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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
50 ]. This is test number [ 157 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then

the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (50 ) | 0.00 (0)

Mathematica | 98.00 (49 ) | 2.00 (1)
Maple 74.00 (37) | 26.00 (13)
Fricas 56.00 (28 ) | 44.00 ( 22)
Giac 54.00 (27 ) | 46.00 (23 )
Maxima | 36.00 (18) | 64.00 ( 32)
Sympy | 26.00 (13) | 74.00 (37)
Mupad | 20.00 (10) | 80.00 ( 40 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 70.000 14.000 14.000 2.000
Maple 68.000 6.000 0.000 26.000
Fricas 48.000 8.000 0.000 44.000
Giac 32.000 22.000 0.000 46.000
Maxima, 32.000 4.000 0.000 64.000
Sympy 6.000 0.000 20.000 74.000
Mupad 0.000 20.000 0.000 80.000

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results



CHAPTER 1. INTRODUCTION 7

and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 1 0.00 100.00 0.00
Maple 13 100.00 0.00 0.00
Fricas 22 90.91 0.00 9.09
Giac 23 91.30 0.00 8.70
Maxima, 32 100.00 0.00 0.00
Sympy 37 91.89 8.11 0.00
Mupad 40 0.00 100.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Maxima 0.21

Fricas 0.29

Giac 0.31

Rubi 0.47
Mathematica 0.60

Maple 0.79

Mupad 0.92

Sympy 21.08

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 37.50 0.91 36.50 0.90
Maxima 56.67 1.21 54.50 1.20
Sympy 76.46 1.63 61.00 1.67
Fricas 102.61 1.37 56.50 0.92
Giac 120.67 1.65 82.00 1.72
Rubi 125.98 1.04 74.50 1.00
Maple 174.38 1.36 76.00 1.31
Mathematica | 195.20 1.84 107.00 1.00

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage

of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used

1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
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Rubi Mma
500} “ 1000
400F ’ 800
@ [ A 2
‘@ 300F ‘@ 600
5 s |
S 200} S 400
PR
ok - 0 F z
05 1.0 15 0 2 4 6 8
CPU time (sec) CPU time (sec)
Maple Fricas
700F
500
600F
o 500% 1 I i, 400
N N
E 400F E 300
© ©
© 300f ° 200
200F 4
100F L | 100
(] . | | ot . | [
0.0 0.5 1.0 1.5 0.25 0.30 0.35 0.40
CPU time (sec) CPU time (sec)
Giac Maxima
100
400
80
o 300 @ 1. AN
5 > 60}
T 200 K IV
3 . S 40
100 U i — : 20
0 0
0.30 0.35 0.40 0.45 0.50 0.18 0.20 0.22 0.24 0.26
CPU time (sec) CPU time (sec)
Sympy Mupad
50
150+ 40
[ (]
o 100}« 5 30
5 k- .
S i S 20
50
¥ 10
Ot 3 0 L " L L L L
0 20 40 60 80 100 120 0.2 0.4 0.6 0.8 1.0 1.2
CPU time (sec) CPU time (sec)

Figure 1.5: Leaf size vs. CPU time. Full range

1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {1,617 22 F1,/2/50)

Mathematica {27
Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
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grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1.1 Rubi

A grade {[1}[2,3,14,5,(6}78}[9%}[10},[L1}[12}[13} 14} [15}[16} 17} 18} 19} [20} 21} 22} 23} 24} [25} 26} 27
[28,[29,30}31},32}33}34} 35,36, 37} 38} 39} 40} 41} 42} 43, |44} 45, 46, 47} 48} 49} [50) }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade { [12) B, 5,6, 8, [0V} [2 3} [5) 6} 15, 20, 21 25, 27 25 29, 50,53, 5 55,
34 5}, 46,7, 5, 49,50} )

B grade { [14,31,[32,[36,[40 41} [4] }
C grade { [17,22,24,[2526,38[39 }
F normal fail { }

F(-1) timedout fail {37}

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade {PI[3,[451[6}7 89} [10}[L1}[12}[13}[14}[15} 16, 17} 18} 19} [20} 21} 22, 23} 27} [28} 29} 30} 32}
8334, 38,39} 40} 42150 }

B grade {[24,[25,[26] }

C grade { }

F normal fail { [}51}55) 56,7 ) 3, 5, 16, A S
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade { 25,575,510, 1) 12 15 1519, 20) 225,26, 55 B9, {0, AL A S
B grade {[I4[16,22,24 }

C grade { }

F normal fail { [1,0)(13)23,27) 25 29,50, 51 2 53,54, 55 557 43, 4 ) 10,0 )

F(-1) timedout fail { }
F(-2) exception fail {[17,[42]}

2.1.5 Maxima

A grade { 23, [4[5}[7[10}[11}[12}[14)[15}[16}[22,[38, [3% 40} f4T] }
B grade {[[9 }
C grade { }

F normal fail { 1}([3,T7 T8} 19} 20} 21 25 24,25 2 27 25 29,50, 51,52 53, 5 55, 56 57
P, 3, 5,6, 47,5, 49,50

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade { 75610111215, 16,212 53 B A0 AL 7 50}
B grade { BBAE/EEHEEEE)

C grade { }

F normal fail { [ T3(I7 25 25 293051 52, 53 5 55 56 B 33, E BB IS ) )

F(-1) timedout fail { }
F(-2) exception fail {[6[27 }

2.1.7 Mupad

A grade {}

B grade { [B}[7[11}[12,[14[22}[38}[3% [40} 41] }
C grade { }

F normal fail { }

F(-1) timedout fail {[1,2,3[46l8} %} [10}[L3} 15,16, 17,18} [19}[20} 21} 23} 24} [25} 26} 27} 28} ]29)
[B0} 31} 32,33} 34} 35}[36}[37 42} (43} [44} 45, 46} 4T} 48} |49}, 5] }

F(-2) exception fail { }

2.1.8 Sympy

A grade {[10}[I1}[L2]}

B grade { }

C grade {BBBBNBBIEMM}

F normal fail { 1))([3,T7) T8} 10} 20} 21, 22 23, 2% 25 26) 27} 25,29, 50, 1) 52, 53} 54 5,50
5755, 2 13,4, 5, 0,7 45}, 50 }

F(-1) timedout fail {[39,[40/[41] }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD
size 62 72 56 0 0 0 0 0 0
N.S. 1 1.16  0.90 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.470 0.029 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 58 59 40 40 66 32 119 152 0
N.S. 1 1.02 0.69 0.69 1.14 0.55 2.05 2.62 0.00
time (sec) N/A 0.225 0.021 0.230 0.182  0.263 61.845 0.295 0.000
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 50 35 35 52 27 90 116 0
N.S. 1 1.06 0.74 0.74 1.11 0.57 1.91 2.47 0.00
time (sec) N/A 0.211 0.017 0.212 0.187  0.253 18.696 0.292 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 39 28 28 38 20 61 80 0
N.S. 1 1.08 0.78 0.78 1.06 0.56 1.69 2.22 0.00
time (sec) N/A 0.195 0.014 0.161 0.182  0.267 5.586 0.281  0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 22 21 14 29 41 21
N.S. 1 1.00 1.00 1.22 1.17 0.78 1.61 2.28 1.17
time (sec) N/A 0.168 0.003 0.214 0.181  0.261 1.954 0.288 1.357
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F(-2) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 56 62 54 63 0 0 0 0 0
N.S. 1 1.11  0.96 1.12 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.463 0.018 0.651 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 36 32 44 51 19 75 30 28
N.S. 1 095 0.84 1.16 1.34 0.50 1.97  0.79 0.74
time (sec) N/A 0.217 0.017 0.252 0.263  0.264 12.657 0.280 0.872

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B A C A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 54 57 55 57 80 29 144 44 0

N.S. 1 1.06  1.02 1.06 1.48 0.54 267 081 0.00
time (sec) N/A 0.214 0.029 0.223 0.265 0.263 41.805 0.273  0.000

Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B A C A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 76 45 67 106 35 180 58 0

N.S. 1 1.12 0.66  0.99 1.56 0.51 2.65 0.85 0.00
time (sec) N/A 0.225 0.041 0.201 0.270  0.275 127916 0.283 0.000

Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 56 62 42 56 54 39 51 47 0

N.S. 1 1.11  0.75 1.00 0.96 0.70 0.91 0.84 0.00

time (sec) N/A 0272 0.025 1.369 0.268 0.259 0.169 0.265 0.000

Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 57 44 67 46 38 41 39 38
N.S. 1 1.21 094 1.43 0.98 0.81 0.87  0.83 0.81
time (sec) N/A 0.241 0.017 1369  0.263 0.258 0.142 0.264 0.734

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 26 26 26 28 24 27 22 28 24
N.S. 1 1.00 1.00 1.08 0.92 1.04 0.85 1.08 0.92
time (sec) N/A 0.216 0.008 1.352 0.180 0.270 0.128 0.263 0.115
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 59 67 59 76 0 0 0 0 0
N.S. 1 1.14  1.00 1.29 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.387 0.016 1.773 0.000  0.000 0.000 0.000 0.000
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 93 30 52 107 29 61 29
N.S. 1 1.00  3.00 0.97 1.68 3.45 0.94 1.97 0.94
time (sec) N/A 0.256 0.093 0.063 0.181  0.266 1.072 0.267 0.706
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 38 36 33 32 39 53 61 0
N.S. 1 1.00 0.95 0.87 0.84 1.03 1.39 1.61 0.00
time (sec) N/A 0.229 0.016 1.352 0.261  0.254 0.619 0.292 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B C A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 61 69 54 64 142 100 80 0
N.S. 1 1.02 1.15 0.90 1.07 2.37 1.67 1.33 0.00
time (sec) N/A 0.257 0.031 1.329 0.264 0.275 1399 0.270 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-2) F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 69 80 60 93 0 0 0 0 0
N.S. 1 1.16  0.87 1.35 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.510 0.065 1.443 0.000  0.000 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 197 206 173 329 0 152 0 409 0
N.S. 1 1.05 0.88 1.67 0.00 0.77 0.00 2.08 0.00
time (sec) N/A 0.737 0.115 0.389 0.000 0.291 0.000 0.311 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 155 157 150 249 0 130 0 299 0
N.S. 1 1.01 097 1.61 0.00 0.84 0.00 1.93 0.00
time (sec) N/A 0.532 0.181 0.310 0.000  0.298 0.000 0.306 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 116 116 131 190 0 117 0 204 0
N.S. 1 1.00 1.13 1.64 0.00 1.01 0.00 1.76 0.00
time (sec) N/A 0.374 0.132 0.301 0.000 0.271 0.000 0.312 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 78 78 110 108 0 104 0 133 0
N.S. 1 1.00 1.41 1.38 0.00 1.33 0.00 1.71 0.00
time (sec) N/A 0.427 0.084 0.307 0.000 0.266 0.000 0.309 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 37 35 468 45 55 73 0 82 35
N.S. 1 095 12.65 1.22 1.49 1.97 0.00 2.22 0.95
time (sec) N/A 0.223 1.992 0.074 0.179 0303 0.000 0.296 1.044
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 200 263 284 374 0 0 0 0 0
N.S. 1 1.32 1.42 1.87 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.096 0.238 1.642 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 70 73 112 126 0 281 0 94 0
N.S. 1 1.04 1.60 1.80 0.00 4.01 0.00 1.34 0.00
time (sec) N/A 0.408 0.209 0.721 0.000  0.317 0.000 0.307 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 125 148 198 319 0 427 0 216 0
N.S. 1 1.18  1.58 2.55 0.00 3.42 0.00 1.73 0.00
time (sec) N/A 0.751 0.711 0.704 0.000  0.302 0.000 0.322 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 181 222 241 528 0 548 0 451 0
N.S. 1 1.23 1.33 2.92 0.00 3.03 0.00 2.49 0.00
time (sec) N/A 1.065 0.311 0.699 0.000  0.318 0.000 0.333 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F(-2) F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 381 357 667 673 0 0 0 0 0
N.S. 1 094 1.75 1.77 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.619 8.394 1435 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 288 271 473 498 0 0 0 0 0

N.S. 1 094 1.64 1.73 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.541 4.591 1.514  0.000  0.000 0.000 0.000 0.000

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 154 146 144 225 0 0 0 0 0

N.S. 1 095 0.94 1.46 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.423 0.102 0.949 0.000 0.000 0.000 0.000 0.000

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 94 89 111 162 0 0 0 0 0

N.S. 1 095 1.18 1.72 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.411 0.086 0.539 0.000  0.000 0.000 0.000 0.000

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B F F F F F  F(1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 310 398 813 0 0 0 0 0 0

N.S. 1 128 262 000 000 000 000 000 0.0
time (sec) N/A 1.595 1.815 0.000 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 244 248 686 336 0 0 0 0 0
N.S. 1 1.02 281 1.38 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.742 1.728 1.645 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 494 446 446 716 0 0 0 0 0
N.S. 1 0.90 0.90 1.45 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.743 0.304 1.256 0.000  0.000 0.000 0.000 0.000
Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 278 253 257 379 0 0 0 0 0
N.S. 1 091  0.92 1.36 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.550 0.113 1.451 0.000  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 154 149 160 0 0 0 0 0 0
N.S. 1 097 1.04 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.585 0.077  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 430 529 1058 0 0 0 0 0 0
N.S. 1 1.23  2.46 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.851 2.916 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F(-1) F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 362 365 0 0 0 0 0 0 0
N.S. 1 1.01  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.922 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 58 54 516 64 71 96 0 100 52
N.S. 1 093 890 1.10 1.22 1.66 0.00 1.72 0.90
time (sec) N/A 0.269 2310 0.327 0.178 0301 0.000 0.390 1.209
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 58 54 516 64 71 96 0 100 52
N.S. 1 0.93 8.90 1.10 1.22 1.66 0.00 1.72 0.90
time (sec) N/A 0.280 0.304 0.317 0.186  0.317 0.000 0.414 0.928

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 58 54 137 64 71 96 0 100 52
N.S. 1 0.93 2.36 1.10 1.22 1.66 0.00 1.72 0.90
time (sec) N/A 0.277 0.241 0317  0.18  0.302 0.000 0.415 0.936
Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F A A F(-1) A B
verified N/A No Yes N/A TBD TBD TBD TBD TBD
size 49 45 130 0 66 92 0 75 44
N.S. 1 092 2.65 0.00 1.35 1.88 0.00 1.53 0.90
time (sec) N/A 0.326 0.232  0.000 0.189  0.356 0.000 0.343 1.280
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F F(-2) F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 85 100 280 111 0 0 0 0 0
N.S. 1 1.18  3.29 1.31 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.466 0.918 1.233 0.000  0.000 0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 99 97 95 0 0 0 0 0 0
N.S. 1 0.98  0.96 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.350 0.231  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 91 89 107 0 0 0 0 0 0
N.S. 1 098 1.18 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.335 0.161 0.000 0.000  0.000 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 91 89 54 0 0 0 0 0 0
N.S. 1 098 0.59 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.303 0.046  0.000 0.000  0.000 0.000 0.000 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 45 45 79 0 0 0 0 0 0
N.S. 1 1.00 1.76 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.274 0.040 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 39 43 34 0 0 23 0 43 0
N.S. 1 1.10 0.87  0.00 0.00 0.59 0.00 1.10 0.00
time (sec) N/A 0.238 0.030 0.000 0.000  0.415 0.000 0.288 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 41 42 30 0 0 30 0 0 0
N.S. 1 1.02 0.73 0.00 0.00 0.73 0.00 0.00 0.00
time (sec) N/A 0.284 0.035 0.000 0.000 0.282 0.000 0.000 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 84 79 54 0 0 40 0 0 0
N.S. 1 094 0.64 0.00 0.00 0.48 0.00 0.00 0.00
time (sec) N/A 0.293 0.113 0.000 0.000  0.282 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F A F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 69 68 59 99 0 0 0 115 0
N.S. 1 0.99 0.86 1.43 0.00 0.00 0.00 1.67 0.00
time (sec) N/A 0.490 0.053 1.037 0.000  0.000 0.000 0.502 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [23] had the largest
ratio of [1.39999999999999991]

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma.blize.d integrand ummber of rules
# | grade ic:é)j uzi:e antlfaicr;;’::ve leaf size integrand leaf size
il A 9 8 1.16 10 0.800
2 A 4 4 1.02 10 0.400
3 A 4 4 1.06 10 0.400
4 A 4 4 1.08 8 0.500
o A 2 2 1.00 6 0.333
6 A 9 8 1.11 10 0.800
7 A 6 5 0.95 10 0.500
3 A 7 6 1.06 10 0.600
9 A 8 7 1.12 10 0.700
10j A 6 5 1.11 10 0.500
]| A 1 1 1.21 8 0.500
12] A 3 3 1.00 6 0.500
13] A 8 7 1.14 10 0.700
14] A 6 5 1.00 10 0.500
15) A 3 3 1.00 10 0.300
16} A 7 6 1.02 10 0.600
17] A 9 8 1.16 10 0.800
18| A 10 9 1.05 10 0.900
19 A 9 8 1.01 10 0.800
20) A 6 5 1.00 10 0.500
21 A 10 9 1.00 8 1.125
22] A 6 ) 0.95 6 0.833
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page

number of numjber of no.rma?lize.d integrand umber of rules
# | grade ?::5; uzi;:e antlf:fr;::ve leaf size integrand leaf size
2 A 15 14 1.32 10 1.400
24] A 8 7 1.04 10 0.700
§ A 13 12 1.18 10 1.200
% A 14 13 1.23 10 1.300
27 A 7 6 0.94 12 0.500
ﬁ A 6 5 0.94 12 0.417
29| A 7 6 0.95 10 0.600
30) A 8 7 0.95 8 0.875
3_1 A 16 15 1.28 12 1.250
g A 6 5 1.02 12 0.417
33] A 6 5 0.90 12 0.417
34 A 7 6 0.91 10 0.600
35) A 9 8 0.97 8 1.000
36} A 16 15 1.23 12 1.250
3_7 A 6 5 1.01 12 0.417
g A 3 2 0.93 14 0.143
39| A 3 2 0.93 16 0.125
4_0 A 3 2 0.93 16 0.125
4_1 A 7 6 0.92 14 0.429
42] A 9 8 1.18 10 0.800
43] A ) 4 0.98 10 0.400
44 A ) 4 0.98 8 0.500
45) A 4 3 0.98 6 0.500
46} A ) 4 1.00 10 0.400
47 A 4 3 1.10 10 0.300
48 A 6 5 1.02 10 0.500
49| A 5 4 0.94 10 0.400
50] A 10 9 0.99 19 0.474

2.3. Detailed conclusion table specific for Rubi results
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31 [l gn
32 [afsecT (VE)dm ...
33  [afsecT'(VE)dm . ...
3.4 Josec™ (Vr)de .. ...
35  [secT'(VEm)dz ...
36 [ WEar
3.7 [EMDdr
38 [ WElan
39 [ WEar
310 [a?sec' (&) dz . ...
311 [asec™' (&) dx . ...
312 [secT (%) dz . ...
313 [ ﬁ AT . .
314 [ Ghan .
35 [ Uhdn .
316 [ Udn.
317 [ 1<‘“’”> AT .
318  [ztsecTl(a4br)dr . . .. ...
319  [aPsecl(a+bx)dr . . . ...
320 [aPsecl(a4br)dr . ... ...
321  [zsecMa+bz)dzr . ... ...
322  [secMa+bz)dr . .. ...
3.23 [Nt gp
3.24 [N gp
3.25 [l g
3.26 [l gp
327  [a@lsecM(a4br)idr . ... ...



CHAPTER 3. LISTING OF INTEGRALS 40
328 [aPsecl(a+bz)idr . .. ...
329 [z sec_ Ya+bx)?dr . . . . . . 212
330  [secMa+bz)idr . .. ... 218
331 [ M AT . WP
332 [l gn
333 [aPsecl(a4br)ddr ... ... 242
334 [z sec_ Ya+br)ddr . . .. .. 2501
335  [secMa+bx)ddr . .. ... 256)
336 [ M AT . 62
337 [l g
338 [z(a+bsecl(cH+da?®))dr . . ... 279
339 [Z*a+bsect(c+dz®))dr . ... RE
340  [z¥a+bsect (c+dzt))dr . ... 289
341 [z Mmsecl(a4ba™)dr . ... 294
342 [secl(ce®™) dm ... 300
343 [eX@ONg2dr 306
344 [ @pdr L 311
345  [eX @ dr 316
346 [ O 320
347 [y
348 [ S“xg(‘”’ AT o 329
349 [ dn 334
350 [ # AT .
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3.1

3.1.1
3.1.2
3.1.3
3.14
3.1.5
3.1.6
3.1.7
3.1.8
3.1.9

3.1.1

f sec™!(az?) da

T

Optimalresult . ... ... ... ... ....
Mathematica [A] (verified) . . . . . . ... ..
Rubi [A] (warning: unable to verify) . . . ..

Optimal result

Integrand size = 10, antiderivative size = 62

T 10

1.5
/ sec” (az”) dr = iz sec™? (ax5)2 - %sec_1 (az®) log (1 + eZisec_l(aw5)>

1 -
+ —i PolyLog (2, —gZisec 1(‘””5)>

10

output ‘ 1/10*I*arcsec(a*x~5)~2-1/5xarcsec(a*x~5)*1n(1+(1/a/x"5+I*(1-1/a~2/x~10) "~ (1
L/Q))”2)+1/10*I*polylog(2,-(1/a/x“5+I*(1-1/a“2/x“10)“(1/2))”2)

3.1.2

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.90

T 10

/ sec”” (az?) dr = iz’(sec_1 (az®) (sec_1 (az®) + 2ilog (1 + e2"se°_1(“x5)>>

+ PolyLog (2, —g2isec™! (Ms)))

input LIntegrate [ArcSec[a*x~5]/x,x]

output‘ (I/10)*(ArcSec[a*x~5]*(ArcSec[a*x~5] + (2*I)*Logl[l + E~((2*I)*ArcSec[a*x~5

L] )1) + PolyLogl[2, -E~((2*I)*ArcSec[a*x~5])])

3.1.

f sec_l(ax5) da;

T
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3.1.3 Rubi [A] (warning: unable to verify)

Time = 0.47 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.16, number
of steps used = 9, number of rules used = 8, Bumber of rules _ , g5 Ryles used = {7282,

integrand size
5741, 5137, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

-1 5
/sec (a:c ) da

X

l 7282

1/sec_1 (a:c5)d 5
- | ————Zdx

5 z°

l5m1

1 / arceos () 1

5 x° zd

l 5137

1 1 . 1 1
g ar/1— mm arccos @ d arccos E

l 3042

1 / 1 ¢ . 1 d . 1
— | arccos | — | tan ( arccos | — arccos [ —
5 ax® axd® axd®

l 4202

. 1
1 ’iiL‘lO ‘ e2z arccos(ag) arccos (#) 1
A 22/ ‘ - d arccos pon
1+ e2zarccos(m)
l 2620

1 71:1:10 1 2z'arccos(—1 ) 1 1 1 22'a,rccos(—1 )
— — =27 =2 l 1 axd R I PR 1 1 axd
5< B 1(22/ 0g< +e >darccos <aac5) 2’LaI‘CCOS (aaz5> og< +e )))

l 2715

1<i$10 B 2’5(1 /eziarccos(ﬁ5> log <1 n e2iarccos(ﬁ5>) deQiarccos(ﬁg) _ %Z ALCCOS (1) log (1 n e2iarccos($

axd

l 2838
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1 [z 1 ; ar 1 1 1 ; ar a
(L V1 (s PolyLog |( 2, _grareees ( az® ) — —garccos | — | log | 1+ g2t arecos ( azb )
5\ 2 4 2 azx®

inputLInt[ArcSec[a*x‘S]/x,X]

output ‘

N\

rule 2620

rule 2715

-/

((I/2)*x~10 - (2*I)*((-1/2*I)*ArcCos[1/(a*x"5)]*Log[1l + E~((2*I)*ArcCos[1/
(a*x~5)]1)] - PolyLog[2, -E~((2*I)*ArcCos[1/(a*x~5)1)1/4))/5

3.1.3.1 Defintions of rubi rules used

Int [(C(FL)~((g_.)*((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Log[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))"nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838

rule 3042

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4202

rule 5137

N\

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E™(2*I*(
e + £xx))/(1 + E~(2*I*x(e + f*x)))), x], x] /; FreeQl{c, d, e, f}, x] && IGt
Q[m, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x) n*Tan[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

3.1, [rel) gy

T



rule 5741

rule 7282
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Int[((a_.) + ArcSec[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcCos[x/c]l)/x, x], x, 1/x] /; FreeQ[{a, b, c}, xI]

Int[(u_)/(x_), x_Symbol] :> With[{lst = PowerVariableExpn[u, O, x]}, Simp[1
/1st[[2]] Subst [Int [NormalizeIntegrand [Simplify[1st[[1]]1/x], x], x], x, (
1st[[3]11*x)~1st[[2]11], x] /; !FalseQ[lst] && NeQ[1lst[[2]]1, 0]] /; NonsumQ[
u] && !'RationalFunctionQ[u, x]

3.1.4 Maple [F]
5
/ arcsec (a x°) s

X

input tint (arcsec(a*x”5)/x,x)

output Lint (arcsec(a*x~5) /x,x)

3.1.5 Fricas [F]

—1 (5 5
/ sec™' (ax®) dr — / arcse(; (az®) i

X

input Lintegrate (arcsec(a*x”5)/x,x, algorithm="fricas")

output Lintegral (arcsec(a*x”5)/x, x)

3.1.6 Sympy [F]

—1 (g5 5
/sec (ax )d:v _ / asec (az°) i

T T

input Lintegrate (asec(a*x**5) /x,x)

output LIntegral (asec(a*x**5) /x, x)

3.1, [rel) gy

T
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3.1.7 Maxima [F]

—1 (5 5
/ sec™' (ax®) dr — / arcsec (az®) i

Z T

input‘integrate(arcsec(a*x“S)/x,x, algorithm="maxima")

output | -5*xa~2*integrate(sqrt(a*x~5 + 1)*sqrt(a*x™5 - 1)*log(x)/(a~4*x"11 - a~2%x)
» X) — bxIxa~2+integrate(log(x)/(a"4*x~11 - a~2*x), x) + arctan(sqrt(a*x~5
+ 1)*sqrt(a*x”5 - 1))*log(x) - 1/2*I*log(a”2*x~10)*log(x) + 1/2*I*log(a*x
5 + 1)*log(x) + 1/2*Ixlog(-a*x~5 + 1)*log(x) + Ixlog(a)*log(x) + 5/2*I*lo
g(x)~2 + 1/10*I*dilog(a*x"5) + 1/10*I*dilog(-a*x"5)

3.1.8 Giac [F]

—1 (g5 5
/ sec™! (az®) dp — / arcsec (az®) i

T T

inputLintegrate(arcsec(a*x‘S)/x,x, algorithm="giac")

outputLintegrate(arcsec(a*x“S)/x, x)

3.1.9 Mupad [F(-1)]

Timed out.

/sec_1 (az®) do — / acos(-15) e

T T

input{int(acos(l/(a*x‘S))/X,x)

e—

-

output Lint (acos(1/(a*x"5))/x, x)

-/

3.1, [rel) gy
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3.2 [z3sec™t (V) dz

3.21 Optimalresult . .. ... ... .. .
3.2.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL
3.2.3 Rubi [A] (verified) . . . . . . ...
3.24 Maple [A] (verified) . . . ... ... ...
3.2.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.2.6 Sympy [C] (verification not implemented) . . ... .. ... ... ......
3.2.7 Maxima [A] (verification not implemented) . . ... ... ... .......
3.2.8 Giac [B] (verification not implemented) . . ... .. ... ... .......
3.29 Mupad [F(-1)] . . . . o o

3.2.1 Optimal result

Integrand size = 10, antiderivative size = 58

1 1
/x3 sec”! (V) dz = —V-l+z- Z(_l + 2)%/?
3

1 1
- %(—1 +x)%% — 2—8(—1 + )%+ Z:c‘1 sec”! (v/x)

output ‘ -1/4%(-1+x)~(3/2)-3/20% (-1+x) ~(5/2)-1/28* (-1+x) ~(7/2)+1/4*x"4*arcsec (x~ (1/
12))-1/4%(-1+x)~(1/2)

3.2.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.69

/xB sec”! (V) dz = _TiO —1+ (16 + 8z + 62° + 52°) + %lx‘l sec”! (V)

-

input LIntegrate [x~3*ArcSec[Sqrt[x]],x]

~—

output L—1/140*(Sqrt [-1 + x]*(16 + 8%x + 6%x~2 + 5*x~3)) + (x"4*ArcSec[Sqrt[x]])/4

~—

32.  [aPsec™ (V) dz
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3.2.3 Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.02, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 454 Ryles used = {5793,

’ integrand size
27, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ z’sec™! (V) dz
l 5793
1 4

3
e V) =g [ e

“ztsec! (\/E) - =

L et sec ! (Vz) - 1 / ((37—1)5/2"‘3(95—1)3/2“'& x—1+1_1) 4

1 8 Vi1
l 2009
ia:‘l sec™! (vz) + 21(—2( —1)7/2 - 6( —1)52 — 2z —1)%% — 2\/m>

-

input LInt [x~3*ArcSec[Sqrt [x]],x]

-/

output | (-2+Sqrt[-1 + x] - 2x(-1 + x)7(3/2) - (6%(-1 + x)~(5/2))/5 - (2*(-1 + x)~(
Lm) )/7)/8 + (x~4*ArcSec[Sqrt[x1])/4

~

3.2.3.1 Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

32.  [aPsec™ (V) dz
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ruk353‘Int[((a_.) + (b_)*(x)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
‘x] && IGtQ[m, 0] && ( !'IntegerQ[n] || (EqQlc, 0] &% LeQ[7*m + 4*n + 4, 0])
11 LtQ[9*m + 5%(n + 1), 0] || GtQm + n + 2, 01)

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5793 Int[((a_.) + ArcSecl[u_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pllc + d*x)"(m + 1)*((a + b*ArcSec[ul)/(d*(m + 1))), x] - Simp[b*(u/(d*(m +

1)*Sqrt[u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(uxSqrt[
u™2 - 11)), x1, x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Invers
eFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Functio

nOfExponentialQ[u, x]

3.2.4 Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.69

method result size
parts 4 arcs:c( VE) =l /z (5z1—56x2+8x+16) 40
Z4 arcsec xT Tr— 1'3 $2 T
derivativedivides 1 Va) _ 1)1(:20 \/Jrfj:i +16) 43
—_— T
z* arcsec (/) (z—1) (523 +622+8z+16)
default 1 — " \/sz 7 43

-

input Lint (x~3*arcsec(x~(1/2)) ,x,method=_RETURNVERBOSE)

-/

outputL1/4*x“4*arcsec(x‘(1/2))—1/140*((x—1)/x)“(1/2)*x“(1/2)*(5*x‘3+6*x“2+8*x+16)

~—

32.  [aPsec™ (V) dz
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3.2.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.55

/x3sec_1 (Vz) dz = ix“arcsec (Vz) — TiO (52°+ 62> +8x+16)vz — 1

inputLintegrate(x‘S*arcsec(x‘(1/2)),x, algorithm="fricas")

-

OutputL1/4*x‘4*arcsec(sqrt(x)) - 1/140%(5%x"3 + 6%x”2 + 8%x + 16)*sqrt(x - 1)

~—

3.2.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 61.84 (sec) , antiderivative size = 119, normalized size of antiderivative = 2.05

/w3 sec! (\/g_v) dx

I 2 [ — —
2% \7/w 1 + 12z 3\5/33 1 + 16w\3/5:1: 1 + 32\3/g 1 for |$| >1

2ix3\/1—x + 12iz2y/1—x + 16iz/1—x + 32iy/
7 35 35

1—x :
%5 otherwise

_ z*asec (/)
N 4 B 8

inputLintegrate(x**3*asec(x**(1/2)),X)

output‘x**4*asec(sqrt(x))/4 - Piecewise((2*x**3*sqrt(x - 1)/7 + 12kx**2*ksqrt(x -
‘1)/35 + 16*x*sqrt(x - 1)/35 + 32*sqrt(x - 1)/35, Abs(x) > 1), (2%I*x*x*3*sq
‘Tt(1 - x)/7 + 12%I¥x2xsqrt(1 - x)/35 + 16%I*x*sqrt(l - x)/35 + 32+I*sqrt
(1 - x)/35, True))/8

3.2.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.14

3
1 1 1 2 1 1
+ - gtarcsec (VI) — s @2 (== 4+1) —2vEm/-=+1
4 4 x T

32.  [aPsec™ (V) dz
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input‘integrate(x“3*arcsec(x“(1/2)),x, algorithm="maxima")

outPUt(—1/28*x”(7/2)*(-1/x + 1)°(7/2) - 3/20%x~(5/2)*(-1/x + 1)~(5/2) + 1/4*x"4*a
‘rcsec(sqrt(x)) - 1/4xx~(3/2)*(-1/x + 1)~(3/2) - 1/4*sqrt(x)*sqrt(-1/x + 1)

3.2.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 152 vs. 2(38) = 76.

Time = 0.30 (sec) , antiderivative size = 152, normalized size of antiderivative = 2.62

/x?’ sec ! (\/g_v) dz
1 1 ! 7 1 °
T 5
= 351" (\/‘;“—1) ~ 2560 " (\/—;“—1)

3
1, 1 7 s [ 1 35 1
- R S T v/~ Y Sy |
ty® arccos(ﬁ) 512‘”2< s ) 512‘/5< s )
6 4 2
12250%(\ /-1 +1-1) +2450%(\ /=1 +1-1) +490(\/~L+1-1) +5
+

179202 (/=1 +1- 1)7

inputLintegrate(x‘3*arcsec(x*(1/2)),x, algorithm="giac")

output -1/3584*x~(7/2)*(sqrt(-1/x + 1) - 1)°7 - 7/2560%x"(5/2)*(sqrt(-1/x + 1) -
1)°5 + 1/4xx"4*arccos(1l/sqrt(x)) - 7/512*%x~(3/2)*(sqrt(-1/x + 1) - 1)°3 -
35/512*sqrt (x)*(sqrt(-1/x + 1) - 1) + 1/17920%(1225*x"3*(sqrt(-1/x + 1) -
1)76 + 245xx"2x(sqrt(-1/x + 1) - 1)74 + 49*x*x(sqrt(-1/x + 1) - 1)72 + 5)/(
x~(7/2)*(sqrt(-1/x + 1) - 1)°7)

32.  [aPsec™ (V) dz
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3.2.9 Mupad [F(-1)]

Timed out.

input tint (x~3*acos(1/x~(1/2)),x)

output Lint (x~3*acos(1/x~(1/2)), x)

32.  [aPsec™ (V) dz
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3.3 [ z?sec™t (yz) dz

3.3.1 Optimalresult . .. ... ... . .. ..
3.3.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL
3.3.3 Rubi [A] (verified) . . . .. ... ..
3.34 Maple [A] (verified) . .. .. ... ...
3.3.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... . ....
3.3.6 Sympy [C] (verification not implemented) . . .. ... ... ... ......
3.3.7 Maxima [A] (verification not implemented) . ... .. ... ... ......
3.3.8 Giac [B] (verification not implemented) . . .. ... ... ... .......
3.3.9 Mupad [F(-1)] . . . . o

3.3.1 Optimal result

Integrand size = 10, antiderivative size = 47

1 2 1 1
/x2 sec”! (V) dz=—-v-1+z— 5(_1 + 2)%% — 1—5(—1 +2)%% + §x3 sec”! (v/x)

3

output‘-2/9*(-1+x)“(3/2)-1/15*(-1+x)“(5/2)+1/3*x“3*arcsec(x‘(1/2))-1/3*(-1+x)“(1/
\2)

3.3.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.74

/w2 sec”! (V) dz = _% —1+2(8 44z +32%) + %z‘?’ sec”" (V)

input

Integrate[x~2*ArcSec[Sqrt[x]],x]

N\

output‘-1/45*(Sqrt[—1 + x]*(8 + 4*xx + 3%x72)) + (x"3*ArcSec[Sqrt([x]1]1)/3

33.  [a?sec”! (V) dz



input LInt [x~2*ArcSec[Sqrt [x]1],x]

output‘ (-2%8qrt[-1 + x] - (4*%(-1 + x)7(3/2))/3 - (2*x(-1 + x)7(5/2))/5)/6 + (x"3*A
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3.3.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.06, number

of steps used = 4, number of rules used = 4, Bumber of rules _ , 454 Ryles used = {5793,
integrand size

27, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/w2 sec”! (vz) dz
| 5793

x

1 3 sec! _1/2
393 sec (\/5) 3 2mdm

%w3 sec™! (vz) — é/ <(w 132 42 —1+ \/ﬂ%> dz
l 2009
%a::)’ sec! (v2) + é(-i(.@ _ 1y g(m 1) Nﬁ)

-

-/

~

chSec [Sqrt[x]11)/3

3.3.3.1 Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] \

33.  [a?sec”! (V) dz
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rule 53‘Int[((a_.) + (b_)*(x)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
‘x] && IGtQ[m, 0] && ( !'IntegerQ[n] || (EqQlc, 0] &% LeQ[7*m + 4*n + 4, 0])
11 LtQ[9*m + 5%(n + 1), 0] || GtQm + n + 2, 01)

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5793 Int[((a_.) + ArcSecl[u_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)"(m + 1)*((a + b*ArcSec[ul)/(d*(m + 1))), x] - Simp[b*(u/(d*(m +

1)*Sqrt[u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(uxSqrt[
u™2 - 11)), x1, x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Invers
eFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Functio

nOfExponentialQ[u, x]

3.3.4 Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.74

method result size
parts z ams;c(ﬁ) - mT_lﬁizm2+4$+8) 35
derivativedivides | = arcsg’c(ﬁ) - (m;))\(;%r?s) 38
default a? arcs;c(ﬁ) _ (m;;)%zm 38

-

input Lint (x~2*arcsec(x”~(1/2)) ,x,method=_RETURNVERBOSE)

-/

outputLl/B*x“S*arcsec(x‘(l/Q))—1/45*((x—1)/x)‘(1/2)*x‘(1/2)*(3*x“2+4*x+8)

~—

33.  [a?sec”! (V) dz
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3.3.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.57

/:10286(3_1 (\/5) dr = %x?’arcsec (\/:E) — % (3:1:2 +4x—|—8)\/a: -1

input Lintegrate (x~2*arcsec(x~(1/2)) ,x, algorithm="fricas")

~—

-

output

1/3*x"3*arcsec(sqrt(x)) - 1/45*%(3*x72 + 4xx + 8)*sqrt(x - 1)

N\

i

3.3.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 18.70 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.91

2x2\/z—1 8xv/z—1 16+/z—1
Er - SRR - VT for |z| > 1

2ix2\/1—x 8iz/1—x 1644/ .
.’L'3 asec (\/5) 5 + 15 + OtherW]SG

11—z
2 1 _ _ 15
/x sec”! (Vz) dz = 3 5

input Lintegrate (x*x2*asec (x**(1/2)) ,x)

-/

output‘x**B*asec(sqrt(x))/S - Piecewise((2*x**2xsqrt(x - 1)/5 + 8*xxxsqrt(x - 1)/1
‘5 + 16*xsqrt(x - 1)/15, Abs(x) > 1), (2xI*x**2*sqrt(l - x)/5 + 8xI*x*sqrt(l
| - x)/15 + 16%I*sqrt(1 - x)/15, True))/6

3.3.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.11

5 ]. 2 ]. 3
zz|——+1 + 3 2" arcsec (V)
T

3
2 (1 2 1 1
——z2|——4+1] —2 ——+1
91’2< :v+> 3 Ve x+




CHAPTER 3. LISTING OF INTEGRALS

56

input‘integrate(x“2*arcsec(x“(1/2)),x, algorithm="maxima")

output‘-1/15*x‘(5/2)*(-1/x + 1)7(5/2) + 1/3*x"3*arcsec(sqrt(x)) - 2/9*x~(3/2)*(-1
/x + 1)7(3/2) - 1/3*sqrt(x)*sqrt(-1/x + 1)

3.3.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 116 vs. 2(31) = 62.

Time = 0.29 (sec) , antiderivative size = 116, normalized size of antiderivative = 2.47

x
1 1 1
+§x3arccos (%) —%\/5<«/—;+1—1>

+

inputLintegrate(x“2*arcsec(x‘(1/2)),x, algorithm="giac")

output‘—1/480*x‘(5/2)*(sqrt(—1/x + 1) - 1)°5 - 5/288*x~(3/2)*(sqrt(-1/x + 1) - 1)
“3 + 1/3%x"3*arccos(1/sqrt(x)) - 5/48*sqrt(x)*(sqrt(-1/x + 1) - 1) + 1/144
‘O*(150*x‘2*(sqrt(—1/x + 1) - 1)74 + 26*x*x(sqrt(-1/x + 1) - 1)72 + 3)/(x~(5
/2)*(sqrt(-1/x + 1) - 1)75)

3.3.9 Mupad [F(-1)]

Timed out.
/z2 sec " (Vz) dz = /x2 acos(i> dz
T

input Lint (x~2*acos(1/x~(1/2)),x)

output Lint (x~2*acos(1/x~(1/2)), %)

33.  [a?sec”! (V) dz
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3.4 [zsec™! (V) dz

34.1 Optimalresult . . . ... .. .. .. . ¥
3.4.2 Mathematica [A] (verified) . . . . . .. . ... Lo oo BT
3.4.3 Rubi [A] (verified) . . . .. ... bY
3.44 Maple [A] (verified) . . ... ... ... .. 59
3.4.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 60
3.4.6 Sympy [C] (verification not implemented) . . ... .. ... ... ...... 601
3.4.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 601
3.4.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 61
3.49 Mupad [F(-1)] . . . . oo 611

3.4.1 Optimal result

Integrand size = 8, antiderivative size = 36

1 1 1
/xsec_l (Vz) dz = 5V —14+z— 6(_1 +2)%% + 5302 sec™" (V)

outputL-l/G*(-1+x)“(3/2)+1/2*x‘2*arcsec(x‘(1/2))-1/2*(-1+X)‘(1/2)

3.4.2

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.78

/:L"sec_1 (Vz) dz = —é\/—l +z(2+1z)+ %x2 sec " (V)

input ‘ Integrate [x*ArcSec[Sqrt[x]],x]

output‘ -1/6%(Sqrt[-1 + x]*(2 + x)) + (x"2*ArcSec([Sqrt[x]]1)/2

3.4.

[zsec™ (Vz) dz
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3.4.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.08, number

of steps used = 4, number of rules used = 4, Bumber of rules _ , 555 Ryles used = {5793,
integrand size

27, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ﬂcsec_1 (Vz) dz

l 5793
1 2

12 .1 _1/ z
z?sec”! (Vz) 5 2\/mdx
l 27
1 9

-1 1 X
5% sec (V) —4/\/mdm

| 53

;ﬁ%5q¢a_i/<ﬁti+¢%j>m
l 2009
%wQ sec”! (vz) + i(—;(:c —1)3/2 2\/m>

input ‘ Int [x*ArcSec[Sqrt[x]],x]

outputt(-2*Sqrt [-1 + x] - (2%(-1 + x)°(3/2))/3)/4 + (x"2*ArcSec[Sqrt[x]])/2

3.4.3.1 Defintions of rubi rules used

rule 27| Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] && I!Ma
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

34.  [zsec™!(yz) dzx
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ruk353‘Int[((a_.) + (b_)*(x)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
‘x] && IGtQ[m, 0] && ( !'IntegerQ[n] || (EqQlc, 0] &% LeQ[7*m + 4*n + 4, 0])
11 LtQ[9*m + 5%(n + 1), 0] || GtQm + n + 2, 01)

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5793 Int[((a_.) + ArcSecl[u_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pllc + d*x)"(m + 1)*((a + b*ArcSec[ul)/(d*(m + 1))), x] - Simp[b*(u/(d*(m +

1)*Sqrt[u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(uxSqrt[
u™2 - 11)), x1, x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Invers
eFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Functio

nOfExponentialQ[u, x]

3.4.4 Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.78

method result size
z—1 T T

parts x2 arcs;c(\/i) Vs \6f(2+ ) 28

derivativedivides | & arcssc(ﬁ) _ (@=1)@+e) 31

6\/%?\/5

2
default z arCS;C(ﬁ) _ (@-1)(2+x) a1
NV

-

inputLint(x*arcsec(x‘(1/2)),X,method=_RETURNVERBOSE)

-/

outputL1/2*x“2*arcsec(x‘(1/2))—1/6*((x—1)/x)‘(1/2)*x‘(1/2)*(2+X)

~—

34.  [zsec™!(yz) dzx
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3.4.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.56

1 1

/msec_1 (Vz) dz = 5302 arcsec (v/z) — 6 (x+2)vz —1

p
inputLintegrate(x*arcsec(x”(1/2)),x, algorithm="fricas")

| —

outputL1/2*x“2*arcsec(sqrt(x)) - 1/6%(x + 2)*sqrt(x - 1)

3.4.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 5.59 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.69

Qz‘/:,)ﬁ -+ 4‘/? for |z| > 1

1 z? asec (1/) 2izyloe 4 IVIZE otherwise
zsec™ (V) dz = 5 _ j

-

input Lintegrate (x*asec(x**(1/2)) ,x)

Output‘x**2*asec(sqrt(x))/2 - Piecewise((2*x*sqrt(x - 1)/3 + 4*sqrt(x - 1)/3, Abs
L(x) > 1), (2%Ixx*sqrt(l - x)/3 + 4xIxsqrt(l - x)/3, True))/4

~

3.4.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.06

3
1 1 2 ] 1 1
/mSGC_l (Vz) dz = s z? (—5 + 1) + 5 z” arcsec (v/z) — 5 vV / - +1

input Lintegrate (x*arcsec(x~(1/2)) ,x, algorithm="maxima")

OUtPHt‘-1/6*x‘(3/2)*(—1/x + 1)7(3/2) + 1/2%x"2xarcsec(sqrt(x)) - 1/2*sqrt(x)*sqrt
(-1/x + 1)

34.  [zsec™!(yz) dzx
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3.4.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(24) = 48.

Time = 0.28 (sec) , antiderivative size = 80, normalized size of antiderivative = 2.22

3
1 3 1 1 1
-1 = —— 1712 _— ]_—1 - 2
/a;sec (Vz) dz 82 (\/ :c+ > -|—2J: arccos (\/5)

—i\/E< /_1+1_1> +9x<\/—%+1—1>2+31
16 z 48:v%<@/—%+1—1>

inputLintegrate(x*arcsec(x‘(1/2)),x, algorithm="giac")

output‘—1/48*x‘(3/2)*(sqrt(—1/x + 1) - 1)73 + 1/2*x"2*arccos(1/sqrt(x)) - 3/16%sq
‘rt(x)*(sqrt(—l/x + 1) - 1) + 1/48%(9*x*(sqrt(-1/x + 1) - 1)72 + 1)/(x~(3/2
‘)*(sqrt(—i/x + 1) - 1)°3)

3.4.9 Mupad [F(-1)]

Timed out.

/alcsec_1 (Vz) dz = /xacos(%) dz

input Lint (x*acos(1/x7(1/2)) ,x)

outputLint(x*acos(l/x”(1/2)), x)

34.  [zsec™!(yz) dzx
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3.5

3.5.1
3.5.2
3.5.3
3.5.4
3.5.5
3.5.6
3.5.7
3.5.8
3.5.9

3.5.1

[sec™! (V) dz

Optimal result . . . . . . .. . .. . .
Mathematica [A] (verified) . . . . . . . . .. ... Lo
Rubi [A] (verified) . . . . . . . . . ..
Maple [A] (verified) . . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ....
Sympy [C] (verification not implemented) . . . . ... .. ... ... .....
Maxima [A] (verification not implemented) . . . . ... ... ... ... ..
Giac [B] (verification not implemented) . . . .. ... ... ... ......
Mupad [B] (verification not implemented) . . . .. ... ... ... .....

Optimal result

Integrand size = 6, antiderivative size = 18

/sec_1 (Vz) doz = —vV/—1+z+ zsec”" (V)

output Lx*arcsec(x” (1/2))-(-1+x)~(1/2)

3.5.2

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/sec_1 (\/5) de = —v/—1+z + zsec™? (\/5)

input ‘ Integrate[ArcSec[Sqrt[x]],x]

output ‘ -Sqrt[-1 + x] + x*ArcSec[Sqrt[x]]

3.5.

[sec™! (V) dz
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3.5.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ ; 333 Ry j0q yged = {5791,
integrand size
17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec_1 (V) dz
| 5791

zsec! (V) — /

l17

zsec ! (\/5) —Vx—1

! dzr
2vVxr —1

input ‘ Int[ArcSec[Sqrt[x]],x] ‘

output L—Sqrt [-1 + x] + x*ArcSec[Sqrt[x]] J

3.5.3.1 Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1 ‘

rule 5791‘ Int[ArcSec[u_], x_Symbol] :> Simp[x*ArcSec[u], x] - Simp[u/Sqrt[u~2] 1Int[

)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N J

\SimplifyIntegrand[x*(D[u, x]/(uxSqrt[u~2 - 11)), x]1, x], x] /; InverseFunct
‘ionFreeQ [u, x] && !FunctionOfExponentialQ[u, x]

———

3.5.  [sec”! (V) dz
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3.5.4 Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

method result size
parts z arcsec (vz) — /=1 /T | 22
derivativedivides | z arcsec (v/z) — :—_11\[ 25
default z arcsec (1/z) — :__llf 25

x

-

input Lint (arcsec(x~(1/2)) ,x,method=_RETURNVERBOSE)

~—

output Lx*arcsec (x~(1/2))-((x-1)/x)~(1/2)*x~ (1/2)

~—

3.5.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

/sec_1 (Vz) dz = zarcsec (vz) — vz —1

p
input Lintegrate (arcsec(x~(1/2)),x, algorithm="fricas")

~—

output Lx*arcsec(sqrt(x)) - sqrt(x - 1)

3.5.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.95 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.61

2y/z—1 for|z|>1
2iv/1 — x otherwise
2

/sec_1 (V) dz = zasec (Vz) —

input Lintegrate (asec(x**(1/2)) ,x)

3.5.  [sec”! (V) dz
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output‘x*asec(sqrt(x)) - Piecewise((2*sqrt(x - 1), Abs(x) > 1), (2xI*sqrt(l - x),
L True))/2

3.5.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.17

/sec_1 (\/E) dx = x arcsec (\/5) - \/9_:\ / —i +1

input‘integrate(arcsec(x“(1/2)),x, algorithm="maxima")

-

outputtx*arcsec(sqrt(x)) - sqrt(x)*sqrt(-1/x + 1)

| —

3.5.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 41 vs. 2(14) = 28.

Time = 0.29 (sec) , antiderivative size = 41, normalized size of antiderivative = 2.28

/sec_l (V) dz = zarccos (%) —%ﬁ(\/—é+l—l) +2ﬁ<\/ﬁ—1>

inputLintegrate(arcsec(x“(1/2)),x, algorithm="giac")

e

output | xxarccos(1/sqrt(x)) - 1/2*sqrt(x)*(sqrt(-1/x + 1) - 1) + 1/2/(sqrt(x)*(sqr
t(-1/x + 1) - 1))
3.5.9 Mupad [B] (verification not implemented)
Time = 1.36 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.17
/sec_1 (vz) dz = zacos . Vz/l— 1
N x
input(int(acos(i/x‘(1/2)),x)

N

0utputtx*acos(1/x“(1/2)) - x~(1/2)*(1 - 1/x)°(1/2)

3.5.  [sec”! (V) dz
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3.6 [ W3)g,

T
3.6.1 Optimalresult . . ... ... ... ... .. ... 606!
3.6.2 Mathematica [A] (verified) . . . . . . ... ... Lo 661
3.6.3 Rubi [A] (warning: unable to verify) . .. .. ... ... ... ... 67
3.6.4 Maple [A] (verified) . ... ... ... ... 69
3.6.5 Fricas [F] . . . . . . . 69
3.6.6 Sympy [F] . . . . . 70
3.6.7 Maxima [F] . . ... . . .. 70}
3.6.8 Giac [F(-2)] . . . . . 70
3.6.9 Mupad [F(-1)] . . . . . o [T

3.6.1 Optimal result

Integrand size = 10, antiderivative size = 56

—1
/ sec”! (V) dz = isec™" (vz)? — 2sec™! (v/7) log (1 + 62isec_1(ﬁ))

x
+ i PolyLog (2, —g2isec™! (‘/5))

e

output

Ixarcsec(x~(1/2))"2-2*arcsec(x~(1/2))*1n(1+(1/x~(1/2)+I*(1-1/x)"(1/2))"2)+
| Txpolylog(2,=(1/x(1/2)+I*(1-1/x)"(1/2))"2)

3.6.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.96

/—Sec_l (v2) dr = i(sec_1 (V) (sec_1 (Vz) + 2ilog (1 + ezisecfl(‘/’z)»

T

+ PolyLog (2, —¢¥*=' (v )

input LIntegrate [ArcSec[Sart[x]1]/x,x]

~—

output(I*(ArcSec[Sqrt[x]]*(ArcSec[Sqrt[x]] + (2*%I)x*Log[1 + E~((2*I)*ArcSec[Sqrt[x
11D1) + PolyLogl2, -E~((2*I)*ArcSec([Sqrt[x11)1)

—

36, [ =08 g,
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3.6.3 Rubi [A] (warning: unable to verify)

Time = 0.46 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.11, number
of steps used = 9, number of rules used = 8, Bumber of rules _ , g5 Ryles used = {7267,

integrand size
5741, 5137, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sec_lx(\/i) e

l 7267

sec™! (/)
7

| 571

——=—dVz

arccos (ﬁ) di

Voo /z
l 5137

2 1= Ly (L) daen 1)

l 3042

2 f e )t (o (L)) s 1)

l 4202

-2

1

. ‘ e?iarccos( \/E) ArcCos ( % ) )
2 5 24 : - d arccos 7
1+ e2zarccos<—) x

vz

l 2620

( —2 (1/log < 2mm°s< / >> d arccos <\}5> - %z arccos <\;E> log <1 + e%arCCOS(VlE))))

l 2715

9 @ _ 9 1 eQiarccos(%) log 1+ eQiarccos( ) de 2zarccos(ﬁ) . liarccos i log 1+ eQiarccos(%)
2 4 2 vz

%
l 2838

36, [0 g

T



input

output

rule 2620

rule 2715

rule 2838

rule 3042

rule 4202

rule 5137
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iz . 1 Zia,rccos(—1 ) 1. 1 2iarccos(—1 )
2( 2 _2i( - PolyLog ( 2, - V) — Jlog (14 v
(2 z( 4 Foly og< ,—€ ) 2zarccos<\/5) og( e

Int[ArcSec[Sqrt[x]]/x,x]

N

‘2*((I/2)*x - (2*I)*((-1/2*I)*ArcCos[1/Sqrt[x]]*Log[1 + E~((2*I)*ArcCos[1/S
Lqrt[x]])] - PolyLog[2, -E~((2*I)*ArcCos[1/Sqrt[x]1)1/4))

|

3.6.3.1 Defintions of rubi rules used

Int [(CCFL)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Log[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int[Logl[(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx™n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E~(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQl[{c, d, e, f}, x] && IGt
Q[m, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x) n*xTan[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]
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rule 5741 Int[((a_.) + ArcSec[(c_.)*(x_)1*(b_.))/(x_), x_Symbol] :>
*ArcCos[x/c]l)/x, x], x, 1/x] /; FreeQ[{a, b, c}, xI]

-Subst[Int[(a + b

rule 7267 Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st [[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]]1°(1/1st[[2]1)], x
] /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

3.6.4 Maple [A] (verified)

Time = 0.65 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.12

method result
derivativedivides | i arcsec (\/5)2 — 2 arcsec (1/7) In ( (%
default i arcsec (\/5)2 — 2 arcsec (y/z) In ( <%

i
i

) ) +zpolylog( ~(
) ) + i polylog (2 (

%IH

%IH

+i

+i

inputLint(arcsec(x“(1/2))/x,x,method=_RETURNVERBOSE)

output‘I*arcsec(x“(1/2))‘2-2*arcsec(x‘(1/2))*1n(1+(1/x“(1/2)+I*(1-1/X)“(1/2))“2)+

| Txpolylog(2,=(1/x~(1/2)+I*(1-1/x)"(1/2))"2)

3.6.5 Fricas [F]

/s:ec‘1 (V) o — / arcsec (1/7) i

T T

inputtintegrate(arcsec(x‘(1/2))/x,x, algorithm="fricas")

outputLintegral(arcsec(sqrt(x))/x, x)

36, [0 g
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3.6.6 Sympy [F]

/sec‘1 (V) o — / asec (/) s

X

inputLintegrate(asec(x**(1/2))/X,X)

outputLIntegral(asec(sqrt(x))/x, x)

3.6.7 Maxima [F]

/sec‘1 (V) o — / arcsec (/) e

Z T

inputLintegrate(arcsec(x“(1/2))/x,x, algorithm="maxima")

outputtintegrate(arcsec(sqrt(x))/x, X)

3.6.8 Giac [F(-2)]

Exception generated.

dx = Exception raised: NotImplementedError
x

[

inputLintegrate(arcsec(x‘(1/2))/x,x, algorithm="giac")

output‘Exception raised: NotImplementedError >> unable to parse Giac output: Inva
‘lid series expansion: non tractable function acos at +infinity

36, [ =08 g,
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3.6.9 Mupad [F(-1)]

Timed out.

[t el

T
T T

input Lint (acos(1/x~(1/2))/x%,%)

output Lint (acos(1/x~(1/2))/x, x)

36, [0 g
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3.7 | s (V2) gy

xz

3.7.1 Optimalresult . . .. ... ... ... .. .
3.7.2 Mathematica [A] (verified) . . . . . . ... ... Lo Lo
3.7.3 Rubi [A] (verified) . . .. .. ...
3.74 Maple [A] (verified) . ... ... ... ...
3.7.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.7.6 Sympy [C] (verification not implemented) . . ... ... ... ........
3.7.7 Maxima [A] (verification not implemented) . .. ... ... ... ......
3.7.8 Giac [A] (verification not implemented) . . . ... .. ... ... ......
3.7.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... .

3.7.1 Optimal result

Integrand size = 10, antiderivative size = 38

/ o (—ﬁ) dr = Volfa  sec (va) + 1a,rcta,n (V-1+2)
2

2 2r T

Outputt—arcsec(x‘(1/2))/x+1/2*arctan((-1+x)‘(1/2))+1/2*(-1+X)“(1/2)/X

3.7.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

/M dp — V=1+1z —2sec™" (y/z) — zarcsin (\%)

x2 2x

inputLIntegrate[ArcSec[Sqrt[x]]/x“2,x]

outputt(Sqrt[—l + x] - 2%ArcSec[Sqrt[x]] - x*ArcSin[1/Sqrt([x]])/(2*x)
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3.7.3 Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.95, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 554 Ryles used = {5793,

’ integrand size
27, 52, 73, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/sec_1 (V) e

m?
l 5793

/ 1 g — sec™! ()
2vx — 122 x

1 1 P sec™1 (\/5)
2 ) r—1z2 v T
l 52
1/1 1 d +\/ac—1 _secl(\/a_:)
2\ 2 vVr—1lx T x x

;<arctan (Vz—1)+ V?) _ s (va)

input ‘ Int [ArcSec[Sqrt[x]]/x72,x]

-

output L-(ArcSec [Sqrt[x]11/x) + (Sqrt[-1 + x]/x + ArcTan[Sqrt[-1 + x]]1)/2

|

3.7. [V gy




rule 27

rule 52

rule 73

rule 216

rule 5793
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3.7.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, ¢, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

Int[((a_.) + ArcSec[u_l*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pllc + d*x)"(m + 1)*((a + b*ArcSec[u])/(d*(m + 1))), x] - Simp[b*(u/(d*(m +
1)*Sqrt[u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[
u™2 - 11)), x1, x1, x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Invers
eFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Functio

n0fExponentialQ[u, x]

3.7. [V gy
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3.7.4 Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.16

method result size
arcsec (v/z) \/ E2 (arctan(va—1)z+v/z—1)
parts - + NI 44
derivativedivides —arcse:(ﬁ) _Yer <arczan€ffj%>$_ =) 46
default —arcsez(ﬁ) - X/E(am:n(x:ilg)m m) 46
inputLint(arcsec(x‘(1/2))/x“2,x,method=_RETURNVERBOSE) J
output‘—arcsec(x‘(1/2))/x+1/2*((x-1)/x)‘(1/2)/x“(1/2)*(arctan((x—l)‘(1/2))*x+(x—1
)7 (1/2))/ (x-1)"(1/2) |
3.7.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.50

/ sec™! ()

o — (z — 2) arcsec (v/z) + vz — 1
x? v 2z

inputLintegrate(arcsec(x‘(1/2))/x‘2,x, algorithm="fricas")

output L1/2*((x - 2)*arcsec(sqrt(x)) + sqrt(x - 1))/x

3.7.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 12.66 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.97

. 1 i i 1
1 acosh <7§> — \/E\/—1+§ + x%\/—1+% for o > 1
Casin (L) 4 V= -
see—1 ( \/E) o asin ( ﬁ> + 7 otherwise asec ( \/5)
x2 B 2
3.7. [V gy
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input‘integrate(asec(x**(1/2))/x**2,x)

output‘Piecewise((I*acosh(l/sqrt(x)) - I/(sqrt(x)*sqrt(-1 + 1/x)) + I/(x**(3/2)*s
‘qrt(-l + 1/x)), 1/Abs(x) > 1), (-asin(1/sqrt(x)) + sqrt(l - 1/x)/sqrt(x),
‘True))/2 - asec(sqrt(x))/x

3.7.7 Maxima [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.34

/sec—l va) , __ VB =3 1 arcsec (v/2) +% et (\/5 _% N 1)

a2 2(z(2—-1)—1) z

inputLintegrate(arcsec(x‘(1/2))/x‘2,x, algorithm="maxima")

output‘—1/2*sqrt(x)*sqrt(—1/x +1)/(x*x(1/x - 1) - 1) - arcsec(sqrt(x))/x + 1/2*ar
Lctan(sqrt(x)*sqrt(—l/x + 1))

3.7.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.79

[ )y, Y (B) 1, (L)
2

z? 2z x N7

inputLintegrate(arcsec(x“(1/2))/x‘2,x, algorithm="giac")

outputt1/2*sqrt(—1/x + 1)/sqrt(x) - arccos(1/sqrt(x))/x + 1/2*arccos(1/sqrt(x))

3.7. [V gy
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3.7.9 Mupad [B] (verification not implemented)

Time = 0.87 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.74

/sec_1 (vz) e \/1-1 acos(\%) (2-1)

2 2VT 2

input Lint (acos(1/x7(1/2))/x72,%)

outputt(l - 1/x)°(1/2)/(2*x~(1/2)) - (acos(1/x~(1/2))*(2/x - 1))/2
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3.8 [ Wa)g,

3
3.8.1 Optimalresult . . .. ... ... . ... .. .. 78]
3.8.2 Mathematica [A] (verified) . . . . . . ... ... o 78]
3.8.3 Rubi [A] (verified) . . .. .. ... 79
3.84 Maple [A] (verified) . ... ... ... ... &1
3.8.5 Fricas [A] (verification not implemented) . . . . . ... ... ... ... ... . BTl
3.8.6 Sympy [C] (verification not implemented) . . ... ... ... . ... ..... 1]
3.8.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 82
3.8.8 Giac [A] (verification not implemented) . . . .. ... ... ... ...... R3
3.89 Mupad [F(-1)] . . . . o ’3

3.8.1 Optimal result

Integrand size = 10, antiderivative size = 54

/ sec”! (Vz) dr — vV-l+z + 3V-l+e s (V) - 3 arctan (V-1+2)

3 82 16z 212 16

output‘—1/2*arcsec(x‘(1/2))/x“2+3/16*arctan((-1+x)‘(1/2))+1/8*(—1+x)‘(1/2)/x‘2+3/
L16*(-1+x)‘(1/2)/x J

3.8.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.02
/sec‘1 (V) 1 3 —14+2 sect(vz) 3 ) 1

= NV = + \/ - — —arcsin | —

z3 8z3/2 ~ 164/z T 212 16 VT

input LIntegrate [ArcSec[Sqrt[x]11/x73,x]

~—

output ‘ (1/(8*x~(3/2)) + 3/(16*xSqrt[x]))*Sqrt[(-1 + x)/x] - ArcSec[Sqrt[x]]/(2*x"2
) - (3*Arcsin[1/Sqrt[x11)/16

/)

3. [EE g,
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3.8.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.06, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 655 Ryles used = {5793,

’ integrand size
27, 52, 52, 73, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec_1 (V) e

$3
l 5793
1 1 do sec™! (V)
2 / 2v/x — 123 v 212
l 27
1 1 P sec™! (y/x)
4 Vo — 13 v 212
l 52
1 3/ 1 +\/33—1 _sec”! (Va)
a\2 ) Yo=12™ T 22 222

6 e ) )

T — 1z z 222 212

222

(3 2o ) T et

1 (3 (arctan (V=) + 221 ) V22T e (va)

212 222

input LInt [ArcSec[Sqrt[x]]1/x73,x]

output‘ -1/2*ArcSec[Sqrt[x]]1/x"2 + (Sqrt[-1 + x]1/(2*x"2) + (3*(Sqrt[-1 + x]/x + Ar
‘cTan[Sqrt[-l +x11))/4)/4

3. [EE g,




rule 27

rule 52

rule 73

rule 216

rule 5793
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3.8.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, ¢, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

Int[((a_.) + ArcSec[u_l*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pllc + d*x)"(m + 1)*((a + b*ArcSec[u])/(d*(m + 1))), x] - Simp[b*(u/(d*(m +
1)*Sqrt[u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[
u™2 - 11)), x1, x1, x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Invers
eFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Functio

n0fExponentialQ[u, x]

3. [EE g,
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3.84

Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.06

method result size
r Vz—1 (3arct L 2_3\/z—1z—2vz—1
derivativedivides | —2 cs;;gﬁ) _ Y ( e an(‘l/?z)_xlx 5 Ve ) 57
T vx—1 (3arctan f 22-3vz—1z—22-1
default o <f:)—1 5 )| 57
arts _arcsec(\/:i) 4 ,/zT_l (3arctan(\/z—1)m2+3\/x—1:c+2\/.'z:—1) 57
P 227 16x%\/w—1

input Lint (arcsec(x~(1/2))/x"3,x,method=_RETURNVERBOSE)

output‘-1/2*arcsec(x“(1/2))/x“2-1/16*(x-1)“(1/2)*(3*arctan(1/(x-1)“(1/2))*x“2-3*(
‘ x-1)"(1/2)*x-2*% (x-1)~(1/2)) / ((x-1) /x)~(1/2) /x~(5/2)

3.8.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.54

/ sec™! (V) e — (3z% — 8)arcsec (vz) + (3z +2)vz —1

z3 16 z2

input ‘ integrate(arcsec(x~(1/2))/x"3,x, algorithm="fricas")

outputtl/16*((3*x“2 - 8)*arcsec(sqrt(x)) + (3*x + 2)*sqrt(x - 1))/x"2

3.8.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

3. [EE g,
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Time = 41.80 (sec) , antiderivative size = 144, normalized size of antiderivative = 2.67

3iacosh (%) 3 . . )
N7 4\/5\/_1_'_% + 4w%\/’_1+% + 2&\/’_14_% for o > 1
3asin (%) 3 _ 1 B 1 .
sec—1 (\/E) - L+ e il 493\/@ 2l i otherwise
/—3 dxr =
z 4
asec (\/E)
B 212

inputLintegrate(asec(x**(1/2))/x**3,x)

output‘Piecewise((3*I*acosh(1/sqrt(x))/4 - 3*xI/(4*sqrt(x)*sqrt(-1 + 1/x)) + I/(4x
‘x**(3/2)*sqrt(-1 + 1/x)) + I/(2xx*x(5/2)*sqrt(-1 + 1/x)), 1/Abs(x) > 1), (
‘—3*asin(1/sqrt(x))/4 + 3/(4xsqrt(x)*sqrt(l - 1/x)) - 1/(4*x*x*x(3/2)*sqrt(1
‘— 1/x)) - 1/(2*x*x(5/2)*sqrt(1 - 1/x)), True))/4 - asec(sqrt(x))/(2*x**2)

3.8.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(38) = 76.

Time = 0.26 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.48

3
2

/sec‘1 (ﬁ)d 3oz (=2 +1)2 +5va /-1 +1
—— dx =
z? 16 (22(1—1)" - 20(1 = 1) +1)
arcsec (vz) 3 1
- g T g Mctan (\/5 - 1)

p
inputLintegrate(arcsec(x‘(1/2))/x‘3,x, algorithm="maxima")

-/

output‘1/16*(3*x‘(3/2)*(—1/x + 1)7(3/2) + b*xsqrt(x)*sqrt(-1/x + 1))/ (x"2*x(1/x - 1
‘)‘2 - 2xxx(1/x - 1) + 1) - 1/2xarcsec(sqrt(x))/x"2 + 3/16*arctan(sqrt(x)*s
qrt(-1/x + 1))

N\

3. [EE g,
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3.8.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.81

/secl ,/———l—l ,/———l—l arccos( ) 3 <1)
= +1—6arccos —

x3 16 /z 83 222 vz

-

inputtintegrate(arcsec(x‘(1/2))/x‘3,x, algorithm="giac")

e—

output(3/16*sqrt(—1/x + 1)/sqrt(x) + 1/8*sqrt(-1/x + 1)/x~(3/2) - 1/2%arccos(1/sq
‘rt(x))/x‘2 + 3/16*arccos(1/sqrt(x))

—

3.8.9 Mupad [F(-1)]

Timed out.

/sec‘l (Va) o / acos(\/ig) ;

T
3 3

input Lint (acos(1/x7(1/2))/x73,%)

output {int (acos(1/x~(1/2))/x°3, x)

e—

3. [EE g,
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3.9 [ W3)g,

74
3.9.1 Optimalresult . . .. ... .. .. . 84
3.9.2 Mathematica [A] (verified) . . . . . . . ... Lo Rl
3.9.3 Rubi [A] (verified) . . . ... ... 85
3.9.4 Maple [A] (verified) . ... ... . . ... 87
3.9.5 Fricas [A] (verification not implemented) . . . . . ... ... ... ... ... . BT
3.9.6 Sympy [C] (verification not implemented) . . ... ... ... . ... ..... &7
3.9.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 88
3.9.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... ]9
3.99 Mupad [F(-1)] . . . .o 89

3.9.1 Optimal result

Integrand size = 10, antiderivative size = 68

sec™! (/z) V=1+z 5/—1+z 5/—1+z sec(Vz) 5
dx = _ e vV—1
/ ot R T e BTy 528 T ag 2rctan (V-1+2)

output ‘ -1/3*arcsec(x~(1/2))/x"3+5/48*arctan ((-1+x)~(1/2))+1/18*(-1+x) ~(1/2) /x~3+5
L/72*(-1+X)“(1/2)/x‘2+5/48*(-1+x)“(1/2)/x J

3.9.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.66

/ sec™! (v/7) ] vV—1+ z(8 4 10z + 152?) — 48sec™" (y/z) — 15z arcsin (\%)
— 2 dx =

4 14423
input LIntegrate [ArcSec[Sqrt([x]]1/x"4,x] J
output | (Sqrt[-1 + x]*(8 + 10*x + 15%x~2) - 48+%ArcSec[Sqrt[x]] - 15*x~3*ArcSin[1/S |

‘ qrt[x]11)/(144%x"3) J

39, [EWE g,
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3.9.3 Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.12, number
of steps used = 8, number of rules used = 7, Bumber of rules _ , 754 Ryles used = {5793,

integrand size
27, 52, 52, 52, 73, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec_1 (V) e

$4
l 5793
1 1 do sec™! (V)
3 / 2V/x — 1z v 33
l 27
1 1 gy — 5 (V=)
6 ) r— 1zt T 33
l 52
1 5/ 1 +\/33—1 _sec”! (Va)
6\6) Vo128 0" 33 323

1<5 (Z (arctan (M) + Ja?) + m) + m) - sec” (\/E)

input LInt [ArcSec[Sqrt[x]1]1/x74,x] J

39, [EWE g,
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output ‘ -1/3*%ArcSec[Sqrt[x]]1/x"3 + (Sqrt[-1 + x]1/(3%x~3) + (5*(Sqrt[-1 + x]/(2%x"2

rule 27

rule 52

rule 73

rule 216

rule 5793

L) + (3*(Sqrt[-1 + x]/x + ArcTan([Sqrt[-1 + x]11))/4))/6)/6

3.9.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Simp[dx*((
m+n+ 2)/((b*xc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] Il GtQ[b, 01)

Int[((a_.) + ArcSecl[u_l*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)"(m + 1)*((a + bxArcSec[ul)/(d*x(m + 1))), x] - Simp[b*(u/(d*(m +
1)*Sqrt[u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[
u™2 - 11)), x1, x1, x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Invers
eFunctionFreeQ[u, x] &% !FunctionOfQ[(c + d*x)"(m + 1), u, x] & !Functio

n0fExponentialQ[u, x]

39, [EWE g,
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3.9.4 Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.99

method result size
. . L. Vz—1 (15arctan | —2— )23 —15v/z—1 22 —10y/z—12—8\/z—1
derivativedivides —“"ijﬂ&w - ( (=) —— ) 67
144,/2=1 2%
arcsec(y/Z) \/ﬁ(warctan( ;_1>x3—15\/ﬁx2—10\/ﬁz—8\/xfl)
default - v —— 67
144 Tx2
" arcsec(y/Z) i ,/”"T_l (15arctan(v/z—1)z3+15vx—122+10/x—1 2+8/z—1) 67
arts —
p 3z 144z % \/z—1

input Lint (arcsec(x~(1/2))/x"4,x,method=_RETURNVERBOSE)

output‘-1/3*arcsec(x“(1/2))/x“3-1/144*(x-1)“(1/2)*(15*arctan(1/(x-1)“(1/2))*x“3-1
‘ 5 (x-1)"(1/2)*x72-10*(x-1) " (1/2) *x-8* (x-1)~(1/2) )/ ((x-1) /x)~(1/2) /x~(7/2)

3.9.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.51

/

sec™! (V)

rd

_ 3(52% —16)arcsec (vz) + (152° + 10z + 8)vz — 1

dz = 144 23

input‘integrate(arcsec(x“(1/2))/x”4,x, algorithm="fricas")

output‘1/144*(3*(5*x“3 - 16)*arcsec(sqrt(x)) + (15*x~2 + 10*x + 8)*sqrt(x - 1))/x
\*3

3.9.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

39, [EWE g,
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Time = 127.92 (sec) , antiderivative size = 180, normalized size of antiderivative = 2.65

rl

/sec_1 (V) "

53 acosh ( L )

vz 5 56 i i 1
- + + + for - >1
8 W ETERP Y IV ETE RSP NETE R N o]
5 asin (i)
vz 5 5 1 1 .
— + — — — otherwise
8 8z /1L 24z%,/1-1  1223,/1-1 3% /1-1
B 6
asec (1/x)
33
inputLintegrate(asec(x**(1/2))/X**4,X) J

output | Piecewise((56*I*acosh(1/sqrt(x))/8 - 5%I/(8*sqrt(x)*sqrt(-1 + 1/x)) + 5*I/(
24xx*xx(3/2)*sqrt (-1 + 1/x)) + I/(12*x**(5/2)*sqrt(-1 + 1/x)) + I/(3*x**(7/
2)*sqrt(-1 + 1/x)), 1/Abs(x) > 1), (-b*asin(1/sqrt(x))/8 + 5/(8*sqrt(x)*sq
rt(1 - 1/x)) - 5/(24*xx*(3/2)*sqrt(1 - 1/x)) - 1/(12*x**(5/2)*sqrt(1 - 1/x
)) - 1/(3*xx*x(7/2)*sqrt(1 - 1/x)), True))/6 - asec(sqrt(x))/(3*x*x*3)

3.9.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 106 vs. 2(48) = 96.

Time = 0.27 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.56

3
2

/ sec™! (V) 1523 (-1 + 1)g +40 x> (-1+1)
” 144 (a3(2 - 1) = 822(1 - 1)" +32(1 1) 1)

1
1
33 48 x

N

input‘integrate(arcsec(x‘(l/Q))/x‘4,x, algorithm="maxima")

~—

output ‘(—1/144*(15*){“(5/2)*(—1/x + 1)7(5/2) + 40*%x~(3/2)*(-1/x + 1)7(3/2) + 33*sqr
t(x)*sqre(-1/x + 1))/(x"3%(1/x - 1)73 - 3%x"2%(1/x - 1)72 + 3xx*(1/x - 1)
L— 1) - 1/3*arcsec(sqrt(x))/x"3 + 5/48*arctan(sqrt(x)*sqrt(-1/x + 1))

~

39, [EWE g,
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3.9.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.85

7 T 48z + o 18 23 323 48 Nz

/sec_l (v3) L 5./ -1+1 5\/—%+1+\/—%+1_ar0cos(\/%>+£ arccos( 1 )

p
inputtintegrate(arcsec(x‘(1/2))/x‘4,x, algorithm="giac")

e—

Output(5/48*sqrt(—1/x + 1)/sqrt(x) + 5/72*sqrt(-1/x + 1)/x7(3/2) + 1/18*sqrt(-1/x
‘ + 1)/x7(56/2) - 1/3%arccos(1/sqrt(x))/x"3 + 5/48*arccos(1/sqrt(x))

—

3.9.9 Mupad [F(-1)]
Timed out.

[ (V) . _ / ocos(J5)

xd

inputLint(acos(l/x“(1/2))/X“4,X)

-

output Lint (acos(1/x~(1/2)) /x4, x)

e—

39, [EWE g,
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3.10 [z?sec™ (¢) da

3.10.1 Optimalresult . . . . . . .. . ... 901
3.10.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 90
3.10.3 Rubi [A] (verified) . . . . . . ... .. OT]
3.10.4 Maple [A] (verified) . .. . ... . . ... 92
3.10.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 93
3.10.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 93]
3.10.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 94
3.10.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 94
3.10.9 Mupad [F(-1)] . . . . o o 94

3.10.1 Optimal result

Integrand size = 10, antiderivative size = 56
3/2
s 1[0 1) 22 1 z? 1, T
/x sec <E> dx = —ga 1-— o + §a (1 — 2 + gac arccos (5)

outputL1/9*a‘3*(1—x‘2/a‘2)A(3/2)+1/3*x‘3*arccos(x/a)—1/3*a‘3*(1—x‘2/a“2)‘(1/2) J

3.10.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.75

1 2 1
/:c2 sec™ (%) dz = —§a(2a2 +2%) /1 - % + §x3 sec™ (g)

input LIntegrate [x~2*ArcSec[a/x] ,x]

-/

output‘ -1/9%(ax(2xa”2 + x"2)*Sqrt[1 - x72/a"2]) + (x"3*ArcSecl[a/x])/3

3.10.  [z?sec”! (g) dz
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3.10.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.11, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 554 Ryles used = {5787,

integrand size
5139, 243, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/m2 sec™! (%) dx

| 5787
/ z? arccos (g) dx
| 5139
| =
13_f§$ + %z?’ arccos (%)
l 243

14 x
+ —x° arccos <7>
3 a

l53
f(lajzi_a? 1_23>dx2 L arcos (%)

+ —x° arccos
3 a

6a

a 1 3 X
+ —x° arccos <7)
3 a

-

input LInt [x~2*ArcSec[a/x] ,x]

output‘ (-2%a~4#Sqrt[1 - x72/a"2] + (2*a"4x(1 - x72/a"2)"(3/2))/3)/(6%a) + (x"3*Ar

LcCos [x/al)/3

3.10.  [z?sec”! (g) dz



rule 53

rule 243
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3.10.3.1 Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, O] && LeQ[7*m + 4#n + 4, 0])
|l LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]

:> Simp[1/2  Subst[In
t[x"((m - 1)/2)*(a + b*x)"p, x], x, x°2], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5139

rule 5787

-/

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcCos[c*x])"n/(d*(m + 1))), x] + Simp[b*c*(n
/(@x(m + 1))) Int[(d*x)"(m + 1)*((a + b*ArcCos[c*x])~(n - 1)/Sqrt[1l - c~2
*x~2]), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Int[ArcSec[(c_.)/((a_.) + (b_.)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol]l :> Int[

u*xArcCos[a/c + b*x(x"n/c)]l"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

3.10.4 Maple [A] (verified)

Time = 1.37 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00

method result —
o242 1 22 g4 [1_a2
parts paeele) 4 = Eaf i 56
a2 2a%
derivativedivides | —a? | =% af;zit?( (; (1 2(22) )x 66
a5 -1
o C
(12 2a%
default _a3 _m3 ar;s;c(%) n (17 1)2<22 n ) o
9\/ (;2‘_;)72 !

3.10.  [z?sec”! (g) dz



CHAPTER 3. LISTING OF INTEGRALS

93

input‘int(x”2*arcsec(a/x),x,method=_RETURNVERBOSE)

output‘1/3*x“3*arcsec(a/x)+1/3/a*(-1/3*x“2*a“2*(1-x“2/a“2)”(1/2)-2/3*a“4*(1-x“2/a
“2)“(1/2))

3.10.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.70

1 1 2 g2
/.’IJ2 sec_l (%) dr = §$3 arcsec <%> — § (2 0,21' + $3) a x2$

inputLintegrate(x“2*arcsec(a/x),x, algorithm="fricas")

outputLi/S*x“B*arcsec(a/x) - 1/9%(2%a"2*x + x"3)*sqrt((a”2 - x72)/x72)

3.10.6 Sympy [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.91

2a3‘/1—% aac%/l—% z3 asec (2)
- = s+ 22 fora #0

3

otherwise

/

input‘integrate(x**2*asec(a/x),x)

~—

p
output\Piecewise((-2*a**3*sqrt(1 - x*¥x2/ax*2) /9 - a*x**2xsqrt(l - x**2/a**2)/9 +
‘x**S*asec(a/x)/B, Ne(a, 0)), (zoo*x**3, True))

—

3.10.  [z?sec”! (g) dz
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3.10.7 Maxima [A] (verification not implemented)
Time = 0.27 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.96

/ — (a)d 1, <a> 204 /% +1+a%2? /-5 +1
T’ sec T = —

— x° arcsec | —
3 T 9a

input

integrate(x~2*arcsec(a/x),x, algorithm="maxima")

N\

output‘ 1/3*x"3%arcsec(a/x) - 1/9%(2*a”4*sqrt(-x~2/a"2 + 1) + a~2*x"2xsqrt(-x"2/a”
2+ 1)/a

3.10.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.84

1 2 [ x2 1 [ x2
/x2sec_1 (%) dr = §x3arccos (2) — §a3 —%+1—§ax2 —%—I—l

input Lintegrate (x~2*arcsec(a/x),x, algorithm="giac")

output‘ 1/3*x"3%arccos(x/a) - 2/9*a"3*sqrt(-x"2/a"2 + 1) - 1/9%a*x"2*sqrt(-x~2/a"2
S+ D

3.10.9 Mupad [F(-1)]

Timed out.

input Lint (x~2*acos(x/a) ,x)

output‘piecewise(o < a, (x"3*acos(x/a))/3 - ((a"2 - x~2)~(1/2)*(2*a"~2 + x~2))/9,
‘~O < a, int(x"2*acos(x/a), x))

3.10.  [z?sec”! (g) dz
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3.11 [zsec™ (%) dzx

3.11.1 Optimalresult . . . . . . .. . ... 951
3.11.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 95
3.11.3 Rubi [A] (verified) . . . . . ... .. 96
3.11.4 Maple [A] (verified) . . . . . .. . .. .. 97
3.11.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ..... 98

3.11.6 Sympy [A] (verification not implemented)
3.11.7 Maxima [A] (verification not implemented)
3.11.8 Giac [A] (verification not implemented)
3.11.9 Mupad [B] (verification not implemented)

3.11.1 Optimal result

Integrand size = 8, antiderivative size = 47

e 1 zz2 1, T 1, /T
T sec (—) dr = —-azi/1 — — 4+ —x* arccos (—) + —a“ arcsin (—)
T 4 a? 2 a 4 a

outputLl/Z*x‘2*arccos(x/a)+1/4*a‘2*arcsin(x/a)-1/4*a*x*(1—x‘2/a‘2)‘(1/2) J

3.11.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.94

1 2
/ar:sec_1 (2) dr = — | —az\/1 — r + 2x%sec™! (ﬂ) + a? arcsin <£>
T 4 a? T a

s hY
Integrate[x*ArcSec[a/x],x]

input

N\

output L(— (axx*Sqrt[1 - x72/a"2]) + 2*x~2*ArcSec[a/x] + a~2*ArcSin[x/al)/4 ‘

3.11. [ zsec™? (

SIS

)dx
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3.11.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.21, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 555 Ryles used = {5787,

integrand size
5139, 262, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/acsec_1 (%) dx

| 5787
/ T arccos (%) dx
| 5139
| =
;‘éx + %zz arccos (%)
l 262

1 1 1 2

za% [ T_ﬁdx—ﬁazx\/l—z—z . .
o? + ~x? arccos <7)
2a 2 a

l 993

1.3 s (Z 1.2 z2
30° arcsin (5) —za°T\/1-% 1 ) (x)
a

% + iw arccos

input ‘ Int [x*ArcSec[a/x] ,x]

output ‘/(x"2*ArcCos [x/al)/2 + (-1/2%(a~2*x*Sqrt[1 - x"2/a"2]) + (a~3*ArcSin[x/al)/

‘2)/(2*a)

3.11. [ zsec™? (

SIS

)dx



rule 223

rule 262

rule 5139

rule 5787
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3.11.3.1 Defintions of rubi rules used

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*((a + b*xx"2)"(p + 1)/(b*(m + 2%p + 1))), x] - Simp[a*c™2*((m - 1)/
(bx(m + 2%p + 1))) Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
» C, P}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] && IntBinomialQ[a, b, c
, 2, m, p, xJ

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)*((d_.)*(x_))"(m_.), x_Symboll
:> Simp[(d*x)~(m + 1)*((a + b*ArcCos[c*x])"n/(d*(m + 1))), x] + Simp[b*c*(n
/(@x(m + 1))) Int[(d*x)"(m + 1)*((a + b*ArcCos[c*x])~(n - 1)/Sqrt[1 - c~2
*x~2]), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Int[ArcSec[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
u*xArcCos[a/c + b*(x"n/c)]l"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

3.11.4 Maple [A] (verified)

Time = 1.37 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.43

3.11. [ zsec™? (

SIS

)dx
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method result Size
1 x
) a2 arctan \/a; )
B za?,/1- 27 + 1— %2
2 1
z2 arcsec(2) 2/
x
parts 3 + 5 67
arctan 1 j a2
2
x z z
. . .. 22 arcsec(2
derivativedivides | —a® | ——— () _ _ 91
at _ 1) g2
4\/ (132 — ) a3
arctan 1 a2
22
2 (J; ) JE |
1 =1 |z
2 22
2 a
9| = arcsec(2) .
default a = (% _1> r 91
W —a®

inputtint(x*arcsec(a/x),x,method=_RETURNVERBOSE)

output‘1/2*x‘2*arcsec(a/x)+1/2/a*(—1/2*x*a‘2*(1—x‘2/a“2)‘(1/2)+1/2*a“2/(1/a“2)”(1
‘/2)*arctan((1/a“2)“(1/2)*x/(1-x“2/a“2)“(1/2)))

3.11.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.81

1 2_g2 1
/xsec_l (E) dr = _é_l $2 a xzx - 4_1 (a2 — 2$2) arcsec <%>

inputLintegrate(x*arcsec(a/x),x, algorithm="fricas")

outputL-1/4*x‘2*sqrt((a“2 - x72)/x72) - 1/4%(a~2 - 2*x~2)*arcsec(a/x)

3.11.  [zsec™ (%) dz
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3.11.6 Sympy [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.87

a? asec (%) 1118\/1—2*2 z2 asec (%)
/ﬂvsec_l(g) dr={ 1>~ 15t 3 fora # 0

x . )
sor? otherwise

input Lintegrate (x*asec(a/x) ,x)

e

output | Piecewise((-a**2xasec(a/x)/4 - a*x*sqrt(l - x**x2/a*x*2)/4 + xx*x2*asec(a/x)/

‘2, Ne(a, 0)), (zoo*x**2, True))

3.11.7 Maxima [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.98

a 1 oy @larcsin (Z) —a’zy /-5 +1
/acsec_1 (—) dx = - z* arcsec (—) +
z 2 z 4a

inputtintegrate(x*arcsec(a/x),x, algorithm="maxima")

-

output Ll/2*x“2*arcsec(a/x) + 1/4x(a"3*arcsin(x/a) - a™2*x*sqrt(-x~2/a"2 + 1))/a

—/

3.11.8 Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.83

e 1, x 1, x 1 x?
x sec (—) dxr = —— a“ arccos <—> + — x“ arccos (—) — —ax +1
T 4 a 2 a

input Lintegrate (x*arcsec(a/x) ,x, algorithm="giac")

A >

-

output L—1/4*a"2*arccos(x/a) + 1/2*x"2*xarccos(x/a) - 1/4xaxx*sqrt(-x"2/a"2 + 1)

—/

3.11.  [zsec™ (g) dz
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3.11.9 Mupad [B] (verification not implemented)

Time = 0.73 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.81

. /a a® acos (%) (—2;32 — 1) azy/1—2
/xsec_ (—) dr = —
x

4 4

input Lint (x*acos(x/a) ,x)

outputL(a“2*acos(x/a)*((2*x"2)/a"2 - 1))/4 - (axxx(1 - x°2/2a"2)"(1/2))/4

3.11. [ zsec™? (

SIS

)dx
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3.12 [sec™! (&

3.12.1
3.12.2
3.12.3
3.12.4
3.12.5
3.12.6
3.12.7
3.12.8
3.12.9

Optimal result . . . . . . . . . .. ..
Mathematica [A] (verified)
Rubi [A] (verified) . . . . . . ... .
Maple [A] (verified) . . . . . . . . . . .
Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)

Mupad [B] (verification not implemented)

3.12.1 Optimal result

)da:

Integrand size = 6, antiderivative size = 26

_ a
sec 1 <—
x

2
) dx = —ay/1— x_2 + x arccos <£>
a a

1

105}

1100}

output Lx*arccos (x/a)-a*(1-x"2/a~2) "~ (1/2)

3.12.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

2
a) dr = —a\ll — 90—2-|—:csec_1 (a
a

fe

T

T

)

input tIntegrate [ArcSec[a/x],x]

-

output L—(a*Sqrt [1 - x72/a"2]) + x*ArcSec[a/x]

—/

3.12.

[sec™! (%) dzx
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3.12.3 Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 554 Ryles used = {5787,
integrand size
5131, 241}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

fo () o

l5m7

/ arccos ( g) dx

l 5131

i 7%5 7 dz
a

T
+ x arccos | —
a

l'241

x 2
xrarccos (— | —at/1— —
a a

input ‘ Int [ArcSec[a/x],x]

output L—(a*Sqrt [1 - x~2/a"2]) + x*ArcCos[x/al

rule 241

rule 5131

rule 5787

3.12.3.1 Defintions of rubi rules used

Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x"2)"(p + 1)/
(2xbx(p + 1)), x] /; FreeQ[{a, b, p}, x] && NeQ[p, -1]

/Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*Ar
cCos[c*x])"n, x] + Simp[b*c*n Int[x*((a + b*ArcCos[c*x])~(n - 1)/Sqrt[1 -
c~2xx~2]), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, 0]

Int[ArcSec[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[

uxArcCos[a/c + b*(x"n/c)]”m, x] /; FreeQ[{a, b, ¢, n, m}, x]

3.12.  [sec™? (%) dz
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3.12.4 Maple [A] (verified)

Time = 1.35 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.08

method result size
parts z arcsec (2) —a a2a—2m2 28
a 2 ﬁ—l
derivativedivides | —a | —2 arciec(x) + g.ﬂ ) 51
J(E2
a 2 ﬁ—l
default —al| =% arciec(x) + gzz ) 51
J(E0

input Lint (arcsec(a/x) ,x,method=_RETURNVERBOSE)

output Lx*arcsec (a/x)-a*((a~2-x"2)/a~2)~(1/2)

3.12.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.04

4 [/a a a? — z?
sec — ) dr==zarcsec|(— | —z 5
z T T

input Lintegrate (arcsec(a/x) ,x, algorithm="fricas")

output Lx*arcsec(a/x) - x*xsqrt((a”2 - x72)/x72)

3.12.  [sec™? (g) dz
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3.12.6 Sympy [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

/Sec_l (g) dr — —a@-i- zasec () fora#0

0T otherwise

input ‘ integrate(asec(a/x) ,x)

outputLPiecewise((-a*sqrt(l - x*xx2/a**2) + x*asec(a/x), Ne(a, 0)), (zoo*x, True))

3.12.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

2
/Sec_1 (ﬂ) dx = x arcsec (Z) —ay/ _:c_2 +1
x x a

input‘integrate(arcsec(a/x),x, algorithm="maxima")

outputtx*arcsec(a/x) - axsqrt(-x~2/a"2 + 1)

3.12.8 Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.08

z arccos (£ 2
/sec_1 <E> dx=a<—w— _x_2+1>
T a a

p
input Lintegrate (arcsec(a/x) ,x, algorithm="giac")

—/

output La* (x*arccos(x/a)/a - sqrt(-x~2/a"2 + 1))

-/

3.12.  [sec™? (%) dz
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3.12.9 Mupad [B] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

/sec_1 (%) dz =xacos(§) —ay/1 —ZZ—z

input ‘ int (acos(x/a),x)

-

output Lx*acos(x/a) - ax(1 - x72/a"2)"(1/2)

~—

3.12.  [sec™? (%) dz
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313  [* g,

T
3.13.1 Optimalresult . . .. ... . .. ... .. 106
3.13.2 Mathematica [A] (verified) . . . . . . . ... .. Lo 106!
3.13.3 Rubi [A] (verified) . . . . .. ... .. 107
3.13.4 Maple [A] (verified) . .. ... .. ... ... 109
3.135 Fricas [F] . . . . . o o o 109
3.13.6 Sympy [F] . . . . o o 109
3.13.7 Maxima [F] . . . . . . . 1101
3.13.8 Giac [F] . . . . o 110
3.13.9 Mupad [F(-1)] . . . . o 1101

3.13.1 Optimal result

Integrand size = 10, antiderivative size = 59

sec™! (& 1 2 , .
/ J dr = ——iarccos <£> + arccos <£> log (1 + ezmcws(ﬁ)>
x 2 a a

1 ‘ z
— Ez PolyLog (2, —62”““’5(5))

output‘-1/2*I*arccos(x/a)“2+arccos(x/a)*1n(1+(x/a+I*(1—x”2/a“2)”(1/2))”2)-1/2*I*p
Lolylog(2,-(x/a+I*(1-x”2/a“2)“(1/2))“2)

|

3.13.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.00

sec™! (& 1 2 . _i(a
/—(“") dr = —=isec™? (E) +sec! (2) log <1 + e%isec 1(5)>
x 2 x T

a

- %z PolyLog <2, —ezise°71(5)>

e hY

Integrate[ArcSec[a/x]/x,x]

N\ J

input

output‘ (-1/2*I)*ArcSec[a/x]"2 + ArcSec[a/x]*Log[1l + E~((2+I)*ArcSec[a/x])] - (I/2
‘)*PolyLog[2, -E~ ((2*I)*ArcSec[a/x])]

a

313,  [* Gl
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3.13.3 Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.14, number
of steps used = 8, number of rules used = 7, Bumber of rules _ , 754 Ryles used = {5787,

integrand size
5137, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

-1(a
/sec (z) da
l5m7

/arccos (%)d
— %y

x

l'5137
R 0 () ecos (%)

l 3042

— / arccos (g) tan (arccos (g)) darccos (g)

l 4202

2iarccos(2) z

e a/) arccos 1 2

27J/ - - (“) d arccos (E) — —{arccos (§>
1 + eQzarccos(g) a 2 a

| 2620
2i<;i/log (1 + e2ia'r°°°s(§)> d arccos (3) — %z arccos ( ) log (1 + eziamos(i))) -
%z’ arccos (3)2
| 2715

2i<1 /e—Qzarccos( ) log (1 + e?zarccos ) 2iarccos(2) _ %iarccos (f) log (1 + eQiarCCOS(ﬁ))> —
a
1
2

T\ 2
arCCOS( )

l 2838

1 ; z 1 z 1 2
21| —= PolyLog (2, —e% arCCOS(E)) — —garccos ( ) log (1 + e arCCOS(E)) — —jarccos <§>
4 2 a 2 a

a

313,  [* Gl



input

output

rule 2620

rule 2715

rule 2838

rule 3042

rule 4202

rule 5137

rule 5787
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‘ Int[ArcSec[a/x]/x,x]

‘/(-1/2*1)*ArcCos [x/al"2 + (2*I)*((-1/2*I)*ArcCos[x/a]l*Log[1 + E~((2*I)*ArcC
‘os[x/a])] - PolyLogl[2, -E~((2*I)*ArcCos[x/al)]/4)

-—

3.13.3.1 Defintions of rubi rules used

Int [(C(F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)"(m - 1)*Log[l + b*x((F (gx(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

‘Int[Log[(a_) + (b_)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
‘ :> Simp[1/(d*e*n*Log[F]) Subst [Int [Logla + b*x]/x, x], x, (F~(ex(c + d*x)
)"nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

/Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*¥I Int[(c + d*x) m*x(E™(2*%I*(
e + £xx))/(1 + E~(2%I*(e + f*x)))), x], x] /; FreeQl{c, 4, e, f}, x] && IGt
Q[m, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x) n*xTan[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

Int[ArcSec[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
ukArcCos[a/c + b*(x"n/c)]"m, x] /; FreeQ[{a, b, c, n, m}, x]

a
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3.13.4 Maple [A] (verified)

Time = 1.77 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.29

method result

Siz
1 z z2 2
deri ivedivid iarcsec(%)2 a)1 1 z . 22 2 zpolylog<2,— (E'H\/ 1_a7) ) 76
erivativedivides | ————-=~ + arcsec (5) n| 142+ -z _ 5
2
iarcsec(9)2 2 2 ipolylog<2,— (%—H\/ 1_%§) )
default ———5 %~ + arcsec (%) In|{1+ (% + 1 — 2—2> — 5 76

inputkint(arcsec(a/x)/x,x,method=_RETURNVERBOSE)

output ‘ -1/2*I*arcsec(a/x) ~2+arcsec(a/x)*1n(1+(x/a+I*(1-x"2/a"2)~(1/2))"2)-1/2%I*p ‘

‘olylog(2,~(x/a+I*(1-x"2/a"2)"(1/2))"2)

3.13.5 Fricas [F]

/sec_1 (2) do — / arcsec (2) .
T T
input Lintegrate (arcsec(a/x)/x,x, algorithm="fricas")
output | integral (arcsec(a/x)/x, x)
3.13.6 Sympy [F]
sec™! (2) asec (2)

=2

input Lintegrate (asec(a/x)/x,x)

output LIntegral (asec(a/x)/x, x)

a) dz

sec_l ( -
J ===

3.13.
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3.13.7 Maxima [F]

/sec“1 (2) p /arcsec () p
— el = | —/— 2l gy

Z Z

inputLintegrate(arcsec(a/x)/x,x, algorithm="maxima"

output Lintegrate (arcsec(a/x)/x, x)

3.13.8 Giac [F]

Z Z

/sec‘1 (2) p /arcsec (2) p
el = | —/— 2l gy

inputLintegrate(arcsec(a/x)/x,x, algorithm="giac")

outputtintegrate(arcsec(a/x)/x, x)

3.13.9 Mupad [F(-1)]

-1 (a z
/sec (2) e — / acos (%) e
T T

Timed out.

input Lint (acos(x/a)/x,x)

output Lint (acos(x/a)/x, x)

e

313,  [* Gl
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314 [ G gy

2
3.14.1 Optimalresult . . . . . . . . . . . . 111l
3.14.2 Mathematica [B] (verified) . . . . . . . .. ... .. Lo 111
3.14.3 Rubi [A] (verified) . . . . . ... .. 112
3.14.4 Maple [A] (verified) . ... ... ... ... 113
3.14.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... .. 114
3.14.6 Sympy [C] (verification not implemented) . . ... ... ... . ... ..... 114
3.14.7 Maxima [A] (verification not implemented) . .. .. ... ... ... ... .. 1151
3.14.8 Giac [B] (verification not implemented) . . . .. ... ... ... ...... 115
3.14.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 115

3.14.1 Optimal result

Integrand size = 10, antiderivative size = 31

T =—
2 z a

x2
/ sec™! (2) p arccos () N arctanh( 1= 0_2)

outputL-arccos(x/a)/x+arctanh((1-x“2/a“2)“(1/2))/a

3.14.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 93 vs. 2(31) = 62.

Time = 0.09 (sec) , antiderivative size = 93, normalized size of antiderivative = 3.00

)

> =— +
2

z z 2a02,/1 — %
a

a2 _ _ a a
[0 gy ) R Wil Aty 1 A =
- — ax

input ‘ Integrate[ArcSec[a/x]/x"2,x]

output‘ -(ArcSec[a/x]/x) + (Sqrt[-1 + a~2/x"2]*x*(-Logl[l - a/(Sqrt[-1 + a~2/x"2]*x
)1 + Logll + a/(Sqrt[-1 + a~2/x"21%x)1))/(2xa~2*Sqrt[1 - x"2/a~2])

a
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3.14.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 554 Ryles used = {5787,

integrand size
5139, 243, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec_1 (2) i

)
l 5787
x
/ arccoz ( a) dx
x
l 5139
1
d
J zy/1-25 o arccos (Z)
B a B x
l 243
1 d 2
fxa/l_g; " arccos (2)
B 2a B x

a/ 1 dll_aﬁ_arccos(%)
a? — a2 a? z

_z?
arctanh ( v ) ALCCOS (g)
a x
.
input LInt [ArcSec[a/x]/x"2,x] J
output ‘ -(ArcCos[x/al/x) + ArcTanh[Sqrt[1 - x~2/a"2]]1/a ‘

e

314, [= Gy



CHAPTER 3. LISTING OF INTEGRALS 113

3.14.3.1 Defintions of rubi rules used

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

ruk3221/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

ruka243‘Int[(x_)‘(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
‘t[x‘((m - 1)/2)*(a + b*x)"p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

N\

rule 5139 | Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)*((d_.)*(x_))"(m_.), x_Symboll
:> Simp[(d*x)~(m + 1)*((a + b*ArcCos[c*x])"n/(d*(m + 1))), x] + Simp[bxc*(n
/(@*(m + 1))) Int[(d*x)"(m + 1)*((a + b*ArcCos[c*x])~(n - 1)/Sqrt[1l - c~2
*x~2]), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

rule 5787 Int[ArcSec[(c_.)/((a_.) + (b_.)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
u*ArcCos[a/c + b*(x"n/c)]”m, x] /; FreeQ[{a, b, c, n, m}, x]

3.14.4 Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.97

method result size

a,rctanh( L 2)
a2/ | 30

arcsec ( E )

parts S + .
aarcsec(%) _1n<a+a 1—%)
derivativedivides | — - 44
aarcsec(%) _1n<a+a 1272)
default — - 44
314, [= Gy
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input | int (arcsec(a/x)/x"2,x,method=_RETURNVERBOSE) |

outputL-arcsec(a/x)/x+1/a*arctanh(1/(1-x“2/a“2)“(1/2)) J

3.14.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 107 vs. 2(29) = 58.

Time = 0.27 (sec) , antiderivative size = 107, normalized size of antiderivative = 3.45

/sec‘1 (2) o —

xr2

2 [a2—z?
2 ax arctan (—%) — 2 (az — a)arcsec (2) — zlog <x\ [EE a) +zlog (x 22 _a

)

2ax

inputtintegrate(arcsec(a/x)/x‘2,x, algorithm="fricas") J

output| -1/2# (2xa*x*arctan(-x"2xsqrt ((a"2 - x°2)/x°2)/(a"2 - x°2)) - 2x(a*x - a)*a |
‘rcsec(a/x) - xxlog(x*sqrt((a™2 - x72)/x72) + a) + x*log(x*sqrt((a™2 - x72) ‘
/x72) - a))/(a*x) |

3.14.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.07 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.94

—acosh (%) for g—z >1
sec™ (2) asec (2) iasin () otherwise
/—2 dr = — -
T T a
input Lintegrate (asec(a/x) /x**2,x) J

output‘—asec(a/x)/x - Piecewise((-acosh(a/x), Abs(a**2/x**x2) > 1), (I*asin(a/x),
‘True))/a ‘

a
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3.14.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.68

2aaresec(3) _ og (, [—Z +1+ 1) + log (—\/ —o+1+ 1)

sec™! (2) _ z
/ x? do = - 2a

inputLintegrate(arcsec(a/x)/x‘2,x, algorithm="maxima")

output‘—1/2*(2*a*arcsec(a/x)/x - log(sqrt(-x~2/a”2 + 1) + 1) + log(-sqrt(-x~2/a"2
D+ 1)/a

3.14.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 61 vs. 2(29) = 58.

Time = 0.27 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.97

/sec_1 (2) p a a ) arccos (£)
= \e) g — _

x? 2|al x

a<log<’a+\/m’) log<‘—a+\/m‘>

input‘integrate(arcsec(a/x)/x“2,x, algorithm="giac")

output‘1/2*a*(log(abs(a + sqrt(a”2 - x72)))/a - log(abs(-a + sqrt(a™2 - x72)))/a)
‘/abs(a) - arccos(x/a)/x

3.14.9 Mupad [B] (verification not implemented)

Time = 0.71 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.94

1
/sec_1 (2) p atanh( 1—22) acos (%)
— 7 dr = —

2 a T

inputLint(acos(x/a)/x‘2,x)

—

outputtatanh(l/(l - x72/a"2)~(1/2))/a - acos(x/a)/x

a
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3.15 [ Wy

3.15.1 Optimalresult . . .. ... ... . .. ... . 116
3.15.2 Mathematica [A] (verified) . . . . . . ... ... Lo 176l
3.15.3 Rubi [A] (verified) . . . . . . ... .. 117
3.15.4 Maple [A] (verified) . ... ... ... . ... 118
3.15.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. INE
3.15.6 Sympy [C] (verification not implemented) . . ... ... ... ... ..... 119
3.15.7 Maxima [A] (verification not implemented) . ... .. ... ... ...... 1191
3.15.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 119
3.15.9 Mupad [F(-1)] . . . . oo 120

3.15.1 Optimal result

Integrand size = 10, antiderivative size = 38

sec™! (2) 1-%  arccos (%)
/ x3 de 2ax 2x2

outputL-1/2*arccos(x/a)/x“2+1/2*(1—x“2/a‘2)“(1/2)/a/x

3.15.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.95

/ sec™t () q Ty\/1— ﬁ_; —asec™" (¢)
— 2y

3 2az2

inputLIntegrate[ArcSec[a/x]/x“B,x]

outputt(x*Sqrt[l - x72/a~2] - axArcSecl[a/x])/(2*a*xx~2)

e
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3.15.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 354 Ryjes used = {5787,
integrand size
5139, 242}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

—1(a
/sec 3(96) dz
T

l5m7
x
/ arccoz (a) dx
T
l 5139

1
d
fz2 1- v arccos (%)

- 212

N

gj
Q|8
DN N

J'242

\/ —% arccos (%)

2azx 212

input LInt [ArcSec[a/x]/x"3,x]

-

~—

outputtSqrt[l - x72/a"2]/(2*%a*x) - ArcCos[x/al/(2*x"2)

rule 242

rule 5139

3.15.3.1 Defintions of rubi rules used

Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)~
(m + 1)*((a + b*x~2)~(p + 1)/(a*xcx(m + 1))), x] /; FreeQ[{a, b, c, m, p}, x
] && EqQ[m + 2xp + 3, 0] && NeQ[m, -1]

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.)) " (n_.)*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcCos[c*x]) "n/(d*(m + 1))), x] + Simp[b*cx(n
/(@*(m + 1))) Int[(d*x)”"(m + 1)*((a + b*ArcCos[c*x])~(n - 1)/Sqrt[l - c~2
*x~2]), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

a
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ruk35787‘Int[ArcSec[(c_.)/((a_.) + (b_)*(x_)"(@_.0N]1"(m_.)*(u_.), x_Symbol] :> Int[

‘u*ArcCos[a/c + bx(x"n/c)]"™m, x] /; FreeQ[{a, b, ¢, n, m}, x]

3.15.4 Maple [A] (verified)

Time = 1.35 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.87

method result size
2
arcsec(2 25
parts - 2902( ) 4 - 33
2
a2 arcsec(%) w(;—2—1>
207 ( % — 1) z2
. . . . 2 z a
derivativedivides | — —— 54
2
a2 arcsec(%) 1(2—2—1>
222 - 2 2
2 <%Z _21) i a
default — 5 a 54

p
inputtint(arcsec(a/x)/x“3,x,method=_RETURNVERBDSE)

e—

-

output L—l/z*arcsec (a/x)/x"2+1/2%(1-x"2/a"2)"(1/2)/a/x

-/

3.15.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.03

a2—xz2

/ sec™! (2) . a®arcsec (£) — 22,/ %=

3 2 a2x2

p
inputtintegrate(arcsec(a/x)/x‘3,x, algorithm="fricas")

e—

-

output L—1/2*(a"2*arcsec(a/x) - x"2xsqrt((a”2 - x72)/x72))/(a"2*x~2)

-/

e
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3.15.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.62 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.39

ot e s
— a or 2 >
2
iy /=25 +1 ,
e = — z) _
x3 2x2 2a

p
input Lintegrate (asec(a/x) /x**3,x)

-/

Output‘—asec(a/x)/(2*x**2) - Piecewise((-sqrt(a**2/x**2 - 1)/a, Abs(a**2/x**2) >
Ll), (-Ixsqrt(-a**2/x**2 + 1)/a, True))/(2*a)

~

3.15.7 Maxima [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

r = —

sec™! (2) J arcsec (2) —ﬁ_; +1
/ 3 2 x2 + 2ax

input

integrate(arcsec(a/x)/x"3,x, algorithm="maxima")

N\

outputL—1/2*arcsec(a/x)/x“2 + 1/2%sqrt(-x"2/a"2 + 1)/(a*x)

3.15.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.61

a at+va2—z2 _ K
sec! (2) e a2z (a+va=a?)a? arccos (2)
/ 3 = 4|al - 222

input Lintegrate (arcsec(a/x)/x"3,x, algorithm="giac")

output‘ 1/4%ax((a + sqrt(a™2 - x72))/(a"2*x) - x/((a + sqrt(a™2 - x72))*a~2))/abs(
‘a) - 1/2xarccos(x/a)/x"2

a
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3.15.9 Mupad [F(-1)]

Timed out.

input Lint (acos(x/a)/x"3,x%)

output Lint (acos(x/a)/x"3, x)

e
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3.16  [* &gy

x4

3.16.1 Optimalresult . . . . .. .. . . . .
3.16.2 Mathematica [A] (verified) . . . . . . . . ... oL
3.16.3 Rubi [A] (verified) . . . . .. ... . ...
3.16.4 Maple [A] (verified) . .. . ... ... ..
3.16.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ..
3.16.6 Sympy [C] (verification not implemented) . . ... ... ... ... .....
3.16.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ...
3.16.8 Giac [A] (verification not implemented) . . . .. .. ... ... .......
3.16.9 Mupad [F(-1)] . . . . oo

3.16.1 Optimal result

Integrand size = 10, antiderivative size = 60

x2
/ sec" () do — 1-%  arccos (2) N arctanh( 1— a_2>
z T T " baz? 33 6a3

output‘-1/3*arccos(x/a)/x“3+1/6*arctanh((1-x“2/a“2)“(1/2))/a“3+1/6*(1-x“2/a“2)”(1
/2)/a/x2

3.16.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.15

z? “1/(a =
/smA(gd a%vl—af—%ﬁwc1@)—ﬁk%@%Hﬁbg<L+w —P>
— ax

xt 6a3z3

input ‘ Integrate[ArcSec[a/x]/x"4,x]

output‘ (a~2*x*Sqrt[1 - x72/a"2] - 2+a”3*ArcSec[a/x] - x"3*Log[x] + x"3*Log[l + Sq
Ttl1 - x72/a"2]1)/(6%a"3%x"3)

a
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3.16.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.02, number

of steps used = 7, number of rules used = 6, Bumber of rules _ , 655 Ryles used = {5787,
integrand size

5139, 243, 52, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

—1(a
/sec 4(36) da
T

l5m7

/arccos (%)d
— %y

Tt

l 5139

z3\/1-23 arccos (%)

3a 33

J'243

J x4,/1_§ arccos (%)

6a 33

1
d
fz2 l_mz T 1_z2
el — a2 arccos (9)
2a2 x2 . a
6 3x3

a
l 73
r
— [ oy J1 =% = Y52 arccos (2)
6a 33
l 921

arctanh(,/l—i—i) 122

— 3 -0 o? _ arccos (%)

6a 3z3

input LInt [ArcSec[a/x]/x"4,x] J

e
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output‘-1/3*ArcCos[x/a]/x“3 - (-(Sgrt[1 - x"2/a"2]/x72) - ArcTanh[Sqrt[1 - x"2/a"
211/a72)/ (6%a)

3.16.3.1 Defintions of rubi rules used

rule 52 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Simp[d=*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],

x] /; FreeQ[{a, b, c, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(px(m + 1) - 1)*(c - ax(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 221 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

rule 243 | Int [(x_)~(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
t[x"((m - 1)/2)*(a + b*x)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 5139 | Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)*((d_.)*(x_))"(m_.), x_Symboll
:> Simp[(d*x)~(m + 1)*((a + b*ArcCos[c*x])"n/(d*(m + 1))), x] + Simp[b*c*(n
/(@x(m + 1))) Int[(d*x)"(m + 1)*((a + b*ArcCos[c*x])~(n - 1)/Sqrt[1l - c~2
*x~2]), x], x] /; FreeQ[{a, b, ¢, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

rule 5787 Int[ArcSec[(c_.)/((a_.) + (b_.)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
u*xArcCos[a/c + b*x(x"n/c)]l"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

e
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3.16.4 Maple [A] (verified)

Time = 1.33 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.90

method result size
arctanh 1
1—z2 1—z2
arcsec ( g) - 2‘17 - 5 a?
parts — s 2z P 54
a ﬁ -1
‘%—1 “;2 +1n<%+ ‘%—1) z
a3 arcsec ( %) z z
3
3z (;72 —1)z2
. . o e 6\ ~—o—a
derivativedivides | — 3 i 91
a2 -1
%—1 ¢ ;IZ +1n<%+ %—1) z
x x
(13 arcsec ( % )
3a® (% - 1) x2
6 z 5 a
default — =3 u 91

input Lint (arcsec(a/x)/x"4,x,method=_RETURNVERBOSE)

output‘-1/3*arcsec(a/x)/x“3-1/3/a*(-1/2/x”2*(1-x“2/a“2)“(1/2)-1/2/a“2*arctanh(1/(

\1-x*2/a*2)‘(1/2)))

3.16.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 142 vs. 2(50) = 100.

Time = 0.28 (sec) , antiderivative size = 142, normalized size of antiderivative = 2.37

/ sec™! (&

xrd

aZ—z2

.'1:2 a2 —z2
4 a3z3 arctan (——’”2 —23log | x

a2—xz2

x2

-I-a) + z3log (x\/“z;f—a) — 2ax?

12 @323

inputLintegrate(arcsec(a/x)/x‘4,x, algorithm="fricas")

output‘—1/12*(4*a‘3*x‘3*arctan(—x‘2*sqrt((a‘2 - x72)/x72)/(a”2 - x72)) - x"3x*log(
‘x*sqrt((a“2 - x72)/x72) + a) + x"3xlog(x*sqrt((a™2 - x72)/x72) - a) - 2*ax*
‘x‘2*sqrt((a*2 - x72)/x72) - 4*(a~3*x~3 - a~3)*arcsec(a/x))/(a"3*x"3)

a) dz

sec™! (2
f 4

3.16.
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3.16.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.40 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.67

a2
Vel h(2) 2
22 acos a
T 2ax 2a2 . for z2 >1
ia i iasin (2) .
— + %~ otherwise
2 2 2
sec™! (2) asec (2) 25\~ +1 200/~ 2 +1 ¢
2 \e) e — — z) _
xt 3z3 3a

inputLintegrate(asec(a/x)/x**4,x)

A >

output(—asec(a/x)/(S*x**S) - Piecewise((-sqrt(a**2/x**2 - 1)/(2*a*x) - acosh(a/x)
‘/(2*a**2), Abs (a**2/x**2) > 1), (I*a/(2xx**3*sqrt(-a**2/x**2 + 1)) - I/(2x*
‘a*x*sqrt(—a**2/x**2 + 1)) + Ixasin(a/x)/(2*a**2), True))/(3*a)

———

3.16.7 Maxima [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.07

2
24/—2Z5+1
log(\/aTJrz) 5
x
+

[z| fa] o2

/ sec™! (%) do — — < ' arcsec (2)

T 6a 33

input Lintegrate (arcsec(a/x)/x"4,x, algorithm="maxima")

-/

output‘1/6*(1og(2*sqrt(—x‘2/a‘2 + 1)/abs(x) + 2/abs(x))/a"2 + sqrt(-x~2/a"2 + 1)/
x"2)/a - 1/3xarcsec(a/x)/x"3

N\

e
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3.16.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.33

(log<‘a+\/m‘> logq—a—{—\/m)) 2vaZ—z2
a 3 - a3 +

/sec_l (2) ] a a%a? ) arccos ()
S V-V —

x? 12 |a| 33

input Lintegrate (arcsec(a/x)/x"4,x, algorithm="giac")

output‘ 1/12*a*(log(abs(a + sqrt(a”2 - x72)))/a"3 - log(abs(-a + sqrt(a”2 - x72)))
L/a‘B + 2#sqrt(a™2 - x72)/(a”2*x"2))/abs(a) - 1/3*arccos(x/a)/x"3

3.16.9 Mupad [F(-1)]

Timed out.

input [int (acos(x/a)/x"4,x)

-/

output Lint (acos(x/a)/x"4, x)

e

3.16.  [* Gy
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3.17.1 Optimal result . . . . . . . . . . .. e 127
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3.17.5 Fricas [F(-2)] . . . . . . o o 131
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3.17.7 Maxima [F] . . . . . . 131
3.17.8 Giac [F] . . . . . o 1321
3.17.9 Mupad [F(-1)] . . . . oo 132

3.17.1 Optimal result

Integrand size = 10, antiderivative size = 69

sec_l (axn) isec‘l (aa;")z SeC_l (axn) log (]_ + e2isec—1(ag;n)>
d —
[ i :
i PolyLog <2, e secfl(amn))

+ 2n

output‘1/2*I*arcsec(a*x‘n)“2/n—arcsec(a*x“n)*1n(1+(1/a/(x‘n)+I*(1—1/a“2/(x‘n)“2)‘
‘(1/2))‘2)/n+1/2*I*polylog(2,—(1/a/(x‘n)+I*(1—1/a‘2/(x‘n)‘2)‘(1/2))‘2)/n

3.17.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 0.06 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.87

1.3 3.z727

-1 n iB—"3F2<l,l"§"‘5a_2> -
/sec (ax )dm _ 202721272 + (sec_l (az™) + arcsin <x7>> log()

Z an

input LIntegrate [ArcSec[a*x"n]/x,x]

output ‘ HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, 1/(a"2*x~(2+*n))]/(a*n*x"n)
‘ + (ArcSec[a*x"n] + ArcSin[1/(a*x"n)])*Log[x]

317, [l gy

T
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3.17.3 Rubi [A] (warning: unable to verify)

Time = 0.51 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.16, number

of steps used = 9, number of rules used = 8, Bummber of rules _ , g0 Ryles used = {7282,

integrand size
5741, 5137, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

-1 n
/ sec” (az™) da
x

l 7282

[z " sec™! (az™) dz™

n

J5m1

p— -n pa—
[ ™ arccos (’”T) dz™"
n

l'5137

Jaz™/1 — 2" arccos ( ) d arccos ( _n>

n
l 3042

[ arccos ( ) tan (arccos ( n )) d arccos ( n)

n

J 4202

—n
2iarccos|( —n
a xz
e arccos e )

2% arccos ( z;n )
1+e

n
l 2620

120 _ o zn
siz?™ — 2 [ darccos( — )

Tizn — 24 < i [log ( 2zarccos<$“>) d arccos (%) — liarccos ( ) log < 2’ar°°"s<ma

)

n

l 2715

4

%’l:.’L‘2n _ 9 <1 f 621 arccos( ) IOg < 21, arccos(%) ) d62i arccos(%) . %Z ATCCOS ( ) ].Og < 2z arccos<‘"”

a

-y

n

317, [l gy

T
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output

rule 2620

rule 2715

rule 2838

rule 3042

rule 4202
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l 2838

%im% — 21 <—}1 PolyLog <2, —e2iam°°s(za >> — %iarccos (%) log <1 + eziamcos(“”a))>

n

‘ Int [ArcSec[a*x"n]/x,x]

‘/((I/2)*x"(2*n) - (2*I)*((-1/2*I)*ArcCos[1/(a*x"n)]*Log[1 + E~((2+I)*ArcCos
‘ [1/(a*x"n)])] - PolylLogl[2, -E~((2*I)*ArcCos[1/(a*x"n)]1)]1/4))/n

3.17.3.1 Defintions of rubi rules used

Int [(C(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F (gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, O]

/Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*e*xx"nl/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*I*(
e + £*x))/(1 + E~(2*I*(e + f*x)))), x], x] /; FreeQ[{c, 4, e, f}, x] && IGt
Q[m, 0]

317, [l gy
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rule 5137

rule 5741

rule 7282
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Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x)"n*xTan[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

Int[((a_.) + ArcSec[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcCos[x/cl)/x, x], x, 1/x] /; FreeQ[{a, b, c}, xI]

Int[(u_)/(x_), x_Symbol]l :> With[{1lst = PowerVariableExpn[u, 0, x]}, Simp[1
/1lst[[2]] Subst [Int [NormalizeIntegrand [Simplify[1st[[1]]1/x], x], x], x, (
1st[[3]11*x)~1st[[2]11], x] /; !FalseQ[lst] && NeQ[1lst[[2]], 0]] /; NonsumQ[
u] & !'RationalFunctionQ[u, x]

3.17.4 Maple [A] (verified)

Time = 1.44 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.35

n

method result size
2
-n —2n
i polylog | 2,— [ Zo—+iy/1-Z 5"
iarcsec(aa:n’)2 Yy In( 1 = . 1 z—2n 2 ’POyOg( < a T @ > )
————5————arcsec(az™) In| 1+ F—+iy/1— —2 + 5
derivativedivides m 93
2
. -n —2n
+ axcsec(a zn)2 . — 2 i polylog (2,—(50‘1 +i 1_wa2 > )
————5————arcsec(az™)In 1+(za —i—z'\/l—’”a2 ) + 5
default 93

input ‘ int (arcsec(a*x™n)/x,x,method=_RETURNVERBOSE)

output ‘ 1/n* (1/2*xI*arcsec(a*x"n) “2-arcsec(a*x"n) *1n(1+(1/a/(x"n)+I*(1-1/a"2/(x"n)"~

‘2)‘(1/2))‘2)+1/2*I*polylog(2,-(1/a/(x‘n)+I*(1—1/a“2/(x“n)“2)“(1/2))“2))

317, [l gy

T
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3.17.5 Fricas [F(-2)]

Exception generated.

sec™! (az™
/ ﬂ dx = Exception raised: TypeError
x

inputtintegrate(arcsec(a*x‘n)/x,x, algorithm="fricas")

output‘Exception raised: TypeError >> Error detected within library code:

‘grate: implementation incomplete (constant residues)

inte

3.17.6 Sympy [F]

-1 n n
/sec (az )dx _ / asec (ax )dz

T T

input Lintegrate (asec(a*x**n)/x,x)

output LIntegral (asec(a*x**n)/x, x)

-/

3.17.7 Maxima [F]

-1 n n
/ sec! (az™) dr — / arcsec (az™) i

T T

input Lintegrate (arcsec(a*x”n)/x,x, algorithm="maxima")

output‘—a‘2*n*integrate(sqrt(a*x“n + 1)*sqrt(a*x™n - 1)*log(x)/(a"~4*x*x~(2*n) - a

L‘2*x), x) + arctan(sqrt(a*x™n + 1)*sqrt(a*x™n - 1))*log(x)

317, [l gy
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3.17.8 Giac [F]

-1 n n
/ sec™' (az™) dr — / arcsec (az™) i

T T

inputLintegrate(arcsec(a*x“n)/x,x, algorithm="giac")

outputLintegrate(arcsec(a*x“n)/x, x)

3.17.9 Mupad [F(-1)]

Timed out.

[t [ast),

Z T

input Lint (acos(1/(a*x"n))/x,x)

output Lint (acos(1/(a*x"n))/x, x)

317, [l gy

T



output
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3.18 [ z*sec™(a + bz) dx

3.18.1 Optimal result . . . . . . .. . ... . 133]
3.18.2 Mathematica [A] (verified) . . . . . . . ... ... L o 134
3.18.3 Rubi [A] (verified) . . . . . . ... .. 134
3.18.4 Maple [A] (verified) . . . . .. . .. ... 137
3.18.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ..., 137
3.18.6 Sympy [F] . . . . . . 138
3.18.7 Maxima [F] . . . . . . .. . 138
3.18.8 Giac [B] (verification not implemented) . . . .. ... ... .. ....... 138
3.18.9 Mupad [F(-1)] . . . . o o 139

3.18.1 Optimal result

Integrand size = 10, antiderivative size = 197

a(20 + 53a?) (a + bz) /1 — =7  1laz?®(a+bz), /1 — s
/x4sec_1(a+bx) dr = (atbe) + (atba)

3065 60b°
}(a+bx), /1 — m (9 +58a%) (a + bz)2\/ 1- (a—i—tw)?
] 1 2002 12065
a’sec ta+br) 1,
w5 + F T sec (a+ bx)
(3 + 40a? + 40a*) arctanh< 1-— m>
406°

1/5*a~b*arcsec (b*x+a) /b~5+1/5*%x"5*xarcsec (b*x+a)-1/40% (40*a~4+40*a~2+3) *arc
tanh ((1-1/(b*x+a)~2)~(1/2)) /b~5+1/30*a* (53*xa~2+20) * (b*x+a) * (1-1/ (b*x+a) ~2)
~(1/2) /b"5+11/60*%axx~2* (b*x+a)* (1-1/ (b*x+a) ~2) ~(1/2) /b~3-1/20*x"3* (b*x+a) *
(1-1/ (bxx+a)~2)~(1/2) /b"2-1/120* (58*a~2+9) * (b*x+a) ~2x (1-1/ (b*x+a) ~2) ~(1/2)
/b"5

3.18.  [z*sec™(a+bz)dx
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3.18.2 Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.88

/z4 sec”!(a + bz) dzx

\/_1+a2+2“b$+b2“’2 (a®(71 + 154a?) + 2a(31 + 48a?) bz — 9(1 + 4a?) b?x? + 16ab3x® — 6b*z*) + 24b°2° sec”

(a+bx)?
12065

e

input LIntegrate [x"4*ArcSec[a + b*x],x]

~—

s ™

output | (Sqrt[(-1 + a2 + 2%a*b*x + b™2*x"2)/(a + b*x)"2]*(a"2*(71 + 154*a~2) + 2%
a*x (31 + 48*a”2)*b*xx - 9*(1 + 4*a"2)*b"2*x"2 + 16*a*b”3*x"3 - 6*xb"4*x"4) +

24xb~5*x~5%ArcSec[a + b*x] - 24*a~5xArcSin[(a + bxx)~(-1)] - 3%(3 + 40%a"2
+ 40%a~4)*Log[(a + b*x)*(1 + Sqrt[(-1 + a2 + 2%axb*x + b"2*xx"2)/(a + b*x
)~2]1)1)/(120%b"5)

3.18.3 Rubi [A] (verified)

Time = 0.74 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.05,

_ _ o humber of rules _
number of steps used = 10, number of rules used = 9, integrand size — 0.900, Rules used

= {5781, 4926, 3042, 4269, 3042, 4544, 3042, 4536, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/m4 sec” ' (a + br) dz

l5m1
bizt(a + bx)2, /1 — —L < sec1(a + bx)dsec (a + bz
(a+bz)
b5
J'4926

: [ —bPzSdsec™(a + bx) + $b°2° sec™ (a + bx)
b
| 3042

[ (a—csc (sec™ (a + bzx) + g))s dsec™ (a + bz) + ;b5z° sec™!(a + bx)
b5

3.18.  [z*sec™(a+bz)dx
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l 4269

%(% [ ?z%(4a3 + 11(a + bz)%a — 3(4a® + 1) (a + bz)) dsec ! (a + bz) — 16323(a + bz), /1 — m) + 16525 se

b5

l,3042

(S

(% [ (a— csc (sec™(a + bz) + %))2 <4a3 + 11 esc (sec™(a + bz) + g)z a—3(4a® + 1) csc (sec™!(a + bz) + %)
b5

l 4544

%(i (% J —bx(12a* — (48a® + 31) (a + bx)a + (584 +9) (a + bx)?) dsec™'(a + bz) + Fab?z*(a +bx) /1 — ;o7
b5

l 3042

b5
l 2009

(% <% (% (24a5 sec™(a + bz) + 4(53a% + 20) a(a + bz), /1 — m — 3(40a* + 40a? + 3) arctanh( 1-— (aﬁm:

U=

input LInt [x~4*ArcSec[a + b*x],x] J

output

p

N\

((b"b*x"b*ArcSec[a + b*x])/5 + (-1/4%(b"3*x"3*(a + b*x)*Sqrt[1 - (a + bxx)
“(-2)]) + ((11xa*b™2xx"2x(a + b*x)*Sqrt[1 - (a + bxx)~(-2)])/3 + (-1/2x((9
+ 58*a~2)x(a + b*x) "2*Sqrt[1 - (a + b*x)~(-2)]) + (4*ax(20 + 53*a~2)*(a +
bxx)*Sqrt[1 - (a + b*x)~(-2)] + 24xa~5xArcSec[a + bxx] - 3*(3 + 40%a"2 +
40*a”~4)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)11)/2)/3)/4)/5)/b"5

3.18.  [z*sec™(a+bz)dx



CHAPTER 3. LISTING OF INTEGRALS

136

3.18.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042

rule 4269

rule 4536

rule 4544

rule 4926

rule 5781

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(ecscl(c_.) + (d_.)*(x_)I1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCsc[c + d*x])~(n - 2)/(d*(n - 1))), x] + Simp[1/(n - 1)

Int[(a + b*Csc[c + d*x])~"(n - 3)*Simp[a~3*(n - 1) + (b*x(b"2*(n - 2) + 3%
a~2%(n - 1)))*Csclc + d*x] + (a*b™2%(3*n - 4))*Csclc + d*x]~2, x], x], x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b"2, 0] &% GtQ[n, 2] &% IntegerQ[2*n]

Int[((A_.) + cscl(e_.) + (£_.)*(x_)I*(B_.) + cscl(e_.) + (£_.)*(x_)]1"2x(C_.
))*(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*C*Cscl[e +
f*x]*(Cot[e + f*x]/(2*f)), x] + Simp[1/2 Int[Simp[2*A*a + (2xB*a + b*(2*
A + C))*Cscl[e + f*x] + 2x(a*C + Bxb)*Cscl[e + f*x]"2, x], x], x] /; FreeQ[{a
, b, e, £, A, B, C}, x]

Int[((A_.) + cscl[(e_.) + (£_.)*(x_)]1*(B_.) + cscl[(e_.) + (f_.)*x(x_)]"2x(C_.
Nx(csclle_.) + (£_)*(x_)]1*(b_.) + (a_))"(m_.), x_Symbol] :> Simp[(-C)*Cot
[e + £fxx]*((a + b*Cscle + f*x])"m/(f*(m + 1))), x] + Simp[1/(m + 1) Int[(
a + bxCscle + f*x])~(m - 1)*Simp[a*xA*(m + 1) + ((A*b + a*xB)*(m + 1) + b*C#m
)*Cscle + f*xx] + (b*Bx(m + 1) + a*xCxm)*Cscle + f*x]~2, x], x], x] /; FreeQl[
{a, b, e, f, A, B, C}, x] && NeQ[a~2 - b~2, 0] && IGtQ[2*m, O]

Int[(Ce_.) + (£_.)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Secl[(c
_) + @ D)*xx)0D) " (a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*((a + bxSec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(bxd*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Int[((a_.) + ArcSec[(c_ ) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x)) " (m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
*e - cxf + f*Sec[x])"m, x], x, ArcSecl[c + d*x]], x] /; FreeQ[{a, b, c, d, e
» £}, x] && IGtQ[p, O] && IntegerQ[ml]

3.18.  [z*sec™(a+bz)dx
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3.18.4 Maple [A] (verified)

Time = 0.39 (sec) , antiderivative size = 329, normalized size of antiderivative = 1.67

method result

5
— % +arcsec(bz+a)at (bz+a)—2 arcsec(bz+a)ad (br+a)?+2 arcsec(bz+a)a?(br+a)d —arcsec(bz+a)a(bs+

derivativedivides
5
— w +arcsec(bz+a)at (bz+a)—2 arcsec(bz+a)ad (br+a)?+2 arcsec(bz+a)a? (br+a)® —arcsec(bz+a)a(bs+
default
5 Vb2z24+2abz+a2—1 | —623vb2z2+2abz+a2—1 b3 Vb2 +22v/b202+ 2abr+aZ—1 Vb2 a b?z2 —24a5
z° arcsec(bz+a)
parts 5 +

input‘int(x‘4*arcsec(b*x+a),x,method=_RETURNVERBOSE)

output | 1/b"5%(-1/5*arcsec(b*x+a) *a~5+arcsec (b*xx+a)*a~4* (b*x+a) -2*arcsec (b*x+a) *a~
3x (b*x+a) ~2+2*arcsec (b*xx+a) *a~2* (b*x+a) ~3-arcsec (b*x+a) xa* (b*xx+a) ~4+1/5*ar
csec (bxx+a) * (b*x+a) “5+1/120* ((b*x+a) “2-1) " (1/2) * (-24*a~5*arctan (1/ ((b*xx+a)
~2-1)"(1/2))-120*%a"~4*1n (b*x+a+((b*x+a) "2-1) ~(1/2) ) +240*a~3* ((b*xx+a) ~2-1) ~(
1/2)-120*a~2* (b*x+a) * ((b*x+a) "2-1) " (1/2) +40*ax* (b*x+a) ~2* ((b*x+a) “2-1) ~(1/2
) —6x (b*x+a) ~3* ((b*x+a) “2-1) " (1/2)-120*a~2*1n (b*x+a+((b*x+a) “2-1) ~(1/2))+80
*ax* ((bxx+a) ~2-1) " (1/2)-9* (b*xx+a) * ((b*x+a) ~2-1) ~(1/2) -9*1n (b*x+a+ ((b*x+a) ~2
-1)7(1/2)))/ (((b*x+a) ~2-1) / (b*x+a) ~2) ~ (1/2) / (b*x+a) )

N\ J

3.18.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 152, normalized size of antiderivative = 0.77

/x4 sec”'(a + bz) dx
_ 24b°z° arcsec (b + a) 4 48 a° arctan (—bx — a + Vb2 + 2abr + a? — 1) + 3 (40a* 4+ 404® 4 3) log (—

inputLintegrate(x‘4*arcsec(b*x+a),x, algorithm="fricas") J

3.18.  [z*sec™(a+bz)dx
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output‘ 1/120%(24*b~5*x"5*arcsec(b*x + a) + 48*xa~b*xarctan(-b*x - a + sqrt(b~2*x"2
\+ 2*axb*x + a”2 - 1)) + 3%(40*a~4 + 40%a"2 + 3)*xlog(-b*x - a + sqrt(b~2*x~
\2 + 2kaxb*x + a”2 - 1)) - (6%b"3%x"3 - 22*%a*b”"2*x"2 - 154*a~3 + (58*a”2 +
‘9)*b*x - Ti*xa)*sqrt(b~2*x"2 + 2*axb*x + a”2 - 1))/b"5

3.18.6 Sympy [F]

/x4 sec !(a + bzx) dzr = /x4 asec (a + bz) dx

input ‘ integrate (x**4*asec(b*x+a) ,x)

output‘ Integral (x**4*asec(a + b*x), x)

3.18.7 Maxima [F]

/x4 sec”!(a + bzr) dz = /:c4 arcsec (bz + a) dz

input Lintegrate (x~4*arcsec(b*x+a) ,x, algorithm="maxima")

-/

output‘ 1/5*x"b*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - integrate(1/5*%(b~2*x
|6 + axbxx"5)*e~(1/2*log(b*x + a + 1) + 1/2xlog(bxx + a - 1))/(b™2%x™2 + 2
\*a*b*x + a2 + (b72%x72 + 2%axbxx + a2 - 1)*e”(log(b*x + a + 1) + log(b*x
+a- 1)) - 1), %)

3.18.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 409 vs. 2(173) = 346.

3.18.  [z*sec™(a+bz)dx
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Time = 0.31 (sec) , antiderivative size = 409, normalized size of antiderivative = 2.08

/z4 sec”!(a + bz)dz =

5( 5a _ _10a? 106> _ _5a% _ _ 1 3 (bx + a)
1 . 192 (bz + a) (bera (bz+a)? + bzta)®  (buta) 1) arccos ( (MM)(ﬁ_l) _a)
960 b6 -
inputLintegrate(x“4*arcsec(b*x+a),x, algorithm="giac") J

e N

output | -1/960*b* (192* (b*x + a) “5*(5*a/(b*x + a) - 10*a”2/(b*x + a)~2 + 10*a”~3/(bx*
x + a)~3 - 5*xa”4/(bxx + a)~4 - 1)*arccos(-1/((b*x + a)*(a/(b*x + a) - 1) -
a))/b"6 - (3*x(b*x + a) 4*x(sqrt(-1/(b*x + a)~2 + 1) - 1)74 + 40*(b*x + a)~
3xax(sqrt(-1/(b*x + a)"2 + 1) - 1)73 + 240*(b*x + a) 2*a"2*(sqrt(-1/(b*x +
a)”2 + 1) - 1)72 + 960*(b*x + a)*a~3*(sqrt(-1/(b*x + a)~2 + 1) - 1) + 24%
(bxx + a)~2*(sqrt(-1/(b*x + a)~2 + 1) - 1)72 + 360*(b*x + a)*ax(sqrt(-1/(b
*x + a)”2 + 1) - 1) + 24%(40%a~4 + 40*a~2 + 3)*log(-(sqrt(-1/(b*x + a)~2 +
1) - D*abs(b*x + a)) - (120%(8*a~3 + 3*a)*(b*x + a)~3x(sqrt(-1/(b*x + a)
"2 + 1) - 1)73 + 24x(10%a”2 + 1)*(b*x + a) " 2x(sqrt(-1/(b*x + a)"2 + 1) - 1
)"2 + 40x(bxx + a)*a*(sqrt(-1/(b*x + a)~2 + 1) - 1) + 3)/((b*x + a)~4*(sqr
t(-1/(b*x + a)"2 + 1) - 1)74))/b"6)

3.18.9 Mupad [F(-1)]

1
/x4 sec”'(a + bzr) dz = /x4 acos( ) dz
a+bzx

input Lint (x"4*acos(1/(a + b*x)),x)

Timed out.

~—

output Lint(x‘4*acos(1/(a + b*x)), x) J

3.18.  [z*sec™(a+bz)dx
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3.19 [ z*sec™!(a + bz) dz

3.19.1 Optimalresult . . . . .. .. . .. . . 1401
3.19.2 Mathematica [A] (verified) . . . . . . . . ... ... L Lo oL 140
3.19.3 Rubi [A] (verified) . . . . . . ... .. 141
3.19.4 Maple [A] (verified) . . . ... . .. ... 143
3.19.5 Fricas [A] (verification not implemented) . . . . . . ... . ... ... .. .. 144
3.19.6 Sympy [F] . . . . . . 144
3.19.7 Maxima [F] . . . . . ... 145
3.19.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 145
3.19.9 Mupad [F(-1)] . . . . o o 146

3.19.1 Optimal result

Integrand size = 10, antiderivative size = 155

2 1 2 \/E 2 1— 1 ]
/a:3 sec ' (a + bx) dz = _( +17a%) (a + bz) (@bl z°(a + bz) e

1264 1262
2 1
N aa +bx)*\ /1 = oy _a*sec”!(a+bx)
3b* 4b*
a(l + 2a?) arctanh(, /1— m)

1 4 1
+Zm sec” (a+bx) + opt

output ‘ -1/4xa~4*arcsec(b*x+a) /b~4+1/4*x"4*arcsec (b*x+a)+1/2*a* (2*xa~2+1) *arctanh (( ‘
‘ 1-1/(b*x+a) "2) " (1/2)) /b~4-1/12% (17*a"2+2) * (b*x+a) * (1-1/ (b*x+a) ~"2) ~(1/2) /b~ ‘
\ 4-1/12*x"2x (b*x+a) * (1-1/ (b*x+a) ~2) ~(1/2) /b~2+1/3*a* (b*x+a) 2% (1-1/ (b*x+a)~ \
12)7(1/2)/b"4 J

3.19.2 Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 150, normalized size of antiderivative = 0.97

/x3 sec”'(a + bz) dx

—\/ _1+“?;fl;‘£)’”2+b2””2 (2a 4 13a® 4 2bz + 9a’bx — 3ab’z® + b°®) + 3b*z* sec™! (a + bx) + 3a* arcsin (1)
B 12

319.  [z®sec™(a+bz)dx
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input‘ Integrate[x~3*ArcSec[a + b*x],x] ‘

output‘f(-(Sqrt[(-l + a”2 + 2*%a*xb*x + b"2*%x72)/(a + b*x) "2]*(2%a + 13*a”~3 + 2xb*x
\+ 9%a~2%b*x - 3%a*b”~2*x"2 + b~3*x73)) + 3xb~4*x"4xArcSec[a + b*x] + 3%a”4x
‘ArcSin[(a + b*x)~(-1)] + 6%a*(1 + 2*a~2)*Logl[(a + b*x)*(1 + Sqrt[(-1 + a~2
L + 2kaxb*x + b~2*%x72)/(a + b*x)~2])])/(12*b~4)

|

3.19.3 Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.01,
_ _ ¢ number of rules __

number of steps used = 9, number of rules used = 8§, integrand size 0.800, Rules used

= {5781, 25, 4926, 3042, 4269, 3042, 4536, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x3 sec”(a + br) dz
| 5781
J V23 (a +b2)? /1 — (37 sec ™ (a + ba)dsec™ (a + bz)
ba
| 25
[ —b%z3(a + bz)?, /1 — m sec!(a + bx)dsec™!(a + bx)

b4
l 4926

tbtzisec™(a +bz) — 1 [btatdsec™(a + ba)
b
| 3042

tbiztsec(a +bz) — & [ (a — csc (sec™ (a + bz) + %))4 dsec™(a + bx)
be
| 4269

i(—% [ —bz(3a® + 8(a + bz)%a — (9a? + 2) (a + bz)) dsec™ (a + bz) — 1b%z%(a + bz), /1 — m> + b%z? sex
ba

l 3042

319.  [z®sec™(a+bz)dx
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(—% [ (a—csc(sec ™ (a+bzx)+ %)) (3a3 + 8csc (sec™(a + bz) + %)2 a+ (—9a? — 2) csc (sec™ (a + bz) + §)
b

=

l 4536

i(% (4a(a +bz)%, /1 — m — 2 [ (6a* —12(2a® + 1) (a + bz)a + 2(17a® + 2) (a + bz)?) dsec™ (a + ba:)) —
b

l'2009

i(% (% (—6a4 sec™(a + bz) +12(2a + 1) aarctanh( 1-— m> —2(17a®> +2) (a + bz),/1 — m) + 4a\

b4
input Int[x~3*ArcSec[a + b*x],x]

output‘ ((b~4xx~4*ArcSec[a + b*x])/4 + (-1/3*(b"2+x"2*(a + b*x)*Sqrt[1 - (a + b*x) ‘
7(=2)1) + (4*ax(a + bxx)"2#Sqrt[1 - (a + bxx)"(-2)] + (-2%(2 + 17*a"2)*(a
+ brx)*Sqre[1 - (a + b*x)"(-2)] - 6*a~4xArcSec[a + b¥x] + 12+ax(1 + 2%a~2) |
*ArcTanh[Sqrs[1 - (a + bkx)~(-2)11)/2)/3)/4)/b™4 |
3.19.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 2009‘Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4269 Int[(cscl[(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol]l :> Simp[(-b~2)*C
ot[c + d*x]*((a + b*Csclc + d*x])~(n - 2)/(d*(n - 1))), x] + Simp[1/(n - 1)

Int[(a + bxCsclc + d*x])"(n - 3)*Simp[a~3*(n - 1) + (bx(b"2*(n - 2) + 3%
a~2x(n - 1)))*Csclc + d*x] + (a*b”™2*(3*n - 4))*Csc[c + d*x]~2, x], x], x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b2, 0] && GtQ[n, 2] && IntegerQ[2*n]

319.  [z®sec™(a+bz)dx



rule 4536

rule 4926

rule 5781
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Int[((A_.) + cscl[(e_.) + (£_.)*(x_)]1*(B_.) + cscl[(e_.) + (f_.)*x(x_)]"2x(C_.
Nx(csclle_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*CxCsc[e +
fxx]*(Cot[e + f*x]/(2%f)), x] + Simp[1/2 Int[Simp[2xA*a + (2*B*a + b*(2*
A + C))*Cscle + fxx] + 2x(a*C + Bxb)*Csc[e + f*x]~2, x], x], x] /; FreeQ[{a
, b, e, f, A, B, C}, x]

Int[(Ce_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)1*((a_) + (b_.)*Secl(c
_) + @_D)*x)1D)"(a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*((a + b*Sec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(b*xd*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x)) " (m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, T}, x] && IGtQ[p, 0] && IntegerQ[m]

3.19.4 Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 249, normalized size of antiderivative = 1.61

method result
£/ (b
arcsec(bz+a)a4 —arcsec(bz+a)a3(bx+a)+3 arcsec(bx+2(1)a2(bz+a)2 _arcsec(bz+a)a(bx+a)3+arcsec(bz-tla)(bz+a)4 +
derivativedivides
4 2 2 4 (ba
arcsec(lzlw+a)a —arcsec(ba:+a,)a3(bx+a)+3 arcsec(ba:+2¢z)a (bz+a) _arcsec(bw_i_a)a(bz_'_a)?,_l_arcsec(bz-tla)(b:v+a) +
default
4 Vb2z2+2abz+a?—1 ( 3a* arctan | ———2— | Vb2 —22Vb2z2+2abz+a2—1 b2vb24+121n
z* arcsec(bz+a) Vb2224+2abz+a2—1
parts i +

input Lint (x~3*arcsec (b*x+a) ,x,method=_RETURNVERBOSE)

319.  [z®sec™(a+bz)dx
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output | 1/b~4*(1/4*arcsec(b*x+a)*a~4-arcsec (b*x+a)*a~3* (bxx+a)+3/2*arcsec (b*x+a)*a
~2% (b*x+a) ~2-arcsec (b*x+a) *a* (b*x+a) “3+1/4*arcsec (b*x+a) * (bxx+a) ~4+1/12% ((
bxx+a) “2-1) " (1/2) *(3*a~4*arctan(1/ ((b*x+a) ~"2-1) ~(1/2) ) +12*a”~3*1n (b*x+a+((b
*x+a) "2-1) ~(1/2))-18*%a~2* ((b*x+a) ~2-1) " (1/2) +6*xa*x (b*x+a) * ((b*x+a) ~2-1) ~(1/
2) - (bxx+a) ~2* ((b*x+a) ~2-1) ~(1/2)+6*a*x1ln (b*x+a+((b*x+a) ~2-1) ~(1/2)) -2*% ((b*x
+a)~2-1)7(1/2))/ (((b*x+a) “2-1) / (b*x+a) ~2) ~(1/2) / (b*x+a))

3.19.5 Fricas [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.84

/x3 sec ' (a + bz) dx

_ 3b*z* arcsec (bx + a) — 6 a* arctan (—bx — a + vb%2% + 2abz + a? — 1) — 6 (24 + a) log (—bz — a + v/
B 1264

input‘integrate(x“3*arcsec(b*x+a),x, algorithm="fricas") ‘

output(1/12*(3*b“4*x“4*arcsec(b*x + a) - 6%a"4*arctan(-b*x - a + sqrt(b~2*x"2 + 2
\*a*b*x +a"2 - 1)) - 6%(2*a”3 + a)*xlog(-b*x - a + sqrt(b™2*x"2 + 2*axb*x +
\ a”2 - 1)) - sqrt(b™2*x72 + 2%a*xb*x + a”2 - 1)*(b"2*x"2 - 4*axbxx + 13%a”2
L +2))/b"4

|

3.19.6 Sympy [F]

/x?’ sec '(a + bz) dx = /x3 asec (a + bz) dz

input‘integrate(x**3*asec(b*x+a),x) ‘

| —

p
outputLIntegral(x**B*asec(a + b*x), x)

319.  [z®sec™(a+bz)dx
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3.19.7 Maxima [F]

/x3 sec”!(a + bz) dz = /m3 arcsec (bx + a) dx

inputLintegrate(x“S*arcsec(b*x+a),x, algorithm="maxima")

~—

.
output‘1/4*x‘4*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - integrate(1/4*(b~2*x
‘“5 + axb*x"4)*e” (1/2%log(b*x + a + 1) + 1/2+log(b*x + a - 1))/(b"2%x"2 + 2
\*a*b*x + a2 + (b72%x72 + 2%axbxx + a2 - 1)*e”(log(b*x + a + 1) + log(b*x

L+a-1))-1>,x>

B —

3.19.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 299 vs. 2(135) = 270.

Time = 0.31 (sec) , antiderivative size = 299, normalized size of antiderivative = 1.93

/w?’ sec ! (a + bx) dx =

4( 4a _ _ 6a? 403 _ 1 (bx—l—a)?’(,/—w—la;
1 24 (b2 +a) (bz+a Goraf T ot 1) Areeos ( (ba+a) (52 1)—a) (ba)

——b bata +

96 b5

B
input Lintegrate (x~3*arcsec(b*x+a) ,x, algorithm="giac")

~—

output | -1/96*b* (24* (b*x + a) ~4*(4*a/(b*x + a) - 6*xa~2/(b*x + a)~2 + 4*a~3/(b*x +
a)~3 - 1)*arccos(-1/((bxx + a)*(a/(bxx + a) - 1) - a))/b"5 + ((b*x + a)~ 3%
(sqrt(-1/(b*x + a)~2 + 1) - 1)73 + 12x(bxx + a) 2*a*(sqrt(-1/(b*x + a)~2 +
1) - 1)72 + 72%(b*x + a)*a”2x(sqrt(-1/(b*x + a)"2 + 1) - 1) + 9*(b*x + a)
*(sqrt(-1/(b*x + a)”2 + 1) - 1) + 48%(2xa"3 + a)*log(-(sqrt(-1/(b*x + a)~2
+ 1) - 1*abs(b*x + a)) - (9%(8%xa”2 + 1)*(b*x + a) 2*(sqrt(-1/(b*x + a)~2
+ 1) - 1)72 + 12x(b*x + a)*a*x(sqrt(-1/(b*x + a)~"2 + 1) - 1) + 1)/((b*x +
a)~3*(sqrt(-1/(b*x + a)~2 + 1) - 1)73))/b"5)

319.  [z®sec™(a+bz)dx
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3.19.9 Mupad [F(-1)]

1
3 np—l _ [ .3
/m sec (a+bm)daz—/$ acos(a+bm) dx

Timed out.

input tint (x"3%acos(1/(a + b*x)),x)

output tint(x“3*acos(1/(a + b*x)), %)

319.  [z®sec™(a+bz)dx
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3.20 [ z*sec™!(a + bz) dz

3.20.1 Optimal result . . . . .. .. . .. 147
3.20.2 Mathematica [A] (verified) . . . . . . . ... ... L oo 147
3.20.3 Rubi [A] (verified) . . . . . ... .. 148
3.20.4 Maple [A] (verified) . . . .. .. ... ... 150
3.20.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 150
3.20.6 Sympy [F] . . . . . . 151
3.20.7 Maxima [F] . . . . . .. 1511
3.20.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 151
3.20.9 Mupad [F(-1)] . . . . o o 152

3.20.1 Optimal result

Integrand size = 10, antiderivative size = 116

5a(a+bx), /1 — = x(a+bz)/1— —=s
/z2 sec”!(a + bz) dz = ette) (etbe)

653 B 652
3 -1 1
a’see 3;? +bz) + §x3 sec”!(a + bx)

(1+ 6a?) arctanh(1 /1— m)

663

e B

1/3*a~3*arcsec (b*x+a) /b~3+1/3*x"3*arcsec(b*x+a)-1/6%(6*a~2+1) *arctanh((1-1
\/(b*x+a)‘2)‘(1/2))/b‘3+5/6*a*(b*x+a)*(1—1/(b*x+a)‘2)‘(1/2)/b‘3-1/6*x*(b*x+
)% (1-1/ (bkx+a)"2)"(1/2) /672 |

output

3.20.2 Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.13

/x2 sec”'(a + bz) dx

(5a2 + 4abx — bx?) \/ _1+“(2:f;;)””2+b2”2 + 2b%3 sec™ (a + bx) — 2a® arcsin () — (1 + 6a?) log ((a + b
6b3

320.  [z%sec™(a+bz)dx



CHAPTER 3. LISTING OF INTEGRALS 148

input‘ Integrate[x"2*ArcSec[a + b*x],x]

p

output\ ((6%a"2 + 4*a*b*x - b~2*x"2)*Sqrt[(-1 + a”2 + 2*axb*x + b~2*x"2)/(a + b*x)
"‘2] + 2xb~3*x"3xArcSec[a + b*x] - 2%a”~3*ArcSin[(a + b*x)~(-1)] - (1 + 6%a”
‘2)*Log[(a + b*x)*(1 + Sqrt[(-1 + a”2 + 2*axb*x + b~2*xx"2)/(a + b*x)"2])1)/
((6+5°3)

3.20.3 Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5, Bumber of rules _ 554 Ryles used

integrand size
= {5781, 4926, 3042, 4269, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/x2 sec”(a + br) dz

| 5781

J V2% (a +b2)? /1 — (g7 sec™ (o + ba)dsec™ (a + bz)
b3
| 4926

1 [ —bPz3dsec™(a + bx) + 16323 sec™(a + bz)
b3
| 3042

2 [ (a—csc (sec™ (a + bz) + %))3 dsec™!(a + bz) + 36323 sec™(a + bz)
b3
| 4269

%(% [ (2a3 + 5(a + bz)%a — (6a® + 1) (a + bz)) dsec™(a + bz) — $bz(a + bz),/1 — m> + 3323 sec™

|

b3
l 2009

3 (% (2a3 sec™(a + bz) — (6a% + 1) arctanh(%) +5a(a + bx)\/%) — sbe(a

b3

320.  [z%sec™(a+bz)dx
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output

rule 2009

rule 3042

rule 4269

rule 4926

rule 5781
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‘ Int [x"2*ArcSec[a + b*x],x]

‘/((b"3*x"3*ArcSec [a + b*x])/3 + (-1/2x(b*x*x(a + b*x)*Sqrt[1 - (a + bxx)~(-2
‘)]) + (5xax(a + b*x)*Sqrt[1 - (a + b*x)~(-2)] + 2*a~3*ArcSec[a + b*x] - (1
‘ + 6*a~2)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)]1)/2)/3)/b"3

-

3.20.3.1 Defintions of rubi rules used

.
Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(ecscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCsc[c + d*x])~(n - 2)/(d*(n - 1))), x] + Simp[1/(n - 1)

Int[(a + bxCsclc + d*x])"(n - 3)*Simp[a~3*(n - 1) + (bx(b"2*(n - 2) + 3%
a~2x(n - 1)))*Csclc + d*x] + (a*b”2*(3*n - 4))*Csc[c + d*x]~2, x], x], x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b2, 0] && GtQ[n, 2] && IntegerQ[2*n]

Int[(Ce_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)1*((a_) + (b_.)*Secl(c
_) + @_D)*(x)1D)"(n_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*((a + b*Sec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(b*xd*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_)) " (m
_.), x_Symbol] :> Simp[1/d"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, T}, x] && IGtQ[p, 0] && IntegerQ[m]

320.  [z%sec™(a+bz)dx
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3.20.4 Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.64

method result
3 3 \/(bz+a)2—1 <2a3 arctan<7
—W—i—arcsec(bx—i—a)az(bz—i—a)—a,rcsec(bx+a)a(bx+a)2+arcsec(bxga)(bx+a) — \/&
derivativedivides 03
\/ (b:z:+a)271 (2(13 arctan (—
3 3
—7arcsec(?+a)a +arcsec(bz+a)a2(ba:+a,)—arcsec(bz+a)a(bx+a)2+arcsec(bwga)(bw+a) — \/6
default =
204 /62T T Babara? =1 VP
22 2_ 3 S S 2 b“x+Vb4x4+2abz+a 1 +a
23 arcseo(ba-+a) Vb2z2+2abr+a?—1 | 2a° arctan N r Ny Vb2+61n NG
parts 3 —
6b3 b25242
(ba
inputLint(x‘2*arcsec(b*x+a),x,method=_RETURNVERBOSE) J

output | 1/b"3%(-1/3*arcsec(b*x+a)*a~3+arcsec (b*xx+a)*a~2* (b*x+a)-arcsec (bxx+a) *a* (b
*x+a) ~2+1/3*arcsec (b*x+a) * (b*xx+a) ~3-1/6*((b*x+a) "2-1) " (1/2) * (2*xa~3*arctan(
1/ ((b*x+a) ~2-1) " (1/2) ) +6*a~2*1n (b*x+a+((b*x+a) ~"2-1) ~(1/2) ) -6*a* ((b*x+a) ~2-
1)~ (1/2) +(b*x+a) * ((b*x+a) ~2-1) ~(1/2) +1n(b*x+a+((b*x+a) "2-1)~(1/2))) / (((b*x
+a)~2-1)/(b*x+a) ~2) ~(1/2) / (b*x+a) )

3.20.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.01

/x2 sec”'(a + bz) dz

2b%2% arcsec (bz + a) + 4 a® arctan (—bz — a + Vb22% + 2abz + a2 — 1) + (6a® + 1) log (—bz — a + V/b?
6 b3

input‘integrate(x“2*arcsec(b*x+a),x, algorithm="fricas") ‘

output‘ 1/6% (2%b~3*x"3*arcsec(b*x + a) + 4*a~3xarctan(-b*x - a + sqrt(b™2*x"2 + 2%
‘a*b*x +a"2 - 1)) + (6xa”2 + 1)*log(-b*x - a + sqrt(b™2*x"2 + 2*a*b*x + a” ‘
12 - 1)) - sqrt(b™2#x"2 + 2kakbix + a2 - 1)*(bxx - 5%a))/b"3 |

320.  [z%sec™(a+bz)dx
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3.20.6 Sympy [F]

/z2 sec !(a + bx) dzr = /x2 asec (a + bx) dx

inputLintegrate(x**2*asec(b*x+a),X)

~—

;
Integral (x**2*asec(a + b*x), x)

i

output

3.20.7 Maxima [F]

/:c2 sec '(a+ bx) dxr = /x2 arcsec (bx + a) dx

N

input | integrate (x~2*arcsec(b*x+a) ,x, algorithm="maxima")

~—

output ‘(1/3*x‘3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - integrate(1/3*(b"2*x
"4 + axbxx"3)*e~(1/2%log(b*x + a + 1) + 1/2xlog(bxx + a - 1))/(b™2%x™2 + 2
‘*a*b*x + a2 + (b72%x72 + 2%axbxx + a”2 - 1)*e”(log(b*x + a + 1) + log(b*x
+a-1) -1), x

N\ J

/|

3.20.8 Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 204 vs. 2(100) = 200.

Time = 0.31 (sec) , antiderivative size = 204, normalized size of antiderivative = 1.76

/z2 sec”!(a + bz) dz =

2
3( 3a _ _3a> _ _ 1 (bx+a)2< _—x1a2 +1—1>
~ 1 ) 8 (bfL‘ + a‘) (bx—f-a W 1) arccos ( (bx—i—a)(ibz‘fi_a—l) —a> _ (bota)

24 b4

320.  [z%sec™(a+bz)dx
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inputLintegrate(x“2*arcsec(b*x+a),x, algorithm="giac")

output | -1/24%b*x (8*(b*x + a) ~3*(3*a/(bxx + a) - 3*xa~2/(b*x + a)~2 - 1)*arccos(-1/(
(bxx + a)*(a/(b*xx + a) - 1) - a))/b™4 - ((b*x + a) 2x(sqrt(-1/(b*x + a)~2
+ 1) - 1)72 + 12x(b*x + a)*ax(sqrt(-1/(b*x + a)~2 + 1) - 1) + 4x(6%a"2 + 1
)*¥log(-(sqrt(-1/(b*x + a)~2 + 1) - 1)*abs(b*x + a)) - (12x(b*x + a)*ax*(sqr
t(-1/(bxx + a)72 + 1) - 1) + 1)/((b*x + a)"2*(sqrt(-1/(b*x + a)"2 + 1) - 1
)72))/b74)

3.20.9 Mupad [F(-1)]

/a:2sec_1(a+bx)da:=/:c2acos( ! ) dz
a+bzx

Timed out.

inputtint(x‘2*acos(1/(a + b*x)),x)

outputtint(x‘2*acos(1/(a + b*x)), x)

320.  [z%sec™(a+bz)dx
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3.21 [ xsec™ a + bz) dz

3.21.1 Optimal result . . . . . . .. . .. .. 153]
3.21.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 153
3.21.3 Rubi [A] (verified) . . . . . . ... .. 154
3.21.4 Maple [A] (verified) . . . ... . ... ... 156
3.21.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 157
3.21.6 Sympy [F] . . . . . 157
3.21.7 Maxima [F] . . . . . . . 157
3.21.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 158
3.21.9 Mupad [F(-1)] . . . . o 158

3.21.1 Optimal result

Integrand size = 8, antiderivative size = 78

(a+b2),/1— =7 42001
/xsec_l(a—l—bz)dx:— (attay _ a”sec” (a+bz)

2b? 22

1
1 aarctanh(1 /1 — W)
+ —x?sec(a + bx) + o)

2 b?

output ‘ -1/2%a"~2*arcsec (b*x+a) /b~2+1/2*x"2*arcsec (b*x+a) +a*arctanh ((1-1/ (b*x+a) ~2) ‘
| 7(1/2)) /b~2-1/2% (bxx+a) * (1-1/ (bxx+a) ~2) " (1/2) /b"2 |

3.21.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.41
/z sec ' (a + bz) dx

— ((a + bm)\/_l"'a?;f:;’)zjb%z) + b*a? sec™*(a + bx) + a® arcsin (5-) + 2alog <(a + bzx) (1 + 4/ _1"'—“(2&‘:
B 2b2

input LIntegrate [x*ArcSec[a + b*x],x]

-/

output‘ (-((a + b*x)*Sqrt[(-1 + a~2 + 2%axb*x + b~2*x"2)/(a + b*x)"2]) + b™2*x"2*A ‘
‘rcSec [a + bxx] + a"2xArcSin[(a + b*x)~(-1)] + 2xa*Logl[(a + b*x)*(1 + Sqrt[ ‘
(-1 + a™2 + 2xaxbxx + b"24x72)/(a + bxx)"21)1)/(2%b72) |

321.  [zsec'(a+bz)dx
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3.21.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.00, number
of steps used = 10, number of rules used = 9, Bumber of rules _ 1 195 Ryjes used = {5781,

integrand size
25, 4926, 3042, 4260, 3042, 4254, 24, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/w sec*(a + br) dz
| 5781

[ bz(a + bz)? (attay® Sec” Y(a + bx)dsec™!(a + bx)

b2

| 25
[ —bz(a +bz)?,/1 (a+bz)2 sec™!(a + bx)dsec™!(a + bx)

b2
l 4926

(a+bz

2b%z?sec™(a + bz) — 5 [ b2z dsec™!(a + bz)
b2
| 3042

t0%z2sec™ (a +bz) — 1 [ (a — csc (sec!(a + bz) + )) dsec™!(a + bx)
b2
| 4260

3(2a [(a + bz)dsec™ (a + bzx) — [(a + bz)2dsec™!(a + bz) + a?(—sec™(a + bz))) + 3b%x?sec™!(a + bx)
b2
| 3042

: (2a [ esc (sec™ (a + bx) + §) dsec™(a + bz) — [ csc (sec™(a + bx) + %)2 dsec™!(a + bz) + a?(—sec™!(a + ba
b2

l_4254

%(f 1d<— ((a +bzx), /1 — W)) + 2a [ csc (sec™!(a + bx) + §) dsec™ (a + bz) + a®(—sec™(a + bx))) + 3

b2
l 24

321.  [zsec'(a+bz)dx



CHAPTER 3. LISTING OF INTEGRALS 155

%(2a [ esc (sec™ (a + bz) + §) dsec™(a + bzx) + a?(—sec™ (a + bz)) — (a + bx) /1 — m) + 16?22 sec(a

b2
| 4257
%(aQ(— sec™(a + bz)) + 2aarctanh<1 /1— m) —(a+bx),/1— m> + b%z? sec™!(a + ba)
b2

-/

input LInt [x*ArcSec[a + b*x],x]

output‘ ((b~2*x"2xArcSec[a + b*x])/2 + (-((a + b*x)*Sqrt[1 - (a + b*x)~(-2)]) - a~ ‘
L2*ArcSec [a + b*x] + 2%a*ArcTanh[Sqrt[1 - (a + b*x)~(-2)11)/2)/v"2 J

3.21.3.1 Defintions of rubi rules used

rule 24tInt[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x] J

ruk325tlnt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4254 Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

rule 4257 Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

rule 4260 Int[(cscl[(c_.) + (d_.)*(x_)1*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2#*x, x] +
(Simp[2*a*b  Int[Csc[c + d*x], x], x] + Simp[b~2 Int[Csclc + d*x]~2, x]
, x]1) /; FreeQ[{a, b, c, d}, xl]

321.  [zsec'(a+bz)dx
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rule 4926 Int[((e_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)1*((a_) + (b_.)*Secl(c
_) + @ )*x(x )1 " (a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + £fx*
x)"mx((a + bxSec[c + d*x])~(n + 1)/(b*xd*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5781 Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_)) " (m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe — cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
,» £}, x] && IGtQ[p, O] && IntegerQ[m]

3.21.4 Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.38

method result
\/ a)2— n a 2 a)2—
arcseC(bz-Za)(L+a)2 —arcsec(bz+a)a(bz+a)+ (b (2111 (bz+ +\/(bz+a) 1) \/(bz+ : 1)
2(b:v+a)\/(bz+a) -
. . o b:
derivativedivides = (b ta)
/ 2_ 2 2_
arcsec(beta) (bata)? —arcsec(bz+a)a(br+a)+ (e <2a 1n(bm+a+\/(bz+a) 1> \/(bm-m) 1)
2 z(bz+a)\/(bz+a)2 1
default = _(ota)?
2 242 2_ \/bf2 al
/b2r2 2_ 2 1 P) b“z+\V b4z +2abzr+a“—1 +
parts z2 arcsec(bz+a) 4 b*z*+2abrt+a®~1 | a”arctan| Zo—mem e | Vb +2aln v e
2 2,2 2
2 b +2abz+a 1 2
2b \/7(%_'_‘1) (bz+a) Vb

inputLint(x*arcsec(b*x+a),x,method=_RETURNVERBUSE)

—

output ‘ 1/b72x (1/2*arcsec(b*x+a) * (b*x+a) “2-arcsec (b*x+a) *a* (b*x+a) +1/2% ((b*x+a) "2- ‘
1)~ (1/2) *(2%a*1n(b¥x+a+ ((b*x+a) "2-1) " (1/2)) - ((b¥x+a) "2-1)"(1/2)) / (b*x+a) / (
\((b*x+a)*2-1)/(b*x+a)*2)*(1/2)) \

321.  [zsec'(a+bz)dx
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3.21.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.33

/z sec”!(a + bz) dz

b?z? arcsec (bz + a) — 2 a® arctan (—bz — a + Vb?z? + 2abz + a®> — 1) — 2alog (—bz — a + Vb?z? + 2a
B 202

input Lintegrate (x*arcsec(b*x+a) ,x, algorithm="fricas") J

output‘1/2*(b‘2*x“2*arcsec(b*x + a) - 2*a"2+arctan(-b*x - a + sqrt(b”2*x"2 + 2xax
‘b*x +a”2 - 1)) - 2xaxlog(-b*x - a + sqrt(b”2*x"2 + 2*a*b*x + a”2 - 1)) - ‘
‘sqrt(b”2*x“2 + 2xa*xb*x + a”2 - 1))/b"2 ‘

3.21.6 Sympy [F]

/xsec_l(a +bz)dz = /xasec (a+bx)dz

input Lintegrate (x*asec(b*x+a) ,x) J

outputtlntegral(x*asec(a + b*x), x) J

3.21.7 Maxima [F]

/x sec '(a+ bz)dr = /x arcsec (bx + a) dx

input Lintegrate (x*arcsec(b*x+a) ,x, algorithm="maxima")

N

output‘ 1/2*%x"2*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - integrate(1/2*(b~2*x
|3 + axbkx"2)*e~(1/2%1log(b*x + a + 1) + 1/2xlog(bxx + a - 1))/(b™2%x™2 + 2
\*a*b*x + a2 + (b72%x72 + 2%axbxx + a”2 - 1)*e”(log(b*x + a + 1) + log(b*x
ta-1)) -1, 0

ERI———.——.,

321.  [zsec'(a+bz)dx
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3.21.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.71

/zsec_l(a + bz)dz =

2(bz +a)2(b§ja — 1) arccos (—(Wra)( L ) (bz +a)<\/ _W 1= 1) +4alog <_<

ﬁ—l) —a
= = +

1
—>b
4

inputLintegrate(x*arcsec(b*x+a),x, algorithm="giac") J

output‘ -1/4xb* (2% (b*x + a) 2*%(2*%a/(b*x + a) - 1)*arccos(-1/((b*x + a)*(a/(b*x + a \
) - 1) - a))/b™3 + ((bxx + a)*(sqrt(-1/(bkx + a)"2 + 1) - 1) + 4xaxlog(-(s
\q_rt(-l/(b*x +a)72 + 1) - 1)*abs(b*xx + a)) - 1/((b*x + a)*(sqrt(-1/(b*x + \
)72 + 1) - 1)))/b73) |

3.21.9 Mupad [F(-1)]

Timed out.
1
/xsec_l(a—l—bx) dex = /xacos( ) dx
a+bx
input Lint (x*acos(1/(a + b*x)),x) J
output Lint (x*acos(1/(a + b*x)), x) J

321.  [zsec'(a+bz)dx



CHAPTER 3. LISTING OF INTEGRALS 159

3.22 [sec™Ha + bx) dx

3.22.1 Optimal result . . . . .. .. . ... . 159
3.22.2 Mathematica [C] (verified) . . . . . . . . ... L L oL 159
3.22.3 Rubi [A] (warning: unable to verify) . . . .. ... ... ... ... ... .. 1601
3.22.4 Maple [A] (verified) . . . .. .. ... ... 162
3.22.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 162
3.22.6 Sympy [F] . . . . . 163
3.22.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 1631
3.22.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 163
3.22.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ...... 164

3.22.1 Optimal result

Integrand size = 6, antiderivative size = 37

_ 1
[0+t = o) oxctanh (/1 ~ iz )

b b

output ‘ (bxx+a)*arcsec (b*x+a) /b-arctanh((1-1/(b*x+a)~2)~(1/2))/b

3.22.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.99 (sec) , antiderivative size = 468, normalized size of antiderivative = 12.65

/sec_l(a + bz) dr = zsec”*(a + bx)

(a+ bx)\/ 1+a(2:+2:£x+b2$2 (V 1(~i+v-1+a?) V/2i —ia? 4+ 2v/—1 + a? arctan ( (—1)3/4\/2i—ia?+2V/

V—1+a2—av—-1+a2+

P hY
input | Integrate[ArcSec[a + b*x],x]

N\ J

3.22.  [sec7!(a+ bz)dz



output
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xkArcSec[a + bxx] + ((a + b*x)*Sqrt[(-1 + a2 + 2*xa*b*x + b~2*x"2)/(a + b*

x)"21*%((-1)"(1/4)*(-I + Sqrt[-1 + a~2])*Sqrt[2*I - I*a"2 + 2*Sqrt[-1 + a~2
J1*ArcTan[((-1)~(3/4)*#Sqrt [2*I - I*a"2 + 2*Sqrt[-1 + a~2]]*b#*x)/(axSqrt[-1
+ a”2] - axSqrt[-1 + a”2 + 2*axb*x + b~2*x"2])] + (-1)"(3/4)*(I + Sqrt[-1
+ a”2])*Sqrt[-2*I + I*a~2 + 2*Sqrt[-1 + a"2]]*ArcTan[((-1)~(1/4)*Sqrt[-2x*
I + I*a"2 + 2*%Sqrt[-1 + a~2]]*b*x)/(a*Sqrt[-1 + a~2] - a*Sqrt[-1 + a2 + 2
*a*xbxx + b"2*x72])] + ax(axArcTan[(Sqrt[-1 + a~2]*b~2*x"2)/(a"4 + a”3*b*x

+ b™2*%x"2 - a"2%(1 + Sqrt[-1 + a~2]*Sqrt[-1 + a™2 + 2xa*b*x + b"2*x"2]))]

- Log[Sqrt[-1 + a”2] - b*x - Sqrt[-1 + a~2 + 2*a*b*x + b"2+x"2]] + Log[b~2
*(Sqrt[-1 + a™2] + bxx - Sqrt[-1 + a”2 + 2*axb*x + b~2*x"2])])))/(a*b*Sqrt
[-1 + a™2 + 2%axb*x + b"2*x72])

3.22.3 Rubi [A] (warning: unable to verify)

Time = 0.22 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.95, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , ¢33 Ry jjeq ysed = {5773,

integrand size
895, 798, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec_l(a + bz) dz

l 5773
-1
(a+ bx) selc) (atbz) / 1 e
(a + b.’L‘) a-l—bac)2
l 895
d(a + bx
(a + bz) sec ! (a + bx) B J (a+bx) \/1 Tbx)g ( )
b b
l 798
(a+bx)? 1
f V—a—bz+1 (a~|—bac)2 (a + bx)sec™!(a + bx)
2b b

| 73

fl%d\/—a—bx'i‘l

(a + bx)sec™(a + bx) e
b b

l 219

3.22.  [sec7!(a+ bz)dz
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(a+bx)sec™!(a+bx) arctanh(v—a—br+1)
b b

-

input LInt [ArcSec[a + b*x],x]

-/

outputt((a + b*x)*ArcSec[a + b*x])/b - ArcTanh[Sqrt[1 - a - b*x]]/b

-/

3.22.3.1 Defintions of rubi rules used

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 219 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 798 | Int [(x_)~(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[1/n  Subst
[Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p, x], x, x"n], x] /; FreeQl{a,
b, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

rule 895 | Int[(u_)~"(m_.)*((a_) + (b_.)*(v_)"(n_))"(p_.), x_Symbol]l :> Simp[u~m/(Coeff
icient[v, x, 1]*v™m) Subst [Int [x"m*(a + b*x"n)"p, x], x, v], x] /; FreeQ[

{a, b, m, n, p}, x] && LinearPairQ[u, v, x]

rule 5773 | Int [ArcSec[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcSec[c + d*x]
/d), x] - Int[1/((c + d*x)*Sqrt[1 - 1/(c + d*x)~2]), x] /; FreeQ[{c, d}, x]

3.22.  [sec7!(a+ bz)dz
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3.22.4 Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.22

method result
(bz+a) arcsec(bz+a)—In (bx+a+(bx+a) 1-— m)
derivativedivides 5
(bz+a) arcsec(bz+a)—In (bx+a+(bx+a) 1— m)
default 5
VEPa faaba a1 (aarctan(4b2 — 2_1>\/,gﬂn(b%ﬁ/ib%uzabryaz_lﬁz.
parts x arcsec (bz + a) — —
\/b x“+2abx+a“—1 (bm—l—a)\/b»?
(bz+a)2
inputtint(arcsec(b*x+a),x,method=_RETURNVERBOSE) J
outputLi/b*((b*x+a)*arcsec(b*x+a)-ln(b*x+a+(b*x+a)*(1-1/(b*X+a)“2)‘(1/2))) J

3.22.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 73 vs. 2(35) = 70.

Time = 0.30 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.97

/ sec ' (a + bx) dx

_ brarcsec (bx + a) + 2aarctan (—bz — a + vb%2% + 2 abx + a? — 1) + log (—bz — a + V222 + 2abx + a
B b

inputLintegrate(arcsec(b*x+a),x, algorithm="fricas") J

output‘(b*x*arcsec(b*x + a) + 2%a*arctan(-b*x - a + sqrt(b~2#x"2 + 2¥a*b*x + a”2
‘- 1)) + log(-b*x - a + sqrt(b”2*x"2 + 2%a*b*x + a”2 - 1)))/b

3.22.  [sec7!(a+ bz)dz
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3.22.6 Sympy [F]

/sec_l(a + bx)dx = /asec (a+ bx)dx

input Lintegrate (asec(b*x+a) ,x) J

, X) J

3.22.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.49

/ sec”'(a + bz) dx

1
2(bx+a)arcsec(bx+a)—log<,/ m+1+1) + log (_‘/_W+1+1>

- 2b

input Lintegrate (arcsec(b*x+a) ,x, algorithm="maxima") J

output‘ 1/2% (2% (b*x + a)*arcsec(b*x + a) - log(sqrt(-1/(b*x + a)~2 + 1) + 1) + log ‘

3.22.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 82 vs. 2(35) = 70.

Time = 0.30 (sec) , antiderivative size = 82, normalized size of antiderivative = 2.22
/sec_l(a + bz) dz

2 (bx + a) arccos | — 1 ( ) _ (_ )
_1 b ( ) < (b:z:—}-a)(lw‘fm—l)—a) log (\/~ + Gorap T1+1) —log — +a)2 +1+1
2

b? b?

3.22.  [sec7!(a+ bz)dz
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inputLintegrate(arcsec(b*x+a),x, algorithm="giac")

output‘1/2*b*(2*(b*x + a)*arccos(-1/((b*x + a)*(a/(b*x + a) - 1) - a))/b"2 - (log
‘(sqrt(—l/(b*x +a)”2 + 1) + 1) - log(-sqrt(-1/(b*x + a)"2 + 1) + 1))/b"2)

3.22.9 Mupad [B] (verification not implemented)

Time = 1.04 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.95

atanh<1+) — acos(=L_) (a+ba)

_ at+bx
(a+bx)?

/sec_l(a +bx)dx = — 5

input Lint (acos(1/(a + b*x)),x)

output L—(atanh(i/(l - 1/(a + b*x)"2)~(1/2)) - acos(1/(a + b*x))*(a + b*x))/b

-/

3.22.  [sec7!(a+ bz)dz
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3.23 f sec™1 (a+bx) dx

T
3.23.1 Optimalresult . . .. ... ... . .. ... . 165
3.23.2 Mathematica [A] (verified) . . . . . . . ... .. Lo 1661
3.23.3 Rubi [A] (verified) . . . . .. ... .. 167
3.23.4 Maple [A] (verified) . . .. ... . ... .. Ival
3.23.5 Fricas [F] . . . . . . . 172
3.23.6 Sympy [F] . . . . . 172
3.23.7 Maxima [F] . . . . . . . . . 173l
3.23.8 Giac [F] . . . . .. 173
3.23.9 Mupad [F(-1)] . . . . oo 173

3.23.1 Optimal result

Integrand size = 10, antiderivative size = 200

sec_l(a + bz) aeisec_l(a-‘rbx)
= ~  dr=sec Ha+br)log|1l - — ——
/ z ( )log 1—+v1—a?

) b 1 . aetsec” 1(a+bx)
+sec” “(a+obzx)lo -
( ) log i
isec™!(a+bx)
-1 2isec™ ! (a+bz) . ae
—sec” (a+bz)lo (1+6 )—zPol Log | 2, ————

PolyLog | 2 aelse et ) |1 PolvLog (9. —e2isec™ (a+b2)
— 1 PolyLo ,——————— | + =i PolyLo (,—e”ec @ “")
yuoe 1++/1—a? g!OVHee

e N

output | —arcsec (b*x+a) *1n(1+(1/ (b*x+a)+I*(1-1/(b*x+a) ~2) ~(1/2))"2)+arcsec (b*x+a) *1
n(1-ax(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2+1)~(1/2)) ) +arcsec(b*x+a
)*1n(1-a*x(1/ (bxx+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)))+1/2*I*pol
ylog(2,-(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))"2)-I*polylog(2,a*(1/(b*x+a)+I*
(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2+1)~(1/2)))-I*polylog(2,a*(1/ (b*x+a) +I*(1-1
/(b*xx+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)))

323 [ xclotbe) gp

x
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3.23.2 Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 284, normalized size of antiderivative = 1.42

-1 Vare 1+a)tan (Lsec(a + b
/sec (a+ bx) i — —di arcsin | arctan (( + a) tan (3 sec!(a + x)))

z NG N

[“1ta
+ (Sec_l(a + bx) — 2arcsin ( . ) ) log (1

V2
(_]_ + 41— CL2) eisec_l(a-l—ba:) .
+ + | sec™ (a + bx)

a

(Ve (14 VI = a?) eisec (@tba)
+ 2 arcsin log|1—

\/_ a

2
—sec™'(a + br) log (1 + e* Sec_l(“erx))
—14++vV1—a2 eisec_l(a+bx)
—1 (PolyLog <2, — ( )
a

(14 VI = a?) efses(@sbe)
PolyL. 2

1 N
+ 57/ PolyLog (2, _eZzsec 1(a-l-b:v))

input LIntegrate [ArcSec[a + b*x]/x,x] J

output (-4*I)*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]1*ArcTan[((1 + a)*Tan[ArcSec[a + b*x
1/21)/8qrt[1 - a~2]] + (ArcSec[a + b*x] - 2*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2
11)*Logl[l + ((-1 + Sqrt[1 - a~2])*E~(I*ArcSec[a + b*x]))/al + (ArcSec[a +
b*x] + 2*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]])*Logll - ((1 + Sqrt[1l - a~2])#*E~
(I*ArcSec[a + b*x]))/a]l - ArcSecl[a + b*x]*Logl[l + E~((2*I)*ArcSec[a + b*x]
)] - Ix(PolyLogl[2, -(((-1 + Sqrt[1 - a~2])*E~(I*ArcSec[a + b*x]))/a)] + Po
lyLogl[2, ((1 + Sqrt[1 - a~2])*E~(I*ArcSec[a + b*x]))/al) + (I/2)*PolyLogl2
, “E~((2*%I)*ArcSec[a + b*x])]

323 [ xclotbe) gp

x
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3.23.3 Rubi [A] (verified)

Time = 1.10 (sec) , antiderivative size = 263, normalized size of antiderivative = 1.32,

number of steps used = 15, number of rules used = 14, umber of rules _ 1 450 Ryles
integrand size

used = {5781, 25, 5062, 5041, 25, 3042, 4202, 2620, 2715, 2838, 5031, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

-1
/sec (a+ bx) da

X

| 5781
(a+bx)% /1 — xQSec L(a + bx)
/ ( ;:) ) dsec™(a + bx)
| 25

2 1 -1
_/_(a-i—bx) V1~ (e sec (a+bx)dsec_1(a+bx)

bx

l 5062

(a+bz),/1 - —1<rsec™ (a+ bz)
—/ ( o) dsec™!(a + bx)

-1

a—i—bz
l 5041

/(a +bx) |1 - (+1bm) sec”!(a + bx)dsec™(a + bx) —

/1= —=zsec” ' (a + bx)
/ a+b ) dsec™(a + bx)

- a—}-bm

| 25

/(a +bz),/1— (_{_1[):1:)2 sec”(a + bx)dsec ™ (a + bzx) +

/1= gz sec” L(a + bx)
/ ( +b ) dsec_l(a—l— bx)

- a+b:c

l 3042

/1 (a+bx)2 sec”!(a + bz)
/ dsec_l(a+bac)+/ sec”!(a+bz) tan (sec™'(a + bz)) dsec™! (a+bz)

- a+bz

323 [ xclotbe) gp

T
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l 4202

2isec™ ! (a+bx) qun—1 \/1— ==z sec” " (a + bx)
—2i/ ° sec”_(a + br) dsec™(a + br) + a/ a+bx)

1+ e2isec™ 1(a+bzx)

dsec ! (a +
a+bm

1
bx) + ii sec™(a + bx)?

l 2620

/ /1 (a+bx)2 sec” " (a + bx)

- a+bz

dsec_l(a + bx) —

2i <;z / log (1 4 eZisec” (“+b“”)) dsec™(a + bx) — %z sec™ ' (a + bx) log (1 + ezisecl(”bz))) +
%i sec™!(a + bx)?

J'2715

/ al (a+bm)2 sec” " (a + bx)

B a—l—bx
2?/(1/ —2isec™!(a+bx) log <1+e2zsec (a+ba:)> de2zsec L(a+bx) 2’LS€C 1(a—|—bx) log <1+e2zsec 1(a+bw)>>_+_

dsec_l(a + bx) —

4
1
§i sec™(a + bx)?

l 2838

/1= g sec ™ (a + bx)
a/ (tbe) dsec™Y(a + bz) —

a
1- a+bx

_ 1 A 1
<— PolyLog ( p2isec 1(a+bx)> 2i sec”!(a + bz) log (1 + eZisec 1(“+bx)>) + ii sec”(a +
bx)?
| 5031

el sec”!(a+bx) sec_l(a + b.’L’) et sec™ ! (a+bx) Sec_l(a + bx) 18
al —i I — dsec™(a +bzx) — —
—elsec (a+bm)a_1/1_a2+1 —etsec 1(a,+bz)a+,/1_a2+1

1 . 1 o 1
21 <—4 PolyLog (2, —elisec 1(“""””)) — Ez sec (a + bz) log (1 + e2isec 1(“+bz))> + 52 sec L(a +
bx)?

dsec™(a + bx) — z/

l'2620

323 [ xclotbe) gp

x
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isec_1 a+bx 'is.ec_1 a+bzx .
A isec™!(a + bx) log (1-—-9§I:;7f%%;22> __ikflog (1-— 995:07%£;L2> dsec™!(a + bx) . isec™!(a + bz
a a
. 1 2isec™ 1 (a+bx) 1. -1 2isec™ 1 (a+bx) 1. -1
24 ~2 PolyLog (2, —e ) — gisec (a + bx) log (1 +e ) + gisec (a+
bx)?
| 2715
isec”L(at+bx . — isec™(a+tbx ; —
. isec‘l(a + bI) log (1 _ (161_7\/1(_7;:)> B fe—ZSec 1(a+bx) log (1 _ %_7\/%) detsec 1(a+bx) . T
a a
. 1 2isec™ ! (a+bx) 1. -1 2isec” ! (a+bx) 1. -1
21 -1 PolyLog (2, —e ) — gisec (a + bx) log (1 +e ) + gisec (a+
bx)?
| 2838
isec”1(a+bx isec”L(at+ba isec™ ! (atba
[ PolyLog (2, '11_7\/1%;)) isec™(a + bz) log (1 _ g_iﬂ‘_%j)) [ PolyLog (2, ﬁ)
al — 4 + a —1 a +
. 1 2isec™ 1 (a+bx) 1. -1 2isec™ 1 (a+bx) 1. -1
2i ~1 PolyLog (2, —e ) — gisec (a+ bzx)log (1 +e ) + gisec (a+
bx)?
inputLInt[ArcSec[a + b*x]/x,x] J

output | (I/2)*ArcSec[a + b*x] "2 + a*(((-1/2*I)*ArcSec[a + b*x]"2)/a - I*((I*ArcSec
[a + b*x]*Log[1l - (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrt[1 - a~2])])/a + Poly
Log[2, (a*xE~(I*ArcSec[a + b*x]))/(1 - Sqrt[l - a~2])]/a) - I*((I*ArcSec[a
+ b*x]*Log[1 - (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[1 - a~2])])/a + PolyLog
[2, (axE~(I*ArcSec[a + b*x]))/(1 + Sqrt[1 - a”2])]1/a)) - (2xI)*((-1/2*I)*A
rcSec[a + b*x]*Logl[l + E~((2*I)*ArcSec[a + b*x])] - PolyLogl[2, -E~((2+I)*A
rcSec[a + b*x])]1/4)

323 [ xclotbe) gp

x
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3.23.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 2620

rule 2715

rule 2838

rule 3042

rule 4202

rule 5031

Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Log[l + b*x((F~(g*x(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLog[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

N\

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (@_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) “m*(E~(2*I*(
e + £xx))/(1 + E~(2*I*x(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt

Q[m, 0]

Int[((Ce_.) + (£_.)*(x_)) " (m_.)*Sin[(c_.) + (d_.)*(x_)]1)/(Cos[(c_.) + (d_.)
*(x_)I*(b_.) + (a_)), x_Symbol] :> Simp[I*((e + f*x)~(m + 1)/(b*fx(m + 1)))
, Xx] + (-Simp[I Int[(e + f*x) m*x(E~(I*(c + d*x))/(a - Rt[a"2 - b~2, 2] +
b*E~ (I*(c + d*x)))), x], x] - Simp[I Int[(e + f*x) " m*(E~(I*x(c + d*x))/(a
+ Rt[a”2 - b™2, 2] + b*E"(I*(c + d*x)))), x], x]) /; FreeQ[{a, b, c, d, e,
£}, x] && IGtQ[m, O] && PosQ[a"2 - b~2]

323 [ xclotbe) gp

x




rule 5041

rule 5062

rule 5781

input
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Int[((Ce_.) + (£_.)*(x_)) " (m_.)*Tan[(c_.) + (d_.)*(x_ )1 (n_.))/(Cos[(c_.) +
(@_.)*(x_)1*(b_.) + (a_)), x_Symbol] :> Simp[i/a Int[(e + f*x) m*Tan[c +
d*x]°n, x], x] - Simp[b/a Int[(e + f*x) m*Sin[c + d*x]*(Tan[c + d*x]~(n

- 1)/(a + b*Cos[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[

m, 0] && IGtQ[n, O]

Int[((Ce_.) + (£_)*(x_))"(m_.)*(F_)[(c_.) + (A_)*x)]1"(m_.)*(G_ ) [(c_.) +

(d_)*(x_)1"(p_.))/((a_) + (b_.)*Sec[(c_.) + (d_.)*(x_)]1), x_Symbol] :> In
t[(e + f*x) m*Cos[c + d*x]*F[c + d*x] n*x(G[c + d*x] p/(b + a*Cos[c + d*x]))
, x] /; FreeQ[{a, b, c, d, e, £}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, 0, pl

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)]1*(_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - c*f + f*Sec[x])™m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e

, T}, x] && IGtQ[p, 0] && IntegerQ[m]

3.23.4 Maple [A] (verified)

Time = 1.64 (sec) , antiderivative size = 374, normalized size of antiderivative = 1.87

method result

pora +iy/1 1 )+\/—a2+1+1

- (bm+a)2
1+v—a2+1

derivativedivides | arcsec (bz + a) In <_ (

1+v—a2+1

default arcsec (bz + a) In <_ (

1

bxr+a

1

bz+a

) + arcsec (br + a) In (M

sty [1- — L ) +v/—a?+1+1 a +i, /1-
e Oate) ) ) + arcsec (bz + a) In (u

Lint (arcsec(b*x+a)/x,x,method=_RETURNVERBOSE)

323 [ xclotbe) gp

x
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output  arcsec(b*x+a)*1n((-a*(1/(bxx+a)+I*(1-1/(b*x+a)~2)~(1/2))+(-a~2+1)~(1/2)+1)
/(1+(-a~2+1)~(1/2)))+arcsec (b*x+a)*1n((a*x (1/ (b*x+a)+I*(1-1/(b*x+a)~2) ~(1/2
M+(-a~2+1)"(1/2)-1)/(-1+(-a~2+1)~(1/2) ) ) -arcsec (b*x+a) *1n (1+I* (1/ (b*x+a)+
I*x(1-1/(b*xx+a)~2)~(1/2)))-arcsec(b*x+a)*1n(1-I*(1/(b*x+a)+I*(1-1/(b*x+a) 2
)~ (1/2)))+Ixdilog(1+I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))+I*dilog(1-I*(1/
(bxx+a)+I*(1-1/(bxx+a) ~2)~(1/2)))-Ixdilog((-a*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)
“(1/2))+(~a”2+1) " (1/2)+1) / (1+(-a~2+1) " (1/2) ) ) -I*dilog((a* (1/ (b*x+a) +I*(1-1
/(bxx+a)~2)~(1/2))+(-a"2+1)~(1/2)-1)/(-1+(-a~2+1)~(1/2)))

3.23.5 Fricas [F]

/ sec™(a + bzx) dp — / arcsec (bz + a) I

T T

inputLintegrate(arcsec(b*x+a)/x,x, algorithm="fricas")

N J

-

output integral(arcsec(b*x + a)/x, x)

N\

i

3.23.6 Sympy [F]

-1
/sec (a+bx) dxz/asec (a+bzx) i

T T

inputLintegrate(asec(b*x+a)/x,x)

outputtlntegral(asec(a + b*x)/x, x)

323 [ xclotbe) gp

x
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3.23.7 Maxima [F]

-1
/sec (a + bx) dxz/arcsec (bz + a) iz

T Z

input‘integrate(arcsec(b*x+a)/x,x, algorithm="maxima")

output Lintegrate (arcsec(b*x + a)/x, x)

3.23.8 Giac [F]

-1
/sec (a+ bx) dxz/arcsec (bz + a) s

T Z

inputLintegrate(arcsec(b*x+a)/x,x, algorithm="giac")

outputkintegrate(arcsec(b*x + a)/x, x)

3.23.9 Mupad [F(-1)]

Timed out.

T Z

/sec‘l(a—l—bx) dw:/a’cos(a-l-lbw) dz

inputtint(acos(l/(a + b*x))/x,x)

output Lint(acos(l/(a + b*x))/x, %)

323 [ xclotbe) gp

T
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3.24 f sec_l(a+ba:) dx

72

3.24.1 Optimalresult . . . . .. . . . . . .
3.24.2 Mathematica [C] (verified) . . . . . . . . . .. ... L
3.24.3 Rubi [A] (verified) . . . . .. ...
3.24.4 Maple [B] (verified) . .. . ... ... ...
3.24.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ..
3.24.6 Sympy [F] . . . . .
3.24.7 Maxima [F] . . . . . . . .
3.24.8 Giac [A] (verification not implemented) . . . ... .. ... ... ......
3.24.9 Mupad [F(-1)] . . . . oo

3.24.1 Optimal result

Integrand size = 10, antiderivative size = 70

vI+atan(% sec™!(a+bx))
/ sec (a + bx) bsecl(a+bz) secl(a+br) 2barctan < Wi )
z a x av'1 —a?

output ‘ -b*arcsec(b*x+a) /a-arcsec(b*x+a) /x+2*b*arctan((1+a) ~(1/2) *tan(1/2*arcsec(b

1 *x+a))/(1-a)~(1/2))/a/(-a~2+1)~(1/2)

3.24.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.21 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.60

/ sec ! (a + bx) sec™(a + bx)
= T M e = - 2T
T T

. 2
za(—1+a +abz) 1402 2.2
—1+a“+2abx+bx
2 (7*1_(12 +a(atbz), | — (attn)? >

ilog =

b| arcsin (- +1bx) — i

3.24, [ (atbe) gy
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input ‘ Integrate[ArcSec[a + b*x]/x"2,x]

p
output‘ -(ArcSec[a + b*x]/x) + (b*(ArcSin[(a + b*x)~(-1)] - (I*Log[(2*((I*a*(-1 +
‘a"2 + a*bxx))/Sqrt[1 - a”2] + ax(a + b*x)*Sqrt[(-1 + a”2 + 2xa*b*xx + b™2*x

""2)/(a + b*x)72]))/(b*x)])/Sqrt[1 - a=2]))/a

-

3.24.3 Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.04, number

of steps used = 8, number of rules used = 7, Bummber of rules _ 70 Ryles used = {5781,

integrand size
4926, 3042, 4270, 3042, 3138, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

-1
/sec (a + bx) da

2

x
| 5781
(a+bz)?, /1 — —3—5sec™(a + bx)
b/ \/E dsec™*(a + br)
| 4926
-1
b(— / —%dsec_l(a + bx) — W)
| 3042
b —/ L dsec_l(a+bx)—w
a — csc (sec™(a + bz) + ) bz
| 4270
1 -1
. / 1_114%‘1590 (a +bz) ~ sec”!(a + bx) 3 sec”!(a + bx)
a a bz
| 302

a a bx

1 -1
b (f 1—asin(sec—(a+bx)+%) dsec (a + bw) _ sec_l(a + biE) _ sec_l(a + biL‘)

l 3138

3.24, [ (atbe) gy
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input

output

rule 218

rule 3042

rule 3138

rule 4270

rule 4926
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1 1 cnn—l
b 2/ (a+1)tan2 (2 sec*l(a—i—bx))—a-i-ldtan (3sec™!(a + bz)) B sec™!(a + bx) B sec”!(a + bz)
a a bz
| 218
Va+1tan(; sec™!(a+bz))
b 2arctan ( Vi—a ) B sec”!(a + bx) B sec™!(a + bx)
av1—a? a bx

LInt [ArcSec[a + b*x]/x"2,x]

~—

‘(b*(-(ArcSec [a + bxx]/a) - ArcSecl[a + b*x]/(b*x) + (2xArcTan[(Sqrt[1 + al*T
‘ an[ArcSec[a + b*x]/2])/Sqrt[1 - all)/(axSqrt[1 - a~2]))

~

3.24.3.1 Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors([Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a - b)*e~2%x~2), x], x, Tan[(c + d*x)/2]/el, x1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

‘Intl(cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))~(-1), x_Symboll :> Simp[x/a, x]
- Simp[1/a  Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ{a, b, c, d},
‘x] && NeQ[a™2 - b~2, 0] \

Int[(Ce_.) + (£_.)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Secl(c
_) + @_D)*x(x)1D)"(n_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + £x*
x)"m*((a + bxSec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(bxd*(n +
1))) Int[(e + f*x)~"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

3.24, [ (atbe) gy
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rule 5781‘Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)I*x(_.)) " (p_.)*((e_.) + (£_)*(x_))"(m ‘
‘_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
‘*e - cxf + fxSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, 4, e

, £}, x] && IGtQ[p, 0] && IntegerQ[m] \

3.24.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 125 vs. 2(62) = 124.

Time = 0.72 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.80

method result
\ (bx+a)2—1 <arctan (1 > va2—1—In < 2va?-1 (bm+a132_1+2(bz+a)a_2
: : s __ arcsec(bz+a) /(bz+a)2-1 z
derivativedivides | b - + — = -
W (b.’l!‘f‘a)am
/(bw+a)2_1 arctan | — 1 \vaZ=T-In 2va2-1/(bz+a)2—1+2(bz+a)a—2
arcsec(bz+a (bz+a)2—1 ba
default b| —aresecbeta) |
b (bm+a)2—1 5
Tt (bz+a)avaZ—1
V0222 +2abz+a?—1 | arctan| ————t— |v/a2—1—-In 2a°~2+2aba-+2v/a2~1v/b22? +2ab
parts __arcsec(bz+a) + /5222 4 2abo faZ_1 Y
T b2z2+2abm+a2—1 2 _
\/W (ba:-l—a)a\/ﬁ
inputtint(arcsec(b*x+a)/x“2,x,method=_RETURNVERBOSE) J

output(b*(-1/b/x*arcsec(b*x+a)+((b*x+a)‘2-1)‘(1/2)*(arctan(1/((b*x+a)‘2—1)‘(1/2))
‘ *(a"2-1)"(1/2)-1n (2% ((a"2-1) " (1/2) *((b*x+a) “2-1) ~(1/2) +(b*x+a) *a-1) /b/x) )/
‘ (((bxx+a)~2-1) /(b*x+a) ~2) " (1/2) / (b*x+a) /a/(a"2-1)~(1/2))

3.24, [ (atbe) gy
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3.24.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 132 vs. 2(62) = 124.

Time = 0.32 (sec) , antiderivative size = 281, normalized size of antiderivative = 4.01

/ sec™(a + bzx) i

xr2

@2ba-+a® /TR aba a1 (o
2(a2_Dbxamtan(_bz_a+\/b2$2+2abz+a2—1)—\/a2—1bx10g( e/

| (a3 —a)x
2 (a® — 1)bzarctan (—bz — a + Vb?22 + 2abz + a® — 1) — 2+/—a? + 1bz arctan (— et lbo— Pat g
B (a3 —a)z
inputLintegrate(arcsec(b*x+a)/x“2,x, algorithm="fricas") J

-

output | [-(2*%(a"2 - 1)*bxx*arctan(-b*x - a + sqrt(b™2*x"2 + 2*a*b*x + a2 - 1)) -
sqrt(a”2 - 1)*b*x*log((a"2*b*x + a”3 + sqrt(b™2*x~2 + 2*axb*x + a”2 - 1)*(
a”2 - sqrt(a”2 - 1)*a - 1) - (axb*x + a”2 - 1)*sqrt(a”2 - 1) - a)/x) + (a~
3 - a)*arcsec(b*x + a))/((a"3 - a)*x), -(2*x(a”2 - 1)*b*x*arctan(-b*x - a +
sqrt(b~2*x"2 + 2%axb*x + a2 - 1)) - 2xsqrt(-a”2 + 1)xb*x*arctan(-(sqrt(-
a2 + 1)*bxx - sqrt(b~2*x"2 + 2%axb*x + a2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1)
) + (a”3 - a)*arcsec(b*x + a))/((a"3 - a)*x)]

3.24.6 Sympy [F]

-1
/sec (a+bx) dx:/asec (a+bx) i

2 2

input Lintegrate (asec(b*x+a) /x**2,Xx) J

output LIntegral(asec(a + bxx) /x*¥2, x) J

3.24, [ (atbe) gy
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3.24.7 Maxima [F]

-1
/sec (a + bx) dx_/arcsec (bz + a) iz

x2 x2

input‘integrate(arcsec(b*x+a)/x“2,x, algorithm="maxima"

output‘(x*integrate((b“2*x + a*b)*e”(1/2xlog(b*x + a + 1) + 1/2*log(b*x + a - 1))
\/(b‘2*x‘3 + 2xaxb*x"2 + (2”2 - 1)*x + (b72*x"3 + 2*axb*x"2 + (a2 - 1)*x)*
‘e‘(log(b*x +a+ 1) + log(b*x + a - 1))), x) - arctan(sqrt(b*x + a + 1)#*sq
‘rt(b*x +a - 1)))/x

3.24.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.34

-1
/sec (a + bx) s

R
(bz+a)( \/— 25 +1-1)+a
2 arctan ( (\/ﬂ ) > arccos <— L )
(bx+a)<ﬁ—1) —a
=} +
—a?+1la a(bxi—a -1)

inputLintegrate(arcsec(b*x+a)/x“2,x, algorithm="giac")

~—

output ‘(b*(2*arctan(((b*x + a)*(sqrt(-1/(b*x + a)"2 + 1) - 1) + a)/sqrt(-a"2 + 1))
‘/(sqrt(—a“2 + 1)*a) + arccos(-1/((b*x + a)*(a/(b*x + a) - 1) - a))/(ax(a/(
bkx + a) - 1))

—————

3.24, [ (atbe) gy
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3.24.9 Mupad [F(-1)]

Timed out.

-1 acos (-
/sec (a + bzx) d / (a+ba:) d

x2 x?

input Lint (acos(1/(a + b*x))/x"2,x)

output Lint(acos(l/(a + b*x))/x"2, x)

3.24, [ (atbe) gy
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3.95 f sec_l(a+ba:) dx

73
3.25.1 Optimalresult . . . . ... . . .. . .. 181
3.25.2 Mathematica [C] (verified) . . . . . . . .. ... .. L 181l
3.25.3 Rubi [A] (verified) . . . . . ... .. 182
3.25.4 Maple [B] (verified) . .. ... .. ... ... 185
3.25.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 186
3.25.6 Sympy [F] . . . . . o 187
3.25.7 Maxima [F] . . . . . . 187
3.25.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 187
3.25.9 Mupad [F(-1)] . . . . . oo 188

3.25.1 Optimal result

Integrand size = 10, antiderivative size = 125

1
/ sec™(a + bzx) p b(a + bm)\/ 1 — Gy N b*sec”'(a+bzx) sec”'(a+bx)

Tr =

z? 2a(1—a?)x 2a2 272
1 —
(1 — 2a?) b? arctan ( v 1+‘”a“(3% 1(a+b-'lc))>

a?(1— a?)a/2

e B

1/2*b~2*arcsec (b*x+a) /a~2-1/2*arcsec (b*x+a) /x~2-(-2%a~2+1)*b~2*xarctan((1+a
‘)‘(1/2)*tan(1/2*arcsec(b*x+a))/(1-a)‘(1/2))/a‘2/(—a‘2+1)‘(3/2)+1/2*b*(b*X+
‘a)*(1-1/ (bkx+a)"2)~(1/2) /a/ (-a"2+1) /x j

3.25.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.71 (sec) , antiderivative size = 198, normalized size of antiderivative = 1.58

-1
/sec (a + bx) dp —

$3
2 i(—1+a2+abx)
4(—1+a)a“(1+a) —W—(a

i(—1+2a?)b%2? log (—1+2a2)b2

2 2.2
bx(a+bx) M b2 (1
\/ (a+bz) _ < arcsin
+ sec™!(a + bz) + () +

a(—1+a?) a?

a2(1—a2)3/?

212

3.25. [ xletbe) gp

3
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input ‘ Integrate[ArcSec[a + b*x]/x"3,x]

output | -1/2x((b*x*(a + b*x)*Sqrt[(-1 + a~2 + 2*axbxx + b~2xx"2)/(a + b*x)"2])/(a*
(-1 + a”2)) + ArcSec[a + b*x] + (b"2*x"2xArcSin[(a + b*x)~(-1)])/a"2 + (Ix*
(-1 + 2%a"2)*b"2*xx"2+Log[(4* (-1 + a)*a"2*(1 + a)*(((-I)*(-1 + a~2 + a*b*x)
)/Sqrt[1 - a~2] - (a + b*x)*Sqrt[(-1 + a™2 + 2*%axb*x + b~2%x72)/(a + b*x)~
2]1))/((-1 + 2*a~2)*b"2xx)])/(a"2%x(1 - a~2)~(3/2)))/x"2

3.25.3 Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.18,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size 1.200, Rules

used = {5781, 25, 4926, 3042, 4272, 3042, 4407, 3042, 4318, 3042, 3138, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

-1
/sec (a + bx) i

3

lSRl

) (a+bx)%, /1 — msec_l(a—i-bm)
b / b33
| 25

) (a+bx)%, /1 - m sec™!(a + br)
b j/'_

b33

l'4926

dsec™(a + bx)

dsec™!(a + bx)

1 1 sec”!(a + bx)
2(2 [ — 1 = =T
b <2/b2 sdsec” " (a + bx) 22 )

l,3042

b? E / 1 dsec™!(a + bx) — sec”(a + bz)
2J (a—csc(sec™(a+bz) + %))2 26%z?

J'4272

1
2 (1 (f —stec‘l(a + bz) 1~ Greap (@t bx)) _sec”!(a+ bx))

a(l—a?) a(l—a?)bx 2b222

3.25. [ xletbe) gp

3
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| 3042
—a?—csc(sec™ ! (a+bz)+Z)a+1 ~1 1
b2 1 f a—csc(sec—l(a+b:c)+2%) dsec (a + b.’IJ) n \/ 1- (a+bx)? (a' + bx) _ sec_l(a + bac)
2 a(l—a?) a(1—a?)bx 20222
l 4407
—92g2) [ —atbz —1(g+bx a2 -1 /1 _ 1
b2 1 (]‘ 2 )f bn(cl dsec ( +b ) + (1 a )Sez (a+bx) ]. (a+bx)2 (a _+_ bx) B SeC_l(a _|_ bx)
2 a(l—a?) a(l—a?)bx 2b222
| 3042
(-2a) | L o) s :
2 1 . P i (1-a )sez (a+bx) N 1= (atb2)? (a + b.’L’) B Sec_l(a+ b.’B)
2 a(l—a?) a(l—a?)bx 2b212
| 4318
1—a2) sec—! (at-bae (1-2a?) [ —Lg—dsec™!(a+bz) _ 1
2 1 ( ) < (at+bz) 1 a+;z N £ /1 (atba)? (a + bx) ~ sec_l(a—i-b:c)
2 a(l—a?) a(l—a?)bx 26222
| 3042
B (1-2a2) [ . sec_l v dsec™1(a+bx) 1
b2 1 (1_a2)se2 i : ( 1;+b ) n Y 1- W(a +bz) _ sec”!(a + br)
2 a(1—a?) a(l—a?)bx 2b222
| 3138
2(1—2a? ! dtan (2 sec™(a+b
b2 1 (1—a2) sez_l(a+bx) B ( a )f (a+1)tan2(%sec—l(a;rbx)),aﬂ a (2 sec ! (a x)) . /1 _ (a+%m)2 (a + bx) ) ﬁ
2 a(l—a?) a(l—a?)bx
| 218

3.25. [ xletbe) gp

3
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Va n(i ~L(a+bz
2(1-2a2) arctan( it (2sec (ab ))>

(1—a?) sec™1(a+bz) . Vi-a

1
a i 1 tereep(a + b2)

sec”!(a + bx)

+

N =

a(1—a?) a(l—a?)bx

26212

input LInt [ArcSec[a + b*x]/x"3,x]

output‘b"2*(—1/2*ArcSec [a + b*x]/(b~2*x~2) + (((a + b*x)*Sqrt[1 - (a + b*x)~(-2)]

‘)/(a*(l - a”2)*bxx) + (((1 - a~2)*ArcSec[a + b*x])/a - (2x(1 - 2%a~2)*ArcT
‘an[(Sqrt [1 + al*Tan[ArcSec[a + b*x]/2])/Sqrt[1 - all)/(a*xSqrt[1 - a~2]))/(
‘a*(l - a"2)))/2)

3.25.3.1 Defintions of rubi rules used

;
rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 218

rule 3042

rule 3138

rule 4272

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Simp[2x*(e/d) Subst[Int[1/(a + b +
(a - b)*xe"2*x"2), x], x, Tan[(c + d*x)/2]1/e]l, x]1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + dxx]*((a + b*Csclc + d*x])~(n + 1)/(a*xd*(n + 1)*(a”2 - b72))), x] + Sim
pli/(ax(n + 1)*(a"2 - b72)) Int[(a + b*Cscl[c + d*x])~"(n + 1)*Simp[(a”~2 -
b 2)*(n + 1) - a*bx(n + 1)*Csc[c + d*x] + b~ 2%(n + 2)*Csc[c + d*x]~2, x], x
1, x]1 /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

3.25. [ xletbe) gp
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rule 4318

rule 4407

rule 4926

rule 5781
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Int[cscl(e_.) + (£_.)*(x_)]1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinl[e + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a"2 - b~2, 0]

Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)]*(b_.) +

(a_)), x_Symbol] :> Simpl[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscle + fx*
x]/(a + b*Cscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

Int[(Ce_.) + (£_.)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Secl[(c
_) + @ D)*x)D) " (a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + £fx*
x)"m*((a + bxSec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(bxd*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*(x)) " (m
_.), x_Symbol] :> Simp[1/d"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
*e¢ - c*xf + fxSec[x])"m, x], x, ArcSec[c + d*xx]], x] /; FreeQ[{a, b, c, d, e
, £}, x] && IGtQ[p, 0] && IntegerQ[m]

3.25.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 318 vs. 2(109) = 218.

Time = 0.70 (sec) , antiderivative size = 319, normalized size of antiderivative = 2.55

method result
3 2_ P \/
b2 22 2= 2_1)2 arctan| ——— 1 \a2bz—21n/( 26°=2+2abc+2va2-1/
parts arcsec(bz+a) bVb%a?+20bo+a?~1 | (a%-1) arctan Vo2a2t2abeta—1 ) ¥ T @
- 22 -
3 3
+/ (bz+a)?—1 | (a2—1)2 arctan| —L—— |a3—(a2—1) 2 arctan 1 a?(bz+
derivativedivides | b? | —2eseclbota) | - V(b ta)2-1 1 J(bata)21
2b2 2
3 3
+/ (bz+a)?—1 | (a2—1)2 arctan| —L—— |a3—(a2—1) 2 arctan 1 a?(bz+
default b2 __arcsec(bz+a) + ( ) [(bz+a)®—1 ( ) (ata)?1
2b2 g2

3.25. [ xletbe) gp

3
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input‘int(arcsec(b*x+a)/x”3,x,method=_RETURNVERBOSE)

output | -1/2%arcsec(b*x+a) /x~2-1/2%b* (b~ 2*x"2+2*%a*xb*x+a~2-1) ~(1/2)*((a~2-1) ~(3/2) *
arctan(1/ (b~ 2*xx"2+2*a*b*x+a~2-1) " (1/2) ) *a~2*b*x-2*1n (2* (axb*x+(a~2-1) ~(1/2
)*x (b~ 2*x"2+2*a*b*x+a~2-1) " (1/2)+a"2-1) /x) *a~4*b*x-b*arctan (1/ (b~ 2*x~2+2*a*
b*x+a”~2-1)"(1/2)) *x*x(a~2-1) ~(3/2)+(a"2-1) ~(3/2) * (b~ 2xx~2+2*a*xbxx+a~2-1) ~ (1
/2) *a+3*1n (2* (axbxx+(a"2-1) ~ (1/2) * (b~ 2*x"2+2*axbxx+a~2-1) ~(1/2)+a~2-1) /x) *
a~2%b*x-b*1n (2* (axb*xx+(a"2-1) ~ (1/2) * (b~ 2*x~2+2*a*b*x+a~2-1) ~(1/2)+a~2-1) /x
)*x) / ((b~2%x~2+2*axbxx+a~2-1) / (b*x+a) ~2) ~(1/2) / (bxx+a) /a~2/(a"2-1)"(5/2) /x

3.25.5 Fricas [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 427, normalized size of antiderivative = 3.42

-1
/sec (a+ bx) i

x3

T

a?2bz+a3+vVb212+2 abz+a?2—1(a?+vVa2—1a—1 abz+a?2—1)vVa2—1—a
(2a2—1)\/a2—1b2x210g( e il i) G )+ (abore-) )+2(a4—2a2+1

2(2a® — 1)v/—a? + 1b*z? arctan (—‘/_“2+1b””_‘/b2””2+2“b””"'“z_l‘/_“z"'l> —2(a* — 2a® 4+ 1)b?z* arctan (

a2—1

e A
input integrate(arcsec(b*x+a)/x"3,x, algorithm="fricas")

output | [1/2%((2%a"2 - 1)*sqrt(a™2 - 1)*b~2xx"2xlog((a~2*b*x + a~3 + sqrt(b™2*x"2
+ 2%axb*x + a”2 - 1)*(a”2 + sqrt(a™2 - 1)*a - 1) + (a*xb*x + a”2 - 1)*sqrt(
a”2 - 1) - a)/x) + 2%(a”4 - 2¥a”2 + 1)*b~2xx"2*arctan(-b*x - a + sqrt(b~2*
X2 + 2*%axb*x + a”2 - 1)) - (2”3 - a)*b"2*x"2 - sqrt(b"2*x"2 + 2xa*bxx + a
"2 - 1)*(a”3 - a)*b*x - (a”6 - 2*a"4 + a"2)*arcsec(b*x + a))/((a"6 - 2*xa~4
+ a"2)*x72), -1/2x(2x(2*a"2 - 1)*sqrt(-a”2 + 1)*b~2*x"2*arctan(-(sqrt(-a~
2 + 1)*b*x - sqrt(b~2*x"2 + 2*axb*x + a~2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1))
- 2%(a"4 - 2xa”2 + 1)*b~2*x"2*arctan(-b*x - a + sqrt(b"2*x"2 + 2*xa*b*x + a
"2 - 1)) + (a”3 - a)*b"2*x"2 + sqrt(b"2*x"2 + 2*axb*x + a”2 - 1)*(a”3 - a)
*bxx + (2”6 - 2*a”4 + a"2)*arcsec(b*x + a))/((a”"6 - 2*a"4 + a"2)*x"2)]

N\ J

3.25. [ xletbe) gp

3
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3.25.6 Sympy [F]

-1
/sec (a+bx) dmz/asec (a+bx) i

x3 x3

input‘ integrate(asec(b*x+a) /x**3,x) ‘

output LIntegral(asec(a + b*x) /x**3, x) J

3.25.7 Maxima [F]

-1
/sec (a+ bx) dxz/arcsec (bz + a) s

z3 3

input Lintegrate (arcsec(b*x+a)/x"3,x, algorithm="maxima" J

output‘ 1/2x(2*x"2xintegrate (1/2*(b"2*x + a*b)*e~(1/2*log(b*x + a + 1) + 1/2*log(b ‘
¥x + a - 1))/(b72%x"4 + 2%axbxx™3 + (272 - 1)%x"2 + (b"2%x™4 + 2xa¥b*x"3 + |
‘ (2”2 - 1)*x"2)*e"(log(b*x + a + 1) + log(b*x + a - 1))), x) - arctan(sqgrt ‘
(bxx + a + Dxsqre(bxx + a - 1)))/x72 J

3.25.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 216 vs. 2(106) = 212.

Time = 0.32 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.73

/ sec™(a + bx) p

3
(bzt+a) (/= +1-1 ) +a
2 (2ab — b) arctan ( (\/E ) ) 2 <(bz + a)ab( -1
1 (bz+a)’
—3 b +

4 __ 42 —n2 2
(' —a?)v—a® +1 (@x+®%M—@iy+l—l>+2@w+®

3.25. [ xletbe) gp

3
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inputLintegrate(arcsec(b*x+a)/x“3,x, algorithm="giac")

output | -1/2xb* (2% (2*xa~2+%b - b)*arctan(((b*x + a)*(sqrt(-1/(b*x + a)~2 + 1) - 1) +
a)/sqrt(-a”2 + 1))/((a"4 - a"2)*sqrt(-a”2 + 1)) + 2*((b*x + a)*axb*(sqrt(
-1/(b*x + a)”2 + 1) - 1) + b)/(((b*x + a)~2x(sqrt(-1/(b*x + a)"2 + 1) - 1)
2 + 2x(b*x + a)*ax(sqrt(-1/(b*x + a)"2 + 1) - 1) + 1)*x(a”3 - a)) + (2xaxb
/(b*x + a) - b)*arccos(-1/((bxx + a)*(a/(b*x + a) - 1) - a))/(a"2*(a/(b*x

+a) - 1)72))

3.25.9 Mupad [F(-1)]

Timed out.

-1 acos(—+—
/sec (a + bx) z:/ ic;rbx) dr

3

input Lint (acos(1/(a + b*x))/x"3,x)

output Lint(acos(l/(a + b*x))/x"3, x)

3.25. [ xletbe) gp

3
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3.26 f sec™1 (a+bx) dx

74
3.26.1 Optimalresult . . .. ... ... ... ... .. 189
3.26.2 Mathematica [C] (verified) . . . . . . ... .. ... Lo L 189
3.26.3 Rubi [A] (verified) . . . . . . ... .. 190
3.26.4 Maple [B] (verified) . ... ... ... ... 194
3.26.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 195
3.26.6 Sympy [F] . . . . . . 196
3.26.7 Maxima [F] . . . . . . .. .. 1961
3.26.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 197
3.26.9 Mupad [F(-1)] . . . . . o 197

3.26.1 Optimal result

Integrand size = 10, antiderivative size = 181

/Sec_l(aerx)d bla+b)\/1— o (2—50°) B (a+b2), /1~ o

zt T T 6a(l-ad)2® 6a2 (1 — a?)’x
_ bsec’(a+bx) sec”(a+ bx)
3a3 3x3
(2 — 5a% + 6a*) b3 arctan (mtan(% Sec_l(aerx)))

Vi-a
3a3 (1 — a2)*?

_|_

output ‘ -1/3%b~3*arcsec(b*x+a)/a~3-1/3*arcsec(b*x+a)/x~3+1/3*%(6*a~4-5%a~2+2) *b~3*a
‘ rctan((1+a)~(1/2)*tan(1/2*arcsec(b*x+a))/(1-a)~(1/2))/a~3/(-a"2+1)~(5/2)+1
‘ /6xb* (b*x+a) * (1-1/ (b*x+a) ~2) ~(1/2) /a/(-a~2+1) /x~2-1/6* (-5*%a~2+2) *b~2* (b*x+
‘ a)*(1-1/(b*xx+a)~2)~(1/2)/a~2/(-a"2+1)"2/x

3.26.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

3.26. [ sclotba) g

r4
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Time = 0.31 (sec) , antiderivative size = 241, normalized size of antiderivative = 1.33

-1
/sec (a+bx) i

o
b —14a242abx+b2z2 (4 br — 4a3b 2222 — a2(1 + 5212
1 iy (@' +abr — 4a’bx + 2b°2° — a*(1 + 5b°z%)) 2sec™!(a + bx)
6| a?(—1+ a2)2 72 o 3
2b% arcsin ()
a3
' , s 12a3(—1+a2)2<i(_1}“_2::bw) +(a+br) | Sitert2aboitis? f,‘,’f)“”z”z“”2>
i(2 — ba* + 6a*) b° log (254160155
- ad(1— a2)5/ 2
inputLIntegrate[ArcSec[a + bxx]/x74,x] J

output (-((b*Sqrt[(-1 + a™2 + 2*axb*x + b~2xx72)/(a + b*x)"2]*(a"4 + a*bxx - 4*a”
3%bxx + 2¥b72xx"2 - a”2x(1 + 5xb"2%x72)))/(a”2x(-1 + a”2)"2*x"2)) - (2*Arc
Sec[a + b*x])/x~3 + (2xb~3*ArcSin[(a + b*x)~(-1)])/a"3 - (I*(2 - 5%a~2 + 6
*a~4)*b~3*Log[(12*%a"~3* (-1 + a~2)"2x((I*(-1 + a”2 + axbxx))/Sqrt[1 - a~2] +

(a + b*x)*Sqrt[(-1 + a~2 + 2#axb*x + b™2*xx"2)/(a + b*x)~2]))/((2 - 5*%a~2
+ 6*xa”4)*b"3*x)])/(a”3*(1 - a~2)7(5/2)))/6

3.26.3 Rubi [A] (verified)

Time = 1.07 (sec) , antiderivative size = 222, normalized size of antiderivative = 1.23,

_ _ number of rules _
number of steps used = 14, number of rules used = 13, integrand size 1.300, Rules

used = {5781, 4926, 3042, 4272, 3042, 4548, 3042, 4407, 3042, 4318, 3042, 3138, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3.26. [ sclotba) g

r4
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-1
/sec (a+ bx) i

v
| 5781
(a+bz)?,/1 — —t<5sec™!(a + bx)
b? / ZZ:Z) dsec™Y(a + bx)
| 4926
1 1 sec”!(a + bx)
3(_1 L 1 _ sec “(a~+0bzx)
b < 3 | a8 sdsec” (a + bx) b33 >
| 3042
b 1 / 1 dsec™ (a + bz) — —sec_l(a + b2)
3 (a—csc(sec™(a+bz) + %))3 3b3z°
| 4272
1 —(a T 2_ a\a X —(12
2 1 (a+b2)\/1 - Grpe - [ (a+bz) 2b(2x-|2-b )+2(1 )dsec_l(a+ bz) |  sec”l(a+ bx)
3 2a (1 — a?) b2x? 2a (1 —a?) 3b323
| 3042
— csc(sec™ ! (a+bz)+5 ) —2a csc(sec ! (a+bz)+ T )+2(1—a?) _1
2 1 (a+ bx) a+bx)2 ~ / T AT EI 2 dsec™ (a + bx) B sec1(a-
3 2a (1 — a?) b2x2 2a (1 —a?) 3b3x
| 4548
2(1—a2)2—a(1—4a2)(a+ba:) 1 (2_5 2 1— 1
- - dsec (a+bx) a®) /1= =5 (atbz)
e (a+bz) a+hw2__ : e E— S—a?)bs _sec'(a+ bz
3 2a(1— a2) b2z 2a (1 - a?) 36323
| 3042
2(1—a2)2—a(1—4a2) csc(sec_l(a-&-bm)-f—”) _
b f a*CSC(sec_l(a+bz>+%) 2 dsec 1(a+bx) (2—5(12) (a+bz)2 (a+bm)
b3 1 (a + l‘) a+ba:)2 _ a(1—a?) + a(l —a?)bx . %
3 2a(1— a2) b2x? 2a (1 —a?)

l 4407

3.26. [ lexba) gy

r4
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6ad—5a2+2) [ — 9% gsecL(atba) 2(1-a2)?sec(atb
( + )./ to dsec (+z)+ ( ) sec” " (a+bx) (2—50,2) /l_m(a_i_lm)

" 1 (a + bx) a+bm)2 B < a(i—a?) “ + a(l—a2)bx _ S¢
3 2a (1 — a2) b2x2 2a (1 — a?)
| 3042
csc sec_l(a+bz)+£) _
(6a4—5a2+2) J (( =) 2 d sec l(a+bw) 212 1
a—csc(sec (a+bz)+%) 2(1—a ) sec” ~ (a+bzx) (2_50,2)\/1_71‘
2 + 2 (a+bx)?2
B3 [1 [(a + b.’E) a+b$)2 _ a(1—a?) + a(l—a?)bz
3 2a (1 — a?) b222 2a (1 —a?)
| 4318
at—5a2 *la— sec™(a+bx
(a +ba) R M Y == PR B m Y
B3 1 a+bw)2 _ a(l—a?) + a(l—a?)bz _
3 2a (1 - a2) b2z 2a (1 —a?)
| 3042
2(17‘12)2 sec—1 (a4 b2) (6a4—5a2+2) I 17asin<sec—ll(a+bz)+%) dsec™ L (a+bx) (2_5a2) - i
a — a (a+bx)-
3 1 (a + bzx) a_l_bm)z ~ a(i=a?) + a(i—a?)bz
3 2a (1 — a2) b2x2 2a (1 — a?)
| 3138
2(1—0,2)2 sec_l(a+bm) _ 2(6a4—5a2+2) / (a+1) tan2 (% secl_l (a+b:1:)) —a+1 dtan(% sec_l(a+bm)) (2—5(;
b3 1 (a + bx) a+ba:)2 B e a(l—a2) = +
3 2a(1— a2) b2z 2a (1 —a?)
| 218
va+1tan 1 sec_l(a+bx:
9 2(1—a2)2 sec™ 1 (a+bx) 2(6‘14—502+2) arctan < (\j/m
(a + bzx) L (2-50%),/1-7 +bz)2(a+bz) i a - av/1—a2
b3 1 a~|—ba:) _ a(l a2)bx a(l—a2)
3 2a (1 - a2) b2z 2a (1 —a?)

3.26. [ lexba) gy

r4



input

output

rule 218

rule 3042

rule 3138

rule 4272

rule 4318
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‘ Int[ArcSec[a + b*x]/x"4,x]

b~3%(-1/3*ArcSec[a + b*x]/(b"3*x"3) + (((a + bxx)*Sqrt[1 - (a + b*x)~(-2)]
)/ (2%xax(1 - a~2)*b"2+%x72) - (((2 - 5*xa”2)*(a + b*x)*Sqrt[1 - (a + b*x)~(-2
)1)/(a*x(1 - a~2)*b*x) + ((2*%(1 - a~2) 2*ArcSec[a + b*x])/a - (2*%(2 - 5*a~2
+ 6%a~4)*ArcTan[(Sqrt[1 + al*Tan[ArcSec[a + b*x]/2])/Sqrt[1 - all)/(axSqr
tll - a™2]))/(ax(1 - a”2)))/(2*ax(1 - a~2)))/3)

3.26.3.1 Defintions of rubi rules used

‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
Lt[a/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol]l :> With[{
e = FreeFactors([Tan[(c + d*x)/2], x]1}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a - b)*e™2*xx"2), x], x, Tan[(c + d*x)/2]1/e]l, x]] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a~"2 - b~2, 0]

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_ ), x_Symbol] :> Simp[b~2*Cot[
c + d*xx]*((a + b*Csclc + d*x])~(n + 1)/(a*xd*(n + 1)*(a"2 - b~2))), x] + Sim
pli/(ax(n + 1)*(a"2 - b°2)) Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a~2 -
b~2)*(n + 1) - a*bx(n + 1)*Csc[c + d*x] + b~ 2%(n + 2)*Csc[c + d*x]~2, x], x
1, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Integ

erQ[2*n]

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQl[{a, b, e,

£}, x] && NeQ[a™2 - b~2, 0]

3.26. [ sclotba) g
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rule 4407 Int[(cscl(e_.) + (f_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (f_.)*(x)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - axd)/a Int[Cscle + fx*
x]/(a + bxCsc[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

rule 4548 | Int [((A_.) + cscl(e_.) + (f_.)*(x_)I*(B_.) + cscl(e_.) + (f_.)*(x_)]"2x(C_.
N*(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_), x_Symbol] :> Simp[(A*b~2 -

axb*B + a~2+C)*Cot[e + fxx]*((a + b*Cscle + f*x]) " (m + 1)/(a*xfx(m + 1)*(a"2
- b72))), x] + Simp[1/(ax(m + 1)*(a”2 - b™2)) Int[(a + b*Cscle + f*x])~(

m + 1)*Simp[A*(a”2 - b"2)*(m + 1) - a*(Axb - a*B + b*C)*(m + 1)*Cscle + f*x
1 + (A*xb~2 - a*b*B + a~2*C)*(m + 2)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, £, A, B, C}, x] && NeQ[2"2 - b~2, 0] && LtQ[m, -1]

rule 4926 Int[((e_.) + (£f_.)*(x_)) (m_.)*Sec[(c_.) + (d_.)*(x_)1*((a_) + (b_.)*Secl(c
_) + @ )*x(x )" (n_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"mx((a + bxSec[c + d*x])~(n + 1)/(b*xd*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5781 Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_)) " (m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe — cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
» £}, x] &% IGtQ[p, O] && IntegerQ[m]

3.26.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 527 vs. 2(159) = 318.

Time = 0.70 (sec) , antiderivative size = 528, normalized size of antiderivative = 2.92

method result
3 /o
bvb2z2+2abz+a2—1 ( —2(a?—1) 2 arctan 1 )a*?z246In 2a%~2+2abo+21/a?
arcsec(bz+a) V222 f2abz+a2 -1
parts — 3,3 —

derivativedivides | Expression too large to display

default Expression too large to display

3.26. [ (atbe) gy

x4
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input‘int(arcsec(b*x+a)/x”4,x,method=_RETURNVERBOSE) ‘

output | -1/3*arcsec (b*x+a) /x~3-1/6%b* (b~ 2*x~2+2*axb*x+a~2-1) ~(1/2)*(-2*(a~2-1)~(3/
2)*arctan(1/ (b~ 2xx"2+2*a*b*x+a~2-1) " (1/2) ) *a~4*b~2xx~2+6*1n (2* (a*b*x+(a~2-
1)7(1/2) *(b~2*x"2+2*%axb*xx+a~2-1) ~(1/2)+a"2-1) /x) *a"~6*b~2*xx"2+4* (a~2-1) ~(3/
2)*arctan(1/ (b~ 2xx"2+2*%a*b*x+a~2-1) " (1/2) ) *a~2xb~2*x~2-5% (b~ 2*x~2+2*axb*xx+
a~2-1)"(1/2)*(a"2-1) " (3/2) *a~3*b*x-11*1n (2* (axbxx+(a~2-1) ~(1/2) * (b~ 2xx~2+2
*a*xbkx+a~2-1) ~(1/2)+a"2-1) /x) *a~4*b~2xx "2+ (b~ 2*x~2+2*a*b*x+a~2-1) ~(1/2) *(a
~2-1)"(3/2)*a"4-2%b~2*arctan (1/ (b~ 2*x~2+2*a*b*x+a~2-1) ~(1/2) ) *x~2*(a"2-1)"
(3/2)+2% (b~2*x"2+2*axb*x+a~2-1) " (1/2) *(a~2-1) " (3/2) *a*b*x+7*1n (2% (axb*x+(a
~2-1)7(1/2)* (b~ 2xx"2+2*axbxx+a”~2-1) " (1/2)+a”~2-1) /x) ¥a~2*b~2+x"2- (b~ 2*x"2+2
*axbxx+a~2-1) " (1/2)*(a~2-1) " (3/2) *a~2-2*b~2*1n (2* (a*xb*x+(a~2-1) ~(1/2) *(b~2
*x”"2+2%axbxx+a~2-1) ~(1/2)+a~2-1) /x) *x"2) / ((b~2*x~2+2*a*b*x+a~2-1) / (b*x+a)~
2)~(1/2)/(b*x+a)/a~3/(a~2-1)"(7/2)/x"2

3.26.5 Fricas [A] (verification not implemented)
Time = 0.32 (sec) , antiderivative size = 548, normalized size of antiderivative = 3.03
-1
/ sec (a4+ bx) i
x

4(a® —3

T

(6 a4 _5 a,2 n 2)@()31‘3 log (a2bx+a3+\/b2z2+2 abx+a2—1<a2—\/a2—1a—1)—(abx+a2—1) az—l—a) _ ( 6

input | integrate(arcsec(b*x+a)/x"4,x, algorithm="fricas")

\

3.26. [ sclotba) g

r4
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output | [1/6*((6*a~4 - 5xa~2 + 2)*sqrt(a”2 - 1)*b~3*x"3*log((a~2*b*x + a~3 + sqrt(
b~2*x"2 + 2%axbxx + a”2 - 1)*(a”2 - sqrt(a™2 - 1)*a - 1) - (a*b*x + a~2 -
D *sqrt(a™2 - 1) - a)/x) - 4x(a"6 - 3*a”4 + 3*a”2 - 1)*b~3*x"3*arctan(-b*x
- a + sqrt(b™2*x"2 + 2*%axb*x + a”2 - 1)) + (5%a”b - 7*a~3 + 2*a)*b~3*x"3
- 2x(a”9 - 3*%a”7 + 3*%a"5 - a"3)*arcsec(b*x + a) + ((5%a”5 - 7*a"3 + 2*a)*b
“2*%x72 - (a"6 - 2*%a"4 + a"2)*bxx)*sqrt(b”2*x"2 + 2*axb*x + a”2 - 1))/((a"9
- 3*%a”7 + 3*¥a"5 - a"3)*x73), 1/6*%(2*x(6*a"4 - 5*a~2 + 2)*sqrt(-a”2 + 1)*b~
3*x"3xarctan(-(sqrt(-a~2 + 1)*b*x - sqrt(b~2*x"2 + 2xaxb*x + a~2 - 1)*sqrt
(-a™2 + 1))/(a”2 - 1)) - 4x(a”6 - 3*a”4 + 3*a"2 - 1)*b~3*x"3*arctan(-b*x -
a + sqrt(b”2*x"2 + 2%axb*x + a2 - 1)) + (5%a”5 - 7*a"3 + 2*%a)*b~3*x"3 -
2%(a”9 - 3%a”7 + 3%a”5 - a"3)*arcsec(b*x + a) + ((5%a”5 - 7*a"3 + 2%a)*b~2
*x"2 - (2”6 - 2¥a”4 + a"2)xb*x)*sqrt(b"2*x"2 + 2*axbxx + a”2 - 1))/((a”9 -
3*xa”7 + 3*xa”h - a~3)*x"3)]

3.26.6 Sympy [F]

/ sec™(a + bzx) p

xrd

/ asec (a + bx) d

xrd

inputLintegrate(asec(b*x+a)/x**4,x)

outputtlntegral(asec(a + b*x) /x**4, Xx)

3.26.7 Maxima [F]

/ sec™(a + bzx) i / arcsec (bz + a) i

zt 4

inputLintegrate(arcsec(b*x+a)/x‘4,x, algorithm="maxima")

e

output

1/3%(3*x~3*integrate(1/3*(b~2*x + a*b)*e~(1/2*log(b*x + a + 1) + 1/2%log(b
‘*x +a - 1))/ (b"2%x75 + 2%a*b*x”4 + (a”2 - 1)*x73 + (b72%x"5 + 2%axb*x~4 +
‘ (2”2 - 1)*x"3)*e"(log(b*x + a + 1) + log(b*x + a - 1))), x) - arctan(sqgrt
L(b*x + a + 1)*sqrt(b*x + a - 1)))/x"3

3.26. [ sclotba) g

r4

~
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3.26.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 451 vs. 2(155) = 310.
Time = 0.33 (sec) , antiderivative size = 451, normalized size of antiderivative = 2.49

/ sec™(a + bzx) i

x4
o) (/i H1-1 ) +a

412 £ 212 2 3
(6a*b* —5a%b* +2b )arctan( e ) 4(bx+a)3a3b2( /_b%_kl_l) .
:—b ($+a)

+
(" —2a®+a3)v—a?+1

-

inputLintegrate(arcsec(b*x+a)/x“4,x, algorithm="giac")

AN >

output | 1/3*bx ((6*a~4*¥b~2 - 5*a~2xb~2 + 2xb~2)*arctan(((b*x + a)*(sqrt(-1/(b*x + a
)72 + 1) - 1) + a)/sqrt(-a”2 + 1))/((a”7 - 2*%a”5 + a~3)*sqrt(-a”2 + 1)) +
(4% (bxx + a)~3*a~3%b~2x(sqrt(-1/(b*x + a)~2 + 1) - 1)73 + 10x(b*x + a) 2*a
“4xb~ 2% (sqrt(-1/(b*x + a)~2 + 1) - 1)72 - (b*x + a) 3*a*b~2x(sqrt(-1/(b*x
+a)”2 + 1) - 1)73 + (b*x + a)~2xa"2*b"2x(sqrt(-1/(b*x + a)"2 + 1) - 1)72
+ 16x(b*x + a)*a~3*b"2x(sqrt(-1/(b*x + a)"2 + 1) - 1) - 2*(b*x + a) " 2*b~2*
(sqrt(-1/(b*x + a)~2 + 1) - 1)72 - 7*(b*x + a)*a*xb~2*(sqrt(-1/(b*x + a)~2
+ 1) - 1) + 5xa™2xb"2 - 2*b~2)/((a"6 - 2*a~4 + a~2)*((b*x + a) 2x(sqrt(-1/
(b*x + a)~2 + 1) - 1)72 + 2x(bxx + a)*a*(sqrt(-1/(b*x + a)"2 + 1) - 1) + 1
)72) - (3*axb~2/(b*x + a) - 3*a"2xb"2/(b*x + a)~2 - b~2)*arccos(-1/((b*x +
a)*(a/(b*x + a) - 1) - a))/(a"3*(a/(b*x + a) - 1)73))

3.26.9 Mupad [F(-1)]

Timed out.

-1 acos(—L
/sec (a+bx) d.’l} / (a-{—bx) diI?

xt 4

\ J

input Eint (acos(1/(a + b*x))/x"4,%)

-

output Lint(acos(l/(a + b*xx))/x"4, x)

~—

3.26. [ sclotba) g

r4
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3.27 [ z*sec™!(a + bx)* dx

3.27.1 Optimalresult . . .. .. .. . . . .. . .. e 198
3.27.2 Mathematica [A] (warning: unable to verify) . . . . . .. ... ... ... .. 1991
3.27.3 Rubi [A] (verified) . . . . . . . . ... 2001
3.27.4 Maple [A] (verified) . . . ... . ... ... 202
3.27.5 Fricas [F] . . . . . . o o 203!
3.27.6 Sympy [F] . . . . . 203}
3.27.7 Maxima [F] . . . . . .
3.27.8 Giac [F(-2)] . . . . o o 204
3.27.9 Mupad [F(-1)] . . . . o 204

3.27.1 Optimal result

Integrand size = 12, antiderivative size = 381

+bz), /1 — —1~5sec™!(a + bx)
3 4 2,  ax  (a+ br)? (a (atbz)?
/w sec{atbo) dr = =35 + Tygp - 25
3a*(a + bz), /1 (a+bx)2 sec (a + bx)
_ b4
a(a +bz)?, /1 — i sec™'(a + bx)
+ x
~ (a+bx)3,/1— m sec™(a + bx) ~ atsec™!(a + bz)?
6b* 4
1 2iasec”(a + bzx) arctan (ei sec—l(a+bz)>
+ —xtsec(a + bz)? —
4 bt
_ 4ia”sec™ (a + ba) arctan (ei Sec_l(aerx)) log(a + bz)
bt 3pt
3a2log(a + bz) ‘aPolylog ( Zsec_l(‘”bx))
+ = + -
2ia? PolyLog (2 zsec—1<a+bz>>
+ i
ta PolyLog (2, ie Sec*l(a+bz)) 2ia3 PolyLog (2, iel sec*l(a+bz))
_ - _ -

327.  [zPsec™(a+bz)?dz
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output | —axx/b~3+1/12* (b*x+a) ~2/b~4-1/4*a"~4*arcsec (b*x+a) “2/b"4+1/4*x"4*arcsec (b*x
+a) "2-2*Ixa~3*polylog(2,I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b"4+2%I*a"3
*polylog(2,-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b"4+1/3*1n(b*x+a)/b~4+3
*a~2x1n (b*x+a) /b~4+I*axpolylog(2,-I*(1/(b*x+a)+I*(1-1/(b*x+a) 2)~(1/2)))/b
~4-2xIxaxarcsec (b*x+a)*arctan(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/b"4-4*xI*a
~3*arcsec(b*x+a)*arctan(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/b~4-I*a*polylog
(2,I*%(1/ (b*x+a)+I*(1-1/(b*x+a) "2)~(1/2)))/b~4-1/3* (b*x+a) *arcsec (bxx+a) * (1
-1/ (b*x+a)~2) " (1/2) /b~4-3*a~2* (b*x+a) *arcsec (b*x+a) * (1-1/ (b*x+a) ~2) ~(1/2)/
b~4+ax (b*x+a) “2*arcsec (b*x+a) *(1-1/(b*x+a) ~"2) ~(1/2) /b~4-1/6% (b*x+a) ~“3*arcs
ec(b*xx+a)*(1-1/(b*x+a)~2)~(1/2)/b~4

3.27.2 Mathematica [A] (warning: unable to verify)

Time = 8.39 (sec) , antiderivative size = 667, normalized size of antiderivative = 1.75

/x3 sec”(a + bz)? dz

(1 _ a )3 (240,(2 4 (1 + 2&2) sec_l(a + b.’L')z) + 2-+(—2+24a) sec ! (a+bz)+3(1—4a+12a2) sec™! (a+bz)2 + 16(1 +9

b: _ _ 1
a+bx 1+\/1 o)

inputLIntegrate[x‘B*ArcSec[a + b*x]~2,x] J

327.  [zPsec™(a+bz)?dz
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output | ((1 - a/(a + b*x)) " 3%(24*a*x(2 + (1 + 2*xa~2)*ArcSec[a + b*x]"2) + (2 + (-2
+ 24xa)*ArcSec[a + bxx] + 3x(1 - 4%a + 12*a~2)*ArcSec[a + b*x]~2)/(-1 + Sq
rt[1 - (a + b*x)~(-2)]) + 16%(1 + 9xa~2)xLogl[(a + b*x)~(-1)] - 24*a*x(1 + 2
*a~2)*((Pi - 2*ArcSec[a + b*x])*(Log[l - I/E~(I*ArcSec[a + b*x])] - Logl[1l
+ I/E~(I*ArcSec[a + b*x])]) - Pi*Log[Cot[(Pi + 2*ArcSec[a + b*x])/4]] + (2
*I)*(PolyLog[2, (-I)/E~(I*ArcSec[a + b*x])] - PolyLog[2, I/E~(I*ArcSec[a +
b*x])]1)) - (3*ArcSec[a + b*x]~2)/(Cos[ArcSec[a + b*x]/2] - Sin[ArcSec[a +
b*x]/2])"4 + (4xArcSec[a + b*x]*(1 + 6*axArcSec[a + b*x])*Sin[ArcSec[a +
b*x]/2]1)/(Cos[ArcSec[a + b*x]/2] - Sin[ArcSec[a + b*x]/2])"3 + (8*(2*ArcSe
cla + b*x] + 18+a"2*ArcSec[a + b*x] + 6*a~3*ArcSec[a + b*x]~2 + 3*ax(2 + A
rcSec[a + b*x]~2))*Sin[ArcSec[a + b*x]/2])/(Cos[ArcSec[a + b*x]/2] - Sin[A
rcSec[a + b*x]/2]) - (3*ArcSec[a + b*x]~2)/(Cos[ArcSec[a + b#*x]/2] + Sin[A
rcSec[a + b*x]/2])~"4 + (4*xArcSec[a + b*x]*(1 - 6*axArcSec[a + b*x])*Sin[Ar
cSec[a + b*x]/2])/(Cos[ArcSec[a + b*x]/2] + Sin[ArcSec[a + b*x]/2])"3 - (2
+ (2 - 24xa)*ArcSec[a + b*x] + 3*(1 - 4*xa + 12*xa~2)*ArcSec[a + b*xx]~2)/(C
os[ArcSec[a + b*x]/2] + Sin[ArcSec[a + b*x]/2])"2 - (8*(-2xArcSec[a + b*x]
- 18*a~2xArcSec[a + b*x] + 6*a~3*ArcSec[a + b*x]~2 + 3*a*(2 + ArcSec[a +
b*x]~2))*Sin[ArcSec[a + b*x]/2])/(Cos[ArcSec[a + b*x]/2] + Sin[ArcSec[a +
b*x]/2])))/(48%b~4* (-1 + a/(a + b*x))~3)

3.27.3 Rubi [A] (verified)

Time = 0.62 (sec) , antiderivative size = 357, normalized size of antiderivative = 0.94,
number of steps used = 7, number of rules used = 6, number of rules _ 0.500, Rules used

integrand size
= {5781, 25, 4926, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:c3 sec™(a + bx)? dzx

l5m1

[b3z3(a +bz)?, /1 — m sec”!(a + bx)?dsec(a + bx)

b4

| 25

[ =b3z3(a+ bx)?,/1 — m sec”!(a + bx)2dsec™(a + bx)

b4
l 4926

327.  [zPsec™(a+bz)?dz
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1biztsec(a +bz)? — 1 [ birtsec™!(a + bx)dsec™(a + bx)
ba
| 3042

1biztsec(a +bz)? — 1 [sec™l(a + bz) (a — csc (sec (a + bx) + %))4 dsec™(a + bz)
ba
| 4678

1btztsec™l(a + b2)? — § [ (sec™l(a + bx)a — 4(a + bz) sec™(a + bx)a® + 6(a + bz)? sec™!(a + bzr)a® — 4(a + b
b4

l 2009

bzt sec™(a + bx)? + 5 (—%a‘1 sec”!(a + bx)? — 8ia3sec™!(a + bx) arctan <e" Sec_l(“+b‘”)) + 4ia® PolyLog (2, —

-

inputLInt[x‘S*ArcSec[a + bkx]"2,x]

~—

output | ((b~4*x"4*ArcSec[a + b*x]"2)/4 + (-2xax(a + b*x) + (a + b*x)"2/6 - (2*(a +
b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x])/3 - 6%a"2x(a + b*x)*Sqrt[1
- (a + b*x)~(-2)]*ArcSec[a + bxx] + 2%ax(a + bxx) 2+Sqrt[1 - (a + b*x)~(-

2)]*ArcSec[a + b*x] - ((a + b*x)~3*Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x

1)/3 - (a"4*ArcSec[a + b*x]"2)/2 - (4*I)*axArcSec[a + b*x]*ArcTan[E~(I*Arc

Secla + b*x])] - (8*I)*a~3*ArcSec[a + b*x]*ArcTan[E~(I*ArcSec[a + b*x])] -
(2xLog[(a + b*x)~(-1)]1)/3 - 6*a~2+Logl[(a + b*x)~(-1)] + (2+I)*a*PolyLogl[2
, (-I)*E~(I*ArcSec[a + b*x])] + (4*I)*a~3*PolyLog[2, (-I)*E~(I*ArcSec[a +

bxx])] - (2xI)*axPolyLog[2, I*E~(I*ArcSec[a + b*x])] - (4*I)*a~3*PolyLogl[2

, I¥*E~(I*ArcSec[a + b*x])]1)/2)/b~4

3.27.3.1 Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

| —

-

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] \

327.  [zPsec™(a+bz)?dz
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rule 4678 Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

rule 4926 Int[((e_.) + (£f_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)1*((a_) + (b_.)*Secl(c
_) + (d_)*(x)1)"(n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + £f=*
x)"m*x((a + bxSec[c + d*x])~(n + 1)/(b*xd*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5781 Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_)*(x_))"(n
_.), x_Symbol] :> Simp[1/d"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe — cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
,» £}, x] && IGtQ[p, O] && IntegerQ[m]

3.27.4 Maple [A] (verified)

Time = 1.44 (sec) , antiderivative size = 673, normalized size of antiderivative = 1.77

method result

2 2 2 2 4
_arcsec(bx+a)2a3(bx+a)+Barcsec(bx+z;) a“(bz+a) _arcsec(bx+a)2a(bx+a)3+arcsec(bz+Z) (bz+a) _3 arcsec(bx-{—a)

derivativedivides
_ arcsec(bx+a)2a3 (bx+a)+ 3 arcsec(bq;+,12)2 a2(bm+a)2 —arcsec(bz+a)2a(bx+a)3+ arcseC(bz+Z)2(b$+a)4 _3 arcsec(bz—i—a)
default
inputtint(x‘B*arcsec(b*x+a)‘2,x,method=_RETURNVERBOSE) J

327.  [zPsec™(a+bz)?dz
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203

output

1/b~4* (-arcsec (b*x+a) “2*a~3* (b*x+a) +3/2*arcsec (b*x+a) ~2*a~2* (bxx+a) “2-arcs
ec(b*xx+a) ~2*ax* (b*x+a) ~3+1/4*arcsec (b*x+a) ~2* (bxx+a) ~4-3*arcsec (bxx+a) * (((b
*x+a) ~2-1)/(b*x+a) ~2) " (1/2) *a~2* (b*x+a) +arcsec (b*x+a) * (((b*x+a) ~2-1) / (b*x+
a)~2) " (1/2)*ax(bxx+a) “2-1/6*arcsec (b*x+a) * (((bxx+a) “2-1) / (b*x+a) ~2) ~(1/2) *
(b*x+a) ~3-3*I*a”~2*arcsec (b*x+a)-1/3*arcsec (b*x+a) * (((b*x+a) ~2-1) / (b*x+a) "2
)~ (1/2) * (bxx+a)+I*dilog (1+I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2) ~(1/2)))*a-(b*x+a)
*a+1/12* (b*xx+a) ~2-1/3*1n(1+(1/ (b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2))~2)+2/3*1n(1
/ (bxx+a)+I*(1-1/(b*x+a)~2)~(1/2))-3*1n(1+(1/ (b*xx+a)+I*(1-1/(b*x+a)~2) ~(1/2
))"2)*a~2+6*x1n(1/ (b*x+a)+I*(1-1/(b*x+a) ~2) ~(1/2) ) *a~2-2x1n (1+I*(1/ (b*x+a)+
Ix(1-1/(b*x+a)~2)~(1/2)))*a"3*arcsec (b*x+a)+2*x1n(1-I*(1/ (b*x+a)+I*(1-1/(b*
x+a) "2)~(1/2)) ) *a~3*arcsec (b*x+a)-1/3*I*arcsec (b*x+a)-2*I*xdilog(1-I*(1/ (b*
x+a)+Ix(1-1/(b*x+a) "2)~(1/2)))*a~3-1n(1+I*(1/ (b*x+a)+I*(1-1/(b*x+a) ~2)~(1/
2)))*a*arcsec(bxx+a)+1n(1-I*(1/ (b*x+a)+I*(1-1/(b*xx+a)~2)~(1/2)))*a*arcsec(
b*x+a)-I*dilog(1-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a+2*xIxdilog(1+I*(1
/ (bxx+a) +I*(1-1/(b*x+a)~2)~(1/2)))*a"3)

3.27.5 Fricas [F]

/x3 sec !(a + br)* dx = /m3 arcsec (bz + a)® dz

input‘

integrate(x~3*arcsec(b*x+a)~2,x, algorithm="fricas")

-

outputt

integral (x~3*arcsec(b*x + a)~2, x)

| —

3.27.6 Sympy [F]

/m?’ sec !(a + bzx)* dr = /x3 asec? (a + br) dz

input‘integrate(x**3*asec(b*x+a)**2,x)

-

output

N

Integral (xx*3*asec(a + bxx)**2, x)

327.  [zPsec™(a+bz)?dz
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3.27.7 Maxima [F]

/x3 sec ' (a + bx)?dr = /x?’ arcsec (bz + a)® dz

p
inputLintegrate(x“3*arcsec(b*x+a)“2,x, algorithm="maxima")

| —

output | 1/4*x"4*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/16%x"4*log(b~2*x
~2 + 2*%axb*x + a”2)72 - integrate(1/4*(2*sqrt(b*x + a + 1)*sqrt(b*x + a -

1) *b*x~4*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 4x(b"3%x"6 + 3*a*b”
2%x75 + (3%¥a”2 - 1)*b*x"4 + (a”3 - a)*x"3)*log(b*x + a)~2 - (b"3*x"6 + 2%a
*b"2*%x75 + (2”2 - 1)*b*x"4 + 4x(b"3*x"6 + 3%axb~2*x”5 + (3%¥a”2 - 1)*b*x"4

+ (a3 - a)*x"3)*log(b*x + a))*log(b™2*x"2 + 2xa*b*x + a~2))/(b"3*x"3 + 3%
axb"2*xx"2 + a~3 + (3*a”"2 - 1)*b*x - a), x)

3.27.8 Giac [F(-2)]

Exception generated.

/ r3sec™(a + bz)? dz = Exception raised: RuntimeError

inputLintegrate(x“3*arcsec(b*x+a)“2,x, algorithm="giac")

output‘Exception raised: RuntimeError >> an error occurred running a Giac command
‘:INPUT:sage20UTPUT:sym2poly/r23ym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

3.27.9 Mupad [F(-1)]

2
/w?’sec_l(a—l—bx)zdx:/x3acos( ! ) dx
a+bz

Timed out.

-

input  int(x~3*acos(1/(a + b*x))~2,x)

N

outputtint(x‘B*acos(l/(a + b*x))"2, x)

327.  [zPsec™(a+bz)?dz
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3.28 [ z*sec™!(a + bx)* dx

3.28.1 Optimalresult . . . . .. .. . ... .. 205
3.28.2 Mathematica [A] (warning: unable to verify) . . . . . .. ... ... ... ..
3.28.3 Rubi [A] (verified) . . . . . . .. .. 207
3.28.4 Maple [A] (verified) . . . ... . ... ... 209
3.28.5 Fricas [F] . . . . . o o o 209
3.28.6 Sympy [F] . . . . . . 210
3.28.7 Maxima [F] . . . .. ... . 2101
3.28.8 Giac [F] . . . . . . 2101
3.28.9 Mupad [F(-1)] . . . . o o 211

3.28.1 Optimal result

Integrand size = 12, antiderivative size = 288

2a(a + bz), /1 — =z sec”!(a + bz)
/z2 sec '(a+ bx)?dr = = 4 o)

3b? b3

(a+ bz)Qmsec—l(a + bz) + a’sec™(a + bx)?
3b3 3b3
2isec™!(a + br) arctan (ei Sec_l(a%w))
3b3
4’ia2 SeC_l(a + b:L‘) arctan <ei SeC_l(a+b:1:)>
b3

2alog(a + bx) 1 PolyLog (2, —1ie
a b3 N 3b3

2ia? PolyLog (2, el sec—1<a+bx)>
_ g
i PolyLog <2, ie’ Sec_l(a%x)) 2ia” PolyLog (2, i€ Sec_l(aerw))

353 + =

1
+ §x3 sec ' (a + bz)? +

+

isec™!(a+bx) )

_|_

3.28.  [z%sec(a+bz)dz
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output | 1/3*x/b~2+1/3*a"3*arcsec (b*xx+a) ~2/b"3+1/3*x"3*arcsec (b*x+a) ~2+2/3*I*arcsec

(b*x+a)*arctan(1/ (b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2)) /b~3+4xI*a~2%arcsec (b*x+a
)*arctan(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/b~3-2*a*1n(b*x+a) /b~3-1/3*I*po
1ylog(2,-I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b~3-2%I*a"~2*polylog(2,-I*(
1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b~3+1/3*I*polylog(2,I*(1/(b*x+a)+I*(1-
1/ (b*x+a)~2)~(1/2))) /b~ 3+2xI*a"2*polylog(2,I*(1/ (bxx+a)+I*(1-1/(b*x+a)~2)"
(1/2))) /b~3+2%a* (bxx+a) *arcsec (b*x+a) * (1-1/(b*x+a) ~2) ~(1/2) /b~3-1/3* (b*x+a
) "2*arcsec (b*x+a)*(1-1/(b*x+a) ~2)~(1/2)/b~3

3.28.2 Mathematica [A] (warning: unable to verify)

Time = 4.59 (sec) , antiderivative size = 473, normalized size of antiderivative = 1.64

/x2 sec”'(a + bz)? dz

4+ 2(1+ 6a®)sec(a + bx)? + sec_l(ﬁbx)iv;l%al) sec”(a+b2)) | 94q10g (%) +2(—1 —6a?) <(7r — 25se
B  (atba)?

input‘Integrate[x“2*ArcSec[a + b*x]~2,x] ‘

output | (4 + 2x(1 + 6*a"2)*ArcSec[a + b*x]"2 + (ArcSec[a + b*x]*(2 + (-1 + 6*a)*Ar
cSecl[a + bxx]))/(-1 + Sqrt[1 - (a + b*x)~(-2)]) + 24*a*Logl[(a + b*xx)~(-1)]
+ 2x(-1 - 6*%a”2)*((Pi - 2*ArcSec[a + b*x])*(Log[l - I/E~(I*ArcSec[a + b*x
D] - Log[1l + I/E~(I*ArcSec[a + b*x])]) - PixLogl[Cot[(Pi + 2*ArcSec[a + Db*
x])/4]1]1 + (2xI)*(PolyLog[2, (-I)/E~(I*ArcSec[a + b*x])] - PolyLogl[2, I/E~(
IxArcSec[a + b*x])])) + (2*ArcSec[a + b*x] ~2*Sin[ArcSec[a + b*x]/2])/(Cos[
ArcSec[a + b*x]/2] - Sin[ArcSec[a + b*x]/2])"3 + (2*(2 + 12*a*ArcSec[a + b
*x] + (1 + 6*a~2)*ArcSec[a + b*x]~2)*Sin[ArcSec[a + b*x]/2])/(Cos[ArcSec[a
+ b*x]/2] - Sin[ArcSec[a + b#*x]/2]) - (2*ArcSec[a + b*x]~2*Sin[ArcSec[a +
b*x]/2])/(Cos[ArcSec[a + b*x]/2] + Sin[ArcSec[a + b*x]/2])"3 + (ArcSecla
+ b*xx]*(2 + (1 - 6*a)*ArcSec[a + b*x]))/(Cos[ArcSec[a + b*x]/2] + Sin[ArcS
ec[a + bxx]/2])72 - (2*x(2 - 12*a*ArcSec[a + b*x] + (1 + 6*a”2)*ArcSec[a +
b*x]~2)*Sin[ArcSec[a + b*x]/2])/(Cos[ArcSec[a + bxx]/2] + Sin[ArcSec[a + b
*x]/2]))/(12%xb~3)

3.28.  [z%sec(a+bz)dz
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3.28.3 Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 271, normalized size of antiderivative = 0.94,

=5 number of rules _ 417,

Rules used
integrand size

number of steps used = 6, number of rules used =
= {5781, 4926, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/m2 sec™(a + bx)? dz

| 5781

[ b2z2(a + bz)?, /1 (a+bz)2 sec™!(a + bx)%dsec ! (a + bx)
b3
| 4926

2 [ —bPa3sec(a + bz)dsec™!(a + bx) + 36323 sec™! (a + bz)?
b3
| 3042

2 [sec™'(a + bz) (a — csc (sec™ (a + bz) + g))g’ dsec™(a + bz) + 1b3z3 sec™!(a + bx)?
B3
| 4678

2 [ (sec™(a + bz)a® — 3(a + bz) sec™(a + bz)a® + 3(a + bz)? sec ™ (a + bz)a — (a + bz)®sec™!(a + bz)) dsec™!

b3
l 2009

3033 sec™ (a + bz)? + ( a®sec(a + bz)? + 6ia® sec™1(a + bx) arctan ( ”ec_l(”b“’)) — 3ia? PolyLog (2, —ie’

;
input Int[x"2*ArcSec[a + b*x]~2,x]

3.28.  [z%sec(a+bz)dz
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output  ((b~3*x~3*ArcSecl[a + b*x]~2)/3 + (2x((a + b*x)/2 + 3*ax(a + b*x)*Sqrt[1 -
(a + b*x)~(-2)]*ArcSec[a + b*x] - ((a + b*x)"2*Sqrt[1 - (a + b*x)~(-2)]*Ar
cSec[a + b*x])/2 + (a"3*ArcSec[a + b*x]~2)/2 + I*ArcSec[a + b*x]*ArcTan[E~
(I*ArcSec[a + bxx])] + (6*I)*a~2+ArcSec[a + b*x]*ArcTan[E~ (I*ArcSec[a + b*
x])] + 3%a*xLogl(a + b*x)~(-1)] - (I/2)*PolyLogl[2, (-I)*E~(I*ArcSecl[a + b*x
1)1 - (3*xI)*a~2+PolyLogl[2, (-I)*E~(I*ArcSec[a + b*x])] + (I/2)*PolyLogl2,
I*E~(I*ArcSec[a + b*x])] + (3*I)*a~2xPolyLog[2, I*E~(I*ArcSec[a + b*x])]))
/3)/073

3.28.3.1 Defintions of rubi rules used

rukaZOOQLInt[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] J

ruk33042‘Int[u_, x_Symbol] :> Int([DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x] \

rule 4678 | Int [(csc[(e_.) + (f_.)*(x_)1*(b_.) + (a)) " (n_.)*((c_.) + (d_.)*(x_.))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4926 Int[((e_.) + (f_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Sec[(c
_) + @ D)*(x)01D) " (n_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*((a + bxSec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(bxd*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5781 Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
*e¢ - c*xf + f*xSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, £}, x] && IGtQ[p, 0] && IntegerQ[m]

3.28.  [z%sec(a+bz)dz
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3.28.4 Maple [A] (verified)

Time = 1.51 (sec) , antiderivative size = 498, normalized size of antiderivative = 1.73

method result

arcse

(ba:+a)271
e

2 3
arcsec(bz+a)2a? (bw—i—a)—arcsec(bw+a)2a(bw+a)2+arcsec(bm+;) (bzt+a)” 1o arcsec(bz+a) bota)

a(bz+a)—
derivativedivides

(b1:+a)2_1 b arcse
Ty 07O

2 3
arcsec(bw—i—a)zaz(bz-{—a)—arcsec(bz+a)2a(bz+a)2+arcsec(bm"':‘;) (bzt+a)” 1o arcsec(bz+a)

default

inputLint(x‘2*arcsec(b*x+a)”2,x,method=_RETURNVERBOSE) J

output | 1/b" 3% (arcsec (b*x+a) ~2*a~2* (b*x+a)-arcsec (b*x+a) ~2*a* (b*x+a) ~2+1/3*arcsec(
bxx+a) “2* (b*x+a) ~3+2*arcsec (bxx+a) *x (((b*x+a) "2-1) / (b*x+a) ~2) "~ (1/2) *a* (b*x+
a)-1/3*arcsec (b*x+a)* (((b*x+a) ~"2-1)/(b*x+a) ~2) " (1/2) * (b*x+a) "2+2*I*dilog(1
-I*(1/ (b*x+a)+I*x(1-1/(b*x+a)~2)~(1/2)))*a~2+1/3*xb*xx+1/3*a+1/3*arcsec (b*x+a
Y*1In(1+I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))-1/3*arcsec(b*x+a)*1n(1-I*(1/
(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))+1/3*I*xdilog(1-I*(1/(b*x+a)+I*(1-1/(b*x+a
)"2)7(1/2)))+2*I*arcsec (b*x+a)*a+2*x1n (1+(1/ (b*x+a)+I*(1-1/(b*x+a)~2) ~(1/2)
)"2)*a-4*1n(1/ (b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2))*a-2*I*dilog(1+I*(1/(b*x+a)+
Ix(1-1/(b*x+a)~2)~(1/2)))*a~2-1/3*I*dilog(1+I*(1/(b*x+a)+I*(1-1/(b*x+a)"2)
~(1/2)))+2*x1n(1+I*(1/ (b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2)))*a"2*arcsec (bxx+a)-2
*1n(1-I*(1/ (b*x+a)+I*x(1-1/(b*x+a) ~2) ~(1/2)))*a~2*arcsec (b*x+a))

3.28.5 Fricas [F]

/x2 sec ' (a + bx)?dr = /m2 arcsec (bz + a)® dz

inputLintegrate(x“2*arcsec(b*x+a)“2,x, algorithm="fricas") J

output

integral (x"2*arcsec(b*x + a)~2, x)

N\ J

3.28.  [z%sec(a+bz)dz



CHAPTER 3. LISTING OF INTEGRALS

210

3.28.6 Sympy [F]

/xz sec”!(a + bzx)* dr = /x2 asec? (a + br) dz

inputLintegrate(x**2*asec(b*x+a)**2,x)

~—

-

output

Integral (xx*2*asec(a + bxx)**2, x)

-

i

3.28.7 Maxima [F]

/a:2 sec ' (a + bx)?dr = /x2 arcsec (bz + a)® dz

-

inputtintegrate(x‘2*arcsec(b*x+a)‘2,x, algorithm="maxima")

~—

output | 1/3*x"3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/12xx"3x1log(b~2*x
~2 + 2*%axb*x + a”2)"2 - integrate(1/3*(2*sqrt(b*x + a + 1)*sqrt(b*x + a -
1) ¥bxx~3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3*(b"3*x"5 + 3*axb”
2%x74 + (3*a”2 - 1)*b*x"3 + (2”3 - a)*x"2)*log(b*x + a)~2 - (b™3*x"5 + 2%a
*b"2xx"4 + (2”2 - 1)*b*x"3 + 3*(b"3%x"5 + 3*a*xb"2*%x"4 + (3%a”2 - 1)*b*x"3
+ (273 - a)*x"2)*log(b*x + a))*log(b~2*x"2 + 2*a*b*x + a~2))/(b"3*x"3 + 3%
axb™2*xx"2 + a”3 + (3*%a”2 - 1)*b*x - a), x)

3.28.8 Giac [F|

/x2 sec !(a + bx)’dr = /x2 arcsec (bz + a)® dz

inputLintegrate(x‘2*arcsec(b*x+a)‘2,x, algorithm="giac")

output integrate(x~2*arcsec(b*x + a)~2, x)

N\

3.28.  [z%sec(a+bz)dz
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3.28.9 Mupad [F(-1)]

/x2 sec '(a + bz)?dr = /x2 acos(

Timed out.

input Lint (x"2*xacos(1/(a + b*x))~2,x)

- 4

output Lint(x“2*acos(1/(a + b*x))~2, x)

3.28.  [z%sec(a+bz)dz
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3.29 [zsec™Ha + bz)* dzx

3.29.1 Optimalresult . . . . . . .. . ... .. 212
3.29.2 Mathematica [A] (verified) . . . . . . ... ... .. L Lo oL 213
3.29.3 Rubi [A] (verified) . . . . . ... .. 213
3.29.4 Maple [A] (verified) . ... ... ... ... 215
3.20.5 Fricas [F] . . . . . o o o 215
3.29.6 Sympy [F] . . . . . . 216
3.29.7 Maxima [F] . . . . . ... . 216
3.20.8 Giac [F] . . . . . o 216
3.29.9 Mupad [F(-1)] . . . . . o 217

3.29.1 Optimal result

Integrand size = 10, antiderivative size = 154

(a+bz),/1 — ——=zsec”}(a + bx)
/zsec_l(a +bz)?dr = — ( ; )
2 np—1 2
_a’sec”'(a + bz) + 19}2 sec=1(a + ba)?

2b2 2
- b? b2
2ia PolyLog (2, —iet Sec_l(a+bw)> 2ia PolyLog <2, iel sec_l(a-l—bar:))
+ 2 - -~

-1/2*a"2*arcsec (b*x+a) “2/b"2+1/2*x"2*arcsec (b*x+a) “2-4*xI*a*arcsec (bxx+a) *a
rctan(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/b~2+1n(b*x+a) /b~ 2+2*I*a*polylog(2
,—I*(1/ (b*x+a)+I*(1-1/(bxx+a)"2)~(1/2))) /b"2-2*%I*a*polylog(2,I*(1/(b*x+a)+
Ix(1-1/(b*x+a)~2)~(1/2)))/b"2-(b*x+a)*arcsec (b*x+a)* (1-1/(b*x+a)~2)~(1/2)/
b~2

329. [zsec'(a+bz)?dx
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3.29.2 Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 144, normalized size of antiderivative = 0.94

/z sec”(a + bz)? dx

— ((a +bzx),/1 (a+bm)2 sec (a + bx)) — a(a + bz) sec™(a + bz)? + 3 (a + bz)?sec™!(a + bz)? — diase

input

Integrate[x*ArcSec[a + b*x]~2,x]

N J

output‘ (-((a + b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x]) - a*(a + b*x)*ArcSe ‘
‘c[a + b*x] "2 + ((a + b*x) 2xArcSec[a + b*xx]~2)/2 - (4%I)*axArcSec[a + b*x] ‘
‘*ArcTan[E‘(I*ArcSec [a + bxx])] + Logla + b*x] + (2*I)*a*PolyLogl[2, (-I)*E~" ‘
| (I*ArcSec[a + b#x])] - (2*I)*a*PolyLog[2, I*E~(I*ArcSec[a + b*x])])/b~2 |

3.29.3 Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.95,
number of steps used = 7, number of rules used = 6, Lumber of rules _ ( 544 Ryles used

integrand size
= {5781, 25, 4926, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:c sec™(a + bx)? dx

l5m1

[ bz(a +bz)?,/1 (a+bm)2 sec™!(a + bx)3dsec™!(a + bx)

l 25
J =ba(a+b2)?\ /1 — ey sec™ (a + bz) dsec™ (a + bx)

b2
l'4926

tb%z2sec™(a + bz)? — [ b2z sec™(a + bx)dsec(a + bz)
b2
| 3042

329. [zsec'(a+bz)?dx
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16222 sec™(a + bx)? — [sec™(a + bz) (a — csc (sec™(a + bx) + %))2 dsec™!(a + bx)
b2
| 4678

2b%z?sec™(a + bz)? — [ (sec™!(a + bz)a® — 2(a + bz) sec™(a + bz)a + (a + bzr)?sec™(a + bx)) dsec™(a + bz
b2
| 2009

—1a%sec™!(a + bx)? — diasec™!(a + bz) arctan (ei Sec_l(“"‘b"")) + 26222 sec™!(a + bx)? + 2ia PolyLog (2, —jetsec
b2

input LInt [x*ArcSec[a + b*x]~2,x] J

output‘ (-((a + b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x]) - (a"2*ArcSec[a + b ‘
¥x]172)/2 + (b~2%x"2*ArcSec[a + b¥x]"2)/2 - (4*I)*axArcSec[a + bxx]*ArcTan([ |
|E~(IxArcSec[a + bxx])] - Logl(a + b¥x)~(-1)] + (2*I)*a*PolyLogl[2, (-I)*E"(
‘I*ArcSec [a + bxx])] - (2xI)*a*PolyLog[2, I*E~(I*ArcSec[a + b*x])])/b~2 ‘

3.29.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] ‘

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul ‘

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 | Int [(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a ))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“"m, (a + bx*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, ¢, d, e, £, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

329. [zsec'(a+bz)?dx
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rule 4926

Int[((e_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Secl[(c
_) + @ )*x(x )1 " (a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + £fx*
x)"mx((a + bxSec[c + d*x])~(n + 1)/(b*xd*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5781

e

input t

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f£_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe — cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
,» £}, x] && IGtQ[p, O] && IntegerQ[m]

3.29.4 Maple [A] (verified)

Time = 0.95 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.46

method result
—a (arcsec(bav—l—a)2 (bz+a)+2 arcsec(bz+a) In (1-|—i (ﬁ—l—z} /1— m) ) —2 arcsec(bz+a) In (l—i (ﬁ+i /1—
derivativedivides
—a (a,rcsec(b:m—i-a,)2 (bz+a)+2 arcsec(bz+a) In (1+i (ﬁ—i—i /1— *12) ) —2 arcsec(bz+a) In (1—i (# +i,/1—
(bz+a) bz+a
default

int (x*arcsec(b*x+a) ~2,x,method=_RETURNVERBOSE)

~—

output

1/b"2* (-a* (arcsec (b*x+a) ~2* (b*x+a)+2*arcsec (bxx+a) *1n (1+I* (1/ (b*xx+a)+I*(1-
1/ (b*xx+a) ~2) ~(1/2)))-2*arcsec (b*x+a) *1n (1-I*(1/ (b*x+a)+I*(1-1/(b*x+a) ~2) ~(
1/2)))-2*I*dilog(1+I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))+2*I*dilog(1-I*(1
/ (bxx+a) +I*(1-1/(b*x+a) ~2) ~(1/2))))+1/2*arcsec (b*x+a) ~2x (b*x+a) ~2-arcsec(b
*x+a) * (((b*x+a) ~2-1) /(b*x+a) ~2) ~(1/2) * (b*x+a)-1n(1/ (b*x+a)))

p
input Lintegrate (x*arcsec(b*x+a)~2,x, algorithm="fricas")

3.29.5 Fricas [F]

/x sec ' (a + bx)?dr = /a: arcsec (bx + a)” dz

-/

329. [zsec'(a+bz)?dx
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output‘ integral (x*arcsec(b*x + a)~2, x)

3.29.6 Sympy [F]

/zsec_l(a +bz)? dz = /xase02 (a + bzx) dx

input Lintegrate (x*asec (b*x+a)**2,x)

outputLIntegral(x*asec(a + b*x)**2, Xx)

3.29.7 Maxima [F]

/x sec ' (a + bx)?dz = /x arcsec (bz + a)® dz

inputLintegrate(x*arcsec(b*x+a)“2,x, algorithm="maxima"

output | 1/2*x~2*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a — 1))72 - 1/8%x"2xlog(b 2*x"
2 + 2xa*bxx + a”2)"2 - integrate(1/2*(2*sqrt(b*x + a + 1)*sqrt(b*x + a - 1
) ¥b*x~2*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 2%(b~3*x"4 + 3*a*b~2
*x"3 + (3%a”2 - 1)*bxx"2 + (a”3 - a)*x)*log(b*x + a)~2 - (b~3*x"4 + 2*axb”
2%x"3 + (2”2 - 1)*b*x"2 + 2%x(b"3*x74 + 3*a*b”2*x"3 + (3*a”2 - 1)*b*x"2 + (
a”3 - a)*x)*log(b*x + a))*log(b~2*x"2 + 2¥axb*x + a~2))/(b~3%x"3 + 3*axb~2
*x"2 + a”3 + (3%a”2 - 1)*b*x - a), x)

3.29.8 Giac [F]

/w sec !(a + bx)’dr = /m arcsec (bz + a)? dz

inputLintegrate(x*arcsec(b*x+a)“2,x, algorithm="giac")

—

output Lintegrate (xxarcsec(b*x + a)~2, x)

329. [zsec'(a+bz)?dx
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3.29.9 Mupad [F(-1)]

/xsec_l(a +bz)?dr = /xacos(

Timed out.

p
input Lint (x*acos(1/(a + b*x))~2,x)

- 4

output Lint(x*acos(l/(a + b*x))"2, x)

329. [zsec'(a+bz)?dx
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3.30 [secHa + bx)* dzx

3.30.1 Optimalresult . . . . .. ... ... . 218]
3.30.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 218
3.30.3 Rubi [A] (verified) . . . . . . ... .. 219
3.30.4 Maple [A] (verified) . . . . ... .. ... 221]
3.30.5 Fricas [F] . . . . . o o o 221]
3.30.6 Sympy [F] . . . . . .
3.30.7 Maxima [F] . . . . . ...
3.30.8 Giac [F] . . . . o 222
3.30.9 Mupad [F(-1)] . . . . o 223

3.30.1 Optimal result

Integrand size = 8, antiderivative size = 94

2 4isec™!(a + bx) arctan (esec (a+02)
[t a o as = I 0 )" ; ( )

2deyLog(2 ““‘WWM@) 2@PmyLog(2Jeww—%ww@)

B b + b

output‘(b*x+a)*arcsec(b*x+a)“2/b+4*I*arcsec(b*x+a)*arctan(l/(b*x+a)+I*(1-1/(b*x+a
\)*2)*(1/2))/b—z*I*polylog(2,—I*(1/(b*x+a)+I*(1-1/(b*x+a)‘2)‘(1/2)))/b+2*I*
' polylog(2,T*(1/ (b¥x+a)+I*(1-1/ (bxx+a)"2)~(1/2))) /b |

3.30.2 Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.18

/sec_l(a + bzx)*dz

sec_l(a + bz) <(a + bz) sec™ (a + b:(:) -2 log ( etsec” (a-l—bac)) +92 log <1 + Zezsec—l(a+bx)>> —92% PolyL
b

input LIntegrate [ArcSec[a + b*x]~2,x]

~—

3.30.  [sec'(a+bz)*dzx



CHAPTER 3. LISTING OF INTEGRALS 219

output‘ (ArcSec[a + b*x]*((a + bxx)*ArcSec[a + b*x] - 2xLog[l - I*E~(I*ArcSec[a + ‘
‘b*x])] + 2%Log[1 + I*E~(I*ArcSec[a + b*x])]) - (2+I)#*PolyLog[2, (-I)*E~(I*
‘ArcSec [a + bxx])] + (2+I)*PolyLog[2, I*E~(I*ArcSec[a + b*x])])/b ‘

3.30.3 Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.95, number
of steps used = 8, number of rules used = 7, Bumber of rules _ , g75 Ryjleg ysed = {5775,

integrand size
5739, 4244, 3042, 4669, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/sec_l(a + bx)? da
| 5775

[ sec™Y(a + bz)2d(a + bx)
b

l'5739

[(a+bz)?,/1 (a+b (atbayE SeC” L(a + bx)%dsec™!(a + bx)

b
l 4244

(a+bz)sec™(a + bz)? — 2 [(a + bz)sec™!(a + bz)dsec(a + bz)
b

l 3042

(a+ bz)sec ! (a +bx)? — 2 [sec™!(a + bz) csc (sec ™ (a + bz) + § ) dsec™!(a + bx)
b

l 4669

(a + bx)sec™!(a + bx)? — 2( [ log ( ’Sec_l(“b’”)) dsec™(a +bz) + [log (1 + ieisec_l(aer"”)) dsec™(a +1
b

l 2715

(a + bm) sec_l(a + biL‘)2 _ 2(i f et sec”!(a+bx) log (1 — jét sec_l(a+bz)> de’ sec”!(a+bz) _ i f et sec”!(a+bzx) log (1 + 4
b

l 2838

3.30.  [sec'(a+bz)*dzx
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(a + bx)sec™!(a + bx)? — 2 (—22’ sec”!(a + bx) arctan <ei Sec_l(‘”bx)) + i PolyLog (2, —ieisec_l(a“be)) — i PolyLo
b

-

inputLInt[ArcSec[a + b*x]"2,x]

| —

output‘((a + b*x)*ArcSec[a + b*x] "2 - 2x((-2xI)*ArcSec[a + b*x]*ArcTan[E~ (I*ArcSe
‘cla + b¥x])] + IxPolyLog[2, (-I)*E~(IxArcSec[a + b¥x])] - I¥PolyLogl2, I+E
~(I*ArcSeca + b*x])1))/b |

3.30.3.1 Defintions of rubi rules used

rule 2715 | Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

rule 2838 | Int [Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLog[2
» (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4244 Int[(x_)~(m_.)*Sec[(a_.) + (b_.)*(x_)"(n_.)]1"(p_.)*Tan[(a_.) + (b_.)*(x_)"(
n_.)]1"(q_.), x_Symbol] :> Simp[x~(m - n + 1)*(Sec[a + b*x"n] p/(b*n*p)), x]

- Simp[(m - n + 1)/ (b*n*p) Int[x"(m - n)*Sec[a + b*x™n]"p, x], x] /; Fre
eQ[{a, b, p}, x] && IntegerQ[n] && GeQ[m, n] && EqQ[q, 1]

rule 4669 Int[csc[(e_.) + Pix(k_.) + (f_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 :> Simp[-2*(c + d*x) “m*(ArcTanh[E~ (I*k*Pi)*E~(Ix(e + £x*x))1/f), x] + (-Si
mp[d*(m/f) Int[(c + d*x)~(m - 1)*Log[l - E~(I*k*Pi)*E~(I*(e + f*x))], x],
x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x
M1, x1, x]1) /; FreeQl{c, d, e, £}, x] && IntegerQ[2+k] && IGtQ[m, O]
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rule 5739 Int[((a_.) + ArcSec[(c_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[i/c  Subst[
Int[(a + b*x) n*Sec[x]*Tan[x], x], x, ArcSec[c*x]], x] /; FreeQ[{a, b, c, n
}, x] && IGtQ[n, O]

rule 5775 Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.), x_Symbol]l :> Simp[1/d
Subst [Int[(a + b*ArcSec[x])”p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4},
x] && I1GtQ[p, O]

3.30.4 Maple [A] (verified)

Time = 0.54 (sec) , antiderivative size = 162, normalized size of antiderivative = 1.72

method result
arcsec(bz+a)? (br+a)+2 arcsec(bz+a) In (1+i (ﬁ—i—i /1— m) ) —2 arcsec(bz+a) In (1—2’ (ﬁ—l—i /1— (bzi
derivativedivides 5
arcsec(bz—+a)? (br+a)+2 arcsec(bz+a) In (1+i (ﬁ+z 1- m) ) —2 arcsec(bz+a) In (l—i (ﬁ+z /1— (baHl-‘
default 5

inputLint(arcsec(b*x+a)‘2,x,method=_RETURNVERBOSE)

output ‘ 1/bx* (arcsec (b*x+a) “2* (b*x+a) +2*arcsec (b*x+a) *1n (1+I* (1/ (b*x+a) +I*(1-1/ (b*x
‘+a)“2)”(1/2)))-2*arcsec(b*x+a)*ln(l—I*(1/(b*x+a)+I*(1—1/(b*x+a)“2)”(1/2)))
\-2*I*dilog(1+I*(1/(b*x+a)+I*(1-1/(b*x+a)‘2)“(1/2)))+2*I*dilog(1—I*(1/(b*x+
|a)+I*(1-1/(b*x+a)~2)"(1/2))))

3.30.5 Fricas [F]

/ sec !(a + bx)’dx = /arcsec (bz + a)’® dx

inputLintegrate(arcsec(b*x+a)‘2,x, algorithm="fricas")

output Lintegral(arcsec(b*x +a)72, x)

3.30.  [sec'(a+bz)*dzx
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3.30.6 Sympy [F]

/sec_l(a + bz)?dz = /ase02 (a+ bzx) dx

input Lintegrate (asec(b*x+a)**2,x)

output

Integral(asec(a + b*x)**2, x)

-

3.30.7 Maxima [F]

/sec‘l(a +br)? dx = /arcsec (bx + a)® dz

/

inputtintegrate(arcsec(b*x+a)‘2,x, algorithm="maxima")

~—

output | x*arctan(sqrt (bxx + a + 1)*sqrt(b*x + a - 1))72 - 1/4*xx1log(b~2%x"2 + 2*a*
bxx + a”2)"2 - integrate((2*sqrt(b*x + a + 1)*sqrt(b*x + a - 1)*b*x*arctan
(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (b™3%x73 + 3*a*b™2*x"2 + a”3 + (3%
a"2 - 1)*bxx - a)*log(b*x + a)~2 - (b™3*x"3 + 2xaxb"2*x"2 + (2”2 - 1)*bx*x

+ (b73%x"3 + 3*axb”2%x"2 + a”3 + (3*a”2 - 1)*b*x - a)*log(b*x + a))*log(d”
2%x72 + 2*xaxb*x + a”2))/(b"3*x"3 + 3*axb”2*x"2 + a”3 + (3*a”2 - 1)*bxx - a
), X)

3.30.8 Giac [F|

/ sec !(a + bx)’dr = /arcsec (bz + a)® dx

input Lintegrate (arcsec(b*x+a)~2,x, algorithm="giac") J

output Lintegrate (arcsec(b*x + a)~2, x) J

3.30.  [sec'(a+bz)*dzx
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3.30.9 Mupad [F(-1)]

/sec_l(a +bz)?dr = /acos(

Timed out.

input Lint (acos(1/(a + b*x))~2,x)

- 4

output Lint(acos(l/(a + b*x))~2, x)

3.30.  [sec'(a+bz)*dzx
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3.31 f sec™1 (cH—bm)2 dx

T
3.31.1 Optimalresult . . .. ... .. .. . . 224
3.31.2 Mathematica [B| (warning: unable to verify) . . . . . .. ... ... ... .. 2251
3.31.3 Rubi [A] (verified) . . . . .. ... .. 227
3.31.4 Maple [F] . . . . . . o 232
3.31.5 Fricas [F] . . . . . o o 233
3.31.6 Sympy [F] . . . . o 233
3.31.7 Maxima [F] . . . .. . . e 233
3.31.8 Giac [F] . . . . o 234
3.31.9 Mupad [F(-1)] . . . . o 234

3.31.1 Optimal result

Integrand size = 12, antiderivative size = 310

sec_l(a + b.’L‘)2 ae’ sec”!(a+bz)
dx = sec Y(a + bx)?log [1 - —————
/ T ( )"log 1—+1-—a?

aetsec” L(a+bzx) )

1++v1—a?
—sec !(a + br)?log (1 + e Sec_l(“+b’”)>
aet sec” ! (a+bzx) >

+ sec'(a + bx)*log <1 -

1—+vV1-a?
aet sec™1(a+bx) )

— 2isec™!(a + bx) PolyLog (2,

+ isec_l(a + bx) PolyLog (2, —e% sec_l(a+bx))

— 2isec™!(a + bx) PolyLog (2,

aetsec” L(a+bx)

1—+v1-—a?
1 o
-5 PolyLog (3, —g2isec 1(“+b“”))

+ 2PolyLog | 3, a—
Y g( 1++1—a?

isec™!(a+bx)
) + 2 PolyLog (3, ae )

331 [ slerbe)” gy

T
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output | —arcsec (b*x+a) ~2*x1n(1+(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)) ~2)+arcsec(b*x+a)
~2x1n(1-a*x(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))+arcsec(b
*xx+a) "2*1n(1-a*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)))+I*a
rcsec (b*x+a) *polylog(2,-(1/ (b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2))~2)-2*I*arcsec(
bxx+a)*polylog(2,a*(1/(bxx+a)+I*(1-1/(b*x+a)~2)"(1/2))/(1-(-a"2+1)~(1/2)))
-2*I*arcsec (b*x+a)*polylog(2,a*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1+(-a~
2+1)~(1/2)))-1/2*polylog(3,-(1/(b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2)) ~2)+2*polyl
0g(3,ax(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))+2*polylog(3
;ax(1/ (bxx+a)+Ix(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)))

3.31.2 Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 813 vs. 2(310) = 620.

331 [ slerbe)” gy

T
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Time = 1.82 (sec) , antiderivative size = 813, normalized size of antiderivative = 2.62

a + bx)?

/ sec™(

isec”!(a+bx)
dz = sec™*(a + bx)*log (1 + = )
T

—14++v1—a?
—-1+V1—a?) eisec‘1<a+bw>> B
—4sec  (a

+sec™(a + bzx)? log (1 + ( .

+ bx) arcsin

zsec_l(a+ba:)
+sec™!(a + bzx)*lo
ST 1+Vi-a?

1+M) isec”!(a+bx)

a

‘1:“ (=1 4 VI— @) eisee (otto)
log | 1+

a

> +4sec'(a

N (VI @) s e
lo g

\/_ a

— 2sec™(a + bz)*lo < glisec” (“‘”’m))

1
2(a+bm +1 \/ 1- (a+b:c)2>

a+ bx

(14 VI=@) (G5 +iy/1— Gy
a
/ —14a

V2

( 1+V1_a’2)<a+bw \/1_m)

a

1+ VI=a@) (s +i/1- g
a
/[ =1+a

V2

(1+\/1—a2)<a+bx 1/1-@)

a

+ sec™ a+bx (

+ bx) arcsin

+sec™'(a + bzx)?log

—sec”(a+bz)?log | 1+

+ 4sec”!(a + bx) arcsin log | 1

+

—sec *(a +br)?log | 1 —

— 4sec™'(a + bx) arcsin log | 1

eisec” L(a+bzx)

— 2isec”'(a + bx) PolyLog (2 —

3.31.

f sec_l(;—i-bx)2 dr -1+ \/1 — 0,2/
. 1 aet sec™!(a+bx)
— 22 sec (a + bx) POlyLOg 2, ﬁ
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input‘Integrate[ArcSec[a + bxx]~2/x,x]

output | ArcSec[a + bxx] 2xLog[1 + (a*E~(IxArcSec[a + b*x]))/(-1 + Sqrt[1 - a~2])]
+ ArcSec[a + b*x]"2#Log[l + ((-1 + Sqrt[1 - a~2])+*E~(I*ArcSecl[a + b#*x]))/a
] - 4xArcSec[a + b*x]*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Log[l + ((-1 + Sqgrt
[1 - a"2])*E~(I*ArcSec[a + b*x]))/a] + ArcSec[a + b*x] 2*Logl[1l - (a*E~(I*A
rcSec[a + b*x]))/(1 + Sqrt[1 - a"2])] + ArcSec[a + b*x] 2xLog[1 - ((1 + Sq
rt[1 - a”2])*E~(I*ArcSec[a + b*x]))/al + 4xArcSec[a + b*x]*ArcSin[Sqrt[(-1
+ a)/al/Sqrt[2]]1*Log[1 - ((1 + Sqrt[1 - a"2])*E~(I*ArcSec[a + b*x]))/al] -
2xArcSec[a + b*x] 2*Log[1l + E~((2xI)*ArcSec[a + b*x])] + ArcSec[a + b*x]~
2¥Log[(2*((a + b*x)~(-1) + I*Sqrt[1l - (a + b*x)~(-2)]))/(a + b*x)] - ArcSe
cla + b*x]"2+Log[1 + ((-1 + Sqrt[1 - a~2])*((a + b*x)~(-1) + IxSqrt[l - (a
+ b*x)~(-2)]1))/al] + 4*ArcSec[a + b*x]*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Lo
glt + ((-1 + Sqrt[1 - a"2])*((a + b*x)~(-1) + I*Sqrt[l - (a + b*x)~(-2)]))
/a]l - ArcSec[a + b*x]~"2*Log[l - ((1 + Sqrt[1 - a~2])*((a + b*x)~(-1) + I*S
grt[l - (a + b*x)~(-2)]))/a] - 4xArcSec[a + b*x]*ArcSin[Sqrt[(-1 + a)/al/S
qrt[2]]1*Logl[l - ((1 + Sqrt[1 - a~2])*((a + b*x)~(-1) + I*Sqrt[l - (a + b*x
)~(-2)1))/a]l - (2*I)*ArcSecl[a + b*x]*PolyLogl[2, -((a*E~(I*ArcSec[a + b*x])
)/ (-1 + Sqrt[1 - a~2]))] - (2*I)*ArcSec[a + b*x]*PolyLog[2, (a*E~(I*ArcSec
[a + bxx]))/(1 + Sqrt[l - a”2])] + IxArcSec[a + bxx]*PolyLog[2, -E~((2*I)*
ArcSec[a + b*x])] + 2*PolyLogl[3, -((a*E~(I*ArcSec[a + b*x]))/(-1 + Sqrt[1
- a~2]))] + 2xPolyLog[3, (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[1 - a~2])]...

3.31.3 Rubi [A] (verified)

Time = 1.60 (sec) , antiderivative size = 398, normalized size of antiderivative = 1.28,

number of steps used = 16, number of rules used = 15, dumber of rules _ q 95y Ryjes used
integrand size

= {5781, 25, 5062, 5041, 25, 3042, 4202, 2620, 3011, 2720, 5031, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

-1 2
/sec (c;—i- bx) i

l 5781

2 1 -1 2
/ ((I + b.’E) 1-— m sec (CL + bl‘) dsec_l(a N bx)

bx
l25
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dsec™(a + br)

/ (a+bx)%, /1 - m sec™1(a + bx)?

bz
| 5062
(a+bz),/1 - —1-3sec™!(a+ bz)?
—/ (etbe) dsec™(a + bx)
atbz 1
| 5041
1 -1 2 71
/(a-l—bm) 1—msec (a + bx)*dsec” " (a + bx) —
/1= —2 5 sec™(a + bx)?
/ (a+bx) dsec™(a + bx)
a+bx

| 25

/(a +bx),[1— ("‘233)2 sec ! (a + bx)?dsec(a + bzx) +

/,/ (a+bx28ec Y(a + bx)?

dsec™(a + bx)

- a+b:c
| 3042
1= 1 sec™!(a + bx)?
bx)?2
a/ (tb) m dsec™(a + bz) + /sec_l(a +
1— a+bz

bz)? tan (sec™!(a + bz)) dsec™!(a + bz)
| 4202

2isec™ ! (a+bx) -1 2 + /1= —=—ssec” (a+ b.’E)Q
—2@'/ ¢ sec”_(a + br) dsec™Y(a + bx) —I-a/ a+b )

14 e2i sec~1(a+bzx)

dsec™(a +

1 o a—l—bx
bx) + gz sec™'(a + bx)?

l 2620

/ /1 (a+bz)2 sec™!(a + bx)?

- a—l—bx

dsec™!(a + br) —

2i (z / sec”!(a + bx) log (1 + eZisec” (“+bz)) dsec™Y(a + bz) — %z sec ! (a + bz)?log (1 + &% Sec_l(“"'bm)) ) +
%isec‘l(a + bx)3

l 3011
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—2i (z <;z sec”(a + bz) PolyLog (2 —e% Sec_l(‘”bm)) — %z / PolyLog (2, —e% Sec_l(“J“b“’)) dsec™(a + b:c)) - -

/1 — -z sec”(a+ bx)?
/ a+bw) dsec™(a + bz) + %z sec™(a + bx)?

- a+bm

l 2720

4

V- @ wzsec L(a + bx)?
/ (tb) dsec™(a + bx) + %isec‘l(a + bx)?

- a—i—bx

1 R 1 - Lo -
—2 (i(2isec_1(a + b.'L‘) PolyLog (2 _e2isec 1(a+bm)) _ = /e—Zzsec Ya+bx) PolyLog (2, _e2isec 1(a+ba:)> de2isec

l&Bl

isec™1(a+bx) -1 bx)2
° sec” (a + br) dsec™ (a—i—ba:)—E

isec”!(a+bx) -1 bz)2
al —i € — sec” (a+ bz) dsec™(a+ bx) — i —
—eisec (at+bz) g — /1 — g2 +1 —etsec 1(a"‘b-"”)a, +v1 - a?+1

mG(;%aﬂa+mﬂmmmg@;«ﬂm*m%@)_i/g%wermﬂmm%(z—JMfWHw)@%M*O
1
§i sec™(a + bx)?

l 2620

. _ ise071 a+bzx ise071 a+bx
isec(a + bzx)?log (1— ae @rte) (atbz)

A ﬁ) 2i [ sec™? a—i—bx)log( Ty )dsec_l(a+ba:) L
a a

1 L 1 . - N
%G(fw6%a+mﬂ%wmg@;fM%%Mmg_4/}4MC%MmHWMg@ffM%“““QdﬁwcW
1
§i sec™(a + bx)?

l 3011

isec_l(a+b:c) isec” (a+bz)

isec(a + bx)?log (1 - %) ~ 21 (z sec™!(a + bx) PolyLog (2 8 —— Vi ) — 4 [ PolyLog (2,

a a

al|l —12

1 N 1 - - o
%Q(f%6%a+mH%MMg@;f%m1®M@)_4/g%wv%MmRmm%<z—émcW”W)@%m10

1
§i sec™(a + bx)?

l 2720
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isec™ L (atba isec™ (atbz . _ ,

a a

al|l —1

1 N 1 - - o
%Q(fwaﬂa+mH%Mmg@;f%m1®M@>_4/g%wcWMmRmm%<z—émcW”W)@%m10

1
§i sec™(a + bx)?

l 7143

1-v1—a? 1-v1—a2 ) — PolyLog (3’ Lel

a a

isec™ ! (atba isec™L(atba
isec™! (a+ bx)*log (1 — e er? )> 21 (z sec1(a + bz) PolyLog (2, ae (athz)

al|l —1

1 R 1 . 1
2i (z <2i sec”!(a + bz) PolyLog <2, —gisec 1(‘”’(’“”)) ~ 1 PolyLog (3, —g2isec 1(“+bz))> — 51 sec”!(a + bz)?log (

gisec_l(a + bx)3

e

input LInt [ArcSec[a + b*x]~2/x,x]

~—

output | (I/3)*ArcSec[a + b*x]~3 + a*(((-1/3*I)*ArcSec[a + b*x]~3)/a - I*((I*ArcSec
[a + b*x]~2*Log[1 - (a*E~(I*ArcSecla + b*x]))/(1 - Sqrtl[l - a~2])])/a - ((
2*I)*(I*ArcSec[a + b*x]*PolyLog[2, (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrt[1l -
a~2])] - Polylogl[3, (a*E~(I*ArcSecl[a + b*x]))/(1 - Sqrt[1l - a~2]1)1))/a) -
Ix((I*ArcSec[a + b*x]~2+Log[1l - (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[l - a
~21)1)/a - ((2*I)*(I*ArcSec[a + b*x]*PolyLog[2, (a*E~(I*ArcSec[a + bxx]))/
(1 + Sqrt[1 - a~2])] - PolyLog[3, (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[1 -

a~2])1))/a)) - (2*I)*((-1/2xI)*ArcSec[a + b*x] "2xLog[l + E~((2*I)*ArcSec[a
+ b*x])] + I*((I/2)*ArcSec[a + b*x]*PolyLogl[2, -E~((2*I)*ArcSec[a + b*x])
] - PolyLogl3, -E~((2*I)*ArcSecl[a + b*x])]1/4))
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rule 25

rule 2620

rule 2720

rule 3011

rule 3042

rule 4202

rule 5031
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3.31.3.1 Defintions of rubi rules used

‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

Int [(C(FL)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x=_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Log[l + b*x((F~(g*x(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] & !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_)*x))))"(@_)1*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))“nl/(b*cxn*Log[F])), x] + Simp[g*(m/(b*ckn*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E~(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQl[{c, d, e, f}, x] && IGt
Q[m, 0]

N\

Int[((Ce_.) + (£_)*(x_))"(m_.)*Sin[(c_.) + (@_.)*(x_)]1)/(Cosl[(c_.) + (d_.)
*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[I*((e + f*x)~(m + 1)/(b*fx(m + 1)))
, x] + (-Simp[I Int[(e + f*x) m*x(E~(I*(c + d*x))/(a - Rt[a"2 - b~2, 2] +
b*E~(I*(c + d*x)))), x], x] - Simp[I Int[(e + £*x) m*x(E~(I*(c + d*x))/(a
+ Rt[a"2 - b2, 2] + b*E~(I*x(c + d*x)))), x], x]) /; FreeQ[{a, b, c, 4, e,
£}, x] && IGtQ[m, O] && PosQ[a"2 - b~2]
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rule 5041

rule 5062

rule 5781

rule 7143

input

output
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Int[((Ce_.) + (£_.)*(x_)) " (m_.)*Tan[(c_.) + (d_.)*(x_ )1 (n_.))/(Cos[(c_.) +
(@_.)*(x_)1*(b_.) + (a_)), x_Symbol] :> Simp[i/a Int[(e + f*x) m*Tan[c +
d*x]°n, x], x] - Simp[b/a Int[(e + f*x) m*Sin[c + d*x]*(Tan[c + d*x]~(n

- 1)/(a + b*Cos[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[

m, 0] && IGtQ[n, O]

Int[((Ce_.) + (£_)*(x_))"(m_.)*(F_)[(c_.) + (A_)*x)]1"(m_.)*(G_ ) [(c_.) +

(d_)*(x_)1"(p_.))/((a_) + (b_.)*Sec[(c_.) + (d_.)*(x_)]1), x_Symbol] :> In
t[(e + f*x) m*Cos[c + d*x]*F[c + d*x] n*x(G[c + d*x] p/(b + a*Cos[c + d*x]))
, x] /; FreeQ[{a, b, c, d, e, £}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, n, pl

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x)) " (m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, T}, x] && IGtQ[p, 0] && IntegerQ[m]

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/(C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
» €, I, P}, X:l && EqQ[b*d, a*e]

3.31.4 Maple [F]

2
/ arcsec (ix +a) i

Lint (arcsec(b*x+a) ~2/x,x)

e

Lint (arcsec(b*x+a) ~2/x,x)

~—
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3.31.5 Fricas [F]

-1 2 2
/sec (a+bx) dp — / arcsec (bx + a) i

x Z

inputLintegrate(arcsec(b*x+a)‘2/x,x, algorithm="fricas")

outputtintegral(arcsec(b*x + a)~2/x, x)

3.31.6 Sympy [F]

T T

-1 2 2
/sec (a+bx) dx:/asec (a+ bzx) i

inputtintegrate(asec(b*x+a)**2/x,x)

output tIntegral(asec(a + b*xx)**2/x, x)

3.31.7 Maxima [F]

-1 2 2
/sec (a + bx) dr — / arcsec (bx + a) d

T T

input Lintegrate (arcsec(b*x+a) ~2/x,x, algorithm="maxima")

output Lintegrate (arcsec(b*x + a)~2/x, x)
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3.31.8 Giac [F]

-1 2 2
/sec (a+bx) dp — / arcsec (bx + a) i

x Z

input Lintegrate (arcsec(b*x+a) "2/x,x, algorithm="giac")

output tintegrate (arcsec(b*x + a)~2/x, x)

3.31.9 Mupad [F(-1)]

Timed out.

T T

—1 2 acos(—L_)?
/sec (a—l—bz) d.'II:/ (a-{—bx) dz

input Lint (acos(1/(a + b*x))~2/x,x)

output Lint(acos(l/(a + b*x))~2/x, x)
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3.392 f sec™1 (a+bm)2 dx

2
3.32.1 Optimalresult . . .. ... .. . ... .. 235
3.32.2 Mathematica [B] (verified) . . . . . . ... .. ... Lo 2361
3.32.3 Rubi [A] (verified) . . . . . ... .. 237
3.32.4 Maple [A] (verified) . ... ... ... ... 239
3.32.5 Fricas [F] . . . . . o o o 239
3.32.6 Sympy [F] . . . . . 240
3.32.7 Maxima [F] . . . . . . . 2401
3.32.8 Giac [F] . . . . o 2400
3.329 Mupad [F(-1)] . . . . o 247]

3.32.1 Optimal result

Integrand size = 12, antiderivative size = 244

/ sec™}(a + bz)? p _bsec!(a+bx)*  sec”!(a+bz)?
x? N a x

2ibsec™ (a + bx) log (1 - aelsjc_—\/;(_i:ﬂ>
a av/1 — a?

2ibsec™!(a + bx) log (1 — %)
i wWi-a

2b PolyLog (2, %) 2b PolyLog (2, 1+_—1¢¥b)>
a av1— a2 - av/1—a?

output | -bxarcsec (b*x+a) “2/a-arcsec (b*x+a) “2/x-2*I*b*arcsec (b*x+a)*1n(1-a* (1/ (b*x+
a)+I*x(1-1/(bxx+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))/a/(-a~2+1) " (1/2) +2*I*b*arc
sec(b*x+a)*1n(1-a*(1/(b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2))/(1+(-a~2+1)"(1/2)))/
a/(-a~2+1)~(1/2)-2#b*polylog(2,a* (1/ (bxx+a)+I*x(1-1/(b*x+a) ~2)~(1/2))/(1-(-
a~2+1)~(1/2)))/a/(-a~2+1) " (1/2)+2+b*polylog(2,a* (1/ (bxx+a)+I*x(1-1/(b*x+a) "~
2)~(1/2))/(1+(-a~2+1)~(1/2))) /a/(-a~2+1)~(1/2)
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inputLIntegrate[ArcSec[a + b*x]"2/x72,x]

output
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3.32.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 686 vs. 2(244) = 488.

Time = 1.73 (sec) , antiderivative size = 686, normalized size of antiderivative = 2.81

-1 2
/sec (a + bx) dr —

xr2

—14 L sec™1(a+b 1+ 1 sec™1(atb
2 (25ec_1(a+bw)aI‘Ctanh<( a)mt(gls:: e z))>—2arccos(i)arctanh<( a)tan(fif r— ).
—1+4a —14a

(a+bx) sec— ! (a+bx)?

o +

-

~—

-((((a + b*x)*ArcSec[a + b*x]"2)/x + (2*bx(2*ArcSec[a + b*x]*ArcTanh[((-1

+ a)*Cot[ArcSec[a + b*x]/2])/Sqrt[-1 + a~2]] - 2*ArcCos[a~(-1)]*ArcTanh[((
1 + a)*Tan[ArcSec[a + b*x]/2])/Sqrt[-1 + a”2]] + (ArcCos[a”(-1)] - (2*I)*A
rcTanh[((-1 + a)*Cot[ArcSec[a + b*x]/2])/Sart[-1 + a~2]] + (2*I)*ArcTanh[(
(1 + a)*Tan[ArcSec[a + b*x]/2])/Sqrt[-1 + a~2]])*Logl[Sqrt[-1 + a~2]/(Sqrt[
2] *Sqrt [al*E~ ((I/2)*ArcSec[a + b*x])*Sqrt[-((bxx)/(a + b*x))]1)] + (ArcCos[
a~(-1)] + (2*I)*(ArcTanh[((-1 + a)*Cot[ArcSec[a + b*x]/2])/Sqrt[-1 + a~2]]
- ArcTanh[((1 + a)*Tan[ArcSec[a + b*x]/2])/Sqrt[-1 + a~2]]))#*Log[(Sqrt[-1
+ a”2]*E~((I/2)*ArcSec[a + b*x]))/(Sqrt[2]*Sqrt[a]l*Sqrt[-((b*x)/(a + b*x)
)1)] - (ArcCos[a”(-1)] - (2*I)*ArcTanh[((1 + a)*Tan[ArcSec[a + bx*x]/2])/Sq
rt[-1 + a”2]])*Log[((-1 + a)*(I + I*a + Sqrt[-1 + a~2])*(-I + Tan[ArcSec[a
+ b*x]/2]))/(a*x(-1 + a + Sqrt[-1 + a"2]*Tan[ArcSec[a + b*x]/2]))] - (ArcC
os[a~(-1)] + (2*I)*ArcTanh[((1 + a)*Tan[ArcSec[a + b*x]/2])/Sqrt[-1 + a~2]
1) *Log[((-1 + a)*(-I - I*a + Sqrt[-1 + a~2])*(I + Tan[ArcSec[a + b*x]/2]))
/(a*x(-1 + a + Sqrt[-1 + a~2]*Tan[ArcSec[a + b*x]/2]))] + I*(-PolyLogl[2, ((
1 - IxSqrt[-1 + a~2])*(1 - a + Sqrt[-1 + a~2]*Tan[ArcSec[a + b*x]/2]))/(ax*
(-1 + a + Sqrt[-1 + a~2]*Tan[ArcSec[a + b*x]/2]))] + PolyLogl[2, ((1 + I*Sq
rt[-1 + a”2])*(1 - a + Sqrt[-1 + a"2]*Tan[ArcSec[a + b*x]/2]))/(a*x(-1 + a
+ Sqrt[-1 + a"2]*Tan[ArcSec[a + b*x]/2]))]1)))/Sqrt[-1 + a~2])/a)
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3.32.3 Rubi [A] (verified)

Time = 0.74 (sec) , antiderivative size = 248, normalized size of antiderivative = 1.02,
number of steps used = 6, number of rules used = 5, Lumber of rules _ ( 417 Ryles used

integrand size
= {5781, 4926, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

-1 2
/sec (a + bx) i

2
| 5781
(a+bz)?, /1 — —2 5 sec™(a + bx)?
b / (tbe) dsec™*(a + bx)
b2
| 4926
-1 -1 2
b _2/_sec (a+ bx)dsec_l(a—l— ba) — sec” " (a + bx)
bx bz
| 3042
-1 -1 2
b _2/ sec” ' (a + bx) dsec=1(a + bz) — sec” " (a + bx)
a —csc (sec™!(a+bz) + %) bx
| 4679
-1 -1 -1 2
b _2/ sec” ' (a + bx) 4 sec (a+bx) dsec=1(a + b) — sec™!(a + bx)
a a (a#% _ 1) bx
| 2009

isec_l(a-H)w) isec_l(a+bx)

S

_Sec_l(a + bx)* 9 PolyLog (2’ ael_ﬁ) B PolyLog (2, %TH) isec™!(a + bx) log (1 —

+
bz av'1 — a? av'1 — a?

input LInt [ArcSec[a + b*x]"2/x72,x]

3.32. [ slarbe)” gy
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bx(-(ArcSec[a + b*x]~2/(b*x)) - 2*(ArcSec[a + b*x]~2/(2*a) + (I*ArcSec[a +
b*x]*Log[1 - (a*xE~(IxArcSec[a + b*x]))/(1 - Sqrt[1 - a~2])])/(a*Sqrt[1 -
a~2]) - (I*ArcSec[a + b*x]*Log[l - (a*E~(IxArcSec[a + b*x]))/(1 + Sqrt[1 -
a~2])])/(a*Sqrt[1 - a~2]) + PolyLogl[2, (a*E~(I*ArcSec[a + b*x]))/(1 - Sqr
t[1 - a”2])]/(a*Sqrt[1 - a”2]) - PolyLog[2, (a*E~(I*ArcSec[a + b*x]))/(1 +

Sqrt[1 - a~2])]1/(a*Sqrt[1 - a~2])))

3.32.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4679

rule 4926

rule 5781

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x)I*(b_.) + (a_))"(a_.)*((c_.) + (d_)*(x_))"(m_.)
» X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

/Int[((e_.) + (f_)*(x2))"(m_.)*Sec[(c_.) + (d_.)*(x_)]1*((a_) + (b_.)*Secl(c

_) + @ )*x)01D)"(a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*((a + b*Sec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(bxd*x(n +
1))) Int[(e + f*x)~(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x)) " (m
_.), x_Symbol] :> Simp[1/d~"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, £}, x] && IGtQ[p, 0] && IntegerQ[m]

3.32. [ slarbe)” gy
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3.32.4 Maple [A] (verified)

Time = 1.64 (sec) , antiderivative size = 336, normalized size of antiderivative = 1.38

method result
1, 1
—a| g+ 1—*2)-“/:@“
2iv/—a?+1 arcsec(bz+a) In < ere \/E 2iv/—a?+4
—a
derivativedivides | b| — (¢etalarcsecbata)® _ +
abz a(a?-1)
1 ; 1 2
—a| g+ 1—ﬁ>+\/T+1+1
2iv/—a?+1 arcsec(bz+a) In < ere \/E 2iv/—a?+4
—a
__ (bz+a) arcsec(bz+a)? _
default b abz a(aZ—1) +

input‘int(arcsec(b*x+a)‘2/x”2,x,method=_RETURNVERBOSE)

output | b* (- (b*x+a)*arcsec(bxx+a) ~2/a/b/x-2*%I*x(-a~2+1) "~ (1/2) /a/(a"2-1) *arcsec (b*x+
a)*1n((-ax(1/(bxx+a)+I*x(1-1/(b*x+a)~2)~(1/2))+(-a"2+1)~(1/2)+1)/(1+(-a"2+1
)7 (1/2)))+2%I*%(-a~2+1)~(1/2) /a/(a"2-1) *arcsec (b*x+a) *1n((ax(1/ (b*x+a)+I* (1
-1/ (b*x+a)~2)~(1/2))+(-a~2+1)~(1/2)-1) /(-1+(-a"2+1)~(1/2) ) ) -2*x (-a~2+1) ~(1/
2)/a/(a"2-1)*dilog((-a*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))+(-a"2+1)~(1/2)+
1)/(1+(-a~2+1)"(1/2)))+2x(-a~2+1) ~(1/2) /a/(a"2-1) *dilog((a* (1/ (bxx+a)+I*(1
-1/ (b*x+a) ~2)~(1/2))+(-a~2+1)~(1/2)-1)/ (-1+(-a"2+1)~(1/2))))

3.32.5 Fricas [F]

-1 2 2
/ sec”'(a + bx) dp — / arcsec (bx + a) i

2 2

inputLintegrate(arcsec(b*x+a)“2/x‘2,x, algorithm="fricas") J

outputLintegral(arcsec(b*x + a)72/x72, x) J

3.32. [ slarbe)” gy
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3.32.6 Sympy [F]

2 2

—1 2 2
/sec (a+bx) dmz/asec (a+ bx) i

input‘integrate(asec(b*x+a)**2/x**2,x)

outputLIntegral(asec(a + bxx)**2/x**2, x)

3.32.7 Maxima [F]

2 2

-1 2 2
/sec (a+bzx) dp — / arcsec (bx + a) i

inputLintegrate(arcsec(b*x+a)‘2/x“2,x, algorithm="maxima")

/

output | -1/4*(4*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 4*x*xintegrate((2*s

grt(b*x + a + 1)x*sqrt(b*x + a - 1)*b*x*arctan(sqrt(b*x + a + 1)*sqrt(b*x +
a - 1)) - (b™3*x"3 + 3*%axb™2*x"2 + a3 + (3*a”2 - 1)*b*x - a)*log(b*x + a
)72 - (b73%x73 + 2*a*b”2%x"2 + (a”2 - 1)*b*x - (b73%x"3 + 3%axb"2*x"2 + a”
3 + (3*xa”2 - 1)*b*x - a)*log(b*x + a))*log(b~2*x~2 + 2*axb*x + a~2))/(b"3*

x"5 + 3xaxb"2*%x"4 + (3%¥a”2 - 1)*b*x"3 + (a3 - a)*x"2), x) - log(b~2*x"2 +
2*axbxx + a~2)72)/x

3.32.8 Giac [F|

-1 2 2
/sec (a + bx) dp — / arcsec (bx + a) i

2 2

inputLintegrate(arcsec(b*x+a)“2/x“2,x, algorithm="giac")

outputLintegrate(arcsec(b*x + a)~2/x72, x)

3.32. [ slarbe)” gy
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3.32.9 Mupad [F(-1)]

Timed out.

-1 2 1 2
/sec (a—i—bz) dm:/a’cos(a-l—bw) dz

2 2

input tint (acos(1/(a + bxx))~2/x72,x)

outputtint(acos(l/(a + b*x))"2/x72, x)

3.32. [ slarbe)” gy
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3.33.1 Optimal result

Integrand size = 12, antiderivative size = 494

-1 . 1 )
/x2 sec!(a + be)® do = (a+ bx) se;3 (a+ bx) _ 3iasec bga + bz)

3a(a+bx),/1— (a+bx)2 sec H(a + bz)?

b3

(a+b2)*, /1 — e sec (a+bx)* o3 sec=!(a + bz)3
20 * 307

isec™!(a + bz)? arctan <eise°_1(“+bm)>
b3

6ia? sec™!(a + bz)? arctan (ei Se"_l(“*bm))
+ B

arctanh (% )
b3
6asec™!(a + br) log (1 + e2 sec*l(a+bm))
b3
isec™!(a + bx) PolyLog < gisec 1(a+bw))
B3
6ia? sec™!(a + bz) PolyLog (2 gisec” (a+bx)>
B3
isec l(a + bx) PolyLog (2, iet sec—l(a+bz)>
b3
6ia® sec™1(a + br) PolyLog <2, iel Sec_l(a+bx)>
b3
3za PolyLog (2 g2isec” 1(““””)) PolyLog (3 gisec 1(a+bx)>
b3 + b3
6a? PolyLog (3 glsec 1(aJrM))
b3
PolyLog (3, i€’ S‘*C’l(“*“)) 6a? PolyLog (3, ieisec*(am))
- b3 B B3

_|_

1
+ §x3 sec” ' (a + bz)® +

_|_

_|_

+

_|_
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output | (bxx+a)*arcsec(b*x+a)/b~3-I*arcsec (b*x+a)*polylog(2,-I*(1/(b*x+a)+I*(1-1/(
b*x+a)~2)~(1/2))) /b~3+1/3*a"3*arcsec (b*x+a) ~3/b"3+1/3*x"3*arcsec (b*x+a) ~3-
3xI*axpolylog(2,-(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))~2) /b~ 3+I*arcsec(b*x+a
) "2xarctan(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/b~3-arctanh((1-1/(b*x+a)~2)"~
(1/2)) /b~ 3+6*a*arcsec (bxx+a) *1n(1+(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))"2) /b
~3+I*arcsec(b*x+a)*polylog(2,I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b~3+6%
I*a~2*arcsec(bxx+a) “2*arctan(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/b~3-6*I*a"
2*arcsec (bxx+a)*polylog(2,-I*(1/ (bxx+a)+I*(1-1/(bxx+a)~2)~(1/2)))/b~3-3*I*
a*arcsec (bxx+a) “2/b~3+6*I*a~2*arcsec (b*x+a) *polylog(2,I*(1/(b*x+a)+I*(1-1/
(b*x+a)~2)~(1/2)))/b~3+polylog(3,-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b
~3+6*a”~2*polylog(3,-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b~3-polylog(3,I
*(1/ (bxx+a)+Ix(1-1/(b*x+a)~2)~(1/2)))/b~3-6%a"~2xpolylog(3,I*(1/ (bxx+a)+I*(
1-1/(b*x+a)~2)~(1/2)))/b~3+3*a* (b*x+a) *arcsec (b*x+a) “2x(1-1/(b*x+a) ~2) ~(1/
2) /b~3-1/2*(b*x+a) "2*arcsec (b*x+a) “2*(1-1/(b*x+a)~2)~(1/2) /"3

3.33.2 Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 446, normalized size of antiderivative = 0.90

/m2 sec”!(a + bx)® dz

~ (a + bz)sec™!(a + bz) — 3iasec™!(a + bx)® + 3a(a + bz) /1 — gz sec ™! (a + bz)? — 3(a + bz)?| /1 —

p
input‘Integrate[x“2*ArcSec[a + b*x]~3,x]
N

output | ((a + bxx)*ArcSec[a + b*x] - (3*I)*a*ArcSec[a + b*x]~2 + 3*a*(a + b*x)*Sqr
t[1 - (a + b*x)~(-2)]*ArcSec[a + b*x]"2 - ((a + b*x)"2*xSqrt[1l - (a + b*x)~
(-2)]*ArcSec[a + b*x]~2)/2 + (a~3*ArcSec[a + b*x]~3)/3 + (b~ 3*x"3*ArcSec[a
+ b*x]~3)/3 + IxArcSec[a + b*x] 2*ArcTan[E~(I*ArcSec[a + b*x])] + (6%I)*a
~2%ArcSec[a + b*x] " 2*ArcTan[E~(I*ArcSec[a + b*x])] - ArcTanh[Sqrt[1 - (a +
bxx)~(-2)]] + 6*axArcSec[a + b*x]*Log[l + E~((2*I)*ArcSec[a + b*x])] - Ix*
ArcSec[a + b*x]*PolyLog[2, (-I)*E~(IxArcSec[a + b*x])] - (6+I)*a”~2+ArcSec[
a + b*x]*PolyLog[2, (-I)*E~(I*ArcSecl[a + b*x])] + I*ArcSec[a + b*x]*PolyLo
gl[2, I*E~(I*ArcSec[a + b*x])] + (6*I)*a"2*ArcSec[a + b*x]*PolyLog[2, I*E~(
IxArcSec[a + b*x])] - (3*I)*a*PolyLogl[2, -E~((2xI)*ArcSec[a + b*x])] + Pol
yLog[3, (-I)*E~(IxArcSec[a + bxx])] + 6*a~2xPolyLogl[3, (-I)*E~(I*ArcSec[a
+ b*x])] - PolyLog[3, I*E~(I*ArcSec[a + b*x])] - 6*a"2*PolyLogl[3, I*E~(I*A
rcSec[a + b*x])])/b"3
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3.33.3 Rubi [A] (verified)

Time = 0.74 (sec) , antiderivative size = 446, normalized size of antiderivative = 0.90,
number of steps used = 6, number of rules used = 5, Lumber of rules _ ( 417 Ryles used

integrand size
= {5781, 4926, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/m2 sec™(a + bx)? dzx
| 5781
[b2z2(a + bx)?, /1 — m sec™!(a + bx)3dsec™(a + bx)

b3
l 4926

[ —b3z3sec™!(a + bx)?dsec™ (a + bz) + 3b3z3 sec™!(a + bx)?
b3
| 3042

[sec™(a + bz)? (a — csc (sec™!(a + bz) + %))3 dsec™(a + bz) + 36323 sec™!(a + bx)3
b3
| 4678

[ (sec™!(a + bz)?a® — 3(a + bz) sec™(a + bz)%a® + 3(a + bz)? sec™ (a + bz)?a — (a + bz)3 sec™ (a + bx)?) dsec
b3

l 2009

3a®sec™!(a + bx)® + 6ia? sec™! (a + bz)? arctan (ei Sec_l(‘”bm)) — 6ia? sec™!(a + bx) PolyLog (2, —ie’ Sec_l(“““’)j

;
input Int[x"2*ArcSec[a + b*x]~3,x]

3.33.  [z%sec(a+bz)ddz
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((a + b*x)*ArcSec[a + b*x] - (3*I)*axArcSec[a + b*x]~2 + 3*ax(a + b*x)*Sqr
t[1 - (a + bxx)~(-2)]*ArcSec[a + b*x]"2 - ((a + b*x)"2*Sqrt[1 - (a + b*x)~
(-2)]*ArcSec[a + bxx]~2)/2 + (a"3*ArcSec[a + b*x]~3)/3 + (b~3*x"3*ArcSec[a
+ b*x]~3)/3 + I*ArcSec[a + b*x] 2*ArcTan[E~(I*ArcSec[a + b*x])] + (6*I)*a
~2xArcSec[a + b*x] “2*ArcTan[E~(I*ArcSec[a + b*x])] - ArcTanh[Sqrt[1 - (a +
b*x)~(-2)]] + 6*axArcSec[a + b*x]*Log[l + E~((2*I)*ArcSec[a + b*x])] - Ix
ArcSec[a + b*x]*PolyLog[2, (-I)*E~(I*ArcSec[a + b*x])] - (6*I)*a~2*ArcSec[
a + b*x]*PolyLog[2, (-I)*E~(I*ArcSecl[a + b*x])] + I*ArcSec[a + b*x]*PolyLo
gl2, IxE~(I*ArcSec[a + b*x])] + (6%I)*a~2*ArcSec[a + b*x]*PolyLogl[2, I*E~(
IxArcSec[a + b*x])] - (3*I)*a*PolyLogl[2, -E~((2*I)*ArcSec[a + b*x])] + Pol
yLog[3, (-I)*E~(IxArcSec[a + bxx])] + 6*a~2xPolyLogl[3, (-I)*E~(I*ArcSec[a
+ b*x])] - PolyLog[3, I*E~(I*ArcSec[a + b*x])] - 6%a”2*PolyLog[3, I*E~(I*A
rcSec[a + b*x])])/b"3

-

3.33.3.1 Defintions of rubi rules used

rukaQOOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4678

rule 4926

rule 5781

N\

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (a)) " (m_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

~

N\

Int[((e_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Secl[(c
_) + @ )xx)1D) " (a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*x((a + bxSec[c + d*x])~(n + 1)/(b*xd*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_)) " (m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe — cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
,» £}, x] && IGtQ[p, O] && IntegerQ[m]
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3.33.4 Maple [A] (verified)

Time = 1.26 (sec) , antiderivative size = 716, normalized size of antiderivative = 1.45

method result

2
arcsec(bz+a) <6 arcsec(bw+a)2a2(bw+a)—6 a.rcsec(b:v+a)2a(bw+a)2+2 arcsec(bw+a)2(bz+a)3+18 arcsec(b:v-!—a), / % a(bz+

(bz+a)

derivativedivides

arcsec(bz+a) (6 arcsec(bz+a)2a2(bz+a)—6 arcsec(bz+a)2a(bz+a)2+2 arcsec(bw+a)2(bz+a)3+18 arcsec(bz+a)

(bz+a)2-1

(bota)? a(bz+

default

inputLint(x“2*arcsec(b*x+a)‘3,x,method=_RETURNVERBOSE)

output

~—

1/b~3*(1/6*arcsec(b*x+a) * (6*arcsec (bxx+a) ~2*a”~2* (b*x+a) -6*arcsec (bxx+a) ~2%
a*(b*x+a) “2+2*arcsec (bkx+a) "2 (b*x+a) “3+18*arcsec (b*x+a) * (((b*x+a) ~2-1) /(b
*x+a) ~2) ~(1/2) *a* (b*x+a)-3*arcsec (b*x+a) * (((b*x+a) “2-1) / (b*x+a) ~2) ~(1/2) *(
bxx+a) “2+18*I*a*arcsec (b*x+a) +6xbxx+6%a)+2*I*xarctan(1/ (bxx+a)+I*(1-1/ (b*x+
a)~2)~(1/2))+I*arcsec(b*x+a)*polylog(2,I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2
)))+3*x1n(1+I*(1/ (bxx+a)+I*(1-1/(b*x+a) ~2)~(1/2)))*a"2*arcsec (b*x+a) ~2+6*po
lylog(3,-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a~2-I*arcsec(b*x+a)*polylo
g(2,-Ix(1/(b*x+a)+I*x(1-1/(b*x+a)~2)~(1/2)))-3*1n(1-I*(1/(b*x+a)+I*(1-1/(b*
x+a)~2)~(1/2)))*a"2*arcsec(b*x+a) “2+6*I*polylog(2,I*(1/ (b*x+a)+I*(1-1/(b*x
+a)~2)~(1/2)))*a"2*arcsec (b*x+a)-6*polylog(3,I*(1/(bxx+a)+I*(1-1/(b*x+a) "2
)~ (1/2)))*a~2+6*1n(1+(1/ (bxx+a)+I*(1-1/ (b*x+a) ~2) ~(1/2)) ~2) *a*arcsec (b*x+a
)-6%I*polylog(2,-I*(1/(bxx+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a"2*arcsec(b*x+a)-
3xIxpolylog(2,-(1/(b*x+a)+Ix(1-1/(b*x+a)~2)~(1/2))"2)*a+1/2*arcsec(b*x+a)”
2x1n(1+I*(1/ (bxx+a)+I*x(1-1/(b*x+a) ~2)~(1/2)))-6xI*arcsec(b*x+a) ~2*a+polylo
g(3,-Ix(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))-1/2*arcsec(b*x+a) “2*1n(1-I*(1/
(bxx+a)+I*(1-1/(bxx+a) ~2)~(1/2)))-polylog(3,I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)
~(1/2))))

3.33.5 Fricas [F]

/x2 sec”!(a + br)* dx = /m2 arcsec (bz + a)® dx

input  integrate(x~2*arcsec(b*x+a)~3,x, algorithm="fricas")
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output‘integral(x“Q*arcsec(b*x +a)73, x)

3.33.6 Sympy [F]

/w2 sec '(a+bz)ddr = /x2 asec’ (a + bz) dx

p
inputLintegrate(x**2*asec(b*x+a)**3,x)

~—

outputLIntegral(x**Q*asec(a + b*x)**3, x)

3.33.7 Maxima [F]

/x2 sec ' (a + bx)® dr = /x2 arcsec (bz + a)® dz

inputLintegrate(x‘2*arcsec(b*x+a)“3,x, algorithm="maxima")

/

output | 1/3*x~3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 1/4*x"3*arctan(sqr
t(b*x + a + 1)*sqrt(b*x + a - 1))*log(b™2*x~2 + 2*axb*x + a~2)”2 - integra
te(1/4*((4*bxx~3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - bxx"3*log
(b"2%x72 + 2%axb*x + a”2)"2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) + 4*x(3*(b
“3*x75 + 3*a*b"2+x"4 + (3*a”2 - 1)*b*x"3 + (2”3 - a)*x"2)*log(b*x + a)~2 -

(b73*%x"5 + 2%a*b~2*%x"4 + (a2 - 1)*b*x"3 + 3x(b"3*x"5 + 3*kaxb"2*x"4 + (3%
a™2 - 1)*bxx"3 + (a"3 - a)*x"2)*log(b*x + a))*log(b~2*x"2 + 2*a*b*x + a~2)
)*arctan(sqrt(bxx + a + 1)*sqrt(b*x + a - 1)))/(b"3*x"3 + 3*a*xb™2*x"2 + a”
3 + (3*a"2 - 1)*b*x - a), x)
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3.33.8 Giac [F|

/x2 sec !(a+ bx)*dr = /w2 arcsec (bz + a)® dz

inputLintegrate(x“2*arcsec(b*x+a)“3,x, algorithm="giac")

outputLintegrate(x‘2*arcsec(b*x + a)~3, x)

3.33.9 Mupad [F(-1)]

Timed out.
1 3
/w2 sec ! (a + bzx)* dr = /x2 acos(a n bx) dx

inputkint(x“Q*acos(l/(a + b*x))"3,x)

outputtint(x‘2*acos(1/(a + b*x))"3, x)
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3.34 [zsec™Ha + bz)3 dz

3.34.1 Optimalresult . . .. ... ... ... . .. . e 250
3.34.2 Mathematica [A] (verified) . . . . . . . .. .. Lo
3.34.3 Rubi [A] (verified) . . . . . . . . . ..
3.34.4 Maple [A] (verified) . . . ... . ... ... 253
3.34.5 Fricas [F] . . . . . o o o 2541
3.34.6 Sympy [F] . . . . . . 254
3.34.7 Maxima [F] . . . . . . .
3.34.8 Giac [F] . . . . . o
3.34.9 Mupad [F(-1)] . . . . o

3.34.1 Optimal result

Integrand size = 10, antiderivative size = 278

1 —
/I sec ™ (a + bx) dr = sisec(a+bo)? 3007 bx)\/%sec H(a + bz)?

2b? B 2h2
_d sec‘;(bz + bz)? N %$2 sec™'(a + bz)?
6ia sec™(a + br)? arctan (ei Sec_l(a+bw))
b2
3sec™!(a + br)log (1 + o2 Sec_l(a+bx)>
b2
6ia sec‘l(a + bx) PolyLog (2, —jet SeC_l(a+bg3)>
b2
6ia sec™!(a + br) PolyLog (2, iel sec*l(a+bw)>
b2
3¢ PolyLog <2, —e? Sec_1(a+baﬂ))
2b?
6a PolyLog (3, —ie’ Sec_l(‘”'b”)) N 6a PolyLog (3, ie’ sec‘1(a+bgg))

b2 b2

+

+
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output | 3/2*I*arcsec(b*x+a) ~2/b~2-1/2*a~2*arcsec (bxx+a) "3/b"2+1/2*x~2*arcsec (b*x+a
) ~3-6*Ixa*arcsec (bxx+a) "2*xarctan(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/b"2-3%
arcsec (bxx+a) *1n(1+(1/ (b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2))~2) /b~2+6*I*a*arcsec
(b*x+a) *polylog(2,-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b~2-6*I*a*arcsec
(bxx+a)*polylog(2,I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b~2+3/2*I*polylog
(2,-(1/ (b*x+a)+Ix(1-1/(b*x+a)~2)~(1/2))~2) /b~2-6*a*polylog(3,-I*(1/(b*x+a)
+I*(1-1/(b*x+a)~2)~(1/2))) /b~ 2+6*a*polylog(3,I*(1/(b*x+a)+I*(1-1/(b*x+a) 2
)~ (1/2))) /v"2-3/2* (b*x+a) *arcsec (b*x+a) ~2* (1-1/ (b*x+a) ~2) ~(1/2) /b~2

3.34.2 Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 257, normalized size of antiderivative = 0.92

/x sec ' (a + bz)® dz

3isec (a4 bz)? — 3(a+bz), /1 — m sec!(a + bz)? — a(a + bz) sec™*(a + bx)® + 1(a + bz)?sec™

-

inputLIntegrate[x*ArcSec[a + b*x]~3,x] J

output (((3*I)/2)*ArcSec[a + bxx]"2 - (3x(a + bxx)*Sqrt[1 - (a + bkx)"~(-2)]*ArcSe
cla + b*x]72)/2 - a*(a + bxx)*ArcSec[a + b*x]~3 + ((a + b*x) 2*ArcSec[a +
bxx]~3)/2 - (6xI)*axArcSec[a + b*x] 2*ArcTan[E~(I*ArcSec[a + b*x])] - 3*Ar
cSec[a + b*x]*Log[1l + E~((2*I)*ArcSec[a + b*x])] + (6*I)*axArcSec[a + b*x]
*PolyLog[2, (-I)*E~(I*ArcSec[a + b*x])] - (6xI)*a*ArcSec[a + b*x]+*PolyLogl
2, I*E~(I*ArcSecla + b*x])] + ((3xI)/2)*PolyLogl[2, -E~((2*I)*ArcSec[a + b*
x])] - 6%a*PolyLog[3, (-I)*E~(I*ArcSec[a + b*x])] + 6%a*PolyLogl[3, I*E~(Ix
ArcSec[a + b*x])])/b"2

3.34.3 Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 253, normalized size of antiderivative = 0.91,
number of steps used = 7, number of rules used = 6, number of rules _ 0.600, Rules used

integrand size
= {5781, 25, 4926, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.
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/x sec™(a + bx)3 dzx

l5m1

[ bz(a+bx)?,/1 m sec!(a + bx)3dsec™!(a + bx)
b2

| 25
[ —bz(a+bz)?,/1 (a+bx)2 sec™!(a + bx)3dsec™(a + bx)

b2
J'4926

10222 sec™(a + bz)3 — 3 [ b2az? sec™!(a + bx)?dsec™!(a + bx)
b2
| 3042

10%?sec ™ (a + bz)3 — 3 [sec™(a + bz)? (a — csc (sec™(a + bz) + %))2 dsec™(a + bz)
b2
| 4678

1022 sec™(a + bx)3 — (a?sec™(a + bz)? + (a + bz)?sec™!(a + bz)? — 2a(a + bz)sec™ (a + bz)?) dsec™*(a
b2
| 2009

3b%z?sec™(a + bx)3 — (1 a?sec(a + bz)3 + 4iasec™!(a + bx)? arctan (ei Sec_l(‘”bx)) — 4iasec™!(a + bx) Pol

~—

.
input LInt [x*ArcSec[a + b*x]~3,x]

output | ((b"2*x"2xArcSec[a + b*x]~3)/2 - (3*((-I)*ArcSec[a + b*x]~2 + (a + b*x)*Sq
rt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x]~"2 + (a"2*ArcSec[a + b*x]73)/3 + (4%
I)*axArcSec[a + bxx] 2*ArcTan[E~(IxArcSec[a + b*x])] + 2*ArcSec[a + b*x]*L
ogll + E~((2*I)*ArcSec[a + b*x])] - (4*I)*axArcSec[a + b*x]*PolyLog[2, (-I
)J*#E~ (I*ArcSec[a + b*x])] + (4*I)*a*ArcSec[a + b*x]*PolyLog[2, I*E~(I*ArcSe
cla + b*x])] - I*PolyLogl[2, -E~((2*I)*ArcSec[a + b*x])] + 4*a*PolyLog[3, (
-I)*E~ (I*ArcSec[a + b*x])] - 4*a*PolyLogl[3, I*E~(I*ArcSecla + b*x])]))/2)/

b~2
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3.34.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 3042

rule 4678

rule 4926

rule 5781

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, O]

Int[(Ce_.) + (£_)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)1*((a_) + (b_.)*Secl(c
_) + @_D)*(x)1)"(a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*((a + b*Sec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(bxd*x(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*(x)) " (m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, £}, x] && IGtQ[p, 0] && IntegerQ[m]

3.34.4 Maple [A] (verified)

Time = 1.45 (sec) , antiderivative size = 379, normalized size of antiderivative = 1.36

method result

2

arcsec(ba:+a)2 <2 arcsec(ln:+a)a(ba:+a)—arcsec(bm+a)(bm+a)2+31/ %ﬂ (ba:+a)+3i> a1 (104 L . .
—3In( 142 bota +1,/ _*W)

derivativedivides
2
arcsec(b1+a)2 <2 arcsec(bz+a)a(bm+a)—arcsec(bz+a)(bz+a)2+31/ (b(mb:i)a)gl (bz+a)+3i> ) .
defont - 5 —3ln<1—i-z(m—l-z1 /1_W
erau

3.34.  [zsec'(a+bz)ddx



CHAPTER 3. LISTING OF INTEGRALS

input‘int(x*arcsec(b*x+a)”3,x,method=_RETURNVERBOSE)

output

input

1/b72% (-1/2*arcsec (b*x+a) ~2* (2*arcsec (b*x+a) *a* (b*x+a) —arcsec (b*xx+a) * (b*x+
a) "2+3* (((b*x+a) “2-1) / (b*x+a) "2) " (1/2) * (b*x+a) +3*I) -3*1n (1+I*(1/ (b*x+a) +I*
(1-1/(b*x+a) ~2) ~(1/2))) *a*arcsec(b*x+a) “2+6*I*polylog(2,-I* (1/(b*x+a)+I* (1
-1/ (b*x+a) ~2) ~(1/2)))*a*arcsec(b*x+a) -6*polylog(3,-I*(1/(b*x+a)+I*(1-1/(b*
x+a)"2) " (1/2))) *a+3*1n(1-I* (1/ (b*x+a)+I*x(1-1/(b*x+a) ~2) ~(1/2)))*a*arcsec(b
*xx+a) “2-6*I*polylog(2,I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a*arcsec (b*x+
a)+6*polylog(3,I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a+3*I*arcsec(b*x+a)”
2-3*arcsec (b*x+a)*1n(1+(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))~2)+3/2*xI*polylo
g(2,-(1/(b*x+a)+Ix(1-1/(b*x+a)~2)~(1/2))"2))

3.34.5 Fricas [F]

/x sec ' (a + bx)® dr = /a: arcsec (bx + a)® dz

B
Lintegrate(x*arcsec(b*x+a)‘3,x, algorithm="fricas")

-/

output Lintegral(x*arcsec (b*x + a)~3, x)

~—

3.34.6 Sympy [F]

/xsec_l(a +bz)3 dr = /xasec3 (a+ bx)dz

inputLintegrate(x*asec(b*x+a)**3,x)

e

outputtlntegral(x*asec(a + b*x)**3, x)

~—
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3.34.7 Maxima [F]

/w sec !(a + bx)*dr = /a: arcsec (bz + a)® dz

inputLintegrate(x*arcsec(b*x+a)“3,x, algorithm="maxima")

output | 1/2*x"2*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))~3 - 3/8*x"2*arctan(sqr
t(b*x + a + 1)*sqrt(b*x + a - 1))*log(b"2*x"2 + 2*axb*x + a~2)"2 - integra
te(3/8*((4*bxx~2%arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*x"2*log
(b™2%x™2 + 2*xa*b*x + a~2) "2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) + 4*x(2x(b
“3*x74 + 3xaxb~2xx"3 + (3*%a"2 - 1)*b*x"2 + (a”3 - a)*x)*log(b*x + a)~2 - (
b~3*x"4 + 2*a*b”~2*x"3 + (2”2 - 1)*b*x"2 + 2%x(b"3*x"4 + 3*axb~2*x"3 + (3%a”
2 - 1)*b*x"2 + (2”3 - a)*x)*log(b*x + a))*log(b 2*x”~2 + 2xaxb*x + a~2))*ar
ctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))/(b"3*x"3 + 3*axb™2%x"2 + a”3 +
(3%a”2 - 1)*b*x - a), x)

3.34.8 Giac [F]

/x sec ' (a + bx)® dr = /x arcsec (bx + a)® dz

input‘integrate(x*arcsec(b*x+a)“3,x, algorithm="giac")

outputLintegrate(x*arcsec(b*x +a)73, x)

3.34.9 Mupad [F(-1)]

3
/xsec_l(a+bx)3dx=/xacos< ! ) dzx
a+bzx

Timed out.

-

input | int(x*acos(1/(a + b*x))~3,x)

N

outputtint(x*acos(i/(a + b*x))"3, x)
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3.35 [secHa + bx)3 dzx

3.35.1 Optimalresult . . . ... ... ... .. .. 256)
3.35.2 Mathematica [A] (verified) . . . . . . . . ... ... L o 257
3.35.3 Rubi [A] (verified) . . . . . . ... .. 257
3.35.4 Maple [F] . . . . . . o 260
3.35.5 Fricas [F] . . . . . o o o 260
3.35.6 Sympy [F] . . . . . 260
3.35.7 Maxima [F] . . . . . .. 261]
3.35.8 Giac [F] . . . . . o 261]

3.35.9 Mupad [F(-1)]

3.35.1 Optimal result

Integrand size = 8, antiderivative size = 154

(a + bx)sec™'(a + bx)? 6isec™(a + bx)? arctan (ei Sec_l(a%w))
+
b b
6isec™!(a + bx) PolyLog (2, e sec—1<a+bw))
b
6 sec™(a + bx) PolyLog (2, jeisec_l(a—i—bx))
b
6 PolyLog (3, —ie"se“_l("“’x)) 6 PolyLog (3, i€t Sec‘1<a+bw)>
b - b

/sec_l(a +bz)3 dr =

_|_

+

output | (b*x+a)*arcsec(b*x+a) ~3/b+6*I*arcsec(bxx+a) " 2*arctan(1/(b*x+a)+I*(1-1/(b*x
+a)~2)~(1/2)) /b-6xI*arcsec(b*x+a)*polylog(2,-I*(1/(b*x+a)+I*(1-1/(b*x+a) 2
)~(1/2))) /b+6*I*arcsec (b*x+a)*polylog(2,I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/
2)))/b+6%polylog(3,-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b-6*polylog(3,I
*(1/ (b*xx+a)+I*(1-1/(b*x+a)~2)~(1/2))) /b
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3.35.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.04

/sec_l(a + bz)3 dx

(a + bz)sec(a + bx)® — 3sec™!(a + bx)? (log (1 eisec” (“+b’”)> —log (1 + i€’ Sec_l(“Jf””’))) — 6isec™?

input LIntegrate [ArcSec[a + b*x]~3,x]

output

~—

((a + bxx)*ArcSec[a + b*x]~3 - 3*ArcSec[a + b*x]~2x(Log[1 - I*E~(I*ArcSec[

a + b*x])] - Logl[l + I*E~(I*ArcSec[a + b*x])]) - (6*I)*ArcSec[a + b*x]*(Po
lyLog[2, (-I)*E~(I*ArcSec[a + b*x])] - PolyLogl[2, I*E~(I*ArcSec[a + bxx])]
) + 6%(PolyLog[3, (-I)*E~(I*ArcSec[a + b*x])] - PolyLogl[3, I*E~(I*ArcSecl[a
+ b*x])1))/b

3.35.3 Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.97,
number of steps used = 9, number of rules used = §, Lumber of rules _ ¢ 000, Rules used

integrand size
= {5775, 5739, 4244, 3042, 4669, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/sec_l(a + bx)® da

l 5775

[ sec™1(a + bz)3d(a + bx)
b

l 5739

[(a+bz)?,/1 (a+b (atba)? SeC” Y(a + bx)3dsec™(a + bx)

b
l 4244

(a+ bx)sec™(a + bz)® — 3 [(a + bx) sec™(a + bx)%dsec ! (a + bz)
b
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l 3042

(a+bz)sec™!(a+bx)® — 3 [sec™!(a + bx)?csc (sec™(a + bz) + §) dsec™!(a + bx)
b

l 4669

(a + bz)sec ! (a + bx)3 — < 2 [sec™!(a + bz) log ( ’Sec—1(a+b"’)) dsec™1(a+bz) +2 [sec™(a + bz) log <f
b

l 3011

(a + bx)sec™!(a + bx)3 — 3<2 (7, sec™!(a + bx) PolyLog ( etsec 1(a+b’”)> i [ PolyLog < glsec” (“"'b””)) ds

l 92720

(a + bx)sec ! (a + bx)3 — 3<2 (z sec™!(a + bx) PolyLog ( gtsec” (a"‘b’”)) — [ e~isec™ (atbe) PolyTog <2, —ietse

l 7143

(a+ bz)sec ! (a + bx)3 — 3 <—2i sec1(a + bz)? arctan (ei Sec_l(a"'bw)) +2 (z sec™!(a + bz) PolyLog ( gisec™ !

input Int[ArcSec[a + b*x]~3,x]

N J

output‘ ((a + b*x)*ArcSec[a + b*x]~3 - 3*%((-2%I)*ArcSec[a + b*x] 2*ArcTan[E~ (I*Arc ‘
‘Sec [a + b*x])] + 2x(I*ArcSec[a + b*x]*PolyLog[2, (-I)*E~(I*ArcSec[a + b*x] ‘
‘)] - PolyLog[3, (-I)*E~(I*ArcSec[a + b*x])]) - 2x(I*ArcSec[a + b*x]*PolyLo ‘
‘g[2, I*E~(I*ArcSec[a + b*x])] - PolyLog[3, I*E~(I*ArcSecl[a + b*x])])))/b ‘

3.35.3.1 Defintions of rubi rules used

rule 2720 | Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]
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rule 3042

rule 4244

rule 4669

rule 5739

rule 5775

rule 7143
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Int[Logll + (e_.)*((F_)~((c_)*((a_.) + (b_)* )N~ (a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “nl/(b*c*nxLog[F]1)), x] + Simp[g*(m/(b*c*n*Log[F1)) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(cx(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
s f, g, n}, X] && GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(x_)~(m_.)*Sec[(a_.) + (b_.)*(x_)"(n_.)]1"(p_.)*Tan[(a_.) + (b_.)*(x_)"(
n_.)]1"(q_.), x_Symbol]l :> Simp[x~(m - n + 1)*(Sec[a + b*x"n] p/(b*n*p)), x]
- Simp[(m - n + 1)/(b*n*p) Int[x"(m - n)*Sec[a + b*x"n]"p, x], x] /; Fre
eQ[{a, b, p}, x] && IntegerQ[n] && GeQ[m, n] && EqQ[q, 1]

Int[cscl(e_.) + Pix(k_.) + (£_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 :> Simp[-2*(c + d*x) “m*(ArcTanh[E~ (I*k*Pi)*E~(I*x(e + f*x))1/f), x] + (-Si
mp[d*(m/f) Int[(c + d*x)"(m - 1)*Logl[l - E~(IxkxPi)*E~(I*(e + f*x))], x],
x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*Log[l + E~(Ixk*Pi)*E~(I*(e + f*x
N1, x1, x1) /; FreeQl{c, d, e, £}, x] && IntegerQ[2*k] && IGtQ[m, O]

‘Int[((a_.) + ArcSec[(c_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[1/c  Subst[
‘Int[(a + b*x) "n*Sec[x]*Tan[x], x], x, ArcSec[c*x]], x] /; FreeQ[{a, b, c, n
'}, x] & I6tQ[n, 0]

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)I1*(b_.))"(p_.), x_Symbol] :> Simp[1/d
Subst [Int[(a + b*ArcSec[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, c, d},
x] && IGtQ[p, O]

N\

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_.)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)“pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

3.35.  [secT'(a+bz)ddx
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3.35.4 Maple [F]

/ arcsec (bz + a)® dz

input tint (arcsec(b*x+a)~3,x)

output Lint (arcsec(b*x+a)~3,x)

3.35.5 Fricas [F]

/sec_l(a + br)? dx = /arcsec (bx + a)® dz

inputLintegrate(arcsec(b*x+a)‘3,x, algorithm="fricas")

outputtintegral(arcsec(b*x + a)~3, x)

3.35.6 Sympy [F]

/sec_l(a + bz) dx = /asec3 (a+ bx) dzx

input Lintegrate (asec (b*x+a) **3,x)

output LIntegral(asec(a + b*x)**3, x)

3.35.  [secT'(a+bz)ddx
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3.35.7 Maxima [F]

/ sec ' (a + bx)® dr = /arcsec (bz + a)® dx

inputLintegrate(arcsec(b*x+a)‘3,x, algorithm="maxima")

~—

output | x*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 3/4*x*arctan(sqrt(b*x +
a + 1)*sqrt(b*x + a - 1))*log(b™2*x"2 + 2*axb*x + a~2)"2 - integrate(3/4*(
(4*bxx*arctan(sqrt(bxx + a + 1)*sqrt(b*x + a - 1))72 - bxx*log(b™2*x"2 + 2
xaxb*x + a~2)"2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) + 4*%((b"3*x"3 + 3*axb
“2*%x72 + a”3 + (3*%a”2 - 1)*b*x - a)*log(b*x + a)~2 - (b~3*x"3 + 2%a*xb~2*x~
2 + (a2 - 1)*b*x + (b73%x73 + 3%a*b”2#x"2 + a3 + (3*a”2 - 1)*b*x - a)*lo
g(b*x + a))*log(b~2*x"2 + 2*xaxb*x + a~2))*arctan(sqrt(b*x + a + 1)*sqrt(b*
x +a-1)))/(b"3*x"3 + 3*axb”2*x"2 + a~3 + (3*%a”2 - 1)*b*x - a), x)

3.35.8 Giac [F]

/sec‘l(a + br)? dr = /arcsec (bz + a)® dz

p
inputLintegrate(arcsec(b*x+a)“3,x, algorithm="giac")

|

output Lintegrate (arcsec(b*x + a)~3, x)

3.35.9 Mupad [F(-1)]

3
/sec_l(a+bx)3dx:/acos( 1 ) dzx
a+bzx

Timed out.

input Lint (acos(1/(a + b*x))~3,x)

~—

.
output | int (acos(1/(a + b*x))"3, x)

N

i

3.35.  [secT'(a+bz)ddx
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3.36 f sec™1 (a+bm)3 dx

T
3.36.1 Optimal result . . . . . ... . ... . . . 262
3.36.2 Mathematica [B| (warning: unable to verify) . . . . . .. ... .. ... ... 263
3.36.3 Rubi [A] (verified) . . . . . ... ... 265
3.36.4 Maple [F] . . . . . ..o 2701
3.36.5 Fricas [F] . . . . . . . 271]
3.36.6 Sympy [F] . . . . . . 2711
3.36.7 Maxima [F] . . . . . . . . 271]
3.36.8 Giac [F] . . . o . o 272
3.36.9 Mupad [F(-1)] . . . . o 2721

3.36.1 Optimal result

Integrand size = 12, antiderivative size = 430

sec™(a + bx)3 qeisec™ (atba)
dr =sec (a+bzx)log [1 - ——————
/ z ( ) leg 1-v1—-a?

ae’ sec”!(a+bzx) )

14++v1—a?
_ SeC_l(a + b$)3 ].Og (1 + eQisec_l(a+bm))

+sec™!(a + bx)*log (1 -

isec”!(a+bx)
ae
— 3isec !(a + bx)? PolyLog | 2, ————
(a+bz)" PolyLog ( 1= m)
aetsec” L(a+bx)
14+41—a?

3 -
+ 52 sec ' (a + bx)? PolyLog (2, —eisee 1(“+bx)>

— 3isec”'(a + bx)? PolyLog (2,

isec™!(a+bx)
e
+ 6sec !(a + bz) PolyLog | 3, ———
(a+ bz) Poly g( 1_m>
6 ) b) PolvL 5 aeisec_l(a+ba:)
+ 6sec” “(a + 0x) PolyLo , T ——
(@t ba) PolyLog ( 3, 1A=
3

~3 sec”*(a + bz) PolyLog <3, e SeC_l(a+bz))

isec™1(a+bx) isec”!(a+bx)
61 PolyLog | 4, - 4+ 6i PolyLog | 4, %
+ 02 R — Jadte o)
1-vi-a It Vioa
3 .
— ZZ POlyLOg (4’ _eQ'LSec 1(a+bw)>

3.36. [ sclotbe) gy
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output | —arcsec (b*x+a) ~3*1n(1+(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)) ~2)+arcsec(b*x+a)
~3*1n(1-a*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))+arcsec(b
*xx+a) "3*1n(1-a*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1+(-a"2+1)~(1/2)))+3/2
xI*xarcsec(b*x+a) “2xpolylog(2,-(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))~2)-3*I*a
rcsec(b*x+a) “2xpolylog(2,a*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)
~(1/2)))-3*I*arcsec(b*x+a) “2*polylog(2,a*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2
))/(1+(-a~2+1)~(1/2)))-3/2*arcsec (b*x+a) *polylog(3,-(1/ (b*x+a) +I*(1-1/ (b*x
+a)~2)~(1/2))"2)+6*arcsec (bxx+a)*polylog(3,a*(1/(b*x+a)+I*(1-1/(b*x+a)~2)"
(1/2))/(1-(-a~2+1)~(1/2)) ) +6*arcsec (bxx+a) *polylog(3,a* (1/ (b*x+a)+I*(1-1/(
bxx+a) ~2)~(1/2))/(1+(-a~2+1)~(1/2)))-3/4*I*polylog(4,-(1/(b*x+a)+I*x(1-1/(b
*x+a) ~2) ~(1/2))"2)+6*I*xpolylog(4,a*(1/ (bxx+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1-
(-a~2+1)~(1/2)))+6xI*polylog(4,a*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1+(-
a”2+1)7(1/2)))

3.36.2 Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 1058 vs. 2(430) = 860.

3.36. [ sclotbe) gy
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Time = 2.92 (sec) , antiderivative size = 1058, normalized size of antiderivative = 2.46

a+ br)3

/ sec™(

3.36.

isec”!(a+bx)
dz = 2sec™!(a + bz)®log (1 + = )
T

visa
(—-1+Vv1-a?) eisec‘1<a+bw>> B
—6sec” (a
a

+sec™(a + bz)? log (1 +

/% (_1 + 1 — az) eisec_l(a+bx)
log | 1+
V2 a

+ br)? arcsin

ae’ sec™1(a+bx)
+2sec™'(a + bx)*log [ 1 —

1++v1—a?
14+ /1 — a2 eisec_l(a—l—bm)
( a) + 6sec”!(a

N (14 VI a2) eise e
log|1—

\/§ a
_ 3S€C_1(a + bfL’)3 log <1 + e2isec_1(a+bm)>

<a+ba: \/ (a—l—b:z:)2 )

a+ bx

(a+bz + 1h/1— (a,+bm )

+sec™'(a + bz)* log (1 —

+ bx)? arcsin

+ 2sec™ ' (a + bx)? log

—sec *(a +bzx)’log | 1+

—sec”(a+bx)*log | 1+

—1+a
+ 6sec ' (a + bx)? arcsin log | 1
A2 (_1 /1
+ —1+vI1- a2 a+bx (a+bz)2>
a

1
<a+bx +1 \/ 1- (a+bw)2>

1++v1—a?
(1 +v1— a2) (a+bm 1— (a-ij)x)?)

—sec *(a+bx)’log [ 1 —

—sec (a+bzx)log [ 1—

f sec”!(a+bx)3 dCL'_

T
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input‘Integrate[ArcSec[a + bxx]~3/x,x]

output | 2¢ArcSec[a + b*x]~3*Log[l + (a*E~(I*ArcSec[a + b*x]))/(-1 + Sqrt[1 - a~2])
] + ArcSec[a + b*x]~3*Logl[1 + ((-1 + Sqrt[1 - a~2])*E~(I*ArcSec[a + b*x]))
/a]l - 6xArcSec[a + b*x] "2*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Logll + ((-1 +

Sqrt[1 - a~2])*E~(I*ArcSec[a + b*x]))/a] + 2*ArcSec[a + b*x] 3*Log[l - (a*
E~(I*ArcSec[a + b*x]))/(1 + Sqrt[1 - a~2])] + ArcSec[a + b*x]~3*Logl[l - ((
1 + Sqrt[1 - a~2])*E~(I*ArcSec[a + b*x]))/a]l + 6xArcSec[a + b*x] 2*ArcSin[
Sqrt[(-1 + a)/al/Sqrt[2]]*Logl1l - ((1 + Sqrt[1 - a"2])*E~(IxArcSec[a + b*x
1))/a]l - 3*ArcSec[a + b*x]~3*Log[1l + E~((2*I)*ArcSec[a + b*x])] + 2*ArcSec
[a + bxx]"3xLog[(2*((a + b*x)~(-1) + I*Sqrt[1l - (a + b*x)~(-2)]1))/(a + b*x
)] - ArcSec[a + b*x]"3#Logl[1l + (ax((a + b*x)~(-1) + I*Sqrt[1 - (a + b*x)~(
-2)1))/(-1 + Sqrt[1 - a”2])] - ArcSec[a + b*x] 3*Log[l + ((-1 + Sqrt[l - a
~2])*((a + b*x)~(-1) + I*Sqrt[l - (a + b*x)~(-2)]))/al + 6*ArcSec[a + b*x]
~2%ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Logl[l + ((-1 + Sqrt[1 - a~2])*((a + bx*
x)~(-1) + IxSqrt[1 - (a + b*x)~(-2)]))/al - ArcSec[a + b*x]~3*Logl[l - (ax(
(a + bxx)~(-1) + IxSqrt[l - (a + b*x)~(-2)]1))/(1 + Sqrt[1l - a~2])] - ArcSe
cla + b*x]"3%Log[1 - ((1 + Sqrt[1 - a"2])*((a + b*x)~(-1) + I*Sqrt[l - (a

+ b*x)~(-2)]))/al - 6*ArcSec[a + b*x]~2xArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]+*L
ogll - ((1 + Sqrt[1 - a~2])*((a + b*x)~(-1) + I*Sqrt[l - (a + bxx)~(-2)]1))
/a] - (3*I)*ArcSec[a + b*x] 2*PolyLog[2, -((a*E~(I*ArcSec[a + bxx]))/(-1 +
Sqrt[1 - a~2]))] - (3*I)*ArcSec[a + bxx] 2xPolyLog[2, (a*E~(I*ArcSecl[a...

3.36.3 Rubi [A] (verified)

Time = 1.85 (sec) , antiderivative size = 529, normalized size of antiderivative = 1.23,

number of steps used = 16, number of rules used = 15, dumber of rules _ q 95y Ryjes used
integrand size

= {5781, 25, 5062, 5041, 25, 3042, 4202, 2620, 3011, 5031, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

-1 3
/sec (c;—i- bx) i

l 5781

/ (a+bx)?,/1— m sec”!(a + bz)3

bx
l25

dsec™(a + bx)

3.36. [ sclotbe) gy
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dsec™(a + br)

/ (a+bx)%, /1 - m sec”1(a + bx)3

bz
| 5062
(a+bz),/1 - —1rsec™(a + bz)?
—/ (etbe) dsec™(a + bx)
atbz 1
| 5041
/(a +bx),[1— (—l—lba:)2 sec”!(a + bx)3dsec™(a + bx) —
/1= 25 sec™(a + bx)3
/ (a+bx) dsec™(a + bx)
a+bx

| 25

/(a +bx),[1— ("‘233)2 sec Y (a + bx)3dsec™(a + bx) +

/,/ (a+bx28ec Y(a +bx)3

dsec™(a + bx)

- a+b:c
| 3042
1= —L < sec™l(a + bx)?
bx)?2
a/ (tb) m dsec™(a + bz) + /sec_l(a +
1— a+bz

bz)3 tan (sec™!(a + bz)) dsec™!(a + bz)
| 4202

2isec™ ! (a+bx) -1 3 + /1= —=—ssec” (a+ b.’E)3
—2@'/ ¢ sec”_(a + br) dsec™Y(a + bx) —I-a/ a+b )

14 e2i sec~1(a+bzx)

dsec™(a +

1 o a—l—bx
bx) + 12’ sec”!(a + bx)*

l 2620

/ /1 (a+bz)2 sec™!(a + bx)3

- a—l—bx

dsec™!(a + br) —

_ 1 -
2i (gz / sec”!(a + bz)?log (1 + eZisec (“'H””)) dsec Y (a + bz) — 5@ sec Y (a + bz)3log <1 + eZisec 1(“+bm)>>+

1
1isec_1(a + bx)*

l 3011

3.36. [ sclotbe) gy
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1 - -
—2i (gz <2i sec™!(a + bz)? PolyLog <2 —e2isec 1(“+b””)> - i/sec_l(a + bz) PolyLog (2, —e2isee 1(“+bw)> dsec™!

/1 — 2z sec”(a+ bx)3
/ a+bw) dsec™(a + bz) + iz sec”!(a + bx)*

- a+bm

lsmn

zsec_l(a+b:1:) bx)3 isec™1(a+bx) -1 bx)3
—i T sec”(a +bz) dsec_l(a +bx) —i € - sec” (a + bz) dsec ! (a + bz) — e
—etsec(at+bz) g — /1 — g2 +1 —etsec 1(a+bz)a+1/1_a2+1

1 - -
(2z< isec”!(a + bx)? PolyLog ( —e2isec 1(“+b’”)) —1 / sec ' (a + bz) PolyLog (2, —e2isec 1(“+bx)) dsec™(c
1
11’ sec™!(a + bx)?

l 2620

. _ isec_l(a+bw) isec_l(a+bw) _
isec(a + bx)3log (1 - %) 3i [sec™(a + bz)?log ( “el_m ) dsec™1(a + bz)

al —t —
a a

1 - -
2i (21 <2i sec”!(a + bx)? PolyLog (2, —e2isec 1(“+bz>> —1 / sec ' (a + bz) PolyLog (2, —g2isec 1(“+bx)) dsec™(c
1
ii sec”!(a + bx)*

l 3011

isecfl(a+bw) isec” (a+bw)

isec(a + bx)3log (1 - %) ~ 3i (z sec™!(a + bx)? PolyLog (2 = Vi ) — 2i [sec™!(a +

a a

al|l —12

1 - -
2i (21 <2i sec”!(a + bx)? PolyLog (2, —e2isec 1(“+bz)> —1 / sec!(a + bz) PolyLog (2, —g2isec l(a+b’”)) dsec™(c

1
11’ sec”!(a + bx)*

l 7163

isec” 1 (atbx
isec™!(a + bx)3 log (1 — ae (tbe)

ﬁ) 3i<isec 1(a + bz)? PolyLog (2 aeteec “‘“’”) —2i<i [ PolyLo

1-v1

a

1 . 1 A
2i (21 <2i sec”!(a + bz)? PolyLog (2, —g2isec 1(“+bz)) — i<2z’ / PolyLog (3, —gPisec 1(“+b”)> dsec™Y(a + bz) —

1
11’ sec™(a + bx)*
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l 92720

isec”1(a+bx isec”1(a+bx : —
isec™!(a + bz)®log (1 - “1_7\/1(_—;)) 3 (z sec~!(a + bz)? PolyLog (2, acieee (o) ) _ 2i< [ eisee

a

al —t

2i (21 <;z sec!(a + bx)? PolyLog (2, —e® Se°‘1<“+bw>) - icl / e 2isec” (a+b2) polyTog (3, —e” SeC‘1<a+bw>) de?"
1
ii sec™1(a + bx)*

l 7143

isec™1 (a+bzx)

. isec™!(atbz) N .
isec™!(a + bx)3log (1 - %) ~ 3i (z sec”!(a + bx)? PolyLog (2, %) —2i (PolyLog (

a (

al|l —12

1 - 1 L 1
2i (21 <2i sec”!(a + bz)? PolyLog (2, —g2isec 1(“+bz)> — i<4 PolyLog (4, —elisec 1(““’””)) — ii sec”!(a + bz) Po

1
11’ sec”!(a + bx)*

r

input LInt [ArcSec[a + b*x]~3/x,x]

| —

output | (I/4)*ArcSec[a + b*x]~4 + a*x(((-1/4*I)*ArcSec[a + b*x]~4)/a - I*((I*ArcSec
[a + b*x]~3*Log[1l - (a*E~(I*ArcSecla + b*x]))/(1 - Sart[1 - a~2])])/a - ((
3*I)*(I*ArcSec[a + b*x]“2*PolyLog[2, (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrt[1
- a”2])] - (2*I)*((-I)*ArcSec[a + b*x]*PolyLog[3, (a*E~(I*ArcSec[a + b*x]
))/(1 - Sqrt[1 - a~2])] + PolyLogl[4, (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrt[1
- a~2])1)))/a) - I*((I*ArcSec[a + b*x]~3xLog[l - (a*E~(I*ArcSec[a + b*x])
)/(1 + Sqrt[1 - a~2])]1)/a - ((3*I)*(I*ArcSecl[a + b*x] 2+PolyLogl[2, (a*E~(I
*ArcSec[a + b*x]))/(1 + Sqrt[1 - a”2])] - (2xI)*((-I)*ArcSec[a + b*x]*Poly
Log[3, (a*xE~(I*ArcSec[a + b*x]))/(1 + Sqrt[1 - a~2])] + PolyLog[4, (axE~(I
xArcSec[a + bxx]))/(1 + Sqrt[l - a~2])]1)))/a)) - (2*I)*((-1/2*I)*ArcSec[a
+ b*x] “3*Log[l + E~((2*I)*ArcSec[a + b*x])] + ((3*I)/2)*((I/2)*ArcSecl[a +
b*x] “2%PolyLog[2, -E~((2*I)*ArcSec[a + b*x])] - I*((-1/2%I)*ArcSec[a + b*x
J*PolyLog[3, -E~((2*I)*ArcSec[a + b*x])] + PolyLogl[4, -E~((2*I)*ArcSec[a +
b*x]1)1/4)))

3.36. [ sclotbe) gy

T



rule 25
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rule 3011

rule 3042

rule 4202

rule 5031
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3.36.3.1 Defintions of rubi rules used

‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

Int [(C(FL)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x=_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Log[l + b*x((F~(g*x(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] & !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_)*x))))"(@_)1*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))“nl/(b*cxn*Log[F])), x] + Simp[g*(m/(b*ckn*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E~(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQl[{c, d, e, f}, x] && IGt
Q[m, 0]

N\

Int[((Ce_.) + (£_)*(x_))"(m_.)*Sin[(c_.) + (@_.)*(x_)]1)/(Cosl[(c_.) + (d_.)
*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[I*((e + f*x)~(m + 1)/(b*fx(m + 1)))
, x] + (-Simp[I Int[(e + f*x) m*x(E~(I*(c + d*x))/(a - Rt[a"2 - b~2, 2] +
b*E~(I*(c + d*x)))), x], x] - Simp[I Int[(e + £*x) m*x(E~(I*(c + d*x))/(a
+ Rt[a"2 - b2, 2] + b*E~(I*x(c + d*x)))), x], x]) /; FreeQ[{a, b, c, 4, e,
£}, x] && IGtQ[m, O] && PosQ[a"2 - b~2]

3.36. [ sclotbe) gy
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rule 5041 Int[(((e_.) + (£_.)*(x_))"(m_.)*Tan[(c_.) + (d_.)*(x_)1"(n_.))/(Cos[(c_.) +
(@_.)*(x_)1*(b_.) + (a_)), x_Symbol] :> Simp[i/a Int[(e + f*x) m*Tan[c +
d*x]°n, x], x] - Simp[b/a Int[(e + f*x) m*Sin[c + d*x]*(Tan[c + d*x]~(n

- 1)/(a + b*Cos[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[

m, 0] && IGtQ[n, O]

rule 5062 Int[(((e_.) + (£_.)*(x_)) " (m_.)*(F_)[(c_.) + (@_)*x)1"(_.)*(G ) [(c_.) +

(d_)*(x_)1"(p_.))/((a_) + (b_.)*Sec[(c_.) + (d_.)*(x_)]1), x_Symbol] :> In
t[(e + f*x) m*Cos[c + d*x]*F[c + d*x] n*x(G[c + d*x] p/(b + a*Cos[c + d*x]))
, x] /; FreeQ[{a, b, c, d, e, £}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, n, pl

rule 5781 Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_)*(x_))"(m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, T}, x] && IGtQ[p, 0] && IntegerQ[m]

rule 7143 | Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
» €, I, P}, X] && EqQ[b*d, a*e]

rule 7163 Int[((e_.) + (£_.)*(x_))~(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(cx*(a
+ b*x)))~“pl/ (bxcxpxLog[F1)), x] - Simp[f*(m/(bxcxp*Log[F1)) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, O]

N\

3.36.4 Maple [F]

/ arcsec (bz + a)® i

T

inputLint(arcsec(b*x+a)“3/x,x)

output | int (arcsec(b*x+a)~3/x,x)

N\

3.36. [ sclotbe) gy
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3.36.5 Fricas [F]

-1 3 3
/sec (a+bx) dp — / arcsec (bx + a) i

x Z

inputLintegrate(arcsec(b*x+a)‘3/x,x, algorithm="fricas")

outputtintegral(arcsec(b*x + a)~3/x, x)

3.36.6 Sympy [F]

T T

-1 3 3
/sec (a+bx) dx:/asec (a+ bzx) i

inputtintegrate(asec(b*x+a)**3/x,x)

outputtlntegral(asec(a + b*x)**3/x, x)

3.36.7 Maxima [F]

-1 3 3
/sec (a + bx) dr — / arcsec (bx + a) d

T T

input Lintegrate (arcsec(b*x+a)~3/x,x, algorithm="maxima")

output Lintegrate (arcsec(b*x + a)~3/x, x)

3.36. [ sclotbe) gy
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3.36.8 Giac [F|

-1 3 3
/sec (a+bx) dp — / arcsec (bx + a) i

x Z

input Lintegrate (arcsec(b*x+a) "3/x,x, algorithm="giac")

output tintegrate (arcsec(b*x + a)~3/x, x)

3.36.9 Mupad [F(-1)]

Timed out.

T T

_ 1 )3
/sec 1(a—|—bz)3 dz:/acos(m) i

input Lint (acos(1/(a + b*x))~3/x,x)

output Lint(acos(l/(a + b*x))~3/x, x)

3.36. [ sclotbe) gy
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-1 3
sec” (a+bx
3.37 [ lath) g,
z
3.37.1 Optimalresult . . .. ... ... ... ... ... ... 273

3.37.2 Mathematica [F(-1)]

3.37.7 Maxima [F]

3.37.1 Optimal result

Integrand size = 12, antiderivative size = 362

/ sec(a + bz)3 dp — — bsec™!(a+bx)® sec”!(a+bx)®
x? a x

3ibsec™(a + bz)* log (1 - aeisee_l(%bm))

_ 1—v/1—a?
av'1 — a?
. -1 2 aet sec_l(a-Hm:)
. 3ibsec™'(a + bz)*log (1 - W)
av'1 — a?
— aeisec_l(a )
6bsec™!(a + bx) PolyLog (2, 1_—\/1_7:;)
av'1 — a?
— ae’ sec_l(a+bx)
N 6bsec™!(a + bz) PolyLog (2, W)
av'1 — a?

1—v/1—a?

3.37.3 Rubi [A] (verified) . . . . ... .. ..
3374 Maple [F] . . . . . o e
3.37.5 Fricas [F] . . . . . o o o
3.37.6 Sympy [F] . . . . . o
3.37.8 Giac [F] . . . .
3.37.9 Mupad [F(-1)] . . . . . o

1+v1—a?

)

av'1 — a? av'1 — a?

67/b POlyLOg (3’ ae’ sec™ 1 (a+bx) ) 62() PolyLog (3, a6 secfl(a+bz)
+

3.37. [ slatbe) gy
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output | -b*arcsec(b*x+a) “3/a-arcsec(b*x+a) ~3/x-3*Ixb*arcsec(b*x+a) "2*1n(1-a*(1/(b*
x+a)+I*x(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2+1)~(1/2))) /a/(-a~2+1) "~ (1/2) +3*I*b*a
rcsec(b*x+a) “2*1n(1-a*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1+(-a"2+1)~(1/2
)))/a/(-a~2+1) " (1/2) -6*b*arcsec (b*x+a) *polylog(2,a* (1/ (b*x+a)+I* (1-1/ (b*x+
a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))/a/(-a~2+1) "~ (1/2) +6*b*arcsec (b*x+a) *polylo
g(2,ax(1/ (bxx+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1+(-a"2+1)~(1/2)))/a/(-a~2+1)~(
1/2)-6*I*b*polylog(3,a*(1/(bxx+a)+I*(1-1/(b*x+a)~2)"(1/2))/(1-(-a"2+1)~(1/
2)))/a/(-a~2+1) "~ (1/2)+6xI*b*polylog(3,a*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)
)/ (1+(-a"2+1)~(1/2)))/a/(-a~2+1) " (1/2)

3.37.2 Mathematica [F(-1)]

Timed out.
sec”! bx)3
/ (@ +57)" 4o — $Aborted
x
input LIntegrate [ArcSec[a + b*x]~3/x72,x] J
.
output L$Aborted J

3.37.3 Rubi [A] (verified)

Time = 0.92 (sec) , antiderivative size = 365, normalized size of antiderivative = 1.01,
number of steps used = 6, number of rules used = 5 number of rules _ 0.417, Rules used

' integrand size
= {5781, 4926, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

-1 3
/sec (a + bx) i

72
| 5781
(a+bx)?, /1 — 37 sec”}(a + bx)?
b/ (b;::; dsec™(a + bx)
| 4926
-1 2 -1 3
b _3/_sec (a+ bx) dsec=(a + bz) — sec” ' (a + bx)
bz bz

3.37. [ slarbe)’ gy
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| 3042
-1 2 -1 3
b _3/ sec” ' (a + bx) dsec=1(a + bz) — sec” " (a + bx)
a — csc (secH(a + bx) + §) bx
| 4679
-1 2 -1 2 -1 3
b _3/ sec”(a + bx) 4 e (a + bx) dsec=(a + bz) — sec” ' (a + bx)
a a<4lL———1> bx
a+bz
| 2009

isec_l(aerz) isec_l(a+bm) )

, _sec_l(a + bz)? 4 2sec™1(a + bx) PolyLog (2, “el_ﬁ) ~ 2sec™!(a + bx) PolyLog <2, “ex/liTH
bx av/1 — a? av1 — a?

input LInt [ArcSec[a + b*x]~3/x"2,x]

~—

output | b*(-(ArcSec[a + b*x]~3/(b*x)) - 3*(ArcSec[a + b*x]~3/(3*a) + (I*ArcSec[a +
bxx] “2*Log[1 - (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrt[1 - a~2])])/(a*Sqrt[1
- a”2]) - (IxArcSecl[a + bxx]~2+Logl[l - (a*xE~(I*ArcSec[a + bx*x]))/(1 + Sqrt
[1 - a~2])])/(a*Sqrt[1 - a~2]) + (2xArcSec[a + bxx]*PolyLog[2, (a*E~(I*Arc
Secl[a + b*x]))/(1 - Sqrt[1 - a~2])])/(a*xSqrt[1 - a~2]) - (2*ArcSec[a + b*x
1*PolyLog[2, (a*E~(I*ArcSecl[a + b*x]))/(1 + Sqrt[1 - a~2])])/(a*Sqrt[l - a
~2]1) + ((2*I)*PolyLog[3, (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrt[1 - a~2]1)]1)/(
a*Sqrt[1 - a~2]) - ((2*I)*PolyLog[3, (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[i

- a~2])]1)/(axSqrt[1 - a~21)))

3.37.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] J

p
rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] \

3.37. [ slarbe)’ gy
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rule 4926

rule 5781
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Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Int[(Ce_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)1*((a_) + (b_.)*Secl(c
_) + @_D)*(x)1D) " (a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*((a + b*Sec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x)) " (m
_.), x_Symbol] :> Simp[1/d"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, T}, x] && IGtQ[p, 0] && IntegerQ[m]

3.37.4 Maple [F]

/ arcsec (bz + a)® i

x2

input Lint (arcsec(b*x+a) "3/x72,x)

output Lint (arcsec(b*x+a)~3/x72,x)

3.37.5 Fricas [F]

—1 3 3
/sec (a+bzx) dp — / arcsec (bx + a) i

2 2

input Lintegrate (arcsec(b*x+a)~3/x"2,x, algorithm="fricas")

output tintegral(arcsec(b*x + a)~3/x72, x)

3.37. [ slarbe)’ gy
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3.37.6 Sympy [F]

-1 3 3
/sec (a+bx) dx:/asec (a+ bx) i

x2 x2

inputLintegrate(asec(b*x+a)**3/x**2,x)

outputLIntegral(asec(a + b*x)**3/x%*2, x)

| —

3.37.7 Maxima [F]

-1 3 3
/sec (a+ bx) dp — / arcsec (bx + a) i

2 2

input‘integrate(arcsec(b*x+a)”3/x”2,x, algorithm="maxima")

output

-1/4*(4*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 3*arctan(sqrt(b*x
+ a + 1)*sqrt(b*x + a - 1))*log(b™2*x"2 + 2*axb*x + a~2)"2 - 4*xxintegrate
(3/4% ((4xb*x*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*x*log(b~2*x
~2 + 2*%axbxx + a”2)"2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) - 4*x((b"3*x"3 +
3xa*xb”"2*x"2 + a”3 + (3*a”2 - 1)*b*x - a)*log(b*x + a)~2 + (b~3*x™3 + 2*ax
b~2*x"2 + (a2 - 1)*bxx - (b73*x"3 + 3*a*b”~2*x"2 + a~3 + (3*%a”2 - 1)*b*x -
a)*log(b*x + a))*log(b~2%x~2 + 2*axbxx + a~2))*arctan(sqrt(b*x + a + 1)*s
grt(b*x + a - 1)))/(b"3%x"5 + 3*a*xb™2*x~4 + (3*a~2 - 1)*b*x~3 + (2”3 - a)*
x72), x))/x

3.37.8 Giac [F]

2 2

-1 3 3
/ sec”'(a + bx) dp — / arcsec (bx + a) i

inputLintegrate(arcsec(b*x+a)“3/x‘2,x, algorithm="giac")

—

outputLintegrate(arcsec(b*x + a)~3/x72, x)

3.37. [ slarbe)’ gy
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3.37.9 Mupad [F(-1)]

Timed out.

-1 3 acos(— 8
/sec (a + bx) dx:/ (a+bw) iz

x2 x2

input tint (acos(1/(a + b*x))~3/x72,x)

output Lint(acos(l/(a + b*x))"3/x72, %)

3.37. [ slarbe)’ gy

x2
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3.38 [ z(a+ bsec™t (c+ dz?)) dx

3.38.1 Optimalresult . . . . .. .. ... . ... 2779
3.38.2 Mathematica [C] (verified) . . . . . . .. .. ... L Lo oL 279
3.38.3 Rubi [A] (verified) . . . . . ... ... 230
3.38.4 Maple [A] (verified) . . . . .. . .. ... 28]
3.38.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 28]
3.38.6 Sympy [F] . . . . . .
3.38.7 Maxima [A] (verification not implemented) . ... ... ... ... ..... 282
3.38.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 282
3.38.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 283

3.38.1 Optimal result

Integrand size = 14, antiderivative size = 58

2 2 -1 oy barctanh( /1 — —2
/x(a+bsec_1 (c+da?)) dz = ﬂ_,.b(c"‘dx )sec”! (c+dz®) ( (ctda?) >

2 2d 2d

output‘1/2*a*x“2+1/2*b*(d*x“2+c)*arcsec(d*x‘2+c)/d—1/2*b*arctanh((1—1/(d*x‘2+c)“2
Y /)/a |

3.38.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 2.31 (sec) , antiderivative size = 516, normalized size of antiderivative = 8.90

2
/x(a +bsec™" (c+dz?)) dr = % + %balc2 sec”! (c + dz?)

ble+ dr) \/_Hc?ffii?f;d%“ (\/4 —1(—i+v-1+¢) V2 — ic + 2v/—1 + c? arctan ( (L V2iic?

v/ —=14c2—cV/—14¢
+

-

input LIntegrate [x*(a + b*ArcSec[c + d*x~2]),x]

~—

3.38.  [z(a+bsec™!(c+dz?)) dzx
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output | (a*xx~2)/2 + (b*x"2*ArcSec[c + d*x"2])/2 + (b*(c + d*x~2)*Sqrt[(-1 + c~2 +
2xcxd*x"2 + d72%x74)/(c + d*x~2)"2]1*((-1)"(1/4)*(-I + Sqrt[-1 + c~2])*Sqrt
[2%I - I*c™2 + 2%Sqrt[-1 + c"2]]1*ArcTan[((-1)"(3/4)*Sqrt[2*I - I*c~2 + 2*S
qrt[-1 + c72]]*d*x"2)/(c*Sqrt[-1 + c™2] - c*Sqrt[-1 + c™2 + 2*%cxd*x"2 + 4~
2xx~4]1)] + (-1)7(3/4)*(I + Sqrt[-1 + c~2])*Sqrt[-2*I + I*c™2 + 2*Sqrt[-1 +
c"2]1*ArcTan[((-1)~(1/4)*Sqrt [-2*I + I*c~2 + 2*Sqrt[-1 + c~2]1]1*d*x"2)/(c*
Sqrt[-1 + c™2] - c*#Sqrt[-1 + c72 + 2%cxd*x”"2 + d"2*x~4])] + c*(c*ArcTan[(S
qrt[-1 + c"21*%d"2*x"4)/(c"4 + c”3*d*x"2 + d"2*x"4 - c”2*(1 + Sqrt[-1 + c~2
I1*¥Sqrt[-1 + c72 + 2xc*d*x"2 + d"2%x74]))] - LoglSqrt[-1 + c~2] - d*x"2 - S
grt[-1 + c72 + 2%c*kd*x"2 + d72*x74]] + Log[d~2*(Sqrt[-1 + c72] + d*x"2 - S
grt[-1 + c72 + 2xc*kd*x"2 + d72%x74])]1)))/(2%cxd*Sqrt[-1 + c72 + 2xc*kd*x~2
+ d"2%x74])

3.38.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.93, number

of steps used = 3, number of rules used = 2, Bumber of rules _ , 143 Ryjeg used = {7266,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/az(a + bsec! (c+ d:c2)) dz

l 7266
% / (a+bsec™ (dz? + c)) dz?
l 2009
1
1 , barctanh(, /1 (c+dw2)2> b(c+ de) sec—1 (c+dac2)
2| %~ d + d

-

input Int[x*(a + b*ArcSec[c + d*x~2]),x]

output‘{(a*x’? + (bx(c + d*x"2)*ArcSec[c + d*x"2])/d - (b*ArcTanh[Sqrt[1 - (c + d*
‘ x~2)"(-2)11)/4)/2

3.38.  [z(a+bsec™!(c+dz?)) dzx
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3.38.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk37266‘Int[(u_)*(x_)”(m_.), x_Symbol] :> Simp[1/(m + 1)  Subst[Int[SubstFor[x~(m
‘+ 1), u, xJ, x], x, x“(m + 1)), x] /; FreeQ[m, x] && NeQ[m, -1] && Function
\Ofa[x*(m + 1), u, xJ \

3.38.4 Maple [A] (verified)

Time = 0.33 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.10

method result size
b <(d$2+c) arcsec(d x2+c) —In <d x24ct+ (d$2+c) 1— 21 5 >>
arts az? 4 (2=2+2) 64
b 2 2d
(d x2 +c) a+b <(d :c2+c) arcsec (d x2 +c) —In <d z2+4c+ (d :c2+c) 1- ﬁ) >
. . .« . dzx c
derivativedivides 5 (42+c) 68
(d z2+c) a+b<(dm2+c) arcsec(d z2+c) —In <dz2+c+ (d a:2+c) 1— 21 5 ))
dz“+c
default 53 (4=2+c) 68
input Lint (x*(a+b*arcsec (d*x"2+c)) ,x,method=_RETURNVERBOSE) J

output‘1/2*a*x“2+1/2*b/d*((d*x“2+c)*arcsec(d*x“2+c)-1n(d*x“2+c+(d*x“2+c)*(1-1/(d*
‘x"2+c)“2)“(1/2))) ‘

3.38.5 Fricas [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.66

/35((z—|—bsec_1 (c—l-dx2)) dx

_ bdz? arcsec (da® + ¢) + adz® + 2 bearctan (—dz?® — c+ Vx4 +2cd2? + ¢ — 1) + blog (—dz? — c + V.
N 2d

inputLintegrate(x*(a+b*arcsec(d*x“2+c)),x, algorithm="fricas") J

3.38.  [z(a+bsec™!(c+dz?)) dzx
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output‘1/2*(b*d*x‘2*arcsec(d*x“2 + c) + axd*x”2 + 2%bkcxarctan(-d*x~2 - ¢ + sqrt(
|d2%x74 + 2%ckd¥x™2 + 2 - 1)) + bklog(-d¥x"2 - ¢ + sqrt(d 2xx"4 + 2kckdx
‘x‘2 +c”2 -1)))/d ‘

3.38.6 Sympy [F]

/3c(a+bsec_1 (c+dz?)) dz = /x(a-i—basec (c+dz?)) dz

input Lintegrate (x* (at+b*asec (d*x**2+c)) ,x) J

output LIntegral(x*(a + bxasec(c + d*x**2)), x) J

3.38.7 Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.22

1
/m(a + bsec! (c + de)) dr = 3 ax?
N <2 (dz? + c) arcsec (dz? + c) — log (1 /_(dw2+0)2 +1+ 1> + log (—1 /—m +1+ 1)>b
4d
input Lintegrate (x* (atb*arcsec(d*x~2+c)),x, algorithm="maxima") J

output‘ 1/2*%axx"2 + 1/4x(2x(d*x~2 + c)*arcsec(d*x~2 + c) - log(sqrt(-1/(d*x~2 + c) ‘
‘“2 + 1) + 1) + log(-sqrt(-1/(d*x"2 + ¢c)~2 + 1) + 1))*b/d

3.38.8 Giac [A] (verification not implemented)

Time = 0.39 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.72

/ac(a—l—bsec_1 (c+dz?)) dz = %aﬁ

2 (dz? - : - —log (—/~ 7=
(dz —I—c)arccos( (dz2+c)<d$§+c—1)—c> log( m+1+1) 10g< Mz-l—l

1
+ 1 bd 7 - 7

3.38.  [z(a+bsec™!(c+dz?)) dzx
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input‘integrate(x*(a+b*arcsec(d*x“2+c)),x, algorithm="giac")

output‘1/2*a*x“2 + 1/4x%b*d* (2% (d*x~2 + c)*arccos(-1/((d*x"2 + c)*(c/(d*x"2 + c) -
‘ 1) - ¢))/d"2 - (log(sqrt(-1/(d*x"2 + c)"2 + 1) + 1) - log(-sqrt(-1/(d*x"2
\ +c)"2 + 1) +1))/d"2)

3.38.9 Mupad [B] (verification not implemented)

Time = 1.21 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.90

batanh 1_+
ag? (402+0)? N bacos(773) (dz® +¢)

-1 2 _
/w(a+bsec (c+dm)) dr = 5 54 54

input Lint(x*(a + bxacos(1/(c + d*x~2))),x)

output‘ (a*xx~2)/2 - (b*atanh(1/(1 - 1/(c + d*x~2)"2)"(1/2)))/(2%d) + (bx*acos(1/(c
L+ d*x~2))*(c + d*x~2))/(2%d)

3.38.  [z(a+bsec™!(c+dz?)) dzx
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3.39 [ z%(a+ bsec™! (c+ dz?)) dz

3.39.1 Optimal result . . . . . . .. . ... . 2841
3.39.2 Mathematica [C] (verified) . . . . . . . . ... L L oo 287
3.39.3 Rubi [A] (verified) . . . . . ... .. 285
3.39.4 Maple [A] (verified) . . . .. .. ... ...
3.39.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.39.6 Sympy [F(-1)] . . . . o 287l
3.39.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 28T
3.39.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 2]Y
3.39.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 288

3.39.1 Optimal result

Integrand size = 16, antiderivative size = 58

— 1
/.’IJ2 (a-l—bsec_l (c+dx3)) dr — a_.’lf?’_'_ b(c + dx3) sec™! (C + dx3) B b&l‘Ct&nh( 1 (c+dx3)2>

3 3d 3d

output‘1/3*a*x“3+1/3*b*(d*x“3+c)*arcsec(d*x‘3+c)/d—1/3*b*arctanh((1—1/(d*x‘3+c)“2
Y /)/a |

3.39.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.30 (sec) , antiderivative size = 516, normalized size of antiderivative = 8.90

3
/x2 (a+bsec! (c+dz?)) dz = % + %ba:3 sec”! (c+dz®)

b(c + dz®) \/_1+CZ+2Cdx3+d2$6 (\/4 —1(—i+v-1+¢) V/2i —ic? + 2¢/—1 + 2 arctan ( ()3 2iie?+

(c+dx3)? eV —1+c2—cv/—1+c¢
+

-

input LIntegrate [x~2%(a + b*ArcSec[c + d*x~3]),x]

~—

3.39.  [z*(a+bsec™! (c+dz?)) dz
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output | (a*xx~3)/3 + (b*x"3*ArcSec[c + d*x~3])/3 + (b*(c + d*x~3)*Sqrt[(-1 + c~2 +
2xcxd*x"3 + d72*x76)/(c + d*x~3)"2]1*((-1)"(1/4)*(-I + Sqrt[-1 + c~2])*Sqrt
[2%I - I*c™2 + 2%Sqrt[-1 + c"2]]1*ArcTan[((-1)"(3/4)*Sqrt[2*I - I*c~2 + 2*S
qrt[-1 + c”2]]1*d*x"3)/(c*Sqrt[-1 + c™2] - c*Sqrt[-1 + c™2 + 2*%c*xd*x~3 + 4~
2xx76])] + (-1)~"(3/4)*(I + Sqrt[-1 + c~2])*Sqrt[-2+I + I*c”2 + 2*Sqrt[-1 +
c~2]1*ArcTan[((-1)~(1/4)*Sqrt [-2*I + Ixc~2 + 2xSqrt[-1 + c~2]1]1*d*x~3)/(c*
Sqrt[-1 + c¢™2] - c*Sqrt[-1 + c™2 + 2%c*d*x~3 + d~2*x76])] + cx(c*ArcTan[(S
grt[-1 + c2]*d"2*x76)/(c”4 + c™3xd*x"3 + d"2%x"6 - c”2*(1 + Sqrt[-1 + c~2
I1*Sqrt[-1 + c72 + 2xc*d*x"3 + d"2%x76]))] - Logl[Sqrt[-1 + c~2] - d*x"3 - S
grt[-1 + c72 + 2xc*d*x"3 + d72*x76]] + Log[d~2*(Sqrt[-1 + c~2] + d*x"3 - S
grt[-1 + c72 + 2xc*kd*x"3 + d72%x76])]1)))/(3*cxd*Sqrt[-1 + c~2 + 2xc*kd*x~3
+ d~2%x76])

3.39.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.93, number

of steps used = 3, number of rules used = 2, Bumber of rules _ , 195 Ryjeg ysed = {7266,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/mz (a+ bsec™ ! (c+ dm3)) dz

| 7266
% / (a+bsec™ (dz® +¢)) da®
| 2009
1
1 barctanh (W) b(c+ dz?)sec™! (c+ dz?)
g ar — d + d

-

input Int[x"2*(a + b*ArcSec[c + d*x~3]),x]

output‘{(a*x"B + (bx(c + d*x"3)*ArcSec[c + d*x~3])/d - (b*ArcTanh[Sqrt[1 - (c + d*
‘ x~3)"(-2)11)/4)/3

3.39.  [z*(a+bsec™! (c+dz?)) dz
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3.39.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk37266‘Int[(u_)*(x_)”(m_.), x_Symbol] :> Simp[1/(m + 1)  Subst[Int[SubstFor[x~(m
‘+ 1), u, xJ, x], x, x“(m + 1)), x] /; FreeQ[m, x] && NeQ[m, -1] && Function
\Ofa[x*(m + 1), u, xJ \

3.39.4 Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.10

method result size
b <(d z3+c) arcsec(d z?’—i—c) —In <d x34c+ (dz3+c) 1— 31 5 >>
arts e 4 (27+2) 64
b 3 3d
(d z3+c) a+b <(d :c3+c) arcsec (d z3+c) —In <d z3+c+ (d m?’—i—c) 1- %) >
. . . . (d z3 +C)
derivativedivides = 68
(d z3+c) a+b<(dm3+c) arcsec(d z3+c) —In <dz3+c+ (d a:3+c) 1— 31 5 ))
dz°+c
default 33 (4=7+c) 68
inputLint(x‘2*(a+b*arcsec(d*x“3+c)),x,method=_RETURNVERBOSE) J

output‘1/3*x”3*a+1/3*b/d*((d*x“3+c)*arcsec(d*x“3+c)-1n(d*x“3+c+(d*x“3+c)*(1-1/(d*
‘x"3+c)“2)“(1/2))) ‘

3.39.5 Fricas [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.66

/z2 (a + bsec™? (c + dm?’)) dz

_ bdz? arcsec (dz® + c) + adz® + 2 bearctan (—dz® — ¢+ V225 + 2cdz® + 2 — 1) + blog (—dz® — c + V.
N 3d

input Lintegrate (x~2*(atb*arcsec(d*x~3+c)),x, algorithm="fricas") J

3.39.  [z*(a+bsec™! (c+dz?)) dz
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output‘ 1/3* (b*d*x~3*arcsec(d*x~3 + c) + a*d*x~3 + 2xbxc*arctan(-d*x"3 - c + sqrt(
\d“2*x“6 + 2%c*kd*x"3 + c¢72 - 1)) + bxlog(-d*x"3 - c + sqrt(d~2*x"6 + 2xc*dx*
X8+ c2 - 1)))/d

3.39.6 Sympy [F(-1)]
Timed out.

/ z*(a+bsec™ (c+dz®)) dz = Timed out

§
input Lintegrate (x**2% (a+b*asec (d*x**3+c)) ,x)

-/

output LTimed out J

3.39.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.22

/xz(a+ bsec! (c+dz?)) dz = %ax3

(2 (dz3 + c) arcsec (dz® + c) —log( —m +1+ 1) + log (—1 /—W +1+ 1>>b

6d

+

input Lintegrate (x~2* (atb*arcsec(d*x~3+c)) ,x, algorithm="maxima") J

output‘ 1/3%a*x~3 + 1/6%(2x(d*x~3 + c)*arcsec(d*x”3 + c) - log(sqrt(-1/(d*x~3 + c) ‘
72+ 1) + 1) + log(-sqrt(-1/(d*x"3 + c)"2 + 1) + 1))*b/d |

3.39.  [z*(a+bsec™! (c+dz?)) dz
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3.39.8 Giac [A] (verification not implemented)

Time = 0.41 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.72

/z2(a—|— bsec™? (c—l— dw?’)) dr = %aw?’

3 _ 1
2 (dz® + c) arccos ( (dz3+c)(dzc+c—1>—c) log <1 /—m +1+ 1> — log <— —m +1

1
g0 d? a d?

inputLintegrate(x‘2*(a+b*arcsec(d*x“3+c)),x, algorithm="giac") J

output‘i/S*a*x‘3 + 1/6%b*d* (2% (d*x~3 + c)*arccos(-1/((d*x"3 + c)*(c/(d*x"3 + c) -
1) - ©))/d72 - (Log(sqrt(-1/(d*x™3 + c)"2 + 1) + 1) - log(-sqrt(-1/(d*x"3
S+ 02+ 1) +1))/d"2) J

3.39.9 Mupad [B] (verification not implemented)

Time = 0.93 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.90

batanh 1_+
a3 B (4a3+c)? N bacos(ﬁ) (dz® +c)
3 3d 3d

/xQ(a-i— bsec (c+dz?)) dx =

inputtint(x“2*(a + bxacos(1/(c + d*x73))),x) J

output‘(a*x“B)/B - (b*atanh(1/(1 - 1/(c + d*x~3)"2)"(1/2)))/(3*%d) + (b*acos(1/(c ‘
‘+ d*xx~3))*(c + d*x~3))/(3%d)

3.39.  [z*(a+bsec™! (c+dz?)) dz
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3.40 [x3(a+ bsec™! (c + dz*)) dz
3.40.1 Optimalresult . . . . . . .. . .. .. 289
3.40.2 Mathematica [B] (verified) . . . . . . ... ... . L Lo oL 289
3.40.3 Rubi [A] (verified) . . . . . ... .. 290
3.40.4 Maple [A] (verified) . . . . ... . . ... 291]
3.40.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 291]
3.40.6 Sympy [F(-1)] . . . . o e 2921
3.40.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 2921
3.40.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 293
3.40.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 293
3.40.1 Optimal result
Integrand size = 16, antiderivative size = 58
1
az®  b(c+dz*)sec”! (c+dz?) barctanh( 1- (c+dx4)2>

/ace’(a-l—bsec_1 (c+dz')) do=—"—+

4 4d

4d

output‘1/4*a*x“4+1/4*b*(d*x“4+c)*arcsec(d*x‘4+c)/d—1/4*b*arctanh((1—1/(d*x‘4+c)“2
D7(W/2))/d

3.40.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 137 vs. 2(58) = 116.

Time = 0.24 (sec) , antiderivative size = 137, normalized size of antiderivative = 2.36

/a:3 (a+bsec™ (c+dz?)) dz

az* N b(c + dz*)sec™! (c + dz?)
4 4d

b\/—l + (¢ + dzt)? (—log (1 - A) + log <1 +

—14(c+dz?)?

ctdz?

—14(c+dz?)?

))

/ 1
8d(C+d.’IJ4) ].—W

input LIntegrate [x"3x(a + b*ArcSecl[c + d*x"4]),x]

3.40.

J 2*(a+ bsec™ (¢ + dz?)) dz
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output‘ (axx~4)/4 + (bx(c + d*x~4)*ArcSec[c + d*x~4])/(4*d) - (b*Sqrt[-1 + (c + dx ‘
'x"4)~21*(-Logl[1l - (c + d*x~4)/Sqrt[-1 + (c + d*x~4)"2]] + Logl[l + (c + d*x |
~4)/Sqrt[-1 + (c + d*x"4)"2]1))/(8*d*(c + d*x~4)*Sqrt[1 - (c + d¥x~4)~(-2) |
D |

3.40.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.93, number

of steps used = 3, number of rules used = 2, Iﬁ%ﬂ%ﬁ;ﬁé glilzlgs = 0.125, Rules used = {7266,
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/a:3 (a+ bsec (c+ da:4)) dz

l 7266
i / (a+bsec™ (dz* + ¢)) da*
l 2009
1
1 barctanh (W) b(c + dz?) sec™! (c + da?)
vl K d + d
input LInt [x~3%(a + bxArcSec[c + d*x~4]),x] J

output‘ (a*x”4 + (b*(c + d*x"4)*ArcSec[c + d*x"4])/d - (b*ArcTanh[Sqrt[1 - (c + d*
Lx‘4)‘(-2)]])/d)/4 J

3.40.  [z*(a+bsec™! (c+dz?)) dz
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3.40.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk37266‘Int[(u_)*(x_)”(m_.), x_Symbol] :> Simp[1/(m + 1)  Subst[Int[SubstFor[x~(m
‘+ 1), u, xJ, x], x, x“(m + 1)), x] /; FreeQ[m, x] && NeQ[m, -1] && Function
\Ofa[x*(m + 1), u, xJ \

3.40.4 Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.10

method result size
b <(d z4+c) arcsec(d z4+c) —In <d x4+ (dz4+c) 1— 41 5 >>
4 dz*+c
parts 2+ ¥ (a=tve) 64
(d z4+c) a+b <(d :c4+c) arcsec (d z4+c) —In <d zttct (d :c4+c) 1- %) >
. . . . (d z4+c)
derivativedivides 1 68
(d z4+c) a+b<(dm4+c) arcsec(d z4+c) —In <dz4+c+ (d a:4+c) 1— 41 5 ))
dz*+c
default 1 (4st+e) 68
inputLint(x‘3*(a+b*arcsec(d*x“4+c)),x,method=_RETURNVERBOSE) J

output‘1/4*x”4*a+1/4*b/d*((d*x“4+c)*arcsec(d*x“4+c)-1n(d*x“4+c+(d*x“4+c)*(1-1/(d*
‘x"4+c)“2)“(1/2))) ‘

3.40.5 Fricas [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.66

/z3 (a + bsec™? (c + dm4)) dz

B bdz* arcsec (dz* + ¢) + adz* + 2bcarctan (—dz* — ¢ + Vd228 + 2cdz* + ¢ — 1) + blog (—dz* — c + /.
N 4d

inputLintegrate(x“S*(a+b*arcsec(d*x‘4+c)),x, algorithm="fricas") J

3.40.  [z3(a+bsec™! (c+ dz?)) dz
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output‘ 1/4* (b*d*x"4*arcsec(d*x"4 + c) + axd*x~4 + 2xbxc*arctan(-d*x"4 - c + sqrt(
\d“2*x“8 + 2%c*kd*x"4 + c”2 - 1)) + bxlog(-d*x"4 - c + sqrt(d~2*x"8 + 2xc*dx*
x4+ c2 - 1)))/d

3.40.6 Sympy [F(-1)]
Timed out.

/ z?(a+ bsec™ (c+dz*)) dz = Timed out

§
input Lintegrate (x**3% (a+b*asec (d*x**4+c)) ,x)

-/

output LTimed out J

3.40.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.22

/x3 (a+bsec™ (c+dz?)) dz = %ax"‘

(2 (dz* + c) arcsec (dz* + c) —log( —m +1+ 1) + log (—1 /—m +1+ 1>>b

8d

+

input Lintegrate (x~3% (atb*arcsec(d*x~4+c)) ,x, algorithm="maxima") J

output‘ 1/4*a*xx~4 + 1/8%(2x(d*x"4 + c)*arcsec(d*x™4 + c) - log(sqrt(-1/(d*x"4 + c) ‘
72+ 1) + 1) + log(-sqrt(-1/(d*x"4 + c)"2 + 1) + 1))*b/d |

3.40.  [z3(a+bsec™! (c+ dz?)) dz
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3.40.8 Giac [A] (verification not implemented)

Time = 0.41 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.72

1
/z3 (a + bsec! (c + dw4)) dzr = 1 azt
4 _ 1
8 d? d?
inputLintegrate(x‘3*(a+b*arcsec(d*x“4+c)),x, algorithm="giac") J

output‘ 1/4*a*x"4 + 1/8*b*d*(2*x(d*x"4 + c)*arccos(-1/((d*x"4 + c)*(c/(d*x"4 + c) -
1) - ©))/d72 - (log(sqrt(-1/(d*x~4 + c)~2 + 1) + 1) - log(-sqrt(-1/(d*x"4
S+ 02+ 1) +1))/d"2) J

3.40.9 Mupad [B] (verification not implemented)

Time = 0.94 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.90

batanh 1_+
azt (4at+c)? bacos(m) (dz* +c)
1 1d + id

/x3(a+ bsec™! (c+dz')) dx =

input Lint(x"B*(a + bxacos(1/(c + d*x74))),x) J

output‘ (a*x~4)/4 - (b*atanh(1/(1 - 1/(c + d*x~4)"2)"(1/2)))/(4*xd) + (b*acos(1l/(c ‘
\+ d*xx~4))*(c + d*x~4))/(4*d)

3.40.  [z*(a+bsec™! (c+dz?)) dz
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3.41 [z " sec™ (a + b2™) dzx

3.41.1 Optimal result . . . . .. .. . .. . 294
3.41.2 Mathematica [B] (verified) . . . . . . . . ... L Lo o 294
3.41.3 Rubi [A] (warning: unable to verify) . . . . ... ... ... ... ... ... 2951
341.4 Maple [F] . . . . . o o 297
3.41.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 297
3.41.6 Sympy [F(-1)] . . . . o o 297l
3.41.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 298]
3.41.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 298
3.41.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 298

3.41.1 Optimal result

Integrand size = 14, antiderivative size = 49

arctanh( 1 ;>

/1'_1"'" sec ! (a + bx") dx = (a + bz")sec™ (a + ba") _  (atban)?
bn bn
output L (a+b*x"n) *arcsec (a+b*x™n) /b/n-arctanh((1-1/ (a+b*x"n)~2)~(1/2))/b/n J

3.41.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 130 vs. 2(49) = 98.

Time = 0.23 (sec) , antiderivative size = 130, normalized size of antiderivative = 2.65

/x_H” sec™! (a + bz") dzx

(a + bz™) sec™! (a + bz™)
bn

n\2 a+bx™ a+bx™
\/—1 + (a + bz) (— log (1 — —li—l—f-—:a—i-bm"f) + log (1 + —%I:Ea—l—bm”f))

2bn(a+bx")1/1—m

input LIntegrate[X“(-l + n)*ArcSec[a + b*x"n],x]

-/

341. [z M""sec™! (a + bz") dz
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output‘ ((a + b*x"n)*ArcSec[a + b*x"n])/(b*n) - (Sqrt[-1 + (a + b*x"n) 2]*(-Logl[1
‘- (a + b*x"n)/Sqrt[-1 + (a + b*x"n)"2]] + Logl[l + (a + b*x"n)/Sqrt[-1 + (a
‘ + b*x"n)"2]]1))/(2xb*n*(a + b*x"n)*Sqrt[1 - (a + b*x™n)~(-2)]1)

3.41.3 Rubi [A] (warning: unable to verify)

Time = 0.33 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.92, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 499 Ryjles used = {7266,

integrand size
5773, 895, 798, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/a:"_l sec™! (a + bz™) dx

l 7266
[sec™ (bz™ + a) dz™
n
l 5773
T
(a+bz )Se‘; (atba™) _ J (bx”+a)\/ ;_mdmn
n
l 895
(a+bz™) sec™!(a+bx™) f\/%d(bznj%)
b n ’
l 798

—n
—2n
J \/_bzzni_aﬂdz + (a+bz™) sec™ 1 (a+bzx™)
2b b

n

| 73

1
(a+bz™) sec”!(a+ba™) fmd\/m
b b

n
l 219

(a+bz™)sec™!(a+bz™) arctanh (v—a—bz"+1)
b b

n

341. [z M""sec™! (a + bz") dz
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input‘Int[x“(-l + n)*ArcSec[a + b*x"n],x]

-

outputt(((a + b*x"n)*ArcSec[a + b*x"n])/b - ArcTanh[Sqrt[1 - a - b*x"n]]/b)/n

|

3.41.3.1 Defintions of rubi rules used

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 219 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 798  Int[(x_)~(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[1/n  Subst
[Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQl{a,
b, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

rule 895 | Int[(u_)~(m_.)*((a_) + (b_.)*(v_)~(n_))"(p_.), x_Symbol] :> Simp[u~m/(Coeff
icient[v, x, 1]*v™m) Subst [Int [x"m*(a + b*x"n)"p, x], x, vl, x] /; FreeQl[
{a, b, m, n, p}, x] && LinearPairQ[u, v, x]

rule 5773 | Int [ArcSec[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcSec[c + d*x]
/d), x] - Int[1/((c + d*x)*Sqrt[1l - 1/(c + d*x)~2]), x] /; FreeQl{c, d}, x]

N

rule 7266 Int[(u_)*(x_)~(m_.), x_Symbol] :> Simp[1/(m + 1)  Subst[Int[SubstFor[x"(m
+ 1), u, x], x], x, x"(m + 1)1, x] /; FreeQ[m, x] && NeQ[m, -1] && Function
0fQ[x~(m + 1), u, xJ

341. [z M""sec™! (a + bz") dz



CHAPTER 3. LISTING OF INTEGRALS 297

3.41.4 Maple [F]

/x‘”n arcsec (a + bz") dzx

inputLint(x‘(—1+n)*arcsec(a+b*x“n),x) J

output Lint (x~ (-1+n) *arcsec(a+b*x"n) ,x) J

3.41.5 Fricas [A] (verification not implemented)

Time = 0.36 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.88

/x‘”n sec”! (a + bz") dzx

_ ba™arcsec (ba" + a) + 2aarctan (—bz" — a + Vb6222" + 2aba™ + a2 — 1) 4 log (—bz™ — a + V222" + 2
B bn

inputLintegrate(x“(-1+n)*arcsec(a+b*x“n),x, algorithm="fricas") J

output‘(b*x“n*arcsec(b*x“n + a) + 2xa*xarctan(-b*x™n - a + sqrt(b~2*x~(2#n) + 2*ax
‘b*x‘n + a”2 - 1)) + log(-b*x"n - a + sqrt(b™2*x~(2*n) + 2*axb*x™n + a2 -

\1)))/(b*n> \

3.41.6 Sympy [F(-1)]

Timed out.
/x‘“‘" sec”! (a + bz™) dz = Timed out
input Lintegrate (x** (-1+n) *asec (a+b*x**n) ,x) J
output LTimed out J

341. [z M""sec™! (a + bz") dz
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3.41.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.35

/x‘“” sec™! (a + bz") dzx

2 (bz™ + a) arcsec (bz" + a) — log (, /—m—l—l—i— 1) + log (—, /—m +1+ 1>

- 2bn

input Lintegrate (x~(-1+n)*arcsec(a+b*x"n) ,x, algorithm="maxima")

output‘1/2*(2*(b*x“n + a)*arcsec(b*x™n + a) - log(sqrt(-1/(b*x"n + a)~2 + 1) + 1)
L + log(-sqrt(-1/(b*x™n + a)~2 + 1) + 1))/ (b*n)

3.41.8 Giac [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.53

/w‘”” sec”! (a + bz™) dx

1 1
b < 2 (bz™+a) arccos( bx,%+a> log (\/ﬁ-i-l) —log (-Jﬁ+l) >

b2 b2

2n

inputLintegrate(x“(-1+n)*arcsec(a+b*x“n),x, algorithm="giac")

output‘1/2*b*(2*(b*x‘n + a)#*arccos(1/(b*x"n + a))/b"2 - (log(sqrt(-1/(b*x"n + a)~
‘2 + 1) + 1) - log(-sqrt(-1/(b*x™n + a)"2 + 1) + 1))/b"2)/n

3.41.9 Mupad [B] (verification not implemented)

Time = 1.28 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.90

atanh<+) — acos(;47w) (a+ba™)

bn

/z‘”" sec™! (a + bz") dz = —

341. [z M""sec™! (a + bz") dz
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input Lint(x"(n - 1)*acos(1/(a + b*x"n)),x)

output‘ -(atanh(1/(1 - 1/(a + b*x"n)"2)"(1/2)) - acos(1/(a + b*x"n))*(a + b*x"n))/
 (b*n)

341. [z M""sec™! (a + bz") dz
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3.42 [ sec™! (ce®™*) dx

3.42.1 Optimalresult . . . . .. .. . .. 300
3.42.2 Mathematica [B] (verified) . . . . . . .. ... . L oL 300
3.42.3 Rubi [A] (warning: unable to verify) . . . . ... ... ... ... . ... ..
3.42.4 Maple [A] (verified) . . . ... . ... ..
3.42.5 Fricas [F(-2)] . . . . . o 304
3.42.6 Sympy [F] . . . . . 304
3.42.7 Maxima [F] . . . . . . . .
3428 Giac [F] . . . . . . e
3.42.9 Mupad [F(-1)] .« o v oo oo

3.42.1 Optimal result

Integrand size = 10, antiderivative size = 85

. -1 a+bx )2 sec™! Cea—i—bx lo (1 + e?isec—l(cea+bz)>
/Sec—l (cea-i-bg;) do — 1sec (ce ) - ( ) .
2b 2
i PolyLog (2, _g2isec™! (cea+bz))
2b

_|_

output ‘ 1/2*xIxarcsec (c*exp(b*x+a)) ~2/b-arcsec(ckxexp (b*x+a))*1n(1+(1/c/exp (b*x+a)+I ‘
*(1-1/c"2/exp (b¥x+a) ~2) " (1/2))~2) /b+1/2%I*polylog(2,-(1/c/exp (bxx+a)+I*(1-
1/c"2/exp(bkx+a)"2)~(1/2))~2) /b |

3.42.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 280 vs. 2(85) = 170.

Time = 0.92 (sec) , antiderivative size = 280, normalized size of antiderivative = 3.29

/ sec™? (ce““””) dzr = xsec! (ce““’x)

g—obz (4\/ —1 + c2e2(atbe) gretan (\/ -1+ 0262(‘”'1’””)) (2bz — log (c?eX@+))) + /1 — c2e2(atbe) (log2 (

342.  [sec™? (ce““’””) dx
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input | Integrate[ArcSec[c*E™(a + b*x)1,x]

output | x*ArcSec[c*E~(a + b*x)] - (E~(-a - b*x)*(4xSqrt[-1 + c™2+«E~(2*(a + b*x))]*
ArcTan[Sqrt[-1 + c™2*xE~(2*(a + b*x))]]1*(2*b*x - Logl[c™2+E~(2x(a + bx*x))])
+ Sart[1l - c™2*xE~(2*(a + b*x))]1*(Loglc™2*xE~(2*(a + b*x))]~2 - 4xLogl[c~2*E~
(2x(a + b*x))]*Logl[(1 + Sqrt[1 - c”2+#E~(2*(a + b*x))])/2] + 2xLog[(1 + Sqr
t[1 - c™2xE~(2x(a + b*x))]1)/2]72) - 4xSqrt[l - c”2+xE~(2*(a + b*x))]*PolyLo
gl2, (1 - Sqrtl[l - c™2*E~(2*(a + b*x))])/2]1))/(8*b*cxSqrt[1 - 1/(c™2*E~ (2%
(a + b*x)))])

3.42.3 Rubi [A] (warning: unable to verify)

Time = 0.47 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.18,
number of steps used = 9, number of rules used = 8§, number of rules _ 0.800, Rules used

integrand size
= {2720, 5741, 5137, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ sec! (ce“"'bz) dx

l 9720

f e—a—bw sec_l (Cea+bz) dea—i—bw

b
| 571
[ e=27% arccos (e_ac_bw) de—a~b=
- b
| 5137
[ certte \/W arccos <e_ac_bz > d arccos (e_“c_b“” )
b
| 3042
[ arccos (e_ac_bw ) tan <arccos (e_ac_bz ) ) d arccos (e_ac_bm )
b
| 4202

342.  [sec™? (ce““’””) dx
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—a—bx
a+bx+2i arccos ( ef

—a—b
24 arccos(#)

1, 2a+2bx __ 9, [ e e"a—bz
sie 2 [ d arccos (70 >

1+e

b

| 2620
1. 2a+2bz 1. 2iarccos<ﬂ) e—a—bz 1. e—a—ba % arccos(e_a_bw)
e —2i izflog 1+e e darccos (T) — jtarccos ( - ) log|1l+e e

b

| 2715
1: 2a+2bz (1 2i arccos(@) 27 arccos(e_ac_bz) 2i arccos(e_ac_bz) 1- e—a—bx
e —2i ife log(1+e de —izarccos< - )log 14+

b

l 2838
1: 2a+2bx . 1 21 arccos(e_a_bm) 1. e—a—bz 21 arccos(e_a_bx)
sie — 2i| —5 PolyLog [ 2, —e e — 5iarccos log(1+e e
2 g tolylog 2 c

b

input ‘ Int[ArcSec[c*E~(a + b*x)],x] ‘

output‘ ((I/2)*E~(2*a + 2*b*xx) - (2*I)*((-1/2*I)*ArcCos[E~(-a - b*x)/c]l*Log[l + E~ ‘
‘ ((2xI)*ArcCos[E~(-a - b*x)/cl)] - PolyLog[2, -E~((2*I)*ArcCos[E~(-a - b*x) ‘
/e1/4))/b |

3.42.3.1 Defintions of rubi rules used

rule 2620  Int [(((F_)~((g_.)*((e_.) + (£_)*(x )" (a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x) " (m - 1)*Logl[l + b*x((F (gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 | Int [Log[(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Logl[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

342.  [sec™? (ce““’””) dx



rule 2720

rule 2838

rule 3042

rule 4202

rule 5137

rule 5741
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Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcx*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*I*(
e + f*x))/(1 + E~(2*I*(e + £*x)))), x], x] /; FreeQ[{c, 4, e, f}, x] && IGt
Q[m, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x)"nxTan[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

Int[((a_.) + ArcSec[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcCos[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, xl]

3.42.4 Maple [A] (verified)

Time = 1.23 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.31

method result
2
. —br—a e—2bx—2a
) brta \2 e S 2 i polylog (2,—(e = +iy/1— 2 >
it arcsec(; c) —arcsec (ebz+“c) In <1+ (e : ®tiy/1-¢ 2’; 2a ) > + 3 ;
derivativedivides z
2
. —bx—a e—2bx—2a
) br+a \2 e — 2 i polylog (2,—<e T +iy/1- 2 >
e 9 (62 C> —arcsec(e®®ta¢) In (1+ (e : £ tiy/1-¢ 2; 20 ) > + 3 :
default 5

342.  [sec™? (ce““””) dx
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inputLint(arcsec(exp(b*x+a)*c),x,method=_RETURNVERBOSE)

output‘1/b*(1/2*I*arcsec(exp(b*x+a)*c)“2-arcsec(exp(b*x+a)*c)*ln(1+(1/c/exp(b*x+a
‘)+I*(1—1/c“2/exp(b*x+a)‘2)“(1/2))“2)+1/2*I*polylog(2,-(1/c/exp(b*x+a)+I*(1
\—1/c*2/exp(b*x+a)*2)*(1/2))*2))

3.42.5 Fricas [F(-2)]

Exception generated.

/ sec™? (ce‘”bx) dz = Exception raised: TypeError

inputLintegrate(arcsec(c*exp(b*x+a)),x, algorithm="fricas")

output‘Exception raised: TypeError >> Error detected within library code: inte
‘grate: implementation incomplete (constant residues)

3.42.6 Sympy [F]

/ sec! (ce‘”bx) dz = / asec (ce‘”bz) dz

input Lintegrate (asec(c*exp(b*x+a)) ,x)

output LIntegral(asec(c*exp(a + b*x)), x)

3.42.7 Maxima [F]

/ sec™? (ce“+bz) dr = / arcsec (ce(b””+“)) dz

342.  [sec™? (ce““””) dx
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input‘integrate(arcsec(c*exp(b*x+a)),x, algorithm="maxima")

output | -1/2x(2xb~2*c”"2*integrate (x*xe” (2*b*x + 2¥a + 1/2xlog(c*e”(b*x + a) + 1) +
1/2x1og(c*e”(b*xx + a) - 1))/(c™2xe” (2*b*x + 2*a) + (c"2xe” (2*%bxx + 2#%a) -
1)*e~ (log(c*e~(b*x + a) + 1) + log(c*e~(b*x + a) - 1)) - 1), x) + 2*xIxb~2x
c"2xintegrate (x*e” (2%b*x + 2%a)/(c"2xe” (2*b*x + 2%a) + (c"2%e”(2%b*x + 2xa
) - 1)*e"(log(cxe~(b*xx + a) + 1) + log(c*e”(b*x + a) - 1)) - 1), x) - I*b~
2*%x72 - 2*b*x*arctan(sqrt(cxe”(bxx + a) + 1)*sqrt(cxe”(b*x + a) - 1)) + Ix*
bxx*log(c~2*e~ (2*b*x + 2*a)) - Ixb*x*log(ckxe”(b*x + a) + 1) - I*bxx*log(-c
xe~ (b*x + a) + 1) - 2*%(Ixaxb + Ixbxlog(c))*x - Ixdilog(c*e”(b*x + a)) - Ix
dilog(-c*e~(b*x + a)))/b

3.42.8 Giac [F]

/ sec™! (ce®™) dz = / arcsec (ce(b”“)) dx

B
inputLintegrate(arcsec(c*exp(b*x+a)),x, algorithm="giac")

-/

outputLintegrate(arcsec(c*e“(b*x +a)), x)

~—

3.42.9 Mupad [F(-1)]

—a—bzx
/sec‘1 (ce‘”bx) dz = /acos(e . ) dz

Timed out.

inputLint(acos(exp(— a - b*xx)/c),x)

-

output Lint(acos(exp(- a - b*x)/c), x)

~—

342.  [sec™? (ce““’””) dx
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3.43 | esoc(a2) 2 oy

3.43.1 Optimal result . . . . . . . . . ... .
3.43.2 Mathematica [A] (verified) . . . . . . . . .. ...
3.43.3 Rubi [A] (verified) . . . . . . .. ..
3.434 Maple [F] . . . . . .
3435 Fricas [F] . . . . . . . 309
3.43.6 Sympy [F] . . . . . 309
3.43.7 Maxima [F] . . . . . . . . 309
3438 Giac [F] . . . o . o 310
3.43.9 Mupad [F(-1)] . . . . o o 3101

3.43.1 Optimal result

Integrand size = 10, antiderivative size = 99

/ esec‘l(az)x2 dr

(12 4 %) e(+30)sec™ (a2) Hypergeometric2F1 (% —1,3,2-¢,

o1
—_g2isec (am))

- p
(2—54 + %) e(1+3i)sec™" (az) Hynergeometric2F1 (% - %,

_|_

5
4,5 -

i
27

Cceo—1
—g2isec (am))

a3

output‘(—12/5—4/5*1)*exp((1+3*I)*arcsec(a*x))*hypergeom([3, 3/2-1/2%1],[5/2-1/2*I
‘],-(1/a/x+I*(1-1/a“2/x“2)“(1/2))“2)/a“3+(24/5+8/5*I)*exp((1+3*I)*arcsec(a*
‘x))*hypergeom([4, 3/2-1/2*11,[6/2-1/2%1],-(1/a/x+I*x(1-1/a"2/x"2)"(1/2))"2)

‘/a‘3

3.43.2 Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.96

/esec_l(az)wQ dx
esec ™ (az) ((_4 — 47) (—i +ay/1— #x) Hypergeometric2F1 (% -

2 S
2772

1 3 _ %', _62isec_1(az)

)+&ﬁ®+

3.43. J esec” (a2) 32 o
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input ‘ Integrate [E"ArcSec[a*x]*x~2,x] ‘

p

output‘ (E"ArcSec[axx]*((-4 - 4*I)*(-I + axSqrt[1 - 1/(a"2*x~2)]*x)*Hypergeometric
‘2F1 [1/2 - I/2, 1, 3/2 - 1I/2, -E~((2*xI)*ArcSec[a*x])] + a~4*x"4x(5 + Cos[2%*
‘ArcSec [a*x]] - Sin[2*ArcSec[a*x]])))/(12*a~4x*x)

-

3.43.3 Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.98, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , 400 Ryles used = {5789,

integrand size
27, 4974, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/I2esecl(az) dz

l 5789

J aZesec '(az) /1 a21$2 ztdsec™!(ax)

a
| 27
[ atesec™ (a2), /1 —rtdsec™ (az)

a3
l’4974

je(1+31) sec™ ! (az) je(1434) sec™ ! (az) —
16ie i) sec aa:4 _ 8ie i) sec aw3 dsec 1(am)
(1+62isec_1(aa:)> (1+62isec_1(a.7:))

a3
l 2009

(%;1 + %) e(1+3i)sec™(az) Hypergeometric2F1 (% — %,4, % - %, —e%sec_l(m)) - (132 + %) e(1+89 e e2) Hyperge

ad

input LInt [E~ArcSec[a*x]*x~2,x] J

3.43. J esec” (a2) 32 o
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output‘((—12/5 - (4*I)/B)*E~((1 + 3*I)*ArcSec[a*x])+*Hypergeometric2F1[3/2 - I/2,
'3, 5/2 - 1/2, -E~((2*I)*ArcSec[a*x])] + (24/5 + (8+I)/5)*E~((1 + 3*I)*ArcS
‘ec[a*x])*Hypergeometric2F1[3/2 - 1/2, 4, 5/2 - 1/2, -E~((2*I)*ArcSec[a*x])
1/a"3 |

3.43.3.1 Defintions of rubi rules used

rukaZ?‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
‘tchQ[Fx, (b_)*(Gx_) /; FreeQlb, x] |

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 4974 Int [(F_)~((c_.)*((a_.) + (b_.)*(x_)))*(G_)[(A_.) + (e_.)*(x_)1 " (m_.)*(H_) [(
d_.) + (e_.)*(x_)1"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(c*(a + b*x)),
G[d + exx] m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQL
m, 0] && IGtQ[n, 0] && TrigQ[G] && TrigQ[H]

rule 5789 | Int[(u_.)*(£_)~(ArcSec[(a_.) + (b_.)*(x_)1"(a_.)*(c_.)), x_Symbol]l :> Simpl[
1/b Subst[Int[(u /. x => -a/b + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x,
ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

3.43.4 Maple [F]

/ earcsec(am) .’I?de

inputLint(exp(arcsec(a*x))*XAQ,X) J

outputLint(exp(arcsec(a*x))*X“2,X) J

3.43. J esec” (a2) 32 o
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3.43.5 Fricas [F]

/esec_l(az)x2 dr = /xQe(a.rcsec(am)) dr

inputLintegrate(exp(arcsec(a*x))*x‘2,x, algorithm="fricas")

output Lintegral (x~2*e” (arcsec(a*x)), x)

3.43.6 Sympy [F]

/esec_l(am)xZ dr = /x26asec (az) dr

inputtintegrate(exp(asec(a*x))*x**2,x)

output LIntegral (x**2*exp (asec(a*x)), x)

3.43.7 Maxima [F]

/esec_l(ax)lj dr = /x2e(arcsec(a:c)) dr

input Lintegrate (exp(arcsec(a*x))*x"2,x, algorithm="maxima")

output Lintegrate (x"2xe” (arcsec(a*x)), x)

3.43. J esec” (a2) 32 o
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3.43.8 Giac [F|

/esec_l(az)x2 dr = /xQe(a.rcsec(am)) dr

inputLintegrate(exp(arcsec(a*x))*x‘2,x, algorithm="giac")

output Lintegrate (x~2*e” (arcsec(a*x)), x)

3.43.9 Mupad [F(-1)]

Timed out.

/ % (02) 2 gy — / 22 e2(az) dy

inputLint(x“2*exp(acos(1/(a*x))),x)

output tint (x~2*exp(acos(1/(a*x))), x)

3.43. J esec” (a2) 32 o
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3.44 | esec (az) g o

3.44.1 Optimal result . . . . . . . . . ...
3.44.2 Mathematica [A] (verified) . . . . . . . . ...
3.44.3 Rubi [A] (verified) . . . . . ... ..
3444 Maple [F] . . . . . .
3445 Fricas [F] . . . . . . .
3.44.6 Sympy [F] . . . . .
3447 Maxima [F] .« o v v v oo e
3448 Giac [F] . . . o o e
3.44.9 Mupad [F(-1)] . . . . o o

3.44.1 Optimal result

Integrand size = 8, antiderivative size = 91

/esec_l(aw)z dr

(% + %) e(1+2i) sec™ " (az) Hypergeometric2F1 <1 — %, 2,2 — %, —ezisec_l(‘”)>

a2
(28 + &) e(1+2i)sec™(az) Hynergeometric2F1 (1 —1,3,2-1%, —eZiseC_l(“@)

+

a?

output‘(—8/5—4/5*1)*exp((1+2*I)*arcsec(a*x))*hypergeom([2, 1-1/2%11, [2-1/2%I]1,-(1
‘/a/x+I*(1-1/a“2/x“2)“(1/2))”2)/a“2+(16/5+8/5*I)*exp((1+2*I)*arcsec(a*x))*h
‘ypergeom([S, 1-1/2*I],[2-1/2*1] ,-(1/a/x+I*(1-1/a"2/x"2)"(1/2))"2)/a"2

3.44.2 Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.18

/‘esec_l(az):r dr

(1 + &) esec (@) ((—2 + i)ax(, /1— =5 — ax) + (1 + 2i) Hypergeometric2F1 (—%, 1,1—

)

29

—€

2isec™(

a?

3.44. J e (a@) g dop
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input ‘ Integrate [E"ArcSec [a*x] *x,x] ‘

output‘/((l/S + I/10)*E"ArcSec[a*x]*((-2 + I)*axx*(Sqrt[l - 1/(a"2*x"2)] - a*x) + \‘
| (1 + 2%I)+Hypergeometric2F1[-1/2+I, 1, 1 - I/2, -E~((2*I)*ArcSec[a*x])] - |
|E~((2*I)*ArcSec[axx] ) *Hypergeometric2F1[1, 1 - I/2, 2 - I/2, -E~((2*I)*Arc |
LSec[a*x])D)/a*z J

3.44.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.98, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , 550 Ryles used = {5789,

integrand size
27, 4974, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/Iesec_l(am) dz

l 5789

[ a2esec (a2), /1 —x’dsec™! (ax)
a
| 27

[ adesec (a2), /1 — —xidsec™ (ax)

a2
l 4974

f 8ie(1124) sec_l(a:v)3 . 45e(1124) sec_l(aa:)2 dsec_l(agj)
(1+62i sec_l(aa:)> (1+62i sec_l(aa:))

a2
l 2009

(1?? + %) e(1+2i)sec™ (az) Hypergeometric2F'1 (1 — %, 3,2 — %, —e2 sec_l(‘””)) - (% + %) e(1+2) sec™ (az) Hypergeo:

a2

.
input  Int[E~ArcSec[a*x]*x,x]

N\ J

3.44. J e (a@) g dop
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output‘((—8/5 - (4*xI)/B)*E~((1 + 2*I)*ArcSec[a*x])+*Hypergeometric2F1[1 - I/2, 2,
‘2 - I/2, -E~((2*I)*ArcSec[a*x])] + (16/5 + (8*I)/5)*E~((1 + 2*xI)*ArcSec[ax*
‘x])*Hypergeometric2F1[1 - I/2, 3, 2 - I/2, -E~((2*%I)*ArcSec[a*x])])/a"2

3.44.3.1 Defintions of rubi rules used

ruk327‘1nt[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

-

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

—

rule 4974 Int [(F_)~((c_.)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_)1"(m_.)*(H_) [(
d_.) + (e_.)*(x_)1"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(c*(a + b*x)),
G[d + e*x] m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQL
m, 0] &% IGtQn, 0] && TrigQ[G] && TrigQ[H]

rule 5789 | Int[(u_.)*(£f_)~(ArcSec[(a_.) + (b_.)*(x_ )1 (a_.)*(c_.)), x_Symbol]l :> Simpl[
1/b Subst[Int[(u /. x => -a/b + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x,
ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, 0]

3.44.4 Maple [F]

/ ea,rcsec(am) rdx

inputLint(exp(arcsec(a*x))*x,x)

outputLint(exp(arcsec(a*x))*x,x)

3.44. J e (a@) g dop
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3.44.5 Fricas [F]

/esec_l(az)x dr = /xe(arcsec(a,a:)) dr

inputLintegrate(exp(arcsec(a*x))*x,x, algorithm="fricas")

output Lintegral (x*e” (arcsec(a*x)), x)

3.44.6 Sympy [F]

/esec_l(am)wdx — /xeasec (az) dr

inputtintegrate(exp(asec(a*x))*x,x)

output LIntegral (x*exp(asec(a*x)), x)

3.44.7 Maxima [F]

/esec_l(ax)x dr = /xe(arcsec(az)) dr

inputLintegrate(exp(arcsec(a*x))*x,x, algorithm="maxima")

outputtintegrate(x*e‘(arcsec(a*x)), x)

3.44. J e (a@) g dop
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3.44.8 Giac [F|

/esec_l(az)x dr = /xe(arcsec(aa:)) dr

inputLintegrate(exp(arcsec(a*x))*x,x, algorithm="giac")

output Lintegrate (xxe” (arcsec(a*x)), x)

3.44.9 Mupad [F(-1)]

/esec_l(aw)x dr = /xeacos(alz) dz

Timed out.

input Lint (x*exp(acos(1/(a*x))),x)

output tint (x*exp(acos(1/(a*x))), x)

3.44. J e (a@) g dop
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3.45 | esec(az) o

3.45.1 Optimal result . . . . . . .. . .. ... 316
3.45.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL 316
3.45.3 Rubi [A] (verified) . . . . . . . . . . BI7
3454 Maple [F] . . . . . o o e 318
3.45.5 Fricas [F] . . . . . . o o 318
3.45.6 Sympy [F] . . . . . 318
3.45.7 Maxima [F] . . . . . . . . 319
3.45.8 Giac [F] . . . . . o 319
3.45.9 Mupad [F(-1)] . . . . oo 319

3.45.1 Optimal result

Integrand size = 6, antiderivative size = 91

2 27

/esec_l(ax) . (1 + 4)e(t+)sec™ (a2) Hypergeometric2F1 (% —-41,3-1 —eQisec_l(‘“”)>

a

(2 + 2i)e(1+9)sec™ (a2) Hypergeometric2F1 (% —i23 -1 —ezisecfl(“‘”)>

+

a

output‘ (-1-I)*exp ((1+I)*arcsec(a*x))*hypergeom([1, 1/2-1/2%I],[3/2-1/2%I],-(1/a/x
‘ +Ix(1-1/a72/x72)~(1/2))~2) /a+(2+2*I) *exp ((1+I) *arcsec(a*x) ) *hypergeom([2,
|1/2-1/2+11, [3/2-1/2+1] - (1/a/x+1* (1-1/2"2/x"2) " (1/2))~2) /a

3.45.2 Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.59

/esec_l(ax) dr = esec_l(ax)x

(1 — 4)e(1+9)sec™ (a2) Hypergeometric2F1 <% —-i1,3 -1 _62isec—1(ax)>

a

input LIntegrate [E"ArcSec[a*x],x] J

output ‘ E~ArcSec[a*x]*x - ((1 - I)*E~((1 + I)*ArcSec[a*x])*Hypergeometric2F1[1/2 -
| 1/2, 1, 3/2 - 1/2, -E"((2*D)*ArcSec[a*x])])/a

3.45. [ewton) g
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3.45.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.98, number
of steps used = 4, number of rules used = 3, Bumber of rules _ , 554 Ryles used = {5789,

integrand size
4974, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ e5ec” L(azx) dz

l 5789

J a2esec™(a2) /1 — ﬁwzdsec_l(am)

a

l 4974

- (144) sec ™ L (azx) . (144) sec ™ (az) B
f 4ie sec - 2ie : s il dsec l(ax)
<1+e2isec_1(aw)) 1+62’LSEC (azx)

a
l 2009

(2 + 2i)e(1+) sec™!(az) Hypergeometric2F1 (% — 12,3 L e Sec_l(ax)) — (1 +14)e+) sec™'(az) Hypergeometris

[ SN

a

input LInt [E"ArcSec[a*x] ,x] J

e B

((-1 - I)*E~((1 + I)*ArcSec[a*x])*Hypergeometric2F1[1/2 - I/2, 1, 3/2 - I/
‘2, -E~((2*I)*ArcSec[a*x])] + (2 + 2*I)*E~((1 + I)*ArcSec[a*x])*Hypergeomet
Lric2F1[1/2 - 1/2, 2, 3/2 - 1/2, -E"((2*I)*ArcSec[a*x])1)/a J

output

3.45.3.1 Defintions of rubi rules used

-

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—

3.45. [ewton) g
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rule 4974 Int [(F_)~((c_.)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_)1"(m_.)*(H_) [(
d_.) + (e_.)*(x_)]1"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(c*(a + b*x)),

G[d + exx] m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] &% IGtQ[n, 0] && TrigQ[G] && TrigQ[H]

rule 5789 Int [(u_.)*(£f_) "~ (ArcSec[(a_.) + (b_.)*(x_)1"(n_.)*(c_.)), x_Symbol] :> Simp[
1/b  Subst[Int[(u /. x -> -a/b + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x,
ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, £}, x] && IGtQ[n, O]

3.45.4 Maple [F]

/ earcsec(ax) dz

inputLint(exp(arcsec(a*x)),x)

outputLint(exp(arcsec(a*x)),X)

3.45.5 Fricas [F]

/esec_l(am) dr = /e(arcsec(ax)) dr

inputLintegrate(exp(arcsec(a*x)),x, algorithm="fricas")

outputLintegral(e“(arcsec(a*x)), x)

3.45.6 Sympy [F]

/esec_l(ax) dr = /easec(ax) dr

inputLintegrate(exp(asec(a*x)),x)

outputLIntegral(exp(asec(a*x)), x)

3.45. [ewton) g
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3.45.7 Maxima [F]

/esec_l(am) dr = /e(arcsec(az)) dr

inputLintegrate(exp(arcsec(a*x)),x, algorithm="maxima")

outputLintegrate(e‘(arcsec(a*x)), x)

3.45.8 Giac [F]

/esec_l(am) dr = /e(arcsec(ax)) dr

inputtintegrate(exp(arcsec(a*x)),x, algorithm="giac")

output Lintegrate (e~ (arcsec(a*x)), x)

3.45.9 Mupad [F(-1)]

/esec_l(am) dr = /eacos(alz) dr

Timed out.

input Lint (exp(acos(1/(a*x))) ,x)

outputLint(exp(acos(l/(a*x))), x)

3.45. [ewton) g
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es.ec_l(aac)
3.46 [ gy

T
3.46.1 Optimalresult . . . . . . .. . ... ... 320
3.46.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo oL 320
3.46.3 Rubi [A] (verified) . . . . . . ... .. B21]
3.46.4 Maple [F] . . . . . . .
3.46.5 Fricas [F] . . . . . . . o
3.46.6 Sympy [F] . . . . .
3.46.7 Maxima [F] . . . . . ... .
3.46.8 Giac [F] . . . . . . e
3.46.9 Mupad [F(-1)] . . . . . 324

3.46.1 Optimal result

Integrand size = 10, antiderivative size = 45

sec™!(ax) _ _ ) ) -
/ eT dr = —ie™c (@) 4 gjedec™ (ax) Hypergeometric2F'1 (—%, 1,1— %, —e?isec 1(‘”))

output‘—I*exp(arcsec(a*x))+2*I*exp(arcsec(a*x))*hypergeom([1, -1/2%1], [1-1/2%I],-
(1/a/x+1x(1-1/2"2/x°2)"(1/2))"2) |

3.46.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.76

sec™!(ax) 3 ; ; o 1
/e—dm = —1 (—esec ") Hypergeometric2F1 ( ¢ 1,1— 1, —eZisee 1(‘”)> + (—

x PX 2 5
21 N ) ) Lo
_ 2 (i) e (am) Hypergeometric2F1 | 1,1 — 1, 2— 1, —gisec (a2)
) 2 2
input LIntegrate [E"ArcSec[a*x]/x,x] J

output‘ (-I)*(-(E"ArcSec[a*x] *Hypergeometric2F1[-1/2*I, 1, 1 - I/2, -E~((2*I)*ArcS
‘ec [a*x])]) + (1/5 - (2*I)/5)*E~((1 + 2*I)*ArcSec[a*x])*Hypergeometric2F1[1
L, 1 - 1/2, 2 - 1/2, -E~((2+I)*ArcSec[a*x])]) J

3.46 e (o)
46, [l gy

T



input LInt [E~ArcSec[a*x]/x,x]

;
output ‘ Ix(-E"ArcSec[a*x] + 2*E"ArcSec[a*x]*Hypergeometric2F1[-1/2*I, 1, 1 - I/2,
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3.46.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , 454 Ryles used = {5789,

integrand size
27, 4942, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

sec™!(ax)
/ A
X

l 5789

[ a2esec™ (a2), /1 — —zzdsec” (ax)

a

| 27
1 1 sec™! (a:t)d -1
az|/1- —5 ze sec” " (ax)

l 4942

sec™!(ax) _
’/ (1?;2() - 1(‘””)) dsec™ (az)

l 2009

i <_esec_1(aa:) + 2esec_1(aw) Hypergeometric2F1 (_;, 1,1— %, _e2i sec_l(az)> >

~—

—

‘ -E~((2*I)*ArcSec[a*x])])

3.46 e (o)
46, [l gy
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3.46.3.1 Defintions of rubi rules used

ruk327‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] \

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 4942 Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Tan[(d_.) + (e_.)*(x_)1"(n_.), x_Symb
0l] :> Simp[I"n  Int[ExpandIntegrand[F~(c*(a + b*x))*((1 - E~(2*I*(d + e*x
)))"n/(1 + ET(2*%I*(d + exx)))"n), x], x], x] /; FreeQ[{F, a, b, c, d, e}, x
] && IntegerQ[n]

rule 5789 Int [(u_.)*(£f_)~(ArcSec[(a_.) + (b_.)*(x_)1"(n_.)*(c_.)), x_Symbol] :> Simp[
1/b Subst[Int[(u /. x -> -a/b + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x,
ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, £}, x] && IGtQ[n, O]

3.46.4 Maple [F]

arcsec(azx)
[
T

inputLint(exp(arcsec(a*x))/X,X) J

outputLint(exp(arcsec(a*x))/x,X) J

3.46.5 Fricas [F]

sec”1(ax) (arcsec(ax))
/ ¢ dr = / c i
T T

inputLintegrate(exp(arcsec(a*x))/x,x, algorithm="fricas") J

outputLintegral(e“(arcsec(a*x))/X, x) J

3.46 e (o)
46, [l gy

T
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3.46.6 Sympy [F]

sec”!(ax) asec (azx)
Q/QE——————dw::b/ae dz
T T

inputtintegrate(exp(asec(a*x))/x,x)

outputLIntegral(exp(asec(a*x))/X, x)

3.46.7 Maxima [F]

sec™1(ax) (arcsec(ax))
/ S = / s
T T

inputLintegrate(exp(arcsec(a*x))/x,x, algorithm="maxima")

outputLintegrate(e“(arcsec(a*x))/x, x)

3.46.8 Giac [F|

sec”!(ax) (arcsec(ax))
[ [
T T

inputtintegrate(exp(arcsec(a*x))/x,x, algorithm="giac")

outputLintegrate(e“(arcsec(a*x))/X, x)

3.46 g o)
46, [l gy
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3.46.9 Mupad [F(-1)]

sec™1(ax) acos( ﬁ)
/ ¢ dr = / © dx
xr X

Timed out.

input tint (exp(acos(1/(a*x)))/x,x)

output Lint (exp(acos(1/(a*x)))/x, x)

3.46 g (o)
46, [ g

T
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s.ec_1 az
3.47 f ex—z() dx

3.47.1 Optimalresult . . . . . . . . . ... .
3.47.2 Mathematica [A] (verified) . . . . . . . ... ... L Lo oL
3.47.3 Rubi [A] (verified) . . . . . . . . . ... 3261
3.47.4 Maple [F] . . . . . .
3.47.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ...
3.47.6 Sympy [F] . . . . 327
3477 Maxima [F] . . . . . . .
3.47.8 Giac [A] (verification not implemented) . . . ... . ... ... ... ....
3.47.9 Mupad [F(-1)] . . . . o o

3.47.1 Optimal result

Integrand size = 10, antiderivative size = 39

sec”!(ax) 1 1 sec”!(ax)
€ sec”(ax €
/ x2 do = §ae “ V 1= a2r2 2z

outputk—l/Z*exp(arcsec(a*x))/x+1/2*a*exp(arcsec(a*x))*(1-1/a‘2/x‘2)‘(1/2)

~—

3.47.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.87

sec”!(ax) 1 3 1 1
€ sec”(az
[ S da = o )<v1‘W‘a

input LIntegrate [E~ArcSec[a*x]/x"2,x] J

output | (a*xE~ArcSec[a*x]*(Sqrt[1 - 1/(a"2*x"2)] - 1/(a*x)))/2

N\

esec_1 (azx)
347, [€ gy

T
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3.47.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.10, number

of steps used = 4, number of rules used = 3, Bumber of rules _ , 354 Ryjes used = {5789,
integrand size
27, 4932)

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

sec™!(ax)
[,
X

l 5789

S a2esec” ' (a2) /1 — —szdsec™! (az)

a

| 27
a/esec_l(ax)\/ 1-— Ldsec_l(aa:)
a’x?

l 4932

a(l 1- 1 esec” Haz) _ éec_l(aw)

2 a2x? 2ax

input ‘ Int [E"ArcSec[a*x]/x"2,x]

r

output La* ((E"ArcSec[a*x]*Sqrt[1 - 1/(a"2%x"2)])/2 - E"ArcSec[a*x]/(2*a*x))

3.47.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 4932 Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>
Simp [b*c*Log[F]1*F~ (c*(a + b*x))*(Sin[d + e*x]/(e”2 + b~2*c"2*Log[F]1~2)), x
] - Simp[exF~(c*(a + b*x))*(Cos[d + exx]/(e”2 + b™2xc"2*Log[F172)), x] /; F
reeQ[{F, a, b, c, 4, e}, x] && NeQ[e™2 + b~2*c~2xLog[F]~2, 0]

| —

esec_1 (azx)
347, [€ gy

T
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ruk35789‘Int[(u_.)*(f_)“(ArcSec[(a_.) + (b_.)*(x_)1"(n_.)*(c_.)), x_Symbol] :> Simp[
‘1/b Subst[Int[(u /. x -> -a/b + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x,
\ ArcSecla + b*x]], x] /; FreeQ[{a, b, c, £}, x] & IGtQ[n, O]

3.47.4 Maple [F]

earcsec(ax)
gz W
T

inputLint(exp(arcsec(a*x))/x‘2,x)

output Lint (exp(arcsec(a*x))/x"2,x)

3.47.5 Fricas [A] (verification not implemented)

Time = 0.41 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.59

dr —
T2 T 2z

/ 6sec*1(ax) (m _ 1)e(arcsec(a:1:))

inputLintegrate(exp(arcsec(a*x))/X“2,x, algorithm="fricas")

-/

0utputt1/2*(sqrt(a‘2*x‘2 - 1) - 1)*e~(arcsec(a*x))/x

3.47.6 Sympy [F]

esec” L(ax) easec (az)
/ f  dz- / —da
T Xz

inputLintegrate(exp(asec(a*x))/x**2,x)

outputLIntegral(exp(asec(a*x))/x**2, x)

esec_1 (azx)
347, [€ gy

T
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3.47.7 Maxima [F]

sec”1(ax) (arcsec(ax))
€ €
[t [

inputtintegrate(exp(arcsec(a*x))/x‘2,x, algorithm="maxima")

output Lintegrate (e~ (arcsec(a*x))/x"2, x)

3.47.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.10

sec”1(ax) 1 1 (arccos(é))
€ _ - - (a,rccos(ﬁ)) _ 6—
/ p dx = 5 (\/ P + le . a

inputLintegrate(exp(arcsec(a*x))/x‘2,x, algorithm="giac")

output‘ 1/2*(sqrt(-1/(a~2*x~2) + 1)*e~(arccos(1/(a*x))) - e~ (arccos(1/(a*x)))/(a*x
N*a

3.47.9 Mupad [F(-1)]

sec”1(ax) acos(-L)
e e ax

Timed out.

input tint (exp(acos(1/(a*x)))/x"2,x%)

output Lint (exp(acos(1/(a*x)))/x"2, x)

esec_1 (azx)
347, [€ gy

T



CHAPTER 3. LISTING OF INTEGRALS 329

sec™L(az
3.48 [ gy

3.48.1 Optimalresult . . . . . . .. . ... ..
3.48.2 Mathematica [A] (verified) . . . . . . . . ... ... L Lo oL 329
3.48.3 Rubi [A] (verified) . . . . . . .. ... 330
3.484 Maple [F] . . . . . . B31]
3.48.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... . 3311
3.48.6 Sympy [F] . . . . .
3.48.7 Maxima [F] . . . . . .. .
3488 Giac [F] . . . . . o e
3.48.9 Mupad [F(-1)] . . . . o o

3.48.1 Optimal result

Integrand size = 10, antiderivative size = 41

sec_l(a,m) 1 _ 1 _
/ ¢ p dz = —gaQesec H(92) ¢og (2sec™(az)) + 1—0a2esec '(02) 5in (2sec™(az))

output‘-1/5*a“2*exp(arcsec(a*x))*cos(2*arcsec(a*x))+1/10*a“2*exp(arcsec(a*x))*sin
L(Q*arcsec(a*x)) J

3.48.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.73

sec”!(ax)
/ c = dr = 1—10(1268“1(“) (—2cos (2sec™"(az)) + sin (2sec™'(az)))

~

input‘Integrate[E“ArcSec[a*x]/x“S,x]

-

-

output L(a‘2*E‘ArcSec [axx]*(-2xCos[2*ArcSec[a*x]] + Sin[2*ArcSec[a*x]]))/10

~—

3.48 e (o)
48, [ gy

3
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3.48.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.02, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 554 Ryles used = {5789,

integrand size
27, 4972, 27, 4932}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

sec™!(ax)
[,
X

l 5789

2 sec_l(a:t) /1— L.
J £ a%2? Jsec™!(ax)

X
a
l 97

esec_l(aa:) 1— 212
a2/ ¥ dsec(az)
azr
| 4972

a2 / lesec_l(az) sin (2 sec_l(az)) dseC_l(a.’B)

2
l 27

;a2/esec_l(“‘”) sin (2sec™!(az)) dsec™*(az)
| 4932
1,(1 sec 1(az) 4 -1 2 sec”!(azx) -1
39| g€ sin (2sec™ " (az)) — 5€ cos (2sec™ ' (az))

input ‘ Int [E"ArcSec[a*x]/x"3,x]

p
output ‘ (a~2* ((-2*E~ArcSec[a*x] *Cos [2*ArcSec[a*x]]) /5 + (E"ArcSec[a*x]*Sin[2*ArcSe
‘ cla*x]]1)/5))/2

3.48 e (o)
48, [ gy

3
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3.48.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 4932 Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>

Simp [b*c*Log[F]1*F~ (c*(a + b*x))*(Sin[d + e*x]/(e”2 + b~2*c"2*Log[F]1~2)), x
] - Simp[exF~(c*(a + b*x))*(Cos[d + e*x]/(e”2 + b~2*%c™2xLogl[F]1"2)), x] /; F
reeQ[{F, a, b, c, 4, e}, x] && NeQ[e™2 + b~2*c~2xLog[F]~2, 0]

rule 4972 Int[Cos[(f_.) + (g_.)*(x_)1"(a_.)*(F_)"((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_
)+ (e_)*(x )] (m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(c*(a + b*x)),

Sin[d + e*x] m*Cos[f + g*x]°n, x], x] /; FreeQ[{F, a, b, ¢, 4, e, f, g}, x]
&& IGtQ[m, 0] && IGtQ[n, 0]

rule 5789 Int[(u_.)*(f_)"(ArcSec[(a_.) + (b_.)*(x_)1~(a_.)*(c_.)), x_Symboll :> Simp[
‘1/b Subst[Int[(u /. x -> -a/b + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x,
\ ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, £}, x] && IGtQ[n, O]

3.48.4 Maple [F]

earcsec(ax)
=
T

input‘int(exp(arcsec(a*x))/X”3,X)

p
outputLint(exp(arcsec(a*x))/X”3,X)

~—

3.48.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.73

x ey
x3 512

/ esec_l(az) p (a2x2 + \/(121.27_ _ 2) e(arcsec(am))

inputLintegrate(exp(arcsec(a*x))/x‘3,x, algorithm="fricas")

3.48 e (o)
48, [ gy
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outputtl/S*(a“2*x‘2 + sqrt(a™2*x"2 - 1) - 2)#*e” (arcsec(a*x))/x"2 J

3.48.6 Sympy [F]

sec”!(ax) asec (ax)
€ €

inputtintegrate(exp(asec(a*x))/x**3,x) J

outputLIntegral(exp(asec(a*x))/x**3, x) J

3.48.7 Maxima [F]

sec™1(ax) (arcsec(ax))
€ e
[t [

inputLintegrate(exp(arcsec(a*x))/x“3,x, algorithm="maxima") J

outputLintegrate(e“(arcsec(a*x))/X”3, x) J

3.48.8 Giac [F]

sec”!(ax) (arcsec(ax))
€ €
/ B / T W

inputtintegrate(exp(arcsec(a*x))/x‘3,x, algorithm="giac") J

outputLintegrate(e‘(arcsec(a*x))/x‘3, x) J

3.48 G
48, [ gy

3
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3.48.9 Mupad [F(-1)]

sec™1(ax) acos(i)
e e azx
/ p dx = / o dx

Timed out.

inputtint(exp(acos(l/(a*x)))/x‘3,x)

output Lint (exp(acos(1/(a*x)))/x"3, x)

3.48 gec (o)
48, [ gy

3
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sec™L(az
349 [ gy

3.49.1 Optimal result . . . . . . . . . ... [334]
3.49.2 Mathematica [A] (verified) . . . . . . . . .. ... L o 334
3.49.3 Rubi [A] (verified) . . . . . ... ..
3.49.4 Maple [F] . . . . . . .
3.49.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 3361
3.49.6 Sympy [F] . . . . . B37
3.49.7 Maxima [F] . . . . . . . 337
3.49.8 Giac [F] . . . . . o 337
3.49.9 Mupad [F(-1)] . . . . o

3.49.1 Optimal result

Integrand size = 10, antiderivative size = 84

/esec_l(aw) i 1a3esec_1(ax)F_ GQesec—l(ax)
xt 8 a?z? 8z

3 - 1 -
Ea:”eseC 1(92) cog (3sec™'(az)) + Ea?’esec '(a2) gin (3sec™!(az))

output‘-1/8*a“2*exp(arcsec(a*x))/x-3/40*a”3*exp(arcsec(a*x))*cos(3*arcsec(a*x))+1
‘/40*a“3*exp(arcsec(a*x))*sin(3*arcsec(a*x))+1/8*a“3*exp(arcsec(a*x))*(1-1/
1a72/x72)7(1/2)

3.49.2 Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.64

sec™ ! (ax) 1 B 1
/ ° por dr = 4—0a3ese° (az) <5\ [1— POk % —3cos (3sec'(az)) +sin (3 sec_l(ax))>

input LIntegrate [E~ArcSec[a*x]/x~4,x]

-/

Output‘(a‘B*E‘ArcSec[a*x]*(S*Sqrt[1 - 1/(a"2*x"2)] - 5/(a*x) - 3*Cos[3*ArcSec[a*x
1] + Sin[3*ArcSec[a*x]]))/40

N\

esec_l(az)
349. [ gy

T
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3.49.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.94, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , 454 Ryles used = {5789,

integrand size
27, 4972, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

sec™!(ax)
/ g

l 5789

f sec_1 (azx) \/T
a
| 27

dsec™ " (ax)

1 1 -1 e *(a2) 3 -1 1 -1
3 ec™ ! (ax) sec”!(ax) 1 sec!(az) o; 1
a (8 1 5.9 e’ 3 0 € COSs (3 sec (ax)) + 0 e sin (3 sec (am))

~4,x]

output ‘ a”~3*((E"ArcSec[a*x]*Sqrt[1 - 1/(a"2%x72)])/8 - E"ArcSec[ax*x]/(8*a*x) - (3%
‘ E~ArcSec[a*x] *Cos [3*xArcSec[a*x]]) /40 + (E~ArcSec[a*x]*Sin[3*ArcSec[a*x]])/
‘ 40)

349.  [€ D gy

T
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3.49.3.1 Defintions of rubi rules used

ruk327‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 4972 | Int[Cos[(f_.) + (g_.)*(x_ )1 (a_.)*(F_)"((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_
D+ (e_)*x(x_)]"(m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(c*(a + b*x)),
Sin[d + e*x] m*Cos[f + g*x]°n, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g}, x]
&& IGtQ[m, 0] && IGtQ[n, O]

rule 5789 Int [(u_.)*(£f_)~(ArcSec[(a_.) + (b_.)*(x_)1"(n_.)*(c_.)), x_Symbol] :> Simp[
1/b Subst[Int[(u /. x -> -a/b + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x,
ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, £}, x] && IGtQ[n, O]

3.49.4 Maple [F]

earcsec(az)
B
T

inputLint(exp(arcsec(a*x))/X“4,X)

outputLint(exp(arcsec(a*x))/X”4,X)

3.49.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.48

x? v 1023

/ esec_l(a:z:) p ((12.%'2 + (0/21,'2 + 1)m _ 3) 6(alrcsec(a,z))

inputLintegrate(exp(arcsec(a*x))/x“4,x, algorithm="fricas")

outputki/lo*(a‘2*x“2 + (a”2%x72 + 1)*sqrt(a”2*x"2 - 1) - 3)*e~(arcsec(a*x))/x"3

esec_l(az)
349. [ gy

T
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3.49.6 Sympy [F]

sec™(az) asec (ax)
€ €
/ xt dz = / x4 dz

inputtintegrate(exp(asec(a*x))/x**4,x)

outputLIntegral(exp(asec(a*x))/x**4, x)

3.49.7 Maxima [F]

sec™1(ax) (arcsec(ax))
€ e
/ T = / T

inputLintegrate(exp(arcsec(a*x))/x*4,x, algorithm="maxima")

outputLintegrate(e“(arcsec(a*x))/X”4, x)

3.49.8 Giac [F]

sec”!(ax) (arcsec(ax))
€ €
| e [

inputtintegrate(exp(arcsec(a*x))/x‘4,x, algorithm="giac")

outputLintegrate(e“(arcsec(a*x))/X‘4, x)

esec_l(az)
349. [ gy

T
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3.49.9 Mupad [F(-1)]

sec™1(ax) acos(i)
e e azx
/ por dx = / o dx

Timed out.

input tint (exp(acos(1/(a*x)))/x"4,x)

output Lint (exp(acos(1/(a*x)))/x"4, x)

esec_l(az)
349, [ gy

T
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3.50 f sec_l(a+baz) dx

%d-l-da:
3.50.1 Optimalresult . . .. ... ... . ... .. .
3.50.2 Mathematica [A] (verified) . . . . . . .. ... .. Lo 3391
3.50.3 Rubi [A] (warning: unable to verify) . . . . ... ... ... ... ... ... 340
3.50.4 Maple [A] (verified) . ... ... ... . ...
3.50.5 Fricas [F] . . . . . . o
3.50.6 Sympy [F] . . . . . 343
3.50.7 Maxima [F] . . . . . . . ..
3.50.8 Giac [A] (verification not implemented) . . . .. ... ... ... ....... 344
3.50.9 Mupad [F(-1)] . . . . . oo 344

3.50.1 Optimal result

Integrand size = 19, antiderivative size = 69

%1 +dz 2d y
) POlyLog (2, —eZ sec™?! (a+b:c))
2d

sec”!(a + bx) isec™(a + br)? sec™*(a + bz) log (1 + 6%86071(’”1”))
/ sec_{a+5%) 4 —

+

output‘1/2*I*arcsec(b*x+a)‘2/d—arcsec(b*x+a)*1n(1+(1/(b*x+a)+1*(1—1/(b*x+a)“2)“(1
1/2))”2)/d+1/2*I*polylog(2,—(1/(b*x+a)+I*(1—1/(b*x+a)“2)“(1/2))“2)/d

3.50.2 Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.86

-1
/sec (a + bx) dx

‘%d +dz
i(sec_l(a + bx) (sec‘l(a + bz) + 2ilog (1 + e* Sec_l(a+b””)>) + PolyLog (2, —e” Sec_l(ﬁbx)))
- 2d
input LIntegrate [ArcSec[a + bxx]/((a*d)/b + d*x),x] J

output‘ ((I/2)*(ArcSec[a + bxx]*(ArcSec[a + b*x] + (2*I)*Logl[l + E~((2+I)*ArcSec[a ‘
-+ bxxD)]) + PolyLogl2, -E"((2+D)*ArcSecla + b*x1)1))/d |

3.50. [t da
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3.50.3 Rubi [A] (warning: unable to verify)

Time = 0.49 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.99, number
of steps used = 10, number of rules used = 9, Bumber of rules _ 474 Ryles used = {5779,

integrand size
27, 5741, 5137, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

-1
/ secad (a+ bx) da
B + dx

| 5779

bsec™1(a+bz
f Wd(a + ba:)

b

| 27

J e etbn) (g 4 ba)
d

l5m1

[(a + bz) arccos (ﬁ) doim
- d
| 5137

[(a+ bx)\/%arccos (ﬁ) d arccos (ﬁ)
d

l 3042

[ arccos <a+%> tan (arccos <a+%>> darccos (ﬁ)
d

l 4202

. 1
5 1
2 arcCOS( a+bz ) arccos ( ﬁ)

, d arccos <#>
e27, arccos( a+1bm ) a+bx

d
l 2620

2(a-:bz)2 -2 f 1+

Mw _ 9 <%z [log (1 " eZzarcc05<a+bz)> darccos (ﬁ) - %iarccos (ﬁ) log <1 + €2Zar°°°S<a+bz>>>

d

3.50. [t da
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l 2715

st =3 0+ ot (4 ) ) ) — ianeos (g (1464 )

d
l 2838

. ; 1
Satsm? — 2 <—}1 PolyLog(2, —a — bz) — 3iarccos (ﬁ) log <1 + e2zarccos<a+bw))>
d

-

inputLInt[ArcSec[a + b*xx]/((a*d) /b + d*x),x]

~—

output‘((I/Q)/(a + b*x)"2 - (2%I)*((-1/2*%I)*ArcCos[(a + b*x)~(-1)]*Logl[l + E~((2x*
‘I)*ArcCos[(a + b*x)~(-1)1)] - PolyLog[2, -a - b*x]1/4))/d

/)

3.50.3.1 Defintions of rubi rules used

rukaZ?‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] |

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) “m/(bxf*g*n*Log[F]))*Log[l + b*((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

rule 2715 | Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

ruka2838/Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcx*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.50. [t da



rule 4202

rule 5137

rule 5741

rule 5779

input

output
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Int[((c_.) + (@_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*xI*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Q[m, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x) n*Tan[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

Int[((a_.) + ArcSec[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
xArcCos[x/cl)/x, x]1, x, 1/x] /; FreeQ[{a, b, c}, x]

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(_.))"(p_.)*((e_.) + (£_)*(x_))"(m
_.), x_Symbol] :> Simp[1/d  Subst[Int[(f*(x/d)) m*(a + bxArcSec[x])"p, xI,
x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &&
16tQlp, 0]

3.50.4 Maple [A] (verified)

Time = 1.04 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.43

b

method result size
2 2
o bmec@,ﬂ)m(w(ﬁﬁi%) >+ibpolylog<2,_<,m1+a+im> )
derivativedivides 2d d 5 2d 99
2 2
default 2d — d * 2d 99

p
tint (arcsec(b*x+a)/(a*d/b+d*x) ,x,method=_RETURNVERBOSE)

‘/1/b* (1/2*Ixb/d*arcsec (b*x+a) “2-b/d*arcsec (b*x+a) *1n(1+(1/ (b*x+a)+I*(1-1/(b
‘ xx+a) ~2) " (1/2))"2)+1/2*I*b/d*polylog(2,-(1/ (bxx+a)+I*(1-1/(b*x+a)~2)~(1/2)
p ~2))

~ —

3.50. [ * it do
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3.50.5 Fricas [F]

-1
/sec (a + bx) dxz/arcsec (bz + a) iz

d d
G +dz dr + %

p
inputLintegrate(arcsec(b*x+a)/(a*d/b+d*x),X, algorithm="fricas")

-/

output Lintegral(b*arcsec(b*x + a)/(b*d*x + axd), x)

3.50.6 Sympy [F]

/ sec™(a + bzx) b [ ase(;f;bw) dz
————dz =
B +dz d

inputLintegrate(asec(b*x+a)/(a*d/b+d*X),X)

-/

outputtb*lntegral(asec(a + bxx)/(a + b*x), x)/d

3.50.7 Maxima [F]

-1
/ sec d(a + bx) dp — / arcsec (bx:— a) i
& +dz dr + %

inputLintegrate(arcsec(b*x+a)/(a*d/b+d*x),x, algorithm="maxima")

output | -1/2*(2*bxd*integrate(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)*log(b*x + a)/ (b~
3kd*x~3 + 3*kaxb"2xd*x"2 + (3*%a”2 - 1)*bxd*x + (a~3 - a)*d), x) + 2*kIxbxd*i
ntegrate(log(b*x + a)/(b~3*d*x~3 + 3*axb~2*d*x"2 + (3*%a"2 - 1)*bxd*x + (a~
3 - a)*d), x) - 2*xarctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))*log(b*x + a)
+ Ixlog(b™2*x"2 + 2*xa*b*x + a”2)*log(b*x + a) - Ixlog(b*x + a + 1)*log(b*
x + a) - Ixlog(b*x + a)~2 - Ixlog(b*x + a)*log(-b*x - a + 1) - Ixdilog(b*x
+ a) - Ixdilog(-bxx - a))/d

3.50. [ * it do
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3.50.8 Giac [A] (verification not implemented)

Time = 0.50 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.67

-1
/ secad (a+bx) dp —
B +dx

2 (bx + a)2 arccos ( L ) (bz + a) <\/ _(bxia)ﬁ +1- 1> B (bz-i-a)(\/:

_1 b2 ((b:c—i—a)(ﬁ—l)—a) (ﬁ—l)-i-a B
' b b3d
input Lintegrate (arcsec(b*x+a) /(a*d/b+d*x) ,x, algorithm="giac") J

output‘ -1/4%b~2% (2% (b*x + a) ~2%arccos(1/(((b*x + a)*(a/(b*x + a) - 1) - a)*(a/(b*
‘x +a) - 1) +a))/(d73xd) - ((b*x + a)*(sqrt(-1/(b*x + a)"2 + 1) - 1) - 1/
‘((b*x + a)*(sqrt(-1/(b*x + a)~2 + 1) - 1)))/(b"3*d))

3.50.9 Mupad [F(-1)]

Timed out.
-1 acos (2
/ secad (a + bx) do — / (a+;);) dz
input | int(acos (1/(a + bxx))/(@xx + (axd)/b) ) )
output| int (acos(1/(a + bxx))/(dxx + (axd)/b), x) J

3.50. [ * it do
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

345
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111

4.1. Listing of Grading functions
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

4.1. Listing of Grading functions
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);

4.1. Listing of Grading functions
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;

4.1. Listing of Grading functions
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,

4.1. Listing of Grading functions




CHAPTER 4. APPENDIX 353

GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):

4.1. Listing of Grading functions
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):

4.1. Listing of Grading functions
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function

4.1. Listing of Grading functions
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)
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‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:

4.1. Listing of Grading functions



CHAPTER 4. APPENDIX

358

return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation
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	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 x^-1+n ^-1(a+b x^n)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^-1(c e^a+b x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F(-2)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 e^^-1(a x) x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 e^^-1(a x) x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 e^^-1(a x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 e^^-1(a x)  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 e^^-1(a x)  x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 e^^-1(a x)  x^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 e^^-1(a x)  x^4  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^-1(a+b x)  a d  b+d x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
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