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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 111 |. This is test number [ 14 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 ( 111 ) | 0.00 (0 )
Mathematica | 100.00 ( 111 ) | 0.00 (0)
Maple | 100.00 (111) | 0.00 (0 )
Fricas | 100.00 ( 111) | 0.00 (0)
Mupad | 100.00 ( 111 ) | 0.00 (0 )
Giac 100.00 (111) | 0.00 (0 )
Maxima 100.00 ( 111) | 0.00 (0)
Reduce 100.00 (111 ) | 0.00 (0)
Sympy | 100.00 (111) | 0.00 (0)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description
A Integral was solved and antiderivative is optimal in quality and leaf size.
B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.
C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.
F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 100.000 0.000 0.000 0.000
Maple 100.000 0.000 0.000 0.000
Giac 98.198 1.802 0.000 0.000
Maxima, 95.495 4.505 0.000 0.000
Sympy 85.586 14.414 0.000 0.000
Fricas 81.982 18.018 0.000 0.000
Mupad 0.000 100.000 0.000 0.000
Reduce 0.000 100.000 0.000 0.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 0 0.00 0.00 0.00
Mupad 0 0.00 0.00 0.00
Giac 0 0.00 0.00 0.00
Maxima 0 0.00 0.00 0.00
Reduce 0 0.00 0.00 0.00
Sympy 0 0.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Mathematica 0.00
Maxima 0.03
Maple 0.03
Mupad 0.04
Sympy 0.06
Fricas 0.07
Rubi 0.12
Giac 0.12
Reduce 0.15

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maple 11.26 0.90 10.00 0.86
Maxima 11.38 0.87 9.00 0.82
Mupad 11.96 0.86 9.00 0.73
Mathematica | 12.92 0.99 12.00 1.00
Rubi 13.14 1.00 13.00 1.00
Reduce 15.46 1.09 12.00 1.00
Fricas 15.74 1.12 13.00 1.00
Giac 16.68 1.09 9.00 0.82
Sympy 21.27 1.24 10.00 0.88

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.

% solved

% solved

% solved
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on

CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Number of integrals Number of integrals

Number of integrals

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current

implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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CPU time (sec)

Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica {}
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/

CHAPTER 1. INTRODUCTION 22

For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 20!
Mma . . . . . . e e e e 26
Maple . . . . . e e e
Fricas . . . . . . e 27
Maxima . . . . . . . . e e e e e e e e 28]
Gilac . . . . e e 28]
Mupad . . . . . . . e e e 29]
Sympy . . . . . e e 29
Reduce . . . . . . . . . . e e 29

Rubi

A grade {[1}2,8,7,56 7, 5,0 [0V} 12} 3, 14 15,6, 7[5} 19) 20, 21) 22,25 24,25, 2
27, 28,29, B0}, BT, 32, 3} 34,135}, 36, 37, [38) 39}, 40}, AT}, A2}, 43, 44} 45, [46), 7], 48}, 49, [50) B T,
52} [63} 54 [55} (56,571, 58} (59, 160 6T} (62, (63, 64} (651, 1661, 67} (68, (69 [70), [T, [723 73} [T, [75, 76}
[77,[78,[79) |80}, BT, B2, |83} [B4), B}, (86}, [B7, 88} 89} (90, 9T}, 92} (93,94} [95}, (96}, 97}, 98, (99, [0} [L0T],
[102][103}[104}[105}[106},[107], [108} [L09} 110} [111] }

B grade {}

C grade { }
F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade {128,757, 5,0 10V} 12 3, 14 15,6, 75} 19) 20, 21) 22,25, 24, 25,25
[27, 28, 29} 30} (3., 52, 33, /34 (35,36, 57 (35 (39, AU, AT, A2 3, A7, A5, A, 713, A9, 50 5 T
(52, 53, 5% 55} 56} 57, 58, (59, (60, 6T, 62 63, 6% 65, 166, 673 63, 69, 70} [T [72 73, 7% 75 76,
[77, [78, [79, B0} BT [82, 83, B2 55, [56, 87 85 89, 00, 97 92 93, 9%, (95, 96, 97} 8} [99, (100} [0,
[102}[103}[104] [105], [106},[107, 108} [109] [1 10}, [111] }

B grade { }
C grade { }
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F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Maple

A grade {1} B)785,6 7 5910 1) 2 13[4 15,16, 7 15 13 20) 2 22,25 20,25 25,
27,28, [29,[30,[31}, 32, 33} 34} 35, 136} 37} 38, [39} 40}, (41}, 42} 43, [44), 5}, 465, [47), 48}, 49}, [50}, BT,
B2}[63, 54} [55, [56} 57, 68} 59, [60} 614 (62, 63} (64} (65} (66, (67} (68, (69} [70L [T}, [72}[73}, [74} [75), [76),
[77,[78,[79} (80}, B}, 82} B3}, 84}, {85}, 86}, [87], 88, [89}, 90} 91}, 92} [93, [94} 95, [96}, 97, 08} 99, 100, [10T}
(103, [103} 104 [05} 106, 107 (108} 109} [0} 111}

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Fricas

A grade {[11) 5756, BB 0L, 2 3} 14 15T 7 [} 9, 20, 21} 22, 23, 24, 25,25,
(27, 28, 29, 0, B, 52,53 5% 55 55, 53, 59, L 2,4, 45, 46, T, 5,50, 6L G 3,
56} (57,58} [59 [60} (62, [63} 64, [65}, 664 (67}, 68} (69} [70} [73,, [74} [75,[79} |80, [B1]}, 85, [86}, 87, (91}, 92
[3,55,56, 99} 00, 101} 03, [04 [105, 106} £07, 108} 109} L0, 111 }

B grade { [57)13)/49) 5,61} 71} 7276, 77 75, 62 53,54 55 59,50, 0% 07, 68, 102}

C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }
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Maxima

A grade {12,535 B) 7 5,5 10,1 12 13,415, 16) 7 15,19} 20, 21, 22 23, A L 26,
[27,[28, 29} 30, 31}, B2, 33} 34, [35}, 36} [38} 39, 0}, AT}, 42, (44} 45, (46}, 47, 48} 50, b1}, 52} [p3} 54
56} (571,58} (59 [60} (62} [63} 64, [65}, 664 (671, 68} [69} [70} [71},[72} 73, [74}, 75, [76}, [77),[78}, [79} [0}, BT}
B2},[83, B4} [851 {86}, |87, [88} 89, [0} 9T}, 92, [93}, 94}, [95} (961, [97} 98, [99} [L00} [T0T}, 102} 103} 104}
(103,106, (107, (108} 109, TT0, 1 }

B grade { [37,43,[49,/55,/61) }
C grade { }

F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }

Giac

A grade {[1}[2,3,[4[5,[6l 7} 8} 9} [L0} [LT} [L2} 13} [14}[15}[16}[17 [18} [19} [20} [21} [22} 23] 24} 25} 26},
27, [28,[29, 30}, BT}, 32} 33}, 34}, 35} 361, 37, 38} 39}, 40}, 41}, A2} 43| 44}, (45}, (46}, 47, 48}, (49} 50, [p T,
2} [53}[64, 53} 56} 57, [68, 59} 60} (6T, (62, 63} 64} (651, (66}, 67} [68,[69, [70} [7 T}, [72, [73}, [7 4}, [75,[76,
[77,[78,[79, 80, [81}, 82, B3} [84} 85, 86}, 87} 88, B9}, 90} 9T} [92} 93} 94, {95}, (96, [99), 100}, (10T}, 102
[103}[104}[105][1061,[107}[108}[109}[110}[111] }

B grade {[97,[98 }
C grade { }

F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }
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Mupad
A grade { }

B grade {[I,[2,3[4,5,[6}[7,/8l 9} 1011} [12} [L3} 14}[15} 16, [L7} 18} 19} [20} 21} 22} ]23| 24 25} 26
[27,128, [29, 80} BT}, B2} 33} 34, 85,136} 37}, 38}, 139}, 10, AT}, A2} 3, A4}, |45}, 46} A7} A8, 19} 50}, b T,
5253, 6455} 56, 57} 58} [69 [60} 6T} (62, [63} 64} (65,66} 67} (68, 69} [70} 714 [72}[73, [74,[75} [76,
[77, 78, [79}, 180} |81}, 82} 83} 184} [85} |86}, 87, 88, B9}, 90, 9T}, 92} 93} [94; [95} 96}, 97}, 98} [99}, 100} [10T,
[102}[103},[104} [L05}[106,[107} 108} [109} [L10} [111] }

C grade { }
F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }

Sympy

A grade {[1}28,75,67 5,0 [0V} 12} 3, 14 15,6, 7[5} 19) 20, 21) 22,25 24,25, 25
£27) 28, 293 30 31, 32, 33 {3, 35, 36 98, 39, 0L A4, A2, 2, 45, A6, 7, 48, 50, ) 52, 53,
56, 57, 58} 59} 60,623 63} 63 55,656, 57, 68} 6970 71, (72473, 7 [75,76, 77 78 9} B0, B
182183} [84; [35}[36}87} 88,89 [90} 011 [92} [93}[94} 95,96}, (104} [106, [L08] [110] }

B grade { (57,43 9,55 61,57} 9859 100} 101} 102 103} 105} 107, 103,111 }
C grade { }

F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }

Reduce
A grade { }

B grade {[1,[2,3[4,5,[6}[7,/81 9} [10,[11} [12} L3} 14}[15} 16, [L7} 18} 19} [20} 21} 22} ]23} 24 25} 26}
[27,[28, [29, 80} 8T}, B2} 83} 34, B5}, 136} 37}, 38}, 139}, 10, A1}, A2} 13, A4}, |45}, 46} A7} A8, 19} 50}, b T,
52} 53} 54} (55}, 56, 57 58}, 59} (60} (6T} [62} 63} 64} [65} (66, [67), 68, (69} [70} [7 1} [72} 73} [74} [75}, [76,
[77, 78, [79} 180} |81}, 82} 83} 184} [85} |86, 87, 88, B9}, 90} 9T}, 92} 93} [94} [95} 96}, 97, 98} [99}, 100} [10T,
[£02}[103}[104}[105} [106],[L07} [L08} 109, 110} [111] }
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C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1 1 1 2 1 1 0 1 1 1
N.S. 1 1.00 1.00 2.00 1.00 1.00 0.00 1.00 1.00 1.00
time (sec) N/A 0.282 0.006 0.016 0.026 0.050 0.000 0.120 0.159  0.028

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1 1 1 2 1 1 0 1 1 1
N.S. 1 1.00  1.00 2.00 1.00 1.00 0.00 1.00 1.00 1.00
time (sec) N/A 0.104 0.000 0.017 0.023 0.050 0.013 0.119 0.165 0.003

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 3 3 3 4 3 3 2 3 3 3
N.S. 1 1.00 1.00 1.33 1.00 1.00 0.67  1.00 1.00 1.00

time (sec) N/A 0.107 0.000 0.003 0.027 0.048 0.012 0.128 0.154 0.003
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 3 3 3 4 3 3 3 3 3 3
N.S. 1 1.00 1.00 1.33 1.00 1.00 1.00 1.00 1.00 1.00
time (sec) N/A 0.105 0.000 0.006 0.026 0.046 0.012 0.112 0.160 0.002
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 5 5 5 4 3 3 5 3 3 3
N.S. 1 1.00 1.00 0.80 0.60 0.60 1.00 0.60 0.60 0.60
time (sec) N/A 0.104 0.000 0.004 0.029 0.055 0.012 0.122 0.154 0.005
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 3 3 3 4 3 3 2 3 3 3
N.S. 1 1.00 1.00 1.33 1.00 1.00 0.67 1.00 1.00 1.00
time (sec) N/A 0.104 0.000 0.007 0.030  0.0565 0.012 0.115 0.160 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 3 3 3 4 3 3 2 3 3 3
N.S. 1 1.00 1.00 1.33 1.00 1.00 0.67 1.00 1.00 1.00
time (sec) N/A 0.104 0.000 0.006 0.037  0.040 0.012 0.121 0.163 0.001
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 4 4 4 5 4 4 3 4 4 4
N.S. 1 1.00 1.00 1.25 1.00 1.00 0.75 1.00 1.00 1.00
time (sec) N/A 0.106 0.000 0.007 0.028 0.068 0.013 0.128 0.159 0.001
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 14 12 11 18 10 11 19 11
N.S. 1 1.00 1.00 0.86 0.79 1.29 0.71 0.79 1.36 0.79
time (sec) N/A 0.119 0.000 0.050 0.031 0.069 0.014 0.118 0.161 0.002
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1 1 1 2 1 1 0 1 1 1
N.S. 1 1.00 1.00 2.00 1.00 1.00 0.00 1.00 1.00 1.00
time (sec) N/A 0.105 0.000 0.000 0.022  0.103 0.013 0.119 0.155 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 7 6 5 5 3 5 5 5
N.S. 1 1.00 1.00 0.86 0.71 0.71 0.43 0.71 0.71 0.71
time (sec) N/A 0.108 0.000 0.033 0.026  0.095 0.027 0.126 0.162 0.069
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 7 6 5 5 3 5 5 5
N.S. 1 1.00 1.00 0.86 0.71 0.71 0.43 0.71 0.71 0.71
time (sec) N/A 0.109 0.000 0.010 0.027  0.088 0.028 0.126 0.163 0.012
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 7 6 5 5 3 5 5 5
N.S. 1 1.00 1.00 0.86 0.71 0.71 0.43 0.71 0.71 0.71
time (sec) N/A 0.109 0.000 0.011 0.027 0.071 0.028 0.125 0.159 0.005
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 7 6 5 5 3 5 5 5
N.S. 1 1.00 1.00 0.86 0.71 0.71 0.43 0.71 0.71 0.71
time (sec) N/A 0.110 0.000 0.010 0.028 0.035 0.013 0.120 0.160 0.007
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1 1 1 2 1 1 0 1 1 1
N.S. 1 1.00 1.00 2.00 1.00 1.00 0.00 1.00 1.00 1.00
time (sec) N/A 0.103 0.000 0.000 0.026  0.056 0.013 0.121 0.158 0.001
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 2 2 2 3 2 2 2 3 2 2
N.S. 1 1.00 1.00 1.50 1.00 1.00 1.00 1.50 1.00 1.00
time (sec) N/A 0.105 0.000 0.012 0.033  0.059 0.028 0.126 0.152 0.021
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 5 5 5 6 5 5 3 5 5 5
N.S. 1 1.00 1.00 1.20 1.00 1.00 0.60 1.00 1.00 1.00
time (sec) N/A 0.106 0.000 0.011 0.024 0.085 0.030 0.112 0.151 0.021
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 7 6 5 5 7 5 ) 5
N.S. 1 1.00 1.00 0.86 0.71 0.71 1.00 0.71 0.71 0.71
time (sec) N/A 0.109 0.000 0.010 0.028 0.088 0.030 0.122 0.153 0.008
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 7 6 5 5 7 5 5 5
N.S. 1 1.00 1.00 0.86 0.71 0.71 1.00 0.71 0.71 0.71
time (sec) N/A 0.108 0.000 0.010 0.025 0.063 0.030 0.118 0.151 0.007
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 7 6 5 5 7 5 5 5
N.S. 1 1.00 1.00 0.86 0.71 0.71 1.00 0.71 0.71 0.71
time (sec) N/A 0.106 0.000 0.045 0.026  0.057 0.029 0.122 0.149 0.037
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 7 6 5 5 3 5 5 5
N.S. 1 1.00 1.00 0.86 0.71 0.71 0.43 0.71 0.71 0.71
time (sec) N/A 0.107 0.000 0.000 0.034 0.033 0.013 0.120 0.156 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 12 9 10 13 10 13 12 10
N.S. 1 1.00 0.86 0.64 0.71 0.93 0.71 0.93 0.86 0.71
time (sec) N/A 0.113 0.001 0.060 0.024 0.059 0.015 0.119 0.156 0.036
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 12 9 10 11 10 11 10 10
N.S. 1 1.00 0.86 0.64 0.71 0.79 0.71 0.79 0.71 0.71
time (sec) N/A 0.112 0.001 0.024 0.026  0.062 0.015 0.120 0.157  0.008
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 12 9 10 8 10 8 7 10
N.S. 1 1.00 0.86 0.64 0.71 0.57 0.71 0.57 0.50 0.71
time (sec) N/A 0.113 0.001 0.022 0.024 0.073 0.016 0.117 0.155 0.009

Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 12 12 10 9 10 10 8 10 9 10
N.S. 1 1.00 0.83 0.75 0.83 0.83 0.67 0.83 0.75 0.83
time (sec) N/A 0.112 0.001 0.020 0.029 0.072 0.016 0.119 0.157 0.008

Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 12 12 10 9 10 13 10 10 11 10
N.S. 1 1.00 083 0.75 0.83 1.08 0.83 0.83 0.92 0.83
time (sec) N/A 0.112 0.001 0.020 0.030 0.081 0.018 0.119 0.160 0.010

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 12 9 10 13 12 13 14 10
N.S. 1 1.00 0.86  0.64 0.71 0.93 0.86  0.93 1.00 0.71

time (sec) N/A 0.113 0.001 0.022 0.023 0.090 0.016 0.125 0.152 0.011




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 38
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 12 9 10 11 10 11 8 10
N.S. 1 1.00 0.86 0.64 0.71 0.79 0.71 0.79 0.57 0.71
time (sec) N/A 0.113 0.001 0.023 0.033 0.070 0.015 0.122 0.154 0.009
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 12 9 10 8 10 8 8 10
N.S. 1 1.00 0.86 0.64 0.71 0.57 0.71 0.57 0.57 0.71
time (sec) N/A 0.115 0.001 0.021 0.023 0.062 0.015 0.119 0.155 0.008
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 12 9 10 8 10 8 8 10
N.S. 1 1.00 0.86 0.64 0.71 0.57 0.71 0.57 0.57 0.71
time (sec) N/A 0.115 0.001 0.018 0.025 0.068 0.015 0.126 0.157 0.010
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 12 9 10 10 10 10 8 10
N.S. 1 1.00 0.86 0.64 0.71 0.71 0.71 0.71 0.57 0.71
time (sec) N/A 0.114 0.001 0.018 0.031 0.062 0.016 0.119 0.157 0.021
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 12 12 10 9 10 10 8 10 8 10
N.S. 1 1.00 0.83 0.75 0.83 0.83 0.67 0.83 0.67 0.83
time (sec) N/A 0.116 0.001 0.018 0.031 0.062 0.015 0.120 0.165 0.008
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 12 12 10 9 10 13 10 10 8 10
N.S. 1 1.00 0.83 0.75 0.83 1.08 0.83 0.83 0.67 0.83
time (sec) N/A 0.115 0.001 0.020 0.025 0.076 0.017 0.137 0.153 0.009
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 12 9 10 13 12 10 8 10
N.S. 1 1.00 0.86 0.64 0.71 0.93 0.86 0.71 0.57 0.71
time (sec) N/A 0.114 0.001  0.020 0.025 0.074 0.017 0.119 0.158 0.011
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 11 11 10 12 11 10 20
N.S. 1 1.00 1.00 1.00 1.00 0.91 1.09 1.00 0.91 1.82
time (sec) N/A 0.117 0.002 0.016 0.030 0.080 0.014 0.120 0.154 0.190
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 12 13 16 12 17 16 13 12
N.S. 1 1.00 0.75 0.81 1.00 0.75 1.06 1.00 0.81 0.75
time (sec) N/A 0.120 0.001 0.016 0.029 0.081 0.017 0.126 0.156 0.101
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 10 19 19 19 9 18 9
N.S. 1 1.00 1.00 0.91 1.73 1.73 1.73 0.82 1.64 0.82
time (sec) N/A 0.112 0.010 0.019 0.034 0.062 0.019 0.129 0.161 0.088
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 14 10 14 14 12 9 12 9
N.S. 1 1.00 127 091 1.27 1.27 1.09 0.82 1.09 0.82
time (sec) N/A 0.113 0.000 0.013 0.023 0.065 0.015 0.124 0.161 0.047
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 9 9 9 8 9 8 8
N.S. 1 1.00 1.00 0.82 0.82 0.82 0.73 0.82 0.73 0.73
time (sec) N/A 0.112 0.000 0.007  0.035  0.056 0.013 0.117 0.149 0.044
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 10 10 10 7 8 8 7 9 8 6
N.S. 1 1.00 1.00 0.70 0.80 0.80 0.70 0.90 0.80 0.60
time (sec) N/A 0.110 0.000 0.024 0.040 0.065 0.016 0.119 0.150 0.054
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 8 9 9 7 9 9 9
N.S. 1 1.00 1.00 0.73 0.82 0.82 0.64 0.82 0.82 0.82
time (sec) N/A 0.112 0.001 0.016 0.027  0.065 0.032 0.122 0.150 0.021
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 10 9 14 12 9 14 9
N.S. 1 1.00 1.00 0.91 0.82 1.27 1.09 0.82 1.27 0.82
time (sec) N/A 0.114 0.001 0.017 0.036 0.076 0.039 0.123 0.146 0.050
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 10 19 19 19 9 18 9
N.S. 1 1.00 1.00 0.91 1.73 1.73 1.73 0.82 1.64 0.82
time (sec) N/A 0.114 0.001 0.023 0.040 0.066 0.017 0.121 0.144 0.066
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 14 10 14 14 12 9 12 9
N.S. 1 1.00 1.27 0.91 1.27 1.27 1.09 0.82 1.09 0.82
time (sec) N/A 0.114 0.000 0.016 0.025 0.069 0.016 0.119 0.145 0.027
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 9 9 9 8 9 8 8
N.S. 1 1.00 1.00 0.82 0.82 0.82 0.73 0.82 0.73 0.73
time (sec) N/A 0.114 0.000 0.008 0.023 0.076 0.014 0.123 0.146 0.016
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 10 10 10 7 8 8 8 9 8 6
N.S. 1 1.00 1.00 0.70 0.80 0.80 0.80 0.90 0.80 0.60
time (sec) N/A 0.112 0.000 0.019 0.024 0.074 0.028 0.121  0.152 0.055
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 7 8 9 9 7 9 10 9
N.S. 1 1.00 0.64 0.73 0.82 0.82 0.64 0.82 0.91 0.82
time (sec) N/A 0.113 0.002 0.021 0.031 0.055 0.033 0.125 0.151 0.018
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 10 9 14 10 9 12 9
N.S. 1 1.00 1.00 0.91 0.82 1.27 0.91 0.82 1.09 0.82
time (sec) N/A 0.113 0.001 0.021 0.030 0.064 0.051 0.121 0.152 0.093
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 10 19 19 19 9 18 9
N.S. 1 1.00 1.00 0.91 1.73 1.73 1.73 0.82 1.64 0.82
time (sec) N/A 0.113 0.001 0.026 0.024 0.059 0.016 0.117 0.150 0.023
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 14 10 14 14 12 9 12 9
N.S. 1 1.00 1.27 0.91 1.27 1.27 1.09 0.82 1.09 0.82
time (sec) N/A 0.115 0.000 0.022 0.028 0.068 0.015 0.122 0.152 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 9 9 9 8 9 8 8
N.S. 1 1.00 1.00 0.82 0.82 0.82 0.73 0.82 0.73 0.73
time (sec) N/A 0.113 0.000 0.007 0.029 0.053 0.016 0.127 0.147 0.017
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 10 10 10 7 8 8 7 9 8 6
N.S. 1 1.00 1.00 0.70 0.80 0.80 0.70 0.90 0.80 0.60
time (sec) N/A 0.113 0.000 0.016 0.024 0.078 0.016 0.123 0.150 0.024
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 7 8 9 9 7 9 10 9
N.S. 1 1.00 0.64 0.73 0.82 0.82 0.64 0.82 0.91 0.82
time (sec) N/A 0.114 0.000 0.018 0.023 0.061 0.034 0.120 0.150 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 10 9 14 12 9 14 9
N.S. 1 1.00 1.00 0.91 0.82 1.27 1.09 0.82 1.27 0.82
time (sec) N/A 0.113 0.001 0.020 0.036 0.075 0.036 0.117 0.151 0.020
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 10 19 19 20 9 18 9
N.S. 1 1.00 1.00 0.91 1.73 1.73 1.82 0.82 1.64 0.82
time (sec) N/A 0.113 0.001 0.014 0.041 0.076 0.018 0.124 0.148 0.023
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 14 10 14 14 12 9 12 9
N.S. 1 1.00 127 091 1.27 1.27 1.09 0.82 1.09 0.82
time (sec) N/A 0.114 0.000 0.012 0.028 0.062 0.015 0.120 0.155 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 9 9 9 10 9 8 8
N.S. 1 1.00 1.00 0.82 0.82 0.82 0.91 0.82 0.73 0.73
time (sec) N/A 0.113 0.000 0.007  0.037 0.058 0.013 0.117 0.153 0.015
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 10 10 10 7 8 8 8 9 8 6
N.S. 1 1.00 1.00 0.70 0.80 0.80 0.80 0.90 0.80 0.60
time (sec) N/A 0.111 0.000 0.013 0.028 0.062 0.019 0.127 0.153 0.029
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 8 9 9 7 9 9 9
N.S. 1 1.00 1.00 0.73 0.82 0.82 0.64 0.82 0.82 0.82
time (sec) N/A 0.113 0.000 0.016 0.037  0.067 0.035 0.123 0.156 0.001
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 10 9 14 10 9 12 9
N.S. 1 1.00 1.00 0.91 0.82 1.27 0.91 0.82 1.09 0.82
time (sec) N/A 0.112 0.001 0.016 0.038  0.058 0.037 0.129 0.161 0.081
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 10 19 19 19 9 18 9
N.S. 1 1.00 1.00 0.91 1.73 1.73 1.73 0.82 1.64 0.82
time (sec) N/A 0.113 0.001 0.026 0.036 0.080 0.018 0.114 0.164 0.047
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 8 8 10 7 6 6 7 7 6 6
N.S. 1 1.00 1.25 0.88 0.75 0.75 0.88 0.88 0.75 0.75
time (sec) N/A 0.108 0.000 0.014 0.033 0.081 0.018 0.117 0.157  0.075
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 10 10 10 7 8 8 8 9 8 6
N.S. 1 1.00 1.00 0.70 0.80 0.80 0.80 0.90 0.80 0.60
time (sec) N/A 0.111 0.001 0.019 0.024 0.085 0.019 0.122 0.156 0.057
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 16 13 12 10 14 13 15 10
N.S. 1 1.00 1.14 0.93 0.86 0.71 1.00 0.93 1.07 0.71
time (sec) N/A 0.135 0.002 0.046 0.024 0.077 0.019 0.118 0.154 0.054
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 20 20 20 17 16 20 17 17 26 16
N.S. 1 1.00 1.00 0.85 0.80 1.00 0.85 0.85 1.30 0.80
time (sec) N/A 0.123 0.002 0.056 0.033  0.071 0.018 0.119 0.157 0.054
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 22 22 22 19 18 21 19 19 31 14
N.S. 1 1.00 1.00 0.86 0.82 0.95 0.86 0.86 1.41 0.64
time (sec) N/A 0.121 0.002 0.050 0.024 0.077 0.019 0.124 0.151 0.049
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 22 22 22 19 18 23 19 19 31 16
N.S. 1 1.00 1.00 0.86 0.82 1.05 0.86 0.86 1.41 0.73
time (sec) N/A 0.120 0.002 0.051 0.040 0.071 0.019 0.119 0.153 0.050
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 19 18 24 19 19 33 16
N.S. 1 1.00 1.00 0.90 0.86 1.14 0.90 0.90 1.57 0.76
time (sec) N/A 0.120 0.004 0.048 0.027  0.067 0.022 0.122 0.154 0.073
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 20 20 22 19 18 24 20 19 33 14
N.S. 1 1.00 1.10 0.95 0.90 1.20 1.00 0.95 1.65 0.70
time (sec) N/A 0.120 0.004 0.046 0.029 0.091 0.023 0.120 0.153 0.074
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 24 24 22 16 15 18 15 15 15 17
N.S. 1 1.00 0.92 0.67 0.62 0.75 0.62 0.62 0.62 0.71
time (sec) N/A 0.124 0.000 0.008 0.030 0.043 0.015 0.119 0.154 0.013
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 24 10 9 23 9
N.S. 1 1.00 1.00 0.77 0.69 1.85 0.77 0.69 1.77 0.69
time (sec) N/A 0.112 0.002 0.039 0.040 0.083 0.018 0.125 0.149 0.075
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 19 10 9 18 9
N.S. 1 1.00 1.00 0.77 0.69 1.46 0.77 0.69 1.38 0.69
time (sec) N/A 0.111 0.001 0.024 0.060 0.080 0.019 0.120 0.154 0.070
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 9 10 9 13 9
N.S. 1 1.00 1.00 0.77 0.69 0.69 0.77 0.69 1.00 0.69
time (sec) N/A 0.112 0.001 0.026 0.055  0.073 0.017 0.126 0.153 0.070
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 9 10 9 8 9
N.S. 1 1.00 1.00 0.77 0.69 0.69 0.77 0.69 0.62 0.69
time (sec) N/A 0.112 0.001 0.023 0.031 0.093 0.017 0.129 0.148 0.052
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 9 12 9 10 9
N.S. 1 1.00 1.00 0.77 0.69 0.69 0.92 0.69 0.77 0.69
time (sec) N/A 0.111 0.001 0.024 0.023 0.099 0.019 0.132 0.149 0.072




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 50
Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 21 12 9 17 9
N.S. 1 1.00 1.00 0.77 0.69 1.62 0.92 0.69 1.31 0.69
time (sec) N/A 0.112 0.001 0.027  0.028 0.065 0.021 0.122 0.154 0.070
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 24 12 16 23 9
N.S. 1 1.00 1.00 0.77 0.69 1.85 0.92 1.23 1.77 0.69
time (sec) N/A 0.112 0.002 0.040 0.046 0.091 0.019 0.124 0.146 0.069
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 19 12 16 18 9
N.S. 1 1.00 1.00 0.77 0.69 1.46 0.92 1.23 1.38 0.69
time (sec) N/A 0.112 0.001 0.029 0.040 0.066 0.029 0.118 0.156 0.068
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 14 12 9 13 9
N.S. 1 1.00 1.00 0.77 0.69 1.08 0.92 0.69 1.00 0.69
time (sec) N/A 0.111 0.001 0.030 0.032 0.065 0.018 0.122 0.148 0.069
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 9 12 9 8 9
N.S. 1 1.00 1.00 0.77 0.69 0.69 0.92 0.69 0.62 0.69
time (sec) N/A 0.113 0.001 0.029 0.030 0.068 0.018 0.119 0.147  0.050
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 16 10 9 10 9
N.S. 1 1.00 1.00 0.77 0.69 1.23 0.77  0.69 0.77 0.69
time (sec) N/A 0.112 0.001 0.032 0.029 0.065 0.019 0.118 0.149 0.047
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 21 10 16 17 9
N.S. 1 1.00 1.00 0.77 0.69 1.62 0.77 1.23 1.31 0.69
time (sec) N/A 0.111 0.001 0.031 0.031  0.063 0.020 0.120 0.147  0.069
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 24 10 9 23 9
N.S. 1 1.00 1.00 0.77 0.69 1.85 0.77  0.69 1.77 0.69
time (sec) N/A 0.114 0.002 0.040 0.028  0.077 0.020 0.132 0.168 0.069
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 19 10 9 18 9
N.S. 1 1.00 1.00 0.77 0.69 1.46 0.77 0.69 1.38 0.69
time (sec) N/A 0.115 0.001 0.034 0.047 0.080 0.018 0.125 0.152 0.067
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 9 10 9 13 9
N.S. 1 1.00 1.00 0.77 0.69 0.69 0.77 0.69 1.00 0.69
time (sec) N/A 0.116 0.001 0.033 0.038  0.082 0.018 0.111 0.149 0.072
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 9 10 9 8 9
N.S. 1 1.00 1.00 0.77 0.69 0.69 0.77 0.69 0.62 0.69
time (sec) N/A 0.115 0.001 0.033 0.032 0.069 0.018 0.125 0.152 0.050
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 9 12 9 10 9
N.S. 1 1.00 1.00 0.77 0.69 0.69 0.92 0.69 0.77 0.69
time (sec) N/A 0.112 0.001 0.038 0.036 0.078 0.019 0.118 0.150 0.072
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 21 12 9 17 9
N.S. 1 1.00 1.00 0.77 0.69 1.62 0.92 0.69 1.31 0.69
time (sec) N/A 0.113 0.001 0.036 0.031  0.075 0.020 0.120 0.150 0.071
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 24 14 16 23 9
N.S. 1 1.00 1.00 0.77 0.69 1.85 1.08 1.23 1.77 0.69
time (sec) N/A 0.113 0.002 0.030 0.033  0.073 0.019 0.115 0.151 0.068
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 19 14 16 18 9
N.S. 1 1.00 1.00 0.77 0.69 1.46 1.08 1.23 1.38 0.69
time (sec) N/A 0.114 0.001 0.043 0.024 0.061 0.018 0.124 0.150 0.069
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 14 14 9 13 9
N.S. 1 1.00 1.00 0.77 0.69 1.08 1.08 0.69 1.00 0.69
time (sec) N/A 0.115 0.001 0.036 0.035  0.064 0.018 0.123 0.151 0.047
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 9 14 9 8 9
N.S. 1 1.00 1.00 0.77 0.69 0.69 1.08 0.69 0.62 0.69
time (sec) N/A 0.113 0.001 0.036 0.027  0.060 0.020 0.115 0.150 0.050
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 16 12 9 10 9
N.S. 1 1.00 1.00 0.77 0.69 1.23 0.92 0.69 0.77 0.69
time (sec) N/A 0.111 0.001  0.040 0.023  0.067 0.019 0.123 0.150 0.070
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 10 9 21 12 16 17 9
N.S. 1 1.00 1.00 0.77 0.69 1.62 0.92 1.23 1.31 0.69
time (sec) N/A 0.112 0.001 0.043 0.031 0.069 0.021 0.119 0.151 0.068
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 18 18 18 19 18 20 20 18 21 18
N.S. 1 1.00  1.00 1.06 1.00 1.11 1.11 1.00 1.17 1.00
time (sec) N/A 0.119 0.003 0.065 0.035  0.071 0.017 0.116 0.153 0.103
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 23 22 21 21 19 22 54 21
N.S. 1 1.00 1.00 0.96 0.91 0.91 0.83 0.96 2.35 0.91
time (sec) N/A 0.125 0.002 0.134 0.033  0.077 0.024 0.118 0.147  0.078
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 23 20 19 104 270 444 106 93
N.S. 1 1.00 1.00 0.87 0.83 452 11.74 1930 4.61 4.04
time (sec) N/A 0.125 0.021 0.126 0.031  0.066 1.062 0.125 0.153 0.095
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 23 20 19 59 156 195 58 45
N.S. 1 1.00 1.00 0.87 0.83 2.57 6.78 8.48 2.52 1.96
time (sec) N/A 0.125 0.016 0.074 0.030 0.078 0.267 0.122 0.154 0.098
Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 23 20 19 19 82 19 27 19
N.S. 1 1.00 1.00 0.87 0.83 0.83 3.57 0.83 1.17 0.83
time (sec) N/A 0.125 0.012 0.072 0.041 0.065 0.101 0.122 0.152 0.046
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 20 19 19 31 19 18 19
N.S. 1 1.00 1.00 0.95 0.90 0.90 1.48 0.90 0.86 0.90
time (sec) N/A 0.125 0.010 0.072 0.031  0.063 0413 0.122 0.153 0.063
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 20 19 34 58 19 20 19
N.S. 1 1.00 1.00 0.95 0.90 1.62 2.76 0.90 0.95 0.90
time (sec) N/A 0.126 0.014 0.074 0.024 0.061 0.251 0.119 0.150 0.081
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 23 20 19 68 102 19 31 19
N.S. 1 1.00 1.00 0.87 0.83 2.96 4.43 0.83 1.35 0.83
time (sec) N/A 0.123 0.014 0.077  0.041 0.062 0.605 0.123 0.152 0.110
Problem 103] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 24 26 25 31 104 25 32 32
N.S. 1 1.00 0.96 1.04 1.00 1.24 4.16 1.00 1.28 1.28
time (sec) N/A 0.127 0.090 0.079 0.035  0.071 0.323 0.127 0.155 0.059
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 24 24 23 24 24 23 29 24 24 24
N.S. 1 1.00 0.96 1.00 1.00 0.96 1.21 1.00 1.00 1.00
time (sec) N/A 0.125 0.003 0.081 0.029 0.071 0.019 0.120 0.150 0.093
Problem 105 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 23 24 23 23 58 23 24 23
N.S. 1 1.00 1.00 1.04 1.00 1.00 2.52 1.00 1.04 1.00
time (sec) N/A 0.125 0.000 0.050 0.024 0.082 0.230 0.122 0.150 0.046
Problem 106 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 28 28 28 29 28 39 34 28 39 37
N.S. 1 1.00 1.00 1.04 1.00 1.39 1.21 1.00 1.39 1.32
time (sec) N/A 0.127 0.015 0.117 0.029 0.075 0.018 0.124 0.154 0.112
Problem 107| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 28 28 28 29 28 39 129 28 39 37
N.S. 1 1.00 1.00 1.04 1.00 1.39 4.61 1.00 1.39 1.32
time (sec) N/A 0.129 0.005 0.086 0.027 0.081 0.390 0.118 0.148 0.059
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Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 25 26 25 31 32 25 32 25
N.S. 1 1.00 1.00 1.04 1.00 1.24 1.28 1.00 1.28 1.00
time (sec) N/A 0.125 0.005 0.097 0.038 0.117 0.018 0.123 0.144 0.106
Problem 109 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 25 26 25 31 104 25 32 32
N.S. 1 1.00 1.00 1.04 1.00 1.24 4.16 1.00 1.28 1.28
time (sec) N/A 0.128 0.000 0.066 0.030 0.079 0.319 0.125 0.147 0.054
Problem 110, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 29 29 29 30 29 41 37 29 41 41
N.S. 1 1.00 1.00 1.03 1.00 1.41 1.28 1.00 1.41 1.41
time (sec) N/A 0.126 0.017 0.113 0.034 0.080 0.020 0.132 0.148 0.107
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 29 29 29 30 29 41 175 29 41 41
N.S. 1 1.00 1.00 1.03 1.00 1.41 6.03 1.00 1.41 1.41
time (sec) N/A 0.132 0.005 0.092 0.026  0.071 0.507 0.121 0.147 0.066
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio Iﬁ%{g&?gﬁé glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[1] had the largest ratio of [1]

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of no‘rmajlize'd integrand number of rules
# | grade S;:epds u;z;z;e antlfa(,efns‘i,:zlve leaf size integrand leaf size
1] A 1 1 1.00 1 1.000
% A 1 1 1.00 1 1.000
3| A 1 1 1.00 1 1.000
4 A 1 1 1.00 1 1.000
i A 1 1 1.00 3 0.333
6} A 1 1 1.00 1 1.000
7] A 1 1 1.00 1 1.000
8 | A 1 1 1.00 3 0.333
9 A 1 1 1.00 13 0.077
10j A 1 1 1.00 1 1.000
11 A 1 1 1.00 3 0.333
12} A 1 1 1.00 3 0.333
13] A 1 1 1.00 3 0.333
14] A 1 1 1.00 1 1.000
15 A 1 1 1.00 1 1.000
16} A 1 1 1.00 3 0.333
17] A 1 1 1.00 3 0.333
1§ | A 1 1 1.00 3 0.333
19 A 1 1 1.00 3 0.333
20) A 1 1 1.00 3 0.333
21] A 1 1 1.00 1 1.000
Continued on next page




CHAPTER 2.

DETAILED SUMMARY TABLES OF RESULTS

60

Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand sumber of rules
# grade 31::5; uz;i:e antlfaefrls\':::we leaf size integrand leaf size
2 A 1 1 1.00 7 0.143
@ A 1 1 1.00 7 0.143
% A 1 1 1.00 7 0.143
é A 1 1 1.00 7 0.143
E A 1 1 1.00 7 0.143
ﬂ A 1 1 1.00 7 0.143
28] A 1 1 1.00 7 0.143
@ A 1 1 1.00 7 0.143
@ A 1 1 1.00 7 0.143
3_1 A 1 1 1.00 7 0.143
Q A 1 1 1.00 7 0.143
ﬁ A 1 1 1.00 7 0.143
% A 1 1 1.00 7 0.143
35 | A 1 1 1.00 3 0.333
E A 1 1 1.00 ) 0.200
37 | A 1 1 1.00 7 0.143
ﬁ A 1 1 1.00 7 0.143
Q A 1 1 1.00 ) 0.200
40l | A 1 1 1.00 7 0.143
4_1 A 1 1 1.00 7 0.143
42 | A 1 1 1.00 7 0.143
43 | A 1 1 1.00 7 0.143
ﬁ A 1 1 1.00 7 0.143
45) A 1 1 1.00 ) 0.200
46l | A 1 1 1.00 7 0.143
a7 | A 1 1 1.00 7 0.143
@ A 1 1 1.00 7 0.143
49 | A 1 1 1.00 7 0.143
@ A 1 1 1.00 7 0.143
ﬂ A 1 1 1.00 ) 0.200
52] A 1 1 1.00 7 0.143
@ A 1 1 1.00 7 0.143

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand b £l
#o|emde | mes | e | st | P | b,
54 | A 1 1 1.00 7 0.143
@ A 1 1 1.00 7 0.143
@ A 1 1 1.00 7 0.143
57 | A 1 1 1.00 5 0.200
@ A 1 1 1.00 7 0.143
@ A 1 1 1.00 7 0.143
60j A 1 1 1.00 7 0.143
ﬂ A 1 1 1.00 7 0.143
Q A 1 1 1.00 7 0.143
@ A 1 1 1.00 7 0.143
% A 1 1 1.00 11 0.091
@ A 1 1 1.00 13 0.077
66 | A 1 1 1.00 15 0.067
67] A 1 1 1.00 15 0.067
@ A 1 1 1.00 15 0.067
@ A 1 1 1.00 15 0.067
m A 1 1 1.00 11 0.091
ﬂ A 1 1 1.00 9 0.111
Q A 1 1 1.00 9 0.111
E A 1 1 1.00 9 0.111
E A 1 1 1.00 9 0.111
E A 1 1 1.00 9 0.111
E A 1 1 1.00 9 0.111
77] A 1 1 1.00 9 0.111
E A 1 1 1.00 9 0.111
E A 1 1 1.00 9 0.111
@ A 1 1 1.00 9 0.111
ﬂ A 1 1 1.00 9 0.111
Q A 1 1 1.00 9 0.111
@ A 1 1 1.00 9 0.111
34 A 1 1 1.00 9 0.111
& A 1 1 1.00 9 0.111

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand b £l
#ofEde | e | e | anidetoive | (OO | bl
% A 1 1 1.00 9 0.111
8_7 A 1 1 1.00 9 0.111
@ A 1 1 1.00 9 0.111
@ A 1 1 1.00 9 0.111
@ A 1 1 1.00 9 0.111
9_1 A 1 1 1.00 9 0.111
92] A 1 1 1.00 9 0.111
% A 1 1 1.00 9 0.111
% A 1 1 1.00 9 0.111
% A 1 1 1.00 7 0.143
% A 3 2 1.00 17 0.118
9_7 A 3 2 1.00 13 0.154
% A 3 2 1.00 13 0.154
99 A 3 2 1.00 13 0.154
100 A 3 2 1.00 13 0.154
101 A 3 2 1.00 13 0.154
102 A 3 2 1.00 13 0.154
103 A 3 2 1.00 11 0.182
104 A 1 1 1.00 10 0.100
105 A 3 2 1.00 9 0.222
106 A 1 1 1.00 13 0.077
107 A 3 2 1.00 13 0.154
108 A 1 1 1.00 11 0.091
109 A 3 2 1.00 11 0.182
110 A 1 1 1.00 14 0.071
111 A 3 2 1.00 14 0.143
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38l  [GmoemdT 453
382  [GmmmdT A58
3.83  [(=2+43z)%2%dz . . .. ... 163
3.84  [(=2+43z)%%dz . . .. ... 468
385  [V=2+3xdT . . ... 73
386 [ ommmdr .. 78
3.87 W AT . a83
3.88 m dT . . A58
3.89 [(=2=3z)%2dz . . .. ... 493
390  [(=2-=38z)%2dz . . .. ... 198
391 [V=273TdT . ...
392 [oemmdr . 508
3.93 m AT . 513
394 [mmEdT I8
395  [(a+bz)™dx ... ...
396 [T 528
397  [(c+d(a+bz))2dx . .. ...
398  [(c+d(a+bx)>2dr . . . ... 539
399  [etdla+br)dr . ...
3.100 [ \/W—W) AT . oo 5501
3101 [ dimam % - - o 5551
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3102 [ ramimam 0% - - 5601
3103 [(c+d(a+bx))™dz . . . . ... H65)
3104  [(ed+cex)™dz . . . ... 570
3105 [(e(d4ex))™dz . . . . . . 575
3106 [(cd+ (b+ce)x)™dz . . . . ... 5301
3107 [(bz+c(d+ex))™dz . .. ... 5351
3108 [(a+ecd+cex)™dx . . . ... 5901
3109 [(a+ce(d4ex)™ds . . . . . oo 595
3110 [(a+ecd+ (b+ce)x)™dr . . . . . . 600)
3111 [(a+bz+c(d+ex)™dz . . . .. ... 6051
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3.1 [ 0dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 1, antiderivative size = 1

/de:O

-

output LO

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/de:O

-

input LIntegrate [0,x]

-/

output LO
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00,

number of rules _ 1.000, Rules

number of steps used = 1, number of rules used = 1, 5 Fo 1

used = {24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 0dx
l 24
0
input LInt [0,x]
output ‘ Y

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

input

Defintions of rubi rules used

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 2, normalized size of antiderivative = 2.00

method result | size
default 0

norman 0 2
meijerg 0 2
risch 0 2
parallelrisch | 0 2

-

Lint (0,x,method=_RETURNVERBOSE)

-/
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output LO

Fricas [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/Odz=0

i i =N : "
input Llntegrate(o,x, algorithm="fricas")

output tO

Sympy [A] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 0, normalized size of antiderivative = 0.00

/0dm=0

-

input tintegrate (0,x)

—

output LO

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/de:O

g q =N g "
input Llntegrate(o,x, algorithm="maxima")

output LO
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/Odz':O

input Lintegrate (0,x, algorithm="giac")

output tO

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/Odm=0

inputtint(o,x)

output LO

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/dezo

inputlint(o,x)

output LO




output

input

output
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3.2 [ 1ldz

Optimalresult . . ... ... ... ... .. .. ... .....
Mathematica [A] (verified) . . . . . . . .. ... ... ... ..
Rubi [A] (verified) . . . ... ... ... .. L
Maple [A] (verified) . . . . . . . ..o
Fricas [A] (verification not implemented) . . . . . .. ... ...
Sympy [A] (verification not implemented) . . . ... ... ...
Maxima [A] (verification not implemented) . . . . . . . . .. ..
Giac [A] (verification not implemented) . . . . . . .. ... ...
Mupad [B] (verification not implemented) . ... ... ... ..
Reduce [B] (verification not implemented) . . . ... ... ...

Optimal result

Integrand size = 1, antiderivative size = 1

/1d:c:x

-

Lx

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx:x

-

LIntegrate [1,x]

-/

Lx
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Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00,

number of rules _ 1 99, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1dx
l 24
T
input LInt [1,x]
output ‘ X ‘
Defintions of rubi rules used
rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x] J

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 2, normalized size of antiderivative = 2.00

method result | size
default T 2
norman T 2
risch T 2
parallelrisch | 2
orering T 2

-

input L

int (1,x,method=_RETURNVERBOSE)

-/




CHAPTER 3. LISTING OF INTEGRALS 73

output LX

Fricas [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx=$

i i =N : "
input Llntegrate(1,x, algorithm="fricas")

output tx

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 0, normalized size of antiderivative = 0.00

/1d:c=x

-

input tintegrate (1,x)

—

output LX

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx:x

: : =n : "
input Llntegrate(l,x, algorithm="maxima")

output Lx
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1d:v=$

input Lintegrate (1,x, algorithm="giac")

output tx

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx=x

inputtint(l,x)

output LX

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx:x

inputlint(l,x)

output LX




output

input

output
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3.3  [5ds

Optimal result . . . . . . . . . . . . e 751
Mathematica [A] (verified) . . . . . . . . . ... o 751
Rubi [A] (verified) . . . .. . . ... .. 76
Maple [A] (verified) . . . . . . ... L 76
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... [
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... i
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... rdrd
Giac [A] (verification not implemented) . . . . . . ... ... ... 78
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 78
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 78

Optimal result

Integrand size = 1, antiderivative size = 3

/5dx:5x

-

-/

-/

Ls*x

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00
/ S5dxr = 5z

[Integrate [5,x]

LS*x




input L
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00,

number of rules _ 1.000, Rules

number of steps used = 1, number of rules used = 1, 5 Fo 1

used = {24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 5dx

l 24
5

Int[5,x]

output ‘ FES

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

input

Defintions of rubi rules used

Maple [A] (verified)

Time = 0.00 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.33

method result | size
default 5% 4
norman oT 4
risch %4 4
parallelrisch | bz 4
orering 5T 4

-

Lint (5,x%,method=_RETURNVERBOSE)

-/
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outputt

5*x

Fricas [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/5dz=5x

inputt

integrate(5,x, algorithm="fricas")

outputt

5*x

-

inputt

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 2, normalized size of antiderivative = 0.67

/5dm=5:c

integrate(5,x)

—

output

inputt

LS*X

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/5dx:5x

integrate(5,x, algorithm="maxima")

outputt

5*x




input

output

input

output

input

output
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/5dz‘=5x

Lintegrate(S,x, algorithm="giac")

t5*x

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/5dm=5x

Lint(S,x)

L5*X

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/5dac:5x

Lint(S,x)

LS*X




output

input

output
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3.4 [ —2dz

Optimal result . . . . . . . . . . . . e [79]
Mathematica [A] (verified) . . . . . . . . . ... o 79
Rubi [A] (verified) . . . .. . . ... .. R0
Maple [A] (verified) . . . . . . ... L R0
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... &1
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 1]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 8Tl
Giac [A] (verification not implemented) . . . . . . ... ... ... ]2
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... R2
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... ]2

Optimal result

Integrand size = 1, antiderivative size = 3

/—2dx = -2z

-

L—2*x

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/—de = -2z

-

LIntegrate [-2,x]

-/

L—2*x




input L
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00,

number of rules _ 1.000, Rules

number of steps used = 1, number of rules used = 1, 5 Fo 1

used = {24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ —2dzx

l 24
—2z

Int[-2,x]

output ‘ S

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

input

Defintions of rubi rules used

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.33

method result | size
default -2z |4
norman -2z |4
risch —2r |4
parallelrisch | —2z | 4
orering —2z |4

-

Lint (-2,x,method=_RETURNVERBOSE)

-/
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outputt

-2%x

Fricas [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/—2dz= -2z

inputt

integrate(-2,x, algorithm="fricas")

outputt

-2%x

-

inputt

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/—de = -2z

integrate(-2,x)

—

output

inputt

L—Q*x

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/—2dx: -2z

integrate(-2,x, algorithm="maxima")

outputt

-2%x




input

output

input

output

input

output
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/—2dz‘= -2z

Lintegrate (-2,x, algorithm="giac")

L—2*x

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/—2dm= -2z

Lint(-2,x)

L—2*x

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/—2dac = -2

Lint(-2,x)

L—2*x




output

input

output
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3

3.5 [ —s5dzx

Optimal result . . . . . . . . . . . . e 83|
Mathematica [A] (verified) . . . . . . . . . ... o ]3]
Rubi [A] (verified) . . . .. . . ... .. (!
Maple [A] (verified) . . . . . . ... L !
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 85
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... ]5)
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 361
Giac [A] (verification not implemented) . . . . . . ... ... ... 36
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 36
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 87

Optimal result

Integrand size = 3, antiderivative size = 5

-

L—3/2*x

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

3 3z
/‘5‘”“7

-

LIntegrate [-3/2,x]

-/

L(-3*x)/2




output L
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Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

LInt [-3/2,x]

(-3%x) /2

Defintions of rubi rules used

rule 24 LInt la_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, xI]

Maple [A] (verified)

Time = 0.00 (sec) , antiderivative size = 4, normalized size of antiderivative = 0.80

method result | size
default —¥& 14
norman —¥& 14
risch - 14
parallelrisch | — 37“ 4
orering — % 4
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inputt

int (-3/2,x,method=_RETURNVERBOSE)

outputt

-3/2%x

Fricas [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.60

3 3

inputt

integrate(-3/2,x, algorithm="fricas")

outputt

-3/2*x

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

inputt

integrate(-3/2,x)

outputt

-3%x/2
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.60

/—gdz'z—gm

inputt

integrate(-3/2,x, algorithm="maxima")

outputt

-3/2*x

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.60

3 3

inputt

integrate(-3/2,x, algorithm="giac")

output

L—3/2*x

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.60

3 3z
/‘5‘”“7

input L

int(-3/2,x%)

output L

-(3%x) /2
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.60

3 3z
/‘5"“‘7

nput Lint (-3/2,%)

outputt( - 3xx)/2
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3.6 [ mdx

Optimal result . . . . . . . . . . . . e 88|

Mathematica [A] (verified) . . . . . . . . . ... o 88
Rubi [A] (verified) . . . .. . . ... .. ]9
Maple [A] (verified) . . . . . . ... L 89
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 90
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 90
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... )
Giac [A] (verification not implemented) . . . . . . ... ... ... OTl
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... OTl

Reduce [B] (verification not implemented) . . . ... ... ... ... ...... OT]

Optimal result

Integrand size = 1, antiderivative size = 3

/wdac:mc

-

output LPi*x

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/de:mc

-

input LIntegrate [Pi,x]

-/

output LPi*x J
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Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00,

number of rules _ 1 99, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ wdr
l 24
T
input LInt [Pi,x]
output ‘ Falices
Defintions of rubi rules used
rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x] J

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.33

method result | size
default T 4
norman T 4
risch T 4
parallelrisch | mx 4
orering 19 4

-

input L

int (Pi,x,method=_RETURNVERBOSE)

-/
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output LPI*X

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/7Td11=7‘('£1}

i i i =N s n
input Llntegrate(pl,x, algorithm="fricas")

output tpi*x

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 2, normalized size of antiderivative = 0.67

/7rdm=7rac

-

input tintegrate (pi,x)

—

output Lpi*x

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/wdx:mc

. . e e
input Llntegrate(pl,x, algorithm="maxima")

output Lpi*x
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/wdm=7rm

input Lintegrate (pi,x, algorithm="giac")

output tpi*x

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/7rdac=1'[x

input Lint (Pi,x)

output LPi*x

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/ndx:mc

input Lint (Pi,x)

output Lpi*x
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3.7 [adzx

Optimal result . . . . . . . . . . . . e 92]
Mathematica [A] (verified) . . . . . . . . . ... o 92i
Rubi [A] (verified) . . . .. . . ... .. 93
Maple [A] (verified) . . . . . . ... L 93
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 94
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 94
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 94
Giac [A] (verification not implemented) . . . . . . ... ... ... 95
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 95
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 95

Optimal result

Integrand size = 1, antiderivative size = 3

/adac:ax

-

-/

output La*x

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/adx:ax

-

LIntegrate [a,x]

-/

input

output La*x
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Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00,

number of rules _ 1 99, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ adzr
l 24
azr
input LInt [a,x]
output ‘ axx

Defintions of rubi rules used

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.33

method result | size
default ax 4
norman ax 4
risch ax 4
parallelrisch | az 4
orering ax 4

-

input L

int (a,x,method=_RETURNVERBOSE)

-/
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outputt

axx

Fricas [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/adzzaza

inputt

integrate(a,x, algorithm="fricas")

outputt

X*a

-

input t

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 2, normalized size of antiderivative = 0.67

/adm=ax

integrate(a,x)

—

output

input L

La*x

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/adx:ax

integrate(a,x, algorithm="maxima")

outputt

axx
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/adw=ax

9 3 =N 3 n
input Llntegrate(a,x, algorithm="giac")

output ta*x

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/adz=ax

input Lint (a,x)

output La*x

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.00

/adx:ax

input Lint (a,x)

output La*x
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3.8 [ 3adx

Optimal result . . . . . . . . . . . . e 90!
Mathematica [A] (verified) . . . . . . . . . ... o 96!
Rubi [A] (verified) . . . .. . . ... .. 97
Maple [A] (verified) . . . . . . ... L 97
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ... 99
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 99
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 99

Optimal result

Integrand size = 3, antiderivative size = 4

/3a dz = 3ax

-

output LB*a*x

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/3a dz = 3ax

-

input LIntegrate [3*a,x]

-/

output LS*a*x J




input L

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

input L
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 3adx
l 24
3ax
Int [3*a,x]
t ‘ 3*ax*xx

Defintions of rubi rules used

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.25

method result | size
default 3ax 5
norman 3ax )
risch 3ax )
parallelrisch | 3az )
orering 3azx )

-

int (3*a,x,method=_RETURNVERBOSE)

-/
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outputt

3*ax*xx

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/3adz =3azx

inputt

integrate(3*a,x, algorithm="fricas")

outputt

3*a*x

-

inputt

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.75

/3a dz = 3ax

integrate(3+*a,x)

—

output

inputt

LS*a*x

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/3adm =3azx

integrate(3*a,x, algorithm="maxima")

outputt

3*ax*xx
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/3adz‘ =3azx

inputt

integrate(3*a,x, algorithm="giac")

outputt

3*a*x

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/3adx =3azx

inputt

int (3*a,x)

outputt

3*a*x

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

/3a dz = 3ax

inputL

int (3*a,x)

outputt

3*axx
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T

3.9 | m=dz

Optimal result . . . . . . . . . . . . e 100
Mathematica [A] (verified) . . . . . . . .. ... L Lo 100
Rubi [A] (verified) . . . .. . . ... .. 10T
Maple [A] (verified) . . . . . . . .. L 10T
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 102
Sympy [A] (verification not implemented) . . ... ... ... ... .. ..... 1021
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1031
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 103
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 103
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 104

Optimal result

Integrand size = 13, antiderivative size = 14

™

T
dzr =
/\/16—62 V16 — e2

-

output L

Pi*x/(16-exp(2))~(1/2)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ T do — T
V16 — e2 V16 — e2

e

input t

Integrate[Pi/Sqrt[16 - E~2],x]

~—

output L

(Pix*x)/Sqrt[16 - E~2]
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Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of steps used = 1, number of rules used = 1, Bumber of rules _ 4 77 Ryjeg
integrand size
used = {24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ G — dx
V16 — e2
l 2
_ T
V16 — e2
LInt [Pi/Sqrt[16 - E~2],x] J
(Pi#x)/Sqre[16 - E°2] |
Defintions of rubi rules used
rule 24 LInt la_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, xI] J

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

method result size
default \/l’rﬁzﬁ 12
parallelrisch \/Efj 12
orering \/Efj 12
norman — —“%z 19
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input Lint (Pi/(16-exp(2))~(1/2) ,x,method=_RETURNVERBOSE)

outputLpi*x/(le‘exp(2))”(1/2)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.29

/ T dp — _7!'.'13\/—62 + 16
Vie—e2 e2 — 16

inputtintegrate(pi/(lG—epr))"(1/2),x, algorithm="fricas")

output L-pi*x*sqrt(—e’? + 16)/(e~2 - 16)

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/ T de — T
V16 — e2 V16 — e2

input Lintegrate (pi/ (16-exp(2))**(1/2) ,x)

output Lpi*x/sqrt(lS - exp(2))
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.79

T

T
' ="
/\/16—62 v v—e2+16

input Lintegrate (pi/(16-exp(2))~(1/2),x, algorithm="maxima")

output Lpi*x/sqrt(-e’? + 16)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.79

™

v
T gp=__T
/ Jib_e ' /e 1 16

input ‘ integrate(pi/(16-exp(2))~(1/2),x, algorithm="giac")

output Lpi*x/sqrt(-e“Q + 16)

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.79

T dr — IIx
V16 — e2 V16 — e2

input Lint (Pi/(16 - exp(2))~(1/2),x%)

output P00/ (16 = exp(2))~(1/2)
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.36

/ T dx__\/—e2+167ra:
Vi6—ez e? — 16

input Lint (Pi/ (16-exp(2))~(1/2) ,x)

outputt( - sqrt( - e**2 + 16)*pi*x)/(e**2 - 16)




output

input

output
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3.10 [ 1ldz

Optimal result . . . .. ... ... ... ... .. ... ...
Mathematica [A] (verified) . . . . . . . .. ... ... ..
Rubi [A] (verified) . . . .. ... ... ... ... L.
Maple [A] (verified) . . . . . .. ... Lo
Fricas [A] (verification not implemented) . . . . . .. ... ..
Sympy [A] (verification not implemented) . . . ... ... ..
Maxima [A] (verification not implemented) . . . . . . . .. ..
Giac [A] (verification not implemented) . . . . . . . ... ...
Mupad [B] (verification not implemented) . ... ... .. ..
Reduce [B] (verification not implemented) . . . ... ... ..

Optimal result

Integrand size = 1, antiderivative size = 1

/1d:c:x

100}
105}

L0g]
L0g]
110g]

-

Lx

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx:x

-

LIntegrate [1,x]

-/

Lx
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Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00,

number of rules _ 1 99, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1dx
l 24
T
input LInt [1,x]
output ‘ X
Defintions of rubi rules used
rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x] J

Maple [A] (verified)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 2.00

method result | size
default T 2
norman T 2
risch T 2
parallelrisch | 2
orering T 2

-

input L

int (1,x,method=_RETURNVERBOSE)

-/
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output LX

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx=$

i i =N : "
input Llntegrate(1,x, algorithm="fricas")

output tx

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 0, normalized size of antiderivative = 0.00

/1d:c=x

-

input tintegrate (1,x)

—

output LX

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx:x

: : =n : "
input Llntegrate(l,x, algorithm="maxima")

output Lx
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1d:v=$

input Lintegrate (1,x, algorithm="giac")

output tx

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx=x

inputtint(l,x)

output LX

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx:x

inputlint(l,x)

output LX




output

input

output
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3.11 [z dz

Optimal result . . . . . . . . . . . . e 109
Mathematica [A] (verified) . . . . . . . . . ... o 1091
Rubi [A] (verified) . . . .. . . ... .. 110
Maple [A] (verified) . . . . . . ... L 111
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 11
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 112
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 112
Giac [A] (verification not implemented) . . . . . . ... ... ... 112
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 113
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 113

Optimal result

Integrand size = 3, antiderivative size = 7

/xloo dr = —

xlOl

L1/1o1*x*1o1

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

/ ' dy =

wlOl

101

LIntegrate [x~100,x]

-

Lx*1o1/1o1

-/




input

output

rule 1
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/ xlOO dCU
l 15
2101

101

below.

-

LInt[x‘lOO,x]

-/

Lx‘iOi/lOl J

Defintions of rubi rules used

‘{a, m}: X] && NeQ[m’ _1]

5‘Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simp[a*x(x~(m + 1)/(m + 1)), x] /; FreeQ[ ‘



input

output

input

output
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 6,

normalized size of antiderivative = 0.86

method result | size
gosper ””11(;]11 6
default e |6
risch % 6
parallelrisch % 6
orering % 6

Lint (x~100,x ,method=_RETURNVERBOSE)

L1/1o1*x*1o1

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1

/ 2100 g0 — 2101

101

Lintegrate (x~100,x, algorithm="fricas")

L1/101*x“101
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.43

101
100 5., T
/x dx = 101

inputLintegrate(x**loo,x)

output Lx**101/101

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1
100 _ 101
/ zde = 101"

: -~ : =n : [
inputtlntegrate(x 100,x, algorithm="maxima")

output L1/1o1*x*1o1

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1
100 g.. 101
/z dzr = 101 T

i - i ="gq n
inputtlntegrate(x 100,x, algorithm="giac")

output 1/101¥x°101
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

101
100 5., T
/x dx = 101

input Lint (x~100,%)

output Lx‘101/101

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

101
100 T
dr =%
/ T

input |int(x~100,x%)

output Lx**1o1/1o1
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3.12 [ z?dx

Optimal result . . . . . . . . . . . . e 114
Mathematica [A] (verified) . . . . . . . . . ... o 114
Rubi [A] (verified) . . . .. . . ... .. 115
Maple [A] (verified) . . . . . . ... L 116
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 116
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 117
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 117
Giac [A] (verification not implemented) . . . . . . ... ... ... 117
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 118
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 118

Optimal result

Integrand size = 3, antiderivative size = 7

3d zl'_
/.’L’ X 4

4

outputt

1/4%x~4

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

3, X
/xdx—4

4

inputt

Integrate[x~3,x]

-

output LX

~4/4

-/




input

output
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z3 dx
l 15
4
4
[Int [x~3,x]
Lx‘4/ 4

Defintions of rubi rules used

-/

rule 15 Tt [(a_)*(x )7 (@_.), x_Symboll :> Simpla*(x"(m + 1)/(m + 1)), x] /; FreeQl

‘{a, m}: X] && NeQ[m’ _1]
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

method result | size
gosper % 6
default = |6
norman % 6
risch % 6
parallelrisch % 6
orering % 6

. Lint(x‘3,x,method=_RETURNVERBOSE)
input

output Li/ e

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71
1
3 4
dr = -
/ Tdr=_z

integrate(x~3,x, algorithm="fricas")

inputt

-

L1/4*x“4

-/

output
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.43

4

3 L

d — ——
/.’IJ T =

input Lintegrate (x**3,x)

output LX**4/ 4

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1
/xgdx=Zx4

: -~ : =n : "
input Llntegrate(x 3,x, algorithm="maxima")

output L1/4*x*4

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1
/x?’dxzz—lz‘l

i - i =3 "
input Llntegrate(x 3,x, algorithm="giac")

output ‘ 1/4%x"4
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

4

3 L

d — ——
/.’IJ T =

input Lint (x73,x)

output LX%/ 4

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

4
3d zl'_
/.’L’ X 4

input ‘ int(x~3,x)

output LX**ZV 4




output

input

output
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3.13 [ z*dx

Optimal result . . . . . . . . . . . . e 119
Mathematica [A] (verified) . . . . . . . . . ... o 1191
Rubi [A] (verified) . . . .. . . ... .. 120
Maple [A] (verified) . . . . . . ... L 121]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 121
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 122
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1221
Giac [A] (verification not implemented) . . . . . . ... ... ... 122
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 123
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 123

Optimal result

Integrand size = 3, antiderivative size = 7

3
2d :x_
/CL‘ T 3

L1/3*x“3

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

2d :w_
/IL' o 3

3

LIntegrate [x~2,x]

-

Lx*s/s

-/




input

output
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z? dx
l 15
z3
3
[Int [x~2,x] J
Lx‘3/3 J

Defintions of rubi rules used

rule 15 Tt [(a_)*(x )7 (@_.), x_Symboll :> Simpla*(x"(m + 1)/(m + 1)), x] /; FreeQl

‘{a, m}: X] && NeQ[m’ _1]




input

output

input

output
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

method result | size
gosper % 6
default 2 |6
norman % 6
risch % 6
parallelrisch % 6
orering % 6

Lint (x~2,x,method=_RETURNVERBOSE)

L1/3*x*3

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1
/xzdx=§x3

tintegrate (x~2,x, algorithm="fricas")

-

L1/3*x“3

-/
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.43

3
2d :x_
/.’IJ Xz 3

input Lintegrate (x**2,x%)

output LX**B/ 3

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1
/x2dx=§x3

s ~ s =n : "
input Llntegrate(x 2,x, algorithm="maxima")

output L1/3*x*3

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1
/x2dx=§z3

i - i =3 "
input Llntegrate(x 2,x, algorithm="giac")

output ‘ 1/3+x"3
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

3
2d :x_
/.’IJ Xz 3

input Lint (x~2,x%)

output LXA'?’/ 3

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

3
2d :x_
/CL‘ T 3

input ‘ int(x~2,x%)

output LX**3/3




outputt

input

output
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3.14 [ zdz

Optimal result . . . . . . . . . . . . e 124
Mathematica [A] (verified) . . . . . . . . . ... o 1241
Rubi [A] (verified) . . . .. . . ... .. 125
Maple [A] (verified) . . . . . . ... L 126
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 126
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 127
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 127l
Giac [A] (verification not implemented) . . . . . . ... ... ... 127
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 128
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 128

Optimal result

Integrand size = 1, antiderivative size = 7

T
/xdm—E

2

1/2%x72

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

z
/xdx—?

2

LIntegrate[x,x]

-

Lx‘2/2

-/




input

output
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00,

number of rules _ 1 99, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ xdx
l 15
22
2
[Int [x,x]
Lx‘2/2

Defintions of rubi rules used

-/

rule 15 Tt [(a_)*(x )7 (@_.), x_Symboll :> Simpla*(x"(m + 1)/(m + 1)), x] /; FreeQl

‘{a, m}: X] && NeQ[m’ _1]




input

output

input

output
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

method result | size
gosper % 6
default < |6
norman % 6
risch % 6
parallelrisch % 6
orering % 6

Lint (x,x,method=_RETURNVERBOSE)

t1/2*x‘2

Fricas [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1
/xdw = 5.’L'2

tintegrate (x,x, algorithm="fricas")

-

L1/2*x“2

-/
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Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.43

2
z
/xdac—?

input Lintegrate (x,x)
output LX**2/ 2
Maxima [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71
/ rdx = %x2
input Lintegrate (x,x, algorithm="maxima")
output L1/2*x*2

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1
/xdx=§m2

q : =Ngiageh
input Llntegrate(x,x, algorithm="giac")

output ‘ 1/2%x72
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

2
z
/xdac—?

input Lint (x,x)

output LX’?/ 2

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

2

T
d:—
/xw 2

input ‘ int (x,x)

output LX**2/2




output

input

output
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3.15 [ 1ldz

Optimal result . . . . . . . . . . . . e 129
Mathematica [A] (verified) . . . . . . . . . ... o 1291
Rubi [A] (verified) . . . .. . . ... .. 130
Maple [A] (verified) . . . . . . ... L 130
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 131
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 131
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1311
Giac [A] (verification not implemented) . . . . . . ... ... ... 132
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 132
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 132

Optimal result

Integrand size = 1, antiderivative size = 1

/1d:c:x

-

Lx

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx:x

-

LIntegrate [1,x]

-/

Lx
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Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00,

number of rules _ 1 99, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1dx
l 24
T
input LInt [1,x]
output ‘ X
Defintions of rubi rules used
rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x] J

Maple [A] (verified)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 2.00

method result | size
default T 2
norman T 2
risch T 2
parallelrisch | 2
orering T 2

-

input L

int (1,x,method=_RETURNVERBOSE)

-/
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output LX

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx=$

i i =N : "
input Llntegrate(1,x, algorithm="fricas")

output tx

Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 0, normalized size of antiderivative = 0.00

/1d:c=x

-

input tintegrate (1,x)

—

output LX

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx:x

: : =n : "
input Llntegrate(l,x, algorithm="maxima")

output Lx
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1d:v=$

input Lintegrate (1,x, algorithm="giac")

output tx

Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx=x

inputtint(l,x)

output LX

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 1, normalized size of antiderivative = 1.00

/1dx:x

inputlint(l,x)

output LX




output

input

output
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316  [ldz

Optimal result . . . .. ... ... ... ... .. ... ...
Mathematica [A] (verified) . . . . . . . .. ... ... ..
Rubi [A] (verified) . . . .. ... ... ... ... L.
Maple [A] (verified) . . . . . .. ... Lo
Fricas [A] (verification not implemented) . . . . . .. ... ..
Sympy [A] (verification not implemented) . . . ... ... ..
Maxima [A] (verification not implemented) . . . . . . . .. ..
Giac [A] (verification not implemented) . . . . . . . ... ...
Mupad [B] (verification not implemented) . ... ... .. ..
Reduce [B] (verification not implemented) . . . ... ... ..

Optimal result

Integrand size = 3, antiderivative size = 2

/ % dz = log(z)

-

Lln(x)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ % dz = log(z)

-

LIntegrate [x~(-1),x]

-/

LLog [x]
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Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {14}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 dx
X
l 14
log(x)
input Bt [x"(-1),]

output ‘ Log[x]

Defintions of rubi rules used

rule 14L1nt[(a—')/ (x_), x_Symbol] :> Simpla*Loglx], x] /; FreeQ[a, xI]

input

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

method result | size
default In(z) |3
norman In(z) |3
risch In(z) |3
parallelrisch | In(z) | 3

-

Lint (1/x,x,method=_RETURNVERBOSE)

-/
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outputt

1n(x)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/idx = log ()

inputt

integrate(1/x,x, algorithm="fricas")

outputt

log(x)

-

inputt

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/%dﬂ? = log (z)

integrate(1/x,x)

—

outputt

inputt

log(x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/%dx = log ()

integrate(1/x,x, algorithm="maxima")

outputt

log(x)
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 3, normalized size of antiderivative = 1.50

| 5 do=1og lal)

input Lintegrate (1/x,x, algorithm="giac")

output tlog (abs(x))

Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/%dx=ln(m)

inputtint(l/x,x)

output Llog ()

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 2, normalized size of antiderivative = 1.00

/ % dz = log(z)

inputlint(l/x,x)

output Llog )




output

input

output
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3.17 [ Hdx

Optimal result . . . . . . . . . . . . e 137
Mathematica [A] (verified) . . . . . . . . . ... o 137
Rubi [A] (verified) . . . .. . . ... .. 138
Maple [A] (verified) . . . . . . ... L 139
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 139
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 140
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1401
Giac [A] (verification not implemented) . . . . . . ... ... ... 1401
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 141
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 141

Optimal result

Integrand size = 3, antiderivative size = 5

[ pdo=—3

[—1/x

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

[ pdo==3

p
LIntegrate[x“(-2),X]

-/

L—x‘(-i)
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
l 15
1
X
input LInt [x~(-2),x]

output L

-x~(-1)

Defintions of rubi rules used

rule 15‘Int[(a_.)>i<(x_)’"(m_.), x_Symbol] :> Simpl[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[ ‘

{a, m}, x] && NeQ[m, -1]




input

output

input

output
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.20

method result | size
gosper = % 6
default — % 6
norman - i 6
risch — % 6
parallelrisch | — % 6
orering - % 6

Lint (1/x~2,x% ,method=_RETURNVERBOSE)

L-l/x

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

1 1
[Lae!
T T

Lintegrate (1/x72,x, algorithm="fricas")

L—l/x
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.60

1
/ﬁdf”— 2

input Lintegrate (1/x*%2,x%)

output t—l/x

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

[ pdo=—3

. -~ s =n 1 n
input Llntegrate(l/x 2,x, algorithm="maxima")

output L_l/ *

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

[ pdo=—3

input Lintegrate (1/x"2,x, algorithm="giac")

output L_l/ *
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

1 1
[Lae!
T T

input Lint (1/x~2,%)

output t—l/x

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

1 1
[La=-]
T T

input Lint (1/x°2,%)

output L( - D/x




output

input

output
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3.18  [Ldz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 3, antiderivative size = 7

[ sdo=—5

212

142
142
149]

149}
149]
140]
146
140}

[—1/2/;:*2

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

[ ssdo==5;

p
LIntegrate [x~(-3),x]

-/

L—1/2*1/x‘2
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
l 15
_1
22
input LInt [x~(-3),x]

output L

-1/2%1/x72

Defintions of rubi rules used

rule 15‘Int[(a_.)>'<(x_)’"(m_.), x_Symbol] :> Simpl[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[ ‘

{a, m}, x] && NeQ[m, -1]
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

method result | size
gosper = # 6
default — # 6
norman - # 6
risch — # 6
parallelrisch | — ﬁ 6
orering - # 6

. Lint (1/x~3,x%,method=_RETURNVERBOSE)
input

output L-1/2/XA2

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1 1
/Edm:‘rxz

i - i =N s n
input Llntegrate(1/x 3,x, algorithm="fricas")

output t_l/Z/XAQ
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

1 1
/W‘”“g—xz

input Lintegrate (1/x*%3,x%)

output t—l/(2*x**2)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

/ - 2x2

i - i =n : "
input Llntegrate(l/x 3,x, algorithm="maxima")

output L—1/2/x“2

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

/—dx— 247

input Lintegrate (1/x73,x, algorithm="giac")

output L_1/2/XA2
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1 1
/ﬁdﬂ”:‘rxz

input Lint (1/x"3,x%)

output t—l/(2*x"2)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1 1
/de:_fx?

input Lint (1/x73,%)

output L( = 1)/ (2*xkx2)




output

input

output
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3.19  [Ldz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 3, antiderivative size = 7

[ ado=—5

33

143
149
149
1501
150
150

[—1/3/;:*3

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

[ ido=-53

p
LIntegrate [x~(-4),x]

-/

L—1/3*1/x‘3
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
l 15
_1
33
input LInt [x~(-4),x]

output L

-1/3%1/x"3

Defintions of rubi rules used

rule 15‘Int[(a_.)>'<(x_)’"(m_.), x_Symbol] :> Simpl[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[ ‘

{a, m}, x] && NeQ[m, -1]
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

method result | size
gosper = # 6
default — # 6
norman - 3% 6
risch — 3% 6
parallelrisch | — 3% 6
orering - # 6

. Lint (1/x~4,x ,method=_RETURNVERBOSE)
input

output L-1/3/x"3

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1 1
/Edﬂ”:‘ﬁ

i - i =N s n
input Llntegrate(1/x 4,x, algorithm="fricas")

output t—1/3/x"3
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

1 1
/;d‘”“@

input Lintegrate (1/x*%x4,%)

output t_l/ (3xx*%3)

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

/ - 3x3

. -~ s =n 1 n
input Llntegrate(l/x 4,x, algorithm="maxima")

output L_l/S/XAB

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

/—dx— 33

input Lintegrate (1/x"4,x, algorithm="giac")

output L_l/S/XAS
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1 1
/;dﬂ”:‘ﬁ

input Lint (1/x"4,%)

output t_l/ (3%x73)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1 1
/Ed”’:_@

input Lint (1/x°4,x)

output | (= 1)/ (3+xxx3)
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3.20 [ o dz

T
Optimal result . . . . . . . . . . . . e 152
Mathematica [A] (verified) . . . . . . . . . ... o 1521
Rubi [A] (verified) . . . .. . . ... .. 153
Maple [A] (verified) . . . . . . ... L 153
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... Y
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 154
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1551
Giac [A] (verification not implemented) . . . . . . ... ... ... 155
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 155
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 156

Optimal result

Integrand size = 3, antiderivative size = 7

1
2100 “° T 79959

-

-1/99/x799

-/

output L

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

1 1
/ 210 X = 5959

-

LIntegrate [x~(-100) ,x]

-/

input

output L—1/99*1/x‘99
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
l 15
_
99299
input LInt [x~(-100) ,x] J
output| ~1/99%1/%799 J

Defintions of rubi rules used

rule 15‘Int[(a_.)>'<(x_)’"(m_.), x_Symbol] :> Simpl[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[ ‘

{

a, m}, x] &% NeQ[m, -1]

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

method result | size
gosper - ﬁ 6
default — m 6
risch — 99% 6
parallelrisch | — ggﬁ 6
orering - ggﬁ 6
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. Lint (1/x7100,x,method=_RETURNVERBOSE)
input

output L-1/99/x*99

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1 1
2100 °F T T g9 9

i - i =n : n
input Llntegrate(1/x 100,x, algorithm="fricas")

output L—i/gg/x*gg

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

1 1

2100 = " 550

input tintegrate (1/x*%100,x)

output L—l/(gg*x**gg)
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1 1
2100 % T T g9 599

i - i =" 3 1]
input Llntegrate(1/x 100,x, algorithm="maxima")

output L—1/99/x*99

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1 1

2100 = " gg 0

input Lintegrate (1/x°100,x, algorithm="giac")

output L—1/99/x‘99

Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1 1
/E%M:_%ﬁg

input Lint(l/x"lOO,x)

output L—1/ (99%x~99)
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1 1
2100 % T T 9999

nput Lint (1/x~100,x)

output | ¢ = 1)/ (99%x¥*99)




outputt

input

output
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3.21 [ zdz

Optimal result . . . . . . . . . . . . e 157
Mathematica [A] (verified) . . . . . . . . . ... o 157l
Rubi [A] (verified) . . . .. . . ... .. 158
Maple [A] (verified) . . . . . . ... L 159
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 159
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 160
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1601
Giac [A] (verification not implemented) . . . . . . ... ... ... 160
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 161
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 161

Optimal result

Integrand size = 1, antiderivative size = 7

T
/xdm—E

2

1/2%x72

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00

z
/xdx—?

2

LIntegrate[x,x]

-

Lx‘2/2

-/




input

output
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 7, normalized size of antiderivative = 1.00,

number of rules _ 1 99, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ xdx
l 15
22
2
[Int [x,x] J
Lx‘2/2 J

Defintions of rubi rules used

rule 15 Tt [(a_)*(x )7 (@_.), x_Symboll :> Simpla*(x"(m + 1)/(m + 1)), x] /; FreeQl

‘{a, m}: X] && NeQ[m’ _1]




input

output

input

output
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Maple [A] (verified)

Time = 0.00 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.86

method result | size
gosper % 6
default < |6
norman % 6
risch % 6
parallelrisch % 6
orering % 6

Lint (x,x,method=_RETURNVERBOSE)

t1/2*x‘2

Fricas [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1
/xdw = 5.’L'2

tintegrate (x,x, algorithm="fricas")

-

L1/2*x“2

-/
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Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 3, normalized size of antiderivative = 0.43

2
z
/xdac—?

input Lintegrate (x,x)
output LX**2/ 2
Maxima [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71
/ rdx = %x2
input Lintegrate (x,x, algorithm="maxima")
output L1/2*x*2

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

1
/xdx=§m2

q : =Ngiageh
input Llntegrate(x,x, algorithm="giac")

output ‘ 1/2%x72
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Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

2
z
/xdac—?

input Lint (x,x)

output LX’?/ 2

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 5, normalized size of antiderivative = 0.71

2

T
d:—
/xw 2

input ‘ int (x,x)

output LX**2/2




CHAPTER 3. LISTING OF INTEGRALS

162

s

output L

3.22 [(bz)®? dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 7, antiderivative size = 14

/ (bz)®/? dz = 2(ba)"”

7b

2/7*(b*x)~(7/2) /b

~—

e

input L

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/(bx)‘r’/2 dx = %av(bx)w2

Integrate[(b*x)~(5/2),x]

~—  /

output L

(2xx* (b*xx) ~(5/2)) /7




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (bz)>/? dx

l17

2(bx)7/?
7b

 Int[(b*x)~(5/2) ,x]

L(2*(b*x)“(7/2))/(7*b)

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N\

J




inputt
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Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.64

method result size
gosper M 9
orering Qx(l;x)% 9
derivativedivides % 11
default 2(177”2)% 11
trager m 14
risch 27% 14
pseudoelliptic M 14

int ((b*x)~(5/2) ,x,method=_RETURNVERBOSE)

-

L2/7*x* (b*x)~(5/2)

output

-

input

output L

-/

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

[

5/2 dg = ; N

Lintegrate ((b*x)~(5/2) ,x, algorithm="fricas")

-/

2/T*sqrt (b*x) *b~2*x"3
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

s g 2(bw)?
/(bx)/ dx = 7

-

~—

integrate ((b*x)**(5/2),x)

inputt

output 2% (b¥x) %+ (7/2) / (T*b)

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

IR

52 . _ 2(bx)

integrate((b*x)~(5/2),x, algorithm="maxima")

input L

L2/7*(b*x)“(7/2)/b

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

/(bav)5/2 do = % Vozbaz®

Lintegrate((b*x)“(S/Q),x, algorithm="giac")

input

2/7*sqrt (b*x) *b~2*x~3

outputt
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Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

2(bx)""?
bx)*? de =
J@oyras =202

inputtint((b*x)“(S/Q),X)

output | (2*(B¥0 " (7/2))/(7#b)

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

2,3
/(b$)5/2 dzr = —2\/5\;51) °

input | 10t ((0%3)7(5/2) ,%)

Outputt(2*sqrt(X)*sqrt(b)*b**Q*x**3)/7




s

output L
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3.23 [(bz)®? dx

Optimal result . . . . . . . . . . . . e 167
Mathematica [A] (verified) . . . . . . . . . ... o 167l
Rubi [A] (verified) . . . .. . . ... .. 168
Maple [A] (verified) . . . . . . ... L 169
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 169
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 1701
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1701
Giac [A] (verification not implemented) . . . . . . ... ... ... 170
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... Ival
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... Ival

Optimal result

Integrand size = 7, antiderivative size = 14

/ (b2 d = 202"

5b

2/5%(b*x)~(5/2) /b

~—

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/(bx)e’/2 dx = gx(bx)3/2

e

input L

Integrate[(b*x)~(3/2),x]

~—  /

output L

(2xx* (b*x) ~(3/2)) /5




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (bz)>/? dzx

l17

2(bx)>/?
5b

 Int[(b*x)~(3/2) ,x]

L(2*(b*x)“(5/2))/(5*b)

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N\

J
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.64

method result | size
3
gosper 27”(?)2 9
3
orering 2$(l§c) 219
5
derivativedivides % 11
5
2(bx)2
default & 11
2bz22v/b
trager SEE 112
By 2bz22v/b
pseudoelliptic SEE 112
: 2b2x3
risch 5o 14

input {int ((b*x)~(3/2) ,x,method=_RETURNVERBOSE)

-

output L2/5*x* (b*x) ~(3/2)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.79

/(bav)?’/2 der = % Vbxbz?

-

input Lintegrate ((b*x)~(3/2) ,x, algorithm="fricas")

output L2/5*sqrt (b*x) *b*x "2

-/

-/
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Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

32 . _ 2(bx)

Njot

-

inputLintegrate((b*x)**(3/2),X)

~—

output | 2% (b*x) %+ (5/2) / (5+b)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

32, 2(ba)?

inputLintegrate((b*X)A(3/2),X, algorithm="maxima")

output Lz/s* (b*x)~(5/2) /b

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.79

/(bac)?’/2 dx = % Vbzba?

input Lintegrate ((b*x)~(3/2),x, algorithm="giac")

outputL2/5*sqrt(b*x)*b*x“2
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

2 (bx)*?
bx)*?de = 0 —
[oopras =202

inputtint((b*x)“(3/2),x)

output | (2*(B¥0 " (5/2))/ (5b)

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

3/2 _2\/5\/5bx2
/(bx)/ dx—T

input | 10t ((0%3)7(3/2) ,%)

output t (2xsqrt (x) *sqrt (b) ¥*b*x**2) /5




-

output L

-

input L

output L
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3.24  [Vbxdr

Optimalresult . . . . . . . . .. ..
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . .. L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . ... ... ... ... .. .....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... .........

Optimal result

Integrand size = 7, antiderivative size = 14

/\/Edac:

2(bx)3/?
3b

2/3%(b*x)~(3/2) /b

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/\/gdx:

gxm

Integrate[Sqrt [b*x],x]

-/

(2*x*Sqrt [b*x]) /3




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/\/@dm

l17

2(bx)3/?
3b

‘ Int [Sqrt [b*x] ,x]

L(2*(b*x)“(3/2))/(3*b)

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N\

J
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.64

method result | size
gosper %’E 9
trager %’; 9
pseudoelliptic %’; 9
orering %’E 9
derivativedivides “g?% 11
default @ 11
risch % 12

input 106 ((*0)7(1/2),x, method=_RETURNVERBOSE)

Outputt2/3*x*(b*x)‘(1/2)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.57

/\/dezg\/az

inputLintegrate((b*x)‘(i/Q),x, algorithm="fricas")

Output‘2/3*sqrt(b*x)*x
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

_ 2(bx)>
/\/Edz— m

-

inputLintegrate((b*x)**(l/Q),X)

output 2% (b*x) %+ (3/2) / (3+b)

~—

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

Njw

/\/de:2(bm)

3b
inputLintegrate((b*x)‘(1/2),x, algorithm="maxima") J
output Lz/s* (b*x)~(3/2) /b J
Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.57

/\/dezg\/ax

input Lintegrate ((b*x)~(1/2) ,x, algorithm="giac")

Outputt2/3*sqrt(b*x)*x
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

t/:JE;dxzz gﬁﬁfiii
3b

inputtint((b*x)“(l/Q),X)

output | (2*(B¥07(3/2))/ (3+b)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.50

/\/Edm = —2\/53\/537

nput | 10t (%) (1/2) ,%)

output k (2*sqrt (x) *sqrt (b)*x) /3




output

input

output
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3.25 [—+=dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... L
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . .. L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . ... ... ... ... .. .....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . .. ... ... L.
Mupad [B] (verification not implemented) . . . ... ... ... ... ......
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 7, antiderivative size = 12

173
17O
Ve
1801
1301
1301

t2*(b*x)‘(1/2)/b

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/1 iy 28
Voz bz

LIntegrate [1/8qgrt [b*x] ,x]

e

L (2xx) /Sqrt [b*x]

~—
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
—d
/ oz
l 17
2V/bx
b
inputLInt[l/Sqrt[b*x],x:l J
outputt(2*Sqrt[b*x])/b J

Defintions of rubi rules used

e 17 TnEL(e_)*((a_.) + (b_.)*(x))"(m_.), x_Symboll :> Simp[c*((a + b¥x)"(m + 1
L)/(b*(m +1))), x] /; FreeQ[{a, b, c, m}, x] & NeQ[m, -1] J
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.75

method result | size
gosper j—:—x 9
risch j—% 9
orering 5—% 9
derivativedivides | 2¥% | 11
default %ﬁ 11
trager %’E 11
pseudoelliptic %’E 11

input Lint (1/ (b*x)~(1/2) ,x,method=_RETURNVERBOSE)

output 2*¥/ (%007 (1/2)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/ 1 2 Vb
—=dxr =
Vbz b
input Lintegrate (1/(b*x)~(1/2) ,x, algorithm="fricas") J
output L2*sqrt (b*x) /b J
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.67

input Lintegrate (1/ (bxx) **(1/2) ,%) J

output LQ*sqrt (b*x) /b J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/ 1 2Vbz
—=dx =
Vb b
input Lintegrate (1/(b*x)~(1/2) ,x, algorithm="maxima") J
output L2*sqrt (b*x) /b J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/ 1 2vbx
—=dzr =
Vbz b

-

e—

input Lintegrate (1/(b*x)~(1/2) ,x, algorithm="giac")

output L2*sqrt (b*x) /b J
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

——dx

inputtint(l/(b*x)“(1/2),X)

output | (2* (B0~ (1/2))/b

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.75

/de— —2\/5\/6
N

Lint(l/(b*x)“(1/2) ,X)

input

outputL(2*Sqrt(X>*sqrt<b))/b




output

input

output
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1

3.26 | o7 dx

Optimal result . . . . . . . . . . . . . 182
Mathematica [A] (verified) . . . . . . . . . ... L 182
Rubi [A] (verified) . . . . . . .. . . 183
Maple [A] (verified) . . . . . . . . ... 184
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 184
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 15
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 185
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 185
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 186!
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 7, antiderivative size = 12

1
/ ) =

2

-2/b/ (b*x) "~ (1/2)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/

1

—s dr =

(bx)3/2

2z

(bx)3/2

LIntegrate [(b*x)~(-3/2) ,x]

L(—2*x)/(b*x)‘(3/2)
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ 7(1)3:)3 7o dz

| 17

2

bV
input | TR6 L0 ~(-3/2) ] |
outputt-2/(b*Sqrt[b*x]) J

rule 17

N

Defintions of rubi rules used

Int[(c_.)*((a_.) + (b_.)*(x_))~(m_.), x_Symboll :> Simplc*((a + b*x)~(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

J




input

output

input

output
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.75

method result | size
gosper — (bi“; 3 9
orering - (bi"’)” 7|9
derivativedivides | — bj@ 11
default — bjzﬂ 11
risch —= |11
pseudoelliptic — b\;% 11
trager — %‘é—'g’?’ 14

-

Lint (1/ (b*x)~(3/2) ,x ,method=_RETURNVERBOSE)

-/

L—2*x/(b*x)‘(3/2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.08

2Vbzx

1
/ (bx)3/2 do = b2z

Lintegrate (1/(b*x)~(3/2) ,x, algorithm="fricas")

L—2*sqrt(b*x)/(b‘2*x)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

| e ==
b2)2 ™ " oV

input Lintegrate(1/(b*x)**(3/2) ,X)

OutputL—2/(b*sqrt(b*x))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/ 12
(bz)?/ vbab

input‘integrate(l/(b*x)‘(3/2),x, algorithm="maxima")

output L-z/ (sqrt (b*x)*b)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/ 1 2
(bz)*/? Vbab

input Lintegrate (1/ (b*x)~(3/2) ,x, algorithm="giac")

output t—z/ (sqrt (b*x)*b)
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/ 1 o2
(bx)3/2 b\bx

input Lint (1/ (b*x)~(3/2) ,%)

output L—2/ (b* (b*x)~(1/2))

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.92

L 2vb
/Wx__m

input Lint (1/ (b*x)~(3/2) ,x)

Output‘( - 2xsqrt(b))/(sqrt (x) *b**2)
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Optimal result . . . . . . . . . . . . . 187
Mathematica [A] (verified) . . . . . . . . . ... 187
Rubi [A] (verified) . . . . . . .. . . 188
Maple [A] (verified) . . . . . . . . ... 189
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 139
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 190
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 190
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 190
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 1911
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 191

Optimal result

Integrand size = 7, antiderivative size = 14

/ g2
(bz)5/2 " 3b(bx)3/2

output ‘ -2/3/v/ (b*x)~(3/2)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/ 1 o2
(b2)52 T T 3(ba)52

-

LIntegrate [(b*x)~(-5/2) ,x]

-/

input

output ("240)/ (3+(bx1)7(5/2))
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(ba;smdx
ll?
2

~ 3b(bx)3/2

inputtlnt[(b*x)“(—5/2),X]

output | ~2/ (3¥b* (bx0)~(3/2)) |

Defintions of rubi rules used

N

rule 17‘(In’c[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol]l :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@m + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] )
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.64

method result size
_ 2z
gosper 300) 9
i _ 2

orering 200 9

derivativedivides | ——2—+ | 11
3b(bx) 2

default -—2 - |11
3b(bx) 2

trager — g;é’g 14

risch — m 14

pseudoelliptic — s | 14

input

Lint (1/ (b*x)~(5/2) ,x,method=_RETURNVERBOSE)

output‘

-2/3x*x/ (b*x) ~(5/2)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

2Vbzx

/;d _ _2vbz
(bx)5/2 Y

-

input

Lintegrate (1/(b*x)~(5/2) ,x, algorithm="fricas")

-/

output L

-2/3*sqrt (b*x) / (b~ 3*x~2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/ g2
(bz)5/2 3b (bx)?

input‘integrate(l/(b*x)**(5/2),x)

output | ~2/ (3¥b* (D*x)*%(3/2)) J
Maxima [A] (verification not implemented)
Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71
1 2
——rm dr = —————
/ (bx)5/2 3 (bx)? b
inputLintegrate(l/(b*x)“(5/2),x, algorithm="maxima" J
output | ~2/3/ ((0*x)7(3/2)%b) J
Giac [A] (verification not implemented)
Time = 0.13 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93
/ 1 dr — 2
(bz)5/? 3 Vbab?z
inputLintegrate(l/(b*x)“(5/2),x, algorithm="giac") J

e

-2/3/ (sqrt (b*x) *¥b~2%x)

~—

output t
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/Ldm_ 2
(bz)52™" " 3b(bz)*?

inputtint(l/(b*x)“(5/2),x) J

output L_2/ (3*b* (b*x) ~(3/2)) J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ L 2Vb
b2)2 T T3 mbie

-

Lint(l/(b*x)“(5/2),x)

| —

input

outputt( - 2%sqrt (b)) / (3*sqrt (x) *bk*3*x) J




s

output L
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3.28 [(bz)*/3 dx

Optimal result . . . . . . . . . . . . e 192
Mathematica [A] (verified) . . . . . . . . . ... o 1921
Rubi [A] (verified) . . . .. . . ... .. 193
Maple [A] (verified) . . . . . . ... L 194
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 194
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 195
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1951
Giac [A] (verification not implemented) . . . . . . ... ... ... 195
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 196
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 196

Optimal result

Integrand size = 7, antiderivative size = 14

/ (bz)*/? dx = 3(ba) ™"

7b

3/7x(bxx)~(7/3) /b

~—

e

input L

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/(bx)‘*/3 dx = gav(bx)‘l/3

Integrate [ (b*x)~(4/3),x]

~—  /

output L

(3*x* (b*x)~(4/3))/7




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (bz)*/3 dx

l17

3(bx)7/3
7b

 Int[(b*x)~(4/3) ,x]

L(B*(b*x)“(7/3))/(7*b)

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N\

J




input

output

input

output
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.64

method result size
4
3z(bx) 3
gosper =ES 19
4
. 3z(bx) 3
orering SS9
7
derivativedivides % 11
7
3(bx)3
default e 11
3b22(be) 3
trager = | 12
risch M 12
. 3ba2 (bx) 3
pseudoelliptic SEZES |12

-

tint ((b*x)~(4/3) ,x,method=_RETURNVERBOSE)

—

LB/?*X*(b*x)‘(4/3)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.79

/(bx)4/3 dx = ; (bx)% bz?

Lintegrate ((b*x)~(4/3) ,x, algorithm="fricas")

L3/7*(b*x)‘(1/3)*b*x‘2




CHAPTER 3. LISTING OF INTEGRALS 195

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

4/3 3. _ 3(bx)%
/(bx) /3 dx = 7

-

~—

integrate ((b*x)**(4/3),x)

inputt

output 3% (bxx) %+ (7/3) / (T*b)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

W[

a3 4. _ 3(bx)

integrate ((b*x)~(4/3),x, algorithm="maxima")

input L

LB/?*(b*x)“(?/s)/b

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.79

/(bx)4/3 dx = % (bx)% bz?

Lintegrate((b*x)“(4/3),x, algorithm="giac")

input

3/7*x(b*x) "~ (1/3) *b*x"2

outputt
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/ ()3 de = 202 (o)™

7b
input, 126 ((B*0)~(4/3) %) J
output | (3* ¥ (7/3))/ (7xb) J
Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.57

ol

7
/(bx)4/3 dz = 3x7b

input Lint ((b*x)~(4/3) ,%)

-

output

t(3*x**(1/3)*b**(1/3)*b*x**2)/7

e—



s

output L

CHAPTER 3. LISTING OF INTEGRALS 197
3.29 [(bz)*3dx

Optimal result . . . . . . . . . . . . e 197
Mathematica [A] (verified) . . . . . . . . . ... o 197
Rubi [A] (verified) . . . .. . . ... .. 198
Maple [A] (verified) . . . . . . ... L 199
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 199
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 200
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2001
Giac [A] (verification not implemented) . . . . . . ... ... ... 200
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 20Tl
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 201]

Optimal result

Integrand size = 7, antiderivative size = 14

/ (be)?/* dr = 202"

5b

3/5*(b*x)~(5/3) /b

~—

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/(bx)2/3 dx = gx(bx)2/3

e

input L

Integrate [ (b*x)~(2/3),x]

~—  /

output L

(3*x* (b*x)~(2/3))/5




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (bz)?/3 dx

l17

3(bx)®/3
5b

Int[(b*x)~(2/3) ,x]

L(B*(b*x)“(S/S))/(S*b)

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N\

J
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.64

method result | size
2
gosper 3””(1;’”) 19
2
trager 3””(?) 19
2
pseudoelliptic 3””(?) 1o
2
. 3z(bx)3
orering 5 9
5
derivativedivides 30’5% 11
5
default % 11
risch L’”zl 12
5(bz)3
input Lint ((b*x)~(2/3) ,x,method=_RETURNVERBOSE) J
output L3/5*x* (bxx) = (2/3) J

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.57

winN

T

23 5 _ 3
/(bz)/ dx = g(bx)

inputLintegrate((b*x)“(2/3),x, algorithm="fricas") J

outputt3/5*(b*x)“(2/3)*x J
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Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

2/3 7. _ 3(bz)

wlot

-

inputLintegrate((b*x)**(2/3),X)

~—

output | 3% (b*x) %+ (5/3) / (5%b)

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/(bz)2/3 dr = 3(be)?

wlot

5b

inputLintegrate((b*X)A(2/3),X, algorithm="maxima")

output L3/5* (b*x)~(5/3) /b

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.57

win

T

23 5 _ 3
/(bz)/ dx = g(bx)

input Lintegrate ((b*x)~(2/3),x, algorithm="giac")

output Ls/s* (b*x) ~ (2/3) *x
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/ (be)?3 de = 2 0% ()

5b
input, 126 ((®*0)~(2/3) %) J
output | (3% (%) (5/3))/ (5+b) J
Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.57

wlot
[N

/(bx)2/3 dr = 3z3b

ot

inputtint((b*x)“(2/3),x)

-

output

t(3*x**(2/3)*b**(2/3)*x)/5

e—



output

input

output
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3.30  [Vbxds

Optimalresult . . . . . . . . .. ..
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . .. L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . ... ... ... ... .. .....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... .........

Optimal result

Integrand size = 7, antiderivative size = 14

/%dwz

3(bx)*/3

4b

202
209)
2041
204
209}
205}
205}

-

L3/4*(b*x)‘(4/3)/b

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/mdx:

3

4

aVbz

-

LIntegrate [(b*x)~(1/3) ,x]

-/

L(B*x*(b*x)‘(l/B))/4




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/%dw

l17

3(bx)*/3
4b

 Int[(b*x)~(1/3) ,x]

L(B*(b*x)“(4/3))/(4*b)

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N\

J
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.64

method result | size
1
3z (bx)3
gosper =19
1
3z(ba)3
trager =19
1
risch 3z(ix)§ 9
1
o . 3z(bx)3
pseudoelliptic 1 9
1
. 3z(bx)3
orering 1 9
4
derivativedivides 3(3?3 11
4
3(bx)3
default i 11

-

input 10t ((*0)7(1/3) ,x, method=_RETURNVERBOSE)

—

Outputt3/4*x*(b*x)‘(1/3)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.57

/%dx: Z(bx);’x

input Lintegrate ((b*x)~(1/3) ,x, algorithm="fricas")

output L3/4* (b*x)~(1/3) *x




CHAPTER 3. LISTING OF INTEGRALS

205
Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

b

3 3(bx)
/ Vbz dr = 0

-

inputLintegrate((b*x)**(1/3),X)

output 3% (bx) %+ (4/3) / (4%b)

~—

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

u/"éﬁﬁidx:: 3(bm)°

4b
inputLintegrate((b*x)‘(l/S),x, algorithm="maxima") J
Outputt3/4*(b*x)“(4/3)/b J
Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.57

/%dx= %(bx);x

input Lintegrate ((b*x)~(1/3),x, algorithm="giac")

output L3/4* (b*x)~(1/3)*x
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/%d:v=3(b—xy4/3

4b
input, 126 ((®*0)~(1/3) %) J
output | (3% (P¥X)7(4/3))/ (4xb) J
Reduce [B] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.57
/ Vor dr = 3xib§
input| 12 (%0~ (1/3),) J
output {(3*;(** (1/3) #bwx(1/3)%x) /4

e—



output ‘
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3.31 [ 5—dz
Vbx

Optimal result . . . . . . . . . . . . . . e 207
Mathematica [A] (verified) . . . . . . . . . .. .. 207
Rubi [A] (verified) . . . . . . . . . . 208
Maple [A] (verified) . . . . . . ... L 209
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ..... 209
Sympy [A] (verification not implemented) . . . ... ... ... ... ...... 2101
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... .. 210
Giac [A] (verification not implemented) . . . . . . . .. ... ... 2101
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 211
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 211

Optimal result

Integrand size = 7, antiderivative size = 14

bx)?/3

1 3(
iy =20
[ =%

3/2% (b*x)~(2/3) /b

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/ 1 do — 3z
N 2v/ bz

N

input

Integrate[(b*x)~(-1/3),x]

output L

(3*x) /(2% (b*x)~(1/3))




input

output
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
L4
/ Sz
l 17
3(bx)?/3
%
[Int [(b*x)~(-1/3),x] J
L(B*(b*x)‘(2/3))/(2*b) J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1

)/ (bx@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]




input

output

input

output
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.64

method result | size
3z

gosper 2em)} 9

risch 3z _ 19
2(bx)3

orering 2(::) 1 9
2

derivativedivides 3(1’;1))3 11
2

default )® |11
2

trager % 11
2

pseudoelliptic 3(1’2’?3 11

Lint (1/(b*x)~(1/3) ,x ,method=_RETURNVERBOSE)

-

t3/2*x/(b*x)“(1/3)

e—

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/ 31 dr =
bz

Lintegrate (1/(b*x)~(1/3) ,x, algorithm="fricas")

L3/2*(b*x)‘(2/3)/b
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

1 3(bz)s
[ ="

input Lintegrate (1/ (bxx) **(1/3) ,%)

output | 3* (P*)*¥(2/3)/ (24b)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/ 1 3 (bx)?

V bz 2b
input | 10tegrate(1/(bxx)"(1/3),x, algorithn="maxima") |
output | 3/2* (P*x)7(2/3)/b )
Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/%dx: 3 (bz)?
V bz

input tintegrate (1/(b*x)~(1/3) ,x, algorithm="giac")

-

output Ls/z* (b*x)~(2/3) /b

-/
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

2/3
/ 1 32
b 2b

int (1/ (b*x)~(1/3) ,x)

input L

L(B*(b*x)“(2/3))/(2*b)

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.57

3z

/1dz‘—
N 2%

i ol

Lint(l/(b*x)“(l/S),x)

input

(3*x*x(2/3)) / (2%b**(1/3))

output L



output

input

output
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1

3.32 | )73 dx

Optimal result . . . . . . . . . . . . . 212
Mathematica [A] (verified) . . . . . . . . . ... L 212
Rubi [A] (verified) . . . . . . .. . . 213
Maple [A] (verified) . . . . . . . . ... 214
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 214
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 215
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 215
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 215
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 276l
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 216

Optimal result

Integrand size = 7, antiderivative size = 12

L/“ L _ 3V
®2)23 "~

Ls* (b*x)~(1/3) /b

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

3z

| Gapme=

bz)2/3

LIntegrate [(b*x)~(-2/3) ,x]

| (3%x)/ (bxx)~(2/3)
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Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
| e
l 17
3vbz
b
input LInt [(bxx)~(-2/3) ,x] J
outputt(s*(b*x)‘(l/B))/b J

Defintions of rubi rules used

e 17 ToEL(e_)*((a_.) + (b_)*(x))"(m_.), x_Symbol]l :> Simplc*((a + b¥x)"(m + 1
L)/(b*(m +1))), x] /; FreeQ[{a, b, c, m}, x] & NeQ[m, -1] J
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.75

method result | size
3z
gosper o)} 9
risch 3z 9
(b2)3
orering (bi”)” 2 9

1
derivativedivides w 11

1
default 302)3 | 19

1
trager 3t2)3 | 11

pseudoelliptic m 11

input Liﬂt (1/(b*x)~(2/3) ,x,method=_RETURNVERBOSE)

-

output {3*:{/ (b*x)~(2/3)

e—

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

1 _ 3(bx)
/ o =

ol

input Lintegrate(l/(b*x)“(Q/B) ,X, algorithm="fricas")

output 3* (B*0)7(1/3)/b
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Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.67

1 3vVbz
(bx)2/3 dr =

b
input| 1mbeBTate (1/ (bxx)+(2/3) %) |
output Ls* (b*x)**(1/3) /b J
Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

1 _ 3(bz)*
/ o T

input Llntegrate(l/(b*x)*@/s) »X, algorith.m="maxima“)

output Ls* (b*x)~(1/3) /b

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

1 _ 3(ba)?
/ s = %

input tintegrate (1/(b*x)~(2/3) ,x, algorithm="giac")

-

output Ls* (b*x)~(1/3) /b

-/



CHAPTER 3.

LISTING OF INTEGRALS

216

Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

1 _ 3(ba)"?
/ (bayers 4 =

b
input | 108 (1/ (0x)7(2/3) ) J
output| (B (BFO7(1/3))/b
Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.67

=

2

/ 1 do — 3z
(bx)23 ™" b3

input Lint (1/ (b*x)~(2/3) ,x)

output L (3xx**(1/3)) /b*%x(2/3)




output

input

output
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3.33  [gmde

Optimal result . . . . . . . . . . . . . 217
Mathematica [A] (verified) . . . . . . . . . ... 217
Rubi [A] (verified) . . . . . . .. . . 218
Maple [A] (verified) . . . . . . . . ... 27191
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 210
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 220)
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 220
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 220
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 22T
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 22T]

Optimal result

Integrand size = 7, antiderivative size = 12

| amde =
b2) ™ " b

| -3/b/ (b*x)~(1/3)

Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83
/ R
(bac)4/3 - (bx)4/3
LIntegrate [(b*x)~(-4/3) ,x] J

L(—3*x)/(b*x)‘(4/3) J
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Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ 7(1)3:) 73 dx

l 17

3

bV bx
input | TE6 L0 ~(<4/3) x] |
output, ~3/ (¥ ()~ (1/3)) J

rule 17

N

Defintions of rubi rules used

Int[(c_)*((a_.) + (b_.)*(x_))~(m_.), x_Symbol]l :> Simp[c*((a + b*x)~(m + 1 |
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

J
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.75

method result size
_ 3=
gosper ) 9
orering — —(b?:)” 7 9
derivativedivides | ——3+ | 11
b(bx)3
default -3 11
b(bx)3
risch ——3 |11
b(bx)3
. . _ 3
pseudoelliptic o)} 11
2
3(bx)3
trager — S | 14

input

Lint (1/ (b*x)~(4/3) ,x,method=_RETURNVERBOSE)

output L

-3x*x/ (b*x)~(4/3)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.08

input L

integrate(1/(b*x)~(4/3) ,x, algorithm="fricas")

output L

-3*(bxx) ~(2/3) / (b™2*x)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

| e ==
b2) ™ " b

input 1ntegrate (1/ (bxx)x(4/3),1) J

outputL‘3/(b*(b*X)**(1/3)) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

1 3
/ DRk (bz)

o=

b

input ‘ integrate(1/(b*x)~(4/3),x, algorithm="maxima" ‘

output | ~3/ ((0*X)7(1/3)%b) J

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

1 3
/ Gays (b2)? b

input Lintegrate (1/(b*x)~(4/3) ,x, algorithm="giac") J

-

-3/ ((b*x)~(1/3)*b)

e—

output t
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/_i_dm___jL_
(b2)¥3 " b (ba)'?

input Lint(l/(b*x)“(4/3) »X) J

output | =3/ (B (d¥0)7(1/3)) |

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.67

L/—i—dx——Ji-
(b:c)4/3 B x%b%

1t (1/ (w0 (4/3),2) J

input

-

{( - 3)/(x**(1/3) ¥b** (1/3)*b)

e—

output
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Optimal result . . . . . . . . . . . . . 227
Mathematica [A] (verified) . . . . . . . . . ... 222
Rubi [A] (verified) . . . . . . .. . . 223
Maple [A] (verified) . . . . . . . . ... 2241
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 224
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 225
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 225
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 225
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 2261
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 226

Optimal result

Integrand size = 7, antiderivative size = 14

/ R S M
(bz)5/3 ™ 2b(bx)2/3

output ‘ -3/2/v/ (b*x)~(2/3)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/ B
CHE I CEE

-

LIntegrate [(b*x)~(-5/3) ,x]

-/

input

output (“340)/ (2% (bx1)7(5/3))
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(bx§5/3dm
ll?
3

~ 2b(bx)?/3

inputtlnt[(b*x)“(—S/B),X]

output | ~3/ (2¥b* (bxx)~(2/3)) |

Defintions of rubi rules used

N

rule 17‘(In’c[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol]l :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@m + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] )
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.64

method result size
—_3z
gosper - 9
i —_3z
orering Y 9
derivativedivides | ——2— | 11
2b(bx) 3
default -3 11
2b(bx) 3
risch ——3 111
2b(bx) 3
. . _ 3
pseudoelliptic Y 11
1
trager — 3(2%? 14

input Lint (1/ (b*x)~(5/3) ,x,method=_RETURNVERBOSE)

output L-s/z*x/ (b*x)~(5/3)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

1 _ 3(ba)?
/ o) = "oy

input Lintegrate (1/(b*x)~(5/3) ,x, algorithm="fricas")

output L‘3/ 2% (b*x) ~ (1/3)/ (b™2%x)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/ I SO
(bz)*/3 2b (bx)3

input ‘ integrate (1/(b*x)**(5/3) ,x)

output L—s/ (2%b* (b*x) ** (2/3))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/ L .
(bz)*/® 2 (bx)3 b

input Lintegrate (1/(bxx)~(5/3) ,x, algorithm="maxima"

output | ~3/2/ ((0*x)7(2/3)%b)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/ T S S
(bz)5/3 2 (bz)3 b

input Lintegrate(l/(b*x) A(5/3) ,X, algorithm="giac")

output | ~3/2/ ((0*x)7(2/3)%b)
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/Ldm_ __ 3
(bz)°3 ™" 2p(ba)??

input Lint (1/ (b*x)~(5/3) ,x)

output | ~3/ (2#b* (bxx)~(2/3))

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.57

/ o3
(b$)5/3 N Zx%bg

input Lint (1/ (b*x)~(5/3) ,%)

-

output U — 3)/(2%x%* (2/3) ¥b** (2/3) ¥b)

e—




output L

input

output

CHAPTER 3. LISTING OF INTEGRALS 227
3.35 [ z™dx

Optimal result . . . . . . . . . . . . e 227
Mathematica [A] (verified) . . . . . . . . . ... o 2271
Rubi [A] (verified) . . . .. . . ... .. 228
Maple [A] (verified) . . . . . . ... L 229
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 229
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 230
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2301
Giac [A] (verification not implemented) . . . . . . ... ... ... 230
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 231
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 231]

Optimal result

Integrand size = 3, antiderivative size = 11

/a:mdzz

xl—}-m

1+m

x~(1+m)/ (1+m)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/xmdx=

z1+m

1+m

LIntegrate [x"m,x]

-

Lx*u +m)/(1 + m)

-/




input

output
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Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ™ dx
l 15
‘,Em+1
m+1
LInt [x"m,x]

-

Lx*(1 +m)/(1 + m)

Defintions of rubi rules used

-/

rule 15‘Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simp[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[ ‘

\{a, m}, x] && NeQ[m, -1]




input

output

input
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

method result size
risch % 11
parallelrisch | T jf:; 11
orering 0 f:; 11
gosper “;1:7: 12
default ”i::nn 12
m In(x)
norman z el T 13

Lint (x"m,x,method=_RETURNVERBOSE)

Lx/(1+m) *X~m

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

/xmdwz i
m+1

Lintegrate (x"m,x, algorithm="fricas")

output L

x*x"m/(m + 1)
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Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

m—+1
z form #£ —1
/ ™ dr = { ™ 7
log () otherwise

input Lintegrate (x**m,x)

output LPiecewise((x**(m +1)/(m + 1), Ne(m, -1)), (log(x), True))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

m+1
/xmdx= v
m+1

i - i =n s n
input Llntegrate (x"m,x, algorithm="maxima")

output LX’"(m +1)/(m + 1)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

m+1
/xmdzz T
m+1

i = i =3 "
input Llntegrate(x m,x, algorithm="giac")

output Lx“(m + 1/ + 1)
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Mupad [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.82

In(z) if m=-1
/a:mdx: TR
e i m#E-L

input Lint (x"m,x)

output Lpiecewise(m == -1, log(x), m ~= -1, x“(m + 1)/(m + 1))

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

/ﬂ%zmx
m+1

input Llnt (x"m,x)

outputt(x**m*X)/(m + 1




output L
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3.36 [ (bx)™ dzx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 5, antiderivative size = 16

/(bx)m dx =

(b(l}) 14+m

b(1+m)

(b*x)~ (1+m) /b/ (1+m)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.75

/(bx)m dx =

z(bx)™
1+m

input ‘

Integrate [(b*x) “m,x]

-

output L

(x*(b*x)™m) /(1 + m)

| —
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Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/(bw)m dz
| 17

(bx)™+1
b(m +1)

below.

input \ Int [(b*x) "m,x] ‘

output | PFOTA + m/(bx(1 + m) J

Defintions of rubi rules used

N

rule 17‘(Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
L)/(b*(m + 1)), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1] J
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.81

method result size
gosper zi’lem 13
risch % 13
parallelrisch szr)nm 13
orering % 13
norman z eﬁ]::z) 15
default % 17

input liﬂt ((b*x) “m,x,method=_RETURNVERBOSE)

-

Outputtx/(1+m)*(b*x)‘m

-/

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.75

m . (0z)"x
/(bx) dx = ——

i - i =" : 1]
input Llntegrate((b*x) m,x, algorithm="fricas")

Outputt(b*x)‘m*x/(m + 1)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.06

(G i form # —1

m+1
log (bx) otherwise
/(bw)m dx = (b2)
b
inputLintegrate((b*x)**m,x) J
output LPiecewise(((b*x)**(m +1)/(m + 1), Ne(m, -1)), (log(b*x), True))/b J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

mo o (0z)™

i - i =n s n
input klntegrate((b*x) m,x, algorithm="maxima") J

-

me%m+nﬂmm+1»

-/

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

o (b2)™"

input Lintegrate ((b*x)"m,x, algorithm="giac") J

output | (PF (@ + 1/ (bx(m + 1)) J
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Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.75

S G
/(bx) dx = 1

Lint((b*x) “m,x) J

input

output L(x* (b*x)"m)/(m + 1) J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.81

™M
bz)™ dz =
/(x) b=

input Lint ((b*x) "m,x) J

e

L(x**m*b**m*x)/(m + 1)

~—

output




output

input

output
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3.37  [(2+3z)da

Optimal result . . . .. ... ... ... ... .. ... ...
Mathematica [A] (verified) . . . . . . . .. ... ... ..
Rubi [A] (verified) . . . .. ... ... ... ... L.
Maple [A] (verified) . . . . . .. ... Lo
Fricas [B] (verification not implemented) . . . . . .. ... ..
Sympy [B] (verification not implemented) . .. ... ... ..
Maxima [B] (verification not implemented) . . . . . . . . . ..
Giac [A] (verification not implemented) . . . . . . . ... ...
Mupad [B] (verification not implemented) . ... ... .. ..
Reduce [B] (verification not implemented) . . . ... ... ..

Optimal result

Integrand size = 7, antiderivative size = 11

/(2 +3z)*dz = %(2 + 3z)*

23]
239
259
240
240)
240)
241]
2411

-

L1/12* (2+3%x) "4

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/(2 +3z)*dz = %(2 + 3z)*

-

LIntegrate[@ + 3%x)~3,x]

-/

L(z + 3%x)~4/12
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(3:6 +2)3 dx
l 17
1 4
inputtlnt[@ + 3%x)"°3,x] J
Outputl(z + 3xx)"4/12 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |




input

output ‘\
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size
default % 10
orering w(27x3+72:f+72z+32) 19
gosper 2 z* + 182° + 1822 + 8z 20
norman 2 z* + 182° + 1822 + 8z 20
parallelrisch | 2l z* + 1823 + 18z + 8z 20
risch 2t + 1823+ 1822 + 8z + § | 21

Lint ((2+3*x)~3,x,method=_RETURNVERBOSE)

1/12%(2+3%x) "4

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.06 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

2
/(2+3x)3dx= Z7m4+18:c3+18x2—|—8x

-

input

Lintegrate ((2+3%*x)~3,x, algorithm="fricas")

| —

output t

27/4*%x"4 + 18%x”3 + 18*%x"2 + 8*x
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(7) = 14.

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

2 4
/(2 +3z)*dx = 74’” + 182° + 182% + 8z

input Lintegrate((2+3*x) *%3,x) J

e

L27*x**4/4 + 18%x*kx3 + 18%kx*%2 + 8kx

~—

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

2
/(2+3z)3d:1:= Z7z4+18x3+18x2+8x

inputLintegrate((2+3*x)“3,x, algoIithm=nmaXima") J

‘27/4*){’“4 + 18%x73 + 18%x"2 + 8*x

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(2—|—3x)3dx= %(3x+2)4

input Lintegrate ((2+3*x)"3,x, algorithm="giac") J

output L1/12*(3*x +2)°4 J
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Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(2 T 30)tdr = BT e

input Lint((S*x + 2)°3,%) J

output L(S*x + 2)°4/12 J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.64

z(2723 + 7222 + 72z + 32)
4

/(2 +3z)* dr =

input Lint ((2+3#%x)°3,x) J

-

outputt(x*@?*x**s + T2%x*kx2 + T2%x + 32))/4

e—




output

input

output
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3.38  [(2+3x)%dx

Optimal result . ... ..
Mathematica [A] (verified)
Rubi [A] (verified) . . . .
Maple [A] (verified) . . . .
Fricas [A] (verification not

implemented) . . . . ... ... .. L

Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 7, antiderivative size = 11

/(2 + 37)*dz = %(2 + 3z)?

2421
249
244
2441
2491
249)
249)
246
240

-

L1/9* (2+3%x) "3

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/(2 + 37)*dzx = 4z + 62° + 32°

-

LIntegrate[@ + 3%x)72,x]

-/

L4*x + 6%x"2 + 3%x~3
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(3:6 +2)? dx
l 17
%(3:10 +2)3
input LInt [(2 + 3%x)"2,x] J
output (2 * 3+0)73/9 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |




input

output

input

output
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size
default @ 10
orering z(32? + 6z + 4) 13
gosper 323 + 622 + 4z 15
norman 3x3 + 622 + 4z 15
parallelrisch | 323 + 622 + 42 15
risch 3¢ + 627 +4x+ 3 | 16

Lint ((2+3*x)~2,x,method=_RETURNVERBOSE)

L1/9*(2+3*x)*3

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/(2—|—3$)2dx=3z3+6z2—|—4x

Lintegrate ((2+3*x)~2,x, algorithm="fricas")

Ls*x‘s + B*x"2 + 4¥x
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

/(2 + 3z)%dr = 32 + 627 + 42

inputLintegrate((2+3*x)**2,x)

Outputts*x**a + BRx**2 + 4%x

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/(2—|—3m)2da:=3x3+6x2+4x

inputLintegrate((2+3*x)‘2,x, algorithm="maxima")

output Ls*x 3 + B%x~2 + 4%x

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(2+3x)2dx:%(3x+2)3

input Lintegrate ((2+3*x) "2 ,X, algorithm="giac“)

output L1/9*(3*x +2)73
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/}2+3xf¢z=§i£§3£

inputtint((S*x + 2)72,%)

output L(S*x + 2)°3/9

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

/(2 + 3z)* dz = z(33” + 62 + 4)

input 18t ((2#3%0)72,%)

output Lx*(s*x**2 + Bxx + 4)




output L

input

output
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3.39  [(2+3z)do

Optimal result . . . . . . . . . . . . e 247
Mathematica [A] (verified) . . . . . . . . . ... o 247l
Rubi [A] (verified) . . . .. . . ... .. 248
Maple [A] (verified) . . . . . . ... L 249
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 249
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 250
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2501
Giac [A] (verification not implemented) . . . . . . ... ... ... 250
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 251]
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 251]

Optimal result

Integrand size = 5, antiderivative size = 11

/(2+3x)dw=

é(Z + 37)?

-

1/6% (2+3%x) "2

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/(2+3z)dx=2x+—

3x?
2

‘Integrate [2 + 3*x,x]

-

L2*x + (3%x72)/2

| —
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(3w +2)dz
l 17
%(3:10 +2)?
inputLInt[2 + 3*x,x] J
output (2 * 3+0)72/6 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |




input

output

input

output
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

method result size
orering w 9
gosper 322422 | 10
default 322 +2z | 10
norman 322 +2z | 10
risch 322 +2z | 10
parallelrisch | 2z% + 2z | 10
parts 322 +2z | 10

Lint (2+3#*x,x ,method=_RETURNVERBOSE)

L1/2*x*(3*x+4)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(2+3x)d

3
z=§x2+2x

Lintegrate(2+3*x,x, algorithm="fricas")

Ls/z*x*z + 2%x
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Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

2
/(2+3x)dx:3%+2x

inputLintegrate(2+3*x,x)

Outputt3*x**2/2 + 2%x

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(2+3a:)dx:gaz2+2a:

: : =n : [
inputtlntegrate(2+3*x,x, algorithm="maxima")

output Ls/z*x*z + 2%x

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(2+3x)dz=gx2+2:c

i i ="gq n
inputtlntegrate(2+3*x,x’ algorithm="giac")

output 3/2*X°2 + 2%x




input

output

input

output
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Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

/(2+3 x(3x2+4)

tint (3*x + 2,x%)

[(x*<3*x + ))/2

-/

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

‘/@+3@dx:£@%iﬂ

Lint (2+3*x,x)

L(x*(s*x + 4))/2




output

input

output
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L

-

3.40 L dx

Optimalresult . . . .. ... ... ... .. ..........
Mathematica [A] (verified) . . . . . . ... ... ... ... ..
Rubi [A] (verified) . . . ... ... .. ... ... L.
Maple [A] (verified) . . . . . . ... Lo oL
Fricas [A] (verification not implemented) . . . . . .. ... ..
Sympy [A] (verification not implemented) . . ... ... ...
Maxima [A] (verification not implemented) . . . . . . . .. ..
Giac [A] (verification not implemented) . . . . . . . ... ...
Mupad [B] (verification not implemented) . ... ... .. ..
Reduce [B] (verification not implemented) . . . ... ... ..

Optimal result

Integrand size = 7, antiderivative size = 10

/ ! dx = %log(Z + 3z)

243z

1/3*1n (2+3*x)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ ! dx = %log(2 + 3z)

2+ 3x

LIntegrate[@ + 3*x)~(-1),x]

-/

-

N

Log[2 + 3*x]/3
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ 3z + 2 dz
| 16
1
3 log(3z + 2)
input LInt [(2 + 3*x)~(-1),x] J
output LLog [2 + 3%x]/3 J

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a + ‘
‘bx, x11/b), x] /; FreeQ[{a, b, c}, xI |
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.70

method result | size
n 2 X
parallelrisch l;L) 7
default n@tsn) | g
norman w 9
3z
meijerg ln(l; ) | g
risch @t | g
input Lint (1/(2+3%x) ,x,method=_RETURNVERBOSE) J
output | 1/3¥10(2/3+x) ]

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 1
dr = -1 2

i i =N s n
input Llntegrate(1/(2+3*x),x, algorithm="fricas") J

output Li/S*log(B*x +2) J
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.70

1 _ log (3x +2)
/2+3xdx_ 3

inputtintegrate(l/(2+3*x),x)

-

outputtlog(s*x + 2)/3

-/

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 1
= — log (3 2
/2+3wdx 3 og (3z + 2)

g
input Llntegrate(l/(z.,.s*x) ,X, algorithm="maxima")

-/

output L1/3*1og(3*x +2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.90

1 1
— = 2
/2+3xd$ 3log(|3a:+ )

input Lintegrate (1/(2+3%*x) ,x, algorithm="giac")

Outputtl/3*1og(abs(3*x +2))
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.60

/ 1 dx:ln(a:-l—%)

2+ 3x 3

input Lint(l/(B*x + 2),%)

output Llog(x + 2/3)/3

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 log(3z + 2)
dy = 82T 2
/2+3m o 3

input Lint(l/(2+3*x) ,X)

output Llog(B*x +2)/3




output
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1

3.41  [olods

Optimal result . . . . . . . . . . e 257
Mathematica [A] (verified) . . . . . . . . . ... oo 2571
Rubi [A] (verified) . . . .. . . ... .. 258
Maple [A] (verified) . . . . . . ... L 259
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 259
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 260
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 2601
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 260
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 2611
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 261]

Optimal result

Integrand size = 7, antiderivative size = 11

L 1
/(2+3ac)2 T T 732+ 30)

L-l/s/(2+3*x)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

I

1 1

2 + 3z)? de = 3(2+32)

input L

Integrate[(2 + 3*x)~(-2),x]

output L

-1/3%1/(2 + 3*x)




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

l 17

1
33z +2)

Int[(2 + 3%x)"(-2),x]

L—1/3*1/(2 + 3%x)

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N

J




input

output

input

output
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

method result size
risch 9(%;“) 8
gosper - m 10
default —3a3) | 10
norman yuv= 11
meijerg s 11
parallelrisch | ;2= 11
orering Tios 11

L int (1/(2+3%*x) ~2,x,method=_RETURNVERBOSE)

L-1/9/(2/3+x)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1

" 3(3z+2)

tintegrate(l/(2+3*x)‘2,x, algorithm="fricas")

L-l/S/(S*x + 2)
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.64

/;dx__L
(2+32)2" 9z +6

input Lintegrate (1/(2+3%x) **2, %)

output 17 (9¥x + 6)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

S O
/(2+3x)2 TT 3Bz +2)

input Lintegrate (1/(2+3%x)~2,x, algorithm="maxima")

output L—1/3/(3*x +2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/;d ___ 1
2+322 " "3Bz+2)

input Lintegrate (1/(2+43%x)"2 »X, algorithm="giac ")

output L—1/3/(3*x +2)
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/;dx——L
(2+3z)2 " 9z2+6

input 181/ (3¥x + 2)72,%)

output 17 (9¥x + 6)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/;dx_i
(2+3r)2 " 6rx+4

input Lint (1/(2+3%x)~2,%)

Outputtx/(Q*(B*x + 2))
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342 [ Gpds

2+3x)
Optimal result . . . . . . . . . . e 262
Mathematica [A] (verified) . . . . . . . . . ... oo 2621
Rubi [A] (verified) . . . . . . . . . 2631
Maple [A] (verified) . . . . . . ... L 264
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 264
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 265
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 2651
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 265
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 266
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 260

Optimal result

Integrand size = 7, antiderivative size = 11

/; do—___ 1
(2+3z)3 7 6(2+3z)2

outputL_l/s/(2+g*x)ﬁ2

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/;d -1
(2 + 3z)3 v 6(2 + 3z)?

inputLIntegrate[(Q + 3x*x)~(-3) ,x]

outputL-1/6>o<1/(2 + 3%x)"2




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

t

1
/ (3z +2)3 dz
l 17
v
6(3z + 2)2
Int[(2 + 3%x)~(-3),x] ‘
-1/6%1/(2 + 3%x)~2 J

N

Defintions of rubi rules used

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1 ‘
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

J
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size

gosper — W 10

1
default — W 10

: 1
risch — W 10

x(3i+2)
16(12;37””)E 16

z(3z+4)
8(2+3x)2 16

meijerg

orering

1 3.2
5Ttz
norman ﬁf 18

: 3z2+4
parallelrisch w 19

. Lint (1/(2+3%x) ~3,x ,method=_RETURNVERBOSE)
input

ou_tputt_l/s/(%{a*x)“2

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/ L g 1
(2+3z)3 7 6(9x2+122+4)

input‘integrate(l/(2+3*x)”3,x, algorithm="fricas")

outputt-us/(g*x*z + 12%x + 4)




CHAPTER 3. LISTING OF INTEGRALS 265

Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

/;dz—_ =
(2432)3 7 b4x24+ T2z +24

input Lintegrate (1/(2+3%x) **3,x)

output 1/ (B4¥I*2 + T24x + 24)

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/;dm——;
2432 " 6Bz+2)°

lnput Lintegrate (1/ (2+3*x) -3 ,X, algorithm=llmaxima" )

Outputt—1/s/(3*x + 2)°2

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/;dw——;
2432 63Bz+2)°

input Lintegrate (1/(2+43%x)"3 »X, algOrithm="giac ")

Outputt—i/G/(B*x + 2)°2
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/;dm__;
(2+32)3 6 (3 +2)°

input 181/ (3%x + 2)73,%)

output L—l/(G*(B*x + 2)72)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/;dz—_ !
(2+3x)3 " b4z + T2z +24

input Lint (1/(2+3%x)~3,x)

Outputt( - 1)/ (6% (9*x**2 + 12%x + 4))




output L

input

output
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3.43 [(2—=3z)%dz

Optimal result . . . . . . . . . . . . e 267
Mathematica [A] (verified) . . . . . . . . . ... o 267l
Rubi [A] (verified) . . . .. . . ... .. 268
Maple [A] (verified) . . . . . . ... L 269
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 269
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 270
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 2701
Giac [A] (verification not implemented) . . . . . . ... ... ... 270
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... il
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 271]

Optimal result

Integrand size = 7, antiderivative size = 11

/(2 —32)dx = BT

-

-1/12%(2-3*x) "4

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/(2 —32)%dr = ——

1
12

(2 — 3z)*

-

LIntegrate[@ - 3%x)73,x]

-/

L—1/12*(2 - 3%x)"4




CHAPTER 3. LISTING OF INTEGRALS 268

Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(2 —3z)3dx
l 17
1 4
—E(2 — 3z)
input LInt [(2 - 3%x)"3,x] J
output L—1/12*(2 - 3%x)°4 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |




input

output

input

output
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size
default — (2_13;)4 10
x(27w3—72w2+72x—32)
gosper — 1 19
norman 8z — 18z% 4 182° — 2l a* 20
parallelrisch | 8z — 1822 + 18z% — Z/z* 20
risch —2g* +182° — 1822+ 8z — 5 | 21
z (2723 —7222 x— —3z)3
orering 2 724(_2123@22) (2-8z) 33

Lint ((2-3*x)~3,x,method=_RETURNVERBOSE)

L—1/12*(2—3*x)”4

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

27
/(2—3x)3dm = —Zx4+18x3 —182° + 8%

Lintegrate ((2-3*x)~3,x, algorithm="fricas")

L—27/4*x’"4 + 18*%x73 - 18*%x72 + 8*x
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(8) = 16.

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

2 4
/(2—3x)3dx=— 74‘” + 18z° — 18z% + 8z

input Lintegrate((2—3*x) *%3,x) J

e

L—27*x**4/4 + 18%x*kk3 — 18%x*x2 + 8kx

~—

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.04 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

27
/(2 —3z)’dz = ——- 2" +182" — 182" + 8
inputLintegrate((Q—S*x)“S,x, algoIithm=nmaXima") J
output ‘\_27/4*XA4 + 18%x73 - 18%x72 + 8*x y

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

3y 1 4
/(2—3z) da:——ﬁ(3x—2)

input Lintegrate ((2-3*x)"3,x, algorithm="giac") J

output L—1/12* (3%x - 2)~4 J
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

3, 3z —2)*

inputtint(—(S*x - 2)°3,%) J

output L-(B*x - 2)°4/12 J

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.64

—27x3 2x2 — 72 2
/(2—3m)3dx=x( Tz +7Z 72z + 32)

input Lint ((2-3%x)"3,x%) J

-

outputt(x*( - OT#x*k%x3 + Tkx*x2 — T2%x + 32))/4

e—




output

input

output
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3.44 [(2—3z)*dz

Optimal result . . . .. ... ... ... ... .. ... ...
Mathematica [A] (verified) . . . . . . . .. ... ... ..
Rubi [A] (verified) . . . .. ... ... ... ... L.
Maple [A] (verified) . . . . . .. ... Lo
Fricas [A] (verification not implemented) . . . . . .. ... ..
Sympy [A] (verification not implemented) . . ... ... ...
Maxima [A] (verification not implemented) . . . . . . . .. ..
Giac [A] (verification not implemented) . . . . . . . ... ...
Mupad [B] (verification not implemented) . ... ... .. ..
Reduce [B] (verification not implemented) . . . ... ... ..

Optimal result

Integrand size = 7, antiderivative size = 11

2 _ 1 3
/(z ~30)dz =~ (2~ 30)

-

L—1/9*(2—3*x)*3

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/(2 — 3z)*dz = 4z — 62° + 32°

-

LIntegrate[@ - 3%x)72,x]

-/

L4*x - 6%x"2 + 3%x~3
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(2 — 3z)%dx
l 17
—%(2 — 32)3
input LInt [(2 - 3%x)"2,x] J
output ~1/9%(2 - 3+0)73 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |




input

output

input

output
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size
default —% 10
gosper z(3z% — 6z + 4) 13
norman 3x3 — 622 + 4z 15
parallelrisch | 323 — 622 + 4z 15
risch 3¢ — 6% + 4z — 3 | 16
orering x(sz(_E;I;ig_sx)Q 27

Lint ((2-3*x)~2,x,method=_RETURNVERBOSE)

L-1/9*(2-3*x)*3

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/(2—3m)2dx=3x3—6x2+4$

‘ integrate((2-3*x)~2,x, algorithm="fricas")

Ls*x*s - B%xx"2 + 4%¥x
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

/(2 —3z)%dz = 32° — 627 + 4z

inputLintegrate((2-3*x)**2,x)

Outputts*x**a - Bkx*k*2 + 4%x

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/(2—3x)2dx=3x3—6x2+4x

inputLintegrate((2—3*x)‘2,x, algorithm="maxima")

output Ls*x*s - Bxx"2 + 4%¥x

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

2 _1 3
/(2-3@ do=g 3z -2)

input Lintegrate ((2-3%x) "2 ,X, algorithm="giac“)

output L1/9*(3*x - 273
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Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

2, (Bz—2)°
/(2—3x) dz—T

inputtint((S*x - 2)°2,%)

output L(S*x - 2)°3/9

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

/(2 — 32)°dz = z(32° — 62 + 4)

input | 10t ((2-3%0)72,%)

output Lx*(s*x**2 - Bxx + 4)




output L
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3.45 [(2—3z)dx

Optimal result . . . . . . . . . . . . e 27T
Mathematica [A] (verified) . . . . . . . . . ... o 27Tl
Rubi [A] (verified) . . . .. . . ... .. 278
Maple [A] (verified) . . . . . . ... L 279
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 279
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 280
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2801
Giac [A] (verification not implemented) . . . . . . ... ... ... 230
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 2Rl
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 28]

Optimal result

Integrand size = 5, antiderivative size = 11

1 2
/(2 ~30)dz = — (2~ 30)

-

-1/6%(2-3*x) "2

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/(2—3z)

3z?
de = 20 — =
x x 5

input‘ Integrate[2 - 3%x,x]

output

-

L2*x =

(3*x72)/2

| —
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(2 — 3z)dz
| 17
—%(2 — 3z)?
inputLInt[2 - 3%*x,x] J
output L—1/6*(2 - 3%x)"2 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

method result size
gosper —% 9
default 2z — 3a? 10
norman 2z — 322 10
risch 2z — 322 10
parallelrisch | 2z — 322 10
parts 2z — 322 10
orering %}W 21

input Lint (2-3*x,x,method=_RETURNVERBOSE)

output L—1/2*x* (3%x-4)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(2—3x)dz=—gz2+2z

i - i =" s n
input Llntegrate(2 3*x,x, algorithm="fricas")

output L-s/z*x*z + 2%x
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Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

2
/(2—3x)dx=—3%+2x

inputlintegrate(z-s*x,x)

OutputL_B*x**2/2 + 2%x

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(2—3x)dw=—gz2+2x

. - - =n 3 n
inputtlntegrate(Z 3*x,x, algorithm="maxima")

output L—s/z*x*z + 2%x

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(2—3x)dz=—gz2+2z

i - i ="gq n
inputtlntegrate(2 3%x,x, algorithm="giac")

output ~3/2¥X72 + 2xx




input

output

input

output
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

z(3z —4)
/(2—3x)dw=—T

tint (2 - 3*x,x)

[—<x*<3*x )2

-/

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

_ z(—3z+4)
/(2 —3z)dr = —

Lint (2-3*x,x)

L(x*( - 3xx + 4))/2




output

input

output
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3.46 L_dx

Optimalresult . . ... ... ... ... ... ... ......
Mathematica [A] (verified) . . . . . . ... ... ... . ...
Rubi [A] (verified) . . . ... ... ... .. ... .. ...
Maple [A] (verified) . . . . . . . .. ...
Fricas [A] (verification not implemented) . . . . . . . ... ..
Sympy [A] (verification not implemented) . ... ... .. ..
Maxima [A] (verification not implemented) . . . . . . . .. ..
Giac [A] (verification not implemented) . . . . . . .. .. ...
Mupad [B] (verification not implemented) . . ... ... ...
Reduce [B] (verification not implemented) . . ... ... ...

Optimal result

Integrand size = 7, antiderivative size = 10

/ ! dx = —% log(2 — 3x)

2—3x

287
2351
284]
284
289)
289)
2301
2801

| -1/3%1n(2-3%x)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ ! dx = —% log(2 — 3z)

2—3x

LIntegrate[(Q - 3%x)7(-1),x]

L-1/3*Log [2 - 3+%x]
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/2—3m de
l 16
Liog2 -3
—3log(2 - x)
inputtlnt[@ - 3*x)~(-1),x] J
Outputt—us*Log[z - 3%x] J

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a + ‘
‘bx, x11/b), x] /; FreeQ[{a, b, c}, xI |
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Maple [A] (verified)

method result size
parallelrisch | — %ﬂ 7
default — s g
norman — w 9
meijerg —ln(lg%) 9
risch - ln(_??’w) 9

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.70

input L

int (1/(2-3%x) ,x,method=_RETURNVERBOSE)

output

L-1/3*1n(-2/3+x)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/ 1
2—3x

dx = —% log (3z — 2)

input L

integrate(1/(2-3*x),x, algorithm="fricas")

output

L—l/S*log(3*x - 2)
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 _ log(3z —2)
/2—mﬁx__ 3

inputtintegrate(1/(2_3*x)’x)

-

outputt_log(s*x - 2)/3

-/

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 1
-1 _9
/2_3xdx 3 og 3z —2)

-

inputtintegrate(l/(2—3*x),x, algorithm="maxima")

-/

output L—i/B*log(3*x -2

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.90

1 1
/2—395 do = — log |3z ~ 2)

inputtintegrate(l/(Q—S*x),x, algorithm="giac")

Outputt—1/3*log(abs(3*x - 2)
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Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.60

/ P Yt )

input Lint(-l/(3*x - 2),x)

output L—log(x - 2/3)/3

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 _ log(3z —2)
/2—3xm“' 3

inputtint(l/(2—3*x),x)

outputt< - log(3*x - 2))/3
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3x)
Optimal result . . . . . . . . . . e 287
Mathematica [A] (verified) . . . . . . . . . ... oo 287l
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 289
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 289
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 290
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 2901
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 290
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 29T]
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 291]

Optimal result

Integrand size = 7, antiderivative size = 11

1 1
/ (2 —3x)? de = 3(2 — 3x)

output 1/ (6-9%%) J
Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.64
/ (2 —1396)2 dz = 6 —19x
input| ntegratel(2 - 3+0°(-2),x] J
output | (6 = 9071 J




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

l 17

1
3(2 — 3z)

below.

Int[(2 - 3%x)~(-2),x]

Li/(S*(Q - 3%x))

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N

J
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

method result size
risch ~oC % o) 8
gosper - 3(_21+3w) 10
default — 10
norman — 2(_2””+3x) 11
meijerg Ton 11
parallelrisch | — m 11
orering — zz((;f;i’;;) 16

inputt

int (1/(2-3*x) ~2,x,method=_RETURNVERBOSE)

outputt

-1/9/(-2/3+x)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

| &=up

dz =

1

3(8z-2)

input

Lintegrate(1/(2—3*x)‘2,x, algorithm="fricas")

outputt

-1/3/(3*x - 2)




CHAPTER 3. LISTING OF INTEGRALS 290

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.64

/;dx__;
(2-3z)2" 9r—6

input Lintegrate (1/(2-3*x) **2,x)

output 17 (9*¥x = )

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/(2—338)2 do = " 3(3z—2)

input Lintegrate (1/(2-3%x)"2,x, algorithm="maxima")

Outputt-1/3/(3*x -2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/(2—31')2 do = " 3(3z—2)

input Lintegrate (1/(2-3*%x)"2 »X, algorithm="giac ")

Outputt—i/B/(B*x -2)
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/;dw__;
(2-3z)2" 9z -6

inputtint(l/(3*x - 2)72,%)

output 17 (9*¥x = )

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

/;d ___z
2-322"" " "6z—4

input Lint (1/(2-3*x)"2,%)

output| (= X/ (2x(3xx - 2))
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Optimal result . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... oo
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 7, antiderivative size = 11

I

1

2 — 3z)3

1

@ = 5= 30y

292
292
299
2941
2941
290!
299)
299)
296)
2901

output L

1/6/(2-3%x) "2

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

I

1

2 —3x)3 d

B 1
~ 6(2 — 32)2

input L

output L

Integrate[(2 - 3*x)~(-3),x]

1/(6%(2 - 3%x)"2)




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

l 17

_
6(2 — 3z)2

below.

‘Int[(2 - 3%x)~(-3),x]

Li/(S*(Q - 3%x)"2)

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N

J




CHAPTER 3. LISTING OF INTEGRALS 294

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size
gosper m 10
1
default m 10
. 1
risch m 10
_3z
meijerg % 16
2
1y 3.2
norman m 18
parallelrisch % 19
orering ”’(3?;1(3; ?"”3“‘) 21

. Lint(l/(2-3*x)”3,x,method=_RETURNVERBOSE)
input

ou_tputti/s/(_%':a*x)“2

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/ L g 1
(2—3z)3 " 6(922—12z+4)

input‘integrate(l/(2—3*x)”3,x, algorithm="fricas")

outputti/e/(g*x*z - 12%x + 4)
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Sympy [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

/ Lo 1
(2—3z)3 " b4z —T2r+24

input Lintegrate (1/(2-3*x) **3,x)

output‘ 1/ (54%x**2 - 72%x + 24)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/(2—33?)3 de = 6(3z—2)°

lnput Lintegrate (1/ (2-3*}{) -3 ,X, algorithm=llmaxima" )

output L1/6/(3*x - 2)"2

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/(2—3-%)3 = 6(3x—2)°

input Lintegrate (1/ (2‘3*){) -3 » X, algorithm="giac n )

output L1/6/(3*x - 2)"2




CHAPTER 3. LISTING OF INTEGRALS 296

Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/(2—333)3 = S Gr—2)

input Lint(—l/(S*x - 2)73,x)

Outputp/(s*(s*x - 2)°2)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

/ Lo 1
(2—3z)3 " b4z —T2x+24

input Lint (1/(2-3*x)"3,%)

outputtl/(s*(g*x**Q - 12%x + 4))




output L

input

output
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3.49 [(—2+ 3z)%dx

Optimal result . . . . . . . . . . . . e 297
Mathematica [A] (verified) . . . . . . . . . ... o 297l
Rubi [A] (verified) . . . .. . . ... .. 298
Maple [A] (verified) . . . . . . ... L 299
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 299
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 300
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 3001
Giac [A] (verification not implemented) . . . . . . ... ... ... 300
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 7, antiderivative size = 11

/(—2 +3z)3dx = %(2 — 3x2)*

-

1/12%(2-3%x) "4

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/(—2 +3z)3dx = %(—2 + 3z)*

-

LIntegrate [(-2 + 3*x)~3,x]

-/

{(—2 + 3%x)~4/12
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(3:6 —2)3dx
l 17
1 4
5(2 — 3z)
inputtlnt[(—2 + 3%x)"3,x] J
output L (2 - 3%x)~4/12 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size
default # 10
orering z(27x3—7222+72z—32) 19
gosper 2zt — 182 + 1822 — 8z 20
norman 2zt — 182 + 1822 — 8z 20
parallelrisch | Zfz* — 1823 + 18z% — 8z 20
risch ot —182° + 1822 — 8z + 5 | 21

input Lint ((-2+3%x)~3,x,method=_RETURNVERBOSE)

output \\1/12* (-2+3%x) "4

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.06 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

2
/(—2+3m)3dac = Z7x4— 1823 +182° — 8z

-

i - - i =" 5 n
input Llntegrate(( 2+3*x)~3,x, algorithm="fricas")

| —

outputt27/4*x 4 - 18%x~3 + 18%x~2 - 8%x




CHAPTER 3. LISTING OF INTEGRALS 300

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(7) = 14.

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

4
/(—2 +3z)*dz = 274:6 — 182° + 182% — 8z

input Lintegrate ((-2+3#%x) **3,x) J

e

L27*x**4/4 - 18%x*%3 + 18%x*k*2 — 8%x

~—

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

2
/(—2+3z)3dx = %z‘l— 182% +182° — 8z

lnput Lintegrate ( (_2+3*X) AS b X 9 algorithm:"maximall ) J

‘27/4*){’“4 - 18*x73 + 18%x72 - 8*x

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(—2+3x)3dx _ %(335—2)4

input Lintegrate ((-2+3#%x)"3,x, algorithm="giac") J

output L1/12*(3*x - 2)"4 J
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

3 _(3x—2)4
/(—2+3z) dx—T

input Lint((S*x - 2)°3,%) J

output L(S*x - 2)°4/12 J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.64

z(272% — 7222 + 72z — 32)
4

/(—2 +3z)*dr =

input Lint ((-2+3*x)"3,x) J

-

outputt(x*@?*x**s - T2%x*k%x2 + T2%x - 32))/4

e—




output

input

output
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3.50  [(—2+43z)%dz

Optimal result . . . .. ... ... ... ... .. ... ...
Mathematica [A] (verified) . . . . . . . .. ... ... ..
Rubi [A] (verified) . . . .. ... ... ... ... L.
Maple [A] (verified) . . . . . .. ... Lo
Fricas [A] (verification not implemented) . . . . . .. ... ..
Sympy [A] (verification not implemented) . . ... ... ...
Maxima [A] (verification not implemented) . . . . . . . .. ..
Giac [A] (verification not implemented) . . . . . . . ... ...
Mupad [B] (verification not implemented) . ... ... .. ..
Reduce [B] (verification not implemented) . . . ... ... ..

Optimal result

Integrand size = 7, antiderivative size = 11

o, _ 1 3
/(—2+3x) dr = —§(2 — 3z)

3041
204
309}
306!

-

L—1/9*(2—3*x)*3

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/(—2 + 3z)?dz = 4z — 6% + 32°

-

LIntegrate [(-2 + 3*x)~2,x]

-/

L4*x - 6%x"2 + 3%x~3
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(3:6 —2)%dx
l 17
—%(2 — 32)3
inputtlnt[(—2 + 3%x)"2,x] J
output ~1/9%(2 - 3+0)73 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size
default % 10
orering z(3z% — 6z + 4) 13
gosper 3x3 — 622 + 4z 15
norman 3x3 — 622 + 4z 15
parallelrisch | 323 — 622 + 42 15
risch 3¢ — 62 + 4z — 3 | 16

input Lint ((-2+3%x)"2,x,method=_RETURNVERBOSE)

output L1/9* (-2+3%x) "3

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/(—2+3x)2dx= 3z — 61 +4x

input Lintegrate ((-2+3*x)"2,x, algorithm="fricas")

Ls*x*s - B*x"2 + 4%x
output
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

/(—2 + 3z)%dr = 32° — 62% + 4z

inputLintegrate((-2+3*x)**2,x)

Outputts*x**a - Bkx*k*2 + 4%x

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/(—2+3x)2dx= 3z° — 62 +4zx

inputLintegrate((—2+3*x)“2,x, algorithm="maxima")

output Ls*x*s - Bxx"2 + 4%¥x

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

g, 1 3
/(—2+3x) dx—§(3x—2)

input Lintegrate ((-2+3%x)~2,x, algorithm="giac")

output L1/9*(3*x - 273
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Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

9 _(3x—2)3
/(—2+3x) dx—T

input Lint((S*x - 2)72,%) J

-

(3*x - 2)73/9

—

output L

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

/(—2 + 3z)* dr = z(3z® — 6z + 4)

input Lint ((-2+43*%x)"2,x) J

output‘x*(s*x**2 - Bxx + 4) |




output L

input

output
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3.51 [(—=2+3z)dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 309
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 309
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... BI101
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3101
Giac [A] (verification not implemented) . . . . . . ... ... ... 310
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... B11]
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... B11]

Optimal result

Integrand size = 5, antiderivative size = 11

/(—2 +3z)dz =

é(2 — 37)?

-

1/6%(2-3%x) "2

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/(—2+3z) dx =

3z
—9 o
T + 2

‘Integrate [-2 + 3xx,x]

-

L-2*x + (3*%x72)/2

| —
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (3z — 2)dzx
| 17
%@—3@2
inputLInt[_2 + 3*x,x] J
output“2 > SRl J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]




input

output

input

output
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

method result size
orering % 9
gosper Sz -2z | 10
default S22 —2z | 10
norman S¢2—2z | 10
risch $¢2—2z | 10
parallelrisch | 3z% — 2z | 10
parts 322 —2z | 10

Lint (-2+3*x,x,method=_RETURNVERBOSE)

L1/2*x*(3*x—4)

Fricas [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(—2+3x)dx=gx2—

2x

Lintegrate(—2+3*x,x, algorithm="fricas")

Ls/z*x*z - 2%x
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

2
/(—2+3x)dx:3%—2x

inputLintegrate(-2+3*x,x)

output LS*x**2/2 - 2%x

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(—2+3x)da:=gx2—2x

i - i =" g n
input Llntegrate( 2+3*x,x, algorithm="maxima")

output Ls/z*x*z - 2%x

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(—2+3x)dx=gx2—2z

i = i ="gq n
inputtlntegrate( 2+3*x,x, algorithm="giac")

output 3/2*X°2 - 2%x
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

/k—2+3xym==f§53152

inputtint(S*x - 2,x)

output L(x* (3%x - 4))/2

-/

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

23z —4)
(/k—2—+3z)dx-———§———

input Lint(—2+3*x,x)

Outputt(x*(3*x - 4))/2




output

input

output
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3.52 ——

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [A] (verification not implemented) . . . .. ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . ... ... .. ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 7, antiderivative size = 10

1 1
dz = -1
/—2+3x T=3%%

(2 —3x)

| 1/3%1n(2-3%x)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ L dx = % log(—2 + 3z)

-2+ 3

LIntegrate [(-2 + 3*x)~(-1),x]

LLog [-2 + 3%x]/3
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/3x—2dm
l 16
L1og(2 3
3 0g(2 — 3x)
inputtlnt[(—2 + 3%x)~(-1),x] J
output LLog[Z - 3%x]/3 J

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a + ‘
‘bx, x11/b), x] /; FreeQ[{a, b, c}, xI |




input

output

input

output
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.70

method result size
_2.4
parallelrisch M 7
defanult n(=2432) | g
norman w 9
_3
meijerg w 9
risch w 9

Lint (1/(-2+3%x) ,x,method=_RETURNVERBOSE)

L1/3*1n(-2/3+x)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/ 1
—2+4 3z

dx = 1 log (3z — 2)

3

Lintegrate(l/(-2+3*x),x, algorithm="fricas")

Li/S*log(B*x - 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.70

/ 1 dp — log (3z — 2)

243207 3

inputLintegrate(l/(-2+3*x)’x)

-

outputtlog(s*x - 2)/3

-/

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 1
_— _9
/—2+3zdx 3 log (32 —2)

g
inputLlntegrate(l/(—2+3*x)’X’ algorithm="maxima")

-/

output L1/3*1og(3*x - 2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.90

1 1
_— = — —2
/—2—!—390 dz 3 log (|3 —21)

inputtintegrate(l/(—2+3*x),x, algorithm="giac")

output L1/3*1°g(abs(3*x - 2)




CHAPTER 3. LISTING OF INTEGRALS 316

Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.60

/ PG

—2+4 3z 3

input Lint(l/(B*x - 2),x%)

output Llog(x - 2/3)/3

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 log(3z — 2)
dy = BT~ %)
/—2+3m o 3

input Lint (1/(-2+3%x) ,x)

output Llog(B*x - 2)/3




output

input

output
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353 [ gmpde

Optimal result . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... oo
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ... L.
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 7, antiderivative size = 11

1

L/(—2i3xydx

~ 3(2—32)

0 13]
219
219
220
220)
220)

Ll/(6-9*x)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.64

u/‘ S
(—2+322 " T 6-0z

LIntegrate[(—Q + 3xx)~(-2),x]

L(s - 9xx)~(-1)




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

l 17

1
3(2 — 3z)

below.

Int[(-2 + 3%x)"(-2),x]

Li/(S*(Q - 3%x))

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N

J




input

output

input

output
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

method result size
risch e % o) 8
gosper - m 10
default — m 10
norman — m 11
meijerg T 11
parallelrisch | — m 11
orering — m 11

Lint (1/(-2+3%x)~2,x,method=_RETURNVERBOSE)

L-1/9/(—2/3+x)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

| ey

dr =

1

33z —2)

Lintegrate (1/(-2+3%*x)"2,x, algorithm="fricas")

L-1/3/(3*x - 2)
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.64

/;dx__;
(—=2+32)2" 9r—6

input Lintegrate (1/ (~2+3%x) **2,%)

output 17 (9*¥x = )

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/k—2+3MQMh:_3@x—2)

inputLintegrate(1/(—2+3*x)‘2,x’ algorithm="maxima")

Outputt-1/3/(3*x -2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/k—2+3MQMh:_3@x—2)

input Lintegrate (1/(-2+43%x) "2 »X, algorithm="giac ")

Outputt—i/B/(B*x -2)
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Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/;dm__;
(—=2+32)2" 9z2-6

inputtint(l/(3*x - 2)72,%)

output 17 (9*¥x = )

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

/;d ___z
(—2+322 " T6z—4

input Lint (1/(-2+3%x)"~2,%)

output| (= X/ (2x(3xx - 2))
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2+3x)
Optimal result . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... oo 3221
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 324
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 324
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ... L.
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 326
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 7, antiderivative size = 11

1 1
/ 2+ 327 = 6@ =2y

output ~1/6/ (23472 J
Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00
/ 1 dr — 1
(=2+3z)3 " 6(—2+ 3z)2
input LIntegrate [(-2 + 3*x)~(-3),x] J

output L—1/6*1/(—2 + 3%x)"2 J




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

l 17

-
6(2 — 3z)2

below.

‘Int[(-2 + 3%x)"(-3),x]

L—1/6*1/(2 - 3%x)"2

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N

J
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size
gosper - m 10
default — mg 1 0
. 1
I'lSCh — m 1 O
.. _ =z (2— 37“”) 1 6
meljerg m
2
orering % 16
- %x-{— g z2
norman Catan? 18
: 3224
parallelrisch m 19

. Lint(l/(-2+3*x)“3,x,method=_RETURNVERBOSE)
input

ou_tputt_1/6/(_2+3*x)ﬁ2

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/ 1 e — 1
(—=243z)3 " 6(922— 12z +4)

input‘integrate(l/(—2+3*x)”3,x, algorithm="fricas")

outputt-us/(g*x*z - 12%x + 4)
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Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

/;dm—_ =
(—=2+4+32)3 ~  54x2 -T2+ 24

input Lintegrate (1/ (-2+3%x) **3,x)

output | 17 (B4¥Ix*2 - T24x + 24)

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/ (2532 ¥~ 63z —2)?

input Lintegrate (1/(-2+3%x)"3,x, algorithm="maxima")

output L—1/6/(3*x - 2)"2

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/ (2532 ¥~ 63z —2)?

input Lintegrate (1/(-2+43%x) "3 »X, algOrithm=llgiac ")

output L—i/G/(B*x - 2)"2
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/ (25 32y ¥~ 63z —2)?

input Lint(i/(B*x - 2)73,x)

output L—l/(G*(B*x - 2)°2)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/;dz—_ !
(=2+3x)3 " b4z —T2r+24

input Lint (1/(-2+3%x)~3,x)

Outputt( - 1)/(6%(9%x*x*2 - 12%x + 4))




output

input

output
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3.55 [(—2—3z)3dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3271
Rubi [A] (verified) . . . .. . . ... .. 328
Maple [A] (verified) . . . . . . ... L 329
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 329
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 330
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 3301
Giac [A] (verification not implemented) . . . . . . ... ... ... 330
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 331
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... B31]

Optimal result

Integrand size = 7, antiderivative size = 11

/(—2 —3z)%dr = —%(2 + 3z)*

-

L—1/12* (2+3%x) "4

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/(—2 —32)dx = BT

1

(=2 — 3z)*

-

LIntegrate [(-2 - 3*x)~3,x]

-/

L—1/12*(—2 - 3%x)"4




CHAPTER 3. LISTING OF INTEGRALS 328

Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(—33: —2)3dx
l 17
1 4
input LInt [(-2 - 3%x)"3,x] J
OutputL—1/12*(2 + 3xx)"4 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size
default - (_21_23””)4 10
gosper _ :t(27w3+72af+72w+32) 19
norman —8z — 1822 — 1823 — 2y 20
parallelrisch | —8z — 1822 — 1823 — 2/ 20
risch —2g* —182% — 1822 — 8z — 5 | 21
orering x(27x3+72xzé’f;:;§2)(—2—3x)3 33

input Lint ((-2-3%x)"3,x,method=_RETURNVERBOSE)

output L—1/12* (-2-3%x) "4

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.08 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

27
/(—2—3x)3dx = —Zx“ —182° — 182 — 8z

i 4T - i =N 5 n
inputtlntegrate(( 2-3*x)"3,x, algorithm="fricas")

Outputl—27/4*x‘4 - 18%x73 - 18*%x72 - 8*x
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 20 vs. 2(8) = 16.

Time = 0.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.82

2724

—182% — 1822 — 8z

/(—2 —32)%dr = —

input Lintegrate ((-2-3%x) **3,x) J

e

L—27*x**4/4 - 18%x*%3 — 18%x*k*2 — 8%x

~—

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.04 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

/(—2—3x)3dz = —%7954 —182% - 182° — 8z

input Lintegrate ((-2-3%x)"3 » X, a]_gorithm=nmaxima,,) J

‘—27/4*}{’"4 - 18*x73 - 18%x72 - 8*x

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(—2 —32)%dr = —% (3z+2)*

input Lintegrate ((-2-3%x)"3,x, algorithm="giac") J

output L—1/12* (3*%x + 2)~4 J
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

3., (3z+2)*

inputtint(—(S*x + 2)°3,%) J

output L-(B*x + 2)74/12 J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.64

— 9723 — 7242 — 2% — 32
/(—2—3x)3dx=x( T 7z 72z — 32)

inputtint((-2-3*x)“3,x) J

-

outputt(x*( - OT#x*k%x3 — Tkx*x2 — T2%x - 32))/4

e—




output

input

output
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3.56 [(—2—3z)*dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 7, antiderivative size = 11

/(—2 —3z)%dz = %(2 + 3z)*

-

L1/9* (2+3%x) "3

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/(—2 — 3z)*dz = 4z + 62* + 32°

-

LIntegrate [(-2 - 3*x)~2,x]

-/

L4*x + 6%x"2 + 3%x~3
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(—33: —2)2dz
l 17
%(3:10 +2)3
input LInt [(-2 - 3%x)"2,x] J
output (2 * 3+0)73/9 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |




input

output

input

output
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size
default — ﬂ 10
gosper z(32? + 6z + 4) 13
norman 3x3 + 622 + 4z 15
parallelrisch | 323 + 622 + 42 15
risch 3¢ + 627 +4x+ 3 | 16
orering z (322 +62+4) (—2—3z)* o7

(2+32)*

Lint ((-2-3*x)~2,x,method=_RETURNVERBOSE)

L-1/9*(-2-3*x)*3

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/(—2—3x)2dz' =323 +62° +4x

‘integrate((-2-3*x)“2,x, algorithm="fricas")

LB*X“S + B%x™2 + 4%¥x
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

/(—2 — 3z)%dz = 32° + 627 + 42

inputLintegrate((-2-3*x)**2,x)

Outputts*x**a + BRx**2 + 4%x

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/(—2—3x)2dx =32°+61° +4x

inputLintegrate((—2—3*x)“2,x, algorithm="maxima")

output Ls*x 3 + B%x~2 + 4%x

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

g, 1 3
/(—2—3x) dx—§(3x+2)

input Lintegrate ((-2-3%x)"2,x, algorithm="giac")

output L1/9*(3*x +2)73
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Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

2, (Bz+2)°

input Lint((S*x + 2)°2,%) J

-

(3*x + 2)73/9

—

output L

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

/(—2 — 32)*dz = z(32° + 62 + 4)

input Lint((-2—3*x) ~2,x) J

output‘x*(s*x**2 + Bxx + 4) |




output

input

output

CHAPTER 3. LISTING OF INTEGRALS

337

3.57 [(—2 —3z)dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 5, antiderivative size = 11

/(—2 —3z)dx =

-

L—1/6*(2+3*x)‘2

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/(—2—3z)dx=—2x—7

3z

‘Integrate [-2 - 3xx,x]

-

L-2*x - (3*%x72)/2

| —
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(—3:c —2)dz
| 17
—%(3.’1} + 2)2
inputLInt[_2 - 3%x,x] J
output L—1/6*(2 + 3xx)"2 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

method result size
gosper — % 9
default —2z — 322 10
norman —2z — 3z? 10
risch —2z — 327 10
parallelrisch | —2z — 322 10
parts —2z — 327 10
orering W 21

input Lint (-2-3*x,x,method=_RETURNVERBOSE)

output L—1/2*x* (3%x+4)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(—2—3x)dm=—gx2—2x

i —Z- i =" : 1]
input Llntegrate( 2-3*x,x, algorithm="fricas")

output L-s/z*x*z - 2%x
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Sympy [A] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

312

/(—2—3x)dx:—7—2x

inputLintegrate(-Z-S*x,x)

output L—B*x**2/2 - 2%x

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(—2—3x)dw=—gx2—2a:

i —4— i =" g n
input Llntegrate( 2-3*x,x, algorithm="maxima")

output L—s/z*x*z - 2%x

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(—2—3x)dz=—gw2—2x

i -4 i ="gq n
inputtlntegrate( 2-3*x,x, algorithm="giac )

output ~3/2¥X"2 - 2xx




input

output

input

output
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

z(3z+4)
/( 2—-3z)dz = 5

tint(- 3*x - 2,%)

[—<x*<3*x + 4))/2

-/

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

/( 2~ 35) w( 3;'—4)

Lint(—2—3*x,x)

L(x*( - 3xx - 4))/2




output

input

output
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3.58 ——da

Optimalresult . . ... ... ... ... ... ... ......
Mathematica [A] (verified) . . . . . . ... ... ... . ...
Rubi [A] (verified) . . . ... ... ... .. ... .. ...
Maple [A] (verified) . . . . . . . .. ...
Fricas [A] (verification not implemented) . . . . . . . ... ..
Sympy [A] (verification not implemented) . ... ... .. ..
Maxima [A] (verification not implemented) . . . . . . . .. ..
Giac [A] (verification not implemented) . . . . . . .. .. ...
Mupad [B] (verification not implemented) . . ... ... ...
Reduce [B] (verification not implemented) . . ... ... ...

Optimal result

Integrand size = 7, antiderivative size = 10

/ L dx = —% log(2 + 3x)

—2—-3z

042

040)
346!
240)

| -1/3%1n(2+3%x)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ ! dx = —% log(—2 — 3z)

—-2—-3z

LIntegrate [(-2 - 3*x)~(-1),x]

L-1/3*Log [-2 - 3%x]
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ —3xr—2 dz
l 16
1
—3 log(3z + 2)
inputtlnt[(—2 - 3%x)~(-1),x] J
Outputt—us*Log[z + 3xx] J

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a + ‘
‘bx, x11/b), x] /; FreeQ[{a, b, c}, xI |




input

output

input

output
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.70

Lint (1/(-2-3*x) ,x,method=

method result size

n 2 T
parallelrisch | — % 7
default — (=223 | g
norman — W 9

3z

meijerg —ln(lj{ z) 9
risch — w 9
RETURNVERBOSE)

L-1/3*1n(2/3+x)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/ 1
—2—-3z

dx = —% log (3z +2)

Lintegrate(l/(-2-3*x),x, algorithm="fricas")

L—l/S*log(3*x +2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 _ log(3z +2)
/—2—3xdx__ 3

inputt

integrate(1/(-2-3*x) ,x)

-

outputt

-

input

outputt

input

-log(3*x + 2)/3

-/

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 1
_— :——l 2
/_2_3xdx 3 og (3z+2)

Lintegrate(l/(—2—3*x),x, algorithm="maxima")

-/

-1/3%1log(3*x + 2)

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.90

1 1

Lintegrate(l/(—2—3*x),x, algorithm="giac")

outputt

-1/3%log(abs(3*x + 2))
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Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.60

[T

—-2—-3z 3

inputtint(-l/(3*x + 2),%)

output L—log(x + 2/3)/3

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 _ log(3z +2)
L/—2—3xﬂ’ 3

inputtint(l/(-2—3*x),x)

outputt< - log(3*x + 2))/3




output

input

output
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3.59 [ lgypde

Optimal result . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... oo
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ... L.
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 7, antiderivative size = 11

| coate=

1

3(2 + 3z)

043
249
249
200!
250
200

L-l/s/(2+3*x)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

| coate

1

3(2+32)

LIntegrate[(—Q - 3%x)7(-2),x]

L-1/3*1/(2 + 3%x)




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ (—3z — 2)2 de
17

|

1
33z +2)

‘Int[(-2 - 3%x)"(-2),x]

L—1/3*1/(2 + 3%x)

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N

J




CHAPTER 3. LISTING OF INTEGRALS 349

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.73

method result size
risch — 9(%;“) 8
gosper - m 10
default — 10
norman Tios 11
meijerg Tos 11
parallelrisch | ;7= 11
orering % 16

. Lint (1/(-2-3*x) ~2,x ,method=_RETURNVERBOSE)
input

Ou_tputL—1/9/(2/3+x)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/ 2327 = 3@zt

i 4~ - i =" 3 n
input Llntegrate(1/( 2-3*x)"2,x, algorithm="fricas")

-

outputt_l/s/(s*x +2)

e—
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.64

/;dw—_ !
(=2-3z)2 " 9246

inputLintegrate(1/(—2—3*x)**2,x)

output 17 (9¥x + 6)

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/ (=2 — 3x)? do = " 3(3z+2)

input Lintegrate (1/(-2-3*x)"2,x, algorithm="maxima")

Outputt-1/3/(3*x +2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/ (=2 — 3x)? de = " 3(3z+2)

inputLintegrate(1/(—2—3*x)*2,x’ algorithm="giac")

Outputt—i/B/(B*x +2)
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Mupad [B] (verification not implemented)

Time = 0.00 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/;dm—_ !
(=2—-3z)2" 9z +6

input 181/ (3¥x + 2)72,%)

output 17 (9¥x + 6)

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/;dx_ z
(—=2—3z)2"  6r+4

inputLint(l/(—2—3*x)‘2,x)

Outputtx/(Q*(B*x + 2))




output

input

output
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3.60 [ (_2% dx

Optimal result . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... oo
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L

Fricas [A] (verification not implemented)

Sympy [A] (verification not implemented)

Maxima [A] (verification not implemented)

Giac [A] (verification not implemented)

Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 7, antiderivative size = 11

1

[ e

dr =

3

6(2 + 3z)?

Li/G/(2+3*x)”2

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

| oy

dx

B 1
 6(—2 — 3z)2

LIntegrate[(—Q - 3%x)7(-3),x]

Ll/(G*(-2 - 3%x)"2)




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ (—3z — 2)3 de
17

|

1
6(3z + 2)2

‘Int[(-2 - 3%x)"(-3),x]

Li/(G*(2 + 3%x)"2)

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N

J
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size
gosper m 10
1
default mg 10
. 1
risch 813072 10
s _z(¥+2) 16
meljerg m
2
_lgp 3.2
norman W 18
parallelrisch gg’f ™ ‘;Zf 19
orering %@ 21

. Lint(l/(-2-3*x)“3,x,method=_RETURNVERBOSE)
input

output ti/G/ (2+3*x) "2

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

/ 1 e — 1
(—2—3z)3 " 6(9x2+ 1271 +4)

input‘ integrate(1/(-2-3*x)~3,x, algorithm="fricas")

outputti/e/(g*x*z + 12%x + 4)
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Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

/ v e 1
(=2 —3x)3 " b4x2+4T2r+24

input Lintegrate (1/(-2-3%x) **3,x)

output‘ 1/ (54%x**2 + T72%x + 24)

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/(—2—3w)3 o = 6(3z+2)°

input Lintegrate (1/(-2-3%x)"3,x, algorithm="maxima")

output L1/6/(3*x + 2)°2

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/(—2—3x)3 = Gt

input Lintegrate (1/(-2-3%x)"3 »X, algOrithm=llgiac ")

output L1/6/(3*x + 2)°2
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Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

1 1
/(—2—3$)3 de = 6(31:—1—2)2

input 1BE(-1/(3*x + 2)73,)

Outputp/(s*(s*x + 2)72)

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

(-2 —3x)3 " b4x2+ T2zx+24

input Lint (1/(-2-3%x)~3,x)

outputtl/(s*(g*x**Q + 12%x + 4))




output L

input

output
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3.61 [(=2+Tz)’ dz

Optimal result . . . . . . . . . . . . e 357
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 358
Maple [A] (verified) . . . . . . ... L 359
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 359
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 360
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 3601
Giac [A] (verification not implemented) . . . . . . ... ... ... 360
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 7, antiderivative size = 11

/(—2 +7z)3 dx = %(2 — Tx)*

-

1/28%(2-7*x) "4

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/(—2 + 7z)3 dx = %(—2 + 7x)*

-

LIntegrate [(-2 + T*x)~3,x]

-/

{(—2 + T*x)"~4/28
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(7:6 —2)3dx
l 17
1 4
%(2 —Tz)
inputtlnt[(—2 + 7%x)"3,x] J
output (2 = T40)74/28 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |




input
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.91

method result size
default % 10
orering x(343x3—39212+168x—32) 19
gosper 382t — 982 + 4222 — 8z 20
norman 3Bt — 982 + 4222 — 8z 20
parallelrisch | 23z* — 982° + 422% — 8z 20
risch 3Bzt — 9823 + 4222 — 8z + 3 | 21

Lint ((-2+7%x)~3,x,method=_RETURNVERBOSE)

output ‘\

1/28% (-2+7*x) "4

Fricas [B] (verification

not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.08 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

/ (=2 +72)

343

3de = ""2*— 0823 +422% — 8z

4

-

input

Lintegrate ((-2+7*x)"3,x, algorithm="fricas")

| —

output t

343/4%x74 - 98*%x"3 + 42%x72 - 8%x
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(7) = 14.

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

4 4
/(—2+7x)3dx= 5 ix

— 9823 + 4222 — 8z

input Lintegrate ((-2+7#x) **3,x) J

e

L343*x**4/4 - 98%x*x3 + A2%x**2 — 8*x

~—

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.04 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

343
/(—2+ Tz)*de = — - 2" — 982" +422° — 8z
lnput Lintegrate ( (_2+7*X) AS b X 9 algorithm:"maximall) J
output \\343/4*;:*4 - 98%x"3 + 42%x"2 - 8%x /

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/(—2 +72)do = % (T2 — 2)*

input Lintegrate ((-2+7*x)"3,x, algorithm="giac") J

output L1/28*(7*x - 2)"4 J
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.82

/ (—2472) de = E= 2 5 2

input Lint((7*x - 2)°3,%) J

-

(7*x - 2)74/28

—

output L

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.64

z(343z® — 3922 + 168z — 32)
4

/(—2 +7x)? dr =

input Lint ((-2+7*x)"3,%) J

-

(x*(343*x**3 - 392*x**x2 + 168*x - 32))/4

e—

output t




output

input

output
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362

L

-

3.62 L dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . . .. L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . . ... ... ... . ... .....
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [A] (verification not implemented) . . . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... .........

Optimal result

Integrand size = 7, antiderivative size = 8

1 1
dz = -1
/2+2x T=508

(1+z)

362
262
K{i%
3641
264
360!
209)
200)
200!
[366]

1/2*%1n(1+x)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.25

/ ! dr = %log(Z + 2z)

242z

LIntegrate[(Q + 2xx)~(-1) ,x]

-/

-

N

Log[2 + 2xx]/2
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/2x+2d‘”
l 16
11 (z+1)
2 og(x
inputtlnt[@ + 2xx)~(-1) ,x] J
ou’cput“‘og[1 + x1/2 J

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a + ‘
‘bx, x11/b), x] /; FreeQ[{a, b, c}, xI |




input

output

input

output
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

method result size
default M 7
. In(1+4x)
meijerg —5— |7
risch ln(lTﬂ) 7
. In(1+z)
parallelrisch | =572 | 7
norman w 9

Lin‘t (1/(2+2%x) ,x,method=_RETURNVERBOSE)

L1/2*ln(1+x)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/ 1
24+ 2x

1
dx = 3 log (z+ 1)

Lintegrate (1/(2+2%x) ,x, algorithm="fricas")

-

L1/2*log(x +1)

e—
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

1 _ log (2x +2)
/2+2xw“‘ 2

inputtintegrate(1/(2+2*x)’x)

-

output Llog(Q*x *2)/2

-/

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1 1
=-1 1
/2+2xdx 5 og(z+1)

p
i i =N 3 "
input Llntegrate (1/(2+2%x) ,x, algorithm="maxima")

-/

Outputti/Q*log(x +1)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

1 1
== 1
/zmd"’” > Jog (|2 + 1]

i i ="gq "
input Llntegrate(l/(2+2*x),x, algorithm="giac")

output L1/2*1og(abs (x + 1))
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Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1 In(z+1)
/2+2x@“‘ 2

inputtintu/(z*x + 2),%)

-

output Llog(x t /2

-/

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

1 _ log(z+1)
t/2+mﬂx_ 2

inputtint(l/(2*x+2),X)

output Llog (x + 1)/2




output ‘ -1/

input

output
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1

3.63 2 dz

Optimal result . . . . . . . . .. . . . 367
Mathematica [A] (verified) . . . . . . . . ... L L 367
Rubi [A] (verified) . . . . . . ... .. 368
Maple [A] (verified) . . . . . . . . . . 369
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 3691
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 3701
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 370
Giac [A] (verification not implemented) . . . . . ... ... .. ... 370
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... B71]
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... BT

Optimal result

Integrand size = 7, antiderivative size = 10

1 1
/4—6m dx = —glog(2—3x)

6*1n (2-3*x)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

1 1
/4—6m dx = —glog(4—6x)

LIntegrate[(lL - 6%x)~(-1),x]

L-l/G*Log [4 - 6%x]
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/4—6m de
l 16
Liog2—3
—g los(2 - x)
inputtlnt[(zl - 6*x)~(-1),x] J
Outputt—ue*Log[z - 3%x] J

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a + ‘
‘bx, x11/b), x] /; FreeQ[{a, b, c}, xI |
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Maple [A] (verified)

method result size
parallelrisch | — %-‘-—z) 7
default — i) g
norman — W 9
meijerg —ln(lg%) 9
risch - ln(_26+3w) 9

Time = 0.02 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.70

input L

int (1/(4-6%x) ,x,method=_RETURNVERBOSE)

output

L-1/6*1n(-2/3+x)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/ 1
4 — 62

dx = —é log (3z — 2)

input L

integrate(1/(4-6*x),x, algorithm="fricas")

output

t—1/6*log(3*x - 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 _ log(6z —4)
/4—&ﬁx__ 6

inputt

integrate(1/(4-6%x),x)

-

outputt

-

input

outputt

input

-log(6*x - 4)/6

-/

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 1
-1 _9
/4—6xdx 5 og 3z —2)

Lintegrate(l/(4—6*x),x, algorithm="maxima")

-/

-1/6%1log(3*x - 2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.90

1 1
/4—635 do = —¢ log |3z ~ 2)

Lintegrate(l/(4—6*x),x, algorithm="giac")

outputt

-1/6%log(abs(3*x - 2))
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Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.60

/ P A Ct)

input Lint(-l/(G*x - 4),x)

output L—log(x - 2/3)/6

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1 _ log(3z —2)
/4—6xm“' 6

inputtint(l/(4—6*x),x)

outputt< - log(3*x - 2))/6
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1

3.64 J = Jaz 4T

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . .. ... L Lo
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . . .. L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 374
Sympy [A] (verification not implemented) . . ... ... ... ... .. ..... 374
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 374
Giac [A] (verification not implemented) . . . . . . .. ... ... L.
Mupad [B] (verification not implemented) . . . ... ... ... ... ......
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 11, antiderivative size = 14

dr =

/ 1 _log (va+x)

a++/ax

Va

outputt

In(a~(1/2)+x)/a~(1/2)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ 1 e — log (a + v/az)

a++/ax

Vva

input L

Integrate[(a + Sqrt[al*x)~(-1),x]

e

output t

Logla + Sqrt[al*x]/Sqrt[al

~—
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Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 0.091, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ Jarta dz
| 16
log (va + z)
Va
input LInt [(a + Sqrt[al*x)~(-1),x] J

e

LLog [Sqrt[al + x]/Sqrt[a]

~—

output

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a + ‘
‘b¥x, x11/b), x] /; FreeQl{a, b, c}, ] |

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

method | result size
In(a+vaz)
default — 13
input Lint (1/(a+a™(1/2) *x) ,x ,method=_RETURNVERBOSE) J
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outputt

In(a+a~(1/2)*x)/a~(1/2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/ L log (z + v/a)

a++/ax Va

inputt

integrate(1/(a+a”(1/2)*x),x, algorithm="fricas")

outputt

log(x + sqrt(a))/sqrt(a)

-

input t

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ 1 e — log (vaz + a)
a+ +/azx Vva

integrate(1/ (a+a**(1/2)*x),x)

—

output

input L

Llog (sqrt(a)*x + a)/sqrt(a)

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/ 1 dr — log (vaz + a)
a+ +/azx Vva

integrate(1/(at+a”(1/2)*x),x, algorithm="maxima")

outputt

log(sqrt(a)*x + a)/sqrt(a)
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

[T

a++axr Va
inputtintegrate(1/(a+a‘(1/2)*x),x, algorithm="giac") J

output Llog(abs(sqrt (a)*x + a))/sqrt(a) J

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.71

/ 1 dlen(m+\/5)
a+ +/azx Vva

inputtint(l/(a + a~(1/2)*x) ,x) /

output| LB *+ a7(1/2))/a~(1/2) ‘

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.07

/ 1 o — Valog(—v/a —z)
a+ +az a

input Lint(l/(a+a"(1/2)*x) ,%) J

-

output L(Sqrt(a)*log( - sqrt(a) - x))/a

-/
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1

3.65 [—1_dr

Optimal result . . . . . . . . . . . . e 376
Mathematica [A] (verified) . . . . . . . .. ... L Lo 376
Rubi [A] (verified) . . . .. . . ... .. B77
Maple [A] (verified) . . . . . . . .. L BT
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . ... ... ... ... .. .....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 379
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 379
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 13, antiderivative size = 20

/ 1 dr = log (a + \/—ax)
a—++/—ax N

v—=a

output L

In(a+(-a)~(1/2)*x)/(-a)~(1/2)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ 1 dp — log (a + \/—ax)
a++—azr

V=a

input L

Integrate[(a + Sqrt[-al*x)~(-1),x]

e

output t

Logla + Sqrt[-al*x]/Sqrt[-al

~—
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Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _ 0.077, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ Tazta®
l 16
log (v/—az + a)
Vv —a
inputllnt[(a + Sqrt[-al*x)~(-1),x] J

e

LLog [a + Sqrt[-al*x]/Sqrt[-a]

~—

output

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a + ‘
‘b¥x, x11/b), x] /; FreeQl{a, b, c}, ]

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

method | result size
In(a+v/~az)
default Ve 17
input Lint (1/(a+(-a)~(1/2) *x) ,x ,method=_RETURNVERBOSE) J
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outputt

In(a+(-a)~(1/2)*x)/(-a)~(1/2)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ 1 dx:_\/—_alog(x—\/—_a)
a++—azxr

a

inputt

integrate(1/(a+(-a)~(1/2)*x),x, algorithm="fricas")

outputt

-sqrt(-a)*log(x - sqrt(-a))/a

-

inputt

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

/ 1 e — log (a + zv/—a)
a++/—ax N Vv —a

integrate(1/(a+(-a)**(1/2)*x),x)

—

output

inputt

Llog(a + x*sqrt(-a))/sqrt(-a)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

/ 1 p _ log (vV—az +a)
a—++/—azx v v—a

integrate(1/(a+(-a)~(1/2)*x) ,x, algorithm="maxima")

outputt

log(sqrt(-a)*x + a)/sqrt(-a)
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

/ 1 dx_log(‘\/—aa:-l—a‘)
a-++—ax N vV —a

input tintegrate (1/(a+(-a)~(1/2)*x) ,x, algorithm="giac") J

output Llog(abs (sqrt(-a)*x + a))/sqrt(-a) J

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

/ 1 dzzln(m—\/—_a)
a++/—ax V—a

Lint(l/(a + (-a)~(1/2)*x) ,x)

input

output| 108G = (- (1/2))/(-a)"(1/2)

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.30

va (2atan( % ) —log(z? + a) i
[ arvmmte- ( mza )

inputLiﬂt(i/(a+(‘a>“(1/2)*X)’X) J

e

(sgrt(a)*(2*atan(x/sqrt(a)) - log(a + x**2)*i))/(2*a)

~—

output t
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1

3.66 [ l_dz

Optimal result . . . . . . . . . . . . e 380
Mathematica [A] (verified) . . . . . . . .. ... L Lo 380
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . . .. L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . ... ... ... ... .. .....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . .. ... ... L.
Mupad [B] (verification not implemented) . . . ... ... ... ... ......
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 15, antiderivative size = 22

/ 1 log (a* + v/—axz)
=
a?++/—azx

V=a

outputt

In(a~2+(-a)~(1/2)*x)/(-a)~(1/2)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/ 1 log (a* + v/—axz)
——dxr =
a? + v/ —azx

V=a

input L

Integrate[(a~2 + Sqrt[-al*x)~(-1),x]

e

output t

Logla~™2 + Sqrt[-al#*x]/Sqrt[-al

~—
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Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00,

number of rules _ 0.067, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ 1 veaz
l 16
log (a® + v/—az)
Vv —a
input 18t [(@72 + Sqrt [-al*x)(-1) %] ]

e

tLog [a”2 + Sqrt([-al*x]/Sqrt[-al

~—

output

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a + ‘
‘b¥x, x11/b), x] /; FreeQl{a, b, c}, ]

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.86

method | result size
In(a?++/—ax)
default v 19
input Lint (1/(a~2+(-a)~(1/2) *x) ,x ,method=_RETURNVERBOSE) J
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outputt

1n(a~2+(-a) " (1/2)*x)/(-a)~(1/2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.95

/ 1 dr — — v/ —alog (—\/—aa + x)
a? ++/—azx

a

inputt

integrate(1/(a"2+(-a)~(1/2)*x) ,x, algorithm="fricas")

outputt

-sqrt(-a)*log(-sqrt(-a)*a + x)/a

-

inputt

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.86

/ 1 o — log (a? + z+/—a)
a?++/—azx V—a

integrate (1/ (ax*2+(-a)**(1/2)*x) ,x)

—

output

inputt

Llog(a**2 + x*sqrt(-a))/sqrt(-a)

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ 1 o — log (a* + v/—axz)
a?++/—ax v—a

integrate(1/(a"2+(-a)~(1/2)*x) ,x, algorithm="maxima")

outputt

log(a™2 + sqrt(-a)#*x)/sqrt(-a)
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.86

/ 1 dz_log(‘az-l— —az|)
a++/—ax vV—a

inputLintegrate(l/(a"2+(-a)"(1/2)*x),x, algorithm="giac") J

-

log(abs(a™2 + sqrt(-a)*x))/sqrt(-a)

—

outputt

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.64

/ 1 . In (w + (—a)3/2>
a? ++/—ax V—a

input Lint(l/(a“2 + (-a)~(1/2)*x) ,X) J

output th(x + (-a)7(3/2))/(-a)"(1/2) J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.41

/ 1 o Vva <2atan<ﬁ) — log(a® + %) z)
a? ++/—ax 2a

inputLint(1/(a‘2+(—a)*(1/2)*x)’x) J

OutputL(Sqrt(a)*(2*atan(x/(sqrt(a)*a)) - log(ax*3 + x**2)*i))/(2%a) J
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3.67 f m dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... L
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . .. L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . ... ... ... ... .. .....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . .. ... ... L.
Mupad [B] (verification not implemented) . . . ... ... ... ... ......
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 15, antiderivative size = 22

/ 1 log (a® + v/—axz)
=
a® ++/—azx

V=a

3861

output

Lln(a*3+(—a)*(1/2)*x)/(-a)“(1/2)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/ 1 log (a® + v/—axz)
——dxr =
a® + v/ —azx

V=a

input L

Integrate[(a~3 + Sqrt[-al*x)~(-1),x]

e

output t

Logla™3 + Sqrt[-al#*x]/Sqrt[-al

~—




CHAPTER 3. LISTING OF INTEGRALS 385

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00,

number of rules _ 0.067, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ Pt vaz @
l 16
log (a® + v/—az)
Vv —a
input 10t (273 + Sqrt [-al*x)(-1) ] ]

e

tLog [a~3 + Sqrt([-al*x]/Sqrt[-al

~—

output

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a + ‘
‘b¥x, x11/b), x] /; FreeQl{a, b, c}, ]

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.86

method | result size
In(a®++/—azx)
default v 19
input Lint (1/(a~3+(-a)~(1/2) *x) ,x ,method=_RETURNVERBOSE) J
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outputt

1n(a~3+(-a) " (1/2)*x)/(-a)~(1/2)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.05

/ 1 p v—alog (—v/—aa® + z)
— dx = —
a3 + /—ax a

inputt

integrate(1/(a~3+(-a)~(1/2)*x) ,x, algorithm="fricas")

outputt

-sqrt (-a)*log(-sqrt(-a)*a~2 + x)/a

-

inputt

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.86

/ 1 o — log (a® + z+/—a)
ad ++/—azx V—a

integrate(1/ (a**3+(-a)**(1/2)*x) ,x)

—

output

inputt

Llog(a**s + x*sqrt(-a))/sqrt(-a)

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ 1 o — log (a® + v/—axz)
ad ++/—ax v—a

integrate(1/(a~3+(-a)~(1/2)*x) ,x, algorithm="maxima")

outputt

log(a™3 + sqrt(-a)#*x)/sqrt(-a)
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.86

/ 1 dz_log(‘a?’-l— —az|)
a3 ++/—ax vV—a

inputLintegrate(l/(a"3+(-a)"(1/2)*x),x, algorithm="giac") J

-

log(abs(a™3 + sqrt(-a)*x))/sqrt(-a)

—

output t

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/ 1 In <x - (—a)5/2)

Y dr=
@ +—az V—a

input Lint(l/(a“3 + (-a)~(1/2)*x) ,X) J

output 108G = (-2)7(6/2))/(-a)~(1/2) )

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.41

[ w (2atan(25) — logte® +27) )
ad® ++/—azx 2.

inputLint(1/(a‘3+(—a)*(1/2)*x)’x) J

outputL(Sqrt(a)*(2*atan(x/(sqrt(a)*a**2)) - log(ax*5 + x*%2)*i))/(2%a) J




output t

input L

output

-
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3.68 [r—=du
a

Optimal result . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . . ...
Rubi [A] (verified) . . . .. .. ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 390
Sympy [A] (verification not implemented) . . . ... ... ... ... ...... 390
Maxima [A] (verification not implemented) . . . . . . . . .. ... ... ... 3901
Giac [A] (verification not implemented) . . . . . . ... ... ... L.
Mupad [B] (verification not implemented) . . ... ... ... ... .......
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 15, antiderivative size = 21

/ 1 o — log (1 — (—a)*?z)
1y V-az v V—a

In(1-(-a)~(3/2)*x)/(-a)~(1/2)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

/ : 1 o — log (1 + v/—aax)
T+ V—ax

V—a

Integrate[(a~(-1) + Sqrt[-al*x)~(-1),x]

-/

-

N

Log[1 + Sqrt[-al*a*x]/Sqrt[-al




input

output

rule 16

input
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Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

number of rules _ 0.067, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {16}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

1
et
| 16
log (1 — (—a)®/z)
J=a

LInt [(a~(-1) + Sqrt[-al*x)~(-1),x]

LLog[l - (-a)~(3/2)*x]/Sqrt[-a]

Defintions of rubi rules used

‘Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
‘bx, x11/b), x] /; FreeQ[{a, b, c}, xI

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

method | result size
In ( % +v—-a m)
default e 19

-

Lint (1/(1/a+(-a)~(1/2) *x) ,x ,method=_RETURNVERBOSE)

-/
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¢ 1n(1/a+(-a)~(1/2)*x)/ (-a)~(1/2)

outpu

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.14

a

/ 1 . v—alog (a’z — v/—a)
%-i— —azr v

input Lintegrate (1/(1/a+(-a)~(1/2)*x) ,x, algorithm="fricas")

output L-sqrt (-a)*log(a™2*x - sqrt(-a))/a

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

= dr=
I+ V—az v v—a

/ 1 _ log (az/—a +1)

inputLintegrate(1/(1/a+(—a)**(1/2)*x),x)

output Llog (axx*sqrt(-a) + 1)/sqrt(-a)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.86

1 _log (vV—az +1)
/ﬂ‘“‘ J=a

input Lintegrate (1/(1/a+(-a)~(1/2)*x) ,x, algorithm="maxima")
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output Llog(sqrt (-a)*x + 1/a) /sqrt (-a)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

/ 1 o — log(‘ —az + 1)
Ly V=az vV—a

input Lintegrate (1/(1/a+(-a)~(1/2)*x) ,X, algOrith.m="giac ")

output L1°S (abs(sqrt(-a)*x + 1/a))/sqrt(-a)

Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.76

1 In (x - ;s/z>
/ ———dr = (za)
% + v —ax v—a

Lint(l/(i/a + (-a)~(1/2)*x) ,x)

input

output | 108G = 1/(-2)7(3/2))/(-2)"(1/2)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.57

1 Vva <2atan<‘%) —log(a®z? + 1) z)
J— 2
o+ V—ax a

Lint(i/(l/a+(—a)“(1/2)*x),X)

input
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outputL(Sqrt(a)*(2*atan((a**2*x)/sqrt(a)) - log(a**3xx**2 + 1)*i))/(2%a)




output

input

output
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3.69 [1—dz

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ...
Sympy [A] (verification not implemented) . . . ... ... ... ... ......
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ...
Giac [A] (verification not implemented) . . . . . . .. ... ...
Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 15, antiderivative size = 20

1 log (1 + (—a)%/?
/1 o — og (14 (—a)*?z)
2 +tv—az

v—a

394
396
396

L1n<1+(-a)*(5/2)*x)/(-a>*(1/2>

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/1 1 dx:log(a%—i- —az)
2 tV—ar

v—a

tIntegrate [(@a~(-2) + Sart[-al*x)~(-1),x]

-

LLog [a~(-2) + Sqrt[-al*x]/Sqrt[-al

-/
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Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _ 0.067, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

s

LInt [(a~(-2) + Sqrt[-al*x)~(-1),x]

~—

input

output LOBLL + (-2)7(6/2)%x]/Sqrt [~a] )

Defintions of rubi rules used

N

rule 16‘/Int[(°--)/((a_-) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a + ‘
‘bxx, x]11/b), x] /; FreeQ[{a, b, c}, xI

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

method | result size
In (a% +v—-a w)
default T ]. 9

p
int(1/(1/a~2+(-a) " (1/2) *x) ,x,method=_RETURNVERBOSE)

N\ J

input
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output 1R(1/272+(-2)~(1/2)%x) / (-)"(1/2)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

a

/ 1 . v—alog (az — v/—a)
a—12—|— —ax v

input Lintegrate (1/(1/a"2+(-a)~(1/2) *x) ,x, algorithm="fricas")

output L-sqrt (-a)*log(a™3*x - sqrt(-a))/a

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1 log (a*zy/—a + 1)
/ S S -
2 + v —ax v—a

inputLintegrate(1/(1/a**2+(-a)**(1/2)*x)’x)

outputLlog(a**Q*x*sqrt(—a) + 1) /sqrt(-a)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

1 _log (vV—az + ;)
/$+ —axdx_ v —a

input Lintegrate (1/(1/a~2+(-a)~(1/2) *x) ,x, algorithm="maxima")
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output ‘ log(sqrt(-a)*x + 1/a~2)/sqrt(-a)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

/ 1 dleog(‘\/—_az-f—a%})
% ++v-az vV—a

input Lintegrate (1/(1/a"2+(-a)~(1/2) *x) ,X, a1g0rithm="giac“)

output Llog(abs (sqrt(-a)*x + 1/a"2))/sqrt(-a)

Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.70

1 In (x + —15/2>
/ ———dzx = (Za)
a% + v —ax v—a

input Lint(l/(i/a’? + (~a)~(1/2)*x) ,%)

output L1°g<x +1/(-a)~(5/2))/(-a)~(1/2)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.65

1 Vva (2atan(%> —log(a®z? + 1) z)
L N
/ a% ++V—ax v 2a

input Lint (1/(1/a"2+(-a)~(1/2)*x) ,x)




CHAPTER 3. LISTING OF INTEGRALS 397

outputL(Sqrt(a)*(2*atan((a**3*x)/sqrt(a)) - log(a**5xx**2 + 1)*i))/(2%a)




output L

input ‘

output L
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3.70 [(ac+ (bc + d)x) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 399
Maple [A] (verified) . . . . . . ... L 00
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 400
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... Z
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 40Tl
Giac [A] (verification not implemented) . . . . . . ... ... ... 40T
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 402
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 402

Optimal result

Integrand size = 11, antiderivative size = 24

(ac + (bc + d)z)?

/(ac + (bc+d)z) dz = 20+ )

(axc+(bxc+d) *x) ~2/ (2*xb*xc+2*d)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.92

/(ac + (bc + d)x) dz = acx + %bcav2 +

dzx?

2

Integrate[a*c + (bxc + d)*x,x]

axc*x + (bxc*x~2)/2 + (d*x~2)/2
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Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00,

number of rules _ 0.091, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(ac + z(bc+ d)) dx
| 17
(ac + z(bc + d))?
2(bc+d)
input [mtlaxc + (bkc + d)xx,x] /
output L(a*c + (b*xc + d)*x)72/(2x(bxc + d)) J

Defintions of rubi rules used

N

rule 17‘(Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
L)/(b*(m + 1)), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1] J
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.67

method result size
gosper slaber2oc+tod) 16
parallelrisch | acz + % 16
norman (% +¢) 2?2+ acx 18
default sz%be + acz + z*d 19
risch sz?be +acz + 32°d | 19
parts sz%be + acz + z*d 19
rorng | sttt | 4

input

Lint (a*xc+(b*c+d) *x,x ,method=_RETURNVERBOSE)

-

output t

1/2*%x* (bxc*x+2*a*xc+d*x)

—

Fricas [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.75

/(ac + (bc + d)x) dz = ~z’ch + %xzd + zca

1
2

input

tintegrate (a*xc+(b*c+d) *x,x, algorithm="fricas")

output L

1/2%x"2%c*b + 1/2*x"2*%d + x*c*a




CHAPTER 3. LISTING OF INTEGRALS 401

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.62

inputt

outputt

integrate (axc+(b*c+d) *x,x)

axcxx + x**2%x(bxc/2 + 4/2)

-

inputt

output t

input

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.62

/(ac + (bc + d)x) dz = acx + % (bc + d)z?

integrate(axc+(b*c+d)*x,x, algorithm="maxima")

| —

axc*x + 1/2x(b*c + d)*x"2

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.62

1
/(ac + (bc + d)z) dz = acx + 3 (bc + d)z”

tintegrate(a*c+(b*c+d)*x,x, algorithm="giac")

-

output L

axc*x + 1/2x(b*c + d)*x"2

-/
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Mupad [B] (verification not implemented)

Time = 0.01 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.71

/(ac+(bc+d)x)dm= (g—k%) ’+acz

inputt

int (a*c + x*(d + bxc),x)

outputt

x~2x(d/2 + (b*c)/2) + axc*x

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.62

/(ac + (be+ d)z) dz = zber + Zac + da)

-

input t

int (a*c+(b*c+d) *x,x)

e—

output

L(x*(Q*a*c + b*cxx + d*x))/2




output

input

output
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3.71  [(2+32)?dx

Optimal result . . . . . . . . . . . . e 403
Mathematica [A] (verified) . . . . . . . . . ... o 03]
Rubi [A] (verified) . . . .. . . ... .. 404
Maple [A] (verified) . . . . . . ... L 405
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 405
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 400
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 4061
Giac [A] (verification not implemented) . . . . . . ... ... ... 406
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 407
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 407

Optimal result

Integrand size = 9, antiderivative size = 13

2
/(2 + 32)%2 dx = 5(2 + 3x)7/2

-

L2/21*(2+3*x)“ (7/2)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

2
/(2 + 32)%2 dx = ﬁ@ + 3x)7/2

-

LIntegrate[@ + 3%x)~(5/2) ,x]

-/

L(2*<2 + 3%x)~(7/2))/21
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(Sx +2)%2 dg:
| 17
2 7/2
21 3z +2)
input LInt [(2 + 3*x)7(5/2),x] J
output| (24(2 + 3K0~(1/2)/21 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]




input

output

input

output L
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
gosper % 10
derivativedivides % 10
default % 10
pseudoelliptic M 10
orering (5 +2) @2+ 3:c)g 14
trager (B3 + B22+ Zr+ %) /2 + 3z 24
risch 2(27353+54x2—i2-f6x+8)\/m 25
53 <1‘138?— 8v/m (%(7903+%}£0025+9m+2) @)
meijerg — NG 42

Lint ((2+3*x)~(5/2) ,x ,method=_RETURNVERBOSE)

L2/21*(2+3*X)A (7/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 24 vs. 2(9) = 18.

Time = 0.08 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.85

2
/(2+3z)5/2 de = o (272% + 542% + 36 + 8)V3z + 2

Lintegrate ((2+3*x)~(5/2) ,x, algorithm="fricas")

2/21%(27*x"3 + 54*x~2 + 36*x + 8)*sqrt(3*x + 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

2 9)3
/(2+3x)5/2dz= %

-

input 1ntegrate ((2+3+x)*+(5/2),x)

~—

output | 2*(3*x + 2)%x(7/2)/21

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

NI

/(2—|—3w)5/2daz = 2—21(3w+2)

input ‘ integrate((2+3*x)~(5/2) ,x, algorithm="maxima")

outputtz/m*(s*x + 2)~(7/2)

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

NI

/(2—|—3m)5/2d:c= %(3m—|—2)

input Lintegrate ( (2+3*X) - (5/2) ,X, algorithm=llgiac n)

-

OutputL2/21*(3*x + 2)~(7/2)

e—
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Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

2 2 7/2

input Lint((B*x + 2)°(5/2),x) J

outputt(z*(s*x +2)7(7/2)) /21 J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.77

3 2
/(2+3x)5/2dx: 2V/3z + 2 (27z ;—154x + 36z + 8)

-

Lint((2+3*x)“(5/2) ,X)

-/

input

outputL(Q*Sqrt(‘o’*x + 2)*(27*x**3 + B4A*x**2 + 36%x + 8))/21 J




output L

input

output
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3.72  [(2+32)dzx

Optimal result . . . . . . . . . . . . e 408
Mathematica [A] (verified) . . . . . . . . . ... o 08|
Rubi [A] (verified) . . . .. . . ... .. 09
Maple [A] (verified) . . . . . . ... L 410
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 410
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 411
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 411
Giac [A] (verification not implemented) . . . . . . ... ... ... 417
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... AT2
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 412

Optimal result

Integrand size = 9, antiderivative size = 13
3/2 2 5/2
(24 3z)"*dx = 1—5(2 + 3x)

-

2/15% (2+3%x) ~(5/2)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

2
/(2 + 32)32 dx = 1—5(2 + 31)5/2

-

LIntegrate[@ + 3xx)~(3/2) ,x]

-/

L(2*<2 + 3%x)"~(5/2))/15
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(Sx + 2)3/2 dx
| 17
2 5/2
15 3z +2)
input IBL(2 + 3+0)7(3/2) %] |
output | (2*(2 + 3¥0)7(5/2))/15 |

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]




input

output
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
5
2(2+3z)2
gosper 22+32)2 = ) 10
5
derivativedivides % 10
5
default % 10
5
o 2(2+32)3
pseudoelliptic e 10
orering (5% ) (2+ 31‘)% 14
trager (530 + x + 15) V2 + 3z 19
risch 2(92 2+129g4) V2+3z 20
meijerg NG 36

Lint ((2+3*x)~(3/2) ,x ,method=_RETURNVERBOSE)

L2/15*(2+3*X)A (5/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.08 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.46

2
/(2+3x)3/2dz =15 (92° + 122 +4)v3z +2

input

Lintegrate ((2+3*x)~(3/2) ,x, algorithm="fricas")

output L

2/156%(9%x72 + 12%x + 4)*sqrt(3*x + 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

2 2)3
/(2+3x)3/2d:v = %

-

input 1ntegrate ((2+3+x)*+(3/2),x)

~—

output 2% (3*x + 2)*x(5/2)/15 |

Maxima [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

2 5
‘/@+3@WHM=13@z+2y

input ‘ integrate((2+3*x)~(3/2) ,x, algorithm="maxima") ‘

output L2/15*(3*x + 2)~(5/2) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

2
/(2—|—3m)3/2d:c= 1—5(3ﬂv—|-2)g

input Lintegrate ((2+3*x)~(3/2) ,x, algorithm="giac") J

-

L2/15*(3*x + 2)~(5/2)

e—

output
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

input Lint((B*x + 2)7(3/2),x) J

output t(z*(s*x + 2)~(5/2))/15 J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.38

2
/(2—|—3x)3/2 e — 2\/3x+2(9f5 + 12z + 4)

-

Lint((2+3*x)‘(3/2),x)

-/

input

outputL(Q*sqrt(3*x + 2)*%(9*x*x2 + 12%x + 4))/15 J




output L

input

output
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3.73 [ V24 3zdz

Optimal result . . . . . . . . . . . . e 413
Mathematica [A] (verified) . . . . . . . . . ... o 4T3l
Rubi [A] (verified) . . . .. . . ... .. 414
Maple [A] (verified) . . . . . . ... L AT15
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 415
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 416
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... AT6l
Giac [A] (verification not implemented) . . . . . . ... ... ... 416
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 417
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 417

Optimal result

Integrand size = 9, antiderivative size = 13

/\/2 + 3z dx = 3(2 + 32)3/2

-

2/9% (2+3%x) ~(3/2)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/\/2 + 3z dx = 3(2 + 32)3/2

-

LIntegrate [Sqrt[2 + 3#*x],x]

-/

L(2*<2 + 3%x)~(3/2))/9
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/\/3:1:+2d:c
l 17
2 (35 4 2)3/2
9
inputtlnt[Sqrt[2 + 3*x],x] J
Outputk(z*(z + 3%x)7(3/2))/9 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]




input

output

input

output
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
3

gosper w 10
3

derivativedivides w 10
3

default w 10
3

risch w 10
3

pseudoelliptic % 10

trager (g + %””) V2 + 3z 14

orering (g + %’”) V24 3z 14

vz <“_2\/E(2+3m),/1+37x>

3 3

meijerg — N 32

Lint ((2+3*x)~(1/2) ,x ,method=_RETURNVERBOSE)

Lz/g* (2+3*x) "~ (3/2)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/\/2+3xdx: S(Bav—l—Q)g

Lintegrate((2+3*x)‘(1/2),x, algorithm="fricas")

L2/9*(3*x + 2)7(3/2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

9

-

input 1ntegrate ((2+3+x)x+(1/2),x)

~—

output | 2*(3*x + 2)%x(3/2)/9 |

Maxima [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/\/2—|-3xdx= §(3x+2)g

input ‘ integrate((2+3*x)~(1/2) ,x, algorithm="maxima") ‘

output Lz/g*(a*x + 2)~(3/2) J

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/\/2+3md:c= g(3ac+2)g

input Lintegrate ((2+3*x)~(1/2) ,x, algorithm="giac") J

-

L2/9*(3*x + 2)7(3/2)

e—

output
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/\/2—+—3xd1;= M
9

input Lint((B*x + 2)°(1/2),x) J

output | (2*(3*x + 2)7(3/2))/9 J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

213z +2(3z + 2)
V24 3zdzr =
/ + 3x ax 9

-

Lint((2+3*x)*(1/2) ,X)

-/

input

Outputt(2*sqrt(3*x + 2)*(3*x + 2))/9 J




-

L2/3*(2+3*x)*(1/2)

output

e
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3.74 [—2=dx

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 9, antiderivative size = 13

/ 1 dr = =2+ 3z

V24 3z

2
3

418
418
419
420
420

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

1
—d
/\/2+3x o

2
=-V2+4+3z

3

input t

Integrate[1/Sqrt[2 + 3*x],x]

~—

output L

(2*Sqrt[2 + 3%x])/3
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 dzx
V3xr + 2
l 17
g 3x + 2
input | 106 [1/8qrt[2 + 3+x],x] )

output | (2*Sart[2 + 3+x1)/3

Defintions of rubi rules used

e 17 ToEL(e_)*((a_.) + (b_.)*(x))"(m_.), x_Symbol]l :> Simplc((a + b¥x)"(m + 1
)/ (x@m + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
gosper @ 10
derivativedivides @ 10
default @ 10
trager @ 10
risch @ 10
pseudoelliptic @ 10
orering 5% 14
meijerg v <_2ﬁ:\2/f 1+37z> 27

input L

output L

-

input

int (1/(2+3%*x)~(1/2) ,x,method=_RETURNVERBOSE)

2/3%(2+3*x) ~(1/2)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
———dr=-V3z+2
/\/2+3x v 3 v

Lintegrate (1/(2+3%x)~(1/2) ,x, algorithm="fricas")

-/

output L

2/3%sqrt (3*x + 2)




input

output

input

output

input

output
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

/ 1 2V/30 12
V24 3z 3

Lintegrate(l/(2+3*x)**(1/2),X)

-

LQ*sqrt(3*x + 2)/3

e—

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
———dr=-V3z+2
/\/2+3x 3

Lintegrate(l/(2+3*x)“(1/2),x, algorithm="maxima")

L2/3*sqrt(3*x + 2)

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 9
. gr= .Bz72
/\/_2+3x T=3Vver

tintegrate(l/(2+3*x)‘(1/2),x, algorithm="giac")

L2/3*sqrt(3*x + 2)




CHAPTER 3. LISTING OF INTEGRALS 422

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/ 1 _2V3u+2
V24 3z 3

inputt

int(1/(3*x + 2)~(1/2),x)

-

output t

(2% (3*x + 2)°(1/2))/3

e—

-

input

output L

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.62

/ 1, _2/3r+2
V24 3z N 3

Lint(l/(2+3*x)"(1/2) ,X)

-/

(2*%sqrt(3*x + 2))/3




outpu

input

output
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1

3.75 | e dx

Optimal result . . . . . . . . . . . . . 423]
Mathematica [A] (verified) . . . . . . . . . ... L 123
Rubi [A] (verified) . . . . . . .. . . 424
Maple [A] (verified) . . . . . . . . ... 4251
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 25
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 426
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 126
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 126
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 4271
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 427

Optimal result

Integrand size = 9, antiderivative size = 13

/ 1 dzr =
(2 + 3z)3/2 3

2

V24 3x

¢ ~2/3/(2+3%x)~(1/2)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/;dx__
@+32)2 T 73

2

V2 + 3x

‘Integrate[(Q + 3xx)~(-3/2),x]

L-z/ (3xSqrt[2 + 3*x])




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ I S
(3z + 2)372

ll?
2

3V3x + 2

‘Int[(2 + 3%x)"(-3/2) ,x]

L—2/ (3*Sqrt[2 + 3xx])

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N

J
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
gosper —3 \/22+W 10
derivativedivides | — ﬁ 10
default — ﬁ 10
trager - ﬁ 10
. 2
I'lSCh — ?’\/ﬁ 1 0
pseudoelliptic ﬁ 10
4_on
i 14
orering 130
(v fy)
meijerg 3 25

input t

int (1/(2+3%*x)~(3/2) ,x,method=_RETURNVERBOSE)

output

input

L-2/3/(2+3*x)“(1/2)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/ S S
(2+43x)3/2 7"

9
33z +2

Lintegrate (1/(2+3%x)~(3/2) ,x, algorithm="fricas")

output L

-2/3/sqrt(3*x + 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

1 2
- _dr=—-——"__
/ (2 + 3x)3/2 v 33z +2

inputLintegrate(l/(2+3*x)**(3/2),X)

OutputL—2/(3*sqrt(3*x + 2))

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
- dr=—=—=
/ 2+322 "~ "3 Bz r2

input‘integrate(l/(2+3*x)"(3/2),x, algorithm="maxima")

outputL—2/3/sqrt(3*x + 2)

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
— dr=—-—=
/ 2+322 "~ "3 Bz r2

inputLintegrate(l/(2+3*x)“(3/2),x, algorithm="giac")

outputt—2/3/sqrt(3*x + 2)
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
—  dr=—=-—-___
/kz+m¥ﬂ T T3 Brre

inputtint(i/(B*x + 2)°(3/2) ,x)

outputL‘Q/(3*(3*X + 2)°(1/2))

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

1 2
- dr=—-——=
t/@+3@W2m 33z +2

input | 10t (1/(2+3%0)7(3/2) ,%)

OUtputL( - 2)/(3*sqrt(3*x + 2))
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1

3.76 | e dx

Optimal result . . . . . . . . . . . . . 28]
Mathematica [A] (verified) . . . . . . . . . ... 128
Rubi [A] (verified) . . . . . . .. . . 429
Maple [A] (verified) . . . . . . . . ... 4301
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 230
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 431
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 431
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 431
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 1321
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 432

Optimal result

Integrand size = 9, antiderivative size = 13

/ 1 do — 2
(243z)52 7" 9(2+ 3x)3/2

Output\-2/9/(2+3*x)*(3/2)

input

output

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/;dx__#
(2+3z)5/27  9(2+ 3x)3/2

-

LIntegrate[@ + 3%x)~(-5/2) ,x]

-/

\-2/(9*(2 + 3*%x)~(3/2))
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/1dx
(3z + 2)572

ll?
2

- 9(3z + 2)3/2

inputtlnt[(Q + 3%x)~(-5/2) ,x]

output ~2/ (9% (2 + 3x0)7(3/2)) |

Defintions of rubi rules used

N

rule 17‘(In’c[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol]l :> Simp[c*((a + b*x)~(m + 1 ‘
L)/(b*(m + 1)), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1] J
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
2
- 1
gosper 9(2+3z) % 0
derivativedivides | ——2— 10
9(2+3x)2
default -—2 10
9(2+3z) 2
2
trager m‘ 10
risch -2 10
9(2+3x)2
pseudoelliptic - 9(2+23z) 7 10
) _4_2
orering (2i3z )3% 14
.. 2 (1+ 37-’10) 2
meijerg NG 27

input Lint (1/(2+3%x)~(5/2) ,x,method=_RETURNVERBOSE)

output L-z/g/ (2+3%x) "~ (3/2)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 21 vs. 2(9) = 18.
Time = 0.06 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.62

/ 1 2v/3x+2

 dr=-—
2+3292 " T 79922 + 122 + 4)

input Lintegrate (1/(2+3*x)~(5/2) ,x, algorithm="fricas "

output L—2/9*sqrt(3*x + 2)/(9%x~2 + 12%x + 4)




CHAPTER 3. LISTING OF INTEGRALS 431

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

/;dx__#
(2 + 3z)5/2 9(3z +2)

(M4

input Lintegrate (1/(2+43*x)**(5/2) ,x)

output | ~2/ (9% (3*x + 2)*%(3/2))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/ 1L 2
(2 + 3z)/ 9(3z+2)?

input Lintegrate (1/(2+3*x)~(5/2) ,x, algorithm="maxima"

output | ~2/9/ (3xx + 2)7(3/2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/ 1 2
(2+ 3z)>/ 9(3z+2)*

input Lintegrate (1/(2+3%x)~(5/2) ,x, algorithm="giac")

Outpud—z/s/(s*x + 2)7(3/2)
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/;dm__;
(2432)°27" " 9(3z+2)%?

inputtint(l/(S*x + 2)7(5/2) ,x)

output ~2/ (9% (3*x + 2)7(3/2))

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.31

1 2
. dr=—
/(2+3ar:)5/2 ! 9v3z +2 (3z + 2)

inputLint(i/(2+3*x)‘(5/2),X)

outputt( - 2)/(9*sqrt(3*x + 2)*(3*x + 2))




output

input

output
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3.77 [(2 —3z)%2dx

Optimal result . . . . . . . . . . . . e 433
Mathematica [A] (verified) . . . . . . . . . ... o 133
Rubi [A] (verified) . . . .. . . ... .. 434
Maple [A] (verified) . . . . . . ... L 435
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 435
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 136
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1361
Giac [A] (verification not implemented) . . . . . . ... ... ... 436
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 437
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 437

Optimal result

Integrand size = 9, antiderivative size = 13

/(2 —32)%%dx = —%(2 — 3z)"/?

-

L—2/21* (2-3%x)~(7/2)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/(2—3x)5/2dx: _2

21

(2 — 3z)7/2

-

LIntegrate[@ - 3xx)~(5/2),x]

-/

L(—z*(z - 3xx)~(7/2))/21
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(2 —32)%2dz
l 17
2 a2
51 (2 —3x)
inputLInt[(2 - 3xx)"(5/2) ,x] J
output“_z*(z - 3xx)7(7/2))/21 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |




input

output

input

output
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
gosper 2(2_2?)% 10
derivativedivides | — 2(2_2?) : 10
default - 2(2_2?”) 2 10
pseudoelliptic 2(2_2?) : 10
orering (-5 +2)(2- 3x)% 14
trager (Ba® — B2+ 25— 0)\/2-3z | 24
risch _2(27a3 —549253:;6_953;8) (—2+3z) 30
ENPPIE S RSN
meijerg NG 42

Lint ((2-3%x)~(5/2) ,x,method=_RETURNVERBOSE)

L-2/21*(2-3*x)”(7/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 24 vs. 2(9) = 18.

Time = 0.09 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.85

2
/}2—3xfﬂdx==5[@7x3—54x?+36x—8)¢—3x+2

tintegrate ((2-3%x)~(5/2) ,x, algorithm="fricas")

L2/21*(27*x“3 - B4*x™2 + 36%x - 8)*sqrt(-3*x + 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

/(2 —32)%%dx = —W

-

inputLintegrate((2—3*x)**(5/2)’x)

~—

output ~2*(2 = 30)*x(7/2)/21 |

Maxima [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

NI

/(2 — 32)"2dg = —% (—32+2)

input‘integrate((2—3*x)“(5/2),x, algorithm="maxima")

output L—2/21* (-3%x + 2)~(7/2) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.23

2
/ (2-30)do = o (32— VBT 2

inputLintegrate((2—3*x)“(5/2),x, algorithm="giac") J

-

L2/21*(3*x - 2)"3*sqrt(-3*x + 2)

e—

output




CHAPTER 3. LISTING OF INTEGRALS 437

Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

_ 7/2
/(2 — 3m)5/2 dr = _%

input Lint((Q - 3*x)7(5/2) ,%) J

output | ~(2*(2 = 3+0)°(7/2))/21 J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.77

— 3 _ 2 -
/(2—3x)5/2dx _ 2V -3z +2(27x - 542 + 36z — 8)

-

Lint((2—3*x)“(5/2),x)

e—

input

Outputt(2*sqrt( - 3xx + 2)*(27*x**3 - Ba*xx**2 + 36%x - 8))/21 J




input

output

-

output L

-
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3.78 [(2 —3z)%2dx

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [B] (verification not implemented)

Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 9, antiderivative size = 13

/(2 —32)%%dx = —%(2 — 3z)%/?

458
433
439

440

442
442

-2/15%(2-3%x) ~(5/2)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/(2 —32)%%dz = —%(2 — 3z)%/?

L

Integrate[(2 - 3*x)~(3/2),x]

-/

L(—z*(z - 3%x)"~(5/2))/15
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(2 —32)%2dz
l 17
2 a5
15(2 3x)
inputLInt[(2 - 3*x)"(3/2) ,x] J
output“_z*(z - 3*x)7(6/2))/15 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
5

gosper — % 10
5

derivativedivides | — 2(2_1‘?”) - 10
5

default — % 10
5

pseudoelliptic — % 10

orering (- +2)(@2- 3:10)% 14

trager (—222+ 3z —-2)v2 -3z 19

. 2(9z2—12z+4) (—2+3x)
risch 5335 25
3 <_8\/7—r+4ﬁ (312—6z+2),/1—37w >

15 15

meijerg — NG 37

input Lint ((2-3%x)~(3/2) ,x,method=_RETURNVERBOSE)

output L-2/15* (2-3%x) "~ (5/2)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.46

2
/(2—3x)3/2da: =1 (92 — 122 +4)vV-3z+2

input tintegrate ((2-3%x)~(3/2) ,x, algorithm="fricas")

output L—2/15*(9*x“2 - 12%x + 4)*sqrt(-3*x + 2)
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

/(2 —32)%%dx = —w

-

inputLintegrate((2—3*x)**(3/2)’x)

~—

output ~2¥(2 = 3 *x(5/2)/15 |

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/(2 — 32)¥2dg = —% (=32 +2)}

input‘integrate((2—3*x)“(3/2),x, algorithm="maxima")

output L—2/15* (-3%x + 2)~(5/2) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.23

/ (2 — 32)2 dg = —135 (32— 2°V=3zF2

inputLintegrate((2—3*x)“(3/2),x, algorithm="giac") J

-

L—2/15*(3*x - 2)"2*sqrt(-3%x + 2)

e—

output
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

 a.05/2
/(2 — 3m)3/2 dr = _%

inputtint((Q - 3%x)7(3/2) ,%) J

output k_(2*(2 - 3xx)~(5/2))/15 J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.38

— —Qp2 —
/(2_333)3/2@:2\/ 3x+2(1£;x + 12z — 4)

-

Lint((2—3*x)“(3/2),x)

e—

input

Outputt(2*sqrt( - 3xx + 2)*( - 9xx*¥2 + 12%x - 4))/15 J




output L

input

output
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3.79 [ V2 —3zdx

Optimal result . . . . . . . . . . . . e 443
Mathematica [A] (verified) . . . . . . . . . ... o 143]
Rubi [A] (verified) . . . .. . . ... .. 444
Maple [A] (verified) . . . . . . ... L 445
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 445
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 446
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1761
Giac [A] (verification not implemented) . . . . . . ... ... ... 446
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 447
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 447

Optimal result

Integrand size = 9, antiderivative size = 13

/\/2 —3zdr = —3(2 — 3z)%/?

-

-2/9%(2-3%x) ~(3/2)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/\/2 —3zdr = —3(2 — 3z)%/?

-

LIntegrate [Sqrt[2 - 3#*x],x]

-/

L(—z*(z - 3%x)~(3/2))/9
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ V2 —3xdx
l 17
—3@—3@W2
inputtlnt[Sqrt[2 - 3*x],x] J
output| (~25(2 = 3507 (3/2))/9 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]




input
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
gosper 2(2_5 2)? 10
3
derivativedivides | — 2(2_5 z)* 10
default - 2(2_5 z)* 10
3
i 2(2—31) %
pseudoelliptic == 10
trager (—‘51 + %x) V2 -3z 14
orering (—% =+ %z) V2 -3z 14
risch — 2;/2;%22 17
T (2—3x —3z
3 %_%F@ 33)\/ﬁ>
meijerg NG 32

Lint ((2-3*x)~(1/2) ,x ,method=_RETURNVERBOSE)

outputt

-2/9% (2-3*x) "~ (3/2)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

/\/2—3a:dx=§(3x—2)\/—3x+2

input

Lintegrate((Q—S*x)“(l/Q),x, algorithm="fricas")

outputt

2/9%(3*x - 2)*sqrt(-3*x + 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

/\/2—3a;dx= _M
9

-

input Lintegrate ((2-3%x) **(1/2) ,%)

~—

output ~2*(2 = 3 *x(3/2)/9

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/\/2—3zdx = —g(—3x+2)3

input ‘ integrate((2-3*x)~(1/2) ,x, algorithm="maxima")

outputt—z/g*(—s*x + 2)°(3/2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/mdx=_§(_3x+z)3

input Lintegrate ( (2—3*}{) - (1/2) ,X, algorithm=llgiac n)

-

output{""/g*(‘?’*x + 2)7(3/2)

e—
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Mupad [B] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

2(2 — 3z)%?

/\/2—3mdx=— 5

input Lint((Q - 3*x)7(1/2) ,%) J

output ~(2*(2 — 30)7(3/2))/9 J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

_ 2V/-3zx+2(3z—2)
/\/2—3xda:— 9

-

Lint((2—3*x)‘(1/2),x)

e—

input

Outputt(2*sqrt( - 3kx + 2)*(3*%x - 2))/9 J




-

L_z/s* (2-3%x)~(1/2)

output

e
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3.80 [s-dr

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 9, antiderivative size = 13

1
= dr=
/\/2—330 *

2

—2V2 -3z

3

448
443
449
4501
4501

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

1
—d
/\/2—33) o

2

3

V2 —3x

input t

Integrate[1/Sqrt[2 - 3*x],x]

~—

output L

(-2%Sqrt[2 - 3*x])/3
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ! dx
V2 —3x
l 17
RN
input LInt [1/Sqrt[2 - 3#*x],x] J

output| (~2*Sart[2 - 3+x])/3 |

Defintions of rubi rules used

e 17 ToEL(e_)*((a_.) + (b_.)*(x))"(m_.), x_Symbol]l :> Simplc((a + b¥x)"(m + 1
)/ (x@m + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1] |




input

output

input

output
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
24/2—3x
gosper -5 10
derivativedivides | — 2—V23_3x 10
default — 2—V23_3"” 10
trager — 2—”23_3’” 10
pseudoelliptic — 2—V23_3” 10
. —242g 14
orering L\/m
49
risch \/% 15
V2 (—2y/742y/m/1-32
meijerg Rl f;r \/\7{ ) 27

Lint (1/(2-3%x)~(1/2) ,x,method=_RETURNVERBOSE)

L—2/3* (2-3%x)~(1/2)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1
. dr=
/\/2—3x T3

2
—2V Bz +2

Lintegrate (1/(2-3%x)~(1/2) ,x, algorithm="fricas")

L—2/3*sqrt(—3*x + 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

/ 1L 2/2 — 3z
V2—3z 3

input‘ integrate(1/(2-3*x)**(1/2) ,x) ‘

output L—2*sqrt(2 - 3%x)/3 J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
———dr=—_V-3z+2
/ V2 -3z 3
input Lintegrate (1/(2-3%x)~(1/2) ,x, algorithm="maxima" J
output t‘2/3*sqrt(—3*x + 2) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
——dr=—-VvV-3z+2
/ V2—3z ¥Vt
input Lintegrate (1/(2-3*x)~(1/2) ,x, algorithm="giac") J

e

L—z/s*sqrt(-s*x + 2)

~—

output
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Mupad [B] (verification not implemented)
Time = 0.05 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/ 1L 22— 3z
V2—3z 3

input| 10E(1/(2 - 3x0)7(1/2) %)

output | ~(2*(2 = 34007 (1/2))/3

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.62

/ 1 dx__2\/—3a,-+2
V2—3z 3

input Lint(l/(2-3*x)“(1/2) ,X)

outputt( - 2%sqrt( - 3*x + 2))/3




outpu

input

output
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1

3.81 | PR dx

Optimal result . . . . . . . . . . . . . 453]
Mathematica [A] (verified) . . . . . . . . . ... L 153
Rubi [A] (verified) . . . . . . .. . . 457
Maple [A] (verified) . . . . . . . . ... 551
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 455
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 456
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 150
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 450
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 457l
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 457

Optimal result

Integrand size = 9, antiderivative size = 13

1 2
de —
/ 2-322 " T 323

t\2/3/(2—3*;{)“(1/2)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

1 2
dz =
/ 2-32p32 " T 3 2—3z

‘Integrate[(Q - 3xx)~(-3/2),x]

Lz/ (3xSqrt[2 - 3*x])




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1

/ (2 — 3x)3/2 de
l 17
2

3v2 -3z

‘Int[(2 - 3%x)"(-3/2),x]

L2/ (3*Sqrt[2 - 3*x])

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N

J




input

output

input

output
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
gosper 3 \/22—W 10
derivativedivides 3 \/22_% 10
default ?A/%W 10
risch 3 \/22_% 10
pseudoelliptic 3\/% 10
4 9z
orering (23_32) 3 14
trager — 32(_V g;gz) 17
()
meijerg — 3\51_% 25

Lint (1/(2-3*x)"~(3/2) ,x,method=_RETURNVERBOSE)

L2/3/(2—3*x)“(1/2)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.23

| e

2v/-3x+2

e Yo )

Lintegrate(l/(2—3*x)A(3/2),x, algorithm="fricas")

L-2/3*sqrt(—3*x + 2)/(3*%x - 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

1 2
de —
/ 2-3zp2 " T 3/2-3

input Lintegrate (1/(2-3%x) %% (3/2) ,x)

outputL2/(3*sqrt(2 - 3%x))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
. dp =%
/ 2-32)2 " T 3/3z12

input‘integrate(l/(2-3*x)"(3/2),x, algorithm="maxima")

outputL2/3/sqrt(-3*x + 2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
_ dp=— 5
/ 2-322 " T 3/ 3z 12

input Lintegrate (1/(2-3*x)~(3/2) ,x, algorithm="giac")

outputt2/3/sqrt(-3*x + 2)
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
de —
/k2-3@w2a’ 3v2 -3z

inputtint(i/(2 - 3xx)"~(3/2),%)

output | 2/ (3*(2 = 3+0)7(1/2))

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

1 2
S
L/@—s@wzr 3v/—3z + 2

input | 10t (1/(2-3%0)7(3/2) ,%)

outputt2/(3*sqrt( - 3*%x + 2))
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Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [B] (verification not implemented)

Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 9, antiderivative size = 13

/ L dr =
(2—3z)52"  9(2—3z)3/2

2

453]
4053}
4091
460)
460)

462
462

Output\z/g/(z—s*x)*(s/z)

input

output

-

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/;d -2
2—32)52 ™ T 92— 31)%2

2

LIntegrate[@ - 3xx)~(-5/2) ,x]

-/

\2/(9*(2 - 3%x)~(3/2))
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1

/ (2 — 3x)5/2 de
l 17
2

9(2 — 3z)3/2

inputtlnt[(Q - 3xx)"(-5/2) ,x]

output | 2/ (9*(2 = 340)7(3/2)) |

Defintions of rubi rules used

N

rule 17‘(In’c[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol]l :> Simp[c*((a + b*x)~(m + 1 ‘
L)/(b*(m + 1)), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1] J
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
2
1
gosper o(30)} 0
derivativedivides 2 10
9(2—3z)2
default 2 __ 10
9(2—3z) 2
llipti 2 1
pseudoelliptic PR 0
4_20
orering —2 3. 14
(2—3z)2
24/2—-3x
trager m 17
. 2
I'lSCh — Wm 17
" (-3 8
meijerg — NG 27

input L

int (1/(2-3*x) "~ (5/2) ,x,method=_RETURNVERBOSE)

output L

2/9/(2-3%x)~(3/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 21 vs. 2(9) = 18.

Time = 0.06 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.62

dx 2vV-3x+2

| ez

T 9922 — 127 +4)

input

Lintegrate (1/(2-3%x)~(5/2) ,x, algorithm="fricas")

output L

2/9xsqrt (-3*x + 2)/(9%x72 - 12%x + 4)




CHAPTER 3. LISTING OF INTEGRALS 461

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

/;dx_#
(2 — 3z)5/2 9(2 - 32)?

input ‘ integrate (1/(2-3%x)*x(5/2),x)

outputtz/(g*(z - 3*x)**(3/2))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

N

/;dx_ 2
(2 — 3z)5/2 9(—3z+2)

input Lintegrate (1/(2-3*x)~(5/2) ,x, algorithm="maxima"

output | 2/9/ (-3%x + 2)7(3/2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.23

1 2
R
/ 2-32)2 """ T9(3z—2)v/3z+2

input Lintegrate (1/(2-3*x)"(5/2) ,x, algorithm="giac")

output L—2/9/((3*x - 2)*sqrt(-3%x + 2))
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/;dx_;
(2-32)%2"" " 9(2—31)%?

inputtint(l/(Q - 3%x)"(5/2) ,x)

output | 2/ (9*(2 = 3¥0)7(3/2))

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.31

1 2
= dr=—
/}2—&%”‘” 9v/—=3z + 2 (3z — 2)

inputLint(i/(2-3*x)‘(5/2),X)

Outputt( - 2)/(9%sqrt( - 3xx + 2)x(3*x - 2))




output L

input

output
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3.83  [(-2+3z)"%dx

Optimal result . . . . . . . . . . . . e 463
Mathematica [A] (verified) . . . . . . . . . ... o 163
Rubi [A] (verified) . . . .. . . ... .. 467
Maple [A] (verified) . . . . . . ... L 465
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 465
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 160
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 166l
Giac [A] (verification not implemented) . . . . . . ... ... ... 460
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 467
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 467

Optimal result

Integrand size = 9, antiderivative size = 13

2
/(—2 +32)%%dx = ﬁ(_2 + 32)7/2

-

2/21% (-2+3%x) ~(7/2)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

2
/(—2 +32)%%dx = ﬁ(_2 + 32)7/2

-

LIntegrate[(-2 + 3%x)7(5/2),x]

-/

L(z*(—z + 3%x)~(7/2)) /21
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(337 —2)%%dz
| 17
2 3 o7/
21(3.’1} 2)
input IBEL(-2 + 340)7(5/2) ,x] |
output“2*(_2 + 3xx)7(7/2))/21 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]




input

output

input

output
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
gosper % 10
derivativedivides % 10
default —2(_2;’13””)% 10
pseudoelliptic % 10
orering (= +2) (24 3:c)g 14
trager (Ba® — g2+ 25— 0) /-2 + 3z 24
risch 2(27x3—54x2+2316x—8)\/T+3x 925
5v/2 signum(~2+a) 2 (1?8?? B Stk Siman) 1_;%>
meijerg 5 96
V7 (— signum (—2+a)) 2

Lint((-2+3*x)‘(5/2),x,method=_RETURNVERBUSE)

2/21%(-2+3%x)~(7/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 24 vs. 2(9) = 18.

Time = 0.08 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.85

2
/(—2+331:)5/2 dr = 91 (272° —542° + 36z — 8)v3x — 2

tintegrate ((-2+3*x)~(5/2) ,x, algorithm="fricas")

-

L2/21*(27*x“3 - B4*x"2 + 36*%x - 8)*sqrt(3*x - 2)

-/
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

o

-

input 1ntegrate((-2+3+x)*%(5/2) %)

~—

output| 2*(3*x = 2%x(7/2)/21

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/(—2 +32)%/2 dg = % (32— 2)}

input ‘ integrate((-2+3%x)~(5/2) ,x, algorithm="maxima")

outputtz/m*(s*x - 2)~(7/2)

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/(—2—|—3m)5/2d:c= 22—1(33v—2)23

input Lintegrate ( (-2+3*X) - (5/2) ,X, algorithm=“giac")

-

OutputL2/21*(3*x - 2)~(7/2)

e—
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

23z —2)"/?

inputtint((S*x - 2)°(5/2) ,x) J

output | (2*(3*x = 2)7(7/2))/21 J

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.77

/ (24 32)" di = 2v/3z — 2 (2723 — 54z2 + 36z — 8)
21

-

tint((-2+3*x)‘(5/2),x)

e—

input

Outputt(2*sqrt(3*x - 2)*(27*x**3 — BA*x**2 + 36%x - 8))/21 J




output L

input

output
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3.84  [(-2+3z)*%dx

Optimal result . . . . . . . . . . . . e 468
Mathematica [A] (verified) . . . . . . . . . ... o 168]
Rubi [A] (verified) . . . .. . . ... .. 169
Maple [A] (verified) . . . . . . ... L Zy(0)
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 470
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... Zya\
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... Zyd||
Giac [A] (verification not implemented) . . . . . . ... ... ... Zya\
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 472
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 472

Optimal result

Integrand size = 9, antiderivative size = 13
3/2 2 5/2
(—2+3z)"*dz = 1—5(—2 + 3z)

-

2/15%(-2+3%x) ~(5/2)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

2
/(—2 +32)%%dx = 1—5(—2 + 32)%/2

-

LIntegrate[(-2 + 3%x)~(3/2) ,x]

-/

L(z*(—z + 3%x)~(5/2))/15




CHAPTER 3. LISTING OF INTEGRALS 469

Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(337 —2)%2dz
| 17
2 (3 9)5/2
15(3.’1} 2)
input IBEL(-2 + 340)7(3/2) ,x] |
output“2*(_2 + 3%x)7(5/2))/15 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]




input

output

input

output
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
gosper % 10
derivativedivides % 10
default % 10
pseudoelliptic % 10
orering (- +2)(-2+ 3x)% 14
trager (S22 —2z+3)vV-2+3 19
risch 2(9x2_12$f54)m 20
V2 signum(~2+a) 2 (—siffﬁ (%12_?:%)@)
meijerg — T Cogmam(_212)) 7 51

Lint((-2+3*x)‘(3/2),x,method=_RETURNVERBUSE)

2/16%(-2+3%x) "~ (5/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.08 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.46

2
/(—2+3x)3/2dx= G (92 — 12z +4)V3z —2

tintegrate ((-2+3*x)~(3/2)

,X, algorithm="fricas")

§
L2/15*(9*x’“2 - 12%x + 4)*sqrt(3*x - 2)

-/
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

o

-

input 1ntegrate((-2+3+x)*%(3/2) %)

~—

output 2% (3*x = 2)x(5/2)/15

Maxima [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/(—2 +32)%2 dg = % (32— 2)}

input ‘ integrate ((-2+3%*x)~(3/2),x, algorithm="maxima")

outputtzns*(s*x - 2)°(5/2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/(—2—|—3m)3/2d:c= 12—5(3ﬂv—2)g

input Lintegrate ( (-2+3*X) - (3/2) ,X, algorithm=“giac")

-

Out1)111;L2/15*<(3>v=;c - 2)~(5/2)

e—
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Mupad [B] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

23z — 2)%/?

_ 3/2 g, _
/( 2+ 3z)%*dz 1

inputtint((S*x - 2)7(3/2) ,x) J

output (2*(3*x = 2)7(5/2))/15 J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.38

/(_2 430y do = 23z — 2 (922 — 127 + 4)
15

-

tint((-2+3*x)‘(3/2),x)

e—

input

Outputt(2*sqrt(3*x - 2)*(9xx**2 - 12*%x + 4))/15 J




output

input

output
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3.85 [V—2+3zds

Optimal result . . . . . . . . . . . . e 473
Mathematica [A] (verified) . . . . . . . . . ... o 473l
Rubi [A] (verified) . . . .. . . ... .. 474
Maple [A] (verified) . . . . . . ... L 475
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 475
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 476
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 476l
Giac [A] (verification not implemented) . . . . . . ... ... ... 476
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 4T
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 4T

Optimal result

Integrand size = 9, antiderivative size = 13

/\/—2+3xdx:

2

9

(=2 + 32)3/2

-

Lz/g* (-2+3%x) ~(3/2)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/\/—2+3xdx:

2

9

(=2 + 32)3/2

-

LIntegrate [Sqrt[-2 + 3#*x],x]

-/

L(z*(—z + 3%x)~(3/2))/9




CHAPTER 3. LISTING OF INTEGRALS 474

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ V3x —2dx
| 17
§(3w —2)3/2
inputtlnt[Sqrt[-2 + 3*x],x] J
outpus| (22 + 3507(3/2))/9 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size

3

gosper w 10
3

derivativedivides w 10
3

default w 10
3
. 2(—2+3x)2

risch S 10
3
_r 2(—2+3z)2

pseudoelliptic S 10

trager (—g + %””) v—243z 14

orering (—g + %“) vV—2+3z 14

V2 signum(—%+m) (4‘:{;—2\/;(2_3;) v 1_3% )
meijer 46
Je1e 3w \/— signum (— %—i—w)

input Lint ((-2+3%x)~(1/2) ,x ,method=_RETURNVERBOSE)

OutputLz/g*(—2+3*x>*(3/2>

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/\/—2+3wdx: 3(395—2)3

input Lintegrate ((-2+3%x)~(1/2) ,x, algorithm="fricas")

outputLQ/g*(3*x - 2)7(3/2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

9

-

input 1ntegrate((-2+3+x)%(1/2) %)

~—

output 2*(3*x - 2)%x(3/2)/9

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/\/—2—|-3xd93= 3(393—2)3

input ‘ integrate ((-2+3%x)~(1/2),x, algorithm="maxima")

outputtz/g*(a*x - 2)~(3/2)

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/\/—2+3xdx= 3(31}—2)2

input Lintegrate ( (-2+3*X) - (1/2) ,X, algorithm=“giac")

-

outputL2/9*<3*x - 2)°(3/2)

e—
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

[V =20 0T (32 -2
9

input Lint((B*x - 2)7(1/2) ,x) J

output (2*(3*x = 2)7(3/2))/9 J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/mdx S LR )

-

tint((-2+3*x)*(1/2),x)

e—

input

outpus| (2*SAE(3*x ~ D*(3ex ~ 2)/9 ]




-

L2/3* (-2+3*x) "~ (1/2)

output
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1

3.86 [——L—dz

Optimal result . . . . . . . . . . . . e 478
Mathematica [A] (verified) . . . . . . . .. ... L Lo 478
Rubi [A] (verified) . . . .. . . ... .. 79
Maple [A] (verified) . . . . . . . .. L 480
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 430
Sympy [A] (verification not implemented) . . ... ... ... ... .. ..... 481l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 48Tl
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 48T
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 482
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 482

Optimal result

Integrand size = 9, antiderivative size = 13

1
——d
/\/—2+3x o

2
—v/ =2+ 3z

3

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

1
——d
/\/—2+3x o

2
V=243

3

e

input t

Integrate[1/Sqrt[-2 + 3*x],x]

~—

output L

(2*Sqrt[-2 + 3*x])/3




CHAPTER 3. LISTING OF INTEGRALS 479

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 dzx
V3xr —2
l 17
g 3xr—2
input [ [1/5qre[-2 + 3#x] ,x] )

output| (2*Sart[-2 + 3+x])/3

Defintions of rubi rules used

e 17 ToEL(e_)*((a_.) + (b_.)*(x))"(m_.), x_Symbol]l :> Simplc((a + b¥x)"(m + 1
)/ (x@m + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
gosper Z—V_32"'3”” 10
derivativedivides 2—*’_§’L3”” 10
default 2/—2tde 10
trager 2/-2tde 10
risch 2—“32"'3“ 10
pseudoelliptic 2—”_??“%” 10
_490
orering \/% 14
. V2 —signum(—%—i—x) (—2\/71'+2\/7T' 1—37”)
meijerg — 41
37 \/signum(— % +z)

input |int(1/(-2+3%x)"(1/2) ,x,method=_RETURNVERBOSE)

output L

input

output

2/3%(-2+3*x)~(1/2)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
——dr = -+v3x—2
/\/—2+3w v 3 o

Lintegrate (1/(-2+3*x)~(1/2) ,x, algorithm="fricas")

t2/3*sqrt(3*x -2
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

/ 1 dx_Q\/3x—2
vV—2+3z 3

input‘ integrate(1/(-2+3*x)*x(1/2) ,x) ‘

output L2*sqrt(3*x - 2)/3 J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
——dr = -+v3x—2
/ vV—2+3z 3
input Lintegrate (1/(-2+3*x)~(1/2) ,x, algorithm="maxima" J
output P/S*sqrt (3*x - 2) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
——dr = - vV 3x—2
/ v—2+3x 3
input Lintegrate (1/(-2+3*x)~(1/2) ,x, algorithm="giac") J

-

t2/3*sqrt(3*x -2

e—

output
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

_ 24/3x —2

1
- 4
/\/—2+3z v 3

input 101/ Gxx = 2)7(1/2),%)

output | (2*(3*x = 27(1/2))/3

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.62

/ 1 dx_2\/3x—2
vV—2+3z 3

input Lint(l/(—2+3*x)“(1/2) ,X)

Outputt(2*sqrt(3*x -2))/3




output

input

output
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1

3.87 | T dx

Optimal result . . . . . . . . . . . . . 483]
Mathematica [A] (verified) . . . . . . . . . ... L 433
Rubi [A] (verified) . . . . . . .. . . 484
Maple [A] (verified) . . . . . . . . ... 485l
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 430
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 436
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 130
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 130
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 487
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 487

Optimal result

Integrand size = 9, antiderivative size = 13

1
- = dr=—-——=
/ (—2 + 3x)3/2 v 3v—2+3z

2

‘-2/3/(—2+3*x)”(1/2)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

1
- dr=—-——
/(—2+3x)3/2 ! 3v—2+3z

2

‘Integrate[(—Q + 3%x)~(-3/2) ,x]

L-z/ (3xSqrt[-2 + 3*x])




input

output

rule 17

CHAPTER 3. LISTING OF INTEGRALS 484

Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
| oz
l 17
2

3V3x — 2

'Int[(-2 + 3%x)~(-3/2) ,x]

L—2/ (3*Sqrt[-2 + 3*x])

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N

J
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
gosper - ﬁ 10
derivativedivides | — ﬁ 10
default — ﬁ 10
trager - 3\/_#27% 10
. 2

I'lSCh — 3\/——274—3& 1 0
pseudoelliptic - ﬁ 10

4_og
orering 42—3 14

(—2+43x)2
3

VZ (—signum (2 +)) 2 (ﬁ— #)

meijerg — 'k 39
34/ signum (— % +z)2

input

Lint (1/(-2+3%x) ~(3/2) ,x,method=_RETURNVERBOSE)

outputt

-2/3/(-2+3%x)~(1/2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
. o dp=— s
/(—2+3x)3/2 T T3 Bz 2

inputt

integrate(1/(-2+3*x)~(3/2),x, algorithm="fricas")

outputt

-2/3/sqrt(3*x - 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

1 2
Y =%
/ (—2+3232 "~ T3 /35 =2

input Lintegrate (1/(-2+3%x) **(3/2) ,x)

output L‘Q/ (3%sqrt (3%x - 2))

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
- = o dr=—-——"
/ (—2 + 3x)3/2 v 33z -2

input‘integrate(l/(—2+3*x)"(3/2),x, algorithm="maxima")

outputL—2/3/sqrt(3*x -2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
e
/ (—2 + 3x)3/2 v 33z -2

input Lintegrate(l/ (-2+3%x)~(3/2) ,x, algorithm="giac")

outputt—2/3/sqrt(3*x -2
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
. o dp=— s
/(—2+3x)3/2 T T3 Bz 2

input Lint(l/(B*x - 2)°(3/2),x)

outputt-z/(s*(s*x - 2)°(1/2))

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

1 2
- = dr=—-——=
/ (—2 + 3x)3/2 v 3v3z — 2

input | 10t (1/ (-2+3+0)7(3/2) , %)

OUtputL( - 2)/(3*sqrt(3*x - 2))
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1

3.88 [ pimmds

Optimal result . . . . . . . . . . . . . 488}
Mathematica [A] (verified) . . . . . . . . . ... 488
Rubi [A] (verified) . . . . . . .. . . 489
Maple [A] (verified) . . . . . . . . ... 901
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 290)
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 491
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... A97]
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. A97]
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 1921
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 492

Optimal result

Integrand size = 9, antiderivative size = 13

/ 1 do — 2
(=2+43x)5/27"  9(—2+ 32)3/2

\-2/9/(—2+3*x)*<3/2>

output
Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00
/ S S
(=2+3z)527" " 9(—2+ 3x)3/2
input [Integrate [(-2 + 3*xx)~(-5/2),x]

-/

output | ~2/ (9¥(=2 + 3x1)7(3/2))
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
| oz
l 17
2

- 9(3z — 2)3/2

inputtlnt[(-Q + 3%x)~(-5/2) ,x]

output‘ -2/ (9% (-2 + 3*x)7(3/2)) ‘

Defintions of rubi rules used

N

rule 17‘(In’c[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol]l :> Simp[c*((a + b*x)~(m + 1 ‘
L)/(b*(m + 1)), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1] J
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
2
s 1

gosper 9(—2+3z) % 0

derivativedivides | ———2— 10
9(—2+43z) 2

default TR B— 10
9(—2+3z)2

trager -—2 10
9(—2+3z)2

risch -2 10
9(—2+3z)2

pseudoelliptic - m 10

) 4_2z

orering (—;+3i % 14

\/ﬁ(—signum(—%+x))% (‘é;— VT 3 )
.. 2 (1_ 3713) 2
meijerg — % 41
9/7 signum (— % +x) 2

input L

int (1/(-2+3%x)~(5/2) ,x,method=_RETURNVERBOSE)

output L—2/9/ (-2+3%x)~(3/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 21 vs. 2(9) = 18.

Time = 0.08 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.62

1

24/3x —2

 dr=—
/(—2+3x)5/2 T T 9022 — 122 + 4)

input L

integrate(1/(-2+3%x)~(5/2) ,x, algorithm="fricas")

output L

-2/9%sqrt (3*x - 2)/(9%x72 - 12%x + 4)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

/;dw 2
(=2 + 3z)%/2 9(3z — 2)?

input Lintegrate (1/(-2+3*x)**(5/2) ,x)

output | =2/ (9% (3*x = 2)*%(3/2))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/;dm R
(—2+ 3z)5/2 93z —2)

Nl

input Lintegrate (1/(-2+3%x)~(5/2) ,x, algorithm="maxima"

output{—z/g/(a*x - 2)°(3/2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/;dx 2
(—2+ 3z)>/2 93z —2)

Nl

input Lintegrate (1/(-2+3%x)~(5/2) ,X, algorithm="giac“)

Outputk—z/s/(s*x - 2)°(3/2)
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/;dm__;
(=2+32)>27" 93z —2)%?

inputtint(l/(S*x - 2)°(5/2),%)

output "2/ (9% (3*x - 2)7(3/2))

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.31

1 2
_r dr=_
/ (24322 T 93z —2 (32— 2)

input| 1881/ (-2+3%)7(5/2) ,%)

Outputt( - 2)/(9*sqrt(3*x - 2)*(3*x - 2))




output L

input

output
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3.89  [(—2—3z)"%dx

Optimal result . . . . . . . . . . . . e 493
Mathematica [A] (verified) . . . . . . . . . ... o 193]
Rubi [A] (verified) . . . .. . . ... .. 497
Maple [A] (verified) . . . . . . ... L 495
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 495
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 496
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1961
Giac [A] (verification not implemented) . . . . . . ... ... ... 496
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 497
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 497

Optimal result

Integrand size = 9, antiderivative size = 13

/(—2 — 32)%%dx = —%(—2 — 32)7/2

-

-2/21%(-2-3*x)~(7/2)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/(—2 — 32)%%dx = —%(—2 — 32)7/2

-

LIntegrate[(-2 - 3xx)~(5/2) ,x]

-/

L(—z*(—z - 3%x)"~(7/2))/21
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(—356 —2)%2 dg
l 17
2 a2
21( 3z —2)
input | [Rt[(-2 = 3+)7(5/2) ,x] |
output | ("2*(-2 = 3+0)7(7/2))/21 |

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
gosper — % 10
derivativedivides | — % 10
default — % 10
pseudoelliptic — % 10
orering (5 +2)(-2- 3x)% 14
trager (B3 + B2+ Zp+8)/—2-3z |24
risch 2 (273:3—{-5241zj—1—52!6_z3—;8) (2+3z) 30
5iv/3 < oy _ 8T (%(7“”3+%11025+91+2) \/@)
meijerg — NG 43

input L

int ((-2-3%x)~(5/2) ,x,method=_RETURNVERBOSE)

output L-2/21* (-2-3%x) "~ (7/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 24 vs. 2(9) = 18.

Time = 0.07 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.85

2
/(—2 —3z)%?dz = o (272° 4+ 54 2% + 362 + 8) V-3 — 2

input t

integrate((-2-3*x)~(5/2) ,x, algorithm="fricas")

output

L2/21*(27*x“3 + 54*x72 + 36%x + 8)*sqrt(-3*x - 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

/(—2 —32)%%dx = —W

-

input 1ntegrate((-2-3+x)**(5/2) %)

~—

output ~2*(~3*x - 2)%x(7/2)/21 |

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/(—2 — 32)*2dg = —% (=32 —2)7

input ‘ integrate((-2-3*x)~(5/2),x, algorithm="maxima") ‘

output L—2/21* (-3%x - 2)~(7/2) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.23

2
/(—2 —32)%%dz = o1 (3z+2)°V=3x —2

input Lintegrate ((-2-3#%x)~(5/2) ,x, algorithm="giac") J

-

L2/21*(3*x + 2)"3xsqrt(-3*x - 2)

e—

output
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

2(—3z —2)"/?
9 aN5/2 g
/( 2 —3x)°%dx o
input Lint((- 3*x - 2)7(5/2),%) J
outputk_(2*(_ 3*xx - 2)7(7/2))/21 J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.77

[ (<2 - gy ag /IO 4 S 20 4
21

-

tint((-2—3*x)‘(5/2),x)

e—

input

Outputt(2*sqrt( - 3xx - 2)*(27*x**3 + Ba*xx**2 + 36%x + 8))/21 J




output L

input

output
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3.90  [(—2-3z)%%dx

Optimal result . . . . . . . . . . . . e 498
Mathematica [A] (verified) . . . . . . . . . ... o 198]
Rubi [A] (verified) . . . .. . . ... .. 199
Maple [A] (verified) . . . . . . ... L 500
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 500
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 5011
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... H0TH
Giac [A] (verification not implemented) . . . . . . ... ... ... B0
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 502
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 502

Optimal result

Integrand size = 9, antiderivative size = 13

/(—2 — 32)%%dx = —%(—2 — 32)%/2

-

-2/15%(-2-3%x)~(5/2)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/(—2 — 32)*%dx = —%(—2 — 32)%/2

-

LIntegrate[(-2 - 3xx)~(3/2) ,x]

-/

L(—z*(—z - 3%x)~(5/2))/15
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(—356 —2)32 dg
l 17
2 a2
15( 3z —2)
input | [Rt[(-2 = 3+0)7(3/2) ,x] |
output | ("2*(-2 = 3*x)7(5/2))/15 |

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]




input

output

input

output
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
5

gosper —% 10
5

derivativedivides | — w 10
5

default —w 10
5

pseudoelliptic - w 10

orering (s +2)(-2- 3x)% 14

trager (—222-82—-2)v/-2-3z 19

. 2(9z2+12z+4) (2+3x)
risch TV 25
15 15
meijerg - NG 38

Lint((-2—3*x)‘(3/2),x,method=_RETURNVERBUSE)

L-2/15*(-2-3*x)“(5/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(9) = 18.

Time = 0.06 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.46

2
/(—2 —32)*?dz = 15 (92 + 12z +4)vV-3z -2

tintegrate ((-2-3*x)~(3/2) ,x, algorithm="fricas")

L—2/15*(9*x“2 + 12%x + 4)*sqrt(-3*x - 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

/(—2 —32)%%dx = —W

-

input 1ntegrate((-2-3+x)**(3/2) %)

~—

output ~2*(~3%x = 2)*x(5/2)/15 |

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

2 5
/(—2 —32)%%dx = T (=32 —2)2

input ‘ integrate ((-2-3%x)~(3/2),x, algorithm="maxima") ‘

output L—2/15* (-3%x - 2)~(5/2) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.23

2
/(—2 —32)%2dz = 1 3z +2)°vV=3z—2

input Lintegrate ((-2-3#%x)~(3/2) ,x, algorithm="giac") J

-

L—2/15*(3*x + 2)"2xsqrt(-3*x - 2)

e—

output
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

2(—=3z — 2)°/?
o aN32a
/( 2 —3x)%*dx T
input Lint((- 3*x - 2)7(3/2),%) J
outputk_(2*(_ 3*%x - 2)7(5/2))/15 J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.38

/ (2 — 30)" d = 2y/—37 — 2 (—9z% — 12z — 4)
15

-

tint((-2—3*x)‘(3/2),x)

e—

input

OutputL(Q*sqrt( - 3xx - 2)*( - 9xx*¥2 - 12%x - 4))/15 J




output L

input

output
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3.91 [V—-2—3zdx

Optimal result . . . . . . . . . . . . e H03
Mathematica [A] (verified) . . . . . . . . . ... o (03]
Rubi [A] (verified) . . . .. . . ... .. 504
Maple [A] (verified) . . . . . . ... L 505
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 505
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... (06!
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 507
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 607

Optimal result

Integrand size = 9, antiderivative size = 13

L/\/—2—3xdx::—§(—2—3xfﬂ

-

-2/9%(-2-3%x) ~(3/2)

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

L/\/—2—3mdx::—§(—2—3xfﬂ

-

LIntegrate [Sqrt[-2 - 3#*x],x]

-/

L(—z*(—z - 3%x)~(3/2))/9
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ vV—=3z —2dx
| 17
—g(—3x —2)3/2
inputtlnt[Sqrt[-2 - 3xx],x] J
output, (2*(-2 = 3K0°G3/2)/9 J

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (x@ + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]




input
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
3

gosper —w 10
3

derivativedivides | — w 10
3

default —w 10
3

pseudoelliptic — w 10

trager (g + %x) vV—2—3x 14

orering (g -+ 2?”’) vV—2-3z 14

risch —:3% 17

i¢2<ﬁf—2w““ﬁm“+%>
meijerg - NG 33

Lint ((-2-3*x)~(1/2) ,x,method=_RETURNVERBOSE)

outputt

-2/9% (-2-3%x) "~ (3/2)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

/\/ﬂdz :§(3x+2)\/—3$—2

input

Lintegrate((—2—3*x)*(1/2),x, algorithm="fricas")

outputt

2/9%(3*x + 2)*sqrt(-3*x - 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

/\/—2—3a;dx= _M
9

-

input 1ntegrate((-2-3+x)**(1/2) %)

~—

output ~2*(-3%x = 2)%x(3/2)/9

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

N

/\/—2—3zdx = —g (=3z—2)

input ‘ integrate((-2-3*x)~(1/2),x, algorithm="maxima")

outputt—z/g*(—s*x - 2)~(3/2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/mdx=_§(

3
2

-3z —2)

input Lintegrate ((-2-3%x)~(1/2) ,x, algorithm="giac")

-

output{‘2/9*(‘3*x - 2)°(3/2)

e—
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/\/ﬂdx= _2(82-2)

9
input Lint((- 3xx - 2)7(1/2),%) J
output ~(2*(- 3% - 2°(3/2)/8 J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

_ 2y/—-3z — 2(3z +2)
/\/—2—3xdx— 9

-

tint((-2—3*x)“(1/2),x)

e—

input

Outputt(2*sqrt( - 3%x - 2)*(3%x + 2))/9 J




-

L—z/s*(—z—s*x)‘(1/2)

output

e
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1

3.92 | = dx

Optimal result . . . . . . . . . . . . e H08
Mathematica [A] (verified) . . . . . . . .. ... L Lo (08
Rubi [A] (verified) . . . .. . . ... .. 509
Maple [A] (verified) . . . . . . . .. L 510
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... LI
Sympy [A] (verification not implemented) . . ... ... ... ... .. ..... b1l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... LIl
Giac [A] (verification not implemented) . . . . . . .. ... ... L. bIT]
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 512
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 512

Optimal result

Integrand size = 9, antiderivative size = 13

1
= dr=
/\/—2—3.’13 *

—;/—2 — 3z

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

1
- dr=
/\/—2—33) o

—Vr-Em

input t

Integrate[1/Sqrt[-2 - 3*x],x]

~—

output L

(-2%Sqrt[-2 - 3*x])/3
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ &
v/ —3x — 2
l 17
NS
nput [ [1/5qre[-2 - 3#x] ,x] )

output| (~2*Sart[-2 - 3+x1)/3 |

Defintions of rubi rules used

e 17 ToEL(e_)*((a_.) + (b_.)*(x))"(m_.), x_Symbol]l :> Simplc((a + b¥x)"(m + 1
)/ (x@m + 1)), x] /; FreeQl{a, b, c, m}, x] & NeQ[m, -1]
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
2v/—2—3x
gosper — == 10
derivativedivides | — 2_V—32—3x 10
default — 2—V_§_3'”” 10
trager —2/2mde 10
pseudoelliptic — Q—V_g_?’”” 10
. é-|—2;1: 1 4
orering ;\/T—Eiz
4 T
risch \/% 15
V2 (—2/7+2 /T (/1432
meijerg e f;r ﬁf +¥) 28

input L

int (1/(-2-3*x)~(1/2) ,x,method=_RETURNVERBOSE)

output

L—z/s*(—z—s*x)*(1/2)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1
L dr=
/\/—2—333 T3

2 V—=3z—2

input L

integrate(1/(-2-3%x)~(1/2) ,x, algorithm="fricas")

output

L—2/3*sqrt(—3*x -2
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

/ 1 dr — 2y =3z -2

v—2-3z 3
input‘integrate(1/(—2—3*x)**(1/2),x)

output ~2*8art(-3+x - 2)/3 |

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
————dr=—,v-3x—2
/ vV—2-3z 3
input Lintegrate(l/(-z-s*x)* (1/2) ,x, algorithm="maxima" J
ou.tputl_2/3*sqrt(‘3*x - 2) J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
———dr=—-vV-3z—-2
/ v—2—sz = 3V "
input Lintegrate (1/(-2-3*x)~(1/2) ,x, algorithm="giac") J

-

L—2/3*sqrt(-3*x -2

e—

output
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/ 1 e 2v/—3z —2
V—2—3z 3

input 10E(1/ (- 3xx - 2)7(1/2),%)

output | ~(2*(= 3*x = 2)7(1/2))/3

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.62

/ 1 i — 2/—3z — 2
V—2—3z 3

input Lint(l/(—2-3*x)“(1/2) ,X)

outputt( - 2%sqrt( - 3*x - 2))/3
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3.93 [~

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified)

Fricas [A] (verification not implemented)

Sympy [A] (verification not implemented)

Maxima [A] (verification not implemented)

Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 9, antiderivative size = 13

/

1

Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . ...

2

(—2 - 32)°7

dr =

3vV—2—-3x

output | 2/3/ (-2-3+0)°(1/2)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/

1

dz

2

(—2 — 3z)3/2

3vV—2—-3z

input ‘\Integrate [(-2 - 3*x)~(-3/2),x]

output

Lz/ (3xSqrt[-2 - 3*x])




input

output

rule 17
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
| oo
l 17
2

3v—3z —2

'Int[(-2 - 3%x)"(-3/2) ,x]

L2/ (3*Sqrt[-2 - 3*x])

Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N

J




input L
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
gosper ﬁ 10
derivativedivides ﬁ 10
default ﬁ 10
risch 3\/_;27_3% 10
pseudoelliptic ﬁ 10
_4_op
orering (_23_ 32)% 14
trager — 23V(2_f;;’)”” 17
ol )
meijerg NG s 26

int (1/(-2-3*x) ~(3/2) ,x,method=_RETURNVERBOSE)

output

L2/3/(—2-3*x)‘(1/2)

input

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.23

|

dz = —
TTT3(B+2)

2v/-3x—2

Lintegrate(l/(-2—3*x)‘(3/2),x, algorithm="fricas")

outputt

-2/3*sqrt (-3%x - 2)/(3*x + 2)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

1 2
dr =
/ (—2 — 3z)3/2 v 3v—=3z — 2

input Lintegrate (1/(-2-3*x) **(3/2) ,x)

Outputt2/(3*sqrt(-3*x - 2))

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
dxr =
/ (—2 — 3zx)3/2 T73 V—=3z—2

input‘integrate(l/(—2-3*x)"(3/2),x, algorithm="maxima")

outputL2/3/sqrt(-3*x -2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
/ (=2 — 3z)3/2 de = 3v—3z—2

input Lintegrate (1/(-2-3*x)~(3/2) ,x, algorithm="giac")

outputt2/3/sqrt(-3*x -2
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

1 2
dr =
/ (—2 — 3zx)3/2 T3 V—=3z—2

inputtint(i/(— 3xx - 2)7(3/2),x)

output | 2/ (3*(= 3%x = 27(1/2))

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

1 2
dxr =
/ (—2 — 3z)3/2 v 3v=3z — 2

input | 10t (1/(-2-3+40)7(3/2) ,%)

outputt2/(3*sqrt( - 3*%x - 2))
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3.94 [ e da

2—3z)
Optimal result . . . . . . . . . . . . . HI8]
Mathematica [A] (verified) . . . . . . . . . ... HI8
Rubi [A] (verified) . . . . . . .. . . 519
Maple [A] (verified) . . . . . . . . ... 5201
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 520
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... b21]
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... H21]
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. H21]
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 5221
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 522

Optimal result

Integrand size = 9, antiderivative size = 13

L/‘ 1 go 2
(=2 —3z)5/2""  9(—2 — 3z)3/2

Output\2/9/(—2—3*x>*(3/2)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/;dx_;
(=2 —3z)5/2""  9(—2 — 3z)3/2

-

input LIntegrate [(-2 - 3*x)~(-5/2),x]

-/

\2/(9*(—2 - 3%x)~(3/2))

output
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
| o
l 17
2

9(—3z — 2)3/2

inputtlnt[(-Q - 3xx)~(-5/2) ,x]

output| 2/ (9*(-2 - 340)7(3/2)) |

Defintions of rubi rules used

N

rule 17‘(In’c[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol]l :> Simp[c*((a + b*x)~(m + 1 ‘
L)/(b*(m + 1)), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1] J




input

output

input L

outputt
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.77

method result size
2
gosper o230)} 10
derivativedivides | —2— 10
9(—2—-3x)2
default —2 10
9(—2—3x)2
llipti 2 1
pseudoelliptic PR 0
4_20
orering —s 14
(—2-3z)2
trager 29‘(/21237;39‘? 17
. 2
I'lSCh — Wm 17
(e
meijerg 9\2/7(?1+7) 28

Lint (1/(-2-3%x)~(5/2) ,x ,method=_RETURNVERBOSE)

L2/9/(—2—3*X)A(3/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 21 vs. 2(9) = 18.

Time = 0.07 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.62

1
/ EEESL

2y/—3x—2

9922+ 12z +4)

integrate(1/(-2-3*x)~(5/2) ,x, algorithm="fricas")

2/9xsqrt (-3*x - 2)/(9%x72 + 12%x + 4)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

/; dp— — 2
(=2 — 3z)°/2 9(—3z —2)?

input Lintegrate (1/(-2-3*%x)**(5/2) ,x)

output | 2/ (9 (-3%x = 2)*%(3/2))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/;dx -2
(=2 — 3z)*/2 9(—37—2)?

input Lintegrate (1/(-2-3%x)~(5/2) ,x, algorithm="maxima"

outpudz/g/(—a*x - 2)°(3/2)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.23

1 2
Y dr=—
/(—2—3x)5/2 T 9B +2)vV3z -2

input Lintegrate (1/(-2-3%x)"~(5/2) ,x, algorithm="giac")

output L—2/9/((3*x + 2)*sqrt(-3%x - 2))
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.69

/;dx— 2
(—2-32)52"" " 9(—3z —2)?

input Lint(l/(— 3*%x - 2)7(5/2),x)

output 2/ (9 (= 3+x = 2)7(3/2))

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.31

1 2
e =—
/ (=2 — 3z)5/2 ! 9v/=3z —2 (3z +2)

input | 1881/ (-2-3%0)7(5/2) ,%)

Outputt( - 2)/(9%sqrt( - 3xx - 2)x(3*x + 2))
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3.95 [(a+ bz)™dzx

Optimal result . . . . . . . . . . . . e 523
Mathematica [A] (verified) . . . . . . . . . ... o (23]
Rubi [A] (verified) . . . .. . . ... .. 524
Maple [A] (verified) . . . . . . ... L 525
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 525
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 520
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 5261
Giac [A] (verification not implemented) . . . . . . ... ... ... 526
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 527
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 527

Optimal result
Integrand size = 7, antiderivative size = 18

(a+ bx)ttm

/(a—+—bz)mdx= b1+ m)

output L(b*x+a)*(1+m) /b/ (1+m) J

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

(a + bx)tt™

/(a+bx)mdx= b1+ m)

input LIntegrate[(a + b*x)"m,x] J

Output‘ (a + b*xx)"(1 + m)/(bx(1 + m))
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Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(a +bz)" dx
| 17
(a+ byt
b(m+1)
input‘ Int[(a + b*x)"m,x] ‘
outputt(a + b*x)"(1 + m)/(bx(1 + m)) J

Defintions of rubi rules used

N

rule 17‘(Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
L)/(b*(m + 1)), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1] J
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Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

method result size
1+m
gosper —(b:(-;j-)m) 19
(bz+a)1+m
default e 19
risch W 99
3 (bz+a)(bz+a)™
orering . 929
parallelrisch | 2¢=+ “)Z‘i:)(gﬂ)’”az 36
norman wemlli(”n:*“) + ae;iri:;@ 37
input Lint ((b*x+a) "m,x,method=_RETURNVERBOSE)
output L(b*x+a) " (1+m) /b/ (1+m) J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

_ (bz+a)(bz+a)"
N bm +b

/ (a + ba)™ dz

i - i =" s "
input Llntegrate((b*x+a) m,x, algorithm="fricas")

Outputt(b*x + a)*(b*x + a)~m/(b*m + b) J
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+bz)™H!
% form # —1
log (a + bx) otherwise
/ (a4 bx)™dx = B
input Lintegrate ((b*x+a)**m,x) J

output Piecewise(((a + bxxxx(m + 1)/(m + 1), Ne(m, -1)), (log(a + bxx), True))/b

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

m o (bz + a)™t!
/(a—l—bx) dr = St 1)

i - i =" 5 n
input t1ntegrate((b*x+a) m,x, algorithm="maxima") J

[(b*x +a)~(m + 1)/(bx(m + 1))

-/

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

(bCL' + a)m+1
/ (a+bx)™ b(m Y
input Lintegrate ((b*x+a) "m,x, algorithm="giac") J
Olltputt(b*x +a)~(m + 1)/ (bx(m + 1)) J
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Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

B (a—l—bz)erl
/(a+bw D)

input Lint((a + b*x)"m,x) J

[(a £ brx)~(m + 1)/(b*(m + 1))

-/

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.17

m g (ba: +a)™ (br + a)
/(’Hb””) b(m+1)

input Lint ((b*x+a) "m,x) J

outputt((a + b*x)*kmx(a + b*x))/(bx(m + 1)) J




output ‘\
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1

3.96 f v—a+e(ctdz) dx

Optimal result . . . . . . . . . . . . . . . e H28]
Mathematica [A] (verified) . . . . . . . . . ... 528
Rubi [A] (verified) . . . . . . . . . 5291
Maple [A] (verified) . . . . . . ... L 530
Fricas [A] (verification not implemented) . . . . . .. ... ... ... . ..... 530
Sympy [A] (verification not implemented) . . . ... ... ... ... ...... 530
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 31
Giac [A] (verification not implemented) . . . . . . ... ... ... B3l
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... b31]
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 532

Optimal result

Integrand size = 17, antiderivative size = 23

_log (\/—a + ce + dex)

/\/—_a+i(c+dx) v

de

1n((-a)~(1/2)+c*e+d*ex*xx)/d/e

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00

dzr =

_log (v—a + ce + dex)

/\/—_a+i(c+dx)

de

input t

Integrate[(Sqrt[-a] + ex(c + d*x))~(-1),x]

-

output L

Log[Sqrt[-a] + cxe + dxe*x]/(d*e)

-/




input

output

rule 16

rule 18
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Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00,

number of rules _ 0.118, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {18, 16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/\/—_a+i(c+dx) d

| 18

1
| Sermry=adie t dv)

d
| 16

log (v—a + e(c+ dz))
de

LInt[(Sqrt[-a] + ex(c + d*x))~(-1),x] J

-

LLog[Sqrt [-a] + ex(c + d*x)1/(d*e)

-/

Defintions of rubi rules used

Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
b*x, x]11/b), x] /; FreeQ[{a, b, c}, xI]

Int[(c_.)*((a_.) + (b_.)*(u_))"(m_), x_Symbol] :> Simp[1/D[u, x] Subst [In
tlcx(a + b*x)"m, x], x, ul, x] /; FreeQ[{a, b, c, m}, x] && LinearQ[u, x] &
& NeQ[u, x]
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Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.96

method result size
default @ 22
norman —ln(‘/ja;ce-"dm) 22
parallelrisch @ 22

inputLint(l/((-a)“(1/2)+e*(d*x+c)),x,method=_RETURNVERBOSE) J

output Lln( (-a)~(1/2)+cre+d*exx) /d/e J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.91

/ 1 log (dex + ce + v/—a)
xTr =
v—a+e(c+dx) de
input Lintegrate (1/((-a)~(1/2) +ex(d*x+c)) ,x, algorithm="fricas") J

e

Llog(d*e*x + cke + sqrt(-a))/(dxe)

~—

output

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

/ 1 i log (ce + dex + +/ —a)
€Tr =
vV—a+ e(c + dx) de

tnput Lintegrate (1/((~a)**(1/2)+e* (d*x+c)) ,x) J
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output LOB(cre + d¥exx + sart(-a))/(dxe)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.91

o — log ((dz + c)e + v/—a)

/\/—_a+i(c+dx) de

input Lintegrate (1/((-a)~(1/2)+ex(d*x+c)) ,x, algorithm="maxima")

output Llog((d*x + c)*e + sqrt(-a))/(d*e)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.96

_ log (|(dz + c)e + v/—al)

T =

/\/—_a+i(c+dx) de

input Lintegrate (1/((-a)~(1/2)+e*(d*x+c)) ,x, algorithm="giac")

outputLlog(abs((d*x + c)*e + sqrt(-a)))/(d*e)

Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.91

1 —
e — n(v—a+ce+dex)

/\/—_a-l-i(c—i—dx) de

inputtint(l/((—a)A(1/2) + ex(c + d¥x)),x)
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Outputtlog((—a)“(l/Q) + cke + dxe*x)/(dxe) J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 54, normalized size of antiderivative = 2.35

—2atan<‘1€x—¢?> i + log(d?e*z? + 2cd €2z + c*e* + a)
dr =

1
/ vV—a+ e(c+ dzx) 2de

-

tint(l/((—a)‘(1/2)+e*(d*x+c)),X)

—

input

output‘ ( - 2*atan((cxe + d*e*x)/sqrt(a))*i + log(a + c**2xe**2 + 2kckdxe**2*x + d \
L**Q*e**2*x**2))/(2*d*e) J




output

input

output
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3.97 [(c+d(a+ bx))>% dx

Optimal result . . . . . . . . . . . . e B33
Mathematica [A] (verified) . . . . . . . . . ... o 533l
Rubi [A] (verified) . . . .. . . ... .. 634
Maple [A] (verified) . . . . . . ... L 535
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 535
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 536
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 5361
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... RY(
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... b3
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 538

Optimal result

Integrand size = 13, antiderivative size = 23

2(c+ d(a + bx))7/?

/(c +d(a+bx))>? dz =

7bd

e

L2/7*(c+d*(b*x+a))‘(7/2)/b/d

~—

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00

2(c + ad + bdz)"/?

/(c +d(a+ bz))*? dz =

7bd

LIntegrate[(c + dx(a + bxx))~(5/2),x]

-

L(2*(c + axd + bxd*x)~(7/2))/(7*bxd)

-/
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Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00,

number of rules _ (j 15 4, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {18, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d(a +bz) + ¢)°/? da

| 18
[(c+d(a+ bz))>/%d(a + bx)
b
| 17
2(d(a + bx) + ¢)7/?
7bd

input ‘\Int[(c + dx(a + b*x))~(5/2),x]

output (2X(C + d*(a + X)) (7/2))/ (Tabrd)

Defintions of rubi rules used

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/ (ox(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

rule 17

Int[(c_.)*((a_.) + (b_.)*(u_))"(m_), x_Symbol] :> Simp[1/D[u, x] Subst [In
tlcx(a + b*x)"m, x], x, ul, x] /; FreeQ[{a, b, c, m}, x] && LinearQ[u, x] &
& NeQ[u, x]

rule 18
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Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.87

method result size
2(bdz+-ad+-c) §
LT Qi C
gosper — 20
7
e e e 2 Z
derivativedivides W 20
7
2
7db
7
P 2(c+d(bz+a))2
pseudoelliptic —a 20
5
. 2(bdz+ad+c)(c+d(bz+a)) 2
orering o 29
" 2(b3d3x3+3a b2d3x243a2b d3x+3b%c d2x2+a3d3+6abc d?2x+3a2c d?+3b c?dz+3a 02d+c3)\/bdac+ad+c 108
rager o

-

int ((c+d*(b*x+a)) ~(5/2) ,x,method=_RETURNVERBOSE)

e—

input t

output Lz/ 7x (bxd*x+axd+c)~(7/2)/d/b J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 104 vs. 2(19) = 38.

Time = 0.07 (sec) , antiderivative size = 104, normalized size of antiderivative = 4.52

e 2 (¥d3z® + a3d® + 3acd?® + 3ac’d + ¢ + 3 (ab?d® + b*cd?)z? + 3 (abd® + 2 abed? + bc2d)x
B 7bd

input Lintegrate ((c+d*(bxx+a))~(5/2) ,x, algorithm="fricas") J

p
‘2/7*(b"3*d"3*x"3 + a”3*d"3 + 3*%a"2xc*d"2 + 3*axc”2*d + c”3 + 3*(axb"2+d"3
\+ b™2xc*d"2)*x"2 + 3*(a"2*b*d"3 + 2*axbkcxd"2 + bxc”2xd)*x)*sqrt (b*d*x + a
*d + c)/(b*d)

output

\‘
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 270 vs. 2(17) = 34.

Time = 1.06 (sec) , antiderivative size = 270, normalized size of antiderivative = 11.74

c2x

Njot

z(ad + ¢)
5
c2T
2a%d?+/ad+bdz+c + 6a®d?z+/ad+bdz+c 4 6a%cdvad+bdz+c 4 6abd?z2+/ad+bdz+c + 12acdz+/ad+bdz+-c + 6a.
7b 7 b 7 7

\

-

Lintegrate ((c+d* (b*x+a) ) **(5/2) ,x)

-

input

Piecewise((c**(5/2)*x, Eq(b, 0) & Eq(d, 0)), (x*(axd + c)*x(5/2), Eq(b, 0)
), (c*x*x(5/2)*x, Eq(d, 0)), (2*ax*3xd**2*sqrt(a*d + b*d*x + c)/(7*b) + 6xax
*2xd**+2xx*sqrt (axd + b*dxx + c)/7 + 6xa*x2*cxd*sqrt(axd + b*xd*x + c)/(7*b)
+ Bkaxbxd**2xx**2xsqrt(axd + b*d*x + c)/7 + 12*%akxckd*x*sqrt(axd + bxdxx +
c)/7 + 6xaxc*x2xsqrt(a*d + bxd*x + c)/(7*b) + 2xbx*2xdx*2xx**3xsqrt(a*xd +
b*d*x + c)/7 + 6*bxc*d*x**2*sqrt(a*d + bxd*x + c)/7 + 6*kcx*x2*x*sqrt(axd +
b*d*x + c)/7 + 2%cx*3xsqrt(axd + b*d*x + c)/(7*b*d), True))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

2 ((bz + a)d + c)?
7bd

/(c + d(a + bx))*? dx =

input ‘ integrate ((c+d*(b*x+a))~(5/2) ,x, algorithm="maxima") ‘

output | 2/TH((b*x + a)*d + ©)(7/2)/ (bxd) |




input

output

input
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 444 vs. 2(19) = 38.

Time = 0.12 (sec) , antiderivative size = 444, normalized size of antiderivative = 19.30

/(c—|— d(a

" 2 (35 (bdx + ad + c)%azd2 - 35 (3 Vbdz + ad + cad — (bdz + ad + c)% +3/bdz + ad + cc
+bx))** dx = ‘

s

Lintegrate((c+d*(b*x+a))‘(5/2),x, algorithm="giac")

~—

2/35%(35%(bxd*x + axd + c)~(3/2)*a"2+%d"2 - 35%(3*sqrt(bxd*x + axd + c)*a*d
- (bxd*x + a*d + c)~(3/2) + 3*sqrt(b*d*x + a*d + c)*c)*a~2*%d"2 - 21x(bxdx*
x + a*d + c)~(5/2)*a*d + TOx(b*d*x + a*d + c)~(3/2)*a*xc*d - 70*(3*sqrt(b*d
*x + akd + c)*akxd - (bkd*x + axd + c)~(3/2) + 3xsqrt(b*d*x + a*d + c)*c)*a
*cxd + Bk (bxd*x + axd + c)~(7/2) - 21x(b*d*x + axd + c)~(5/2)*c + 35*(bxd*
X + a*d + ¢c)"(3/2)*c”2 - 35%(3*sqrt(b*d*x + axd + c)*axd - (bxd*x + axd +
c)~(3/2) + 3*sqrt(b*d*x + a*d + c)*c)*c”2 + T*(15xsqrt(b*d*x + a*d + c)*a”
2*d~2 - 10*(bxd*x + axd + c)~(3/2)*a*d + 30*sqrt(bxd*x + a*d + c)*a*c*xd +
3x(bxd*x + a*d + c)~(5/2) - 10*(b*d*x + a*d + c)~(3/2)*c + 15*sqrt(bxd*x +
axd + c)*c”2)*axd + T*(15*sqrt(b*d*x + a*d + c)*a~2*%d"2 - 10*(bxd*x + axd
+ ¢c)~(3/2)*axd + 30*sqrt(b*d*x + a*d + c)*axcxd + 3k (b*d*x + a*d + c)~(5/
2) - 10*(b*d*x + a*d + c)~(3/2)*c + 1b*sqrt(bxd*x + axd + c)*c~2)*c)/(b*xd)

Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 93, normalized size of antiderivative = 4.04

2
/(c+d(a+bx))5/2dz= 6z/c+d (a—;—bx) (c+ad)
2 /c+d (a+bz)(ct+ad)’® 202d?z% \/c+d (a+bx)
+ +
7bd 7
+6bdz2\/c+d(a+bw)(c+ad)
7

}int((c + dx(a + b*x))"~(5/2),%)
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output‘ (6*x*x(c + dx(a + b*x))~(1/2)*(c + axd)~2)/7 + (2x(c + dx(a + b*x))~(1/2)*( \
‘¢ + axd)"3)/(7¥bxd) + (2¥b"2%d"2%x"3%(c + dx(a + b*x))"(1/2))/7 + (6¥bxd*x |
"26(c + dx(a + b)) (1/2)*(c + axd))/7 |

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 106, normalized size of antiderivative = 4.61

Vbdz + ad + ¢ (B3d®z® + 3a b’ d3z? + 3ab d3x + 3b?c d?z? + a®d® + 6abc d*x + 3a’cd? + 3
7bd

+b2))/2 dx = 2

inputLint((c+d*(b*x+a))*(5/2)’X) J

(2*sqrt(a*xd + b*d*x + c)*(a**3*%d**3 + 3kax*2xb*xd**3*x + 3ka**2xckd**2 + 3%
axb**2kd**3kx**2 + Gkakbkckdk*2*x + 3kakxck*2xd + bkk3kdk*k3kx**3 + 3*kb*x*2*kc ‘
‘*d**Q*x**Q + 3¥b¥c**2xd*x + c*x*3))/(7*b*xd) ‘

output ‘




output

input

output
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3.98 [(c+d(a+ bx))*?dx

Optimal result . . . . . . . . . . . . e H39
Mathematica [A] (verified) . . . . . . . . . ... o 5391
Rubi [A] (verified) . . . .. . . ... .. HA0
Maple [A] (verified) . . . . . . ... L HAT]
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... HAT]
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 542
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... bYW}
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 543
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 543
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 644

Optimal result

Integrand size = 13, antiderivative size = 23

2(c+ d(a + bx))>/?

/(c +d(a+bx))*?dz =

5bd

e

L2/5*(c+d*(b*x+a))“(5/2)/b/d

~—

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00

2(c + ad + bdz)5/?

/(c +d(a+ bz))¥? dz =

5bd

LIntegrate[(c + dx(a + bxx))~(3/2),x]

-

L(2*(c + axd + b*d*x)~(5/2))/(5%bxd)

-/
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Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00,

number of rules _ (j 15 4, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {18, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d(a +bz) + ¢)%/? da

| 18
[(c+d(a+bx))3?d(a + bx)
b

| 17
2(d(a + bx) + ¢)®/?
5bd

input ‘\Int[(c + dx(a + b*x))~(3/2),x]

output (2*(C + d*(a + D))" (5/2))/ (5vbxd)

Defintions of rubi rules used

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/ (ox(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

rule 17

Int[(c_.)*((a_.) + (b_.)*(u_))"(m_), x_Symbol] :> Simp[1/D[u, x] Subst [In
tlcx(a + b*x)"m, x], x, ul, x] /; FreeQ[{a, b, c, m}, x] && LinearQ[u, x] &
& NeQ[u, x]

rule 18
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.87

method result size
osper 2(bdz+ad+c)? 20
gosp 5db
5
. . o . 2 2
derivativedivides % 20
5
2(bdz+ad+c) 2
default S 20
5
P 2(c+d(bz+a))2
pseudoelliptic —d 20
3
. 2(bdz+ad+c)(c+d(bz+a)) 2
orering 5db 29
2(d?2b2z2+2ab d?z+a?d2+2becdx+2acd+c?) /bdz+ad+c
trager ( Ehd ) 60

-

input t

int ((c+d*(b*x+a)) ~(3/2) ,x,method=_RETURNVERBOSE)

e—

output

L2/5* (b*d*x+axd+c) ~(5/2) /d/b

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 59 vs. 2(19) = 38.

Time = 0.08 (sec) , antiderivative size = 59, normalized size of antiderivative = 2.57

2 (b2d%x? + a®d? + 2 acd + % + 2 (abd? + bed)z)v/bdx + ad + ¢

/(c+d(a+bx))3/2 dz =

5bd

input

Lintegrate((c+d*(b*x+a))‘(3/2),x, algorithm="fricas")

Output‘ 2/5%(b"2%d"2*x"2 + a”2xd"2 + 2%axckd + c”2 + 2*k(axb*d”~2 + bkxc*d)*x)*sqrt (b

(xdxx + axd + c)/(bxd)
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 156 vs. 2(17) = 34.

Time = 0.27 (sec) , antiderivative size = 156, normalized size of antiderivative = 6.78

c2x
(ad +c)?
xla c)?
+bx))¥ 2 de =1 ",
c2x
2a2dv/ad+bdr+c 4 4adx+/ad+bdx+c 4 4acy/ ad+bdx+c + 2bdz?v/ad+bdx+c 4 4cxv/ad+bdz+c + 2¢%v/ad+bdz+
L 5b 5 5b 5 5 5bd
e N
: i +d* (b*x+ %k
input Llntegrate((c d* (b*x+a) ) **(3/2) ,x) J

Piecewise((c**(3/2)*x, Eq(b, 0) & Eq(d, 0)), (x*(axd + c)*x(3/2), Eq(b, 0)
), (c*x(3/2)*x, Eq(d, 0)), (2%a*x2*d*sqrt(a*d + bkd*x + c)/(5%b) + 4*axd*x
*sqrt (axd + bxd*x + c)/5 + 4*axcksqrt(axd + bkdxx + c)/(5xb) + 2¥bxd*x**2%
sqrt(a*xd + bxd*x + c)/5 + 4*xc*x*sqrt(axd + bkxd*x + c)/5 + 2kc*k*2*xsqrt(a*d
+ bxd*x + c)/(5%b*d), True))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

2 ((bz + a)d + )
5bd

/(c +d(a+ bz))3? dz =

e hY

integrate ((c+d*(b*x+a))~(3/2) ,x, algorithm="maxima")

N\ J

input

output 2/5*((Dxx + a)xd + )" (5/2)/ (b*d)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 195 vs. 2(19) = 38.

Time = 0.12 (sec) , antiderivative size = 195, normalized size of antiderivative = 8.48

2 (30 Vbdz + ad + ca’d? — 10 (bdz + ad + c)%ad + 60 v/bdz + ad + cacd — 10 <3 Vbdz + a

r

| —

input Lintegrate ((c+d* (b*x+a))~(3/2) ,x, algorithm="giac")

2/15% (30*sqrt (b*d*x + a*d + c)*a~2+%d"2 - 10*(b*d*x + a*d + c)~(3/2)*a*xd +

60*sqrt (b*d*x + a*d + c)*axckd - 10*(3*sqrt(b*d*x + a*d + c)*a*xd - (b*xd*x

+ axd + ¢c)~(3/2) + 3xsqrt(bxd*x + axd + c)*c)*axd + 3x(bxd*x + axd + c)~(5

/2) - 10*(b*d*x + a*xd + c)~(3/2)*c + 30*sqrt(bxd*x + a*d + c)*c™2 - 10*(3*
sqrt (bkd*x + a*d + c)*axd - (b*d*x + a*d + c)~(3/2) + 3*sqrt(bxd*x + axd +
c)*c)*c)/(bxd)

N\ J

output

Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.96

2 2
2
/@+d@+ﬁ@ﬁﬂmn=¢o+dm+b@<x(%lhgg> 2@?;f)+-ng>

-

Lint((c + d*(a + b*x))"(3/2),x)

-/

input

‘(c + dx(a + b*x)) " (1/2) *(x*x((4%c)/5 + (4*xa*d)/5) + (2x(c + a*xd)~2)/(5*b*xd) ‘
+ (2xb*d*x~2)/5)

N\ J

output
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 58, normalized size of antiderivative = 2.52

\/—222 2 2 72 2
/@+aww@fﬂmﬁﬁz“m+“d+dbdx+9®i;+ad+4M®Hﬂmﬂ+c)

input | 186 ((crdx (bxxva))(3/2),2) J

‘(2*sqrt(a*d + bxd*x + c)*x(ax*2*xd**2 + 2xaxbkd**x2xx + 2%akxckd + b¥x*2kxd*k*x2xx

output
‘**2 + 2%bkckd*x + c**2))/(5*xb*xd)
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3.99 [\/c+d(a+bx)dx

Optimal result . . . . . . . . . . . ..
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ...
Sympy [B] (verification not implemented) . . ... ... ... ... .. ... ..
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ...
Giac [A] (verification not implemented) . . . . . ... ... ... ...
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 13, antiderivative size = 23

_ 2(c+d(a+ bx))*?
/\/c+d(a+bz)dx— 3bd

040)
040l
040!
047
047
048]
04d
549
049
049

output | 2/3% (c+d* (bx+a))~(3/2) /b/d

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00

d + bdz)?/?

/\/c—l—d(a—l—bm)dx: 2Acta

3bd

input‘ Integrate[Sqrt[c + d*(a + b*x)],x]

r

outpud(?*(c + axd + bxd*x)~(3/2))/(3%b*d)

| —



input

output

rule 17

rule 18
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Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00,

number of rules _ (j 15 4, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {18, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[ Via+s)+cds

| 18
[ e+ d(a+bx)d(a+ bz)
b
| 17
2(d(a + bx) + c)%/?
3bd

LInt[Sqrt[c + d*(a + b*x)],x]

L(2*(c + dx(a + b*x))"(3/2))/(3*b*d)

Defintions of rubi rules used

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

Int[(c_.)*((a_.) + (b_.)*(u_))"(m_), x_Symbol] :> Simp[1/D[u, x] Subst [In
tlcx(a + b*x)"m, x], x, ul, x] /; FreeQ[{a, b, ¢, m}, x] &% LinearQ[u, x] &
& NeQ[u, x]
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.87

method result size

3
2(bdz+ad+c)2

gosper R 20
3

derivativedivides W 20
3
2(bdz+ad+c)2

default = 20
3
2(bdz+ad+c)2

trager 5 20
3
s 2(c+d(bz+a)) 2

pseudoelliptic T 20

. 2(bdz+ad+c)+/c+d(bz+a)
orering 25 29

-

input Lint ((c+d*(b*x+a))~(1/2) ,x,method=_RETURNVERBOSE)

-/

output L2/3* (b*d*x+a*xd+c)~(3/2)/d/b

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

3
/ T d(a 1 ba) do = 2 (bdx + ad +¢)

3bd

input Lintegrate ((c+d*(b*x+a))~(1/2) ,x, algorithm="fricas")

output| 2/3* (Prdxx + axd + ©)"(3/2)/ (bxd) ]
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Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 82 vs. 2(17) = 34.

Time = 0.10 (sec) , antiderivative size = 82, normalized size of antiderivative = 3.57

(

Vex
zvad + ¢
/ ve+d(a+br)de =
Vex
2a+v/ad+bdx+c 2z+v/ad+bdx+c 2¢cvad+bdz+c
3b + 3 + 3bd

\

forb=0Ad=0
forb =0
ford=0
otherwise

input Lintegrate ((c+d*x (bxx+a) ) **(1/2) ,x)

e

output

‘d*x + ¢)/3 + 2xcksqrt(axd + bxdxx + c)/(3%b*d), True))

Piecewise((sqrt(c)*x, Eq(b, 0) & Eq(d, 0)), (x*sqrt(axd + c), Eq(b, 0)), (
'sqrt(c)*x, Eq(d, 0)), (2xa*sqrt(a*d + bxdx + c)/(3%b) + 2xx*sqrt(a*d + bx

A\

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

[

[ Ve darim i - Lzt adr

input tintegrate ((c+d*(b*x+a)) ~(1/2) ,x, algorithm="maxima")

-

output| 2/3*((b*x + a)xd + ©)"(3/2)/ (bxd)

-/
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

et d(a+ba) do = 2(bdm—|—ad—|—c)g
/ c+d(a+br)de = 35d

-

inputLintegrate((c+d*(b*x+a))‘(1/2),x, algorithm="giac")

~—

output 2/3*(DHAXK + axd + )" (3/2)/ (bxd)

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

c a+bz))*?
/\/c—l—d(a+bx)dx=2( +déb;b )

input‘ int((c + d*(a + b*x))~(1/2),x)

ou‘cputt(%‘(C + dx(a + b*x))~(3/2))/(3*b*d)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.17

N vy
/ c+d(a+bx)dx=2 bdw+ad+3z(§bda:+ad+c)

input Lint ((c+d* (bxx+a))~(1/2) ,x)

outputt(%sqrt(a*d + bxd*x + c)*(a*xd + bxd*x + c))/(3xb*d)
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3.100 [ ———dz

(a+bz)
Optimal result . . . . . . . . .. . .. H50]
Mathematica [A] (verified) . . . . . . . . . ... 5501
Rubi [A] (verified) . . . . . . .. . . B51]
Maple [A] (verified) . . . . . . . . ... 5521
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 552
Sympy [B] (verification not implemented) . . ... ... ... ... .. ... .. 553
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 553
Giac [A] (verification not implemented) . . . . . ... ... ... L. 554
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 5541
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 554

Optimal result

Integrand size = 13, antiderivative size = 21

/ 1 dx_2\/c+d(a+bx)
Verdarm T M

output | 2* (c+d* (Dxx+a)) " (1/2)/b/d

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

_ 2v/ ¢+ ad + bdzx

/ ! dz
c+d(a+ bx) bd

input LIntegrate [1/Sqrtlc + d*(a + b*x)],x]

outputt@*Sqrt [c + a*xd + b*d*x])/ (b*d)




input L

output L

rule 17

rule 18

p
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Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

number of rules _ (j 15 4, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {18, 17}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/Wd‘”
l18

1
J Jerdaris e +bz)

b

| 17
2\/d(a+bzx) +c

bd

Int[1/Sqrtlc + d*(a + b*x)],x] J

(2%8qrt[c + d*(a + b¥x)])/(b*d) J

Defintions of rubi rules used

~

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/ (ox(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

Int[(c_.)*((a_.) + (b_.)*(u_))"(m_), x_Symbol] :> Simp[1/D[u, x] Subst [In
tlcx(a + b*x)"m, x], x, ul, x] /; FreeQ[{a, b, c, m}, x] && LinearQ[u, x] &
& NeQ[u, x]




input
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.95

method

result

size

gosper
derivativedivides
default

trager

pseudoelliptic

orering

2+/bdx+ad+c
db

2v/bdz+ad+c
db

2v/bdzx+ad+c
db

2v/bdz+ad+c
db

2¢/c+d(bz+a)
bd
2bdx+2ad+2c¢

dby/c+d(bz+a)

20
20
20
20

20
29

Lint (1/ (c+d*(b*x+a))~(1/2) ,x,method=_RETURNVERBOSE)

output L

2% (b*d*x+a*xd+c) ~(1/2)/d/b

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

1
/ ve+d(a+ bx) d

€Tr =

2+/bdx +ad+c

bd

input

‘ integrate(1/(c+d*(b*x+a))~(1/2),x, algorithm="fricas")

output L

2xsqrt (bxd*x + axd + c)/(b*d)
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 31 vs. 2(15) = 30.

Time = 0.41 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.48

\/axT—kc fOI' b=20
/ ! de = 7 ford =0
¢+ d(a+ bx)
%‘/@ otherwise
input Lintegrate (1/ (c+d*(b*xx+a) ) **(1/2) ,x) J
output ”Piecewise((x/sqrt (axd + c), Eq(b, 0)), (x/sqrt(c), Eq(d, 0)), (2xsqrt(c + ‘

‘d*(a + bxx))/(b*d), True)) ‘

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

_24/(bx+a)d+c

/ 1
dz
Ve+d(a+ bx) bd

input Lintegrate (1/(c+d*(b*x+a))~(1/2) ,x, algorithm="maxima") J

-

LQ*sqrt ((b*x + a)*d + c)/(b*d)

-/

output
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

. 2+v/bdx + ad + ¢

/ 1
dz
Ve+d(a+ bx) bd

input tintegrate (1/(c+d*(b*x+a))~(1/2) ,x, algorithm="giac") J

-

LQ*sqrt (b*d*x + a*d + c)/(b*d)

-/

output

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

_2\/c+d(a+bx)

/ 1
dz
Ve+d(a+ bx) bd

inputtint(l/(c + dx(a + b*xx))"(1/2) ,%) J

-

L(2*(c + dx(a + b*x))~(1/2))/(b*d)

-/

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.86

24/bdx 4+ ad + ¢

/ . dz
c+ d(a + bz) bd

input Lint(l/(c+d* (b*x+a))~(1/2) ,x) J

output L(2*sqrt (axd + bxd*x + c))/(b*xd) J
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1

3.101 f (c+d(a+bx))

372 dx

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [B] (verification not implemented) . . .. ... ... ... ... ... ..
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . ... ... .. .. L.
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 13, antiderivative size = 21

2

1
/ (c+d(a+ bz))*/2 o= ~bdy/c+ d(a + bx)

-

output L

-2/b/d/ (c+d* (b*x+a))~(1/2)

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

1
/ ctdatt)2@®="

2

bdv/c + ad + bdx

e

input t

Integrate[(c + dx(a + b*x))~(-3/2),x]

L

output L

-2/ (bxd*Sqrt[c + a*d + bxd*x])
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Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

number of rules _ (j 15 4, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {18, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 dx
(d(a + bz) + c)3/2
l 18
J (c~|—d(a~|1—bac))3/2 d(a + bx)
b
l 17
B 2
bd\/d(a + bzx) + ¢
input| T0EL(c + dx(a + bxx))"(-3/2) ,x] )
output L—2/(b*d*Sqrt [c + d*(a + b*x)]) J

rule 17

rule 18

/

Defintions of rubi rules used

~

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/ (ox(m + 1))), x] /; FreeQ[{a, b, ¢, m}, x] && NeQ[m, -1]

Int[(c_.)*((a_.) + (b_.)*(u_))"(m_), x_Symbol] :> Simp[1/D[u, x] Subst [In
tlcx(a + b*x)"m, x], x, ul, x] /; FreeQ[{a, b, c, m}, x] && LinearQ[u, x] &
& NeQ[u, x]




CHAPTER 3. LISTING OF INTEGRALS 557

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.95

method result size
2

gosper ~ Vodreareaw | 2V

derivativedivides | — m 20
2

default — m 20
2

trager ~ Vidotaareas | 20

pseudoelliptic - Wﬁiﬁa) 20

orering _ _2(bdztadtc) | oq

db(c+d(bz+a)) 3

input Lint (1/(c+d*x(b*x+a)) ~(3/2) ,x,method=_RETURNVERBOSE)

-

output {‘2/ (bxdxx+a*d+c)~(1/2)/d/b

e—

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.62

(c+da+b2))2 " = " 02d2z + abd? + bed

/ 1 2+v/bdx + ad + ¢

input Lintegrate (1/ (c+d*(bxx+a))~(3/2) ,x, algorithm="fricas")

output L‘2*Sqrt(b*d*x + axd + c)/(b"2%d"2%x + a*b*d~2 + bxc*d)
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 58 vs. 2(17) = 34.

Time = 0.25 (sec) , antiderivative size = 58, normalized size of antiderivative = 2.76

;

% forb=0Ad=0
/ : dr = (ad+c)3 forb=0
(c+ d(a+ bx))3/? N o
) _% otherwise

-

Lintegrate (1/ (c+d* (bxx+a) ) **(3/2) ,x)

-/

input

output
), (x/c¥x(3/2), Eq(d, 0)), (-2xsqrt(axd + bxd*x + c)/(axbxd**2 + br*2xd**2

‘(Piecewise((x/c**(3/2), Eq(b, 0) & Eq(d, 0)), (x/(a*d + c)**(3/2), Eq(b, 0) \‘
‘*x + b*cxd), True)) ‘

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

dz

1 2
/(c+d(a+lm))3/2 ~ /et a)d+ cd

e

tintegrate (1/(c+d*(bxx+a))~(3/2) ,x, algorithm="maxima")

~—

input

output L_Q/(Sqrt((b*x + a)*d + c)*bxd) J
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

1 9
dz = —
/ (ct+da+b2))2 " = " /bdz + ad + cbd

input Lintegrate (1/(c+d*(b*x+a))~(3/2) ,x, algorithm="giac") J

outputL—2/ (sqrt (b*d*x + axd + c)*b*d) J

Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

/ 1 do— 2
(c+d(atb2)®2 ™~ "hd /ot d(atba)

-

Lint(l/(c + d*(a + b*x))~(3/2),x)

-/

input

output | ~2/ (b¥d*(c + dx(a + bxx))"(1/2)) )
Reduce [B] (verification not implemented
|y
Time = 0.15 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.95
[eria 2
dr = —
(c + d(a + bx))3/2 "o T ad & cbd
input Lint (1/ (c+d* (bxx+a) )~ (3/2) ,x) J

Outputt( - 2)/(sqrt(a*d + bxd*x + c)*b*d) J
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1

3.102 f (c+d(a+bx))

57 dx

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ......
Sympy [B] (verification not implemented) . . .. ... ... ... ... ... ..
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . ... ... .. .. L.
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 13, antiderivative size = 23

2

1
/ (c+ d(a+ bx))5/? dz = ~ 3bd(c + d(a + bx))3/2

output ~2/3/b/d/ (c+ax (bxx+a)) " (3/2)

input

output

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00

1
/kc+d@+b@ﬁﬂdx__3M@+ud+mMPﬂ

2

-

LIntegrate[(c + dx(a + bxx))~(-5/2),x]

-/

‘—2/(3*b*d*(c + axd + bxd*x)~(3/2))




input

output

rule 17

rule 18
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Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00,

number of rules _ (j 15 4, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {18, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ (d(a + bz) + c)5/2 do

| 18

1
| ey dle + bo)

b
ll?
2

* 3bd(d(a + bx) + ¢)3/2

\Int[(c + dx(a + b*x))"~(-5/2),x]

-2/ (3%bxdx(c + dx(a + bxx))"(3/2))

Defintions of rubi rules used

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/ (ox(m + 1))), x] /; FreeQ[{a, b, ¢, m}, x] && NeQ[m, -1]

Int[(c_.)*((a_.) + (b_.)*(u_))"(m_), x_Symbol] :> Simp[1/D[u, x] Subst [In
tlcx(a + b*x)™m, x], x, ul, x] /; FreeQ[{a, b, c, m}, x] && LinearQ[u, x] &
& NeQ[u, x]
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Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.87

method result size
2
S T
gospet 3(bde-+ad+c) 3 db 0
derivativedivides | ————2—— | 20
3(bdz+ad+c)2 db
default -—2 120
3(bdz+ad+c)2db
trager -—2 120
3(bdz+ad+c)2db
doellipti —_—2 120
PSEUdoCtIptic 3bd(c+d(be+a)) 3
orering — 2Mbdetadte) | 99
3db(c+d(bz+a))2

input Lint (1/ (c+d* (b*x+a))~(5/2) ,x ,method=_RETURNVERBOSE) J

output | ~2/3/ (brdxxrardre)~(3/2)/a/b |

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 68 vs. 2(19) = 38.

Time = 0.06 (sec) , antiderivative size = 68, normalized size of antiderivative = 2.96

/ 1 dr = — 2+/bdx +ad +c
(c+d(a+bx))32 " 3(b3d3z2 + a2bd3 + 2 abcd? + be2d + 2 (ab2d3 + b2cd?)x)

input Lintegrate (1/ (c+d*(bxx+a))~(5/2) ,x, algorithm="fricas") J

Output‘ ~2/3*sqrt (bkd#x + akd + c)/(b"3+d"3+x"2 + a"24bxd"3 + 2xakbkckd™2 + bkc 2%
‘d + 2% (axb~2*%d"3 + b~ 2*c*xd"2)*x) ‘
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 102 vs. 2(19) = 38.

Time = 0.61 (sec) , antiderivative size = 102, normalized size of antiderivative = 4.43

% forb=0Ad=0
c2
1 ( d“” 7 forb=0
d.’IJ _ < ad+c
/(c+d(a+bﬂﬁ))5/2 % ford =0
2v/ad+bdz+ :
| 342651 6ab? B Toabed? 130 B2 ToPcaTah2d  Otherwise

-

inputLintegrate(1/(c+d*(b*x+a))**(5/2),X)

~—

)
‘Piecewise((x/c**(5/2), Eq(b, 0) & Eq(d, 0)), (x/(axd + c)**(5/2), Eq(b, 0)
), (x/c*x(5/2), Eq(d, 0)), (-2xsqrt(axd + bxd*x + c)/(3kaxx2xbxdx*3 + Exax
‘b**2*d**3*x + 6%axbkckd**2 + 3kb**k3kd**k3kx**2 + 6kb*k*k2kxckd**k2*%x + 3*bkck*2

output
|
L*d), True)) J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

/ 1 . 2
(c+d(a+bx))>/? 3 ((bz + a)d + c)2bd

input‘integrate(l/(c+d*(b*x+a))’"(5/2),x, algorithm="maxima")

outputt—2/3/(((b*x + a)*d + ¢)7(3/2)*bxd) J
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

1 2
dz = —
/ (c+ d(a+bz))*/? 3 (bdz + ad + c)2bd

input‘integrate(l/(c+d*(b*x+a))’"(5/2),x, algorithm="giac")

output L—2/3/((b*d*x + axd + c)7(3/2)*b*d) J

Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

1 2
dr = —
/(c+d(a+b%))5/2 3bd(c+d (a+bz))*?

e

Lint(l/(c + dx(a + b*x))~(5/2),%)

e—

input

output L—2/(3*b*d*(c + d*(a + bxx))~(3/2)) J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.35

1 2
dr = —
/ (c+ d(a + bx))5/2 ! 3vbdzx + ad + cbd (bdz + ad + ¢)

input Lint(l/(c+d* (b*x+a)) "~ (5/2) ,x) J

outputt( - 2)/(3*sqrt(axd + bkd*x + c)*bkd*(a*d + bxd*x + c)) J




output L
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3.103 [(c+d(a+bz))™dx

Optimal result . . . . . . .. . ... ... .. . DoY)
Mathematica [A] (verified) . . . . . . . . . ... L 5651
Rubi [A] (verified) . . . . ... ... . ... (60
Maple [A] (verified) . . . . . . ... L (6T
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... 56T
Sympy [B] (verification not implemented) . . . ... ... ........ 568
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... H68]
Giac [A] (verification not implemented) . . . . . . . ... ... ... ... 569
Mupad [B] (verification not implemented) . . .. .. ... ... ..... 569
Reduce [B] (verification not implemented) . . . ... ... ... ..... 569

Optimal result

Integrand size = 11, antiderivative size = 25

(c+d(a+ bx))tt™

/(c+d(a+bx))mdz = bd(1 1 m)

(c+d* (b*x+a) )~ (1+m) /b/d/ (1+m)

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.96

_ (c+ad+ bdx)*™
N bd + bdm

/(c +d(a+ bx))" dx

input ‘

Integrate[(c + d*x(a + b*x)) m,x]

output L

(c + a*d + bxd*x)~(1 + m)/(b*d + b*xd*m)




input

output

rule 17

rule 18
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Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00,

number of rules _ 0.182, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {18, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d(a +bz) +c)"dx

| 18
J(c+d(a+ bz))™d(a + bx)
b

| 17
(d(a + bx) + c)™*!
bd(m + 1)

LInt[(c + d*(a + b*x))"m,x]

L(c + dx(a + b*x))~(1 + m)/(b*d*(1 + m))

Defintions of rubi rules used

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/ (ox(m + 1))), x] /; FreeQ[{a, b, ¢, m}, x] && NeQ[m, -1]

Int[(c_.)*((a_.) + (b_.)*(u_))"(m_), x_Symbol] :> Simp[1/D[u, x] Subst [In
tlcx(a + b*x)"m, x], x, ul, x] /; FreeQ[{a, b, ¢, m}, x] &% LinearQ[u, x] &
& NeQ[u, x]
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Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.04

method result Size
gosper % 26
default % 26
risch (bdw+ad;rlf() fiﬁ;radw)m 23
orering (bdﬂ"+ad4d-§2 §i+£§bz+a))m 23
norman ze™ lnﬁ;’sb’”*“” (ad+c)3’;(llnf;f;<bx+a>> -
parallelrisch “(bd“’+“d+c)mdb+(bd;;(rlaf;r):)maﬂ(bdz+ad+c)’”c 56

input Lint ((c+d* (b*x+a)) "m,x,method=_RETURNVERBOSE)

output Ll/b/d/ (1+m) * (bxd*x+a*d+c) ~ (1+m)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.24

(bdz + ad + c)(bdz + ad + ¢)™
bdm + bd

/(C +d(a+bz))"dx =

i - i =NFfri "
input Llntegrate ((c+d*(bxx+a)) "m,x, algorithm="fricas")

outputt(b*d"‘X + axd + c)*(bxd*x + axd + c) m/(bxd*m + bxd)




CHAPTER 3. LISTING OF INTEGRALS 568

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 104 vs. 2(17) = 34.

Time = 0.32 (sec) , antiderivative size = 104, normalized size of antiderivative = 4.16

/ (c+d(a + ba))" da

(

Z forb=0ANd=0Am= -1
z(ad +c)™ forb=0
"z ford=0
log (& +a+ ) B
S R form = -1
d(ad+bdz+c)™ | bda(adt+bdz+c)™ | c(adtbdz+c)™ .
N dmisd — T~ tamisd — T bamypa ~ Otherwise

-/

§
input Llntegrate ((c+d* (b*x+a) ) **m,x)

‘Piecewise((x/c, Eq(b, 0) & Eq(d, 0) & Eq(m, -1)), (x*(axd + c)**m, Eq(b, O
‘)), (cx*m*x, Eq(d, 0)), (log(a/b + x + c/(b*d))/(b*d), Eq(m, -1)), (axdx(a
(*d + bxdkx + c)xm/(bkd*m + bxd) + bxdsx*(axd + bxdsx + c)%*m/(bxd*m + bxd
) + cx(axd + bkdxx + c)xxm/(bxd*m + bxd), True))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

((bz + a)d + c)™*
bd(m + 1)

/ (c+ d(a + ba))™ dz =

i - i =n q "
input Llntegrate ((c+d*(b*x+a)) "m,x, algorithm="maxima")

s

output“(b*X + a)*d + c)"(m + 1)/(bkd*(m + 1))

~—
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

m o ((bz+a)d+c)™"
/(c+d(a+bx)) o = CELREES
inputtintegrate((c+d*(b*x+a))"m,x, algorithm="giac") J

-

L((b*x +a)xd + c)~(m + 1)/(bxd*(m + 1))

-/

output

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.28

m . (c+d(a+bz)" (c+ad+bda)
/(C-I—d(a—i—bx)) dr = bd (m 1)
input Lint((c + dx(a + b*xx))"m, %) J
outputt((C + d*(a + b*x))"m*(c + a*xd + bxd*x))/(bkxd*x(m + 1)) J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.28

m . (bdx+ad+c)" (bdx + ad + c)
/(c+d(a+bx)) do = M
input Lint ((c+d*(b*x+a)) "m,x) J
outputt((a*d + brd*x + c)*xmx(akd + bxdxx + c))/(bxdx(m + 1)) J
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3.104 [(cd + cex)™ dz

Optimal result . . . . .. ... ... ... ... .. ..
Mathematica [A] (verified) . . . . . . . ... ... L
Rubi [A] (verified) . . . ... .. .. ...
Maple [A] (verified) . . . . . . ... Lo
Fricas [A] (verification not implemented) . . . . . . .. ... ... ..
Sympy [A] (verification not implemented) . . ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . . .. ... ...
Giac [A] (verification not implemented) . . . . . . .. ... ... ...
Mupad [B] (verification not implemented) . . ... ... ... .. ..
Reduce [B] (verification not implemented) . . . ... ... ......

Optimal result

Integrand size = 10, antiderivative size = 24

/(cd + cex)" dx = ce(l 1 m)

(cd + cex)tt™

output L

(c*e*xx+c*d) ~ (1+m) /c/e/ (1+m)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

input L

(d + ex)(c(d + ex))™

/(cd—l—cew)mdzz e+ m)

Integrate[(c*d + cxexx) m,x]

output ‘\

(@ + exx)*(c*x(d + e*x))"m)/(ex(1 + m))




input

output
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Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00,

number of rules _ 0.100, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(cd + cex)™ dx

l17

(cd + cex)™H1
ce(m+1)

‘Int[(c*d + cke*x) "m,X]

L(c*d + cxe*x)~(1 + m)/(cxe*x(1 + m))

Defintions of rubi rules used

rule 17‘(Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1

L)/(b*(m + 1)), x]1 /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

N

|
J



CHAPTER 3. LISTING OF INTEGRALS 572

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

method result size
risch W o
gosper W .
default % .
orering W .
parallelrisch x(C(eHd))Zﬁt )(;lgeawral))mal2 40
orman | sk st | g

. Lint((c*e*x+c*d)“m,x,method=_RETURNVERBOSE)
input

OutputL(e*x+d)/e/(1+m)*(c*(e*x+d))"m

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

/(Cd + cex)™dx = (ez + d)(cex + cd)™
em+e
input Lintegrate ( (C*e*X+C*d) Am’ X, algOrithm=llfricas n) J
output L(e*x + d)*(cxexx + c*d)"m/(e*m + e)
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.21

m—+1
% form # —1

log (cd + cex) otherwise

/(cd + cex)™ dx =

ce

inputLintegrate((c*e*x+c*d)**m,x)

e

Piecewise(((c*d + cxe*x)**(m + 1)/(m + 1), Ne(m, -1)), (log(cxd + c*exx),
‘True))/(C*e)

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

(cex + cd)™

ce(m + 1)

/(cd + cex)™ dx =

input Lintegrate ((c*xe*xx+c*d) "m »X, algorithm="maxima" )

ou‘spu‘nt(c*e*X + cxd)~(m + 1)/(cxex(m + 1))

Giac [A] (verification not implemented)
Time = 0.12 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

(cex + cd)™ !

/(cd + cex)™dx = ce(m+ 1)

i - i ="gq n
inputLlntegrate((c*e*x+c*d) m,x, algorithm="giac")

outputt(c*e*X + cxd)~(m + 1)/(ckex(m + 1))
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Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

/(Cd+cex)mdx _ (cd+cez)"(d+ez)

e (m+1)
inputtint((c*d + cxexx)™m, x) J
output{((c*d + ckexx) mx(d + e*x))/(ex(m + 1)) \J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

_ (cex +cd)™ (ex +