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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
474 ]. This is test number [ 144 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 99.37 (471) | 0.63(3)

Mathematica | 98.31 (466 ) | 1.69 ( 8)
Maple | 79.75 (378 ) | 20.25 (96)
Giac 53.16 (252 ) | 46.84 ( 222 )
Fricas | 43.46 (206 ) | 56.54 ( 268 )
Sympy | 33.97 (161) | 66.03 ( 313)
Maxima 24.26 (115 ) | 75.74 ( 359 )
Mupad | 18.78 (89) | 81.22 ( 385)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 89.241 0.000 0.000 10.759
Mathematica 69.620 2.321 16.456 11.603
Maple 44.093 17.932 7.595 30.380
Fricas 26.371 6.540 2.110 64.979
Giac 19.409 17.300 6.540 56.751
Sympy 14.768 9.072 1.266 74.895
Maxima, 11.814 4.219 0.000 83.966
Mupad 0.000 8.650 0.000 91.350

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of

error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 3 100.00 0.00 0.00
Mathematica | 8 87.50 12.50 0.00

Maple 96 100.00 0.00 0.00

Giac 222 76.58 0.45 22.97

Fricas 268 69.78 0.37 29.85

Sympy 313 87.22 9.58 3.19

Maxima 359 72.98 3.06 23.96

Mupad 385 0.00 100.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Mupad 0.38
Giac 0.70
Rubi 0.71
Maple 1.13
Mathematica 1.81
Fricas 3.06
Maxima 3.09
Sympy 5.43

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 40.96 1.12 25.00 1.00
Maxima 165.24 3.17 61.00 1.12
Mathematica | 217.32 1.02 134.00 0.95
Rubi 219.50 0.96 143.00 1.00
Fricas 242.01 1.70 81.50 1.19
Sympy 277.27 1.92 76.00 1.33
Giac 497.48 2.52 151.00 1.41
Maple 612.02 1.79 203.00 1.37

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps

Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

30

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{20121} 25} 26} [271 [291,[30}, 82} |87} [146}, [150} 154, [T 72} [[76) 220} 226,232} 238, 244} 249} 254} 258} 264,

270,275} (280}, [300}, 301}, 302, 303}, 304} 305, 306}, 307, 308, 309} 312} [336}, [337], 43T}, 35}, 436}, 449} 450,
55| 456, 461}, 462]}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {{T37,[139)[177, [79}[183}[185) [[87} [194} [196} 197 [99} 203, 205] P11} 213} 333, 334 399, 400
469

Mathematica {[57}[78}[85][102[111][112][205] 213]}
Maple {35}

Maxima Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.12. Timing
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1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
‘ maxima_lib.set('extra_integration_methods', '[]')

See [https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
Ferent-from-using-maxima/| for reference.

1.14. Important notes about some of the results
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1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/b57123/could-we-have-a-leaf count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
returnl
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS

2.1.1 Rubi. . . . . e e 21
2.1.2 Mma. . . . .. e e e e
2.1.3 Maple . . . . o 23
2.1.4 Fricas . . . . . . . e e e 23]
2.1.5 Maxima . . . . . . .. e e e e 24
2.1.6 Giac . . . . .. e e e 20
2.1.7 Mupad ... 26
2.1.8 SYMDPY . . . . o i e e e e e e e e e e 26]
2.1.1 Rubi

A grade {[1}[2,3[4,5,[6}7, 8}[9%} [10}[L1}[12}[13} 14} [15}[16} 17 8} 19} [22} 23, [24} 28} ]31} 32, 33} 34,

185}[36, 87} 138, 39} 40, (AT}, 2, 43}, 14 (45}, 46, A7}, 48} 49}, 50} 5T}, 62} 53} 64 55}, 66} 57} 68}, 59} (6T
[61}[6263}[64[65}[664 67} [68} 69} [0} [7T} [72} [73} [74,[75} [76} [77} [78},[79}, |80} BT} |83} B4} [85), 86}, B8,
(89,190} (91}, [92}[93} 94, 95} [96}, [97} [98, [39} [L00}, (10T} [T02, [T03} 104} [105} 106}, 107} [108} 109} 110, [L1T}
(112} 113,114} [T15} 116} 117, [TT8, [TT9, 120} 121} 122} 123} [124} [T25, [126} 127, 128} [129} 130} [13T],
[132}[133} T34, [135}[136},[137} (138} 139, (140} 141} [142} [143} 144} [T45} 147} [148, [149} [T5T} [T52} 153}
[L55} (156}, [L57} 158} 159} [160} 161} 162, 163} 164} [T65, 166}, 167, [168| 169} 170, [T7T} 173} [T74, [175)
(77,178, [T79, [130} 18T}, 182} 183} 184, [185), 186}, [187), 188} 189} [190}, 191}, 192, 193} 194} [T95, 196}
(197,198,199, (200} [201}, 202} 203} [204} 205} 206} 207, 208} [209} 210, 211} 212, 213} 214} 215, 216
217, 218} [219}, 221} [222] [223), 224} [225], 227, [228} [229, 230} [231], 233,234} [235], 236}, 237} [239}, 240,
24,242} [243, 245 [246} 247, 248, [250}, 251,252} [253, 256} 257} 259, 260} [26T}, (262} 263} 265, (266},
[267, 268, [269, 27T} [272} [273} 274} 276}, 277, 278, [279, [28T}, 282} [283), 234} [285], 286}, 287} [288, 289,
290,291} [292, 293} [294} 295, 296}, 297], 298, [299} 310}, 311}, 313} 314}, [315} 316}, 317} [318} 319, 320,
321,322} 323,324} [325} 3261, [327} 328} 329} [330}, 331}, [332} 333} 334} [335} 338} [339} [340} 341}, 342},
343,344} 345,346}, [347} 348,349} 350}, 351} 352} 353, 354} 355}, 356}, 357} 358} 359} [36 0} 36 T}, 362
363,364} 365,366} [367} 368,369}, 370}, 371,372}, 373,374} 375}, 3764377} 378} 379} [380} 38T}, 382},
383,384} 385,386} [387} 388, [389} 390}, 391}, [392} 393, 394} [395}, 3961, 397} 398} [399, {400} 40T}, 402,
[403, {404} 405, [406}, 407}, 408, (409} (410}, 41T} 412} 4T3, 414} [A15], (416} (417} (418} [AT9, {20} [42T), (422
[A23, 424} [425, (426} [427], 428, (429} 430}, (432} 433} (434, (437} 438} 439} [440} 441}, 442} 443} 444, [445),
ﬁammmmmmmmmmmmmmmmmmm
}

B grade { }
C grade { }

F normal fail {[255/[470,474 }

2.1. List of integrals sorted by grade for each CAS



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 22

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade {[1)2)5)75,5 8001101 2 13} 15,6, 7 1519, 22 23, 27 51, 52,55 54,8555,
37,38} 39} 40}, AT}, 42, 43} (44, (45}, (46, 47}, 48, 49}, 50} [p T}, 52} 63}, 57} 68}, [59} (6T} 61, 62, [63} [64), [65),
66467} [68, 69, [70} [7T1, [72} [73} [74L, [75} [76}, [77,[78} [79}, 80, [B1, 86}, 88, [89} 90}, 9T} 92} [93, [94} [95} 963,
[97,[98},[99},[100} [10T]},[103},[T04}, [105}, [106}, [107, [108},[T09} [T 10, 113, [114}, 115}, 116}, 117} 118} [TT9}[120),
[121},[122} 123}, [124], [126], 127} [T28},[129} [130}, 131}, 132} 133}, [134}, 135}, [136}, 137} [138},[139}, 140} [14T}
(142, [143)} 144} [145], [147], (148} [149}[T5T},[152},[153} [T55}, 163}, [166}, 168, 170 [T73}, [174} [175}, 177, [T 78]
[T79, (180}, 182} 183}, 184} [185}, [186}, [188},[189], 190} [T9T}, (192}, [193}, 194}, 195,196}, [197}, 198}, 199, [200}
[201],[202, 203}, 204} 206}, 207, 208, 209} 212}, 214}, 215, 216}, 217} 218}, 219, 2T}, 222} 223}, [224, 225,
227,228,229, 230} 231}, 233, 234}, 235}, 236}, 237,239, 291}, 292}, 293}, 294, 295, 296}, 297}, [298], 299,
B10,B11,[313}[314} 315}, [316},[317, 318}, [319},[320},[321}[322} 323}, 324}, 325}, [326}, 327} [328},[329},[330,
1831},332, 333} 334} [335},[338},[33Y, 340}, [341], 342}, [34 3} 344}, [345), (346, 347}, 348}, [349} [351], [36 0}, [36 1},
1362,,[363,[364 [365}, [366},[36 7, (368, 369} [370}, 371}, 372} [374, 375}, 376}, 377, 378, 379} [380}, [381}, 382,
1384, [385,,[386}, 387}, [389},[390}, 391}, 392}, [399}, 400, [40T}, [402} (403}, 404}, (405}, 406}, (407} (408}, (409} [4 10,
[AT1, 412, [413] (414} [4T5], (416, 417, (418|419} (420, [42T), (422} (423}, 424} [425), [426), (427}, (428}, (429, [4 30,
(437, {439} [440} [441], 442}, [443, [444] [445] [446], (447, [448], (45T} (452}, (453}, [454} [457, (458}, (459}, 460}, [46 3],
P64 5 60,167, 468, 70, T, T2 673,074 )

B grade { [85}[125} 181} 205} 210} 211} 213} 373} [383} [388) [469) }

C grade { [7}[54 5556, 102 11} 172} {58 [57 [T58} 159} 60} 161 [63 164 165} 167 69} 71
[187,[240, 24T}, 242}, 243}, 245, [246], 247}, [248], 250}, 25T}, 252} 253}, [255], [256), 257, 259} [260}, 26 T}, 262,

[263], 265, [266], 267} 268}, 269, 27T, 272} 273}, 274, 276, 277, 278|279}, 281}, 282, [283} 284} [285], 286,
287, 288|239 290} 350} 352 353, 354} 355,356}, 357} 358}, [359] 393} 394, ;395 396}, 397} [398] }

F normal fail { [28][83}[84}[432}[433][434][438 }
F(-1) timedout fail {300}
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade {15,000 1) 216,75} 19,22 23 2 4 5, 59 7 ) 2 7 7 .
[90, 97,198}, [99, [106}, 107} [108},[TT35], 116}, 117} [T22} [123], 124}, 125}, [T27}, [128}, 129}, 13T}, 132} 133} [134],
(136}, (137} (138}, [139}, 140}, (143} 144, 145}, [147], 148}, [T49} 15T} [T52}, 153}, [155] [156], [157} 163}, 164, [165]
[166},[167, [177} [178}, 179, [180} 18T} [182}, 183}, 184} [T85), (186}, [187], 188}, 189, 190}, [191}, 192}, 194} [195]
[196}, (197, 198}, [199}, (200, 201}, 203} 204} 205}, 207, 213} 215} 216}, 217, 218, 219} 221} 222}, 223, 224
[225],[230, 231}, 237} 240}, 241}, 242}, [243] 245}, [247], 259, [260}, 26T}, [26 2], 26 3, [265], 266} [26 7}, 26 ], 269,
(282,288, [290}, 313}, [314}, 315}, 316}, 317} [318},[319,[323}[324], [325), [326], 327, [328}, 329} [330}, [331}, 332,
1833},1334,[338},[339}[340}, (34T}, 342}, 343}, [344}, [346], 347} [348}, 349} [350}, 351}, 352}, 353} [354}, [355],[357),
13581359, [36 T}, 362}, [36 3], [36 4, [365], 366}, [36 7}, 368}, [369, (370} 371}, 372}, [37 3, [374, 375} [376},[377,[378,
1383},1387,[388}, 390}, [391,[392, [393], 394}, [395), (3961, [397, (398}, (399}, 404}, 41T}, 434}, (437} (438, [466, (469,
AT3,7d )

B grade { [5\5,/5)[5,7 75) 79,501/, 01} 0203, 04 05,56, 100, 107} 02} 103} [0 105,
[109, [1T0} [T} [TT2} 113}, [120} [T2T] 126}, 130}, 158 [159} 160} [16T}, 162, [168, 169} [170} 171}, 193, [202,
[206],[208, [209} 210} 211}, 212, [214], 227} 228}, 229, [233} 234, 235}, [236], 239, [246), 248}, 250} [251}, 252,
[253],[255, [256}, 257} 271}, 272, 273} 274} 276}, 277, 278, [279} 284} [286], 320}, 321}, 322} [335), [356], 386,
53,53 }

C grade {[51)32)53)56,57) 58,0} 1) 2} 549,50, 5153 5 55 ) 53, 50, G0, 62 65
566,67} 65 70 71 72, 251, 53 255,257,259}

F normal fail {[T3)728)51)5, 50,7374 75,55 54, 55} 86, T4, 175 10} 35 41 142} 173, 174
[175,[291}, 292} 293}, 294, [295,, 296}, 297}, 298], 299, [310}, 311}, (345}, 360}, 379, 380}, [38T], (382}, 384}, [385],
1389}, (400}, (40T}, (402}, (403}, (405}, 406}, (407, (408, [409, [4 10, (412, [413], 414}, (415}, (416}, 417}, 418} (419} [420,
(421}, (422} [423)] [424], 425}, 426, [427} (428} (429}, (430}, 439, (440}, [44T], 442} [443)} [444, [445)], (446}, 447, [448|
W5 52 53 54 57, 53, 59, o0, 163 464 65, 67 26570, A7 472 }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.4 Fricas

A grade {1} 5} B [0, 1) [2 55 59,90, 7 55 99, [0} [107) 08} 05,116} 117 {23, 123} 124
[125,[127, 128}, [129}, 130}, 13T} [132} 133}, 134}, 138}, [T 39}, (140}, [180}, 181}, 184}, 191}, [192}, [195], 201}, 313
B14,315,[320},[321},[322},[327,[328}, 329} [330}, (331}, [332}[340}, [341], 342}, 343}, [344},[346}, [347},[348],[349,
350,351}, [352} 353}, [354},[355},[356}, 361}, 362}, [36 3}, 365}, (366}, [36 7}, 368}, 369, 370, 37T}, [372}, [375], 376,
877,378,386}, 387} [388},[390}, 391}, 392}, 393}, 394}, [395}, (396}, (399}, 400}, 40T}, 402}, (403} (404}, (408}, (409,
(410, 41T} [415] 416}, 437,439, [440} (441} (442}, [45T], 452, 453} (454}, [46 3], [46 4], [465, (466}, 470}, 47T}, 472,
AT37 )

B grade { [6}[7}8}[03}[94,[95}[96}[103}[104} [177}[178} [179}[183]} [185} [186} 187} [188} [189}[190}[197,
[198) [199} 200} 206}, 207|208 209 214} 335} 373} /469 }

2.1. List of integrals sorted by grade for each CAS
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C grade { [281]282 283} [284) [285 [286, [287} 288} 289} 290 }

F normal fail { [5[13}[14)[15}[16}[17[18} 19} 22} 2324 28] 31 [32} 33} 34) 35} |36} 37} 38} ]9} 40
FAT) 2} 43, 44 5, 46, 7, 48, 49} 50, 5T} 52, 53} 54 554 56, 57 58} 6% B0} 6T, 624 63} 64 65,65}
(67 68469, 704 [71} 72 [73} 74 75} 76} [77 78} [7% [80} BT} 83} B4 855, [86} 91}, 02, 100} 10T} [T02, 109,
[T} [T} (T2} [TT3} T4, [LT8} [TT9} 20 ([T} (126 (35 (136, (137} (41} [T42, 143} 144 [145) [147} 148,
[T49} [T5T} (152} 53} 173, (L7375 182 [[93, [[94 196, [202, 203} 204 [205, 210, 211} [212, 213, 215
[2T6, 217, 218, 210} [221) 222 223, [224 (225, 227, [228) (229, 230, 231 [233, 239 [235 [236, 237, [239)
[201) [292, 293, 204 [205, (296 297} [208, 299} 810} 311} (316, B17} B18, {319, 323, 824 [325, 26 333
[B34 [338, 39} 345 [357, 58} 35} 360} (364} 874, [38Y) (397, BY| AU, A6, 407} AT2) T3, A1) 432,
[433}[434}[443| [444] [445| 446, |47 [448) [457) [458) {45}, (460} [467] [468] }

F(-1) timedout fail {[105]}

F(-2) exception fail {[155}[156}[157,[L58}[L59}[L60} [161}[162} 163} [164} 165} [L66} (167} [168) [169,
[L70} 171}, 240, 241} [242, 243 244} [245, 246} 247} 248, 249} [250} 25T}, 252} [253,, 254} 255} 2561, 257
258,259} [260}, 26T}, 262, [263} 264} [265] (260, 267} 268, 269} 270} 27T} 272} [273) 274} 275} 276, 277,
278,279} [280},[379}[380}, 38T}, [382} 383} 384}, [385}, (417, (418, 419} 420, 421} 422, (423}, (424} 425, (426,
[427, 428} [429} 430} (438 }

2.1.5 Maxima

A grade { [1}2,[3,[4}[12,[46}[72}[88}[89}[90} (07} [08} [29} [L06} 107} [108} [125} [181} [333)} 340} [341} 342,
1343],[344,[346}, [347},[348},[349,[350}, 351}, [36 ], (362}, [36 3}, [365}, [366}, [36 7], 368}, [369, 370} [371},[372,,[373]
75,376,377, 378, 387,338, 399} 400} 404, [A11} 437, 466} @70, @73 }

B grade {[122,[123)[124} [[77}[[78,[179} 180} [184,[136}, 195, 315, 322, 328 B29| 331} 332, B35) 338,
539,559 }
C grade { }

F normal fail {58 0}[10 L1113 16,17 18}[1% 2223 24,28 31} 32}[33} 36} 37} 38| 0} A1} |42}
A4, 53 47, 48} 19}, 50 T 624 53} 64 55} 56, 574 58} 594 60 (62 63} 6 663,67, 68 [70} 71} 73} 74
(75,76, [77, [78, [79)}, B0, BT}, 83} 84}, 85,86, 01} 04 [95, (96}, 100} [L03, 104} [T05} 109 112} [L 5}, 116, 117
(T8 (126, (131, (132} 133, (L34 T35, 138, (139, (140} [41) [143, (144} 145} 147, 148} 149 [[51} [[52} 53
[T55) 156, (157, (58 [T59) (160, (16T, (162} (163, [164) [65) (166, [167} (68} 169, [L70, [[71) [[73, (L7} [I75)
[T82} 185, 187, 188 189} (190, (19T, (192 [T93, [196} 197 (T8, [T99} 200} (20T} (202, 205 [206) (207} 208}
[209), 210, 213, [214) [215, (216, 217} [218, (219} 221) [222) (223, 224, 225 [227, 228 220 [230), 231, 20,
[2AT) (242, 243, 245 [246, 247, 248 [250 (25T, 252 [253) (255, 256, [257) [259, 260 26T [262, 263} 2675,
[266 (267, (268} 269} 271} (272} [273} [274 276, 277} [278) (279, B10} B11) 313, B14} B16} 317, B18} 320
[B21) (323, 324 325} 330, 334 345 [352) (353, 854 [35%) (356, 857} 858, [359, 60} 864 574, (379} 380,
[B81) (382, 883, 384 /387, 389} AUS, 09, 410, 12} A3 A4, 16, A2, 25, 26, FE2T) A28, 29, A0,
P32} 33, {39 38 39 (40, 44T, 442, (143, 444, A4 96, 447, A48 ST 452 A3, 54, 57, A58,
[459}[460} 463, [464} 465, 467, 468} 469} [474] }

2.1. List of integrals sorted by grade for each CAS
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F(-1) timedout fail {[204,212}[233}[234[235| 236} 237} [238} [239,[319,[326] }

F(-2) exception fail {[6)[7}[14][15}[34}[35][39}43}[61}65][69}[92}[93][101][102}[110}[111}[113}[114]
[119}[120} 121} [127} 128} [129} 130} 136}, 137} 142} [183, [194} 203} 211} [281},[282] 283, [284], 285, [286},
287, (288} [289, 290}, [291}, 292, [293), 294} [295] [296}, [297] [298), 299} 300} [30T}, (302} [303), 304}, [305}, [306},
307,327} [390}, 391} [392} 393, [394} 395}, 3961, [397, 398} 40T}, 402}, 403, 405}, 406}, 407, 415} 417, 418,
[419] [420} [421} [422} [423] (471} [472] }

2.1.6 Giac

A grade {[T},[2}[3} 4} [T} [12} 16} [T7} [L8} [19} |00} 124} [125} [127), [131),[132} [133)} [134)} [138} [139} [140} [143,
[144},[145], 148} [149}[15T},[152} 153} [T77}[T78}, [T79} 180} I8} [191} [192, 217 218}, 219}, 313}, [314} [315),
1816}, 317} 318} [319} [320} 32T}, 322} 323} 324, 325, 3261, [327],[328], 329}, 330}, 331}, 332} [335)}, [340}, [34T],
1342}, [343},[344} 36T}, [362} 363} [365), 375}, 3761, 377, 378, [387,[388], 399, 400}, (404}, (41T}, 416}, (437} [439},
[440} {441} [442} [451} [452) [453} [454} [466| (473} [474] }

B grade { )5} 10,22 23,24 55 59,57, 05) 99 106,107 [0S} .75 76 117 122, 123,25} 20,
(130} [147}[183],[184}, [185],[186},[187} [188},[189], 190} [195}, 197} [198},[199} [200}, 20T}, 206}, [207], 208, [209}
(214, 215, [216}, 22T} 222}, 223, [224], 225} 227}, 228}, [229, [230}, 23T}, 233}, 234, [235], 236}, 237}, [239}, [346,
m—nmmmmmmmmmmmmmmmmmmm
469 }

C grade {[[55[156,T57 5% [59)[[60, 161} 162,163 16 165} 240, 241, 2243 245 246, 277,
5|50, 251} 253,553 255 256, 257 259, 260, 261,262 263 )

F normal fail {[5][7][8} 13,[14)[L5} 28 {44 [45} 46, [70} 1} 2} 83} 84} 85} 86} 01} 92} 93} 04} 96} [100)

[T} [T02, 03} (105} [[09} [0} [L1T} [T, (LT3} 114 [LT8} [TT9} T20, [121],[[26, (135 [36) (137} 141} [142,
[T66 (167, 68} (169, [T70, [71} [T73} [74) (L7 (82} [[93, [19% [196, 202} [203, 204} 205 (210} 2111 212,
[2T3, (265 (266 (267} 268} [269, 271} [272, [273) [274) (276 277 [278, 279 [281), 287 [283, 287 [285 (256,
[2877, (238} [289) (290, 29T [202, 293, [207 295, 206, (297} [298) (299, B0 31T} B33, (337, 338 [339) 375
[352, 53} 854 (355 856, [357, 858 359} 60} 364 (379} 880} 381, B2 [383, B84, [385 (389} [390) 91
[B92, Y3} 894 (395, 839G, ;397 BUS, A0S, AUB, A0 [A12 AT3) A4, A5, AT7, AT, A9 420, A21) 422,
FE23, (27 25, 26, 27, A28, 29 30 32 33, P34 438 13, 444 A4, 4406, 147, (8, A5 58,
[459} {460, {467 (468, (70} 47T} 472 }

F(-1) timedout fail {[I72}
F(-2) exception fail { [31}[32}[33|[34} 35} 36} (37} [38,[39} [40} AT} 42} 43} [47} [48} [46} [50} 5T} [52} 53,

[54}[65, 56} (57, 58} 59, (60} [6T), (62} [63},[64} [65, (66, 67, (68}, 69} [73,, [74} [75, [76}, [771, [78} [79), [BC}, BT, [95),
104, [374}[463) 464, [465| }

2.1. List of integrals sorted by grade for each CAS
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2.1.7 Mupad
A grade { }

B grade { [3}[4}[12)[125[134,[140,[181} [192) 201} 209, 214} [327,[328, [329} [330} [331} [332} [343} [344]
345,346}, 360}, 363} [364} 372} [373}, 374} 375} [376}, 388, [399} 400} 404, 11}, 437}, 438, (466}, 469, A 72},
A73, 474 }

C grade { }
F normal fail { }

F(-1) timedout fail {[1}2[5}[6,[7}[80}[10}[11}[L3,[14 15} 16} [17} 18} 19} [22} [23) 24} [28} 31} 32} 33
84,35, 36} 137, 38} [39, 40} 4T}, 42} 43, 44}, 45, (46, 47, (48, 49} 50}, b1} 52} 63} 54} 65 56}, 57 58} 69
(60} 6T} (62} 63} 164 (65} 66} [67} (68, 69, [70} 71} [72} [7 3, [74} [75} [76, 77} [78} [79} 80} BT} |83} 84} 85, [86)
[88}[89,[90} P14 [92} 93,94} [95}[96}, 97} [98}, 99} [T00}, [T0T} [T02} 103} 104} [103} 106} 107} 108} 109} [T 10,
(1T} 112} [TT3} 114} 115}, [TT6} 117} 118, [TT9, 120} [T2T} 122} 123} [T24} 126}, [127], T28} [129} [130, 131}
(132} 133} 135, 136}, 137, (138, 139} 141}, (142} 143} [T144} [145} 147 [T48| 149} 15T}, 152} 153} [L55, [156)
[157, (158, [L59, 160} 16T}, 162} 163} 164, [165} 166} (167, 168, 169} [T70, 171} 173, 74}, 175} [I77, 178,
(79} (180} (182} [133}[184} [185), 136}, (187, (188, [189} [T90, 191}, 193} [194} 195} 196}, 197} 198} [T99, 200
[202} 203} [204, 205}, 206} 207, (208, [210} 211} 212} [213, 215} 216}, 217, 218} 219} 22T}, 222} [223, 224
225|227} [228, 229} [230} 23T}, 233}, [234} 235,236} 237 [239} [240} 241}, 242} [243) 245}, 246} [247], 243,
[250, 251} [252, 253} [255} [2561, 257} 259} [260, [26 1} 262, [26 3} 265}, 266, 267, 268} 269} 271} 272, 273
[274, 1276} [277, 278, [279} [28T}, 282} [283) 284, [285}, 286}, (287} [288} 289, 290} 291}, 292} [293} 294, [295),
296,297} [298, 299} [310} 311}, [313} 314} 315, [316} 317, [318}[319} 320 [321}, 322, 323, [324} 325, 326},
333,334} 335,338} [339} 340}, [341}, 342, 347, [348} 349} 350} 351}, 352} 353} 354} 355}, 356}, 357}, 358,
359,361}, 362, 365} [366}, 367, [368, 369}, 370, 371}, 377, 378, [379} 380, [331}, 382, 383, [384} 385, 380},
387,389} 390}, 391}, [392, 393} 394} 395}, 396} [397} 398, (401}, 402} 403, 405}, 406}, 407, (408} 409, 10,
[A12} 413} [414, 415|416}, 417, (418} [4T9, (420} 42T], 422, 423} 124} (425, (426} [427], 423, 129} 430, (432
(433,434} [439, (440} 441}, 442, [443| [444, (445 [446], 147, (448, 45T}, 452} [453} [454 (457, 58} 459, (460,
[463}[464) [465} [467] [468| [470} [471] }

F(-2) exception fail { }

2.1.8 Sympy

A grade { (12,510} L1} 1200} 124 25, 131 (32, [53 134 138} 30} 40} 151 540, 541, 523
1343},[344,[346}, [347},[348},[349,[350}, 351}, 352}, [353},[354},[355}, 356}, [357], 358, [359}, 36 T}, [36 2}, [36 3], 366,
1367,1368,[369, 370} [371},[372,[373, 375} [376}, 377, [378,[386}, (387}, (388}, 399} [437), (439} (440}, [441],[442,
P51, 52, 53,154 163 64, 165,160, 73 )

B grade {0}55)/50}07} 08} 09} 106 {07, 108} 15} 16} (.7, {22, 23} 7 78, (79, 50, 155 {159}
(190, [191], 192}, [197} [198},[199} [200} 201}, 206}, (207} 208} 209, [214} [320} [321}, 322}, 327}, 328}, [329} [330},
(331,332,400}

2.1. List of integrals sorted by grade for each CAS
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C grade { [365}[380}[381}[382,[384[385] }

F normal fail { [5}[6]7,8}[13}[14[L5 16} 17} [18} 19,[22 23] 24 [28} 31} 32, 33} ]34} [35] 38} |39 (43,
[, 48, 49}, 50} 1} 52 53} 643 55, 56, 57} 68, 594 (60} 61 6 65 69} 73, 7475} 763 [77, 78} [79 BT}
(8T} 83,34 85} 56} 9T, B2 [93, 9% (95} 96} (00}, (10T} 102} 103, [T (105} [0 (L0, [T 1T} T2} 113, 14
(T8 [TT9, (120} [C21} (126, (127} (128} 29 (130, (T35 (36 (137, (141, 142} 143, 14 145 147 148} 149,
[T51) (152, (153} 55 [[56, (157, [T58} 159 (160, (16, 163} [[6% 165} (66} 167, [168} (169 70} [L7T} 73,
[[72) 175, 182} 183 187 L85 [[86,, 187 (193, [[94 195 (196, 202} 203} [204, 205, 210} 211} 212, 213,
[215 (216, 217} [218) [219, 221, [222} [223) (227 225, [227) (228, 229, [230) [231 233, 234 [235 236, [237)
[239) (240, 241, [242) [243, 245, 246 [247) (248, [250) [251) (252, 253} [259) (260, 26, 262} [263, 265, 266
[267) [268, 269, 2711 [272, (273} 274 [276) (277, 278, [279) (283, 287, 286, [287, 288 203} [20%, 296, 297
[298, 310, B11} B3} 314, BT5, 816, 317, BT8, 819, [323) (324, 825, 826, [333, B34} B35 ;345 60} 367
[B74 /379, B33, 389} 390}, BY], 892} [393, 394} 895, [396) (397, BYS| FI0T) 02, U3, FAU% 05, U6, A7)
FAOS, 09, 10, A1) T2 T3, 14} AT (16, 417, TS, AT9, 20, F21) 22, (23, FE24) 25, (26, 427
%mmmmmmmmmmmmmmmmmmm
AT4}

F(-1) timedout fail {5657 A0, 42} 62,63, 66,57 68 52) 162 255 256 257 258, 251 252
{559, 290, 291 297 299, 538, B39, 3145 33, 34,30 }

F(-2) exception fail {[44][45][46][70}[71}[72}[285] [295}[301},[305] }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 179 206 165 248 231 201 316 317 0
N.S. 1 1.15  0.92 1.39 1.29 1.12 1.77 1.77 0.00
time (sec) N/A 0.369 0.108 0.220 0.266  0.258 0.310 0.295 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 124 151 121 178 150 135 190 194 0
N.S. 1 1.22 098 1.44 1.21 1.09 1.53 1.56 0.00
time (sec) N/A 0.289 0.077 0.230 0.267  0.259 0.237 0.283  0.000
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 98 106 92 86 81 76 99 98 7
N.S. 1 1.08 094 0.88 0.83 0.78 1.01 1.00 0.79
time (sec) N/A 0.234 0.028 0.016 0.268  0.251 0.172 0.279 0.419

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 30 30 29 31 26 29 28
N.S. 1 1.00 1.00 1.00 0.97 1.03 0.87 097 0.93
time (sec) N/A 0.148 0.008 0.043 0.266  0.243 0.069 0.269 0.295
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 229 229 214 758 0 0 0 0 0
N.S. 1 1.00 0.93 3.31 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.654 0.133 1.005 0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) B F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 85 85 83 187 0 371 0 200 0
N.S. 1 1.00 0.98 2.20 0.00 4.36 0.00 2.35 0.00
time (sec) N/A 0.227 0.101 1.010 0.000  0.280 0.000 0.313 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F(-2) B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 135 134 207 295 0 673 0 0 0
N.S. 1 099 1.53 2.19 0.00 4.99 0.00 0.00 0.00
time (sec) N/A 0.269 0.288 0.326 0.000 0.354 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 191 208 241 554 0 1125 0 0 0
N.S. 1 1.09 1.26 2.90 0.00 5.89 0.00 0.00 0.00
time (sec) N/A 0.339 0.361 0.211 0.000 0.860 0.000 0.000 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 374 393 355 541 0 446 743 816 0
N.S. 1 1.056 0.95 1.45 0.00 1.19 1.99 2.18 0.00
time (sec) N/A 0.966 0.351 0.568 0.000 0.275 0.478 0.308 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 242 266 249 374 0 290 454 487 0
N.S. 1 1.10 1.03 1.55 0.00 1.20 1.88 2.01 0.00
time (sec) N/A 0.719 0.239 0.316 0.000 0.273 0.320 0.308 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 142 164 154 189 0 156 233 244 0
N.S. 1 1.15  1.08 1.33 0.00 1.10 1.64 1.72 0.00
time (sec) N/A 0.531 0.695 0.197  0.000 0.243 0.246 0.284 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 51 47 72 72 65 82 75 142
N.S. 1 1.09 1.00 1.53 1.53 1.38 1.74 1.60 3.02
time (sec) N/A 0.249 0.030 0.000 0.275 0.254 0.102 0.273 0.387

Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 347 343 332 0 0 0 0 0 0

N.S. 1 0.99 0.96 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.063 0.263 0.000 0.000 0.000  0.000 0.000 0.000

Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 309 287 231 642 0 0 0 0 0

N.S. 1 093 0.75 2.08 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0972 0.273 0.780 0.000  0.000 0.000 0.000 0.000

Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 401 386 315 966 0 0 0 0 0

N.S. 1 096  0.79 241 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.283 0.826 1.338  0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 393 377 304 327 0 0 0 609 0
N.S. 1 096 0.77  0.83 0.00 0.00 0.00 1.55 0.00
time (sec) N/A 1.249 0.606 0.214 0.000  0.000 0.000 0.316 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 244 232 187 206 0 0 0 337 0
N.S. 1 095 077 084 0.00 0.00 0.00 1.38 0.00
time (sec) N/A 0.866 0.402 0.204 0.000  0.000 0.000 0.313 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 115 109 98 103 0 0 0 139 0
N.S. 1 095 0.85 0.90 0.00 0.00 0.00 1.21 0.00
time (sec) N/A 0.510 0.169 0.080 0.000  0.000 0.000 0.303 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 53 48 44 48 0 0 0 49 0
N.S. 1 091 0.83 0.91 0.00 0.00 0.00 0.92 0.00
time (sec) N/A 0.356 0.013 0.011 0.000  0.000 0.000 0.297 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 20 25 15 20 20
N.S. 1 1.00 1.11 1.00 1.11 1.39 0.83 1.11 1.11
time (sec) N/A 0.184 0.196 3.372 0.348 0.251 0.904 0.337 0.232
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 20 49 17 20 20
N.S. 1 1.00 1.11 1.00 1.11 2.72 0.94 1.11 1.11
time (sec) N/A 0.184 0.338 1.359 0.358 0.253 1.782 0.823 0.249
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 362 362 290 526 0 0 0 1276 0
N.S. 1 1.00 0.80 1.45 0.00 0.00 0.00 3.52 0.00
time (sec) N/A 0.784 1.634 0.355 0.000  0.000 0.000 0.381 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 181 181 149 257 0 0 0 554 0
N.S. 1 1.00 0.82 1.42 0.00 0.00 0.00 3.06 0.00
time (sec) N/A 0.487 0.893 0.154 0.000  0.000 0.000 0.359 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 83 72 76 0 0 0 192 0
N.S. 1 097 0.84 0.88 0.00 0.00 0.00 2.23 0.00
time (sec) N/A 0.546 0.179 0.014 0.000  0.000 0.000 0.311 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 297 51 17 20 20
N.S. 1 1.00 1.11 1.00 16.50 2.83 0.94 1.11 1.11
time (sec) N/A 0.182 10.233 5.662 1.603  0.245 1.668 0.398 0.237
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 426 92 19 20 20
N.S. 1 1.00 1.11 1.00 23.67 5.11 1.06 1.11 1.11
time (sec) N/A 0.184 12.804 1.961 2601 0.249 6.159 0.965 0.224
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 227 32 17 20 20
N.S. 1 1.00 1.11 1.00 12.61 1.78 0.94 1.11 1.11
time (sec) N/A 0.416 11.395 0.236 1.682 0.264 14.916 0.420 0.386

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 154 125 0 0 0 0 0 0 0
N.S. 1 0.81  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.279  0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 20 20 15 20 20
N.S. 1 1.00 1.11 1.00 1.11 1.11 0.83 1.11 1.11
time (sec) N/A 0.190 0.353 2317  0.368 0.242 0.952 0.363 0.229
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 237 34 17 20 20
N.S. 1 1.00 1.11 1.00 13.17 1.89 0.94 1.11 1.11
time (sec) N/A 0.187 0.732 1.448 1.793  0.260 15.553 0.455 0.249
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 669 371 356 1396 0 0 0 0 0
N.S. 1 0.55  0.53 2.09 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.960 0.331 0.625 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 450 263 237 973 0 0 0 0 0
N.S. 1 0.58  0.53 2.16 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.743 0.409 0.499 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 238 140 132 628 0 0 0 0 0
N.S. 1 0.59  0.55 2.64 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.481 0.178 0.499 0.000  0.000 0.000 0.000 0.000
Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 736 517 368 823 0 0 0 0 0
N.S. 1 0.70  0.50 1.12 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2214 0.746 0.647  0.000  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) F F F(-2) F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 860 632 600 1352 0 0 0 0 0
N.S. 1 0.73  0.70 1.57 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2,693 2373 0.661 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F(-1) F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 959 498 463 2074 0 0 0 0 0
N.S. 1 0.52 048 2.16 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.180 0.831 0.721 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F(-1) F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 680 367 332 1535 0 0 0 0 0
N.S. 1 0.54 0.49 2.26 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.948 0.356 0.565 0.000  0.000 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 370 193 216 1014 0 0 0 0 0
N.S. 1 0.52  0.58 2.74 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.547 0.219 0.557  0.000  0.000 0.000 0.000 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1073 709 507 1546 0 0 0 0 0
N.S. 1 0.66  0.47 1.44 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.337 1.192 0.643 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F(-1) F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1281 630 587 2903 0 0 0 0 0
N.S. 1 0.49 0.46 2.27 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.342 0.745 0.766 0.000  0.000 0.000 0.000 0.000
Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F(-1) F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 940 481 390 2090 0 0 0 0 0
N.S. 1 0.51 041 2.22 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.092 0.523 0.657  0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F(-1) F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 517 256 251 1423 0 0 0 0 0
N.S. 1 0.50 0.49 2.75 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.633 0.292 0.627r  0.000  0.000 0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1648 1019 787 2580 0 0 0 0 0
N.S. 1 0.62 0.48 1.57 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.854 2131 0.734 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 450 262 343 856 0 0 0 0 0
N.S. 1 0.58  0.76 1.90 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.791 1.139 0.546 0.000  0.000 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 270 162 266 505 0 0 0 0 0
N.S. 1 0.60 0.99 1.87 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.624 0.661 0.497  0.000  0.000 0.000 0.000 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 126 87 172 247 90 0 0 0 0
N.S. 1 069 1.37 1.96 0.71 0.00 0.00 0.00 0.00
time (sec) N/A 0.426 0.264 0.472 0.310  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 380 288 232 508 0 0 0 0 0
N.S. 1 0.76  0.61 1.34 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.015 0.159 0.494 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 507 384 295 932 0 0 0 0 0
N.S. 1 0.76  0.58 1.84 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.352 0.372 0.654 0.000  0.000 0.000 0.000 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 315 213 194 724 0 0 0 0 0
N.S. 1 0.68  0.62 2.30 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.730 0.814 0.860 0.000  0.000 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 213 143 156 488 0 0 0 0 0
N.S. 1 0.67 0.73 2.29 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.610 0.555 0.781 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 144 100 135 305 0 0 0 0 0
N.S. 1 069 094 2.12 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.388 0.419 0.867  0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 52 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 654 431 359 1094 0 0 0 0 0

N.S. 1 0.66  0.55 1.67 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.402 1564 1.388  0.000 0.000 0.000 0.000 0.000

Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 528 452 868 6743 0 0 0 0 0

N.S. 1 086 1.64 12.77 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.896 2.548 1.023  0.000  0.000 0.000 0.000 0.000

Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 410 277 366 5114 0 0 0 0 0

N.S. 1 0.68 0.89 1247 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.661 0.946 1.009 0.000  0.000 0.000 0.000 0.000

Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 271 192 285 3783 0 0 0 0 0

N.S. 1 071  1.05 13.96 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.537 0.754 0.877 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 228 159 208 2237 0 0 0 0 0

N.S. 1 0.70 0.91 9.81 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.442 0.571 0.959  0.000 0.000 0.000 0.000 0.000

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F F F F(-2) F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 1300 821 2078 7971 0 0 0 0 0

N.S. 1 0.63 1.60 6.13 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 2.080 12.894 1.497 0.000 0.000 0.000 0.000 0.000

Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1154 750 708 2728 0 0 0 0 0

N.S. 1 0.65 0.61 2.36 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 1.740 0.744 0.865 0.000  0.000 0.000 0.000 0.000

Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 737 477 441 1852 0 0 0 0 0

N.S. 1 0.65  0.60 2.51 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.141 0.595 0.728  0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 396 256 225 1236 0 0 0 0 0
N.S. 1 0.65  0.57 3.12 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.695 0.176  0.646 0.000  0.000 0.000 0.000 0.000
Problem 61 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1442 1018 516 0 0 0 0 0 0
N.S. 1 0.71  0.36 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.193 0.967  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F(-1) F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1685 1066 872 4176 0 0 0 0 0
N.S. 1 0.63  0.52 2.48 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2413 1495 1.046 0.000  0.000 0.000 0.000 0.000
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F(-1) F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1108 699 616 3032 0 0 0 0 0
N.S. 1 0.63  0.56 2.74 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.585 0.667 0.928 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 621 384 395 2021 0 0 0 0 0
N.S. 1 0.62 0.64 3.25 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.875 0.418 0.799 0.000  0.000 0.000 0.000 0.000
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1992 1369 740 0 0 0 0 0 0
N.S. 1 0.69 0.37  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.772 1.730  0.000 0.000  0.000 0.000 0.000 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F(-1) F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 2290 1379 1114 5977 0 0 0 0 0
N.S. 1 0.60 0.49 2.61 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.236 1.282 1.215 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F(-1) F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1533 922 742 4170 0 0 0 0 0
N.S. 1 0.60 0.48 2.72 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.150 0.940 1.055 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C F F F(-1) F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 878 513 470 2852 0 0 0 0 0

N.S. 1 0.58  0.54 3.25 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.121 0.594 0.941 0.000  0.000 0.000 0.000 0.000

Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F(-2) F F F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 2989 1986 1275 0 0 0 0 0 0

N.S. 1 0.66 0.43 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4.963 3.674 0.000 0.000 0.000 0.000 0.000 0.000

Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 692 417 582 1636 0 0 0 0 0

N.S. 1 0.60 0.84 2.36 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.865 1.565 0.810 0.000  0.000 0.000 0.000 0.000

Problem 71 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 410 240 400 928 0 0 0 0 0

N.S. 1 0.59 0.98 2.26 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.740 1.348 0.700 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 171 128 118 460 184 0 0 0 0
N.S. 1 0.75  0.69 2.69 1.08 0.00 0.00 0.00 0.00
time (sec) N/A 0.557 0.677  0.639 0.313  0.000 0.000 0.000 0.000
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 589 402 357 0 0 0 0 0 0
N.S. 1 0.68 0.61 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.596 0.294 0.000 0.000  0.000 0.000 0.000 0.000
Problem 74 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1113 721 651 0 0 0 0 0 0
N.S. 1 0.65  0.58 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.998 0.573 0.000 0.000  0.000 0.000 0.000 0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 738 447 325 1528 0 0 0 0 0
N.S. 1 0.61 0.44 2.07 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.274 2523 1.193 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 513 314 259 975 0 0 0 0 0
N.S. 1 0.61  0.50 1.90 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.107 1.583 1.075 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 410 243 237 612 0 0 0 0 0
N.S. 1 0.59  0.58 1.49 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.783 0.999 1.204 0.000  0.000 0.000 0.000 0.000
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F(-2) F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 1137 722 597 0 0 0 0 0 0
N.S. 1 0.64 0.53 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.259 3.807 0.000 0.000  0.000 0.000 0.000 0.000
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1589 918 715 13140 0 0 0 0 0
N.S. 1 0.58  0.45 8.27 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.341 6.256  1.402 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1025 614 711 9720 0 0 0 0 0
N.S. 1 0.60  0.69 9.48 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.435 6.275 1.239 0.000  0.000 0.000 0.000 0.000
Problem 81 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 641 398 683 5894 0 0 0 0 0
N.S. 1 0.62 1.07 9.20 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.941 6.232 1.248 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 35 35 37 33 35 47 0 35 35
N.S. 1 1.00 1.06 0.94 1.00 1.34 0.00 1.00 1.00
time (sec) N/A 0.317 0.167 7.071 1.933  0.260 0.000 0.425 0.254
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 634 628 0 0 0 0 0 0 0
N.S. 1 0.99  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.081 0.000 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 514 506 0 0 0 0 0 0 0
N.S. 1 0.98  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.655 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 390 386 2724 0 0 0 0 0 0
N.S. 1 099 6.98 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.260 10.459 0.000 0.000  0.000 0.000 0.000 0.000
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 237 238 246 0 0 0 0 0 0
N.S. 1 1.00 1.04 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.704 0.034 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 35 35 37 33 35 57 34 35 35
N.S. 1 1.00 1.06 0.94 1.00 1.63 0.97 1.00 1.00
time (sec) N/A 0.335 0420 12.391 1.011 0.241 9.436 0.419 0.241

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 351 379 305 445 528 441 770 784 0
N.S. 1 1.08  0.87 1.27 1.50 1.26 2.19 2.23 0.00
time (sec) N/A 1.280 0421 0.197 0282  0.269 0.505 0.308 0.000
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 248 275 211 304 353 295 502 491 0
N.S. 1 1.11  0.85 1.23 1.42 1.19 2.02 1.98 0.00
time (sec) N/A 0.807 0.323 0.198 0.281  0.269 0.357 0.309 0.000
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 148 168 138 178 199 161 267 259 0
N.S. 1 1.14 0.93 1.20 1.34 1.09 1.80 1.75 0.00
time (sec) N/A 0.438 0.203 0.080 0.279  0.255 0.246 0.308 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 344 345 322 1566 0 0 0 0 0
N.S. 1 1.00 094 4.55 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0916 0.593 1.905 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 92 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 358 354 334 954 0 0 0 0 0

N.S. 1 099 093 2.66 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.523 0.587 2.267  0.000  0.000 0.000 0.000 0.000

Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F(-2) B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 202 238 263 535 0 1184 0 0 0

N.S. 1 1.18  1.30 2.65 0.00 5.86 0.00 0.00 0.00
time (sec) N/A 0.463 0.739 2.562 0.000  3.243 0.000 0.000 0.000

Problem 94 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 257 271 321 908 0 1920 0 0 0

N.S. 1 1.05 1.25 3.53 0.00 7.47 0.00  0.00 0.00

time (sec) N/A 0.531 0.757 3.434 0.000  16.148 0.000 0.000 0.000

Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F B F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 360 382 418 1550 0 2839 0 0 0

N.S. 1 1.06 116 4.31 0.00 7.89 0.00  0.00 0.00

time (sec) N/A 0.686 1.069 3.389 0.000  64.657 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 457 497 494 2406 0 3904 0 0 0

N.S. 1 1.09 1.08 5.26 0.00 8.54 0.00  0.00 0.00

time (sec) N/A 0.906 1.314 3.401 0.000  175.625 0.000 0.000 0.000

Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 512 556 463 633 859 676 1263 1337 0

N.S. 1 1.09  0.90 1.24 1.68 1.32 247 261 0.00
time (sec) N/A 2.235 0.527 0366  0.287  0.288 0.670 0.335 0.000

Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 361 389 307 449 581 449 821 847 0

N.S. 1 1.08  0.85 1.24 1.61 1.24 227 235 0.00

time (sec) N/A 1.362 0519 0375 0291 0275 0506 0.331  0.000

Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 223 249 186 273 334 245 449 448 0

N.S. 1 1.12  0.83 1.22 1.50 1.10 2.01 2.01 0.00
time (sec) N/A 0.735 0.298 0.315 0292 0262 0.341 0.295 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 459 476 457 2438 0 0 0 0 0
N.S. 1 1.04 1.00 5.31 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.169 0.929 2.265 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 460 457 432 1859 0 0 0 0 0
N.S. 1 099 094 4.04 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.194 0.990 4.202 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F(-2) F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 488 478 996 2027 0 0 0 0 0
N.S. 1 098 2.04 4.15 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.503 7.064 6.997  0.000 0.000 0.000 0.000 0.000
Problem 103 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 349 357 442 1177 0 3003 0 0 0
N.S. 1 1.02 1.27 3.37 0.00 8.60 0.00 0.00 0.00
time (sec) N/A 0.753 2.069 4.631 0.000  72.257 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 470 494 575 1924 0 4316 0 0 0
N.S. 1 1.05 1.22 4.09 0.00 9.18 0.00 0.00 0.00
time (sec) N/A 1.002 3.062 4.595 0.000  246.845 0.000 0.000 0.000
Problem 105/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 593 630 682 3208 0 0 0 0 0
N.S. 1 1.06 1.15 5.41 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.246 2.856 5.453 0.000  0.000 0.000 0.000 0.000
Problem 106| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 684 729 619 836 1231 936 1809 2010 0
N.S. 1 1.07  0.90 1.22 1.80 1.37 2.64 2.94 0.00
time (sec) N/A 3.813 0.919 0.250 0.307 0314 0928 0.333 0.000
Problem 107| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 484 528 380 602 840 621 1197 1287 0
N.S. 1 1.09 0.79 1.24 1.74 1.28 247  2.66 0.00
time (sec) N/A 2.225 0913 0.251 0.302 0.294 0.676 0.337 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 308 336 253 380 490 341 658 692 0
N.S. 1 1.09 0.82 1.23 1.59 1.11 2.14 2.25 0.00
time (sec) N/A 1.191 0471 0.088 0.285  0.285 0.465 0.294 0.000
Problem 109 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 623 636 610 3401 0 0 0 0 0
N.S. 1 1.02 098 5.46 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.571 0.872 2.562 0.000  0.000 0.000 0.000 0.000
Problem 110/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 617 613 593 2873 0 0 0 0 0
N.S. 1 0.99  0.96 4.66 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.777  1.503  3.090 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F(-2) F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 1016 965 1556 3610 0 0 0 0 0
N.S. 1 095 1.53 3.55 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2779 11.060 7.053 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 1278 1244 1921 3757 0 0 0 0 0
N.S. 1 097 1.50 2.94 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.858 8.955 11.160 0.000  0.000 0.000 0.000 0.000
Problem 113 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 935 955 574 2321 0 0 0 0 0
N.S. 1 1.02  0.61 2.48 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.762 1.812 4.978 0.000  0.000 0.000 0.000 0.000
Problem 114 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1678 1678 903 0 0 0 0 0 0
N.S. 1 1.00 0.54 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.940 4.536 0.000 0.000  0.000 0.000 0.000 0.000
Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1016 1016 734 1734 0 1537 2992 3444 0
N.S. 1 1.00 0.72 1.71 0.00 1.51 2.94 3.39 0.00
time (sec) N/A 1.791 1.089 3.223 0.000 0327 1.105 0.390 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 116/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 701 701 534 1194 0 1029 1935 2166 0
N.S. 1 1.00 0.76 1.70 0.00 1.47 2.76 3.09 0.00
time (sec) N/A 1.374 0.551 2.186 0.000 0.315 0.781 0.348 0.000
Problem 117 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 425 425 364 679 0 579 1059 1145 0
N.S. 1 1.00 0.86 1.60 0.00 1.36 2.49 2.69 0.00
time (sec) N/A 0.916 0.357 2.003 0.000 0.290 0.511 0.331 0.000
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1067 1085 556 0 0 0 0 0 0
N.S. 1 1.02  0.52 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2311 0.779  0.000 0.000  0.000 0.000 0.000 0.000
Problem 119 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1323 1323 688 0 0 0 0 0 0
N.S. 1 1.00  0.52 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2933 1.346 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 120, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 520 507 307 1251 0 0 0 0 0
N.S. 1 098 0.59 241 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.859 0.517 3.857  0.000 0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 920 888 526 2174 0 0 0 0 0
N.S. 1 097 0.57 2.36 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4.009 0.952 3.881 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 137 166 99 213 333 93 255 284 0
N.S. 1 1.21  0.72 1.55 2.43 0.68 1.86 2.07 0.00
time (sec) N/A 0.341 0.101 0.068 0.284 0.258 0.328 0.299  0.000
Problem 123 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 94 123 7 137 220 74 170 173 0
N.S. 1 1.31 0.82 1.46 2.34 0.79 1.81 1.84 0.00
time (sec) N/A 0.297 0.073 0.045 0.272  0.253 0.238 0.292 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 80 85 62 79 153 58 104 91 0
N.S. 1 1.06  0.78 0.99 1.91 0.72 1.30 1.14 0.00
time (sec) N/A 0.258 0.058 0.053 0.274 0.261 0.184 0.289 0.000
Problem 125 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 35 32 154 31 30 39 46 30 86
N.S. 1 091 4.40 0.89 0.86 1.11 1.31 0.86 2.46
time (sec) N/A 0.186 0.359  0.040 0.264 0.265 0.087 0.274 0.573
Problem 126| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 181 189 197 579 0 0 0 0 0
N.S. 1 1.04 1.09 3.20 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.591 0.020 0.799 0.000  0.000 0.000 0.000 0.000
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 64 66 66 75 0 233 0 79 0
N.S. 1 1.03  1.03 1.17 0.00 3.64 0.00 1.23 0.00
time (sec) N/A 0.254 0.064 0.387  0.000 0.273 0.000 0.295 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 109 125 116 0 325 0 243 0
N.S. 1 1.06 1.21 1.13 0.00 3.16 0.00 2.36 0.00
time (sec) N/A 0.293 0.330 0.341 0.000 0.309 0.000 0.304 0.000
Problem 129 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 144 163 166 230 0 404 0 557 0
N.S. 1 1.13  1.15 1.60 0.00 2.81 0.00 3.87 0.00
time (sec) N/A 0.339 0.338 0.346 0.000  0.323 0.000 0.296 0.000
Problem 130/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 186 221 194 394 0 484 0 1112 0
N.S. 1 1.19 1.04 2.12 0.00 2.60 0.00 5.98 0.00
time (sec) N/A 0.399 0.339 0.333 0.000 0.344 0.000 0.369 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 343 317 148 309 0 147 366 440 0
N.S. 1 092 043 0.90 0.00 0.43 1.07 1.28 0.00
time (sec) N/A 0.708 0.607 1.039 0.000 0.253 0.460 0.288 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 220 212 111 182 0 111 243 271 0
N.S. 1 0.96  0.50 0.83 0.00 0.50 1.10 1.23 0.00
time (sec) N/A 0.565 0.437 0.684 0.000 0.250 0.314 0.280 0.000
Problem 133 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 130 124 83 124 0 80 138 139 0
N.S. 1 095 0.64 0.95 0.00 0.62 1.06 1.07 0.00
time (sec) N/A 0.450 0.263 0.391 0.000  0.255 0.245 0.293 0.000
Problem 134 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 49 49 48 0 53 63 52 44
N.S. 1 1.04 1.04 1.02 0.00 1.13 1.34 1.11 0.94
time (sec) N/A 0.267 0.034 0.316 0.000  0.257 0.110 0.276 0.247
Problem 135 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 271 297 309 0 0 0 0 0 0
N.S. 1 1.10 1.14 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.893 0.046  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 136| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 230 208 208 301 0 0 0 0 0
N.S. 1 0.90 0.90 1.31 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.797 0.161 0.914 0.000  0.000 0.000 0.000 0.000
Problem 137 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) F F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 272 279 314 521 0 0 0 0 0
N.S. 1 1.03 1.15 1.92 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.036 0.149 1.288 0.000  0.000 0.000 0.000 0.000
Problem 138 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 371 333 181 294 0 152 432 389 0
N.S. 1 0.90 0.49 0.79 0.00 0.41 1.16 1.05 0.00
time (sec) N/A 0.612 0.540 0.920 0.000 0.264 0.443 0.295 0.000
Problem 139 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A A A F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 211 199 135 185 0 108 248 203 0
N.S. 1 094 0.64 0.88 0.00 0.51 1.18 0.96 0.00
time (sec) N/A 0.515 0.351 0.444 0.000 0.259 0.330 0.280 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 140, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 82 7 74 71 0 66 109 78 59
N.S. 1 094 0.90 0.87 0.00 0.80 1.33 0.95 0.72
time (sec) N/A 0.336 0.037 0.316 0.000 0.252 0.153 0.282  0.267
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 365 397 424 0 0 0 0 0 0
N.S. 1 1.09 1.16 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.143 0.048 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 316 298 309 0 0 0 0 0 0
N.S. 1 094 0.98 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.133 0.146  0.000 0.000  0.000 0.000 0.000 0.000
Problem 143 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 52 45 49 0 0 0 56 0
N.S. 1 0.87 0.75 0.82 0.00 0.00 0.00 0.93 0.00
time (sec) N/A 0.557 0.371 0.591 0.000  0.000 0.000 0.299 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 28 30 27 0 0 0 28 0
N.S. 1 0.93 1.00 0.90 0.00 0.00 0.00 0.93 0.00
time (sec) N/A 0.364 0.189 0.375 0.000  0.000 0.000 0.291 0.000
Problem 145 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 12 0 0 0 11 0
N.S. 1 1.00 1.00 1.09 0.00 0.00 0.00 1.00 0.00
time (sec) N/A 0.241 0.018 0.207  0.000  0.000 0.000 0.279 0.000
Problem 146 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 14 14 10 14 14
N.S. 1 1.00 1.17 1.00 1.17 1.17 0.83 1.17 1.17
time (sec) N/A 0.229 0.381 6.883 0362 0.250 0.336 0.305 0.229
Problem 147 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 144 86 149 0 0 0 169 0
N.S. 1 1.71  1.02 1.77 0.00 0.00 0.00 2.01 0.00
time (sec) N/A 0.389 2.239 0.697  0.000 0.000 0.000 0.314 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 148 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 55 82 63 72 0 0 0 83 0
N.S. 1 149 1.15 1.31 0.00 0.00 0.00 1.51 0.00
time (sec) N/A 0.316 0.395 0.580 0.000  0.000 0.000 0.284 0.000
Problem 149 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 41 39 37 38 0 0 0 39 0
N.S. 1 0.95 0.90 0.93 0.00 0.00 0.00 0.95 0.00
time (sec) N/A 0.337 0.126 0.344 0.000  0.000 0.000 0.271 0.000
Problem 150, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 174 14 12 14 14
N.S. 1 1.00 1.17 1.00 14.50 1.17 1.00 1.17 1.17
time (sec) N/A 0.227 5.406 11.409 2514 0.243 0.406 0.297 0.225
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 176 231 115 215 0 0 0 272 0
N.S. 1 1.31  0.65 1.22 0.00 0.00 0.00 1.55 0.00
time (sec) N/A 0.631 0.608 0.704 0.000  0.000 0.000 0.323 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 108 134 121 109 0 0 0 139 0
N.S. 1 1.24 112 1.01 0.00 0.00 0.00 1.29 0.00
time (sec) N/A 0.414 0.219 0.517  0.000  0.000 0.000 0.302 0.000
Problem 153 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 65 60 65 53 0 0 0 57 0
N.S. 1 0.92 1.00 0.82 0.00 0.00 0.00 0.88 0.00
time (sec) N/A 0.383 0.038 0.333 0.000  0.000 0.000 0.296 0.000
Problem 154 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 172 14 12 14 14
N.S. 1 1.00 1.17 1.00 14.33 1.17 1.00 1.17 1.17
time (sec) N/A 0.223 2.869 9.023 57.493 0.239 0480 0.329 0.227
Problem 155 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 535 569 459 7 0 0 0 2255 0
N.S. 1 1.06  0.86 1.45 0.00 0.00 0.00 4.21 0.00
time (sec) N/A 2.015 3.252 1.253 0.000  0.000 0.000 1.450 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 156/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 269 299 248 390 0 0 0 1079 0
N.S. 1 1.11  0.92 1.45 0.00 0.00 0.00 4.01 0.00
time (sec) N/A 1.002 2.262 1.113 0.000  0.000 0.000 0.996 0.000
Problem 157 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 133 129 129 203 0 0 0 563 0
N.S. 1 097 097 1.53 0.00 0.00 0.00 4.23 0.00
time (sec) N/A 0.680 0.119 0.753 0.000  0.000 0.000 0.660 0.000
Problem 158 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 343 387 610 599 0 0 0 1987 0
N.S. 1 1.13  1.78 1.75 0.00 0.00 0.00 5.79 0.00
time (sec) N/A 1.116 8.876 1.269 0.000  0.000 0.000 1.022 0.000
Problem 159 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 175 165 311 304 0 0 0 1061 0
N.S. 1 094 1.78 1.74 0.00 0.00 0.00 6.06 0.00
time (sec) N/A 0.775 2.293 0.739 0.000  0.000 0.000 0.915 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 160, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 406 475 1043 881 0 0 0 2671 0
N.S. 1 1.17  2.57 2.17 0.00 0.00 0.00 6.58 0.00
time (sec) N/A 1.246 11.985 1.141 0.000  0.000 0.000 1.468 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 204 192 419 441 0 0 0 1279 0
N.S. 1 094  2.05 2.16 0.00 0.00 0.00 6.27 0.00
time (sec) N/A 0.969 2.356 0.792 0.000  0.000 0.000 1.274 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F(-1) C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 243 228 545 616 0 0 0 2308 0
N.S. 1 094 224 2.53 0.00 0.00 0.00 9.50 0.00
time (sec) N/A 1.081 4.849 0.766 0.000  0.000 0.000 1.542 0.000
Problem 163 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 440 433 319 384 0 0 0 646 0
N.S. 1 098 0.72 0.87 0.00 0.00 0.00 1.47 0.00
time (sec) N/A 1.072 2.336 1.103 0.000  0.000 0.000 0.627 0.000

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 69
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 211 209 218 179 0 0 0 306 0
N.S. 1 0.99 1.03 0.85 0.00 0.00 0.00 1.45 0.00
time (sec) N/A 0.712 1.467 0.996 0.000  0.000 0.000 0.488 0.000
Problem 165 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 105 106 131 94 0 0 0 167 0
N.S. 1 1.01  1.25 0.90 0.00 0.00 0.00 1.59 0.00
time (sec) N/A 0.532 0.128 0.526 0.000  0.000 0.000 0.377 0.000
Problem 166| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 287 274 251 321 0 0 0 0 0
N.S. 1 095 0.87 1.12 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.718 4.142 1.011 0.000  0.000 0.000 0.000 0.000
Problem 167 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 144 144 185 170 0 0 0 0 0
N.S. 1 1.00 1.28 1.18 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.713 0.228 0.719 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 168 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 384 362 388 725 0 0 0 0 0
N.S. 1 094 1.01 1.89 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.980 6.287 1.158 0.000  0.000 0.000 0.000 0.000
Problem 169 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 179 177 238 370 0 0 0 0 0
N.S. 1 099 1.33 2.07 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.831 0.638 0.743 0.000  0.000 0.000 0.000 0.000
Problem 170/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 468 440 521 1238 0 0 0 0 0
N.S. 1 094 1.11 2.65 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.095 5.384 1.178 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 218 222 287 624 0 0 0 0 0
N.S. 1 1.02 1.32 2.86 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.043 0.385 0.783 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A F(-1) N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 18 18 15 0 18
N.S. 1 1.00 1.12 1.00 1.12 1.12 0.94 0.00 1.12
time (sec) N/A 0.250 0.606 2.491 1.132  0.267 18790 0.000 0.235
Problem 173 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 611 591 419 0 0 0 0 0 0
N.S. 1 097 0.69 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.000 0.592 0.000 0.000  0.000 0.000 0.000 0.000
Problem 174 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 301 292 269 0 0 0 0 0 0
N.S. 1 097 0.89 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.616 0.250 0.000 0.000  0.000 0.000 0.000 0.000
Problem 175 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 147 150 129 0 0 0 0 0 0
N.S. 1 1.02 0.88 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.378 0.117  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 176| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 18 18 14 18 18
N.S. 1 1.00 1.12 1.00 1.12 1.12 0.88 1.12 1.12
time (sec) N/A 0.245 0.338 0.460 0.955 0.270 0.621 0.495 0.229
Problem 177 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B B A F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 106 84 7 99 1280 262 527 174 0
N.S. 1 0.79 0.73 0.93 12.08 2.47 4.97 1.64 0.00
time (sec) N/A 0.277 0.117 0.263 0.284 0.288 0.382 0.293 0.000
Problem 178 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B B A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 109 100 87 90 816 209 394 136 0
N.S. 1 092 0.80 0.83 7.49 1.92 3.61 1.25 0.00
time (sec) N/A 0.266 0.084 0.265 0.269 0.265 0.288 0.291  0.000
Problem 179 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B B A F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 80 67 64 7 457 151 258 110 0
N.S. 1 0.84 0.80 0.96 5.71 1.89 3.22 1.38 0.00
time (sec) N/A 0.265 0.055 0.261 0.276  0.257 0.181 0.292 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 180 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 70 67 59 64 204 93 148 7 0
N.S. 1 0.96 0.84 0.91 291 1.33 2.11 1.10 0.00
time (sec) N/A 0.234 0.076 0.118 0.265 0.249 0.126 0.297 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 40 40 159 36 35 48 51 35 92
N.S. 1 1.00 3.98 0.90 0.88 1.20 1.28 0.88 2.30
time (sec) N/A 0.171 0.377 0.128 0.258  0.251 0.091 0.277 0.633
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 89 86 71 154 0 0 0 0 0
N.S. 1 097  0.80 1.73 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.436 0.133 0.578 0.000  0.000 0.000 0.000 0.000
Problem 183 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 51 44 45 56 0 101 0 108 0
N.S. 1 0.86 0.88 1.10 0.00 1.98 0.00 2.12 0.00
time (sec) N/A 0.258 0.035 0.227  0.000  0.267 0.000 0.302 0.000

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 74
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 61 56 49 62 120 102 0 231 0
N.S. 1 092 0.80 1.02 1.97 1.67 0.00 3.79 0.00
time (sec) N/A 0.244 0.060 0.234 0.267  0.276 0.000 0.307 0.000
Problem 185 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 88 73 7 78 0 209 0 388 0
N.S. 1 0.83 0.88 0.89 0.00 2.38 0.00 441 0.00
time (sec) N/A 0.261 0.081 0.274 0.000  0.307 0.000 0.666 0.000
Problem 186/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 94 87 63 84 263 193 0 447 0
N.S. 1 093 0.67 0.89 2.80 2.05 0.00 4.76 0.00
time (sec) N/A 0.258 0.084 0.244 0.298  0.294 0.000 0.341 0.000
Problem 187 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F B F B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 121 102 65 100 0 321 0 598 0
N.S. 1 0.84 0.54 0.83 0.00 2.65 0.00 4.94 0.00
time (sec) N/A 0.263 0.090 0.269 0.000 0.343 0.000 0.718 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 188 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 203 177 164 194 0 567 1268 443 0
N.S. 1 0.87 0.81 0.96 0.00 2.79 6.25 2.18 0.00
time (sec) N/A 0.592 0.402 1.036 0.000 0.276 0.637 0.323 0.000
Problem 189 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 176 155 142 203 0 442 916 342 0
N.S. 1 0.88 0.81 1.15 0.00 2.51 5.20 1.94 0.00
time (sec) N/A 0.551 0.202 0.888 0.000 0.269 0.486 0.317 0.000
Problem 190, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 140 124 112 152 0 307 610 274 0
N.S. 1 0.89  0.80 1.09 0.00 2.19 4.36 1.96 0.00
time (sec) N/A 0.439 0.201 0997 0.000 0261 0307 0.311 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A B A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 105 98 86 146 0 188 335 184 0
N.S. 1 093 0.82 1.39 0.00 1.79 3.19 1.75 0.00
time (sec) N/A 0.391 0.077 0.460 0.000 0.274 0.205 0.317 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 59 61 61 90 0 94 143 111 88
N.S. 1 1.03  1.03 1.53 0.00 1.59 2.42 1.88 1.49
time (sec) N/A 0.275 0.099 0417 0.000 0.266 0.123 0.287 0.518
Problem 193] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 126 124 170 367 0 0 0 0 0
N.S. 1 098 1.35 291 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.570 0.356  0.654 0.000  0.000 0.000 0.000 0.000
Problem 194 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) F F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 116 92 176 207 0 0 0 0 0
N.S. 1 0.79  1.52 1.78 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.502 0.829 0.460 0.000  0.000 0.000 0.000 0.000
Problem 195 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 76 126 125 236 146 0 510 0
N.S. 1 0.87 145 1.44 2.7 1.68 0.00 5.86 0.00
time (sec) N/A 0.366 0.463 0.662 0.284 0301 0.000 0.369 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 196/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 187 149 246 262 0 0 0 0 0
N.S. 1 0.80 1.32 1.40 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.682 2.533 0987  0.000  0.000 0.000 0.000 0.000
Problem 197 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B B B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 338 340 307 383 0 996 2518 832 0
N.S. 1 1.01 091 1.13 0.00 2.95 7.45 2.46 0.00
time (sec) N/A 1.265 0.942 3.282 0.000 0.287 1.074 0.361 0.000
Problem 198 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 287 297 232 394 0 769 1828 641 0
N.S. 1 1.03  0.81 1.37 0.00 2.68 6.37  2.23 0.00
time (sec) N/A 1.050 0.463 1.137  0.000 0.311 0.759 0.347 0.000
Problem 199 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B B B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 235 213 199 280 0 530 1173 504 0
N.S. 1 091 0.85 1.19 0.00 2.26 4.99 2.14 0.00
time (sec) N/A 0.751 0.352 1.049 0.000 0.280 0.494 0.355 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 200, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 165 154 137 266 0 329 685 340 0
N.S. 1 093 0.83 1.61 0.00 1.99 4.15 2.06 0.00
time (sec) N/A 0.588 0.205 0.638 0.000 0.272 0.319 0.340 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 104 97 96 166 0 158 282 208 152
N.S. 1 0.93 0.92 1.60 0.00 1.52 2.71 2.00 1.46
time (sec) N/A 0.330 0.079 0.455 0.000 0.262 0.187 0.295 0.512
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 169 164 304 652 0 0 0 0 0
N.S. 1 097 1.80 3.86 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.698 0.469 0.711 0.000  0.000 0.000 0.000 0.000
Problem 203 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) F F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 190 156 342 428 0 0 0 0 0
N.S. 1 0.82 1.80 2.25 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.690 1.108 0.794 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 167 155 248 324 0 0 0 0 0
N.S. 1 093 149 1.94 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.708 1.153 0.912 0.000  0.000 0.000 0.000 0.000
Problem 205 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F F F F F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 291 239 732 550 0 0 0 0 0
N.S. 1 0.82  2.52 1.89 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.147 8.262 1.249 0.000  0.000 0.000 0.000 0.000
Problem 206/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 357 384 287 657 0 1148 2876 1016 0
N.S. 1 1.08 0.80 1.84 0.00 3.22 8.06 2.85 0.00
time (sec) N/A 1.584 0.463 1.383 0.000 0302 1.212 0.381 0.000
Problem 207| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 289 288 235 440 0 784 1889 809 0
N.S. 1 1.00 0.81 1.52 0.00 2.71 6.54 2.80 0.00
time (sec) N/A 1.313 0.645 1.194 0.000 0.288 0.717 0.403 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 208 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 198 186 163 412 0 483 1027 533 0
N.S. 1 094 0.82 2.08 0.00 2.44 5.19 2.69 0.00
time (sec) N/A 0.824 0.276 0.885 0.000 0.282 0.491 0.372 0.000
Problem 209 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 119 116 115 255 0 233 444 329 229
N.S. 1 097 097 2.14 0.00 1.96 3.73 2.76 1.92
time (sec) N/A 0.443 0.159 0.655 0.000 0.272 0.264 0.303 0.614
Problem 210, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 202 202 439 1007 0 0 0 0 0
N.S. 1 1.00 217  4.99 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.826 0.810 0.814 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) F F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 270 228 575 721 0 0 0 0 0
N.S. 1 0.84 213 2.67 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.877 2324 0911 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 212| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 198 191 385 593 0 0 0 0 0

N.S. 1 096 1.94 2.99 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.800 1.871 1.068  0.000  0.000 0.000 0.000 0.000

Problem 213 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A F F F F F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 439 365 1274 1009 0 0 0 0 0

N.S. 1 0.83 2.90 2.30 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.623 11.489 1.376 0.000 0.000 0.000 0.000 0.000

Problem 214 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F B B B B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 164 152 150 367 0 323 663 482 317
N.S. 1 093 0.91 2.24 0.00 1.97 4.04 294 1.93

time (sec) N/A 0.527 0.192  0.658 0.000  0.258 0.408 0.297 0.697

Problem 215 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 213 169 150 153 0 0 0 419 0

N.S. 1 079 0.70  0.72 0.00 0.00 0.00 1.97 0.00
time (sec) N/A 0.553 0.561 0.282 0.000  0.000 0.000 0.350 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 216/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 145 119 109 112 0 0 0 277 0
N.S. 1 0.82 0.75 0.77 0.00 0.00 0.00 1.91 0.00
time (sec) N/A 0.458 0.458 0.303 0.000  0.000 0.000 0.334 0.000
Problem 217 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 141 115 102 103 0 0 0 203 0
N.S. 1 0.82  0.72 0.73 0.00 0.00 0.00 1.44 0.00
time (sec) N/A 0.428 0.394 0.320 0.000  0.000 0.000 0.332 0.000
Problem 218 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 69 61 61 60 0 0 0 95 0
N.S. 1 0.88  0.88 0.87 0.00 0.00 0.00 1.38 0.00
time (sec) N/A 0.490 0.125 0.213 0.000  0.000 0.000 0.322 0.000
Problem 219 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 52 48 52 0 0 0 53 0
N.S. 1 091 0.84 0.91 0.00 0.00 0.00 0.93 0.00
time (sec) N/A 0.411 0.026 0.263 0.000  0.000 0.000 0.334 0.000

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 83
Problem 220, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 23 23 25 23 25 31 34 25 25
N.S. 1 1.00 1.09 1.00 1.09 1.35 1.48 1.09 1.09
time (sec) N/A 0.250 0.960 0.341 0.358  0.244 1.027 0.903 0.255
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 258 210 283 396 0 0 0 1401 0
N.S. 1 0.81 1.10 1.53 0.00 0.00 0.00 5.43 0.00
time (sec) N/A 0.460 1.613 0.746 0.000  0.000 0.000 0.418 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 190 160 220 280 0 0 0 928 0
N.S. 1 0.84 1.16 1.47 0.00 0.00 0.00 4.88 0.00
time (sec) N/A 0.393 1.344 0.296 0.000  0.000 0.000 0.409 0.000
Problem 223 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 186 156 140 266 0 0 0 698 0
N.S. 1 0.84 0.75 1.43 0.00 0.00 0.00 3.75 0.00
time (sec) N/A 0.399 1.231 0.618 0.000  0.000 0.000 0.408 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 104 96 99 151 0 0 0 341 0
N.S. 1 092  0.95 1.45 0.00 0.00 0.00 3.28 0.00
time (sec) N/A 0.485 0.517 0.205 0.000  0.000 0.000 0.365 0.000
Problem 225 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 93 88 79 82 0 0 0 215 0
N.S. 1 095 0.85 0.88 0.00 0.00 0.00 2.31 0.00
time (sec) N/A 0.550 0.303 0.410 0.000  0.000 0.000 0.307 0.000
Problem 226/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 23 23 25 23 357 61 73 25 25
N.S. 1 1.00 1.09 1.00 15.52 2.65 3.17 1.09 1.09
time (sec) N/A 0.246 4.963 0.381 4164 0.241 1.863 2.153 0.270
Problem 227| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 322 385 317 720 0 0 0 3180 0
N.S. 1 1.20 098 2.24 0.00 0.00 0.00 9.88 0.00
time (sec) N/A 1.082 1.528 0.871 0.000  0.000 0.000 0.613 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 228 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 249 279 181 507 0 0 0 2201 0
N.S. 1 1.12  0.73 2.04 0.00 0.00 0.00 8.84 0.00
time (sec) N/A 1.308 0.890 0.341 0.000  0.000 0.000 0.542 0.000
Problem 229 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 248 267 219 476 0 0 0 1641 0
N.S. 1 1.08  0.88 1.92 0.00 0.00 0.00 6.62 0.00
time (sec) N/A 1.342 0.904 0.753 0.000  0.000 0.000 0.584 0.000
Problem 230, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 157 148 122 264 0 0 0 888 0
N.S. 1 094 0.78 1.68 0.00 0.00 0.00 5.66 0.00
time (sec) N/A 0976 0.481 0.241 0.000  0.000 0.000 0.502 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 127 118 102 158 0 0 0 547 0
N.S. 1 0.93 0.80 1.24 0.00 0.00 0.00 4.31 0.00
time (sec) N/A 0.653 0.410 0.458 0.000  0.000 0.000 0.310 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 23 23 25 23 520 91 112 25 25
N.S. 1 1.00 1.09 1.00 22.61 3.96 4.87 1.09 1.09
time (sec) N/A 0.246 1.303 0.684 196.969 0.263 3.615 7.284 0.253
Problem 233 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-1) F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 416 483 414 1138 0 0 0 5870 0
N.S. 1 1.16 1.00 2.74 0.00 0.00 0.00 14.11 0.00
time (sec) N/A 0.993 1.687 0.909 0.000  0.000 0.000 0.792 0.000
Problem 234 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-1) F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 346 367 320 783 0 0 0 4040 0
N.S. 1 1.06 0.92 2.26 0.00 0.00 0.00 11.68  0.00
time (sec) N/A 1.305 1.257 0.332 0.000  0.000 0.000 0.756 0.000
Problem 235 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-1) F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 337 360 264 753 0 0 0 3109 0
N.S. 1 1.07  0.78 2.23 0.00 0.00 0.00 9.23 0.00
time (sec) N/A 1.564 1.260 0.757  0.000  0.000 0.000 0.780 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 236/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-1) F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 208 193 186 399 0 0 0 1665 0
N.S. 1 093 0.89 1.92 0.00 0.00 0.00 8.00 0.00
time (sec) N/A 0.956 0.884 0.221 0.000  0.000 0.000 0.736 0.000
Problem 237 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-1) F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 164 162 134 270 0 0 0 1112 0
N.S. 1 099 0.82 1.65 0.00 0.00 0.00 6.78 0.00
time (sec) N/A 0.797 0.448 0.565 0.000  0.000 0.000 0.309 0.000
Problem 238 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-1) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 23 23 25 23 0 121 151 25 25
N.S. 1 1.00  1.09 1.00 0.00 5.26 6.57 1.09 1.09
time (sec) N/A 0.247 15.145 1.273 0.000 0.272 7.756 21.185 0.280
Problem 239 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-1) F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 191 192 156 387 0 0 0 1915 0
N.S. 1 1.01  0.82 2.03 0.00 0.00 0.00 10.03  0.00
time (sec) N/A 0.932 0.502 0.519 0.000  0.000 0.000 0.309 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 240, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 288 264 253 395 0 0 0 1088 0
N.S. 1 092 0.88 1.37 0.00 0.00 0.00 3.78 0.00
time (sec) N/A 0.783 0.219 1.141 0.000  0.000 0.000 1.262 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 274 256 248 394 0 0 0 1169 0
N.S. 1 093 091 1.44 0.00 0.00 0.00 4.27 0.00
time (sec) N/A 0.801 0.319 1.170 0.000  0.000 0.000 1.316 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 156 148 138 203 0 0 0 488 0
N.S. 1 095 0.88 1.30 0.00 0.00 0.00 3.13 0.00
time (sec) N/A 0.606 0.080 0.792 0.000  0.000 0.000 1.118 0.000
Problem 243 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 133 129 129 203 0 0 0 563 0
N.S. 1 097 0.97 1.53 0.00 0.00 0.00 4.23 0.00
time (sec) N/A 0.682 0.043 0.318 0.000  0.000 0.000 0.642 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 25 0 20 25 25
N.S. 1 1.00 1.08 0.92 1.00 0.00 0.80 1.00 1.00
time (sec) N/A 0.275 0.531 0.597  0.924 0.000 0.415 1.357 0.253
Problem 245 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 380 452 252 604 0 0 0 2237 0
N.S. 1 1.19  0.66 1.59 0.00 0.00 0.00 5.89 0.00
time (sec) N/A 2.890 0.283 1.218 0.000  0.000 0.000 1.293 0.000
Problem 246/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 361 441 268 600 0 0 0 2199 0
N.S. 1 1.22  0.74 1.66 0.00 0.00 0.00 6.09 0.00
time (sec) N/A 2.0561 0.322 1.214 0.000  0.000 0.000 1.559 0.000
Problem 247 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 199 192 137 308 0 0 0 929 0
N.S. 1 0.96  0.69 1.55 0.00 0.00 0.00 4.67 0.00
time (sec) N/A 1.497 0.088 0.874 0.000  0.000 0.000 0.863 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 248 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 175 165 311 304 0 0 0 1061 0
N.S. 1 094 1.78 1.74 0.00 0.00 0.00 6.06 0.00
time (sec) N/A 0.778 1.791 0.353 0.000  0.000 0.000 0.901 0.000
Problem 249 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 25 0 51 25 25
N.S. 1 1.00 1.08 0.92 1.00 0.00 2.04 1.00 1.00
time (sec) N/A 0.279 0.317  0.546 1.104  0.000 3.309 0.944 0.247
Problem 250, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 475 553 255 886 0 0 0 3408 0
N.S. 1 1.16 0.54 1.87 0.00 0.00 0.00 7.17 0.00
time (sec) N/A 2,533 0.198 1.227  0.000 0.000 0.000 1.852 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 427 499 249 879 0 0 0 2826 0
N.S. 1 1.17  0.58 2.06 0.00 0.00 0.00 6.62 0.00
time (sec) N/A 2.462 0.309 1.239 0.000  0.000 0.000 2.214 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 256 244 140 449 0 0 0 1449 0
N.S. 1 095 0.55 1.75 0.00 0.00 0.00 5.66 0.00
time (sec) N/A 1.218 0.081 0.850 0.000  0.000 0.000 1.126 0.000
Problem 253 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 204 192 419 441 0 0 0 1279 0
N.S. 1 094  2.05 2.16 0.00 0.00 0.00 6.27 0.00
time (sec) N/A 0.969 2.348 0.333 0.000  0.000 0.000 1.256 0.000
Problem 254 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 25 0 88 25 25
N.S. 1 1.00 1.08 0.92 1.00 0.00 3.52 1.00 1.00
time (sec) N/A 0.274 0.387 0.662 1.276  0.000 24.397 0.978 0.237
Problem 255 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F C B F F(-2) F(-1) C F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD
size 518 0 267 1234 0 0 0 8028 0
N.S. 1 0.00 0.52 2.38 0.00 0.00 0.00 15.50 0.00
time (sec) N/A 0.000 0.358 1.315 0.000  0.000 0.000 3.007 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 256| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F(-1) C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 301 288 137 654 0 0 0 2561 0
N.S. 1 0.96 0.46 2.17 0.00 0.00 0.00 8.51 0.00
time (sec) N/A 2.170 0.096 0.921 0.000  0.000 0.000 1.342 0.000
Problem 257 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F(-1) C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 243 228 545 616 0 0 0 2308 0
N.S. 1 094 224 2.53 0.00 0.00 0.00 9.50 0.00
time (sec) N/A 1.066 3.202  0.359 0.000  0.000 0.000 1.539 0.000
Problem 258 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A F(-2) F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 25 0 0 25 25
N.S. 1 1.00 1.08 0.92 1.00 0.00 0.00 1.00 1.00
time (sec) N/A 0.272 0.382 0.697  2.035 0.000 0.000 0.979 0.270
Problem 259 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 365 339 370 317 0 0 0 507 0
N.S. 1 093 1.01 0.87 0.00 0.00 0.00 1.39 0.00
time (sec) N/A 0.724 0.301 1.290 0.000  0.000 0.000 0.817 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 260, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 233 219 249 186 0 0 0 318 0
N.S. 1 094 1.07 0.80 0.00 0.00 0.00 1.36 0.00
time (sec) N/A 0.558 0.178 1.145 0.000  0.000 0.000 0.743 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 243 229 249 207 0 0 0 345 0
N.S. 1 094 1.02 0.85 0.00 0.00 0.00 1.42 0.00
time (sec) N/A 0.561 0.276  1.092 0.000  0.000 0.000 0.743 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 105 103 134 96 0 0 0 142 0
N.S. 1 098 1.28 0.91 0.00 0.00 0.00 1.35 0.00
time (sec) N/A 0.628 0.075 0.679 0.000  0.000 0.000 0.698 0.000
Problem 263 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 105 106 131 94 0 0 0 167 0
N.S. 1 1.01  1.25 0.90 0.00 0.00 0.00 1.59 0.00
time (sec) N/A 0.517 0.083 0.125 0.000  0.000 0.000 0.386 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 25 0 36 25 25
N.S. 1 1.00 1.08 0.92 1.00 0.00 1.44 1.00 1.00
time (sec) N/A 0.272 0.171  0.556 0974 0.000 0.741 0.845 0.273
Problem 265 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 412 383 572 483 0 0 0 0 0
N.S. 1 093 1.39 1.17 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.656 0.819 1.531 0.000  0.000 0.000 0.000 0.000
Problem 266| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 270 263 300 329 0 0 0 0 0
N.S. 1 097 1.11 1.22 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.522 0.361 1.169 0.000  0.000 0.000 0.000 0.000
Problem 267 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 280 273 380 326 0 0 0 0 0
N.S. 1 098 1.36 1.16 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.525 0.447 1.303 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 268 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 144 141 168 169 0 0 0 0 0
N.S. 1 098 1.17 1.17 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.626 0.174 0.884 0.000  0.000 0.000 0.000 0.000
Problem 269 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 144 144 185 170 0 0 0 0 0
N.S. 1 1.00 1.28 1.18 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.699 0.163 0.323 0.000  0.000 0.000 0.000 0.000
Problem 270, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 25 0 88 25 25
N.S. 1 1.00 1.08 0.92 1.00 0.00 3.52 1.00 1.00
time (sec) N/A 0.284 0.193 0.971 1.129  0.000 1.971 2.558 0.289
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 344 428 351 733 0 0 0 0 0
N.S. 1 1.24  1.02 2.13 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.820 2.224 1.295 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 342 443 411 733 0 0 0 0 0
N.S. 1 1.30 1.20 2.14 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.886 2.059 1.179 0.000  0.000 0.000 0.000 0.000
Problem 273 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 207 199 192 370 0 0 0 0 0
N.S. 1 096 0.93 1.79 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.318 1.224 0.979 0.000  0.000 0.000 0.000 0.000
Problem 274 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 179 177 238 370 0 0 0 0 0
N.S. 1 099 133 2.07 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.829 0.553  0.309 0.000  0.000 0.000 0.000 0.000
Problem 275 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 25 0 155 25 25
N.S. 1 1.00 1.08 0.92 1.00 0.00 6.20 1.00 1.00
time (sec) N/A 0.283 0.2056 1.072 1.379  0.000 8.534 5.947 0.256

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 276/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 442 529 445 1247 0 0 0 0 0
N.S. 1 1.20 1.01 2.82 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.886 2.805 1.339 0.000  0.000 0.000 0.000 0.000
Problem 277 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 441 539 538 1247 0 0 0 0 0
N.S. 1 1.22 1.22 2.83 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.266 2.159 1.301 0.000  0.000 0.000 0.000 0.000
Problem 278 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 252 247 254 625 0 0 0 0 0
N.S. 1 098 1.01 2.48 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.285 0.951 0.850 0.000  0.000 0.000 0.000 0.000
Problem 279 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 218 222 287 624 0 0 0 0 0
N.S. 1 1.02 1.32 2.86 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.061 0.270 0.362 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 280 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 25 0 221 25 25
N.S. 1 1.00 1.08 0.92 1.00 0.00 8.84 1.00 1.00
time (sec) N/A 0.280 0.217  0.953 1.387  0.000 111.307 15.600 0.279
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F(-2) C F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 156 161 115 228 0 273 0 0 0
N.S. 1 1.03 0.74 1.46 0.00 1.75 0.00 0.00 0.00
time (sec) N/A 0.315 0.253 2.974 0.000  0.122 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F(-2) C F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 136 141 115 206 0 220 0 0 0
N.S. 1 1.04 0.85 1.51 0.00 1.62 0.00 0.00 0.00
time (sec) N/A 0.311 0.191 2.878 0.000  0.124 0.000 0.000 0.000
Problem 283 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F(-2) C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 117 122 87 194 0 152 0 0 0
N.S. 1 1.04 0.74 1.66 0.00 1.30 0.00 0.00 0.00
time (sec) N/A 0.300 0.057 2.447  0.000  0.108 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F(-2) C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 99 102 87 172 0 108 0 0 0
N.S. 1 1.03  0.88 1.74 0.00 1.09 0.00 0.00 0.00
time (sec) N/A 0.276 0.037  2.042 0.000  0.102 0.000 0.000 0.000
Problem 285 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F(-2) C F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 81 79 59 149 0 68 0 0 0
N.S. 1 098 0.73 1.84 0.00 0.84 0.00 0.00 0.00
time (sec) N/A 0.266 0.037 1.772 0.000  0.095 0.000 0.000 0.000
Problem 286/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F(-2) C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 61 59 54 132 0 84 0 0 0
N.S. 1 097  0.89 2.16 0.00 1.38 0.00 0.00 0.00
time (sec) N/A 0.264 0.030 1.529 0.000  0.099 0.000 0.000 0.000
Problem 287 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F(-2) C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 122 120 56 190 0 148 0 0 0
N.S. 1 0.98  0.46 1.56 0.00 1.21 0.00 0.00 0.00
time (sec) N/A 0.290 0.038 1.720 0.000  0.104 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 288 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F(-2) C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 102 104 59 169 0 175 0 0 0
N.S. 1 1.02  0.58 1.66 0.00 1.72 0.00 0.00 0.00
time (sec) N/A 0.285 0.043 2.097 0.000 0.104 0.000 0.000 0.000
Problem 289 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F(-2) C F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 159 161 66 225 0 236 0 0 0
N.S. 1 1.01  0.42 1.42 0.00 1.48 0.00 0.00 0.00
time (sec) N/A 0.313 0.056  2.533 0.000  0.107 0.000 0.000 0.000
Problem 290, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F(-2) C F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 139 145 66 203 0 263 0 0 0
N.S. 1 1.04 047 1.46 0.00 1.89 0.00 0.00 0.00
time (sec) N/A 0.308 0.051 3.015 0.000  0.112 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 130 131 114 0 0 0 0 0 0
N.S. 1 1.01  0.88 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.406 0.127  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 130 131 106 0 0 0 0 0 0
N.S. 1 1.01  0.82 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.399 0.124 0.000 0.000  0.000 0.000 0.000 0.000
Problem 293 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 130 131 107 0 0 0 0 0 0
N.S. 1 1.01  0.82 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.412 0.107  0.000 0.000  0.000 0.000 0.000 0.000
Problem 294 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 130 131 107 0 0 0 0 0 0
N.S. 1 1.01  0.82 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.396 0.101  0.000 0.000  0.000 0.000 0.000 0.000
Problem 295 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 128 127 107 0 0 0 0 0 0
N.S. 1 099 0.84 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.391 0.089 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 296/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 126 125 104 0 0 0 0 0 0
N.S. 1 099 0.83 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.396 0.088 0.000 0.000  0.000 0.000 0.000 0.000
Problem 297 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 130 127 102 0 0 0 0 0 0
N.S. 1 098 0.78 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.397 0.093 0.000 0.000  0.000 0.000 0.000 0.000
Problem 298 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 130 131 106 0 0 0 0 0 0
N.S. 1 1.01  0.82 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.397 0.092 0.000 0.000  0.000 0.000 0.000 0.000
Problem 299 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 130 131 114 0 0 0 0 0 0
N.S. 1 1.01  0.88 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.404 0.103  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 300, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A F(-1) N/A F(-2) N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 0 23 0 55 22 25 25
N.S. 1 1.00  0.00 0.92 0.00 2.20 0.88 1.00 1.00
time (sec) N/A 0.401 0.000 0.428 0.000 0.254 70.919 0.933 0.316
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A F(2) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 0 55 0 25 25
N.S. 1 1.00 1.08 0.92 0.00 2.20 0.00 1.00 1.00
time (sec) N/A 0.390 91.049 0.112 0.000 0.256 0.000 0.835 0.318
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 0 83 22 25 25
N.S. 1 1.00  1.08 0.92 0.00 3.32 0.88 1.00 1.00
time (sec) N/A 0.404 49.627 1.302 0.000 0.262 20.422 0.547 0.286
Problem 303 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 0 97 22 25 25
N.S. 1 1.00 1.08 0.92 0.00 3.88 0.88 1.00 1.00
time (sec) N/A 0.406 45.152 0.532 0.000 0.263 30.894 0.558 0.290

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 0 71 22 25 25
N.S. 1 1.00 1.08 0.92 0.00 2.84 0.88 1.00 1.00
time (sec) N/A 0.397 164.931 0.389 0.000 0.277 73.332 1.749 0.358
Problem 305 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A F(2) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 0 71 0 25 25
N.S. 1 1.00 1.08 0.92 0.00 2.84 0.00 1.00 1.00
time (sec) N/A 0.384 15.470 0.088 0.000 0.270 0.000 1.251 0.365
Problem 306| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 0 99 22 25 25
N.S. 1 1.00 1.08 0.92 0.00 3.96 0.88 1.00 1.00
time (sec) N/A 0.396 27.877 1.358 0.000 0.262 26.310 0.730 0.294
Problem 307 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 25 25 27 23 0 113 22 25 25
N.S. 1 1.00 1.08 0.92 0.00 4.52 0.88 1.00 1.00
time (sec) N/A 0.403 10.788 0.798 0.000 0.265 40.213 0.770 0.290

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 308 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 23 23 25 23 618 71 20 25 25
N.S. 1 1.00 1.09 1.00 26.87 3.09 0.87 1.09 1.09
time (sec) N/A 0.405 1.607 2.296 10.102 0.268 52.553 0.507 0.415
Problem 309 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 23 23 25 23 469 55 20 25 25
N.S. 1 1.00 1.09 1.00 20.39 2.39 0.87 1.09 1.09
time (sec) N/A 0.399 0.813 2.171 7.430  0.265 20.491 0.470 0.409
Problem 310/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 183 176 151 0 0 0 0 0 0
N.S. 1 096 0.83 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.414 0.078  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 89 87 7 0 0 0 0 0 0
N.S. 1 098 0.87  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.254 0.030 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 106
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 23 23 25 23 25 25 19 25 25
N.S. 1 1.00 1.09 1.00 1.09 1.09 0.83 1.09 1.09
time (sec) N/A 0.243 0.459 4.290 0394 0259 1.016 0.377 0.245
Problem 313 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 135 126 133 215 0 110 0 162 0
N.S. 1 093 0.99 1.59 0.00 0.81 0.00 1.20 0.00
time (sec) N/A 0.616 0.089 1.846 0.000  0.275 0.000 0.344 0.000
Problem 314 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 111 105 116 179 0 91 0 125 0
N.S. 1 095 1.05 1.61 0.00 0.82 0.00 1.13 0.00
time (sec) N/A 0.418 0.075 1.751 0.000  0.247 0.000 0.341 0.000
Problem 315 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 58 64 96 240 63 0 79 0
N.S. 1 0.92 1.02 1.52 3.81 1.00 0.00 1.25 0.00
time (sec) N/A 0.287 0.043 1.502 0.313 0.256 0.000 0.299 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 316/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 29 24 23 0 0 0 27 0
N.S. 1 094 077 0.74 0.00 0.00 0.00 0.87 0.00
time (sec) N/A 0.341 0.057 1.792 0.000  0.000 0.000 0.313 0.000
Problem 317 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 39 37 46 42 0 0 0 44 0
N.S. 1 095 1.18 1.08 0.00 0.00 0.00 1.13 0.00
time (sec) N/A 0.418 0.046 1.755 0.000  0.000 0.000 0.349 0.000
Problem 318 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 71 68 88 61 0 0 0 84 0
N.S. 1 096 1.24 0.86 0.00 0.00 0.00 1.18 0.00
time (sec) N/A 0.387 0.211 1.744 0.000  0.000 0.000 0.359 0.000
Problem 319 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-1) F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 115 104 117 81 0 0 0 128 0
N.S. 1 090 1.02 0.70 0.00 0.00 0.00 1.11 0.00
time (sec) N/A 0.741 0.073 1.707  0.000  0.000 0.000 0.368 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 320, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F A B A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 245 313 272 628 0 243 694 296 0
N.S. 1 1.28 1.11 2.56 0.00 0.99 2.83 1.21 0.00
time (sec) N/A 1.460 0.150 2.599 0.000 0.268 1.276 0.365 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F A B A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 199 238 216 515 0 185 568 227 0
N.S. 1 1.20 1.09 2.59 0.00 0.93 2.85 1.14 0.00
time (sec) N/A 0.675 0.125 2.621 0.000  0.252 0.899 0.370 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B A B A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 110 120 129 280 402 125 298 141 0
N.S. 1 1.09 117 2.55 3.65 1.14 2.711 1.28 0.00
time (sec) N/A 0.424 0.055 1.991 0304 0.263 0.619 0.350 0.000
Problem 323 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 42 37 36 0 0 0 41 0
N.S. 1 0.89  0.79 0.77 0.00 0.00 0.00 0.87 0.00
time (sec) N/A 0.366 0.517 1.787  0.000  0.000 0.000 0.341 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 57 70 70 0 0 0 61 0
N.S. 1 1.00 1.23 1.23 0.00 0.00 0.00 1.07 0.00
time (sec) N/A 0.429 0.235 1.779 0.000  0.000 0.000 0.346 0.000
Problem 325 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 90 114 110 108 0 0 0 101 0
N.S. 1 1.27  1.22 1.20 0.00 0.00 0.00 1.12 0.00
time (sec) N/A 0.928 0.253 1.881 0.000  0.000 0.000 0.374 0.000
Problem 326/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-1) F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 155 173 143 148 0 0 0 163 0
N.S. 1 1.12 0.92 0.95 0.00 0.00 0.00 1.05 0.00
time (sec) N/A 1.358 0.240 1.839 0.000  0.000 0.000 0.403 0.000
Problem 327| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 20 0 22 60 19 37
N.S. 1 1.00 1.00 1.05 0.00 1.16 3.16 1.00 1.95
time (sec) N/A 0.266 0.023 1.882 0.000 0.264 0.445 0.292 0.527

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 328 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 14 130 13 26 13 13
N.S. 1 1.00 1.00 0.93 8.67 0.87 1.73 0.87 0.87
time (sec) N/A 0.254 0.017 1.759 0.295  0.247 0.297 0.325 0.303
Problem 329 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 14 83 13 24 13 13
N.S. 1 1.00 1.00 0.93 5.53 0.87 1.60 0.87 0.87
time (sec) N/A 0.230 0.015 1.760 0.284 0.260 0.248 0.298 0.298
Problem 330, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 12 0 13 22 12 11
N.S. 1 1.00  1.00 1.09 0.00 1.18 2.00 1.09 1.00
time (sec) N/A 0.261 0.028 1.687  0.000 0.235 0.279 0.307 0.301
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 14 33 13 26 13 13
N.S. 1 1.00 1.00 1.08 2.54 1.00 2.00 1.00 1.00
time (sec) N/A 0.253 0.014 1.816 0.611  0.241 0461 0.359 0.289

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 14 33 13 29 13 13
N.S. 1 1.00 1.00 0.93 2.20 0.87 1.93 0.87 0.87
time (sec) N/A 0.250 0.014 1.817 17.146 0.227 0.653 0.360 0.271
Problem 333 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 128 132 144 229 137 0 0 0 0
N.S. 1 1.03 112 1.79 1.07 0.00 0.00 0.00 0.00
time (sec) N/A 0.649 0.444 3.266 0.477  0.000 0.000 0.000 0.000
Problem 334 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 97 97 114 189 0 0 0 0 0
N.S. 1 1.00 1.18 1.95 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.539 0.260 2.885 0.000  0.000 0.000 0.000 0.000
Problem 335 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 50 48 66 155 160 99 0 83 0
N.S. 1 096  1.32 3.10 3.20 1.98 0.00 1.66 0.00
time (sec) N/A 0.268 0.077  2.000 0.333 0.261 0.000 0.324 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 336| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 33 33 35 31 33 87 27 33 33
N.S. 1 1.00 1.06 0.94 1.00 2.64 0.82 1.00 1.00
time (sec) N/A 0.284 0.847 2.743 0.439 0.241 3.319 0.390 0.244
Problem 337 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 33 33 35 31 195 87 29 33 33
N.S. 1 1.00 1.06 0.94 5.91 2.64 0.88 1.00 1.00
time (sec) N/A 0.366 8.401 2.747 6.528 0.246 3.240 0.431 0.250
Problem 338 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 46 46 80 206 0 0 0 0
N.S. 1 1.00 1.00 1.74 4.48 0.00 0.00 0.00 0.00
time (sec) N/A 0.339 0.066 0.954 0.288  0.000 0.000 0.000 0.000
Problem 339 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 46 54 80 200 0 0 0 0
N.S. 1 1.00 1.17 1.74 4.35 0.00 0.00 0.00 0.00
time (sec) N/A 0.267 0.062 0.887  0.308  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 340, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 86 60 71 76 65 90 140 0
N.S. 1 1.02 0.71 0.85 0.90 0.77 1.07 1.67 0.00
time (sec) N/A 0.247 0.044 0.109 0.335 0.248 1.484 0.260 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 82 94 87 95 130 65 85 110 0
N.S. 1 1.15 1.06 1.16 1.59 0.79 1.04 1.34 0.00
time (sec) N/A 0.237 0.026 0.141 0.306  0.252 0.936 0.260 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 62 65 70 62 59 55 65 87 0
N.S. 1 1.05 1.13 1.00 0.95 0.89 1.05 1.40 0.00
time (sec) N/A 0.222 0.031 0.128 0323 0.259 0.468 0.263 0.000
Problem 343 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 62 62 74 88 53 60 59 50
N.S. 1 1.09 1.09 1.30 1.54 0.93 1.05 1.04 0.88
time (sec) N/A 0.211 0.020 0.109 0.297 0.250 0.280 0.263 0.362

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 45 40 43 38 37 38 42 38 37
N.S. 1 0.89  0.96 0.84 0.82 0.84 0.93 0.84 0.82
time (sec) N/A 0.211 0.007 0.139 0.321 0.257 0.114 0.262 0.382
Problem 345 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 69 69 64 0 0 0 0 0 57
N.S. 1 1.00 0.93 0.00 0.00 0.00 0.00 0.00 0.83
time (sec) N/A 0.290 0.075 0.000 0.000  0.000 0.000 0.000 0.446
Problem 346/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 39 39 44 38 57 61 54 354 36
N.S. 1 1.00 1.13 0.97 1.46 1.56 1.38 9.08 0.92
time (sec) N/A 0.208 0.006 0.101 0.286  0.274 1.180 0.319 0.336
Problem 347 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 41 41 46 54 38 42 70 176 0
N.S. 1 1.00 1.12 1.32 0.93 1.02 1.71 4.29 0.00
time (sec) N/A 0.198 0.014 0.117 0.278 0.260 0.981 0.291 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 348 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 64 64 69 61 81 84 126 301 0
N.S. 1 1.00 1.08 0.95 1.27 1.31 1.97  4.70 0.00
time (sec) N/A 0.220 0.021 0.116 0.269 0.298 2.099 0.478 0.000
Problem 349 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 66 70 60 64 61 54 112 342 0
N.S. 1 1.06 091 0.97 0.92 0.82 1.70 5.18 0.00
time (sec) N/A 0.215 0.027 0.101 0.275 0.290 1.906 0.294 0.000
Problem 350, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 89 93 63 84 125 97 201 467 0
N.S. 1 1.04 0.71 0.94 1.40 1.09 2.26 5.25 0.00
time (sec) N/A 0.229 0.021 0.123 0271 0319 5.116 1.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 91 99 68 72 82 64 170 504 0
N.S. 1 1.09 0.75 0.79 0.90 0.70 1.87  5.54 0.00
time (sec) N/A 0.237 0.032 0.108 0.270  0.318 5.259 0.308 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 98 82 108 0 58 58 0 0
N.S. 1 1.14  0.95 1.26 0.00 0.67 0.67  0.00 0.00
time (sec) N/A 0.233 0.161 0937  0.000 0.097 1356 0.000 0.000
Problem 353 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 83 90 93 101 0 59 58 0 0
N.S. 1 1.08 1.12 1.22 0.00 0.71 0.70 0.00 0.00
time (sec) N/A 0.266 0.176 0.701 0.000  0.092 1.137 0.000 0.000
Problem 354 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 61 66 72 88 0 42 58 0 0
N.S. 1 1.08 1.18 1.44 0.00 0.69 0.95 0.00 0.00
time (sec) N/A 0.205 0.107 0.536 0.000  0.081 0.927 0.000 0.000
Problem 355 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 49 49 39 71 0 41 49 0 0
N.S. 1 1.00 0.80 1.45 0.00 0.84 1.00 0.00 0.00
time (sec) N/A 0.180 10.013 0.540 0.000 0.088 0.592 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 356/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 34 44 66 0 45 49 0 0
N.S. 1 1.00 1.29 1.94 0.00 1.32 1.44 0.00 0.00
time (sec) N/A 0.188 0.049 0.387  0.000 0.113 0.757 0.000 0.000
Problem 357 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 81 83 89 97 0 0 60 0 0
N.S. 1 1.02 1.10 1.20 0.00 0.00 0.74 0.00 0.00
time (sec) N/A 0.264 0.140 0.502 0.000  0.000 0.969 0.000 0.000
Problem 358 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 61 65 72 87 0 0 61 0 0
N.S. 1 1.07 1.18 1.43 0.00 0.00 1.00 0.00 0.00
time (sec) N/A 0.213 0.105 0.600 0.000  0.000 1.251 0.000 0.000
Problem 359 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 106 112 100 118 0 0 65 0 0
N.S. 1 1.06 0.94 1.11 0.00 0.00 0.61 0.00 0.00
time (sec) N/A 0.297 0.164 0.721 0.000  0.000 1.742 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 360, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 62 71 58 0 0 0 0 0 50
N.S. 1 1.15 094 0.00 0.00 0.00 0.00 0.00 0.81
time (sec) N/A 0.317 0.036  0.000 0.000  0.000 0.000 0.000 0.398
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 78 91 64 53 52 36 54 7 0
N.S. 1 1.17  0.82 0.68 0.67 0.46 0.69 0.99 0.00
time (sec) N/A 0.214 0.029 0.082 0.283  0.253 1.246 0.276  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 68 47 41 40 31 46 50 0
N.S. 1 1.13  0.78 0.68 0.67 0.52 0.77  0.83 0.00
time (sec) N/A 0.198 0.020 0.077 0292 0.264 0.512 0.292 0.000
Problem 363 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 37 39 46 26 25 24 29 27 37
N.S. 1 1.05 1.24 0.70 0.68 0.65 0.78 0.73 1.00
time (sec) N/A 0.174 0.077  0.062 0.280  0.247 0.110 0.263 0.769

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 56 69 53 97 0 0 0 0 42
N.S. 1 1.23 095 1.73 0.00 0.00 0.00 0.00 0.75
time (sec) N/A 0.313 0.027 0.697  0.000  0.000 0.000 0.000 0.538
Problem 365 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 23 23 22 21 42 40 0
N.S. 1 1.00 0.82 0.82 0.79 0.75 1.50 1.43 0.00
time (sec) N/A 0.167 0.012 0.070 0.265 0.245 1.585 0.283  0.000
Problem 366| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 50 55 32 35 34 28 51 74 0
N.S. 1 1.10 0.64 0.70 0.68 0.56 1.02 1.48 0.00
time (sec) N/A 0.181 0.022 0.065 0.270  0.258 2.728 0.281  0.000
Problem 367 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 78 44 47 46 33 66 106 0
N.S. 1 1.15  0.65 0.69 0.68 0.49 0.97 1.56 0.00
time (sec) N/A 0.189 0.021 0.075 0.277  0.239 8501 0.276 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 368 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 101 49 59 58 38 78 138 0
N.S. 1 1.17 0,57  0.69 0.67 0.44 0.91 1.60 0.00
time (sec) N/A 0.197 0.021 0.079 0.270  0.248 25.745 0.272  0.000
Problem 369 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 89 93 91 84 125 118 175 464 0
N.S. 1 1.04 1.02 0.94 1.40 1.33 1.97  5.21 0.00
time (sec) N/A 0.240 0.063 0.464 0.277  0.268 3.726 1.012  0.000
Problem 370, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 64 68 59 67 59 51 107 340 0
N.S. 1 1.06  0.92 1.05 0.92 0.80 1.67  5.31 0.00
time (sec) N/A 0.218 0.046 0.311 0273  0.253 1430 0.285 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 64 64 79 64 81 106 105 298 0
N.S. 1 1.00 1.23 1.00 1.27 1.66 1.64  4.66 0.00
time (sec) N/A 0.222 0.036 0.362 0.281  0.260 1.959 0.491 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 39 39 47 47 36 40 58 174 36
N.S. 1 1.00 1.21 1.21 0.92 1.03 1.49 4.46 0.92
time (sec) N/A 0.186 0.029 0.320 0.274 0.247 0912 0.281 0.313
Problem 373 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 89 37 52 75 32 60 32
N.S. 1 1.00 2.87 1.19 1.68 2.42 1.03 1.94 1.03
time (sec) N/A 0.159 0.060 0.313 0.271  0.262 0.980 0.279 0.781
Problem 374 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F(-2) B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 67 67 61 134 0 0 0 0 57
N.S. 1 1.00 091 2.00 0.00 0.00 0.00 0.00 0.85
time (sec) N/A 0.290 0.073 1.025 0.000  0.000 0.000 0.000 0.460
Problem 375 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 39 39 39 38 37 40 32 38 37
N.S. 1 1.00 1.00 0.97 0.95 1.03 0.82 0.97 0.95
time (sec) N/A 0.212 0.020 0.178 0.267  0.248 0.414 0.266 0.310

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 376/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 62 65 55 86 55 112 70 50
N.S. 1 1.09 1.14 0.96 1.51 0.96 1.96 1.23 0.88
time (sec) N/A 0.219 0.030 0.348 0.287 0.249 1940 0.279 0.364
Problem 377 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 62 65 60 63 58 57 112 88 0
N.S. 1 1.05 0.97 1.02 0.94 0.92 1.81 1.42 0.00
time (sec) N/A 0.235 0.046 0.356 0.291  0.254 1.674 0.272 0.000
Problem 378 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 82 94 7 75 126 67 180 111 0
N.S. 1 1.15 094 0.91 1.54 0.82 2.20 1.35 0.00
time (sec) N/A 0.240 0.041 0.332 0.271  0.255 3.784 0.267  0.000
Problem 379 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 81 81 78 0 0 0 0 0 0
N.S. 1 1.00 0.96 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.230 0.091 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 380 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 68 68 75 0 0 0 82 0 0
N.S. 1 1.00 1.10 0.00 0.00 0.00 1.21 0.00 0.00
time (sec) N/A 0.221 0.059  0.000 0.000  0.000 3.953 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 69 69 75 0 0 0 75 0 0
N.S. 1 1.00 1.09 0.00 0.00 0.00 1.09 0.00 0.00
time (sec) N/A 0.214 0.047  0.000 0.000  0.000 2.222 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 60 60 60 0 0 0 71 0 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 1.18 0.00 0.00
time (sec) N/A 0.183 0.045 0.000 0.000  0.000 1.314 0.000 0.000
Problem 383 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F F(-2) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 157 143 0 0 0 0 0
N.S. 1 1.00 2.09 1.91 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.304 0.148 0.974 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 69 69 68 0 0 0 73 0 0
N.S. 1 1.00 0.99 0.00 0.00 0.00 1.06 0.00 0.00
time (sec) N/A 0.224 0.061  0.000 0.000  0.000 2.270 0.000 0.000
Problem 385 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 72 73 75 0 0 0 75 0 0
N.S. 1 1.01 1.04 0.00 0.00 0.00 1.04 0.00 0.00
time (sec) N/A 0.225 0.046  0.000 0.000  0.000 4.232 0.000 0.000
Problem 386/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 129 154 116 258 245 97 204 254 0
N.S. 1 1.19  0.90 2.00 1.90 0.75 1.58 1.97 0.00
time (sec) N/A 0.374 0.089 0.185 0.273  0.260 0.568 0.284 0.000
Problem 387 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 115 136 98 191 174 79 133 128 0
N.S. 1 1.18 0.85 1.66 1.51 0.69 1.16 1.11 0.00
time (sec) N/A 0.343 0.066 0.127  0.286  0.255 0.309 0.275 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 388 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 52 183 46 45 57 76 49 108
N.S. 1 091 321 0.81 0.79 1.00 1.33 0.86 1.89
time (sec) N/A 0.251 0.103 0.174 0.275  0.257 0.128 0.281 0.789
Problem 389 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 214 214 221 0 0 0 0 0 0
N.S. 1 1.00 1.03 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.667 0.102 0.000 0.000  0.000 0.000 0.000 0.000
Problem 390, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 90 90 81 89 0 280 0 0 0
N.S. 1 1.00  0.90 0.99 0.00 3.11 0.00 0.00 0.00
time (sec) N/A 0.274 0.053 0.142 0.000  0.297 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 137 135 148 132 0 392 0 0 0
N.S. 1 0.99 1.08 0.96 0.00 2.86 0.00 0.00 0.00
time (sec) N/A 0.326 0.373 0.122 0.000  0.327 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 190 199 174 245 0 496 0 0 0
N.S. 1 1.05 0.92 1.29 0.00 2.61 0.00 0.00 0.00
time (sec) N/A 0.408 0.335 0.125 0.000  0.393 0.000 0.000 0.000
Problem 393 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F(-2) A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 336 289 349 346 0 88 0 0 0
N.S. 1 0.86 1.04 1.03 0.00 0.26 0.00 0.00 0.00
time (sec) N/A 0.561 0.426 1.194 0.000  0.099 0.000 0.000 0.000
Problem 394 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F(-2) A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 287 233 307 295 0 72 0 0 0
N.S. 1 0.81 1.07 1.03 0.00 0.25 0.00 0.00 0.00
time (sec) N/A 0.433 0.368 0.807  0.000  0.090 0.000 0.000 0.000
Problem 395 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F(-2) A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 237 237 155 153 0 55 0 0 0
N.S. 1 1.00  0.65 0.65 0.00 0.23 0.00 0.00 0.00
time (sec) N/A 0.402 10.097 0.618 0.000  0.091 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 396/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F(-2) A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 126 126 140 114 0 17 0 0 0
N.S. 1 1.00 1.11 0.90 0.00 0.13 0.00 0.00 0.00
time (sec) N/A 0.279 0.184 0.342 0.000  0.140 0.000 0.000 0.000
Problem 397 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 284 240 243 207 0 0 0 0 0
N.S. 1 0.85  0.86 0.73 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.441 0.266 0.552 0.000  0.000 0.000 0.000 0.000
Problem 398 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 355 301 370 346 0 0 0 0 0
N.S. 1 0.85 1.04 0.97 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.528 0.519 0.837  0.000  0.000 0.000 0.000 0.000
Problem 399 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 47 35 41 38 37 46 61 37 99
N.S. 1 074 087 0381 0.79 0.98 1.30 0.79 2.11
time (sec) N/A 0.255 0.022 0.071 0.278 0.243 0.236 0.278 0.767

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 128
Problem 400, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A A B A B
verified N/A No Yes N/A TBD TBD TBD TBD TBD
size 47 37 47 0 39 57 80 39 109
N.S. 1 0.79 1.00 0.00 0.83 1.21 1.70 0.83 2.32
time (sec) N/A 0.287 0.028 0.000 0.269  0.256 12.937 0.278 0.380
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) A F B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 127 127 123 0 0 207 0 664 0
N.S. 1 1.00 097  0.00 0.00 1.63 0.00 5.23 0.00
time (sec) N/A 0.293 0.068 0.000 0.000 0.261 0.000 1.028 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) A F B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 110 107 162 0 0 144 0 370 0
N.S. 1 097 147  0.00 0.00 1.31 0.00 3.36 0.00
time (sec) N/A 0.264 0.088 0.000 0.000  0.257 0.000 0.678 0.000
Problem 403 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) A F B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 63 63 63 0 0 91 0 172 0
N.S. 1 1.00 1.00 0.00 0.00 1.44 0.00 2.73 0.00
time (sec) N/A 0.191 0.013 0.000 0.000 0.255 0.000 0.416 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 43 41 45 45 48 0 55 39
N.S. 1 1.00 0.95 1.05 1.05 1.12 0.00 1.28 0.91
time (sec) N/A 0.172 0.016 0.068 0.298  0.249 0.000 0.277 0.557
Problem 405 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 159 159 120 0 0 0 0 0 0
N.S. 1 1.00 0.75 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.252 0.544  0.000 0.000  0.000 0.000 0.000 0.000
Problem 406/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 205 205 164 0 0 0 0 0 0
N.S. 1 1.00 0.80 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.258 1.164 0.000 0.000  0.000 0.000 0.000 0.000
Problem 407| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 227 235 187 0 0 0 0 0 0
N.S. 1 1.04 0.82 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.342 0.335 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 408 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 135 135 131 0 0 207 0 617 0
N.S. 1 1.00 097  0.00 0.00 1.53 0.00 4.57 0.00
time (sec) N/A 0.271 0.076  0.000 0.000 0.261 0.000 1.005 0.000
Problem 409 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 115 113 166 0 0 144 0 346 0
N.S. 1 098 1.44 0.00 0.00 1.25 0.00 3.01 0.00
time (sec) N/A 0.250 0.084 0.000 0.000 0.249 0.000 0.651 0.000
Problem 410/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 67 67 67 0 0 91 0 160 0
N.S. 1 1.00 1.00 0.00 0.00 1.36 0.00 2.39 0.00
time (sec) N/A 0.181 0.026 0.000 0.000  0.252 0.000 0.438 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 45 45 43 45 45 48 0 50 39
N.S. 1 1.00 0.96 1.00 1.00 1.07 0.00 1.11 0.87
time (sec) N/A 0.160 0.018 0.065 0.304 0.249 0.000 0.267 0.500

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 168 168 130 0 0 0 0 0 0
N.S. 1 1.00 0.77  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.225 0.210 0.000 0.000  0.000 0.000 0.000 0.000
Problem 413 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 216 216 183 0 0 0 0 0 0
N.S. 1 1.00 0.85 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.252 0.532  0.000 0.000  0.000 0.000 0.000 0.000
Problem 414 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 240 248 195 0 0 0 0 0 0
N.S. 1 1.03 0.81 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.342 0.480 0.000 0.000  0.000 0.000 0.000 0.000
Problem 415 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 40 40 40 0 0 43 0 0 0
N.S. 1 1.00 1.00 0.00 0.00 1.08 0.00 0.00 0.00
time (sec) N/A 0.163 0.010 0.000 0.000  0.240 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 416/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 44 44 44 0 0 43 0 58 0
N.S. 1 1.00 1.00 0.00 0.00 0.98 0.00 1.32 0.00
time (sec) N/A 0.168 0.011  0.000 0.000 0.254 0.000 0.277 0.000
Problem 417 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 277 278 269 0 0 0 0 0 0
N.S. 1 1.00 097  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.380 0.189 0.000 0.000  0.000 0.000 0.000 0.000
Problem 418 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 247 253 249 0 0 0 0 0 0
N.S. 1 1.02 1.01 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.348 0.240 0.000 0.000  0.000 0.000 0.000 0.000
Problem 419 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 210 210 207 0 0 0 0 0 0
N.S. 1 1.00 0.99 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.251 0.037  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 420, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 185 185 143 0 0 0 0 0 0
N.S. 1 1.00 0.77  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.240 0.027  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 238 238 238 0 0 0 0 0 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.284 0.444 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 261 265 247 0 0 0 0 0 0
N.S. 1 1.02 0.95 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.342 0.364 0.000 0.000  0.000 0.000 0.000 0.000
Problem 423 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 317 318 297 0 0 0 0 0 0
N.S. 1 1.00 0.94 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.379 0.569  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 299 300 292 0 0 0 0 0 0
N.S. 1 1.00 0.98 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.403 0.213 0.000 0.000  0.000 0.000 0.000 0.000
Problem 425 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 267 273 265 0 0 0 0 0 0
N.S. 1 1.02  0.99 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.382 0.293  0.000 0.000  0.000 0.000 0.000 0.000
Problem 426/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 228 228 225 0 0 0 0 0 0
N.S. 1 1.00  0.99 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.274 0.041 0.000 0.000  0.000 0.000 0.000 0.000
Problem 427 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 201 201 155 0 0 0 0 0 0
N.S. 1 1.00 0.77  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.253 0.042 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 428 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 256 256 256 0 0 0 0 0 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.290 0.328 0.000 0.000  0.000 0.000 0.000 0.000
Problem 429 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 281 285 270 0 0 0 0 0 0
N.S. 1 1.01  0.96 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.364 0.575 0.000 0.000  0.000 0.000 0.000 0.000
Problem 430, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 339 340 319 0 0 0 0 0 0
N.S. 1 1.00 0.94 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.381 0.636  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 40 40 42 36 39 38 0 38 39
N.S. 1 1.00 1.05 0.90 0.98 0.95 0.00 0.95 0.98
time (sec) N/A 0.228 0.185 2125 1.082 0292 0.000 0.921 0.707

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F B F F F(-1) F F(-1)
verified N/A Yes N/A Yes TBD TBD TBD TBD TBD
size 275 282 0 1171 0 0 0 0 0
N.S. 1 1.03  0.00 4.26 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.761 0.000 3.272 0.000  0.000 0.000 0.000 0.000
Problem 433 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F B F F F(-1) F F(-1)
verified N/A Yes N/A Yes TBD TBD TBD TBD TBD
size 205 212 0 657 0 0 0 0 0
N.S. 1 1.03  0.00 3.20 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.617 0.000 1.296 0.000  0.000 0.000 0.000 0.000
Problem 434 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F A F F F(-1) F F(-1)
verified N/A Yes N/A Yes TBD TBD TBD TBD TBD
size 141 144 0 273 0 0 0 0 0
N.S. 1 1.02  0.00 1.94 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.455 0.000 0.754 0.000  0.000 0.000 0.000 0.000
Problem 435 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A  N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 40 40 42 36 39 48 61 38 39
N.S. 1 1.00 1.05 0.90 0.98 1.20 1.52 0.95 0.98
time (sec) N/A 0.219 0.316  0.900 0.446  0.247 133.389 0.419 0.456

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 436 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 40 40 42 36 225 91 0 38 39
N.S. 1 1.00 1.05 0.90 5.62 2.28 0.00 0.95 0.98
time (sec) N/A 0.218 3.156  0.806 1.893  0.248 0.000 0.542 1.289
Problem 437 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 22 22 22 18 17 17 17 17 17
N.S. 1 1.00 1.00 0.82 0.77 0.77 0.77  0.77 0.77
time (sec) N/A 0.204 0.008 0.079 0.293 0.244 0.235 0.287 0.360
Problem 438 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F A F F(-2) F F B
verified N/A No N/A Yes TBD TBD TBD TBD TBD
size 84 85 0 170 0 0 0 0 70
N.S. 1 1.01  0.00 2.02 0.00 0.00 0.00 0.00 0.83
time (sec) N/A 0.365 0.000 0.922 0.000  0.000 0.000 0.000 0.789
Problem 439 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A A A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 81 73 50 0 0 54 100 97 0
N.S. 1 0.90 0.62 0.00 0.00 0.67 1.23 1.20 0.00
time (sec) N/A 0.268 0.124  0.000 0.000  0.255 0.511 0.295 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 440 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A A A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 82 75 50 0 0 45 80 76 0
N.S. 1 091 0.61 0.00 0.00 0.55 0.98 0.93 0.00
time (sec) N/A 0.259 0.096 0.000 0.000 0.250 0.341 0.293 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A A A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 41 42 30 0 0 35 53 53 0
N.S. 1 1.02 0.73 0.00 0.00 0.85 1.29 1.29 0.00
time (sec) N/A 0.244 0.033  0.000 0.000 0.265 0.219 0.282 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A A A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 39 41 31 0 0 26 32 31 0
N.S. 1 1.05 0.79 0.00 0.00 0.67 0.82 0.79 0.00
time (sec) N/A 0.189 0.025 0.000 0.000 0.259 0.099 0.273 0.000
Problem 443 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 43 43 75 0 0 0 0 0 0
N.S. 1 1.00 1.74 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.250 0.042  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 83 83 54 0 0 0 0 0 0
N.S. 1 1.00 0.65 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.293 0.086 0.000 0.000  0.000 0.000 0.000 0.000
Problem 445 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 101 93 67 0 0 0 0 0 0
N.S. 1 092 0.66 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.314 0.067 0.000 0.000  0.000 0.000 0.000 0.000
Problem 446 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 129 121 84 0 0 0 0 0 0
N.S. 1 094 0.65 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.322 0.067  0.000 0.000  0.000 0.000 0.000 0.000
Problem 447 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 49 47 36 0 0 0 0 0 0
N.S. 1 096 0.73 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.255 0.026  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 448 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 65 63 48 0 0 0 0 0 0
N.S. 1 097 0.74 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.245 0.028 0.000 0.000  0.000 0.000 0.000 0.000
Problem 449 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 11 13 13 10 13 13
N.S. 1 1.00 117  0.92 1.08 1.08 0.83 1.08 1.08
time (sec) N/A 0.232 0.168 0.034 0.420 0.247 0.361 0.314 0.252
Problem 450, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 11 13 13 12 13 13
N.S. 1 1.00 117  0.92 1.08 1.08 1.00 1.08 1.08
time (sec) N/A 0.269 1.474 0.031 0420 0244 0.381 0.329 0.251
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A A A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 309 278 148 0 0 129 416 334 0
N.S. 1 090 048 0.00 0.00 0.42 1.35 1.08 0.00
time (sec) N/A 0.719 0.349 0.000 0.000 0.271 0.613 0.296 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A A A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 205 185 103 0 0 85 243 208 0
N.S. 1 0.90 0.50 0.00 0.00 0.41 1.19 1.01 0.00
time (sec) N/A 0.553 0.158  0.000 0.000 0.283 0.388 0.306 0.000
Problem 453 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A A A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 101 94 59 0 0 63 146 108 0
N.S. 1 093 0.58 0.00 0.00 0.62 1.45 1.07 0.00
time (sec) N/A 0.429 0.132  0.000 0.000 0.273 0.305 0.305 0.000
Problem 454 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A A A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 51 49 35 0 0 39 65 43 0
N.S. 1 096 0.69 0.00 0.00 0.76 1.27 0.84 0.00
time (sec) N/A 0.197 0.022 0.000 0.000 0.278 0.120 0.288  0.000
Problem 455 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 11 13 13 10 13 13
N.S. 1 1.00 117  0.92 1.08 1.08 0.83 1.08 1.08
time (sec) N/A 0.459 0.135 0.033 0.452  0.267 0.367 0.362 0.298

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 456 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 11 13 13 12 13 13
N.S. 1 1.00 1.17 0.92 1.08 1.08 1.00 1.08 1.08
time (sec) N/A 0.475 0.200 0.033 0.451  0.264 0.409 0.388 0.274
Problem 457 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 381 350 221 0 0 0 0 0 0
N.S. 1 092 0.58 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.832 0.285 0.000 0.000  0.000 0.000 0.000 0.000
Problem 458 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 265 245 161 0 0 0 0 0 0
N.S. 1 092 0.61 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.664 0.152 0.000 0.000  0.000 0.000 0.000 0.000
Problem 459 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 123 116 93 0 0 0 0 0 0
N.S. 1 094 0.76 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.505 0.124  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 460 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 69 67 52 0 0 0 0 0 0
N.S. 1 097 0.75 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.245 0.011  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 14 14 16 13 15 15 12 15 15
N.S. 1 1.00 1.14 0.93 1.07 1.07 0.86 1.07 1.07
time (sec) N/A 0.461 0.156  0.029 0.483 0.246 0.421 0.375 0.279
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 14 14 16 13 15 15 14 15 15
N.S. 1 1.00 1.14 0.93 1.07 1.07 1.00 1.07 1.07
time (sec) N/A 0.481 0.368 0.032 0.482 0.239 0470 0.369 0.273
Problem 463 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A A F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 162 167 69 0 0 71 141 0 0
N.S. 1 1.03 0.43 0.00 0.00 0.44 0.87  0.00 0.00
time (sec) N/A 0.837 0.334 0.000 0.000  0.267 13.730 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A A F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 112 114 51 0 0 55 95 0 0
N.S. 1 1.02  0.46 0.00 0.00 0.49 0.85 0.00 0.00
time (sec) N/A 0.634 0.150 0.000 0.000 0.256 1.394 0.000 0.000
Problem 465 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A A F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 62 61 31 0 0 35 49 0 0
N.S. 1 0.98  0.50 0.00 0.00 0.56 0.79 0.00 0.00
time (sec) N/A 0.492 0.084 0.000 0.000  0.262 0.140 0.000 0.000
Problem 466| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 10 10 10 10 9 9 8 9 9
N.S. 1 1.00 1.00 1.00 0.90 0.90 0.80 0.90 0.90
time (sec) N/A 0.470 0.016 0.352 0.287  0.251 0.239 0.294 0.278
Problem 467 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 45 45 45 0 0 0 0 0 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.519 0.060 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 468 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 96 95 84 0 0 0 0 0 0
N.S. 1 099 0.88 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.578 0.129  0.000 0.000  0.000 0.000 0.000 0.000
Problem 469 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F B F B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 47 48 529 47 0 141 0 95 42
N.S. 1 1.02 11.26 1.00 0.00 3.00 0.00 2.02 0.89
time (sec) N/A 0.247 2.784  0.592 0.000 0.261 0.000 0.318 0.740
Problem 470, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F A F A A F F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD
size 27 0 28 0 1 3 0 0 0
N.S. 1 0.00 1.04 0.00 0.04 0.11 0.00 0.00 0.00
time (sec) N/A 0.000 0.475 0.000 0.287  0.232 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 38 38 38 0 0 41 0 0 0
N.S. 1 1.00 1.00 0.00 0.00 1.08 0.00 0.00 0.00
time (sec) N/A 0.272 0.040 0.000 0.000 0.264 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) A F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 30 30 26 0 0 28 0 0 26
N.S. 1 1.00 0.87 0.00 0.00 0.93 0.00 0.00 0.87
time (sec) N/A 0.268 0.019  0.000 0.000 0.241 0.000 0.000 0.352
Problem 473 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 17 12 14 12 14 12
N.S. 1 1.00 1.00 1.06 0.75 0.88 0.75 0.88 0.75
time (sec) N/A 0.165 0.019 0.486 0.275  0.249 0.105 0.272 0.337
Problem 474 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F A A F A F A B
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD
size 16 0 22 17 0 14 0 20 12
N.S. 1 0.00 1.38 1.06 0.00 0.88 0.00 1.25 0.75
time (sec) N/A 0.000 0.187 0.343 0.000 0.259 0.000 0.318 0.305

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [137] had the largest
ratio of [1.41667000000000010]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand ummber of rules
# grade s;:;s uziize antll:aefns‘i,:zwe leaf size integrand leaf size
1] A 8 8 1.15 16 0.500
2 A ) ) 1.22 16 0.312
3 A ) ) 1.08 14 0.357
4 A 1 1 1.00 8 0.125
¥ A 6 ) 1.00 16 0.312
6 A 4 3 1.00 16 0.188
7 A ) 4 0.99 16 0.250
3 A 7 6 1.09 16 0.375
9 A 3 3 1.05 18 0.167
10j A 3 3 1.10 18 0.167
11 A 3 3 1.15 16 0.188
12] A 3 3 1.09 10 0.300
13] A 7 6 0.99 18 0.333
14] A 10 9 0.93 18 0.500
15) A 14 13 0.96 18 0.722
16} A 4 3 0.96 18 0.167
17} A 4 3 0.95 18 0.167
18] A 4 3 0.95 16 0.188
119 A 8 7 0.91 10 0.700
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
A 2 2 1.00 18 0.111
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page
number of number of normalized integrand ber of rul.
# grade SJ: 5 ds uz?e l;e antli;laefrisxir:(‘:ive leaf size irﬁggllfaflrdcie;?seiie
23 | A 2 2 1.00 16 0.125
ed | A 10 9 0.97 10 0.900
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
A 4 4 0.81 16 0.250
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
31 [ A 3 3 0.55 31 0.097
32l | A 3 3 0.58 31 0.097
33 | A 3 3 0.59 29 0.103
34 | A 7 7 0.70 31 0.226
35 | A 7 7 0.73 31 0.226
36| | A 3 3 0.52 31 0.097
37 | A 3 3 0.54 31 0.097
38 | A 3 3 0.52 29 0.103
39 | A 3 3 0.66 31 0.097
40 | A 3 3 0.49 31 0.097
41 | A 3 3 0.51 31 0.097
42 | A 3 3 0.50 29 0.103
43 | A 3 3 0.62 31 0.097
aq | A 3 3 0.58 31 0.097
45 | A 3 3 0.60 31 0.097
46| | A 3 3 0.69 29 0.103
a7 | A 10 9 0.76 31 0.290
48 | A 14 13 0.76 31 0.419
49 | A 3 3 0.68 31 0.097
500 | A 3 3 0.67 31 0.097
51 | A 6 6 0.69 29 0.207
52 | A 3 3 0.66 31 0.097
53 | A 3 3 0.86 31 0.097
54 | A 3 3 0.68 31 0.097
55 | A 3 3 0.71 31 0.097
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
i grade Slfse:;s ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
56} A 3 3 0.70 29 0.103
o7 A 3 3 0.63 31 0.097
58] A 3 3 0.65 33 0.091
59 A 3 3 0.65 33 0.091
60j A 3 3 0.65 31 0.097
61] A 7 7 0.71 33 0.212
62] A 3 3 0.63 33 0.091
63] A 3 3 0.63 33 0.091
64] A 3 3 0.62 31 0.097
65) A 3 3 0.69 33 0.091
66} A 3 3 0.60 33 0.091
67 A 3 3 0.60 33 0.091
63} A 3 3 0.58 31 0.097
69) A 3 3 0.66 33 0.091
70 A 6 ) 0.60 33 0.152
71 A 6 ) 0.59 33 0.152
72] A 3 3 0.75 31 0.097
73 A 11 10 0.68 33 0.303
74 A 17 16 0.65 33 0.485
75) A 3 3 0.61 33 0.091
76} A 3 3 0.61 33 0.091
77 A 3 3 0.59 31 0.097
78] A 3 3 0.64 33 0.091
79) A 3 3 0.58 33 0.091
30j A 3 3 0.60 33 0.091
81 A 3 3 0.62 31 0.097
N/A 1 0 1.00 35 0.000
33] A 10 9 0.99 35 0.257
34 A 9 8 0.98 35 0.229
35) A 8 7 0.99 33 0.212
36| A 8 7 1.00 25 0.280
N/A 1 0 1.00 35 0.000
A 13 13 1.08 21 0.619
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
39) A 10 10 1.11 21 0.476
90j A 8 8 1.14 19 0.421
91 A 4 4 1.00 21 0.190
92] A 6 6 0.99 21 0.286
93] A 8 7 1.18 21 0.333
94 A 8 7 1.05 21 0.333
95) A 11 10 1.06 21 0.476
96] A 13 12 1.09 21 0.571
97 A 14 14 1.09 26 0.538
98] A 13 13 1.08 26 0.500
99 A 10 10 1.12 24 0.417
100 A 4 4 1.04 26 0.154
101 A 4 4 0.99 26 0.154
102 A 4 4 0.98 26 0.154
103 A 8 7 1.02 26 0.269
104 A 10 9 1.05 26 0.346
105 A 13 12 1.06 26 0.462
106 A 17 17 1.07 31 0.548
107 A 14 14 1.09 31 0.452
108 A 13 13 1.09 29 0.448
109 A 4 4 1.02 31 0.129
110 A 4 4 0.99 31 0.129
111 A 4 4 0.95 31 0.129
112 A 4 4 0.97 31 0.129
113 A 4 4 1.02 23 0.174
114 A 2 2 1.00 25 0.080
115 A 2 2 1.00 28 0.071
116 A 2 2 1.00 28 0.071
117} A 2 2 1.00 26 0.077
118 A 2 2 1.02 28 0.071
119 A 2 2 1.00 28 0.071
120 A 3 3 0.98 33 0.091
121 A 4 4 0.97 35 0.114
122 A 11 10 1.21 10 1.000
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
123 A 8 7 1.31 10 0.700
124 A 9 8 1.06 8 1.000
125 A 4 3 0.91 6 0.500
126 A 9 8 1.04 10 0.800
127 A 6 ) 1.03 10 0.500
128 A 8 7 1.06 10 0.700
129 A 9 8 1.13 10 0.800
130 A 11 10 1.19 10 1.000
131 A 7 6 0.92 12 0.500
132 A 6 5 0.96 12 0.417
133 A 7 6 0.95 10 0.600
134 A 5 4 1.04 8 0.500
135 A 10 9 1.10 12 0.750
136 A 13 12 0.90 12 1.000
137 A 18 17 1.03 12 1.417
138 A 8 7 0.90 12 0.583
139 A 9 8 0.94 10 0.800
140 A 6 ) 0.94 8 0.625
141 A 11 10 1.09 12 0.833
142 A 14 13 0.94 12 1.083
143 A 6 ) 0.87 12 0.417
144 A 7 6 0.93 10 0.600
11435| A ) 4 1.00 8 0.500
146/ | N/A ) 0 1.00 12 0.000
147 A ) 4 1.71 12 0.333
148 A 6 ) 1.49 10 0.500
1149 A 6 5 0.95 8 0.625
150/ | N/A ) 0 1.00 12 0.000
151 A ) 4 1.31 12 0.333
152 A 6 5 1.24 10 0.500
1153 A 7 6 0.92 8 0.750
154/ | N/A ) 0 1.00 12 0.000
1155/ A 8 7 1.06 18 0.389
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
156 A 9 8 1.11 16 0.500
157 A 13 12 0.97 14 0.857
158 A 9 8 1.13 16 0.500
159 A 13 12 0.94 14 0.857
160 A 9 8 1.17 16 0.500
161 A 15 14 0.94 14 1.000
162 A 15 14 0.94 14 1.000
163 A 8 7 0.98 18 0.389
164 A 9 8 0.99 16 0.500
165 A 11 10 1.01 14 0.714
166 A 6 ) 0.95 16 0.312
167 A 13 12 1.00 14 0.857
168 A 6 ) 0.94 16 0.312
169 A 13 12 0.99 14 0.857
170 A 6 ) 0.94 16 0.312
ﬂ A 15 14 1.02 14 1.000
172/ | N/A 3 0 1.00 16 0.000
173 A 6 ) 0.97 16 0.312
174 A 7 6 0.97 14 0.429
75| A 7 6 1.02 12 0.500
176/ | N/A ) 0 1.00 16 0.000
177] A 7 6 0.79 21 0.286
178 A 7 6 0.92 21 0.286
179 A 7 6 0.84 21 0.286
180 A 6 ) 0.96 19 0.263
181 A 1 1 1.00 10 0.100
182 A 11 10 0.97 21 0.476
183 A 7 6 0.86 21 0.286
184 A ) 4 0.92 21 0.190
185 A 8 7 0.83 21 0.333
186 A 6 ) 0.93 21 0.238
187] A 9 8 0.84 21 0.381
188 A 10 9 0.87 23 0.391
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
189 A 9 8 0.88 23 0.348
190 A 8 7 0.89 23 0.304
191 A 7 6 0.93 21 0.286
192 A ) 4 1.03 12 0.333
193 A 12 11 0.98 23 0.478
194 A 9 8 0.79 23 0.348
195 A 6 ) 0.87 23 0.217
196 A 11 10 0.80 23 0.435
197 A 16 15 1.01 23 0.652
198 A 14 13 1.03 23 0.565
199 A 11 10 0.91 23 0.435
200 A 9 8 0.93 21 0.381
201 A 5) 4 0.93 12 0.333
202 A 13 12 0.97 23 0.522
203 A 10 9 0.82 23 0.391
204 A 13 12 0.93 23 0.522
205 A 15 14 0.82 23 0.609
206 A 13 12 1.08 23 0.522
207} A 14 13 1.00 23 0.565
208 A 10 9 0.94 21 0.429
209 A 7 6 0.97 12 0.500
210 A 14 13 1.00 23 0.565
211 A 11 10 0.84 23 0.435
212 A 14 13 0.96 23 0.565
213 A 15 14 0.83 23 0.609
214 A 7 6 0.93 12 0.500
215 A 6 5 0.79 23 0.217
216 A 7 6 0.82 23 0.261
217 A 6 ) 0.82 23 0.217
218 A 13 12 0.88 21 0.571
219 A 9 8 0.91 12 0.667
220/ | N/A 4 0 1.00 23 0.000
21| A 5 4 0.81 23 0.174
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
222 A ) 4 0.84 23 0.174
223 A ) 4 0.84 23 0.174
224 A 10 9 0.92 21 0.429
1229| A 11 10 0.95 12 0.833
226/ | N/A 4 0 1.00 23 0.000
227 A 8 7 1.20 23 0.304
228 A 16 15 1.12 23 0.652
229 A 15 14 1.08 23 0.609
230 A 16 15 0.94 21 0.714
231 | A 11 10 0.93 12 0.833
232/ | N/A 4 0 1.00 23 0.000
233 A 7 6 1.16 23 0.261
234 A 13 12 1.06 23 0.522
235 A 16 15 1.07 23 0.652
236 A 13 12 0.93 21 0.571
1237| A 13 12 0.99 12 1.000
238 | N/A 4 0 1.00 23 0.000
239 A 13 12 1.01 12 1.000
240 A 8 7 0.92 25 0.280
241 A 9 8 0.93 25 0.320
242 A 8 7 0.95 23 0.304
1243 A 13 12 0.97 14 0.857
244/ | N/A 4 0 1.00 25 0.000
245 A 23 22 1.19 25 0.880
246 A 18 17 1.22 25 0.680
247] A 18 17 0.96 23 0.739
Rag| A 13 12 0.94 14 0.857
249 | N/A 4 0 1.00 25 0.000
250 A 13 12 1.16 25 0.480
251 A 20 19 1.17 25 0.760
252 A 11 10 0.95 23 0.435
1253 A 15 14 0.94 14 1.000
254 | N/A 4 0 1.00 25 0.000
Continued on next page

2.3. Detailed conclusion table specific for Rubi results



CHAPTER 2.

DETAILED SUMMARY TABLES OF RESULTS

155

Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
255 | F 0 0 N/A 0.000 N/A
256 A 21 20 0.96 23 0.870
57| A 15 14 0.94 14 1.000
258 | N/A 4 0 1.00 25 0.000
259 A 6 ) 0.93 25 0.200
260 A 7 6 0.94 25 0.240
261 A 6 ) 0.94 25 0.200
262 A 15 14 0.98 23 0.609
1263 A 11 10 1.01 14 0.714
264 | N/A 4 0 1.00 25 0.000
265 A ) 4 0.93 25 0.160
266 A 5 4 0.97 25 0.160
267 A 5 4 0.98 25 0.160
268 A 12 11 0.98 23 0.478
1269 A 13 12 1.00 14 0.857
270, | N/A 4 0 1.00 25 0.000
271 A 18 17 1.24 25 0.680
272 A 17 16 1.30 25 0.640
273 A 18 17 0.96 23 0.739
m A 13 12 0.99 14 0.857
275 | N/A 4 0 1.00 25 0.000
276 A 15 14 1.20 25 0.560
277 A 18 17 1.22 25 0.680
278 A 15 14 0.98 23 0.609
1279 A 15 14 1.02 14 1.000
280 | N/A 4 0 1.00 25 0.000
281 A 8 7 1.03 23 0.304
282 A 7 6 1.04 23 0.261
283 A 7 6 1.04 23 0.261
284 A 6 ) 1.03 23 0.217
285 A 6 ) 0.98 23 0.217
286 A ) 4 0.97 23 0.174
287 A 7 6 0.98 23 0.261
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
288 | A 6 5 1.02 23 0.217
289 | A 8 7 1.01 23 0.304
200 A 7 6 1.04 23 0.261
201 | A 4 3 1.01 25 0.120
202/ A 4 3 1.01 25 0.120
203 | A 4 3 1.01 25 0.120
204/ | A 4 3 1.01 25 0.120
205 | A 4 3 0.99 25 0.120
206/ | A 4 3 0.99 25 0.120
207 A 4 3 0.98 25 0.120
208 | A 4 3 1.01 25 0.120
299 | A 4 3 1.01 25 0.120
N/A 4 0 1.00 25 0.000
301 | N/A 4 0 1.00 25 0.000
302/ | N/A 4 0 1.00 25 0.000
303 | N/A 4 0 1.00 25 0.000
304 | N/A 4 0 1.00 25 0.000
305/ | N/A 4 0 1.00 25 0.000
306/ | N/A 4 0 1.00 25 0.000
307 | N/A 4 0 1.00 25 0.000
308 | N/A 4 0 1.00 23 0.000
309 | N/A 4 0 1.00 23 0.000
310 A 4 3 0.96 23 0.130
311 A 4 3 0.98 21 0.143
312/ | N/A 3 0 1.00 23 0.000
313 | A 8 7 0.93 33 0.212
314 | A 7 6 0.95 33 0.182
315 A 5 4 0.92 31 0.129
316/ | A 6 5 0.94 33 0.152
317 A 8 7 0.95 33 0.212
318 | A 6 5 0.96 33 0.152
319 | A 11 10 0.90 33 0.303
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
320 A 16 15 1.28 33 0.455
321 A 12 11 1.20 33 0.333
322 A 8 7 1.09 31 0.226
323 A 6 ) 0.89 33 0.152
324 A 6 ) 1.00 33 0.152
325 A 11 10 1.27 33 0.303
326 A 17 16 1.12 33 0.485
327 A 3 2 1.00 33 0.061
328 A 3 2 1.00 33 0.061
329 A 3 2 1.00 31 0.065
330 A 3 2 1.00 33 0.061
331 A 3 2 1.00 33 0.061
332 A 3 2 1.00 33 0.061
333 A 10 9 1.03 33 0.273
334 A 9 8 1.00 33 0.242
1339| A 4 3 0.96 31 0.097
336/ | N/A 3 0 1.00 33 0.000
337 | N/A 4 0 1.00 33 0.000
338 A 3 2 1.00 23 0.087
339 A 3 2 1.00 36 0.056
340 A 6 ) 1.02 14 0.357
341 A 7 6 1.15 14 0.429
342 A 6 5 1.05 14 0.357
343 A 6 ) 1.09 14 0.357
344 A 3 2 0.89 12 0.167
345 A 2 2 1.00 14 0.143
346 A 6 ) 1.00 14 0.357
347 A 3 3 1.00 14 0.214
348 A 7 6 1.00 14 0.429
349 A 4 4 1.06 14 0.286
350 A 8 7 1.04 14 0.500
351 A ) ) 1.09 14 0.357
352 A 5) 5 1.14 14 0.357
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:); ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
353 A 7 7 1.08 14 0.500
354 A 4 4 1.08 14 0.286
355 A 1 1 1.00 10 0.100
356 A 3 3 1.00 14 0.214
357 A 7 7 1.02 14 0.500
358 A 4 4 1.07 14 0.286
359 A 8 8 1.06 14 0.571
360 A 9 8 1.15 10 0.800
361 A 9 8 1.17 10 0.800
362 A 8 7 1.13 8 0.875
363 A 7 6 1.05 6 1.000
364 A 9 8 1.23 10 0.800
365 A 3 3 1.00 10 0.300
366 A 4 4 1.10 10 0.400
367 A ) ) 1.15 10 0.500
368 A 6 6 1.17 10 0.600
369 A 9 8 1.04 14 0.571
370 A ) ) 1.06 14 0.357
371 A 8 7 1.00 14 0.500
372 A 4 4 1.00 12 0.333
373 A 1 1 1.00 10 0.100
374 A 2 2 1.00 14 0.143
375 A 3 2 1.00 14 0.143
376 A 7 6 1.09 14 0.429
377 A 7 6 1.05 14 0.429
378 A 8 7 1.15 14 0.500
379 A 3 3 1.00 14 0.214
380 A 3 3 1.00 14 0.214
381 A 3 3 1.00 12 0.250
382 A 1 1 1.00 10 0.100
383 A 2 2 1.00 14 0.143
384 A 3 3 1.00 14 0.214
385 A 3 3 1.01 14 0.214
386 A 9 8 1.19 16 0.500
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
387 A 9 8 1.18 16 0.500
388 A 3 2 0.91 14 0.143
389 A 2 2 1.00 16 0.125
390 A 6 ) 1.00 16 0.312
391 A 7 6 0.99 16 0.375
392 A 10 9 1.05 16 0.562
393 | A 10 10 0.86 16 0.625
394 A 7 7 0.81 16 0.438
395 A 1 1 1.00 12 0.083
396 A 4 4 1.00 16 0.250
397 A 9 9 0.85 16 0.562
398 A 11 11 0.85 16 0.688
399 A ) 4 0.74 12 0.333
4000 A 5 4 0.79 14 0.286
401 A 3 3 1.00 14 0.214
402 A 2 2 0.97 14 0.143
403 A 2 2 1.00 14 0.143
404 A 1 1 1.00 12 0.083
405 A 1 1 1.00 14 0.071
406 A 1 1 1.00 14 0.071
407} A 2 2 1.04 14 0.143
408 A 3 3 1.00 16 0.188
409 A 2 2 0.98 16 0.125
410 A 2 2 1.00 16 0.125
411 A 1 1 1.00 14 0.071
412 A 1 1 1.00 16 0.062
413 A 1 1 1.00 16 0.062
414 A 2 2 1.03 16 0.125
415 A 2 2 1.00 8 0.250
416 A 2 2 1.00 10 0.200
417 A 2 2 1.00 16 0.125
418 A 2 2 1.02 16 0.125
419 A 1 1 1.00 16 0.062
420 A 1 1 1.00 16 0.062
Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand ber of rul.
# | grade steps wnidie | anfideriative |t e tegrand leaf size
421 A 1 1 1.00 16 0.062
422 A 2 2 1.02 16 0.125
423/ | A 2 2 1.00 16 0.125
42411 A 2 2 1.00 18 0.111
425 A 2 2 1.02 18 0.111
426 | A 1 1 1.00 18 0.056
4271 A 1 1 1.00 18 0.056
428 | A 1 1 1.00 18 0.056
429/ | A 2 2 1.01 18 0.111
430/ A 2 2 1.00 18 0.111
431 | N/A 1 0 1.00 40 0.000
432 A 12 11 1.03 40 0.275
433/ | A 11 10 1.03 40 0.250
434 A 10 9 1.02 38 0.237
435 | N/A 1 0 1.00 40 0.000
436/ | N/A 1 0 1.00 40 0.000
4371 A 4 3 1.00 8 0.375
438 | A 10 9 1.01 10 0.900
439 | A 5 4 0.90 10 0.400
4401 A 5 4 0.91 10 0.400
441 A 6 5 1.02 8 0.625
442 A 3 2 1.05 6 0.333
443 | A 5 4 1.00 10 0.400
444 | A 5 4 1.00 10 0.400
445 A 5 4 0.92 12 0.333
446/ | A 5 4 0.94 12 0.333
447 1 A 5 4 0.96 10 0.400
448/ | A 4 3 0.97 8 0.375
449 | N/A 4 0 1.00 12 0.000
450, | N/A 4 0 1.00 12 0.000
451 A 7 6 0.90 12 0.500
452 A 6 5 0.90 12 0.417
453 | A 7 6 0.93 10 0.600
Continued on next page
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number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
454/ | A 3 2 0.96 8 0.250
N/A 6 0 1.00 12 0.000
456/ | N/A ) 0 1.00 12 0.000
457 A 7 6 0.92 14 0.429
458 A 6 ) 0.92 14 0.357
459 A 7 6 0.94 12 0.500
460/ | A 4 3 0.97 10 0.300
461 | N/A 6 0 1.00 14 0.000
462 | N/A 5 0 1.00 14 0.000
463 A 8 7 1.03 21 0.333
464 A 7 6 1.02 21 0.286
465 A 6 5 0.98 21 0.238
466 A ) 4 1.00 21 0.190
467 A ) 4 1.00 21 0.190
468 A 6 ) 0.99 21 0.238
469 | A 7 6 1.02 10 0.600
470 F 0 0 N/A 0.000 N/A
471 A 3 2 1.00 26 0.077
472 A 3 2 1.00 26 0.077
473 A 1 1 1.00 28 0.036
474 F 0 0 N/A 0.000 N/A
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3.101 [ ( (g)ﬂz)z dr . ... 889
f+gz+hz?)(at+barcsin(cz)) -
3.102 [ ( ’ (%Jrem)g dr . ... 896!
f+gz+hz?)(at+barcsin(cz))
3103 [ ( gl gy AT . 905
f+gz+hz?)(at+barcsin(cz)) v
3.104 | @eal® dr . ... 914
305 [ Uremtheedboeintea) gy 92
3.106 [(d+ex)®(f + gz + ha? +iz®) (a + barcsin(cz))dz . . . ... ... ... ..
3.107 [(d+ex)*(f + gz + ha® +iz®) (a + barcsin(cz))dz . . . . . ... ... .. 949
3.108 [(d+ex)(f + gz + ha® +iz®) (a + barcsin(cz))dz . . . . . ... ... ... 9631
3.109 [ remthelpi)etbaresinen)) g 975
(f+gz+ha?+iz®) (a+barcsin(cz)) -
3.110 [ ( NG t;””)Q dr . .. ... 982l
f+gz+hz*+iz?)(a+barcsin(cz)) -
3111 ( NG t;?)3 | dr . .. ... 989
f+gz+hx*+iz?)(a+barcsin(cz))
3112 f ( ’ G de. ... 999
f+gz)(a+barcsin(cz)) Q
3.113 [ {dren 2d:v ............................. 1008
3.114 [ Utew) ﬁ‘;f;;’;gsm(“” dT . . . 017
3115 [(g+ hz)®(d+ex + fz?) (a+barcsin(cz))?dz . . . . . .. ... 1024
3.116 [(g+ hz)*(d+ ez + fz?) (a+ barcsin(cz))?dx . . . . . ... ... ... T036!
3117 [(g+ hz) (d+ex + fz?) (a+barcsin(cz))?dz . . . . . . ... 1045
(d+ez+ fz2) (a+barcsin(cx))? v
3.118 [ ( 7 e 1054
d+ez+fz?)(atbarcsin(cz))
3119 [ lo+1a)? . ala:2 ........................... 1062
3120 [l )ebbaein) gy T070
e z+ehx?)?(a+barcsin(cz))?
311 [ (SHherehe) boresnlenl)” gy 077
3122 [zParcsin(a+bz)dr . ... ... 1086
3123 [zParcsin(a+bz)dr . ... ... T095!
3124 [zarcsin(a+br)dr . . . .. ... 1102
3125 [arcsin(@+bx)dr . . . .. ... 1108}
3126 [ amesnaxbe) go 1113
327 fmesilatbn) gp TT20
3128 [ SN o
3120 [ ARG Gu 131
3130 [ SRR Gy 1138
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3131 [zlarcsin(a+bz)®dz . . . . ... 1147
3132 [zParcsin(a+bz)®dzr . . . . ... 155!
3133 [=zarcsin(a+bz)>dr . ... ... 1162
3.134 [ arcsin(a + br)2dx . ... 1168
I e e 1173
3136 [ A gu IR0
3137 [ Eemlabe) gu TI8Y
3138 [zParcsin(a+bz)ddzr . ... ... 1197
3139 [=zarcsin(a+br) dr . ... ... 1205
3140 [arcsin(a+bz)®dz . . ... ... 1212
3141 [ Eesmatbe) gu 218
342 [Eematbel gu T226
3.143 [ % AT . 1234
3.144 [ amsm(a m) .................................. 1239
3.145 [ arcsm(a e L 1244
3.146 [ zarcsm(a ST 1249
3.147 [ arcsm(a Py v - 1254
3.148 [ ——Z mm(a FEEGTREOT - 1259
3.149 [ arcsm(a FEEeTRE AT - 1264
3.150 [ msm(a = 1269
3.151 [ arcsm(a mEmETR B 0T - 1274
3.152 [ amsm(a mEETE 0T - 1280
3.153 [ mm(a R 0T - 1285
8154 [ cmamarmar 0T 1290
3.155 [z?\/a+barcsin(c+dz)dr . .. .. ...
3.156 [z+/a+barcsin(c+dz)dr . . .. ... 1303
3.157 [/a+barcsin(c+dz)dT . . . . ... 1310
3.158 [x(a+barcsin(c+dz))¥?dz . . . . ... 1318
3.159 [(a+barcsin(c+dz))¥2dzr . . . . ... 13261
3.160 [z(a+barcsin(c+dz))2dr . . . ... 1334
3.161 [(a+barcsin(c+dx))>2dr . . . . .. 1342
3.162 [(a+barcsin(c+dz))/2dr . . . .. 13501
3.163 | \/ﬁbarj:m T AT 1359
364 [ Eoesdr L 1367
3.165 \/Hbmlsm AT 374
3.166 [ +bamsm(c aE AT T381]
3.167 [ +barcsm(c TaE AT 1387
3.168 dr . . .. 1394

(a+b arcsm(c+dz))5/2
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3169 [ o 4T 20T
3.170 [ +bmm(c TEy AT T409
3.171 e +barc5m(c S AT 1416
3172 [z™(a+barcsin(c+dz))"dz . . . ... 426!
3173 [z*(a+barcsin(c+dz))"dz . . .. ... 1430
3174 [z(a+barcsin(fc+dz))"dz . . . . ... 436!
3175 [(a+barcsin(c+dz))"dr . . ... ... 14421
3.176 [ ebarein(ede) g 1447
3.177  [(ce + dex)* (a +barcsin(c+dz))dz . . . ... 1452
3.178 [(ce+dex)3(a+barcsin(c+dz))dr . . . . . ... 1459
3.179 [(ce+dex)*(a+barcsin(c+dz))dr . . . .. ... 1466
3.180 [(ce+dex)(a+barcsin(c+dz))dr . ... ... ... T473]
3181 [(a+barcsin(c+dz))dr . . . ... ... 1479
3182 [efbarelnletds) go T483
3.183 [ %‘W dT . . 1439
3184 [UHESMEIAD gy
3.185 [UHESMCIdr T501]
3186 [UHESMCI gy 1508
3.187 | W AT 512
3.188 [(ce + dex)* (a +barcsin(c+dz))?dz ... ...
3.189 [(ce+dex)®(a+barcsin(c+dz))®dr . . .. . ... 1532
3190 [(ce+dex)*(a+barcsin(c+dz))?dz . . ... ... ... 1541
3.191 [(ce+dex)(a+barcsin(c+dz))dr . . . .. . ... 1548
3192 [(a+barcsin(c+dz))?dr . . . .. ... 5551
3.193 [ letbaresimletdn)® gy T561
3.194 [ laft (ajjfgég;gd”))z AT . 568
3195 [URMERELIN dr L 1574
3.196 [t ”(‘jecjgé;;dw»z dT .. 581
3.197  [(ce + dex)* (a +barcsin(c+dz))ddz .. ... 1588
3.198 [(ce+dex)*(a+barcsin(c+dz))3dx . ... .. ... 1598
3.199 [(ce+dex)*(a+barcsin(c+dz))3dz . . ... ... 1609
3.200 [(ce+dex)(a+barcsin(c+dz))dr . . ... ... 1619
3201 [(a+ barcsm(c +dz))3dr . ... 1628
3.202 [ (Rbaremedn)l gy 1634
3.003 [lebaremeldl gy 1642
3.004 [lebaremeldl gy T649
G B 657
3.206 [(ce+dex)*(a+barcsin(c+dz))tdr . ... ... L 1667
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3.207 f( c
3.208 f(ce + dex) ( barcsin(c + dx))4 dx
3.209 f‘ (a' + barCSin(c + d /U
(a + barcsin(c + dz))! Nido .
3210 f (a+barcsin(c+dz))4 x)) dm ................... Il‘.‘Yﬂ
3211 J (a+baf§s+ifff+dx))4 dz . ... o 1688
3212 | (at boretn(erda))’ RREEEEIELPE LRI PR 698
(ce+dex)? e 1706]
3.213 SERSAN
Ik A 1714
3214 [(a | (ptden) .
3215 [ (ce+—deg(:)sjn(c+ P 1723
a-+barcsin(c+dz d ..................
3.216 [ M d“/‘ .......................
3.217 f M o 'ﬁm
3218 [ atbarcsin(chdr) e L 75T
3919 [ e T758
3.220 ‘(”barcsm(ﬂrdz) e L 17651
Ce-‘rdex a 8
3221 [ +b(cei<d ] L 771
3222 [ ) e lvm
T 3
3.223 [ arinle L) L
3.994 f (a+ba£(;jr¢11(eca;+dZ))2 de L 7l
3.925 f (a+barc51n(c+dx))2 e 1703
3.226 (a+barcsln(c+dz))2 d ........................ T799
T 5
3.227 [ (a%(cefd;garcsm(cﬂx))z e :l:ma
3.998 f (ag:irile(;—)i-dx))?, o tIER TR R RRE IlJB]
G [ S
3.220 | (ce+d£;-)i-dw))3 e ; 0
a e l:
3.230 f (atb Ce+d(e(;+dz))3 e 20
3.231 (a+bar°5m(6+dz))3 e 1831
3.232 E“*”ar"sm<c+dz)>3 e
Ce-‘rdex a G :
3.233 f (a+b(ce_)|_(d;l))4 in(c+dx))3 - ::f"’a
S S iRl e tIER TR ERTEEE PR RN 2
G [R77]
3.935 f (Ce+de(w;_2dw))4 P
3.936 f (a+ba£:1_r;g;+dz))4 de L 871
3937 (at+b arcSm(c ) e 13%6]
3.938 (“+baTCSm(c+dz))4 e TROT
3.939 (ce—i-dex)(a+barC51n(c+d$))4 B A T909
(a' & Q
3.240 f(c:; - x(;;ril/w))s S TIIR
a L PP 119
2L (et deof o T TN p—
242 [(ce+dex)\JaF b ST B
arCSin(c i d],') o 1030
""""""""""""""" 1946
........ 1953
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3.243 [+/a+barcsin(c+dz)dT . . . . ... T960
3.244 f a+barcsin(c+dz) dx
Vartbaront S R TI63
3.245 [(ce +dex)*(a+barcsin(c+dz))¥?dz. . . . ... ... 973!
3.246 [(ce +dex)*(a+barcsin(c+dz))32dzr. . . . ... 1984
3.247 [(ce +dex)(a+barcsin(c+dz))>2dx . . . . ... 1994
3.248 [(a+barcsin(c+dz))*2dx . . . . ... 2003}
3249 f (a,+barcsin(c+dz))3/2 dx -----------
SR
3.250 [(ce +dex)*(a+barcsin(c+dx))>2dxr. . . . ... 2016
3.251 [(ce +dex)*(a+barcsin(c+dx))>2dx. . . . ... 20261
3.252  [(ce + dex) .(a +barcsin(c+dz))*%dzx . . ... ... P03,
3.253 [(a+barcsin(c+dz))®2dz . . . . ...
3.954 f (a+barcsin(ctdzx))>/2 dz
e G e e e 053
3.255 [(ce +dex)*(a+barcsin(c+dz))/2dx. . . . ... 2058
3.256 [ (ce + dex) .(a +barcsin(c+dz))2dzr . ... ... ROTTH
3257 [(a+barcsin(c+dz))/2dr . . . . ...
(a+barcsin(ctdzx))7/2
3.258 [ dz
o (cec_f 3; 'ie)gf; .............................. 2090
. J \/a-l-(b e ()%Jr AT 2094
3.26 et
0o [ \/H(b oo ()C; AT 21021
3.261 cet et
- i Varbarcn(er dT . o 2109
3.263 Ik Ve meon 7@ dT . . 2116
3.264 JaTharcsin (C+ ) dr . . . e 2120
. (oot dfx) \/a+)l)4arC5m D) dr . . . . e 2130
3.9 cetdex
65 | R AT
3.2 ce exr
66 | A AT
2.227 /@ Frarcin(c 207" dT .. 2143
3.2 8 & Tharesin(e 27 de ... D154
3.2(753 T 00 e PI6T
. e ia;b)a;csm(c T AT D163
3.271 (cetdex
Ik @ +barcs—1£1(§c +) o dr . . 2173
3.2 2 ce ex
: 27 R I RRTRRERS
3.22 L R 2197
s e T 00
. - iad+b?rcsm(c+dx))5/z Qo .
3.2 ce €T
% [ @ +barcs-1:1¢§c +) AT 2220
3.2 ce €T
3 2;: i @ +bar$¢&c )T dx . . 2233
) Ik @b e (et d)) T dr . . 2248
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3279 [ iparemnter AT 2260
3280 [ a7 T - e ALY
3.281 [(ce+dex)"?(a+barcsin(c+dz))dz . . . . ... 2275
3.282  [(ce+dex)**(a+barcsin(c+dz))dr . . . . ... 22821
3.283  [(ce +dex)**(a+barcsin(c+dz))dr . . . . ... 2288
3284 [+ce+dex(a+barcsin(c+dz))dr . ... ... L. 2294
3.285 [ afbaresinlerds) g,
Vce+dex

3.286 [ wtbiscan(ers) g 2306

. (ce+dez)3/2 ------------------------------- .
3.287 [RMSMCEE dr 2311
3.288 [RMSMEHE dr D317
3.289 [RMSRMEHE dr 2323
3.200 [eRRSMCEE dr L 2330
3.291 [(ce+dex)"?(a+barcsin(c+dz))2dT. . . . ..o 2336
3.292 [(ce +dex)®?(a+barcsin(c+dz))?dr. . . . ... 2341
3.293  [(ce +dex)**(a+barcsin(c+dz))?dz. . . . . ... 23461
3294 [+ee+dex(a+barcsin(c+dz))?dr . . ... ... 23511
3.205 [letbaemtdl gy 2356

a+barcsin(ct+dz))?
3.296 [ ))2 AT . 236
3.297 [letpmemlerdldr . 2366
3298 [lbbarsmCrlo gy 2371
3299 [l dr WRY(
3.300 [+ece+dex(a+barcsin(c+dz))dr . . ... ..o
3.301 [lebbeeletdl gy 386!
3302 [lbarehmlerld dy 39T
3.303 [lbarehlerld dy 2396
3.304 [+ee+dex(a+barcsin(c+dz))*dr . . ... ...
3.305 [lembeemletd)l gy DATG!
3306 [lHbarehmrb)qy
a+barcsin(c+dz))*
3.307 [lRpESMEEI dr L 416
3.308 [(ce+dex)™(a+barcsin(c+dz))*dzr . .. ... ... 2427]
3.309 [(ce+dex)™(a+barcsin(c+dz))dr . ... ... L 476!
3.310 [(ce+dex)™(a+barcsin(c+dz))?dr . . .. ... ...
3.311 [(ce+dex)™(a+barcsin(c+dz))dz . . . . ... ... ... 436!
(cet+dex)™ v

3.312 f m dT . . e e 2441
3.313 [+1—a?—2abz —b?x2arcsin(a+br)3dr . . . . ... ...
3314 [V1—a?—2abz —b2?arcsin(a+br)?dr . . . . ... ... L D45T]
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3.315 [+/1—a?—2abz —b?x2arcsin(a+br)dr . . ... .. ... ... D457
V1—a2—2abz—b2x2 7
3316 [ MEERT AT 2463
V1—a2—2abz—b2x2 TrR
3317 [ty ds 2468
VI—a?—2abe—bz® Z
3318 [MEREASETdT 2473
V1—a2—2abz—bz? T7Q
3319 [ amm(a AT 2478
3.320 [(1—a®—2abz — v222)* 2 arcsin(a + bx)3dz . . . ..o 2435
3.321 [ (1—a?—2abz — b2 arcsin(a + br)2dz . . . . ... ...
3.322 [ (1—a?—2abz —b20?)* arcsin(a+bx)dz . . . ... ... 2504
3.323 [ (mei-2abebiat)P
. (et 0
(1—a2?—2abz—b%z?)
3324 [ anareer . dr . .. 2516
(1 a?—2abz—b%x 2)
3325 [ cmeree® / dT .. 2521
(1—a?—2abz—b2z 2)3 2 5
3.326 [ oo o) dz ... 2528
3.327 [ ASBUERL_dry 2536
arcsin(a+bx)>?
3.328 [ AEURUEMl_dp L D54T]
3.320 [ AESMOM _dp 546
3.330 [ e b§z2ar651n(a ek 2550
3331 [ i e b%;,amsm(a v dx . . . . D554
3332 | = s @ G 2553
3
3333 [ ;fjjz;;j’:;lz)g ST 2562
3334 [ - ;rjsgzéif’;)”;;)?, SdT 569
3335 | (1_a310§3,f_+::£2)3/2 dr . .
3.336 [ (1_a2_2abw_b2m;)3/2 e T 25801
1 R4
3337 [ (= —2abe P2 arcsim(ao)? dT . . 2584
3.338 | V% AT . .
arcsin(a+bz) i
3339 [ ot e BT 2594
3340 [z(a+barcsin(cz?))dr . . . . ... 2599
3341 [z'(a+barcsin(cz®))dx . . . . ..
3.342 [zd(a+barcsin(cz®))dz . . . . .o
3343 [zi(a+barcsin(cx®))dr . . . ... 2616
3.344 [z(a+barcsin(cz?))dr . . ... ... D621]
3.345 [ erbaremlesd) o 2625
3.346 [ “*”ms‘“(“z) AT . 2629
3.347 | “*”m‘“(“2) dT . .. 26351
3.348 [ wrbercimlcr) “*”arcs‘“(””z) AT . D640
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3.349 [ REOITY) qo
3.350 [ “*”a‘”;’i‘f‘ D dz D65T]
3351 [etbeenle®) go 658
3.352 fx (a gfl— barcsin (cz?)) dz . . . . ... D664
3.353 [zt(a+barcsin(cz®))dr . . . . ... 2669
3.354 [zP(a+barcsin(cz®))dr . . . . ... 2675
3.355 [(a+barcsin(cz?))dz . . . . .. 2680
3.356 [ RN G D684
8357 [ e 2689
3.358 [ LRI o 2695
3.359 [ R G 2700)
3.360 [ O G
3.361 [zParcsin (vZ)dz .. ... 2712
3362 [zarcsin(v@)dz ... ... P71
3363 [arcsin (vZ)dz . ... ... 2723
3.364 [ EMUE gn 728
3365 [NV g 2733
3366 [ mVE gn 738
3.367 [ % AT . o 2743]
3.368 [ *“CS‘“( S 2748
3.369 [z (a + barcsm (&) dz. ..o 2754
3370 [z*(a+barcsin(S))dr. . .. ... D761]
3371 [z?(a+barcsin(E))dr. . .. ... D767
3372 [z(a+baresin(£))dz . ... ... !
3.3713 [ (ib+ barcsm (&) dm ..o 2779
3.374 [ gy D784
3375 [ “*bm‘“(%) AT . 788
3.376 [ “*”am‘“(%) AT . 2793
3377 [ “*”am‘“(i) AT . 2799
3.378 [ ”m‘“(i) AT .
3379 [ xm(a +barcsin (cx™)) dT . . . ... DRIl
3.380 [z(a+barcsin(cz™))dz . . . ..
3381 [z(a+barcsin(cz™)dr . .. ... 210
3382 [(a+barcsin(cz™))dz . . .. ... 2823
3.383 [ tbarem(eml) g D827
3.384 “*”L‘“(“”) AT . WERY)
3.385 | wtbwdinea®) o D336

x3
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3.386 [zS(a+barcsin(c+dz?))dz . . . . ... 2840
3.387 [z(a+barcsin(c+dz®))dr . . . .. ... PREZES
3.388 [z(a+barcsin(c+dz?))dr . ... ... 28551
3.389 [ erbarein(etdd) G D860
3.390 [ M AT o oo 865
3.391 [ M AT . WEY(0)
3.392 [ M ................................ 876
3.393 [z*(a+ " parcsin (cH+dz®))dr . . . . .. PR3
3394 [z*(a+barcsin(c+dz®))dr . . .. ... 2892
3395 [(a+barcsin(c+dz?))dr . .. .. ... 2899
3.396 [ LR D904
3.397 [ M AT . 2909
3398 | M AT .
3399 [Zlarcsin(a+bzt)dr ... ... 29261
3400 [z ' Marcsin(a+bz™)dr .. ... 2931l
3401 [(a+barcsin(1+de?)) de . ... ... ... ... 29361
3402 [(a+barcsin(1+de®))’dr .. ... ... 2942
3403 [(a+barcsin(1+de®))’dr . ... ... ... 2948
3404 [(a+ barcsm (I+dz®))dz . .. .. 29531
3.405 [ m dT . . 2957
3.406 [ i e
BAOT [ mpmbsdn 2966
3408 [(a—barcsin(l—dz?))'dz . ... ... ... .. ... 297T]
3409 [(a—barcsin(l1—da)’de . ... ... ... ...
3410 [(a—barcsin(1—dz®))’dz . ... .. ... 2933
3411 [(a-— barcsm (1—dz®)dz . . . . .o
3412 [ cmmammamn 0T - 2992
3413 [ (a_barcmi( TEE T 29961
3.414 (a_barcsi;( s T A 300T]
3415 [aresin(1+a2)2dz . ... . ... 3006
3416 [arcsin(1—z2)2dz . . . . . ... 3010
3.417 [ (a+ barcsin (1 + dz?)Pdx ..
3.418 [ (a+ barcsin (1 + da? N2 3019
3.419 [+/a+ barcsm (I+ded)dz . . . . . . 3024
3420 [ W%mm T T 3029
3421 [ (1+dx2))3 ST
3.422 dr . . ..

(a+b a,rcsm(1—i—d:/r:2))5/2
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3423 [ e
3.424 [ (a—barcsin(l —dz NV 30491
3425 [(a—baresin(1—de?)*Pde . ... ... ... ... ... 3052
3426 [+/a—barcsin(1—dz2)dz . . . . . . ... 30591
3.427 [ \/a_bmslin TS OT 3064
3428 [ bmin;l_ T T 3069
3420 [ mmdT 3074
3.430 (a_bmma_ R AT . o 3079

: T—cz\\"
sast [UmmVER)) G

o Vizez))®
gagp [l ED) go

. =z \ )2
3433 [ (a+bmfig:é%)) AT . 3096
3 434 f a+barcsin(‘/ﬁ) d

. T T o e e e e e e e e e e e e e e e e e
1

3435 [ e 2] AT . 8110
A ey vy LR,
3437 [eTarcsin(e®) dx . . ... ... 3120
3438 [arcsin (ce®™®) dz . .. ...
3439  [eresim@@gddy BI3T
3.440  [erresn@®g2dy L 3136
3.441 ea,rcsin(az)z AT . . e e e m
3.442 f eTINaT) G 3146]
3443 [ Gr 3150
3444 [N dr
3.445  [eesm@m g3 dy 3160
3.446 [ g2y L 3165
3447  [eesm@T pdr L BI70
3448  [eesmam) dy BT74
3449 [ € G 3178
3450 [ gy
3.451  [eresinletbelypdgr 3136
3.452  [edesinletbelyp2gm B193
3.453  [eresinetb)pdy 3199
3.454  [erresinletbe) do 3204
3455 [
3.456 [ <t *""S‘“(“*b””’ .................................. 3213
3457 [e arcm<a+bw) DT
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3.458 earcsin(a—i—ba:)z AT . . e e
3459 [eresimatbelady 3229
3460 [eesin(atbe)l gp 3234
3461 [ G
3.462 [ mRirt ““‘“(“*b“”’ ..................................
3.463 [ earcsm(w)(l )P dr . 3278
3464 [eresin)(1 — 2P dr
3.465 [e TCS“"(“@\/W dT . .o 3258
3466 [Sdr L 3263
3.467 [ (1‘“;:;“?/2 .................................. 3067
3.468 [ (1a2x;?/2 .................................. 3271
3.469 [ arcsm( e )dTo 3276
3.470 [ @] OT - e
3471 [ # AT .
3.472 Wamslm (Vi) AT . 3290
3473 [ (b s ) B8
3474 [ AtmMemE) gy
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3.1 [(d + ex)*(a + barcsin(cz)) dz

3.1.1 Optimalresult . . . ... .. .. .. .. 176
3.1.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 176
3.1.3 Rubi [A] (verified) . . . . . ... .. I
3.1.4 Maple [A] (verified) . . . ... ... ... 180
3.1.5  Fricas [A] (verification not implemented) . . . . . . ... ... ... . .... 180
3.1.6 Sympy [A] (verification not implemented) . . . .. ... ... ... .. ... . 18T
3.1.7 Maxima [A] (verification not implemented) . . ... .. ... ... ... ... 18Tl
3.1.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... IEY
3.1.9 Mupad [F(-1)] . . . . o 183

3.1.1 Optimal result

Integrand size = 16, antiderivative size = 179

_ Tbd(d + ex)*V/1 — a2 N b(d + ex)3v/1 — c2x2

/(d + ex)®(a + barcsin(cz)) dz

48c 16¢
N b(4d(19c¢%d? + 16€?) + e(26c2d? + 9¢?) x) /1 — c2x?
96¢3
_ b(8c*d* + 24c%d?e? + 3e*) arcsin(cx)
32cte
(d + ex)*(a + barcsin(cz))
+ 4e

output ‘{—1/32*b* (8*c™4%d"4+24%c~2*%d"2%e”~2+3*e~4) *arcsin(c*xx) /c"4/e+1/4* (e*x+d) ~4*(
\a+b*arcsin(c*x))/e+7/48*b*d*(e*x+d)‘2*(—c‘2*x‘2+1)‘(1/2)/c+1/16*b*(e*x+d)*
\3*(—c‘2*x“2+1)“(1/2)/c+1/96*b*(4*d*(19*c“2*d“2+16*e“2)+e*(26*c“2*d“2+9*e“2
L)*x)*(-c*2*x*2+1)*(1/2)/c*3

| —

3.1.2 Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 165, normalized size of antiderivative = 0.92

/(d + ex)(a + barcsin(cz)) dz

_ 2dactz(4d® + 6d%ex + 4de*x? + e2x®) + bev/1 — 2a?(e?(64d + 9ex) + 2 (96d® + T2d%ex + 32de*s? + 6e’
Bl 96

3.1.  [(d+ex)?(a+ barcsin(cz))dz
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input‘ Integrate[(d + e*x)~3*(a + b*ArcSin[c*x]),x] ‘

output((24*a*c“4*x*(4*d“3 + 6%d"2%exx + 4*d*e”2%x"2 + e”3%x"3) + bxc*Sqrt[l - c”2
\*x‘2]*(e‘2*(64*d + 9%e*x) + c72%x(96%d"3 + 72*d"2%e*x + 32*d*e”2*x"2 + 6*e”
‘3*x“3)) + 3*b* (-24%c™2*%d"2*xe — 3*e”3 + 8*c 4*x*(4*%d"3 + 6xd"2ke*xx + 4xd*e”
Lz*x*2 + e~3*x"3))*ArcSin[c*x])/ (96%c~4)

|

3.1.3 Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.15,
number of steps used = 8, number of rules used = 8, Bumber of rules _ 534 Ryles used

integrand size
= {5242, 497, 25, 687, 25, 27, 676, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)3(a + barcsin(cz)) dx

l 5242
d+ex)?
(d + ex)*(a + barcsin(cz)) B be [ \(/%dw
4e 4e
l 497
(d+ez)2 (4d202+7dez02+362)
b _f_ 1-c222 dx _ eV1-c?z%(d+ex)?
¢ 4c? 4c?

(d + ex)*(a + barcsin(cz)) 3
4e 4e

l 25

(d+ez)2 (4d2 c2+7dezc2 +3e2) d
be / 1—c222 T eV1-c2z?(d+ex)?
4c2

4c2?

(d + ex)*(a + barcsin(cz))

4e 4e
l 687

(d + ex)*(a + barcsin(cz))

e
(- 2 (d+ex) (d(1202d2+2352) +e (2602d2 +9e2) m) e

/ — 2,2
— P —%de\/1—02z2(d+ez)2 evI—c2z2(d+ex)3
- 4c?

3c2
be i

4e

3.1.  [(d+ex)?(a+ barcsin(cz))dz
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l 25

(d + ex)*(a + barcsin(cz))

2 (d+tex) (d(1202d2+2362) +e(2602d2 +9e2) :v) .
T

—_c222
l—ce —Zdev1-c2z%(d+ex)?  o\/1_c222 (d+ex)?
- 4c?

3c2
be i

4e

| 27

(d + ex)*(a + barcsin(cz))

e
(d+ex) (d(12c2d2+2362)+e(2602d2+962)z)
L —Tde/1—c222 2
be 3/ 1—c222 de—gdeV1-c?z?(d+ez) _ eV1-c?z?(d+ex)?
4c? 4c2
4e
| 676
(d + ex)*(a + barcsin(cz))
4e
) 3(8ctdat+24c%d2e? 43¢t | 71;212(190 Ly (002 , 1662 , . . ,
3 22 —5e’zv1-cizx (C—2+26d )—2de\/1—c x (C—Q—i—le ) —gdev1—c?z?(d+ex)
be _ eVl-c%x
4c2 4
4e
| 223
(d + ex)*(a + barcsin(cz))
44 4 de
3arcsin(cz) (8ctdd+24c2d%e2 43¢
1 [ Bexesinten)( b hi )_le%m(%m&ﬁ)_2dem(71652+19d2) — 1 dev/T=c?22(d+ex)?
; 3 2¢ 2 c e 8 _ eV1-c2z2(d+
¢ 4c? 4c?
4e
input LInt[(d + e*xx)~3%(a + bxArcSin[c*x]),x] J

output | ((d + e*x)~4*(a + b*ArcSin[c*x]))/(4xe) - (bxcx(-1/4x(ex(d + exx) " 3*Sqrt[1

- c"2*x72])/c”2 + ((-7*d*ex(d + exx) 2*Sqrt[1l - c”2*x72])/3 + (-2xdxex(19
*d"2 + (16%e72)/c”2)*Sqrt[1 - c™2*xx"2] - (e”2*(26*d~2 + (9*e™2)/c~2)*x*Sqr
t[1 - ¢c™2%x72])/2 + (3% (8*c™4*d"4 + 24%c”2+%d"2*e"2 + 3*e”~4)*ArcSin[c*x])/(
2%c~3))/3)/(4%c~2)))/ (4xe)

3.1.  [(d+ex)?(a+ barcsin(cz))dz
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3.1.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 27

rule 223

rule 497

rule 676

rule 687

rule 5242

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al>)1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

N\

Int[((c_) + (d_.)*(x_)) " (n_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
d*(c + d*x)"(n - D*((a + b*xx"2)"(p + 1)/(b*(n + 2xp + 1))), x] + Simp[1/(b
*(n + 2xp + 1)) Int[(c + d*x)"(n - 2)*(a + b*x"2) “p*Simp[b*c™2*(n + 2*p +
1) - a*d™2*(n - 1) + 2%bxc*d*(n + p)*x, x], x], x] /; FreeQ[{a, b, c, d, n
» p}, x] && If[RationalQ[n], GtQ[n, 1], SumSimplerQ[n, -2]] && NeQ[n + 2x%p
+ 1, 0] && IntQuadraticQ[a, O, b, ¢, d, n, p, x]

Int[((d_.) + (e_)*xD)*((£_.) + (g_)*(x_))*((a ) + (c_)*(x_)"2)"(p), x
_Symbol] :> Simp[(exf + d*g)*((a + c*xx"2)"(p + 1)/(2*c*x(p + 1))), x] + (Sim
plexg*x*((a + c*x"2)"(p + 1)/(cx(2%p + 3))), x] - Simp[(ake*g - cxdxfx(2xp
+ 3))/(cx(2%p + 3)) Int[(a + c*x"2)7p, x], x]) /; FreeQl{a, c, d, e, £, g
, p}, x] && !'LeQlp, -1]

Int[((d_.) + (e_)*(x_))"(m )*((f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[g*(d + e*x) m*x((a + c*x"2)"(p + 1)/(c*(m + 2%p + 2))
), x] + Simp[1/(c*x(m + 2*p + 2)) Int[(d + e*x)"(m - 1)*(a + c*x~2) “p*Simp
[cxd*f*x(m + 2*xp + 2) - axe*xgxm + cx(exfx(m + 2%p + 2) + d*g*m)*x, x], x], x
1 /; FreeQl{a, c, 4, e, f, g, p}, x] & GtQ[m, O] && NeQ[m + 2*p + 2, 0] &&
(IntegerQ[m] || IntegerQ[p] || IntegersQ[2*m, 2*p]l) && !(IGtQ[m, O] && Eq
QLf, 01)

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*((d_) + (e_.)*(x_)) " (m_.), x_S
ymbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcSin[c*x])"n/(ex(m + 1))), x] -
Simp [bxc*x(n/(ex(m + 1))) Int[(d + exx)"(m + 1)*((a + b*ArcSin[c*x])~(n -
1)/Sqrt[1 - c™2*x~2]), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]
&& NeQ[m, -1]

3.1.  [(d+ex)?(a+ barcsin(cz))dz
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3.1.4 Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 248, normalized size of antiderivative = 1.39

method result
4,4 .
b M-‘rc e2 aTCSin(Cm)w3d+M+arcsin(m)d3cz+ CarCSiZéCz)d4 e 4" arcsin(ea
a(ez+d)*
parts T

44 :
d
arcsin(cz)6304w4 ¢ arcsin(cz)4
% _

. 4,4 : 4,2 2
ﬁiarcsm(cez)c 4 —Q-arcsin((::5)04113:1:-&-—QMCSIU(C(E)C d°z +52 arcsin(ca:)c4d a:3+

b
a(cem+dc)4 + (

. . o e 3
derivativedivides dcSe
4,4 4.2 2 34 4 c4d4arcsin(cx)+
b arcsin(‘f:)c d +arcsin(cz)c4d3z+ 3e arcsin(gz)c dx +e2 achsin(cz)c4dzg_’_arcsin(cai)e ctz®
a(ce:c+dc)4+
default S

inputLint((e*x+d)*3*(a+b*arcsin(c*x)),x,method=_RETURNVERBOSE) J

output | 1/4*a* (exx+d) ~4/e+b/c* (1/4*c*xe~3*arcsin(c*x)*x"~4+cxe~2*xarcsin(c*x) *x~3*d+3
/2*c*arcsin(c*x)*d"2*e*x~2+arcsin(c*x) *d"3*c*x+1/4*c/e*arcsin(c*x)*d~4-1/4
/c”3/ex(c”4xd"4*arcsin(c*x)+e 4% (—1/4%c”3*x"3* (—c~2*x"2+1) " (1/2) -3/8*c*x* (
-c"2xx72+1) " (1/2)+3/8*arcsin(c*x) ) —4*d~3*c " 3*ke*x (—c"2*x"2+1) ~(1/2) +6*d"2*c”
2%e”~ 2% (—1/2*kc*kx*x (-c”2%x"2+1) ~(1/2)+1/2*arcsin(c*x) ) +4*d*c*e 3* (-1/3*c”2*x~
2% (-c™2%x72+1) "~ (1/2)-2/3*% (-c~2*x"2+1) ~(1/2))))

3.1.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 201, normalized size of antiderivative = 1.12

/(d + ex)?(a + barcsin(cz)) dz
_ 24ac'e’z? + 96 ac'de’s® + 144 ac'dPex® + 96 ac'd®x + 3 (8bctePx? + 32 bctde®x® 4 48 bedPex® + 32 b’

-

inputtintegrate((e*x+d)‘3*(a+b*arcsin(c*x)),x, algorithm="fricas")

~—

output | 1/96* (24*axc~4*e”~3*x"4 + 96*a*c”4d*xd*xe”2xx"3 + 144*a*c”4*d"2*e*xx"2 + 96*ax*c
“4%d"3*x + 3% (8*bkc"4*e”3*x"4 + 32%bxc"4dxd*e”2%x"3 + 48%b*c"4*d"2*xexx"2 +
32*bkc"4*d"3*x - 24xbxc”2*d"2*e — 3*bxe~3)*arcsin(c*x) + (6¥bkc”3xe”3*x"3
+ 32*bkc”3*d*e”2*xx"2 + 96*b*c”3*d"3 + 64*bxckd*e”2 + 9*(8*b*c~3*d"2*e + b*
cxe”3)*x)*sqrt (-c”2*%x"2 + 1)) /c"4

3.1.  [(d+ex)?(a+ barcsin(cz))dz



input

output
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3.1.6 Sympy [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 316, normalized size of antiderivative = 1.77

/(d + ex)(a + barcsin(cz)) d

2,02 3.4 . 3bd2 2 oqi . b 34 i 3
ad3z + 39Lex® 4 qde?sd 4 99 | bz asin (cx) + PLE2ID) 4 pde2yd asin (cx) 4 TR | bl

4
- a(d3x+3d22ez2 +de2x3+¥)

p

tintegrate ((exx+d) **3* (a+b*asin(c*x)) ,x)

~—

Piecewise((a*d**3*x + 3kaxd**2xexx**2/2 + axd*e*x2*x**3 + akex*3xxx*4/4 +
b*d**3*x*kasin(cxx) + 3*bkd**2kexx*x*2xasin(c*x)/2 + bkdxex*2xx**3*asin(c*x)
+ b¥e*x3*x*x4*asin(c*x) /4 + bxd**3*sqrt(—c**2xx**2 + 1)/c + 3¥bxd**2xe*x*
Sqrt (—cx*2xx**2 + 1)/(4*c) + bxdkex*2xx**x2xsqrt (-cx*2xx**2 + 1)/(3*c) + bx
ex*3xx**x3ksqrt (—~cx*2xx**x2 + 1)/(16%c) - 3*bxd**2*exasin(c*x)/(4xc**2) + 2%
bxd*ex*2xsqrt (—c**2*x**x2 + 1)/(3%c**3) + 3xbke*x*3*x*sqrt (-c**2*x**x2 + 1)/(
32%c*x*x3) - 3kxbkex*3*asin(c*xx)/(32xc*x*x4), Ne(c, 0)), (ax(d**x3*xx + 3kd*x*x2xe*
x*%2/2 + dxe*x*x2*x*k*x3 + e*x*3xx**4/4), True))

3.1.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 231, normalized size of antiderivative = 1.29

/(d + ex)?(a + barcsin(cr)) dz

1
=1 ae’z* + ade’z® + g ad’ex?
3 V= T 1 i
+ > | 22* arcsin (cz) + ¢ ¢z’ + 1o _ arcsin (cz) bd?e
4 c? c3
1 V=2 + 1 2vV/—22 + 1
—|—§<3x3arcsin(cx)—|—c< cx2—|— Ty ccf + ))bde2
c

1
4+ —

32 b

4. 2vV—c2z?+ 12  3+v/—c?2?2 +1z 3 arcsin (cz) 3
8 z* arcsin (cx) + 2 + c4 — c |be

(cz arcsin (cz) + vV —c22? + 1)bd?

C

+ ad’z +

3.1.  [(d+ex)?(a+ barcsin(cz))dz
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input‘integrate((e*x+d)“3*(a+b*arcsin(c*x)),x, algorithm="maxima")

output | 1/4*a*e”3*x"4 + axd*e~2*x"3 + 3/2*axd”"2*exx"2 + 3/4%(2*xx"2*arcsin(c*x) + c
*(sqrt(-c™2*x"2 + 1)*x/c”2 - arcsin(c*x)/c”3))*bxd"2*e + 1/3*%(3*x"3*arcsin
(c*x) + c*x(sqrt(-c™2*x"2 + 1)*x72/c”2 + 2xsqrt(-c™2*x"2 + 1)/c™4))*b*d*e”2
+ 1/32%(8*x"4*arcsin(c*x) + (2*sqrt(-c”2*x"2 + 1)*x"3/c”2 + 3*sqrt(-c”2*x
2 + 1)#*x/c”4 - 3%arcsin(c*x)/c”5)*c)*bxe”3 + axd"3*x + (ckx*arcsin(c*x) +
sqrt (-c~2*x"2 + 1))*b*xd~3/c

3.1.8 Giac [A] (verification not implemented)
Time = 0.30 (sec) , antiderivative size = 317, normalized size of antiderivative = 1.77
/ (d + ex)®(a + barcsin(cz)) dz = 411 ae*z* + ade’z® + bd®z arcsin (cx) + ad®x
N (c2x? — 1)bde?z arcsin (cz) N 3v—c2x? + 1bd?ex

c? 4c
N 3 (c*z? — 1)bd*e arcsin (cz) N bde?x arcsin (cz)
2¢? c?
N V—cia? +1bd°  (=c*z® + 1)%be3x
c 16 ¢3
3(c?z? — 1)ad’e  3bd*earcsin (cz)
2¢? 4c?
(222 — 1)°be® arcsin (cz)  (—ca? + 1)%bde2
4c4 a 3¢
5v—c?z? + 1be’x  (c2x? — 1)be® arcsin (cz)
* 32¢3 * 2
vV —c2x? + 1bde®> 5 be? arcsin (cz)
+ c3 + 32¢

p
inputLintegrate((e*x+d)“3*(a+b*arcsin(c*x)),x, algorithm="giac")

| —

output | 1/4*a*e”~3*x"4 + axd*e~2*x"3 + b*d~"3*x*arcsin(c*x) + axd"3*x + (c™2*xx"2 - 1
) ¥b*d*e~2*x*arcsin(c*x)/c”2 + 3/4*sqrt(-c”2*x"2 + 1)*b*xd"2%e*x/c + 3/2*(c”
2xx"2 - 1)*bxd"2*xe*arcsin(c*x)/c”2 + bxd*e”2*x*arcsin(c*x)/c”2 + sqrt(-c”2
*x"2 + 1)*b*d"3/c - 1/16%(-c”"2*xx"2 + 1)~ (3/2)*b*e”3*x/c”3 + 3/2x(c"2*x~2 -

1)*a*d~2*e/c”2 + 3/4%b*d"2*exarcsin(c*x)/c”2 + 1/4*(c™2*x"2 - 1) 2%bxe”3x
arcsin(c*x)/c™4 - 1/3%(-c”2%x"2 + 1)7(3/2)*b*d*e~2/c"3 + 5/32*sqrt(-c”2*x"
2 + 1)*b*e"3*x/c”3 + 1/2%(c”2*x"2 - 1)*b*e~3*arcsin(c*x)/c”4 + sqrt(-c”2*x
"2 + 1)*b*d*e~2/c”3 + 5/32xb*e"3*arcsin(c*x)/c"4

3.1.  [(d+ex)?(a+ barcsin(cz))dz
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3.1.9 Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barcsin(cz)) dz = / (a + basin(cz)) (d+ex)’dz

input Lint((a + b*asin(c*x))*(d + e*xx)~3,x)

outputtint((a + b*asin(c*x))*(d + e*x)"3, x)

3.1.  [(d+ex)?(a+ barcsin(cz))dz
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3.2 [(d + ex)*(a + barcsin(cz)) dz

3.2.1 Optimalresult . . . ... .. . .. . 1841
3.2.2 Mathematica [A] (verified) . . . . . ... ... ..o 184
3.2.3 Rubi [A] (verified) . . . .. ... . 185
3.24 Maple [A] (verified) . . . . ... .. .. 187
3.2.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 187
3.2.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... .. 1R8]
3.2.7 Maxima [A] (verification not implemented) . . ... ... ... ....... 188l
3.2.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 1]9
3.29 Mupad [F(-1)] . . . o o 189

3.2.1 Optimal result

Integrand size = 16, antiderivative size = 124

2 1 2.2
/(d + ex)*(a + barcsin(cz)) dz = bd + ex)gc L-ca
N b(4(4c*d? + €2) + 5cidex) V1 — c2x?
18¢3
~ bd <2d2 + 30%) arcsin(cx) N (d + ex)3(a + barcsin(cz))
6e 3e

output ‘ -1/6%b*d* (2*%d~2+3*e~2/c~2) *arcsin(c*x) /e+1/3* (exx+d) “3* (a+b*arcsin(c*x)) /e ‘
\+1/9*b*(e*x+d)“2*(—c”2*x“2+1)“(1/2)/c+1/18*b*(5*c”2*d*e*x+16*c‘2*d“2+4*e“2
L)*(-c”2*x“2+1)”(1/2)/c“3 J

3.2.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 121, normalized size of antiderivative = 0.98

/(d + ex)?(a + barcsin(cz)) d

_ 6ac’z(3d? + 3dex + €22?) 4+ bv/1 — c?x?(4e? + *(18d? + 9dex + 2€2x?)) + 3be(6cd>x + 2c?e?x® + 3de(-
B 18¢3

e

inputLIntegrate[(d + e*xx)~2%(a + bxArcSin[c*x]),x]

~—

32.  [(d+ex)*(a+ barcsin(cz))dz
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output‘(6*a*c”3*x*(3*d“2 + 3xd*e*xx + e72*%x"2) + bxSqrt[l - c”2*x"2]*(4xe”2 + c~2%
\(18*d“2 + 9xd*e*x + 2%e"2%x"2)) + 3*bkck(6xcT2*d"2*x + 2%c”2%e"2%x"3 + 3*d
‘ *ex (-1 + 2%c™2%x"2))*ArcSin[c*x])/(18%c~3)

3.2.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.22,
number of steps used = 5, number of rules used = 5, Lumber of rules _ ( 379 Ryles used

integrand size
= {5242, 497, 25, 676, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (d+ ez)2(a + barcsin(cz)) do

l 5242
d+ex)3
(d+ ez)(a + barcsin(ez))  be [ Ginyda
3e 3e
l 497
(d+ex) 3d202+5dex02+262
be _f_ ( 1_c222 )dw _eV1-c?z2(d+ex)?

3c? 3c?

(d + ex)3(a + barcsin(cz)) B
3e 3e

| 25

(d+ex) (3d2 c2+5dezc2+262)

b J 1—c222 dz _ evV1—c2z2(d+ex)?
C 3c? 3c?
(d + ex)3(a + barcsin(cz)) B
3e 3e
l 676

(d + ex)3(a + barcsin(cz))

3e B
26\/1—c2z2(462d2+52)

3 2 72 2 1 _ _54e2 — o222
3d(2¢2d?+3¢?) [ I_C%de 2 sde“zV1—ciz e 1—c252(d+ex)?

3c? 3c?

be

e
l 923

32.  [(d+ex)*(a+ barcsin(cz))dz
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(d + ex)3(a + barcsin(cz)) B

3c? 3c?

3e
3darcsin(cx) 202d2+332 2eV/ 1—c222 4(:2d2-‘,-e2 5
bc( 2(C ) - Cg ) —2de?zv/1-c2xz? _ eV/1=c%a?(d+ex)?

3e

inputLInt[(d + exx)"2%(a + b*ArcSin[c*x]),x]

output‘((d + e*x)"3*(a + b*ArcSin[c*x]))/(3*e) - (b*cx(-1/3*(ex(d + e*x) " 2+Sqrt[1
‘ - c™2xx72]) /c”2 + ((-2*e*x(4*c™2*d"2 + e”2)*Sqrt[1l - c™2*xx72])/c”2 - (5*d*
‘e‘2*x*Sqrt[1 - ¢c72%x72]) /2 + (3%d*(2*%c"2%d"2 + 3*e~2)*ArcSin[c*x])/(2%c))/
| (3%c72)))/(3%e)

3.2.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 223 | Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a]l)]1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 497 Int[((c_) + (d_.)*(x_))" (@ )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
d*(c + d*x)"(n - D*((a + b*xx"2)"(p + 1)/(b*(n + 2*xp + 1))), x] + Simp[1/(b
*(n + 2%p + 1)) Int[(c + d*x)"(n - 2)*(a + b*x~2) “p*Simp[b*c™2*(n + 2*p +
1) - a*d~2%(n - 1) + 2%bkcxd*(n + p)*x, x], x], x] /; FreeQ[{a, b, c, d, n
, P}, x] && If[RationalQ[n], GtQ[n, 1], SumSimplerQ[n, -2]] && NeQ[n + 2*p
+ 1, 0] && IntQuadraticQ[a, O, b, ¢, d, n, p, x]

rule 676 Int[((d_.) + (e_.)*(x_))*((f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p_), x
_Symbol] :> Simp[(exf + d*g)*((a + c*xx”2)"(p + 1)/(2%c*(p + 1))), x] + (Sim
plexgsx*x((a + c*x™2)~(p + 1)/(cx(2%p + 3))), x] - Simp[(a*exg - cxd*f*(2%p
+ 3))/(cx(2%p + 3)) Intl[(a + c*x~2)7p, x], x]) /; FreeQ[{a, c, d, e, f, g
, P}, x] && !LeQ[p, -1]

32.  [(d+ex)*(a+ barcsin(cz))dz
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rule 5242 | Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*((d_) + (e_.)*(x_))"(m_.), x_S
ymbol] :> Simp[(d + e*x)~(m + 1)*((a + bxArcSin[c*x])"n/(ex(m + 1))), x] -

Simp [bxc*x(n/(ex(m + 1))) Int[(d + exx)"(m + 1)*((a + b*ArcSin[c*x])~(n -

1)/Sqrt[1 - c™2*x~2]), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]
&& NeQ[m, -1]

3.2.4 Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 178, normalized size of antiderivative = 1.44

method result
3,43 : 3 0212\/7c2m2—
2 : 3 . 3 c d”arcsin(cz)te” | — =7
b| e Bresnier)? arcsén(cz)z +carcsin(cac)edac2+a,rcsin(cz)d2cz+Cam&;écz)d — <
a(ez+d)®
parts 3.~ T S
2,2 /252
c3d3 arcsin(cz)4e3 [ — 2V _cfzf+l +1
b (M*‘arcsin(cm)c?'dzm-}—e arcsin(cz)c3d 22+ arcsm(c?JCBxs - eresm(e)t ( 3
a(cez+dc)3
e Pode) + =z
derivativedivides -
343 arosi 3(_c22%V/—c2z241
. 3.3 . 2 3 3 c“d”arcsin(cx)te” | —=———FF— 1=
b(arcsm(;:)c d —Q-anrcsin(c:c)c3d2:c-&-eanrcsin(c:c)c?’d:zz-i—arcsm(mg)e ¢z _ (
a(cem+dc)3+
default 3c%e _ 2
inputLint((e*x+d)‘2*(a+b*arcsin(c*x)),x,method=_RETURNVERBOSE) J

output‘1/3*a*(e*x+d)“3/e+b/c*(1/3*c*e“2*arcsin(c*x)*x“3+c*arcsin(c*x)*e*d*x“2+arc
‘sin(c*x)*d“2*c*x+1/3*c/e*arcsin(c*x)*d“3-1/3/c“2/e*(c“3*d“3*arcsin(c*x)+e“
‘ 3k (-1/3%c™2*%x" 2% (—c"2%x"2+1) " (1/2)-2/3*% (-c"2*%x"2+1) " (1/2) ) -3* (-c~2*x"2+1) "~ ‘
| (1/2)*c™2%d 2% e+Brdkcke 2k (~1/2%chxk (~c™2kx"2+1) " (1/2) +1/2*arcsin(c*x))))

3.2.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.09

/(d + ex)*(a + barcsin(cz)) dz

_ 6ac’e’s® + 18 actdex® + 18 ac’d®x + 3 (2bc’e?x® + 6 bc’dex? 4 6 be*d*x — 3 bede) arcsin (cx) + (2bc?e’
B 18¢°

inputLintegrate((e*x+d)“2*(a+b*arcsin(c*x)),x, algorithm="fricas") J

32.  [(d+ex)*(a+ barcsin(cz))dz
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output‘1/18*(6*a*c“3*e“2*x‘3 + 18*akxc”3xdke*x"2 + 18*axc”3*d"2*x + 3*(2*xbkc”3*e”2
|*¥X"3 + G¥bxc"3kdxexx"2 + B¥bxc™3*d"2¥x - 3¥bkckdxe)*arcsin(cxx) + (2¥bxc™2
‘*e“2*x“2 + 9%bxc”2xd*exx + 18*b*c”2+%d"2 + 4xb*e”2)*sqrt(-c”2*x"2 + 1))/c”3

3.2.6 Sympy [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.53

/(d + ex)*(a + barcsin(cz)) dx

2.3 . . be2x3 asi 2. /22211 N —c2x241
ad®z + adex? + 92°  bd?z asin (cz) + bdex? asin (cx) + XE20(@) | biPVoCatH] | bderd/_CPaltl 4 K

B a(dzx + dex? + %)

-

inputLintegrate((e*x+d)**2*(a+b*asin(c*x)),x)

|

output | Piecewise ((a*d**2xx + akdxexx**2 + akex*2xx**3/3 + bkd**2kx*asin(c*x) + bx
dxe*x**2*asin(ckx) + bxex*2xx**3*asin(c*x)/3 + bxd**2xsqrt (-cx*2xx**2 + 1)
/c + bxd¥exx*sqrt (-cx*2xx**2 + 1)/(2%c) + brxexxkx**2xsqrt (-ck*2*x**2 + 1)
/(9%c) - bxd*exasin(c*x)/(2%c*x2) + 2xbxex*2*sqrt(—cx*x2xx**2 + 1)/(9*c**3)
, Ne(c, 0)), (ax(d**2*x + dkexx**2 + e**2kx**3/3), True))

3.2.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.21

/(d + ex)?(a + barcsin(cz)) dz

V—c2x?+ 1z  arcsin (cx) ) ) bde

1 1
= = ae’z® + adex® + 3 (2 x? arcsin (cx) + c( -

3 c? c3
V—c?z? + 122 N 2V —c2x? + 1) > be?

1
+ 5 (3 x> arcsin (cz) + C( 2 ct

(cz arcsin (cz) + vV —c22? + 1)bd?

Cc

+ ad’z +

inputLintegrate((e*x+d)‘2*(a+b*arcsin(c*x)),x, algorithm="maxima") J

32.  [(d+ex)*(a+ barcsin(cz))dz
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output‘ 1/3%axe”2%x"3 + a*xd¥e*x”2 + 1/2%(2xx"2*arcsin(c*x) + cx(sqrt(-c™2*x"2 + 1) \
‘*x/c“2 - arcsin(c#*x)/c”3))*bxd*e + 1/9%(3*x"3*arcsin(c*x) + c*(sqrt(-c”2*x
‘“2 + 1)#x72/c”2 + 2xsqrt(-c”2*%x"2 + 1)/c”4))*b*e”2 + a*d"2*x + (c*x*arcsin
‘(c*x) + sqrt(-c”2*x~2 + 1))*b*d"~2/c ‘

3.2.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 194, normalized size of antiderivative = 1.56

/ (d + ex)*(a + barcsin(cz)) dx = % ae’z® 4 bdz arcsin (cz) + ad’z

N (c2x? — 1)be?z arcsin (cz) N vV —c?x? + lbdex
3¢? 2¢c
(c2x? — 1)bde arcsin (cz) N be2x arcsin (cz)
c? 3c?
N V—c?z? + 1bd? N (2x? — 1)ade N bde arcsin (cz)
c c? 2¢?
3
(—c2z? + 1) be? N vV —c2z? + 1be?

9¢3 3¢c3

/

inputLintegrate((e*x+d)‘2*(a+b*arcsin(c*x)),x, algorithm="giac")

~—

output | 1/3*a*e”2xx~3 + bkd 2*x*arcsin(c*x) + axd™2*x + 1/3%(c”2*x"2 - 1)*b*e”2kxx*
arcsin(c*x)/c”2 + 1/2*sqrt(-c”2#x"2 + 1)*bxd*e*x/c + (c”2%x"2 - 1)*bxd*e*a
rcsin(c*x)/c”2 + 1/3%bxe”2*xx*arcsin(c*x)/c”2 + sqrt(-c™2*x"2 + 1)*b*d~2/c

+ (c72%x"2 - 1)*a*dxe/c”2 + 1/2*%b*d*e*arcsin(c*x)/c”2 - 1/9%(-c™2*x"2 + 1)
~(3/2)*bxe~2/c”3 + 1/3*sqrt(-c”2*x"2 + 1)*b*e~2/c”3

3.2.9 Mupad [F(-1)]

Timed out.

/(d + ex)*(a + barcsin(cz)) dz

asin(cx) (2 c2 a2
. 2bde | —————
be2 \/ C%—xz (c%+x2> 3 asin(c ) az (3d*+3dexte? 22) bd? (\/1—c2 z2+4cx asm(cz)) < 4
= € 9 R + 3 + c + 2

[ (a+basin(cz)) (d+ ex)’ dz

32.  [(d+ex)*(a+ barcsin(cz))dz
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input‘int((a + b*asin(c*x))*(d + e*x)~2,x)

output

piecewise(0 < c, b*e”2x(((1/c”2 - x72)~(1/2)*(2/c”2 + x72))/9 + (x"3*asin(
c*x))/3) + (a*x*(3*%d"2 + e"2*x"2 + 3*d*exx))/3 + (bxd™2*((- c™2*x~2 + 1)~ (
1/2) + cxx*asin(c*x)))/c + (2*bxd*ex((asin(c*x)*(2*%c™2*%x"2 - 1))/4 + (c*x*

(- c”2%x"2 + 1)°(1/2))/4))/c”2, ~0 < c, int((a + b*asin(c*x))*(d + e*x)"2,
x))

3.2.

J(d + ex)?(a + barcsin(cz)) dz
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3.3 [(d+ ex)(a + barcsin(cz)) dz

3.3.1 Optimalresult . . . ... .. .. ... [191]
3.3.2 Mathematica [A] (verified) . . . . . . . ... 19T]
3.3.3 Rubi [A] (verified) . . . . . ... .. 192
3.34 Maple [A] (verified) . . . ... . ... ... 193]
3.3.5  Fricas [A] (verification not implemented) . . . . . ... ... ... ... ... 194
3.3.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... .. 195
3.3.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 195
3.3.8 Giac [A] (verification not implemented) . . . ... ... ... ... ..... 196
3.3.9 Mupad [B] (verification not implemented) . . . . ... ... ... ...... 196

3.3.1 Optimal result

Integrand size = 14, antiderivative size = 98

3bdv/1 — c?x? N b(d + ex)v1 — c?z?
4c 4c
~ b<2d2 + ‘;—2> arcsin(cz) . (d + ex)?(a + barcsin(cz))
de 2e

/(d + ex)(a + barcsin(cz)) dr =

output‘—1/4*b*(2*d‘2+e‘2/c“2)*arcsin(c*x)/e+1/2*(e*x+d)“2*(a+b*arcsin(c*x))/e+3/4
‘*b*d*(—c“2*x‘2+1)“(1/2)/c+1/4*b*(e*x+d)*(-c‘2*x“2+1)“(1/2)/0

3.3.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.94

bdv/1 — c%z? 4 bexv/1 — c2x?
c

4c

/(d + ex)(a + barcsin(cx)) dz = adzx + %CLGCIJ2 +

be arcsin(cz)

1
12 + bdz arcsin(cz) + §b6$2 arcsin(cz)

-/

input LIntegrate [(d + exx)*(a + b*ArcSin[c*x]),x]

output‘a*d*x + (axe*x~2)/2 + (b*d*Sqrt[1 - c™2*%x72])/c + (b*e*x*Sqrt[1 - c™2*x"2]
‘)/(4*0) - (b*exArcSin[c*x])/(4*c~2) + bxd*x*ArcSin[c*x] + (b*exx~2%ArcSin[
\c*x])/z

33.  [(d+ex)(a+ barcsin(cz)) dz
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3.3.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.08,
number of steps used = 5, number of rules used = 5, Lumber of rules _ ( 357 Ry jes used

integrand size
= {5242, 497, 25, 455, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)(a + barcsin(cz)) dz

| 5242
d+ex)?
(d + ex)?(a + barcsin(cz)) B be \(/mdx
2e 2e
| 407
2C2 E-’EC2 32
wol ! —2d-etidene te- %2* do V1= (d+eo)
(d + ex)?(a + barcsin(cz)) 3 % 2

2e 2e

l25

262 ewc2 62
be f%dm . ev/1—c2z2(d+ex)
2} 2
(d + ex)?(a + barcsin(cz)) % -
%2 2e
l 455
. (2¢2d2 +e2) f\/ﬁdz—&iem _ e/1=c%z?(d+ex)
(d + ex)?(a + barcsin(cz)) B 22 >
% 2e
l 223
arcsin(cz c2 2 82
o[ DCIEE) e i oy s
> 2
(d + ex)?(a + barcsin(cz)) * ”
% 2e

e

inputLInt[(d + exx)*(a + bxArcSin[c*x]),x]

~—

e N

((@ + exx)"2x(a + bxArcSin[c*x]))/(2%e) - (bxc*x(-1/2x(ex(d + exx)*Sqrt[1 -
| c"2%x72])/c"2 + (-3*dxexSqrt[1 - c"2xx"2] + ((2%c™2%d"2 + e”2)*ArcSin[c¥x |
1)/¢)/(2%c™2))) / (2%e)

& J

output

33.  [(d+ex)(a+ barcsin(cz)) dz
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3.3.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 223 | Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a]l)]1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 455 Int[((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol]l :> Simp[d*((
a + b*x"2)"(p + 1)/(2%bx(p + 1))), x] + Simp[c Int[(a + b*x~2)"p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !LeQ[p, -1]

rule 497 Int[((c_) + (d_)*(x_))"(@_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
d*(c + d*x)"(n - D*((a + b*xx"2)"(p + 1)/(b*(n + 2xp + 1))), x] + Simp[1/(b
*(n + 2%p + 1)) Int[(c + d*x)"(n - 2)*(a + b*x~2) “p*Simp[b*xc~2*(n + 2*p +
1) - axd™2*(n - 1) + 2*bxcxd*(n + p)*x, x], x], x] /; FreeQ[{a, b, ¢, d, n
» p}, x] && If[RationalQ[n], GtQ[n, 1], SumSimplerQ[n, -2]] && NeQ[n + 2x%p
+ 1, 0] && IntQuadraticQa, O, b, ¢, d, n, p, x]

rule 5242 | Int[((a_.) + ArcSin[(c_.)*(x_)I*(_.))"(n_.)*((d_) + (e_.)*(x_))"(m_.), x_S
ymbol] :> Simp[(d + e*x)"(m + 1)*((a + bxArcSin[c*x])"n/(ex(m + 1))), x] -
Simp [bxc*x(n/(ex(m + 1))) Int[(d + exx)"(m + 1)*((a + b*ArcSin[c*x])"(n -
1)/Sqrt[1 - c™2*x~2]), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]
&& NeQ[m, -1]

3.3.4 Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.88

33.  [(d+ex)(a+ barcsin(cz)) dz
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method result size
_cz/—c2z2+41 | arcsin(cz) ) _ — 3.3
carcsin(cw)az2e . e( 2 + 2 ) 2de/—cZa?+1
b 5 +arcsin(cz)dcz— 5
parts a(3ex? +dz) + - 86
e (_ cav/—c2z241 + arcsin(cz) >
b arcsin(cz)c2zd+ arcsin(cz)cze 2? - 2 2 +dcm
a(dc2m+%czez2) 2 2
derivativedivides < - < 97
5 o e<7 cz\/—02z2+1+arcsin(cz))
b arcsin(ca:)czmd+ arcsin(c;z)c er _ 2 > 2 +d0\/m
a(dczz{—%ch zz) I
default e - < 97

input‘int((e*x+d)*(a+b*arcsin(c*x)),x,method=_RETURNVERBOSE)

output‘a*(1/2*e*x“2+d*x)+b/c*(1/2*c*arcsin(c*x)*x“2*e+arcsin(c*x)*d*c*x—1/2/c*(e*
‘(—1/2*c*x*(-c‘2*x‘2+1)‘(1/2)+1/2*arcsin(c*x))—2*d*c*(-c“2*x‘2+1)‘(1/2)))

3.3.5

Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.78

/(d + ez)(a + barcsin(cx)) dz

_ 2ac*ex? + 4ac’dz + (2bcPex® + 4bc*dx — be) arcsin (cx) + (beex + 4 bed)v/ —c2x? + 1

4 c?

input Lintegrate ((exx+d)*(atb*arcsin(c*x)),x, algorithm="fricas") J

output‘ 1/4% (2%axc™2%e*x"2 + 4xaxc™2xdxx + (2%bkc™2%e*x”2 + 4xbxc”2xd*x — b*e)*arc ‘

Lsin(c*x) + (bxcke*x + 4xbkckd)*sqrt(-c”2*x"2 + 1))/c"2

33.  [(d+ex)(a+ barcsin(cz)) dz
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3.3.6 Sympy [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.01

/(d + ex)(a + barcsin(cz)) dz

2 . bex? asi N/ — o212 N — 252 be asi
adz + %~ + bdz asin (cx) + =5+ (cr) | bd Cootl | bervocriil eailfz(cx) forc#0

a (dx + %) otherwise

p

input‘integrate((e*x+d)*(a+b*asin(c*x)),x)

~—

p

output‘Piecewise((a*d*x + ake*x**2/2 + bxd*x*asin(c*x) + bke*x**2*asin(c*x)/2 + b
\*d*sqrt(—c**Q*x**z + 1)/c + bkexx*sqrt(—c**2*xx*x*2 + 1)/(4*c) - bxe*xasin(cx*
Lx)/(4*c**2), Ne(c, 0)), (a*x(d*x + exx**2/2), True))

~

3.3.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.83

/(d + ex)(a + barcsin(cz)) dz
— 252 ;
_ laexz —i-l (2302 arcsin (cz) +C<\/ c’z® + 1z  arcsin (cx)))be

2 4 c? c3
cx arcsin (czx) + v —c2x2 + 1)bd
+ adz + ( (c2) )
c
inputLintegrate((e*x+d)*(a+b*arcsin(c*x)),x, algorithm="maxima") J

output‘ 1/2xa*exx”2 + 1/4%(2#x"2*arcsin(c*x) + c*x(sqrt(-c™2*x"2 + 1)#*x/c”2 - arcsi ‘
‘n(c*x)/c"3))*b*e + axd*x + (c*x*arcsin(c*x) + sqrt(-c™2*x"2 + 1))*bx*d/c ‘

33.  [(d+ex)(a+ barcsin(cz)) dz
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3.3.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.00

N —c2x2 11
/(d + ex)(a + barcsin(cz)) dx = bdz arcsin (cx) + adzx + ¢ Z:_ bez
N (c2z? — 1)bearcsin (cx) N vV —c2z? + 1bd
2¢? c
(c2z? — 1)ae = bearcsin (cz)
2¢? 4c?

p
input Lintegrate ((e*x+d) * (a+b*arcsin(c*x)) ,x, algorithm="giac")

-/

Output‘b*d*x*arcsin(c*x) + axd*x + 1/4*sqrt(-c”2*x"2 + 1)*b*e*x/c + 1/2%(c™2*x"2
‘— 1) #*bxexarcsin(c*x) /c”2 + sqrt(-c™2*x72 + 1)*bxd/c + 1/2%(c™2*x"2 - 1)*a*
e/c”2 + 1/4xbxexarcsin(c*x)/c~2

N\

3.3.9 Mupad [B] (verification not implemented)

Time = 0.42 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.79

be asin(cz) (2c22%-1) + crvi—cz?
/(d+ez)(a+barcsin(cx)) dx = ax(2c;—|—ex) + < - 2 : )
N bd (V1 —c?2? + czasin(cz))
c

input Lint((a + brasin(c*x))*(d + e*x),x)

-/

output‘(a*x*(Q*d + e*xx))/2 + (bxex((asin(c*x)*(2%c™2%x"2 - 1))/4 + (c*xx*(1 - c~2%
x"2)7(1/2))/4))/c”2 + (bxd*((1 - c™2%xx~2)~(1/2) + c*x*asin(c*x)))/c

N

33.  [(d+ex)(a+ barcsin(cz)) dz
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3.4

3.4.1
3.4.2
3.4.3
3.4.4
3.4.5
3.4.6
3.4.7
3.4.8
3.4.9

3.4.1

[(a+ barcsin(cz)) dz

Optimal result . . . . . . . . . .. .
Mathematica [A] (verified) . . . . . . . . . .. ...
Rubi [A] (verified) . . . . . . . . . ..

Maple [A] (verified) . . . . . . . . . .

Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)

Giac [A] (verification not implemented)

Mupad [B] (verification not implemented)

Optimal result

Integrand size = 8, antiderivative size = 30

/(a + barcsin(cx)) dz = azx +

bv'1 — c2x2

Cc

+ bz arcsin(cx)

193]
198
1199
199
199
2001
1200

~

output La*x+b*x*arcsin(c*x) +b* (-c™2*x72+1)~(1/2) /c

3.4.2

Time = 0.01 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00

bv'1 — c2z2
c

Mathematica [A] (verified)

/(a + barcsin(cx)) dz = azx +

+ bz arcsin(cx)

e

input tIntegrate [a + b*ArcSin[c*x],x]

A J

-

output La*x + (b*Sqrt[1 - c™2*x72])/c + b*x*ArcSin[c*x]

3.4.

[(a + barcsin(cz)) dz
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3.4.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ (, 195 Ry jeg ysed = {2009}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a + barcsin(cz)) dz

l 2009
bv1 — 222

ax + bz arcsin(cz) + .

input

Int[a + b*ArcSin[c*x],x]

N\

output La*x + (b*Sqrt[1 - c™2*%x~2])/c + bxx*ArcSin[c*x]

3.4.3.1 Defintions of rubi rules used

e

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

—

3.4.4 Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00

method result size
default ax + b(cw arcsjn(cwiJr\/m) 30
parts ar + b(cz arCSin(ml+m> 30
derivativedivides | St (Ereen tVEET) | o)

input Lint (a+b*arcsin(c*x) ,x,method=_RETURNVERBOSE)

output ta*x+b/c* (c*x*arcsin(c*x)+(-c~2%x~2+1)~(1/2))

34.  [(a+barcsin(cz))dz
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3.4.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.03

bex arcsin (cx) + acx + vV —c?zx? + 1b

Cc

/(a + barcsin(cx)) dz =

input‘integrate(a+b*arcsin(c*x),x, algorithm="fricas")

p
outputL(b*c*x*arcsin(c*x) + axcxx + sqrt(-c”2*x"2 + 1)*b)/c

| —

3.4.6 Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.87

zasin (cz) + Y=+ forc #0

/(a + barcsin(cx))dr = ax + b
0 otherwise

input tintegrate (atb*asin(c*x),x)

.
output‘a*x + b*Piecewise((x*asin(c*x) + sqrt(-c**2*xx*x2 + 1)/c, Ne(c, 0)), (0, Tr

‘ue))

3.4.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.97

(cz arcsin (cz) + vV—c222 + 1)b

C

/(a + barcsin(cz)) dz = ax +

input Lintegrate (atb*arcsin(c*x) ,x, algorithm="maxima")

~—

output La*x + (c*x*arcsin(c*x) + sqrt(-c™2*x"2 + 1))*b/c

34.  [(a+barcsin(cz))dz
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3.4.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.97

(czarcsin (cz) + v—c22? + 1)b

Cc

/(a + barcsin(cz)) dz = ax +

inputLintegrate(a+b*arcsin(c*x),x, algorithm="giac")

outputta*x + (c*x*arcsin(c*x) + sqrt(-c™2*x"2 + 1))*b/c

3.4.9 Mupad [B] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.93

V1—2z2
/(a + barcsin(cx)) dzr = ax + bl# + bzrasin(cz)

inputtint(a + b*asin(c*x),x)

outputta*x + (bx(1 - c~2%x~2)~(1/2))/c + b¥x*asin(c*x)

34.  [(a+barcsin(cz))dz



output
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35 f a+b zcilrcsin(cx) dr
+ex

3.5.1 Optimalresult . .. ... .. .. . .. .. e 20T
3.5.2 Mathematica [A] (verified) . . . . . .. ... ... Lo 202
3.5.3 Rubi [A] (verified) . . .. ... .. . ...
3.5.4 Maple [B] (verified) . ... ... ... .. ... 204
355 Fricas [F] . . . . . . o 205
3.5.6 Sympy [F] . . . . . 205]
3.5.7 Maxima [F] . . . . . ..
3.5.8 Giac [F] . . . . . 2061
3.59 Mupad [F(-1)] . . . . oo

3.5.1 Optimal result

Integrand size = 16, antiderivative size = 229

jeet arcsin(cz)

/ a + barcsin(cr) i(a + barcsin(cz))? (a + barcsin(cz)) log <1 - cd—\/c2d2—ez>
dr = — +
d+ex 2be e
. jeet arcsin(cz)
. (a + barcsin(czx)) log (1 - m)
€
. jeet arcsin(cz) . jeet arcsin(cz)
b POlyLOg (2, m) ib POlyLOg <2, m)
e e

-1/2%I*x (a+b*arcsin(c*x)) ~2/b/e+(at+b*arcsin(c*x) ) *1n(1-I*xe* (I*c*x+(-c~2*x"2

+1)7(1/2))/ (c*d-(c"2*%d"2-e72) " (1/2)) ) /e+(atb*arcsin(c*x) ) *1n (1-I*e*x (I*cxx+
(—c™2xx72+1)~(1/2)) / (cxd+(c™2*d"2-e~2) ~(1/2) ) ) /e-I*bxpolylog (2, I*e* (I*xckxx+
(—c™2%x72+1)7(1/2)) / (c*d-(c~2*d"2-e72) ~(1/2))) /e-I*b*polylog(2, I*e* (I*c*x+
(—c™2%x72+1)7(1/2)) / (c*d+(c™2*d"2-e"2)~(1/2))) /e

a+barcsin(cz
3.5. f d—i—T() d.’L'
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3.5.2 Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 214, normalized size of antiderivative = 0.93

/ a + barcsin(cz) dp —
d+er
i((a + barcsin(cz)) <a + barcsin(cx) + 2iblog (1 + %) + 2iblog <1 - Z;f\;%

B 2be

~—

input LIntegrate[(a + bkArcSin[c*x])/(d + e*x),x]

output | ((-1/2*I)*((a + bxArcSin[c*x])*(a + b*ArcSin[c*x] + (2*I)*bxLog[l + (I*e*E
~(I*ArcSin[c*x]))/(-(c*d) + Sqrtlc™2*d™2 - e72])] + (2+I)*b*Logll - (Ixe*E
~(I*ArcSin[c*x]))/(cxd + Sqrtlc™2*d”™2 - e72])]) + 2%b~2+PolyLogl[2, ((-I)*e
*E~ (IxArcSin[c*x]))/(-(cxd) + Sqrtl[c™2+#d"2 - e72])] + 2*b~2+PolyLog[2, (I*
exE~ (IxArcSin[c*x]))/(c*d + Sqrtl[c™2+%d"2 - e72])]1))/(b*e)

3.5.3 Rubi [A] (verified)
Time = 0.65 (sec) , antiderivative size = 229, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5, Lumber of rules _ ( 379 Rylegs used

integrand size
= {5240, 5030, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barcsin(cz)

d+ex v
l 5240
/ V1 = c2z2(a + barcsin(cz)) d arcsin(cz)
cd + cex
l 5030

i arcsin(cz) : i arcsin(cr) :
/ e (a + barcsin(cz)) darcsin(cz) + / e (a + barcsin(cz)) darcsin(cz) —

cd — ieet arcsin(cz) _ 4 /c2d2 — e2 cd — ieet arcsin(cz) + 4 /c2d2 — e2
i(a + barcsin(cz))?
2be

l 2620

a+barcsin(cz
3.5. f d—i—T() d.’L'
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; ot arcsin(cx) . ; ot arcsin(cz)
_bflog (1 — e ) darcsin(cz) - b [log (1 —

m ) d arcsin (ca:)

+

€
jeet arcsin(cz) jeet arcsin(cz) )

e
(a + barcsin(cx)) log (1 - m) N (a + barcsin(cx)) log (1 — S —red

€ e
i(a + barcsin(cz))?
2be
| 2715
ib f e—iarcsin(cz) |, (]_ _ M) detarcsin(cz)
g cd—/ PP 2 .

e
. ) . i oot arcsin(cx) . . . i arcsin(cz)
lbf e—iarcsin(cz) log (1 - %) de’ arcsin(cz) N (a + barcsin(cz)) log (1 - ;;:/ﬁ) .\
€ e

jeet arcsin(cz)

(a + barcsin(cz)) log (1 - 7\/m+cd) ~ i(a + barcsin(cz))?
e 2be

l 2838

3 arcsin(cz) i arcsin(cz) )

(a + barcsin(cz)) log (1 — ci;:/ﬁ) N (a + barcsin(cz)) log (1 — %

e e
. ; ot arcsin(cz) . ; ot arcsin(cz)
i(a + barcsin(cz))? ~ ibPolyLog (2, 7£fm) ~ ibPolyLog (2, 7ijm>
2be e e

input | Int[(a + b*ArcSin[c*x])/(d + e*x),x]

output | ((-1/2*I)*(a + b*ArcSin[c*x])~2)/(bxe) + ((a + bxArcSin[c*x])*Log[l - (I*e
*E~ (I*ArcSin[c*x]))/(c*d - Sqrt[c™2+#d"2 - e72])]1)/e + ((a + bxArcSin[c*x])
*Log[1 - (Ixe*E~(I*ArcSin[c*x]))/(c*d + Sqrt[c™2+%d"2 - e~2])]1)/e - (I*b*Po
lyLog[2, (IxexE~(I*ArcSin[c*x]))/(c*d - Sqrtl[c™2*d"2 - e72]1)])/e - (I*b*Po
lyLog[2, (I*e*E~(I*ArcSin[c*x]))/(c*d + Sqrtl[c™2xd"2 - e~2])]1)/e

3.5.3.1 Defintions of rubi rules used

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x) " (m - 1)*Logl[l + b*x((F (gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

a+barcsin(cz
3.5. f d—i—T() d.’L'



rule 2715

rule 2838

rule 5030

rule 5240
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Int[Logl[(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[(Cos[(c_.) + (d_.)*(x_)I*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (@_.)*(x_)]), x_Symbol] :> Simp[(-I)*((e + f*x)"(m + 1)/(b*f*(m + 1
))), x]1 + (Int[(e + f*x)"m*x(E~(I*x(c + d*x))/(a - Rt[a"2 - b~2, 2] - I*b*xE~(
Ix(c + d*x)))), x] + Int[(e + f*x) m*(E~(I*(c + d*x))/(a + Rt[a"2 - b™2, 2]
- I*b*xE~(I*(c + d*x)))), x]) /; FreeQ[{a, b, c, 4, e, £}, x] && IGtQ[m, O]
&& PosQ[a~2 - b~2]

Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Subst[Int[(a + b*x) n*(Cos[x]/(c*xd + e*Sin[x])), x], x, ArcSin[c*x]] /;
FreeQ[{a, b, c, d, e}, x] & IGtQ[n, 0]

3.5.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 757 vs. 2(244) = 488.

Time = 1.00 (sec) , antiderivative size = 758, normalized size of antiderivative = 3.31

method result
3 idc+(icz+\/—c2zz+l)e— —62d2+€2 2 .
c? arcsin(cz) In - =55 d ecarcsin(cz) In
b _iarcsin(cm)20+ ide—V —cd“+e
%e e (Cz d2 _62)
aln(ex+d)
parts . +
. idc+ (icm+ —c2z2+1) e—\/—c2d2+52 o idc+(icz+\/ —c2z2+1)e+\/:
te dilog ie dilog
acin(ceatde) ; arcsin(cz)? + ide—/—c2d2 +e2 N idet+V/—c2d2+e2
cl| —
e 2e c2d2 _¢2
derivativedivides
idc+ (icz+ 7c212+1) e— 7c2d2+52 ) idc+(icz+\/ 7c212+1)e+\/i
2 ie dilog ” T21e? ie dilog dot )
acln(cez+dc) i arcsin(cz) Lac—V —¢ -
- +bc| — %6 + 2a2_e2 +
default

a+barcsin(cz
3.5. f T() d.’L'
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input‘

int ((atb*arcsin(c*x))/(e*x+d) ,x,method=_RETURNVERBOSE)

output

a*1ln(e*x+d)/e+b/ck(-1/2*I*arcsin(c*x) “2*c/e+1/exc”3*arcsin(c*x) /(c~2*d"2-e
~2)*1n ((Ikd*c+(IT*kckx+(-c™2%x"2+1) ~(1/2) ) *e-(-c~2*d"2+e~2) ~(1/2) ) / (I*d*c-(-
c™2xd"2+e"2) " (1/2))) *d"2-e*c*arcsin(c*x) / (c"2*d"2-e"2) *1n ( (I*d*c+ (I*cxx+ (-
cT2%x"2+1) " (1/2) ) *e+(-c”2*%d"2+e"2) " (1/2) )/ (I*d*c+(-c~2*d"2+e~2) ~(1/2) ) ) -ex*
cxarcsin(c*x)/(c"2*d"2-e72) *1n ((I*d*c+(I*ckx+(-c™2*%x"2+1) " (1/2) ) *e-(-c~2*d
~2+e72)7(1/2))/ (I*xd*c-(-c™2*%d"2+e"2) ~(1/2)))+1/e*xc " 3*arcsin(c*x) /(c~2*d"2-
e”2) *1n ((I*d*c+(I*cxx+(-c™2*xx"2+1) " (1/2)) *e+(-c~2xd"2+e~2) " (1/2)) / (I*d*c+(
-c"2%d"2+e"2) " (1/2)))*d"2-I/e*xc”3/(c"2*%d"2-e"2) *dilog ((I*d*c+(I*ckx+(-c 2%
X"2+1)7(1/2) ) *e-(-c"2*d"2+e72) " (1/2) ) / (I*d*c-(-c"2*%d"2+e"2) " (1/2)) ) *d~2-1/
e*xc”3/(c"2+xd"2-e"2) *dilog ((I*d*c+(I*ckx+(-c~2+x"2+1) ~(1/2) ) *e+(-c~2*d"2+e"
2)7(1/2))/ (I*d*c+(-c~2*d"2+e"2) ~(1/2) ) ) *d"2+Ixexc/(c"2*d"2-e~2) *dilog ((I*d
*c+(I*ckx+(—c™2xx"2+1) " (1/2) ) *e-(-c~2+%d"2+e"2) ~(1/2) ) / (I*d*c-(-c~2xd"2+e"2
)~(1/2)))+I*xexc/(c"2*%d"2-e"2) *dilog ((I*d*c+(I*ckx+(-c™2%x"2+1) " (1/2)) *e+ (-
c~2xd"2+e”2) " (1/2)) / (I*d*c+(-c~2*xd"2+e"2)~(1/2))))

3.5.5 Fricas [F]

/ a + barcsin(cz) dp — / barcsin (cx) + a i
d+ex er+d

inputt

integrate((atb*arcsin(c*x))/(exx+d) ,x, algorithm="fricas")

e

outputL

integral ((b*arcsin(c*x) + a)/(exx + d), x)

~—  /

3.5.6 Sympy [F]

/ a + barcsin(cz) dp — / a + basin (cx) d
d+ex d+ex

inputt

integrate ((at+b*asin(c*x))/ (exx+d),x)

e

outputL

Integral((a + b*asin(c*x))/(d + e*x), x)

~—

a+barcsin(cz
3.5. f d—i—T() d.’L'
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3.5.7 Maxima [F]

/ a + barcsin(cx) dp — / barcsin (cz) + a s
d+ex er+d

inputLintegrate((a+b*arcsin(c*x))/(e*x+d),x, algorithm="maxima")

output‘b*integrate(arctan2(c*x, sqrt(cxx + 1)*sqrt(-c*x + 1))/(e*x + d), x) + axl
‘og(e*x + d)/e

3.5.8 Giac [F]

/ a + barcsin(cz) / barcsin (cz) + a i

d+ex T er+d

inputLintegrate((a+b*arcsin(c*x))/(e*x+d),x, algorithm="giac")

outputLintegrate((b*arcsin(c*x) + a)/(exx + d), x)

3.5.9 Mupad [F(-1)]

Timed out.

/a—l—barcsm(cm) dx:/a—l—basm(cx) s
d+ex d+ezx

input Lint((a + bxasin(c*x))/(d + e*x),x)

outputtint((a + b*asin(c*x))/(d + e*x), x)

a+barcsin(cz
3.5. f T() d.’L'
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3.6 f a+barcsin(cz) dr

(d+ex)?
3.6.1 Optimalresult . .. .. ... .. ... .. .. 207
3.6.2 Mathematica [A] (verified) . . . . . .. . ... . L 207
3.6.3 Rubi [A] (verified) . . .. ... ... ... 208}
3.6.4 Maple [B] (verified) . ... ... ... .. ... .. 209
3.6.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 2101
3.6.6 Sympy [F] . . . . . 210
3.6.7 Maxima [F(-2)] . . . . . . 211
3.6.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 2111
3.6.9 Mupad [F(-1)] . . . . ..
3.6.1 Optimal result
Integrand size = 16, antiderivative size = 85
e+c?dz
/ a + barcsin(cr) o 0T barcsin(cz) N bearctan <\/c2d2—t2\/1—c2x2>
(d+ ex)? - e(d + ex) eve2d? — e?
output‘(—a—b*arcsin(c*x))/e/(e*X+d)+b*c*arctan((c‘2*d*x+e)/(c“2*d“2—e‘2)‘(1/2)/(-
(c24x"2+1)7(1/2))/e/ (c"2%d"2-e72) " (1/2) |
3.6.2 Mathematica [A] (verified)
Time = 0.10 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.98
b t _ etc?ds
. a+barcsin(cz) care an( mm)
/ a + barcsin(cz) IR T—— Nr
dz =
(d+ ex)? e
inputLIntegrate[(a + bxArcSin[c*x])/(d + e*xx)~2,x] J

e

output

(-((a + b*ArcSin[c*x])/(d + e*x)) + (b*cxArcTan[(e + c~2*d*x)/(Sqrt[c~2*d"~
‘ 2 - e"2]*Sqrt[1 - c™2*x"2])]1)/Sqrt[c”2*%d"2 - e"2])/e ‘

36. [ —“*’(’;fj:;é“) dz



input

output

rule 217

rule 488

CHAPTER 3. LISTING OF INTEGRALS 208

3.6.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 198 Ryjles used = {5242,
integrand size
488, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barcsin(cz) i

(d + ex)?
| 5242
1
be [ m‘m _ a+ barcsin(cz)
e e(d + ex)
l 488
1 dzc?+e
bc f (dzc2+e)2 (j\/]-_CQw2 .
B —ed e _ a+barcsin(cz)
e e(d + ex)
l 217
cdzte
bcarctan < a2 \/Czdz_e2> _a+ barcsin(cz)
O — & e(d+ ex)

'Int[(a + bxArcSin[c*x]1)/(d + exx)"2,x]

‘-((a + bxArcSin[c*x])/(ex(d + e*x))) + (b*c*ArcTan[(e + c~2*d*x)/(Sqrt[c™2
‘*d"2 - e72]*Sqrt[1 - c™2*x72])])/(e*Sqrt[c”2*d"2 - e~2])

3.6.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
& (LtQ[a, 0] || LtQ[b, 01)

Int[1/(((c_) + (d_.)*(x_))*Sqrt[(a_) + (b_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(b*c™2 + a*d™2 - x~2), x], x, (a*d - bxc*x)/Sqrt[a + b*x~2]] /; FreeQ
[{a, b, ¢, d}, x]

36. [ —“*’(’;fj:;é“) dz
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rule 5242 | Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*((d_) + (e_.)*(x_))"(m_.), x_S

ymbol] :> Simp[(d + e*x)~(m + 1)*((a + bxArcSin[c*x])"n/(ex(m + 1))), x] -
Simp [bxc*x(n/(ex(m + 1))) Int[(d + exx)"(m + 1)*((a + b*ArcSin[c*x])~(n -
1)/8Sqrtl1 - c™2*x72]), x], x] /; FreeQ[{a, b, c, d, e, m}, x] & IGtQ[n, O]
&& NeQ[m, -1]

3.6.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 186 vs. 2(81) = 162.

Time = 1.01 (sec) , antiderivative size = 187, normalized size of antiderivative = 2.20

method result
2(52d2_e2) 2dc(cz+%) [ 2a2_e2 \/ de)\ 2 2dc(c:c+%) 242 ¢
AP [P R —— " Sl ) e
ca+ €
__ a __ bcarcsin(cz)
parts (ez+d)e (cex+dc)e 62\/_c2d2_e2
e
2(c2d2752) 2dc(cz+%) 2.2_.2 \/ 2 2dc(cz+@) 2.2 9
— + 42 _c4d“—e _ de e ) c2d?2—e
n o2 e \/ &2 (CJH' e ) + e 2
cw+%
2 2 arcsin(cz)
_(ce;idc)e—‘rbc " (cex+dc)e 2\/ 242 _¢2
2y =r
derivativedivides -
2(2d?—e?)  2de(cot de 2de(ca+ 48
(e i ) 2ol 5)+2W\/_(m+%)2+ (e e)_czd:,z—ﬁ
In cz+%
ac? 2 arcsin(cz)
"~ (cez+dc)e +be “ (cex+dc)e 2\/_ 242 _¢2
€ &2
default -
inputLint((a+b*arcsin(c*x))/(e*x+d)‘2,x,method=_RETURNVERBOSE) J

output‘—a/(e*x+d)/e—b*c/(c*e*x+c*d)/e*arcsin(c*x)—b*c/e*2/(—(c“2*d‘2—e‘2)/e‘2)‘(1
\/2)*1n((—2*(c‘2*d‘2—e‘2)/e‘2+2*d*c/e*(c*x+d*c/e)+2*(—(c‘2*d‘2—e‘2)/e‘2)‘(1
‘/2)*(—(c*x+d*c/e)“2+2*d*c/e*(c*x+d*c/e)—(c‘2*d“2—e‘2)/e‘2)”(1/2))/(c*x+d*c
/&) |

36. [ —“*’(’;fj:;é“) dz
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3.6.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 172 vs. 2(79) = 158.

Time = 0.28 (sec) , antiderivative size = 371, normalized size of antiderivative = 4.36

/ a + barcsin(cz)
(d+ ex)?
208 — 206 + /=& + A(beex + bed) log (2SI EEEAN) B AT Ao be) o2
e 2 (c*d%e — de? + (c?d?e? — e*)x)
ac’d?® — ae* — v/c2d? — e2(bcex + bed) arctan ( Ci‘ji;jjfj‘;’fj;;)ﬁjj +1> + (bc?d? — be?) arcsin (cx)

ctd3e — de® + (c?d?e? — et)x

inputLintegrate((a+b*arcsin(c*x))/(e*x+d)‘2,x, algorithm="fricas") J

output | [-1/2*%(2*%a*c”2*%d"2 - 2xa*e”2 + sqrt(-c”2xd"2 + e~2)*(b*cxe*x + bxcxd)*log(
(2xc™2xd*exx - c72%d"2 + (2%c™4*d"2 - c"2*%e”"2)*x"2 - 2*sqrt(-c"2*%d”2 + e72
)*x(c™2xd*x + e)*sqrt(-c”2*x"2 + 1) + 2xe”2)/(e”2*x"2 + 2xdxexx + d~2)) + 2
*(bkc~2*d"2 - b¥e~2)*arcsin(c*x))/(c"2%d"3%e - d¥e”3 + (c"2*%d"2*e"2 - e74)
*x), —(axc”2xd"2 - axe”2 - sqrt(c”2*d"2 - e~2)*(b*c*exx + bxcxd)*arctan(sq
rt(c™2%d"2 - e”2)*(c"2xd*x + e)*sqrt(-c"2*x"2 + 1)/(c”2+%d"2 - (c"4*d"2 - c
“2%e"2)*x"2 - e72)) + (b*c"2#d"2 - bxe"2)*arcsin(c#*x))/(c"2*xd"3*%e - dxe”3

+ (c72%d"2%e"2 - e74)*x)]

3.6.6 Sympy [F]

/ a + barcsin(cz) / a + basin (cx)
5 = | —————dz
(d+ c) (d+ ea)

input

integrate((at+b*asin(c*x) )/ (exx+d)**2,x)

N

output‘ Integral((a + b*asin(c*x))/(d + e*x)**2, x) J

36. [ —“*’(’;fj:;é“) dz
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3.6.7 Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/ a + barcsin(cz)
(d + ex)?

inputLintegrate((a+b*arcsin(c*x))/(e*x+d)‘2,x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume((e-c*d)*(e+c*d)>0)', see " assume
‘?‘ for mor

3.6.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 200 vs. 2(79) = 158.

Time = 0.31 (sec) , antiderivative size = 200, normalized size of antiderivative = 2.35

/ a + barcsin(cz) i
(d+ ex)?

ex+d)2 c—icd 2
cde(d——ﬁ( ) (e exta) +1-1
—e (ex+d) c—-<d Ve
22 arct (eotd) (- 5¢q) cdf‘ggglfjgtﬁf+“
c? arctan NEF i ' e
c? arcsin | — -
be? +
Vc2d2—e2ed ((e:c—i—d) <c— e;id ) +cd) e3
C
a
(ex +d)e

inputLintegrate((a+b*arcsin(c*x))/(e*x+d)“2,x, algorithm="giac")

36. [ —“*’(’;fj:;é“) dz
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output | -bxe~2*(2*c"2*arctan((c*dxex (sqrt(-(exx + d)"2*(c - c*d/(e*x + d))"2/e"2 +
1) - 1)/((e*x + d)*(c - cxd/(exx + d))) - e)/sqrt(c™2+%d"2 - e72))/(sqrt(c
~2%d"2 - e"2)*e"3) + c”2*arcsin(-cx(d - ((e*x + d)*(c - c*d/(exx + d))*e/c
+ dxe)/e)/e)/(((exx + d)*(c - c*xd/(exx + d)) + c*d)*e"3))/c - a/((e*xx + d
) *e)

3.6.9 Mupad [F(-1)]

Timed out.

/ a + barcsin(cz) / a + basin(cx)
> = [ LY
(d+ c) (d ea)

inputtint((a + bkasin(c*x))/(d + e*x)~2,x)

outputtint((a + bxasin(c*x))/(d + e*x)~2, x)

a+barcsin(cz
3.6. f WFT);S) d.’L'
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3.7 f a+barcsin(cz) dr

(d+ex)?
3.71 Optimalresult . . . ... ... . .. .. 213
3.7.2 Mathematica [C] (verified) . . . . . . . . ... L L oo 213
3.7.3 Rubi [A] (verified) . . . . . . ... 214
3.74 Maple [B] (verified) . ... ... . ... .. 215
3.7.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... . ... 216
3.7.6  Sympy [F] . . . . . 217
3.7.7 Maxima [F(-2)] . . . ... 218
3.7.8 Giac [F] . . . e 218
3.79 Mupad [F(-1)] . . . o o 218

3.7.1 Optimal result

Integrand size = 16, antiderivative size = 135

(d + ex)? T3 (d? —€2) (d+ex)  2e(d+ ex)?

3 e+c2dz
bc’d arctan ( Nzr \/1_sz2)

2 (c2d? — e2)%/?

/ a + barcsin(cz) bev'1 — 2x? a + barcsin(cz)

+

e

1/2*(-a-b*arcsin(c*x))/e/ (exx+d) ~2+1/2*b*c~3*d*arctan((c~2*d*x+e) /(c~2*xd"2
‘ -e"2)"(1/2)/ (~c”2*xx"2+1)~(1/2)) /e/ (c"2*xd"2-e"2) " (3/2) +1/2*b*c* (-c~2*x"2+1)
7(1/2)/(cm2%d™2-e72) / (e¥x+d) )

output

3.7.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.29 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.53

/ a + barcsin(cz) i 1l a N bev'l —c?z>  barcsin(cz)
(d + ex)? 2| e(d+ex)r  (c2d?—e€?)(d+ex) e(d+ex)?

. e2v/c2d?2—e? (iet+ictdz++v/c2d?—e2+/1—c2x2
ZbC3d (log(4) + log ( ( be3d(d+ex) ) ) >

(cd — e)e(cd + e)v/c?d? — e?

3.7. j“ﬂi%;§§§§32dx
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input‘ Integrate[(a + b*ArcSin[c*x])/(d + e*x)~3,x] ‘

output‘f(-(a/(e*(d + exx)"2)) + (b*ckSqrt[l - c™2*x72])/((c"2%d"2 - e~2)*(d + e*x)

‘) - (bxArcSin[c*x])/(ex(d + exx)~2) - (Ixb*c~3*d*(Logl[4] + Logl[(e~2*Sqrtl(c
“2*d“2 - e72]*(Ixe + I*c~2xd*x + Sqrt[c™2xd"2 - e"2]*Sqrt[1 - c™2*x~2]))/(
Lb*c“S*d*(d + exx))]))/((cxd - e)*ex(c*d + e)*Sqrt[c™2+%d"2 - e72]))/2

|

3.7.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 134, normalized size of antiderivative = 0.99,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 954 Ryles used

integrand size
= {5242, 491, 488, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barcsin(cz)
x
(d+ ex)?
| 5242
1
be | Grapvicamd® o+ barcsin(ca)
2e 2e(d + ex)?
| 49
be czdf (d+ew)v11—02w2 dz + evV1—c2z2
cAdi—e? (c?d?—e?)(d+ex) a + barcsin(cz)
2e ~ 2e(d+ ex)?
| 488
C2df 1 d dzc2+e
(d102+e)2 1—c2g2
b ev/1—cZa? I
¢ (2d2—e?)(d+ex) c2d?—e?

_a+ barcsin(cz)

5% 2e(d + ex)?
l 217
C2 TT€
o c%jg,rctaﬂ(ﬁ) n ev1—c2z2
(2d2—e2)’/? (Pd?—e?)(d+ex)
a + barcsin(cz)
5 2e(d + ex)?

37. [ —“*’(’ ;fjj;g“) dz
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input‘Int[(a + bxArcSin[c*x])/(d + exx)~3,x]

output(—1/2*(a + b*ArcSin[c*x])/(ex(d + e*x)"2) + (bxc*((exSqrt[1 - c™2*x~2])/((c
‘“2*d“2 - e"2)*(d + e*xx)) + (c"2*d*ArcTan[(e + c™2*xd+*x)/(Sqrt[c”2*d"2 - e~2
‘]*Sqrt[l - ¢c™2xx"2])]1)/(c”2*%d"2 - e72)~(3/2)))/(2*xe)

3.7.3.1 Defintions of rubi rules used

rule 217 Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQl[a, 0] || LtQ[b, 0I)

rule 488 | Int[1/(((c_) + (d_.)*(x_))*Sqrt[(a_) + (b_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(b*c™2 + axd™2 - x72), x], x, (a*d - bxc*x)/Sqrtl[a + bxx~2]] /; FreeQ
({a, b, c, d}, x]

rule 491 Int[((c_) + (d_.)*(x_)) " (n_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simpl[
dx(c + d*x)"(n + D*((a + b*xx"2)"(p + 1)/((n + 1)*(b*c™2 + a*d"2))), x] + S
imp [b*(c/(b*c™2 + axd~2)) Int[(c + d*x)"(n + 1)*(a + b*x"2)7p, x], x] /;
FreeQ[{a, b, c, d, n, p}, x] & EqQ[n + 2xp + 3, 0]

rule 5242 | Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.))"(n_.)*((d_) + (e_.)*(x_))"(m_.), x_S
ymbol] :> Simp[(d + e*x)~(m + 1)*((a + bxArcSin[c*x])"n/(ex(m + 1))), x] -
Simp[b*c*(n/(ex(m + 1))) Int[(d + e*x) " (m + 1)*((a + b*ArcSin[c*x])~(n -
1)/Sqrt[1 - c~2%x72]), x], x] /; FreeQ[{a, b, c, 4, e, m}, x] & IGtQ[n, O]
&& NeQ[m, -1]

3.7.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 294 vs. 2(124) = 248.

Time = 0.33 (sec) , antiderivative size = 295, normalized size of antiderivative = 2.19

37. [ —“*’(’ ;;Cj;gcm) dz
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method result

2 2dc(cz+—dc) 22 .2
2 dc e c4d“—e
be \/_(Cz_;,_e) + — 3

e

bc3dln

2 (02 dz—ez) 2dc(c:t+g(

€

2 + e

a b c? arcsin(cx)
- 2 7~ +
2(ex+d)“e 2(cex+dc)e

parts 2e(c2d?—e2) (cx+%>

2

~ 2(32d22—52) +2dc(cz+%) +2\/
dcel €
2 de\2 2dc(cw+%) 242 _¢2 cem
e —(Cx"‘?) + € Y
242 _ 2 4 dc
_ acd +bCS _ arcsin(cz) (C ¢ )(CGI e) (02d2_
2(cez+dc)ze 2(cez+dc)2e 2¢3
derivativedivides
2(c2d?—e?) 2dc(ca+de
deel 7(C e28) C(c: e)+2\/
2 de\2, 2dc(co+ ) 242 2 -
e —(cz+?) e 62 _
242_¢2) (cx 42
—¢+b03 __arcsin(cz) (C € )(cz e) (c2d2—
2(cea:+dc)25 2(cez+dc)26 2¢3
default

inputtint((a+b*arcsin(c*x))/(e*x+d)‘3,x,method=_RETURNVERBOSE)

output

e—

-1/2%a/ (exx+d) "2/e-1/2*b*c"2/ (c*e*x+c*d) “2/e*arcsin(c*x)+1/2%b*c"2/e/ (c™2%
d"2-e72) / (c*x+d*c/e) * (- (ckx+d*c/e) ~2+2xd*xc/e* (ckx+d*xc/e)-(c"2*xd"2-e"2) /e~ 2
)~ (1/2)-1/2%b*c~3/e"2*d/ (c"2*xd"2-e"2) /(- (c"2*d"2-e"2) /e~2) " (1/2) *1n ((-2*(c
~2%d"2-e72) /e~ 2+2*d*c/ex (cxx+d*c/e) +2x (- (c"2xd"2-e72) /e~2) " (1/2) * (- (c*x+d*
c/e) "2+2xd*xc/ex (ckx+d*xc/e)-(c"2+%d"2-e"2) /e”2)~(1/2) )/ (c*x+d*c/e))

3.7.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 322 vs. 2(121) = 242.

37. [ —“*’(’ ;;Cj;gcz) dz
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Time = 0.35 (sec) , antiderivative size = 673, normalized size of antiderivative = 4.99

/ a + barcsin(cz) s
(d+ex)d
2actd* — 4ac’d?e® + 2ae* — (bcde?x? + 2bcPd?ex + bcPd®)/—c2d? + €2 log (202dex_62d2+(2 ddi—del)a

e-

4 (cAdbe — 2 c2d4e® + d?e5 + (c

actd* — 2ac?d?e? + ae* — (bclde?x? + 2bcPd?ex + bcPd®)y/c2d? — €2 arctan ( VL e (Cdate)s _02’”2“)

dZ—(cAd2—c2e?)z2—e2

2 (c*dbe — 2 c?d*e3 + d?ed + (c*d*e3 — 2 c2d%ed +

inputLintegrate((a+b*arcsin(c*x))/(e*x+d)“3,x, algorithm="fricas") J

output | [-1/4*(2*xaxc™4*d"4 - 4*a*c”2*%d"2*xe"2 + 2*xaxe”4 - (b*c”3*d*e”2*x"2 + 2xb*xc”
3kd"2%e*x + b*c~3*d"3)*sqrt(-c”2*d"2 + e72)*log((2*c”2*d*e*x - c"2*%d"2 + (
2%xCc"4%d"2 - cT2%e”2)*x"2 + 2*sqrt(-c"2*d"2 + e”2)*(c"2*d*x + e)*sqrt(-c”2*
X"2 + 1) + 2%e”2)/(e”2%x"2 + 2xd*exx + d72)) + 2x(b*cT4*xd"4 - 2*kb*cT2xd"2*
e”2 + b*e~4)*arcsin(c*x) - 2k (b*c~3*d"3*e — bxckd*e~3 + (b*c~3*d"2%e”2 - b
*xc*xe~4) *xx) *sqrt (-c"2*x"2 + 1))/(c™4*d"6*e - 2%c"2*d"4*e”3 + d"2xe”5 + (c74
*d~4xe~3 - 2xc"2xd"2xe”5 + e"7)*x"2 + 2% (c"4*d"5*e”2 - 2%c”2*d"3*e”4 + d*e
“6)*x), -1/2%(axc™4*d~4 - 2*xaxc”2*d"2*%e"2 + a*e”4 - (b*c " 3kdxe"2*x"2 + 2%b
*C"3*%d"2xexx + bxc~3*%d"3)*sqrt(c”2*xd"2 - e~2)*arctan(sqrt(c”2*d"2 - e~2)*(
cT2xd*x + e)*sqrt(-c”2*xx"2 + 1)/(c”2%d"2 - (c74%d”2 - c"2*%e"2)*x"2 - e72))
+ (b*c™4%d"4 - 2*bxc”2xd"2*e”"2 + b*e"4)*arcsin(c*x) - (b*c”3*d"3*e - b*c*
dxe”3 + (b*c"3*d"2%e”2 - b*cke"4)*x)*sqrt(-c"2*x"2 + 1))/(c"4*d"6%e - 2xc”
2%d"4%e"3 + d"2*e”5 + (c"4*d"4*e”3 - 2*%cT2*%d"2*e”5 + e 7)*x"2 + 2% (c"4xd”5
*e@"2 - 2xc"2%d"3*e"4 + d*e”6)*x)]

3.7.6 Sympy [F]

/ a + barcsin(cz) / a + basin (cx)
3 = | ———3—dz
(d+ ex) (d+ex)

inputLintegrate((a+b*asin(c*x))/(e*x+d)**3,x) J

outputLIntegral((a + brasin(c*x))/(d + exx)**3, x) J

37. [ —“*’(’ ;;Cj;gcm) dz
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3.7.7 Maxima [F(-2)]

Exception generated.

/ a + barcsin(cz)

(d+ ex)? dz = Exception raised: ValueError

inputLintegrate((a+b*arcsin(c*x))/(e*x+d)‘3,x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume((e-c*d)*(e+c*d)>0)', see " assume
‘?‘ for mor

3.7.8 Giac [F]

/ a + barcsin(cz) dp — / barcsin (ca:)3+ a.
(d + e.’I;)?’ (ex 4+ d)

input Lintegrate ((atbxarcsin(c*x))/(exx+d)"3,x, algorithm="giac")

output Lintegrate((b*arcsin(c*x) + a)/(exx + d)73, x)

3.7.9 Mupad [F(-1)]

Timed out.

/ a + barcsin(cz) dp — / a+ basm(csm) s
(d + ex)? (d+ex)

input Lint((a + b*asin(c*x))/(d + e*x)~3,x)

-

outputtint((a + b*asin(c*x))/(d + e*x)"3, x)

e—

37. [ —“*’(’ ;fjj;g’“‘“”) dz
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38 [ g,

3.8.1 Optimalresult . .. ... ... ... ... ..
3.8.2 Mathematica [A] (verified) . . . . . .. ... .. . Lo
3.8.3 Rubi [A] (verified) . ... ... ... ...
3.84 Maple [B] (verified) . ... ... ... .. ...
3.8.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ...
3.86 Sympy [F] . . . . .
3.8.7 Maxima [F] . . ... . . .
3.88 Giac [F] . . . . . e
3.89 Mupad [F(-1)] . .. . o

3.8.1 Optimal result

Integrand size = 16, antiderivative size = 191

/ a + barcsin(cz) 4 bey/1 — c2x? bc3dv/1 — 2x?

(d+ex)* 76 (c2d? — e?) (d + ex)? - 2 (c2d? — €2)? (d + ex)

a + barcsin Vc2dZ—e2,/1—c232

(cz) bc®(2¢*d? + €?) arctan ( etc’ds )

3e(d + ex)? + 6e (c2d? — 62)5/2

output ‘ 1/3*(-a-b*arcsin(c*x))/e/ (exx+d) “3+1/6*bxc~ 3% (2*%c~2*d"2+e"2) *arctan((c~2*d

\ *xx+e) /(c72xd"2-e72) " (1/2) / (-c™2%x72+1) " (1/2)) /e/(c"2*%d"2-e72) " (5/2) +1/6%b*
‘c*(-c‘2*x‘2+1)‘(1/2)/(c‘2*d‘2—e‘2)/(e*x+d)‘2+1/2*b*c‘3*d*(—c‘2*x‘2+1)‘(1/2
)/ (c™2+d"2-672) "2/ (e¥x+d)

3.8.2 Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 241, normalized size of antiderivative = 1.26

/ a + barcsin(cz) - 1 2a b1 — 2x2(—ce? + c3d(4d + 3ex))
(d + ex)* 6\ e(d+ex)s (—c2d? + 62)2 (d + ex)?
_ 2barcsin(cr) bc3(2c%d? + €2) log(d + ex)

+
e(d+ex)®  e(—cd+e)2(cd+e)2V/—Cd? + €2

b3 (2c2d? + €?) log (e + c*dx + vV —Ad? + e2V/1 — c22?) )

e(—cd + e)%(cd + )2/ —c?d? + €2

3.8. j‘ﬂi%;§§§%£2dx
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input‘ Integrate[(a + b*ArcSin[c*x])/(d + e*x)"4,x]

output

((-2*a)/(ex(d + e*x)"3) + (b*Sqrt[l - c™2*x"2]*(-(c*e”2) + c~3*d*(4*d + 3%
exx)))/((-(c™2%d"2) + e72)72%(d + e*x)~2) - (2*b*ArcSin[c*x])/(e*x(d + e*x)
73) + (bxc™3*(2*%c”2*%d"2 + e72)*Logld + e*x])/(ex(-(c*d) + e) 2*(cxd + e)~2
*Sqrt [-(c™2*%d"2) + e72]) - (b*c™3*%(2%c”2%d"2 + e~2)*Logle + c™2*d*x + Sqrt
[-(c™2%d"2) + e~2]*Sqrt[1l - c™2*x"2]])/(ex(-(c*d) + e)~2x(ckd + e)~2*Sqrt[
-(c™2%d™2) + e72]))/6

3.8.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 208, normalized size of antiderivative = 1.09,
number of steps used = 7, number of rules used = 6, number of rules _ 0.375, Rules used

integrand size
= {5242, 498, 25, 679, 488, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barcsin(cx)

(d+ ex)*
| 5242
1
be | (d+ex)3v1—c?z? dz _a+ barcsin(cz)
3e 3e(d + ex)3
l 498
be 262\/ 1—202932 ;- ¢ f_(d+;x2)§_\/61:—c2x2 dz
2(c2d?—e?)(d+ex) 2(c2d?—e?) L a + barcsin(c:c)
3e 3e(d + ex)3
l 25
sz 2d—ex dx
bc (1“—6020)22\/1_;72:”2 + 572 62\/15072902 p)
2Aetd®=e?) 2etd?—e")(dtes) _a+barcsin(cz)
3e 3e(d + ex)3
| 679

38. [ —a+’g ;f;;ggm) dz
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2,2 2 1
2 (2c2d2+4e?) | (ren)/isEa2 dm+ e
c2d2 _¢2 (c2d2—e2)(d+ez) ———t
be 232 — 2 + sz 1_20%2 2
2(c?d?—e?) 2(c?d?—e?)(d+ex)
a + barcsin(cz)
3e 3e(d +ex)3
| 488
2
ey i
2 3deV1—c2z2 —d el g
(c2d2—52)(d+em) c2d2 _e2
be + eV1—c2z2
2(c2d?—e?) 2(c2d2?—e?)(d+ex)?
a + barcsin(cz)
3e(d + ex)?
| 217
2,2 2 Adate
02 (20 de )arctan(v 1—0212\/c2d2—e2) + 3dev/1—c222
(c2d2—e2)3/2 (c2d2—ez) (d+ex)
eV1—c2z?
be 2(c2d2—e?) + 2(c2d2—e2)(d+ex)?
a + barcsin(cx)
3e 3e(d +ex)3

input LInt[(a + bxArcSin[c*x])/(d + e*x)"4,x]

~—

output | -1/3*(a + b*ArcSin[c*x])/(e*x(d + exx)~3) + (bkcx((exSqrt[1 - c™2*x"2])/ (2%
(c™2%d"2 - e72)*(d + e*x)72) + (c™2x((3*d*e*Sqrt[1 - c™2*x72])/((c™2*d™2 -
e”2)*(d + exx)) + ((2xc™2*%d"2 + e"2)*ArcTan[(e + c~2xd*x)/(Sqrt[c~2+%d"2 -
e~2]*Sqrt[1 - c™2*x72])]1)/(c™2%d"2 - e72)7(3/2)))/(2%(c™2*xd"2 - €72))))/(
3xe)

38. [ —a+’; ;f;;gﬁm) dz
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3.8.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 217 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
& (LtQ[a, 0] || LtQ[b, 01)

rule 488  Int[1/(((c_) + (d_.)*(x_))*Sqrt[(a_) + (b_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(b*c™2 + a*d™2 - x72), x], x, (a*d - bxc*x)/Sqrtl[a + b*x~2]] /; FreeQ
[{a, b, c, d}, x]

rule 498 | Int[((c_) + (d_.)*(x_))"(n_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
dx(c + d*x)"(n + D*((a + bxx"2)"(p + 1)/((n + 1)*(b*c™2 + a*d™2))), x] + S
imp[b/((n + 1)*(bxc”™2 + a*d”2)) Int[(c + d*x)"(n + 1)*(a + b*x"2) “p*(c*(n
+ 1) - d*(n + 2xp + 3)*x), x], x] /; FreeQ[{a, b, ¢, d, n, p}, x] && NeQ[n
, -11 && ((LtQ[n, -1] && IntQuadraticQ[a, O, b, ¢, 4, n, p, x]) || (SumSimp
lerQ[n, 1] && IntegerQlpl) || ILtQ[Simplify[n + 2xp + 3], 0])

rule 679 | Int[((d_.) + (e_.)*(x_)) " (m_)*((£f_.) + (g_.)*(x_))*((a_) + (c_.)*x(x_)"2)"(p

_.), x_Symbol] :> Simp[(-(exf - d*g))*(d + e*x) " (m + D*((a + cxx"2)"(p + 1
)/ (2%(p + 1)*(c*xd"2 + a*xe”2))), x] + Simp[(cxd*f + a*xexg)/(c*d"2 + a*e”2)
Int[(d + exx)"(m + 1)*(a + c*x~2)7p, x], x] /; FreeQl{a, c, d, e, f, g, m,
p}, x] && EqQ[Simplify[m + 2%p + 3], 0]

rule 5242 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_.)*((d_) + (e_.)*(x_))"(m_.), x_S
ymbol] :> Simp[(d + e*x)~(m + 1)*((a + bxArcSin[c*x])"n/(ex(m + 1))), x] -
Simp [bxcx(n/(ex(m + 1))) Int[(d + exx)"(m + 1)*((a + b*ArcSin[c*x])~(n -
1)/Sqrt[1 - c"2*x~2]), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]
&& NeQ[m, -1]

38. [ —a+’; ;f;;gﬁm) dz
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3.8.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 553 vs. 2(176) = 352.

Time = 0.21 (sec) , antiderivative size = 554, normalized size of antiderivative = 2.90

method result
2 2dc(ca+9¢ 2 2dc(ca+9c
e et M st
arts ——1 - +
p 3(ex+d)3e 3(cex+dc)’e 662(c2d2—52)<cm+%>2 2e(c2d?—e?)? (Cz_,_%)
de(cz+4e de(cat 9 |
el bc4arcsin(cz) bc4\/—(c;c+%)2+2 ( e+ e)_c2d:2—e2 bc5d\/—(cz+%)2+2 ( e+ 8)_C2d:2_62
_3(cez+dc)3e_ 3(cex+dc)3e + 6e2 (02d2_e2) (cw+@)2 26(02d2—62)2(cm+@> -
derivativedivides : .
4 4 bc4\/_(cx+@)2+2dc(cw+%)_c2d2,e2 bc5d\/_(cw+@)2+2dc(cz+%) _ c2d2_¢2
_ ac _bc arcsin(cz) e e o2 + e e 2 _
d f l 3(cez+dc)3e  3(cex+dc)de 6e2 (02d2_52) (cw+%)2 2e(02d2—62)2(6$+%>
efault
input Lint ((a+b*arcsin(c*x))/(e*x+d) ~4,x,method=_RETURNVERBOSE) J

output | -1/3*a/ (exx+d) “3/e-1/3*b*c~3/ (c*xexx+c*d) “3/e*arcsin(c*x)+1/6*bxc~3/e"2/(c”
2+%d"2-e72) / (cxx+d*c/e) “2* (- (c*x+d*c/e) "2+2xd*c/ex (cxx+d*c/e) - (c"2*%d"2-e"2)
/e72)"(1/2)+1/2*b*c~4/exd/ (c"2*xd"2-e"2) ~2/ (c*x+d*c/e) * (- (ckx+d*c/e) ~2+2xd*
c/ex(cxx+d*c/e)-(c"2xd"2-e72)/e"2) " (1/2)-1/2%bxc”5/e"2*xd"2/ (c"2*d"2-e"2) "2
/(-(c™2%d"2-e"2)/e"2) " (1/2)*1n((-2* (c~2*d~2-e"2) /e~ 2+2*d*c/e* (cxx+d*c/e) +2
*(—(c"2*%d"2-e72) /e~2) " (1/2) * (- (c*x+d*c/e) ~2+2*xd*c/ex (c*x+d*c/e) - (c~2*d"2-e
~2)/e72)"(1/2))/ (c*x+d*c/e))+1/6*¥bxc~3/e"2/(c"2*d"2-e"2) /(- (c"2*d"2-e"2) /e
~2) 7 (1/2)*1n((-2* (c~2*%d"2-e72) /e 2+2*d*c/e* (cxx+d*c/e) +2x (- (c"2*xd"2-e"2) /e
~2)~(1/2) * (- (c*xx+d*c/e) "2+2%d*c/e* (c*x+d*c/e) - (c"2*%d"2-e"2) /e~2) ~(1/2)) /(c
*x+d*c/e))

38. [ —a+’g ;f;;gﬁ“) dz
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3.8.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 550 vs. 2(173) = 346.

Time = 0.86 (sec) , antiderivative size = 1125, normalized size of antiderivative = 5.89

/ a + barcsin(cz) da
(d+ex)*

4acd® — 12 actd*e® + 12 ac’d?e* — 4aeb + (2bc°d° + bAd3e? + (2bcPd?e® + bePe®)z® + 3 (2bcPd3e? +

2ac%d® — 6ac'd*e® + 6ac’d’e* — 2ae® — (2b°d® + bcPdPe? + (2bcPd?e® + bcde®)z® + 3 (2bcPd3e? + be
6 (cd%e — 3 c*d

inputLintegrate((a+b*arcsin(c*x))/(e*x+d)‘4,x, algorithm="fricas") J

output

[-1/12% (4xa*c™6*xd"6 - 12*a*c~4*d"4*xe”2 + 12*a*c™2*xd"2*xe"4 - 4xa*xe”6 + (2xb
*C"5xd"5 + bxc~3*d"3%e”2 + (2%bkc~5*d"2%e~3 + b*c"3*e”5)*x"3 + 3% (2xb*c”5*
d"3%e”2 + b*c"3*dxe"4)*x"2 + 3% (2*%b*c”5*d"4*e + bxc~3*d"2xe”3)*x)*sqrt(-c”
2+%d72 + e"2)*log((2*c™2xd*exx - c”2*%d"2 + (2%c™4*d"2 - cT2*e"2)*x"2 - 2¥sq
rt(-c"2#d"2 + e"2)*(c"2xd*x + e)*sqrt(-c”2*x"2 + 1) + 2xe”2)/(e”2*x"2 + 2%
d*exx + d72)) + 4x(b*c”6*d"6 - 3*b*c~4*d"4*e”2 + 3*xb*c"2*xd"2*%e"4 - b*e”6)*
arcsin(c*x) - 2x(4xbxc~5*d"5*%e — 5*b*c~3*%d"3*e”3 + b*ckd*e”5 + 3*(b*c~5*d”
3*%e”3 - bxc"3xd*e”"5)*x”"2 + (7*b*c"5*%d"4*e”2 — 8*b*c"3*d"2%e”4 + bxc*xe"6)x*x
Y*¥sqrt(-c”2*x"2 + 1))/(c™6*d"9%e - 3*c~4*d"7*e"3 + 3*c"2xd"5*e”5 - d"3*e”7
+ (c76*d"6*e"4 - 3*c"4*xd"4*e”6 + 3*c"2*d"2*e"8 - e710)*x"3 + 3*x(c”"6*d"T*e
"3 - 3*%c"4*d"5*e”5 + 3*kc"2xd"3*e”7 - d*e”9)*x72 + 3*x(c"6*d"8*%e”2 - 3*c"4x*d
“6*e”4 + 3*%c"2%d"4*xe"6 - d"2*xe"8)*x), -1/6%(2*axc”6xd"6 - 6*axc”4*d"4*xe”2
+ 6*axc™2xd"2xe”4 - 2*axe~6 — (2xb*c~5%d”5 + bxc"3*d"3*%e”2 + (2%bkc 5xd"2*
e”3 + b*c"3*e"B5)*x"3 + 3*x(2*b*xc”5*d"3*e”2 + bxc 3*kdke"4)*x"2 + 3k (2*kbkc 5%
d~4*e + bxc~3*d"2xe”3)*x)*sqrt(c”2xd"2 - e"2)*arctan(sqrt(c”2xd"2 - e72)*(
c"2xdxx + e)*sqrt(-c”2*%x"2 + 1)/(c"2%d"2 - (c"4*d"2 - c"2*e"2)*x"2 - e72))
+ 2% (b*c"6*%d"6 - 3*bxc~4*xd"4*e”2 + 3*b*c"2*%d"2*e"4 - b*e”6)*arcsin(c*x) -
(4*%b*c~5*%d"5*e - 5*b*c”3*%d"3*e~3 + bkckd*xe~5 + 3*(b*xc~5*%d"3*e”3 - b*c~3*d
*e”b)*x"2 + (T*b*xc~5*%d"4*e”2 - 8*bxc~3*%d"2*e"4 + bkcke”6)*x)*sqrt(-c”2*x"2
+ 1))/(c”6*%d"9%e - 3*c”4*d"T*e"3 + 3*kc™2*d"5*e”5 - d~3*e”~7 + (c"6%d"6*...

38. [ —a+’g ;f;;;gm) dz
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3.8.6 Sympy [F]

/ a+ barcsmicz) dp — / a + basin (Zx) i
(d+ ) (d+ ea)

inputt

integrate ((at+b*asin(c*x))/ (e*xx+d) **4,x)

outputt

Integral((a + b*asin(c*x))/(d + exx)**4, x)

3.8.7 Maxima [F]

/ a+ barcsmicx) dp — / barcsin (ca:)4+ a.

-

inputt

integrate((at+b*arcsin(c*x))/(e*x+d)~4,x, algorithm="maxima")

~—

output

-1/3*% (3% (c*e”™4*x"3 + 3kckd*e~3*%x"2 + 3kckxd"2%e”2%x + c*d”"3*e)*integrate(1l/
3xe~(1/2%1log(c*x + 1) + 1/2*log(-c*x + 1))/(c"4*e"4*x"7 + 3*c~4*d*e~3*x~6

- 3%Cc72%d"2%e"2%x"3 - c”2*%d"3*e*x”2 + (3*c"4*d"2*%e"2 - c"2*e"4)*x”5 + (c”4
*d"3%e — 3*xc”2*d*e"3)*x"4 + (c"2%e"4xx”5 + 3xc"2*d*e"3*x"4 - 3*d"2%e"2*x -
d~3%e + (3*%c"2xd"2*%e”"2 - e74)*x"3 + (c"2xd"3%e - 3xd*e”3)*x"2)*e” (log(c*x
+ 1) + log(-c*x + 1))), x) + arctan2(c*x, sqrt(c*kx + 1)*sqrt(-c*x + 1)))*
b/(e"4%x~3 + 3*d*e"3*x"2 + 3*d"2xe”2%x + d"3*e) - 1/3%a/(e"4*x"3 + 3xd*e”3
*x"2 + 3xd"2*%e"2%x + d”3%e)

3.8.8 Giac [F]

/ a + barcsin(cx) dp — / barcsin (cx)4—|— a.
(d + 617)4 (em + d)

inputt

integrate((atb*arcsin(c*x))/(exx+d) “4,x, algorithm="giac")

—

outputt

integrate((b*arcsin(c*x) + a)/(e*x + d)~4, x)

38. [ —a+’g ;f;;gﬁ“) dz
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3.8.9 Mupad [F(-1)]

Timed out.

/ a+barcsin(cz) , / a + basin(cx) i

(d+ex)? (d+ex)*

input Lint((a + b*asin(c*x))/(d + e*x)~4,x)

output Lint((a + b*asin(c*x))/(d + e*x)~4, x)

38. [ —a+’; jjfj:;i“) dz
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3.9 [(d + ex)*(a + barcsin(cz))? dz

3.9.1 Optimalresult . .. ... .. .. .. .. 227
3.9.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL
3.9.3 Rubi [A] (verified) . . . ... ... 228
3.9.4 Maple [A] (verified) . ... ... . ... .. 230
3.9.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ..., 231
3.9.6 Sympy [B] (verification not implemented) . . ... .. ... ... ......
3.9.7 Maxima [F] . . ... . ... 233
3.9.8 Giac [B] (verification not implemented) . . ... .. ... ... ....... 233
3.9.9 Mupad [F(-1)] . . . . o 235

3.9.1 Optimal result

Integrand size = 18, antiderivative size = 374

4b*de’s §b2d26$2 _ 3b?ea? gbzde%?’

/(d + ex)*(a + barcsin(cz))? dz = —2b*d*z — 302 1 3202 9
B ibzeg'a:“ N 2bd3+/1 — c2x%(a + barcsin(cz))
32 c
N 4bde?v/1 — c2z2%(a + barcsin(cz))
3c3
N 3bd?ex+/1 — c2z%(a + barcsin(cz))
2c
3be’zv/1 — c?z%(a + barcsin(cz))
+
16¢3
N 2bde?z?y/1 — 2z2(a + barcsin(cz))
3c
N be3z3v/1 — c2x2(a + barcsin(cz))
8c
_ d*(a+barcsin(cz))®  3d’e(a + barcsin(cz))®
de 4c?
3e3(a+ barcsin(cz))?  (d+ ex)*(a + barcsin(cz))?
+
32¢* de

39. [(d+ex)’(a+ barcsin(cz))? dx
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output | -2*%b~2xd~3*x-4/3*b"2*%d*e " 2*x/c"2-3/4*b"2xd"2*e*x"2-3/32*%b"2*e"3*x~2/c"2-2/
9xb~2xd*e”~2%x"3-1/32*b"2*e~3*x"4-1/4*d"4* (a+b*arcsin(c*x) ) ~2/e-3/4*d" 2*ex*(
at+b*arcsin(c*x))~2/c~2-3/32*%e"3* (at+b*arcsin(c*x)) ~2/c”4+1/4%* (e*xx+d) “4*(a+b
*arcsin(c*xx)) ~2/e+2*xb*d"3* (a+b*arcsin(c*xx) ) *(-c~2*x"2+1) ~(1/2) /c+4/3*bxd*e
~2x (a+b*arcsin(c*x)) *(—c™2*x"2+1) "~ (1/2) /c~3+3/2*%b*d " 2*e*x* (a+b*arcsin (c*x)
Yx(—c”2*%x"2+1) ~(1/2) /c+3/16*b*e”3*x* (a+b*arcsin(c*x) ) *(-c™2*xx~2+1) " (1/2) /c
~3+2/3%bxd*e”2*x"2* (atb*arcsin(c*x) ) * (-c~2*x"2+1) ~(1/2) /c+1/8%bxe~3*x"3* (a
+b*arcsin(c*x))*(-c™2*xx"2+1)~(1/2) /c

& J

3.9.2 Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 355, normalized size of antiderivative = 0.95

/(d + ex)®(a + barcsin(cz))? dzx
_ c(T20°C(4d® + 6d%ex + 4de?a” + e2®) + 6aby/1 — 2x?(e?(64d + Yex) + c*(96d° + T2d%ex + 32de’x” -

inputLIntegrate[(d + e*xx) 3x(a + bxArcSin[c#*x])~2,x] J

output | (cx(72*a~2kc~3*x*(4*%d"3 + 6xd"2xe*x + 4*xd*e”2*x"2 + e73*%x"3) + 6xa*bxSqrt[
1 - c™2*x"2] % (e72%(64*d + 9*exx) + c~2%(96*%d"3 + T72*d " 2xe*xx + 32*xd*e”2*x"2
+ 6%e~3*%x"3)) — b~ 2*ckx*(3*e”2%(128*d + 9*exx) + c~2%(576%d"3 + 216*d"2*e
*X + 64*d*e”2xx"2 + 9*e”3%x73))) + 6xb*(3*a*(-24*c"2xd"2%e - 3*xe”3 + 8xc~4
*xxk (4*xd"3 + 6xd"2*ke*x + 4xd*e”2%x"2 + e73%x73)) + b*c*Sqrt[l - c 2*x"2]*(e
~2%(64*d + 9%e*xx) + cT2%x(96%d"3 + 72xd " 2ke*xx + 32xd*e”2*x"2 + 6%e"3*x"3)))
*ArcSin[ckx] + 9*b~2%(-24%c”~2%d"2%e - 3*e~3 + 8*c 4*x*k(4*d"3 + 6kd"2kexx +
4xd*e~2%x"2 + e~3%x"3))*ArcSin[c*x]~2)/(288%c~4)

3.9.3 Rubi [A] (verified)

Time = 0.97 (sec) , antiderivative size = 393, normalized size of antiderivative = 1.05,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ( 157 Ryles used

integrand size
= {5242, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

39. [(d+ex)’(a+ barcsin(cz))? dx
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/(d + ex)3(a + barcsin(cz))? dz

l 5242
d+ex)*(atbarcsi
(d+ e;c)4(a + barcsin(cm))2 B bcf (d+ex) \(/ti_;;zs n(cag))dm

4e %
l 5262

(d + ex)*(a + barcsin(cz))? B

4e
bo [ ((erbusendt | deslottorsinad® ;. o atborsienld | 4o (eybaiiend . otlottorsinen) ) gy

2e
l 2009

(d + ex)*(a + barcsin(cz))? B

4e
be < 3e(a+barcsin(cz))? + 3d%e?(a+barcsin(cz))?  4d3ev/1—c2z2(a+barcsin(cr))  3d2e2zv1—c?x2(atbarcsin(cz))  4de3z?v/1—c2a
16bc5 2bc3 - c2 - c? - J

-

input LInt[(d + e*xx) ~3%(a + b*ArcSin[c*x])~2,x]

| —

output| ((d + e*x)~4*(a + bxArcSin[c*x])~2)/(4*e) - (b*c*x((4*xbxd~3*e*x)/c + (8*b*xd
*e”3%x) /(3*%c”3) + (3*b*d"2%e"2%x"2)/(2%c) + (3*b*e~4*x72)/(16%c”3) + (4*bx*
d*e~3*x73)/(9%c) + (b*e~4*x~4)/(16%c) - (4xd"3*xe*Sqrt[l - c™2*xx"2]*(a + b*
ArcSin[c#*x]))/c”2 - (8*dxe”3*Sqrt[1 - c"2*x"2]*(a + b*ArcSin[c*x]))/(3*c"4
) — (3*%d"2xe"2#x*Sqrt[1 - c”2*x"2]*(a + bxArcSin[c*x]))/c”2 - (3*e~4*x*Sqr
t[1 - c™2xx"2]*(a + b*ArcSin[c*x]))/(8*c™4) - (4*d*e”3*x~2xSqrt[1 - c 2*x~
2]*%(a + bxArcSin[c*x]))/(3*%c™2) - (e"4*x"3*Sqrt[1 - c”2*x"2]*(a + b*ArcSin
[c*x]))/(4%c™2) + (d~4*(a + b*ArcSin[c*x])~2)/(2%b*c) + (3*d"2xe"2x(a + b*
ArcSin[c#*x])~2)/(2*b*xc~3) + (3*e”"4x*(a + b*ArcSin[c*x])~2)/(16*b*c~5))) /(2%

e)

39. [(d+ex)’(a+ barcsin(cz))? dx
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3.9.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5242 | Int[((a_.) + ArcSin[(c_.)*(x_ )I*(b_.))"(n_.)*((d_) + (e_.)*(x_))"(m_.), x_S
ymbol] :> Simp[(d + e*x)"(m + 1)*((a + bxArcSin[c*x])"n/(ex(m + 1))), x] -
Simp [bxc*x(n/(ex(m + 1))) Int[(d + exx)"(m + 1)*((a + b*ArcSin[c*x])~(n -
1)/Sqrt[1 - c™2*x~2]), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]
&& NeQ[m, -1]

rule 5262 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p*(a +
bxArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] &
& EqQlc™2*d + e, 0] && IGtQ[m, O] && IntegerQlp + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 || p>0 |l (n==1& p>-1) || (m==2 & p < -2))

3.9.4 Maple [A] (verified)

Time = 0.57 (sec) , antiderivative size = 541, normalized size of antiderivative = 1.45

method result
a2c2 . 2,22,/ o2.2 ; _arc
5 4 b2 (d303 (cm arcsin(cm)2—2tzm+2 arcsin(cx)\/m)-k e 8(2 aresin(ee)"aTeT+2 o 4+1 aresin(ca)meare
a“(cex+dc)
. . .. +
derivativedivides acSe
3d202e 2 arcsin(cz 22262 2v/—c222+1 arcsin(cz)zc—arcs
b2 <d303 (c:v arcsin(cav)2 —2cz+2 arcsin(cz) VvV —6222+1) + ( (=) + 4+ (e2)
a? (cem+dc)4 +
default acle
a2(ez+d)* b? (288 arcsin(cx)2ctrte3+1152 arcsin(cz)2ctz3d e2+1728 arcsin(cx) ctz2d2e+1152 arcsin(cz) ¢tz d®
parts 1
e
inputtint((e*x+d)‘3*(a+b*arcsin(c*x))‘2,x,method=_RETURNVERBOSE) J

39. [(d+ex)’(a+ barcsin(cz))? dx
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output | 1/c*(1/4*a"~2/c"3* (c*xe*x+c*xd) ~4/e+b"2/c~3*(d"3*c~3* (c*kx*arcsin(c*x) ~2-2*c*x
+2*arcsin(c*xx) * (—c™2*%x72+1) ~(1/2) ) +3/4*d"2*c” 2*e* (2*arcsin (c*x) “2*x~2*c” 2+
2% (—c72%x72+1) ~(1/2) *arcsin(c*x) *x*c-arcsin(c*x) “2-c~2*x~2) +1/9*d*c*e”2* (9
*Cc"3*x"3*arcsin(c*x) "2+6* (—c"2*x"2+1) ~(1/2) *arcsin (c*x) *x"2%c"2-2*c " 3*x" 3+
12*arcsin(c*x) * (—c™2*x72+1) ~(1/2) -12%c*x) +1/128*e~3* (32*xarcsin (c*x) ~2*x"4*
c"4+16*% (-c™2*x"2+1) ~(1/2) *arcsin(c*x) *c~3*x"3-4*c"4*xx~4+24* (-c~2*%x"2+1) "~ (1
/2)*arcsin(c*x)*x*kc-12*arcsin(c*x) ~2-12*c~2*x"2-9) ) +2*axb/c~3*(1/4/e*xarcsi
n(c*xx)*c~4*d"4+arcsin(c*x)*c~4*d"3*x+3/2*e*arcsin (c*x) *c~4*d~2*xx"2+e” 2*arc
sin(c*x) *c™4*d*x"3+1/4*arcsin(cxx) *e”3*c 4*x~4-1/4/ex(c"4*d 4*arcsin(c*xx)+
e~ 4% (-1/4xc™3*x"3*% (—c"2*x"2+1) ~(1/2) -3/8*cxx* (-c~2*x~2+1) ~(1/2) +3/8*arcsin
(c*x))-4*d"3%c"~3xex (—c™2*xx"2+1) ~(1/2) +6%d"2*%c"2xe " 2% (-1/2%c*x*k (—c™2%x"2+1)
~(1/2)+1/2*arcsin(c*x) ) +4*d*cke 3* (-1/3*%c”™2*%x"2x (-c™2*xx"2+1) ~(1/2)-2/3*(-c
T2%x72+1)7(1/2)))))

3.9.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 446, normalized size of antiderivative = 1.19

/(d + ex)®(a + barcsin(cz))? dz
9(8a% — b?)cte3zt + 32 (9a? — 2b%)ctde?x® + 27 (8 (24 — b?)ctd?e — b2c?e3)x? + 9 (8 bctedxt + 32 b2t

input

integrate ((e*x+d) ~“3*(atb*arcsin(c*x))~2,x, algorithm="fricas")

\

output | 1/288* (9% (8*a~2 — b~2)*c"4*e"3*x"4 + 32%(9*a”2 - 2*b~2)*kc 4xd*e”2*xx"3 + 27
*(8%(2*%a~2 - b 2)*c"4*d"2%e - b"2%c"2*e"3)*x"2 + 9% (8*b"2%c 4*e"3*x"4 + 32
*¥b"2%c"4*xd*e"2*%x"3 + 48%bT2*%CcT4*d " 2*e*x"2 + 32%b72%cT4*xd"3*%x - 24%b"2%c” 2%
d~2*e - 3%b"2*e"3)*arcsin(c*x) "2 + 96*(3*(a”2 - 2*¥b"2)*c"4*d"3 - 4*b"2%c"2
*d*e”~2)*x + 18%(8*axb*xc”4*e”3*x"4 + 32*kaxbxc”4*d*e”2xx"3 + 48*axbkxc”4*xd”2*
e*x”2 + 32xaxbxc”4xd"3*x - 24*a*b*c”2*%d"2xe — 3*xaxbke”3)*arcsin(c*x) + 6%(
6xaxb*c”™3*xe"3*%x"3 + 32%a*b*c”3*kd*e"2*%x"2 + 96*%a*bk*c”3*xd"3 + 64*axbkckd*xe”2
+ 9% (8xa*bxc~3*d"2%e + axb*cxe”3)*x + (6*b~2*c"3*e"3*x"3 + 32*xb"2*c”3*d*xe
T2%x72 + 96*%b"2%c”"3*%d"3 + 64*b"2xckd*xe”2 + 9k (8*%b"2%c"3*d"2*e + b~ 2*c*e”3)
xx)*arcsin(c*x) ) *sqrt (-c™2*x"2 + 1))/c™4

\ J

39. [(d+ex)’(a+ barcsin(cz))? dx
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3.9.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 743 vs. 2(364) = 728.

Time = 0.48 (sec) , antiderivative size = 743, normalized size of antiderivative = 1.99

/(d + ex)®(a + barcsin(cz))? dz

a?dPrx + L | g2de2s3 4 T 4 94hdPx asin (cx) + 3abd?ex? asin (cz) + 2abde?z? asin (cx) + abe’s

- 2( 73 3d2ex? 2.3 3z4
a (dw-l—%—l—dea: +%>

s N

input‘integrate((e*x+d)**3*(a+b*asin(c*x))**2,x)

e ™

output Piecewise ((a*x*2xd*x*3%x + 3ka*xk2xd*x*x2kxexx**2/2 + akx*xkd*e*x*x2*xx*x*3 + akk2kek
*3*x*x4/4 + 2xaxb*d**3*x*asin(cxx) + 3*axbkdx*k2xexx**2xasin(c*x) + 2*axbxd
xexx2xxkx3kasin(ckx) + axbkex*3*xx*4*asin(c*x)/2 + 2kaxb*d**3*sqrt (-cx*2*x
*¥*%2 + 1)/c + 3*axbxdx*2xexx*sqrt (—cx*2*x**2 + 1)/(2%c) + 2¥axbrxdke*x*2kx**x2
*SQrt (—ck*2xx**2 + 1)/(3%c) + axbkex*3xx**3ksqrt (-ck*22kx*x*x2 + 1)/(8%c) - 3
xaxb*xdk*2*exasin (cxx) / (2xcx*2) + 4xaxbkdkex*2ksqrt (—ck*2*kx*k*2 + 1)/ (3*c**3
) + 3*axbkex*3xx*ksqrt (—c*k*2*x**2 + 1)/(16*c**3) - 3*a*bxe**3*asin(c*x)/(16
*Cc*k*x4) + b*x*2kd**3kx*kasin(c*x)**2 — 2kb*x2xd**3*kx + 3kbk*2kd**k2ke*xx**2*asi
n(c*x)**x2/2 - 3xbx*k2kd**k2kexx**2/4 + bk*2kd*e**x2*kxx**3*kasin(ckx)**x2 — 2xbk*
2xd*xe**x2%xx**x3/9 + b**x2ke*x*x3kx**4*asin(c*xx)**2/4 — b**2kxex*3xx*x*4/32 + 2%b*
*2%d**x3*%sqrt (—ck*2xx**2 + 1)*asin(c*x)/c + 3xb**2xd**2ke*x*ksqrt (—ck*2*kx**2
+ 1)*asin(c*x)/(2%c) + 2xb*x2*d*e*x*2*kx**2ksqrt (—c**2*x**2 + 1)*asin(c*x)/
(3%c) + bkxkex*3xx*k*xJksqrt (—cx*2xx**2 + 1)*asin(cxx)/(8xc) — 3xbk*kd**2%
e*asin(c*x)**2/ (4xc**2) - 4xbx*x2xdxe*x2xx/(3xc*kx2) — 33xbk*2kex*x3xx**2/ (32%
C**2) + A*xb¥*k2kd*ex*2*sqrt (—ck*2xx**2 + 1)*asin(c*x)/(3xcx*3) + 3xbk*2xex*
3xxxsqrt (—cx*2xxx*k2 + 1)*asin(c*x)/(16*c*x*3) - 3kbx*2kex*3kasin(cxx)**2/(3
2xc**4), Ne(c, 0)), (a**2*(d*x*x3*x + 3kxd**2ke*x**2/2 + dkxe**k2*xx**x3 + e*x*3*x
**x4/4), True))

39. [(d+ex)’(a+ barcsin(cz))? dx
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3.9.7 Maxima [F]

/(d + ex)*(a + barcsin(cz))? dz = / (ex 4 d)*(barcsin (cz) + a)* dz

p
input  integrate((e*x+d) “3*(at+b*arcsin(c*x))~2,x, algorithm="maxima")

output 1/4xa”2xe"3*x"4 + a"2xd*e”"2%x"3 + b~2+d"3xx*arcsin(c*x)"2 + 3/2%a"2*d"2%ex*
x"2 + 3/2x(2xx"2*arcsin(c*x) + c*(sqrt(-c”2*x"2 + 1)*x/c”2 - arcsin(c*x)/c
~3) ) *a*xbxd"2*e + 2/3*(3*x"3*arcsin(c*x) + c*(sqrt(-c™2*x"2 + 1)*x72/c"2 +

2xsqrt (-c"2*x"2 + 1)/c”4))*a*b*d*e”2 + 1/16%(8*x"4*arcsin(c*x) + (2*sqrt(-
CcT2%x72 + 1)*x73/c”2 + 3*sqrt(-c”2*x"2 + 1)#*x/c”4 - 3*arcsin(c*x)/c”5)*c)=*
axbxe”3 - 2xb"2%d"3*(x - sqrt(-c”2*x"2 + 1)*arcsin(c*x)/c) + a”2%d"3*x + 2
*(cxx*arcsin(c*x) + sqrt(-c™2*x"2 + 1))*axb*d~3/c + 1/4*(b"2*%e"3%x"4 + 4xb
“2*%d*xe”2*x"3 + 6*b~2*d"2*exx"2)*arctan2(c*x, sqrt(cxx + 1)*sqrt(-cxx + 1))
~2 + integrate(1/2x(b"2xc*e”3*x"4 + 4*b~2xc*d*e"2*x"3 + 6%b~2%c*d"2xe*x"2)
*sqrt(c*x + 1)*sqrt(-c*x + 1)*arctan2(c*x, sqrt(cxx + 1)*sqrt(-c*x + 1))/(
cT2%x"2 - 1), x)

N\

3.9.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 816 vs. 2(334) = 668.

39. [(d+ex)’(a+ barcsin(cz))? dx
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Time = 0.31 (sec) , antiderivative size = 816, normalized size of antiderivative = 2.18

1
/(d + ex)*(a + barcsin(cz))? dz = 1 a’e’z* + a’de’x® + b2 d>z arcsin (cz)’

(a? — 1)b2de?x arcsin (cz)®

c2

+ a’dz

+ 2 abd’z arcsin (cz) +

N 3v/—c%x? + 1b%d*ex arcsin (cz)
2c
2 (c*x? — 1)abde?x arcsin (cx)

—2v%d%x + >
c

3 (c2z? — 1)b*d2earcsin (cz)®  b2dex arcsin (cz)®
+
2¢c? c?
N 3v—c%z? + labd’ex N 2v/—c2x? + 1b%d3 arcsin (cx)
2c c
3
(—cz? +1)2b%e3zarcsin (cx) 2 (c?z? — 1)b*de’x

8¢3 9¢?
3 (c*z? — 1)abd?e arcsin (cx) N 2 abde’z arcsin (cx)

c? c?
3b2d2earcsin (cx)®  (2a? — 1)°b2%e® arcsin (cz)?
4.c? 4c4

2vV—c2z2 + labd® (—c2x? + 1)%abe3x
+ c B 8¢3

2 (—c?z? + 1)2b2de? arcsin (cz)

3¢
N 5+ —c2z2 + 1b%e3z arcsin (cx)
16 ¢3

3(c?z? — 1)a*d’e 3(c’z? —1)b’d’e 14b°de’x
+ 2c? B 4c? o 9¢2

3abd2earcsin (cz)  (2z* — 1)abed arcsin (cz)

2¢? + 2c4
(a? — 1)b?e3 arcsin (cx)® 2 (—c22? + 1)gabde2
2ct B 3¢

5v/—c%z? + labe3x ~ 2+/—c2x? + 1b*de? arcsin (cz)
+ 16 ¢3 + c?

3b%d%  (2a? —1)°0%e®  (2x® — 1)abe® arcsin (cz)
~ 82 32 ct

5b% arcsin (cz)?  2v/—c2z? + labde?
+ 32¢ + c3

5 (c?z? — 1)b%e? N 5abe’ arcsin (cz)  17b%°

32ct 16 ¢4 256 c*

39. [(d+ex)’(a+ barcsin(cz))? dx
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integrate((e*xx+d) 3% (atb*arcsin(c*x))~2,x, algorithm="giac")

1/4%a~2*%e"3*%x"4 + a~2*kd*e”2*x"3 + b~2*d"3*x*arcsin(c*x) "2 + 2*axbxd”3*x*ar
csin(c*x) + (c™2*%x"2 - 1)*b~2xd*e”2*x*arcsin(c*x)~2/c”2 + 3/2*sqrt(-c”2*x~
2 + 1)*b~2xd"2*exx*arcsin(c*x)/c + a"2*%d"3*x - 2xb"2+d"3*kx + 2*(c"2*xx"2 -

1) *axbxd*e~2*x*arcsin(c*x)/c”2 + 3/2*(c”2*x"2 - 1)*b~2*d"2*e*arcsin(c*x) "2
/c”2 + b~2*dxe " 2xx*arcsin(c*x) “2/c”2 + 3/2*sqrt(-c"2*x"2 + 1)*axb*d"2*e*xx/
c + 2xsqrt(-c”2*x"2 + 1)*b~2xd"3*arcsin(c*x)/c - 1/8*(-c”2*x"2 + 1)~(3/2)*
b 2*e”~3xx*arcsin(c*xx)/c”3 - 2/9*(c™2*x"2 - 1)*b"2xd*e”2*x/c”2 + 3*(c"2*x"2
- 1)*axbxd~2xexarcsin(c*x)/c”2 + 2%a*b*d*e”2*x*arcsin(c*x)/c”2 + 3/4*b~2x
d~2*xexarcsin(c*x)~2/c”2 + 1/4*(c™2%x”2 - 1)”"2%b~2%e”3*arcsin(c*x)~2/c™4 +

2*sqrt (-c”2*x72 + 1)*axb*d~3/c - 1/8*%(-c™2xx"2 + 1)~ (3/2)*axb*e”3%x/c"3 -

2/3%(~c”2*x~2 + 1)~ (3/2)*b"2*d*e"2*arcsin(c*x)/c"3 + 5/16*sqrt(-c”2*x"2 +

1)*b~2*e~3*x*arcsin(c*x)/c”3 + 3/2*(c”"2*x"2 - 1)*a~2*xd"2xe/c”2 - 3/4*(c"2*
X"2 - 1)*b"2*d"2xe/c”2 - 14/9xb"2*d*e”2*x/c”2 + 3/2*a*bxd”2*exarcsin(c*x)/
c™2 + 1/2x(c”2*x"2 - 1) "2%axb*e”3*arcsin(c*x)/c”4 + 1/2%(c™2%x"2 - 1)*b"2x*
e~ 3*arcsin(c*x) "2/c”4 - 2/3x(-c"2*%x"2 + 1)~ (3/2)*a*b*d*e~2/c~3 + 5/16*sqrt
(-c™2%x72 + 1)*axbxe”3%x/c”3 + 2*sqrt(-c"2*x"2 + 1)*b~2*d*e”2*arcsin(c*x)/
c”3 - 3/8*b"2xd"2%e/c”2 - 1/32%(c”2*x"2 - 1)"2*xb"2%e"3/c”4 + (c"2*x"2 - 1)
*xa*bke~3xarcsin(c*x)/c"4 + 5/32+b"2xe”"3*arcsin(c*x)~2/c”4 + 2*sqrt(-c”2*x”
2 + 1)*axbxd*e”2/c”3 - 5/32x(c”2%x"2 - 1)*b~2xe~3/c”4 + 5/16*a*b*e”3*arcsi
n(c*x)/c”4 - 17/256*xb"2%e~3/c"4

3.9.9 Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barcsin(cz))? dx = / (a + basin(cz))® (d+ ex)® dz

inputtint((a + bkxasin(c*x))~2%(d + e*x)"3,x)

outputtint((a + b*asin(c*x))~2%(d + e*x)"3, x)

39. [(d+ex)’(a+ barcsin(cz))? dx




output
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3.10 [(d + ex)*(a + barcsin(cz))? dz

3.10.1 Optimalresult . . . . . . .. . ... 236
3.10.2 Mathematica [A] (verified) . . . . . . . ... .. .. L o 237
3.10.3 Rubi [A] (verified) . . . . . . ... .. 237
3.10.4 Maple [A] (verified) . .. . ... . . ... 239
3.10.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 239
3.10.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 2401
3.10.7 Maxima [F] . . . . . .. 247]
3.10.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 24T]
3.10.9 Mupad [F(-1)] . . . . o o 243

3.10.1 Optimal result

Integrand size = 18, antiderivative size = 242

ab’e’x 1 2
2 - 2. _ _op232. _ L2 2 43909 3
/(d—l— ex)“(a + barcsin(cz))® dr = —2b*d*x o2 2b dex 27b e“r

N 2bd*\/1 — c2z%(a + barcsin(cz))
c

N 4be?\/1 — c2x2(a + barcsin(cz))

9c3
+ bdex+/1 — c?z2(a + barcsin(cx))
c
N 2be’z%/1 — c?z?(a + barcsin(cz))
9c
_ d’(a+barcsin(cz))®  de(a + barcsin(cz))?
3e 2c?
(d + ex)3(a + barcsin(cz))?
+ 3e

-2%b"2%d"2*x-4/9%b"2*%e”~2*x/c"2-1/2%b " 2*xd*exx"2-2/27*b " 2*%e"2*%x"3-1/3*%d~3* (a
+b*arcsin(c*x)) ~2/e-1/2*d*e* (a+b*arcsin(c*x)) ~2/c~2+1/3* (e*x+d) ~3* (at+b*arc
sin(c*x))~2/e+2*b*d"2* (a+b*arcsin(c*x) ) *(-c~2*x"2+1) ~(1/2) /c+4/9*bxe~2x (a+
bxarcsin(c*x))*(-c™2*x"2+1) ~(1/2) /c”~3+b*d*e*x* (a+b*arcsin(c*x) ) * (-c~2*x" 2+
1)7(1/2) /c+2/9%b*e"2*x"2* (a+b*arcsin(c*x) ) * (-c~2*x"2+1)~(1/2) /c

3.10.  [(d+ ex)*(a+ barcsin(cz))? dz
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3.10.2 Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 249, normalized size of antiderivative = 1.03

/(d + ex)?(a + barcsin(cz))? dz
_ 18a*c*x(3d” + 3dex + €’x?) 4 6abv/1 — c2x?(4e? 4 ¢*(18d” + 9Ydex + 2€%2?)) — bcx(24e? 4 ¢*(108d* + &

-

input LIntegrate[(d + e*xx)"2x(a + bxArcSin[c*x]) ~2,x]

~—

output | (18%a~2xc~3*x* (3%d"2 + 3*d*e*xx + e72%x"2) + 6xa*b*Sqrt[l - c 2*x"2]*(4*e"2

+ c72%(18%d"2 + 9xdxe*x + 2%e”2*x"2)) - b "2xcxx*(24*e”2 + c"2x(108%xd"2 +
27*xd*e*x + 4xe”2xx"2)) + 6xbk(-9kakxckdxe + 6*axc 3kx*(3*d"2 + 3xdkexx + e~
2*x72) + b*Sqrtl[l - c™2*%x"2]*(4%e”2 + c”2*(18*d"2 + 9*xdxe*x + 2*xe"2%x"2)))
*ArcSin[c*x] + 9*b 2xck (6*%c™2xd"2*x + 2*xc~2%e”2xx"3 + 3kd*ex (-1 + 2kc"2*x”
2))*ArcSin[c*x] ~2)/(54*c~3)

3.10.3 Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 266, normalized size of antiderivative = 1.10,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ( 167 Ryles used

integrand size
= {5242, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)?(a + barcsin(cz))? dx

l 5242
d+ex)3(a+barcsin(cz
(d + ex)3(a + barcsin(cz))? _ 2bc [ ( )\51—(;29;5 (@) g
3e 3e
l'5262

(d + ex)3(a + barcsin(cz))?

3e
2bCf ((a+b;;<f$(zc2w))d3 + 3ez(a—i\—})1aic;szi;1§ca:))d2 + 3ezw2(¢i}i—11)_acr2c;i2n(ca:))d + e3w3(¢\z}i—1b_acrzcii2n(cz))) dr
3e

l 2009

3.10.  [(d+ ex)*(a+ barcsin(cz))? dz
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(d + ex)3(a + barcsin(cz))? B

3e
2bc < 3de?(a+barcsin(cz))?  3d%ev1—c2z2(atbarcsin(cz))  3de’zv1—c2z2(atbarcsin(cz))  elx?v1—c?z2(atbarcsin(cz))  2e3V/1
4bc3 - c? - 2c2 - 3c? -

3e

e

inputLInt[(d + ex*xx) "2%(a + b*ArcSin[c*x])~2,x]

~—

output | ((d + e*x)~3*(a + b*ArcSin[c*x])~2)/(3*e) — (2*bkxc*((3*b*d"2*e*x)/c + (2*b
*xe~3%x) /(3%c”3) + (3*b*d*e~2xx72)/(4*c) + (bxe~3*%x73)/(9%c) - (3*d"2*exSqr
t[1 - c™2xx"2]*(a + b*ArcSin[c#*x]))/c”2 - (2xe~3*Sqrt[1 - c 2*xx"2]*(a + bx*
ArcSin[c*x]))/(3*c™4) - (3*d*e~2*xxSqrt[1 - c~2*x~2]*(a + bxArcSin[c*x]))/
(2%c™2) - (e73*x72#Sqrt[1 - c™2*x"2]*(a + bxArcSin[c*x]))/(3*xc”2) + (d~3%*(
a + bxArcSin[c*x])~2)/(2*b*c) + (3xd*e~2*(a + b*ArcSin[c*x])~2)/(4¥b*c~3))
)/ (3%e)

3.10.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 5242 | Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*((d_) + (e_.)*(x_))"(m_.), x_S
ymbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcSin[c*x])~n/(ex(m + 1))), x] -
Simp[b*c*(n/(ex(m + 1))) Int[(d + e*x) " (m + 1)*((a + b*ArcSin[c*x])~(n -
1)/8qrt[1 - c2*x~2]), x1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]
&& NeQ[m, -1]

rule 5262 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) px(a +
bxArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] &
& EqQ[c™2*d + e, 0] && IGtQ[m, 0] && IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 |l p>0 1|l (n==1&& p>-1) || (m==2&& p < -2))

3.10.  [(d+ ex)*(a+ barcsin(cz))? dz



-
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3.10.4 Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 374, normalized size of antiderivative = 1.55

method result
dee (2 arcsi 22202 42v/—c222+1 arcsi —arcsin(
b2 (d2c2 (cz arcsin(cz)272cz+2arcsin(cz)\/m)+ Ce( arcsin(er)TaTeTt i +2 aresin(ce)eearcsing
a2(cez+dc)3+
derivativedivides 3cZe
dee(2arcsi 2226242/~ c22211 i —arcsin(;
b2 (d2c2 (cm arcsin(cm)2—201+2arcsin(ca:)\/m)-ﬁ- Ce( arcsin(er) a7+ efaT 1 arcsin(cm)mearcsin(
a2(cez+dc)3+
2
default dete
2 3 b2 (18 arcsin(cz)?c3z3e2+54 arcsin(cz)?c3z2de+54 arcsin(cx)?c3z d2412v/—c222+1 arcsin(cz)c?z2e?
" a?(ex+d) +
parts 3e

inputLint((e*x+d)‘2*(a+b*arcsin(c*x))‘2,x,method=_RETURNVERBOSE)

output

-/

1/c*(1/3*%a"2/c” 2% (cxe*xx+cxd) "3/e+b”2/c~ 2% (d"2*c”2* (cxx*arcsin (c*x) "2-2*c*x
+2*%arcsin(c*x) * (—c™2*xx72+1) ~(1/2) ) +1/2*d*cxex (2*xarcsin (c*x) ~2%x"2%c™2+2% (-
c~2%x72+1) ~(1/2) *arcsin(c*x) *x*c-arcsin (c*x) “2-c~2*x"2) +1/27*e "~ 2% (9*c~3*x~
3xarcsin(c*x) ~2+6% (—c~2+x"2+1) " (1/2) *arcsin(c*x) *x~2%c~2-2xc~3*x"3+12*arcs
in(cxx) * (-¢c72*%x72+1) " (1/2) -12%c*x) ) +2*a*b/c~2* (1/3/exarcsin(c*x) *c~3*d"3+a
rcsin(c*x)*c~3*d"2*xx+e*arcsin(c*x) *c~3*d*x~2+1/3*arcsin(c*x) *e~2*%c~3*x"3-1
/3/e*(c”3*d"3*arcsin(c*x)+e 3% (-1/3*c™2*xx"2x (—c~2*x"2+1) ~(1/2)-2/3* (-c~2*x
~2+1) 7 (1/2))-3*(-c™2xx72+1) ~ (1/2) *c~2*d~2*e+3*d*kcke 2k (=1/2*c*kx* (—c™2*x"2+
1)~ (1/2)+1/2*arcsin(c*x)))))

3.10.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 290, normalized size of antiderivative = 1.20

/(d + ex)?(a + barcsin(cz))? dz

2(9a? — 2b%)cPe2x® 4 27 (2a% — b?)cPdex® + 9 (22 ex® 4 6 b2 cPdex? + 6 b2cPd?x — 3b2cde) arcsin (cz)

inputt

integrate ((e*x+d) “2*(atb*arcsin(c*x))~2,x, algorithm="fricas")

3.10.  [(d+ ex)*(a+ barcsin(cz))? dz
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output | 1/54* (2% (9*a~2 - 2*b~2)*c"3*e”2*xx"3 + 27*(2*a~2 - b"2)*c 3*kdxe*x"2 + 9% (2%
b~2%xc"3*%e”2*%x"3 + 6*%b"2*xc"3kd*exx"2 + 6*b"2%c"3*%d"2*x - 3*xb~2*ckd*e)*arcsi
n(cxx) "2 + 6%(9%(a”2 - 2*¥b"2)*c"3*xd"2 - 4*b"2*c*e”2)*x + 18*%(2xaxbkc"3*e”2
*x73 + Bxaxbxc”3kd*e*x"2 + 6*axbxc”3*xd"2xx — 3kaxbkckd*e)*arcsin(ckxx) + 6%
(2%axbxc™2*%e"2*%x"2 + O*axbkc~2xd*e*x + 18*axb*c”2xd~2 + 4*axbxe”2 + (2*b~2
*CT2xe"2%xx"2 + 9kb72%c 2*d*exx + 18*b"2xc"2*d"2 + 4%b"2%e”2)*arcsin(c*x))*
sqrt(-c”2*x"2 + 1))/c”3

3.10.6 Sympy [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 454, normalized size of antiderivative = 1.88

/(d + ex)*(a + barcsin(cz))? dzx

2,23 . . 2abe?x3 asi 2. /222
a’d*z + a*dex® + “5% + 2abd’x asin (cz) + 2abdex? asin (cx) + =~ (cz)  2abd p— +1 | abdexy

- a2<d2m-+-dem2-+-é%£>

e hY

input  integrate((e*x+d)**2* (a+b*asin(c*x))**2,x)

output | Piecewise ((a*x*2xd**2*x + ax*2kdkexx**2 + a*rkx2kex*x2+x*k*3/3 + 2ka*bkdr*2kx*a
sin(c*x) + 2*axbkd*exx**2*asin(c*x) + 2*axbkex*x2kx**3*asin(c*x)/3 + 2*axbx*
d**2%sqrt (—c*x*2*x**2 + 1)/c + axbkd*e*x*sqrt(-c**2xx*x2 + 1)/c + 2*axb*ex**
2¥x**2*%sqrt (—ck*x2xx*x2 + 1)/(9%c) - axbkd*e*asin(c*x)/c**2 + 4xaxbke**2*sq
Tt (—ck*2%x*%2 + 1)/(9*c*x*3) + bk*k2*kd**2*x*asin(cxx)**2 — kbk*k2*xd**2*x + b
**x2xdkexxk*k2kasin (c*kx) **2 — b**2kxd*exx**2/2 + bkk2ke*x*2*x**3*asin(ckxx)**x2/
3 — 2xb*x2kex*2xx**3/27 + 2xb*x2kd**2*sqrt (-cx*2*x**2 + 1)*asin(c*x)/c + b
*xk2xdxe*x*ksqrt (—ck*2*x*x2 + 1)*asin(ckx)/c + 2¥b*x2ke*x2*x**x2*sqrt (—c**2*x
**2 + 1)*asin(c*x)/(9%c) - b¥*2xd*exasin(c*xx)**2/(2%c**2) — 4xb**kex**xx/
(9%c**2) + Axb¥*2xe*x*x2ksqrt (—cx*2xx**2 + 1)*asin(c*x)/(9*c**3), Ne(c, 0)),
(a**2% (d*x*2%x + d¥exx**2 + e**x2xx**3/3), True))

3.10.  [(d+ ex)*(a+ barcsin(cz))? dz
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3.10.7 Maxima [F]

/(d + ex)?(a + barcsin(cz))? dz = / (ex 4 d)*(barcsin (cz) + a)* dz

p
input integrate((e*x+d) “2*(a+b*arcsin(c*x))~2,x, algorithm="maxima")

output | 1/3%a~2*e~2*x"3 + b~2*d"2*x*arcsin(c*x)”2 + a"2*xd*e*x”2 + (2*x"2*arcsin(c*
x) + cx(sqrt(-c~2*x"2 + 1)*x/c”2 - arcsin(c*x)/c”3))*axbxd*e + 2/9% (3xx"3*
arcsin(c*x) + c*(sqrt(-c™2*x"2 + 1)*x72/c”2 + 2*sqrt(-c~2*x"2 + 1)/c"4))*a
xb*e”2 - 2%b"2*d"2x(x - sqrt(-c”2#x"2 + 1)*arcsin(c#*x)/c) + a"2xd"2*x + 2%
(c*x*arcsin(c*x) + sqrt(-c™2*x"2 + 1))*axb*d~2/c + 1/3*(b"2*xe”2*x~3 + 3*b~
2xd*e*x”2) *arctan2(c*x, sqrt(c*x + 1)*sqrt(-c*x + 1))~2 + integrate(2/3*(b
“2%c*e”"2%x"3 + 3*b~2*ckd*exx"2)*sqrt(c*x + 1)*sqrt(-c*x + 1)*arctan2(c*x,
sqrt(c*x + 1)*sqrt(-c*x + 1))/(c™2*x"2 - 1), x)

3.10.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 487 vs. 2(218) = 436.

3.10.  [(d+ ex)*(a+ barcsin(cz))? dz
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Time = 0.31 (sec) , antiderivative size = 487, normalized size of antiderivative = 2.01

1
/(d + ex)?(a + barcsin(cz))? dz = 3 a?e®z® + b’ d?z arcsin (cx)? + 2 abd?z arcsin (cz)

(x? — 1)b%e®z arcsin (cxz)

3c?
N vV —c2x? + 1b?dex arcsin (cx)
c
2 (c*z% — 1)abe?x arcsin (cz)
3c?
(2z? — 1)b%de arcsin (cx)®  b2e2x arcsin (cz)’
2 + 2
c 3c
LY —c2x2 + labdex N 2/ —c2x? + 1b%d? arcsin (cx)
c c
2(c2x? —1)b*e®x 2 (c*x? — 1)abde arcsin (cx)
+
27 c? c?
2 abe?x arcsin (cx) N b2de arcsin (cz)?
3c? 2¢?
3
N 2v/—c2x? + labd® 2 (—c?z? + 1)2b%e? arcsin (cx)
c 9¢3
N (x? —1)a’de (2x® —1)b*de 14b%e*x
c? 2¢? 27 c?
3
abde arcsin (cx) 2 (—c?x? + 1)2abe?
c? 9¢3
N 2v/—c?z? + 1b%e? arcsin (cx)
3c3
b’de  2+/—c2x2 + labe?

T 42 3¢c3

+ a’d’z

—20%d%z +

inputLintegrate((e*x+d)‘2*(a+b*arcsin(c*x))‘2,x, algorithm="giac")

3.10.  [(d+ ex)*(a+ barcsin(cz))? dz



output
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1/3%a"2%e"2%x"3 + b"2+d"2*x*arcsin(c*x) "2 + 2%a*b*d”2*x*arcsin(c*x) + 1/3%
(c™2*%x"2 - 1)*b"2*e”2xx*arcsin(c*x)~2/c”2 + sqrt(-c”2*x"2 + 1)*b~2*d*exx*a
rcsin(c*x)/c + a™2*%d"2xx — 2*xb"2*d"2*x + 2/3*(c72*%x"2 - 1)*axbke”~2*x*arcsi
n(c*x)/c”2 + (c™2%x72 - 1)*b~2xd*e*arcsin(c*x)~2/c”2 + 1/3*b"2*%e”2*x*arcsi
n(c*x)~2/c”2 + sqrt(-c™2*x"2 + 1)*axbkdxe*x/c + 2*sqrt(-c”2*x"2 + 1)*b~2xd
~2*arcsin(c*x)/c - 2/27*(c"2*%x"2 - 1)*b"2xe"2*x/c”2 + 2x(c”2*x"2 - 1)*a*b*
d*exarcsin(c*x)/c”2 + 2/3*a*bxe”2*x*arcsin(c*x)/c”2 + 1/2*b"2xd*e*arcsin(c
*x)"2/c”2 + 2xsqrt(-c”2*x"2 + 1)*axbxd"2/c - 2/9%(-c”2*x"2 + 1)~ (3/2)*b"2x%
e"2xarcsin(c*x)/c”3 + (c™2%x72 - 1)*a~2+d*e/c”2 - 1/2x(c™2*x"2 - 1)*b~2xd*
e/c”2 - 14/27*b"2*e”~2*x/c”2 + axbxd*exarcsin(c*x)/c”2 - 2/9x(-c™2*x"2 + 1)
~(3/2)*axbxe~2/c”3 + 2/3xsqrt(-c”2*x"2 + 1)*b"2*e"2*arcsin(c*x)/c”3 - 1/4x%
b~2*d*e/c”2 + 2/3*sqrt(-c”2*x"2 + 1)*axb*e”~2/c”"3

3.10.9 Mupad [F(-1)]

Timed out.

/(d + ex)*(a + barcsin(cz))? dx = / (a + basin(cz))® (d+ ex)’ dz

inputtint((a + b*asin(c*x))"2%(d + e*x)"2,x)

-

outputLint((a + bkasin(c*x))"2%(d + e*x)~2, x)

3.10.  [(d+ ex)*(a+ barcsin(cz))? dz

~—
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3.11 [(d + ex)(a + barcsin(cz))? dx

3.11.1 Optimal result . . . . . . . . . .. 244
3.11.2 Mathematica [A] (verified) . . . . . . . . ... ... L oo 247
3.11.3 Rubi [A] (verified) . . . . . ... .. 245
3.11.4 Maple [A] (verified) . .. . ... ... ... 240
3.11.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 247
3.11.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . 247l
3.11.7 Maxima [F] . . . . . ... 248
3.11.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 248
3.11.9 Mupad [F(-1)] . . . . o o 249

3.11.1 Optimal result

Integrand size = 16, antiderivative size = 142

Ny ;
/(d + ex)(a + barcsin(cz))? do = —2b%dx — ibzeac2 + 2bdv'1 = c*z*(a + barcsin(ca))

c
N bex/1 — c*x*(a + barcsin(cr))  d*(a + barcsin(cz))?
2c 2e
_ e(a+ barcsin(cz))? N (d + ex)*(a + barcsin(cz))?
4c? 2e

output‘-2*b“2*d*x—1/4*b“2*e*x‘2—1/2*d“2*(a+b*arcsin(c*x))”2/e—1/4*e*(a+b*arcsin(c
‘*x))“2/c“2+1/2*(e*x+d)“2*(a+b*arcsin(c*x))“2/e+2*b*d*(a+b*arcsin(c*x))*(-c
‘“2*x“2+1)‘(1/2)/c+1/2*b*e*x*(a+b*arcsin(c*x))*(-c“2*x‘2+1)“(1/2)/c

3.11.2 Mathematica [A] (verified)

Time = 0.69 (sec) , antiderivative size = 154, normalized size of antiderivative = 1.08

/(d + ex)(a + barcsin(cz))? dz = (d +ez)*(a -;eb arcsin(cz))”

b <2bd€l‘ + ibezwz _ 2dev1-c%x? (cz—i—b arcsin(cz))  e?zv1—c?z? (2ac+b arcsin(cz)) + d?(a+b ag(l:)sin(c:c))2 + e2(a+b Zzzs;n(cz))

e

input ‘ Integrate[(d + exx)*(a + bxArcSin[c*x])~2,x]

3.11.  [(d+ ex)(a+ barcsin(cz))? dz
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output‘ ((d + exx)"2+(a + bxArcSin[c*x])~2)/(2%e) - (b*x(2*b*d*e*x + (b*e 2*xx~2)/4 ‘
‘- (2+d*exSqrt[1 - c™2*x"2]*(a + bxArcSin[c*x]))/c - (e”2*x*Sqrt[l - c™2*x~ ‘
'2]%(a + bxArcSin[c¥x]))/(2%c) + (d"2x(a + bxArcSin[c*x])"2)/(2%b) + (e™2x(
‘a + brArcSin[cxx])"2)/ (4xbxc™2))) /e |

3.11.3 Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.15,
number of steps used = 3, number of rules used — 3, Lumber of rules _ ( 188 Ryles used

integrand size
= {5242, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)(a + barcsin(cz))? d

| 5242
d+ex)?(a+barcsin(cz
(d + ex)?(a + barcsin(cz))? B be [ ( )\(/1_02962 ) dg

2e e

| 5262
(a+barcsin(cz))d? 2ex(a+barcsin(cz))d |, e?x?(atbarcsin(cz))
(d + ex)?(a + barcsin(cz))? B be | ( jlc_sczgp + \/izzsxz + \/1_3;;;2 ) dz

2e e

| 2009

(d + ex)?(a + barcsin(cz))?

2e
e?(a+barcsin(cz))? 2dev/1—c?z2(a+barcsin(cz)) e2z+/1—c2x2(a+barcsin(cz)) d?(a+barcsin(cz))? 2bdex |, be2x2
be 4bc3 - c? o 2c2 + 2bc + c + 4c

e

input | Int[(d + e*x)*(a + b*ArcSin[c*x])~2,x]

& J

OUtPUt‘ ((d + e*x)"2x(a + bxArcSinl[c*x])"2)/(2xe) - (bxc*((2*bxdxe*x)/c + (b*e 2*x ‘
“‘2)/(4*c) - (2xd*exSqrt[1 - c™2*x"2]*(a + b*ArcSin[c*x]))/c™2 - (e~2*x*Sqr ‘
t[1 - c™2#x"2]*(a + bxArcSin[c¥x]))/(2xc™2) + (d"2x(a + b¥ArcSin[c*x])~2)/
‘ (2xb*c) + (e"2%(a + b*ArcSin[c*x])~2)/(4%b*xc~3)))/e ‘

3.11.  [(d+ ex)(a+ barcsin(cz))? dz
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3.11.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 5242

rule 5262

Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_.)*((d_) + (e_.)*(x_))"(m_.), x_S
ymbol] :> Simp[(d + e*x)"(m + 1)*((a + bxArcSin[c*x])"n/(ex(m + 1))), x] -
Simp [bxc*x(n/(ex(m + 1))) Int[(d + exx)"(m + 1)*((a + b*ArcSin[c*x])~(n -
1)/Sqrt[1 - c™2*x~2]), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]
&& NeQ[m, -1]

Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.))"(n_.)*((f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p*(a +
bxArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] &
& EqQlc™2*d + e, 0] && IGtQ[m, O] && IntegerQlp + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 || p>0 |l (n==1& p>-1) || (m==2 & p < -2))

3.11.4 Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.33

method result

2 arcsin(cm)2x2 242/ —c222+41 arcsin(ca:):::c—arcsin(ca:)2 —c2z2)

4c

b2<e(
parts a*(tex® +dz) +

+d (ca: arcsin(cx)? —2cx+2:

[

6(2 arcsin(cz)22262+2\/ —c222 41 arcsin(cx)zc—arcsi

2( 2 12 2 b2 dc(cwarcsin(c:c)2—2c:c+2arcsin(cz)\/—c2z2+1)+
a“(dc z+§c ex )

4

derivativedivides = <

c

2 . 2 i 2.2
b dc( cx arcsin(cx)“ —2cx+2 arcsin(cz —ccz<+1)+
az(dc2w+%czew2) ( ( (ex) (cz)V )

5(2 arcsin(cx)2z262+2\/ —c232+41 arcsin(cx)wc—arcsi
1

default c + E

c

input tint ((exx+d)*(a+b*arcsin(c*x))~2,x,method=_RETURNVERBOSE)

3.11.  [(d+ ex)(a+ barcsin(cz))? dz
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output | a~2*(1/2*exx~2+d*x)+b"2/c* (1/4*ex (2*arcsin(c*x) "2*x~2*c™2+2% (-c™2*x~2+1) ~(
1/2)*arcsin(c*x) *x*c—arcsin(c*x) “2-c~2*x~2) /c+d* (c*kx*arcsin (c*x) ~2-2%c*xx+2
*arcsin(cxx)*(-c™2*x"2+1) " (1/2)))+2*xaxb/c*x(1/2*c*arcsin(c*x) *x"2*e+arcsin(
cxx) *d*cxx-1/2/c* (ex (-1/2*cxx*k (—c™2*x"2+1) ~(1/2) +1/2*arcsin(c*x) ) -2*xd*c* (-
c~2%x"2+1)~(1/2)))

3.11.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.10

/(d + ex)(a + barcsin(cz))? dz

(202 — b*)c2ex? + 4 (a? — 2b2)Edx + (2b2cRex? + 4 b2c2dx — be) arcsin (cx)? + 2 (2 abc?ex? + 4 abc?dz -
4c?

input‘integrate((e*x+d)*(a+b*arcsin(c*x))‘2,x, algorithm="fricas") ‘

output‘1/4*((2*a“2 - bT2)*c"2xe*x"2 + 4%(a”2 - 2*b72)*c”2kd*x + (2%b"2%kc " 2xe*x "2
|+ 4xb™2%cT2%d*x - b~2%e)*arcsin(ckx)"2 + 2% (2¥axbkc 2kekx"2 + draxbrc2xdx
'x - a¥bke)*arcsin(ckx) + 2% (axbkckexx + 4kaxbkckd + (b 2xckekx + 4¥b 2xcxd
‘)*arcsin(c*x))*sqrt(-c‘2*x‘2 + 1)) /c™2 ‘

3.11.6 Sympy [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 233, normalized size of antiderivative = 1.64

/(d + ex)(a + barcsin(cz))? dzx

24,2 . . Ny 221 be asi .
a’dz + < 4 2abda asin (cz) + abex? asin (cx) + 20/ =L | abea/-ctot4l _ abeasii(cw) | p2(j ggin

2c 2c2?
2
@*(dz + )

-/

inputLintegrate((e*x+d)*(a+b*asin(c*x))**2,x)

3.11.  [(d+ ex)(a+ barcsin(cz))? dz



output
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Piecewise ((a**2xd*x + ax*2%e*x*x2/2 + 2xaxbxdxx*asin(c*x) + axbxexx**2*asi
n(c*x) + 2xaxb*d*sqrt(-—c**2*x**2 + 1)/c + axbke*xxxsqrt (-ck*2xx**2 + 1)/(2%*
c) - axbxexasin(c*x)/(2%c**2) + b**2xd*x*asin(c*x)**2 — 2xb**2xd*x + b**2%
exx**x2%asin (ckx) **2/2 — b**2kexx**2/4 + 2xb**2xd*sqrt (-cx*2*x**2 + 1)*asin
(c*x)/c + bx*2*e*xx*sqrt (-cx*2xx**2 + 1)*asin(c*x)/(2*c) - bx*2xe*asin(c*x)
*x2/ (4xcx*2) , Ne(c, 0)), (a**2*(d*x + exx**x2/2), True))

3.11.7 Maxima [F]

/(d + ex)(a + barcsin(cr))? dr = / (ex 4 d)(barcsin (cx) + a)® dz

-

inputLintegrate((e*x+d)*(a+b*arcsin(c*x))“2,x, algorithm="maxima"

output

) + sqrt(-c”2*x"2 + 1))*axb*d/c

b~ 2xd*x*arcsin(c*x) "2 + 1/2*%a"2%e*xx"2 + 1/2%(2*x"2xarcsin(c*x) + c*(sqrt(-
c™2*x"2 + 1)#*x/c”2 - arcsin(c*x)/c”3))*a*b*e + 1/2*%(x"2*arctan2(c*x, sqrt(
cxx + 1)*sqrt(-c*x + 1))72 + 2*c*integrate(sqrt(c*x + 1)*sqrt(-c*x + 1)*x~
2xarctan2(c*x, sqrt(c*x + 1)*sqrt(-c*x + 1))/(c™2*x"2 - 1), x))*b"2xe - 2%
b~2*d*(x - sqrt(-c”2*x"2 + 1)*arcsin(c*x)/c) + a”2*d*x + 2*(c*x*arcsin(c*x

3.11.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.72

/ (d + ex)(a + barcsin(cz))? de = b*dz arcsin (cz)® + 2 abdz arcsin (cz)

—c2z? + 1b%ex arcsin (cx)
2c
(2x? — 1)b%earcsin (cx)?
2¢?

a’dz

2b%dx +

4 vV —c%z? + labex 4 2/ —c?z? + 1b*d arcsin (cz)

_|_

2c c
(22 — 1)abearcsin (cz) ~ b2earcsin (cz)’
+
c? 4.c?
2v/—c?z? + labd N (2x? — 1)a’e
c 2c?

(c2z? — 1)b%e  abearcsin(cz) b%e

4c? 2¢? 8 c?

3.11.  [(d+ ex)(a+ barcsin(cz))? dz

~—
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input  integrate((e*x+d)*(a+b*arcsin(c*x))~2,x, algorithm="giac")

output | b"2*d*x*arcsin(c*x) "2 + 2*xaxb*d*x*arcsin(c*x) + 1/2*sqrt(-c”2*x"2 + 1)*b~2
*exx*xarcsin(c*x)/c + a~2*d*x - 2*b"2xd*xx + 1/2*%(c”2*x72 - 1)*b"2*xe*arcsin(
c*x)"2/c”2 + 1/2*%sqrt(-c”2*x"2 + 1)*axb*exx/c + 2*sqrt(-c™2*xx"2 + 1)*b~2+d
*arcsin(c*x)/c + (c72*%x"2 - 1)*axbxexarcsin(c*x)/c”2 + 1/4%b"2xexarcsin(cx*
X)72/c”2 + 2*sqrt(-c”2*x"2 + 1)*a*bxd/c + 1/2*(c™2*xx"2 - 1)*a"2%e/c”2 - 1/
4% (c™2*x"2 - 1)*b"2*e/c”2 + 1/2*a*b*exarcsin(c*x)/c”2 - 1/8%b"2*xe/c”2

3.11.9 Mupad [F(-1)]

Timed out.

/(d + ex)(a + barcsin(cz))? dz = / (a + basin(cz))’ (d+ ex) dx

input‘int((a + bxasin(c#*x))"2*(d + e*x),x)

outputtint((a + bx*asin(c*x))"2*%(d + ex*x), x)

3.11.  [(d+ ex)(a+ barcsin(cz))? dz
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3.12 [(a + barcsin(cz))? dx

3.12.1 Optimalresult . . . . . . . . . .. 250
3.12.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 250
3.12.3 Rubi [A] (verified) . . . . . . .. .. 251]
3.12.4 Maple [A] (verified) . .. . ... . ... .. 252
3.12.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 252
3.12.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 253
3.12.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 253
3.12.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 254
3.12.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 257

3.12.1 Optimal result

Integrand size = 10, antiderivative size = 47

20\/1 — c2z? b i
/(a + barcsin(cz))? dor = —2b%r + °2 (ac—i- arcsin(cz)) + z(a + barcsin(cz))?
output[—2*b‘2*x+x*(a+b*arcsin(c*x))‘2+2*b*(a+b*arcsin(c*x))*(-c‘2*x‘2+1)‘(1/2)/c J

3.12.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00

2bv/1 — c?z%(a + barcsin(cz))

Cc

/(a + barcsin(cz))? dor = —2b%*r + + z(a + barcsin(cz))?

e

input tIntegrate [(a + bxArcSin[c*x])~2,x]

~—

output‘ -2xb~2xx + (2*b*Sqrt[1 - c”2*x"2]*(a + b*ArcSin[c*x]))/c + x*(a + bxArcSin
[exx]) "2 |

3.12.  [(a+ barcsin(cz))? dz
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3.12.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.09, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 354 Ryjes used = {5130,

integrand size
5182, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a + barcsin(cz))? dx

l 5130

a + barcsin(cz))

V1 —c2z?

z(a + barcsin(cz))? — 2bc/ il

| 5182
b[ldz V1-c2a?(a+ barcsin(ca:)))
c

C2
l 24

v1-— 22 .
z(a + barcsin(cav))2 - 2bc<bcaC _Vi-c=z (a:; barcsm(cx)))

z(a + barcsin(cz))? — 2bc<

input LInt [(a + b*ArcSin[c*x])~2,x]

e

output | x*(a + b*ArcSin[c*x])~2 - 2*b*c*k((b*x)/c - (Sqrt[l - c”2*x"2]*(a + b*ArcSi

\ nlc*x]))/c™2)

3.12.3.1 Defintions of rubi rules used

rule 24‘Int [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 5130‘ Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*Ar
‘cSin[c*x])"n, x] - Simp[b*c*n  Int[x*((a + b*ArcSin[c*x])~(n - 1)/Sqrt[1 -
‘ c"2*xx72]), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, O]

3.12.  [(a+ barcsin(cz))? dz
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rule 5182 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_.)*(x_)*((d_) + (e_.)*(x_)"2)"(p_
.), x_Symbol] :> Simp[(d + e*x~2)"(p + 1)*((a + b*ArcSin[c*x]) n/(2*ex(p +
1)), x] + Simp[b*x(n/(2xcx(p + 1)))*Simp[(d + e*x~2)"p/(1 - c~2*x"2) p] I
nt[(1 - c™2%x72)"(p + 1/2)*(a + b*ArcSin[c*x])~(n - 1), x], x] /; FreeQl{a,
b, c, d, e, p}, x] && EqQ[c”™2*d + e, 0] && GtQ[n, 0] && NeQ[p, -1]

3.12.4 Maple [A] (verified)

Time = 0.00 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.53

method result size
derivativedivides cx a?+b? (c:c arcsin(cz)? —2cz+2 arcsin(cz)\/c—02z2+1> +2ab (c:z: arcsin(cz)+v/ —c2w2+1> 79
default cx a?+b? (cz arcsin(cx)? —2cz+2 arcsin(cm)\/c—czm2+1> +2ab (cz arcsin(cz)+V/ —02w2+1) 79
parts o2z " b? (ca: arcsin(cx)? —2¢:ac+62 arcsin(cz)V —02x2+1> " 2ab (cm arcsin(c.:)+\/ —c2x2+1> 73
inputLint((a+b*arcsin(c*x))“2,x,method=_RETURNVERBOSE) J
output‘1/c*(c*x*a‘2+b“2*(c*x*arcsin(c*x)“2—2*c*x+2*arcsin(c*x)*(—c‘2*x“2+1)‘(1/2)
) +2kaxbk (ckx*arcsin(chx) +(~c"24x"2+1) " (1/2))) |
3.12.5 Fricas [A] (verification not implemented)
Time = 0.25 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.38
/(a + barcsin(cz))? dz
b2cx arcsin (cx)® + 2 abex arcsin (cz) + (a2 — 2b2)cx + 2 v/ —c222 + 1(b? arcsin (cz) + ab)
B c
inputLintegrate((a+b*arcsin(c*x))‘2,x, algorithm="fricas") J

output‘(b‘2*c*x*arcsin(c*x)‘2 + 2¥a¥bkcxx*arcsin(ckx) + (a”2 - 2%b72)*c*x + 2%*sqr
‘t(-c‘2*x‘2 + 1)*(b~2*arcsin(c*x) + a*b))/c ‘

3.12.  [(a+ barcsin(cz))? dz



CHAPTER 3. LISTING OF INTEGRALS 253

3.12.6 Sympy [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.74

/(a + barcsin(cz))? dz

a’z + 2abz asin (cz) + 22Y=C241 4 p25 asin? (cz) — 2b%7 + 2% _02“”2: Lasin(en)  for ¢ £ 0

a’x otherwise

-

input Lintegrate ((atb*asin(c*x)) **2,x)

-

output‘Piecewise((a**2*x + 2*axb*x*asin(c*x) + 2¥axbxsqrt(-cx*2*x**2 + 1)/c + b**
‘2*x*asin(c*x)**2 — 2xb**2xx + 2kbx*2xsqrt (-ck*2*x**2 + 1)*asin(c*x)/c, Ne(
c, 0)), (ax*2xx, True))

N J

3.12.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.53

/(a + barcsin(cz))? de = b*z arcsin (cz)® — 2b? (:c - c

2 (cz arcsin (cz) + v—c?z% + 1)ab

Cc

VvV —c2z? 4+ 1 arcsin (cx))

+a’z +

input‘integrate((a+b*arcsin(c*x))”2,x, algorithm="maxima") ‘

output‘b‘2*x*arcsin(c*x)“2 - 2%b"2*(x - sqrt(-c”2*x"2 + 1)*arcsin(c*x)/c) + a~2%x
‘ + 2% (cxx*arcsin(c*x) + sqrt(-c™2*x"2 + 1))*a*b/c ‘

3.12.  [(a+ barcsin(cz))? dz
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3.12.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.60

/(a + barcsin(cz))? de = b*z arcsin (cz)” + 2 abz arcsin (cz) + oz — 2b%x
N 2 v/—c?z? + 1b% arcsin (cx) N 2v/—c?z? + lab

Cc Cc

inputLintegrate((a+b*arcsin(c*x))‘2,x, algorithm="giac")

~—

p
Outplﬂi‘b"2*x*arcsin(c*x)“2 + 2*axb*x*arcsin(c*x) + a”™2xx - 2%b"2*x + 2*sqrt(-c 2% \
Lx‘2 + 1)*b~2*arcsin(c*x)/c + 2*sqrt(-c”2*x"2 + 1)*a*b/c J

3.12.9 Mupad [B] (verification not implemented)

Time = 0.39 (sec) , antiderivative size = 142, normalized size of antiderivative = 3.02

/(a + barcsin(cz))? dz

2ab(vV1-c?z2+czasin(cz
b? (x (asin(cz)? — 2) + 2asin(cz) ,/c%—ﬂ) +a’z + ( * (o) if 0<c

c

202 asin(ea) V=P 20 (VI=@a?+caasin(c))
Cc

c

a*z + bz (asin(cz)’ — 2) + if -0<c¢

input‘ int((a + b*asin(c*x))~2,x) ‘

output‘piecewise(O < ¢, b™2x(x*(asin(c*x)72 - 2) + 2*asin(c*x)*(1/c™2 - x72)7(1/2 ‘
\)) + a”2xx + (2%a*xb*((- c™2*%x"2 + 1)7(1/2) + c*x*asin(c*x)))/c, ~0 < c, a~
‘2*x + b~ 2*x*(asin(c*x)”2 - 2) + (2*xb"2*asin(c*x)*(- c™2*x"2 + 1)7(1/2))/c
+ (2kaxbx((- c2%x™2 + 1)7(1/2) + cHx*asin(c*x)))/c) |

3.12.  [(a+ barcsin(cz))? dz



output
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3.13 f (a+b a;csin(ca:))2 dx
+ex

3.13.1 Optimalresult . . .. ... .. .. .. ... . e 255
3.13.2 Mathematica [A] (verified) . . . . . . ... . .. oo 2561
3.13.3 Rubi [A] (verified) . . . . ... ... 250
3.13.4 Maple [F] . . . . . . o 259
3.13.5 Fricas [F] . . . . . . o o 259
3.13.6 Sympy [F] . . . . o 259
3.13.7 Maxima [F] . . . . . . . 2601
3.13.8 Giac [F] . . . . .o 260
3.13.9 Mupad [F(-1)] . . . . o 260

3.13.1 Optimal result

Integrand size = 18, antiderivative size = 347
. jeet arcsin(cz)
(a + barcsin(cz))? e _i(a+ barcsin(cz))?® N (a+ barcsin(cz))* log (1 - cd—W)
d+ex B 3be e
(a + barcsin(cz))? log (1 — teeiernicn )

i cd++/c2d?—e?

e

2ib(a + barcsin(cz)) PolyLog (2, %)

(&

. . jee’ arcsin(cz)
2ib(a + barcsin(czx)) PolyLog <2, m)

e

jeet arcsin(cz) jeet arcsin(cz)
2b2 POlyLOg (3, m) N 2b2 PO]YLOg (3, m)

(& e

+

N\

-1/3*I*(a+b*arcsin(c*x))~3/b/e+(atb*arcsin(c*x)) " 2*1n(1-I*e* (I*kc*x+(-c 2*x
~2+1)~(1/2))/(c*d-(c~2*%d"2-e"2)~(1/2))) /e+(atb*arcsin(c*x)) “2*1n (1-I*e* (I*
ckx+(-c”2*xx72+1) " (1/2)) / (c*d+(c~2*%d"2-e"2) ~(1/2)) ) /e-2*I*b* (a+b*arcsin(c*x
))*polylog (2, I*e* (I*xckx+(-c~2*x"2+1)~(1/2))/(c*d-(c~2%d"2-e"2)"(1/2)))/e-2
*I*b* (atb*arcsin(c*x) ) *polylog(2, I*xex (Ixc*x+(-c~2*x"2+1)~(1/2) )/ (c*d+(c™2%
d~2-e72)7(1/2))) /e+2%b~2xpolylog (3, Ixe* (Ixc*x+(-c 2*xx~2+1)~(1/2) )/ (c*d-(c”
2%d"2-e72) " (1/2)) ) /e+2xb~2*polylog (3, Ixe* (I*c*x+(-c™2*%x~2+1) ~(1/2) ) / (c*d+(
c"2*%d"2-e"2)"(1/2))) /e

3.13. [ (etbarcsin(en)? g,
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3.13.2 Mathematica [A] (verified)

Time = 0.26 (sec) , antiderivative size = 332, normalized size of antiderivative = 0.96

. 2
/ (a + barcsin(cx)) i
d+ex

——i(a+bar?in(cw))3 + 3(a + barcsin(cz))? log (1 4 fee

3 arcsin(cz)

—cdtvVEde—e?

) + 3(a + barcsin(cz))? log (1 —

jeet arcsin(cz)

cd++/c2d2—e2

;
input Integrate[(a + b*ArcSin[c*x])~2/(d + e*x),x]

output

(((-I)*(a + bxArcSin[c*x])~3)/b + 3*(a + b*ArcSin[c*x]) 2xLog[1l + (I*exE"(
IxArcSin[c*x]))/(-(cxd) + Sqrt[c™2+#d"2 - e72])] + 3*(a + b*ArcSin[c*x]) 2%
Logl[l - (I*exE~(IxArcSin[c*x]))/(c*d + Sqrt[c™2*d"2 - e72])] + 6xbx((-I)x*(
a + b¥ArcSin[c*x])*PolyLog[2, (I*exE~(I*ArcSin[c*x]))/(c*d - Sqrt[c™2*d"2

- e72])] + b*PolyLog[3, (I*e*E~(I*ArcSin[c*x]))/(c*d - Sqrtl[c™2*xd"2 - e~2]
)1) + 6*b*((-I)*(a + b*ArcSin[c*x])*PolyLog[2, (I*exE~(I*ArcSin[c#*x]))/(c*
d + Sqrt[c™2%d"2 - e72])] + bxPolyLogl[3, (I*e*E~(I*ArcSin[c*x]))/(c*d + Sq
rt[c™2*%d"2 - e72])]1))/(3%e)

3.13.3 Rubi [A] (verified)

Time = 1.05 (sec) , antiderivative size = 343, normalized size of antiderivative = 0.99,

number of steps used = 7, number of rules used = 6, number of rules _ = 0.333, Rules used

integrand size
= {5240, 5030, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

: 2
/ (a + barcsin(cz)) i
d+ex

| 5240
/ V1 — c2x2(a + barcsin(cz))?

cd + cex

d arcsin(cx)

l 5030

etaresin(cz) (g 4 parcsin(cz))? ) etaresin(cz) (g 4 parcsin(cz))?
— d arcsin(cx) + —
cd — ieet arcsin(cz) _ 4 /c2d2 — e2 cd — ieet arcsin(cz) + 4 /c2d2 — e2
i(a + barcsin(cz))3
3be

darcsin(cx) —

3.13. [ (etbarcsin(en)? g,
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l 2620

2b [(a + barcsin(cz)) log (1 - ;;i;%) d arcsin(cz)

e

2b [(a + barcsin(cz)) log (1 - cﬁ/ﬁ

i arcsin(cz)

) d arcsin(cx)

+

. ; ot arcsin(cz) . ; ot arcsin(czx)
(a + barcsin(cz))? log (1 - %) N (a + barcsin(cz))? log (1 - %)
e e
i(a + barcsin(cz))3

3be
l 3011

jeet arcsin(cz) jeet arcsin(cz)

2b (’L(a + barcsin(cx)) POlyLOg (2, m) — lb f POlyLOg (2, m

) d arcsin(cac))

jeet arcsin(cz) jeet arcsin(cz)

2b (Z(a' + barcsin(cm)) POlyLOg (2, m) — Zb f POlyLOg (2, m

) d arcsin(ca:))

+
e
. ;i arcsin(cz) . ; ot arcsin(cz)
(a + barcsin(cz))? log (1 - %) . (a + barcsin(cz))? log (1 - %)
e e
i(a + barcsin(cz))3
3be
| 2720

2b (i(a + barcsin(cz)) PolyLog (2 jeei arcsin(cz)

? cd—+/c2d2—e? ) cd—~/c2d2—e2

) _ bfe—iarcsin(cac) PolyLog <2 ieet arcsin(cz) ) deiarcsin(cm))

2b (i(a + barcsin(cz)) PolyLog (2 jeei arcsin(cz)

? cd4++/c2d? —e2 ? cd++/c2d2—e2

e
> _ bfe—iarcsin(cw) PolyLog (2 ieet arcsin(cz) ) deiarcsin(cw))

e
(a + barcsin(cz))? log (1 — ieelean(er) ) (a + barcsin(cz))? log (1 _ egtaresin(cr) )
+ _

cd—+/c?2d2—e2 vc2d2—e24cd
e e
i(a + barcsin(cz))3
3be
l 7143

i arcsin(cz)

2b (i(a + barcsin(cx)) PolyLog (2, %) — bPolyLog (3, %))

. . ; ot arcsin(cz) ; ot arcsin(cz)
2b (z(a + barcsin(cz)) PolyLog (2, %) — bPolyLog (3, ﬂ/ﬁ)) N

. ; ot arcsin(cz) . ; ot arcsin(czx)
(a + barcsin(cz))? log (1 - %) N (a + barcsin(cz))? log (1 - %)

e e
i(a + barcsin(cz))3

3be

3.13. [ (etbarsinen)? g,
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input‘Int[(a + bxArcSin[c*x])"2/(d + exx),x]

output | ((-1/3*I)*(a + b*ArcSin[c*x])~3)/(bxe) + ((a + bxArcSin[c*x]) 2+Log[1 - (I
*xe*E~ (I*xArcSin[c*x]))/(c*d - Sqrtlc™2*xd"2 - e"2])])/e + ((a + b*ArcSin[c*x
1)"2xLog[1 - (I*exE~(I*ArcSin[c*x]))/(c*d + Sqrt[c™2*%d"2 - e~2])])/e - (2%
b*(I*(a + b*ArcSin[c*x])*PolyLog[2, (I*e*E~(I*ArcSin[c*x]))/(c*d - Sqrtlc~
2%d"2 - e~2])] - b*PolyLogl[3, (I*e*E~(I*ArcSin[c*x]))/(c*d - Sqrt[c~2xd~2

- e 2]1)1))/e - (2%bx(I*(a + bxArcSin[c*x])*PolyLog[2, (I*e*E~(I*ArcSin[c*x
1))/(cxd + Sqrt[c™2*d"2 - e72])] - b*PolyLogl[3, (I*exE~(I*ArcSin[c*x]))/(c
*d + Sqrtl[c 2*d~2 - e~2])]1))/e

3.13.3.1 Defintions of rubi rules used

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

rule 2720 | Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Int[Logl[1l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)]1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*x(a +
b*x))) “nl/(b*c*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F1)) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, 0]

rule 5030 Int[(Cos[(c_.) + (A_.)*(x_)I*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (@_.)*(x_)1), x_Symbol] :> Simp[(-I)*((e + f*x)"(m + 1)/(b*f*(m + 1
1)), x]1 + (Int[(e + f*x) " m*x(E~(I*(c + d*x))/(a - Rt[a"2 - b~2, 2] - I*b*E~(
Ix(c + d*x)))), x] + Int[(e + f*x) " m*x(E~(I*(c + d*x))/(a + Rt[a"2 - b~2, 2]
- I*bxE~(Ix(c + d*x)))), x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, O]
&& PosQ[a~2 - b~2]

3.13. [ (etbarcsin(en)? g,
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rule 5240 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_.)/((d_) + (e_.)*(x_)), x_Symbol

FreeQ[{a, b, c, d, e}, x] && IGtQ[n, O]

]

:> Subst[Int[(a + b*x) n*(Cos[x]/(cxd + e*Sin[x])), x], x, ArcSin[c*x]] /;

rule 7143 | Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))~(p_.)1/((d_.) + (e_.)*(x))), x_
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQl{a, b, c,
» €, I, P}: X] && EqQ[b*d, a*e]

S
d

3.13.4 Maple [F]

. 2
/ (a + barcsin (cz)) i
ex+d

p
input tint ((a+b*arcsin(c*x)) "2/ (e*x+d) ,x)

e—

output | int ((a+b*arcsin(c*x)) "2/ (exx+d) ,x)

)

-/

3.13.5 Fricas [F]

dz

/ (a + barcsin(cz))? (barcsin (cz) + a)?
dr =
d+ex er+d

inputLintegrate((a+b*arcsin(c*x))“2/(e*x+d),x, algorithm="fricas")

outputLintegral((b“2*arcsin(c*x)“2 + 2%axb*arcsin(c*x) + a~2)/(e*x + d), x)

3.13.6 Sympy [F]

. 2 . 2
/ (a + barcsin(cx)) dp — / (a + basin (cx)) i
d+ex d+ezx

input Lintegrate ((at+b*asin(c*x))**2/ (e*x+d) ,x)

output LIntegral((a + bkasin(c*x))**2/(d + exx), x)

3.13. f (a+b a;f;z(cm))z dx



CHAPTER 3. LISTING OF INTEGRALS

3.13.7 Maxima [F]

/ (a + barcsin(cz))? do — / (barcsin (cz) + a)? b

d+ex er+d

inputLintegrate((a+b*arcsin(c*x))“2/(e*x+d),x, algorithm="maxima")

output‘a‘2*log(e*x + d)/e + integrate((b~2*arctan2(c*x, sqrt(c*x + 1)*sqrt(-c*x +

‘ 1))7°2 + 2#axb*arctan2(c*x, sqrt(c*x + 1)*sqrt(-c*x + 1)))/(e*x + d), x)

3.13.8 Giac [F]

. 2 . 2
/ (a + barcsin(cx)) dr — / (barcsin (cx) + a) s
d+ezx exr +d

p
input Lintegrate ((atb*arcsin(c*x)) 2/ (e*x+d) ,x, algorithm="giac")

-/

output Lintegrate((b*arcsin(c*x) + a)~2/(exx + d), x)

3.13.9 Mupad [F(-1)]

Timed out.

. 2 . 2
/ (a + barcsin(cx)) dp — / (a + basin(cx)) i
d+ex d+ex

input Lint((a + bxasin(c*x))~2/(d + e*x),x)

output Lint((a + b*asin(c*x))"2/(d + e*xx), x)

-/

3.13. f (a+b a;f;z(cm))z dx
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3.14  [leaeni) gy

3.14.1 Optimalresult . . . . . . . . . . . e
3.14.2 Mathematica [A] (verified) . . . . . . . ... ..o
3.14.3 Rubi [A] (verified) . . . . . ... ..
3.14.4 Maple [B] (verified) . ... ... ... .. ...
3.14.5 Fricas [F] . . . . . o o
3.14.6 Sympy [F] . . . . o o
3.14.7 Maxima [F(-2)] . . . . . .
3.14.8 Giac [F] . . . . .o
3.14.9 Mupad [F(-1)] . . . . oo

3.14.1 Optimal result

Integrand size = 18, antiderivative size = 309

(a + barcsin(cz))? (a + barcsin(cz))?

(d + ex)? T e(d + ex)
2ibc(a + barcsin(cz)) log (1 - ai_\;%)
evc2d? — e?
. . ieet arcsin(cz)
. 2ibc(a + barcsin(cz)) log <1 — m)
evccd? — e?
jee’ arcsin(cz) jeet arcsin(cz)
2b2C POIYLOg <2, m) + 2b2c POlyLOg <2, m)
evVe2d? — e? evecd? — e?

-(at+b*arcsin(c*x)) ~2/e/ (exx+d) -2*xI*b*c* (a+b*arcsin(c*x) ) *1n(1-Ixe* (I*xc*x+(
-c72xx72+1) 7" (1/2)) / (c*d-(c™2*d"2-e"2) " (1/2))) /e/ (c"2*%d"2-e"2) ~(1/2) +2*I*b*
c*(a+b*arcsin(c*x))*1n(1-I*e* (I*xcxx+(-c~2*xx"2+1) " (1/2) )/ (c*d+(c"2*xd"2-e"2)
~(1/2)))/e/(c™2xd"2-e"2) " (1/2) -2%b~2*c*polylog (2, I*e* (Ixc*x+(-c™2*x"2+1) ~(
1/2))/(c*d-(c"2*xd"2-e"2)~(1/2)))/e/(c"2*d"2-e~2) " (1/2) +2*¥b~2*c*polylog(2,I
*e* (Ikcxx+(-c™2%x"2+1) " (1/2)) / (c*xd+(c"2*xd"2-e"2) " (1/2))) /e/(c"2*xd"2-e"2) " (

1/2)

a+barcsin(cx))?
314 I%dl‘
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3.14.2

Mathematica [A] (verified)

Time = 0.27 (sec) , antiderivative size = 231, normalized size of antiderivative = 0.75

dz

/ (a + barcsin(cz))?

(d + ex)?

. . jeet arcsin(cz) _ _ jeel arcsin(cz)
_ (a+barcsin(cx))? + 2be ( i(a+barcsin(cz)) (log (1+ —cd+V/c2d2—e2 ) log (1 cd++V/c2d2 —e2

) ) —bPolyLog (2,

jeet arcsin(cz)

cd—+/c2d? —e2

) +b PolyLc

d+ex

VedZ—e2

input LIntegrate[(a + b*ArcSin[c*x])~2/(d + e*x)~2,x]

output

(-((a + b*ArcSin[c*x])~2/(d + ex*x)) + (2*¥bxc*x((-I)*(a + bxArcSin[c*x])*(Lo
gll + (I*e*E~(I*ArcSin[c*x]))/(-(c*d) + Sqrtl[c™2*d"2 - e72])] - Logl[l - (I
*xe*E~ (I*ArcSin[c*x]))/(c*d + Sqrt[c™2+xd"2 - e72])]) - b*PolyLogl[2, (I*e*E™~
(I*ArcSin[c*x]))/(c*d - Sqrt[c™2*xd™2 - e72])] + b*PolyLogl[2, (I*e*E~(IxArc
Sin[c*x]))/(cxd + Sqrt[c™2*xd™2 - €72]1)]))/Sqrt[c™2+%d"2 - e~2])/e

3.14.3 Rubi [A] (verified)

Time = 0.97 (sec) , antiderivative size = 287, normalized size of antiderivative = 0.93,

number of steps used = 10, number of rules used = 9,

number of rules

integrand size

= {5242, 5272, 3042, 3804, 2694, 27, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a + barcsin(cz))? i

(d+ ex)?

| 5242
b [ -atbarcsin(cr) ;. _ 9
(dtez)vi-c®a? ~ _ (a+ barcsin(cz))

e e(d + ex)
| 5272
2bc [ %ﬁﬁf“)damin(cw _ (a+ barcsin(cz))?

e e(d + ex)

| 3042

= 0.500, Rules used

3.14.

(a+barcsin(cz))?
f (d+ex)? dzx
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a+barcsin(cz .
2bc f cd+esin( arcsfn(c)m)) darcsm(cx) (a +b arcsin(cm))2

e e(d + ex)
| 3804
. et aresin(ex) (g4 parcsin(cz)) .
(a; + b a.rCSln(cx) )2 4be f Qcetarcsin(cz) d_jee2iarcsin(cz) 4 e d arCSln(C.’L')
e(d+ ex) e
| 2694
(a + barcsin(cz))?
e(d+ ex)
3 ctarcsin(cz) (a+barcsin(cz)) . . etarcsin(cz) (a+b arcsin(cz)) .
4b te f 2(cd—ieei arcsin(cz) 62d2—€2) darcsm(cm) e f 2(cd—ieei arcsin(cx) _ 62d2—€2) darcsm(cm)
c V2 —e2 - VRd2—e?
e
| 27
(a + barcsin(cz))?
e(d+ ex)
. i arcsin(cz) (a+b arcsin(cz)) : . et arcsin(cz) (a+bd arcsm(cz))
tbe ie [ e BTSN (ca) 4 /g7 d arcsin(cz) e J = S iecfarcsin(ca) - a5 3% arcsin(cz)
2v/c2d2—e2 2v/c2d2 —e2
e
| 2620

_(a+ barcsin(cz))?
e(d+ ex)

(a+barcsin(cz)) log(lfm) b log(lfm)darcsin(cz) (a+barcsin(cz)) log(17M> b log(lf
ie Ve2d2—e24cd cd+Vc2d2 —e2 ie cd—+/c2d?2—e2/) "
€ € e
4be 2v/c2d?2 —e2 o 2v/c2d?2 —e2
e
| 2715
(a + barcsin(cz))? +
e(d + ex)
. i : . tarcsin(cz) ; : etarcsin(cz) . . in(c . tarcsin
. ibfe i arcsin(cx) log(l_Zi\/W)del arcsin(cz) . (a+barcsin(cz)) log(l— \/W+cd> i ib [ e—iarcsi (cz) 10g<1_cld€€;7m
e e e
4 —
be 2v/c2d2—e?

l 2838

3.14. J“Lﬁi%%gégisznf,dx
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_(a+ barcsin(cz))?

e(d + ex)
((a+barcsin(cz)) log(l 7%csm(iz)d) ib PolyLog (2 zei\a/rc;:;ﬂ) ) (((H—b arcsin(cz)) log(l z;eljitl#) ib PolyLog(% i;e'L
ie < ie cd—
€ € €
4bc -
2v/c2d2—e2 2v/c2d2 —e2

input‘Int[(a + bxArcSin[c*x])"2/(d + e*x)~2,x]

output | -((a + b*ArcSin[c*x])~2/(e*(d + e*x))) + (4*xbxckx(((-1/2%I)*ex(((a + b*ArcS
in[c*x])*Log[l - (I*exE~(I*ArcSin[c*x]))/(c*d - Sqrt[c™2*d"2 - e~2])])/e -
(I*b*PolyLog[2, (I*e*E~(I*ArcSin[c*x]))/(c*d - Sqrtl[c™2*d"2 - e~2])])/e))
/Sqrt[c™2*d~2 - e72] + ((I/2)*e*(((a + b*ArcSin[c#*x])*Logl[l - (I*e*E~(I*Ar
cSin[c*x]))/(cxd + Sqrt[c™2xd"2 - e72])])/e - (I*bxPolyLog[2, (I*e*E~(I*Ar
cSin[c*x]))/(cxd + Sqrtl[c™2*d"2 - e72]1)])/e))/Sqrtl[c™2*xd"2 - e72]))/e

3.14.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*gkn*xLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2694 Int [((F_)~(u_)*((£_.) + (g_.)*(x_)) " (@m_.))/((a_.) + (b_)*(F_)"(u) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4*a*c, 2]}, Simp[2x(c/q) Int
[(f + gkx)"m*x(F~u/(b - q + 2xc*F"w)), x], x] - Simp[2%(c/q) Int[(f + g*xx)
“mx(F~u/(b + q + 2%cxF~u)), x], x]] /; FreeQ[{F, a, b, c, £, g}, x] && EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

rule 2715 Int [Log[(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

3.14. tf(a+z3:::@m)y i
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rule 2838 Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*x"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3804 Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1), x_Sy
mbol] :> Simp[2 Int[(c + d*x) m*x(E"(I*(e + f*x))/(I*b + 2*xa*E~(Ix(e + f*x
)) - Ixb*E~(2*I*(e + f*x)))), x]1, x] /; FreeQl{a, b, c, 4, e, £}, x] && NeQ
[a”2 - b2, 0] && IGtQ[m, O]

rule 5242 | Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.)) " (n_.)*((d_) + (e_.)*(x_))"(m_.), x_S
ymbol] :> Simp[(d + e*x)~(m + 1)*((a + bxArcSin[c*x])"n/(ex(m + 1))), x] -
Simp[b*c*(n/(ex(m + 1))) Int[(d + e*x) " (m + 1)*((a + b*ArcSin[c*x])~(n -
1)/Sqrt[1 - c~2%x72]), x], x] /; FreeQ[{a, b, c, 4, e, m}, x] & IGtQ[n, O]
&& NeQ[m, -1]

rule 5272 Int[(((a_.) + ArcSin[(c_.)*(x_)I1*(b_.))"(n_.)*((£f_) + (g_.)*(x_))"(m_.))/Sq
rt[(d_) + (e_.)*(x_)"2], x_Symbol] :> Simp[1/(c"(m + 1)*Sqrt[d]) Subst[In
t[(a + b*x) "nx(c*f + g*Sin[x])"m, x], x, ArcSin[c*x]], x] /; FreeQ[{a, b, c
, d, e, £, g, n}, x] && EqQ[c™2*d + e, 0] && IntegerQ[m] && GtQ[d, 0] && (G
tQ[m, 0] || IGtQ[n, 01)

3.14.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 641 vs. 2(319) = 638.

Time = 0.78 (sec) , antiderivative size = 642, normalized size of antiderivative = 2.08

3.14. tf(a+%3:::@m)y i
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method result
id i —c22211 ) e—/—c2d24¢2
2v/—c2d24e2 arcsin(cz) In : C+(ZCZ+T/ i 2)26 5 ‘ e > 2v/—c2d24e? arcsir
a2c? +b2 arcsm(c:v)2 ide—V —cd?te +
" (cex+dc)e c? e(cexz+dc) e(c2d27e2)
derivativedivides
id i —c22241)e—v/—c2d24e2
2V —c2d2+e2 arcsin(cz) ln(z c+(zc:c+- il +2); \2/ i te > 2v/—c2d2+e2 arcsir
_ a?c? +b2 2 arcsm(cm)2 idc—+\/ —c4d“+e +
(cex+dc)e e(cex+dc) e(c2d2—62)
default
i 1 — 2.2 —v/—c2d2 42
2v/—c2d21e2 2 arcsin(cz) In ldc+(1cz+ o +1)6 oTdte 2v/—c2d24e2 ¢
2 : 2 ide—\/—c2d2+e2
p2| —¢ arcsin(cz)® +
e(cex+dc) e(c2d27e2)
2
a
parts (catd)e +

inputLint((a+b*arcsin(c*x))‘2/(e*x+d)‘2,x,method=_RETURNVERBUSE)

output

-/

1/c*(-a~2*c~2/ (c*kexx+c*d) /e+b " 2xc” 2% (—arcsin(c*x) “2/e/ (ckxe*xx+c*d) —2* (—c~ 2%
d"2+e~2)~(1/2)/e/ (c"2xd"2-e~2) *arcsin (c*x) *1n ((I*d*c+ (I*c*xx+(—c™2xx"2+1) ~(
1/2))*e-(-c~2*xd"2+e72) " (1/2) ) / (I*d*c-(-c"2*%d"2+e~2) ~(1/2)) ) +2* (-c~2*d"2+e”
2)"(1/2)/e/(c"2*xd"2-e"2) *arcsin(c*x) *1n ((I*d*c+ (I*xckx+(-c™2*%x~2+1) ~(1/2) ) *
e+(-c72+%d"2+e”2) " (1/2)) / (I*d*c+(-c~2*%d"2+e~2) ~(1/2) ) ) +2*I* (—c~2*d"2+e~2) ~ (
1/2)/e/(c™2xd"2-e"2) #dilog ((I*d*c+(I*c*x+(-c~2*x"2+1) ~(1/2) ) *e-(-c~2*d " 2+e
~2)~(1/2)) / (I*xd*c-(-c~2*xd"2+e~2) ~(1/2) ) ) -2%xI* (-c~2*%d"2+e~2) ~(1/2) /e/ (c~2%d
~2-e72) *dilog((I*d*c+(I*c*x+(-c™2%x"2+1) "~ (1/2) ) *e+(-c"2*xd"2+e"2)~(1/2)) /(I
*dxc+(—c"2*d"2+e”2) " (1/2)) ) ) +2*a*xbxc”2* (-1/ (c*exx+c*d) /e*arcsin(c*x)-1/e"2
/(-(c™2%d"2-e72)/e"2) " (1/2)*1n((-2* (c~2*d~2-e"2) /e~ 2+2xd*c/ex (c*x+d*c/e) +2
*(-(c"2*%d"2-e72) /e~2) " (1/2) * (- (c*x+d*c/e) "2+2*xd*c/ex (c*x+d*c/e) - (c~2*d"2-e
~2)/e72)~(1/2) )/ (cxx+d*c/e))))

3.14. tf(a+%3:::@m)y i
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3.14.5 Fricas [F]

(a +barcsin(cr))? | [ (barcsin (cz) + a)® .
/ (dtez? @< / etd?

inputLintegrate((a+b*arcsin(c*x))‘2/(e*x+d)‘2,x, algorithm="fricas")

output‘integral((b“2*arcsin(c*x)“2 + 2%axb*arcsin(c*x) + a”~2)/(e”2*x"2 + 2xd*e*x
+d72), x)

3.14.6 Sympy [F]

(a +barcsin(cz))? . [ (a+basin(cz))? .
/ (d+ ex)? de = / (d+ eac)2 d

inputLintegrate((a+b*asin(c*x))**2/(e*x+d)**2,x)

output‘Integral((a + b¥asin(c*x))**2/(d + e*xx)**2, x)

3.14.7 Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/ (a + barcsin(cz))?
(d+ ex)?

inputLintegrate((a+b*arcsin(c*x))‘2/(e*x+d)“2,x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume((e-c*d)*(e+c*d)>0)', see " assume
‘?‘ for mor

3.14. tf(a+%3:::@m)y i
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3.14.8 Giac [F]

(a +barcsin(cr))? | [ (barcsin (cz) + a)® .
/ (dtez? @< / etd?

inputLintegrate((a+b*arcsin(c*x))‘2/(e*x+d)‘2,x, algorithm="giac")

outputLintegrate((b*arcsin(c*x) + a)72/(exx + d)72, x)

3.14.9 Mupad [F(-1)]

Timed out.

T

(a +barcsin(cz))? . [ (a+basin(cz))?
/ (d+ ex)? & _/ (d+ ex)’

input Lint((a + b*asin(c*x))"2/(d + e*x)"2,x)

output Lint((a + b*asin(c*x))"2/(d + e*x)"2, x)

3.14. t[(a+%3:::@m)y i
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3.15 f (a+b a,rcsin(?::a:))2 dx
(d+ex)

3.15.1 Optimalresult . . .. .. ... .. ... .. . 269
3.15.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 2701
3.15.3 Rubi [A] (verified) . . . . ... .. .. 270
3.15.4 Maple [B] (verified) . ... ... ... . . ... 275
3.15.5 Fricas [F] . . . . . . o o 276l
3.15.6 Sympy [F] . . . . . o 276
3.15.7 Maxima [F(-2)] . . . .« . 27Tl
3.15.8 Giac [F] . . . . . .
3.15.9 Mupad [F(-1)] . . . . . oo 27T

3.15.1 Optimal result

Integrand size = 18, antiderivative size = 401

(d+ez) (2@ — €) (d + ex) 2e(d + ex)?
ibc3d(a + barcsin(cz)) log <1 - %)
e (02d2 _ 62)3/2
i . jee’ arcsin(cz)
ibc*d(a + barcsin(cz)) log (1 — m)
e (czd2 _ 62)3/2
jeel arcsin(cz) )

b’ log(d + ex) b%c3d PolyLog (2, s

/ (a + barcsin(cz))? dp — bev/'1 — c2x2(a + barcsin(cx))  (a + barcsin(cz))?

+

e e (@ — )"
9 3 7:eeiam:sin(ca:)
b’c*d PolyLog (2, m)

+

e (02d2 _ 62)3/2

-1/2*(a+b*arcsin(c*x))~2/e/ (exx+d) “2-b"2*c”2*1ln(e*x+d) /e/ (c"2*xd"2-e"~2) -I*b
*c~3*d* (a+b*arcsin(c*x) ) *1n(1-I*e* (Txcxx+(-c"2*x"2+1) ~(1/2) )/ (c*d-(c~2*d"2
-e72)7(1/2)))/e/(c™2*xd"2-e~2) " (3/2) +I*b*c~3*d* (a+b*arcsin(c*x) ) *1n (1-I*ex*(
Ixcxx+(-c2%x72+1) " (1/2)) / (c*d+(c~2xd"2-e72) " (1/2))) /e/(c"2*d"2-e~2) ~(3/2)
-b~2%c”~3*d*polylog (2, Ixe* (I*xckx+(-c™2%x"2+1)~(1/2))/(c*d-(c~2*d"2-e~2) "~ (1/
2)))/e/(c™2*%d"2-e~2) " (3/2) +b"2*c~3*d*polylog (2, I*e* (I*c*x+(-c 2*x~2+1) ~(1/
2))/(c*d+(c”2+%d"2-e72)"(1/2)))/e/(c"2*d"2-e"2) ~(3/2) +b*c* (a+b*arcsin(c*x))
*(-c™2%x~2+1) " (1/2) /(c™2*d~2-e"2) / (e*x+d)

a+barcsin(cx))?
3.15. [ lcHbaenC) gy
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3.15.2 Mathematica [A] (verified)

Time = 0.83 (sec) , antiderivative size = 315, normalized size of antiderivative = 0.79

/ (a + barcsin(cz))? i

(d+ex)3
obe3df — b 1 1 zeez arcsin(cz) ) _1 (I—E
2bcev/1—c2z?(a+barcsin(cz))  (atbarcsin(cz))®  2b%c? log(d+ex) + ¢ ( i(a+baresin(cz)) ( og( tcavaa—a +v/c2d2 — 8 cd-
(c?d?—e?)(d+ex) (d+ex)? c2d?—e? (
2e

input Integrate[(a + b*ArcSin[c*x])~2/(d + ex*x)"3,x]

output | ((2¥b*ckexSqrt[1 - c”2*x"2]*(a + b*ArcSin[c*x]))/((c™2%d"2 - e72)*(d + e*x
)) - (a + bxArcSin[c*x])~2/(d + e*x)~2 - (2*b~2xc~2xLog[d + e*x])/(c~2*d"2
- e72) + (2xbxc”3*d*((-I)*(a + bxArcSin[c*x])*(Log[1l + (I*e*E~(I*ArcSinl[c
*x]))/(-(c*d) + Sqrtl[c™2*d"2 - e72])] - Logl[l - (I*exE~(I*ArcSin[c*x]))/(c
*d + Sqrt[c”2*d"2 - e72])]) - bxPolyLogl[2, (I*e*xE~(I*ArcSin[c*x]))/(c*d -

Sqrt[c”2*d"2 - e~2])] + b*PolyLog[2, (I*e*E~(I*ArcSin[c*x]))/(c*d + Sqrtlc
“2xd"2 - e72])]1))/(c”2*d"2 - e72)7(3/2))/(2xe)

3.15.3 Rubi [A] (verified)

Time = 1.28 (sec) , antiderivative size = 386, normalized size of antiderivative = 0.96,

_ _ number of rules
number of steps used = 14, number of rules used = 13, integrand size = 0.722, Rules

used = {5242, 5272, 3042, 3805, 3042, 3147, 16, 3804, 2694, 27, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a + barcsin(cz))?
/ dtens

| 5242
+b (cx)
be | (d(:- x?;C\/Slln Fde _ (a+barcsin(cz))?
e 2e(d + ex)?

l 5272

b arcsin .
be [ atc;:csex)gw) darcsin(cz) (a + barcsin(cz))?

e  2e(d+ex)?
| 3042

3.15. f (a+b(ZTz$(w))2 dx
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a+barcsin(cx .
be? f (cd-l-e—:in(arcsifl(c?v)))2 daI‘CSIIl(C.Z') _ (CL +b arcsin(c:v))2

e 2e(d + ex)?
l 3805

cd [ Mdarcsin(w) _ be [ V1-c“a® c?a? darcsin(cx) ev/1—c?z2(a+barcsin(cz))

cd+cex cd+cex

bc? 242 o2 242 o2 2 2
c?d?—e c?d?—e (c?d?—e?)(cd+cex)

e
(a + barcsin(cz))?
2e(d + ex)?

l 3042

+b arcsin . rcsin .
be2 cd [ Wj‘csﬁzz))darcsm(m) . be [ %darcsm(m) ev/1—c2z2(a+barcsin(cz))
c2d?—e? c2d?—e? (c2d?—e?)(cd+cex)

e
(a + barcsin(cz))?
2e(d + ex)?

l_3147

a+barcsin(czx) .
be2 cd [ md a,rcsm(cac) bf cd+cem d(cex) evV'1—c2z2(a+barcsin(cz))
2d2—e? 2d?—e? (c?d*—e?)(cd+cex) (a + barcsin(cz))?

e 2e(d + ex)?

| 16

a+barcsin(cz .
be2 cd [ Wﬁcsi&(gm))darcmn(m) ev1—Pz? (at+barcsin(cz)) _ blog(cd-+cex)
c2d2 —e2 (c2d?2—e?)(cd+-cex) 2d2—e2 (a + barcsin(cx))2
e 2e(d + ex)?
| 3804
(a + barcsin(cz))?
2e(d + ex)?
et arcsin(cz) (a+barcsin(cz)) .
bc? 2ed 2ce’ arcsm(cz)d ice2tarosin(ca) 4je darcsin(cz) ev1—c?z2(a+tbarcsin(cz))  blog(cd+cex)
c2d2 —e2 (02d2—e2)(cd+cex) 2d2_e?
e
| 2694
(a + barcsin(cz))?
2e(d + ex)?
] iarcsin(ez) (41 parcsin( . ) ¢ arcsin(c) (g4 b arcsin(cx)) .
ie [ 2(:1—2’5(-37; arcsin‘(lcz)icsc2dc2:cz)62> darcsin(cz) e [ 2(cfi—ieei arcsin((lcz)icscgdcgw_GQ) darcsin(cz)
2cd o _ St
be? + ev1—c?z2(a+tbarcsin(cz))
C 2P —e2 R S
e

3.15. [ %ﬁ+ﬂ<w)>2 de
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l 27

(a + barcsin(cz))?
2e(d + ex)?

. gt arcsin(ex) (a+barcsin(cz)) . . et arcsin(cz) (a+barcsin(cz)) i
ved ie cd—iceiarcsin(ca) c2d2_62darcsm(cw)_zef wd—ioatarcein(cz) _ czdz_ezdarcsm(cz)
2v/c2d2 —e2 2v/c2d2 —e2
be2 + ev1—c?z2(atbarcsin(cz))  blog(cc
c2d?—e? (c2d?—e?)(cd+-cex) c2d?
(&
| 2620
(a + barcsin(cz))?
2e(d + ex)?
X . tarcsin(cz) . tarcsin(cz) X X . tarcsin(cz)
. (a+barcsin(cz)) 10g<1—m) 7bf log(l—%)darcsln(cz) . (a+barcsin(cz)) log(l—;i\/ﬁ) ~ bf log(]
e e e
Zed 2v/c2d2—e2 B 2v/c2d2 —e2
2
be 2P _e?
(&
| 2715
(a + barcsin(cz))?
2e(d + ex)?
X _ : . tarcsin(cz) . : . eet arcsin(cz) . _; : . Garcs
3 ibfe 3 arcsin(cz) log(l— sz— s )dez arcsin(cz) N (a+barcsin(cz)) log(l S +Cd> . ibfe i arcsin(cx) log(l— Zze_
e e e
Zed 2v/c2d2 —e2 B
2
bc 2d2—e2
€
| 2838

3.15. f (a+b(31:z1;(cw))2 dx
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(a + barcsin(cz))?

2e(d + ex)?
b X . . jeet arcsin(cz) ) b PolvL (2 jeet arcsin(cz) ) b . . (1_ jeet arcsin(cz) ) b PolvL (2 e
. (a+barcsin(cz)) og(e 7\/m+cd 77. olyLog ,7Cg+\/m . (a+barcsin(cz)) oge 7cd—\/m 71, olyLog ,Cg_
Zed 2v/c2d2—e2 B 2v/c2d2 —e2
2
bc 2d2_¢2
€
input Int[(a + b*ArcSin[c*x]1)"2/(d + e*x)"3,x] J
s N

output | -1/2+(a + b*ArcSin[c*x])~2/(e*(d + e*x)~2) + (b*c™2*((e*Sqrt[1 - c™2xx"2]*
(a + bxArcSin[c*x]))/((c™2%d"2 - e~2)*(cxd + c*e*xx)) - (b*Loglcxd + cxe*x]
)/(c™2%d"2 - e72) + (2*cxd*(((-1/2xI)*e*x(((a + b*ArcSin[c*x])*Log[l - (I*e
*E~ (I*ArcSin[c*x]))/(c*d - Sqrt[c™2xd™2 - e72])])/e - (I*b*PolyLog[2, (I*e
*E~ (I*ArcSin[c*x]))/(c*d - Sqrt[c™2*d"2 - e~2])]1)/e))/Sart[c”2*d"2 - e~2]
+ ((I/2)*e*x(((a + bxArcSin[c*x])*Log[1l - (I*e*E~(I*ArcSin[c*x]))/(c*d + Sq
rt[c™2*xd"2 - e72])])/e - (I*b*PolyLog[2, (I*e*E~(I*ArcSin[c*x]))/(c*d + Sq
rt[c™2*xd"2 - e72]1)])/e))/Sqrt[c™2*%d"2 - e72]))/(c”2*d"2 - e~2)))/e

3.15.3.1 Defintions of rubi rules used

rule 16 Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
b*x, x]11/b), x] /; FreeQ[{a, b, c}, x]

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m/(b*fxg*n*Log[F]))*Log[l + bx((F~(gx(e + f*x)))~n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

a+barcsin(cx))?
3.15. [ lcHbaenC) gy



rule 2694

rule 2715

rule 2838

rule 3042

rule 3147

rule 3804

rule 3805
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Int [((F)~(u )*((£f_.) + (g_.)*(x_))"(m_.))/((a_.) + (b_.)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4x*a*c, 2]}, Simp[2*(c/q) Int
[(f + gx)"m*x(F"u/(b - q + 2*%c*F~u)), x], x] - Simp[2*(c/q) Int[(f + g*x)
“m*(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, £, g}, x] && EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]

:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(e_.) + (£_.)*(x_)]1 (p_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m
_.), x_Symbol] :> Simp[1/(b"p*f) Subst[Int[(a + x)"m*(b"2 - x~2)"((p - 1)
/2), x], x, bxSin[e + f*x]], x] /; FreeQl[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b~2, 0]

Int[((c_.) + (A_D)*(x_))"(m_.)/((a_) + (b_.)*sinl(e_.) + (£_.)*(x_)]1), x_Sy
mbol] :> Simp[2 Int[(c + d*x) m*x(E~(I*(e + f*x))/(I*b + 2*xa*E~(Ix(e + f*x
)) — I*«b*E~(2*Ix(e + £*x)))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ
[a”2 - b2, 0] && IGtQ[m, O]

Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sinl(e_.) + (£_.)*(x_)1)"2, x_
Symbol] :> Simp[b*(c + d*x) m*(Cos[e + f*x]/(f*(a”2 - b~2)*(a + b*Sin[e + f
*x]))), x] + (Simp[a/(a”2 - b™2) Int[(c + d*x)"m/(a + bxSinle + f*x]), x]
, x] - Simp[b*d*(m/(f*(a”2 - b72))) Intl[(c + d*x)"(m - 1)*(Cos[e + f*x]/(
a + b*Sinf[e + f*x])), x], x]) /; FreeQ[{a, b, ¢, 4, e, £}, x] && NeQ[a~2 -
b~2, 0] && IGtQ[m, O]

3.15. f (a+b(ZTz$(w))2 dx
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rule 5272
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Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_.)*((d.) + (e_)*(x))"(m_.), x_S
ymbol] :> Simp[(d + e*x)~(m + 1)*((a + bxArcSin[c*x])"n/(ex(m + 1))), x] -
Simp [bxc*x(n/(ex(m + 1))) Int[(d + exx)"(m + 1)*((a + b*ArcSin[c*x])~(n -
1)/Sqrt[1 - c™2*x~2]), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]
&& NeQ[m, -1]

Int[(((a_.) + ArcSin[(c_.)*(x_)I1*(b_.)) " (n_.)*((£f_) + (g_.)*(x_))"(m_.))/Sq
rt[(d_) + (e_.)*(x_)"2], x_Symbol] :> Simp[1/(c"(m + 1)*Sqrt[d]) Subst[In
t[(a + b*x) n*(cxf + gxSin[x])"m, x], x, ArcSin[c*x]], x] /; FreeQ[{a, b, c
, d, e, £, g, n}, x] && EqQ[c™2*d + e, 0] && IntegerQ[m] && GtQ[d, 0] && (G
tQ[m, 0] |l IGtQ[n, 01)

3.15.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 965 vs. 2(407) = 814.

Time = 1.34 (sec) , antiderivative size = 966, normalized size of antiderivative = 2.41

method result
_ a203 +b253 _ arcsin(cz) (—2 —c21‘2+1 cde—e2 arcsin(cz)+c2 d2 arcsin(cz)+4ic2dez+2ic2d2+2ze ccx -2
2(cex+dc)?e 2(cex+dc)? (02d2—e2)e
derivativedivides
2c3 —|—b2 3 arcsin(cx) (—2 —c2z2+1 cde—e2 arcsin(car:)-H:2 d2 arcsin(cz)+4ic2dez+2ic d2+21.e c“x
___a%c” 3| -
2(cex+dc)2e 2(cexz+dc)? (c2d2762)e
default
b2 3 arcsin(cx) (—2 —c22241 cde—e? arcsin(cz)+c2 a2 arcsin(cz)+4ic2dez+2ic d242ie2c22
- 2(cez+dc)2 (c2d27e2)e
2
a
arts -
p 2(ex+d)%e +

input Lint ((at+b*arcsin(c*x)) "2/ (e*x+d) ~3,x,method=_RETURNVERBOSE)

3.15. f (a-f-b(zle;(cm))z dx




output
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1/cx(-1/2%a~2xc~3/ (ckxe*x+c*xd) "2/e+b " 2xc~3* (-1/2*arcsin (c*x) * (-2* (—c~2%x"2+
1)~ (1/2) *c*d*e-e~2*arcsin(c*x)+c~2*d " 2*arcsin (c*x) +4*I*c~2kd*e*x+2*%I*c”~2*d
“2+2%I*e"2%CcT2xx"2-2% (-cT2xx"2+1) ~(1/2) *e~2*c*xx) / (c*xexx+c*d) "2/ (c"2*d"2-e”
2)/e-1/e/(c”2+%d"2-e"2) *1n (I*e* (I*cxx+(-c~2*x"2+1) " (1/2) ) "2-2xd*c* (T*c*x+ (-
c”2%x"2+1)"(1/2))-I*e)+2/e/(c"2*%d"2-e"2) *1n (I*c*x+(-c™2*x"2+1) ~(1/2))-1/ex*
(-c™2xd"2+e"2) " (1/2) / (c"2%d"2-e"2) "2*d*c*arcsin (c*x) *1n ((I*d*c+(I*cxx+(-c”
2%x72+1) " (1/2) ) *e-(-c~2xd"2+e~2) ~(1/2) ) / (I*d*c-(-c~2*%d~2+e"2) ~(1/2)) ) +1/ex*
(mc™2xd"2+e”2) " (1/2) / (c"2%d"2-e"2) "2*d*c*arcsin (c*x) *1n ((I*d*c+ (I*cxx+(-c”
2%x"2+1) " (1/2) ) *e+(-c"2xd"2+e"2) " (1/2)) / (I*d*c+(-c~2*%d"2+e"2) ~(1/2)) ) +I/e*
(—c™2xd"2+e72) " (1/2) / (c"2xd"2-e"2) "2*d*c*dilog ((I*d*c+(I*c*x+(-c™2*%x"2+1) "
(1/2))*e-(-c™2*xd"2+e~2) " (1/2)) / (I*d*c-(-c~2*%d"2+e~2)~(1/2)))-I/e*x(-c~2%d"2
+e72)7(1/2) /(c™2*%d"2-e"2) "2xd*cxdilog ((I*d*c+(I*xc*x+(-c 2%x"2+1) " (1/2) ) *e+
(-c72%d"2+e"2) " (1/2) )/ (I*d*c+(-c~2xd"2+e~2) " (1/2))) ) —axb*c~3/ (c*exx+c*d) ~2
/e*arcsin(c*x)+axbxc~3/e/(c"2*d"2-e72) / (c*x+d*c/e) * (- (ckx+d*c/e) ~2+2*d*c/e
* (cxx+d*xc/e)-(c"2*d"2-e"2) /e"2) " (1/2) —axb*c~4/e"2*d/ (c"2*%d"2-e"2) / (- (c"2*d
~2-e72)/e"2) " (1/2)*1n((-2*(c"2*%d"2-e"2) /e~ 2+2*d*c/e*x (c*kx+d*c/e) +2* (- (c~2*d
~2-e72)/e"2) " (1/2) * (- (c*x+d*c/e) “2+2%d*c/ex (cxx+d*c/e) - (c~2%d"2-e~2) /e~2) "

(1/2))/ (c*x+d*c/e)))

3.15.5 Fricas [F]

(a +barcsin(cz))? , [ (barcsin (cz) + a)® .
/ (dtezy = / etdf

inputLintegrate((a+b*arcsin(c*x))‘2/(e*x+d)‘3,x, algorithm="fricas")

|

output‘integral((b‘2*arcsin(c*x)‘2 + 2*%axb*arcsin(c*x) + a~2)/(e"3*x"3 + 3*d*e”2%

,» X)

-

3.15.6 Sympy [F]

dz

(a +barcsin(cz))® , [ (a+basin (cz))?
/ (d+ex)? = / (d + ez)’

inputLintegrate((a+b*asin(c*x))**2/(e*x+d)**3,x)

N

3.15. f (a+b(31:zl;(cw))2 dx
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output LIntegral((a + bkasin(c*x))**2/(d + e*xx)**3, x)

3.15.7 Maxima [F(-2)]

Exception generated.

/ (a + barcsin(cz))?
(d+ ex)3

dx = Exception raised: ValueError

inputLintegrate((a+b*arcsin(c*x))“2/(e*x+d)‘3,x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume((e-c*d)*(e+c*d)>0)', see assume
‘?‘ for mor

3.15.8 Giac [F]

/ (a + barcsin(cz))? dr — (barcsin (cz) + a)®
(d+ex)d (ex + d)3

inputLintegrate((a+b*arcsin(c*x))“2/(e*x+d)‘3,x, algorithm="giac")

output Lintegrate((b*arcsin(c*x) + a)"2/(exx + d)73, x)

3.15.9 Mupad [F(-1)]

Timed out.

(a +barcsin(cz))® , [ (a+ basin(c z))? .
/ (d+ex)d de = / (d+e 33)3 d

input Lint((a + bxasin(c*x))~2/(d + e*x)~3,x)

output Lint((a + b*asin(c*x))~2/(d + e*x)~3, x)

3.15. f (a-f-b(zle;(cm))z dx
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3.16 [ (&t g,

a+b arcsin(cz)
3.16.1 Optimalresult . . .. .. .. .. ... ... ... e 278
3.16.2 Mathematica [A] (verified) . . . . . . . ... .. L 2791
3.16.3 Rubi [A] (verified) . . . . .. . . . . ... 23
3.16.4 Maple [A] (verified) . . . . . .. . ... . 28]
3.16.5 Fricas [F] . . . . . . . 2821
3.16.6 Sympy [F] . . . . .
3.16.7 Maxima [F] . . . . . . . .
3.16.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 283
3.16.9 Mupad [F(-1)] . . . . o 284
3.16.1 Optimal result
Integrand size = 18, antiderivative size = 393
/ (d+ ex)? dp — d? cos (%) CosIntegral (¢ + arcsin(cz))
a + barcsin(cz) bc
N 3de? cos (%) Coslntegral (¢ + arcsin(cz))
4bc?
3de? cos (32) Coslntegral (32 + 3arcsin(cz))
4bc?
3d2e CosIntegral (% + 2 arcsin(cz)) sin (22)
2bc?
e® CosIntegral (2¢ + 2arcsin(cz)) sin (22)
4bct
e® CosIntegral (% + 4 arcsin(cz)) sin (%)
8bct
N d3sin ($) Si(% + arcsin(cz)) N 3de?sin (%) Si($ + arcsin(cz))
bc 4bc3
N 3d2%ecos (22) Si(22 + 2arcsin(cz))
2bc?
e cos (22) Si(22 + 2arcsin(cz))
4bct
_ 3de’sin (32) Si(32 + 3arcsin(cz))
4bc3
e cos (%) Si(% + 4 arcsin(cz))
8bct

3.16. [ b g,

a+barcsin(cz)
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output | d~3*Ci(a/b+arcsin(c*x))*cos(a/b)/b/c+3/4*d*xe"~2*Ci(a/b+arcsin(c*x)) *cos(a/b
)/b/c~3-3/4*d*e”2*Ci (3*a/b+3*arcsin(c*x))*cos(3*a/b)/b/c~3+3/2*d~2*e*cos (2
*a/b)*Si(2*a/b+2*arcsin(c*x))/b/c”2+1/4*e"3*cos (2*a/b) *Si (2*a/b+2*arcsin(c
*x))/b/c”4-1/8*e"3*cos (4*a/b) *Si (4*a/b+4*arcsin(c*x)) /b/c”4+d"3%*Si(a/b+arc
sin(c*x))*sin(a/b) /b/c+3/4*d*e"2xSi(a/b+arcsin(c*x))*sin(a/b) /b/c~3-3/2*d"
2*exCi (2*a/b+2*arcsin(c*x))*sin(2*a/b) /b/c"2-1/4*e”3*Ci (2*a/b+2*arcsin(c*x
))*sin(2*a/b) /b/c"4-3/4*d*e”2*Si (3*a/b+3*arcsin(c*x))*sin(3*a/b) /b/c”3+1/8
*e~3*Ci (4*a/b+4*arcsin(c*x))*sin(4*a/b)/b/c”4

N J

3.16.2 Mathematica [A] (verified)

Time = 0.61 (sec) , antiderivative size = 304, normalized size of antiderivative = 0.77

3
/ (d+ e:.c) s
a + barcsin(cz)

_ d®(cos (3) CoslIntegral (§ + arcsin(ez)) +sin (3) Si(§ + arcsin(cz)))
N 3de?(cos (¢) CosIntegral (& + a?gsin(cx)) — cos (32) Coslntegral (3 (¢ +4abz§sin(cx))) + sin (%) Si($ +
N e3(—2 CosIntegral (2(% + arcsin(cz))) sin (22) + CosIntegral (4(% + arcsin(cassl))lz sin (%2) + 2 cos (22)
N 3d?e(— Coslntegral (22 + 2 arcsin(cx));icr; (22) + cos (22) Si(2* + 2arcsin(cz)))

input Integrate[(d + e*x)~3/(a + b*ArcSin[c*x]),x]

output | (4~3*(Cos[a/b]*CosIntegral[a/b + ArcSin[c*x]] + Sin[a/b]l*SinIntegrall[a/b +
ArcSin[c#*x]1))/(bxc) + (3xdxe~2*(Cos[a/b]*CosIntegralla/b + ArcSin[c#*x]]
- Cos[(3*a) /bl *CosIntegral [3%(a/b + ArcSin[c#*x])] + Sin[a/b]*SinIntegral[a
/b + ArcSin[c*x]] - Sin[(3*a)/bl*SinIntegral[3*(a/b + ArcSin[c*x])]1))/(4*b
*c~3) + (e”3%(-2*CosIntegral[2*(a/b + ArcSin[c#*x])]*Sin[(2*a)/b] + CosInte
gral[4*(a/b + ArcSin[c*x])]*Sin[(4*a)/b] + 2*Cos[(2*a)/b]*SinIntegral [2*(a
/b + ArcSin[c*x])] - Cos[(4*a)/b]l*SinIntegral[4*(a/b + ArcSin[c*x])]))/(8*
b*c”™4) + (3*%d"2*ex(-(CosIntegral[(2#a)/b + 2*ArcSin[c*x]]*Sin[(2*a)/b]) +

Cos[(2*a) /b]*SinIntegral [(2*a) /b + 2*ArcSin[c*x]]))/(2*b*c~2)

3.16. [ b g,

a+barcsin(cz)



input

output
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3.16.3 Rubi [A] (verified)

Time = 1.25 (sec) , antiderivative size = 377, normalized size of antiderivative = 0.96,
number of steps used = 4, number of rules used = 3, Lumber of rules _ ¢ 157 Ryles used

integrand size
= {5246, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

3
/ (d+ ea.:) e
a + barcsin(cz)

| 5246
(cd+cex)3+/1—c2x2 .
f a+barcsin(cz) d arcsm(ca:)

cl

| 7293

d3v1-c2z2c3 e3z3v/1—c222¢? 3de?z?v/1—c2z2c3 3d%exv1—c2z2c? :
f ( a+barcsin(cz) + a-+barcsin(cz) + a-+barcsin(cz) + a-+barcsin(cz) d arcsm(cm)

cl

| 2009

c3d3 cos($) CosInttzgral (%-+arcsin(cz)) n c3d®sin(2) Si g)% +arcsin(cz)) _ 3c?d2esin(22) CosInt2ebgral (22 +2arcsin(cz)) |, 3c2d2ecos(22) <

‘Int[(d + exx)~3/(a + b*ArcSin[c*x]),x]

((c™3*d"3*Cos[a/b]*CosIntegral[a/b + ArcSin[c*x]])/b + (3*c*d*e~2*Cos[a/b]
*CosIntegral[a/b + ArcSin[c*x]])/(4%b) - (3*c*d*e~2%Cos[(3*a)/b]*CosIntegr
al[(3*a)/b + 3*ArcSin[c*x]])/(4*b) - (3*c~2xd"2xexCosIntegral[(2*a)/b + 2%
ArcSin[c*x]]1*Sin[(2*a)/b])/(2*¥b) - (e~ 3*CosIntegral[(2*a)/b + 2*ArcSin[c*x
11xSin[(2*a)/bl)/(4xb) + (e~ 3*CosIntegrall[(4*a)/b + 4*ArcSin[c*x]]*Sin[(4*
a)/bl)/(8*b) + (c~3*d~3*Sin[a/bl*SinIntegralla/b + ArcSin[c*x]])/b + (3*c*
dxe~2xSin[a/b]l *SinIntegral [a/b + ArcSin[c*x]])/(4%b) + (3*c~2+d"2*e*Cos[(2
*a) /bl *SinIntegral [(2*a) /b + 2*ArcSin[c*x]])/(2xb) + (e~3*Cos[(2*a)/b]*Sin
Integral[(2*a)/b + 2%ArcSin[c*x]])/(4*b) - (3*cxd*xe~2*Sin[(3*a)/b]l*SinInte
gral[(3*a)/b + 3*ArcSin[c*x]])/(4*b) - (e~3*Cos[(4*a)/b]l*SinIntegral [(4*a)
/b + 4xArcSin[c*x]])/(8*b))/c"4

3.16. [ e g

a+barcsin(cz)
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3.16.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5246

rule 7293

inputLint((e*x+d)‘3/(a+b*arcsin(c*x)),x,method=_RETURNVERBOSE)

output

Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_)*((d_.) + (e_.)*(x_))"(m_.), x_S
ymbol] :> Simp[1/c”(m + 1) Subst[Int[(a + b*x) “n*Cos[x]*(c*d + exSin[x])~
m, x], x, ArcSin[c*x]], x] /; FreeQ[{a, b, c, d, e, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

3.16.4 Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 327, normalized size of antiderivative = 0.83

method result
derivativedivides 8 Si(arcsin(cz)+ %) sin($) c3d3+8 Ci(arcsin(cz)+ 2) cos(%) c3d3+12 cos( 2—; ) Si(2 arcsin(cz)+ 27“ )c2d%e—12sin(
default 8 Si(arcsin(cz)+ %) sin(%)c*d3+8 Ci(arcsin(cz)+$) cos(§)c3d3+12 cos(z—:) Si(2 arcsin(cac)-{—%“)czdze—u sin(%") C

-/

1/8/c”4x(8*Si(arcsin(c*x)+a/b)*sin(a/b)*c~3*%d"3+8*Ci(arcsin(c*x)+a/b)*cos(
a/b)*c~3+%d"3+12*cos(2*a/b) *Si (2*arcsin(c*x)+2*a/b) *c~2*d"2*e-12*sin(2*a/b)
*Ci(2*arcsin(c*x)+2*a/b)*c~2+%d"2*e+6xSi(arcsin(c*x)+a/b) *sin(a/b) *cxd*e 2+
6*Ci(arcsin(c*x)+a/b)*cos(a/b)*c*d*e~2-6*Si(3*arcsin(c*x)+3*a/b) *sin(3*a/b
)*c*d*e~2-6*Ci(3*arcsin(c*x)+3*a/b) *cos (3*a/b) *c*d*e~2+2*cos (2*a/b) *Si (2*a
rcsin(c*x)+2*a/b)*e~3-2xsin(2*a/b) *Ci (2*arcsin(c*x)+2*a/b)*e~3-cos (4*a/b) *
Si(4*arcsin(c*x)+4*a/b)*e”~3+sin(4*a/b)*Ci (4*arcsin(c*x)+4*a/b)*e~3) /b

3.16. [ b g,

a+barcsin(cz)




CHAPTER 3. LISTING OF INTEGRALS 282

3.16.5 Fricas [F]

/ (d+ ex)? dp — / (ex + d)® e

a + barcsin(cz) barcsin (cz) + a

inputLintegrate((e*x+d)“3/(a+b*arcsin(c*x)),x, algorithm="fricas")

output‘integral((e“B*x“B + 3xd*e"2%x"2 + 3*%d"2*exx + d~3)/(b*arcsin(c*x) + a), x)

3.16.6 Sympy [F]

3 3
/ (d+ ea.c) dp — / (d+ ea:) i
a + barcsin(cz) a + basin (cx)

inputLintegrate((e*x+d)**3/(a+b*asin(c*x)),X)

outputLIntegral((d + e*x)**3/(a + b*asin(c*x)), x)

3.16.7 Maxima [F]

/ (d +ex)? i — / (ex + d)® i

a + barcsin(cz) barcsin (cx) + a

inputLintegrate((e*x+d)“3/(a+b*arcsin(c*x)),x, algorithm="maxima")

outputtintegrate((e*x + d)~3/(b*arcsin(c*x) + a), x)

3.16. [ b g,

a+barcsin(cz)
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3.16.8 Giac [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 609, normalized size of antiderivative = 1.55

a + barcsin(cz) bc3
d? cos (%) Ci (¢ + arcsin (cz))
+ bc
e3 cos (%)3 Ci (%2 + 4 arcsin (cz)) sin (%)
bct
3d%ecos (4) Ci (22 + 2 arcsin (cz)) sin (%)
bc?
e3 cos (%)4 Si (%2 + 4 arcsin (cz))
bct
3 de? cos (%)2 sin () Si (3% + 3 arcsin (cz))
bc?
3 d%e cos (%)2 Si (22 + 2 arcsin (cz))
+ bc?
d?sin (%) Si (¢ + arcsin (cz))
+ bc
9de? cos (%) Ci (32 + 3 arcsin (cz))
+
4 bc?
3de? cos (&) Ci (% + arcsin (cz))
+
4 bc?
e cos (%) Ci (%2 + 4 arcsin (cz)) sin ()
2bct
e®cos () Ci (22 + 2 arcsin (cz)) sin (£)
2bct
€3 cos (2)”Si (42 + 4 arcsin (cz))
bct
3de*sin (%) Si (22 + 3 arcsin (cz))
_|_
4 bc3
3d%eSi (22 + 2 arcsin (cz)) €3 cos (%)2 Si (22 + 2 arcsin (cz))
2bc? + 2 bct
3de*sin (%) Si (¢ + arcsin (cz))
+ 4 bc3
e®Si (%2 + 4 arcsin (cz))  €*Si (22 + 2 arcsin (cz))
8 bet - 4bct

/ (d+ex)? o — _ 3de*cos (%)301 (32 + 3 arcsin (cz))

input Lintegrate ((e*x+d) "3/ (at+b*arcsin(c*x)),x, algorithm="giac")

3.16. [ b g,

a+barcsin(cz)



output
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-3*d*e~2*cos(a/b) “3*cos_integral (3*a/b + 3*arcsin(c*x))/(b*c~3) + d"3*cos(
a/b)*cos_integral(a/b + arcsin(c*x))/(b*c) + e~3*cos(a/b) "3*cos_integral (4
*a/b + 4xarcsin(c#*x))*sin(a/b)/(bxc”4) - 3*d~2*excos(a/b)*cos_integral (2*a
/b + 2xarcsin(c#*x))*sin(a/b)/(b*c”2) - e~3*cos(a/b) "4*sin_integral (4*a/b +
4xarcsin(c#*x))/(b*xc~4) - 3*d*e~2*cos(a/b) "2*sin(a/b)*sin_integral(3*a/b +
3*arcsin(c#*x))/(bxc~3) + 3*d"2*e*cos(a/b) "2*sin_integral(2*a/b + 2*arcsin
(c*x))/(b*c™2) + d~3*sin(a/b)*sin_integral(a/b + arcsin(c*x))/(b*c) + 9/4x
dxe~2*cos(a/b) *cos_integral (3*a/b + 3*arcsin(c*x))/(b*c~3) + 3/4xd*e”2*cos
(a/b)*cos_integral(a/b + arcsin(c*x))/(bxc™3) - 1/2%e”3*cos(a/b)*cos_integ
ral(4*a/b + 4xarcsin(c*x))*sin(a/b)/(bxc”4) - 1/2xe"3*cos(a/b)*cos_integra
1(2xa/b + 2*arcsin(c*x))*sin(a/b)/(bxc~4) + e~3xcos(a/b) 2*sin_integral (4*
a/b + 4*arcsin(cx*x))/(b*c”™4) + 3/4*d*e”2xsin(a/b)*sin_integral (3*a/b + 3*a
rcsin(c*x))/(b*c™3) - 3/2*d"2*exsin_integral(2*a/b + 2*arcsin(c#*x))/(b*c~2
) + 1/2xe"3%cos(a/b) "2*sin_integral (2*#a/b + 2%arcsin(c*x))/(b*c~4) + 3/4*d
*e"2xsin(a/b)*sin_integral(a/b + arcsin(c*x))/(b*c~3) - 1/8%e~3*sin_integr
al(4xa/b + 4xarcsin(c*x))/(b*c™4) - 1/4*e"3*sin_integral(2*a/b + 2*arcsin(
c*x) )/ (bxc™4)

3.16.9 Mupad [F(-1)]

Timed out.

(d + ex)? _ (d+ex)®
U/‘ dz b/" dz

a + barcsin(cz) a + basin (cz)

inputtint((d + exx)"3/(a + b*asin(c*x)),x)

outputtint((d + e*xx)~3/(a + b*asin(c*x)), x)

3.16. [ b g,

a+barcsin(cz)
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3.17.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 280
3.17.3 Rubi [A] (verified) . . . . . . . . . . .. 236
3.17.4 Maple [A] (verified) . . . . . .. . ... . 287
3.17.5 Fricas [F] . . . . . o o o 288
3.17.6 Sympy [F] . . . . o
3.17.7 Maxima [F] . . . . . .. 288
3.17.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 289
3.17.9 Mupad [F(-1)] . . . o o 290

3.17.1 Optimal result

Integrand size = 18, antiderivative size = 244

/ (d + ex)? p d? cos (%) CosIntegral (¢ + arcsin(cz))
a + barcsin(cz) bc
e? cos (%) CosIntegral (% + arcsin(cz))
4bc?
e? cos (32) Coslntegral (3¢ + 3 arcsin(cz))
4bc?
de CosIntegral (2* + 2 arcsin(cz)) sin (22)
B bc?
d?sin (%) Si(% + arcsin(cz))  e?sin (%) Si($ + arcsin(cz))
+
bc 4bc3
de cos (22) Si(2: + 2arcsin(cz))
* bc?
e?sin (32) Si(32 + 3arcsin(cz))
4bc?

a
b

output | d~2*Ci (a/b+arcsin(c*x) ) *cos(a/b) /b/c+1/4*xe”~2*Ci (a/b+arcsin(c*x))*cos(a/b)/
b/c”3-1/4%e~2*xCi(3*a/b+3*arcsin(c*x) ) *cos (3*a/b) /b/c”3+d*e*xcos (2*a/b) *Si (2
*a/b+2*arcsin(c*x)) /b/c”2+d"2*Si(a/b+arcsin(c*x)) *sin(a/b) /b/c+1/4*e”2*Si (
a/b+arcsin(c*x))*sin(a/b) /b/c~3-d*e*Ci (2*a/b+2*arcsin(c*x))*sin(2*a/b) /b/c
~2-1/4x*e~2xSi (3%a/b+3*arcsin(c*x))*sin(3*a/b) /b/c”3

N\ J

3.17. [ e g,

a+barcsin(cz)
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3.17.2 Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 187, normalized size of antiderivative = 0.77

2
/ (d+ e:.c) da
a + barcsin(cz)

(4c*d? + €?) cos (&) CosIntegral (& + arcsin(cz)) — €® cos (32) CosIntegral (3($ + arcsin(cz))) — 4ede C

~—

input LIntegrate[(d + exx)~2/(a + b*ArcSin[c*x]) ,x]

output | ((4*c~2%d"2 + e~2)*Cos[a/b]l*CosIntegral[a/b + ArcSin[c*x]] - e~2*Cos[(3*a)
/b]*CosIntegral [3%(a/b + ArcSin[c*x])] - 4*c*dxe*CosIntegral[2*(a/b + ArcS
in[c*x])1*Sin[(2%a)/b] + 4*c~2xd"2*Sin[a/b]l*SinIntegrall[a/b + ArcSin[c*x]]
+ e”2*Sin[a/b]*SinIntegral[a/b + ArcSin[c*x]] + 4*c*dxexCos[(2*a)/b]*SinI
ntegral[2*(a/b + ArcSin[c*x])] - e"2xSin[(3*a)/bl*SinIntegral [3*(a/b + Arc
Sin[c*x])]1)/(4*bxc~3)

3.17.3 Rubi [A] (verified)

Time = 0.87 (sec) , antiderivative size = 232, normalized size of antiderivative = 0.95,
number of steps used = 4, number of rules used = 3, Lumber of rules _ ( 167 Ryles used

integrand size
= {5246, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2
/ (d+ e:.v) dx
a + barcsin(cz)

| 5246
f (cd+cex)?v1—c2x

2 .
a+barcsin(cr) d arcsm(c:v)

3
l 7293

J (02 I_c’z?d” | cesinZarcsin(cr))d | e’z 1_02902) d arcsin(cz)

a+barcsin(cz) a+barcsin(cz) a+barcsin(cz)

c3

l 2009

3.17. [ e g,

a+barcsin(cz)
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c2d? cos( ) Coslntegral (% +arcsin(cz))
b

c2d? sin( 2) Si ($+arcsin(cz)) cdesin ( ZT"‘) CoslIntegral QT"‘ +2arcsin(cz)) +
- b

e? cos( % ) CosIntegr

+ b

4b

e

input t

Int[(d + e*x)"2/(a + b*ArcSin[c*x]),x]

~—

output

((c"2*d"2*Cos [a/b] *CosIntegral[a/b + ArcSin[c*x]])/b + (e"2*Cos[a/b]*CosIn

tegral[a/b + ArcSin[c*x]])/(4*b) - (e~2xCos[(3*a)/bl*CosIntegral[(3*a)/b +
3*ArcSin[c*x]])/(4*%b) - (cxd*e*CosIntegral[(2+a)/b + 2xArcSin[c*x]]*Sin[(
2%a)/bl) /b + (c~2*d"2#Sin[a/b]l*SinIntegralla/b + ArcSin[c*x]])/b + (e~2#Si

n[a/bl*SinIntegral[a/b + ArcSin[c*x]])/(4*b) + (c*d*e*Cos[(2*a)/b]*SinInte

gral[(2*a)/b + 2*ArcSin[c*x]])/b - (e”2*Sin[(3*a)/b]l*SinIntegral[(3*a)/b +
3%ArcSin[c*x]])/(4%b))/c~3

3.17.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5246

rule 7293

-/

Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.))"(n_)*((d_.) + (e_.)*(x_))"(m_.), x_S
ymbol] :> Simp[1/c”(m + 1)  Subst[Int[(a + b*x) n*Cos[x]*(c*d + exSin[x])~
m, x], x, ArcSin[c*x]], x] /; FreeQ[{a, b, c, d, e, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

3.17.4 Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 206, normalized size of antiderivative = 0.84

method result

4 Si(arcsin(cz)+ %) sin($)c?d?+4 Ci(arcsin(cz)+ %) cos(%)c?d2+4 cos(22) Si(2arcsin(cz)+22 ) cde—4 Ci(2arcsin(c:

derivativedivides

4 Si(a.rcsin(cz)—i—%) sin(%)c2d2+4 Ci(a.rcsin(cz)—i—%) cos(%)c2d2+4 cos(zT"‘) Si(2 arcsin(cz)+2—;)cde—4 Ci(2 arcsin(c:

default

input Lint ((exx+d) "2/ (a+b*arcsin(c*x)) ,x,method=_RETURNVERBOSE)

3.17. [ e g,

a+barcsin(cz)



output
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1/4/c~3*(4xSi(arcsin(c*x)+a/b)*sin(a/b) *c~2+%d"2+4*Ci (arcsin(c*x)+a/b) *cos(
a/b)*c”2xd~2+4*cos (2*a/b) *Si (2*arcsin(c*x)+2*a/b) *c*kd*e-4*Ci (2*xarcsin(c*x)
+2*a/b) *sin(2*a/b) *c*d*e-sin(3*a/b) *Si(3*arcsin(c*x)+3*a/b)*e~2-cos(3*a/b)
*Ci(3*arcsin(c*x)+3*a/b)*e"2+sin(a/b)*Si(arcsin(c*x)+a/b)*e~2+cos(a/b) *Ci(

arcsin(c*x)+a/b)*e~2) /b

3.17.5 Fricas [F]

/ (d + ex)? dp — / (ex + d)? i

a + barcsin(cz) barcsin (cz) + a

inputLintegrate((e*x+d)‘2/(a+b*arcsin(c*x)),x, algorithm="fricas")

outputtintegral((e*2*x“2 + 2#d*exx + d72)/(b*arcsin(c*x) + a), x)

3.17.6 Sympy [F]

2 2
/ (d+ ea.c) dp — / (d+ ex) i
a + barcsin(cz) a + basin (cx)

inputtintegrate((e*x+d)**2/(a+b*asin(c*x)),X)

-

outputtlntegral((d + exx)**2/(a + b*asin(c*x)), x)

—

3.17.7 Maxima [F]

(d + ex)? _ (ex + d)®
/ dz / dz

a + barcsin(cz) barcsin (cz) + a

inputLintegrate((e*x+d)“2/(a+b*arcsin(c*x)),x, algorithm="maxima")

outputtintegrate((e*x + d)~2/(b*arcsin(c*x) + a), x)

3.17. [ e g,

a+barcsin(cz)



CHAPTER 3. LISTING OF INTEGRALS 289

3.17.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 337, normalized size of antiderivative = 1.38

/ (d + ex)? e? cos (%)3 Ci (32 + 3 arcsin (cz))
- dr = —
a + barcsin(cz) bc3
d? cos (%) Ci (2 + arcsin (cz))
+ bc
2decos (%) Ci (2% + 2 arcsin (cz)) sin (%)
B bc?
e? cos (%)2 sin () Si (3% + 3 arcsin (cz))
bc?
2 de cos (%)2 Si (22 + 2 arcsin (cz))
+ bc?
d?sin (%) Si (¢ + arcsin (cz))
+ bc
3e?cos (%) Ci (32 + 3 arcsin (cz))
4 bc?
e?cos (#) Ci (% +arcsin (cz))  e*sin (%) Si (32 + 3 arcsin (cz))
4 bc? 4 bc3
deSi (22 + 2 arcsin (cz))  e?sin (%) Si (2 + arcsin (cz))
- +
bc? 4 bc?

inputLintegrate((e*x+d)“2/(a+b*arcsin(c*x)),x, algorithm="giac")

output | —e~2*cos(a/b) "3*cos_integral(3*a/b + 3*arcsin(c*x))/(b*c~3) + d"2*cos(a/b)
*xcos_integral(a/b + arcsin(c*x))/(b*c) - 2*d*excos(a/b)*cos_integral(2*a/b
+ 2*arcsin(c*x))*sin(a/b)/(b*c~2) - e~ 2xcos(a/b) "2*sin(a/b)*sin_integral (
3*a/b + 3*arcsin(c#*x))/(b*c~3) + 2xd*e*xcos(a/b) 2*sin_integral (2*a/b + 2xa
rcsin(c#*x))/(b*c™2) + d~2*sin(a/b)*sin_integral(a/b + arcsin(c*x))/(b*c) +
3/4%e~2xcos(a/b)*cos_integral (3*a/b + 3*arcsin(c*x))/(b*c™3) + 1/4xe"2*co
s(a/b)*cos_integral (a/b + arcsin(c*x))/(b*c~3) + 1/4*e"2+sin(a/b)*sin_inte
gral(3*a/b + 3*arcsin(c#*x))/(b*c~3) - dxe*sin_integral(2*a/b + 2*arcsin(c*
x))/(b*xc™2) + 1/4xe"2*sin(a/b)*sin_integral(a/b + arcsin(c*x))/(b*c”3)

3.17. [ e g,

a+barcsin(cz)



CHAPTER 3. LISTING OF INTEGRALS

290

3.17.9 Mupad [F(-1)]

Timed out.

/ (d+ ex)? dac:/ (d+ex)’ i

a + barcsin(cz) a + basin (cz)

input Lint((d + exx)~2/(a + b*asin(c*x)),x)

output Lint((d + e*x)~2/(a + b*asin(c*x)), x)

3.17. [ e g,

a+barcsin(cz)
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3.18 [ (g

a+barcsin(cz)
3.18.1 Optimal result . . . . . . . . . . ... 29T]
3.18.2 Mathematica [A] (verified) . . . . . . . . ... .. L 291]
3.18.3 Rubi [A] (verified) . . . . . ... .. 292
3.18.4 Maple [A] (verified) . . . ... . ... ...
3185 Fricas [F] . . . . . . o o 293
3.18.6 Sympy [F] . . . . . . 294
3.18.7 Maxima [F] . . . . . . . 297
3.18.8 Giac [A] (verification not implemented) . . . ... ... ... ... .. ... . 294
3.18.9 Mupad [F(-1)] . . . . o o 2951

3.18.1 Optimal result

Integrand size = 16, antiderivative size = 115

/ d+ex d cos (%) Coslntegral (¢ + arcsin(cz))
- dr =
a + barcsin(cz) bc
e Coslntegral (22 + 2 arcsin(cz)) sin (22)
h 2bc?
dsin (%) Si(% + arcsin(cz)) | ecos (22) Si(2 + 2arcsin(cz))
be 2bc?

output‘d*Ci(a/b+arcsin(c*x))*cos(a/b)/b/c+1/2*e*cos(2*a/b)*Si(2*a/b+2*arcsin(c*x)
‘)/b/c‘2+d*Si(a/b+arcsin(c*x))*sin(a/b)/b/c—1/2*e*Ci(2*a/b+2*arcsin(c*x))*s
in(2%a/b) /b/c"2 |

3.18.2 Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.85

/ d+ezx
- dz
a + barcsin(cz)

_ 2cdcos (4) Coslntegral (% + arcsin(cz)) — e CosIntegral (2(% + arcsin(cz))) sin (22) + 2cd sin (%) Si(% -

2bc?

inputLIntegrate[(d + e*xx)/(a + bxArcSin[c#*x]),x] J

3.18. [k iy

a+barcsin(cz)
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output‘ (2*c*d*Cos [a/b] #*CosIntegral [a/b + ArcSin[c*x]] - exCosIntegral[2*(a/b + Ar ‘
‘ cSin[c*x])]1*Sin[(2*a)/b] + 2*c*d*Sin[a/b]*SinIntegral[a/b + ArcSin[c*x]] + ‘
‘ exCos [(2*a) /bl *SinIntegral [2*%(a/b + ArcSin[c*x])])/(2*bxc~2) ‘

3.18.3 Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 109, normalized size of antiderivative = 0.95,
number of steps used = 4, number of rules used — 3, Lumber of rules _ () 188 Ryles used

integrand size
= {5246, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ d+ex
- dzx
a + barcsin(cx)

l 5246
cd+cex)V1—c2x? .

J Wd arcsin(cx)
2
l 7293

— 2.2 — 2.2 .

J (a5t + i ocanten) ) dawesin(ca)

2
l 2009

cd cos( %) Coslntegral (% +arcsin(cz)) esin( 27“) CoslIntegral 27“ +2arcsin(cz)) + cdsin($) Si (% -+arcsin(cz)) + ecos( 27“) Si ( 2—: +2 arcsin(
b — 2b b 2b
c2

input‘ Int[(d + exx)/(a + bxArcSin[c*x]),x] \

output ‘ ((cxd*Cos [a/b] *CosIntegral[a/b + ArcSin[c*x]]1)/b - (e*CosIntegral[(2*a)/b ‘
‘ + 2%ArcSin[c*x]]1*Sin[(2*a)/b])/(2%b) + (c*d*Sin[a/bl*SinIntegralla/b + Arc ‘
'Sin[c*x]1)/b + (exCos[(2*a)/bl*SinIntegral[(2+a)/b + 2%ArcSin[c*x]]1)/(2+b)
‘)/c“z ‘

3.18. [k iy

a+barcsin(cz)
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3.18.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5246‘Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.)) (@ _)*((d_.) + (e_.)*(x_))"(m_.), x_S ‘
‘ymbol] :> Simp[1/c™(m + 1)  Subst[Int[(a + b*x) n*Cos[x]*(c*d + e*Sin[x])~
‘m, x], x, ArcSin[c#x]]1, x] /; FreeQl{a, b, c, d, e, n}, x] & IGtQ[m, 0] |

rule 7293‘ Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v] ‘
? |

3.18.4 Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.90

method result
d (Si (arcsin(cz)+ %) sin ( % ) +Ci (arcsin(ca:)+ %) cos ( % ) ) n e (Si (2 arcsin(cz)+ 2Ta cos ( QTG) —Ci (2 arcsin(cz)+ 2Ta) sin ( ZTQ ) )
derivativedivides b . 2cb
d (Si (arcsin(cz)+ %) sin ( % ) +Ci (arcsin(cx)+ % ) cos ( % ) ) " e (Si (2 arcsin(cz)+ 2Ta ) cos ( QTQ) —Ci (2 arcsin(cx)+ %Q) sin ( 2Ta ) )
default b . 36
inputLint((e*x+d)/(a+b*arcsin(c*x)),x,method=_RETURNVERBOSE) J

output ‘ 1/c*(d*(Si(arcsin(c*x)+a/b)*sin(a/b)+Ci(arcsin(c*x)+a/b)*cos(a/b))/b+1/2/c ‘
‘ *e* (Si(2*arcsin(c*x)+2*a/b)*cos (2*a/b)-Ci (2*arcsin(c*x)+2*a/b)*sin(2*a/b)) ‘

/b |

3.18.5 Fricas [F]

d+ex exr+d
. dxr = , dzx
a + barcsin(cz) barcsin (cx) + a

input Lintegrate ((e*x+d)/(a+b*arcsin(c*x)),x, algorithm="fricas") J

output Lintegral((e*x + d)/(bxarcsin(c*x) + a), x) J

3.18. [k iy

a+barcsin(cz)
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3.18.6 Sympy [F]

d+ex d+ex
, dr = | ———————dz
a + barcsin(cz) a + basin (cx)

inputLintegrate((e*x+d)/(a+b*asin(c*x)),X)

output‘Integral((d + e*x)/(a + b*asin(c*x)), x)

3.18.7 Maxima [F]

d+ezx er+d
. dr = , dz
a + barcsin(cz) barcsin (cz) + a

p
inputtintegrate((e*x+d)/(a+b*arcsin(c*x)),x, algorithm="maxima")

e—

output Lintegrate((e*x + d)/(b*arcsin(c*x) + a), x)

3.18.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.21

/ dter dcos (%) Ci (¢ + arcsin (cz))
- —

a + barcsin(cz) be
ecos (%) Ci (32 + 2 arcsin (cz)) sin (%)
B bc?
e cos (%)2 Si (22 + 2 arcsin (cz))
bc?
dsin (%) Si (% + arcsin (cz))  eSi (%2 + 2 arcsin (cz))
* be B 2bc?

input Lintegrate ((e*x+d)/(atb*arcsin(c#*x)) ,x, algorithm="giac")

N

output‘d*cos(a/b)*cos_integral(a/b + arcsin(c#*x))/(b*c) - excos(a/b)*cos_integral
‘(2*a/b + 2xarcsin(c#*x))*sin(a/b)/(b*c~2) + excos(a/b) 2*sin_integral (2*a/b
‘ + 2xarcsin(c#*x))/(bxc~2) + d*sin(a/b)*sin_integral(a/b + arcsin(c#*x))/(b*
‘c) - 1/2%exsin_integral(2*a/b + 2xarcsin(c*x))/(bxc~2)

ERI———.——.,

3.18. [k iy

a+barcsin(cz)
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3.18.9 Mupad [F(-1)]

d+ex d+ex
. dx = , dr
a + barcsin(cz) a + basin (cz)

Timed out.

input Lint((d + e*x)/(a + b*asin(c*x)),x)

output Lint((d + exx)/(a + b*asin(c*x)), x)

3.18. [k iy

a+barcsin(cz)
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319 [—L _~dx

a+barcsin(cz)
3.19.1 Optimal result . . . . . . . .. ... .
3.19.2 Mathematica [A] (verified) . . . . . . .. . ... .. 290
3.19.3 Rubi [A] (verified) . . . . . . .. .. 297
3.19.4 Maple [A] (verified) . . . ... . ... ... 2991
3.19.5 Fricas [F] . . . . . . o o 299
3.19.6 Sympy [F] . . . . . 299
3.19.7 Maxima [F] . . . . . .. 300
3.19.8 Giac [A] (verification not implemented) . . . ... ... ... . ... .... 300
3.19.9 Mupad [F(-1)] . . . . oo 3001

3.19.1 Optimal result

Integrand size = 10, antiderivative size = 53

a+barcsin(cz) a-+barcsin(cz)

/ 1 ] cos (%) Coslntegral (T) sin (%) Si<T>
T

a + barcsin(cz) B bc + bc

-

output LCi ((atb*arcsin(c*x))/b) *cos(a/b) /b/c+Si((a+b*arcsin(c*x))/b)*sin(a/b)/b/c

~—

3.19.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.83

/ 1 _ cos (§) CosIntegral (¢ 4 arcsin(cz)) + sin (§) Si(¢ + arcsin(cz))

a + barcsin(cz) T be

input LIntegrate [(a + bxArcSin[c*x])~(-1),x] J

output ( (Cos[a/b]*CosIntegral[a/b + ArcSin[c*x]] + Sin[a/b]*SinIntegralla/b + ArcS ]
‘ in[c*x]]1)/ (bxc) ‘

319. [l dz

a+barcsin(cz)
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3.19.3 Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.91, number
of steps used = 8, number of rules used = 7, Bumber of rules _ , 754 Ryles used = {5134,

integrand size
3042, 3784, 25, 3042, 3780, 3783}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ ! dz
a + barcsin(cz)
| 5134

a_atb arcsin(cz)
COS(@ I —

f a+barcsin(cz)

) d(a + barcsin(cx))
be
| 3042

a_atbd arcsin(cz)

I sin(; b +§) d(a + barcsin(cx))

a+barcsin(cz)

be
l 3784

a cos(%sin(cm)) . ) “ Sin(a+b arzsin(cz)) .
cos (3) i md(a + barcsin(cx)) — sin (5) f _Wd(a + barcsin(cz))

be

| 25
sin ( a+barcsin(cz) a+barcsin(cz)

sin (¢) [ Wd(a + barcsin(cz)) + cos (%) [ Wd(a + barcsin(cz))
bc

l 3042

) . sin(a—}—barzsin(cm)) ) a Sin(d-kbarzsin(cm)_}_%) )
sin () [ Wd(a + barcsin(cz)) + cos ($) [ aTbarcin() d(a + barcsin(cz))

be
l 3780

. Sin(“‘“’#ﬂn(czﬂ-g) d b . in (%) Si a+barcsin(cz)
cos (5) f a+tbarcsin(cz) (a+ arcsm(cac)) +sin (5) ! b

be
l 3783

cos (%) CosIntegral <a+b ar(l:)sin(cw) ) + sin (%) Si (a+b arzsin(c:v) )
be

319. [l _—dx

a+barcsin(cz)



input

output

rule 25

rule 3042

rule 3780

rule 3783

rule 3784

rule 5134
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‘ Int[(a + b*ArcSin[c*x])~(-1),x]

‘ (Cos[a/b] *CosIntegral[(a + b*ArcSin[c*x])/b] + Sin[a/b]*SinIntegral[(a + b
*ArcSin[c*x])/b])/ (b*c)

3.19.3.1 Defintions of rubi rules used

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
LQ[u, x]

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQ[{c, d, e, £}, x] &% EqQ[dx(e - Pi/2) -
cxf, 0]

Int[sinf(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(d*
e - cxf)/d] Int[Sin[c*(£/d) + £*x]/(c + d*x), x], x] + Simp[Sin[(d*e - cx*
£)/d] Int[Cos[cx(£f/d) + f*x]/(c + d*x), x], x] /; FreeQ[{c, 4, e, f}, x]
&& NeQ[d*e - cxf, 0]

Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[1/(b*xc) Su
bst[Int [x"n*Cos[-a/b + x/bl, x], x, a + b*ArcSin[c*x]], x] /; FreeQ[{a, b,
c, n}, x]

319. [l dz

a+barcsin(cz)
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3.19.4 Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.91

method result size
Si (arcsin(cm)+ %) sin ( %) + Ci (arcsin(c:t)+ %) cos ( %)

derivativedivides b - b 48
Si (arcsin(cm)+ %) sin ( %) n Ci (arcsin(ca:)+ %) cos ( %)

default b c b 48

input Lint (1/(atb*arcsin(c*x)) ,x,method=_RETURNVERBOSE)

output Ll/c* (Si(arcsin(c*x)+a/b)*sin(a/b) /b+Ci(arcsin(c*x)+a/b)*cos(a/b)/b)

3.19.5 Fricas [F]

/ ! dr = / ! dx
a+barcsin(cz) =~/ barcsin(cz) + a

input tintegrate (1/ (at+b*arcsin(c*x)) ,x, algorithm="fricas")

output tintegral(l/(b*arcsin(c*x) + a), x)

3.19.6 Sympy [F]

1 1
/ o= [
a + barcsin(cz) a + basin (cx)

input Lintegrate (1/ (atb*asin(c*x)) ,x)

output LIntegral(i/(a + bxasin(c*x)), x)

319. [l dz

a+barcsin(cz)
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3.19.7 Maxima [F]

/ ! dr = / ! dx
a+barcsin(cz) =~/ barcsin(cz) + a

p
inputtintegrate(1/(a+b*arcsin(c*x)),X, algorithm="maxima")

e—

p
output Lintegrate(1/(b*arcsin(c*x) +a), x)

-/

3.19.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.92

1 cos (%) Ci (% +arcsin (cz))  sin (%) Si (% + arcsin (cz))
, d +
/ a + barcsin(cz) bc be

inputLintegrate(1/(a+b*arcsin(c*x)),X, algorithm="giac")

p
output‘cos(a/b)*cos_integral(a/b + arcsin(c#*x))/(b*c) + sin(a/b)*sin_integral(a/b
‘ + arcsin(c*x) )/ (b*c)

3.19.9 Mupad [F(-1)]

Timed out.

/ L dr = / L dz
a+barcsin(cz) =~ J a+ basin(cz)

input Lint(l/(a + b*asin(c*x)),x)

output Lint(l/(a + bx*asin(c*x)), x)

319. [l dz

a+barcsin(cz)
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3.20

3.20.1
3.20.2
3.20.3
3.20.4
3.20.5
3.20.6
3.20.7
3.20.8
3.20.9

3.20.1 Optimal result

1 dx

Optimalresult . . . . . . . . . . . . .. ... . e

Mathematica [N/A]

RUBL [N/A] « v o oo e e e e e

Maple [N/A] (verified)

Fricas [N/A] . . . . .
Sympy [N/A] . . o
Maxima [N/A] . . . . . e
Giac [N/A] . . o e
Mupad [N/A] . . .

f (d+ex)(a+barcsin(cz))

Integrand size = 18, antiderivative size = 18

1

1
/ (d+ ez)(a + barcsin(cz))

dr = Int(

(d+ ez)(a + barcsin

(cx))’x>

304

e

output tUnintegrable (1/ (exx+d) / (atb*arcsin(c*x)) ,x)

~—

3.20.2 Mathematica [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1

1

/ (d + ez)(a + barcsin(cz)) de = / (d+ez)(a

+ barcsin(cx))

dx

input

N\

Integrate[1/((d + exx)*(a + b*ArcSin[c*x])),x]

output LIntegrate [1/((d + e*x)*(a + b*ArcSin[c*x])), x]

3.20.

1
f (d+ez)(a+barcsin(cz))

dz
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3.20.3 Rubi [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5300}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 1 dz
(d+ ex)(a + barcsin(cz))
| 5300

1
/ (d+ cz)(a + barosin(ca))

input LInt [1/((d + e*x)*(a + b*ArcSin[c*x])),x]

-

output L$Aborted

~—

3.20.3.1 Defintions of rubi rules used

rule 5300‘ Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*(u_.), x_Symbol] :> Unintegrab
‘le[u*(a + b*ArcSin[c*x])"n, x] /; FreeQ[{a, b, c, n}, x]

3.20.4 Maple [N/A] (verified)
Not integrable

Time = 3.37 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

1
/ (ex + d) (a + barcsin (cx)) dz

input Lint (1/ (e*xx+d) / (at+b*arcsin(c*x)),x)

e

output tint (1/ (exx+d) / (a+b*arcsin(c*x)) ,x)

~—

3.20. dx

1
f (d+ez)(a+barcsin(cz))
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3.20.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.39

1 1
/ (d+ ex)(a + barcsin(cz)) do = / (ex + d)(barcsin (cz) + a) dz

B
input Lintegrate (1/(exx+d) / (atb*arcsin(c*x)) ,x, algorithm="fricas")

-/

output Lintegral(l/(a*e*x + axd + (b*e*x + b*d)*arcsin(c*x)), x)

3.20.6 Sympy [N/A]
Not integrable

Time = 0.90 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

1 1
/ [+ e2)(a + barcsin(cz)) = / (o + basin (c2)) (d + ex) 2

input Lintegrate (1/(exx+d) / (a+b*asin(c*x)) ,x)

output LIntegral(l/((a + bxasin(c*x))*(d + e*x)), x)

3.20.7 Maxima [N/A]
Not integrable

Time = 0.35 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)(a + barcsin(cz)) do = / (ex + d)(barcsin (cz) + a) dz

input Lintegrate (1/ (exx+d) / (atb*arcsin(c*x)) ,x, algorithm="maxima")

output Lintegrate(i/((e*x + d)*(b*arcsin(c*x) + a)), x)

3.20. dx

1
f (d+ez)(a+barcsin(cz))
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3.20.8 Giac [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d+ ex)(a + barcsin(cz)) do = / (ex + d)(barcsin (cz) + a) dz

p
input Lintegrate (1/(exx+d) / (atb*arcsin(c*x)) ,x, algorithm="giac")

-/

output Lintegrate(l/((e*x + d)*(b*arcsin(c*x) + a)), x)

3.20.9 Mupad [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1

[+ e2)(a + barcsin(cz)) © / (o + basin (c2)) (dtez) &

input Lint(l/((a + bxasin(c*x))*(d + e*x)),x)

output Lint(l/((a + bxasin(c*x))*(d + e*x)), x)

dz

1
3.20. f (d+ex)(a+barcsin(cz))
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321 f e dx
) (d+ex)?(a+barcsin(cz))

3.21.1 Optimal result . . . . . . .. . .. . 305
3.21.2 Mathematica [N/A] . . . . ... ..
3.21.3 Rubi [N/A] « © o oo oo e e
3.21.4 Maple [N/A] (verified) . . . . . . . . .. .
3.21.5 Fricas [N/A] . . . .
3.21.6 Sympy [N/A] . . . .
3.21.7 Maxima [N/A] . . . . . . .
3.21.8 Giac [N/A] . . . . . o
3.21.9 Mupad [N/A] . . . . o

3.21.1 Optimal result

Integrand size = 18, antiderivative size = 18

1 1
(d + ex)?(a + barcsin(cz)) do = Int ( (d + ex)?(a + barcsin(cz))’ x)

output ‘ Unintegrable(1/(exx+d) 2/ (at+b*arcsin(c*x)),x)

3.21.2 Mathematica [N/A]

Not integrable

Time = 0.34 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)?(a + barcsin(cx)) de = / (d + ex)?(a + barcsin(cx)) de

input LIntegrate [1/((d + exx)~2%(a + b*ArcSin[c*x])),x]

~—

-

output LIntegrate [1/((d + e*x)~2*(a + b*ArcSin[c*x])), x]

~—

3.21. dz

1
f (d+ex)?(a+barcsin(cz))
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3.21.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5300}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (d + ex)?(a + barcsin(cz)) de

l 5300

1
/ (d+ c2)%(a + barcsin(ca))

input LInt [1/((d + e*x)~2%(a + b*ArcSin[c*x])),x]

-

output L$Aborted

~—

3.21.3.1 Defintions of rubi rules used

rule 5300‘ Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*(u_.), x_Symbol] :> Unintegrab
‘le[u*(a + b*ArcSin[c*x])"n, x] /; FreeQ[{a, b, c, n}, x]

3.21.4 Maple [N/A] (verified)
Not integrable

Time = 1.36 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ 3 ! dz
(ex + d)” (a + barcsin (cz))

input Lint (1/ (e*x+d) "2/ (atb*arcsin(c*x)) ,x)

output tint (1/(e*x+d) "2/ (at+b*arcsin(c*x)),x)

1
3.21. f (d+ex)?(a+barcsin(cz)) dx
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3.21.5 Fricas [N/A]
Not integrable

Time = 0.25 (sec) , antiderivative size = 49, normalized size of antiderivative = 2.72

1 1
/ (d + ex)?(a + barcsin(cz)) dw = / (ex + d)*(barcsin (cz) + a) d

inputLintegrate(1/(e*x+d)‘2/(a+b*arcsin(c*x)),x, algorithm="fricas")

output‘ integral(1/(axe”2*x"2 + 2*a*xd*e*x + a*d™2 + (b*e™2%x"2 + 2%bxd*e*x + b*d~2

‘)*arcsin(c*x)), x)

3.21.6 Sympy [N/A]

Not integrable

Time = 1.78 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

1 1
/ (d + ex)?(a + barcsin(cz)) dr = / (a + basin (cz)) (d + ex)’ e

inputLintegrate(1/(e*x+d)**2/(a+b*asin(c*x)),X)

output‘ Integral(1/((a + b*asin(c*x))*(d + e*x)**2), x)

3.21.7 Maxima [N/A]

Not integrable

Time = 0.36 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)?(a + barcsin(cz)) do = / (ex + d)*(barcsin (cz) + a) e

input Lintegrate (1/ (e*x+d) ~2/ (at+b*arcsin(c*x)) ,x, algorithm="maxima")

output Lintegrate(l/((e*x + d) "2 (b*arcsin(c*x) + a)), x)

3.21. dz

1
f (d+ex)?(a+barcsin(cz))
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3.21.8 Giac [N/A]
Not integrable

Time = 0.82 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)?(a + barcsin(cz)) do = / (ex + d)*(barcsin (cz) + a) d

input Lintegrate (1/(exx+d) "2/ (atb*arcsin(c*x)) ,x, algorithm="giac")

output Lintegrate(l/((e*x + d)"2*(b*arcsin(c*x) + a)), x)

-/

3.21.9 Mupad [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)*(a + barcsin(cz)) dr = / (a+ basin (cx)) (d+ ex)? &

input‘ int(1/((a + b*asin(c*x))*(d + e*x)~2),x)

output Lint(l/((a + bxasin(c*x))*(d + e*x)"2), x)

dz

1
3.21. f (d+ex)?(a+barcsin(cz))
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(d+ex)?
3.22 | 2 d
(a+barcsin(cx))

3.22.1 Optimalresult . . . . . . . . . . ... . 309
3.22.2 Mathematica [A] (verified) . . . . . . . . ... 3101
3.22.3 Rubi [A] (verified) . . . . . ... .. BI0
3.22.4 Maple [A] (verified) . ... ... ... ..
3.22.5 Fricas [F] . . . . . . o o 313
3.22.6 Sympy [F] . . . . .
3.22.7 Maxima [F] . . . . . ... 313l
3.22.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... B14
3.22.9 Mupad [F(-1)] . . . . oo 314

3.22.1 Optimal result

Integrand size = 18, antiderivative size = 362

(d+ ex)? dp — d*>v/1 — 2z? 2dex/1 — c2z?

(a+ barcsin(cz))2 be(a + barcsin(cz))  be(a + barcsin(cz))

VT
be(a + barcsin(cz))
2de cos (%) CosIntegral (2(‘”’”—55111(“))>
b2c?
d? Coslntegral (W) sin (2)
b%c

+barcsin( .
e? CosIntegral (%M) sin (%)

4b2¢3
3e? Coslntegral <3(a+bar—bcsm(m))> sin (32)
4b%¢c3
d2 CcoSs (%) Sl<a+b%sm(cz)) 62 CoS (%) Si<a+barcsin(c:c))

+

SIS

+

_|_

b
b%c B 4b2¢3
. a : [ 2(a+barcsin(cx
2desin (%) Sl(%)
b2c?
a 3(a+barcsin(cz
3e? cos (32) Sl(%)
4b2¢3

+

+

3.22.

f s _ (dtex)® dz

(a+barcsin(cz))2?



output
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N

2+d*e*Ci(2x (atb*arcsin(c#*x))/b)*cos(2*a/b) /b"2/c~2-d"2*cos (a/b) *Si ((at+b*ar
csin(c*x))/b) /b~2/c-1/4*e"2*cos (a/b) *Si ((a+b*arcsin(c*x)) /b) /b~2/c~3+3/4*e
~2xcos (3*a/b) *Si (3* (a+b*arcsin(c*x))/b) /b~2/c"3+d"2*Ci ((a+b*arcsin(c*x))/b
)*sin(a/b) /b~2/c+1/4*e"2xCi((a+b*arcsin(c*x))/b)*sin(a/b)/b~2/c”3+2*d*e*Si
(2% (a+b*arcsin(c*x)) /b) *sin(2*a/b) /b~2/c~2-3/4*e”2*Ci (3* (a+b*arcsin(c*x))/
b) *sin(3*a/b) /b"2/c"3-d"2* (-c"2*x"2+1) ~(1/2) /b/c/ (a+b*arcsin(c*x) ) -2*d*e*x
*(—c™2*xx72+1) " (1/2) /b/c/ (at+b*arcsin(c*x) ) —e”~2%x" 2% (-c"2*x"2+1) ~(1/2) /b/c/(
at+b*arcsin(c*x))

3.22.2 Mathematica [A] (verified)

Time = 1.63 (sec) , antiderivative size = 290, normalized size of antiderivative = 0.80

(d + ex)? _
/ (a + barcsin(cx))? dz =

e dVi=c'a? | SbideaVl-cia? | dbc'e’a’ V1ot _ gede cog (22) CosIntegral (2(2 + arcsin(cz))) — (4¢%d

a-+barcsin(cz) a+barcsin(cz) a+b arcsm(c:v)

inputtlntegrate[(d + e*xx)~2/(a + b*ArcSin[c*x])~2,x]

output

~—

p

-1/4%((4xb*c~2*%d"2+#Sqrt[1 - c™2*x"2])/(a + b*ArcSin[c*x]) + (8*b*c 2*kd*e*x
*Sqrt[1 - c”2*%x72])/(a + bxArcSin[c*x]) + (4xb*c™2*e"2+x"2*Sqrt[1 - c 2*x~
2])/(a + bxArcSin[c*x]) - 8xcxd*e*Cos[(2*a)/bl*CosIntegral [2*#(a/b + ArcSin
[cxx])] - (4xc™2xd"2 + e~2)*CosIntegrall[a/b + ArcSin[c*x]]*Sin[a/b] + 3*e”
2+CosIntegral [3*(a/b + ArcSin[c#x])]*Sin[(3*a)/b] + 4*c~2xd~2*Cos[a/b]l*Sin
Integrall[a/b + ArcSin[c*x]] + e~2+Cos[a/b]*SinIntegral[a/b + ArcSin[c#*x]]
- 8xc*d*exSin[(2*a) /bl *SinIntegral [2*%(a/b + ArcSin[c*x])] - 3*e~2+Cos[(3*a
)/b]*SinIntegral [3*(a/b + ArcSin[c*x])])/(b~2%c"3)

3.22.3 Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 362, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 117 Ryles used

integrand size
= {5244, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

3.92. [ nied s ds

barcsin(cz))?
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(d + ex)?
/ (a + barcsin(cz))? do

l 5244

/ d? " 2dex n e2x? d
(a+ barcsin(cz))?  (a+ barcsin(cz))?  (a + barcsin(cz))? v
| 2009

e?sin (%) Coslntegral (%ﬁn(m)) 3e?sin (32) CosIntegral ( W'l’ar—gm(cw)))
4b2c3 a 4b2c3
62 COS( ) Sl(%ﬁm(cz)) 362 cos (37‘1) 81(3(0,-i-lmr—£sm(cm)))
16263 N 1b2c3 N

2de cos (22) CosIntegral (M) 2desin (22) Sl(mbm—gm(m))>

b2c2 + b2c? +

d?sin () CosIntegral (%bsm(cz)) ~ d?cos (%) Si(%ﬁn(cz)) VI
b2c bc be(a + barcsin(czx))

2dex/1 — c2x2 e2x2V/1 — c2x2

be(a + barcsin(cz))  be(a + barcsin(cz))

p
input LInt[(d + exx)"2/(a + b*ArcSin[c*x])~2,x]

~—

output -((d"2*Sqrt[1 - c~2*x72])/(b*c*(a + bxArcSin[c*x]))) - (2*d*exx*Sqrt[l - c
~2%x72])/(bxc*x(a + bxArcSin[c*x])) - (e"2*x"2#Sqrt[1 - c"2*x"2])/(bxc*(a +
bxArcSin[c*x])) + (2*dxexCos[(2*a)/b]*CosIntegral[(2+(a + b*ArcSin[c*x]))
/b1)/(b~2%c~2) + (d~2*CosIntegrall[(a + b¥ArcSin[c*x])/bl*Sin[a/b])/(b~2%c)
+ (e"2xCosIntegral[(a + bx*ArcSin[c*x])/bl*Sin[a/b])/(4*b"2xc~3) - (3xe”2%
CosIntegral[(3*(a + b*ArcSin[c#*x]))/b]l*Sin[(3*a)/bl)/(4*b~2+%c~3) - (d~2xCo
s[a/b]*SinIntegral[(a + b*ArcSin[c*x])/b])/(b"2*c) - (e~2*Cos[a/b]*SinInte
gral[(a + bxArcSin[c*x])/b])/(4*¥b~2%c~3) + (2*d*e*Sin[(2*a)/b]*SinIntegral
[(2*(a + b*ArcSin[c*x]))/bl)/(b"2%c~2) + (3*e~2*Cos[(3*a)/b]l*SinIntegral [(
3x(a + bxArcSin[c*x]))/bl)/(4%b~2%c"3)

3.92. [ nied s ds

barcsin(cz))?
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3.22.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk35244‘1nt[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_)*((d_) + (e_.)*(x_))"(m_.), x_Sy
‘mbol] :> Int[ExpandIntegrand[(d + e*x) m*(a + b*ArcSin[c*x])°n, x], x] /; F
\reeQ[{a, b, c, d, e}, x] & IGtQ[m, 0] && LtQ[n, -1] \

3.22.4 Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 526, normalized size of antiderivative = 1.45

method result

. . . a a 2 2_ . . . a . a 2 2_ . . .
derivativedivides | — 4 arcsin(cx) Si(arcsin(cz)+ ) cos(%)bc?d?—4 arcsin(cz) Ci(arcsin(cx)+$ ) sin($)bc?d?—8 arcsin(cz) Si(2 arcsin(c:
default __ 4arcsin(cz) Si(arcsin(cz)+ ) cos($)bc?d?>—4arcsin(cz) Ci(arcsin(cz)+ %) sin ()b cd?—8 arcsin(cr) Si(2 arcsin(ca

inputLint((e*x+d)‘2/(a+b*arcsin(c*x))‘2,x,method=_RETURNVERBOSE)

~—

output | -1/4/c~ 3% (4*arcsin(c*x)*Si(arcsin(c*x)+a/b)*cos(a/b) *b*c~2%d~2-4*arcsin(c*
x) *Ci (arcsin(c*x)+a/b)*sin(a/b) *b*c~2*d"2-8*arcsin(c*x) *Si (2*arcsin(c*x)+2
*a/b)*sin(2*a/b) *b*c*kd*e-8*arcsin(c*x)*Ci(2*arcsin(c*xx)+2*a/b) *cos (2*a/b) *
b*c*d*e+4*Si(arcsin(c*x)+a/b)*cos(a/b) *a*xc~2*d~2-4+Ci(arcsin(c*x)+a/b)*sin
(a/b)*a*xc™2xd"2+4* (-c~2*x~2+1) ~(1/2) *b*c~2*d"~2+arcsin(c*x) *Si (arcsin(c*x)+
a/b)*cos(a/b) *bxe~2-arcsin(c*x) *Ci(arcsin(c*x)+a/b) *sin(a/b) *bxe~2-3*arcsi
n(c*x)*Si(3*arcsin(c*x)+3*a/b)*cos (3*a/b) *bxe”~2+3*arcsin(c*x) *Ci (3*arcsin(
c*x)+3*a/b) *sin(3*a/b) ¥b*e~2-8%Si (2*arcsin(c*x)+2*a/b) *sin (2*a/b) *axcxd*xe—
8*Ci (2*arcsin(c*x)+2*a/b) *cos (2*a/b) *a*c*d*e+Si(arcsin(c*x)+a/b)*cos(a/b)*
a*e~2-Ci(arcsin(c*x)+a/b) *sin(a/b) *a*e 2+4*sin(2*arcsin(c*x) ) *b*c*d*e-3*Si
(3*arcsin(c*x)+3*a/b)*cos (3*xa/b) *a*xe~2+3*Ci (3*xarcsin(c*x)+3*a/b) *sin(3*a/b
Y*a*xe 2+ (-c”2*xx"2+1) " (1/2) *b*e~2-cos (3*arcsin(c*x) ) *b*e~2) / (a+b*arcsin(c*x

)) /b2

3.92. [ nied s ds

barcsin(cz))?
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3.22.5 Fricas [F]

(d + ex)? - (ex + d)° .
/ (a + barcsin(cz))? de = / (barcsin (cz) + a)? d

inputLintegrate((e*x+d)“2/(a+b*arcsin(c*x))‘2,x, algorithm="fricas")

output‘ integral((e~2*x~2 + 2xd*e*x + d~2)/(b"2*arcsin(c*x) "2 + 2xa*b*arcsin(c*x)
\+ a”2), x)

3.22.6 Sympy [F]

(d + 6:[)2 b (d + ea:)2 i
/ (a + barcsin(cz))? do = / (a + basin (cz))’ d

inputLintegrate((e*x+d)**2/(a+b*asin(c*x))**2,x)

output‘Integral((d + e*x)**x2/(a + bk*asin(c*x))**2, x)

3.22.7 Maxima [F]

/ : (d+ex)? i — (ex + d)? i

a + barcsin(cz))? (barcsin (cz) + a)?

inputLintegrate((e*x+d)“2/(a+b*arcsin(c*x))“2,x, algorithm="maxima")

output | -((e"2#x"2 + 2kd*e*x + d~2)*sqrt(c*x + 1)*sqrt(-cxx + 1) - (b~2*c*arctan2(
c*xx, sqrt(cxx + 1)*sqrt(-cxx + 1)) + a*bkc)*integrate((3*c™2xe"2%x"3 + 4%*c
"2%d*e*xx”2 - 2kdxe + (cT2+%d"2 - 2%e”2)*x)*sqrt(ckx + 1)*sqrt(-ckx + 1)/(ax
b*c”™3*x"2 - ak*bxc + (b"2%c”3*x"2 - b~2*c)*arctan2(c*x, sqrt(c*x + 1)*sqrt(
-cxx + 1))), x))/(b"2*c*arctan2(c*x, sqrt(c*x + 1)*sqrt(-c*x + 1)) + axbx*c

)

3.92. [ nied s ds

barcsin(cz))?
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3.22.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1276 vs. 2(348) = 696.

Time = 0.38 (sec) , antiderivative size = 1276, normalized size of antiderivative = 3.52

d+ ex)? .
/ (a +(b arcsin)(ca;))2 dx = Too large to display

p
input | integrate ((e*x+d) ~2/(at+b*arcsin(c*x))~2,x, algorithm="giac")

output | 4¥bxcxd*e*arcsin(c*x)*cos(a/b) “2*cos_integral (2*a/b + 2xarcsin(c*x))/(b"3*
c"3xarcsin(c*x) + a*b”2xc”3) - 3*b*e”2xarcsin(c*x)*cos(a/b) "2*cos_integral
(3*a/b + 3*arcsin(c*x))*sin(a/b)/(b~3*c 3*arcsin(c*x) + a*b~2*c~3) + b*c~2
*d~2*arcsin(c*x)*cos_integral(a/b + arcsin(c*x))*sin(a/b)/(b~3*c"3*arcsin(
c*x) + axb”"2xc”3) + 3*b*e”2*arcsin(c*x)*cos(a/b) "3*sin_integral(3*a/b + 3*
arcsin(c*x))/(b~3*c"3*arcsin(c*x) + a*xb~2%c”~3) + 4xb*c*d*exarcsin(c*x)*cos
(a/b)*sin(a/b)*sin_integral (2*a/b + 2*arcsin(c*x))/(b~3*c~3*arcsin(c*x) +

a*b~2%c”~3) - b*c~2*d"2*arcsin(c*x)*cos(a/b)*sin_integral(a/b + arcsin(c*x)
)/ (b~3%c~3*arcsin(c*x) + a*b~2xc”3) + 4*axcxd*e*cos(a/b) "2*cos_integral (2x*
a/b + 2*arcsin(c#*x))/(b~3*c”3*arcsin(c*x) + a*b~2xc~3) - 3*axe~2*cos(a/b)~
2%cos_integral(3*a/b + 3*arcsin(c*x))*sin(a/b)/(b~3*c"3*arcsin(c*x) + a*b~
2%c”~3) + axc”~2+d"2*cos_integral(a/b + arcsin(c*x))*sin(a/b)/(b~3*c 3*arcsi
n(cxx) + a*b"2%c”~3) + 3xaxe”2xcos(a/b) "3*sin_integral(3*a/b + 3*arcsin(c*x
))/(b"3*%c"3*arcsin(c*x) + a*b~2xc~3) + 4*axc*d*excos(a/b)*sin(a/b)*sin_int
egral(2#a/b + 2*arcsin(c*x))/(b"3*c”"3*arcsin(c*x) + a*b~2*%c~3) - axc”™2xd"2
*xcos(a/b)*sin_integral(a/b + arcsin(c*x))/(b~3*c”3*arcsin(c*x) + a*b~2*c~3
) - 2xsqrt(-c”2*x"2 + 1)*b*c~2*d*e*x/(b"3*c”3*arcsin(c*x) + a*b"2%c"3) - 2
*xb*c*d*exarcsin(c*x)*cos_integral (2*a/b + 2*arcsin(c*x))/(b~3*c~3*arcsin(c
*x) + a*b”"2%c~3) + 3/4*bk*e"2xarcsin(c*x)*cos_integral(3*a/b + 3*arcsin(c*x
))*sin(a/b)/(b~3*c"3*arcsin(c*x) + a*b~2*c”3) + 1/4xb*e”2*arcsin(c*x)*c...

& J

3.22.9 Mupad [F(-1)]

(d+61})2 _ (d+€fb)2 N
/ (a + barcsin(cx))? dr = / (a + basin (cx))Q d

Timed out.

output‘int((d + exx)~2/(a + b*asin(c*x))~2, x) ‘

3.92. [ nied s ds

barcsin(cz))?
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3.23 [ 4 dr

(a+barcsin(cr))?
3.23.1 Optimalresult . . . . . . .. . ... .. 315l
3.23.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 316
3.23.3 Rubi [A] (verified) . . . . . .. ...
3.23.4 Maple [A] (verified) . . . . .. . . .. BT
3.23.5 Fricas [F] . . . . . . . o
3.23.6 Sympy [F] . . . . . 318
3.23.7 Maxima [F] . . .. . ... . 318
3.23.8 Giac [B] (verification not implemented) . . . .. .. ... ... ....... 319
3.23.9 Mupad [F(-1)] . . . . o o 320

3.23.1 Optimal result

Integrand size = 16, antiderivative size = 181

/ d+ex d dv'1 — c2x2 exV1 — c2z?
(

a + barcsin(cz))? v " be(a+ barcsin(cz))  be(a + barcsin(cz))
ecos ( ) CoslIntegral (2(‘”"“—;’5”‘(“)))
b2c?
d Coslntegral <—“+bar‘fin(cx)> sin (%)
b2%c
dcos (2) Si<a+barcsin(cx)> esin (22) Sl<2(a+bar;sm(cx))>

+

b
B b%c + b2c?

output ‘ e*Ci (2% (a+b*arcsin(c*x))/b)*cos(2*a/b) /b~2/c~2-d*cos (a/b) *Si ((a+b*arcsin(c ‘
 *x))/b) /b~2/c+d*Ci ((atb*arcsin(c*x)) /b) *sin(a/b) /b~2/c+e*Si (2 (a+b*arcsin(
|c*x))/b)*sin(2%a/b) /b 2/c"2-d* (-c"2%x~2+1) ~(1/2) /b/c/ (a+bxarcsin(c*x)) -e*x
*(-c"24x72+1) " (1/2) /b/c/ (atb*arcsin(c¥x)) J

3.28. [ iy de

arcsin(cr))?
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3.23.2 Mathematica [A] (verified)

Time = 0.89 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.82

d+ex
(a + barcsin(cx))?
_beldtealvizeta? | o 100(g + barcsin(cx)) + cd (CoslIntegral (¢ + arcsin(cz)) sin (%) — cos (%) Si(% + arc

"a+barcsin(cz)

dz

input ‘ Integrate[(d + exx)/(a + bxArcSin[c*x])~2,x]

output | (-((b*cx(d + exx)*Sqrt[1 - c"2*xx"2])/(a + bxArcSin[c*x])) + exLogl[a + b*Ar
cSin[c*x]] + c*d*(CosIntegralla/b + ArcSin[c*x]]*Sin[a/b] - Cos[a/b]*SinIn
tegralla/b + ArcSin[c#*x]]) + ex(Cos[(2*a)/bl*CosIntegral[2*(a/b + ArcSinl[c
*x])] - Logla + b*ArcSin[c*x]] + Sin[(2*a)/b]*SinIntegral[2*(a/b + ArcSin[
c*xx])]1))/(b72%c™2)

3.23.3 Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ = 0.125, Rules used

integrand size
= {5244, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ d+ex iz
(a + barcsin(cz))?
| 5244

/ ((a n bar(czlsin(ca:))2 tlar barixsin(cx))2> dz

| 2009
ecos (22) CosIntegral (—2(“+bargSin(m))> esin (22) Si<—2(“+bargsm(cz)))
b2c2 + b2c2 +
dsin (%) CosIntegral (7“(’ arfin(cw)) dcos (%) Si<7a+b ar‘;’fin(m)) Ny
b2c B b2c ~ be(a+ barcsin(cz))
exy/1 — c2x?
be(a + barcsin(cx))

3.28. [ iy de

arcsin(cr))?
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input‘Int[(d + e*xx)/(a + b*ArcSin[c*x])~2,x]

output | -((d*Sqrt[1 - c"2*x72])/(b*c*(a + bxArcSin[c*x]))) - (e*x*Sqrt[l - c™2*x"2
1)/ (bxc*(a + b*ArcSin[c*x])) + (e*Cos[(2*a)/b]l*CosIntegral[(2*(a + bx*ArcSi
nlc*x]))/bl)/(b~2%c”2) + (d*CosIntegrall[(a + bxArcSin[c#*x])/b]l*Sin[a/b])/(
b~2xc) - (d*Cos[a/bl*SinIntegrall[(a + b*ArcSin[c*x])/b]l)/(b"2%c) + (e*Sin[
(2*a) /bl *#SinIntegral [(2*(a + bxArcSin[c*x]))/bl)/(b"2xc~2)

3.23.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

ruk35244‘Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.)) (@ )*((d_) + (e_.)*(x_))"(m_.), x_Sy
‘mbol] :> Int[ExpandIntegrand[(d + e*x) m*(a + b*ArcSin[c*x])"n, x], x] /; F
\reeQ[{a, b, c, d, e}, x] & IGtQ[m, 0] && LtQ[n, -1] \

3.23.4 Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 257, normalized size of antiderivative = 1.42

method result

_ d (arcsin(cz) Si (arcsin(cz)+ %) cos ( % ) b—arcsin(cz) Ci (arcsin(cz)+ ) sin ( ) b+Si (arc51n(cz)+ ) cos ( % ) a—Ci (arcsin(cz)+ %) E

derivativedivides (a-+barcsin(cz))b2
d (arcsin(cw) Si (arcsin(cw)+ % ) cos ( %) b—arcsin(cz) Ci (arcsin(cz)+ %) sin ( %) b+Si (arcsin(czH— %) cos ( % ) a—Ci (arcsin(cw)+ %) s
defa.ult, _ (a+barcsin(cz))b2

inputLint((e*x+d)/(a+b*arcsin(c*x))‘2,x,method=_RETURNVERBOSE)

-/

output | 1/c*(-d*(arcsin(c*x)*Si(arcsin(c*x)+a/b)*cos(a/b)*b-arcsin(c*x)*Ci(arcsin(
c*x)+a/b)*sin(a/b) *b+Si (arcsin(c*x)+a/b) *cos(a/b) *a-Ci(arcsin(c*x)+a/b) *si
n(a/b)*a+(-c~2*x~2+1) ~(1/2) *b) / (a+b*arcsin(c*x)) /b~2+1/2/c*ex (2*arcsin(c*x
)*Si(2*arcsin(c*x)+2%a/b) *sin(2*a/b) *b+2*arcsin (c*x) *Ci (2*arcsin (c*x)+2*a/
b) *cos (2*a/b) *b+2*Si (2*arcsin (c*x) +2*a/b) *sin (2%a/b) *a+2*Ci (2*xarcsin (c*x)+
2*a/b)*cos(2*a/b)*a-sin(2*arcsin(c*x))*b)/(a+b*arcsin(c*x))/b"2)

3.28. [ iy de

(a+barcsin(cz))2?
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3.23.5 Fricas [F]

/ d+ ex - / ex+d Iz
(a + barcsin(cz))? (barcsin (cz) + a)?

inputLintegrate((e*x+d)/(a+b*arcsin(c*x))‘2,x, algorithm="fricas")

outputtintegral((e*x + d)/(b"2xarcsin(c*x) "2 + 2*axb*arcsin(c*x) + a~2), x)

3.23.6 Sympy [F]

/ d+er / d+ex
. 5 dr = : 5 dx
(a + barcsin(cz)) (a + basin (cz))

inputLintegrate((e*x+d)/(a+b*asin(c*x))**2,x)

outputLIntegral((d + exx)/(a + bxasin(c*x))**2, x)

3.23.7 Maxima [F]

€r = dCL'
a + barcsin(cz))? (barcsin (cz) + a)?

/ d+ex er+d
( d

inputLintegrate((e*x+d)/(a+b*arcsin(c*x))“2,x, algorithm="maxima")

output | -(sqrt(c*x + 1)*sqrt(-c*x + 1)*(e*x + d) - (b"2*c*arctan2(c*x, sqrt(c*x +
1)*sqrt(-c*x + 1)) + a*b*c)*integrate((2*c”™2%e*x~2 + c”2*d*x - e)*sqrt(c*x
+ 1)*sqrt(-c*x + 1)/(axbxc™3*x"2 - a*b*c + (b~2%c”3*x"2 - b~2*c)*arctan2(
c*xx, sqrt(ckx + 1)xsqrt(-cxx + 1))), x))/(b~2*c*arctan2(c*x, sqrt(cxx + 1)
xsqrt(-cxx + 1)) + axbxc)

3.23. [k dx

(a+barcsin(cz))?
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3.23.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 554 vs. 2(177) = 354.

Time = 0.36 (sec) , antiderivative size = 554, normalized size of antiderivative = 3.06

/ d+ezx J 2 be arcsin (cz) cos (% )*Ci (2 24 1 2 arcsin (cz))
(a + barcsin(cz))? v b3c? arcsin (cx) + ab?c?
bed arcsin (cz) Ci (¢ + arcsin (cz)) sin (%)

b3c? arcsin (cx) + ab?c?
2 be arcsin (cz) cos () sin (%) Si (22 + 2 arcsin (cz))

b3c? arcsin (cx) + ab?c?
_ bedarcsin (cz) cos (§) Si (§ + arcsin (cz))
bic? arcsin (cx) + ab?c?
2 ae cos (¢ ) Ci (22 + 2 arcsin (cz))
b3c? arcsin (cx) + ab?c?
acd Ci (¢ + arcsin (cz)) sin (%)
b3c? arcsin (cx) + ab?c?

2aecos (%) sin (%) Si (22 + 2 arcsin (cz))
* b3c? arcsin (cx) + ab?c?
acd cos ( ) Si ( + arcsin (cx)) v—c2z? + lbcex

b3c? arcsin (cx) + ab?c? b3 arcsin (cz) + ab>c?
be arcsin (cz) Ci (22 + 2 arcsin (cz))

b3c? arcsin (cx) + ab?c?
v/ —c2x2 + 1bed ae Ci (22 + 2 arcsin (cz))

b3c? arcsin (cx) + ab?c? b3c? arcsin (cx) + ab?c?

input Lintegrate ((exx+d) /(atb*arcsin(c*x))~2,x, algorithm="giac")

3.28. [ iy de

(a+barcsin(cz))2?



output

input

output
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2*b*exarcsin(c*x)*cos(a/b) “2*cos_integral (2*a/b + 2*arcsin(c#*x))/(b~3xc~2x*
arcsin(c*x) + a*b"2xc”2) + b*ckd*arcsin(c#*x)*cos_integral(a/b + arcsin(c#*x
))*sin(a/b)/(b~3*%c"2*arcsin(c*x) + a*b~2%c”2) + 2*b¥e*arcsin(c*x)*cos(a/b)
*sin(a/b)*sin_integral (2*a/b + 2*arcsin(c*x))/(b~3*c”2*arcsin(c*x) + a*xb~2
*C~2) - b*ckd*arcsin(c*x)*cos(a/b)*sin_integral(a/b + arcsin(c#*x))/(b~3*c~
2*arcsin(c*x) + a*b~2*c”2) + 2+*a*e*cos(a/b) "2*cos_integral(2*a/b + 2*arcsi
n(c*x))/(b"3xc"2*arcsin(c*x) + a*b~2%c~2) + a*c*d*cos_integral(a/b + arcsi
n(c*xx))*sin(a/b)/(b~3xc 2*arcsin(c*x) + axb~2*c~2) + 2*axexcos(a/b)*sin(a/
b)*sin_integral(2*a/b + 2*arcsin(c*x))/(b~3*c"2*arcsin(c*x) + a*b~2%c~2) -
a*cxd*cos(a/b)*sin_integral(a/b + arcsin(c*x))/(b~3*c~2*arcsin(c*x) + a*b
“2%c72) - sqrt(-c"2*x72 + 1)*bkxcke*x/(b~3*c”2*arcsin(c*x) + a*b”2%c”2) - b
xexarcsin(c*x)*cos_integral (2*a/b + 2*arcsin(c*x))/(b~3*c~2*arcsin(c*x) +
axb"2xc”2) - sqrt(-c”2#x”2 + 1)*b*c*d/(b~3*c”2*arcsin(c*x) + a*b"2%c”2) -
axexcos_integral(2*a/b + 2¥arcsin(c*x))/(b~3*c”~2*arcsin(c*x) + a*b~2xc~2)

3.23.9 Mupad [F(-1)]

Timed out.

/ d+er / d+ex
- 5 dr = : 5 dz
(a + barcsin(cz)) (a + basin (cx))

/int((d + e*xx)/(a + bxasin(c*x))~2,x)

N\

!int((d + exx)/(a + bxasin(c*x))"2, x)

3.23. [ dter_ dg

(a+barcsin(cz))?
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3.24

3.24.1
3.24.2
3.24.3
3.24.4
3.24.5
3.24.6
3.24.7
3.24.8
3.24.9

1

f (a+barcsin(cr))?

Optimal result

Mathematica [A] (verified)

Rubi [A] (verified)
Maple [A] (verified)

Fricas [F]

Sympy [F]
[l oo e

Maxima

dx

Giac [B] (verification not implemented)
Mupad [F(-1)]

3.24.1 Optimal result

Integrand size = 10, antiderivative size = 86

/

1

(a + barcsin(cx))?

326

Visaz? CosIntegral (W) sin (&)
"~ be(a+ barcsin(cz)) b’c

COS (%) Si (a—i—b a,rzl:)sin(cz) >

b2c

output‘—cos(a/b)*Si((a+b*arcsin(c*x))/b)/b‘2/c+Ci((a+b*arcsin(c*x))/b)*sin(a/b)/b

"2/c-(—c‘2*x‘2+1)‘(1/2)/b/c/(a+b*arcsin(c*x))

3.24.2 Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.84

1

dz

(a + barcsin(cx))?

bv1—c2z?

" a+barcsin(cz)

+ Coslntegral (% + arcsin(cz)) sin (¢) — cos (%) Si(% + arcsin(cz))

b2c

input LIntegrate [(a + b*ArcSin[c*x])~(-2),x]

output‘ (-((bxSqrt[1 - c~2*x~2])/(a + b*ArcSin[c*x])) + CosIntegralla/b + ArcSin[c

‘*x]]*Sin[a/b] - Cos[a/bl*SinIntegrall[a/b + ArcSin[c#*x]])/(b~2*c)

3.24.

f (a+bar

1
csin(cx))?

dz



CHAPTER 3. LISTING OF INTEGRALS 322

3.24.3 Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.97, number
of steps used = 10, number of rules used = 9, Bumber of rules _ , 950 Ryles used = {5132,

integrand size
5224, 25, 3042, 3784, 25, 3042, 3780, 3783}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ = dz
(a + barcsin(cz))?
| 5132
_C f Vl—csz(a—tbarcsin(cz))dm _ V1 —c?x?
b be(a + barcsin(cx))
| 5224

. a_atb arcsin(cz)
sm(g I —

/- aTharcsn(ca) >d(a + barcsin(cx)) B V1 — 222
b2c be(a + barcsin(cx))

| 25
a _ atbarcsin(cz)
b

/ <a+bamsinb(cm) >d(a + barcsin(cx)) V1= 2z2

b2%c ~ be(a + barcsin(cz))

l 3042

a _ atbarcsin(cz)
b

sin( % .
f (a+b arcsinb(m:) ) d(a + baI'CSln(C.’L')) V1= 22

b2c ~ be(a + barcsin(cz))
| 3784
- sin () [ md(a + barcsin(cz)) — cos (¢) [ —md(a + barcsin(cz)) ~
VT
be(a + barcsin(cz))
| 25
Sin(a-‘rbarc;sin(c:c) Cos(a+bar%sin(cx)

cos (%) [ —aFharcsm(ez) 4(a + barcsin(cz)) — sin (%) f —arbaresin(e) d(a + barcsin(cz))
b2c

V1 — c2x?
be(a + barcsin(cz))

l 3042

324 f W diL'

csin(cx))?
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" Sin<a+bar(lz)sin(cz)) ) ) " sin<a+bar<l:)sin(cw)+%> )
_cos (%) [ —aTharcsin(er) (a + barcsin(cz)) — sin (%) [ aTharesm(e) @(a + barcsin(cz)) ~
b2c
V1 — c2x?
be(a + barcsin(cx))
| 3780
b . sin ( a+b arcsin(czx) E)
cos (&) Si(%ﬂ‘mﬂ)) —sin (%) [ a+bar’;sin(cz) 2/ d(a + barcsin(cz)) V122
B b2c ~ be(a + barcsin(cz))
| 3783
cos (¢) Si(w) — sin () CosIntegral (“H’LS”“(C”’)>
b b b & b V1 - c2z?
B b2c be(a + barcsin(cz))
inputLInt[(a + bxArcSin[c*x])~(-2),x] J

output‘ -(Sqrt[1 - c™2*x~2]/(b*c*(a + bxArcSin[c*x]))) - (-(CosIntegral[(a + b*Arc ‘
‘ Sin[c#*x])/bl*Sin[a/b]) + Cos[a/bl*SinIntegrall[(a + b*ArcSin[c*x])/b]l)/(b"2 ‘
‘ *C) ‘

3.24.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x] J

;
rule 3042‘ Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] \

rule 3780 | Int[sin[(e_.) + (£f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

rule 3783 | Int[sin[(e_.) + (£f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQ[{c, d, e, £}, x] &% EqQ[dx(e - Pi/2) -
cxf, 0]

L dz

324. [ Gipmeme?
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rule 3784 Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(d*
e - cxf)/d] Int[Sin[c*(£f/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - cx*
£)/d] Int[Cos[c*(f/d) + f*x]/(c + d*x), x], x] /; FreeQ[{c, 4, e, f}, x]
&& NeQ[d*e - cxf, 0]

rule 5132 | Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[Sqrt[1 - c~2
*x"2]*((a + bxArcSin[c*x])~(n + 1)/(b*cx(n + 1))), x] + Simp[c/(b*(n + 1))

Int[x*((a + b*ArcSin[c*x])~(n + 1)/Sqrtl[l - ¢ 2*x~2]), x], x] /; FreeQ[{a
, b, ¢}, x] && LtQ[n, -1]

rule 5224 Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.))"(n_.)*(x_)"(m_.)*((d_) + (e_.)*(x_)"
2)"(p_.), x_Symbol] :> Simp[(1/(bxc”(m + 1)))*Simp[(d + e*x~2)"p/(1 - c™2*x
~2)°p] Subst [Int [x"n*Sin[-a/b + x/b] “m*Cos[-a/b + x/b]~(2*p + 1), x], x,
a + bxArcSin[c*x]], x] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[c"2*d + e, 0]
&& IGtQ[2xp + 2, 0] && IGtQ[m, O]

3.24.4 Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.88

method result size
V=c2z2+1 Si (arcsin(cz)+ %) cos ( %) —Ci (arcsin(ca:)+ %) sin ( %)
derivativedivides | —(eFbercsin(calt b2 76

C

V22241 Si (arcsin(cz)Jr%) cos(%) —Ci (arcsin(cz)+%) sin(%)

defau].t ~ (a+barcsin(cz))b - b2 76

inputLint(l/(a+b*arcsin(c*x))‘2,x,method=_RETURNVERBOSE)

output‘1/c*(—(—c‘2*x‘2+1)“(1/2)/(a+b*arcsin(c*x))/b—(Si(arcsin(c*x)+a/b)*cos(a/b)
~Ci(arcsin(c*x)+a/b)*sin(a/b))/b~2)

324 f W dl‘

csin(cx))?
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3.24.5 Fricas [F]

l/h L dz-—J/ = dx
(a+barcsin(cz))? ) (barcsin (cz) + a)’

p
inputkintegrate(1/(a+b*arcsin(c*x))‘2,x, algorithm="fricas")

e—

outputLintegral(1/(b‘2*arcsin(c*x)‘2 + 2%axb*arcsin(c*x) + a~2), x)

3.24.6 Sympy [F]

/ (a+ barisin(cx))2 dr = / (at baslin (@)’ dz

inputLintegrate(1/(a+b*asin(c*x))**2,x)

outputLIntegral((a + bkasin(c*x))*x(-2), x)

3.24.7 Maxima [F]

dz

/ (a+ baurclzsin(cgv))2 do = / (barcsin (lcx) +a)?

inputLintegrate(1/(a+b*arcsin(c*x))“2,x, algorithm="maxima")

output‘((b‘2*c‘2*arctan2(c*x, sqrt(c*kx + 1)*sqrt(-c*x + 1)) + a*b*c~2)*integrate(
‘sqrt(c*x + 1)*sqrt(-c*x + 1)#*x/(axb*c™2+%x"2 - axb + (b"2*%c"2*x"2 - b~2)*ar
‘ctan2(c*x, sqrt(c*x + 1)*sqrt(-c*x + 1))), x) - sqrt(c*x + 1)*sqrt(-c*x +
‘1))/(b“2*c*arctan2(c*x, sqrt(c*x + 1)*sqrt(-c*x + 1)) + axbx*c)

324 f W dl‘

csin(cx))?
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3.24.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 192 vs. 2(84) = 168.

Time = 0.31 (sec) , antiderivative size = 192, normalized size of antiderivative = 2.23

(a + barcsin(cz))? de = b3carcsin (cx) + ab?c

barcsin (cz) cos (%) Si (¢ + arcsin (cz))

/ 1 __ barcsin (cz) Ci (¢ + arcsin (cz)) sin ()

bicarcsin (cz) + ab’c

aCi (% + arcsin (cz)) sin (%)

b3carcsin (cx) + ab?c
acos (%) Si (¢ + arcsin (cz)) —c2z2 + 1b
b3carcsin (cx) + ab?c b3carcsin (cx) + ab?c

input  integrate(1/(at+b*arcsin(c*x))~2,x, algorithm="giac")

output | b*arcsin(c*x)*cos_integral(a/b + arcsin(c#*x))*sin(a/b)/(b~3*c*arcsin(c*x)
+ a*b”2xc) - bxarcsin(c*x)*cos(a/b)*sin_integral(a/b + arcsin(c*x))/(b"3*c
*arcsin(c*x) + axb~2%c) + a*cos_integral(a/b + arcsin(c*x))*sin(a/b)/ (b~ 3%
cxarcsin(c*x) + a*b~2#c) - a*cos(a/b)*sin_integral(a/b + arcsin(c#*x))/(b"3
xckxarcsin(c*x) + axb”2%c) - sqrt(-c”2*x"2 + 1)*b/(b~3*c*arcsin(c*x) + a*b”
2%c)

3.24.9 Mupad [F(-1)]

Timed out.

/ (a+ barisin(calc))2 dz = / (a+ baslin (cx))? dzx

inputLint(l/(a + b*asin(c*x))"2,x)

~—

-

output Lint(l/(a + b*asin(c*x))"2, x)

~—

L dz

324. [ Gipmeme?
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1

3.25 f (d+ex)(a+barcsin(cz))? dx

3.25.1 Optimal result . . . . .. .. . ... . 327
3.25.2 Mathematica [N/A] . . . .. .. .. 327
3253 Rubi [N/A] « . o o oo e e e
3.25.4 Maple [N/A] (verified) . . . . . . . . ...
3.25.5 Fricas [N/A] . . . . . 329
3.25.6 Sympy [N/A] . . . . e 3291
3.25.7 Maxima [N/A] . . . . . . . 329
3.25.8 Giac [N/A] . . . . . 330
3.25.9 Mupad [N/A] . . . . 330

3.25.1 Optimal result

Integrand size = 18, antiderivative size = 18

1 1
(d+ ex)(a + barcsin(czx))? do = Int ( (d + ex)(a + barcsin(cz))?’ x)

output ‘ Unintegrable(1/(exx+d)/(at+b*arcsin(c*x))~2,x)

3.25.2 Mathematica [N/A]
Not integrable

Time = 10.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)(a + barcsin(cx))? de = / (d + ex)(a + barcsin(cx))? de

input LIntegrate [1/((d + e*x)*x(a + b*ArcSin[c*x])~2),x]

~—

-

output LIntegrate [1/((d + e*x)*(a + bxArcSin[c*x])~2), x]

~—

1
325. (@ren) (@tbarcsin(e)2 9F
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3.25.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5300}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (d + ex)(a + barcsin(cz))? de

l 5300

1
/ (d+ ex)(a + barcsin(cz))

de

inputLInt[l/((d + e*xx)*(a + b*ArcSin[c*x])"2),x]

-

output L$Aborted

~—

3.25.3.1 Defintions of rubi rules used

rule 5300‘ Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*(u_.), x_Symbol] :> Unintegrab
‘le[u*(a + b*ArcSin[c*x])"n, x] /; FreeQ[{a, b, c, n}, x]

3.25.4 Maple [N/A] (verified)
Not integrable

Time = 5.66 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00
1

/ - sdx

(ex + d) (a + barcsin (cz))

input Lint (1/ (e*x+d) / (at+b*arcsin(c*x))~2,x)

output tint (1/(e*x+d)/(atb*arcsin(c*x))~2,x)

1
325. (@ren) (@tbarcsin(e)2 9F
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3.25.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.83

1 1
/ (d + ex)(a + barcsin(cz))? do = / (ex + d)(barcsin (cz) + a)’ d

inputLintegrate(1/(e*x+d)/(a+b*arcsin(c*x))‘2,x, algorithm="fricas")

output‘ integral(1/(a"2*e*x + a”2*d + (b~2%e*x + b~2*d)*arcsin(c*x)~2 + 2x(axbxe*x
‘ + axb*d)*arcsin(c*x)), x)

3.25.6 Sympy [N/A]
Not integrable

Time = 1.67 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

1 1
/ (d + ex)(a + barcsin(cz))? do = / (a + basin (cz))? (d + ex) &

input Lintegrate (1/ (e*x+d) / (atb*asin(c*x)) **2,x)

Outputtlntegral(l/((a + brasin(c*x))**2*%(d + e*x)), x)

3.25.7 Maxima [N/A]
Not integrable

Time = 1.60 (sec) , antiderivative size = 297, normalized size of antiderivative = 16.50

1 1
/ (d + ex)(a + barcsin(cz))? dw = / (ex + d)(barcsin (cz) + a)? e

input Lintegrate (1/(exx+d) / (atb*arcsin(c*x)) "2,x, algorithm="maxima")

1
325. (@ren) (@tbarcsin(e)2 9F
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output | ((axbxcke*xx + axbkckd + (b~2*ckexx + b~ 2xc*xd)*arctan2(c*x, sqrt(cxx + 1)*s
grt(-c*x + 1)))*integrate((c™2xd*x + e)*sqrt(ckx + 1)*sqrt(-cxx + 1)/(axb*
Cc"3%e”2%x"4 + 2xa*bxc”3*d*e*x”3 - 2*axbkckxd*exx - axbkcxd”2 + (axbxc~3*d"2
- axbkc*e"2)*x72 + (b72*c"3*%e"2*x"4 + 2¥b"2kc"3kdke*x"3 - 2*b"2kckdre*x -
b~2%c*d"2 + (b"2%c"3*%d"2 - b~2xc*e”2)*x"2)*arctan2(c*x, sqrt(c*x + 1)*sqr
t(-c*x + 1))), x) - sqrt(c*x + 1)*sqrt(-c*x + 1))/(a*bxc*exx + axbkcxd + (
b~2xc*exx + b 2*cx*d)*arctan2(c*x, sqrt(cxx + 1)*sqrt(-c*x + 1)))

3.25.8 Giac [N/A]

Not integrable

Time = 0.40 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)(a + barcsin(cz))? do = / (ex + d)(barcsin (cz) + a)? e

input‘integrate(1/(e*x+d)/(a+b*arcsin(c*x))“2,x, algorithm="giac")

outputtintegrate(l/((e*x + d)*(b*arcsin(c*x) + a)~2), x)

3.25.9 Mupad [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)(a + barcsin(cz))? dz = / (a + basin (cz))? (d+ ex) de

-

input Lint(l/((a + b*asin(c*x))"2%(d + e*x)),x)

~—

output Lint(l/((a + b*asin(c*x))~2%(d + e*x)), x)

~—

1
325. (@ren) (@tbarcsin(e)2 9F
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3.26 [

3.26.1
3.26.2
3.26.3
3.26.4
3.26.5
3.26.6
3.26.7
3.26.8
3.26.9

1

Optimal result . . . . . . . . . .. .
Mathematica [N/A] . . . .. ... . . L
Rubi [N/A] . . o

Maple [N/A] (verified)

Fricas [N/A] . . . .
Sympy [N/A] . . o
Maxima [N/A] . . . . .
Giac [N/A] . . .
Mupad [N/A] . . o

3.26.1 Optimal result

(d+ex)?(a+barcsin(cz))

Integrand size = 18, antiderivative size = 18

1

/ (d + ex)?(a + barcsin(cz))?

dr = Int(

1 x)
(d + ex)?(a + barcsin(cz))?’

output ‘ Unintegrable(1/(e*x+d) ~2/ (at+b*arcsin(c*x))~2,x)

3.26.2 Mathematica [N/A]

Not integrable

Time = 12.80 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1

1

(d + ex)?(a + barcsin(cx))? de = / (d+ex)?(a

+ barcsin(cx))? dz

input LIntegrate [1/((d + e*x)"2x(a + b*ArcSin[c*x])~2),x]

~—

-

output LIntegrate [1/((d + exx)~2%(a + b*ArcSin[c*x])~2), x]

~—

3.26.

1
f (d+ex)2(a+barcsin(cz))?

dz
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3.26.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5300}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (d + ex)?(a + barcsin(cz))? de
| 5300

1
/ (d + ex)?(a + barcsin(cz))

2d:I:

inputLInt[l/((d + e*xx)~2%(a + b*ArcSin[c*x])~2),x]

-

output L$Aborted

~—

3.26.3.1 Defintions of rubi rules used

rule 5300‘ Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*(u_.), x_Symbol] :> Unintegrab
‘le[u*(a + b*ArcSin[c*x])"n, x] /; FreeQ[{a, b, c, n}, x]

3.26.4 Maple [N/A] (verified)
Not integrable

Time = 1.96 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ 2 . zdx
(ex + d)” (a + barcsin (cz))

input Lint (1/ (exx+d) "2/ (a+b*arcsin(c*x))~2,x)

output tint (1/ (e*x+d) "2/ (at+b*arcsin(c*x))~2,x)

1
3.26. f (d+ex)?(a+barcsin(cz))? dx
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3.26.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 92, normalized size of antiderivative = 5.11

1 1
/ (d + ex)?(a + barcsin(cz))? do = / (ex + d)*(barcsin (cz) + a)’ d

input Lintegrate (1/ (e*x+d) "2/ (atb*arcsin(c*x))~2,x, algorithm="fricas")

output‘ integral(1/(a”2*e”2*x"2 + 2*%a~2xd*e*x + a”2*%d"2 + (b~2%e”2*x"2 + 2*b~2xd*e
‘*x + b~2%d"2)*arcsin(c*x) "2 + 2*%(axb*e~2*x"2 + 2*axbxd*exx + axb*xd~2)*arcs
in(c*x)), x)

N\

3.26.6 Sympy [N/A]
Not integrable

Time = 6.16 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

1 1
(d + ex)?(a + barcsin(cz))? do = / (a + basin (cz))® (d + ex)? e

inputLintegrate(1/(e*x+d)**2/(a+b*asin(c*x))**2,x)

-

outputtlntegral(l/((a + brasin(cxx))**2%(d + e*x)**2), X)

e—

3.26.7 Maxima [N/A]
Not integrable

Time = 2.60 (sec) , antiderivative size = 426, normalized size of antiderivative = 23.67

1 1
/ (d + ex)?(a + barcsin(cz))? do = / (ex + d)*(barcsin (cz) + a)’ e

inputLintegrate(1/(e*x+d)‘2/(a+b*arcsin(c*x))‘2,x, algorithm="maxima")

3.26. dz

1
f (d+ex)2(a+barcsin(cz))?
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output | - ((a*b*ckxe~2%x"2 + 2xaxbkckdke*xx + akxb¥ckxd™2 + (b~2%cxe~2%x~2 + 2¥xb~2¥cxd*
exx + b"2xcxd"2)*arctan2(c*x, sqrt(c*x + 1)*sqrt(-c*x + 1)))*integrate((c”
2xe*x"2 - c”2%d*x - 2%e)*sqrt(c*x + 1)*sqrt(-c*x + 1)/(axb*c”3*e"3*x"5 + 3
*axbkxc~3xd*e " 2xx"4 - 3kakbkxckd"2xexx - axbkc*d~3 + (3*xa*b*c”3*kd"2xe - axbx*
cxe”3)*x"3 + (axb*c”3*%d"3 - 3*a*bxckdxe”2)*x"2 + (b~2*c"3*e"3*x"5 + 3*b”2x
Cc"3%d*e”2*%x74 - 3*%b"2*kckd"2%e*x — bT2kc*kd"3 + (3*%b"2%c”3*%d"2%e - b"2*c*e”3
)*x73 + (b~2%c"3*%d"3 - 3*b”2*c*kd*e”2)*x"2)*arctan2(c*x, sqrt(cxx + 1)*sqrt
(-cxx + 1))), x) + sqrt(c*x + 1)*sqrt(-c*x + 1))/(a*bkcxe™2%x"2 + 2¥a*bkck
dxexx + axbxcxd™2 + (D7"2%c*e 2*x"2 + 2*%b"2kckdke*xx + bT2*ckd"2)*arctan2(c*
x, sqrt(cxx + 1)*sqrt(-c*x + 1)))

3.26.8 Giac [N/A]

Not integrable

Time = 0.97 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)?(a + barcsin(cz))? dw = / (ex + d)*(barcsin (cz) + a)? e

inputLintegrate(l/(e*x+d)“2/(a+b*arcsin(c*x))‘2,x, algorithm="giac")

outputlintegrate(l/((e*x + d)"2*(b*arcsin(c*x) + a)~2), x)

3.26.9 Mupad [N/A]

Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d+ ex)?(a + barcsin(cz))? do = / (a + basin (cz))? (d + ex)? e

input int(1/((a + b*asin(c#*x))"2*(d + e*x)~2),x)

N

output‘int(l/((a + bxasin(c#*x))"2*(d + exx)"2), x)

dz

1
3.26. f (d+ex)?(a+barcsin(cz))?
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3.27 [(d + ex)™(a + barcsin(cz))? dx

3.27.1 Optimal result . . . . . . .. . .. .. 335
3.27.2 Mathematica [N/A] . . . ... ... .
3.27.3 Rubi [N/A] « . o o oot e e 336
3.27.4 Maple [N/A] (verified) . . . . . . . . . .. 337
3.27.5 Fricas [N/A] . . . . o B37
3.27.6 Sympy [N/A] . . . . 337
3.27.7 Maxima [N/A] . . . . . . .
3.27.8 Giac [N/A] . . . . . o 338
3.27.9 Mupad [N/A] . . oo oo

3.27.1 Optimal result

Integrand size = 18, antiderivative size = 18

(d + ex)'*™(a + barcsin(cz))?
e(l1+m)

2bCInt < (d+ez)1+:/nl(i-l-2bma;csin(cm)) , x)

e(1+m)

/(d + ex)™(a + barcsin(cx))? dx =

e B

(exx+d) ~ (1+m) * (a+b*arcsin(c*x)) ~2/e/ (1+m) -2*b*c*xUnintegrable ( (exx+d) ~ (1+m)
*(atbrarcsin(c*x))/ (~c™2¢x"2+1) " (1/2) ,%) /e/ (1+m) |

output

3.27.2 Mathematica [N/A]

Not integrable

Time = 11.40 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(d + ex)™(a + barcsin(cz))? dz = /(d + ex)™(a + barcsin(cz))? dz

inputLIntegrate[(d + exx) “m*(a + b*ArcSin[c*x])~2,x] J

e

outputklntegrate[(d + e*x) “m*(a + b*ArcSin[c*x])~2, x]

~—

327.  [(d+ ex)™(a+ barcsin(cz))? dz



input

output

rule 5242

rule 5300
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3.27.3 Rubi [N/A]

Not integrable

Time = 0.42 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {5242,

integrand size
5300}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)™(a + barcsin(cz))? dz

l 5242
d+ex)™ 11 (a+barcsin(cz
(d + ea)™+(a+ baresin(ea))? _ Zoe [ S g d
e(m+1) e(m + 1)
l 5300

d+ex)™t1 (a+barcsin(cz
(d + ex)™*1(a + barcsin(cz))? 3 2bc [ () \/1(_1_2352 ) dg

e(m+1) e(m+1)

-

LInt[(d + ex*xx) “m*(a + b*ArcSin[c*x])~2,x]

N 4

L$Aborted

AN J

3.27.3.1 Defintions of rubi rules used

Int[((a_.) + ArcSin[(c_.)*(x_)1*(_.)) " (n_.)*((d.) + (e_.)*(x_))"(m_.), x_S
ymbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcSin[c*x])"n/(ex(m + 1))), x] -
Simp[b*cx(n/(e*(m + 1))) Int[(d + exx)"(m + 1)*((a + bxArcSin[c*x])~(n -
1)/Sqrt[1 - c™2*x~2]), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]
&& NeQ[m, -1]

Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.))"(n_.)*(u_.), x_Symbol] :> Unintegrab
le[u*(a + b*ArcSin[c*x])~"n, x] /; FreeQ[{a, b, c, n}, x]

327.  [(d+ ex)™(a+ barcsin(cz))? dz
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3.27.4 Maple [N/A] (verified)

Not integrable

Time = 0.24 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ (ex + d)™ (a + barcsin (cx))” d

p
input Lint ((e*x+d) “m* (a+b*arcsin(c*x)) ~2,x)

-/

output Lint ((e*x+d) “m* (a+b*arcsin(c*x)) ~2,x)

-/

3.27.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.78

/(d + ex)™(a + barcsin(cz))? dr = / (barcsin (cz) + a)’(ex + d)™ dz

input tintegrate ((exx+d) “m#* (a+b*arcsin(c*x))~2,x, algorithm="fricas")

outputLintegral((b‘2*arcsin(c*x)‘2 + 2%axbxarcsin(c*x) + a”2)*(exx + d)"m, x)

3.27.6 Sympy [N/A]
Not integrable

Time = 14.92 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/(d + ex)™(a + barcsin(cz))? dx = / (a + basin (cz))® (d + ex)™ da

input Lintegrate ((e*x+d) **m* (a+b*asin(c*x) ) **2,x)

output LIntegral((a + b¥asin(c*x))**2*(d + exx)**m, Xx)

327.  [(d+ ex)™(a+ barcsin(cz))? dz
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3.27.7 Maxima [N/A]
Not integrable

Time = 1.68 (sec) , antiderivative size = 227, normalized size of antiderivative = 12.61

/(d + ex)™(a + barcsin(cz))? dx = / (barcsin (cz) + a)*(ex + d)™ dz

p
input  integrate((e*x+d) “m* (a+b*arcsin(c*x))~2,x, algorithm="maxima")

output | (e*xx + d)~(m + 1)*a"2/(ex(m + 1)) + ((b"2%e*x + b~2*d)*(e*x + d) “m*arctan2
(c*x, sqrt(c*x + 1)*sqrt(-cxx + 1))72 + (e*m + e)*integrate(2*((b"2xc*e*x
+ b"2*ckd) *sqrt(cxx + 1)*sqrt(-c*x + 1)*(e*x + d) m*arctan2(c*x, sqrt(c*x
+ 1)*sqrt(-c*x + 1)) - (axbxe*m + axbk*e - (a*bxc™2xe*m + axb*c”™2xe)*x"2)*(
exx + d) “m*arctan2(c*x, sqrt(c*x + 1)*sqrt(-cxx + 1)))/((c™2xe*m + c”~2xe)*

Xx"2 - exm - e), x))/(exm + e)

3.27.8 Giac [N/A]

Not integrable

Time = 0.42 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(d + ex)™(a + barcsin(cz))? dz = / (barcsin (cz) + a)’(ex + d)™ dz

p
inputLintegrate((e*x+d)“m*(a+b*arcsin(c*x))“2,x, algorithm="giac")

| —

outputLintegrate((b*arcsin(c*x) + a)"2x(exx + d)"m, x)

3.27.9 Mupad [N/A]

Not integrable

Time = 0.39 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(d + ex)™(a + barcsin(cz))? dz = / (a + basin(cz))® (d + ex)™ d

327.  [(d+ ex)™(a+ barcsin(cz))? dz
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input Lint((a + b*asin(c*x))~2*(d + e*x) m,x)

output Lint((a + b*asin(c*x))~"2x(d + e*x)"m, X)

327.  [(d+ ex)™(a+ barcsin(cz))? dz
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3.28 [(d+ ex)™(a + barcsin(cz)) dz

3.28.1 Optimalresult . . . . .. .. . ... .. 340
3.28.2 Mathematica [F] . . . . ... ... ... . . 340
3.28.3 Rubi [A] (verified) . . . . . . .. .. 341
3.284 Maple [F] . . . . . . .
3.28.5 Fricas [F] . . . . . o o o 343
3.28.6 Sympy [F] . . . . . .
3.28.7 Maxima [F] . . . .. ... . 343
3.28.8 Giac [F] . . . . . o e 344
3.28.9 Mupad [F(-1)] . . . . o o 3441

3.28.1 Optimal result

Integrand size = 16, antiderivative size = 154

/(d-l— ex)™(a+barcsin(cz)) dz =

bc(d+ex)2+m\/1 _ M\/l _ c(d+ex) AppellF1 <2+m 1134 m c(d+ex) c(d+ex)>

cd—e cdte 12020 ? cd—e 7 cdte
e2(1+m)(2 +m)v1 — c2x?
(d + ex)*™(a + barcsin(cz))
e(l1+m)

,1/2,3+m, c*(exx+d) / (c*xd-e) , c* (exx+d) / (cxd+e) ) * (1-c* (exx+d) / (cxd-e) ) ~(1/2) *

output((e*x+d)“(1+m)*(a+b*arcsin(c*x))/e/(1+m)-b*c*(e*x+d)“(2+m)*AppellF1(2+m,1/2 W
| (1-c*(exx+d) / (cxd+e))~(1/2) /e”2/ (1+m) / (2+m) / (~c~2#x"2+1) " (1/2) |

3.28.2 Mathematica [F]

/(d + ex)™(a + barcsin(cx)) dz = /(d + ex)™(a + barcsin(cx)) dzx

input LIntegrate[(d + e*xx) m*(a + b*ArcSin[c*x]),x] J

output‘Integrate[(d + e*xx) m*(a + b*ArcSin[c*x]), x] ‘

3.28.  [(d+ ex)™(a+ barcsin(cz)) dz
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3.28.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.81,
number of steps used = 4, number of rules used = 4, Mumber of rules _ ( o5 Ryles used

integrand size
= {5242, 513, 156, 155}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)™(a + barcsin(cz)) dx

| 5242
d+ex)™t+1
(d + ex)™*'(a + barcsin(cz)) be [ (jlc)ﬁ dzx
e(m+1) e(m+1)
| 513
d+ex)™t+1
(d+ ex)™!(a + barcsin(cz)) be [ \/(%\)/Wd
e(m+1) e(m+1)
| 156

m+1
d+cea:

+
m [ c(d+ex - cd+e " cdte
(d + ex)™*'(a + barcsin(cz)) b(cd + €)(d + ex) ( (cd+e )) J ( hﬁ% dz

e(m+1) e(m+1)
| 155
(d + ex)™*1(a + barcsin(cz))
(m +1)
V2by/T = cz(cd + €)(d + ex)™ (c(cd(;f:)) AppellF1 (2, 2, -m—1,3 1(1—cz), e(jdjrcf))
ce(m+1)

inputLInt[(d + e*xx)"mk(a + bxArcSin[c*x]),x]

|

output‘ (Sgrt[2]*b*(c*d + e)*Sqrt[1 - c*x]*(d + e*x) m*AppellF1[1/2, 1/2, -1 - m,
‘3/2, (1 - c*xx)/2, (ex(1 - c*x))/(c*d + e)])/(cxex(1 + m)*((c*x(d + e*x))/(c
*d + e))"m) + ((d + exx)"(1 + m)*(a + bxArcSin[c*x]))/(e*(1 + m))

-

3.28.  [(d+ ex)™(a+ barcsin(cz)) dz



rule 155

rule 156

rule 513

rule 5242

input
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3.28.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(m_)*((e_.) + (£_.)*(x_))
“(p.), x_] :> Simp[((a + b*x)"(m + 1)/(b*(m + 1)*Simplify[b/(b*c - a*d)] n*
Simplify[b/(b*e - axf)]~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/
(bxc - a*xd)), (-f)*((a + b*x)/(b*xe - ax*xf))], x] /; FreeQ[{a, b, c, d, e, f,
m, n, p}, x] & !IntegerQ[m] && !'IntegerQ[n] && !IntegerQ[p] && GtQ[Sim
plify[b/(b*c - a*d)], 0] && GtQ[Simplify[b/(bxe - axf)], 0] && !(GtQ[Simpl
ify[d/(d*a - c*b)], 0] && GtQ[Simplify[d/(d*e - c*f)], 0] && SimplerQ[c + d
*x, a + b*x]) && !(GtQ[Simplify[f/(f*a - exb)], 0] && GtQ[Simplify[f/(f*c

- exd)], 0] && SimplerQ[e + f*x, a + b*x])

N\

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_1 :> Simp[(e + f*x) FracPart[p]/(Simplify[b/(bxe - a*f)] IntPart([p
I*(bx((e + f£*xx)/(b*e - axf))) FracPart[p]) Int[(a + b*x) m*(c + d*x) n*Si
mp [b*(e/(b*e - a*f)) + bxf*(x/(bxe - axf)), x]°p, x], x] /; FreeQ[{a, b, c,
d, e, f, m, n, p}, x] & !IntegerQ[m] &% !'IntegerQ[n] && !IntegerQlp] &
& GtQ[Simplify[b/(b*xc - a*d)], 0] && !'GtQ[Simplify[b/(b*e - axf)], 0]

Int[((c_) + (d_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
ap Int[(c + d*x)"n*(1 + Rt[-b/a, 2]*x)"px(1 - Rt[-b/a, 2]1*x)7p, %1, x] /
; FreeQ[{a, b, ¢, d, n, p}, x] && GtQ[a, 0] && NegQ[b/al

Int[((a_.) + ArcSin[(c_.)*(x_)I1*(b_.))"(n_.)*((d)) + (e_.)*(x_))"(m_.), x_S
ymbol]l :> Simp[(d + e*x)~(m + 1)*((a + b*ArcSin[c*x]) n/(ex(m + 1))), x] -
Simp[b*c*(n/(ex(m + 1))) Int[(d + e*x) " (m + 1)*((a + b*ArcSin[c*x])~(n -
1)/Sqrt[1 - c~2%x72]), x], x] /; FreeQ[{a, b, c, 4, e, m}, x] & IGtQ[n, O]
&& NeQ[m, -1]

3.28.4 Maple [F]

/ (ex +d)™ (a + barcsin (cz)) dz

N

int ((e*x+d) “m* (a+b*arcsin(c*x)) ,x)

—_—

~—

~

output Lint ((e*x+d) “m* (a+b*arcsin(c*x)) ,x)

3.28.  [(d+ ex)™(a+ barcsin(cz)) dz

~—
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3.28.5 Fricas [F]

/(d + ex)™(a + barcsin(cz)) dz = / (barcsin (cz) + a)(ex + d)™ dz

inputLintegrate((e*x+d)“m*(a+b*arcsin(c*x)),x, algorithm="fricas")

output

integral ((b*arcsin(c*x) + a)*(exx + d)"m, x)

-

3.28.6 Sympy [F]

/(d + ex)™(a + barcsin(cz)) dz = / (a+ basin (cz)) (d + ex)™ dx

inputLintegrate((e*x+d)**m*(a+b*asin(c*x)),x)

~—

p
output LIntegral((a + bxasin(c*x))*(d + e*x)**m, x)

-/

3.28.7 Maxima [F]

/(d + ex)™(a + barcsin(cz)) dz = / (barcsin (cz) + a)(ex + d)" dz

inputLintegrate((e*x+d)“m*(a+b*arcsin(c*x)),x, algorithm="maxima")

output‘((e*x + d)*(e*x + d) m*arctan2(c*x, sqrt(c*x + 1)*sqrt(-c*x + 1)) + (exm +
‘ e)*integrate((c*e*xx + c*d)*sqrt(c*x + 1)*sqrt(-c*x + 1)*(e*x + d)"m/((c"2
‘*e*m + c"2*%e)*x"2 - e*xm - e), x))*b/(exm + e) + (exx + d)"(m + 1)*a/(ex(m

\+ 1))

3.28.  [(d+ ex)™(a+ barcsin(cz)) dz
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3.28.8 Giac [F|

/(d + ex)™(a + barcsin(cz)) dz = / (barcsin (cz) + a)(ex + d)™ dz

inputLintegrate((e*x+d)“m*(a+b*arcsin(c*x)),x, algorithm="giac")

output Lintegrate((b*arcsin(c*x) + a)x(e*x + d)"m, x)

3.28.9 Mupad [F(-1)]

Timed out.

/(d + ex)™(a + barcsin(cx)) dz = / (a+basin(cz)) (d+ex)™ dx

input Lint((a + b*asin(c*x))*(d + e*x) m,x)

output Lint((a + b*asin(c*x))*(d + e*x) "m, x)

3.28.  [(d+ ex)™(a+ barcsin(cz)) dz
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(d+ex)™

3.29 f a+b arcsin(cz) dzx

3.29.1 Optimalresult . . . . .. .. . ... .. 345
3.29.2 Mathematica [N/A] . . . . ... .. 345
3.20.3 Rubi [N/A] « © o oo oo e e
3.29.4 Maple [N/A] (verified) . . . . . . . . ... 3461
3.29.5 Fricas [N/A] . . . . . 347
3.29.6 Sympy [N/A] . . . . 1347
3.29.7 Maxima [N/A] . . . . . . . 347
3.20.8 Giac [N/A] . . . . . o e
3.29.9 Mupad [N/A] . . . . 348

3.29.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ (d + ex)™ )dx:lnt< (d + ez)™ x)

a + barcsin(cz a + barcsin(cz)’

output ‘ Unintegrable ((exx+d) “m/ (a+b*arcsin(c*x)) ,x)

3.29.2 Mathematica [N/A]

Not integrable

Time = 0.35 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (d+ ea?) dp — / (d+ ea?) i
a + barcsin(cz) a + barcsin(cz)

input LIntegrate[(d + exx)"m/(a + b*ArcSin[c*x]) ,x]

~—

output‘ Integrate[(d + exx)"m/(a + b*ArcSin[c*x]), x]

3.29. [ lrel” gy

a+barcsin(cz)
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3.29.3 Rubi [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5300}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (d+ex)™

a + barcsin(cx)

l 5300
/ (d+ex)™

a + barcsin(cx)

p

input 'Int[(d + e*x)"m/(a + b*ArcSin[c*x]) ,X]

~—

-

output L$Aborted

-/

3.29.3.1 Defintions of rubi rules used

rule 5300‘ Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*(u_.), x_Symbol] :> Unintegrab
Lle[u*(a + b*ArcSin[c*x])"n, x] /; FreeQ[{a, b, c, n}, x]

3.29.4 Maple [N/A] (verified)

Not integrable

Time = 2.32 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ (ex +d)™ i

a + barcsin (cz)

input Lint ((e*x+d) “m/ (a+b*arcsin(c*x)),x)

-/

output Lint ((exx+d) “m/ (a+b*arcsin(c*x)) ,x)

3.29. [ e gy

a+barcsin(cz)
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3.29.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (d+ ex)™ dp — / (ex +d)™ i

a + barcsin(cz) barcsin (cx) + a

inputLintegrate((e*x+d)“m/(a+b*arcsin(c*x)),x, algorithm="fricas")

output Lintegral((e*x + d)"m/ (b*arcsin(c*x) + a), x)

3.29.6 Sympy [N/A]
Not integrable

Time = 0.95 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

(d+ ex)™ _ / (d+ex)™
/ a + barcsin(cz) do = a + basin (cx) dz

input Lintegrate ((e*x+d) **m/ (a+b*asin(c*x)),x)

output Integral((d + exx)**m/(a + bxasin(cxx)), x)

3.29.7 Maxima [N/A]

Not integrable

Time = 0.37 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (d+ ex)™ dp — / (ex +d)™ i

a + barcsin(cz) barcsin (cz) + a

inputLintegrate((e*x+d)“m/(a+b*arcsin(c*x)),x, algorithm="maxima")

output‘ integrate((e*x + d) “m/(b*arcsin(c*x) + a), x)

3.29. [ Adtel” g

a+barcsin(cz)
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3.29.8 Giac [N/A]
Not integrable

Time = 0.36 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (d+ ex)™ dp — / (ex +d)™ i

a + barcsin(cz) barcsin (cx) + a

inputLintegrate((e*x+d)“m/(a+b*arcsin(c*x)),x, algorithm="giac")

output Lintegrate((e*x + d)"m/(b*arcsin(c*x) + a), x)

3.29.9 Mupad [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

(d+ ex)™ _/ (d+ex)™
/ a + barcsin(cz) de = a + basin (cz) dz

inputtint((d + exx)"m/(a + bx*asin(c*x)),x)

output‘int((d + exx)"m/(a + b*asin(c*x)), x)

3.29. [ Adtel” g

a+barcsin(cz)
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330 [rhmedsdr

a+barcsin(cz))
3.30.1 Optimalresult . . .. .. .. . . ... .. . e
3.30.2 Mathematica [N/A] . . . . ... . . 349
3.30.3 Rubi [N/A] . . o o oo 350
3.30.4 Maple [N/A] (verified) . . . . . . ... .. Lo 350
3.30.5 Fricas [N/A] . . . . B51]
3.30.6 Sympy [N/A] . . . . B51]
3.30.7 Maxima [N/A] . . . . . . B51

3.30.8 Giac [N/A] . . . . o o e
3.30.9 Mupad [N/A]

3.30.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ : (d+ ex)™ i — Int( (d+ex)™ x)

a + barcsin(cz))? (a + barcsin(cz))?’

p
output LUnintegrable ((e*x+d) “m/ (a+b*arcsin(c*x))~2,x)

~—

3.30.2 Mathematica [N/A]

Not integrable

Time = 0.73 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

(d+ex)™ (d+ex)™
- dz = - dz
(a + barcsin(cz))? (a + barcsin(cx))?
inputLIntegrate[(d + exx)"m/(a + b*ArcSin[c*x])~2,x] J

outputLIntegrate[(d + e*xx)"m/(a + b*ArcSin[c*x])"2, x]

~—

330. [ pealsda

(a+barcsin(cz))2?
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3.30.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {5300}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(d+ex)
/ (a + barcsin(cz))? dz

l 5300

(d+ex)™
/ (a + barcsin(cz))? dz

-

input LInt[(d + e*xx) "m/(a + b*ArcSin[c*x])~2,x]

~—

p
output L$Aborted

-/

3.30.3.1 Defintions of rubi rules used

rule 5300‘ Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*(u_.), x_Symbol] :> Unintegrab
Lle[u*(a + b*ArcSin[c*x])"n, x] /; FreeQ[{a, b, c, n}, x]

3.30.4 Maple [N/A] (verified)

Not integrable

Time = 1.45 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ (ex +d)™ i
(a + barcsin (cz))?

p
input Lint ((e*x+d) "m/ (atb*arcsin(c*x)) ~2,x)

~—/

output Lint ((e*x+d) "m/ (atb*arcsin(c*x)) ~2,x)

330. [ pealsda

(a+barcsin(cz))2?
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3.30.5 Fricas [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.89

(d+ex)™ . (ex+d)™ .
/ (a + barcsin(cz))? d / (barcsin (cz) + a)’ 4

inputLintegrate((e*x+d)“m/(a+b*arcsin(c*x))“2,x, algorithm="fricas")

output‘ integral ((e*x + d)"m/(b~2*arcsin(c*x)~2 + 2%axb*arcsin(c*x) + a~2), x)

3.30.6 Sympy [N/A]

Not integrable

Time = 15.55 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

(d+ex)™ _ (d+ ex)™ N
/ (a + barcsin(cz))? do = / (a + basin (cz))? d

input Lintegrate ((e*x+d) **m/ (a+b*asin (c*x) ) **2,x)

output LIntegral((d + e*xx)**m/(a + b*asin(c*x))**2, x)

3.30.7 Maxima [N/A]

Not integrable

Time = 1.79 (sec) , antiderivative size = 237, normalized size of antiderivative = 13.17

a + barcsin(cz))? (barcsin (cz) + a)?

/ : (d+ ex)™ p (ex +d)™ i

input Lintegrate ((exx+d) “m/ (atb*arcsin(c*x)) ~2,x, algorithm="maxima")

330. [ pealsda

(a+barcsin(cz))2?
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output | -(sqrt(c*x + 1)*sqrt(-c*x + 1)*(e*x + d)"m - (b~2*c*arctan2(c*x, sqrt(c*x

+ 1)*sqrt(-c*x + 1)) + a*b*c)*integrate((c™2*d*x + (c™2%e*m + c™2%e)*x"2 -
exm)*sqrt (cxx + 1)*sqrt(-c*x + 1)*(e*x + d) "m/(a*bxc~3*e*x~3 + akxbxc~3*dx*
X"2 - axbxcke*x — axb¥ckd + (b72%c”3%e*x"3 + bT2xc”3*d*x"2 - b"2*c*e*x - b
~2*cxd) *arctan2(c*x, sqrt(c*x + 1)*sqrt(-c*x + 1))), x))/(b"2*c*arctan2(c*
x, sqrt(cxx + 1)*sqrt(-c*x + 1)) + a¥b*c)

3.30.8 Giac [N/A]

Not integrable

Time = 0.45 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

(d+ ex)™ - (ex +d)™ .
/ (a + barcsin(cz))? d (barcsin (cz) + a)® 4

inputkintegrate((e*x+d)‘m/(a+b*arcsin(c*x))‘2,x, algorithm="giac")

outputlintegrate((e*x + d) "m/(b*arcsin(c*x) + a)~2, x)

3.30.9 Mupad [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (d + ex)™ p (d+ex)™ i
(

a + barcsin(cz))? v (a + basin (cz))?

inputtint((d + exx)"m/(a + b*asin(c*x))~2,x)

e

output Lint((d + exx)"m/(a + b*asin(c*x))~2, x)

~—

330. [ pealsda

(a+barcsin(cz))2?
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3.31 [(f + 9z)°v/d — c*dz?(a + barcsin(cz)) dz

3.31.1 Optimalresult . . . . .. ... ... .. 353]
3.31.2 Mathematica [A] (verified) . . . . . . . . ... ... L oo 354
3.31.3 Rubi [A] (verified) . . . .. . ... ...
3.31.4 Maple [C] (verified) . . . ... .. . . .. 350
3.31.5 Fricas [F] . . . . o o o o 357
3.31.6 Sympy [F] . . . . . 358
3.31.7 Maxima [F] . . . . . . ..
3.31.8 Giac [F(-2)] . . . . o 358
3.31.9 Mupad [F(-1)] . . . . o o 359

3.31.1 Optimal result

Integrand size = 31, antiderivative size = 669

bf2gxv/d — 2dx?  2bgPz\/d — c2dx?
Yy R TNy
B bef3x2/d — c2dx? N 3bfg2z\/d — c2dz?
441 — 222 16¢cv/1 — 2z
bef2gziy/d — 2dz?  bgPziv/d — Adx?
Y = T ey
3bcfg’xz*/d — c2dx?  begdx®v/d — c2dx?
 16V/i-c2? 25/1-c?
+ %f%W(a + barcsin(cz))
3fg?xz\/d — c®dz?(a + barcsin(cz))
8c?

+ ngzxg'\/ d — c2dz?(a + barcsin(cz))
_ f29(1 — 2x?)v/d — c2dz?(a + barcsin(cz))

2
_ g°(1 = *2?) Vd — c*dz?(a + barcsin(cz))
3ct
¢3(1 — 222)* V/d — 2dz?(a + barcsin(cz))
5ct

f3vd — c2dz?(a + barcsin(cz))?
4bcy/1 — c2x?
N 3fg*Vd — c*dz?(a + barcsin(cz))?
16bc3v/1 — c?x?

/(f + gz)*vd — 2da?(a + barcsin(cz)) dz =

+

_|_

33l.  [(f +9z)*Vd— 2dz*(a + barcsin(cz)) dz
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output | 1/2+f~3*x* (a+b*arcsin(c*x) ) * (-c~2*d*x"2+d) ~ (1/2) -3/8*f*g~2xx* (a+b*arcsin(c
*x) ) * (-c”2%d*x"2+d) " (1/2) /c~2+3/4*f*g"~2xx"3* (a+b*arcsin(c*x) ) * (-c~2xd*x~2+
d)~(1/2)-£~2*g* (-c"2*x"2+1) * (a+b*arcsin(c*x) ) * (-c~2*d*x~2+d) ~(1/2) /c~2-1/3
*xg~3* (—c72*x"2+1) * (a+b*arcsin(c*x) ) * (-c™2*d*x"2+d) ~(1/2) /c~4+1/5%g~3* (-c~2
*x"2+1) "2% (atb*arcsin(c*x) ) * (—c~2*d*x"2+d) "~ (1/2) /c~4+b*f "2k g x* (-c~2*d*x"2
+d) " (1/2) /c/ (-c™2%x72+1) " (1/2) +2/15%b*g ™ 3*xx* (-c~2*d*x~2+d) ~(1/2) /c~3/(-c~2
*x"2+1) 7 (1/2) -1/4xbxc*xf~3*xx~ 2% (—c~2*d*x"2+d) ~(1/2) / (-c~2*x"2+1) "~ (1/2)+3/16
*b*f*g"2xx 2% (-c"2xd*x"2+d) " (1/2) /c/ (-c™2*x"2+1) " (1/2) -1/3%b*cxf ~2%gkx~3* (
=c72%d*x"2+d) " (1/2) / (-c™2*x~2+1) " (1/2) +1/45%bxg~3*x~3* (-c~2xd*x~2+d) " (1/2)
/c/(=c™2%x72+1) 7 (1/2) -3/16%b*c*f*g~2+x"4* (- 2*d*x"2+d) ~(1/2) / (-c~2*x~2+1)
~(1/2)-1/25*b*c*g~3*%x" 5% (-c~2*%d*x"2+d) ~(1/2) / (-c"2*x"2+1) ~(1/2) +1/4*£~3*(a
+b*arcsin(c*x) ) ~2* (-c~2*d*xx~2+d) ~(1/2) /b/c/(-c~2*x~2+1)~(1/2) +3/16xf*xg~2% (
at+bxarcsin(c*x)) 2% (-c~2*d*x~2+d) ~(1/2) /b/c”3/(-c~2*%x~2+1)~(1/2)

3.31.2 Mathematica [A] (verified)

Time = 0.33 (sec) , antiderivative size = 356, normalized size of antiderivative = 0.53

/(f + gz)3V/d — c2dz?(a + barcsin(cz)) dz
Vd — 2dz?(225a2 (4¢3 f2 + 3cfg?) + 30abv/1 — 2z2(—16g3 — c2g(120f2 + 45 f gz + 8¢°z?) + 6¢*z(10f3

inputLIntegrate[(f + g*x)"3%Sqrt[d - c”2*d*x"2]*(a + b*ArcSin[c*x]),x] J

output | (Sqrt[d - c~2*d*x~2]*(225%a~2%(4*xc~3*%f73 + 3*c*xf*g~2) + 30%a*b*Sqrt[1l - c~
2xx"2] % (-16%g~3 - c"2xg*x(120%f72 + 45xfxgxx + 8%g~2*x"2) + 6%c”4*x*(10*%f~3
+ 20%f72%gkx + 16xfxg 2*%x"2 + 4*g~3*x"3)) + b~ 2*c*kx*(480*%g~3 + Bkc 2xg* (7
20%f72 + 13b6*kf*xgxx + 16%g~2%x"2) - 3%c"4*xx*(300%f73 + 400*f~2xgxx + 225xf*
g72%x72 + 48xg~3%x73)) + 30%bx(15%ax(4*xc~3*xf~3 + 3kcxf*g~2) + b*Sqrt[l - ¢
“2xx"2] % (-16%g™3 - cT2xgk (120*%£72 + 45xfxgkx + 8%xgT2xx"2) + 6%c 4xx* (10%f”
3 + 20*%f72xgxx + 16xf*g2%x"2 + 4*g~3xx73)))*ArcSin[c*x] + 225¥b~2kckf* (4%
c"2xf72 + 3xg~2)*ArcSin[c*x]"2))/(3600%b*c"4*Sqrt[1 - c~2*x"2])

33l.  [(f +9z)*Vd— 2dz*(a + barcsin(cz)) dz



p
input Int[(f + g*x)~3*Sqrt[d - c"2*d*x"2]*(a + b*ArcSin[c*x]),x]

output
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3.31.3 Rubi [A] (verified)

Time = 0.96 (sec) , antiderivative size = 371, normalized size of antiderivative = 0.55,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 197 Ryles used

integrand size
= {5276, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Vd — c2dz?(f + gx)3(a + barcsin(cz)) dz
| 5276

Vd — c2dz? [(f + gz)3V1 — 2x%(a + barcsin(cz) )dz
V1 — c2z?
| 5262

Vd — c2dz? | (\/1 — c2x2(a + barcsin(cz)) 2 + 3gzv/1 — c222(a + barcsin(cz)) f? + 3g22?v/1 — c2x2(a + barcsi
V1-—c2z?

l 2009

/d — c2dx? (3fg2(mearcsin(cac))2 n %f?’:l,‘ A= 252 222 (a + barcsin(cz)) — F29(1—22)*'2 (a+barcsin(cz)) 3 3fg2m\/m(f

p)
16bc3 c? 8¢

(Sqrt[d - c~2%d*x~2]*((b*f~2*gxx)/c + (2xbxg~3*x)/(15%c~3) - (b*c*f~3*x"2)
/4 + (3xbxf*g~2%x72)/(16%c) - (bxc*xf~2*gxx~3)/3 + (b*g~3*x~3)/(45%c) - (3%
b*cxfxg~2%x74) /16 - (b*c*g~3*x75)/25 + (£73*x*Sqrt[l - c”2*x"2]*(a + bxArc
Sin[c*x]))/2 - (3*fxg~2*x*Sqrt[1 - c™2*x"2]*(a + bxArcSin[c#*x]))/(8%c"2) +

(3*f*g~2xx"3*Sqrt [1 - c™2*x"2]*(a + bxArcSin[c*x]))/4 - (£72xg*x(1 - c ™ 2*x
~2)~(3/2)*(a + b*ArcSin[c*x]))/c”2 - (g73*(1 - c™2*x~2)~(3/2)*(a + b*ArcSi
nlc*x]))/(3*xc™4) + (g~3*%(1 - c™2%x"2)"(5/2)*(a + b*ArcSin[c*x]))/(5*c~4) +

(f73%(a + bxArcSin[c#*x])~2)/(4*b*c) + (3*fxg~2+(a + b*ArcSin[cx*x])~2)/(16
*bxc~3)))/Sqrt[1 - c 2*x"2]

33l.  [(f +9z)*Vd— 2dz*(a + barcsin(cz)) dz
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3.31.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5262 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) px(a +
bxArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] &
& EqQlc™2%d + e, 0] && IGtQ[m, 0] && IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 |l p>0 1|l (n==1&& p>-1) || (m==2&& p < -2))

rule 5276 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)7p/(1 - c"2%x"2)~
Pl Int[(f + g*x) "m*(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, ¢, 4, e, f, g, n}, x] && EqQlc"2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] & !'GtQ[d, O]

3.31.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.62 (sec) , antiderivative size = 1396, normalized size of antiderivative = 2.09

method | result size
default | Expression too large to display | 1396

parts Expression too large to display | 1396

input‘int((g*x+f)“3*(a+b*arcsin(c*x))*(—c“2*d*xA2+d)‘(1/2),x,method=_RETURNVERBO
SE)

N\

33l.  [(f +9z)*Vd— 2dz*(a + barcsin(cz)) dz



output

input

output

CHAPTER 3. LISTING OF INTEGRALS

357

ax (£73% (1/2%x* (—c™2xd*x"2+d) " (1/2)+1/2*d/ (c"2%d) ~ (1/2) *arctan((c™2*d) ~(1/2
Yxx/ (—c™2%d*x~2+d) "~ (1/2) ) ) +g~3* (-1/5%x~ 2% (-c~2*d*x~2+d) ~(3/2) /c~2/d-2/15/4d
/c”4x(-c™2%d*x"2+d) ~(3/2) ) +3*fxg~2x (-1/4*x* (-c~2*d*x~2+d) " (3/2) /c~2/d+1/4/
c” 2% (1/2xx* (-c~2*d*x"2+d) ~(1/2)+1/2%d/ (c~2*d) " (1/2) *arctan ((c~2*d) ~(1/2) *x
/(—c™2xd*x"2+d) " (1/2)))) -£"2*g* (-c~2*d*x"2+d) ~(3/2) /c~2/d) +b*x (-1/16* (-d*(c
“2xx72-1)) " (1/2) * (—c"2*x"2+1) ~(1/2) /c"3/ (c"2*x~2-1) *arcsin (c*xx) "2*f* (4*c~2
*£"2+3%g~2)+1/800% (-d* (c"2*x"2-1)) ~(1/2) * (16*c~6*x"6-28*Cc~4*x"4-16*%I*(-c"2
*x72+1) 7 (1/2) *x7 5% 5+13%c™2*x"2+20% 1 (—c~2*x72+1) ~ (1/2) *x~3*c~3-5*I* (-c~2
*x”2+1) 7 (1/2) *x*c-1) *g~3* (I+5*arcsin(c*x))/c~4/ (c™2%x"2-1)+3/256%* (-d* (c"2*
x72-1))7(1/2) ¥ (-8%I* (-c~2%x"2+1) " (1/2) *x"4*Cc"4+8%Cc " 5*x"5+8*I* (-c"2*x"2+1) "~
(1/2) *x~2%c™2-12%c™3*x"3-I* (-c~2*x"2+1) " (1/2) +4*c*xx) *f*xg~2* (4*arcsin(c*x) +
I)/c”3/(c™2*x"2-1)+1/288% (=d* (c™2%x"2-1) ) ~(1/2) * (4*c~4*x"4-5xCc™2%x"2-4*I*cC
“3*x73% (—cT2*xx72+1) " (1/2) +3%I* (-c"2*x"2+1) " (1/2) *x*kc+1) *g* (12*%I*f ~2%c~2+36
*arcsin(c*x)*c™2*f " 2+I*g~2+3*arcsin(c*x) *g~2) /c"4/(c™2%x"2-1)+1/16% (-d*(c~
2%x72-1) )" (1/2) % (=2*%I* (-c™2%x"2+1) ~(1/2) *x"2%c"2+2*kCc " 3*x"3+I* (-c"2%x"2+1) ~
(1/2) -2%c*x) *£~3* (I+2*arcsin(c*x)) /c/(c™2%x"2-1)-1/16% (-d* (c~2*x~2-1)) ~(1/
2)*(c™2%x"2-I* (-c™2*x"2+1) " (1/2) *x*c-1) *g* (6*I*f ~2%c~2+6*arcsin (c*x) *c~2%f
~2+Ixg~2+arcsin(c*x) *g~2) /c4/(c™2*x"2-1)-1/16* (-d* (c"2*x"2-1) )~ (1/2) * (I*(
—CcT2%x"2+1) 7 (1/2) *x*c+c”2%x"2-1) *g* (6*arcsin (c*x) *c~2%f ~2-6xI*f ~2*c"2+arcs
in(cxx)*g~2-I*g~2) /c™4/(c™2*x"2-1)+1/16% (-d* (c™2*x"2-1)) " (1/2) * (2*I*(-c. ..

3.31.5 Fricas [F]

/(f+gx)3\/d — c2dz?(a+barcsin(cx)) dz = / V—c2dz? + d(gz + f)*(barcsin (cz) + a) dz

p

integrate ((gxx+f) "3*(at+bxarcsin(c*x))*(-c"2*d*x"2+d) ~(1/2) ,x, algorithm="f
ricas")

integral ((a*g™3*x"3 + 3*a*xf*g™2*x"2 + 3*kaxf 2xgxx + axf~3 + (b*g™3*x"3 + 3
*b*fxg~2%x"2 + 3*b*f 2*gxx + bxf~3)*arcsin(c*x))*sqrt(-c 2*d*x"2 + d), x)

N\

33l.  [(f +9z)*Vd— 2dz*(a + barcsin(cz)) dz
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3.31.6 Sympy [F]

/(f + gz)3Vd — c2dz?(a + barcsin(cz)) dz = / v/ —d(cx — 1) (cx + 1)(a + basin (cz)) (f
+ gz)° da

inputLintegrate((g*x+f)**3*(a+b*asin(c*x))*(-c**2*d*x**2+d)**(1/2),x)

outputtIntegral(sqrt(—d*(c*x - D*(c*x + 1))*(a + b*asin(c*x))*(f + gkx)*x3, x)

3.31.7 Maxima [F]

/(f+gz)3\/d — c2dz?(a+barcsin(cz)) dx = / V—c2da? + d(gz + f)*(barcsin (cz) + a) dz

input | integrate ((g*x+f) ~3*(atb*arcsin(c*x))*(-c™2xd*x~2+d)~(1/2) ,x, algorithm="m
axima")

output | 1/2*(sqrt(-c~2*d*x"2 + d)*x + sqrt(d)*arcsin(c*x)/c)*a*f~3 - 1/15*%a*xg~3*(3
*(—c72xd*x"2 + d)7(3/2)*x72/(c"2%d) + 2*(-c"2*d*x"2 + d)~(3/2)/(c"4*d)) +
3/8*%axf*xg~2% (sqrt (-c~2*d*x"2 + d)*x/c”2 - 2x(-c”2xd*x"2 + d)~(3/2)*x/(c"2*
d) + sqrt(d)*arcsin(c*x)/c”3) - (-c”2xd*x"2 + d)~(3/2)*a*xf~2%g/(c"2*d) + s
grt(d)*integrate ((b*xg~3*x"3 + 3*b*f*g~2+x~2 + 3*b*f 2xgxx + b*f~3)*sqrt(c*
X + 1)xsqrt(-cxx + 1)*arctan2(c*x, sqrt(c*kx + 1)*sqrt(-c*x + 1)), x)

3.31.8 Giac [F(-2)]

Exception generated.

/ (f + g7)*Vd — c2dx?(a + barcsin(cz)) dz = Exception raised: RuntimeError

input | integrate ((g*x+f) "3*(atb*arcsin(c*x))*(-c~2xd*x"2+d) ~(1/2) ,x, algorithm="g
iac")

output | Exception raised: RuntimeError >> an error occurred running a Giac command
: INPUT : sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve
cteur & 1) Error: Bad Argument Value

33l.  [(f +9z)*Vd— 2dz*(a + barcsin(cz)) dz
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3.31.9 Mupad [F(-1)]

Timed out.

/(f + 97)*vVd — c2dx?(a + barcsin(cz)) dr = / (f + gz)° (a+basin(cz)) Vd — 2dz?dzx

inputtint((f + g*x)"3*(a + b*asin(c*x))*(d - c™2xd*x"2)~(1/2),x)

-

outputkint((f + g*x) "3%(a + b*asin(c*x))*(d - c™2xd*x"2)"(1/2), x)

e—

33l.  [(f +9z)*Vd— 2dz*(a + barcsin(cz)) dz



output

CHAPTER 3. LISTING OF INTEGRALS 360

3.32 [(f + 9x)*V/d — c*dz?*(a + barcsin(cz)) dz

3.32.1 Optimalresult . . . . . . .. . ... 360
3.32.2 Mathematica [A] (verified) . . . . . .. ... .. .. oo
3.32.3 Rubi [A] (verified) . . . . . . ... ..
3.32.4 Maple [C] (verified) . .. ... .. .. . ...
3.32.5 Fricas [F] . . . . . o o o 364
3.32.6 Sympy [F] . . . . . 364
3.32.7 Maxima [F] . . . . . .. 364
3.32.8 Giac [F(-2)] . . . . o 365
3.32.9 Mupad [F(-1)] . . . . o

3.32.1 Optimal result

Integrand size = 31, antiderivative size = 450

/(f + 9z)*Vd — c2dz2(a + barcsin(cz)) dz

_ 2bfgzv/d — c*dx?  bef*ax*v/d — cPda? N bg’x*\/d — c2dx?
3cvV1 — 2z 44/1 — 222 16¢cV1 — c2x2
3. /7 202 2.4 /7T 273
— 2befgevd — cdx _begevd - cdz + 1]‘Qx\/m(a + barcsin(cx))
9v1 — c2z2 164/1 — c2x2 2

200 /d — 2dr? ;
_ gzvd = dda*(a+ baresin(cr)) + 1‘(}29U3\/cm(a + barcsin(cz))

8c? 4
_ 2fg(1 — *a?) V/d — c*dx?(a + barcsin(cz))
3c?
N f2v/d — cdz?(a + barcsin(cz))? N g*V/d — c2dx?(a + barcsin(cz))?
4bcy/1 — 2x? 16bc3v/1 — c2x?

1/2*%£~2xx* (atb*arcsin(c*x) ) * (-c~2xd*x~2+d) " (1/2)-1/8*g~2*x* (a+tb*arcsin(c*x
))*x(—c”2xd*x~2+d) ~(1/2) /c"2+1/4*g~2+x"3* (atb*arcsin (c*x) ) * (—-c~2*d*x~2+d) ~(
1/2)-2/3*fxgx (-c~2*x~2+1) * (a+b*arcsin(c*x) ) * (-c"2xd*x"2+d) " (1/2) /c~2+2/3*b
*xEkgrx* (¢ 2xd*x"2+d) ~(1/2) /c/ (—c™2xx"2+1) " (1/2) —1/4*b*c*f " 2xx ™ 2% (—-c~2*d*x
~2+d)~(1/2)/ (-c™2%x"2+1) " (1/2)+1/16%b*g~2%x~ 2% (—c~2*d*x~2+d) ~(1/2) /c/(-c~2
*x"2+1) " (1/2) -2/9%bkcxf*xg*x 3% (—~c"2%d*x~2+d) ~(1/2) / (-c"2*x"2+1) " (1/2)-1/16
*xbkcxg~2xx"4* (—c"2xd*x"2+d) " (1/2) / (-c~2*x"2+1) " (1/2)+1/4*£~2*x (a+b*arcsin(c
*x) ) "2 (—c~2*d*x"2+d) " (1/2) /b/c/(-c"2*x"2+1) ~(1/2)+1/16*g~2* (atb*arcsin(c*
x)) 2% (—c™2*d*x~2+d) ~(1/2) /b/c~3/ (-c~2*x~2+1) ~(1/2)

3.32.  [(f +9z)*Vd— 2dz*(a + barcsin(cz)) dz
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3.32.2 Mathematica [A] (verified)

Time = 0.41 (sec) , antiderivative size = 237, normalized size of antiderivative = 0.53
/(f + gz)?Vd — c2dz?(a + barcsin(cz)) dz

Cc

Vd — c2dx? (—36bcf23v2 — Obeg?qt — fer(C3a) | pop2y /T — c2x2(a + barcsin(cz)) + 36¢%x3v/1 —

input Integrate[(f + g*x) 2+Sqrtld - c~2*d*x~2]*(a + b*ArcSin[c*x]),x]

output | (Sqrt[d - c”2*d*x~2]*(-36*b*c*f~2%x"2 - 9*b*cxg~2*x"4 - (32*b*fxgxx*(-3 +
c"2%x72))/c + T2xf72xxxSqrt[1 - c"2*x"2]*(a + b*ArcSin[c*x]) + 36%g~2*x"3%
Sqrt[1 - c™2*x72]*(a + bkArcSin[c*x]) - (96xfxg*(1 - c™2*x72)7(3/2)*(a + b
*ArcSin[c*x]))/c”2 + (36*f72+(a + b*ArcSin[c*x])~2)/(b*c) + (9%g~2*(b*c™2x%
X"2 - 2kcxx*Sqrt[l - c”2*x"2]*(a + b*ArcSin[c*x]) + (a + b*ArcSin[c*x])~2/
b))/c”3))/(144%Sqrt[1 - c~2%x~2])

3.32.3 Rubi [A] (verified)

Time = 0.74 (sec) , antiderivative size = 263, normalized size of antiderivative = 0.58,
number of steps used = 3, number of rules used = 3, Bumber of rules _ , 497 Ryles used

integrand size
= {5276, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Vd — c2dz?(f + gz)*(a + barcsin(cz)) dz
| 5276

Vd — c2dz? [(f + gz)?V1 — c2x2(a + barcsin(cz))dzx
V1 —c2x?
| 5262

Vd — c2dz? | (\/1 — c222(a + barcsin(cz)) f2 + 2g2V1 — 2x2(a + barcsin(cz)) f + g?2%v/1 — c2x2(a + barcsin(
V1 - c2a?
| 2009

3.32.  [(f +9z)*Vd— 2dz*(a + barcsin(cz)) dz
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i _.2,.2\3/2 .
vd — c?dg? <92(a+bfé§§é“(“))2 + 120v/T— &22(a + barcsin(cx)) — 220" (atbarcsin(ez)) _ gav/I= (aba
V1

input Int[(f + gxx) 2*Sqrt[d - c~2*d*x"2]*(a + b*ArcSin[c*x]),x]

output | (Sqrtl[d - c”2*d*x~2]*((2*bxf*g*x)/(3*c) - (bkcxf~2%x72)/4 + (bxg~2*x~2)/(1
6xc) - (2xbxc*xf*gkx~3)/9 - (bxc*g™2*x"4)/16 + (£72xx*Sqrt[l - c”2*x"2]*(a
+ b*ArcSin[c*x]))/2 - (g~ 2*x*Sqrt[1l - c~2*x"2]*(a + bxArcSin[c*x]))/(8*c~2
) + (g72*%x"3%Sqrt[1 - c™2*x"2]*(a + b*ArcSin[c*x]))/4 - (2%f*xgx(1 - c™2*x”
2)~(3/2)*(a + b*ArcSin[c*x]))/(3*%c™2) + (£72+(a + bxArcSin[c*x])~2)/(4*b*c
) + (g"2x(a + b*ArcSin[c*x])~2)/(16*b*c~3)))/Sqrt[1 - c~2*x"2]

3.32.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 5262 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p*x(a +
b*ArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &
& EqQlc™2%d + e, 0] && IGtQ[m, 0] && IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 |l p>0 1|l (n==1&& p>-1) || (m==2&& p < -2))

rule 5276 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x72)7p/(1 - c"2%x"2)"
Pl Int[(f + g*x)"m*(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, ¢, 4, e, f, g, n}, x] && EqQlc”2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] & !'GtQ[d, O]

3.32.  [(f +9z)*Vd— 2dz*(a + barcsin(cz)) dz
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3.32.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.50 (sec) , antiderivative size = 973, normalized size of antiderivative = 2.16

method | result

darctan ( — ‘C%E)

3 xzV/ —c2da:2+d
2 2 +

4c?

J=Pdz?id da“*an(\/jéii§12> o(—2da?+d)
default | a| f?| &y=cie=d 4 T + 9| == +

Vlda
darctan(i \/C2dz) _— % f\/m_i_damta“( '—c2da:2+d>
parts a f2 2V —c2dz2+d + V—-c2daz2+d +gg _x(—c dz?+d) + 2 ove2d
2 2v/c2d 4c?d 4c?

input | int ((g*x+f) “2* (a+b*arcsin(c*x))*(-c~2xd*x~2+d) ~(1/2) ,x,method=_RETURNVERBO
SE)

output | ax (£72* (1/2*x* (—c~2*d*x~2+d) ~(1/2)+1/2*d/ (c"2*d) " (1/2) *arctan((c~2*d) ~ (1/2
)*x/ (—c™2%d*x"2+d) " (1/2) ) ) +g~2x (-1/4*x* (-c~2xd*x~2+d) ~(3/2) /c"2/d+1/4/c" 2%
(1/2*xx* (—c™2xd*x~2+d) ~(1/2)+1/2*d/ (c~2*d) ~(1/2) *arctan((c~2*d) ~(1/2) *x/ (-c
“2xd*x"2+d) " (1/2)))) -2/3*f*xgx (¢ 2xd*x~2+d) ~(3/2) /c~2/d) +b* (-1/16* (-d* (c~2
*x72-1))"(1/2)*(-c™2*x~2+1)~(1/2) /c~3/ (c~2*x~2-1) *arcsin (c*x) ~2% (4xc~2%f~2
+g72)+1/256% (=d* (c™2*x"2-1) )~ (1/2) * (-8*I* (—c~2*x"2+1) ~(1/2) *x"4*c~4+8*c 5%
X75+8% Ik (—c™2%x"2+1) ~(1/2) X" 2%c”2-12%c”"3%x"3-I* (—c"2*x"2+1) ~(1/2) +4*Cc*x) *
g 2% (4*arcsin(c*x)+I)/c”3/(c™2*x"2-1)+1/36* (-d* (c™2*x"2-1) )~ (1/2) * (4*%c™4*x
T4-5%cT2xx"2-4*TkcT3*xX 3% (—cT2%x72+1) T (1/2) +3* Ik (—c”24x72+1) ~(1/2) *x*Cc+1) *
fxgx (I+3*arcsin(c*x))/c”2/(c™2%x"2-1)+1/16% (-d* (c™2%x"2-1) ) ~(1/2) * (-2*I* (-
CT2%x72+1) T (1/2) *x"2%C”2+2%c " 3*x "3+ * (—c72*x72+1) " (1/2) —2*c*xx) *f "2 (I+2*ar
csin(c*x))/c/(c™2%x"2-1)-1/4% (-d* (c"2*x"2-1) )~ (1/2) *(c"2*x~2-I* (-c~2*x"2+1
)~ (1/2) *x*c-1) *f*xg*x (arcsin(c*x)+I) /c™2/(c"2%x"2-1) -1/4* (-d*(c"2*x"2-1) )~ (1
/2)* (Ix(—c™2%x"2+1) " (1/2) *x*c+c~2*x"2-1) *f*xg* (arcsin(c*x) -I) /c~2/ (c"2*x"2-
1)+1/16%(—d*(c™2*x"2-1)) " (1/2) * (2*%I* (-c~2*x"2+1) " (1/2) *x~2*c~2+2*c~3*x"3-1
*(—c™2%x"2+1) ~(1/2) -2xc*x) *f ~2% (-I+2*arcsin(c*x)) /c/ (c™2%x"2-1) +1/36% (—d*(
C72%x72-1)) " (1/2) * (A*I*c~3*x"3* (—c™2%x"2+1) " (1/2) +4*c~4xx~4-3*I* (—c~2%x" 2+
1)~ (1/2) *x*xc-5*c~2xx"2+1) *f*gx (-I+3*arcsin(c*x) ) /c~2/(c"2*x"2-1)+1/256* (-d
*(c72xx72-1)) " (1/2) * (8*I* (—c™2%x"2+1) ~(1/2) *c"4*x"4+8%Cc~5*x"5-8*I* (—c~2*x~
2+1) " (1/2) *x"2%c"2-12*%c"3*x"3+I* (-c™2*x"2+1) " (1/2) +4*c*x) *g~2* (-I+4*arc. . .

3.32.  [(f +9z)*Vd— 2dz*(a + barcsin(cz)) dz
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3.32.5 Fricas [F]

/(f+gm)2\/d — c2dz?(a+barcsin(cz)) dx = / V—c2da? + d(gz + f)*(barcsin (cz) + a) dz

input | integrate ((gxx+f) "2* (a+b*arcsin(c*x))*(-c~2*d*x~2+d) ~(1/2) ,x, algorithm="f
ricas")

output | integral (sqrt(-c~2*d*x"2 + d)*(a*g™2*x"2 + 2*kaxfxgkx + a*xf~2 + (b*g~2%x"2
+ 2xbxf*gxx + bxf~2)*arcsin(c*x)), x)

3.32.6 Sympy [F]

/(f + 97)*V/d — 2dz2(a + barcsin(cz)) dr = / v/ —d (cx — 1) (cx + 1)(a + basin (cz)) (f

+ gz)° dz

input \ integrate ((g*x+f)**2* (at+b*asin(c*x) ) * (—cx*2xd*x**2+d) **(1/2) ,x)

outputLIntegral(sqrt(-d*(c*x - D*(cxx + 1))*(a + bxasin(c*x))*(f + g*x)**2, x)

3.32.7 Maxima [F]

/(f+gx)2\/d — c2dz?(a+barcsin(cz)) dx = / V—c2dz? + d(gz + f)*(barcsin (cz) + a) dz

input  integrate ((g*x+f) ~2* (a+b*arcsin(c*x))*(-c™2xd*x~2+d)~(1/2) ,x, algorithm="m

axima")

output | 1/2*(sqrt(-c~2*d*x~2 + d)*x + sqrt(d)*arcsin(c*x)/c)*a*xf~2 + 1/8xa*g~2*(sq
rt(-c”2*d*x"2 + d)*x/c”2 - 2x(-c"2*d*x"2 + d) " (3/2)*x/(c”"2*d) + sqrt(d)=*ar
csin(c*x)/c™3) - 2/3*(-c”2*d*x"2 + d)~(3/2)*axf*g/(c"2*d) + sqrt(d)*integr
ate((b*g™2xx"2 + 2xbxf*xgkx + bxf~2)*sqrt(cxx + 1)*sqrt(-cxx + 1)*arctan2(c
*x, sqrt(ckx + 1)*sqrt(-c*x + 1)), x)

3.32.  [(f +9z)*Vd— 2dz*(a + barcsin(cz)) dz
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3.32.8 Giac [F(-2)]

Exception generated.

/ (f + g92)*>Vd — c2dx?(a + barcsin(cz)) dz = Exception raised: RuntimeError

input | integrate ((gxx+f) "2* (at+b*arcsin(c*x))* (-c~2*d*x~2+d) ~(1/2) ,x, algorithm="g
iac")

output | Exception raised: RuntimeError >> an error occurred running a Giac command
: INPUT: sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve
cteur & 1) Error: Bad Argument Value

3.32.9 Mupad [F(-1)]

Timed out.

/(f + g7)*Vd — 2dx?(a + barcsin(cz)) dr = / (f +g2)* (a+basin(cz)) Vd — 2da?dx

input Lint((f + gkx)"2x(a + bxasin(c*x))*(d - ¢ 2*d*x~2)"~(1/2),x)

output Lint((f + g*x)"2x(a + b*asin(c*x))*(d - c™2xd*x72)7(1/2), x)

-/

3.32.  [(f +9z)*Vd— 2dz*(a + barcsin(cz)) dz
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3.33 [(f + 9x)vVd — 2dz*(a + barcsin(cz)) dz

3.33.1 Optimal result . . . . .. ... ... ... 366]
3.33.2 Mathematica [A] (verified) . . . . . ... ... ... L oo 367
3.33.3 Rubi [A] (verified) . . . . . ... .. 367
3.33.4 Maple [C] (verified) . ... ... ... . ... 368
3.33.5 Fricas [F] . . . . . o o o 369
3.33.6 Sympy [F] . . . . . 370
3.33.7 Maxima [F] . . . . . ... 370
3.33.8 Giac [F(-2)] . . . . o 3701
3.33.9 Mupad [F(-1)] . . . . o o 371

3.33.1 Optimal result

Integrand size = 29, antiderivative size = 238

d = 2dr2 I )
/(f + gz)Vd — c*dz?(a + barcsin(cz)) dz = bgrvd = c’da” _ befrvd — c'dw
3ev1 — c2a? 4v/1 — c%z?
_ begz®/d — c*da?
9v1 — cz?
1
+ §fx\/d — c2dz?(a + barcsin(cz))
_ 9(1 = *2?) v/d — c2da®(a + barcsin(cz))
3c?
N fv/d — cdz?(a + barcsin(cz))?
4bcy/1 — c2x?

output | 1/2*f*x* (atb*arcsin(c*x))*(—c~2*d*x~2+d) ~(1/2)-1/3*g* (-c~2*x"2+1) * (a+b*arc
sin(c*x) ) *(-c™2*d*x~2+d) " (1/2) /c”2+1/3*b*g*x* (-c~2*d*x~2+d) ~(1/2) /c/ (-c~2%
X72+1) 7 (1/2) -1/4xbxc*fxx"2% (-c~2xd*x~2+d) " (1/2) / (-c™2%x~2+1) " (1/2) -1/9%b*c
*xgxx " 3x (—c72xd*x"2+d) " (1/2) / (-c"2*x"2+1) ~(1/2) +1/4*f* (a+b*arcsin (c*x) ) ~2x(
—-c™2%d*x~2+d) " (1/2) /b/c/ (-c~2*x~2+1) " (1/2)

N\ J

333, [(f +9z)Vd— c*dz?(a + barcsin(cz)) dz
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3.33.2 Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 132, normalized size of antiderivative = 0.55

/(f + gx)Vd — cdz?(a + barcsin(cz)) dz

3/2(

\/m(—chfx2 - —4b‘qz(_i+czm2) + 18fzv/1 — c2x%(a + barcsin(cr)) — 129(1-c's") 02a+bamsm(cz)) + 2
36v1 — c?x?

input ‘ Integrate[(f + g*x)*Sqrt[d - c~2*d*x~2]*(a + b*ArcSin[c*x]),x] ‘

output‘ (Sqrt[d - c™2%d*x~2]* (-9*b*c*xf*x"2 - (4*b*g*x*(-3 + c”2%x72))/c + 18*f*x*S \
‘qrt [1 - c™2*%x"2]*(a + bkArcSin[c*x]) - (12*g*(1 - c~2%x"2)"(3/2)*(a + b*Ar ‘
‘cSin[c*x]))/c™2 + (9*f*(a + bxArcSin[c¥x])~2)/(b*c)))/(36+Sqrt[1 - ¢ 2%x"2
» |

3.33.3 Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.59,
number of steps used = 3, number of rules used = 3, Bumber of rules _ , 1433 Ryles used

integrand size
= {5276, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Vd — c2dz?(f + gz)(a + barcsin(cz)) dz
| 5276

Vvd —c2dz? [(f + gz)V1 — c2z?(a + barcsin(cz))dz
V1 —c2x?
| 5262

Vd — c2dz? [ (f\/l — c?22(a + barcsin(cz)) + gzv1 — c2z%(a + barcsin(cac))) dx
V1 —c2a?
| 2009

333, [(f +9z)Vd— c*dz?(a + barcsin(cz)) dz
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—c°x 3/20, rcsin(czx resin
vVd — c2dx? <%fx\/1 — c2z2(a + barcsin(cr)) — g(1=c*2?) 3(02+ba csin(cz)) + f(a+ba4zs (cz))”

— Ybefz? — %bcgw?’ +

C
V1 — 222

input ‘ Int[(f + g*x)*Sqrt[d - c~2*d*x~2]*(a + b*ArcSin[c*x]),x]

output‘ (Sqgrt[d - c~2xd*x"2]*((bxgxx)/(3*c) - (bkcxf*x"2)/4 - (b*cxgxx~3)/9 + (f*x
‘*Sqrt [1 - c™2%x"2]*(a + b*ArcSin[c*x]))/2 - (gx(1 - c™2%x"2)"(3/2)*(a + b*
‘ArcSin[c*x]))/(S*c’?) + (f*(a + b*ArcSin[c*x])~2)/(4%b*c)))/Sqrt[l - c™2*x
~2]

3.33.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5262 Int[((a_.) + ArcSin[(c_.)*(x_)I1*(b_.))"(n_.)*((f_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p*x(a +
b*ArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] &
& EqQlc™2xd + e, 0] && IGtQ[m, 0] && IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 [l p>0 ||l (n==1&& p>-1) || (m==2 && p < -2))

rule 5276 | Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((f_ ) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)7p/(1 - c™2*x"2)"
pl  Int[(f + gxx)"m*(1 - c~2*x~2) p*(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, f, g, n}, x] && EqQ[c™2*d + e, 0] && IntegerQ[m] &% Intege
rQlp - 1/2] & 'GtQ[d, 0]

3.33.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.50 (sec) , antiderivative size = 628, normalized size of antiderivative = 2.64

333, [(f +9z)Vd— c*dz?(a + barcsin(cz)) dz
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output

input

output
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method | result

V2da
afdarctan
default | efzY=cidz®+d | (

2 o0/e2d - 3c2d

afdarctan( Velda

4c(c?2z2-1)

[\194)

\/_c2d12+d) ag(—c?dz%+d) 3 +b (_ /—d(c2z2—1) vV—c2z2+1 arcsin(cz)?f

afzv/—c2dx2+d \/—c2dz2+d) ag(—c?dz%+d)
parts 2 + 2vc2d - 3c2d +b 4c(c2z2—1)

_ /—d(cz2—1) V—c?z?+1 arcsin(cz)? f 4+ X

int ((g*x+f) * (a+tb*arcsin(c*x) ) * (-c~2*d*x~2+d) ~(1/2) ,x ,method=_RETURNVERBOSE
)

1/2%axf*x* (—c”2*%d*x"2+d) ~(1/2)+1/2*a*f*d/ (c~2*d) " (1/2) *arctan((c~2*d) ~(1/2
)*x/ (—c™2*d*x"2+d) " (1/2)) -1/3*axgx (-c~2xd*x~2+d) ~(3/2) /c~2/d+b* (-1/4* (—d*(
cT2xx72-1)) " (1/2) % (-c™2%x"2+1) "~ (1/2) /c/ (c"2*x"2-1) *arcsin (c*x) ~2*f+1/72*x (-
d* (c™2*x72-1)) ~(1/2) * (4*c™4*x~4-5*Cc™2*x"2-4*T*c~3*x"3* (—c~2*x~2+1) ~(1/2)+3
*Ik (-c™2xx72+1) 7 (1/2) #x*xc+1) *g* (I+3*arcsin(c*x) ) /c~2/ (c™2*x"2-1)+1/16% (-d*
(c™2%x72-1)) " (1/2) * (-2%I* (-c™2%x"2+1) = (1/2) #x"2%Cc"2+2%Cc"3*x"3+I* (-c~2*x"2+
1)~ (1/2) -2*c*x) *f* (I+2*arcsin(c*x)) /c/ (c™2*%x"2-1)-1/8* (-d* (c"2*x~2-1)) " (1/
2)* (c™2*x"2-I* (-c™2*x"2+1) " (1/2) *x*c-1) *g* (arcsin (c*x) +I) /c"2/ (c"2*x"2-1) -
1/8% (—d*(c™2*x"2-1)) ~(1/2) * (I* (-c~2*x~2+1) " (1/2) #x*c+c~2*x~2-1) *g* (arcsin(
c*x)-1)/c”2/(c™2*x"2-1)+1/16*% (-d* (c"2*x"2-1) ) ~(1/2) * (2*I* (-c~2*xx"2+1) ~(1/2
)*x"2%CT24+2%Cc " 3*%x"3-I* (—c"2*x"2+1) " (1/2) -2%c*x) *f* (-I+2*arcsin(c*x)) /c/(c”
2%x"2-1)+1/72% (-d* (c™2*x"2-1) ) ~(1/2) * (4*I*c~3*x~3* (-c~2*x"2+1) ~(1/2) +4*c"4
*x"4-3*%I* (—c"2%x"2+1) ~(1/2) *x*c-5*c~2*x"2+1) *g* (-I+3*arcsin(c*x)) /c~2/(c"2
*x~2-1))

3.33.5 Fricas [F]

/(f + gz)Vd — c*dz?(a + barcsin(cz)) dz = /\/—czdx2 + d(gz + f)(barcsin (cz) + a) dz

-

integrate ((g*x+f)* (atb*arcsin(c*x))*(-c~2*d*x~2+d) ~(1/2) ,x, algorithm="fri
cas")

integral(sqrt(-c”2xd*x"2 + d)*(a*xg*x + a*f + (b*gxx + b*f)*arcsin(c*x)), x

)

333, [(f +9z)Vd— c*dz?(a + barcsin(cz)) dz
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3.33.6 Sympy [F]

/(f + gx)Vd — c2dz?(a + barcsin(cz)) dx = / V/—d(cx —1) (cx + 1)(a + basin (cz)) (f
+ gz) dx

/

input‘integrate((g*x+f)*(a+b*asin(c*x))*(—c**2*d*x**2+d)**(1/2),x)

~—

-

output LIntegral(sqrt(—d*(c*x - 1)*(c*x + 1))*(a + b*asin(c*x))*(f + g*x), x)

~—

3.33.7 Maxima [F]

/(f + gx)Vd — cdx?(a + barcsin(cz)) dx = / V—c2dz? + d(gz + f)(barcsin (cz) + a) dz

input  integrate ((g*x+f)*(at+b*arcsin(c*x))*(-c~2*d*x~2+d)~(1/2),x, algorithm="max

ima")

/

output | 1/2*(sqrt(-c~2*d*x"2 + d)*x + sqrt(d)*arcsin(c*x)/c)*a*f + sqrt(d)*integra
te((b*gkx + b*f)*sqrt(c*x + 1)*sqrt(-c*x + 1)*arctan2(c*x, sqrt(c*x + 1)x*s
grt(-c*xx + 1)), x) - 1/3%(-c™2xd*x"2 + d)~(3/2)*a*xg/(c"2xd)

3.33.8 Giac [F(-2)]

Exception generated.

/ (f + gx)Vd — 2dz?(a + barcsin(cz)) dz = Exception raised: RuntimeError

input  integrate ((g*x+f)*(at+b*arcsin(c*x))*(-c~2*d*x~2+d)~(1/2) ,x, algorithm="gia
CII)

output | Exception raised: RuntimeError >> an error occurred running a Giac command
: INPUT : sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve

cteur & 1) Error: Bad Argument Value

333, [(f +9z)Vd— c*dz?(a + barcsin(cz)) dz
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3.33.9 Mupad [F(-1)]

Timed out.

/(f + gz)Vd — c2dz?(a + barcsin(cx)) dx = /(f +gz) (a+basin(cz)) Vd — 2dz? dx

input Lint((f + gxx)*(a + bxasin(c*x))*(d - c™2*d*x"2)~(1/2) ,x)

outputtint((f + gxx)x(a + bxasin(c*x))*(d - ¢ 2*d*x"~2)"(1/2), x)

333, [(f +9z)Vd— c*dz?(a + barcsin(cz)) dz
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3.34 f Vd—c2dz?( fiﬁarcsm(cw)) dr

3.34.1 Optimalresult . .. ... ... ... .. .........
3.34.2 Mathematica [A] (verified) . . . . . ... ... ... ...

3.34.3 Rubi [A] (verified) . . . . . . .. ..
3.34.4 Maple [A] (verified) . . . . ... . . ...

3.345 Fricas [F] . . . .. ... .
3.34.6 Sympy [F] . .. ... .
3.34.7 Maxima [F(-2)] ... ... . ... ... . . ..
3.34.8 Giac [F(-2)] . . . .. .
3.34.9 Mupad [F(-1)] . ... .. oo

3.34.1 Optimal result

Integrand size = 31, antiderivative size = 736

Vd — 2dz?(a + barcsin(cx
d

T
f+oz
_avd—cdz?  bexvd — Ada? N bv/d — c2dz? arcsin(cx)
g gVv'1— c2z? g
C2 2 .
e /d — 2dz(a + barcsin(cz))? ~ ( g’; ) Vd — c2dz?(a + barcsin(cz))?
2bgv/1 — c2x? 2bc(f + gz)v'1 — c2a?
V1 — c2z2v/d — cdz?(a + barcsin(cz))?
2bc(f + gz)
a2 f? — g?>/d — c*dz? arctan ( NG ffjgc; \’Z_C%J
V1 — a2
573 2 ) 2 _ 1arcsm(cm)g )
\ iby/2 f? — g2v/d — c*dz? arcsin(cz) log <1 —f VT
9*V1 — c2x?
. 2F2 _ 2 ) D) . i et arcsin(cz) )
~ ib\/c2f2 — g2v/d — c2dx? arcsin(cz) log (1 TP
g2V1 — c2z?
et arcsin(cz)
. b\/c2f?2 — g2v/d — c2dx? PolyLog (2, Cf_\/c—2f27_§2>
g1 — 2?2
o ) — 3 3 ieiarcsin(cw)g )
- by/c2f2 — g2v/d — c?dz? PolyLog <2, PRy
g2V1 — 222

3.34, [ Ydcod? mz;arcsm@z)) d
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output | a*(-c"2+d*x"2+d) ~(1/2) /g+b*arcsin(c*x) * (-c~2*d*x~2+d) ~ (1/2) /g-b*cxx* (-c~2*
d*x~2+d) " (1/2) /g/ (-c~2xx~2+1) ~(1/2) +1/2*c*x* (a+b*arcsin (c*x) ) “2% (-c~2xd*x"
2+d)~(1/2) /b/g/ (-c”2*xx~2+1)~(1/2)-1/2* (1-c~2*%£~2/g"2) * (a+b*arcsin(c*x) ) ~2%
(-c™2xd*x"2+d) ~(1/2) /b/c/ (g*x+£f) / (-c~2*x~2+1) ~ (1/2) —a*arctan((c~2*f*x+g) / (
c™2x£72-g72) " (1/2) / (—c™2*x"2+1) ~(1/2) ) *(c™2*%£72-g~2) ~(1/2) * (-c~2*d*x"2+d) =
(1/2)/g~2/ (-c~2*%x~2+1) ~(1/2) +I*b*arcsin (c*x) *1n (1-I* (I*c*x+(-c 2*x"2+1) " (1
/2))*g/ (cxf-(c™2%f72-g~2)~(1/2)) ) *(c"2%£~2-g~2) " (1/2) * (—c~2*d*x"2+d) ~(1/2)
/g72/ (-c~2%x~2+1) " (1/2) -I*b*arcsin(c*x) *1n (1-I* (I*ckx+(-c2*x"2+1) ~(1/2) ) *
g/ (cxf+(c™2xf~2-g~2) 7 (1/2)) ) *(c™2%£72-g~2) =~ (1/2) * (-c~2*d*x"2+d) ~(1/2) /g~2/
(—c™2%x~2+1) " (1/2) +b*polylog (2, I* (I*c*x+(-c™2*x~2+1) ~(1/2) ) *g/ (c*f-(c™2*f~
2-g72)"(1/2))) *(c™2x£72-g"2) " (1/2) * (-c™2*d*x"2+d) "~ (1/2) /g~2/ (-c™2*x~2+1) = (
1/2) -b*polylog(2, I* (Tkckx+(-c™2*xx~2+1) ~(1/2) ) *g/ (c*f+(c~2*x£"2-g"2) "~ (1/2)))
*(c™2x£72-g"2) " (1/2) * (—c™2xd*x"2+d) " (1/2) /g~2/ (-c~2*x~2+1) ~(1/2) +1/2* (a+b*
arcsin(c*x)) “2* (-c™2*x"2+1) " (1/2) * (-c~2*d*x~2+d) ~(1/2) /b/c/ (g*x+£f)

3.34.2 Mathematica [A] (verified)

Time = 0.75 (sec) , antiderivative size = 368, normalized size of antiderivative = 0.50

dx

/ Vd — ctdz?(a + barcsin(cz))
f+gz
Vd — c2dz? ((czf2 — ¢%) (a + barcsin(cz))? + 2gx(f + gz)(a + barcsin(cz))? + g*(1 — c®z?) (a + barcsi

|

p
inputLIntegrate[(Sqrt[d - ¢c”2%d*x"2]*(a + bkArcSin[c*x]))/(f + g*x),x]

output | (Sqrtld - c™2xd*x"2]*((c"2*%£72 - g~2)*(a + b*ArcSin[c*x])~2 + c ™ 2kg*x*(f +
gxx)*(a + bxArcSin[c*x])"2 + g™2*%(1 - c™2*x"2)*(a + b*ArcSin[c*x])~2 - 2%
bxcx(f + gkx)*(b*ckgkx - gxSqrt[1 - c™2*x"2]*(a + b*ArcSin[c*x]) - I*Sqrtl[
c™2%f"2 - g”2]*((a + bxArcSin[c*x])*(Log[1 + (I*E~(I*ArcSin[c*x])*g)/(-(c*
f) + Sqrtlc™2xf~2 - g72])] - Logl[l - (I*E~(I*ArcSin[c*x])*g)/(c*f + Sqrtlc
~2%f~2 - g~2])]) - Ixb*PolyLogl[2, (I*E~(I*ArcSin[c*x])*g)/(cxf - Sqrtl[c~2*
72 - g~2])] + Ixb*PolyLogl[2, (I*E~(I*ArcSin[c*x])*g)/(cxf + Sqrtl[c 2xf~2
- £721)1))))/ (2%bxcxg™2*(f + g*x)*Sqrt[1 - c 2*x"2])

3.34, [ Ydcod? mz;arcsm@)) d
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3.34.3 Rubi [A] (verified)

Time = 2.21 (sec) , antiderivative size = 517, normalized size of antiderivative = 0.70,
number of steps used = 7, number of rules used = 7, Mumber of rules _ ( 995 Ryles used

integrand size
= {5276, 5264, 25, 5256, 25, 5298, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ Vd — c2dz?(a + barcsin(cr))

f+gz
l 5276

\/wf 1—c2x2 (J?I;);r051n(cm))dx
V1 — c2z?
| 5264

2.2 2 : 2
gz“c“+2fxc“+g)(a+barcsin(cz))
1—c222)(a+barcsin(cz))? f_( )w 2 dz
Vd— CzdIZ _ (f+gz)
2be(f+gz) 2bc
V1 -—c2z?

| 25

(gz c2+2fzc2+g) (a+b arcsln(cz))2

/ 2)2 dz 1—c222?) (a+barcsin(cz))?
vd - cdz? ( e +4 2)bc(f+gx)

V1 — c2x?
l 5256

2
2
1 c (7 ‘{'9’” +gz>

) (a+barcsin(cz))

Fftgz 2 c2f2 . 9
( g (1— P ) (a+barcsin(cz)) c2x(a+b arcsin(cx))z
—2be [ — dz— + 9 2 .
d — c2dx2 1—c242 f+gz g + (1—c2?22) (a+barcsin
e 2be 2be(f+gz)
V1 —c2z?

l 25

3.34, [ Ydcod? mz;arcsm@)) d
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2(_s2
1 c <f+ga: +975> ) (a+barcsin(cz)) o252 )
o (1— —Lg2 ) (a+barcsin(cz)) + 23 (a+barcsin(ca))?

2.2 : |
A — 24,2 1—c242 f+gz g (1—c T )(a—i—barcsm(cm‘
d-cde 2be + 2belf92)

V1 — c2x2
l 5298

2 2
i 2
barcsin(cz) (f202+g2z2c2+fg:cc2—g2) a(f202+g2z2c2+fgz02—92) )dw (17%)(a+barcsm(cm)) +c2w(a+b arcsin(cz)):

d 2d D) 2bcj<_ 92 (f+gz)V1—c2z2 - 92(f+gw)V1—c2z2 Figz 3
vVa—c°axr

2bc

V1 — c2x?
l 2009

2
a\/c2f2—g2 arctan( c“frtg

. i arcsin(cx
— by/c2f2—g2 PolyLog| 2, X6 —
V1-c222/c2f2 g2 av/1—c2z2
i evl=ciat

cf — 162f2,

2bc| —

g2

(1—c222) (a+barcsin(cz))?
Vi - cda? e(rgm

input‘ Int[(Sqrt[d - c”2*d*x~2]*(a + b*ArcSin[c*x]))/(f + g*x),x]

output | (Sqrtld - c”2*d*x"2]*(((1 - c™2*x"2)*(a + b*ArcSin[c*x])~2)/(2*b*c*(f + g*
x)) + ((c™2*x*(a + b*ArcSin[c*x])"2)/g - ((1 - (c”2*£72)/g"2)*(a + b*ArcSi
nlcxx])~2)/(£f + gxx) + 2*bkcx(-((b*c*x)/g) + (axSqrt[l - c™2*%x72])/g + (bx*
Sqrt[1 - c~2*x~2]*ArcSin[c*x])/g - (a*Sqrt[c~2*f~2 - g~2]*ArcTan[(g + c™2*
£*x)/(Sqrt[c™2*%f~2 - g~2]*Sqrt[1 - ¢ 2*x"2]1)])/g~2 + (I*b*Sqrt[c™2*f"2 - g
~2]*ArcSin[c*x]*Log[1l - (I*E~(I*ArcSin[c*x])*g)/(c*f - Sqrtlc™2*f~2 - g~2]
)1)/g"2 - (Ixb*Sqrt[c™2*xf~2 - g~2]*ArcSin[c*x]*Log[l - (I*E~(I*ArcSin[c*x]
)*g)/(cxf + Sqrtlc™2*f~2 - g72]1)])/g"2 + (b*Sqrt[c™2*f~2 - g~2]*PolyLogl[2,

(I*E~(I*ArcSin[c*x])*g)/(c*f - Sqrtlc 2*f~2 - g72])]1)/g"2 - (b*Sqrt[c~2*f
~2 - g~2]*PolyLog[2, (I*E~(I*ArcSin[c*x])*g)/(cxf + Sqrtl[c 2*f~2 - g~2]1)])
/g72))/(2%b*c))) /Sqrt[1 - c~2*x~2]

3.34. f m;(:;l;arcsin(cm)) dz
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3.34.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rukaQOOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5256

rule 5264

rule 5276

rule 5298

Int[(((a_.) + ArcSin[(c_.)*(x_)]1*(b_.)) (@ )*((£f_.) + (g_.)*(x_) + (h_.)*(x
)72)7(p_))/ @) + (e_.)*(x_))"2, x_Symbol] :> With[{u = IntHide[(f + g*x
+ h*x"2)"p/(d + e*x)~2, x]}, Simp[(a + bxArcSin[c*x])"n u, x] - Simp[bx*c
*n  Int[SimplifyIntegrand[u*((a + b*ArcSin[c*x])~(n - 1)/Sqrt[1 - c~2*x"2]
), x1, x1, x]1 /; FreeQ[{a, b, c, d, e, £, g, h}, x] && IGtQ[n, 0] && IGtQ[
p, 0] && EqQ[exg - 2*d*h, 0]

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.)) " (n_.)*((£f_) + (g_.)*(x_)) " (m_)*Sqrt[
(d.) + (e_.)*(x_)"2], x_Symbol] :> Simp[(f + g*x) m*(d + e*x~2)*((a + b*Arc
Sin[c*x])~(n + 1)/(bxc*Sqrt[dl*(n + 1))), x] - Simp[1/(bxc*Sqrt[dl*(n + 1))

Int[(d*xg*m + 2%exfxx + exgx(m + 2)*x72)*(f + g*x)"(m - 1)*(a + b*ArcSin[
c¥x])"(n + 1), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && EqQ[c™2xd + e,
0] && ILtQ[m, O] && GtQ[d, 0] && IGtQ[n, O]

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.)) " (a_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x72)"p/(1 - c™2*x"2)~
Pl Int[(f + g*x)“m*(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, f, g, n}, x] && EqQ[c™2*d + e, 0] && IntegerQ[m] &% Intege
rQlp - 1/2] && !'GtQ[d, O]

Int [(ArcSin[(c_.)*(x_)]1*(b_.) + (a_)) " (n_.)*(RFx_)*((d_) + (e_.)*(x_)"2)"(p
_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p, RFx*(a + b*ArcSin[c*x])
“n, x], x] /; FreeQ[{a, b, c, d, e}, x] &% RationalFunctionQ[RFx, x] && IGt
Qln, 0] && EqQlc™2#d + e, 0] && IntegerQ[p - 1/2]

3.34. f vV d—c2dz2§c(:+;;arcsin(cm)) dx




input

output
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3.34.4 Maple [A] (verified)

Time = 0.65 (sec) , antiderivative size = 823, normalized size of antiderivative = 1.12

method | result

c2df arctan c2da d(c2f27g2) n
2 202df (z+L)  d(c2f2—g2
o| (et oar ) a2 ) e = K ey
‘ g g ov/e2d
default .
2d(é
c2df arctan c2dx d(c2f2—92> n
2 2c2df z+i d(c2f2—g2
a \/_<z+f)262d+2c2df(z+1gf)_d(c2f22—g2)+ —(z+1£) c2a+ (g ) _4( 2 ) N
g g g g c2d
parts .

int ((atb*arcsin(c#*x))* (-c~2*d*x~2+d) ~(1/2)/(g*x+f) ,x ,method=_RETURNVERBOSE
)

a/gx ((-(x+£/g) "2%c™2xd+2xc™2xd*f/g* (x+£/g) -d* (c™2*£72-g~2) /g"2) " (1/2) +c™2*
dxf/g/(c"2%d) " (1/2) *arctan((c~2*d) ~(1/2) *x/ (- (x+£/g) "2*c~2*d+2*c~2xd*f /g* (
x+f/g)-d*(c™2%£72-g~2) /g~2) " (1/2) ) +d*(c"2*%f~2-g~2) /g~2/ (-d* (c"2%f"2-g~2) /g
~2) 7 (1/2) *1n((-2*d* (c™2*£~2-g~2) /g~ 2+2*c~2*xd*f /g* (x+f /g) +2% (-d* (c"2*f~2-g~
2)/g"2) " (1/2) * (- (x+£/g) ~2*c~2xd+2xc~2*d*f /gx (x+£/g) —-d* (c~2*f~2-g~2) /g~2) ~(
1/2))/(x+£/g) ) ) +b*x (-1/2% (-d* (c"2*%x"2-1)) " (1/2) *(-c"2*%x"2+1) ~(1/2) / (c"2*x"2
-1)*arcsin(c*x) “2*xf*xc/g~2+1/2% (-d* (c™2*x"2-1) )~ (1/2) * (c"2*x"2-I* (-c~2*x"2+
1)~ (1/2) *x*c-1)*(arcsin(c*x)+I)/(c™2*x"2-1) /g+1/2% (-d* (c™2*x~2-1) ) ~(1/2) *(
Ik (-c™2%x72+1) " (1/2) *x*c+c”2*x"2-1) * (arcsin(c*x) -I) /(c"2*x~2-1) /g+I* (-c~2%
£72+g72) " (1/2) *(~d*(c™2*x"2-1)) "~ (1/2) * (-c™2*x~2+1) " (1/2) * (I*arcsin(c*x) *1n
((Ixc*kf+(I*ckx+(-c™2+%x72+1) " (1/2) ) *g-(—c~2*£~2+g~2) ~(1/2) ) / (T*c*f-(-c™2*f"~
2+g~2)~(1/2)))-Ixarcsin(c*x) *1n ((I*xc*f+(I*ckx+(-c™2%xx"2+1)~(1/2)) *g+(-c~2*
£72+g72)7(1/2)) / (Txc*f+(-c™2%f72+g~2) ~(1/2)) ) +dilog ((T*kc*f+(I*kckx+(-c™2%x"
2+1)7(1/2) ) *g-(-c™2%£~2+g~2) ~(1/2) ) / (T*c*f- (-c~2*%f~2+g~2) ~(1/2)) ) -dilog ((I
*xckf+(Ixckx+(-c™2xx"2+1) " (1/2) ) *g+(—c™2%£72+g~2) ~(1/2) ) / (I*cxf+(-c~2*f"2+g
"2)7(1/2))))/ (c™2%x"2-1) /g~2)

3.34. f vV d—c2dz2§c(:+;;arcsin(cm)) dx
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3.34.5 Fricas [F]

dx

/ Vd — c2dz?(a + barcsin(cz)) / v/ —c?dz? + d(barcsin (cz) + a)

f+gz gz + f

input‘integrate((a+b*arcsin(c*x))*(-c“2*d*x“2+d)”(1/2)/(g*x+f),x, algorithm="fri
‘cas")

OutputLintegral(sqrt(—c"2*d*x“2 + d)*(b*arcsin(c*x) + a)/(g*x + f), x)

3.34.6 Sympy [F]

/ vd — cdz?(a + barcsin(cz)) o = / v/ —d(cx — 1) (cx + 1)(a + basin (cz)) s

f+gx f+gx

inputLintegrate((a+b*asin(c*x))*(-c**2*d*x**2+d)**(1/2)/(g*X+f),X)

outputLIntegral(sqrt(—d*(c*x - D*(c*x + 1))*(a + b*asin(c*x))/(f + g*x), x)

3.34.7 Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/ Vd — c2da?(a + barcsin(cz))
f+gz

input | integrate ((at+b*arcsin(c*x))*(-c~2xd*x~2+d) ~(1/2)/(g*x+f) ,x, algorithm="max

ima")

output | Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *may*
help (example of legal syntax is 'assume(g-c*f>0)', see “assume?” for mor
e details)

3.34. f“rzgﬁﬁmmwﬁd
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3.34.8 Giac [F(-2)]

Exception generated.

dxr = Exception raised: TypeError

/ Vd — cdz?(a + barcsin(cz))
f+gz

input  integrate((a+b*arcsin(c*x))*(-c™2xd*x~2+d)~(1/2)/(g*x+f) ,x, algorithm="gia
CII)

output | Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const
index_m & i,const vecteur & 1) Error: Bad Argument Value

3.34.9 Mupad [F(-1)]

Timed out.

/ Vvd — c2dz?(a + barcsin(cz)) dp — / (a+ basin(cz)) vVd — 2 dz? i

f+gz f+gz

input‘ int(((a + b*asin(c*x))*(d - c™2%d*x~2)~(1/2))/(f + g*x),x)

output Lint(((a + b*asin(c*x))*(d - c™2*d*x~2)~(1/2))/(£f + g*x), x)

3.34. f“TEgﬁﬁmmW”d
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3.35 f\/d c2dx?(a+barcsin(cz)) dr

(f+gz)?

3.35.1 Optimalresult . . . . .. .. . . .. ...
3.35.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL
3.35.3 Rubi [A] (verified) . . . . . ... ...
3.35.4 Maple [A] (warning: unable to verify) . . . . . . ... ... ... ...
3.35.5 Fricas [F] . . . . . o o
3.35.6 Sympy [F] . . . . .
3.35.7 Maxima [F(-2)] . . . . . . ...
3.35.8 Giac [F(-2)] . . . . o o
3.35.9 Mupad [F(-1)] . . . . o

3.35. f m;i-;-z;rcsm(cm)) dr
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3.35.1 Optimal result

Integrand size = 31, antiderivative size = 860

/ Vd — ctdz?(a + barcsin(cz)) e

(f +g2)*

avd — c2dx? B bv/d — c2dz? arcsin(cx)
g(f + gz) 9(f + g2)
B ac® f2+/d — cdx? arcsin(cx)
g2 (sz2 — g2) V1= 222
B bc® f2v/d — c2dx? arcsin(cz)?
2g2 (szz — gz) V1= 22
N (g+ chz)2 Vd — cdz?(a + barcsin(cz))?
2bc(f? — ¢°) (f + g2)*V1 — *a?
V1 — c2x2\/d — c2dz?(a + barcsin(cz))?
2bc(f + gz)?
2 — 272 gtcfz
ac’ fv/d — c?dz? arctan < T \/1_0%2)
G2/ f2 — g24/1 — 222
9 —3 3 . zarcsm(cz)g
zbc fVd — c?dz? arcsin(cz) log (1 —c m)
2\/02]02 _ g2\/1 — 22
- — 3 . _ et arcsin(cz)g
ibc® f/d — c2dx? arcsin(cz) log (1 —cf+\/m>
92\ f? — g2/1 — 22
bcx/ — c2dx?log(f + gx)
N
9 —> 5 jet arcsin(cz)g
~ bc® fv/d — c?dz? PolyLog (2, —cf_\/m>
g2/ f? — 92\/1 — 212
9 —> 3 ieiarcsin(cm)g
bc” fv/d — c?dx? PolyLog (2, —chW)
PVEF— gVl - c2a?

+

+

_|_

+

3.35.

J

Vd—c2dz?(a+barcsin(cz)) dr

(f+gz)?
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output | —ax (-c”2xd*x~2+d) " (1/2) /g/ (g*x+f) -bxarcsin(c*x) * (-c"2*d*x~2+d) ~ (1/2) /g/ (g*
x+f)—axc”3*f"2xarcsin(c*x) * (-c”2xd*x"2+d) " (1/2) /g~2/ (c"2*£~2-g~2) / (-c"2*x"
2+1)~(1/2)-1/2%bxc~3*f "2*arcsin(c*x) "2x (-c~2*d*x~2+d) "~ (1/2) /g~2/ (c"2*f"2-g
~2)/(-c~2*%x"2+1) " (1/2)+1/2x (c~2*f*x+g) ~2* (a+b*arcsin(c*x) ) “2* (-c~2xd*x"2+d
)~ (1/2) /b/c/(c"2x£72-g"2) / (gxx+£) "2/ (-c"2%x"2+1) "~ (1/2) +bxcx1n(g*x+f) * (-c~2
*xd*xx~2+d) " (1/2) /g~2/ (-c"2*x"2+1) ~(1/2) +a*xc~2*f*arctan ((c"2*f*x+g) / (c"2*£ "2
-g72)7(1/2)/(-c~2*%x~2+1) " (1/2) ) * (-c~2*d*x"2+d) ~(1/2) /g~2/ (c"2*£~2-g~2) ~(1/
2)/ (—c™2%x72+1) ~(1/2) -I*bkc " 2*f*arcsin(c*x) *1n (1-I* (T*kckx+(-c™2*x"2+1) "~ (1/
2))xg/ (c*xf-(c™2*%£72-g~2) " (1/2)) ) *(—c~2*d*x~2+d) ~(1/2) /g~2/ (c"2*%f~2-g~2)~ (1
/2)/(=c™2*x~2+1) " (1/2) +I*b*c~2*f*xarcsin(c*xx) *1n (1-I*k (Ixckx+(-c~2*xx~2+1) ~ (1
/2))*xg/ (cxf+(c™2%£72-g~2) ~(1/2)) ) *(—c™2xd*x~2+d) ~(1/2) /g~2/ (c~2*%£~2-g~2) ~(
1/2) / (~c™2xx~2+1) " (1/2) -b*c~2*f*xpolylog (2, I* (I*c*x+(-c~2%x"2+1) " (1/2) ) *g/ (
cxf-(c™2%£72-g"2) " (1/2) ) ) *(-c™2*d*x~2+d) ~(1/2) /g~2/ (c~2*%£~2-g~2) ~(1/2) / (-c
“2%x72+1) " (1/2) +b*c~2*f*polylog (2, I* (T*kc*x+(-c™2*xx"2+1) ~(1/2)) *g/ (cxf+(c™2
*£72-g72) " (1/2)) ) *(-c~2xd*x"2+d) " (1/2) /g~2/ (c"2*x£"2-g~2) " (1/2) / (-c~2*x"2+1
)~ (1/2)+1/2* (a+b*arcsin(c*x)) "2* (-c"2*x"2+1) ~(1/2) * (-c™2*d*x~2+d) ~(1/2) /b/
c/ (gxx+£) "2

3.35.2 Mathematica [A] (verified)

Time = 2.37 (sec) , antiderivative size = 600, normalized size of antiderivative = 0.70

dz

/ Vd — 2dz?(a + barcsin(cx))
(f + gz)?

c3 f | —i(a+barcsin(cz o
m (c?f2—g?)(a+barcsin(cz))? _ 2% f(a+barcsin(cz))? + (1—c?2?) (a+barcsin(cz))? + 4 f( (atd () (l g(
9*(f+gz)? 9*(f+gz) (F+g2)?

.
input | Integrate[(Sqrt[d - c™2xd*x~2]*(a + b*ArcSin[c*x]))/(f + gxx)~2,x]

vd—c2dz?(a+barcsin(cz
335. [ et 4




output
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(Sgrtld - c™2xd*x~2]*(((c™2*£f"2 - g~2)*(a + b*ArcSin[c*x])~2)/(g 2*(f + gx

x)72) - (2%c”2xf*(a + bkArcSin[c*x])"2)/(g™2*(f + gxx)) + ((1 - c™2*x"2)*(
a + b¥ArcSin[c*x])"2)/(f + g*x)~2 + (4*bxc~3*f*((-I)*(a + b*ArcSin[c*x])*(
Logl[l + (I*E~(I*ArcSin[c*x])*g)/(-(c*f) + Sqrtlc”2*f~2 - g~2])] - Logll -
(I*E~ (I*ArcSin[c*x])*g)/(c*f + Sqrt[c™2*f"2 - g~2])]) - b*PolyLogl[2, (I*E~
(IxArcSin[c*x])*g)/(c*f - Sqrt[c™2*f~2 - g~2])] + b*PolyLog[2, (I*E~(I*Arc
Sin[c*x])*g)/(cxf + Sqrtlc™2*f72 - g~2]1)1))/(g"2*Sqrt[c™2*xf"2 - g~2]) + (2
*b*xc™2% (- ((g*Sqrt[1 - c™2#x"2]*(a + bkArcSin[c*x]))/(c*f + cxgxx)) + bxLog
[f + gxx] + (cxfx(I*x(a + bxArcSin[cxx])*(Log[1l + (I*E~(I*ArcSin[c*x])*g)/(
—-(cxf) + Sqrt[c™2*f72 - g72])] - Logl[l - (I*E~(I*ArcSin[c*x])*g)/(c*f + Sq
rt[c™2*f"2 - g72])]) + b*PolyLog[2, (I*E~(I*ArcSin[c*x])*g)/(c*f - Sqrtlc”
2xf~2 - g72])] - b*PolyLog[2, (I*E~(I*ArcSin[c*x])*g)/(c*f + Sqrt[c™2*f~2
- g721)1))/Sqrt[c™2*£"2 - g72]1))/g~2) )/ (2*%b*cxSqrt[1 - c~2*x~2])

3.35.3 Rubi [A] (verified)

Time = 2.69 (sec) , antiderivative size = 632, normalized size of antiderivative = 0.73,
number of steps used = 7, number of rules used = 7, Lumber of rules _ ( 995 Ryles used

integrand size
= {5276, 5264, 27, 5254, 27, 5298, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ vd = c2dxz?(a + barcsin(cz))
(f +g7)2

l 5276

mf \/ﬁﬁczﬁ:—gbma)ugcmn(cx))dm

I 2
l 5264

2 (fzc2 +g) (a+b arcsin(cz))2 d

1—c%22) (a+b (cx))? J- 3 x
Vd — c2dz? <( < xzz,ctzf +;$Szm = — (f492) )
V1 —c?x?

| 27
(fa:c2+g) (a+b arcsin(c:z:))2

i —3 dz (1—c%x?) (a+barcsin(cz))?
vV d— C2d$2 ( (f+lfc : + 2bc(f+gx)?
V1 —c2z?

vd—c2dz?(a+barcsin(cz
335. [ et 4
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| 5254
2 2 ; 2 2. .)2 ;
(c fz+g) (a+barcsin(cz)) —2bcf (fzc +g) (a+barcsin(czx)) da
W 2(c2f2-¢2) (f+g2)2 2(c2f2-92) (f+92)2V1-c2a2 (1—c222) (a+barcsin(cz))?
—cax be + 2bc(f+gz)?
V1 —c2x?
| 27
5 (fwc2+g>2(a+barcsin(cw))
(chx-f-g) (a+b arcsin(c:v))2 _ be [ (f+g2)2v/1—c222 dz
W 2(02f2—92)(f+92)2 62f2_92 (1—c2x2)(a+barcsin(cx))2
—cax be + 2bc(f+gx)?
V1 —c2x?
| 5298
barcsin(cz) (fzc2+g)2 a(fzc2+g)2
2 2 ‘ 2 bl 2 /122 T 2 io2a2 |
(c fm+g) (a+barcsin(cz)) (f+g=) cix (f+g=)
W 2(02f2—92)(f+9w)2 2fi-g? (1—c?22) (a+barcsin(cz))?
— c“dr be + 2bc(f+gx)?

V1 — c2z?

| 2009
2
ac2 f1/c2 f2—g2 arctan (%)
b ac® f2 arcsin(ca) 2\/ 1-c222/c2f2 g2 4
¢ 92 g

(c2fz+g) 2(a+b arcsin(cz))2

73555 | (1—c%z?)(a+barcsin(cz))? 2(c2f2—92) (f+gz)?

-

inputLInt[(Sqrt[d - c™2*d*x"~2]*(a + b*ArcSin[c*x]))/(f + g*x)~2,x]

|

3.35. f @Jgi—gz;rcsin(cm)) dr
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output | (Sqrt[d - c™2*d*x~2]*(((1 - c™2*x"2)*(a + bxArcSin[c*x])~2)/(2*bxc*(f + g*
x)72) + (((g + c™2xf*x)"2x(a + bxArcSin[c*x])~2)/(2*(c™2+f"2 - g™ 2)*(f + g
*x)~2) - (bxcx((a*x(c*f - g)*(c*f + g)*Sqrt[l - c™2*x"2])/(g*x(f + g*x)) + (
axc~3*f"2xArcSin[c*x])/g"2 + (b*(c*f - g)*(c*xf + g)*Sqrt[1l - c~2*x~2]*ArcS
inlc*x])/(gx(f + gxx)) + (b*c™3*f~2*%ArcSin[c*x]~2)/(2*g~2) - (a*xc™2xf*Sqrt
[c™2xf~2 - g~2]*ArcTan[(g + c™2*f*x)/(Sqrt[c™2*f"2 - g~2]*Sqrt[1 - c™2*x"2
1D1)/g"2 + (I*bkc™2xf*Sqrt[c™2*xf72 - g~2]*ArcSin[c*x]*Log[1l - (I*E~(I*ArcS
in[c*x])*g)/(cxf - Sqrtl[c™2*f"2 - g72])]1)/g"2 - (Ixb*c™2*f*Sqrt[c™2*f"2 -

g 2] *ArcSin[c*x]*Log[1 - (I*E~(I*ArcSin[c*x])#*g)/(cxf + Sqrt[c™2*f"2 - g~2
D1 /g™2 + bxcx(1 - (c™2*%£72)/g~2)*Log[f + g*x] + (bxc™2*f*Sqrt[c 2*f~2 -

g~2]*PolyLog[2, (I*E~(I*ArcSin[c*x])*g)/(c*f - Sqrtlc™2*f~2 - g~2])])/g"2

- (bxc~2xf*Sqrt [c™2*xf"2 - g~2]*PolyLog[2, (I*E~(I*ArcSin[c*x])*g)/(cxf + S
qrtlc™2*£~2 - g721)1)/g"2))/(c™2%£~2 - g72))/(b*c)))/Sqrt[1 - c~2*x~2]

3.35.3.1 Defintions of rubi rules used

ruk327(Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

-

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

N\

rule 5254 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.)) " (n_)*((d_) + (e_.)*(x_))"(m_)*((£f_.)

+ (g_.)*(x_))"(p_.), x_Symbol] :> With[{u = IntHide[(f + g*x) p*(d + e*x)"
m, x]}, Simp[(a + b*ArcSin[c*x])"n u, x] - Simp[b*c*n Int[SimplifyInteg
rand[u*x((a + bxArcSin[c*x])~(n - 1)/Sqrt[1 - c™2*x~2]), x], x], x]] /; Free
Ql{a, b, c, d, e, £, g}, x] && IGtQ[n, 0] &% IGtQ[p, O] && ILtQ[m, O] && Lt
Qm + p + 1, 0]

rule 5264 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_.)*((f_) + (g_.)*(x_)) " (m_)*Sqrt[
(a_) + (e_.)*(x_)"2], x_Symbol] :> Simp[(f + g+*x) m*(d + e*x"2)*((a + b*Arc
Sin[c*x])~(n + 1)/(b*c*Sqrt[dl*(n + 1))), x] - Simp[1/(b*c*Sqrt[d]*(an + 1))

Int[(d*g*m + 2%exfxx + exgx(m + 2)*x"2)*(f + g*xx)"(m - 1)*(a + b*ArcSin[
c*xx])"(n + 1), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && EqQ[c™2xd + e,
0] &% ILtQ[m, O] && GtQ[d, 0] && IGtQ[n, O]

3.35. f @Jgi—gz;rcsin(cm)) dr




rule 5276

rule 5298
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Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.)) " (a_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x72)"p/(1 - c”2%x"2)"
P] Int[(f + g*x) m*x(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, f, g, n}, x] && EqQlc™2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] && 'GtQ[d, 0]

/Int[(ArcSin[(C_.)*(x_)]*(b_.) + (@) (n_)*RFx_)*((d_) + (e_)*(x_)"2)"(p
_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p, RFx*(a + b*ArcSin[c*x])
“n, x], x] /; FreeQ[{a, b, c, d, e}, x] && RationalFunctionQ[RFx, x] && IGt

input

Qln, 0] && EqQlc™2#d + e, 0] && IntegerQ[p - 1/2]

3.35.4 Maple [A] (warning: unable to verify)

Time = 0.66 (sec) , antiderivative size = 1352, normalized size of antiderivative = 1.57

method | result size
default | Expression too large to display | 1352

parts Expression too large to display | 1352

e

int ((atb*arcsin(c*x))*(-c~2*d*x~2+d) ~(1/2) /(g*x+f) ~2,x,method=_RETURNVERBO
\ SE)

3.35. f @Jgi—gz;rcsin(cm)) dr
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output

a/g~2x(1/d/ (c™2x£72-g"2) xg~2/ (x+£/g) * (- (x+£/g) "2xc™2*d+2%c~2*d*f/g* (x+£/g)
—-d* (c™2*%£72-g"2) /g~2) " (3/2) -c"2*f*g/ (c"2*x£~2-g"2) * ((-(x+£/g) ~2%c~2*d+2*c"2
xd*f/g* (x+£/g) -d* (c™2*%£72-g"2) /g~2) ~ (1/2) +c~2*d*f/g/ (c2*d) ~(1/2) *arctan ((
c~2%d) " (1/2) *x/ (- (x+£/g) ~2*c 2% d+2*c~2xd*£/g* (x+£/g) -d* (c~2%f~2-g~2) /g~2) "
(1/2))+d*(c2*£72-g"2) /g~2/ (-d* (c"2*£"2-g"~2) /g~2) " (1/2) *1n ((-2*d* (c~2*f~2-
g72) /g 2+2%c™2*d*f /gk (x+£/g) +2% (-d* (c™2%x£72-g~2) /g"2) ~(1/2) * (- (x+£f/g) "2%c~
2%d+2%c™2xd*f/ gk (x+£/g) -d* (c™2%£72-g"2) /g2) ~(1/2)) / (x+£/g) ) ) +2%c™2/ (c™2x£
~2-g"2) *g" 2% (—1/4% (2% (x+£/g) *c~2*d+2xc~2*d*f/g) /c"2/d* (- (x+£f/g) "2*c"2*d+2
*xCcT2xd*f/gx (x+£/g)-d* (c"2%£72-g~2) /g"2) " (1/2) -1/8% (4*c~2%d" 2% (c"2*%f~2-g~2)
/g 2-4xc~4*%d"2x£72/g"2) /c~2/d/ (c"2*d) " (1/2) *arctan((c~2*d) " (1/2) *x/ (- (x+£/
g) "2xcT2*d+2xcT2xd*f /gx (x+£/g) —d* (c"2*£72-g"2) /g~2) "~ (1/2)) ) ) +b* (1/2* (-d* (c
"2%x72-1)) " (1/2) *(—c”2*x"2+1) "~ (1/2) / (c"2*x"2-1) *arcsin(c*x) "2*c/g~2- (-d*(c
~2%x72-1)) " (1/2) * (I* (—c™2*x72+1) ~(1/2) *x*c+c~2*x"2-1) *arcsin(c*x) * (c"2*f*x
+g-I*(-c™2%x72+1) "~ (1/2) *cx£f) / (c™2*x"2-1) /g~ 2/ (g*x+£) +(-d* (c"2*x"2-1) ) ~(1/2
Y*¥(—c™2xx72+1) " (1/2) * (In ((T*c*f+(Tkckx+(—c™2*x"2+1) ~(1/2) ) ¥g—- (-c~2*f"2+g~2
)=(1/2)) / (I*kcxf-(—c2*£72+g~2) ~(1/2) ) ) *arcsin(c*x) * (-c~2*x£"2+g~2) = (1/2) *c*
f-1n((Tkcxf+(Ixckx+(-c™2%x"2+1) " (1/2) ) *g+(-c~2*£"2+g~2) ~(1/2) ) / (T*c*f+(-c”
2x£72+g72) " (1/2) ) ) *arcsin(c*x) * (—c~2*%£"2+g~2) ~(1/2) *cxf-I*dilog ((I*cxf+(I*
cxx+(-c72%x72+1) " (1/2) ) *g-(-c™2%£"2+g~2) "~ (1/2) ) / (Txc*f-(-c™2*£"2+g~2) ~(1/2
)))*(—c™2%£72+4g72) " (1/2) *c*f+I*dilog ((T*cxf+ (I*kckx+(-c™2%x™2+1) " (1/2))*. ..

3.35.5 Fricas [F]

L/v — c%dz?(a + barcsin(cz)) L/v—ﬁ@? @M%m@@+ﬂ%i

(f + gz) (92 + f)°

input  integrate((at+b*arcsin(c*x))*(-c”2xd*x~2+d)~(1/2)/(g*x+f)~2,x, algorithm="f
ricas")
output | integral (sqrt(-c~2*d*x~2 + d)*(b*arcsin(c*x) + a)/(g 2*x"2 + 2xf*xg*x + £72

N\

), x)

vd—c2dz?(a+barcsin(cz
335. [ et 4
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3.35.6 Sympy [F]

/ Vd — 2dz?(a + barcsin(cx)) v/—d(cz — 1) (cz + 1)(a + basin (cz)) i
(f + gz)? (f + gz)?

inputLintegrate((a+b*asin(c*x))*(-c**2*d*x**2+d)**(1/2)/(g*x+f)**2,x)

outputLIntegral(sqrt(-d*(c*x - 1)*(c*x + 1))*(a + b*asin(c*x))/(f + g*x)**2, x)

3.35.7 Maxima [F(-2)]

Exception generated.

/ vd — cdz?(a + barcsin(cz))

dx = Exception raised: ValueError
(f + gz)?

input | integrate ((at+b*arcsin(c*x))*(-c™2xd*x~2+d) ~(1/2) / (g*x+£f)~2,x, algorithm="m
axima")

output Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *may*
help (example of legal syntax is 'assume(g-c*f>0)', see “assume?” for mor
e details)

3.35.8 Giac [F(-2)]

Exception generated.

/ Vd — ctdz?(a + barcsin(cz))

dr = Exception raised: TypeError
(f + g2)?

input  integrate((at+b*arcsin(c*x))*(-c”2xd*x~2+d)~(1/2)/(g*x+f)"2,x, algorithm="g
iac")

output | Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT : sym2poly/r2sym(const gen & e,const
index_m & i,const vecteur & 1) Error: Bad Argument Value

vd—c2dz?(a+barcsin(cz
335. [ et 4
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3.35.9 Mupad [F(-1)]

Timed out.

dz

/\/ — c2dz?(a + barcsin(cx)) dp — / (a + basin(cz)) Vd — 2 dx?
(f +gz)? B (f+ gac)2

inputtint(((a + b*asin(c*x))*(d - c™2*%d*x"2)~(1/2))/(f + g*x)~2,x)

outputtint(((a + b¥asin(c*x))*(d - c™2xd*x~2)~(1/2))/(f + g*x)~2, x)

3.35. f \/W;i-gz;rcsm(cm)) dr
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3.36 [(f+gz)’(d— czdzcz)3/2 (a+barcsin(cz)) dz

3.36.1 Optimalresult . . .. .. ... .. . ... . 3911
3.36.2 Mathematica [A] (verified) . . . . . .. ... .. .. L 392
3.36.3 Rubi [A] (verified) . . .. ... .. . ...
3.36.4 Maple [C] (verified) . ... ... ... .. ... .. 394
3.36.5 Fricas [F] . . . . . . . oo
3.36.6 Sympy [F(-1)] . . . . . 390
3.36.7 Maxima [F] . . . . . . . ... 3961
3.36.8 Giac [F(-2)] . . . . . o
3.36.9 Mupad [F(-1)] . . . . . o o

336.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz



CHAPTER 3. LISTING OF INTEGRALS

391

3.36.1 Optimal result

Integrand size = 31, antiderivative size = 959

3 9 1 9\3/2 ) _ 3bdf?gxvd — c2dx?
/(f + gz)® (d — ?dz®)”" (a + barcsin(cz)) dz = Y
N 2bdg’z/d — c2dx? _ 5bed, 3x2/d — c2dx? N 3bdf g?x%\/d — c2dx?
35¢3v/1 — c222 16v/1 — c2z? 32cv/1 — 222
_ 2bcdf*gx*vd — c?dx? N bdg®z3v/d — c2dx? N b3df3zty/d — 2dx?
5v1 — c2z? 105¢y/1 — 222 16v/1 — 222
Thedf g?x*v/d — c2dx?  3bccdf2gx®/d — 2da?
T a2 m/loen
8bcdg®z®v/d — c2dx?  bcldfg?xbv/d — c2dx?  bcPdgPzrV/d — c2da?
BTN =R w7 BTN o 7
+ §df3xm(a + barcsin(cz)) — 3dfg’z/d ~ cdu?(a + barcsin(cc))

8 16¢2
+ gdfgzx?’\/ d — c2dz?(a + barcsin(cz))
+ ;ldf?’x(l — ®2%) Vd — c2dz?(a + barcsin(cz))
+ %dfg2x3(1 — ®z%) Vd — c2dz?(a + barcsin(cz))

3df2g(1 — 2z2)* v/d — 2dz?(a + barcsin(cz))
B 5¢c?

dg3(1 — 2a?)? v/d — 2dz?(a + barcsin(cz))
B 5ct
N dg3(1 — 222)* v/d — 2dz?(a + barcsin(cz))

7ct
N 3df3v/d — c2dz?(a + barcsin(cz))? N 3df g*v/d — c2dz?(a + barcsin(cz))?
16bcyv/1 — c2x? 32bc3V/1 — c2x?

336.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz
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output | 3/8*d*f~3*x* (a+tb*arcsin(cxx))*(-c 2xd*x"2+d) ~(1/2)-3/16*d*f*g"~2*x* (at+b*arc
sin(c*x) ) *(-c™2*d*x"2+d) " (1/2) /c~2+3/8*d*f*xg~2+x"3* (a+b*arcsin (c*x) ) *(-c~2
*d*x"2+d) " (1/2) +1/4*%d*f " 3*x* (—c~2%x"2+1) * (a+b*arcsin(c*x) ) * (—c~2*d*x~2+d) ~
(1/2)+1/2*%d*f*g~2%x"3* (-c~2*x"2+1) * (a+b*arcsin(c*x) ) * (-c~2*d*x~2+d) ~(1/2) -
3/5*%d*f~2%g* (-c~2*x"2+1) "2* (atb*arcsin(c*x) ) * (-c~2*%d*x~2+d) ~(1/2) /c~2-1/5%
d*g~ 3% (-c~2*x"2+1) "2* (at+b*arcsin(c*x) ) * (—c~2*d*x"2+d) ~(1/2) /c~4+1/T*d*g~3*
(-c™2*x72+1) "3* (at+b*arcsin(c*x) ) * (—c~2*d*x"2+d) ~(1/2) /c~4+3/5*%b*xd*f ~2*gkx*
(-c™2xd*x"2+d) " (1/2) /c/ (-c™2%x"2+1) " (1/2) +2/35*b*d*g~3*x* (-c~2*d*x~2+d) ~ (1
/2)/c”3/(-c™2xx72+1) " (1/2) -5/16%bxc*d*f ~3*x~2* (-c~2*%d*x"2+d) ~(1/2) / (-c"2*x
~2+1) 7 (1/2) +3/32*%b*d*f*g~2%x " 2% (~c~2*d*x~2+d) ~(1/2) /c/ (-c~2*%x~2+1) " (1/2) -2
/5%bxckd*f " 2%gxx "3k (-cT2xd*x"2+d) " (1/2) / (-c72%x72+1) 7 (1/2) +1/105%b*d*g~3*x
“3x(-c"2xd*x"2+d) " (1/2) /c/ (-c"2*%x"2+1) ~(1/2) +1/16%b*c”3*d*f ~"3*x"4* (—c~2xd*
x"2+d) " (1/2) / (-c™2*%x"2+1) ~ (1/2) -7/32*b*ckd*f*g~2*x"4* (-c~2*d*x~2+d) ~(1/2)/
(-c™2*x72+1) " (1/2) +3/25%b*c~3*d*f ~2*gxx~5* (-c~2*d*x~2+d) ~(1/2) / (-c~2*x"2+1
)~ (1/2)-8/175%bxc*d*g~3*x~5* (-c™2*d*x~2+d) " (1/2) / (-c~2*x"2+1) " (1/2) +1/12%b
*C " 3kd*E*g " 2+x 6% (—c"2*%d*x"2+d) “(1/2) / (-c"2*x"2+1) " (1/2) +1/49%b*c~3*d*g™ 3%
X7T7*(—c™2xd*x"2+d) " (1/2) / (-c~2*x~2+1) ~(1/2) +3/16*d*f ~3* (a+b*arcsin(c*x) ) "2
* (—c”2xd*x"2+d) ~(1/2) /b/c/ (-c"2*x"2+1) ~(1/2) +3/32xd*f*g~2* (atb*arcsin (c*x)
) "2x(-c"2*d*x"2+d) " (1/2) /b/c~3/(-c"2*x~2+1) ~(1/2)

3.36.2 Mathematica [A] (verified)

Time = 0.83 (sec) , antiderivative size = 463, normalized size of antiderivative = 0.48

/(f + gz)® (d — czdx2)3/2 (a
dvd — c2dx?(11025a%cf (2¢* f2 + ¢%) — 210abv/1 — 2z%(32¢° + c?g(336 f% + 105 fgz +

+barcsin(cx)) dz =

input | Integrate[(f + g*x)“3x(d - c 2*d*x~2)"(3/2)*(a + b*ArcSin[c¥x]),x]

336.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz
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output | (d*Sqrt[d - c 2*d*x"2]*(11025%a~2*c*f*(2xc™2*xf~2 + g~2) - 210*a*b*Sqrt[1 -
cT2xx"2] % (32%g"3 + c”2*gk(336*%f72 + 105xfxgHx + 16%g~2%x"2) + 4*kcT6xx" 3% (
35%f73 + 84*f " 2xgkx + TO*f*g~2%x"2 + 20%g~3*x"3) - 2*c”4xx*(175%f~3 + 336%
f72xg*x + 245%xf*g~2%x"2 + 64%g~3*x"3)) + b~ 2*c*kx*(6720%g"3 + 35xc”2*g* (201
6*xf£72 + 315xfxgkx + 32kg~2%x"2) - 21%c”4*xx*x(1750*%f73 + 2240%f 2*xgxx + 1225
*xfxg~2%xx"2 + 256%g~3*x73) + 2kcT6*x"3*%(3675%f73 + T056*f "2*g*x + 4900*f*xg”
2%x"2 + 1200%g~3%x73)) - 210%b*(-105*a*c*f*(2xc™2*xf~2 + g~2) + b*Sqrt[1 -
c"2%x72] *(32%g~3 + c"2xgx(336*%f~2 + 105xf*xgkx + 16%g~2%x"2) + 4*xc”6*xx"3*(3
5xf£73 + 84*f " 2xgxx + TO*f*g~2%x"2 + 20%g~3%x"3) - 2%c"4xx*(175%f73 + 336*f
T2%gxx + 245%fxgT2%x"2 + 64xg~3%x73)))*ArcSin[c*x] + 11025%b~2kckf*x (2%xcT2%
72 + g~2)*ArcSin[c*x]~2))/(117600%bxc~4xSqrt[1 - c~2*x"2])

3.36.3 Rubi [A] (verified)

Time = 1.18 (sec) , antiderivative size = 498, normalized size of antiderivative = 0.52,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 197 Ryles used

integrand size
= {5276, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (d— chm2)3/2 (f + gz)*(a + barcsin(cz)) dx

| 5276

dvd — 2dz? [(f + gz)3 (1 - 02m2)3/2 (a + barcsin(cz))dz
V1—c2x?
| 5262

dvd — c2dz? [ ((1 - 025172)3/2 (a + baresin(cz)) f2 + 3gz (1 — 02m2)3/2 (a + barcsin(cz)) f2 + 3¢g22%(1 — 02x2)3/2
V1 — c2x?

l 2009

dvd — c2dx? <3f92(a+§21§5in(m))2 + 1 3z(1 - c2av2)3/2 (a + barcsin(cz)) + 3 f32v/1 — 222(a + barcsin(cz)) — 3

inputLInt[(f + g*x)"3%(d - c"2xd*x"2) " (3/2)*(a + b*ArcSin[c*x]),x]

~—

336.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz
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(d*Sqrt[d - c™2*d*x~2]*((3*b*f~2%g+*x)/(5xc) + (2%bxg~3+*x)/(35%c™3) - (5*bx
cxf"3%x72) /16 + (3xb*xf*g~2xx72)/(32%c) - (2%bkcxf~2%g*x~3)/5 + (bxg~3%x"3)
/(105%c) + (bxc™3*f73*%x"4)/16 - (Txb*cxf*g~2+x74)/32 + (3*b*xc”~3*f " 2xg*x~5)
/25 - (8xb*cxg~3*x75)/175 + (bxc ™ 3*f*g~2%x76)/12 + (b*c~3*g~3*x~7)/49 + (3
*f"3xx*xSqrt[1 - c™2*x"2]*(a + b*ArcSin[c*x]))/8 - (3*f*g~2*x*Sqrt[1l - c™2%
x"2]*(a + b*ArcSin[c*x]))/(16%c™2) + (3*f*g~2*x"3*Sqrt[l - c™2*x"2]*(a + b
*ArcSin[c*x]))/8 + (£73*x*(1 - c™2*x"2)~(3/2)*(a + bxArcSin[c*x]))/4 + (£f*
g 2xx"3*(1 - c"2*%x72)"(3/2)*(a + b*ArcSin[c*x]))/2 - (3*f72*g*(1 - c™2*x"2
)~(6/2)*(a + b*ArcSin[c*x]))/(5%c”2) - (g~3*x(1 - c"2*x"2)"(5/2)*(a + b*Arc
Sin[c*x]))/(5*xc”4) + (g~3*(1 - c™2%x~2)~(7/2)*(a + b*ArcSin[c*x]))/(7*c~4)
+ (3*%f73%(a + bxArcSin[c*x])~2)/(16xbxc) + (3*xfxg~2x(a + b*ArcSin[c*x])~2
)/ (32*bxc~3)))/Sqrt[1 - c™2*x"2]

-

3.36.3.1 Defintions of rubi rules used

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5262

rule 5276

~—

Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.))"(n_.)*((f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p*x(a +
bxArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] &
& EqQlc~2*d + e, 0] && IGtQ[m, 0] &% IntegerQ[p + 1/2] &% GtQ[d, 0] && IGtQ
[n, 0] & (m==1 |l p>0 |l (n==1& p>-1) || (m==2 & p < -2))

Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.))"(n_)*((f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)"p/(1 - c”2%x"2)"
Pl Int[(f + g*x)"m*x(1 - c”2%x72) p*(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, f, g, n}, x] && EqQ[c™2*d + e, 0] && IntegerQ[m] &% Intege
rQlp - 1/2] && !'GtQ[d, O]

3.36.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.72 (sec) , antiderivative size = 2074, normalized size of antiderivative = 2.16

method | result size
default | Expression too large to display | 2074

parts Expression too large to display | 2074

336.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz
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input

output
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int ((g*x+f) “3% (-c~2%d*x~2+d) ~ (3/2) * (a+b*arcsin(c*x)) ,x,method=_RETURNVERBO
SE)

a* (£73* (1/4*xx (—c~2xd*x~2+d) ~ (3/2) +3/4*d* (1/2xx* (—c~2*d*x~2+d) ~ (1/2)+1/2*d
/(c™2xd) " (1/2)*arctan((c™2*d) ~(1/2) *x/ (-c~2*d*x~2+d) ~(1/2)) ) ) +g~3* (-1/7*x"
2% (—c™2*d*x"2+d) ~(5/2) /c~2/d-2/35/d/c"4* (-c~2*d*x"2+d) " (5/2) ) +3*fxg~2* (-1/
6*x* (—c™2xd*x~2+d) " (5/2) /c”2/d+1/6/c™ 2% (1/4*x* (—c~2*d*x~2+d) ~ (3/2) +3/4*d* (
1/2xx* (—c~2%d*x"2+d) ~(1/2)+1/2*d/ (c"2*d) ~(1/2) *arctan ((c~2*d) ~(1/2) *x/ (-c~
2%d*x~2+d) "~ (1/2)))))-3/5*£~2%g/c~2/d* (-c~2xd*x~2+d) ~(5/2) ) +b* (-3/32* (-d* (c
~2%x72-1)) " (1/2) % (—c™2*x"2+1) ~(1/2) /c~3/ (c~2*x"2-1) *arcsin (c*x) ~2*f* (2xc~2
*£72+4g72) *d-1/6272% (-d* (c™2*x"2-1) )~ (1/2) * (64*c~8*x~8-144*Cc”~6*x~6-64*I*c"7
*x"Tx(—c™2%x72+1) " (1/2) +104*c™4*x~4+112*%I* (—c~2%x"2+1) ~(1/2) *x~5*c~5-25*c~
2xx"2-56%I* (-c™2%x"2+1) " (1/2) *x~3*%c"3+7*I* (-c~2%x"2+1) " (1/2) *x*c+1) *g~3* (I
+7*arcsin(c*x))*d/c”4/(c™2*%x"2-1)-1/768* (-d*x (c™2*x"2-1) ) ~(1/2) * (-32*I* (-c~
2*%x72+1) " (1/2) *Cc~6*x"6+32%Cc " T*x"7T+48*I* (—c~2*x"2+1) " (1/2) *x~4*c~4-64*c~5*x
“5-18*I* (—c™2*x"2+1) " (1/2) *x"2%c~2+38*c"3*x"3+I* (-c"~2*x"2+1) ~ (1/2) —6*Cc*x) *
fxg~2* (I+6*arcsin(c*x))*d/c”3/(c™2*x~2-1)-1/3200* (-d*(c~2*x~2-1) ) ~(1/2)*(1
6*CT6*X"6-28%Cc"4*x"4-16%T* (—c"2%x"2+1) " (1/2) *x~5*c~5+13%c”2%x"2+20*I* (-c~2
*x"2+1) 7 (1/2) *x"3%c™3-5%I* (-c™2%x"2+1) ~(1/2) *x*c-1) *g* (12*I*f ~2%c~2+60%*arc
sin(c*x)*c™2*f"2-T*g~2-5xarcsin(c*x)*g~2)*d/c~4/(c™2*x"2-1)-1/512%(-d*(c~2
*x72-1)) 7 (1/2) ¥ (-8%I* (—c™2*x"2+1) " (1/2) *x~4*c~4+8*Cc~5*x"5+8*I* (-c~2*x"2+1)
“(1/2)*x72%c"2-12%c"3*x"3-I* (-c™2*x”"2+1) ~(1/2) +4*c*x) *f* (2% I*xc~2+f ~2+8*arc
sin(c*x)*xc™2+f"2-3xI*g~2-12*%arcsin(c*x) *g~2) *d/c”~3/(c"2*xx"2-1)-3/128*(-. ..

3.36.5 Fricas [F]

[ +g0° (@

— czdau2)3/2 (a + barcsin(cz)) dz = / (—c?dz® + d)

3
2

(92 + f)*(barcsin (cz) + a) dz

integrate ((g*x+f) 3% (-c~2xd*x~2+d) ~(3/2) * (a+b*arcsin(c*x) ) ,x, algorithm="f

ricas")

integral (- (a*c™2xd*g~3*x"5 + 3kakc 2xd*f*g~2xx"4 - 3xaxd*f 2xgxx - axd*xf~3

+ (Bxaxc™2xd*f"2%g - axd*g~3)*x"3 + (akc"2xd*f~3 - 3kaxd*fxg~2)*x"2 + (bx*
CT2xd*g 3%x"5 + 3*bkc"2xd*f*g"2%xx"4 - 3xbxd*f"2xgxx — bxd*f~3 + (3*%bxc”2xd
*f~2xg - bxd*g~3)*x"3 + (b*c"2xd*f"3 - 3xb*d*xf*g~2)*x~2)*arcsin(c*x))*sqrt
(-c~2%d*x"2 + d), x)

336.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz
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3.36.6 Sympy [F(-1)]

Timed out.

/(f + gz)® (d — c2dx2)3/2 (a + barcsin(cz)) dz = Timed out

inputLintegrate((g*x+f)**3*(—c**2*d*x**2+d)**(3/2)*(a+b*asin(c*x)),x)

e

outputtTimed out

3.36.7 Maxima [F]

[+ (@

— chx2)3/2 (a + barcsin(cz)) dx = / (—cPdz® + d)%(ga: + f)*(barcsin (cz) + a) dz

input integrate ((g*x+f) ~3*(-c~2*d*x~2+d) ~(3/2) * (a+b*arcsin(c*x)) ,x, algorithm="m
axima")

output | 1/8* (2% (-c™2xd*x~2 + d)~(3/2)*x + 3*sqrt(-c"2xd*x"2 + d)*d*x + 3*d~(3/2)*a
rcsin(c*x)/c)*a*f~3 - 1/36% (5% (-c™2xd*x"2 + d)~(5/2)*x72/(c"2*d) + 2x(-c~2
*d*x"2 + d)7(5/2)/(c™4*d))*axg™3 + 1/16%axf*g~2x (2% (-c~2*d*x"2 + d) ~(3/2)*
x/c”2 - 8x(-c”2xd*x"2 + d)~(5/2)*x/(c”2%d) + 3*sqrt(-c"2xd*x"2 + d)*d*x/c”
2 + 3xd~(3/2)*arcsin(c*x)/c”3) - 3/5*%(-c”2xd*x~2 + d)~(5/2)*a*xf~2*g/(c”2*d
) + sqrt(d)*integrate(-(b*c "2*d*g~3*x"5 + 3xbkc 2*d*xf*g~2*%x"4 - 3*kbkd*f 2%
g*x — bxd*f~3 + (3*b*xc™2xd*f"2%g - bxd*g~3)*x"3 + (b*c™2xd*f~3 - 3*xb*d*fxg
~2)*x"2)*sqrt(c*x + 1)*sqrt(-c*x + 1)*arctan2(c*x, sqrt(cxx + 1)*sqrt(-c*x
+ 1)), x)

336.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz

~—
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3.36.8 Giac [F(-2)]

Exception generated.

/ (f +g2)* (d— chm2)3/ 2 (a + barcsin(cz)) dr = Exception raised: RuntimeError

input | integrate ((g*x+f) ~3*(-c~2*d*x"2+d) ~(3/2) * (a+b*arcsin(c*x)) ,x, algorithm="g
iac")

output | Exception raised: RuntimeError >> an error occurred running a Giac command
: INPUT: sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve
cteur & 1) Error: Bad Argument Value

3.36.9 Mupad [F(-1)]

Timed out.

(¢ +907 (@

— Cde2)3/2 (a + barcsin(cz)) dz = / (f +g2)° (a+ basin(cz)) (d— d:vz)?’/2

dz

input Lint((f + g*x)~3*(a + b*asin(c*x))*(d - c™2*d*x~2)~(3/2),x)

-/

output Lint((f + g*x)"3%(a + b*asin(c*x))*(d - c™2*d*x"2)~(3/2), x)

336.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz
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3.37 [(f+gz)*(d— czclx2)3/2 (a+barcsin(cz)) dz

3.37.1 Optimalresult . . .. ... ... ... ... .. ...
3.37.2 Mathematica [A] (verified) . . . . . .. ... .. .. L
3.37.3 Rubi [A] (verified) . . ... ... ..
3.37.4 Maple [C] (verified) . ... ... ... .. ... ... ..
3.37.5 Fricas [F] . . . . . o o o
3.37.6 Sympy [F(-1)] . . . .
3.37.7 Maxima [F] . . . .. . .
3.37.8 Giac [F(-2)] . . . . o
3.37.9 Mupad [F(-1)] . . . . o

3.37.1 Optimal result

Integrand size = 31, antiderivative size = 680

) 2bdf gxv/d — c*dz?
+ gx)? (d — dz? 3/2 a + barcsin(ez)) dx =
[+ 927 R (c2)) fot it

_ Sbedf?s®v/d — 2da?  bdg’s’v/d — c2da?  dbedfgr’v/d — crda?

+
16y/1 — c2x2 32¢cv/1 — c2x? 15v/1 — c2x?
N bldf*z*vd — c?dx®  Thedg®s'v/d — c2da? N 2bc3df gz+/d — c2dx?
164/1 — c2x? 96v1 — c2x? 25v/1 — c2x?
bcldg?xz®/d — c2dz? 3
+ + ~df?zvd — c2dz2(a + barcsin(cz
Wi Y ( (cz))
2 — 2,2 :
- A= e bareoe) | L g /g = dda?(a + baresinez)
+ }Ldfzx(l — ®z%) Vd — 2dx?(a + barcsin(cz))
+ %dex?’ (1 - c*2?) Vd — 2dz?(a + barcsin(cz))
_ 2dfg(1 - 2x2)® \/d — dz?*(a + barcsin(cz))
5c?

N 3df?v/d — c2dz?(a + barcsin(cr))? N dg*v/d — c*dz?(a + barcsin(cz))?

16bcy/1 — c2x2 32bc3/1 — c2x2

29
399
400!
40T
402

403!
403!

337 [(f+gz)(d- 2dz?)*? (a + barcsin(cz)) dz
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output | 3/8%d*f~2*x* (a+b*arcsin(c*x))*(-c~2xd*x~2+d) ~(1/2)-1/16xd*g"2*x* (atb*arcsi
n(c*x))*(—c~2xd*x~2+d) ~(1/2) /c~2+1/8*d*g"2*x"3* (a+b*arcsin (c*x) ) * (-c~2xd*x
~2+d) " (1/2) +1/4*d*£~2xx*k (-c~2*x"2+1) * (a+b*arcsin(c*x) ) x (-c~2xd*x~2+d) " (1/2
)+1/6%d*xg~2xx"3% (-c"2*x"2+1) * (a+b*arcsin(c*x) ) * (-c~2*d*x~2+d) ~(1/2) -2/5*d*
frgk(-c™2xx72+1) 2% (atb*arcsin(c*x) ) * (-c2*d*x"2+d) " (1/2) /c™2+2/5*b*d*f*g*
x* (—c72*%d*x"2+d) ~(1/2) /c/ (-c™2xx72+1) ~ (1/2) -5/16*b*c*d*f ~2*x 2% (-c~2*d*x "2
+d)~(1/2) / (-c™2*x"2+1) " (1/2) +1/32%bxd*g~2*x~2* (-c~2*d*x~2+d) ~(1/2) /c/(-c~2
*x"2+1) 7 (1/2) -4/15xbxckxd*f*g*x~3* (-c~2%d*x~2+d) ~ (1/2) / (-c~2*x"2+1) ~(1/2) +1
/16xb*c™3kd*f " 2%x"4* (-c”2%d*x"2+d) ~(1/2) / (-c"2xx"2+1) " (1/2) -7/96%b*c*xd*g~2
*x"4* (—c72xd*x"2+d) " (1/2) / (-c"2%x72+1) " (1/2) +2/25%b*c~3*xd* £ *g*x "5 (—c~2*d*
x"2+d) " (1/2) / (mc™2%x"2+1) " (1/2) +1/36%b*c~3*d*g~2*xx " 6% (-c~2xd*x~2+d) " (1/2) /
(-c™2%x"2+1) ~(1/2)+3/16*d*xf 2% (a+b*arcsin(c*x)) ~2* (-c~2*xd*x~2+d) ~(1/2) /b/c
/(-c™2*%x"2+1) " (1/2) +1/32*d*g~2* (a+b*arcsin(c*x) ) “2* (-c~2xd*x~2+d) ~(1/2) /b/
c~3/(-c™2*%x"2+1)~(1/2)

3.37.2 Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 332, normalized size of antiderivative = 0.49

/(f + gz)* (d — C2d132)3/2 (a
dvd — c*dz? (225&2(602]‘2 + ¢°) + 62?2 (450¢” f2x(—5 + *z?) + 192fg(15 — 10c%z* +

+barcsin(cz)) de =

inputLIntegrate[(f + gkxx)"2%(d - c”2xd*x"2)"(3/2)*(a + bxArcSin[c*x]),x] J

e N

output | (d*Sqrt[d - c”~2*d*x"2]*(226%a"2*% (6*%c™2*£72 + g~2) + b~ 2%c”2*x* (450*c™2*f "2
*xx*x (-5 + c72%xx72) + 192%f*gk (15 - 10%c™2%x"2 + 3%c"4*x"4) + 25%g 2*x*(9 -
21%c72%x"2 + 8%c"4*x74)) - 30%a*bkxcxSqrt[l - c™2*x"2]*(96*f*gx (-1 + c™2*x~
2)72 + 30*%c”2*f"2%x* (-5 + 2%cT2%x72) + B*kgT2#x*(3 - 14%cT2*x"2 + 8*%cT4*x"4
)) + 30*b*(15%ax(6xc™2+%f"2 + g~2) - bxc*Sqrt[l - c™2*x"2]*(96xf*g* (-1 + ¢~
2%x72)72 + 30%cT2xf72*x* (-5 + 2*%cT2%x72) + BxgT2*x*(3 - 14*%cT2xx"2 + 8%c™4
*x~4)))*ArcSin[c*x] + 225%b~2*(6*c~2+%f"2 + g~2)*ArcSin[c*x]~2))/(7200%b*c™
3x3qrt[1 - c™2*x~2])

337 [(f+gz)(d- 2dz?)*? (a + barcsin(cz)) dz
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3.37.3 Rubi [A] (verified)

Time = 0.95 (sec) , antiderivative size = 367, normalized size of antiderivative = 0.54,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 197 Ryles used

integrand size
= {5276, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (d— czdavz)?'/2 (f + gz)*(a + barcsin(cz)) dx

| 5276

dvd — 2dz? [(f + gz)? (1 - 02m2)3/2 (a + barcsin(cz))dz
V1 — c2z?
| 5262

dvd — c2dz? [ ((1 - 021:2)3/2 (a + barcsin(cz)) f2 + 29z (1 — 0211:2)3/2 (a + barcsin(cz)) f + g2z?(1 — 02m2)3/2 (a
V1-—c2z?

l 2009

d\/m<92(a"'bamsm(ca"))2 + %f%(l — 02:1:2)3/2 (a + barcsin(cz)) + %f%m(a + barcsin(cz)) — 2f9(

32bc3

input Int[(f + g*x)~2*%(d - c”2*d*x~2)~(3/2)*(a + b*ArcSin[c*x]),x]

output  (dxSqrt[d - c”2*d*x~2]*((2xbxf*g*x)/(5%c) - (Bxb*xckf~2xx"2)/16 + (b*g~2*x"
2)/(32xc) - (4xbxcxfxg*x~3)/15 + (b*c™3*f~2xx"4)/16 - (7xb*cxg~2%x"4)/96 +
(2%b*c™3*f*g*x"5) /25 + (bxc™3*g™2*%x"6)/36 + (3*f 2*x*Sqrt[1 - c"2*x"2]*(a
+ b*ArcSin[c*x]))/8 - (g™ 2*x*Sqrt[1 - c™2*x~2]*(a + bxArcSin[c*x]))/(16%c
72) + (g72*x7"3*Sqrt[1 - c"2*x"2]*(a + bxArcSin[c*x]))/8 + (£72*x*(1 - c™2%
x~2)"(3/2)*(a + bxArcSin[c*x]))/4 + (g™2*x~3%(1 - c~2%x72)"(3/2)*(a + b*Ar
cSinlc*x]))/6 - (2xfxgx(1 - c~2*x"2)~(5/2)*(a + b*ArcSin[c*x]))/(5*%c~2) +

(3*f~2*(a + bxArcSin[c*x])~2)/(16*b*xc) + (g~2*(a + b*ArcSin[c*x])~2)/(32*b
*c~3)))/Sqrt[1 - c™2*x"2]

337 [(f+gz)(d- 2dz?)*? (a + barcsin(cz)) dz
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3.37.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5262 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) px(a +
bxArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] &
& EqQlc™2%d + e, 0] && IGtQ[m, 0] && IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 |l p>0 1|l (n==1&& p>-1) || (m==2&& p < -2))

rule 5276 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)7p/(1 - c"2%x"2)~
Pl Int[(f + g*x) "m*(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, ¢, 4, e, f, g, n}, x] && EqQlc"2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] & !'GtQ[d, O]

3.37.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.56 (sec) , antiderivative size = 1535, normalized size of antiderivative = 2.26

method | result size
default | Expression too large to display | 1535

parts Expression too large to display | 1535

input‘int((g*x+f)“2*(—c‘2*d*x‘2+d)‘(3/2)*(a+b*arcsin(c*x)),x,method=_RETURNVERBO
SE)

N\

337 [(f+gz)(d- 2dz?)*? (a + barcsin(cz)) dz
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a* (£72% (1/4%x* (—c™2xd*x"2+d) ~(3/2) +3/4%d* (1/2*x* (-c~2*%d*x~2+d) ~(1/2)+1/2*d
/(c™2%d) " (1/2)*arctan((c~2*d) ~(1/2) *x/ (-c~2*d*x~2+d) ~(1/2))) ) +g~ 2% (-1/6*x*
(-c™2%d*x~2+d) ~(5/2) /c~2/d+1/6/c”2x (1/4*x* (-c~2*d*x~2+d) = (3/2) +3/4*d* (1/2%
x* (—c™2%d*x"2+d) "~ (1/2)+1/2%d/ (c~2+d) ~(1/2) *arctan ((c~2*d) ~(1/2) *x/ (-c~2*d*
x"2+d)~(1/2)))))-2/5*%fxg/c”2/d* (—c~2*d*x~2+d) ~(5/2) ) +b* (-1/32% (-d* (c"2*x"2
-1))7(1/2)*(-c™2*x"2+1) " (1/2) /c~3/ (c"2*x~2-1) *arcsin(c*x) “2* (6*c~2*f " 2+g~2
Y*d-1/2304%* (—d* (c™2*xx"2-1)) " (1/2) * (=32*I* (—c~2*x"2+1) ~(1/2) *c"6*x~6+32*c”7
*X " T+48* Tk (—c™2%x"2+1) " (1/2) *x"4*Cc"4-64*c”5*%x"5-18*I* (-c™2*x"2+1) ~(1/2) *x~
2%Cc72+38%c"3*kx"3+I* (—cT2%x72+1) 7 (1/2) -6*c*x) *g~ 2% (I+6*arcsin (c*xx) ) *d/c~3/(
Cc”2%x72-1)-1/400% (—d* (c"2*%x"2-1) ) " (1/2) * (16*c~6*x~6-28%Cc~4*x~4-16*%I* (-c~2%
X"2+1) 7 (1/2) *x~5*%c5+13%Cc™2%x"2+20%I* (-c~2%x"2+1) " (1/2) #x~3*c~3-5*I* (-c~2%
X"2+1) 7 (1/2) *x*c-1) *f*g* (I+5*arcsin(c*x) ) *d/c”2/ (c™2%x"2-1)-1/512% (-d* (c~2
*x72-1)) " (1/2) % (-8*I* (-c™2*x"2+1) ~(1/2) *x~4*Cc~4+8*Cc~5*x~5+8*I* (-c~2*x"2+1)
~(1/2) #x72%c”2-12%c"3*x"3-I* (—c™2*x"2+1) ~(1/2) +4*c#*x) * (8*arcsin (c*x) *c~2*f
~2+2xIxc”2xf"2-4*arcsin(c*x) *g~2-I*g~2)*d/c~3/(c"2%x"2-1)-1/8* (-d* (c"2*x"2
-1))7(1/2) *(c™2%x"2-I* (—c"2*x"2+1) ~(1/2) *x*c-1) *f*g* (arcsin(c*x)+I) *d/c"2/
(c™2*x72-1)-1/8*(=d* (c"2*x72-1) ) ~(1/2) * (I* (—c™2*x"2+1) ~ (1/2) *x*c+c~2*x"2-1
)*f*xgx(arcsin(c*x)-I)*d/c”2/(c™2%x"2-1)+1/256% (-d* (c™2*x~2-1) )~ (1/2) * (2*Ix*
(—c™2xx72+1) 7 (1/2) *x"2%Cc™2+2%c"3*x"3-I* (—c™2%x"2+1) ~(1/2) -2%c*x) * (-16%I*c™
2*f~2+32*arcsin(cxx) *c™2xf " 2-I*g~2+2*arcsin(c*x) *g~2)*d/c~3/(c™2*x"2-1) ...

3.37.5 Fricas [F]

[t +907 (@

— c2dacz)3/2 (a + barcsin(cz)) dz = / (—=c?dz® + d)

3
2

(9z + f)*(barcsin (cz) + a) dz

integrate ((gxx+f) 2% (-c~2*d*x~2+d) ~(3/2) * (a+b*arcsin(c*x)) ,x, algorithm="f
ricas")

N

integral (- (axc™2xd*g~2*x"4 + 2xaxc”2xd*xfxgxx~3 - 2¥axd*xf*g*x — a*xd*f~2 + (
axcT2+d*f72 - akdkg~2)*x"2 + (b*cT2xd*xg 2*x"4 + 2¥bkc"2xd*f*kgxx"3 — 2kbxd*
fxgkx — bkxd*f~2 + (b*c™2*d*f~2 - b*d*g~2)*x"2)*arcsin(c*x))*sqrt (-c~2*d*x"
2 +d), x)

337 [(f+gz)(d- 2dz?)*? (a + barcsin(cz)) dz
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3.37.6 Sympy [F(-1)]

Timed out.

/(f + gz)* (d — c2dx2)3/2 (a + barcsin(cz)) dz = Timed out

input Lintegrate ((gxx+1L) %2k (—ck*2xd*x**2+d) ** (3/2) * (a+b*asin(c*x)) ,x)

e

outputtTimed out

~—

3.37.7 Maxima [F]

¢+ (@

— chx2)3/2 (a + barcsin(cz)) dx = / (—cPdz® + d)%(ga: + f)*(barcsin (cz) + a) dz

input integrate ((g*x+f) ~2*(-c~2*d*x~2+d) ~(3/2) * (a+b*arcsin(c*x)) ,x, algorithm="m
axima")

output | 1/8* (2% (-c™2xd*x~2 + d)~(3/2)*x + 3*sqrt(-c"2xd*x"2 + d)*d*x + 3*d~(3/2)*a

rcsin(c*x)/c)*a*xf~2 + 1/48%a*xg~2% (2% (-c™2*d*x~2 + d)~(3/2)*x/c”2 - 8*(-c~2
*d*x~2 + d)~(5/2)*x/(c”2*%d) + 3*ksqrt(-c2xd*x"2 + d)*d*x/c”2 + 3*d~(3/2)*a

rcsin(c*x)/c”3) - 2/5%(-c”2xd*x"2 + d)~(5/2)*axfxg/(c”"2+%d) + sqrt(d)*integ
rate (- (b*c™2*d*g 2%x"4 + 2¥b*c ™ 2kd*f*g*kx~3 - 2*bkd*f*xgkx — bkd*f"2 + (b*xc”
2%d*f~2 - bkdxg~2)*x"2)*sqrt(c*x + 1)*sqrt(-c*x + 1)*arctan2(c*x, sqrt(c*x
+ 1)*sqrt(-c*x + 1)), x)

3.37.8 Giac [F(-2)]

Exception generated.

/ (f +9z)* (d— c2dx2)3/ 2 (a + barcsin(cz)) dr = Exception raised: RuntimeError

337 [(f+gz)(d- 2dz?)*? (a + barcsin(cz)) dz
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input | integrate ((g*x+f) ~2*(-c~2*d*x"2+d) ~(3/2) * (a+b*arcsin(c#*x)) ,x, algorithm="g
iac")

output | Exception raised: RuntimeError >> an error occurred running a Giac command
: INPUT: sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve
cteur & 1) Error: Bad Argument Value

3.37.9 Mupad [F(-1)]
Timed out.
[ +907 (@

_ c2dx2)3/2 (a + barcsin(cz)) dz = / (f + g:c)2 (a + basin(cz)) (d —c d$2)3/2 dx

input Lint((f + gx)“2%(a + bxasin(c¥x))*(d - ¢ 2*%d*x~2)"(3/2),x)

output Lint((f + gxx)~2%(a + b*asin(c*x))*(d - c™2*d*x~2)~(3/2), x)

337 [(f+gz)(d- 2dz?)*? (a + barcsin(cz)) dz
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3.38.3 Rubi [A] (verified) . . . .. ... .. 206!
3.38.4 Maple [C] (verified) . ... ... ... .. ... .. 408
3.38.5 Fricas [F] . . . . . . o o o 409
3.38.6 Sympy [F] . . . . . o 409
3.38.7 Maxima [F] . . . . . . . .. 4091
3.38.8 Giac [F(-2)] . . . . . 410
3.38.9 Mupad [F(-1)] . . . . oo 4101

3.38.1 Optimal result

Integrand size = 29, antiderivative size = 370
bdgx+/d — c2dx?
+gz) (d — 2dz?)*? (a + barcsin(cz)) dz =
[ (¢ +92) (a- eaat) (ea)) d = IV

_ Sbedfz?vd — c2dx?  2bcdgr’v/d — c2da? N bc3df xt/d — c?dx?
164/1 — 22 15v/1 — 22 16y/1 — c2x?

37 .5 /T 273
N be (;Z.’I:I/\/g + gdfﬂcm(a + barcsin(cz))

1
+ dex(l — ®2%) Vd — c*dz?(a + barcsin(cz))

_dg(1 - 222)* /d — 2dz?(a + barcsin(cz)) N 3dfvd — c*dz?(a + barcsin(cz))?
5¢c? 16bcv/'1 — c2x?

output | 3/8*d*f*x* (a+b*arcsin(c*x))*(—c™2*d*x"2+d) ~ (1/2) +1/4*d*f*x* (-c~2*x~2+1) *(a
+bxarcsin(c*x) ) * (-c~2xd*x"2+d) ~(1/2) -1/5*d*g* (—c~2*x~2+1) “2* (a+b*arcsin(c*
X)) *(—c™2xd*x"2+d) " (1/2) /c~2+1/5*b*d*g*xx* (-c~2*d*x"2+d) ~(1/2) /c/ (-c~2*x"2+
1)~ (1/2)-5/16*b*c*d*f*x~2* (-c~2*xd*x"2+d) ~(1/2) / (¢~ 2*x"2+1) ~(1/2) -2/15*b*c
*xQ*gHx 3% (—c"2xd*x"2+d) “(1/2) / (-c"2%x"2+1) " (1/2) +1/16%b*c~3*d*f*x"4* (-c~2%
d*x~2+d) " (1/2)/ (-c"2%x"2+1) = (1/2) +1/25*%b*c~3*d*g*x~5* (-c~2*d*x~2+d) ~(1/2) /
(=c™2*x72+1) " (1/2) +3/16*d*f* (a+b*arcsin(c*xx) ) 2% (-c~2*d*x~2+d) ~(1/2) /b/c/ (
-cT2%x72+1)7(1/2)

N\ J

338.  [(f+gz)(d— 2dz?)*? (a + barcsin(cz)) dz
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3.38.2 Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 216, normalized size of antiderivative = 0.58

/(f + gz) (d — 02d$2)3/2 (a
dvd — c2dz? (225a2cf — 30aby/1 — c2x2 (89(—1 + 222)® + 5 fr (-5 + 202x2)> + b%ca

+barcsin(cz)) dr =

input‘ Integrate[(f + gxx)*(d - c™2xd*x~2)"(3/2)*(a + b*ArcSin[c*x]),x]

output | (d*Sqrt[d - c~2xd*x"2]*(2265%a~2*kcxf - 30%a*b*Sqrt[1 - c 2*x"2]*(8*gk (-1 +
CT2%x72) 72 + BkcT2xfxx* (-5 + 2%CcT2*x72)) + bT2*cHkx*k (75xc”2*xf*x*x (-5 + cT2*x
72) + 16xgx(15 - 10%c™2%x"2 + 3*%c”4*x"4)) + 30%b*(15*a*c*f + b*Sqrt[1l - c~
2xx”2] % (5kc™2xf*x* (5 - 2%c™2%x72) - 8*xgx(-1 + c”2*x72)72))*ArcSin[c*x] + 2
25%b~2xcxf*ArcSin[c*x] ~2)) /(1200%b*xc~2*Sqrt [1 - c~2*x~2])

3.38.3 Rubi [A] (verified)
Time = 0.55 (sec) , antiderivative size = 193, normalized size of antiderivative = 0.52,
number of steps used = 3, number of rules used = 3, number of rules _ 0.103, Rules used

integrand size
= {5276, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

d— 2dz?)/* (f + gz)(a + barcsin(cz)) dz
( )
l 5276

dvd—c2dz? [(f + gz) (1 — 62x2)3/2 (a + barcsin(cz))dz
V1 — c2x?
| 5262

dvd — c*dz? | (f(a + barcsin(cz)) (1 — c2x2)3/2 + gz(a + barcsin(cz)) (1 — c2x2)3/2> dz
V1 — c2z?
| 2009

338.  [(f+gz)(d— 2dz?)*? (a + barcsin(cz)) dz
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5/2 (a+barcsin(cz))

dvd — c2dz? (ifw(l - 02552)3/2 (a + barcsin(cz)) + 3 fov/1 — c2z%(a + barcsin(cz)) — g(1—c22?) @
V1—c2z?

input Int[(f + g*x)*(d - c"2*d*x"2)~(3/2)*(a + b*ArcSin[c*x]),x]

output | (d*Sqrt[d - c~2*xd*x~2]*((bxg*x)/(5%c) - (5xbkcxf*x72)/16 - (2%b*cxg*x~3)/1
5 + (bxc™3*f*x"4)/16 + (b*c~3xg*x~5)/25 + (3*f*x*Sqrt[1 - c"2*xx"2]*(a + b*
ArcSin[c#x]))/8 + (fxx*(1 - c™2*xx"2)"(3/2)*(a + bxArcSin[c*x]))/4 - (gx(1
- ¢c72%x72)"(56/2)*(a + b*ArcSin[c*x]))/(5%c~2) + (3*fx(a + b*ArcSin[c*x])"2
)/ (16%b*c)))/Sqrt[1 - c™2*x"2]

3.38.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5262 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) px(a +
b*ArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] &
& EqQlc™2xd + e, 0] &% IGtQ[m, O] && IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 |l p>0 1|l (n==1&& p>-1) || (m==2&& p < -2))

rule 5276  Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)7p/(1 - c™2%x"2)~
pl Int[(f + g*x)“m*(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, f, g, n}, x] && EqQ[c™2*d + e, 0] && IntegerQ[m] && Intege

rQlp - 1/2] & 'GtQ[d, 0]

338.  [(f+gz)(d— 2dz?)*? (a + barcsin(cz)) dz
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3.38.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.56 (sec) , antiderivative size = 1014, normalized size of antiderivative = 2.74

method | result
3 2 __Vldx 5
default afz(—c?dz®+d)? + 3afdzv/—c2dz2+d + Bafd arctan(\/m> _ag(=c?dz?+d)? 1+ h _ 3y/—d(2a? 1)V~
4 8 8v/c2d 5c2d 16¢(c?
3 2 __Vc2da 5
arte | dfode )} | sopary—raarea | 2 oot (505 )  ag(ccranta)? 1 pf _3EEE V=
P 4 8 8v/c2d 5c2d 16¢(c2

int ((g*x+£f) * (—c~2*d*x~2+d) ~(3/2) * (a+b*arcsin(c*x)) ,x ,method=_RETURNVERBOSE
)

1/4xa*xfxx* (—c~2xd*x~2+d) ~(3/2) +3/8*axf*d*x* (—c~2*d*x~2+d) ~(1/2)+3/8*axf*d~
2/(c™2xd) " (1/2)*arctan((c~2*d) ~(1/2) *x/ (-c~2*d*x~2+d) ~(1/2) )-1/5*a*g/c~2/d
* (—c”2%d*x"2+d) " (5/2) +b* (-3/16% (-d* (c"2*xx"2-1) ) ~(1/2) *(-c™2*x~2+1) ~(1/2) /c
/(c™2xx72-1) *arcsin(c*x) ~2*xf*d-1/800* (-d* (c"2*x"2-1)) ~(1/2) * (16*c~6*x~6-28
*CT4*xx"4-16%I* (—c™2xx"2+1) ~(1/2) *x"5*%c~5+13*%c~2*%x"2+20* I * (-c~2*xx~2+1) ~(1/2
) *#x73%c"3-5*%I* (—c™2*x"2+1) " (1/2) *x*c-1) *gx (I+5*arcsin(c*x))*d/c”2/(c"2*x~2
-1)-1/256*(-d*(c™2*x"2-1)) ~(1/2) * (-8*I* (-c~2*x~2+1) ~ (1/2) *x~4*c"4+8%c 5*x"
5+8*Ix (—c™2%x72+1) " (1/2) *x™2%c™2-12%c " 3*x " 3-I* (-c~2*x"2+1) " (1/2) +4*c*xx) ¥ *
(4*xarcsin(c*x)+I)*d/c/(c™2*xx"2-1)-1/16% (—d* (c™2%x"2-1) ) ~(1/2) * (c~2*x~2-I*(
-c72*x"2+1) " (1/2) *x*c-1) *g* (arcsin(c*x) +I)*d/c"2/(c"2%x"2-1)-1/16* (-d* (c~2
*x72-1)) 7 (1/2) * (I* (-c™2*%x"2+1) ~(1/2) *x*c+c~2*x"2-1) *g* (arcsin(cxx) -I) *d/c”
2/(c™2*x72-1)+1/16% (-d* (c"2*x"2-1) )~ (1/2) * (2*I* (—c~2*x"2+1) ~(1/2) *x~2%c~ 2+
2%c73%x"3-I* (—c™2xx"2+1) ~(1/2) -2*c*x) *f* (-I+2*xarcsin(c*x) ) *d/c/ (c"2*x"2-1)
+1/96% (—d* (c™2*%x"2-1)) ~(1/2) * (4*I*c~3*x" 3% (—c~2*%x"2+1) ~(1/2) +4*c"4*xx~4-3*1
*x (—c72xx72+1) 7 (1/2) *x*kc-5*c"2%x"2+1) *g* (-I+3*arcsin(c*x) ) *d/c"2/(c"2*x"2-1
)—-1/1200% (—d* (c~2%x"2-1)) ~(1/2) * (I* (-c™2*x"2+1) " (1/2) *x*c+c™2*x"2-1) *g* (11
*I+45*arcsin(c*x))*cos(4*arcsin(c*x))*d/c”2/(c"2*x"2-1)-1/600* (-d* (c~2*x~2
=1))7(1/2) * (I*c™2xx"2-c*x* (—c™2*x"2+1) ~(1/2) -I) *g* (7*I+15*arcsin(c*x) ) *sin
(4*xarcsin(c*x))*d/c~2/(c™2*x"2-1)-1/256* (—d* (c"2*x"2-1) )~ (1/2) * (I*c~2%x"2-
cxx* (-c™2%x"2+1) " (1/2) -I) *f* (17*I+28*arcsin (c*x) ) *cos(3*arcsin(c*x))*d/. ..

338.  [(f+gz)(d— 2dz?)*? (a + barcsin(cz)) dz
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3.38.5 Fricas [F]

[+

- c2d932)3/2 (a + barcsin(cx)) dz = / (—c*dz® + d) : (9= + f)(barcsin (cz) + a) dz

input | integrate ((g*x+f)*(-c”2xd*x~2+d) ~(3/2) *(atb*arcsin(c*x)) ,x, algorithm="fri
cas")

output | integral (-(axc™2*d*g*x~3 + axc”2*d*f*x"2 - akdxgxx - axdxf + (b*c 2xdxg*x”
3 + b*c”™2xdxf*x"2 - bxd*gkx - b*d*f)*arcsin(c*x))*sqrt(-c”2*d*x"2 + d), x)

3.38.6 Sympy [F]

[+

- chx2)3/2 (a+barcsin(cx)) dz = / (—d(cx—1) (cx+ 1))% (a+basin (cz)) (f+gz) dz

input Lintegrate ((g*x+f) * (-cH*2%kd*x**2+d) ** (3/2) * (a+tb*asin(c*x)) ,x)

output‘Integral((—d*(c*x - Dx(c*x + 1))*x(3/2)*(a + bxasin(c*x))*(f + g*x), x)

3.38.7 Maxima [F]

[+

- c2d9:2)3/2 (a + barcsin(czx)) dr = / (—=c*dz® + d) : (9= + f)(barcsin (cz) + a) dz

input ‘ integrate ((g*x+f)* (-c~2*d*x~2+d) ~(3/2) * (at+b*arcsin(c*x)) ,x, algorithm="max

‘ima")

338.  [(f+gz)(d— 2dz?)*? (a + barcsin(cz)) dz
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output‘1/8*(2*(-c“2*d*x“2 + d)~(3/2)*x + 3*sqrt(-c”2*d*x"2 + d)*d*x + 3%d~(3/2)*a
‘rcsin(c*x)/c)*a*f - 1/5%(-c”2xd*x"2 + d)~(5/2)*a*g/(c"2*d) + sqrt(d)*integ
‘rate(—(b*c“2*d*g*x“3 + bkc"2xd*xf*x"2 - b*d*g*x - bkdx*f)*sqrt(c*x + 1)*sqrt
‘(-c*x + 1)*arctan2(c*x, sqrt(cxx + 1)*sqrt(-cxx + 1)), x)

3.38.8 Giac [F(-2)]

Exception generated.

/ (f+gz) (d— czdx2)3/ ? (a + barcsin(cz)) dz = Exception raised: RuntimeError

input | integrate ((g*x+f)*(-c~2*d*x~2+d) ~(3/2) * (a+b*arcsin(c*x)),x, algorithm="gia
C“)

output | Exception raised: RuntimeError >> an error occurred running a Giac command
: INPUT : sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve

cteur & 1) Error: Bad Argument Value

3.38.9 Mupad [F(-1)]

Timed out.

[ +90)

- c2d932)3/2 (a + barcsin(cx)) dz = / (f+gz) (a+basin(cz)) (d— dx2)3/2

dz

input  int((f + g*x)*(a + b*asin(c*x))*(d - c”2*%d*x"2)"~(3/2),x)

N\

output‘int((f + gxx)*(a + bxasin(c*x))*(d - c™2xd*x~2)7(3/2), x)

338.  [(f+gz)(d— 2dz?)*? (a + barcsin(cz)) dz
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3.39 f (d—c2dx2)3/ 2(a—l—barcsin(c:zc)) da

ftgz
3.39.1 Optimal result . . . . . . .. ... ... 412
3.39.2 Mathematica [A] (verified) . . . . . .. ... .. ... Lo oL A13
3.39.3 Rubi [A] (verified) . . . . . . ... .. 414
3.39.4 Maple [A] (verified) . . . .. .. ... ... 410
3.39.5 Fricas [F] . . . . . . o o 410
3.39.6 Sympy [F] . . . . . . 417
3.39.7 Maxima [F(-2)] . . . . . . .. 417
3.39.8 Giac [F(-2)] . . . . o 417
3.39.9 Mupad [F(-1)] . . . . oo A18

(d—czde)g/z(a+b arcsin(cz))
339. [ s dz
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3.39.1 Optimal result

Integrand size = 31, antiderivative size = 1073

/ (d — dz?)*”* (a + barcsin(cz)) i —
f+oz
ad(cf — g)(cf + g)vVd — c*da®  bedzvd — Pdz?
g? 3g9vV1 — c2x?
bcd(cf g9)(cf + g)avd — c?dz?  bcPdfz*vd — c*dx?
g3V1— c2a:2 49%2y/1 — c2x?
c’dx — c%dx d(cf —g)lcf+g — c*dx* arcsin(cx
| VAT CdE _ bi(cf f+ oW = d?
991 — c2z2 g
N c?dfzv/d — c2dz?(a + barcsin(cz))
2¢?
N d(1 — ®z?) v/d — c2dx?(a + barcsin(cz))
39
N cdfv/d — c2dz?(a + barcsin(cz))?
4bg?\/1 — 2x?
cd(cf — g)(cf + g)zv/d — c2dx?(a + barcsin(cz))?
2bg3v/1 — c2x?
d(2f? — g)* /d = dz?(a + barcsin(cz))?
2bcg*(f + gz)V1 — 2x?
d(cf — g)(cf + g9)V1 — 2z2V/d — c2dz?(a + barcsin(cz))?
2bcg®(f + g)
202 _ 2\3/2 /7 573 gtc’fz
ad(c’f* — ¢*)”"" v/d — c*dz? arctan (\/CQfQ—g2\/1—c2w2>
Y
. 2,2 2 3/2 D) b} _ ZarcSIrA(cz)g
ibd(c* f? — ¢g°)”" " v/ d — c2dz? arcsin(cx) log (1 o W)
g*V/1 — c2x?
ibd(c f2 — ¢2)*% \/d — 2dz? arcsi _ igtercsinea)g
ibd(c*f* — ¢°) d — c*dz? arcsin(cz) log (1 cf+m>
g*V/1 — c2x?
202 2 3/2 — 3 3 ieiarcsin(cz)g
bd(cf2 — ¢?)*/% \/d — da? PolyLog (2, e m)
PV
202 2 3/2 — 3 3 7:eiarcsin(cz)g
bd(c2f2 — ¢2)*/* \/d — 2da? PolyLog (2, e o m)
W

+

+

+

(d— 02d$2)3/2(a+barcsm(cx))
339. [ s dz
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output | —axd* (c*f-g)* (cxf+g) * (-c"2xd*x"2+d) " (1/2) /g~ 3-b*d* (cxf-g) * (cxf+g)*arcsin(c
*x) % (—c"2%d*x"2+d) ~(1/2) /g~ 3+1/2*%c”~2*d*f*x* (a+b*arcsin (c*x) ) * (—-c~2*d*x~2+d
)~ (1/2) /g~2+1/3*d* (-c~2*x"2+1) * (atb*arcsin(c*x) ) * (-c~2xd*x~2+d) ~(1/2) /g-1/
3xbxckd*x* (—c"2*%d*x"2+d) “(1/2) /g/ (—c”2%x~2+1) ~(1/2) +b*c*d* (c*xf-g) * (cxf+g) *
x* (—c™2xd*x"2+d) ~(1/2) /g~3/ (-c™2*x"2+1) " (1/2) -1/4%b*c~3*d*f*x"2* (-c™2*d*x"
2+d) ~(1/2) /g~2/ (-c™2%x"2+1) " (1/2) +1/9*b*c~3*d*x~3* (-c~2*xd*x~2+d) ~(1/2) /g/ (
-c72*%x"2+1) " (1/2) +1/4*c*d*f* (atb*arcsin(c*x) ) “2x (-c~2*d*x~2+d) ~(1/2) /b/g"2
/(~c™2xx72+1) " (1/2) -1/2%c*d* (cxf-g) * (cxf+g) *x* (atbxarcsin(c*x)) ~2* (-c~2xd*
x"2+d)~(1/2) /b/g~3/ (-c™2%x"2+1) " (1/2) -1/2%d* (c"2*f~2-g~2) "2* (a+b*arcsin(c*
x)) 2% (-c”2%d*x"2+d) ~(1/2) /b/c/g"4/ (g*x+£f) / (-c™2*x72+1) = (1/2) +a*xd* (c~2*f "2
-g~2)~(3/2)*arctan((c~2*f*x+g) / (c"2*£"2-g"~2) ~(1/2) / (-c~2*x~2+1) ~(1/2) ) *(-c
~2%d*x”2+d) " (1/2) /g 4/ (—c”2*%x"2+1) " (1/2) -I*bxd* (c~2+f~2-g~2) " (3/2) *arcsin(
c*x) *1n (1-I* (I*ckx+(-c™2*%x"2+1) " (1/2) ) *g/ (c*f-(c™2*%£72-g"2) ~(1/2) ) ) * (-c~2*
d*x~2+d) " (1/2) /g~4/ (—c”2xx"2+1) ~(1/2) +I*b*d* (c~2*f~2-g~2) ~(3/2) *arcsin(c*x
)*#1n (1-T* (I*kckx+(—c™2%x"2+1)~(1/2) ) *g/ (c*f+(c™2*£72-g~2) " (1/2) ) ) * (-c~2*d*x
~2+d) " (1/2)/g~4/ (—c"2xx"2+1) " (1/2) -b*d* (c~2*%£~2-g~2) ~(3/2) *polylog (2, I* (I*
cxx+(-c”2*%x"2+1) " (1/2) ) *g/ (c*f-(c™2*£72-g~2) ~(1/2) ) ) * (—c~2*d*x~2+d) ~(1/2) /
g~4/ (-c™2xx"2+1) ~(1/2) +b*d* (c~2*£~2-g~2) ~(3/2) *polylog (2, I* (I*cxx+(-c~2*x"
2+1)7(1/2) ) *g/ (cxf+(c™2%x£72-g~2) " (1/2) ) ) * (-c™2*d*x~2+d) ~(1/2) /g~4/ (-c~2*x~
2+1)~(1/2)-1/2*xd* (cxf-g) * (cxf+g) * (a+b*arcsin(c*x) ) "2+ (-c™2*x~2+1) ~(1/2) . ..

3.39.2 Mathematica [A] (verified)

Time = 1.19 (sec) , antiderivative size = 507, normalized size of antiderivative = 0.47

dvd — c2dx? | —9bc3 fx? + 4bcgx(—3 + c*x?) + 182 fz/1 — c2x?

/ (d — c2dz?)** (a + barcsin(cz)) dp—

f+gz

r

inputLIntegrate[((d - ¢"2*d*x"2)"(3/2)*(a + bxArcSin[c*x]))/(f + g*x),x]

| —

(d—czde)g/z(a+b arcsin(cz))
339. [ s dz
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output | (d*Sqrt[d - c”2*d*x"2]*(-9*b*c~3*xf*x"2 + 4xbkxcxgxx*x(-3 + c”2%xx"2) + 18%c”2
*xfxxxSqrt[1 - c™2*x"2]*(a + b*ArcSin[c*x]) + 12xgx(1 - c™2*%x72)"(3/2)*(a +
b*ArcSin[c*x]) + (9*c*fx(a + bxArcSin[c*x])~2)/b + (18x(c™2*xf"2 - g~2)*(-
1 + c”2*x"2)*(a + b*ArcSin[c*x])~2)/(bxcx(f + g*x)) - (18%(c™2*f"2 - g~2)*
((c™2%f72 - g"2)*(a + b*ArcSin[c*x])~2 + c™2*g*x*(f + g*x)*(a + bxArcSin[c
*x]) 72 - 2xbxcx(f + gkx)*(b*ckgkx - gkSqrt[l - c 2*x"2]*(a + b*ArcSin[c*x]
) - IxSqrtl[c™2*f"2 - g~2]*((a + b*ArcSin[c*x])*(Log[l + (I*E~(I*ArcSin[c*x
D*g)/(-(c*f) + Sqrtlc™2*f~2 - g~2])] - Logl[l - (I*E~(I*ArcSin[c*x])*g)/(c
*f + Sqrtlc 2*f~2 - g~2])]) - Ixb*PolyLog[2, (I*E~(I*ArcSin[c*x])*g)/(c*f

- Sqrt[c™2x£72 - g72])] + Ixb*PolyLog[2, (I*E~(I*ArcSin[c*x])*g)/(c*f + Sq
rt[c™2*x£72 - g721)1))))/(bxckg™2x(f + gxx))))/(36xg~2*Sqrt[1 - c~2*x~2])

3.39.3 Rubi [A] (verified)

Time = 2.34 (sec) , antiderivative size = 709, normalized size of antiderivative = 0.66,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 197 Ryles used

integrand size
= {5276, 5266, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

/ (d— czdz2)3/2 (a + barcsin(cz))
f+gz
| 5276

d\/mf (1—02932)3/;(-:-1;-;arcsin(cz)) d
V1—c2z?
| 5266

dvd — 2dz? f <_ zvV1—c2z2 (a—l—gb arcsin(cz))c? + fV1—c2z2 (a—lg—g arcsin(cz))c? + (92—c?f?)V1—c2z2(a+barcsin(cz)) > da

92%(f+gx)
V1= 222
l 2009

T 55 (1—c222) (c? f2—g?) (a+barcsin(cz))? (chz—g2)2(a+b arcsin(cz))? cz(c? f2—g?)(a+barcsin(cz))? 2 fzv/1-c2
dvd — c?dz? | — 2bcg?(f+gx) o 2bcg?(f+gz) o 2bg3 +

2dw2)3/2

(a+barcsin(cz)) dr

d—c
339. ! ot



input‘

output
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Int[((d - c™2xd*x~2)~(3/2)*(a + bxArcSin[c*x]))/(f + g*x),x]

(d*Sqrt[d - c™2*d*x"2]*(-1/3*(bxc*x)/g + (b*ckx(c™2*f72 - g72)*x)/g"3 - (b*
c"3*xf*x72) / (4*%g~2) + (b*xc~3*x"3)/(9%g) - (a*(c*f - g)*(cxf + g)*Sqrt[l - ¢
~2xx72])/g"3 - (b*(cxf - g)*(c*xf + g)*Sqrt[1 - c”2*x"2]*ArcSin[c*x])/g~3 +
(c™2xfxx*xSqrt[1 - c™2*x"2]*(a + b*ArcSin[c*x]))/(2%g"2) + ((1 - c™2*x"2)~
(3/2)*(a + bxArcSin[c*x]))/(3*g) + (cxf*(a + b*ArcSin[c*x])~2)/(4xbxg~2) -
(c*x(c™2+f72 - g~2)*x*(a + b*ArcSin[c*x])~2)/(2%b*g~3) - ((c™2*%f"2 - g"2)~
2% (a + b*ArcSin[c*x])~2)/(2xbxc*xg~4*(f + g*x)) - ((c"2*%f72 - g"2)*(1 - c”2
*x~2)*(a + b*ArcSin[c*x])~2)/(2xbxc*xg™2*%(f + g*x)) + (a*x(c™2*xf"2 - g72)~(3
/2)*ArcTan[(g + c™2*xf*x)/(Sqrt[c™2*f~2 - g~2]*Sqrt[1 - c~2*x~2]1)]1)/g"4 - (
I*xb*(c™2*x£72 - g~2)~(3/2)*ArcSin[c*x]*Log[1l - (I*E~(I*ArcSin[c*x])*g)/(c*f
- Sqrtlc™2*%f72 - g72])1)/g”4 + (I*b*(c™2*xf~2 - g~2)~(3/2)*ArcSin[c*x] *Log
[1 - (I#E~(I*ArcSin[c*x])*g)/(cxf + Sqrtlc™2*£"2 - g72])])/g"4 - (bx(c™2*f
~2 - g72)7(3/2)*PolyLog[2, (I*E~(I*ArcSin[c*x])*g)/(c*f - Sqrtlc™2*f"2 - g
~21)1)/g"4 + (b*(c™2*f72 - g~2)~(3/2)*PolyLog[2, (I*E~(I*ArcSinl[c*x])*g)/(
cxf + Sqrtlc™2*xf72 - g72])])/g"4))/Sqrt[1 - c™2*x"2]

3.39.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 5266

rule 5276

Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.))"(n_)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[Sqrt[d + exx~2]*(a
+ bxArcSin[c*x])"n, (f + g*x) m*x(d + e*xx"2)~(p - 1/2), x], x] /; FreeQl{a,
b, c, d, e, £, gF, x] && EqQlc™2*%d + e, 0] && IntegerQ[m] && IGtQ[p + 1/2,

0] && GtQ[d, 0] && IGtQ[n, O]

Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.))"(n_.)*((£f.) + (g_.)*(x_)) " (m_.)*((d_

) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)7p/(1 - c"2%x"2)~
Pl Int[(f + g*x)"m*(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, ¢, 4, e, f, g, n}, x] && EqQlc”2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] & !'GtQ[d, O]

—c*dz 3/2a arcsin(cz
(d-c*dz?)*/? (atbarcsin(ez)) ;.

3.39. [ A




input

output

input
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3.39.4 Maple [A] (verified)

Time = 0.64 (sec) , antiderivative size = 1546, normalized size of antiderivative = 1.44

method | result size

default | Expression too large to display | 1546

parts Expression too large to display | 1546

int ((-c™2*d*x~2+d) ~(3/2) * (at+b*arcsin(c*x) )/ (g*x+f) ,x ,method=_RETURNVERBOSE
)

a/g*x (1/3% (- (x+£/g) "2xc~2xd+2*c~2xd*f/g* (x+£f/g) -d* (c"2*%£"2-g~2) /g~2) " (3/2) +
c"2xdxf /g (-1/4% (2% (x+£f/g) *c"2xd+2*c"2xd*f/g) /c~2/d* (- (x+£/g) “2%c~2xd+2%*c
~2%dxf/g* (x+£/g) -d* (c™2%x£72-g"2) /g~2) " (1/2)-1/8* (4*c™2%d"2* (c"2x£~2-g~2) /g
"2-4%c”4xd"2%£72/g~2) /c”2/d/ (c2*d) " (1/2) *arctan((c~2*d) " (1/2) *x/ (- (x+£/g)
"2%cT2kd+2%cT2xdxf / gk (x+£/g) -d* (c"2*£72-g"2) /g~2) " (1/2))) -d* (c"2*%£"2-g~2) /
g™ 2% ((=(x+£/g) ~2%c™2xd+2*c~2xd*f /g* (x+£/g) -d* (c™2*%£"2-g~2) /g~2) ~(1/2) +c~ 2%
d*f/g/(c™2xd) ~(1/2) *arctan((c~2x*d) ~(1/2) *x/ (- (x+£/g) "2*c~2*d+2*c~2*xd*f/g* (
x+f/g)-d*(c"2x£72-g~2) /g~2) ~(1/2) ) +d* (c"2x£"2-g~2) /g~2/ (-d* (c"2*x£"2-g~2) /g
~2) "~ (1/2) #1n ((-2*d* (c™2%£~2-g~2) /g~ 2+2*Cc " 2xd*f /g* (x+f /g) +2% (-d* (c~2%£~2-g~
2)/g72) " (1/2) % (= (x+£/g) ~2%c~2xd+2*c~2xd*f /g* (x+f/g) —d* (c"2*%£~2-g~2) /g~2) ~(
1/2))/(x+£/g))) ) +bx (1/4* (-d* (c™2*%x"2-1)) " (1/2) *(-c~2*x~2+1) ~(1/2) / (c"2*x"2
-1)*arcsin(c*x) "2xf* (2%xc™2+f"2-3*g~2) *d*c/g"4-1/72x (-d* (c"2*x"2-1) )~ (1/2) *
(4*c™4%x™4-5%Cc"2+x72-4*I*c " 3%x " 3% (-c"2%x72+1) ~(1/2) +3*I* (-c~2*x"2+1) " (1/2)
xxkc+1)* (I+3*arcsin(c*x))*d/ (c™2*x"2-1) /g+1/16% (—d* (c™2*xx~2-1) ) ~(1/2) * (-2*
I (—c™2%x"2+1) " (1/2) *x™2%C™2+2%c ™ 3*x " 3+I* (-c"2%x72+1) ~(1/2) —-2%c*x) *£* (I+2%
arcsin(c*x))*d*xc/(c™2*x"2-1)/g~2-1/8% (-d* (c"2*x~2-1) )~ (1/2) *(c"2*x"2-I*(-c
“2%x72+1) " (1/2) *x*kc—1) ¥ (4*c~2*f"2-5*g~2) * (arcsin(c*x) +I)*d/ (c"2*xx"2-1) /g~3
-1/8%(-d*(c™2*x"2-1) )~ (1/2) * (I* (-c~2%x"2+1) " (1/2) *x*c+c™2*x"2-1) * (4*c~2*f~
2-5xg~2) * (arcsin(c*x)-I)*d/(c"2%x"2-1) /g~3+1/16* (-d* (c™2*x~2-1) )~ (1/2) * (2%
Ik (—c™2%x72+1) “(1/2) *x~2%c™2+2%Cc " 3*x"3-I* (-c™2*x"2+1) ~ (1/2) -2*cxx) *f* (-. ..

3.39.5 Fricas [F]

/ (d — 2dz?)** (a + barcsin(cz)) dp — / (—c%dz? + d)% (barcsin (cx) + a)
f+gz B gz +f

dz

;
‘integrate((—c‘2*d*x‘2+d)“(3/2)*(a+b*arcsin(c*x))/(g*x+f),x, algorithm="fri
‘cas")

2dw2)3/2(a+b arcsin(cz)) dr

d—c
339. ! ot
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output‘integral(—(a*c“2*d*x‘2 - a*xd + (bxc™2*d*x"2 - b*d)*arcsin(c*x))*sqrt(-c”2*
‘d*x"2 + d)/(g*x + £), x)

3.39.6 Sympy [F]

/ (d — 2dz?)** (a + barcsin(cz)) i — / (—d(cz — 1) (cx + 1))% (a + basin (cz))
f+gz f+gz

dz

p
inputtintegrate((-c**2*d*x**2+d)**(3/2)*(a+b*asin(c*x))/(g*x+f),x)

~—

-

outputLIntegral((—d*(c*x - 1)*(c*x + 1))*x(3/2)*(a + b*asin(c*x))/(f + g*x), x)

-/

3.39.7 Maxima [F(-2)]

Exception generated.

/ (d — 2dz?)*”? (a + barcsin(cz))

Fr dx = Exception raised: ValueError
gz

input  integrate((-c~2*d*x~2+d) "~ (3/2)*(at+b*arcsin(c#*x))/(g*x+f) ,x, algorithm="max

ima")

output  Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *may*
help (example of legal syntax is 'assume(g-c*f>0)', see “assume?” for mor
e details)

3.39.8 Giac [F(-2)]

Exception generated.

_ 24,2)3/2 i
/ (d — *da”)™" (a + barcsin(cz)) dx = Exception raised: TypeError

f+gz

2dx2)3/2

(a+barcsin(cz)) dr

d—c
339. ! ot
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input  integrate((-c~2*d*x~2+d) ~(3/2)*(at+b*arcsin(c*x))/(g*x+f) ,x, algorithm="gia
C")

output | Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0, sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const
index_m & i,const vecteur & 1) Error: Bad Argument Value

3.39.9 Mupad [F(-1)]

Timed out.

dz

/ (d — dz?)*? (a + barcsin(cz)) g — / (a + basin(cz)) (d — 2 dz?)*?
f+gz v f+gzx

inputtint(((a + b*asin(c*x))*(d - c™2*d*x~2)~(3/2))/(f + g*x),x)

outputtint(((a + b*asin(c*x))*(d - ¢ 2*d*x"2)7(3/2))/(f + g*x), x)

2dx2)3/2

(a+barcsin(cz)) dr

d—c
339. ! ot
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3.40 [(f+gz)’(d— czdx2)5/ ? (a+barcsin(cz)) dz

3.40.1 Optimalresult . . .. ... .. . ... .. . 420
3.40.2 Mathematica [A] (verified) . . . . . . . . ... . L 421
3.40.3 Rubi [A] (verified) . . . . .. ... .. 422
3.40.4 Maple [C] (verified) . ... ... ... . ... 427
3.40.5 Fricas [F] . . . . . . o o 4251
3.40.6 Sympy [F(-1)] . . . . o 425
3.40.7 Maxima [F] . . . . . . . .. 1261
3.40.8 Giac [F(-2)] . . . . . 426
3.40.9 Mupad [F(-1)] . . . . oo 427

340.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz
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3.40.1 Optimal result

Integrand size = 31, antiderivative size = 1281

5/2 ) 3bd? f2gz\/d — c2dx?
/(f + gz)® (d — *dz?) % (a + barcsin(cz)) dz = g
N 2bd?g*x/d — c2dx? B 25bcd? f2x2\/d — c2dx? N 15bd? fg?x?\/d — c2dx?
63c3v/1 — 2a? 961 — c2z2 256¢v/1 — c2z?
_ 3bed®f?ga’v/d — c*da? N bd?g3x3v/d — c2dx? N 5bc3d? f3xt/d — c2dx?
7V1 — c22? 189cv/1 — 222 96v/1 — 2z2
59bcd? fg?xiy/d — c2dx?  9bd? f2gx®\/d — c2dx?  bed?gPx®/d — c2dax?

+ —
2564/1 — c2z? 35v1 — c2z? 211 — c2x2
N 17’ d? fg°x°v/d — 2dx? 3bc’d? f2gx"/d — c2dax? N 196c3d?g3z"V/d — c2dx?
96v'1 — c2z? 49+/1 — 2x? 441+/1 — a2

_ 3b’d*fgPx®Vd — 2da?  b’d’gPa®Vd — cPdx? N bd?f3(1 — 02562)5/2 Vd — c2dz?
64v/1 — c2x2 811 — c2x2 36¢
1 2 2 /1 _ 2 2 .
+ Ed2 f3xm (a + barcsin(cx)) — 5d fgevd Clzzcga + barcsin(cz))

+ 64d2fg 23v/d — c2dx?(a + barcsin(cz)) + 254d2f3 (1-c*z®) Vd — c*da?(a + barcsin(cz))

+ 1—6d2fg2x3( — *2%) Vd — c*dz?(a + barcsin(cz))
+ %d2f3x(1 - 02x2)2 Vd — c2dz?(a + barcsin(cz))
+ gd2fg2x3( czz2)2 Vd — c2dz?(a + barcsin(cz))
_ 3d*f?g(1 - z2)® \/W(a + barcsin(cz))

_ d?g*(1 — 2) Vd c2dx2(a + barcsin(cz))
Tch
+ d?g*(1 — 62x2)4 Vd — c2dz?(a + barcsin(czx))
9c¢t
+ 5d° f°v/d — c*dz®(a + barcsin(cz))? i 15d* fg*>v/d — c2dz*(a + barcsin(cz))?
32bcy/1 — c2x2 256bc3v/1 — 222

340.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz
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output | 5/96xb*c~3%d~2%f ~3kx~4* (-c~2xd*x~2+d) ~(1/2) / (-c"2*x~2+1) ~(1/2)-1/21*b*c*d"
2xg~3%x" Bk (—c”2*d*kx"2+d) ~(1/2) / (-c™2%x72+1) " (1/2) +19/441%b*c~3*%d"2*g"3*x"7
*(-c™2*d*x"2+d) ~(1/2) / (-c™2*x"2+1) " (1/2) -1/81*%b*c~5xd"2*g " 3*x~ 9% (-c~2*d*x~
2+d) " (1/2)/ (c™2xx"2+1) " (1/2) +5/32*d"2*f ~3* (a+b*arcsin(c*x) ) “2* (-c~2*d*x"2
+d)~(1/2) /b/c/(-c™2*x~2+1) " (1/2) -15/128*d~2*f*g~2*x* (at+b*arcsin(c*x) ) *(-c~
2xd*x"2+d) " (1/2) /c"2+5/16%d"2*f*g~2*%x"3* (-c~2*x"2+1) * (at+b*arcsin(c*x) ) *(-c
“2%d*x”2+d) " (1/2)+3/8*d"2*f*g"2xx " 3% (-c"2*x"2+1) 2% (atb*arcsin(c*x) ) *(-c"2
*d*x"2+d) " (1/2) -3/7*d"2*f " 2*g*x (-c~2*x"2+1) “3* (atb*arcsin(c*x) ) * (-c"2xd*x"2
+d) " (1/2) /c~2+2/63%b*d~2xg"~ 3*x* (—-c~2*d*x"2+d) ~(1/2) /c~3/ (-c™2*x"2+1) " (1/2)
-25/96%bkcxd 2% f " 3kx " 2% (-c"2xd*x"2+d) " (1/2) / (-c72*x72+1) 7 (1/2) +1/189%b*d "2
*xg "~ 3xx"3% (-c"2xd*x"2+d) " (1/2) /c/ (-c"2xx"2+1) " (1/2) +5/16%d~2*f ~3*x* (a+b*arc
sin(c*x) ) * (-c™2*d*x"2+d) " (1/2)+3/Txb*xd~2*f " 2xg*x* (—c~2*d*x"2+d) "~ (1/2) /c/ (-
Cc™2%x72+1) " (1/2)+15/256%b*d~2*f*g~2%x " 2% (—c~2*d*x"2+d) ~(1/2) /c/ (-c"2*x"2+1
)~ (1/2)+1/36%b*d"2%f 3% (—c~2*x"2+1) " (5/2) * (~c"2*d*x"2+d) ~(1/2) /c+15/64*d"2
*xfxg~2xx"3* (atb*arcsin(c*x) ) * (-c~2*d*x~2+d) ~ (1/2) +5/24%d~2*f ~3*x* (-c~2%x"2
+1)*(at+b*arcsin(c*xx) ) * (—c™2*d*x~2+d) " (1/2) +1/6*d"2*f ~3*x* (-c"2*x"2+1) "2*(a
+b*arcsin(c*x) ) * (—c~2*d*x"2+d) "~ (1/2)-1/7*d"2%g"~3* (-c~2*x"2+1) “3* (atb*arcsi
n(c*x))*(—c™2xd*x"2+d) ~(1/2) /c~4+1/9*d"2%g"3* (—c~2*x"2+1) “4* (atb*arcsin(c*
x) ) *(—c™2xd*x"2+d) " (1/2) /c~4-3/T*bxcxd~2*f ~2xgxx~3* (-c~2xd*x~2+d) ~(1/2) / (-
C™2%x"2+1) " (1/2)-59/256*bxckxd "2+ f*g~2xx~4* (—c"2xd*x~2+d) ~(1/2) / (-c"2*x". ..

3.40.2 Mathematica [A] (verified)

Time = 0.75 (sec) , antiderivative size = 587, normalized size of antiderivative = 0.46

/(f + gz)® (d — c2dacz)5/2 (a
d?Vd — c2dx? (9922502 (8¢ f3 + 3cfg?) + 630aby/1 — 2x?(—2569° — c*g (3456 f2 + 945

+barcsin(cz)) dr =

input{Integrate[(f + gxx)"3%(d - c"2*d*x"2)"(5/2)*(a + bxArcSin[c*x]) ,x]

340.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz



output
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(@"2*Sqrt[d - c™2*d*x~2]*(99225%a~2* (8+c~3*f~3 + 3kcxf*g~2) + 630*a*xb*Sqrt

46*%£f73 + 1296+f " 2xgxx + 1071*f*g~2+x"2 + 304%g~3*x"3) + 6*c™4*x*(924%f"3 +

g72) + b*Sqrtll - c™2xx"2]*(-256%g~3 - c 2%gx(3456+f~2 + 945*fxgxx + 128%g

[1 - c™2+x72]*%(-256%g™3 - c~2%g*(3456%f"2 + 945*f*gkx + 128*%g~2xx"2) + 16%
Cc™8*x7 5% (84*f"3 + 216*f " 2*gkx + 189*f*g~2*xx"2 + 56%g~3*x"3) - 8*c " 6*xx"3*(5

1728+f"2*kgxx + 1239*f*g~2*x"2 + 320%g~3*x"3)) + b~ 2xc*x*(161280%g~3 + 105
*C"2%gk (20736%f72 + 2835*kfxgxx + 256%g 2*x"2) - 945%c”4*x*(1848*f~3 + 2304
*f"2%gkx + 1239*f*g"2%x"2 + 256xg 3%x"3) + T2kc"6xx"3*%(9555%f"3 + 18144*f"
2xgxx + 12495%f*g~2*x"2 + 3040*g~3*x"3) - 20%c”8*x"5x(7056*f~3 + 15552%f~2
*xgkx + 11907*f*g~2%x"2 + 3136%g~3%x73)) + 630%b* (315*%a*(8*xc~3*f~3 + 3kckf*

"2%x72) + 16%c”8*x"5*(84*f73 + 216%f 2%gkx + 189*%f*gT2+x"2 + 56%g~3%x"3) -

8xC B*x 3% (546%f"3 + 1296*%f 2%g*x + 1071xf*g~2*x"2 + 304*g~3%x"3) + 6*c™4
*x% (924+f73 + 1728*f"2*gkxx + 1239%f*g~2xx"2 + 320%g~3*x"3)))*ArcSin[c*x] +
99225*%b~2*kcxf* (8%c™2*%f"2 + 3%g~2)*ArcSin[c*x]~2))/(5080320*%b*c~4*Sqrt[1 -
c"2%x72])

3.40.3 Rubi [A] (verified)

Time = 1.34 (sec) , antiderivative size = 630, normalized size of antiderivative = 0.49,

number of steps used = 3, number of rules used = 3, Bumber of rules _ 497 Ryles used

integrand size
= {5276, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ (d— c2dar:2)5/2 (f + gz)3(a + barcsin(cz)) dz

| 5276

d*Vd — c2dz? [(f + gz)® (1 — 02172)5/2 (a + barcsin(cz))dz
V1 — c2z?
| 5262

d?vd — c2dz? | ((1 - czx2)5/2 (a + barcsin(cz)) f3 + 3gz (1 — czw2)5/2 (a + barcsin(cz)) f2 + 3¢%z%(1 — 023:2)5/:
V1 - c2a?

l 2009

d*\/d — c2dx? <15f92(a;5b&f35m(cx))2 + £ f3z(1- 02m2)5/2 (a + barcsin(cz)) + 2 f3z(1 — czx2)3/2 (a + barcsin(cx)
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input‘Int[(f + gxx)"3%(d - c”2xd*x"2)"(5/2)*(a + b*ArcSin[c*x]),x]

output

(d"2*Sqrt[d - c™2*d*x~2]* ((3*b*f~2xg*x) /(T*c) + (2xbxg~3*x)/(63*xc~3) - (25
*xbkcxf~3%x72) /96 + (15xb*fxg~2xx"2)/(256%c) - (3xb*cxf~2xg*x~3)/7 + (bxg™3
*x73)/(189%c) + (5xb*c~3*f73%x74)/96 — (59*bxc*f*xg~2*x~4)/256 + (9*b*c~3*f
“2%g*x~5) /35 - (b*c*g~3*x75)/21 + (17*bxc~3*f*g~2*x"6)/96 — (3*b*c 5*f~2xg
*x77) /49 + (19%b*c~3%g~3*x"7)/441 - (3*b*c 5xf*g~2*x"8)/64 - (b*c~5*xg~3*x~
9)/81 + (b*f~3*%(1 - c™2%x72)73)/(36%c) + (5*f~3*x*Sqrt[l - c2*xx"2]*(a + b
*ArcSin[c*x]))/16 - (156xf*g~2*x*Sqrt[1 - c™2xx"2]*(a + b*ArcSin[c*x]))/(12
8xc~2) + (1b*fxg~2+x"3*Sqrt[1 - c"2*x"2]*(a + b*ArcSin[c*x]))/64 + (5xf£~3*
x*x(1 - c"2%x72)7(3/2)*(a + b*ArcSin[c*x]))/24 + (B*f*g™2xx"3*(1 - c"2%x72)
~(3/2)*(a + bxArcSin[c*x]))/16 + (£73*x*x(1 - c"2*x"2)"(5/2)*(a + b*ArcSin[
c*x]))/6 + (3xf*xg~2*x"3*(1 - c"2*x"2)"(5/2)*(a + b*ArcSin[c*x]))/8 - (3*f~
2xg*x (1 - c™2xx72)"(7/2)*(a + bxArcSin[c*x]))/(7*c"2) - (g73*(1 - c™2*x"2)~
(7/2)*(a + bxArcSin[c*x]))/(7*c”4) + (g"3*%(1 - c™2*xx~2)~(9/2)*(a + b*ArcSi
nlcxx]))/(9xc™4) + (5xf~3*(a + b*ArcSin[c*x])~2)/(32*%b*c) + (15xfxg~2*(a +

bxArcSin[c*x])~2)/(256*b*c~3)))/Sqrt[1 - c™2*x"2]

3.40.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 5262

rule 5276

Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.)) " (n_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p*x(a +
b*ArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &
& EqQlc™2%d + e, 0] && IGtQ[m, 0] && IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 |l p>0 1|l (n==1&& p>-1) || (m==2 && p < -2))

Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.))"(n_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)7p/(1 - c"2%x"2)~
Pl Int[(f + g*x)"m*(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, ¢, 4, e, f, g, n}, x] && EqQlc”2*d + e, 0] && IntegerQ[m] && Intege

rQlp - 1/2] && 1GtqQld, 0]
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3.40.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.77 (sec) , antiderivative size = 2903, normalized size of antiderivative = 2.27

method | result size

default | Expression too large to display | 2903
parts Expression too large to display | 2903

input | int ((g*x+f) “3*(-c~2xd*x~2+d) ~(5/2) * (a+b*arcsin(c*x)) ,x ,method=_RETURNVERBO
SE)

output | a*x (£~3*% (1/6*x* (-c~2xd*x~2+d) ~(5/2)+5/6*%d* (1/4*x* (-c~2*xd*x"2+d) ~(3/2)+3/4*d
*(1/2xx* (—c~2xd*x~2+d) ~(1/2)+1/2*d/ (c"2*d) " (1/2) *arctan((c™2*d) ~(1/2) *x/ (-
c™2xd*x"2+d) " (1/2)))) ) +g"3* (-1/9%x"2* (-c~2*d*x~2+d) ~(7/2) /c~2/d-2/63/d/c"4
* (—c72xd*x"2+d) ~(7/2) ) +3*£xg~2% (-1/8*x* (-c"2*d*x~2+d) " (7/2) /c~2/d+1/8/c~2%
(1/6*x* (—c~2*d*x"2+d) " (5/2) +5/6*d* (1/4*x* (-c~2*xd*x"2+d) ~ (3/2) +3/4*d* (1/2*x
*(—c™2%d*x"2+d) " (1/2)+1/2*d/ (c"2*d) " (1/2) *arctan ((c~2*d) ~ (1/2) *x/ (-c~2*d*x
~2+d)~(1/2))))))-3/7T*£"2xgx (—c~2*d*x~2+d) ~(7/2) /c~2/d) +b* (-5/256* (-d* (c~2%
x"2-1))"(1/2) % (—c~2%x"2+1) ~(1/2) /c~3/ (c"2*x~2-1) *arcsin (c*x) ~2xf* (8xc~2%f~
2+43%g~2) *d"2+1/41472% (-d*(c™2*x"2-1) ) ~(1/2) * (256%c~10*x~10-704*Cc~8*x"~8-256
*I* (—c™2%x"2+1) ~(1/2) *¥x~9%Cc~9+688*C~6*x"6+576*I* (—c~2%x~2+1) ~(1/2) *x~7*c"7
-280%c"4*x"4-432xI* (—c~2*%x"2+1) ~(1/2) *x"5*c~5+41*c™2%x"2+120%I* (—c"2%x~2+1
)" (1/2)*x"3%c”3-9*I* (—c™2*xx"2+1) ~(1/2) #x*c-1) *g~3* (I+9*arcsin(c*x) ) *d~2/c~
4/(c™2%x"2-1)+3/25088* (-d* (c~2*x"2-1) ) ~(1/2) *(64*c~8*x"8-144*c”6*x"6-64*I*
CTT*x"Tx(—c™2%x"2+1) " (1/2) +104*c™4*x"4+112%I* (-c~2*xx~2+1) ~(1/2) *x~5%c~5-25
*C"2%x"2-56%I* (—c”2%x"2+1) ~(1/2) *x"3*c " 3+7*I* (—c~2%x"2+1) ~(1/2) *x*c+1) *g* (
4xIxc~2xf~2+28*arcsin(c*x) *c~2*f~2-I*g~2-7*arcsin(c*x)*g~2) *d~2/c~4/ (c™2*x
~2-1)-1/9216% (=d*(c™2*x"2-1)) ~(1/2) * (I*c~2*x"2-c*kx* (—c~2*x"2+1) ~(1/2) -I) *f
* (58*I*c~2xf~2+192xarcsin(c*x) *c~2*f~2-39*I*g~2-36*arcsin(c*x) *g~2) *cos (5%
arcsin(c*x))*d~2/c~3/(c~2%x~2-1)-3/640% (-d* (c~2*x~2-1)) ~(1/2) * (16*c~6*x~6-
28*C”4*x"4-16*%I* (—c™2*x”2+1) ~(1/2) *x"5%Cc~5+13*c™2*x"2+20*%I* (—c~2*x"2+1) . . .
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3.40.5 Fricas [F]

[+ (@

- chx2)5/2 (a + barcsin(cx)) dz = / (—c?dz® + d)%(gw + f)%(barcsin (cz) + a) dz

input  integrate ((g*x+f) 3% (-c2*%d*x~2+d) ~(5/2) *(atb*arcsin(c*x)),x, algorithm="f
ricas")

output | integral ((a*c”™4*d~2%g ~3*x"~7 + 3kaxc 4*d"2xfxg 2*%x"6 + 3kakd"2+f " 2kgxx + a*
d~2*£73 + (3*akc”4*xd"2*f"2%g — 2xa*c”2+%d"2xg"3)*x"5 + (a*c"4*d"2+f"3 - 6%a
*C2%d"2xf*xg"2) *x"4 - (B*kaxc”2+%d"2*xf72%g - axd"2%g~3)*x"3 - (2%axc”2*d"2xf
"3 - 3kaxd"2*f*xg"2)*x"2 + (b*cT4*d"2xg 3*x”7 + 3*bkc"4*xd"2*f*g"2%x"6 + 3*b
*d"2xf"2xgxx + bxd"2xf73 + (3*%bkcT4*d"2*f"2%g - 2*%bkcT2*xd"2*g"3)*x”5 + (b*
CT4xd"2+f73 - 6*b*cT2xd"2*f*g"2)*x"4 — (6%b*cT2xd"2+f"2%g — b*d"2xg~3)*x"3
- (2%bxc~2%d"2*f"3 - 3*b*d~2*f*g~2)*x"2)*arcsin(c*x))*sqrt(-c”2xd*x"2 + d
), x)

3.40.6 Sympy [F(-1)]

Timed out.

/(f + gz)* (d — chx2)5/2 (a + barcsin(cx)) dz = Timed out

inputLintegrate((g*x+f)**3*(-c**2*d*x**2+d)**(5/2)*(a+b*asin(c*X)),X)

output ‘ Timed out

340.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz
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3.40.7 Maxima [F]

[+ (@

- 02d12)5/2 (a + barcsin(cx)) dz = / (—c?dz® + d)

5
2

(9z + f)*(barcsin (cz) + a) dz

input  integrate ((g*x+f) 3% (-c"2*d*x~2+d) ~(5/2) *(atb*arcsin(c*x)) ,x, algorithm="m
axima")

output | 1/48* (8% (-c~2*d*x"2 + d)~(5/2)*x + 10*%(-c~2*d*x"2 + d)~(3/2)*d*x + 15*sqrt
(-c™2%d*x"2 + d)*d"2xx + 15%d~(5/2)*arcsin(c*x)/c)*a*f~3 + 1/128%(8*(-c~2x%
d*x~2 + d)"(5/2)*x/c”2 - 48%(-c”2*d*x"2 + d)~(7/2)*x/(c”2*d) + 10*(-c”2*d*
X2 + d)"(3/2)*d*x/c”2 + 16*xsqrt(-c”2*d*x"2 + d)*d"2*x/c”2 + 156*%d~(5/2)*ar
csin(c*x)/c™3) *axfxg™2 - 1/63*(7*(-c™2*d*x"2 + d)~(7/2)*x~2/(c"2%d) + 2*(-
c"2xd*xx"2 + d)~(7/2)/(c™4*d) ) *axg™3 - 3/7*(-c"2xd*x"2 + d)~(7/2)*a*f~2xg/(
c"2xd) + sqrt(d)*integrate((b*c~4*d"2%g~3*x"7 + 3xb*c"4*d"2*f*g"2*xx"6 + 3%
bxd"2*f"2xgxx + b*d"2xf73 + (3*b*c"4xd"2*f"2xg - 2*%b*c”2xd"2*g"3)*x"5 + (b
*CT4%d"2xf73 - B6¥bxcT2xd"2*fxg"2)*x"4 - (6*%b*c”2%d"2*f"2%g — bxd"2%g"3)*x”
3 - (2%b*c™2xd"2%f"3 - 3*bkd"2*fxg~2)*x"2)*sqrt(cxx + 1)*sqrt(-c*x + 1)*ar
ctan2(c*x, sqrt(c*x + 1)*sqrt(-c*x + 1)), x)

3.40.8 Giac [F(-2)]

Exception generated.

/ (f +g2)° (d— ch:p2)5/ 2 (a + barcsin(cx)) dr = Exception raised: RuntimeError

input  integrate ((g*x+f) "3*(-c"2*d*x~2+d) ~(5/2) *(atb*arcsin(c*x)) ,x, algorithm="g
iac")

output | Exception raised: RuntimeError >> an error occurred running a Giac command
: INPUT : sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve

cteur & 1) Error: Bad Argument Value

340.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz



CHAPTER 3. LISTING OF INTEGRALS 427

3.40.9 Mupad [F(-1)]

Timed out.

- c2dac2)5/2 (a + barcsin(cz)) dz = / (f + gz)° (a+ basin(cz)) (d— dz2)5/2 dz

p
inputtint((f + g*x)“3%(a + b*asin(c*x))*(d - c"2xd*x"2)~(5/2),x)

~—

-

output Lint((f + gxx)"3x(a + b*asin(c*x))*(d - c™2*d*x~2)7(5/2), x)

- ]

340.  [(f+gz)>(d- 2dz?)*? (a + barcsin(cz)) dz
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3.41 [(f+gz)*(d— czdxz)‘r’/2 (a+barcsin(cx)) dzx

3.41.1 Optimalresult . . . . .. . .. . ... . 428
3.41.2 Mathematica [A] (verified) . . . . . .. . ... .. L 429
3.41.3 Rubi [A] (verified) . . . . ... .. .. 430
3.41.4 Maple [C] (verified) . ... ... . ... . ... 431
3415 Fricas [F] . . . . . o o 432
3.41.6 Sympy [F(-1)] . . . . o 433l
3.41.7 Maxima [F] . . . . . . . 133]
341.8 Giac [F(-2)] . . . . o 434
3.41.9 Mupad [F(-1)] . . . . oo 434

3.41.1 Optimal result

Integrand size = 31, antiderivative size = 940

2bd? fgz+/d — c2dx?
+ g2)? (d — c*dz?)”” (a + barcsin(cz)) dz =
/(f 9z)* (d — *dz®)”"" (a + barcsin(cz)) dx ol P2

_ 25bed? f*a*v/d — *dx? | 5bd*g*z*vd — c?dx?  2bed’ fgr’v/d — cda?

96vi—cZr | 256evi- Wiz oo
N 5bc3d? f2xty/d — c2dx? B 59bcd?g?zv/d — c2dx? N 6bc3d? fgx®/d — c2dx?
96v/1 — c2z2 768v/1 — 222 35v1 — 222
4 17bc3d?g%8/d — c2dx? B 2cPd? fgz"v/d — 2dx?
288v/1 — 222 49v/1 — c2z2?
bSPd?g?at\/d — c2dx?  bd?f?(1 — 02z2)5/2 Vd — c2dx?
T i 360

5d2g*z+\/d — c2dz?(a + barcsin(cz))
128¢2

+ 6—Zd292x3\/d — c2dz?(a + barcsin(cz)) + 25—4d2f2x(1 — ®2%) Vd — c2dz?(a + barcsin(cz))

+ 4—58d2g2x3(1 — ®2%) Vd — c*dz?(a + barcsin(cz))
+ %d2f2x(1 — c2x2)2 Vd — c2dz?(a + barcsin(cz))

+ 1dzg2ac3 (1-— czavz)2 Vd — 2dz?*(a + barcsin(cz))

+ 1—56d2f2x\/d — c%dz?(a + barcsin(cz)) —

8
B 2d?fg(1 — 02932)3 Vd — c2dx?(a + barcsin(cz))
7c?
4 5d% f2v/d — c?dz?(a + barcsin(cz))? N 5d*g*v/d — c2dz?(a + barcsin(cz))?
32bcy/1 — 22 256bc3v/1 — 222

341.  [(f+gz)*(d- 2dz?)*? (a + barcsin(cz)) dz
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output | 1/36xb*d~2*f~2% (-c"2*x~2+1) ~(5/2) * (—~c~2*d*x~2+d) ~(1/2) /c+5/16%d"2*f " 2xx* (a
+bkarcsin(c*x) ) * (—c~2*d*x"2+d) "~ (1/2)-5/128%d"2*g"~2*x* (a+b*arcsin(c*x) ) *(-c
“2%d*x~2+d) ~(1/2) /c"2+5/64*d"2xg"2*x"3* (a+b*arcsin(c*x) ) * (-c"2*d*x"2+d) ~ (1
/2)+5/24xd"2%f " 2xx* (—c"2*x"2+1) * (a+b*arcsin(c*x) ) * (-c~2*d*x~2+d) ~(1/2)+5/4
8*d~2%g~2*%x " 3% (-c"2*x"2+1) * (atb*arcsin(c*x) ) * (-c~2*%d*x~2+d) ~(1/2) +1/6*d~2*
£72%x* (-c"2%x72+1) 2% (at+b*arcsin(c*x) ) * (—c~2*d*x"2+d) ~(1/2) +1/8*d"2%g"~2*x"
3% (—c"2*x"2+1) "2x (atb*arcsin(c*x) ) * (-c™2xd*x~2+d) " (1/2) -2/7*d"2*f*g* (-c~2*
X"2+1) "3% (atb*arcsin(c*x) ) * (-c"2xd*x"2+d) " (1/2) /c~2+2/7*b*d~2xfxg*x* (—c~2*
d*x~2+d) ~(1/2) /c/ (-c™2xx"2+1) " (1/2) -25/96%b*cxd~2*f ~2%x " 2% (—c~2*d*x~2+d) ~ (
1/2)/ (—c~2%x~2+1) = (1/2) +5/256%b*d~2*g~24x " 2% (—c~2*d*x~2+d) ~(1/2) /c/ (—c~2*x
~2+1) 7 (1/2) -2/T*bkcxd "2+ fxgxx~3* (—c~2xd*x~2+d) ~(1/2) / (-c~2*x~2+1) ~(1/2)+5/
96*b*c~3*%d"2*f " 2xx"4* (—c”2*d*x"2+d) "~ (1/2) / (-c~2*x~2+1) " (1/2) -59/768*b*c*d"~
2xg~2%x"4* (—c”2%d*x"2+d) “(1/2) / (-c™2%x72+1) " (1/2) +6/35%b*c~3*d " 2*f*gxx~5* (
—c”"2xd*x"2+d) “(1/2) / (-c~2%x"2+1) " (1/2) +17/288*b*c~3*d~2*g~ 2*x~6* (-c~2*d*x"
2+d)~(1/2)/ (-c™2*x"2+1) " (1/2) -2/49*b*c~5*d~2*f*g*kx~7* (-c~2*d*x~2+d) ~(1/2) /
(—c™2xx72+1) 7 (1/2) -1/64%bxc~5*d~2%g~2xx 8% (—c~2*d*x~2+d) ~(1/2) / (-c~2*x~2+1
)~ (1/2)+5/32%d"2*f"2x (atb*arcsin(c*x)) “2* (-c~2xd*x~2+d) " (1/2) /b/c/ (-c~2*x"
2+1)~(1/2)+5/256%d"2%g"~2* (atb*arcsin(c*x)) “2* (-c~2*d*x~2+d) ~(1/2) /b/c~3/ (-
cT2xx~2+1)~(1/2)

3.41.2 Mathematica [A] (verified)

Time = 0.52 (sec) , antiderivative size = 390, normalized size of antiderivative = 0.41

/(f +g2)? (d — 2de®)*” (a

d?v/d — c*dx? <11025az(802f2 + ¢°%) + b2z (—1960c% f2x (99 — 39c%x? + 8c*z*) — 4608,

+barcsin(cz)) dr =

input{Integrate[(f + gxx)"2%(d - c"2*d*x"2)"(5/2)*(a + bxArcSin[c*x]) ,x]

output | (d"2*Sqrt[d - c”2xd*x~2]*(11025%a~2*(8*c~2*xf"2 + g~2) + b~2%c”2*x*(-1960%c
“2*%f724xx (99 - 39%cT2#x72 + 8*cT4xx74) - 4608*f*gx(-35 + 35xcT2*xx"2 - 21*c
“4%x74 + 5*CcT6%x76) - 245%g”2xx*(-45 + 177*c"2*x"2 - 136*%c”4*x"4 + 36*c”6*
X76)) + 210*axbxcxSqrt[1 - c™2*x"2]*(768*f*gk(-1 + c™2*x"2)"3 + B56*c™2*xf~2
*xx* (33 - 26%CT2*%x72 + 8*%cT4*x74) + T*g 2*x*(-15 + 118%cT2*x"2 - 136%c"4*x"
4 + 48%c”6*x"6)) + 210%b*(105%a*(8*c™2*f~2 + g~2) + bxcxSqrt[l - c™2xx"2]*
(768*fxgx (-1 + c”2%x72) "3 + 56*c"2xf " 2*x* (33 - 26%c”2*x"2 + 8*%c"4*x"4) + 7
*xg~2%x* (-15 + 118*%c™2%x"2 - 136%c™4*x"4 + 48*c”6%x"6)))*ArcSin[c*x] + 1102
5¥b~2% (8%c™2%f"2 + g~2)*ArcSin[c*x]~2))/(564480%bxc~3*Sqrt[1 - c™2xx"2])

341.  [(f+gz)*(d- 2dz?)*? (a + barcsin(cz)) dz



input Int[(f + g*x)~2*%(d - c 2*d*x~2)~(5/2)*(a + b*ArcSin[c*x]),x]

output
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3.41.3 Rubi [A] (verified)

Time = 1.09 (sec) , antiderivative size = 481, normalized size of antiderivative = 0.51,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 197 Ryles used

integrand size
= {5276, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (d— czdan'2)5/2 (f + gz)*(a + barcsin(cz)) dx

l 5276

d*Vd — c2da? [ (f + gx)® (1 - c2w2)5/2 (a + barcsin(cz))dz
V1 —c2x2
l 5262

d?vd — c2dz? | (f2(a + barcsin(cz)) (1 — 02:1:2)5/2 + g%z?(a + barcsin(cz)) (1 — 02m2)5/2 + 2fgx(a + barcsin(c:

V1 = c2x?
l 2009

d*V/d — c2dx? <5g2(a+g5aégs;n(cz))2 + 2 fx(1- 02m2)5/2 (a + barcsin(cz)) + 2 f2z(1 — c2:v2)3/2 (a + barcsin(cz))

(d72%Sqrt[d - c™2xd*x~2]*((2*bxf*g*x)/(7T*xc) - (26%b*cxf~2%x72)/96 + (5xb*g
"2%x72) /(256%c) - (2xbkckf*gxx~3)/7 + (5xbkc™3*%f"2%x74)/96 - (59*b*c*xg~2*x
~4) /768 + (6xbxc~3xfxgxx~5)/35 + (17*b*c~3%g~2%x76)/288 - (2*b*c b*f*g*x~7
)/49 - (b*c™b*g~2%x78)/64 + (b*f~2%(1 - c~2%x72)"3)/(36%c) + (5*f~2*xx*Sqrt
[1 - c™2%x"2]*(a + b*ArcSin[c*x]))/16 - (5*xg~2*x*Sqrt[1 - c™2*x"2]*(a + b*
ArcSin[c*x]))/(128%c™2) + (5*g~2*x~3*Sqrt[1 - c~2*x"2]*(a + b*ArcSin[c*x])
)/64 + (5*f~2%x*(1 - c™2*xx72)7(3/2)*(a + bxArcSin[c*x]))/24 + (5*xg~2*x~3*(
1 - ¢™2xx72)"(3/2)*(a + bxArcSin[c*x]))/48 + (£~ 2*x*x(1 - c™2xx"2)"(5/2)*(a
+ b*ArcSin[c*x]))/6 + (g~ 2*%x"3*(1 - c™2%x72)"(5/2)*(a + b*ArcSin[c*x]))/8
- (2xfxgx(1 - c™2%x72)"(7/2)*(a + bxArcSin[c*x]))/(7*c"2) + (6%f~2*(a + b
*ArcSin[c*x])~2)/(32%b*c) + (5xg~2x(a + b¥ArcSin[c*x])~2)/(256%b*c~3)))/Sq
rt[1 - c™2*x"2]

341.  [(f+gz)*(d- 2dz?)*? (a + barcsin(cz)) dz
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3.41.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5262 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) px(a +
bxArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] &
& EqQlc™2%d + e, 0] && IGtQ[m, 0] && IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 |l p>0 1|l (n==1&& p>-1) || (m==2&& p < -2))

rule 5276 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)7p/(1 - c"2%x"2)~
Pl Int[(f + g*x) "m*(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, ¢, 4, e, f, g, n}, x] && EqQlc"2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] & !'GtQ[d, O]

3.41.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.66 (sec) , antiderivative size = 2090, normalized size of antiderivative = 2.22

method | result size

default | Expression too large to display | 2090

parts Expression too large to display | 2090

input‘int((g*x+f)“2*(—c‘2*d*x‘2+d)‘(5/2)*(a+b*arcsin(c*x)),x,method=_RETURNVERBO
SE)

N\

341.  [(f+gz)*(d- 2dz?)*? (a + barcsin(cz)) dz



output

input

output
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ax (£72x (1/6xx* (-c™2xd*x~2+d) ~ (5/2) +5/6%d* (1/4*x* (-c~2xd*x~2+d) ~(3/2) +3/4*d
*(1/2*%x* (-c™2*%d*x"2+d) ~(1/2)+1/2*d/ (c~2*d) " (1/2) *arctan((c~2*d) ~(1/2) *x/ (-
c™2xd*x"2+d) " (1/2)))))+g"2x (-1/8*x* (—c~2*d*x~2+d) ~(7/2) /c~2/d+1/8/c~2%(1/6
*x* (—c”2xd*xx”"2+d) ~ (5/2) +5/6*d* (1/4*x* (—c~2*xd*x~2+d) " (3/2) +3/4*d* (1/2*x* (-c
~2%d*x"2+d) " (1/2)+1/2*d/ (c"2*d) ~ (1/2) *arctan((c~2*d) ~ (1/2) *x/ (-c~2*d*x~2+d
)=(1/2))))))-2/7*Efxg*x (-c~2xd*x~2+d) ~(7/2) /c~2/d) +b* (-5/256* (-d* (c~2*x~2-1)
)~ (1/2)*(—c™2*x"2+1) " (1/2) /c~3/ (c™2*x"2-1) *arcsin (c*x) ~2* (8*c™2xf 2+g~2) *d
~2+1/3136% (—d* (c™2*%x"2-1)) " (1/2) * (64*c~8*x"8-144%Cc"6*X"6-64*I*c~T*x~7T*(-c”
2xx72+1) ~(1/2) +104%c™4*x~4+112%T* (¢~ 2%x~2+1) ~(1/2) *x~5%c~5-25%c~2*x~2-56*
Ix(—c™2%x72+1) " (1/2) *x~3%c™3+7*I* (-c"2%x~2+1) " (1/2) #x*c+1) ¥fxg* (I+7*arcsin
(c*x))*d~2/c"2/(c™2%x"2-1)+1/2304* (-d* (c~2%x"2-1) ) ~(1/2) * (-32%I* (-c~2*x"2+
1) (1/2)*CT6*X"6+32%CTT*X " T+48*I* (—c~2%x72+1) " (1/2) *x~4*Cc~4-64*c~5*x~5-18%
Ix(-c™2xx72+1) ~(1/2) *x~2%c~2+38*c~3*x"3+I* (-c"2*xx"2+1) ~ (1/2) -6*c*x) * (6*arc
sin(c*x)*c~2*f"2+I*c~2*f"2-6*arcsin(c*x)*g~2-I*g~2)*d~2/c~3/(c"2%x"2-1)-3/
1024* (—d* (c™2*x"2-1) ) ~(1/2) * (IT*c~2*x"2-c*kx* (—c™2*x"2+1) ~(1/2) -I) * (22*%I*c~2
*f~2+32%arcsin(c*x)*c”2xf"2+I*g~2+4*arcsin(c*x) *g~2) *cos (3*arcsin(c*x) ) *d~
2/c”3/(c™2%x"2-1)-5/64* (-d* (c™2%x"2-1)) ~(1/2) * (c~2*x~2-I* (-c™2*x~2+1) ~ (1/2
)*x*kc—1)*xfxgx (arcsin(c*x)+I)*d~2/c”~2/(c"2*x"2-1)-5/64* (-d* (c"2*x~2-1) )~ (1/
2) * (Ix(-c™2*%x72+1) ~(1/2) *x*c+c™2xx"2-1) *f*g* (arcsin(c*x) -I) *d"2/c”2/ (c"2*x

"2-1)+1/64* (-d* (c™2%x72-1)) " (1/2) * (4*I*c~3*x"3* (-c~2*x"2+1) " (1/2) +4*c~4. ..

3.41.5 Fricas [F]

[t +907 (@

— c2dacz)5/2 (a + barcsin(czx)) dz = / (—=c?dz® + d) : (9z + f)*(barcsin (cz) + a) dz

integrate ((gxx+f) 2% (-c"2*d*x~2+d) ~(5/2) * (a+b*arcsin(c*x)) ,x, algorithm="f
ricas")

N

integral ((a*c™4*d~2*%g~2*%x"6 + 2kaxc~4*d 2xf*xgxx~5 — 4xaxc”2xd 2xfxgxx"3 +

2%axd"2xfxgkx + axd"2*%f72 + (axcT4*d"2+f72 - 2kaxcT2xdT2*g"2)*x"4 - (2xaxc
"2%d72%f72 - akd"2xg"2)*x"2 + (bkcT4xd"2*g"2*x"6 + 2xbxc 4*d"2xfxg*x”"5 - 4
*bkCcT2+%d"2+fxg*xx"3 + 2xb*d"2*fxgHx + bkd"2*f£72 + (b*cT4xd"2*xf72 - 2*xb*xc”2*
d"2xg"2) *x"4 - (2xb*c”2+#d"2+f"2 - bxd~2xg~2)*x"2)*arcsin(c*x))*sqrt(-c"2xd
*x"2 + d), x)

341.  [(f+gz)*(d- 2dz?)*? (a + barcsin(cz)) dz
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3.41.6 Sympy [F(-1)]

Timed out.

/(f + gz)* (d — c2dx2)5/2 (a + barcsin(cz)) dz = Timed out

inputLintegrate((g*x+f)**2*(—c**2*d*x**2+d)**(5/2)*(a+b*asin(c*x)),x)

e

outputtTimed out

~—

3.41.7 Maxima [F]

¢+ (@

— chx2)5/2 (a + barcsin(cz)) dx = / (—cPdz® + d)g(ga: + f)*(barcsin (cz) + a) dz

input integrate ((g*x+f) ~2*(-c~2*d*x~2+d) ~(5/2) * (a+b*arcsin(c*x)) ,x, algorithm="m
axima")

output | 1/48+* (8% (-c™2xd*x"2 + d)~(5/2)*x + 10*%(-c~2*d*x"2 + d)~(3/2)*d*x + 1b*sqrt
(-c™2%d*x"2 + d)*d"2*x + 15*%d~(5/2)*arcsin(c*x)/c)*a*xf~2 + 1/384*(8*(-c~2%
d*x~2 + d)~(5/2)*x/c”2 - 48x(-c”2xd*x"2 + d)~(7/2)*x/(c”2%d) + 10*(-c~2*d*
X"2 + d)"(3/2)*d*x/c”2 + 16xsqrt(-c”2*d*x"2 + d)*d"2*x/c”2 + 15%d”(5/2)*ar
csin(c*x)/c™3) *xaxg™2 - 2/7*(-c™2*d*x"2 + d)~(7/2)*a*fxg/(c"2xd) + sqrt(d)*
integrate ((bxc~4*d~2xg~2%x~6 + 2xb*c~4*d~2*f*g*x~5 - 4*b*c~2*d"2*f*g*x~3 +
2%b*xd"2xf*g*x + bxd"2*%f72 + (bxc™4*d"2+f72 - 2%b*xc"2xd"2*%g"2)*x"4 - (2xbx
c™2xd"2*f"2 - bxd"2*g"2)*x"2)*sqrt(c*x + 1)*sqrt(-c*x + 1)*arctan2(c*x, sq
rt(cxx + 1)*sqrt(-c*x + 1)), x)

341.  [(f+gz)*(d- 2dz?)*? (a + barcsin(cz)) dz
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3.41.8 Giac [F(-2)]

Exception generated.

/ (f +g2)* (d— chm2)5/ 2 (a + barcsin(cz)) dr = Exception raised: RuntimeError

input  integrate ((g*x+f) "2* (-c"2*d*x~2+d) ~(5/2) *(atb*arcsin(c*x)) ,x, algorithm="g
iac")

output | Exception raised: RuntimeError >> an error occurred running a Giac command
: INPUT: sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve
cteur & 1) Error: Bad Argument Value

3.41.9 Mupad [F(-1)]

Timed out.

(¢ +907 (@

— chavz)E)/2 (a + barcsin(cz)) dz = / (f +92)* (a+ basin(cz)) (d— d:vz)f)/2

dz

input Lint((f + gxx)"2x(a + b*asin(c*x))*(d - c”2*d*x~2)"(5/2),x)

-/

output Lint((f + gxx)~2%(a + b*asin(c*x))*(d - c™2*d*x"2)~(5/2), x)

341.  [(f+gz)*(d- 2dz?)*? (a + barcsin(cz)) dz
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3.42 [(f+gzx)(d— c2dx2)5/2 (a+barcsin(cx)) dz

3.42.1 Optimalresult . . .. .. . .. . ... . 435
3.42.2 Mathematica [A] (verified) . . . . . .. . ... .. L 436
3.42.3 Rubi [A] (verified) . . . . . ... . 436
3.42.4 Maple [C] (verified) . ... ... . ... . ... .. 138
3425 Fricas [F] . . . . . o o 439
3.42.6 Sympy [F(-1)] . . . . o 439
3.42.7 Maxima [F] . . . .. . .. 439
3428 Giac [F(-2)] . . . . . A0
3429 Mupad [F(-1)] . . . . oo 4401

3.42.1 Optimal result

Integrand size = 29, antiderivative size = 517

9 4 9\5/2 _ bd>gz+/d — c2dz?
/(f + gz) (d — *dz?)”" (a + barcsin(cz)) dz = /=2
25bcd? fx?\/d — c2dx?  bed?gx®\/d — c2dx?
- 96v/1 — c2x2 - V1 — c2x?
N 5bc3d? fz*y/d — c2dx? N 3b’d*gx’v/d — 2dx?  b’d’gaxTv/d — c2da?
96v/1 — c2x? 35v/1 — c2x2 49v/1 — 2z

2 £(1 — 22 5/2 — 27,2
N bd?f(1—c a:3)66 Vd — c2dz +1_56d2f$ /d — c2dz*(a + barcsin(cz))

+ %dzfx(l — *z®) Vd — c2dz?(a + barcsin(cz))
+ %d2fx(1 — czacz)2 Vd — c2dz?(a + barcsin(cz))

_ d?g(1— A222)* /d — 2dz?(a + barcsin(cz))
7c?
N 5d% fv/d — c?dz?*(a + barcsin(cz))?
32bcy/1 — cx?

342.  [(f+g=z)(d— 2dz?)*? (a + barcsin(cz)) dz
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output | 1/36xb*d~2*%f* (—c~2%x~2+1) ~(5/2) % (—c~2*d*x~2+d) ~(1/2) /c+5/16*d~2*f*x* (a+b*a
rcsin(c*x) ) *(—c~2xd*x~2+d) ~(1/2) +5/24*d~2*f*xx* (-c~2*x~2+1) * (a+b*arcsin (c*x
))*x(—c”2xd*x"2+d) " (1/2) +1/6*d"2xf*xx* (-c~2*x"2+1) "2* (a+b*arcsin(c*x) ) *(-c~2
*d*x"2+d) " (1/2)-1/7*d"2*g* (-c~2*x"2+1) "3* (a+b*arcsin(c*x) ) * (—c~2*d*x~2+d) ~
(1/2) /c™2+1/T*b*d"2*xg*xx* (-c~2*d*x~2+d) ~(1/2) /c/ (-c~2*x"2+1) " (1/2) -25/96%b*
cxd"2*f*x72% (—c”2*d*x"2+d) “(1/2) / (-c™2%x72+1) " (1/2) -1/T*b*c*d~2*gxx 3% (-c~
2xd*x~2+d) " (1/2) / (¢~ 2%x72+1) " (1/2) +5/96%b*c~3*d~2*f*x~4* (-c~2*d*x~2+d) ~ (1
/2)/ (-c~2*x~2+1) = (1/2) +3/35*b*c~3*d " 2*gxx "5 (-~ 2*d*x~2+d) ~(1/2) / (-c~2%x"2
+1)7(1/2) -1/49%b*c~5*d~2%g*x " T* (—c~2%d*x~2+d) " (1/2) / (-c~2*x~2+1) ~(1/2)+5/3
2xd~2%f* (a+b*arcsin(c*x) ) 2% (—c~2%d*x~2+d) ~(1/2) /b/c/ (-c~2*xx~2+1) ~(1/2)

3.42.2 Mathematica [A] (verified)

Time = 0.29 (sec) , antiderivative size = 251, normalized size of antiderivative = 0.49

/(f + gz) (d — chx2)5/2 (a
2\/d = AT (11025a2c 7+ 210abyv1 — @22 (48g(—1 + 0?)® 4+ 7 (33 — 2620 +

+barcsin(cx)) dz =

.
input Integrate[(f + gxx)*(d - c™2*d*x~2)~(5/2)*(a + b*ArcSin[c*x]),x]

output | (d72*Sqrt[d - c”2xd*x"2]*(11025%a"2xc*f + 210*axb*Sqrt[l - c™2xx~2]* (48*g*
(-1 + c™2*%x72) 73 + Txc™2%f*x*(33 - 26%c™2%x"2 + 8*c"4*x74)) + b 2*cxx*(-24
BxcT2+f*xk (99 — 39%c™2*x"2 + 8kc"4%x74) - 288xgx(-35 + 35%c”2*x"2 - 21%c”4
*x"4 + B5xCc”6%x76)) + 210%bx(105*a*xc*f + b*Sqrt[l - c™2*x"2]*(48*gx(-1 + c~
2xx72) "3 + Txc"2xf*x*(33 - 26%c”2*x"2 + 8*c”4*x74)))*ArcSin[c*x] + 11025%b
~2xcxfxArcSin[c*x]~2))/(70560%b*c~2*Sqrt[1 - c~2*x~2])

3.42.3 Rubi [A] (verified)
Time = 0.63 (sec) , antiderivative size = 256, normalized size of antiderivative = 0.50,
number of steps used = 3, number of rules used = 3, Bumber of rules _ 143 Ryles used

integrand size
= {5276, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

342.  [(f+g=z)(d— 2dz?)*? (a + barcsin(cz)) dz
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/ (d— chx2)5/2 (f + gz)(a + barcsin(cz)) dx
| 5276

d*Vd — c2dz? [(f + gz) (1 — c2m2)5/2 (a + barcsin(cz))dx
V1—c21?
| 5262
d?Vd — 2dax? [ (f(a + barcsin(cz)) (1 — c2az2)5/2 + gz(a + barcsin(cz)) (1 — 02:82)5/2) dz
V1—c2z?
| 2009

d*V/d — c2dx? <(13fa:(1 - c2m2)5/2 (a + barcsin(cz)) + 2 fz(1 — 02502)3/2 (a + barcsin(cz)) + & fov1 — c2z?(a +

input Int[(f + g*x)*(d - c"2*d*x"2)~(5/2)*(a + b*ArcSin[c*x]),x]

output (d"2*Sqrt[d - c™2xd*x~2]*((b*g*x)/(7*c) - (256*b*c*f*xx~2)/96 - (bkcxg*x~3)/
7 + (B*b*c™3xf*x"4)/96 + (3xbkc”~3%gxx~5)/35 - (b*c 5xgxx"7)/49 + (bxf*x(1 -
c"2xx72)"3)/(36%c) + (Bxf*x*Sqrt[l - c 2*x"2]*(a + bxArcSin[c*x]))/16 + (
Bkf*xx*k(1 - c2%x72)"(3/2)*(a + b*ArcSin[c*x]))/24 + (f*x*(1 - c™2xx~2)~(5/
2)*(a + b*ArcSin[c*x]))/6 - (gx(1 - c™2*x"2)"(7/2)*(a + b*ArcSin[c*x]))/(7
*c"2) + (6xf*x(a + b*ArcSin[c*x])~2)/(32%b*c)))/Sqrt[1 - c~2*x™2]

3.42.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5262 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£f_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) px(a +
b*ArcSin[c*x])"n, (f + g*x)°m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] &
& EqQlc™2xd + e, 0] && IGtQ[m, 0] && IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 |l p>0 ||l (n==1&& p>-1) || (m==2 && p < -2))

342.  [(f+g=z)(d— 2dz?)*? (a + barcsin(cz)) dz
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Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.)) " (a_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x72)"p/(1 - c”2%x"2)"
P] Int[(f + g*x) m*x(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, f, g, n}, x] && EqQlc™2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] && 'GtQ[d, 0]

3.42.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.63 (sec) , antiderivative size = 1423, normalized size of antiderivative = 2.75

method | result size

default | Expression too large to display | 1423

parts Expression too large to display | 1423

int ((g*x+£) * (—c~2*d*x~2+d) ~(5/2) * (a+b*arcsin(c*x)) ,x ,method=_RETURNVERBOSE
)

1/6*%axf*xx* (-c~2%d*xx"2+d) ~(5/2) +5/24*a*fxd*x* (-c~2*xd*x~2+d) ~(3/2) +5/16*a*xf *

d”2%x* (—c”2%d*x"2+d) ~(1/2)+5/16*%a*xf*d"3/(c"2*d) ~(1/2) *arctan((c~2*d) ~(1/2)
xx/ (-c"2xd*x"2+d) " (1/2) ) -1/T*axg* (-c~2xd*x~2+d) ~ (7/2) /c~2/d+b* (-5/32* (-d* (
c”2%x"2-1))"(1/2) *(-c™2*x"2+1) ~(1/2) /c/ (c"2*x"2-1) *arcsin (c*x) ~2*xf*d"2+1/6
272% (=d* (c™2*x72-1) )~ (1/2) * (64*Cc~8*x"8-144*C~6*X~6-64*I*Cc”7T*x " T* (-c~2*x"2+
1) (1/2)+104*c”4*x~4+112%I* (~c™2*x"2+1) ~ (1/2) *x"5*c~5-25%c~2*%x~2-56*I* (-c~
2%x72+1) 7 (1/2) *x"3%c"3+T*I* (-c"2xx"2+1) 7 (1/2) *x*c+1) xgx (I+7*arcsin(c*x) ) *d
~2/c”2/(c™2xx”2-1)+1/2304* (-d* (c™2*xx~2-1) ) ~(1/2) * (=32*I* (-c~2*x~2+1) ~(1/2)
*CTB6*XT6+32%CTTHXTT+A8KI* (—c"24%x"2+1) " (1/2) #¥x"4*Cc"4-64*Cc”H5*xx"5-18*I* (¢~ 2%
x"2+1) 7 (1/2) *x"2%c"2+38*c " 3*x"3+I* (—c"2*x"2+1) ~(1/2) -6*c*x) *f* (I+6*arcsin(
c*x))*d~2/c/(c™2*x"2-1)-5/128* (-d* (c"2*x"2-1) ) ~(1/2) * (c"2*x"2-I* (-c~2*x"2+
1)~ (1/2) *x*c-1) *g* (arcsin(c*x)+I)*d~2/c~2/(c"2*x"2-1)-5/128* (-d* (c"2*x~2-1
D)~ (1/2) % (I*x(-c™2%x"2+1) " (1/2) *x*c+c™2*x"2-1) *g* (arcsin(c*x)-I)*d~2/c~2/(c
“2xx72-1)+15/256* (~d* (c"2%x72-1) ) “(1/2) * (2% I* (—c™2*x~2+1) ~ (1/2) *x~2*Cc"2+2%
Cc™3*x"3-Ix(-c~2*x"2+1) ~(1/2) -2*c*x) *f* (-I+2*arcsin(c*x) ) *d~2/c/ (c™2*x~2-1)
+1/128% (—d* (c™2*x72-1)) "~ (1/2) * (4*I*c~3*x~3* (-c~2%x"2+1) ~(1/2) +4*c~4*x~4-3*
Ik (-c™2%x72+1) " (1/2) #x*c-5*Cc~2%x"2+1) *gx (-I+3*arcsin(c*x) ) *d~2/c~2/ (c"2*x~
2-1)-1/7840% (=d* (c™2*%x"2-1) )~ (1/2) * (I* (—c~2*x"2+1) ~(1/2) *x*Cc+c~2*x"2-1) xg*
(11*%I+70*arcsin(c*x))*cos (6*arcsin(c*x))*d"2/c~2/(c"2%x"2-1)-3/15680* (—d* (
c™2*x72-1) )~ (1/2) % (I*c™2*x"2-c*x* (-c~2%x~2+1) " (1/2) -I) *g* (9*%I+3b*arcsin. . .

342.  [(f+g=z)(d— 2dz?)*? (a + barcsin(cz)) dz
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3.42.5 Fricas [F]

[+

- c2d932)5/2 (a + barcsin(cx)) dz = / (—c*dz® + d) 3 (9= + f)(barcsin (cz) + a) dz

input | integrate ((g*x+f)*(-c 2xd*x~2+d) ~(5/2) * (atb*arcsin(c*x)) ,x, algorithm="fri
cas")

output | integral ((a*c”™4*d"2*g*x"~5 + a*c™4xd"2*f*x"4 - 2%kaxc”2+d"2kgxx"3 - 2kaxc 2
d"2xf*xx"2 + axd"2xg*x + axd"2*f + (bkc"4*d"2*gxx"5 + bxc~4*d"2*fxx"4 - 2%b
*xCT2xd"2xgxx"3 - 2%bxcT2xd"2xf*x"2 + bxd"2%gxx + b*d~2x*f)*arcsin(c*x))*sqr
t(-c™2%d*x~2 + d), x)

3.42.6 Sympy [F(-1)]

Timed out.

/(f + gz) (d — c2da:2)5/2 (a + barcsin(cz)) dz = Timed out

p
input Lintegrate ((g*x+£) * (-cx*2xd*x**2+d) ** (5/2) * (a+b*asin(c*x) ) ,x)

-/

output LTimed out

~—

3.42.7 Maxima [F]

[+g0) (@

— chx2)5/2 (a + barcsin(cz)) dx = / (—c?dz® + d) : (g9z + f)(barcsin (cx) + a) dx

e

input

integrate ((gxx+f)*(-c~2*d*x~2+d) ~(5/2) * (a+b*arcsin(c*x)) ,x, algorithm="max
‘ ima")

342.  [(f+g=z)(d— 2dz?)*? (a + barcsin(cz)) dz
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1/48* (8% (—c™2*d*x"2 + d)~(5/2)*x + 10*(-c™2*d*x"2 + d)~(3/2)*d*x + 15*sqrt
(-c™2xd*x"2 + d)*d"2*x + 16%d~(5/2)*arcsin(c*x)/c)*axf - 1/7*(-c"2*d*x"2 +
d)~(7/2) *axg/(c"2xd) + sqrt(d)*integrate((b*c~4*d"2*g*x"5 + bxc~4*xd~2*xf*x
“4 - 2%bxc”2xd"2kgxx"3 — 2xb*cT2+d"2*f*x"2 + b*d"2*gkx + bxd"2xf)*sqrt(c*x
+ 1)*sqrt(-c*x + 1)*arctan2(c*x, sqrt(c*x + 1)*sqrt(-c*x + 1)), x)

3.42.8 Giac [F(-2)]

Exception generated.

/ (f+9gz) (d— c2dx2)5/ ? (a + barcsin(cz)) dz = Exception raised: RuntimeError

integrate ((gkx+f)* (-c~2*d*x~2+d) ~(5/2) * (a+b*arcsin(c*x)) ,x, algorithm="gia
C“)

Exception raised: RuntimeError >> an error occurred running a Giac command
: INPUT : sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve
cteur & 1) Error: Bad Argument Value

3.42.9 Mupad [F(-1)]

Timed out.

[(¢+90) (@

- chx2)5/2 (a + barcsin(cx)) doz = / (f+gz) (a+basin(cz)) (d— dr2)5/2

dz

input‘int((f + g*x)*(a + bkxasin(c*x))*(d - c™2xd*x"2)"(5/2) ,x)

outputtint((f + g*x)*(a + b*asin(c*x))*(d - c"2*d*x~2)~(5/2), x)

342.  [(f+g=z)(d— 2dz?)*? (a + barcsin(cz)) dz
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3.43.1 Optimal result
Integrand size = 31, antiderivative size = 1648

/ (d — 2dz?)*? (a + barcsin(cz)) P ad?(2f? — ¢%)° Vd — 2dz?
f+gz B 9
N 2bcd?x+/d — c2dx? N bed? (2 f? — 2¢%) zv/d — 2dx?
15gv1 — c2x? 393v1 — c2x?
_ bed?(*f? — ¢’ z/d = 32dz? _ bld? fa*d — c*dx?
9°V1 — c2x? 16g2v/1 — c2x2
N bAd? f(c?f2 — 2¢?) 22/ d — c2dx? N bc3d?x3v/d — c2dx?
4g*y/1 — c2x? 45g+/1 — c?x?
B bAd? (2 f? — 2¢%) 23v/d — cAdx? N bSd? fxtv/d — c2dx?
9g3v1 — c2x? 1692v/1 — c2z?
_ b d?a®Vd — c2dx? N bd2(2f2 — g2)* v/d — c2da? arcsin(cz)
25gv/1 — c2x? g°
N Ad? fr/d — c2dx?(a + barcsin(cz))

2
_EPf(Ef - 2g§?x\/m(a + barcsin(cz))

1
_ A fePVd = Pda?(a —ﬁi) arcsin(cz))

2

_d*(1 = cPa?) \/dich(a + barcsin(cz))
(P -2¢%) (1 —ing) vd — 2dx?(a + barcsin(cz))

343
N d*(1 — 2z?)? @(ag-l— barcsin(cz))

g

cd? fv/d — c2dz?(a + barcsin(cz))?
B 16bg2v/1 — 222
cd? f(c2f? — 2¢%) v/d — c2dz®(a + barcsin(cz))?
- 4bg*y/1 — 2z
N cd?(2f? — ¢?)? /d — 2dz?(a + barcsin(cz))?
2bg5+/1 — c2x?
d2(A2f% — ¢)° vd — 2dz?(a + barcsin(cz) )2
2bcgs (f + gx)V/1 — c2a?
d2(Af? — ?)* V1 = 2a2v/d — A2dz?(a + barcsin(cz))?

—+

_+_

2bcg*(f + gz)
a d2( 2 f2 _ 92)5/ 2 m arctan ( NG fzgjgc; 5?_6%2)
¢8v/1 — 222

—C 2 arcsi . jet arcsin(cz)
343. [ (d:’m?ﬁ (;f_‘gf’—??@? il — c?dx? arcsin(cx) log (1 - cf—\/c—2f27—52>
VI
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output | —1/25%b*c~5*d"~2%x"5* (-c~2*%d*x"2+d) ~(1/2) /g/ (—c~2%x"2+1) " (1/2) +1/8*c~2xd " 2%
fxxx (a+b*arcsin(c*x))* (-c™2xd*x~2+d) " (1/2) /g~2-1/4*c~4*d"2xf*x"3* (a+b*arcs
in(c*x) ) *(—c™2*d*x"2+d) " (1/2) /g~ 2+2/15*%b*c*d~2*x* (-c~2*d*x~2+d) ~(1/2) /g/ (-
Cc™2%x72+1) " (1/2) +1/45%b*c™3*d"2*x " 3% (—c"2xd*x"2+d) " (1/2) /g/ (-c~2*x~2+1) " (1
/2)+a*xd” 2% (c"2*£72-g"2) "2% (—c"2*d*x"2+d) ~(1/2) /g~ 5+b*d"2* (c"2*f£"2-g~2) "2*a
rcsin(c*x)* (—c™2*d*x"2+d) ~(1/2) /g~ 5-b*c*d~2* (c"2*xf"2-g~2) "2*x* (—c~2*d*x "2+
d)~(1/2)/g"5/(-c"2*%x"2+1) "~ (1/2) —axd~2x (c"2*£~2-g~2) ~(5/2) *arctan ( (c~2*f *x+
g)/(c™2%£72-g~2)~(1/2) / (-c~2*x"2+1) ~ (1/2) ) * (-c~2*d*x"~2+d) " (1/2) /g~6/ (-c~2*
X"2+1) 7 (1/2)+b*d"2% (c"2*x£72-g~2) " (5/2) *polylog (2, I* (I*c*x+(-c~2*x~2+1) " (1/
2))*xg/ (c*xf-(c™2*£72-g~2) ~(1/2)) ) *(~c~2*d*x"2+d) ~(1/2) /g~6/ (-c™2xx~2+1) ~(1/
2)-b*d~2*(c"2%£"2-g~2) " (5/2) *polylog (2, I* (I*c*x+(-c"2*%x"2+1) ~(1/2) ) *g/ (c*£f
+(c™2%£72-g72) " (1/2) ) ) ¥ (—c~2*d*x~2+d) ~(1/2) /g~ 6/ (-c"2xx"2+1) " (1/2) +I*b*d"2
*(c2x£72-g~2) " (5/2) *arcsin(c*x) *1n (1-I* (T*kc*xx+(-c™2*xx~2+1) ~(1/2) ) *g/ (c*f-
(c™2x£72-g72) 7 (1/2) ) ) *(-c™2*d*x"2+d) ~(1/2) /g~6/ (-c™2*x"2+1) ~(1/2) -1/3*d"2*
(-c™2*x72+1) * (atb*arcsin(c*x) ) * (-c~2*d*x"2+d) " (1/2) /g+1/5*d~2* (-c~2*x~2+1)
~2x*(atb*arcsin(c*x)) * (-c™2xd*x"2+d) " (1/2) /g-1/3*d"2% (c"2*£~2-2xg~2) * (-c~2%
x"2+1) * (atb*arcsin(c*x) ) * (-c"2xd*x"2+d) " (1/2) /g~3-1/16%b*c~3*d"2*f*x~2% (-c
“2xd*x"2+d) " (1/2) /g2/ (—c”2*%x"2+1) "~ (1/2) -1/9%b*c~3*d"2* (c~2+f~2-2%xg~2) *x~3
*(—c™2%d*x"2+d) " (1/2) /g~3/ (-c™2%x"2+1) " (1/2) +1/16%b*c~5*d ™ 2% f*x"4* (-c~2%d*
x"2+d) " (1/2)/g~2/ (-c"2*x~2+1) " (1/2)-1/16%c*d~2xf* (a+b*arcsin(c*x)) "2*x(-. ..

3.43.2 Mathematica [A] (verified)

Time = 2.13 (sec) , antiderivative size = 787, normalized size of antiderivative = 0.48

dz =

/ (d — c2dz?)** (a + barcsin(cz))
f+gz

d*\/d — c2dx? | —900bc3 f(c? f2 — 2g°) x? — 225bc° fg?x* + 144bc® g3 x5 + 400bcg(c? f2 — 2¢°) x(—3 + 2x?

inputtlntegrate[((d - c72%d*x"2)"(5/2)*(a + b*ArcSin[c*x]))/(f + g*x),x] J
(d—c? dw2)5/2 (a+barcsin(cz))
343. [ Fros dx
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output | -1/3600%(d~2*Sqrt[d - c”2*d*x~2]*(-900*b*c~3*f*(c2*f~2 - 2%g~2)*x"2 - 225
*¥b*c Bkfxg 2%x"4 + 144%bxc”5*g ~3*x"5 + 400%bxckgk (c"2*f72 - 2%g~2)*kx* (-3 +

CT2*x72) + 1800%c”2*fx(c™2*xf72 - 2xg~2)*x*Sqrt[1 - c”2*x"2]*(a + b*ArcSin
[c*x]) + 900*c~4xf*g~2*x~3%Sqrt[1 - c™2*x"2]*(a + b*ArcSin[c*x]) - 720%c”4
*xg~3xx"4*Sqrt[1 - c™2*x"2]*(a + b*ArcSin[c*x]) + 1200*g*(c™2*f~2 - 2%g~2)*
(1 - c™2%xx72)~(3/2)*(a + bxArcSin[c*x]) + (900*c*f*(c™2*xf~2 - 2xg~2)*(a +
bxArcSin[c*x])~2) /b + (1800*(-(c™2%£72) + g~2)"2x(-1 + c™2*xx"2)*(a + bxArc
Sin[c*x])~2)/(b*ckx(f + gxx)) - 80*g~3*(6%bxc*x + bxc~3*x"3 - 6*Sqrt[l - c~
2*%x"2]*(a + b*ArcSin[c*x]) - 3*c™2xx"2*Sqrt[1 - c 2*x"2]*(a + b*ArcSin[c*x
1)) + 225xckxfxg~2%(b*c™2*%x"2 - 2xc*x*Sqrt[1 - c™2*x"2]*(a + b*ArcSin[c*x])

+ (a + b*ArcSin[c*x])~2/b) - (1800%(-(c™2*£72) + g~2)"2*(c™2*g*x*(a + b*A
rcSinfc*x])"2 + ((c™2*f"2 - g™2)*(a + bxArcSin[c*x])~2)/(f + g*x) - 2xb*cx*
(b*c*gxx - g*Sqrt[l - c”2*x"2]*(a + bkArcSin[c*x]) - I*Sqrtlc™2*f~2 - g~2]
*((a + bxArcSin[c*x])*(Log[1l + (I*E~(I*ArcSin[c*x])*g)/(-(c*f) + Sqrt[c~2*
£f72 - g72])] - Logll - (I*E~(I*ArcSin[c*x])*g)/(c*f + Sqrt[c™2*f~2 - g~2])
1) - I*b*PolyLog[2, (I*E~(I*ArcSin[c*x])*g)/(c*f - Sqrtlc™2*f~2 - g~2])] +

IxbxPolyLog[2, (I*E~(I*ArcSin[c*x])*g)/(c*f + Sqrtlc™2*f~2 - g72]1)1))))/(
b*c*xg~2))) /(g 4*Sqrt[1 - c"2*x~2])

3.43.3 Rubi [A] (verified)

Time = 2.85 (sec) , antiderivative size = 1019, normalized size of antiderivative = 0.62,
number of steps used = 3, number of rules used = 3, number of rules _ 0.097, Rules used

integrand size
= {5276, 5266, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

/ (d— czdm2)5/2 (a + barcsin(cz))
f+oz
| 5276

5/2 .
d?\/d — 2dz? f (1—c?2?) f(—icf;)arcsln(cw)) dz

N
l 5266

d2Nd = 2dz2 f (x3\/1—c2x2(a-ig-barcsin(cx))c4 . fxzx/1—02x2(t;—£—barcsin(cz))c4 . f(62f2—2g2)\/l—cjﬁz(a+barcsin(cav))c2 n (cizf

V1 —c2x?

l 2009

2dw2)5/2

(a+barcsin(cz)) dr

d—c
343. [ ot
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d2v/d — dx2 _bxbcS bfztc®  fxv1—c2z2(atbarcsin(cz))ct b(c2f2—292)a3c3 + bz3c3 bf (c2f2—2g2)a2c3 _ bfa?c3
259 1692 492 9g3 45g 4g4 1642

inputLInt[((d - c"2xd*x"2)~(5/2)*(a + bxArcSin[c*x]))/(f + g*x),x]

N _

output | (d72*Sqrt[d - c”2*d*x"2]*((2xbxc*x)/(15*%g) + (b*ckx(c™2+£72 - 2%g~2)*x) /(3%
g~3) - (bxcx(c™2xf"2 - g72)"2xx)/g™5 - (bxc™3*f*x72)/(16xg~2) + (bxc 3*f*(
cT2xf72 - 2xgT2)*x72)/(4%g~4) + (bkc™3%x73)/(45%g) - (bxc™3*(c™2*f72 - 2xg
~2)*x73)/(9%g~3) + (b*c 5*xf*x74)/(16%g~2) - (b*xc~5%x75)/(25*g) + (ax(c™2+f
"2 - g72)"2x8qrt[1 - c"2*x"2])/g"5 + (bx(c™2%f"2 - g~2)"2xSqrt[1 - c”2%x"2
I*ArcSin[c*x]) /g5 + (c™2xf*x*Sqrt[l - c”2*x"2]*(a + b*ArcSin[c*x]))/(8xg™
2) - (c”2xfx(c™2*xf72 - 2xg~2)*x*Sqrt[1 - c™2*x"2]*(a + b*ArcSin[c*x]))/(2*
g74) - (c™4xf*x~3*Sqrt[1 - c"2*x"2]*(a + b*ArcSin[c*x]))/(4*g~2) - ((1 - ¢
~2xx72)7(3/2)*(a + bxArcSin[c*x]))/(3*g) - ((c™2%f72 - 2%g~2)*(1 - c”2*x"2
)~(3/2)*(a + bxArcSin[c*x]))/(3*%g~3) + ((1 - c”2*x72)"(5/2)*(a + b*ArcSin[
cxx]))/(5%g) - (cxf*x(a + bxArcSin[c*x])~2)/(16%b*g~2) - (c*kfx(c™2*f~2 - 2%
g~2)*(a + bk*ArcSin[c*x])~2)/(4*bxg~4) + (cx(c™2*f~2 - g~2) 2*x*(a + b*ArcS
in[c*x])"2)/(2%bxg™5) + ((c™2*f"2 - g~2)~3*(a + bxArcSin[c*x])~2)/(2*b*c*g
6k (f + g*xx)) + ((c™2%f72 - g72)"2*%(1 - c"2*x"2)*(a + bxArcSin[c*x])~2)/(2
xbxckg~4x(f + g*x)) - (ax(c™2*xf72 - g72)~(5/2)*ArcTan[(g + c~2*f*x)/(Sqrt[
c"2xf72 - g~2]*Sqrt[1 - c2*x"2])])/g"6 + (Ixb*(c™2*xf"2 - g~2)~(5/2)*ArcSi
nlc*x]*Log[l - (I*E~(I*ArcSin[c*x])*g)/(cxf - Sqrtl[c™2*xf"2 - g72])])/g"6 -

(Ixbx(c™2*%f~2 - g~2)~(5/2)*ArcSin[c*x]*Log[1 - (I*E~(I*ArcSin[c*x])*g)/(c
*f + Sqrtlc™2*£72 - g72])]1)/g"6 + (b*(c™2%£72 - g~2)7(5/2)*PolyLog[2, (I*E
~(I*ArcSin[c*x])*g)/(cxf - Sqrt[c™2*f"2 - g72]1)]1)/g"6 - (b*(c™2*f"2 - g...

3.43.3.1 Defintions of rubi rules used

-

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

\ >

rule 5266 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[Sqrt[d + e*x~2]*(a
+ b*ArcSin[c*x])"n, (f + gxx) m*x(d + e*x"2)"(p - 1/2), x], x] /; FreeQl{a,
b, c, d, e, £, g}, x] && EqQlc™2*#d + e, 0] && IntegerQ[m] && IGtQ[p + 1/2,
0] && GtQ[d, 0] && IGtQ[n, O]

2dw2)5/2

(a+barcsin(cz))
Froz dx

343, [l
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input

output

CHAPTER 3. LISTING OF INTEGRALS

446

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.)) " (a_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x72)"p/(1 - c”2%x"2)"
P] Int[(f + g*x) m*x(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, f, g, n}, x] && EqQlc™2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] && 'GtQ[d, 0]

3.43.4 Maple [A] (verified)

Time = 0.73 (sec) , antiderivative size = 2580, normalized size of antiderivative = 1.57

method | result size

default | Expression too large to display | 2580
parts Expression too large to display | 2580

int ((-c~2*d*x~2+d) ~(5/2) * (a+b*arcsin(c*x) )/ (g*x+f) ,x ,method=_RETURNVERBOSE
)

a/g* (1/5% (- (x+£/g) “2%c~2%d+2xc~2xd*f /g* (x+£/g) -d* (c~2*%£~2-g~2) /g~2) ~(5/2) +
c”2xd*f/g* (-1/8% (2% (x+£/g) *c™2%d+2*c~2xd*f/g) /c~2/d* (- (x+£/g) "2%c™2*d+2%c
~2kd*f/gx (x+f/g) -d* (c~2%£~2-g~2) /g~2) ~ (3/2) -3/16% (4*c~2%d "2 (c~2%f~2-g~2) /
g72-4%c”4xd"2%£72/g"2) /c”2/d* (-1/4* (2% (x+£f/g) *c~2*d+2*c”~2xd*f/g) /c~2/d* (-
(x+£/g) "2*%c™2xd+2*c”2xd*f/g* (x+£/g) —-d* (c"2*x£72-g~2) /g~2) " (1/2) -1/8% (4*c~ 2%
d~2x(c™2xf"2-g~2) /g~2-4*c”"4*d"2*f~2/g~2) /c"2/d/(c"2*d) " (1/2) *arctan((c~2*d
)~ (1/2)*x/ (- (x+£/g) "2xc"2*d+2*c~2xd*f /g* (x+f/g) -d* (c"2x£"2-g~2) /g~2) ~(1/2)
)))—dx(c™2*£"2-g~2) /g~ 2% (1/3* (- (x+£/g) ~2*c™2xd+2xc~2+d*f/g* (x+£/g) —~d* (c™ 2%
£72-g72) /g™2) " (3/2) +c™2%d*f/gx (—1/4* (=2% (x+£/g) *c~2*d+2xc~2*d*f/g) /c~2/d* (
- (x+£/g) “2*%c"2*d+2*c”2*d*f /g* (x+f/g) —-d* (c~2*%£72-g"2) /g~2) " (1/2)-1/8% (4*c~2
*d"2x (c"2*£72-g~2) /g"2-4*c"4*d"2+%£72/g"2) /c"2/d/ (c"2*d) ~(1/2) *arctan((c~2*
d) = (1/2) *x/ (- (x+£/g) "2k~ 2%d+2xc~2xd*f /g* (x+£/g) -d* (c~2*%£~2-g~2) /g~2) ~(1/2
)))=d* (c™2*£"2-g~2) /g~ 2% ((—(x+£/g) "2%c™2xd+2*c~2xd*f /g* (x+f/g) —d* (c~2*f "2~
g72)/g~2) "~ (1/2)+c~2xd*f/g/ (c~2*d) ~(1/2) *arctan((c~2*d) ~(1/2) *x/ (- (x+£/g) "2
*C"2%d+2xc”2*d*f/gx (x+£/g) —d* (c™2+%£72-g~2) /g~2) ~(1/2) ) +d* (c"2*£"2-g~2) /g~2
/(=d*(c™2xf~2-g~2) /g~2) " (1/2) *1n ((-2*d* (c"2*£~2-g~2) /g~ 2+2*c " 2xd*f /g* (x+£/
g)+2% (—d* (c™2%£~2-g~2) /g~2) ~(1/2) ¥ (- (x+£/g) ~2*c~2xd+2*c~2*d*f /g* (x+£ /g) —-d*
(c™2%£72-g~2) /g~2)~(1/2)) / (x+£/g)))) ) +b* (-1/16% (-d* (c"2*x~2-1) )~ (1/2) *(-c~
2xx72+1) " (1/2) / (c™2*x"2-1) *arcsin (c*x) "2xf* (8xc™4*f~4-20%c~2+f " 2*g~2+15xg™
4)*d"2xc/g~6+1/800* (—d* (c™2*x72-1) ) ~(1/2) * (16*c™6*x~6-28*c”"4*x"4-16*I*(. ..

2dw2)5/2

(a+barcsin(cz)) dr

d—c
343. [ ot




CHAPTER 3. LISTING OF INTEGRALS 447

3.43.5 Fricas [F]

dz

/ (d — c2dz?)** (a + barcsin(cz)) gy — / (—cdz? + d)g (barcsin (cx) + a)
f+gz B gz + f

input  integrate((-c~2xd*x~2+d)~(5/2)*(a+b*arcsin(c*x))/(g*x+f) ,x, algorithm="fri
cas")

output | integral ((a*c™4*d"2%x"4 - 2¥a*c”™2*d"2%x"2 + axd”2 + (b*c"4*xd"2*x"4 - 2¥b*c
"2xd72*x"2 + bxd~2)*arcsin(c*x))*sqrt(-c”2*d*x"2 + d)/(g*x + ), x)

3.43.6 Sympy [F]

dz

/ (d — 2dz?)*? (a + barcsin(cz)) e — / (—d(cx — 1) (cx + 1))g (a + basin (cz))
f+oz f+gz

input Lintegrate ((-cx*2xdxxx*2+d) ** (5/2) * (a+b*asin(c*x) ) / (g*x+f) ,x)

outputLIntegral((-d*(c*x - 1)*(c*x + 1))*x(5/2)*(a + b*asin(c*x))/(f + g*x), x)

3.43.7 Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/ (d — 2dz?)*”? (a + barcsin(cz))
f+ygz

/

input  integrate((-c~2*d*x~2+d)~(5/2)*(at+b*arcsin(c#*x))/(g*x+f) ,x, algorithm="max
ima")

output | Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *mayx*
help (example of legal syntax is 'assume(g-c*f>0)', see “assume?” for mor
e details)

2dx2)5/2

(a+barcsin(cz)) dr

d—c
343. [ ot
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3.43.8 Giac [F(-2)]

Exception generated.

dxr = Exception raised: TypeError

/ (d — c2dz?)*? (a + barcsin(cz))
f+gz

input | integrate((-c~2*d*x~2+d)~(5/2)*(a+b*arcsin(c*x))/(g*x+f) ,x, algorithm="gia
C")

output | Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT : sym2poly/r2sym(const gen & e,const
index_m & i,const vecteur & 1) Error: Bad Argument Value

3.43.9 Mupad [F(-1)]

Timed out.

/ (d — dz*)"” (a + barcsin(er) | _ / (a +basin(cx)) (d - da?) -

f+gz f+gx

inputtint(((a + b*asin(c*x))*(d - c™2*d*x~2)~(5/2))/(f + g*x),x)

output Lint(((a + b*asin(c*x))*(d - ¢ 2*d*x"2)"(5/2))/(f + g*x), x)

2dx2)5/2

(a+barcsin(cz)) dr

d—c
343. [ ot
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3.44 f (f+gz)3(a+barcsin(cz)) dr

Vd—c2dz?
3.44.1 Optimalresult . . .. . .. . . . ... .. e 449
3.44.2 Mathematica [A] (verified) . . . . . . . ... ..o Lo 501
3.44.3 Rubi [A] (verified) . . . . . ... . 4500
3.44.4 Maple [C] (verified) . ... ... ... . ... 152
3.44.5 Fricas [F] . . . . . o o o 453
3.44.6 Sympy [F(-2)] . . . . o 454
3.44.7 Maxima [F] . . . . . . .. 457
344.8 Giac [F] . . . . . . 454
3.44.9 Mupad [F(-1)] . . . . oo 455

3.44.1 Optimal result

Integrand size = 31, antiderivative size = 450

/ (f + gz)3(a + barcsin(cz)) dp — 3bf2gzy/1 — c?x? N 20g3z/1 — 2x?
Vd — ctdx? cvd — c?dz? 3c3vd — c?dz?
N 3bfg*x®\/1 — c2x? N bgx3v/1 — c2x?
4cv/d — c2dz? 9¢cvd — c2dzx?
_ 3f%9(1 — c*s*) (a + barcsin(cz))
c2y/d — c*dx?
_ 2¢°(1 — *a?) (a + barcsin(cz))
3ctvd — c?dz?
_ 3fg’z(1 — *2?) (a + barcsin(cz))
2¢2/d — c?dx?
_ g°7*(1 — *2?) (a + barcsin(cz))
3c2vd — c?dz?
3v1 = c2z%(a + barcsin(cz))?
2bcy/d — c2dz?
N 3fg*V1 — cz%(a + barcsin(cz))?
4bc3v/d — c2dx?

+

344, [ el (ttarsinn) gy




output

input

output
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-3*f"2%gk (-c"2*x"2+1) * (a+b*arcsin(c*x) ) /c72/ (-c™2xd*x"2+d) " (1/2) -2/3*g~3x*(
-c”2*x"2+1) * (a+bxarcsin(c*x)) /c”4/ (-c™2*d*x"2+d) " (1/2) -3/2x£xg~ 2% x* (-c~2*x
~2+1)*(at+b*arcsin(c*x))/c”2/(-c™2xd*x"2+d) " (1/2) -1/3*g~3*x~ 2% (-c~2*x~2+1) *
(atb*arcsin(c*x))/c~2/(-c™2xd*x~2+d) ~(1/2) +3*b*f ~2*xgxx* (-c~2*xx"2+1) ~(1/2) /
c/ (-c™2*d*x~2+d) " (1/2) +2/3*b*xg~3*x* (-c~2*x~2+1) ~(1/2) /c~3/ (-c~2*d*x~2+d) ~(
1/2) +3/4*xbxfxg~2%x " 2% (~c"2*x"2+1) ~(1/2) /c/ (—c™2*d*x"2+d) " (1/2) +1/9%b*g~3*x
3% (-c"2xx72+1) " (1/2) /c/ (~c”2*d*x"2+d) " (1/2) +1/2%£~3* (atb*arcsin (c*x) ) ~2x(
-c"2*x"2+1)~(1/2) /b/c/ (-c~2xd*x~2+d) " (1/2) +3/4*f*xg~2* (atb*arcsin(c*x) ) ~2%(
-c"2*x"2+1)~(1/2) /b/c”3/ (-c"2xd*x"2+d) " (1/2)

N\

3.44.2 Mathematica [A] (verified)

Time = 1.14 (sec) , antiderivative size = 343, normalized size of antiderivative = 0.76

/ (f + gz)3(a + barcsin(cz)) i
Vd — c2dz?

—18bcVdf (2¢2f% + 3¢%) (—1 + *x?) arcsin(cz)? — 36acf(2¢2f2 + 3¢%) V1 — c2x2y/d — c2da? arctan <%

‘Integrate[((f + g*x)"3%(a + b*ArcSin[c*x]))/Sqrt[d - c™2xd*x~2],x]

(-18%bkcxSqrt [d] *£* (2xc™2+%f72 + 3%g™2)*(-1 + c~2*x"2)*ArcSin[c*x] "2 - 36*a
xcxkfx (2%c™2%f72 + 3%g~2)*Sqrt[1 - c™2*x"2]*Sqrt[d - c~2*d*x~2]*ArcTan[(c*x
*Sqrt[d - c”2*d*x~2])/(Sqrt[d]*(-1 + c™2*x72))] - Sqrt[d]l*g*(-1 + c~2*x"2)
* (8xb*cxx* (6%g™2 + c™2%(27*f72 + g~2*x"2)) - 12xa*Sqrt[1 - c™2*x"2]*(4xg~2
+ cT2%(18*f72 + 9xfxgkx + 2xg~2*x"2)) - 27*b*ckxfxgxCos[2*xArcSin[c*x]]) +

6xbxSqrt [d]*g* (-1 + c~2+x"2)*ArcSin[cxx]*(4*Sqrt[1 - c™2*x"2]*(2*%g"2 + c~2
*(9*£72 + g"2xx72)) + 9xc*f*gxSin[2*%ArcSin[c*x]]))/(72*c~4*Sqrt [d] *Sqrt[1

- ¢c™2xx"2]*Sqrt[d - c"2xd*x"2])

3.44.3 Rubi [A] (verified)

Time = 0.79 (sec) , antiderivative size = 262, normalized size of antiderivative = 0.58,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 197 Ryles used

integrand size
= {5276, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

x)3 (a+b arcsin(cx
344, [ (Lesllettucie) gy
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(f + gz)3(a + barcsin(cz))
Vd — c2dz?
| 5276
V-2 [ (f+gm)i§¢;tléza;(2:sin(cz)) da
Vi—2dz?
| 5262

dz

1 2.2 (a+barcsin(cz)) f3 3gz(a+barcsin(cz)) f2 3g%z2(a+barcsin(cz)) f g3z3(a+barcsin(cr)) )
1—c'z f < V1=c2z2 + V1=c2z2 + V1=c2z2 + V1—c2z2 dzx

vd — c?dx?
l 2009

1— 22 ( 3fg>%(a+b argsin(cm))Q _ 3f29vV1—c2x? (g—i—b arcsin(cz))  3fg*zv1—c2xz? (g—i—b arcsin(cz))  g3z*vV1—c2x? (az-i—b arcsin(cz))
4bc c 2c 3c

vd — c2dx?

~—

input LInt[((f + g*x)"3%(a + b*ArcSin[c*x]))/Sqrt[d - c~2*d*x"2],x]

output | (Sqrt[1 - c™2*x"2]*((3*xb*f~2xg*x)/c + (2%bxg~3*x)/(3%c"3) + (3xb*f*g~2*x"2
)/ (4xc) + (bxg~3*x73)/(9*c) - (3*f~2*gxSqrt[l - c”2xx"2]*(a + b*ArcSin[c*x
1))/c™2 - (2xg~3xSqrt[1 - c™2*x"2]*(a + b*ArcSin[c*x]))/(3*c”4) - (3xf*xg~2
*x*Sqrt[1 - c”2*x"2]*(a + b*ArcSin[c*x]))/(2%c™2) - (g~ 3*x"2xSqrt[1 - c™2x%
x"2]*(a + b*ArcSin[c*x]))/(3*c”2) + (£73x(a + b*ArcSin[c*x])~2)/(2xb*c) +
(3xf*xg~2*(a + bxArcSin[c*x])~2)/(4*b*c~3)))/Sqrt[d - c~2*d*x"2]

3.44.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5262 Int[((a_.) + ArcSin[(c_.)*(x_)I1*(b_.))"(n_.)*((f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p*x(a +
bxArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] &
& EqQlc™2xd + e, 0] && IGtQ[m, 0] && IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 ||l p>0 ||l (m==1&& p>-1) || (m==2&& p < -2))

x)3 (a+b arcsin(cx
344, [ (Lesllettucie) gy
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rule 5276  Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x72)"p/(1 - c”2%x"2)"
P] Int[(f + g*x) m*(1 - c"2*x~2) p*(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, f, g, n}, x] && EqQlc™2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] && 'GtQ[d, 0]

3.44.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.55 (sec) , antiderivative size = 856, normalized size of antiderivative = 1.90

method | result

f3 arctan(%) 3 22V —d 2 +d 2vV—c2d z2+d 2 zV—c2dz?+d
+6°(- - ) +3f 6% - *

24,
arctan( cod:

V—=c2dz
2c2v/c2d

3c2d 3dct 2c2d

ﬁ
N
U

default | a <

24
arctan( c2d:

V—c2dz’
2¢2v/c2d

parts 3c2d 3dct 2c2d

f3arctan( _ﬁ§+d) 3 2\/ 2d 2 d 2\/ 2d 2 d 2 — 2d 2+d
a +g(_x —cdz +d __ —c x+>+3fg _xzvV—cidx +

input‘int((g*x+f)“3*(a+b*arcsin(c*x))/(—c”2*d*x“2+d)“(1/2),x,method=_RETURNVERBO
‘ SE)

344, [ el (ttarsinn) gy



output
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ax(£73/(c™2%d) " (1/2) *arctan((c~2%d) ~(1/2) *x/ (-c~2*d*x~2+d) ~(1/2) ) +g~3*(-1/
3%x72/c"2/d* (-c™2%d*x"2+d) " (1/2)-2/3/d/c™4* (-c2xd*x"2+d) " (1/2) ) +3*£xg ™ 2% (
-1/2%x/c”2/d* (-c~2*d*x~2+d) " (1/2)+1/2/c~2/(c"2*d) " (1/2) *arctan((c~2*d) ~(1/
2) xx/ (-c"2xd*x~2+d) " (1/2))) -3*£"2*g/c~2/d* (-c~2xd*x~2+d) " (1/2) ) +b* (-1/4* (-
d*(c™2%x72-1) )~ (1/2) *(-c"2*x"2+1)~(1/2) /c~3/d/ (c"2*x"2-1) *arcsin (c*x) ~2*f*
(2%c™2*£72+3%g~2) +1/144* (—d* (c™2*%x"2-1) ) " (1/2) * (2% c~2%x"2-2*I*kc*xx* (—-c~2%x"
2+1)~(1/2)-1) *g~3* (I+3*arcsin(c*x))/c~4/d/(c"2%x"2-1)-3/8* (-d* (c"2*x"2-1))
~(1/2)*(c™2%x"2-I* (-c™2*%x"2+1) ~(1/2) *x*c-1) *g* (d*arcsin(c*x) *c~2%f ~2+4*I*c
~2xf~2+arcsin(c*xx)*g~2+I*g~2) /c”4/d/(c"2*x"2-1)-3/8% (-d*(c"2*x"2-1) ) ~(1/2)
* (Ix(—c™2*%x"2+1) " (1/2) *x*c+c™2%x"2-1) *gx (4*arcsin (c*x) *c~ 2% "2-4*T*kc~2*f "2
+arcsin(cxx)*g~2-I*g~2)/c"4/d/ (c™2xx"2-1)+1/144* (-d* (c™2*x"2-1) )~ (1/2) * (2%
Ikcxx* (—c™2%x72+1) ~(1/2) +2xc~2%x"2-1) *g~3* (-I+3*arcsin(c*x)) /c~4/d/ (c"2*x~
2-1)+3/16% (-d* (c™2*x72-1)) ~(1/2) * (-c™2*xx"2+1) ~(1/2) /c~3/d/ (c"2*x"2-1) *fxg~
2+3/8x (~d*(c~2%x"2-1))~(1/2) /c~2/d/ (c"2*x~2-1) *f*g~2*arcsin (c*x) *x-1/24* (-
d*x(c™2%x72-1))~(1/2)/c”4/d/ (c"2*x"2-1) *arcsin(c*x) *g~3*cos (4*arcsin(c*x) )+
1/72%(-d* (c™2%x"2-1))~(1/2) /c~4/d/ (c"2*x"2-1) g~ 3*sin(4*arcsin(c*x))+3/16%*
(-d*(c™2*x"2-1))"(1/2) /c~3/d/ (c™2%x"2-1) *f*xg~2*cos (3*xarcsin(c*x) ) +3/8* (-d*
(c™2*%x"2-1))"(1/2) /c~3/d/ (c"2*x"2-1) *f*g~2*arcsin(c*x) *sin(3*arcsin(c*x)))

N

input

output

3.44.5 Fricas [F]

/ (f + gz)*(a + barcsin(cz)) /(ga:-l— £)3(barcsin (cz) + a )da:
Vd — 2dz? V—c2dz? +d

integrate ((gxx+f) "3*(at+b*arcsin(c*x))/(-c"2*d*x"2+d) ~(1/2) ,x, algorithm="f

ricas")

integral(-(a*g™3*x"3 + 3kaxfxg~2*x"2 + 3*axf 2xgx + axf~3 + (b*g~3*x"3 +
3*¥b*fxg~2%x"2 + 3xbxf"2*gxx + b*f~3)*arcsin(c*x))*sqrt(-c 2xd*x"2 + d)/(c”
2xd*x~2 - d), x)

3.44. f (f+gz)\3/(;+cbzzr:2sm(cz ) dz
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3.44.6 Sympy [F(-2)]

Exception generated.

/ (f + g9z)*(a + barcsin(cz))
Vd — cdx?

dx = Exception raised: TypeError

input Lintegrate ((g*xx+f) #*3* (a+b*asin (ckxx) ) / (-ck*2kdxx**2+d) ** (1/2) ,x) J

output‘Exception raised: TypeError >> Invalid comparison of non-real zoo

3.44.7 Maxima [F]

/ (f + gx) (a + barcsin(cz)) / (gz + f)*(barcsin (cz) + a) de

Vd — c2dz? V—c2dz? +d

input | integrate ((g*x+f) ~3*(atb*arcsin(c*x))/(-c"2xd*x~2+d)~(1/2) ,x, algorithm="m

axima")

output | -1/3*a*g~3*(sqrt (-c™2*%d*x"2 + d)*x~2/(c"2*d) + 2*sqrt(-c~2*d*x~2 + d)/(c"4

*d)) - 3/2xa*xfxg~2+(sqrt(-c”2*d*x~2 + d)*x/(c"2xd) - arcsin(c#*x)/(c"3*sqrt
(d))) + 1/2%bxf~3xarcsin(c*x) "2/ (c*sqrt(d)) + 3xbxf~2xg*x/(cxsqrt(d)) + ax

f~3*arcsin(c*x)/(c*ksqrt(d)) - 3*sqrt(-c”2*d*x~2 + d)*b*f~2*g*arcsin(c*x)/(

c"2xd) - 3*sqrt(-c”2*d*x"2 + d)*a*f~2*xg/(c"2xd) - sqrt(d)*integrate((bxg~3

*x"3 + 3xb*fxg~2*x"2)*sqrt(c*x + 1)*sqrt(-c*x + 1)*arctan2(c*x, sqrt(c*x +
D *sqrt(-cxx + 1))/(c™2*%d*x"2 - d), x)

3.44.8 Giac [F|

(f +92) (a + barcsin(cz)) (9 + f)*(barcsin (cz) + a)
Vd — c2dz? V—c2dz? +d

dz

input‘integrate((g*x+f)“3*(a+b*arcsin(c*x))/(—c‘2*d*x‘2+d)‘(1/2),x, algorithm="g
iac")

N J

outputtintegrate((g*x + £)73x(bxarcsin(c*x) + a)/sqrt(-c™2xd*x~2 + d), x) J

3.44. f (f+gz)\3/(;+cb22r:2sm(cm ) dz
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3.44.9 Mupad [F(-1)]

Timed out.

(f +gz) (a + barcsin(cz)) i / (f + gz)® (a + basin(cz))
Vd — c2dz? Vd—c2dz?

dz

input Lint(((f + gxx)~3*(a + b*asin(c*x)))/(d - ¢ 2%d*x~2)~(1/2),x)

-/

output Lint(((f + gxx)"3*(a + b¥asin(c*x)))/(d - ¢ 2*d*x"2)~(1/2), x)

344, [ el (ttarsinn) gy




output
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3.45 f (f+gz)?(a+barcsin(cz)) dr
Vd—c?dxz?

3.45.1 Optimalresult . . .. ... ... . .. ... .. e 456
3.45.2 Mathematica [A] (verified) . . . . . . . ... Lo 457l
3.45.3 Rubi [A] (verified) . . . . . ... .. 45T
3.45.4 Maple [C] (verified) . ... ... ... . ... 158
3.45.5 Fricas [F] . . . . . . o o 459
3.45.6 Sympy [F(-2)] . . . .« o 460
3.45.7 Maxima [F] . . . . . ... .. 460
345.8 Giac [F] . . . . . . 460
3.45.9 Mupad [F(-1)] . . . . oo 46T

3.45.1 Optimal result

Integrand size = 31, antiderivative size = 270

/ (f + g9z)*(a + barcsin(cz)) i — 2bfgz/1 — c2x? N bg?x?\/1 — c2a?
Vd — c2da? cv/d — 2dx? 4ev/d — c?dx?
2fg(1 — 2x?) (a + barcsin(cz))
- c2y/d — c?dx?
g*z(1 — c®z?) (a + barcsin(cz))
- 2c2/d — c2dx?
2V/1 = c222(a + barcsin(cz))?
2bcy/d — c2dx?
g*V/1 — c2x2(a + barcsin(cz))?
4bc3+/d — 2dx?

+

_l_

—2%f*xgx (—c"2*%x"2+1) * (atb*arcsin(c*x)) /c”2/(-c"2*d*x"2+d) " (1/2) -1/2%g~2*x* (
-c"2*x"2+1) *(atb*arcsin(c*x)) /c”2/ (-c™2xd*x~2+d) " (1/2) +2xb*f*xg*x* (-c"2%x"2
+1)7(1/2) /c/ (-c™2%d*x"2+d) " (1/2) +1/4*bxg~2xx" 2% (-c™2*x"2+1) ~(1/2) /c/ (-c™2%
d*x~2+d) " (1/2)+1/2x£"2*% (atb*arcsin (c*x)) 2% (-c"2*x"2+1) " (1/2) /b/c/ (-c"2xd*
X"2+4d) " (1/2)+1/4%g"2* (a+b*arcsin(c*x) ) "2x (-c~2*x"2+1) ~(1/2) /b/c~3/ (-c~2xd*
x72+d)~(1/2)

3.45. [ e ettarin(r)) gy
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3.45.2 Mathematica [A] (verified)

Time = 0.66 (sec) , antiderivative size = 266, normalized size of antiderivative = 0.99
(f +92) (a + barcsin(cz))

Vd — 2dz?

—2()\/_(202f2 + ¢%) (=1 + c*z?) arcsin(cz)? — 4a(262 f? + ¢%) V1 — 2%/ d — c2dz? arctan (%)

dz

input Integrate[((f + g*x)~2*(a + b*ArcSin[c*x]))/Sqrt[d - c 2*d*x~2],x]

output | (-2xb*Sqrt [d]*(2xc™2+f72 + g~2)* (-1 + c”2*x"2)*ArcSin[cxx] "2 - 4*a*(2xc”2#
£72 + g72)*Sqrt[1 - c”2*x"2]*Sqrt[d - c~2xd*x"2]*ArcTan[(c*x*Sqrt[d - c™2*
d*x~2])/(Sqrt[dl*(-1 + c™2%x72))] + Sqrt[dl*gx(-1 + c~2%x"2)*(4*c*(-4*xbxc*
fxx + ax(4+f + gxx)*Sqrt[1 - c™2xx"2]) + bxg*Cos[2xArcSin[c*x]]) + 2xbx*Sqr
t[dl*gx (-1 + c™2*x"2)*ArcSin[c*x]*(8*cxf*Sqrt[1 - c™2*xx"2] + g*Sin[2*ArcSi
nlcxx]]))/(8*%c™3xSqrt [d]*Sqrt [1 - c™2*x"2]*Sqrt[d - c~2*d*x"2])

3.45.3 Rubi [A] (verified)
Time = 0.62 (sec) , antiderivative size = 162, normalized size of antiderivative = 0.60,
number of steps used = 3, number of rules used = 3, number of rules _ 0.097, Rules used

integrand size
= {5276, 5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(f + gz)?(a + barcsin(cz))
Vd = 2dz?
l 5276
VI—ca? | (f+g2) ﬁﬂ;zgsm(m)) .
Vd — c2dx?
l 5262

mf ((a—i—ba,rcsin(c:/z:))f2 + 2gz(a+barcsin(cz)) f + g2m2(a+barcsin(cw))) dx

V1—c222 V1—c222 V1—c2z2
vd — c2dx?
l 2009

dx

3.45. f (f+gz)\2/(;+cbzzr:2sm(cz ) dr
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W g?(a+barcsin(cz))?  2fgvV1—c2z2(a+barcsin(cz))  g2xv1—c2z2(atbarcsin(cz)) |, f?(a+barcsin(cz))? |, 2bfgr , by
—cT 4bc3 - c? - 2c2 + 2bc + = T

vd — c2dx?

-

inputLInt[((f + g*x) 2% (a + b*ArcSin[c*x]))/Sqrt[d - c™2*d*x"2],x]

~—/

output‘ (Sart[1 - c™2*xx"2]*((2*bxfxg*x) /c + (b*g~2*x~2)/(4*c) - (2xfxgxSqrt[l - c~
‘2*x‘2]*(a + b*ArcSin[c*x]))/c”2 - (g 2*x*Sqrt[1 - c 2*x"2]*(a + b*ArcSinl[c
‘*XJ))/(Q*C“Q) + (£72x(a + bxArcSin[c*x])~2)/(2xb*c) + (g~2*(a + b*ArcSin[c
*x1)72)/ (4%b*c™3))) /Sqrt[d - c 2*d*x"2]

—_

3.45.3.1 Defintions of rubi rules used

rule 2009L1nt [u_, x_Symboll :> Simp[IntSumlu, xI, x] /; Sumq[u] J

rule 5262 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p*x(a +
bxArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &
& EqQlc™2*d + e, 0] && IGtQ[m, O] && IntegerQlp + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 || p>0 ||l (n==1& p>-1) || (m==2 && p < -2))

rule 5276  Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)"p/(1 - c"2%x"2)"
P] Int[(f + g*x) m*x(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, f, g, n}, x] && EqQlc™2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] & 'GtQ[d, 0]

3.45.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.50 (sec) , antiderivative size = 505, normalized size of antiderivative = 1.87

x)2(a+b arcsin(cx
3.45. [ ([Leslletbaciie) gy




input

output

input

output

CHAPTER 3. LISTING OF INTEGRALS

459

method | result

2c2d

2 _ Vc2dx _ VPda
default a(f arCtan( _62“2”) + gz< omederd 4 aman(m>> _ 2fg\/%> + b(_

ﬁ
S
U

2c2v/c2d

parts 2c2d 2¢2+v/c2d c2d

2 _ Vs A lds
a(f arctan( _62d$2+d) +92< ey e amtan(\/m)) _ 2fgvV—c?dz?+d

)+b(_

\/—d(c2a

V/—d(c?a

int ((gxx+f) ~"2x(at+b*arcsin(c*x)) /(-c"2*d*x~2+d) ~(1/2) ,x,method=_RETURNVERBO
SE)

ax(£72/(c"2*d) ~(1/2) *arctan((c™2*d) ~ (1/2) *x/ (-c~2xd*x~2+d) ~(1/2) ) +g~2x(-1/
2*xx/c”2/d* (-c"2*d*x"2+d) ~(1/2)+1/2/c"2/(c"2*d) " (1/2) *arctan((c~2*d) ~(1/2) *
x/ (—c”™2xd*x"2+d) ~(1/2))) -2*f*g/c~2/d* (-c~2*d*x"2+d) " (1/2) ) +b* (-1/4* (-d*(c~
2xx72-1)) " (1/2)*(-c"2*x"2+1) ~(1/2) /c~3/d/ (c"2*x~2-1) *arcsin (c*x) "2* (2*c~2*
£72+g72) - (~d* (c™2*x"2-1)) ~(1/2) * (c~2*x~2-I* (-c™2%x~2+1) ~(1/2) *x*c-1) *£*g* (
arcsin(c*x)+I)/c~2/d/(c™2*%x"2-1) - (-d* (c"2*x72-1)) " (1/2) * (I*(-c"2*x"2+1) " (1
/2) *xx*kc+c"2%x"2-1) *fxg* (arcsin(c*x)-I)/c~2/d/(c™2*x"2-1)+1/16% (-d* (c"2*x"2
-1))7(1/2)*(-c"2%x"2+1) " (1/2) /c~3/d/ (c"2*x"2-1) *g~2+1/8* (=d* (c"2*x"2-1) ) " (
1/2)/c~2/d/ (c™2xx"2-1) *g"~2*arcsin (c*x) *x+1/16* (-d* (c"2*xx~2-1))~(1/2)/c"3/4
/(c™2%x72-1) *g~2*cos (3*arcsin(c*x))+1/8* (-d* (c~2*x~2-1))~(1/2)/c~3/d/(c~2*
x"2-1)*g~2*arcsin(c*x)*sin(3*arcsin(c*x)))

3.45.5 Fricas [F]

(f +gx) (a + barcsin(cz)) (gz + f)*(barcsin (cz) + a)
Vd — c2dx? V—cdz? +d

dz

integrate ((g*x+f) 2% (atb*arcsin(c*x))/(-c~2*d*x~2+d) ~(1/2) ,x, algorithm="f

ricas")

integral (-sqrt(-c~2*d*x~2 + d)*(a*xg~2*x"2 + 2*xaxfxgxx + axf~2 + (b*g™2*x"2
+ 2%b*f*kgxx + bkf~2)*arcsin(c*x))/(c"2*d*x"2 - d), x)

3.45. f (f+gz)\/(;+cbz?ir:2sm(cm ) dr
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3.45.6 Sympy [F(-2)]

Exception generated.

dxr = Exception raised: TypeError

/ (f + 9x)%(a + barcsin(cz))
vd — c2dz?

input Lintegrate ((g*x+f) **2x (a+b*asin(c*x) ) / (-ck*2kdrx**2+d) ** (1/2) ,x)

outputLException raised: TypeError >> Invalid comparison of non-real zoo

3.45.7 Maxima [F]

(f +92) (a + barcsin(cz)) (9 + f)*(barcsin (cz) + a)
Vd — c2dz? V—c2dz? +d

dz

input | integrate ((g*x+f) ~2*(atb*arcsin(c*x))/(-c"2xd*x~2+d)~(1/2) ,x, algorithm="m
axima")

output -1/2%a*g~2x(sqrt(-c~2*d*x~2 + d)*x/(c"2*d) - arcsin(c*x)/(c"3*sqrt(d))) +
1/2xb*xf~2*arcsin(c*x) "2/ (c*sqrt(d)) + b*g~2*integrate(x~2*arctan2(c*x, sqr
t(c*x + 1)*sqrt(-c*x + 1))/(sqrt(c*x + 1)*sqrt(-c*x + 1)), x)/sqrt(d) + 2%
bxfxgxx/(cxsqrt(d)) + a*xf~2+arcsin(c*x)/(cxsqrt(d)) - 2*sqrt(-c 2*d*x~2 +
d) *bxfxgrarcsin(cxx)/(c™2xd) - 2*sqrt(-c”2*d*x"2 + d)*a*xf*g/(c~2*xd)

3.45.8 Giac [F|

(f +92) (a + barcsin(cz)) dr — / (9 + f)*(barcsin (cz) + a) i
Vd — c2dz? B V—cdz? +d

input‘integrate((g*x+f)“2*(a+b*arcsin(c*x))/(—CAQ*d*x‘2+d)‘(1/2),x, algorithm="g
Liac")

outputtintegrate((g*x + f)72x(bxarcsin(c*x) + a)/sqrt(-c™2xd*x~2 + d), x)

3.45. f (f+9z)\/(;+cbz?ir:2sm(cm ) dr
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3.45.9 Mupad [F(-1)]

Timed out.

(f +gz) (a + barcsin(cz)) i / (f + gz)? (a + basin(cz))
Vd — c2dz? Vd—c2dz?

dz

input Lint(((f + gxx)~2%(a + b*asin(c*x)))/(d - c™2%d*x~2)~(1/2),x)

-/

output Lint(((f + gxx)"2%(a + b¥asin(c*x)))/(d - c™2*%d*x"2)~(1/2), x)

3.45. [ Utslletbarcinta) g,
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3.46 f (f+gx)(zti§;$in(cx)) dr

3.46.1 Optimalresult . . .. .. .. .. ... .. . 462
3.46.2 Mathematica [A] (verified) . . . . . . . . .. .. .. L 162
3.46.3 Rubi [A] (verified) . . . . ... .. . ... 1631
3.46.4 Maple [C] (verified) . .. ... .. ... . ... .. 464
3.46.5 Fricas [F] . . . . . o o o 465
3.46.6 Sympy [F(-2)] . . . . . 465
3.46.7 Maxima [A] (verification not implemented) . ... ... ... . ... ... .. 465
346.8 Giac [F] . . .. . . 160
3.46.9 Mupad [F(-1)] . . . . . oo 160

3.46.1 Optimal result

Integrand size = 29, antiderivative size = 126

/ (f + gz)(a + barcsin(cz)) i — bgzv/1 — 222 g(1 — c2x?) (a + barcsin(cz))

Vi 2 " i adr AV~ Pdo?
fm(a + barcsin(cz))?
2bcv/d — c2dx?

output| -gk (-c~2+x"2+1)* (a+b*arcsin(cxx) ) /c~2/ (~c 2*dxx"2+d) ~ (1/2) +bkgxk (~c~24x~2
+1)7(1/2) /c/ (~c~2xdkx~2+d) ~ (1/2)+1/2*Ex (a+brarcsin(ckx)) 2% (~c~2%x"2+1)~ (1
/2)/b/c/ (~cm2%d¥x"2+d) "~ (1/2) |

3.46.2 Mathematica [A] (verified)

Time = 0.26 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.37

(f + gz)(a + barcsin(cz))
Vd — c2dz?
2\/_9(—a + ac’z? + bez/1 — ¢232) + 2bv/dg(—1 + c*2?) arcsin(cz) + bev/dfv/1 — 222 arcsin(cz)? — 20
- 2¢2V/dv/d — 2dz?

dz

input | Integrate[((f + g*x)*(a + b*ArcSin[c*x]))/Sqrt[d - c~2*d*x~2],x]

3.46. [ Utsletbasinten) g,




output ‘

input

output
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(2+Sqrt[d]*g*(-a + a*c™2*x"2 + bkxcxx*Sqrt[l - c”2%x72]) + 2%b*Sqrt[d]*g* (- ‘
1 + c”2%x"2)*ArcSin[c*x] + bxc*Sqrt[d]*f*Sqrt[1l - c”2+x"2]*ArcSin[c*x]"2 - ‘
2xaxcxf*Sqrt[d - c”2xd*x"2]*ArcTan[(c*x*Sqrt[d - c”2*d*x~2])/(Sqrt[d]*(-1 ‘
+ ¢c"2%x72))])/(2%c”2*Sqrt [d] *Sqrt [d - c~2*d*x~2]) ‘

3.46.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.69, number
of steps used = 3, number of rules used = 3, Iﬁ%ﬂ%ﬁ;ﬁé 1;11zlgs = 0.103, Rules used = {5276,
5262, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (f + gz)(a + barcsin(cz)) e
Vd — c2dxz?

l 5276
b
VI= 5 [ Uramletbarsinien) g
vVd — c?dx?
l 5262

1 _ 2.2 f(a+barcsin(cz)) gz(a+barcsin(cz))
1-cz f( V1—c2z2 + V1-c2z2 )dil)

vd — c?dx?
l 2009

m(_ gv1—c?z? (ac—iz-b arcsin(cz)) + fla+d ag((:)scin(cz))2 + bg7z)
Vd — c2dx?

‘Int[((f + gxx)*(a + bxArcSin[c*x]))/Sqrt[d - c™2*d*x~2],x]

‘(Sqrt [1 - c™2+x"2] *((b*g*x) /c - (g*Sqrt[l - c™2*x"2]*(a + b*ArcSin[c*x]))/
Lc“2 + (f*(a + b*ArcSinl[c*x])~2)/(2%b*c)))/Sqrtld - c~2*d*x"2] J

3.46. [ Utsletbasinten) g,
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3.46.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5262 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) px(a +
bxArcSin[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] &
& EqQlc™2%d + e, 0] && IGtQ[m, 0] && IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ
[n, 0] & (m==1 |l p>0 1|l (n==1&& p>-1) || (m==2&& p < -2))

rule 5276 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)7p/(1 - c"2%x"2)~
Pl Int[(f + g*x) "m*(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, ¢, 4, e, f, g, n}, x] && EqQlc"2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] & !'GtQ[d, O]

3.46.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.47 (sec) , antiderivative size = 247, normalized size of antiderivative = 1.96

method | result
afarctan(ﬂ> 2 V=d(222-1) (a2 —icz/~
default V-c2da2+d )  agv/—c?dz?+d +b - V/—d(c?z2—1) V—c?z2+1 arcsin(cz)’f  V~ (c2z?— )<C 7TV —
Ve2d c2d 2cd(c2z2—1) 2c2d(c?
afarctan(@) 9 V=d(222-1) (a2 —ica/—
" V—c2da?+d)  agv/—c?dz2+d +b( = /—d(c2x2—1) v/—c?22+1 arcsin(cz)? f vV~ (Pz?— )<C 7TV —
parts Ve2d c2d 2cd(c2z2—-1) 2c2d(c?

input | int ((g*x+£f)*(at+b*arcsin(c*x))/(-c~2*d*x~2+d) ~(1/2) ,x ,method=_RETURNVERBOSE
)

output | axf/(c~2*d) ~(1/2) *arctan((c~2*d) ~(1/2) *x/ (-c~2xd*x~2+d) ~(1/2) ) —a*g/c~2/d*(
—C72%d*x"2+d) " (1/2) +b* (-1/2*% (=d* (c"2%x"2-1) ) ~(1/2) *(-c~2*x~2+1) " (1/2) /c/d/
(c™2%x~2-1)*arcsin(c*x) ~2%f-1/2% (-d* (c"2%x~2-1) )~ (1/2) *(c™2%x"2-I* (—c~2%x~
2+1) 7 (1/2) #x*c-1) *gx (arcsin(c*x)+I)/c~2/d/ (c"2*x"2-1)-1/2% (-d* (c"2*x"2-1))
~(1/2) *(I*x(-c™2xx"2+1) ~(1/2) #x*c+c™2*x"2-1) *g* (arcsin(c*x) -I) /c~2/d/ (c"2*x
~2-1))

3.46. [ Utsletbasinten) g,
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3.46.5 Fricas [F]

dz

/ (f + gx)(a + barcsin(cz)) (9z + f)(barcsin (cz) + a)
Vd — ctdx? V—cdx? +d

input  integrate ((g*x+f)*(atb*arcsin(c*x))/(-c"2*%d*x~2+d)~(1/2) ,x, algorithm="fri
cas")

output | integral (-sqrt(-c™2*d*x~2 + d)*(a*g*x + axf + (b*g*x + bxf)*arcsin(c*x))/(
c"2*d*x"2 - d), x)

3.46.6 Sympy [F(-2)]

Exception generated.

/ (f + gz)(a + barcsin(cz))
Vd — cdx?

dx = Exception raised: TypeError

input Lintegrate ((g*x+£)* (a+bkasin(cxx) )/ (~crk2kdkx**2+d) ** (1/2) ,x)

output LException raised: TypeError >> Invalid comparison of non-real zoo

3.46.7 Maxima [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.71

/ (f + gz)(a + barcsin(cz)) - bf arcsin (cz)? n bgx N af arcsin (cx)
Vd — ctdx? 2¢Vd cvd cvd
_ V—c?dz® + dbgarcsin (cz) vV —c*dz® + dag
c2d c2d

input | integrate ((g*x+f)* (atb*arcsin(c*x))/(-c"2*d*x~2+d)~(1/2),x, algorithm="max

ima")

output | 1/2*bxf*arcsin(c*x)~2/(c*ksqrt(d)) + b*g*x/(c*ksqrt(d)) + a*xf*arcsin(c*x)/(c
*sqrt (d)) - sqrt(-c”™2xd*x~2 + d)*bxgrarcsin(c*x)/(c”2*d) - sqrt(-c™2*d*x"2
+ d)*axg/(c"2xd)

3.46. [ Utsletbasinten) g,
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3.46.8 Giac [F|

/ (f + gz)(a + barcsin(cz)) i / (9z + f)(barcsin (cz) + a)
Vd — c2dz? V—c2dz? +d

input ‘ integrate ((g*x+f)* (atb*arcsin(c*x))/(-c"2*d*x"2+d)~(1/2) ,x, algorithm="gia
C")

output‘integrate((g*x + f)*(b*arcsin(c*x) + a)/sqrt(-c”2xd*x"2 + d), x)

3.46.9 Mupad [F(-1)]

Timed out.

/ (f + gz)(a + barcsin(cz)) dp — / (f+9gx) (a+basin(cx)) i
vd — c2dz? vd— c%dz?

inputtint(((f + g*x)*(a + b*asin(c*x)))/(d - c™2*d*x~2)~(1/2),x)

outputlint(((f + g*xx)*(a + b*asin(c*x)))/(d - c™2*d*x"2)"(1/2), x)

3.46. [ Utsletbasinten) g,




output
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3.47 f a+barcsin(cz) dx
(f+gz)Vd—c*dz?

3.47.1 Optimal result . . . . . . . . . . . 467
3.47.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo 168
3.47.3 Rubi [A] (verified) . . . . . . . .. ... 168
3.47.4 Maple [A] (verified) . .. . ... . ... .. 472
3.47.5 Fricas [F] . . . . . o o o 472
3.47.6 Sympy [F] . . . . . 473
3477 Maxima [F] . . . . . .. AT3
3.47.8 Giac [F(-2)] . . . . o o AT
3479 Mupad [F(-1)] . . . . o Zye!

3.47.1 Optimal result

Integrand size = 31, antiderivative size = 380

. . jet arcsin(cz)
/ a + barcsin(cz) iv1 — c?z%(a + barcsin(cz)) log (1 - —ch_\/m)
r=—
(f + gx)Vd — 2dx? Ve fr — g2\/d — c2dx?
. — 2.2 . _ jet arcsin(cz) )
N iv1 — c?z2(a + barcsin(cz)) log (1 —Wm

V2 f2— g2\/d — Adx?

jet arcsin(cz)
VT @ PolyLog (2, 5% )

VA2 — g2v/d — c2dz?

iei arcsin(cz)
V1= PolyLog (2, 7 )

VA2 f2 — g2\/d — cdx?

_+_

—-Ix(atb*arcsin(c*x))*1n(1-I* (I*c*x+(-c~2%x"2+1) " (1/2) ) *g/ (cxf-(c"2*%f~2-g~2
)7(1/2)) ) *(-c™2%x"2+1) " (1/2) / (c™2x£72-g~2) " (1/2) / (-c™2*d*x~2+d) " (1/2) +I*(a
+bxarcsin(c*x) ) *1n(1-I* (I*xc*x+(-c™2%x72+1) ~(1/2) ) *g/ (cxf+(c™2*x£~2-g~2) ~(1/
2)))*(-c™2%x"2+1)~(1/2) / (c™2%£72-g"~2) " (1/2) / (-c~2*d*x~2+d) ~ (1/2) -b*polylog
(2, Ix(IT*ckx+(-c™2%x"2+1) ~(1/2) ) *g/ (c*xf-(c™2*£72-g"2) ~(1/2)) ) *(—c~2%x"2+1) "
(1/2)/ (c™2x£72-g~2) " (1/2) / (-c~2%d*x~2+d) ~(1/2) +b*polylog(2, I* (I*c*x+(-c~2%
x"2+1) 7 (1/2)) *g/ (cf+(c™2%£72-g~2) " (1/2)) ) * (-c™2%x™2+1) ~(1/2) / (c"2%£~2-g"2
)~ (1/2)/ (—c™2xd*x~2+d) " (1/2)

a+barcsin(cz)
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3.47.2 Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 232, normalized size of antiderivative = 0.61

a + barcsin(cz) I
(f + gx)Vd — dz?
. . et arcsin(cz) jeiarcsin(cz) i
B V1 —c2z? <—z(a + barcsin(cx)) (log (1 + WTP*_‘;Z) — log (1 - cf-l-\/c—2f27—32>> — bPolyLog <2, ——
VA2 — g2v/d — c2dx?

-

input LIntegrate[(a + bxArcSin[c*x])/((f + g*x)*Sqrt[d - c 2*d*x~2]),x]

~—

output| (Sqrt[1 - c”2*x~2]*((-I)*(a + b*ArcSin[c*x])*(Logl[l + (I*E~(I*ArcSin[c*x])
*g)/(-(cxf) + Sqrtl[c™2*f~2 - g~2])] - Logll - (I*E~(I*ArcSin[c*x])*g)/(c*f
+ Sqrt[c™2*f72 - g72])]) - b*PolyLogl[2, ((-I)*E~(I*ArcSin[c*x])*g)/(-(c*f
) + Sqrtl[c™2*f"2 - g72])] + b*PolyLog[2, (I*E~(I*ArcSin[c*x])*g)/(cxf + Sq
rt[c™2%£72 - g72]1)]1))/(Sqrt[c™2*f"2 - g~2]*Sqrt[d - c~2*d*x"2])

3.47.3 Rubi [A] (verified)

Time = 1.02 (sec) , antiderivative size = 288, normalized size of antiderivative = 0.76,

number of steps used = 10, number of rules used = 9, umber of rules _ 4 99 Ryles used
integrand size

= {5276, 5272, 3042, 3804, 2694, 27, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

a + barcsin(cz)

Vd — c2dz?(f + gx) e

| 5276
— 9.9 a+barcsin(cz)
V1-—cz f—(f+gz)mdx
Vd — c2dx?
| 5272
V1—c2z? [ %iigr;(mdarcsin(cx)
Vd — c2dx?
| 3042

a+barcsin(cz)
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— 222 a+barcsin(cx) .

m f cf+gsin(arcsin(cx)) d aI‘CSIIl(ca,‘ )
Vd — c2dx?
| 3804

et arcsin(cx) .
V1 —c2x (a+barcsin(cz)) .
2v1 c°T f 2cet arcsm(cm)f je2t arcsm(cm)g+ d aI‘CSln(c:p)
Vi- &
| 2694
ig f et amjz(::j((::;b arCSi;(C;)) - darcsin(cz) ig f et arczs:iicsflﬂj((:ﬂ;b arcsiI;(C:)) darcsin(cz)
2v1 —c%z? 2(or e Ve _ (er-e g—/e2f2—g
V2 f2—g? JEf—g2

Vd — 2dx?

| 27

. i arcsin(cz) . )
ig e (a+barcsin(cz)) d aI‘CSln(cm)

) /1 — 9.2 62"1}2 cf—iet arcsin(cz)g+\/czf2_92 3

¢t arcsin(cz) (a+b arcsin(cz)) darcsin(cz)
cf— et arcsm(cz)g \/szg_g

2\/c2f2—g2

ig [ —=

2¢/c2f2—g2
Vi— o
l 2620

(a+barcsin(cz)) log (1, ige® arcsin(cz) iet arcsm(cm)g

(a+barcsin(cz)) log (17 ige

3 arcsin(cz)

cf—\/c2f2—g2

242 2. .. b [log| 1— ——————=—L | darcsin(cz)
\/m-kcf) ( cf+m>

Zg g g9 Zg g9
—_ 22 —
2vV1 —c*x NI NG
Vd — c2dx?
| 2715
. . etarcsin(cz) . . i arcsin(cz) . .
ib [e~t arcsin(cz) log (1 arcsin g )da” arcsin(cx) (a+barcsin(cz)) log (1 ige ) ib [ et arcsin(cz) log
) cf+1/c2f2—g2 Ve2f2—g2tef .
9 g + g g
211 = 22 —
cx 2\/c2f2—g2
Vvd — c2dz?
| 2838
_atbarcsin(cz)

3.47. dz

f (f+gz)Vd—c2dz?
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7 —
9 g9 g g9

V1 — 212 —
2v/1 —c*x 20 fP—g?

2\/c2f2—g2

(a+barcsin(cz)) log (1— M) ib PolyLog <2 M) (a+barcsin(cz)) log (1— M) b P
Ve f2—g2tef cf+\/c2f2—g2 ia ef=\/e2f2-g%)

vd — c2dx?

e

inputpnt[(a + bxArcSin[c*x])/((f + g*x)*Sqrt[d - c 2*d*x~2]),x]

~—

s N

output | (2*xSqrt[1 - c™2*x"2]*(((-1/2*I)*g*(((a + bxArcSin[c*x])*Log[l - (I*E~(I*Ar
cSin[c*x])*g)/(cxf - Sqrt[c™2*f"2 - g72])])/g - (IxbxPolyLog[2, (I*E~(I*Ar
cSin[c*x])*g)/(c*f - Sqrtlc™2*f~2 - g72]1)1)/g))/Sqrt[c™2*f~2 - g~2] + ((I/
2)*gx(((a + bxArcSin[c*x])*Log[1l - (I*E~(I*ArcSin[c*x])*g)/(cxf + Sqrtl[c~2
*f°2 - g72]1)]1)/g - (Ixb*PolyLog[2, (I*E~(I*ArcSin[c*x])*g)/(c*f + Sqrt[c~2
*f°2 - g721)1)/g))/Sqrt[c2*£~2 - g72]1))/Sqrt[d - c~2*d*x"~2]

3.47.3.1 Defintions of rubi rules used

rule 27/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

rule 2694 Int[((F_)~(u_)*((£f_.) + (g_.)*(x))"(m_.))/((a_.) + (b_)*(F_)"(u)) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4*a*c, 2]}, Simp[2*(c/q) Int
[(f + gxx)"m*(F~u/(b - q + 2%c*F~u)), x], x] - Simp[2*(c/q) Int[(f + g*x)
“m*x(F~u/(b + q + 2*c*F~u)), x], x]1] /; FreeQ[{F, a, b, c, f, g}, x] && EqQ[
v, 2*%u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

a+barcsin(cz)
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rule 2715

rule 2838

rule 3042

rule 3804

rule 5272

rule 5276
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Int[Logl[(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_)*(x_)) " (m_.)/((a) + (b_.)*sinl[(e_.) + (£_.)*(x_)]), x_Sy
mbol] :> Simp[2 Int[(c + d*x) " m*x(E~(I*(e + £*x))/(I*b + 2*xa*E~(Ix(e + f*x
)) — Ixb*xE~(2%I*(e + f*x)))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ
[a"2 - b~2, 0] && IGtQ[m, O]

-

Int[(((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£f_) + (g_.)*(x_))"(m_.))/Sq
rt[(d_) + (e_.)*(x_)"2], x_Symbol] :> Simp[1/(c"(m + 1)*Sqrt[d]) Subst[In
t[(a + b*x) "n*(c*xf + g*xSin[x])"m, x], x, ArcSin[c*x]], x] /; FreeQ[{a, b, c
, d, e, £, g, n}, x] && EqQ[c™2*d + e, 0] && IntegerQ[m] && GtQ[d, 0] && (G
tQ[m, 0] || IGtQ[n, 01)

Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.))"(n_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)7p/(1 - c™2*x"2)"
pl  Int[(f + gxx) m*(1 - c~2*x"2) p*(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, f, g, n}, x] && EqQ[c™2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] & 'GtQ[d, O]

a+barcsin(cz)
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3.47.4 Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 508, normalized size of antiderivative = 1.34

method | result
72d(02f22—92) +2c2dfgz+£) +2$ 7d(c2f22—92) 7(z+£)2c2d+ 2c2dfgm+£) 7d(c2f22—92)
oln g g , g
oty iby/—d(c2zZ—1) \/—c2 f*
default | —
\/ d(c2f2_92)
g\| — 92
i) (o) | A [ aa(er]) i)
aln g g g
I .
oty iby/—d(c?z2—1) /=2 f*
arts -
p \/ d(czfz_gz)
g\| — 2

int ((atb*arcsin(c#*x))/(gkx+f)/(-c~2*d*x~2+d) ~(1/2) ,x ,method=_RETURNVERBOSE
)

-a/g/ (-d*(c™2x£~2-g~2) /g~2) ~(1/2) *1n ((-2*d* (c"2*£~2-g~2) /g~ 2+2*c~2*d*f /g*(
x+£/g) +2% (-d* (c™2%x£72-g"2) /g~2) " (1/2) * (- (x+£/g) "2*c~2*d+2*c~2xd*f /gx (x+f /g
)-d*(c™2x£72-g"2) /g~2) " (1/2)) / (x+£/g) ) -I*b* (-d* (c"2*x72-1) ) ~(1/2) * (-c™2*£~
2+g~2) " (1/2) *(-c~2*x"2+1) " (1/2) * (I*arcsin(c*x) *1n ((I*xc*f+(I*ckx+(-c™2%x"2+
1)7(1/2) ) *g-(-c~2*%£72+g~2) ~(1/2)) / (I*xcxf-(-c~2%£"2+g~2) " (1/2)) ) -I*arcsin(c
*x) *1n ((Ikcxf+(Ixckx+(-c™2%x72+1) 7 (1/2) ) xg+(-c™2%£72+g72) ~(1/2) ) / (T*kcxf+(-
c2x£72+g~2) " (1/2)) ) +dilog ((I*c*f+(I*c*x+(-c™2%x72+1) ~(1/2) ) *g- (-c"2%f"2+g
~2)7(1/2)) / (Ixcxf-(-c™2*£72+g"2) " (1/2))) -dilog ((I*c*f+(I*c*x+(-c™2*%x"2+1) "
(1/2) ) *g+(-c~2%£72+g~2) ~(1/2) ) / (I*xcxf+(-c"2%£72+g~2) " (1/2))) ) /d/ (c"2*x"2-1
)/ (c™2x£72-g~2)

3.47.5 Fricas [F]

/ ( a + barcsin(cz) dr — barcsin (cz) + a d

f+gzr)vVd— c?dx? v V—=c2dz? + d(gz + f)

p
input‘integrate((a+b*arcsin(c*x))/(g*x+f)/(—c‘2*d*x‘2+d)‘(1/2),x, algorithm="fri

‘cas")

a+barcsin(cz)
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output‘ integral (-sqrt(-c~2*d*x"2 + d)*(b*arcsin(c*x) + a)/(c™2*d*g*x~3 + c™2xd*f*
‘x“2 - dxgxx - dxf), x)

3.47.6 Sympy [F]

a + barcsin(cz) / a + basin (cx)
(f +g9x)Vd —c2dgv2 V—d(cz —1) (cz + 1) (f + gz)

inputtintegrate((a+b*asin(c*x))/(g*x+f)/(-c**2*d*x**2+d)**(1/2),x)

outputLIntegral((a + b*asin(c*x))/(sqrt(-d*(c*x - 1)*(c*x + 1))*(f + g*x)), x)

3.47.7 Maxima [F]

/ a + barcsin(cz) B barcsin (cz) + a
(

T = dx
[+ gz)Vd — c2dz? V—c?dz? + d(gx + f)

input‘integrate((a+b*arcsin(c*x))/(g*x+f)/(-c“2*d*X‘2+d)‘(1/2),X, algorithm="max
Lima")

output Lintegrate((b*arcsin(c*x) + a)/(sqrt(-c™2*d*x"2 + d)*(g*x + £)), x)

3.47.8 Giac [F(-2)]
Exception generated.

/ a + barcsin(cz)
(f + gx)Vd — 2dz?

dr = Exception raised: TypeError

input | integrate((a+b*arcsin(c*x))/ (g*x+£)/(-c"2*d*x"2+d)~(1/2) ,x, algorithm="gia
Cll)

output | Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT:index.cc index_m i_lex_is_greater E
rror: Bad Argument Value

_atbarcsin(cz)
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3.47.9 Mupad [F(-1)]

Timed out.

/ a + barcsin(cz) dp — / a+ basin(cz) i
(f + gz)Vd — c*dz? (f+gz) Vd—c*dz?

inputtint((a + bxasin(c*x))/((f + gxx)*(d - c™2%d*x~2)~(1/2)),x)

outputtint((a + bxasin(c*x))/((f + g*x)*(d - c™2*d*x"2)~(1/2)), x)

a+barcsin(cz)
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a+barcsin(cx
3.48 f (f+—;a:)2 al—(c2c)lals2 dz

3.48.1 Optimalresult . . . . . . . . . ... .. 475
3.48.2 Mathematica [A] (verified) . . . . . . . .. ... .. Lo o 476
3.48.3 Rubi [A] (verified) . . . . . . . . . . 47T
3.48.4 Maple [A] (verified) . .. . . ... ... .. 482
3.48.5 Fricas [F] . . . . . . o o 483
3.48.6 Sympy [F] . . . . . 483
3.48.7 Maxima [F] . . . . . . . 484
3.48.8 Giac [F(-2)] . . . . o o i (484
3489 Mupad [F(-1)] . . . o o 484

3.48.1 Optimal result

Integrand size = 31, antiderivative size = 507

/ a + barcsin(cz) dr — g(1 — c%x?) (a + barcsin(cz))
(F+oopvd—cd " (@f — @) (f + g0V - ode?
ic®f/1 — c2x2(a + barcsin(cz)) log (1 — ittty
B cf—\/c2f2—g2
(@2 = g Vi = da?
ic2fv/1 — c2x2(a + barcsin(cz)) log (1 — %)
@ - )" VI-od
_ bevl = c?2?log(f + gz)
(¢2f? — g*) Vd — c*da?
9 —3.3 ieiarcsin(cz)g
- bc® fv/1 — c2x% PolyLog <2, —cf—\/m>
(c2f2 — g2)** Vd — ?da?
9 ) iet arcsin(cx)g
bc” fv/1 — c2z? PolyLog (2, —cf+\/m>
(2f? - ¢?)** Vi = Pda?

+

+

a+barcsin(cz)
348 [ Fpepviamr 00
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output | g*x (-c~2*x"2+1) * (a+b*arcsin(c*x))/(c"2*£72-g~2) / (g*x+£) / (—c™2xd*x~2+d) " (1/2
)=b*cx1ln(gxx+f) * (—c"2%x"2+1) "~ (1/2) / (c"2*£~2-g~2) / (-c"2xd*x~2+d) ~ (1/2) -I*c”
2xf* (atb*xarcsin(c*x) ) *1n(1-T* (Ixc*x+(-c™2*x"2+1) ~(1/2) ) *g/ (c*xf-(c"2xf~2-g~
2)7(1/2)))*(~c™2*x"2+1) " (1/2) / (c™2%£72-g~2) " (3/2) / (-c"2xd*x~2+d) " (1/2) +I*c
~2xf* (atb*arcsin(c*x) ) *1n(1-I* (T*kc*x+(-c™2*x"2+1) ~(1/2) ) *g/ (c*f+(c"2*f"2-¢g
~2)7(1/2)))*(-c™2%x"2+1) " (1/2) / (c™2%£72-g~2) ~(3/2) / (—c~2*d*x"2+d) ~(1/2) -b*
c~2*f*polylog(2, I* (I*xckxx+(-c™2*x~2+1)~(1/2)) *g/ (cxf-(c~2*%£72-g~2) " (1/2))) *
(—c™2%x72+1)7(1/2) / (c™2x£72-g~2) " (3/2) / (-c™2*d*x~2+d) ~ (1/2) +b*c~2*f*polylo
g (2, Ix (I*kc*x+(-c™2*x"2+1) " (1/2) ) *xg/ (c*f+(c™2*f"2-g~2) ~(1/2)) ) * (-c~2*x"2+1)
~(1/2)/(c™2%£72-g~2) " (3/2) / (-c™2*d*x"2+d) ~(1/2)

3.48.2 Mathematica [A] (verified)

Time = 0.37 (sec) , antiderivative size = 295, normalized size of antiderivative = 0.58

a + barcsin(cz)

dz

(f + gz)*V/d — c2dz?
4 arcsin(cx) . tarcsin(c
cf <—i(a+b arcsin(cz)) <log <1+w9> —log (1— L
V1—c2z2(a+barcsi —cf+y/c2f2 g2 ef+y/e2f2
Cm gV1l—c wc;—:;gzrcsm(cw)) _ blOg(f -l-gx) + + g + v

B (2f? — g2) Vd — c?dz?
input | Integrate[(a + b*ArcSin[c*x])/((f + g*x)~2%Sqrt[d - c2*d*x"2]),x] ‘

output (cxSqrt[1 - c~2*x~2]*((g*Sqrt[1 - c~2*x~2]*(a + bxArcSin[c*x]))/(c*f + c*g
*x) - b*Logl[f + g*x] + (c*f*x((-I)*(a + b*ArcSin[c*x])*(Logl[l + (I*E~(I*Arc
Sin[c*x])*g)/(-(c*f) + Sqrtl[c™2+f"2 - g~2])] - Log[l - (I*#E~(I*ArcSin[c*x]
)*g)/(cxf + Sqrtlc™2*xf"2 - g72])]) - bxPolyLog[2, ((-I)*E~(I*ArcSin[c*x])*
g)/(-(c*f) + Sqrtlc™2*%f~2 - g~2])] + b*PolyLogl[2, (I*E~(I*ArcSinl[c*x])*g)/
(cxf + Sqrt[c™2xf72 - g72]1)]1))/Sqrt[c™2*f~2 - g72]))/((c"2%£"2 - g~2)*Sqrt
[d - c™2%d*x"2])

a+barcsin(cz)



CHAPTER 3. LISTING OF INTEGRALS 477

3.48.3 Rubi [A] (verified)

Time = 1.35 (sec) , antiderivative size = 384, normalized size of antiderivative = 0.76,

number of steps used = 14, number of rules used = 13, Bumber of rules _ ( 479 Ryles
integrand size

used = {5276, 5272, 3042, 3805, 3042, 3147, 16, 3804, 2694, 27, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

a + barcsin(cz)
Vd — c2dz?(f + gz)?
| 5276
barcei
VI= g [ ) do
Vd — c2dx?
| 5272
cV1—c2a? | %ﬁ;g‘j@d arcsin(cx)
Vvd — c2dz?
| 3042

+barcsi :
eV1l—c2z? | @i _:q siri’“(ffcl;f(”; ):1:)))2 d arcsin(cz)

vVd — c2dx?
l 3805

dx

c2f2—g? c2f2—g? (c2f2—g?)(cf+cgx)
vd — c?dx?
l 3042

a-+barcsin(cx . —c2,.2 .
N = 222 (cff 4Cf+69z( )darcsm(cz) _ bg [ Mdarcsm(m) g /1—c2x2(a+barcsin(cx))>

+b arcsin . rcsin .
cm cf [ cfigsii(:icsgﬁ?zz))darCSIn(cw) _ by | cfr;sgnf:rciff()c)z))darcsm(cx) + gV 1—c?z2(a+barcsin(cz))
2i-g 2Py @ FP=g)(ef +ega)

vd — c?dx?
l 3147

a+barcsin(cz)

V1 — 222 (Cf [ rigsm(arcsineap daresin(ea) b grogd(cge) gx/l—c2x2(a+barcsin(ar))>

2 f?—g? c?f?—g? (2 f?—g°)(cf+cg)

vd — c2dx?

llG

a+barcsin(cz)
348 [ Fpepviamr 00
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a+barcsin(cz)

cm < cf [ cf+g sin(arcsin(cz)) darcsin(cz) + gv1—c?z?(a+barcsin(cx))  blog(cf+cgr) )

c’f?—g* (2 f?—g%)(cf+cga) c’f?—g*
Vd — c2dz?
| 3804
et arcsin(cx) (a+barcsin(cz)) .
V1 — 222 2¢f | 2cet arcsin(ez) p_;o2iarcsin(ca) g4 49 darcsin(cx) gvV1—c?z?(a+barcsin(cx))  blog(cf+cgr)
v =g @ ~g%)(cf Feg) =g

Vd — c?dx?
l 2694

gt arcsin(ez) (a+barcsin(cz)) et arcsin(cz) (a+barcsin(cz))

) d . . u . )
ig [ 5 (cf—iei arcsin(cz)g+ /‘:27102 _92) arcsin(cz) g [ ) (Cf_iei arcsin(cz)g_\/m) arcsin(cz
2ef NET= - NET
\/ gV 1—c?z2(a+barc
C 1 — C2m2 c2f2_g2 + (CQfQ—(g2)(Cf+
Vd — c2dx?
| 27
ig [ et ar?sin(ém) (a+barcsin(cz)) darcsin(cz) g [ et arcvsin(c.w) (a+barcsin(cz)) d arcsin(cx)
cf—iel arcsin(cz) g+ \/c2f2—92 cf—iel arcsm(cx)g_ \/62 f2—92
2Cf 2\/c2f2—g2 B 2\/02f2—g2
cvV1 — c2x2 + 9vV1—c2z2(a+barcsin(cx)
2fi—g? (2 f?—g%)(cf+cga)

Vd — c?dx?
l 2620

a+barcsin(cz)
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(a+barcsin(cz)) log 1—M b [ log I—M d arcsin(cz) (a+barcsin(czx)) log | 1— M
, 2f2—g2+cf cft+y/e?f2—g? , ef—y/e2f2—
*9 g - g *9 g
2 —
Cf 2\/c2f2—92 2y,
CV 1 - szZ sz2—92
Vd — c?dx?
| 2715
. . . -t in(cx) . . . tarcsin(cx) . . .
ib[e™" arcsin(cz) log (1* L ihhin il ) det arcsin(cz) (a+barcsin(cz)) log (17 rge _ ~ ) ibfe" arcsin(cz) 14
i cf+y/c?f2—g? + Ve f2—g2+ef i
g9 g9
2c, -
f 2\/C2f2_92
cV1—c2z? g2
Vd — c2dz?
| 2838

3.48.

f a+barcsin(cz) dz
(f+gz)2vd—c?dz?
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i arcsin(cz) jet arcsin(cz) g

ige

. _iarcsin(cz)
(a+barcsin(cz)) 10g<1—1967> it

a—+barcsin(cz)) lo; 1-— ibPolyLog| 2, —— —<Z
5 ( (e g( \/c2f2—92+cf> o g( cf+\/c2f2—92) 5 cf—\/c2f2—g?
g g g
2ef 2\/c2 722 - 2\/c2 722
cV1—c?z? ey
Vd — c2dxz?
inputLInt[(a + brArcSin[c*x])/((f + g+x)~2*Sqrt[d - c~2%d*x~2]),x] J

output | (cxSqrt[1 - c™2*x"2]*((g*Sqrt[1 - c 2*x"2]*(a + b*ArcSin[c*x]))/((c™2*£f"2

- g72)x(cxf + c*g*x)) - (bxLoglckxf + ckgxx])/(c™2*xf72 - g~2) + (2kc*fx(((-
1/2*I)*gx(((a + b*ArcSin[c*x])*Log[1l - (I*E~(I*ArcSin[c*x])*g)/(c*f - Sqrt
[cm2%f~2 - g72])])/g - (I*b*PolyLogl[2, (I*E~(I*ArcSin[c*x])*g)/(cxf - Sqrt
[cm2*%f~2 - g72])1)/g))/Sqrtlc~2*f~2 - g~2] + ((I/2)*g*(((a + b*ArcSin[c*x]
)*Log[1l - (I*E~(I*ArcSin[c*x])*g)/(cxf + Sqrtlc™2*xf~2 - g72])]1)/g - (I*bxP
olyLog[2, (I*E~(I*ArcSin[c*x])*g)/(c*f + Sqrtlc™2+f"2 - g~2]1)]1)/g))/Sqrtlc
“2xf72 - g72]))/(c”2x£72 - g72)))/Sqrt[d - c"2*d*x"2]

3.48.3.1 Defintions of rubi rules used

rule 16 Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
bxx, x]1/b), x] /; FreeQ[{a, b, c}, x]

N

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

a+barcsin(cz)
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rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*gkn*xLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2694 Int [((F_)~(u_)*((£f_.) + (g_.)*(x_))"(m_.))/((a_.) + (b_.)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~™2 - 4*a*c, 2]}, Simp[2*(c/q) Int
[(f + gxx)"m*(F~u/(b - q + 2%c*F~u)), x1, x] - Simp[2%(c/q) Int[(f + g*x)
“mx(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] & EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

rule 2715 | Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

rule 2838 Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx™n]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3147 Int[cosl[(e_.) + (f_.)*(x_)1 " (p_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m
_.), x_Symbol] :> Simp[1/(b"p*f) Subst[Int[(a + x)"m*(b"2 - x72)"((p - 1)
/2), x], x, b*Sin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b~2, 0]

rule 3804 Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1), x_Sy
mbol] :> Simp[2 Int[(c + d*x) m*x(E~(I*(e + f*x))/(I*b + 2%a*E~(I*(e + f*x
)) - Ixb*E~(2*I*(e + f*x)))), x], x] /; FreeQ[{a, b, c, 4, e, £}, x] && NeQ
[a”2 - b2, 0] && IGtQ[m, O]

a+barcsin(cz)
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rule 3805 Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)1)"2, x_
Symbol] :> Simp[b*(c + d*x) m*(Cos[e + f*x]/(f*(a"2 - b~2)*(a + b*Sin[e + f
*x]1))), x] + (Simp[a/(a"2 - b~2) Int[(c + d*x)"m/(a + b*Sin[e + f*x]), x]
,» x] - Simp[b*d*(m/(£f*¥(a"2 - b"2))) Int[(c + d*x)"(m - 1)*(Cos[e + £*x]/(
a + b*Sin[e + f*x])), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 -
b~2, 0] && IGtQ[m, O]

rule 5272 Int [(((a_.) + ArcSin[(c_.)*(x_)I1*(b_.))"(n_.)*((£f_) + (g_.)*(x_))"(m_.))/Sq
rt[(d_) + (e_.)*(x_)"2], x_Symbol] :> Simp[1/(c"(m + 1)*Sqrt[d]) Subst[In
t[(a + b*x) "n*(cxf + g+Sin[x])"m, x], x, ArcSin[c*x]], x] /; FreeQ[{a, b, c
, d, e, £, g, n}, x] && EqQ[c™2*d + e, 0] && IntegerQ[m] && GtQ[d, 0] && (G
tQ[m, 0] || IGtQ[n, 0])

rule 5276 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)7p/(1 - c"2%x"2)"
P] Int[(f + g*x) m*x(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, f, g, n}, x] && EqQlc™2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] && 'GtQ[d, 0]

3.48.4 Maple [A] (verified)

Time = 0.65 (sec) , antiderivative size = 932, normalized size of antiderivative = 1.84

method | result
22,2 2af(ar L c2£2_g2 c2df (.
. 24( 52 9 )+2 dfg+g>+2’ q( ;;2 g2) _(z+£)262d+2 d (
ac n
a _<x+i)262d+2¢2df(z+£)_d(02f2_g2) x-}—%
default d d .
elan d(02f2—g2)(93+§) d(c2f2-g2)
9= N ———
22,2 2af(ar L c2£2_g2 c2df (.
. 24( ;2 9 )+2 dfg+g>+2 q( ;;2 g?) —(w+£)2c2d+27df(g
ac n
o~ (et a2 ) el -7
parts ’ e s
d(c?f2—g2?) a+L d(c252_g2
( 9) g(czfz_gz)\/_( - s)

input | int ((a+b*arcsin(c#x))/(ghx+£) "2/ (-c~2xd*x~2+d)~(1/2) ,x,method=_RETURNVERBO |
\ SE) \

a+barcsin(cz)
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output

a/d/(c™2%£72-g~2) / (x+£/g) * (- (x+£/g) "2%c~2*d+2*c™2xd*f /g* (x+£f/g) —d* (c"2*£ "2
-g72)/g~2) " (1/2)-a/g*c 2%/ (c"2%£72-g~2) / (-d* (c™2*£72-g~2) /g~2) " (1/2) *1n((
-2xdx* (c™2*x£"2-g~2) /g~ 2+2xc"2xd*f /gx (x+£f/g) +2* (-d* (c"2*x£~2-g~2) /g~2) ~(1/2) *
(= (x+£/g) "2%c™2xd+2*xc™2%dx*f /g* (x+£/g) —d* (c™2*£"2-g~2) /g~2) ~(1/2) ) / (x+£/g))
+b* ((=d* (c™2*x72-1) )~ (1/2) * (I* (-c~2*x"2+1) " (1/2) *x*c+c~2*x"2-1) *arcsin(c*x
)x(cT2xfxx+g-I*(—c™2%x"2+1) " (1/2) *c*x£) /d/ (c”2*x"2-1) / (c"2*£"2-g~2) / (g*x+f)
—(~c™2%x72+1) " (1/2) * (—d* (c"2*x"2-1) ) ~(1/2) * (-1n ((I*c*f+ (I*c*x+(-c™2*x"2+1)
~(1/2) ) *g-(-c~2%£72+g~2) ~(1/2) ) / (I*xc*xf-(-c~2%£"2+g~2) " (1/2) ) ) *arcsin(c*x) *
(—c™2x£72+g"2) " (1/2) *c*£+1n ((Ixcxf+(Ixckx+(—c™2xx"2+1) 7 (1/2) ) *g+(-c™2x£ "2+
g72)7(1/2)) / (T*cxf+(-c™2%f~2+g~2) ~(1/2)) ) *arcsin(c*x) * (-c™2*£~2+g~2) = (1/2)
*kcxf+2x1n (Ixckx+(—c™2xx72+1) 7 (1/2) ) *c™2%f~2-1n ((T*c*x+(-c™2*x"2+1) ~(1/2))~
2xg+2xIkckf* (I*xckx+(—c™2%x72+1) " (1/2) ) -g) *c~2x£~2+I*dilog ((I*c*f+(Ixcxx+(-
cT2xx72+1) 7 (1/2) ) *g-(—c™2x£"2+g~2) " (1/2) ) / (T*c*f-(—c™2*x£"2+g~2) ~(1/2) ) ) * (-
c"2*£72+g72) " (1/2) *c*f-I*dilog ((Ixc*f+(Ixckx+(-c™2+%x"2+1) " (1/2) ) *g+(-c~2*f
~2+g72) " (1/2) ) / (T*cxf+(-c™2*£72+g"2) ~(1/2) ) ) ¥ (—c~2*£~2+g~2) ~(1/2) *c*xf-2*1n
(Ixcxx+(-c™2%x72+1) 7 (1/2) ) *g~2+1n ((IT*c*x+(-c™2%x72+1) " (1/2) ) "2%g+2*I*kc*kf* (
Ixcxx+(-c™2%x72+1) " (1/2))-g)*g~2) *c/d/ (c"2*x~2-1) / (c"2*%f~2-g~2) ~2)

3.48.5 Fricas [F]

/ ( a + barcsin(cz) p barcsin (cz) + a d

Tr =
f + gz)2V/d — c2dx? V—c2dz? + d(gz + f)

input

integrate((atb*arcsin(c*x))/(gxx+£f) "2/ (-c"2*d*x~2+d)~(1/2) ,x, algorithm="f

ricas")

-

output

integral(-sqrt(-c~2*d*x~2 + d)*(b*arcsin(c*x) + a)/(c™2xd*g~2*x"4 + 2%c™2x%
dxfxgxx~3 - 2xdxfxgxx - d*f72 + (c"2xd*f72 - d*g~2)*x"2), x)

3.48.6 Sympy [F]

dz

/ a + barcsin(cz) dp — a + basin (cx)
(f + g2)*Vd — 2dx? V—d(cx —1) (cx + 1) (f + gz)*

p
input

N

integrate((at+b*asin(c*x))/ (g*x+£f)**2/ (—cx*2xd*x**2+d) **(1/2) ,x)

output!

Integral((a + b*asin(c#*x))/(sqrt(-d*(c*x - 1)*(c*x + 1))*(f + gkx)**2), x)

a+barcsin(cz)



CHAPTER 3. LISTING OF INTEGRALS

484

3.48.7 Maxima [F]

/ a + barcsin(cz) dp — barcsin (cz) + a i
(f + g2)*vd — 2dx? V—c2dz? + d(gz + f)?

input ‘ integrate((atb*arcsin(c*x) )/ (g*x+£f) "2/ (-c~2*d*x"2+d) ~(1/2) ,x, algorithm="m

‘axima")

output Lintegrate((b*arcsin(c*x) + a)/(sqrt(-c”2*d*x"2 + d)*(gxx + £)°2), x)

input

output

3.48.8 Giac [F(-2)]

Exception generated.

dx = Exception raised: TypeError

/ a + barcsin(cz)
(f + 9x)%V/d — dz?

integrate((atb*arcsin(c*x))/(g*x+£f) "2/ (-c~2*d*x~2+d)~(1/2) ,x, algorithm="g
iac")

Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ;OUTPUT:index.cc index_m i_lex_is_greater E
rror: Bad Argument Value

3.48.9 Mupad [F(-1)]

Timed out.

/ a + barcsin(cz) dp — / a + basin(cx) i
(f+gz)Vd—cde? ) (f+gx)’Vd—Eda?

inputtint((a + brasin(c*x))/((£f + g*x)~2*(d - c™2*xd*x~2)~(1/2)),%)

outputtint((a + bxasin(c*x))/((f + g*x)~2x(d - c™2*d*x~2)~(1/2)), x)

a+barcsin(cz)




output
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(f+gz)3(a+barcsin(cz))
3.49 [ )T dz

3.49.1 Optimalresult . . . . . . .. . ... .
3.49.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL
3.49.3 Rubi [A] (verified) . . . . . ... ..
3.49.4 Maple [C] (verified) . . . .. . . . .. ...
3.49.5 Fricas [F] . . . . . o o
3.49.6 Sympy [F] . . . . . .
3.49.7 Maxima [F] . . . . . ... .
3.49.8 Giac [F(-2)] . . . . o o
3.49.9 Mupad [F(-1)] . . . . o

3.49.1 Optimal result

Integrand size = 31, antiderivative size = 315

(d — c2dz?)*? RNy
N (g(3c®f2 + g*) + 2 f(f? + 3g%) z) (a + barcsin(cz))

/ (f + gz)*(a + barcsin(cz)) q _bg*zV/1 = c%?

ctdvd — c?dz?
N 9°(1 — ¢®2?) (a + barcsin(cr))  3fg*v1 — c?x?(a + barcsin(cz))®
ctdvd — c?dz? 2bc3dv/d — c*dx?

b(cf + g)3v1 — c2x?log(1 — cx) N b(cf — g)3V1 — c2x?log(1l + cx)
2ctdv/d — c2dz? 2ctdv/d — 2dz?

_|_

489)
436
486
433
488]
489
489
49()
490

(g* (Bxc™2xf~2+g~2) +c™2*f* (c"2x£"2+3%g~2) *x) * (a+b*arcsin(c*x)) /c~4/d/ (-c”2*
d*x~2+d) " (1/2) +g~3* (-c~2*x"2+1) * (a+b*arcsin(c*x) ) /c~4/d/ (-c~2xd*x~2+d) ~(1/
2) -b*g~3*x* (-c"2*x"2+1) " (1/2) /c"3/d/ (-c~2*%d*x"2+d) ~(1/2) -3/2*f*xg~2* (at+b*ar
csin(c*x)) "2%(-c"2xx"2+1) " (1/2) /b/c”3/d/ (—c~2*d*x~2+d) ~(1/2) +1/2%b* (c*f+g)
~3*1n(-cxx+1) *(—c"2*x"2+1)~(1/2) /c"4/d/ (-c~2xd*x"2+d) " (1/2) +1/2*bx (cxf-g) =
3*1n(c*kx+1)* (—c™2*x"2+1) " (1/2) /c”4/d/ (-c~2*d*x~2+d) ~(1/2)

+gz)3(a+barcsin(cz
349, [ Uellesbemanc) g,
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3.49.2 Mathematica [A] (verified)

Time = 0.81 (sec) , antiderivative size = 194, normalized size of antiderivative = 0.62

3cfg?(atbarcsin

V1 — c2x? (—2bcg3x +2¢3v/1 — c2x2(a + barcsin(cz)) — >

/ (f + gz)*(a + barcsin(cz)) dpe
(d — c2dz?)*?

input LIntegrate[((f + g#x)"3%(a + bkArcSin[c*x]))/(d - c™2xd*x"2)~(3/2),x] J

output | (Sqrt[1 - c™2*x~2]*(-2*b*c*g~3*x + 2%g~3*Sqrt[1 - c”2*x"2]*(a + b*ArcSinl[c
*x]) - (3*cxf*g~2x(a + bxArcSin[c*x])~2)/b + (cxf - g)~3*(-((a + b*ArcSin[
c*xx])*Cot [(P1i + 2%ArcSin[c*x])/4]) + 2%b*Log[Sin[(Pi + 2%ArcSin[c*x])/4]1])
+ (cxf + g) 3% (2+b*Log[Cos[(Pi + 2%ArcSin[c*x])/4]] + (a + b*ArcSin[c*x])
*Tan[(Pi + 2*ArcSin[c*x])/4]1)))/(2xc~4*d*Sqrt[d - c~2*d*x~2])

N

3.49.3 Rubi [A] (verified)

Time = 0.73 (sec) , antiderivative size = 213, normalized size of antiderivative = 0.68,

number of steps used = 3, number of rules used = 3, number of rules _ 0.097, Rules used
integrand size

= {5276, 5274, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (f + gz)3(a + barcsin(cz))
dx
(d — c2dz?)®/?

l 5276

V1-—c222 [ 0 +gm()f£a;-i) ;)r?f:/SQin(cz)) dz
dvd — c?dx?
l 5274

c2y/1—c2z22 c2y/1—c222 02(1—02392)3/2
dvd — c2dx?

l 2009

M1 — 252 f (_ z(a+barcsin(cz))g®  3f(a+barcsin(cz))g? 4 (2£3+3g% f+9(3c2 f2+g%)z)(a+b arcsin(ca:))) dz

3.49. f (f—}-g:z)?’(a—{—barcsin(cm)) dz

d—c2dz2)3/?
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/1 — 252 <_ 3fg?(a+barcsin(cz))? n (c2f:c (c2f2+392)+g (302 £2 +g2)) (a+barcsin(cz)) 4 93V1—c222 ((zi.b arcsin(cz)) bgarctanh

2bc3 ct/1—c222
dvd — c2dz?

input Int[((f + g*x)~3*(a + b*ArcSin[c*x]))/(d - c~2%d*x~2)~(3/2),x]

output (Sqrtl[1 - c™2%x~2]*(-((b*g~3%x)/c~3) + ((g*(3*xc™2%f~2 + g~2) + c™2*f*(c 2%
£72 + 3*%g~2)*x)*(a + bkArcSin[c*x]))/(c”4*Sqrt[1 - c~2*x"2]) + (g~ 3*Sqrt[1
- ¢™2xx"2]*(a + b*ArcSin[c*x]))/c”4 - (3*f*g~2*(a + b*ArcSin[c*x])~2) /(2%
b*c”3) - (b*gx(3*c™2*xf"2 + g~2)*ArcTanh[c*x])/c™4 + (bxf*x(c™2+%f72 + 3%g~2)
*Log[1 - ¢c™2%x72])/(2%c™3)))/(d*Sqrt[d - c~2*d*x~2])

3.49.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5274 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_.)*((f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcSin[c*x]
)"n/Sqrtld + exx~2], (f + g*x)"m*x(d + e*x~2)~(p + 1/2), x], x] /; FreeQ[{a,
b, c, d, e, £, g}, x] && EqQ[c™2xd + e, 0] && IntegerQ[m] && ILtQ[p + 1/2,
0] && GtQ[d, 0] && IGtQ[mn, O]

rule 5276  Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)7p/(1 - c™2%x"2)~
pl Int[(f + g*x)“m*(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, f, g, n}, x] && EqQ[c™2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] & !'GtQ[d, O]

z)3(a rcsin(cx
3.49. [ et e dy
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3.49.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.86 (sec) , antiderivative size = 724, normalized size of antiderivative = 2.30

method | result
Vc2da
tan| ——LS¢T
__flx 3( z? 2 2 x _ are (\/—c2dm2+d)
default a <d\/—c2dz2+d + 9 ( c2dv/—c2dz2+d + dc4\/—czdm2+d> + 3fg (Czd\/—c2d$2+d c2dvc2d
Ve2dax
tan| —————
_ e L B3(— a? 2 2 x e (V—c2dz2+d)
parts a (d\/—62d$2+d +9 < c2dv/—c2d x24+d + dc4\/—02da:2+d> + 3‘fg <c2d\/—02dm2+d c2dvc2d

input | int ((g*x+f) “3* (a+b*arcsin(c*x))/(-c~2xd*x~2+d) ~(3/2) ,x,method=_RETURNVERBO
SE)

output | ax (£73/d*x/ (-c~2*d*x"2+d) ~(1/2)+g~3*(-x"2/c~2/d/ (-c~2*d*x~2+d) " (1/2)+2/d/c

~4/(-c”2%d*x"2+d) " (1/2) ) +3*f*g~2* (x/c~2/d/ (-c"2*d*x~2+d) "~ (1/2)-1/c~2/d/ (c”
2+d) " (1/2)*arctan((c™2*d) ~(1/2) *x/ (-c~2*d*x~2+d) ~(1/2)) ) +3*f~2*g/c~2/d/(-c
"2%d*x"2+d) " (1/2) ) +b* (3/2% (=d* (c™2%x"2-1)) " (1/2) *(-c"2%x"~2+1)~(1/2) /d"2/c”
3/(c™2xx™2-1) *arcsin(c*x) ~"2+f*g~2+1/2% (~d* (c"2*x"2-1) ) ~(1/2) * (c™2*x~2-I* (-
c™2xx72+1) " (1/2) *x*c-1) *g~3* (arcsin(c*x)+I) /d~2/c"4/ (c"2*%x"2-1)+1/2x (-d* (c
"2%x72-1)) 7 (1/2) * (I*(-c~2%x~2+1) " (1/2) *x*c+c™2%x"2-1) *g~3* (arcsin(c*x)-I)/
d"2/c”4/ (c™2%x72-1) +2*xI* (-c~2*x"2+1) ~(1/2) * (-d* (c~2*x~2-1) ) ~(1/2) /a"2/c~3/
(c™2xx72-1) *f* (c™2*f"2+3%g~2) *arcsin(c*x) - (-d* (c"2*x~2-1))~(1/2) /d~2/c"4/(
c"2*x72-1) *arcsin(c*x) * (I* (-c~2*x"2+1) " (1/2) *c~3*f ~3+c 4*f " 3*kx+3*%I* (—c~2+*x
T2+1) 7 (1/2) *ckf*gT 243k T2k kg T 2kx+3*f "2k gkcT2+g"3) - (—d* (cT2*x"2-1) ) " (1/2) *
(-c™2%x72+1) " (1/2) * (c~3*£~3-3*c~2*f ~2xg+3*cxf*g~2-g™3) *1n (I*ckx+(-c~2*%x"2+
1)7(1/2)+I)/d"2/c"4/(c™2xx"2-1) - (-d* (c™2*x"2-1) ) ~(1/2) * (-c™2*x"2+1) " (1/2) /
d~2/c”4/(c™2%x72-1) * (c™3*f ~3+3%c~2%f " 2*kg+3*kckf*g~2+g~3) *1n (I*c*xx+(-c™2*x"2
+1)7(1/2)-1))

3.49.5 Fricas [F]

/ (f+ gx 3(a + barcsin(cz)) i — / (9z + f)*(barcsin (c;c) +a) i
d - cda?)*? (—c2dz? +d)2

)
input‘integrate((g*x+f)“3*(a+b*arcsin(c*x))/(—c‘2*d*x‘2+d)“(3/2),x, algorithm="f
‘ricas") ‘

3.49. J (f+9$();’_(:24;11;2;§s/12n(cz ) da
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output‘integral((a*g”B*x“3 + 3kaxfxg 2%x"2 + Jkaxf 2xgxx + a*f~3 + (bxg~3*x~3 + 3
‘*b*f*g“2*x“2 + 3xb*f"2xgxx + bkf~3)*arcsin(c#*x))*sqrt(-c"2xd*x"2 + d)/(c"4
‘*d“2*x“4 - 2xc72%d"2*x"2 + 472), x)

3.49.6 Sympy [F]

/ (f + g9z)*(a + barcsin(cz)) dp — / (a + basin (cz)) (f + gz)° i
(d— cda?)*? (=d(cz — 1) (cz +1))*

inputLintegrate((g*x+f)**3*(a+b*asin(c*x))/(-c**2*d*x**2+d)**(3/2),x)

output‘ Integral((a + b*asin(c*x))*(f + g*x)**3/(-d*(c*x - 1)*(c*x + 1))**(3/2), x
)

3.49.7 Maxima [F]

(f + gz)3(a + barcsin(cz)) dr — (9z + f)*(barcsin (cz) + a)

5 dx
(d— c2dacQ)3/2 (—c2dz? + d)?

input | integrate ((gxx+f) "3*(atb*arcsin(c*x))/(-c~2*d*x~2+d) ~(3/2) ,x, algorithm="m

axima")

output | —axg~3*(x72/(sqrt(-c”2xd*x"2 + d)*c”2*d) - 2/(sqrt(-c”2*d*x~2 + d)*c~4xd))
+ 3xaxf*g~2%(x/(sqrt(-c™2*d*x"2 + d)*c"2+d) - arcsin(c*x)/(c”3*d~(3/2)))

+ bxf~3*x*arcsin(c*x)/(sqrt(-c2*d*x~2 + d)*d) + a*f 3*x/(sqrt(-c~2*d*x"2

+ d)*d) - 1/2*%b*f"3xlog(x"2 - 1/c”2)/(cxd~(3/2)) + 3xaxf~2*g/(sqrt(-c~2*dx*
X"2 + d)*c”"2xd) - integrate((bxg~3%x"3 + 3*b*f*kg~2%x"2 + 3xb*f 2kgkxx)*arct
an2(c*x, sqrt(c*x + 1)*sqrt(-c*xx + 1))/((c"2*#d*x"2 - d)*sqrt(c*x + 1)*sqrt
(-c*x + 1)), x)/sqrt(d)

+gz)3(a+barcsin(cz
349, [ Uellesbemanc) g,
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3.49.8 Giac [F(-2)]

Exception generated.

3 .
/ (£ + g2)°(a + barcsin(cz)) dx = Exception raised: TypeError

(d — c2dz?)*?

input  integrate ((g*x+f) ~3*(atb*arcsin(c*x))/(-c"2xd*x~2+d) ~(3/2),x, algorithm="g
iac")

output | Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int(sage0,sageVARx) : ; OUTPUT:index.cc index_m i_lex_is_greater E
rror: Bad Argument Value

3.49.9 Mupad [F(-1)]

Timed out.

T

/ (f + gz)*(a + barcsin(cz)) dr — / (f + gz)® (a + basin(czx))
(d — 2dz?)*? (d— 2 dz2)*?

input Lint(((f + g*x)"3*(a + b*asin(c*x)))/(d - ¢ 2*d*x72)~(3/2),x)

output Lint(((f + g*x)“3*(a + b*asin(c*x)))/(d - c 2*%d*x"2)~(3/2), x)

+gz)3(a+barcsin(cz
349, [ Uellesbemanc) g,
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(f+gz)%(a+barcsin(cz))
3.50 [ Ueleahie gy

3.50.1 Optimal result . . . . . . . . . . .. . .. 49T]
3.50.2 Mathematica [A] (verified) . . . . . .. . ... . L A9T]
3.50.3 Rubi [A] (verified) . . . . ... ... ... 1921
3.50.4 Maple [C] (verified) . ... ... ... .. ... ... 193
3.50.5 Fricas [F] . . . . . . . 494
3.50.6 Sympy [F] . . . . . 494
3.50.7 Maxima [F] . . . . . .. 495
3.50.8 Giac [F(-2)] .« o v v vt 95
3.50.9 Mupad [F(-1)] . . . . . .o 495

3.50.1 Optimal result

Integrand size = 31, antiderivative size = 213

/ (f + gx %(a + barcsin(cz)) dp — (2fg+ (f%+ ¢*) x) (a + barcsin(cz))

d — 2dz?)/? B c2dvd — c?dz?
g m(a + barcsin(cz))? b(cf + 9)%v/1 — 222 log(1 — cx)
B 2bc3dv/d — c?dx? 2c3dv/d — c2dx?
N b(cf — 9)*V1 — 222 log(1 + cx)
2¢3dv/d — c?dx?

output \ (2%f*g+(c™2x£72+g~2) *x) * (atb*arcsin(c*x)) /c~2/d/ (-c~2*xd*x~2+d) ~(1/2)-1/2%g \
2% (a+bxarcsin(cxx)) "2 (-c"2%x"2+1) " (1/2) /b/c"3/d/ (-c™2xdxx"2+d) " (1/2)+1/2
bk (ckf+g) “2¥In(-ckx+1) * (-c2%x"2+1) " (1/2) /c~3/d/ (-c™2%d*x~2+d) ~ (1/2)+1/2%
‘ bk (ckf-g) “2*1n(c*x+1)* (-c™2%x"2+1) " (1/2) /c~3/d/ (-c™2*d*x"2+d) " (1/2) J

3.50.2 Mathematica [A] (verified)

Time = 0.55 (sec) , antiderivative size = 156, normalized size of antiderivative = 0.73

(f + 9z)*(a + barcsin(cz)) , Vv 1 —c2? <_g (a+barbcsm(cz)) + (—cf +9)? (—((a + barcsin(cz)) cot (;
(d — c2dz?)/? o

input LIntegrate[((f + gxx) 2% (a + b*ArcSin[c*x]))/(d - c™2*d*x~2)"(3/2),x] J

350 f (f+gz) (a-H)arcsm(cg; ) d_fL'

(d—c2dx2)3/?
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output‘ (8qrt[1 - c™2*xx72]*(-((g™2*(a + b*ArcSin[c*x])~2)/b) + (-(c*f) + g)~2%(-(( ‘
'a + bxArcSin[c*x])*Cot [(Pi + 2*ArcSin[cxx])/4]) + 2%bxLog[Sin[(Pi + 2+ArcS |
‘in[c*x])/ll]]) + (cxf + g) 2% (2+b*Log[Cos[(Pi + 2%ArcSin[c*x])/4]] + (a + b ‘
*ArcSin[cxx])*Tan[(Pi + 2*ArcSin[c#x])/41)))/(2xc 3*d*Sqrt[d - ¢ 2*d*x~2]) |

3.50.3 Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 143, normalized size of antiderivative = 0.67,
number of steps used = 3, number of rules used = 3, number of rules _ 0.097, Rules used

integrand size
= {5276, 5274, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (f + gz)*(a + barcsin(cz)) i
d

— 2 d$2)3/ 2
l 5276
mf (f—l—gw)2(a—i—barcsin(m:))d:l7

(1—c222)3/2
dvd — c?dx?
l 5274

) f ((f202+2fgxc2+gz)(a-{-ba,rcsin(cx)) _ gz(a—}-barcsin(cm))) de

2(1—c222)3/? c2v/1—c222
dvd — c2dx?
l 2009

2bc3 c2v/1—c%z? c 2¢°

/1 — CQ_xz (_ g2(a+barcsin(cz))? + (z(c? f2+g2)+2fg) (a+barcsin(cz)) . 2bfga1'Ctzanh(cz) + b(c? f2+g?) log(1—c?z2) )

dvd — c2dz?

-

input LInt[((f + g*x)"2%(a + bkArcSin[c*x]))/(d - c™2xd*x"2)~(3/2),x] }

output‘ (Sart[1 - c™2*x"2]*(((2xf*g + (c™2*f72 + g~2)*x)*(a + bxArcSin[c*x]))/(c"2 ‘
#Sqrt[1 - ¢™2#x72]) - (g"2*(a + bxArcSin[c*x])~2)/(2¥b%c™3) - (2%bxfxgxArc |
'Tanh[c*x])/c™2 + (b*x(c™2%£"2 + g~2)*Logll - c~2*x~2])/(2%c~3)))/(d*Sqrt[d |
- cT2xd#x"2]) J

z)2(a rcsin(cx
3.50. [ (redlern e dy
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3.50.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5274 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcSin[c*x]
)°n/Sqrt[d + exx~2], (f + g*x) mx(d + exx~2)~(p + 1/2), x], x] /; FreeQ[{a,
b, c, d, e, £, g, x] && EqQlc™2*%d + e, 0] && IntegerQ[m] && ILtQ[p + 1/2,
0] &% GtQ[d, 0] && IGtQ[n, O]

rule 5276 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)7p/(1 - c"2%x"2)~
Pl Int[(f + g*x) "m*(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, ¢, 4, e, f, g, n}, x] && EqQlc"2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] & !'GtQ[d, O]

3.50.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.78 (sec) , antiderivative size = 488, normalized size of antiderivative = 2.29

method | result
oy ) arctan(%) 2fg \/ d(c®22—1) vV—c2a?
x —c4dzx _ — - )
default | a dV—d2td +g 2dv—cdaitd c2dvc2d + 2dv/—c2dz2+d + b( 2d2c3(c2x?
2, ) arctan(%) of V—=d(z?—1) V=222
f T _ —c4dx g _ — - )
parts A\ V=cPderid +9 2dv—c?daiid 2dve2d + c2dv—c2dz?+d + b( 2d?c3(c2a?

i
input | int ((g#x+£) 2% (a+b*arcsin(c*x))/(-c 2xd*x"2+d) "~ (3/2) ,x,method=_RETURNVERBO |
\ SE) J

+gz)2(a+barcsin(cx
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output | ax(£72/d*x/ (-c”2xd*x"2+d) ~(1/2)+g~2*(x/c~2/d/ (-c~2xd*x~2+d) ~(1/2)-1/c"2/d/
(c™2*d) "~ (1/2) *arctan((c™2*d) ~(1/2) *x/ (-c~2xd*x~2+d) ~ (1/2) ) ) +2*xf*xg/c~2/d/ (-
c~2kd*x~2+d) ~(1/2) ) +b* (1/2* (=d* (c~2*x"2-1) ) ~(1/2) * (-c~2*x"2+1) " (1/2) /d"2/c
~3/(c™2*x"2-1) *g~2*arcsin (c*x) “2+2%I* (-c~2*x"2+1) " (1/2) * (-d* (c~2*x~2-1) )~ (
1/2)/d72/c”3/(c™2%x"2-1) *(c"2*£ " 2+g~2) *arcsin(c*x) - (-d* (c"2%x~2-1) ) ~(1/2) *
(cxx+I*(-c™2*x72+1) 7 (1/2) ) *arcsin(c*x) * (c™2*f~2+g~2-2%I* (-c~2*x~2+1) ~(1/2)
xcxfxg+2xxxc™2xfxg) /d"2/c3/ (c72%x72-1) - (-d* (c™2%x"2-1) ) ~(1/2) *(-c"2*x"2+1
)"(1/2)/d"2/c”3/(c™2%x"2-1) * (c™2*f~2-2xc*f*g+g~2) *In (I*c*xx+(-c"2*xx"2+1) ~ (1
/2)+I)-(-d*(c"2*x"2-1)) " (1/2) *(-c™2*x~2+1) ~(1/2) /d"2/c"3/ (c"2*x"2-1) * (c~2*
£72+2xc*kfxg+g™2) ¥1n (I*c*x+(-c™2*%x™2+1) " (1/2)-1))

3.50.5 Fricas [F]

dz

(f + gz)*(a + barcsin(cz)) s — / (9 + f)*(barcsin (cz) + a)
(d — c2dz?)*/” (—@Mﬂ+dﬁ

input  integrate((g*x+f) "2 (at+b*arcsin(c*x))/(-c~2*d*x~2+d)~(3/2) ,x, algorithm="f
ricas")

output | integral (sqrt (-c"2*d*x"2 + d)*(a*g™2*x"2 + 2kaxf*gkx + axf~2 + (bxg~2%x"2
+ 2%bxf*kgxx + b*f~2)*arcsin(c*x))/(c™4*xd"2*%x"4 - 2*c~2*xd"2*x"2 + d72), x)

3.50.6 Sympy [F]

/ (f + gz)*(a + barcsin(cz)) dp — / (a + basin (cz)) (f + gz)° i
(d — c2dz2)*? (—d(cz—1)(czx + 1))%

inputLintegrate((g*x+f)**2*(a+b*asin(c*x))/(—c**2*d*x**2+d)**(3/2),x)

e

output

Integral((a + b*asin(c*x))*(f + gkx)**2/(-d*(c*x - 1)*(c*x + 1))**(3/2), x
)

+gz)2(a+barcsin(cx
3.50. [ (redlern e dy




CHAPTER 3. LISTING OF INTEGRALS

495

3.50.7 Maxima [F]

dz

(f + g9z)*(a + barcsin(cz)) / (9z + f)*(barcsin (cz) + a)
dr = =
(d — c2dx?)*? (—c%dz? + d)2

input | integrate ((g*x+f) ~2*(atb*arcsin(c*x))/(-c~2xd*x~2+d) ~(3/2) ,x, algorithm="m
axima")

output | a*g~2*(x/(sqrt(-c”2*d*x"2 + d)*c”2*d) - arcsin(c*x)/(c™3*d~(3/2))) + b*f~2
xx*arcsin(c*x) /(sqrt (-c™2*d*x~2 + d)*d) + a*f~2xx/(sqrt(-c”2*d*x"2 + d)*d)
+ sqrt(d)*integrate ((b*g™2*x"2 + 2*b*f*gkx)*sqrt(ckx + 1)*sqrt(-c*x + 1)*
arctan2(c*x, sqrt(c*x + 1)*sqrt(-c*xx + 1))/(c"4*d"2*x"4 - 2%c™2xd"2%x"2 +
d"2), x) - 1/2*%bxf"2%1log(x"2 - 1/c72)/(c*d~(3/2)) + 2+*axf*g/(sqrt(-c™2*d*x
72 + d)*c"2%d)

3.50.8 Giac [F(-2)]

Exception generated.

/ (f + gz)*(a + barcsin(cz))

(d - dz?) dz = Exception raised: TypeError
— c2dzx

input | integrate ((g*x+f) ~2*(at+b*arcsin(c*x))/(-c~2xd*x"~2+d) ~(3/2) ,x, algorithm="g

iac")

output | Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ;0UTPUT:index.cc index_m i_lex_is_greater E

rror: Bad Argument Value

3.50.9 Mupad [F(-1)]

Timed out.

/ (f + g9z)*(a + barcsin(cz)) dp — / (f + gz)? (a + basin(cz)) i
(d — c2dz?)*? (d— ¢ dz?)*?

+gz)2(a+barcsin(cx
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inputtint(((f + gxx)"2%(a + b*asin(c*x)))/(d - c"2*d*x~2)~(3/2),x)

outputtint(((f + g*x)"2%(a + b*asin(c*x)))/(d - c”2*d*x~2)~(3/2), x)

+gz)2(a+barcsin(cx
3.50. [ (redlern e dy
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(f+gzx)(a+barcsin(cz))
3.51 | g(d_c2dx2)3/2 dx

3.51.1 Optimal result . . . . . . . . . . . .. . 497
3.51.2 Mathematica [A] (verified) . . . . . . . . ... .. L 497
3.51.3 Rubi [A] (verified) . . . . . . . . ... 498
3.51.4 Maple [C] (verified) . ... ... ... . . ... ... .. 500
3.51.5 Fricas [F] . . . . . . . (00
3.51.6 Sympy [F] . . . . . 5011
3.51.7 Maxima [F] . . . . . . . 5011
3518 Giac [F(-2)] « v v vt 50T
3.51.9 Mupad [F(-1)] . . . . . .o 502

3.51.1 Optimal result
Integrand size = 29, antiderivative size = 144

/ (f + gz)(a + barcsin(cz)) dp — (g + 2 fz) (a + barcsin(cz))

(d — 2dz?)*/? B 2dv/d — A2da?
b(cf + g)V1 — c?x?log(1 — cx) N blef — 9)V1 — 2x?log(1 + cx)
2c2dv/d — c2dz? 2c2dv/d — c?dz?

output| (c~2*f+x+g)* (atb*arcsin(cx))/c 2/d/ (~c~2rd*x~2+d)~ (1/2)+1/2%bx (c*£+g) *1n(
‘—c*x+1)*(-c“2*x“2+1)“(1/2)/c‘2/d/(-C‘2*d*x“2+d)“(1/2)+1/2*b*(c*f—g)*ln(c*x
+1)* (-7 2%x7241) 7 (1/2) /672/d/ (~c™2xdx"2+d) " (1/2) |

3.51.2 Mathematica [A] (verified)
Time = 0.42 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.94

V1 —c22((cf — g) (—((a + baresin(cz)) cot (1 (m + 2arcsin(cz)))) +

(f + gx a + barcsin(cz))

d — c2dz?)*? do=

input [Integrate[((f + g*x)*(a + bkArcSin[c*x]))/(d - c™2*d*x"2)~(3/2),x]

-/

output‘ (Sqrt[1 - c™2*x"2]*((cxf - g)*(-((a + b*ArcSin[c*x])*Cot [(Pi + 2%ArcSin[c*
‘x])/4]) + 2xb*Log[Sin[(Pi + 2*ArcSin[c*x])/4]]) + (c*f + g)*(2*b*Log[Cos[(
‘Pi + 2kArcSin[c*x])/4]] + (a + b*ArcSin[c*x])*Tan[(Pi + 2*ArcSinl[c*x])/4])
‘ ))/(2%c™2%dxSqrt[d - c~2*d*x~2])

ERI———.——.,

~+gz)(a+barcsin(cz
351 [ UHEEETn el do
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3.51.3 Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 100, normalized size of antiderivative = 0.69,
number of steps used = 6, number of rules used = 6, Lumber of rules _ ( 947 Ryles used

integrand size
= {5276, 5260, 27, 452, 219, 240}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (f + gz)(a + barcsin(cx)) &
(d

— 2 dw2)3/ 2
l 5276
Vi | <f+99€>1<f;l;3;§§;n(cx>> dx
dvd — c?dx?
l 5260
v/ c2 fz+g) (a+barcsin(cz)) 2+
Tt (SR —be | it o)

dvd — c?dx?

| 27
1302
V1—c2x? ((c2fz+cg2)\(/al-|;b;;czsin(cx)) R szzigdw>

dvd — c?dx?
l 452

c2y/1—c2a2 c
dvd — c2dx?
l 219
h CcT
. b C2ff z dz+ga~rctan ( ))
A 2.2 (c2 fz+g) (a+barcsin(cz)) _ ( 1—c222 c
1-c’z ( c2v/1—c222 c
dvd — c2dz?
l 240

arctanh cz)
1— 222 ((c2f$+g) (atbarcsin(cz)) b(%—%ﬂog(l—@ﬁ)) )

N ( (*fz+g)(atbarcsin(cz)) b(sz J 5pdatg [ ﬁd@ )

c2v/1—c2x2 c

dvd — c?dx?

351. L{(f+ﬁ3fZ;Z§;§2““” dz
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input‘Int[((f + g*x)*(a + b*ArcSin[c*x]))/(d - c~2*d*x~2)~(3/2),x]

output((Sqrt[l - ¢c”2%x72]*%(((g + c”2xf*x)*(a + b*ArcSin[c*x]))/(c™2+Sqrt[1 - c~2*
‘x‘2]) - (b*((gxArcTanh[c*x])/c - (f*Logll - c"2%x72])/2))/c))/(d*Sqrt[d -
‘c‘2*d*x‘2])

-

3.51.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 219 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 Il LtQ[b, 01)

rule 240 Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
~2, x]1/(2%b), x] /; FreeQ[{a, b}, x]

rule 452 Int[((c_) + (d_.)*(x_))/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simplc Int[1/
(a + bxx~2), x], x] + Simp[d Int[x/(a + b*x~2), x], x] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c~2 + axd~2, 0]

rule 5260 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.0)*((£_) + (g_.)*(x_))"(m_.)*((d_) + (e
_I)*(x_)"2)"(p_), x_Symbol] :> With[{u = IntHide[(f + g*x) mx(d + e*x"2) p,
x]}, Simp[(a + bxArcSin[c*x]) u, x] - Simp[b*c Int[1/Sqrtl[l - c 2xx"2]

u, x], x]1 /; FreeQ[{a, b, c, 4, e, f, g}, x] & EqQlc™2xd + e, 0] && IG
tQ[m, 0] &% ILtQlp + 1/2, 0] && GtQ[d, 0] && (LtQ[m, -2*p - 1] || GtQ[m, 3]
)

rule 5276  Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)"p/(1 - c™2%x"2)"
Pl Int[(f + g*x) m*x(1 - c~2*x~2) "p*(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, f, g, n}, x] && EqQ[c™2*d + e, 0] && IntegerQ[m] &% Intege
rQlp - 1/2] && !'GtQ[d, O]

+gz)(a+barcsin(cz
351 [ UHEEETn el do
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3.51.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.87 (sec) , antiderivative size = 305, normalized size of antiderivative = 2.12

method | result

f 2i\/—d(c2z2—1) v/—c2z2+1 § arcsin(cz) v/ —d(c?z?—1) arcsin(cz) <i\/ —c2z?
default | a <d\/—022m2+d + c2d\/—cg2d m2+d) +b ( d?c(c?z2-1) - d?c2(c?z2-1)

f 2/—d(a?—1) vV/—c2z%+1 f arcsin(cz) v/—d(c2z?—1) arcsin(cz) (i\/ —c2z2
parts a <d\/—c22x2+d + ch\/—c%d x2+d> +b ( d?c(c?z2-1) o d2c2(c2z2-1)

input  int ((g*x+f)* (at+b*arcsin(c*x))/(-c~2*d*x~2+d) ~(3/2) ,x ,method=_RETURNVERBOSE
)

output | ax(£/d*x/(-c~2*d*x~2+d) ~(1/2)+g/c~2/d/ (-c~2*d*x"2+d) ~(1/2) ) +b* (2*xI* (-d* (c”
2xx72-1)) " (1/2)*(-c"2*x"2+1) ~(1/2) /d"2/c/ (c"2*x~2-1) *f*arcsin(c*x) - (-d* (c”
2*x"2-1))"(1/2)/d"2/c”2/(c"2*x"2-1) *arcsin (c*x) * (I* (-c"2*%x"2+1) ~(1/2) xcxf+
c™2xfxx+g) —(—c72*x"2+1) “(1/2) ¥ (—d* (c™2%x"2-1) ) ~(1/2) * (c*f-g) *1n (I*c*x+(-c”
2xx72+1)~(1/2)+I)/d"2/c”2/ (c™2*x"2-1) - (-c"2*x"2+1) ~(1/2) * (-d* (c"2*x"2-1) )~
(1/2)/d"2/c~2/(c"2*x"2-1) * (c*f+g) *1n (I*c*xx+(-c™2*x"2+1)~(1/2)-I))

3.51.5 Fricas [F]

/ (f + gx)(a + barcsin(cz)) (9z + f)(barcsin (cz) + a)
dr = . dx
(d— c2dx2)3/2 (—c2dz? + d)?

input | integrate ((g*x+f)* (a+b*arcsin(c*x))/(-c~2xd*x~2+d) ~(3/2) ,x, algorithm="fri
cas")

output | integral (sqrt(-c"2*d*x~2 + d)*(axg*x + axf + (b*g*x + b*f)*arcsin(c*x))/(c
“4xd"2%x"4 - 2%cT2xd"2*x"2 + d72), x)

+gz)(a+barcsin(cz
351 [ UHEEETn el do
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3.51.6 Sympy [F]

(f + g9z)(a + barcsin(cz)) dp — / (a + basin (cz)) (f + gz) i
(d — c2dz?)*/* (—d(cz — 1) (cz +1))*

inputLintegrate((g*x+f)*(a+b*asin(c*x))/(—c**2*d*x**2+d)**(3/2),x)

~—

outputtlntegral((a + b¥asin(c*x))*(f + g*x)/(-d*(c*x - 1)*(c*x + 1))**(3/2), x)

3.51.7 Maxima [F]

/ (f + gz)(a + barcsin(cz)) / (9= + f)(barcsin (cx) + a)
(d — c2dz?)*/” (—c2dx? + d)%

input integrate((g*x+f)*(at+b*arcsin(c*x))/(-c~2*d*x~2+d)~(3/2),x, algorithm="max
ima")

output | bxf*x*arcsin(c*x)/(sqrt (-c™2+d*x"2 + d)*d) + a*f*x/(sqrt(-c 2*d*x~2 + d)*d
) - 1/2%bxfxlog(x"2 - 1/c”2)/(c*d~(3/2)) + (sqrt(c*x + 1)*sqrt(-c*x + 1)*c
~3*d"2*integrate (x72/(c”4*d"2*x"4 - c”2*d"2*x"2 + (cT2*d"2*x"2 - d"2)*e” (1
og(c*x + 1) + log(-c*x + 1))), x) + arctan2(c*x, sqrt(ckx + 1)*sqrt(-c*x +

1)))*b*g/ (sqrt(c*x + 1)*sqrt(-c*x + 1)*c~2*%d”~(3/2)) + a*g/(sqrt(-c”2*d*x~
2 + d)*c~2%d)

3.51.8 Giac [F(-2)]
Exception generated.

/ (f + gz)(a + barcsin(cz))

dr = Exception raised: TypeError
(d — c2dz?)’/?

input | integrate ((g*x+f)*(atb*arcsin(c*x))/(-c"2*d*x~2+d) ~(3/2) ,x, algorithm="gia
CII)

output | Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT:index.cc index_m i_lex_is_greater E
rror: Bad Argument Value

~+gz)(a+barcsin(cz
351 [ UHEEETn el do
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3.51.9 Mupad [F(-1)]

Timed out.

/(f+gx)(a+barcsin(cx)) dr — / (f+gz) (a+basin(cz)) i

(d — c2dz?)’/? (d— 2 da?)*?

input Lint(((f + g*xx)*(a + b*asin(c*x)))/(d - c™2*d*x"2)~(3/2),x)

output Lint(((f + g*x)*(a + bkasin(c*x)))/(d - c™2*xd*x"2)"(3/2), x)

+gz)(a+barcsin(cz
351 [ UHEEETn el do
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3.52 f a+barcsin(cz)
(f+gz) (d—chx2)3/2

3.52.1 Optimal result . . . . ... ... . ... . ... H03!
3.52.2 Mathematica [A] (verified) . . . . . . . . ... Lo 504
3.52.3 Rubi [A] (verified) . . . . ... .. . ...
3.52.4 Maple [A] (verified) . . . ... . ... ... 506!
3.52.5 Fricas [F] . . . . . . o
3.52.6 Sympy [F] . . . . . 508!
3.52.7 Maxima [F] . . . . . . .
3.52.8 Giac [F(-2)] . . . . . o 508!
3.52.9 Mupad [F(-1)] . . . . o

3.52.1 Optimal result

Integrand size = 31, antiderivative size = 654

/ a + barcsin(cx) p V1 — 2az*(a + barcsin(cz)) cot (5 + ; arcsin(cz))
(

+

T =—
f+gz)(d-— czdx2)3/2 2d(cf — g)Vd — c*dz?
ig>v/1 — c2z%(a + barcsin(cz)) log (1 - ﬁ%)

43 — )P d - cda?

i92v/1 — c2x2(a + barcsin(cz)) log (1 — %)

d(Ef? — PP I - ddd

N bv/1 — a2 log (cos (§ + 3 arcsin(cz))) N bv1 — 2z log (sin (§ + 3 arcsin(cz)))

d(cf + g)Vd — 2dz? d(cf — g)Vd — c*da?
9 PO ieiarcsin(cx)g 9 PO iet arcsin(cx)g
bg“v/'1 — c?x? PolyLog <2, —cf_m) ~ bg“v/'1 — c?x? PolyLog <2, —cf+\/m>
d(c2f? — 92)3/2 vd — cdx? d(c2f? — g2)3/2 vd — cdx?

V1 = c2x2(a + barcsin(cz)) tan (= + L arcsin(cx
+ 4T 32

2d(cf + g)vVd — c2dx?

3.52.

a+barcsin(cz)
J o) caanyr 9




output

input

output
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-1/2x* (at+b*arcsin(c*x))*cot (1/4*Pi+1/2*arcsin(c*x) ) *(-c~2*%x"2+1)~(1/2) /d/(c
*f-g) / (—c"2xd*x"2+d) ~(1/2) +b*1n(cos (1/4*Pi+1/2*arcsin(c*x)) ) * (—c~2*x"2+1) "
(1/2)/4d/ (c*f+g) / (-c~2*d*x"2+d) ~(1/2) +b*1n(sin(1/4*Pi+1/2*arcsin(c*x)))*(-c
~2%x72+1) " (1/2) /d/ (c*f-g) / (-c~2*d*x~2+d) ~(1/2) +I*g~2* (a+b*arcsin(c*x) ) *1n(
1-I* (Ikckx+(-c™2xx"2+1) " (1/2)) *g/ (c*f-(c™2*x£72-g~2) " (1/2) ) ) * (-c"2*x"2+1) ~(
1/2)/d/(c™2%£72-g~2)~(3/2) / (-c~2*d*x"~2+d) "~ (1/2) -I*g~2* (atb*arcsin(c*x)) *1n
(1-I*(I*kckx+(-c™2%x"2+1) ~(1/2) ) *g/ (c*xf+(c"2*£72-g"2) ~(1/2)) ) *(~c~2%x"2+1) "
(1/2)/d/ (c~2%£~2-g~2)~(3/2) / (~c~2*d*x~2+d) ~ (1/2) +b*g~2%polylog (2, I* (I*ckx+
(-c™2*x™2+1) " (1/2) ) *g/ (cxf-(c~2%£72-g"2) " (1/2)) ) * (-c™2*x"2+1) " (1/2) /d/ (c"2
*£72-g72)"(3/2) / (-c"2*d*x~2+d) ~ (1/2) -b*g~2*polylog (2, I* (I*ckx+(-c~2*x"2+1)
~(1/2))*g/ (cxf+(c™2%£72-g~2) ~(1/2)) ) *(-c~2*x~2+1) " (1/2) /d/ (c"2*x£"2-g~2) " (3
/2)/ (—c~2%d*x~2+d) ~(1/2) +1/2*% (a+b*arcsin(c*x) ) *(-c~2*x~2+1) ~(1/2) *tan(1/4x*
Pi+1/2*arcsin(c#*x))/d/ (cxf+g)/(-c™2xd*x~2+d) ~(1/2)

3.52.2 Mathematica [A] (verified)

Time = 1.56 (sec) , antiderivative size = 359, normalized size of antiderivative = 0.55

2g°
—32.2| - ((a+barcsin(cz)) cot (2 (7+2 arcsin(cz))) ) +2blog (sin (1 (7+2 arcsin(cz))) ) .
v1-—cz 4 of—g 4 +

a + barcsin(cz) e
(f +92) (d = cPda?)*'?

-

N

Integrate[(a + bxArcSin[c*x])/((f + g*x)*(d - c™2xd*x"~2)~(3/2)),x]

/(Sqrt[l - ¢”2xx72]*((-((a + b*ArcSin[c*x])*Cot [(Pi + 2*ArcSin[c*x])/4]) +

x~2])

2xbxLog[Sin[(Pi + 2xArcSin[c#*x])/4]11)/(cxf - g) + (2xg~2*(I*(a + b*ArcSin[
c*xx])*(Log[1 + (I#E~(I*ArcSin[c*x])*g)/(-(c*f) + Sqrtlc™2*xf"2 - g72])] - L
ogll - (I*E~(I*ArcSin[c*x])*g)/(c*f + Sqrt[c~2*f"2 - g~2])]) + b*PolyLogl[2
» ((-I)*E~(I*ArcSin[c*x])*g)/(-(c*f) + Sqrtlc™2*f~2 - g~2])] - b*PolyLog[2
, (I*E~(I*ArcSin[c*x])*g)/(c*f + Sqrtlc™2*£"2 - g721)1))/((c*f - g)*(cxf +
g)*Sqrt[c™2+£~2 - g~2]) + (2xbxLog[Cos[(Pi + 2*ArcSin[c*x])/4]] + (a + bx
ArcSin[c*x])*Tan[(Pi + 2*ArcSin[c*x])/4]1)/(c*f + g)))/(2*d*Sqrt[d - c~2x*d*

a+barcsin(cz
3.52. f (f+gz)ziiscz(§z2))3/2 dz
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3.52.3 Rubi [A] (verified)

Time = 1.40 (sec) , antiderivative size = 431, normalized size of antiderivative = 0.66,

number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 197 Ryles used
integrand size

= {5276, 5274, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barcsin(cz)
(d— ch:cz)?’/2 (f+gz)
l 5276

mf : a+barcsin(cz) dz

f+gz)(1—c222)%/>
dvd — c?dx?
l 5274

1 2.2 (a+barcsin(cz))g? _ c(a+barcsin(cz)) c(a+barcsin(cz))
1-ca?] ((g—cf)(cf+g)(f+gw)\/1—c%2 2cf +o)(ea—DVi-? + 2(cf—g)(cm+l>¢l—c2z2> d

dVd — 2dz?
l 2009

dz

i get arcsin(cz) iget arcsin(cz)

] : ig ) s ig
ig®(a+barcsin(cz)) log| 1— ig®(a+barcsin(cz)) log| 1— LE—u-"-"— . .
V1 — 222 cf—\e2f2-g2 ] \e2f2—g24cf i tan(2 arcsin(cz)+ 7% ) (a+barcsis

(c2f2—g2)3/2 (c2f2—g2)3/2 2(cf+g)

‘/Int[(a + bxArcSin[cxx])/((f + g*x)*(d - c™2xd*x~2)~(3/2)),x] \

N J

input

output (Sqrt[1 - c™2*x"2]*(-1/2*%((a + b*ArcSin[c*x])*Cot[Pi/4 + ArcSin[c*x]/2])/(
cxf - g) + (I*g™2*(a + bxArcSin[c*x])*Log[l - (I*E~(I*ArcSin[c*x])*g)/(c*f

- Sqrtlc™2*f"2 - g72])1)/(c"2*f"2 - g72)7(3/2) - (I*g~2x(a + b*ArcSin[c*x
1)*Log[1 - (I*E~(I*ArcSin[c*x])*g)/(c*f + Sqrtlc™2*x£"2 - g~2])]1)/(c"2*£~2
- g72)7(3/2) + (b*Logl[Cos[Pi/4 + ArcSin[c*x]1/2]1)/(c*f + g) + (b*Log[Sin[P
i/4 + ArcSin[c*x]/2]]1)/(c*f - g) + (b*g~2*PolyLogl[2, (I*E~(I*ArcSin[c*x])x*
g)/(cxf - Sqrtlc™2xf~2 - g721)1)/(c™2%f~2 - g~2)~(3/2) - (b*g~2*PolyLogl2,

(I*E~ (I*ArcSin[c*x])*g)/(cxf + Sqrtlc 2+£~2 - g~21)1)/(c™2%f"2 - g~2)~(3/
2) + ((a + bxArcSin[c*x])*Tan[Pi/4 + ArcSin[c*x]1/2]1)/(2*(c*f + g))))/(d*Sq
rt[d - c"2%d*x"2])

N J

a+barcsin(cz
3.52. f (f+gz)ziiscz(§z2))3/2 dz
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3.52.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5274 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcSin[c*x]
)°n/Sqrt[d + exx~2], (f + g*x) mx(d + exx~2)~(p + 1/2), x], x] /; FreeQ[{a,
b, c, d, e, £, g, x] && EqQlc™2*%d + e, 0] && IntegerQ[m] && ILtQ[p + 1/2,
0] &% GtQ[d, 0] && IGtQ[n, O]

rule 5276 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)7p/(1 - c"2%x"2)~
Pl Int[(f + g*x) "m*(1 - c"2*x"2) px(a + b*ArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, ¢, 4, e, f, g, n}, x] && EqQlc"2*d + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] & !'GtQ[d, O]

3.52.4 Maple [A] (verified)

Time = 1.39 (sec) , antiderivative size = 1094, normalized size of antiderivative = 1.67

method | result size

default | Expression too large to display | 1094
parts Expression too large to display | 1094

p
input‘int((a+b*arcsin(c*x))/(g*x+f)/(—c‘2*d*x‘2+d)‘(3/2),x,method=_RETURNVERBOSE

p

a+barcsin(cz
3.52. f (f+gz)ziiscz(§z2))3/2 dz




output

input

output
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—axg/d/ (c™2%£72-g~2) / (- (x+£/g) “2*c™2xd+2xc~2+d*f/g* (x+£/g) ~d* (c~2*f~2-g~2)
/g72) " (1/2) +axf/(c™2*%£7"2-g~2) /d/ (- (x+£/g) "2*c~2xd+2*c~2xd*f /g* (x+f/g) -d* (c
~2%£72-g"2) /g~2) " (1/2) *x*c"2+a*g/d/ (c"2x£"2-g"2) / (-d* (c"2*£"2-g"2) /g"2) " (1
/2)*1n ((-2%d* (c~2%£~2-g~2) /g~ 2+2%c " 2%d*f /g (x+f /g) +2% (-d* (c~2%£~2-g~2) /g~2
)~ (1/2) % (—(x+£/g) “2%c™2%d+2*c"2*d*f /g* (x+£/g) -d* (c™2x£72-g~2) /g"2) "~ (1/2))/
(x+£/g) ) +b*x (- (-d*(c"2*x"2-1)) ~(1/2) *arcsin(c*x) * (I* (-c~2*x"2+1) ~(1/2) *c*f+
c"2xfxx-g) /d"2/(c"2*x"2-1) / (c"2*x£72-g"~2) +(-c~2*x"2+1) " (1/2) * (-d* (c"2*x~2-1
)) " (1/2) * (1n(T*c*x+(-c™2*xx"2+1) ~(1/2) -I) *c~3*f~3-1n(I*c*x+(-c™2*xx"2+1) " (1
/2)+I)*c~3%f"3+2*1n(I*c*xx+(-c™2%xx"2+1) " (1/2) ) *c~3*£ " 3+1n(I*ckx+(-c~2%x"2+1
)~ (1/2) 1) *c™2+£"2xg-1n (I*c*x+(-c™2%x"2+1) " (1/2) +I) *c~2*f " 2xg+arcsin (c*x) *
(-c™2x£72+g72) " (1/2) *1n ((I*ckf+ (Ikckx+(-c™2%x"2+1) ~(1/2) ) *g+(-c™2%£"2+g~2)
~(1/2))/ (Ixc*f+(-c™2%£72+g~2) " (1/2)) ) *g~2-arcsin(c*x) * (-c~2*x£"2+g~2) " (1/2)
*1n ((-Ixc*xf-(I*ckx+(-c™2*x"2+1) " (1/2) ) *g+(-c~2*£~2+g~2) ~(1/2)) / (-I*c*f+(-c
“2%£724+g72) " (1/2)) ) *g"2-I* (-c~2*£"2+g~2) ~(1/2) *dilog ((I*c*f+(I*c*x+(-c~2*x
~2+1)7(1/2)) *xg+(-c”2x£72+g~2) " (1/2) ) / (T*c*f+(-c"2*£"2+g"2) ~(1/2) ) ) *g~2+I*(
-c”2%£72+g"2) " (1/2) *dilog ((-I*c*f- (I*ckx+(-c™2%x"2+1) ~(1/2) ) *g+(-c~2*f"2+g
~2)7(1/2)) / (mIxcxf+(-c™2*x£72+g~2) " (1/2) ) ) *g~2+1n (I*c*x+(-c 2%x"2+1) ~(1/2) -
I)xcxfxg~2+1In(I*ckx+(-c™2%x"2+1) ~(1/2) +I) *cxf*g~2-2*%1n (I*c*x+(-c ™ 2%x"2+1) "
(1/2)) *c*fxg~2-1n (I*kckx+(-c™2%x"2+1) = (1/2) -I) *g~3+1n(IT*c*kx+(-c™2%x"2+1) " (1
/2)+I)*g~3)/d~2/(c"2*x"2-1) /(c"2%f~2-g~2) / (c*f-g) / (cxf+g))

3.52.5 Fricas [F]

a + barcsin(cz) barcsin (cz) + a
(f + d 2d23/2d$= 222 3 dz
gz) (d — c2dz?) (—c2dz? + d)2 (9= + f)

integrate((atb*arcsin(c*x))/(g*x+£f)/(-c~2*d*x"2+d) " (3/2) ,x, algorithm="fri

cas")

integral (sqrt (-c~2*d*x~2 + d)*(b*arcsin(c*x) + a)/(c™4*d~2*g*x~5 + c~4%d"2
*f*x74 - 2%CT2%dT2xg*x"3 - 2%cT2kd"2xf*x72 + d72*gkx + d72*f), x)

a+barcsin(cz
3.52. f (f+gz)ziiscz(§z2))3/2 dz
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3.52.6 Sympy [F]

/ a + barcsin(cz) ydu— / a + basin (cxg s
(f + gz) (d — 2dz?) (—d(cx — 1) (cx + 1))z (f + gz)

inputLintegrate((a+b*asin(c*x))/(g*x+f)/(-c**2*d*x**2+d)**(3/2),X)

outputLIntegral((a + bxasin(c*x))/((-d*x(cxx - 1)*(cxx + 1))**(3/2)*(f + g*x)), x)

3.52.7 Maxima [F]

/ a + barcsin(cz) - / barcsin (cz) + a i
(f + 92) (d — c2dz?)*? (—c2da? + d)* (g + f)

input‘integrate((a+b*arcsin(c*x))/(g*x+f)/(-c“2*d*X‘2+d)‘(3/2),X, algorithm="max
‘ima")

outputLintegrate((b*arcsin(c*x) + a)/((-c”2%d*x"2 + d)~(3/2)*(g*x + £)), x)

3.52.8 Giac [F(-2)]

Exception generated.

dx = Exception raised: TypeError

/ a + barcsin(cz)
(f + gz) (d — 2da?)*”

input | integrate ((atb*arcsin(c*x))/(gkx+f)/(-c"2xd*x~2+d) ~(3/2) ,x, algorithm="gia
C“)

output | Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ;0UTPUT:index.cc index_m i_lex_is_greater E

rror: Bad Argument Value

a+barcsin(cz
3.52. f (f+gz)zliscz(§zz))3/2 dz
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3.52.9 Mupad [F(-1)]

Timed out.

/ a + barcsin(cz) dp — / a + basin(cz)
(f + g2) (d = c2da?)*? (f +9) (d—da?)*?

input Lint((a + bxasin(c*x))/((f + gkx)*(d - c~2*d*x"2)~(3/2)),x)

output Lint((a + bkasin(c*x))/((f + gxx)*(d - c”2xd*x~2)"(3/2)), x)

a+barcsin(cz
3.52. f (f+gz)zliscz(§zz))3/2 dx
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3.53 f (f+gz)*(a+b ar(gs/i;l(c:r)) dr
(d—c?dz?)

3.53.1 Optimalresult . . . . .. ... ... ... 5101
3.53.2 Mathematica [A] (verified) . . . . . .. ... .. .. L oo bIT]
3.53.3 Rubi [A] (verified) . . . . . . ... .. 512
3.53.4 Maple [C] (verified) . . . . ... .. . ... bI14
3.53.5 Fricas [F] . . . . . o o bI14
3.53.6 Sympy [F] . . . . . 614
3.53.7 Maxima [F] . . .. . ... . HI5
3.53.8 Giac [F(-2)] . . . . o 515
3.53.9 Mupad [F(-1)] . . . . o 510

3.53.1 Optimal result

Integrand size = 31, antiderivative size = 528

/ (f +g2)*(a + barcsin(ez)) , _ b(f +92)* (f* + g° + 2 fgz)
(d — 2dx?)™/* 6c3d2v/1 — a2v/d — dx?
bfg’zv/1—c222  bg*\/1 — c2a? arcsin(cz)?
C33d/d— c2di?  26°d%\/d — c2da?
(f + g2) (9(c*f* — 3g%) + 2¢*f(c* f* — 2%) ) (a + barcsin(cz))
3ctd?/d — c2dx?
(g+ Afz) (f + gz)3(a + barcsin(cz))
3c2d? (1 — c22?) v/d — c*dx?
fg(2cf? — 54?) (1 — c*x?) (a + barcsin(cz))
3ctd?\/d — c?dz?
g*V/1 — 2z arcsin(cz)(a + barcsin(cr))
cSd?y/d — c2dx?
N b(cf —29)(cf + 9)3v1 — c2x2log(1 — cx)
3c5d2/d — c2dx?
b(cf — g)*(cf + 29)V1 — a?log(1 + cx)
3c5d2y/d — c?dx?

+

_|_

_|_

_|_

+gz)*(a+barcsin(cz
3.53. [ Ul do
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output | 1/3* (gxx+£)* (g (c™2x£72-3%g~2) +2xc " 2xf* (c"2*f "2-2xg~2) *x) * (a+b*arcsin(c*x)
)/c”4/d72/ (~c™2xd*x"2+d) " (1/2) +1/3* (c~2*fxx+g) * (gxx+f) “3* (a+b*arcsin(c*x))
/c2/d"2/ (~c™2%x72+1) / (—c™2xd*x"2+d) " (1/2) +1/3*E£xg* (2% c~2*£ "2-5xg~2) * (-c~2
*x~2+1) * (atb*arcsin(c*x))/c™4/d"2/ (-c™2xd*x"2+d) " (1/2) -1/6%b* (gxx+£f) ~2% (2%
cT2xfxgHx+c"2x£"2+g"2) /c"3/d"2/ (-c"2*x"2+1) " (1/2) / (-c~2*d*x"2+d) " (1/2)-1/3
*xbxfxg~3kxk (-c”2%xx"2+1) " (1/2) /c~3/d"2/ (-c~2*d*x~2+d) ~(1/2) -1/2*b*g~4*arcsi
n(c*x) "2%(-c™2%x"2+1) " (1/2) /c”5/d"2/ (-c~2*d*x~2+d) " (1/2) +g~4*arcsin (c*xx) *(
atb*arcsin(c*x))*(-c™2xx"2+1)~(1/2)/c~5/d"2/ (-c~2xd*x"2+d) " (1/2) +1/3*b* (c*
£-2xg) *x (cxf+g) "3*x1In(-cxx+1)*(-c"2%x"2+1) " (1/2) /c~5/d~2/ (-c~2*%d*x"2+d) ~(1/2
)+1/3xb* (ckf-g) ~3* (ckf+2*xg) *1n(c*x+1)* (-c™2*%x"2+1) " (1/2) /c~5/d~2/ (-c~2%d*x
~2+d)~(1/2)

3.53.2 Mathematica [A] (verified)

Time = 2.55 (sec) , antiderivative size = 868, normalized size of antiderivative = 1.64

(f+WOW+bM%maEd._¢'d 1+§ﬂw%m7%+mﬁf+u&ﬂx+®8ﬁfx+w%
(d — c2dz?)*? 3ctdB (—1 + c2a2)?
co/—dTT )
2a(—6fg° + cAftz — 3 f2g%x — 2g*z) ag* arctan (—ﬁ(_1+02x2) )
3ctd? (—1 + c2x?) cbdb/?

—1+ 2cz arcsin(cz)
lﬁ%ﬁ(—&namﬁn@@—k—jﬁ{jﬁ;——2v1—c%ﬁbgbﬂn—§xﬂ)

Ad?\/d (1 — c2x?)

—1+ 2cz arcsin(czx)
bft <4cx arcsin(cx) + — s ”Cg::;z + 41— 2z?log (V1 — czx2))
6cd?\/d (1 — c?z?)

N bf3g(8arcsin(cz) + 3v/1 — c2z?(log (cos (3 arcsin(cz)) — sin (3 arcsin(cz)) ) — log (cos (4 arcsin(cz)) + ¢

+

+

bfg®(4arcsin(cz) + 12 arcsin(cz) cos(2 arcsin(cz)) + 5 cos(3 arcsin(cz)) log (cos (5 arcsin(cz)) — sin (5 a

N =

1+ 2 arcsin(cz) sin(3 arcsin(cz)) )

bg* (\/ 1 — c2z?(3arcsin(cz)? — 8log (V1 — 22?)) — \/1_1;;232

+
6c%d?\/d (1 — c*z?)

input LIntegrate[((f + gxx)"4*(a + b*ArcSin[c*x]))/(d - ¢ 2*d*x"2)"(5/2),x] J

+gz)*(a+barcsin(cz
3.53. [ Ul do




output
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Sqrt[-(d* (-1 + c2%x72))]*((4*a*c™2+f"3xg + 4*axfxg~3 + axc™4*xf 4*x + 6*ax

CT2xE£724g"2%x + a*g~4xx)/(3*c"4xd"3*% (-1 + cT2*x"2)"2) (2xa* (-6*fxg~3 + c
“4*xf74%x - 3xcT2x£T2xg"2%x — 2xgT4*x))/(3*%c”4*d"3*% (-1 + c"2*xx72))) - (axg”
4xArcTan [ (cxx*Sqrt [-(d* (-1 + c™2%x72))])/(Sqrt[d]*(-1 + c~2*xx"2))])/(c"5x*d
~(5/2)) + (b*f~2%g~2x(-2*kc*x*ArcSin[c*x] + (-1 + (2*c*xxArcSin[c*x])/Sqrt(
1 - c™2%x72])/Sqrt[1 - c™2*x~2] - 2%Sqrt[l - c”2*x"2]*Logl[Sqrt[1 - c~2*x~2
11))/(c™3*%d"2xSqrt [d* (1 - c™2*x"2)]) + (b*f~4*(4d*cxx*ArcSinl[cxx] + (-1 + (
2xcxx*ArcSin[c*x])/Sqrt[1 - c™2%x72])/Sqrt[1 - c™2*x"2] + 4*Sqrt[l - c™2*x
“2]*Log[Sqrt[1 - c™2*xx72]]1))/(6*c*d~2*Sqrt [d*x(1 - c™2*x72)]) + (b*f~3xg*(8
*ArcSin[c*x] + 3*Sqrt[1 - c”2*x"2]*(Log[Cos[ArcSin[c*x]/2] - Sin[ArcSin[c*
x]/2]] - LoglCos[ArcSin[c*x]/2] + Sin[ArcSin[c*x]/2]]) + Cos[3*ArcSin[c*x]
I*(Log[Cos[ArcSin[c*x]/2] - Sin[ArcSin[c*x]/2]] - Log[Cos[ArcSin[c*x]/2] +
Sin[ArcSin[c*x]/2]]) - 2*Sin[2*ArcSin[c*x]]))/(6*c™2*d*(d*(1 - c"2*x"2))"
(3/2)) - (bxfxg~3*(4*ArcSin[c*x] + 12*ArcSin[c#*x]*Cos[2*ArcSin[c*x]] + 5%C
os[3*ArcSin[c*x]]*Log[Cos [ArcSin[c*x]/2] - Sin[ArcSin[c*x]/2]] + 15%Sqrt[1
- ¢c”2%x"2] *(Log[Cos [ArcSin[c*x]/2] - Sin[ArcSin[c#*x]/2]] - Logl[Cos[ArcSin
[c*x]/2] + Sin[ArcSin[c*x]/2]]) - 5*Cos[3*ArcSin[c*x]]*Log[Cos[ArcSin[c*x]
/2] + Sin[ArcSin[c#*x]/2]] + 2*Sin[2*ArcSin[c#*x]]))/(6xc™4*xd*(d*(1 - c~2*x~
2))7(3/2)) + (b*g~4*(Sqrt[1l - c™2*x~2]*(3*ArcSin[c*x]~2 - 8xLog[Sqrt[l - ¢
~2%x72]]) - (1 + (2*ArcSin[c*x]*Sin[3*ArcSin[c*x]1])/Sqrt[l - c 2*x~2]1)/...

3.53.3 Rubi [A] (verified)

Time = 0.90 (sec) , antiderivative size = 452, normalized size of antiderivative = 0.86,
number of steps used = 3, number of rules used = 3, Lumber of rules _ 0.097, Rules used

integrand size
= {5276, 5260, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (f + gz)*(a + barcsin(cz)) I
(d — c2da?)®/?

| 5276
m[ (f+gz)*(a+barcsin(cz)) de

(1—c252)5/2
d2v/d — c?dx?
l 5260

/1 — 2.2 222 (—bc f (arcsin(cw)g4 + f(2c2f2—592)g + (f+gz) (2f(02f2—292)xcz+g(czf2—392)) 4 (fxc2+g) (f+gz)3

3ct(1—c2x2) 3c2(1—c2z2)?2

cBv/1—c222 3ct

) dz + g% arcs

3.53. f (f—}-g:z)‘l(a—i-b arcsin(cz)) dz

d—c2dz2)°/?
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l 2009

/1 —_02([,'2 <g4 arcsin(cz) (a5+b arcsin(cz)) + (f+gz)3 (c2fx+g) (a+barcsin(cz)) + fgV1—c2z2 (202f2—592) (a+barcsin(cz)) 4 (f+gz) (2«

c 3c2(1—c222)3/? 3ct

~—

inputLInt[((f + g*x)“4*(a + bxArcSin[c*x]))/(d - c™2*d*x~2)"(5/2),x]

output (Sqrtl[1 - c™2*x"2]*(((g + c™2*xf*x)*(f + gxx)~3x(a + b*ArcSin[c*x]))/(3*c™2
*(1 - c™2%x72)7(3/2)) + ((f + gxx)*(gx(c™2*%f72 - 3xg~2) + 2kc™2xf*(c™2xf72
- 2xg~2)*x)*(a + b*ArcSin[c*x]))/(3*c™4*Sqrt[1 - c™2*x™2]) + (fxg*(2*c™2%*
£72 - Bxg~2)*Sqrt[1 - c"2*x"2]*(a + b*ArcSin[c*x]))/(3*%c”4) + (g~4*ArcSin[
cxx]*(a + bxArcSin[c*x]))/c”5 - b¥ck((£xg~3%x)/(3*%c™4) + (f*gk(2*%c™2xf"2 -
Bxg~2)*x)/(3*%c™4) - (2*f*g*(c™2xf72 - 2xg~2)*x)/(3*%c”4) + (c*f + g)~4/(12
*c"6x(1 - c*x)) + (cxf - g)~4/(12%c”6*%(1 + c*x)) + (g 4*ArcSin[c*x]~2)/ (2%
c76) + (f*xg*(3*%c™2xf"2 - T*g~2)*ArcTanh[c*x])/(3%c”5) + (gx(c*f + g) 3xLog
[1 - c*x])/(6%c™6) - ((c*f - g)~3*gxLog[l + c*x])/(6xc™6) - ((2*c™4*f~4 -
3%c"2%f"2%g"2 - 3xg~4)*Logl[l - c"2%x72])/(6%xc”6))))/(d"2*Sqrt[d - c~2*xd*x"
2])

3.53.3.1 Defintions of rubi rules used

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 5260 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))*((£_ ) + (g_.)*(x_)) " (m_.)*((d_) + (e
_)*(x_)"2)"(p_), x_Symbol] :> With[{u = IntHide[(f + g*x) m*x(d + e*x~2) p,
x]}, Simp[(a + b*ArcSin[c*x]) u, x] - Simp[b*c Int[1/Sqrtl[l - c~2*x~2]

u, x], x]] /; FreeQ[{a, b, c, d, e, £, g}, x] && EqQlc™2#d + e, 0] && IG
tQm, 0] && ILtQ[p + 1/2, 0] && GtQ[d, 0] && (LtQ[m, -2*p - 1] || GtQ[m, 3]
)

rule 5276 Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(a_.)*((£_ ) + (g_.)*(x_))"(m_.)*((d_
) + (e_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[Simp[(d + e*x~2)"p/(1 - c™2*x~2)"
p] Int[(f + g*x)"m*(1 - c"2*x"2) p*(a + bxArcSin[c*x])"n, x], x] /; FreeQ
[{a, b, c, d, e, £, g, n}, x] && EqQ[c™2xd + e, 0] && IntegerQ[m] && Intege
rQlp - 1/2] & 'GtQ[d, 0]

3.53. f (f—}-g:z)“(a—i—b arcsin(cz)) dz

d—c2dz2)°/?
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3.53.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 1.02 (sec) , antiderivative size = 6743, normalized size of antiderivative = 12.77

method | result size
default | Expression too large to display | 6743

parts Expression too large to display | 6743

input ‘ int ((g*x+f) ~4* (a+b*arcsin(c*x) )/ (-c~2xd*x~2+d) ~(5/2) ,x ,method=_RETURNVERBO
\ SE)

outputtresult too large to display

3.53.5 Fricas [F]

(f + gz)*(a + barcsin(cz)) _ / (9z + f)*(barcsin (cz) + a)
(d — c2dx?)*? (—c2dz? + d)g

dz

input | integrate ((g*x+f) “4*(at+b*arcsin(c*x))/(-c"2xd*x~2+d) ~(5/2) ,x, algorithm="f
ricas")

output  integral (-(a*g~4*x"4 + 4xaxfxg~3*x"3 + 6xaxf 2xg~2%x"2 + 4*axf 3*g*x + axf
“4 + (b*g™4*x™4 + 4*b*f*g~3*%x"3 + 6*¥b*f 2%g"2%x"2 + 4xb*xf"3*xgxx + b*xf~4)*a
rcsin(c*x))*sqrt(-c™2*d*x"2 + d)/(c”6%d"3*x"6 - 3%c"4*d"3*x"4 + 3*c”2xd"3*
x"2 - 47°3), x)

3.53.6 Sympy [F]

/ (f + gz)*(a + barcsin(cz)) dr — / (a + 