 +
x])/(1 - 2+Sqrt[1 + I] - Sqrt[5])] + (I/4)*LoglSqrt[1 + I] - Sqrtl[l + x]]*
Log[(1 - Sqrt[5] + 2*Sqrt[1 + x])/(1 + 2%Sqrt[1 + I] - Sqrt[5])] - (I/4)*L
oglSqrt[1 - I] + Sqrtl[1 + x]I*Logl[(1 + Sqrt[56] + 2*Sqrt[1 + x])/(1 - 2%Sqr
t[1 - I] + Sqrt[5])] - (I/4)*LoglSqrt[1l - I] - Sqrt[1 + x]]1*Logl[(1 + Sqrt[
5] + 2xSqrt[1 + x])/(1 + 2+Sqrt[1 - I] + Sqrt[5]1)] + (I/4)*LoglSqrt[1 + I]
+ Sqrt[1 + x]]*Logl[(1 + Sqrt[5] + 2xSqrt[1 + x])/(1 - 2+Sqrt[1 + I] + Sqr
t[5]1)] + (I/4)*LoglSqrt[1 + I] - Sqrt[1 + x]]*Logl[(1 + Sqrt[5] + 2*Sqrt[1
+ x])/(1 + 2xSqrt[1 + I] + Sqrt[5])] - (I/4)*PolyLogl[2, (2*(Sqrt[1 - I] -
Sqrt[1 + x]1))/(1 + 2+Sqrt[1 - I] - Sqrt[5])] - (I/4)*PolyLogl[2, (2*(Sqrt[1
- I] - Sqrtl1l + x1))/(1 + 2+Sqrt[1 - I] + Sqrt[5])] + (I/4)*PolyLog[2, (2
*(Sqrt[1 + I] - Sqrt[l + x]))/(1 + 2*Sqrt[1 + I] - Sqrt[5]1)] + (I/4)*PolyL
ogl2, (2x(Sqrt[1 + I] - Sqrt[l + x]))/(1 + 2%Sqrt[1 + I] + Sqrt[5])] - (I/

4)*PolyLog[2, (-2*(Sqrt[1 - I] + Sqrtl[1l + x]))/(1 - 2%Sqrt[1 - I] - Sqr...

3.30.3.1 Defintions of rubi rules used

e

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)I*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Log[c*RFx"p])~n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQ[{a, b, c, p}, x] & RationalFunctionQ[RFx, x] && RationalFuncti

onQ[RGx, x] && IGtQ[n, O]

Int[((a_.) + Loglu_l*(b_.))*(RFx_), x_Symbol] :> With[{lst = SubstForFracti
onalPowerOfLinear [RFx*(a + b*Log[ul), x]}, Simp[lst[[2]]1*1st[[4]] Subst[I
nt[1st[[1]], x], x, 1st[[3]11~(1/1st[[2]11)], x] /; !'FalseQ[lst]l] /; FreeQ[{
a, b}, x] && RationalFunctionQ[RFx, x]

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int([v, x] /; v =!
= 'll]

3.30. [ lelEivIie) g,

~—
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3.30.4 Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 722, normalized size of antiderivative = 0.74

method result
S i (In(v/IFa—v/1=3) In(z++v/1Fa) —In(vIFz—y/I=7) In( 1o¥542VITE) iy (/THg—y/T—) In ( LEY5E2VITE) _gilog

derivativedivides ( ( )In( il ) (Hgm_ﬁ) (2 ) (1+2m+\/5)

default i(ln(\/ T+z—v/1=i) In(2+/1+7) —In(vIFz—/1—5) 14%) —In(vTFz—v1=0) 14% itz ) —dilog
2

parts i(In(vIFa—vI=7) In(2+v/142) ~In(vIFa—v1=7) In(IYZ YT ) n (¢ TFa—v/1=7) In( LSV dilog
2

inputLint(ln(x+(1+x)‘(1/2))/(x‘2+1),x,method=_RETURNVERBOSE) J

output | 1/2*I*(In((1+x)~(1/2)-(1-I)~(1/2))*1n(x+(1+x)~(1/2))-1n((1+x)~(1/2)-(1-I)"
(1/2))*1n((1-5"(1/2)+2x (1+x) ~(1/2)) / (1+2x (1-1)~(1/2)-57(1/2) ))-1n((1+x) " (1
/2)-(1-1)"(1/2) ) *1n((1+5~(1/2)+2* (1+x) ~(1/2)) / (1+2*% (1-I)~(1/2)+57(1/2)))-d
ilog((1-5"(1/2)+2x(1+x)~(1/2))/ (1+2x(1-I1)~(1/2)-5(1/2)))-dilog((1+5~(1/2)
+2% (14x) 7 (1/2) )/ (142% (1-1)~(1/2)+57(1/2))))+1/2%I*(In((1-I) "~ (1/2)+(1+x)~ (1
/2))*1n(x+(1+x)~(1/2))-1n((1-I)~(1/2)+(1+x) ~(1/2) ) *1n((1-5"(1/2) +2* (1+x) ~ (
1/2))/(1-2%(1-I)~(1/2)-57(1/2)))-1n((1-I)~(1/2)+(1+x) ~(1/2) ) *1n((1+5~(1/2)
+2x (1+x)~(1/2)) / (1-2%(1-1)~(1/2)+57(1/2)) ) -dilog ((1-5~(1/2)+2* (1+x) ~(1/2))
/(1-2%(1-1)~(1/2)-5"(1/2)))-dilog ((1+5~(1/2)+2x (1+x)~(1/2)) / (1-2%(1-I)~(1/
2)+57(1/2))))-1/2*I*x(In((1+x) " (1/2)-(1+I)~(1/2) ) *1n(x+(1+x) ~(1/2) ) -1n((1+x
)~ (1/2)-(1+I)~(1/2))*1n((1-5"(1/2) +2* (1+x) ~(1/2)) / (1+2% (1+I)~(1/2)-5"(1/2)
N -1n((1+x)~(1/2)-(1+I)~(1/2)) *1n((1+5~(1/2) +2*x (1+x) = (1/2) ) / (1+2* (1+I)~(1/
2)+57(1/2)))-dilog((1-5"(1/2)+2* (1+x)~(1/2)) / (1+2x (1+I)~(1/2)-5"(1/2)))-di
log((1+5~(1/2)+2x (1+x)~(1/2)) /(142 (1+I)~(1/2)+57(1/2))))-1/2*I*(1n((1+I)~
(1/2)+(1+x)~(1/2) ) *1n(x+(1+x) " (1/2))-1n((1+I) ~(1/2)+(1+x) ~(1/2))*1n((1-5"(
1/2)+2%(1+x) " (1/2) )/ (1-2%x (1+I)~(1/2)-5"(1/2) )) -1n((1+I) " (1/2)+(1+x) " (1/2))
*1n ((1+57(1/2)+2% (1+x)~(1/2)) / (1-2% (1+I)~(1/2)+5°(1/2)) ) -dilog((1-5"(1/2)+
2% (1+x)~(1/2))/(1-2%(1+I)~(1/2)-5"(1/2) ) ) -dilog ((1+5~(1/2)+2* (1+x)~(1/2))/
(1-2%(1+I)~(1/2)+5°(1/2))))

3.30. [ lelEivIie) g,
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3.30.5 Fricas [F]

log (z +v1+z) log (z + vz +1)
dr = dz
1+ 22 2 +1
input Lintegrate (log(x+(1+x)~(1/2))/(x"2+1) ,x, algorithm="fricas")
outputtintegral(log(x + sqrt(x + 1))/(x"2 + 1), x)
3.30.6 Sympy [F]
log (z 4+ v1+ ) log (z 4+ vz + 1)
dr = dz
1+ 22 241
inputLintegrate(1n(x+(1+x)**(1/2))/(X**2+1),X)
output tIntegral(log(x + sqri(x + 1))/ (x**2 + 1), x)
3.30.7 Maxima [F]
/log(a:—l-\/l-i-z) dx_/log(x+\/:c+1) s

1+ 22 2 +1

input tintegrate (Qog(x+(1+x)~(1/2))/(x"2+1) ,x, algorithm="maxima")

output Lintegrate(log(x + sqrt(x + 1))/(x"2 + 1), x)

3.30. [ lsltviia) g,
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3.30.8 Giac [F|

/log(x+\/1+x) /log(x+\/x+1)
dr = dx
1+ 22 2 +1
inputLintegrate(log(x+(1+x)”(1/2))/(X“2+1),X, algorithm="giac")
outputtintegrate(log(x + sqrt(x + 1))/(x"2 + 1), x)
3.30.9 Mupad [F(-1)]
Timed out.
/log (z+V1+2) dw—/ln (z+Vz+1) i

1+ 22 2 +1

inputtint(log(x + (x + 1)7(1/2))/(x"2 + 1),x)

output Lint(log(x + (x + 1)7(1/2))/(x"2 + 1), x)

3.30. [ lsltviia) g,
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3.31 f log2 (x—i—\/l—l—x) dz

(1+z)?
3.31.1 Optimal result . . . . . . . . .. . . . e 224
3.31.2 Mathematica [B] (verified) . . . . . .. ... ... Lo 225
3.31.3 Rubi [A] (verified) . . . . ... ... ... 2261
3.31.4 Maple [F] . . . . . . o
3.31.5 Fricas [F] . . . . . o o 228
3.31.6 Sympy [F] . . . . o 229
3.31.7 Maxima [F] . . . . . . 229
3.31.8 Giac [F] . . . . . o 2291
3.31.9 Mupad [F(-1)] . . . . oo 230
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3.31.1 Optimal result

Integrand size = 18, antiderivative size = 555

/ log” ((fl—‘-l_- x)12+ x) dz = log(1 +z) + 2log (x—;:_ ; L x)
— 6log <\/1 + x) log (:v +v1+ x) — log (xl—:_ xl * 93)

- <1+x/5)log<1—\/5+2\/1+—z>

+6log (%(—1+\/5>)10g <1—\/5+2\/1+—:c>
+(3+\/3)10g<m+\/1+—w)10g(1—\/5+2\/1+—x>
—%<3+\/5>10g2 (1—\/5+2\/1+—w>

_ (1—\/5)log(1+\/5+2\/1+—$>

+ (3= V5)log (2 + VI+a)log (1+ VB +2vT+7)

_ (3—\/5> log <—1 — \/5;:/%' 1+x> log <1+\/5+2\/1+—$>

—%(3—\/5) log? (1+\/3+2\/1+—:c)

-~ <3+\/5>10g<1—\/5+2\/1+—9c>10g(IJM/E;\Ff3 1+x>
+ 6log (\/l—l——m) log (1+2 1+x)

145
+ 6 PolyLog (2, — 21\/_?)
— (3 + \/5> PolyLog (2, _1- \/52_'\_/?/14——33)
_ (3 - \/5) PolyLog (2, L+ \/527:/25\/14_—30)
— 6 PolyLog (2, 1+ iﬁ)
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In(1+x)-3*1n(1+x)*1n(x+(1+x) ~(1/2))-1n(x+(1+x) ~(1/2)) "2/ (1+x) +6*1n(1/2%5~ (
1/2)-1/2)*1n(1-5"(1/2)+2* (1+x) ~(1/2) ) +3*1n(1+x) *1n(1+2*% (1+x) ~(1/2) /(57 (1/2
)+1) ) +6*polylog(2,-2*(1+x)~(1/2) /(57 (1/2)+1) ) -6*polylog(2,1+2*(1+x)~(1/2)/
(-57(1/2)+1))-1n(1+5~(1/2) +2* (1+x) ~(1/2) ) * (-5 (1/2) +1) +1n(x+(1+x) ~(1/2) ) *1
n(1+57(1/2)+2x (1+x)~(1/2) ) *(3-5"(1/2) )-1n(1/10* (-1+57~(1/2) -2*% (1+x) ~(1/2) ) *
57(1/2))*1n(1+5~(1/2)+2x (1+x) ~(1/2) ) *(3-5"(1/2))-1/2*¥1n(1+5~ (1/2) +2* (1+x) "
(1/2))~2%(3-5"(1/2))-polylog(2,1/10% (1+5~(1/2)+2% (1+x) ~(1/2) ) *5~(1/2) ) *(3-
57(1/2))-1n(1-5"(1/2)+2* (1+x) ~(1/2) ) * (5~ (1/2) +1) +1n(x+(1+x) ~(1/2) ) *1n(1-5"
(1/2)+2*x(1+x)~(1/2))*(3+57(1/2))-1/2*%1n(1-5"(1/2) +2* (1+x) ~(1/2) ) "2*(3+5~ (1
/2))-1n(1-5"(1/2)+2% (1+x) ~(1/2))*1n(1/10% (1+5~ (1/2) +2* (1+x) ~(1/2) ) *5~(1/2)
)*(3+57(1/2))-polylog(2,1/10% (145~ (1/2)-2% (1+x) ~(1/2) ) *5~(1/2) ) *(3+5~(1/2
))+2%1n(x+(1+x)~(1/2))/ (1+x)~(1/2)

3.31.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 1280 vs. 2(555) = 1110.

Time = 6.90 (sec) , antiderivative size = 1280, normalized size of antiderivative = 2.31

dx = Too large to display

/ log” (z + 1+ 1)

(14 z)?

input | Integrate[Loglx + Sqrt[1 + x]1°2/(1 + x)~2,x]
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output | (2xLog[1 + x]1)/(-1 + Sqrt[5]) - (2*Logl[l + x])/(1 + Sqrt[5]) - (4xLog[-1 +
Sqrt[5] - 2xSqrt[1 + x]]1)/(-1 + Sqrt[5]) + (Log[100]*Logl[1/2 - Sqrt[5]/2
+ Sqrt[1 + x]1])/Sqrt[5] - 6xLogl[(2#Sqrt[1 + x])/(-1 + Sqrt[5])]*Logl[1/2 -
Sqrt[51/2 + Sqrt[1 + x]] + 3*Logl[l + x]*Logl[1/2 - Sqrt[5]/2 + Sqrt[1 + x]]
- 3xLog[-1 + Sqrt[6] - 2*Sqrt[1 + x]]*Logl[1/2 - Sqrt([5]/2 + Sqrt[1 + x]]
- Sqrt[6]*Logl[-1 + Sqrt[5] - 2%Sqrt[1 + x]]*Logl[1/2 - Sqrt[5]1/2 + Sqrt[1 +
x]] + (3*Log[1/2 - Saqrt[51/2 + Sqrt[1 + x]172)/2 + (Sqrt[5]*Logl[1/2 - Sqr
t[5]1/2 + Sqrt[l + x]11°2)/2 + (Log[8]*Logl[(1 + Sqrt[51)/2 + Sqrtl[1 + x1]1)/(
2x3qrt[6]) - 3*Log[-1 + Sqrt[5] - 2*Sqrt[1 + x]]*Logl[(1 + Sqrt[5])/2 + Sqr
t[1 + x]] - Sqrt[5]*Log[-1 + Sqrt[5] - 2*Sqrt[1 + x]]*Logl[(1 + Sqrt[5])/2
+ Sqrt[1 + x]] + (3xLogl[(1 + Sqrt[5])/2 + Sqrt[1 + x]172)/2 - Logl[(1 + Sqr
t[51)/2 + Sqrt[1 + x]1172/Sqrt[5] + (2+Logl[x + Sqrt[1 + x]1])/Sqrtl[1 + x] -
3xLog[1 + x]*Log[x + Sqrt[1 + x]] + 3*Logl[-1 + Sqrt[5] - 2*Sqrt[1 + x]]*Lo
glx + Sqrt[1 + x]] + Sqrt[5]*Logl[-1 + Sqrt[5] - 2*Sqrt[1 + x]]*Loglx + Sqr
t[1 + x]] - Loglx + Sqrtl[l + x]11°2/(1 + x) + (4*Logl[l + Sqrt[5] + 2*Sqrt[1
+ x]1)/(1 + Sqrt([5]) - 3xLogl[1/2 - Sqrt[5]/2 + Sqrt[1 + x]]*Log[l + Sqrtl[
5] + 2xSqrt[1 + x]] + Sqrt[5]*Log[1/2 - Sqrt[5]1/2 + Sqrt[1 + x]]*Logl[l + S
qrt[6] + 2#Sqrt[1 + x]] - 3*Log[(1 + Sqrt[5])/2 + Sqrt[1 + x]]1*Logl[l + Sqr
t[5] + 2*Sqrt[1 + x]] + (7xLogl[(1 + Sqrt[5]1)/2 + Sqrt[1 + x]]*Logl[l + Sqrt
[6] + 2+Sqrt[1 + x]1)/(2*Sqrt[5]) + 3*Loglx + Sqrt[1 + x]]*Log[l + Sqrt...

3.31.3 Rubi [A] (verified)

Time = 0.95 (sec) , antiderivative size = 580, normalized size of antiderivative = 1.05,
number of steps used = 6, number of rules used = 5, Lumber of rules _ 0.278, Rules used

' integrand size
= {7267, 3005, 25, 3008, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ log? (m + \/m)
(x+1)2

l 7267

log? (z + vz + 1)
2/ @+ 1) dvz+1

l3005
2(/_(2\/93—4-1+1)10g(x+\/:v—+1)d\/ﬁ_log2 (:p+\/x—+1)>

(z+1)(—z— vz +1) 2(z+1)

| 25
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(z+1) (—z—Vz +1) 2z +1)
J,3008

2( /(2\/ﬁ+1)log(m+\/ﬁ)d\/— log2(x+M)>

+
vVz+1 z+1 z+vVr+1 2(x+1
l 2009

24/ 1 1 24/ — 1 1 2
2 <3 PolyLog <2, _AVrA ) 3 (3 + \/5) PolyLog <2, _vTS V5+ ) — 7(3 - \/5) PolyLog <2, 7\/5

2(_/<3log(:r+\/m) log(x+ﬁ)+( 3Vr+1-— )log(x+\/aT)>d\/—_log (z 4+ /4

1++5 2v/5 2

input [Int [Loglx + Sqrt[1 + x]1172/(1 + x)~2,x]

~—

output | 2% (Log[Sqrt[1 + x]] + Loglx + Sqrt[l + x]]1/Sqrt[1 + x] - 3*Logl[Sqrt[1 + x]
I*Log[x + Sqrt[1 + x]] - Loglx + Sqrt[1 + x]1172/(2*(1 + x)) - ((1 + Sqrt[5
D*Log[1 - Sqrt[5] + 2xSqrt[1 + x]]1)/2 + 3*Logl[(-1 + Sqrt[5])/2]*Logl[1 - S
qrt[6] + 2#Sqrt[1 + x]] + ((3 + Sqrt[5])*Loglx + Sqrt[l + x]]*Logl[l - Sqrt
[5] + 2#Sqrt[1 + x]1)/2 - ((3 + Sqrt[5])*Logl[l - Sqrt[5] + 2*Sqrt[1 + x]]1~
2)/4 - ((1 - Sqrt[5])*Logl[l + Sqrt[5] + 2*Sqrt[1 + x]1)/2 + ((3 - Sqrt[5])
xLog[x + Sqrt[1 + x]]*Logl[l + Sqrt[5] + 2*Sqrt[1 + x]1])/2 - ((3 - Sqrt[5])
xLog[-1/2*%(1 - Sqrt[5] + 2*Sqrt[1 + x])/Sqrt[5]1*Logll + Sqrt[5] + 2*Sqrtl[
1+ x11)/2 - ((3 - Sqrt[5])*Logll + Sqrt[5] + 2*Sqrt[1 + x]1172)/4 - ((3 +

Sqrt [6])*Log[1 - Sqrt[5] + 2#Sqrt[1 + x]]*Logl[(1 + Sqrt[5] + 2xSqrt[1 + x]
)/ (2%Sqrt [5]1)1)/2 + 3*Logl[Sqrt[1 + x]1]1*Logll + (2*Sqrt[1 + x])/(1 + Sqrt([5
1>] + 3*PolyLog[2, (-2*Sqrt[1 + x])/(1 + Sqrt[5]1)] - ((3 + Sqrt[5])*PolyLo
gl2, -1/2%(1 - Sqrt[6] + 2*Sqrt[1 + x]1)/Sqrt[5]]1)/2 - ((3 - Sqrt[5])*PolyL
ogl2, (1 + Sqrt[5] + 2*xSqrt[1 + x])/(2*Sqrt[5]1)]1)/2 - 3*PolyLogl[2, 1 + (2%
Sqrt[1 + x1)/(1 - Sqrt[51)1)

3.31.3.1 Defintions of rubi rules used

ruk325LInt[-(Fx_), x_Symbol]l :> Simp[Identity[-1]1 Int[Fx, x1, xI

A J

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

A >

331 [EEHOI) gy



rule 3005

rule 3008

rule 7267

input

output

input

output
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Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)1*(_.))"(n_.)*((d_.) + (e_.)*(x_))"(m_.
), x_Symbol] :> Simp[(d + e*x)"(m + 1)*((a + bxLog[c*RFx~p]) "n/(ex(m + 1)))
, x] - Simp[b*n*(p/(ex(m + 1))) Int[SimplifyIntegrand[(d + exx) " (m + 1)x*(
a + b*Log[c*RFx~pl)~(n - 1)*(D[RFx, x]/RFx), x], x], x] /; FreeQ[{a, b, c,
d, e, m, p}, x] &% RationalFunctionQ[RFx, x] && IGtQ[n, 0] && (EqQ[n, 11 1|
IntegerQ[m]) && NeQ[m, -1]

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)1*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Log[c*RFx"p])~n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQl[{a, b, c, p}, x] &% RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[21])], x
] /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

3.31.4 Maple [F]

2
dz

/ln(x+\/1+—$)

(1+z)°

-

int (In(x+(1+x)7(1/2)) 72/ (1+x)"2,x)

N\

Lint(ln(x+(1+x)“(1/2))‘2/(1+X)*2,X)

3.31.5 Fricas [F]

/log2 (z+v1+7z) dx=/10g (z+ vz +1)° s

(1+2)? (z+1)"

Lintegrate(log(x+(1+x)“(1/2))‘2/(1+x)“2,x, algorithm="fricas")

‘integral(log(x + sqrt(x + 1))72/(x72 + 2xx + 1), x)
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3.31.6 Sympy [F]

/logQ(a:—i-\/l-l-—z) dx:/log(x+\/m)

(1+ )2 @r)?  ©

input | integrate (1n(x+(1+x)%*(1/2))*%2/ (1+x) **2,x)

outputLIntegral(log(x + sqrt(x + 1))*x2/(x + 1)**2, x)

3.31.7 Maxima [F]

Xz

/log2 (:c-l—\/l-i-—z) da::/lOg (a:+\/m)2

(1+2)? (z 4 1)

inputLintegrate(log(x+(1+x)“(1/2))“2/(1+x)“2,x, algorithm="maxima"

output‘—log(x + sqrt(x + 1))72/(x + 1) + integrate((2*x + sqrt(x + 1) + 2)*log(x
+sqrt(x + 1))/(x73 + 2%x72 + (x72 + 2%x + L)#sqrt(x + 1) + %), x)

3.31.8 Giac [F]

/log2 (z+vIta)  _ / log (z + vz +1)° N
(14 z)? (z +1)°

inputtintegrate(log(x+(1+x)‘(1/2))‘2/(1+x)‘2,x, algorithm="giac")

outputtintegrate(log(x + sqre(x + 1))72/(x + 1)72, x)
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3.31.9 Mupad [F(-1)]

Timed out.

X

/logQ(x+\/1+—x) dxz/ln(x+\/$—+1)2d

(14 z)? (z +1)°

input Lint(log(x + (x + 1)7(1/2))72/(x + 1)7°2,%)

output Lint(log(x + (x + 1)7(1/2))72/(x + 1)72, x)

331 [EEHOI) gy
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3.32 f log(x—l—x\/l-l—x) dr

3.32.1
3.32.2
3.32.3
3.32.4
3.32.5
3.32.6
3.32.7
3.32.8
3.32.9

Optimalresult . .. ... ... ... ..........
Mathematica [A] (verified) . . . . . .. ... ... ...
Rubi [A] (verified) . . . ... ... ... ... ... .
Maple [A] (verified) . . ... ... ... ... .. ...
Fricas [F] . . .. ... . . . .

Sympy [F] . ... ... .
Maxima [F] . .. ... ... .. .. ... . ...

3.32.1 Optimal result

Integrand size = 14, antiderivative size = 313

/ log (ac + \/1+—x)

- dz = log (—1 + \/1+—x> log (:c-l— \/1+—x>
og 1—|—\/1—|-—:E> log (I—I-\/H—CL'>
1-vV5+2/1+=

1-vV5+2/1+z

1+v5+2V/1+z

1+v5+2V/1+z

+1og
~log (- 1+\/1+—x>log<
g(1+\/1+—$)log(—
g(1+\/1-|-—w)log<—
-1

og( 1+\/1+—w>log<

1 - VIT2)

3—+5
21+ v1+2)

— PolyLog (2, 2(1 —vit x)

2(
— PolyLog | 2,

3++5

21+ v1+2)

— PolyLog (2,

) — PolyLog (2,

1-+5

1++5

)
)

3.32.

f log (z++/1+x) dr

T
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output | In(-1+(1+x)~(1/2)) *1n(x+(1+x) " (1/2))+1n(1+(1+x) ~(1/2) ) *1n(x+(1+x) ~(1/2))-1
n(-1+(1+x)~(1/2))*1n((1-5"(1/2)+2x (1+x)~(1/2)) /(3-5"(1/2))) -1n(1+(1+x) " (1/
2))*1n((-1+5"(1/2)-2*(1+x)~(1/2)) /(67 (1/2)+1) ) -1n(1+(1+x) ~(1/2) ) *1n((-1-5"
(1/2)-2%(1+x)~(1/2))/(-5"(1/2)+1)) -1n(-1+(1+x) ~(1/2) ) *1n((1+5~ (1/2) +2* (1+x
)~(1/2))/(3+57(1/2)))-polylog(2,2*(1-(1+x)~(1/2))/(3-5"(1/2))) -polylog(2,2
*(1-(1+x)~(1/2))/(3+57(1/2)) ) -polylog(2,2* (1+(1+x)~(1/2))/(-5"(1/2)+1)) -po

1ylog(2,2+ (1+(14x)~(1/2)) /(5" (1/2)+1))

3.32.2 Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 303, normalized size of antiderivative = 0.97

/1°g(x+‘/1+—$) da:zlog(l—\/l—i——x)log(x-l-\/l—i-—x)

+log (1+\/1+—x> log (x+\/1+—x>
3(3-V5) )og (1= V5 + 2vT73)
<1+\/5>)10g (1—x/5+2x/1+—x)
<3+\/5>)10g <1+\/5+2\/1+—£C>
1+V5+2V1+2

T

— log

— log <1+\/1+—$> log (

1—-vV5+2/1+z

_1—\/5+2\/1+x

1+v5+2V1+x

inputLIntegrate[Log[x + Sqrt[1 + x]1/x,x]

3.32. [ lesltvite) g,

T
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output | Log[1 - Sqrt[1 + x]]*Logl[x + Sqrt[1 + x]] + Logl[l + Sqrt[1 + x]]*Log[x + S
grt[1l + x]] - Log[(3 - Sqrt[5])/2]*Logl[1l - Sqrt[5] + 2*Sqrt[1 + x]] - Logl
(1 + Sqrt[5]1)/2]1*Log[1 - Sqrt[5] + 2#Sqrt[1 + x]] - Logl(3 + Sqrt([5])/2]*L
ogl[l + Sqrt[5] + 2%Sqrt[1 + x]] - Logl[l + Sqrt[1 + x]]1*Log[-((1 + Sqrt[5]
+ 2%Sqrt[1 + x])/(1 - Sqrt[5]))] - PolyLogl[2, (2%x(1 + Sqrt[1 + x1))/(1 - S
qrt[51)] + PolyLogl[2, (1 - Sqrt[5] + 2xSqrt[1 + x])/(3 - Sqrt[5])] + PolyL
ogl2, -((1 - Sqrt[5] + 2*Sqrt[1 + x])/(1 + Sqrt[5]))] + PolyLog[2, (1 + Sq
rt[5] + 2xSqrt[1 + x])/(3 + Sqrt[5])]

3.32.3 Rubi [A] (verified)

Time = 0.56 (sec) , antiderivative size = 337, normalized size of antiderivative = 1.08,
number of steps used = 5, number of rules used = 4, number of rules _ 0.286, Rules used

integrand size
= {3010, 25, 3008, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/log (z +x\/m) s
| 3010
) [ VI (o VD oy
| 25
_2/_mlogf+M)d\/m

l 3008

log (z+ vz +1) log(z++vz+1)
_2/<_ 2(Va+1-1) 2(Vz+1+1) )dm

l 2009
1 21-vz+1)\ 1 2(l-vz+1)) 1 2(Vz+1+1)\ 1
2 <—2 POlyLOg (2, 3_\/5) — 5 POlyLOg <2, W — 5 POlyLOg 2, 1_—\/5 _ 5 Pl
input LInt [Loglx + Sqrt[1 + x]]1/x,x] J

3.32. [ lesltvite) g,

T



output
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2+ ((Log[-1 + Sqrt[1 + x]]*Loglx + Sqrt[1 + x]1]1)/2 + (Logl[l + Sqrt[1 + x]]*
Loglx + Sqrt[1 + x]]1)/2 - (Log[-1 + Sqrt[1 + x]]*Logl[(1 - Sqrt[5] + 2*Sqrt
[1 + x])/(3 - Sqrt[51)1)/2 - (Logl1l + Sqrt[1 + x]]1*Log[-((1 - Sqrt[5] + 2%
Sqrtl[1 + x]1)/(1 + Sqrt[5]1))1)/2 - (Logl[l + Sqrt[1 + x]]1*Log[-((1 + Sqrt[5]
+ 2xSqrt[1 + x])/(1 - Sqrt[51))]1)/2 - (Logl[-1 + Sqrt[1 + x]]*Log[(1 + Sqr
t[8] + 2*Sqrt[1 + x])/(3 + Sqrt[5])]1)/2 - PolyLogl[2, (2%x(1 - Sqrt[1 + x]))
/(3 - Sqrt[5]1)]1/2 - PolyLogl[2, (2*%(1 - Sqrt[1 + x1))/(3 + Sqrt[5]1)]1/2 - Po
lyLogl[2, (2*(1 + Sgrt[1 + x1))/(1 - Sqrt[5]1)1/2 - PolyLog[2, (2*(1 + Sqgrt[

1+ x1))/(1 + Sqrt[5]1)1/2)

3.32.3.1 Defintions of rubi rules used

rule 25LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruka2009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3008

rule 3010

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)]*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Log[c*RFx~"p]l)“n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQ[{a, b, c, p}, x] &% RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Int[((a_.) + Loglu_l*(b_.))*(RFx_), x_Symbol]l :> With[{lst = SubstForFracti
onalPowerOfLinear [RFx*(a + b*Log[ul), x]}, Simp[lst[[2]]1*1st[[4]] Subst[I
nt[1st[[1]], x], x, 1st[[3]11~(1/1st[[2]11)], x] /; !'FalseQ[lst]l] /; FreeQ[{
a, b}, x] && RationalFunctionQ[RFx, x]

3.32.4 Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 252, normalized size of antiderivative = 0.81

method result

derivativedivides | In (-1 ++v1+z)In(z++v1+2) —In(-1++I+2z)In ( —1+v5— 2@) In(-1+

)—In(-1+

default In(-1+vI+z)ln(z+vI+2z)-In(-1++I+2)kh ( 1+\G 23\/1Tx
parts In(z)ln(z++vI+2) —In (m -5 %) In () + dilog (_1+\+/$

3.32. [ lesltvite) g,

T

)-l—ln(\/l——i—a



CHAPTER 3. LISTING OF INTEGRALS 235

input‘int(ln(x+(1+x)“(1/2))/x,x,method=_RETURNVERBOSE)

output | In(-1+(1+x)~(1/2))*1n(x+(1+x) ~(1/2))-1n(-1+(1+x) ~(1/2) )*1n((-1+5~(1/2) -2*(
1+x)~(1/2))/(57(1/2)-3) ) -1n(-1+(1+x) ~(1/2) ) *1n((1+5~(1/2) +2* (1+x) ~(1/2)) / (
3+567(1/2)))-dilog((-1+5"(1/2)-2*(1+x)~(1/2))/(67(1/2)-3))-dilog((1+5~(1/2)
+2%(1+x)~(1/2))/(3+57(1/2)) ) +1n(1+(1+x) ~(1/2) ) *1n (x+(1+x) ~(1/2) ) -1n(1+(1+x
)7(1/2))*1n((-1+57(1/2)-2* (1+x)~(1/2)) /(67 (1/2)+1) ) -1n(1+(1+x) ~(1/2) ) *1n ((
1457 (1/2)+2*% (1+x) ~(1/2)) /(57 (1/2)-1) ) -dilog ((-1+5~ (1/2) -2* (1+x) ~(1/2) ) / (5~
(1/2)+1))-dilog((1+5~(1/2)+2* (1+x)~(1/2)) /(6" (1/2)-1))

3.32.5 Fricas [F]

/log(ac+\/1+—x) d$=/108($+\/m) dr

T

inputLintegrate(10g(x+(1+x)‘(1/2))/x,x, algorithm="fricas")

output Lintegral(log(x + sqrt(x + 1))/x, x)

3.32.6 Sympy [F]

T T

/log(m-i-\/l-}——m) dmz/log(m‘*'\/m) de

inputLintegrate(1n(x+(1+x)**(1/2))/X,X)

output‘Integral(log(x + sqrt(x + 1))/x, x)

3.32. [ lesltvite) g,

T
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3.32.7 Maxima [F]

/log(x+\/H—x) s /log(x+\/x+1) .

X

inputLintegrate(log(x+(1+x)”(1/2))/X,X, algorithm="maxima"

outputtintegrate(log(x + sqrt(x + 1))/x, x)

3.32.8 Giac [F]

X

/log(a:—i-\/l-l——x)dx /log(w+x/m>dx

inputLintegrate(log(x+(1+X)“(1/2))/X,X, algorithm="giac")

outputtintegrate(log(x + sqrt(x + 1))/x, x)

3.32.9 Mupad [F(-1)]

Timed out.

/log(x+\/1+—x) dxz/ln(ac+\/$—+1) Iz

xT T

inputtint(log(x + (x + 1)7(1/2)) /%,%)

outputtint(log(x + (x + 1)7(1/2))/x, %)

3.32. [ lesltvite) g,

T
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3.33

3.33.1
3.33.2
3.33.3
3.33.4
3.33.5
3.33.6
3.33.7
3.33.8
3.33.9

Optimal result . . . . . . . . . .. ..
Mathematica [B] (verified) . . . . . . ... ... . Lo Lo
Rubi [A] (verified) . . . . . . ... .
Maple [A] (verified) . . . . . . . . . ..
Fricas [B] (verification not implemented)
Sympy [F] . . .
Maxima [A] (verification not implemented)
Giac [F] . . .
Mupad [F(-1)] . . . o

3.33.1 Optimal result

Integrand size = 5, antiderivative size = 80

[ arctan(2tan(x)) dz

23]
239
2411
241
249
249
249
2441

1 ~ 1 1.,
/arctan(Z tan(x)) dr = r arctan(2tan(z)) + 5 log (1 — 3¢**) — 5 log (1 — 562“”)

1
1 PolyLog

1 ..
(2, 562133)

1
+ 1 PolyLog

(2, 362im)

output ‘ x*arctan(2*tan(x))+1/2*I*x*1n(1-3%exp (2*I*x))-1/2*I*x*1n(1-1/3*exp (2*xI*x))

L-1/4*polylog(2,1/3*exp(2*I*x))+1/4*polylog(2,3*exp(2*I*x))

3.33.

[ arctan(2tan(z)) dz
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3.33.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 262 vs. 2(80) = 160.

Time = 0.18 (sec) , antiderivative size = 262, normalized size of antiderivative = 3.28

/ arctan(2 tan(x)) dz = x arctan(2 tan(x))

1 t
— Zz (4i:c arctan (coT(x)> + 24 arccos (g) arctan(2 tan(z

5 cot(z)
+ [ arccos 3 + 2 arctan 5

2 —m:

+ 2 arctan(2 tan(x))) log (\/ 5+ 3 cos(2
cos(2x)

5
+ (arccos <§> 2 arctan (

— 2arctan(2 tan(x))) log

4
- (arccos (g) — 2arctan(2 tan(x))) log < i 2;3;111(36

_ (arccos (g) + 2arctan(2 tan(m))) log ( 3;_:_ 6tta:n @)
—3i + 6tan(x
i+ 2tan(z

+ z( PolyLog (

—i + 2 tan( x)

+ PolyLog ( 30+ 6tan(z

o
)
y
ea L a )
)
)
8
)

p
input LIntegrate [ArcTan[2#Tan[x]],x]

| —

3.33.  [arctan(2tan(z)) dz
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output | x¥ArcTan [2*Tan[x]] - (I/4)*((4*I)*x*ArcTan[Cot[x]/2] + (2*I)*ArcCos[5/3]*A
rcTan[2*Tan[x]] + (ArcCos[5/3] + 2*ArcTan([Cot[x]/2] + 2*ArcTan[2*Tan[x]])*
Log[((2*I)*Sqrt[2/3]1)/(E~(I*x)*Sqrt[-5 + 3*Cos[2*x]]1)] + (ArcCos[5/3] - 2%
ArcTan[Cot [x]/2] - 2*ArcTan[2*Tan[x]])*Log[((2*I)*Sqrt[2/3]*E~(I*x))/Sqrtl[
-5 + 3%Cos[2*x]]] - (ArcCos[5/3] - 2*ArcTan[2*Tan[x]])*Log[(4*I - 4xTan[x]
)/(I + 2*Tan[x])] - (ArcCos[5/3] + 2xArcTan[2*Tan[x]])*Log[(4*(I + Tan[x])
)/(3%I + 6*Tan[x])] + Ix(-PolyLogl[2, (-3*I + 6xTan[x])/(I + 2xTan[x])] + P
olyLog[2, (-I + 2*Tan([x])/(3*I + 6*Tan([x])]))

3.33.3 Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.04, number
of steps used = 6, number of rules used = 5, number of rules _ = 1.000, Rules used = {5690,

integrand size
25, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ arctan(2 tan(z)) dx

l 5690

2ix 2z
ey ey
_3/_1_362mdx—/?)_ezmdx+xarctan(2tan(x))

l 25

2ix 21z
e X e €T
3/ de - / mdm + z arctan(2 tan(z))

l 2620

3<ém log (1 — 362”” — /log (1- 362”” ) z/log ( ) dz +

zarctan(2tan(z)) — 51:17 log < ge )

l 2715

3<ém log (1 — 3e*%) — é /e‘zi‘” log (1 — 3e%%) de%z) + i /e_%w log (1 — ;e%x) de?™ 4

1 1,
zarctan(2tan(z)) — sz log <1 - 362””)

l 2838

3.33.  [arctan(2tan(z)) dz




input

output

rule 25

rule 2620

rule 2715

rule 2838

rule 5690
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1
z arctan(2tan(x)) — 1 PolyLog <2, 3

1 1,
iix log <1 — 362296)

1, 1 . 1 .
e2w> +3 (12 PolyLog (2, 362””) + éi:c log (1 - 362“’")> —

-

LInt [ArcTan[2*Tan[x]],x]

~—

‘x*ArcTan[2*Tan[x]] - (I/2)*x*Log[l - E~((2*I)*x)/3] - PolyLogl[2, E~((2*I)=*
‘x)/3]/4 + 3% ((I/6)*x*Logl[l - 3*E~((2*I)*x)] + PolyLog[2, 3*E~((2*I)*x)]/12
)

3.33.3.1 Defintions of rubi rules used

LInt [-(Fx_), x_Symbol]l :> Simp[Identity[-1] Int[Fx, x], x]

Int [(CF_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gknxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[ArcTan[(c_.) + (d_.)*Tan[(a_.) + (b_.)*(x_)]1], x_Symbol] :> Simp[x*ArcT
an[c + d*Tan[a + b*x]], x] + (Simp[b*(1 - Ixc - d) Int[x*(E~(2*I*a + 2%I*
b*x)/(1 - I*xc + d + (1 - I*xc - d)*E~(2xI*a + 2*Ixb*x))), x], x] - Simp[b*(1
+ Ixc + d) Int[x*(E"(2*I*a + 2*%I*b*x)/(1 + I*c - d + (1 + Ixc + d)*E~ (2%
Ixa + 2xI*bxx))), x], x]) /; FreeQ[{a, b, c, d}, x] && NeQ[(c + I*d)~2, -1]

3.33.  [arctan(2tan(z)) dz
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3.33.4 Maple [A] (verified)

Time = 0.83 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.41

method result

iarctan(tan(z))In| 1—

3(1+itan(z))” tan(z))
1+tan2(z)

. 2
) Li2(3(1+ztar21(a:)) )
+tan<(xz)
+

derivativedivides | arctan (2tan (z)) arctan (tan (z)) +

default arctan (2 tan (z)) arctan (tan (z)) +

2
iarctan(tan(z)) In (1 3(1122352)))
2

. 3(1+itan(z))?
)+Ll2( 1+tan2(z) )

4

i(e2t®_3

risch -z _

3 ) B
mcsgn <e2“3+1)> x 7 csgn (i(e?®—3)) ngn(ema‘”rl) csgn <Z(e
T +

4

>x T csgn(ezi;+l) csgn (-

2 4 4

inputLint(arctan(2*tan(x)),x,method=_RETURNVERBOSE)

output‘arctan(2*tan(x))*arctan(tan(x))+1/2*I*arctan(tan(x))*1n(1-3*(1+I*tan(x))‘2
‘/(1+tan(x)“2))+1/4*polylog(2,3*(1+I*tan(x))‘2/(1+tan(x)‘2))—1/2*I*arctan(t
‘an(x))*1n(1-1/3*(1+I*tan(x))‘2/(1+tan(x)‘2))—1/4*polylog(2,1/3*(1+I*tan(x)

)72/ (1+tan(x)"2))

3.33.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 220 vs. 2(50) = 100.

3.33.  [arctan(2tan(z)) dz
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output
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Time = 0.26 (sec) , antiderivative size = 220, normalized size of antiderivative = 2.75

/arctan(2 tan(z)) dr = x arctan (2 tan (z)) — lez z log (

2 (2 tan () + 3i tan (z) — 1)
tan (z)* + 1 )

(m)2—|—z tan( )+ 1))

3 (tan (2)" +1)

(117)2 — i tan (z) + 1) )

3 (tan (z)* +1)

(

4

— iixlog( (

1 2 tan
+—ixlog( (
2 tan

N %lixlog ( (2 tan t:n (_w)&iaf (z) — 1))

N éLb 2(2tan (2121 ;;Ziaf (z) — 1) N 1)
~ éLiz 2(2 taxglgg?ri tan() z) + 1) o

~ % . (2 tag Ef;n(—x ;2tj_n1()x) +1) N 1)
N %Liz 2(2tan (2:1 (—w):a; -’ic_a;l (z) — 1) N 1)

p
Lintegrate (arctan(2*tan(x)),x, algorithm="fricas")

~—

xxarctan(2*xtan(x)) - 1/4*I*x*log(2*(2*tan(x)”2 + 3xI*tan(x) - 1)/(tan(x)"2
+ 1)) + 1/4*xI*x*log(2/3*(2*tan(x)~2 + Ixtan(x) + 1)/(tan(x)"2 + 1)) - 1/4
*[*kx*log(2/3*%(2xtan(x) "2 - Ixtan(x) + 1)/(tan(x)"2 + 1)) + 1/4*I*x*log(2*(
2*¥tan(x) "2 - 3*I*tan(x) - 1)/(tan(x)"2 + 1)) + 1/8+dilog(-2*(2xtan(x)~2 +
3xIxtan(x) - 1)/(tan(x)"2 + 1) + 1) - 1/8*dilog(-2/3*(2*tan(x)"2 + Ixtan(x
) + 1/(tan(x)"2 + 1) + 1) - 1/8xdilog(-2/3*(2*tan(x) "2 - I*tan(x) + 1)/(t
an(x)"2 + 1) + 1) + 1/8+dilog(-2*(2*tan(x)~2 - 3*I*tan(x) - 1)/(tan(x)"2 +
1) + 1)

3.33.

[ arctan(2tan(z)) dz
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3.33.6 Sympy [F]

/ arctan(2 tan(z)) dz = / atan (2tan (x)) dz

input Lintegrate (atan(2*tan(x)),x)

outputLIntegral(atan(2*tan(x)), x)

3.33.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.05
1
/arctan(2 tan(x)) dr = rarctan (2 tan (z)) — 5 log (4 tan (z)* +4) log (4 tan (z)* + 1)

1 4 4
+ 3 log (4 tan (z)* + 1)log (5 tan (z)° + §>

| 1. /(2. 1
~ 1 Liy(2i tan (z) — 1) + 1 Li, (gz tan (z) + §)

1_.( 2, 1 1_. :
+7 Li, (_§Z tan (z) + §) ~ 1 Lip(—2¢ tan (z) — 1)

input Lintegrate (arctan(2*tan(x)),x, algorithm="maxima")

output‘x*arctan(2*tan(x)) - 1/8*log(4*tan(x) "2 + 4)*log(4*tan(x)~2 + 1) + 1/8*log
| (4xtan(x)"2 + 1)*log(4/9%tan(x)"2 + 4/9) - 1/4xdilog(2*I*tan(x) - 1) + 1/4
‘*dilog(2/3*I*tan(x) + 1/3) + 1/4*dilog(-2/3*I*tan(x) + 1/3) - 1/4xdilog(-2
*Itan(x) - 1)

3.33.8 Giac [F]

/ arctan(2tan(z)) dr = / arctan (2 tan (z)) dx

p
input

integrate(arctan(2*tan(x)),x, algorithm="giac")

N

output Lintegrate (arctan(2*tan(x)), x)

3.33.  [arctan(2tan(z)) dz
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3.33.9 Mupad [F(-1)]

Timed out.

/arctan(2 tan(x)) dz = /atan(Q tan(z)) dx

input tint (atan(2*tan(x)),x)

output Lint (atan(2*tan(x)), x)

3.33.  [arctan(2tan(z)) dz
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3.34 f arctan(x) log(z) dx

T
3.34.1 Optimal result . . . . . . . . . .. ... 245]
3.34.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo 245
3.34.3 Rubi [A] (verified) . . . . ... .. . ... 246l
3.34.4 Maple [A] (verified) . . ... ... . .. ... 247
3.34.5 Fricas [F] . . . . . o o 247
3.34.6 Sympy [F] . . . . . o 248
3.34.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 248
3.34.8 Giac [F] . . . . o o 248]

3.34.9 Mupad [F(-1)] . . . . oo 249

3.34.1 Optimal result

Integrand size = 8, antiderivative size = 57

/ arctan(z) log(x)

1 1
. dx = 52 log(x) PolyLog(2, —iz) — 57, log(x) PolyLog(2, ix)

1 1
— éz PolyLog(3, —iz) + 52 PolyLog(3,ix)

output ‘ 1/2*I*1n(x)*polylog(2,-I*x)-1/2*I*1n(x)*polylog(2,I*x)-1/2*xI*polylog(3,-Ix*
‘x)+1/2*I*polylog(3,I*x)

3.34.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.77

/ arctan(z) log(x) i

. = %z’(log(w) PolyLog(2, —ix) — log(z) PolyLog(2, ix)

— PolyLog(3, —iz) + PolyLog(3, iz))

input ‘ Integrate[(ArcTan[x]*Log[x])/x,x]

output‘(I/2)*(Log[x]*PolyLog[2, (-I)*x] - Logl[x]*PolyLogl[2, I*x] - PolyLogl3, (-I
L)*x] + PolyLogl[3, I*x]) J

3.34. f arctan(z) log(z) dz

T
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3.34.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.89, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 375 Ry jaq ysed = {5540,
integrand size
2821, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ arctan(x) log(z) i

X
l 5540
li/ log(1 — ix) log(x) i — 12,/ log(iz + 1) log(z) de
2 x 2 T
l 2821
1 PolyLog(2, i
ii /oyc;g(,zx)dw — PolyLog(2, i) 10g(¢)> -
1 PolyLog(2, —i
52, ( / oly Oi( ’ 7ff‘”)dgg_PolyLog(2,—ia:) log(ﬂﬁ))

l 7143

1 1
ii(PolyLog(B,ix) — PolyLog(2, iz) log(x)) — 5i(PolyLog(3, —iz) — PolyLog(2, —iz) log(z))

input ‘ Int [(ArcTan[x]*Log[x])/x,x]

output‘ (-1/2*I)* (- (Log[x]*PolyLog[2, (-I)*x]) + PolyLog[3, (-I)*x]) + (I/2)*(-(Lo
Lg[x] *PolyLog[2, I*x]) + PolyLogl3, I*x])

3.34.3.1 Defintions of rubi rules used

rule 2821 | Int [(Logl(d_.)*((e_) + (£_.)*(x_)"(m_.))1*((a_.) + Logl(c_.)*(x_)"(n_.)1*(b
_ )" (p_.))/(x_), x_Symbol] :> Simp[(-PolyLog[2, (-d)*f*x"m])*((a + bxLoglc
*x"n])"p/m), x] + Simp[b*n*(p/m) Int[PolyLog[2, (-d)*f*x"m]*((a + b*Loglc
*x"n])~(p - 1)/x), x], x] /; FreeQ[{a, b, ¢, d, e, £, m, n}, x] && IGtQ[p,
0] && EqQld*e, 1]

3.34. f arctan(z) log(z) dz

T
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rule 5540 | Int [(ArcTan[(c_.)*(x_)~(n_.)I*Logl[(d_.)*(x_)"(m_.)1)/(x_), x_Symbol] :> Sim
plI/2 Int[Logld*x"m]*(Logl[l - Ixc*x"nl/x), x], x] - Simp[I/2 Int[Logl[d*
x"m]*(Log[1 + I*c*x~nl/x), x], x] /; FreeQ[{c, d, m, n}, x]

rule 7143 Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x))), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
, e, n, p}, x] && EqQ[b*d, axel

3.34.4 Maple [A] (verified)

Time = 0.91 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.25

method | result size
risch iln(z)?2 lni—i(z-i-i)) _ iln(x)zli(—ix-i-l) _ iln(w)zLiz(i:l:) + zL132(wc) + iln(z) Iéig(—ix) N iLi3(2—iac) 71
inputLint(arctan(x)*ln(x)/x,x,method=_RETURNVERBOSE) J

output‘1/4*I*1n(x)“2*1n(—I*(x+I))—1/4*1*1n(x)“2*1n(1—I*x)-1/2*I*1n(x)*polylog(2,I
‘*x)+1/2*I*polylog(3,I*x)+1/2*I*1n(x)*polylog(2,—I*x)-1/2*I*polylog(3,—I*x)

3.34.5 Fricas [F]

/ arctan(z) log(z) g — / arctan (z) log (z) dr

Z Z

inputLintegrate(arctan(x)*log(x)/x,x, algorithm="fricas") J

output‘integral(arctan(x)*1og(x)/x, x)

3.34. f arctan(z) log(z) dz

T
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3.34.6 Sympy [F]

/ arctan(x) log(x) dp — / log (z) atan (z) da

T Z

input Lintegrate (atan(x)*1n(x)/x,x)

output LIntegral (log(x) *atan(x) /x, x)

3.34.7 Maxima [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.54

/ arCtan(z) 10g(2) 4, — —%z’ Lis(i z) log () + %z Lig(—i z) log () + %z Lis(i z)— %z Lis(—i )

input Lintegrate (arctan(x)*log(x)/x,x, algorithm="maxima")

output‘-1/2*I*dilog(I*x)*log(x) + 1/2%I*dilog(-I*x)*1log(x) + 1/2xIxpolylog(3, I*x
') - 1/2+#I*polylog(3, -Ix)

3.34.8 Giac [F]

/ arctan(z) log(x) dp — / arctan (z) log (z) da

Z Z

input Lintegrate (arctan(x)*log(x)/x,x, algorithm="giac")

output Lintegrate (arctan(x)*log(x)/x, x)

3.34. f arctan(z) log(z) dz

T
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3.34.9 Mupad [F(-1)]

Timed out.

/ arctan(z) log(z) , / atan(z) In (z) .

T T

input Lint ((atan(x)*log(x))/x,x)

output Lint ((atan(x)*log(x))/x, x)

3.34. f arctan(z) log(z) dz

T
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3.35 [ V1+ z?arctan(z)? dx

3.35.1 Optimalresult . . . . . ... . ... .. .. 250
3.35.2 Mathematica [A] (warning: unable to verify) . . . . . .. ... ... ... .. 250
3.35.3 Rubi [A] (verified) . . . . . . .. .. 251]
3.35.4 Maple [A] (verified) . . . . ... . ... . 257
3.35.5 Fricas [F] . . . . . . o o o 2541
3.35.6 Sympy [F] . . . . . 254
3.35.7 Maxima [F] . . . . . . .. 255
3.35.8 Giac [F] . . . . . o 255
3.35.9 Mupad [F(-1)] . . . . oo 255

3.35.1 Optimal result

Integrand size = 14, antiderivative size = 121

1
/ V1 + z2arctan(z)? dz = arcsinh(z) — V1 + 22 arctan(z) + Ex\/ 1 + 2 arctan(z)?

— jarctan (e"™***®) arctan(z)?

+ iarctan( ) POlyLog ( larctan(z))

iarctan(z) )

— iarctan(z) PolyLog (2, e
— POIyLOg (3 zarctan(m)) + POlyLOg (3 7161 arctan(m))

output‘arcsinh(x)-I*arctan((1+I*x)/(x‘2+1)“(1/2))*arctan(x)‘2+I*arctan(x)*polylog
‘(2,-I*(1+I*x)/(x‘2+1)‘(1/2))—I*arctan(x)*polylog(2,I*(1+I*x)/(x“2+1)‘(1/2)
‘)—polylog(S,-I*(1+I*x)/(x‘2+1)‘(1/2))+polylog(3,I*(1+I*x)/(x‘2+1)‘(1/2))—a
‘rctan(x)*(x‘2+1)‘(1/2)+1/2*x*arctan(x)‘2*(x‘2+1)‘(1/2)

3.35.2 Mathematica [A] (warning: unable to verify)

Time = 0.15 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.08

1
/ V1 + z2arctan(z)? dz = —v/1 + x2 arctan(z) + §x\/ 1 + 22 arctan(z)?

— jarctan (€’ arctan(#)) arctan(z)? + arctanh( L >

V1+ 2?2
+ i arctan(z) PolyLog (2, — larctan(x))

iarctan(z) )

— iarctan(z) PolyLog (2, ie
_ POlYLOg (3 zarctan(m)) + POl}’LOg (3 Zez arctan(m))

3.35. [ V1+a2?arctan(z)? dz
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input ‘ Integrate[Sqrt[1 + x"2]*ArcTan[x]"2,x] ‘

output ‘f-(Sqrt [1 + x"2]*ArcTan([x]) + (x*Sqrt[1 + x"2]*ArcTan[x]~2)/2 - IxArcTan[E”
‘ (I*ArcTan[x])]*ArcTan[x]~2 + ArcTanh([x/Sqrt[1 + x~2]] + I*ArcTan[x]*PolyLo
‘ gl2, (-I)*E~(I*ArcTan[x])] - I*ArcTan[x]*PolyLogl[2, I*E~(I*ArcTan[x])] - P
LolyLog [3, (-I)*E~(I*ArcTan[x])] + PolyLogl[3, I*E~(I*ArcTan[x])]

|

3.35.3 Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.11,
_ ¢ nhumber of rules

number of steps used = 9, number of rules used = 8§, integrand size = 0.571, Rules used

= {5415, 222, 5423, 3042, 4669, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Va2 4 1arctan(z)? dx

l 5415
1 arctan(x 1
d +/ dz + 2% 22 + larctan(z)? — /22 + 1 arctan(z
o N v (@) = v (@)
l 992

1 arctan(z)?

1
Va1 dzx + arcsinh(z) + iw\/ 22 + larctan(z)? — \/22 + 1 arctan(z)
x

| 5423

1 1

2 / Vx2 + 1arctan(z)2d arctan(z) + arcsinh(z) + 2TV x2 4+ larctan(z)? — /22 + 1 arctan(z)
| 3042

1 1
2 /arctan(av)2 csc (arctan(m) + g) darctan(z) + arcsinh(z) + §x\/ x2 + larctan(z)? —
VvV x2 4 larctan(z)

l 4669

1 (—2 / arctan(zx) log (1 — i€t arcmn(w)) darctan(z) + 2 / arctan(zx) log <1 + jetarctan(®) ) darctan(x) — 2i arctan

2
1
arcsinh(z) + 2TV x2 4 larctan(z)? — /z2 + 1arctan(z)

3.35. [ V1+a2?arctan(z)? dz
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l 3011

% <2 (z arctan(z) PolyLog (2, —iet amtan(x)) —1 / PolyLog (2, —ie! arcmn(x)) darctan(w)) -2 (z arctan(x) PolyL
1
arcsinh(z) + 2%V 22 + larctan(z)? — /22 + 1 arctan(z)

l 92720

1 . : : :
3 <2 <z arctan(z) PolyLog (2, —ie’ arcwn(@) — / e~tarctan(z) polyT og (2, —ie' arcmn(’”)) de' arcmn(x)) -2 (z arctan
1
arcsinh(z) + 3%V 22 + larctan(z)? — /22 + 1 arctan(z)
| 7143

arcsinh(z) +

% (2 (z arctan(z) PolyLog (2, —ie’ arcmn(x)) — PolyLog (3, —ie’ amtan(x))) -2 <z arctan(z) PolyLog <2, jeiarctan(e)

1
2%V x2 + larctan(z)? — V22 + 1 arctan(z)

input | Int[Sqrt[1 + x"2]*ArcTan[x]"2,x]

N J

output‘ArcSinh[x] - Sqrt[1 + x"2]*ArcTan[x] + (x*Sqrt[1 + x"2]*ArcTan[x]"2)/2 + ( ‘
| (-2*I)*ArcTan[E~ (I*ArcTan[x])]#ArcTan[x]~2 + 2%(I*ArcTan[x]*PolyLogl[2, (-I |
|)*E~ (I*ArcTan([x])] - PolyLogl3, (-I)*E~(I*ArcTan[x])]) - 2%(I*ArcTan[x]*Po |
‘lyLog[2, I*E"(I*ArcTan[x])] - PolyLog[3, I*E"(I*ArcTan([x])1))/2 |

3.35.3.1 Defintions of rubi rules used

rule 222 | Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)1/Rt[b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

N J

rule 2720 | Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

3.35. [ V1+a2?arctan(z)? dz
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rule 3011 Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))~n]/(bxc*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLogl2, (-e)*(F~(cx(a + b*x)))°nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4669 Int[csc[(e_.) + Pix(k_.) + (f_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 :> Simp[-2*(c + d*x) “m*(ArcTanh[E~(Ixk*Pi)*E~(I*(e + f*x))]1/f), x] + (-Si
mp[d*(m/f) Int[(c + d*x)"(m - 1)*Logl[l - E~(I*k*Pi)*E~(I*(e + f*x))], x],
x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x
N1, x1, x]1) /; FreeQl{c, d, e, £}, x] && IntegerQ[2+k] && IGtQ[m, O]

rule 5415 Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_)*((d_) + (e_.)*(x_)"2)"(q_.), x_
Symbol] :> Simp[(-b)*p*(d + exx~2)"q*((a + b*ArcTan[c*x])~(p - 1)/(2xcxq*(2
*q + 1))), x] + (Simp[x*(d + exx"2)"g*((a + b*ArcTan[c*x])“p/(2*xq + 1)), x]
+ Simp[2#d*(q/(2%q + 1)) Int[(d + e*x"2)"(q - 1)*(a + b*ArcTan[c*x]) p,
x], x] + Simp[b~2xd*p*((p - 1)/(2%g*(2%q + 1))) Int[(d + e*x"2)"(q - 1)*(
a + bxArcTan[c*x])~(p - 2), x], x]) /; FreeQ[{a, b, c, d, e}, x] & EqQle,
c~2+d] && GtQlq, 0] && GtQlp, 1]

rule 5423 Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)/Sqrt[(d_ ) + (e_.)*(x_)"2], x_S
ymbol] :> Simp[1/(c*Sqrt[d])  Subst[Int[(a + b*x) p*Sec[x], x], x, ArcTan[
cxx]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQle, c”2*d] && IGtQ[p, 0] && Gt
Qld, 0]

rule 7143 | Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, 4
, €, n, p}, x] & EqQ[bxd, axe]

3.35. [ V1+a2?arctan(z)? dz
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3.35.4 Maple [A] (verified)

Time = 0.72 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.41

method | result

arctan(z)? ln(l—M) arctan(z)” In (1+M)
default (z arctan(x)—2)2arctan(x)\/m + - Ve2t1) - Vaiil) i arctan (x) Li, (

-

input tint (arctan(x) "2*(x~2+1)~(1/2) ,x,method=_RETURNVERBOSE)

1

output | 1/2* (x*arctan(x)-2) *arctan(x) *(x~2+1) ~(1/2)+1/2*arctan(x) ~2*1n(1-I* (1+I*x)
/(x"2+1)~(1/2))-1/2*arctan(x) “2*x1n(1+I*(1+I*x)/(x~2+1)"(1/2))-I*arctan(x) *
polylog(2,I*x(1+I*x)/(x~2+1)~(1/2))+I*arctan(x)*polylog(2,-I*(1+I*x)/(x"2+1
)~ (1/2))+polylog(3,I*(1+I*x)/(x72+1)~(1/2))-polylog(3,-I*(1+I*x)/(x~2+1)~(
1/2))-2*I*arctan((1+I*x)/(x"2+1)~(1/2))

3.35.5 Fricas [F]

/ V1+ z2?arctan(z)? dr = /\/:62 + larctan (z)* dz

input Lintegrate (arctan(x) "2*(x"2+1)~(1/2) ,x, algorithm="fricas")

output Lintegral (sqrt(x~2 + 1)*arctan(x)~2, x)

-/

3.35.6 Sympy [F]

/\/1 + z2 arctan(z)? dzr = / Va2 + latan® (z) dx

input Lintegrate(atan(x)**2* (x*x2+1) % (1/2) ,x)

output tIntegral(sqrt(x**2 + 1)*atan(x)**2, x)

3.35. [ V1+a2?arctan(z)? dz
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3.35.7 Maxima [F]

/ V1+ z2arctan(z)? dr = /\/x2 + larctan (z)? dz

inputLintegrate(arctan(x)‘2*(x‘2+1)‘(1/2),x, algorithm="maxima")

output Lintegrate (sqrt(x~2 + 1)*arctan(x)~2, x)

3.35.8 Giac [F]

/ V1 + z2arctan(z)? dz = /\/3:2 + larctan (z)? dz

inputtintegrate(arctan(x)‘2*(x‘2+1)‘(1/2),x, algorithm="giac")

-

output Lintegrate (sqrt(x~2 + 1)*arctan(x)~2, x)

-/

3.35.9 Mupad [F(-1)]

Timed out.

/ V1 + g2 arctan(z)? dr = /atan(x)2 Va2 +ldx

input Lint(atan(x)‘Q*(xQ +1)°(1/2),%x)

output Lint(atan(x)’?*(x? + 1)7(1/2), x)

3.35. [ V1+a2?arctan(z)? dz
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

256
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111

4.1. Listing of Grading functions
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

4.1. Listing of Grading functions
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);

4.1. Listing of Grading functions
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;

4.1. Listing of Grading functions
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions

der
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,

4.1. Listing of Grading functions
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):

4.1. Listing of Grading functions
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):

4.1. Listing of Grading functions
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function

4.1. Listing of Grading functions
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

4.1. Listing of Grading functions
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‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:

4.1. Listing of Grading functions
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation
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