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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
198 |. This is test number [ 208 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (198 ) | 0.00 (0)

Mathematica | 98.48 (1195 ) 1.52(3)
Maple 76.26 (151 ) | 23.74 (47)
Maxima 63.64 (126 ) | 36.36 ( 72 )
Fricas 52.02 (103 ) | 47.98 ( 95)
Mupad 35.35 (70 ) | 64.65 (128 )
Sympy 93.23 (46 ) | 76.77 ( 152 )
Giac 758 (15) | 92.42 (183)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 91.919 0.000 0.000 8.081
Mathematica 70.202 0.000 20.202 9.596
Maxima, 55.051 1.010 0.000 43.939
Maple 48.485 3.030 17.172 31.313
Fricas 37.374 0.000 7.071 55.556
Sympy 14.141 1.515 0.000 84.343
Giac 0.000 0.000 0.000 100.000
Mupad 0.000 27.778 0.000 72.222

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 3 100.00 0.00 0.00
Maple 47 100.00 0.00 0.00
Maxima, 72 100.00 0.00 0.00
Fricas 95 100.00 0.00 0.00
Mupad 128 0.00 100.00 0.00
Sympy 152 83.55 16.45 0.00
Giac 183 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Maxima 0.23

Fricas 0.26

Giac 0.28
Mathematica 0.41

Rubi 0.56

Maple 1.06

Mupad 5.03

Sympy 10.38

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Giac 11.20 1.14 9.00 1.18
Mupad 41.01 0.94 46.00 0.90
Sympy 86.57 1.12 41.50 0.91
Maple 102.28 1.15 88.00 1.07
Fricas 105.26 1.26 72.00 1.15
Maxima 132.07 1.02 79.00 1.00
Mathematica | 179.62 0.84 65.00 0.87
Rubi 230.57 1.07 100.00 1.06

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Number of integrals Number of integrals Number of integrals

Number of integrals

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used

1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{19697}, [08}[99), [T00}, [T T4} [T 15}, [T 17 [T 18} [T19} [120} [122} [123) 134 [T60}, [180]}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {[I7}[18}[37}[38}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results



CHAPTER 1. INTRODUCTION

19

1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1.3 Maple . . . . e 22
2.1.4 Fricas . . . . . . . e e
2.1.5 Maxima . . . . . .. e e e e e e e 23]
2.1.6 Giac . . . . .. e 23
2.1.7 Mupad . . ... e 27
2.1.8 SYMDPY - . . v o e e e e
2.1.1 Rubi

A grade {[11[2[3|[4[5[6[7}[8 9 [10} [L1} [12} [L3} 14} 15} [L6} 117 [18} [L9} 20} [21} (22} 23} [24} 25} [26} [27]
28,29, 30} 31}, 32}, B3, 134} 35, [36}, 37, [38} [39, 40}, (AT}, 42}, (43}, 44}, (45}, 46}, 47} 48}, (49} [50, 51} 52} 63,
[54}[65, 56} (571, 58} 59, [60} (6T, (62} [63}[64} [65} (66, 67} (68}, (69} [70, [7 T} [72, [73} [74L, [75} [76, [77} [78,[79,
B0} 8T}, [82, B3}, B4}, [851,[36}, 87}, 88}, [89, 90} 91}, 92}, 93, [94} 95}, 101}, [102} [103}, [104} [105, [106}, 107, 108,
(109, [TT0} [T} [TT2}, T3] [116}[T2T] 124} [125], 126}, 127, 128}, [129} [130}, 131}, 132} [133},[135}, 136}, [137,
[138, (139,140}, (141}, 142}, 143} [144 145}, [146], 147, [148), 149} [150} 151}, 152} 153} [154} [155}, 156} [157,
[158, (159, 16T}, 162}, 163}, [164}[165}, (166}, [167], 168, 169} (170} (17T}, 172, 173} [T74, [175} [176},[177,[I78]
[179}[181}[182}[183}[184}[185} [186}[187} [188}[189, [190}[191} [192}[193) [194}[195} [196}[197, [198] }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.2 Mma

A grade { 253 5L5) 75510} 1) 123 13 15 16, 0L 20,21 22, 23,2 25,26 2,25, 5,
32,33} 34} 35} 36}, 39, 40, {1}, 42, (43} 14}, (45, (46}, 7], 48}, (49} [0}, 511, (55} 59}, 60, [61} 62, 63} [64} [65,
664167} [68, 694 [0} [7T1, [72} [73} 86}, B 7} [L02} [105} [T08}, [T 11}, [16}, (121}, 124} [T25}, 126}, [127} 128} 129}
(130, (131}, [132} 133}, 135}, [136},[137} [138},[139], 140} [14T}, 142} [143], 144} [145] [146), [147} [148}, [149,[150}
[15T},[153}, 154 (155}, 156}, [157} 158}, [159} [16T], 162, [163} (164}, [165}, 166}, 167, 168, [169} [170}, 171, [T72}
(173, [T74,[T75}[176}, 177,178} [T79} [18T],[182], 183}, [T84}, 185}, [186}, 187, 188}, [189} [190} [191], 192, [193]

[194}[195}[197}[198] }
B grade { }

2.1. List of integrals sorted by grade for each CAS
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C grade {[17[18}[30}[31},[37}[38} 52, [53}[54} [56} 57,58} [74} [75, 76} [7 7} [78, [79} 180} [81} 82} [83} [84} 85},
[88}[89}[90}[91}[92}[93} (94} [95} 103} [104), (106}, [107} 109 [L10} 112} [113] }

F normal fail {[101}[152,[196) }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.3 Maple

A grade { 125 %5)5) 7B 510} 1) 123 13 5 16,7 15,19} 20, 21} 22 23, 2 25,20 2
28,29} 30}, 31} [32}, B3, 34} [35}, 36}, 137} 38}, 48, [55} 9} 60} {61}, (62, 63}, {64} (65, (66}, [67} 68}, 69, [T}, [7 T}
[72}[73,[74,[75, [76}, [77, [78} [79} {80}, BT, [82} B3}, 84}, 85}, 116}, 12T, 124} [125} [126} [128} [129}, T30} 137
[138,[139} 140}, 142}, [143], [144} [145},[146), [147], 148} [149,[150} (15T}, [152}, 153, [154, 155} [159} [165},[173]

}
B grade { (390,41} 42} [43}[44) }

C grade {[45}[46} 47, 49} 50} 51} 52} 53} 54, 56} 57} 58} 86} 87} 88} 89 90} 91} 92} 93} 94} 95}, 102 [103,
[104}[105} 106} 107} [L08} [T09} [T10}, [T11} [T12}[T13] }

F normal fail {[101}[127}[131}[132}[133)[134}[135}[136}[141}[156}[157},[158} [161} [162} [163} 164} [166]
[167,[168},[169} [170}, 171}, 172} [T74, [175}, [176], 177, 178, 179} [18T}, 182, 183, 184, 185}, [186}, 187, [188]
[189] [190}[T01}[192} [193| [194] [195] [L96}, 107} 198 }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.4 Fricas

A grade { (1,257 57550, 1,2 13, 416, 7 15, 0L 20,21 23,27 25,26, 27,25, 29,50
BT}, 32,33} [34} 36}, 37,138} 39, 40} AT} 42} (43} {4}, (48, [55], 59} (60}, 6T}, (62, (63} (64}, (65}, (661, 67}, 68, 69,
[70}[71], 124}, [125,, [T26}, [13T},[132], 133, [137, [138}, [139}, (140}, 145}, [146}, (150} [151], 152, [153, 154} [155],

163
B grade {}

C grade { [12[73}[74)[75,[76,[77] 78} 79} 80} 81} [82}83, 84,85 }

F normal fail { [§,[15}22}[35} (45} |46, [47} 49} [50} 51} [52, 53} /54 [56} 57} 58, 86} [87) [88} 89} [00} 91
[92, 93} 9% 95 (10T, [0} 103} [0 [L05, [L06} (107} (108} 109} [LT0} L1} [LT2, (LT3, [[T6 (2] [[27 128}
[T29} T30, (139 T35 (T30, (14T} 142} 143, (144} 147, [48) [T49, [156} [57) [T58, 159} [6T) [162, 163, 167,

[166},[167, (168}, [169}, 170, 17T, [T72} 173}, 174, 175} [T76}, (177, [178] 179, 181} 182} 183}, [184} [185] [186]
[187) [188},[189}[190} [191),[192] [193) [L94] 195} 196}, 197} [198] }

F(-1) timedout fail { }

2.1. List of integrals sorted by grade for each CAS
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F(-2) exception fail { }

2.1.5 Maxima

A grade {1251 5L5) 755,10} 1 12 3 T2 5 06 7 05 19,20, 21 23 7 25 26,2 2
29,30, 31}, 32, 33}, 34}, [36}, 37, [38} 39} 0}, A1}, 42}, (43} 44}, [59, (60}, 6T}, (62, |63} (64}, [65}, (661, 67}, 68, 69},
[70}[71},[72}[73, [74} [75, [76} [77, [78} [79, [0}, BT, 82}, B3}, [84}, B} 124} 125, 126 128} [129} 130} [T31}, 132}
[133,[137, 138}, [139}, 140}, (142} [143} 145}, [146], 147, [148), 153} [154} [16T}, 162, 163}, [164} [165], 166}, (167,
[1681|169}/184] (185 |1861/189],(190,(191}[192][193}(197,|198] }

B grade {[144][155] }

C grade { }

F normal fail {[22,(3545,[46,47, 48, 49} 50} 51} 52} 53} 54} 55} 56} 57} 58} 86} 87 188, [8%} [90} 91}
[92}[93},[94, [95}, (101}, [102, [103} 104}, [105}, 106} [107} [108} [109; 110}, 11T} 112} 113} 116} T21} 127} 134,

(135} (136}, [141} 149} 150}, (15T} 152} (156, (157} 158} [L59, [170} 17T}, [T72} 173} 174, [I75} 176} [T77, 178,
[179} 181} [182} 183} [187} [188} [194,[195,[196] }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.6 Giac
A grade { }
B grade { }
C grade { }

F normal fail { [128)/45L6)( )0} 0, 1) (2,3 14 15, 16,77, 8} 19)20, 21, 22,23, 2 25,
[26}[27], 28} [29}, 130} B}, 32} 33} [34} 35} [36}, 37, [38} 39} 40}, AT}, 42, (43} 44}, (45}, 46, (47}, 48, (49} 50} [51],
[62}[63, 54} (55, [56} 571, [58} 59, [60} 6T, [62} [63}[64} 65} (66, 67} (68, (69} [70} [7T}, [72, [73} [74L, [75} [76, [77,
[78,[79} (80}, BT}, [82} 83, B4} [85}, (86 B7} [88} 89, [90} 91}, 92} [93} (94}, 95}, 10T}, [102} 103} 104} [105}, 106,
[107,[108},[109} [1T0}, 111}, 112} [TT3} 116}, 121}, 124} 125, 126}, [127], 128, 129, 130} (13T}, 132}, 133, [134]
(135,136}, (137} [138}, 139, [140} 14T} 142} [143], 144} [145], 146}, [147], 148} [149} 150} 15T}, 152,153, [154]
[155}[156}, 157} (158}, 159, [16 T, [162} 163}, 164}, 165} [166], (167} [168], 169, 170, [T7T, [172} 173}, 174, [T75]
[T76}, [T77, [T78},[179}, 18T}, 182} [183}, [184], [185], 186}, 187, [188}, [189}, 190}, 19T}, 192} [T93}, 194}, 195}, [196,

}
F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.7 Mupad
A grade { }

B grade {[I}[2[3[4 56189 [10} L1} 1} [3} 14 [16] 17 18} 19} [20} 21 [22} [23) 24} [25] 26} 27 28
(29,80, BT} 82, B3, [3%, 35, 36, 37} 38, 8% L0, AT, 2} 13, 44, (10T (L6, (16 133, (140, 145 [T 46, 53,
[154} 155} [165}173}

C grade { }
F normal fail { }

F(-1) timedout fail { [15 |15} 46, |47} 48, |49} 50, 51} |52} 53} |54 [55} 56} 57} 58 [59} (60} 61} [62} 63
(6% (65466} 674 68} 6% [70} 71 (72} [73, [T [75} 763 [77, 78, [79 BT} BT [82, B3, 8% B 565, BT B8} B
[90, 91,92 93} 9% 95, (102} [L03} 04 (L5, [[06, (107} (108} [[09} [L10} [T} T2, (LT3, (T2} 124} 125
[T27) 128, 129, (130} 131} (132} (134} (135 (136, (137} (38 (139, (141}, (142} 143, 144 147} 148, [149, [150)
[T51) (152, (156, 57} [T58, [T59} (16, (162} (163, [164} (66 (167, (168} 169} 170} (L7 [[72} {74 [L75 76
Wwwmmmmmmmmmwmmmmmmmmmmmmmn
}

F(-2) exception fail { }

2.1.8 Sympy

A grade {[1)2)B) ) ) 0L 25 0 20121, 23 27 25, 2 27, 25 1.6 24 25 126, 157,
T38E30}[140))

B grade {[29,30,[153 }
C grade { }

F normal fail { [11}[12}[13}[14[16}17,[18) 22 32} 33} 34 [35| 36} [37] B8} [39} {40} A1} 42} |43} 14} [,
FA6} 74 28, 9} 50, 3 52 53 54 65, 563,67, 58} 69 604 BT (62 63} 65, 663,67, 68} 69 704 [7 73}
[72 75478, 7% B0, BT, B2, B3, B4 [87, B8} B9, 0T, B2, 03, 94, 05} (101, [0 [T03, (104 [T (106} (107,
([0} [0, [T, [TT2} [T3, (T2} 727} [28) (129} [[30} [31) (132, [133} 134 (135, [L36} [41) [[42, 145,146
[[47) (148, 149, 50} 156, [L57, (158} 159 (L6, [162} 163} [[6% 165} 166 167, [168} (169} [70} [L7T} 172,
[173}[174}[175}[176} 185} 186} 187} 188} 189} 190} 193} [194) [195} [196} [197] }

F(-1) timedout fail { [T} 72,76, £5)/55) 00,108} 143,144 {51} 152} [54 [55) (77, 78
(79, [51] 152} 153,154, 191} 192,198 }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 96 73 72 72 72 66 0 69
N.S. 1 1.12  0.85 0.84 0.84 0.84 0.77  0.00 0.80
time (sec) N/A 0.275 0.032 0.674  0.192 0.247 2326 0.000 5.254

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 76 86 65 65 64 64 58 0 61
N.S. 1 1.13  0.86 0.86 0.84 0.84 0.76 0.00 0.80
time (sec) N/A 0.276 0.026 0.597 0.192 0.236 1.401 0.000 5.361

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 66 76 o7 56 56 56 49 0 53
N.S. 1 1.15  0.86 0.85 0.85 0.85 0.74 0.00 0.80
time (sec) N/A 0.261 0.023 0.517 0.193 0.252 0.790 0.000 5.263

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 56 66 48 49 48 48 41 0 46
N.S. 1 1.18 0.86 0.88 0.86 0.86 0.73 0.00 0.82
time (sec) N/A 0.252 0.021 0.495 0.197 0.249 0473 0.000 5.436
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 32 26 33 29 29 22 0 32
N.S. 1 1.10  0.90 1.14 1.00 1.00 0.76 0.00 1.10
time (sec) N/A 0.209 0.013 0.352 0.193  0.252 0.230 0.000 5.241
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size ) ) 5 6 ) 0 3 0 )
N.S. 1 1.00  1.00 1.20 1.00 0.00 0.60 0.00 1.00
time (sec) N/A 0.179 0.002 1.052 0.190  0.000 0.409 0.000 5.064
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 36 40 28 34 24 0 34
N.S. 1 1.00 1.00 1.11 0.78 0.94 0.67  0.00 0.94
time (sec) N/A 0.222 0.011 0.569 0.193  0.257 0.317 0.000 5.517

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 58 57 50 57 40 47 42 0 51
N.S. 1 0.98  0.86 0.98 0.69 0.81 0.72 0.00 0.88
time (sec) N/A 0.254 0.023 0.669 0.192 0.262 0.580 0.000 5.289
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 69 52 68 49 56 51 0 57
N.S. 1 1.01  0.76 1.00 0.72 0.82 0.75 0.00 0.84
time (sec) N/A 0.263 0.025 0.727  0.196  0.262 1.034 0.000 5.359
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 78 79 60 76 58 65 60 0 60
N.S. 1 1.01 077  0.97 0.74 0.83 0.77  0.00 0.77
time (sec) N/A 0.268 0.028 0.802 0.194 0.265 1.799 0.000 5.323
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 88 103 86 78 7 7 0 0 71
N.S. 1 1.17  0.98 0.89 0.88 0.88 0.00 0.00 0.81
time (sec) N/A 0.341 0.011 0.168 0.196 0.248 0.000 0.000 5.708

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 78 93 78 69 69 69 0 0 63
N.S. 1 1.19  1.00 0.88 0.88 0.88 0.00 0.00 0.81
time (sec) N/A 0.333 0.010 0.152 0.194 0.253 0.000 0.000 5.728
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 83 69 62 61 61 0 0 55
N.S. 1 1.22 1.01 0.91 0.90 0.90 0.00 0.00 0.81
time (sec) N/A 0.313 0.008 0.154 0.208  0.253 0.000 0.000 5.744
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 39 39 41 39 39 0 0 37
N.S. 1 1.15  1.15 1.21 1.15 1.15 0.00 0.00 1.09
time (sec) N/A 0.266 0.011  0.109 0.199 0.241 0.000 0.000 5.632
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 5 5 5 6 5 0 3 0 0
N.S. 1 1.00 1.00 1.20 1.00 0.00 0.60 0.00 0.00
time (sec) N/A 0.174 0.002 0.145 0.205  0.000 0.231 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 46 44 57 33 39 0 0 36
N.S. 1 1.00 0.96 1.24 0.72 0.85 0.00 0.00 0.78
time (sec) N/A 0.271 0.026 0.121 0.226  0.251 0.000 0.000 5.633
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A F F B
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 70 74 25 90 47 54 0 0 46
N.S. 1 1.06 0.36 1.29 0.67 0.77 0.00 0.00 0.66
time (sec) N/A 0.306 0.009 0.215 0.197 0.261 0.000 0.000 6.089
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A F F B
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 80 86 25 106 56 63 0 0 62
N.S. 1 1.08 0.31 1.32 0.70 0.79 0.00 0.00 0.78
time (sec) N/A 0.310 0.011 0.231 0.187  0.259 0.000 0.000 6.196
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 84 65 65 62 62 56 0 61
N.S. 1 1.14 0.88 0.88 0.84 0.84 0.76 0.00 0.82
time (sec) N/A 0.285 0.016  0.658 0.187 0.239 4.685 0.000 4.913

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 64 74 56 57 54 54 48 0 53
N.S. 1 1.16  0.88 0.89 0.84 0.84 0.75 0.00 0.83
time (sec) N/A 0.292 0.013 0.295 0.198  0.247 1.623 0.000 5.051
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 47 43 44 40 40 39 0 45
N.S. 1 1.02 0.93 0.96 0.87 0.87 0.85 0.00 0.98
time (sec) N/A 0.250 0.008 0.445 0.195 0.256 0.589 0.000 4.913
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 10 0 0 0 0 9
N.S. 1 1.00  1.00 0.91 0.00 0.00 0.00 0.00 0.82
time (sec) N/A 0.175 0.003 1.534 0.000  0.000 0.000 0.000 4.871
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 49 51 49 43 34 44 37 0 44
N.S. 1 1.04 1.00 0.88 0.69 0.90 0.76 0.00 0.90
time (sec) N/A 0.261 0.013 0.226 0.197 0.255 0.769 0.000 4.929

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 64 65 51 52 46 55 49 0 53
N.S. 1 1.02 080 0.81 0.72 0.86 0.77  0.00 0.83
time (sec) N/A 0.282 0.025 0.523  0.205 0.254 2.111 0.000 4.966

Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 7 68 62 55 64 58 0 61
N.S. 1 1.04 0.92 0.84 0.74 0.86 0.78 0.00 0.82
time (sec) N/A 0.297 0.023 1.185 0.210 0.251 5.449 0.000 4.968

Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 73 82 65 63 80 159 94 0 60
N.S. 1 1.12  0.89  0.86 1.10 2.18 1.29 0.00 0.82

time (sec) N/A 0.275 0.061  0.987 0.290 0.260 60.570 0.000 5.139

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 72 57 55 68 143 83 0 52
N.S. 1 1.14 090 0.87 1.08 2.27 1.32 0.00 0.83
time (sec) N/A 0.269 0.037 0413 0283  0.260 18.156 0.000 5.004

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 40 48 39 43 49 107 60 0 39
N.S. 1 1.20 0.98 1.08 1.22 2.68 1.50 0.00 0.98
time (sec) N/A 0.220 0.023 0.176 0.276  0.257 4.199 0.000 4.940
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 42 45 41 39 49 94 184 0 38
N.S. 1 1.07  0.98 0.93 1.17 2.24 4.38 0.00 0.90
time (sec) N/A 0.232 0.015 0.250 0.276  0.259 15.850 0.000 5.186
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 56 61 47 47 57 114 275 0 47
N.S. 1 1.09 0.84 0.84 1.02 2.04 4.91 0.00 0.84
time (sec) N/A 0.240 0.014 0.529 0.289  0.266 72.400 0.000 5.053
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A F(-1) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 66 71 47 53 65 132 0 0 58
N.S. 1 1.08 0.71 0.80 0.98 2.00 0.00 0.00 0.88
time (sec) N/A 0.253 0.016 1.152 0.281  0.273 0.000 0.000 5.037

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 88 103 88 80 7 7 0 0 73
N.S. 1 1.17  1.00 0.91 0.88 0.88 0.00 0.00 0.83
time (sec) N/A 0.369 0.013 0.066 0.196 0.264 0.000 0.000 4.976
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 78 93 79 72 69 69 0 0 65
N.S. 1 1.19 1.01 0.92 0.88 0.88 0.00 0.00 0.83
time (sec) N/A 0.363 0.012 0.055 0.197 0.263 0.000 0.000 4.895
Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 61 52 56 53 53 0 0 57
N.S. 1 1.02 0.87  0.93 0.88 0.88 0.00 0.00 0.95
time (sec) N/A 0.315 0.011 0.133 0.204 0.251 0.000 0.000 5.053
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 10 0 0 0 0 9
N.S. 1 1.00 1.00 0.91 0.00 0.00 0.00 0.00 0.82
time (sec) N/A 0.178 0.003 0.085 0.000  0.000 0.000 0.000 4.824

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 65 60 68 41 51 0 0 54
N.S. 1 1.03 0.95 1.08 0.65 0.81 0.00 0.00 0.86
time (sec) N/A 0.315 0.022 0.138 0.207  0.253 0.000 0.000 4.911
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A F F B
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 78 84 30 98 55 64 0 0 65
N.S. 1 1.08 0.38 1.26 0.71 0.82 0.00 0.00 0.83
time (sec) N/A 0.352 0.011 0.206 0.198  0.254 0.000 0.000 5.267
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A F F B
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 88 96 30 115 64 73 0 0 73
N.S. 1 1.09 0.34 1.31 0.73 0.83 0.00 0.00 0.83
time (sec) N/A 0.359 0.015 0.193 0.201  0.261 0.000 0.000 5.893
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 101 7 144 95 189 0 0 72
N.S. 1 1.16  0.89 1.66 1.09 2.17 0.00 0.00 0.83
time (sec) N/A 0.333 0.131 0.173 0.286  0.268 0.000 0.000 5.179

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 91 69 136 81 173 0 0 64
N.S. 1 1.18  0.90 1.77 1.05 2.25 0.00 0.00 0.83
time (sec) N/A 0.317 0.118 0.187  0.280 0.260 0.000 0.000 5.141
Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 50 60 50 119 59 133 0 0 49
N.S. 1 1.20 1.00 2.38 1.18 2.66 0.00 0.00 0.98
time (sec) N/A 0.270 0.078 0.180 0.279  0.253 0.000 0.000 5.236
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 54 60 50 112 58 112 0 0 53
N.S. 1 1.11  0.93 2.07 1.07 2.07 0.00 0.00 0.98
time (sec) N/A 0.282 0.073 0.187 0.280 0.263 0.000 0.000 5.142
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 70 80 61 125 66 132 0 0 59
N.S. 1 1.14 0.87 1.79 0.94 1.89 0.00 0.00 0.84
time (sec) N/A 0.301 0.073 0.196 0.270  0.266 0.000 0.000 5.416

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 80 90 69 138 74 150 0 0 70
N.S. 1 1.12  0.86 1.72 0.92 1.88 0.00 0.00 0.88
time (sec) N/A 0.310 0.081 0.201 0.287  0.272 0.000 0.000 5.744
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 71 74 69 108 0 0 0 0 0
N.S. 1 1.04 097 1.52 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.266 0.037 1.455 0.000  0.000 0.000 0.000 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 71 74 69 108 0 0 0 0 0
N.S. 1 1.04 097 1.52 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.258 0.033  0.658 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 54 54 51 88 0 0 0 0 0
N.S. 1 1.00 094 1.63 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.241 0.037 0.443 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 12 0 11 0 0 0
N.S. 1 1.00 1.00 1.09 0.00 1.00 0.00 0.00 0.00
time (sec) N/A 0.179 0.003  0.550 0.000 0.271  0.000 0.000 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 69 70 60 106 0 0 0 0 0
N.S. 1 1.01  0.87 1.54 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.266 0.043 0.722 0.000  0.000 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 78 81 61 108 0 0 0 0 0
N.S. 1 1.04 0.78 1.38 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.272 0.044 1.500 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 76 79 61 108 0 0 0 0 0
N.S. 1 1.04 0.80 1.42 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.271 0.043 3.164 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 88 94 41 132 0 0 0 0 0
N.S. 1 1.07  0.47 1.50 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.341 0.023 0.327  0.000  0.000 0.000 0.000 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 88 94 41 132 0 0 0 0 0
N.S. 1 1.07 047 1.50 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.325 0.010 0.289 0.000  0.000 0.000 0.000 0.000
Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 69 67 39 105 0 0 0 0 0
N.S. 1 097  0.57 1.52 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.297 0.009  0.300 0.000  0.000 0.000 0.000 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 12 0 11 0 0 0
N.S. 1 1.00 1.00 1.09 0.00 1.00 0.00 0.00 0.00
time (sec) N/A 0.181 0.004 0.428 0.000  0.267 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 39
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 85 37 129 0 0 0 0 0
N.S. 1 1.01  0.44 1.54 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.334 0.009 0.294 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 95 101 41 132 0 0 0 0 0
N.S. 1 1.06 0.43 1.39 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.331 0.011 0.313 0.000  0.000 0.000 0.000 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 93 99 41 132 0 0 0 0 0
N.S. 1 1.06 0.44 1.42 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.318 0.009 0.338 0.000  0.000 0.000 0.000 0.000
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 117 138 90 101 128 190 0 0 0
N.S. 1 1.18 0.77  0.86 1.09 1.62 0.00 0.00 0.00
time (sec) N/A 0.294 0.094 0.778 0.280  0.288 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 102 118 75 88 109 143 0 0 0
N.S. 1 1.16 0.74 0.86 1.07 1.40 0.00 0.00 0.00
time (sec) N/A 0.283 0.068 0.683 0.280  0.266 0.000 0.000 0.000
Problem 61 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 80 90 63 74 83 135 0 0 0
N.S. 1 1.12  0.79 0.92 1.04 1.69 0.00 0.00 0.00
time (sec) N/A 0.265 0.076  0.709 0.276  0.273 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 71 51 59 71 132 0 0 0
N.S. 1 1.04 0.75 0.87 1.04 1.94 0.00 0.00 0.00
time (sec) N/A 0.256 0.064 0.697  0.280  0.272 0.000 0.000 0.000
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 89 98 57 75 89 150 0 0 0
N.S. 1 1.10 0.64 0.84 1.00 1.69 0.00 0.00 0.00
time (sec) N/A 0.267 0.078 0.699 0.275  0.274 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 64 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 106 118 65 88 108 170 0 0 0

N.S. 1 1.11  0.61 0.83 1.02 1.60 0.00 0.00 0.00
time (sec) N/A 0.285 0.080 0.736 0.282  0.292 0.000 0.000 0.000

Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 153 182 98 149 156 279 0 0 0

N.S. 1 1.19 064 097 1.02 1.82 0.00 0.00 0.00
time (sec) N/A 0.384 0.216 0.242 0.297  0.288 0.000 0.000 0.000

Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 136 162 88 141 143 229 0 0 0

N.S. 1 1.19  0.65 1.04 1.05 1.68 0.00 0.00 0.00

time (sec) N/A 0.381 0.181 0.119 0299  0.271  0.000 0.000 0.000

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 121 142 73 133 122 173 0 0 0

N.S. 1 1.17  0.60 1.10 1.01 1.43 0.00 0.00 0.00
time (sec) N/A 0.352 0.165 0.076  0.289  0.277 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 97 110 57 127 94 161 0 0 0
N.S. 1 1.13  0.59 1.31 0.97 1.66 0.00 0.00 0.00
time (sec) N/A 0.339 0.115 0.071 0.277  0.270 0.000 0.000 0.000
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 85 91 58 111 78 156 0 0 0
N.S. 1 1.07  0.68 1.31 0.92 1.84 0.00 0.00 0.00
time (sec) N/A 0.329 0.099 0.085 0.302 0.276 0.000 0.000 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 108 122 64 122 97 175 0 0 0
N.S. 1 1.13  0.59 1.13 0.90 1.62 0.00 0.00 0.00
time (sec) N/A 0.347 0.095 0.075 0.286  0.270  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 125 142 72 135 118 195 0 0 0
N.S. 1 1.14  0.58 1.08 0.94 1.56 0.00 0.00 0.00
time (sec) N/A 0.352 0.118 0.074 0.281  0.272 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 140 168 101 135 160 188 0 0 0
N.S. 1 1.20 0.72 0.96 1.14 1.34 0.00 0.00 0.00
time (sec) N/A 0.340 0.091 0457 0.278 0.275 0.000 0.000 0.000
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 125 149 91 127 139 173 0 0 0
N.S. 1 1.19 0.73 1.02 1.11 1.38 0.00 0.00 0.00
time (sec) N/A 0.328 0.063 0.459 0.280  0.273 0.000 0.000 0.000
Problem 74 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 115 137 57 127 128 154 0 0 0
N.S. 1 1.19  0.50 1.10 1.11 1.34 0.00 0.00 0.00
time (sec) N/A 0.314 0.072 0.484 0.285  0.275 0.000 0.000 0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 117 62 111 123 174 0 0 0
N.S. 1 1.14  0.60 1.08 1.19 1.69 0.00 0.00 0.00
time (sec) N/A 0.310 0.074 0.470 0.279  0.267 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A C F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 111 125 62 111 125 200 0 0 0
N.S. 1 1.13  0.56 1.00 1.13 1.80 0.00 0.00 0.00
time (sec) N/A 0.305 0.077 0.421 0.290  0.273 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A C F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 126 144 70 122 151 214 0 0 0
N.S. 1 1.14  0.56 0.97 1.20 1.70 0.00 0.00 0.00
time (sec) N/A 0.326 0.079 0.431 0.276  0.278 0.000 0.000 0.000
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 161 198 89 155 178 235 0 0 0
N.S. 1 1.23  0.55 0.96 1.11 1.46 0.00 0.00 0.00
time (sec) N/A 0.430 0.101 0.197 0.275 0.291  0.000 0.000 0.000
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 161 194 89 155 175 208 0 0 0
N.S. 1 1.20  0.55 0.96 1.09 1.29 0.00 0.00 0.00
time (sec) N/A 0.420 0.086 0.152 0.264 0.278 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 146 175 68 147 153 188 0 0 0
N.S. 1 1.20 0.47 1.01 1.05 1.29 0.00 0.00 0.00
time (sec) N/A 0.400 0.086 0.168 0.275  0.270  0.000 0.000 0.000
Problem 81 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 134 159 68 147 141 169 0 0 0
N.S. 1 1.19 0.51 1.10 1.05 1.26 0.00 0.00 0.00
time (sec) N/A 0.395 0.079 0.242 0.268  0.291  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 122 139 71 131 132 188 0 0 0
N.S. 1 1.14  0.58 1.07 1.08 1.54 0.00 0.00 0.00
time (sec) N/A 0.380 0.082 0.276 0.269  0.283 0.000 0.000 0.000
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 132 151 71 131 134 214 0 0 0
N.S. 1 1.14 0.54 0.99 1.02 1.62 0.00 0.00 0.00
time (sec) N/A 0.376 0.089 0.285 0.283  0.279 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 147 170 79 142 163 228 0 0 0
N.S. 1 1.16 0.54 0.97 1.11 1.55 0.00 0.00 0.00
time (sec) N/A 0.390 0.090 0.157  0.286  0.295 0.000 0.000 0.000
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A C F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 147 172 84 142 168 228 0 0 0
N.S. 1 1.17 057 097 1.14 1.55 0.00 0.00 0.00
time (sec) N/A 0.402 0.090 0.161 0.286  0.297 0.000 0.000 0.000
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 101 104 82 121 0 0 0 0 0
N.S. 1 1.03 0.81 1.20 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.286 0.104 0.493 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 100 103 82 121 0 0 0 0 0
N.S. 1 1.03 0.82 1.21 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.286 0.097 0.505 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 93 94 48 109 0 0 0 0 0
N.S. 1 1.01  0.52 1.17 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.292 0.027 0.572 0.000  0.000 0.000 0.000 0.000
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 97 99 48 121 0 0 0 0 0
N.S. 1 1.02  0.49 1.25 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.294 0.033 0.592 0.000  0.000 0.000 0.000 0.000
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 105 109 48 121 0 0 0 0 0
N.S. 1 1.04 0.46 1.15 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.296 0.036 0.972 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 125 131 50 145 0 0 0 0 0
N.S. 1 1.05  0.40 1.16 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.370 0.041 0.356 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 124 130 50 145 0 0 0 0 0
N.S. 1 1.05  0.40 1.17 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.356 0.033 0.379 0.000  0.000 0.000 0.000 0.000
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 115 117 50 133 0 0 0 0 0
N.S. 1 1.02 0.43 1.16 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.356 0.028 0.372 0.000  0.000 0.000 0.000 0.000
Problem 94 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 119 122 50 145 0 0 0 0 0
N.S. 1 1.03  0.42 1.22 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.366 0.036 0.344 0.000  0.000 0.000 0.000 0.000
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 129 136 50 145 0 0 0 0 0
N.S. 1 1.05 0.39 1.12 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.366 0.034 0.346 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 7 7 9 5 7 7 7 7 7
N.S. 1 1.00 1.29 0.71 1.00 1.00 1.00 1.00 1.00
time (sec) N/A 0.256 0.007 0.019 0.196 0.244 0.232 0.270 5.195
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 7 7 9 5 7 7 7 7 7
N.S. 1 1.00 1.29 0.71 1.00 1.00 1.00 1.00 1.00
time (sec) N/A 0.209 0.008 0.020 0.208 0261 0224 0.283 5.182
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 7 7 9 5 7 7 8 7 7
N.S. 1 1.00 1.29 0.71 1.00 1.00 1.14 1.00 1.00
time (sec) N/A 0.159 0.007  0.020 0.189 0246 0.233 0.270 4.964
Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 7 7 9 5 7 7 8 7 7
N.S. 1 1.00 1.29 0.71 1.00 1.00 1.14 1.00 1.00
time (sec) N/A 0.206 0.007 0.020 0.180 0.234 0.210 0.271 4.962

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 7 7 9 5 7 7 8 7 7
N.S. 1 1.00 1.29 0.71 1.00 1.00 1.14 1.00 1.00
time (sec) N/A 0.251 0.008 0.020 0.197 0226 0.246 0.273 5.027
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F B
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 9 9 0 0 0 0 0 0 7
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.78
time (sec) N/A 0.144 0.000 0.000 0.000  0.000 0.000 0.000 4.946
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 78 85 53 144 0 0 0 0 0
N.S. 1 1.09 0.68 1.85 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.266 0.041 0.664 0.000  0.000 0.000 0.000 0.000
Problem 103| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 102 114 88 173 0 0 0 0 0
N.S. 1 1.12  0.86 1.70 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.349 0.055 0.337  0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 121 143 119 198 0 0 0 0 0
N.S. 1 1.18 0.98 1.64 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.449 0.062 0.626 0.000  0.000 0.000 0.000 0.000
Problem 105/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 94 101 72 177 0 0 0 0 0
N.S. 1 1.07  0.77 1.88 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.283 0.042 1.609 0.000  0.000 0.000 0.000 0.000
Problem 106| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 118 132 126 218 0 0 0 0 0
N.S. 1 1.12  1.07 1.85 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.388 0.067 0.342 0.000  0.000 0.000 0.000 0.000
Problem 107| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 142 163 166 259 0 0 0 0 0
N.S. 1 1.15  1.17 1.82 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.480 0.083 0.684 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 94 101 72 177 0 0 0 0 0
N.S. 1 1.07  0.77 1.88 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.295 0.042 3.652 0.000  0.000 0.000 0.000 0.000
Problem 109 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 118 132 126 218 0 0 0 0 0
N.S. 1 1.12  1.07 1.85 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.394 0.069 0.320 0.000  0.000 0.000 0.000 0.000
Problem 110/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 142 163 166 259 0 0 0 0 0
N.S. 1 1.15  1.17 1.82 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.506 0.087 0.631 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 101 106 80 148 0 0 0 0 0
N.S. 1 1.05 0.79 1.47 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.303 0.062 2.919 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 130 138 50 180 0 0 0 0 0
N.S. 1 1.06  0.38 1.38 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.406 0.025 0.404 0.000  0.000 0.000 0.000 0.000
Problem 113 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 154 170 52 217 0 0 0 0 0
N.S. 1 1.10 0.34 1.41 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.513 0.026 1.240 0.000  0.000 0.000 0.000 0.000
Problem 114 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 7 7 9 7 9 9 7 9 9
N.S. 1 1.00 1.29 1.00 1.29 1.29 1.00 1.29 1.29
time (sec) N/A 0.172 0.020 0.047 0.184 0.233 0.296 0.274 5.176
Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 5 5 7 5 7 7 ) 7 7
N.S. 1 1.00 1.40 1.00 1.40 1.40 1.00 1.40 1.40
time (sec) N/A 0.162 0.004 0.046 0.186 0.228 0.234 0.274 5.264

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 116/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 7 8 0 0 5 0 7
N.S. 1 1.00 1.00 1.14 0.00 0.00 0.71 0.00 1.00
time (sec) N/A 0.184 0.003 0.088 0.000  0.000 0.216 0.000 5.351
Problem 117 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 9 9 11 9 11 11 8 11 11
N.S. 1 1.00 1.22 1.00 1.22 1.22 0.89 1.22 1.22
time (sec) N/A 0.178 0.023 0.042 0.218 0.224 0.304 0.275 5.180
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 9 9 11 9 11 11 8 11 11
N.S. 1 1.00 1.22 1.00 1.22 1.22 0.89 1.22 1.22
time (sec) N/A 0.178 0.018 0.045 0.212  0.233 0.347 0.272  5.287
Problem 119 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 9 9 11 9 11 11 8 11 11
N.S. 1 1.00 1.22 1.00 1.22 1.22 0.89 1.22 1.22
time (sec) N/A 0.176 0.021 0.040 0.184 0.234 0423 0.282 5.161

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 120, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 7 7 9 7 9 9 7 9 9
N.S. 1 1.00 1.29 1.00 1.29 1.29 1.00 1.29 1.29
time (sec) N/A 0.166 0.005 0.026 0.180 0.234 0312 0.274 5.312
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 14 0 0 0 0 0
N.S. 1 1.00 1.00 1.08 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.180 0.003 0.229 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 11 11 13 11 13 13 10 13 13
N.S. 1 1.00 1.18 1.00 1.18 1.18 0.91 1.18 1.18
time (sec) N/A 0.185 0.019 0.028 0.202 0.231 0.494 0.281 4.651
Problem 123 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 11 11 13 11 13 13 10 13 13
N.S. 1 1.00 1.18 1.00 1.18 1.18 0.91 1.18 1.18
time (sec) N/A 0.185 0.019 0.026 0200 0234 0613 0285 4.761

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 260 265 144 257 200 165 235 0 0
N.S. 1 1.02  0.55 0.99 0.77 0.63 0.90 0.00 0.00
time (sec) N/A 0.580 0.153 1.056 0.177  0.253 5.440 0.000 0.000
Problem 125 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 152 156 96 164 145 110 153 0 0
N.S. 1 1.03  0.63 1.08 0.95 0.72 1.01 0.00 0.00
time (sec) N/A 0.416 0.074 0917 0.189 0.236 1.396 0.000 0.000
Problem 126| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 67 53 63 90 55 73 0 61
N.S. 1 1.12  0.88 1.05 1.50 0.92 1.22 0.00 1.02
time (sec) N/A 0.377 0.014 0.675 0.192 0.232 0.733 0.000 5.277
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 401 459 422 0 0 0 0 0 0
N.S. 1 1.14  1.05 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.482 0.087  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 82 73 80 114 0 0 0 0
N.S. 1 098 087 095 1.36 0.00 0.00 0.00 0.00
time (sec) N/A 0.362 0.042 2.089 0.205  0.000 0.000 0.000 0.000
Problem 129 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 173 155 131 150 193 0 0 0 0
N.S. 1 0.90 0.76 0.87 1.12 0.00 0.00 0.00 0.00
time (sec) N/A 0.436 0.125 2.761 0.197  0.000 0.000 0.000 0.000
Problem 130/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 276 260 222 242 302 0 0 0 0
N.S. 1 094 0.80 0.88 1.09 0.00 0.00 0.00 0.00
time (sec) N/A 0.564 0.236 3.181 0.187  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 347 340 296 0 264 219 0 0 0
N.S. 1 098 0.85 0.00 0.76 0.63 0.00 0.00 0.00
time (sec) N/A 0.843 0.049 0.000 0.207  0.256  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 198 197 198 0 193 149 0 0 0
N.S. 1 099 1.00 0.00 0.97 0.75 0.00 0.00 0.00
time (sec) N/A 0.493 0.039 0.000 0.199 0.246 0.000 0.000 0.000
Problem 133 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A A F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 84 93 66 0 120 73 0 0 7
N.S. 1 1.11  0.79 0.00 1.43 0.87 0.00 0.00 0.92
time (sec) N/A 0.556 0.020  0.000 0.196 0.248 0.000 0.000 6.691
Problem 134 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 13 13 15 0 0 0 0 0 0
N.S. 1 1.00 1.15 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.243 0.030 0.000 0.000  0.000 0.000 0.000 0.000
Problem 135 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 486 520 477 0 0 0 0 0 0
N.S. 1 1.07  0.98 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.963 0.546  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 136| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 629 601 573 0 0 0 0 0 0
N.S. 1 096 0.91 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.095 1.331 0.000 0.000  0.000 0.000 0.000 0.000
Problem 137 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 605 580 485 531 681 651 1028 0 0
N.S. 1 0.96 0.80 0.88 1.13 1.08 1.70 0.00 0.00
time (sec) N/A 0.913 0.403 3.119 0.210  0.250 28.613 0.000 0.000
Problem 138 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 385 374 274 577 406 373 561 0 0
N.S. 1 097 0.71 1.50 1.05 0.97 1.46 0.00 0.00
time (sec) N/A 0.644 0.138 1.826 0.209 0.242 6.999 0.000 0.000
Problem 139 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 210 210 161 227 212 176 252 0 0
N.S. 1 1.00 0.77 1.08 1.01 0.84 1.20 0.00 0.00
time (sec) N/A 0.465 0.086 1.156 0.207  0.247 1.858 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 140, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 67 53 63 90 55 73 0 61
N.S. 1 1.12 0.88 1.05 1.50 0.92 1.22 0.00 1.02
time (sec) N/A 0.379 0.007 0.709 0.197 0.239 0.765 0.000 0.002
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 591 743 622 0 0 0 0 0 0
N.S. 1 1.26  1.05 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.672 0.189  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 138 136 108 179 166 0 0 0 0
N.S. 1 099 0.78 1.30 1.20 0.00 0.00 0.00 0.00
time (sec) N/A 0.438 0.111 6.017  0.194  0.000 0.000 0.000 0.000
Problem 143 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 278 244 190 315 379 0 0 0 0
N.S. 1 0.88  0.68 1.13 1.36 0.00 0.00 0.00 0.00
time (sec) N/A 0.550 0.199 9.742 0.212  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 61
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 448 408 313 528 1428 0 0 0 0
N.S. 1 091 0.70 1.18 3.19 0.00 0.00 0.00 0.00
time (sec) N/A 0.730 0.342 24.588 0.236  0.000 0.000 0.000 0.000
Problem 145 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 47 46 65 44 39 0 0 46
N.S. 1 1.02  1.00 1.41 0.96 0.85 0.00 0.00 1.00
time (sec) N/A 0.370 0.040 1.159 0.195 0.243 0.000 0.000 0.046
Problem 146 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 47 46 65 44 39 0 0 46
N.S. 1 1.02  1.00 1.41 0.96 0.85 0.00 0.00 1.00
time (sec) N/A 0.374 0.002 0.970 0.189  0.259 0.000 0.000 0.002
Problem 147 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 51 51 51 70 49 0 0 0 0
N.S. 1 1.00 1.00 1.37 0.96 0.00 0.00 0.00 0.00
time (sec) N/A 0.334 0.074 1.260 0.194 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 148 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 51 51 51 70 49 0 0 0 0
N.S. 1 1.00 1.00 1.37 0.96 0.00 0.00 0.00 0.00
time (sec) N/A 0.336 0.002 1.167  0.190 0.000 0.000 0.000 0.000
Problem 149 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 35 35 34 37 0 0 0 0 0
N.S. 1 1.00 0.97 1.06 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.267 0.017 1.792 0.000  0.000 0.000 0.000 0.000
Problem 150, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 33 33 32 35 0 33 0 0 0
N.S. 1 1.00 097 1.06 0.00 1.00 0.00 0.00 0.00
time (sec) N/A 0.254 0.007 1.730 0.000  0.304 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 33 33 32 35 0 33 0 0 0
N.S. 1 1.00 097 1.06 0.00 1.00 0.00 0.00 0.00
time (sec) N/A 0.249 0.008 28.952 0.000 0.271 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F A F A F(-1) F F(-1)
verified N/A Yes N/A Yes TBD TBD TBD TBD TBD
size 33 33 0 37 0 32 0 0 0
N.S. 1 1.00  0.00 1.12 0.00 0.97 0.00 0.00 0.00
time (sec) N/A 0.220 0.000 2.758 0.000  0.255 0.000 0.000 0.000
Problem 153 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 48 35 58 35 56 0 33
N.S. 1 1.00 1.33 0.97 1.61 0.97 1.56 0.00 0.92
time (sec) N/A 0.553 0.633 1.053 0.206  0.254 102.172 0.000 4.929
Problem 154 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 36 36 52 42 0 0 35
N.S. 1 1.00 1.00 1.00 1.44 1.17 0.00 0.00 0.97
time (sec) N/A 0.573 0.481 1.396 0.216  0.254 0.000 0.000 4.717
Problem 155 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F(-1) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 52 52 51 53 211 87 0 0 81
N.S. 1 1.00 0.98 1.02 4.06 1.67 0.00 0.00 1.56
time (sec) N/A 2.015 0.723 1.770 0.230  0.253 0.000 0.000 4.782

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 156/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 135 165 135 0 0 0 0 0 0
N.S. 1 1.22  1.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.674 0.012 0.000 0.000  0.000 0.000 0.000 0.000
Problem 157 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 100 115 100 0 0 0 0 0 0
N.S. 1 1.15  1.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.490 0.007  0.000 0.000  0.000 0.000 0.000 0.000
Problem 158 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 65 65 65 0 0 0 0 0 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.329 0.006 0.000 0.000  0.000 0.000 0.000 0.000
Problem 159 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 31 32 0 0 0 0 0
N.S. 1 1.00 1.00 1.03 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.223 0.006 0.570 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 160, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 19 19 21 19 20 22 17 21 21
N.S. 1 1.00 1.11 1.00 1.05 1.16 0.89 1.11 1.11
time (sec) N/A 0.283 0.032 0.042 0.209 0.249 2.654 0.284 4.762
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 300 433 223 0 376 0 0 0 0
N.S. 1 144 0.74 0.00 1.25 0.00 0.00 0.00 0.00
time (sec) N/A 1.003 0.446  0.000 0.219  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 258 364 192 0 296 0 0 0 0
N.S. 1 141 0.74 0.00 1.15 0.00 0.00 0.00 0.00
time (sec) N/A 0.891 0.272  0.000 0.213  0.000 0.000 0.000 0.000
Problem 163 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 262 296 160 0 222 0 0 0 0
N.S. 1 1.13  0.61 0.00 0.85 0.00 0.00 0.00 0.00
time (sec) N/A 0.674 0.226 0.000 0.210  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 132 162 119 0 141 0 0 0 0
N.S. 1 1.23  0.90 0.00 1.07 0.00 0.00 0.00 0.00
time (sec) N/A 0.695 0.027  0.000 0.210  0.000 0.000 0.000 0.000
Problem 165 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 10 8 8 0 0 9
N.S. 1 1.00 1.00 0.91 0.73 0.73 0.00 0.00 0.82
time (sec) N/A 0.195 0.021 0.159 0.175  0.268 0.000 0.000 4.899
Problem 166| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 111 110 115 0 113 0 0 0 0
N.S. 1 099 1.04 0.00 1.02 0.00 0.00 0.00 0.00
time (sec) N/A 0.473 0.101  0.000 0.229  0.000 0.000 0.000 0.000
Problem 167 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 191 200 185 0 162 0 0 0 0
N.S. 1 1.05 097  0.00 0.85 0.00 0.00 0.00 0.00
time (sec) N/A 0.652 0.208 0.000 0.321  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 168 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 245 294 246 0 188 0 0 0 0
N.S. 1 1.20 1.00 0.00 0.77 0.00 0.00 0.00 0.00
time (sec) N/A 0.794 0.178 0.000 0.324  0.000 0.000 0.000 0.000
Problem 169 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 287 363 277 0 214 0 0 0 0
N.S. 1 1.26 097  0.00 0.75 0.00 0.00 0.00 0.00
time (sec) N/A 0.933 0.190 0.000 0.329  0.000 0.000 0.000 0.000
Problem 170/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 423 408 252 0 0 0 0 0 0
N.S. 1 096 0.60 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.977 0.367  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 330 330 211 0 0 0 0 0 0
N.S. 1 1.00 0.64 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.831 0.274 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 167 196 149 0 0 0 0 0 0
N.S. 1 1.17  0.89 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.693 0.067 0.000 0.000  0.000 0.000 0.000 0.000
Problem 173 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 20 19 0 0 0 0 18
N.S. 1 1.00 1.00 0.95 0.00 0.00 0.00 0.00 0.90
time (sec) N/A 0.350 0.038 0.236 0.000  0.000 0.000 0.000 4.936
Problem 174 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 156 154 150 0 0 0 0 0 0
N.S. 1 0.99  0.96 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.671 0.153  0.000 0.000  0.000 0.000 0.000 0.000
Problem 175 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 266 243 238 0 0 0 0 0 0
N.S. 1 091 0.89 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.952 0.267  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 176| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 340 344 301 0 0 0 0 0 0
N.S. 1 1.01  0.89 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.450 0.235 0.000 0.000  0.000 0.000 0.000 0.000
Problem 177 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 2995 3373 2610 0 0 0 0 0 0
N.S. 1 1.13 0.87  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 5.422 9.503  0.000 0.000  0.000 0.000 0.000 0.000
Problem 178 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 2252 2358 1996 0 0 0 0 0 0
N.S. 1 1.05 0.89 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.770 5.250 0.000 0.000  0.000 0.000 0.000 0.000
Problem 179 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1653 1697 1546 0 0 0 0 0 0
N.S. 1 1.03 094 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4.011 3.336  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 180 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 27 27 29 27 28 39 26 28 29
N.S. 1 1.00 1.07 1.00 1.04 1.44 0.96 1.04 1.07
time (sec) N/A 0.209 0.377 0.108 0.296  0.276 126.623 0.306  8.408
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 2498 2413 2247 0 0 0 0 0 0
N.S. 1 097 0.90 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.472 7.149 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 3119 2903 2700 0 0 0 0 0 0
N.S. 1 093 0.87 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4.489 13.023 0.000 0.000  0.000 0.000 0.000 0.000
Problem 183 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 3733 3741 3341 0 0 0 0 0 0
N.S. 1 1.00 0.89 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 5.343 16.088 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 661 742 425 0 415 0 0 0 0
N.S. 1 1.12  0.64 0.00 0.63 0.00 0.00 0.00 0.00
time (sec) N/A 1.256 0.570 0.000 0.199  0.000 0.000 0.000 0.000
Problem 185 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 546 616 362 0 345 0 0 0 0
N.S. 1 1.13  0.66 0.00 0.63 0.00 0.00 0.00 0.00
time (sec) N/A 0.979 0.470 0.000 0.210  0.000 0.000 0.000 0.000
Problem 186/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 390 485 285 0 258 0 0 0 0
N.S. 1 1.24 0.73 0.00 0.66 0.00 0.00 0.00 0.00
time (sec) N/A 0.816 0.379  0.000 0.200  0.000 0.000 0.000 0.000
Problem 187 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 153 177 137 0 0 0 0 0 0
N.S. 1 1.16  0.90 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.017 0.168 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 188 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 131 125 135 0 0 0 0 0 0
N.S. 1 095 1.03 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.739 0.567  0.000 0.000  0.000 0.000 0.000 0.000
Problem 189 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 331 387 285 0 213 0 0 0 0
N.S. 1 1.17  0.86 0.00 0.64 0.00 0.00 0.00 0.00
time (sec) N/A 0.817 0.952  0.000 0.236  0.000 0.000 0.000 0.000
Problem 190, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 460 495 389 0 287 0 0 0 0
N.S. 1 1.08 0.85 0.00 0.62 0.00 0.00 0.00 0.00
time (sec) N/A 0.948 1.128 0.000 0.250  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 584 638 505 0 341 0 0 0 0
N.S. 1 1.09 0.86 0.00 0.58 0.00 0.00 0.00 0.00
time (sec) N/A 1.134 1.247  0.000 0.250  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 900 981 583 0 518 0 0 0 0
N.S. 1 1.09 0.65 0.00 0.58 0.00 0.00 0.00 0.00
time (sec) N/A 1.455 0.983 0.000 0.220  0.000 0.000 0.000 0.000
Problem 193] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 645 715 472 0 412 0 0 0 0
N.S. 1 1.11  0.73 0.00 0.64 0.00 0.00 0.00 0.00
time (sec) N/A 1.075 0.802 0.000 0.206  0.000 0.000 0.000 0.000
Problem 194 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 402 497 298 0 0 0 0 0 0
N.S. 1 124 0.74 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.149 0.256 0.000 0.000  0.000 0.000 0.000 0.000
Problem 195 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 218 257 280 0 0 0 0 0 0
N.S. 1 1.18  1.28 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.973 0.649 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 196/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 343 399 0 0 0 0 0 0 0
N.S. 1 1.16  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.192 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 197 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 515 555 488 0 319 0 0 0 0
N.S. 1 1.08 0.95 0.00 0.62 0.00 0.00 0.00 0.00
time (sec) N/A 1.107 1.193  0.000 0.254  0.000 0.000 0.000 0.000
Problem 198 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F A F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 767 809 621 0 403 0 0 0 0
N.S. 1 1.05 0.81 0.00 0.53 0.00 0.00 0.00 0.00
time (sec) N/A 1.404 1.501 0.000 0.255  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [133] had the largest
ratio of [1.11111000000000004]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand ummber of rules
# grade s;:;s uziize antll:aefns‘i,:zwe leaf size integrand leaf size
1 [ A 5 5 1.12 9 0.556
2 A ) ) 1.13 9 0.556
3 A ) ) 1.15 9 0.556
4 A 5 5 1.18 7 0.714
¥ A ) 4 1.10 ) 0.800
6 A 1 1 1.00 9 0.111
7 A 6 6 1.00 9 0.667
3 A ) ) 0.98 9 0.556
9 A ) ) 1.01 9 0.556
10j A ) ) 1.01 9 0.556
] | A 6 6 1.17 9 0.667
12] A 6 6 1.19 9 0.667
13] A 6 6 1.22 7 0.857
14] A 6 5 1.15 5 1.000
15) A 1 1 1.00 9 0.111
16} A 7 7 1.00 9 0.778
17} A 6 6 1.06 9 0.667
18] A 6 6 1.08 9 0.667
19 A 7 6 1.14 11 0.545
20] A 7 6 1.16 11 0.545
21 A 6 5 1.02 9 0.556
22] A 1 1 1.00 11 0.091
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
23] A 8 7 1.04 11 0.636
24] A 7 6 1.02 11 0.545
25) A 7 6 1.04 11 0.545
26} A ) ) 1.12 11 0.455
2_7 A ) ) 1.14 11 0.455
28] A ) ) 1.20 7 0.714
29) A 4 4 1.07 11 0.364
30 | A 5 5 1.09 11 0.455
31 [ A 6 6 1.08 11 0.545
39 [ A 8 7 1.17 11 0.636
33] A 8 7 1.19 11 0.636
34 A 7 6 1.02 9 0.667
35) A 1 1 1.00 11 0.091
3 | A 9 8 1.03 11 0.727
37 A 8 7 1.08 11 0.636
38] A 8 7 1.09 11 0.636
39 [ A 6 6 1.16 11 0.545
4_0 A 6 6 1.18 11 0.545
41 A 6 6 1.20 7 0.857
42] A 5 ) 1.11 11 0.455
43] A 6 6 1.14 11 0.545
44 A 7 7 1.12 11 0.636
45) A 4 4 1.04 11 0.364
46} A 4 4 1.04 9 0.444
a7 | A 4 4 1.00 7 0.571
4_8 A 1 1 1.00 11 0.091
49) A 4 4 1.01 11 0.364
50) A 4 4 1.04 11 0.364
51 A 4 4 1.04 11 0.364
59 [ A 5 5 1.07 11 0.455
53 | A 5 5 1.07 9 0.556
54 | A 5 5 0.97 7 0.714
55) A 1 1 1.00 11 0.091
56} A 5 5 1.01 11 0.455
Continued on next page
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Table 2.1 — continued from previous page
number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
57 A ) ) 1.06 11 0.455
58] A ) ) 1.06 11 0.455
59) A 9 8 1.18 13 0.615
60j A 8 7 1.16 13 0.538
61] A 7 6 1.12 13 0.462
62] A 6 ) 1.04 13 0.385
63] A 7 6 1.10 13 0.462
64 A 8 7 1.11 13 0.538
65) A 11 10 1.19 13 0.769
66} A 10 9 1.19 13 0.692
67 A 9 8 1.17 13 0.615
68} A 8 7 1.13 13 0.538
69) A 7 6 1.07 13 0.462
70j A 8 7 1.13 13 0.538
71 A 9 8 1.14 13 0.615
72 A 11 10 1.20 15 0.667
73] A 11 10 1.19 15 0.667
74 A 10 9 1.19 15 0.600
75 A 10 9 1.14 15 0.600
76} A 9 8 1.13 15 0.533
77} A 11 10 1.14 15 0.667
78 A 13 12 1.23 15 0.800
79) A 12 11 1.20 15 0.733
30j A 12 11 1.20 15 0.733
31 A 11 10 1.19 15 0.667
32] A 11 10 1.14 15 0.667
33] A 10 9 1.14 15 0.600
34 A 12 11 1.16 15 0.733
35) A 11 10 1.17 15 0.667
36} A ) ) 1.03 15 0.333
37} A ) ) 1.03 15 0.333
38] A ) ) 1.01 15 0.333
39) A ) ) 1.02 15 0.333
90j A 5) 5 1.04 15 0.333
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
# | grade 51::; uﬁ;l;e antlljaefn;:zwe leaf size | Mtegrand leaf size
91] | A 6 6 1.05 15 0.400
92 | A 6 6 1.05 15 0.400
93 | A 6 6 1.02 15 0.400
94 | A 6 6 1.03 15 0.400
o5 | A 6 6 1.05 15 0.400
N/A 3 0 1.00 7 0.000
N/A 2 0 1.00 7 0.000
N/A 1 0 1.00 7 0.000
N/A 2 0 1.00 7 0.000
IL00| | N/A 3 0 1.00 7 0.000
101 A 1 1 1.00 15 0.067
102 A 4 4 1.09 11 0.364
103 | A 5 5 1.12 11 0.455
104 A 6 6 1.18 11 0.545
105 A 5 5 1.07 13 0.385
106/ | A 6 6 1.12 13 0.462
107 A 7 7 1.15 13 0.538
108 | A 5 5 1.07 13 0.385
109 | A 6 6 1.12 13 0.462
110/ A 7 7 1.15 13 0.538
11| A 5 5 1.05 13 0.385
12| A 6 6 1.06 13 0.462
13| A 7 7 1.10 13 0.538
N/A 1 0 1.00 7 0.000
IL15/ | N/A 1 0 1.00 5 0.000
116/ | A 1 1 1.00 9 0.111
N/A 1 0 1.00 9 0.000
118 | N/A 1 0 1.00 9 0.000
119/ | N/A 1 0 1.00 9 0.000
1120/ | N/A 1 0 1.00 7 0.000
21| A 1 1 1.00 11 0.091
122] | N/A 1 0 1.00 11 0.000
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
# grade SJ::: uii?el;e antlfaefr;’:zwe leaf size integrand leaf size
123 | N/A 1 0 1.00 11 0.000
124 A 3 3 1.02 13 0.231
125 A 3 3 1.03 11 0.273
126 A 9 8 1.12 9 0.889
127 A 4 3 1.14 13 0.231
128 A 3 3 0.98 13 0.231
129 A 3 3 0.90 13 0.231
130 A 3 3 0.94 13 0.231
131 A 2 2 0.98 13 0.154
132 A 2 2 0.99 11 0.182
1133 A 11 10 1.11 9 1.111
134/ | N/A 2 0 1.00 13 0.000
135 A 2 2 1.07 13 0.154
136 A 2 2 0.96 13 0.154
137 A 3 3 0.96 17 0.176
138 A 3 3 0.97 17 0.176
139 A 3 3 1.00 15 0.200
140 A 9 8 1.12 9 0.889
141 A 4 3 1.26 17 0.176
142 A 3 3 0.99 17 0.176
143 A 3 3 0.88 17 0.176
144 A 3 3 0.91 17 0.176
145 A 6 5 1.02 9 0.556
146 A 7 6 1.02 12 0.500
147 A 2 2 1.00 12 0.167
148 A 3 3 1.00 15 0.200
149 A 1 1 1.00 34 0.029
150 A 1 1 1.00 34 0.029
151 A 1 1 1.00 34 0.029
152 A 2 2 1.00 37 0.054
153 A 2 2 1.00 53 0.038
154 A 2 2 1.00 53 0.038
155 A 5) 4 1.00 76 0.053
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
# grade SJ::: uii?el;e antlfaefr;’:zwe leaf size integrand leaf size
156 A 6 ) 1.22 19 0.263
157 A ) 4 1.15 19 0.211
158 A 4 3 1.00 17 0.176
1159 A 3 2 1.00 15 0.133
160 | N/A 2 0 1.00 19 0.000
161 A 5) 5 1.44 16 0.312
162 A ) ) 1.41 16 0.312
163 A 4 4 1.13 14 0.286
164 A 9 8 1.23 13 0.615
165 A 1 1 1.00 16 0.062
166 A 4 4 0.99 16 0.250
167 A ) ) 1.05 16 0.312
168 A 5 5 1.20 16 0.312
169 A ) ) 1.26 16 0.312
170 A 8 7 0.96 20 0.350
171 A 8 7 1.00 18 0.389
172 A 9 8 1.17 17 0.471
173 A 3 3 1.00 20 0.150
174 A 8 7 0.99 20 0.350
175 A 11 10 0.91 20 0.500
176 A 15 14 1.01 20 0.700
177 A 2 2 1.13 27 0.074
178 A 2 2 1.05 25 0.080
1179 A ) ) 1.03 24 0.208
180 | N/A 1 0 1.00 27 0.000
181 A 2 2 0.97 27 0.074
182 A 2 2 0.93 27 0.074
183 A 2 2 1.00 27 0.074
184 A 2 2 1.12 21 0.095
185 A 2 2 1.13 19 0.105
186 A 2 2 1.24 18 0.111
187 A 12 11 1.16 21 0.524
188 A 7 7 0.95 21 0.333
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rma?lize‘d integrand umber of rules
7 grade 51:::)(15 uﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
189 A 2 2 1.17 21 0.095
190 A 2 2 1.08 21 0.095
191 A 2 2 1.09 21 0.095
192 A 2 2 1.09 24 0.083
193 A 2 2 1.11 23 0.087
194 A ) ) 1.24 26 0.192
195 A 4 4 1.18 26 0.154
196 A 4 4 1.16 26 0.154
197 A 2 2 1.08 26 0.077
198 A 2 2 1.05 26 0.077

2.3. Detailed conclusion table specific for Rubi results
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3.1.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. OT]
3.1.6 Sympy [A] (verification not implemented) . . . .. ... ... ... .. ... . OT]
3.1.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 92i
3.1.8 Giac [F] . . . o 92
3.1.9 Mupad [B] (verification not implemented) . . . ... ... ... ... . ... 92

3.1.1 Optimal result

Integrand size = 9, antiderivative size = 86

2 3 4 > log(1— ax)
PolvLos(d.an de— . E_ T @ @t & logl—az)
/ @ PolyLog(2,az)dv = =50 & =~ 508 ~ 7522 ~ 100 125 250"
1 1
+ 2—5995 log(1 — ax) + 3305 PolyLog(2, ax)

output| -1/25%x/a"4-1/50%x"2/a"3-1/T5*x"3/a~2-1/100%x"4/a-1/125%x"5-1/25%1n (-a*x+1
)/a"5+1/25%x"5%1n(~a*x+1)+1/54x 5*polylog(2,a*x) |

3.1.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.85

/ z* PolyLog(2, az) dx

_ —az(60 + 30az + 20az? + 15az® + 12a*z*) + 60(—1 + a’z°) log(1 — ax) + 300a°z® PolyLog(2, ax)
a 15004

input LIntegrate [x~4*PolyLog[2, a*x],x] J

output‘ (-(a*xx* (60 + 30*a*xx + 20%a~2%x"2 + 16*xa~3*x"3 + 12*%a~4*x74)) + 60*x(-1 + a~ \
|5%x"5)*Logl[1 - a*x] + 300%a”5*x"5*PolyLogl[2, a*x])/(1500%a"5) |

3.1.  [z*PolyLog(2, az) dz
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3.1.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.12, number

of steps used = 5, number of rules used = 5, Bumber of rules _ , 556 Ryjles used = {7145,
integrand size

25, 2842, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z* PolyLog(2, az) dx

| 7145

L 5 1 4

52 PolyLog(2, ax) — 52 log(1 — azx)dz
| 25

L[ 4 1 s

s/ log(1 — az)dz + 52 PolyLog(2, ax)
| 2842

1/1 5 1 1
<a/ A log(1 — a:c)> + 3305 PolyLog(2, ax)

1—azx 5
l 49
1

1/1 zt 3 22 =z 1 1
(= 2 - " )dr+ =z°log(l — +
5 <5a/ ( a a®> a a* dP(ax—1) a5> TTEY og( aa:))

1
3x5 PolyLog(2, ax)

| 2009
1/1 log(l—az) =z 22 2® 2* 2 1 5 15
E <5a<_aﬁ T 24 38 42 5a + 52 log(1—az) | + 52 PolyLog(2, ax)

e

input LInt [x~4%PolyLog[2, a*x],x]

|

-

output‘ ((x"5xLogl[1l - a*x])/5 + (ax(-(x/a"b) - x"2/(2*a"4) - x~3/(3*%a"3) - x~4/(4x
a”2) - x75/(6%a) - Logl[l - a*x]/a"6))/5)/5 + (x~5*PolyLogl[2, a*x])/5

& J

3.1.  [z*PolyLog(2, az) dz
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3.1.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk349‘Int[((a_.) + (b_)*(x D))" (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*xx)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
\&& IGtQ[m, 0] && IGtQ[m + n + 2, O] \

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(a_.)I*(_.)0)*((f_.) + (g_.)*(x_
))"(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Logl[c*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*e*(n/(gx(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x], x] /; FreeQ[{a, b, c, d, e, £, g, n, q}, x] && NeQ[exf - d*g, 0] &&
NeQ[q, -11]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.1.4 Maple [A] (verified)

Time = 0.67 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.84

method result
_az(12a%s" 4150527 +20a2? +30a2+60) (64525 +6) In(—az+1) 4 a%27 polylog(2,az)
meijerg 1500 — 150 5
. 300a°z° polylog(2,ax)+60 In(—az+1)z®a’®—12a°2® —15a*2*—60—20a323 —30a2x2—60az—60 In(—ax+1)
parallelrisch 150005
parts 2° polylog(2,az) _ TertiInCastl)  (Cemth’ i ggt1)(—aztl)+ SO 4o in(—az+1) (~azt+1)° - 25
5 5a®
a5ab polylog(2,az) (—a.a:+1)5 In(—az+1) + (—am+1)5 + 111(—aa>+1)(—aac+l)4 _ (—az+1)4 _2 1n(—am+1)(—aa:+l)3 + 2(—:1.7;-#1)'E
derivativedivides i = 125 . 20 o =
abz5 polylog(2,az) (—a,x-f—l)5 In(—az+1) + (—a,x-f—l)5 + 1n(—az+1)(—az+1)4 _ (—ax+1)4 _2 1n(—am+1)(—aa:+l)3 + 2(—0..7:+1)£
1
default 5 25 125 5 20 — 5 5
inputLint(x‘4*polylog(2,a*x),x,method=_RETURNVERBOSE) J

3.1.  [z*PolyLog(2, az) dz
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output \ 1/a"5%(-1/1500*a*x* (12*%a~4*x~4+15%a~3*x"~3+20*%a~2*x "~ 2+30*a*xx+60) -1/150%* (-6* \
La“S*x”5+6)*ln(-a*x+1)+1/5*a”5*x“5*polylog(2,a*x)) J

3.1.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.84

z* PolyLog(2, az) dx

300 a°2°Lis(az) — 12a°2® — 15a'z* — 20 a®2® — 30 a®z? — 60 az + 60 (a®z® — 1) log (—az + 1)
B 1500 a®

-

input Lintegrate (x~4*polylog(2,a*x),x, algorithm="fricas")

—J/

output‘1/1500*(300*a“5*x‘5*dilog(a*x) - 12%a”"b*x"5 - 1b*%a"4%x"4 - 20*%a”3%x"3 - 30
L*a‘2*x‘2 - 60xaxx + 60*(a~5*x"5 - 1)*log(-a*x + 1))/a"b

~

3.1.6 Sympy [A] (verification not implemented)

Time = 2.33 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.77

/ z* PolyLog(2, ax) dx

_4°Lir(az) | 2°Lip(as) _ af zt a3 a? e 4 Milem) g, #0

_ 25 5 T 125~ 100a = 75aZ = 50a®  25a% 25a®

0 otherwise

r

input Lintegrate (x**4xpolylog(2,a*x) ,x)

| —

output‘Piecewise((-x**5*polylog(1, axx) /25 + x*xb*polylog(2, a*x)/5 - x*x5/125 -
| xkx4/(100%a) - x**3/(75xa**2) - x**2/(50%ax*3) - x/(25*a**4) + polylog(l, |
La*x)/(25*a**5), Ne(a, 0)), (0, True)) J

3.1.  [z*PolyLog(2, az) dz
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3.1.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.84

z* PolyLog(2, ax) dx
300 a°2°Liz(az) — 12a°2® — 15a'z* — 20 a®2® — 30 a®z? — 60 az + 60 (a®z® — 1) log (—az + 1)

1500 a®

input

integrate(x~4*polylog(2,a*x),x, algorithm="maxima")

N\ J

output‘1/1500*(300*a‘5*x“5*dilog(a*x) - 12*%a”b*x"5 - 15*%a"4*x"4 - 20*%a~3*x~3 - 30
(*¥a"2%x"2 - 60%axx + 60%(a”5%x"5 - 1)xlog(-a*x + 1))/a"5 |

3.1.8 Giac [F]

/ z* PolyLog(2, az) dz = / r*Liy(az) dzx

input Lintegrate (x~4*polylog(2,a*x) ,x, algorithm="giac") J

output Lintegrate (x"4*dilog(a*x), x) J

3.1.9 Mupad [B] (verification not implemented)

Time = 5.25 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.80

5 5
4 _z°In(l-az) In(ez—-1) =z =
/x PolyLog(2, ax) dz = 5% 95 b 5ol 195
N z°polylog(2,az)  a* = 2*  a°
5 100a 75a®> 50a®
input Lint (x~4*polylog(2, a*x),x) J

Output‘(x“S*log(i - a*x))/25 - log(a*x - 1)/(25*%a"5) - x/(25*%a~4) - x75/125 + (x~
‘5*polylog(2, a*x))/5 - x~4/(100%a) - x~3/(75*%a~2) - x~2/(50*a~3)

3.1.  [z*PolyLog(2, az) dz
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3.2 [ z? PolyLog(2, ax) dz

3.21 Optimalresult . .. ... ... .. . 93]
3.2.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 93
3.2.3 Rubi [A] (verified)

3.2.4 Maple [A] (verified)
3.2.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 96
3.2.6 Sympy [A] (verification not implemented)

3.2.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 97l
328 Giac [F] . . . . . 97
3.2.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... .. 9T

3.2.1 Optimal result

Integrand size = 9, antiderivative size = 76

2 3 4 log(l — ax)
3 PolyLog(2, az) dr = — s — oz — o — = — —o 0T
/ @ PolyLog(2,00)de =~ 3¢5 ~ 590 ~48a 64 164"
1 1
+ 1—6x4 log(1l — ax) + Z-’B‘l PolyLog(2, ax)

output‘—1/16*x/a‘3-1/32*x“2/a“2-1/48*x‘3/a—1/64*x“4—1/16*1n(-a*x+1)/a“4+1/16*x“4*
| 1n(-a*x+1)+1/4%x"4*polylog(2,a*x)

3.2.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.86

/ 23 PolyLog(2, az) dx

_ —az(12 + 6az + 4a’z? + 3a32®) + 12(—1 + aaz*) log(1 — az) + 48a*z* PolyLog(2, ax)
B 192a*

input LIntegrate [x~3*PolyLog[2, a*x],x] J

output‘ (-(axx*x (12 + 6xaxx + 4*a~2xx"2 + 3%a”3%x"3)) + 12*(-1 + a~4*x"4)*Log[l - a
(*¥x] + 48%a~4*x"4xPolyLog[2, axx])/(192%a"4)

3.2.  [z?PolyLog(2, az) dz



input

output
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3.2.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.13, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 556 Ryjles used = {7145,

integrand size
25, 2842, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ 23 PolyLog(2, az) dz
| 7145
L 4 1 3
2% PolyLog(2, ax) — 1] ¢ log(1 — azx)dz
| 25

E /a:3 log(1 — az)dz + 1934 PolyLog(2, ax)

4 4
| 2842
1/1 zt 1, 1,
y <4a/ T axdx + i log(1 — a:c)> + 2% PolyLog(2, ax)
| 49
1/1 2 2 oz 1 1 1y, 1,
1 <4a/ <_a R R T e y a4> dx + Vi log(1 — ax)) + 1% PolyLog(2, ax)
| 2009
i(ia (_log(las—am) — % — ;; — ?232 — Z;) + iw‘l log(1 — ax)) + im‘l PolyLog(2, ax)

-

Int[x~3*PolyLog[2, a*x],x]

N\

‘((X“4*Log[1 - axx])/4 + (ax(-(x/a~4) - x72/(2*a"3) - x~3/(3*%a"2) - x~4/(4x
‘a) - Logl[l - a*x]/a"5))/4)/4 + (x"4*PolyLog[2, a*x])/4

3.2.  [z?PolyLog(2, az) dz
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3.2.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk349‘Int[((a_.) + (b_)*(x D))" (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*xx)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
\&& IGtQ[m, 0] && IGtQ[m + n + 2, O] \

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(a_.)I*(_.)0)*((f_.) + (g_.)*(x_
))"(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Logl[c*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*e*(n/(gx(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x], x] /; FreeQ[{a, b, c, d, e, £, g, n, q}, x] && NeQ[exf - d*g, 0] &&
NeQ[q, -11]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.2.4 Maple [A] (verified)

Time = 0.60 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.86

method result
az (150305 +20a%2% +30a2+60 ) N (=sata?+5) In(—az+1) 4424 polylog(2,ax)
meijerg — 960 o 80 4
parallelrisch 48a*z* polylog(2,az)+121In(—az+1)a*z* —1%2224—12—4a3m3—6a2w2—12am—12 In(—az+1)
—ax —ax 4 —ax 4 —ax 3 n(—ax —ax 2 —Qa-
parts * polylog(2.ar) | MR -G SIn(antl)(Can ) e Sy er S
4 4q4
d . . d' 'd atat polilog(2,aa:) + 1n(—am+11)é—aa:+1)4 _ (—a.:;;:lkl)4 _ 1n(—am+121(—aa:+1)3 + (—afgl)a + 3 1n(—aa:+].8)(—az+1)2 _ 3(—ala:6+1)2
erivativedivides 1
a
atat polylog(2,ax) + 1n(—az+1)(—aa:+1)4 _ (—am+1)4 _ 1n(—az+1)(—aa:+1)3 + (—am+1)3 + 3 111(—aa:+1)(—a.a:-ﬁ-l)2 _ 3(—arb+1)2
default 4 16 64 4 . 12 8 16
a
inputLint(x‘B*polylog(2,a*x),x,method=_RETURNVERBOSE) J

3.2.  [z?PolyLog(2, az) dz
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output‘-1/a”4*(1/960*a*x*(15*a“3*x”3+20*a”2*x“2+30*a*x+60)+1/80*(-5*a“4*x“4+5)*1n
L(-a*x+1)-1/4*a“4*x“4*polylog(2,a*x))

3.2.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.84

/ 23 PolyLog(2, az) dzx
_ 48a'z'Liz(ax) — 3a’z* — 4a%2® — 6a’2® — 12az + 12 (a’z* — 1) log (—az + 1)

192 a4

-

input Lintegrate (x~3%polylog(2,a*x),x, algorithm="fricas")

—J/

output‘ 1/192%(48%a~4*x"4*dilog(a*x) - 3*a~4*x"4 - 4*a~3*x"3 - 6%a”2%x"2 - 12*a*x
L+ 12% (a~4*x~4 - 1)*log(-a*x + 1))/a"4

~

3.2.6 Sympy [A] (verification not implemented)

Time = 1.40 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.76

/ 2% PolyLog(2, ax) dx

2% Lip (ax) 24 Lig(ax) z* x3 z2 z Li; (az)
_ — 16 + 1 —_—— - = — -I—lﬁT fora;é()

64 ~ 484 3242 1643
0 otherwise

r

input Lintegrate (x**3*polylog(2,a*x) ,x)

| —

output‘Piecewise((-x**4*polylog(1, axx) /16 + x*x4*polylog(2, a*x)/4 - x*x4/64 - x
\**3/(48*a) - x*x2/(32%ax*2) - x/(16*a*x*3) + polylog(l, a*xx)/(16*a**4), Ne(
La, 0)), (0, True))

3.2.  [z?PolyLog(2, az) dz
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3.2.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.84

/ 2% PolyLog(2, ax) dx
_ 48a'z'Lig(ax) — 3a’z! — 4a%2® — 6a’2® — 120z + 12 (a’z* — 1) log (—ax + 1)

192 a#

input

integrate(x~3*polylog(2,a*x),x, algorithm="maxima")

N\

output‘1/192*(48*a“4*x“4*dilog(a*x) - 3%a"4*x"4 - 4*%a~3*%x"3 - 6%a"2%x"2 - 12%a*x
‘+ 12+ (a"4*x~4 - 1)*log(-a*x + 1))/a"4

3.2.8 Giac [F]

/ z° PolyLog(2, ax) dz = / 1°Liz(az) dz

input Lintegrate (x~3*polylog(2,a*x),x, algorithm="giac")

output Lintegrate (x"3*dilog(a*x), x)

3.2.9 Mupad [B] (verification not implemented)

Time = 5.36 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.80

‘In(l—az) In(az—1) T
3 PolyLog(2 =2 _ _
/ @ PolyLog(2, az) da 16 160 1643
_z*  a'polylog(2,ax) 1* 27
64 4 48a 32a?

input Lint (x~3%polylog(2, a*x),x)

OutPUt‘(xA4*log(1 - a*x))/16 - log(a*x - 1)/(16*a~4) - x/(16*a~3) - x~4/64 + (x~4
‘*polylog(2, a*x))/4 - x~3/(48%a) - x~2/(32%a"2)

3.2.  [z?PolyLog(2, az) dz
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3.3 [ z* PolyLog(2, ax) dz

3.3.1 Optimalresult . .. ... ... . .. .. O8]
3.3.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 98
3.3.3 Rubi [A] (verified) . . . .. ... .. 99
3.34 Maple [A] (verified) . ... ... . ... .. 100
3.3.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 107
3.3.6 Sympy [A] (verification not implemented) . . . . ... ... ... .. ... 101
3.3.7 Maxima [A] (verification not implemented) . ... .. ... ... ...... 102
338 Giac [F] . . . 102
3.3.9 Mupad [B] (verification not implemented) . . . ... ... ... ... .... 102

3.3.1 Optimal result

Integrand size = 9, antiderivative size = 66

/ 2% PolyLog(2, ax) dz =

1
(1 —ax)+ g.’p?’ PolyLog(2, ax)

output‘—1/9*x/a‘2-1/18*x‘2/a—1/27*x“3—1/9*1n(—a*x+1)/a“3+1/9*x“3*1n(-a*x+1)+1/3*x
“3*polylog(2,a*x)

3.3.2

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.86

/ 22 PolyLog(2, az) dzx

—ax(6 + 3ax + 2a%x?) + 6(—1 + a3z®) log(1 — ax) + 18az® PolyLog(2, ax)

54a3

input LIntegrate [x~2xPolyLog[2, a*x],x]

Output‘ (-(axx*(6 + 3*a*x + 2%a"2%x72)) + 6%(-1 + a”3*x"3)*Log[1l - a*x] + 18%a"3*x
| ~3%PolyLogl2, a*x])/(54xa~3)

3.3.

| ? PolyLog(2, az) dz
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3.3.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.15, number

of steps used = 5, number of rules used = 5, Bumber of rules _ , 556 Ryjles used = {7145,
integrand size

25, 2842, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z? PolyLog(2, az) dzx
| 7145
1, 1 )
3% PolyLog(2, ax) — 3/ 2 log(1 — azx)dz
| 25
L[ 2 1 s
= [ z*log(1 — az)dz + 3% PolyLog(2, ax)

3
l 9842

1 3 14 1 4
—(za dz + ~x°log(l — ax) | + 3% PolyLog(2, ax)

3 1—azx 3
l 49

2
1<1a/ <—I _e b1 > dzr + %933 log(1 — am)) + %x3 PolyLog(2, ax)

3\3 a a® dadlax—1)
l 2009
1/1 log(l—az) =z 22 23 1 3 1 3
3 (30, <_a4 ~ 3792 " 34 + 3% log(1 —azx) ) + 3% PolyLog(2, ax)

-

Int [x~2*PolyLog[2, a*x],x]

N\

output‘ ((x~3xLogl[1l - a*x])/3 + (ax(-(x/a"3) - x72/(2*a"2) - x~3/(3*a) - Logll - a

‘ *x]/a~4))/3)/3 + (x~3*PolyLogl[2, a*x])/3

3.3. [ z?PolyLog(2, az) dz
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3.3.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk349‘Int[((a_.) + (b_)*(x D))" (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*xx)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
\&& IGtQ[m, 0] && IGtQ[m + n + 2, O] \

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(a_.)I*(_.)0)*((f_.) + (g_.)*(x_
))"(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Logl[c*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*e*(n/(gx(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x], x] /; FreeQ[{a, b, c, d, e, £, g, n, q}, x] && NeQ[exf - d*g, 0] &&
NeQ[q, -11]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.3.4 Maple [A] (verified)

Time = 0.52 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.85

method result

_ ax (4a2c1:2+6aa:+12) _ (—4a3z3+4) In(—az+1) n a3a:3 polylog(2,az)
meijerg 108 a336 3
parallelrisch 18a3z3 polylog(2,ax)+6 ln(—a:c—i—l)a:?’a?’;20.3:63—6—30.2272 —6az—6 In(—az+1)

54a;
3 3 —ama1)2
parts 2% polylog(2,aq) _ ierthCestlls _ (et in(—ggi1)(—az+1)?+ 25 fn(—az+1)(—az+1)+az—1
3 3a3

a3a3 polylog(2,az) 1n(—am+1)(—aa:+l)3 + (—am+1)3 + 1n(—am+1)(—aa:-+—l)2 _ (—aar;-kl)2 _In(—az+1)(—az+1) +l_ﬂ
derivativedivides 3 2 2T FEa— . . S

a3a3 polylog(2,az) 1n(—az+1)(—aa:+1)3 + (—am+1)3 + ln(—am-kl)(—aa:-&-l)2 _ (—a.ac-kl)2 _ In(—az+1)(—az+1) +l_ﬂ
default 3 9 27 e 3 6 3 3 3

inputLint(x‘2*polylog(2,a*x),x,method=_RETURNVERBOSE) J

3.3. [ z?PolyLog(2, az) dz
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output \ 1/a"3*(-1/108*a*x* (4*a~2*x~2+6*a*xx+12) -1/36* (—4*a~3*x"3+4) *1n(-a*x+1)+1/3*
La“B*x“B*polylog(2,a*x))

3.3.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.85

/ x? PolyLog(2, ax) dz

_ 18a*s°Lis(ax) — 20%z® — 3a%s® — 6ax + 6 (a’z® — 1) log (—azx + 1)
B 54 a?

-

input Lintegrate (x~2%polylog(2,a*x),x, algorithm="fricas")

—J/

Output‘1/54*(18*a‘3*x‘3*dilog(a*x) - 2%a”~3*%x"3 - 3*%a"2*x"2 - 6*%axx + 6x(a"3*x"3 -
L 1)*log(-a*x + 1))/a"3

~

3.3.6 Sympy [A] (verification not implemented)

Time = 0.79 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.74

a3 Lis(az) + 23 Lig(az) _ 43 a? o4 Lie) ¢ g #0

9a3

/ 2% PolyLog(2, az) dx = 9 3 27 7 18a  9a?

0 otherwise

input Lintegrate (x**2*polylog(2,a*x) ,x)

output‘Piecewise((-x**3*polylog(1, axx)/9 + x*x3*polylog(2, a*x)/3 - x**3/27 - xx*
‘*2/(18*a) - x/(9*%ax*2) + polylog(l, a*x)/(9*a**3), Ne(a, 0)), (0, True))

3.3. [ z?PolyLog(2, az) dz
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3.3.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.85

/ x? PolyLog(2, az) dz

_ 18a*s°Lis(ax) — 20%z® — 3a%s® — 6 ax + 6 (a’z® — 1) log (—azx + 1)
B 54 a?

inputLintegrate(x‘2*polylog(2,a*x),x, algorithm="maxima") J

Output‘1/54*(18*a‘3*x‘3*dilog(a*x) - 2*%a”~3*%x"3 - 3*%a"2*x"2 - 6*%axx + 6x(a”3*x"3 -
L 1)*log(-a*x + 1))/a~3 J

3.3.8 Giac [F]

/ z? PolyLog(2, ax) dz = / 2’Liy(az) dz

inputtintegrate(x“2*polylog(2,a*x),x, algorithm="giac") J

output Lintegrate (x"2*dilog(a*x), x) J

3.3.9 Mupad [B] (verification not implemented)

Time = 5.26 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.80

3 3 3 2
9 _2’In(l-az) In(ez—1) =z 2’ z’polylog(2,az) =
/x PolyLog(2, ax) dz = 9 94 02 77 3 84

input Lint (x~2%polylog(2, a*x),x)

A >

p
output‘(x‘S*log(i - a*x))/9 - log(a*x - 1)/(9*%a"3) - x/(9%¥a"2) - x~3/27 + (x"3*po
‘lylog(Z, a*x))/3 - x~2/(18x%a)

—

3.3. [ z?PolyLog(2, az) dz



p
Output‘—1/4*x/a—1/8*x‘2—1/4*1n(—a*x+1)/a“2+1/4*x‘2*1n(-a*x+1)+1/2*x‘2*polylog(2,a

input LIntegrate [x*PolyLog[2, a*x],x]

output‘ (-(a*x*(2 + axx)) + 2x(-1 + a"2xx"2)*Log[l - a*x] + 4*a~2xx"2*PolyLog[2, a
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3.4 [ z PolyLog(2, ax) dx

34.1 Optimalresult . .. ... ... . .. ... 103l
3.4.2 Mathematica [A] (verified) . . . . . .. ... ... L Lo oL 103
3.4.3 Rubi [A] (verified) . . . . . . ... 104
3.44 Maple [A] (verified) . . . ... ... ... 105
3.4.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 106
3.4.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... 106!
3.4.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ...
348 Giac [F] . . . o 107
3.4.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ..... 107

3.4.1 Optimal result

Integrand size = 7, antiderivative size = 56

oz z* log(l—azx) 1, 1,
/ z PolyLog(2, az) dz = P 10 + 4T log(1 — az) + 5% PolyLog(2, ax)

L*x) J

3.4.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.86

—ax(2 + ax) + 2(—1 + a®z?) log(1 — az) + 4a%z? PolyLog(2, ax)
8a?

/ z PolyLog(2, azx) dx =

-

~—

*x])/(8*%a~2)

N\ J

34.  [zPolyLog(2,az)dz



CHAPTER 3. LISTING OF INTEGRALS 104

3.4.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.18, number
of steps used = 5, number of rules used = 5, Bumber of rules _ 714 Ryjeg used = {7145,

integrand size
25, 2842, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ x PolyLog(2, az) dz
| 7145
1, 1
2% PolyLog(2, ax) — N log(1 — azx)dz

l 25

1 /xlog(l —ax)dx + %xz PolyLog(2, ax)

2
| 2842
1/1 z? 1, 1,
3 <2a/ T axdx + 2% log(1 — a:c)> + 3% PolyLog(2, ax)
| 49
1/1 x 1 1 1, 1,
| 2009
1/1 log(1 — 2 1 1
3 (2a (_og(a3ax) - % - ;:a) + §m2 log(1 — aa:)> + §x2 PolyLog(2, ax)

input LInt [x*PolyLog[2, a*x],x]

output‘ ((x~2#Log[1 - a*x])/2 + (ax(-(x/a”2) - x"2/(2xa) - Logll - axx]/a"3))/2)/2
‘ + (x"2#PolyLog[2, a*x])/2

34.  [zPolyLog(2,az)dz
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3.4.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk349‘Int[((a_.) + (b_)*(x D))" (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*xx)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
\&& IGtQ[m, 0] && IGtQ[m + n + 2, O]

ruka2009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(a_.)I*(_.)0)*((f_.) + (g_.)*(x_
))"(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Logl[c*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*e*(n/(gx(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x], x] /; FreeQ[{a, b, c, d, e, £, g, n, q}, x] && NeQ[exf - d*g, 0] &&
NeQ[q, -11]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.4.4 Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.88

method result size
B az(3az+6) + (—3a2m2+3) In(—az+1) _ a2¢? polylog(2,ax)
meijerg L 2 — 2 49
parallelrisch 4a2z? polylog(2,ax)+2 ln(—a:c—iéi)2a2m2—a2w2—2aw—2 In(—az+1) 56
2 2
2 Iyl 2’ In(—az+1)(—az+1) _ (—az+1) —In(—az+1)(—az+1)—az+1
parts z? po y;g( az) + 5 1 — ( )( ) 65
L. a2z? polylog(2,az)+ln(—a:t+l)(—az+1)2 _ (—aa:+l)2 _ln(—az+1)(—az+1)+l_ﬂ
derivativedivides 2 4 pra— 2 z 2 66
a2z2 polylog(2,ax) + ln(—ac::-‘-l)(—a.a:-ﬁ-l)2 _ (—aa:+1)2 _ In(—az+1)(—az+1) +l_ ax
default 2 4 - 2 22 66

inputLint(x*polylog(2,a*x),x,method=_RETURNVERBOSE)

34.  [zPolyLog(2,az)dz
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OUtPUt‘-1/a”2*(1/24*a*x*(3*a*x+6)+1/12*(—3*a“2*x”2+3)*1n(-a*x+1)—1/2*a”2*x“2*poly
Llog(2,a*x))

3.4.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.86

4a22°Liz(az) — a’x? — 2ax + 2 (a’*x? — 1) log (—az + 1)

PolyLog(2 dx =
/x olyLog(2, az) dx Y

inputLintegrate(x*polylog(2,a*x),x, algorithm="fricas")

output‘1/8*(4*a‘2*x“2*dilog(a*x) - a”™2%x"2 - 2*axx + 2*%(a”2*%x”2 - 1)*log(-a*x + 1
) /a2

3.4.6 Sympy [A] (verification not implemented)

Time = 0.47 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.73

/ z PolyLog(2, az) dz = 4 2 8
0 otherwise

x2 Lij (ax) + z?Liz(az) _ a2 _ 4£ + % for a 7é 0
a a

-

input Lintegrate (x*polylog(2,a*x),x)

-/

Output‘Piecewise((—X**2*polylog(1, a*x)/4 + x**x2xpolylog(2, a*x)/2 - x**2/8 - x/(
4*a) + polylog(l, axx)/(4*ax*2), Ne(a, 0)), (0, True))

N

-

3.4.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.86

4a?z%Liy(ax) — a?x® — 2ax + 2 (a®z% — 1) log (—az + 1)

/ z PolyLog(2, az) dz = Y

34.  [zPolyLog(2,az)dz
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inputLintegrate(x*polylog(2,a*x),x, algorithm="maxima")

output‘1/8*(4*a‘2*x“2*dilog(a*x) - a”2%x"2 - 2xa*x + 2x(a"2%x"2 - 1)*log(-axx + 1
) /a2

3.4.8 Giac [F]

/xPolyLog(Z, ax) dx = /mLig(ax) dx

input Lintegrate (x*polylog(2,a*x),x, algorithm="giac")

output Lintegrate (x*dilog(a*x), x)

3.4.9 Mupad [B] (verification not implemented)

Time = 5.44 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.82

2In(l—az) In(l—az) =z 2* z?polylog(2,ax)
/xPolyLog(Q, ax)dx = 1 -1 b piat-s + 5

input Lint (x*polylog(2, a*x),x)

output‘ (x"2x1log(1 - a*x))/4 - log(l - axx)/(4¥a"2) - x/(4%a) - x~2/8 + (x"2*polyl
‘og(2, a*x))/2

34.  [zPolyLog(2,az)dz
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3.5 [ PolyLog(2, az) dz

3.5.1 Optimalresult . .. ... ... . .. ... 108]
3.5.2 Mathematica [A] (verified) . . . . . ... ... .. Lo oL 108
3.5.3 Rubi [A] (verified) . . ... ... ... 109
3.5.4 Maple [A] (verified) . ... ... . ... ... 110l
3.5.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... . .... 1101
3.5.6 Sympy [A] (verification not implemented) . . . ... .. ... ... ... ... 111
3.5.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 111
3.5.8 Giac [F] . . . o . 111
3.5.9 Mupad [B] (verification not implemented) . . . ... ... ... ... . ... 112

3.5.1 Optimal result

Integrand size = 5, antiderivative size = 29

_ (1 —az)log(1 — az)

/ PolyLog(2, ax) dx = —x + z PolyLog(2, ax)

e

output L—x- (—a*x+1)*1n(-a*x+1) /atx*polylog(2,a*x)

~—

3.5.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.90

1
/PolyLog(2, ax)dr = —x + (_E + x) log(1 — az) + x PolyLog(2, az)

input

Integrate[PolyLog[2, a*x],x]

N

output‘ -x + (-a~(-1) + x)*Logl[l - a*x] + x*PolyLog[2, a*x] ‘

3.5. [ PolyLog(2,az)dz
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3.5.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.10, number
of steps used = 5, number of rules used = 4, Bumber of rules _ , g5 Ryles used = {7140,

integrand size
25, 2836, 2732}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog(2, ax) dz
| 7140
z PolyLog(2, ax) — / —log(1 — azx)dz

l 25

/log(l — az)dx + x PolyLog(2, ax)

l 2836
log(1 — 1—

z PolyLog(2, ax) — J log( a;U)d( ax)
lzmz

ax + (1 — ax)log(l —ax) — 1
a

z PolyLog(2, az) —

-

input LInt [PolyLog[2, a*x],x]

output L—((-l + axx + (1 - a*x)*Log[l - ax*x])/a) + x*PolyLogl[2, a*x]

| —

3.5.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2732 ‘ Int[Logl(c_.)*(x_)"(n_.)], x_Symbol] :> Simp[x*Loglc*x~n], x] - Simp[n*x, x

] /; FreeQ[{c, n}, x]

N

3.5. [ PolyLog(2,az)dz
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rule 2836 Int[((a_.) + Logl(c_.)*((d ) + (e_.)*(x_))"(n_.)I1*(b_.))"(p_.), x_Symbol]
> Simp[1/e  Subst[Int[(a + b*Loglc*x"n]l)"p, x], x, d + exx], x] /; FreeQ[{
a, b, ¢, d, e, n, p}, x]

rule 7140 | Int [PolyLogln_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbol] :> Simp[x*PolyLo
gln, ax(b*x"p)~ql, x] - Simp[p*q Int[PolyLog[n - 1, a*x(b*x"p)~ql, x], x]
/; FreeQ[{a, b, p, q}, x] && GtQ[n, O]

3.5.4 Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.14

method result size
meijerg —az— W +az polylog(2,az) 33
parts z polylog (2, ax) — ln(_a”l)(_aaxﬂ)“x_l 33
derivativedivides | polylog(2,ax)—ln(—aaw+1)(—ax+1)+1—ax 34
default az polylog(2,am)—ln(—aaa:+l)(—az+1)+1—az 34
parallelrisch ~ltaz polylog(2,aa¢)+a1n2—a:c+1)z—az—ln(—az+1) 38

inputtint(polylog(2,a*x),x,method=_RETURNVERBOSE)

outputti/a*(—a*x—1/2*(—2*a*x+2)*ln(—a*x+1)+a*x*polylog(2,a*x))

3.5.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00

azLiz(az) — az + (ax — 1) log (—azx + 1)
a

/ PolyLog(2, az) dz =

inputLintegrate(polylog(2,a*x),x, algorithm="fricas")

outputk(a*x*dilog(a*x) - axx + (a*x - 1)*log(-a*x + 1))/a J

3.5. [ PolyLog(2,az)dz
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3.5.6 Sympy [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.76

—xLi + zLi —z+ Liy (az) £ 0
/ PolyLog(2, az)dz = { = (az) + 2 Li; (az) — 2+ == fora#
0 otherwise

inputkintegrate(polylog(2,a*x),x)

output‘Piecewise((-x*polylog(l, a*x) + x*polylog(2, a*x) - x + polylog(l, a*x)/a,
 Ne(a, 0)), (0, True))

3.5.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00

azLis(az) — az + (ax — 1) log (—az + 1)
a

/ PolyLog(2, ax) dz =

/

input‘integrate(polylog(Q,a*x),x, algorithm="maxima")

~—

p
output L(a*x*dilog(a*x) - a*x + (a*x - 1)*log(-a*x + 1))/a

-/

3.5.8 Giac [F]

/ PolyLog(2, ax) dz = / Lis(az) dx

-

inputLintegrate(polylog(2,a*x),x, algorithm="giac")

~—

output Lintegrate (dilog(a*x), x)

3.5. [ PolyLog(2,az)dz
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3.5.9 Mupad [B] (verification not implemented)

Time = 5.24 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.10

In(l1-ax)

_ In(1—
. z+zln(l-ax)

/PolyLog(Q, ax) dx = z polylog(2,azx) —

input Lint (polylog(2, a*x),x)

output Lx*polylog(2, a*x) - log(l - a*x)/a - x + x*log(l - a*x)

3.5. [ PolyLog(2,az)dz
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3.6 f PolyLog(2,azx) dx

T
3.6.1 Optimalresult . ... ... ... ... .. ... 113}
3.6.2 Mathematica [A] (verified) . . . . . .. ... ... L 113
3.6.3 Rubi [A] (verified) . . .. ... ... ... 114
3.6.4 Maple [A] (verified) . ... ... ... ... 114
3.6.,5 Fricas [F] . . . . . . . . 115
3.6.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... .. 115
3.6.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 115
3.6.8 Giac [F] . . . . . . 176!
3.6.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... .. 116

3.6.1 Optimal result

Integrand size = 9, antiderivative size = 5

PolyLog(2
/’ (o) y Og( 7ax) d:c = POlyLOg(3’ ax)

X

output ‘ polylog(3,axx) J

3.6.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

/ PolyLog(2, ax)

. dxz = PolyLog(3, ax)

input Integrate[PolyLog[2, a*x]/x,x]

N\ J

output LPolyLog [3, a*x] J

3.6. f PolyLog(2,a2) 1.

T
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3.6.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ (, 117 Ryjeg used = {7143}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

PolyLog(2
/ oly. 05( ,aT) i

l 7143

PolyLog(3, ax)

input LInt [PolyLogl[2, a*x]/x,x]

-/

output LPolyLog [3, a*x]

3.6.3.1 Defintions of rubi rules used

rule 7143 Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))~(p_.)1/((d_.) + (e_.)*(x_)), x_S
‘ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

3.6.4 Maple [A] (verified)

Time = 1.05 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.20

method result size
derivativedivides | polylog (3,ax) | 6
default polylog (3,az) | 6
meijerg polylog (3,az) | 6
parts polylog (3,az) | 6

-

input Lint (polylog(2,a*x)/x,x,method=_RETURNVERBOSE)

~—

output Lpolylog(B »a*X)

3.6. f PolyLog(2,a2) 1.

T
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3.6.5 Fricas [F]

/ PolyLog(2, ax) dp — / Lis(ax) i

Z T

inputLintegrate(polylog(2,a*x)/x,x, algorithm="fricas")

output Lintegral (dilog(a*x)/x, x)

3.6.6 Sympy [A] (verification not implemented)

Time = 0.41 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.60

dx = Li; (az)

/ PolyLog(2, ax)
z

input Lintegrate (polylog(2,a*x)/x,x)

output ‘ polylog(3, a*x)

3.6.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

/ PolyLog(2, az) dx = Lis(az)

X

input Lintegrate (polylog(2,a*x)/x,x, algorithm="maxima")

output ‘ polylog(3, a*x)

3.6. f PolyLog(2,a2) 1.

T
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3.6.8 Giac [F]

/ PolyLog(2, ax) dp — / Lis(ax) i

Z T

input Lintegrate (polylog(2,a*x)/x,x, algorithm="giac")

output Lintegrate (dilog(axx)/x, x)

3.6.9 Mupad [B] (verification not implemented)

Time = 5.06 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

dx = polylog(3,ax)

/ PolyLog(2, ax)
x

input Lint (polylog(2, a*x)/x,x)

output ‘ polylog(3, a*x)

3.6. f PolyLog(2,a2) 1.

T
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3.7 f PolyLo%(Q,ax) dx

T
3.71 Optimal result . . . . .. .. .. ... . 117
3.7.2 Mathematica [A] (verified) . . . . . .. . ... . L 117
3.7.3 Rubi [A] (verified) . . . . ... ... ... INE
3.74 Maple [A] (verified) . .. ... .. ... ..o 120
3.7.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 120
3.7.6  Sympy [A] (verification not implemented) . . ... ... ... ... ... .. 120
3.7.7 Maxima [A] (verification not implemented) . ... ... ... ... .. ..., 121
3.7.8 Giac [F] . . . e 1211
3.7.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... . 121

3.7.1 Optimal result

Integrand size = 9, antiderivative size = 36

PolyLog(2 log(1 — PolyLog(2
/ oy (;gQ( ,az) dz = alog(z) — alog(l — ax) + og( " az) _ Poly Oxg( ,07)

output ‘ a*ln(x)-a*ln(-a*x+1)+1ln(-a*x+1)/x-polylog(2,a*x)/x

3.7.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00

PolyLog(2 log(1 — PolyLog(2
/ olyLog(2, az) dz = alog(z) — alog(l — az) + og(1 —az) _ PolyLog(2, az)

z2 T T

e hY
Integrate[PolyLog[2, a*x]/x"2,x]

N\ J

input

output‘ axLog[x] - a*Log[l - a*x] + Log[l - a*x]/x - PolyLog[2, a*x]/x J

37, [ PoivlogCas) g,

2
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3.7.3 Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 667 Ryjles used = {7145,

integrand size
25, 2842, 47, 14, 16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog(2, ax) i

2
| 7145
/ log(1 — ax) PolyLog(2, ax)
_ ; dx —
x x

l 25

B / log(1 — azx) d — PolyLog(2, ax)

z2 x
| 2842
1 P —
a/ d — olyLog(2, ax) + log(1 — az)
z(1 — azx) x x

l 47
a<a/ 1 dz+ / 1dm) _ PolyLog(2, az) + log(1 — ax)
1—ax T T T
l 14

1 PolyLog(2 log(1 —
1—azx T T

l 16

_PolyLOf(2, ax) + a(log(z) — log(1 — az)) + log(lx— ax)

N

input ' Int [PolyLogl[2, a*x]/x"2,x]

-

outputLa*(Log[x] - Logl[1 - a*x]) + Log[l - a*x]/x - PolylLog[2, a*x]/x

~—

37. [ Povlog(ias) g

2
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3.7.3.1 Defintions of rubi rules used

rule 14‘ Int[(a_.)/(x_), x_Symbol] :> Simp[a*Loglx], x] /; FreeQ[a, x]

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simpl[c*(Log[RemoveContent[a +

‘bxx, x]11/b), x] /; FreeQl{a, b, c}, xI

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 47

rule 2842

rule 7145

Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol]l :> Simpl[b/(b*c
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - axd) Int[1/(c + d*x), x
1, x1 /; FreeQ[{a, b, c, d}, x]

Int[((a_.) + Logl(c_.)*((d_) + (e_)*(x_))"(n_.)]1*(b_.))*((£f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Logl[c*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*ex(n/(gx(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, n, q}, x] && NeQ[e*f - dxg, 0] &&
NeQ[q, -1]

Int [((d_.)*(x_))"(m_.)*PolyLogln_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, 9}, x] & NeQ[m, -1] && GtQ[n, O]

37. [ Povlog(ias) g

2




CHAPTER 3. LISTING OF INTEGRALS

3.7.4 Maple [A] (verified)

Time = 0.57 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.11

method result gize
parts _%@M) + a(ln (—az) + In(— az+1 ax+1)> 40
derivativedivides a( %ﬂfz”) +In (—az) + In(— %‘+1) —aw+1)) 49
default a( %ﬂc@m) +1n(—az) + In(— aw+1 aa:—i—l)) 49
meijerg a((—4az+4i In(as+l) _ polylosas) | 1 (5 4 In (— )> w“
parallelrisch o? In(z)z—a? In(~ez+1)2-a polylog(2.ax) taln(~az+1) 46

p
inputtint(polylog(2,a*x)/x‘2,x,method=_RETURNVERBOSE)

e—

output L—polylog(2 ,axx) /x+ax (1n(-a*x)+1n(-a*x+1) * (-a*x+1)/a/x)

3.7.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.94

/ PolyLog(2, ax) gy — %% log (axz — 1) — azx log (z) + Liz(ax) — log (—az + 1)

2 z

inputLintegrate(polylog(2,a*x)/x‘2,x, algorithm="fricas")

outputt—(a*x*log(a*x - 1) - axx*log(x) + dilog(a*x) - log(-a*x + 1))/x

3.7.6 Sympy [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.67

/ PolyLog(2, ax) dz = alog (z) + aLi (az) — Lij (az)  Li; (az)

T2 T T

input Lintegrate (polylog(2,a*x) /x**2,x)

output La*log(x) + axpolylog(l, a*x) - polylog(l, a*x)/x - polylog(2, a*x)/x

3.7. f PolyLog(2,ax) dz

2
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3.7.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.78

/ PolyL(;g2(2, ax) dz = alog (z) — (ax — 1) log (—axx + 1) + Liy(ax)

inputLintegrate(polylog(2,a*x)/x“2,x, algorithm="maxima")

outputta*log(x) - ((a*x - 1)*log(-a*x + 1) + dilog(a*x))/x

3.7.8 Giac [F]

2 z2

/ PolyLog(2, ax) dp — / Lis(ax) s

input Lintegrate (polylog(2,a*x)/x"2,x, algorithm="giac")

output‘integrate(dilog(a*x)/x“2, x)

3.7.9 Mupad [B] (verification not implemented)

Time = 5.52 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.94

/ PolyLog(2, ax) dp — In (1 —ax) — polylog(2,az)

2 . +aln(z)—aln(l-ax)

input Lint (polylog(2, axx)/x"2,x)

output‘(log(l - axx) - polylog(2, a*x))/x + a*log(x) - axlog(l - a*x)

37, [ PoivlogCas) g,

2
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3.8 f PolyLog(2,azx) dx

3
3.8.1 Optimalresult . .. ... ... .. .. . ... 122]
3.8.2 Mathematica [A] (verified) . . . . . .. ... .. .. L 122
3.8.3 Rubi [A] (verified) . ... ... ... ... 1231
3.84 Maple [A] (verified) . .. ... ... ... .. 124
3.8.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 125
3.8.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... .. 125
3.8.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 125
3.88 Giac [F] . . . . . 1261
3.8.9 Mupad [B] (verification not implemented) . . . ... ... ... ... .... 126

3.8.1 Optimal result

Integrand size = 9, antiderivative size = 58

log(1 —az) PolyLog(2, az)
492 222

/ PolyLog(2, ax) p

a1, 1,
3 m——ﬂ—k—a log(x)—zla log(1—ax)+

4

output‘-1/4*a/x+1/4*a”2*1n(x)-1/4*a”2*1n(—a*x+1)+1/4*1n(—a*x+1)/x”2—1/2*polylog(2
,a*x)/x"2

3.8.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.86

/ PolyLog(2, ax) I

3
—azx + a?z? log(z) + log(1 — az) — a®z?log(1 — az) — 2 PolyLog(2, ax)
B 472
input LIntegrate [PolyLogl[2, a*x]/x"3,x] J

output‘(—(a*x) + a”2*x"2xLog[x] + Logl[l - a*x] - a~2*x"2*Log[l - a*x] - 2xPolyLog
[2, a*x])/(4%x"2)

3.8. f PolyLog(2,az) 1.

3
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3.8.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.98, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 556 Ryjles used = {7145,

integrand size
25, 2842, 54, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog(2, ax) e

3

| 7145
1 / _log(1 — az) dr — PolyLog(2, ax)
2 z3 222

l 25

_1/ log(1 — azx) dr — PolyLog(2, ax)

2 x3 212
| 2842
1/1 1 log(1 — ax) PolyLog(2, ax)
e d _
2<2a/m2(1—ax) Tt o ) 212
| 54
1/1 a® a 1 log(1 — azx) PolyLog(2, ax)
2<2a/<_ax—1+x+:p2>dw+ 212 B 212
| 2009
1/log(l—az) 1 1 PolyLog(2, ax)
3 (23:2 + 2a<alog(w) —alog(1l — az) — x>> - o2

input LInt [PolyLog[2, a*x]/x"3,x]

e

(Logl[l - axx]/(2%x72) + (ax(-x~(-1) + axLogl[x] - axLogl[l - a*x]))/2)/2 - P
‘olyLogl2, a*x]/(2%x"2)

3.8. f PolyLog(2,az) 1.

3
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3.8.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 54‘Int[((a_) + (b_)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E

‘xpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
‘ ILtQ[m, O] &% IntegerQ[n] && !'(IGtQ[n, O] && LtQ[m + n + 2, 0])

rule 2009t1nt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2842

rule 7145

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))*((£f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Loglc*(d + e*x)"n])/(
gx(q + 1)), x] - Simp[b*ex(n/(g*x(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, f, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[q, -1]

Int[((d_.)*(x_))"(m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)]1, x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLogln - 1, a*(b*x"p)~ql, x], x] /; FreeQl{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.8.4 Maple [A] (verified)

Time = 0.67 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.98

36azx 36a2x2 2a2x2 4 4 4

method result size
parallelrisch o’ In(e)s” _ln(_az+1)a2Z2_a2fm§M_2 polylog(2,az)+In(-az+1) 57
parts _polylgng,ax) _ a? <_M+ﬁ+ln:azﬂ)zgzgl)(_m_l)) 60
derivativedivides | a? (_Pf’ly;(f;ggaz) olen) L _ 1n(—aw+1)(;;z-;1)(—az—1)> 61
default a? (_pOlyzlggfz,ax) + ln(;ax) _ ﬁ _ 1n(—ax+1)(4—at;a;—2i-1)(—ax—1)> 61
meijerg _a2 (_9am+27 _ (=9a2%49) In(—az+1) 4+ polylog(2,ax) + 1 _ In(x) In(—a) + L) 77

-

input Lint (polylog(2,a*x)/x~3,x,method=_RETURNVERBOSE)

-/

3.8. f PolyLog(2,az) 1.

3
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output ‘ 1/4*(a~2*1n(x)*x"2-1n(-a*x+1) ¥a~2*x"2-a"2*x"2-a*x-2*polylog(2,a*x)+1n(-a*x

L+1)>/x*2

3.8.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.81

a’z?log (az — 1) — a®z?log (z) + az + 2 Liz(az) — log (—az + 1)

PolyLog(2, ax)
/ x3 do = - 4 12

-

input Lintegrate (polylog(2,a*x)/x"3,x, algorithm="fricas")

-/

output‘ -1/4*(a"2*x"2*log(a*x - 1) - a"2*x"2*log(x) + a*x + 2xdilog(a*x) - log(-a*
Lx + 1))/x72

~

3.8.6 Sympy [A] (verification not implemented)

Time = 0.58 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.72

/ PolyLog(2, ax) i — a’log (x) N a’Li; (az) a  Lij(az) Li;(ax)
x3 v 4 4 4z 42 222

inputLintegrate(polylog(2,a*x)/x**3,x)

output‘a**2*log(x)/4 + a*x*2xpolylog(l, a*x)/4 - a/(4*x) - polylog(l, a*x)/(4*x**2
) - polylog(2, axx)/(2%x**2)

3.8.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.69

P
/ olyLog(2, ax) i _1
x3 4

azr + (a?z® — 1) log (—ax + 1) + 2 Liz(az)
4 12

a®log () —

input Lintegrate (polylog(2,a*x)/x"3,x, algorithm="maxima")

output‘ 1/4xa"2+log(x) - 1/4*(axx + (a"2*%x72 - 1)*log(-a*x + 1) + 2+dilog(a*x))/x~
2

3.8. f PolyLog(2,az) 1.

3
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3.8.8 Giac [F]

/ PolyLog(2, ax) dp — / Lis(ax)

3 3

dz

inputLintegrate(polylog(2,a*x)/x‘3,x, algorithm="giac")

outputLintegrate(dilog(a*x)/x“B, x)

3.8.9 Mupad [B] (verification not implemented)

Time = 5.29 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.88

3 T=y vt e T 4

/PolyLog(Q,ax) p a?ln(z) In(l—az) a®ln(az®—1x)

polylog(2, a z)

input‘int(polylog(Q, a*x)/x"3,x)

output‘(a“2*log(x))/2 + log(1l - ax*x)/(4xx~2) - (a~2xlog(a*x~2 - x))/4 - a/(4*x) -

‘ polylog(2, a*x)/(2*x"2)

3.8. J‘EEQE@%Z&Ede

3
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3.9 f PolyLo;gl(Q,ax) dx

3.9.1 Optimalresult . .. ... .. .. ... .. . 127
3.9.2 Mathematica [A] (verified) . . . . . .. . ... . L 127
3.9.3 Rubi [A] (verified) . . . ... ... . ... 128]
3.9.4 Maple [A] (verified) . .. ... .. ... ... 129
3.9.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 130
3.9.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... .. 130
3.9.7 Maxima [A] (verification not implemented) . ... ... ... ... .. ..., 131
3.9.8 Giac [F] . . . . . o 131
3.9.9 Mupad [B] (verification not implemented) . . . . ... .. ... .. ...... 131

3.9.1 Optimal result

Integrand size = 9, antiderivative size = 68

PolyLog(2, ax) a a? 1,4 1,
/ o dx = 1822 92 + g% log(z) — 9% log(1 — ax)
N log(1 —az) PolyLog(2,az)

9x3 33

output‘—1/18*a/x‘2—1/9*a‘2/x+1/9*a‘3*1n(x)-1/9*a‘3*ln(—a*x+1)+1/9*ln(—a*x+1)/x‘3—
1/3*polylog(2,a*x)/x"3

N

3.9.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.76

dz

PolyLog(2, ax)
!
az(1 + 2az) — 2a3z® log(z) + 2(—1 + a®2®) log(1 — az) + 6 PolyLog(2, ax)
1823

-

input LIntegrate [PolyLogl2, a*x]/x"4,x]

-/

output‘ -1/18*(axx* (1 + 2*axx) - 2¥a~3*x"3xLogl[x] + 2x(-1 + a"3*x"3)*Logl[l - a*x]
‘+ 6*PolyLog[2, a*x])/x"3

N

~

3.9 f PolyLog(2,a2) 1.

x4
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3.9.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.01, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 556 Ryjles used = {7145,

integrand size
25, 2842, 54, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog(2, ax) i

4

| 7145
1 / _log(1 — az) dr — PolyLog(2, ax)
3 x4 3z3

l 25

_1/ log(1 — azx) dr — PolyLog(2, ax)

3 z4 33
| 2842
1/1 1 log(1 — ax) PolyLog(2, ax)
e d _
3<3a/m3(1—ax) S e ) 33
| 54

1/1 a3 > a 1 log(1 — ax) PolyLog(2, ax)
(a/(— ++ﬁ+ﬁ>m+ 33 )— 33

l 2009

w

1/, 9 a 1 log(1 — azx) PolyLog(2, ax)
il (e — 1— _Z_ = —
<3a<a log(x) — a*log(1l — ax) - 2$2> + 323 353

input LInt [PolyLogl[2, a*x]/x"4,x]

e

(Logl[1 - axx]/(3%x73) + (a*x(-1/2%1/x"2 - a/x + a"2xLogl[x] - a"2xLogl[l - ax
x1))/3)/3 - PolyLogl2, a*x]/(3+x"3)

3.9. f PolyLo%(Zaw) dz

T
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3.9.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk354‘Int[((a_) + (b_)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
‘xpandIntegrand[(a + b*x)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
‘ ILtQ[m, O] &% IntegerQ[n] && !'(IGtQ[n, O] && LtQ[m + n + 2, 0])

rule 2009t1nt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul J

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))*((f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Loglc*(d + e*x)"n])/(
gx(q + 1)), x] - Simp[b*ex(n/(g*x(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, f, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[q, -1]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLogln - 1, a*(b*x"p)~ql, x], x] /; FreeQl{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.9.4 Maple [A] (verified)

Time = 0.73 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00

method result
. 203 In(z)z3 -2 In(—azx+1)23a3 —2a323 —2a22% —az—6 polylog(2,az)+2 In(—azx+1)
parallelrisch T80
23 ln(guz)_%_ 212 ln(—az+1)(—uz+13)(?()—uz+1)2+3az)
__polylog(2,az) a®  Gate 3az
parts 35 T 3
_ In(—az+1)(—az+1) ( (—az+1)%+3az
. . s s 3 _ polylog(2,ax) In(—az) 1 1
derivativedivides | a ( 2a3? T 9 o — Teaza? T 5a33
2
default a,3 _polylog(2,az) n In(—ax) 1 1 " ln(—ax+1)(—ax+1)<(—a:c+1) +3ax)
3a3z3 9 9ax 18a2x2 9a3x3
. 3 ( 320222 +60az+192 | (=16a°z°+16)In(—az+1)  polylog(2,az) _ 2 | In(@) |, In(-a) _ 1
meijerg a ( 432a2x2 + 144a3x3 3a3z3 27 + 9 + 9 20212

y

3.9. f PolyLog(?,a:c) dz

T
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input‘int(polylog(2,a*x)/x”4,x,method=_RETURNVERBOSE)

output‘1/18*(2*a“3*1n(x)*x“3-2*1n(-a*x+1)*x”3*a“3-2*a“3*x“3-2*a“2*x“2-a*x-6*poly1
‘og(2,a*x)+2*ln(—a*x+1))/x“3

3.9.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.82

PolyL
/ oly oi(2, ax) i
T
_2d°1%log (az — 1) — 2a%a®log (z) + 2 a’2? + azx + 6 Lig(az) — 2 log (—az + 1)
18 23

inputLintegrate(polylog(2,a*x)/x*4,x, algorithm="fricas")

output‘-1/18*(2*a“3*x“3*10g(a*x - 1) - 2#a"3*x"3*log(x) + 2¥a"2%x"2 + a*x + 6%dil
‘og(a*x) - 2xlog(-a*x + 1))/x"3

3.9.6 Sympy [A] (verification not implemented)

Time = 1.03 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.75

xt 9 9 9z  18z2 9x3 33

/ PolyLog(2, az) i — a®log (z) N a®Li; (az) a? a  Lij(az) Li;(ax)

inputLintegrate(polylog(2,a*x)/x**4,x)

output‘a**3*log(x)/9 + a**3*polylog(l, a*x)/9 - a*x*2/(9%x) - a/(18*x**2) - polylo
\g(1, a*x) / (9%x**3) - polylog(2, a*x)/(3*x**3)

3.9. f PolyLog(?,a:c) dz

T



LISTING OF INTEGRALS 131
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3.9.7 Maxima [A] (verification not implemented)
Time = 0.20 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.72
2a%z? + azx + 2 (a®>z® — 1) log (—azx + 1) + 6 Liz(az)

PolyLog(2, ax) 1 4
=~ a3l -
/ o =g e 1823

inputLintegrate(polylog(2,a*x)/x‘4,x, algorithm="maxima")

outputll/g*a“S*log(x) - 1/18*%(2*a"2*x"2 + a*x + 2x(a”3*x"3 - 1)xlog(-a*x + 1) + 6

*dilog(a*x))/x"3

3.9.8 Giac [F]

y
Lis(ao) 4,
T

xrd

/ PolyLog(2, ax) dp — /

inputLintegrate(polylog(2,a*x)/x‘4,x, algorithm="giac")

output Lintegrate (dilog(a*x)/x~4, x)

3.9.9 Mupad [B] (verification not implemented)
Time = 5.36 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.84

_a’Iln(az®—1)
9

In(1—azx) polylog(2,a z) a? 2
9 + 3 + 9

_ 2d® In(x) B
N 9 x3

/ PolyLog(2, ax) d

xd

inputtint(polylog(2, a*x)/x"4,x)

output‘(2*a‘3*1og(x))/9 - ((a*x)/18 - log(l - a*x)/9 + polylog(2, a*x)/3 + (a"2*x
‘*2)/9)/x‘3 - (a~3*log(a*x~2 - x))/9

x4

3.9 f PolyLog(2,a2) 1.
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3.10

3.10.
3.10.
3.10.
3.10.
3.10.
3.10.
3.10.
3.10.
3.10.

3.10.1 Optimal result

1
2
3
4
)
6
7
8
9

Optimal result . . . . . . . . . . . . .. e
Mathematica [A] (verified)

Rubi [A] (verified)

Mabple [A] (verified)
Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)

f PolyLog(2,ax) d

x5

4

Maxima [A] (verification not implemented)

Giac [F] . . o o e
Mupad [B] (verification not implemented)

Integrand size = 9, antiderivative size = 78

PolyLog(2, ax)
75

dzr =

a a? a’

48z3  32z2 16z
14

~ 169 log(1 — az) +

1 4
—a”1
+ 16(1 og

log(1 —az) PolyLog(2,az)

()

1624

4zt

output‘—1/48*a/x‘3—1/32*a‘2/x‘2—1/16*a‘3/x+1/16*a‘4*1n(x)-1/16*a‘4*1n(—a*x+1)+1/1
6*1n(-a*x+1) /x"4-1/4*polylog(2,a*x)/x"4

N

3.10.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.77

/ PolyLog(2, ax) i

x5

az(2 + 3azx + 6az?) — 6a*z* log(x) + 6(—1 + a*z*) log(1 — az) + 24 PolyLog(2, ax)

964

-

input LIntegrate [PolyLogl[2, a*x]/x"5,x]

-/

output‘ -1/96%* (axx*(2 + 3*axx + 6*%a~2*xx"2) - 6*a~4xx"4*Logl[x] + 6%(-1 + a~4*x"4)+*L

‘og[l - a*x] + 24*PolyLogl[2, a*x])/x"4

N

~

3.10.

PolyLog(2,ax)
J S de
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3.10.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.01, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 556 Ryjles used = {7145,

integrand size
25, 2842, 54, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog(2, ax) i

5

| 7145
1 / _log(1 — az) dr — PolyLog(2, ax)
4 x5 4a4

l 25

_1/ log(1 — azx) dr — PolyLog(2, ax)

4 x® 4zt
| 2842
1/1 1 log(1 — ax) PolyLog(2, ax)
4<4a/m4(1—ax)dm+ 4zt 4zt
| 54
1/1 a* a® a®> a 1 log(1 — ax) PolyLog(2, ax)
(2 _ e T AR B | _ ’
4<4a/< ax—1+x+x2+x3+x4> S 4z ) 4z
| 2009
1/1 (4 3 a®>  a 1 log(1 — ax) PolyLog(2, ax)
2 (2 a®log(z) — a®log(1 —az) — & — & _ ~ .
4 <4a<a og() — a”log(1 — az) z 2z 39:3) T 4zt

input ‘ Int [PolyLog[2, a*x]/x"5,x]

output‘ (Logl[1l - axx]/(4xx~4) + (ax(-1/3*1/x"3 - a/(2*x"2) - a~2/x + a~3*Loglx] -

‘ a~3*Logl[l - a*x]))/4)/4 - PolyLogl[2, a*x]/(4*x"4)

3.10. [ Povles@en) g,
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3.10.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk354‘Int[((a_) + (b_)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
‘xpandIntegrand[(a + b*x)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
‘ ILtQ[m, O] &% IntegerQ[n] && !'(IGtQ[n, O] && LtQ[m + n + 2, 0])

rule 2009t1nt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul J

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))*((f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Loglc*(d + e*x)"n])/(
gx(q + 1)), x] - Simp[b*ex(n/(g*x(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, f, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[q, -1]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLogln - 1, a*(b*x"p)~ql, x], x] /; FreeQl{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.10.4 Maple [A] (verified)

Time = 0.80 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.97

method result
. 61In(z)z%a?—61n(—az+1)a*z*—6a*z?—6a323 —3a22% —2ax—24 polylog(2,azx)+6 In(—az+1)
parallelrisch 962
N 1 1 In(—az) 1 1n(—az+1)(—az+1)((—az+1)3—4(—az+1)2+2—6az)
a 12a323 +m_ 4 + 8a2z2 + 40424
arts __polylog(2,az)
p 427 1
In(—az+1)(—az+1) ((—az+1)2—4(—az+1)%
.. .. 4( _polylog(2,az) 1 In(—ex) 1 1
derivativedivides | a ( 4atz? 48a3z3 + 16 16ax 32a2z2 16a%zx*
3 2
default o _povlog(ar) _ 1 mCan _ 1 _ g Ceethastn)((CentD)dartn)?
elau a datg? 484353 16 16az 320222 160727
s 4 _ 225a323+350a222+675az+2250 _ (—25a'z?+25)In(—az+1) | polylog(2,az) | 1 _ In(z) _ In(-
meijerg a < 7200a3z3 400a%z? + 4atz? + 32 16 1

3.10. [ Povles@en) g,
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input‘int(polylog(2,a*x)/x”5,x,method=_RETURNVERBOSE) ‘

output‘1/96*(6*1n(x)*x“4*a“4-6*1n(-a*x+1)*a”4*x“4-6*a“4*x“4-6*a“3*x“3-3*a“2*x“2-2
‘*a*x-24*polylog(2,a*x)+6*1n(—a*x+1))/x‘4 ‘

3.10.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.83

/ PolyLog(2, ax) dp —

5
6 a*z*log (ax — 1) — 6 a*z*log (z) + 6 a®x® + 3a?x? + 2ax + 24 Liz(ax) — 6 log (—az + 1)
96 z4
inputLintegrate(polylog(2,a*x)/x‘5,x, algorithm="fricas") J

Output‘ -1/96x (6%a~4*x"4*log(axx - 1) - 6%a~4xx"4*log(x) + 6xa~3*x"3 + 3*a~2*x"2 + \
‘ 2xaxx + 24*dilog(a*x) - 6*log(-axx + 1))/x74 ‘

3.10.6 Sympy [A] (verification not implemented)

Time = 1.80 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.77

5 16 16 16z 3272 48z3 1624 Ag*

/ PolyLog(2, ax) e atlog () a*Lij(az) a® a? a  Lij(az) Lip(ax)

inputLintegrate(polylog(2,a*x)/x**5,x) J

output‘a**4*1og(x)/16 + ax*4xpolylog(l, a*x)/16 - a**3/(16%x) - a*x*2/(32*x**x2) -
'a/(48%x#x3) - polylog(l, a*x)/(16*x**4) - polylog(2, axx)/(4*xr*4)

3.10. [ Povles@en) g,
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3.10.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.74

PolyLog(2, ax) 1,
= — ]_
/ x5 de 167 8 (z)
_ 6a%°z° +30d°2° +2ax + 6 (a*z* — 1) log (—az + 1) + 24 Liy(ax)
96 x4

inputLintegrate(polylog(2,a*x)/x‘5,x, algorithm="maxima")

output‘ 1/16*%a~4*log(x) - 1/96*%(6*a~3%x"3 + 3*a~2*x"2 + 2%a*x + 6%(a~4*x"4 - 1)*lo
‘g(-a*x + 1) + 24xdilog(a*x))/x"4

3.10.8 Giac [F]

/ PolyLog(2, ax) dp — / Liy(ax) i

° x°

inputLintegrate(polylog(2,a*x)/x‘5,x, algorithm="giac")

outputtintegrate(dilog(a*x)/x‘S, x)

3.10.9 Mupad [B] (verification not implemented)

Time = 5.32 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.77

P

/ olyLo%’(Q, ax) i
T

In(l1—az) polylog(2,az) a’z*+ S _a*atan(ax2i—i) Ii

16 x4 4 x4 16 23 8

inputtint(polylog(Q, a*x)/x~5,x)

output‘log(l - a*x)/(16*x74) - (a"4*xatan(a*x*2i - 1i)*1i)/8 - polylog(2, a*x)/(4*
‘x“4) - (a/3 + (a™2%x)/2 + a~3%x"2)/(16*x"3)

3.10. [ Povles@en) g,



CHAPTER 3. LISTING OF INTEGRALS 137

3.11 [ z? PolyLog(3, az) dz

3.11.1 Optimal result . . . . . . . . . ... 137
3.11.2 Mathematica [A] (verified) . . . . . . . . ... ... L 137
3.11.3 Rubi [A] (verified) . . . . . . .. ... 138
3.11.4 Maple [A] (verified) . .. . ... . .. .. 139
3.11.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 1401
3.11.6 Sympy [F] . . . . o 140
3.11.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 140
3.11.8 Giac [F] . . . . o o [141]
3.11.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ..... 141

3.11.1 Optimal result

Integrand size = 9, antiderivative size = 88

2 3 * log(l—az) 1
3 PolvL dzx z z z oV 2t log(1 —
/ z" PolyLog(3,az)de = &/ 5 + 1982 + 1090 T 256 T 64ad 61% log(l —az)
1 1
— Ex‘l PolyLog(2, ax) + Zw‘* PolyLog(3, ax)

output| 1/64%x/a~3+1/128%x~2/a~2+1/192+x"3/a+1/256%x"4+1/64*1n(-a*x+1) /a4-1/64%x"
 4x1n(-a*x+1)-1/16%x"4%polylog(2,a*x)+1/4*x"4*polylog(3,a*x) |

3.11.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.98

/ z° PolyLog(3, ax) dx

_ 12az + 6a°z? 4 4a’z® + 3a'z? + 121log(1 — az) — 12az* log(1 — az) — 48a’z* PolyLog(2, ax) + 192a*x
a 768a*

input LIntegrate [x~3*PolyLog[3, a*x],x]

-/

output‘ (12%a*x + 6*%a”~2*%x"2 + 4*a”~3*x"3 + 3*a"4*x"4 + 12+Log[l - a*x] - 12*a"4*x"4 \
‘*Log[l - axx] - 48%a"4*x"4*PolyLog[2, a*x] + 192*a”4*x~4*PolyLog[3, a*x])/ ‘
(768+a~4) |

3.11. [ z®PolyLog(3,az) dz
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3.11.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.17,

number of steps used = 6, number of rules used = 6,

= {7145, 7145, 25, 2842, 49, 2009}

number of rules

integrand size

= 0.667, Rules used

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1

4

(

/ 23 PolyLog(3, az) dz

lTM5

1 1
Zx“ PolyLog(3, ax) — 1 / 23 PolyLog(2, az)dx

1L
4\4

1/1
a4\ "1

1 / 3 2 T
_701 _______
4 a a2 a3
—la log(l—az) =

4 ad at

at(az—1) a4>

l7m5

| 25

l 9842

| 49

1 1
4

1
19:4 PolyLog(3, ax)

l 2009

1
— 1334 log

1
1x4 PolyLog(3, ax)

1 1
/ —z3log(1 — ax)dx — Zw‘l PolyLog(2, aw)) + ZI4 PolyLog(3, ax)
1 3 L 4 L 4
2/ log(1 — az)dz — Vi PolyLog(2,ax) | + 2% PolyLog(3, ax)

zt 14 1, 1,
/ T axda: — ¢ log(1 — az)) —3* PolyLog(2, aa:)) + i PolyLog(3, ax)

1 1
dz — ~z*log(1 — ax)) — Z.’LA PolyLog(2, a:c)) +

(1- aw)) - ix‘i PolyLog(2, ax)) +

input LInt [x~3*PolyLogl[3, a*x],x]

3.11.

| «* PolyLog(3, az) dz
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output‘ ((-1/4%(x"4xLog[1 - a*x]) - (a*x(-(x/a”4) - x72/(2*a"3) - x73/(3*a"2) - x74
‘/(4*a) - Logl[l - ax*x]/a"5))/4)/4 - (x"4xPolyLogl[2, a*x])/4)/4 + (x"4*PolyL
‘og[3, a*xx])/4

3.11.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

ruk349‘Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
& 1GtQ[m, 0] && IGtQ[m + n + 2, 0]

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))*((f_.) + (g_.)*(x_
))"(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Logl[c*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*e*x(n/(gx(q + 1))) Int[(f + g*x)"(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, £, g, n, q}, x] && NeQlexf - dxg, 0] &&
NeQ[q, -1]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x"p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLogln - 1, a*(b*x"p)~ql, x], x] /; FreeQl{a,
b, d, m, p, qf, x] & NeQ[m, -1] && GtQ[n, O]

3.11.4 Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.89

method | result size

3.3 2,2 4 4
_ aw(lsa z°+20a“x +30az+60) _ (—50, x +5) In(—az+1) i a4z4 polylog(2,az) _ a4w4 polylog(3,az)
16 4

meijerg | — 3840 520 78

-

input Lint (x~3#polylog(3,a*x) ,x,method=_RETURNVERBOSE)

-/

3.11. [ z®PolyLog(3,az) dz
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output \ -1/a"4*(-1/3840*a*x* (15%a~3*x~3+20*a"2*xx~2+30*a*x+60) —1/320%* (-5*xa~4*x~4+5) \
L*ln(-a*x+1)+1/16*a“4*x“4*p01y10g(2,a*x)-1/4*a“4*x“4*polylog(3,a*x)) J

3.11.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.88

/ z° PolyLog(3, ax) dx =

48 a*z*Lis(azx) — 192 a*z*polylog(3, az) — 3a'z* — 4a3z® — 6 a’x? — 12az + 12 (a’z? — 1) log (—ax |
B 768 a?

-

input Lintegrate (x~3%polylog(3,a*x),x, algorithm="fricas")

—J/

output‘—1/768*(48*a‘4*x‘4*dilog(a*x) - 192%a”4*x"4*polylog(3, a*x) - 3*a~4*x"4 -
L4*a“3*x‘3 - 6*%a”"2*%x"2 - 12¥axx + 12*(a"4*x"4 - 1)*log(-a*x + 1))/a"4

~

3.11.6 Sympy [F]

/ 2% PolyLog(3, az) dx = / 2% Lis (ax) dz

inputtintegrate(x**3*polylog(3,a*x),x) J

outputLIntegral(x**S*polylog(B, a*x), X) J

3.11.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.88

/ 23 PolyLog(3, az) dx =

48 a*z*Lis(ax) — 192 a*z*Liz(az) — 3a*z* — 4a3z® — 6a?2® — 12az + 12 (a*z* — 1) log (—az + 1)
- 768 at

3.11. [ z®PolyLog(3,az) dz
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inputLintegrate(x“3*poly10g(3,a*x),x, algorithm="maxima")

output‘-1/768*(48*a‘4*x“4*dilog(a*x) - 192*%a”4*x"4*polylog(3, a*x) - 3*a"4*x"4 -
‘4*a“3*x‘3 - 6*%a”2+x72 - 12%a*x + 12*%(a"4*x"4 - 1)*log(-a*x + 1))/a"4

3.11.8 Giac [F]

/ 2 PolyLog(3, az) dz = / 23Liz(az) dx

input Lintegrate (x~3*polylog(3,a*x),x, algorithm="giac") J

output Lintegrate(x“3*polylog(3, a*x), x) J

3.11.9 Mupad [B] (verification not implemented)

Time = 5.71 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.81

In(az—1) z'ln(l—ax) T zt

? PolyL dr = - L

/ @ PolyLog(3, az)dv = =g oa 64 61a° 256

_ z*polylog(2,ax) N ztpolylog(3,ax) 3 N x>
16 4 192a 12842

input Lint (x~3%polylog(3, a*x),x) J

output‘ log(a*x - 1)/(64*a~4) - (x"4xlog(1l - a*x))/64 + x/(64*a~3) + x74/256 - (x~ ‘

\4*polylog(2, a*x))/16 + (x"4*polylog(3, a*x))/4 + x~3/(192*%a) + x~2/(128*a
~2)

3.11. [ z®PolyLog(3,az) dz
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3.12 [ z* PolyLog(3, az) dz

3.12.1 Optimalresult . . . . . . . . . .. 142]
3.12.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 142
3.12.3 Rubi [A] (verified) . . . . . ... .. 143
3.12.4 Maple [A] (verified) . . . . . . . . . ... 144
3.12.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 145
3.12.6 Sympy [F] . . . . . 145
3.12.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 1451
3.12.8 Giac [F] . . . o o 146
3.12.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 146

3.12.1 Optimal result

Integrand size = 9, antiderivative size = 78

T 2 x3 log(l—azx) 1

\ B am  r logll —ax)
/.7; PolyLog(3, ax) dz = vz T st T o 27

1 1
— §m3 PolyLog(2, ax) + §x3 PolyLog(3, ax)

23 log(1 — az)

output‘1/27*x/a‘2+1/54*x‘2/a+1/81*x“3+1/27*1n(-a*x+1)/a“3—1/27*x“3*1n(-a*x+1)-1/9
‘*x‘3*polylog(2,a*x)+1/3*x‘3*polylog(3,a*x) ‘

3.12.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.00

/ z? PolyLog(3, az) dx

_ 6az + 3a’z® + 2a°z® + 6log(1 — ax) — 6a’z? log(1 — ax) — 18a®z® PolyLog(2, ax) + 54a®z® PolyLog(3,
B 16243

input LIntegrate [x~2xPolyLogl[3, a*x],x] J

Output‘ (6*a*x + 3*xa~2*%x"2 + 2*a”~3%x"3 + 6*%Log[l - a*x] - 6%a~3*x"3*Log[l - a*x] - \
| 18*a"3*x"3+PolyLog[2, a*x] + 54*a"3*x"3+PolyLogl[3, a*x])/(162*a"3) |

3.12. [ z?PolyLog(3,az) dz
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3.12.3 Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.19, number

of steps used = 6, number of rules used = 6, Bumber of rules _ , 667 Ryjles used = {7145,
integrand size

7145, 25, 2842, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z% PolyLog(3, ax) dz
| 7145
1 s 1 2
3% PolyLog(3, ax) — 3 /@ PolyLog(2, ax)dx

lTM5

1/1 1 1
= <3 / —z?log(1 — ax)dz — §x3 PolyLog(2, a:c)) + §x3 PolyLog(3, ax)

3
l 25
1

1 1 1
3 (—3 /9:2 log(1 — az)dz — ga:?’ PolyLog(2, aw)) + §I3 PolyLog(3, ax)

l 9842

1/1 1 3 1 1 1
= < <—a/ T dr— -a® log(1 — am)) - §w3 PolyLog(2, a:c)) + §w3 PolyLog(3, ax)

1—ax 3
l'49

1/1/ 1 2 z 1 1 1 4 14

1
§m3 PolyLog(3, ax)

| 2009
1/1/ 1 log(l—azx) =z x* 23 14 1 4

1
gm?’ PolyLog(3, ax)

input Int[x"2*PolyLog[3, a*x],x]

N

output‘/((—i/S*(x“B*Log[i - axx]) - (ax(-(x/a"3) - x"2/(2%¥a"2) - x~3/(3*a) - Logl1
! - a*x]/a"4))/3)/3 - (x"3*PolyLog[2, a*x])/3)/3 + (x~3*PolyLogl[3, a*x])/3

—

3.12. [ z?PolyLog(3,az) dz
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3.12.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk349‘Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
& 1GtQ[m, 0] && IGtQ[m + n + 2, 0]

ruka2009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))*((f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Loglc*(d + e*x)"n])/(
gx(q + 1)), x] - Simp[b*ex(n/(g*x(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, f, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[q, -1]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLogln - 1, a*(b*x"p)~ql, x], x] /; FreeQl{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.12.4 Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.88

method | result size

2 2 3.3
ax (40, x +6aa:+12) n (—4a x +4) In(—az+1) _ a3:1:3 polylog(2,ax) +a33:3 polylog(3,ax)
meljerg 324 108 9 3

69

a3

inputLint(x‘Q*polylog(3,a*x),x,method=_RETURNVERBOSE)

output \ 1/a"3%(1/324*a*xx* (4*xa~2*x~2+6*a*xx+12)+1/108+* (-4*a~3*x"3+4) *1n(-a*x+1)-1/9%
‘a“3*x”3*polylog(2,a*x)+1/3*a‘3*x“3*polylog(3,a*x))

3.12. [ z?PolyLog(3,az) dz
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3.12.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.88

/ x? PolyLog(3, az) dz =

_184°2°Liz(azx) — 54 a’z’polylog(3, ax) — 2a’z® — 3a’z® — 6az + 6 (a’2® — 1) log (—az + 1)
162 a®

-

inputLintegrate(x‘2*polylog(3,a*x),x, algorithm="fricas")

-/

output‘—1/162*(18*a“3*x‘3*dilog(a*x) - 54*a~3xx"3*polylog(3, a*x) - 2*a~3%x"3 - 3
‘*a‘2*x‘2 - 6xa*x + 6%(a”3*x"3 - 1)*log(-a*x + 1))/a"3 ‘

3.12.6 Sympy [F]

/ z? PolyLog(3, az) dx = / 2% Liz (ax) dz

inputLintegrate(x**2*polylog(3,a*X),X) J

outputLIntegral(x**Q*polylog(B, a*x), x) J

3.12.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.88

/ z? PolyLog(3, ax) dz

18 a3x3Liy(az) — 54 az3Liz(ax) — 2 a3x3® — 3a?x? — 6 az + 6 (a3z® — 1) log (—azx + 1)
162 a3

inputLintegrate(x“2*polylog(3,a*x),x, algorithm="maxima") J

output‘—1/162*(18*a‘3*x‘3*dilog(a*x) - b4*a”3%x"3*polylog(3, a*x) - 2*a"3*x"3 - 3
‘*a“2*x‘2 - 6xaxx + 6%(a"3*x"3 - 1)xlog(-a*x + 1))/a"3 ‘

3.12. [ z?PolyLog(3,az) dz
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3.12.8 Giac [F]

/ z? PolyLog(3, az) dx = / r*Liz(az) dz

inputLintegrate(x“2*polylog(3,a*x),x, algorithm="giac")

output

integrate(x~2*polylog(3, a*x), x)

-

3.12.9 Mupad [B] (verification not implemented)

Time = 5.73 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.81

In(az—1) zIn(l—ax) T 3
2 _ _ ol
/w PolyLog(3, ax) dz = 57 43 o + 57 42 + a1
_ 2®polylog(2,ax) N z3 polylog (3, a ) N z?
9 3 o4 a

input Lint (x~2*polylog(3, a*x),x)

output‘log(a*x - 1)/(27*a"3) - (x"3*log(1l - a*x))/27 + x/(27*a"2) + x~3/81 - (x73
*polylog(2, a*x))/9 + (x"3*polylog(3, a*x))/3 + x~2/(54%a)

N\

3.12. [ z?PolyLog(3,az) dz
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3.13 [ z PolyLog(3, az) dz

3.13.1 Optimal result . . . . . . .. . .. 147
3.13.2 Mathematica [A] (verified) . . . . . . . ... ... L o 147
3.13.3 Rubi [A] (verified) . . . . . . ... .. 148
3.13.4 Maple [A] (verified) . . . ... ... ... 149
3.13.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 150
3.13.6 Sympy [F] . . . . . 150
3.13.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 1501
3.13.8 Giac [F] . . . . o 151
3.13.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 151

3.13.1 Optimal result

Integrand size = 7, antiderivative size = 68

r =z log(l—az) 1,
/xPolyLog(3, az)dx = %a + 16 + — sz &% log(1 — ax)

1 1
— Zm2 PolyLog(2, ax) + §m2 PolyLog(3, ax)

output‘1/8*x/a+1/16*x“2+1/8*1n(-a*x+1)/a‘2—1/8*x“2*1n(-a*x+1)-1/4*x‘2*polylog(2,a
| *x)+1/2%x~2*polylog(3,a*x) |

3.13.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.01

/ z PolyLog(3, az) dx
_ 2az + a®z? + 2log(1 — ax) — 2a*z?log(1 — ax) — 4a®z® PolyLog(2, ax) + 8az? PolyLog(3, ax)

16a2

inputLIntegrate[x*PolyLog[S, a*x] ,x] J

output‘(Q*a*x + a”2xx72 + 2xLogl[l - a*x] - 2%a~2*x"2*Log[l - a*x] - 4*a~2xx"2xPol
‘ yLog[2, a*x] + 8*a~2+x~2*PolyLogl[3, a*x])/(16%a~2) ‘

3.13. [z PolyLog(3, az) dz



input

output
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3.13.3 Rubi [A] (verified)
Time = 0.31 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.22, number

of steps used = 6, number of rules used = 6, Bumber of rules _ , g57 Ry jjeg ysed = {7145,

integrand size
7145, 25, 2842, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ x PolyLog(3, ax) dz
| 7145
1, 1
3% PolyLog(3,ax) — 3 z PolyLog(2, az)dx
| 7145
1/1 1, 1,
1) —zlog(l — az)dx — % PolyLog(2, ax) +§w PolyLog(3, ax)

2
125

1 1 1 1
5 <—2 /:clog(l —azx)dr — §m2 PolyLog(2, am)) + in PolyLog(3, ax)
| 2842
1/1/ 1 z? 1, 1, 1,
3 <2 <—2a/ T amdm — 5 log(1 — aa:)) — 5t PolyLog(2,aa;)> + 3% PolyLog(3, ax)

l49

1/1/ 1 z 1 1 1, 1,

1
5332 PolyLog(3, ax)

l 2009

_ 2
1<1 <_1a<_log(law) _T_ :1:) - %:1;2 log(1 — ax)) — %m2 PolyLog(2,ax)> +

1
5902 PolyLog(3, ax)

Int [x*PolyLog[3, a*x],x]

N J

‘/((—1/2*(x“2*Log[1 - axx]) - (ax(-(x/a"2) - x"2/(2*a) - Logl[l - a*x]/a"3))/
!2)/2 - (x"2%PolyLog[2, a*x])/2)/2 + (x"2%PolyLogl[3, a*x])/2

—

3.13. [z PolyLog(3, az) dz
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3.13.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk349‘Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
& 1GtQ[m, 0] && IGtQ[m + n + 2, 0]

ruka2009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))*((f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Loglc*(d + e*x)"n])/(
gx(q + 1)), x] - Simp[b*ex(n/(g*x(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, f, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[q, -1]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLogln - 1, a*(b*x"p)~ql, x], x] /; FreeQl{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.13.4 Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.91

method | result size

2.2
_az(3ax+6) (_3‘1 z +3) In(—az+1) + a?z? polylog(2,az) a2z polylog(3,ax)
4 2

meijerg | — 48 24 62

a2

inputLint(x*polylog(B,a*x),x,method=_RETURNVERBDSE)

OUtPUt‘-1/a“2*(—1/48*a*x*(3*a*x+6)—1/24*(—3*a“2*x‘2+3)*ln(-a*x+1)+1/4*a”2*x“2*pol
‘ylog(2,a*x)-1/2*a“2*x”2*polylog(3,a*x))

3.13. [z PolyLog(3, az) dz
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3.13.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.90

/ z PolyLog(3, az) dz

_4a’2’Liz(azx) — 8 a’a’polylog(3, ax) — a*z® — 2azx + 2 (a’z® — 1) log (—az +1)

16 a2

-

input Lintegrate (x*polylog(3,a*x),x, algorithm="fricas")

-/

output‘—1/16*(4*a“2*x‘2*dilog(a*x) - 8*%a~2*x"2*polylog(3, a*x) - a"2%x"2 - 2%axx
+ 2¢(a”2#x72 - 1)*log(-a*x + 1))/a™2

3.13.6 Sympy [F]

/w PolyLog(3, ax) dz = /z Li; (az) dz

inputLintegrate(x*polylog(B,a*x),x)

e

output LIntegral(x*polylog(S, a*x), x)

~—

3.13.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.90

/ z PolyLog(3, az) dz

_ 4ad*2’Liz(az) — 8a’2’Liz(az) — a’a® — 2az + 2 (a’2® — 1) log (—azx + 1)
16 a?

inputLintegrate(x*polylog(S,a*x),x, algorithm="maxima")

output‘ -1/16x(4*a~2xx"2*dilog(a*x) - 8*a”2*x~2*polylog(3, axx) - a~2*x"2 - 2*a*x
‘+ 2% (a~2%x"2 - 1)xlog(-a*x + 1))/a~2

3.13. [z PolyLog(3, az) dz
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3.13.8 Giac [F]

/ z PolyLog(3, az) dz = / zLis(ax) dz

inputLintegrate(x*polylog(S,a*x),x, algorithm="giac")

output

integrate(x*polylog(3, a*x), x)

-

3.13.9 Mupad [B] (verification not implemented)

Time = 5.74 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.81

In(az—1) z?ln(l—az) =z z°
/w PolyLog(3, ax) dz = S — 3 + 5a + 6
z?polylog(2,az) z?polylog(3,ax)
B 4 * 2

input Lint (x*polylog(3, a*x),x)

output‘log(a*x - 1)/(8%a”2) - (x"2*log(l - a*x))/8 + x/(8%a) + x72/16 - (x"2*poly
log(2, a*x))/4 + (x"2*polylog(3, a*x))/2

N\

———

3.13. [z PolyLog(3, az) dz
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3.14 [ PolyLog(3, az) dz

3.14.1 Optimal result . . . . . . . . . .. 152
3.14.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 152
3.14.3 Rubi [A] (verified) . . . . . ... .. 153
3.14.4 Maple [A] (verified) . . . . . . . .. .. Y
3.14.5 Fricas [A] (verification not implemented) . . . . . . ... . ... ... ... .. 154
3.14.6 Sympy [F] . . . . . 1539
3.14.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 1551
3.14.8 Giac [F] . . . o o 155
3.14.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 156

3.14.1 Optimal result

Integrand size = 5, antiderivative size = 34

/PolyLog(3, az)dr =z +

(1 —ax)log(1l — ax)

a

— z PolyLog(2, az) + = PolyLog(3, ax)

e

output Lx+ (—a*x+1)*1n(-a*x+1) /a-x*polylog(2,a*x)+x*polylog(3,a*x)

~—

3.14.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.15

/ PolyLog(3,az)dz =z (1 —log(l—az)+

log(1 — azx)

ax

— PolyLog(2, az) 4+ PolyLog(3, ax))

input

N

Integrate[PolyLog[3, a*x],x]

output‘x*(l - Log[1l - a*x] + Logl[l - a*x]/(a*x) - PolyLogl[2, a*x] + PolyLogl[3, ax*

Lx])

|

3.14.

| PolyLog(3, az) dz
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3.14.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.15, number
of steps used = 6, number of rules used = 5, Bumber of rules _ 4 554 Ryles used = {7140,

integrand size
7140, 25, 2836, 2732}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog(3, ax) dz
| 7140
z PolyLog(3, ax) — / PolyLog(2, ax)dx
| 7140
/ —log(1 — az)dx — x PolyLog(2, az) + z PolyLog(3, az)
| 25
- /log(l — az)dz — x PolyLog(2, az) + x PolyLog(3, ax)

l 2836

[ log(1 — az)d(1 — ax)

— z PolyLog(2, az) + = PolyLog(3, ax)

l 9732

n az + (1 — az)log(l —az) —1

—z PolyLog(2, ax) + x PolyLog(3, ax) .

input ‘ Int [PolyLog[3, a*x],x]

output‘ (-1 + a*x + (1 - a*x)*Logl[1l - a*x])/a - x*PolyLog[2, a*x] + x*PolyLogl[3, a
g

3.14. [ PolyLog(3,az) dz
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3.14.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2732 Int [Log[(c_.)*(x_)"(n_.)], x_Symbol] :> Simp[x*Loglc*x~n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

rule 2836 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))"(p_.), x_Symboll
> Simp[1/e  Subst[Int[(a + b*Loglc*x™n])~p, x], x, d + exx], x] /; FreeQ[{
a, b, c, d, e, n, p}, x]

rule 7140 | Int[PolyLogln_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbol] :> Simp[x*PolyLo
gln, ax(b*x"p)~ql, x] - Simp[p*q Int[PolyLog[n - 1, ax(b*x~p)~ql, x], x]
/; FreeQ[{a, b, p, q}, x] && GtQ[n, 0]

3.14.4 Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.21

method | result size

az+ (—2ax+2)21n(—a:v+1)

—az polylog(2,az)+ax polylog(3,az) 41

meijerg ”

input Lint (polylog(3,a*x),x,method=_RETURNVERBOSE)

output Ll/a* (axx+1/2*% (-2*a*x+2) *1n(-a*x+1) -a*x*polylog(2,a*x)+a*x*polylog(3,a*x))

-/

3.14.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.15

_azLiz(az) — azpolylog(3, az) — ax + (az — 1)log (—az + 1)

/ PolyLog(3, ax) dz =

a

inputLintegrate(polylog(S,a*x),x, algorithm="fricas")

3.14. [ PolyLog(3,az) dz
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output L-(a*x*dilog(a*x) - axxxpolylog(3, a*x) - axx + (axx - 1)*log(-a*x + 1))/a

3.14.6 Sympy [F]

/ PolyLog(3, ax) dz = / Li; (az) dz

input Lintegrate (polylog(3,a*x),x)

output LIntegral(polylog(B, a*x), x)

3.14.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.15

_azliz(az) — azLiz(az) — az + (ax — 1) log (—az + 1)

a

/ PolyLog(3, ax) dz =

input Lintegrate (polylog(3,a*x),x, algorithm="maxima")

output L—(a*x*dilog(a*x) - axx*polylog(3, a*x) - a*x + (a*x - 1)xlog(-a*x + 1))/a

3.14.8 Giac [F]

/ PolyLog(3, ax) dz = / Lis(az) dx

input tintegrate (polylog(3,a*x),x, algorithm="giac")

-

output tintegrate(polylog(s, a*x), Xx)

e—

3.14. [ PolyLog(3,az) dz
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3.14.9 Mupad [B] (verification not implemented)

Time = 5.63 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.09

/ PolyLog(3, ax)dx =z + w —z polylog(2,a x) 4+ z polylog(3,az) —z In (1 —ax)

input‘ int (polylog(3, a*x),x)

output‘x + log(a*x - 1)/a - x*polylog(2, a*x) + x*polylog(3, a*x) - x*log(l - a*x
)

3.14. [ PolyLog(3,az) dz
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3.15 f PolyLog(3,azx) dr

T
3.15.1 Optimal result . . . . . . . . . . .. e 157
3.15.2 Mathematica [A] (verified) . . . . . . . . ... . L 157
3.15.3 Rubi [A] (verified) . . . . ... .. . ... 158
3.15.4 Maple [A] (verified) . ... ... ... . ... 158
3.15.5 Fricas [F] . . . . . . o 159
3.15.6 Sympy [A] (verification not implemented) . . .. ... ... .. ... . ... 159
3.15.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 159
3.15.8 Giac [F] . . . . . o 1601
3.15.9 Mupad [F(-1)] . . . . . oo 160

3.15.1 Optimal result

Integrand size = 9, antiderivative size = 5

dx = PolyLog(4, ax)

/ PolyLog(3, ax)
T

output ‘ polylog(4,axx) J

3.15.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

/ PolyLog(3, ax)

. dx = PolyLog(4, ax)

input Integrate[PolyLogl[3, a*x]/x,x]

N\ J

output LPolyLog [4, a*x] J

3.15. [ PobvlosBaz) gy

T
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3.15.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ (, 117 Ryjeg used = {7143}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

PolyLog(3
/ oly. 05( ,aT) i

l 7143

PolyLog(4, ax)

input LInt [PolyLogl[3, a*x]/x,x]

-/

output LPolyLog [4, a*x]

3.15.3.1 Defintions of rubi rules used

rule 7143 Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))~(p_.)1/((d_.) + (e_.)*(x_)), x_S
‘ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

3.15.4 Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.20

method result size

derivativedivides | polylog (4,az) | 6
default polylog (4,az) | 6

meijerg polylog (4,az) | 6

N

input lint (polylog(3,a*x)/x,x,method=_RETURNVERBOSE)

~—

.
output Lpolylog(ll ,a*X)

-/

3.15. [ PobvlosBaz) gy

T
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3.15.5 Fricas [F]

/ PolyLog(3, ax) dp — / Liz(ax) i

Z T

inputLintegrate(polylog(3,a*x)/x,x, algorithm="fricas")

outputLintegral(polylog(B, a*x)/x, x)

3.15.6 Sympy [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.60

dx = Liy (az)

/ PolyLog(3, ax)
T

input Lintegrate (polylog(3,a*x)/x,x)

output‘polylog(4, a*x)

3.15.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

/ PolyLog(3, ax) dx = Liy(az)

X

inputLintegrate(polylog(S,a*x)/x,x, algorithm="maxima")

output ‘ polylog(4, a*x)

3.15. [ PobvlosBaz) gy

T
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3.15.8 Giac [F]

/ PolyLog(3, ax) dp — / Liz(ax) i

Z T

input Lintegrate (polylog(3,a*x)/x,x, algorithm="giac")

output Lintegrate (polylog(3, a*x)/x, x)

3.15.9 Mupad [F(-1)]

Timed out.

/PolyLog(3, ax) d _/polylog(3,aw) dx

T T

input Lint (polylog(3, a*x)/x,x)

output Lint (polylog(3, a*x)/x, x)

3.15. [ PobvlosBaz) gy

T



CHAPTER 3. LISTING OF INTEGRALS

161

3.16 f PolyLog2(3,ax) dr

X

3.16.1 Optimal result . . . . . . . . . . . . . ..
3.16.2 Mathematica [A] (verified) . . . . . . . . ... .. L
3.16.3 Rubi [A] (verified) . . . . ... ... ...
3.16.4 Maple [A] (verified) . .. .. ... ... ...
3.16.5 Fricas [A] (verification not implemented) . . . . . . . ... ... .. ... ...
3.16.6 Sympy [F] . . . . . o
3.16.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... ..
3.16.8 Giac [F] . . . . . .
3.16.9 Mupad [B] (verification not implemented) . . . .. .. ... ... ... ...

3.16.1 Optimal result

Integrand size = 9, antiderivative size = 46

dx = alog(z) — alog(l — ax) + M

_ PolyLog(2,az)  PolyLog(3, az)
T T

/ PolyLog(3, ax)

x2

162
1164
164
164
165]
[165]
[165]

output La*ln (x)-a*1n(-a*x+1)+1ln(-a*x+1) /x-polylog(2,a*x) /x-polylog(3,a*x)/x

~—

3.16.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.96

P
/ olyLog2(3, azx) s
x

__ —azlog(—az) —log(l — az) + azlog(l — az) + PolyLog(2, az) + PolyLog(3, az)

X

input LIntegrate [PolyLog[3, a*x]/x"2,x]

output ‘ -((-(a*xxLog[-(a*x)]) - Logl[l - a*x] + a*x*Logl[l - a*x] + PolyLogl[2, a*x]
L+ PolyLog[3, a*x])/x)

3.16. [ PovlegBen) gy
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3.16.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , 77¢ Ry jjeq ysed = {7145,

integrand size
7145, 25, 2842, 47, 14, 16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog(3, ax) e

72
| 7145
/ PolyLog(2, ax) dp — PolyLog(3, ax)
x2 x
| 7145
/_log(l —ax) dr — PolyLog(2,az)  PolyLog(3,ax)
z2 z z

| 25

_/ log(1 — az) d — PolyLog(2,az)  PolyLog(3,az)
z? x z

l 92842

1 _
4 / dr — PolyLog(2,az)  PolyLog(3,ax) + log(1 — azx)
z(1 — azx) x x x

l 47

1 —
a(a/ da + / 1dz> _ PolyLog(2,az)  PolyLog(3, az) 4 log(1 — ax)
1—ax T T T T
| 14

a<a/ 1 dz+ log(:c)> _ PolyLog(2,az)  PolyLog(3,ax) + log(1 — ax)

— ar T T T

| 16

+ a(log(z) — log(1 — ax)) +

log(1 — az)
x

_ PolyLog(2,az)  PolyLog(3, az)
x x

r

input LInt [PolyLog[3, a*x]/x"2,x]

| —

3.16. [ PovlegBen) gy
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output ‘

t

ax(Log[x] - Logl[l - a*x]) + Log[l - a*x]/x - PolyLog[2, a*x]/x - PolyLogl[3
, axx]/x

3.16.3.1 Defintions of rubi rules used

-

rule 14 LInt [(a_.)/(x_), x_Symbol] :> Simp[axLogl[x], x] /; FreeQla, x]

~—

rule 16}

Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simpl[c*(Log[RemoveContent[a +

Lb*x, x]11/b), x] /; FreeQ[{a, b, c}, x]

rule 25 L

~

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 47

Int[1/((Ca_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Simp[b/(b*c
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - a*d) Int[1/(c + d*x), x
1, x] /; FreeQ[{a, b, c, d}, x]

rule 2842

Int[((a_.) + Logl(c_.)*((d.) + (e_)*(x_))"(n_)1*(b_))*((£f_.) + (g_.)*(x_
))"(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Logl[c*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*e*(n/(gx(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, £, g, n, q}, x] && NeQlexf - dxg, 0] &&
NeQ[q, -11]

rule 7145

Int[((d_.)*(x_))"(m_.)*PolyLogln_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x"p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLogln - 1, a*(b*x"p)~ql, x], x] /; FreeQl{a,
b, d, m, p, qf, x] && NeQ[m, -1] && GtQ[n, O]

3.16. [ PovlegBen) gy
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3.16.4 Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.24

method | result size

meijerg a((—Saz+88);I;(—am+1) . polylc;gw(2,ax) . polyl(;gz(&am) +1In (IE) +In (_a)) 57

-

inputLint(polylog(s,a*x)/x‘2,x,method=_RETURNVERBOSE)

-/

output‘a*(1/8/a/x*(—8*a*x+8)*1n(—a*x+1)—1/a/x*polylog(2,a*x)—1/a/x*polylog(3,a*x)
+1n(x)+1n(-a))

-

3.16.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.85

P
/ olyLog2(3, azx) d
x
_azlog (az — 1) — azlog (z) + Liz(az) — log (—az + 1) + polylog(3, az)
x

inputLintegrate(polylog(S,a*x)/x“2,x, algorithm="fricas")

p
output‘—(a*x*log(a*x - 1) - a*x*log(x) + dilog(a*x) - log(-a*x + 1) + polylog(3,
‘a*x))/x

3.16.6 Sympy [F]

/ PolyLog(3, ax) dr — / Li; (ax) i

2 2

inputtintegrate(polylog(S,a*x)/x**2,x)

output LIntegral (polylog(3, a*x)/x**2, x)

3.16. [ PovlegBen) gy
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3.16.7 Maxima [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.72

—1)log (— 1) + Li Li
/PolyL(;gz(?), ar) dz = alog (z) — (ax — 1) log (—ax + x)+ i(ax) + Lis(azx)

inputLintegrate(polylog(B,a*x)/x“2,x, algorithm="maxima")

outputta*log(x) - ((a*x - 1)*log(-a*x + 1) + dilog(a*x) + polylog(3, a*x))/x

3.16.8 Giac [F|

2 z2

/ PolyLog(3, ax) dp — / Liz(ax) s

input Lintegrate (polylog(3,a*x)/x"2,x, algorithm="giac")

output‘ integrate(polylog(3, a*x)/x"2, x)

3.16.9 Mupad [B] (verification not implemented)

Time = 5.63 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.78

polylog(2,az) — In (1 — ax) + polylog(3,a x)

PolyL
/ oy 0g2(3,ax) dr =2aatanh(2ax—1) — "
T

input Lint (polylog(3, a*x)/x"2,x)

output‘2*a*atanh(2*a*x - 1) - (polylog(2, a*x) - log(l - a*x) + polylog(3, axx))/
E

3.16. [ PovlegBen) gy
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3.17 f PolyLog(3,azx) dr

3
3.17.1 Optimalresult . . . . . . . . . . . .. . . e 166]
3.17.2 Mathematica [C] (warning: unable to verify) . . . . . .. ... ... ... .. 166
3.17.3 Rubi [A] (verified) . . . . . . .. . ... 167l
3.17.4 Maple [A] (verified) . .. ... .. ... . ... L 168
3.17.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 169
3.17.6 Sympy [F] . . . . o 169
3.17.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 169
3.17.8 Giac [F] . . . . . o 1701
3.17.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 170

3.17.1 Optimal result

Integrand size = 9, antiderivative size = 70

PolyL 1 1
/ oy (;%’(3’ az) dx = —% + gaQ log(z) — §a2 log(1 — ax)
N log(1 —az) PolyLog(2,az) PolyLog(3,az)
82 472 222

output ‘ -1/8%a/x+1/8%a~2%1n(x)-1/8%a~2*1n(-a*x+1)+1/8*1ln(-a*x+1)/x"2-1/4*polylog(2 ‘
,a*x) /x"2-1/2xpolylog(3,a*x)/x"2 ‘

3.17.2 Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4 in optimal.

Time = 0.01 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.36

@[ —qa| BLLL3
/PolyLog(3, ax) dr — ’ 1,2,0,0,0

3 2

-

input LIntegrate [PolyLogl[3, a*x]/x"3,x]

~—

outputLMeijerG[{{l, 1, 1, 1}, {3}}, {{1, 2}, {0, 0, 0}}, -(a*x)1/x"2

~—

3.17. [ PovlesBan) g,
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3.17.3 Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.06, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 667 Ryjles used = {7145,

integrand size
7145, 25, 2842, 54, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog(3, ax) e

3
| 7145
1 / PolyLog(2, ax) PolyLog(3, ax)
2 x3 212
| 7145
1 1/_log(1 —azx) dp — PolyLog(2,az)\  PolyLog(3,ax)
2\2 z3 22 22

| 25

1 <_1 / log(1 — ax) d — PolyLog(2,aa:)> _ PolyLog(3, az)

2\ 2 x3 212 2z2

l 9842

171 la / 1 dz + log(1 —az)\ PolyLog(2,az) PolyLog(3,az)
2\2\2" ) 22(1-ax) 222 222 222
| 54

1/1/1 a? a 1 log(1 — ax) PolyLog(2, ax) PolyLog(3, ax)
2<2<2a/ <_aa:—1 +w+fc2> de + 212 B 212 - 22
| 2009
1/1/log(l—az) 1 1 PolyLog(2, ax) PolyLog(3, ax)
(B9 2 (alog(x) — alog(l —az) — = ) ) — -
2(2( 222 +2“C“£@) alog(1 — az) w)) 212 212

r

input LInt [PolyLog[3, a*x]/x"3,x]

~—

output‘ ((Logl[1l - a*x]/(2*x~2) + (ax(-x~(-1) + axLogl[x] - a*Log[l - a*x]))/2)/2 -

‘ PolyLog[2, a*x]/(2*%x~2))/2 - PolyLogl[3, a*x]/(2%x"2)

3.17. [ PovlesBan) g,
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3.17.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk354‘Int[((a_) + (b_)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
‘xpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
‘ ILtQ[m, O] &% IntegerQ[n] && !'(IGtQ[n, O] && LtQ[m + n + 2, 0])

ruka2009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))*((f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Loglc*(d + e*x)"n])/(
gx(q + 1)), x] - Simp[b*ex(n/(g*x(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, f, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[q, -1]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLogln - 1, a*(b*x"p)~ql, x], x] /; FreeQl{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.17.4 Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.29

method | result

_a2 (_81az+378 _ (—27a222+27) In(—az+1) + polylog(2,azx) + polylog(3,ax) + 136 In(z)

meljerg 432azx 216a2x2 4a22x2 2a2x2 16 -

In(—a) 1
g T E)

input Lint (polylog(3,a*x)/x"3,x,method=_RETURNVERBOSE)

N

output ‘ -a~2*(-1/432/a/x*(81%axx+378)-1/216/a"2/x"2* (-27*a"2*x”~2+27) *1n (—a*xx+1)+1/
‘4/a‘2/x‘2*polylog(2,a*x)+1/2/a‘2/x‘2*polylog(3,a*x)+3/16—1/8*1n(x)—1/8*1n(
-a)+1/a/x)

N\

3.17. [ PovlesBan) g,
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3.17.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.77

3
a’z?log (ax — 1) — a’z?log (x) + ax + 2 Liz(az) — log (—ax + 1) + 4 polylog(3, ax)
B 8 z2

/ PolyLog(3, ax) s

inputLintegrate(polylog(S,a*x)/x‘S,x, algorithm="fricas")

output‘ -1/8*%(a~2*x"2*log(a*x - 1) - a”2xx"2*log(x) + axx + 2*dilog(a*x) - log(-ax*
‘x + 1) + 4*polylog(3, a*x))/x~2

3.17.6 Sympy [F]

/ PolyLog(3, ax) dp — / Lis (az) i

3 3

input

integrate(polylog(3,a*x)/x**3,x)

N\

output LIntegral (polylog(3, a*x)/x**3, x)

3.17.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.67

az + (a2:L'2 —1)log (—az + 1) + 2 Lis(ax) + 4 Liz(azx)
8 2

/ PolyLog(3, ax) i

1
3 = 8 a’ log (z) —

inputLintegrate(polylog(3,a*x)/x*3,x, algorithm="maxima")

output‘l/S*a“2*log(x) - 1/8x(a*x + (a”2#%x72 - 1)*log(-a*x + 1) + 2+dilog(a*x) + 4
‘*polylog(B, axx))/x"2

3.17. [ PovlesBan) g,
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3.17.8 Giac [F]

/ PolyLog(3, ax) dp — / Liz(ax) i

3 3

inputLintegrate(polylog(3,a*x)/x‘3,x, algorithm="giac")

outputLintegrate(polylog(B, a*x)/x"3, x)

3.17.9 Mupad [B] (verification not implemented)

Time = 6.09 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.66

PolyLog(3, az) = a’atanh(2az —1)  4F — In(12ez) . polylogZez) . polylog(3,ez)
x3 4 x?

inputtint(polylog(B, a*x)/x~3,x)

output‘(a‘2*atanh(2*a*x - 1))/4 - ((a*x)/8 - log(1l - a*x)/8 + polylog(2, a*x)/4 +
‘ polylog(3, a*x)/2)/x"2

3.17. [ PovlesBan) g,
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3.18 f PolyLo%(3,ax) dr

T
3.18.1 Optimal result . . . . . . . . . . ... . e ival
3.18.2 Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... .. Ival
3.18.3 Rubi [A] (verified) . . . . ... .. . ... 1721
3.18.4 Maple [A] (verified) . ... ... ... . ... 173
3.18.5 Fricas [A] (verification not implemented) . . . . . .. ... ... .. ... ... Ive!
3.18.6 Sympy [F] . . . . . o 174
3.18.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... ... Ive!
3.188 Giac [F] . . . . . o 1751
3.18.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 175

3.18.1 Optimal result

Integrand size = 9, antiderivative size = 80

PolyLog(3, ax) a a®> 1 4 1 .
—_ 2 % L Blog(e) — —alog(1 —
/ - o=~ orp T 7? 108(z) — 5ra’log(l — az)
log(1 —az) PolyLog(2,az) PolyLog(3,ax)
2723 923 33

output‘—1/54*a/x‘2—1/27*a‘2/x+1/27*a‘3*1n(x)-1/27*a‘3*1n(-a*x+1)+1/27*1n(—a*x+1)/
x~3-1/9*polylog(2,a*x)/x~3-1/3*polylog(3,a*x)/x"3

N J

3.18.2 Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4 in optimal.

1,1,1,1,4
1,3,0,0,0

Time = 0.01 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.31
G;g —azx
/ PolyLog(3, ax)
4 dz = 3
x z

~—

input LIntegrate [PolyLogl[3, a*x]/x"4,x]

output‘MeijerG[{{l, 1, 1, 1}, {4}}, {{1, 3}, {0, 0, 0}}, -(a*x)]1/x"3

3.18. [ PovlesBan) g,
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3.18.3 Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.08, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 667 Ryjles used = {7145,

integrand size
7145, 25, 2842, 54, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog(3, ax) e

4
| 7145
1 / PolyLog(2, ax) dr PolyLog(3, ax)
3 x4 33
| 7145
1 1/_log(1 —azx) dp — PolyLog(2,az)\  PolyLog(3,ax)
3\3 x4 3x3 33

| 25

1 <_1 / log(1 — ax) d — PolyLog(2,aa:)> _ PolyLog(3, az)

3\ 3 x4 313 323

l 9842

dx +

31313 z3(1 — ax) 33 3x3

| 54

1 <1 (1 / 1 log(1 — ax)) _ PolyLog(2,am)> _ PolyLog(3, ax)

ax—1 =z =z z 33 3z3
PolyLog(3, ax)

3x3

l 2009

3\3\3

1 <1 <1a/ (_ ad N aj N % N 13> o+ log(1 — az)) _ PolyLog(2, az)

1/1(1 (, ) a
(2= — a2log(1 — 4 -
3 (3 <3a (a log(z) — a”log(1l — ax) g
PolyLog(3, ax)
3x3

3z3

1 ) n log(1 — aa:)> _ PolyLog(2, az)

e

input LInt [PolyLog[3, a*x]/x"4,x]

3.18. [ PovlesBan) g,
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output‘ ((Log[1l - a*x]/(3*x73) + (ax(-1/2%1/x"2 - a/x + a~2+Log[x] - a~2*Log[l - a ‘
*x1))/3)/3 - Polylogl2, a*x]/(3+x78))/3 - PolyLog[3, a*x]/(3+x"3)

3.18.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 54/ Int[((a_) + (b_.)*(x_))~@)*((c_.) + (d_.)*(x_))~(n_.), x_Symboll :> Intl[E
‘xpandIntegrand[(a + b*x)“m*(c + d*x)"n, x], x] /; FreeQl{a, b, c, 4}, x] &&
L ILtQ[m, 0] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m + n + 2, 0]) J

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))*((f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + bxLoglc*(d + e*x)"nl)/(
gx(q + 1)), x] - Simp[b*ex(n/(gx(q + 1))) Int[(f + g*xx)~(q + 1)/(d + ex*x
), x], x] /; FreeQ[{a, b, c, d, e, £, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[q, -1]

rule 7145 | Int[((d_.)*(x_)) "~ (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLog[n, a*(b*x"p)~ql/(d*(m + 1))), x] - Simpl[p
*(q/(m + 1))  Int[(d*x) m*PolyLogln - 1, a*(b*x"p)~ql, x], x] /; FreeQl{a,
b, d, m, p, q}, x] & NeQ[m, -1] &% GtQ[n, 0]

3.18.4 Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.32

method | result

3 ( 64a2224152ax+832 |, (—64a®z3+64)In(—az+1)  polylog(2,az)  polylog(3,az) 1 , In(x |, In(—a) 1
a + - - — Lyl bnCa)

meljerg 1728a242 17284323 94323 32323 27 T o7 2 2427

input ‘ int (polylog(3,a*x)/x~4,x,method=_RETURNVERBOSE)

3.18. [ PovlesBan) g,
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output ‘ a~3x(1/1728/a"2/x"2x (64*a”~2*x~2+152*a*x+832)+1/1728/a"~3/x" 3% (-64*a”3*x~3+6 ‘
‘4)*1n(-a*x+1)-1/9/a“3/x“3*polylog(2,a*x)-1/3/a“3/x”3*polylog(3,a*x)-1/27+1
‘/27*1n(x)+1/27*1n(-a)—1/2/a“2/x‘2-1/8/a/x) ‘

3.18.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.79

Pol
/ o yL0g4(3, ax) dp —
T
2a3z3log (ax — 1) — 2a®z®log (z) + 2 a®z? + ax + 6 Liz(az) — 2 log (—az + 1) + 18 polylog(3, ax)
- 54 2°

input

integrate(polylog(3,a*x)/x"4,x, algorithm="fricas")

N\ J

output‘-1/54*(2*a“3*x“3*10g(a*x - 1) - 2%a"3*x"3*log(x) + 2¥a"2%x"2 + a*xx + 6%dil
‘og(a*x) - 2xlog(-a*x + 1) + 18*polylog(3, a*x))/x"3 ‘

3.18.6 Sympy [F]

/ PolyLog(3, ax) dp — / Lis (az) s

Tt zt

input Lintegrate (polylog(3,a*x)/x**4,x) J

output‘ Integral(polylog(3, a*xx)/x**4, x) ‘

3.18.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.70

PolyLog(3,az) , 1 4
/ o dx = 57 @ log ()

2a%z? + az + 2 (a®>z® — 1) log (—az + 1) + 6 Liz(az) + 18 Liz(ax)
- 54 2°

3.18. [ PovlesBan) g,
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inputLintegrate(polylog(3,a*x)/x“4,x, algorithm="maxima")

output‘1/27*a”3*log(x) - 1/54x(2*a~2%x"2 + axx + 2x(a"3*x"3 - 1)*log(-a*x + 1) +
‘G*dilog(a*x) + 18+*polylog(3, a*x))/x"3

3.18.8 Giac [F]

/ PolyLog(3, ax) dr — / Liz(ax) i

x4 x4

inputLintegrate(polylog(3,a*x)/x‘4,x, algorithm="giac")

outputLintegrate(polylog(3, a*x)/x"4, x)

3.18.9 Mupad [B] (verification not implemented)

Time = 6.20 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.78

PolyLog(3, ax) In(l1—azx) polylog(2,az) polylog(3,ax)
/ x4 v= 27x3 913 B 33
ra®+ % alatan(ax2i—1i) 2i
2722 27

inputtint(polylog(S, a*x)/x"4,x)

output‘log(i - axx)/(27*x"3) - (a"3*atan(a*x*2i - 1i)*2i)/27 - polylog(2, a*x)/(9
‘*x“B) - polylog(3, a*x)/(3*x73) - (a/2 + a~2*x)/(27*x"2)

3.18. [ PovlesBan) g,
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3.19 [ z° PolyLog (2, az?) dz

3.19.1 Optimalresult . . . . .. .. . .. . . 176
3.19.2 Mathematica [A] (verified) . . . . . . . . ... ... L Lo oL 176
3.19.3 Rubi [A] (verified) . . . . . . ... .. I
3.19.4 Maple [A] (verified) . .. . ... ... .. 179
3.19.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 179
3.19.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . I
3.19.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... I
3.19.8 Giac [F] . . . . o 180
3.19.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... [181]

3.19.1 Optimal result

Integrand size = 11, antiderivative size = 74

/ z° PolyLog (2, az®) dz

22 1t 2% log(l—a2?)
36a 54 18a3
log (1 — azQ) + —2° PolyLog (2, axQ)

output‘—1/18*x“2/a“2—1/36*x“4/a—1/54*x‘6-1/18*1n(—a*x‘2+1)/a‘3+1/18*x“6*1n(-a*x“2

+1)+1/64x~6*polylog(2,a*x"2)

3.19.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.88

/ z° PolyLog (2, ax2) dx

—az?(6 + 3ax? + 2a%z*) + 6(—1 + a3z%) log (1 — ax?) + 18a3z5 PolyLog (2, azx?)

108a3

inputLIntegrate[x*5*PolyLog[2, axx~2] ,x]

OUtPHt‘(—(a*x‘2*(6 + 3kaxx"2 + 2*xa"2*x74)) + 6x(-1 + a~3*x"6)*Log[l - a*x"2] + 18

‘ *a~3*x"6*PolyLog[2, a*x~2])/(108%a"3)

3.19.

| «° PolyLog (2, az?) dz
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3.19.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.14, number

of steps used = 7, number of rules used = 6, Bumber of rules _ , 545 Ryjleg used = {7145,
integrand size

25, 2904, 2842, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z° PolyLog (2, az?) dz
| 7145

%mﬁ PolyLog (2, ax2) — % / —z%log (1 - ax2) dx

l 25

% /:v5 log (1 — az?) dz + éwﬁ PolyLog (2, az?)

l 2904

% /ac4 log (1 — az®) dz® + %mS PolyLog (2, az?)

l 9842

1/1 6 1 1
- (a/ T g4 gwﬁ log (1 — am2)> + éwﬁ PolyLog (2, az?)

3 1 — az?
l 49

1/1 ' z? 1 1 s 1 g 9 1 4 9

l 2009

1(1 log (1—az®) 22 z* 2f 14 9 1 4 9
6<3a<_a4 ~ 5952 35 T 3% log (1 —az?) | + e PolyLog (2, az?)

input ‘ Int [x"5%PolyLog[2, a*x~2],x] ‘

output‘{((x“G*Log[l - axx"2])/3 + (ax(-(x"2/a"3) - x~4/(2%xa"2) - x76/(3*a) - Logl[1 ‘

| - a*x"2]/a"4))/3)/6 + (x"6*Polylogl2, a*x"21)/6 |

3.19. [ z°PolyLog(2,az?) dz
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3.19.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk349‘Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
& 1GtQ[m, 0] && IGtQ[m + n + 2, 0]

ruka2009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))*((£f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Loglc*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*ex(n/(gx(q + 1))) Int[(f + gxx)"(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, f, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[q, -1]

rule 2904 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)I*(b_.))"(q_.)*(x_)"(m
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*L
oglcx(d + exx)"pl)~q, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},
x] &% IntegerQ[Simplify[(m + 1)/nl] && (GtQ[(m + 1)/n, 0] || IGtQlq, 0]) &
& !'(EqQlq, 1] && ILtQ[n, 0] && IGtQ[m, 0])

rule 7145 | Int[((d_.)*(x_)) "~ (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogln, a*(b*x"p)~ql/(d*(m + 1))), x] - Simpl[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, ax(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] &% GtQ[n, 0]

3.19. [ z°PolyLog(2,az?) dz
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3.19.4 Maple [A] (verified)
Time = 0.66 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.88
method result size
amz (4m4a2+6a :1:2+12) (—4a3m6+4) ln(—a 22+1) a326 polylog(2,a 332)
meijerg 108 o 3 65
, ) , @ <_ %azz(s;%; 24422 _ ln(a;zi—l) >
6 polylog (2 In(— 1 a a
default polvlog(207) | @Zin(tea’il) | - 68
“ <_ la2z6-;§; 24422 In azmi—l) >
6 1v1 2 2 61 _ 2 1 a’ a
parts z poyof( ’”)—l-gc a( 1‘;x+)+ g 68
parallelrisch 18a32% polylog (2,a w2)+6 ln(—a w2+1)zf(;1.83a—32a3x6—3w4a2 —6—6a1x2—6 ln(—a a:2+1) 73

inputLint(x‘5*polylog(2,a*x‘2),x,method=_RETURNVERBOSE)

output‘1/2/a“3*(—1/108*a*x*2*(4*a“2*x‘4+6*a*x‘2+12)—1/36*(—4*a“3*x‘6+4)*ln(—a*x‘2

‘+1)+1/3*a‘3*x‘6*polylog(2,a*x‘2))

3.19.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.84

/ z° PolyLog (2, az®) dz

_ 18a%2%Lis(ax?) — 2a%2°® — 3a’z* — 6ax® 4 6 (a®2® — 1) log (—ax? + 1)

108 a3

inputLintegrate(x“5*polylog(2,a*x“2),x, algorithm="fricas")

output‘ 1/108*(18*a~3*x"6*dilog(a*x~2) - 2*%a~3*x"6 - 3*a~2*x"4 - 6*a*x"2 + 6%(a”3x

‘x‘6 - 1)*log(-a*x~2 + 1))/a"3

3.19. [ z°PolyLog(2,az?) dz
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3.19.6 Sympy [A] (verification not implemented)

Time = 4.69 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.76

/ x5 PolyLog (2, aa:2) dx

28 Lip (aw2) 26 Lio (awz) z6 4 z2 Liq (azQ)
_ )=  t 6 — 5 " 3%a 82 T i3 foraF#0

0 otherwise

-

input Lintegrate (x**5%polylog(2,a*x**2) ,x)

—/

output‘Piecewise((—x**6*polylog(1, axx**2) /18 + x**6*%polylog(2, a*xx**2)/6 - x**6/
|54 - x**4/(36%a) - x*¥2/(18%ax*2) + polylog(l, axx**2)/(18*a**3), Ne(a, 0)
), (0, True))

N\

3.19.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.84

/ 25 PolyLog (2, axz) dx
_ 18a%z%Lis(ax?) — 2a32® — 3a’z* — 6 ax? + 6 (a2 — 1) log (—az? + 1)
B 108 a?

input Lintegrate (x~5*polylog(2,a*x~2),x, algorithm="maxima")

-/

Output‘1/108*(18*a*3*x‘6*dilog(a*x‘2) - 2%3"3%x"6 - 3*xa"2*%x"4 - 6*axx"2 + 6%(a”3x%
x"6 - 1)*log(-a*x"2 + 1))/a"3

N\

3.19.8 Giac [F]

/ x5 PolyLog (2,ax2) dr = / x5Li, (aw2) dx

.
input | integrate (x~5*polylog(2,a*x~2),x, algorithm="giac")

N

output Lintegrate (x"5*dilog(a*x~2), x)

3.19. [ z°PolyLog(2,az?) dz
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3.19.9 Mupad [B] (verification not implemented)

Time = 4.91 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.82

_ 2°polylog(2,az®) In(aa®-1)

/ z° PolyLog (2, az®) dz 6 1SaP
°ln(l-az®) 2° 2* 2t
18 54 18a%? 36a

input  int(x~5*polylog(2, a*x~2),x)

N

output‘ (x"6xpolylog(2, a*x~2))/6 - log(a*x~2 - 1)/(18*a~3) + (x"6*log(l - a*x"2))
L/18 - x76/54 - x72/(18%a"2) - x~4/(36%*a)

3.19. [ z°PolyLog(2,az?) dz
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3.20 [ z* PolyLog (2, az?) dz

3.20.1 Optimal result . . . . .. .. . ... . 182
3.20.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 182
3.20.3 Rubi [A] (verified) . . . . . ... .. 183
3.20.4 Maple [A] (verified) . ... ... . ... .. 185
3.20.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 185
3.20.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 136!
3.20.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 186!
3.20.8 Giac [F] . . . . . o e 186
3.20.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... .. 187

3.20.1 Optimal result

Integrand size = 11, antiderivative size = 64

2 4 2
3 2 oz z* log(l-—ax?)
/x PolyLog (2, az?) dz = %16 S
1 1
+ §x4 log (1 — az®) + ZCLA PolyLog (2, az?)

output‘—1/8*x“2/a—1/16*x‘4-1/8*1n(—a*x‘2+1)/a‘2+1/8*x‘4*ln(—a*x“2+1)+1/4*x‘4*poly
‘1og(2,a*x‘2)

3.20.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.88

/ z3 PolyLog (2, ax2) dx

—az?(2 + ax?®) + 2(—1 + a®z*) log (1 — ax?) + 4az* PolyLog (2, az?)
B 1602

inputLIntegrate[x*S*PolyLog[2, axx~2] ,x]

output‘(—(a*x‘2*(2 + axx”2)) + 2%(-1 + a~2*x"4)*Log[1 - a*x"2] + 4*a~2*xx"4*PolyLo
‘g2, axx™2])/(16%a~2)

3.20. [ z®PolyLog(2,az?) dz
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3.20.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.16, number

of steps used = 7, number of rules used = 6, Bumber of rules _ , 545 Ryjleg used = {7145,
integrand size

25, 2904, 2842, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z° PolyLog (2, az?) dz
| 7145

im‘l PolyLog (2, ax2) — % / —z3log (1 - ax2) dx

l 25

% /:v3 log (1 — az?) dz + iw‘l PolyLog (2, az?)

l 2904

i /x2 log (1 — az®) dz® + im‘l PolyLog (2, az?)

l 9842

1 1a/ ! dw2+1w4log (1 - az?) +1w4PolyLog (2,az?)
2 1 —ax? 2 4 ’
| 49
1/1 z? 1 1 5 1 4 9 1, )
a [ (-~ — “ztlog (1 — ~ 24 PolyLog (2
4<2a/< 0 " a(aa® — 1) a2>dm + 5@ og (1 — az?) + " Poly og (2, az?)

l 2009

1(1 log (1—az?) 22 o* 1, 9 1, 9
4<2a<——(12—2a + 5T log (1 — az?) + 4@ PolyLog (2, az?)

input ‘ Int [x"3*PolyLog[2, a*x~2],x]

output‘{((x“ll*Log[l - axx"2])/2 + (ax(-(x"2/a"2) - x~4/(2xa) - Logl[l - a*x"2]/a"3)
1)/2)/4 + (x"4*PolyLogl2, a*x"2])/4

3.20. [ z®PolyLog(2,az?) dz
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3.20.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk349‘Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
& 1GtQ[m, 0] && IGtQ[m + n + 2, 0]

ruka2009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))*((f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Loglc*(d + e*x)"n])/(
gx(q + 1)), x] - Simp[b*ex(n/(g*x(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, f, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[q, -1]

rule 2904 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)I*(b_.))"(q_.)*(x_)"(m
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*L
oglcx(d + exx)"pl)~q, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},
x] &% IntegerQ[Simplify[(m + 1)/nl] && (GtQ[(m + 1)/n, 0] || IGtQlq, 0]) &
& !'(EqQlq, 1] && ILtQ[n, 0] && IGtQ[m, 0])

rule 7145 | Int[((d_.)*(x_)) "~ (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogln, a*(b*x"p)~ql/(d*(m + 1))), x] - Simpl[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, ax(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] &% GtQ[n, 0]

3.20. [ z®PolyLog(2,az?) dz
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3.20.4 Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.89

method result size
am2 (311 332+6) (—3m4a2+3) ln(—a m2+1) a2m4 polylog(2,a 332)
s _ 24 + 12 - 2 57
meljerg a2
%az4+z2 ln(az2—1)
al - _
x4 polylog(2,a z2 z4In(—ax?+1 202 2a3
default polvlog(2027) | #lln(cacidl) : 60
logtte? (az?-1
z# polylog(2,a z2) z¢In(—az?41) a<— : 2a2+ B n(a;;s )>
parts aitas] g ittt . 60
. 4a2z* polylog (2,a a:2) +2 ln(—a :z:2+1)2:4a2 —z%a?—2ax%-2 ln(—a :1:2+1)
parallelrisch 1622 64

inputLint(x‘S*polylog(2,a*x‘2),x,method=_RETURNVERBOSE)

output \ -1/2/a"2%(1/24*%a*xx"2* (3*a*xx"2+6)+1/12*% (-3*a~2*x"4+3) *1n(-a*xx~2+1)-1/2*%a" 2%

‘x‘4*polylog(2,a*x‘2))

3.20.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.84

/ z3 PolyLog (2, axz)

_ 4a’2'Liz(az?) — a’z* — 2a2” + 2 (a’z* — 1) log (—aa® + 1)

dz = 16 a2

inputLintegrate(x‘S*polylog(2,a*x‘2),x, algorithm="fricas")

output‘ 1/16*(4*%a~2xx"4*dilog(a*x"2) - a”2*x"4 - 2%a*x~2 + 2*%(a"2*x"4 - 1)x*log(-a*

\x~2 +1))/a"2

3.20. [ z®PolyLog(2,az?) dz
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3.20.6 Sympy [A] (verification not implemented)

Time = 1.62 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.75

_z4 Liq (a:c2) x4 Lig (ax2) i ﬁ i ﬁ Liq (az2) f 0
/ z° PolyLog (2, az”) dz = s T 4 16 8a T 82 ora #
0 otherwise

input tintegrate (x**3*polylog(2,a*x**2) ,x) J

Output‘Piecewise((-x**4*polylog(1, axx**2) /8 + x**4*polylog(2, a*xx**2)/4 - x**4/1 \
|6 - x+x2/(8+a) + polylog(l, axxx+2)/(8*ax*2), Ne(a, 0)), (0, True)) J

3.20.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.84

/x3 PolyLog (2, ax2) dr — 4 a2z Liz(ax?) — a’zt — 2 afé (;l; 2 (az* — 1) log (—az® + 1)

-

input Lintegrate (x~3%polylog(2,a*x~2),x, algorithm="maxima")

-/

output‘ 1/16% (4*a~2*x"4*dilog(a*x~2) - a"2*x"4 - 2*xa*xx~2 + 2x(a”"2*%x"4 - 1)*log(-ax
X2+ 1))/a%2

~

3.20.8 Giac [F]

/ 2’ PolyLog (2, az®) dz = / 2°Lis (az?) dz

input tintegrate (x~3%polylog(2,a*x~2),x, algorithm="giac") J

output Lintegrate (x"3*dilog(a*x~2), x) J

3.20. [ z®PolyLog(2,az?) dz
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3.20.9 Mupad [B] (verification not implemented)

Time = 5.05 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.83

‘polylog(2,az?) In(az®?—-1) z*ln(l—az?) =z
3 PolyLog (2, az?) do = L POV 08T )
/x oly og(,am)dac 1 3 a2 + 3 16

input Lint (x"3*polylog(2, a*x~2),x)

output‘ (x~4*polylog(2, a*x~2))/4 - log(a*x~2 - 1)/(8*%a"2) + (x"4xlog(l - a*x"2))/
'8 - x74/16 - x72/(8*a)

3.20. [ z®PolyLog(2,az?) dz
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3.21 [ z PolyLog (2, az?) dx

3.21.1 Optimalresult . . . . .. .. . .. .. 188]
3.21.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 188
3.21.3 Rubi [A] (verified) . . . . . ... .. 189
3.21.4 Maple [A] (verified) . . . ... . .. . ... 190
3.21.5 Fricas [A] (verification not implemented) . . . . . . ... ... . ... ..., 191
3.21.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . 1911
3.21.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 1911

3.21.8 Giac [F] . . . . . o 192
3.21.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 192

3.21.1 Optimal result

Integrand size = 9, antiderivative size = 46

2 (1-az?)log(l—az?) 1
/azPolyLog (2,a2?) dz = —% _ {1z ;5( az’) + éxz PolyLog (2, az®)

-

outputL—1/2*x‘2—1/2*(—a*x“2+1)*1n(—a*x‘2+1)/a+1/2*x‘2*polylog(2,a*x‘2)

~—

3.21.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.93

—ax? + (—1 + ax?) log (1 — az?) + ax? PolyLog (2, ax?)
2a

/ z PolyLog (2, az?) dz =

e

input LIntegrate [x*PolyLog[2, a*x~2],x]

-/

outputt(—(a*x“2) + (-1 + a*x"2)*Log[1l - a*x™2] + a*x"2xPolyLog[2, a*xx"2])/(2*a)

~—

321.  [zPolyLog (2,az?) dz



input

output
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3.21.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.02, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 556 Ryjles used = {7145,

integrand size
25, 2904, 2836, 2732}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z PolyLog (2, ax2) dx
| 7145
%x2 PolyLog (2, ax2) — /—x log (1 - aw2) dx

l 25

/a:log (1-az?)dz + %w2 PolyLog (2, az?)

l 2904
1 2\ ;2,1 9 2
3 /log (1 —azr )dac + ix PolyLog (2,ax )
l 2836
2 2
lxz PolyLog (2, az?) — J1og (1 = as”) d(1 = az”)
2 2a
lzmz

az? + (1 - awz) log (1 — a:c2) -1
2a

%mz PolyLog (2, az?) —

LInt [x*xPolyLog[2, a*x~2],x]

e

-1/2%(-1 + a*x"2 + (1 - a*x~2)*Log[l - a*x"2])/a + (x"2*PolyLogl[2, a*x"2])
/2

321.  [zPolyLog (2,az?) dz
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3.21.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 2732

rule 2836

rule 2904

rule 7145

Int[Log[(c_.)*(x_)"(n_.)], x_Symbol] :> Simp[x*Loglc*x~n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

Int[((a_.) + Logl(c_.)*((d_) + (e_)*(x_))"(n_.)1*(b_.))"(p_.), x_Symbol] :
> Simp[1/e  Subst[Int[(a + b*Loglc*x™n])~p, x], x, d + exx], x] /; FreeQ[{
a, b, ¢, d, e, n, p}, xl

N\

Int[((a_.) + Logl(c_.)*((d_) + (e_)*(x_)"(n_))"(p_.)1*(b_.))"(q_.)*(x_)"(m
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxL
oglcx(d + e*x)"pl)~q, x], x, x"nl, x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},
x] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0] || IGtQ[lq, 0]) &
& 1(EqQlq, 1] & ILtQ[n, 0] && IGtQ[m, 0])

Int [((d_.)*(x_))"(m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.21.4 Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.96

method result size
_ 2 Cax2

.s —az2—( 2oz +2)21n( i +1) +a 2 polylog(2,a x2) 44
meljerg o
parts a pdylozg (2a2?) _ (zea?+1) ln(_za"”2+1)+ax2—1 44

a

. . .« . 2 1yl 2, 2) _(— 2 1) In(— 2 1 1— 2
derivativedivides | %% polylog(2,057)— a;: Jin(car H) ez 45
default az? polylog(2,az?)—(—a 92024—1) In(—az?+1)+1-az? 45

: 2 polylog(2,a22)+In(—az2+1)22a—a 22 —In(—a z2+1

parallelrisch a” polylog(2,a2?) +in a;: Jola—az’ In(cas’ 1) 50

321.  [zPolyLog (2,az?) dz
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input‘int(x*polylog(2,a*x“2),x,method=_RETURNVERBOSE)

outputL1/2/a*(-a*x“2-1/2*(-2*a*x“2+2)*ln(-a*x“2+1)+a*x“2*polylog(2,a*x“2))

3.21.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.87

ax?Liz(az?) — az? + (azx? — 1) log (—az? + 1)
2a

/ z PolyLog (2, az?) dz =

inputLintegrate(x*polylog(2,a*x“2),x, algorithm="fricas")

outputL1/2*(a*x‘2*dilog(a*x“2) - a*x"2 + (a*x"2 - 1)xlog(-a*x~2 + 1))/a

3.21.6 Sympy [A] (verification not implemented)

Time = 0.59 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.85

_ 22 Lij (az?) 22 Liz (az?) 22 | Lt (az?) ¢
/ z PolyLog (2, az?) dz = o Tt e ) fora #0
0 otherwise

-

input Lintegrate (x*polylog(2,a*x**2) ,x)

-/

output‘Piecewise((—X**2*polylog(1, axx**2) /2 + x**2%polylog(2, a*xx**2)/2 - x**2/2
‘ + polylog(1l, a*x**2)/(2xa), Ne(a, 0)), (0, True))

3.21.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.87

az’Liy(az?) — az? + (az? — 1) log (—az® + 1)
2a

/ z PolyLog (2, az?) dz =

inputLintegrate(x*polylog(2,a*x‘2),x, algorithm="maxima")

—

output L1/2*(a*x“2*dilog(a*x‘2) - a*x”2 + (a*x"2 - 1)*log(-a*x~2 + 1))/a

321.  [zPolyLog (2,az?) dz
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3.21.8 Giac [F]

/xPolyLog (2,aa:2) dr = /xLiz (aa:Q) dx

inputLintegrate(x*polylog(Q,a*x‘Q),x, algorithm="giac")

output integrate(x*dilog(a*x~2), x)

-

3.21.9 Mupad [B] (verification not implemented)

Time = 4.91 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.98

a? polylog(2,a2®) In(az®-1) N 7?2 In(1 —az?)

_z
2 2a 2 2

/ x PolyLog (2, axz) dr =

inputtint(x*polylog(2, a*x~2) ,x)

output‘(x“2*polylog(2, a*x~2))/2 - log(a*x~2 - 1)/(2%a) + (x"2*log(l - a*x"2))/2
‘- x"2/2

321.  [zPolyLog (2,az?) dz
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3.99 f PolyLog (2,az?) da

T
3.22.1 Optimalresult . . . . . .. . . . ... . 193
3.22.2 Mathematica [A] (verified) . . . . . . . ... .. Lo 193]
3.22.3 Rubi [A] (verified) . . . . . ... .. 194
3.22.4 Maple [A] (verified) . ... ... .. ... 194
3.22.5 Fricas [F] . . . . . o o o 195
3.22.6 Sympy [F] . . . . . 195
3.22.7 Maxima [F] . . . . . . .. 1951
3.22.8 Giac [F] . . . . .. 196
3.22.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 196

3.22.1 Optimal result

Integrand size = 11, antiderivative size = 11

/ PolyLog (2, az?) PolyLog (3, az?)
z de = 2

output L1/2*polylog(3 ,a%x"2) J

3.22.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/ PolyLog (2, az?) PolyLog (3, az?)
T de = 2

input LIntegrate [PolyLogl[2, a*x~2]/x,x] J

e

output LPolyLog [3, a*x~2]/2

~—

3.99. f PolyLog(2,a2?) dx

T
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3.22.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Zumber of rules _ , 497 Ryles used = {7143}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ PolyLog (2, a:v2)

X

l 7143

PolyLog (3, a:v2)
2

N

input | Int [PolyLogl2, a*x~2]/x,x]

~—

.
output LPolyLog [3, a*x~2]/2

-/

3.22.3.1 Defintions of rubi rules used

rule 7143‘Int[PolyLog[n_, (c_)x((a_.) + (b_.)*(x_))"(p_.21/C(d_.) + (e_.)*(x_)), x_S ‘
‘ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d ‘
, €, n, p}, x] & EqQ[bxd, axe] ‘

3.22.4 Maple [A] (verified)

Time = 1.53 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method | result size

default M 10

2
meijerg —p°ly1°g2(3’a 2%) 10
2
p&I‘tS polylog2(3,a:1: ) 10
input Lint (polylog(2,a*x~2)/x,x,method=_RETURNVERBOSE) J

3.99. f PolyLog(2,a2?) dx

T
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output L1/2*polylog (3,a%x72)

3.22.5 Fricas [F]

2 (2
/PolyLog (2, az?) dp — / le(;zx )d:v

X

inputLintegrate(polylog(2,a*x“2)/x,x, algorithm="fricas")

output Lintegral (dilog(a*x~2)/x, x)

3.22.6 Sympy [F]

2  (am2
/ PolyLog (2, az?) dr — / Li; (ax?) i

Z T

inputLintegrate(polylog(2,a*x**2)/x,x)

outputLIntegral(polylog(2, a*x**2)/x, x)

3.22.7 Maxima [F]

2 (2
/PolyLog (2, az?) dp — / ng(:;m: )dx

X

inputLintegrate(polylog(2,a*x“2)/x,x, algorithm="maxima")

output tintegrate (dilog(a*x~2)/x, x)

3.99. f PolyLog(2,a2?) dx

T
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3.22.8 Giac [F]

/ PolyLog (2, az?) i — / Liz(az?) e

T T

input‘integrate(polylog(2,a*x“2)/x,x, algorithm="giac")

output Lintegrate (dilog(a*x~2)/x, x)

3.22.9 Mupad [B] (verification not implemented)

Time = 4.87 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/ PolyLog (2, ax?) polylog(3, a z?)
z de = 2

input Lint (polylog(2, a*x~2)/x,x)

output Lpolylog(B, a*x"~2) /2

3.99. f PolyLog(2,a2?) dx

T
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3.93 f PolyLog (2,az?) da

3

3.23.1 Optimalresult . . . . .. . . . . . . 197
3.23.2 Mathematica [A] (verified) . . . . . . . ... L oL 197
3.23.3 Rubi [A] (verified) . . . . .. ... 198
3.23.4 Maple [A] (verified) . ... ... ... ... 200
3.23.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 200
3.23.6 Sympy [A] (verification not implemented) . . ... ... ... ... ..... 200
3.23.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 2071
3.23.8 Giac [F] . . . . . . 201]
3.23.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... .. ... 20Tl

3.23.1 Optimal result

Integrand size = 11, antiderivative size = 49

log (1 —az?)  PolyLog (2, az?)
222 222

/ PolyLog (2, azx?)

1
23 dr = alog(z) — §alog (1—az?) +

output La*ln(x)—1/2*a*1n(-a*x"2+1)+1/2*1n(—a*x"2+1) /x~2-1/2%polylog(2,a*x~2) /x"2 J

3.23.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.00

log (1 —az?)  PolyLog (2, az?)
222 222

/ PolyLog (2, azx?)

1
3 dr = alog(z) — éalog (1—az?) +

input LIntegrate [PolyLog[2, a*x~2]/x"3,x] J

e

output

axLog[x] - (axLogl[l - a*x~2])/2 + Logl[l - a*x~2]/(2*x~2) - PolyLogl[2, a*x~
21/ (2%x72)

3.93. f PolyLog(2,a2?) dx

3
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3.23.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.04, number
of steps used = 8, number of rules used = 7, Bumber of rules _ , 636 Ryjles used = {7145,

integrand size
25, 2904, 2842, 47, 14, 16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

dz

PolyLog (2, ax2)
|75

lrm5

/ log (1 — az?) p PolyLog (2, az?)
_ > —

z3 212

| 25

/ log (1 — az?) p PolyLog (2, az?)
_ > —

z3 212
| 2904
1 / log (1 — az?) de? PolyLog (2, az?)
2 x4 212
| 2842
% (a/ deQ N log (13; ax2)> B PolyL()ng(22,a:c2)

1 1 9 1, log (1 — az?) PolyLog (2, az?)
2<a<a/1_ax2dx +/x2dx>+ z2 222

1 1 9 0 log (1 — az?) PolyLog (2, az?)
2<a<a/1_am2dﬂc +log(x ))—i— - 92

2 23;2

X

% (a(log ($2) —log (1 — ax2)) + log (1 — az?) > — PolyLog (2, az*)

-

input LInt [PolyLogl[2, a*x~2]/x"3,x]

~—

3.93. f PolyLog(2,a2?) dx

3
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output‘(a*(Log[x“2] - Logl[l - a*x"2]) + Logl[l - a*x"2]/x"2)/2 - PolyLogl[2, a*x~2]
/(2xx°2)

3.23.3.1 Defintions of rubi rules used

-

ruk314LInt[(a_.)/(x_), x_Symbol] :> Simp[a*Loglx], x] /; FreeQla, x]

~—

ruk316‘Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
Lb*x, x11/b), x]1 /; FreeQ[{a, b, c}, x]

~

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 47 Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Simp[b/(b*c
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - a*d) Int[1/(c + d*x), x
1, x] /; FreeQ[{a, b, c, d}, x]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))*((£f_.) + (g_.)*(x_
))"(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Logl[c*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*e*(n/(gx(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, £, g, n, q}, x] && NeQlexf - dxg, 0] &&
NeQ[q, -11]

rule 2904 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_))"(p_.)1*(b_.))"(q_.)*(x_)"(m
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxL
oglcx(d + exx)"pl)~q, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},
x] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0] || IGtQ[lq, 0]) &
& !(Eq@lq, 11 & ILtQ[n, 0] &% IGtQ[m, 01)

N\

ruka7145‘Int[((d_.)*(x_))“(m_.)*PolyLog[n_, (a_.)*((b_)*(x_)"(p_.))"(q_.)], x_Symbo
‘1] :> Simp[(d*x)~(m + 1)*(PolyLogln, a*(b*x"p)~ql/(d*(m + 1))), x] - Simpl[p
‘*(q/(m + 1))  Int[(d*x) m*PolyLogln - 1, a*x(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, g}, x] & NeQ[m, -1] && GtQ[n, 0]

3.93. J‘ESEEQEEEEEQ.dm

3



CHAPTER 3.

LISTING OF INTEGRALS

3.23.4 Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.88

method result size

default — pdylozgg az’) ln(_; ;jﬂ) +a (— n(a Z;_l) +In (x)) 43

parts _ polylo2gz(22,a z?) n 1n(—;zzx22+1) ta (_ In(a x;—l) 41n (x)) 43
a < (~te z2+21;(_“ 2+ pdwag’“ ~) 42 ln(z)+ln(—a)>

meijerg 53

parallelrisch 202 In(z)z?—z% In(—a x2+1)a22;¢2z ;)olylog(2,a z2)+aln(—az?+1) 58

input Lint (polylog(2,a*x~2)/x"3,x,method=_RETURNVERBOSE)

outputL—l/Z*polylog(Q,a*x“2)/x‘2+1/2*1n(—a*x‘2+1)/x‘2+a*(—1/2*1n(a*x“2—1)+1n(x))

3.23.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.90

PolyLog (2, ax?) azx?log (ax? — 1) — 2 az?log (z) + Liz(az?®) — log (—azx? + 1)

dzr =

/

3 2 x2

inputLintegrate(polylog(2,a*x‘2)/x‘3,x, algorithm="fricas")

output‘ -1/2%(axx"2*log(a*xx~2 - 1) - 2%axx"2*log(x) + dilog(a*x~2) - log(-a*x~2 +
1))/x72

3.23.6 Sympy [A] (verification not implemented)

Time = 0.77 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.76

/

Li; (az?)

Li, (az?)
222

PolyLog (2, ax?)
3

aLi; (az?)

2 212

dz = alog (z) +

input Lintegrate (polylog(2,a*x**2) /x**3,x)

PolyLog(2,ax?
—w3( ) de

3.23.

J
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output‘a*log(x) + axpolylog(l, axx**2)/2 - polylog(l, axx**2)/(2*%x**2) - polylog(
‘ 2, akx#*2)/ (2kx**2)

3.23.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.69

(ax? — 1) log (—ax? + 1) + Liz(az?)
222

/ PolyLog (2, az?)

3 dx = alog (x) —

inputLintegrate(polylog(2,a*x‘2)/x“3,x, algorithm="maxima")

-/

output | a*log(x) - 1/2*((a*x~2 - 1)*log(-a*x~2 + 1) + dilog(a*x~2))/x"2
g g

3.23.8 Giac [F]

/ PolyLog (2, ax?) e — / Lis(ax?) i

3 3

inputtintegrate(polylog(2,a*x‘2)/x‘3,x, algorithm="giac")

outputLintegrate(dilog(a*x‘2)/x‘3, x)

3.23.9 Mupad [B] (verification not implemented)

Time = 4.93 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.90

PolyLog (2, az?) 3a ln () 1n(1—2ax2) - polylog2(2,aa:2) aln(az®— 1)
dr = +
x3 2 x? 2

inputtint(polylog(Q, a*x~2)/x"3,x)

output‘(S*a*log(x))/Q + (log(1l - a*x~2)/2 - polylog(2, a*x~2)/2)/x"2 - (a*log(a*x
73 - x))/2

3.93. J‘Eﬂl&%ﬂ%ﬁﬁﬁltr

x3
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3.94 f PolyLog (2,az?) da

2
3.24.1 Optimalresult . . .. ... . . .. ... .. e 202
3.24.2 Mathematica [A] (verified) . . . . . . . ... ..o Lo 2021
3.24.3 Rubi [A] (verified) . . . . . ... . 203
3.24.4 Maple [A] (verified) . ... ... ... .. 205
3.24.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 205
3.24.6 Sympy [A] (verification not implemented) . . . .. ... ... ... .. ...
3.24.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 2061
3.24.8 Giac [F] . . . . ..
3.24.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... ... .. 207l

3.24.1 Optimal result

Integrand size = 11, antiderivative size = 64

PolyLog (2, az?) a 1, 1, )
/ 25 dr = 52 T 1¢ log(z) — g log (1 — az?)
N log (1 —az®)  PolyLog (2, az?)
8zt 4zt

output‘-1/8*a/x“2+1/4*a“2*1n(x)-1/8*a“2*ln(-a*x“2+1)+1/8*1n(-a*x“2+1)/x”4-1/4*pol
‘ylog(2,a*x“2)/x‘4

3.24.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.80

P 2
/ olyLog5(2, ax?) i
T
_az’® — 2a°z* log(z) + (=1 + a®z*)log (1 — az®) + 2 PolyLog (2, az?)
8zt

input‘Integrate[PolyLog[Q, a*xx~2]/x"5,x]

output‘-l/S*(a*x“2 - 2xa”2*x"4xLog[x] + (-1 + a"2*x"4)*Log[l - a*x~2] + 2*PolyLog
‘[2, axx~2])/x"4

3.24. f PolyLog(2,a2?) dx

5
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3.24.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.02, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 545 Ryjleg used = {7145,

integrand size
25, 2904, 2842, 54, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

dz

PolyLog (2, aw2)
/ x5

lrm5

2 z° 44

| 25

1 / log (1 — az?) p PolyLog (2, az?)
I Bl VN

1 / log (1 — az?) p PolyLog (2, az?)
et B GV

2 xd 4z4
| 2904
1 [log(1—az?) 4n? PolyLog (2, az?)
4 / z6 v 4z4
| 2842
1(1 1 s log (1 — az?) PolyLog (2, az?)
4 2a/ z4 (1 — az?) v 224 B 44

| 54

1<1a/ ( a® Lo ;4) d? 4 log (1 — ax2)> _ PolyLog (2, az?)

Caz2—1 ' 2 2z4 44
l'2009

1 0 9 1 log (1 — az?) PolyLog (2, az?)
4<2a<alog (z°) —alog (1 — az?) _:1:2> + 574 - e

input LInt [PolyLogl[2, a*x~2]/x75,x]

~—

Outpllt‘((Log[l - axx"2]/(2%x74) + (a*(-x"(-2) + a*xLogl[x~2] - a*Logl[l - a*x~2]))/2)

‘ /4 - PolyLogl2, a*xx~2]/(4*x"4)

—

3.24. f PolyLog(2,a2?) dx

5
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3.24.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk354‘Int[((a_) + (b_)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
‘xpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
‘ ILtQ[m, O] &% IntegerQ[n] && !'(IGtQ[n, O] && LtQ[m + n + 2, 0])

ruka2009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))*((f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Loglc*(d + e*x)"n])/(
gx(q + 1)), x] - Simp[b*ex(n/(g*x(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, f, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[q, -1]

rule 2904 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)I*(b_.))"(q_.)*(x_)"(m
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*L
oglcx(d + exx)"pl)~q, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},
x] &% IntegerQ[Simplify[(m + 1)/nl] && (GtQ[(m + 1)/n, 0] || IGtQlq, 0]) &
& !'(EqQlq, 1] && ILtQ[n, 0] && IGtQ[m, 0])

rule 7145 | Int[((d_.)*(x_)) "~ (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogln, a*(b*x"p)~ql/(d*(m + 1))), x] - Simpl[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, ax(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] &% GtQ[n, 0]

3.24. J‘ESEEQEEEEEQ.dm

5
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3.24.4 Maple [A] (verified)

Time = 0.52 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.81

method result size
aln(am2—1) 1
a| ———5—+—=5+aln(x)
olylo 2,ax2 In(—az2+1 ( 2 222
default _polvlos(Bac) | In(Castil) | : 52
aln( z“—1 1 tal ( )
a| ————5—+—5+aln(z
polylog(2,a 2 In(—axz2+1 2 2z
. 2021 4_In(—az?+1)z%a?2—z*a?—az2—2polylog(2,a ) +In(—a z2+1
parallelrisch | = n(@)s’In(—aa’+1)ea’ aswfz polylog(2,a.2%)+In ) 66
az2 —9$4a2+9 In —a:c2+1 polylog 2,aw2 In In(—
.o a2 <_936a:227_( 36222‘(1 )+ 2a2(z4 )+i_ ;w)_ ( a)+ai2
meijerg — 5 83

inputLint(polylog(Q,a*x‘2)/x‘5,x,method=_RETURNVERBOSE)

output ‘ -1/4*polylog(2,a*x"2)/x"4+1/8*1n(-a*x~2+1) /x"4+1/4*a*x(-1/2*%a*x1ln(a*x"2-1)-1
/2/x"2+a*1n(x))

3.24.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.86

5
a’z*log (ax? — 1) — 2a%z*log () + az? + 2 Liy(az?) — log (—ax? + 1)
T 8zt

/ PolyLog (2, az?) i

inputLintegrate(polylog(2,a*x‘2)/x‘5,x, algorithm="fricas")

output‘—1/8*(a“2*x‘4*10g(a*x*2 - 1) - 2%a"2*%x"4xlog(x) + axx"2 + 2*dilog(a*x~2) -
‘ log(-a*x~2 + 1))/x74

3.24, [ Pobvles(2as) g

x
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3.24.6 Sympy [A] (verification not implemented)

Time = 2.11 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.77

x° 4 8 82 8zt 4zt

/ PolyLog (2, az?) i — a’log (z) N a’Liy (az?) a  Lij(az?) Li; (az?)

inputLintegrate(polylog(2,a*x**2)/x**5,x)

output‘a**2*log(x)/4 + a**2xpolylog(l, a*x**2)/8 - a/(8*x*%2) - polylog(l, a*x**2
‘)/(8*x**4) - polylog(2, a*x**2)/(4*x**4)

3.24.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.72

/ PolyLog5(2, ax?) i — iaz log (z) — az® + (a®z* — 1) 1ogé;;1z2 + 1) + 2 Liz(az?)
T

inputLintegrate(polylog(2,a*x‘2)/x‘5,x, algorithm="maxima")

p
output‘1/4*a‘2*log(x) - 1/8*%(a*x"2 + (a"2*x"4 - 1)*log(-a*x~2 + 1) + 2*dilog(a*x”
‘2))/x‘4

3.24.8 Giac [F]

/ PolyLog (2, ax?) e — / Lis(ax?) e

x° x°

inputLintegrate(polylog(2,a*x‘2)/x‘5,x, algorithm="giac")

output Lintegrate (dilog(a*x~2) /x5, x)

3.24. f PolyLog(2,a2?) dx

x5
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3.24.9 Mupad [B] (verification not implemented)

Time = 4.97 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.83

/ PolyLog (2, az?) do— a®In(z) polylog(2,az®) a*mn(aa’-1) a In(l-as?
" -4 4zt 8 8 22 8

inputtint(polylog(2, a*x~2)/x75,x)

output‘(a“2*log(x))/4 - polylog(2, a*x~2)/(4#x"4) - (a"2xlog(a*x~2 - 1))/8 - a/(8
‘*x‘2) + log(1l - a*x™2)/(8*x"4)

3.24. [ Peblesard) 4y
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3.95 f PolyLog (2,az?) da

!
3.25.1 Optimalresult . . .. ... ... . ... .. . 208
3.25.2 Mathematica [A] (verified) . . . . . . ... . ..o 208}
3.25.3 Rubi [A] (verified) . . . . .. ... .. 209
3.25.4 Maple [A] (verified) . ... ... .. ... 211
3.25.5 Fricas [A] (verification not implemented) . . . . . . .. .. ... ... ... .. 211
3.25.6 Sympy [A] (verification not implemented) . . ... ... ... ... ..... 212
3.25.7 Maxima [A] (verification not implemented) . ... .. ... ... ......
3.25.8 Giac [F] . . . . . .
3.25.9 Mupad [B] (verification not implemented) . . . . . ... ... ... ..... 213

3.25.1 Optimal result

Integrand size = 11, antiderivative size = 74

PolyLog (2, az?) a a® 1, 1 . )
/ o dx:_36x4_18x2+§a log(x)—ﬁa log (1 — az?)
log (1 —az®)  PolyLog (2, az?)
1825 62¢

output‘-1/36*a/x“4-1/18*a“2/x“2+1/9*a“3*1n(x)-1/18*a“3*1n(-a*x“2+1)+1/18*1n(-a*x“
‘2+1)/x“6—1/6*polylog(2,a*x‘2)/x‘6

3.25.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.92

PolyLog (2, az?)
7
az? + 2az* — 4a®z° log(z) — 2log (1 — az?®) + 2a3z%log (1 — ax?) + 6 PolyLog (2, ax?)
3626

dx

input‘Integrate[PolyLog[Q, a*xx~2]/x"7,x]

output‘-1/36*(a*x“2 + 2%a”2*%x"4 - 4*a~3xx"6*Logl[x] - 2+Logl[l - a*x"2] + 2*xa~3*x"6
‘*Log[l - axx"2] + 6*PolyLog[2, a*x~2])/x"6

3.95. f PolyLog(2,a2?) dx

7
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3.25.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.04, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 545 Ryjleg used = {7145,

integrand size
25, 2904, 2842, 54, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

2
/ PolyLog7(2, ax ) e
x
| 7145
1 log (1 — az?) p PolyLog (2, az?)
3 / B x’ T 626

| 25

1 / log (1 — az?) p PolyLog (2, az?)
I B Sl VN S

3 x7 66
| 2904
1 [log(1—az?) 4n? PolyLog (2, az?)
_6/ x8 T 66
| 2842
1(1 1 s log (1 — az?) PolyLog (2, az?)
6 3a/ z6 (1 — ax?) v 36 B 66

| 54

1(1 3 2 1 log (1 — az? PolyLog (2, az?
(a/<—§+‘12+a4+6>dm2+ e )>— yLog (2, az’)
ax z2 2tz

6\3 -1 36 66
| 2009
11/, N 5 a1\ log(1-az®)) PolyLog(2,az?)
5 <3a<a log (m ) a” log (1 ax ) 22 29:4) + 356 66

input LInt [PolyLogl[2, a*x~2]/x77,x]

~—

.
OUtPUt‘ (Logl[l - a*x"2]/(3*x76) + (a*x(-1/2%1/x"4 - a/x"2 + a"2xLogl[x~2] - a”2xLogl

1 - ax"21))/3)/6 - PolyLog[2, a*x"2]/(6x"6)

—

3.95. f PolyLog(2,a2?) dx

7
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3.25.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk354‘Int[((a_) + (b_)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
‘xpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
‘ ILtQ[m, O] &% IntegerQ[n] && !'(IGtQ[n, O] && LtQ[m + n + 2, 0])

ruka2009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))*((£f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Loglc*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*ex(n/(gx(q + 1))) Int[(f + gxx)"(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, f, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[q, -1]

rule 2904 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)I*(b_.))"(q_.)*(x_)"(m
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*L
oglcx(d + exx)"pl)~q, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},
x] &% IntegerQ[Simplify[(m + 1)/nl] && (GtQ[(m + 1)/n, 0] || IGtQlq, 0]) &
& !'(EqQlq, 1] && ILtQ[n, 0] && IGtQ[m, 0])

rule 7145 | Int[((d_.)*(x_)) "~ (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogln, a*(b*x"p)~ql/(d*(m + 1))), x] - Simpl[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, ax(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] &% GtQ[n, 0]

3.95. J‘ESEEQEEEEEQ.dm

7
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3.25.4 Maple [A] (verified)

Time = 1.18 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.84

method result size
a?1n (a z2— 1) 1
al ———5—~L 21— -2 4a%In(z)
polylog(2,a =2 In(—az2+1 ( 2 4z% 22
default _polos(act) | In(Cezit) | ; 62
a?1n (a z2-1
1 a 2
o| ———5——+——5—%5+a’In(x)
polylog(2,a z?) In(—az?+1) ( 2 40% 2@
parts — 620 + =g — T 5 62
. 403 In(z)z8—21In(—a z24+1)z6a3 —2a3x% —22*a? —a 22 —6 polylog (2,a £2)+2In(—a z2+1
parallelrisch (@) ( ) 3620 polylog )J+21n( ) 76
o3 [ 322%a®+60a 22 +102 + (_16“3’”6+16) 1“(_“””2+1) _ polylog(z“ 3”2) _242m(@) In(ze) 1 _ _1
. 432a274 1440326 30326 27 9 9 20224 4az2
meijerg 5 100

inputLint(polylog(Q,a*x‘2)/x‘7,x,method=_RETURNVERBOSE)

output ‘ -1/6*polylog(2,a*x"2)/x"6+1/18*1n(~a*x"2+1) /x"6+1/9%ax (-1/2*a"2x1ln(a*x"2-1

\)—1/4/x*4—1/2*a/x*2+a*2*1n(x))

3.25.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.86

P 2
/ olyLog7(2, ax?) .
x

2a31%log (az? — 1) — 4 a3z%log (z) + 2 a®z* + ax? + 6 Lig(az?) — 2 log (—az? + 1)

36 z6

input Lintegrate (polylog(2,a*x~2)/x"7,x, algorithm="fricas")

output‘ -1/36%(2*%a"3*x"6*xlog(a*x"2 - 1) - 4*a~3*x"6xlog(x) + 2*¥a"2*%x"4 + a*xx"2 + 6

‘*dilog(a*x“Q) - 2+log(-a*x~2 + 1))/x76

3.5 [ Pebles(arh g

x
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3.25.6 Sympy [A] (verification not implemented)

Time = 5.45 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.78

/PolyLog (2, ax?) i — a®log (z) N a’Lii (az®) o>  a  Lij(as®) Liz(az?)
z’ 9 18 1822  36z*  18z° 6

inputLintegrate(polylog(2,a*x**2)/x**7,x)

output‘a**3*log(x)/9 + a*x*3xpolylog(l, a*x**2)/18 - ax*2/(18*x*x2) - a/(36*x**4)
|- polylog(l, a*xx*2)/(18*xk*6) - polylog(2, a*xk*2)/(Exx**6)

3.25.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.74

P 2
/ olyLog7(2, azx?) i
T
2a%z* + ax? + 2 (a32% — 1) log (—ax? + 1) + 6 Liz(azx?)
36z

= % a®log () —

input‘integrate(polylog(2,a*x“2)/x”7,x, algorithm="maxima"

outputll/g*a“S*log(x) - 1/36*%(2*xa"2*x"4 + a*x"2 + 2%(a”3*x"6 - 1)*log(-a*x~2 + 1)
\ + 6xdilog(a*x~2))/x"6

3.25.8 Giac [F]

z’ z’?

/ PolyLog (2, ax?) i / Lis(ax?) i

inputLintegrate(polylog(2,a*x‘2)/x‘7,x, algorithm="giac")

-

output tintegrate (dilog(a*x~2)/x~7, x)

e—

3.95. f PolyLog(2,a2?) dx

x7
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3.25.9 Mupad [B] (verification not implemented)

Time = 4.97 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.82

a’In(z) polylog(2,az®) a’In(az®-1)

/ PolyLog (2, az?) p

x7 9 6 26 18
_a +ln(1—am2) _a
36 =4 18 z6 18 z2

input ‘ int (polylog(2, a*x~2)/x"7,x)

output‘(a“B*log(x))/Q - polylog(2, a*x~2)/(6*x76) - (a~3*log(a*xx~2 - 1))/18 - a/(
L36*x“4) + log(1l - a*x~2)/(18%x76) - a~2/(18%*x"2)

3.95. f PolyLog(2,a2?) dx

7
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3.26 [ z* PolyLog (2, az?) dx

3.26.1 Optimal result . . . . . . . . . . .. . . . 214
3.26.2 Mathematica [A] (verified) . . . . . . . . ... . L 214
3.26.3 Rubi [A] (verified) . . . . ... ... ... 2151
3.26.4 Maple [A] (verified) . .. ... .. ... ... L 216
3.26.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 217
3.26.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . 217
3.26.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... .. 218
3.26.8 Giac [F] . . . . . .
3.26.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... .. 218

3.26.1 Optimal result

Integrand size = 11, antiderivative size = 73

4r  42® 42°  darctanh(y/az)
4PolyLog (2,az?) dz = ——— — — — —
/ 7' Polylog (2,a0%) dz = =50 5 — e, ~ 195 T 25072
2 1
+ ﬁz‘r’ log (1 — az®) + 3355 PolyLog (2, az?)

p
output ‘ -4/25%x/a~2-4/T75*x"3/a-4/125*xx"5+4/25*%arctanh (x*a~(1/2))/a~ (5/2)+2/25*x~5*
Lln(—a*x‘2+1) +1/5%x~5*polylog(2,a*x~2)

3.26.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.89

1 2023 60arctanh
/934 PolyLog (2,az®) dz = <_60x _ 202" 1225 + arctanh(y/az)

375 a? a as/?

+ 302° log (1 — az2) + 752° PolyLog (2, a$2)>

input LIntegrate [x~4*PolyLog[2, a*x~2],x]

~—

)
output ‘ ((-60%x)/a~2 - (20%x~3)/a - 12*x~5 + (60*ArcTanh([Sqrt[al*x])/a~(5/2) + 30%
‘ x"5xLog[1 - a*x~2] + 75%x~5*PolyLog[2, a*x~2])/375

—.

3.26. [ z*PolyLog(2,az?) dzx
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3.26.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.12, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 455 Ryjes used = {7145,

integrand size
25, 2905, 254, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z* PolyLog (2, az?) dz
| 7145
%m‘r’ PolyLog (2, ax2) — % / —ztlog (1 - ax2) dx

l 25

2 /:v4 log (1 — az?) dz + %w5 PolyLog (2, az?)

5
| 2905
% (ga/ l—xiwﬂdx + %x5 log (1 - am2)> + %x‘r’ PolyLog (2, ax2)
| 254
2<2a/ <_a:4 _z + 1 1> dx + 1935 log (1 — aa:2)> + 1935 PolyLog (2, az?)
5\5 a a® a*(1—-az?) a? 5 5
| 2009

a’/? a3 3a2 ba 5

2 ( 2 < arctanh(vaz) z 2 2P >
— 7(1/ _— e — — ——— . —
5\ 5

+ 1375 log (1 — a,x2)> + %x‘r’ PolyLog (2, amz)

input LInt [x~4*PolyLog[2, a*x~2],x]

output ‘/(2*((2*a*(-(x/a"3) - x73/(3*a"2) - x"5/(5%a) + ArcTanh[Sqrt([al#*x]/a~(7/2))

‘)/5 + (x"5*Log[1 - a*x"2])/5))/5 + (x"5*PolyLog[2, a*x~2])/5

3.26. [ z*PolyLog(2,az?) dzx
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3.26.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruke254‘Int[(x_)“(m_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[PolynomialDivide[x"m,
- a+b*x"2, x], x] /; FreeQ{a, b}, x] & IGtQ[m, 3]

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

ruk32905‘Int[((a_.) + Logl[(c_.)*((d)) + (e_)*(x_ )" (@ ))~(p_.)]1*(b_.))*((£_.)*(x_))~
‘(m_.), x_Symbol] :> Simp[(f*x)~(m + 1)*((a + b*Loglc*(d + e*x™n) pl)/(f*x(m
‘+ 1))), x] - Simp[b*e*n*(p/(f*(m + 1))) Int[x"(n - 1)*((f*x)"(m + 1)/(d +
\ e*x’n)), x1, x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] & NeQ[m, -1]

ruk37145‘Int[((d_.)*(x_))‘(m_.)*PolyLog[n_, (a_)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
‘1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
(*#(q/(m + 1))  Int[(d*x) m*PolyLogln - 1, ax(bxx"p)~ql, xI, x] /; FreeQl{a,
b, d, m, p, qF, x] & NeQ[m, -1] & GtQ[n, 0]

3.26.4 Maple [A] (verified)

Time = 0.99 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.86

method | result si
. ) . ) da (_ %a2z5+§§a z3+z+arctan137(z\/5) )

z° polylog(2,a = 2z° In(—ax“+1 a 5 .

default polylog(2as®) ( ) 4 o 6:

5 25 25

. ) . ) da (_ %a2m5+§a z3+z+arctanh7(z\/a) )

z° polylog(2,a x 22° In(—a z“+1 a b

parts poly’ f( ) (25 ) + = o3 6¢

7 7 7 7
2z(—a) 2 (84m4a2+140a :c2+420) 4z(—a)2 (ln(l—\/ azz)—ln(1+\/ aa:2)) +4z5(—a)§ ln(—a z2+1) i 2m5(—a)§ polylog(2,a z2)
.. _ - 262503 - 2503V a 22 25a 5a -
meljerg 2a2y/—a L

inputLint(x‘4*polylog(2,a*x‘2),x,method=_RETURNVERBOSE)

output‘1/5*x‘5*polylog(2,a*x‘2)+2/25*x“5*1n(—a*x‘2+1)+4/25*a*(—1/a“3*(1/5*a“2*x‘5
| +1/3xa*x"~3+x)+1/a" (7/2) *arctanh (x*a~(1/2)))

3.26. [ z*PolyLog(2,az?) dzx
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3.26.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 159, normalized size of antiderivative = 2.18

/ z* PolyLog (2, axz) dx

75 a3z°Lig(ax?) + 30 a®z® log (—az? + 1) — 12 a®z® — 20 a%z® — 60 azx + 30 /alog <M> 75 03,

az?—1
B 375a? ’
inputLintegrate(x‘4*polylog(2,a*x‘2),x, algorithm="fricas") J

‘— 20*%a”2*x"3 - 60*a*x + 30*sqrt(a)*log((a*xx”2 + 2xsqrt(a)*x + 1)/(a*x"2 -
11)))/a"3, 1/375%(75%a"3xx"b*dilog(axx™2) + 30%a3%x 5*log(-a*x™2 + 1) - 12

e B
output‘ [1/375%(75%a~3*x"b*dilog(a*x~2) + 30%a~3*x"b5*log(-a*x~2 + 1) - 12%a~3%x"5 ‘
‘*a“B*x”S - 20%a”"2%x"3 - 60*a*x - 60*sqrt(-a)*arctan(sqrt(-a)#*x))/a"3] ‘

3.26.6 Sympy [A] (verification not implemented)

Time = 60.57 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.29

/ z* PolyLog (2, az®) dz

_ 225 Liy (axz) 25 Lio (axz) 45 473 4x 4log (z—\/§> — 2Li (azz) for a 7é 0
_ 25 5 125 75a 25a2 25a3\/§ 2543 %

0 otherwise

input ‘ integrate (x**4*polylog(2,a*x**2) ,x)

output‘Piecewise((-2*x**5*polylog(1, axx**2) /25 + xx*5kpolylog(2, akxx**2)/5 - 4xx ‘
| ¥%5/125 - 4¥x**3/(T5*a) - 4*x/(26%ax*2) - 4xlog(x - sqrt(1/a))/(26%a**3xsq
'Tt(1/2)) - 2*polylog(l, axx**2)/(25*a**3xsqrt(1/a)), Ne(a, 0)), (0, True))

3.26. [ z*PolyLog(2,az?) dzx
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3.26.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.10

/ z* PolyLog (2, az®) dz

ar—

_ 75a%2°Liy(az®) + 30 a’2°log (—az® + 1) — 124°2° — 20az® — 60z 2 log <az+ a>
B 375 a? 25 a5

B

S

input Lintegrate (x~4*polylog(2,a*x~2),x, algorithm="maxima")

output‘ 1/375%(75%a"2*x"5*dilog(a*x~2) + 30%a”~2*x"5xlog(-a*x”~2 + 1) - 12¥a”2*x"5 -
‘ 20*a*x~3 - 60*x)/a"2 - 2/25xlog((a*x - sqrt(a))/(a*x + sqrt(a)))/a~(5/2)

3.26.8 Giac [F|

/ z* PolyLog (2,ax2) dx = / z*Li, (axz) dx

input ‘ integrate(x~4*polylog(2,a*x~2) ,x, algorithm="giac")

output Lintegrate (x"4*dilog(a*x~2), x)

3.26.9 Mupad [B] (verification not implemented)

Time = 5.14 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.82

5 2 5 2
4 9 _ z°polylog(2,az®) 4z | 22°In(l—ax?)
/x PolyLog (2, az?) dz = = a2t o8
42° 42 atan(yVazli) 4
125 75a 25 ab/?

input Lint (x"4*polylog(2, a*x~2),x)

output‘ (x"5xpolylog(2, a*xx"2))/5 - (atan(a™(1/2)*x*1i)*4i)/(25%a~(5/2)) - (4*x)/(
125%a”2) + (2*x"B*log(l - a*x"2))/25 - (4+x75)/125 - (4%x73)/(75%a)

3.26. [ z*PolyLog(2,az?) dzx
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3.27 [ z* PolyLog (2, az?) dx

3.27.1 Optimal result . . . . . . . . . . ... 219
3.27.2 Mathematica [A] (verified) . . . . . . . ... ... L 219
3.27.3 Rubi [A] (verified) . . . . ... .. . ... 2201
3.27.4 Maple [A] (verified) . . ... ... ... ..
3.27.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.27.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... .. 222
3.27.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... .. 223
3.27.8 Giac [F] . . . . . o
3.27.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ...

3.27.1 Optimal result

Integrand size = 11, antiderivative size = 63

) ) 4z 4 4arctanh ({/az)
/x PolyLog (2, az?) dz = o 27t o
+ §x3 log (1 — axz) + %x?’ PolyLog (2, axQ)

p
output‘—4/9*x/a—4/27*x‘3+4/9*arctanh(x*a‘(1/2))/a‘(3/2)+2/9*x‘3*1n(—a*x‘2+1)+1/3*
LX‘B*polylog(Q ,a*xx"2)

3.27.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.90

1 12 12arctanh
/332 PolyLog (2, aa;Q) de = — <__:L' — 423 4+ arc agﬂ(\/ax)
a a

+ 623 log (1 — ax2) + 923 PolyLog (2, a$2)>

input LIntegrate [x~2*PolyLog[2, a*x~2],x]

~—

;
output‘ ((-12%x)/a - 4*x~3 + (12xArcTanh[Sqrt[al*x])/a~(3/2) + 6*x"3xLog[l - axx"2
1 + 9%x"3+PolyLogl[2, a*x~2])/27

—.

3.27. [ z?PolyLog(2,az?) dz
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3.27.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.14, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 455 Ryjes used = {7145,

integrand size
25, 2905, 254, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z? PolyLog (2, az?) dz
| 7145
%m?’ PolyLog (2, ax2) — ; / —z2log (1 - ax2) dx

l 25

2 /:v2 log (1 — az?) dz + §w3 PolyLog (2, az?)

3
| 2905
2/(2 zt 1 4 9 1 4 9
- = —z°log (1 — —x° PolyLog (2
3<3a/1_ax2dm+3x og ( a:c)>+3x olyLog (2, az?)
l 254
2 (2 72 1 1 14 9 14 5
3<3a/ <_a+a2(1—aa:2)_a2> d.’L‘+§.’L' log (1—(1.’13 )> +§.’L' POlyLOg (2,aw)
| 2009
2 (2 (arctanh(yaz) =z 23 1,4 9 14 9
3(3&(@5/2—612—3(1 —|—§x log(l—ax) +§x PolyLog (2,aa:)

input LInt [x~2%PolyLog[2, a*x~2],x]

output ‘/(2*((2*a*(-(x/a"2) - x73/(3%a) + ArcTanh[Sqrt[al*x]/a~(5/2)))/3 + (x"3*Log
‘ [1 - a*xx~2])/3))/3 + (x~3*PolyLog[2, a*x~2])/3

3.27. [ z?PolyLog(2,az?) dz
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3.27.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruke254‘Int[(x_)“(m_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[PolynomialDivide[x"m,
- a+b*x"2, x], x] /; FreeQ{a, b}, x] & IGtQ[m, 3]

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

ruk32905‘Int[((a_.) + Logl[(c_.)*((d)) + (e_)*(x_ )" (@ ))~(p_.)]1*(b_.))*((£_.)*(x_))~
‘(m_.), x_Symbol] :> Simp[(f*x)~(m + 1)*((a + b*Loglc*(d + e*x™n) pl)/(f*x(m
‘+ 1))), x] - Simp[b*e*n*(p/(f*(m + 1))) Int[x"(n - 1)*((f*x)"(m + 1)/(d +
\ e*x’n)), x1, x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] & NeQ[m, -1]

ruk37145‘Int[((d_.)*(x_))‘(m_.)*PolyLog[n_, (a_)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
‘1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
(*#(q/(m + 1))  Int[(d*x) m*PolyLogln - 1, ax(bxx"p)~ql, xI, x] /; FreeQl{a,
b, d, m, p, qF, x] & NeQ[m, -1] & GtQ[n, 0]

3.27.4 Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.87

method | result

2a+/—a

size
3 4a (_ %az3+m+arctanh(z\/5))
default z P01y103g(2,az2) + 22° ln(—9‘7'$2+1) + a2 9 ] o
3 2 3 5 4a (_ %am§+m+arctanh5(m\/a)>
parts z polylo?’g(2,ax ) 4 2z ln(—gaz +1) n P ' 3 -
—2m(_a)% (20a z2+60) _41(_‘1)% (ln(l_\/m)—ln(l-k\/m)) +4x3(—a)% ln(_a a:2+1) +2x3(—a)% polylog(la 12)
meijerg 13502 902 v/as? - o 6

inputLint(x‘2*polylog(2,a*x‘2),x,method=_RETURNVERBOSE)

output‘1/3*x‘3*polylog(2,a*x‘2)+2/9*x“3*1n(—a*x“2+1)+4/9*a*(—1/a‘2*(1/3*a*x“3+x)+
‘arctanh(x*a“(1/2))/a”(5/2))

3.27. [ z?PolyLog(2,az?) dz
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3.27.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 143, normalized size of antiderivative = 2.27

/ z? PolyLog (2, ax2) dx

9 a’r3Liy(ax?) + 6 a®x3log (—az® + 1) — 4a?z® — 12az + 6 /alog (M> 9422%Lis(az?) + 6 a

ar?—1
- 27 a? ’
inputLintegrate(x‘2*polylog(2,a*x‘2),x, algorithm="fricas") J

‘*a*x + 6xsqrt(a)*log((a*x™2 + 2*sqrt(a)*x + 1)/(a*x"2 - 1)))/a"2, 1/27*(9*
‘a‘2*x‘3*dilog(a*x‘2) + 6%a”2%x"3*log(-a*x™2 + 1) - 4*a”~2*x"3 - 12%axx - 12

Vs B
output ‘ [1/27%(9%a~2*x"3*dilog(a*xx~2) + 6*a~2*x"3*log(-a*x"2 + 1) - 4*a™2%x"3 - 12 ‘
‘ *sqrt (-a)*arctan(sqrt(-a)*x))/a~2] ‘

3.27.6 Sympy [A] (verification not implemented)

Time = 18.16 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.32

/ z* PolyLog (2, az®) dz

31,4 2 31, 2 4log (z—4/1 i 2
_2x Lll(az ) T ng(a:c ) A3 Az ( \/;) _ 2Liq (am ) fora % 0

= 9 t 3 2T 90 9a2\/§ 9a2\/g

0 otherwise

input ‘ integrate (x**2*polylog(2,a*x**2) ,x)

output‘Piecewise((-2*x**3*polylog(1, axx**2)/9 + x¥*3xpolylog(2, axx**2)/3 - 4*x*
‘*3/27 - 4xx/(9%a) - 4*log(x - sqrt(1/a))/(9*ax*2xsqrt(1/a)) - 2*polylog(l, ‘
\ a*x**2) / (9*ax*2*sqrt (1/a)), Ne(a, 0)), (0, True)) \

3.27. [ z?PolyLog(2,az?) dz
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3.27.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.08

9 ardLiz(az?®) + 6 az®log (—az? + 1) — 4az® — 12z
27a

/ z2 PolyLog (2, aw2) dr =

2 log (3572

3
9a2

inputLintegrate(x‘2*polylog(2,a*x‘2),x, algorithm="maxima")

-/

output‘1/27*(9*a*x‘3*dilog(a*x‘2) + 6xa*xx~3xlog(-a*xx~2 + 1) - 4*xa*x"3 - 12%x)/a -
2/9xlog((axx - sqrt(a))/(axx + sqrt(a)))/a~(3/2)

N\

3.27.8 Giac [F]

/ z? PolyLog (2,aw2) dr = / x?Li, (amQ) dx

input Lintegrate (x~2xpolylog(2,a*x~2),x, algorithm="giac")

-/

output Lintegrate (x"2*dilog(a*x~2), x)

3.27.9 Mupad [B] (verification not implemented)

Time = 5.00 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.83

3polylog(2,a2?) 4 223 1In(1 — az?
/IzPolyLog(ZaxQ) dr = = P0y0§(,ax)_£+ T n(9 az?)

42° atan(yazli) 4

27 9 q3/2

input Lint (x~2*polylog(2, a*x~2),x)

output‘ (x~3*polylog(2, a*x~2))/3 - (atan(a™(1/2)*x*1i)*4i)/(9*a~(3/2)) - (4*x)/(9
‘*a) + (2%x73%log(1l - a*x"2))/9 - (4*x73)/27

3.27. [ z?PolyLog(2,az?) dz
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input

output
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3.28 [ PolyLog (2, az?) dx

3.28.1 Optimal result . . . . . . .. . ... . 224
3.28.2 Mathematica [A] (verified) . . . . . . . . ... Lo 2241
3.28.3 Rubi [A] (verified) . . . . . ... .. 225
3.28.4 Maple [A] (verified) . ... ... ... ...
3.28.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ..., 227
3.28.6 Sympy [A] (verification not implemented) . . . ... .. ... ... .. ... . 2271
3.28.7 Maxima [A] (verification not implemented) . ... .. ... ... .. ... ..
3.28.8 Giac [F] . . . . . . 228
3.28.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 228

3.28.1 Optimal result

Integrand size = 7, antiderivative size = 40

4arctanh (y/az)
Vva

/PolyLog (2,a2?) dz = —4z + + 2zlog (1 — az?) + z PolyLog (2, az?)

e

L—4*x+2*x*ln(-a*x‘2+1)+x*polylog(2,a*x‘2)+4*arctanh(x*a“(1/2))/a‘(1/2)

~—

3.28.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.98

/PolyLog (2, ax2) dr = 4arctail/ha(\/5x) + 2a:(—2 + log (1 - axz)) + z PolyLog (2, aa:z)

LIntegrate[PolyLog[2, axx~2] ,x]

e

(4*ArcTanh[Sqrt [al*x])/Sqrt[a]l + 2*x*(-2 + Logl[l - a*x"2]) + x*PolyLogl[2,
‘a*x“Q]

3.28. [ PolyLog (2, az?) dz
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3.28.3 Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.20, number
of steps used = 5, number of rules used = 5, Bumber of rules _ 714 Ryjeg used = {7140,

integrand size
25, 2898, 262, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog (2, az?) dz
l 7140
xI%ﬂyLog(2,ax2)—-2m/i—log(1——ax2)dx
l 25
2 / log (1 — az?) dz + z PolyLog (2, az?)
l 2898
2 <2a / 1_x2ax2dw +zlog (1 - aw2)> + 2 PolyLog (2, az?)

| 262
1 4
2 (2(1 (W - z> + zlog (1 — aw2)> + z PolyLog (2, az?)

l 219

2 <2a<arctanh(\/_a:c) - z) + xlog (1 — aw2)> + 2 PolyLog (2,ax2)

a3/2

input‘ Int [PolyLog[2, a*x~2],x]

output ‘ 2x (2*ax(-(x/a) + ArcTanh[Sqrt[al*x]/a~(3/2)) + x*Log[l - a*x~2]) + x*PolyL

Log [2, a*x~2]

3.28. [ PolyLog (2, az?) dz
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3.28.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 219 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 262 Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[c*(c*x)
“(@m - D*x((a + b*x"2)"(p + 1)/(b*(m + 2%p + 1))), x] - Simp[a*c™2*((m - 1)/
(bx(m + 2%p + 1))) Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
,» C, P}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] &% IntBinomialQ[a, b, c
,» 2, m, p, x]

rule 2898 | Int [Log[(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)]1, x_Symbol] :> Simp[x*Log[c*(d
+ exx™n)"pl, x] - Simp[e*n*p Int[x"n/(d + exx"n), x], x] /; FreeQl{c, d,
e, n, p}, x]

rule 7140 Int[PolyLogln_, (a_.)*((b_.)*(x_)~(p_.))"(q_.)], x_Symbol] :> Simp[x*PolyLo
gln, ax(bxx"p)~ql, x] - Simp[p*q Int[PolyLog[n - 1, ax(b*x"p)~ql, x], x]
/; FreeQ[{a, b, p, q}, x] && GtQ[n, O]

3.28.4 Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.08

method | result sizo
default | z polylog (2,a2?) + 2zln(—az?+1) + 4a (_2 arctenh| xf ) 13
parts z polylog (2,az?) + 2zIn (—az® + 1) + 4a (— 4 arctanh “’f > 43
so(—ay}  4o(-a)3 (n(1-Vae?)—in(1+Vaz?)) 4a(-a)3 in(— amzﬂ) 2e(—)} polytog(2,052)
i e a/az? + a + 2
meijerg | — — 101

inputLint(polylog(Q,a*x“2),x,method=_RETURNVERBOSE)

3.28. [ PolyLog (2, az?) dz
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output‘x*polylog(2,a*x“2)+2*x*1n(—a*x“2+1)+4*a*(—x/a+arctanh(x*a”(1/2))/a”(3/2))

3.28.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 107, normalized size of antiderivative = 2.68

/ PolyLog (2, az®) dz

az2 axr
azLiz(az?) + 2az log (—az? + 1) — 4azx + 2+/alog (%) azLis(az?) + 2 az log (—az? + 1) —

)
a a

inputtintegrate(polylog(2,a*x‘2),x, algorithm="fricas") J

output‘ [(a*x*dilog(a*x~2) + 2*axxxlog(-a*x~2 + 1) - 4*a*x + 2*sqrt(a)*log((axx"2
‘+ 2xsqrt(a)*x + 1)/(a*xx"2 - 1)))/a, (a*x*dilog(a*x~2) + 2xa*x*log(-a*x~2 +
L 1) - 4xaxx - 4xsqrt(-a)*arctan(sqrt(-a)*x))/al

~

3.28.6 Sympy [A] (verification not implemented)

Time = 4.20 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.50

/ PolyLog (2, az®) dz

og (z—y/% i1 (ax
—2z Li; (az?) + z Lip (az?) — 4z — tos (=—/a) _ 2L“(12) fora #0

- ay/1 ay/1

0 otherwise

input | integrate (polylog(2,a*x**2),x)

N\ J

output‘Piecewise((—2*x*polylog(1, a*x**2) + x*polylog(2, axx**2) - 4*xx - 4xlog(x ‘
‘- sqrt(1/a))/(axsqrt(1/a)) - 2xpolylog(l, a*x**2)/(a*sqrt(1/a)), Ne(a, 0)) ‘
» (0, True)) \

3.28. [ PolyLog (2, az?) dz
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3.28.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.22

2 log (252

/PolyLog (2, aa:2) dxr = zLis (axZ) + 2xlog (—ax2 + 1) —4x— Va

input

integrate(polylog(2,a*x~2),x, algorithm="maxima")

N

output‘x*dilog(a*x‘Q) + 2xx*xlog(-a*x~2 + 1) - 4xx - 2*xlog((a*x - sqrt(a))/(a*xx +
‘sqrt(a)))/sqrt(a)

3.28.8 Giac [F|

/ PolyLog (2,ax2) dr = / Lis (ax2) dx

input Lintegrate (polylog(2,a*x~2),x, algorithm="giac")

~—

-

output integrate(dilog(a*x~2), x)

J

3.28.9 Mupad [B] (verification not implemented)

Time = 4.94 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.98

atan(/ax1i) 4i

/PolyLog (2, ax2) dr=2xIn (1 - awz) —4x+ xpolylog(2, aw2) — Ja

input Lint (polylog(2, a*x~2),x)

~—

.
Output\2*x*1og(1 - axx”2) - (atan(a”(1/2)*x*1i)*4i)/a~(1/2) - 4*x + x*polylog(2,
‘a*x‘2)

—

3.28. [ PolyLog (2, az?) dz
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3.99 f PolyLog (2,az?) da

72
3.29.1 Optimalresult . . .. .. .. . . ... .. 229
3.29.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 2291
3.29.3 Rubi [A] (verified) . . . . . ... . 230
3.29.4 Maple [A] (verified) . . . . ... . ... .. 231
3.29.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 232
3.29.6 Sympy [B] (verification not implemented) . . ... ... ... ... ... .. 232
3.29.7 Maxima [A] (verification not implemented) . .. ... ... ... .. ... ..
3.20.8 Giac [F] . . . . . . 233
3.29.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 233

3.29.1 Optimal result

Integrand size = 11, antiderivative size = 42

2 2 2
/ PolyLo§2(2,a:v ) dz = dy/arctanh (v/az) + 210g(1z az®) PolyLoi (2, az?)

output L2*1n(—a*x"2+1) /x-polylog(2,a*x~2) /x+4*arctanh(x*a~(1/2))*a~(1/2) J

3.29.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.98

/ PolyLog (2, ax?) p 4+/azarctanh(y/az) + 2log (1 — az?) — PolyLog (2, az?)
T =
x? x

input LIntegrate [PolyLog[2, a*x~2]/x"~2,x] J

e

output L (4xSqrt [a] *x*ArcTanh[Sqrt [a]l*x] + 2*Log[l - a*x~2] - PolyLog[2, a*x~2])/x

~—

3.99. f PolyLog(2,a2?) dx

2
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3.29.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.07, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 364 Ryjleg used = {7145,

integrand size
25, 2905, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

dz

PolyLog (2, aw2)
/ x?

l 7145

— ar? 2
2/_log (1-az )da: _ PolyLog (2, az?)

2 x

| 25

— ar? 2
_2/ log (1 —az )da: _ PolyLog (2, az?)

z2 x

l 2905

— ar? 2
9 (—2(1/ 1 s — log (1 —az )) _ PolyLog (2,az?)
1—ax?

T

log (1 — az?) > PolyLog (2, az?)
T

input LInt [PolyLogl[2, a*x~2]/x"2,x]

output ‘ -2*(-2*Sqrt [a] *ArcTanh [Sqrt [al*x] - Logl[l - a*x~2]/x) - PolyLogl[2, a*x~2]/

X

N

~—

3.99. f PolyLog(2,a2?) dx

2
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3.29.3.1 Defintions of rubi rules used

rule 25 ‘

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 219

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 2905

rule 7145

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_)) " (p_.)]*(b_.))*((£_.0*(x_))~
(m_.), x_Symbol] :> Simp[(f*x)~(m + 1)*((a + b*Loglc*x(d + e*x"n) pl)/(f*(m
+ 1))), x] - Simp[b*exn*(p/(f*x(m + 1))) Int[x"(n - 1)*((f*x)"(m + 1)/ +
exx"n)), x], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && NeQ[m, -1]

Int[((d_.)*(x_))"(m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp(p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, qf, x] & NeQ[m, -1] && GtQ[n, O]

3.29.4 Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.93

method | result size
default 2ln(_ix2+1) — pdylogf’wz) + 4 arctanh (z1/a) v/a 39
parts 2ln(—(;z2+1) — pOIylogx2’”2) + 4 arctanh (z1/a) v/a 39
. (_ 4zv=a (ln(l—\/ﬁl—ln(l-ﬁ-m)) N 4/=a lnga—a 2?+1) _2v=a pol};l::g(la 2?) )
meijerg oo 92

input L

int (polylog(2,a*x~2)/x"2,x,method=_RETURNVERBOSE)

e

output t

2x1n(-a*x~2+1) /x-polylog(2,a*x~2) /x+4*arctanh(x*a~(1/2))*a~(1/2)

~—

PolyLog(2,ax?
—w2( ) de

3.29.

J
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3.29.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 94, normalized size of antiderivative = 2.24

)

a(l:2 ar .
/ PolyLog (2, az?) g — 2+v/azxlog (%) — Liy(az?) + 2 log (—az?® + 1)

2 T

4+/—az arctan (v/—az) + Liz(az?) — 2 log (—az? + 1)
T

inputLintegrate(polylog(2,a*x“2)/x‘2,x, algorithm="fricas") J

output‘[(2*sqrt(a)*x*log((a*x‘2 + 2xsqrt(a)*x + 1)/(a*x”2 - 1)) - dilog(a*x~2) +
‘2*log(—a*x‘2 + 1)) /x, -(4xsqrt(-a)*x*arctan(sqrt(-a)*x) + dilog(a*x~2) - 2
L*log(—a*x‘Z + 1)) /x] J

3.29.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 184 vs. 2(34) = 68.

Time = 15.85 (sec) , antiderivative size = 184, normalized size of antiderivative = 4.38

/ PolyLog (2, az?) i

22
0

_n?
= 6x

2Lij (a

z

23_Z
a

_ 4ax3\/glog (x—\/%) _ 2az3\/gLil (az?) _ 222Lii(az?)  2?Lia(aa?) + 4a:\/glog (w— %) n Zx\/gLil (az?) n
23 23_Z z3—
a a

T 23— 23—
a a a

e

inputtintegrate(polylog(2,a*x**2)/x**2,x)

A >

output | Piecewise((0, Eq(a, 0)), (-pi**2/(6*x), Eq(a, x**(-2))), (-4*xa*x**3xsqrt(1
/a)*log(x - sqrt(1/a))/(x**3 - x/a) - 2xa*x**3*sqrt(l/a)*polylog(l, a*x**2
)/ (x**3 - x/a) - 2*xx**2*polylog(l, axx**2)/(x**3 - x/a) - x**2xpolylog(2,

a*x**2) /(x**3 - x/a) + 4*xxsqrt(1/a)*log(x - sqrt(1/a))/(x**3 - x/a) + 2*x
*sqrt (1/a)*polylog(1l, a*xx**2)/(x**3 - x/a) + 2*polylog(l, a*x**2)/(a*x**3

- x) + polylog(2, axx**2)/(a*x**3 - x), True))

3.99. f PolyLog(2,a2?) dx

2

axd—
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3.29.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.17

2 - Li 2) —2log(—azx®+1
/PolyLog2(2,ax ) dz = —2+/alog <aw \/E> _ Lip(az?) og (—ax®+1)
z az ++/a x

inputtintegrate(polylog(2,a*x‘2)/x‘2,x, algorithm="maxima")

output‘—2*sqrt(a)*log((a*x - sqrt(a))/(a*x + sqrt(a))) - (dilog(a*x~2) - 2xlog(-a
*x72 + 1)) /x

3.29.8 Giac [F]

/ PolyLog (2, ax?) i — / Lis(ax?) e

x2 x2

-

input Lintegrate (polylog(2,a*x~2)/x"2,x, algorithm="giac")

-/

output Lintegrate (dilog(a*x~2)/x~2, x)

-/

3.29.9 Mupad [B] (verification not implemented)

Time = 5.19 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.90

2 lylog(2,az?) 2In(1—az?
/PolyLoﬂg32(2,ax)dx=4\/aatanh<\/aw)_poyogé ,ax)+ n ( - ax?)

input Lint (polylog(2, a*x~2)/x"2,x)

-/

output L4*a‘(1/2)*atanh(a‘(1/2)*x) - polylog(2, a*x"2)/x + (2*log(l - a*x"2))/x

3.99. f PolyLog(2,a2?) dx

x2



output

input

output
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3.30 f PolyLog (2,az?) da

74
3.30.1 Optimalresult . . .. ... .. .. . 234
3.30.2 Mathematica [C] (verified) . . . . . . . .. ... .. 234
3.30.3 Rubi [A] (verified) . . . . ... .. ... 235
3.30.4 Maple [A] (verified) . ... ... ... . ... 230
3.30.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 237
3.30.6 Sympy [B] (verification not implemented) . . ... ... ... . ... ..... 237
3.30.7 Maxima [A] (verification not implemented) . .. ... ... ... ......
3.30.8 Giac [F] . . . . o
3.30.9 Mupad [B] (verification not implemented) . . . . . ... ... ... ..... 239

3.30.1 Optimal result

Integrand size = 11, antiderivative size = 56

2log (1 —az®)  PolyLog (2, az?)
923 33

4
der = —— + §a3/2arctanh(\/5x) +

/ PolyLog (2, az?) 4a
x? 9z

‘—4/9*a/x+4/9*a“(3/2)*arctanh(x*a‘(1/2))+2/9*1n(-a*x‘2+1)/x“3—1/3*polylog(2
,a*x"2)/x"3

3.30.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 0.01 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.84

/ PolyLog (2, az?) i

o
4az® Hypergeometric2F1 (—1,1,1 az?) — 2log (1 — az?) + 3 PolyLog (2, az?)
B 9x3
LIntegrate[PolyLog[2, axx~2]/x74,x] J

e B

-1/9* (4*a*xx~2*Hypergeometric2F1[-1/2, 1, 1/2, a*x~2] - 2+Log[l - a*x~2] +
‘3*PolyLog[2, a*xx~2])/x"3 J

3.30. f PolyLog(2,a2?) dx

x4
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3.30.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.09, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 455 Ryjes used = {7145,

integrand size
25, 2905, 264, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

dz

PolyLog (2, aw2)
/ zt

l 7145

2 log (1 — az?) PolyLog (2, az?)
/ x4 3z3

3
l25

2 / log (1 — az?) p PolyLog (2, az?)
_4 - —

3 x4 3x3
| 2905
2( 2 / 1 J log (1 — az?) PolyLog (2, az?)
3\ 73%) 22 (1 —ax?) v 33 33
l 264
2( 2 / 1 1 log (1 — az?) PolyLog (2, az?)
——|—zala dr — - ) — —
3\ 3 1—azx? x 3x3 3x3

2 log (1 — az?) ) PolyLog (2, az?)
3

9 1
-z (—3(1 (\/Earctanh(\/ax) - a:> - 373 323

input LInt [PolyLogl[2, a*x~2]/x"4,x]

~—

output ‘ (-2%((-2*ax(-x~(-1) + Sqrt[al*ArcTanh[Sqrt[al*x]))/3 - Logl[l - a*x~2]/(3*x

~3)))/3 - PolyLogl[2, a*x~2]/(3*x"3)

N

3.30. f PolyLog(2,a2?) dx

x4



rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1]

rule 219

rule 264

rule 2905

rule 7145
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3.30.3.1 Defintions of rubi rules used

Int[Fx, x], x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)~(
m+ D*x((a + bxx"2)"(p + 1)/(axcx(m + 1))), x] - Simp[b*((m + 2*p + 3)/(a*c
~2x(m + 1))) Int[(c*x)"(m + 2)*(a + b*x"2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] && LtQ[m, -1] && IntBinomialQ[a, b, c, 2, m, p, x]

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_)) (p_.)1*(b_.))*((£_.)*(x_))"
(m_.), x_Symbol] :> Simp[(f*x)~(m + 1)*((a + bxLog[c*(d + e*x"n)~pl)/(f*(m
+ 1))), x] - Simp[b*exn*(p/(f*(m + 1))) Int[x"(n - 1)*((f*x)"(m + 1)/(d +
e*x"n)), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && NeQ[m, -1]

Int[((d_.)*(x_)) " (m_.)*PolyLogln_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simplp
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, qF, x] & NeQ[m, -1] && GtQ[n, 0]

3.30.4 Maple [A] (verified)

Time = 0.53 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.84

input Lint (polylog(2,a*x~2)/x"4,x,method=_RETURNVERBOSE)

method | result size
2 —ar2 _1
default _polylo?ig,ax ) + 21n( 9(;: +1) n 4a(arctanh(;\/&)\/& ) 47
parts _polylo?i(g,aﬁ) n 2ln(_9(;:2+1) + 4a(arctanh(;\/a)\/a—%) 47
2 8 4za(1n(1—\/azz)—ln(1+\/az2)) 4ln(—az2+1) 2p01y10g(2,uz2)
3 @\ Toav=a ov—avaz2 R e N T
meijerg | — NaT 105

3.30. f PolyLog(2,a2?) dx

x4
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output‘-1/3*polylog(2,a*x“2)/x“3+2/9*ln(—a*x“2+1)/x“3+4/9*a*(arctanh(x*a”(1/2))*a
L”(1/2)-1/x)

|

3.30.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 114, normalized size of antiderivative = 2.04

PolyLog (2, az?

[Postos e,
T

2a2z%log <M> — 4 az® — 3Lis(az?) + 2 log (—az? + 1)

ar2—1
9x3 ’

4 \/—aaz® arctan (v/—az) + 4 az? + 3Liz(az®) — 2 log (—az?® + 1)

93

input Lintegrate (polylog(2,a*x~2)/x"4,x, algorithm="fricas")

-/

OUtPUt‘[1/9*(2*a‘(3/2)*x‘3*log((a*x‘2 + 2xsqrt(a)*x + 1)/(a*xx"2 - 1)) - 4*%a*xx"2 -
‘ 3*dilog(a*x~2) + 2*log(-a*x~2 + 1))/x73, -1/9%(4*sqrt(-a)*a*x~3*arctan(sq
‘rt(—a)*x) + 4xa*xx~2 + 3xdilog(a*x~2) - 2xlog(-a*x~2 + 1))/x"3]

3.30.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 275 vs. 2(49) = 98.

Time = 72.40 (sec) , antiderivative size = 275, normalized size of antiderivative = 4.91

PolyLog (2, ax?
[Postestzas)
T
0

71'2
— ) 183

4a ac5\/710g (m—\/j> 202z \/>L11 am _ dazt n 4az3 \/710g (m—ﬁ) 2ax3 \/>L11 a:c

2m2 Liq (am2)

9.’1:5 9;1: 9:1:5 Qz 9:1:5—913 9z 5_ 9;2: xs Qm
a

95— 922
a

input | integrate (polylog(2,a*x**2)/x**4,x)

3.30. f PolyLog(2,a2?) dx

x4

3

3x
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output Piecewise((0, Eq(a, 0)), (-pi**2/(18%x*x3), Eq(a, x*x(-2))), (-4*a**k2*x**5
x*sqrt(1/a)*log(x - sqrt(1/a))/(9kx**5 — 9*x**x3/a) - 2kax*kxx*5xsqrt(1l/a)x*
polylog(1l, a*x**2)/(9*x**5 — 9*x**3/a) — 4*akxx*x4/(9*x*x*5 — 9xx**3/a) + 4x*
axx**3*sqrt (1/a)*log(x - sqrt(l/a))/(9*x*x5 - 9*x**3/a) + 2xa*x**3xsqrt(1/
a)*polylog(l, a*x**2)/(9*x**5 — 9*x**3/a) - 2xx**2xpolylog(l, a*x**2)/(9*x
**k5 — O*x*x3/a) - Bkx**2kpolylog(2, akx**2)/(9*x*x5 — 9*xx**3/a) + 4xx**x2/(
9xxx*5 — 9*x**x3/a) + 2*polylog(l, a*xx**2)/(9*a*x**5 — 9xx**3) + 3*polylog(
2, axx**2)/(9%a*x**5 — 9xx*x3), True))

3.30.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.02

xt 93

/ PolyLog (2, ax?) 2 s (
dr = —— a2 log
9 ar ++/a

ax — \/E) _ 4ax® + 3Liy(ax?) — 2 log (—az® +1)

inputLintegrate(polylog(2,a*x“2)/x‘4,x, algorithm="maxima")

Output‘-2/9*a‘(3/2)*10g((a*x - sqrt(a))/(axx + sqrt(a))) - 1/9x(4*a*x"2 + 3*dilog
‘(a*x‘Q) - 2xlog(-a*x"2 + 1))/x"3

3.30.8 Giac [F|

/ PolyLog (2, az?) dp — / Lis(az?) i

xt xz?

-

inputLintegrate(polylog(2,a*x“2)/x“4,x, algorithm="giac")

| —

outputLintegrate(dilog(a*x“2)/x‘4, x)

3.30. [ Pebles(ash) g

T
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3.30.9 Mupad [B] (verification not implemented)

Time = 5.05 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.84

/PolyLog (2, ax?) dr — 2In(1-az®) 4a polylog(2,az?) a®?atan(v/az1i) 4i
zt B 913 9z 33 9

input Lint (polylog(2, a*x~2)/x"4,x)

output‘ (2*%1log(1 - a*x~2))/(9%x~3) - polylog(2, a*x~2)/(3*x~3) - (4*a)/(9*x) - (a~
| (3/2)*atan(a” (1/2)*x+11)%41) /9

3.30. f PolyLog(2,a2?) dx

x4



CHAPTER 3. LISTING OF INTEGRALS 240

3.31 f PolyLog (2,az?) da

20
3.31.1 Optimal result . . . . . . . . . . ... . 240
3.31.2 Mathematica [C] (verified) . . . . . . . . ... . Lo 240
3.31.3 Rubi [A] (verified) . . . . . . .. .. 24T]
3.31.4 Maple [A] (verified) . ... ... ... . . ... .. 242
3.31.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 243
3.31.6 Sympy [F(-1)] . . . . o 243
3.31.7 Maxima [A] (verification not implemented) . . .. ... ... ... .. .... 247
3.31.8 Giac [F] . . . . . o 244]
3.31.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... .. 244

3.31.1 Optimal result

Integrand size = 11, antiderivative size = 66

Tr =

/ PolyLog (2, azx?) 4o 4d®
x8 75x3 25z

2log (1 —az®)  PolyLog (2, az?)
2515 5x5

4
+ %aw 2arctanh(\/ax) +

output‘—4/75*a/x‘3—4/25*a“2/x+4/25*a‘(5/2)*arctanh(x*a“(1/2))+2/25*1n(—a*x‘2+1)/x
L‘S—l/S*polylog(2,a*x‘2)/x‘5 J

3.31.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 0.02 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.71

/ PolyLog (2, ax?) i

26
_ _4ax2 Hypergeometric2F1 (—32,1, -1, az?) — 6log (1 — az?) + 15 PolyLog (2, az?)
7525
inputLIntegrate[PolyLog[Q, a*xx~2]/x76,x] J

output‘—1/75*(4*a*x‘2*Hypergeometric2F1 [-3/2, 1, -1/2, a*x~2] - 6xLogl[l - a*x~2]
'+ 15%PolyLogl2, a*x~2])/x"5

3.31. f PolyLog(2,a2?) dx

6



input LInt [PolyLogl[2, a*x~2]/x76,x]

output‘ (-2%((-2%ax(-1/3%1/x"3 + a*(-x~(-1) + Sqrtl[al*ArcTanh[Sqrt[al*x])))/5 - Lo
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3.31.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.08, number
of steps used = 6, number of rules used = 6, Bumber of rules _ 545 Ryjles used = {7145,

integrand size
25, 2905, 264, 264, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2
/ PolyLog6(2, ax ) e
x
| 7145
2 log (1 — az?) p PolyLog (2, az?)
5 / B z T 525

| 25

2 / log (1 — az?) p PolyLog (2, az?)
_z - —

5 x6 55
| 2905
2( 2 1 log (1 — az?) PolyLog (2, az?)
5 <—5a/ z4 (1 - aa:Q)dw - 55 ) B 515
| 264

2 (_2 (a/ 1 ] > log(1- ax2)> _ PolyLog (2, az?)

z2 (1 — ax?) R 55 5a5

l 264

2( 2 / 1 1 1 log (1 — az?) PolyLog (2, az?)
— | —=alala dr—— | — =) — —
5\ 5 1—azx? x 33 515 5x°

2( 2 1 1 log (1 — az?) PolyLog (2, az?)
-z <—5a<a (ﬁarctanh(\/ﬁx) - a:> — > - = - s

~—

_

gll - a*x~2]/(5*x75)))/5 - PolyLogl[2, a*x~2]/(5*x"5)

N J

3.31. f PolyLog(2,a2?) dx

26



rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1]

rule 219

rule 264

rule 2905

rule 7145
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3.31.3.1 Defintions of rubi rules used

Int[Fx, x], x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)~(
m+ D*x((a + bxx"2)"(p + 1)/(axcx(m + 1))), x] - Simp[b*((m + 2*p + 3)/(a*c
~2x(m + 1))) Int[(c*x)"(m + 2)*(a + b*x"2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] && LtQ[m, -1] && IntBinomialQ[a, b, c, 2, m, p, x]

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_)) (p_.)1*(b_.))*((£_.)*(x_))"
(m_.), x_Symbol] :> Simp[(f*x)~(m + 1)*((a + bxLog[c*(d + e*x"n)~pl)/(f*(m
+ 1))), x] - Simp[b*exn*(p/(f*(m + 1))) Int[x"(n - 1)*((f*x)"(m + 1)/(d +
e*x"n)), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && NeQ[m, -1]

Int[((d_.)*(x_)) " (m_.)*PolyLogln_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simplp
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, qF, x] & NeQ[m, -1] && GtQ[n, 0]

3.31.4 Maple [A] (verified)

Time = 1.15 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.80

method | result size
polylog(2,a z?) 2In(—az?+1) 4a (a% arctanh(x\/a)—s%—%)
default | — =5 + 555 + 55 < 53
3
olylog(2,a x2 2In(—az?+1 4ala2 arctanh(m\/a)—‘lg—ﬂ
parts 5 Sgag5 - (252:5 4 ( 25 ) 53
3 ( 8 8a 4z a2 (ln(l—\/ a12)—ln(1+\/ a22)> +41n(—a z2+1) 2p01y10g(2,a 12) >
a”\ - 3~ 3~ 3 - 3
. 7503(—a)2  25z(—a)2 25(—a)2 Va2 2525 (—a)2 a 525(—a)2a
meijerg e 118

input Lint (polylog(2,a*x~2)/x"6,x,method=_RETURNVERBOSE)

PolyLog(2,ax?
—zﬁ( ) de

3.31.

J

~—
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output‘-1/5*polylog(2,a*x“2)/x“5+2/25*1n(—a*x“2+1)/x“5+4/25*a*(a“(3/2)*arctanh(x*
'a~(1/2))-1/3/x"3-a/x)

3.31.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 132, normalized size of antiderivative = 2.00

Pol 2
/ oyL0g6(2,ax ) d
z

6 a2z log <M> —12az* — 4ax? — 15Liz(az?) + 6 log (—az® + 1)

ar2—1
75 x5 ’

12 /—aa’z® arctan (v/—az) + 12 a’z* + 4 az® + 15 Lis (az?) — 6 log (—az® + 1)
- 75 75

input Lintegrate (polylog(2,a*x~2)/x"6,x, algorithm="fricas")

output‘[1/75*(6*a‘(5/2)*x‘5*log((a*x‘2 + 2xsqrt(a)*x + 1)/(a*xx"2 - 1)) - 12*%a"2*x
“4 - 4xaxx~2 - 15*%dilog(a*x~2) + 6*log(-a*x~2 + 1))/x75, -1/75%(12*sqrt(-a
‘)*a“2*x“5*arctan(sqrt(-a)*x) + 12%a”~2*x"4 + 4*xa*xx”2 + 165xdilog(a*x~2) - 6%
‘log(—a*x“2 + 1))/x75]

3.31.6 Sympy [F(-1)]

Timed out.

dz = Timed out

PolyLog (2, az?)
26

input Lintegrate (polylog(2,a*x**2) /x**6,x)

output LTimed out

3.31. f PolyLog(2,a2?) dx

26
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3.31.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.98

2 —
/ PolyLog (2, az?) dp — 2 o log ax — +/a
6 25 az ++/a

_ 12a%z* +4a2® +15Liy(aa?) — 6 log (—az® +1)
75 2®

input Lintegrate (polylog(2,a*x~2)/x"6,x, algorithm="maxima")

output‘—2/25*a“(5/2)*log((a*x - sqrt(a))/(a*x + sqrt(a))) - 1/75%x(12%a~2%x"4 + 4%
|a¥x"2 + 15xdilog(a*x"2) - 6%log(-a*x™2 + 1))/x"5

3.31.8 Giac [F]

x8 x6

/ PolyLog (2, ax?) i — / Lis(ax?) e

input

integrate(polylog(2,a*x~2)/x"6,x, algorithm="giac")

N\

output Lintegrate (dilog(a*x~2)/x"6, x)

3.31.9 Mupad [B] (verification not implemented)

Time = 5.04 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.88

/ PolyLog (2, ax?) dp — 21In(1—az?) B 4a’z? + 42

x6 25 % 25 3
polylog(2,ax®) a®?atan(y/azli) 4i
5 x® 25

inputtint(polylog(Q, a*x~2)/x"6,x)

OUtPUt‘ (2%log(1 - a*x~2))/(25*x"5) - polylog(2, a*x~2)/(5*x75) - ((4*a)/3 + 4xa”2
\*x*2)/(25*x*3) - (a~(5/2)*atan(a”(1/2)*x*1i)*4i) /25

3.31. f PolyLog(2,a2?) dx

26
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3.32 [ z° PolyLog (3, az?) dz

3.32.1 Optimal result . . . . . . . . . ... . 245
3.32.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 245
3.32.3 Rubi [A] (verified) . . . . ... . . . ... 240
3.32.4 Maple [A] (verified) . .. . ... . ... .. 248
3.32.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 248]
3.32.6 Sympy [F] . . . . . 248
3.32.7 Maxima [A] (verification not implemented) . ... .. ... ... ...... 249]
3.32.8 Giac [F] . . . o 249
3.32.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 249

3.32.1 Optimal result

Integrand size = 11, antiderivative size = 88

2 4 6 log(l—az?) 1
5 Polvl, 2d=x_ z T it e ool 1 — ax?
/m olyLog (3,a2%) dz = s + 0e t s T 54ad 5q% log (1-az’)
1 1
= Exﬁ PolyLog (2, az®) + 6.’1:6 PolyLog (3, az?)

output‘1/54*x“2/a‘2+1/108*x“4/a+1/162*x‘6+1/54*1n(—a*x“2+1)/a‘3—1/54*x“6*1n(-a*x“
|2+1)-1/18%x"6%polylog(2,a*x"2)+1/6*x"6*polylog(3,a*x"2) |

3.32.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.00

z° PolyLog (3, az”) dzx

_ 6az® + 3a’z" + 2a°2° 4 6log (1 — az?) — 6a’z° log (1 — az®) — 18a°z® PolyLog (2, az?) + 54a’x°® PolyLc
a 32443

input LIntegrate [x~5*PolyLog[3, a*x~2],x]

-/

output‘ (6*a*x™2 + 3*a”~2+x"4 + 2*a"3%x"6 + 6+%Log[l - a*x"2] - 6xa~3*x"6xLog[l - a* ‘
‘x‘2] - 18%a~3*x"6*PolyLog[2, a*x~2] + B4*a~3*x"6xPolyLog[3, a*xx~2])/(324*a ‘
® |

3.32. [ z°PolyLog(3,az?) dz
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3.32.3 Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.17,

number of steps used = 8, number of rules used = 7, Lumber of rules _ ( ¢35 Ryles used
integrand size

= {7145, 7145, 25, 2904, 2842, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z° PolyLog (3, az?) dz
l7M5
éﬁﬂwmu&m%—;/fmwmyzm%w
l7m5
% (; / —z°log (1 — az?) dz — éwG PolyLog (2, aa:2)> + éxﬁ PolyLog (3, az?)
l 25

1 <—£1)) /:1:5 log (1 — az?) dz — éxﬁ PolyLog (2, ax2)> + %xG PolyLog (3, az?)

3
l 2004
101 [ 4 2 2 Log 2 l 6 2
3 —6/33 log (1 —ax )dw - gw PolyLog (2,aw ) + ém PolyLog (3,ax )
l 2842
1/1/ 1 z8 s, 1 ¢ 9 1 2 1 2
3 <6 <—3a/ T dz* — 3T log (1 —az )> e PolyLog (2, az )> + 6% PolyLog (3, az?)

l 49

4 2
(o [ (-2 Y it Lttt ) - Lt Potes ) )+

%xG PolyLog (3, ax2)

| 2009
1/1( 1 log (1—az?) 22 z* 2f 1 9 16 2
3(6<_3a<_a,4_a3_2a2_3a - 3T log (1 — az®) e PolyLog (2, az?) | +

%a,ﬁ PolyLog (3, aa:Q)

3.32. [ z°PolyLog(3,az?) dz
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input‘Int[x“S*PolyLog[S, a*x~2] ,x]

output(((-l/B*(x“G*Log[l - a*x”2]) - (ax(-(x"2/a"3) - x~4/(2*%a"2) - x°6/(3%a) - L
‘og[l - a*x"2]/a"4))/3)/6 - (x"6*PolyLogl[2, a*x~2])/6)/3 + (x"6*PolyLogl[3,
‘a*x"21)/6

-

3.32.3.1 Defintions of rubi rules used

-

rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

N\

ruk>49‘Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + bxx) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
‘&& IGtQ[m, 0] && IGtQ[m + n + 2, 0]

rukaQOOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_.)I1*(b_.))*((f_.) + (g_.)*(x_
))"(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Logl[c*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*e*(n/(gx(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x], x] /; FreeQ[{a, b, c, d, e, £, g, n, q}, x] && NeQ[exf - d*xg, 0] &&
NeQ[q, -1]

rule 2904 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)I*(b_.))"(q_.)*(x_)"(m
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxL
oglcx(d + exx)"pl)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},
x] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0] || IGtQ[lq, 0]) &
& '(EqQlq, 1] & ILtQ[n, 0] & IGtQ[m, 01)

rule 7145 Int[((d_.)*(x_))~(m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simplp
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, qF, x] & NeQ[m, -1] && GtQ[n, 0]

3.32. [ z°PolyLog(3,az?) dz
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3.32.4 Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.91

method | result size
az? (4m4a2+6a z2+12) n (—4a3m6+4) ln(—a a:2+1) a328 polylog (Z,a :1:2) I a326 polylog (B,a mz)
meij erg 324 108 533 9 3 80
inputLint(x‘5*polylog(3,a*x“2),x,method=_RETURNVERBOSE) J

output‘1/2/a‘3*(1/324*a*x“2*(4*a“2*x”4+6*a*x“2+12)+1/108*(-4*a“3*x“6+4)*1n(—a*x“2
‘+1)-1/9*a“3*x“6*polylog(2,a*x“2)+1/3*a“3*x“6*polylog(3,a*x”2))

3.32.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.88

/ z° PolyLog (3, ax2) dr =

18 a325Lis(az?®) — 54 a3x8polylog(3, az?) — 2 a3z — 3a’z* — 6 az® + 6 (a®z® — 1) log (—az? + 1)
B 324 a®

input Lintegrate (x~6*polylog(3,a*x~2),x, algorithm="fricas") J

output‘—1/324*(18*a‘3*x‘6*dilog(a*x“2) - 54*a”~3xx"6*polylog(3, a*x~2) - 2*xa~3*x"6
‘ - 3%a”2*x"4 - 6xaxx"2 + 6x(a”3*x"6 - 1)*log(-a*x~2 + 1))/a"3 ‘

3.32.6 Sympy [F]

/ z° PolyLog (3, az?) dz = / 2’ Liz (az®) dz

inputtintegrate(x**5*polylog(3,a*x**2),X) J

outputLIntegral(x**S*polylog(B, a*xx*k*2), x) J

3.32. [ z°PolyLog(3,az?) dz
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3.32.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.88

/ z° PolyLog (3, az®) dz =

_ 184°2°Liy(az?) — 54 a°2Liz(ax?) — 20°2° — 3a’z* — 6az® + 6 (a®2® — 1) log (—az® + 1)
324 a3

input

integrate(x~5*polylog(3,a*x~2),x, algorithm="maxima")

N\ J

output‘—1/324*(18*a‘3*x“6*dilog(a*x”2) - b4*a~3*x"6*polylog(3, a*x~2) - 2*%a~3%x"6
| - 3xa”2#x74 - 6xa*x"2 + 6%(a”3%x"6 - 1)*log(-a*x"2 + 1))/a"3 |

3.32.8 Giac [F]

/ z° PolyLog (3, az®) dz = / 1°Liz(ax?) dzx

inputLintegrate(x‘5*polylog(3,a*x‘2),x, algorithm="giac") J

output | integrate(x~5*polylog(3, a*x~2), x)

N J

3.32.9 Mupad [B] (verification not implemented)

Time = 4.98 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.83

6 2 6 2 2
5 5 _ z°polylog(3,az®) 2°polylog(2,az®) In(az’—1)
/x PolyLog (3, az”) dz = 6 T t
_2°In(1-as®) 2% N x? N zt
54 162 5442 108a
inputtint(x“S*polylog(B, a*x~2),x) J

output‘(x‘s*polylog(S, axx~2))/6 - (x"6*polylog(2, a*x~2))/18 + log(a*x~2 - 1)/(5
‘4*a“3) - (x"6xlog(1l - a*x"2))/54 + x76/162 + x~2/(54*a~2) + x~4/(108%*a)

3.32. [ z°PolyLog(3,az?) dz
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3.33 [ z* PolyLog (3, az?) dz

3.33.1 Optimal result . . . . .. ... ... ... 250
3.33.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 250
3.33.3 Rubi [A] (verified) . . . . . ... .. 251]
3.33.4 Maple [A] (verified) . ... ... . ... ... 253
3.33.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 253
3.33.6 Sympy [F] . . . . . 253
3.33.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 254
3.33.8 Giac [F] . . . . . o 257
3.33.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 257

3.33.1 Optimal result

Integrand size = 11, antiderivative size = 78

2 4

3 ) _z2 ozt log(l—az®) 1 , )
/x PolyLog(3,az)dx—m—a+§+T—Ez log (1 — az?)

— %x“ PolyLog (2, a:cz) + :11x4 PolyLog (3, am2)

output‘1/16*x“2/a+1/32*x‘4+1/16*ln(—a*x“2+1)/a‘2-1/16*x“4*1n(-a*x‘2+1)-1/8*x“4*po
| 1ylog(2,a*x"2)+1/4*x"4*polylog(3,a*x"2) |

3.33.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.01

/ 23 PolyLog (3, ax2) dz

_ 2az® + a’z* 4 2log (1 — az?) — 2a%z* log (1 — az?) — 4a’z* PolyLog (2, az?) + 8a?z* PolyLog (3, az?)
B 32a?

inputLIntegrate[x*S*PolyLog[S, axx~2] ,x] J

output‘ (2%a*x~2 + a”2%x"4 + 2*Logl[l - a*x™2] - 2%a"2*x"4*Logl[l - a*x™2] - 4%a”2%x ‘
“‘4*PolyLog[2, a*x"2] + 8xa~2*x"4xPolyLog[3, a*x~2])/(32*a"2) ‘

3.33. [ z®PolyLog (3,az?) dz
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3.33.3 Rubi [A] (verified)
Time = 0.36 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.19, number
of steps used = 8, number of rules used = 7, Bumber of rules _ , 636 Ryjles used = {7145,

integrand size
7145, 25, 2904, 2842, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z° PolyLog (3, az?) dz
| 7145
im‘l PolyLog (3, am2) — % / z3 PolyLog (2, ax2) dx

l7m5

1 (; / —z°log (1 — az?) dz — iw‘l PolyLog (2, aa:2)> + ix‘l PolyLog (3, az?)

2
l 25

% <—; /:1:3 log (1 — az?) dz — ix‘l PolyLog (2, ax2)> + ix‘l PolyLog (3, az?)
| 2904
LA 1 [ o ;2 14 2 1 4 2
3 <—4/x log (1 —azx )dw — 2% PolyLog (2,aw )) + 15 PolyLog (3,ax )
l 2842
1/1/ 1 4 1 1 1
3 <4 <—2a/ . —Ia:cQ dz? — 53:4 log (1 — aa:2)> - Zac4 PolyLog (2, ax2)> + 1:54 PolyLog (3, az?)

| 49
1/1/ 1 z? 1 1Y 9 14 2 1 4 2
(== e — —z*log (1 — — —z"* PolyLog (2
2<4< 2a/< ¢ @@= 1) a2)d:c 5% og (1 — az?) 4% Poly og (2,az”) | +
1
ZI‘L PolyLog (3, a:v2)

l 2009
1rrf_1 _M_mj_mj _Ly (1 - az?) _LponL (2,az?) | +
a pe 2 2 52" log ax % PolyLog (2,az

iw‘l PolyLog (3, az?)

3.33. [ z®PolyLog (3,az?) dz
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input‘Int[x“B*PolyLog[S, a*x~2] ,x]

output(((-1/2*(x“4*Log[1 - axx"2]) - (ax(-(x"2/a"2) - x"4/(2*a) - Log[l - axx~2]/
‘a‘3))/2)/4 - (x~4*PolyLogl[2, a*x"2])/4)/2 + (x"4*PolyLogl3, a*x~2])/4

-—

3.33.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 49‘Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*x) "m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
\&&qum,ol&&lmqm+ql+2,m

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))*((£f_.) + (g_.)*(x_
))"(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Logl[c*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*e*x(n/(gx(q + 1))) Int[(f + g*x)"(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, £, g, n, q}, x] && NeQlexf - dxg, 0] &&
NeQ[q, -11]

rule 2904 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_))"(p_.)1*(b_.))"(q_.)*(x_)"(m
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxL
oglcx(d + e*x)"pl)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},
x] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0] || IGtQ[lq, 0]) &
& 1(EqQlq, 1] & ILtQ[n, 0] && IGtQ[m, 01)

N

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.33. [ z®PolyLog (3,az?) dz
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3.33.4 Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.92

method | result size

az? (Sa z2 +6) _ (—3x4a2+3) ln(—a :1:2+1) n a2q% polylog(Q,a z2) _ a2z% polylog (S,a 332)

meijerg | —— 48 24 5oz 4 2 72

inputLint(x‘3*polylog(3,a*x“2),x,method=_RETURNVERBOSE)

output \ -1/2/a"2% (-1/48*axx”~ 2% (3*a*xx"~2+6) -1/24* (-3*a~2xx~4+3) *1n(-a*x~2+1)+1/4*a~2
‘*x“4*polylog(2,a*x“2)-1/2*a“2*x“4*polylog(3,a*x“2))

3.33.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.88

/ 23 PolyLog (3, ax2) dz

_ 4a*z"Liy(ax®) — 8 a’z"polylog(3, az?) — a’z* — 2az® + 2 (a’z* — 1) log (—az® + 1)
- 32a?

input Lintegrate (x~3%polylog(3,a*x~2),x, algorithm="fricas")

output‘—1/32*(4*a“2*x‘4*dilog(a*x‘2) - 8xa"2*x"4*xpolylog(3, a*x"2) - a”~2*x"4 - 2%
(a*x"2 + 2%(a"2+x74 - 1)¥log(-a*x"2 + 1))/a™2

3.33.6 Sympy [F]

/ z® PolyLog (3, az?) dz = / 2’ Liz (az®) dz

inputtintegrate(x**3*polylog(3,a*x**2),X)

outputLIntegral(x**iB*polylog(B, a*xx*k*2), x)

3.33. [ z®PolyLog (3,az?) dz
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3.33.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.88

/ 2’ PolyLog (3, az®) dz
4 a’z*Lis(ax?) — 8 a’xriLiz(az?) — a®z* — 2az? + 2 (a®z* — 1) log (—ax? + 1)
T 32 a2

input

integrate(x~3*polylog(3,a*x~2),x, algorithm="maxima")

N\

output‘—1/32*(4*a“2*x”4*dilog(a*x‘2) - 8%a"2*xx"4*polylog(3, a*x"2) - a"2xx"4 - 2%
‘a*x“2 + 2% (a"2*%x"4 - 1)xlog(-a*x"2 + 1))/a"2

3.33.8 Giac [F]

/ z° PolyLog (3, az®) dz = / 1°Liz(ax?) dzx

inputLintegrate(x‘S*polylog(S,a*x‘Q),x, algorithm="giac")

outputLintegrate(x‘3*polylog(3, a*x~2), x)

3.33.9 Mupad [B] (verification not implemented)

Time = 4.89 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.83

_ a*polylog(3,az®)  2*polylog(2,az?)

/ z° PolyLog (3, az”) dzx

4 8
In(az®*—-1) 2'ln(l-as?) +x_4+ac_2
16 a? 16 32  16a

inputtint(x“s*polylog(s, a*x~2),x)

output‘(x‘4*polylog(3, axx"2))/4 - (x"4*polylog(2, a*x~2))/8 + log(a*x"2 - 1)/(16
*a"2) - (x"4*log(l - a*x"2))/16 + x"4/32 + x"2/(16%a)

3.33. [ z®PolyLog (3,az?) dz
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3.34 [ = PolyLog (3, az?) dx

3.34.1 Optimalresult . . . . . . .. . ... 255
3.34.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 255
3.34.3 Rubi [A] (verified) . . . . . ... .. 250
3.34.4 Maple [A] (verified) . .. . ... . ... . 257
3.34.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 258
3.34.6 Sympy [F] . . . . . 258
3.34.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 258
3.34.8 Giac [F] . . . . o 259
3.34.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ... .. 259

3.34.1 Optimal result

Integrand size = 9, antiderivative size = 60

2 _ 2 . 2
/xPolyLog (3,a2?) do = % n (1—-ax )l;)f(l ax?)

— %xQ PolyLog (2, ax2) + %rQ PolyLog (3, an)

output‘1/2*x“2+1/2*(—a*x‘2+1)*1n(-a*x‘2+1)/a—1/2*x“2*polylog(2,a*x‘2)+1/2*x‘2*pol
‘ylog(S,a*x‘2)

3.34.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.87

2
/xPolyLog (3,a2?) dz = %x2 (1 —log (1 —az?) + log (1 —aa”) _ PolyLog (2, az®)

az?

+ PolyLog (3, axz))

input‘Integrate[x*PolyLog[S, a*x~2] ,x]

output‘ (x~2%(1 - Log[1l - a*x"2] + Logl[l - a*x~2]/(a*x"2) - PolyLogl[2, a*x~2] + Po
‘lyLog[B, axx~2]))/2

3.34. [ zPolyLog (3,az?) dz
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3.34.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.02, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 667 Ryjles used = {7145,

integrand size
7145, 25, 2904, 2836, 2732}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z PolyLog (3,az?) dz
lTM5
;ﬁﬂhhg@ﬂﬁ)—/xﬂwhg@ﬂﬁﬁm
l7m5

/ —zlog (1 — az?) dz — %a:2 PolyLog (2, az?) + %m2 PolyLog (3, az?)

| 25

- / zlog (1 — az?) dz — %xz PolyLog (2, az?) + %xz PolyLog (3, az?)

l 2904

—% /log (1 - aw2) dz? — %mQ PolyLog (2, ax2) + %xQ PolyLog (3, aacQ)

l 2836

[log (1 — az?) d(1 — az?)
2a

- %m2 PolyLog (2, az?) + %wz PolyLog (3, az?)

l 9732

ax® + (1 - axz) log (1 — awz) -1
2a

—%w2 PolyLog (2,az?) + %xQ PolyLog (3, az?) +

input‘ Int [x*#PolyLog[3, a*x~2],x]

output‘ (-1 + a*x"2 + (1 - a*x"2)*Logl[1l - a*x"2])/(2%a) - (x"2+PolyLog[2, a*x~2])/

L2 + (x"2%PolyLog[3, a*x~2])/2

3.34. [ zPolyLog (3,az?) dz
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257

3.34.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2732

rule 2836

rule 2904

rule 7145

input

output

Int[Log[(c_.)*(x_)"(n_.)], x_Symbol] :> Simp[x*Loglc*x~n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

Int[((a_.) + Logl(c_.)*((d_) + (e_)*(x_))"(n_.)1*(b_.))"(p_.), x_Symbol] :
> Simp[1/e  Subst[Int[(a + b*Loglc*x™n])~p, x], x, d + exx], x] /; FreeQ[{
a, b, ¢, d, e, n, p}, xl

Int[((a_.) + Logl(c_.)*((d_) + (e_)*(x_)"(n_))"(p_.)1*(b_.))"(q_.)*(x_)"(m
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxL
oglcx(d + e*x)"pl)~q, x], x, x"nl, x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},
x] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0] || IGtQ[lq, 0]) &
& 1(EqQlq, 1] & ILtQ[n, 0] && IGtQ[m, 0])

Int[((d_.)*(x_)) " (m_.)*PolyLogln_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,

b, 4, m, p, q}, x] && NeQ[m, -1] &% GtQ[n, O]

3.34.4 Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.93

method | result size

—92q 22 a2
( 2az +2)21n( ar +l) —azx? polylog(2,aa:2)+w2apolylog(3,a:c2) 56

2a

ax+

meijerg

Lint(x*polylog(B,a*x‘2),x,method=_RETURNVERBOSE)

‘1/2/a*(a*x“2+1/2*(-2*a*x“2+2)*1n(-a*x“2+1)-a*x“2*polylog(2,a*x“2)+x“2*a*po
‘1y10g(3,a*x“2))

3.34. [ zPolyLog (3,az?) dz
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3.34.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.88

/ x PolyLog (3, ax2) dz

_az’Liz(az?) — az’polylog(3, az®) — az® + (az® — 1) log (—az® + 1)
2a

input Lintegrate (x*polylog(3,a*x~2),x, algorithm="fricas")

output‘—1/2*(a*x‘2*dilog(a*x“2) - a*x~2*polylog(3, a*x~2) - a*x~2 + (a*x"2 - 1)*1
Log(—a*x‘2 +1))/a

3.34.6 Sympy [F]

/ z PolyLog (3, az?) dz = / z Liz (az?) dz

input tintegrate (x*polylog(3,a*xx**2) ,x)

outputLIntegral(x*polylog(S, akx**2), Xx)

3.34.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.88

azr®Liy(az?) — az’Liz(az?) — az?® + (az? — 1) log (—az? + 1)
2a

/ z PolyLog (3, az?) dz = —

inputLintegrate(x*polylog(B,a*x“2),x, algorithm="maxima")

A >

p
output‘—1/2*(a*x‘2*dilog(a*x‘2) - a*x~2*polylog(3, a*x~2) - a*x~2 + (a*x"2 - 1)*1
‘og(—a*x‘2 + 1)) /a

3.34. [ zPolyLog (3,az?) dz

—
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3.34.8 Giac [F|

/ z PolyLog (3, az®) dz = / rLiz(ax?) dz

inputLintegrate(x*polylog(S,a*x“Q),x, algorithm="giac")

output

integrate(x*polylog(3, a*x~2), x)

-

3.34.9 Mupad [B] (verification not implemented)

Time = 5.05 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.95

a? polylog(3,az®)  z®polylog(2, az?)

/ x PolyLog (3, axQ) dr =

2 2
In(az’-1) 2*’In(l-as?) o°
2a 2 2

input Lint (x*polylog(3, a*x"2),x)

output‘(x‘Z*polylog(S, a*xx~2))/2 - (x"2xpolylog(2, a*x~2))/2 + log(a*x~2 - 1)/(2*
a) - (x"2*xlog(l - a*x"2))/2 + x72/2

N\

———

3.34. [ zPolyLog (3,az?) dz
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3.35 f PolyLog (3,az?) du

T
3.35.1 Optimalresult . . .. .. ... .. ... .. . 260
3.35.2 Mathematica [A] (verified) . . . . . . ... ... oo 2601
3.35.3 Rubi [A] (verified) . . . . .. ... .. 261]
3.35.4 Maple [A] (verified) . ... ... .. ... 261]
3.35.,5 Fricas [F] . . . . . . o o 2621
3.35.6 Sympy [F] . . . . . 262
3.35.7 Maxima [F] . . . . . ... . 2621
3.35.8 Giac [F] . . . . .o 263
3.35.9 Mupad [B] (verification not implemented) . . . . ... ... ... ...... 263

3.35.1 Optimal result

Integrand size = 11, antiderivative size = 11

/ PolyLog (3, az?) PolyLog (4, az?)
z de = 2

output L1/2*polylog(4 ,a%x"2) J

3.35.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/ PolyLog (3, az?) PolyLog (4, az?)
T de = 2

inputLIntegrate[PolyLog[S, a*x~2]/x,x] J

e

output tPolyLog [4, a*xx~2]/2

~—

3.35. f PolyLog(3,a2?) dx

T
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3.35.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Zumber of rules _ , 497 Ryles used = {7143}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ PolyLog (3, a:v2)
x

l 7143

PolyLog (4, a:v2)
2

N

input | Int [PolyLogl3, a*x~2]/x,x]

~—

p
output LPolyLog (4, a*x~2]/2

-/

3.35.3.1 Defintions of rubi rules used

rule 7143‘Int[PolyLog[n_, (c_)x((a_.) + (b_.)*(x_))"(p_.21/C(d_.) + (e_.)*(x_)), x_S
‘ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

3.35.4 Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method | result size

polylog (4,a x2)
pobloshaz’) | 19

meijerg

N

input lint (polylog(3,a*x~2)/x,x,method=_RETURNVERBOSE)

~—

-

output Li /2%polylog(4,a*x~2)

-/

3.35. f PolyLog(3,a2?) dx

T
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3.35.5 Fricas [F]

2 (2
/ PolyLog (3, az?) dr — / Liz(az?) i

T T

input‘integrate(polylog(3,a*x“2)/x,x, algorithm="fricas")

outputLintegral(polylog(S, a*x~2)/x, x)

3.35.6 Sympy [F]

2 : 2
/PolyLog (3,az )dx _ / Li; (az )dx

Z T

inputLintegrate(polylog(B,a*x**2)/X,X)

output tIntegral (polylog(3, a*x**2)/x, x)

3.35.7 Maxima [F]

/ PolyLog (3, az?) dp — / Liz(az?) s

T T

inputtintegrate(polylog(3,a*x‘2)/x,x, algorithm="maxima")

output tintegrate (polylog(3, a*x"2)/x, x)

3.35. f PolyLog(3,a2?) dx

T
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3.35.8 Giac [F|

2 (2
/ PolyLog (3, az?) dr — / Liz(az?) i

T T

input‘integrate(polylog(B,a*x“2)/x,x, algorithm="giac")

outputLintegrate(polylog(3, a*x~2)/x, x)

3.35.9 Mupad [B] (verification not implemented)

Time = 4.82 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/ PolyLog (3, az?) polylog(4, a z?)
x de = 2

input Lint (polylog(3, a*x~2)/x,x)

output Lpolylog(ll, a*x~2)/2

3.35. f PolyLog(3,a2?) dx

T
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3.36 f PolyLog (3,az?) du

3
3.36.1 Optimalresult . . .. .. ... ... . .. 264
3.36.2 Mathematica [A] (verified) . . . . . . . ... Lo 2641
3.36.3 Rubi [A] (verified) . . . ... ... ... 265
3.36.4 Maple [A] (verified) . ... ... ... .. 267
3.36.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... . 267
3.36.6 Sympy [F] . . . . . 268
3.36.7 Maxima [A] (verification not implemented) . ... .. ... ... ......
3.36.8 Giac [F] . . . . . . 268
3.36.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 269

3.36.1 Optimal result

Integrand size = 11, antiderivative size = 63

PolyLog (3, az?) 1 o log(l—az?)
/ 3 dz = alog(z) — éalog (1—az?) s
_ PolyLog (2,az*)  PolyLog (3, az?)

212 212

output‘a*ln(x)-1/2*a*1n(-a*x”2+1)+1/2*1n(-a*x“2+1)/x“2-1/2*polylog(2,a*x”2)/x“2-1
‘/2*polylog(3,a*x‘2)/x‘2 ‘

3.36.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.95

P 2

/ olyLog3(3, azx?) i
T

_ —ax’log (—az®) —log (1 — az?) + ax®log (1 — az®) + PolyLog (2, az*) + PolyLog (3, az?)

22

input‘Integrate[PolyLog[B, axx~2]/x"3,x] ‘

output‘-1/2*(-(a*x“2*Log[-(a*x“2)]) - Logl[l - a*xx"2] + a*x"2xLog[l - a*x"2] + Pol
‘yLog[Q, axx~2] + PolyLogl[3, a*x"2])/x"2 ‘

3.36. f PolyLog(3,a2?) dx

3



CHAPTER 3. LISTING OF INTEGRALS 265

3.36.3 Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.03, number
of steps used = 9, number of rules used = 8, Bumber of rules _ , 797 Ry jjeq ysed = {7145,

integrand size
7145, 25, 2904, 2842, 47, 14, 16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

PolyLog (3, ax2)
=%

lrms

z3 212

lrms

/ PolyLog (2, az?) p PolyLog (3, az?)
> —

z3 22 212

| 25

/ log (1 — az?) p PolyLog (2,az?)  PolyLog (3, az?)
— x — —

/ log (1 — az?) p PolyLog (2,az?)  PolyLog (3, az?)
_ r — _

z3 22 22
| 2904
1 [log(1—az?) 42 PolyLog (2,az?)  PolyLog (3, az?)
"2 / x4 T 2x2 B 2x2
| 2842
1 1 , log(1—az?) PolyLog (2,az?)  PolyLog (3, az?)
2 a/ z? (1 — az?) v z2 B 212 B 2z

l a7

1 1 9 1, log (1 — az?) _ PolyLog (2, az?) _ PolyLog (3, az?)
5 <a<a/ 1 —adew +/x2dm > + 3 942 52
l 14

% (a <a/ : _1(m2 iz + log (x2)> N log (1 — aw2)> _ PolyLog (2, az?) _ PolyLog (3, az?)

z2 2z2 212

l 16

3.36. f PolyLog(3,a2?) dx

3
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PolyLog (2,az?)  PolyLog (3,az?) 1 log (1 — az?)
- 502 - 92 +5 a(log (%) —log (1 — az?)) + —

input LInt [PolyLog[3, a*x~2]/x"3,x]

output‘ (a*(Log[x~"2] - Log[l - a*x~2]) + Logl[l - a*x~2]/x72)/2 - PolyLog[2, a*x"2]
|/(2%x72) - Polylogl3, a*x~2]/(2%x"2)

3.36.3.1 Defintions of rubi rules used

rule 14 Int[(a_.)/(x_), x_Symbol] :> Simp[a*Loglx], x] /; FreeQ[a, x]

N\

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
‘bx, x11/b), x] /; FreeQ[{a, b, c}, xI

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 47 Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Simp[b/(b*c
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - axd) Int[1/(c + d*x), x
1, x1 /; FreeQ[{a, b, c, d}, x]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(a_.)I1*(_.0)*((£_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Logl[c*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*ex(n/(gx(q + 1))) Int[(f + g*x)~(q + 1)/(d + e*x
), x1, x] /; FreeQ[{a, b, c, d, e, f, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[q, -1]

rule 2904 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)I*(b_.))"(q_.)*(x_)"(m
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*L
oglcx(d + exx)"pl)~q, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},
x] &% IntegerQ[Simplify[(m + 1)/nl] && (GtQ[(m + 1)/n, 0] || IGtQlq, 0]) &
& !'(EqQlq, 1] && ILtQ[n, 0] && IGtQ[m, 0])

3.36. f PolyLog(3,a2?) dx

3
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rule 7145 Int[((d_.)*(x_))~(m_.)*PolyLogln_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
‘1] :> Simp[(d*x)~(m + 1)*(PolyLog[n, a*(b*x"p)~ql/(d*(m + 1))), x] - Simpl[p
‘*(q/(m + 1)) Int [(d*x) “m*PolyLog[n - 1, a*x(b*x"p)~ql, x], x] /; FreeQl{a,
\ b, d, m, p, qF, x] && NeQ[m, -1] && GtQ[n, O]

3.36.4 Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.08

method | result size

8ax a2 ax2

< (—Sa z2+8) ln(—a .7;2+1) polylog(2,a mz) polylog(S,a m2)
a — —

+2 ln(m)—}-ln(—a))
68

meijerg

2

inputkint(polylog(S,a*x‘2)/x‘3,x,method=_RETURNVERBOSE)

output‘1/2*a*(1/8/a/x‘2*(-8*a*x‘2+8)*1n(-a*x‘2+1)—1/a/x‘2*polylog(2,a*x‘2)—1/a/x‘
‘2*polylog(3,a*x‘2)+2*1n(x)+1n(—a))

3.36.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.81

P 2
/ olyLog3(3, ax?) d
T
ax?log (ax? — 1) — 2 az?log (z) + Liz(az?) — log (—ax? + 1) + polylog(3, az?)
T 2 12

inputtintegrate(polylog(S,a*x‘2)/x‘3,x, algorithm="fricas")

p
output‘—1/2*(a*x‘2*log(a*x‘2 - 1) - 2%a*x"2xlog(x) + dilog(a*x~2) - log(-a*x~2 +
‘1) + polylog(3, a*xx~2))/x"2

3.36. f PolyLog(3,a2?) dx

x3
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3.36.6 Sympy [F]

2 : 2
/ PolyLog (3, az?) dr — / Lis (az?) i

3 z3

input‘integrate(polylog(3,a*x**2)/x**3,x)

outputLIntegral(polylog(S, axx**2) /x**3, x)

3.36.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.65

(az? — 1) log (—az? + 1) + Liz(az?®) + Liz(ax?)
212

/ POlyLOg (37 axz) dx = alog (x) -

3

inputLintegrate(polylog(B,a*x‘2)/x“3,x, algorithm="maxima"

output‘a*log(x) - 1/2x((a*x"2 - 1)#*log(-a*x"2 + 1) + dilog(a*x~2) + polylog(3, ax*
x72))/x72

3.36.8 Giac [F]

/ PolyLog (3, az?) dp — / Liz(az?) i

3 3

inputtintegrate(polylog(S,a*x‘2)/x‘3,x, algorithm="giac")

output Lintegrate (polylog(3, a*x~2)/x"3, x)

3.36. f PolyLog(3,a2?) dx

x3
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3.36.9 Mupad [B] (verification not implemented)

Time = 4.91 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.86

Pol 2
/ 0yL0g3(3, azx?) i
T

_ polylog(2,a2?) —In (1 — az®) + polylog(3,az®) —3az® In(z) + a2’ In(z (az® — 1))
212

input Lint (polylog(3, a*x~2)/x"3,x) J

output‘—(polylog(2, a*x”2) - log(l - a*x~2) + polylog(3, a*x"2) - 3*a*x~2*log(x)
-+ akx"2+log(x* (a*x™2 = 1)))/(2%x72)

PolyLog(3,ax?
—w3( ) de

336. [
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3.37 f PolyLog (3,az?) du

2
3.37.1 Optimalresult . . .. ... ... . ... .. . 270
3.37.2 Mathematica [C] (warning: unable to verify) . . . . . .. ... ... ... .. 2701
3.37.3 Rubi [A] (verified) . . . . .. ... .. 271]
3.37.4 Maple [A] (verified) . ... ... ... . ... . 273
3.37.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 273
3.37.6 Sympy [F] . . . . . 274
3.37.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 274
3.37.8 Giac [F] . . . . o 274
3.37.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... .... 275

3.37.1 Optimal result

Integrand size = 11, antiderivative size = 78

PolyLog (3, az?) a 1, 1, 5
—_ ~a?log(z) — —a?log (1 —
/ 5 dz TR og(z) T og (1 — az?)
log (1 —az®) PolyLog(2,az®) PolyLog (3, az?)
1624 8zt 4zt

output‘-1/16*a/x“2+1/8*a“2*1n(x)-1/16*a“2*1n(-a*x“2+1)+1/16*1n(-a*x“2+1)/x“4-1/8*
‘polylog(2,a*x“2)/x“4—1/4*polylog(3,a*x‘2)/x“4

3.37.2 Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4 in optimal.

Time = 0.01 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.38

1,1,1,1,3

Gg,g —ax2| 1y Ty

/PolyLog (3,az?) ’ 1,2,0,0,0

dx =
x5 2x4

input‘Integrate[PolyLog[B, a*xx~2]/x"5,x]

r

output LMeijerG[{{l, 1, 1, 1}, {33}, {{1, 2}, {0, 0, 0}}, -(a*x"2)]1/(2*x74)

3.37. f PolyLog(3,a2?) dx

5

| —
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3.37.3 Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.08, number
of steps used = 8, number of rules used = 7, Bumber of rules _ , 636 Ryjles used = {7145,

integrand size
7145, 25, 2904, 2842, 54, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

PolyLog (3, axz)
=%

lrms

1 [ PolyLog (2, az?) p PolyLog (3, az?)
2 / z° T 4z4

lrms

z° 44 44

| 25

log (1 — az?) p PolyLog (2, az?) PolyLog (3, az?)
/ x5 T 4z4 - 4z4

/ log (1 — az?) p PolyLog (2, az?) ) PolyLog (3, az?)
_— x Ja— J—

l 2904

log (1 — az?) e PolyLog (2, az?) PolyLog (3, az?)
/ x8 v 4zt B 4zt

l 9842

1 (1 (1 / 1 2, log (1 — az?) ) PolyLog (2, az?) > PolyLog (3, az?)
Sl Il _ _
x4 (

1 — az?) 224 4zt 4zt
| 54

1(1 la/ _a L 1 & + log (1 — az?) _ PolyLog (2, az?) B
214\ 2 ax2—1 22 z* 2x4 474
PolyLog (3, a:vQ)

4x4

l 2009

3.37. f PolyLog(3,a2?) dx

5
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1(1(1 9 a1 log (1 — az?) _ PolyLog (2, az?) B
2<4<2a<alog(:v ) —alog (1 — az?) x2)+ o7 1
PolyLog (3, amz)
4z4

input LInt [PolyLog[3, a*x~2]/x75,x]

output ‘ ((Logl1l - a*x~2]/(2*x~4) + (ax(-x~(-2) + a*Logl[x~2] - a*Logl[l - a*x"2]))/2
‘ )/4 - PolyLogl2, a*x~2]/(4%x"4))/2 - PolyLogl[3, a*x~2]/(4*x~4)

3.37.3.1 Defintions of rubi rules used

ruk325LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 54‘/Int[((a_) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
‘xpandIntegrand[(a + b*x)“m*(c + d*x)"n, x], x] /; FreeQl{a, b, c, d}, x] &&
L ILtQ[m, O] && IntegerQ[n] &% !(IGtQ[n, 0] && LtQ[m + n + 2, 0])

~

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))*((f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + b*Loglc*(d + e*x)"n])/(
gx(q + 1))), x] - Simp[b*ex(n/(gx(q + 1))) Int[(f + gxx)~(q + 1)/(d + e*x
), x], x] /; FreeQ[{a, b, c, d, e, £, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[lq, -1]

rule 2904 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_))"(p_.)]*(b_.))"(q_.)*(x_)"(m
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxL
oglcx(d + e*x)”pl)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},
x] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0] || IGtQ[lq, 0]) &
& !'(EqQlq, 1] & ILtQ[n, 0] && IGtQ[m, 0])

3.37. f PolyLog(3,a2?) dx

5
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rule 7145 Int[((d_.)*(x_))~(m_.)*PolyLogln_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo |
‘1] :> Simp[(d*x)~(m + 1)*(PolyLog[n, a*(b*x"p)~ql/(d*(m + 1))), x] - Simpl[p
‘*(q/(m + 1)) Int [(d*x) “m*PolyLog[n - 1, a*x(b*x"p)~ql, x], x] /; FreeQl{a,
b, d, m, p, g}, x] & NeQ[m, -1] && GtQ[n, 0] |

3.37.4 Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.26

method | result size
2 —27x4a2+27 In —aa:2+1 olylo; 2,(112 olylo, 3,aa:2 n(z n(—a
¥<_m£;§m_< 2m£i Xﬁ Zgﬁ ) Py;&4 )+%_Hy_l()+ab>
meijerg | — 3 98
inputkint(polylog(S,a*x‘2)/x‘5,x,method=_RETURNVERBOSE) J

output ‘ -1/2%a"~2%(-1/432/a/x" 2% (81*%a*xx~2+378)-1/216/a"2/x" 4% (-27*a"~2*xx"4+27)*1n(-a ‘
*x"2+1)+1/4/a"2/x 4*polylog(2,axx"2)+1/2/a"2/x 4*polylog(3,a*x~2)+3/16-1/4
‘*1n(x)—1/8*1n(—a)+1/a/x‘2) ‘

3.37.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.82

P 2
/ olyLog5(3, az?) i
T
_a’z*log (aa® — 1) — 20’z log (z) + ax® + 2 Liz(az?) — log (—az® + 1) + 4 polylog(3, az?)

16 z*

N

A >

input‘integrate(polylog(S,a*x‘Z)/x‘S,x, algorithm="fricas")

p
output‘—1/16*(a‘2*x‘4*10g(a*x‘2 - 1) - 2xa”2xx"4xlog(x) + a*x~2 + 2*dilog(a*x~2)
- log(-a*x™2 + 1) + 4*polylog(3, a*x"2))/x"4

—

3.37. f PolyLog(3,a2?) dx

x5
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3.37.6 Sympy [F]

2 : 2
/ PolyLog (3, az?) dr — / Lis (az?) i

A x°

input‘integrate(polylog(3,a*x**2)/x**5,x)

outputLIntegral(polylog(S, axx**2) /x**5, x)

3.37.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.71

1
5 z=g a’log ()

_az’® 4 (a’z* — 1)log (—az® + 1) + 2 Liy(ax?) + 4 Liz(az?)
16 24

/ PolyLog (3, az?) p

inputLintegrate(polylog(B,a*x“2)/x‘5,x, algorithm="maxima")

output‘1/8*a“2*log(x) - 1/16x(a*x"2 + (a"2*%x"4 - 1)xlog(-a*x"2 + 1) + 2xdilog(a*x
‘*2) + 4xpolylog(3, a*x"2))/x"4

3.37.8 Giac [F]

2 (2
/PolyLog (3, az?) dp — / Lis(azx )dx

A x°

inputLintegrate(polylog(B,a*x‘2)/x“5,x, algorithm="giac")

outputtintegrate(polylog(S, a*x~2)/x75, x)

3.37. f PolyLog(3,a2?) dx

x5
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3.37.9 Mupad [B] (verification not implemented)

Time = 5.27 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.83

a®In(z) polylog(2,az®) polylog(3,ax?)

/ PolyLog (3, ax?) s

xd 8 8zt 44
a*ln(az’-1) a +ln(1—am2)
16 16 2 16 x4

input ‘ int (polylog(3, a*x~2)/x75,x)

output‘(a“2*log(x))/8 - polylog(2, a*x"2)/(8*x"4) - polylog(3, axx~2)/(4*x~4) - (
La“2*log(a*x“2 - 1))/16 - a/(16%x"2) + log(1l - a*x~2)/(16*x"4)

3.37. f PolyLog(3,a2?) dx

5
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3.38 f PolyLog (3,az?) du

x7

3.38.1 Optimalresult . . .. .. ... .. ... .. .. 276
3.38.2 Mathematica [C] (warning: unable to verify) . . . . . .. ... ... ... .. 276l
3.38.3 Rubi [A] (verified) . . . . .. ... ..
3.38.4 Maple [A] (verified) . ... ... ... . ... 279
3.38.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 279
3.38.6 Sympy [F] . . . . . o 280
3.38.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 2801
3.38.8 Giac [F] . . . . .o 280
3.38.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... ..... 2Rl

3.38.1 Optimal result

Integrand size = 11, antiderivative size = 88

PolyLog (3, az?) a a? 1 4 1 4 5
dz = — _ ¥ log(z) — —a®log (1 —
/ o T = T0szt  pag T a7? 08@) ~ 550 g (1—ar)
log (1 —az®) PolyLog(2,az®) PolyLog (3, az?)
5415 1826 626

output‘-1/108*a/x“4-1/54*a“2/x“2+1/27*a“3*1n(x)-1/54*a“3*1n(-a*x“2+1)+1/54*1n(-a*
‘x‘2+1)/x‘6-1/18*polylog(2,a*x‘2)/x“6—1/6*polylog(3,a*x“2)/x‘6

3.38.2 Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4 in optimal.

Time = 0.01 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.34

1,1,1,1,4

Gg,g —ax2| 1y Ty

/PolyLog (3,az?) ’ 1,3,0,0,0

dx =
x7 226

input‘Integrate[PolyLog[B, a*x~2]/x°7,x]

r

output LMeijerG[{{l, 1, 1, 1}, {43}, {{1, 3}, {0, 0, 0}}, -(a*x"2)]1/(2*x76)

| —

3.38. f PolyLog(3,a2?) dx

7
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3.38.3 Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.09, number

of steps used = 8, number of rules used = 7, Bumber of rules _ , 636 Ryjles used = {7145,
integrand size

7145, 25, 2904, 2842, 54, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

P 2
/ olyLog7(3, ax ) e
x

lrms

1 [ PolyLog (2, az?) p PolyLog (3, az?)
3 / z7 T 626

lrms

x’ 626 626

| 25

log (1 — az?) PolyLog (2, az?) PolyLog (3, az?)
/ x’ 626 626

/ log (1 — az?) p PolyLog (2, az?) ) PolyLog (3, az?)
_— x Ja— J—

l 2904

log (1 —az?)  , PolyLog(2,az?) PolyLog (3, az?)
/ x8 626 626

l 9842

1(1 1 , log(1—az?) PolyLog (2, az?) PolyLog (3, az?)
a4 / z6 (1 — ax?) 36 Bl 66 B 625
| 54

1 ad > a 1 log (1 — az?) PolyLog (2, az?)
z — 2424 ) da? — ! —
<3a/< ax2—1+m2+x4+x6> v 36 625
PolyLog (3, a:vQ)

66

l 2009

PolyLog(3,ax?
—w7( ) de

338.
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278

6x6

log (1 — ax? PolyLog (2, az?
1<1<1a<a2108(562)—a210g(1—a1’2) —;—1> + og (1 —ax )) _ oy og (2,a2?)

)_

input LInt [PolyLogl[3, a*x~2]/x77,x]

OUtPUt‘((LOg[l - axx™2]/(3*x76) + (ax(-1/2*1/x"4 - a/x"2 + a~2xLog[x~2] - a~2*Log
‘[1 - a*x~2]))/3)/6 - PolyLogl[2, a*xx~2]/(6%x76))/3 - PolyLogl[3, a*x~2]/(6*x
°6)

3.38.3.1 Defintions of rubi rules used

-

ruk325LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

ruka54(1nt[((a_) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
‘xpandIntegrand[(a + b*x)“m*(c + d*x)"n, x], x] /; FreeQl{a, b, c, 4}, x] &&
| ILtQ[m, 0] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m + n + 2, 01)

——————

-

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

N\

rule 2842 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))*((£f_.) + (g_.)*(x_
))~(q_.), x_Symbol] :> Simp[(f + g*x)~(q + 1)*((a + bxLogl[c*(d + e*x)"nl)/(
gx(q + 1)), x] - Simp[b*ex(n/(gx(q + 1))) Int[(f + g*xx)~(q + 1)/(d + ex*x
), x], x] /; FreeQ[{a, b, c, d, e, £, g, n, q}, x] && NeQ[exf - dxg, 0] &&
NeQ[q, -1]

rule 2904 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_))"(p_.)1*(b_.))"(q_.)*(x_)"(m
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxL
oglcx(d + exx)"pl)~q, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},
x] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0] || IGtQ[lq, 0]) &
& 1(EqQlq, 11 & ILtQ[n, 0] && IGtQ[m, 01)

3.38. f PolyLog(3,a2?) dx

7
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rule 7145 Int[((d_.)*(x_))~(m_.)*PolyLogln_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo |
‘1] :> Simp[(d*x)~(m + 1)*(PolyLog[n, a*(b*x"p)~ql/(d*(m + 1))), x] - Simpl[p
‘*(q/(m + 1)) Int [(d*x) “m*PolyLog[n - 1, a*x(b*x"p)~ql, x], x] /; FreeQl{a,
b, d, m, p, g}, x] & NeQ[m, -1] && GtQ[n, 0] |

3.38.4 Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.31

method | result si
3 64z4a2+152a a:2+832 (—64&3:1:6+64) 1n<—a z2+1) _polylog(2,a z2) _polylog(3,a z2) 1 2In(z) , In(—a) _ 1 1
a 1728a2z4 + 1728a3 6 9a326 3a326 27+ 27 + 27 2a2z4  8ax?
meijerg 2 1
inputkint(polylog(S,a*x‘2)/x‘?,x,method=_RETURNVERBOSE) J
output‘1/2*a‘3*(1/1728/a‘2/x‘4*(64*a‘2*x‘4+152*a*x‘2+832)+1/1728/a‘3/x‘6*(—64*a‘3
‘*x‘6+64)*1n(—a*x‘2+1)—1/9/a‘3/x‘6*polylog(2,a*x“2)—1/3/a‘3/x‘6*poly10g(3,a
‘*x‘2)—1/27+2/27*1n(X)+1/27*ln(—a)—1/2/a“2/x“4—1/8/a/x‘2) ‘
3.38.5 Fricas [A] (verification not implemented)
Time = 0.26 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.83
PolyLog (3, ax?
/ y g7( ,az%) 4 _
x
2a31%log (az?® — 1) — 4a3z%log (z) + 2 a®z* + ax? + 6 Lis(ax?) — 2 log (—az? + 1) + 18 polylog(3, ax

108 z6

N

input‘integrate(polylog(S,a*x‘Z)/x‘?,x, algorithm="fricas")

A >

p
output‘—1/108*(2*a“3*x‘6*log(a*x‘2 - 1) - 4%a”3*x"6*log(x) + 2*a"2*x"4 + a*x"2 +
‘6*dilog(a*x‘2) - 2xlog(-a*x~2 + 1) + 18+%polylog(3, a*x~2))/x"6

—

3.38. J‘Eﬂlﬁ%ﬂiﬁﬁﬁltr

x7
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3.38.6 Sympy [F]

2 : 2
/ PolyLog (3, az?) dr — / Lis (az?) i

z? z’

input‘integrate(polylog(3,a*x**2)/x**7,x)

outputLIntegral(polylog(S, axx**2) /x**7, X)

3.38.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.73

P 2
/ olyLog7(3,ax ) i
x
1

_ 13
=70 log (z)

2a%z* + az? + 2 (a2% — 1) log (—ax? + 1) + 6 Lig(az?) + 18 Liz(az?)
108 26

inputLintegrate(polylog(B,a*x“2)/x‘7,x, algorithm="maxima")

output‘1/27*a‘3*log(x) - 1/108*(2%a”2*x~4 + a*x~2 + 2*(a"3*x"6 - 1)*log(-a*x~2 +
‘1) + 6*dilog(a*x~2) + 18*polylog(3, a*x~2))/x"6

3.38.8 Giac [F]

2 (2
/PolyLog (3, az?) dp — / Lis(azx )dx

z? z’

inputLintegrate(polylog(B,a*x‘2)/x“7,x, algorithm="giac")

outputtintegrate(polylog(S, a*x~2)/x77, x)

3.38. f PolyLog(3,a2?) dx

x7
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3.38.9 Mupad [B] (verification not implemented)

Time = 5.89 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.83

/ PolyLog (3, ax?) i — a’In(z) polylog(2,az®) polylog(3,ax?)

x7 27 18 x® 6 26
a*ln(az’-1) a +1n(1—az2) _a
54 108 z4 54 z6 54 z?

input ‘ int (polylog(3, a*x~2)/x"7,x)

output‘(a“B*log(x))/27 - polylog(2, a*x"2)/(18%x76) - polylog(3, a*x~2)/(6*x"6) -
‘ (a"3*log(a*xx"2 - 1))/54 - a/(108*x"4) + log(l - a*x"2)/(54*x"6) - a~2/(54
‘*x“2)

3.38. f PolyLog(3,a2?) dx

7
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3.39 [ z* PolyLog (3, az?) dx

3.39.1 Optimalresult . . . . .. .. . ... . 282
3.39.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL
3.39.3 Rubi [A] (verified) . . . . .. ... .. 283
3.39.4 Maple [B] (verified) . . . ... ... . ... 284
3.39.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 285
3.39.6 Sympy [F] . . . . . 285
3.39.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 230
3.39.8 Giac [F] . . . o o 280
3.39.9 Mupad [B] (verification not implemented) . . . ... ... ... ... .... 280

3.39.1 Optimal result

Integrand size = 11, antiderivative size = 87

8z 8>  8xz° 8arctanh(y/az) 4
4 PolyL ?) dz = - — " log (1 — az”
/ 7' PolyLog (3,2%) dz = 1920 + g7 + 635 1250572 1957 108 (1 —az’)
2 1
- 2—5335 PolyLog (2, az”®) + 5:105 PolyLog (3, az®)

output‘8/125*x/a“2+8/375*x‘3/a+8/625*x“5—8/125*arctanh(x*a‘(1/2))/a“(5/2)-4/125*x
‘“5*1n(-a*x“2+1)-2/25*x“5*p01y10g(2,a*x‘2)+1/5*x“5*polylog(3,a*x‘2)

3.39.2 Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.89

/ z* PolyLog (3, az®) dz

1205 4 4007 4 9455 — 120arcz%/r;h(\/ax) — 6025 log (1 — ax?) — 1502° PolyLog (2, ax?) + 37525 PolyLog (3,

- 1875

-/

input LIntegrate [x~4*PolyLog[3, a*x~2],x]

output ‘ ((120*x) /a~2 + (40%x~3)/a + 24*x~5 - (120*ArcTanh[Sqrt[al*x])/a~(5/2) - 60 ‘
‘*x“S*Log[i - axx~2] - 150*x"5*PolyLog[2, a*x"2] + 375*x"5*PolyLogl[3, a*x"2
1)/1875

3.39. [ z*PolyLog(3,az?) dz
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3.39.3 Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.16,
number of steps used = 6, number of rules used = 6, Lumber of rules _ ( 545 Ryles used

integrand size
= {7145, 7145, 25, 2905, 254, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

j/w4fkﬂyLog(3,am2)dw
lTM5
;fﬂwmu&m%—i/#mwmgzmﬁw
l7m5
%xs PolyLog (3, az?) — % <;x5 PolyLog (2, az?) — % /—x4 log (1 — az?) da:)

| 25

%x5 PolyLog (3, az?) — 2 (g /w4 log (1 — az®) dz + %x‘r’ PolyLog (2, ax2)>

)
| 2905
15 2y _2(2(2 £/1 zf 15 ) ) o L5 2
535 PolyLog (3,am) 5<5<5a 1_ax2dx+5a: log (1 a:r) + 5m PolyLog (2,aa:)
| 254

1
5:175 PolyLog (3, aw2) -
2(2/(2 't z? 1 1 1 5 9 1 5 5
5<5 <5a/ (-a - ﬁ + m - a3> dx + 5.’1) log (1 — axr )) + 53} PolyLog (2,&.’1) ))
l 2009

%az5 PolyLog (3, ax2) -
tanh 3 5
2(? (%(M(fw) N w) + L log (1 - am2)> + Lut poytog (2,%2))

5 a®/? a3 3a2 5a 5

-

input LInt [x~4*PolyLog[3, a*x~2],x]

~—

3.39. [ z*PolyLog(3,az?) dz
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output‘(—2*((2*((2*a*(—(x/a“3) - x73/(3*%a"2) - x75/(5%a) + ArcTanh[Sqrt[a]*x]/a"(
(7/2)))/5 + (x"5Log[1 - a*x"2]1)/5))/5 + (x"5*PolyLog[2, a*x~2]1)/5))/5 + (x
 “5*PolyLogl3, a*x~2])/5 |

3.39.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

ruka254‘Int[(x_)‘(m_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[PolynomialDivide[x m,
L a + bxx"2, x1, x] /; FreeQ[{a, b}, x] && IGtQ[m, 3] J

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2905 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_))"(p_.)1*(b_.))*((£_.)*(x_))"
(m_.), x_Symbol] :> Simp[(f*x)~(m + 1)*((a + b*Loglc*(d + e*x"n) pl)/(f*(m

+ 1))), x] - Simp[b*exn*x(p/(f*(m + 1))) Int[x"(n - 1)*((f*x)"(m + 1)/(d +
e*x™n)), x], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] & NeQ[m, -1]

rule 7145 | Int [((d_.)*(x_)) "~ (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogln, a*(b*x"p)~ql/(d*(m + 1))), x] - Simpl[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, ax(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] &% GtQ[n, 0]

3.39.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 143 vs. 2(69) = 138.

Time = 0.17 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.66

method | result

2z(7a)% (16814a2+280a :t2+840) i Sz(fa)% (ln(lf\/ a 12) 71n(1+\/ a m2)) st(fa)% ln(fa a:2+1) _ 4z5(7a)% polylog(2,a z2) n 23:5(—

meijerg _ 1312503 12503 Va2 o 125a 25a
inputLint(x‘4*polylog(3,a*x”2),x,method=_RETURNVERBOSE) J

3.39. [ z*PolyLog(3,az?) dz
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output‘—1/2/a”2/(—a)‘(1/2)*(2/13125*x*(-a)”(7/2)*(168*a“2*x“4+280*a*x“2+840)/a“3+
‘8/125*x*(-a)“(7/2)/a“3/(a*x“2)“(1/2)*(1n(1-(a*x“2)”(1/2))-1n(1+(a*x“2)“(1/
12)))-8/125%x"5%(-a) " (7/2) ¥1n(-a*x"2+1) /a-4/26%x 5 (-a) ~ (7/2) /a*polylog(2,a
| *x72)+2/5*x"5%(-a) " (7/2) /a*polylog(3,a*x2)) |

3.39.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 189, normalized size of antiderivative = 2.17

/ z* PolyLog (3, axQ) dz

150 a®z°Liy(az?) + 60 a®z® log (—az? + 1) — 375 a®*z°polylog(3, az?®) — 24 a®z® — 40 a®z® — 120 az —
N 1875 a3

150 a®z°Liz(ax?) + 60 a3z° log (—az? + 1) — 375 a®z°polylog (3, az?) — 24 a3z® — 40 a’z® — 120 azx — |
1875 a3

e

inputLintegrate(x‘4*polylog(3,a*x‘2),x, algorithm="fricas")

~—

output | [-1/1875*%(150%a~3*x"5*dilog(a*x~2) + 60*a~3*x"5*log(-a*x~2 + 1) - 375*a”~3%
x"5%polylog(3, a*x"2) - 24*a”3*x"5 - 40*%a~2*x"3 - 120%a*x - 60*sqrt(a)*log
((a*x™2 - 2*sqrt(a)*x + 1)/(a*x"2 - 1)))/a"3, -1/1875%x(150%a~3*x"5*dilog(a
*x"2) + 60*a”~3*x"5xlog(-a*x"2 + 1) - 375*a~3*x"b*polylog(3, a*x~2) - 24%a”
3%x”5 - 40%a”2%x"3 - 120%a*x - 120*sqrt(-a)*arctan(sqrt(-a)*x))/a"3]

3.39.6 Sympy [F]

/ z* PolyLog (3,az2) dz = / z* Lis (axQ) dz

-

inputLintegrate(x**4*polylog(3,a*x**2),X)

~—

~—

output LIntegral(x**4*polylog(3, a*x**2), x)

3.39. [ z*PolyLog(3,az?) dz
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3.39.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.09

/ z* PolyLog (3, ax2) dr =

_1504°2°Liz(az?) + 60 a°2° log (—az? + 1) — 375 a’2°Li3(az’) — 24 a’z° — 400z’ — 1203
1875 a?

az++/a
12543

4 log (“’”_‘/a>

-

inputLintegrate(x‘4*polylog(3,a*x‘2),x, algorithm="maxima")

~—

output‘—1/1875*(150*a‘2*x“5*dilog(a*x‘2) + 60%a~2*x"b*log(-a*x~2 + 1) - 375%a”2*x
“5*polylog(3, a*x~2) - 24%a"2*%x"5 - 40%a*x”3 - 120*x)/a"2 + 4/125%log((a*x
\ - sqrt(a))/(a*x + sqrt(a)))/a~(5/2)

—

3.39.8 Giac [F]

/ z* PolyLog (3, az®) dz = / 7'Liz(az?®) dx

-

input Lintegrate (x~4*polylog(3,a*x~2),x, algorithm="giac")

-/

-/

output Lintegrate (x~4*polylog(3, a*x~2), x)

3.39.9 Mupad [B] (verification not implemented)

Time = 5.18 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.83

z° polylog(3,az®)  22° polylog(2,az?) 8z

4 2 —
/z PolyLog (3, az”) dz = : o + r g
42°In(1—az?) 8z° 8x34_%mﬂvﬁxh)&
125 625 375a 125 ab/2

3.39. [ z*PolyLog(3,az?) dz
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input‘int(x“4*polylog(3, a*x~2) ,x)

output‘(atan(a“(1/2)*x*li)*81)/(125*a‘(5/2)) - (2xx~6xpolylog(2, a*x~2))/256 + (x~
‘5*polylog(3, ax*x~2))/5 + (8%x)/(126%a~2) - (4*x"5*log(l - a*x"2))/125 + (8
*x75)/625 + (8%x~3)/(375%a)

3.39. [ z*PolyLog(3,az?) dz



CHAPTER 3. LISTING OF INTEGRALS 288
3.40 [ z* PolyLog (3, az?) dz

3.40.1 Optimalresult . . .. .. .. . . . . . .. . e 288
3.40.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 288
3.40.3 Rubi [A] (verified) . . . . ... ... ... 289
3.40.4 Maple [B] (verified) . ... ... ... . . ... ..o 290
3.40.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 29T]
3.40.6 Sympy [F] . . . . . o 291]
3.40.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... .. 292
3.40.8 Giac [F] . . . . . o
3.40.9 Mupad [B] (verification not implemented) . . .. ... ... ... ... ...

3.40.1 Optimal result

Integrand size = 11, antiderivative size = 77

8z 8z 8arctanh(y/az) 4
2 PolyLL ) do = oo o — — 572" log (1 — aa’
/x olyLog (3, az®) dz o7a 81 5703/ 577 og (1 — az?)

— g:c?’ PolyLog (2, az2) + %w?’ PolyLog (3, ax2)

p
output ‘ 8/27*x/a+8/81%x~3-8/27*arctanh(x*a~(1/2))/a~(3/2)-4/27*x"3*1n(-a*x~2+1)-2/
LQ*X“S*polylog(2,a*x*2)+1/3*x“3*polylog(3,a*x‘2)

3.40.2 Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.90

— 1223 log (1 — a:c2)

/ z? PolyLog (3, axz) dz 1 (24_x + 823 — 24arctanh(\/ax)

~ 81l @ a3/?

— 1823 PolyLog (2, ax2) + 2723 PolyLog (3, a$2)>

input LIntegrate [x~2*%PolyLog[3, a*x~2],x]

~—

.
output ‘ ((24*x)/a + 8%x~3 - (24*ArcTanh[Sqrt[al*x])/a~(3/2) - 12*x”~3xLogl[l - a*x"2
‘ 1 - 18xx"3%PolyLog[2, a*x~2] + 27*x"3*PolyLog[3, a*x~2])/81

—.

3.40. [ z?PolyLog(3,az?) dz
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3.40.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.18, number
of steps used = 6, number of rules used = 6, Bumber of rules _ 545 Ryjles used = {7145,

integrand size
7145, 25, 2905, 254, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

}/wszﬂyLog(3,am2)dw
lTM5
;ﬁﬂwmu&m%—g/ﬁmwmgzmﬁw
l7m5
%x?’ PolyLog (3, az?) — ; <;x3 PolyLog (2, az?) — ; /—x2 log (1 — az?) da:)
l 25

éx:; PolyLog (3, az?) — 2 (g /wz log (1 — az®) dz + §w3 PolyLog (2, ax2)>

3
| 2905
1s 2y _2(2(2 £/1 z 1s ) ) o L3 2
335 PolyLog (3,am ) 3<3<3a 1 —axzdx+ 39: log (1 ax ) + 3m PolyLog (2,ax )
| 254

1
§w3 PolyLog (3, aw2) -
2(2(2 z? 1 1 1 4 5 14 9
3 (3 <3a/ <_a + m - a2> dx + gm log (1 —ax )) + gzc PolyLog (2,am )
l 2009

%av:‘3 PolyLog (3, ax2) -

2(2(2 (arctanh(vaz) =z 23 14 9 14 9
< <3a<a5/2 ~ 2 34 + gw log (1 —az ) + gx PolyLog (2,ax )

-

input LInt [x~2*PolyLog[3, a*x~2],x]

~—

3.40. [ z?PolyLog(3,az?) dz
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output‘(—2*((2*((2*a*(-(x/a“2) - x73/(3*a) + ArcTanh[Sqrt[al*x]/a~(5/2)))/3 + (x~
'3%Log[1 - a*x~2]1)/3))/3 + (x"3%PolyLogl2, a*x"2]1)/3))/3 + (x"3*PolyLogl3, |
‘a*x72])/3 |

3.40.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

ruka254‘Int[(x_)‘(m_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[PolynomialDivide[x m,
L a + bxx"2, x1, x] /; FreeQ[{a, b}, x] && IGtQ[m, 3] J

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2905 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_))"(p_.)1*(b_.))*((£_.)*(x_))"
(m_.), x_Symbol] :> Simp[(f*x)~(m + 1)*((a + b*Loglc*(d + e*x"n) pl)/(f*(m

+ 1))), x] - Simp[b*exn*x(p/(f*(m + 1))) Int[x"(n - 1)*((f*x)"(m + 1)/(d +
e*x™n)), x], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] & NeQ[m, -1]

rule 7145 | Int [((d_.)*(x_)) "~ (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogln, a*(b*x"p)~ql/(d*(m + 1))), x] - Simpl[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, ax(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] &% GtQ[n, 0]

3.40.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 135 vs. 2(61) = 122.

Time = 0.19 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.77

method | result

2x(7a)% (40(1 m2+120) i Sm(fa)% (ln(lf\/ a zz) 71n(1+\/ a :t2)) 8:1:3(7a)% ln(fa m2+1) _ 4:1:3(711)?5j polylog(Q,a 1:2) I 2,;3(,,1)% polylog(f

meijerg 40502 2702 Vas? _ ¢-7m % 3a
inputLint(x*2*polylog(3,a*x”2),x,method=_RETURNVERBOSE) J

3.40. [ z?PolyLog(3,az?) dz
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output \ 1/2/a/(-a)~(1/2)*(2/405*x* (-a) ~ (5/2) * (40%a*x~2+120) /a~2+8/27*x* (-a) ~ (5/2) / |
‘a“2/(a*x“2)“(1/2)*(1n(1-(a*x”2)“(1/2))-ln(1+(a*x“2)“(1/2)))-8/27*x“3*(-a)“
| (5/2)*1n(-a*x"2+1) /a-4/9%x"3%(-a) " (5/2) /a*polylog(2,a*x~2) +2/3*x"3*(-a)~ (5
‘/2)/a*polylog(3,a*x“2)) ‘

3.40.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 173, normalized size of antiderivative = 2.25

/ 22 PolyLog (3, ax2) dz

18 a®z3Liz(az?®) + 12 a®z? log (—az?® + 1) — 27 a*z3polylog(3, az?) — 8 a®z® — 24 ax — 12 /alog (‘”"2;
81 a?

18 a’z3Liz(az?) + 12 a®x3 log (—ax? + 1) — 27 a®z3polylog(3, az?) — 8 a’z® — 24 ax — 24 \/—a arctan
B 81 a2

e

inputLintegrate(x‘2*polylog(3,a*x‘2),x, algorithm="fricas")

~—

output | [-1/81*(18*a~2*x"3*dilog(a*x~2) + 12%a~2*x"3xlog(-a*x~2 + 1) - 27*a”2%x"3%
polylog(3, a*x~2) - 8+%a~2%x"3 - 24*xaxx - 12*sqrt(a)*log((a*x~2 - 2xsqrt(a)
*x + 1)/(axx™2 - 1)))/a"2, -1/81%(18%a~2xx"3*dilog(a*x~2) + 12*a~2*x"3xlog
(—axx”2 + 1) - 27*a"2+x"3*polylog(3, a*x~2) - 8*a”~2*x"3 - 24xaxx - 24*sqrt
(-a)*arctan(sqrt(-a)*x))/a"2]

3.40.6 Sympy [F]

/ z2 PolyLog (3,az2) dz = / 22 Lis (axQ) dz

-

input Lintegrate (x**2xpolylog(3,a*x**2) ,x)

~—

output LIntegral(x**2*polylog(3, a*x**2), x)

~—

3.40. [ z?PolyLog(3,az?) dz
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3.40.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.05

/ z2 PolyLog (3, az2) dx

_ 184a2’Liy(az®) + 12 az’ log (—az® + 1) — 27 az’Liz(az®) — 8az’ — 24w
8la

-

inputLintegrate(x‘2*polylog(3,a*x‘2),x, algorithm="maxima")

~—

output‘ -1/81%(18*a*xx~3*dilog(a*x~2) + 12*a*x~3*log(-a*x~2 + 1) - 27*a*x"3*polylog
‘(3, a*x~2) - 8*a*x~3 - 24*x)/a + 4/27xlog((a*x - sqrt(a))/(a*x + sqrt(a)))
/a~(3/2)

—

3.40.8 Giac [F]

/ z* PolyLog (3, az®) dz = / 7*Liz(az?®) dx

-

input Lintegrate (x~2%polylog(3,a*x~2),x, algorithm="giac")

-/

output Lintegrate (x~2%polylog(3, a*x~2), x)

-/

3.40.9 Mupad [B] (verification not implemented)

Time = 5.14 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.83

z° polylog(3,az®)  22° polylog(2,az?) N 8z
3 9 27a
473 In (1 — az?) N 8 z* N atan(y/az 1i) 8i
27 81 27 a3/2

/ z* PolyLog (3, az®) dz =

3.40. [ z?PolyLog(3,az?) dz
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inputtint(x“2*polylog(3, a*x~2) ,x)

output‘(atan(a“(1/2)*x*li)*81)/(27*a“(3/2)) - (2xx"3xpolylog(2, a*x~2))/9 + (x"3*
‘polylog(B, axx~2))/3 + (8*x)/(27*a) - (4*x"3*log(l - a*x"2))/27 + (8*xx~3)/
81

3.40. [ z?PolyLog(3,az?) dz
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3.41 [ PolyLog (3, az?) dx

3.41.1 Optimal result . . . . .. .. . .. . 294
3.41.2 Mathematica [A] (verified) . . . . . . . .. ... .. L o 297
3.41.3 Rubi [A] (verified) . . . . . . ... .. 295
3.41.4 Maple [B] (verified) . . . . ... . ... ... 296!
3.41.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 297
3.41.6 Sympy [F] . . . . . . 297
3.41.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 298]
341.8 Giac [F] . . . . . o 298
3.41.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 298

3.41.1 Optimal result

Integrand size = 7, antiderivative size = 50

8arctanh(y/az)

Va
— 2z PolyLog (2, az®) + = PolyLog (3, az®)

/PolyLog (3,a2?) dz =8z — —4zlog (1 — az?)

output‘8*x—4*x*1n(—a*x‘2+1)—2*x*polylog(2,a*x‘2)+x*polylog(3,a*x“2)—8*arctanh(x*a
~(1/2))/a"(1/2)

N

3.41.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.00

8arctanh(y/az)
2 f— J—
/ PolyLog (3, ax ) dr = 8z Ja

— 2z PolyLog (2, az®) + = PolyLog (3, az®)

—4xlog (1 — aa:Q)

input Integrate[PolyLogl[3, a*x~2],x]

N

output‘ 8*x - (8xArcTanh[Sqrt[al*x])/Sqrtl[al - 4*xxLogl[l - a*x"2] - 2*x*PolyLogl2,
L axx~2] + x*PolyLog[3, a*x~2]

341.  [PolyLog (3,az?) dz



input

output

CHAPTER 3. LISTING OF INTEGRALS 295

3.41.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.20, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , g57 Ry jjeg ysed = {7140,

integrand size
7140, 25, 2898, 262, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog (3, az?) dz
l 7140
deﬂmg@ﬂf)—2/Pdﬂmg@@ﬁﬁm
l 7140

z PolyLog (3, az?) — 2 <w PolyLog (2, az?) — 2 / —log (1 — az?) dw>

| 25

z PolyLog (3, az?) — 2 <2 / log (1 — az®) dz + z PolyLog (2, ax2)>

| 2898
2
z PolyLog (3, az?) — 2 <2 <2a/ : —wamQ dz + zlog (1 — az2)> + z PolyLog (2, am2)>
| 262
2 [ iz 2 2

x PolyLog (3,ax ) — 2| 2] 2a — Y a + zlog (1 —azx ) + x PolyLog (2,ax )

| 219
z PolyLog (3, amQ) -2 (2 <2a <arctan:1))1/(2\/_cuv) — m) + xlog (1 - ax2)> + x PolyLog (2, ax2)>
a a

>

Int [PolyLogl[3, a*x~2],x]

N

)
‘ —-2x (2% (2*ax(-(x/a) + ArcTanh[Sqrt[al*x]/a"~(3/2)) + x*Logl[l - a*x"2]) + x*P
‘ olyLog[2, a*x~2]) + x*PolyLogl[3, a*x~2]

341.  [PolyLog (3,az?) dz
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3.41.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 219 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 262 Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[c*(c*x)
“(@m - D*x((a + b*x"2)"(p + 1)/(b*(m + 2%p + 1))), x] - Simp[a*c™2*((m - 1)/
(bx(m + 2%p + 1))) Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
,» C, P}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] &% IntBinomialQ[a, b, c
,» 2, m, p, x]

rule 2898 | Int [Log[(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)]1, x_Symbol] :> Simp[x*Log[c*(d
+ exx™n)"pl, x] - Simp[e*n*p Int[x"n/(d + exx"n), x], x] /; FreeQl{c, d,
e, n, p}, x]

rule 7140 Int[PolyLogln_, (a_.)*((b_.)*(x_)~(p_.))"(q_.)], x_Symbol] :> Simp[x*PolyLo
gln, ax(bxx"p)~ql, x] - Simp[p*q Int[PolyLog[n - 1, ax(b*x"p)~ql, x], x]
/; FreeQ[{a, b, p, q}, x] && GtQ[n, O]

3.41.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 118 vs. 2(46) = 92.

Time = 0.18 (sec) , antiderivative size = 119, normalized size of antiderivative = 2.38

method | result si
16w(—a)% +8a:(—a)% (ln(l— aa:2)—ln(1+va:02)) Sa:(—a)% ln(—az2+1) 41:(—&)% polylog(2,az2) +2a:(—a)% polylog(S,azQ)
.. _ a avaz2 - a - a a
meijerg 5V a 1

inputLint(polylog(s,a*x‘2),x,method=_RETURNVERBOSE)

-/

341.  [PolyLog (3,az?) dz
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outputl-1/2/(—a)*(1/2)*(16*x*(—a)*(3/2)/a+8*x*(—a)*(3/2)/a/(a*x*z)*(1/2)*(1n(1—(a
*¥x72)7(1/2))-1n(1+(a%x"2) ~(1/2)) ) -8%x* (-a) ~ (3/2) ¥1n(-a*x"2+1) /a-4*x* (-a) ~(
‘3/2)/a*polylog(2,a*x“2)+2*x*(—a)“(3/2)/a*polylog(3,a*x“2)) ‘

3.41.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 133, normalized size of antiderivative = 2.66

/ PolyLog (3, axz) dz

2 arLiz(az?®) + 4 azx log (—ax? + 1) — azxpolylog(3, ax?) — 8 ax — 4+/alog <%)

’
a

2 azLiy(az?) 4+ 4azlog (—az? + 1) — azpolylog(3, az?) — 8az — 8 \/—aarctan (v/—az)
a

inputtintegrate(polylog(S,a*x‘2),x, algorithm="fricas") J

output‘[—(2*a*x*dilog(a*x‘2) + 4xa*xx*log(-a*x~2 + 1) - axx*polylog(3, a*x~2) - 8%
‘a¥x - 4*sqrt(a)*log((axx™2 - 2xsqrt(a)*x + 1)/(axx™2 - 1)))/a, -(2*axxxdil
‘og(a*x“2) + 4xa*x*log(-a*x~2 + 1) - axx*polylog(3, a*x"2) - 8*axx - 8*sqrt
‘ (-a)*arctan(sqrt(-a)*x))/al ‘

3.41.6 Sympy [F]

/ PolyLog (3, az®) dz = / Liz (az®) dz

inputtintegrate(polylog(S,a*x**2),x) J

-

output LIntegral(polylog(S, a*xx**2), X)

-/

341.  [PolyLog (3,az?) dz
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3.41.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.18

/ PolyLog (3, az”) dz=—2zLis(az?) —4 zlog (—az®+1)+zLiz(az®)+8z+ Va

4 log (Zi_ﬁ

input | integrate(polylog(3,a*x~2),x, algorithm="maxima")

N

output‘ -2xx*dilog(a*x~2) - 4*x*log(-a*x~2 + 1) + x*polylog(3, a*x"2) + 8%x + 4x*lo
‘g((a*x - sqrt(a))/(a*x + sqrt(a)))/sqrt(a)

3.41.8 Giac [F|

/ PolyLog (3, az?) dz = / Liz(az®) dz

input Lintegrate (polylog(3,a*x~2),x, algorithm="giac")

~—

-

output | integrate(polylog(3, a*x~2), x)

J

3.41.9 Mupad [B] (verification not implemented)

Time = 5.24 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.98

/PolyLog (3,a2%) dz =8z — 4z In (1 — az®) — 2z polylog(2, az?)

atan (y/az 1i) 8i
7

+ z polylog (3, a CE2> +

input

int (polylog(3, a*x~2),x)

N\

output‘S*x + (atan(a”(1/2)*x*1i)*81i)/a~(1/2) - 4xxxlog(l - a*x~2) - 2*x*polylog(2
, a*x~2) + xxpolylog(3, axx"2)

341.  [PolyLog (3,az?) dz
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3.492 f PolyLog (3,az?) du

72
3.42.1 Optimalresult . . .. .. ... . ... . e 299
3.42.2 Mathematica [A] (verified) . . . . . . . ... ..o 299
3.42.3 Rubi [A] (verified) . . . . . ... . 300
3.42.4 Maple [B] (verified) . . . . ... . ... ..
3.42.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.42.6 Sympy [F] . . . . .
3.42.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ...
3428 Giac [F] . . . . ..
3.42.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ...

3.42.1 Optimal result

Integrand size = 11, antiderivative size = 54

2 2
/ PolyLog (3, az?) dz = 8+/Garctanh (v/az) + 410g(1x az?)

72
_ 2PolyLog (2,az®)  PolyLog (3, az?)
T T

output‘4*1n(-a*x“2+1)/x-2*polylog(2,a*x“2)/x-polylog(B,a*x“Q)/x+8*arctanh(x*a“(1/
12))*a”(1/2)

3.42.2 Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.93

2
/ PolyLog2(3, az?) i
T
_ 8y/azarctanh(v/ax) + 4log (1 — az?) — 2 PolyLog (2, az?) — PolyLog (3, az?)
T

input‘Integrate[PolyLog[B, a*xx~2]/x"2,x]

p
output‘ (8+Sqrt [a]l *x*ArcTanh [Sqrt [a]l #x] + 4*Log[1l - a*x~2] - 2+PolyLog[2, a*x"2] -
‘ PolyLog[3, a*x~2])/x

3.49. f PolyLog(3,a2?) dx

2
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3.42.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.11, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 455 Ryjes used = {7145,

integrand size
7145, 25, 2905, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

PolyLog (3, ax2)
=%

l 7145

2 2
0 / PolyLoi2(2,am )da: B PolyLogx (3,az?)

l 7145
_ 2 2 2
2<2/_10g(12ax)dx _ PolyLog (2,az )) _ PolyLog (3,az?)
T T T
l 25

— ar2 2 2
92 (_2 / de _ PolyLog (2,(133 )) B PolyLog (3,aa: )

z2 x z

l 2905

— ar2 2 2
2<_2 (—2a/ 1 s — log (1 — az )) _ PolyLog (2,az )) _ PolyLog (3,az?)
1—az? x z -
l 219

log (1 — az?) ) PolyLog (2, az?) ) PolyLog (3, az?)

Z x Z

2 (—2 (—%/Earctanh(\/acc) -

-

input LInt [PolyLog[3, a*x~2]/x"2,x]

output ‘ 2% (-2% (-2*Sqrt [a] *ArcTanh [Sqrt [al *x] - Log[l - a*x~2]/x) - PolyLogl[2, a*x~
21/x) - PolyLogl3, a*x~2]/x

-

3.49. f PolyLog(3,a2?) dx

2

~—




CHAPTER 3. LISTING OF INTEGRALS 301

3.42.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 219 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 2905 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(@_))"(p_.)1*(b_.))*((£_.)*(x_))"
(m_.), x_Symbol] :> Simp[(f*x)~(m + 1)*((a + b*Loglc*x(d + e*x"n) pl)/(f*(m

+ 1))), x] - Simp[b*exn*(p/(f*(m + 1))) Int[x"(n - 1)*((f*x)"(m + 1)/(d +
exx"n)), x], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && NeQ[m, -1]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, qf, x] & NeQ[m, -1] && GtQ[n, O]

3.42.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 111 vs. 2(50) = 100.

Time = 0.19 (sec) , antiderivative size = 112, normalized size of antiderivative = 2.07

method | result size

a2 za za za

a(— 8xzv/—a (ln(l—\/aa:Q)—ln(l+va12)) +8Jja ln(—a z2+1) _4Jja polylog(2,a z2) _2\/—70. polylog(S,a 12) >
meijerg 57 a 112

-

inputLint(polylog(B,a*x“2)/x“2,x,method=_RETURNVERBOSE)

~—

Output‘1/2*a/(—a)‘(1/2)*(-8*x*(-a)‘(1/2)/(a*x‘2)‘(1/2)*(1n(1—(a*x‘2)‘(1/2))-1n(1+
‘(a*x‘2)‘(1/2)))+8/x*(—a)‘(1/2)*ln(—a*x‘2+1)/a—4/x*(—a)“(1/2)/a*polylog(2,a
‘*x‘2)—2/x*(-a)‘(1/2)/a*polylog(3,a*x‘2)) ‘

3.49. J‘ESEEQ%E&EEQ.dm

2



CHAPTER 3. LISTING OF INTEGRALS 302

3.42.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 112, normalized size of antiderivative = 2.07

Pol 2
/ 0yLog2(3, ax?) i
T

4 +/azxlog <M> — 2Liy(az?®) + 4 log (—az? + 1) — polylog(3, az?)

ar2—1

’
T

8 /—azarctan (v/—az) + 2Lis(az®) — 4 log (—az? + 1) + polylog(3, az?)
T

inputLintegrate(polylog(S,a*x‘2)/x“2,x, algorithm="fricas")

-/

OutPUt‘[(4*sqrt(a)*x*log((a*x‘2 + 2xsqrt(a)*x + 1)/(a*x"2 - 1)) - 2*dilog(a*x~2)
‘+ 4xlog(-a*x~2 + 1) - polylog(3, a*x"2))/x, -(8*sqrt(-a)*x*arctan(sqrt(-a)
‘*x) + 2xdilog(a*x~2) - 4xlog(-a*x~2 + 1) + polylog(3, a*x~2))/x]

3.42.6 Sympy [F]

2 2

/ PolyLog (3, az?) gy — / Liz (az?) i

inputLintegrate(polylog(S,a*x**2)/x**2,x)

output‘Integral(polylog(B, a*x**2) /x**2, X)

3.42.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.07

2 _ C(02) - (2
/ PolyLog2(3, azx?) dz = —4+/alog (ax \/E) _ 2Lip(az®) — 4 log (—az”® + 1) + Liz(az?)
x az + /a x

3.49. J‘ESEEQ%E&EEQ.dm

2
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inputLintegrate(polylog(3,a*x“2)/x”2,x, algorithm="maxima")

output‘-4*sqrt(a)*log((a*x - sqrt(a))/(a*x + sqrt(a))) - (2xdilog(a*x~2) - 4x*log(
‘—a*x“2 + 1) + polylog(3, a*x~2))/x

3.42.8 Giac [F]

/ PolyLog (3, az?) dp — / Liz(az?) iz

2 x2

inputLintegrate(polylog(3,a*x‘2)/x“2,x, algorithm="giac")

output tintegrate (polylog(3, a*x~2)/x"2, x)

3.42.9 Mupad [B] (verification not implemented)

Time = 5.14 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.98

/ PolyLog (3, az?) dp — 4In(1-a2?) polylog(3,a=?)

x2 x z
2 polylog(2 2
_ 2polylog( ’ax)—\/aatan(\/axli) 8i
T

inputtint(polylog(3, a*x~2)/x"2,x)

output‘(4*log(1 - a*x”2))/x - (2xpolylog(2, a*x~2))/x - polylog(3, a*x"2)/x - a”(
|1/2)*atan(a”(1/2)*x*1i)*81

3.49. f PolyLog(3,a2?) dx

x2
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3.43 f PolyLog (3,az?) du

74
3.43.1 Optimalresult . . . . .. . .. . . . 304
3.43.2 Mathematica [A] (verified) . . . . . . . . ... oL 304
3.43.3 Rubi [A] (verified) . . . . . ... .
3.43.4 Maple [B] (verified) . ... ... ... ...
3.43.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ...
3.43.6 Sympy [F] . . . . . .
3.43.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ...
3438 Giac [F] . . . . . .
3.43.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ...

3.43.1 Optimal result

Integrand size = 11, antiderivative size = 70

PolyLog (3, az?) 8a 8 4 4log (1 — az?)
__ce . ° h
/ " dx 572 + 570 arctanh(v/az) + 5773
_ 2PolyLog (2,az?)  PolyLog (3, az®)
93 33

output| -8/27*a/x+8/27*a" (3/2)*arctanh (x*a~ (1/2))+4/27*1n(-a*x"2+1) /x"3-2/9*polylo |
‘g(2,a*x‘2)/x“3—1/3*polylog(3,a*x“2)/x‘3 ‘

3.43.2 Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.87

dr =

PolyLog (3, az?)
!
8az? — 8a’/?z3arctanh (y/az) — 4log (1 — az?) + 6 PolyLog (2, az?) + 9 PolyLog (3, az?)
273

input LIntegrate [PolyLog[3, a*x~2]/x"4,x]

~—

output‘ -1/27*(8%a*xx~2 - 8%a~(3/2)*x"3*ArcTanh[Sqrt[al*x] - 4xLog[l - a*x~2] + 6%P
olyLog[2, a*x~2] + 9*PolyLogl[3, a*x~2])/x"3

N J

3.43. f PolyLog(3,a2?) dx

x4



CHAPTER 3. LISTING OF INTEGRALS 305

3.43.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.14, number
of steps used = 6, number of rules used = 6, Bumber of rules _ 545 Ryjles used = {7145,

integrand size
7145, 25, 2905, 264, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog4(3,a:1;2) de
x
lrm5
2 [ PolyLog (2, az?) do PolyLog (3, az?)
3 / x4 o 3z3
lrms
2(2 log (1 — az?) p PolyLog (2, az?) PolyLog (3, az?)
3\3 / B x4 T 323 B 323

| 25

2( 2 [log(1—az?) p PolyLog (2, az?) PolyLog (3, az?)
3\ 3 / x4 T 323 - 323
| 2905
2( 2( 2 1 p log (1 — az?) PolyLog (2, az?) PolyLog (3, az?)
3\ 3 —3a/ z2 (1 — ax?) v 33 B 33 Bl 3z3
| 264
2( 2( 2 1 p 1 log (1 — az?) PolyLog (2, az?) PolyLog (3, az?)
3\ 73\ 73 a/l—ax2 ) 323 B 3z3 B 33
| 219
2( 2( 2 1 log (1 — az?) PolyLog (2, az?)
3 (—3 (—3a<\/5arctanh(\/am) - x) - 33 - = _

PolyLog (3, a:vQ)
3x3

input LInt [PolyLog[3, a*x~2]/x"4,x]

343, [ Pebles(arh) g

T
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306

output ‘

t

(2% ((-2%((-2*a*(-x~(-1) + Sqrt[al*ArcTanh[Sqrt[al*x]))/3 - Logl[l - a*x~2]/
(3%x73)))/3 - PolyLog[2, a*x"2]/(3*x73)))/3 - PolyLogl[3, a*x~2]/(3*x"3)

|

-

3.43.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 219‘

N\

~—

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 264

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[(c*x)"(
m+ 1)*((a + bxx™2)"(p + 1)/(axc*(m + 1))), x] - Simp[b*((m + 2*p + 3)/(a*c
~2%(m + 1))) Int[(c*x)"(m + 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] & LtQ[m, -1] && IntBinomialQ[a, b, ¢, 2, m, p, x]

rule 2905

rule 7145

N\

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(@m_))"(p_.)1*(b_.))*((£f_.)*(x_))"
(m_.), x_Symbol] :> Simp[(f*x)~(m + 1)*((a + b*Loglc*x(d + exx™n) pl)/(f*(m
+ 1))), x] - Simp[b*exn*(p/(fx(m + 1))) Int[x"(n - 1)*((f*x)"(m + 1)/(4d +
exx"n)), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && NeQ[m, -1]

Int[((d_.)*(x_))"(m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*x(b*x"p)~ql, x], x] /; FreeQl{a,
b, d, m, p, qF, x] && NeQ[m, -1] && GtQ[n, O]

3.43.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 124 vs. 2(56) = 112.

Time = 0.20 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.79

method | result size
2 16 Sza(ln(l—\/az2)—ln(1+\/az2)) 81n(—aa:2+1) 4polylog(2,az2) 2polylog(3,a:c2)
. a T 27z/—a 27v/—a Va z2 + 27z3v/—aa 9x3/—aa - 3z3v/—aa
meijerg | — 57 a 125

3.43. f PolyLog(3,a2?) dx

x4
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input‘int(polylog(B,a*x“2)/x“4,x,method=_RETURNVERBOSE)

OUtPUt‘-1/2*a“2/(-a)“(1/2)*(-16/27/x/(-a)”(1/2)-8/27*x/(-a)‘(1/2)*a/(a*x“2)“(1/2)
‘*(1n(1—(a*x“2)“(1/2))—1n(1+(a*x‘2)“(1/2)))+8/27/x“3/(-a)“(1/2)*ln(—a*x“2+1
‘)/a—4/9/X“3/(-a)‘(1/2)/a*polylog(2,a*x‘2)-2/3/x“3/(—a)“(1/2)/a*polylog(3,a
*x72))

3.43.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.89

2
/ PolyLog4(3, azx?) i
T

4a3z3log <M> — 8az® — 6Liy(az?) + 4 log (—az? + 1) — 9 polylog(3, az?)

axr2—1
27 23 ’

8 v/—aaz® arctan (v/—az) + 8 az? + 6 Lis(az?) — 4 log (—az? + 1) + 9 polylog(3, az?)
B 273

inputLintegrate(polylog(3,a*x“2)/x‘4,x, algorithm="fricas")

output‘[1/27*(4*a“(3/2)*x“3*log((a*x“2 + 2#sqrt(a)*x + 1)/(a*x”2 - 1)) - 8%a*x"2
‘— 6xdilog(a*x~2) + 4xlog(-a*x~2 + 1) - 9*polylog(3, a*x~2))/x"3, -1/27x(8%
‘sqrt(—a)*a*x“B*arctan(sqrt(—a)*x) + 8%a*x”2 + 6*dilog(a*x~2) - 4*log(-a*x~
12 + 1) + 9*polylog(3, a*x~2))/x"3]

3.43.6 Sympy [F]

/ PolyLog (3, az?) dp — / Liz (az?) i

x4 xrd

inputtintegrate(polylog(S,a*x**Z)/x**4,x)

outputLIntegral(polylog(S, axx**2) /x**4, x)

3.43. J‘ESEEQ%E&EEQ.dm

x4
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3.43.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.94

PolyL 2 —
/ oly Og(3’ax)dx=—iaglog ax — +/a
x? 27 ax + +/a
_ 8az” 4 6Lig(az?) — 4 log (—az® + 1) + 9 Liz(az?)
27 23

inputLintegrate(polylog(s,a*x‘2)/x“4,x, algorithm="maxima")

output‘—4/27*a‘(3/2)*1og((a*x - sqrt(a))/(a*xx + sqrt(a))) - 1/27*(8xa*x"2 + 6xdil
Log(a*x‘Q) - 4xlog(-a*x~2 + 1) + 9*polylog(3, a*x"2))/x"3

3.43.8 Giac [F]

/ PolyLog (3, ax?) dr — / Liz(ax?) e

xt x4

inputLintegrate(polylog(B,a*x‘Q)/x‘4,x, algorithm="giac")

outputLintegrate(polylog(S, a*x~2)/x"4, x)

3.43.9 Mupad [B] (verification not implemented)

Time = 5.42 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.84

/ PolyLog (3, az?) dp — 4In(1-a2®) polylog(3,az®) 8a

T 27 23 313 2Tz
_ 2polylog(2,aa?) a’/? atan(y/az 1i) 8i
93 27

inputtint(polylog(S, a*x~2)/x"4,x)

OutPUt‘(4*log(1 - a*x~2))/(27*x~3) - (2*polylog(2, a*x~2))/(9*x~3) - polylog(3, a
‘*x‘2)/(3*x“3) - (8xa)/(27*x) - (a”~(3/2)*atan(a”~(1/2)*x*1i)*81i)/27

3.43. J‘ESEEQ%E&EEQ.dm

x4



CHAPTER 3. LISTING OF INTEGRALS 309

3.44 f PolyLog (3,az?) du

20
3.44.1 Optimalresult . . .. . .. . . . .. .. e
3.44.2 Mathematica [A] (verified) . . . . . . . ... ..o 3091
3.44.3 Rubi [A] (verified) . . . . .. ... 310
3.44.4 Maple [B] (verified) . ... ... . ... ...
3.44.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.44.6 Sympy [F] . . . . .
3.44.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 313l
344.8 Giac [F] . . . . .. 313
3.44.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 314

3.44.1 Optimal result

Integrand size = 11, antiderivative size = 80

PolyLog (3, az?) 8a 8a? 8
’ de = — — —— + —a®?arctanh
/ 0 TS 375 1zes T 1m0 ortanh(vas)
4log (1 —az®) 2PolyLog(2,az®)  PolyLog (3,az”)
12525 25x° 5x°

output‘-8/375*a/x“3-8/125*a”2/x+8/125*a“(5/2)*arctanh(x*a“(1/2))+4/125*1n(-a*x”2+
‘1)/x“5—2/25*polylog(2,a*x“2)/x‘5-1/5*polylog(3,a*x“2)/x“5 ‘

3.44.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.86

P 2
/ olyLog6(3, azx?) i
T

8az? + 24a’z* — 24a°/?zParctanh (v/az) — 12log (1 — az?) + 30 PolyLog (2, az?) + 75 PolyLog (3, az’
- 37515

input LIntegrate [PolyLog[3, a*x~2]/x76,x]

~—

output‘ -1/375%(8*%a*xx~2 + 24*a”~2xx~4 - 24*a”(5/2)*x"5xArcTanh[Sqrt[a]l*x] - 12*Logl[
1 - axx”2] + 30%PolyLog[2, a*x~2] + 75xPolyLogl[3, a*x~2])/x"5

N J

3.44. f PolyLog(3,a2?) dx

6
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3.44.3 Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.12, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , 636 Ryjles used = {7145,

integrand size
7145, 25, 2905, 264, 264, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog6(3,a:1;2) de
x
lrms
2 [ PolyLog (2, az?) PolyLog (3, az?)
o de —
5 / z6 5x°
lrms
2(2 log (1 — az?) p PolyLog (2, az?) PolyLog (3, az?)
5\5 / B x8 T 525 B 525

| 25

2( 2 [log(1—az?) p PolyLog (2, az?) PolyLog (3, az?)
5\ 5 / x8 T 525 - 525
| 2905
2( 2( 2 1 p log (1 — az?) PolyLog (2, az?) PolyLog (3, az?)
5\ 5 —5a/ z* (1 — ax?) v 5 B 55 Bl 55
| 264

2( 2( 2 / 1 p 1 log (1 — az?) PolyLog (2, az?)
5\ 5\ 5%\%) A —a)™ T 3.8 525 55
PolyLog (3, a:vQ)

55

l 264

2( 2( 2 j/ 1 1 1 log (1 — az?) PolyLog (2, az?)
| —=|—zalala dr — — | — == | — - -
50 5\ 5 1— az? x 3z3 525 55

PolyLog (3, am2)

525

l 219

3.44. f PolyLog(3,a2?) dx

26
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5\ 5 3x3 5x° 5x°
PolyLog (3, amz)
5x°

2<_2 <_§a<a<ﬁmnh(ﬁw) BAEERE (S ))  PolyLog (2,%2)) )

inputLInt[PolyLog[S, a*x~2]/x76,x]

output‘(2*((—2*((—2*a*(—1/3*1/x“3 + a*(-x~(-1) + Sqrtl[al*ArcTanh([Sqrt[al*x])))/5
‘- Log[1l - a*x~2]/(5%x75)))/5 - PolyLogl[2, a*x~2]/(5*x"5)))/5 - PolyLogl3,
‘a*x"2]/(5%x75)

3.44.3.1 Defintions of rubi rules used

-

ruk325LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

rule 219 | Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] || LtQ[b, 01)

rule 264 | Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[(c*x)~(
m+ 1)*((a + bxx™2)"(p + 1)/(a*c*(m + 1))), x] - Simp[b*((m + 2*p + 3)/(a*c
“2x(m + 1))) Int[(c*x)"(m + 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] & LtQ[m, -1] && IntBinomialQ[a, b, ¢, 2, m, p, x]

rule 2905 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)" (@ )) (p_.)1*(b_.))*((£_.)*(x_))"
(m_.), x_Symbol] :> Simp[(f*x)~(m + 1)*((a + b*Loglc*x(d + exx™n) pl)/(f*(m

+ 1))), x] - Simp[b*exn*(p/(fx(m + 1))) Int[x"(n - 1)*((f*x)"(m + 1)/(d +
exx™n)), x], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && NeQ[m, -1]

rule 7145 Int [((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x"p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1)) Int[(d*x) m*PolyLogln - 1, a*x(b*x"p)~ql, x], x] /; FreeQl{a,
b, d, m, p, qf, x] & NeQ[m, -1] && GtQ[n, O]

N\

3.44. f PolyLog(3,a2?) dx

6



CHAPTER 3. LISTING OF INTEGRALS 312

3.44.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 137 vs. 2(64) = 128.

Time = 0.20 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.72

method | result size
a,3 _ 16 _ 16a _8za2(ln(l—Vaa:z)—ln(l+vam2>)+81n(—am2+1) _4polylog(2,az2) _2polylog(3,am2)
s 375x3(—a)% 125:2(—0.)% 125(—0,)%\/aa:2 1259:5(—(1)%(1 2525(—a)2a 525(—11)%11
meijerg N 138
inputLint(polylog(S,a*x‘2)/x‘6,x,method=_RETURNVERBOSE) J

e B

1/2%a~3/(-a)~(1/2)*(-16/375/x~3/ (-a)~ (3/2)-16/125/x/ (-a) ~ (3/2) *a-8/125%x/ (
‘—a)‘(3/2)*a“2/(a*x“2)‘(1/2)*(1n(1-(a*x‘2)‘(1/2))-ln(1+(a*x‘2)‘(1/2)))+8/12
‘5/x“5/(—a)“(3/2)*1n(—a*x‘2+1)/a—4/25/x‘5/(—a)‘(3/2)/a*polylog(2,a*x‘2)—2/5
L/X‘S/(-a)‘(3/2)/a*polylog(3,a*x‘2)) J

output

3.44.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.88

P 2
/ olyLog6(3, ax?) s
x

12 a32° log <%) — 24 a%z* — 8ax?® — 30 Liz(ax?) + 12 log (—az?® + 1) — 75 polylog(3, az?)

375 5

24 \/—aa’z® arctan (v/—az) + 24 a®z* + 8 az? 4 30 Liz(az?) — 12 log (—az? + 1) + 75 polylog(3, az?)
- 375 2°

inputLintegrate(polylog(3,a*x‘2)/x“6,x, algorithm="fricas") J

output‘[1/375*(12*a‘(5/2)*x‘5*log((a*x‘2 + 2xsqrt(a)*x + 1)/(a*xx"2 - 1)) - 24%a~2
‘*x‘4 - 8*a*x~2 - 30*dilog(a*x~2) + 12%log(-a*x~2 + 1) - 75xpolylog(3, a*x”
‘2))/x‘5, -1/375%(24*sqrt (-a) *a"2*xx"b*arctan(sqrt (-a) *x) + 24*a”2*x"4 + 8*a
L*x‘2 + 30*dilog(a*x~2) - 12xlog(-a*x~2 + 1) + 75*polylog(3, a*x~2))/x"5]

———————————

3.44. f PolyLog(3,a2?) dx

6
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3.44.6 Sympy [F]

2 : 2
/ PolyLog (3, az?) dr — / Lis (az?) i

6 x6

input‘integrate(polylog(B,a*x**2)/x**6,x)

outputLIntegral(polylog(3, axx**2) /x**6, X)

3.44.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.92

PolyL 2 4 —
/ oly 0g(3’ax)d:c=——aglog ax — +/a
xb 125 azx + +/a
_ 24d’z* + 8az® + 30 Li(az®) — 12 log (—az® + 1) + 75 Liz(az?)

375 x5

inputLintegrate(polylog(3,a*x‘2)/x“6,x, algorithm="maxima")

output‘—4/125*a‘(5/2)*log((a*x - sqrt(a))/(a*xx + sqrt(a))) - 1/375%x(24*a~2*x"4 +
‘8*a*x‘2 + 30*dilog(a*x~2) - 12*log(-a*x~2 + 1) + 75%polylog(3, a*x~2))/x"5

3.44.8 Giac [F]

/ PolyLog (3, az?) dp — / Liz(az?) s

x8 x6

p
inputtintegrate(polylog(S,a*x‘Z)/x‘G,x, algorithm="giac")

—

-

output Lintegrate (polylog(3, a*xx~2)/x"6, x)

-/

3.44. f PolyLog(3,a2?) dx

26
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3.44.9 Mupad [B] (verification not implemented)

Time = 5.74 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.88

PolyLog (3, ax? 4In(1—az?) polylog(3,az®) 8a?z?+ 82
dz = — _ 3

x6 125 x® 5x? 125 23
2polylog(2,az?) a*?*atan(y/az1i) 8i
25 15 125

input \ int (polylog(3, a*x~2)/x76,x)

output‘ (4%1log(1l - a*x~2))/(125%x75) - (2*polylog(2, a*x~2))/(25*%x"5) - polylog(3,
‘ axx~2)/(5*x~5) - ((8*a)/3 + 8*a~2xx72)/(125%x73) - (a~(5/2)*atan(a~(1/2)*
| x*11)%81)/125

3.44. f PolyLog(3,a2?) dx

6
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3.45 [ z* PolyLog (2, az?) dz

3.45.1 Optimalresult . . . . . . . .. .. ... 315l
3.45.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL 315
3.45.3 Rubi [A] (verified) . . . . . ... .. 316
3.45.4 Maple [C] (verified) . . . . . . . . . . .. 317
3.45.5 Fricas [F] . . . . . o o o
3.45.6 Sympy [F] . . . . . 318
3.45.7 Maxima [F] . . . . . . ... 318
345.8 Giac [F] . . . . . . 319
3.45.9 Mupad [F(-1)] . . . . o

3.45.1 Optimal result

Integrand size = 11, antiderivative size = 71

aq*z3T1 Hypergeometric2F1 (1, %, 2+ %, axq>
9(3+9q)

1 1
+ §qx3 log (1 — az?) + ga:?’ PolyLog (2, az?)

/ z? PolyLog (2, ax?) dx =

output \ 1/9%axq~2*x~ (3+q) *hypergeom([1, (3+q)/ql, [2+3/q],a*x"q)/(3+q)+1/9%q*x"3*1n
‘ (1-a*xx~q)+1/3*x"3*polylog(2,a*x~q)

3.45.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.97

/ z? PolyLog (2, az?) dx

qz3 <aqxq Hypergeometric2F1 (1, %, 2+ 3, axq> +(3+¢q)log(1— aa:q)>
B 9(3+q)

1
+ §x3 PolyLog (2, az?)

e

input LIntegrate [x~2*PolyLog[2, a*x~q],x]

~—  /

3.45. [ z?PolyLog(2,az?) dz
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output‘ (g*x~3* (a*q*x~q*Hypergeometric2F1[1, (3 + q)/q, 2 + 3/q, a*x"q]l + (3 + q)* ‘
LLog[l - axx~ql))/(9%(3 + q)) + (x"3*PolyLog[2, a*x"q]l)/3 J

3.45.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.04, number

of steps used = 4, number of rules used = 4, Bumber of rules _ , 364 Ry jleg used = {7145,
integrand size

25, 2905, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z? PolyLog (2, az?) dx
| 7145
1, 1 .
3% PolyLog (2, az?) — 39| 2 log (1 — az?) dx

l25

1 1
34 / z?log (1 — az?) dz + §x3 PolyLog (2, az?)

| 2905
1 /1 T2 14 1
Zal = - — ax? 3 q
3q<3aq/ l_aquw—i- 3¢ log (1 —azx )) + 3% PolyLog (2, az?)
| sss
1 [ aqz?t?®Hypergeometric2F1 (1, %, 2+ %, axq> , , 1, .
- - 1- =23 Pol
34 3(¢+3) + 3% log(1—az?) | + 3% olyLog (2, az?)

-

input LInt [x~2%PolyLog[2, a*x~ql,x]

~—

-

output‘ (q*((axq*x~ (3 + q)*Hypergeometric2F1[1, (3 + q)/q, 2 + 3/q, a*x~ql)/(3*(3
+ q)) + (x"3xLog[1 - a*x~ql])/3))/3 + (x"3*PolyLog[2, a*x"ql)/3

N

3.45. [ z?PolyLog(2,az?) dz
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3.45.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 888 Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] || GtQ[a, 0]1)

rule 2905 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_))"(p_.)1*(b_.))*((£_.)*(x_))"
(m_.), x_Symbol] :> Simp[(f*x)~(m + 1)*((a + b*Loglc*x(d + e*x"n) pl)/(f*(m

+ 1))), x] - Simp[b*exn*(p/(fx(m + 1))) Int[x"(n - DD*((f*x)"(m + 1)/(d +
e*x™n)), x], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] & NeQ[m, -1]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.45.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 5.

Time = 1.46 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.52

method | result

size

3 3 3
(_a)7% (_ q213(_a)§ In(1—a=z9) _qms(—a) q (1+%) polylog(2,a zq) _q223+qa(—a)q LerchPhi(a zq,l,g#)
9 3+q 9

)

meijerg | — 7

108

inputLint(x“2*polylog(2,a*x“q),x,method=_RETURNVERBOSE)

e

output | -(-a)~(-3/q) /q*(-1/9*q~2*xx"3*(-a) " (3/q) *1n(1-a*xx~q) -q/ (3+q) *x~3*(-a) "~ (3/q)
‘*(1+1/3*q)*polylog(2,a*x‘q)—1/9*q“2*x‘(3+q)*a*(-a)‘(B/q)*LerchPhi(a*x‘q,1,

(3+9)/q))

3.45. [ z?PolyLog(2,az?) dz
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3.45.5 Fricas [F]

/ 22 PolyLog (2, ax?) dz = / 22Lig(az?) dx

inputLintegrate(x‘2*polylog(2,a*x“q),x, algorithm="fricas")

outputLintegral(x‘2*dilog(a*x‘q), x)

3.45.6 Sympy [F]

/ z? PolyLog (2, ax?) dz = / x? Liy (ax?) dz

p
inputtintegrate(x**2*polylog(2,a*x**q),X)

e—

-

OutputLIntegral(x**2*polylog(2, axx**q), X)

-/

3.45.7 Maxima [F]

/ z? PolyLog (2, az?) dx = / 1?Liz(ax?) dx

inputLintegrate(x“2*polylog(2,a*x‘q),x, algorithm="maxima")

output‘—1/27*q“2*x“3 + 1/9%q*x~3%log(-a*x~q + 1) + 1/3*x"3*dilog(a*x~q) - g 2*int

‘egrate(i/g*x‘2/(a*x‘q -1, %

3.45. [ z?PolyLog(2,az?) dz
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3.45.8 Giac [F]

/ 22 PolyLog (2, ax?) dz = / 22Lig(az?) dx

inputLintegrate(x‘2*polylog(2,a*x“q),x, algorithm="giac")

output Lintegrate (x"2xdilog(a*x~q), x)

3.45.9 Mupad [F(-1)]
Timed out.

/ x? PolyLog (2, az?) dx = / x? polylog(2, a x?) dx

input Lint (x~2*polylog(2, a*x~q),x)

outputLint(x“Q*polylog(Z a*x~q), Xx)

3.45. [ z?PolyLog(2,az?) dz
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3.46 [ z PolyLog (2, az?) dz

3.46.1 Optimalresult . . . . . . .. . ... .. ..
3.46.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL
3.46.3 Rubi [A] (verified) . . . . . . .. ..
3.46.4 Maple [C] (verified) . . . .. . . ... ..
3.46.5 Fricas [F] . . . . . o o
3.46.6 Sympy [F] . . . . . .
3.46.7 Maxima [F] . . . . . ... ..
346.8 Giac [F] . . . . . . e
3.46.9 Mupad [F(-1)] . . . . . o o

3.46.1 Optimal result

Integrand size = 9, antiderivative size = 71

aq*z?T1 Hypergeometric2F1 (1, %, 2 <1 + %) ,azq)
42+ q)

1 1
+ quz log (1 — az?) + §x2 PolyLog (2, az?)

/ z PolyLog (2, az?) dx =

320
220

224
024

output \ 1/4%axq~2*x~ (2+q) *hypergeom([1, (2+q)/ql, [2+2/q],a*x"q)/(2+q)+1/4%q*x"2*1n
‘ (1-a*xx~q)+1/2*x"2*polylog(2,a*x~q)

3.46.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.97

/ z PolyLog (2, az?) dx

qz? <aqxq Hypergeometric2F1 (1, %, 2+ %, axq> +(2+q)log(1— aa:q)>
N 4(2+q)

1
+ 5.’L'2 PolyLog (2, az?)

e

input LIntegrate [x*PolyLog[2, a*x~ql,x]

~—  /

3.46. [ zPolyLog (2,az?) dz
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output‘ (g*x~2* (a*q*x~q*Hypergeometric2F1[1, (2 + q)/q, 2 + 2/q, a*x"q]l + (2 + q)*
LLog[l - axx~ql))/(4*x(2 + q)) + (x"2xPolyLog[2, a*x"q])/2 J

3.46.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.04, number

of steps used = 4, number of rules used = 4, Bumber of rules _ 414 Ryles used = {7145,
integrand size

25, 2905, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z PolyLog (2, az?) dx
| 7145
1, 1
22 PolyLog (2, az?) — 24| 2 log (1 — az?) dx

l25

1 1
2q/a:log (1 —azx?)dz+ 59:2 PolyLog (2, az?)

| 2905
1 /1 zatt 1, 1
—q( = ~z%log (1 — az?) ) + =z2 PolyLog (2, ax?
2q<2aq/1_aqu.’r+2x og(1—ax )>+2w olyLog (2, az?)
| sss
1 [ agz?t? Hypergeometric2F1 <1, a2 2(1 + l) ,awq> 1
| ! ! + —22log(1 — az?) | +
2 2(¢+2) 2
1
51:2 PolyLog (2, az?)

input LInt [x*PolyLog[2, a*x~ql,x]

e

(g*((axq*x~ (2 + q)*Hypergeometric2F1[1, (2 + q)/q, 2*(1 + q~(-1)), a*x"q]l)
‘/(2*(2 + @) + (x"2xLogl[l - a*x~ql)/2))/2 + (x"2*PolyLog[2, a*x~q])/2

output

3.46. [ zPolyLog (2,az?) dz




CHAPTER 3. LISTING OF INTEGRALS 322

3.46.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 888 Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] || GtQ[a, 0]1)

rule 2905 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_))"(p_.)1*(b_.))*((£_.)*(x_))"
(m_.), x_Symbol] :> Simp[(f*x)~(m + 1)*((a + b*Loglc*x(d + e*x"n) pl)/(f*(m

+ 1))), x] - Simp[b*exn*(p/(fx(m + 1))) Int[x"(n - DD*((f*x)"(m + 1)/(d +
e*x™n)), x], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] & NeQ[m, -1]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.46.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 5.

Time = 0.66 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.52

method | result size
(_a)7% (_ q2:):2(—a)% In(1—a o) B q:z:2(—a)% (1+%) polylog(2,a z‘I) B q2z2+qa(—a)% LerchPhi(a zq,l,Q#) )
1 2+4q 1
meijerg | — 7 108
inputLint(x*polylog(Q,a*x“q),x,method=_RETURNVERBOSE) J
output‘—(—a)‘(—2/q)/q*(-1/4*q‘2*x‘2*(—a)‘(2/q)*ln(1—a*x‘q)—q/(2+q)*x“2*(—a)‘(2/q)

‘*(1+1/2*q)*polylog(2,a*x‘q)—1/4*q“2*x‘(2+q)*a*(-a)‘(2/q)*LerchPhi(a*x‘q,1,
(2+9)/9)) |

3.46. [ zPolyLog (2,az?) dz
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3.46.5 Fricas [F]

/ z PolyLog (2, az?) dx = / zLis(az?) dz

inputLintegrate(x*polylog(Q,a*x“q),x, algorithm="fricas")

outputLintegral(x*dilog(a*x‘q), x)

3.46.6 Sympy [F]

/mPolyLog (2,az?) dz = /xLiz (az?) dx

p
inputLintegrate(x*polylog(2,a*x**q),X)

e—

-

output LIntegral(x*polylog(Q, axx**q), X)

-/

3.46.7 Maxima [F]

/ z PolyLog (2, az?) dx = / zLis(az?) dz

inputLintegrate(x*polylog(2,a*x“q),x, algorithm="maxima")

output‘—l/S*q‘2*x“2 + 1/4xq*x"2*log(-a*x"q + 1) + 1/2#x"2xdilog(a*x”q) - q 2*inte

‘grate(1/4*x/(a*x‘q - 1), x

3.46. [ zPolyLog (2,az?) dz
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3.46.8 Giac [F|

/ z PolyLog (2, az?) dx = / zLis(az?) dz

inputLintegrate(x*polylog(Q,a*x‘q),x, algorithm="giac")

output Lintegrate (x*dilog(a*x~q), x)

3.46.9 Mupad [F(-1)]
Timed out.

/xPolyLog (2,az?) dz = /xpolylog(Q,axq) dz

input Lint (x*polylog(2, a*x"q),x)

outputLint(x*polylog(Q, a*x~q), X)

3.46. [ zPolyLog (2,az?) dz
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3.47 [ PolyLog (2, az?) dzx

3.47.1 Optimal result . . . . . . . . . ... ..
3.47.2 Mathematica [A] (verified) . . . . . . . . ... ..o oL
3.47.3 Rubi [A] (verified) . . . . . ... . 326]
3.47.4 Maple [C] (verified) . . . . ... . .. .. 327
3.47.5 Fricas [F] . . . . . o o o
3.47.6 Sympy [F] . . . . o 328
3477 Maxima [F] . . . . . . .
3478 Giac [F] . . . . . o 329

3479 Mupad [F(-1)] . . . . o 329

3.47.1 Optimal result

Integrand size = 7, antiderivative size = 54

aq’z't? Hypergeometric2F1 (1,1 4+ %, 2+ 1 qz9
yperg q q

1+g¢
+ qzlog (1 — az?) + z PolyLog (2, az?)

/ PolyLog (2, az?) dz =

output‘a*q“2*x“(1+q)*hypergeom([1, 1+1/ql, [2+1/q] ,a*x"q) / (1+q) +q*x*1n(1-a*x~q) +x*
‘polylog(2,a*x“q)

3.47.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.94

agz? Hypergeometric2F1 (1, 1+ %, 2+ %, axq>
1+gq

/ PolyLog (2, az?) dz = qz

+log (1 — az?) | + z PolyLog (2, ax?)

input LIntegrate [PolyLogl[2, a*x~ql,x] J

output‘q*x*((a*q*x‘q*Hypergeometri02F1 [1, 1 + q°(-1), 2 + q~(-1), a*x"ql)/(1 + q) ‘
‘ + Logl[l - a*x~q]) + x*PolyLogl[2, a*x~q] ‘

3.47.  [PolyLog(2,az?) dzx
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3.47.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 577 Ryjjeg ysed = {7140,

integrand size
25, 2898, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog (2, az?) dz
| 7140
z PolyLog (2, az?) — q/ —log (1 — az?)dz
| 25
q / log (1 — az?) dx + x PolyLog (2, az?)

l 2898

q
q (aq/ 1 :Eaxq dx + zlog (1 — aa:q)> + z PolyLog (2, ax?)

J,888

aqx‘”‘l Hypergeometric2F'1 (1, 1+ %, 2+ %, a:z,“l)
q qg+1

+ zlog (1 — axq)) + z PolyLog (2, az?)

-

Int [PolyLog[2, a*x~q],x]

N\

output‘q*((a*q*x“(l + q)*Hypergeometric2F1[1, 1 + q~(-1), 2 + q~(-1), a*x"ql)/(1

‘+ q) + xxLog[l - a*x~q]) + x*PolyLog[2, a*x~q]l

3.47.  [PolyLog(2,az?) dzx
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3.47.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 888

rule 2898

rule 7140

input

output

Int[((c_)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> Simp[a~p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQlp, 0] && (ILt
Qlp, 0] || GtQ[a, 0]1)

/Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)], x_Symbol] :> Simp[x*Logl[c*(d
+ e*x"n)"pl, x] - Simp[e*n*p Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, d,
e, n, p}, xI

Int [PolyLogln_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbol] :> Simp[x*PolyLo
gln, ax(b*x"p)~ql, x] - Simp[p*q Int[PolyLog[n - 1, a*(b*x"p)~ql, x], x]
/; FreeQ[{a, b, p, q}, x] && GtQ[n, 0]

3.47.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 5.

Time = 0.44 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.63

method | result

size

1 1 1 1
(—a) ¢ (—qzz(—a) 9 In(1—az9)—qz(—a) 9 polylog(2,a x9)—q?z'*%a(—a) 4 LerchPhi(a x%l,%))

meijerg

q

88

Lint (polylog(2,a*x"q) ,x,method=_RETURNVERBOSE)

‘ -1/g*(-a)~(-1/q) *(-q~2*x*(-a) ~(1/q) *1n(1-a*x~q) -q*x* (-a) "~ (1/q) *polylog(2,a
‘ *x~q)—-q~2*x" (1+q) *a*(-a) "~ (1/q) *LerchPhi (a*x~q,1, (1+q)/q))

3.47.  [PolyLog(2,az?) dzx
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3.47.5 Fricas [F]

/ PolyLog (2, az?) dx = / Lis(az?) dz

inputLintegrate(polylog(2,a*x‘q),x, algorithm="fricas")

output Lintegral(dilog(a*x‘q) » X)

3.47.6 Sympy [F]

/ PolyLog (2, az?) dx = / Li; (az?) dz

input tintegrate (polylog(2,a*x**q) ,x)

-

output LIntegral(polylog(z, a*x**q), X)

-/

3.47.7 Maxima [F]

/ PolyLog (2, az?) dx = / Lis(az?) dz

inputLintegrate(polylog(2,a*x“q),x, algorithm="maxima")

output‘—q‘2*x - q"2*xintegrate(1/(a*x™q - 1), x) + g*x*log(-a*x~q + 1) + x*dilog(a

o

3.47.  [PolyLog(2,az?) dzx
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3.47.8 Giac [F|

/ PolyLog (2, az?) dx = / Lis(az?) dz

input Lintegrate (polylog(2,a*x~q) ,x, algorithm="giac")

output Lintegrate (dilog(a*x~q), x)

3.47.9 Mupad [F(-1)]
Timed out.

/ PolyLog (2, az?) dx = / polylog(2,az?) dz

input Lint (polylog(2, a*x~q),x)

output tint(polylog(2, a*x~q), x)

3.47.  [PolyLog(2,az?) dzx



CHAPTER 3. LISTING OF INTEGRALS 330

3.48 f PolyLog(2,az7) dx

T
3.48.1 Optimal result . . . . . . . . . . . . . . e 3301
3.48.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo 330
3.48.3 Rubi [A] (verified) . . . . . . .. . . .. 3311
3.48.4 Maple [A] (verified) . . ... ... ... ... 331
3.48.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.48.6 Sympy [F] . . . . . 332
3.48.7 Maxima [F] . . . . . . . . .
3.48.8 Giac [F] . . . . . o 333l
3489 Mupad [F(-1)] . . . . . oo

3.48.1 Optimal result

Integrand size = 11, antiderivative size = 11

/ PolyLog (2, az?) dp — PolyLog (3, az?)
z q

output Lpolylog (3,a*x"q)/q J

3.48.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/ PolyLog (2, az?) dp = PolyLog (3, azx?)
z q

input LIntegrate [PolyLogl[2, a*x~ql/x,x] J

output LPolyLog [3, a*x~ql/q

3.48. f PolyLog(2,az%) 7.

T
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3.48.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Zumber of rules _ , 497 Ryles used = {7143}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

PolyLog (2, ax?
/ olyLog (2, ax )d:L'
x
| 7143
PolyLog (3, az?)
q
input LInt [PolyLogl[2, a*x~ql/x,x] J
output LPolyLog [3, a*x~ql/q J

rule 7143}

3.48.3.1 Defintions of rubi rules used

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol]l :> Simp[PolyLogln + 1, c*(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*d, axel

—

3.48.4 Maple [A] (verified)

Time = 0.55 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

method result size
derivativedivides %@’“mq) 12
default polylog(3,02%) | 19
q
i polylog(3,a z9)
meijerg T 12

p
input

N

int (polylog(2,a*x~q)/x,x,method=_RETURNVERBOSE)

output L

polylog(3,a*x~q)/q J

3.48. f PolyLog(2,az?) dz

T
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3.48.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/ PolyLog (2, azx?) dr — polylog(3, ax?)
r q

inputLintegrate(polylog(Q,a*x“q)/x,x, algorithm="fricas")

output‘polylog(S, a*x~q)/q

3.48.6 Sympy [F]

T Z

q 1 q
/ PolyLog (2, az?) dp — / Lis (az?) s

input Lintegrate (polylog(2,a*x**q)/x,x)

output LIntegral (polylog(2, a*x**q)/x, Xx)

3.48.7 Maxima [F]

q 1 q
/PolyLogg;B(2, ax?) dp — / le(;zx )d:L'

inputLintegrate(polylog(2,a*x“q)/x,x, algorithm="maxima")

output‘ -1/6*%q~2+1log(x) "3 + 1/2*qxlog(-a*xx~q + 1)*log(x)~2 - g 2*integrate(1/2*log
‘(x)“2/(a*x*x“q - x), x) + dilog(a*x~q)*log(x)

3.48. f PolyLog(2,az%) 7.

T
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3.48.8 Giac [F|

q 1 q
/ PolyLog (2, azx?) dp — / Lis(az?) i

T Z

input Lintegrate (polylog(2,a*x~q)/x,x, algorithm="giac")

output Lintegrate (dilog(a*x~q)/x, x)

3.48.9 Mupad [F(-1)]

Timed out.

/ PolyLog (2,aa%) / polylog(2,a2%)

T T

input Lint (polylog(2, a*x~q)/x,x)

output Lint (polylog(2, a*x~q)/x, x)

3.48. f PolyLog(2,az%) 7.

T
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3.49 f PolyLog2(2,axq) dx
T

3.49.1 Optimal result . . . . .. . . . ... [3341
3.49.2 Mathematica [A] (verified) . . . . . . . . ... .. Lo oo 334
3.49.3 Rubi [A] (verified) . . . . . ... ..
3.49.4 Maple [C] (verified) . . . .. . . .. . ..
3.49.5 Fricas [F] . . . . . o o o B37
3.49.6 Sympy [F] . . . . . . B37
3.49.7 Maxima [F] . . . . . . . . 337
3.49.8 Giac [F] . . . . . o
3.49.9 Mupad [F(-1)] . . . . o

3.49.1 Optimal result

Integrand size = 11, antiderivative size = 69

/ PolyLog (2, az?) o _aq2x‘1+q Hypergeometric2F1 (1, —%, 2 — %, axq>
x? 1—¢q
4 glog (1 —az?) PolyLog(2,az?)
T x

output \ -a*q~2*x” (-1+q) *hypergeom([1, (-1+q)/ql, [2-1/q],a*x"q)/(1-q)+q*1n(1-a*x"q)
L/x—polylog (2,a*xx"q) /x

3.49.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.87

agqz? Hypergeometric2F1 (1 , it 91 45q )
q q 1 1— q
/ PolyLog (2, az?) q( ~Ttq +log (1 — azf)
5 dr =
X X
PolyLog (2, az?)
T

input LIntegrate [PolyLogl[2, a*x~ql/x"2,x]

output‘ (g*((axq*x~g*Hypergeometric2F1[1, (-1 + q)/q, 2 - q~(-1), a*x"ql)/(-1 + q)
‘ + Logl[l - a*x~ql))/x - PolyLogl[2, a*x"ql/x

3.49. f PolyLog(2,az?) dz

2



input

output

CHAPTER 3. LISTING OF INTEGRALS 335

3.49.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.01, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 364 Ryjleg used = {7145,

integrand size
25, 2905, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

q
/ PolyLog2(2,aa: ) dx

z
| 7145
q/ _log(1 ; amq)dw _ PolyLog (2, az?)
z x

l25

— ax? q
—q/ log (1 —azx )d:c— PolyLog (2, az?)

2 T
12905
g2 log (1 — az? PolyLog (2. az?
_q<_aq/ a2 log( ax))_ olyLog (2, az?)
1 — ax? T x
l888

(aqqu Hypergeometric2F1 (1, —%, 2 — %, axq> log (1 — awq)) PolyLog (2, az?)
_q — —
x

1—gq T

N

Int [PolyLogl[2, a*x~ql/x"2,x]

ﬁ
A >

‘/—(q*((a*q*x‘(—l + q)*Hypergeometric2F1[1, -((1 - @)/q), 2 - q~(-1), a*x"q]
L)/(l - @) - Logll - a*x™ql/x)) - PolyLogl[2, a*x"ql/x

~— >

3.49. [ Poblosaz®) g,

T
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3.49.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 888 Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] || GtQ[a, 0]1)

rule 2905 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_))"(p_.)1*(b_.))*((£_.)*(x_))"
(m_.), x_Symbol] :> Simp[(f*x)~(m + 1)*((a + b*Loglc*x(d + e*x"n) pl)/(f*(m

+ 1))), x] - Simp[b*exn*(p/(fx(m + 1))) Int[x"(n - DD*((f*x)"(m + 1)/(d +
e*x™n)), x], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] & NeQ[m, -1]

rule 7145 Int[((d_.)*(x_)) " (m_.)*PolyLog[n_, (a_.)*((b_.)*(x_)"(p_.))"(q_.)], x_Symbo
1] :> Simp[(d*x)~(m + 1)*(PolyLogl[n, a*(b*x~p)~ql/(d*(m + 1))), x] - Simp[p
*(q/(m + 1))  Int[(d*x) m*PolyLog[n - 1, a*(b*x"p)~ql, x], x] /; FreeQ[{a,
b, d, m, p, q}, x] & NeQ[m, -1] && GtQ[n, 0]

3.49.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 5.

Time = 0.72 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.54

method | result size

1 1
1 2 ~q —q 1
(ot <‘ e Tinlizest) o) §Gog poniostost) _gap-ttiq(—a)"¥ LerchPhi(azf,1, ‘lj"))
meijerg | — 106

q

e hY

int (polylog(2,a*x~q) /x~2,x,method=_RETURNVERBOSE)

N\ J

input

output \ -(-a)~(1/q)/q*(-q~2/x*(-a) " (-1/q) *1n(1-a*x~q) -q/ (-1+q) /x*(-a) ~(-1/q) *(1-q)
‘*polylog(2,a*x‘q)—q“2*x“(—1+q)*a*(—a)“(—1/q)*LerchPhi(a*x”q,1,(—1+q)/q))

3.49. f PolyLog(2,az?) dz

2
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3.49.5 Fricas [F]

q 1 q
/ PolyLog (2, azx?) dp — / Lis(az?) i

2 2

inputLintegrate(polylog(2,a*x“q)/x‘2,x, algorithm="fricas")

outputLintegral(dilog(a*x“q)/x“2, x)

3.49.6 Sympy [F]

q 1 q
/ PolyLog (2, az?) dp — / Lis (az?) s

x2 2

inputLintegrate(polylog(2,a*x**q)/x**2,x)

outputLIntegral(polylog(2, axx**q) /x**2, Xx)

3.49.7 Maxima [F]

q 1 q
/ PolyLog (2, az?) dp — / Lis(az?) i

2 2

inputLintegrate(polylog(2,a*x“q)/x“2,x, algorithm="maxima")

output‘-q“2*integrate(1/(a*x”2*x“q - x72), x) + (q°2 + gxlog(-a*x~q + 1) - dilog(

‘ a*x~q))/x

3.49. [ Poblosaz®) g,

T
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3.49.8 Giac [F|

q 1 q
/ PolyLog (2, azx?) dp — / Lis(az?) i

2 2

input Lintegrate (polylog(2,a*x~q)/x"2,x, algorithm="giac")

output Lintegrate (dilog(a*x~q)/x"~2, x)

3.49.9 Mupad [F(-1)]

Timed out.

/ PolyLog (2, az?) dp — / polylog(2, a z7) s

2 T2

input Lint (polylog(2, a*x~q)/x"2,x)

output Lint (polylog(2, a*x~q)/x"2, x)

3.49. f PolyLog(2,az%) 7.

2



CHAPTER 3. LISTING OF INTEGRALS 339
q

3.50 f PolyL(;g3(2,ax ) dx

3.50.1 Optimalresult . . . . .. ... ... ...
3.50.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo L 339
3.50.3 Rubi [A] (verified) . . . . . . ... ... 340
3.50.4 Maple [C] (verified) . ... ... ... ... 341
3.50.5 Fricas [F] . . . . . . . e 3421
3.50.6 Sympy [F] . . . . .
3.50.7 Maxima [F] . . . . . ... .
3.50.8 Giac [F] . . . . . o
3.50.9 Mupad [F(-1)] . . . . o oo 343

3.50.1 Optimal result

Integrand size = 11, antiderivative size = 78

/ PolyLog (2, az?) ; aq’*z~**1 Hypergeometric2F1 (1, —%, 2(1 — %) ,axq>
xTr = —

x3 4(2 —q)
N glog (1 —az?) PolyLog(2,az?)
422 212

output \ -1/4*a*q~2%x" (-2+q) *hypergeom([1, (-2+q)/ql, [2-2/q],a*x"q)/(2-q)+1/4*q*1n(
‘1—a*x“q)/x“2—1/2*polylog(2,a*x“q)/X“2

3.50.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.78

PolyLog (2, az?)

3 dz
X

( agqz? Hypergeometric2F1 (1, —2+q ,2— % ,aacq)

q
—2+q

+log (1 — azq)) — 2PolyLog (2, az?)

42

input LIntegrate [PolyLogl[2, a*x~ql/x"3,x]

output‘ (g*((a*q*x~g*Hypergeometric2F1[1, (-2 + q)/q, 2 - 2/q, a*x"ql)/(-2 + q) +
‘Loglt - a*x™q]) - 2+PolyLog[2, a*x~ql)/(4*x"2)

3.50. f PolyLog(2,az‘1) d{L‘

23
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3.50.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.04, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 364 Ryjleg used = {7145,

integrand size
25, 2905, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ PolyLog (2, az?) iz

3

| 7145
1 log (1 — az?) PolyLog (2, az?)
2 / B 3 dz - 222

l25

— axd q
—1q/ log (1 — ax )d:L' _ PolyLog (2, az?)

2 x3 2x2
| 2905
1 1 zd73 log (1 — az?) PolyLog (2, az?)
—2q<—2aq/ 1-— aqux B 222 ) B 222
| sss
_92 . 2— 1
1 aqx?™* Hypergeometric2F'1 (1, —Tq,2<1 - E) ,axq> ~ log (1 — az9) ~ PolyLog (2, az9)
24 22— q) 212 222

/

input LInt [PolyLog[2, a*x~q]/x"3,x]

~—

output ‘(—1/2*(q*((a*q*x‘(—2 + q)*Hypergeometric2F1[1, -((2 - q)/q), 2*(1 - q~(-1))
, a*xx~ql)/(2%(2 - q@)) - Logll - a*x~ql/(2*x"2))) - PolyLogl[2, a*x"ql/(2*x"
2)

& J

— |

3.50. f PolyLog(2,az?) dr

23
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3.50.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 888 Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] || GtQ[a, 0]1)

rule 2905 Int[((a_.) +