Computer Algebra
Independent Integration Tests

Summer 2023 edition with Rubi V 4.17.3

0-Independent-test-suites/9-Stewart-Problems

[Nasser M. Abbasil

December 4, 2023 Compiled on December 4, 2023 at 7:05pm


mailto:nma@12000.org

Contents

1 Introduction
2 detailed summary tables of results
3 Listing of integrals

4 Appendix

N

=

1891



| 1
CHAPTER

INTRODUCTION

1.1 Listing of CAS systems tested . . . . . . . .. .. ... ... ... .. ... .
1.2 Results . . . . . . . e
1.3 Time and leaf size Performance . . . . . ... ... ... .. .. ... ......
1.4 Performance based on number of rules Rubiused . . ... ... ... ... ..
1.5 Performance based on number of steps Rubiused . . . . ... ... ... ...
1.6 Solved integrals histogram based on leaf size of result . . . . . . ... ... ...
1.7 Solved integrals histogram based on CPU timeused . . . . . . . ... ... ..
1.8 Leafsize vs. CPU timeused . . . . . . . . . ... ... ... .. ... ...,
1.9 list of integrals with no known antiderivative . . . . . . . . ... ... ... ...
1.10 List of integrals solved by CAS but has no known antiderivative . . . . . . . . .
1.11 list of integrals solved by CAS but failed verification . . .. ... ... ... ..
1.12 Timing . . . . . . . o e e e e e
1.13 Verification . . . . . . . . .. L
1.14 Important notes about some of theresults . . . . . .. ... ... ... ....
1.15 Design of the test system . . . . . . .. ... ... oL



CHAPTER 1. INTRODUCTION 3

This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
376 ]. This is test number [ 9 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (376 ) | 0.00 (0 )
Mathematica | 100.00 ( 376 ) | 0.00 (0 )
Maple | 100.00 ( 376 ) | 0.00 (0 )
Fricas | 100.00 (376 ) | 0.00 (0)
Giac 99.73 (375) | 027 (1)
Maxima | 99.47 (374) | 0.53 (2)
Mupad 98.94 (372) | 1.06 (4)
Sympy 96.54 (1363 ) |3.46 (13)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 98.936 0.266 0.798 0.000
Maple 98.936 0.532 0.532 0.000

Mathematica 93.085 5.319 1.596 0.000

Maxima 91.489 7.979 0.000 0.532
Giac 90.426 9.309 0.000 0.266
Fricas 85.904 14.096 0.000 0.000
Sympy 79.787 11.702 5.053 3.457

Mupad 0.000 98.936 0.000 1.064

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates

1.2. Results
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an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of

error requires more investigation to determine the cause.

System Number failed Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 0 0.00 0.00 0.00
Giac 1 0.00 100.00 0.00
Maxima 2 100.00 0.00 0.00
Mupad 4 0.00 100.00 0.00
Sympy 13 76.92 23.08 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Mathematica 0.03
Mupad 0.14
Rubi 0.17
Sympy 0.22
Maxima 0.23
Fricas 0.25
Giac 0.29
Maple 0.30

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maple 18.76 0.89 16.00 0.83
Mupad 19.37 0.90 16.00 0.80
Giac 21.24 1.10 18.00 0.82
Maxima 21.78 1.04 16.00 0.80
Mathematica | 23.20 1.12 20.00 1.00
Rubi 24.17 1.05 19.50 1.00
Fricas 24.64 1.10 18.00 0.86
Sympy 223.04 14.37 19.00 0.88

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals

based on CPU time used with 0.1 second bin width
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi

Mathematica {}

Maple

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
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grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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(28,29, 80} 3T}, 82} 133, 85} [36, 87} [38, 39}, 40} (AT}, 2} 3}, 14} [45}, 46} A7} 48} 9}, 50} 5 T} 62} 53} b4
55} (664 57} (68, 59} (604 6T} [62 63} (64 65}, (664 67} (68, 69} [704 [7 T} [72} [73} [74,[75}, [76, [77} [78), [79} (BT
B1},82,[83}84} 85} [86} 87} 88, [89} 90}, [91}, 92} 93}, 94 [95, 96, 97}, 98,99} [10; [10T} 102} 103} 104 [105}
[106} 107, [108,[109} 110} [1TT} [TT3, T14} T15} 116} 117, 118} 119} [T20}, T2}, 122} 123} [124} 125} 126,
(127, (128, [T29, [130} 131}, 132} 133} 134, [135} 136} [[37, [138} 139} [140} 141} 142, [143} [144} [T45, 146}
(147, (148} [T49, [150} 15T}, 152} 153} 154, [155} 156} [L57} 158} 159} 160} 161}, 162, 163} 164} [T65, [166)
(167,168, [L69, 170} 171}, [T72} 173} 174, [T75} 176} [T77, 178} 179} [180} 181} 182, 183} [184} [T85, [136)
(187, (188} [189, 190} 191}, 192} 193} 194} [T95}, 196} [T97, 198} 199} [200} 201} 202, 203} 204} [205, [206]
207,208, [209; 210} [211}, 212} 213} 214} 215, 216} 217, 218} [219} 220, 221}, [222, 223}, 224} [225, 226},
227,228, [229, 230} [231}, 232} 233, [234} 235,236} 237 [238} [239} 240, 241}, 242, 243}, 244} [245, 246},
247,248, [249, 250} [25T} 252} 253} [254} [255), 256} [257) 258, [259} 260, 261}, 262, 26 3| 264} [265, (260},
[267, 268, [269, 270} 271} 272} 273} 274} 275, 277} [278, [279} [280} 28T}, 282} [283) 284, [285)}, 286}, 287,
288,289} [290} 297}, [292} 293} 294} [295], 296, 297} [298, 299} [30T], 302} [303} 304} [305}, 306}, 307}, 308,
309,310} 11}, 312} [313} 314} 315} 316}, 317, [318} 319} [320} 32T}, 322} 323}, [324} 325}, 326} 327, 328,
329,330} 331},332}[333} 334}, [335}, 336}, 337}, [338} 339} [340} [341}, 342} [343} 344} 345}, [346}, 347, 343,
349,350} B51},352}[353} 354, [355}, 356}, 357}, [358} 359} [360} [36 T}, 362} [36 3} 364} 365} 366}, 367}, 363,
[B69, 870} 871} 72} 373} 374, 375} 376 }

B grade {[112}

C grade { }
F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.2 Mma

A grade { 1,25 55,7500 1112 (03,156, 715 19, 20,21 22,23, 25,2 2. 5
29,301, 31}, 32, 33}, 34} [35} 36} 37} 38} [39} 40, {1}, 42} 43}, (A4, 5], 46}, 7], 48} 49}, [50} 5T, 62} 53} 54,
55} (66}, 57} (58, [69} (6T (61}, [62, [63} 64, [65}, 66} [67], 68}, (69} [70} [7 T}, [72} [73,, [74} [75, [76}, [77), [78} [79, [BT),
B2}[83},[84} 85}, 86}, [87,[88,, B9}, 90} 9T} 92, 93}, 94}, 95, [96}, 97} 99, [10T}, 105}, 106}, [107}, [108} [109, 110,
[TT,[T12} 113} [TT4} 115}, [116}, 117} [TT8] [TT9], 120} 122} 123} [124} [125], 126}, 127, [128}, 129, 131}, [132]
(133,134} 135}, [136}, 137, [138}[139} [140} [141], 142, [143} 144} [146}, 147, [148], 149} [150} [151}, 153, [154]
[155}[156}, 157} (158}, 159, [160}, 16T, 162}, [163], 164, [165), (166}, [167], 168, 169, 70}, [17T}, 172,173, [T74],
[T75,[T76}, [T77} [178], 179, [180} 18T} [182}, [T83], 184} [T85}, [186}, [187], 188}, 189, 190}, [19T], 192}, 193}, [194]
[196}, (197, 198}, [199}, (200, 201}, 202} 203}, 204}, 205}, 206}, 207} (208}, (209, 210, 21T}, 213} 214}, 215, 216,
217,218,219} 222} 223}, 224, 225, 226}, 227}, 228,229, [230} 231, 232}, 233, 234, 236}, 237}, [238], 239,
240,241} 242} 243} [247], 248, [249}, [250}, 251}, 252}, [253} 254}, 255}, [256], 257, 258}, 259} 260}, [26 1}, 262,
[263],[264, [265], 266}, [267], 268, [269, 271} 272}, 273, [274} 275} 276}, 277, 278, 279, 280} 28T], 282, [283]
(284}, (285, [286}, 287} 288}, (289, [290}, 291}, 292}, 293}, 294}, 295}, 296, (298], 299, [300}, 30T}, (302}, [303}, 304}
1305},[3064,[307, 308}, [309}, 310, 31T}, 313} [314}, (315}, 317, [318}, 319} [320}, 321}, 322}, 323}, [324}, [325], 326,
327,329,330}, 331},[332},[333},[334, 336}, [337},[338},[339,[340}, [341], (342}, 343}, [344}, [345}, [346}, [347], (348,
1849,13501 351}, 352} [353},[354, [355}, 356}, 357}, 358}, [359}[360}, 36T}, 362}, 36 3, [36 4}, 365} [366}, 36 7], 368
(69, 571,572,573, 574,575,576 }

B grade { [14}81}[100}[102} 103} 104} [T21} [130}[145} 152} 195} 212, [221} 245} 246} 270} 297, 312}
328,870 }

C grade {[98}[220[235] [244}[316}[335] }
F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.3 Maple

A grade {[1,23,451(61[7}[8l[0}[10} (L1} [12}[13} 14} L5} 16, 17} [I8} 19} (20, 21} 22 23} [24} P} 26} 27
[28, 29, B0} BT, B2 (33,84, 3% (36137, B8, (39} A0} T, {243, 44 5, 46, 47, {48, 49, 50, BT} 52 53,
6%, 55 56467, 58, 5960, BT 62363, 64 5466, 67 68} 69 70, (71472, 73, [T 75 76, [7 778, 7%
[80, 811 283, B4 55,86, 871 53} 89, 90} BT, 02, 93, 4, 05, 96} 7} 08, 9} (100, [0} [T02, (103, 104
([0 (L06, (107} [[08} [[09} ([0} (LT} [ T2, (LT3} [T [LT5} [L16 [[17, [TT8)} ([ T9, [[20} 21} (122} 23, 124
(125 (126, [T27) [[28} [[29), (T30, (131, [[32) (133} 134 (L35} (136 (137, (138 (139, (140 41} [142} 143 144
[T (16, 147} (198, 149} [T50, [T51},[T52, (153} 15 (15} (156, (157, [[58)} [[59, (160 6T} (162} 163, 164,
(1675, (166, 67} [T68, [169} 70} [T7T} [[72 (L73} 17 [L75} [T76 177, [T78)} 79, [180) [T} (182} (183 (184
[T (186, [87) (188, [[89 (190} (19, [T92, ([93} [19% [T9%6, (197} [T9%8, [T99 (200}, 20T, 202 (203} 204 [205,
[206, (207} 208} [209} 210} (21T, 212} [213, (214} 215, (216, 217 [218, 210 [220, 221 [222, [223) [22) 225
[226, (227, 228, (229 230} (231, 232} [233, 234 [237 (236 [237) [238, 239 [240, 241 [242) 243, [244) 245
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246,247} [248, 249} [250} [25T}, 252} [253) 254, [255} 256}, 257} [258} 259, 260} 26T}, (262} 263} 264, [265),
[266, 267} [268, 269} [27T} 272} 273} [274} 275} 276} 277, [278} [279} 280, [281], 282, 283,284} [285, 280},
287,288, [289}, 290} [291}, 292} 293} [294} 295, 296} 297, [298| [299} 300}, [301} 302, 303, [304} 305, 306},
307,308, 309, 310} [311}, 312} 313} 314} 315, [316}, 317, 318} [319} 320, [321} 322, 324}, [325} 326}, 327,
328,329} 330}, 331}, [332, 333} 334} 335}, 336} [337} 338, [339}[340}, 341}, [342} 343} 344}, [345} 346, 347,

1348,[349},1350,, [351},[352}, 353}, [354, [355}, 356}, 357,358}, [360}, 36 1}, [36 2, [36 3}, [36 4}, [365}, [3661,[36 7}, 368,
B69, 370,371} 872,373,874, 375,376 }

B grade {[270,359 }

C grade {[195,823]}
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.4 Fricas

A grade {[1}28,75,6,8 ) 10} 1) 12 15,16, 17 5} 19} 20 21 22,25, 24,25, 26,27 25O 1
32},33,34} 351,136}, 371,138} 39, 40}, 42} 43} (44, 45}, (46}, 47}, 48, 49} [50} 511,52} 53, 54}, 55, 56}, 571, 58,
[69;[60}[611, 62} [63}[64}[65}, (66} 68} (69, [70} [71}, [72}[73, [74} [75} [76L [77], [78} 80} 8T, B2}, 83}, 84} [85}, BT,
(53, 5% 90}, 91}, 92, 3, 9% 195} 96, [LUG (107 (109} (.0} ([T} [L T2 [L14 [T6} [.7} [L18) [LT9}, [C20} L2
[122}[123], (124, [125], 126}, [127], 128}, [129, 13T}, [132, [T33},[134} [T35} [136], (137}, 138, 140}, 14T}, 142}, 144,
[146},[147], (148,149, [150} (151}, [152} [153], 154} [155] [156}, (157, (158} [159, (160}, 161}, 162}, 163, 164} 165,
[166},[167], 168, [169, 170} [171], 172} [173], 174, [175] [T76} 177, [T78] 179,180} 181}, 182}, 183, 184} 185,
[186},[187],[188},[189},[190}, [191],[192}[193], 194}, [196}, 197} [198, [199} [200}, 201], 202, 203}, 204} [205}, 206,
[207,[208}, 209, [210}, 21T}, 212}, 213} 214} 215, 216}, 217} 218 219} 222, 223} 224}, 226}, [227], [228], 229,
(230,231,232, 233}, (234}, [236], 237, 238}, 239}, 240}, 242} 24 3], 245}, 247], 252}, [253], 254} [256], 257}, 258,
259, [260}, 261}, 262}, 263} 264}, 265, [266], 267, [268], 269} (271}, 272} 273, 274} [275], 276}, 277, 278}, 279,
280, [281], 282, [283], (284}, [285], 286, 287], 288}, 289}, 290}, 292, 293}, (294}, 296, (297,299} 300} [301}, 302,
1303, [304},[305,,[306},[307,[308},[309}, (310}, 315}, [316},[317} [318],[319}, [320}, [321}, [322,,[323}, [324}, [325), [326,
1327,[329},330},[331],[332} 333}, [335}, [336}, 338}, [339}, [340}, (342}, [343], [345], (346}, [347], (348}, [349,[350}, (352,
1353, [354},3561,[357],[358,[359}, (360}, 361}, 362}, [36 3}, 364, [365], 366}, [36 7], 368}, 369, 37T}, [372,[373},[374,
575,670 )

B grade {[7}[13|[14}[29][41}[67}[79} [86}[97}[98}[99] [100} [L01},[102} [103},[104} [105] [108] [113] [115}[130)},
(139} 143} [T45], 195} [220}, [221}, 225} 235} [24T], 244} [246], [2438} [249} 250}, (251}, 255} 270}, [291], 295}, 298]
[B11} 312} 313} [314, 328} [334} 337} 341} [344} 351} 355} 370 }

C grade { }
F normal fail { }
F(-1) timedout fail { }

2.1. List of integrals sorted by grade for each CAS
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F(-2) exception fail { }

2.1.5 Maxima

A grade { [1}2,3,[4,[5,[6[71 810} 10} [11} [L2} [L3][14} 15} [16}[17} [L8} [19} [20} [21] 22} 23} [24} [25} 26}, 27]
28, 30, 1L (32 33} (36, 37,35 30 DL 2 3, 4, 45, 6, 47, I8, 9, 50, 511 52, 53, 52 55, 56, 57,
[55) 59 [60L 511 162} 53, 52 5L 66, 57 58, 69} [0 71, [724 73, [72 75 1765 (7 7, 79 80, BT, 82, 83,
/84, 85, 86, 57, 88} 59 90, 1} 92,93, %, 96, 93, 99, L0} 10T} 102, 105, [0, 107, [08} 109 [T,
[T} (1T .5 [LT6, (7 [LT8, (9, (120}, (2T (122, (23, 124, L2526, (27} 125, [L25, 130, 3T, 132
(133} (37 135 (136, (37 (138, 39, (140, [T (T4 [43, 144, [45} 146, (147} 145, [149, T50, [5} T52
(753} 574 55 (156, (57 [T58, (59, (160, (6T (162, [63, 162 L6} 166, (67} 168, (169} 70, L7, 72
[[73) 74 (75 (76, (77 (78, (79 (180}, (ST, (182, [53, 53 L85} 156, (7} 155, (189} T30} 9T} 192
[T93) (97 L35 [196, (L7 (198} [9, (200, 20T, (202 203, 204 205} 206, 207} 208, 209, 210, 21T, 212
(213, 214 (215 216, 217 218, 219, 222, 223, 222, 226, (227, 228, 229, 250, 231 25 233, 257,236,
(237 (238, 239 (20, 242 (243, 247, 249, 250, 25, 252, 254, 256, 257, 258, 259, 26T, 26T, 263, 263,
(267 26 (266 (267} (265 269, 270, 272, 273, 274, 275, 277, 278, 279, 250, 251 2572 (253, 287,255
(256, (287} (255, (20} 290} 292, 293, 297, 295, (296, 297, 299, 500, BUT, U2, U3, U} U5, 86} 307,
(308, 509, 310, BT} 312 314, 15, 316, 517, 518, 819, 320, 521, 522, 523, 524, 55} 326, 527} 331}
(532 (353, (334 (55 (336 (338, 339 40, 51, 42, 513, 544, 575, 346, 577, 348, 9, 350, 55T} 552
(353, 3574 356 357} 355 359} 1360, 36T} 362 562 365, 366, 367, 368, 569, 370, 871, 372 873, 374
575,570}

B grade { [29)54 55, 1, 65,57 03} 04 [[12} [[13} 220} 221 225, 235 241, P 25, 246, 27
{953, 255, 271} 276, 291 298, 13,328, 529, 355,303 }

C grade { }

F normal fail {[330,[337 }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.6 Giac

A grade { [1}2,[3,[4,[5,[61[71[81 9} [10} [13} [L4} [L5} [16}[17} [L8} [L9} 20} 21} [22} [23} 24 [25] [26} [27} [28),[30}
(3T 32, (33, 3435 36 37, 38} /3%, 0, 22, 3, &, 5, 6, 7 4, A9, 50, 51 52 53, 52 5, 56, 57
(53, 59, [0, BT} 652 63} 52 165, 5 67} 58, 169} 70 [71, 2 [73, 72 [75 76, [77 7, 79 80, BT} 82, B3
/52,185, 55, 87} 88} 59, 90, 9} 92} 93, %, 95, 9%, 99} 100} 10T} [0 [0, 106, 107 [} 109, 110
(11T}, 112} 114} [1T5} 116} [1T7} [T18} [TT9}[T20} 122} [T23} [T25, [T26 [127} 128} 129, 131}, 132}, 134} [135),
(136}, [137], 139} [140} [141},[142} [143] [144} 146}, [147} 148, [T49, [T50} [15T} 153} 154, [155}, 156}, 157}, [158]
[159, 160}, 16T}, 162} [163},[164} [165}, (166}, (167} (168} [169} 170, [T71} 172,173} 174,175}, 176}, 177} [178|
[179, 180}, 18T], 182} [183},[184} [185], (186}, (187, [188},[189, 190}, [191} 192, 193, 194}, [196}, 197}, 198}, [199}
200} 201}, 202} 203} 204} [206}, 207} 208} 209, [210} [211} [212, 213} [214} 215}, 216}, 217} [218] 219} 220,
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221,222} [223, 224} [226], 227, 228, [229] 230, [231} 232} 233} [234} 235, 236} [237], 238, [239} [240}, 242},
243,245} [246,, 247} [248} [249} 250} [251}, 252} [253} [2543 256} 257} 258}, 259} [260} (26T} 262} [264, [265),
260,267} [268, 271} [272} [273} 274} [275], 276, 277} [278, [279} [280} 28T}, 282} [283) 284, [285), 286}, 287,
288,289} [290}, 292} [294} 296,297} 299} 300, [301}, 302, 303} [304} 305, [307} 308} 309} [310}, B11}, 313,
314,315} 316}, 317} [318} 319} [320} 321}, 322} [323} 324} 325}, [326}, 327, [330} 331}, 332} [333} 334} 335},

1336},1337,[338}, 339} [340}, (341}, 342}, 343}, [345), (346,347, [349}, 350}, 351}, 352, [353), 354}, [355}, [356},[357),
358} [359}, [360} 361, 362 [364] 365}, 366}, 367}, 369, 369|370, 371}, 372, 73}, 374,375, 376) }

B grade { [11}[12}[29}41}[07}[98} [103} [104} [L13} [121}, 124} [130} [133} 138, [145} [152} [195} 205} 225}
241} 244, 255 263} [270, 291} 293} [295] 298} [306}, 312} 328} [329} [344} 348} 363] }

C grade { }

F normal fail { }

F(-1) timedout fail {[269 }
F(-2) exception fail { }

2.1.7 Mupad
A grade { }

B grade {[1,23{4[5l/6 18 9,[L0, (L1} [12} 3] [14} 15} 16} 17 18} 19} (20} 21} 22}[23) 24} [25} 26} [27
[28,[29}130} 31} 2, [33} [34} 35}, 36, 37, [38} 139} [0, {1}, 2} {43} A4 15}, {46, (47, (48} 19}, [50}, [5 T} 52} 53,
(64 55} 56} 57 58} 5% 60} (6T} (62363, 565}, 664 7} 68 69 70} [T} [72, 3473, 75 76} 77 [78} 7%
[B0}, BT} 2, B3} 8% [B% 86,87, B3} 89}, 90} T}, 92 U3} 94 95,06} 97} 98} 99} (100 10T [102} (103} [10%,
(IO [T06, (107, [0S} 09, (L0} ([T} [T} (LT3, [[14} 75 [LT6, [TT7} (T8} [T9, (120} [C21) [T22) (123} 123
[T25) (126, (127, [[28) 129} (130} [T31),[[32) (133, (134} 135 (136, (137} (38} 139, (140, 141} [T42, 143} 143,
[T45) (146, (128} 149} [[50 (L5, [T52} 153, [[54, [[55 (056 (157, [158} (159} 160 [161], 162} 163, (16} 163,
(LG5 (167, (168} (169} 70 [L71} (172} 73, (L7, [[75} 76 [L77, [L78} 179} 180} (181 [82} 183, [18% 185
(TS 187, (188} 189} 190} (19T} 192} 193, [T94 [T95} 196, [T97, (T8} 99} (200} (207, 202} [203, (204 205
[206, 207, 208} 209} (210, (21T} 212} [213, (214} 215, [216) (217, 218, [2T9) (220, 221, 222 [223, 229 225
(226, 227, 228, 229} (230, (231, 232 [233, (239 235, [236) (237, 238 239 [240, 241 242 [243, 249 25,
[246, 247, 243, [249} [250, 251, [252) [253) (2579 [255 [256) (257, 258 [259) (260, 261, 26} [263, (267 [265,
F26, (267, (265, 269} (270, (27T [272) [273) (273 [275, [276) (277, 278, [279) (280 281, 282} [2833 287 [285,
[286, (287, (258, 289} [200, 297, 292} [203, (297 295, [206) (207, 298} 209, ;300 BU], B2} 303, 0% 505,
/306, 307, BUS, 309} 310, B1T} 812} 313, 14} B15, 316, 317, B18| B9 320, B21), 822} 324, 25, 326
(327 (328, 829, B30} 331} 332} 833} 334 (335, 836, [337) (338, B39, 340 341} B2} 83} 344, 75 376}
[347) (348, 349} 850} 351} 52} 353} [354) (355, 856, [357 (358, 60} 36} (362, 364 365} 366, 67} 368}
[B69}[B70} 871} 372} B3, 374 375, B76) }

C grade { }
F normal fail { }
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F(-1) timedout fail {[147,[323][359|[363| }

F(-2) exception fail { }

2.1.8 Sympy

A grade {[123,4 5(6}0} [10,[11}[12}[13, 1415} [16} 17} [L§} 19} [20, 21} 22} [23} 24} [25} 26, [27] 28}
(29, B0} BT}, B2 [33} B4 35, 86, (38} 89, F0} AT, 3} 14 45 6, 47, 48, A9, 504 T}, 52 53} 54 55, 56,
[28, (59 (60} 61} (62, (63} [64} 65,66, (68} [69} [70} [T [72, [73} [77, [78), 75} (8T}, 183} 85}, |88, [89}, [90}, L} 92,
193,94, (95, (96}, 97}, [98, {99} [L0T},[T03, [T05, (07, [T0%, [T 10, [TT2} 114} [T15}, [TT6), [T17, T8} [TT9} [T20} 122,
[T23) 125} (126 (128 129} [L30, [T31] (137 (138} 140} 144 [145} (146} 147} 148, [150} [151) [[52} [L53} 54
[T55) 156, (157, (758 [59) (160, (16, (162} (163, [164) [65) (166, [167} (68} 169, [L70, [[71) [[72) [L73, I73),
[T75) 76, [T77, [T78) 79 (180, 82} 183, (184 85 86 (187, (188} 189} 190, (191, 192} 193, (194196
[T97) (198, [T99} 200} [201} (202, 203} [204) (205, 206, 207 [208, 209} 210} (211} 212, 213, [214, 215 216
27 (218, 22, 222 [223, 22 [227) [231 (232, 233, [237 (236, 237, [239) [240, 241} |22 [243, 249 25,
[246) [252, 253} 254 [255, 256 257} [258) (259 260 [261) (262, 263 264 [267, (267, 268 (269, 271} 272
[273 (275, (276, 277} [278, (279 [280) [281) (282, 287 [287 (286, 287, 2868, [28), (290, 202} [203, 2979 [295
[209, ;300 BUZ, 83} ;304 U5 307} (308, 309}, 810, 3111 312, B13, B4, 315, BI6, B17} 318, B19} 521}
(323, (325, B26, 327 [328, 29} 8311 [332) (333, 335, (338, (339, B0, 342 [343, B5 87 [348, B9} 850,
[B1) [352, B53} 854 /355, B56, 357} [358, 160} 361 [362 (364, 366, 367 368, B71} 873} 374, BT5, 876
}

B grade { {7857 42} 57 677576, 80} £2) 54 56, 57} 100} 102} [10% [106} 108} [T [, 127} 139,
(142, [T8T}, 195}, 219}, [225], 226}, 230}, 251}, (270}, 283, 291}, 296}, (297}, (298], [306], 320}, (330} 334}, [34T}, 344,
370,572 )

C grade {[[21}[124,[132}[133}[134} 135} 136} 141} 143} [228} [229} [250} 266} [274) [324} [336) [346} [363]
[B69 }

F normal fail {[149}[220][235][238} 247 [248} 249 [301} 322, [359] }
F(-1) timedout fail {[74,[337[365 }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 11 11 10 12 11 20
N.S. 1 1.00 1.00 1.00 1.00 0.91 1.09 1.00 1.82
time (sec) N/A 0.114 0.001 0.020 0.193 0.242 0.014 0.279 0.371
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 3 3 3 3 2 2 2 2 2
N.S. 1 1.00 1.00 1.00 0.67 0.67 0.67  0.67 0.67
time (sec) N/A 0.115 0.000 0.024 0.187  0.236 0.029 0.264 0.006
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 2 2 2 3 2 2 2 3 2
N.S. 1 1.00 1.00 1.50 1.00 1.00 1.00 1.50 1.00
time (sec) N/A 0.109 0.000 0.012 0.189  0.238 0.033 0.270 0.002

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 9 8 8 8 8 8
N.S. 1 1.00 1.00 1.12 1.00 1.00 1.00 1.00 1.00
time (sec) N/A 0.122 0.001 0.030 0.195 0.235 0.033 0.294 0.209
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 4 4 4 5 4 4 3 4 4
N.S. 1 1.00 1.00 1.25 1.00 1.00 0.75 1.00 1.00
time (sec) N/A 0.129 0.001 0.045 0.205 0.243 0.033 0.270 0.021
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 2 2 2 3 2 2 2 2 2
N.S. 1 1.00  1.00 1.50 1.00 1.00 1.00 1.00 1.00
time (sec) N/A 0.128 0.001 0.027  0.193 0.246 0.033 0.269 0.003
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 2 2 2 3 2 7 5 2 2
N.S. 1 1.00 1.00 1.50 1.00 3.50 2.50 1.00 1.00
time (sec) N/A 0.146 0.000 0.174 0.180 0.239 0.038 0.261 0.033

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 4 4 4 5 6 8 7 6 4
N.S. 1 1.00 1.00 1.25 1.50 2.00 1.75 1.50 1.00
time (sec) N/A 0.139 0.009 0.175 0.180 0.248 0.035 0.300 0.011
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 2 2 2 3 4 4 3 4 12
N.S. 1 1.00 1.00 1.50 2.00 2.00 1.50 2.00 6.00
time (sec) N/A 0.131 0.006 0.078 0.176  0.238 0.021 0.301 0.280
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 4 4 4 ) 6 6 ) 6 6
N.S. 1 1.00 1.00 1.25 1.50 1.50 1.25 1.50 1.50
time (sec) N/A 0.142 0.006 0.053 0.185 0.234 0.038 0.287 0.252
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 2 2 2 3 2 2 2 11 2
N.S. 1 1.00 1.00 1.50 1.00 1.00 1.00 5.50 1.00
time (sec) N/A 0.131 0.011 0.067 0.185 0.225 0.063 0.290 0.019

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 2 2 2 3 2 2 2 11 2
N.S. 1 1.00 1.00 1.50 1.00 1.00 1.00 5.50 1.00
time (sec) N/A 0.131 0.008 0.056 0.178 0.225 0.064 0.300 0.016
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 5 5 5 6 3 11 5 6 5
N.S. 1 1.00 1.00 1.20 0.60 2.20 1.00 1.20 1.00
time (sec) N/A 0.133 0.001 0.019 0.181  0.240 0.041 0.269 0.029
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 3 3 7 4 3 11 3 4 3
N.S. 1 1.00 2.33 1.33 1.00 3.67 1.00 1.33 1.00
time (sec) N/A 0.137 0.001 0.029 0.181  0.245 0.036 0.278 0.002
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 9 8 8 7 8 8
N.S. 1 1.00 1.00 1.12 1.00 1.00 0.88 1.00 1.00
time (sec) N/A 0.170 0.003 0.047 0.194 0.248 0.059 0.258 0.023

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 9 8 8 5 8 6
N.S. 1 1.00 1.00 1.12 1.00 1.00 0.62 1.00 0.75
time (sec) N/A 0.123 0.000 0.013 0.192 0.229 0.030 0.271 0.019

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 21 12 12 11 11 10 11 11
N.S. 1 1.11 063  0.63 0.58 0.58 0.53 0.58 0.58
time (sec) N/A 0.174 0.002 0.026 0.203 0.235 0.028 0.267 0.028

Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 14 12 11 13 15 11 11
N.S. 1 1.00 0.74  0.63 0.58 0.68 0.79 0.58 0.58

time (sec) N/A 0.144 0.008 0.076 0.187 0.243 0.086 0.275 0.003

Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 14 13 13 12 13 13
N.S. 1 1.00 1.00 0.93 0.87 0.87 0.80 0.87 0.87
time (sec) N/A 0.142 0.002 0.073 0.186 0.251 0.068 0.288 0.214

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 15 11 11 11 10 11 11
N.S. 1 1.00 0.75 0.55 0.55 0.55 0.50 0.55 0.55
time (sec) N/A 0.147 0.013 0.037 0.184 0.225 0.032 0.269 0.023
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 7 8 7 7 7 7 7
N.S. 1 1.00 1.00 1.14 1.00 1.00 1.00 1.00 1.00
time (sec) N/A 0.176 0.003 0.064 0.186 0.248 0.063 0.266 0.002
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 15 14 14 14 14 14
N.S. 1 1.00  1.00 0.83 0.78 0.78 0.78 0.78 0.78
time (sec) N/A 0.179 0.033 0.136 0.184 0.248 0.066 0.269 0.028
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 13 13 12 13 9
N.S. 1 1.00 1.00 0.82 0.76 0.76 0.71 0.76 0.53
time (sec) N/A 0.128 0.000 0.017 0.178 0.243 0.030 0.273 0.002

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 34 25 22 21 21 27 21 23
N.S. 1 1.17  0.86 0.76 0.72 0.72 0.93 0.72 0.79
time (sec) N/A 0.252 0.032 0.191 0.179  0.258 0.090 0.268 0.073
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 29 25 21 21 21 24 21 24
N.S. 1 1.00 0.86 0.72 0.72 0.72 0.83 0.72 0.83
time (sec) N/A 0.240 0.031 0.171 0.194 0.247 0.090 0.267 0.032
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 17 15 16 12 15 15 15 12
N.S. 1 1.13  1.00 1.07 0.80 1.00 1.00 1.00 0.80
time (sec) N/A 0.142 0.000 0.017 0.179 0.236 0.040 0.263 0.032
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 15 14 14 12 14 14
N.S. 1 1.00 1.00 0.94 0.88 0.88 0.75 0.88 0.88
time (sec) N/A 0.138 0.001 0.009 0.256  0.243 0.052 0.273  0.002

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 28 18 15 14 17 24 14 18
N.S. 1 1.22  0.78 0.65 0.61 0.74 1.04 0.61 0.78
time (sec) N/A 0.179 0.004 0.102 0.173 0.239 0.086 0.263 0.048
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 9 74 18 8 103 8
N.S. 1 1.00 1.00 1.12 9.25 2.25 1.00 12.88  1.00
time (sec) N/A 0.194 0.007 0.230 0.263 0.271 0.304 0.286 0.023
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 13 13 12 13 9
N.S. 1 1.00  1.00 0.82 0.76 0.76 0.71 0.76 0.53
time (sec) N/A 0.136 0.003 0.026 0.176  0.238 0.032 0.278 0.031
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 31 17 17 16 16 15 16 16
N.S. 1 1.15  0.63 0.63 0.59 0.59 0.56 0.59 0.59
time (sec) N/A 0.204 0.017 0.032 0.186  0.243 0.032 0.278 0.019

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 22 20 19 21 26 19 19
N.S. 1 1.00 0.81 0.74 0.70 0.78 0.96 0.70 0.70
time (sec) N/A 0.158 0.056 0.124 0.179  0.249 0.090 0.322 0.028
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 20 18 17 21 20 17 17
N.S. 1 1.00 0.74 0.67 0.63 0.78 0.74 0.63 0.63
time (sec) N/A 0.153 0.048 0.137  0.186  0.238 0.167 0.270 0.028
Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A A B A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 18 9 10 34 9 7 17 9
N.S. 1 2.00 1.00 1.11 3.78 1.00 0.78 1.89 1.00
time (sec) N/A 0.185 0.013 0.083 0.196  0.237 0.069 0.289 0.020
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 19 57 18 20 30 18
N.S. 1 1.00 1.00 1.00 3.00 0.95 1.05 1.58 0.95
time (sec) N/A 0.201 0.017 0.131 0.183 0.235 0.136 0.280 0.062

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 11 10 9 9 7 9 9
N.S. 1 1.00 0.69 0.62 0.56 0.56 0.44 0.56 0.56
time (sec) N/A 0.155 0.002 0.026 0.177 0234 0.028 0.283 0.021
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 15 14 13 14 105 13 9
N.S. 1 1.00 0.71 0.67 0.62 0.67 5.00 0.62 0.43
time (sec) N/A 0.139 0.005 0.099 0.176  0.247 0917 0.302 0.035
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 15 14 14 14 14 14
N.S. 1 1.00  1.00 0.83 0.78 0.78 0.78 0.78 0.78
time (sec) N/A 0.193 0.031 0.130 0.187 0.248 0.060 0.294 0.023
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 29 16 15 14 14 12 14 14
N.S. 1 1.12 0.62 0.58 0.54 0.54 0.46 0.54 0.54
time (sec) N/A 0.184 0.018 0.031 0.195 0.230 0.031 0.287 0.029

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 17 16 16 12 16 16
N.S. 1 1.00 1.00 0.94 0.89 0.89 0.67  0.89 0.89
time (sec) N/A 0.144 0.004 0.015 0.277  0.253 0.056 0.279 0.183
Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 9 10 104 20 8 52 9
N.S. 1 1.00 1.00 1.11 11.56 2.22 0.89 5.78 1.00
time (sec) N/A 0.196 0.020 0.158 0.194 0.263 0.276 0.313 0.159
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 13 25 26 13 13
N.S. 1 1.00 1.00 0.82 0.76 1.47 1.53 0.76 0.76
time (sec) N/A 0.160 0.032 0.257 0.176  0.243 0.129 0.274 0.056
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 9 13 14 22 8 13
N.S. 1 1.00 1.00 0.53 0.76 0.82 1.29 0.47 0.76
time (sec) N/A 0.161 0.008 0.159 0.183 0.242 0.131 0.294 0.206

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 9 11 11 10 11 8
N.S. 1 1.00 1.00 0.82 1.00 1.00 0.91 1.00 0.73
time (sec) N/A 0.169 0.005 0.288 0.183 0.246 0.199 0.280 0.222
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 22 14 12 11 11 10 11 11
N.S. 1 1.00 0.64 0.55 0.50 0.50 0.45 0.50 0.50
time (sec) N/A 0.165 0.023 0.042 0.189 0.238 0.030 0.290 0.041
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 9 9 12 8 7 8 8
N.S. 1 1.00  0.60 0.60 0.80 0.53 047  0.53 0.53
time (sec) N/A 0.151  0.027  0.030 0.191  0.224 0.033 0.294 0.035
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 14 15 14 14 14 14 14
N.S. 1 1.00 0.74 0.79 0.74 0.74 0.74 0.74 0.74
time (sec) N/A 0.152 0.016 0.046 0349 0.236 0.039 0.290 0.025

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 11 10 13 15 13 13
N.S. 1 1.00 1.00 0.65 0.59 0.76 0.88 0.76 0.76
time (sec) N/A 0.142 0.003 0.073 0.208 0.241 0.118 0.277 0.206
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 25 16 16 11 11 20 11 11
N.S. 1 1.04 0.67  0.67 0.46 0.46 0.83 0.46 0.46
time (sec) N/A 0.168 0.003 0.026 0.223 0.235 0.068 0.294 0.022
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 12 10 9 9 8 9 7
N.S. 1 1.00 0.86 0.71 0.64 0.64 0.57  0.64 0.50
time (sec) N/A 0.129 0.000 0.017 0.222 0.245 0.029 0.278 0.030
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 13 12 13 15 13 13
N.S. 1 1.00 1.00 0.76 0.71 0.76 0.88 0.76 0.76
time (sec) N/A 0.139 0.003 0.066 0.195 0.260 0.117 0.299 0.023

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 22 22 17 16 16 20 16 16
N.S. 1 1.00 1.00 0.77 0.73 0.73 0.91 0.73 0.73
time (sec) N/A 0.205 0.007 0.066 0.207 0.244 0.099 0.286 0.264
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 17 20 17 16 16 15 16 16
N.S. 1 0.85  1.00 0.85 0.80 0.80 0.75 0.80 0.80
time (sec) N/A 0.211 0.014 0.141 0.203 0.261 0.244 0.276 0.217
Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 37 19 17 16 16 15 16 16
N.S. 1 1.32  0.68 0.61 0.57 0.57 0.54 0.57 0.57
time (sec) N/A 0.196 0.025 0.040 0.278 0.232 0.036 0.295 0.031
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 20 16 16 15 13 15 15 14
N.S. 1 095 0.76 0.76 0.71 0.62 0.71 0.71 0.67
time (sec) N/A 0.154 0.002 0.029 0.277  0.239 0.084 0.291 0.020

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 17 16 16 15 18 16
N.S. 1 1.00 1.00 0.94 0.89 0.89 0.83 1.00 0.89
time (sec) N/A 0.195 0.019 0.276 0.191  0.248 0.128 0.280 0.026

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 15 14 13 14 105 13 9
N.S. 1 1.00 0.71 0.67 0.62 0.67 5.00 0.62 0.43
time (sec) N/A 0.132 0.006 0.100 0.180 0.240 0930 0.276 0.018

Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 14 11 10 14 14 10 10
N.S. 1 1.00 0.78  0.61 0.56 0.78 0.78 0.56 0.56

time (sec) N/A 0.151 0.038 0.125 0.199 0237 0.025 0.283 0.052

Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 11 10 10 10 10 10
N.S. 1 1.00 1.00 0.79 0.71 0.71 0.71 0.71 0.71
time (sec) N/A 0.148 0.002 0.056  0.189  0.240 0.017 0.275 0.002

2.2. Detailed conclusion table per each integral for all CAS systems



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 42
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 29 22 17 16 19 24 16 16
N.S. 1 1.21  0.92 0.71 0.67 0.79 1.00 0.67 0.67
time (sec) N/A 0.192 0.002 0.233 0.187  0.242 0.017 0.282 0.034
Problem 61 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 15 11 11 11 8 11 10
N.S. 1 1.00 1.15 0.85 0.85 0.85 0.62 0.85 0.77
time (sec) N/A 0.159 0.002 0.211 0.183 0.245 0.019 0.282 0.046
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 31 14 13 13 12 13 14
N.S. 1 1.00 1.82 0.82 0.76 0.76 0.71 0.76 0.82
time (sec) N/A 0.194 0.058 0.202 0.186  0.238 0.020 0.284 0.040
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 31 14 13 22 12 13 14
N.S. 1 1.00 1.82 0.82 0.76 1.29 0.71 0.76 0.82
time (sec) N/A 0.172 0.057 0.187  0.182 0.244 0.020 0.278 0.202

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 46 30 23 18 25 31 22 24
N.S. 1 1.28 0.83 0.64 0.50 0.69 0.86 0.61 0.67
time (sec) N/A 0.264 0.009 0.172 0.179  0.253 0.019 0.281 0.043
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 29 14 11 10 19 14 10 18
N.S. 1 1.21  0.58 0.46 0.42 0.79 0.58 0.42 0.75
time (sec) N/A 0.207 0.001  0.095 0.182 0.249 0.022 0.294 0.045
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 22 18 15 14 18 37 14 14
N.S. 1 1.00 0.82 0.68 0.64 0.82 1.68 0.64 0.64
time (sec) N/A 0.159 0.061 0.204 0.181  0.240 0.068 0.295 0.394
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 20 15 14 31 37 14 18
N.S. 1 1.00 1.00 0.75 0.70 1.55 1.85 0.70 0.90
time (sec) N/A 0.163 0.017 0.426 0.184 0.248 0.129 0.305 0.171

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 29 25 20 19 19 19 19 19
N.S. 1 1.16  1.00 0.80 0.76 0.76 0.76 0.76 0.76
time (sec) N/A 0.187 0.034 0.228 0.186 0.264 0.022 0.294 0.054
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 44 30 23 24 25 36 22 22
N.S. 1 1.29  0.88 0.68 0.71 0.74 1.06 0.65 0.65
time (sec) N/A 0.236 0.002 0.254 0.201  0.245 0.017 0.288 0.046
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 44 30 23 24 25 36 22 22
N.S. 1 1.29  0.88 0.68 0.71 0.74 1.06 0.65 0.65
time (sec) N/A 0.241 0.009 0.264 0.186  0.249 0.018 0.281 0.039
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 56 30 23 18 33 41 22 37
N.S. 1 1.22  0.65 0.50 0.39 0.72 0.89 0.48 0.80
time (sec) N/A 0.265 0.057 0.312 0.183 0.245 0.020 0.272 0.081

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 23 17 17 17 17 17 17
N.S. 1 1.00 1.10 0.81 0.81 0.81 0.81 0.81 0.81
time (sec) N/A 0.159 0.002 0.230 0.188 0.239 0.021 0.273 0.038
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 61 22 17 16 31 31 16 32
N.S. 1 1.33 048 0.37 0.35 0.67 0.67  0.35 0.70
time (sec) N/A 0.331 0.007 0.299 0.207  0.258 0.022 0.287 0.040
Problem 74 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 34 14 13 17 0 13 13
N.S. 1 1.00 1.62 0.67 0.62 0.81 0.00 0.62 0.62
time (sec) N/A 0.175 0.071  0.201 0.209 0.252 0.000 0.272 0.114
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 18 14 13 14 170 13 25
N.S. 1 1.00 0.86 0.67 0.62 0.67 8.10 0.62 1.19
time (sec) N/A 0.175 0.015 0.186 0.189 0.240 4.176 0.292 0.249

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 28 18 14 12 13 39 12 12
N.S. 1 147  0.95 0.74 0.63 0.68 2.05 0.63 0.63
time (sec) N/A 0.187 0.034 0.082 0.217 0.249 0.108 0.281 0.303
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 19 18 19 15 15 15 22 15 14
N.S. 1 0.95 1.00 0.79 0.79 0.79 1.16 0.79 0.74
time (sec) N/A 0.194 0.022 0.223 0.193 0.243 0.116 0.289 0.203
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 13 16 14 10 13 16
N.S. 1 1.00 1.00 0.93 1.14 1.00 0.71 0.93 1.14
time (sec) N/A 0.174 0.008 1.193 0.197 0.259 0.038 0.276 0.233
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 22 18 20 29 20 37 20 28 32
N.S. 1 0.82 0.91 1.32 0.91 1.68 0.91 1.27 1.45
time (sec) N/A 0.198 0.027 3.375 0.185 0.262 0.044 0.276 0.259

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 47
Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 5 5 7 6 5 5 19 5 5
N.S. 1 1.00 1.40 1.20 1.00 1.00 3.80 1.00 1.00
time (sec) N/A 0.170 0.008 0.184 0.195 0253 0.139 0.277 0.203
Problem 81 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 25 11 15 17 8 10 10
N.S. 1 1.00 2.27 1.00 1.36 1.55 0.73 0.91 0.91
time (sec) N/A 0.157 0.006 0.095 0.183 0.236 0.183 0.286 0.024
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 6 6 8 7 6 6 7 6 6
N.S. 1 1.00 1.33 1.17 1.00 1.00 1.17 1.00 1.00
time (sec) N/A 0.146 0.001 0.026 0.285  0.257 0.021 0.282  0.027
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 16 13 12 12 19 12 12
N.S. 1 1.00 1.14 0.93 0.86 0.86 1.36 0.86 0.86
time (sec) N/A 0.191 0.001 0.030 0273 0244 0.028 0.277 0.028

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 11 9 16 19 9 17
N.S. 1 1.00 1.00 1.00 0.82 1.45 1.73 0.82 1.55
time (sec) N/A 0.167 0.005 0.260 0.187 0.246 0.020 0.280 0.029
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 19 15 22 31 15 27
N.S. 1 1.00 1.00 1.00 0.79 1.16 1.63 0.79 1.42
time (sec) N/A 0.175 0.006 0.341 0.195 0.243 0.023 0.298 0.037
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 6 20 29 6 6
N.S. 1 1.00  1.00 0.88 0.75 2.50 3.62 0.75 0.75
time (sec) N/A 0.163 0.002 0.547 0.189 0.245 0.021 0.315 0.023
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 27 14 13 20 29 13 13
N.S. 1 1.00 1.59 0.82 0.76 1.18 1.71 0.76 0.76
time (sec) N/A 0.181 0.036 1.950 0.191 0.244 0.021 0.283 0.212

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 6 6 7 6 6
N.S. 1 1.00 1.00 0.88 0.75 0.75 0.88 0.75 0.75
time (sec) N/A 0.160 0.007 0.468 0.183 0.260 0.022 0.301 0.304
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 14 14 14 14 13
N.S. 1 1.00 1.00 0.82 0.82 0.82 0.82 0.82 0.76
time (sec) N/A 0.183 0.039 1.060 0.205 0.236 0.044 0.276 0.446
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 22 22 23 34 24 20 22 18
N.S. 1 1.00  1.00 1.05 1.55 1.09 0.91 1.00 0.82
time (sec) N/A 0.231 0.010 0.063 0.190 0.251 0.052 0.277 0.036
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 22 24 19 18 18 31 18 18
N.S. 1 1.00 1.09 0.86 0.82 0.82 1.41 0.82 0.82
time (sec) N/A 0.230 0.006 0.062 0.271  0.252 0.027 0.285 0.036

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 92 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 16 20 20 22 20 17
N.S. 1 1.00 1.00 0.84 1.05 1.05 1.16 1.05 0.89
time (sec) N/A 0.174 0.021 0.352 0.190 0254 0.048 0.295 0.276

Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 20 20 20 22 20 19
N.S. 1 1.00 1.00 0.80 0.80 0.80 0.88 0.80 0.76
time (sec) N/A 0.187 0.024 2250 0.188 0.244 0.052 0.313 0.540

Problem 94 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 10 6 7 6 18
N.S. 1 1.00 1.00 0.88 1.25 0.75 0.88 0.75 2.25

time (sec) N/A 0.149 0.007 9.019  0.207 0.256 0.023 0.296 0.185

Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 36 14 14 14 20
N.S. 1 1.00 1.00 0.82 2.12 0.82 0.82  0.82 1.18
time (sec) N/A 0.182 0.016 18.177 0.189  0.267 0.045 0.280 0.188

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 10 6 7 6 6
N.S. 1 1.00 1.00 0.88 1.25 0.75 0.88 0.75 0.75
time (sec) N/A 0.152 0.001 0.171 0.187  0.248 0.022 0.277  0.047

Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 24 27 34 27 29 30
N.S. 1 1.00 1.00 1.50 1.69 2.12 1.69 1.81 1.88
time (sec) N/A 0.203 0.010 0.131 0.192  0.257 0.051 0.295 0.310

Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 18 13 10 20 8 18 8
N.S. 1 1.00 2.25 1.62 1.25 2.50 1.00 2.25 1.00

time (sec) N/A 0.150 0.001 0.039 0270 0247 0.021 0.292 0.018

Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 19 17 14 28 14 22 18
N.S. 1 1.00 1.36 1.21 1.00 2.00 1.00 1.57 1.29
time (sec) N/A 0.207 0.001 0.122 0.196 0.254 0.044 0.285 0.025

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 37 14 14 39 41 14 14
N.S. 1 1.00 2.18 0.82 0.82 2.29 241 0.82 0.82
time (sec) N/A 0.182 0.046 0.355 0.188 0.251 0.026 0.285 0.232
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 14 30 15 14 14
N.S. 1 1.00 1.00 0.82 0.82 1.76 0.88 0.82 0.82
time (sec) N/A 0.189 0.010 0.241  0.192 0253 0.048 0.300 0.222
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 5 5 17 6 8 19 15 6 5
N.S. 1 1.00  3.40 1.20 1.60 3.80 3.00 1.20 1.00
time (sec) N/A 0.139 0.003 0.049 0.178  0.251 0.067 0.285  0.047
Problem 103| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 47 18 27 44 27 54 16
N.S. 1 1.00 2.94 1.12 1.69 2.75 1.69 3.38 1.00
time (sec) N/A 0.184 0.012 0.230 0.191 0.252  0.055 0.280 0.211

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 19 12 17 21 19 19 8
N.S. 1 1.00 2.38 1.50 2.12 2.62 2.38 2.38 1.00
time (sec) N/A 0.161 0.016 0.108 0.181  0.241 0.044 0.282 0.176
Problem 105/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 17 12 14 25 20 14 17
N.S. 1 1.00 1.31 0.92 1.08 1.92 1.54 1.08 1.31
time (sec) N/A 0.162 0.010 0.241 0.187 0.244 0.019 0.277 0.034
Problem 106| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 13 24 26 13 13
N.S. 1 1.00  1.00 0.82 0.76 1.41 1.53 0.76 0.76
time (sec) N/A 0.162 0.008 0.273 0.185  0.249 0.127 0.276 0.077
Problem 107| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 13 13 22 13 13
N.S. 1 1.00 1.00 0.82 0.76 0.76 1.29 0.76 0.76
time (sec) N/A 0.160 0.006 0.220 0.185  0.252 0.143 0.288 0.030

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 12 11 24 26 11 11
N.S. 1 1.00 1.00 0.80 0.73 1.60 1.73 0.73 0.73
time (sec) N/A 0.162 0.007 0.232 0.184 0.257 0.136 0.278 0.225
Problem 109 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 9 13 14 24 8 13
N.S. 1 1.00 1.00 0.53 0.76 0.82 1.41 0.47 0.76
time (sec) N/A 0.162 0.030 0.181 0.176  0.259 0.132 0.271  0.067
Problem 110/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 6 6 7 6 19
N.S. 1 1.00  1.00 0.88 0.75 0.75 0.88 0.75 2.38
time (sec) N/A 0.155 0.002 0.151 0.185 0.264 0.021 0.290 0.032
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 30 23 22 25 114 22 22
N.S. 1 1.00 1.00 0.77 0.73 0.83 3.80 0.73 0.73
time (sec) N/A 0.195 0.002 1.353 0.189 0.260 0.995 0.270 0.343

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A B A A B A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 5 11 8 6 11 5 7 9 6
N.S. 1 220 1.60 1.20 2.20 1.00 1.40 1.80 1.20
time (sec) N/A 0.171 0.002 0.769 0.185 0.265 0.186 0.282 0.202
Problem 113 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 30 18 69 35 32 29 24
N.S. 1 1.00  2.00 1.20 4.60 2.33 2.13 1.93 1.60
time (sec) N/A 0.205 0.029 0.569 0.276  0.258 0.525 0.317 0.490
Problem 114 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 13 16 14 10 18 16
N.S. 1 1.00  1.00 0.93 1.14 1.00 0.71 1.29 1.14
time (sec) N/A 0.174 0.001 0.314 0.194 0263 0.029 0.290 0.161
Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 22 18 20 29 20 37 20 28 32
N.S. 1 0.82 0.91 1.32 0.91 1.68 0.91 1.27 1.45
time (sec) N/A 0.197 0.001 1.089 0.185  0.252 0.042 0.296 0.186

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 116/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 6 6 7 6 6
N.S. 1 1.00 1.00 0.88 0.75 0.75 0.88 0.75 0.75
time (sec) N/A 0.155 0.002 0.419 0.190 0.236 0.024 0.281 0.002
Problem 117 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 14 14 14 14 13
N.S. 1 1.00 1.00 0.82 0.82 0.82 0.82 0.82 0.76
time (sec) N/A 0.187 0.007 1.004 0.175  0.240 0.043 0.281 0.002
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 37 26 21 35 15 39 21
N.S. 1 1.00 1.48 1.04 0.84 1.40 0.60 1.56 0.84
time (sec) N/A 0.133 0.053 0.429 0.262  0.238 0.096 0.290 0.039
Problem 119 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 13 12 14 12 19 12
N.S. 1 1.00 1.00 0.81 0.75 0.88 0.75 1.19 0.75
time (sec) N/A 0.123 0.030 0.141 0.268  0.233 0.392 0.277 0.030

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 120, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 9 8 7 7 7 7 7
N.S. 1 1.00 1.00 0.89 0.78 0.78 0.78 0.78 0.78
time (sec) N/A 0.117 0.001 0.125 0.191 0244 0061 0.274 0.035
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 46 15 18 18 19 37 14
N.S. 1 1.00 2.88 0.94 1.12 1.12 1.19 2.31 0.88
time (sec) N/A 0.126 0.004 0.166 0.174  0.247 0.522 0.276 0.085
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 35 22 19 26 18 27 23 24
N.S. 1 1.13  0.71 0.61 0.84 0.58 0.87  0.74 0.77
time (sec) N/A 0.148 0.025 0.141 0.276  0.248 0.209 0.276 0.050
Problem 123 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 40 24 21 42 20 23 38
N.S. 1 1.00 1.48 0.89 0.78 1.56 0.74 0.85 141
time (sec) N/A 0.149 0.086 0.234 0.259  0.268 0.280 0.303 0.238

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 15 14 14 27 33 14
N.S. 1 1.00 1.00 0.94 0.88 0.88 1.69 2.06 0.88
time (sec) N/A 0.125 0.035 0.142 0.266  0.240 0.412 0.294 0.272
Problem 125 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 35 27 19 26 23 39 30 23
N.S. 1 1.13 087 0.61 0.84 0.74 1.26 0.97 0.74
time (sec) N/A 0.149 0.021 0.149 0.265 0.230 0.143 0.291 0.037
Problem 126| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 12 11 11 8 11 11
N.S. 1 1.00  1.00 0.92 0.85 0.85 0.62 0.85 0.85
time (sec) N/A 0.119 0.001 0.144 0.196 0.239 0.062 0.282 0.047
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 12 11 16 24 11 11
N.S. 1 1.00 1.00 0.80 0.73 1.07 1.60 0.73 0.73
time (sec) N/A 0.125 0.003 0.138 0.209 0.249 0.088 0.278 0.029

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 41 20 19 32 19 19 18
N.S. 1 1.00 1.64 0.80 0.76 1.28 0.76 0.76 0.72
time (sec) N/A 0.133 0.057 0.444 0.290 0.233 0.083 0.266 0.034
Problem 129 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 29 18 15 22 14 24 19 14
N.S. 1 1.16  0.72 0.60 0.88 0.56 0.96 0.76 0.56
time (sec) N/A 0.145 0.017 0.136 0.302 0.228 0.111 0.277 0.024
Problem 130/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 6 6 16 5 4 14 3 25 4
N.S. 1 1.00 2.67  0.83 0.67 2.33 0.50 4.17 0.67
time (sec) N/A 0.115 0.017 0.141 0.285 0.244 0.060 0.283 0.032
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 33 16 15 25 15 25 15
N.S. 1 1.00 1.57  0.76 0.71 1.19 0.71 1.19 0.71
time (sec) N/A 0.125 0.028 0.197 0.289  0.241 0.084 0.282 0.033

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 35 39 35 26 22 33 66 25 25
N.S. 1 1.11  1.00 0.74 0.63 0.94 1.89 0.71 0.71
time (sec) N/A 0.143 0.036 0.332 0317 0.245 1.144 0.275 0.378
Problem 133 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 23 20 19 23 76 48 19
N.S. 1 1.00 1.00 0.87 0.83 1.00 3.30 2.09 0.83
time (sec) N/A 0.132 0.050 0.167  0.294 0.242 0.427 0.300 0.388
Problem 134 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 36 30 25 19 28 92 24 24
N.S. 1 1.20 1.00 0.83 0.63 0.93 3.07 0.80 0.80
time (sec) N/A 0.147 0.026 0.315 0278 0.242 0.813 0.279 0.379
Problem 135 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 15 14 18 37 23 14
N.S. 1 1.00 1.00 0.83 0.78 1.00 2.06 1.28 0.78
time (sec) N/A 0.136 0.031 0.174 0.296 0.240 0.448 0.284 0.305

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 136| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 34 34 31 22 58 49 24 34
N.S. 1 1.00 1.00 0.91 0.65 1.71 1.44 0.71 1.00
time (sec) N/A 0.149 0.118 0.218 0.288  0.242 0.842 0.313 0.272
Problem 137 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 29 43 23 22 29 24 22 22
N.S. 1 1.00 1.48 0.79 0.76 1.00 0.83 0.76 0.76
time (sec) N/A 0.132 0.074 0.428 0.277 0.246 0.086 0.398 0.046
Problem 138 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 23 18 14 24 15 37 18
N.S. 1 1.00  1.00 0.78 0.61 1.04 0.65 1.61 0.78
time (sec) N/A 0.138 0.047 0.176 0274 0.249 0.537 0.272 0.059
Problem 139 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 10 9 21 26 9 9
N.S. 1 1.00 1.00 0.77 0.69 1.62 2.00 0.69 0.69
time (sec) N/A 0.124 0.003 0.134 0.188 0.232 0.398 0.285 0.222

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 140, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 35 22 19 26 23 44 32 23
N.S. 1 1.13 0.71 0.61 0.84 0.74 1.42 1.03 0.74
time (sec) N/A 0.151 0.023 0.153 0.284 0.246 0.149 0.284 0.187
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 45 50 46 32 31 39 110 26 27
N.S. 1 .11 1.02 0.71 0.69 0.87 2.44 0.58 0.60
time (sec) N/A 0.144 0.104 0.241 0.335  0.237 1.746 0.276  0.047
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 10 9 9 26 9 9
N.S. 1 1.00 1.00 0.77 0.69 0.69 2.00 0.69 0.69
time (sec) N/A 0.122 0.002 0.131 0.198 0.235 0.075 0.290 0.035
Problem 143 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 13 12 30 34 12 12
N.S. 1 1.00 1.00 0.81 0.75 1.88 2.12 0.75 0.75
time (sec) N/A 0.126 0.035 0.164 0.440 0.232 0.458 0.394 0.297

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 33 37 47 25 36 35 22 23 24
N.S. 1 1.12  1.42 0.76 1.09 1.06 0.67  0.70 0.73
time (sec) N/A 0.151 0.066 0.208 0.303 0.229 0.217 0.282 0.232
Problem 145 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 10 20 7 6 18 5 34 14
N.S. 1 1.25  2.50 0.88 0.75 2.25 0.62 4.25 1.75
time (sec) N/A 0.129 0.066 0.237  0.373 0.240 0.281 0.295 0.249
Problem 146 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 24 21 22 20 22 41 20
N.S. 1 1.00 0.96 0.84 0.88 0.80 0.88 1.64 0.80
time (sec) N/A 0.139 0.069 0.197 0.351  0.238 0.278 0.311 0.324
Problem 147 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 44 49 55 27 36 35 24 25 0
N.S. 1 1.11  1.25 0.61 0.82 0.80 0.55 0.57 0.00
time (sec) N/A 0.172 0.072 0427 0.332 0.262 0.262 0.273 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 148 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 23 24 22 28 19 22 23
N.S. 1 1.00 0.88 0.92 0.85 1.08 0.73 0.85 0.88
time (sec) N/A 0.143 0.009 0.238 0331 0.244 0.053 0.286 0.184
Problem 149 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 43 43 36 59 49 0 36 29
N.S. 1 1.00 1.00 0.84 1.37 1.14 0.00 0.84 0.67
time (sec) N/A 0.148 0.208 0.192 0.234 0.246 0.000 0.320 0.056
Problem 150, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 33 33 45 23 22 35 24 22 22
N.S. 1 1.00 1.36 0.70 0.67 1.06 0.73 0.67 0.67
time (sec) N/A 0.160 0.089 0.059 0372 0.251 0.353 0.283 0.225
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 36 30 23 22 22 24 22 34
N.S. 1 1.20 1.00 0.77 0.73 0.73 0.80 0.73 1.13
time (sec) N/A 0.156 0.033  0.088 0.393 0.238 0.291 0.276 0.252

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 42 13 6 16 3 32 12
N.S. 1 1.00  3.00 0.93 0.43 1.14 0.21 2.29 0.86
time (sec) N/A 0.124 0.003 0.167 0.234 0.242 0.523 0.285 0.203
Problem 153 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 14 13 13 10 15 13
N.S. 1 1.00 1.00 0.93 0.87 0.87 0.67 1.00 0.87
time (sec) N/A 0.146 0.005 0.168 0.205 0.233 0.040 0.277 0.192
Problem 154 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 25 21 20 20 19 21 20
N.S. 1 1.00 0.96 0.81 0.77 0.77 0.73 0.81 0.77
time (sec) N/A 0.161 0.007 0.135 0.222  0.241 0.025 0.295 0.036
Problem 155 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 18 19 19 19 22 19
N.S. 1 1.00 1.00 0.72 0.76 0.76 0.76 0.88 0.76
time (sec) N/A 0.203 0.008 0.037 0.214 0.243 0.076 0.287 0.254

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 156/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 29 25 24 36 20 26 22
N.S. 1 1.00 097  0.83 0.80 1.20 0.67  0.87 0.73
time (sec) N/A 0.185 0.018 0.042 0.224 0.228 0.041 0.272 0.053
Problem 157 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 23 18 17 17 17 18 21
N.S. 1 1.00 1.00 0.78 0.74 0.74 0.74 0.78 0.91
time (sec) N/A 0.202 0.007 0.165 0.329 0.252 0.062 0.270 0.056
Problem 158 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 38 38 32 31 31 34 31 30
N.S. 1 1.00  1.00 0.84 0.82 0.82 0.89 0.82 0.79
time (sec) N/A 0.185 0.012 0.424 0327 0.242 0.053 0321 0.275
Problem 159 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 103 93 72 7 136 88 74 96
N.S. 1 1.00 0.90 0.70 0.75 1.32 0.85 0.72 0.93
time (sec) N/A 0.557 0.048 0.454 0.329 0.247 0.302 0.295 0.347

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 160, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 33 33 33 28 29 44 27 30 33
N.S. 1 1.00 1.00 0.85 0.88 1.33 0.82 0.91 1.00
time (sec) N/A 0.206 0.022 0.168 0.303 0.237 0.060 0.282 0.238
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 16 16 15 19 12 15 16
N.S. 1 1.00 0.84 0.84 0.79 1.00 0.63 0.79 0.84
time (sec) N/A 0.128 0.006 0.144 0.303 0.249 0.042 0.277 0.032
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 14 13 13 12 15 12
N.S. 1 1.00  1.00 0.74 0.68 0.68 0.63 0.79 0.63
time (sec) N/A 0.128 0.004 0.152 0.222  0.238 0.038 0.272 0.100
Problem 163 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 21 21 14 15 15 17 17 8
N.S. 1 .11 111 0.74 0.79 0.79 0.89 0.89 0.42
time (sec) N/A 0.154 0.004 0.170 0.224 0.238 0.050 0.261 0.136

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 32 32 32 25 26 37 26 43 22
N.S. 1 1.00 1.00 0.78 0.81 1.16 0.81 1.34 0.69
time (sec) N/A 0.175 0.019 0.166 0.226  0.253 0.079 0.274 0.110
Problem 165 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 43 33 30 34 53 32 31 29
N.S. 1 1.00 0.77  0.70 0.79 1.23 0.74 0.72 0.67
time (sec) N/A 0.193 0.026 0.152 0.208 0.234 0.086 0.282 0.250
Problem 166| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 21 17 19 26 17 21 16
N.S. 1 1.00  1.00 0.81 0.90 1.24 0.81 1.00 0.76
time (sec) N/A 0.175 0.003 0.148 0.214 0.234 0.042 0.270 0.044
Problem 167 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 20 23 19 17 26 19
N.S. 1 1.00 1.00 0.80 0.92 0.76 0.68 1.04 0.76
time (sec) N/A 0.214 0.008 0.160 0.221  0.225 0.037 0.276 0.197

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 168 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 19 11 12 13 11 8 13 11
N.S. 1 1.73  1.00 1.09 1.18 1.00 0.73 1.18 1.00
time (sec) N/A 0.149 0.005 0.142 0.217 0.236 0.037 0.274 0.218
Problem 169 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 36 32 31 31 36 31 56
N.S. 1 1.00 1.00 0.89 0.86 0.86 1.00 0.86 1.56
time (sec) N/A 0.276 0.017 0.235 0.301  0.240 0.095 0.271 0.120
Problem 170/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 22 21 33 22 21 23
N.S. 1 1.00  1.00 0.76 0.72 1.14 0.76 0.72 0.79
time (sec) N/A 0.266 0.018 0.200 0291  0.239 0.071 0.265 0.192
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 60 54 48 47 60 63 60 61
N.S. 1 1.00 0.90 0.80 0.78 1.00 1.05 1.00 1.02
time (sec) N/A 0.245 0.055 0377 0365 0249 0.131 0.276 0.128

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 37 42 28 25 30 39 27 25 30
N.S. 1 1.14  0.76 0.68 0.81 1.05 0.73 0.68 0.81
time (sec) N/A 0.146 0.015 0.170 0.307 0.224 0.051 0.288 0.191
Problem 173 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 97 104 78 68 75 134 88 71 84
N.S. 1 1.07  0.80 0.70 0.77 1.38 0.91 0.73 0.87
time (sec) N/A 0.252 0.043 0.721 0.292 0.236 0.116 0.277 0.260
Problem 174 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 46 46 34 35 39 46 36 49
N.S. 1 1.00  1.00 0.74 0.76 0.85 1.00 0.78 1.07
time (sec) N/A 0.231 0.028 0.051 0.295 0.233 0.072 0.265 0.266
Problem 175 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 48 53 48 38 37 46 48 38 51
N.S. 1 1.10 1.00 0.79 0.77 0.96 1.00 0.79 1.06
time (sec) N/A 0.204 0.014 0.164 0.307 0.239 0.069 0.284 0.093

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 176| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 19 14 13 13 10 14 13
N.S. 1 1.00 127  0.93 0.87 0.87 0.67  0.93 0.87
time (sec) N/A 0.133 0.004 0.128 0.209 0.231 0.023 0.289 0.027
Problem 177 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 10 8 9 8 8 7 9 8
N.S. 1 1.00 0.80 0.90 0.80 0.80 0.70 0.90 0.80
time (sec) N/A 0.135 0.002 0.144 0.204 0.231 0.026 0.267 0.030
Problem 178 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 12 11 11 10 13 11
N.S. 1 1.00  1.00 0.92 0.85 0.85 0.77 1.00 0.85
time (sec) N/A 0.135 0.005 0.145 0.204 0.231 0.046 0.268 0.188
Problem 179 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 12 11 11 8 13 10
N.S. 1 1.00 1.00 1.09 1.00 1.00 0.73 1.18 0.91
time (sec) N/A 0.122 0.005 0.135 0.198  0.238 0.053 0.279 0.081

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 180 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 15 11 12 12 10 13 10
N.S. 1 1.00 1.25 0.92 1.00 1.00 0.83 1.08 0.83
time (sec) N/A 0.135 0.004 0.135 0.195 0.234 0.030 0.271 0.187
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 19 21 26 20 80 28 18
N.S. 1 1.00 0.73 0.81 1.00 0.77 3.08 1.08 0.69
time (sec) N/A 0.135 0.009 0.193  0.207 0245 0.116 0.264 0.249
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 13 12 12 10 14 12
N.S. 1 1.00  1.00 0.93 0.86 0.86 0.71 1.00 0.86
time (sec) N/A 0.156 0.004 0.148 0.229  0.242 0.041 0.273 0.050
Problem 183 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 26 19 18 18 17 20 14
N.S. 1 1.00 1.00 0.73 0.69 0.69 0.65 0.77 0.54
time (sec) N/A 0.166 0.006 0.190 0.193 0.241 0.039 0.268 0.041

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 15 14 17 10 15 14
N.S. 1 1.00 1.00 1.07 1.00 1.21 0.71 1.07 1.00
time (sec) N/A 0.138 0.005 0.128 0.191  0.238 0.032 0.266 0.031
Problem 185 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 23 18 19 19 19 22 17
N.S. 1 1.00 1.00 0.78 0.83 0.83 0.83 0.96 0.74
time (sec) N/A 0.144 0.007 0.157  0.198  0.237 0.064 0.266 0.086
Problem 186/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 16 15 15 15 18 15
N.S. 1 1.00  1.00 0.94 0.88 0.88 0.88 1.06 0.88
time (sec) N/A 0.200 0.007  0.042 0.191  0.252 0.058 0.267 0.067
Problem 187 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 13 12 16 8 13 12
N.S. 1 1.00 1.00 1.08 1.00 1.33 0.67 1.08 1.00
time (sec) N/A 0.141 0.0056 0.167  0.191 0.233 0.028 0.274 0.034

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 188 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 22 21 20 26 19 21 22
N.S. 1 1.00 0.73 0.70 0.67 0.87 0.63 0.70 0.73
time (sec) N/A 0.149 0.010 0.154 0.198  0.235 0.057 0.277 0.063
Problem 189 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 26 21 20 27 22 26 22
N.S. 1 1.00 0.93 0.75 0.71 0.96 0.79 0.93 0.79
time (sec) N/A 0.147 0.019 0.155 0.224  0.237 0.048 0.268 0.238
Problem 190, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 15 14 18 14 16 14
N.S. 1 1.00  1.00 1.07 1.00 1.29 1.00 1.14 1.00
time (sec) N/A 0.171 0.005 0.153 0.195 0.241 0.059 0.267 0.043
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 25 18 17 17 17 20 17
N.S. 1 1.00 1.32 0.95 0.89 0.89 0.89 1.05 0.89
time (sec) N/A 0.176 0.008 0.037 0.196 0.240 0.056 0.294 0.195

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 14 13 13 12 14 13
N.S. 1 1.00 1.00 0.93 0.87 0.87 0.80 0.93 0.87
time (sec) N/A 0.143 0.006 0.024 0.194 0.235 0.033 0.289 0.052
Problem 193] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 24 27 40 20 30 27
N.S. 1 1.00 1.00 0.96 1.08 1.60 0.80 1.20 1.08
time (sec) N/A 0.147 0.013 0.184 0.200 0.236 0.045 0.280 0.051
Problem 194 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 21 17 22 31 19 18 21
N.S. 1 1.00  1.00 0.81 1.05 1.48 0.90 0.86 1.00
time (sec) N/A 0.141 0.011 0.129 0.184 0.244 0.035 0.343 0.026
Problem 195 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B C A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 22 16 16 20 15 18 8
N.S. 1 1.00 2.75 2.00 2.00 2.50 1.88 2.25 1.00
time (sec) N/A 0.128 0.004 0.148 0.206 0.249 0.041 0.273 0.180

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 196/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 14 13 13 10 13 13
N.S. 1 1.00 1.00 0.93 0.87 0.87 0.67  0.87 0.87
time (sec) N/A 0.140 0.006 0.030 0.189 0.244 0.036 0.270 0.046
Problem 197 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 16 18 15 14 14 12 14 14
N.S. 1 0.89  1.00 0.83 0.78 0.78 0.67  0.78 0.78
time (sec) N/A 0.139 0.004 0.130 0.207  0.238 0.026 0.278 0.027
Problem 198 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 20 19 18 18 17 18 18
N.S. 1 1.00  1.00 0.95 0.90 0.90 0.85 0.90 0.90
time (sec) N/A 0.156 0.005 0.235 0.274  0.238 0.047 0.290 0.221
Problem 199 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 31 27 26 26 34 26 28
N.S. 1 1.00 1.00 0.87 0.84 0.84 1.10 0.84 0.90
time (sec) N/A 0.161 0.008 0.331 0.279  0.230 0.045 0.286 0.188

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 200, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 31 22 21 21 22 21 17
N.S. 1 1.00 1.15 0.81 0.78 0.78 0.81 0.78 0.63
time (sec) N/A 0.175 0.006 0.253 0.294 0.237 0.050 0.281 0.044
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 28 20 19 19 19 20 25
N.S. 1 1.00 1.22 0.87 0.83 0.83 0.83 0.87 1.09
time (sec) N/A 0.188 0.009 0.181 0.282  0.242 0.066 0.295 0.055
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 28 24 23 23 29 24 55
N.S. 1 1.00 1.00 0.86 0.82 0.82 1.04 0.86 1.96
time (sec) N/A 0.172 0.010 0.160 0.282 0.236 0.064 0.281 0.310
Problem 203 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 41 46 41 31 32 32 41 33 46
N.S. 1 1.12  1.00 0.76 0.78 0.78 1.00 0.80 1.12
time (sec) N/A 0.185 0.006 0.145 0.275 0.256 0.060 0.271 0.065

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 41 47 42 34 35 35 42 36 47
N.S. 1 1.15  1.02 0.83 0.85 0.85 1.02 0.88 1.15
time (sec) N/A 0.188 0.009 0.151 0.273  0.268 0.058 0.290 0.243
Problem 205 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 22 21 20 36 20 47 28
N.S. 1 1.00 0.92 0.88 0.83 1.50 0.83 1.96 1.17
time (sec) N/A 0.186 0.016 0.184 0.280 0.238 0.068 0.290 0.045
Problem 206/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 26 19 18 18 19 20 10
N.S. 1 1.00 1.86 1.36 1.29 1.29 1.36 1.43 0.71
time (sec) N/A 0.138 0.005 0.180 0.287  0.235 0.054 0.292 0.057
Problem 207| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 25 24 24 29 24 51
N.S. 1 1.00 1.00 0.86 0.83 0.83 1.00 0.83 1.76
time (sec) N/A 0.293 0.015 0.174 0.295 0.248 0.087 0.295 0.079

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 208 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 23 18 17 17 19 17 33
N.S. 1 1.00 1.00 0.78 0.74 0.74 0.83 0.74 1.43
time (sec) N/A 0.189 0.010 0.070 0.283 0.254 0.089 0.277 0.201
Problem 209 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 39 44 39 32 32 39 41 32 36
N.S. 1 1.13  1.00 0.82 0.82 1.00 1.05 0.82 0.92
time (sec) N/A 0.156 0.025 0.634 0.302 0.239 0.055 0.285 0.044
Problem 210, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 18 10 11 14 18 8 14 10
N.S. 1 1.80  1.00 1.10 1.40 1.80 0.80 1.40 1.00
time (sec) N/A 0.158 0.006 0.136 0.193 0.237 0.033 0.293 0.173
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 17 12 11 15 12 15 11
N.S. 1 1.00 1.55 1.09 1.00 1.36 1.09 1.36 1.00
time (sec) N/A 0.212 0.199 0.296 0.188 0.261 0.093 0.319 0.088

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 82 18 17 17 19 17 17
N.S. 1 1.00 4.10 0.90 0.85 0.85 0.95 0.85 0.85
time (sec) N/A 0.212 0.214 0.309 0.272 0263 0.160 0.314 0.061
Problem 213 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 14 13 13 12 15 8
N.S. 1 1.00 1.00 0.74 0.68 0.68 0.63 0.79 0.42
time (sec) N/A 0.146 0.003 0.175 0.202  0.238 0.045 0.331 0.078
Problem 214 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 12 11 11 10 13 6
N.S. 1 1.00  1.00 0.71 0.65 0.65 0.59 0.76 0.35
time (sec) N/A 0.145 0.004 0.147  0.187  0.247 0.038 0.271 0.130
Problem 215 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 23 21 14 17 17 17 19 13
N.S. 1 1.10 1.00 0.67 0.81 0.81 0.81 0.90 0.62
time (sec) N/A 0.152 0.006 0.181 0.196 0.238 0.045 0.267 0.239

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 216/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 49 49 44 27 37 44 46 40 36
N.S. 1 1.00 0.90 0.55 0.76 0.90 0.94 0.82 0.73
time (sec) N/A 0.191 0.018 0.227  0.288  0.248 0.042 0.291 0.153
Problem 217 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 63 57 51 50 50 68 53 58
N.S. 1 1.00 0.90 0.81 0.79 0.79 1.08 0.84 0.92
time (sec) N/A 0.247 0.028 0.074 0.291  0.260 0.199 0.277 0.337
Problem 218 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 86 67 54 59 103 65 59 71
N.S. 1 1.00 0.78 0.63 0.69 1.20 0.76 0.69 0.83
time (sec) N/A 0.263 0.044 0.084 0.277  0.251 0.106 0.290 0.156
Problem 219 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 24 28 28 28 42 29 18
N.S. 1 1.00 1.00 1.17 1.17 1.17 1.75 1.21 0.75
time (sec) N/A 0.137 0.020 0.142 0.227  0.253 0.506 0.282 0.041

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 220, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 200 205 126 124 272 638 0 139 223
N.S. 1 1.02 0.63 0.62 1.36 3.19 0.00 0.70 1.12
time (sec) N/A 0.401 0.070 0.148 0.286  0.907 0.000 0.352 0.277
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 41 22 30 27 20 23 11
N.S. 1 1.00 2.28 1.22 1.67 1.50 1.11 1.28 0.61
time (sec) N/A 0.178 0.030 0.221 0.200 0.249 0.126 0.290 0.493
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 15 15 14 15 14 14
N.S. 1 1.00  1.00 0.83 0.83 0.78 0.83 0.78 0.78
time (sec) N/A 0.144 0.013 0.135 0.207  0.236 0.050 0.285 0.060
Problem 223 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 32 32 28 21 28 20 26 20 20
N.S. 1 1.00 0.88 0.66 0.88 0.62 0.81 0.62 0.62
time (sec) N/A 0.159 0.021 0.143 0202 0231 0.052 0.269 0.028

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 13 12 12 14 12 12
N.S. 1 1.00 1.00 0.81 0.75 0.75 0.88 0.75 0.75
time (sec) N/A 0.132 0.016 0.183 0.276  0.237 0.070 0.270 0.032
Problem 225 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 10 10 9 19 19 26 20 8
N.S. 1 1.00 1.00 0.90 1.90 1.90 2.60 2.00 0.80
time (sec) N/A 0.125 0.015 0.147  0.210 0.246 0.346 0.276 0.171
Problem 226/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 14 25 11 17 8 22 18 8
N.S. 1 1.00 1.79 0.79 1.21 0.57 1.57 1.29 0.57
time (sec) N/A 0.141 0.015 0.203 0224 0.226 0.070 0.276 0.155
Problem 227| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 33 29 22 21 21 36 22 25
N.S. 1 1.06 094 0.71 0.68 0.68 1.16 0.71 0.81
time (sec) N/A 0.207 0.019 0.119 0.204 0.242 0.657 0.278 0.202

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 228 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 32 32 21 17 22 17 76 22 19
N.S. 1 1.00 0.66 0.53 0.69 0.53 2.38 0.69 0.59
time (sec) N/A 0.144 0.018 0.151 0.192 0.231 0.731 0.263 0.036
Problem 229 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 31 25 24 24 75 24 24
N.S. 1 1.00 1.00 0.81 0.77 0.77 2.42 0.77 0.77
time (sec) N/A 0.135 0.033 0.199 0.314 0.240 0.758 0.269 0.164
Problem 230, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 31 22 20 19 14 117 19 12
N.S. 1 1.07  0.76 0.69 0.66 0.48 4.03 0.66 0.41
time (sec) N/A 0.144 0.017 0.124 0.190 0.235 0.504 0.273 0.277
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 6 6 7 6 6
N.S. 1 1.00 1.00 0.88 0.75 0.75 0.88 0.75 0.75
time (sec) N/A 0.120 0.013 0.167 0.283 0.245 0.106 0.274 0.285

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 27 19 16 15 15 17 16 15
N.S. 1 1.29  0.90 0.76 0.71 0.71 0.81 0.76 0.71
time (sec) N/A 0.152 0.016 0.142 0.200 0.261 0.055 0.274 0.216
Problem 233 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 34 28 23 22 22 26 23 22
N.S. 1 1.13 0.93 0.77 0.73 0.73 0.87  0.77 0.73
time (sec) N/A 0.162 0.022 0.154 0.199 0.238 0.063 0.266 0.042
Problem 234 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 31 20 16 19 16 26 19 16
N.S. 1 1.15 0.74 0.59 0.70 0.59 0.96 0.70 0.59
time (sec) N/A 0.142 0.020 0.147  0.210 0.237 0.539 0.258 0.294
Problem 235 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B B F A B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 201 208 127 132 293 547 0 140 208
N.S. 1 1.03  0.63 0.66 1.46 2.72 0.00 0.70 1.03
time (sec) N/A 0.404 0.070 0.151 0.317 0913 0.000 0.342 0.063

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 236/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 62 71 62 46 45 47 68 45 73
N.S. 1 1.15  1.00 0.74 0.73 0.76 1.10 0.73 1.18
time (sec) N/A 0.232 0.063 0.135 0.280 0.251 0.180 0.263 0.194
Problem 237 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 130 140 117 83 82 76 121 82 82
N.S. 1 1.08  0.90 0.64 0.63 0.58 0.93 0.63 0.63
time (sec) N/A 0.222 0.063 0.166 0.205 0.240 1.106 0.281 0.135
Problem 238 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 24 40 37 26 0 28 20
N.S. 1 1.00 1.00 1.67 1.54 1.08 0.00 1.17 0.83
time (sec) N/A 0.155 0.032 0.190 0.278  0.253 0.000 0.277 0.188
Problem 239 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 12 11 13 10 12 9
N.S. 1 1.00 1.00 1.09 1.00 1.18 0.91 1.09 0.82
time (sec) N/A 0.197 0.010 0.171 0.201  0.255 0.078 0.274 0.145

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 240, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 16 15 15 14 15 15
N.S. 1 1.00 1.00 0.94 0.88 0.88 0.82 0.88 0.88
time (sec) N/A 0.187 0.043 0.067 0.195 0.259 0.064 0.273 0.215
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 10 21 21 22 21 9
N.S. 1 1.00 1.00 0.83 1.75 1.75 1.83 1.75 0.75
time (sec) N/A 0.149 0.025 0.069 0.202 0.249 0.231 0.267 0.029
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 28 27 35 35 32 37 40
N.S. 1 1.00 1.00 0.96 1.25 1.25 1.14 1.32 1.43
time (sec) N/A 0.158 0.034 0.086 0.202 0.250 0.396 0.272 0.205
Problem 243 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 33 43 22 30 27 20 23 11
N.S. 1 0.77  1.00 0.51 0.70 0.63 047  0.53 0.26
time (sec) N/A 0.197 0.022 0.137 0.199 0.279 0.107 0.290 0.462

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 24 19 39 38 39 37 21
N.S. 1 1.00 1.14 0.90 1.86 1.81 1.86 1.76 1.00
time (sec) N/A 0.170 0.022 0.143 0375 0256 0.226 0.307 0.392
Problem 245 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 24 16 25 17 14 17 11
N.S. 1 1.00 2.18 1.45 2.27 1.55 1.27 1.55 1.00
time (sec) N/A 0.163 0.028 0.231 0.206 0.249 0.114 0.287 0.068
Problem 246/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 43 22 30 27 20 23 11
N.S. 1 1.00  2.39 1.22 1.67 1.50 1.11 1.28 0.61
time (sec) N/A 0.169 0.028 0.224 0323 0.271 0.150 0.291  0.499
Problem 247 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 35 24 25 35 0 28 16
N.S. 1 1.00 1.46 1.00 1.04 1.46 0.00 1.17 0.67
time (sec) N/A 0.351 0.034 0.217 0.189 0.263 0.000 0.274 0.316

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 248 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 39 24 220 35 0 28 16
N.S. 1 1.00 1.62 1.00 9.17 1.46 0.00 1.17 0.67
time (sec) N/A 0.193 0.035 0.358 0.212 0.274 0.000 0.281 0.353
Problem 249 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 24 23 33 0 25 22
N.S. 1 1.00 1.00 1.33 1.28 1.83 0.00 1.39 1.22
time (sec) N/A 0.192 0.021 0.267 0.194 0.265 0.000 0.274 0.136
Problem 250, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 38 35 61 98 121 61 31
N.S. 1 1.00 1.06 0.97 1.69 2.72 3.36 1.69 0.86
time (sec) N/A 0.192 0.061 0.282 0.297  0.273 1.557 0.298 0.792
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 16 15 43 71839 26 15
N.S. 1 1.00 1.00 1.07 1.00 2.87 4789.27 1.73 1.00
time (sec) N/A 0.194 0.034 0.492 0.275  0.256 16.133 0.292 0.512

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 10 9 8 8 7 9 8
N.S. 1 1.00 0.83 0.75 0.67 0.67 0.58 0.75 0.67
time (sec) N/A 0.121 0.002 0.144 0.203 0.231 0.031 0.291 0.046
Problem 253 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 12 26 11 12 11 11
N.S. 1 1.00 1.00 0.71 1.53 0.65 0.71 0.65 0.65
time (sec) N/A 0.137 0.003 0.029 0.204 0.233 0.050 0.285 0.027
Problem 254 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 8 9 10 10 7 8 6
N.S. 1 1.00 0.67  0.75 0.83 0.83 0.58 0.67 0.50
time (sec) N/A 0.154 0.005 0.065 0.211  0.281 0.162 0.281 0.211
Problem 255 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 24 27 34 27 29 30
N.S. 1 1.00 1.00 1.50 1.69 2.12 1.69 1.81 1.88
time (sec) N/A 0.197 0.002 0.104 0.191  0.251 0.051 0.266 0.002

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 256| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 14 14 14 14 13
N.S. 1 1.00 1.00 0.82 0.82 0.82 0.82 0.82 0.76
time (sec) N/A 0.182 0.008 1.012 0.195 0.238 0.051 0.257 0.002
Problem 257 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 25 16 16 11 11 20 11 11
N.S. 1 1.04 0.67  0.67 0.46 0.46 0.83 0.46 0.46
time (sec) N/A 0.168 0.003 0.023 0.209 0.233 0.067 0.283 0.002
Problem 258 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 42 42 42 31 30 30 36 33 30
N.S. 1 1.00  1.00 0.74 0.71 0.71 0.86 0.79 0.71
time (sec) N/A 0.212 0.008 0.046 0.196 0.256 0.072 0.274 0.225
Problem 259 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 7 6 6 7 6 6
N.S. 1 1.00 1.00 0.88 0.75 0.75 0.88 0.75 0.75
time (sec) N/A 0.142 0.004 0.042 0.192  0.237 0.121 0.260 0.070

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 260, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 11 10 10 8 11 10
N.S. 1 1.00 1.00 0.92 0.83 0.83 0.67  0.92 0.83
time (sec) N/A 0.137 0.004 0.147 0.188 0.246 0.031 0.294 0.032
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 5 5 5 4 3 3 3 3 3
N.S. 1 1.00 1.00 0.80 0.60 0.60 0.60 0.60 0.60
time (sec) N/A 0.145 0.007 0.036 0.218 0.263 0.253 0.271  0.032
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 29 14 11 10 19 14 10 18
N.S. 1 1.21  0.58 0.46 0.42 0.79 0.58 0.42 0.75
time (sec) N/A 0.211 0.002 0.096 0.185 0.272 0.022 0.281 0.002
Problem 263 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 8 9 8 11 8 18 32
N.S. 1 1.00 1.00 1.12 1.00 1.38 1.00 2.25 4.00
time (sec) N/A 0.170 0.050 0.304 0.190 0.274 0.064 0.295 0.500

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 12 11 11 8 11 11
N.S. 1 1.00 1.00 0.92 0.85 0.85 0.62 0.85 0.85
time (sec) N/A 0.123 0.001 0.144 0.189 0.262 0.064 0.288 0.002
Problem 265 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 13 13 12 13 9
N.S. 1 1.00 1.00 0.82 0.76 0.76 0.71 0.76 0.53
time (sec) N/A 0.141 0.003 0.029 0.192  0.258 0.039 0.287 0.228
Problem 266| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 24 19 18 18 109 18 18
N.S. 1 1.00  1.00 0.79 0.75 0.75 4.54 0.75 0.75
time (sec) N/A 0.135 0.023 0.201 0271  0.246 0.769 0.284 0.047
Problem 267 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 13 12 16 8 13 12
N.S. 1 1.00 1.00 1.08 1.00 1.33 0.67 1.08 1.00
time (sec) N/A 0.134 0.004 0.141 0.189  0.245 0.025 0.286 0.037

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 268 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 17 16 17 16 16 15 16 16
N.S. 1 1.06  1.00 1.06 1.00 1.00 0.94 1.00 1.00
time (sec) N/A 0.142 0.003 0.108 0.264 0.252 0.048 0.260 0.232
Problem 269 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F(-1) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 22 22 30 29 29 32 0 18
N.S. 1 1.00 1.00 1.36 1.32 1.32 1.45 0.00 0.82
time (sec) N/A 0.193 0.042 0.063 0.192 0.232 0.630 0.000 0.287
Problem 270, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 29 56 43 19 46 54 42 42
N.S. 1 1.07  2.07 1.59 0.70 1.70 2.00 1.56 1.56
time (sec) N/A 0.146 0.019 0.122 0.186 0.241 0.132 0.466 0.033
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 30 14 14 14 14
N.S. 1 1.00 1.00 0.82 1.76 0.82 0.82 0.82 0.82
time (sec) N/A 0.186 0.014 2.787  0.200 0.246 0.050 0.381 0.241

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 22 22 17 16 16 15 16 16
N.S. 1 1.00 1.00 0.77 0.73 0.73 0.68 0.73 0.73
time (sec) N/A 0.158 0.005 0.376 0.261  0.239 0.040 0.385 0.236
Problem 273 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 32 37 28 25 24 24 24 26 24
N.S. 1 1.16  0.88 0.78 0.75 0.75 0.75 0.81 0.75
time (sec) N/A 0.178 0.010 0.017 0.274 0.269 0.087 0.327 0.029
Problem 274 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 36 30 25 35 28 66 40 30
N.S. 1 1.20 1.00 0.83 1.17 0.93 2.20 1.33 1.00
time (sec) N/A 0.143 0.029 0.189 0.267 0.241 0.780 0.345 0.066
Problem 275 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 14 13 13 10 15 13
N.S. 1 1.00 1.00 1.08 1.00 1.00 0.77 1.15 1.00
time (sec) N/A 0.138 0.004 0.182 0.195 0.245 0.035 0.345 0.053

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 96
Problem 276/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A A B A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 25 14 17 44 14 17 27 16
N.S. 1 1.56  0.88 1.06 2.75 0.88 1.06 1.69 1.00
time (sec) N/A 0.244 0.017 0.108 0.200 0.252 0.096 0.351 0.209
Problem 277 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 20 14 15 15 14 18 13
N.S. 1 1.00 1.18 0.82 0.88 0.88 0.82 1.06 0.76
time (sec) N/A 0.138 0.007 0.032 0.192 0.236 0.037 0.348 0.074
Problem 278 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 3 3 3 4 3 3 3 3 3
N.S. 1 1.00  1.00 1.33 1.00 1.00 1.00 1.00 1.00
time (sec) N/A 0.161 0.007  0.440 0.296 0.253 0.084 0.320 0.076
Problem 279 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 21 22 17 16 16 20 16 16
N.S. 1 0.95 1.00 0.77 0.73 0.73 0.91 0.73 0.73
time (sec) N/A 0.209 0.007 0.073 0.196 0.250 0.105 0.330 0.297

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 280 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 9 10 9 9 7 9 9
N.S. 1 1.00 1.00 1.11 1.00 1.00 0.78 1.00 1.00
time (sec) N/A 0.140 0.011 0.180 0.191 0.247 0.041 0.322 0.019
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 11 10 10 8 10 10
N.S. 1 1.00 1.00 0.92 0.83 0.83 0.67  0.83 0.83
time (sec) N/A 0.159 0.003 0.036 0.187  0.237 0.038 0.328 0.049
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 22 20 19 21 26 19 19
N.S. 1 1.00 0.81 0.74 0.70 0.78 0.96 0.70 0.70
time (sec) N/A 0.159 0.049 0.138 0.192 0.239 0.104 0.330 0.031
Problem 283 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 13 22 26 13 13
N.S. 1 1.00 1.00 0.82 0.76 1.29 1.53 0.76 0.76
time (sec) N/A 0.164 0.008 0.272 0.199 0.248 0.140 0.321 0.068

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 20 19 19 19 20 25
N.S. 1 1.00 1.00 0.80 0.76 0.76 0.76 0.80 1.00
time (sec) N/A 0.158 0.006 0.065 0.273  0.268 0.055 0.353 0.228
Problem 285 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 39 38 28 28 29 25 29 49 25
N.S. 1 097 0.72 0.72 0.74 0.64 0.74 1.26 0.64
time (sec) N/A 0.167 0.012 0.066 0.202 0.245 0.044 0.325 0.043
Problem 286/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 16 14 13 13 12 13 13
N.S. 1 1.00  0.62 0.54 0.50 0.50 0.46 0.50 0.50
time (sec) N/A 0.172 0.028 0.052 0.188  0.261 0.041 0.327 0.066
Problem 287 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 18 11 10 10 12 10 10
N.S. 1 1.00 1.50 0.92 0.83 0.83 1.00 0.83 0.83
time (sec) N/A 0.152 0.011 0.037 0.292 0.274 0.034 0.405 0.230

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 288 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 24 21 22 20 22 41 20
N.S. 1 1.00 0.96 0.84 0.88 0.80 0.88 1.64 0.80
time (sec) N/A 0.135 0.069 0.223 0.273 0.254 0310 0.324 0.336
Problem 289 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 26 23 22 21 21 20 21 21
N.S. 1 096 0.85 0.81 0.78 0.78 0.74 0.78 0.78
time (sec) N/A 0.168 0.008 0.076 0.212  0.253 0.107 0.345 0.223
Problem 290, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 12 11 11 15 11 12
N.S. 1 1.00  1.00 0.63 0.58 0.58 0.79 0.58 0.63
time (sec) N/A 0.134 0.004 0.048 0.215 0.257 0.384 0.346 0.026
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 6 6 6 6 19 15 19 16 15
N.S. 1 1.00 1.00 1.00 3.17 2.50 3.17  2.67 2.50
time (sec) N/A 0.135 0.035 0.036 0.209 0.253 0.047 0.338 0.111

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 14 16 14 11 10 10 10 10 10
N.S. 1 1.14  1.00 0.79 0.71 0.71 0.71 0.71 0.71
time (sec) N/A 0.147 0.006 0.063 0.278  0.232 0.046 0.558 0.247
Problem 293 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 9 8 8 10 32 8
N.S. 1 1.00 1.00 0.75 0.67 0.67 0.83 2.67 0.67
time (sec) N/A 0.131 0.017 0.250 0.268  0.250 0.078 0.320 0.278
Problem 294 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 44 30 23 18 25 31 22 26
N.S. 1 1.29  0.88 0.68 0.53 0.74 0.91 0.65 0.76
time (sec) N/A 0.253 0.010 0.315 0.194 0.257 0.027 0.354 0.045
Problem 295 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 23 7 8 29 7 26 6
N.S. 1 1.00 1.92 0.58 0.67 2.42 0.58 2.17 0.50
time (sec) N/A 0.128 0.078 0.237  0.272  0.247 0.284 0.312 0.190

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 296/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 15 14 21 48 14 21
N.S. 1 1.00 1.00 0.94 0.88 1.31 3.00 0.88 1.31
time (sec) N/A 0.213 0.019 0.088 0.206 0260 1.218 0.301 0.131
Problem 297 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 23 13 5 7 12 7 5
N.S. 1 1.00 3.29 1.86 0.71 1.00 1.71 1.00 0.71
time (sec) N/A 0.165 0.005 0.159 0.195 0.253 0.798 0.302 0.050
Problem 298 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 6 6 6 6 15 15 15 16 15
N.S. 1 1.00 1.00 1.00 2.50 2.50 2.50 2.67 2.50
time (sec) N/A 0.147 0.001 0.044 0.236  0.249 0.053 0.285 0.027
Problem 299 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 51 43 33 32 32 41 33 46
N.S. 1 1.19  1.00 0.77 0.74 0.74 0.95 0.77 1.07
time (sec) N/A 0.185 0.008 0.166 0.281  0.253 0.056 0.285 0.091

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 300, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 37 59 29 33 74 30 42 57 37
N.S. 1 1.59 0.78 0.89 2.00 0.81 1.14 1.54 1.00
time (sec) N/A 0453 0.019 0.136 0.200 0.241 0279 0.284 0.238
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 9 9 9 8 7 12 0 7 27
N.S. 1 1.00 1.00 0.89 0.78 1.33 0.00 0.78 3.00
time (sec) N/A 0.169 0.008 1.143 0.183  0.259 0.000 0.298 2.664
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 20 16 16 16 12 16 15
N.S. 1 1.00 1.00 0.80 0.80 0.80 0.60 0.80 0.75
time (sec) N/A 0.140 0.000 0.020 0.204 0.228 0.019 0.319 0.026
Problem 303 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 15 13 10 9 9 8 10 9
N.S. 1 1.25 1.08 0.83 0.75 0.75 0.67  0.83 0.75
time (sec) N/A 0.171 0.023 0.037 0.205 0.259 0.034 0.282 0.184

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 25 21 18 17 17 15 17 17
N.S. 1 1.19  1.00 0.86 0.81 0.81 0.71 0.81 0.81
time (sec) N/A 0.135 0.006 0.162 0.203 0.244 0.044 0.296 0.053
Problem 305 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 33 43 22 30 27 20 23 11
N.S. 1 0.77  1.00 0.51 0.70 0.63 047  0.53 0.26
time (sec) N/A 0.189 0.021 0.134 0.197 0.263 0.120 0.318 0.426
Problem 306/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 18 15 16 22 144 43 14
N.S. 1 1.00 0.75 0.62 0.67 0.92 6.00 1.79 0.58
time (sec) N/A 0.142 0.020 0.167 0.181  0.257 0.628 0.319 0.212
Problem 307 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 41 24 20 16 16 34 16 21
N.S. 1 1.08  0.63 0.53 0.42 0.42 0.89 0.42 0.55
time (sec) N/A 0.202 0.011 0.032 0.202 0.242 0.100 0.291 0.035

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 308 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 37 43 37 31 30 32 39 30 32
N.S. 1 1.16  1.00 0.84 0.81 0.86 1.05 0.81 0.86
time (sec) N/A 0.218 0.050 0.234 0.278  0.251 0.601 0.300 0.208
Problem 309 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 16 15 21 14 17 15
N.S. 1 1.00 1.00 0.94 0.88 1.24 0.82 1.00 0.88
time (sec) N/A 0.194 0.005 0.181 0.190 0.247 0.045 0.286 0.042
Problem 310/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 40 40 29 26 38 26 39 26 34
N.S. 1 1.00 0.72 0.65 0.95 0.65 0.98 0.65 0.85
time (sec) N/A 0.240 0.089 0.220 0.201  0.252 0.093 0.272 0.198
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 5 5 5 6 5 20 5 5 5
N.S. 1 1.00 1.00 1.20 1.00 4.00 1.00 1.00 1.00
time (sec) N/A 0.196 4.174 0.201 0.194 0256 0.154 0.303 0.247

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 6 6 20 5 4 18 3 19 4
N.S. 1 1.00 3.33 0.83 0.67 3.00 0.50 3.17 0.67
time (sec) N/A 0.118 0.035 0.422 0.300 0.240 0.068 0.279  0.008
Problem 313 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 37 37 24 22 62 62 61 22 29
N.S. 1 1.00 0.65 0.59 1.68 1.68 1.65 0.59 0.78
time (sec) N/A 0.157 0.008 0.156 0.192  0.247 0.061 0.291 0.100
Problem 314 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 25 21 18 18 36 19 18 18
N.S. 1 1.19  1.00 0.86 0.86 1.71 0.90 0.86 0.86
time (sec) N/A 0.199 0.028 0.177  0.215 0.248 0.049 0.299 0.395
Problem 315 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 30 25 24 22 41 24 24
N.S. 1 1.00 1.00 0.83 0.80 0.73 1.37  0.80 0.80
time (sec) N/A 0.197 0.058 0.172 0.199 0.256 0.074 0.266 0.255

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 316/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 4 4 27 4 3 3 3 3 3
N.S. 1 1.00 6.75 1.00 0.75 0.75 0.75 0.75 0.75
time (sec) N/A 0.160 0.007 0.188 0.207  0.260 0.219 0.277 0.236
Problem 317 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 17 13 12 15 11 10 15 11
N.S. 1 1.31  1.00 0.92 1.15 0.85 0.77 1.15 0.85
time (sec) N/A 0.134 0.005 0.151 0.200 0.234 0.040 0.317 0.046
Problem 318 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 44 49 24 21 21 21 22 21 21
N.S. 1 1.11  0.55 0.48 0.48 0.48 0.50 0.48 0.48
time (sec) N/A 0.230 0.022 0.046 0.210 0.233 0.042 0.296 0.027
Problem 319 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 41 45 42 28 27 25 37 27 27
N.S. 1 1.10 1.02 0.68 0.66 0.61 0.90 0.66 0.66
time (sec) N/A 0.159 0.039 0.149 0.276  0.230 1.704 0.283 0.031

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 320, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 20 19 17 114 13 14
N.S. 1 1.00 1.00 0.80 0.76 0.68 4.56 0.52 0.56
time (sec) N/A 0.197 0.002 1.335 0.185 0.263 0962 0.316 0.225
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 11 10 10 7 10 8
N.S. 1 1.00 1.00 0.92 0.83 0.83 0.58 0.83 0.67
time (sec) N/A 0.131 0.003 0.023 0.192 0.234 0.029 0.287 0.186
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 41 57 65 41 43 32 0 30 43
N.S. 1 1.39 1.59 1.00 1.05 0.78 0.00 0.73 1.05
time (sec) N/A 0.154 0.101 0.190 0.275 0.251 0.000 0.322 0.050
Problem 323 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A A A F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 34 41 27 119 27 27 29 28 0
N.S. 1 1.21  0.79 3.50 0.79 0.79 0.85 0.82 0.00
time (sec) N/A 0.185 0.015 0.157 0.272  0.268 1.221 0.303  0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 18 17 17 42 17 17
N.S. 1 1.00 1.00 0.95 0.89 0.89 221 0.89 0.89
time (sec) N/A 0.138 0.006 0.184 0.275 0.261 0.044 0.294 0.042
Problem 325 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 38 45 30 39 37 34 31 28
N.S. 1 1.00 1.18 0.79 1.03 0.97 0.89 0.82 0.74
time (sec) N/A 0.157 0.110 0.311 0.278  0.250 0.224 0.268  0.047
Problem 326/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 9 8 8 7 8 8
N.S. 1 1.00  1.00 0.75 0.67 0.67 0.58 0.67 0.67
time (sec) N/A 0.131 0.006 0.210 0.278  0.246 0.048 0.295 0.199
Problem 327| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 31 27 26 26 36 26 28
N.S. 1 1.00 1.00 0.87 0.84 0.84 1.16 0.84 0.90
time (sec) N/A 0.163 0.013 0.708 0.282  0.237 0.044 0.289 0.040

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 328 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 10 37 16 121 29 12 150 19
N.S. 1 1.00 3.70 1.60 12.10 2.90 1.20 15.00 1.90
time (sec) N/A 0.180 0.014 0.124 0.280  0.257 0.442 0.361 0.112
Problem 329 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 27 29 26 22 30 13
N.S. 1 1.00 1.00 1.80 1.93 1.73 1.47  2.00 0.87
time (sec) N/A 0.133 0.006 0.202 0.193 0.256 0.067 0.288 0.061
Problem 330, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 21 21 14 0 13 63 13 21
N.S. 1 1.00  1.00 0.67 0.00 0.62 3.00 0.62 1.00
time (sec) N/A 0.138 0.103 0.029 0.000 0.232 0.160 0.279 0.237
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 25 18 16 19 17 19 18 17
N.S. 1 1.09 0.78 0.70 0.83 0.74 0.83 0.78 0.74
time (sec) N/A 0.176 0.050 0.040 0.203 0.241 0.060 0.267 0.302

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 20 17 16 16 17 16 16
N.S. 1 1.00 1.00 0.85 0.80 0.80 0.85 0.80 0.80
time (sec) N/A 0.157 0.009 0.037 0.206 0.261 0.126 0.274 0.313
Problem 333 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 16 18 19 14 20 18
N.S. 1 1.00 1.00 0.89 1.00 1.06 0.78 1.11 1.00
time (sec) N/A 0.147 0.006 0.065 0.202 0.256 0.054 0.281 0.216
Problem 334 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 20 19 25 20 20 19
N.S. 1 1.00 1.00 1.67 1.58 2.08 1.67 1.67 1.58
time (sec) N/A 0.157 0.046  0.052 0.192  0.243 0.051 0.285 0.249
Problem 335 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 8 8 23 9 10 15 12 16 8
N.S. 1 1.00 2.88 1.12 1.25 1.88 1.50 2.00 1.00
time (sec) N/A 0.260 0.007 0.145 0.279  0.262 0.353 0.303 0.228

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 111
Problem 336| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 13 12 12 44 12 12
N.S. 1 1.00 1.00 0.72 0.67 0.67 2.44 0.67 0.67
time (sec) N/A 0.125 0.018 0.308 0.274 0.242 0486 0.295 0.146
Problem 337 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 15 11 10 0 24 0 9 18
N.S. 1 1.36 1.00 0.91 0.00 2.18 0.00 0.82 1.64
time (sec) N/A 0.222 0.021 0.479 0.000 0.316 0.000 0.289 0.438
Problem 338 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 46 23 22 30 27 22 22
N.S. 1 1.00 1.53 0.77 0.73 1.00 0.90 0.73 0.73
time (sec) N/A 0.135 0.077 0.465 0310 0.256 0.107 0.328 0.177
Problem 339 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 27 20 23 21 21 26 21 23
N.S. 1 1.12  0.83 0.96 0.88 0.88 1.08 0.88 0.96
time (sec) N/A 0.300 0.009 0.111 0.206  0.261 0.127 0.285 0.030

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 340, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 50 55 47 33 49 39 37 40 39
N.S. 1 1.10 094 0.66 0.98 0.78 0.74 0.80 0.78
time (sec) N/A 0.167 0.084 0.373 0.283 0.249 0.250 0.286 0.228
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 10 9 46 51 9 9
N.S. 1 1.00 1.00 0.91 0.82 4.18 4.64 0.82 0.82
time (sec) N/A 0.118 0.002 0.155 0.198 0.244 0.028 0.266 0.224
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 31 20 19 19 20 19 19
N.S. 1 1.00 1.24 0.80 0.76 0.76 0.80 0.76 0.76
time (sec) N/A 0.187 0.011 0.175 0.201  0.242 0.022 0.279 0.190
Problem 343 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 22 20 19 21 26 19 19
N.S. 1 1.00 0.81 0.74 0.70 0.78 0.96 0.70 0.70
time (sec) N/A 0.154 0.050 0.151 0.191 0242 0.167 0.272 0.030

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 41 23 34 56 36 70 18
N.S. 1 1.00 1.7 0.96 1.42 2.33 1.50 2.92 0.75
time (sec) N/A 0.200 0.043 0.295 0.192  0.248 0.057 0.282 0.070
Problem 345 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 34 35 32 33 35 27 44 32
N.S. 1 1.00 1.03 0.94 0.97 1.03 0.79 1.29 0.94
time (sec) N/A 0.144 0.042 0.280 0.316 0.232 0.098 0.289 0.495
Problem 346/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 36 30 25 35 28 73 38 37
N.S. 1 1.20 1.00 0.83 1.17 0.93 2.43 1.27 1.23
time (sec) N/A 0.144 0.028 0.218 0.275 0.232 0.841 0.288 0.111
Problem 347 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 32 37 19 16 16 16 15 16 16
N.S. 1 1.16  0.59 0.50 0.50 0.50 047  0.50 0.50
time (sec) N/A 0.189 0.018 0.047 0.208 0.238 0.036 0.295 0.033

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 348 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 31 18 17 12 26 42 12
N.S. 1 1.00 1.35 0.78 0.74 0.52 1.13 1.83 0.52
time (sec) N/A 0.201 0.025 0.158 0.194 0254 0.119 0.282 0.113
Problem 349 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 24 24 22 21 21 19 21 21
N.S. 1 0.89 0.89 0.81 0.78 0.78 0.70 0.78 0.78
time (sec) N/A 0.201 0.008 0.023 0.285  0.254 0.072 0.267 0.290
Problem 350, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 43 32 31 53 28 29 32 28
N.S. 1 1.13 084 0.82 1.39 0.74 0.76 0.84 0.74
time (sec) N/A 0.185 0.014 0.037 0.279 0.248 0.144 0.275 0.234
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 5 5 5 5 4 16 8 6 6
N.S. 1 1.00 1.00 1.00 0.80 3.20 1.60 1.20 1.20
time (sec) N/A 0.189 0.008 0.319 0.202 0.244 0375 0.270 0.048

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 34 25 22 21 21 27 21 23
N.S. 1 1.17  0.86 0.76 0.72 0.72 0.93 0.72 0.79
time (sec) N/A 0.258 0.018 0.194 0.206 0.274 0.088 0.285 0.202
Problem 353 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 45 29 36 47 27 26 27
N.S. 1 1.00 1.25 0.81 1.00 1.31 0.75 0.72 0.75
time (sec) N/A 0.148 0.090 0.240 0.294  0.251 0.283 0.287 0.187
Problem 354 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 34 31 23 22 22 24 22 22
N.S. 1 121 111 0.82 0.79 0.79 0.86 0.79 0.79
time (sec) N/A 0.150 0.012 0.210 0.292 0.254 0.056 0.301 0.056
Problem 355 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 31 26 25 42 43 46 38 29
N.S. 1 1.19  1.00 0.96 1.62 1.65 1.77 1.46 1.12
time (sec) N/A 0.255 0.006 0.362 0.205  0.253 0.065 0.272 0.059

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 356/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 56 30 23 24 33 46 22 22
N.S. 1 1.22  0.65 0.50 0.52 0.72 1.00 0.48 0.48
time (sec) N/A 0.249 0.039 0.316 0.210 0.256 0.025 0.291 0.221
Problem 357 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 15 17 16 24 17 16 11
N.S. 1 1.00 0.75 0.85 0.80 1.20 0.85 0.80 0.55
time (sec) N/A 0.206 0.017 0.419 0.204 0.274 0.641 0.260 0.286
Problem 358 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 21 24 24 18 16 24 14 19 19
N.S. 1 1.14 1.14 0.86 0.76 1.14 0.67  0.90 0.90
time (sec) N/A 0.169 0.032 0.051 0.211  0.253 0.048 0.282 0.068
Problem 359 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 37 37 33 7 47 58 0 50 0
N.S. 1 1.00 0.89 2.08 1.27 1.57 0.00 1.35 0.00
time (sec) N/A 0.204 0.024 0.678 0.291  0.307 0.000 0.287 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 360, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 46 26 29 27 29 28 23
N.S. 1 1.00 1.64 0.93 1.04 0.96 1.04 1.00 0.82
time (sec) N/A 0.147 0.058 0.254 0.192 0.247 0.227 0.292 0.145
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 17 15 18 17 15 21
N.S. 1 1.00 1.00 0.89 0.79 0.95 0.89 0.79 1.11
time (sec) N/A 0.169 0.008 0.292 0.213  0.250 0.020 0.298 0.035
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 55 26 25 24 24 22 24 24
N.S. 1 1.20 0.57  0.54 0.52 0.52 0.48 0.52 0.52
time (sec) N/A 0.253 0.021 0.038 0.195 0.245 0.034 0.278 0.027
Problem 363 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A C B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 15 33 16 32 30 0
N.S. 1 1.00 1.00 0.83 1.83 0.89 1.78 1.67 0.00
time (sec) N/A 0.135 0.284 0.736 0.214 0.242 0.528 0.298 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 22 20 19 21 24 19 19
N.S. 1 1.00 0.81 0.74 0.70 0.78 0.89 0.70 0.70
time (sec) N/A 0.156 0.074 0.152 0.217  0.254 0.088 0.305 0.220
Problem 365 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 22 18 17 16 15 0 16 18
N.S. 1 1.22  1.00 0.94 0.89 0.83 0.00 0.89 1.00
time (sec) N/A 0.200 0.009 0.039 0.202 0.266 0.000 0.283 0.248
Problem 366| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 26 23 22 21 21 20 21 21
N.S. 1 096 0.85 0.81 0.78 0.78 0.74 0.78 0.78
time (sec) N/A 0.172 0.001 0.030 0.198 0.260 0.096 0.276 0.002
Problem 367 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 32 26 21 20 20 20 20 31
N.S. 1 1.23  1.00 0.81 0.77 0.77 0.77  0.77 1.19
time (sec) N/A 0.153 0.031 0.083 0.306 0.251 0.282 0.298 0.245

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 368 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 16 11 14 9 9 15 9 9
N.S. 1 1.07  0.73 0.93 0.60 0.60 1.00 0.60 0.60
time (sec) N/A 0.183 0.033 1.704 0.205 0.250 0.779 0.275 0.287
Problem 369 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 52 50 35 34 37 121 29 30
N.S. 1 1.11  1.06 0.74 0.72 0.79 2,57  0.62 0.64
time (sec) N/A 0.147 0.129 0.250 0.289  0.241 1.713 0.299 0.038
Problem 370, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 36 10 9 26 27 9 26
N.S. 1 1.00 327 091 0.82 2.36 2.45 0.82 2.36
time (sec) N/A 0.124 0.003 0.177  0.200 0.238 0.014 0.303 0.024
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 14 13 13 12 13 14
N.S. 1 1.00 1.00 0.82 0.76 0.76 0.71 0.76 0.82
time (sec) N/A 0.179 0.007 0.167  0.207 0.257 0.021 0.293 0.052

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 27 14 13 20 29 13 13
N.S. 1 1.00 1.59 0.82 0.76 1.18 1.71 0.76 0.76
time (sec) N/A 0.181 0.012 1.822 0.198 0.274 0.020 0.265 0.199
Problem 373 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 18 15 19 17 36 19 14
N.S. 1 1.00 0.67  0.56 0.70 0.63 1.33 0.70 0.52
time (sec) N/A 0.140 0.012 0.194 0.207  0.242 0.532 0.279 0.036
Problem 374 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 29 22 17 16 19 24 16 16
N.S. 1 1.21  0.92 0.71 0.67 0.79 1.00 0.67 0.67
time (sec) N/A 0.191 0.002 0.274 0.210 0.266 0.017 0.271 0.033
Problem 375 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 17 20 18 12 16 16
N.S. 1 1.00 1.00 1.42 1.67 1.50 1.00 1.33 1.33
time (sec) N/A 0.176 0.001 0.027  0.207 0.256 0.037 0.308 0.020

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 376/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 40 44 30 22 34 26 53 28 25
N.S. 1 1.10 0.75 0.55 0.85 0.65 1.32 0.70 0.62
time (sec) N/A 0.146 0.021 0.177 0.292 0.251 0.280 0.282 0.024

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [300] had the largest
ratio of [3]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand ummber of rules
# grade s;:;s uziize antll:aefns‘i,:zwe leaf size integrand leaf size
1 | A 1 1 1.00 3 0.333
2 A 1 1 1.00 3 0.333
3 A 1 1 1.00 3 0.333
4 A 1 1 1.00 3 0.333
¥ A 2 2 1.00 2 1.000
6 A 2 2 1.00 2 1.000
7 A 4 3 1.00 4 0.750
3 A 4 3 1.00 4 0.750
9 A 4 3 1.00 ) 0.600
10j A ) 4 1.00 5 0.800
] | A 3 3 1.00 2 1.500
12] A 2 2 1.00 2 1.000
13] A 2 2 1.00 2 1.000
14] A 3 3 1.00 2 1.500
15) A 4 4 1.00 4 1.000
16} A 1 1 1.00 2 0.500
17} A 3 3 1.11 7 0.429
18] A 1 1 1.00 6 0.167
19 A 2 2 1.00 2 1.000
20] A 2 2 1.00 7 0.286
21 A 5 5 1.00 4 1.250
22] A 4 4 1.00 6 0.667
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
23] A 1 1 1.00 4 0.250
24] A 7 7 1.17 8 0.875
25) A 7 7 1.00 8 0.875
26} A 2 2 1.13 4 0.500
2_7 A 2 2 1.00 2 1.000
28] A 4 4 1.22 6 0.667
29) A 5 5 1.00 6 0.833
30) A 1 1 1.00 6 0.167
31 A 4 4 1.15 7 0.571
32] A 1 1 1.00 10 0.100
33] A 1 1 1.00 10 0.100
34 | C 5 5 2.00 4 1.250
35) A 6 6 1.00 6 1.000
36 | A 2 2 1.00 7 0.286
3_7 A 1 1 1.00 8 0.125
38] A ) ) 1.00 6 0.833
3 | A 3 3 1.12 9 0.333
4_0 A 2 2 1.00 2 1.000
41 A ) ) 1.00 6 0.833
42] A 2 2 1.00 9 0.222
43] A 2 2 1.00 9 0.222
44 A 3 3 1.00 6 0.500
45) A 2 2 1.00 9 0.222
46} A 2 2 1.00 9 0.222
a7 | A 2 2 1.00 5 0.400
ag | A 1 1 1.00 3 0.333
49) A 4 3 1.04 7 0.429
50) A 1 1 1.00 6 0.167
51 A 1 1 1.00 3 0.333
52] A 6 ) 1.00 6 0.833
53] A 7 6 0.85 8 0.750
54 A 3 3 1.32 9 0.333
55) A 3 3 0.95 4 0.750
56} A ) ) 1.00 6 0.833
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
i grade SJSG:;S ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
5_7 A 1 1 1.00 8 0.125
58] A 3 3 1.00 6 0.500
59) A 3 3 1.00 4 0.750
60j A ) ) 1.21 4 1.250
61] A 4 3 1.00 4 0.750
62] A ) 4 1.00 9 0.444
63] A ) 4 1.00 9 0.444
64 A 7 7 1.28 9 0.778
65 | A 5 5 1.21 9 0.556
66} A 2 2 1.00 10 0.200
6_7 A 2 2 1.00 11 0.182
68} A 6 ) 1.16 9 0.556
69) A 7 7 1.29 4 1.750
70j A 7 7 1.29 4 1.750
71 A 7 7 1.22 13 0.538
72 | A 4 3 1.00 4 0.750
73 | A 9 9 1.33 9 1.000
E A ) 4 1.00 11 0.364
7_5 A ) 4 1.00 11 0.364
76} A 5) 4 1.47 14 0.286
77} A ) 4 0.95 8 0.500
78 A ) 4 1.00 7 0.571
79) A 7 6 0.82 9 0.667
80 A 4 3 1.00 9 0.333
31 A 2 2 1.00 8 0.250
32] A 3 3 1.00 4 0.750
33] A ) 5 1.00 4 1.250
g4 | A 4 3 1.00 4 0.750
35) A 4 3 1.00 4 0.750
36} A 4 3 1.00 9 0.333
37} A ) 4 1.00 9 0.444
sy | A 4 3 1.00 7 0.429
39) A 6 ) 1.00 9 0.556
90j A 6 6 1.00 4 1.500
Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand ber of rul.
# | grade steps wnidie | anfideriative |t e tegrand leaf size
91 A 7 7 1.00 4 1.750
92] A 5 4 1.00 7 0.571
93] A 5 4 1.00 9 0.444
94 A 4 3 1.00 7 0.429
95) A 6 ) 1.00 9 0.556
96 A 4 3 1.00 7 0.429
97] A 4 4 1.00 7 0.571
98] A 3 3 1.00 4 0.750
99 A 7 7 1.00 4 1.750
100 A ) 4 1.00 9 0.444
101 A 7 6 1.00 9 0.667
102 A 2 2 1.00 2 1.000
103 A 4 4 1.00 4 1.000
104 A 6 ) 1.00 ) 1.000
105 A 4 3 1.00 4 0.750
106 A 2 2 1.00 9 0.222
107] A 2 2 1.00 7 0.286
108 A 2 2 1.00 9 0.222
109 A 2 2 1.00 9 0.222
110 A 4 3 1.00 7 0.429
111 A 3 3 1.00 11 0.273
112 B 4 3 2.20 13 0.231
113 A 3 3 1.00 10 0.300
114 A ) 4 1.00 7 0.571
115 A 7 6 0.82 9 0.667
116 A 4 3 1.00 7 0.429
117 A 6 5 1.00 9 0.556
118 A 2 2 1.00 15 0.133
119 A 1 1 1.00 13 0.077
120 A 1 1 1.00 11 0.091
121 A 3 2 1.00 13 0.154
122 A 4 3 1.13 15 0.200
123 A 4 3 1.00 16 0.188
124 A 1 1 1.00 15 0.067
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
125 A 4 3 1.13 15 0.200
126 A 1 1 1.00 13 0.077
127 A 1 1 1.00 13 0.077
128 A 2 2 1.00 11 0.182
129 A 4 3 1.16 13 0.231
130 A 1 1 1.00 9 0.111
131 A 2 2 1.00 9 0.222
132 A ) 4 1.11 13 0.308
133 A 1 1 1.00 17 0.059
134 A ) 4 1.20 15 0.267
135 A 1 1 1.00 15 0.067
136 A 4 3 1.00 17 0.176
137 A 2 2 1.00 15 0.133
138 A 4 3 1.00 13 0.231
139 A 1 1 1.00 11 0.091
140 A 4 3 1.13 15 0.200
141 A 3 3 1.11 15 0.200
142 A 2 2 1.00 12 0.167
143 A 1 1 1.00 11 0.091
144 A 4 3 1.12 13 0.231
145 A 3 2 1.25 12 0.167
146 A 3 2 1.00 14 0.143
147] A ) 4 1.11 17 0.235
148 A 4 3 1.00 10 0.300
149 A 2 2 1.00 14 0.143
150 A 4 3 1.00 17 0.176
151 A ) 4 1.20 11 0.364
152 A 3 2 1.00 11 0.182
153 A 2 2 1.00 12 0.167
154 A 3 3 1.00 11 0.273
155 A 3 3 1.00 25 0.120
156 A 2 2 1.00 29 0.069
157} A 3 3 1.00 20 0.150
158 A 2 2 1.00 23 0.087
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
159 A 2 2 1.00 32 0.062
160 A 4 4 1.00 26 0.154
161 A 2 2 1.00 7 0.286
162 A 2 2 1.00 11 0.182
163 A 3 3 1.11 14 0.214
164 A 2 2 1.00 23 0.087
165 A 3 3 1.00 22 0.136
166 A 3 3 1.00 11 0.273
167] A 3 3 1.00 26 0.115
168 A ) 4 1.73 16 0.250
169 A 2 2 1.00 25 0.080
170 A 2 2 1.00 23 0.087
171 A 2 2 1.00 26 0.077
172 A 3 3 1.14 11 0.273
173 A 6 6 1.07 20 0.300
174 A 3 3 1.00 23 0.130
175 A 10 9 1.10 11 0.818
176 A 2 2 1.00 9 0.222
177] A 2 2 1.00 7 0.286
178 A 2 2 1.00 16 0.125
179 A 2 2 1.00 11 0.182
180 A 2 2 1.00 13 0.154
181 A 2 2 1.00 11 0.182
182 A 3 3 1.00 15 0.200
183 A 2 2 1.00 20 0.100
184 A 2 2 1.00 11 0.182
185 A 2 2 1.00 16 0.125
186 A 3 3 1.00 25 0.120
187} A 3 3 1.00 12 0.250
188 A 2 2 1.00 11 0.182
189 A 2 2 1.00 14 0.143
190 A 3 3 1.00 22 0.136
191 A 2 2 1.00 24 0.083
192 A 1 1 1.00 20 0.050
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
193 A 2 2 1.00 9 0.222
194 A 2 2 1.00 9 0.222
195 A 3 3 1.00 11 0.273
196 A 1 1 1.00 22 0.045
197] A 4 3 0.89 11 0.273
198 A 6 ) 1.00 14 0.357
199 | A 5 4 1.00 10 0.400
200 A 2 2 1.00 23 0.087
201 A 2 2 1.00 23 0.087
202 A 3 3 1.00 15 0.200
203 A 8 7 1.12 7 1.000
204 A 9 8 1.15 11 0.727
205 A 2 2 1.00 21 0.095
206 A 4 4 1.00 11 0.364
207 A 2 2 1.00 30 0.067
208 A ) ) 1.00 24 0.208
209 A 4 3 1.13 14 0.214
210 A 4 3 1.80 16 0.188
211 A ) 4 1.00 21 0.190
212 A 5) 4 1.00 15 0.267
213 A 2 2 1.00 10 0.200
214 A 2 2 1.00 9 0.222
215 A 2 2 1.10 18 0.111
216 A 2 2 1.00 10 0.200
217] A 2 2 1.00 43 0.047
218 A 2 2 1.00 50 0.040
219 A 4 3 1.00 11 0.273
220 A 12 11 1.02 15 0.733
221 A 4 3 1.00 11 0.273
222 A 4 3 1.00 9 0.333
223 A ) 4 1.00 9 0.444
224 A 4 3 1.00 11 0.273
225 A 3 2 1.00 11 0.182
226 A 2 2 1.00 11 0.182
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
227 A ) 4 1.06 13 0.308
228 A 2 2 1.00 11 0.182
229 A 4 3 1.00 13 0.231
230 A 4 3 1.07 11 0.273
231 A 4 3 1.00 13 0.231
232 A ) 4 1.29 17 0.235
233 A ) 4 1.13 17 0.235
234 A 4 3 1.15 13 0.231
235 A 6 ) 1.03 21 0.238
236 A 11 10 1.15 13 0.769
237 A ) 4 1.08 13 0.308
238 A 6 ) 1.00 13 0.385
239 A ) 4 1.00 12 0.333
240 A 4 3 1.00 20 0.150
241 A 4 3 1.00 9 0.333
242 A ) 4 1.00 11 0.364
243/ | A 5 4 0.77 8 0.500
244 A 4 3 1.00 7 0.429
245 A 4 3 1.00 10 0.300
246 A 4 3 1.00 11 0.273
247] A 14 13 1.00 7 1.857
248 A 6 ) 1.00 11 0.455
249 A ) 4 1.00 9 0.444
250 A 4 3 1.00 11 0.273
251 A 4 3 1.00 19 0.158
252 A 1 1 1.00 9 0.111
253 A 2 2 1.00 13 0.154
254 A 2 2 1.00 8 0.250
255 A 4 4 1.00 7 0.571
256 A 6 ) 1.00 9 0.556
257 A 4 3 1.04 7 0.429
258 A 3 3 1.00 20 0.150
259 A 3 2 1.00 10 0.200
260 A 2 2 1.00 11 0.182
Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand ber of rul.
# | grade steps wnidie | anfideriative |t e tegrand leaf size
261 A 3 2 1.00 7 0.286
262 A 5 5 1.21 9 0.556
263 A 2 2 1.00 15 0.133
264 A 1 1 1.00 13 0.077
265 A 1 1 1.00 6 0.167
266 A 4 3 1.00 13 0.231
267 A 2 2 1.00 7 0.286
268 A 3 3 1.06 6 0.500
269 A ) 4 1.00 16 0.250
270 A 4 3 1.07 9 0.333
271 A 6 ) 1.00 9 0.556
272 A 6 ) 1.00 12 0.417
273 A 3 3 1.16 4 0.750
274 A ) 4 1.20 15 0.267
275 A 2 2 1.00 12 0.167
276 C 8 8 1.56 6 1.333
277 A 1 1 1.00 21 0.048
278 A 4 3 1.00 11 0.273
279 A 7 6 0.95 6 1.000
280 A 2 2 1.00 4 0.500
281 A 4 3 1.00 13 0.231
282 A 1 1 1.00 10 0.100
283 A 2 2 1.00 9 0.222
284 A 2 2 1.00 11 0.182
285 A 3 3 0.97 8 0.375
286 A 2 2 1.00 11 0.182
287} A 3 3 1.00 6 0.500
288 A 3 2 1.00 14 0.143
289 A ) 4 0.96 6 0.667
290 A 2 2 1.00 15 0.133
291 A 3 2 1.00 13 0.154
292 A 4 3 1.14 14 0.214
293 A 2 2 1.00 9 0.222
294 A 7 7 1.29 9 0.778
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
295 A 3 2 1.00 14 0.143
296 A 4 3 1.00 22 0.136
297} A 4 3 1.00 7 0.429
298 A 3 2 1.00 13 0.154
299 A 9 8 1.19 7 1.143
300 C 18 18 1.89 6 3.000
301 A 1 1 1.00 8 0.125
302 A 1 1 1.00 10 0.100
303 A 4 3 1.25 15 0.200
304 A 4 3 1.19 16 0.188
305 A ) 4 0.77 8 0.500
306 A 2 2 1.00 9 0.222
307 A ) 4 1.08 7 0.571
308 A 6 ) 1.16 12 0.417
309 A 3 3 1.00 17 0.176
310 A 2 2 1.00 13 0.154
311 A 4 3 1.00 6 0.500
312 A 1 1 1.00 11 0.091
313 A 2 2 1.00 9 0.222
314 A 7 6 1.19 13 0.462
315 A 2 2 1.00 6 0.333
316 A 1 1 1.00 12 0.083
317} A ) 4 1.31 11 0.364
318 A 4 4 1.11 9 0.444
319 A 8 7 1.10 15 0.467
320 A 3 3 1.00 11 0.273
321 A 1 1 1.00 6 0.167
322 A 4 3 1.39 15 0.200
323 A 6 ) 1.21 13 0.385
324 A 3 3 1.00 13 0.231
325 A 4 3 1.00 12 0.250
326 A 3 2 1.00 11 0.182
327 A ) 4 1.00 12 0.333
328 A 3 3 1.00 6 0.500
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:); ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
329 A 3 2 1.00 13 0.154
330 A 3 3 1.00 15 0.200
331 A 4 3 1.09 16 0.188
332 A 2 2 1.00 12 0.167
333 A 4 4 1.00 8 0.500
334 A ) 4 1.00 13 0.308
335 A 8 7 1.00 17 0.412
336 A 3 2 1.00 13 0.154
337 A 7 6 1.36 17 0.353
338 A 2 2 1.00 15 0.133
339 A 9 9 1.12 6 1.500
340 A ) 4 1.10 14 0.286
341 A 1 1 1.00 9 0.111
342 A ) 4 1.00 9 0.444
343 A 1 1 1.00 10 0.100
344 A 4 4 1.00 8 0.500
345 A 4 3 1.00 15 0.200
346 A ) 4 1.20 15 0.267
347 A 3 3 1.16 9 0.333
348 A 5 4 1.00 13 0.308
349 A 4 3 0.89 6 0.500
350 A 6 ) 1.13 8 0.625
351 A 4 3 1.00 8 0.375
352 A 7 7 1.17 8 0.875
353 A 4 3 1.00 14 0.214
354 A 4 3 1.21 15 0.200
355 A 6 6 1.19 4 1.500
356 A 7 7 1.22 6 1.167
357 A 6 ) 1.00 10 0.500
358 A 4 3 1.14 15 0.200
359 A 7 6 1.00 13 0.462
360 A 4 3 1.00 13 0.231
361 A 4 3 1.00 4 0.750
362 A 5 5 1.20 9 0.556
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
i grade Slfse:;s ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
363 A 4 3 1.00 13 0.231
364 A 1 1 1.00 10 0.100
365 A 5 4 1.22 10 0.400
366 A ) 4 0.96 6 0.667
367} A ) 4 1.23 11 0.364
368 A ) 4 1.07 9 0.444
369 A 3 3 1.11 15 0.200
370 A 1 1 1.00 11 0.091
371 A ) 4 1.00 9 0.444
372 A 5) 4 1.00 9 0.444
373 A 2 2 1.00 11 0.182
374 A ) ) 1.21 4 1.250
375 A 4 4 1.00 4 1.000
376 A 4 3 1.10 13 0.231

2.3. Detailed conclusion table specific for Rubi results
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3.1 [ z"dx

3.1.1 Optimalresult . . . ... .. .. .. .. 145]
3.1.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 145
3.1.3 Rubi [A] (verified) . . . .. ... .. 146
3.1.4 Maple [A] (verified) . ... ... . ... .. 146]
3.1.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 147
3.1.6 Sympy [A] (verification not implemented) . . . .. ... ... ... .. ... . 147
3.1.7 Maxima [A] (verification not implemented) . . ... .. ... ... ... ... 147
3.1.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 148
3.1.9 Mupad [B] (verification not implemented) . . ... ... ... ........ 148

3.1.1 Optimal result

Integrand size = 3, antiderivative size = 11

14+n
/ﬂ%zw
1+n

-

output Lx" (1+n)/(1+n)

~—

3.1.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

14+n
/ﬂ%zm
1+n

-

input LIntegrate [x"n,x]

-/

output Lx‘(l +n)/(1 + n)

-/

3.1. [ z"dx
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3.1.3 Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 1, Bumber of rules _ 333 Ryjes yged = {15}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/w"dw
l 15

wn+1

n+1

-

input LInt [x"n,x]

~—

output Lx"(l +1n)/(1 + n)

3.1.3.1 Defintions of rubi rules used

rule 15‘Int[(a_.)*(x_)‘(m_.), x_Symbol] :> Simp[a*x(x"(m + 1)/(m + 1)), x] /; FreeQl
{a, m}, x] && NeQ[m, -1]

N\

3.1.4 Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

method result | size
risch "f fz 11
parallelrisch | { fz 11
ml-ﬁ-n
gosper T 12
default = 12
n In(x)
norman z el = 13

input Lint (x"n,x,method=_RETURNVERBOSE)

3.1. [ z"dx
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outputtx/(1+n)*x“n

3.1.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

/m”dm= i
n+1

p
input Lintegrate (x"n,x, algorithm="fricas")

-/

output Lx*x*n/ (n +1)

-/

3.1.6 Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

(IJ"+1

forn # -1
/ g dr = { " 7
log (z) otherwise

input Lintegrate (x**n,x)

OutputLPiecewise((x**(n +1)/(m + 1), Ne(n, -1)), (log(x), True))

3.1.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

n+1
/ﬂm:$
n+1

input Lintegrate (x"n,x, algorithm="maxima")

output Lx“(n +1)/(n + 1)

3.1. [ z"dx
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3.1.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

n+1
/ﬂﬁ=x
n+1

inputtintegrate(x“n,x, algorithm="giac")

outputtx‘(n +1)/(a+ 1)

3.1.9 Mupad [B] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.82

In(z) if n=-1
/x" dr = T
it En#F -1

—

p
input Lint (x"n,x)
4

output Lpiecewise(n == -1, log(x), n ~= -1, x"(n + 1)/(n + 1))

-/

3.1. [ z"dx
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3.2 [ e*dx

3.21 Optimalresult . .. ... ... .. . 149]
3.2.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 149
3.2.3 Rubi [A] (verified) . . . .. ... . 150
3.24 Maple [A] (verified) . . . ... ... ... 150
3.2.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 1511
3.2.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... 1511
3.2.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 1511
3.2.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 152
3.2.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... .. 152
3.2.1 Optimal result
Integrand size = 3, antiderivative size = 3
/ e’dr =e”
output Lexp (x) J

3.2.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00
/ e’dr =e”

input ‘ Integrate[E"x,x] ‘

output ‘ E™x ‘

3.2. [ e*dz



input LInt [E~x,x]
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3.2.3 Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ (, 333 Ry jog yged = {2624}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ewdx

l 2624

e:l?

-/

output ‘ E™x J

3.2.3.1 Defintions of rubi rules used

rule 2624 ‘ Int[((F_)"(v_))"(n_.), x_Symbol]l :> Simp[(F~v) n/(n*Log[F1*D[v, x]1), x] /; ‘

‘FreeQ[{F, n}, x] && LinearQ[v, x] ‘

3.2.4 Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

method result size

gosper

8

lookup

8

derivativedivides
default
norman

8

8

risch
parallelrisch

o @© @® @O d @ @

8
T W W W W w w w

meijerg —1+¢€"

input ‘ int (exp(x) ,x,method=_RETURNVERBOSE)

3.2. [ e*dz
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output Lexp (x)

3.2.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 2, normalized size of antiderivative = 0.67

/e“”dacze”c

input Lintegrate (exp(x) ,x, algorithm="fricas")

output Le‘x

3.2.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 2, normalized size of antiderivative = 0.67

/e””dx:e””

input tintegrate (exp(x),x)

output Lexp (x)

3.2.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 2, normalized size of antiderivative = 0.67

/ewdm=ez

input ‘ integrate(exp(x),x, algorithm="maxima")

output Le"x

3.2. [ e*dz
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3.2.8 Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 2, normalized size of antiderivative = 0.67

/e“’dzze“

input Lintegrate (exp(x) ,x, algorithm="giac")

output e"x

N\

3.2.9 Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 2, normalized size of antiderivative = 0.67

/e‘”da:ze”

/

input int (exp(x) ,x)

e—

-

output Lexp (x)

-/

3.2. [ e*dz
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3.3 [idz

3.3.1 Optimalresult . .. ... ... . .. .. 153]
3.3.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 153
3.3.3 Rubi [A] (verified) . . . . . . ... 154
3.34 Maple [A] (verified) . .. .. ... ... 154
3.3.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... . .... 155
3.3.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... 1551
3.3.7 Maxima [A] (verification not implemented) . ... .. ... ... ...... 155
3.3.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 156
3.3.9 Mupad [B] (verification not implemented) . . ... ... ... ........ 156

3.3.1 Optimal result

Integrand size = 3, antiderivative size = 2

/ i dz = log(z)

output Lln(x)

3.3.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ % dx = log(x)

input ‘ Integrate[x~(-1),x]

output ‘ Log[x]

33. f 3_10 dz
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3.3.3 Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Bumber of rules _ 333 Ryjes yged = {14}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/glcdac
l14

log(z)

input LInt [x~(-1),x]

-/

output LLog [x]

3.3.3.1 Defintions of rubi rules used

rule 14 LInt [(a_.)/(x_), x_Symbol] :> Simp[a*Logl[x], x] /; FreeQla, x]

3.3.4 Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

method result | size
default In(z) |3
norman In(z) | 3
risch In(z) |3
parallelrisch | In (z) | 3

input Lint (1/x,x,method=_RETURNVERBOSE)

output Lln(x)

33. f g—lc dz
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3.3.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/%da: = log ()

input Lintegrate (1/x,x, algorithm="fricas")

output

log(x)

N\

3.3.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/%dﬂ: = log ()

/

input | integrate(1/x,x)

e—

-

output Llog (x)

-/

3.3.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/édx = log ()

inputtintegrate(l/x,x, algorithm="maxima")

output Llog (%)

33. f g—lc dz
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3.3.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

| 5 do =18 Ja)

input Lintegrate (1/x,x, algorithm="giac")

output

log(abs(x))

N\

3.3.9 Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/%w:m@)

/

input lint (1/x,x%)

e—

-

output Llog (x)

-/

33. f g—lc dz
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3.4 [ a*dzx

34.1 Optimalresult . . . ... .. .. .. . 157
3.4.2 Mathematica [A] (verified) . . . . . .. . ... Lo oo 157
3.4.3 Rubi [A] (verified) . . . .. ... 158
3.44 Maple [A] (verified) . . ... ... ... .. 158
3.4.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 159
3.4.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... 1591
3.4.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 1591
3.4.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 160
3.4.9 Mupad [B] (verification not implemented) . . ... ... ... ........ 160

3.4.1 Optimal result

Integrand size = 3, antiderivative size = 8

T - ax
/ o do = log(a)

output ‘ a~x/1n(a)

3.4.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

T - am
[

input LIntegrate [a"x,x] J

output ta"x/ Logl[al J

34. [ a®dz
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3.4.3 Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ (, 333 Ry jog yged = {2624}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/a"" dx

l 2624
o
log(a)
input LInt [a~x,x] J
output La‘x/ Loglal J

3.4.3.1 Defintions of rubi rules used

rule 2624 ‘ Int[((F_)"(v_))"(n_.), x_Symbol]l :> Simp[(F~v) n/(n*Log[F1*D[v, x]1), x] /; ‘
‘ FreeQ[{F, n}, x] && LinearQ[v, x] ‘

3.4.4 Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.12

method result size
gosper 11?(2) 9
derivativedivides % 9
default ﬁ 9
risch ﬁ 9
parallelrisch % 9
norman % 11
meijerg — 1_1‘:?(:)('1) 16

34. [ a®dz
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input Lint (a~x,x,method=_RETURNVERBOSE)

output La“x/ 1n(a)

3.4.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

x _ a®
/ @ do = log (a)

input tintegrate (a"x,x, algorithm="fricas")

output La"x/log(a)

3.4.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/axdx— % for log (a) # 0

T otherwise

input Lintegrate (a**x,x)

output LPiecewise((a**x/log(a), Ne(log(a), 0)), (x, True))

-/

3.4.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

T - am
/ o do = log (a)

input Lintegrate (2"x,x, algorithm="maxima")

output La“x/ log(a)

34. [ a®dz
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3.4.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

T _ a®
/ @ do = log (a)

/

input‘ integrate(a”x,x, algorithm="giac")

—

-

output La"x/ log(a)

-/

3.4.9 Mupad [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

T J— aw
/a dz = In (a)

input Lint (a™x,x)

output ‘ a"x/log(a)

34. [ a®dz
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3.5 [ sin(z) dz

3.5.1 Optimalresult . .. ... .. .. .. . 161l
3.5.2 Mathematica [A] (verified) . . . . . .. ... .. .. o 161
3.5.3 Rubi [A] (verified) . . ... ... ... 162
3.5.4 Maple [A] (verified) . ... ... . ... ... 163
3.5.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... . .... 163
3.5.6 Sympy [A] (verification not implemented) . . .. ... ... ... ... ... 163l
3.5.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 164
3.5.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 164
3.5.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 164

3.5.1 Optimal result

Integrand size = 2, antiderivative size = 4

/ sin(z) dx = — cos(x)

output L-cos (x) J

3.5.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/sin(x) dx = — cos(z)

input ‘ Integrate[Sin[x],x]

output ‘ -Cos[x]

35. [sin(z)dz



input LInt [Sin[x],x]

output L—Cos [x]

p
rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
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3.5.3 Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 4 554 Ryles used = {3042,
integrand size
3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin(z) dx

J,3042

/ sin(z)dz

l 3118

— cos(z)

-

-/

~—

3.5.3.1 Defintions of rubi rules used

\Q[u, x] \

rule 3118‘Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ ‘

[{c, d}, x] |

35. [sin(z)dz
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3.5.4 Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.25

method result size
lookup —cos (z) 5
default —cos (z) 5
risch —cos (z) 5
parallelrisch | — cos (z) — 1 7
norman — 1+ta27(§) 13
meijerg NZ3 <\/LE - %}?) 16

input Lint (sin(x) ,x,method=_RETURNVERBOSE)

output L—cos (x)

3.5.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/ sin(z) dx = — cos (z)

input Lintegrate (sin(x) ,x, algorithm="fricas")

output L-cos (x)

3.5.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.75

/ sin(z) dz = — cos ()

input Lintegrate (sin(x),x)

output L—cos (x)

35. [sin(z)dz
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3.5.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/sin(m) dx = — cos (z)

input Lintegrate (sin(x) ,x, algorithm="maxima")

output | -cos(x)

N\

3.5.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/sin(a;) dx = — cos (z)

/

input | integrate(sin(x),x, algorithm="giac")

e—

-

output L—cos (x)

-/

3.5.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/ sin(z) dz = — cos ()

input Lint(sin(x) ,X)

output L—cos (x)

35. [sin(z)dz
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3.6 | cos(x) dz

3.6.1 Optimalresult . .. ... ... . .. ... 165]
3.6.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 165
3.6.3 Rubi [A] (verified) . . . .. ... .. 166
3.6.4 Maple [A] (verified) . ... ... .. ... . 167
3.6.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 167
3.6.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... 167l
3.6.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 168
3.6.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 168
3.6.9 Mupad [B] (verification not implemented) . . ... ... ... ........ 168

3.6.1 Optimal result

Integrand size = 2, antiderivative size = 2

/ cos(z) dx = sin(z)

output Lsin (x)

3.6.2

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/cos(z) dx = sin(z)

input ‘ Integrate[Cos[x],x]

output ‘ Sin[x]

3.6.

[ cos(z) dz



input LInt [Cos[x],x]

output LSin [x]

p
rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
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3.6.3 Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 4 554 Ryles used = {3042,
integrand size
3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cos(z) dx
J,3042

/ sin (m + g) dx
l 3117

sin(x)

-

-/

~—

3.6.3.1 Defintions of rubi rules used

\Q[u, x] \

rule 3117 Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symboll :> Simp[Sinlc + d*x1/d, x] /;

‘ FreeQ[{c, d}, x] ‘

36.  [cos(z)dzx
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3.6.4 Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

method result size
lookup sin () 3
default sin (z) 3
meijerg sin (z) 3
risch sin (z) 3
parallelrisch | sin (z) 3
norman 11:1‘@ 2 ] 17

input Lint (cos(x) ,x,method=_RETURNVERBOSE)

e

output tsin (x)

~—

3.6.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/cos(z) dx = sin (z)

input‘ integrate(cos(x),x, algorithm="fricas")

output Lsin (x)

3.6.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ cos(z) dz = sin ()

input Lintegrate (cos(x),x)

—

output Lsin (x)

36.  [cos(z)dzx
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3.6.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/cos(z) dx = sin ()

input Lintegrate (cos(x) ,x, algorithm="maxima")

output | sin(x)

N\

3.6.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ cos(z) dz = sin ()

/

input‘ integrate(cos(x),x, algorithm="giac")

e—

-

output Ls in(x)

-/

3.6.9 Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ cos(z) dx = sin ()

input Lint (cos(x),x)

output Lsin (x)

36.  [cos(z)dzx
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3.7 [ sec?(z) dzx

3.71 Optimalresult . . . . .. ... . .. . 169
3.7.2 Mathematica [A] (verified) . . . . . .. ... ... Lo oL 169
3.7.3 Rubi [A] (verified) . . . . .. ... 170
3.7.4 Maple [A] (verified) . . . . ... .. ... ival
3.7.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... . Ival
3.7.6 Sympy [B] (verification not implemented) . . . ... ... ... ... ... .. vl
3.7.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 172
3.7.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 172
3.7.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... .. 172

3.7.1 Optimal result

Integrand size = 4, antiderivative size = 2

/ sec’(r) dr = tan(x)

output Ltan(x) J

3.7.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ sec?(x) dr = tan(z)

input ‘ Integrate[Sec[x]~2,x]

output ‘ Tan [x]

3.7.  [sec*(z)dzx



input LInt [Sec[x]"2,x]

output LTan [x]

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 3042

rule 4254
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3.7.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 754 Ryjeg used = {3042,
integrand size
4254, 24)

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sec?(z) dz
| 3042

/csc (o+ g)de
| 4254

- / 1d(— tan(z))

| 24

tan(z)

3.7.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]

3.7.  [sec*(z)dzx
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3.7.4 Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

method result size

default tan (x) 3

parallelrisch | tan (x) 3

risch e2i2w€r1 13

norman — t:f??% 17
2

input Lint (sec(x)"2,x,method=_RETURNVERBOSE)

output‘tan(x)

3.7.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 7 vs. 2(2) = 4.

Time = 0.24 (sec) , antiderivative size = 7, normalized size of antiderivative = 3.50

/ sec’(z) dz = sin (2)

cos (z)

inputtintegrate(sec(x)‘2,x, algorithm="fricas")

output LSin (x) /cos(x)

3.7.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 5 vs. 2(2) = 4.

Time = 0.04 (sec) , antiderivative size = 5, normalized size of antiderivative = 2.50

/ sec’(x) dr = sin (2)

cos ()

input Lintegrate (sec(x)**2,x)

—

output Lsin (x)/cos(x)

3.7.  [sec*(z)dzx
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3.7.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ sec’(x) dr = tan (x)

input Lintegrate (sec(x)~2,x, algorithm="maxima")

output | tan(x)

N\

3.7.8 Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ sec’(r) dr = tan ()

/

input | integrate(sec(x)~2,x, algorithm="giac")

e—

-

output Ltan (x)

-/

3.7.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ sec?(r) dr = tan(x)

input Lint (1/cos(x)"2,x)

output Ltan(x)

3.7.  [sec*(z)dzx
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3.8 [ csc?(z) dz

3.8.1 Optimalresult . .. ... ... .. ... 173l
3.8.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 173
3.8.3 Rubi [A] (verified) . . . . . . .. .. Ive!
3.8.4 Maple [A] (verified) . ... ... . ... .. 175
3.8.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 175
3.8.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... 1751
3.8.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 176
3.8.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 176
3.8.9 Mupad [B] (verification not implemented) . . ... ... ... ........ 176

3.8.1 Optimal result

Integrand size = 4, antiderivative size = 4

/ csc?(z) dr = — cot(x)

output L-cot (x) J

3.8.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/csc2(x) dx = — cot(x)

input ‘ Integrate[Csc[x]~2,x]

output ‘ -Cot [x]

38.  [esc*(z)dx



input LInt [Csc[x]"2,x]

output L—Cot [x]

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 3042

rule 4254
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3.8.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 754 Ryjeg used = {3042,
integrand size
4254, 24)

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ csc?(z) da

l 3042

/ csc(z)?dx

l 4254

— / 1d cot(z)
| 24

— cot(z)

3.8.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]

38.  [esc*(z)dx
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3.8.4 Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.25

method result size
default — cot (z) 5
parallelrisch | — cot () 5
risch — 6230—1_1 13
Ly, (o (3))
norman W 18

inputLint(csc(x)‘2,x,method=_RETURNVERBDSE)

-

output t—cot (x)

e—

3.8.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 8, normalized size of antiderivative = 2.00

/ csc?(x) dr = _o (z)

sin (z)

inputLintegrate(csc(x)‘2,x, algorithm="fricas")

output L—cos (x)/sin(x)

3.8.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 7 vs. 2(3) = 6.

Time = 0.04 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.75

/CSC2 (x)dz = _cos (@)

sin ()

input Lintegrate (csc(x)**2,x)

—

output L—cos (x)/sin(x)

38.  [esc*(z)dx
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3.8.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.50

/ csc?(x) dr = _tanl(m)

input Lintegrate (csc(x)~2,x, algorithm="maxima")

—

-

output L—l/tan(x)

-/

3.8.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.50

/ csc?(x) dr = _tanl(x)

input Lintegrate (csc(x)"2,x, algorithm="giac")

output ‘ -1/tan(x)

3.8.9 Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/ csc?(z) dr = —cot(z)

input Lint (1/sin(x)"2,x%)

output L—cot (x)

38.  [esc*(z)dx
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3.9

3.9.1
3.9.2
3.9.3
3.9.4
3.9.5
3.9.6
3.9.7
3.9.8
3.9.9

| sec(z)

Optimal result . .

tan(x) dx

Mathematica [A] (verified) . . . . . . . . . .. ...

Rubi [A] (verified)
Maple [A] (verified)

Fricas [A] (verification not implemented) . . . . . . . ... ... ... ....
Sympy [A] (verification not implemented) . . . . ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . ... ... ... ... ..
Giac [A] (verification not implemented) . . . .. ... ... ... .. ....
Mupad [B] (verification not implemented) . . . .. ... ... ... .....

3.9.1 Optimal result

Integrand size = 5, antiderivative size = 2

/ sec(z) tan(x) dz = sec(x)

173
17O
Ve
179
LL80)
LL80)
130

output Lsec (x)

3.9.2

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ sec(z) tan(z) dz = sec(x)

input ‘ Integrate[Sec[x]*Tan[x],x]

output ‘ Sec[x]

3.9.

[ sec(z) tan(z) dz



input LInt [Sec[x]*Tan[x],x]

output LSec [x]

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 3042

rule 3086
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3.9.3 Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 655 Ryles used = {3042,
integrand size
3086, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan(z) sec(x) dz
| 3042

/ tan(z) sec(x)dx

l 3086

/ 1dsec(z)
| 24

sec(x)

3.9.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(
n_.), x_Symbol] :> Simp[a/f Subst[Int[(a*x)~(m - 1)*(-1 + x~2)~((n - 1)/2
), x], x, Secle + £f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2
] & !(IntegerQ[m/2] && LtQ[0, m, n + 1])

39.  [sec(z)tan(z)dzx
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3.9.4 Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

method result | size
derivativedivides | sec(z) | 3
default sec(z) | 3
risch efiﬁil 17

input Lint (sec(x)*tan(x) ,x,method=_ RETURNVERBOSE)

output Lsec(x)

3.9.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 4, normalized size of antiderivative = 2.00

/ sec(z) tan(z) dx =

1

cos ()

input Lintegrate (sec(x)*tan(x) ,x, algorithm="fricas")

output tl/cos (x)

3.9.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

/sec(:c) tan(z) dz =

1

cos ()

input Lintegrate (sec(x)*tan(x),x)

output Ll/cos (x)

3.9.

[ sec(z) tan(z) dz
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3.9.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 4, normalized size of antiderivative = 2.00

1
cos ()

/sec(x) tan(z) dr =

inputLintegrate(sec(x)*tan(x),x, algorithm="maxima")

—

-

output Li/cos (x)

-/

3.9.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 4, normalized size of antiderivative = 2.00

1
cos ()

/ sec(z) tan(z) dr =

input Lintegrate (sec(x)*tan(x),x, algorithm="giac")

output ‘ 1/cos(x)

3.9.9 Mupad [B] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 12, normalized size of antiderivative = 6.00

/sec(w) tan(z)dr = ———5——

tan( )2

2
2)? 1

input Lint (tan(x)/cos(x) ,x)

-

output t—2/ (tan(x/2)"2 - 1)

e—

39.  [sec(z)tan(z)dzx
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3.10

| cot(x) csc(z) dx

3.10.1 Optimal result . .
3.10.2 Mathematica [A] (verified) . . . . . . . ... .. .. L o
3.10.3 Rubi [A] (verified)

3.10.4 Maple [A] (verified)

3.10.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.10.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... .
3.10.7 Maxima [A] (verification not implemented) . . .. ... ... ... ......
3.10.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ......
3.10.9 Mupad [B] (verification not implemented) . . ... ... ... ... .....

3.10.1 Optimal result

Integrand size = 5, antiderivative size = 4

/cot(x) csc(z) dez = — csc(x)

1KY

183

185

output L-csc (x)

3.10.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/cot(x) csc(z) dr = — csc(x)

input ‘ Integrate[Cot [x]*Csc[x],x]

output ‘ -Csc[x]

3.10.

| cot(z) cse(z) dz



input LInt [Cot [x]*Csc[x],x]
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3.10.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , g5 Ryles used = {3042,

integrand size
25, 3086, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cot(w) csc(z) dz

l 3042

o= 3) (o -5}
l 25
_/sec(:c—;r>tan(:c—g>dw
| 3086
_ / 1dcse(z)
l 24

—csc(x)

-/

output L—Csc [x] J

3.10.3.1 Defintions of rubi rules used

rule 24LInt [a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x] J

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] ‘

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘

‘Q[u, x] ‘

3.10. [ cot(z)csc(z) dz
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ruk33086‘Int[((a_.)*sec[(e_.) + (f_)*(x)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(
‘n_.), x_Symbol] :> Simp[a/f Subst[Int[(a*x)"(m - 1)*(-1 + x"2)"((n - 1)/2
‘), x], x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] &% IntegerQ[(n - 1)/2
\] && !(IntegerQ[m/2] && LtQ[0, m, n + 1])

3.10.4 Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.25

method result size
derivativedivides | —csc(z) | 5
default —csc(z) | 5
risch — egf:fl 18

inputtint(csc(x)*cot(x),x,method=_RETURNVERBOSE)

outputt-csc(x)

3.10.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.50

1
sin (x)

/cot(m) cse(z) dr = —

/

input‘integrate(cot(x)*csc(x),x, algorithm="fricas")

—

-

output L—l/sin (x)

-/

3.10. [ cot(z)csc(z) dz
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3.10.6 Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.25

1
sin ()

/cot(m) cse(z) dr = —

input Lintegrate (cot (x)*csc(x),x)

—

-

output L—l/sin (x)

-/

3.10.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.50

1
sin (z)

/ cot(z) csc(x) do = —

input Lintegrate (cot(x)*csc(x) ,x, algorithm="maxima")

output ‘ -1/sin(x)

3.10.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.50

1
sin ()

/ cot(x) csc(x) dr = —

input tintegrate (cot (x)*csc(x) ,x, algorithm="giac")

output L—i/sin(x)

3.10. [ cot(z)csc(z) dz
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3.10.9 Mupad [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.50

1
sin ()

/cot(m) cse(z) dr = —

input [int (cot(x)/sin(x) ,x)

p J

-

output L—l/sin (x)

~—

3.10. [ cot(z)csc(z) dz
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3.11 [ sinh(z) dz

3.11.1 Optimalresult . . . . . . .. . ... 186
3.11.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 186
3.11.3 Rubi [A] (verified) . . . . . . .. .. 187
3.11.4 Maple [A] (verified) . .. . ... ... ... 188
3.11.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ..... 188
3.11.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 1R8]
3.11.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 1891
3.11.8 Giac [B] (verification not implemented) . . . ... . ... ... ....... 1]9
3.11.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 189

3.11.1 Optimal result

Integrand size = 2, antiderivative size = 2

/ sinh(z) dz = cosh(z)

output Lcosh (x)

3.11.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/sinh(x) dx = cosh(z)

input ‘ Integrate[Sinh[x],x]

output ‘ Cosh[x]

3.11.

[ sinh(z) dz
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3.11.3 Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ 4 544 Ryjes used = {3042,
integrand size
26, 3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sinh(z) dz
| 3042

/ _isin(iz)dz
| 26

i / sin(iz)dz
| 3118

cosh(z)

input LInt [Sinh[x],x]

output LCosh [x]

rule 26

rule 3042

rule 3118

3.11.3.1 Defintions of rubi rules used

Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a"2, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

3.11.  [sinh(z)dz
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3.11.4 Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

method result size
lookup cosh (z) 3
default cosh () 3
risch S 12

: 2
parallelrisch fanh? (Z)—1 13
meijerg —\/T (\/%? — Cof}’;(f) 17

input Lint (sinh(x),x,method=_RETURNVERBOSE)

output Lcosh (x)

3.11.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ sinh(z) dz = cosh ()

input Lintegrate (sinh(x) ,x, algorithm="fricas")

output Lcosh (x)

3.11.6 Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ sinh(z) dz = cosh ()

input Lintegrate (sinh(x),x)

output LCOSh (x)

3.11.  [sinh(z)dz
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3.11.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ sinh(z) dz = cosh ()

inputtintegrate(sinh(x),x, algorithm="maxima")

)
cosh(x)

N\

output

3.11.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 11 vs. 2(2) = 4.

Time = 0.29 (sec) , antiderivative size = 11, normalized size of antiderivative = 5.50

1 1
/sinh(w) dx = 3 e 4 3 e”

-

inputtintegrate(sinh(x),x, algorithm="giac")

-/

output L1/2*e“(—x) + 1/2%e"x

~—

3.11.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ sinh(z) dz = cosh(z)

input Lint(sinh(x) »X)

e

output tcosh (x)

~—

3.11.  [sinh(z)dz
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3.12 | cosh(z) dz

3.12.1 Optimalresult . . . . . . . . . .. 190
3.12.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 190
3.12.3 Rubi [A] (verified) . . . . . . .. .. 191
3.12.4 Maple [A] (verified) . . . ... . ... .. 192
3.12.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 192
3.12.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 1921
3.12.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 193]
3.12.8 Giac [B] (verification not implemented) . . . .. .. ... ... ....... 193
3.12.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 193

3.12.1 Optimal result

Integrand size = 2, antiderivative size = 2

/ cosh(z) dz = sinh(z)

output Lsinh (x)

3.12.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ cosh(z) dz = sinh(x)

input ‘ Integrate[Cosh[x],x]

output ‘ Sinh[x]

3.12.

| cosh(z) dz



input LInt [Cosh[x],x]

output LSinh [x]

p
rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
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3.12.3 Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 4 554 Ryles used = {3042,
integrand size
3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cosh(z) dz

| 3042
/@m(g+aﬂdx

| 3117

sinh(z)

-

-/

~—

3.12.3.1 Defintions of rubi rules used

\Q[u, x] \

rule 3117 Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symboll :> Simp[Sinlc + d*x1/d, x] /;

‘ FreeQ[{c, d}, x]

3.12.  [cosh(z)dz
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3.12.4 Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

method result size
lookup sinh () 3
default sinh () 3
meijerg sinh () 3

parallelrisch | sinh (z) 3

risch —? + % 12

input Lint (cosh(x) ,x,method=_ RETURNVERBOSE)

output ‘ sinh(x)

3.12.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ cosh(z) dz = sinh ()

input tintegrate (cosh(x) ,x, algorithm="fricas")

output Ls inh(x)

3.12.6 Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ cosh(z) dz = sinh ()

input Lintegrate (cosh(x),x)

—

output Lsinh (x)

3.12.  [cosh(z)dz
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3.12.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ cosh(z) dz = sinh ()

inputtintegrate(cosh(x),x, algorithm="maxima")

-

sinh(x)

N\

output

3.12.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 11 vs. 2(2) = 4.

Time = 0.30 (sec) , antiderivative size = 11, normalized size of antiderivative = 5.50

1 1
/cosh(x) dx = ~3 e~ 4 3 e”

-

input Lintegrate (cosh(x) ,x, algorithm="giac")

-/

output L—1/2*e“(—x) + 1/2%e”"x

~—

3.12.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ cosh(z) dz = sinh(z)

input Lint(cosh(x) »X)

e

output tsinh (x)

~—

3.12.  [cosh(z)dz
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3.13 [ tan(z) dz

3.13.1 Optimal result . . . . . . .. . .. 194
3.13.2 Mathematica [A] (verified) . . . . . . . ... ... L o 194
3.13.3 Rubi [A] (verified) . . . . . . ... .. 195
3.13.4 Maple [A] (verified) . . .. ... ... ... 196!
3.13.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 196
3.13.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . 197
3.13.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 197
3.13.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 197
3.13.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 198

3.13.1 Optimal result

Integrand size = 2, antiderivative size = 5

/ tan(x) dz = — log(cos(x))

output L-ln (cos(x)) J

3.13.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

/tan(z) dx = —log(cos(z))

input ‘ Integrate[Tan[x],x]

output ‘ -Log[Cos[x]]

3.13.  [tan(z)dz



input LInt [Tan[x],x]

output L—Log [Cos[x]1]

p
rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
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3.13.3 Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 4 554 Ryles used = {3042,
integrand size
3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan(z) dz
| 3042
/ tan(z)dz

l 3956

—log(cos(z))

-

-/

~—

3.13.3.1 Defintions of rubi rules used

\Q[u, x] \

rule 3956 ‘ Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Logl[RemoveContent[Cos[c + 4 ‘

*x], x11/d, x] /; FreeQl{c, d}, x] |

3.13.  [tan(z)dz
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3.13.4 Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.20

method result size
lookup —In (cos (z)) 6
default —1In (cos (z)) 6
derivativedivides w 10
norman w 10
parallelrisch w 10
risch iz —In(e* +1) | 16

input Lint (tan(x) ,x,method=_ RETURNVERBOSE)

output‘—ln(cos(x))

3.13.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 11 vs. 2(5) = 10.

Time = 0.24 (sec) , antiderivative size = 11, normalized size of antiderivative = 2.20

/ tan(z) dz = —% log (W)

input Lintegrate (tan(x) ,x, algorithm="fricas")

output‘ -1/2*log(1/(tan(x)"2 + 1))

3.13.  [tan(z)dz
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3.13.6 Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

/tan(z) dz = —log (cos (x))

input Lintegrate (tan(x),x)

output

-log(cos(x))

N\

3.13.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.60

/ tan(x) dz = log (sec (x))

/

input‘integrate(tan(x),x, algorithm="maxima")

e—

-

output Llog (sec(x))

-/

3.13.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.20

/ tan(z) dz = — log (|cos (z)|)

inputtintegrate(tan(x),x, algorithm="giac")

output L—log(abs (cos(x)))

3.13.  [tan(z)dz
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3.13.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

/tan(w) dz = —In (cos (x))

input Lint (tan(x),x)

-

output

-log(cos(x))

N\

3.13.  [tan(z)dz
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3.14 | cot(x) dz

3.14.1 Optimal result . . . . . . . . . .. 199
3.14.2 Mathematica [B] (verified) . . . . . . .. ... ... L Lo oL 199
3.14.3 Rubi [A] (verified) . . . . . ... .. 200
3.14.4 Maple [A] (verified) . . . . . . . .. .. 201]
3.14.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. .. 201]
3.14.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 2021
3.14.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 202
3.14.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 202
3.14.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 203

3.14.1 Optimal result

Integrand size = 2, antiderivative size = 3

/ cot(z) dr = log(sin(x))

output Lln(sin(x) )

3.14.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 7 vs. 2(3) = 6.

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 2.33

/cot(:c) dx = log(cos(x)) + log(tan(z))

input

N

Integrate[Cot [x],x]

output ‘ Log[Cos[x]] + Logl[Tan[x]]

3.14.

J cot(z) dz
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3.14.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ 4 544 Ryjes used = {3042,
integrand size
25, 3056}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cot(w) dx
| 3042
/—tan (:c+ g) dz
| 25
—/tan (w—i-g) dz

l 3956

log(sin(z))

input LInt [Cot [x],x]

output LLog [Sin[x]]

3.14.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol]l :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl{c, d}, x]

3.14.  [cot(z)dz
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3.14.4 Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.33

method result size
lookup In (sin (x)) 4
default In (sin (z)) 4
derivativedivides | — w 10
parallelrisch In (Vﬁ) + In (tan (z)) | 12
norman —w +In (tan (z)) | 14
risch —iz + In (62 — 1) 14

input Lint (cot (x) ,x,method=_RETURNVERBOSE)

output Lln(sin(x) )

3.14.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 11 vs. 2(3) = 6.

Time = 0.25 (sec) , antiderivative size = 11, normalized size of antiderivative = 3.67

/cot(x) dx = % log

(

L cos
2

(2z) + %)

input Lintegrate (cot(x) ,x, algorithm="fricas")

output L1/2*1og(—1/2*cos(2*x) +1/2)

3.14.

J cot(z) dz
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3.14.6 Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/ cot(x) dz = log (sin (z))

input Lintegrate (cot(x),x)

output

log(sin(x))

N\

3.14.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/ cot(x) dz = log (sin (z))

/

input | integrate(cot(x),x, algorithm="maxima")

e—

-

output Llog (sin(x))

-/

3.14.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.33

/cot(x) dz = log (|sin (z)|)

input Lintegrate (cot(x),x, algorithm="giac")

output Llog(abs (sin(x)))

3.14.  [cot(z)dz
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3.14.9 Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/ cot(x) dz = In (sin (x))

input Lint (cot(x),x)

-

output

log(sin(x))

N\

3.14.  [cot(z)dz
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3.15 [ zsin(z) dz

3.15.1 Optimal result . . . . .. .. . .. 204
3.15.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo 204
3.15.3 Rubi [A] (verified) . . . . . ... .. 205
3.15.4 Maple [A] (verified) . . . .. .. ... ...
3.15.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.15.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... ... 207l
3.15.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 207l
3.15.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 207
3.15.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 208

3.15.1 Optimal result

Integrand size = 4, antiderivative size = 8

/x sin(z) dz = —x cos(z) + sin(z)

outputt-x*cos(x)+sin(x) J

3.15.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/w sin(z) dz = —z cos(z) + sin(z)

input ‘ Integrate [x*Sin[x],x]

output ‘ -(x*Cos[x]) + Sin[x]

3.15.  [zsin(z)dz



input

output

rule 3042

rule 3117
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3.15.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ 4 554 Ryles used = {3042,

integrand size
3777, 3042, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ zsin(z) dz
| 3042
/ zsin(z)de
| 3777
/ cos(z)d — z cos(z)
| 3042
/ sin (4 ) dz —  cos(a)

J'3117

sin(z) — z cos(z)

-

Int [x*Sin[x] ,x]

N\ J

L—(X*Cos [x]) + Sin[x] J

3.15.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

3.15.  [zsin(z)dz
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rule 3777‘Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol]l :> Simpl[(
‘-(c + d*x) "m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
‘os[e + f*xx], x], x] /; FreeQ[{c, 4, e, £}, x] && GtQ[m, O]

3.15.4 Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.12

method result size
default —z cos (z) + sin (x) 9
risch —x cos (z) + sin (z) 9
parallelrisch | —z cos (z) + sin (z) 9
parts —x cos (x) + sin (z) 9
meijerg 27 (-2 + 92 | 2
norman =(ten’ ﬁ)t)a;zw E;tan(%) 30

input Lint (x*sin(x) ,x,method= RETURNVERBOSE)

output ‘ -x*cos (x)+sin(x)

3.15.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/z sin(z) dz = —z cos (x) + sin (x)

input Lintegrate (x*sin(x),x, algorithm="fricas")

output L—x*cos(x) + sin(x)

3.15.  [zsin(z)dz

-/
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3.15.6 Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

zsin(z) dr = —z cos (z) + sin (x)
/

inputtintegrate(x*sin(x),x)

)
-x*cos(x) + sin(x)

N\

output

3.15.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

zsin(z) de = —z cos (z) + sin (z)
/

/

input | integrate (x*sin(x) ,x, algorithm="maxima")

~—  /

p
output L—x*cos(x) + sin(x)

~—

3.15.8 Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/x sin(z) dz = —z cos (x) + sin ()

inputtintegrate(x*sin(x),x, algorithm="giac")

output L—x*cos(x) + sin(x)

3.15.  [zsin(z)dz
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3.15.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/w sin(z) dz = sin (z) — x cos (z)

input Lint (x*sin(x),x)

-

output sin(x) - x*cos(x)

N\

3.15.  [zsin(z)dz
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3.16 [ log(z) dz:

3.16.1 Optimalresult . . . . .. .. . ... .. .. 209
3.16.2 Mathematica [A] (verified) . . . . . .. . ... ... Lo oL 209
3.16.3 Rubi [A] (verified) . . . . . . ... ... 210
3.16.4 Maple [A] (verified) . . . ... . ... ... 210
3.16.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 211
3.16.6 Sympy [A] (verification not implemented) . . . ... .. ... ... .. ... . 2111
3.16.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 2111
3.16.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 212
3.16.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 212
3.16.1 Optimal result
Integrand size = 2, antiderivative size = 8
/log(a:) dz = —z + z log(z)
outputt-x+x*1n(x) J

3.16.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/log(z) dxr = —z + zlog(x)

input ‘ Integrate[Log[x],x] ‘

output‘ -x + x*Log[x] ‘

3.16.  [log(z)dz
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3.16.3 Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ , 54 Ryjes used = {2732}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ log(z) dz

| 2732

zlog(z) — z
.
input LInt [Log[x],x] J
output‘ -x + x*Log[x] J

3.16.3.1 Defintions of rubi rules used

rule 2732‘Int [Log[(c_.)*(x_)"(n_.)], x_Symbol]l :> Simp[x*Loglc*x~n], x] - Simp[n*x, x ‘
1 /; FreeQl{c, n}, x |

3.16.4 Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.12

method result size
lookup —z+zln(x) |9
default —z+zln(z) | 9
norman —z+zln(z) |9
risch —z+zln(z) | 9
parallelrisch | —z +zIn(z) | 9
parts —z+zln(z) |9

-

input Lint (1n(x) ,x,method=_RETURNVERBOSE)

-/

3.16.  [log(z)dz
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outputt—x+x*1n(x)

3.16.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/log(w) dx = zlog (z) — z

inputtintegrate(log(x),x, algorithm="fricas")

outputtx*log(x) -x

3.16.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.62

/log(x) dz = zlog(z) — z

inputtintegrate(ln(x),x)

outputlx*log(x) -x

3.16.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/log(x) dz =zlog(z) — z

input‘integrate(log(x),x, algorithm="maxima")

outputtx*log(x) - x

3.16.  [log(z)dz
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3.16.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/log(ﬂv) dx = zlog (z) — x

inputtintegrate(log(x),x, algorithm="giac")

output

x*log(x) - x

N\

3.16.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/log(ac) dz =z (ln(z) —1)

/

input | int (log(x) ,x)

e—

-

output Lx*(log(x) -1)

-/

3.16.  [log(z)dz
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3.17 [ e*z*dx

3.17.1 Optimal result . . . . . . . . . .. 213]
3.17.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 213
3.17.3 Rubi [A] (verified) . . . . . . .. .. 214
3.17.4 Maple [A] (verified) . . . ... . ... ... 215
3.17.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 215
3.17.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 27151
3.17.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 276l
3.17.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 216
3.17.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 216

3.17.1 Optimal result

Integrand size = 7, antiderivative size = 19

/ e*x? dx = 2¢® — 2¢°x + e* x>

outputL2*exp(x)-2*exp(x)*x+exp(x)*x“2 J

3.17.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.63

/e””z2 dr = e""(2 —2r + x2)

input‘Integrate[E‘x*x‘Q,x]

output‘E“x*(Z - 2%x + x72)

3.17. [ e*z?dx
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3.17.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 499 Ryles used = {2607,
integrand size
2607, 2624)

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ ez dz

l2m7
ez? — 2/emxda:
lZ&W

erx? — 2(6””:1: - /emda}>

l 2624

e®x? — 2(e%x — €°)

input LInt [E~x*x~2,x]

e

output LE"X*X’? - 2% (-E"x + E"x*x)

rule 2607

rule 2624

~—

3.17.3.1 Defintions of rubi rules used

Int[((b_.)*(F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(gx(e + f*x))) n/(f*g*n*Log[F]l)),
x] - Simp[d*(m/(f*g*n*Logl[F])) Int[(c + d*x)"(m - 1)*(b*F~(g*(e + £*x)))~
n, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] & GtQ[m, 0] && IntegerQ[2*
m] && !TrueQ[$UseGammal

Int[((F_)"(v_))"(n_.), x_Symbol]l :> Simp[(F~v) n/(n*Log[F1*D[v, x]1), x] /;
FreeQ[{F, n}, x] && LinearQ[v, x]

3.17. [ e*z?dx
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3.17.4 Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.63

method result size
gosper (2 — 2z + 2) €® 12
risch (2 — 2z +2)e” 12
default 2e® — 2ez + e%x? | 17
norman 2e% —2e%x + ez | 17
meijerg -2+ (31;2_6++6)ez 17
parallelrisch | 2e* — 2e*x + e®z? | 17
parts 2e® — 2ez + e%x? | 17

inputLint(exp(x)*x‘2,x,method=_RETURNVERBOSE)

output L (x"2-2*x+2) *exp (x)

3.17.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

/ewadx = (r2 —2r—|—2)ew

inputLintegrate(exp(x)*x“2,x, algorithm="fricas")

e

outputt(x"z - 2%x + 2)*e”x

e—

3.17.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.53

/e"’”w2 dx = (a:z — 2z + 2) e’

input Lintegrate (exp (x) *x**2,x)

—

outputt(x**Q - 2xx + 2)*exp(x)

3.17. [ e*z?dx
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3.17.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

/e“’z2d:c = (x2 —2x—|—2)e“’

inputLintegrate(exp(x)*x“Q,x, algorithm="maxima")

output | (x~2 - 2%x + 2)*e"x

N\

3.17.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

/emxzda: = (2 — 22+ 2)€"

/

input‘integrate(exp(x)*x“2,x, algorithm="giac")

e—

-

output L(x*z - 2%x + 2)*e”x

-/

3.17.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

/e””dew=ex (2°—2z2+2)

input Lint (x~2*exp(x),x)

outputtexp(x)*(x“2 - 2%x + 2)

3.17. [ e*z?dx
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3.18 [ e®sin(z) dz

3.18.1 Optimal result . . . . . . . . . .. 217
3.18.2 Mathematica [A] (verified) . . . . . . . ... ... L o 217
3.18.3 Rubi [A] (verified) . . . . . ... .. 218
3.18.4 Maple [A] (verified) . . . ... ... . ... 218
3.18.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 219
3.18.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 27191
3.18.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... AR
3.18.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 220)
3.18.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 220

3.18.1 Optimal result

Integrand size = 6, antiderivative size = 19

1 1
/ew sin(z) dz = —5636 cos(z) + ée”” sin(z)

output L-1/2*exp(x) *cos (x)+1/2xexp (x) *sin(x) J

3.18.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.74

/e”" sin(z) dz = %em(— cos(z) + sin(x))

input ‘ Integrate [E"x*Sin[x],x]

output‘ (E"x*(-Cos[x] + Sin[x]))/2

3.18.  [e“sin(z)dzx
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3.18.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ , 167 Ryjeg ysed = {4932}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ e” sin(z) dz
| 4932

1 1
iez sin(x) — 56”” cos(z)

input LInt [E~x*Sin[x],x] J

output L—1/2* (E~x*Cos[x]) + (E~x*Sin[x])/2 J

3.18.3.1 Defintions of rubi rules used

rule 4932‘Int[(F_)'"((C_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>
‘ Simp [bxc*Log [F]*F~(c*(a + b*x))*(Sin[d + e*x]/(e”2 + b~2xc”2*Log[F]~2)), x
‘] - Simp[e*F~(c*(a + b*x))*(Cos[d + exx]/(e”2 + b™2xc"2*Logl[F172)), x] /; F
‘reeQ[{F, a, b, c, d, e}, x] & NeQ[e™2 + b~2*c~2xLog[F]~2, 0]

-/

3.18.4 Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.63

method result Size
: e”(cos(z)—sin(x))
parallelrisch | —=—==%—==20 12
default _ C;S(oc) L si2n(a:) 14
e”tan(Z M_ﬁ
norman e 34
. (1+i)z ie(1+i)z (1—i)z . (1—d)z
risch & — = ie . e - 4 e - 36

3.18.  [e“sin(z)dzx
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inputtint(exp(x)*sin(x),x,method=_RETURNVERBOSE)

outputL-1/2*exp(x)*(cos(x)-sin(x))

3.18.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.68

1 1
/e"‘c sin(z) dz = —5 cos (z)e” + 3 e” sin ()

inputLintegrate(exp(x)*sin(x),x, algorithm="fricas")

output L-1/2*cos(x)*e"x + 1/2*e"x*sin(x)

3.18.6 Sympy [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

__ €e®sin(z) e®cos(x)

/e sin(z) dz = 5 - 5

input Lintegrate (exp(x)*sin(x) ,x)

output Lexp(x)*sin(x)/2 - exp(x)*cos(x)/2

3.18.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

/e sin(z) dz = ) (cos (z) —sin (z))e

inputLintegrate(exp(x)*sin(x),x, algorithm="maxima")

output L—1/2*(cos(x) - sin(x))*e"x

3.18.  [e“sin(z)dzx
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3.18.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

/e sin(z) dz = ) (cos (z) —sin (z))e

input Lintegrate (exp(x)*sin(x) ,x, algorithm="giac")

)
output | -1/2*(cos(x) - sin(x))*e”x

N\

3.18.9 Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.58

e” (cos (x) — sin (z))

/e sin(z) dz = — 5

input Lint (exp(x)*sin(x) ,x)

~—

output(—(exp(x)*(cos(x) - sin(x)))/2

N\

i

3.18.  [e“sin(z)dzx
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3.19 [ arctan(z) dz

3.19.1
3.19.2
3.19.3
3.19.4
3.19.5
3.19.6
3.19.7
3.19.8
3.19.9

Optimal result . . . . . . . . . .. ..
Mathematica [A] (verified) . . . . . . . . . .. ...
Rubi [A] (verified) . . . . . . . . . ..
Maple [A] (verified) . . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ..
Sympy [A] (verification not implemented) . . . . ... ... ... ... ...
Maxima [A] (verification not implemented) . . . .. ... ... ... .....
Giac [A] (verification not implemented) . . . . . ... ... ... .. .....
Mupad [B] (verification not implemented) . . . .. ... ... ... .....

3.19.1 Optimal result

Integrand size = 2, antiderivative size = 15

1
/ arctan(z) dr = xarctan(z) — 3 log (1 + z?)

output Lx*arctan(x) -1/2*1n(x"2+1)

3.19.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/ arctan(x) dr = x arctan(z) — % log (1 + z%)

input ‘ Integrate[ArcTan[x],x]

output ‘ x*ArcTan[x] - Logl[1l + x72]/2

3.19.

[ arctan(z) dz



input

output

rule 240

rule 5345
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3.19.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 4 554 Ryles used = {5345,

integrand size
240}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ arctan(x) dz

l 5345

x arctan(z) — /

l 240

T

—d
241 T

1
x arctan(z) — 3 log (z° +1)

‘ Int[ArcTan[x],x]

r

Lx*ArcTan[x] - Logll + x~2]/2

| —

3.19.3.1 Defintions of rubi rules used

Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
=2, x]1/(2%b), x] /; FreeQ[{a, b}, x]

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)1*(b_.))"(p_.), x_Symbol]l :> Simpl[x*(a
+ bxArcTan[c*x"n])"p, x] - Simp[b*c*n*p Int[x"n*((a + b*ArcTan[c*x"n])”(p
- 1)/ + c~2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 |l EqQlp, 11D

3.19.  [arctan(z)dz
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3.19.4 Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.93

method result size
In (x2+1

lookup x arctan () — 14
In (mz—}-l

default x arctan (z) — 14

parallelrisch | z arctan (z) — 2+1 14

parts x arctan () — o (m2+1 14

. z arctan( 2) In(22+1)
meijerg N 5 25
: iz In(iz+1) iz In(—iz+1) In(z2+1)
risch - + 3 - 32

input Lint (arctan(x) ,x,method=_RETURNVERBOSE)

output Lx*arctan(x) -1/2%1n(x"2+1)

3.19.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.87

/ arctan(x) dr = x arctan (z) — % log (z* +1)

input Lintegrate (arctan(x) ,x, algorithm="fricas")

output‘x*arctan(x) - 1/2%log(x"2 + 1)

3.19.

[ arctan(z) dz
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3.19.6 Sympy [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.80

_log(2*+1)

/ arctan(z) dz = x atan (x) 5

input Lintegrate (atan(x) ,x)

outputtx*atan(x) - log(x*x2 + 1)/2

3.19.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.87

1
/ arctan(x) dr = x arctan (z) — 3 log (z* +1)

input‘ integrate(arctan(x),x, algorithm="maxima")

output Lx*arctan(x) - 1/2%log(x"2 + 1)

3.19.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.87

1
/ arctan(z) dr = z arctan (z) — 5 log (z* + 1)

p
input Lintegrate (arctan(x) ,x, algorithm="giac")

-/

output Lx*arcta.n(x) - 1/2x1log(x"2 + 1)

~—

3.19.  [arctan(z)dz
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3.19.9 Mupad [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.87

In(z?+1)

/ arctan(x) dr = x atan(x) — 5

input Lint (atan(x),x)

output Lx*atan(x) - log(x™2 + 1)/2

3.19.  [arctan(z)dz



CHAPTER 3. LISTING OF INTEGRALS 226

3.20 [ e*zdx

3.20.1 Optimal result . . . . .. .. . ... . 226
3.20.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 226
3.20.3 Rubi [A] (verified) . . . . . . ... ..
3.20.4 Maple [A] (verified) . . . .. .. ... ... 228
3.20.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 228
3.20.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 2291
3.20.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 2291
3.20.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 229
3.20.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 230

3.20.1 Optimal result

Integrand size = 7, antiderivative size = 20

2 1
/esz dzr = —% + iewa

-

OutputL—1/4*exp(2*x)+1/2*exp(2*x)*x

~—

3.20.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.75
1 =z
2z 2z
d = —_— —
/ e“rdr=ce < 1 + 2)

input ‘ Integrate [E™(2*x)*x,x] ‘

-

output LE“(2*X)*(-1/4 + x/2)

| —

3.20. [ e*zdx



CHAPTER 3. LISTING OF INTEGRALS 227

3.20.3 Rubi [A] (verified)
Time = 0.15 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 996 Ryjles used = {2607,
integrand size
2624}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ ez dx

l2m7

1 2
Lo, [ e**dx
2 2

input LInt [E~ (2%x) *x,x] J

output‘-1/4*E"(2*x) + (E~(2%x)*x)/2

rule 2607

rule 2624

3.20.3.1 Defintions of rubi rules used

Int [((b_)*(F_)"((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*x((b*F~(gx(e + £*x))) n/(f*g*n*Logl[F])),
x] - Simp[d*(m/(f*g*n*Log[F])) Int[(c + d*x)~(m - 1)*(b*F~(g*x(e + f*x)))~
n, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] && GtQ[m, 0] &% IntegerQ[2*
m] && !TrueQ[$UseGammal

Int[((F_)~(v_))"(n_.), x_Symbol]l :> Simp[(F~v) n/(n*Log[F1*D[v, x]1), x] /;
FreeQ[{F, n}, x] && LinearQ[v, x]

3.20. [ e*zdx
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3.20.4 Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.55

method result size
risch (—i + g) e | 11
(2z—1)e®

gosper i 12

meijerg ;11 - w 14

derivativedivides —% + 62; = 15

default —% + eQ; £ 15
2z 2av:E

norman -+ %5 15

parallelrisch e?Tw + 62; & 15
2z 211.

parts -+ 5 15

inputLint(exp(2*x)*x,x,method=_RETURNVERBOSE)

output t (-1/4+1/2%x) *exp (2*x)

3.20.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.55

1
/eQ”x dx = 1 (22 —1)e?®

input Lintegrate (exp(2#x)*x,x, algorithm="fricas")

output‘ 1/4%(2%xx - 1)*e” (2%x)

3.20.

[ e*zdx
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3.20.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.50

2z — 1) €2
/ehxdx=—(x 4)6

input Lintegrate (exp(2*x) *x,x)

outputt(2*x - 1)*exp(2*x)/4

3.20.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.55

1
/62“”93 dx = 1 (2z —1)e?®

inputLintegrate(exp(2*x)*x,x, algorithm="maxima")

output L1/4*(2*x - 1)*e” (2*x)

3.20.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.55

1
/ehx dx = 1 (22 —1)e®?

p
input Lintegrate (exp(2*x)*x,x, algorithm="giac")

-/

output L1/4*(2*x - 1)*e~(2%x)

-/

3.20. [ e*zdx
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3.20.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.55

20 (22 —1
/ehxdx=—e (Z )

input Lint (x*exp(2#*x) ,x)

outputt(exp(2*x)*(2*x - 1))/4

3.20. [ e*zdx
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3.21

3.21.1
3.21.2
3.21.3
3.21.4
3.21.5
3.21.6
3.21.7
3.21.8
3.21.9

Optimal result . .

[ z cos(z) dx

Mathematica [A] (verified) . . . . . . . . . .. ...

Rubi [A] (verified)
Maple [A] (verified)

Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ...
Sympy [A] (verification not implemented) . . . . ... ... ... ... ...
Maxima [A] (verification not implemented) . . . .. ... ... ... .....
Giac [A] (verification not implemented) . . . .. ... ... ... .. ....
Mupad [B] (verification not implemented) . . . .. ... ... ... .....

3.21.1 Optimal result

Integrand size = 4, antiderivative size = 7

/x cos(z) dz = cos(z) + z sin(x)

output Lcos (x)+x*sin(x)

3.21.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/x cos(z) dx = cos(z) + zsin(z)

input ‘ Integrate [x*Cos [x] ,x]

output ‘ Cos[x] + x*Sin[x]

3.21.

| z cos(z) dz
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3.21.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _ 1 954 Ryjjeg ysed = {3042,

integrand size
3777, 25, 3042, 3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ x cos(z) dz
| 3042

/:csin (a:+ %) dx

| 3777
/ — sin(z)de + o sin(z)
| 25
zsin(z) — / sin(z)dz
| 3042
zsin(z) — / sin(z)dz

l 3118

z sin(z) + cos(x)

input LInt [x*Cos [x] ,x]

-

output LCos [x] + x*Sin[x]

~—

321.  [zcos(z)dzx
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3.21.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3118 | Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

rule 3777‘Int[((c_.) + (d_)*(x)) " (m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
‘—(c + d*x) "m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
‘os[e + £*x], x1, x] /; FreeQl{c, d, e, £}, x] & GtQ[m, 0]

3.21.4 Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.14

method result size
default cos (z) + x sin (x) 8
risch cos (z) + z sin (z) 8
parts cos (z) + zsin (z) 8
parallelrisch | zsin (z) + cos (z) + 1 9
norman % 21
2
meijerg 2/ <—ﬁ; + —c;fﬁ? _x;m\/gc)) 27

input Lint (x*cos (x) ,x,method=_RETURNVERBOSE)

output tcos (x)+x*sin(x)

321.  [zcos(z)dzx
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3.21.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/x cos(z) dz = zsin (z) + cos (z)

inputtintegrate(x*cos(x),x, algorithm="fricas")

)
x*sin(x) + cos(x)

N\

output

3.21.6 Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/x cos(z) dz = zsin (z) + cos (z)

/

input | integrate(x*cos(x),x)

p >

p
output Lx*sin(x) + cos(x)

~—

3.21.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/x cos(z) dz = zsin (z) + cos (z)

inputtintegrate(x*cos(x),x, algorithm="maxima")

output Lx*sin(x) + cos(x)

321.  [zcos(z)dzx
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3.21.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/x cos(z) dz = zsin (z) + cos (z)

inputtintegrate(x*cos(x),x, algorithm="giac")

output  x*sin(x) + cos(x)

N\

3.21.9 Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/a:cos(:v) dz = cos (z) + z sin (z)

N

input int (x*cos (x) ,X)

e—

.
output Lcos(x) + x*sin(x)

-/

321.  [zcos(z)dzx
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3.22 [ zsin(4z) dz

3.22.1 Optimal result . . . . .. .. . ... . 236
3.22.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 230
3.22.3 Rubi [A] (verified) . . . . . . ... 237
3.22.4 Maple [A] (verified) . ... ... . ... .. 238
3.22.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 238
3.22.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 2391
3.22.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 2391
3.22.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 239
3.22.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... .. 240

3.22.1 Optimal result

Integrand size = 6, antiderivative size = 18

1
/xsin(4x) dr = —3¢ cos(4z) +

1
T

(4x)

outputL-1/4*x*cos(4*x)+1/16*sin(4*x)

3.22.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a:sin(4x) dx = —}lx cos(4z) +

1
— sin

16

(4x)

input ‘ Integrate [x*Sin[4#*x],x]

output ‘ -1/4*(x*Cos[4*x]) + Sin[4*x]/16

3.22.

[ zsin(4z) dz
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3.22.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 667 Ryjles used = {3042,

integrand size
3777, 3042, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ zsin(4z) dz
| 3042
/ z sin(4z)dx
| 3777

1 1
1 /cos(4x)dx — 4 cos(4zx)

l 3042

1 . ™ 1
1 /sm (43: + 5) dx — 2% cos(4z)

J'3117

1 1
T sin(4z) — Vi cos(4zx)

input LInt [x*Sin[4*x] ,x] J

rule 3042

rule 3117

-

outputt—1/4*(x*Cos[4*x]) + Sin[4*x]/16

~—

3.22.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

322.  [zsin(4z)dz
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rule 3777‘Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol]l :> Simpl[( ‘
-(c + d*x)"m)*(Cos[e + £*x]1/£), x] + Simp[d*(m/f) Intl(c + d*x)"(m - 1)*C |
‘os[e + f*x], x], x] /; FreeQ[{c, d, e, £}, x] && GtQ[m, O] ‘

3.22.4 Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

method result size

derivativedivides | — xcoi(‘lx) + Sinl(gx) 15
z cos(4x) sin(4x)

default -t 15
. z cos(4x) sin(4x)

risch -+ 15
. (4z) sin(4z)

parallelrisch — TR 2R 15
(4x) sin(4z)

parts B R 1< 15

_ 2z cos(4x) + sin(4x)
meijerg v ( ﬁg 2ym ) 26
Lz z(tan2(2x)) tan(2a)
norman at T T (25 8 31
input Lint (x*sin(4%x) ,x,method=_RETURNVERBOSE) J

-

output t—1/4*x*cos (4*x)+1/16*sin (4*x)

—

3.22.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

1 1
/xsin(4:c) dx = — Tcos (4z) + T sin (4 z)

input Lintegrate (x*sin(4*x),x, algorithm="fricas") J

output L-1/4*x*cos(4*x) + 1/16*sin(4*x) J

322.  [zsin(4z)dz
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3.22.6 Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

/ v sin(4z) do = _a:cos4 (4x) 4 s1n1(64x)

input Lintegrate (x*sin(4*x),x)

output L-x*cos (4xx) /4 + sin(4%*x)/16

3.22.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

1 1
/xsin(4x) dz = —4 £eos (4z) + 16 sin (4 z)

input Lintegrate (x*sin(4*x),x, algorithm="maxima")

~—

-

output | -1/4*x*cos(4*x) + 1/16*sin(4*x)

N\

i

3.22.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

/wsin(4a:) dz = —i zcos(4zx) + 1i6 sin (4 x)

input Lintegrate (x*sin(4*x),x, algorithm="giac")

~—

-

output L—1/4*x*cos (4*x) + 1/16*sin(4*x)

-/

322.  [zsin(4z)dz
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3.22.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

) _ sin(4x) 1 cos(4x)
/xsm(4x) dx = 16 1

input Lint (x*sin(4*x),x)

output LSin(4*x)/16 - (x*cos(4%x))/4

322.  [zsin(4z)dz
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3.23

3.23.1 Optimal result
3.23.2 Mathematica [A] (verified)
3.23.3 Rubi [A] (verified)

3.23.4 Maple [A] (verified)

[ zlog(z) dz

3.23.5 Fricas [A] (verification not implemented)
3.23.6 Sympy [A] (verification not implemented)
3.23.7 Maxima [A] (verification not implemented) . ... ... ... ... ... ..
3.23.8 Giac [A] (verification not implemented)

3.23.9 Mupad [B] (verification not implemented)

3.23.1 Optimal result

Integrand size = 4, antiderivative size = 17

/zlog(z) dx = —

CL’2

4

+ %azz log(z)

241]
241]
242
242
249
243
249
244
244

-

output L_1/4*XA2+1/2*XA2*1H (x)

~—

3.23.2

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

/wlog(w) dx = —

1.2

4

+ %azz log(z)

e

input LIntegrate [x*Log[x] ,x]

-/

output L—1/4*x“2 + (x"2xLogl[x])/2

~—

3.23.

[ zlog(z) dzx
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3.23.3 Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Zumber of rules _ , 954 Ryjeg ysed = {2741}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z log(z) dx

l2u1

2

12 T
5% log(z )—1

input LInt [x*Log[x] ,x] J

output L—1/4*x“2 + (x~2xLoglx])/2

-/

3.23.3.1 Defintions of rubi rules used

rule 2741‘Int[((a_.) + Logl[(c_)*(x_ )" (n_.)1*(_.))*((d_.)*(x_))"(m_.), x_Symbol] :>
'Simp[(d*x)~(m + 1)*((a + bxLoglc*x™nl)/(d*(m + 1))), x] - Simp[bxn*((d*x)"(
m + 1)/(d*(m + 1)72)), x] /; FreeQl{a, b, c, d, m, n}, x] && NeQ[m, -1]

3.23.4 Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

method result size
default —%2 + 2 1“(”“') 14
norman —-2 4 2’ ln(m) 14
risch —”ff 4z ln(x) 14
parallelrisch —”ﬁf 4z ln(m) 14
parts —f +Z ln(x) 14

323. [zlog(z)dx



CHAPTER 3. LISTING OF INTEGRALS 243

input Lint (x*1n(x) ,x,method=_RETURNVERBOSE)

outputL-1/4*x“2+1/2*x“2*1n(x)

3.23.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

1 1
/xlog(w) dx = 5 z?log (x) — 1 z?

inputtintegrate(x*log(x),x, algorithm="fricas")

outputt1/2*x“2*log(x) - 1/4%x"2

3.23.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.71

z?log (r) o2

/xlog(x)dzz —5  — 7

input Lintegrate (x*1n(x) ,x)

outputtx**2*1og(x)/2 - x**2/4

3.23.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/xlog(z) dx = % z?log (x) — %1 2

inputtintegrate(x*log(x),x, algorithm="maxima")

output L1/2*x‘2*log(x) - 1/4%x72

323. [zlog(z)dx
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3.23.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/xlog(x) dx = % 2% log (z) — %1 z?

inputtintegrate(x*log(x),x, algorithm="giac")

output

1/2xx"2%log(x) - 1/4*x"2

N\

3.23.9 Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.53

/wlog(x) dz =~ (In (;c) ~3)

input

int (xxlog(x) ,x)

N\

outputt(x“2*(log(x) - 1/2))/2

323. [zlog(z)dx
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3.24 [ x? cos(3z) dx

3.24.1 Optimal result . . . . . . .. . .. 245
3.24.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 245
3.24.3 Rubi [A] (verified) . . . . . ... . 246
3.24.4 Maple [A] (verified) . . . . ... . . ... 247
3.24.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 248
3.24.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 248]
3.24.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 248]
3.24.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 249
3.24.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ... .. 249

3.24.1 Optimal result

Integrand size = 8, antiderivative size = 29

2 2
2 —_ — —_——
/x cos(3x) dz = i cos(3x) o

1
sin(3z) + ~z?sin(3z)

3

output L2/9*x*cos (3%x)-2/27*sin(3*x)+1/3*x"2*sin (3*x)

3.24.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.86

2 1
/x2 cos(3z) dz = of cos(3z) +

27

(=2 + 92?) sin(3z)

input ‘ Integrate [x~2%Cos [3*x] ,x]

output‘ (2%x*Cos [3*x])/9 + ((-2 + 9%x~2)*Sin[3*x])/27

3.24.

| 2? cos(3z) dz
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3.24.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.17, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , g75 Ryjjeg ysed = {3042,

integrand size
3777, 25, 3042, 3777, 3042, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ x? cos(3z) dx
| 3042
2 . ™
/x sin (33:-1— 2) dz
| 3777
2 _ 14
3@ sin(3x)dz + 3% sin(3x)
| 25
1,5 . 2 :
—z“sin(3z) — = [ zsin(3z)dx
3 3
| 3042
lxz sin(3z) — 2/xsin(3x)dm
3 3
| 3777
1, . 2 /(1 1
3% sin(3x) — 3 (3 /cos(3x)dm — 3% cos(3a:)>
| 3042
1, . 2(1 [ . ™ 1
3% sin(3z) — 3 <3 /sm (3:1: + 5) dx — 3% cos(3x)>
| 3117

1 2/1 1
§m2 sin(3z) — 3 <9 sin(3z) — 3% cos(3w))

input ‘ Int [x~2*Cos [3*x] ,x]

output‘ (-2%(-1/3*%(x*Cos [3*x]) + Sin[3%*x]1/9))/3 + (x~2*Sin[3*x])/3

324.  [z%cos(3z)dz
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3.24.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 3117 Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[Sin[c + d*x]/d, x] /;

FreeQ[{c, d}, x]

rule 3777‘Int[((c_.) + (d_)*(x)) " (m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
‘—(c + d*x) “m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f)

\os[e + fxx], x]1, x] /; FreeQ[{c, d, e, £}, x] && GtQ[m, O]

Int[(c + d*x)~(m - 1)*C

3.24.4 Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.76

method result size
: 2z cos(3z) (922 —2) sin(3z)

risch 9 + o 22

derivativedivides | 2 s Bo) _ 2Sig$3z) 42 Sig(?’m) 24
2z cos(3z) 2sin(3z) 22 sin(3x)

default s — o -t —3 24
2x cos(3x 2sin(3z z2 sin(3z

parts 9( ) — 2,(7 ) + 3( ) 24

22 .

4/ <3z ;(2;%3:0) _ (_ 272 64\'/37?) 51n(3m)>

meijerg 5 33
2 2x(tan2(3z)> 2a:2tan(37z) 4tan(%£)

norman Ttan?( 37;?) 2 40

. 18z2 tan (32)—6z (tan? (32))+6z—4 tan (32
parallelrisch (3 )27(t2(,;2 (3(71%)7327 (Z) | 42

inputtint(x“2*cos(3*x),x,method=_RETURNVERBOSE)

output L2/9*x*cos (3*x)+1/27* (9%x~2-2) *sin (3*x)

324.  [z%cos(3z)dz
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3.24.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.72

/mz cos(3z) dx = gxcos (3z) + 2—17 (92* — 2) sin (3 )

inputLintegrate(x“Q*cos(S*x),x, algorithm="fricas")

-

output | 2/9%x*cos(3*x) + 1/27*(9%x~2 - 2)*sin(3%x)

N\

3.24.6 Sympy [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.93

2 . 2 2 .
/$2 cos(3) dz: = x s11; (3z) 4 xco; (3z) su;éiix)

input ‘ integrate (x**2*cos (3*x) ,x)

output Lx**2*sin(3*x)/3 + 2%x*cos(3*x)/9 - 2*xsin(3*x)/27

3.24.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.72

/z2 cos(3z) dz = gxcos (3z) + 2% (92* — 2)sin (3z)

p
input Lintegrate (x72*xcos(3*x) ,x, algorithm="maxima")

-/

output L2/9*x*cos(3*x) + 1/27x(9%x"2 - 2)*sin(3*x)

~—

324.  [z%cos(3z)dz
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3.24.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.72

/mz cos(3z) dx = gxcos (3z) + 2—17 (92* — 2) sin (3 )

inputLintegrate(x“Q*cos(S*x),x, algorithm="giac")

-

2/9%x*cos (3%x) + 1/27*(9%x"2 - 2)*sin(3%*x)

N\

output

3.24.9 Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.79

2 2 si 2 i
/m2cos(3z) dx = xcogs(3x) _ Slf;é?)w) L0 311;)(335)

input ‘ int (x"2*cos (3*x) ,x)

outputt(z*x*cos(3*x))/9 - (2*sin(3*x))/27 + (x~2%sin(3*x))/3

324.  [z%cos(3z)dz
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3.25 [ z*sin(2z) dx

3.25.1 Optimal result . . . . .. .. . ... .. 250
3.25.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 250
3.25.3 Rubi [A] (verified) . . . . . . ... .. 251]
3.25.4 Maple [A] (verified) . ... ... . ... .. 252
3.25.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 253
3.25.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 253
3.25.7 Maxima [A] (verification not implemented) . .. .. ... ... ... ... .. 2531
3.25.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 254
3.25.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ...... 257

3.25.1 Optimal result

Integrand size = 8, antiderivative size = 29

1 1 1
/x2 sin(2x) dz = 1 cos(2zx) — 5302 cos(2z) + 3% sin(2x)

outputL1/4*cos(2*x)-1/2*x“2*cos(2*x)+1/2*X*Sin(2*X) J

3.25.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.86

1 1
/x2 sin(2z) dx = ~2 (=14 22%) cos(2z) + % sin(2z)

input ‘ Integrate [x~2%Sin[2*x] ,x]

output‘ -1/4%((-1 + 2*x~2)*Cos[2*x]) + (x*Sin[2*x])/2

3.25.  [z*sin(2z)dz
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3.25.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , g75 Ryjjeg ysed = {3042,

integrand size
3777, 3042, 3777, 25, 3042, 3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x2 sin(2z) dx
| 3042
/x2 sin(2z)dz
| 3777
L o
x cos(2x)dx — 2% cos(2z)
| 3042
/acsin (2ac + g) dx — %mZ cos(2x)
| 3777
1 . 1, 1.
— [ —sin(2z)dz — ~z° cos(2z) + ~x sin(2z)
2 2 2
| 25
1/ . 1, 1.
—= [ sin(2z)dx — =z cos(2z) + -z sin(2x)
2 2 2
| 3042
1/ . 1, 1.
—— [ sin(2z)dx — ~z* cos(2z) + ~z sin(2z)
2 2 2
| 3118

1 1 1
—51:2 cos(2z) + % sin(2zx) + 1 cos(2x)

input LInt [x~2xSin[2*x] ,x]

outputLCos[2*x]/4 - (x"2*Cos[2*x])/2 + (x*Sin[2x*x])/2

3.25.  [z*sin(2z)dz
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3.25.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3118 | Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

rule 3777‘Int[((c_.) + (d_)*(x)) " (m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
‘—(c + d*x) "m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
‘os[e + £*x], x1, x] /; FreeQl{c, d, e, £}, x] & GtQ[m, 0]

3.25.4 Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.72

method result size
risch (—% + L—i) cos (2z) 4 222 | 91
derivativedivides Cosffz) 2 — (22) 4 ”inz@z) 24
default cosi2x) _z? 0025‘,(2x) + :csinz(2x) 24
parts cosi?a:) _ x? 002s(2x) + zsin2(2x) 24
parallelrisch i _z? co2s(2:c) + zsinz(2:c) + cosiZac) 25
_ﬁ wz(tanz(w)> 1
norman @tan(z) 11:; ng(m)2 *+2 30
ﬁ(—Q\l/,J,- (—2w2_;_\1/)7cos(2w)+zsin\/(72z)>
meijerg 5 37
inputtint(x‘Q*sin(2*x),x,method=_RETURNVERBOSE) J
outputL(—1/2*x“2+1/4)*cos(2*x)+1/2*x*sin(2*x) J

3.25.  [z*sin(2z)dz
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3.25.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.72

/x2 sin(2z) dz = —}1 (22> —1) cos (2z) + %xsin (2x)

input Lintegrate (x"2*sin(2*x) ,x, algorithm="fricas")

-

output | -1/4*(2%x~2 - 1)*cos(2*x) + 1/2*x*sin(2*x)

N\

3.25.6 Sympy [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.83

/:L‘2 sin(2z) dx = _z CO;( :L') + .’L'Sln2( x) n COSi 1;)

input ‘ integrate (x**2*sin(2*x) ,x)

output L—x**Q*cos(2*x)/2 + x*sin(2*x) /2 + cos(2*x)/4

3.25.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.72

/x2 sin(2z) dx = —}1 (22 — 1) cos (2z) + %xsin (27)

p
input Lintegrate (x"2%sin(2*x) ,x, algorithm="maxima")

-/

output L—1/4*(2*x’"2 - 1)*cos(2%x) + 1/2%x*sin(2%x)

~—

3.25.  [z*sin(2z)dz
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3.25.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.72

/x2 sin(2z) dz = —}1 (22> —1) cos (2z) + %xsin (2x)

input Lintegrate (x"2*sin(2*x) ,x, algorithm="giac")

)
output | -1/4*(2%x~2 - 1)*cos(2*x) + 1/2*x*sin(2*x)

N\

3.25.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.83

2

/z2 sin(2z) dz = %(23:) + (2sin (2)° — 1) (% B i)

input Lint (x"2*sin(2#*x) ,x)

outputt(x*sin(z*x))/z + (2%sin(x)"2 - 1)*(x"2/2 - 1/4)

3.25.  [z*sin(2z)dz
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3.26 [log*(z) dzx

3.26.1 Optimalresult . . . . .. .. . ... .. .. 255
3.26.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 255
3.26.3 Rubi [A] (verified) . . . . . . ... .. 250
3.26.4 Maple [A] (verified) . . . . ... . . ... 257
3.26.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... .. .. 257
3.26.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . 2571
3.26.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 258
3.26.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 258
3.26.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 258

3.26.1 Optimal result

Integrand size = 4, antiderivative size = 15

/ log?(z) dz = 22 — 2z log(x) + xlog*(z)

outputL2*x-2*x*1n(x)+x*1n(x)”2

3.26.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/logz(x) dx = 2z — 2z log(x) + xlog?(z)

input ‘ Integrate[Log[x]~2,x]

output‘ 2xx - 2*x*Log[x] + x*Logl[x]~2

3.26.

[log*(z) dz
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3.26.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 55 Ryles used = {2733,
integrand size
2732}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

j/10g2(m)dx
| 2733

2log?(z) — 2 / log(z)da
| 2732

xlog?(z) — 2(xlog(z) — )

-

input LInt [Log[x]~2,x]

-/

~—

output Lx*Log [x]172 - 2x(-x + x*Logl[x])

3.26.3.1 Defintions of rubi rules used

rule 2732 ‘/Int [Logl(c_.)*(x_)"(n_.)], x_Symbol] :> Simp[x*Loglc*x~n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

rule 2733‘Int[((a_.) + Logl(c_)*(x_)"(n_.)I*(b_.))"(p_.), x_Symbol]l :> Simp[x*(a + b
‘*Log[c*x"n])"p, x] - Simp[b*n*p Int[(a + b*Loglc*x™n])~(p - 1), x], x] /;
‘ FreeQ[{a, b, c, n}, x] && GtQ[p, 0] && IntegerQ[2x*p]

3.26.  [log’(z)dx
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3.26.4 Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.07

method result size
default 2¢ — 2zIn (z) + zln (z)® | 16
norman 2¢ — 2zIn (z) + zln (z)® | 16
risch 2¢ — 2zIn (z) + zln (z)® | 16
parallelrisch | 2z — 2z In (z) + zIn (z)? | 16

input Lint (1n(x)"2,x,method=_RETURNVERBOSE)

output L2*x—2*x*1n (x)+x*1n(x) "2

3.26.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/logz(x) dz = zlog (z)? — 2zlog (z) + 2z

inputLintegrate(log(x)‘Z,x, algorithm="fricas")

outputtx*log(x)‘Q - 2xxxlog(x) + 2%x

3.26.6 Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/logZ(x) dz = zlog (z)? — 2z log (z) + 2z

input Lintegrate (In(x)**2,x)

-

outputh*log(x)**Z - 2xx*log(x) + 2#*x

—

3.26.  [log’(z)dx
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3.26.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.80

/log2($) dz = (log (z)? — 2 log (z) + 2)=

inputLintegrate(log(x)‘2,x, algorithm="maxima")

-

output

(log(x)~2 - 2xlog(x) + 2)*x

N\

3.26.8 Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/logZ(az) dz = zlog (z)? — 2zlog (z) + 2z

/

input‘integrate(log(x)‘Z,x, algorithm="giac")

~—  /

-

output Lx*log(x)‘? - 2xxxlog(x) + 2%x

~—

3.26.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.80

/log2(x) dz =z (In(z)* — 2 In(z) +2)

input Lint (log(x)~2,x%)

output Lx*(log(x)’? - 2xlog(x) + 2)

3.26.  [log’(z)dx
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3.27 [ arcsin(z) dz

3.27.1 Optimal result . . . . . . .. . .. .. 259
3.27.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL 259
3.27.3 Rubi [A] (verified) . . . . . ... . 260
3.27.4 Maple [A] (verified) . . . . ... . .. .. 261]
3.27.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. 261]
3.27.6 Sympy [A] (verification not implemented) . . . ... .. ... ... ... ... 26T
3.27.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 2621
3.27.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 262
3.27.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ... .. 262

3.27.1 Optimal result

Integrand size = 2, antiderivative size = 16

/ arcsin(z) dz = V1 — 22 + z arcsin(x)

outputLx*arcsin(x)+(-x‘2+1)“(1/2)

3.27.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ arcsin(z) dz = V1 — x? 4 z arcsin(z)

input ‘ Integrate[ArcSin[x],x]

output‘ Sqrt[1 - x~2] + x*ArcSin[x]

3.27.

| arcsin(z) dz
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3.27.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 4 554 Ryles used = {5130,
integrand size
241}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ arcsin(z) dz

l 5130

x arcsin(z) — / Y iz
-2

l 241

zarcsin(z) + /1 — 22

input LInt [ArcSin[x],x]

outputLSqrt [1 - x72] + x*ArcSin[x]

3.27.3.1 Defintions of rubi rules used

rule 241‘ Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x~2)"(p + 1)/

(2%bx(p + 1)), x]1 /; FreeQl{a, b, p}, x] & NeQ[p, -1]

rule 5130‘ Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*Ar

‘cSin[c*x])"n, x] - Simp[b*c*n  Int[x*((a + b*ArcSin[c*x])~(n - 1)/Sqrt[1 -
‘ c™2xx~2]), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, O]

327.  [arcsin(z)dz
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3.27.4 Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

method | result size
lookup | arcsin (z)z ++v—22+1 | 15
default | arcsin (z)z ++v/—22+1 | 15
parts arcsin (z)z ++v/—22+1 | 15

input Lint (arcsin(x) ,x,method=_RETURNVERBOSE)

-

output Larcsin(x) *x+(-x"2+1)~(1/2)

e—

3.27.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/ arcsin(z) dz = zarcsin (z) + vV—22 + 1

input Lintegrate (arcsin(x) ,x, algorithm="fricas")

output Lx*arcsin(x) + sqrt(-x"2 + 1)

3.27.6 Sympy [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.75

/arcsin(x) dx = xzasin (z) + V1 — 2

input Lintegrate (asin(x),x)

output

x*asin(x) + sqrt(l - x**2)

N\

327.  [arcsin(z)dz
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3.27.7 Maxima [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/ arcsin(z) dz = rarcsin (z) + vV—22 + 1

inputLintegrate(arcsin(x),x, algorithm="maxima")

-

output

x*arcsin(x) + sqrt(-x~2 + 1)

N\

3.27.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/ arcsin(z) dz = zarcsin (z) + vV—22 + 1

/

input‘integrate(arcsin(x),x, algorithm="giac")

~—  /

p
outputtx*arcsin(x) + sqrt(-x"2 + 1)

~—

3.27.9 Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/arcsin(w) dz = zasin(z) + V1 — 22

inputtint(asin(x),x)

outputtx*asin(x) + (1 -x"2)7(1/2)

327.  [arcsin(z)dz
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3.28 [ tcos(t)sin(t) dt

3.28.1 Optimalresult . . . . .. .. . ... .. 263]
3.28.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL 263
3.28.3 Rubi [A] (verified) . . . . . . .. .. 264
3.28.4 Maple [A] (verified) . ... ... ... ... 265)
3.28.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 265
3.28.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 2661
3.28.7 Maxima [A] (verification not implemented) . ... .. ... ... .. ... .. 2661
3.28.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 266
3.28.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 267

3.28.1 Optimal result

Integrand size = 6, antiderivative size = 23

1 1
/tcos(t) sin(t) dt = —;1 +7 cos(t) sin(t) + §tsin2(t)

outputL-1/4*t+1/4*cos(t)*sin(t)+1/2*t*sin(t)“2

3.28.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.78

/t cos(t) sin(t) dt = —it cos(2t) + % sin(2t)

input‘Integrate[t*Cos[t]*Sin[t],t]

output ‘ -1/4*%(t*Cos[2+t]) + Sin[2*t]/8

3.28.  [tcos(t)sin(t)dt
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3.28.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.22, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 667 Ryjles used = {3924,

integrand size
3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tsin(t) cos(t) dt

| 3924

1 o0 1 [

Etsm (t) — 5 / sin”(t)dt
| 302

1 o 1 [

2tsm (t) 5 / sin(t)“dt
| 3115

;(; sin(t) cos(t) — f;dt> + %t sin’(t)

| 24

1 . 1/1 t
§t sin?(t) + 3 <2 sin(t) cos(t) — 2)

input LInt [t*Cos[t]*Sin[t],t]

0utputt(t*Sin[t]“2)/2 + (-1/2*t + (Cos[t]*Sin[t])/2)/2

3.28.3.1 Defintions of rubi rules used

-

rule 24

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

N\

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.28.  [tcos(t)sin(t)dt
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rule 3115 Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2#n]

rule 3924 Int[Cos[(a_.) + (b_.)*(x_)"(n_.)]1*(x_)"(m_.)*Sin[(a_.) + (b_.)*(x_)"(n_.)]1"
(p_.), x_Symbol] :> Simp[x~“(m - n + 1)*(Sin[a + b*x™n]~(p + 1)/(b*n*x(p + 1)
)), x] - Simp[(m - n + 1)/(b*n*(p + 1)) Int[x"(m - n)*Sin[a + b*x™n] " (p +
1), x], x] /; FreeQ[{a, b, p}, x] && LtQ[0, n, m + 1] && NeQ[p, -1]

3.28.4 Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.65

method result size
risch _ tcoi(2t) + siné2t) 15
parallelrisch | — % + Sinfi(ft) 15
default _ t(cos;(t)) n cos(t)4 sin(t) : 18
~ - t cos(2t) , sin(2t)
meijerg ‘f( \/7:1 Ty ) 2%
—i— (tan32(%)) +3t(tan22 (%)) _ t(tani(%)) +tan2(%)
norman e O] 48

inputLint(t*cos(t)*sin(t),t,method=_RETURNVERBOSE)

-/

output L—1/4*t*cos (2%t)+1/8*sin(2%t)

3.28.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.74

/tcos(t) sin(t) dt = —% tcos (t)? + i cos (t) sin (t) + it

input tintegrate (t*cos(t)*sin(t),t, algorithm="fricas")

3.28.  [tcos(t)sin(t)dt
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output | -1/2%t*cos(t)~2 + 1/4xcos(t)*sin(t) + 1/4xt

3.28.6 Sympy [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.04

/ t cos(t) sin(t) dt = tsjz Q) _ tCOZ () n sin (%) 4cos (t)

input Lintegrate (t*cos(t)*sin(t),t)

~—

outputtt*sin(t)**2/4 - t*cos(t)**2/4 + sin(t)*cos(t)/4

3.28.7 Maxima [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.61

/t cos(t) sin(t) dt = _4_11 tcos(2t) + % sin (2t)

inputLintegrate(t*cos(t)*sin(t),t, algorithm="maxima")

output L—1/4*t*cos(2*t) + 1/8*sin(2%t)

3.28.8 Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.61

/t cos(t) sin(t) dt = —}1 tcos(2t) + % sin (2¢)

input Lintegrate (t*cos(t)*sin(t),t, algorithm="giac")

output L—1/4*t*cos(2*t) + 1/8%sin(2+t)

3.28.  [tcos(t)sin(t)dt
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3.28.9 Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.78

/tcos(t)sm(t)dt: siné2t) +t(ZSinElt) —1)

input Lint (t*cos(t)*sin(t),t)

A >

-

output Lsin(Z*t)/S + (t*x(2*sin(t)"2 - 1))/4

—J/

3.28.  [tcos(t)sin(t)dt
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3.29 [ tsec?(t) dt

3.29.1 Optimalresult . . . . . . .. . ... .. 268]
3.29.2 Mathematica [A] (verified) . . . . . . ... ... .. L Lo oL 268
3.29.3 Rubi [A] (verified) . . . . . ... .. 269
3.29.4 Maple [A] (verified) . . . ... . ... ... 270
3.29.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... .. 2711
3.29.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . 27T
3.29.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 27Tl
3.29.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 272
3.29.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ... .. 272

3.29.1 Optimal result

Integrand size = 6, antiderivative size = 8

/ tsec?(t) dt = log(cos(t)) + ttan(t)

output Lln(cos (t))+t*tan(t)

3.29.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ tsec?(t) dt = log(cos(t)) + t tan(t)

input ‘ Integrate[t*Sec[t]"2,t]

output ‘ Logl[Cos[t]] + t*Tan[t]

3.29.

[ tsec?(t)dt
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3.29.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , ¢33 Ry jeq ysed = {3042,

integrand size
4672, 25, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tsec?(t) dt
| 3042
/tcsc (t+ g)th
| 4672
/ _ tan(t)dt + ¢ tan(t)
| 25
ttan(t) — / tan()dt
| 3042
ttan(t) — / tan(t)dt
| 3956

ttan(t) + log(cos(t))

input LInt [t*Sec[t]~2,t]

-

output LLog [Cos[t]] + txTan[t]

~—

3.29.  [tsec?(t)dt
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3.29.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 3956 | Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]

ruka4672‘lnt[csc[(e_.) + (f_)*(x_)]172%((c_.) + (@_.)*(x_))"(m_.), x_Symbol] :> Simp
[(~(c + d*x)"m)*(Cot[e + £*x]1/£), x] + Simp[d*(m/f) Int[(c + d*x)~(m - 1)
‘*Cot[e + fxx], x], x] /; FreeQ[{c, d, e, £}, x] && GtQ[m, O]

3.29.4 Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.12

method result size
default In (cos (t)) + ttan (t) 9
risch —2it + ez?fil +In (% + 1) 27
parallelrisch | —In (ﬁ) + In (csc () — cot (t) — 1) + In (csc (t) — cot (t) + 1) + ttan (¢) | 35
norman | — 2502 —1n (1+tan? (£)) +1In (tan (£) — 1) +1n (tan (3) + 1) 44
2
input Lint (t*sec(t)"2,t,method=_RETURNVERBOSE) J

output Lln(cos (t))+t*tan(t)

-/

3.29.  [tsec?(t)dt
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3.29.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 18 vs. 2(8) = 16.
Time = 0.27 (sec) , antiderivative size = 18, normalized size of antiderivative = 2.25

9 _cos (t) log (—cos (t)) + tsin ()
/ tsec”(t) dt = cos (2)

inputLintegrate(t*sec(t)‘2,t, algorithm="fricas") J

outputL(cos(t)*log(—cos(t)) + t*sin(t))/cos(t) J

3.29.6 Sympy [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ tsec®(t) dt = ttan (t) + log (cos (1))

-

input Lintegrate (t*sec(t)**2,t)

| —

output Lt*tan(t) + log(cos(t)) J

3.29.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 74 vs. 2(8) = 16.

Time = 0.26 (sec) , antiderivative size = 74, normalized size of antiderivative = 9.25

/tsecZ(t) dt
_ (cos (2 t)? +sin (2¢)° + 2 cos (2t) + 1) log (cos (2 t)* +sin (2t)% + 2 cos (2¢) + 1) +4¢sin (2t)
2 (cos (2 t)* +sin (2¢)® + 2 cos (2¢) + 1)

-/

input Lintegrate (t*sec(t)~2,t, algorithm="maxima")

output‘ 1/2x((cos(2*t) "2 + sin(2%t)~2 + 2*cos(2*t) + 1)*log(cos(2*t)~2 + sin(2%t)~
12 + 2%cos(2%t) + 1) + 4ktksin(2+t))/(cos(2+t)"2 + sin(2%£)"2 + 2#cos(2+t)
+ 1)

3.29.  [tsec?(t)dt
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3.29.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 103 vs. 2(8) = 16.

Time = 0.29 (sec) , antiderivative size = 103, normalized size of antiderivative = 12.88

/ tsec?(t) dt

4 <tan(% t)4—2 tan(% t)2+1) 1.2 1 4 (tan(% t)4—2 tan(% t)2+1>
log ( tan(3 £)"+2 tan(2 ¢)7+1 tan (51)” — 4ttan (3t) — log tan(3 ) "+2 tan(2 ¢)7+1
2 (tan (% t)2 — 1)

inputLintegrate(t*sec(t)“2,t, algorithm="giac")

p >

output ‘(1/2*(log(4*(ta.n(1/2*t)"4 - 2xtan(1/2%t)"2 + 1)/(tan(1/2%t)~4 + 2*tan(1/2*t
\)‘2 + 1))*tan(1/2*%t) "2 - 4*t*tan(1/2*t) - log(4*(tan(1/2%t)~4 - 2xtan(1/2*
Lt)‘2 + 1)/(tan(1/2%t)"4 + 2xtan(1/2*t)"2 + 1)))/(tan(1/2*%t)"2 - 1)

~

3.29.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ tsec?(t) dt = In (cos (t)) + t tan(t)

input tint (t/cos(t)"2,t)

output Llog(cos(t)) + t*xtan(t)

3.29.  [tsec?(t)dt
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3.30

3.30.1 Optimal result
3.30.2 Mathematica [A] (verified)
3.30.3 Rubi [A] (verified)

3.30.4 Maple [A] (verified)
3.30.5 Fricas [A] (verification not implemented)
3.30.6 Sympy [A] (verification not implemented)
3.30.7 Maxima [A] (verification not implemented)
3.30.8 Giac [A] (verification not implemented)

3.30.9 Mupad [B] (verification not implemented)

[ t*1og(t) dt

3.30.1 Optimal result

Integrand size = 6, antiderivative size = 17

/m%mﬁz

B 1
_Y s
g T3t'o8

()

-

output L—l/g*t‘3+1/3*t‘3*1n(t)

~—

3.30.2

Time = 0.00 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

Mathematica [A] (verified)

/Rmmﬁz

B 1
LA
g T3t o8

(®)

e

input LIntegrate [t™2*Log[t],t]

-/

output L—l/g*t“B + (t~3*Log[t])/3

~—

3.30.

[ t*log(t) dt
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3.30.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ , 167 Ryjeg ysed = {2741}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ t?log(t) dt

l 2741

1.4 t3
~t3log(t) — —
5t log(t) — 5

input tInt [t™2*Log[t],t] J

output L—l/g*t"B + (t~3*Log[t])/3

-

-/

3.30.3.1 Defintions of rubi rules used

rule 2741‘Int[((a_.) + Log[(c_.)*(x_)"(n_.)I*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> ‘

'Simp[(d*x)~(m + 1)*((a + bxLoglc*x™n])/(d*(m + 1))), x] - Simp[b*n*((d*x)"( |
m + 1)/(d*(m + 1)72)), x] /; FreeQl{a, b, c, d, m, n}, x] && NeQ[m, -1] |

3.30.4 Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

method result size
default —% 4+ 2 1;‘ ® 114
norman —% + w 14
risch —% + ﬁl% 14
parallelrisch —% + 1531% 14
parts —% + tﬂ% 14

3.30.  [t*log(t)dt
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iHPUtLint(t”2*ln(t),t,method=_RETURNVERBOSE)

output L-l/g*t“3+1/3*t”3*ln(t)

3.30.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

1 1
/ t*log(t) dt = 3 t3log (t) — 5 t3

inputLintegrate(t“2*log(t),t, algorithm="fricas")

outputti/S*t"B*log(t) - 1/9%t"3

3.30.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.71

t3log (t) 3
2 _ 9%\ v
/ t*log(t) dt 3 3

input Lintegrate (t**2x1n(t),t)

output Lt**B*log(t)/S - t**3/9

3.30.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

1

/ t?log(t) dt = 3 t3log (t) — %t:‘

input Lintegrate (t~2xlog(t),t, algorithm="maxima")

output L1/3*t‘3*log(t) - 1/9%t~3

3.30.  [t*log(t)dt
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3.30.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/ t?log(t) dt = %t?’ log (t) — %t?’

input Lintegrate (t"2*log(t),t, algorithm="giac")

output

1/3*t~3%log(t) - 1/9*%t~3

N\

3.30.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.53

/ t2log(t) dt = w

input

int (t~2*log(t) ,t)

N\

outputt(t“s*(log(t) -1/3))/3

3.30.  [t*log(t)dt
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3.31 [ et dt

3.31.1 Optimal result . . . . . . .. . ... . 27T
3.31.2 Mathematica [A] (verified) . . . . . . . . ... ... L oo 27T
3.31.3 Rubi [A] (verified) . . . .. . ... ... 278
3.31.4 Maple [A] (verified) . . . .. .. ... ... 279
3.31.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ..... 279
3.31.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 2801
3.31.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 2801
3.31.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 20
3.31.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 28]

3.31.1 Optimal result

Integrand size = 7, antiderivative size = 27

/ e'td dt = —6e’ + 6e't — 3ett? + e'td

outputL-G*exp(t)+6*exp(t)*t-3*exp(t)*t“2+exp(t)*t“3

3.31.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.63

/ett3 dt = €' (—6 + 6t — 3t* +t°)

input‘Integrate[E‘t*t‘3,t]

output‘E“t*(—G + 6%t - 3*%t"2 + t7°3)

3.31.

[ et*de
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3.31.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.15, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 577 Ryjjeg ysed = {2607,

integrand size
2607, 2607, 2624}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ elt3 dt

lz&w

ettd — 3 / ett?dt

l 2607
ettd -3 (ett2 -2 / ettdt>
l 2607
et —3 <ett2 —2 <ett — / etdt>>
l 2624

eltd — 3(ett2 — 2(ett - et))

input ‘ Int[E"t*t~3,t] ‘

r

output LE“t*t”s - 3*(E"t*t"2 - 2x(-E"t + E"t*t))

| —

3.31.3.1 Defintions of rubi rules used

rule 2607 Int [((b_.)*(F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (A_)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(g*(e + £*x))) n/(f*g*n*Logl[F])),
x] - Simp[d*(m/(f*gxn*Log[F])) Int[(c + d*x)~(m - 1)*(b*F~(g*x(e + f*x)))~
n, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] && GtQ[m, 0] &% IntegerQ[2*
m] && !TrueQ[$UseGamma]

331, [eftPde
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ruk32624‘Int[((F_)“(v_))”(n_.), x_Symbol] :> Simp[(F~v) n/(n*Log[Fl1*D[v, x1), x] /;
‘FreeQ[{F, n}, x] &% LinearQ[v, x]

3.31.4 Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.63

method result size
gosper (t — 3t% + 6t — 6) et 17
risch (83 — 3t + 6t — 6) € 17
meijerg 6 — (—4t3+12t24—24t+24)et 929
default —6¢e’ + 6e't — 3e't? +€'t3 | 24
norman —6e +6e't —3elt? + i3 | 24
parallelrisch | —6e' + 6e't — 3e't? +e't3 | 24
parts —6e +6e't —3elt? +eft3 | 24

input Lint (exp(t)*t~3,t,method=_RETURNVERBOSE)

output L (£73-3*t"2+6*t-6) *xexp(t)

3.31.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.59

/ett3dt = (t*—3t°+6t—6)¢

input Lintegrate (exp(t)*t~3,t, algorithm="fricas")

output L(t"s - 3*%t72 + 6%t - 6)*e”t

331, [eftPde
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3.31.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.56

/ett?’ dt = (t*—3t>+6t—6) ¢

input Lintegrate (exp(t)*t**3,t)

-

output | (t**3 - 3*t**2 + 6%t - 6)*exp(t)

N\

3.31.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.59

/ett3dt = (t*—3t°+6t—6)¢

/

input | integrate(exp(t)*t~3,t, algorithm="maxima")

~—  /

-

output L(t"s - 3*t72 + 6%t - 6)*e”t

~—

3.31.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.59

/ett3dt = (t*—3t°+6t—6)¢

input Lintegrate (exp(t)*t~3,t, algorithm="giac")

outputt(t‘S - 3%t™2 + 6%t - 6)*e”t

331, [eftPde
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3.31.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.59

/ett?’dt:et (t*—3t*+6t—6)

input Lint (t~3*exp(t),t)

-

output

exp(t)*(6%t - 3*t72 + t°3 - 6)

N\

331, [eftPde
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3.32 [ e**sin(3t) dt

3.32.1 Optimalresult . . .. ... . ... .. ... e 282
3.32.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL
3.32.3 Rubi [A] (verified) . . . . . ... .. 283
3.32.4 Maple [A] (verified) . . . ... . ... ... 283
3.32.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... . 2841
3.32.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... .... 2841
3.32.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 2841
3.32.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 285
3.32.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 285

3.32.1 Optimal result

Integrand size = 10, antiderivative size = 27

3 2
2 _ 9 2 2
/e sin(3t) dt = 13¢ cos(3t) + 136 sin(3t)

outputL-3/13*exp(2*t)*cos(3*t)+2/13*exp(2*t)*sin(3*t) J

3.32.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.81

/e2t sin(3t) dt = 1—13627:(—3 cos(3t) + 2sin(3t))

input‘Integrate[E‘(Q*t)*Sin[S*t],t]

output ‘ (E~(2*t)*(-3*Cos [3*t] + 2*Sin[3*t]))/13

3.32.  [e*sin(3¢)dt
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3.32.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Zumber of rules _ , 140 Ryles used = {4932}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ e sin(3t) dt
l 4932

2 ot 3 2
13¢ sin(3t) 13¢ cos(3t)

input LInt [E~(2*t)*Sin[3*t],t] J

output L (-3*%E~ (2*t)*Cos [3*%t]) /13 + (2*E~(2*t)*Sin[3%t])/13 J

rule 4932‘Int[(F_)’"((C_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>

3.32.3.1 Defintions of rubi rules used

‘ Simp [bxc*Log [F]*F~(c*(a + b*x))*(Sin[d + e*x]/(e”2 + b~2xc”2*Log[F]~2)), x
‘] - Simp[e*F~(c*(a + b*x))*(Cos[d + exx]/(e”2 + b™2xc"2*Logl[F172)), x] /; F
‘reeQ[{F, a, b, c, d, e}, x] & NeQ[e™2 + b~2*c~2xLog[F]~2, 0]

-/

3.32.4 Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.74

method result size
. €%t (—3 cos(3t)+25sin(3t))
parallelrisch B 20
3 et cos(3t) 2 &%t sin(3t)
default - 13 22
. 3 e(2+30)t ie(2+3i)t 3(2—30)t je(2—3i)t
risch 26 13 26 13 36
4e2ttan(%) 3e2t(tan2(%))_362t
13 13 13
norman Trtan? (3 41

3.32.

| e* sin(3t) dt
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input‘int(exp(2*t)*sin(3*t),t,method=_RETURNVERBOSE)

outputL1/13*exp(2*t)*(-3*cos(3*t)+2*Sin(3*t))

3.32.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.78

3 2
/e2t sin(3t) dt = —13 %8 (3t) @ + 3 e?% sin (3t)

inputLintegrate(exp(2*t)*sin(3*t),t, algorithm="fricas")

outputL—3/13*cos(3*t)*e"(2*t) + 2/13%e” (2%t) *sin(3*t)

3.32.6 Sympy [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.96

2e*sin (3t)  3e? cos (3t)
2% _ _
/ e“* sin(3t) dt = 13 13

input Lintegrate (exp(2*t)*sin(3*t),t)

output L2*exp(2*t)*sin(3*t)/13 - 3*exp(2*t)*cos(3*t)/13

3.32.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.70

1
/e2t sin(3t) dt = 13 (3 cos (3t) — 2 sin (3t))e??

input Lintegrate (exp(2*t)*sin(3*t),t, algorithm="maxima")

—

output L—1/13*(3*cos(3*t) - 2*%sin(3%t))*e” (2xt)

3.32.  [e*sin(3¢)dt
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3.32.8 Giac [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.70

1
/e2t sin(3t) dt = 13 (3 cos (3t) — 2 sin (3t))e??

inputLintegrate(exp(2*t)*sin(3*t),t, algorithm="giac")

-

-1/13%(3*cos(3*t) - 2*sin(3*t))*e” (2*t)

N\

output

3.32.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.70

2t -
% _e** (3 cos(3t) — 2 sin(31))
/ e“’ sin(3t) dt = 13

input ‘ int (sin(3*t)*exp(2*t),t)

output L—(exp(2*t)*(3*cos(3*t) - 2%sin(3%t)))/13

3.32.  [e*sin(3¢)dt
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3.33 [ et cos(3t) dt

3.33.1 Optimal result . . . . .. ... ... ... 286
3.33.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL
3.33.3 Rubi [A] (verified) . . . . . ... .. 2817
3.33.4 Maple [A] (verified) . . . . ... .. ... 287
3.33.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 288
3.33.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 288
3.33.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ...
3.33.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 289
3.33.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 289

3.33.1 Optimal result

Integrand size = 10, antiderivative size = 27

1 3
—t _ =t 90—t
/ e " cos(3t) dt = 106 cos(3t) + 106 sin(3t)

outputL-l/lO*cos(3*t)/exp(t)+3/10*sin(3*t)/exp(t) J

3.33.2 Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.74

_t R :
/e cos(3t) dt = T (cos(3t) — 3sin(3t))

input‘Integrate[Cos[S*t]/E‘t,t]

output \ -1/10%(Cos[3*%t] - 3*Sin[3*t])/E"t

3.33.  [etcos(3t)dt
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3.33.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Zumber of rules _ , 140 Ryles used = {4933}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ e " cos(3t) dt
| 4933

3 _t . 1 _t
10° s1n(3t)—Ee cos(3t)

input LInt [Cos[3*t]/E"t,t] J

output L—1/10*Cos [3*xt]/E~t + (3*Sin[3*t])/(10*E"t) J

rule 4933 Int[Cos[(d_.) + (e_.)*(x))1*(F_)~((c_)*((a_.) + (b_.)*(x_))), x_Symbol]l :>

3.33.3.1 Defintions of rubi rules used

‘ Simp [bxc*Log [F]*F~(c*(a + b*x))*(Cos[d + e*x]/(e”2 + b~2xc”2*Log[F]~2)), x
‘] + Simp[e*F~(cx(a + b*x))*(Sin[d + e*x]/(e”2 + b~2xc”2xLogl[F]1~2)), x] /; F
‘reeQ[{F, a, b, c, d, e}, x] & NeQ[e™2 + b~2*c~2xLog[F]~2, 0]

-/

3.33.4 Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.67

method result size
. __e~*(cos(3t)—3sin(3t))
parallelrisch 10 18
—t —t
default =2 ‘:1%5(3” + 3e ls(’)n(Bt) 22
tan2 % 3tan % _
(g 280 )
norman Trtan? (Z) 32
. o(—1+30)t 3ie(—1+31)t o(—1-3i)t 3ie(—1—3i)t
risch % - m — w1t wm 36

3.33.  [etcos(3t)dt
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input‘int(cos(s*t)/exp(t),t,method=_RETURNVERBOSE)

outputL-l/lO*exp(-t)*(cos(3*t)-3*sin(3*t))

3.33.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.78

1 3
—t __1 (0 L 3 0
/e cos(3t) dt T (3t)e' ™" + g€ sin (3t)

inputLintegrate(cos(3*t)/exp(t),t, algorithm="fricas")

output L—l/lO*cos(S*t)*e‘(-t) + 3/10%e~ (-t)*sin(3*t)

3.33.6 Sympy [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.74

3e'sin (3t) e~fcos (3t)
—t _ _
/e cos(3t) dt = 10 10

inputtintegrate(cos(3*t)/exp(t),t)

output LB*exp(—t)*sin(B*t)/lO - exp(-t)*cos(3*t)/10

3.33.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.63

/ e~ cos(3t) dt — —1—10 (cos (3t) — 3 sin (3¢))el?

inputLintegrate(cos(3*t)/exp(t),t, algorithm="maxima")

—

outputt—l/lO*(cos(B*t) - 3%sin(3%t))*e”~(-t)

3.33.  [etcos(3t)dt
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3.33.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.63

/e_t cos(3t) dt = —1—10 (cos (3t) — 3 sin (3t))el™?

input Lintegrate (cos(3*t)/exp(t),t, algorithm="giac")

.
output| -1/10*(cos(3*t) - 3*sin(3*t))*e”(-t)

N\

3.33.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.63

¢ e '(cos(3t) — 3 sin(3t))
/e cos(3t) dt = — 10

p
input

int (cos (3*t)*exp(-t) ,t)

-

output L—(exp(—t)*(cos(S*t) - 3%sin(3%t)))/10

3.33.  [etcos(3t)dt
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3.34 [ ysinh(y) dy

3.34.1 Optimalresult . . . . . . .. . ... 290)
3.34.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 290
3.34.3 Rubi [C] (verified) . . . . . . ... . ... 291]
3.34.4 Maple [A] (verified) . . . ... . ... ... 292
3.34.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 293
3.34.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 293]
3.34.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 2931
3.34.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 294
3.34.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ..... 294

3.34.1 Optimal result

Integrand size = 4, antiderivative size = 9

/y sinh(y) dy = y cosh(y) — sinh(y)

output Ly*cosh(y) -sinh(y)

3.34.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

/y sinh(y) dy = y cosh(y) — sinh(y)

input ‘ Integrate[y*Sinh[y],y]

output ‘ y*Cosh[y] - Sinh[y]

3.34.

J ysinh(y) dy
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3.34.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 2.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _ 1 954 Ryjjeg ysed = {3042,

integrand size
26, 3777, 3042, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ ysinh(y) dy
| 3042

/ —iysin(iy)dy
| 26

—i / ysin(iy)dy
| 3777

—i(iy cosh(y) — ¢ / cosh(y)dy)
| 3042
—i (z’ycosh(y) —i / sin (iy-l— g) dy)

| 3117

—i(iy cosh(y) — isinh(y))

input LInt [y*Sinh[y],y]

~—

output‘ (-I)*(I*y*Cosh[y] - I*Sinh[y])

3.34.  [ysinh(y)dy



rule 26

rule 3042

rule 3117

rule 3777
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3.34.3.1 Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Int[((c_.) + (@_.)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)]1, x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + f*x], x1, x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

3.34.4 Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.11

method result size
default y cosh (y) — sinh (y) 10
meijerg y cosh (y) — sinh (y) 10
parallelrisch | y cosh (y) — sinh (y) 10
parts ycosh (y) — sinh (y) 10
risch (-2 +Yev+(2+Y)ev |20

input ‘ int (y*sinh(y) ,y,method=_RETURNVERBOSE)

output Ly*cosh(y) -sinh(y)

3.34.  [ysinh(y)dy
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3.34.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

/y sinh(y) dy = y cosh (y) — sinh (y)

inputLintegrate(y*sinh(y),y, algorithm="fricas")

~—

-

output

y*cosh(y) - sinh(y)

N\

i

3.34.6 Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 7, normalized size of antiderivative = (.78

/y sinh(y) dy = y cosh (y) — sinh (y)

/

input | integrate(y*sinh(y),y)

p >

-

output Ly*cosh(y) - sinh(y)

3.34.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 34 vs. 2(9) = 18.

Time = 0.20 (sec) , antiderivative size = 34, normalized size of antiderivative = 3.78

1 1 1
/ysinh(y) dy = S y*sinh (y) + 7 (4" +2y +2)eT — 2 (y? -2y +2)e’

~—

inputLintegrate(y*sinh(y),y, algorithm="maxima")

e

outputL1/2*y‘2*sinh(y) + 1/4x(y~2 + 2%y + 2)*e~(-y) - 1/4x(y~2 - 2%y + 2)*e”y

A J

3.34.  [ysinh(y)dy
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3.34.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.89

/ysinh(y) dy = % (y+1)e™ + % (y—1)e¥

inputLintegrate(y*sinh(y),y, algorithm="giac")

-

output

1/2%(y + D*e”(-y) + 1/2%(y - 1)*e7y

N\

3.34.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

/ ysinh(y) dy = y cosh(y) — sinh(y)

/

input int (y*sinh(y) ,y)

p >

-

output Ly*cosh(y) - sinh(y)

~—

3.34.  [ysinh(y)dy
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3.35 [ ycosh(ay) dy

3.35.1 Optimalresult . . . ... ... ... .. .. 295
3.35.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 295
3.35.3 Rubi [A] (verified) . . . . . ... .. 296
3.35.4 Maple [A] (verified) . .. . ... ... .. 297
3.35.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 298
3.35.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 298]
3.35.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 298
3.35.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 299
3.35.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 299

3.35.1 Optimal result

Integrand size = 6, antiderivative size = 19

_ cosh(ay) LY sinh(ay)

/ y cosh(ay) dy =

a? a

e

output L—cosh (axy) /a~2+y*sinh(axy)/a

~—

3.35.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

_ cosh(ay) LY sinh(ay)

h(ay) dy =
/ y cosh(ay) dy - -

input LIntegrate [y*Cosh[axy],y] J

e

output t—(COSh [a*y]/a~2) + (y*Sinh[axy])/a

A >

3.35.  [ycosh(ay)dy
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3.35.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

of steps used = 6, number of rules used = 6, Bumber of rules _ 4 554 Ryles used = {3042,

integrand size
3777, 26, 3042, 26, 3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ y cosh(ay) dy
| 3042
/ysin (g + z'ay) dy
| 3777
ysinh(ay) 4 [ —isinh(ay)dy
a a
| 26
ysinh(ay) [ sinh(ay)dy
a a
| 3042

ysinh(ay) [ —isin(iay)dy
a a
| 26

ysinh(ay) L i [ sin(iay)dy
a a

l 3118

ysinh(ay)  cosh(ay)
a a?

input LInt [y*Cosh[a*y] ,y]

-/

output ‘ -(Cosh[axy]/a~2) + (y*Sinh[axy])/a

3.35.  [ycosh(ay)dy



rule 26

rule 3042

rule 3118

rule 3777
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3.35.3.1 Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + f*x], x], x] /; FreeQ[{c, 4, e, £}, x] && GtQ[m, O]

3.35.4 Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

method result size
derivativedivides | ¥ Sinh(%g; cosh(ay) 19
default y“Sinh(a?il)z—cosh(ay) 19
parts _coszgay) + ysinz(ay) 2
parallelrisch % 97
risch (ay;alQ)e“y _ (aygz);—ay 39
meijerg ARt RR ) | g

input tint (y*cosh(a*y) ,y,method=_RETURNVERBOSE)

-

output ti/a‘2* (y*a*sinh(a*y)-cosh(a*y))

3.35.  [ycosh(ay)dy

—
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3.35.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.95

inh — cosh
/ y cosh(ay) dy = ay sin (ay)2 cosh (ay)
a
input‘integrate(y*cosh(a*y),y, algorithm="fricas") J
outputt(a*y*sinh(a*y) - cosh(axy))/a~2 J

3.35.6 Sympy [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.05

ysinh (ay) Cosl:ﬂ(ay) for a % 0

/ y cosh(ay) dy = “

2 .
% otherwise

input Lintegrate (y*cosh(ax*y),y) J

-

output LPiecewise((y*sinh(a*y)/a - cosh(ax*y)/a**2, Ne(a, 0)), (y**2/2, True))

~—

3.35.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 57 vs. 2(19) = 38.

Time = 0.18 (sec) , antiderivative size = 57, normalized size of antiderivative = 3.00

1 ((a2y2 — 2ay + 2)e@) N (®y*+2ay + 2)6(_“y)>

1 2
ycosh(ay) dy = =y cosh (ay) — = a
/CS( ) 2 cosh (ay) 4 a? a?

-/

input Lintegrate (y*cosh(a*y),y, algorithm="maxima")

output‘ 1/2*%y~2*cosh(axy) - 1/4*ax((a”2xy~2 - 2%axy + 2)xe”(a*xy)/a"3 + (a™2xy~2 + ‘
2%axy + 2)*e”(-axy)/a"3)

N\ J

3.35.  [ycosh(ay)dy
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3.35.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.58

(ay —1)e®)  (ay + 1)el-)
/ y cosh(ay) dy = 54 — 542

-

input Lintegrate (y*cosh(a*y),y, algorithm="giac")

~—

output L1/2*(a*y - 1)*e~(a*xy)/a~2 - 1/2x(axy + 1)*xe”(-axy)/a"2

3.35.9 Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.95

__cosh(ay) — aysinh(ay)

/ y cosh(ay) dy =

a2

-

input Lint (y*cosh(a*y),y)

~—/

output L— (cosh(axy) - axy*sinh(axy))/a"2

~—

3.35.  [ycosh(ay)dy
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3.36 [ e 'tdt

3.36.1 Optimalresult . . . ... .. ... . .. .. 300
3.36.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 300
3.36.3 Rubi [A] (verified) . . . . . . ... ...
3.36.4 Maple [A] (verified) . . . ... . ... ... ...
3.36.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.36.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... .
3.36.7 Maxima [A] (verification not implemented) . .. ... ... ... ......
3.36.8 Giac [A] (verification not implemented) . . . .. .. ... ... .......
3.36.9 Mupad [B] (verification not implemented) . . ... ... ... ... .....

3.36.1 Optimal result

Integrand size = 7, antiderivative size = 16

/e_tt dt = —e P — e

output L-l/exp(t)-t/exp(t) J

3.36.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.69

/e"tt dt =e'(—1—1)

input ‘ Integrate[t/E"t,t]

output‘ (-1 - ©)/E"t

3.36. [e'tdt



input

output

rule 2607

rule 2624
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3.36.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 996 Ryjles used = {2607,

’ integrand size
2624}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ e ttdt

l 2607

/ e tdt —e 't

l 2624

—ett—et

-

LInt [t/E~t,t]

L—E‘(-t) - t/E"t

3.36.3.1 Defintions of rubi rules used

~— -/

Int [((b_)*(F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d#*x) m*x((b*xF~(g*(e + f*x))) n/(f*g*n*LoglF])),
x] - Simp[d*(m/(fxg*n*Logl[F])) Int[(c + d*x)~(m - 1)*(b*xF~(gx(e + £*x)))~
n, x], x] /; FreeQ[{F, b, c, d, e, £, g, n}, x] && GtQ[m, 0] && IntegerQ[2*
m] && !TrueQ[$UseGamma]

Int[((F_)"(v_))"(n_.), x_Symbol] :> Simp[(F~v) n/(n*Logl[F]*D[v, x]), x] /;
FreeQ[{F, n}, x] &% LinearQ[v, x]

3.36. [e'tdt
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3.36.4 Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.62

method result size
gosper —(1+t)e?t |10
norman (-1—t)et | 11
risch (-1—t)et | 11
parallelrisch | (—1 —t) e_t 11
meijerg 1— (2+2t) 14
default —et—tet |15

input Lint (t/exp(t),t,method=_RETURNVERBOSE)

output L-(1+t) /exp(t)

3.36.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.56

/ ettdt = —(t+ 1)

inputtintegrate(t/exp(t),t, algorithm="fricas")

output L— (t + D*e”(-t)

3.36.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.44

/e‘tt dt =(—t—1)e™*

input Lintegrate (t/exp(t),t)

—

outputt(—t - 1)*exp(-t)

3.36. [e'tdt



CHAPTER 3. LISTING OF INTEGRALS

303

3.36.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.56

/ e ttdt = —(t+ 1)

inputtintegrate(t/exp(t),t, algorithm="maxima")

output | -(t + 1)*e~(-t)

N\

3.36.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.56

/e‘tt dt = —(t 4+ 1)e?

/

input‘integrate(t/exp(t),t, algorithm="giac")

e—

-

output L—(t + 1)*e”(-t)

-/

3.36.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.56

/ e ‘tdt=—e"(t+1)

input Lint (t*exp(-t),t)

output L—exp(—t)*(t + 1)

3.36. [e'tdt
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3.37 [ V/tlog(t) dt

3.37.1 Optimal result . . . . . . .. . ... 3041
3.37.2 Mathematica [A] (verified) . . . . . . . . ... .o
3.37.3 Rubi [A] (verified) . . . . ... . . . ...
3.37.4 Maple [A] (verified) . . . ... . ... ...
3.37.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.37.6 Sympy [B] (verification not implemented) . . .. ... ... ... ... ... 3061
3.37.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... ...
3.37.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 307
3.37.9 Mupad [B] (verification not implemented) . . . .. ... ... . ... .....

3.37.1 Optimal result

Integrand size = 8, antiderivative size = 21

4432 2
/ Vtlog(t) dt = -5 §t3/2 log(t)

output -4/9%t"(3/2)+2/3%t~(3/2)*1n(t)

3.37.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.71

/\/ilog(t) dt = §t3/2(—2 + 3log(t))

input LIntegrate [Sqrt [t]l*Loglt],t]

~—

output‘ (2%t~ (3/2)* (-2 + 3*Log[t]))/9

3.37.

[ Vtlog(t) dt
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3.37.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ (, 195 Ry jeg ysed = {2741}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Vtlog(t) dt

l 2741

4t3/2

2 3/2
1
3t og(t)

input

Int[Sqrt[t]*Logl[t],t]

N\

output (-4+t~(3/2))/9 + (2+t"(3/2)*Log[t])/3 |

3.37.3.1 Defintions of rubi rules used

rule 2741 Int[((a_.) + Logl(c_.)*(x_)~(n_.)1*(b_.))*((d_.)*(x_))~(m_.), x_Symbol] :>
‘Simp[(d*x)“(m + 1)*((a + b*Loglc*x™n])/(d*(m + 1))), x] - Simp [b*n*((d*x)~( ‘
Lm + 1)/(d*(m + 1)°2)), x] /; FreeQ[{a, b, ¢, d, m, n}, x] && NeQ[m, -1] J

3.37.4 Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.67

method result size
3 3
derivativedivides | — 4’% + %QTIH@) 14
3 3
4t2 2t2 In(t)
default -5 + —3 14
3 3
. 42 2t2 In(¢)
risch -5 + —3 14
input Lint (In(t)*t~(1/2) ,t,method=_RETURNVERBOSE) J

3.37.  [/tlog(t)dt
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output -4/9+t"(3/2)+2/3%t"(3/2)*1n(t)

3.37.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.67

/\/Z‘log(t) dt = g (3tlog () — 26)VE

-

input Lintegrate (log(t)*t~(1/2),t, algorithm="fricas")

~—

output L2/9*(3*t*log(t) - 2xt)*sqrt(t)

3.37.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 105 vs. 2(19) = 38.
Time = 0.92 (sec) , antiderivative size = 105, normalized size of antiderivative = 5.00

(

3 1 3 3
a2 lgg(;) 4 2los) _ st for ﬁ <IAJtl<1
2t%130g(t) _ % for |t| <1
3
/\/Elog(t) dt = _2t2 lgg(%) _ % for L <1

It
1 55 55 1
2,1 272 03[ 202 .
—G3js 53 t] +Gss 53 0 t | otherwise
L 272 2729

input Lintegrate (In(t) *t**x(1/2),t)

-/

output Piecewise((-2*t**(3/2)*log(1/t)/3 + 2*t**(3/2)*Llog(t)/3 - 8xt*x(3/2)/9, (A

bs(t) < 1) & (1/Abs(t) < 1)), (2%t**(3/2)*Llog(t)/3 - 4*t**(3/2)/9, Abs(t)
< 1), (-2xt*x(3/2)*1log(1/t)/3 - 4*t**(3/2)/9, 1/Abs(t) < 1), (-meijerg(((1

,), (6/2, 5/2)), ((3/2, 3/2), (0,)), t) + meijerg(((5/2, 5/2, 1), O), (O
, (3/2, 3/2, 0)), t), True))

3.37.  [/tlog(t)dt



CHAPTER 3. LISTING OF INTEGRALS 307

3.37.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

3
2

/\/ilog(t) dt = §t3 log (t) — gt

input Lintegrate (log(t)*t~(1/2),t, algorithm="maxima")

-

output

2/3%t~(3/2)*log(t) - 4/9*t~(3/2)

N\

3.37.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

Njw

/\/Elog(t) dt = gtg log (t) — gt

inputLintegrate(log(t)*t‘(1/2),t, algorithm="giac")

p >

-

output L2/3*t‘(3/2)*log(t) - 4/9%t~(3/2)

~—

3.37.9 Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.43

2t3/2 (In (¢) — 2)
3

/ Vtlog(t) dt =

input Lint (£~ (1/2)*Llog(t) ,t)

outputt(2*t"(3/2)*(log(t) - 2/3))/3

3.37.  [/tlog(t)dt



CHAPTER 3. LISTING OF INTEGRALS 308

3.38 [ z cos(2z) dz

3.38.1 Optimalresult . . . . .. .. ... . ... 308]

3.38.2 Mathematica [A] (verified) . . . . . .. ... .. ... Lo oL

3.38.3 Rubi [A] (verified) . . . . . ... ... 309

3.38.4 Maple [A] (verified) . . . ... . ... ... ... B10

3.38.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. B11]

3.38.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... 3111

3.38.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... B1T1]

3.38.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 312

3.38.9 Mupad [B] (verification not implemented) . . . .. ... ... ... .....

3.38.1 Optimal result

Integrand size = 6, antiderivative size = 18

1 1
/x cos(2z) dx = 2 cos(2z) + 3% sin(2x)

outputL1/4*cos(2*x)+1/2*x*sin(2*x) J

3.38.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

1
/x cos(2z) dx = 1 cos(2z) + %z sin(2z)

input ‘ Integrate [x*Cos[2*x] ,x] ‘

output ‘ Cos[2*x]/4 + (x*Sin[2#x])/2 ‘

3.38.  [zcos(2z)dz
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3.38.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , ¢33 Ry jjeq ysed = {3042,

integrand size
3777, 25, 3042, 3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/wcos(Zm) dz
| 3042
, s
/wsm (2x + 5) dz
| 3777
1 . 1.
3 / —sin(2z)dz + 3% sin(2z)

| 25

%x sin(2z) — ;/sin(2w)dx
| 3042

1 1 ]

5% sin(2x) — 3 / sin(2x)dz
| 3118

1 1
% sin(2z) + 1 cos(2x)

input LInt [x*Cos [2*x] ,x]

output ‘ Cos[2%x]/4 + (x*Sin[2*x])/2

3.38.  [zcos(2z)dz
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3.38.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3118 | Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

rule 3777‘Int[((c_.) + (d_)*(x)) " (m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
‘—(c + d*x) "m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
‘os[e + £*x], x1, x] /; FreeQl{c, d, e, £}, x] & GtQ[m, 0]

3.38.4 Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

method result size
derivativedivides Cosffx) + ”in;zx) 15
default cosffw) + ””Sin;%) 15
risch cosffz) n a:si112(2z) 15
parts cosizz) n :csin2(2z) 15
norman % 16
parallelrisch “ir;@m) + Cosffz) + % 16
meijerg \/7?(_%4-%4-%‘/?@) 30

input Lint (x*cos (2%x) ,x,method=_ RETURNVERBOSE)

output L1/4*cos (2%x)+1/2*%x*sin (2%x)

3.38.  [zcos(2z)dz
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3.38.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

1 1
/x cos(2z) dx = 5% sin (2z) + 1 o8 (2z)

inputLintegrate(x*cos(Q*x),x, algorithm="fricas")

-

output | 1/2*x*sin(2*x) + 1/4*cos(2*x)

N\

3.38.6 Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

zsin (2z)  cos(2x)

/z cos(2x) dx = 5 + 1

input Lintegrate (x*cos (2*x) ,x)

~—

-

output | x*sin(2%x)/2 + cos(2*x)/4

N\

i

3.38.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

1 1
/a:cos(Qac) dr = 5 zsin (2z) + 4 o8 (2x)

input Lintegrate (x*cos(2*x) ,x, algorithm="maxima")

~—

-

output Ll/z*x*sin(Z*x) + 1/4*cos (2*x)

-/

3.38.  [zcos(2z)dz
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3.38.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

1 1
/x cos(2z) dx = 5% sin (2z) + 1 o8 (2z)

input Lintegrate (x*cos(2*x) ,x, algorithm="giac")

)
output | 1/2*x*sin(2*x) + 1/4*cos(2*x)

N\

3.38.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

/xcos(2x) dp = 8 512 x) L7 sm2(2 x)

input Lint (x*cos (2*x) ,x)

~—

.
output | cos(2*x)/4 + (x*sin(2%x))/2

N\

i

3.38.  [zcos(2z)dz
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3.39 [e*z?dz

3.39.1 Optimalresult . . . . . . ... ... .. 313l
3.39.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 313
3.39.3 Rubi [A] (verified) . . . . . . ... .. 314
3.39.4 Maple [A] (verified) . . . .. .. ... ...
3.39.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.39.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 3151
3.39.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 316
3.39.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 316
3.39.9 Mupad [B] (verification not implemented) . . ... ... ... ... .....

3.39.1 Optimal result

Integrand size = 9, antiderivative size = 26

/e‘””ac2 dx = —2¢™® — 2e % — e 1

outputL-2/exp(x)-2*x/exp(x)-x“2/exp(x)

3.39.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.62

/e_”"x2 dr = e"""(—2 —2r — x2)

input ‘ Integrate [x~2/E"x,x]

output\ (-2 - 2%x - x"2)/E"x

3.39.

[ e*z?dx
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3.39.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.12, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 333 Ry j0q yged = {2607,
integrand size
2607, 2624}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ e *x?dx

l2m7
2/e_$wdac —e Ty
lZ&W

2 </ e dx — e_m:v> —e 7y

l 2624

2(—6_”% — e_z) — e %2

input LInt [x~2/E°x,x]

e

outputt—(x‘2/E‘x) + 2%(-E~(-x) - x/E"x)

rule 2607

rule 2624

~—

3.39.3.1 Defintions of rubi rules used

Int[((b_.)*(F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(gx(e + f*x))) n/(f*g*n*Log[F]l)),
x] - Simp[d*(m/(f*g*n*Logl[F])) Int[(c + d*x)"(m - 1)*(b*F~(g*(e + £*x)))~
n, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] & GtQ[m, 0] && IntegerQ[2*
m] && !TrueQ[$UseGammal

Int[((F_)"(v_))"(n_.), x_Symbol]l :> Simp[(F~v) n/(n*Log[F1*D[v, x]1), x] /;
FreeQ[{F, n}, x] && LinearQ[v, x]

3.39. [ e*z?dx
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3.39.4 Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.58

method result size
gosper —(z2+2x+2)e® 15
norman (—2? — 2z —2)e® 16
risch (—2? — 2z —2)e™® 16
parallelrisch | (—z? — 2z —2)e™® 16
meijerg p R ) 19
default —2e® —2zxe® — 1% " | 24

input Lint (x~2/exp(x) ,x,method=_RETURNVERBOSE)

—

output L— (x~2+2%x+2) /exp (x)

3.39.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.54

/e_mx2 dr = — (z2 +2x+ 2)6(_“)

inputtintegrate(x‘2/exp(x),x, algorithm="fricas")

outputL—(x‘2 + 2%x + 2)*e”(-x)

3.39.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.46

/e_””x2 dz = (-2 -2z —2)e™*

input Lintegrate (x**2/exp (x) ,X)

—

outputt(—x**Q - 2%x - 2)*exp(-x)

3.39. [ e*z?dx
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3.39.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.54

/e_zx2 dr = — (z2 +2x+ 2)6(_z)

inputLintegrate(x“Q/exp(x),x, algorithm="maxima")

.
-(x"2 + 2%x + 2)*e~(-x)

N\

output

3.39.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.54

/e_””a:2 de=—(z*+2z+ 2)6(_"’)

/

input‘integrate(x‘2/exp(x),x, algorithm="giac")

p >

-

output L—(XAQ + 2xx + 2)*e”(-x)

~—

3.39.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.54

/e_””av2 dz = —e* (2" + 22 +2)

input Lint (x~2*exp(-x) ,x)

outputt—exp(—x)*(2*x + x72 + 2)

3.39. [ e*z?dx
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3.40

3.40.1
3.40.2
3.40.3
3.40.4
3.40.5
3.40.6
3.40.7
3.40.8
3.40.9

Optimal result

[ arccos(z) dz

Mathematica [A] (verified) . . . . . . . . . .. ...
Rubi [A] (verified) . . . . . . . . . ..
Maple [A] (verified) . . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ..
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ..
Maxima [A] (verification not implemented) . . . . ... ... ... ... ..
Giac [A] (verification not implemented) . . . .. ... ... ... .. ....
Mupad [B] (verification not implemented) . . . .. ... ... ... .....

3.40.1 Optimal result

Integrand size = 2, antiderivative size = 18

/ arccos(z) dz = —v'1 — 22 4+ x arccos(x)

219
219
219
320
320
220

output Lx*arccos (x)-(-x"2+1)"(1/2)

3.40.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/arccos(x) dx = —V'1 — z2 + x arccos(z)

input ‘ Integrate[ArcCos[x],x]

output‘ -Sart[1 - x72] + x*ArcCos[x]

3.40.

| arccos(z) dz
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3.40.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 2, number of rules used = 2, Bumber of rules _ 4 554 Ryles used = {5131,

integrand size
241}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ arccos(x) dz

J,5131

dx + x arccos(z)

| 7=
l 241

xarccos(z) — /1 —x2

input LInt [ArcCos[x] ,x]

outputL—Sqrt [1 - x72] + x*ArcCos[x]

3.40.3.1 Defintions of rubi rules used

rule 241‘Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x"2)"(p + 1)/
(2%bx(p + 1)), x]1 /; FreeQl{a, b, p}, x] & NeQ[p, -1]

rule 5131‘ Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*Ar
‘cCos [c*x])"n, x] + Simp[b*c*n Int[x*((a + b*ArcCos[c*x])"(n - 1)/Sqrt[1 -
‘ c™2%x72]), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, 0]

3.40.  [arccos(z)dz



CHAPTER 3. LISTING OF INTEGRALS 319

3.40.4 Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

method | result size
lookup | zarccos(z) —v—z2+1 | 17
default | zarccos(z) —v—z2+1 | 17
parts zarccos () —vV—x2+1 | 17

inputtint(arccos(x),x,method=_RETURNVERBDSE)

-

outputtx*arccos(x)-(—x“2+1)“(1/2)

e—

3.40.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/ arccos(z) dr = xarccos (z) — vV —x2 + 1

input Lintegrate (arccos(x) ,x, algorithm="fricas")

outputtx*arccos(x) - sqrt(-x"2 + 1)

3.40.6 Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.67

/arccos(:c) dx = xacos () — V1 — z?

input Lintegrate (acos(x) ,x)

output

x*acos(x) - sqrt(l - x**2)

N\

3.40.  [arccos(z)dz
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3.40.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/ arccos(z) dr = x arccos (z) — vV —z2+1

inputLintegrate(arccos(x),x, algorithm="maxima")

-

output

x*arccos(x) - sqrt(-x~2 + 1)

N\

3.40.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/ arccos(z) dr = xarccos (x) — vV—z2+1

/

input‘integrate(arccos(x),x, algorithm="giac")

~—  /

p
output Lx*arccos(x) - sqrt(-x"2 + 1)

~—

3.40.9 Mupad [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/ arccos(z) dz = zacos(z) — V1 — z?

input Lint (acos(x),x)

outputtx*acos(x) - (1 -x"2)"(1/2)

3.40.  [arccos(z)dz
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3.41 [ zcsc?(z) dz

3.41.1 Optimal result . . . . .. .. . .. . 321
3.41.2 Mathematica [A] (verified) . . . . . . . .. ... .. L o B21]
3.41.3 Rubi [A] (verified) . . . . . . ... ..
3.41.4 Maple [A] (verified) . . . ... . ... .. B23
3.41.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... 324
3.41.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... .
3.41.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ..
3.41.8 Giac [B] (verification not implemented) . . . .. ... ... ... ...... 325
3.41.9 Mupad [B] (verification not implemented) . . . .. ... ... ... .....

3.41.1 Optimal result

Integrand size = 6, antiderivative size = 9

/x csc?(z) dx = —z cot(x) + log(sin(z))

outputL-x*cot(x)+ln(sin(x))

3.41.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

/a: csc?(x) dr = —z cot(z) + log(sin(z))

input ‘ Integrate [x*Csc[x]"2,x]

output ‘ -(x*Cot [x]) + Logl[Sin[x]]

341.  [zcsc?(z)dz
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3.41.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , ¢33 Ry jeq ysed = {3042,

integrand size
4672, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 2 osc¥(z) dz
| 3042
/ 2 csc(z)2dz
| 4672
/ cot(z)dz — z cot(z)
| 3042
/ —tan (z + g) dz — z cot(z)
| 25
- /tan (z+75) do— zcot(x)

l 3956

log(sin(z)) — x cot(z)

input LInt [x*Csc[x]~2,x]

-

output L— (x*Cot [x]) + Log[Sin[x]]

~—

341.  [zcsc?(z)dz
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3.41.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 | Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]

ruka4672‘lnt[csc[(e_.) + (f_)*(x_)]172%((c_.) + (@_.)*(x_))"(m_.), x_Symbol] :> Simp
‘[(-(c + d*x) "m)*(Cot[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)
‘*Cot[e + fxx], x], x] /; FreeQ[{c, d, e, £}, x] && GtQ[m, O]

3.41.4 Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.11

method result size
default —z cot (z) + In (sin (z)) 10

parallelrisch | —In <m> + In (csc (z) — cot (z)) — x cot (z) | 26
risch -2z — 22~ 4+ In (¥ — 1) 27

z m(tan2(%))
norman _5+—2) —In(1+tan® (%)) +1In(tan (%)) |38

tan(%

input Lint (x*csc(x)"~2,x,method=_RETURNVERBOSE)

output L—x*cot (x)+1n(sin(x))

341.  [zcsc?(z)dz
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3.41.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 20 vs. 2(9) = 18.

Time = 0.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 2.22

z cos (z) — log (3 sin (z)) sin (z)

/xcch(a:) de = —

sin (z)

-/

B
input Lintegrate (x*csc(x)~2,x, algorithm="fricas")

~—

outputt—(x*cos(x) - log(1/2*sin(x))*sin(x))/sin(x)

3.41.6 Sympy [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.89

/:v csc?(x) dr = —z cot () + log (sin (x))

-/

input Lintegrate (x*csc(x)**2,x)

output‘ -x*cot(x) + log(sin(x)) ‘

3.41.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 104 vs. 2(9) = 18.

Time = 0.19 (sec) , antiderivative size = 104, normalized size of antiderivative = 11.56

/xcsc2(x) dx
(cos (2x)? + sin (22)* — 2 cos (2x) + 1) log (cos () + sin (z)* + 2 cos () + 1) + (cos (2z)° + sin (2x)
2 (cos (2z)* +sin (22)* — 2 cos (2z)

p
inputLintegrate(x*csc(x)“Q,x, algorithm="maxima")

-/

output| 1/2#((cos(2%x)"2 + sin(2%x)"2 - 2%cos(2%x) + 1)*log(cos(x)"2 + sin(x)"2 +
‘2*cos(x) + 1) + (cos(2#x)72 + sin(2*x) "2 - 2*cos(2*x) + 1)*log(cos(x)"2 +
‘sin(x)‘2 - 2xcos(x) + 1) - 4*x*sin(2x*x))/(cos(2*x)~2 + sin(2*x)~2 - 2*cos(
‘Q*X) + 1)

ERI———.——.,

341.  [zcsc?(z)dz
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3.41.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 52 vs. 2(9) = 18.

Time = 0.31 (sec) , antiderivative size = 52, normalized size of antiderivative = 5.78

1 2 16 tan(lx)2
Z tan (5 .’E) + log (tan(éz)4+2 tzn(%m)2+1 tan (

N[ =

z) -z

/x csc?(x) dx =

2 tan (% z)

-

input‘integrate(x*csc(x)“2,x, algorithm="giac")

~—

output ‘{1/2*(x*tan(1/2*x)“2 + log(16*tan(1/2*x)~2/(tan(1/2%x)~4 + 2*tan(1/2*x)"2 +
- 1))*tan(1/2*x) - x)/tan(1/2%x)

~

3.41.9 Mupad [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 9, normalized size of antiderivative = 1.00

/x csc?(x) dr = In (sin (z)) — z cot(x)

input Lint (x/sin(x)"2,x)

outputtlog(sin(x)) - x*cot(x)

341.  [zcsc?(z)dz
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3.42

3.42.1
3.42.2
3.42.3
3.42.4
3.42.5
3.42.6
3.42.7
3.42.8
3.42.9

Optimal result . . . . . . .. . .. ..
Mathematica [A] (verified) . . . . . . ... ... Lo oo
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . . . .
Fricas [A] (verification not implemented)
Sympy [B] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)

3.42.1 Optimal result

Integrand size = 9, antiderivative size = 17

/ cos(bz) sin(3z) dr = 1

| cos(5z) sin(3z) dzx

4

cos(2x)

1
~ 16 cos(8z)

326
3261

023)

229
229

output L1/4*cos (2*x)-1/16*cos (8*x)

3.42.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

/ cos(5x) sin(3z) dz =

cos?(x)

2

1

16

cos(8z)

-

input LIntegrate [Cos [6*x] *Sin [3*x] ,x]

| —

output LCos [x]"2/2 - Cos[8%*x]/16

3.42.

| cos(5z) sin(3z) dz



input

output

rule 3042

rule 4772
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3.42.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 999 Ryjjeg ysed = {3042,
integrand size
4772)

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin(3z) cos(5z) dz
| 3042

/ sin(3z) cos(5z)dz
l 4772

1
1 cos(2z) — T cos(8z)

‘ Int [Cos [65*x]*Sin[3*x] ,x]

r

LCos [2%x]/4 - Cos[8%x]/16

3.42.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(c_.) + (d_.)*(x_)]l*sin[(a_.) + (b_.)*(x_)], x_Symbol] :> Simp[-Cos
[a-c+ (b-d)x*x]/(2x( - d)), x] - Simp[Cos[a + c + (b + d)*x]1/(2*x(b + d
)), x] /; FreeQ[{a, b, c, d}, x] && NeQ[b~2 - 42, 0]

342. [ cos(5z)sin(3z) dz

| —
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3.42.4 Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

method result size
cos(2z) cos(8z)
default =~ 15 14
. cos(2z) cos(8z)
risch Y~ 15 14
. 3 (2—cos(6z)) cos(2x) cos(4x)
parallelrisch | —3 + 5 + 5 23
_ 3(tan2 (%})) _ 3(tan2 (57‘7“)) +5tan(§}) tan(%)
8 8 4
norman (1+tan? () (1+tan2 (%)) 49

inputLint(cos(S*x)*sin(B*x),x,method=_RETURNVERBOSE)

output‘1/4*cos(2*x)—1/16*cos(8*x)

3.42.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.47

/cos(5x) sin(3z) dz = —8 cos (z)® 4 16 cos (z)® — 10 cos (z)* + g cos (z)°

inputLintegrate(cos(5*x)*sin(3*x),x, algorithm="fricas")

output L—S*cos(x)"s + 16*cos(x) "6 - 10*cos(x)"4 + 5/2*cos(x) "2

3.42.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 26 vs. 2(12) = 24.

Time = 0.13 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.53

/ cos(5z) sin(3z) dz — 5sin (3x1)631n (5x) 4 3 cos (3x1)6cos (5z)

input Lintegrate (cos(5*x)*sin(3*x) ,x)

—

output LS*sin(B*x) *sin(5*x) /16 + 3*cos(3*x)*cos(5*x)/16

342. [ cos(5z)sin(3z) dz
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3.42.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/cos(5z) sin(3z) dz = —% cos (8z) + 411 cos (2)

inputLintegrate(cos(5*x)*sin(3*x),x, algorithm="maxima")

-

output | -1/16*cos(8*x) + 1/4*cos(2*x)

N\

3.42.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/cos(5x) sin(3z) dz = —% cos (8z) + }1 cos (2)

/

input‘integrate(cos(5*x)*sin(3*x),x, algorithm="giac")

~—  /

-

output L—1/16*cos(8*x) + 1/4*cos(2#*x)

~—

3.42.9 Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

) _cos(2x) cos(8x)
/cos(5sc) sin(3z) dx = TEET:

input Lint (cos (5*x)*sin(3*x) ,x)

A >

-

output LCOS(Q*X)M - cos(8*x)/16

-/

342. [ cos(5z)sin(3z) dz
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3.43 [ sin(2z) sin(4z) dzx

3.43.1 Optimalresult . . . . . . .. . ... . 330
3.43.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL 330
3.43.3 Rubi [A] (verified) . . . . . . .. .. 331
3.43.4 Maple [A] (verified) . ... ... ... ..
3.43.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.43.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... .
3.43.7 Maxima [A] (verification not implemented) . .. ... ... ... .. ... ..
3.43.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 333
3.43.9 Mupad [B] (verification not implemented) . . ... ... ... ... .....

3.43.1 Optimal result

Integrand size = 9, antiderivative size = 17

1 1
/sin(2x) sin(4z) dz = 2 sin(2z) — D sin(6z)

output L1/4*sin(2*x)-1/12*sin(6*x) J

3.43.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

/sin(2x) sin(4x) dz = isin(2x) - 1—12 sin(6x)

input ‘ Integrate [Sin[2*x]*Sin[4*x] ,x]

output \ Sin[2*x]/4 - Sin[6%*x]/12

3.43.  [sin(2z)sin(4z) dz



input

output

rule 3042

rule 4770
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3.43.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 999 Ryjjeg ysed = {3042,

integrand size
4770}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin(2z) sin(4z) dz
| 3042

/ sin(22) sin(4z)dz
| 4770

1

. 1 .
1 sin(2z) — D sin(6x)

‘ Int [Sin[2*x]*Sin[4*x] ,x]

r

Lsm [2%x]/4 - Sin[6%x]/12

| —

3.43.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(a_.) + (b_.)*(x_)]*sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[
a-c+ (b-ad)x*x]1/(2%( - d)), x] - Simp[Sin[a + ¢ + (b + d)*x]/(2x(b + d)
), x] /; FreeQ[{a, b, c, d}, x] && NeQ[b~2 - d~2, 0]

3.43.  [sin(2z)sin(4z) dz
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3.43.4 Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.53

method result size
derivativedivides m 9
default (Singézw)) 9

. in(2z) in(6z)
risch S 14

: in(2z) in(6z)
parallelrisch e 14
2 tan(z) (tan2(2z)) B (tanz(z)) tan(22) 3 an(a) 4 tan(2z)

norman (e’ (@) (1T tan?(22)) 51

inputLint(sin(2*x)*sin(4*x),x,method=_RETURNVERBOSE)

output ti/S*sin(2*x) ~3

3.43.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

/sin(Zx) sin(4z) dz = —% (cos (2z)% — 1) sin (2z)

input Lintegrate (sin(2*x)*sin(4#x),x, algorithm="fricas")

output L—1/3*(COS(2*X)A2 - 1)*sin(2#*x)

3.43.6 Sympy [A] (verification not implemented)
Time = 0.13 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.29

/ sin(2z) sin(4z) dz = _sin (23:)3003 (4z) N sin (4z)6cos (2z)

input Lintegrate (sin(2*x)*sin(4*x) ,x)

output L—sin(2*x)*cos(4*x)/3 + sin(4*x)*cos(2%*x)/6

3.43.  [sin(2z)sin(4z) dz
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3.43.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/sin(2x) sin(4z) dx = —% sin (6 ) + le sin (2 )

inputLintegrate(sin(2*x)*sin(4*x),x, algorithm="maxima")

-

output | -1/12*sin(6*x) + 1/4*sin(2*x)

N\

3.43.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.47

: . L. 3
/sm(?x) sin(4z) dz = 3 sin (2x)

/

input‘integrate(sin(2*x)*sin(4*x),x, algorithm="giac")

~—  /

-

output L1/3*sin(2*x) -3

~—

3.43.9 Mupad [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

) _ _sin(2z) sin(62)
/sm(2z) sin(4z) dz = i 19

inputLint(sin(2*x)*sin(4*x),x)

A >

-

0utputtsin(2*x)/4 - sin(6%x)/12

-/

3.43.  [sin(2z)sin(4z) dz
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3.44 | cos(x) log(sin(z)) dz

3.44.1 Optimalresult . . . . . . . . . .. [3341
3.44.2 Mathematica [A] (verified) . . . . . .. .. ... L oo 334
3.44.3 Rubi [A] (verified) . . . . . ... ..
3.44.4 Maple [A] (verified) . ... ... ... ..
3.44.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.44.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 3361
3.44.7 Maxima [A] (verification not implemented) . . ... .. ... ... .. ... .. 337
3.44.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... B3
3.44.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ... .. B37

3.44.1 Optimal result

Integrand size = 6, antiderivative size = 11

/ cos(z) log(sin(x)) dz = —sin(x) + log(sin(z)) sin(x)

outputL-sin(x)+1n(sin(x))*sin(x)

3.44.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/cos(x) log(sin(z)) de = —sin(z) + log(sin(x)) sin(x)

input ‘ Integrate[Cos[x]*Log[Sin[x]],x]

output ‘ -Sin[x] + Log[Sin[x]]*Sin[x]

3.44. [ cos(z)log(sin(z)) dz



input

output

rule 3034

rule 3042

rule 3117
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3.44.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 554 Ryles used = {3034,
integrand size
3042, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cos(z) log(sin(z)) do
| 3034
sin(z) log(sin(z)) — / cos(z)dz
| 3042
sin(z) log(sin(z)) — / sin (247 ) da

l 3117

sin(z) log(sin(x)) — sin(z)

LInt [Cos[x]*Log[Sin[x]],x]

L—Sin[x] + Log[Sin[x]1*Sin[x]

3.44.3.1 Defintions of rubi rules used

‘ Int[Loglu_l*(v_), x_Symbol] :> With[{w = IntHidel[v, x]}, Simp[Log[u]l w, x
‘ ] - Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w,
‘ x]] /; InverseFunctionFreeQ[u, x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

3.44. [ cos(z)log(sin(z)) dz
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3.44.4 Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

method result
parallelrisch (In (sin (z)) — 1) sin (z)
derivativedivides | —sin (z) + In (sin (z)) sin (x)
default —sin (z) + In (sin (x)) sin (z)
2tan(%) n < 1::’2(%)) > -2 tan(%)
norman Trtan?(2)
. i\ s e | e—i®x e @csgn(sin(x))? csgn(ie"*)m  e~i® csgn(isin(x)) csgn(sin(z))w
risch —In (") sin (z) — <& + == — i - & ra—
inputLint(cos(x)*ln(sin(x)),x,method=_RETURNVERBOSE) J
output t(ln(sin(x))-l)*sin(x) J

3.44.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/ cos(z) log(sin(x)) dz = log (sin (z)) sin () — sin ()

input‘integrate(cos(x)*log(sin(x)),x, algorithm="fricas") ‘

output Llog(sin(x))*sin(x) - sin(x) J

3.44.6 Sympy [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

/ cos(z) log(sin(x)) dz = log (sin (z)) sin (z) — sin (x)

input Lintegrate(cos (x)*1n(sin(x)) ,x) J

output Llog(sin(x))*sin(x) - sin(x) J

3.44. [ cos(z)log(sin(z)) dz
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3.44.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/ cos(z) log(sin(x)) dz = log (sin (z)) sin () — sin (x)

inputLintegrate(cos(x)*log(sin(x)),x, algorithm="maxima")

-

output

log(sin(x))*sin(x) - sin(x)

N\

3.44.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/ cos(z) log(sin(x)) dz = log (sin (z)) sin (z) — sin ()

inputLintegrate(cos(x)*log(sin(x)),x, algorithm="giac")

~—  /

-

output Llog(sin(x))*sin(x) - sin(x)

~—

3.44.9 Mupad [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

/cos(x) log(sin(z)) dz = sin (z) (In (sin (z)) — 1)

input Lint (log(sin(x))*cos(x),x)

output Lsin(x)*(log(sin(x)) - 1)

3.44. [ cos(z)log(sin(z)) dz
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z2,..3

3.45 [ ez’ dx

3.45.1 Optimal result . . . . . . . . . . ...
3.45.2 Mathematica [A] (verified) . . . . . . . . .. ...
3.45.3 Rubi [A] (verified) . . . . . ... .. 339
3.45.4 Maple [A] (verified) . . . ... . ... ... 3401
3.45.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 340
3.45.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . B41]
3.45.7 Maxima [A] (verification not implemented) . . . ... ... ... ... ... .. 34T]
3.45.8 Giac [A] (verification not implemented) . . . ... ... ... ... .. .. .. 341
3.45.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... .. 3421

3.45.1 Optimal result

Integrand size = 9, antiderivative size = 22

2

x 1
/ex2x3 dzx = —% + §6x2$2

output L—1/2*exp(x“2)+1/2*exp(x"2) *x"2

3.45.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.64

/e“’2m3 dr = %e’”Q (—1 + 9:2)

input ‘ Integrate [E"x"2%x"3,x]

output‘ (E~x"2%(-1 + x72))/2

3.45.

J e’ 13 dx



input LInt [E~x~2%x"3,x]
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3.45.3 Rubi [A] (verified)
Time = 0.16 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 999 Ryjjeg ysed = {2641,
integrand size
2638}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2
/e’” 22 dz

l 2641
1
*61'2.’1)2 —/ez2:vdx
2
l 2638
1 a?
ik

-/

output\ -1/2*E"x"2 + (E"x"2*x~2)/2

rule 2638

rule 2641

3.45.3.1 Defintions of rubi rules used

Int[(F_)"((a_.) + (b_)*((c_.) + (d_)*(x_)) " (n_))*((e_.) + (£_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(e + f*x)"n*(F~(a + bx(c + d*x)"n)/(b*f*n*(c + d*x)"n
xLog[F1)), x] /; FreeQ[{F, a, b, c, d, e, f, n}, x] && EqQ[m, n - 1] && EqQ
[dxe - c*f, 0]

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_)) (@ ))*((c_.) + (d_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + b*(c + d*x) n)/(b*d*n*L
oglF1)), x] - Simp[(m - n + 1)/(b*n*Log[F]) Int[(c + d*x)"(m - n)*F~(a +
bx(c + d*x)°n), x], x] /; FreeQ[{F, a, b, c, d}, x] && IntegerQ[2*((m + 1)/
n)] & LtQ[0, (m + 1)/n, 5] && IntegerQ[n] && (LtQ[O, n, m + 1] || LtQ[m, n
, 01)

3.45. J e’ 13 dx
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3.45.4

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.55

method result size
m2
gosper (#81)e” 12
: 2 1 x?
risch (% — 5) e 13
.. 1 (—2x2+2) e’”2
meijerg 3~ B 16
derivativedivides | —%- + ¢ 2“’2 17
default — e 17
T (E2
norman -5+ 2”2 17
parallelrisch -5+ 2””2 17
13 erfi(x) _ 2 (76‘T+L%2>
3vm 3 37
erfi(z)/7 x>
parts 5 — 5 46

input Lint (x~3*exp(x~2) ,x,method=_RETURNVERBOSE)

-

output L1/2* (x72-1) *exp(x~2)

e—

3.45.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.50

(m2 — 1) e(@?)

N =

2
/ew 22 dr =

inputLintegrate(exp(x“2)*x”3,x, algorithm="fricas")

outputt1/2*(x”2 - Dxe”(x72)

3.45. J e’ 13 dx
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3.45.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.45

2 z?
/622333 dz = —(z 21) €

inputLintegrate(exp(x**2)*x**3,x)

output L(x**Q - 1)*exp(x*%2)/2

3.45.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.50

2
/e“ 22 dr =

(x2 — 1) e(@®)

DN =

inputLintegrate(exp(x‘2)*x“3,x, algorithm="maxima")

outputt1/2*(x"2 - D*e”(x72)

3.45.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.50

2
/ez 22 dr =

(m2 — 1) e(@?)

N | =

inputLintegrate(exp(x‘2)*x‘3,x, algorithm="giac")

output‘ 1/2%(x7"2 - 1*e”(x72)

3.45. J e’ 13 dx
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3.45.9 Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.50

x? 2 _
/erxg dzr = cw =7 (x2 D)

N

input | int (x~3*exp(x~2),x)

L

~—

-

outputL(exp(x*z)*(x*z - 1))/2

~—

3.45. J e’ 13 dx
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3.46 [ e*(3+2x)dx

3.46.1 Optimalresult . . . . . . .. . ... .. .. 343]
3.46.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL 343
3.46.3 Rubi [A] (verified) . . . . . . .. .. 344
3.46.4 Maple [A] (verified) . . . ... . ... ...
3.46.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 345
3.46.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ...
3.46.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 3461
3.46.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 346
3.46.9 Mupad [B] (verification not implemented) . . . .. ... ... ... .....

3.46.1 Optimal result

Integrand size = 9, antiderivative size = 15

/e””(3 + 2z) dx = —2€” 4 €°(3 + 2z)

outputL-2*exp(x)+exp(x)*(3+2*x)

3.46.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.60

/ez(3 + 2z) dx = €°(1 + 2z)

input ‘ Integrate [E"x*(3 + 2*x),x]

output‘E“x*(l + 2%x)

3.46.

[ e*(3+2z)dx



input

output

rule 2607

rule 2624
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3.46.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 999 Ryjjeg ysed = {2607,

’ integrand size
2624}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ e’ (2 + 3) dx
| 2607
e*(2zx +3) — 2/e$d:c
| 2624

e*(2x + 3) — 2e”

-

LInt [E"x*(3 + 2%x),x]

-/

L—Q*E‘x + E~x*(3 + 2%x)

~—

3.46.3.1 Defintions of rubi rules used

Int [((b_)*(F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d#*x) m*x((b*xF~(g*(e + f*x))) n/(f*g*n*LoglF])),
x] - Simp[d*(m/(fxg*n*Logl[F])) Int[(c + d*x)~(m - 1)*(b*xF~(gx(e + £*x)))~
n, x], x] /; FreeQ[{F, b, c, d, e, £, g, n}, x] && GtQ[m, 0] && IntegerQ[2*
m] && !TrueQ[$UseGamma]

Int[((F_)"(v_))"(n_.), x_Symbol] :> Simp[(F~v) n/(n*Logl[F]*D[v, x]), x] /;
FreeQ[{F, n}, x] &% LinearQ[v, x]

3.46.  [e*(3+2z)dz
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3.46.4 Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.60

method result size
gosper (1+2z)e” 9
default e+ 2e"x 9
norman e’ +2e"x 9
risch (1+2x)e” 9
parallelrisch | €* + 2¢e%x 9
parts e’ +2ex 9
meijerg —1+43e*—(—2x+2)e” | 16

inputtint(exp(x)*(3+2*x),x,method=_RETURNVERBOSE)

outputt(1+2*x)*exp(x)

3.46.5 Fricas [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.53

/em(3 +2z)dr = (2z + 1)€”

p
inputkintegrate(exp(x)*(3+2*x),x, algorithm="fricas")

~—

-

output L(2*x + 1)*e"x

-/

3.46.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.47

/ex(3 +2z)der = (2z+1)€”

input Lintegrate (exp(x) *(3+2%x) ,x)

—

output L(z*x + 1)*exp(x)

3.46.  [e*(3+2z)dz
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3.46.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.80

/em(3+2x)dz =2(zx—1)e"+3¢€"

inputLintegrate(exp(x)*(3+2*x),x, algorithm="maxima")

;
2%(x - 1)*e"x + 3*%e”x

N\

output

3.46.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.53

/em(?) +2z)dx = (2z + 1)e”

/

input‘integrate(exp(x)*(3+2*x),x, algorithm="giac")

p >

-

output LQ*X + 1)*e"x

~—

3.46.9 Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.53

/e$(3+2x)dx =e"(2z+1)

input Lint(exp(x)*(Q*x + 3),x%)

outputtexp(x)*(2*x + 1)

3.46.  [e*(3+2z)dz
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3.47

3.47.1
3.47.2
3.47.3
3.47.4
3.47.5
3.47.6
3.47.7
3.47.8
3.47.9

Optimal result . . . . . . . . . .. ..
Mathematica [A] (verified)

Rubi [A] (verified)
Maple [A] (verified)

[ 5°z dx

Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ..
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ..
Maxima [A] (verification not implemented) . . . . ... ... ... ... ..
Giac [A] (verification not implemented) . . . .. ... ... ... .. ....
Mupad [B] (verification not implemented) . . . .. ... ... ... .....

3.47.1 Optimal result

Integrand size = 5, antiderivative size = 19

/5””xdx=— 5 + gk

log”(5) ~ log(5)

249
249
249
3501
3501
200!

output L—S"x/ln(s) ~2+5~x*x/1n(5)

3.47.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.74

/5% dr =

5%(—1 + zlog(5))

log?(5)

input LIntegrate [67x*x,x]

e

outputL(S"x* (-1 + xxLog[5]))/Logl[5]~2

~—  /

3.47.

f 5%z dx



input

output

rule 2607

rule 2624
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3.47.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 454 Ryles used = {2607,

’ integrand size
2624}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/5%: dx

l 2607
5%x B f5””dx
log(5) log(5)

l 2624

5%z B 5%
log(5) log?(5)

LInt [67"x*x,x]

~—

-

-(567x/Log[5]172) + (57x*x)/Logl[5]

N\

_

3.47.3.1 Defintions of rubi rules used

Int[((b_)*(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(g*(e + £*x))) n/(f*g*n*Logl[F])),
x] - Simp[d*(m/(f*g*n*Logl[F])) Int[(c + d*x)~(m - 1)*(b*F~(gx(e + £*x)))~
n, x], x] /; FreeQ[{F, b, c, d, e, f, g, n}, x] & GtQ[m, O] && IntegerQ[2*
m] && !TrueQ[$UseGamma]

Int[((F_)"(v_))"(n_.), x_Symbol]l :> Simp[(F~v) n/(n*Log[F1*D[v, x]1), x] /;
FreeQ[{F, n}, x] && LinearQ[v, x]

3.47. [ 5°zdz
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3.47.4 Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

method result Size
risch (= lril(lfz)5;1)5w 15
parallelrisch | =505 |19
1 2=2z1n(5)e®n()
meijerg 111(5;2 2
norman zeh® _ h® | o,

In(5) = In(5)

input Lint (5"x*x,x,method=_RETURNVERBOSE)

-

output L (x*¥1n(5)-1)*5"x/1n(5) "2

e—

3.47.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.74

log (5)

input Lintegrate (67x*x,x, algorithm="fricas")

-/

outputt(x*log(S) - 1)*57°x/1log(5) "2

3.47.6 Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.74

/ N G (5)2— 1)
log (5)

input Lintegrate (B**x*x,X)

3.47. [ 5°zdz
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output‘S**x*(x*log(S) - 1)/1log(5)**2

3.47.7 Maxima [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.74

log (5)

B
inputtintegrate(S‘x*x,x, algorithm="maxima")

-/

outputt(x*log(S) - 1)*5"x/1log(5)"2

3.47.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.74

/5””3: dp — (xlog (5) —21)5””
log (5)

inputtintegrate(S“x*x,x, algorithm="giac")

outputt(x*log(S) - 1)*5°x/1og(5) "2

3.47.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.74

input Lint (57x*x,x)

output‘ (57x*(x*1log(5) - 1))/log(5)~2

3.47. [ 5°zdz



CHAPTER 3. LISTING OF INTEGRALS

351

3.48

| cos(log(z)) dz

3.48.1 Optimalresult . . . . . . .. . ... .
3.48.2 Mathematica [A] (verified) . . . . . .. ... .. .. L oo
3.48.3 Rubi [A] (verified) . . . . . . ...
3.48.4 Maple [A] (verified) . . . ... . ... ...
3.48.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.48.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... .
3.48.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ...
3.48.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ......
3.48.9 Mupad [B] (verification not implemented) . . . .. ... ... . ... .....

3.48.1

Optimal result

Integrand size = 3, antiderivative size = 17

/cos(log(a:)) dr = %x cos(log(x)) + %x sin(log(x))

outputL1/2*x*cos(ln(x))+1/2*x*sin(1n(X))

3.48.2

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

/cos(log(z)) dx = %x cos(log(z)) + %x sin(log(z))

input ‘ Integrate[Cos[Log[x]],x]

output ‘ (x*Cos[Log[x]1]1)/2 + (x*Sin[Log[x]1]1)/2

3.48.

J cos(log(z)) dz



input LInt [Cos[Log[x1],x]

output L (x*Cos [Log[x]]1)/2 + (x*Sin[Logl[x]]1)/2

CHAPTER 3. LISTING OF INTEGRALS 352

3.48.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ , 333 Ry jog yged = {4979}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cos(log(z)) dz
| 4979

%x sin(log(z)) + %ac cos(log(x))

3.48.3.1 Defintions of rubi rules used

|Cos[d*(a + b¥Loglc*x™n])1/(b~2%d"2*n~2 + 1)), x] + Simp[bxd*n*x(Sin[dx(a +
| bxLoglc*x™n])1/(b™2%d"2#n"2 + 1)), x] /; FreeQ[{a, b, c, d, n}, x] && NeQ[

rule 4979‘Int[Cos[((a_.) + Log[(c_.)*(x_)"(n_.)I*(b_.))*(d_.)], x_Symbol] :> Simp [x*( \‘
'b72%d"2*n"2 + 1, 0] |

3.48.4 Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.65

method result size
parallelrisch z(cos(ln(w)); sin(ln(2))) 11
z cos(In(zx)) z sin(In(z))
lookup 5 + 3 14
z cos(In(zx)) z sin(In(z))
default 5 + 3 14
risch (-Yzz'+(;+%4zz| 22
input Lint (cos(1n(x)) ,x,method=_ RETURNVERBOSE) J

3.48. [ cos(log(z)) dz
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output ‘ 1/2xx*(cos(1n(x))+sin(1n(x)))

3.48.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/cos(log(x)) dr = %xcos (log (z)) + %xsin (log (x))

input Lintegrate (cos(log(x)),x, algorithm="fricas")

output L1/2*x*cos(log(x)) + 1/2*x*sin(log(x))

3.48.6 Sympy [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

z sin (log (x)) | Feos (log (z))

/ cos(log(z)) dx = 5 5

input Lintegrate (cos(1n(x)),x)

output Lx*sin(log(x))/2 + x*cos(log(x))/2

3.48.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.59

/cos(log(x)) dr = %x(cos (log (x)) + sin (log (x)))

input tintegrate (cos(log(x)),x, algorithm="maxima")

-

outputL1/2*x*(cos(log(x)) + sin(log(x)))

e—

3.48. [ cos(log(z)) dz



CHAPTER 3. LISTING OF INTEGRALS 354

3.48.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/ cos(log(z)) dx = % z cos (log (z)) + % z sin (log (z))

input Lintegrate (cos(log(x)),x, algorithm="giac")

-

output

1/2xx*cos (log(x)) + 1/2xx*sin(log(x))

N\

3.48.9 Mupad [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/cos(log(w)) dx = V22 sin <§ +In(2))

input Lint (cos(log(x)),x)

outputL(2‘(1/2)*x*sin(pi/4 + log(x)))/2

3.48. [ cos(log(z)) dz
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3.49 [evedx

3.49.1 Optimalresult . . . . .. .. . .. ... 355
3.49.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL
3.49.3 Rubi [A] (verified) . . . . . ... .. 3506
3.49.4 Maple [A] (verified) . . . . ... . . ... 357
3.49.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 357
3.49.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... 358
3.49.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ...
3.49.8 Giac [A] (verification not implemented) . . . ... . ... ... .......
3.49.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 359

3.49.1 Optimal result

Integrand size = 7, antiderivative size = 24

/eﬁ dz = —2eV?® + 2¢V®\/x

outputL-2*exp(x‘(1/2))+2*exp(x”(1/2))*x“(1/2)

3.49.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.67

/eﬁdx = 26‘/5(—1 + \/9_:)

input ‘ Integrate [E"Sqrt [x],x]

output ‘ 2%E~Sqrt [x]* (-1 + Sqrt[x])

3.49.

fe‘/’?dx
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3.49.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.04, number
of steps used = 4, number of rules used = 3, Bumber of rules _ , 499 Ryles used = {2636,

’ integrand size
2607, 2624}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

input ‘ Int [E"Sqrt [x],x]

output P* (-E~Sart[x] + E~Sqrt[x]*Sqrt[x])

rule 2607

rule 2624

3.49.3.1 Defintions of rubi rules used

Int[((b_)*(F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_)) " (m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(g*(e + £*x))) n/(f*g*n*Logl[F])),
x] - Simp[d*(m/(f*g*n*Log[F])) Int[(c + d*x)~(m - 1)*(b*F~(g*x(e + f*x)))~
n, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] && GtQ[m, 0] &% IntegerQ[2*
m] && !TrueQ[$UseGamma]

Int[((F_)"(v_))"(n_.), x_Symbol]l :> Simp[(F"v) n/(n*Log[F1*D[v, x]1), x] /;
FreeQ[{F, n}, x] && LinearQ[v, x]

3.49. J eV® dz
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rule 2636‘Int[(F_)”((a_.) + (b_)*((c_.) + (@_.)*(x_))"(n_)), x_Symbol] :> With[{k =
‘Denominator[n]}, Simp[k/d  Subst[Int[x"(k - 1)*F~(a + b*x~(k*n)), x], x, (
‘¢ + d*x)~(1/K)], x11 /; FreeQ[{F, a, b, c, d}, x] & IntegerQ[2/n] & !Int
‘egerQ[n]

3.49.4 Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.67

method result size
meijerg 2— (=2y/z+2)ev® | 16
derivativedivides | —2ev® + 2ev®,/z 17
default —2eV® 4 2eV7\/x 17

inputtint(exp(x‘(1/2)),x,method=_RETURNVERBOSE)

output Lz-(-2*x* (1/2)+2) *exp(x~(1/2))

3.49.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.46

/eﬁd:r=2(\/§— l)eﬁ

input Lintegrate (exp(x~(1/2)) ,x, algorithm="fricas")

output‘2*(sqrt(x) - 1)*e"sqrt(x)

3.49. J eV® dz
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3.49.6 Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.83

/eﬁ dz = 2/zeV® — 2eV*®

input Lintegrate (exp(x**(1/2)) ,x)

-

output

2*sqrt (x) *exp(sqrt(x)) - 2*exp(sqrt(x))

N\

3.49.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.46

/eﬁdxzz(ﬁ_l)eﬁ

/

input‘integrate(exp(x‘(1/2)),X, algorithm="maxima")

~—  /

-

output L2*(sqrt(x) - 1)*e"sqrt(x)

~—

3.49.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.46

/eﬁdx=2(\/5— 1)ev®

inputLintegrate(exp(x“(1/2)),x, algorithm="giac")

output L2*(sqrt(x) - 1)*e”sqrt(x)

3.49. J eV® dz
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3.49.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.46

/e‘/idalc=2e‘/5 (\/5— 1)

input Lint (exp(x~(1/2)) ,x)

-

output

2%exp(x~(1/2))*(x~(1/2) - 1)

N\

3.49. J eV® dz
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3.50 [log (vz) dz

3.50.1 Optimalresult . . . ... .. ... . .. .. 360
3.50.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 360
3.50.3 Rubi [A] (verified) . . . . . . ... ...
3.50.4 Maple [A] (verified) . . . . ... . ... .
3.50.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .....
3.50.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 362
3.50.7 Maxima [A] (verification not implemented) . ... .. ... ... .. ... .. 362
3.50.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 363
3.50.9 Mupad [B] (verification not implemented) . . ... ... ... ........

3.50.1 Optimal result

Integrand size = 6, antiderivative size = 14

/log (Vz) dz = —g + zlog (V)

outputL-1/2*x+1/2*x*1n(x) J

3.50.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/log (Vz) dz = %(—z + z log(z))

input ‘ Integrate[Log[Sqrt[x]],x]

output ‘ (-x + x*Logl[x])/2

3.50.  [log(v/x) dz
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3.50.3 Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ , 167 Ryjeg ysed = {2732}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ log (V) dx
| 2732
x
z log (\/5) —3
input ‘ Int[Log[Sqrt[x]],x]
outputt-1/2*x + x*Log[Sqrt [x]] J

3.50.3.1 Defintions of rubi rules used

rule 2732‘Int [Logl(c_.)*(x_)"(n_.)], x_Symbol] :> Simp[x*Loglc*x~n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

3.50.4 Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

method result size
lookup -5+ %(x) 10
default -5+ %(x) 10
norman -5+ %(m) 10
risch -5+ %(m) 10
parallelrisch | —5 + %(x) 10
parts -5+ %@’) 10
input Lint (1/2#1n(x) ,x ,method=_RETURNVERBOSE) J

3.50.  [log(v/x) dz
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362

output‘-1/2*x+1/2*x*1n(x)

3.50.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.64

/log (Vz) dz = %wlog(x) — %x

inputLintegrate(i/Q*log(x),x, algorithm="fricas")

outputt1/2*x*log(x) - 1/2%x

3.50.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.57

/log(\/i) dx:ml%(x)_g

inputLintegrate(i/Q*ln(x),X)

outputtx*log(x)/Q - x/2

3.50.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.64

X

/IOg‘ (\/5) dr = %xlog(x) —%

inputtintegrate(1/2*1og(x),x, algorithm="maxima")

-

outputli/2*x*log(x) - 1/2%x

e—

3.50.  [log(v/x) dz
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3.50.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.64

1

/log (Vz) dz = %mlog(x) — 50

input Lintegrate (1/2xlog(x) ,x, algorithm="giac")

output

1/2*xx*log(x) - 1/2*x

N\

3.50.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.50

_ z(In(z) —1)

/log (V) dz 5

input Lint (log(x)/2,x)

outputt(x*(log(x) - 1))/2

3.50.  [log(v/x) dz
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3.51 [ sin(log(z)) dz

3.51.1 Optimal result . . . . .. .. . .. .. 364

3.51.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo

3.51.3 Rubi [A] (verified) . . . . . .. .. ... 365

3.51.4 Maple [A] (verified) . ... ... ... . ...

3.51.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 360

3.51.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 3661

3.51.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 3661

3.51.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 367

3.51.9 Mupad [B] (verification not implemented) . . ... ... ... ... ...... 367

3.51.1 Optimal result

Integrand size = 3, antiderivative size = 17

: 1 1
/sm(log(m)) dr = —5t cos(log(x)) + 3% sin(log(x))

outputL-1/2*x*cos(ln(x))+1/2*x*sin(1n(x)) J

3.51.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

/sin(log(w)) dx = —%x cos(log(z)) + %z sin(log(z))

input ‘ Integrate[Sin[Log[x]],x]

output ‘ -1/2%(x*Cos [Log[x]]) + (x*Sin[Logl[x]1)/2

3.51.  [sin(log(z))dz
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3.51.3 Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size — 0.333, Rules used = {4978}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin(log(z)) dx
| 4078

%x sin(log(z)) — %ac cos(log(z))

input LInt [Sin[Log[x1],x] J

output L—1/2* (x*Cos [Log[x]]) + (x*Sin[Logl[x]])/2 J

3.51.3.1 Defintions of rubi rules used

'Sin[d*(a + b¥Loglc*x™n])1/(b~2%d"2*n~2 + 1)), x] - Simp[bxd*n*x*(Cos[dx(a +
| bxLoglc*x™n])1/(b™2%d"2#n"2 + 1)), x] /; FreeQ[{a, b, c, d, n}, x] && NeQ[

rule 4978‘Int[Sin[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.))*(d_.)], x_Symbol] :> Simp[x*( \‘
'b72%d"2*n"2 + 1, 0] |

3.51.4 Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

method result size
parallelrisch | — “(Cos(ln(‘”));in(ln(z))) 13
z cos(In(zx)) z sin(In(z))
lookup > + : 14
default —zeoslln(@) | zein(in(a)) 14
risch (—i — i)mmi—k (_i+i)xx_i 929
xtan(ln(a«‘))_%_'_w
norman — 34
1+tan? (T)

3.51.  [sin(log(z))dz
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input | int(sin(1n(x)),x,method=_RETURNVERBOSE)

outputL-1/2*x*(cos(1n(x))-sin(ln(x)))

3.51.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/ sin(log(x)) dz = —% z cos (log (z)) + % z sin (log (z))

input Lintegrate (sin(log(x)),x, algorithm="fricas")

output L-1/2*x*cos(1og(x)) + 1/2*x*sin(log(x))

3.51.6 Sympy [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

/sin(log(x)) dr = Zsin (120g (z)) _ zcos (120g (z))

input Lintegrate (sin(1n(x)),x)

output Lx*sin(log(x))/2 - x*cos(log(x))/2

3.51.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.71

/sin(log(x)) dzx = —% z(cos (log (z)) — sin (log (z)))

input Lintegrate (sin(log(x)),x, algorithm="maxima")

—

output L—1/2*x*(cos(1og(x)) - sin(log(x)))

3.51.  [sin(log(z))dz
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3.51.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/ sin(log(z)) dx = —% z cos (log (z)) + % z sin (log (z))

input Lintegrate (sin(log(x)),x, algorithm="giac")

-

output

-1/2%x*cos(log(x)) + 1/2*x*sin(log(x))

N\

3.51.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/Sin(log(x)) dr = — V2 cos (2% +In (x))

input Lint (sin(log(x)),x)

output L—(2‘(1/2)*x*cos(pi/4 + log(x)))/2

3.51.  [sin(log(z))dz
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3.52  [sin(y/z) dz

3.52.1 Optimal result . . . . . . .. ... .. 368]
3.52.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL
3.52.3 Rubi [A] (verified) . . . . . ... .. 369
3.52.4 Maple [A] (verified) . ... ... . ... .. 370
3.52.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. B71]
3.52.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... .. Birall
3.52.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 371
3.52.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 372
3.52.9 Mupad [B] (verification not implemented) . . ... ... ... ... .....
3.52.1 Optimal result
Integrand size = 6, antiderivative size = 22
/Sin (vVz) dz = —2y/z cos (v/z) + 2sin (v/z)
outputL2*sin(x“(1/2))-2*cos(x“(1/2))*x“(1/2) J

3.52.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/sin (\/a_v) dz = —2+/x cos (\/E) + 2sin (\/g_v)

input ‘ Integrate[Sin[Sqrt[x]],x] ‘

output ‘ -2x3qrt [x]*Cos [Sqrt [x]] + 2*Sin[Sqrt[x]] ‘

3.52.  [sin(yz) dz
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3.52.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ ; ¢33 Ry jjaq ysed = {3842,

’ integrand size
3042, 3777, 3042, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin (vz) dz
| 3842
2 / Vasin (vz) dvz
| 3042
2 / Vasin (VE) dvz
| 3777
2</cos (v/2) dv/E — Yz cos (ﬁ))
| 3042
z(/sm (Va+7)dva - vacos (\/:?)>
| 3117
2(sin (vz) — vz cos (Vz))

-/

input LInt [Sin[Sqrt[x]],x]

output L2* (-(Sqrt[x]*Cos[Sqrt[x]]) + Sin[Sqrt([x]])

3.52.  [sin(yz) dz



rule 3042

rule 3117

rule 3777

rule 3842
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3.52.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cos[e + f£*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
osle + f*x], x]1, x] /; FreeQl{c, 4, e, f}, x] && GtQ[m, O]

Int[(Ca_.) + (b_.)*Sin[(c_.) + (d_.)*((e_.) + (£_.)*(x_))"(n_)1)"(p_.), x_S
ymbol] :> Simp[1/(n*f)  Subst[Int[x"(1/n - 1)*(a + bxSin[c + d*x])"p, x],
x, (e + fxx)"n], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[p, 0] &% Intege
rQ[1/n]

3.52.4 Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.77

method result size
derivativedivides | 2sin (1/z) — 2cos (vz) vz | 17
default 2sin (v/z) — 2cos (vz) vz | 17
meijerg 4T ( V@ cos(va) 4 sin E}{?) 28

input Lint (sin(x~(1/2)) ,x,method=_RETURNVERBOSE)

-/

output L2*sin(x‘(1/2) )-2%cos (x~(1/2))*x~(1/2)

3.52.  [sin(yz) dz
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3.52.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/sin (\/5) dz = —2+/z cos (\/E) + 2 sin (\/E)

inputLintegrate(sin(x“(1/2)),x, algorithm="fricas")

-

output

-2*sqrt (x)*cos(sqrt(x)) + 2*sin(sqrt(x))

N\

3.52.6 Sympy [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

/sin (Vz) dz = —2v/z cos (v/z) + 2sin (v/x)

input Lintegrate (sin(x**(1/2)) ,%)

~—  /

-

output L—2*sqrt(x)*cos(sqrt(x)) + 2xsin(sqrt(x))

~—

3.52.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/sin (Vz) dz = —2+/z cos (vz) + 2 sin (v/z)

inputLintegrate(sin(x“(1/2)),x, algorithm="maxima")

outputL—2*sqrt(x)*cos(sqrt(x)) + 2*sin(sqrt(x))

3.52.  [sin(yz) dz
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3.52.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/sin (\/5) dz = —2+/z cos (\/E) + 2 sin (\/E)

input Lintegrate (sin(x~(1/2)),x, algorithm="giac")

-

output

-2*sqrt (x)*cos(sqrt(x)) + 2*sin(sqrt(x))

N\

3.52.9 Mupad [B] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/ sin (v/2) do = 2 sin (v/7) — 21/ cos (v/2)

input [int (sin(x~(1/2)) ,x)

p >

-

output LQ*sin(x‘(l/Q)) - 2xx~(1/2)*cos(x"~(1/2))

~—

3.52.  [sin(yz) dz
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3.53 [ x° cos (z°) dz

3.53.1 Optimalresult . . . . .. ... ... ... 373
3.53.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL
3.53.3 Rubi [A] (verified) . . . . . . ... .. 374
3.53.4 Maple [A] (verified) . . . .. .. ... ...
3.53.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.53.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 3761
3.53.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 376
3.53.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... B
3.53.9 Mupad [B] (verification not implemented) . . ... ... ... ... ...... Ry

3.53.1 Optimal result

Integrand size = 8, antiderivative size = 20

3
/x5 cos (2°) dz = %@) + %az3 sin (z°)

-

output Li/s*cos (x~3)+1/3%x~3*sin(x"3)

~—

3.53.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

3
/:c5 cos (2°) dz = COS?Ex ) + %x?’ sin (z°)

-

input LIntegrate [x~5%Cos [x~3] ,x]

-/

output LCos [x~3]1/3 + (x~3%Sin[x"3])/3

-/

3.53.  [zcos(z?) dz



input

output
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3.53.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 754 Ryjeg used = {3861,

integrand size
3042, 3777, 25, 3042, 3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z° cos (ac3) dxr
J,3861
1

3 / z® cos (2%) da®
| 302
% /:c3 sin <x3 + %) dz?
| 3777
(i
| 25
% <x3 sin (%) — /Sin («%) dw3)
| 302
% ( 3sin (933) - /sin (373) d:v3>
| 3118

(27 sin (2%) + cos (z7))

W=

-

Int[x~5*Cos[x~3],x]

N\

L(Cos [x~3] + x~3%Sin[x~3])/3

3.53.  [zcos(z?) dz
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3.53.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1]

Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 3118 | Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, x]

rule 3777‘Int[((c_.) + (d_)*(x)) " (m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
‘—(c + d*x)"m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f)
\os[e + f*x]1, x1, x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Int[(c + d*x)~(m - 1)*C

rule 3861 Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(@_)1*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])~
p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[
(m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQlp] && GtQ[Simplify[

(m + 1)/n], 01))

3.53.4 Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

method result size

derivativedivides cosng) +Z - (%) 17
cos(z3) 3 sin (%)

default o+ : 17

; cos(z3) z3 sin(z?)

risch L+ : 17
2x3 tan < i”; + 2

norman EE—— 97

1+tan? =

22% tan (%) ) 42

parallelrisch ° an( 2 ) 29
3(tan2 (%))4_3

cos 13 z3 sin z3

2\/77(_2xl/7r+ 2\(/77)‘*' 2\/(7? )>

meijerg - 33

3.53.  [zcos(z?) dz
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input‘int(x“5*cos(x”3),x,method=_RETURNVERBOSE)

outputLl/B*cos(x“3)+1/3*x“3*sin(x“3)

3.53.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

/x5 cos (2°) dz = %x?’ sin (2°) + % cos (z°)

inputLintegrate(x“S*cos(x‘B),x, algorithm="fricas")

outputt1/3*x“3*sin(x“3) + 1/3%cos(x"3)

3.53.6 Sympy [A] (verification not implemented)
Time = 0.24 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.75
3

/x5 cos (¢°) dz = ° sir; (=) + COS§$3)

input Lintegrate (x**5*cos (x**3) ,x)

output Lx**B*sin(x**S)/S + cos(x**3)/3

3.53.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

/ 2 cos (2%) do = 5 a%sin (2%) + 5 cos (2¥)

input Lintegrate (x"b*cos (x73) ,x, algorithm="maxima")

—

output L1/3*x‘3*sin(x‘3) + 1/3*cos(x"3)

3.53.  [zcos(z?) dz
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3.53.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

/z5 cos (553) dr = %xg’ sin (x3) + % cos (x3)

input Lintegrate (x~b*cos(x73) ,x, algorithm="giac")

-

1/3%x"3*sin(x~3) + 1/3%cos(x"3)

N\

output

3.53.9 Mupad [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

3

/a:5 cos (2°) dz = coséx‘o’) +Z sig (=)

input ‘ int (x~5*cos (x73) ,x)

output Lcos(x”s)/3 + (x"3*sin(x"3))/3

3.53.  [zcos(z?) dz



CHAPTER 3. LISTING OF INTEGRALS 378

3.54 | e 15 dz

3.54.1 Optimal result . . . . . . . . . .. ...
3.54.2 Mathematica [A] (verified) . . . . . . . . ... .. B78
3.54.3 Rubi [A] (verified) . . . . . ... .. 379
3.54.4 Maple [A] (verified) . . . ... . ... ... 3801
3.54.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... .
3.54.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... .
3.54.7 Maxima [A] (verification not implemented) . . . ... ... ... ... ... ..
3.54.8 Giac [A] (verification not implemented) . . . ... ... ... ... ..... 382
3.54.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... ..

3.54.1 Optimal result

Integrand size = 9, antiderivative size = 28

2 2 2 ]. 2
/e”” 2odr =€ —¢° xz-l—ie”” z?

-

OutputLexp(x“Z)—exp(x‘2)*x“2+1/2*exp(x‘2)*x‘4

~—

3.54.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.68

/e“2x5 dx = %exz (2 —22° + z*)

inputLIntegrate[E“x”2*x“5,x] J

outputt( “xT2%(2 - 2%x72 + x74))/2 J

3.54. J e’ 15 dx



input LInt [E~x~2%x"5,x]

output L(E‘x“Q*x’"lL) /2 = 2%(-1/2+%E"x"2 + (E"x"2%x72)/2)
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3.54.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.32, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 333 Ry j0q yged = {2641,

integrand size
2641, 2638}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2
/e’” z° dz

l 2641
1 z2 4 z2 3
56 =2 [ e 2°dx
l 2641
1 1
§em2x4 - 2<26w2I2 - /e”ﬂcdw)
l 2638

-

-/

~—

3.54. J e’ 15 dx
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3.54.3.1 Defintions of rubi rules used

rule 2638 Int [(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(m_))*((e_.) + (£_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(e + f*x) nx(F~(a + bx(c + d*x)"n)/(bxf*n*(c + d*x) n
*Log[F1)), x] /; FreeQ[{F, a, b, ¢, d, e, f, n}, x] && EqQ[m, n - 1] && EqQ
[dxe - c*f, 0]

rule 2641 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(@_))*((c_.) + (d_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + bx(c + d*x) n)/(bxd*n*L
oglF1)), x] - Simp[(m - n + 1)/(b*n*Log[F]) Int[(c + d*x)~"(m - n)*F~(a +
b*(c + d*x)"n), x], x] /; FreeQ[{F, a, b, c, d}, x] && IntegerQ[2*((m + 1)/
n)] && LtQ[0, (m + 1)/n, 5] && IntegerQ[n] && (LtQ[O, n, m + 1] || LtQ[m, n
, 01D

3.54.4 Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.61

method result size
(m4—2x2+2)e22
gosper — 17
risch (%$4 —x2+ 1) e 18
.. (3w4—6z2+6)ez2
meijerg 14+ —7F— 21
2 2 o z2 4
default e” —e" I+ 5= 24
norman e — e’ g2 + ‘ﬁTg"A 24
w2
parallelrisch | e — e** 22 + % 24

2 ezz _ez2 w2+ ez2 z4
5\/~ z° erfi(z) _ 2
™ 5 5/

erfi(z)y/mz®
2 2

93

parts

input Lint (exp(x~2)*x~5,x,method=_RETURNVERBOSE)

output Li/z* (x~4-2%x"2+2) *exp (x~2)

3.54. J e’ 15 dx
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3.54.5 Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.57

2
/e’” 22 dr =

(z4 —22%+ 2)6(“”2)

N | =

inputLintegrate(exp(x‘2)*x“5,x, algorithm="fricas")

output | 1/2%(x~4 - 2*x~2 + 2)*e~(x"2)

N\

3.54.6 Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.54

4 2 x2
/exzxg, dr — (z 2x2 +2)e

inputLintegrate(exp(x**2)*x**5,x)

outputt(x**zl - 2*kx*x*2 + 2)*xexp(x**2)/2

3.54.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.57

2
/e“ 22 dr =

(m4 —22% + 2)6(””2)

N | =

inputLintegrate(exp(x‘2)*x‘5,x, algorithm="maxima")

output‘1/2*(x“4 - 2%x72 + 2)*xe~(x72)

3.54. J e’ 15 dx



CHAPTER 3. LISTING OF INTEGRALS 382

3.54.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.57

2
/e’” 22 dr =

(z4 —22%+ 2)6(“”2)

N | =

inputLintegrate(exp(x‘2)*x“5,x, algorithm="giac")

output | 1/2%(x~4 - 2*x~2 + 2)*e~(x"2)

N\

3.54.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.57

x2 (4 2
/e’”zxf’dx:e (z 22:6 +2)

input Lint (x~5*exp(x~2),x)

outputt(exp(x‘2)*(x“4 - 2%x”2 + 2))/2

3.54. J e’ 15 dx
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3.55 [ zarctan(z) dx

3.55.1 Optimalresult . . . . .. ... ... .. . 383]
3.55.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL
3.55.3 Rubi [A] (verified) . . . . . . ... ..
3.55.4 Maple [A] (verified) . . . ... . ... ...
3.55.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.55.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... .
3.55.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ...
3.55.8 Giac [A] (verification not implemented) . . . ... ... ... ........
3.55.9 Mupad [B] (verification not implemented) . . ... ... ... . ... .....

3.55.1 Optimal result
Integrand size = 4, antiderivative size = 21

t 1
/xarctan(z) der = —g + %n(z) + 53:2 arctan(z)

e

output L—1/2*x+1/2*arctan(x) +1/2%x"2*arctan(x)

~—

3.55.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.76

(—z + (1 + ) arctan(z))

N =

/ z arctan(z) dx =

input ‘ Integrate [x*ArcTan[x],x] ‘

-

outputt(-x + (1 + x~2)*ArcTan[x])/2

| —

3.55. [ zarctan(z)dzx



input

outputt(x‘2*ArcTan[x])/2 + (-x + ArcTan[x])/2

rule 216

rule 262
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3.55.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.95, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 754 Ryjes used = {5361,
integrand size
262, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ x arctan(z) dx
lsmn
1 1 2
51'2 arctan(zx) — 3 / :CQL—l—ldx
l 262
1 1 1,
5 (/ md.’ﬂ — .’L') + 5.’17 a.I'CtaIl(.T)
l 216

1 1
5:52 arctan(z) + i(arctan(a:) —x)

-

Llnt [x*ArcTan[x],x] J

-/

3.55.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

Int[((c_)*(x)) (@ )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(@m - D*x((a + b*xx"2)"(p + 1)/(b*(m + 2%p + 1))), x] - Simp[a*c™2*((m - 1)/
(bx(m + 2%p + 1))) Int[(c*x)"(m - 2)*(a + b*x"2)"p, x], x] /; FreeQ[{a, b
,» C, P}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] &% IntBinomialQ[a, b, c
,» 2, m, p, x]

3.55. [ zarctan(z)dzx
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rule 5361 Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + b*ArcTan[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m +

1)) Int[x"(m + n)*((a + b*ArcTan[c*x"n])"(p - 1)/(1 + c"2*x~(2*n))), x],
x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1] &
& IntegerQ[m])) && NeQ[m, -1]

3.55.4 Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.76

method result size
default —Z 4 abrctzn(m) 42 arc;an(a:) 6
meijerg —£ 4+ w 16
parallelrisch | —% + achtzn(av) 4+ arc;an(z) 6
parts —Z 4 arct;n(w) + z? arc;an(z) 16
risch _ia? lnii:z:+1) + ix? ln(:iac—‘,—l) _ % n %n(x) 35

input | int (x*arctan(x),x,method=_RETURNVERBOSE)

outputL-1/2*x+1/2*arctan(x)+1/2*x“2*arctan(x)

3.55.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

(z* + 1) arctan (z) — %x

N —

/ z arctan(z) dx =

inputLintegrate(x*arctan(x),x, algorithm="fricas")

output L1/2*(x”2 + 1)*arctan(x) - 1/2*x

3.55. [ zarctan(z)dzx
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3.55.6 Sympy [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.71

2 9t )
/xarctan(x) dx = %n(x) _ g 4 a ar21 (ac)

input Lintegrate (x*atan(x) ,x)

outputtx**2*atan(x)/2 - x/2 + atan(x)/2

3.55.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.71

1 1 1
/ z arctan(z) de = 3 z? arctan () — 5% + 3 arctan ()

input‘integrate(x*arctan(x),x, algorithm="maxima")

output L1/2*x‘2*arctan(x) - 1/2xx + 1/2*arctan(x)

3.55.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.71

1 1 1
/ x arctan(z) dx = 3 x? arctan () — 3% + 3 arctan (z)

p
input Lintegrate (x*arctan(x) ,x, algorithm="giac")

-/

output L1/2*x“2*arctan(x) - 1/2*x + 1/2*arctan(x)

~—

3.55. [ zarctan(z)dzx
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3.55.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.67

2 1
/xarctan(x) dz = atan(z) (% + 5) — g

p
input Lint (x*atan(x) ,x)

—

output Latan(x)*(x“2/2 +1/2) - x/2

-/

3.55. [ zarctan(z)dzx
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3.56 [ z cos(mx) dx

3.56.1 Optimalresult . . . ... .. . ... .. ..
3.56.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL
3.56.3 Rubi [A] (verified)

3.56.4 Maple [A] (verified)
3.56.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 391]

3.56.6 Sympy [A] (verification not implemented) . . . ... .. ... ... .. ... .
3.56.7 Maxima [A] (verification not implemented) . . .. ... ... ... ......
3.56.8 Giac [A] (verification not implemented) . . . .. .. ... ... .......
3.56.9 Mupad [B] (verification not implemented) . . ... ... ... ... .....

3.56.1 Optimal result

Integrand size = 6, antiderivative size = 18

cos(mx) L z sin(mx)

/ z cos(mz) dr =

2 T

/

output Lcos (Pi*x) /Pi~2+x*sin(Pi*x) /Pi

~—

3.56.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

cos(mx) N z sin(mx)

/ z cos(mz) dr =

2 T

input LIntegrate [x*Cos [Pix*x] ,x] J

e

output tcOs [Pi*x]/Pi~2 + (x*Sin[Pi*x])/Pi

~—

3.56. [ zcos(mz)dz



CHAPTER 3. LISTING OF INTEGRALS 389

3.56.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , ¢33 Ry jjeq ysed = {3042,

integrand size
3777, 25, 3042, 3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/a:cos(mc) dz
| 3042
/xsin <7rm + g) dx
| 3777

[ —sin(rz)dz + z sin(wzx)

™ ™

l 25

zsin(rz) [ sin(rz)dz

m m
| 3042
zsin(nz) [ sin(rz)ds
m m
| 3118

zsin(rx)  cos(mx)
+ 2
T T

-

input LInt [x*Cos [Pi*x] ,x]

output LCOS [Pi*x]/Pi~2 + (x*Sin[Pi*x])/Pi

~— ~—

3.56. [ zcos(mz)dz
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3.56.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3118 | Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

rule 3777‘Int[((c_.) + (d_)*(x)) " (m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
‘—(c + d*x) "m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
‘os[e + £*x], x1, x] /; FreeQl{c, d, e, £}, x] & GtQ[m, 0]

3.56.4 Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

method result size
derivativedivides COS(’T’”H:; sin(nz) 17
default COS(m)tg sin(rz) 17
risch Cosgm) 4+ e sil;-(ﬂ'z) 19
parts Cosgz) 4+ e sir;(wz) 19
: 242mx tan ( ZE
parallelrisch W o7
norman T 20
-0+ cos(rz) + in
meijerg A 3 V7 zsin(rz) 31

inputtint(x*cos(Pi*x),x,method=_RETURNVERBOSE)

output Ll/Pi‘Q* (cos(Pi*x)+x*Pi*sin(Pi*x))

3.56. [ zcos(mz)dz
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3.56.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

wz sin (wz) + cos (7x)

/:B cos(mz) dx =

2

inputLintegrate(x*cos(pi*x),x, algorithm="fricas")

outputt(pi*x*sin(pi*X) + cos(pi*x))/pi~2

3.56.6 Sympy [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

_ xsin () 4 oo (mz)

/:c cos(mz) dx =

T 2

input Lintegrate (x*cos (pi*x),x)

output‘x*sin(pi*x)/pi + cos(pi*x)/pi**2

3.56.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

wz sin (wz) + cos (7x)

2

/m cos(mz) dx =

inputLintegrate(x*cos(pi*x),x, algorithm="maxima")

output‘ (pi*x*sin(pi*x) + cos(pi*x))/pi~2

3.56. [ zcos(mz)dz
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3.56.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

zsin (rx)  cos (mz)
+ 2
s s

/:c cos(mz) dx =

input Lintegrate (x*cos(pi*x),x, algorithm="giac")

output Lx*sin (pi*x)/pi + cos(pi*x)/pi~2

3.56.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/iECOS(ﬂ’CL‘) dp = 8 (IIx) +HH2x sin (I z)

input Lint (x*cos (Pi*x) ,x)

output (cos(Pi*x) + Pixx*sin(Pi*x))/Pi~2

3.56. [ zcos(mz)dz
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3.57

3.57.1
3.57.2
3.57.3
3.57.4
3.57.5
3.57.6
3.57.7
3.57.8
3.97.9

Optimal result

[ vz log(x) dx

Mathematica [A] (verified) . . . . . . . . . . ... Lo L
Rubi [A] (verified) . . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ..

Sympy [B] (verification not implemented) . . . . ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . ... ... ... ... ..
Giac [A] (verification not implemented) . . . .. ... ... ... .. ....
Mupad [B] (verification not implemented) . . . .. ... ... ... .....

3.57.1 Optimal result

Integrand size = 8, antiderivative size = 21

41.3/2

2
/\/Elog(x) dz = — g T §m3/2 log(z)

393

094
294

296)
296)

output | -4/9%x"(3/2)+2/3%x"(3/2)*1n(x)

3.57.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.71

/ /7 log(z) dz = §x3/2(—2 + 3log(z))

input LIntegrate [Sqrt [x]*Log[x],x]

output‘ (2xx~(3/2)* (-2 + 3xLoglx]))/9

~—

3.57.

[ Vzlog(z) dz
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3.57.3 Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ (, 195 Ry jeg ysed = {2741}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Vzlog(z) dz

l 2741

4333/2
9

2
§x3/ Zlog(z) —

input  Int[Sqrt[x]*Logl[x],x]

N\ J

output\ (-4%x~(3/2))/9 + (2*%x~(3/2)*Loglx])/3

3.57.3.1 Defintions of rubi rules used

rule 2741‘Int[((a_.) + Logl[(c_.)*(x_)~(n_.)]1*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :>
‘Simp[(d*x)“(m + 1)*((a + bxLoglc*x™n])/(d*(m + 1))), x] - Simp[b*n*((d*x)~(
Lm + 1)/(d*(m + 1)°2)), x] /; FreeQ[{a, b, ¢, d, m, n}, x] && NeQ[m, -1] J

3.57.4 Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.67

method result size
3 3
derivativedivides —4”7? + %QTIH(E) 14
3 3
Ar2 2z 2 In(z)
default —79 + — 3 14
3 3
. Az 2 2z 2 In(z)
risch -t | 14
input Lint (In(x)*x~(1/2) ,x,method=_RETURNVERBOSE) J

3.57.  [/zlog(z)dz
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output‘-4/9*x”(3/2)+2/3*x“(3/2)*1n(x)

3.57.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.67
2
/\/Elog(x) do=_ (3zlog (¢) — 22)Va

-

inputLintegrate(log(x)*x‘(1/2),x, algorithm="fricas")

~—

output L2/9*(3*x*1og(x) - 2xx)*sqrt (x) J

3.57.6 Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 105 vs. 2(19) = 38.

Time = 0.93 (sec) , antiderivative size = 105, normalized size of antiderivative = 5.00

/

3 3
22 log (1) 222 log (z) 8x2 1
— 3 + 3 -5 fOI'|z—|<]./\|x|<].
3 3
222 log(z)  4x2 for |117| <1
3 9

/\/z‘log(x) dz = _296%1;%(%) _ @ for L <1

1 2.5 551
2,1 272 03 22 .
_G373 53 Tz | + G373 5 3 T otherwise
272 2327

inputLintegrate(1n(x)*x**(1/2),X)

-/

output | Piecewise ((-2*x**(3/2)*1log(1/x)/3 + 2xx**(3/2)*log(x)/3 - 8*x*x(3/2)/9, (A
bs(x) < 1) & (1/Abs(x) < 1)), (2*x**(3/2)*1log(x)/3 - 4*x**(3/2)/9, Abs(x)
< 1), (-2xx*x(3/2)*log(1/x)/3 - 4*x**(3/2)/9, 1/Abs(x) < 1), (-meijerg(((1
), (8/2, 5/2)), ((3/2, 3/2), (0,)), x) + meijerg(((56/2, 5/2, 1), ), (O
, (3/2, 3/2, 0)), x), True))

3.57.  [/zlog(z)dz
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3.57.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

/ Vzlog(z)dr = gzg log (z) — gxg

input Lintegrate (log(x)*x~(1/2) ,x, algorithm="maxima")

-

output

2/3*x~(3/2)*1log(x) - 4/9%x~(3/2)

N\

3.57.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

N

/\/Elog(x) dr = ga:g log (z) — %x

inputLintegrate(log(x)*x‘(1/2),x, algorithm="giac")

p >

-

output L2/3*x“(3/2)*log(x) - 4/9%x~(3/2)

~—

3.57.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.43

2232 (In (z) — 2)
3

/ Vzlog(z) dx =

input Lint (x~(1/2) *1log(x) ,x)

outputL(2*x"(3/2)*(10g(X) - 2/3))/3

3.57.  [/zlog(z)dz
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3.58 [ sin®*(3z) dx

3.58.1 Optimal result . . . . .. .. . ... ... 397
3.58.2 Mathematica [A] (verified) . . . . . .. ... .. .. L oo
3.58.3 Rubi [A] (verified) . . . . . . ... ...
3.58.4 Maple [A] (verified) . . . .. .. ... ... .. 399
3.58.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 399
3.58.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 4001
3.58.7 Maxima [A] (verification not implemented) . ... .. ... ... ...... 400
3.58.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 400
3.58.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 40T
3.58.1 Optimal result
Integrand size = 6, antiderivative size = 18
. o z 1 :
sin“(3z) dx = 576 cos(3x) sin(3z)
output L1/2*x-1/6*cos (3%x) *sin(3*x) J

3.58.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

1
in2(3z) dz = = — — si
/sm (3z) dz 5~ 13 sin(6x)

input ‘ Integrate[Sin[3%x]~2,x] ‘

output‘x/2 - Sin[6*x]/12 ‘

3.58.  [sin®*(3z)dz
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3.58.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 554 Ryles used = {3042,
integrand size
3115, 24)

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin?(3z) dz

J,3042

/ sin(3x)%dx
| 3115

1d 1
/ 5 v _ 8 sin(3z) cos(3z)

l24

% sin(3x) cos(3z)

z
2

input ‘ Int [Sin[3*x]"2,x]

output LX/2 - (Cos[3*x]*Sin[3*x])/6

3.58.3.1 Defintions of rubi rules used

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

rule 3042

rule 3115

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-/

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x])~"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2xn]

3.58.  [sin®*(3z)dz
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3.58.4

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.61

method result size
risch g _ ) 11
parallelrisch z_ Sinl(gw) 11
derivativedivides | £ — w 15
default z _ w 15
- 6z _ sin(6z)
meijerg v (ﬁ12 =) 929
tan (3 z(tan? (32 tan( 32
z(tanQ(%))—}-%-}-( :g 2 ))+ ( 2( 2))_ (32 )
norman (1+tan2 (371))2 47

inputLint(sin(3*x)‘2,x,method=_RETURNVERBOSE)

output‘1/2*x—1/12*sin(6*x)

3.58.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

1 1
/sin2(3x) dz = —g cos (3z)sin (3z) + 5%

input Lintegrate (sin(3*x)~2,x, algorithm="fricas")

-/

output L—i/s*cos(3*x)*sin(3*x) + 1/2%x

3.58.

[ sin*(3z) dz
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3.58.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

/ sin?(3) dz = g _ sin (3x)6cos (3z)

input Lintegrate (sin(3%x)**2,x)

output LX/2 - sin(3#*x)*cos(3*x)/6

3.58.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.56

1 1
1 2 —_— - —_— ]
/sm (3z)dzx = 5%~ 13 Sin (6z)

inputLintegrate(sin(S*x)“Q,x, algorithm="maxima")

~—

-

output 1/2%x - 1/12*sin(6*x)

N\

i

3.58.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.56

1 1
. 2 _ = . .
/sm (3z) dx = 5~ 1o Sin (6x)

input Lintegrate (sin(3*x)~2,x, algorithm="giac")

~—

-

output L1/2*x - 1/12*sin(6%x)

-/

3.58.  [sin®*(3z)dz
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3.58.9 Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.56

5 _z sin(6z)
/sm (3z)dz = 5 13

input Lint (sin(3*x)"2,x)

output Lx/2 - sin(6*x)/12

3.58.  [sin®*(3z)dz
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3.59 [ cos?(z) dz

3.59.1 Optimalresult . . . . .. .. ... . .. 402
3.59.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 02
3.59.3 Rubi [A] (verified) . . . . ... . . . ... 403
3.59.4 Maple [A] (verified) . . . . .. ... ... 404
3.59.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... .. .. 404
3.59.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . 404
3.59.7 Maxima [A] (verification not implemented) . .. ... ... ... .. ... .. 405
3.59.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 405
3.59.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... .. 405

3.59.1 Optimal result

Integrand size = 4, antiderivative size = 14

/COSQ(:L') dx = g

2

+ 1 cos(z) sin(z)

outputL1/2*x+1/2*cos(x)*sin(x)

3.59.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ cos®(z) dz =

x+1 .
5 4s1n

(2z)

input ‘ Integrate[Cos[x]~2,x]

output \ x/2 + Sin[2*x]/4

3.59.

[ cos*(z) dz
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3.59.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 754 Ryjes used = {3042,
integrand size
3115, 24)

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ cos’(x) dx
| 3042

/sin (x-l— g)2d:c

l 3115

1d 1
/ 5 . 3 sin(z) cos(z)

l24

r 1 .
5 + 5 sin(x) cos(z)

input ‘ Int [Cos[x]~2,x]

output Lx/2 + (Cos[x]*Sin[x])/2

3.59.3.1 Defintions of rubi rules used

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

rule 3042

rule 3115

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-/

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x])~"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2xn]

3.59.  [cos®(z)dx
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3.59.4 Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.79

method result size
default s+ w 11
. P sin(2z)
risch s+ —i 11
parallelrisch | § + % 11
rorman | 2D+ Gant+ B vang) |
(1+tan2(%))2

input \ int(cos(x)~2,x,method=_ RETURNVERBOSE)

outputL1/2*x+1/2*cos(x)*sin(x)

3.59.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

1 1
/ cos®(z) dz = 5 cos (x)sin (z) + 5%

inputLintegrate(cos(x)‘2,x, algorithm="fricas")

-

output L1/2*cos (x)*sin(x) + 1/2+*x

e—

3.59.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

sin () cos (z)

2 _Zz
/cos (z)dw—2+ 5

input Lintegrate (cos(x)**2,x)

output Lx/2 + sin(x)*cos(x)/2

3.59.  [cos®(z)dx
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3.59.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/cos2(x) dx = %x + i sin (2 x)

inputLintegrate(cos(x)‘2,x, algorithm="maxima")

-

output | 1/2*x + 1/4*sin(2#*x)

N\

3.59.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/cosz(x) dx = %x + i sin (2 x)

/

input‘integrate(cos(x)‘Z,x, algorithm="giac")

p >

-

output L1/2*x + 1/4xsin(2*x)

~—

3.59.9 Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/0082(:(7) de = £ 4 sin (2z)

input Lint (cos(x)"2,x)

~—

p
output Lx/z + sin(2%x)/4

-/

3.59.  [cos®(z)dx
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3.60 [ cos*(z) dz

3.60.1 Optimalresult . . . ... .. ... . .. .. 406
3.60.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 400
3.60.3 Rubi [A] (verified) . . . . . . ... ... 407
3.60.4 Maple [A] (verified) . ... ... ... ... 408
3.60.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 409
3.60.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 4091
3.60.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 409
3.60.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 410
3.60.9 Mupad [B] (verification not implemented) . . ... ... ... ........ 4101

3.60.1 Optimal result

Integrand size = 4, antiderivative size = 24

/ cos*(z) dr =

3,3
8 8

cos(z) sin(z) + i cos®(z) sin(z)

outputLB/S*X+3/8*cos(x)*sin(x)+1/4*cos(x)‘3*sin(x)

3.60.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.92

/ cos* ()

3 1
dx=—x—|——sin

8

4

(2z) +

1
— sin

32

(4z)

input ‘ Integrate[Cos[x]~4,x]

output‘ (3*x)/8 + Sin[2*x]/4 + Sin[4x*x]/32

3.60.

[ cos*(z) dz



input

output
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3.60.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.21, number
of steps used = 5, number of rules used = 5, Bumber of rules _ 1 954 Ryjjeg ysed = {3042,

integrand size
3115, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cos*(z) dx

J,3042

/sin (x-l— g)4d:c

l 3115

Z /cosQ(a:)dm + isin(w) cos?(z)

l 3042

3 . m\ 2 1 . 3
4/sm <m+ §> dx + ism(x) cos”(z)

J,3115

3
4

(f 12dx + %sin(m) cos(x)) + isin(m‘) cos’ (@)
l 24

1. 3/z 1 .
1 sin(z) cos®(z) + 1 <2 +3 sin(x) cos(:c)>

Int[Cos[x]"4,x]

N

| (Cos[x]~3+Sin[x])/4 + (3%(x/2 + (Cos[x]*Sin[x])/2))/4

3.60.  [cost(z)dz
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3.60.3.1 Defintions of rubi rules used

rule 24‘Int [a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

rule 3042

rule 3115

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int [(b*Sin
[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2*n]

3.60.4 Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.71

method result size

risch %”” + % + % 17

parallelrisch %’” + Siné—;x) + w 17

default (oot @4 52) @) | 50 18

— gz _2(=n®(8)) | 2(ten®(8)) _s(taHZ(%))+3z(tanj(%))+9wimnf(%))+3w(tanj(%))+3z(tan8(%))+5ta1(% %
(1+tan?(Z))

input Lint (cos(x)~4,x,method=_RETURNVERBOSE)

output L3/8*x+1/32*sin(4*x)+1/4*sin(2*x)

3.60.  [cos*(z)dx
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3.60.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.79

/cos4(z) dx = é (2 cos (z)® + 3 cos (z)) sin (z) + gx

input Lintegrate (cos(x)~4,x, algorithm="fricas")

-

output | 1/8%(2*%cos(x) "3 + 3*cos(x))*sin(x) + 3/8%x

N\

3.60.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

8+ 1 8

/0084(x) dr — 3z  sin(z)cos® (x) + 3sin (z) cos ()

input ‘ integrate(cos(x)**4,x)

output L3*X/8 + sin(x)*cos(x)**3/4 + 3*sin(x)*cos(x)/8

3.60.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.67

3 1 1
4 _ el . - .
/cos (z)dz = 8z+ 9 sin (4z) + 1 sin (2 z)

p
input Lintegrate (cos(x)~4,x, algorithm="maxima")

-/

output LS/S*X + 1/32%sin(4%x) + 1/4%sin(2%x)

~—

3.60.  [cos*(z)dx



CHAPTER 3. LISTING OF INTEGRALS

3.60.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.67

3 1 1
4 _ Y il . - .
/cos (z)dz = 8z+ 9 sin (4z) + 1 sin (2 z)

inputLintegrate(cos(x)‘4,x, algorithm="giac")

-

output | 3/8*x + 1/32*sin(4*x) + 1/4*sin(2*x)

N\

3.60.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.67

3z sin(2z) sin(4x)
4 —
/cos (z)dz = 3 + 1 + 35

input Lint (cos(x)74,x)

~—

-

output | (3*x)/8 + sin(2*x)/4 + sin(4*x)/32

N\

i

3.60.  [cos*(z)dx
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3.61 [ sin®(z) dzx

3.61.1 Optimal result . . . . .. .. . .. . .. .
3.61.2 Mathematica [A] (verified) . . . . . . .. ... ... L oo
3.61.3 Rubi [A] (verified) . . . .. .. .. ...
3.61.4 Maple [A] (verified) . . . ... ... . ... ..
3.61.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... . ....
3.61.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... .
3.61.7 Maxima [A] (verification not implemented) . . ... .. ... ... ......
3.61.8 Giac [A] (verification not implemented) . . . .. ... ... ... .......
3.61.9 Mupad [B] (verification not implemented) . . ... ... ... ... ......

3.61.1 Optimal result

Integrand size = 4, antiderivative size = 13

cos®(z)

/sin3(x) dx = — cos(z) + 3

-

output L—cos (x)+1/3*cos(x)"3

~—

3.61.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

. 3cos(z) 1
3 it S H
/ sin®(z) dx 1 + 1 cos(3x)

p

input | Integrate[Sin[x]~3,x]

~—

-

output L(—s*Cos [x])/4 + Cos[3%x]/12

-/

3.61l.  [sin®(z)dzx
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3.61.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 754 Ryjeg used = {3042,

integrand size
3113, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin®(z) da
| 3042
/ sin(z)3dx
| 3113
_ / (1 — cos?(z)) d cos(z)

l 2009

cos3(x)

3 cos(x)

input LInt [Sin[x]"3,x]

output ‘ -Cos[x] + Cos[x]~3/3

3.61.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 3113

-/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst [Int [Exp
and[(1 - x~2)~((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQ[{c, d}, x]
&& 1GtQ[(n - 1)/2, 0]

N

3.61l.  [sin®(z)dzx
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3.61.4 Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

method result size

default — w 11

I‘iSCh — 3 CO:(:I:) + C051(23$) 12

parallelrisch | —2 — 3 COZ(””) + Cosl(jw) 13
—4(tan2(%))—4%

norman é(;ang (2%))))33 29

-

input Lint (sin(x)"3,x,method=_RETURNVERBOSE)

-/

output L—i/s* (2+sin(x)~2) *cos(x)

-/

3.61.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

/ sin®(z) dz = % cos (z)° — cos (z)

inputLintegrate(sin(x)‘S,x, algorithm="fricas")

output Ll/S*cos(x)‘S - cos(x)

3.61.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.62

/ sin®(z) dx = COS:; (=) _ cos ()

input Lintegrate (sin(x)**3,x)

output Lcos(x)**3/3 - cos(x)

3.61l.  [sin®(z)dzx
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3.61.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

/sin3(x) dx = % cos (z)° — cos (z)

inputLintegrate(sin(x)‘B,x, algorithm="maxima")

-

1/3%cos(x) "3 - cos(x)

N\

output

3.61.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

/sin3(3:) dx = % cos (z)® — cos (z)

/

input‘integrate(sin(x)‘S,x, algorithm="giac")

~—  /

-

output Ll/S*cos(x)‘S - cos(x)

~—

3.61.9 Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

. 3 _ cos(z) (cos (z)® — 3)
/ sin®(z) dx = 3

;
input | int(sin(x)~3,x)

N\

outputt(cos(x)*(cos(x)? - 3))/3

3.61l.  [sin®(z)dzx
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3.62 [ cos*(z) sin®(x) dz

3.62.1 Optimalresult . . . . .. .. . .. ... 415
3.62.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 415
3.62.3 Rubi [A] (verified) . . . . . . ... .. 416
3.62.4 Maple [A] (verified) . . . . ... .. ... 417
3.62.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 417
3.62.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . AT8]
3.62.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... AT8]
3.62.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 418
3.62.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 419

3.62.1 Optimal result

Integrand size = 9, antiderivative size = 17

cos’ (x)

/ cos*(z) sin®(z) dz = —% cos®(x) + -

-

output L—1/5*cos (x)"5+1/7*cos(x)"7

~—

3.62.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.82

3cos(z) 1 1 1
~e1 " ©l cos(3z) + —— cos(5z) + —— cos(Tx)

40,0\ cind _
/cos (z) sin®(z) dz = 320 18

p

input | Integrate[Cos[x] “4*Sin[x] ~3,x]

~—

-

output L(—3*Cos [x])/64 - Cos[3*x]/64 + Cos[5%*x]/320 + Cos[7*x]/448

-/

3.62. [ cos*(z)sin*(z)dz
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3.62.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 5, number of rules used = 4, Bumber of rules _ 444 Ryles used = {3042,

integrand size
3045, 244, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin® () cos? () dz
| 3042
/ sin(z)? cos(z) dz
| 3045
- / cos*(z) (1 — cos?(z)) dcos(x)
| 244
- / (cost(z) — cos®(z)) dcos(z)

l 2009

cos’ (1) B cos®(x)
7 5

-

input LInt [Cos[x]~4#*Sin[x]"3,x]

output L—l/S*Cos [x]"5 + Cos[x]1"7/7

~— ~—

3.62.3.1 Defintions of rubi rules used

rule 244‘/Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand

‘Integrand[(c*x)"m*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, m}, x] && IGtQlp
, 0]

-

e

rule 2009tlnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

3.62. [ cos*(z)sin*(z)dz
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3045 Int[(cos[(e_.) + (f_.)*(x_)1*(a_.))"(m_.)*sin[(e_.) + (f_.)*(x_)1"(n_.), x_

Symbol] :> Simp[-(a*f)~(-1) Subst[Int[x"m*(1 - x72/2a"2)"((n - 1)/2), x],

x, axCos[e + fxx]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] &&
| (IntegerQ[(m - 1)/2] &% GtQ[m, 0] && LeQ[m, nl)

3.62.4 Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

method result size
. . o (cos®(z)) (cos”(z))
derivativedivides | — = + 5 14
default — (COSZ(“")) + (COS;(“")) 14
. 3cos(x cos(7x cos(bx cos(3x
risch - 64( L 4 44(18 d 4 3&0 ) — 6(4 ) 24
parallelrisch 2 — 3CZZ("") + Cozgm) + Cogé%z) — Coséfz) 25
tan2 z tan4 z
Sorman —8(tan (£))~4(tan' () afiant(3)) - (5B 2o g
(1+tan2(%))

inputLint(cos(x)‘4*sin(x)‘3,x,method=_RETURNVERBOSE)

output L—l/S*cos (x)~5+1/T*cos(x)~7

3.62.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

4 .. 3 . 1 7 1 5
/cos (z) sin®(z) dz = - cos ()" — 5 €O (x)

input Lintegrate (cos(x) "4*sin(x)~3,x, algorithm="fricas")

output Ll/?*cos(x)‘? - 1/5%cos(x)"5

3.62. [ cos*(z)sin*(z)dz
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3.62.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.71

4/ N .3 _cos’ (x) cos® (x)
/cos (z)sin’(z) dz = e,

inputLintegrate(cos(x)**4*sin(x)**3,x)

output Lcos(x)**?/? - cos(x)**5/5

3.62.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

4 .. 3 . 1 7 1 5
/cos (z) sin®(z) dz = - cos (x)" — 5 o8 (x)

input‘integrate(cos(x)‘4*sin(x)“3,x, algorithm="maxima")

output Ll/?*cos(x)“? - 1/5%cos(x)"5

3.62.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

4 .. 3 . 1 7 1 5
/cos (z) sin®(z) dz = - cos ()" — 5 €O (x)

p
input Lintegrate (cos(x) "4*sin(x)~3,x, algorithm="giac")

-/

output Ll/?*cos(x)‘? - 1/5%cos(x)"5

~—

3.62. [ cos*(z)sin*(z)dz
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3.62.9 Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

4\ 3 _ cos(z)° (5cos (z)* — 7)
/ cos”(x) sin’(z) dz = 3

input Lint (cos(x)“4*sin(x)~3,x)

~—

-

outputL(cos(x)"S*(S*cos(x)‘2 - 7))/35

—J/

3.62. [ cos*(z)sin*(z)dz
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3.63 [ cos’(z) sin*(x) dz

3.63.1 Optimalresult . .. ... ... ... .. .. 4200
3.63.2 Mathematica [A] (verified) . . . . . .. ... .. .. L Lo oL 420
3.63.3 Rubi [A] (verified) . . . . . . ... .. 427
3.63.4 Maple [A] (verified) . ... ... ... ... 22
3.63.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... .... 422
3.63.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 423]
3.63.7 Maxima [A] (verification not implemented) . .. ... ... ... .. ... .. 423
3.63.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 423
3.63.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ..... 424

3.63.1 Optimal result

Integrand size = 9, antiderivative size = 17

sin(z) sin’(z)

/ cos’ () sin*(z) dz = 5 7

outputLl/S*sin(x)“S—l/?*sin(x)‘7

~—

3.63.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.82

. 3sin(z) 1 . 1 1 .
3 4 _— ——— —_—— —_—— —
/cos (z) sin®(z) dz = sin(3z) sin(5z) + sin(7z)

-

input LIntegrate [Cos[x]"3*Sin[x]"4,x]

~—

outputL(B*Sin[x])/64 - Sin[3*x]/64 - Sin[5*x]/320 + Sin[7+*x]/448

~—

3.63. [ cos®(z)sin*(z)dzx



-

input LInt [Cos[x]~3*Sin[x]~4,x]

output L
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3.63.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4, Bumber of rules _ 444 Ryles used = {3042,

integrand size
3044, 244, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin’ () cos® () dz
| 3042
/ sin(z)* cos(z)3dz
| 3044
/ sin'(z) (1 — sin®(z)) dsin(z)
l 244
/ (sin’(z) — sin®(z)) dsin(z)
| 2009

sin®(z)  sin’(x)
5 7

-/

Sin[x]~5/5 - Sin[x]"7/7

~—

3.63.3.1 Defintions of rubi rules used

rule 244 ‘/

Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand
Integrand[(c*x) “m*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, m}, x] && IGtQ[p
, 0]

-

e

rule 2009t

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

~—

3.63. [ cos®(z)sin*(z)dzx
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3044  Int[cos[(e_.) + (f_.)*(x_)]1 " (n_.)*((a_.)*sin[(e_.) + (f_)*(x_)1)"(m_.), x_
Symbol] :> Simp[1/(axf) Subst [Int [x"m*x(1 - x~2/a"2)"((n - 1)/2), x], x, a
*xSin[e + f*x]], x] /; FreeQ[{a, e, £, m}, x] && IntegerQ[(n - 1)/2] && !(I
ntegerQ[(m - 1)/2] && LtQ[O, m, n])

3.63.4 Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

method result size
derivativedivides (Sinz(z) ) _ (Sin;(z)) 14
default (') _ (ein (=) 14
5
risch 3si6111(x) + suifl’?sx) _ s1r§(25(>)x) _ sin(s(zz) 24
parallelrisch 3 Si&(z) + Sizgf) _ siI?l)(2509b‘) _ sinéza:) 2
32(tan5 (%)) _ 192(tan7(%)) +32(tan9 (%))
5 35 5
norman Y 37

input| int (cos(x) "3*sin(x) "4, x,method=_RETURNVERBOSE)

N\

output Ll/S*sin(x) ~5-1/7*sin(x)"7

3.63.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.29

/0033 (z) sin*(x) dx = % (5 cos (2)° — 8 cos (z)* + cos () + 2) sin (z)

p
input Lintegrate (cos(x) "3*sin(x)~4,x, algorithm="fricas")

-/

0utputt1/35*(5*cos(x)‘6 - 8%cos(x)"4 + cos(x)"2 + 2)*sin(x)

3.63. [ cos®(z)sin*(z)dzx
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3.63.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.71

_sin’ (z) | sin’ (z)

30,1\ cind _
/cos (z)sin*(z) dz = - + 3

inputLintegrate(cos(x)**3*sin(x)**4,x)

output t—sin(x)**?/? + sin(x)**5/5

3.63.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/0083(1') sin(z) dz = —% sin ()" + % sin (z)°

inputLintegrate(cos(x)“3*sin(x)“4,x, algorithm="maxima")

output‘-l/?*sin(x)“? + 1/5%sin(x) "5

3.63.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/cos3(x) sin(z) dz = —% sin ()" + % sin (z)°

inputLintegrate(cos(x)‘3*sin(x)“4,x, algorithm="giac")

~—

output‘ -1/7T*sin(x)~7 + 1/5*sin(x) "5

3.63. [ cos®(z)sin*(z)dzx
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3.63.9 Mupad [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

4\ 4 _ sin(z)’ (5sin(z)? - 7)
/cos (z) sin*(z) dx = — 35

input Lint (cos(x)"3*sin(x)"4,x)

~—

-

output L—(sin(x)‘S*(S*sin(x)’? - 7))/35

—J/

3.63. [ cos®(z)sin*(z)dzx
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3.64 [ cos?(z) sin*(x) dz

3.64.1 Optimalresult . . . . .. ... ... ... 425
3.64.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 425
3.64.3 Rubi [A] (verified) . . . . . . ... .. L 126
3.64.4 Maple [A] (verified) . . . . ... . . ... A7
3.64.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 428

3.64.6 Sympy [A] (verification not implemented)
3.64.7 Maxima [A] (verification not implemented)
3.64.8 Giac [A] (verification not implemented)
3.64.9 Mupad [B] (verification not implemented)

3.64.1 Optimal result

Integrand size = 9, antiderivative size = 36

/ cos?(x) sin(z) dz = 1$_6 + 1i6 cos(z) sin(z) — %cosg’(x) sin(x) — %cosg’(x) sin® ()

outputL1/16*x+1/16*cos(x)*sin(x)-1/8*cos(x)”3*sin(x)-1/6*cos(x)“3*sin(x)”3 J

3.64.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.83

1 1 1
/cos2(x) sin(z) dz = 1£6 e sin(2x) — 6l sin(4x) + 192 sin(6x)

input ‘ Integrate[Cos[x]~2*Sin[x]"4,x]

output\x/is - Sin[2*x]/64 - Sin[4*x]/64 + Sin[6%x]/192

3.64. [ cos®(z)sin*(z)dzx
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3.64.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.28, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , 77¢ Ry jjeq ysed = {3042,

’ integrand size
3048, 3042, 3048, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin’ () cos? () dz
| 3042
/ sin(z)* cos(z)2dz
| 3048
1

2 / cos?(z) sin?(z)dx — ésin3(a:) cos’(z)

| 3042
% /cos(ac)2 sin(z)%dz — %sin?’(x) cos3(z)
| 3048

- (i /cosz(x)dx — %sin(x) cos3(x)) — %Sing’(x) cos® ()
| 3042
1 <i /sin (m + g>2 dz — isin(m) cos3(:v)) - éSinE;(f) cos® ()

l 3115

;(i (f 12d’” + %sin(m) cos(:v)) - isin(a:) cos3(a:)> - %snﬁ(x) cos’(z)
l 24
1

<1 (x + lsin(ac) Cos(gg)) -1 sin(z) cos3(x)) - %Sin3(i‘) cos’(z)

1
2\4\2 7 2

inputLInt[Cos[x]‘2*Sin[x]“4,X]

3.64. [ cos®(z)sin*(z)dzx
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427

output ‘ -1/6%(Cos[x] ~3*Sin[x]~3) + (-1/4%(Cos([x]~3*Sin[x]) + (x/2 + (Cos[x]*Sin[x]

/2)/4)/2

3.64.3.1 Defintions of rubi rules used

rule 24 Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]
ym

rule 3042

rule 3048

rule 3115

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cos[(e_.) + (£_.)*(x_)]1*(_.))"(n_)*((a_.)*sinl[(e_.) + (£_)*(x_)1)"(m
_), x_Symbol] :> Simp[(-a)*(b*Cos[e + f*x])~(n + 1)*((a*Sin[e + f*x])~(m -
1)/ (bxf*(m + n))), x] + Simp[a~2*%((m - 1)/(m + n)) Int[(b*Cos[e + f*x])"n
*(a*Sinfe + f*x])~(m - 2), x], x] /; FreeQ[{a, b, e, f, n}, x] && GtQ[m, 1]
&& NeQ[m + n, 0] && IntegersQ[2*m, 2%*n]

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int [(b*Sin
[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[

2*n]

3.64.4 Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.64

method result

. z sin(6x) sin(4z) sin(2x)
risch 67 12 T ez T e
parallelrisch | & + Silig;z) — Sinéffz) — Sins(zz)
default % + Cos(xigin(m) . (cos3(x2)3) sin(z) (sin3(x))6(cos3(x))

o 17(tan®(§)) 19(tan®(%)) 19(tan”(§)) 17(tan”(§)) , (tan''(§))  3e(tan(§))  150(tan*(§))  se(tanS(%))
norman 16 n— e (111; 2(2))6  E—— —
arn 2

input Lint (sin(x) ~4*cos(x)"2,x,method=_RETURNVERBOSE)

3.64. [ cos®(z)sin*(z)dzx
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output| 1/16%x+1/192+sin (6+x)-1/64*sin(4*x)-1/64*sin(2%x)

3.64.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.69

/cos2(z) sin*(z) dr = % (8 cos (z)” — 14 cos (z)® + 3 cos (z)) sin (z) + % T

inputLintegrate(cos(x)‘2*sin(x)“4,x, algorithm="fricas")

-/

output L1/48*(8*cos(x)‘5 - 14*cos(x)”"3 + 3*cos(x))*sin(x) + 1/16%x

3.64.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.86

0 4 _x  sin®(z)cos(x) sin®(x)cos(z) sin(x)cos ()
/cos (z)sin*(z) dz = 1 + 6 - o1 - T

input

integrate(cos(x)**2*sin(x)**4,x)

N\

output‘x/le + sin(x)**5*cos(x)/6 - sin(x)**3*cos(x)/24 - sin(x)*cos(x)/16

3.64.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.50

1 1 1
2 . 4 _ . 3 o . .
/cos (z) sin*(z) dz = 13 Sin (2z)" + 6% g Sin (4z)

p
inputLintegrate(cos(x)‘2*sin(x)“4,x, algorithm="maxima")

~—

outputt—1/48*sin(2*x)‘3 + 1/16%x - 1/64*sin(4*x)

3.64. [ cos®(z)sin*(z)dzx
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3.64.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.61

1 1 1 1
2 -4 _ = . . . . .
/cos (z) sin*(z) dz = 16$+ 109 sin (6 x) ol sin (4 z) 6l sin (2 x)

inputLintegrate(cos(x)‘2*sin(x)“4,x, algorithm="giac")

;
output | 1/16*x + 1/192*sin(6*x) - 1/64*sin(4*x) - 1/64*sin(2#*x)

N\

3.64.9 Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.67

cos () sin (z)® _sin(2z)  sin(4z)

20\ wind _ il
/cos (z) sin®(x) dz = 5 + 16 o 19

input Lint (cos(x)~2*sin(x)"4,x)

output‘x/16 - 8in(2*x) /24 + sin(4%x)/192 + (cos(x)*sin(x)~5)/6

3.64. [ cos®(z)sin*(z)dzx
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3.65 [ cos?(z) sin(z) dz

3.65.1 Optimalresult . . . ... ... ... .. .. 430
3.65.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 430
3.65.3 Rubi [A] (verified) . . . . . . ... .. 437
3.65.4 Maple [A] (verified) . ... ... ... ... 432
3.65.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 433
3.65.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 133]
3.65.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 433
3.65.8 Giac [A] (verification not implemented) . . . . . ... ... ... ....... 434
3.65.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ... .. 434

3.65.1

Optimal result

Integrand size = 9, antiderivative size = 24

1
/ cos®(z) sin®(z) dz = 2 4 Zcos

8 8

(z) sin(z) — icos‘q’(x) sin(x)

output Ll/S*x+1/8*cos (x)*sin(x)-1/4*cos(x) ~3*sin(x)

3.65.2

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.58

Mathematica [A] (verified)

/ cos®(z) sin?(z) dz

z
8

32

sin(4z)

input ‘ Integrate[Cos[x]~2%Sin[x]~2,x]

output \ x/8 - Sin[4%x]/32

3.65.

[ cos®(z) sin®(z) dz
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3.65.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.21, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 556 Ryjles used = {3042,

integrand size
3048, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin? () cos? (z) dz
J'3042
/ sin(z)? cos(z)2dx
l 3048
i / cos?(z)dz — isin(w) cos’(z)
l 3042

1 . ™ 2 1 . 3
1 /sm <m + E) dx — ism(m) cos”(z)

J,3115

1
4

(f 12dx + %sin(m) coS(ﬂc)) - isin(m) cos® (z)
| 24

i(; + 5 sin(a) cos(ac)) ~ 7 sin(a) cos*(z)

Int[Cos[x]~2*Sin[x]~2,x]

N J

output ‘ -1/4*%(Cos[x]~3*Sin[x]) + (x/2 + (Cos[x]*Sin[x])/2)/4

3.65. [ cos’(z)sin*(z)dzx
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3.65.3.1 Defintions of rubi rules used

ruk324‘Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 3048 | Int [(cos[(e_.) + (f_.)*(x_)1*(b_.))"(n_)*((a_.)*sin[(e_.) + (f_)*(x_)1)"(m

rule 3115

_), x_Symbol] :> Simp[(-a)*(b*Cos[e + f*x])~(n + 1)*((axSin[e + f*x]) (m -

1)/ (b*fx(m + n))), x] + Simp[a™2*((m - 1)/(m + n)) Int[(b*xCos[e + f*x])"n
*(a*xSinf[e + f*x])"(m - 2), x], x] /; FreeQ[{a, b, e, f, n}, x] && GtQ[m, 1]
&& NeQ[m + n, 0] &% IntegersQ[2*m, 2*n]

Int [((b_.)*sin[(c_.) + (d_.)*(x_)])"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin

[c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &% IntegerQ[
2xn]

3.65.4 Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.46

method result size
. T sin(4x)
risch 5§~ 3 11
parallelrisch | § — Sm;;l 2) 11
default % + cos(a:)gsin(z) _ (cos® (aci) sin(x) 19
z 7(tan3(%))_7(tan5(%)) (tan’?(%)) w(tanz(%)) 3z(tan4(%)) x(tanG(%)) z(tans(%))_tan(%)
norman R— N — — (1J2rt Q(t))4 4 A S S 1 82
an? (2

input Lint (cos(x)~2*sin(x)~2,x,method=_RETURNVERBOSE)

output L1/8*x-1/32*sin(4*x)

3.65. [ cos’(z)sin*(z)dzx
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3.65.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.79

/cosz(x) sin®(z) dz = —% (2 cos (2)® — cos (z)) sin (z) + éx

inputLintegrate(cos(x)‘2*sin(x)“2,x, algorithm="fricas")

-

output | -1/8%(2*cos(x)~3 - cos(x))*sin(x) + 1/8%x

N\

3.65.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.58

2 . 9 _x sin(2z)cos (27)
/cos (z) sin®(z) dz = 3 16

inputLintegrate(cos(x)**2*sin(x)**2,x)

~—

-

output | x/8 - sin(2*x)*cos(2*x)/16

N\

i

3.65.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.42

1 1
2 . 2 _ L .
/cos (z) sin®(z) dz = 3 T o sin (4 z)

input Lintegrate (cos(x)"2*sin(x)~2,x, algorithm="maxima")

~—

-

output L1/8*x - 1/32%sin(4%x)

-/

3.65. [ cos’(z)sin*(z)dzx
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3.65.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.42

1 1
20, ain? I ~
/cos (z) sin®(z) dz = g &~ 3 S (4z)

inputLintegrate(cos(x)‘2*sin(x)“2,x, algorithm="giac")

-

1/8*x - 1/32%sin(4*x)

N\

output

3.65.9 Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.75

cos (z) sin (z)®  cos(z) sin (z) =

20 ain? _ _ d
/cos (z) sin®(z) dz = 1 g + 3

input Lint (cos(x)~2*sin(x)"~2,x)

output‘x/s - (cos(x)*sin(x))/8 + (cos(x)*sin(x)"3)/4

3.65. [ cos’(z)sin*(z)dzx
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3.66 [(1 —sin(2z))* dz

3.66.1 Optimalresult . .. ... ... ... .. .. 435
3.66.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 435
3.66.3 Rubi [A] (verified) . . . . . ... . . ... 136
3.66.4 Maple [A] (verified) . . . ... ... ... 437
3.66.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 437
3.66.6 Sympy [A] (verification not implemented) . . . ... .. ... ... .. ... . 437
3.66.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 438
3.66.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 438
3.66.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 138

3.66.1 Optimal result

Integrand size = 10, antiderivative size = 22

/(1 —sin(27))? dz = 3; + cos(2z) — 411 cos(2z) sin(2x)

outputL3/2*x+cos(2*x)-1/4*cos(2*X)*Sin(2*X)

3.66.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/(1 —sin(22))? dz = 3; + cos(2z) — %sin(élx)

input ‘ Integrate[(1 - Sin[2*x])~2,x]

output‘ (3%x)/2 + Cos[2*x] - Sin[4*x]/8

3.66.

J(1 —sin(2z))? dz



input

output

rule 3042

rule 3123
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3.66.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 954 Ryjles used = {3042,
integrand size
3123}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(1 — sin(2z))2%dx
l 3123

3 1
; + cos(2z) — i sin(2x) cos(2x)

'Int[(1 - Sin[2%x]1)"2,x]

r

L(S*x)/Q + Cos[2*%x] - (Cos[2*x]*Sin[2+%x])/4

3.66.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"2, x_Symbol] :> Simp[(2*a~2 + b~
2)*(x/2), x] + (-Simp[2*a*b*(Cos[c + d*x]/d), x] - Simp[b~2*Cos[c + d*x]*(S
infc + d*x]/(2*%d)), x]1) /; FreeQl[{a, b, c, d}, x]

3.66.  [(1—sin(2z))*dx

| —
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3.66.4 Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.68

method result Size
risch S _ w + cos (2z) 1
parallelrisch 41— % + cos (27) 16
derivativedivides | 3% + cos (2z) — MEOS(%) 19
default 32 4 cos (2z) — Sn(2e)cos(2) 19
parts 32 1 cos (2z) — Sn2zleos(?r) 19
I e el

inputLint((1-sin(2*x))“2,x,method=_RETURNVERBOSE)

output L3/2*x—1/8*sin(4*x)+cos (2*x)

3.66.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/(1 —sin(22))* dz = —}1 cos (2x)sin (2z) + gx + cos (2x)

input

integrate((1-sin(2*x))~2,x, algorithm="fricas")

N J

output‘ -1/4%cos(2*x)*sin(2*x) + 3/2%x + cos(2%x)

3.66.6 Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.68

_ wsin® (2z) N x cos? (2x) N sin (2z) cos (2x)

/(1 —sin(27))? dz = 5 5 x 1 + cos (2z)

3.66.  [(1—sin(2z))*dx
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input ‘ integrate ((1-sin(2*x))**2,x)

outputtx*sin(Q*x)**2/2 + x*cos(2*x)**2/2 + x - sin(2*x)*cos(2*x)/4 + cos(2*x)

3.66.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.64

/(1 —sin(2z))? dx = ga: +cos (2z) — é sin (4 z)

input Lintegrate ((1-sin(2*x))"2,x, algorithm="maxima")

output L3/2*x + cos(2*x) - 1/8+%sin(4*x)

3.66.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.64

/(1 —sin(2z))? dz = gx +cos (2z) — % sin (4 z)

inputLintegrate((1—sin(2*x))‘2,x, algorithm="giac")

output | 3/2*%x + cos(2*x) - 1/8*sin(4*x)

N\

3.66.9 Mupad [B] (verification not implemented)

Time = 0.39 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.64

_ sin(4z)

) 2, 33X
/(1 —sin(2x))“ dz = 5 tcos (2z) 5

input Lint((sin(2*x) - 1)72,x)

—

outputL(S*x)/2 + cos(2*x) - sin(4*x)/8

3.66.  [(1—sin(2z))*dx
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3.67 [ cos(z)sin (§ +z) dz

3.67.1 Optimalresult . . . ... .. . ... ... 439
3.67.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 139
3.67.3 Rubi [A] (verified) . . . . ... . .. ... 4401
3.67.4 Maple [A] (verified) . . . . ... .. ... 44T]
3.67.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... .. 441]
3.67.6 Sympy [B] (verification not implemented) . . . . ... ... ... ... ... . 441
3.67.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 442
3.67.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 442
3.67.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 442

3.67.1 Optimal result

Integrand size = 11, antiderivative size = 20

/cos(x) sin (% + x) dz = z - icos (% + 2:10)

outputL1/4*x-1/4*cos(1/6*Pi+2*x) J

3.67.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/cos(x) sin (% + w) dx = z - icos <g + Qx)

input‘ Integrate[Cos[x]*Sin[Pi/6 + x],x]

output‘x/él - Cos[Pi/6 + 2%x]1/4

3.67.  [cos(z)sin (¥ +z) dx
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3.67.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 199 Ryjeg used = {5085,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sin (a: + %) cos(x) dz

l 5085

/ (;sin (2:c n %) + i) da
l 2009

% cos <2:Jc + g)

4

input‘ Int [Cos[x]*Sin[Pi/6 + x],x]

output Lx/4 - Cos[Pi/6 + 2xx]/4

3.67.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 5085 ‘ Int[Cos[w_]1"(q_.)*Sin[v_]1"(p_.), x_Symbol] :> Int[ExpandTrigReduce[Sin[v]~p
‘ *Cos[wl~q, x], x] /; IGtQ[p, 0] && IGtQlq, 0] && ((PolynomialQ[v, x] && Pol
‘ ynomialQ[w, x]) || (BinomialQ[{v, w}, x] && IndependentQ[Cancel([v/w], x]))

—

3.67.  [cos(z)sin (¥ +z) dx
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3.67.4 Maple [A] (verified)

Time = 0.43 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.75

method result size
default 71— COS(%:QQC) 15
risch Zl_c _ \/gcc8>s(2x) + sin(82z) 2
parallelrisch Sin(%;%) - COS(%;Q”) — \/gc;s(Qw) + \/Tg +2 39
n(Z iz n(Z n2(m 4z 2tan(Z) tan( & 4+ Z)— n(Z)— n2(% n(Z iz
norman wtan(f3+3) e tan(3) (ta (12231&:2(tg))(fl)j:mle(%i)%)m (et Gl nlfa+E) | g1

input Lint (cos(x)*sin(1/6*Pi+x) ,x,method=_RETURNVERBOSE)

output L1/4*x—1/4*cos (1/6*%Pi+2*x)

3.67.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 31 vs. 2(14) = 28.

Time = 0.25 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.55

. 1 1 ! 1
/Cos(z)s1n(g+a:) dx——z 3cos(g7r—|—x) —Zcos(éw—kx

6

1 ) 1
~mT+x)+-x

input Lintegrate (cos(x)*sin(1/6*pi+x) ,x, algorithm="fricas")

output‘—1/4*sqrt(3)*cos(1/6*pi + x)72 - 1/4%cos(1/6*pi + x)*sin(1/6*pi + x) + 1/4

*=

3.67.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 37 vs. 2(12) = 24.

Time = 0.13 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.85

2 2

2

/cos(x) sin (er) gy Zin (@) cos (z+7%) L Zsin (z + %) cos (z)  sin () sin (z + )

3.67.  [cos(z)sin (¥ +z) dx
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input ‘ integrate(cos(x)*sin(1/6%pi+x),x)

output‘-x*sin(x)*cos(x + pi/6)/2 + x*sin(x + pi/6)*cos(x)/2 + sin(x)*sin(x + pi/6

/2

3.67.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.70

1 1 1
/cos(x)sin <%+x) der = A% g cos (gw—i-Qa:)

inputLintegrate(cos(x)*sin(1/6*pi+x),x, algorithm="maxima")

output L1/4*x - 1/4%cos(1/6%pi + 2%*x)

3.67.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.70

1 1 1
/cos(z)sin (%+m> dx = 4% cos (671'+2x)

input Lintegrate (cos(x)*sin(1/6*pi+x) ,x, algorithm="giac")

output L1/4*x - 1/4%cos(1/6%pi + 2%x)

3.67.9 Mupad [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

II

- 0,
/cos(x)sin <%+x> de =~ 311;(6) _ COS<64+ z)

input Lint(cos (x)*sin(Pi/6 + x),x)

—

0utputt(x*sin(Pi/6))/2 - cos(Pi/6 + 2*x)/4

3.67.  [cos(z)sin (¥ +z) dx
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3.68 [ cos®(z) sin®(z) dz

3.68.1 Optimalresult . .. ... ... ... .. .. 443]
3.68.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 443
3.68.3 Rubi [A] (verified) . . . . . .. . . ... 444
3.68.4 Maple [A] (verified) . . . .. .. ... ... ... 445
3.68.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 446
3.68.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 1761
3.68.7 Maxima [A] (verification not implemented) . ... .. ... ... ...... 446
3.68.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 447
3.68.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 44T

3.68.1 Optimal result

Integrand size = 9, antiderivative size = 25

.6 .8 .10
5 5 _ sin®(z) sin’(z)  sin®®(z)
/COS (z) sin’(z) dz = 5 1 + 10

outputLl/G*sin(x)“6—1/4*sin(x)‘8+1/10*sin(x)“10

~—

3.68.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

5cos(6z)  cos(10z)
3072 5120

)
50, ain® __
/cos (z)sin’(z) dz = 515 cos(2x) +

-

input LIntegrate [Cos[x]"56*Sin[x]"5,x]

~—

output L(—S*Cos [2*x]) /512 + (5*Cos[6%x])/3072 - Cos[10%x]/5120

~—

3.68. [ cos’(z)sin’(z)dz
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3.68.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.16, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 556 Ryjles used = {3042,

’ integrand size
3044, 243, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin® () cos® () dz
| 3042
/ sin(z)® cos(z)dz
| 3044
/ sin®() (1 — sin’(z))” dsin(e)
| 243
% / sin'(z) (1 — sin®(z))? dsin’(z)

| 49

;/(Sing(x) —2sin6(x)+sin4(x))dsin2(x)
l 2009
1 /sin'%(z) sind(z) = sinf(x)
2< 5 2 + 3 >

input LInt [Cos[x]~5*Sin[x]"5,x]

outputL(Sin[x] ~6/3 - Sin[x]1"8/2 + Sin[x]1°10/5)/2

3.68. [ cos’(z)sin’(z)dz



rule 49

rule 243

rule 2009

rule 3042

rule 3044
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3.68.3.1 Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, O]

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

—/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(e_.) + (£_)*(x )1 (n_.)*((a_.)*sin[(e_.) + (£_)*(x_)1)"(m_.), x_
Symbol] :> Simp[1/(a*f)  Subst[Int[x"m*(1 - x72/a"2)"((n - 1)/2), x], %, a
*Sin[e + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] && !'(I
ntegerQ[(m - 1)/2] && LtQ[0, m, n])

3.68.4 Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.80

method result gize
derivativedivides (Sinz(x)) — (Si“z(x)) + (Sini(;(x)) 20
default (Sin‘;(w)) _ (Sinz(w)) n (Sini(;(w)) 50
risch _°°§§12%w) + 5c§g$gz) _ Sc?’sl(zzac) 2
parallelrisch —b °°§§12%’”) + 50;5%””) _ 50?’51(2296) 921

input ‘ int (cos(x) "5*sin(x) ~5,x,method=_RETURNVERBOSE)

output Ll/G*sin(x) “6-1/4*sin(x) "8+1/10*sin(x) 10

3.68. [ cos’(z)sin’(z)dz
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3.68.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.76

1 1 1
/coss(z) sin®(z) dx = —1p 8 (2)" + 1 08 (z)® — G cos ()°

inputLintegrate(cos(x)‘5*sin(x)“5,x, algorithm="fricas")

-

output | -1/10*cos(x) 10 + 1/4*cos(x)”"8 - 1/6%cos(x)~6

N\

3.68.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.76

.10 . 8 .6
5 5 _sin®(z) sin®(z) | sin®(z)
/cos (z) sin®(z) dz = 10 1 + 5

input Lintegrate (cos(x)**5*sin(x) **5,x)

output\ sin(x)**10/10 - sin(x)**8/4 + sin(x)**6/6

3.68.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.76

1 1 1
/coss(z) sin®(z) dx = o sin (z)'° — 1 sin (z)° + 6 sin (z)°

input Lintegrate (cos(x) “b*sin(x)~5,x, algorithm="maxima")

~—

output\ 1/10%sin(x)~10 - 1/4*sin(x)"8 + 1/6%sin(x)"6

3.68. [ cos’(z)sin’(z)dz
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3.68.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.76

1 1 1
/coss(z) sin®(z) dx = —1p 8 (2)" + 1 08 (z)® — G cos ()°

inputLintegrate(cos(x)‘5*sin(x)“5,x, algorithm="giac")

;
output | -1/10*cos(x) 10 + 1/4*cos(x)”"8 - 1/6%cos(x)~6

N\

3.68.9 Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.76

sin (z)" _ sin (z)® 4 sin ()°

10 4 6

/ cos®(z) sin®(x) dz =

input Lint (cos(x)~5*sin(x)"5,x)

output sin(x)~6/6 - sin(x)"8/4 + sin(x)~10/10

3.68. [ cos’(z)sin’(z)dz
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3.69 [ sin®(z) dz

3.69.1 Optimalresult . . . ... .. ... . .. .. 448]
3.69.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 443
3.69.3 Rubi [A] (verified) . . . . . ... . ... 449
3.69.4 Maple [A] (verified) . ... ... ... .. ... 450
3.69.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 451
3.69.6 Sympy [A] (verification not implemented) . . . .. ... ... ... .. ... . 4511
3.69.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 451
3.69.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 452
3.69.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 152

3.69.1 Optimal result

Integrand size = 4, antiderivative size = 34

°or 5
.6 _9T 9
/sm (x)dx—16 16

cos(z) sin(z)

— ﬂCOS

(z) sin®(z) — écos(x) sin®(z)

outputL5/16*x-5/16*cos(x)*sin(x)-5/24*cos(x)*sin(x)“3-1/6*cos(x)*sin(x)“5

3.69.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.88

/ sin®(z) dz = 52

— — —sin

16

15
64

(2z) +

64

sin(4z)

1.
— —sin

192

(62)

input ‘ Integrate[Sin[x]~6,x]

output‘ (6%x)/16 - (15%Sin[2%*x])/64 + (3%Sin[4#%x])/64 - Sin[6%*x]/192

3.69.

[ sin®(z) dz
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3.69.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.29, number
of steps used = 7, number of rules used = 7, Bumber of rules _ 4 754 Ryjjeq ysed = {3042,

’ integrand size
3115, 3042, 3115, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin®(z) dzx
| 3042
/ sin(z)%dx
| 3115
g / sin’(z)dz — %sin5(:v) cos(z)
| 3042

2/sin(;r;)4dx - %Sin‘r’(m) cos(x)

| 3115

g (i /sin2 (z)dz — isin?’(a:) cos(x)) - %Sin‘r) (z) cos(z)
| 3042

g (Z /sin(w)de - i sin3(z) cos(a:)> - é sin®(z) cos(z)
| 3115

g (i (f lzdx - % sin(z) cos(a:)) - % sin(z) cos(:v)) - % sin®(z) cos(z)
| 24
g (i (; - %sin(m) cos(w)) — isin?’ (z) cos(w)) — ésin5 (z) cos(x)

input LInt [Sin[x]"6,x]

3.69.  [sin®(z)dzx
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output‘-1/6*(Cos[x]*Sin[x]”5) + (5%(-1/4%(Cos[x]*Sin[x]~3) + (3*(x/2 - (Cos[x]*Si
‘n[x])/2))/4))/6

3.69.3.1 Defintions of rubi rules used

rule 24 Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]
ym

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3115 Int [((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &% IntegerQ[
2#n]

3.69.4 Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.68

method result
. 5 sin(6x) 3sin(4x) 15 sin(2z)
risch 6~ 12 T 6~ e
parallelrisch ?_;é _ suigﬁ;) + 3 s1gi4m) 15 s16111(2ac)
sin3 x .
<sin5 (z)+ M + 155'8“(“”)> cos(z)
default - = + %
% _ 85(ta1;i(%)) _ 33(tanj (%)) n 33('::3m[;7 (%)) i SS(tar;j(%)) n 5(tan181 (%)) i 15:c(ta;2 (%)) 4 75:c(taln: (%)) i 251:('::116 (%)
norman =
(1+tan?(3))
input Lint (sin(x)"6,x,method=_RETURNVERBOSE) J
output L5/16*x—1/192*sin(6*x) +3/64*sin (4%x)-15/64*sin (2*x) J

3.69.  [sin®(z)dzx
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3.69.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.74

/sinG(z) i = —— (8 cos (z)° — 26 cos (z)* + 33 cos (z)) sin (z) + % T

inputLintegrate(sin(x)‘G,x, algorithm="fricas")

-

output | -1/48*(8*cos(x) "5 - 26*cos(x)~3 + 33*cos(x))*sin(x) + 5/16%x

N\

3.69.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.06

6 _ 5z sin®(x)cos(z) 5sin®(z)cos(z) 5sin(z) cos (z)
/sm (x)dz = 6 5 — o - 6

input Lintegrate (sin(x) **6,x)

output‘S*x/16 - sin(x)**5%cos(x)/6 - 5*sin(x)**3*cos(x)/24 - 5*sin(x)*cos(x)/16

3.69.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.71

1 ) 3 1
« 6 o 3 v 2 T
/sm (z)dz = = sin (2z)° + 6 T sin (4 z) 1 sin (2 )

input Lintegrate (sin(x)"6,x, algorithm="maxima")

~—

output‘ 1/48*sin(2*x) "3 + 5/16*x + 3/64*sin(4*x) - 1/4*sin(2%*x)

3.69.  [sin®(z)dzx
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3.69.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.65

) 1 3 15
. 6 _ v o . -~ . v .
/sm (z)dx = 6%~ 103 sin (6 z) + ol sin (4 ) ol sin (2 )

inputLintegrate(sin(x)‘G,x, algorithm="giac")

;
output | 5/16*x - 1/192*sin(6*x) + 3/64*sin(4*x) - 15/64*sin(2*x)

N\

3.69.9 Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.65

de = — —

) 5z 15sin(2z) 3sin(4z) sin(6x)
6 -
/ sin(z) do = 7 64 ' 64 192

input Lint (sin(x)"6,x)

~—

output((S*x)/16 - (15*sin(2*x))/64 + (3*sin(4%*x))/64 - sin(6*x)/192

N\

i

3.69.  [sin®(z)dzx
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3.70 [ cos®(z) dz

3.70.1 Optimal result . . . . . . .. . ... .. 453
3.70.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo oL 453
3.70.3 Rubi [A] (verified) . . . . . . ... .. 454
3.70.4 Maple [A] (verified) . .. . ... . ... ... A50)
3.70.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 450
3.70.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 1561
3.70.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 450
3.70.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 457
3.70.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 457

3.70.1 Optimal result

Integrand size = 4, antiderivative size = 34

/cosﬁ(x) dz = oz + il cos

16 16

(x)sin(x) +

24

9
— cos®

(z) sin(z) + é cos® () sin(z)

outputL5/16*x+5/16*cos(x)*sin(x)+5/24*cos(x)“3*sin(x)+1/6*cos(x)”5*sin(x)

3.70.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.88

/ cos®(z) dz =

5 15
— 4+ —sIn

16

64

(2z) +

3 .
— sin

64

(4z) +

1.
— sin

192

(62)

input ‘ Integrate[Cos[x]~6,x]

output‘ (6%x)/16 + (15%Sin[2%*x])/64 + (3%Sin[4#*x])/64 + Sin[6%*x]/192

3.70.

[ cos®(z) dz
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3.70.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.29, number
of steps used = 7, number of rules used = 7, Bumber of rules _ 4 754 Ryjjeq ysed = {3042,

integrand size
3115, 3042, 3115, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cos®(x) dx

J,3042

/sin (x-l— g)ﬁd:c
l 3115

g /cos4(a:)d:v + %Sin(w) cos®(z)

| 3042
5 [ . a1 ;
6/sm <m+ §> dx + ésm(x) cos’(z)
| 3115
5(3 [ cotoris s Lsina)os’(@)) 4 Leina) cos
5 <4 /cos (z)dz + 4sm(:c) cos (:1:)) + 6sm(m) cos’(x)
| 3042
5(3 [4 ™ e+ L 3 1y 5
6 <4 /sm <:E—|— 2) dx + 4sm(a:) cos (a:)) + 6sm(:v) cos’(x)

l 3115

2(3 (f 4 sin(a) cos(a:)) + 7 sin(z) cos3(fv)> + 2 sin(e) cos’(z)
| 24
3

% sin(z) cos®(x) + g <i sin(z) cos®(x) + 1 <;c + % sin(z) COS(w)))

input LInt [Cos[x]"6,x]

3.70.  [cos®(z)dzx
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output ‘ (Cos[x]~5*Sin[x])/6 + (5%((Cos[x]~3*Sin[x])/4 + (3*(x/2 + (Cos[x]*Sin[x])/ ‘
2))/4))/6 |

3.70.3.1 Defintions of rubi rules used

rule 24 Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]
ym

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3115 Int [((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &% IntegerQ[
2#n]

3.70.4 Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.68

method result
. 5 sin(6x) 3sin(4x) 15 sin(2zx)
risch St e t et a
parallelrisch ?—”g =+ Sirigﬁf) +3 Sigffm) + & SI&(%)
3
<COS5 (z)+ 5 (CDS4 (z)) 415 ccés(z) > sin(z)
default 5 + ?—w
5z 5(tan3 (%)) n 15(tan5 (%)) _ 15(tan7(%)) 5(tan9 (%)) _ 11(tan11 (%)) i 15z(tan2 (%)) i 75z(tan4 (%)) +25z(tan6 (%))
norman 16 24 4 4 24 8 8 16 1
(1+tan?(5))
input Lint (cos(x)"6,x,method=_RETURNVERBOSE) J
output L5/16*x+1/192*sin(6*x) +3/64*sin(4*x)+15/64*sin (2*x) J

3.70.  [cos®(z)dx
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3.70.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.74

/cosﬁ(a:) dr = % (8 cos (2)® 4 10 cos (z)® + 15 cos (z)) sin (z) + %w

inputLintegrate(cos(x)‘G,x, algorithm="fricas")

-

output | 1/48%(8*cos(x)~5 + 10*cos(x)~3 + 15*cos(x))*sin(x) + 5/16%x

N\

3.70.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.06

5z  sin(z)cos® (z) 5sin(z)cos®(z) 5sin(z)cos(z)
6 _ oz
/ cos' (@) dw = 75 + 6 * 24 * 16

input ‘ integrate(cos(x)**6,x)

output LS*x/16 + sin(x)*cos(x)**5/6 + Bxsin(x)*cos(x)**3/24 + 5xsin(x)*cos(x)/16

3.70.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.71

1 5) 3 1
6 T 3 e T S
/cos (z)dr = T sin (2z)” + 6 T & s1n(4ac)—i—4 sin (2 )

p
input Lintegrate (cos(x)~6,x, algorithm="maxima")

-/

output L—1/48*sin(2*x)‘3 + 5/16%x + 3/64%sin(4%x) + 1/4%sin(2%x)

~—

3.70.  [cos®(z)dx
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3.70.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.65

) 1 3 15
6 _ v - . e . -v .
/cos (z)dx = 16x—|— 199 sm(6x)+64 sm(4x)—|—64 sin (2 z)

inputLintegrate(cos(x)‘G,x, algorithm="giac")

;
output | 5/16*x + 1/192*sin(6*x) + 3/64*sin(4*x) + 15/64*sin(2*x)

N\

3.70.9 Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.65

5z 15sin(2z) 3sin(4z) sin(6z)
6 _oT
/cos (z) dz 16 + ol + 64 + 192

input Lint (cos(x)76,x)

~—

output((S*x)/16 + (15%sin(2%*x))/64 + (3*sin(4*x))/64 + sin(6%*x)/192

N\

i

3.70.  [cos®(z)dx
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3.71 [ cos*(2z) sin?(2z) dz

3.71.1 Optimal result . . . . . . .. . .. .. 458]
3.71.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL A58
3.71.3 Rubi [A] (verified) . . . . . .. .. .. 459
3.71.4 Maple [A] (verified) . ... ... . . ... 460
3.71.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... Z
3.71.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . 46Tl
3.71.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 46Tl
3.71.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 462
3.71.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ... .. 162

3.71.1 Optimal result

Integrand size = 13, antiderivative size = 46

1 1 1
/ cos*(2x) sin?(2z) dz = 2= cos(2z) sin(2x) + 5 cos®(2z) sin(2z) — T cos®(2z) sin(2z)

16 32

output‘1/16*x+1/32*cos(2*x)*sin(2*x)+1/48*cos(2*x)“3*sin(2*x)-1/12*cos(2*x)“5*sin

(2%x)

3.71.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.65

1 1
/cos4(2x) sin?(2z) dz = 1£6 + 128 sin(4z) — 128 sin

(8z)

384

sin(12z)

input | Integrate [Cos[2*x] ~4*Sin[2*x]~2,x]

N\

output‘x/16 + Sin[4%*x]/128 - Sin[8%x]/128 - Sin[12*x]/384

3.71. [ cos*(2z)sin®(2z) dz
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3.71.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.22, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , 53¢ Ry jjeg used = {3042,

integrand size
3048, 3042, 3115, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin?(2z) cos* (2z) dz
| 3042
/sin(2nr:)2 cos(2x)*dx
| 3048
1/cos‘l(2cv)da: 1 sin(2z) cos®(2z)
6 12
| 3042
1 . Vs 4 1 . 5
8 /sm (23: + 5) dx — D sin(2x) cos’(2z)
| 3115
13 /c052(2x)dw + 1sin(2ac) cos®(2z) | — 1 sin(2:) cos®(2z)
6\4 8 12
| 3042
1/3 . T\ 2 1. 3 L. 5
5 <4 /sm (2:5 + 2) dz + 5 sin(2x) cos (23:)) 12 sin(2z) cos’(2x)

l 3115

é (i (f 12d:1; + % sin(2z) cos(2a:)) + % sin(2z) cos3(2w)) - % sin(2z) 0035(295)
l 24
1 3

5 (; sin(2z) cos®(2z) + 1 <§ + % sin(2z) COS(29E)>> - le sin(2z) cos® (2z)

input LInt [Cos [2*x] ~4*Sin [2*x]~2,x]

3.71. [ cos*(2z)sin®(2z) dz
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output -1/12#(Cos [2%x]"5*Sin[2#x]) + ((Cos[2%x]"3%Sin[2#x])/8 + (3x(x/2 + (Cos[2* |
\ x]*8in[2%x])/4))/4)/6 ‘

3.71.3.1 Defintions of rubi rules used

rule 24 Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]
ym

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3048 Int[(cos[(e_.) + (£_.)*(x_)]1*(b_.))"(n_)*((a_.)*sin[(e_.) + (£_.)*(x_)1)"(m
_), x_Symbol] :> Simp[(-a)*(b*Cos[e + f*x])~(n + 1)*((a*Sin[e + f*x])~(m -
1)/ (bxf*(m + n))), x] + Simp[a~2*%((m - 1)/(m + n)) Int[(b*Cos[e + f*x])"n
*(a*Sinfe + f*x])~(m - 2), x], x] /; FreeQ[{a, b, e, f, n}, x] && GtQ[m, 1]
&& NeQ[m + n, 0] && IntegersQ[2*m, 2%*n]

rule 3115 Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[(-b)*Cos[c + dx*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int [(b*Sin

[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2*n]

3.71.4 Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.50

method result
. 2z _ sin(12z) _ sin(8x) sin(4z)
risch 16 384 128 T 128
. z __ sin(12z) _ sin(8x) sin(4z)
parallelrisch 15 351 o8 T 18
3 3 cos(2z) .
o s .. (cos®(2)) sin(2x) (COS (22)+ f) sin(2z) z
derivativedivides | — 5 + T3 + 35
3 3 cos(2z) .
(cos®(2z)) sin(2x) (COS (2z)+ f) sin(2z) T
default — 19 + & 15
z 47(tan3(w)) 13(tan5(w)) 13(tan7(w)) 47(tan9(w)) (tanll(w)) 3z (tan2(z)) 15z (tan4(:v)) 5z (tan6(av)) 15:5(
norman 16 48 - 8 8 — 48 + 16 + 8 16 4

(1+tan2(x))®

3.71. [ cos*(2z)sin®(2z) dz
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input‘int(cos(2*x)”4*sin(2*x)“2,x,method=_RETURNVERBUSE)

-

outputL1/16*x-1/384*sin(12*x)-1/128*sin(8*x)+1/128*sin(4*x)

|

3.71.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.72

/0034(2x) sin®(2z) dx = —% (8 cos (2 )’ — 2 cos (2z)° — 3 cos (2 z))sin (2z) + % x

inputLintegrate(cos(2*x)‘4*sin(2*x)‘2,x, algorithm="fricas")

-

output L—1/96*(8*cos(2*x)‘5 - 2%cos(2*x) "3 - 3*cos(2*x))*sin(2*x) + 1/16%*x

~—

3.71.6 Sympy [A] (verification not implemented)
Time = 0.02 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.89

_ in (2z) cos® (2z) = sin (2z) cos® (2z)  sin (2z) cos (2z)
4(22) sin?(2a) dz — = — S
/cos (2x) sin®(2z) dz 16 1 + 18 + D)

inputLintegrate(cos(2*x)**4*sin(2*x)**2,x)

e

x/16 - sin(2*x)*cos(2*x)**5/12 + sin(2*x)*cos(2*x)**3/48 + sin(2*x)*cos (2%
‘x)/32

output

3.71.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.39

1 1 1
4 .2 — i 34 o i
/cos (2z) sin*(2z) dx = 9 sin (4z)” + 6% o8 sin (8 z)

p
input

integrate(cos(2*x) “4*sin(2*x)~2,x, algorithm="maxima")

N

0utputt1/96*sin(4*x)”3 + 1/16%x - 1/128%sin(8%x)

3.71. [ cos*(2z)sin®(2z) dz



CHAPTER 3. LISTING OF INTEGRALS 462

3.71.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.48

1 1 1 1
4 2 _ o . o . il .
/cos (2z) sin®(2z) dz = 6% 33 sin (12 ) 195 S (8z) + 1og St (4z)

inputLintegrate(cos(2*x)‘4*sin(2*x)‘2,x, algorithm="giac")

;
output | 1/16*x - 1/384*sin(12*x) - 1/128+%sin(8+*x) + 1/128%sin(4*x)

N\

3.71.9 Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.80

. 3 (cos(2x)® cos(2 1)
2 1) sin (2 sin (2 ) < + )
/0084(2x) sin?(2z) dz = 1$_6 _ cos{ x)32sm( z) + ; 8

input Lint (cos (2%x) “4*sin(2*x) ~2,x)

output | x/16 - (cos(2*x)*sin(2*x))/32 + (sin(2#*x) 3% (cos(2%x)/8 + cos(2%x)~3/6))/2

N\

3.71. [ cos*(2z)sin®(2z) dz
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3.72 [ sin®(z) dzx

3.72.1 Optimal result . . . . . . . . . ... 463
3.72.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 163
3.72.3 Rubi [A] (verified) . . . . . . ... 464
3.72.4 Maple [A] (verified) . . . ... ... ... 465
3.72.5 Fricas [A] (verification not implemented) . . . . . . ... ... .. ... ... 465
3.72.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... .. 1651
3.72.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 1661
3.72.8 Giac [A] (verification not implemented) . . . .. .. ... ... ... .... 466
3.72.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... .. 160

3.72.1 Optimal result

Integrand size = 4, antiderivative size = 21

s B 2cos3(z)  cos®(z)
/sm (z) dz = — cos(z) + 5 T E

-

output L—cos (x)+2/3*cos(x) "3-1/5*cos(x) "5

~—

3.72.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

, 5cos(z) 5 1
5 _ _ -
/ sin®(z) dz = s T3 cos(3z) %0 cos(5zx)

p

input | Integrate[Sin[x]~5,x]

~—

-

outputL(—S*Cos [x])/8 + (5%Cos[3%x])/48 - Cos[5*x]/80

-/

3.72.  [sin®(z)dzx
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3.72.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 754 Ryjeg used = {3042,
integrand size
3113, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin®(z) dz
| 3042
/ sin(z)°dx
| 3113
_ / (cos () — 2cos®(z) + 1) d cos(x)

l 2009

2 cos?(x)
3

1
~E cos®(z) + — cos(x)

input LInt [Sin[x]"5,x] J

output ‘ -Cos[x] + (2%Cos[x]~3)/3 - Cos[x]"5/5

3.72.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3113 | Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
and[(1 - x~2)"((n - 1)/2), %], x], x, Coslc + d*x]1], x] /; FreeQl[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

N

3.72.  [sin®(z)dzx
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3.72.4 Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.81

method result size
<g+sin4(x)+4(sm32(m))> cos(x)
default — = 17
risch _ 5c08s(x) _ coss(gx) + 5002é3a:) 18
parallelrisch 1% —5 = @ 45 °°:§3“’) — Coss(g’ 2) | 19
_ 32(tan4(%)) _ 16(tan2 (%)) 16
3 3 15
norman a2 30

input Lint (sin(x)"5,x,method=_RETURNVERBOSE)

output‘-1/5*(8/3+sin(x)“4+4/3*sin(x)“2)*cos(x)

3.72.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.81

-5 _ 1 5 2 3
/sm (z)dx = —p cos (z)” + 3 cos (z)° — cos (x)

inputLintegrate(sin(x)‘S,x, algorithm="fricas")

outputk—l/S*cos(x)‘S + 2/3%cos(x)"3 - cos(x)

3.72.6 Sympy [A] (verification not implemented)
Time = 0.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.81

_cos® (z) | 2cos® (z)

/ sin®(z) dz = 3 + 3 — cos (z)

input Lintegrate (sin(x)**5,x)

output L—cos(x)**5/5 + 2xcos(x)**3/3 - cos(x)

3.72.  [sin®(z)dzx
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3.72.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.81

.5 _ 1 5 2 3
/sm (z)dz = — cos (z)” + 3 cos (z)° — cos ()

inputLintegrate(sin(x)‘s,x, algorithm="maxima")

-

output | -1/5*cos(x)"5 + 2/3%cos(x)~3 - cos(x)

N\

3.72.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.81

. 5 1 5, 2 3
/sm (z)dx = — cos (z)” + 3 cos (x)” — cos ()

/

input‘integrate(sin(x)‘S,x, algorithm="giac")

~—  /

-

output L_l/S*COS(X)AS + 2/3*cos(x)"3 - cos(x)

~—

3.72.9 Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.81

_ cos ()®  2cos(z)®

/ sin®(z) dz = 3 + 3 — cos (z)

input Lint (sin(x)"5,x)

~—

output‘ (2*cos(x)"3)/3 - cos(x) - cos(x)"5/5

3.72.  [sin®(z)dzx
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3.73 [ cos*(z) sin*(x) dz

3.73.1 Optimal result . . . . . . .. . ... . 467
3.73.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 467
3.73.3 Rubi [A] (verified) . . . .. ... . 168
3.73.4 Maple [A] (verified) . ... ... ... .. 270
3.73.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 470
3.73.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... .. 4701
3.73.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... Zya\
3.73.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... Zya\
3.73.9 Mupad [B] (verification not implemented) . . ... ... ... ... .. ... .. Zya\
3.73.1 Optimal result
Integrand size = 9, antiderivative size = 46
/ cos*(z) sin(z) dz = 3z + 3 cos(z) sin(z) + 1 cos®(z) sin(z)
128 128 64
Lo 50 Lo 50 a3
The (z) sin(z) g cos (z) sin®(z)
output ‘ 3/128*x+3/128%cos (x) *sin(x)+1/64*cos (x) "3*sin(x)-1/16*cos(x) “5*sin(x)-1/8* ‘
‘cos(x)”S*sin(x)“S ‘
3.73.2 Mathematica [A] (verified)
Time = 0.01 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.48
) 3z 1 sin(8x)
4 4 _° 1 sin{or)
/cos (z) sin®(z) dz = 198 128sm(4x)—|— 1094
input (Integrate [Cos[x]~4#Sin[x]"4,x] \
0utputt(3*x)/128 - Sin[4*x]/128 + Sin[8%x]/1024 J

3.73. [ cos*(z)sin*(z) dz
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3.73.3 Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.33, number

of steps used = 9, number of rules used = 9, Bumber of rules _ 4 55 Ryles used = {3042,
integrand size

3048, 3042, 3048, 3042, 3115, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin’ () cos? () dz
| 3042
/ sin(z)* cos(z) dz
| 3048
g / cos’(z) sin?(z)dz — %sin?’(w) cos%(z)
| 3042

% /cos(ac)4 sin(z)%dz — %sin?’(ﬂc) cos’(x)

| 3048
z<fli /cos4(ac)da: - ésin(x) cos5(x)) - %sin3(x) cos’ ()
l 3042

g <(13 /sin (w + g>4 dz — ésin(x) COSs(@) - %sin3(x) cos®(z)

| 3115
(55 [ cos(@dz + g sinta cos3(ac) ~ Ssin@) cos’(z) ) - 5 sin* () cos’(2)
8 <6 1 8
| 3042
3(1(3 sin (a: + I>2 dxr + - sm(w) cos(z) | — = sm(w) cos®(z) | — L sin’(z) cos® ()
g <6 <4 2 8
| 3115

3<6 <4 (f 12dx +  sin(e) cos(a) ) + isin(ar;) cos3(a:)) - %sin(x) cos5(m)> - %Sin?’(w) cos’(x)

| 24

3.73. [ cos*(z)sin*(z) dz
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g <Eli (i sin(z) cos(z) + Z (323 + % sin(x) cos(:c))) — é sin(z) cos5(w)> - % sin®(z) cos® (x)

input LInt [Cos[x]~4*Sin[x]~4,x]

output‘-1/8*(Cos[x]”5*Sin[x]”3) + (3%(-1/6%(Cos[x]~5*Sin[x]) + ((Cos[x]~3*Sin[x])
L/4 + (3%(x/2 + (Cos[x]*Sin[x]1)/2))/4)/6))/8

3.73.3.1 Defintions of rubi rules used

-

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
LQ[u, x]

rule 3048 Int[(cos[(e_.) + (£_.)*(x_)]1*(b_.))"(n_)*((a_.)*sin[(e_.) + (£_.)*(x_)1)"(m
_), x_Symbol] :> Simp[(-a)*(b*Cos[e + f*x])~(n + 1)*((a*Sin[e + f*x])~(m -
1)/ (bxf*(m + n))), x] + Simp[a~2*((m - 1)/(m + n)) Int[(b*Cos[e + £f*x])"n
*(a*Sinfe + f*x])~(m - 2), x], x] /; FreeQ[{a, b, e, £, n}, x] && GtQ[m, 1]
&& NeQ[m + n, 0] && IntegersQ[2*m, 2%*n]

rule 3115 Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[(-b)*Cos[c + dx*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int [(b*Sin
[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2#n]

3.73. [ cos*(z)sin*(z) dz
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3.73.4 Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.37

method result
. 3 sin(8z) sin(4x)
risch 8 T a1 — 1m
. in(8 in(4
parallelrisch | 2% + % - %
3 cos(z) s
(cos5(z)) (sin®(x)) (cos®(z)) sin(z) (C°S3 (z)+ T) sin(x) 3
default — 5 - i + o1 + 158
30 23(tan3 (%)) . 333(tan5 (%)) e (tan7 (g)) N 671 (tang (g)) B 333(tan11 (g)) N 23(tan13 (g)) + S(tanls (%)) N 32(tan2 (
norman 128 64 64 4 64 64 64 16
(1+
inputLint(cos(x)‘4*sin(x)‘4,x,method=_RETURNVERBOSE) J
output Ls/ 128%x+1/1024*sin (8%x)-1/128%sin (4%x) J

3.73.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.67

/cos4(x) sin(z) dz = 318 (16 cos (z)" — 24 cos (x)° 4 2 cos (z)* + 3 cos (z)) sin (m)+% x

input‘integrate(cos(x)“4*sin(x)“4,x, algorithm="fricas") ‘

outputL1/128*(16*cos(x)‘7 - 24xcos(x)"5 + 2*%cos(x)"3 + 3*cos(x))*sin(x) + 3/128%x J

3.73.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.67

3z  sin®(2x)cos (2z)  3sin (2z) cos (2z)
402N qind _ % _
/cos (z) sin®(z) dz = 198 198 950
input Lintegrate (cos(x)**4*xsin(x)**4,x) J
output LB*x/128 - sin(2#*x)**3*cos(2%x) /128 - 3*sin(2*x)*cos(2*x) /256 J

3.73. [ cos*(z)sin*(z) dz
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3.73.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.35

/ cos*(z) sin*(z) dz = 3 T+

| 1
198 1094 sin (8z) — —— sin (4 )

128

inputLintegrate(cos(x)‘4*sin(x)“4,x, algorithm="maxima")

-

output | 3/128*x + 1/1024%sin(8*x) - 1/128*sin(4*x)

N\

3.73.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.35

3 1 1
400 wind - — g
/cos (z)sin®(z) dz = 198 %+ 1091 510 (8x) 155 Sib (4z)

/

input‘integrate(cos(x)‘4*sin(x)“4,x, algorithm="giac")

~—  /

-

Outputt3/128*x + 1/1024*sin(8*x) - 1/128%sin(4#*x)

~—

3.73.9 Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.70

4N .4 [ cos (z)®  cos(z)\ . 5, 3z sin(2z)  sin(4x)
/ cos'{@) st (z) dx_( s T 16 )@ TR e T s

input Lint (cos(x)~4*sin(x)~4,x)

output‘ (3*x) /128 - sin(2%x)/64 + sin(4#*x)/512 + sin(x) 5*(cos(x)/16 + cos(x)~3/8)

3.73. [ cos*(z)sin*(z) dz
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3.74 [ +/cos(z) sin®(z) dz

3.74.1 Optimal result . . . . . . . . . . . .. . e 472
3.74.2 Mathematica [A] (verified) . . . . . .. ... ... Lo 472
3.74.3 Rubi [A] (verified) . . . . . .. . . ... 473l
3.74.4 Maple [A] (verified) . .. .. ... . ... Zye\
3.74.5 Fricas [A] (verification not implemented) . . . . . ... ... ... ... ... Zye!
3.74.6 Sympy [F(-1)] . . . . o 75
3.74.7 Maxima [A] (verification not implemented) . . .. ... ... ... . ... .. 475
3.74.8 Giac [A] (verification not implemented) . . . ... .. ... ... ...... 4751
3.74.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 476

3.74.1 Optimal result

Integrand size = 11, antiderivative size = 21

/ \V/cos(z) sin®(z) dz = —g cos? (z) + ; cos? (z)

output L—2/3*cos (x)~(3/2)+2/T*cos(x) ~(7/2)

3.74.2 Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.62

.3 _ 84/cos?(z) + cos?(x)(—11 + 3cos(2z))
/\/cos(x) sin®(z) dx = 21 /oos(a)

input LIntegrate [Sqrt [Cos[x]]*Sin[x]"3,x]

~—

output ‘ (8% (Cos[x]~2)~(1/4) + Cos[x]~2x(-11 + 3*Cos[2*x]))/(21*Sqrt[Cos[x]])

3.714. [ y/cos(z)sin’(z) dz
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3.74.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , 364 Ry jjeg ysed = {3042,

’ integrand size
3045, 244, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/sin3(x)\/cos(x) dx
| 3042
/ sin(z)3+/cos(z)dx

l 3045

_/ \/M(l — cosQ(a:)) d cos(z)

l 244

_/ <\/m - cosg(ac)) d cos(x)

l 2009

() — gcos%(w)

NI

COS

N

input LInt [Sqrt[Cos[x]]*Sin[x]~3,x]

e

outputt(—2*Cos [x]17(3/2))/3 + (2*Cos[x]1~(7/2))/7

A J

3.74.3.1 Defintions of rubi rules used

rule 244‘Int[((c_.)*(x_))“(m_.)*((a_) + (b_)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand

‘Integrand[(c*x)"m*(a + b*x"2)"p, x], x] /; FreeQ[{a, b, c, m}, x] && IGtQlp
, 0]

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

3.714. [ y/cos(z)sin’(z) dz
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3045 Int[(cos[(e_.) + (f_.)*(x_)1*(a_.))"(m_.)*sin[(e_.) + (f_.)*(x_)1"(n_.), x_

Symbol] :> Simp[-(a*f)~(-1) Subst[Int[x"m*(1 - x72/2a"2)"((n - 1)/2), x],

x, axCos[e + fxx]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] &&
| (IntegerQ[(m - 1)/2] &% GtQ[m, 0] && LeQ[m, nl)

3.74.4 Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.67

method result size
3 7
derivativedivides | — 2 (COS; (z)> + 2 <C°S72 (’”)) 14
3 7
default _ 2 (COS; (w)) 4 2 <cos7’2 (z)) 14

inputLint(sin(x)“S*cos(x)‘(1/2),x,method=_RETURNVERBOSE)

output L—2/3*cos (x)~(3/2)+2/T*cos(x)~(7/2)

3.74.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.81

/ \/cos(z) sin®(z) dox = % (3 cos (z)® — 7 cos (x)) \/cos (z)

inputkintegrate(sin(x)‘3*cos(x)‘(1/2),x, algorithm="fricas")

outputL2/21*(3*cos(x)‘3 - T*cos(x))*sqrt(cos(x))

3.714. [ y/cos(z)sin’(z) dz
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3.74.6 Sympy [F(-1)]

Timed out.

/ \/cos(z) sin®(x) dz = Timed out

p
input Lintegrate (sin(x)**3*cos(x)**(1/2),x)

e—

-

output LTimed out

-/

3.74.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

/\/cos(x) sin®(z) dx = ; cos (x)% — ; cos (x)%

input Lintegrate (sin(x)"3*cos(x)~(1/2),x, algorithm="maxima")

outputt2/7*cos(x)‘(7/2) - 2/3xcos(x)~(3/2)

3.74.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

N

/ \V/cos(z) sin®(z) dz = % cos (CL’)% - g cos ()

input Lintegrate (sin(x) "3*cos(x)~(1/2) ,x, algorithm="giac")

output | 2/7*cos(x)~(7/2) - 2/3xcos(x)~(3/2)

3.714. [ y/cos(z)sin’(z) dz
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476

3.74.9 Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

/ V/cos(z) sin’(z) dz = cos (z)*/* (w - §>

N

input | int (cos(x)~(1/2) *sin(x) ~3,x)

P——

~—

-

output Lcos(x)"(3/2)*((2*cos(x)"2)/7 - 2/3)

~—

3.714. [ y/cos(z)sin’(z) dz



CHAPTER 3. LISTING OF INTEGRALS 477
3.75 [ cos?(z)+/sin(z) dzx

3.75.1 Optimal result . . . . . . . . . . .. . e a7
3.75.2 Mathematica [A] (verified) . . . . . . . . ... . L 4T
3.75.3 Rubi [A] (verified) . . . . ... . . . ... 478
3.75.4 Maple [A] (verified) . ... ... ... ... o AT79
3.75.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 479
3.75.6 Sympy [B] (verification not implemented) . . . ... ... ... ....... 430
3.75.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... .. 430
3.75.8 Giac [A] (verification not implemented) . . . . ... ... ... .. ...... 48Tl
3.75.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... .. .. 48T

3.75.1 Optimal result

Integrand size = 11, antiderivative size = 21

COS

z)+/sin(z) dz =

2
3°

2
—sin2( )—?sin

si 3

output \ 2/3*sin(x) "~ (3/2)-2/7*sin(x) "~ (7/2)

3.75.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.86

COS

x)y/sin(z) dx =

11 + 3cos(2z)) sin (z)

input LIntegrate [Cos[x]~3*Sqrt[Sin[x]],x]

output L( (11 + 3%Cos[2*x])*Sin[x]~(3/2))/21

3.75.

| cos*(z)

V/sin(z) dx
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3.75.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , 364 Ry jjeg ysed = {3042,

’ integrand size
3044, 244, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ V/sin(z) cos®(z) dz

J,3042

/ V/sin(z) cos(z)3dx

l 3044

/ V/sin(z) (1 — sin?(z)) dsin(z)

l 244

/ (\/sin(ac) - sing(a:)> dsin(z)

l 2009
2

; sin? (z) — - sinZ (z)

input LInt [Cos[x]~3*Sqrt[Sin[x]],x]

e

outputt(2*Sin[x]‘(3/2))/3 - (2%Sin[x]~(7/2))/7

~—

3.75.3.1 Defintions of rubi rules used

rule 244‘Int[((c_.)*(x_))“(m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand

‘Integrand[(c*x)"m*(a + b*x"2)"p, x], x] /; FreeQ[{a, b, c, m}, x] && IGtQlp
, 0]

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

3.75. [ cos*(z)y/sin(z) dz
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3044  Int[cos[(e_.) + (f_.)*(x_)]1 " (n_.)*((a_.)*sin[(e_.) + (f_)*(x_)1)"(m_.), x_
Symbol] :> Simp[1/(axf) Subst [Int [x"m*x(1 - x~2/a"2)"((n - 1)/2), x], x, a
*xSin[e + f*x]], x] /; FreeQ[{a, e, £, m}, x] && IntegerQ[(n - 1)/2] && !(I
ntegerQ[(m - 1)/2] && LtQ[O, m, n])

3.75.4 Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.67

method result size
.3 LT

derivativedivides 2<Sm32 ($)) — 2<Sm72 (m)) 14
.3 7

default 2 (sm; (w)) _ 2 <sm77 (z)) 14

inputLint(cos(x)“S*sin(x)‘(1/2),x,method=_RETURNVERBOSE)

outputL2/3*sin(x)“(3/2)—2/7*sin(x)‘(7/2)

3.75.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.67

N

/cos3(x)\/sin(x) dx = % (3 cos (z)* + 4) sin (z)

inputkintegrate(cos(x)‘3*sin(x)‘(1/2),x, algorithm="fricas")

outputL2/21*(3*cos(x)‘2 + 4)*sin(x)~(3/2)

3.75. [ cos*(z)y/sin(z) dz



input | integrate (cos (x)**3*sin (x)**(1/2),x)

output

CHAPTER 3. LISTING OF INTEGRALS 480

3.75.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 170 vs. 2(19) = 38.

Time = 4.18 (sec) , antiderivative size = 170, normalized size of antiderivative = 8.10

28v/2 jj““ - tan® (2
21tan® (£) + 63 tan* (-) + 63 tan® (%) + 21

82 tan - tan’ ()

tan? (

/cos3(a:) V/sin(z) dz =

ol tan® (%) 4 63tan* (—)+63tan (2) +21

28+/2 tan 7 tan (2)
+ 21tan® (%) + 63 tan* (5) + 63tan? (£) + 21

28*sqrt (2) *sqrt (tan(x/2)/(tan(x/2)**2 + 1))*tan(x/2)**5/(21xtan(x/2)**6 +
63%tan(x/2)**4 + 63xtan(x/2)**2 + 21) + 8*sqrt(2)*sqrt(tan(x/2)/(tan(x/2)*
*2 + 1))*tan(x/2)**3/(21xtan(x/2)**6 + 63*tan(x/2)**4 + 63*tan(x/2)**2 + 2
1) + 28*sqrt(2)*sqrt(tan(x/2)/(tan(x/2)**2 + 1))*tan(x/2)/(21*tan(x/2)**6
+ 63*tan(x/2)**4 + 63*tan(x/2)**2 + 21)

3.75.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

Nlw

/cos?’(ac)\/sin(m) dx = —; sin (w)% + ; sin ()

input‘integrate(cos(x)“3*sin(x)“(1/2),x, algorithm="maxima") J

outputt-Q/?*sin(x)“(7/2) + 2/3x*sin(x) ~(3/2) J

3.75. [ cos*(z)y/sin(z) dz
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3.75.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

3
2

/cosg’(a:)\/sin(z) dx = —; sin (m)% + g sin (z)

input Lintegrate (cos(x) "3*sin(x)~(1/2),x, algorithm="giac")

-

output | -2/7*sin(x)~(7/2) + 2/3*sin(x)~(3/2)

N\

3.75.9 Mupad [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.19

cos (z)* sin (2)*/2 3Fy (3,2; 3; cos (z)?)

4 (sin (910)2)3/4

/cos%x)@dx =—

input ‘ int (cos(x) "3*sin(x)~(1/2),x)

output ‘ -(cos(x) “4*sin(x)~(3/2) *hypergeom([1/4, 2], 3, cos(x)"2))/(4*(sin(x)"2)"(3
/4))

3.75. [ cos*(z)y/sin(z) dz



CHAPTER 3. LISTING OF INTEGRALS 482
3.76  [<Wa) g,
/z

3.76.1 Optimalresult . . .. .. .. .. . .. ... .. 4K82
3.76.2 Mathematica [A] (verified) . . . . . . . ... .. Lo 4821
3.76.3 Rubi [A] (verified) . . . .. . ... .. 483
3.76.4 Maple [A] (verified) . ... ... . ... ... 484
3.76.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. (484
3.76.6 Sympy [B] (verification not implemented) . . ... ... ... ... ... .. 485
3.76.7 Maxima [A] (verification not implemented) . .. ... ... ... .. ... .. 4851
3.76.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... AR5

3.76.9

Mupad [B] (verification not implemented) . . . . ... ... ... ......

3.76.1 Optimal result

Integrand size = 14, antiderivative size = 19

cos? (/)
NG

dz = \/z + cos (v/z) sin (v/x)

436!

outputLcos(x“(1/2))*sin(x‘(1/2))+x“(1/2)

3.76.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.95

cos (\/_)
7

dx —\/_—I-—sm(2\/_)

inputLIntegrate[Cos[Sqrt[x]]‘2/Sqrt[x],X]

output LSqrt [x] + Sin[2*Sqrt[x]]/2

3.76.

J

cos? (v/x)
Nz

dz
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3.76.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.47, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , 96 Ryjleg used = {3861,

integrand size
3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

cos? (v/x)
N
| 3861
2/cos2 (Vz) dvz
| 3042
2/sin (\/E—i- g)Qd\/E

l 3115

dz

VT .
2(f l;i + %sm (V) cos (ﬁ))
l 24

2 + oin (V) cos (V) )

input LInt [Cos[Sqrt[x]]~2/Sqrt[x],x] J

output ‘ 2x(Sqrt[x]/2 + (Cos[Sqrt[x]]*Sin[Sqrt([x]1])/2) ‘

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

p
rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘

3.76.3.1 Defintions of rubi rules used

-

-/

LQ[u, x] J

376. [y
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rule 3115 Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2#n]

rule 3861 Int[((a_.) + Cos[(c_.) + (A_.)*(x_)"(@_)1*(M_.))"(p_)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])~
ps x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] & IntegerQ[Simplify[
(m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify[
(m + 1)/n], 01))

3.76.4 Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.74

method result size
derivativedivides | cos (y/z) sin (v/z) + /z | 14
default cos (v/x) sin (vz) + /z | 14

inPlltLint(cos(X“(i/Z))“2/x”(1/2),x,method=_RETURNVERBOSE)

outputLcos(x“(1/2))*sin(x“(1/2))+X”(1/2)

3.76.5 Fricas [A] (verification not implemented)
Time = 0.25 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.68

cos? (/z)

—Jr dz = cos (v/z) sin (V) + vz

inputLintegrate(cos(x“(l/Q))”2/x“(1/2),x, algorithm="fricas")

outputLcos(sqrt(x))*sin(sqrt(x)) + sqrt(x)

376. [y
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3.76.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 39 vs. 2(17) = 34.

Time = 0.11 (sec) , antiderivative size = 39, normalized size of antiderivative = 2.05

cos? (/)

NG dz = /zsin® (v/z) + v/z cos® (v/z) + sin (v/z) cos (v/x)

input Lintegrate (cos (x**(1/2))**2/x*x(1/2) ,x)

output‘sqrt(x)*sin(sqrt(x))**2 + sqrt(x)*cos(sqrt(x))**2 + sin(sqrt(x))*cos(sqrt(
X))

3.76.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.63

cos (\/_)

—r da:—\/_+—sm(2\/_)

inputLintegrate(cos(x“(1/2))“2/x“(1/2),x, algorithm="maxima")

output tsqrt(x) + 1/2*sin(2*sqrt(x))

3.76.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.63

cos (\/_)

—r dzx —\/_+—sm(2\/_)

inputLintegrate(cos(x“(1/2))“2/x“(1/2),x, algorithm="giac")

output tsqrt(x) + 1/2*sin(2*sqrt(x))

376. [y
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3.76.9 Mupad [B] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.63

cosi/(%/i) o — sin (22\/5) L E

inputLint(cos(x“(l/Z))“2/x‘(1/2),X)

outputtsin(2*x”(1/2))/2 + x7(1/2)

376. [y
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3.77 [ zsin® (z?) dz

3.77.1 Optimal result . . . . . . .. . .. [487

3.77.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 487

3.77.3 Rubi [A] (warning: unable to verify) . . . . ... ... ... ... ... ... 48T

3.77.4 Maple [A] (verified) . ... ... ... .. 439

3.77.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 489

3.77.6 Sympy [A] (verification not implemented) . . . ... .. ... ... ... .. 901

3.77.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 90

3.77.8 Giac [A] (verification not implemented) . . . ... .. ... ... ...... 90

3.77.9 Mupad [B] (verification not implemented) . . ... ... ... ... .. .... A97]

3.77.1 Optimal result

Integrand size = 8, antiderivative size = 19

/xsin3 (2°) dz = Lo (%) + ! cos® (z°)
2 6

outputL-1/2*cos(x“2)+1/6*cos(x‘2)“3 J

3.77.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

3.2 __§ 2 i 2
/msm (z)da:— 8cos(ac)+24008(3a:)

input ‘ Integrate [x*Sin[x~2]"3,x]

output ‘ (-3*%Cos[x72])/8 + Cos[3*x~2]/24

3.77.  [zsin®(2?) dz
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3.77.3 Rubi [A] (warning: unable to verify)

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.95, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , 554 Ryles used = {3860,

integrand size
3042, 3113, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/acsin3 (:1:2) dz
J,3860
1 / sin3 (x2) dz?
2
l 3042
1/Sin (x2)3da:2
2
l 3113
1

-5 / (1 —z*) dcos (z?)

l 2009

;(f ~ cos (ﬁ))

-

input LInt [x*Sin[x"2] ~3,x]

-/

output L(x*s/s - Cos[x~21)/2

~—

3.77.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

‘Q[u, x]

3.77.  [zsin®(2?) dz
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rule 3113 Int[sin[(c_.) + (d_.)*(x_)1"(n_), x_Symboll :> Simp[-d~(-1)  Subst[Int[Exp
and[(1 - x72)"((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQl{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

rule 3860 Int[(x_)"(m_.)*((a_.) + (b_.)*Sin[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Sin[c + d*x])~
ps x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] & IntegerQ[Simplify[
(m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify[
(m + 1)/n], 01))

3.77.4 Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

method result size
derivativedivides | — (2+sin® (”“'Z) ) cos(?) 15
default _ (24sin? (wZ) ) cos(x?) 15
risch _3 ‘3058(12) + cosgiaﬂ) 16
parallelrisch _ % _3 0058 (z?) | cos g?fQ) 17
—2(tan2 22\\_2
norman Lﬁg)f 9%
(1 +tan? < % ) )

-

inputLint(x*sin(x“2)“3,x,method=_RETURNVERBOSE)

| —

outputL—1/6*(2+sin(x“2)‘2)*cos(x“2)

3.77.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

/ wsin® () do = ¢ cos (+7)° ~  cos (a?)

input integrate(x*sin(x~2)"3,x, algorithm="fricas")

N\

3.77.  [zsin®(2?) dz
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output‘1/6*cos(x“2)”3 - 1/2*cos(x72)

3.77.6 Sympy [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.16

, sin? (z%) cos (z2)  cos® (z?)
/xsm3 (x2) dr = — 5 - 3

inputLintegrate(x*sin(x**2)**3,x)

~—

outputL—sin(x**2)**2*cos(x**2)/2 - cos(x**2)*%*3/3

3.77.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

3,2 _i 2 _§ 2
/xsm (x)dz'—24cos(3x) 8005(1’)

inputLintegrate(x*sin(x“2)‘3,x, algorithm="maxima")

output L1/24*cos(3*x”2) - 3/8*cos(x”2)

3.77.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

/xsin3 (z°) dz = é cos (x2)3 — % cos (z°)

inputLintegrate(x*sin(x‘2)‘3,x, algorithm="giac")

outputp/s*cos(x‘z)*s - 1/2%cos(x"2)

3.77.  [zsin®(2?) dz
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3.77.9 Mupad [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.74

/msin3 (o?) do = cos (z?) (a;s ()" — 3>

input Lint (x*sin(x~2)"3,x)

outputL(cos(x“2)*(cos(x“2)"2 - 3))/6

3.77.  [zsin®(2?) dz
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492

3.78

3.78.1 Optimal result
3.78.2 Mathematica [A] (verified)
3.78.3 Rubi [A] (verified)

3.78.4 Maple [A] (verified)
3.78.5 Fricas [A] (verification not implemented)

[ sin®*(x) tan(z) dz

3.78.6 Sympy [A] (verification not implemented) .
3.78.7 Maxima [A] (verification not implemented)

3.78.8 Giac [A] (verification not implemented) . .
3.78.9 Mupad [B] (verification not implemented) .

3.78.1

Optimal result

Integrand size = 7, antiderivative size = 14

/ sin®(z) tan(z) dz =

cos?(z)

2

— log(cos(x))

492
4972
499
494
494
499)
499)
499)
490!

-

output Li/z*cos (x)"2-1n(cos(x))

~—

3.78.2

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

Mathematica [A] (verified)

/ sin®(z) tan(z) dz =

cos?(z)
2

— log(cos(x))

e

input LIntegrate [Sin[x]"2*Tan[x],x]

-/

output LCos [x]172/2 - LoglCos[x]]

~—

3.78.

[ sin?(z) tan(z) dz



input LInt [Sin[x]~2*Tan[x],x]

output LCos [x]1°2/2 - LoglCos[x]]

rule 244‘/Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand

rule 2009tlnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]
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3.78.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , 577 Ryjjeg ysed = {3042,

’ integrand size
3070, 244, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin? () tan(z) dz
| 3042
/ sin(z)? tan(z)ds
| 3070
- / (1 = cos®(z)) sec(z)d cos(x)
| 244
- / (sec(z) — cos(z))d cos()

l 2009

cos?(z)
2

— log(cos(x))

-

~—

~—

3.78.3.1 Defintions of rubi rules used

‘Integrand[(c*x)"m*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, m}, x] && IGtQlp
, 0]

-

e

~—

3.78. [ sin*(z)tan(z)dz
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 3070 | Int[sin[(e_.) + (£f_.)*(x_)] (m_.)*tan[(e_.) + (£_.)*(x_)]1"(n_.), x_Symboll
:> Simp[-£~(-1) Subst[Int[(1 - x*2)"((m + n - 1)/2)/x"n, x], x, Cos[e + £
*x]], x] /; FreeQ[{e, f}, x] && IntegersQ[m, n, (m + n - 1)/2]

3.78.4 Maple [A] (verified)

Time = 1.19 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

method | result size
default —w In (cos( ) 13
risch iz + 62% —In(e* +1) | 30

input Lint (cos(x) ~2*tan(x)"3,x,method=_RETURNVERBOSE)

output L—l/Z*sin(x) ~2-1n(cos(x))

-/

3.78.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/sinQ(x) tan(z) dz = % cos (x)? — log (— cos ()

inputLintegrate(cos(x)‘2*tan(x)“3,x, algorithm="fricas")

outputt1/2*cos(x)"2 - log(-cos(x))

3.78. [ sin*(z)tan(z)dz



CHAPTER 3. LISTING OF INTEGRALS

3.78.6 Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

cos? (z)
2

/sinQ(x) tan(z) dz = — log (cos (z)) +

inputLintegrate(cos(x)**2*tan(x)**3,x)

outputt—log(cos(x)) + cos(x)**x2/2

3.78.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/sin2(w) tan(z) dx = —% sin (z)* — % log (sin (z)® — 1)

input ‘ integrate(cos(x) “2*tan(x)"3,x, algorithm="maxima")

output L—1/2*sin(x)*2 - 1/2*log(sin(x)"2 - 1)

3.78.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

/sinQ(x) tan(z) dz = % cos (aE)2 — log (|cos (z)])

-

input Lintegrate (cos(x) "2*tan(x)~3,x, algorithm="giac")

-/

output L1/2*cos(x)‘2 - log(abs(cos(x)))

~—

3.78. [ sin*(z)tan(z)dz



CHAPTER 3. LISTING OF INTEGRALS 496

3.78.9 Mupad [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/sinQ(x) tan(z) dz = cos2(x) N In (tan(zx) +1)

input Lint (cos(x)"2*tan(x)~3,x)

A >

-

output Llog(tan(x)‘z + 1)/2 + cos(x)"2/2

—J/

3.78. [ sin*(z)tan(z)dz



CHAPTER 3. LISTING OF INTEGRALS 497
3.79 [ cos?(z) cot®(z) dz
3.79.1 Optimalresult . . . .. ... ... ... .. ... .. ... 497

3.79.2 Mathematica [A] (verified) . . . . . ... ... ... ... ..
3.79.3 Rubi [A] (warning: unable to verify) . . ... ... ... ... ...
3.79.4 Maple [A] (verified) . . . ... .. ... ... ...
3.79.5 Fricas [B] (verification not implemented) . . . . . . ... ... ...
3.79.6 Sympy [A] (verification not implemented) . . ... ... ... ...
3.79.7 Maxima [A] (verification not implemented) . ... ... ... ...
3.79.8 Giac [A] (verification not implemented) . . ... ... ... .. ..
3.79.9 Mupad [B] (verification not implemented) . . ... ... ... ...

3.79.1 Optimal result

Integrand size = 9, antiderivative size = 22

/ cos?(z) cot®(z) dz = —% csc?(z) — 2log(sin(z)) +

497
493
499
000!
500!
500!
00]1]
001}

output L—1/2*csc (x)"2-2*1n(sin(x))+1/2*sin(x) "2

~—

3.79.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

/ cos®(x) cot®(z) dx = %(— csc®(z) — 4log(sin(z)) + sin®(z))

input LIntegrate [Cos[x] ~2*Cot [x]~3,x]

output [(—Csc [x]"2 - 4xLog[Sin[x]] + Sin[x]"2)/2

~—

3.79. [ cos®(z) cot*(z) dz
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3.79.3 Rubi [A] (warning: unable to verify)

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 667 Ryjles used = {3042,

’ integrand size
25, 3070, 243, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ cos?(z) cot3(z) dz

J,3042

/—sin (m + g)2tan (m + g>3da}
l 25
—/sin (a: + g)Qtan (a: + g)Sdfc
| 3070
/ (1- sin2(3lc))2 (—csc3(z)) d(— sin(z))

| 243
% /cscz(ac) (sin(z) + 1)*dsin’(z)

| 49

[ (o) + 2esle) + 1) dina)

l 2009

1

2 (sin2(ac) + csc(z) — 2log (sin2 (z)))

-

input LInt [Cos[x]~2*Cot [x]"3,x]

outputL(Csc[x] - 2#Log[Sin[x]~2] + Sin[x]"2)/2

3.79. [ cos®(z) cot*(z) dz

~— ~—
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3.79.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 49

rule 243

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, O]

-

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 3070

-/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(e_.) + (£_.)*(x_)]1 " (m_.)*tan[(e_.) + (£_.)*(x_)]1"(n_.), x_Symboll]
:> Simp[-£7(-1)  Subst[Int[(1 - x"2)"((m + n - 1)/2)/x"n, x], x, Cos[e + £
*x]], x] /; FreeQ[{e, f}, x] && IntegersQ[m, n, (m + n - 1)/2]

3.79.4 Maple [A] (verified)

Time = 3.38 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.32

method | result size
default | — £, (=G _ (cos? (3)) — 2In (sin (2)) | 29
risch 21z — % — e_;m + (efiii)Q —21In (% — 1) 46

input Lint (cot (x)~5*sin(x)~2,x,method=_RETURNVERBOSE)

output L—1/2/sin(x) ~2xcos(x) "6-1/2*cos(x) “4-cos(x) “2-2*1n(sin(x))

3.79. [ cos®(z) cot*(z) dz
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3.79.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 37 vs. 2(18) = 36.

Time = 0.26 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.68

2 cos ()" — 3 cos (z)? + 8 (cos (z)? — 1) log (4 sin (z)) — 1

/cosz(x) cot®(z) dz = — 1 (cos @ = 1)

inputLintegrate(cot(x)‘5*sin(x)“2,x, algorithm="fricas")

output‘—1/4*(2*cos(x)“4 - 3*cos(x)"2 + 8*(cos(x)"2 - 1)*log(1/2*sin(x)) - 1)/(cos
(72 - 1)

3.79.6 Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

/0082(:1;) cot®(z) dz = —2log (sin (z)) + sin22(z) - 2sin12 (z)

inputLintegrate(cot(x)**5*sin(x)**2,x)

outputt—2*log(sin(x)) + sin(x)**2/2 - 1/(2*sin(x)**2)

3.79.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

2 3 _ 1 s 2 1 . 2
/cos (x) cot®(z) dz = 5 sin ()" — m — log (sin (z)°)

input Lintegrate (cot(x) “b*sin(x)~2,x, algorithm="maxima")

~—

output‘ 1/2*sin(x)"2 - 1/2/sin(x)"2 - log(sin(x)~2)

3.79. [ cos®(z) cot*(z) dz
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3.79.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.27

1
2 (cos (x)? — 1)

/cosz(m) cot®(z) dz = —% cos (z)* + — log (— cos (z)* +1)

inputLintegrate(cot(x)‘5*sin(x)“2,x, algorithm="giac")

~—

-

output L—l/Z*cos(x)’? + 1/2/(cos(x)"2 - 1) - log(-cos(x)"2 + 1)

—J/

3.79.9 Mupad [B] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.45

tan(z)? + 3
tan (z)* + tan (z)°

/0052(910) cot’(z) dz = In (tan(z)® + 1) — 2 In (tan(z)) —

input Lint (cot (x) “b*sin(x)~2,x)

output tlog(tan(x)’? + 1) - 2x¥log(tan(x)) - (tan(x)"2 + 1/2)/(tan(x)"2 + tan(x)~4)

3.79. [ cos®(z) cot*(z) dz
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502

3.80 [ sec(z)(1 — sin(z)) dz

3.80.1
3.80.2
3.80.3
3.80.4
3.80.5
3.80.6
3.80.7
3.80.8
3.80.9

Optimal result . . . . . . .. . .. ..
Mathematica [A] (verified) . . . . . . . . . . ... Lo L
Rubi [A] (verified) . . . . . . . . . ..
Maple [A] (verified) . . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ...
Sympy [B] (verification not implemented) . . . . ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . ... ... ... ... ..
Giac [A] (verification not implemented) . . . .. ... ... ... .. ....
Mupad [B] (verification not implemented) . . . .. ... ... ... .....

3.80.1 Optimal result

Integrand size = 9, antiderivative size = 5

/sec(x)(l — sin(z)) dz = log(1 + sin(x))

502!
002
00
004
004
009)
000)
000)
000!

output Lln(1+sin(x) )

3.80.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.40

/sec(x)(l — sin(x)) dz = arctanh(sin(x)) + log(cos(z))

input ‘ Integrate[Sec[x]*(1 - Sin[x]),x]

output ‘ ArcTanh[Sin[x]] + Logl[Cos[x]]

3.80.

[ sec(z)(1 — sin(z)) dz
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3.80.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 333 Ry jaq yged = {3042,
integrand size
3146, 16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(1 — sin(z)) sec(x) dz
| 3042
1 — sin(x)
[ ey e
| 3146

—/ldem@)

sin(z) + 1

| 16

log(sin(z) + 1)

input LInt [Sec[x]*(1 - Sin[x]),x]

output LLog [1 + sin[x]]

rule 16

rule 3042

3.80.3.1 Defintions of rubi rules used

Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simpl[c*(Log[RemoveContent[a +
bxx, x]1/b), x]1 /; FreeQ[{a, b, c}, x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.80.  [sec(z)(1 — sin(z))dz
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rule 3146 Int[cos[(e_.) + (£_.)*(x_)1"(p_.)*((a_) + (b_.)*sinl[(e_.) + (£_)*(x_.)1)"(m
_.), x_Symbol] :> Simp[1/(b"p*f) Subst[Int[(a + x)"(@m + (p - 1)/2)*(a - x
)~ ((p - 1)/2), x], x, b*Sin[e + £*x]], x] /; FreeQ[{a, b, e, f, m}, x] & I
ntegerQ[(p - 1)/2] && EqQ[a"2 - b"2, 0] && (GeQ[p, -1] || !IntegerQ[m + 1/
21)

3.80.4 Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.20

method result size
derivativedivides | In (sin (z) + 1) 6
default In (sin (z) + 1) 6
risch —iz + 21n (i + €™) 17
norman 2In (1+tan (%)) —In (1 + tan® (2)) 22
parallelrisch 2In(—cot (z) + 1+ csc(z)) — In (cos(i) +1> 24

inputtint((—sin(x)+1)/cos(x),x,method=_RETURNVERBOSE)

output Lln(sin(x) +1)

3.80.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

/sec(x)(l —sin(z)) dz = log (sin (z) + 1)

input ‘ integrate((1-sin(x))/cos(x),x, algorithm="fricas")

output Llog(sin(x) + 1)

3.80.  [sec(z)(1 — sin(z))dz




CHAPTER 3. LISTING OF INTEGRALS

3.80.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(5) = 10.

Time = 0.14 (sec) , antiderivative size = 19, normalized size of antiderivative = 3.80

/sec(x)(l —sin(z)) dz = 2log (tan (g) + 1) —log (tan2 (g) + 1>

-

input | integrate ((1-sin(x))/cos(x),x)

N\

output LQ*log(tan(x/2) + 1) - log(tan(x/2)**2 + 1)

3.80.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

/sec(x)(l — sin(z)) dz = log (sin (z) + 1)

p
inputLintegrate((1—sin(x))/cos(x),x, algorithm="maxima")

-/

output Llog(sin(x) + 1)

~—

3.80.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

/sec(x)(l —sin(z)) dz = log (sin (z) + 1)

input Lintegrate ((1-sin(x))/cos(x) ,x, algorithm="giac")

e

output Llog(sin(x) + 1)

~—

3.80.  [sec(z)(1 — sin(z))dz
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3.80.9 Mupad [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

/sec(:c)(l —sin(z)) dz = In (sin (z) + 1)

input Lint(—(sin(x) - 1)/cos(x),x)

-

output

log(sin(x) + 1)

N\

3.80.  [sec(z)(1 — sin(z))dz
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3.81 ) s 4
Sln

3.81.1 Optimal result . . . . . . . . . . .. . . H07]
3.81.2 Mathematica [B] (verified) . . . . . . . . ... L L 10
3.81.3 Rubi [A] (verified) . . . . . .. . ... 508
3.81.4 Maple [A] (verified) . . . ... . ... ... 5091
3.81.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 509
3.81.6 Sympy [A] (verification not implemented) . . .. ... ... ... .. .... 509
3.81.7 Maxima [A] (verification not implemented) . . ... ... ... ... .... BIO
3.81.8 Giac [A] (verification not implemented) . . . ... ... ... ... ..... BI0
3.81.9 Mupad [B] (verification not implemented) . . . ... . ... ... ...... G101

3.81.1 Optimal result

Integrand size = 8, antiderivative size = 11

1 _ cos(z)
/ 1 —sin(z) do = 1 — sin(z)

output [cos (x)/(1-sin(x))

-/

3.81.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 25 vs. 2(11) = 22.

Time = 0.01 (sec) , antiderivative size = 25, normalized size of antiderivative = 2.27

/ 1, _  2sn (%)

1—sin(z) cos (%) —sin (%)

input‘Integrate[(l - Sin[x])~(-1),x]

outputL(2*Sin[x/2])/(Cos[x/2] - Sin[x/2])

38l [ de
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3.81.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 954 Ryjes used = {3042,
integrand size
3127}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/l—slin(;v)dx

l 3042
1
[ =@

l 3127

_cos(z)

1 —sin(x)
input LInt[(l - S8in[x])~(-1),x] }
output LCos [x]/(1 - Sin[x]) J

rule 3042

rule 3127

3.81.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> Simp[-Cos[c +
d*x]/(d*(b + a*Sin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b
~2, 0]

38l [ de
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3.81.4 Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

method result size
default — tané) — |11
norman — tané) — |11
parallelrisch | — tané) — |11
risch ﬁ 13

§
input Lint (1/(-sin(x)+1) ,x,method=_RETURNVERBOSE)

—

-

output L—2/ (tan(1/2*x)-1)

-/

3.81.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.55

/ 1 dp — cos (z) + sin (z) + 1

1 — sin(zx) T cos (z) —sin(z) + 1

p
inputtintegrate(l/(l—sin(x)),X, algorithm="fricas")

e—

-

output L(cos(x) + sin(x) + 1)/(cos(x) - sin(x) + 1)

-/

3.81.6 Sympy [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

/;d -2
1 — sin(z) v tan (2) — 1

input Lintegrate (1/(1-sin(x)),x)

output L—2/ (tan(x/2) - 1)

38l [ de
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3.81.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.36

t/“ 1 d 2

_— a nr = -
—al sin(x)

1 — sin(z) st — L

input Lintegrate (1/(1-sin(x)) ,x, algorithm="maxima")

output L—Q/(sin(x)/(cos(x) +1) - 1)

3.81.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

/;dx -2
1—sin(z) =~ tan(iz) -1

input Lintegrate (1/(1-sin(x)) ,x, algorithm="giac")

output L—Q/ (tan(1/2*x) - 1)

3.81.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

/;dx -2
1—sin(z) ~ tan(Z) -1

input Lint(—l/(sin(x) - 1),x)

output | -2/ (tan(x/2) - 1)

N\

38l [ de
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3.82 [ tan®(z) dz

3.82.1 Optimal result . . . . . . .. . ... . BI1]
3.82.2 Mathematica [A] (verified) . . . . . . . ... .. .. L oo bIT]
3.82.3 Rubi [A] (verified) . . . . . ... .. 512
3.82.4 Maple [A] (verified) . . . .. .. ... ... BI3l
3.82.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 513
3.82.6 Sympy [B] (verification not implemented) . . ... . ... ... ....... (13l
3.82.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... bI4
3.82.8 Giac [A] (verification not implemented) . . . . . ... ... ... ....... bI14
3.82.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... LYE!

3.82.1 Optimal result

Integrand size = 4, antiderivative size = 6

/tanQ(x) dz = —z + tan(z)

outputt-x+tan(x) J

3.82.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.33

/tanQ(x) dx = — arctan(tan(z)) + tan(z)

input ‘ Integrate[Tan[x]"~2,x]

output ‘ -ArcTan[Tan[x]] + Tan[x]

3.82.  [tan®(z)dzx



input LInt [Tan[x]"2,x]

output L—x + Tan[x]

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 3042

rule 3954
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3.82.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 754 Ryjeg used = {3042,
integrand size
3954, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan®(z) dzx

J,3042

/ tan(z)2dzx

l 3954
tan(z) —/ldx

| 24

tan(z) —

3.82.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b*((b*Tan[c + 4
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b~2 Int[(b*Tan[c + d*x])~(n - 2), x]
, x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

3.82.  [tan®(z)dzx
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3.82.4 Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.17

method result size
norman —x + tan (z) 7
parallelrisch —x + tan (z) 7
derivativedivides | tan (z) — arctan (tan (z)) | 9
default tan (z) — arctan (tan (z)) | 9
risch -z + eﬁﬁ 17

input Lint (tan(x)~2,x,method=_ RETURNVERBOSE)

outputt-x+tan(x)

3.82.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.00

/tan2 () dx = —z + tan (z)

inputLintegrate(tan(x)“2,x, algorithm="fricas")

outputt-x + tan(x)

3.82.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 7 vs. 2(3) = 6.

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.17

sin (z)
cos ()

/tanz(x) de = —x +

input Lintegrate (tan(x)**2,x)

—

output L—x + sin(x)/cos(x)

3.82.  [tan®(z)dzx
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3.82.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.00

/tan2 (z)dz = —z + tan (z)

input Lintegrate (tan(x)"2,x, algorithm="maxima")

output  -x + tan(x)

N\

3.82.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.00

/tanz(x) dz = —z + tan (x)

/

input | integrate(tan(x)~2,x, algorithm="giac")

e—

-

output L—x + tan(x)

-/

3.82.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.00

/tanz(x) dz = tan(z) — x

input Lint (tan(x)"2,x)

output Ltan(x) o 5%

3.82.  [tan®(z)dzx
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3.83 [ tan*(z) dzx

3.83.1 Optimalresult . . . ... .. ... . .. .. BYI
3.83.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL HI5
3.83.3 Rubi [A] (verified) . . . . .. . . . . ... 516!
3.83.4 Maple [A] (verified) . . . . . .. .. ... BI7
3.83.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... HI8
3.83.6 Sympy [A] (verification not implemented) . . . . ... ... ... .. ... . HI8]
3.83.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... HIR
3.83.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 519
3.83.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 519

3.83.1 Optimal result

Integrand size = 4, antiderivative size = 14

tan3(z)
3

/tan4(x) dr = z — tan(z) +

output Lx—tan (x)+1/3*tan(x) "3

~—

3.83.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

3
/tan4(x) dx = arctan(tan(x)) — tan(x) + tan3(x)
input (Integrate [Tan[x]"4,x] \
output LArcTan [Tan[x]] - Tan[x] + Tan[x]~3/3 J

3.83.  [tan*(z)dz
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3.83.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00, number

of steps used = 5, number of rules used = 5, Bumber of rules _ 1 954 Ryjjeg ysed = {3042,

integrand size
3954, 3042, 3954, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan’(z) dz
| 3042
/ tan(z)ide
| 3954
tan;(”’) - / tan?(z)dz
| 3042
tan;("”) - / tan(z)2de
| 3954
/ 1dz + tan;(“") _ tan(z)
| 24
24 2@ )

-

input LInt [Tan[x]"4,x]

output Lx - Tan[x] + Tan[x]~3/3

~— -/

3.83.  [tan*(z)dz
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3.83.3.1 Defintions of rubi rules used

ruk324‘Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3954 Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + 4
*x])"(n - 1)/(@*(@ - 1))), x] - Simp[b~™2 Int[(b*Tan[c + d*x])"(n - 2), x]
» x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

3.83.4 Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

method result size
norman x —tan (z) + m 13
parallelrisch z —tan (z) + w 13
derivativedivides m — tan (z) + arctan (tan (x)) | 15
default w — tan (z) + arctan (tan (x)) | 15
risch I — 4i(3e*"+3e%742) 31

3(e2iz41)*

-

input Lint (tan(x)"4,x,method=_RETURNVERBOSE)

-/

output Lx—tan (x)+1/3*tan(x) "3

3.83.  [tan*(z)dz
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3.83.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/tan4($) dr = % tan (z)° + = — tan (z)

input Lintegrate (tan(x)“4,x, algorithm="fricas")

-

output 1/3*tan(x)~3 + x - tan(x)

N\

3.83.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.36

sin® (z)  sin ()
3cos®(z) cos(x)

/tan4(x) dr =z +

input Lintegrate (tan(x) **4,x)

~—

output | x + sin(x)**3/(3*cos(x)**3) - sin(x)/cos(x)

N\

3.83.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

4 _ 1 3
/tan (x)dz = 3 tan (z)” + z — tan (z)

p

input | integrate(tan(x)~4,x, algorithm="maxima")

A

-

output L1/3*tan(x)*3 + x - tan(x)

-/

3.83.  [tan*(z)dz
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3.83.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/tan4($) dr = % tan (z)° + = — tan (z)

inputLintegrate(tan(x)‘4,x, algorithm="giac")

-

1/3*tan(x)"3 + x - tan(x)

N\

output

3.83.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

4 . tan(z)®
/tan (x)dz = 3 tan(z) +

input Lint (tan(x)"4,x)

output‘x - tan(x) + tan(x)~3/3

3.83.  [tan*(z)dz
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3.84 [ sec*(z) dzx

3.84.1 Optimalresult . . . . . . .. . ... .. . 520
3.84.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 520
3.84.3 Rubi [A] (verified) . . . . . . .. .. b21]
3.84.4 Maple [A] (verified) . . . ... . ... ... 522
3.84.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 522
3.84.6 Sympy [B] (verification not implemented) . . ... . ... ... ....... 5221
3.84.7 Maxima [A] (verification not implemented) . ... .. ... ... .. ... .. 523l
3.84.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 523
3.84.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 523

3.84.1 Optimal result

Integrand size = 4, antiderivative size = 11

tan3(z)

/ sec*(r) dr = tan(z) + 3

output Ltan(x) +1/3*tan(x) "3

~—

3.84.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

4 B tan?(x)
/sec (z) dz = tan(z) + —3

e hY

Integrate[Sec[x]"4,x]

N\ J

input

output LTan [x] + Tan[x]"3/3 J

3.84.  [sect(z)dz
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3.84.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 754 Ryjeg used = {3042,
integrand size

4254, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sec(z) dx
| 3042
/csc (z+ g)4dw
| 4254
_ / (tan?(z) + 1) d(— tan(z))

l 2009

tan3(x)
3

+ tan(z)

input LInt [Sec[x]~4,x] J

output ‘ Tan[x] + Tan[x]~3/3 ‘

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4254

-

N

3.84.3.1 Defintions of rubi rules used

-/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] & IGtQ[n/2, 0]

3.84.  [sect(z)dz
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3.84.4 Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

method result Size
parallelrisch M 1
default — <_§ _ (SeCZ(w))) tan(z) |13
. 4i(3e% 41
risch w 99
M—Q tan®(2))—2tan(2
norman 3 (tang(%)g ))3), (3) | 35

input \ int(sec(x)~4,x,method= RETURNVERBOSE)

-

outputLl/B*tan(x)*(2+sec(x)”2)

~—

3.84.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.45

(2 cos (z)* + 1) sin (z)
3 cos (z)°

/ sec*(x) dr =

inputLintegrate(sec(x)“4,x, algorithm="fricas")

outputt1/3*(2*cos(x)‘2 + 1)*sin(x)/cos(x)~3

3.84.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(8) = 16.

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

/sec4(x) dr — 2sin () 4 sin ()

~ 3cos(z) 3cos?(z)

3.84.  [sect(z)dz



CHAPTER 3. LISTING OF INTEGRALS 523

input Lintegrate (sec(x)**4,x)

outputL2*sin(x)/(3*cos(x)) + sin(x)/(3*cos(x)*%*3)

3.84.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

4 _ 1 3
/sec (z)dzx = 3 tan (z)” + tan (z)

inputLintegrate(sec(x)“4,x, algorithm="maxima")

output L1/3*tan(x)“3 + tan(x)

3.84.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/sec4(x) der = % tan (z)* + tan (z)

input Lintegrate (sec(x)"4,x, algorithm="giac")

output L1/3*tan(x)“3 + tan(x)

3.84.9 Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.55

4 _ 2sin(z) cos (2)? + sin ()
/ sec*(z) dz = 3 c0s (2)°

input Lint (1/cos(x)"4,x)

output L(sin(x) + 2*cos(x) "2*sin(x))/(3*cos(x)"3)

3.84.  [sect(z)dz



CHAPTER 3. LISTING OF INTEGRALS 524

3.85 [ sec®(z) dx

3.85.1 Optimal result . . . . . ... . .. . ... 524
3.85.2 Mathematica [A] (verified) . . . . . . . ... .. ..o 524
3.85.3 Rubi [A] (verified) . . . . . . ... ... 525
3.85.4 Maple [A] (verified) . . . ... . ... ...
3.85.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 520
3.85.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 5261
3.85.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 527
3.85.8 Giac [A] (verification not implemented) . . . . . ... ... ... ....... 527
3.85.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ..... 527

3.85.1 Optimal result

Integrand size = 4, antiderivative size = 19

2 tan3(z) N tan®(z)
3 )

/secﬁ(x) dr = tan(z) +

output Ltan(x)+2/3*tan(x) ~3+1/5*tan(x) "5

~—

3.85.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

6 _ 2tan®*(z)  tan®(z)
/sec () dz = tan(z) + 3 + E

e hY

Integrate[Sec[x]~6,x]

N\ J

input

output LTan [x] + (2%Tan[x]"3)/3 + Tan[x]~5/5 J

3.85.  [sect(z)dz
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3.85.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 3, Bumber of rules _ , 754 Ryjeg used = {3042,

integrand size
4254, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/secG(m) dz
J'3042
/csc (m + g)ﬁdﬁﬂ
l 4254
— / (tan4(a:) + 2tan?(x) + 1) d(—tan(z))

l 2009

tan®(xz)  2tan3(z)
5 3

+ tan(z)

input LInt [Sec[x]~6,x] J

output ‘ Tan[x] + (2*Tan[x]~3)/3 + Tan[x]~5/5

3.85.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4254 Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1)  Subst[Int[Exp
andIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

N J

3.85.  [sect(z)dz
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3.85.4

Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

method result Size
default - (_ 1% _ (SE’C:(Z)) _ 4(86;2(@) > tan (z) 19
parallelrisch tan(z) (3 (5604(36;)[)5%(5%2 (2))+8) 19
; 16i(10 et 4562041
risch ( e ) 2
S(tanB(%))_IIG(tan5(%)) 8(tan7(%))_ » B . -
normarn 3 15 +2 . — 2(tan®(5))—2tan(3 51
(tan?(§)-1)

input‘int(sec(x)“6,x,method=_RETURNVERBOSE)

outputL—(—8/15—1/5*sec(x)“4—4/15*sec(x)“2)*tan(x)

3.85.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.16

/ sec®(z) dx =

(8 cos (z)* + 4 cos (z)* + 3) sin (z)
15 cos ()"

inputLintegrate(sec(x)“G,x, algorithm="fricas")

outputti/lS*(B*cos(x)“4 + 4xcos(x)”2 + 3)*sin(x)/cos(x)”5

3.85.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.63

/sec6(m) dx = 8sin () +

4sin (z)
15 cos? ()

sin (z)
5 cos® (x)

15 cos ()

input Lintegrate (sec(x)**6,x)

output LS*SiH(X)/(lS*COS (x)) + 4xsin(x)/(15*cos(x)**3) + sin(x)/(5*cos(x)**5)

3.85.  [sect(z)dz
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3.85.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

/sec6 (z)dz = % tan (z)° + g tan (z)* + tan ()

inputLintegrate(sec(x)‘G,x, algorithm="maxima")

p
output | 1/5%tan(x)~5 + 2/3*tan(x) "3 + tan(x)

N\

3.85.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

/secﬁ(a:) dx = % tan (z)° + g tan (z)° + tan (z)

/

input‘integrate(sec(x)‘G,x, algorithm="giac")

~—  /

-

output Ll/S*ta.n(x)‘S + 2/3%tan(x)"3 + tan(x)

~—

3.85.9 Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.42

/secﬁ(g;) do — 8 sin (z) cos (CE)4 + 4 sin (x) cos (:c)2 + 3 sin (2)
15 cos (117)5

input tint (1/cos(x)"6,x)

output L(s*sin(x) + 4*cos(x)"2*sin(x) + 8*cos(x) "4*sin(x))/(15*cos(x)~5)

3.85.  [sect(z)dz
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3.86 [ sec?(z) tan*(z) dx

3.86.1 Optimalresult . .. ... ... ... .. .. 528]
3.86.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 528
3.86.3 Rubi [A] (verified) . . . .. ... . ... 529
3.86.4 Maple [A] (verified) . ... ... ... ... 530
3.86.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 530
3.86.6 Sympy [B] (verification not implemented) . . ... . ... ... ....... 5301
3.86.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... B3]
3.86.8 Giac [A] (verification not implemented) . . . . ... .. ... .. ....... B3]
3.86.9 Mupad [B] (verification not implemented) . . ... ... ... ... ...... b31]

3.86.1 Optimal result

Integrand size = 9, antiderivative size = 8

tan®(z)
)

/ sec?(x) tan(z) dx =

output Ll/S*tan(x) ~5

~—

3.86.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

tan®(z)
5)

/ sec?(x) tan'(z) dx =

Ve hY
Integrate[Sec[x] ~2*Tan[x] "4,x]

N\

input

output LTan [x]°5/5 J

3.86. [ sec?(z)tan*(z)dx
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3.86.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 333 Ry jaq yged = {3042,
integrand size
3087, 15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan?(z) sec?(z) dz
| 3042
/ tan(z)* sec(z)dx

| 3087
/tan4(w)d tan(z)

| 15

tan®(z)
5

input ‘ Int[Sec[x]~2*Tan[x]~4,x]

output LTan [x]~5/5

rule 15

rule 3042

rule 3087

3.86.3.1 Defintions of rubi rules used

Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simp[a*(x~"(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sec[(e_.) + (£_.)*(x_)]1"(m_)*((b_.)*tan[(e_.) + (£_)*(x_)1)"(n_.), x_S
ymbol] :> Simp[1/f  Subst[Int[(b*x) n*x(1 + x"2)"(m/2 - 1), x], x, Tan[e +
£*x]], x] /; FreeQ[{b, e, f, n}, x] & IntegerQ[m/2] && !(IntegerQ[(n - 1)
/2] && LtQ[0, n, m - 1])

3.86. [ sec?(z)tan*(z)dx
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3.86.4 Maple [A] (verified)

Time = 0.55 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

method result size
derivativedivides M 7
default (tan;(m)) 7

. 2i(5e5@+10et@+1

risch i 65(e2iw+f)5 ) | 29

inputLint(sec(x)“2*tan(x)‘4,x,method=_RETURNVERBOSE)

output‘1/5*tan(x)‘5

3.86.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 20 vs. 2(6) = 12.

Time = 0.25 (sec) , antiderivative size = 20, normalized size of antiderivative = 2.50

(cos (z)* — 2 cos (z)? + 1) sin ()

5 cos ()"

/ sec?(x) tan'(z) do =

input‘integrate(sec(x)“2*tan(x)“4,x, algorithm="fricas")

outputtl/S*(cos(x)“4 - 2%cos(x)”"2 + 1)*sin(x)/cos(x)"5

3.86.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 29 vs. 2(5) = 10.

Time = 0.02 (sec) , antiderivative size = 29, normalized size of antiderivative = 3.62

, () d — sin(z)  2sin(z) sin (2)
/sec (z) tan®(z) d 5cos(z) 5cosd () * 5 cos® (x)

input Lintegrate (sec(x)**2*tan (x) **4,x)

—

output Lsin(x)/(S*cos (x)) - 2xsin(x)/(5*cos(x)**3) + sin(x)/(5*cos(x)**5)

3.86. [ sec?(z)tan*(z)dx
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3.86.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

2 4 _ 1 5
/sec (z) tan®(z) dx = 5 tan ()

inputLintegrate(sec(x)‘2*tan(x)“4,x, algorithm="maxima")

-

output | 1/5*%tan(x) "5

N\

3.86.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

2 1 _ 1 5
/sec (z) tan®(z) dx = B tan ()

/

input‘integrate(sec(x)‘2*tan(x)“4,x, algorithm="giac")

~—  /

-

output Li/S*ta.n(x) ~5

~—

3.86.9 Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

. tan(z)°

/ sec?(r) tan(z) dr = E

input Lint (tan(x)~4/cos(x)~2,x)

~—

output \ tan(x)~5/5

3.86. [ sec?(z)tan*(z)dx
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3.87 [ sec*(z) tan?(z) dx

3.87.1 Optimalresult . . . . .. .. ... . ... 532l
3.87.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 532
3.87.3 Rubi [A] (verified) . . . . . . ... .. 533
3.87.4 Maple [A] (verified) . . . . ... .. . ... 534
3.87.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 634
3.87.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... 5351
3.87.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 535
3.87.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 535
3.87.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 530

3.87.1 Optimal result

Integrand size = 9, antiderivative size = 17

/ sec*(z) tan®(z) do = 3

tan3(z) N tan®(z)

)

output Ll/B*tan(x) ~3+1/5*tan(x) "5

~—

3.87.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.59

/ sec*(x) tan®(z) dr =

_ 2tan(z)

15

1
T sec?

(z) tan(z) + % sec (z) tan(z)

-

input LIntegrate [Sec[x]~4*Tan[x]"2,x]

~—

output L(—2*Tan [x])/15 - (Sec[x]~2*Tan[x])/15 + (Sec[x] 4x*Tan[x])/5

~—

3.87.

| sect(z) tan®(z) dz
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3.87.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 5, number of rules used = 4, Bumber of rules _ 444 Ryles used = {3042,

integrand size
3087, 244, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan2(z) sect () dz
| 3042
/ tan(z)? sec(z)dz
| 3087
/ tan’(z) (tan(z) + 1) dtan(z)
| 244
/ (tan’(z) + tan’(z)) d tan(z)

l 2009

tan®(z) n tan3(z)
5 3

-

input LInt [Sec[x]~4*Tan[x]"2,x]

output LTan [x]~3/3 + Tan[x]"5/5

~— ~—

3.87.3.1 Defintions of rubi rules used

rule 244‘/Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand

‘Integrand[(c*x)"m*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, m}, x] && IGtQlp
, 0]

-

e

rule 2009tlnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

3.87. [ sec!(z)tan®(z) dzx
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3087 Int[sec[(e_.) + (f_.)*(x_)]1 " (m_)*((b_.)*tan[(e_.) + (f_.)*(x_.)1)"(n_.), x_S
ymbol] :> Simp[1/f Subst [Int [(b*x) "n*(1 + x~2)"(m/2 - 1), x], x, Tan[e +
£*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)
/2] && LtQ[0, n, m - 1])

3.87.4 Maple [A] (verified)

Time = 1.95 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

method result size

derivativedivides (tan;(“”)) + (tan;(w)) 14

default (tan;(x)) + (tan;(fv)) 14
i 4i(15 59" —5 e 45 €741

risch e ) | 36

input| int (sec(x) “4*tan(x) ~2,x,method=_RETURNVERBOSE)

N\

output L1/3*tan(x) ~3+1/5%tan(x) "5

3.87.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.18

(2 cos (z)* + cos (z)* — 3) sin ()
15 cos (z)°

/ sec*(z) tan?(z) dz = —

input Lintegrate (sec(x)"4*tan(x)~2,x, algorithm="fricas")

output‘ -1/15%(2*cos(x) "4 + cos(x)”"2 - 3)*sin(x)/cos(x)"5

3.87. [ sec!(z)tan®(z) dzx
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3.87.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 29 vs. 2(12) = 24.

Time = 0.02 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.71

2sin(z)  sin(z) sin (z)
15cos(z) 15cos®(x)  5cos® (z)

/ sec’(x) tan?(z) dor = —

input  integrate(sec(x)**4*xtan(x)**2,x)

N\

output L—2*sin(x)/(15*cos (x)) - sin(x)/(15*cos(x)**3) + sin(x)/(5*cos(x)**5)

3.87.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/sec4(x) tan®(z) do = % tan (z)® + % tan ()

p
input Lintegrate (sec(x) "4*tan(x)~2,x, algorithm="maxima")

-/

outputtl/S*tan(x)‘S + 1/3%tan(x) "3

~—

3.87.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

/sec4(a:) tan®(z) do = % tan (z)° + % tan ()

input Lintegrate (sec(x)~“4*tan(x)~2,x, algorithm="giac")

e

outputp/s*tan(x)*s + 1/3*tan(x) "3

A >

3.87. [ sec!(z)tan®(z) dzx
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3.87.9 Mupad [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

B tan(z)®  tan(z)®

4 2
/ sec”(z) tan®(z) dr = 3 + 3

input Lint (tan(x)~2/cos(x)"4,x)

output ttan(x)“3/3 + tan(x)"5/5

3.87. [ sec!(z)tan®(z) dzx
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3.88 [ sec®(z) tan(z) dz

3.88.1 Optimal result . . . . .. .. . . . ...
3.88.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo
3.88.3 Rubi [A] (verified) . . . . ... .. . ...
3.88.4 Maple [A] (verified) . . . ... . ... ...
3.88.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.88.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... .
3.88.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ...
3.88.8 Giac [A] (verification not implemented) . . . ... . ... ... .......
3.88.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ... ..

3.88.1 Optimal result
Integrand size = 7, antiderivative size = 8

sec3(x)

/ sec®(r) tan(z) dz = 3

033]
099
039
039
040
040
040

-

output L1/3*sec (x)~3

~—

3.88.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

sec3(x)

/ sec®(r) tan(z) dz = 3

-

input LIntegrate [Sec[x]"3*Tan[x],x]

-/

output LSec [x]1~3/3

-/

3.88.  [sec’(z)tan(z)dz
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3.88.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 499 Ryjles used = {3042,
integrand size
3086, 15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan(z) sec3(z) dz
| 3042
/ tan(z) sec(z)3dx

| 3086
/ sec?(z)d sec(z)

| 15

sec3(x)
3

input ‘ Int [Sec[x]~3*Tan[x],x]

output LSec [x]~3/3

rule 15

rule 3042

rule 3086

3.88.3.1 Defintions of rubi rules used

Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simp[a*(x~"(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.)*sec[(e_.) + (£_.)*(x_01)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)])"(
n_.), x_Symbol] :> Simp[a/f Subst[Int[(a*x) " (m - 1)*(-1 + x”2)"((n - 1)/2
), x], x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2
] & !(IntegerQ[m/2] && LtQ[0, m, n + 1])

3.88.  [sec’(z)tan(z)dz
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3.88.4 Maple [A] (verified)

Time = 0.47 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

method result size
derivativedivides M 7
default w 7

. 8 eSia:
I'lSCh w ]. 7

input‘int(sec(x)“B*tan(x),x,method=_RETURNVERBOSE)

outputtl/S*sec(x)“S

3.88.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1

3 cos (z)°

/ sec®(r) tan(z) dz =

inputLintegrate(sec(x)‘3*tan(x),x, algorithm="fricas")

output L1/3/cos (x)~3

3.88.6 Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

3 _ 1
/ sec’(z) tan(z) dr = 3o (z)

input Lintegrate (sec(x)**3*tan(x),x)

output ‘ 1/ (3*cos (x)**3)

3.88.  [sec’(z)tan(z)dz
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3.88.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1

3 cos (z)°

/ sec®(r) tan(z) dz =

p
inputtintegrate(sec(x)‘3*tan(x),x, algorithm="maxima")

—

-

output L1/3/cos (x)"3

-/

3.88.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1

3 cos (z)°

/ sec’ () tan(z) dr =

input Lintegrate (sec(x)"3*tan(x),x, algorithm="giac")

output L1/3/cos (x)°3

3.88.9 Mupad [B] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1

3cos (z)*

/ sec®(r) tan(z) dz =

input Lint (tan(x)/cos(x)"3,x)

output Li/ (3%cos(x)~3)

3.88.  [sec’(z)tan(z)dz
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3.89 [ sec®(z) tan’(z) dx

3.89.1 Optimal result . . . . . . .. . ... .
3.89.2 Mathematica [A] (verified) . . . . . . . ... ... L oo
3.89.3 Rubi [A] (verified) . . . . ... . . . ...
3.89.4 Maple [A] (verified) . . . ... . ... ...
3.89.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ..
3.89.6 Sympy [A] (verification not implemented) . . . .. ... ... ... .. ... .
3.89.7 Maxima [A] (verification not implemented) . . .. ... ... ... ......
3.89.8 Giac [A] (verification not implemented) . . . ... ... ... ........
3.89.9 Mupad [B] (verification not implemented) . . ... ... ... ... .....

3.89.1 Optimal result
Integrand size = 9, antiderivative size = 17

secS(x)
)

3 3 __1 3
/sec (z) tan®(z) dz = —g sec () +

041l
D41]
542
04

044
044
045
040

-

output L—l/S*sec (x)~3+1/5*sec(x) "5

~—

3.89.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

secS(x)
)

3 3 _ 1 3
/sec (z) tan®(z) dz = —g sec () +

e

input LIntegrate [Sec[x]"3*Tan[x]"3,x]

-/

output L—1/3*Sec [x]"3 + Sec[x]"5/5

~—

3.89.  [sec’(z)tan®(z)dzx
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3.89.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 556 Ryjles used = {3042,

’ integrand size
3086, 25, 244, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan®(z) sec’ (z) do
| 3042
/ tan(z)? sec(z)3de
| 3086
/ — sec?(z) (1 — sec?(z)) d sec(z)
| 25
- / sec?(z) (1 — sec?(z)) dsec(z)
| 244
- / (sec?(z) — sect(x)) dsec(x)

l 2009

sec®(z)  sec®(x)

5 3

input LInt [Sec[x]~3*Tan[x]"3,x]

output L—1/3*Sec [x]~"3 + Sec[x]"5/5

3.89.  [sec’(z)tan®(z)dzx
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3.89.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk3244‘Int[((c_.)*(x_))“(m_.)*((a_) + (b_)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand
‘Integrand[(c*x)“m*(a + b*x"2)"p, x], x] /; FreeQ[{a, b, c, m}, x] && IGtQlp
, 0]

ruka2009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3086 | Int[((a_.)*sec[(e_.) + (f_.)*(x_)1) " (m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(
n_.), x_Symbol] :> Simp[a/f Subst[Int[(a*x)"(m - 1)*(-1 + x~2)~((n - 1)/2
), x], x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2
] & !(IntegerQ[m/2] && LtQ[0, m, n + 1])

3.89.4 Maple [A] (verified)

Time = 1.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

method result size
derivativedivides | — (S“Z(w)) + (Sec; (x)) 14
default — (Sec?:;(a: )) + (SeCZ(x)) 14

1 8(5e7iw—2 e5iz+5 e3iz
risch _ 8 . ) | 34

inputLint(sec(x)“3*tan(x)“3,x,method=_RETURNVERBOSE)

outputt—1/3*sec(x)“3+1/5*sec(x)‘5

3.89.  [sec’(z)tan®(z)dzx



CHAPTER 3. LISTING OF INTEGRALS

3.89.5 Fricas [A] (verification not implemented)
Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

_ 5 cos (z)* -3

/ sec® () tan®(z) do = 15 cos (2

input Lintegrate (sec(x)"3*tan(x)"3,x, algorithm="fricas")

output‘—1/15*(5*cos(x)“2 - 3)/cos(x)"5

3.89.6 Sympy [A] (verification not implemented)
Time = 0.04 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

3 —5cos? (z)

/sec3(x) tan®(z) dz = “TBeos (z)

input Lintegrate (sec(x)**3*tan(x) **3,x)

output | (3 - 5*cos(x)**2)/(15%cos (x)**5)

N

3.89.7 Maxima [A] (verification not implemented)
Time = 0.20 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

5 cos (z)* — 3

/sec3(ac) tan®(z) dzr = — 15 cos (2)°

input Lintegrate (sec(x)~3*tan(x)~3,x, algorithm="maxima")

~—

output‘—1/15*(5*cos(x)‘2 - 3)/cos(x)75

3.89.  [sec’(z)tan®(z)dzx
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3.89.8 Giac [A] (verification not implemented)
Time = 0.28 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

_ 5 cos (z)* -3

/ sec® () tan®(z) do = 15 cos (2

input Lintegrate (sec(x)"3*tan(x)~3,x, algorithm="giac")

output‘—1/15*(5*cos(x)“2 - 3)/cos(x)"5

3.89.9 Mupad [B] (verification not implemented)

Time = 0.45 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.76

1 1

5cos (z)° " 3cos (z)?

/ sec®(x) tan®(z) dr =

input tint (tan(x)~3/cos(x)~3,x)

output“/(s*cos(x)*s) - 1/(3%cos(x)~3)

3.89.  [sec’(z)tan®(z)dzx
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3.90 [ tan®(z) dz

3.90.1
3.90.2
3.90.3
3.90.4
3.90.5
3.90.6
3.90.7
3.90.8
3.90.9

Optimal result . . . . . . .. . .. ..
Mathematica [A] (verified) . . . . . . . . . . ... Lo L
Rubi [A] (verified) . . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ..

Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)

Giac [A] (verification not implemented) . . . .. ... ... ... .. ....

Mupad [B] (verification not implemented)

3.90.1 Optimal result

Integrand size = 4, antiderivative size = 22

/tan5($) dz = —log(cos(z)) —

tan?(z)

tan(z)

2

4

output L—ln(cos (x))-1/2%tan(x) ~2+1/4%tan(x) "4

~—

3.90.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/tan5(w) dx = —log(cos(z)) —

tan?(z)

tan*(x)

2

4

p
input

N\

Integrate[Tan[x]"5,x]

output L—Log [Cos[x]] - Tan[x]~2/2 + Tan[x]"4/4

3.90.

[ tan®(z) dz
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3.90.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00, number

of steps used = 6, number of rules used = 6, Bumber of rules _ 4 544 Ryles used = {3042,
integrand size

3954, 3042, 3954, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan®(z) dz
| 3042
/ tan(z)’de
| 3954
ta“:("”) - / tan3(z)dz
| 3042
tan:("”) - / tan(z)3de
| 3954
oy )
| 3042
/tan (2)dz + tan:(:r) B tan;(x)

l 3956

tan*(x) B tan?(x)

1 5 log(cos(z))

input LInt [Tan[x]"5,x]

output ‘ -Log[Cos[x]] - Tan[x]"2/2 + Tan[x]~4/4

3.90. [tan®(z)dz
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3.90.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3954 Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(@*(@ - 1))), x] - Simp[b~™2 Int[(b*Tan[c + d*x])"(n - 2), x]
» x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

rule 3956 | Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl[{c, d}, x]

3.90.4 Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.05

method result size
derivativedivides (ta'“z(”’)) — (ta'“;(m)) + 1“(1+t;n2(Z)) 923
default (ta“:(z)) — (tan;(z)) 4 1‘1(1“;112(90)) 923
norman (tan:(””)) - (tan:(z)) + 1n(1+t;n2(w)) 923
parallelrisch (ta“:(m)) — (tan;(“)) + 111(1+t%2mQ(ac)) 923
risch i — % “In(e¥® 4 1) | 43

input Lint (tan(x)"5,x,method=_RETURNVERBOSE)

-/

output L1/4*tan(x) ~4-1/2xtan(x) “2+1/2*1n(1+tan(x) ~2) J

3.90. [tan®(z)dz
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3.90.5 Fricas [A] (verification not