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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 100 ]. This is test number [ 27 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi | 100.00 (100 ) | 0.00 (0)
Mathematica | 100.00 ( 100 ) | 0.00 (0)
Maple | 100.00 (100 ) | 0.00 (0)
Fricas 84.00 (84) | 16.00 (16 )
Giac 71.00 (71) | 29.00 (29)
Reduce | 68.00 (68) | 32.00 (32)
Mupad | 64.00 (64) | 36.00 (36 )
Maxima | 49.00 (49) |51.00 (51)
Sympy 11.00 (11) | 89.00 (89)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 81.000 1.000 18.000 0.000
Fricas 63.000 21.000 0.000 16.000
Maple 54.000 36.000 10.000 0.000
Maxima, 49.000 0.000 0.000 51.000
Giac 30.000 41.000 0.000 29.000
Sympy 2.000 0.000 9.000 89.000
Mupad 0.000 64.000 0.000 36.000
Reduce 0.000 68.000 0.000 32.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB

C
BF

Rubi Mathematica
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Maple 0 0.00 0.00 0.00

Fricas 16 0.00 100.00 0.00

Giac 29 62.07 0.00 37.93

Reduce 32 100.00 0.00 0.00

Mupad 36 0.00 100.00 0.00

Maxima 51 35.29 0.00 64.71

Sympy 89 57.30 42.70 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.11

Rubi 0.86

Reduce 1.41

Maple 2.22

Giac 3.34

Fricas 3.91
Mathematica 6.77

Sympy 18.49

Mupad 27.34

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maxima 180.00 1.07 140.00 1.05
Sympy 282.09 3.06 257.00 3.04
Rubi 374.86 1.07 258.50 1.05
Mathematica | 535.02 1.05 226.50 0.90
Fricas 961.86 2.06 374.00 1.56
Reduce 1431.63 5.32 305.00 1.69
Maple 1485.71 3.19 424.00 1.60
Giac 1703.85 4.33 475.00 2.24
Mupad 6142.00 27.34 689.50 4.67

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.

Rubi Mma Maple
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Number of integrals Number of integrals

Number of integrals

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {20,21122,25)

Mathematica {{9]
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 20!
Mma . . . . . . e e e e 26
Maple . . . . . e e e
Fricas . . . . . . e 27
Maxima . . . . . . . . e e e e e e e e 28]
Gilac . . . . e e 28]
Mupad . . . . . . . e e e
Sympy . . . . . e e 29
Reduce . . . . . . . . . . e e 29

Rubi

A grade {[12)B)705,6 7 890 1) 2 13,4 15,67 15 9, 20} 21 22,23 20,25 26,
[27,[28, 29} 30, 31}, B2} 33} 34, [35}, 36} [37], 38, 39}, (40} 41}, 42} 43, (44} (45, {46}, A7), 48}, 49, [5 T}, 5T
[62}[63, 54} (55, [56} 571, [58} 59} [60} 6T, (62,63} [64} (65} (661, (67} (68, (69} [70L [71}, [72}[7 3}, [74,[75), [76),
77 78,79, 0, 51 52,53} 5455 5,57 55,59, 00, 01 02,93, 94,95, 0, 7, 98, 99} 100}

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[12)B)705,6 7 890 1) 2 13,4 15,67 15 9, 20} 21 22,23 20,25 26,
[27,[28, 29} 30, 31}, 32, 33} 34, [35} 36} [37], 38, 39}, (40} 41}, 42} 43, (44} (45, {46}, (A7), 48}, 49, [5 T}, 5T
[62}[63, 54} (55, [56} 571,58} 59} [60} 6T, (62, 63} [64} (65} (66, (67} (68, [70} [7T, [72} 73}, [74} [754 [76, [77)
78 To,B0, 162 )

B grade {[69}
C grade {[83}[84,[85}[86}[87,88}[89}[90} [91}[92} 93} [94}[95),[96} [97}[98}, 99} [L00] }

F normal fail { }
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F(-1) timedout fail { }
F(-2) exception fail { }

Maple

A grade { [} )5 BVT0} 13} 13 5} 16,7} 15 9} 21) 223,24 25,26, 27 25, 29,50}
32}, [33}, 34, 38} 39} 40}, {5}, 46}, (47}, 48, 49} 50} 52} 63, 54}, 55} 561, [60, 61}, 62}, 83, B4}, 85}, 89, 00,
51,2,05,56,07 }

B grade { 5550)/57) 251 57)/53,50)/63, 54 65,56, 6768} 69,70 71 72 73, 74 5, 7, 7
178} 79,50, 51} 82,56, 67 5,63, 04, P8, 09,100}

C grade { 2,34} [5[6}[12}[20} [41} |43, [44] }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Fricas

A grade {[12)B)785,5 7 8910 1) 2 13,4 15,16, 7 15 1 20) 21 22,25 20,25 26,
[27,[28, 29} 30, 31}, 32} 33} 34, [35}, 38, [39} (40}, T}, A5}, 46}, A7} 48, [52} 53} [54}, 55, [6T, 62} [63} 64
55116970, 71 7, 77 75,63, 84,59 00,5 }

B grade { 363742} 434458, [59} 81} 85} 86} 87} 88}[91} 92} 93} [04}[96, 9798} [09}[100] }

C grade { }
F normal fail { }
F(-1) timedout fail { {4950,51}56}57}[61}[66,[67, 68} 72} 73} [74}[75}[7% 80,82 }

F(-2) exception fail { }
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Maxima

A grade {12,055} 5,5 10,112 13,415, 16)7) 15,19} 20,21, 22 23, FA 5L 25,
2725, 29,0, 3152 33,54 B 39, 0, 41, 5, 46,7} 45,5253, 5 55, 60,6112 §

B grade { }
C grade { }

F normal fail { [83,[84)[85,[86,87,88}89}90}[91} 92} 93} 94} (959697} [98} 09, [100) }

F(-1) timedout fail { }

P(2) exception fail {[55)56,712,3,4,49,50 51,5057, 55) 59,63 4 5 59 6765
[69% 70} 7T} 72} 73} [74 [75} [76, [77} 78479} B0} BT} 82 }

Giac

A grade {[1}2,[3}[0} [10,[11}[12}[13, 17} 18} 19} [24 25} 38} |39} 40} 41} 50} 52} 53} 54 55} 60} 6T}
[69}[70} (7L} 76,77, [78] }

B grade {{4[5,[6,[78}[14,[15}[16[20} 21} 22 23, 26, 27] 28} 29} 30} 31} 32} 33} |34} A5} 46} A7)
4861157 58} 59} 162}63}[64 (65,67} 68} 73} 74} 75} 80} B} 82 }

C grade { }

F normal fail { [83,84}[85,[86,87,88}89}90}[91} 92} 93} 94 [95} 96,97} [98} 99, [100) }

F(-1) timedout fail { }
F(-2) exception fail { [ 556 )22, 3, P 5, 56,68, 7. 19 }

Mupad
A grade { }

B grade {[1,[2}[3, 4[5} 6}[7} 8} 9} [10} 11} [12}[13} [L4 [L5} [16} L7} 18} 19} 20} 21} 22, 23} 24} 25,26}
[27,[28, (29} 130, BT}, 82} 33} 134} [35} 36}, 37 38}, 139}, A0}, A1}, 2} 3, (44}, |46, A7}, 48}, 49} 50} 52} [53,
646556, 57, 58} 59} 604611 62, [71} 77} 78} 79] }

C grade { }
F normal fail { }

F(-1) timedout fail {[5)51,53)6355)68,57) 68,50,70,[72 73,74 73,75, S0, E1 B2, 63
455,56, 57,83, 59, 90} 01,62, 23} 04,55} 96,7, 65, 091100
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F(-2) exception fail { }

Sympy
A grade { }
B grade { }

C grade {{5[12[I3}[17,[18 19 20,27 }

F normal fail {331},32}[33, (34,35} 36}[37 [42} (43} 44} 45} 46, |47} 48} 49} [50} 51} 56} 57} [63, 64
(65466, 167} [68; (69, [70} [71}[72} [73; [74 [76, [77} [78} [79} |80 |83} 84}, 85}, 186} |87 [89} 90} 9T} 92, 93,
[95196,97, 98,99 }

F(-1) timedout fail {[I}[2[3)6}[7,8}9%}[10},[L1}[14 L5} [16;, 21} [22, 23, [24, [25, [26} 28} [29} 30}
88139, 40} (41}52} 53} 54} 55} 58} 5% 61} 75}, 81} 82} 88}[94} [L00) }

F(-2) exception fail { }

Reduce
A grade { }

B grade {[1,[2,3[4,5,[6}[7, /81 9} [10,[11} [12} [L3} 14}[15} 16, [L7} 18} 19} [20} 21} 22} ]23} 24 25} 26}

[27, 128, [29, 80} BT}, B2} 83} 34, B3}, 136} 37, 38, 139}, 40, (A1}, A2} 43, A4}, (45}, 46} A7} A8, 49} 50}, b T,
[62}[63,54, 55} 56} 57} 58} 59} (60} 61} 62, 65, 70} 71} 77} [78, B0 }

C grade { }

F normal fail {63}[64[66,(67,(68}69}[72}[73} 74} 75} 76} 79} 81} 82} 83|84 85,86} 87} [88, 89,
[90,91,[92, 93} 94} 95,[96}[97, [98} [99} (100 }

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 121 134 9 157 119 97 0 105 140 485
N.S. 1 1.11  0.78 1.30 0.98 0.80 0.00 0.87 1.16 4.01
time (sec) N/A 0.453 0.321 0.678 0.109 0.081 0.000 0.133 0.145 10.639

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A C A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 92 95 75 139 87 78 0 76 100 244
N.S. 1 1.03  0.82 1.51 0.95 0.85 0.00 0.83 1.09 2.65
time (sec) N/A 0.365 0.275 0.607 0.120 0.082 0.000 0.128 0.143 6.927

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A C A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 65 64 117 57 67 0 60 76 232
N.S. 1 1.03  1.02 1.86 0.90 1.06 0.00 0.95 1.21 3.68

time (sec) N/A 0.240 0.240 0.601 0.107 0.071  0.000 0.129 0.144 6.752
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 73 96 57 81 245 196 148 122
N.S. 1 1.00 1.52 2.00 1.19 1.69 5.10 4.08 3.08 2.54
time (sec) N/A 0.384 0.181 0.604 0.110  0.078 28.622 0.182 0.148 4.801
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 73 97 57 84 221 282 148 114
N.S. 1 1.00 1.52 2.02 1.19 1.75 4.60 5.88 3.08 2.38
time (sec) N/A 0.382 0.205 0.678 0.111 0.076 28.367 0.206 0.146 4.532
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 71 74 70 108 98 65 0 407 273 312
N.S. 1 1.04 0.99 1.52 1.38 0.92 0.00 5.73 3.85 4.39
time (sec) N/A 0.408 0.201 0.639 0.113  0.074 0.000 0.211 0.151 5.587
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 99 105 7 126 108 78 0 619 204 304
N.S. 1 1.06  0.78 1.27 1.09 0.79 0.00 6.25 2.06 3.07
time (sec) N/A 0.428 0.245 0.700 0.116  0.073 0.000 0.259 0.152 5.343




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 32
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 133 141 107 144 161 96 0 861 350 684
N.S. 1 1.06  0.80 1.08 1.21 0.72 0.00 6.47 2.63 5.14
time (sec) N/A 0.484 0.280 0.746 0.109 0.079 0.000 0.282 0.159 7.394
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 159 175 93 124 150 91 0 145 147 767
N.S. 1 1.10 0.58 0.78 0.94 0.57 0.00 0.91 0.92 4.82
time (sec) N/A 0.477 0.201 0.636 0.030 0.075 0.000 0.136 0.144  18.037
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 109 137 74 108 100 73 0 105 102 318
N.S. 1 1.26  0.68 0.99 0.92 0.67 0.00 0.96 0.94 2.92
time (sec) N/A 0.400 0.173 0.408 0.029 0.079 0.000 0.138 0.144 11.084
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 7 70 63 96 90 61 0 80 85 312
N.S. 1 091 0.82 1.25 1.17 0.79 0.00 1.04 1.10 4.05
time (sec) N/A 0.201 0.134 0.413 0.028  0.073 0.000 0.127 0.144 11.322
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A C A B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 55 89 69 95 56 73 240 71 84 118
N.S. 1 1.62 1.25 1.73 1.02 1.33 4.36 1.29 1.53 2.15
time (sec) N/A 0.405 0.141 0.701 0.111 0.086 30.253 0.133 0.141 4.336
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 55 89 69 95 56 82 216 83 92 118
N.S. 1 1.62 1.25 1.73 1.02 1.49 3.93 1.51 1.67 2.15
time (sec) N/A 0.411 0.137 0.401 0.137  0.085 29.683 0.133 0.142 4.139
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 83 102 60 76 61 69 0 145 126 316
N.S. 1 1.23  0.72 0.92 0.73 0.83 0.00 1.75 1.52 3.81
time (sec) N/A 0.410 0.128 0.405 0.128  0.082 0.000 0.143 0.145 8.837
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 116 133 71 89 86 90 0 187 140 304
N.S. 1 1.15  0.61 0.77 0.74 0.78 0.00 1.61 1.21 2.62
time (sec) N/A 0.453 0.173 0.413 0.120  0.079 0.000 0.141 0.145 8.122
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 154 168 93 107 122 101 0 325 202 695
N.S. 1 1.09  0.60 0.69 0.79 0.66 0.00 2.11 1.31 4.51
time (sec) N/A 0.493 0.230 0.419 0.108  0.079 0.000 0.154 0.151 19.236
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 210 234 149 145 295 138 367 228 142 287
N.S. 1 1.11 0.7 0.69 1.40 0.66 1.75 1.09 0.68 1.37
time (sec) N/A 0.457 0.290 0.915 0.118  0.083 21.950 0.175 0.157 4.135
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 159 186 116 109 217 104 367 164 106 215
N.S. 1 1.17  0.73 0.69 1.36 0.65 231 1.03 0.67 1.35
time (sec) N/A 0.401 0.231 0.779 0.112  0.080 13.016 0.172 0.151 5.112
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 109 139 80 73 139 71 350 102 70 143
N.S. 1 1.28 0.73 0.67 1.28 0.65 3.21 0.94 0.64 1.31
time (sec) N/A 0.334 0.167 0.790 0.112  0.080 10.705 0.164 0.145 3.924
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A C B B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 100 107 106 143 105 80 304 189 199 161
N.S. 1 1.07  1.06 1.43 1.05 0.80 3.04 1.89 1.99 1.61
time (sec) N/A 0.355 0.220 0.838 0.114  0.083 20.090 0.278 0.156 4.826
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 99 149 85 137 123 98 0 374 344 422
N.S. 1 1.51  0.86 1.38 1.24 0.99 0.00 3.78 3.47 4.26
time (sec) N/A 0.373 0.245 0.876 0.115 0.081 0.000 0.317 0.159 6.333
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 126 180 102 143 193 102 0 767 505 932
N.S. 1 1.43 0.81 1.13 1.53 0.81 0.00 6.09 4.01 7.40
time (sec) N/A 0.400 0.242 0.875 0.118 0.083 0.000 0.430 0.167 11.168
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 180 226 141 179 271 137 0 1434 589 1621
N.S. 1 1.26  0.78 0.99 1.51 0.76 0.00 7.97 3.27 9.01
time (sec) N/A 0.435 0.351 0.880 0.114  0.096 0.000 0.612 0.182  19.642
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 216 192 134 161 226 134 0 177 214 1132
N.S. 1 0.89  0.62 0.75 1.05 0.62 0.00 0.82 0.99 5.24
time (sec) N/A 0.393 0.284 0.857 0.117  0.095 0.000 0.163 0.150 21.807
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 121 155 98 128 146 100 0 115 141 651
N.S. 1 1.28 0.81 1.06 1.21 0.83 0.00 0.95 1.17 5.38
time (sec) N/A 0.311 0.197 0.823 0.121 0.085 0.000 0.171 0.147  12.556
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 94 126 86 116 94 90 0 239 105 306
N.S. 1 1.3 091 1.23 1.00 0.96 0.00 2.54 1.12 3.26
time (sec) N/A 0.318 0.179  0.892 0.122  0.083 0.000 0.209 0.157 7.610
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 100 135 81 107 94 90 257 530 103 138
N.S. 1 1.35 0.81 1.07 0.94 0.90 2.57 5.30 1.03 1.38
time (sec) N/A 0.325 0.167 0.847 0.109 0.081 19.145 0.259 0.160 4.497
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 124 156 87 82 148 76 0 1055 79 146
N.S. 1 1.26  0.70 0.66 1.19 0.61 0.00 8.51 0.64 1.18
time (sec) N/A 0.338 0.140 0.882 0.123  0.085 0.000 0.359 0.163 4.197
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 178 193 124 118 226 110 0 1451 115 218
N.S. 1 1.08  0.70 0.66 1.27 0.62 0.00 8.15 0.65 1.22
time (sec) N/A 0.362 0.182 0.888 0.110  0.105 0.000 0.494 0.173 4.258
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 232 230 158 154 304 144 0 1847 151 290
N.S. 1 0.99 0.68 0.66 1.31 0.62 0.00 7.96 0.65 1.25
time (sec) N/A 0.385 0.234 1.013 0.116 0.149 0.000 0.721 0.184 4.661
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 404 383 373 508 444 406 0 1539 869 3993
N.S. 1 0.95 0.92 1.26 1.10 1.00 0.00 3.81 2.15 9.88
time (sec) N/A 0.836 1.682 0.528 0.118 0.095 0.000 0.296 0.179 43.844
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 284 271 262 358 307 279 0 1059 577 2920
N.S. 1 0.95  0.92 1.26 1.08 0.98 0.00 3.73 2.03 10.28
time (sec) N/A 0.672 1.267 0.482 0.118 0.083 0.000 0.240 0.160  30.933
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 164 169 159 231 174 170 0 631 320 736
N.S. 1 1.03  0.97 1.41 1.06 1.04 0.00 3.85 1.95 4.49
time (sec) N/A 0.457 0.696  0.440 0.117  0.081 0.000 0.201 0.159  10.332
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 95 91 89 155 93 95 0 284 140 361
N.S. 1 096 0.94 1.63 0.98 1.00 0.00 2.99 1.47 3.80
time (sec) N/A 0.257 0.286 0.444 0.131 0.073 0.000 0.156 0.150 7.482
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 205 227 225 423 0 591 0 0 662 13115
N.S. 1 1.11  1.10 2.06 0.00 2.88 0.00 0.00 3.23 63.98
time (sec) N/A 0.679 0.754  0.859 0.000  5.752 0.000 0.000 0.229  32.886
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 322 356 244 648 0 1358 0 0 1966 11177
N.S. 1 1.11  0.76 2.01 0.00 4.22 0.00 0.00 6.11 34.71
time (sec) N/A 0.810 1.180 0.785 0.000 26.661 0.000 0.000 0.298  38.554
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 301 320 310 1156 0 2201 0 0 3422 21781
N.S. 1 1.06  1.03 3.84 0.00 7.31 0.00 0.00  11.37 72.36
time (sec) N/A 0.764 2.030 0.812 0.000 63.351 0.000 0.000 0.332 70.716
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 332 359 259 361 355 286 0 374 565 2606
N.S. 1 1.08 0.78 1.09 1.07 0.86 0.00 1.13 1.70 7.85
time (sec) N/A 0.858 0.999 0.793 0.124  0.084 0.000 0.171 0.161  31.508
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 228 244 178 256 231 192 0 232 357 1732
N.S. 1 1.07  0.78 1.12 1.01 0.84 0.00 1.02 1.57 7.60
time (sec) N/A 0.684 0.659 0.741 0.127  0.088 0.000 0.156 0.151  26.441




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 40
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 127 140 107 173 131 114 0 112 184 492
N.S. 1 1.10 0.84 1.36 1.03 0.90 0.00 0.88 1.45 3.87
time (sec) N/A 0.458 0.459 0.661 0.112  0.084 0.000 0.140 0.148 10.187
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 65 64 117 57 67 0 60 76 232
N.S. 1 1.03  1.02 1.86 0.90 1.06 0.00 0.95 1.21 3.68
time (sec) N/A 0.249 0.242 0.702 0.113 0.080 0.000 0.132 0.146 7.099
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 122 127 156 289 0 493 0 0 535 5803
N.S. 1 1.04 1.28 2.37 0.00 4.04 0.00 0.00 4.39 47.57
time (sec) N/A 0.478 0.591 1.130 0.000 3.660 0.000 0.000 0.173  17.472
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F(-2) B F F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 163 184 197 899 0 1025 0 0 1375 10198
N.S. 1 1.13  1.21 5.52 0.00 6.29 0.00 0.00 8.44 62.56
time (sec) N/A 0.550 0.894 1.155 0.000 14.648 0.000 0.000 0.188  34.200
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F(-2) B F F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 248 263 228 1449 0 1580 0 0 2499 9097
N.S. 1 1.06  0.92 5.84 0.00 6.37 0.00 0.00  10.08 36.68
time (sec) N/A 0.613 1.226 1.108 0.000  0.141 0.000 0.000 0.257  42.008
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 554 512 402 575 584 1001 0 2671 951 0
N.S. 1 092 0.73 1.04 1.05 1.81 0.00 4.82 1.72 0.00
time (sec) N/A 1.345 0.936 0.687 0.122  0.134 0.000 2.190 0.204 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 415 398 286 401 417 703 0 1868 637 4853
N.S. 1 0.96 0.69 0.97 1.00 1.69 0.00 4.50 1.53 11.69
time (sec) N/A 1.014 0.667 0.649 0.121 0.122 0.000 1.684 0.165 140.458
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 255 284 183 253 248 441 0 1142 356 1765
N.S. 1 1.11  0.72 0.99 0.97 1.73 0.00 4.48 1.40 6.92
time (sec) N/A 0.622 0.412 0.607 0.122  0.098 0.000 1.130 0.157 26.594
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 170 153 123 163 140 265 0 527 161 876
N.S. 1 090 0.72 0.96 0.82 1.56 0.00 3.10 0.95 5.15
time (sec) N/A 0.283 0.210 0.598 0.113  0.091 0.000 0.611 0.155  15.290
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) F(-1) F F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 316 345 271 452 0 0 0 0 3341 24910
N.S. 1 1.09 0.86 1.43 0.00 0.00 0.00 0.00  10.57 78.83
time (sec) N/A 0.886 0.782 1.046 0.000  0.000 0.000 0.000 5.833 @ 70.997
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) F(-1) F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 444 462 260 707 0 0 0 631 10007 21612
N.S. 1 1.04 0.59 1.59 0.00 0.00 0.00 1.42  22.54 48.68
time (sec) N/A 1.057 0.800 1.050 0.000  0.000 0.000 0.459 13.029 83.799
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F(-1) F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 390 441 326 1278 0 0 0 1592 20805 0
N.S. 1 1.13 0.84 3.28 0.00 0.00 0.00 4.08  53.35 0.00
time (sec) N/A 1.017 1.429 1.050 0.000  0.000 0.000 0.741 9.974 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 465 482 283 390 471 700 0 571 622 4167
N.S. 1 1.04 0.61 0.84 1.01 1.51 0.00 1.23 1.34 8.96
time (sec) N/A 1.283 0.601 0.766 0.121 0.121  0.000 0.263 0.168  95.584
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 335 362 200 270 317 482 0 363 399 2799
N.S. 1 1.08  0.60 0.81 0.95 1.44 0.00 1.08 1.19 8.36
time (sec) N/A 0.967 0.420 0.746 0.123  0.110 0.000 0.240 0.162 49.721
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 203 248 128 175 189 302 0 191 209 1011
N.S. 1 1.22  0.63 0.86 0.93 1.49 0.00 0.94 1.03 4.98
time (sec) N/A 0.617 0.231 0.678 0.112  0.104 0.000 0.222 0.153  19.951
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 125 116 90 126 88 196 0 106 93 489
N.S. 1 093 0.72 1.01 0.70 1.57 0.00 0.85 0.74 3.91
time (sec) N/A 0.269 0.137 0.682 0.108  0.096 0.000 0.202 0.147 11.521
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) F(-1) F F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 186 233 178 299 0 0 0 0 3194 9298
N.S. 1 1.25  0.96 1.61 0.00 0.00 0.00 0.00 17.17 49.99
time (sec) N/A 0.671 0.405 1.220 0.000  0.000 0.000 0.000 0.768  28.702
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F(-1) F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 235 308 229 1166 0 0 0 526 8629 106511
N.S. 1 1.31 097 4.96 0.00 0.00 0.00 224 36.72 453.24
time (sec) N/A 0.772 0.708 1.234 0.000  0.000 0.000 0.304 0.928 121.924
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 301 357 252 1794 0 1355 0 1425 15212 9344
N.S. 1 1.19 084 5.96 0.00 4.50 0.00 4.73  50.54 31.04
time (sec) N/A 0.829 0.991 1.321 0.000  38.127 0.000 0.636 3.089  67.450
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 210 230 185 1095 0 1186 0 627 3120 7235
N.S. 1 1.10 0.88 5.21 0.00 5.65 0.00 299 14.86 34.45
time (sec) N/A 0.547 0.547  0.942 0.000  0.128 0.000 0.363 0.229 46.166
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 19 20 19 19 19 22 19 19
N.S. 1 1.00 0.76 0.80 0.76 0.76 0.76 0.88 0.76 0.76
time (sec) N/A 0.224 0.010 0.476 0.025 0.075 0.063 0.128 0.147 0.042
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F(-1) F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 141 141 141 141 170 0 0 170 300 166
N.S. 1 1.00 1.00 1.00 1.21 0.00 0.00 1.21 2.13 1.18
time (sec) N/A 0.454 0.059 0.853 0.040 0.000 0.000 0.130 0.149 6.856
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 254 254 278 253 339 368 517 475 310 279
N.S. 1 1.00 1.09 1.00 1.33 1.45 2.04 1.87 1.22 1.10
time (sec) N/A 0.569 0.242 1.541 0.036 0.078 1.471 0.128 0.148 0.076
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1353 815 1253 5734 0 3096 0 4456 34 0
N.S. 1 0.60 0.93 4.24 0.00 2.29 0.00 3.29 0.03 0.00
time (sec) N/A 1.355 5.964 0.623 0.000 1.312  0.000 0.709 200.021  0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 715 461 662 3025 0 1620 0 2481 32 0
N.S. 1 0.64 0.93 4.23 0.00 2.27 0.00 3.47 0.04 0.00
time (sec) N/A 0.721 2.586 0.571 0.000 0413 0.000 0.452 200.023 0.000
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 330 249 283 1207 0 840 0 1035 1024 0
N.S. 1 0.75  0.86 3.66 0.00 2.55 0.00 3.14 3.10 0.00
time (sec) N/A 0.383 0.879 0.535 0.000  0.137 0.000 0.274 2.861 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F(-1) F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 453 481 404 3898 0 0 0 0 34 0
N.S. 1 1.06  0.89 8.60 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 1.297 1.482 0.845 0.000  0.000 0.000 0.000 200.024 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F(-1) F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 524 546 358 4680 0 0 0 1507 34 0
N.S. 1 1.04 0.68 8.93 0.00 0.00 0.00 2.88 0.06 0.00
time (sec) N/A 1.329 2.052 0.844 0.000  0.000 0.000 1.388 200.023 0.000
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F(-1) F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 660 695 536 11204 0 0 0 8241 34 0
N.S. 1 1.05 0.81 16.98 0.00 0.00 0.00 1249  0.05 0.00
time (sec) N/A 1.643 4.622 0.882 0.000  0.000 0.000 4.816 200.026 0.000
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F(-2) A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1035 778 3220 3958 0 2176 0 1509 34 0
N.S. 1 0.75  3.11 3.82 0.00 2.10 0.00 1.46 0.03 0.00
time (sec) N/A 1.331 16.908 0.635 0.000 2.491 0.000 0.270 200.022 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 535 419 474 2002 0 1114 0 733 1525 0
N.S. 1 0.78  0.89 3.74 0.00 2.08 0.00 1.37 2.85 0.00
time (sec) N/A 0.696 9.424 0.546 0.000 0.592 0.000 0.193 47982  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 246 208 217 763 0 576 0 313 648 1832
N.S. 1 0.85  0.88 3.10 0.00 2.34 0.00 1.27 2.63 7.45
time (sec) N/A 0.349 3.551 0.533 0.000 0.201 0.000 0.159 0.194 61.137
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F(-1) F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 292 312 465 1822 0 0 0 0 34 0
N.S. 1 1.07  1.59 6.24 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 0.789 12.036 0.923 0.000  0.000 0.000 0.000 200.018 0.000
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F(-1) F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 364 396 417 3670 0 0 0 1354 34 0
N.S. 1 1.09 1.15 10.08 0.00 0.00 0.00 3.72 0.09 0.00
time (sec) N/A 0.944 11.353 0.977 0.000  0.000 0.000 1.234 200.027 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F(-1) F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 446 533 523 9100 0 0 0 7922 34 0
N.S. 1 1.20 117  20.40 0.00 0.00 0.00 17.76 0.08 0.00
time (sec) N/A 1.125 13.113 1.010 0.000  0.000 0.000 16.992 200.016 0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F(-1) F(-1) B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 685 719 657 15990 0 0 0 25338 34 0
N.S. 1 1.05 096 23.34 0.00 0.00 0.00 36.99 0.05 0.00
time (sec) N/A 1.724 15.142 1.102 0.000  0.000 0.000 79.236 200.028 0.000
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 723 735 632 2528 0 1436 0 946 34 0
N.S. 1 1.02  0.87 3.50 0.00 1.99 0.00 1.31 0.05 0.00
time (sec) N/A 1.260 2.516 0.758 0.000 1.103 0.000 0.210 200.025 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 365 381 314 1199 0 720 0 441 932 2621
N.S. 1 1.04 0.86 3.28 0.00 1.97 0.00 1.21 2.55 7.18
time (sec) N/A 0.680 0.933 0.648 0.000 0.306 0.000 0.166 0.205 70.691
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 164 167 141 425 0 380 0 190 359 833
N.S. 1 1.02  0.86 2.59 0.00 2.32 0.00 1.16 2.19 5.08
time (sec) N/A 0.316 0.327 0.685 0.000  0.155 0.000 0.146 0.149  18.246
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F(-1) F F(-2) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 188 204 183 746 0 0 0 0 88 96118
N.S. 1 1.09 097 3.97 0.00 0.00 0.00 0.00 0.47 511.27
time (sec) N/A 0.528 0.498 1.062 0.000  0.000 0.000 0.000 1.345 159.396
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F(-1) F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 254 299 249 2973 0 0 0 1319 5671 0
N.S. 1 1.18 098 11.70 0.00 0.00 0.00 5.19 2233 0.00
time (sec) N/A 0.626 1.086 0.967  0.000  0.000 0.000 0.868 1.686 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F(-1) B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 403 445 420 7119 0 4058 0 7939 34 0
N.S. 1 1.10 1.04 17.67 0.00 10.07 0.00 19.70 0.08 0.00
time (sec) N/A 0.946 2.438 1.119 0.000  157.369 0.000 33.364 200.025 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F(-1) F(-1) B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 770 869 1036 18802 0 0 0 25632 34 0
N.S. 1 1.13 135 24.42 0.00 0.00 0.00 33.29 0.04 0.00
time (sec) N/A 1.760 9.260 1.368 0.000  0.000 0.000 78.859 200.018 0.000
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1183 1213 1422 2077 0 1916 0 0 34 0
N.S. 1 1.03  1.20 1.76 0.00 1.62 0.00 0.00 0.03 0.00
time (sec) N/A 2.829 33.717 3.129 0.000  0.158 0.000 0.000 200.019 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 762 789 917 1205 0 1393 0 0 34 0
N.S. 1 1.04 1.20 1.58 0.00 1.83 0.00 0.00 0.04 0.00
time (sec) N/A 1.791 29.022 4.142 0.000  0.142 0.000 0.000 200.025 0.000
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 708 729 633 1163 0 1463 0 0 34 0
N.S. 1 1.03  0.89 1.64 0.00 2.07 0.00 0.00 0.05 0.00
time (sec) N/A 1.528 26.108 4.939 0.000  0.159 0.000 0.000 200.021 0.000
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 687 697 815 1378 0 2588 0 0 34 0
N.S. 1 1.01  1.19 2.01 0.00 3.77 0.00 0.00 0.05 0.00
time (sec) N/A 1.480 29.223 6.862 0.000 0.271 0.000 0.000 200.027 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 961 996 1444 2292 0 4721 0 0 34 0
N.S. 1 1.04  1.50 2.39 0.00 4.91 0.00 0.00 0.04 0.00
time (sec) N/A 2.282 33.932 8.046 0.000 0.846 0.000 0.000 200.024 0.000
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1714 1770 15963 3900 0 9150 0 0 34 0
N.S. 1 1.03 931 2.28 0.00 5.34 0.00 0.00 0.02 0.00
time (sec) N/A 4.404 36.985 8.695 0.000 2.801 0.000 0.000 200.018 0.000
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1233 1268 1470 2108 0 1931 0 0 34 0
N.S. 1 1.03  1.19 1.71 0.00 1.57 0.00 0.00 0.03 0.00
time (sec) N/A 3.130 34.507 7.332 0.000  0.154 0.000 0.000 200.018 0.000
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 767 792 922 1205 0 1392 0 0 34 0
N.S. 1 1.03  1.20 1.57 0.00 1.81 0.00 0.00 0.04 0.00
time (sec) N/A 1.678 29.063 3.990 0.000 0.179 0.000 0.000 200.018 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 529 545 562 812 0 1036 0 0 0 0
N.S. 1 1.03  1.06 1.53 0.00 1.96 0.00 0.00 0.00 0.00
time (sec) N/A 0.983 27.042 4.427  0.000 0.124 0.000 0.000 108.086 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 540 555 551 861 0 1336 0 0 34 0
N.S. 1 1.03  1.02 1.59 0.00 2.47 0.00 0.00 0.06 0.00
time (sec) N/A 1.092 25.117 6.114 0.000  0.147 0.000 0.000 200.028 0.000
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 596 630 724 1269 0 2429 0 0 34 0
N.S. 1 1.06 1.21 2.13 0.00 4.08 0.00 0.00 0.06 0.00
time (sec) N/A 1.236  28.269 8.326 0.000  0.311 0.000 0.000 200.026 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1034 1073 1449 2330 0 4867 0 0 34 0
N.S. 1 1.04  1.40 2.25 0.00 4.71 0.00 0.00 0.03 0.00
time (sec) N/A 2,552 33.577 21.716 0.000 0961 0.000 0.000 200.028 0.000
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 825 857 1000 1233 0 1388 0 0 34 0
N.S. 1 1.04 1.21 1.49 0.00 1.68 0.00 0.00 0.04 0.00
time (sec) N/A 1.698 29.492 6.516 0.000  0.139 0.000 0.000 200.018 0.000
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 524 542 615 812 0 1036 0 0 0 0
N.S. 1 1.03  1.17 1.55 0.00 1.98 0.00 0.00 0.00 0.00
time (sec) N/A 0.992 25.859 4.455 0.000 0.132 0.000 0.000 109.348 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 384 394 418 615 0 807 0 0 0 0
N.S. 1 1.03  1.09 1.60 0.00 2.10 0.00 0.00 0.00 0.00
time (sec) N/A 0.676 24.575 5.247  0.000  0.126 0.000 0.000 32.353  0.000
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 422 445 477 784 0 1240 0 0 0 0
N.S. 1 1.05  1.13 1.86 0.00 2.94 0.00 0.00 0.00 0.00
time (sec) N/A 0.779 24.178 7.748 0.000 0.141 0.000 0.000 38.619  0.000
Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 642 672 699 1249 0 2344 0 0 0 0
N.S. 1 1.06  1.09 1.95 0.00 3.65 0.00 0.00 0.00 0.00
time (sec) N/A 1.369 27.496 21.469 0.000 0.284 0.000 0.000 141.002 0.000
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C B F B F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1116 1176 1520 2283 0 5108 0 0 34 0

N.S. 1 1.05 1.36 2.05 0.00 4.58 0.00 0.00 0.03 0.00

time (sec) N/A 2.529 33.378 24.109  0.000 1.005 0.000 0.000 200.026 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [83]
had the largest ratio of [.368420999999999998]

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of nc?rms%lize'd integrand umber of rules
# | grade Slf:jcis u:;fg;e antlléi;r:if:zlve leaf size | integrand leaf size
1] A 8 8 1.11 33 0.242
% A 7 7 1.03 31 0.226
3| A 5 ) 1.03 30 0.167
4 A 10 9 1.00 33 0.273
i A 9 8 1.00 33 0.242
6} A 8 7 1.04 33 0.212
7] A 10 9 1.06 33 0.273
3] A 13 12 1.06 33 0.364
9) A 11 10 1.10 32 0.312
10j A 9 8 1.26 30 0.267
11 A 4 4 0.91 29 0.138
12] A 10 9 1.62 32 0.281
13] A 9 8 1.62 32 0.250
14 A 6 1.23 32 0.188
15) A 7 1.15 32 0.219
16} A 10 9 1.09 32 0.281
17] A ) 4 1.11 35 0.114
18] A ) 4 1.17 35 0.114
19 A ) 4 1.28 33 0.121
20) A 7 6 1.07 35 0.171
21] A 8 7 1.51 35 0.200
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
i grade Slf::: uz;i:e antlfaefrls\;:zwe leaf size integrand leaf size
22] A 9 8 1.43 35 0.229
23 | A 9 8 1.26 35 0.229
24] A 8 7 0.89 35 0.200
25) A 7 6 1.28 32 0.188
26} A 8 7 1.34 35 0.200
27] A 7 6 1.35 35 0.171
28] A ) ) 1.26 35 0.143
29) A 6 6 1.08 35 0.171
30) A 7 7 0.99 35 0.200
31 A 11 11 0.95 37 0.297
32] A 9 9 0.95 37 0.243
33] A 7 7 1.03 35 0.200
34 A 6 6 0.96 30 0.200
35) A 11 10 1.11 37 0.270
36} A 9 8 1.11 37 0.216
37 A 9 8 1.06 37 0.216
3§ | A 11 11 1.08 37 0.297
39) A 9 9 1.07 37 0.243
40 | A 6 6 1.10 35 0.171
41 A 5 ) 1.03 30 0.167
42 | A 9 8 1.04 37 0.216
43 | A 7 6 1.13 37 0.162
44 A 6 ) 1.06 37 0.135
45) A 14 13 0.92 40 0.325
4_6 A 11 10 0.96 40 0.250
4_7 A 9 8 1.11 38 0.211
48] A 7 6 0.90 33 0.182
4_9 A 12 11 1.09 40 0.275
50) A 11 10 1.04 40 0.250
51 A 11 10 1.13 40 0.250
52] A 14 13 1.04 40 0.325
53] A 11 10 1.08 40 0.250

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
# grade Slf::: u:li;i:e antlfaefrls\;:zwe leaf size integrand leaf size
% A 8 7 1.22 38 0.184
55) A 6 ) 0.93 33 0.152
56} A 10 9 1.25 40 0.225
57 | A 9 8 1.31 40 0.200
58 | A 7 6 1.19 40 0.150
59 | A 7 6 1.10 32 0.188
60 | A 2 2 1.00 24 0.083
61] A 2 2 1.00 32 0.062
62] A 2 2 1.00 30 0.067
63] A 10 9 0.60 36 0.250
64 A 8 7 0.64 34 0.206
65 | A 8 7 0.75 29 0.241
66} A 11 10 1.06 36 0.278
67] A 11 10 1.04 36 0.278
68} A 11 10 1.05 36 0.278
69) A 9 8 0.75 36 0.222
70 | A 7 6 0.78 34 0.176
71 A 7 6 0.85 29 0.207
Q A 9 8 1.07 36 0.222
73 | A 9 8 1.09 36 0.222
74 A 9 8 1.20 36 0.222
E A 9 8 1.05 36 0.222
CHE 8 7 1.02 36 0.194
77] A 6 ) 1.04 34 0.147
E A 6 ) 1.02 29 0.172
79 A 7 6 1.09 36 0.167
30j A 7 6 1.18 36 0.167
81 A 7 6 1.10 36 0.167
32] A 9 8 1.13 36 0.222
33] A 14 14 1.03 38 0.368
34 A 12 12 1.04 38 0.316
35) A 12 12 1.03 38 0.316

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
# grade Slf::: u:li;i:e antlfaefrls\;:zwe leaf size integrand leaf size
36} A 12 12 1.01 38 0.316
37 A 12 12 1.04 38 0.316
38} A 14 14 1.03 38 0.368
39 A 14 14 1.03 38 0.368
90j A 12 12 1.03 38 0.316
91 A 10 10 1.03 38 0.263
92] A 10 10 1.03 38 0.263
93] A 10 10 1.06 38 0.263
94 A 12 12 1.04 38 0.316
95) A 12 12 1.04 38 0.316
96} A 10 10 1.03 38 0.263
9_7 A 8 8 1.03 38 0.211
og | A 8 8 1.05 38 0.211
99 A 10 10 1.05 38 0.263
100 | A 12 12 1.05 38 0.316
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_A+Bz+Cz?
341  f TEEEEEAT 414
A+ Bz+Cx?
342 [ Vi sda(er 12 T oo e e e e (421
A+Bz+Cx 7
343 [ =A% Lo 7 dT . 130
A+Bz+Czx 4
344 [ =A% e T 139
345 [Va+bzvac—bex(e+ fr)3(A+Bzx+Cx?)dx . . . ... .. ... .. A48
3.46  [va+bzvac—bex(e+ fr)2(A+Bzx+Cx?)dx . . . . ... ... ... 46Tl
347  [Va+bzvac—bex(e+ fr) (A+Bz+Cz¥)dz . . .. ... ... ... 73]
348 [Va+bzvac—bex(A+Bx+Czx?)dz . . ... ... 483
3.49 f va+brvac— bcxf(A+Bx+Cx2) dx a9T]
. .2
. P e -
VaFbzy/ac—bex (A+Br+Cz?)
351 [ o A(e;fw)g ) dr . . ... b1
e+fz +Bz+Cx
3.52 f( ?"*"ﬁ““g“’% )dx ............................
et+fx) +Bx+Cax? Q
353 [ ( \]{a +f’f Vae-tes ) dT . oo 538
e+fz)(A+Bz+Cx i
354 [ == dT. . oo 549
A+Bz+Cz? Q
355 [ ALSTEE—dr ... F53
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356 [ ¢a+bi‘\+/ffff<e+ FdT 565
857 [ ABEOE dy
358 [ W%j\jaiw;gf; e
359 [ o= f;j%‘;f Ty dT oo 5961
360 [ (= +x;‘(+3;j;( T o 607
361 [ BHST sdr 612
362 [ CHRHIABRCS) gy BIR
3.63 [(a+bz)*Ve+dzve+ fe(A+Bx+Cx®)dx . ... ... ... ... 627
364 [(a+bz)Ve+dzve+ fr(A+Br+Cz?)dx . . ... ... ... ... 633
3.656 [Ve+dzve+ fa(A+Bz+Cx?)dx ... ... 649
3.66 [ YREVERIEATBRAC) gp 659
3.67 [ VHEVEHEABIO) gy 663
368 [ m\/ﬁb;«)? L 679
3.69 [ CHIVCRRUMBICT) gy 690
370 “*”“chi‘;f”oﬁ) AT .
371 [YSEULESCD) gy
372 [YHEEAIROS) gy
373 [YSEMPHOS dy . 73T
374 [YSEPHOS Gy (74T
R R et 750
3.76 [ Ll d‘ibff_}‘fﬁ) dT . 760
377 [ (““’f;j:ﬁi;jm Vo 77T
3.7 [ j_%j% dT .o [781]
3719 [ +bf:+\ﬁﬁff/m dT . . o 789
380 [ (a+bfffffdiﬁe+ —dr L (797
381 [ +b$_§¢Bffdif/e —dr L 806
382 [ milEUo—dr R4
383 [Va+bzve+drye+ fr(A+Bz+Cx¥)dz ... ... ... 824
384 | m@ﬁfﬁw) do. B37
385 [ m‘/ﬁiﬁf SO g RAY
386 [ m“ﬁiﬁff SO g R62
387 [YEREVEHABRO) Gy R72
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3.88
3.89
3.90
3.91
3.92
3.93
3.94
3.95

3.96
3.97
3.98
3.99

j- \/c+da:\/e+fa: A+Bx+Cz ) dx

e REG)
f (a+bz)3/2\/c-|-W(A+Bz+Cm2) dT . . . ROR
s ncer g,
J VJE&{ 26 Z’{Z ; AT . L:mf!
il J%@Zfﬁiézz) dr . . ..
J (atba) P erfa dT . . .. 946
J ﬁ&fiﬁ;ﬁ ............................. U57
J Vetdavetfz dr . . . 060!
f @2{;&? : ;l;c ............................. :::

Va+bzv/ct+dzr/e - T2 0T - oo

/ (a+bw3%7£/ﬁ§f\2/e+ —dT 00T
J GRS GE @ 0T

A+ Bz+Cx?
8100 [ omBlCs —dn 023



output

input
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3.1 22 (a+bz+cz?) d
’ V1—dzy/1+dx

Optimal result . . . . . . . . . . . e 64]
Mathematica [A] (verified) . . . . . . . . . ... 64
Rubi [A] (verified) . . . .. . ... .. 65
Maple [A] (verified) . . . . . . ... L 67
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 68
Sympy [F(-1)] . . o o 68
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ..., 69
Giac [A] (verification not implemented) . . . . . . .. ... ... oL 69
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 70
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... [71]

Optimal result

Integrand size = 33, antiderivative size = 121

4d?

z2(a + bz + cz?) . V1 —dP2?  (3c+4ad®) 2Vl —dP2®  caPV1— da?
V1 —dz/1+dz d* 8d4
N b(1 — d?z2)** (3¢ + 4ad?) arcsin(dz)
3d* 8d5

p
‘ -bx (-d~2*x"2+1) ~(1/2) /d"4-1/8* (4d*a*d~2+3*c) *x* (-d~2*%x~2+1) ~(1/2) /d"4-1/4*c
\*x‘3*(—d‘2*x‘2+1)“(1/2)/d“2+1/3*b*(—d‘2*x‘2+1)‘(3/2)/d“4+1/8*(4*a*d‘2+3*c)

‘ *arcsin(d*x)/d"5

\‘

Mathematica [A] (verified)

Time = 0.32 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.78

z?(a + bx + cz?) dp — V1 — d2z2(—16b — 9cx — 12ad?z — 8bd%x? — 6cd?x3)

V1 —dzv1+dx

(3¢ + 4ad?) arctan (

2444

dx
—14++v1—d?z2 )

+

Add

LIntegrate[(x’?*(a + b*x + c*x72))/(Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]
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output‘ (Sqrt[1 - d~2xx"2]*(-16%b - 9xckx - 12%a*d"2%x - 8*bkd 2%x"2 - Bxckd 2%x"3
))/(24%d~4) + ((3xc + 4*a*d~2)*ArcTan[(d*x)/(-1 + Sqrt[1 - d~2*x~2])])/(4x*
q:
a75)

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.11,

number of rules _ (9 42, Rules

number of steps used = 8, number of rules used = 8, = -
integrand size

used = {2112, 2340, 25, 533, 27, 533, 455, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z%(a + bz + cz?) "
VI—dzvdz +1
| 2112
/ z%(a + bz + cz?) e
Vg
| 2340

f _ z? (4a¢7l2 +4bmd2+3c) d

NEwr cx3v/1 — d2x?

4d? 4d?

| 25

f x? (4ad2+4bzd2 +30)

V12222 dz  cz3/1— d222

4d? B 4d?
l 533
@z (80+3(4ad>+30)a)
153;’32 — %b:c2 1 — d?x? 3 cx3vV/1 — d2x2
442 442

| 27

L x(8b+\?/,ﬁa;122;30)w) dr — 3bz*V1 — 222 13,/T— @252

4d2 4d?
J,533
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16bzd2+3(4ad2+30) p
——""a%
% Vlg{‘;? — %mea + %) — %bm2\/1 — d?g?
B cr3v/1 — d2x2
42 442
l 455
3(4ad?+3c) [ ——L—dz—16bv/1—d2x2
é( ( ) v 1‘;Z§2 — %w\/l — d?22 (4a + 35)) — %ba:Q\/l — d2x2
Ad? B
cx3v/1 — d2x2
4d?
l 993
3(4ad2+3c) arcsin(dz) —16bm
3 i — 32v1— d2%(4da+ 35) | — $b2%V1 — d?a?
4d? a
cx3v/1 — 222
4d?

input LInt[(x"2*(a + b*x + c*x72))/(Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

}—1/4*(c*x*3*$qrt[1 - d72%x72])/d"2 + ((-4%bxx~2%Sqrt[1 - d~2%x~2])/3 + ((-
\3*(4*a + (3%c)/d"2)*x*Sqrt[1 - d"2*x72])/2 + (-16xb*Sqrt[1 - d"2*xx"2] + (3
L*(B*c + 4*a*d~2)*ArcSin[d*x])/d)/(2xd~2))/3)/ (4%xd"2)

output

Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

| —

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 293 Int [1/8qrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a]l)]1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]




rule 455

rule 533

rule 2112

rule 2340
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Int[((c ) + (d_.)*(x_))*((al) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[dx*((
a + b*x"2)"(p + 1)/(2%bx(p + 1))), x] + Simp[c Int[(a + b*x"2)7p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !LeQ[p, -1]

Int[(x_)"(m_.)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[d*x"m*((a + b*x"2)~(p + 1)/(bx(m + 2*p + 2))), x] - Simp[1/(b*(m + 2%
P+ 2)) Intlx"(m - 1)*(a + b*x"2) p*Simp[a*d*m - b*xcx(m + 2*p + 2)*x, x],
x], x] /; FreeQ[{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] &% Integer
Q[2*p]

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (f
_I)*(x ))"(p_.), x_Symbol] :> Int[Px*(a*c + bxd*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[bxc + a*xd, 0] &
& EqQ[m, n] & (IntegerQ[m] || (GtQ[a, 0] &% GtQlc, 0]1))

Int[(Pq_ )*((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[
{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]11}, Simp[f*(c*x)"(m + q - 1
Yx((a + b*x”2)~(p + 1)/(b*c™(q - V*(m + q + 2%p + 1))), x] + Simp[1/(b*(m
+q+ 2%p + 1))  Int[(c*x) m*(a + b*x~2) “p*ExpandToSum[b*(m + q + 2*p + 1)
*Pq - bxf*(m + q + 2%p + 1)*x"q - axf*(m + q - 1)*x"(q - 2), x], x], x] /;
GtQlq, 1] && NeQ[m + q + 2*%p + 1, 0]] /; FreeQ[{a, b, c, m, p}, x] && PolyQ

[Pq, x] && ( 'IGtQ[m, O] || IGtQ[p + 1/2, -11)

Maple [A] (verified)

Time = 0.68 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.30

method | result
2 Vd2z \/_7
risch (6cz3d?48b d2a2+12za d?+9cx+16b) vod+1 (¢d—1)/(—wd+1)(zd+1) n (4a d?+3c) arctan( m) (—zd+1)(zd+1)
24d*\/—(zd+1)(zd—1) vV—2d+1 8d4Vd2 v/—zd+1/zd+1
MR (6 csgn(d)e d3z3/—d2z?+1+8 csgn(d)b d®x?y/— Pz +1+12v/—d22?+1 csgn(d)ddaz+9v/—d2z?+1 csgn(d
default | — e
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int (x72% (c*x"2+b*xx+a) / (—d*x+1) ~(1/2) / (d*x+1) ~(1/2) ,x ,method=_RETURNVERBOSE
)

input

1/24* (6*c*xd~2*x~3+8*b*xd "~ 2*x~2+12*a*xd " 2*x+9*kcxx+16%*b) * (d*x+1) ~(1/2) * (d*x-1)

tput
P /a74/ (- (d*x+1) % (d*x-1) )~ (1/2) ¥ ((-d*x+1) * (d*x+1) )~ (1/2) / (-d*x+1) ~(1/2) +1/8%
(4xaxd~2+3xc) /d~4/(d"2) "~ (1/2)*arctan((d~2) " (1/2) *x/ (-d~2%x~2+1) ~(1/2) ) * ((-
dxx+1)*(d*x+1)) " (1/2) / (=d*x+1) " (1/2) / (d*x+1) = (1/2)
Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.80
z?(a + bx + cz?)
V1 —dz1+dz
(6 cd3z® + 8bd3z? + 16 bd + 3 (4 ad® + 3cd)x)v/dx + 1v/—dz + 1 + 6 (4 ad? + 3 ¢) arctan <—Vd””+1‘{1?
B 24 d5
input integrate (x~2x (cxx~2+b*x+a)/ (-d*x+1)~(1/2) /(d*x+1)~(1/2) ,x, algorithm="fri
cas")
output -1/24x((6*c*d"3*x"3 + 8*b*d~3*x"2 + 16*b*d + 3*(4*a*d~3 + 3*c*d)*x)*sqrt(d
*x + 1)*sqrt(-d*x + 1) + 6%(4*a*d~2 + 3*c)*arctan((sqrt(d*x + 1)*sqrt(-d*x
+ 1) - 1)/(d*x)))/d"5
Sympy [F(-1)]
Timed out.
2 2
zlatbrtca) dr = Timed out
V1 —dzv/1+dx
inputLintegrate(x**z*(C*x**2+b*X+a)/(_d*X+1)**(1/2)/(d*X+1)**(1/2)’x) J
output LTimed out J
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.98

z2(a + bz + cz?) dp = Y —d*z% + lex®  v/—d*a? + 1ba”

Tr =
V1—dzxv1+dz 4 d? 3d2
V—d?z? + lax  aarcsin(dzx) 3+v—d?x%+ lcx
B 2 d2 A 8d!

_2V-d’r®+1b L 3 carcsin (dz)
3d* 8d°

integrate (x~2* (cxx~2+bxx+a)/(-d*x+1)~(1/2) / (d*x+1)~(1/2) ,x, algorithm="max

input
ima")

-1/4*sqrt(-d"2*%x"2 + 1)*c*x73/d"2 - 1/3*sqrt(-d"2*x"2 + 1)*b*x~2/d"2 - 1/2
*sqrt (-d"2*x"2 + 1)*a*x/d"2 + 1/2%a*arcsin(d*x)/d~3 - 3/8*sqrt(-d~2*x"2 +
1)*c*x/d"4 - 2/3*%sqrt(-d~2*x"2 + 1)*b/d"4 + 3/8%c*arcsin(d+*x)/d"5

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.87

z?(a + bx + cz?) .

V1 —dzv1+dz

(12ad® — (12ad? + 2 (3 (dz + 1)c + 4bd — 9¢)(dz + 1) — 16bd + 27¢)(dz + 1) — 24bd + 15 ¢)v/dz + 1
24 d°

integrate (x"2* (c*x~2+b*x+a)/(-d*x+1)~(1/2) /(d*x+1)~(1/2) ,x, algorithm="gia

input
c n )

1/24x((12%a*xd™2 - (12xa*d™2 + 2x(3x(d*x + 1)*c + 4*b*d - 9*c)*(d*x + 1) -
16%b*d + 27xc)*(d*x + 1) - 24%bxd + 15xc)*sqrt(d*x + 1)*sqrt(-d*x + 1) + 6
*(4xaxd~2 + 3xc)*arcsin(1/2*sqrt(2)*sqrt(d*x + 1)))/d"5

output
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Mupad [B] (verification not implemented)

Time = 10.64 (sec) , antiderivative size = 485, normalized size of antiderivative = 4.01

z?(a + bz + cz?)
T
V1 —dz/1+dz

23c(vi—dz—1)°  333c(vi-dz-1)° n 67lc(vi—da—1)"  67lc(vI-dz— 1) " 333¢c(vi—dz—1)""  23¢(vi—dz-1)"
2 (Vda+i-1)° 2 (Vda+i-1)° 2 (Vda+1-1)" 2 (Vdat1-1)° 2 (Vdat1-1)" 2 (Vdat1-1)"
8
s [ (Vi—da—1)*
d <(\/dz+1—1)§ T 1)
Vi—dz—1 Vi—da—1
B 3catan<m_l> - 2aatan<m_l)
2d° d3
4a(vi-dze-1)°  14a(vI=dz-1)° | 2a(Vi-dz-1)"  2a(vi-dz-1)
(Vdeti-1)° (Vdz+i-1)° (Vdz+1-1)" Vdz+1-1
1
3 [ (Vi—dz—1)*
d ((\/dz-‘rl—l)i T 1)
VI=dz (2 +0 + b 4 202)
dz+1

input int((x"2*(a + b*x + c*x72))/((1 - d*x)~(1/2)*(d*x + 1)~(1/2)),x)

((23*c*((1 - d*x)~(1/2) - 1)73)/(2x((d*x + 1)7(1/2) - 1)73) - (333*c*((1 -
d*x)~(1/2) - 1)75)/(2*x((d*x + 1)7(1/2) - 1)75) + (671*c*((1 - d*x)~(1/2)
- 1D/ 2x((d*x + 1)7(1/2) - 1)°7) - (671xcx((1 - d*x)~(1/2) - 1)79)/(2x(
(d*x + 1)7(1/2) - 1)79) + (333%c*((1 - d*x)~(1/2) - 1)"11)/(2*x((d*x + 1)~ (
1/2) - 1)711) - (23%c*x((1 - d*x)~(1/2) - 1)~"13)/(2*((d*x + 1)~(1/2) - 1)"1
3) - (Bxcx((1 - d*x)~(1/2) - 1)715)/(2*%((d*x + 1)~(1/2) - 1)715) + (3*c*x((
1 - d*x)~(1/2) - 1))/(2x((d*x + 1)~(1/2) - 1)))/(@ 5*(((1 - d*x)~(1/2) - 1
)72/((d*x + 1)7(1/2) - 1)72 + 1)78) - (3*c*atan(((1 - d*x)~(1/2) - 1)/((d*
x + 1)7(1/2) - 1)))/(2%d°5) - (2%a*atan(((1 - d*x)~(1/2) - 1)/((d*x + 1)~(
1/2) - 1)))/d°3 - ((14*a*((1 - d*x)~(1/2) - 1)73)/((d*x + 1)~(1/2) - 1)°3
- (14*ax((1 - d*x)~(1/2) - 1)75)/((d*x + 1)~(1/2) - 1)°5 + (2*ax((1 - d*x)
~(1/2) - 1)77)/((d*x + 1)7(1/2) - 1)77 - (2*ax((1 - d*x)~(1/2) - 1))/((d*x
+ 1)7(1/2) - 1))/@@ 3% (((1 - d*x)~(1/2) - 1)72/((d*x + 1)°(1/2) - 1)°2 +
1)74) - ((1 - d*x)~(1/2)*((2%b)/(3*%d~4) + (b*x~3)/(3*d) + (b*x"2)/(3*d"2)

+ (2xb*x)/(3%d"3)))/(d*x + 1)~(1/2)

output
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Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.16

z?(a + bz + cz?)
T
V1 —dz/1+dz

—24asz'n<—"_\d[’2”“> ad? — 18asz’n(—"—\%"+l> c—12v/dzx +1v/—dz + 1lad?z — 8V/dx + 1 v/—dz + 1 bd3x

- 2445

input Lint (x~2% (c*x~2+b*x+a) / (—d*x+1) ~(1/2) / (d*x+1) ~(1/2) ,x) J

/

( - 24*asin(sqrt( - d*x + 1)/sqrt(2))*axd**2 - 18+asin(sqrt( - d*x + 1)/sq
rt(2))*c - 12xsqrt(d*x + 1)*sqrt( - d*x + 1)*axd*x3*x - 8xsqrt(d*x + 1)*sq
rt( - dkx + 1)*b*xd**3*x**x2 - 16*sqrt(d*x + 1)*sqrt( - d*x + 1)*bxd - 6*sqr
t(d*x + 1)*sqrt( — d*x + 1)*c*d**3*x**3 - 9xsqrt(d*x + 1)*sqrt( - d*x + 1)
*ckd*x) / (24*d**5)

output

N\



output ‘ -1/3*(3*%axd"2+2*c) * (-4~ 2*x"2+1) "~ (1/2) /d~4-1/2xb*x* (-d~2*x"2+1) " (1/2) /d"2-1

input
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3.9 f z (a+bz+cz?) da
* V1—dz\/1+dx

Optimal result . . . . . . . . . . . e 721
Mathematica [A] (verified) . . . . . . . . . ... 72
Rubi [A] (verified) . . . .. . ... .. 73]
Maple [C] (verified) . . . . . . . . . ... 75
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ..... 76
Sympy [F(-1)] . . o o 76
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... .. 76
Giac [A] (verification not implemented) . . . . . . .. ... .. ... ... i
Mupad [B] (verification not implemented) . .. ... ... ... ... ..... e
Reduce [B] (verification not implemented) . . . ... ... ... ... ..... 78

Optimal result

Integrand size = 31, antiderivative size = 92

z(a + bz + cz?)

V1 —dxv1+dz

_ (2c+3ad®) V1 —d*a* bxv1— da?

3d* 2d?
_cr’V1 - d?x? N barcsin(dr)
3d? 2d3

‘ /3*%c*xx” 2% (-d"2%x~2+1) " (1/2) /d~2+1/2*b*arcsin(d*x) /d"3

Mathematica [A] (verified)

Time = 0.28 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.82

z(a + bx + cx?)
V1 —dzv1+dx

e V1- d?z?(—4c — 6ad? — 3bd*z — 2cd*z?)

6d*

dx
barctan (m)

+ B

LIntegrate[(x*(a + b*x + c*xx72))/(Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]
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‘(Sqrt [1 - d~2*x"2]*(-4%c - 6%a*xd”2 - 3*bxd~2%x - 2xc*d"2*x"2))/(6*%d~4) + (

output
Lb*ArcTan[(d*x)/(-l + Sqrt[1 - d~2%x~21)1)/d"3 J

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.03,

number of rules _ 0.226, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {2112, 2340, 25, 533, 27, 455, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

m(a+bz+cz2)
VI I+l
| 2112
/w(a+bx+cm2) i
V1 - d2%a?
| 2340

3ad?43bxd? 42
J = a\/l_dg;xz Y do 3 cx®V/1 — d2x2
3d2 3d2

l 25
f T (3ad2 +3b:1:d2+2c) dx

V12227 B cx®V/1 — d2x2
3d? 3d?

l 533

d2 (3b+2 (3ad2+2c) z) p
XL
Lot — 3bx/1 — d?a? _ca®V1 — d?a?
3d? 3d?

l 27

2
LB Gy S/ T— B /T i

342 342
l 455

J

%%IVfﬁ?M—%ﬂ—d%%M+%9)—%mﬂ—d%2_m2qiﬁ%i
3d2 3d?
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l 9293
3barcsin(d 2 3
§(Prnlte) 0 T=PP(30+ §)) - VI PF o2 T= P2
3d2 3d2

e

LInt[(x*(a + b*x + cxx"2))/(Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

~—

input

‘—1/3*(c*x‘2*Sqrt[1 - d72%x72])/d72 + ((-3*%bxx*Sqrt[1 - d"2*x"2])/2 + (-2%(

output
LS*a + (2%c)/d"2)*Sqrt[1 - d~2*x"2] + (3*b*ArcSin[d*x])/d)/2)/(3*d"2) J
Defintions of rubi rules used

ruk325LInt[_(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[la, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 293 Int[1/8qrtl(a ) + (b_.)*(x)72], x_Symbol]l :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a]l)]1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 455 IntLC(c ) + (d_)*(x_))*((al) + (b_.)*(x_)"2)"(p_.), x_Symbol]l :> Simp[dx((
a + bxx"2)"(p + 1)/(2*%b*(p + 1))), x] + Simpl[c Int[(a + b*x"2)7p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

rule 533 Int[(x_ )" (m_.)*((c_) + (d_.)*(x_))*((a) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[d*x"m*((a + b*x"2)"(p + 1)/(bx(m + 2*p + 2))), x] - Simp[1/(b*(m + 2%
P+ 2) Intlx"(m - 1)*(a + b*x"2) p*Simp[a*d*m - bxcx(m + 2%p + 2)*x, x],
x], x] /; FreeQ[{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] &% Integer
Q[2+p]
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Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_.) + (£
_)x(x ))"(p_.), x_Symbol] :> Int[Px*(a*c + bxd*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[bxc + a*xd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))

rule 2112

Int[(Pq_)*((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[
{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[f*(c*x)~(m + q - 1
Y)x((a + b*x"2) (p + 1)/(b*c™(q - V*(m + q + 2%xp + 1))), x] + Simp[1/(b*(m

+q+ 2%p + 1))  Int[(c*x) m*x(a + b*x~2) “p*ExpandToSum[b*(m + q + 2*p + 1)
*Pq - bxf*(m + q + 2%p + 1)*x"q - axf*(m + q - 1)*x"(q - 2), x], x]1, x] /;

GtQlq, 1] && NeQ[m + q + 2*%p + 1, 0]] /; FreeQ[{a, b, c, m, p}, x] && PolyQ
[Pq, x] & ( 'IGtQ[m, 0] || IGtQ[p + 1/2, -11)

rule 2340

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.61 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.51

method | result

V—zd+1+/zd+1 (2 csgn(d)cd?z?V/—d2z?+14+3v—d222+1 csgn(d)bd?z+6v—d2z?+1 csgn(d)a d?+4v/—d222+1 csgn(d)c—

default | — 6d4y/—d?z2+1
Vd2 g \/_7
risch (2¢ d222+3b d?z+6a d?+4c)Vad+1 (zd—1)\/(—zd+1) (zd+1) n b "“Ctan< Tt +1> (—zd+1)(zd+1)

6d4\/—(zd+1)(zd—1) v—zd+1 242V d2 v/—zd+1 V/xd+1

input \ int (x* (c*x"2+b*x+a) / (~d*x+1) ~(1/2) / (d*x+1) ~(1/2) ,x ,method=_RETURNVERBOSE) J

p
\-1/6*(-d*x+1)“(1/2)*(d*x+1)“(1/2)*(2*csgn(d)*c*d‘2*x“2*(-d“2*x‘2+1)“(1/2)+
\3*(—d‘2*x‘2+1)“(1/2)*csgn(d)*b*d‘2*x+6*(—d‘2*x‘2+1)‘(1/2)*csgn(d)*a*d‘2+4*
‘(-d‘2*x‘2+1)“(1/2)*csgn(d)*c—3*arctan(csgn(d)*d*x/(—d‘2*x‘2+1)‘(1/2))*b*d)

output
|
L*csgn(d) /d~4/ (-d~2%x~2+1) " (1/2) J
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.85

z(a + bz + cz?)
T
_\/1 —dzv/1+dx

6 bd arctan (—"d””“ W) + (2cd?z? 4+ 3bd%x + 6 ad® + 4¢)Vdzx + 1/ —dz + 1
6 d*

e B

integrate (x* (c*x~2+b*x+a)/(-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="frica
‘Su)

input

|-1/6% (6¥bxdxarctan((sqrt (d*x + 1)*sqrt(-dex + 1) - 1)/(d*x)) + (2%cxd"2%x"
2 + 3xbxd"2*x + 6xaxd~2 + 4xc)*sqrt(d*x + 1)*sqrt(-d*x + 1))/d"4

N\ J

output

Sympy [F(-1)]

Timed out.
z(a + bz + cz?)
V1 —dzv1+dx

dz = Timed out

input Lintegrate (x* (ckx*x*x2+b*x+a) / (—d*x+1) ** (1/2) / (d*x+1) **(1/2) ,x)

outputLTimed out

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.95

z(a + bx + cx?) dp = Y —d*z® + lez®  v/—d*a% + b

V1—dzxv1+dz 3 d? 2 d?

V—d?2%2+1a barcsin(dz) 2v—-d?z?2+ 1c
& T 2@ 3
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integrate (x* (c*x™2+bxx+a) / (-d*x+1)~(1/2) / (d*x+1)~(1/2) ,x, algorithm="maxim

input
au)

-1/3*%sqrt (-d"2*x"2 + 1)*c*x~2/d"2 - 1/2*sqrt(-d~2#x"2 + 1)*b*x/d"2 - sqrt(

output
-d"2*x"2 + 1)*a/d"2 + 1/2%b*arcsin(d*x)/d~3 - 2/3*sqrt(-d"2*x"2 + 1)*c/d"4

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.83

z(a + bz + cz?)
T
V1 —dz/1+dz
__ 6bdarcsin (3 vV2vdz + 1) — (6ad® + (2 (dz + 1)c+ 3bd — 4¢)(dz + 1) — 3bd + 6 ¢)v/dx + 1v/—dx +
a 6d*

integrate (x* (c*x~2+b*x+a) /(-d*x+1) " (1/2)/ (d*x+1)~(1/2) ,x, algorithm="giac"
)

input

1/6* (6*%b*d*arcsin(1/2*sqrt (2)*sqrt(d*x + 1)) - (6xaxd™2 + (2x(d*x + 1)*c +

output
3*b*d - 4xc)*(d*x + 1) - 3*bxd + 6%c)*sqrt(d*x + 1)*sqrt(-d*x + 1))/d"4

Mupad [B] (verification not implemented)

Time = 6.93 (sec) , antiderivative size = 244, normalized size of antiderivative = 2.65

z(a + bx + cx?)
T
V1—dzv1+dz
Vi=dz—1
M—dz (& + ) 2batan<m_1

)

Vdx +1 das
14b (Vi—dz-1)°  14b(vi=dz-1)° " 2b(vi—dz-1)"  2b(vI-dz-1)
(Vdz+i-1)° (Vdz+i-1)° (Vdz+i-1)" Vdz+1-1

1
(Vi—dz-1)*
& ((\/dw-l-l—l)ﬁ + 1)

VI=da (& +55 + 55 + 2%)
vdz +1

w
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input| 1BECGera + bxx + cxx72))/ (1 - dx)~(1/2)*(dxx + 1)7(1/2)),%)

- ((1 - d*xx)~(1/2)*(a/d™2 + (a*x)/d))/(d*x + 1)7(1/2) - (2*b*atan(((1 - d*
x)7(1/2) - 1)/((d*x + 1)7(1/2) - 1)))/d"3 - ((14*b*((1 - d*x)~(1/2) - 1)73
)/ ((d*x + 1)7(1/2) - 1)73 - (14xb*((1 - d*x)~(1/2) - 1)75)/((d*x + 1)~(1/2
) - 1)75 + (2%bx((1 - d*x)~(1/2) - 1)77)/((d*x + 1)7(1/2) - 1)77 - (2xb*((
1 - d*x)~(1/2) - 1))/((d*x + 1)7(1/2) - 1))/(d"3*(((1 - d*x)~(1/2) - 1)72/
((@*x + 1)7(1/2) - 1)72 + 1)74) - ((1 - d*x)~(1/2)*((2%c)/(3*d"4) + (c*x~3
)/ (3*d) + (c*x72)/(3*d"2) + (2*c*x)/(3*d"3)))/(d*x + 1)7(1/2)

output

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.09

z(a + bx + cx?)
T
V1 —dz/1+dx
—6asin<—”‘\d[“2“rl> bd — 6vdz +1v/—dx+1ad® —3vdx+1vV—dzx +1bd%*x — 2v/dz + 1/ —dz + 1 cc
- 64

tnput Lint (x* (cxx~2+b*x+a) / (—d*x+1) ~(1/2) / (d*x+1)~(1/2) ,x) J

‘( - 6xasin(sqrt( - d*x + 1)/sqrt(2))*b*d - 6xsqrt(d*x + 1)*sqrt( - dkx + 1
)kaxd#*2 - 3xsqrt(dx + 1)*sqrt( - dex + 1)*bxdk#2¥x - 2xsqrt(dsx + 1)*sqr |
(£ - dHx + 1)kcHARR2KXAA2 — A%sqrt(dHx + 1)*sqrt( - d#x + 1)*c)/(6*d*xd) |

output




output

input

output
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+bz-+cz’
3.3 J Vidoird 0T

Optimal result . . . . . . . . .. . ..
Mathematica [A] (verified) . . . . . . . .. .. . L
Rubi [A] (verified) . . . . . . . .. ..
Maple [C] (verified) . . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. ..
Sympy [F(-1)] . . . o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 30, antiderivative size = 63

a+ bz + cx?

1—d??  cxV1-d%? N (¢ + 2ad?) arcsin(dx)

V1 —dzv1+dzx Te d?

2d?

2d3

‘—b*(—d“2*x“2+1)‘(1/2)/d‘2—1/2*c*x*(—d‘2*x“2+1)‘(1/2)/d“2+1/2*(2*a*d‘2+c)*a

‘rcsin(d*x)/d“3

Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.02

a+ bx + cx? B

(—=2b — cz)v1 — 222 . (¢ + 2ad?) arctan (——1+ dﬁf—d%?)

x_
V1—dzxv1+dz 2d?

d3

LIntegrate[(a + bxx + c*x72)/(Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

‘((—2*b - c*x)*Sqrt[1 - d72*x"2])/(2%d~2) + ((c + 2*a*d~2)*ArcTan[(d*x)/(-1

\ + Sqrt[1 - d"2*x"2])]1)/d"3

N
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.03,

=5, number of rules _ 167, Rules
integrand size

number of steps used = 5, number of rules used =
used = {1188, 2346, 25, 455, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

a+ bz + cz? dx
V1 —dzvdxr +1
l 1188

a + bx + cz?
1 — d222
l 9346

2 2
e i T
2d? 2d?

| 25

2ad2+2bzd2+c
il V1—d2a? dz _ czV1l—d*2?

2d2 2d2
l'455
(2ad2 +c) f W —2bV1 — d222 cwm
282 24
l 9223
(zad2+c);rcsin(dZ') —920v/1 — d2x2 0$m
2d2 2@

input‘ Int[(a + bxx + c*x72)/(Sqrt[1 - d*x]*Sqrt[1 + d*x]),x] ‘

‘—1/2*(C*X*Sqrt[1 - d72%x72])/d"2 + (-2%bxSqrt[1 - d~2#x"2] + ((c + 2*a*xd~2 \

output
‘)*ArcSin[d*x])/d)/(2*d‘2)




rule

rule 223

rule 455

rule 1188

rule 2346
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Defintions of rubi rules used

25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] ‘

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symboll :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl]

Int[((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[d*((
a + bxx"2)"(p + 1)/(2%b*(p + 1))), x] + Simp[c Int[(a + b*xx"2)7p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

Int[((d_) + (e_.)*(x)) " (m_.)*((£f_) + (g_.)*x(x_))"(n_.)*x((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[(d*f + exgxx~2) m*(a + b*x + c*x"2
)°p, x] /; FreeQ[{a, b, c, d, e, f, g, m, n, p}, x] & EqQ[m, n] && EqQ[e*f
+ d*g, 0] && (IntegerQ[m] || (GtQ[d, 0] &% GtQ[f, 01))

Int[(Pq_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Expon[Pq, x],
e = Coeff[Pq, x, Expon[Pq, x]1}, Simple*x~(q - 1)*((a + b*x~2)~(p + 1)/ (b*(
q + 2%p + 1))), x] + Simp[1/(b*(q + 2%p + 1)) Int[(a + b*x~2) “p*ExpandToS
um[b*(q + 2*p + 1)*Pq - axex(q - 1)*x~(q - 2) - bxex(q + 2*p + 1)*x"q, x],
x], x1] /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && !'LeQ[p, -1]

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.60 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.86

method | result

V—zd+1vxd+1 (\/—d2w2+1 csgn(d)dex—2 arctan ( \;%) ad?+2 csgn(d)dv/—d2z2+1 b—arctan (
default | — —

2d3v/—d2z2+1

Vd2 e
(cz+26)v/ZdFT (wd—1) \/(—2d 1) (@d+1) N (2a d?+c) arctan( \/#M) vV (—xd+1)(xd+1)

risch 2d2/—(zd+1)(zd—1) v—zd+1 2d2Vd? v/—zd+1 /zd+1
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input int ((c*x"2+b¥x+a)/ (-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x ,method=_RETURNVERBOSE) |

output \ -1/2%(-d*x+1) " (1/2) * (d*x+1) ~(1/2) /d"3* ((-d~2*x~2+1) " (1/2) *csgn (d) *d*c*x—2% \
‘ arctan(csgn(d)*d*x/ (-d"2*x~2+1) ~(1/2) ) *a*d~2+2*csgn(d) *d* (-d~2*x~2+1) " (1/2 ‘
)*b-arctan(csgn(d)*d*x/ (-d"2%x~2+1) " (1/2))*c) / (-d"2%x~2+1)~ (1/2) *csgn(d) |

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.06

a+ bz + cz? .
V1 —dzv1+dz
(edz +2bd)Vdz + 1v/—dz + 1+ 2 (2ad? + ¢) arctan (—V d”lvd;d”l_l)
2d3

N

p
‘ integrate ((c*x~2+b*x+a) / (-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="fricas" ‘

input

‘—1/2*((c*d*x + 2%bxd) *sqrt (d*x + 1)*sqrt(-d*x + 1) + 2*(2*a*d™2 + c)*arcta \

output
‘n((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x)))/d"3 ‘

Sympy [F(-1)]
Timed out.
a+ bx + cx?
V1 —dzv/1+dx

dz = Timed out

input ‘ integrate ((c*x**2+b*x+a)/ (-d*x+1)*x(1/2) / (d*x+1) **(1/2) ,x) ‘

output LTimed out J
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.90

a+ bz + cz? e aarcsin (dz) v—d?a®+1lcz V—d’2%+1b N carcsin (dz)
Vi—dzy/1+dz d 2d? a2 2d3

/

integrate ((c*x~2+b*x+a) / (-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="maxima"
)

input

a*arcsin(d*x)/d - 1/2*sqrt(-d"2*x"2 + 1)*c*x/d"2 - sqrt(-d"2*x~2 + 1)*b/d"

output
2 + 1/2%c*arcsin(d*x)/d"~3

N\

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.95

a + bx + cx?

V1—dz1+dz v
((dz + 1)c+2bd — ¢)Vdz + 1v/—dz + 1 — 2 (2ad? + ¢) arcsin (1 v2v/dz + 1)

- 2 d3

input Lintegrate ((cxx~2+b*x+a) / (-d*x+1)~(1/2) / (d*x+1)~(1/2) ,x, algorithm="giac")

output‘—1/2*(((d*x + 1)*c + 2*%bxd - c)*sqrt(d*x + 1)#*sqrt(-d*x + 1) - 2x(2*a*xd~2
‘+ c)*arcsin(1/2*sqrt (2)*sqrt(d*x + 1)))/d"3
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Mupad [B] (verification not implemented)

Time = 6.75 (sec) , antiderivative size = 232, normalized size of antiderivative = 3.68

a + bz + cx? .
V1 —dz/1+dx

d(Vi-dz-1) Vi—dz—1
_ /1 —dz (d_b2 + be) B 4aatan(m> B 2catan<m_1>
Vdz+1 Vd? d3
ldc(vVi—dz—1)°  1dc(vVi-da—1)° n 2¢(vVi=dz-1)"  2c(vi-daz—1)
(Vdz+1-1)° (Vdz+1-1)° (Vdz+1-1)" Vdz+i-1
4
s [ (Vi=de-1)®
d ((m—l)z +1>
inputLint((a + b*x + cxx”2)/((1 - d*x)~(1/2)*(d*x + 1)~(1/2)),%) J
output |~ ((1 - d*xx)~(1/2)*(b/d"2 + (b*x)/d))/(d*x + 1)7(1/2) - (4*a*atan((d*((1 -

d*x)~(1/2) - 1))/(((d*x + 1)7(1/2) - 1)*(d"2)"(1/2))))/(d"2)"(1/2) - (2%c
*atan(((1 - d*x)~(1/2) - 1)/((d*x + 1)7(1/2) - 1)))/d73 - ((14*c*x((1 - d*x
)7(1/2) - 1)73)/((d*x + 1)7(1/2) - 1)73 - (14x*c*x((1 - d*x)~(1/2) - 1)75)/(
(d*x + 1)7(1/2) - 1)75 + (2%cx((1 - d*x)~(1/2) - 1)°7)/((d*x + 1)~(1/2) -
177 = (2kcx((1 - d*x)~(1/2) - 1))/((a*x + 1)7(1/2) - 1))/(d"3*(((1 - d*x)
“(1/2) - 1)72/((@*x + 1)7(1/2) - 1)72 + 1)74)

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.21

a + bx + cx? .
V1 —dz/1+dz
B —4asz'n(—v_\df”2”ﬂ> ad?— 2asz'n(—”‘\dé’+1) c—2v/dx + 1+v/—dz +1bd — \/dzx + 1vV/—dx + 1 cdz
B 243

input Lint ((c*xx~2+b*x+a)/ (-d*x+1)~(1/2)/ (d*x+1)~(1/2) ,x) J




output
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‘( - 4xasin(sqrt( - d*x + 1)/sqrt(2))*a*d**2 - 2xasin(sqrt( - d*x + 1)/sqrt
‘(2))*c - 2xsqrt(d*x + 1)*sqrt( - d*x + 1)*b*d - sqrt(d*x + 1)*sqrt( - d*x
+ 1)*ckdxx) / (2+d**3)




output

input

output‘
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2
3.4 f a+bz+cx dr
x\V/1—dz/1+dzx
Optimal result . . . . . . . . .. . .. 80!
Mathematica [A] (verified) . . . . . . . .. .. . L 36
Rubi [A] (verified) . . . . . . . .. .. BT
Maple [C] (verified) . . . . . . . . . .. ]9
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 90)
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 90
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 92i
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 92
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 93
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 93]
Optimal result
Integrand size = 33, antiderivative size = 48
a+ bz + cz? cv/1—d?z?  barcsin(dz)
dx = — + — aarctanh( v'1 — d?z?
/xx/l—dx\/1+dx d? d ( )

L—c*(-d“2*x“2+1)‘(1/2)/d‘2+b*arcsin(d*x)/d-a*arctanh((-d‘2*x‘2+1)“(1/2))

J

Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.52

dz
/ a + bz + cx? P 1 — d2z2 N 2barctan <—_1+ T{Pﬂ)

x
V1 — dz/1+ dx d?

—alog(x) + alog (—1 +

d
1— d2x2>

LIntegrate[(a + bxx + c*x72)/(x*Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

-((c*Sqrt[1 - d72%x72])/d"2) + (2xb*ArcTan[(d*x)/(-1 + Sqrt[1 - d72*x"2])]
)/d - axLoglx] + a*Log[-1 + Sqrt[t - d~2#x"2]]
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Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00,

number of rules _ 0.273, Rules
integrand size

number of steps used = 10, number of rules used = 9,
used = {2112, 2340, 25, 27, 538, 223, 243, 73, 221}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bz + cz? iz
zv/1 —dxv/dr + 1
l 2112

a+ bz + cz? .
V1 — d?x?
l 2340
d?(a+bz
J _x\/(l_dizx)zdm V1 — d2x?
B a2 B a2

l 25
d2(a+b
J m\/%d$ cv'1 — d2x?
a2 B a2
l 27
a+ bz dr cV1 — d?x2?
V1 — d?x2 d?

| 538
1 1 cV1 — d2z2
o | ———=dr+b | ——==dr - —F5——
V1 — d?z? 1 — d2z? d
l 223
a/ 1 dz+ barcsin(dz) cv1 - d*a?
V1 — d222 d d?
l 243
1a/ 1 PR barcsin(dz) cv1— d*2?
2 z22/1 — d2z? d d?

| 73
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L dvI— &2
_afﬁ_%r r +bmmmﬁM)_cv1—d%ﬁ

d? d d2
| 221
i — d2,2
_aamtanh(m> + barcs(lin(dg;) B c\/?
inputLInt[(a + b*x + c*x"2)/(x*#Sqrt[1 - d*x]*Sqrt[1 + d*x]),x] J
Output"((C*Sqrtfl - @~2%x~2])/d"2) + (b*ArcSin[d*x])/d - axArcTanh[Sqrt[1 - d~2*

‘x‘2]] ‘

Defintions of rubi rules used

ruk325LInt[_(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 27 Int[(a)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 73 IntL((a_) + (b_)*(x )@ )*((c_.) + (d_.)*(x_))"(n)), x_Symbol]l :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(px(m + 1) - 1)*(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 221 Itl(@) + (b_)*(x)72)7(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

ru16223‘Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
L[a])]/Rt [-b, 21, x] /; FreeQ[{a, b}, x] &% GtQ[a, 0] && NegQ[b] J




rule 243

rule 538

rule 2112

rule 2340

input
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Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

/Int[((c_) + (d_.)*(x_))/((x_)*Sqrt[(a_) + (b_.)*(x_)"2]), x_Symbol] :> Simp
[c Int[1/(x*#Sqrtl[a + b*x"2]), x], x] + Simp[d Int[1/Sqrtla + b*x~2], x]
» x] /; FreeQ[{a, b, c, d}, x]

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_.) + (£
_)*(x_))"(p_.), x_Symbol] :> Int[Px*(a*c + b*d*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[bxc + a*d, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQLc, 0]))

Int [(Pq )*((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)~2)~(p_), x_Symboll :> With[
{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[f*(c*x)~(m + q - 1
)*((a + b*x"2)"(p + 1)/(b*c”(q - 1)*(m + q + 2%xp + 1))), x] + Simp[1/(b*(m

+q+ 2%p + 1)) Int[(c*x) m*x(a + b*x~2) “p*ExpandToSum[b*(m + q + 2*p + 1)
*Pq - bxf*(m + q + 2%p + 1)*x"q - axf*(m + q - 1)*x"(q - 2), x], x1, x] /;

GtQlq, 1] && NeQ[m + q + 2*%p + 1, 0]] /; FreeQ[{a, b, c, m, p}, x] && PolyQ
[Pq, x] && ( 'IGtQ[m, 0] || IGtQlp + 1/2, -11)

Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.60 (sec) , antiderivative size = 96, normalized size of antiderivative = 2.00

d2v/—d?z2+1

method | result size
V—zd+1+v/zd+1 ( — csgn(d) arctanh | —1—— )a d2—+/—d?z2+1 csgn(d)c+arctan —csen(ddz___ ) gy csgn(d)
default —dia? —(edr)edl) 96

;
int ((c*x~2+b*x+a) /x/ (-d*x+1)~(1/2) / (d*x+1) ~(1/2) ,x,method=_RETURNVERBOSE)

N\
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output ‘ (—d*x+1)~(1/2) *(d*x+1)~(1/2) /d~2% (—csgn(d) *xarctanh (1/(-d~2%x~2+1)~(1/2) ) *a ‘
*d"2-(-d"2%x"2+1) " (1/2) *csgn(d) *c+arctan (csgn(d) *d*x/ (- (d*x+1) *(d*x-1) )~ (1
| /2))*bxd)*csgn(d)/ (~d~2%x"2+1)~(1/2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.69

/ a + bx + cx? .
21 —dz/1+ dx
ad? log (—de“ Vm_d”“_l) — 2bd arctan (—de“ Vd;d”“_l) —Vdx + 1v/—dz + 1c

d?

integrate ((c*x™2+bx*x+a)/x/ (-d*x+1)~(1/2) /(d*x+1)~(1/2) ,x, algorithm="frica

input
Sll)

(axd~2+1log((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/x) - 2xb*d*arctan((sqrt(d*x

output
+ 1)*sqrt(-d*x + 1) - 1)/(d*x)) - sqrt(d*x + 1)*sqrt(-d*x + 1)*c)/d"2

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
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input

output

Time = 28.62 (sec) , antiderivative size = 245, normalized size of antiderivative = 5.10

3 5 3
. 5.3 Dol L1,3 1
WGss| 151538 o |P
/ a + bx + cx? 21404402
= 3
21 —dz/1+ dx 4m2
113
G2’6 0)4,27471’1 e—2im
66 13 0.1 1 | @
14 ’ 29 2
- 3
472
13 11
G2 104 IR 1
6,6 0 113 1.0 d2z2
14929400
- 3
drad
1 111
bG2’6 _§a_17071a§71 e—2im
6a6 _l l l O O 0 d2z?
47 4 99 Yy Yy
+ 3
4mrad
11 1
(52 11 0,0,3,1] ,
e\ _1 _1911 P2
PRV RS IEIOY
- 3
A2 d?
_ 3 1 _ 1
CG2’6 17 407 20 4o 0) 1 e—2im
6,6 3 1 1.—1 _19 d2z2
T2 1 T Ty T
_ 32
A2 d

(integrate((C*x**2+b*x+a)/x/(-d*x+1)**(1/2)/(d*x+1)**(1/2),X)

N\

Ixa*meijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5/4, 3/2), (0,)),
1/ (@**2xx*%2)) / (4*pix*(3/2)) - a*meijerg(((0, 1/4, 1/2, 3/4, 1, 1), O),
((1/4, 3/4), (0, 1/2, 1/2, 0)), exp_polar(-2*I*pi)/(d**2xx**2))/(4*xpi**(3/
2)) - Ixb*meijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1/4, 1/2, 3/4, 1, O
), ), 1/(d**2xx*%2))/(4*pi**(3/2)*d) + b*meijerg(((-1/2, -1/4, 0, 1/4, 1
/2, 1), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(-2xIxpi)/(d**2xx**2
))/(4xpix*(3/2)*d) - I*c*meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1
/4, 0, 1/4, 1/2, 0), ), 1/(d**2*x*%2))/(4*pi**(3/2)*d**2) - c*meijerg(((
-1, -3/4, -1/2, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), exp

_polar (-2xI*pi)/ (d**2%x**2)) / (4*pi**(3/2) *d**2)
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.19

a+ bz + cz? 2vV—-d?z2+1 2 barcsin (dr) +/—d?z%+ 1c
dr=—-alog | —————+— | + - 3
zvV1 — dzv/1 + dx |z| |z| d d

integrate ((cxx~2+bxx+a)/x/ (-d*x+1)~(1/2) /(d*x+1)~(1/2) ,x, algorithm="maxim

input
au)

-a*log(2*sqrt (-d~2*x"2 + 1)/abs(x) + 2/abs(x)) + bxarcsin(d*x)/d - sqrt(-d

output
“2%x72 + 1)*c/d"2

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 196 vs. 2(44) = 88.

Time = 0.18 (sec) , antiderivative size = 196, normalized size of antiderivative = 4.08

/ a + bz + cx? .
zvV/1 —dxv/1+dz

ad? log <‘ —V2-—ydrtl

Vdz+1 T ﬁ_\d/x:;iﬂ + 2’) — ad?log (‘—ﬁ_ _detl dtl 2‘) —|7m+2ar

Vdz+1 + Vo—/—dzt1

d2

input‘integrate((c*x"2+b*x+a)/x/(—d*x+1)"(1/2)/(d*x+1)"(1/2),x, algorithm="giac"

-(axd~2*log(abs(-(sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) + sqrt(d*x + 1)/
(sqrt(2) - sqrt(-d*x + 1)) + 2)) - a*d"2xlog(abs(-(sqrt(2) - sqrt(-d*x + 1
))/sqrt(d*x + 1) + sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)) - 2)) - (pi +
2*¥arctan(1/2*sqrt(d*x + 1)*((sqrt(2) - sqrt(-d*x + 1))72/(d*x + 1) - 1)/(s
qrt(2) - sqrt(-d*x + 1))))*bxd + sqrt(d*x + 1)*sqrt(-d*x + 1)*c)/d"2

output
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Mupad [B] (verification not implemented)

Time = 4.80 (sec) , antiderivative size = 122, normalized size of antiderivative = 2.54

/‘ a+ bz + cx? dm=a@n<?qtﬁ5_m2—{)_m(VT:EE_1>>

2v/1—dav/1+dz Vdz+1-1) Vdz+1-1
d (VI=dz-1)
VI=dw(grey)  Aban(EE )
dr+1 N2

r

Lint((a + b¥x + c*x~2)/(x*(1 - d*x)~(1/2)*(d*x + 1)~(1/2)),x)

| —

input

‘a*(log(((l - d*x)~(1/2) - 1)72/((d*x + 1)°(1/2) - 1)72 - 1) - log(((1 - d=*

output
X7(1/2) - 1/@x + 1)7(1/2) - 1)) - (A - d*x)"(1/2)*(c/d™2 + (c*x)/d)
)/ (@*x + 1)7(1/2) - (4xbxatan((d*((1 - d*x)~(1/2) - 1))/(((d*x + 1)7(1/2) |
= 1)*(d72)7(1/2))))/(d72) 7 (1/2)
Reduce [B] (verification not implemented)
Time = 0.15 (sec) , antiderivative size = 148, normalized size of antiderivative = 3.08
/ a+ bz + cz? .
z\V/1 —dzv/1+dx
asin V=dz+1
—2asz’n<—v_\d[”2”1> bd —dz +1+/—dx+1c— 10g<—\/§ + tan (#) — 1) ad? + log (—\/_ -
inputLint((c*x‘2+b*x+a)/x/(—d*x+1)‘(1/2)/(d*x+1)‘(1/2),x) J
output ( - 2*asin(sqrt( - d*x + 1)/sqrt(2))*b*d - sqrt(d*x + 1)*sqrt( - d*x + 1)*

c - log( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) - 1)*a*xd**2 + 1
og( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) + 1)*a*xd**2 - log(sq
rt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) - 1)*a*d**2 + log(sqrt(2) +

tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) + 1)*a*xd**2)/d**2




output

input

output‘
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3.5 a+br+ca’ dx
* 22/ 1—dx\/1+dx

Optimal result . . . . . . . . .. . .. 971
Mathematica [A] (verified) . . . . . . . .. .. . L 94
Rubi [A] (verified) . . . . . . . .. .. 95
Maple [C] (verified) . . . . . . . . . .. 9T
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 98]
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 98
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 100!
Giac [B] (verification not implemented) . . . . . .. ... ... .. ... ... .. 100
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 101
Reduce [B] (verification not implemented) . . . . . . ... ... ... ...... 101

Optimal result

Integrand size = 33, antiderivative size = 48

/ a+ bz + cx? av'1 — d2x2
dr = —
22y/1 — dz/1 + dx x

+ carcsin(dz) — barctanh(\/l — d2x2>

d

L—a*(-d“2*x“2+1)‘(1/2)/x+c*arcsin(d*x)/d-b*arctanh((—d‘2*x“2+1)“(1/2))

Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.52

d

dz
/ a+ bz + cx? e O 1 — d2x2 N 2carctan <—_1+ ﬁ-d%?)

22y/1 — dzv/1 + dx v x

— blog(z) + blog (—1 +V1-— d2x2>

LIntegrate[(a + bx + c*x"2)/(x"2%Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

-((axSqrt[1 - d~2%x"2])/x) + (2*cxArcTan[(d*x)/(-1 + Sqrt[1 - d"2*x~2])])/
'd - brloglx] + brlogl-1 + Sqrtli - d"2#x2]]
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Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00,

number of rules _ 9 42, Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {2112, 2338, 25, 538, 223, 243, 73, 221}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bz + cz? d
z24/1 — dzv/dx + 1
l 2112

a + bx + cz?
1 — d2z2 v

l 2338
3 b+ cx dx_ax/l—d%r:2
V1 — d?z2 T
l 25
b+ cx dp — aVv'1l — d?z2
V1 — d2x2 x

| 538
1 1 aV'1 — d2z?
b | ———=dzr+c dr —
zvV1 — d?x2 1 — d2z2 T
l 923
b/ 1 gz — WY 1 — d?x2 + carcsin(dz)
zV1 — d?x? x d
l 243
lb/ 1 da? — a1 — d2z? + carcsin(dz)
2] 22y/1—d222 x d
l 73
b L__dv1— d222
J d%—% o av'1— d?z? N carcsin(dz)
a d? a T d

l 921



input

(¢
output ‘ 211

rule

rule 73

rule 221

rule 223

rule 243

rule 538
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V1— 22 :
_avl - i + carcs;n(da:) - barctanh(W)

LInt[(a + bxx + c*xx"2)/(x"2xSqrt[1 - d*x]*Sqrt[1 + d*x]),x]

(axSqrt[1 - d"2*x"2])/x) + (c*ArcSin[d*x])/d - b*ArcTanh[Sqrt[1 - d~2*x~

Defintions of rubi rules used

25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*(c - a*(d/b) +
d*(x"p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol]l :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al>]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Int[(x_ )~ (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst [In
tlx~((m - 1)/2)*(a + b*xx)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

Int[((c_ ) + (d_.)*(x_))/((x_)*Sqrtl(a_) + (b_.)*(x_)"2]), x_Symbol] :> Simp
[c Int[1/(x*Sqrtla + b*x~2]), x], x] + Simp[d Int[1/Sqrtla + b*x~2], x]
» x] /; FreeQ[{a, b, c, d}, x]
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Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_.) + (£
_)x(x ))"(p_.), x_Symbol] :> Int[Px*(a*c + bxd*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[bxc + a*xd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))

rule 2112

Int [(Pq_)*((c_)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp [R*(c*x)~(m + 1)*((a + b*xx"2)"(p + 1)/(axcx(m + 1))), x] + Simp[1/(a*xc*(
m+ 1)) Int[(cxx)"(m + 1)*(a + b*x~2) “p*ExpandToSum[a*c*(m + 1)*Q - bxRx(
m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && Lt
Q[m, -1] && (IntegerQ[2*p] || NeQ[Expon[Pq, x], 1])

rule 2338

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.68 (sec) , antiderivative size = 97, normalized size of antiderivative = 2.02

method | result size
—_ n T I —— r—\ — X n Q I n s n(d)dz cx —X X n
default ( csgn(d)d arcta: h(Jﬁ)b \/d272—|—\1/csdg2 (:l)d +arcta; (\/—ng%—l) )\/ d+1+/zd+1 csgn(d) 97
—d?z?+1zd
carctan \/dizcc
( (\/7\/;2 d2z2+1) —b arctanh( \/ﬁ)) v (—zd+1)(xzd+1)
risch avzd+1 (zd—1)\/(—xd+1)(zd+1) + 129
z\/—(zd+1)(zd—1) vV/—zd+1 V—zd+1+zd+1
input 10t ((C*x™2+b*x+a) /x72/ (~a¥x+1)~(1/2)/ (d*x+1)"(1/2) ,x,method=_RETURNVERBOSE
)
(-csgn(d) *d*arctanh(1/(-d"2*x"2+1) " (1/2) ) *b*x- (-4~ 2+x~2+1) ~ (1/2) *csgn(d) *d
output
*at+arctan(csgn(d) *d*x/ (-d~2xx"2+1) " (1/2) ) *c*x) * (-d*x+1) ~(1/2) * (d*x+1) " (1/2
Y*csgn(d) /(-d"2*xx~2+1)~(1/2) /x/d
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.75

/ a+ bx + cz? .
22y/1 — dz/1 + dx
bdz log (M) —+dz + 1v/—dz + lad — 2 cz arctan <—WW‘1)

o dz

integrate ((c*x~2+b*x+a)/x"2/(-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="fri

input
cas")

(b*d*x*log((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/x) - sqrt(d*x + 1)*sqrt(-d*x

output
+ 1)*a*d - 2xcxx*arctan((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x)))/(d*x)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.



input

output
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Time = 28.37 (sec) , antiderivative size = 221, normalized size of antiderivative = 4.60

571 339
. 5,3 VENE 21204
1adGgg 13819 o |®@
/ a+ bz + cz? T2 L
- 3
22y/1 — dz+/1 + dx A2
13491531
26 274271402 e—2im
adGgg 35 1110l ®®
4714 29 1y by
+ 3
472
35 3
bGB:3 ITE L1 1
Whee| 1 3 1.5 3 0 d?a?
2741412
+ 3
472
11 3
bG2,6 0’ 4020 1 1’ 1 e—2im
6,6 13 0 11 0 d2z2
474 127 2
- 3
42
13 11
62 11 bl
“Heel g 1181 ¢ &z
Y4997 40 )
- 3
4rzd
1 111
G2’6 20 T 49 07 4720 1 e—2im
e 11 1 0,0,0) ¥
T 101 PR )
+ 3
4mad

(integrate((C*x**2+b*x+a)/x**2/(—d*x+1)**(1/2)/(d*x+1)**(1/2),X)

N\ J

Ixaxd*meijerg(((5/4, 7/4, 1), (3/2, 3/2, 2)), ((1, 5/4, 3/2, 7/4, 2), (0,)
), 1/(d**2xx**2)) /(4*pix*(3/2)) + a*d*meijerg(((1/2, 3/4, 1, 5/4, 3/2, 1),
0), ((3/4, 5/4), (1/2, 1, 1, 0)), exp_polar(-2*I*pi)/(d**2*x**2))/(4*pi*
*(3/2)) + Ixb*meijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5/4, 3/
2), (0,)), 1/(d**2*x**2))/(4*pi**(3/2)) - b*meijerg(((0, 1/4, 1/2, 3/4, 1,
1), O), ((1/4, 3/4), (0, 1/2, 1/2, 0)), exp_polar(-2*I*pi)/(d**2*x**2))/
(4*pi**(3/2)) - Ixc*meijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1/4, 1/2,
3/4, 1, 0), ), 1/(d**2*x**2))/(4*pi**(3/2)*d) + c*meijerg(((-1/2, -1/4,
0, 1/4, 1/2, 1), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(-2*Ixpi)/
(Ax*2%x*%x2)) / (4*pix*(3/2)*d)
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.19

/ a + bz + cx? N
22V/1 —dzv/1+dz
MR 2 AP oo

] ]

d T

e N

integrate ((c*x~2+b*x+a) /x~2/(-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="max

input
ima")

-bxlog(2*sqrt(-d~2*x~2 + 1)/abs(x) + 2/abs(x)) + c*arcsin(d*x)/d - sqrt(-d
“2%x72 + 1)*a/x

N\ J

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 282 vs. 2(44) = 88.

Time = 0.21 (sec) , antiderivative size = 282, normalized size of antiderivative = 5.88

/ a+ bx + cx? .
22y/1 — dz+/1 + dx

dad? (VLB VI ) NN s Nz N AN s
e R e e e T (= o
Vdz+1 V2—+/—dz+1

d

N

;
\ integrate ((c*x~2+b*x+a) /x~2/ (-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="gia \
‘ C") ‘

input
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-(4xaxd~2*((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqrt(
2) - sqrt(-d*x + 1)))/(((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*
x + 1)/(sqrt(2) - sqrt(-d*x + 1)))~2 - 4) + bxd*log(abs(-(sqrt(2) - sqrt(-
d*x + 1))/sqrt(d*x + 1) + sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)) + 2)) -
b*d*log(abs(-(sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) + sqrt(d*x + 1)/(sq
rt(2) - sqrt(-d*x + 1)) - 2)) - (pi + 2*arctan(1/2*sqrt(d*x + 1)*((sqrt(2)
- sqrt(-d*x + 1))72/(d*x + 1) - 1)/(sqrt(2) - sqrt(-d*x + 1))))*c)/d

output

Mupad [B] (verification not implemented)

Time = 4.53 (sec) , antiderivative size = 114, normalized size of antiderivative = 2.38

/’ atbete® [ @A—dx—mz_l _m(ML%M—l)
e2/1—doy/1+de (Viz+1-1) Vdz+1-1

d(Vi—dz-1)
- 4catan<m) B avV1—dzdz+1
Vi z

input‘ int((a + bxx + c*x72)/(x"2%(1 - d*x)~(1/2)*(d*x + 1)~(1/2)),x) ‘

¢ b*(Log(((1 - d*x)~(1/2) - 1)72/((d*x + 1)°(1/2) - 172 - 1) - log(((1 - dx
X)7(1/2) - 1)/((@*x + 1)7(1/2) - 1))) - (4xcratan((@*((1 - d*x)~(1/2) - 1)
)/CC(@*x + 1)7(1/2) = 1)*%(d72)7(1/2))))/(d"2)7(1/2) - (a*(1 - d*x)~(1/2)*(
Jdxx + 1)7(1/2)) /x |

outpu

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 148, normalized size of antiderivative = 3.08

/ a+ bz + cx? .
22y/1 — dzv/1 + dx

asin V=dz+l
—2asz’n<—v_\dfzﬂ> cx —Vdx +1v/—dz + lad — log(—\/ﬁ + tan (%) — 1) bdz + log (—\/5

inputLint((c*x“2+b*x+a)/x‘2/(—d*x+1)*(1/2)/(d*x+1)~(1/2),x) J
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o ( - 2xasin(sqrt( - d*x + 1)/sqrt(2))*c*x - sqrt(d*x + 1)*sqrt( - d*x + 1)*
utput

axd - log( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) - 1)*b*d*x +
log( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) + 1)*bxd*x - log(sq
rt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) - 1)*b*d*x + log(sqrt(2) + t
an(asin(sqrt( - d*x + 1)/sqrt(2))/2) + 1)*bxd*x)/(d*x)




output

input
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3.6 f a+br+ca’ dx
* 23/ 1—dx\/1+dzx

Optimal result . . . . . . . . .. . .. 103}
Mathematica [A] (verified) . . . . . . . .. .. . L 103
Rubi [A] (verified) . . . . . . . .. .. 104
Maple [C] (verified) . . . . . . . . . .. 106
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 107
Sympy [F(-1)] . . . o 107
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 107
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 108!
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 109
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 1091

Optimal result

Integrand size = 33, antiderivative size = 71

/ a+ bz + cx? p a1 —d2x2 b1 — d2x2

T
23v/1 — dzv/1 + dx

212

X

— %(20 + ad?) a,rcta,nh(\/ 1-— d2x2>

)
| -1/2%ax(-d"2%x"2+1) " (1/2) /x"2-b* (-d"2%x"2+1) " (1/2) /x-1/2% (axd"2+2%c) *arcta |

th((—d“2*x‘2+1)‘(1/2))

N

J

Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.99

T
231 — dzv/1 + dx 2

/ a + bz + cx? p _1(_(a+2bx)\/1—d2x2_

. (2¢ + ad?) log(z)

+ (2c+ ad2) log (—1 +v1-— d2x2)>

Integrate[(a + b*x + c*x72)/(x"3*Sqrt[1 - d*x]*Sqrt[1 + d*x]),x] J
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t‘ (-(((a + 2xb*x)*Sqrt[1 - d72%x72])/x"2) - (2%c + axd~2)*Logl[x] + (2%c + ax ‘

outpu
Ld"2)*Log[-1 + Sqrt[1 - d~2*x~2]1)/2 J

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.04,

number of rules _ 0.212, Rules

number of steps used = 8, number of rules used = 7, integrand size

used = {2112, 2338, 25, 534, 243, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bz + cz? do
z3y/1 — dzv/dx + 1
l 2112
/ a+ bz + cz? .
1 — d2z2
l 2338
1 / 2b + (ad? + 2c) z, aVv'1 — d?z2
2 z24/1 — d2z2 v 222
l 25
1 / 2b + (acl2 + 2c) :cd aVv'1l — d?z?
2 x24/1 — d2z2 o 222
l 534

— d2z2 V1 — d222
1 (ad2+2c)/ 1 do — bvl—d*z*\ avl-—-dz
2 zV1 — d?x? z

212
l 243
1(1 1 V1 — 222 V1= d222
~( = (ad? +2c)/ dz? — i °
2\ 2 x2+/1 — d222 x 212

| 73
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d?+2 L dv1— d2a?
[ e+ )5 T i—@? | ai— @

2 d? - x 222

212

— 2.2 122
;(—(ad2+2c)arctanh<\/1—d2m2)—2b 1x &z )_a 1-d°z

input‘ Int[(a + bxx + c*x72)/(x"3*Sqrt[1 - d*x]*Sqrt[1 + d*x]),x] ‘

-1/2%(axSqrt[1 - d"2#x72]1)/x"2 + ((-2+bxSqrt[1 - d~2#x"2]1)/x - (2%c + a*xd”

output
'2)*ArcTanh[Sqrt[1 - d~2%x"2]1)/2
Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 73 Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Withl[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*(m + 1) - 1)*(c - a*(d/b) +

d*(x"p/b))°n, x1, x, (a + b*x)~(1/p)], x]1] /; FreeQl{a, b, c, d}, x] && Lt

Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 291 Intl((al) + (b_.)*(x_)72)7(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 243 I0tLED"@_)*((a)) + (b_.)*(x)"2)"(p_), x_Symbol] :> Simp[1/2  Subst[In
tlx~((m - 1)/2)*(a + bxx)"p, x1, x, x~2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]
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Int[(x_ )" (@ )*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>

Simp[(-c)*x~(m + 1)*((a + b*x"2)"(p + 1)/(2xa*x(p + 1))), x] + Simp[d 1Int[
x“(m + Dx*(a + b*x"2)7p, x], x] /; FreeQ[{a, b, c, d, m, p}, x] && ILtQ[m,

0] & GtQlp, -1] && EqQ[m + 2%p + 3, 0]

rule 534

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_.) + (£
_)*(x_))"(p_.), x_Symbol] :> Int[Px*(a*c + bxd*x"2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + a*d, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 01))

rule 2112

Int[(Pq_ )*((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp[R*(c*x)~"(m + 1)*((a + b*x"2)"(p + 1)/(a*cx(m + 1))), x] + Simp[1/(a*xc*(
m+ 1)) Int[(c*x)"(m + 1)*(a + b*x~2) “p*ExpandToSum[a*cx(m + 1)*Q - b*R*(
m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && Lt
Qm, -1] && (IntegerQ[2#p] || NeQ[Expon[Pq, x], 11)

rule 2338

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.64 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.52

method | result

V—=zd+1 v/xd+1 csgn(d)? (arctanh (ﬁ) ad?22+2 arctanh (ﬁ) cz?2+2vV—d2x2+1 ba+v—d2x2+1 a)
—d?2z —d4z

default | — AT

wd?
VadF (zd—1) 2ba+a)/(—edt ) (@d+]) (c—i—%) arctanh(ﬁ) (—zd+1)(zd+1)
222 /= (ed+1)(wd—1) vV—ed+1 V—zd+1+v/zd+1

risch

input ‘ int ((c*x~2+b*x+a) /x"3/(-d*x+1)~(1/2) / (d*x+1)~(1/2) ,x,method=_RETURNVERBOSE ‘

¢ ~1/2% (-d¥x+1) " (1/2) % (d*x+1) " (1/2) *csgn(d) "2 (arctanh (1/(-d"2+x"2+1) " (1/2))
*a*d"2#x"2+2%arctanh (1/(-d"2%x"2+1) " (1/2) ) kcHx"242% (-4~ 2%x~2+1) " (1/2) ¥bkx+
(-d~2%x"2+1) " (1/2)%a) / (-d4~2%x"2+1) " (1/2) /%2

N\ J

outpu
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.92

/ a+ bz + cz? .
23y/1 — dz/1 + dx
(ad? + 2 c)x?log (—Vd“’"'l "m—d“’"'l_l> —(2bz + a)Vdr + 1/ —dz + 1

- 2 12

integrate ((c*x"2+bxx+a)/x~3/(-d*x+1)~(1/2) / (d*x+1)~(1/2) ,x, algorithm="fri

input
cas")

1/2%((a*d"2 + 2xc)*x"2*log((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/x) - (2%b*x

output
+ a)*sqrt(d*x + 1)*sqrt(-d*x + 1))/x72

Sympy [F(-1)]

Timed out.
2
/ atboter dx = Timed out
z3v/1 —dzv/1 + dx
input Lintegrate ((c*x**2+bxx+a) /x**3/ (~d*x+1) %% (1/2) / (d¥x+1) **(1/2) ,x)
outputLTimed out

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.38

2 —d22Z +
/ a+br+cx dz——lad2log<2 d*z +1+£>

V1 —dovl+dz 2 |z| |z|
2vV—d?z?2 +1 2
— clog —|m| + m

N Y s e

T 212
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integrate ((c*x"2+bxx+a)/x~3/(-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="max

input
ima")

-1/2*a*d~2*log(2*sqrt (-d"2*x"2 + 1)/abs(x) + 2/abs(x)) - c*log(2*sqrt(-d~2
*x"2 + 1)/abs(x) + 2/abs(x)) - sqrt(-d"2*x"2 + 1)*b/x - 1/2*sqrt(-d~2*x"2
+ 1)*a/x"2

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 407 vs. 2(61) = 122.

Time = 0.21 (sec) , antiderivative size = 407, normalized size of antiderivative = 5.73

/ a + bz + cx? .
23y/1 — dz/1 + dx

(ad? + 2 cd) log (‘ SRV S

By VI 1 2]) — (od + 2cd) log (|- YEEEH 4 VL

Vdz+1 + V2—/—dzt1

e N

integrate ((c*x~2+b*x+a)/x"~3/(-d*x+1)~(1/2) /(d*x+1)~(1/2) ,x, algorithm="gia

input
Cll)

-1/2%((a*d~3 + 2*c*d)*log(abs(-(sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) +
sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)) + 2)) - (axd™3 + 2*cx*d)*log(abs(-
(sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) + sqrt(d*x + 1)/(sqrt(2) - sqrt(-
dxx + 1)) - 2)) - 4x(a*d"3*((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqr
t(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)))~3 - 2*b*d~2*((sqrt(2) - sqrt(-d*x +
1))/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)))"3 + 4*a*d~3
*((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt
(-d*x + 1))) + 8xbxd"2x((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*
x + 1)/(sqrt(2) - sqrt(-d*x + 1))))/(((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x
+ 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)))"2 - 4)72)/d

output




input

output
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Mupad [B] (verification not implemented)

Time = 5.59 (sec) , antiderivative size = 312, normalized size of antiderivative = 4.39

/ a+ bz + cx? dx=c<1n<§m_l)z—1> o (M—l))

1
23v/1 — dxv/1 + dx Vdz+1-—1 Vdz+1-1
2

ad? (Vi—dz—1) @ | 15ad (vi—dz—1)*

(Vdsti-1)> 2 2 (Vdati-1)"

C16(Vi—da-1)® 32 (Vi—de-1)' | 16(vI-da-1)°

2
2 d
(Vdz+i-1)° (Vdz+1-1)* (vVdz+1-1)°
2
ad? In <(' Ida-l) 1) ad® In <\/1—dz—1>

(Vdz+1-1) Vdzti-1
_|_ —_
2 2 \
B bv1—dzdx+1 +ad2 (V1—dz—1)
z 32 (Vdz+1—1)°

‘int((a + bkx + c*x”2)/(x"3%(1 - d*x)~(1/2)*(d*x + 1)~(1/2)),x)

ck(log(((1 - d*x)~(1/2) - 1)72/((d*x + 1)~(1/2) - 1)"2 - 1) - log(((1 - dx
x)7(1/2) - 1)/((d*x + 1)7(1/2) - 1))) - ((axd™2*x((1 - d*x)~(1/2) - 1)72)/(
(d*x + 1)°(1/2) - 1)72 - (axd™2)/2 + (15*a*xd~2*((1 - d*x)~(1/2) - 1)"4)/(2
*((d*x + 1)7(1/2) - 1)74))/((16%((1 - d*x)~(1/2) - 1)72)/((d*x + 1)~(1/2)

- 1)72 - (32%((1 - d*x)"(1/2) - 1)74)/((d*x + 1)7(1/2) - 1)74 + (16%((1 -

d*x)~(1/2) - 1)76)/((d*x + 1)~(1/2) - 1)76) + (a*d~2xlog(((1 - d*x)~(1/2)

- 1)72/((d*x + 1)7(1/2) - 1)72 - 1))/2 - (axd™2xlog(((1 - d*x)~(1/2) - 1)/
((a*xx + 1)7(1/2) - 1)))/2 - (bx(1 - d*x)~(1/2)*(d*x + 1)7(1/2))/x + (a*d™2
*((1 - d*x)~(1/2) - 1)72)/(32%((d*x + 1)~(1/2) - 1)72)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 273, normalized size of antiderivative = 3.85

/ a+ bz + cx? i
23y/1 — dz/1 + dx

asin( Y=+l
—\/dx+1\/—dx+1a—2\/dx+1\/—dx+1bw—log<—\/§+tan (%) —1) ad’x? —2lo
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input\int((C*X”2+b*x+a)/X”3/(-d*x+1)“(1/2)/(d*x+1)“(1/2),x)

( - sqrt(dsx + 1)*sqrt( - d*x + 1)*a - 2xsqrt(d*x + 1)*sqrt( - dxx + 1)*bx
x - log( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) - 1)*a*xd**2*x**
2 - 2xlog( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) - 1)*cxx**2 +

log( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) + 1)*a*xd**2%x**2 +

2*¥log( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) + 1)*c*x**2 - lo
g(sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) - 1)*a*d**2xx**2 - 2xlog
(sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) - 1)*c*x**2 + log(sqrt(2)
+ tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) + 1)*a*xd**x2xx**2 + 2*log(sqrt(2)
+ tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) + 1)*cxx**x2)/(2xx**2)

output




output

input
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111

a+br+ca’

3.7 x4/1—dz/1+dzx dzx

Optimal result . . . . . . . . .. . .. 111l
Mathematica [A] (verified) . . . . . . . .. .. . L 111
Rubi [A] (verified) . . . . . . . .. .. 112
Maple [A] (verified) . . . . . . . . . . 115
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 1151
Sympy [F(-1)] . . . o 116
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 116l
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 116l
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 117
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 118}

Optimal result

Integrand size = 33, antiderivative size = 99

/ a + bz + cx? av1—d2x?2 b1 — d%x2
dr = — —
241 — dzv/1 + dx 33 222
2\ /T — 2.2
- (3c+ 2a,d3)x 1-d’z - %bd2arctanh (\/ 1-— d2x2)

p
‘—1/3*a*(—d“2*x‘2+1)“(1/2)/x“3—1/2*b*(—d“2*x‘2+1)“(1/2)/x“2—1/3*(2*a*d“2+3*

N

Lc)*(—d‘2*x“2+1)“(1/2)/x—1/2*b*d‘2*arctanh((—d‘2*x“2+1)“(1/2)) J

Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.78

— 3bd” log(x)

/ a+ bz + cz? p 1 <_ V1 — d222(3z(b + 2cz) + a(2 + 4d*z?))

T = —
x4/1 — dz/1 + dx 6

xr3

+ 3bd? log <—1 +vV1-— d2x2>>

LIntegrate[(a + bxx + c*x72)/(x"4*Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]




CHAPTER 3. LISTING OF INTEGRALS 112

‘ (-((Sqrt[1 - d~2*x"2]*(3*x*(b + 2*%c*x) + a*x(2 + 4%d"2%x72)))/x"3) - 3*b*d~ \

output
P*Log[x] + 3%b*d~2xLog[-1 + Sqrt[1 - 4"2*x~2]])/6 J

Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.06,

number of rules _ 0.273, Rules
integrand size

number of steps used = 10, number of rules used = 9,
used = {2112, 2338, 25, 539, 25, 534, 243, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a+ bz + cz? do
z4y/1 — dxv/dzx + 1
l 2112

a + bx + cz? de
z4/1 — d2z2
l 2338
1/ 3b+ (2ad2+3c)xd av1 — d2a?
3 3v/1 — d?z? v 33
l 25

1 / 8b+ (20d® +3c)z ,  av1—d?a?

3

i

z3v/1 — d?z? 3z3
l 539

1(_1/_3bacd2 + 2(2ad? +3c)d _3bV1 —d2w2> _aVl—d’2?

z24/1 — d?z2 v 2x2 33

l 25
1(1 / 3bzd? + 2(2ad? + 3c) gy V-2’ av'1 — d?a?
3|2 21— Bz 222 343
l 534

L1 / 1 o — 2V1—d?2?(2ad’ +3c) \  3bvV1-da?)  av1—dPz?
3\2 zV1 — d222 x 22 33
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l 243
11 3bd2/ 1 5?2 1 - d??(2ad® +3¢c) |  3bvV1—d?a?\ av1-—d?z?
31212 22v/1 — d222 z 212 33
l 73
2v1 — d222(2ad® + 3 — 2.2
11—3b/114d 1 — Pz — z2(2ad? + 3c) _3b12da: ~
vl - diz?
33
l 221
2v1 — 222 (2ad? + 3 J1 =22
Hi- ’ ( o C) —3bd2arctanh<m> _ VI dm)
3\ 2 z 212
avl— d&z?
33
input LInt[(a + bxx + c*x"2)/(x"4*Sqrt[1 - d*x]*Sqrt[1 + d*x]),x] J

Output‘-1/3*(a*sqrt[1 - d~2%x72])/x"3 + ((-3*%b*Sqrt[1 - d~2%x~2])/(2%x"2) + ((-2% ‘
‘ (3xc + 2xaxd~2)*Sqrt[1 - d72%x"2])/x - 3%b*d~2*ArcTanh[Sqrt[1 - d"2*x~2]]) ‘
/2)/3 |

Defintions of rubi rules used

rule 25 \Int [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221
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Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 243

Int[(x_)"(m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[(-c)*x~(m + 1)*((a + b*xx"2)"(p + 1)/(2*ax(p + 1))), x] + Simp[d Int[
x“(m + D*(a + b*x"2)"p, x], x] /; FreeQ[{a, b, c, 4, m, p}, x] && ILtQ[m,
0] && GtQ[p, -1] && EqQm + 2*xp + 3, 0]

rule 534

Int[(x )" (@ )*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simplc*x~(m + 1)*((a + b*x~2)~(p + 1)/(ax(m + 1))), x] + Simp[1/(ax(m + 1))

Int[x"(m + 1)*(a + b*x"2) "p*(a*d*(m + 1) - bxcx(m + 2%p + 3)*x), x], x]
/; FreeQ[{a, b, c, d, p}, x] && ILtQ[m, -1] && GtQ[p, -1] && IntegerQ[2*p]

rule 539

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_.) + (£
_)*(x_))"(p_.), x_Symbol] :> Int[Px*(a*c + bxd*x"2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + a*d, 0] &
& EqQ[m, n] &% (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))

rule 2112

Int[(Pq_)*((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp[R*(c*x) " (m + 1)*((a + b*x"2)"(p + 1)/(a*cx(m + 1))), x] + Simp[1/(a*c*(
m+ 1)) Int[(c*x)"(m + 1)*(a + b*x~2) “p*ExpandToSum[a*cx(m + 1)*Q - b*R*(
m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && Lt
Qm, -1] && (IntegerQ[2*p] || NeQ[Expon[Pq, x], 11)

rule 2338
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Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.27

method | result

2 __a /(—2d D) @dF1)
risch Vad+1 (zd—1) (4a d?2z2+6¢ :L'2+3bx+2a) (—zd+1)(zd+1) . bd” arctanh ( \/m) (—zd+1)(zd+1)
623/ (zd+1)(zd—1) V—zd+1 2v—zd+1/zd+1

V=zd+1 v/zd+1 csgn(d)? (3 arctanh (ﬁ) bd?2x3+4v/—d?x2+1 a d?2?+-6v—d2z2+1 c 22 +3v—d2x2+1 bx+2v/—d2x
—d4z
o 6V —d2z2+1 23

default

int ((c*x~2+b*x+a) /x~4/ (-d*x+1)~(1/2) /(d*x+1)~(1/2) ,x ,method=_RETURNVERBOSE
)

input

1/6% (d*xx+1) ~(1/2) * (d*x-1) * (4*a*xd~2*xx~2+6%c*x~2+3*b*x+2%*a) /x~3/ (- (d*x+1) *(d
*x-1)) " (1/2) * ((=d*x+1) * (d*x+1) ) ~(1/2) / (-d*x+1) ~(1/2)-1/2%b*d"2*arctanh (1/(
-d"2%x"2+1) 7 (1/2) ) * ((—d*x+1) * (d*x+1)) ~(1/2) / (=d*x+1) ~(1/2) / (d*x+1)~(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.79

/ a+ bz + cz? .
x4/1 — dz/1 + dx
3bd*z3 log (—Vd“’*'l ";d“’"'l_l) —(2(2ad®> +3c)z®> + 3bx + 2a)Vdz + 1v/—dz + 1

o 6 z3

integrate ((c*x~2+bxx+a) /x"4/ (-d*x+1)~(1/2) /(d*x+1)~(1/2) ,x, algorithm="fri

input
cas")

1/6% (3%b*d~2*x"3*log((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/x) - (2*%(2%a*d~2 +

output
3*c)*x”2 + 3*b*x + 2*¥a)*sqrt(d*x + 1)*sqrt(-d*x + 1))/x"3
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Sympy [F(-1)]

Timed out.
2
/ atbetce dxr = Timed out
241 —dzv/1 + dx
inputLintegrate((c*x**2+b*x+a)/x**4/(—d*x+1)**(1/2)/(d*x+1)**(1/2)’x) J
outputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.09

1., (2vV=@2Z+1 2\ 2vV—dF lad?
dw = — bd’ log i) 2z

V—d?z? +1c V—d?z2 + 1b B V—d?2z2 + 1a

T 2 12 33

/ a+ bz + cx?
x4/1 — dzv/1 + dx

integrate ((c*x~2+b*x+a) /x"4/(-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="max
ima"

input

-1/2*%b*xd"2*log(2*sqrt (-d"2*x"2 + 1)/abs(x) + 2/abs(x)) - 2/3*sqrt(-d~2*x"2
+ 1)*axd"2/x - sqrt(-d"2*x"2 + 1)*c/x - 1/2*sqrt(-d"2*x"2 + 1)*b/x"2 - 1/
3xsqrt (-d"2*x"2 + 1)*a/x"3

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 619 vs. 2(83) = 166.

Time = 0.26 (sec) , antiderivative size = 619, normalized size of antiderivative = 6.25

/ a+ bz + cx? .
x4/1 — dz/1 + dx

3 V2—v/—dz+1 Vdz+1 3 V2—+v/—dz+1 Vdz+1
3bd”log (‘_ Vil T Voev—aor1 T 2‘) — 3bd’log (‘_ Va1 T Vie—dori QD +




input

output
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integrate ((cxx~2+bxx+a)/x"4/(-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="gia
C")

-1/6%(3*%b*d~3*log(abs(-(sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) + sqrt(d*x
+ 1)/(sqrt(2) - sqrt(-d*x + 1)) + 2)) - 3*bxd~3*log(abs(-(sqrt(2) - sqrt(
-d*x + 1))/sqrt(d*x + 1) + sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)) - 2))
+ 4x(6*a*d”4*((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*x + 1)/(sq
rt(2) - sqrt(-d*x + 1)))75 - 3*bxd"3*((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x
+ 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)))7°5 - 16*xa*d~4*x((sqrt(2) -
sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)))~
3 + 6%c*xd"2*((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqr
t(2) - sqrt(-d*x + 1)))75 + 96xaxd~4*((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x
+ 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1))) - 48xc*d~2*((sqrt(2) - sq
rt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)))~3
+ 48%bxd~3*%((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqrt
(2) - sgrt(-d*x + 1))) + 96*%cxd~2*((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1
) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1))))/(((sqrt(2) - sqrt(-d*x + 1)

)/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)))"2 - 4)7°3)/d

Mupad [B] (verification not implemented)

Time = 5.34 (sec) , antiderivative size = 304, normalized size of antiderivative = 3.07

2 (Vi—dz—1)®
/ a+ bz + cz? . bd ln<(\/dz+1—1)§ 1>
z4/1 —dxv/1+dx 2
bd? (Vi—dz—1)>  pqz |, 15bd2 (vVi—dz—1)"
Vazri-n® 2 s (Jaerioy)’
16 (vVi—dz—1)>  32(Vi—dz-1)* | 16 (vVi—da—1)°
(Vadzti-1)2  (Vdati-1) (Vdz+i-1)°

Vi-dz—1
B bd?* In <\/¢m_1> _cvVl-dzVdz+1

2 T
m<2at§313+2a¢5w2+ade+g)
a 3vVdzr+1

L b (VT—dz - 1)*
32 (Vdz+1-1)°



input

output

inpu

output

\int((a + b*x + c*xx72)/(x74*(1 - d*x) " (1/2)*(d*x + 1)~(1/2)),x)
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(bxd~2x1og(((1 - d*x)~(1/2) - 1)72/((d*x + 1)°(1/2) - 1)72 - 1))/2 - ((b*d
2% ((1 - d*x)~(1/2) - 1)72)/((d*x + 1)7(1/2) - 1)°2 - (b*d"2)/2 + (15%b*d~
2% ((1 - d*x)~(1/2) - 1)74)/(2x((d*x + 1)~(1/2) - 1)~4))/((16%((1 - d*x)~(1
/2) - 1)72)/((a*x + 1)7(1/2) - 1)72 - (32*x((1 - d*x)~(1/2) - 1)~4)/((d*x +
1)7(1/2) - 1)74 + (16%((1 - d*x)~(1/2) - 1)76)/((d*x + 1)~ (1/2) - 1)76) -

(b*d~2*1og(((1 - d*x)~(1/2) - 1)/((d*x + 1)~(1/2) - 1)))/2 - (c*x(1 - d*x)
~(1/2)*(d*x + 1)7(1/2))/x - ((1 - d*x)~(1/2)*(a/3 + (2*a*d~2xx"2)/3 + (2*a
*d"3*x73)/3 + (axd*x)/3))/(x"3*(d*x + 1)7(1/2)) + (b*d"2*((1 - d*x)~(1/2)
- 1)72)/(32%x((d*x + 1)°(1/2) - 1)°2)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 204, normalized size of antiderivative = 2.06

/' a+ bx + cx? .
x4/1 — dz/1 + dx

—4dz +1v/—dzx + 1lad?z® —2¢/dz + 1vV/—dz + 1a — 3Vdz + 1v/—dz + 1bx — 6v/dx + 1/—dz +

o int ((crx2+brxra) /x~4/ (~dxx+1) " (1/2) / (dxx+1)~(1/2) %) |

( - 4xsqrt(d*x + 1)*sqrt( - d*x + 1)*axd**2*x*x*2 — 2xsqrt(d*x + 1)*sqrt( -
d*x + 1)*a - 3*sqrt(d*x + 1)*sqrt( - d*x + 1)*b*x - 6xsqrt(d*x + 1)*sqrt(
- d*x + 1)*c*x**2 - 3xlog( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))

/2) - 1)*b*d**2+x**3 + 3xlog( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2

))/2) + 1)*bxd**2*x*x3 - 3*xlog(sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2)

)/2) = 1)*bxd**2*x**3 + 3xlog(sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))

/2) + 1)*bkxd**2%x**3) / (6*x**3)

N\ J
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a+bz+cz?
3.8 f 29 1—dz\/1+dzx dzx

Optimal result . . . . . . . . . . . . . e 1719
Mathematica [A] (verified) . . . . . . . . . ... INE)
Rubi [A] (verified) . . . . . . . . .. 120
Maple [A] (verified) . . . . . . . . . . 123l
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 1241
Sympy [F(-1)] . . . o 124
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1251
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 125
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 126
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 127l

Optimal result

Integrand size = 33, antiderivative size = 133

/ a + bx + cx? p _a\/1 — d?? b1 — d2x2 B (4c + 3ad?) /1 — d2z2

z5v/1 — dzv/1+ dz v 4z 3z3 8x?
2 /T 2.2
_ 2bd ?1>x @zt _ édz (4c + 3ad?) arctanh(v 1-— d2x2>

output ~1/4%a* (-d"2%x"2+1)7(1/2) /x"4-1/3%Dx (-4"24x"2+1) " (1/2) /x78-1/8% (Bkard 244k
|C)*(-d"2%x"2+1) " (1/2) /x"2-2/3%b*d" 2% (~d~2+x"2+1) " (1/2) /x-1/8%d 2% (3xa*xd"2+
4xc)*arctanh((-d~2+¢x"2+1)"(1/2)) |

Mathematica [A] (verified)

Time = 0.28 (sec) , antiderivative size = 107, normalized size of antiderivative = 0.80

x
251 — dz/1 + dx 2414

/ a+ bz + cz? g =V 1 — d?z%(—6a — 8bx — 12cx® — 9ad?z?® — 16bdz?)

d*(4c + 3ad?) log(z)

+

QO| —Qoo|

d*(4c + 3ad®) log (—1 +v1-— d2x2>



CHAPTER 3. LISTING OF INTEGRALS 120

input‘ Integrate[(a + b*x + c*x”2)/(x"5%Sqrt[1 - d*x]#*Sqrt[1 + d*x]),x] ‘

t‘ (Sqrt[1 - d~2*x"2]*(-6%a - 8%b*x — 12%c*x~2 - 9*a*d~2*x"2 - 16*xb*d~2+x"3)) \
/(24%x74) - (d"2x(4%c + 3xaxd"2)*Log[x])/8 + (d"2x(4*c + 3*axd~2)*Log[-1 +
L Sqrt[1 - d~2*x~2]1)/8 J

outpu

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.06,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size — 0.364, Rules

used = {2112, 2338, 25, 539, 25, 539, 25, 27, 534, 243, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a+ bz + cz? o
2%y/1 — dxv/dzx + 1

l 2112

a+ bz + cz? i
1 — d222
l 2338
1 / 4b + (3ad2 + 4c) :vd av'1l — d?2?
4 W 4a?
l 25
1 / 4b + (3ad? + 4c) xd aV'1 — d?z2
4 x4V/1 — d2z2 v 4zt
l 539
11 / 8bxd? + 3(3ad? + 4c) i 4bV'1 — d?z? av1—d%z?
231 — d222 33 4zt

| 25

1<1/8m$+3@mﬁ+4@d @VL-#&) aV/1— &2
1 _ ' _

4\3 23v/1 — d?z2 ’ 3z 4zt
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l 539
1(1 1/(ﬂmma@m%4@@d 3v1— d?z%(3ad® + 4c) \  4bV/1 — d%a?
2\3\ 72 21— B2 v 222 323
aVv'1l — d?x?
4zt

| 25

1(1(1/d%ﬂ%+3@mﬁ+4@xhi_3%1—d%¥@mﬂ+4@)__%VT:EZ?>_

2\3\2 21 — P v 222 323
avV'1 — d?z?
4x4
l 97
1 11f/1%+%m¥+4@x 3vV1— d?z%(3ad® +4c) \  4bv/1 — d%a?
4132 2Bz ¥ 222 323
av'1l — d?22?
4zt
l 534
111, 5 / 1 16bv/1 — d%z2 3v1 — d?22(3ad? + 4c) 4b\/1 — d2x2
il (el e 4 — — - _
1 (3 <2d (3(3ad + c) i 7 dx - 572 323
av'1 — d?22?
4zt
l 243
— 252 3v1 — 222 (3ad? + 4 — 22
1101, 3(3ad24_4c)J/ 1 gp2_ 160V1—d’a?\ 2?(3ad® +4c) \  4bV1-dx
4\3\2 2 24/1 — d212 T 22 33 )
av'1 — d?2?
Azt
l 73
@ +4c) [ —L 1 dvV1— d%2?
111, S(ed+do) [ 7 T 1eVI—Pa? | 3VI-d%?(3ad’ +4c) | 4bVI—2
41312 d? x 22 33
avV'1 — d?z2?
4x4
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— d222 3v1 — d222(3ad? + 4 V1 — d2:

11 1d2 —3(3ad2 +4c) arctanh(\/l —d2x2) _ 16bvI—diz®) z ( ad” + c) _4vi-d

41312 T 22 33
av'1l — d?22?

4zt

e

~—

input LInt [(a + b*x + c*xx™2)/(x"6*Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

Output}—1/4*(a*Sqrt[1 - d~2%x72])/x~4 + ((-4xb*Sqrt[l - d~2%x~2])/(3%x~3) + ((-3%
| (4%c + 3xaxd"2)*Sqrt[1 - d"2%x"2])/(2%x"2) + (d"2%((-16%b*Sqrt[1 - d~2%x"2
1)/x - 3*%(4*xc + 3xaxd"2)*ArcTanh[Sqrt[1 - d"2%x~2]]1))/2)/3)/4

N\ J

Defintions of rubi rules used

ruk325tlnt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

ruk327(1nt[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
‘tChQ[FX, (b_)*(Gx_) /; FreeQ[b, x]] ‘

rule 73 TELCG@_) + (b_)*(x)) @ )*((c_.) + (d_)*(x))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(px(m + 1) - 1)*(c - ax(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 2921 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 243 Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx~((m - 1)/2)*(a + b*xx)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]




rule 534

rule 539

rule 2112

rule 2338

input
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Int[(x_ )" (@ )*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[(-c)*x~(m + 1)*((a + b*xx~2)"(p + 1)/(2*ax(p + 1))), x] + Simp[d Int[
x“(m + Dx*(a + b*x"2)7p, x], x] /; FreeQ[{a, b, c, d, m, p}, x] && ILtQ[m,
0] && GtQlp, -1] && EqQm + 2%p + 3, 0]

Int[(x_ )" (m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[c*x~(m + 1)*((a + b*x"2)"(p + 1)/(a*(m + 1))), x] + Simp[1/(a*(m + 1))

Int[x"(m + 1)*(a + b*x"2) "p*(axd*(m + 1) - bxcx(m + 2*%p + 3)*x), x], x]
/; FreeQ[{a, b, c, d, p}, x] && ILtQ[m, -1] && GtQ[p, -1] && IntegerQ[2*p]

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£
_I)*(x ))"(p_.), x_Symbol] :> Int[Px*(a*c + bxd*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + a*d, 0] &
& EqQ[m, n] & (IntegerQ[m] || (GtQ[a, 0] &% GtQlc, 0]1))

Int[(Pq_)*((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp [R*(c*x)~(m + 1)*((a + b*xx"2)"(p + 1)/(axcx(m + 1))), x] + Simp[1/(a*xc*(
m+ 1)) Int[(c*x)"(m + 1)*(a + b*x~2) “p*ExpandToSum[a*c*(m + 1)*Q - b*Rx(
m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && Lt
Qm, -1] && (IntegerQ[2+p] || NeQ[Expon[Pq, x], 11)

Maple [A] (verified)

Time = 0.75 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.08

method | result

2 2 1 V/(—zd+1)(xd4
Vzd+1 (xd—1) (16bd2z3+9a d?x%+12c 22 +8bz+6a) /(—zd+1)(wd+1) d*(3ad*+4c) arctanh( \ /—d2m2+1> (—zd+1)(zd+

24/ —d2x2 41 x4

risch 244\ /—(zd+1)(zd—1) v/—zd+1 - 8v/—zd+1vzd+1
V—=zd+1 v/zd+1 csgn(d)? (9 arctanh (ﬁ) ad*z*412 arctanh (ﬁ) cd?z*+16v/—d222+1bd%x3+9v/—d2x?
default | — — -

N

§
int ((c*x"2+b¥x+a) /x"5/ (-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x,method=_RETURNVERBOSE |

) |
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t
ourpt \*4/(-(d*x+1)*(d*x-1))”(1/2)*((-d*x+1)*(d*x+1))*(1/2)/(-d*x+1)*(1/2)-1/8*d*

\2*(3*a*d‘2+4*c)*arctanh(l/(—d‘2*x‘2+1)‘(1/2))*((—d*x+1)*(d*x+1))‘(1/2)/(—d

¢ 1/24% (@rx+1) " (1/2) % (d¥x-1) % (16¥bxd"2+x"3+9%ard 2+x"2+1 2% ckx"2+8*brx+6%a) /x
*x+1)7(1/2)/ (d*x+1) "~ (1/2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.72

/ a + bx + cz? .
251 — dz/1 + dx
3(3ad* + 4cd*)z* log (—Vd”l *’;dz“_l) — (16 bd?z® + 3 (3 ad® + 4¢)z® + 8bz + 6a)Vdz + 1/ —dz + 1

24 4

/

integrate ((c*x~2+b*x+a)/x"5/(-d*x+1)~(1/2) /(d*x+1)~(1/2) ,x, algorithm="fri

input
cas")

1/24% (3% (3*%a*d~4 + 4*c*d~2)*x"4*log((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/x)
- (16%b*xd"2%x"3 + 3*(3*a*d™2 + 4*c)*x"2 + 8xb*x + 6%a)*sqrt(d*x + 1)*sqrt(
-d*x + 1))/x74

output

Sympy [F(-1)]

Timed out.

dz = Timed out

/ a+ bz + cx?
25y/1 — dzv/1 + dx

input ‘ integrate ((cxx**2+bx+a) /x**5/ (-d*x+1)**(1/2) / (d*x+1)**(1/2) ,x) ‘

outputLTimed out J
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.21

a+ bz + ca? 3 4 2vV-d?z2+1 2
dr = ——ad*log | —————— + —
284/1 — dz/1 + dx 8 || |z|
1, (2= F1 2
— —cd’log | —F———"—F—— 4+ =
2 |z| |z|
_2V-d’a? + 1bd? 3V =d?a? + lad?

3z 8 12

B V—d?2z? + 1c B V—d?z2 +1b _ V=d?1?+1a

2 12 33 474

integrate ((cxx~2+bxx+a)/x~5/(-d*x+1)~(1/2) /(d*x+1)~(1/2) ,x, algorithm="max

input
ima")

-3/8*axd~4*log(2*sqrt(-d~2*x"2 + 1)/abs(x) + 2/abs(x)) - 1/2%c*d”~2xlog(2*s
qrt(-d~2*x"2 + 1)/abs(x) + 2/abs(x)) - 2/3*sqrt(-d~2#x"2 + 1)*b*d~2/x - 3/
8xsqrt (-d"2*x"2 + 1)*a*d~2/x"2 - 1/2*sqrt(-d~2*x"2 + 1)*c/x"2 - 1/3*sqrt(-
d"2*x72 + 1)*b/x"3 - 1/4*xsqrt(-d~2*x"2 + 1)*a/x"4

N J

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 861 vs. 2(113) = 226.

Time = 0.28 (sec) , antiderivative size = 861, normalized size of antiderivative = 6.47

/ a + bz + cx?

dz = Too large to displa;
251 — dzv/1 + dzx & pray

‘integrate((c*x‘2+b*x+a)/x“5/(—d*x+1)‘(1/2)/(d*x+1)‘(1/2),x, algorithm="gia
‘Cn) ‘

input
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-1/24% (3% (3*%a*d"5 + 4*c*d~3)*log(abs(-(sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x
+ 1) + sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)) + 2)) - 3*(3*%a*d™5 + 4*c*d
~3)*log(abs(-(sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) + sqrt(d*x + 1)/(sqr
t(2) - sqrt(-d*x + 1)) - 2)) - 4*(15*%a*d"5*((sqrt(2) - sqrt(-d*x + 1))/sqr
t(d*x + 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)))~7 - 24*b*d~4*((sqrt
(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x +
1)))°7 + 36*a*xd"5*((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*x +
1)/(sqrt(2) - sqrt(-d*x + 1)))75 + 12xc*d~3*((sqrt(2) - sqrt(-d*x + 1))/sq
rt(d*x + 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)))~7 + 160%b*d~4*((sq
rt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x
+ 1)))°5 + 144xaxd”~5*((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*x
+ 1)/(sqrt(2) - sqrt(-d*x + 1)))~3 - 48xc*d~3*((sqrt(2) - sqrt(-d*x + 1))
/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)))75 - 640%b*xd~4x*(
(sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-
d*x + 1)))"3 + 960*axd~5*((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(
dxx + 1)/(sqrt(2) - sqrt(-d*x + 1))) - 192*%c*d"3*((sqrt(2) - sqrt(-d*x + 1
))/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1)))~3 + 1536%b*d"
4% ((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt(d*x + 1)/(sqrt(2) - sqr
t(-d*x + 1))) + 768xc*d"3*((sqrt(2) - sqrt(-d*x + 1))/sqrt(d*x + 1) - sqrt
(d*x + 1)/(sqrt(2) - sqrt(-d*x + 1))))/(((sqrt(2) - sqrt(-d*x + 1))/sqr...

output

Mupad [B] (verification not implemented)

Time = 7.39 (sec) , antiderivative size = 684, normalized size of antiderivative = 5.14

dx = Too large to display

/ a + bx + cx?
251 — dzv/1 + dzx

input‘ int((a + b*x + c*x™2)/(x"5%(1 - d*x)~(1/2)*(d*x + 1)~(1/2)),x)
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((axd~4)/4 + (6*a*d~4x((1 - d*x)~(1/2) - 1)72)/((d*x + 1)°(1/2) - 1)"2 - (
53*a*d~4*x((1 - d*x)~(1/2) - 1)74)/(2*((d*x + 1)~(1/2) - 1)~4) - (8T*a*xd 4*
((1 - d*x)"(1/2) - 1)76)/((d*x + 1)~(1/2) - 1)76 + (657*a*d~4*((1 - d=*x)~(
1/2) - 1)78)/(4x((d*x + 1)°(1/2) - 1)78) - (121*axd~4*((1 - d*x)~(1/2) - 1
)710)/((d*x + 1)7(1/2) - 1)710)/((256*%((1 - d*x)~(1/2) - 1)~4)/((d*x + 1)~
(1/2) - 1)74 - (1024*((1 - d*x)~(1/2) - 1)76)/((d*x + 1)~(1/2) - 1)76 + (1
536 ((1 - d*x)~(1/2) - 1)78)/((d*x + 1)~(1/2) - 1)°8 - (1024*((1 - d*x)~(1
/2) - 1)710)/((@*x + 1)°(1/2) - 1)710 + (256%((1 - d*x)~(1/2) - 1)~12)/((@
*x + 1)7(1/2) - 1)712) - ((c*d™2*((1 - d*x)~(1/2) - 1)72)/((@*x + 1)~ (1/2)
- 1)72 - (c*d™2)/2 + (15*%c*d™2*((1 - d*x)~(1/2) - 1)74)/(2*((d*x + 1)~ (1/
2) - 1)74))/((16x((1 - d*x)~(1/2) - 1)72)/((d*x + 1)~(1/2) - 1)"2 - (32*((
1 - d*x)~(1/2) - 1)74)/((d*x + 1)7(1/2) - 1)"4 + (16x((1 - d*x)~(1/2) - 1)
~6)/((d*x + 1)~(1/2) - 1)76) + (3*a*d~4*log(((1 - d*x)~(1/2) - 1)72/((d*x
+ 1)7°(1/2) - 1)72 - 1))/8 + (c*d"2xlog(((1 - d*x)~(1/2) - 1)°2/((d*x + 1)~
(1/72) - 1)72 - 1))/2 - (3*a*d"4*log(((1 - d*x)~(1/2) - 1)/((d*x + 1)7(1/2)
- 1)))/8 - (c*d"2*log(((1 - d*x)~(1/2) - 1)/((d*x + 1)~(1/2) - 1)))/2 - (
(1 - d*x)~(1/2)*(b/3 + (2%b*d"2*x"2)/3 + (2*b*d"3*x"3)/3 + (b*d*x)/3))/(x~
3x(d*x + 1)7(1/2)) + (7T*a*d"4*((1 - d*x)~(1/2) - 1)72)/(256%((d*x + 1)~ (1/
2) - 1)72) + (a*d™4x((1 - d*x)~(1/2) - 1)74)/(1024x((d*x + 1)°(1/2) - 1)~4
) + (c*d™2x((1 - d*x)~(1/2) - 1)72)/(32x((d*x + 1)~(1/2) - 1)72)

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 350, normalized size of antiderivative = 2.63

/‘ a+ bz + cx? .
251 — dz/1 + dx

—9vdx +1+v/—dz + 1ad?z? — 6y/dx + 1v/—dz + 1a — 16/dz + 1 v/—dz + 1 bd?z® — 8/dz + 1 v/—«

input int ((c*xx~2+bxx+a) /x"5/ (-d*x+1) ~(1/2) / (d*x+1)~(1/2) ,x)
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(- 9*sqrt(d*x + 1)*sqrt( - dkx + 1)*a*d*x*2xx**2 - 6*xsqrt(d*x + 1)*sqrt( -
d*x + 1)*a - 16*sqrt(d*x + 1)*sqrt( - d*x + 1)*bxd**2xx**3 - 8*sqrt(d*x +
1) *sqrt( - d*x + 1)*bxx - 12*sqrt(d*x + 1)*sqrt( - d*x + 1)*c*x**2 - 9%lo
g( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) - 1)*a*dx*4xx**x4 - 12
*log( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) - 1)*c*xd**2*x*x4 +
9%log( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) + 1)*axdx*4xx**4
+ 12xlog( - sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) + 1)*ckxd**2xx
*x*4 - 9%log(sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) - 1)*akd*x*d*x*
*4 - 12xlog(sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) - 1)*ckd**2*x*
*4 + 9%log(sqrt(2) + tan(asin(sqrt( - d*x + 1)/sqrt(2))/2) + 1)*akd**4dxxk*
4 + 12xlog(sqrt(2) + tan(asin(sqrt( - dxx + 1)/sqrt(2))/2) + 1)*ckd**2*x**
4) / (24*x**4)

output




output
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3.9 f 22 (a+bz+cx?) da
* V—14+dx/1+dz
Optimal result . . . . . . . . . . . e 129
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 1301
Rubi [A] (verified) . . . .. . ... .. 130
Maple [A] (verified) . . . . . . ... L 134
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 134
Sympy [F(-1)] . . o o 135
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ..., 135
Giac [A] (verification not implemented) . . . . . . .. ... ... oL 136
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 136
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 137
Optimal result
Integrand size = 32, antiderivative size = 159
z?(a + bx + cz?) (3c — 4d(4b + 3ad))v/—1 + dz+/1 + dx
de = —
V—1+dzv/1+dz 24d5
N (9c + 4bd)z*\/—1 + dzv/1 + dx
1243
_ (Bc—4ad®) (-1 +dz)**V1+dz
8d°
N c(—1+dz)/?\/1+dx N (3¢ + 4ad?) arccosh(dz)

4d>

8d°

e

Lccosh(d*x)/d‘S

-1/24% (3*%c-4*d* (3*axd+4x*b) ) *(d*x-1) ~(1/2) *(d*x+1) ~(1/2) /d"5+1/12* (4*b*xd+9x*
‘c)*x‘2*(d*x-1)‘(1/2)*(d*x+1)‘(1/2)/d‘3—1/8*(—4*a*d‘2+3*c)*(d*x-l)‘(3/2)*(d
‘*x+1)‘(1/2)/d‘5+1/4*c*(d*x—l)‘(7/2)*(d*x+1)‘(1/2)/d‘5+1/8*(4*a*d‘2+3*c)*ar

~
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Mathematica [A] (warning: unable to verify)

Time = 0.20 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.58

z?(a + bx + cz?)
V—1+dzy/1+dz

dv/—1+ dzv/1 + dz(8b(2 + d*z?) + 3z(4ad? + (3 + 2d?z?))) + 6(3¢ + 4ad?) arctanh(

—1+dzx
1+dx

)

2445

input‘ Integrate[(x"2%(a + b*x + c*x72))/(Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x]

output

|
|
L

(d*Sqrt[-1 + d*x]*Sqrt[1 + d*x]*(8*b*(2 + d"2*x"2) + 3*x*(4*a*d”2 + c*(3 +
2xd"2xx72))) + 6%(3*xc + 4*axd”2)*ArcTanh[Sqrt[(-1 + d*x)/(1 + d*x)]1])/(24
*d~5)

|
|
J

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.10,

_ number of rules
10, integrand size = 0.312, Rules

number of steps used = 11, number of rules used =
used = {2113, 2340, 533, 25, 27, 533, 25, 455, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z*(a + bz + cz?)
Viz—1dz+1
l 2113
V&2 —1 f cacclz+2bz+a) dz
Vdz —1v/dz + 1
l 2340

(4ad2 +4bzd2+30) p
V222 — 1 J Vd2a2 1 v + cz3v/d?z2—1
4d? 4d?

Vdr — 1vdx + 1
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l 533

2z (8b+3(4ad?+3¢) w) J
— £

43 2 d2z2—1
d2m2 _ 1 gb(E d2:1)2—1— Sng + CZ3 /d2$2—1
v 4d? 4d?

; d2z (8b+3 (4ad2+3c) z) e

d2z2—1 4; 2
\/d2:):2 -1 322 +5betVdia® 1 + cx3Vd?z2—1
4d? 4d?

Vdr —1vdx + 1

| 27

2
1) o (8b+3(4ad?+3c)a) dot A ba? /=T

22 —1| 3 Va2z2—1 3 + cxdvd2z2 -1
z id? 4d?

Vdr —1vdx + 1
J,533

16bzd2+3 (4ad2 +3c) .
-_— e/ dz

% %z\/d2z2—1<4a+2—§)— v ‘122;32_1 +%bm2 d?2z2-1
+ cx®vd?x2-1

NP
d*z® — 1 12 4d2

Vdr —1vdx + 1

| 25

; 16b2d?+3(4ad?+3¢) ;
00w To\RAE 7)) e
% v dzzi”;_l +%w\/dzmz—l<4a+3—§) +%bw2 d2x2—1

Vd2x2 — cx3v/d2x2—1

Vdr —1vdx + 1

l 455
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3(4ad?+3¢) | ——5lo—do+16bV/d2a2—1
é( vd ;dgl +%z\/m<4a+%> +4ba?Vd2a?—1 R
Vd2:172—]_ 5 _i_CCL‘ \/dQCL‘ -1
4d 4d
vdr —1v/dr + 1
| 224
3(4ad?+3c) [ ts d\/d2“’2 1+166\/d2z2—1
-5 e
1 ol +30vd2?—1 (da+ 35 ) | +4b0? V2?1
242 — cxdv/d2z2—1
Vdiz® —1 i e

Vdr — 1vdx + 1
l 219
3(4ad2+3c)arctanh< dz )
Vd2z2 -1 —
1 — +16bv/d222 1+%xm(4a+%§) +4ba?V/ P71
3 /22—
Vd2z? —1 — 4o \/4(2 2?1

Vdxr — 1vdx + 1

-

LInt[(x’“2*(a + b*x + c*x72))/(Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x]

~—

input

t‘((Sqrt [-1 + d"2*x"2]1*((c*x"3*Sqrt[-1 + d~2%x"2])/(4*d"2) + ((4xb*x~2xSqrt[-
1+ d72%x72]1)/3 + ((3%(4xa + (3xc)/d"2)*x*Sqrt[-1 + d"2%x72])/2 + (16%bxSq
\rt [-1 + d72%x"2] + (3*(3*c + 4*axd~2)*ArcTanh[(d*x)/Sqrt[-1 + d"2*x~2]]1)/d
p/(2*d"2))/3)/(4*d"2)))/(Sqrt [-1 + d*x]*Sqrt[1 + d*x])

outpu

| —
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 219 Int[C(a) + (b_.)*(x_)"2)7(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[-b, 21))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 9294 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

I‘ule 455 Int[((C_) + (d_.)*(x_))*((a_) + (b_.)*(x_)‘2)"(p_.), X_Symbol] > Slmp[d*((
a + b*x"2) " (p + 1)/(2xbx(p + 1))), x] + Simp[c Int[(a + b*x~2)"p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

rule 533 TRELGED)T@_)*((c)) + (d_D*GxD))*((@) + (b_)*(x)"2)7(p_), x_Symbol] :>
Simp [d*x"m*x((a + b*x~2)"(p + 1)/(b*(m + 2%p + 2))), x] - Simp[1/(bx(m + 2%
P+ 2) Intlx"(m - 1)*x(a + b*x"2) p*Simp[a*d*m - bkcx(m + 2%p + 2)*x, x],
x], x] /; FreeQ[{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] && Integer
Q[2*p]

rule 2113 Int[(Px_)*((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(@m_)*((e_.) + (£f_.
)*¥(x_))"(p_.), x_Symbol] :> Simp[(a + b*x) FracPart[m]*((c + d*x) FracPart[
m]/(axc + b*d*x~2) “FracPart[m]) Int [Px*(a*c + b*d*x~2) "m*(e + f*x)“p, x],
x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + a
*d, 0] && EqQ[m, n] && !'IntegerQ[m]

N
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Int[(Pq )*((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[
{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]1}, Simp[f*(c*x)"(m + q - 1
)¥((a + b*x"2)"(p + 1)/(b*c”(q - 1)*(m + q + 2*xp + 1))), x] + Simp[1/(b*(m

+q+ 2%xp + 1)) Int[(c*x) m*(a + b*x~2) p*ExpandToSum[b*(m + g + 2%p + 1)
*Pq - b*xf*(m + q + 2%p + 1)*x"q - a*f*x(m + q - D*x"(q - 2), x1, x1, x] /;

GtQlq, 1] && NeQ[m + q + 2*%p + 1, 0]] /; FreeQ[{a, b, c, m, p}, x] && PolyQ
[Pq, x] && ( 'IGtQ[m, 0] || IGtQ[p + 1/2, -11)

rule 2340

Maple [A] (verified)

Time = 0.64 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.78

method | result

2 Ly 202 _
(6c23d? 48b d2a? 12¢a d? 4 9cx+16b) ed i1 ad—1 | (124 +3¢) ln<m+Vd e 1) V(@d+1)(zd—1)

risch 2444 + 8d4Vd2 v/zd—1/zd+1
Vzd—1+/zd+1 (6 csgn(d)cd3z3vd222—1+8 csgn(d)b d3z2v/d2z2—1+12 csgn(d)d3vd2z2—1 az+9 csgn(d)dv/d2z2—1cz+16 cs
default AT TP

e

input Lint (x~2% (c*x~2+b*x+a) / (d*x-1) ~(1/2) / (d*x+1) ~(1/2) ,x,method=_RETURNVERBOSE) J

output ‘ 1/24% (6xc*d”2+x" 3+8%b*d"2*x " 2+12%a*d~2*x+9*cxx+16%b) * (d*x+1) " (1/2) * (d*x-1) ‘
\ ~(1/2)/d~4+1/8* (4xa*d~2+3*c) /d"4*1n(d"2*x/(d~2) " (1/2)+(d"2*x"2-1)"(1/2)) /(
d"2) " (1/2) * ((d*x+1) * (d*x-1)) " (1/2) / (d*x-1) " (1/2) / (d*x+1) ~(1/2)

N J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.57

z2(a + bz + cz?)
vV—14+dzv1+dz
(6 cd3z® + 8bd®z? 4+ 16 bd + 3 (4ad® + 3 cd)z)Vdz + 1Vdz — 1 — 3 (4ad? + 3¢)log (—dz + Vdz + 1/
24 d°

‘ integrate (x"2* (cxx~2+bxx+a)/(d*x-1)~(1/2) /(d*x+1)~(1/2) ,x, algorithm="fric ‘

input
as n )

N J
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t‘1/24*((6*c*d”3*x“3 + 8%b*d"3*x"2 + 16%b*d + 3*(4*a*d”™3 + 3*c*d)*x)*sqrt(d*
‘x + 1)*sqrt(d*x - 1) - 3x(4*axd™2 + 3xc)*log(-d*x + sqrt(d*x + 1)*sqrt(d*x
- 1))/d75

outpu

Sympy [F(-1)]
Timed out.
z2(a + bz + cz?)

dz = Timed out
vV—1+dzv1+dzx

inputtintegrate(x**2*(c*x**2+b*x+a)/(d*x—1)**(1/2)/(d*x+1)**(1/2),X)

-

output LTimed out

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 150, normalized size of antiderivative = 0.94

z?(a + bx + cz?) dp — Vd2x?2 — lex®  /d2x? — 1bx? N Vd2z? — laz
V—1+dzv1+dz 4d? 3d? 2d?
alog (2d*z + 2V d?z? —1d) = 3+/d2x% — lcx
+ +
2d3 8 d*
2vd2x? —1b  3clog (2dz + 2V d?z? — 1d)
L VTR &

integrate (x~2* (cxx~2+b*x+a)/(d*x-1)~(1/2) /(d*x+1)~(1/2) ,x, algorithm="maxi

input
mall )

-/

1/4*sqrt(d"2*x72 - 1)*c*x~3/d"2 + 1/3*sqrt(d™2*x"2 - 1)*b*x"2/d"2 + 1/2%sq
rt(d72*x"2 - 1)*axx/d"2 + 1/2%a*log(2+d"2*x + 2*sqrt(d™2*x"2 - 1)*d)/d"3 +
3/8*sqrt (d"2*x"2 - 1)*c*x/d"4 + 2/3*sqrt(d"2*x"2 - 1)*b/d"4 + 3/8*c*log(2
*d"2%x + 2%sqrt(d”2*x"2 - 1)*d)/d"5

output
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Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.91

z?(a + bx + cz?)
V—1+dzV1+dz
((dz +1) (2 (dw + 1) (S5 o 40790 ) . 120dtopdTearent ) SUadPimusel) ) /gy /e
24d

integrate (x~2* (c*x~2+b*x+a)/(d*x-1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="giac
II)

input

1/24%(((d*x + 1)*(2*(d*x + 1)*(3*(d*x + 1)*c/d"4 + (4xb*d~17 - 9*c*d~16)/d
~20) + (12#a*d~18 - 16*b*d~17 + 27*c*d~16)/d~20) - 3*(4*a*d~18 - 8xb*d~17
+ 5%c*d~16) /d"20) *sqrt (d*x + 1)*sqrt(d*x - 1) - 6%(4*a*d”2 + 3*c)*log(sqrt
(d*x + 1) - sqrt(d*x - 1))/d~4)/d

N\ J

output

Mupad [B] (verification not implemented)
Time = 18.04 (sec) , antiderivative size = 767, normalized size of antiderivative = 4.82

z2(a + bz + cz?)

dz = Too large to displa;
vV—-14+dzv1+dz 8 PRy

input Lint((x“2*(a + b*x + c*xx”2))/((d*x - 1)"(1/2)*(d*x + 1)~(1/2)),%) J
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((23xcx((d*x - 1)7(1/2) - 1i)73)/(2x((d*x + 1)~(1/2) - 1)73) + (333*c*x((d*
x - 1)7(1/2) - 1i)7B)/(2*((d*x + 1)~(1/2) - 1)75) + (671*xcx((d*x - 1)~(1/2
) - 11)77)/(2*x((d*x + 1)7(1/2) - 1)77) + (671*c*((d*x - 1)~(1/2) - 1i)79)/
(2x((d*x + 1)7(1/2) - 1)79) + (333*c*((d*x - 1)7(1/2) - 1i)711)/(2*x((d*x +
1)7(1/2) - 1)711) + (23%c*((d*x - 1)7(1/2) - 1i)~13)/(2*((d*x + 1)~(1/2)
- 1)713) - (3%c*x((d*x - 1)~(1/2) - 1i)~15)/(2*((d*x + 1)~(1/2) - 1)~15) -
(3xcx((d*x - 1)°(1/2) - 1i))/(2x((d*x + 1)~(1/2) - 1)))/(d"5 - (8*d~5x((d*
x - 1)7(1/2) - 1i)72)/((d*x + 1)7(1/2) - 1)72 + (28*d~5*((d*x - 1)~(1/2) -
1i)~4)/((d*x + 1)~(1/2) - 1)74 - (56%d~5x((d*x - 1)~ (1/2) - 1i)~6)/((d*x
+ 1)7(1/2) - 1)76 + (70%d~5*((d*x - 1)~(1/2) - 1i)78)/((d*x + 1)~(1/2) - 1
)78 - (66%d~6x((d*x - 1)7(1/2) - 1i)710)/((d*x + 1)~(1/2) - 1)710 + (28%d~
Bx((d*x - 1)°(1/2) - 1i)712)/((d*x + 1)~(1/2) - 1)712 - (8%d"5*((d*x - 1)~
(1/2) - 1i)"14)/((d*x + 1)7(1/2) - 1)~14 + (a75*((d*x - 1)7(1/2) - 1i)~16)
/((d*x + 1)7(1/2) - 1)716) - ((14*ax((d*x - 1)7(1/2) - 1i)73)/((d*x + 1)~ (
1/2) - 1)73 + (14*a*x((d*x - 1)°(1/2) - 1i)7°5)/((d*x + 1)~(1/2) - 1)75 + (2
xax((d*x - 1)7(1/2) - 11)"7)/((d*x + 1)7(1/2) - 1)°7 + (2*ax((d*x - 1)~ (1/
2) - 1i))/((d*x + 1)7(1/2) - 1))/(d"3 - (4*d~3*((d*x - 1)~(1/2) - 1i)~2)/(
(d*x + 1)°(1/2) - 1)"2 + (6*d~3*((d*x - 1)~(1/2) - 1i)~4)/((d*x + 1)~(1/2)
- 1)74 - (4*d~3*((d*x - 1)°(1/2) - 1i)76)/((d*x + 1)°(1/2) - 1)76 + (d~3*
((a*x - 1)°(1/2) - 1i)78)/((d*x + 1)~(1/2) - 1)78) + (2xa*atanh(((d*x -...

output

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 147, normalized size of antiderivative = 0.92

z%(a + bz + cz?)
V—1+dzv1+dz
12v/dz + 1vdx — lad3z + 8V/dx + 1v/dx — 1bd3z? + 16+/dz + 1 v/dx — 1bd + 6+/dx + 1/dz — 1 c
- 2445

input Lint (x~2*% (c*xx~2+b*x+a) / (d*x-1)~(1/2) / (d*x+1)~(1/2) ,x) J

~

(12*sqrt (d*x + 1)*sqrt(d*x - 1)*axd**3*x + 8*sqrt(d*x + 1)*sqrt(d*x - 1)*b
*d**3kx*xx2 + 16*sqrt(d*x + 1)*sqrt(d*x - 1)*b*d + 6xsqrt(d*x + 1)*sqrt(d*x
= 1)*ckd**3*x**3 + 9xsqrt(d*x + 1)*sqrt(d*x - 1)*c*xdxx + 24xlog((sqrt(d*x
- 1) + sqrt(d*x + 1))/sqrt(2))*a*xd**2 + 18*log((sqrt(d*x - 1) + sqrt(d*x

+ 1)) /sqrt(2))*c)/(24*d**5)

output




output
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2
3.10 f z (a+bz+cz?) da
V—=14+dx\/1+dzx

Optimalresult . . . . ... ... ... ... . . . 138
Mathematica [A] (verified) . . . . . . . . . ... 138
Rubi [A] (verified) . . . .. . ... .. 139
Maple [A] (verified) . . . . . . ... L 142
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 142
Sympy [F(-1)] . . o o 143l
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ..., 143
Giac [A] (verification not implemented) . . . . . . .. ... ... oL 144
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 144
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 145

Optimal result

Integrand size = 30, antiderivative size = 109

z(a + bz + cz?)

(2¢ + d(b+ 2ad))V/—1 + dzv/1 + dz

V—1+ dzv/1 + dx

2d4

N (4c + 3bd)(—1 + dz)*%\/1 + dz

N c(—1+dz)*?y/1+ dz N

6d*

barccosh(dx)

3d4

2d3

‘1/2*(2*c+d*(2*a*d+b))*(d*x—i)“(1/2)*(d*x+1)“(1/2)/d“4+1/6*(3*b*d+4*c)*(d*x
\-1)‘(3/2)*(d*x+1)‘(1/2)/d‘4+1/3*c*(d*x—1)‘(5/2)*(d*x+1)‘(1/2)/d‘4+1/2*b*ar
‘ccosh(d*x)/d“B

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.68

z(a + bz + cz?)
T
V—1+dz/1+dz

V=1+dzy/1+dz(3d*(2a + bz) + 2¢(2 + d*z%)) + ﬁbdarctanh(, / —Eitl‘i”)

6d*
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input‘ Integrate[(x*(a + b*x + c*x72))/(Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x]

t‘ (Sqrt[-1 + d*x]*Sqrt[1 + d*x]*(3*d"2*(2*a + b*x) + 2xc*(2 + d"2*x"2)) + 6%

outpu
 bxd*ArcTanh[Sqrt[(-1 + d*x)/(1 + d*x)11)/(6%d"4)

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.26,

number of rules _ 0.267, Rules

number of steps used = 9, number of rules used = 8§, = -
integrand size

used = {2113, 2340, 533, 25, 27, 455, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x(a + bx + cwz)
Vo —1az +1
l 2113
VBE 1 [ Pt gy
Vdz —1dz +1
l 2340

3d? 3d?

a:(3ad2+3ba:d2+2c)
Vd2z2 — 1 J Vd2z2—1 dz + cx?vVd2z2—1

Vdr —1vdx + 1
l 533

. d? (3b+2(3ad?+2¢) )

dx

3 /T2 d2z2 -1
Va2z2 — 1 pbavdie®—1- 242 + cx?vVd2z2—1
3d?2 3d?2

Vdr — 1vdx + 1

| 25
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_d?(3b+2(3ad?+2¢)a) ;
T

Z02
V&2 —1 o = +3bavd?a?—1 +_cm2v§§f2—1
Vdr —1vdx + 1
l 27
;]‘fﬁfﬁﬁfiﬁ%ﬂfdx+§bxvqp;7:j
Vd2r2 — 1 2 d2z2-1 — 2 + cz2\/3¢§2x2—1
Vdr —1vdx + 1
l 455
1(3p %dﬂzm(m@))ﬁbxm
2 /222 —1 2 2 2 /I
Vd2z2 —1 ( o7l 5 ¢ + &£ 3‘222“2 L
Vdr —1v/dx + 1
l 924
é(?’bfl_ ooz d d222_1+2'd2$2_1<3a+35>>+3b“d2”2_1 R
Vd?z? —1 dfz?-1 3 +c \/3(2230 -1
Vdr —1vdx + 1
l 219
sparctanh( ——dz___
% (2\/d2x2—1(3a+§§)+ d( Y dzﬂ*l) ) +%bm\/d2x2—1
JEE T 2 /BT
d?z? —1 382 + 55
Vdxr — 1v/dx + 1

-

input LInt[(x*(a + b*x + c*x72))/(Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x]

N >

.
output‘
+ d"2%x72])/2 + (2%(3*a + (2*c)/d"2)*Sqrt[-1 + d~2+x~2] + (3*b*ArcTanh[(d*

(Sart[-1 + d~2*x"2]*((c*x"2xSqrt[-1 + d72%x72])/(3*d"2) + ((3*b*x*Sqrt[-1 \‘
'x)/Sqrt[-1 + d~2%x"211)/d)/2)/(3%d~2)))/(Sqrt[-1 + d*x]*Sqrtl1 + d*x]) |
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 219 Int[C(a) + (b_.)*(x_)"2)7(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[-b, 21))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 9294 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

I‘ule 455 Int[((C_) + (d_.)*(x_))*((a_) + (b_.)*(x_)‘2)"(p_.), X_Symbol] > Slmp[d*((
a + b*x"2) " (p + 1)/(2xbx(p + 1))), x] + Simp[c Int[(a + b*x~2)"p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

rule 533 TRELGED)T@_)*((c)) + (d_D*GxD))*((@) + (b_)*(x)"2)7(p_), x_Symbol] :>
Simp [d*x"m*x((a + b*x~2)"(p + 1)/(b*(m + 2%p + 2))), x] - Simp[1/(bx(m + 2%
P+ 2) Intlx"(m - 1)*x(a + b*x"2) p*Simp[a*d*m - bkcx(m + 2%p + 2)*x, x],
x], x] /; FreeQ[{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] && Integer
Q[2*p]

rule 2113 Int[(Px_)*((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(@m_)*((e_.) + (£f_.
)*¥(x_))"(p_.), x_Symbol] :> Simp[(a + b*x) FracPart[m]*((c + d*x) FracPart[
m]/(axc + b*d*x~2) “FracPart[m]) Int [Px*(a*c + b*d*x~2) "m*(e + f*x)“p, x],
x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + a
*d, 0] && EqQ[m, n] && !'IntegerQ[m]

N




rule 2340
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input

outpu

input

e

Lint (x* (c*x~2+b*xx+a) / (d*x-1) " (1/2) / (d*x+1)~(1/2) ,x,method=_RETURNVERBOSE)

" \ 1/6% (2% c*xd™~2%x"2+3*b*d~2*x+6*a*d~2+4*c) * (d*x+1) " (1/2) *(d*x-1) ~(1/2) /d~4+1/ \
| 2%b/d~2%1n(d"2%x/ (d"2) " (1/2)+(d"2%x~2-1)~(1/2)) /(d72) " (1/2) * ((dxx+1) * (d*x-

N

N

Int[(Pq_)*((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[
{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]1}, Simp[f*(c*x)"(m + q - 1
)¥((a + b*x"2)"(p + 1)/(b*c”(q - 1)*(m + q + 2*xp + 1))), x] + Simp[1/(b*(m

+q+ 2%xp + 1)) Int[(c*x) m*(a + b*x~2) p*ExpandToSum[b*(m + g + 2%p + 1)
*Pq - bxfx(m + q + 2%p + 1)*x"q - a*fx(m + q - 1)*x"(q - 2), x], x], x] /;

GtQlq, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, b, ¢, m, p}, x] && PolyQ
[Pq, x] && ( 'IGtQ[m, 0] || IGtQ[p + 1/2, -11)

Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.99

method | result

bln( 22 +\/d2z2_1) J@d+ 1) (@d=1)
+

risch (20 d222+43bd%z+6a d? +4c) Vxd+1v/zd—1 Vd2
6d* 2d2Vd? \/zd—1 v/zd+1
defaul Vzd—1+/zd+1 (2 csgn(d)cd?z?v/d222—1+3v/d?x2—1 csgn(d)bd?z+6 csgn(d)vd2z2—1ad%+4 csgn(d)vd2z2—1c+31n ( (\/ d2.
etault 6d4vd2z2—1

~—

1))7(1/2)/(d*x-1)~(1/2) / (d*x+1)~(1/2)

J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.67

z(a + bz + cz?)
V—1+dzv/1+dz

3bdlog (—dz + Vdz + 1v/dz — 1) — (2cd?s® + 3bd?*z + 6 ad? + 4 ¢)V/dz + 1v/dz — 1
B 6 d*

integrate (xx (ckx~2+bkx+a) /(d*x-1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="fricas

II)

J
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|-1/6%(3xbxd*log(-d*x + sqrt(dsx + 1)*sqrt(déx - 1)) - (2xckd"2+x"2 + 3xbkd

output
‘“2*x + 6%a*d”"2 + 4xc)*sqrt(d*x + 1)*sqrt(d*x - 1))/d74

Sympy [F(-1)]

Timed out.
2
z(at bz + o) dzxr = Timed out
vV—1+dzv1+dx
inputLintegrate(x*(c*x**2+b*x+a)/(d*x—l)**(1/2)/(d*x+1)**(1/2),x) J
Ou_tputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 100, normalized size of antiderivative = 0.92

z(a + bx + cz?) e — Vd%z? — lex? N Vd2z2 — bz \/d?x? — la

+
V—1+4+dzV1+dz v 3d? 2d? d?
blog (2d*z + 2V d?z® —1d) = 2+/d2x% — 1c
+ 28 YT

integrate (x* (c*x~2+b*x+a)/(d*x-1)~(1/2) /(d*x+1)~(1/2) ,x, algorithm="maxima
II)

input

1/3*sqrt(d™2*x72 - 1)*c*x~2/d"2 + 1/2*sqrt(d”2*x"2 - 1)*b*x/d"2 + sqrt(d~2
*x"2 - 1)*a/d~2 + 1/2xbxlog(2*d~2*x + 2xsqrt(d~2*x"2 - 1)*d)/d"3 + 2/3*sqr
t(d"2%x"2 - 1)*c/d"4

output
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Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.96

z(a + bx + cz?)

V=1 + dzv/1 + dx

\/dIL' n 1\/dCB —) ((dCE n 1) <2(dzg_1)c i 3bd131—24cd9) n 3 (2ad11—dl;¢im+2cd9)) _ 6blog(\/dx;;1—\/dx—1)

6d

inputLintegrate(x*(c*x"2+b*x+a)/(d*x-1)"(1/2)/(d*x+1)"(1/2),x, algorithm="giac") J

p
‘1/6*(sqrt(d*x + 1)*sqrt(d*x - 1)*((d*x + 1)*(2x(d*x + 1)*c/d~3 + (3*b*d~10
| - 4xcxd"9)/d"12) + 3%(2%axd™11 - b*d~10 + 2%c*d~9)/d"12) - 6¥bxlog(sqrt(d
‘*x + 1) - sqrt(d*x - 1))/d"2)/d

output

\‘

Mupad [B] (verification not implemented)
Time = 11.08 (sec) , antiderivative size = 318, normalized size of antiderivative = 2.92
z(a + bz + cz?)

V—1+dzv1+dz
cx cx? 2cx Vdx—1—i
_\/d$—1<3d4+ﬁ+3_2+3_3> 2batanh<m>

Vdz+1 a3
146 (Vdz—1-i)® | 14b(Vda—1-1)° | 2b(Vdz—1-i)" | 2b(Vdz—1—i)
(Vdeti-1)° + (Vdet1-1)° + (Vdz+1-1)" T Vaerio
B AP (Vdz—1—i)? L dz—1-i)* 48 (Vdz—1-i)° 4 @ Va1 Vdz—1-i)®
(Vdz+i-1)° (vVdz+1-1)* (vVdz+1-1)° (\/m 1)8

avdzr —1+dz+1
+ 2

input Lint((x*(a + b*x + c*x72))/((d*x - 1)~ (1/2)*(d*x + 1)~(1/2)),x) J
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output (2*¢b*atanh (((d*x - 1)7(1/2) - 1i)/((d*x + 1)7(1/2) - 1)))/d"3 - ((14xb*((d
*x - 1)7(1/2) - 1i)73)/((d*x + 1)7(1/2) - 1)73 + (14*bx((d*x - 1)7(1/2) -
1i)7°8)/((d*x + 1)7(1/2) - 1)7°5 + (2%b*((d*x - 1)°(1/2) - 1i)"7)/((d*x + 1)
“(1/2) - 177 + (2%bx((d*x - 1)7(1/2) - 1i))/((d*x + 1)7(1/2) - 1))/(@"3 -
(4%d~3x((d*x - 1)7(1/2) - 1i)72)/((a*x + 1)7(1/2) - 1)72 + (6%d"3*((d*x -
1)7(1/2) - 1i)74)/((d*x + 1)7(1/2) - 1)74 - (4*%d~3*((d*x - 1)~(1/2) - 1i)
76)/((d*x + 1)7(1/2) - 1)76 + (d73*((d*x - 1)7(1/2) - 1i)78)/((d*x + 1)~ (1
/2) - 1)78) + ((d*x - 1)7(1/2)*((2*c)/(3*d"4) + (c*x~3)/(3*d) + (c*x72)/(3
*d~2) + (2%c*x)/(3%d73)))/(d*x + 1)7(1/2) + (a*x(d*x - 1)7(1/2)*(d*x + 1)7(
1/2))/d°2
Reduce [B] (verification not implemented)
Time = 0.14 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.94
z(a + bz + cz?)
V-1+dzv/1+dz
6vdx +1vdzr —1ad?+3vVdz + 1vdx — 1bd?’x + 2v/dx + 1/dx — 1cd?z® + 4/dz + 1 v/dx — 1c+4
N 6d*
input | 10t (ex (erx”2+brara) / (drx-1)~(1/2) / (dx+1) 7 (1/2) ,%) |

output‘ (6*sqrt(d*x + 1)*sqrt(d*x - 1)*a*d**2 + 3*sqrt(d*x + 1)*sqrt(d*x - 1)*b*d* \
(k2%x + 2¢sqrt(dex + 1)*sqrt(dxx - 1)xckdss2xx**2 + 4xsqrt(d*x + 1)*sqrt(ds |
Lx - 1)*c + 6xlog((sqrt(d*x - 1) + sqrt(d*x + 1))/sqrt(2))*bxd)/(6*xd**4) J
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3.11 f - a+bz+cz? dx

—1+dxv/1+dzx
Optimal result . . . . . . . . .. . .. 146
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ...
Rubi [A] (verified) . . . . . . . .. .. 147
Maple [A] (verified) . . . . . . . . . . 148
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 149
Sympy [F(-1)] . . . o 149
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1501
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 150
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 151
Reduce [B] (verification not implemented) . . . . . . ... ... ... ...... 1511

Optimal result

Integrand size = 29, antiderivative size = 77

a + bx + cz? p _ (c+2bd)vV—-1+dzv1+dx

T
V—1+dz\/1+dz 2d3
c(—=1+dz)*?/1+dx (c+ 2ad?)arccosh(dz)
- 205 * 25

ut \ 1/2% (2%b*xd+c) * (d*x-1) ~(1/2) *(d*x+1) ~(1/2) /d~3+1/2%c*x (d*xx-1) ~(3/2) * (d*x+1)~ \

outp
‘(1/2)/d“3+1/2*(2*a*d‘2+c)*arccosh(d*x)/d“B

Mathematica [A] (warning: unable to verify)

Time = 0.13 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.82

a+ bz + cz? .
V—1+dzv1+dz
d(2b+ cx)v/—1+ dzv/1 + dx + 2(c + 2ad?) arctanh( ]ﬁj{f)
2d3

input LIntegrate[(a + bxx + c*x”2)/(Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x] J
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| (@*(2#b + ckx)*Sqrt[-1 + d*x]*Sqrt[l + dxx] + 2x(c + 2#a*d"2)*ArcTanh[Sqrt

output
L[<-1 + d*x)/(1 + d*x)11)/(2%d"3) J

Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.91,

number of steps used = 4, number of rules used = 4, Bumber of rules _ 138 Ryjeg
integrand size

used = {1189, 83, 646, 43}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
a+ bz + cz?
Vdr —1vdx + 1
l 1189
cx’ +a /
Vdzx —1 m \/F m
J,83
cx’ +a - bvdx — 1/dz + 1
Vdzr — 1v/dz + 1 d?
J'646
(2ad2 + C) f \/F\/dm- b\/ dr — \/dac +1 ca:\/dac —1vdx +1
2d? 242
l'43
(2ad? + ¢) arccosh(dz)  byde — 1v/dz +1  cxv/dr — 1v/dx + 1
23 * & * o2&
input LInt[(a + bxx + c*x72)/(Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x] J

;
| (b*Sqrt[-1 + d*x]*Sqrt[1 + d¥x])/d"2 + (ckx*Sqrt[-1 + dxx]*Sqrt[1 + dxx])/

output
‘ (2%d~2) + ((c + 2%a*d~2)*ArcCosh[d*x])/(2*d"3)
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Defintions of rubi rules used

rule 43 Int[1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)1), x_Symbol]l :> Simpl[
ArcCosh[bx(x/a)]/(bxSqrt[d/v]), x] /; FreeQ[{a, b, c, d}, x] && EqQ[b*c + a
*d, 0] && GtQ[a, O] && GtQ[d/b, 0]
rule 83 Int[(Ca_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_1 :> Simplb*(c + d*x)~(n + 1)*((e + £f*x)"(p + 1)/(d*f*x(n + p + 2))),
x] /; FreeQ[{a, b, c, d, e, f, n, p}, x] && NeQ[n + p + 2, 0] && EqQ[axd*f
*(n + p + 2) - bx(d*ex(n + 1) + cxf*x(p + 1)), 0]
rule 646 Int[((c_ ) + (@_)*(x))"(m_.)*((e_) + (£_.)*(x_))"(n_.)*((a_.) + (b_.)*(x_)
~2), x_Symbol] :> Simp[b*x*(c + d*x)"(m + 1)*((e + £xx)"(n + 1)/(d*f*(2*m +
3))), x] - Simp[(b*cke - a*d*fx(2xm + 3))/(d*f*(2*m + 3)) Int[(c + d*x)~
m*(e + £*xx)°n, x], x] /; FreeQ[{a, b, c, d, e, £, m, n}, x] && EqQ[m, n] &&
EqQ[d*e + c*f, 0] && !LtQ[m, -1]
rule 1189 Int[((d_) + (e_.)*(x_)) " (m_.)*((f ) + (g_.)*(x_))"(n_.)*x((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2), x_Symbol] :> Simp[b Int[x*(d + exx) m*x(f + g*x)~°n, x],
x] + Int[(d + e*x)"m*(f + g*x) nx(a + c*x~2), x] /; FreeQ[{a, b, c, d, e, £
, g m, n}, x] && EqQ[m, n] &% EqQle*f + dxg, 0]

Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.25

method | result

(2a d?+c) ln( d?z +\/d2ar:2—1> V/(zd+1)(zd—1)

risch (cz+2b)vVzd+1vzd—1 + Va2
2d2 2d2vd2? \/zd—1v/zd+1
default Vzd—1+/zd+1 (csgn(d) dvd?z2—1cz+21n ( (\/ d2z2—-1 csgn(d)—}-md) csgn(d)) ad?+2 csgn(d)dvd2z2—1b+In ( (\/ d2x2—1 csgn(
erau

2d3+/d2z2-1

input Lint ((c*x~2+b¥x+a) /(d*x-1)~(1/2)/(d*x+1)~(1/2) ,x,method=_RETURNVERBOSE) J
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" \ 1/2% (cxx+2%b) * (d*x+1) = (1/2) * (d*x-1) = (1/2) /d"2+1/2% (2%a*d~2+c) /d"2*1n(d"2*x \
\ /(d72)7(1/2)+(d"2*x"2-1)7(1/2)) /(d72) " (1/2) * ((d*x+1) * (d*x-1) ) " (1/2) / (d*x-1 \
)7 (1/2)/ (@*x+1) " (1/2) |

outpu

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.79

a+ bz + cz? .
V—1+dav/1+dz
(cdz + 2bd)Vdz + 1v/dz — 1 — (2ad? + ¢)log (—dz + Vdz + 1v/dz — 1)
2d3

input ‘ integrate ((c*x~2+b*x+a)/(d*x-1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="fricas") ‘

‘1/2*((c*d*x + 2%bxd) *sqrt(d*x + 1)*sqrt(d*x - 1) - (2*a*d”2 + c)*log(-d#*x \

output
+ sqrt(d*x + 1)*sqrt(dsx - 1)))/d"3

Sympy [F(-1)]

Timed out.
2
atbetc dz = Timed out
V—1+dzv1+dz
input Lintegrate ((cxx**2+bxx+a) / (d*x-1) ** (1/2) / (d*x+1) **(1/2) ,x) J

output LTimed out J
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.17

a+ bx + cx? o — alog (2d%z +2v/d?2% — 1d) /P22 — lcx

z +
V—1+dz1+dzx d 2d?
N Vd2x2 — 1b N clog (2d%z + 2V/d?z? — 1d)
d? 2d3

input Lintegrate ((c*x~2+b*x+a) / (d*x-1)~(1/2) / (d*x+1)~(1/2) ,x, algorithm="maxima") J

‘a*log(2*d"2*x + 2%sqrt(d™2*x"2 - 1)*d)/d + 1/2xsqrt(d"2*x"2 - 1)*c*x/d"2 + ‘

output
‘ sqrt(d™2*x"2 - 1)*b/d"2 + 1/2%cxlog(2*d~2*x + 2*sqrt(d~2*x~2 - 1)*d)/d"3 ‘

Giac [A] (verification not implemented)
Time = 0.13 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.04

a + bz + cx?

X
V—1+dzv1+dz
\/dx T 1\/d117 1 ((dm{;l)c + 2bd5—cd4> _ 2(2ad?+c) log(Vdz+1—+/dz—1)

ds 2
2d
input ‘ integrate ((c*x~2+b*x+a)/(d*x-1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="giac") J

o 1/2x(sqrt(dsx + 1*sqrt(dsx - 1*((dkx + 1)xc/d"2 + (2¥bxd"5 - cxd"4)/d6)

outpu
‘ - 2%(2*axd”2 + c)*log(sqrt(d*x + 1) - sqrt(d*x - 1))/d"2)/d ‘
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Mupad [B] (verification not implemented)
Time = 11.32 (sec) , antiderivative size = 312, normalized size of antiderivative = 4.05
a+ bz + cz? .
V—=1+dz\/1+dx
Vdz—1-i d (Vdz—1-i)
_b\/dx—lx/dz+1+2catanh<\/m 1) 4aatan((m_l)\/_7d2>

d? d3 —d?
14c(vVdz—i— 1) 4 e do—1—i)° 4 2 da—1—i)" 4 2e(Vdo—T-i)
_ (Vdz+1-1)° (Vdz+1-1)° dat1-1)" Vdz+1-1
g A (Vaz—T- i)? L dz—1-i)" 48 (Vdz—1-i)° 4 @ (vda—1 Vdz—1-i)®
(vVdz+i-1)* (Vdz+1-1)* (vVdz+1-1)° (WH 1)8
inputtint((a + bx + c*x72)/((d*x - 1)~ (1/2)*(d*x + 1)7(1/2)),x) J
output (2xcxatanh (((d*x - 1)7(1/2) - 1i)/((@*x + 1)7(1/2) - 1)))/d"3 - ((14*c*((d

*x - 1)7(1/2) - 1i)73)/((d*x + 1)7(1/2) - 1)73 + (14*cx((d*x - 1)~(1/2) -
1i)75)/((d*x + 1)~(1/2) - 1)°5 + (2*c*((d*x - 1)~(1/2) - 1i)"7)/((d*x + 1)
~(1/2) - 1)77 + (2%cx((d*x - 1)7(1/2) - 1i))/((d*x + 1)~(1/2) - 1))/(d"3 -
(4xd~3*((d*x - 1)7(1/2) - 1i)"2)/((d*x + 1)°(1/2) - 1)72 + (6*d~3*((d*x -
1)7°(1/2) - 1i)74)/((d*x + 1)°(1/2) - 1)74 - (4%d"3*((d*x - 1)~(1/2) - 1i)
~6)/((d*x + 1)~(1/2) - 1)76 + (d~3*((d*x - 1)~(1/2) - 1i)~8)/((d*x + 1)~ (1
/2) - 1)78) - (4*axatan((d*((d*x - 1)7(1/2) - 1i))/(((d*x + 1)~(1/2) - 1)*
(-d~2)"(1/2))))/(-d"2)~(1/2) + (b*(d*x - 1)~ (1/2)*(d*x + 1)~(1/2))/d"2

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.10

a + bz + cx? .
V—1+dzV1+dzx
Wdz + 1+v/dz — 1bd + Vdz + 1v/dz — 1cdx+4log<—vdw—1+ WH) ad? +210g<—vdﬂc—1ji Vdﬂ) c

V2
2d3

input int ((c*x~2+b*x+a) / (d*x-1)~(1/2)/(d*x+1)~(1/2),x%)
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Output‘(2*sqrt(d*x + 1)*sqrt(d*x - 1)*bxd + sqrt(d*x + 1)*sqrt(dkx - 1)*c*d*x + 4
‘*log((sqrt(d*x - 1) + sqrt(d*x + 1))/sqrt(2))*axd**2 + 2+log((sqrt(d*x - 1
)+ sqrt(dex + 1))/sqrt(2))*c)/ (2xd**3)




output

input
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3.12 f a+bz+cz? dx
* zv/ —1+dx/1+dz

Optimal result . . . . . . . . .. . .. 153]
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 153
Rubi [A] (verified) . . . . . . . .. .. 154
Maple [C] (verified) . . . . . . . . . .. 157
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 158
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 158
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1601
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 160
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 161
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 1611

Optimal result

Integrand size = 32, antiderivative size = 55

_eV/-l+dzV1+dx N barccosh(dz)

/ a + bx + cx? i
zv/—1+dzv/1+dx d? d

+ a arctan (\/—1 +dzv1+ dz)

‘c*(d*x—i)‘(1/2)*(d*x+1)‘(1/2)/d‘2+b*arccosh(d*x)/d+a*arctan((d*x—l)‘(1/2)*

(@*x+1)7(1/2))

Mathematica [A] (warning: unable to verify)

Time = 0.14 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.25

/ a+ br + cz? 3:_c\/—1+dx\/1+dac
v/ —1+dzv/1+dx d?

—14dx
2barctanh( 11‘;33)
d

+ 2a arctan <

_|_

—1+dx
1+dx

)

Integrate[(a + bxx + c*x72)/(x*Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x]
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t‘ (cxSqrt[-1 + d*x]*Sqrt[1 + d*x])/d"2 + 2%a*ArcTan[Sqrt[(-1 + d*x)/(1 + d*x ‘

outpu
L)]] + (2%b*ArcTanh[Sqrt[(-1 + d*x)/(1 + d*x)11)/d J

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.62,

=9 number of rules _ 981, Rules

number of steps used = 10, number of rules used =
integrand size

used = {2113, 2340, 27, 538, 224, 219, 243, 73, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a + bx + cx?
iz Tzt 1"

l 2113
\/Wf Cijf#dw
iz Tz 11

l 2340

d? (a+bz)

Vd2x2 — 1 (f z\/d2 2_ + c\/ngf—l)
Vdr —1vdx + 1

l27

P ( I ﬁﬁﬁi_l dr + c\/dl214§2_1>

Vdr —1vdx + 1
J,538

22
VP =1 (af hde +b [ Jrbedo + /g1
Vdr —1vdx + 1
l 9224
d*z? -1 (af a:\/d21z2—1dl' + bf 1_;272d\/d2m2 1 + € dfng_l)
Vdr —1v/dx + 1

l 219
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varctanh( ——dz
d222 -1 d?z?—
T e ) | s
mm
l 243
Va2 1| 1 1 2 barctanh( dzd’fz‘l) evdig?-1
@a? —1| 30 [ mymm—de’ + ‘ e
Vdz — 1/dz + 1
l 73
af Fﬁdm barctanh( NCr: ) 222
VP =1 —eti, + e

l 218

barctanh( dz ) e

vd2?x2?2 — 1| aarctan (\/d2w2 — 1) + 5 2a?-1 v dZ‘gQ—l

Vdxr — 1vdx + 1

-

LInt [(a + b*x + c*xx™2)/(x*Sqrt[-1 + d*x]*Sqrt[1l + d*x]),x]

-/

input

‘ (Sqrt[-1 + d~2*x~2]*((c*Sqrt[-1 + d~2*x"2])/d"2 + a*ArcTan[Sqrt[-1 + d"2*x ‘
‘“2]] + (b*ArcTanh[(d*x)/Sqrt[-1 + d"2*x~2]]1)/d))/(Sqrt[-1 + d*x]*Sqrt[1 + ‘
d*x]) |

output




CHAPTER 3. LISTING OF INTEGRALS 156

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1) *(c - a*(d/b) +
d*(x~p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 218

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/bp] && (Gt
Qfa, 0] || LtQ[b, 01)

rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

rule 224

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx~((m - 1)/2)*(a + b*xx)"p, x], x, x°2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 243

rule 538 ToELC(c) + (d_)*(x))/((x)*Sqrtl(a) + (b_.)*(x_)72]), x_Symbol] :> Simp
[c Int[1/(x*#Sqrtl[a + b*x"2]), x], x] + Simp[d Int[1/Sqrtla + b*x~2], x]
» x] /; FreeQ[{a, b, c, d}, x]
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Int[(Px_)*((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_))*(x_))"(m_)*((e_.) + (£f_.
Y*(x_))"(p_.), x_Symbol] :> Simp[(a + b*x) FracPart[m]*((c + d*x) FracPart[
m] /(a*c + bxd*x~2) “FracPart[m]) Int [Px*(a*c + bxd*x"2) m*(e + f*x)“p, x],
x] /; FreeQ[{a, b, c, 4, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[bxc + a
*d, 0] && EqQ[m, n] && !IntegerQ[m]

rule 2113

Int[(Pg )*((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[
{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, Simp[f*(c*x)"(m + q - 1
Y)x((a + b*x”2)"(p + 1)/(b*c™(q - V*(m + q + 2%p + 1))), x] + Simp[1/(b*(m

+q+ 2%p + 1))  Int[(c*x) m*(a + b*x~2) “p*ExpandToSum[b*(m + q + 2*p + 1)
*Pq - bxfx(m + q + 2*p + 1)*x"q - axfx(m + q - )*x"(q - 2), x], x], x] /;

GtQlq, 1] && NeQ[m + q + 2*%p + 1, 0]] /; FreeQ[{a, b, c, m, p}, x] && PolyQ
[Pq, x] && ( !'IGtQ[m, O] || IGtQlp + 1/2, -11)

rule 2340

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.70 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.73

method | result

) csgn(d)a d?4csgn(d)vd?x2—1 c+In ( (\/m csgn(d)+md> ngn(d)) bd) Vzd—1+/zd+1 csgn(d

(— arctan ( d21 7
o2
default VT

input  int ((c*x"2+b¥x+a) /x/ (d*x-1)~(1/2)/(d*x+1)~(1/2) ,x ,method=_RETURNVERBOSE) |

(-arctan(1/(d"2+x~2-1)~(1/2)) *csgn(d) *a*d"2+csgn(d) *(d"2+x"2-1)~(1/2)*c+ln
| ((((@*x+1)%(d¥x-1)) " (1/2) *csgn (@) +xxd) kcsgn (d) ) #brkd) * (drx-1) " (1/2) # (dxx+1)
"(1/2)/d"2xcsgn(d) / (d™2xx"2-1) " (1/2)

output
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.33

X

/ a + bx + cx?
v/ —1+dz1+ dx
_ 2ad?arctan (—dz + Vdz + 1V/dz — 1) — bdlog (—dz + Vdz + 1V/dz — 1) + Vdz + 1V/dz — 1c
= o

integrate ((cxx~2+bxx+a)/x/(d*x-1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="fricas
n)

input

(2*axd~2*arctan(-d*x + sqrt(d*x + 1)*sqrt(d*x - 1)) - bxd*log(-d*x + sqrt(

output
d*x + 1)#*sqrt(d*x - 1)) + sqrt(d*x + 1)*sqrt(d*x - 1)*c)/d"2

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.



input

output
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Time = 30.25 (sec) , antiderivative size = 240, normalized size of antiderivative = 4.36

3 5 3
G>3 Dl 11,3 1
e6l13 153 (o |P2
/ a+ bz + cz? 2241102
- 3
zv/—1+dzv1+dz 42
113
G2’6 OaZ)ﬁ,Zalal e2im
tatr6 13 0.1 1 o|®
101 1202
+ 3
42
1 3 11
bG6,2 474 2’2’1’1 1
6,6 0 113 1.0 d2z2
14992947
+ 3
4dmzd
1 1 11
2,6 _57_71,()’175,1 e2im
WG s
47 4 99 Y'Yy
- 3
4dmzd
11 1
G52 Ta1 0’0’2’1 1
66 1 1911, d?z?
Ty T oY g0
+ 3
42 d?
3 1 1
G2’6 _17 4 20 4o O’ 1 e2im
47 4 r 2 20
+ 3
472 d?

' integrate((ckxrs2+bkx+a) /x/ (dkx-1)%k(1/2)/ (d¥x+1) %k (1/2) %)

N\ J

-a*meijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5/4, 3/2), (0,)),
1/ (@**2xx*%2) ) / (4*pi**(3/2)) + I*a*meijerg(((0, 1/4, 1/2, 3/4, 1, 1), O),
((1/4, 3/4), (0, 1/2, 1/2, 0)), exp_polar(2*Ixpi)/(d**2*x**2))/(4*pi**(3/
2)) + b*meijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1/4, 1/2, 3/4, 1, 0),
0)), 1/(d**2%x**2))/(4*pi**(3/2)*d) - I*b*meijerg(((-1/2, -1/4, 0, 1/4, 1
/2, 1), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(2*I*pi)/(d**2*x**2)
)/ (4xpi**(3/2)*d) + c*meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4,
0, 1/4, 1/2, 0), ), 1/(d**2xx*%2))/(4*pi**(3/2)*d**2) + I*c*meijerg(((-
1, -3/4, -1/2, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), exp_

polar (2+Ixpi)/ (Ax*2%x*%2) )/ (4*pi** (3/2)*d**2)
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.02

/ a+bo e dr = —aarcsin (i>
zvV/—1+dzv1+dz d|z|
N blog (2d*z + 2V d?z? — 1d) N Vd2z? — 1c

d d?
input | integrate ((cxx™2+bxx+a) /x/(d*x-1)7(1/2)/(d*x+1)7(1/2) ,x, algorithm="maxima
p II)
output -a*arcsin(1/(d*abs(x))) + bxlog(2*d~2*x + 2*sqrt(d~2*x"2 - 1)*d)/d + sqrt(
d"2*x"2 - 1)*c/d"2

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.29

a + bz + cx? 1 2
:—2 - 1_ _1
/x\/—1+dw\/1+dm dx a arctan (2 (\/dx—i— Vdz ) )

2
~ blog ((\/dx-l—l—\/dx—l) ) N Vdz ¥ 1dz — 1c
d d?

input Lintegrate ((c*x™2+b*x+a) /x/ (d*x-1)~(1/2) / (d*x+1)~(1/2) ,x, algorithm="giac") J

‘—2*a*arctan(1/2*(sqrt(d*x + 1) - sqrt(d*x - 1))72) - b*log((sqrt(d*x + 1)

output
‘- sqrt(d*x - 1))72)/d + sqrt(d*x + 1)*sqrt(d*x - 1)*c/d"2
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Mupad [B] (verification not implemented)

Time = 4.34 (sec) , antiderivative size = 118, normalized size of antiderivative = 2.15

d (Vdz—1—i)
/ a + br + cz? d$=CVH$—1Vd$+1_4b%M%(dﬂkﬂ %»
zv/—1+dzxv/1+dz d? —d2
(\/d.’L‘—l—l)Q Vdr—1-i
—a | In s+1]—In
(Vdz+1-1 Vdz+1-1

-

Lint((a + bxx + c*x~2)/(xx(d*x - 1)~ (1/2)*(d*x + 1)~(1/2)),%)

-/

input

‘(c*(d*x - 1)7(1/2)*(d*x + 1)7(1/2))/d"2 - (4xb*atan((d*((d*x - 1)7(1/2) -

output ‘
‘11))/(((d*x + 1)7(1/2) - 1)*(-d"2)7(1/2))))/(-d"2)7(1/2) - ax(log(((d*x - \
\ 1)7(1/2) - 1i)72/((d*x + 1)7(1/2) - 1)72 + 1) - log(((d*x - 1)~(1/2) - 1i) \
/((@xx + 1)7(1/2) - 1)))¥1d
Reduce [B] (verification not implemented)
Time = 0.14 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.53
/ a + bx + cx?
dx
v/ —1+dzv1+ dx
2atan(vdz — 1+ Vdz +1—1) ad® — 2atan(Vdz — 1+ Vdz + 1+ 1) ad® + Vdz + 1v/dz — 1c + 21
input Lint((c*x"2+b*x+a) /x/(dxx-1)"(1/2)/(d*x+1)~(1/2) ,x) J
output /(2*atan(sqrt (d*x - 1) + sqrt(d*x + 1) - 1)*a*xd**2 - 2*atan(sqrt(d*x - 1) + )

‘ sqrt(d*x + 1) + 1)*a*xd*x2 + sqrt(d*x + 1)*sqrt(d*x - 1)*c + 2*log((sqrt(d ‘
\*x - 1) + sqrt(d*x + 1))/sqrt(2))*b*d)/d**2




output
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3.13 a+bz+cx? dx
’ z2y/—1+dz/1+dx

Optimal result . . . . . . . . . . . . . e 162
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 162
Rubi [A] (verified) . . . . . . . .. .. 163
Maple [A] (verified) . . . . . . . . . . 166
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 1661
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 167
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 168l
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 168
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 169
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 1691

Optimal result

Integrand size = 32, antiderivative size = 55

av—1+dzV1+dzx
r = +

carccosh(dx)

/ a+ bz + cx?
22v/—1+dzv/1+dz

X

d

+ barctan (\/—1 +dzvV1+ dx)

*x+1)~(1/2))

‘a*(d*x—l)‘(1/2)*(d*x+1)‘(1/2)/x+c*arccosh(d*x)/d+b*arctan((d*x-1)‘(1/2)*(d

Mathematica [A] (warning: unable to verify)

Time = 0.14 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.25

_av—1+dzV1+dz

/ a+ br + cz? .
x2y/—1+dzxv/1+dz x

2carctanh <
+

—14+dz

1+dx

)

d

+ 2barctan (

—1+dx
1+dx

)

inputt

Integrate[(a + b*x + c*x72)/(x"2*Sqrt[-1 + d*x]*Sqrt[l + d*x]),x]
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. (axSqrt[-1 + dxx]*Sqrt[1 + dwx])/x + 2¥bxArcTan[Sqre[(-1 + d¥x)/(1 + d*x)]

outpu
L] + (2%cxArcTanh[Sqrt[(-1 + d*x)/(1 + d*x)11)/d J

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.62,

=8, number of rules _ 950, Rules
integrand size

number of steps used = 9, number of rules used =
used = {2113, 2338, 538, 224, 219, 243, 73, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bz + cz?
z2y/dx — 1\/dx + 1
l 2113

2.2 __ cx’+brta
Vdiz? —1 [ S dy

Vdr —1vdx + 1
l 2338

22
Pz — (f \/l:;:azc_ldx_i_ a\/d: 1)

Vdr —1v/dx + 1
l 538

av/d2z2—
\/d2$2—1<bfwﬁdx+c‘f \/dzi‘z—ldw—i_ dx 1)
Vdr —1v/dx + 1
l.224

1 1 d222—1
Vd2x2_1<bfz '7d2$2—1dw+cf1—§2‘£22—d\/d222 - +a\/ xa: >

Vdxr — 1v/dx + 1
l 219

carctanh
1 aVvd?z?—1 V2 2 1
\/dzccz—l(bfx\/dzx21dm+ ——+ g ))

Vdr —1v/dx + 1
l'243
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carctanh dz
22— 4242
Vd?z? -1 (%bf S TET Téﬂ—ldmz + avers 14 gv 1))

vdr —1v/dr+ 1
| 73
b —gt—dvd2z2-1 da
VP2 =1 ( 3*3%%(12 | VB2 carctanhgm))
Vdz — 1V/dz + 1

carctanh ( ——g=
\/d29:2—1<@+barctan (\/m)+ gm))
Vdr —1vdx + 1

inputtlnt[(a + bxx + cxx72)/(x"2xSqrt[-1 + d*x]*Sqrt[1 + d*x]),x] J

output‘ (Sqrt[-1 + d~2*x~2]*((a*Sqrt[-1 + d~2*x~2])/x + bxArcTan[Sqrt[-1 + d~2%x"2 ‘
‘]] + (c*ArcTanh[(d*x)/Sqrt[-1 + d"2*x~2]]1)/d))/(Sqrt[-1 + d*x]*Sqrt[1 + d* ‘

Lx] ) J

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

rule 218
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

rule 219

/Int[l/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
X, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

rule 224

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tx~((m - 1)/2)*(a + b*x)"p, x1, x, x°2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 243

rule 538 | IntLC(c ) + (d_.)*(x_))/((x_)*8qrtl(a_) + (b_.)*(x_)"2]), x_Symbol] :> Simp
[c Int[1/(x*Sqrt[a + b*x~2]), x], x] + Simp[d Int[1/Sqrtl[a + b*x~2], xI]
» x] /; FreeQ[{a, b, ¢, d}, x]

rule 2113 Int[(Px_)*((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(@m_)*((e_.) + (£f_.
Y*¥(x_))"(p_.), x_Symbol] :> Simp[(a + b*x) FracPart[m]*((c + d*x) FracPart[
m]/(a*c + b*d*x"2) "FracPart[m]) Int[Pxx(a*c + b*d*x~2) m*(e + f*x)“p, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + a
*d, 0] && EqQ[m, n] && !IntegerQ[m]

rule 2338 Tnt [P *((c_)*(x_))~(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp[R*(c*x)~(m + 1)*((a + b*x"2)"(p + 1)/(a*cx(m + 1))), x] + Simp[1/(axc*(
m+ 1)) Intl(c*x)"(m + 1)*(a + b*x~2) “p*ExpandToSum[a*ck(m + 1)*Q - b*Rx(
m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x] && Lt
Q[m, -1] && (IntegerQ[2*p] || NeQ[Expon[Pq, x], 11)
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Maple [A] (verified)

Time = 0.40 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.73

method | result S
cn (ﬁ Va1
Va2 —barctan<1)> v/ (zd+1)(zd—1)
222 =
I'iSCh avzd—1+vzd+1 + ( va ¢ ! C
T Vzd—1+/zd+1
—csgn(d)d arctan(7> br++vd?x2—1 csgn(d)da+In( (vVd2xz2—1 csgn(d)+zd ) csgn(d) ca:) Vzd—1+/zd+1 csgn(d)
default ( /et 7 d%(z( — ) ) ¢

inputLint((c*x"2+b*x+a)/x"2/(d*x-1)"(1/2)/(d*x+1)"(1/2),x,method=_RETURNVERBOSE) J

‘a*(d*x 1)~ (1/2)*(d*x+1) " (1/2) /x+(c*1n(d~2*x/(d"2) ~(1/2)+(d"2*x"2-1) " (1/2))

outpu ‘
put \/(d 2)~(1/2)-b*arctan(1/(d"2*x~2-1)"(1/2))) * ((d*x+1) *(d*x-1))~(1/2) / (d*x-1 \
)7 (1/2)/ (@*x+1) " (1/2) |
Fricas [A] (verification not implemented)
Time = 0.09 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.49
/ a+ bz + cz? .
22yv/—1+dzv/1+dz
B ad’z + 2bdz arctan (—dz + Vdz + 1v/dz — 1) + Vdz + 1v/dz — 1ad — czlog (—dz + vdz + 1/dz —
B dz
input integrate ((c*x~2+b*x+a)/x~2/(d*x-1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="fric
asll)
output (a*d~2*x + 2*bkd*x*arctan(-d*x + sqrt(d*x + 1)*sqrt(d*x - 1)) + sqrt(d*x +
1) *sqrt(d*x - 1)*axd - c*x*log(-d*x + sqrt(d*x + 1)*sqrt(d*x - 1)))/(d*x)
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 29.68 (sec) , antiderivative size = 216, normalized size of antiderivative = 3.93

571 3 39
dG>3 104 2729 1
adlsg g 1 537 9 0 d?z2?
/ a + bx + cx? AR
= - 3
x2y/—1+dzv/1 + dx 4m2
131537
26| 274777472 e2im
1adGgg 35 111 ol#
47 4 DRt )
- 3
472
35 3
Yo Dol L1 1
6611 3 1.5 3 0 d?a?
2747402
- 3
42
11 3
'bGz’G 0>Za§7171a1 e2im
16,6 13 0.1 1 o|®e
1014 12129
+ 3
472
13 11
G52 104 b1 1
06,6011§10 22
14929 490
+ 3
4drad
1 111
. G2’6 29 1’0727271 e2im
47 4 29 Y Yy
- 3
4rrad

input Lintegrate ((cxx**2+b*x+a) /x**2/ (d*x-1) ** (1/2) / (d*x+1) **(1/2) ,x)
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-axd*meijerg(((5/4, 7/4, 1), (3/2, 3/2, 2)), ((1, 5/4, 3/2, 7/4, 2), (0,))
» 1/(d**2%x*%2) )/ (4*pi**(3/2)) - I*axd*meijerg(((1/2, 3/4, 1, 5/4, 3/2, 1)
, 0), ((3/4, 5/4), (1/2, 1, 1, 0)), exp_polar(2xI*pi)/(d**2*x**2))/(4*pi*
*(3/2)) - bmeijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5/4, 3/2)
» (0,)), 1/(d**2xx*x*2))/(4xpi**(3/2)) + I*b*meijerg(((0, 1/4, 1/2, 3/4, 1,
1), 0O), ((1/4, 3/4), (0, 1/2, 1/2, 0)), exp_polar(2*I*pi)/(d**2*x**2))/(
4xpi**(3/2)) + c*meijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1/4, 1/2, 3/
4, 1, 0), ), 1/(d**2*x*%x2))/(4*pi**(3/2)*d) - I*c*meijerg(((-1/2, -1/4,
0, 1/4, 1/2, 1), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(2*I*pi)/(d
*x*%2%x*%2) ) / (4*pix*(3/2)*d)

output

Maxima [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.02

a+ bx + cz? . 1
dr = —barcsin [ —
22/ =1+ dzv/1 + dx d|z|
N clog (2d%z + 2V d?z? — 1d) N Vd2z? — 1a
d z

integrate ((cxx~2+bxx+a)/x"2/(d*x-1)"(1/2)/(d*x+1)~(1/2) ,x, algorithm="maxi

input
mall)

-b*arcsin(1/(d*abs(x))) + c*xlog(2+xd~2*x + 2xsqrt(d~2*x~2 - 1)*d)/d + sqrt(

output
d~2#%x"2 - 1)*a/x

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.51

/ a+ bx + cz? i
22v/—1+dzv/1+dz
<2barctan (% (\/dx+1—\/dx—1)2> Sa clog ((\/d:v-l-l—\/dx—
—d

- +
d (Viz+1—+dz—1)" +4 d
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integrate ((c*x"2+bxx+a)/x~2/(d*x-1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="giac
n)

input

—-d* (2*b*arctan(1/2*(sqrt(d*x + 1) - sqrt(d*x - 1))~2)/d - 8+%a/((sqrt(d*x +

output
1) - sqrt(d*x - 1))74 + 4) + cxlog((sqrt(d*x + 1) - sqrt(d*x - 1))72)/d"2

)

Mupad [B] (verification not implemented)

Time = 4.14 (sec) , antiderivative size = 118, normalized size of antiderivative = 2.15

d (Vdz—1-i)
/ a+ bz + ca® dx:a\/dx_lx/dz+1_4catan(m)
22/ =1+ dzv1+dz x V=
2
Vdr —1—i
Y INAE 1>2 1
(Vdz+1-1)

int((a + b*x + c*x~2)/(x"2x(d*x - 1)~(1/2)*(d*x + 1)~(1/2)),x)

inputt

output (@ (@*x = D7(L/2)*(dxx + D7(1/2))/x - (akcratan((@x((d*x - D7(1/2) - 11
)/ (((d*x + 17(1/2) = D*(=d"2)"(1/2))))/(-d"2)~(1/2) - b*(Log(((d*x - 1)
7(1/2) - 11)72/((@xx + 1)7(1/2) - 1)72 + 1) - log(((d*x - 1)7(1/2) - 1i)/(

(@kx + 1)7(1/2) - 1)1

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.67

/ a + bx + cx? .
22v/—1+dxv/1+dz

2atan(v/dz — 1+ v/dz + 1 — 1) bdz — 2atan(vVdz — 1+ vdz + 1+ 1) bdx + Vdz + 1v/dz — Lad + 2
- dx
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input| 10t ((erx"2+brara) /x72/ (dxx-1)7(1/2)/ (dx+1) 7 (1/2) ,%)

t‘(2*atan(sqrt(d*x - 1) + sqrt(d*x + 1) - 1)*bxd*x - 2*atan(sqrt(d*x - 1) +
‘sqrt(d*x + 1) + 1)*b*d*x + sqrt(d*x + 1)*sqrt(d*x - 1)*a*xd + 2xlog((sqrt(d
#x = 1) + sqrt(dsx + 1))/sqrt(2))*ckx + ardk*2+x)/(d*x)

outpu
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3.14

Optimal result
Mathematica [A] (warning: unable to verify)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [A] (verification not implemented)
Sympy [F(-1)]
Maxima [A] (verification not implemented)
Giac [B] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

a+br+cr?
f 3/ —1+dzx/1+dx dzx

Optimal result

Integrand size = 32, antiderivative size = 83

a+ bx + cx?

/m3\/—1—|—dx\/1+dx v

_av—l+davi+dz b/—T+davi+ds

212 T

(2¢ + ad?) arctan (\/—1 +dzV1+ da:)

N~

_|_

output

‘/1/2*3.* (d*x-1)"(1/2) *(d*x+1) ~(1/2) /x~2+b* (d*x-1) ~(1/2) * (d*x+1) ~(1/2) /x+1/2%
‘(a*d“2+2*c)*arctan((d*x—l)“(1/2)*(d*x+1)“(1/2))

Mathematica [A] (warning: unable to verify)

Time = 0.13 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.72

/

a + bz + cx?

_ (a+2bz)vV—-1+dzv1+dx

x
23v/—1+dxv/1+ dz 222

—1+dx
2
+ (20—|—ad )arctan ( T dz )

inputt

Integrate[(a + b*x + c*x"2)/(x"3*Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x]

N
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‘ ((a + 2xb*x)*Sqrt[-1 + d*x]*Sqrt[l + d*x])/(2*x~2) + (2%c + a*d~2)*ArcTan[

output
LSqrt[(-l + d*x) /(1 + d*x)]]

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.23,

— 6, number of rules _ 188, Rules
integrand size

number of steps used = 7, number of rules used =
used = {2113, 2338, 534, 243, 73, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bz + cz?
z3y/dx — 1/dx + 1
l 2113

2.2 __ cx’+brta
Vdiz? —1 [ SR dy

Vdr —1vdx + 1
l 2338

2b+ (ad?+2 Pri—
VBT =1 (§ [ e gy /T

vVdr —1v/dx + 1
l 534

VP52 =1(}((ad? + 2) [ o hydo + 2YEEL) o o Pl
Vdr —1vdx + 1
l 243
VBT =1 (4 (4 (ad? +20) [ drda? + BVESSL) 4 o)
Vdr — 1vdx + 1

| 73

(ad®+2c) [ —7 L I dvd2z2 -1
Vd2x? —1 % de;_ d2 + 2b\/d2z2 + a\/d;xz;—l
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Vd2z? — 1(% ((ad2 + 2c) arctan (\/d2x2 — 1) + 2b"d;x2_1) + “V‘Z’f—l)
Vdr — 1/dx +1

input LInt [(a + bxx + c*x72)/(x"3*Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x] J

e B

(Sqrt[-1 + d~2*x"2]*((a*Sqrt[-1 + d"2*xx"2])/(2*x~2) + ((2*%bxSqrt[-1 + d~2*

output
‘x"2])/x + (2*c + a*d~2)*ArcTan[Sqrt[-1 + d"2*x~2]1]1)/2))/(Sqrt[-1 + d*x]*Sq ‘
‘rt[l + d*x]) ‘
Defintions of rubi rules used

rule 73 IntLCCa_) + (b_)*(x_))" @ )*((c_.) + (d_.)*(x_))"(n)), x_Symbol] :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(p*x(m + 1) - 1)*(c - ax(d/b) +

d*(x"p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt

Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 218 IntL((a) + (b_.)*(x)"2)~(-1), x_Symboll :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

g43 Int[(x) (m_)*((a) + (b_.)*(x)"2)"(p_), x_Symbol]l :> Simp[1/2 Subst[In
tlx" (@ - 1)/2)*(a + b*x)"p, x], x, x°2], x] /; FreeQ[{a, b, m, p}, x] && I
‘ntegerQ[(m - 1)/2] ‘

rule

~

534\Int[(x_)‘(m_)='<((c_) + (d_)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
'Simp[(-c)*x~(m + 1)*((a + b*x™2)~(p + 1)/(2xax(p + 1))), x] + Simp[d  Int[
‘x"(m + 1)*x(a + bxx"2)"p, x], x] /; FreeQ[{a, b, c, 4, m, p}, x] && ILtQ[m, ‘
0] && GtQlp, -1] & EqQ[m + 2+p + 3, 0]

rule




rule 2113

rule 2338

input L
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Int[(Px_)*((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_))*(x_))"(m_)*((e_.) + (£f_.
Y*(x_))"(p_.), x_Symbol] :> Simp[(a + b*x) FracPart[m]*((c + d*x) FracPart[
m] /(a*c + bxd*x~2) “FracPart[m]) Int [Px*(a*c + bxd*x"2) m*(e + f*x)“p, x],
x] /; FreeQ[{a, b, c, 4, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[bxc + a
*d, 0] && EqQ[m, n] && !IntegerQ[m]

Int[(Pg_ )*((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp [R*(c*x)~(m + 1)*((a + b*xx"2)"(p + 1)/(axcx(m + 1))), x] + Simp[1/(a*xc*(
m+ 1)) Int[(c*x)"(m + 1)*(a + b*x~2) “p*ExpandToSum[a*c*(m + 1)*Q - b*Rx(
m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && Lt
Qm, -1] && (IntegerQ[2+p] || NeQ[Expon[Pq, x], 11)

Maple [A] (verified)

Time = 0.40 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.92

2v/d2z2 -1 x2

method | result size
ad? 1 V@ 1) (@d—1)
ch VadF1 Vad=1 (2bata) _ (c—i— 5 ) arctan( m) (zd+1)(zd—1) 76
IS¢ 2x2 Ved—1+/zd+1
Ved—1+zd+1 csgn(d)2 (arctan (*) ad?z2+2arctan (*) cr?2—2/d222 =1 bx—/d2x2—1 a)
default | — V222 V#2221 103

int ((c*x~2+b*x+a) /x~3/(d*x-1)~(1/2)/(d*x+1) ~(1/2) ,x,method=_RETURNVERBOSE) J

output ‘ 1/2% (d*x+1) ~(1/2) *(d*x-1) ~(1/2) * (2*%b*x+a) /x~2-(c+1/2*a*d~2) *arctan (1/(d~2#

‘ x72-1)7(1/2) ) * ((d*x+1) * (d*x-1))~(1/2) / (d*x-1)~(1/2) / (d*x+1) ~(1/2)
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.83

/ a+ bz + cz? .

z3v/—1+dzv/1+dz

_ 2bda® + 2 (ad® + 2 ¢)a® arctan (—dz 4+ Vdz + 1Vdz — 1) + (2bz + a)Vdz + 1Vdr — 1
B 21?2

input ‘ integrate ((c*x~2+b*x+a)/x~3/(d*x-1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="fric ‘
‘as") ‘

‘1/2*(2*b*d*x“2 + 2% (axd"2 + 2xc)*x"2%arctan(-d*x + sqrt(d*x + 1)*sqrt(d*x

output
‘_ 1)) + (2xb*x + a)*sqrt(d*x + 1)*sqrt(d*x - 1))/x"2

Sympy [F(-1)]

Timed out.
2
/ atbrtcs dx = Timed out
z3v/—1+ dzxv/1 + dx
input Lintegrate ((c*x**2+bxx+a) /x**3/ (d*x—-1) ** (1/2) / (d*x+1) **(1/2) ,x) J
OutputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.73

a + bx + cx? 1, ) 1 ) 1
dr = —— ad”® arcsin | — | — carcsin | ——
x3v/—1+dxv/1+dz 2 d|z| d|z|
N Vd2z2 — 1b N Vd2z? — la
T 2 12

t‘integrate((c*x“2+b*x+a)/x‘3/(d*x—l)A(1/2)/(d*x+1)A(1/2),x, algorithm="maxi

inpu ‘ma") ‘
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‘-1/2*a*d“2*arcsin(1/(d*abs(x))) - cxarcsin(1/(d*abs(x))) + sqrt(d~2*x"2 - ‘

output
Ll)*b/x + 1/2%sqrt(d"2*%x~2 - 1)*a/x"2 J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 145 vs. 2(67) = 134.

Time = 0.14 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.75

/ a+ bx + cx? .
x3v/—1+dxv/1+dz

(ad® + 2 cd) arctan (% (Vdz+1—+dz —1

2) N 2 (ad® (VdzF1—v/dz—1)°~4bd? (vdo+1—/do—1)* ~4 ad® (vdaF1
) ((\/dx+1—\/dx—1)4+4)2

d

input‘integrate((C*XA2+b*X+a)/XA3/(d*X‘1)“(1/2)/(d*X+1)“(1/2),x, algorithm="giac
‘n) ‘

‘{

output
‘*(sqrt(d*x + 1) - sqrt(d*x - 1))76 - 4xb*d"2*(sqrt(d*x + 1) - sqrt(d*x - 1

‘))‘4 - 4xa*d"3*(sqrt(d*x + 1) - sqrt(d*x - 1))72 - 16%b*xd~2)/((sqrt(d*x +

§
-((a*d™3 + 2%c*d)*arctan(1/2%(sqrt(dsx + 1) - sqrt(d*x - 1))72) + 2%(a*d™3 |
1) - sqrt(dex - 1))74 + 4)72)/d




input

output
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Mupad [B] (verification not implemented)
Time = 8.84 (sec) , antiderivative size = 316, normalized size of antiderivative = 3.81

ad?1i | ad®(Vdz—1-1)’1i _ ad?(Vdz—1-i)"15i
/ a+ bz + cz? p 32 16 (Vdz+1-1)° 32 1)

PV tdoy/I+ds | i) (/A1)

—~ |

()

vdr+1-1
9 (Vdz—1-i)> . — N\ L
ad® In <mj + 1) 1i ad2 In <vg$+11_1> 1i
2 + 2
L 0VAT—1VAz ¥ | ad (Vdo -1 — 1)1
z 32(Vdz+1-1)"

int((a + b*x + c*x~2)/(x"3*x(d*x - 1)~(1/2)*(d*x + 1)~(1/2)),x)

N\

((a*xd~2*1i)/32 + (a*d™2*((d*x - 1)7(1/2) - 1i)"2%1i)/(16%((d*x + 1)~(1/2)
- 1)72) - (axd™2x((d*x - 1)~(1/2) - 1i)~4%15i)/(32*((d*x + 1)~(1/2) - 1)"4
))/(((d*x - 1)°(1/2) - 1i)72/((d*x + 1)~(1/2) - 1)72 + (2% ((d*x - 1)~(1/2)
- 1i)74)/((d*x + 1)°(1/2) - 1)74 + ((d*x - 1)7(1/2) - 1i)"6/((d*x + 1)~ (1
/2) - 1)76) - cx(log(((d*x - 1)7(1/2) - 1i)~2/((d*x + 1)~(1/2) - 1)"2 + 1)
- log(((d*x - 1)7(1/2) - 1i)/((d*x + 1)~(1/2) - 1)))*1i - (a*d~2*log(((d*
x - 1)7(1/2) - 1i)72/((@*x + 1)°(1/2) - 1)72 + 1)*1i)/2 + (a*d~2*log(((d*x
- 1)°(1/2) - 1i)/((d*x + 1)°(1/2) - 1))*1i)/2 + (bx(d*x - 1)~ (1/2)*(d*x +
1)7(1/2))/x + (a*d~2*((d*x - 1)~(1/2) - 1i)"2%1i)/(32%((d*x + 1)~(1/2) -

1)°2)
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.52

/“ a+ bz + cx? .

x3v/—1+dzv/1 + dx

B 2atan(vdz — 1+ Vdz + 1 — 1) ad?z? + datan(vVdz — 1+ Vdz +1— 1) cz? — 2atan(vVdz — 1 + V/d
N 23

inputLint((c*x“2+b*x+a)/x‘3/(d*x—1)”(1/2)/(d*X+1)‘(1/2),X) J

output
‘ 1) + sqrt(d*x + 1) - 1)*c*x*x2 - 2*atan(sqrt(d*x - 1) + sqrt(d*x + 1) + 1

\)*a*d**Q*x**2 - 4*atan(sqrt(d*x - 1) + sqrt(d*x + 1) + 1)*cxx*x2 + sqrt(d*

‘(2*atan(sqrt(d*x - 1) + sqrt(d*x + 1) - 1)*axd**2xx**2 + 4*atan(sqrt(d*x -
X + 1)*sqrt(dsx - 1)*a + 2ksqrt(dkx + 1)*sqrt(dex - 1)*bkx)/(2kxk*2) |




output
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3.15 a+bz+cx? dx
’ g4/ —1+dz/1+dx

Optimalresult . . ... ... ... ... ... ... . . . 179
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 179
Rubi [A] (verified) . . . . . . . . .. 180
Maple [A] (verified) . . . . . . . . . . 182
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 183l
Sympy [F(-1)] . . . o 183
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 184
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 184
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 185

Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 32, antiderivative size = 116

/ a+ bx + cx?

z
x4/ -1+ dxv/1+dz

avV—-1+dxv/1+dz b/—-1+dzv/1+dx
- +
3z3 212
N (3¢ + 2ad?) v/—1+ dzv/1 + dz
3x

+ %bd2 arctan <\/—1 +dzv1+ dx)

186

‘1/3*a*(d*x—l)‘(1/2)*(d*x+1)‘(1/2)/x‘3+1/2*b*(d*x—i)‘(1/2)*(d*x+1)‘(1/2)/x‘
\2+1/3*(2*a*d‘2+3*c)*(d*x—1)‘(1/2)*(d*x+1)‘(1/2)/x+1/2*b*d‘2*arctan((d*x—1)
" (1/2) % (d*x+1)~(1/2))

Mathematica [A] (warning: unable to verify)

Time = 0.17 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.61

/

a + bx + cx?

- vV—=1+dzv/1+ dz(3z(b + 2cx) + a(2 + 4d*z?))

x4/ -1+ dxv/1 +dz

623

+ bd? arctan < —1+ dx)

1+ dx
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input‘ Integrate[(a + b*x + c*x~2)/(x"4*Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x]

t‘ (Sqrt[-1 + d*x]*Sqrt[1 + d*x]*(3*x*(b + 2*c*x) + a*(2 + 4*d"2%x"2)))/(6*x~

outpu
3) + bxd"2*ArcTan[Sqrt[(-1 + d*x)/(1 + d*x)]]

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.15,

=7, number of rules — 0.219, Rules

number of steps used = 8, number of rules used =
integrand size

used = {2113, 2338, 539, 534, 243, 73, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bz + cz? do
z4/dx — 1v/dz + 1
l 2113
Vd?z? -1 [ 5“2;2””2‘" a_dr
Vdx — 1vdx +1
l 2338

55 7(1  3b+(2ad?+3c)z ,/dz 21
d2w2_1<§f 23vd2z2—1 dz + 573 )

Vdr —1v/dx + 1
l 539

55 5(1(1 r 3bzd?+2(2ad?+3c 3bv/d2x2 — VaZz2—1
d2x2_1<§<§f xQ\/dng—l Ddo + pr )+a 32 >

Vdr —1vdx + 1
l 534
2V d222—1(2ad?+3c¢ 2,2 27
V222 —1 1<%<% (3bd2f . m( )> + BTy 1) + ol 1>
Vdzr — 1v/dx + 1
l 243
[0 1 2v/d2z2—1(2ad?+3c 222 av/Bz2—
d*z? — 1(% (5( bd2 f a;2\/d;a:2—1dx2 + ﬁ( )> + 3b\/gx2 1) + \/621313 1)
Vdr —1vdx + 1
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| 73

- 1<§<%<3bf a1+ “2””2‘1(2“%36)) + /PP ) - “V%1€2‘1>
d2 " a2

T

Vdr — 1vdx + 1

l 218

d?z? — 1(% (% (2m(2ad2+3c) + 3bd? arctan (\/m)) + 3bm) + am)

T 212 33
Vdr — 1vdx + 1

e

input LInt [(a + bxx + c*x72)/(x"4xSqrt[-1 + d*x]*Sqrt[1 + d*x]),x]

Output\(sqrt[-l + d72%x"2]*((axSqrt[-1 + d"2%x~2])/(3*x~3) + ((3*b*Sqrt[-1 + d~2%
‘X‘Q])/(2*x"2) + ((2%(3*c + 2*xa*d~2)*Sqrt[-1 + d~2#x"2])/x + 3*bxd~2*ArcTan
[Sqrt[-1 + d72%x~2]]1)/2)/3))/(Sqrt[-1 + d*x]*Sqrt[1 + d*x])

N\

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*(x~p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

rule 218 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

243‘Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x"2], x] /; FreeQ[{a, b, m, p}, x] && I
‘ntegerQ[(m - 1)/2]

rule

. >

J
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Int[(x_ )" (@ )*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>

Simp[(-c)*x~(m + 1)*((a + b*x"2)"(p + 1)/(2xa*x(p + 1))), x] + Simp[d 1Int[
x“(m + Dx*(a + b*x"2)7p, x], x] /; FreeQ[{a, b, c, d, m, p}, x] && ILtQ[m,

0] & GtQlp, -1] && EqQ[m + 2%p + 3, 0]

rule 534

Int[(x_ )" (m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[c*x~(m + 1)*((a + b*x"2)"(p + 1)/(a*(m + 1))), x] + Simp[1/(a*(m + 1))

Int[x~(m + 1)*(a + bxx"2) "p*x(axd*(m + 1) - b*cx(m + 2xp + 3)*x), x], x]
/; FreeQ[{a, b, c, d, p}, x] && ILtQ[m, -1] && GtQ[p, -1] && IntegerQ[2*p]

rule 539

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(m_)*((e_.) + (£f_.
Y*(x_))"(p_.), x_Symbol] :> Simp[(a + b*x) FracPart[m]*((c + d*x) FracPart[
m] /(a*c + b*d*x~2) “FracPart[m]) Int [Px*(a*c + b*d*x"2) m*(e + f*x)7p, x],
x] /; FreeQ[{a, b, c, 4, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + a
*d, 0] && EqQ[m, n] && !IntegerQ[m]

rule 2113

Int[(Pq_ )*((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp [R*(c*x)~(m + 1)*((a + b*xx"2)"(p + 1)/(axcx(m + 1))), x] + Simp[1/(a*xc*(
m+ 1)) Int[(c*x)"(m + 1)*(a + b*x"2) “p*ExpandToSum[a*c*(m + 1)*Q - b*R*(
m + 2xp + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x] && Lt
Qm, -1] && (IntegerQ[2#p] || NeQ[Expon[Pq, x], 11)

rule 2338

Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.77

method | result

n

2 1 _
Vzd+1+v/xd—1 (4a d2z24-6¢ x2+3bx+2a) . bd arctan( \/d21:271> (wd+1)(wd—1)

risch 623 2V/zd—1 vadil
Vad—1+vVzd+1 csgn(d)2 (3 arctan <ﬁ) bd2z3—4vVd222—1 a d?22—6vd222—1 c 22 —3vVd222—1 bz—2vVd2z2—1 a)
22—
default | — STET

input \ int ((cxx™2+b*x+a) /x~4/ (d*x-1)~(1/2)/ (d*x+1) ~(1/2) ,x ,method=_RETURNVERBOSE) \
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output ‘ 1/6% (dkx+1) ~(1/2) * (d*x—-1) ~(1/2) * (4*a*d~2*x " 2+6*Cc*xx " 2+3*xb*x+2*a) /x~3-1/2%b* ‘
d~2*arctan(1/(d"2*x~2-1)"(1/2))* ((d*x+1) *(d*x-1) )~ (1/2) / (d*x-1)~(1/2) / (d*x ‘
+1)7(1/2) |

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.78

/ a+ bz + cz? .

z4/—1+dzv/1 + dx

_ 6bd*a? arctan (—dz 4+ Vdz + 1Vde — 1) +2(2ad® 4 3cd)z® + (2(2ad® + 3 ¢)2? + 3bx + 2a)Vdx + 1
B 6 3

‘ integrate ((c*x~2+b*x+a) /x~4/(d*x-1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="fric ‘

input ‘ - ‘

|1/6%(6xbkd~2%x"3*arctan(-d*x + sqrt(dsx + 1)*sqrt(dsx - 1)) + 2#(2%a*d"3 +
| 3kcxkd)*x"3 + (2% (2%a*d™2 + 3xc)*x"2 + 3¥bkx + 2¥a)*sqrt(d*x + 1)*sqrt(dx
- 1)/x78 |

output

Sympy [F(-1)]

Timed out.
2
/ atbrtcs dx = Timed out
24/ =1+ dzv/1+ dx
input Lintegrate ((cxx**2+b*x+a) /x**4/ (d*x-1) ** (1/2) / (d*x+1) **x(1/2) ,x) J

output LTlmed out J
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.74

a+ bz + cz? 1., . 1 2+v/d?*z? — lad?
dz = ——= bd* arcsin +
24/ —1+dzv1+dz 2 d|z| 3z
+ Vd2x? — 1c 4 Vd2z2 —1b  /d?z? — 1a

T 212 33

integrate ((cxx~2+bxx+a)/x"4/(d*x-1)"(1/2)/(d*x+1)~(1/2) ,x, algorithm="maxi

input
mall)

-1/2%bxd"~2*arcsin(1/(d*abs(x))) + 2/3*sqrt(d~2*x"2 - 1)*a*d~2/x + sqrt(d~2

output
*x"2 - 1)*c/x + 1/2%sqrt(d™2*x"2 - 1)*b/x"2 + 1/3*sqrt(d™2*x"2 - 1)*a/x"3

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 187 vs. 2(92) = 184.

Time = 0.14 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.61

/ a+ br + cx? .
z4/—1+dzv/1 + dx
1, 3barctan<%(\/dac+1—\/dm—1)2) 2<3bd(\/d3:+1—\/dx—1)10—12c(\/dx+1—\ﬁ

—=d
3 d *

integrate ((c*x~2+b*x+a) /x~4/(d*x-1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="giac
II)

input

-1/3*d"3*(3*b*arctan(1/2*(sqrt(d*x + 1) - sqrt(d*x - 1))72)/d + 2*(3*b*d*(
sqrt(d*x + 1) - sqrt(d*x - 1))710 - 12*cx(sqrt(d*x + 1) - sqrt(d*x - 1))°8
- 96*axd"2*(sqrt(d*x + 1) - sqrt(d*x - 1))~4 - 96*c*(sqrt(d*x + 1) - sqrt
(d*x - 1))74 - 48%bxd*(sqrt(d*x + 1) - sqrt(d*x - 1))72 - 128%axd™2 - 192%
c)/(((sqrt(d*x + 1) - sqrt(d*x - 1))74 + 4)73%d"2))

output
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Mupad [B] (verification not implemented)

Time = 8.12 (sec) , antiderivative size = 304, normalized size of antiderivative = 2.62

ba’1i | b (Vdz—1-i)?1i  bd? (vVdo—1—i)" 15i
/ a+ bz + cz? p 32 16 (Vdz+1-1)° 32 (Vdz+i-1)"

€r =
r4/—1 + dz\/1 + dz (va;ﬁ;n24_2(dw4_g4+_(dw-bq
dz+i-1)> ' (Vda+i-1)*

b In [ W) 4 ) g
(Vdz+1-1)*
- 2
dx—1—i :
mpm(wmﬁ4>h cVdx —1+vdx+1
+ 2 + T
N \/m (2(1%3:133 + 2ac§z2 + % + %>
3vVdzr+1

b (VAT =T i)’ 1
32 (Vdz+1-1)°

s

inputlint((a + b¥x + cxx"2)/(x"4%(d*x - 1)7(1/2)*(d*x + 1)7(1/2)),x)

((b*d~2*1i) /32 + (b*d~2*((d*x - 1)~(1/2) - 1i)"2%1i)/(16%((d*x + 1)~(1/2)
- 1)72) - (bxd~2*((d*x - 1)~(1/2) - 1i)~4%15i)/(32%((d*x + 1)~(1/2) - 1)"4
))/(((d*x - 1)~(1/2) - 1i)~2/((d*x + 1)~(1/2) - 1)7"2 + (2% ((d*x - 1)~(1/2)
- 1i)74)/((@*x + 1)°(1/2) - 1)74 + ((d*x - 1)7(1/2) - 1i)"6/((d*x + 1)~ (1
/2) - 1)76) - (b*d™2xlog(((d*x - 1)7(1/2) - 1i)~2/((d*x + 1)~(1/2) - 1)"2

+ 1)*1i)/2 + (bxd~2*log(((d*x - 1)7(1/2) - 1i)/((d*x + 1)~(1/2) - 1))*1i)/
2 + (cx(d*x - 1)"(1/2)*(d*x + 1)°(1/2))/x + ((d*x - 1)~ (1/2)*(a/3 + (2*xaxd
“2%x72) /3 + (2%a*d"3*x"3)/3 + (a*xd*x)/3))/(x"3*(d*x + 1)7(1/2)) + (b*xd~2%(
(d¥x - 1)7(1/2) - 1i)72%1i)/(32*%((d*x + 1)~(1/2) - 1)72)

output

~—
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.21

/ a+ bz + cx? .
z4/—1+dzv/1 + dx

_ 6atan(vdz — 1+ Vdz +1—1) bd*z® — 6atan(vdz — 1+ Vdx + 14 1) bd*z® + 4v/dz + 1V/dz — 1¢
N 623

inputLint((c*x“2+b*x+a)/x‘4/(d*x—1)”(1/2)/(d*X+1)‘(1/2),X) J

(6*atan(sqrt(d*x - 1) + sqrt(d*x + 1) - 1)*bxd**2*x**3 - 6*atan(sqrt(d*x -
1) + sqrt(d*x + 1) + 1)*bxd**2xx**3 + 4*sqrt(d*x + 1)*sqrt(d*x - 1)*axd**
2xx**2 + 2*sqrt(d*x + 1)*sqrt(d*x - 1)*a + 3*sqrt(d*x + 1)*sqrt(d*x - 1)#*b
*x + 6*sqrt(d*x + 1)*sqrt(d*x - 1)*c*xx**2 — 4kaxd**3xx**3 — 2kcxd*x**3)/(6

output

*X*%3)
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187

3.16 [

Optimal result

2
a+bx+cx dx

22/ —1+dz/1+dx

Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ...

Rubi [A] (verified)
Maple [A] (verified)

Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. ..

Sympy [F(-1)]

Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 32, antiderivative size = 154

/

a + bx + cx?

T
25/ =1+ dxv/1 + dz

_av—1+davitdz by/—T+davi+ds

44 33
(4c + 3ad?) vV -1+ dzv/1 + dz
+ 2
8x
2bd%v/—1 + dzv/1 + dz
+ 3x

+ éd2 (4c + 3ad?) arctan <\/—1 +dzv1+ dx)

183
133]

192
192
192
193

t‘1/4*a*(d*x-l)”(1/2)*(d*x+1)”(1/2)/x”4+1/3*b*(d*x-l)“(1/2)*(d*x+1)“(1/2)/x“
\3+1/8*(3*a*d‘2+4*c)*(d*x-1)‘(1/2)*(d*x+1)‘(1/2)/x‘2+2/3*b*d“2*(d*x-l)‘(1/2
‘)*(d*x+1)‘(1/2)/x+1/8*d‘2*(3*a*d“2+4*c)*arctan((d*x—l)‘(1/2)*(d*x+1)‘(1/2)

)
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Mathematica [A] (warning: unable to verify)

Time = 0.23 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.60

/ a+ bx + cx? .
x5\/—1 +dz/1+dx
<\/ 1+ dov/1 + dz(a(6 + 9d222) + 4z(3cx + b(2 + 4d2z2)))
T2

T
-1
+ 6d” (4c + 3ad?) arctan (\ / ﬁ) )
input LIntegrate [(a + bxx + c*x”2)/(x"5*Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x] J

\ ((Sqrt[-1 + d*x]*Sqrt[1 + d*x]*(ax(6 + 9*d"2*x72) + 4*x*(3*c*kx + bx(2 + 4% \
‘d 2xx72))))/x"4 + 6*%d"2*(4*c + 3xa*d~2)*ArcTan[Sqrt[(-1 + d*x)/(1 + d*x)]] \
L)/24 J

output

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.09,

-9 number of rules _ 281, Rules
integrand size

number of steps used = 10, number of rules used =
used = {2113, 2338, 539, 539, 27, 534, 243, 73, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + bx + cx?
z2y/dx — 1v/dz + 1
l 2113

2,2 _ cx?4brta
Vdix f 4T

vVdr —1v/dx + 1
l 9338

m(i f 4b+(3ad2+4c)zd e /d2x2 )

z4/d222—1 424

Vdr —1vdx + 1
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l 539
8bxd2+3(3ad?+4c 2,2 2.2
\/m<i<3f w3\/d(2 — )d _+_4bvdz )+a\/cix:c4 1>
Vdr —1v/dx + 1
l 539

V&2 =1 ( 1 (% ( L & (160+3 (30 tdc)a) 3\/m(3ad2+4c)> N 4b¢m> N an)

2222 —1 212 3z3 4zt

Vdr —1v/dx + 1

| 27

Pz — 1(1 (1 (1d2 f 16b+3(3ad2+40)xd + 3\/d2x2—1(3ad2+4c)) i 4b\/g2z§T_1> n a\/m)

i\3(2 PN W 227 yr
Vidz —1Vdz +1
| 534
VB =14 (3 (3% (3(3002 + 4¢) [ | ptgmydo + 10VERT) | WESIQEH) ) | VERT) | 0Vt
Vdz —1Vdz +1
| 243

NPy 3vd222—1(3ad?+4 Vs —1 Vs
d2x? — 1(%(%( d2(3(3ad2 +4c) [ o ﬁz __dx? 160 ‘ix 1) + z 2x(2a c)) + 4b gx;a?,: ) + ¢ 4354
Vdr —1v/dx + 1

| 73

3(3ad?+4c) [ —rt1-dvVd?z?—1

2 z
V&2 1| 1 L] 12 522*,17 n 16b\/¢ff2—1 3vd?z? 2$(23ad ) | 4 4b\/7§ia§2—1 + i{i
Vdr —1v/dx +1
| 218

d2x? — 1(% (% <2d2 (3(3ad2 + 4c) arctan (\/W) + 16b‘/d;xT_1) + 3 dzz2_21x(23ad2+4c)) + 4 gi”f )
Vdr —1v/dx +1

input LInt[(a + bxx + c*xx72)/(x"5*xSqrt[-1 + d*x]*Sqrt[1 + d*x]),x] J
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Output‘(Sqrt[—l + d"2xx"2] *((a*Sqrt[-1 + d"2*x72])/(4*x"4) + ((4*b*Sqrt[-1 + d~2%
\x“2])/(3*x‘3) + ((3*%(4%c + 3xa*d”2)*Sqrt[-1 + d~2xx72])/(2*x"2) + (d"2*((1
‘G*b*Sqrt [-1 + d"2*x"2])/x + 3*(4xc + 3*axd"2)*ArcTan[Sqrt[-1 + d"2*x~2]]1))
‘/2)/3)/4))/(Sqrt[-1 + d*x]*Sqrt[1 + d*x])

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[

le 73

e {p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] & Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 218 IntL((a) + (b_.)*(x)"2)~(-1), x_Symboll :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 243 Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In

tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

Int[(x_)"(m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>

Simp[(-c)*x~(m + 1)*((a + b*xx"2)"(p + 1)/(2*ax(p + 1))), x] + Simp[d Int[
x"(m + 1)*(a + b*x"2)"p, x], x] /; FreeQ[{a, b, ¢, d, m, p}, x] && ILtQ[m,

0] && GtQ[p, -1] && EqQm + 2*p + 3, 0]

rule 534

Int[(x )" (@ )*((c ) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[c*xx~(m + 1)*((a + bxx"2)"(p + 1)/(ax(m + 1))), x] + Simp[1/(a*(m + 1))

Int[x"(m + 1)*(a + b*x"2) "p*(a*d*(m + 1) - bxcx(m + 2%p + 3)*x), x], x]
/; FreeQ[{a, b, c, d, p}, x] && ILtQ[m, -1] && GtQ[p, -1] && IntegerQ[2*p]

rule 539
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Int[(Px_)*((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_))*(x_))"(m_)*((e_.) + (£f_.
Y*(x_))"(p_.), x_Symbol] :> Simp[(a + b*x) FracPart[m]*((c + d*x) FracPart[
m] /(a*c + bxd*x~2) “FracPart[m]) Int [Px*(a*c + bxd*x"2) m*(e + f*x)“p, x],
x] /; FreeQ[{a, b, c, 4, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[bxc + a
*d, 0] && EqQ[m, n] && !IntegerQ[m]

rule 2113

Int[(Pg_ )*((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp [R*(c*x)~(m + 1)*((a + b*xx"2)"(p + 1)/(axcx(m + 1))), x] + Simp[1/(a*xc*(
m+ 1)) Int[(c*x)"(m + 1)*(a + b*x~2) “p*ExpandToSum[a*c*(m + 1)*Q - b*Rx(
m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && Lt
Qm, -1] && (IntegerQ[2+p] || NeQ[Expon[Pq, x], 11)

rule 2338

Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 107, normalized size of antiderivative = 0.69

method | result
2 2 1 —
risch VEFHT Vad—T (16bd?27+9a 20?1202 +8bo+6a) 7 (Bad+dc) EJLrCtam(\/m ) (@d+1)(zd—1)
242t 8vxd—1+v/zd+1
default Vzd—1+/zd+1 csgn(d)2 (9arctan<\/ﬁ)ad4m4+12arctan(ﬁ)cd2m4_16\/mbd2z3_9\/mad2 2
- _ 24+/d2x2 -1 24

input Lint ((c*x~2+b*x+a) /x~5/(d*x-1)~(1/2) / (d*x+1) ~(1/2) ,x ,method=_RETURNVERBOSE) J

‘1/24*(d*x+1)“(1/2)*(d*x-1)“(1/2)*(16*b*d“2*x”3+9*a*d“2*x‘2+12*c*x“2+8*b*x+
\6*a)/x‘4—1/8*d‘2*(3*a*d‘2+4*c)*arctan(1/(d‘2*x‘2—1)‘(1/2))*((d*x+1)*(d*x—1
)7 (1/2)/(@*x-1)"(1/2) / (@*x+1)~(1/2)

output
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.66

/ a+ bz + cz? .

25/ =1+ dzv/1+dz

_ 16bd%z* 4 6 (3ad* + 4 cd®)z* arctan (—dz + Vdx + 1v/dx — 1) + (16 bd®z® + 3 (3 ad® + 4 ¢)z® 4 8 bz A
B 24 14

integrate ((c*x~2+b*x+a) /x~5/(d*x-1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="fric

input
as")

1/24% (16*bxd"3%x"4 + 6%(3*a*d"4 + 4*c*d”~2)*x"4xarctan(-d*x + sqrt(d*x + 1)
*sqrt(d*x - 1)) + (16%bxd~2*x"3 + 3%(3%a*d™2 + 4*c)*x"2 + 8xb*x + 6%a)*sqr
t(d*x + 1)*sqrt(d*x - 1))/x74

output

Sympy [F(-1)]
Timed out.

dz = Timed out

/ a + bz + cx?
2°v/—1+dzv/1+dx

input ‘ integrate ((c*x**2+b*x+a) /x**5/ (d*x-1)**(1/2) / (d*x+1)**(1/2) ,x) ‘

outputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.79

a+ bz + cx? 3 4. 1 I 1
dr = ——ad” arcsin | — | — = ed” arcsin | ——
25v/—1+dzv/1+ dx 8 d|z| 2 d|z|
2v/d?2z? — 1bd?  3+/d?2z2 — lad?
+ 3z + 8 12
+ Vd32x?2 — 1c N Vd2z2 —1b  /d?z2? — 1a

212 3z3 4 x4
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integrate ((c*x"2+bxx+a)/x~5/(d*x-1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="maxi
ma"

input

-3/8%axd~4*arcsin(1/(d*abs(x))) - 1/2*c*d”2*arcsin(1/(d*abs(x))) + 2/3%*sqr
t(d"2*x"2 - 1)*b*d"2/x + 3/8*sqrt(d~2*x"2 - 1)*a*d~2/x"2 + 1/2*sqrt(d~2*x"
2 - 1)*c/x"2 + 1/3*sqrt(d™2*x"2 - 1)*b/x"3 + 1/4*sqrt(d"2*x"2 - 1)*a/x"4

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 325 vs. 2(124) = 248.

Time = 0.15 (sec) , antiderivative size = 325, normalized size of antiderivative = 2.11

/ a+ bz + cx?
25/ =1+ dzv/1+dz

3 (3ad® + 4 cd®) arctan <% (Vdz +1—+dz—1

) 2) + 2 (9 ad® (Vdz+1—/dz—1) " +12 ed3 (Vdo+1—/do—1) * +132

p
input\integrate((c*x‘2+b*x+a)/x*5/(d*x—l)‘(1/2)/(d*x+1)‘(1/2),x, algorithm="giac

-1/12% (3% (3*a*d~5 + 4*c*d"3)*arctan(1/2*(sqrt(d*x + 1) - sqrt(d*x - 1))°2)
+ 2% (9*a*d"5*(sqrt(d*x + 1) - sqrt(d*x - 1))714 + 12%c*xd"3*(sqrt(d*x + 1)
- sqrt(d*x - 1))714 + 132*a*d~5*(sqrt(d*x + 1) - sqrt(d*x - 1))710 + 48%c

*d"3*(sqrt(d*x + 1) - sqrt(d*x - 1))710 - 384*b*d~4*(sqrt(d*x + 1) - sqrt(

d*x - 1))78 - 528*axd~b*(sqrt(d*x + 1) - sqrt(d*x - 1))76 - 192%c*d”~3*(sqr

t(d*x + 1) - sqrt(d*x - 1))76 - 2048%b*d~4*(sqrt(d*x + 1) - sqrt(d*x - 1))

~4 - 576%axd"5*(sqrt(d*x + 1) - sqrt(d*x - 1))72 - 768*c*d"3*(sqrt(d*x + 1

) - sqrt(d*x - 1))7°2 - 2048%b*d"4)/((sqrt(d*x + 1) - sqrt(d*x - 1))74 + 4)

~4)/d

output
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Mupad [B] (verification not implemented)

Time = 19.24 (sec) , antiderivative size = 695, normalized size of antiderivative = 4.51

/ a + bz + cx?

dz = Too large to displa;
25v/—1+dzv/1 + dz & pray

-

input Lint((a + b*x + c*xx"2)/(x"5x(d*x - 1)~ (1/2)*(d*x + 1)~(1/2)),x) J\

((c*d~2*1i) /32 + (c*d™2%((d*x - 1)7(1/2) - 1i)"2%1i)/(16%((d*x + 1)~ (1/2)
- 1)72) - (ckd™2x((d*x - 1)~(1/2) - 1i)~4%15i)/(32%((d*x + 1)~ (1/2) - 1)"4
))/(((d*x - 1)7(1/2) - 1i)72/((d*x + 1)7(1/2) - 1)72 + (2x((d*x - 1)~(1/2)
- 1i)74)/((@*x + 1)°(1/2) - 1)74 + ((d*x - 1)7(1/2) - 1i)"6/((d*x + 1)~ (1
/2) - 1)76) - ((a*xd~4%1i)/1024 - (a*d~4*((d*x - 1)~(1/2) - 1i)~2%3i)/(128%
((@*x + 1)7(1/2) - 1)72) - (a*d™4*((d*x - 1)~(1/2) - 1i)~4%53i)/(512*((d*x
+ 1)7(1/2) - 1)74) + (a*d~4*x((d*x - 1)~(1/2) - 1i)"6%87i)/(256*((d*x + 1)
~(1/2) - 1)76) + (a*d™4x((d*x - 1)7(1/2) - 1i)~8%657i)/(1024*((d*x + 1)~ (1
/2) - 1)78) + (a*d~4*((d*x - 1)~(1/2) - 1i)~10%121i)/(256*((d*x + 1)~ (1/2)
- 1)710))/(((d*x - 1)7(1/2) - 1i)~4/((d*x + 1)7(1/2) - 1)74 + (4*((d*x -
1)°(1/2) - 1i)76)/((d*x + 1)~(1/2) - 1)76 + (6%((d*x - 1)~(1/2) - 1i)"8)/(
(d*x + 1)°(1/2) - 1)78 + (4x((d*x - 1)°(1/2) - 1i)~10)/((d*x + 1)~ (1/2) -
1)710 + ((d*x - 1)°(1/2) - 1i)~12/((d*x + 1)~(1/2) - 1)712) - (a*xd~4x*log((
(d*x - 1)7(1/2) - 1i)~2/((d*x + 1)~(1/2) - 1)72 + 1)*3i)/8 - (c*xd~2xLlog(((
d#x - 1)7(1/2) - 1i)72/((d*x + 1)7(1/2) - 1)72 + 1)*1i)/2 + (axd~4*log(((d
*x - 1)7(1/2) - 1i)/((d*x + 1)7(1/2) - 1))*3i)/8 + (cxd~2xlog(((d*x - 1)~(
1/2) - 1i)/((d*x + 1)7(1/2) - 1))*1i)/2 + ((d*x - 1)7(1/2)*(b/3 + (2%b*d~2
*x72) /3 + (2*¥b*d~3*x73)/3 + (bxd+*x)/3))/(x"3*(d*x + 1)7(1/2)) + (axd"4*((d
xx — 1)7(1/2) - 1i)"2%71)/(256%((d*x + 1)~(1/2) - 1)°2) - (a*d~4*((d*x - 1
)7(1/2) - 1i)74%1i)/(1024*((d*x + 1)7(1/2) - 1)74) + (c*d™2x((d*x - 1)~...

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 202, normalized size of antiderivative = 1.31

/ a+ bx + cz? .
z°v/—1+dzv/1+dz
B 18atan(vdx — 1+ vdr + 1 — 1) ad'z* + 24atan(vdz — 1+ Vdz + 1 — 1) cd®z* — 18atan(v/dx — 1.
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input| 10t ((erx"2+brxra) /x76/ (drx-1)~(1/2)/ (dx+1) 7 (1/2) ,%)

(18*atan(sqrt(d*x - 1) + sqrt(d*x + 1) - 1)*axd*x4*x*x*4 + 24*xatan(sqrt(d*x
- 1) + sqrt(d*x + 1) - 1)*ckd**2*x*x*4 - 18*atan(sqrt(d*x - 1) + sqrt(d=*x
+ 1) + 1)*xa*xd**4xx**4 - 24*atan(sqrt(d*x - 1) + sqrt(d*kx + 1) + 1)*cxd**2%*
x*¥x4 + 9*sqrt(d*x + 1)*sqrt(d*x - 1)*axd**2kx**2 + 6*sqrt(d*x + 1)*sqrt(d*
X - 1)*xa + 16*sqrt(d*x + 1)*sqrt(d*x - 1)*bkd**2*x**3 + 8xsqrt(d*x + 1)*sq
rt(d*x - 1)*b*x + 12+sqrt(d*x + 1)*sqrt(d*x — 1)*c*x**2 — 16*%b*xd**3*x**4)/

(24xx**4)

output
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3.17 z° (a+bz?+czt) d

Vd—ez\/d+ezx
Optimal result . . . . . . . . . . . e 196
Mathematica [A] (verified) . . . . . . . . . ... 197
Rubi [A] (verified) . . . .. . ... .. 197
Maple [A] (verified) . . . . . . ... L 199
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 200
Sympy [C] (verification not implemented) . . . ... ... ... ... ...... 200
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...,
Giac [A] (verification not implemented) . . . . . . .. ... ... oL 203
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 203
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 204

Optimal result

Integrand size = 35, antiderivative size = 210

z5(a + bx? + cx?) _ d*(cd* +bd*e® + ae*) Vd — exvd +ex

dr =

Vd —exv/d+ ex eld

d?(4cd* + 3bd?e? + 2ae?) (d — ex)3/?(d + ex)3/?

+
3el0

(6cd* + 3bd2%e? + ae*) (d — ex)®?(d + ex)®/?
B 5el0

(4cd? + be?) (d — ex)"/?(d + ex)"/?
+

710

c(d — ex)??(d + ex)"/?

o 9el0

-d74* (a*xe”4+bxd"2*e " 2+c*d"4) *x (—exx+d) " (1/2) * (exx+d) " (1/2) /e~10+1/3*d™2* (2% \
axe~4+3%bxd"2%e " 2+4xc*d 4) * (—exx+d) " (3/2) * (exx+d) ~(3/2) /e~10-1/5x (axe~4+3% |
| bkd"2%e"2+6%c*xd™4) * (—exx+d) " (5/2) * (exx+d) ~(5/2) /e~10+1/Tx (bxe 2+4xc*d™2)* (|
—exx+d) " (7/2)* (exx+d) " (7/2) /e”10-1/9%cx (~exx+d) ~(9/2) * (exx+d) ~ (9/2) /610 |

output ‘
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Mathematica [A] (verified)

Time = 0.29 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.71

z5(a + bx? + cx?)

Vd —ex/d+ ex

_Vd— exv/d + ex(21ae*(8d" + 4d*e*a® + 3e'x?) + 9b(16d°€* + 8d'e*x® + 6d%e’z* + 5e’x°) + c(1284
31510

dr =

input‘ Integrate[(x"5%(a + b*x"2 + c*x74))/(Sqrt[d - exx]*Sqrtld + e*x]),x]

‘-1/315*(Sqrt [d - e*x]*Sqrt[d + e*x]*(21xaxe”4*(8*d"4 + 4*d"2*%e~2*x"2 + 3*e \
\“4*x‘4) + 9xb* (16*%d"6*e”2 + 8*d~4*e”4*x”2 + 6xd"2*e"6*x"4 + 5*%e”8*x"6) + c \
‘*(128*d“8 + 64*d"6*e”2*x"2 + 48*%d"4*e"4*x"4 + 40*%d"2*e”"6*x"6 + 35*e"8*x"8) ‘
))/e"10 |

output

Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 234, normalized size of antiderivative = 1.11,

— 4, number of rules — 0.114. Rules
integrand size B

number of steps used = 5, number of rules used =
used = {1905, 1578, 1195, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z°(a + bz? + cz?)
Vd —exv/d+ex
l 1905

VB = [ Tt gy
Vd—exv/d+ ex
l 1578

2v/d — ea:\/d —i— ex
l 1195




input |

output

rule 1195

rule 1578
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e8 e8 e8

&2 [ <C(d

e8

2—62272)7/2 + (—4Cd2—b62) (d2—e2w2)5/2 + (60d4+3b62d2+ae4) (d2—62w2)3/2 + (—4cd6—3be2d4—2ae4d2)\/d2i

2v/d — exv/d + ex
l 2009

5el0 3el0

N7y <_2(d2—e2w2)5/ % (ae*+3bd2e?+6cd*) n 2d? (42 —€20?)/? (2ae+3bd2e? +4cd?)  2d*v/dP—e?a? (ae+bd%e?+cd?)

€10

L2

2v/d — exv/d + ex

Int[(x7"5%(a + b*x"2 + c*x"4))/(Sqrt[d - e*x]*Sqrt[d + exx]),x]

(Sqrt[d~2 - e™2*x"2]*((-2*%d"4*(cxd"4 + b*d~2%e”2 + axe”4)*Sqrt[d”™2 - e™2+*x
~2])/e"10 + (2xd"2x(4*c*d"4 + 3*b*d"2*%e”2 + 2*xaxe"4)*(d"2 - e"2xx"2)7(3/2)
)/ (3*xe”10) - (2% (6*c*d™4 + 3*xbxd"2*e”2 + a*e”4)*(d"2 - e™2*xx72)"(5/2)) /(5%
e”10) + (2% (4*c*xd"2 + b*e”2)*(d"2 - e72%x72)"(7/2))/(7*e~10) - (2*c*(d"2 -
e”"2%x72)7(9/2))/(9%e~10)))/(2*Sqrt [d - exx]*Sqrt[d + exx])

Defintions of rubi rules used

Int[((d_.) + (e_)*(x))"(m_.)*((£_.) + (g_.)*(x_))"(a_.)*((a_.) + (b_.)*(x
)+ (e )*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
g*x) "n*(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n}, x
1 && IGtQlp, O]

Int[(x_)~(m_.)*((d)) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x)"gx*(a
+ b*x + c*xx~2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, d, e, p, 9}, x] && Int

egerQ[(m - 1)/2]

>N




rule 1905
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Int[((£_.)*(x_))"(m_.)*((d1_ ) + (el_.)*(x_)"(non2_.))"(q_.)*((d2_) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(n_) + (c_)*(x_)"(m2_))"(p_.), x
_Symbol] :> Simp[(dl + el*x”(n/2)) FracPart[ql*((d2 + e2*x”(n/2)) FracPart[
ql/(d1*d2 + el*e2*x"n) FracPart[q]) Int[(f*x) m*(d1*d2 + el*e2*x"n) g*(a
+ b*x"n + c*x~(2*n))”p, x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, f, n, p,
q}, x] && EqQ[n2, 2*n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

input

output

Maple [A] (verified)

Time = 0.92 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.69

method | result
vexr+d+/—ex+d (350 28e84-45be8x64+40c d2e8264-63a eBx4+-54b d2eS x4 +48c dtetxt+-84a d?eSx2+72b dtetx2 +-64c dBe?a2 41

gOSpeI‘ - 315610
default vexr+d+/—ex+d (350 28e8+45b B8 +40c d2e820+63a eBrt+54b d2efxt+48c dietz?t+84a d2ebx2+72b d*etx2 +64cdSex2+1
- 31510

risch Vex+d/—ex+d (35c 28e84+45b e85 +40c d2e828+63a eBx*+54b d2efxt+48c dietz?+84a d2ebx2 +72b d*etx2 +64c dBex2+1
- 31510

orering vexr+d+/—ex+d (35c 28e8+45b 826 +40c d2e826+63a e3xt+54b d2eSxt+48c dtetxt+84a d2ebx2+72b d*etx2 +64c dBe?a2+1
B 315¢10

int (x76* (c*xx"4+b*x~2+a) / (-e*x+d) ~(1/2) / (e*x+d) ~(1/2) ,x ,method=_RETURNVERBO
SE)

-1/315*% (e*xx+d) ~(1/2) * (mexx+d) ~(1/2) * (35*c*e~8*x~8+45*b*e~8*x~6+40*c*d~2*e~
6*%x"6+63*a*e " 8*xx"4+54*bxd"2*%e"6*x"4+48*c*kd"4*xe"4*x"4+84*a*d"2*xe”6*x"2+72*b
*d"4*e”4*xx"2+64*c*d"6*e”2xx"2+168*a*d"4*e”4+144*xb*d"6*e"2+128*c*d~8) /e~ 10
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.66

z5(a + bx? + cx?)

Vd —ex/d+ ex

_ (35cea® + 128 cd® + 144 bd°¢® + 168 ad*e* + 5 (8 cd®e® + 9be®)2® + 3 (16 cd’e” + 18 bd%e® + 21 ae®):
31510

dr =

integrate (x5 (c*x~4+b*x~2+a) / (—exx+d) ~(1/2)/ (exx+d)~(1/2) ,x, algorithm="f

input
ricas")

N

-1/315%(35*c*e”8*x"8 + 128%c*d~8 + 144*b*d~6*e”2 + 168*a*d”4*e”4 + 5x(8*cx*
d"2*e”6 + 9*b*e"8)*x"6 + 3*x(16kc*d"4*e”4 + 18*bxd"2*e”6 + 21*a*e”8)*x"4 +
4% (16*%c*d~6%e”2 + 18*%bxd~4*e”4 + 21*axd”~2%e”6)*x"2)*sqrt(exx + d)*sqrt(-e*
x + d)/e”10

output

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
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Time = 21.95 (sec) , antiderivative size = 367, normalized size of antiderivative = 1.75

9 _ 7 3
. d5G6’2 4 4 2’ 2) 27 1 d2
ta 6,6 5 9 ) 7 3 0 e2x2
m5(a+bx2+cx4)d T TATD T
Tr = — 3
Vd —exv/d+ ez 472 b
11 5 _ 9
ad5G2’6 37 490 27 49 27 1 d2e—2im
6,6 _u _9 3.5 _5 (| ¢
4" 1 » T T
4rr2eb
_1B3 _ 1 _3 _3 _5
ibd? G52 41" 4 3, =3, 2’1 d2
6,6 7T _13 _g 1 _5 e2z?
Ty T gy T T Ty T
- 3
4rze8
4 B _ 7 13 _
72,6 47 40 2 4 3’1 d2e—2im
bd'G,
6,6 _ 15 __13 4.7 _7 €22
477 4 T2 T
4maed
17 15 7
’iCdgGﬁ’Z 47 4 47 47 271 2
66\ _9 _17 4 _15 _7 0 22
29 4 ’ 40 2
- 3
4210
19 9 17
Cd9G2’6 _57 40 29 4> 4a 1 d2e—2im
6,6 _19 _17 5.9 _9 | ¢«
49 4 y 92y 9
- 3
42l

input Lintegrate (x**k5% (cxx**4+bxx**2+a) / (—exx+d) ** (1/2) / (e*xx+d) **(1/2) ,x)
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-I*axd**5*meijerg(((-9/4, -7/4), (-2, -2, -3/2, 1)), ((-5/2, -9/4, -2, -7/
4, -3/2, 0), ), dx*2/(ex*2xx**2))/(4*pi**(3/2)*e**6) - axd**5xmeijerg(((
-3, -11/4, -5/2, -9/4, -2, 1), O), ((-11/4, -9/4), (-3, -5/2, -5/2, 0)),
d**2xexp_polar (-2xI*pi)/ (e**2*x**2) )/ (4*pi**(3/2)*ex*6) — I*bxd**7*meijerg
(((-13/4, -11/4), (-3, -3, -5/2, 1)), ((-7/2, -13/4, -3, -11/4, -5/2, 0),
(0)), d**2/(e*x2*x*x2) )/ (4*pi**(3/2)*ex*8) - bkd**7*meijerg(((-4, -15/4, -7
/2, -13/4, -3, 1), O), ((-15/4, -13/4), (-4, -7/2, -7/2, 0)), d**x2xexp_po
lar (-2xIxpi)/ (e**2*x*%x2) )/ (4*pi**(3/2) *ex*8) - I*kcxdx*9xmeijerg(((-17/4, -
15/4), (-4, -4, -7/2, 1)), ((-9/2, -17/4, -4, -15/4, -7/2, 0), ), d**2/(
ex*2xx*%2) ) / (4*pi%*(3/2) xe**10) - c*d**9*meijerg(((-5, -19/4, -9/2, -17/4,
-4, 1), O), ((-19/4, -17/4), (-5, -9/2, -9/2, 0)), d**2xexp_polar (-2xI*p
i)/ (ex*2xx*%2)) / (4xpix* (3/2) *e**10)

output

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 295, normalized size of antiderivative = 1.40

z°(a + bz? + cxt) dr =V —e2x? + d?cx® 8/ —e2x? + d2ed®x®

Vd —exvd+ ex T=T 9e2 B 63 e
vV—e2z2 + d?bz® 16 vV —e222 + d?cd*z?
B 7 €2 B 105 €6
6 v—e222 + d2bd’z* V—e222 + d2ax*
a 35 ¢? a 5 2
64/ —e222 + d2cd’z? 8/ —e2x2 + d2bd*x?
B 315 €8 B 35 ¢6
4+/—e2x? 4+ d2ad’2® 128 vV —e222 + d2cd®
B 15 ¢ B 315 €10
16/ —e222 + d2bd® 8 v/—e2a2? + d%ad*
B 35¢8 Bl 15 €5

input‘integrate(x"S*(c*x"4+b*x"2+a)/(-e*x+d)"(1/2)/(e*x+d)"(1/2),x, algorithm="m ‘
axima") ‘




output

input

output
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-1/9%sqrt(-e~2*x"2 + d"2)*c*x"8/e”2 - 8/63*sqrt(-e~2*x"2 + d~2)*c*xd"2*x"6/
e”4 - 1/Txsqrt(-e"2*x"2 + d~2)*b*x"6/e"2 - 16/105*sqrt(-e~2*x"2 + d~2)*c*d
~4*x~4/e"6 - 6/3b5*sqrt(-e”2*x"2 + d"2)*bxd"2*x"4/e"4 - 1/5xsqrt(-e"2*x"2 +
d~2)*axx"4/e"2 - 64/315*%sqrt(-e”2*x"2 + d~2)*c*d"6*xx"2/e"8 - 8/35*sqrt(-e
“2*%x72 + d72)*bxd"4*x"2/e"6 - 4/1bxsqrt(-e”2*x"2 + d~2)*a*d"2*x"2/e"4 - 12
8/315*sqrt(-e~2*x"2 + d"2)*c*d"8/e~10 - 16/35*sqrt(-e~2*x"2 + d~2)*b*xd"6/e
~8 - 8/1b*sqrt(-e”2*x"2 + d~2)*a*d"4/e"6

Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 228, normalized size of antiderivative = 1.09

z5(a + bz? + cz?)

de —
Vd —exv/d+ ez v

(315 cd® + 315 bd®e? + 315 ad'e* — (840 cd” + 630 bd°e? + 420 ad®e* — (1932 cd® + 1071 bd*e? + 462 q

integrate (x~5* (c*x~4+b*x~2+a)/(-e*x+d) ~(1/2) / (exx+d)~(1/2) ,x, algorithm="g

iac")

-1/315%(315*%c*d"8 + 315%b*d"6*e”2 + 315*a*d~4*e~4 - (840*c*d”7 + 630*%b*d”~5
*e"2 + 420*axd"3*e”4 - (1932*%c*d~6 + 1071*xbxd"4*e”2 + 462*a*d~2*xe"4 - (295
2%cxd”"5 + 1116%bxd"3*e”2 + 252*a*d*e”4 - (3098*c*d”"4 + 729%bxd"2*e”2 + 63*
a*e”4 - 5%(440%c*d”3 + b4xbxd*e”2 - (204*c*d”2 + 9*b*e”2 + T*((e*x + d)*c
- 8kckd)*(e*xx + d))*(e*xx + d))*(exx + d))*(e*x + d))*(exx + d))*(e*xx + d))
*(exx + d))*sqrt(exx + d)*sqrt(-exx + d)/e”10

Mupad [B] (verification not implemented)

Time = 4.14 (sec) , antiderivative size = 287, normalized size of antiderivative = 1.37

z5(a + bx? + cx?)

dx =
Vd —ex/d+ ex v

z3 (64cdb e3+720

9 7 o2 5 4 x7 (40cd? e"+45be® x2 (64cd” e24+72bd5 e*+84ad3 €8
I <128cd +144bd" 2 +168ad et | 7 ) 4 2 )

315¢10 31510 315¢€l0

315
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input‘ int ((x75%(a + b*x™2 + c*x74))/((d + e*x)~(1/2)*(d - e*xx)~(1/2)),x) ‘

output

-((d - exx)~(1/2)*((128%c*d~9 + 168*axd"5*e~4 + 144*bxd"T*e"2)/(315%e"~10)
+ (x"T*(45%b*xe™9 + 40*c*d~2*%e"7))/(315%xe~10) + (x"2%(84*a*d"~3*e”~6 + 72*b*d
~5*e”4 + 64*c*d"7*xe"2))/(315%e~10) + (x"3*(84*a*xd"2xe”7 + 72xbxd~4*e”5 + 6
4xc*d"6*e~3))/(315%e~10) + (c*x~9)/(9%e) + (x"5*(63*axe”™9 + 54*bxd"2xe”7 +
48*cxd~4*e~5))/(315%e~10) + (x*(168*a*xd”~4*e~5 + 144*b*d~6*e”3 + 128*c*xd”8
xe))/(315%e~10) + (x"6%(40*c*d~3*e~6 + 45%bkd*e~8))/(315%e~10) + (x~4*(54x%
bxd"3%e”6 + 48*ckd"5*e"4 + 63*axd*e”8))/(315%e"10) + (c*d*x"8)/(9%e~2)))/(
d + e*xx)~(1/2)

-

input L

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.68

z5(a + bx? + cx?)

Vd — ex/d+ ex
_ Vex +dv—ex+d(—35ce®s® — 45be®1® — 40c d?e%z® — 63a e®z* — 54bd?ez* — 48cd'e's* — 84a d’¢
B 315e10

dx

~—

int (x"5*% (c*x"4+b*x"2+a) / (—e*xx+d) ~(1/2) / (exx+d) ~(1/2) ,x)

;
Output\(sqrt(d + e*x)*sqrt(d - exx)*( - 168*a*xdx*4*ex*4d — 84A*axdx*2xex*6xx**2 — 6

.
‘3*&*e**8*x**4 - 144*b*d**6*e**2 - 72*b*d**4*e**4*x**2 - 54*b*d**2*e**6*x** ‘
‘4 — 4B5%bke*xx8kx*x*k6 — 128%kckxd**8 — 64*ckd*kBkexkQkx*k*k2 — 48kckdkk4kekk4kxkk ‘
L4 — 40%CHkd**kekKkBRX*kkE — 35kCKekkSkx*k*8))/ (315%e**10) J




output
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23 (a+bz?+czt)
3.18 d
Vd—ez\/d+ezx
Optimal result . . . . . . . . . . . e 205
Mathematica [A] (verified) . . . . . . . . . ... 2061
Rubi [A] (verified) . . . .. . ... ..
Maple [A] (verified) . . . . . . ... L 208
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 208
Sympy [C] (verification not implemented) . . . ... ... ... ... ...... 209
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ..., 210
Giac [A] (verification not implemented) . . . . . . .. ... ... oL 211
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 211
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 212

Optimal result

Integrand size = 35, antiderivative size = 159

3 b2 4
z°(a + bx +c:c)dx:_

d?(cd* + bd%e* + ae) v/d — ex/d + ex

Vd—exvd+ex

N (3cd* + 2bd?e? + ae*) (d — ex)®?(d + ex)®/?

e8

(3cd? + be?) (d — ex)/%(d + ex)>/?

3e8

5e8

c(d — ex)"?(d + ex)"/?

Te8

e

-d~2x* (a*e”~4+b*d"2*e~2+cxd"4) * (—e*x+d) ~(1/2) * (e*xx+d) ~(1/2) /e~ 8+1/3* (a*e~4+2

\*b*d*2*e‘2+3*c*d‘4)*(—e*x+d)‘(3/2)*(e*x+d)‘(3/2)/e‘8—1/5*(b*e‘2+3*c*d‘2)*(

‘—e*x+d)‘(5/2)*(e*x+d)‘(5/2)/e‘8+1/7*c*(—e*x+d)‘(7/2)*(e*x+d)‘(7/2)/e‘8
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Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 116, normalized size of antiderivative = 0.73

z3(a + bx? + cx?)

Vd —ex/d+ ex

_Vd— exv/d + ex(35ae*(2d” + €*2”) + Th(8d*e? + 4d®e*z” + 3e%z*) + 3¢(16d° + 8d*e’z + 6de*z” A
105e8

dr =

input‘ Integrate[(x"3*(a + b*x"2 + c*x74))/(Sqrt[d - e*xx]*Sqrt[d + e*x]),x] ‘

‘-1/105*(Sqrt [d - e*x]*Sqrt[d + e*x]*(35xaxe”4x(2*d"2 + e72*%x"2) + 7xb*(8*d \
"‘4*e"2 + 4xQ"2*%e"4*x"2 + 3%e"6%x74) + 3xc*x(16%d"6 + 8xd"4*xe”2*xx"2 + 6*xd"2% ‘
|e74kx"4 + 5ke"64x76)))/e78

output

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 186, normalized size of antiderivative = 1.17,

= 4, number of rules _ 4, Rules
integrand size

number of steps used = 5, number of rules used =
used = {1905, 1578, 1195, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

x3 (a + bx? + cm4)
Vd —exv/d+ex
l 1905

6274 Z2 a
Vi —ez? [ 2 d2+f;2 +a) .
vd —exv/d+ex
l 1578
4 972 a
Vd? — ez f%ﬂdﬁ

2v/d — exv/d + ex
l 1195
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d2 — 62w2f <_C(d2—e2w2)5/2 —+_ (3Cd2+b62) (d2—62w2)3/2 + (_3cd4_2be2d2_ae4)\/m _+_ Cd6+b€2d4+(l€4d2> de

eb eb e e6+/d2—e22
2v/d — exv/d + ex
l 2009

3e8 e® 5e8 7e8

2v/d — ex\/d + ex

\/m<2(d2—e2z2)3/2 (ae*+2bd%e?+3cd?) . 2d2\/d2—e2x2 (aet +bd?e%+cd?) . 2(d2—ezz2)5/2 (be2+3cd?) 4 2c(d2—62x2)7/2 \

input\ Int[(x"3%(a + b*x™2 + c*x~4))/(Sqrt[d - e*x]*Sqrtl[d + e*x]),x]

‘(Sqrt [d™2 - e ™2*x"2] *((-2*d"2*(c*xd"4 + bxd"2%e"2 + axe”4)*Sqrt[d™2 - e™2+*x ‘
\“2])/e“8 + (2% (3*%c*d~4 + 2xbxd"2%e”2 + a*e”4)*(d"2 - e"2%x"2)"(3/2))/(3%e” \
\8) - (2% (3*%c*d"2 + b*e”2)*(d"2 - e72%x72)7(5/2))/(56%e”8) + (2*c*x(d"2 - e~2 \
‘*X‘2)‘(7/2))/(7*e‘8)))/(2*Sqrt [d - e*x]*Sqrt[d + e*x]) ‘

output

Defintions of rubi rules used

Int[((d_.) + (e_)*(x ))"(m_.)*((£_.) + (g_.)*(x_))"(n_.)*((a_.) + (b_.)*(x
)+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
g*x) "n*(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n}, x
1 && 1GtQ[p, 0]

rule 1195

Int[(x )" (m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x)~g*(a
+ bxx + c*xx"2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Int
egerQ[(m - 1)/2]

rule 1578

Int [((£_.)*(x_))"(m_.)*((d1_) + (el_.)*(x_)"(non2_.))"(q_.)*((d2_) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)" (@) + (c_)*(x_)"(@2))"(p_.), x
_Symbol] :> Simp[(dl + el*x”(n/2)) FracPart[ql*((d2 + e2*x”(n/2)) FracPart[
ql/(d1*d2 + elxe2xx"n) FracPart[q]l) Int[(f*x) m*(d1*d2 + elxe2*x"n) g*(a

+ b*x"n + c*x~(2*n))”p, x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, f, n, p,

q}, x] && EqQ[n2, 2#n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]

rule 1905
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rule 2009LInt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [A] (verified)

Time = 0.78 (sec) , antiderivative size = 109, normalized size of antiderivative = 0.69

method | result size
Vexr+d/—ex+d (15cx8eb+21b ezt +18c d2etzt+35a eSx2+28b d2etx2+24c d*e2x2+70a d?e* +56b d4e2+48c db
osper | — 109
gOSp 1058
Vexr+d/—ex+d (15cx8eb4+21bebxt4+18c d2etxt4-35a eSx24+28b d2etx24+-24c d4e2x2+70a d?e* +56b d4e2+48c db
default | — 109
105e8
. Vex+dv/—ex+d (15cz8e8+21bebxt+18c d2ex+35a e 22+28b d2etx2+24c d*e2x2 +70a d2e*+56b d4e2+48c¢ db
risch — 109
105e8
. Vex+dv/—ex+d (15cz8e84+21bebx*+18c d?e?x?+35a e 22 +28b d2etz24-24c d*e?x2 +70a d?e*+56b d*e?+48c db
orerin, — 109
g 105€3

int (x"3* (c*x~4+b*x"2+a) / (—exx+d) ~(1/2) / (exx+d) ~(1/2) ,x ,method=_RETURNVERBO

input
SE)

-1/105* (exx+d) ~(1/2) * (—e*x+d) ~ (1/2) * (15*c*e"6*x~6+21*bke~6*x"4+18*c*d~2*e”
4*xx~4+35%a*e”6*%x"2+28xb*d"2*xe"4*x"2+24*c*kd"4*e " 2*xx"2+70*a*xd"2*e"4+56*b*d "4
*e~2+48%c*d"6)/e”8

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.65

z3(a + bz? + cx?)

Vd —exv/d+ ez

(15 ce®28 + 48 cd® + 56 bd*e? + 70 ad?e* + 3 (6 cd?e* + 7bef)z* + (24 cd*e? + 28 bd%e* + 35 aeb)x?)/
105 €8

dr =

‘integrate(x‘3*(c*x‘4+b*x‘2+a)/(-e*x+d)‘(1/2)/(e*x+d)‘(1/2),x, algorithm="f

input
‘ricas")
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-1/105*% (15*%c*xe”6*x"6 + 48%cxd"6 + 56%bxd"4*e”2 + T70*axd " 2*e~4 + 3*(6*xcxd"2 ‘
xe~4 + Txbxe"6)*x"4 + (24*c*d"4xe”2 + 28*bxd"2+e"4 + 35*xaxe”6)*x"2)*sqrt(e \
‘*x + d)*sqrt(-exx + d)/e"8

output‘

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 13.02 (sec) , antiderivative size = 367, normalized size of antiderivative = 2.31

5 3 1
iad3G6’2 4° 4 1’ 1’ 2>1 d2
6,6 3 _5 3 1 e2x?
z3(a+bx2—|—ca:4)d > ~o L= =30
T = — 3
Vd —ex/d+ ex 4r2et
7 3 _5
d3G2’6 2> 47 207 g 1, 1 d2e—2im
a9 6 _7 _s _9 _3 _3 | @
4 1 T2y T 2
- 3
4mr2et
9 7 3
ibd5G6’2 47 4 2a 27 2?]‘ d2
6,6 5 9 9 7 _3 e2x?
Ty T T A T T
- 3
4rr2eb
11 5 _ 9
bd502’6 37 AT 2y 4o 27 1 d2e—2im
6.6 _11 _9 3.5 _5 (| ¢
407 1 T2 T
47r2eb
_13 _ 11 _ 5
icd’ G52 477 4 3, =3, 2’1 d2
66\ _7 18 g _11 _5 ez’
29 4 ) 40 2
- 3
4r2e8
15 7 _13
d7G2’6 _4’ T 4T 9T 4o _3’ 1 d2e—2im
C 6,6 _E _13 _4 _Z _Z 0 62.'E2
40" 4 » T T
- 3
42 el

input Lintegrate (x**x3% (cxx**x4+b*xx**x2+a) / (—e*xx+d) ** (1/2) / (exx+d) **(1/2) ,x) J




output

input

output
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-I*axd**3*meijerg(((-5/4, -3/4), (-1, -1, -1/2, 1)), ((-3/2, -5/4, -1, -3/
4, -1/2, 0), ), dx*2/(ex*2xx**2))/(4*xpi**(3/2)*e**4) - axd**3*meijerg(((
-2, -7/4, -3/2, -5/4, -1, 1), O), ((-7/4, -5/4), (-2, -3/2, -3/2, 0)), d*
*2%exp_polar (-2*I*pi)/ (e*x*2*x**2))/(4*pi**(3/2)*ex*4) - Ixb*d**5*meijerg((
(-9/4, -7/, (-2, -2, -3/2, 1)), ((-5/2, -9/4, -2, -7/4, -3/2, 0), O)), d
**%2/ (e**2%x**2)) / (4*pi**(3/2) *ex*6) - bxd**5xmeijerg(((-3, -11/4, -5/2, -9
/4, -2, 1), 0), ((-11/4, -9/4), (-3, -5/2, -5/2, 0)), d**2xexp_polar (-2xI
*pi) / (e**2xx*%x2) )/ (4*pix* (3/2) *e**6) — Ikckd**Txmeijerg(((-13/4, -11/4), (
-3, -3, -5/2, 1)), ((-7/2, -13/4, -3, -11/4, -5/2, 0), (), d**2/(ex*2*x**
2))/ (4xpi**(3/2) *e**8) - c*d*xT*meijerg(((-4, -15/4, -7/2, -13/4, -3, 1),
0), ((-15/4, -13/4), (-4, -7/2, -7/2, 0)), dx*2*exp_polar (-2*I*pi)/(ex*2*
x**2)) / (4xpix* (3/2) *e**x8)

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.36

ﬁ@+hﬁ+aﬁhm__V—éﬁ+d%ﬁ_6 —e22? + Ped’z* v/ —€?2? + d?bat
Vd — ex/d+ ex 7 e? 35¢e4 5 e2
—e2x2 + d?2cd*z® 4/ —e2x? + d2bd?x?
35 €6 B 15
V—e2z?2 + d2ax® 16/ —e2x2 + d2cd®
- 3e? a 35¢8
—e2x2 + d?2bd*  2+/—e2x? + d2ad?
156 a et

B
‘integrate(x‘S*(c*x‘4+b*x‘2+a)/(—e*x+d)‘(1/2)/(e*x+d)‘(1/2),x, algorithm="m

‘axima")

N

-1/T*sqrt(-e~2*x"2 + d"2)*c*x"6/e”2 - 6/35xsqrt(-e~2*x"2 + d~2)*c*xd"2*x"4/
e”4 - 1/bxsqrt(-e"2*x"2 + d~2)*b*x"4/e"2 - 8/3bxsqrt(-e”2*x"2 + d"2)*c*d"4
*x"2/e"6 - 4/15*sqrt(-e”2*x"2 + d72)*b*d"2*x"2/e"4 - 1/3*sqrt(-e”2*x"2 + d
~“2)*a*x~2/e"2 - 16/36*sqrt(-e~2*x"2 + d"2)*c*xd"6/e"8 - 8/1b*xsqrt(-e”"2*x"2
+ d"2)*b*d"4/e"6 - 2/3*sqrt(-e”2*x"2 + d”2)*axd"2/e"4
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Giac [A] (verification not implemented)
Time = 0.17 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.03
z3(a + bx? + cx?)

Vd —ex/d+ ex
(105 cd® + 105 bd*e* + 105 ad?e* — (210 cd® + 140 bd3e? + 70 ade* — (357 cd* + 154 bd%e? + 35 ae* — .

dr =

input integrate (x~3*(cxx~4+b*x"2+a) / (~e*x+d) ~(1/2) / (e*x+d)~(1/2) ,x, algorithm="g
iac")
output -1/105*%(105%c*d"6 + 105*b*d"4*e”~2 + 105*axd"2*xe”4 - (210*c*d”~5 + 140*b*d"3
*e~2 + TO*a*dxe"4 - (357*cxd"4 + 1544bxd"2*e”2 + 3bxaxe”™4 - 3*(124*c*d~3 +
28xbxd*e~2 - (81l*c*d"2 + 7T*b*e”2 + b5*((e*x + d)*c - 6xcxd)*(exx + d))*(ex
x + d))*(exx + d))*(e*x + d))*(exx + d))*sqrt(e*x + d)*sqrt(-e*xx + d)/e”8
Mupad [B] (verification not implemented)
Time = 5.11 (sec) , antiderivative size = 215, normalized size of antiderivative = 1.35
z3(a + bx? + cx?)
dr =
Vd —ex/d+ ex
48 cd7+56 b d® e2+70 a d3 et x5 (18cd? e5+21be") cxz’? z3 (24cd*e3+28bd? e5+35ae) z (48cdb e+56b
Vd —ew ( 105 €8 + 105 ¢ e T 105 8 + 10
Vd+ex
input Lint ((x"3%(a + b*xx"2 + c*xx~4))/((d + exx)~(1/2)*(d - ex*x)~(1/2)),x) J
output -((d - e*x)~(1/2)*((48%c*d~7 + TO*a*xd"3*e~4 + 56xb*xd~5xe~2)/(105%e"8) + (x

~5x(21*bxe~7 + 18*c*d"2*e~5))/(105%e~8) + (c*x77)/(7*e) + (x~3%(35*a*xe”7 +
28*b*d"2*xe”5 + 24*c*d~4*e”3))/(105%e”8) + (x*(70*a*d"2*xe”5 + 56%b*d~4*e”3
+ 48%cxd"6%e))/(105%e”8) + (x~4*(18*c*d~3*e~4 + 21*b*d*e~6))/(105%e~8) +
(x"2% (28*b*d"3*e"4 + 24*c*d"5*e”2 + 35*axd*e”6))/(105%e”8) + (c*d*x~6)/(7*

e”2)))/(d + e*xx)~(1/2)
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.67

z3(a + bx? + cx?)

dx
Vd —exv/d+ex
_ Vex +dv—ex+d(—15cebz® — 21beSz* — 18cd’e*s* — 35a e82? — 28bd?e*s® — 24cd*e*x® — T0a d’¢
N 105¢8
input Lint (x~ 3% (c*x~4+b*x"2+a) / (—exx+d) ~(1/2) / (exx+d) ~(1/2) ,x) J

Output‘(sqrt(d + e*x)*sqrt(d - exx)*( - TOxaxd**2xex*4 - 3bxake*x*x6xx**x2 — 56xbkxdx*
‘*4*e**2 — 28%bkd**x2%kex*k4kxx*k*k2 — 21%kbke*x*k6kx*k*k4 — 48kckd*x*k6 — 24xckd*x*k4kek*k ‘
‘2*x**2 - 18kckxd**2kxe*x*kd*xk*x4d — 15kcke*k6xx**6))/(105*e**8)




output
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z(a+bz’+czt)
3.19 f Vd—ez/d+tex dx

Optimal result . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . .. . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [C] (verification not implemented) . . . ... ... ... ... ......
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...,
Giac [A] (verification not implemented) . . . . . . .. ... ... oL
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... . ... .....

Optimal result

Integrand size = 33, antiderivative size = 109

2 4
z(a + bx —I—cx)dx:_(

cd* + bd%e? + aet) vd — ex/d + ex

Vd —exvd+ ex

N (2cd? + be?) (d — ex)3/?(d + ex)/?

eb

c(d — ex)/?(d + ex)®/?

3eb

5eb

‘{

\‘2)*(—e*x+d)‘(3/2)*(e*x+d)‘(3/2)/e‘6—1/5*c*(—e*x+d)‘(5/2)*(e*x+d)‘(5/2)/e‘

\ 6

N
-(axe~4+b*d"2*e~2+c*d"4) *x (—exx+d) ~(1/2) * (e*x+d) ~(1/2) /e~ 6+1/3* (b*e~2+2xc*d \

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.73

z(a + bx? + czt)
Vd —exvd+ ex

dzx

_Vd —exv/d + ex(5(2bd’e? + 3ae* + be'z?) + c(8d" + 4d’€’s” + 3e'z?))

15e6
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input ‘ Integrate[(x*(a + b*x"2 + c*x74))/(Sqrt[d - e*x]*Sqrt[d + e*x]),x]

output‘ -1/15%(Sqrt[d - e*x]*Sqrt[d + exx]*(5*(2*%bxd"2*e”2 + 3*axe”4 + bxe 4*x"2)
‘+ cx(8xd"4 + 4*d"2*%e"2*x"2 + 3*e”"4%x74)))/e”6

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.28,

— 4, number of rules — 0.121, Rules

number of steps used = 5, number of rules used =
integrand size

used = {1905, 1576, 1140, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

w(a +bz? + cx"‘)
z
Vd —exv/d+ex
l 1905

2r a:(cw4+ba:2+a)
v —ela? [ = du

vd —exv/d+ex
l 1576

— 2.2 cw4+bw2+a
Vd? — ez f N/ dx?

2v/d — ex\/d + ex
l 1140

3/2
d2 — 62]72 f (C(dQ_ZizQ) / n (—ZCdz—bez)‘/cp—e?m? n cd4+b62d2+ae4) dI2

et etv/d2—e252
2v/d — exv/d + ex
l 2009

) ) 2v/d?—e?z2 (ae4+bd2€2+cd4) 2(d2—62x2)3/2 (be2+2cd2) 2c(d2—ezmz)5/2
A b + 3eb - 5¢b

2v/d — ex\/d + ex

input LInt[(x*(a + b*x"2 + c*x74))/(Sqrt[d - exx]*Sqrt[d + e*x]),x]
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Output‘ (Sqrt[d~2 - e 2*x"2]*((-2*(c*d"4 + b*d"2%e”2 + a*e~4)*Sqrt[d~2 - e 2*x~2])
‘/e“6 + (2% (2%c*xd™2 + bxe”2)*(d"2 - e72%x"2)7(3/2))/(3*e”6) - (2%c*(d"2 - e
‘“2*x“2)“(5/2))/(5*e“6)))/(2*Sqrt[d - exx]*Sqrt[d + ex*x])

Defintions of rubi rules used

rule 1140 IRELC@_) + (e_D*(x))"(@_)*((a_.) + (b_)*(x)) + (c_)*x(x)"2)7(p_.), x
_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(a + b*x + c*x"2)7p, x], x] /;
FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, O]

rule 1576 TRt L *((@) + (e_)*(x)72)7(q . )*((a) + (b_.)*(x )72 + (c_.)*(x)"4)7(
P_.), x_Symbol] :> Simp[1/2 Subst[Int[(d + exx)"g*(a + b*x + c*x~2)"p, x]
» X, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x]

rule 1905 TRELCCE_D*(x))"(m_.)*((d1.) + (el_.)*(x_)"(non2_.))"(g_.)*((d2)) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(@.) + (c_)*E)D"@2_ )" (p_.), x
_Symbol] :> Simp[(dl + el*x~(n/2)) FracPart[q]l*((d2 + e2*x~(n/2)) FracPart[
ql/(d1*d2 + elxe2*x"n) FracPart[ql) Int[(f*x) m*(d1*d2 + el*e2*x"n) g*(a

+ b*x™n + c*x~(2*n))"p, x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, f, n, p,

q}, x] && EqQ[n2, 2*n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]

rule zoogtlnt fu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [A] (verified)

Time = 0.79 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.67

method | result size
Vexz+d/—ex+d (3czter+5betr?+4cd?e?x?+15a e +10bd2e2+-8c dt
gosper | — 158 73
default ver+d+/—ex+d (3cm4e4+5b e*r2+4cd?e2z2+15a e +10bd2e2+8c¢ d4) 73
- 15€6
. Ver+d/—ex+d (3cxtet+5beta?+4cd?e?x2+15a e 4+10b d2e2+8c d*
risch - 1566 73
. Vex+dv/—ex+d (3czter+5betr2+4cd?e?x2+15a e +10bd2e2+8cdt
orering | — ( 56 )| 73
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input int (x* (cxx~4+bxx"2+a) / (-e*x+d) ~(1/2) / (e*x+d) ~(1/2) ,x,method=_RETURNVERBOSE
)
output -1/15*%(e*x+d) ~(1/2) *(—e*x+d) ~(1/2) * (3*xc*e~4*x"4+5xbxe~4*xx"2+4*ckd~2%e~2*x"~
2+15%a*xe”4+10*%b*xd"2*e~2+8*c*d~4) /e~ 6

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.65

/ z(a + bx? + cz*)
dz
Vd —exv/d+ ez

_ (3ce'zt +8cd' +10bd%” + 15ae* + (4 cd’e? + 5bet)z®)Ver +dv—ex +d
15¢€6

integrate (x* (c*x~4+b*x"2+a)/ (-exx+d) ~(1/2) /(exx+d)~(1/2) ,x, algorithm="fri

input
cas")

-1/15*%(3*c*xe"4*x~4 + 8*cxd™4 + 10*xb*d"2*%e”2 + 15*a*xe”4 + (4*c*d"2*xe”2 + 5%

output
b*e~4)*x"2) *sqrt (exx + d)*sqrt(-e*x + d)/e”6
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 10.71 (sec) , antiderivative size = 350, normalized size of antiderivative = 3.21

11 1
iad G2 401 0,0,3,1] .
2 4 %0\ -1, -1, 10 e*a?
z(a + bx —|—cx)d 20 4
T = — -
Vd —exvd+ ex Amr2e?
3 1 _1
dG2’6 1’ 407 20T g 0> 1 d2e—2im
a 6,6 _§ _l 1 _1 _l 0 62:1:2
1 ' T2 T
4722
5 3 1
ibd®GY? ¢ beb=all e
6,6 3 5 _1 3 1 0 22
29 49 s T 40
- 3
4drzet
7 _3 _5
bd3G2’6 27 407 29T 3 1a 1 d2e—2im
6,6 7 _5 9 _3 _3 e2x?
4 4 y 2y
4dmaet
_9 _71 — 3
ch5G6’2 4 4 2a 27 2’1 d2
66\ _5 _9 o 7 _3 e?z?
27 4 ) 40 2
42 eb
11 5 _9
Cd5G2’6 37 49 29 2o 27 1 d2e—2im
6,6 1 _9 _3. _5 _5 ¢ ¢
1) 4 T T
47z

input Lintegrate (x* (c*x**x4+b*x*x*2+a) / (me*xx+d) ** (1/2) / (exx+d) **(1/2) ,x)




output

input

output
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-I*a*d*meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4, O, 1/4, 1/2, O
), ), d*x2/(ex*2xxx*2))/(4xpix*(3/2)*e**2) - axd*meijerg(((-1, -3/4, -1/
2, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), d**2*exp_polar(-
2xT*pi) / (e**2xx**x2) ) / (4*xpi**(3/2) *ex*2) - I*bxd**3*meijerg(((-5/4, -3/4),
(-1, -1, -1/2, 1)), ((-3/2, -5/4, -1, -3/4, -1/2, 0), ), d**2/(e***kx**2
))/ (4xpi**(3/2) *e*x*4) - bxd**3+*meijerg(((-2, -7/4, -3/2, -5/4, -1, 1), O)
, ((-7/4, -5/4), (-2, -3/2, -3/2, 0)), d**2xexp_polar (-2*I*pi)/(e**2xx**2)
)/ (4xpix* (3/2) *e**4) - Ikcxdx*bxmeijerg(((-9/4, -7/4), (-2, -2, -3/2, 1)),

((-5/2, -9/4, -2, -7/4, =-3/2, 0), ()), d**2/(e**2xx*x*2))/(4xpi**(3/2)*ex*
6) - cxdx*5xmeijerg(((-3, -11/4, -5/2, -9/4, -2, 1), O), ((-11/4, -9/4),
(-3, -5/2, -5/2, 0)), d*x2xexp_polar (-2*I*pi)/(e*x*2xx**2))/(4xpi**(3/2)*ex
*6)

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.28

z(a + bz? + cz?) vV—e2r? + d?cxt  4+v/—e?x? + d?cd’x? —e2z? + d?bx?
dz = — - -
Vd—exvd+ ex 5e? 15¢t 3e?
_8v-§ﬂ4wﬂﬂ4_2 —éft+ﬁmp_\ﬁf%?+d%
15 ¢S 3et e?

integrate (x* (c*x~4+b*x"2+a) / (-exx+d) ~(1/2) /(e*x+d) ~(1/2) ,x, algorithm="max
ima")

-1/5*%sqrt(-e”~2*x"2 + d~2)*c*x"4/e”2 - 4/15xsqrt(-e~2*x"2 + d~2)*cxd"2*x"2/
e”4 - 1/3xsqrt(-e”2*x"2 + d~2)*b*x"2/e"2 - 8/16*sqrt(-e~2*x"2 + d"2)*c*xd"4
/e"6 - 2/3*sqrt(-e”2*x"2 + d"2)*b*d"2/e"4 - sqrt(-e"2*x"2 + d~2)*a/e"2
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Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.94

z(a + bx? + cz?)

Vd—exvd+ex

(15 cd* + 15 bd?e? + 15 ae* — (20 cd® + 10 bde? — (22 cd® + 5be® + 3 ((ex + d)c — 4 cd)(ex + d))(ex +
158

dr =

integrate (x* (c*x~4+b*x~2+a) /(-exx+d) ~(1/2)/(exx+d)~(1/2) ,x, algorithm="gia
Cll)

N J

input

-1/15%(15%c*d"4 + 15%b*d"2%e~2 + 15*%a*xe”4 - (20%c*d~3 + 10*bxd*e”2 - (22*c
*d"2 + 5xb*e”2 + 3*%((e*x + d)*c - 4*ckd)*(exx + d))*(e*xx + d))*(exx + d))*
sqrt(e*xx + d)*sqrt(-e*xx + d)/e”6

output

Mupad [B] (verification not implemented)

Time = 3.92 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.31

z(a + bx? + cz?)

dz =
Vd —exv/d+ ex
— 8cdP+10bd3 e2+15adet z3 (4cd?e3+5bed) cab z? (4cd®e2+5bde?) z (8cd*e+10bd? e3+15a€)
vd ex( 15¢8 + 158 T5e T 158 + 5 +

Vd+ex

input‘ int((x*(a + b*xx™2 + c*x"4))/((d + e*x)~(1/2)*(d - e*x)~(1/2)),x) ‘

output‘-((d - exx)~(1/2)*((8*c*d~5 + 10%¥bxd~3xe~2 + 15*a*xdxe~4)/(15*%e~6) + (x"3x( \
5xb*e”~5 + 4xcxd~2*%e”~3))/(15%e"6) + (cxx~5)/(5*e) + (x~2x(4*cxd"3*e”2 + 5*b \
\*d*e*4))/(15*e"6) + (x*x(15*a*e”5 + 10*b*d~2*xe~3 + 8*cxd~4*e))/(15%e"6) + ( \

\c*d*x*4)/(5*e*2)))/<d + e*xx)~(1/2)
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Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.64

z(a + bx? + cz?)

Vd—exvd+ex
_ Vex+dv—ex+d(—3ce's* —bbeta® — dcd’e®z? — 15ae* — 10bd?e® — 8cd?)
B 15€6

dz

input Lint (x* (c*x~4+b*x"2+a) / (mexx+d) " (1/2) / (exx+d) " (1/2) ,x)

output‘ (sqrt(d + e*x)*sqrt(d - exx)*( - 15xaxe*x4 — 10¥bkd**2ke**2 — Bxbkex*4dxxk*
‘2 — 8kckd**4 — 4kckd**kex*kkxx*k*2 — 3kckexk4dxxkxx4))/(15%e**6)
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+bz’+ca
3.20 f x\(/zd—geca;\/iiail—ew dx

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . .. .. . L 221]
Rubi [A] (warning: unable to verify) . . . ... ... ... . ... ... ... 222
Maple [C] (verified) . . . . . . . . . .. 224
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 2241
Sympy [C] (verification not implemented) . . ... ... ... ... .. .....
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 226
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 220
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 227
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 228]

Optimal result

Integrand size = 35, antiderivative size = 100

/ a+ bz? + cxt dm——(20d2+3be2) Vd—exvd+ex
xv/d — ex/d + ex 3et
Vd—ez\/d+ex
B cx?\/d — ex/d + ex B aarctanh(TJr)
3e2 d

e

-1/3%(3*b*ke~2+2xc*d"2) * (—e*x+d) ~(1/2) *(e*xx+d) ~(1/2) /e~ 4-1/3*c*x"2* (—e*xx+d)
"(1/2)*(e*x+d)‘(1/2)/e‘2—a*arctanh((—e*x+d)‘(1/2)*(e*x+d)‘(1/2)/d)/d

output

Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.06

/ a+ bx? + cx? dp — — Vd — exv/d+ ex(2cd?® + 3be? + ce’x?)
zv/d—exvd tfex 3et
alog (—1 + \%:ﬁiﬁ) alog <d + %ﬂ)
_|_ —
d d

input LIntegrate [(a + b*x"2 + c*x"4)/(x*Sqrt[d - e*x]*Sqrt[d + exx]),x]




output
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‘-1/3*(Sqrt [d - exx]*Sqrt[d + e*x]*(2xc*d™2 + 3xb*e”2 + cxe"2*x"2))/e"4 + (
‘a*Log[-l + Sqrt[d + e*x]/Sqrt[d - e*x]])/d - (a*Logl[d + (d*Sqrtl[d + exx])/
'Sqrtld - exx]1)/d

Rubi [A] (warning: unable to verify)

Time = 0.35 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.07,

number of rules _ 0.171, Rules

number of steps used = 7, number of rules used = 6, = -
integrand size

used = {1905, 1578, 1192, 25, 1467, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bz? + cxt iz
zv/d — ex\/d + ex
l 1905
VT = e2g? [ e ta gy
Vd—exv/d+ ex
l 1578

2 _ 2.2 cx*+br2+a 2
d? —e’x? | s dr

2v/d — ex\/d + ex
l 1192

P — 252 f . czs—(20d2+be2)a:4+cd4+ae4+bd2e2 Va2 — 222

d2—z4

etvd —exv/d+ex
l 25
mf cxs—(20d2-I—bezd);ji—fd4+ae4+bdze2 dm
etv/d — ex\/d+ ex
l 1467
d?—e%z? [ <7d2“f‘;4 +be? —ext + cd2) dvd? — e2z?
etvd — ex\/d + ex
l 2009
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ae4arctanll<i!£5§££3) .
d? —e2z2 | — p — Vd? — e2z?(be? + cd?) + <%

etvd — exv/d+ ex
input LInt [(a + b*x™2 + c*x~4)/(x*Sqrt[d - e*x]*Sqrt[d + e*x]),x] J

‘(Sqrt [d"2 - e"2#x"2]*((c*x"6)/3 - (c*d™2 + bxe"2)*Sqrt[d"2 - e"2*x"2] - (a ‘

output
‘ *e~4xArcTanh[Sqrt[d™2 - e72*x72]/d])/d))/(e"4*Sqrt[d - e*xx]*Sqrt[d + e*x]) ‘

Defintions of rubi rules used

e

ruka25l1nt[‘(FX->, x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

rule 1192 IntLC(d_.) + (e_)*(x_ )~ (m )*((£_.) + (g_.)*(x_))"(n )*((a_.) + (b_.)*(x))
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e~(n + 2*p + 1)  Subst[Int[x"(
2¢m + 1)*(e*f - dxg + g*x~2) "n*(c*d”2 - b*d*e + axe”2 - (2%c*d - b*xe)*x"2 +
c*x"4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&
IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

rule 1467 1BELCA) + (e )*(x)72)7(q)*((a) + (b_)*(x )72 + (c_.)*(x)™)~(p_.),

x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) g*(a + b*x"2 + c*x~4)7p, x],
x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*xaxc, 0] && NeQ[c*d"2 - b*d*e
+ axe”2, 0] && IGtQ[p, 0] && IGtQlq, -2]

rule 1578 TRELG " @_)*((d)) + (e_)*(x)72)7(q_)*((a) + (b_.)*(x)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x) gx(a
+ bxx + c*xx"2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Int
egerQL(m - 1)/2]
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Int[((£_.)*(x_))"(m_.)*((d1_ ) + (el_.)*(x_)"(non2_.))"(q_.)*((d2_) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(n_) + (c_)*(x_)"(m2_))"(p_.), x
_Symbol] :> Simp[(dl + el*x”(n/2)) FracPart[ql*((d2 + e2*x”(n/2)) FracPart[
ql/(d1*d2 + el*e2*x"n) FracPart[q]) Int[(f*x) m*(d1*d2 + el*e2*x"n) g*(a
+ b*x"n + c*x~(2*n))”p, x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, f, n, p,
q}, x] && EqQ[n2, 2*n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]

rule 1905

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.84 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.43

method | result

2d(\/ —€2$2+d2 C

x

v—ez+d+vex+d (csgn(d)cd e2x?v/—e2x2+d?+3v/—e2x2+d? csgn(d)bd e2+2v/—e2x2+d2 csgn(d)cd3+31n <

default | — W

N

p
‘ int ((c*x"~4+b*x"2+a) /x/ (-exx+d) " (1/2) / (e*x+d) ~(1/2) ,x ,method=_RETURNVERBOSE ‘

& |

-

\ -1/3* (—e*xx+d) " (1/2) * (e*xx+d) ~(1/2) /d* (csgn(d) *ckd*e™2%x~ 2% (-e~2*x~2+d~2) " (1 \\
| /2)+3%(-e"2%x"2+d72) " (1/2) *csgn (d) ¥brdxe~2+2% (—e~2%x~2+d"2) " (1/2) *csgn(d) *
| c*d™3+3%1n (2%d* ((-e"2%x~2+d"2) " (1/2) *csgn(d) +d) /x) xa*e™4) xcsgn(d) / (-e~2xx"
L2+d“2)“(1/2)/e“4 J

input

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.80

dz

/ a + bx? + cz?
v/ d — ex\/d + ex
3aetlog <—"ez+d Vz_e””"'d_d> — (cde?z? + 2 cd® + 3bde?)Vex + dv/—ex + d

o 3de
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input integrate ((c*xx~4+b*x~2+a) /x/ (-e*x+d) ~(1/2)/ (exx+d)~(1/2) ,x, algorithm="fri
cas")
output 1/3*(3*axe"4xlog((sqrt(exx + d)*sqrt(-exx + d) - d)/x) - (crd*e™24x"2 + 2%
c*d~3 + 3%bxdxe”2)*sqrt(e*x + d)*sqrt(-e*xx + d))/(d*e”4)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 20.09 (sec) , antiderivative size = 304, normalized size of antiderivative = 3.04

35 3
5.3 ZaZal 1a172 d2
1aGg'g t—
PlLl3 71583 0 |¢*
/ a+ bz? + cz* i 242
T = 3
xvV/d — ex\/d+ ex 4drad
11 3
aG2,6 O’Z’ 5’4_17171 d2e—2im
6,6 13 0 11 0 22
171 » 202
- 3
4mad
11 1
-bdG6,2 T4 1 07 0) 29 1 42
W66 | _1 _19.11 ¢ €272
27 42V 40
- 3
472 e?
3 1 _1
bdG2’6 ]-’ 4 20 4 O’ 1 d2e—2im
676 _§ _l 1 _l ]_ 0 621’2
17 1 » T2 T
42 e?
_5 _3 1 — 1
icd3G6’2 47 4 17 17 271 d2
661 3 5 -1 3 1 0 €22
27 4 Y 40 20
- 3
42 et
,—3,-%,-11
Cd3G2’6 y 40 27 49 ’ d2e—2im
6, 7 5 9 _3 _3 e2z?
T4 1 ) 27 9
- 3
4raet

input Lintegrate ((crx**xd+bxx**2+a) /x/ (—e*xx+d) %% (1/2) / (exx+d) **(1/2) ,x)
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Ixaxmeijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5/4, 3/2), (0,)),
dx*2/ (ex*2xx**2)) / (4*pi**(3/2)*d) - axmeijerg(((0, 1/4, 1/2, 3/4, 1, 1),
), ((1/4, 3/4), (0, 1/2, 1/2, 0)), d**2xexp_polar (-2*I*pi)/(ex*2xx**2))/
(4xpi**(3/2)*d) - I*b*d*meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/
4, 0, 1/4, 1/2, 0), (), d**2/(e**2*x**2))/(4*pi**(3/2)*e**2) - bkd*meijer
g(((-1, -3/4, -1/2, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)),
dx*2xexp_polar (-2xIxpi)/ (e**2*x*%*2) )/ (4*pi**(3/2)*ex*2) — I*kckxd**3*meijer
g(((-5/4, -3/4), (-1, -1, -1/2, 1)), ((-3/2, -5/4, -1, -3/4, -1/2, 0), O)
, Ak*x2/ (e**x2xx*%x2) )/ (4*pix*(3/2) *e*x*4) - ckd**3*meijerg(((-2, -7/4, -3/2,
-5/4, -1, 1), O), ((-7/4, -5/4), (-2, -3/2, -3/2, 0)), d**2xexp_polar (-2*
I*kpi) / (ex*2xxx*2)) / (4xpix*(3/2) xe**x4)

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.05

2d2 2+ —e2z24+d3d
/ a + bx? + cz* g — Vet + d?cz? B alog (W + El + )
xvV/d — ex/d + ex 3 e2 d
2v—e2x2 + d2cd?> \/—e2z2 + d%b
B et B e?

integrate ((c*x~4+b*xx"2+a) /x/ (—e*x+d) ~(1/2) / (e*xx+d) ~(1/2) ,x, algorithm="max

input
ima")

-1/3*sqrt(-e"2*x"2 + d"2)*c*x"2/e”2 - axlog(2*xd~2/abs(x) + 2*sqrt(-e~2*x"2
+ d"2)*d/abs(x))/d - 2/3*sqrt(-e”2*x"2 + d"2)*c*d"2/e”4 - sqrt(-e"2*x"2 +
d~2)*b/e"2

N\ J

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 189 vs. 2(84) = 168.

Time = 0.28 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.89

a + bz? + czt
dz =
x\/d — ex\/d + ex
a1 (| VEva-v/=eatd Nz a1 (|_ VEVi-y=estd Ne==
3ae log( Tty e ) _ 3ae log( T e ) + (3ed® + 3be? + ((ea
d d

et
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integrate ((c*x"4+bxx~2+a) /x/ (-e*x+d) ~(1/2) / (exx+d)~(1/2) ,x, algorithm="gia

input
C")

-1/3*%(3*%a*e~4xlog(abs(-(sqrt(2)*sqrt(d) - sqrt(-e*x + d))/sqrt(e*x + d) +
sqrt(e*xx + d)/(sqrt(2)*sqrt(d) - sqrt(-e*xx + d)) + 2))/d - 3*axe”4*log(abs
(-(sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(exx + d) + sqrt(exx + d)/(sqrt(2
Y*¥sqrt(d) - sqrt(-e*x + d)) - 2))/d + (3*c*d™2 + 3*b*e”2 + ((exx + d)*c -
2%cxd) * (exx + d))*sqrt(e*x + d)*sqrt(-exx + d))/e"4

output

Mupad [B] (verification not implemented)

Time = 4.83 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.61

dtez—Vd 2
o (D) ~ n (YEEzz=A)
a + bx? + czt (\/m_\/a) Vd—ez—/d
/ dx =
xv/d — ex/d + ex d
VA= ez (38 + 4 + o0 4 2552)
B Jites

e

d
vd+ex

input‘int((a + b*x"2 + c*x”4)/(x*x(d + e*x)~(1/2)*(d - e*x)~(1/2)),x)

(ax(log(((d + exx)~(1/2) - d~(1/2))"2/((d - exx)~(1/2) - d~(1/2))"2 - 1) -
log(((d + e*x)~(1/2) - d~(1/2))/((d - exx)~(1/2) - d~(1/2)))))/d - ((4d -
exx) " (1/2)*((2*xc*d~3) /(3*xe~4) + (c*x~3)/(3*e) + (c*xd*x"2)/(3*e”2) + (2*c*d
~2*x)/(3%e~3)))/(d + exx)~(1/2) - (((bxd)/e”2 + (b*x)/e)*(d - e*x)~(1/2))/

(d + exx)~(1/2)

output
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 199, normalized size of antiderivative = 1.99

dz

/ a + bx? + czt
x\/d — ex\/d + ex

—3vVex +dv—ex +dbde? — 2v/ex +d\/—ex +dcd® — Vex + dv/—ex + dcdez? —3log<—\/§+tz

input Lint ((c*xx~4+b*x~2+a) /x/ (—e*x+d) ~(1/2) / (exx+d) ~(1/2) ,x) J

( - 3xsqrt(d + exx)*sqrt(d - e*x)*bkd*ex*2 — 2*sqrt(d + exx)*sqrt(d - e*x)
xc*kd**x3 - sqrt(d + e*x)*sqrt(d - e*x)*kckd*e*x2*x*x2 — 3xlog( - sqrt(2) + t
an(asin(sqrt(d - ex*x)/(sqrt(d)*sqrt(2)))/2) - 1)*a*e**4 + 3xlog( - sqrt(2)
+ tan(asin(sqrt(d - exx)/(sqrt(d)*sqrt(2)))/2) + 1)*axex*4 - 3*log(sqrt(2
) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) - 1)*a*xe*x4 + 3xlog(sqrt(
2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) + 1)*axe*x4)/(3xd*ex*4)

output




output

‘{
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3.21 f a+bx’+cat dx
3/ d—ex/d+ex

Optimal result . . . . . . . . .. . .. 229
Mathematica [A] (verified) . . . . . . . .. .. . L 229
Rubi [A] (warning: unable to verify) . . . ... ... ... .. ... ... . ... 230
Maple [A] (verified) . . . . . . . . . . 232
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 2331
Sympy [F(-1)] . . . o 233
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 234
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 234
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 235
Reduce [B] (verification not implemented) . . . . . . ... ... ... ......

Optimal result

Integrand size = 35, antiderivative size = 99

dzr =

_C\/d— exvd + ex B avd — ex/d + ex

/ a + bx? + cxt
z3v/d — ex/d + ex

e2

2d2x?

(2bd? + ae?) arctanh <—Vd_e””d "‘”“)

243

—cx(—e*x+d) " (1/2) * (exx+d) " (1/2) /e~ 2-1/2*ax (—e*x+d) " (1/2) * (exx+d) ~(1/2) /d"2
/x"2-1/2%(a*xe”2+2*%b*xd~2) *arctanh ( (—e*x+d) ~(1/2) * (e*xx+d) ~(1/2)/d)/d"3

N

Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.86

Vd—ex+v/d+ex (ade2+2cd3x2

) 4 2(2bd? + ae?) arctanh<

Vd+tex
Vd—ex

)

/ a + bx? + cxt 252
dr = —
23v/d — exv/d + ex

2d3

input‘ Integrate[(a + b*x™2 + c*xx"4)/(x"3*Sqrt[d - e*x]*Sqrt[d + e*x]),x]
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‘-1/2*((Sqrt [d - exx]*Sqrtld + e*x]*(axd*e™2 + 2%xcxd"3*x72))/(e"2%x72) + 2%

output
L(Q*b*d'? + axe”2)*ArcTanh[Sqrt[d + exx]/Sqrt[d - e*x]])/d"3

Rubi [A] (warning: unable to verify)

Time = 0.37 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.51,

number of rules _ 0.200, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {1905, 1578, 1192, 1471, 25, 299, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bx? + cxt e
z3v/d — exv/d+ ex
l 1905

2 _ 2,2 [ cx'+br’+a
Vd? — e’z - dz_e%zd:r

vd —exv/d+ex
l 1578

4 2
/d2 _ 62.’132 cz*+bx“+a d.’L‘z

24/ d2—e242

2v/d — ex\/d + ex
l 1192
8_ 2 L7 2\ od o A 12,2
V& =22 [ & (2¢d +btzdlai ;;g tact bt S
- e2\/d — ex\/d + ex
l.1471
ﬁ—&ﬁ<wﬁﬁaﬁ_fﬁw”fiﬁ%“wm@%%j
2d2(d?—z) 242
- 62\/d—ex\/d—|—e:1:

| 25

2cd*—2cztd2+2be2d? taet ; Sm 5T
d? — e2p2 J d2—a? Wd e ae'V/d?—e2z?
22 2d2(d2—z%)

e2\/d — ex\/d + ex
l 299
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o e?(ae?+2bd?) [ d21$4 dv/d2—e2x2+-2cd?\/d2 —e2z? + aed/E a2 52
232 22 (d?—aA)
e2v/d — ex\/d + ex
l 219
&2 (ae2 +2bd2) arctanh(%) )
\/d2 — o222 = +2cd?+v/d?—e2x? n aev/d2—e22
242 282 ()
e2v/d — ex\/d + ex

e

input LInt [(a + b*x"2 + C*XA4)/(XA3*Sqrt [d - e*X] *Sqrt [d + e*X] ) ,X]

~—

Output‘-((Sqrt[d‘Z - e”2xx"2]*((axe~4*Sqrt [d~2 - e~2%x"2])/(2%d"2%(d"2 - x~4)) +
‘(2*c*d‘2*Sqrt[d‘2 - e72xx72] + (e”2*(2xbxd"2 + axe~2)*ArcTanh[Sqrt[d~2 - e
~2%x721/d])/d)/(2%d"2)))/(e~2*Sqrt [d - exx]*Sqrt[d + e*x]))

N\

Defintions of rubi rules used

cule 25LInt [-(Fx_), x_Symboll :> Simp[Identity[-1] Int[Fx, x], xI

ruka219\1nt[<(a_) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
‘ArcTanh[Rt[—b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
tha, 0l Il LtQ[b, 01)

~

rule 299 Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[d*x
*((a + bxx~2)"(p + 1)/ (bx(2*p + 3))), x] - Simp[(a*d - b*ckx(2xp + 3))/(b*(2
*p + 3)) Int[(a + b*x~2)7p, x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c -
axd, 0] && NeQ[2*xp + 3, 0]

rule 1192 Int[((d_.) + (e_)*(x_))"(m )*((f_.) + (g_.)*(x_)) (@ )*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e~(n + 2*p + 1) Subst [Int [x~(
2xm + 1)x(exf - dkg + g*x~"2) "nk(c*d"2 - b*d*e + axe”2 - (2%cxd — bke)*x"2 +
c*x"4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&
I1GtQ[lp, 0] && ILtQ[n, 0] && IntegerQm + 1/2]




rule 1471

rule 1578

rule 1905

inpu
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Int[((d_) + (e_.)*(x_)"2)"(q)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.),
x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x"2 + c*x74)"p, d + e*x"2
, x], R = Coeff[PolynomialRemainder[(a + b*x~2 + c*x"4)"p, d + e*x"2, x], X
» 01}, Simp[(-R)*x*((d + e*x72)"(q + 1)/(2%d*(q + 1))), x] + Simp[1/(2xd*(q
+ 1)) Int[(d + e*x"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + R*(2%q + 3),
x], x1, x1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*a*c, 0] && NeQ[c*d™
2 - bxd*e + a*e”2, 0] && IGtQ[p, 0] && LtQlq, -1]

Int[(x_ )" (m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x) gx(a
+ bxx + c*xx"2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Int
egerQL(m - 1)/2]

i
¢ int((c*x~4+bxx~2+a) /x"3/ (-exx+d) " (1/2)/(e¥x+d)~(1/2) ,x,method=_RETURNVERBO |
LSE) J

Int [((£_)*(x_))"(m_.)*((d1_) + (el_.)*(x_)"(non2_.))"(q_.)*((d2_) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(n_) + (c_.)*(x_)"(m2_))"(p_.), x
_Symbol] :> Simp[(dl + el*x”(n/2)) FracPart[ql*((d2 + e2*x~(n/2)) FracPart[
ql/(d1*d2 + elxe2*x"n) FracPart[q]l) Int[(f*x) m*(d1*d2 + elxe2*x"n) gx*(a

+ b*x™n + c*x~(2*n))"p, x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, f, n, p,

q}, x] & EqQ[n2, 2*n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]

Maple [A] (verified)

Time = 0.88 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.38

method | result

2
C —(exT— exr
. _ 2cd?y/ (e2 a)( +d)) /(ez+d)(—ez+d)

( (a e2+2bd2) 1n<2d2+2v d2 zv7e2z2+d2 )
+

risch __av—ex+dvextd
2d2 2 2d2\/ex+d/—ex+d
2d( v/ —e222+d? d)+d 2d(V—e222+d? d)+d
v—ez+d+vex+d (2 csgn(d)cd3m2\/—62x2+d2+ln( ( o = cogn(@) )>ae4w2+2 ln( ( o = cogn(d) )
default | —

2d3+/—e2x2+d? x2e2

N
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output ‘ -1/2%a* (—e*xx+d) ~(1/2) % (e*xx+d) ~(1/2)/d"2/x~2+1/2/d"~2* (- (a*xe~2+2%b*d~2) / (d~2 ‘
‘)“(1/2)*1n((2*d“2+2*(d“2)“(1/2)*(-e”2*x“2+d“2)“(1/2))/x)-2*c*d“2/e“2*(-(e*
‘ x-d) * (e*xx+d) ) ~(1/2) ) * ((e*xx+d) * (—e*x+d) ) ~(1/2) / (e*xx+d) ~(1/2) / (me*xx+d) ~(1/2) ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.99

dr =

/ a+ bz? + cx?
x3v/d — ex\/d + ex
2 cd*z? — (2bd%e? + ae*)x? log (—Ve”d V;e”d_d) + (2 cd®z? + ade?)vVex + dv/—ex + d

2 d3e2x2

integrate ((c*x~4+b*x~2+a) /x"3/(-e*x+d) ~(1/2) / (exx+d)~(1/2) ,x, algorithm="f

input
ricas")

-1/2*%(2*%c*xd~4*x"2 - (2*bxd"2*e”2 + a*e”4)*x"2xlog((sqrt(e*x + d)*sqrt(-e*x
+d) - d)/x) + (2%cxd"3*x"2 + axd*e~2)*sqrt(e*x + d)*sqrt(-e*x + d))/(d"3
*xe~2%x"2)

N\ J

output

Sympy [F(-1)]

Timed out.

dz = Timed out

/ a + bz? + czt
23v/d — exv/d + ex

inputLintegrate((c*x**4+b*x**2+a)/x**3/(—e*x+d)**(1/2)/(e*x+d)**(1/2),X) J

outputLTimed out J
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.24

blog (% | 2V=a?Hdd m) ae?log (% " 2\/7—e2x2+d2d>

/ a+bz? + cz? dr — El o]
x3v/d — ex\/d + ex d 2d3
B v —e2x? + d?c B v —e2x? + d?a
e? 2d2z2

integrate ((c*x~4+bxx~2+a) /x"3/(-e*x+d) ~(1/2) / (exx+d)~(1/2) ,x, algorithm="m

input
axima")

-b*log(2*d~2/abs(x) + 2*sqrt(-e~2*x"2 + d~2)*d/abs(x))/d - 1/2*a*e”2xlog(2
*d~2/abs(x) + 2*sqrt(-e”~2*x"2 + d~2)*d/abs(x))/d"3 - sqrt(-e~2*x"2 + d~2)*
c/e”2 - 1/2xsqrt(-e”"2*x"2 + d~2)*a/(d"2*x"2)

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 374 vs. 2(83) = 166.

Time = 0.32 (sec) , antiderivative size = 374, normalized size of antiderivative = 3.78

a + bz? + czt
dxr =
x3v/d — ex\/d + ex
—V = V2Vd—+/—ex¥d
(2 bd262+ae4) log( |— V2vd e;/ ew+d+ \/_ez-i-_d +2 (2 bd262+ae4) log _T_‘_
2Vex + dv—ex + dc+ ( Verrd " Vi/i=y-eatd ) _ ( Ver£d
2 e2

N

p
‘integrate((c*x‘4+b*x‘2+a)/x“3/(—e*x+d)‘(1/2)/(e*x+d)‘(1/2),x, algorithm="g

input
Liac")
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-1/2%(2xsqrt(exx + d)*sqrt(-e*xx + d)*c + (2*%b*d"2*e”~2 + axe”4)*log(abs(-(s
qrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(exx + d) + sqrt(e*x + d)/(sqrt(2)*sq
rt(d) - sqrt(-e*x + d)) + 2))/d"3 - (2xb*d"2*e”2 + a*e”4)*log(abs(-(sqrt(2
)*sqrt(d) - sqrt(-e*x + d))/sqrt(e*x + d) + sqrt(e*x + d)/(sqrt(2)*sqrt(d)
- sqrt(-e*xx + d)) - 2))/d"3 - 4x(axe”4*((sqrt(2)*sqrt(d) - sqrt(-e*xx + d)
)/sqrt(e*xx + d) - sqrt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d)))~3 + 4%
a*e"4*x((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(e*x + d) - sqrt(exx + d)/(s
qrt(2)*sqrt(d) - sqrt(-exx + d))))/((((sqrt(2)*sqrt(d) - sqrt(-exx + d))/s
grt(exx + d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)))"2 - 4)"2%
d=3))/e"2

output

Mupad [B] (verification not implemented)

Time = 6.33 (sec) , antiderivative size = 422, normalized size of antiderivative = 4.26

(vares—vay VaTeE-va
a+ bz? + czt p ’ <ln ((M—\/ﬁ) A («/m—x/&)

T =
/x3\/d—ex\/d+ex d
() VT
d+ex

ae? (\/M—\/Ef _ ﬁ 15ae? (JM—\/E)4
(va—ez—va) 2 2 (Viez—va)'
6w (\/dJrﬁ—\/&)2 2 (M—\/EY 16 d3 (\/M—\/E)G

Vimva | (VA | (Vaesva)
2 (VEIEE_V@>2
062 ln(%ﬁ) ae’ In <W—1>
243 + 243

2

N——

+

ae® (Vi+es Vi
39 43 (\/(m—\/[z)2

inputtint((a + b*x"2 + c*x74)/(x73%(d + e*x)~(1/2)*(d - e*x)~(1/2)),x)
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(b*(log(((d + exx)~(1/2) - d~(1/2))72/((d - exx)~(1/2) - d~(1/2))"2 - 1) -
log(((d + e*x)~(1/2) - d~(1/2))/((d - exx)~(1/2) - d~(1/2)))))/d - (((c*d
)/e”2 + (c*xx)/e)*(d - e*x)~(1/2))/(d + exx)~(1/2) - ((a*e”™2*%((d + e*x)~(1/
2) - d~(1/2))72)/((d - e*x)~(1/2) - d~(1/2))"2 - (a*xe~2)/2 + (15*a*e~2*((d
+ e*xx)"(1/2) - d~(1/2))74)/(2x((d - e*x)~(1/2) - d~(1/2))"4))/((16%d~3*((
d + exx)~(1/2) - d~(1/2))"2)/((d - e*x)~(1/2) - d~(1/2))"2 - (32*d~3*((d +
exx)~(1/2) - d4~(1/2))"4)/((d - e*x)~(1/2) - d~(1/2))"4 + (16*%d"3*((d + ex
x)~(1/2) - d7(1/2))°6)/((d - e*x)~(1/2) - d~(1/2))"6) - (a*e"2*xlog(((d + e
*x) " (1/2) - d~(1/2))/((@ - exx)~(1/2) - d~(1/2))))/(2*d"3) + (a*e~2*xlog(((
d + exx)~(1/2) - d~(1/2))°2/((@ - exx)~(1/2) - d~(1/2))"2 - 1))/(2*d"3) +
(axe™2+((d + e*x)~(1/2) - d7(1/2))72)/(32%d"3*((d - e*x)~(1/2) - d~(1/2))"
2)

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 344, normalized size of antiderivative = 3.47

dx

/ a + bx? + czt
x3y/d — ex\/d + ex

asin( Ye=td p
—ﬂkx+d¢ﬂn+dmkl—%@w+d¢—w+dcf2—J%<—V§+wn(—4%@—l>—1>a&ﬂ

S

r

Lint((c*x“4+b*x”2+a)/x”3/(-e*X+d)“(1/2)/(e*X+d)“(1/2),X)

| —

input

( - sqrt(d + e*x)*sqrt(d - e*x)*axd*ex*2 — 2xsqrt(d + exx)*sqrt(d - e*x)*c
*xd**3xx**x2 - log( - sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2)
- 1)*axex*x4xx*x*2 — 2%log( - sqrt(2) + tan(asin(sqrt(d - ex*x)/(sqrt(d)*sqr
t(2)))/2) - 1)*b*d**x2%e**2*x**2 + log( - sqrt(2) + tan(asin(sqrt(d - e*x)/
(sqrt(d)*sqrt(2)))/2) + 1)*axe*x4d*xx*x2 + 2xlog( - sqrt(2) + tan(asin(sqrt(
d - exx)/(sqrt(d)*sqrt(2)))/2) + 1)*b*d**2xe**2*x**2 - log(sqrt(2) + tan(a
sin(sqrt(d - exx)/(sqrt(d)*sqrt(2)))/2) - 1)*a*ex*x4xx*x*2 - 2+log(sqrt(2) +
tan(asin(sqrt(d - e*xx)/(sqrt(d)*sqrt(2)))/2) - 1)*bkxd**2ke*x2xx**x2 + log(
sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) + 1)*ake*x*xd*x*k*2 +
2x1log(sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) + 1)*bxd**x2*e
*k2xx*kk2) / (2xd*k3ke*k*k Q¥ k*2)

output




output

input L
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3.22 f a+bz?+ex? dx

9/ d—ex/d+ex

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (warning: unable to verify) . . . ... ... ... .. ... ... . ...
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. ..
Sympy [F(-1)] . . . o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 35, antiderivative size = 126

203)
24 1]
241]
242
242
249
244
244

_a\/d —ex/d+ ex B (4bd? + 3ae?) Vd — exv/d + ex

/ a + bz? + cz? dp —
x5v/d — ex\/d + ex 4d2z4

8d4x?

(8cd* + dbd?e? + 3act) arctanh  Ye=er/dEer

8d®

‘-1/4*a*(-e*x+d)“(1/2)*(e*x+d)“(1/2)/d“2/x“4-1/8*(3*a*e“2+4*b*d“2)*(-e*x+d)
\“(1/2)*(e*x+d)“(1/2)/d“4/x‘2—1/8*(3*a*e‘4+4*b*d‘2*e“2+8*c*d‘4)*arctanh((—e

\*x+d)*(1/2)*(e*x+d)*(1/2)/d>/d*5

Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.81

dz

/ a + bx? + cx*
25y/d — ex/d + ex

4

dvd—coydtes2ad’ +4bdis?+3ac%a?) | 2(8cd* + 4bd?e? + 3ae?) arctanh(

;

d+ex
d—ex

|

)

8d®

Integrate[(a + b*x"2 + c*x"4)/(x"5*Sqrt[d - exx]*Sqrt[d + exx]),x]
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‘-1/8*((d*Sqrt [d - exx]*Sqrt[d + e*x]*(2*a*d™2 + 4*b*d~2%x"2 + 3%axe”2*x"2)
‘)/x"4 + 2% (8%c*d~4 + 4%b*d"2xe”2 + 3xaxe”4)*ArcTanh[Sqrt[d + exx]/Sqrtl[d -
‘ exx]])/d"6

output

Rubi [A] (warning: unable to verify)

Time = 0.40 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.43,

number of rules _ 0.229, Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {1905, 1578, 1192, 25, 1471, 25, 298, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bz? + cxt e
z%v/d — ex\/d + ex
l 1905
VdZ = e%g? [ e thrta gy
Vd—exv/d+ ex
l 1578

2 _ 2.2 cx*+br2+a 2
d? —e’x? | S sd

2v/d — ex\/d + ex
l 1192

8 272\ 4 g4 4 p32 2
2 9.3 [ _C& —(2cd?+be? )zt +cd +aet+bd2e \/m
d? —e2z? | @17 dvd? — ez

vd —exv/d+ ex

l 25

P — 242 f czs—(20d2+b62)ac4+cd4+ae4+bd262d P — 242

(&—at)’
Vvd—exvd+ ex
l 1471
f _ 4cd4—4cz4d22+44be;d2+3ae4 d\/m
d? — e2g? (42==1) — aelVd@—e?z?
4d? 4d2(d2—z4)?

vd — exv/d+ ex
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| 25

4 4,2 2,52 4
f 4cd>—4cx™d +4b62d +3ae dvVd2—e2z2

d?—at 4 /2 —e222
R - e
vd—exvd+ex
| 298
(3aet+4bd?e? +8cdt) | ﬁ{d T o222 +e2 2 o222 (3%534_4,))
P 22| — 2 2(a?—at) _ aelVP—eg?
4d? 4d2 (d2—z4)?
vd—exvd+ex
| 219
arctanh(@)(3ae4+4bd252+8cd4) 2 \/d2 252 (%gi-k—%)
+
P 22| — 24 G _ aelVP—e?
4d? 4d2 (d2—z4)?
vd—exvd+ex
( A
input Int[(a + bxx™2 + c*x"4)/(x"5*Sqrt[d - e*x]*Sqrt[d + exx]),x]
output‘(sqrt[d“2 - e™2xx"2]*(-1/4%(axe~4*Sqrt[d~2 - e~ 2*%x"2])/(d"2%(d"2 - x74)"2) ‘
|- ((e72%(4%b + (3xa*e”2)/d"2)#Sqrt[d™2 - e”2¥x"2]1)/(2%(d"2 - x74)) + ((8x
‘ c*d™4 + 4*b*d"2%e”2 + 3*a*e”4)*ArcTanh[Sqrt[d~2 - e~2*x~2]/d])/(2*d"3))/(4 ‘
‘ *d~2)))/(Sqrt[d - e*x]*Sqrt[d + exx]) ‘
Defintions of rubi rules used
( A
rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

219‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))* ‘
‘ArcTanh[Rt[-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt \
Qla, 0] || LtQ[b, 01) |

rule
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rule 298 Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[(-(

b*c - axd))*x*((a + b*x"2)"(p + 1)/(2%a*bx(p + 1))), x] - Simp[(a*d - b*c*(

2%p + 3))/(2*axbx(p + 1)) Int[(a + b*x~2)~(p + 1), x], x] /; FreeQ[{a, b,
c, d, p}, x] && NeQ[bxc - axd, 0] && (LtQ[p, -11 || ILtQ[1/2 + p, 01)

rule 1192 Int[((d_.) + (e_)*(x_))"(m )*((£f_.) + (g_.)*(x_))"(@m_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e~(n + 2*p + 1) Subst [Int [x~(
2¢m + 1)*(exf - dxg + g*x~2) "n*(c*d”2 - b*d*e + a*e”2 - (2%c*d - b*xe)*x"2 +
c*x"4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&

IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

rule 1471 Int[((d) + (e_.)*(x_)"2)"(q)*((a_) + (b_.)*(x_)"2 + (c_)*x(x_)"4"(p_.),
x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x"2 + c*x74)"p, d + e*x"2
,» X], R = Coeff[PolynomialRemainder[(a + b*x"2 + c*x74)"p, d + e*x"2, x], x
» 01}, Simp[(-R)*x*x((d + e*x72)"(q + 1)/(2*d*(q + 1))), x] + Simp[1/(2*d*(q
+ 1)) Int[(d + e*x"2)"(q + 1)*ExpandToSum[2+d*(q + 1)*Qx + R*(2%q + 3),
x], x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~
2 - bxd*e + a*e”2, 0] && IGtQ[p, 0] && LtQlq, -1]

Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)74)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x)"gqx*(a
+ bxx + c*xx"2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Int
egerQ[(m - 1)/2]

rule 1578

rule 1905 TRELCCE_D*(x))"(m_)*((d1.) + (el_.)*(x_)"(non2_.))"(q_.)*((d2)) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(n_) + (c_.)*(x_)"(m2_))"(p_.), x
_Symbol] :> Simp[(dl + el*x”(n/2)) FracPart[ql*((d2 + e2*x”(n/2)) FracPart[
ql/(d1*d2 + elxe2*x"n) FracPart[ql) Int[(f*x) m*(d1*d2 + el*e2*x"n) g*(a

+ b*x™n + c*x~(2*n))"p, x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, f, n, p,

q}, x] && EqQ[n2, 2*n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]
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Maple [A] (verified)

Time = 0.88 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.13

method | result

4 2 2 4 2d2+2V/d2 /222 +d2? —
| Vertdv—ertd (Backe?+bdPa +2ad?) (3aet+4bd?e2+8cd )ln( Y ) (ez+d)(—ez+d)

risch 8d*rt 8d4vd? /ex+d/—ex+d
2d(v/—e2z2+d2 csgn(d)+d 2d(/—e2z2+d2 csgn(d)+d 2d(V/—e2z2+d2
vV —ex+d+ex+d | 3ln ( cogn(d) ) aetzt+4ln ( cogn(@) ) bd2e224+81n (7
xT x x
default | —

8d5v/—e222+

int ((c*x~4+b*x~2+a) /x~5/ (—e*xx+d) ~(1/2) / (exx+d) ~(1/2) ,x,method=_RETURNVERBO

input
SE)

-1/8*%(exx+d) ~(1/2) * (—exx+d) ~(1/2) * (3*xa*xe”2*x~2+4*xb*xd "~ 2%x~2+2*a*xd"2) /d~4/x"
4-1/8/d" 4% (3*%axe”~4+4xbxd"2*%e~2+8*%c*d~4)/(d"2) " (1/2) *1n((2*xd~2+2x (d~2) ~(1/2
)* (e 2xx"2+d"2) " (1/2) ) /x) * ((e*x+d) * (mexx+d) ) " (1/2) / (exx+d) " (1/2) / (—exx+d)
~(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.81

dzx

/ a + br? + cx?
x5/ d — ex\/d + ex
(8cd* + 4bd?e? + 3ae*)z* log <—Ve‘”+d V;e’”d_d> — (2ad® + (4bd® + 3 ade®)z?)Ver + dv—ex +d
8 dPz4

‘integrate((c*x‘4+b*x‘2+a)/x‘5/(—e*x+d)‘(1/2)/(e*x+d)‘(1/2),x, algorithm="f

toput ‘ ricas") ‘

Output‘ 1/8%((8%c*d™4 + 4*b*xd"2*xe”2 + 3xaxe”4)*x " 4*log((sqrt(e*x + d)*sqrt(-e*x + ‘
'd) - d)/x) - (2%axd”3 + (4%b*d™3 + 3xaxd*e~2)*x"2)*sqrt(exx + d)*sqrt(-exx
|+ d))/(d75*x74) |
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Sympy [F(-1)]

Timed out.
b 2 4
/ atow +cx dz = Timed out
25/d — ex/d + ex
inputLintegrate((c*x**4+b*x**2+a)/x**5/(—e*x+d)**(1/2)/(e*x+d)**(1/2),x)
Ou_,GputLTimed out

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.53

C].Og (% + 2\/—62m2+d2d> b62 10g (2|Td|2 4+ 2\/—62m2+d2d>

|| ||

/ a + bx? + cx*

T =
x5v/d — ex\/d + ex d 2d3
3aetlog (24 + 2SR oy
8d° 2d2z2
_ 3v—e%? + d2ae? _ V—e’z?+d%a
8 d4x? 4d%z4

integrate ((c*x~4+bxx~2+a) /x"5/(-e*x+d) ~(1/2) / (exx+d) ~(1/2) ,x, algorithm="m

input
axima")

-cxlog(2+d~2/abs(x) + 2*sqrt(-e~2*x"2 + d~2)*d/abs(x))/d - 1/2xbxe”~2*log(2
*d"2/abs(x) + 2xsqrt(-e~2*x"2 + d~2)*d/abs(x))/d"3 - 3/8%axe”4*log(2*d~2/a

bs(x) + 2*sqrt(-e~2*x"2 + d~2)*d/abs(x))/d”~5 - 1/2*sqrt(-e~2*x"2 + d~2)*b/
(d72*%x72) - 3/8*sqrt(-e~2*x"2 + d~2)*a*e”2/(d"4*x"2) - 1/4*sqrt(-e~2*x72 +
d~2)*a/(d"2%x"4)

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 767 vs. 2(108) = 216.

Time = 0.43 (sec) , antiderivative size = 767, normalized size of antiderivative = 6.09

a + bx? + czt
dxr =
x5/ d — ex\/d + ex
4 2.3 5 _V2Vd—v/—ex+d Vez+d 4 2.3 5 _V2Vd—v/—ex+d Vez+d
(80d e+4bd“e’+3ae )10g< Veatd +\/§\/E—\/—ew+d+2’) _ (SCd e+4bd“e’+3 ae )log( Veatd +\/§\/E—\/—ez+d
d° d°

integrate ((c*x~4+b*x~2+a) /x~5/ (-e*x+d) ~(1/2)/(exx+d)~(1/2) ,x, algorithm="g

input
iac")

-1/8*%((8*c*d~4*e + 4*b*d~2%e”3 + 3xa*e”5)*log(abs(-(sqrt(2)*sqrt(d) - sqrt
(-exx + d))/sqrt(exx + d) + sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d
)) + 2))/d"5 - (8*c*d"4xe + 4*bxd"2*xe”3 + 3xaxe”5)*log(abs(-(sqrt(2)*sqrt(
d) - sqrt(-exx + d))/sqrt(exx + d) + sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt
(—exx + d)) - 2))/d"5 - 4x(4xbxd"2*e"3*((sqrt(2)*sqrt(d) - sqrt(-e*x + d))
/sqrt(exx + d) - sqrt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)))~7 + bxa
*e bx((sqrt(2)*sqrt(d) - sqrt(-e*x + d))/sqrt(exx + d) - sqrt(exx + d)/(sq
rt(2)*sqrt(d) - sqrt(-exx + d)))~7 - 16xbxd~2xe"3*((sqrt(2)*sqrt(d) - sqrt
(-exx + d))/sqrt(exx + d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d
)))"5 + 12xa*e”5*((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(exx + d) - sqrt(
exx + d)/(sqrt(2)*sqrt(d) - sqrt(-e*xx + d)))~5 - 64*xbxd~2*xe~3*((sqrt(2)*sq
rt(d) - sqrt(-e*x + d))/sqrt(e*x + d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) - s
qrt(-e*x + d)))~3 + 48*a*xe”5*((sqrt(2)*sqrt(d) - sqrt(-e*xx + d))/sqrt(e*x

+ d) - sqrt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d)))~3 + 256*bxd~2*e~3
*((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(e*xx + d) - sqrt(e*xx + d)/(sqrt(2
)xsqrt(d) - sqrt(-e*x + d))) + 320*axe”5*x((sqrt(2)*sqrt(d) - sqrt(-exx + d
))/sqrt(e*x + d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d))))/((((
sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(exx + d) - sqrt(e*x + d)/(sqrt(2)*s
qrt(d) - sqrt(-e*x + d)))~2 - 4)~4%d"5))/e

output
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Mupad [B] (verification not implemented)

Time = 11.17 (sec) , antiderivative size = 932, normalized size of antiderivative = 7.40

dx = Too large to display

/ a + bz? + czt
x5v/d — ex\/d + ex

(int((a + b*x"2 + c*x~4)/(x"5*x(d + e*xx) " (1/2)*(d - e*x)~(1/2)),x)

input

((axe™4)/4 + (6%axe”™4*((d + e*x)~(1/2) - d~(1/2))°2)/((d - exx)~(1/2) - a~
(1/2))°2 - (53*axe~4x((d + e*x)~(1/2) - d~(1/2))"4)/(2*((d - exx)~(1/2) -
d~(1/2))74) - (87xaxe”4*((d + exx)~(1/2) - d~(1/2))76)/((d - e*x)~(1/2) -
d~(1/2))76 + (65T*axe”~4*((d + e*x)~(1/2) - d~(1/2))78)/(4*((d - exx)~(1/2)
- d7(1/2))78) - (121xa*e”4x((d + e*x)~(1/2) - d~(1/2))"10)/((d - exx)~(1/
2) - d~(1/2))710)/((256%d"5*((d + e*x)~(1/2) - d~(1/2))"4)/((d - e*x)~(1/2
) - d”(1/2))74 - (1024*d°5*((d + exx)~(1/2) - d~(1/2))76)/((d - e*x)~(1/2)
- d~(1/2))76 + (15636*d~5*((d + e*x)~(1/2) - d~(1/2))78)/((d - e*x)~(1/2)
- d~(1/2))78 - (1024%d"5*((d + exx)~(1/2) - d~(1/2))710)/((d - exx)~(1/2)
- d7(1/2))710 + (256*d"5*((d + e*x)~(1/2) - d7(1/2))"12)/((d - e*x)~(1/2)
- d~(1/2))712) - ((bxe~2*((d + exx)~(1/2) - d~(1/2))72)/((d - e*x)~(1/2) -
d~(1/2))°2 - (bxe™2)/2 + (15*b*xe”2*((d + exx)~(1/2) - d~(1/2))"4)/(2x((a
- exx)~(1/2) - d7(1/2))74))/((16*d~3*((d + e*x)~(1/2) - d~(1/2))"2)/((d -
e*xx)~(1/2) - d~(1/2))72 - (32*d~3*((d + e*x)~(1/2) - d~(1/2))"4)/((d - e*x
)7(1/2) - a~(1/2))74 + (16%d~3*((d + exx)~(1/2) - d~(1/2))76)/((d - e*x)~(
1/2) - d~(1/2))76) + (c*(log(((d + e*x)~(1/2) - d~(1/2))"2/((d - e*x)~(1/2
) - d(1/2))72 - 1) - log(((d + e*x)"(1/2) - d~(1/2))/((d - exx)~(1/2) - 4
~(1/2)))))/d - (3xa*xe~4*xlog(((d + e*x)~(1/2) - d~(1/2))/((d - exx)~(1/2) -
d~(1/2))))/(8*d~5) - (bxe~2*log(((d + e*x)~(1/2) - d~(1/2))/((d - exx)~(1
/2) - d~(1/2))))/(2%d~3) + (3*a*xe~4*log(((d + exx)~(1/2) - d~(1/2))~2/(...

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 505, normalized size of antiderivative = 4.01

dx = Too large to display

/ a + bx? + czt
x5v/d — ex\/d + ex

input \ int ((c*xx~4+b*x"2+a) /x"5/ (-e*x+d) ~(1/2) / (exx+d) ~(1/2) ,x)
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( - 2xsqrt(d + e*x)*sqrt(d - exx)*axd**3 - 3*sqrt(d + exx)*sqrt(d - e*x)*a
*xdke*xx2kx*kx2 — 4*sqrt(d + exx)*sqrt(d - e*x)*b*d**3*x**2 - 3xlog( - sqrt(2
) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) - 1)*axe*xd*x*x*x4 — 4xlog(

- sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) - 1)*bxd**2kex*2
*xx*x*%4 - 8%log( - sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) -
1) xc*xd**4*x**x4 + 3xlog( - sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2
)))/2) + 1)xaxexxdxx*kx4 + 4*xlog( - sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(
d)*sqrt(2)))/2) + 1)*bxd**2xe*x2*x*x4 + 8*log( - sqrt(2) + tan(asin(sqrt(d

- exx)/(sqrt(d)*sqrt(2)))/2) + 1)*ckd**4xx*x4 - 3xlog(sqrt(2) + tan(asin(
sqrt(d - exx)/(sqrt(d)*sqrt(2)))/2) - 1)*akex*4xx*x4 - 4xlog(sqrt(2) + tan
(asin(sqrt(d - ex*x)/(sqrt(d)*sqrt(2)))/2) - 1)*bkd**2ke**2kx**4 - 8*log(sq
rt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) - 1)*ckdx*4dxx**4 + 3*
log(sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) + 1)x*akexx4d*x**
4 + 4xlog(sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) + 1)*bxd*
*x2xe**x2*x**x4 + 8xlog(sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2
) + 1)*cxd*kd*xx**x4) / (8*xd**x5*xx*k*4)

output
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3.23 a+bx’+cat dx
z'\/d—ex+/d+ex

Optimal result . . . . . . . . .. . .. 246
Mathematica [A] (verified) . . . . . . . .. .. . L 247
Rubi [A] (warning: unable to verify) . . . ... .. ... ... .. ....... 247
Maple [A] (verified) . . . . . . . . . . 250
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 2511
Sympy [F(-1)] . . . o 2511
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2521
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 252
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 253
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 2541

Optimal result

Integrand size = 35, antiderivative size = 180

/

a + bx? + cxt

z7/d — ex/d + ex

dzr =

_a\/d —ex\/d+ ex B (6bd? + 5ae?) vVd — exv/d + ex

6d%z6 24d474
(Eicd4 + 6bd?e? + 5ae4) Vd—exvd + ex
16d5z2
e®(8cd* + 6bd*e? + bae?) arctanh<@>
16d"

-

output ‘

-1/6%a*(-exx+d) " (1/2) *(e*xx+d) ~(1/2) /d"2/x76-1/24* (5*axe™2+6%b*d~2) * (-e*xx+d
\)‘(1/2)*(e*x+d)“(1/2)/d‘4/x‘4—1/16*(5*a*e‘4+6*b*d‘2*e“2+8*c*d‘4)*(—e*x+d)*
| (1/2)*(exx+d) " (1/2) /d"6/x"2-1/16%e"2x (5*ake 4+6¥bxd"2%e~2+8*c*d"4) *arctanh

L((-e*x+d)“(1/2)*(e*x+d)”(1/2)/d)/d‘7

| —




input
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Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 141, normalized size of antiderivative = 0.78

/ a + bx? + czt
x7\/d — ex\/d + ex

dx

_ 4 .2 4 .4 2,2 .4 4 2,2 .2 4.4
dv/d—ex+/d+ex(6(2bd*x?+4cd*z +?;1;d e2z?) +a(8d*+10d%e?z2+15etz?)) n 662(8Cd4 + 6bd2e? + 5ae4) arctanh(%
- 484"
LIntegrate[(a + b*x"2 + cxx74)/(x"7*Sqrt[d - exx]*Sqrtl[d + e*x]),x] J

-1/48%((d*Sqrt[d - e*x]*Sqrt[d + exx]*(6%(2¥bxd~4*x~2 + 4*c*d"4*x"4 + 3*b*

d~2%e"2*%x"4) + a*x(8*%d"4 + 10*%d"2*xe"2*xx"2 + 15%e"4*x"4)))/x"6 + 6xe 2% (8*c*
\d*4 + 6%bxd"2%e~2 + 5*a*e~4)*ArcTanh[Sqrt[d + exx]/Sqrt[d - e*x]])/d"7

Rubi [A] (warning: unable to verify)

Time = 0.43 (sec) , antiderivative size = 226, normalized size of antiderivative = 1.26,

number of steps used = 9, number of rules used =

used = {1905, 1578, 1192, 1471, 25, 298, 215, 219}

_ o number of rules
8, integrand size = 0.229, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ a+ bx? + cx?t
x'v/d — ex/d + eac
l 1905

2 22 [z 4+br’ta
d* — e’z a5 0T

vd— ex\/d+ ex
l 1578

4
/ — 62.%'2 f cx +b:v +a de

d2—e2z2

2v/d — e:r\/d +ex
l 1192

A\
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8 _(2¢cd?+-be?) xt4-cd? 41 pd2e2
62 /—d2_e2m2fcm (c +e)x-|—c “+ae*+ ed /—d2—62$2

(2 —at)’

Vd —exv/d+ ex
l]Aﬂ

f _ 6cdt —661:4d2+6b€2d2 +5ae4 d\/m

3
e2v/d2 — e212 ae*Vd2—e?x? _ (dz_x4)
6d2(d2—z4)3 6d?

Vvd—exvd+ ex

l 25

4 4 2 2,2 4
6cd™*—6cz*d“+6be“d“+5ae \/W
J ( 3 dvd?—e?x
d<—x )

62 d2 _ 62:L‘2

+ aetVd?—e22

642 6d2(d2—zt)

vVd—exy/d+ ex
l 298

3(5ae4+6bd2e2+80d4) I ﬁ(,ﬁ 1 2 dv/d2 —e222
—x

2
) e2\/d2—e222 (% +6b)
+

2 2
e2V/d2 — e2x2 ” i)

aetv/d?—e2z?

6d?

6d2(d2—z)3

f_ 1 22,2
L rdvd2— o
3(5ae4+6bd2e2+86d4) l#s m+ d?—e2s? 2
2 2( 12 4 2 2_.2,.2( 5ae
2d 2d (d —x ) e“\Vd?—e?zx (‘Td +Gb)
4d? 2_4)2
4(d2—x 4\/m
62 5 2.2 ( ) ae*vVd*—e?*x

6d?

6d2(d2—z)3

vd —exv/d+ ex

l 219

2 2,2
d2—e‘z )(5ae4+6bd2e2+8cd4)

. (arctanh( Loetat)

2d3 2d2 (d2—z4) e2Vd2—e222 (5‘2752%1;)
, 12 + 4(d2_z4)2 AP —a2a2
e d2 _ e2x2 + ae —e“x

6d2

6d2(d2—z4)>

Vd —exv/d+ex
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input‘Int[(a + b*x"2 + c*x74)/(x"7*Sqrt[d - exx]*Sqrt[d + exx]),x]

-((e”2*Sqrt[d™2 - e~ 2*x"2]*((axe”4*Sqrt[d~2 - e”2*xx"2])/(6*%d"2*%(d"2 - x"4)

~3) + ((e"2x(6*b + (H5*a*xe™2)/d"2)*Sqrt[d~2 - e™2xx72])/(4*(d"2 - x74)"2) +
(3% (8xc*d™4 + 6%b*d"2%e”2 + bxaxe”4)*(Sqrt[d~2 - e"2*xx72]/(2%d"2%(d"2 - x

"4)) + ArcTanh[Sqrt[d~2 - e™2*x72]/d]/(2%d"3)))/(4*d"2))/(6%d~2)))/(Sqrt[d
- exx]*Sqrt[d + e*xx]))

output

Defintions of rubi rules used

r

rule%tlnt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 215 Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"2)"(p + 1)
/(2xax(p + 1))), x] + Simp[(2*p + 3)/(2xa*x(p + 1)) Int[(a + b*x"2)"(p + 1
), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4*p] || IntegerQ[6
*p])

rule 219 Int[C(a) + (b_)*(x_)"2)~(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 01)

rule 208 IRtL((a)) + (b_)*(x)"2)7(p_)*((c)) + (d_.)*(x.)72), x_Symboll :> Simp[(-(

b*c - axd))*x*((a + b*x"2)"(p + 1)/(2%a*bx(p + 1))), x] - Simp[(a*d - b*c*(
2%p + 3))/(2*a*b*x(p + 1)) Int[(a + b*x~2)~(p + 1), x], x] /; FreeQ[{a, b,
c, d, p}, x] & NeQ[b*c - axd, 0] && (LtQ[p, -1]1 || ILtQ[1/2 + p, 01)

rule 1192 Int[((d_.) + (e_.)*(x_)) " (m_ )*((f_.) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e"(n + 2*p + 1)  Subst[Int[x"(
2%m + 1)*(e*f - dxg + g*x~2) " n*(c*d”2 - b*d*e + axe”2 - (2*c*d - bxe)*x"2 +
c*x~4)"p, x], x, Sqrt[d + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&

IGtQlp, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

| —




rule 1471

rule 1578

rule 1905

input
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Int[((d_) + (e_.)*(x_)"2)"(q)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.),
x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x"2 + c*x74)"p, d + e*x"2
, x], R = Coeff[PolynomialRemainder[(a + b*x~2 + c*x"4)"p, d + e*x"2, x], X
» 01}, Simp[(-R)*x*((d + e*x72)"(q + 1)/(2%d*(q + 1))), x] + Simp[1/(2xd*(q
+ 1)) Int[(d + e*x"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + R*(2%q + 3),
x], x1, x1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*a*c, 0] && NeQ[c*d™
2 - bxd*e + a*e”2, 0] && IGtQ[p, 0] && LtQlq, -1]

Int[(x_)"(m_.)*((d) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x) gx(a
+ bxx + c*xx"2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Int
egerQL(m - 1)/2]

Int [((£_)*(x_))"(m_.)*((d1_) + (el_.)*(x_)"(non2_.))"(q_.)*((d2_) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(n_) + (c_.)*(x_)"(m2_))"(p_.), x
_Symbol] :> Simp[(dl + el*x”(n/2)) FracPart[ql*((d2 + e2*x~(n/2)) FracPart[
ql/(d1*d2 + elxe2*x"n) FracPart[q]l) Int[(f*x) m*(d1*d2 + elxe2*x"n) gx*(a

+ b*x™n + c*x~(2*n))"p, x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, f, n, p,

q}, x] & EqQ[n2, 2*n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]

Maple [A] (verified)

Time = 0.88 (sec) , antiderivative size = 179, normalized size of antiderivative = 0.99

method | result

Vvexr+d+/—ex+d (15a etzt+18bd2e2z+24c d*xt +10a d2e2x2+12b d* 22 +-8a d4) N

e? (5a e*+6bd2e?+8c d4) In (M

risch — 184526 16d5v/d? vex+d-
2d(v/—e222+d2 d)+d 2d(v/—e222+d2 d)+d 2d(V/—e222+
v —ex+d+ex+d <1Sln< ( o - cogn(@) )>a66x6+18ln< ( o ps cogn(@) )>bd264$6+24ln<<ez

default | —

.
int ((c*x~4+b¥x"2+a) /x~7/ (-e*x+d) " (1/2)/ (e*x+d) " (1/2) ,x ,method=_RETURNVERBO
LSE)
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-1/48% (exx+d) ~(1/2) * (—e*x+d) ~ (1/2) * (15*a*e~4*x~4+18*b*d~2%e " 2*x~4+24*c*d"4 \
*x"4+10*%a*xd"2*e” 2*%x " 2+12+%b*xd"4*x"2+8*a*d~4) /d"6/x"6-1/16%e"2*x (5xaxe”~4+6xb* \
‘ d~2*xe"2+8%c*d~4)/d"6/(d"2) " (1/2) *1n((2*d"2+2*x(d"2) ~(1/2) *(-e"2*x~2+d"2) ~ (1 ‘
\/2))/x)*((e*x+d)*(-e*x+d))“(1/2)/(e*x+d)‘(1/2)/(-e*x+d)“(1/2)

output‘

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 137, normalized size of antiderivative = 0.76

dzx

/ a + bx? + czt
27V/d — ex\/d + ex
3 (8 cd'e? + 6 bd%e* + 5 ae®)z® log (—Vﬂd V;“”) — (8ad® + 3 (8 cd® + 6 bd3 + 5 ade)at + 2 (6bd°

48 d7z6

e N

integrate ((c*x~4+b*x~2+a)/x"7/(-e*x+d) ~(1/2) / (e*x+d) ~(1/2) ,x, algorithm="f

input
ricas")

1/48% (3% (8*c*xd~4*e”2 + 6xb*d"2*e~4 + Sxa*xe”6)*x"6*log((sqrt(exx + d)*sqrt(
-e*xx + d) - d)/x) - (8%axd"5 + 3*(8xc*d™5 + 6¥b*d"3%e”2 + bxakxdxe 4)*x"4 +
2% (6*b*d"5 + H*axd~3xe”2)*x"2)*sqrt(e*x + d)*sqrt(-e*x + d))/(d"7*x"6)

output

Sympy [F(-1)]

Timed out.

dz = Timed out

/ a + bx? + czt
2"V/d — ex/d + ex

input ‘ integrate ((c*x**4+bkx**2+a) /xk*7/ (—exx+d) ** (1/2) / (e*x+d) **x(1/2) ,x) ‘

outputLTimed out J
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 271, normalized size of antiderivative = 1.51

2 2d? 2v—e2x2+4d2d

/ a + bx? + cx? mz_ce IOg<W+ e )
z7v/d — ex/d + ex 243

3 be* log (2%' + —”—62“”2“”)

||

8 db
5 aeb log (% + Q—V‘f;f*‘”d> V=% + de
B 16 d7 2422
—e222 + d?be?  5+/—e222 + d2aet
8 diz? B 16 d6z2
V@RI 5VFR+ Pa® PP T Pa
B 4d%z4 B 24 d*z* B 6 d2z6

integrate ((c*x~4+b*x~2+a)/x"7/(-e*x+d) ~(1/2) / (e*x+d) ~(1/2) ,x, algorithm="m

input
axima")

-1/2%c*e”2xlog(2*xd~2/abs(x) + 2*sqrt(-e”2*x"2 + d72)*d/abs(x))/d"~3 - 3/8*Db
*xe"4xlog(2*xd~2/abs(x) + 2*sqrt(-e~2*x"2 + d"2)*d/abs(x))/d"5 - 5/16%a*e 6%
log(2*d~2/abs(x) + 2*sqrt(-e~2*x"2 + d~2)*d/abs(x))/d"7 - 1/2*sqrt(-e~2*x"
2 + d72)*c/(d"2*x"2) - 3/8*sqrt(-e”2*x"2 + d~2)*bxe~2/(d"4*x"2) - 5/16%sqr
t(-e"2xx"2 + d"2)*a*e”4/(d"6*x"2) - 1/4*xsqrt(-e”2*x"2 + d~2)*b/(d"2*x"4) -
5/24*sqrt(-e”~2*x"2 + d~2)*a*e”2/(d"4*x"4) - 1/6x*sqrt(-e~2*x"2 + d"2)*a/(d
~2%x76)

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1434 vs. 2(156) = 312.

Time = 0.61 (sec) , antiderivative size = 1434, normalized size of antiderivative = 7.97

dx = Too large to display

/ a + bx? + czt
27\/d — ex\/d + ex

N

input‘integrate((c*x“4+b*x‘2+a)/x‘7/(—e*x+d)“(1/2)/(e*x+d)“(1/2),X, algorithm="g
‘iac") ‘




output

input
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-1/48% (3% (8*c*d"4*e”~3 + 6xbxd"2*e”5 + Bkxaxe~7)*log(abs(-(sqrt(2)*sqrt(d) -
sqrt(-e*xx + d))/sqrt(exx + d) + sqrt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-ex
x +d) + 2))/d”7 - 3%(8*c*d"4*e"3 + 6*%bxd"2%e”5 + b¥a*xe~7)*log(abs(-(sqrt
(2)*sqrt(d) - sqrt(-e*x + d))/sqrt(exx + d) + sqrt(exx + d)/(sqrt(2)*sqrt(
d) - sqrt(-exx + d)) - 2))/d"7 - 4%(24*cxd"4*e"3*((sqrt(2)*sqrt(d) - sqrt(
-e*x + d))/sqrt(e*xx + d) - sqrt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d)
))~11 + 30%b*d~2xe"5*((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(exx + d) - s
grt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)))~11 + 33*a*e”~7*((sqrt(2)*s
qrt(d) - sqrt(-e*x + d))/sqrt(exx + d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) -
sqrt(-e*xx + d)))~11 - 288xc*d~4*e~3*((sqrt(2)*sqrt(d) - sqrt(-e*x + d))/sq
rt(exx + d) - sqrt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)))~9 - 168*bx*
d~2%e"5*((sqrt (2)*sqrt(d) - sqrt(-exx + d))/sqrt(exx + d) - sqrt(exx + d)/
(sqrt(2)*sqrt(d) - sqrt(-exx + d)))~9 + 20*axe”7*((sqrt(2)*sqrt(d) - sqrt(
-exx + d))/sqrt(e*xx + d) - sqrt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)
))"9 + 768xcxd"~4*e"3*((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(e*x + d) - s
grt(e*xx + d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d)))~7 + 192xb*xd"2*e~5*((sqrt(
2)*sqrt(d) - sqrt(-e*x + d))/sqrt(exx + d) - sqrt(e*xx + d)/(sqrt(2)*sqrt(d
) - sqrt(-exx + d)))"7 + 1440%axe”7*((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sq
rt(exx + d) - sqrt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)))~7 + 3072*c
*d~4xe”3*((sqrt(2)*sqrt(d) - sqrt(-e*xx + d))/sqrt(e*x + d) - sqrt(e*x +...

Mupad [B] (verification not implemented)

Time = 19.64 (sec) , antiderivative size = 1621, normalized size of antiderivative = 9.01

bz® + ca*
/ ator"+ e L Too large to display

27\/d — ex\/d + ex

int((a + b*x~2 + c*x~4)/(x"T*(d + exx)~(1/2)*(d - e*x)~(1/2)),x%)




output

input
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/((b*e”4)/4 + (6¥bxe”4x((d + e*xx)~(1/2) - d7(1/2))72)/((d - exx)~(1/2) - 4~

(1/2))72 - (53xbxe~4x((d + exx)~(1/2) - d~(1/2))"4)/(2*x((d - e*x)~(1/2) -
d~(1/2))"4) - (87xb*e~4*((d + e*x)~(1/2) - d~(1/2))"6)/((d - e*x)~(1/2) -
d~(1/2))76 + (657xbxe~4*((d + exx)~(1/2) - d~(1/2))78)/(4*x((d - e*x)~(1/2)
- d~(1/2))78) - (121%bxe~4*((d + e*xx)~(1/2) - d~(1/2))"10)/((d - exx)~(1/
2) - d°(1/2))710)/((256*%d"5*((d + e*x)~(1/2) - d~(1/2))"4)/((d - e*x)~(1/2
) - d~(1/2))74 - (1024*d"5x((d + exx)~(1/2) - d~(1/2))76)/((d - e*x)~(1/2)
- d~(1/2))76 + (1536*d"5*((d + e*x)~(1/2) - d~(1/2))78)/((d - exx)~(1/2)
- d~(1/2))78 - (1024*d"5x((d + exx)~(1/2) - d~(1/2))710)/((d - e*x)~(1/2)
- d~(1/2))710 + (256*%d"5x((d + exx)~(1/2) - d~(1/2))"12)/((d - e*x)~(1/2)
- d7(1/2))712) - ((c*e™2x((d + exx)~(1/2) - d~(1/2))"2)/((d - exx)~(1/2) -
d~(1/2))"2 - (c*e”2)/2 + (15*%cxe~2%((d + e*x)~(1/2) - d~(1/2))~4)/(2*((d
- e*xx)"(1/2) - d~(1/2))74))/((16*%d~3*%((d + e*x)~(1/2) - d~(1/2))"2)/((d -
exx)~(1/2) - d47(1/2))72 - (32+%d"3*((d + exx)~(1/2) - d7(1/2))"4)/((d - e*x
)7(1/2) - d7(1/2))°4 + (16%d~3*((d + e*x)~(1/2) - d~(1/2))76)/((d - e*x)~(
1/2) - d~(1/2))°6) + ((a*e”™6)/6 + (4xaxe”6*x((d + e*x)~(1/2) - d~(1/2))"2)/
((d - e*xx)~(1/2) - d~(1/2))"2 + (Ti*xa*e”6x((d + exx)~(1/2) - d~(1/2))"4)/(
(d - exx)"(1/2) - d~(1/2))"4 - (1558%a*xe”6%((d + e*x)~(1/2) - 4~ (1/2))"6)/
(3*%((d - exx)~(1/2) - d~(1/2))"6) - (b40*axe~6%((d + e*x)~(1/2) - 4~ (1/2))
~8)/((d - exx)~(1/2) - d~(1/2))7"8 + (4248*a*e”6x((d + exx)~(1/2) - 4~ (1...

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 589, normalized size of antiderivative = 3.27

dx = Too large to display

/ a+ br? + cz*
27\/d — ex\/d + ex

‘int((c*x“4+b*x“2+a)/x“?/(-e*x+d)“(1/2)/(e*x+d)“(1/2),x)
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( - 8xsqrt(d + e*x)*sqrt(d - exx)*axd**5 - 10xsqrt(d + e*x)*sqrt(d - exx)*
axdxk3xex*k2xx**2 — 16xsqrt(d + exx)*sqrt(d - e*x)*akdrex*kdxxx*4 - 12xsqrt(
d + exx)*sqrt(d - e*x)*bxd*xb5*xx*x*2 — 18*sqrt(d + e*x)*sqrt(d - e*xx)*b*d**3
xex*2xx**x4 — 24*sqrt(d + exx)*sqrt(d - e*x)*ckd**bxxx*4 - 15xlog( - sqrt(2
) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) - 1)*a*e*x*6*x**6 - 18%log
( - sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) - 1)*bxd**2xe**
4xxx*6 - 24xlog( - sqrt(2) + tan(asin(sqrt(d - ex*x)/(sqrt(d)*sqrt(2)))/2)

- 1)*cxdx*x4xex*2xx*x6 + 16xlog( - sqrt(2) + tan(asin(sqrt(d - exx)/(sqrt(d
)*sqrt(2)))/2) + 1)*axe*x6*x*x*6 + 18%log( - sqrt(2) + tan(asin(sqrt(d - ex
x)/(sqrt(d)*sqrt(2)))/2) + 1)*bkd**2xexx4*x**6 + 24*log( - sqrt(2) + tan(a
sin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) + 1)*ckd*xd*exx2*x*x6 - 15%log(sqr
t(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) - 1)*axe*x6xx*x6 — 18%
log(sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) - 1)x*bkd**2*ex**
4xx*x6 — 24xlog(sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))/2) - 1
) kckdx*k4kex*2xx*x*6 + 15%xlog(sqrt(2) + tan(asin(sqrt(d - e*x)/(sqrt(d)*sqrt
(2)))/2) + 1)*axex*x6xx**6 + 18xlog(sqrt(2) + tan(asin(sqrt(d - exx)/(sqrt(
d)*sqrt(2)))/2) + 1)*bxd**2xe**4xx*x6 + 24*log(sqrt(2) + tan(asin(sqrt(d -
exx)/(sqrt(d)*sqrt(2)))/2) + 1)*ckdk*d*kex*2kx**6) /(48*d**T*x**6)

output

N




output
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22 (a+bz?+czt)
3.24 dx
Vd—ez\/d+ezx
Optimal result . . . . . . . . . . . e 256
Mathematica [A] (verified) . . . . . . . . . ... 2571
Rubi [A] (verified) . . . .. . ... .. 257
Maple [A] (verified) . . . . . . ... L 260
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 261]
Sympy [F(-1)] . . o o 2611
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ..., 262
Giac [A] (verification not implemented) . . . . . . .. ... ... oL 262
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 263]
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 264

Optimal result

Integrand size = 35, antiderivative size = 216

2 b2 4
z*(a + bx -I—cx)dx:_

(5cd* + 6bd%e? + 8aet) zv/d — ex\/d + ex

Vd —ex/d+ ex

(5ed? + 6be?) z2+/d — exv/d + ex

244

+

N cx®(—d + ex)Vd + ex
6e2v/d — ex
d*(5cd* + 6bd?e? + 8ae*) v/ d? — e2x? arctan <—

)

16e7v/d — ex\/d + ex

-1/16%(8*a*e”4+6xb*d"2ke~2+5*c*kd~4) kx* (—e*x+d) ~(1/2) * (exx+d) ~(1/2) /e~6-1/2
4x (6xbxe”2+5xc*xd"2) *x~3* (—exx+d) ~(1/2) * (e*xx+d) ~(1/2) /e 4+1/6*c*x "5 (exx-d)
*(exx+d) ~(1/2)/e”2/ (—e*xx+d) ~(1/2)+1/16%d"2* (8*a*e ~4+6xb*d~2*xe ~2+5xc*d~4) * (
-e"2%x72+d"2) ~(1/2) *arctan(e*x/ (-e"2*x"2+d"2) ~(1/2)) /e" 7/ (-e*xx+d) ~(1/2) /(e

*x+d) " (1/2)
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Mathematica [A] (verified)

Time = 0.28 (sec) , antiderivative size = 134, normalized size of antiderivative = 0.62

z%(a + bz? + cx?)

dx
Vd —ex/d+ ex
—exv/d — exv/d + ex(6(3bd%e? + 4ae* + 2be*x?) + c(15d* + 10d%e*z? + 8e*z?)) + 6d%(5cd* + 6bd2e? +
- 48e7
input LIntegrate [(x"2*%(a + b*xx~2 + c*x~4))/(Sqrt[d - exx]*Sqrtl[d + e*x]),x] J

e B

(-(e*xx*Sqrt[d - e*x]*Sqrt[d + exx]*(6*%(3*bxd~2%e”2 + 4*a*xe™4 + 2¥bke"4*x"2
\) + c*x(15%d"4 + 10%d"2*e"2*x"2 + 8xe"4*x"4))) + 6%d"2%(5*xc*d"4 + 6*bxd"2%*e \
"2 + 8*axe~4)*ArcTan[Sqrt[d + e*x]/Sqrtld - exx]1)/(48+e7)

output

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 192, normalized size of antiderivative = 0.89,

number of rules __
integrand size 0.200, Rules

number of steps used = 8, number of rules used = 7,
used = {1905, 1590, 25, 363, 262, 224, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z%(a + ba? + cz?)
vVd—exvd+ ex
l 1905

2( 4 2
3 3. 5T (cx +bx +a)
Vd? —e?a? [ — o da

vVd—exv/d+ ex
l 1590

dzr

z2 (6(162 + (E’)cd2 +6be2 ) :1:2)

f_ dx 5 —
Vd? — e2x? (— dée*;zﬁ _cx W)
vd—exv/d+ ex
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l 25

:c2 (6a62+ (50d2+6b62)z2)

P22 / 32 o252 dx _ caByVd?—ez?
T 6e? 6e?

vd —exv/d+ex

l 363
4 6pa2e245cdd) [ 22 4
3(8ae +6bd2e2+5¢ )‘/ T2 o227 13 yp— (6b+ 5Cd2)
d2 — e22 4e2 4 2 ) cabVdP—e2z?
662 662

vVd —exv/d+ ex
l 262

2 I Vd2? L 2,2 Vd2—e2
4 2.2 4 e‘x x e‘x
3(8ae +6bd“e“+5cd ) 22 - 22

2)
2
—3a3Vd?—e2a? (6b+5z‘21 ) caP a2 —e2 2

6e? 6e2

2
d? — e2a? de

vd—exv/d+ ex

l 2924
2 1
d f e2z2 +1d\/d2f82x2
4 2 2 4 d2—e222 zv/d2—e2z2
3(8ae +6bd2e2 +5¢d ) 5o - vt
2
_1.3./32_22,.2 5cd
d2 2,2 4e2 {rVdi etz (6b+ ) ) cxdVA2—e252
—e‘x 62 - 6e2

2e3 2¢2

2 ex
d arctan(i)
2 2.2 2 _e2,2
3( Vd4—e4x zVd4—e“x )(8ae4+6bd262+55d4)

_ 1.3 /4% 242 5cd?
d2 — e212 4e2 g Vdi—etz (6b+ 2 ) _ cabVd2—e2zZ
e“xr 6e? 6e2

vd—exv/d+ex
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input‘Int[(x“2*(a + b*x"2 + c*x74))/(Sqrt[d - exx]*Sqrt[d + exx]),x]

‘(Sqrt[d‘2 - e™2xx"2] % (-1/6*%(c*xx"5*Sqrt[d~2 - e™2*x"2])/e"2 + (-1/4*((6%b +
\ (6%c*d~2)/e~2)*x"3*Sqrt[d~"2 - e"2%x72]) + (3*(5*c*d"4 + 6xb*d~2%e”2 + 8*a
‘*e‘4)*(—1/2*(x*Sqrt[d‘2 - e72%x72])/e"2 + (d"2*ArcTan[(e*x)/Sqrt[d~2 - e~2
‘*x‘2]])/(2*e“3)))/(4*e‘2))/(6*e‘2)))/(Sqrt[d - exx]*Sqrt[d + ex*x])

output

Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 216 10t [C(a) + (b_)*(x)"2)7(-1), x_Symboll :> Simp[(1/(Rtla, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

rule 294 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !GtQ[a, 0]

rule 262 Int[((c_)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simpl[c*(c*x)
“(m - 1)*x((a + b*x”2)"(p + 1)/(bx(m + 2*%p + 1))), x] - Simpla*c™2x((m - 1)/
(b*(m + 2*p + 1)))  Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
» C, P}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] &% IntBinomialQ[a, b, c
, 2, m, p, %]

rule 363 IntLCle_D*(x_))"(m_)*((a) + (b_.)*(x)"2)7(p_.)*((c) + (d_.)*(x)72), x
_Symbol] :> Simp[d*(e*x)~(m + 1)*((a + b*xx"2)"(p + 1)/(b*ex(m + 2%p + 3))),
x] - Simp[(a*d*(m + 1) - bxckx(m + 2*p + 3))/(b*x(m + 2%p + 3)) Int[(e*x)"
m*(a + b*xx~2)"p, x], x] /; FreeQ[{a, b, ¢, 4, e, m, p}, x] && NeQ[b*c - a*xd
, 0] && NeQ[m + 2%p + 3, 0]




rule 1590

rule 1905
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Int [(C£_)*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (
c_.)*(x_)"4)"(p_.), x_Symbol] :> Simp[c p*(f*x)"(m + 4*p - 1)*((d + e*x"2)~
(q + 1)/(exf~(4%p - 1)*(m + 4xp + 2%q + 1))), x] + Simp[1/(ex(m + 4%p + 2xq
+ 1)) Int[(f*x)"m*(d + e*x"2) g*ExpandToSum[e*(m + 4*p + 2%q + 1)*((a +
b*x"2 + c*x74)7p - cTp*x~(4*p)) - d*c”px(m + 4*p - D)*x"(4xp - 2), x], x],
x] /; FreeQ[{a, b, c, d, e, f, m, q}, x] && NeQ[b~2 - 4xa*xc, 0] && IGtQ[p,
0] && !'IntegerQlql && NeQ[m + 4xp + 2%q + 1, 0]

Int [((£_)*(x_))"(m_.)*((d1_) + (el_.)*(x_)"(non2_.))"(q_.)*((d2_) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(n)) + (c_)*(x_)"(m2))"(p_.), x
_Symbol] :> Simp[(dl + el*x”(n/2)) FracPart[ql*((d2 + e2*x”(n/2)) FracPart[
ql/(d1*d2 + elxe2xx"n) FracPart[q]l) Int[(f*x) m*(d1*d2 + elxe2*x"n) g*(a

+ bxx"n + cxx~(2*n))"p, x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, f, n, p,

q}, x] && EqQ[n2, 2#n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]

Maple [A] (verified)

Time = 0.86 (sec) , antiderivative size = 161, normalized size of antiderivative = 0.75

method

result

risch

default

2 (8¢ et 2,2 4 T
z(8cz4e4+12be4z2+10cd262z2+24ae4+18bd2e2+150d4)\/—ez+d\/em+d d (80.5 +6bd”e”+5cd )arctan(\/_e2z2+d:

488 + 16e8ve? Ver+d/—ex+
v —ex+d+ex+d (8 csgn(e)ce®z®y/—e2x2+d2+12 csgn(e)be®x3v/—e2x2+d2+10 csgn(e)cd?edz3v/—e2x2+d2+24v/—e2x2+

input
SE)

int (x"2* (c*xx~4+b*x~2+a) / (—e*x+d) ~(1/2) / (exx+d) ~(1/2) ,x ,method=_RETURNVERBO

/

output

-1/48*x* (8*cke~4d*xx~4+12*%bxe~4*x~2+10*c*xd~2*e” 2*x"2+24*a*e~4+18*b*d " 2xe~2+1
5xc*d~4) /e 6x (—exx+d) " (1/2) * (exx+d) " (1/2)+1/16*d"2* (8*a*e”~4+6*b*xd~2xe”2+5%
c*d~4)/e"6/(e"2) " (1/2)*arctan((e”2) " (1/2) *x/ (e~ 2xx~2+d"2) " (1/2) ) * ((e*x+d)
* (—exx+d)) ~(1/2) / (e*x+d) ~(1/2) / (—exx+d) ~(1/2)
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 134, normalized size of antiderivative = 0.62

z%(a + bz? + cx?)

Vd —ex/d+ ex

(8ce’z® + 2 (5ed?e® + 6be®)z® + 3 (5 cd*e + 6bd%e® + 8 ae®)x)Ver + dvV/—ex + d + 6 (5 cd® + 6 bdie
48 €7

dr =

integrate (x~2* (c*x~4+b*xx~2+a) / (-exx+d) "~ (1/2) /(e*xx+d)~(1/2) ,x, algorithm="f

input
ricas")

-1/48*%((8*c*e~5*x"5 + 2x(b*c*d"2%e”3 + 6*b*e”5)*x~3 + 3x(5kc*kd"4*e + 6%b*d
~2*%e~3 + 8+%axe”b)*x)*sqrt(exx + d)*sqrt(-e*xx + d) + 6*(5xc*d"6 + 6xb*d~4x*e
"2 + 8xaxd"2+e”4)*arctan((sqrt(e*x + d)*sqrt(-e*x + d) - d)/(e*x)))/e"7

output

Sympy [F(-1)]
Timed out.
z2(a + bx? + cx?)

dz = Timed out
Vd —exv/d+ ez

integrate (x**2x (cxx**4+b*x**2+a) / (—e*xx+d) ** (1/2) / (e*x+d) **(1/2) ,x)

inputt

Output‘Timed out ‘
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 226, normalized size of antiderivative = 1.05

z%(a + bx? + cx?) gV —e2x? 4+ d?cz® 5V —e2x? + d?cd?z®  /—e2x? + d?ba?

Vd —exv/d+ ez T 6 2 B 24 et 4 e2
5 cdb arcsin ( d‘i%) 3 bd* arcsin ( d‘ij%)

+
16 v/e2eb 8v/e2et
2

ad?axcsin (%) 5 /=27 ¥ Ped'a

_|_

2ve2e? 16 €5
3V —e2z2 + d2bd’z Y —e2x2 + d2ax
8et 2e2

integrate (x~2* (c*x~4+b*x~2+a) / (—e*x+d) ~(1/2) / (exx+d) ~(1/2) ,x, algorithm="m
axima")

N J

input

-1/6*sqrt(-e"2*x"2 + d~2)*c*x~5/e"2 - 5/24xsqrt(-e"2*x"2 + d~2)*cxd"2*x"3/
e”4 - 1/4xsqrt(-e”2*x"2 + d~2)*b*x"3/e"2 + 5/16%c*d”6*arcsin(e”2*x/(d*sqrt
(e”2)))/(sqrt(e~2)*e~6) + 3/8*bxd~4*arcsin(e~2*x/(d*sqrt(e~2)))/(sqrt(e~2)
*e~4) + 1/2*%axd"2*arcsin(e”2x*x/(d*sqrt(e”2)))/(sqrt(e™2)*e”2) - 5/16%sqrt(
-e"2%x"2 + d72)*c*kd"4*x/e”6 - 3/8*sqrt(-e”2*x"2 + d72)*bxd"2*x/e"4 - 1/2%s
grt(-e~2*x"2 + 4d72)*a*x/e"2

output

Giac [A] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 177, normalized size of antiderivative = 0.82
z2(a + bz? + cz?)

Vd —exv/d+ ez
(33 cd® + 30 bd3e? + 24 ade* — (85 cd* + 54 bd*e? + 24 ae* — 2 (55 cd® + 18 bde? — (45 cd? + 6 be® + 4 ((e

dz

‘integrate(x“2*(c*x“4+b*x‘2+a)/(—e*x+d)‘(1/2)/(e*x+d)‘(1/2),x, algorithm="g
iac")

N J

input




output

input

output
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1/48%((33%c*d"5 + 30%b*d~3*e~2 + 24*a*d*e”4 - (85xcxd™4 + 54*bxd~2%e”2 + 2

4xaxe~4 - 2x(5b*c*d"3 + 18*bkd*e”2 - (45%c*d”2 + 6%b*e”2 + 4*x((exx + d)*c
- bkcxd)*x(exx + d))*(e*xx + d))*(exx + d))*(exx + d))*sqrt(exx + d)*sqrt(-e
*x + d) + 6%(5kcxd~6 + 6%bxd~4*e”2 + 8%axd 2*e”4)*arcsin(1/2*sqrt(2)*sqrt(
e*xx + d)/sqrt(d)))/e”7

Mupad [B] (verification not implemented)
Time = 21.81 (sec) , antiderivative size = 1132, normalized size of antiderivative = 5.24

z2(a + bx? + cx?)

dz = Too large to displa
Vd—exv/d+ ex & PRy

(int((x‘2*(a + b*x"2 + c*x74))/((d + e*xx)~(1/2)*(d - e*x)~(1/2)),x)

((14*axd~2x((d + exx)~(1/2) - d7(1/2))73)/((d - exx)~(1/2) - d~(1/2))"3 -
(14*axd~2+((d + exx)~(1/2) - d7(1/2))75)/((d - exx)~(1/2) - d7(1/2))76 + (
2%a*xd"2x((d + exx)~(1/2) - d~(1/2))°7)/((d - exx)~(1/2) - d~(1/2))77 - (2%
axd™2x((d + e*x)~(1/2) - d7(1/2)))/((d - e*x)~(1/2) - d~(1/2)))/(e"3*(((d
+ exx)7(1/2) - d7(1/2))72/((d - e*x)~(1/2) - d~(1/2))72 + 1)74) - ((175%c*
d"6x((d + e*x)~(1/2) - d~(1/2))"3)/(12x((d - e*x)~(1/2) - d~(1/2))"3) + (3
11xc*d76*((d + exx)~(1/2) - d7(1/2))75)/(4*x((d - exx)~(1/2) - d(1/2))75)
- (8361*cxd™6%((d + e*xx)~(1/2) - d7(1/2))77)/(4*((d - exx)~(1/2) - d7(1/2)
)7T) + (42289%c*d"6*((d + exx)~(1/2) - d7(1/2))79)/(6*%((d - e*x)~(1/2) - d
~(1/2))79) - (256295xc*xd~6*((d + e*x)~(1/2) - d7(1/2))711)/(2*%((d - e*x)~(1
/2) - d7(1/2))711) + (25295%cxd~6x((d + e*x)~(1/2) - d~(1/2))~13)/(2*((d -
exx)~(1/2) - d~(1/2))"13) - (42259*c*d~6*((d + exx)~(1/2) - d~(1/2))"15)/
(6%x((d - exx)~(1/2) - d~(1/2))715) + (8361xc*kd~6*((d + e*x)~(1/2) - d7(1/2
))717) /(4% ((d - exx)”(1/2) - d7(1/2))717) - (31lxcxd”6*((d + e*xx)~(1/2) -
d~(1/2))719)/(4*((d - e*x)~(1/2) - d7(1/2))719) - (175%c*d"6*((d + e*x) (1
/2) - d7(1/2))721)/(12%((d - e*x)"(1/2) - d7(1/2))721) - (B*c*d"6*((d + ex
x)7(1/2) - d7(1/2))723)/(4x((d - e*x)~(1/2) - d7(1/2))723) + (5*c*d~6*((d
+ exx)”(1/2) - d7(1/2)))/(4x((d - e*x)~(1/2) - d~(1/2))))/(e"7*(((d + e*x)
“(1/2) - da7(1/2))72/((d - exx)"(1/2) - d7(1/2))72 + 1)712) - ((23*bxd~4* ((
d + exx)"(1/2) - da~(1/2))73)/(2x((d - e*x)~(1/2) - d~(1/2))73) - (333%*b...
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 214, normalized size of antiderivative = 0.99

z%(a + bz? + cx?)

dx
Vd —exv/d+ex
—48asin(‘/\;ae—T\/‘gd> ad?e* — 36asin<‘/\;5T\/";> bd*e? — 30asin(‘/\;£T\/'g‘i> cd® —24v/ex + d+/—ex + daé’:
input Lint (x"2% (c*x~4+b*x"2+a) / (-exx+d) " (1/2) / (e*x+d) ~(1/2) ,x) J
output/( - 48*asin(sqrt(d - e*x)/(sqrt(d)*sqrt(2)))*a*d**2xex*4 - 36*asin(sqrt(d ]

- e*x)/(sqrt(d)*sqrt (2)))*bxd*x4*ex*2 — 30*asin(sqrt(d - e*x)/(sqrt(d)*sqr
t(2)))*xc*kd**6 — 24*sqrt(d + e*x)*sqrt(d - exx)*a*ex*b5xx - 18*sqrt(d + exx)
*sqrt(d — exx)*bxdx*2xex*3xx — 12+sqrt(d + exx)*sqrt(d — e*x)*bkex*k5xx**3
- 15*%sqrt(d + exx)#*sqrt(d - e*x)*ckxd*x4xexx - 10*sqrt(d + exx)*sqrt(d - ex
X)*ckd**x2ke*x*x3xx**3 - B*ksqrt(d + exx)*sqrt(d - e*x)*cke*x5xx**5)/(48%e*xT)
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3.25 f a+bz?+cz? dx
* Vd—ez/d+ex
Optimal result . . . . . . . . .. . .. 265]
Mathematica [A] (verified) . . . . . . . .. .. . L 265
Rubi [A] (verified) . . . . . . . .. .. 260
Maple [A] (verified) . . . . . . . . . . 268
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 2691
Sympy [F(-1)] . . . o 269
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2691
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 270
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 2711
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 2721
Optimal result
Integrand size = 32, antiderivative size = 121
a + bz? + czt de— — (3cd? + 4be?) z+/d — ex+/d + ex B cx3v/d — exv/d+ ex
Vd — exv/d+ ez Set 4e2?

(3cd* + 4bd%e? + 8aet) arctan (—Vd” )

Vd—ex

+

4ed

output‘

-1/8% (4*b*e”2+3xc*d"2) *x* (—e*xx+d) ~(1/2) * (exx+d) ~(1/2) /e~ 4-1/4*c*xx" 3% (—e*x+ \
\ d)~(1/2) *(exx+d) ~(1/2) /e~ 2+1/4% (8xa*xe~4+4xbxd~2*xe~2+3*c*xd~4) *arctan ( (e*xx+d \

)~(1/2)/ (—exx+d)~(1/2))/e"5

Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.81

a + bx? + cxt

d
Vd —exv/d+ ez v

i

—ex/d — exv/d + ex(3cd? + 4be? + 2ce*x?) + 2(3cd* + 4bd%e? + 8ae*) arctan ( d+ex>

i

d—ex

8ed

input L

Integrate[(a + b*x™2 + c*x"4)/(Sqrt[d - exx]*Sqrtl[d + e*x]),x] J
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‘ (-(e*x*Sqrt[d - exx]*Sqrt[d + e*x]*(3*c*d™2 + 4xb*e™2 + 2xc*ke™2%x"2)) + 2%
‘(3*c*d”4 + 4xb*d"2xe"2 + 8xaxe”4)*ArcTan[Sqrt[d + e*x]/Sqrtld - exx]])/(8%
‘e‘S)

output

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.28,

number of rules _ 0.188, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {1789, 1473, 25, 299, 224, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bz? + cxt iz
vVd—exv/d+ ex
l 1789
Va? = e2a? [ b tay
Vd—exv/d+ ex
J’1473

4ae2 + (30d2 +4b62)m2

a2 — 212 Vd2—e242 dz _ cx3/d?2—e2x2

- 4e? 4e?

vd—exv/d+ex

| 25

2 2 2\,2
4ae“+(3cd“+4be” |z
( )= .

42 — 212 J 42 —e242 cx3Vd2—e2z2

4e2 4e?

vd —exv/d+ex
J'299

(8ae4+4bd262+3cd4) I

2
d? — e2g2 Ze

a2 Lssde a2
—e4x 1 2 22 3¢
—zxVdi—e?x (4b+ 3 ) P —2a?

4e2 - 4e?

vd —exv/d+ex
l 924
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(8aet+4bd?e? +3cat) [ L +1d s ,
2222 1 3cd
A2 — 212 2¢2 —oVd?’—e’z? (4b+7> P B—E?
4e2 4e2
vd—exvd+ex
l 216
arctan <¢) (8ae4+4bd262+36d4)
d2—e222 1 / 3cd2
d2 — e222 2¢3 —peVd?—e’z? (4b+ o2 ) _ cadyVd?—ez2
4e2 4e2
vd—exvd+ex

input LInt[(a + b*x72 + c*x"4)/(Sqrt[d - e*x]*Sqrt[d + ex*x]),x]

output

‘(Sqrt [d™2 - e™2*x"2]*(-1/4*(c*xx"3*Sqrt[d™2 - e"2*x"2])/e"2 + (-1/2*((4*b +
\ (3*%c*d~2) /e”2) *x*Sqrt[d"2 - e72*x72]) + ((3*%c*d~4 + 4*bxd"2%e”2 + 8*a*xe”4

‘ )*xArcTan[(e*x)/Sqrt[d~2 - e"2%x~2]]1)/(2*e~3))/(4*xe"2)))/(Sqrt[d - e*x]*Sqr

\t[d + e*x])

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol]l :> Simp[Identity[-1] Int[Fx, x], x]

rule

216}1nt[((a_) + (b_.)*(x_)"2)~(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A

'rcTan[Rt([b, 2]1*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && PosQla/b] && (GtQla |

» 0] |l GtQ[b, 01)

rule 224
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !GtQ[a, 0]

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],

rule 299

axd, 0] && NeQ[2xp + 3, 0]

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[d*x
*((a + b*x"2)"(p + 1)/(bx(2xp + 3))), x] - Simp[(a*d - bkxc*x(2xp + 3))/(b*(2
*p + 3)) Intl[(a + b*x~2)7p, x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c -




rule 1473

rule 1789

input

output
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Int[((d) + (e_.)*(x_)"2)"(q)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.),
x_Symbol] :> Simp[c™p*x~(4*p - 1)*((d + e*x"2)"(q + 1)/(ex(4*p + 2xq + 1)))
, x] + Simp[1/(ex(4*p + 2%q + 1)) Int[(d + exx"2) "q*ExpandToSum[e*(4*p +
2xq + 1)x(a + b*x"2 + c*xx74)"p — dxcpx(4xp - 1)*x"(4xp - 2) - exc px(4xp +
2xq + 1)*x~(4*p), x], x], x] /; FreeQ[{a, b, c, d, e, q}, x] && NeQ[b"2 -
4xaxc, 0] && NeQ[c*d™2 - bxd*xe + a*e”™2, 0] &% IGtQ[p, 0] && !'LtQlq, -1]

Int[((d1_) + (el_.)*(x_)"(non2_.))"(q_.)*((d2_) + (e2_.)*(x_)"(non2_.))"(q_
D*((a_.) + (b_)*(x) (@) + (c_)*(x_)"(@m2.)) " (p_.), x_Symbol] :> Simp[(d
1 + el*x~(n/2)) FracPart[q]l*((d2 + e2*x~(n/2)) FracPart[q]l/(d1*d2 + el*e2*x
“n) “FracPart[q]) Int[(d1*d2 + el*e2*x"n) g*(a + b*x™n + c*x~(2*n)) p, x],
x] /; FreeQ[{a, b, c, d1, el, d2, e2, n, p, q}, x] && EqQ[n2, 2*n] && EqQ[
non2, n/2] && EqQ[d2*el + dixe2, 0]

Maple [A] (verified)

Time = 0.82 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.06

method | result

(8ae+4bd?e2+3cd?) arctan ( %) V/ (ex+d)(—ex+d)
8etvVe? ex+d/—ex+d

. z(2cx?e2+4be2+3cd?)v/—ex+d Ver+d
risch Il o ) +

v—ez+d+ex+d (2 csgn(e)cedz3v/—e222+d?+4 csgn(e)edv—e?x2+d? bx+3 csgn(e)ev —e2x2+d? cd?x—8 arctan (7

default PN gy

‘int((c*x“4+b*x”2+a)/(-e*X+d)”(1/2)/(e*x+d)”(1/2),x,method=_RETURNVERBUSE)

‘ -1/8%x*x (2%c*xe”~2xx"2+4*b*e~2+3*xc*d~2) /e 4* (—e*x+d) ~(1/2) * (e*xx+d) ~(1/2)+1/8x% \
‘(8*a*e‘4+4*b*d‘2*e‘2+3*c*d“4)/e‘4/(e‘2)‘(1/2)*arctan((e‘2)‘(1/2)*x/(-e“2*x
L‘2+d‘2) ~(1/2)) * ((exx+d) * (—e*x+d) ) ~(1/2) / (e*x+d) ~(1/2) / (-e*x+d) ~(1/2) J
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 100, normalized size of antiderivative = 0.83

a + bx? + czt dr —
Vd—exvd+ex
(2ce®z® + (3cd®e + 4 be®)x)Ver + dvV—ex + d + 2 (3 cd* + 4bd?e? + 8 ae?) arctan (—Ve”"'d Ve;e“""'d_d)

8ed

integrate ((c*x~4+b*xx"2+a) / (-exx+d) ~(1/2) /(e*x+d)~(1/2) ,x, algorithm="frica

input
SII)

-1/8%((2*c*e~3*%x"3 + (3xc*d"2%e + 4*bxe”3)*x)*sqrt(exx + d)*sqrt(-exx + d)
+ 2% (3%c*d™4 + 4*b*d"2*e”2 + 8*axe”4)*arctan((sqrt(e*xx + d)*sqrt(-e*x + d

) - d)/(e*x)))/e”5

output

Sympy [F(-1)]
Timed out.
a + bx? + czt
Vd —exv/d+ ez

dz = Timed out

input‘integrate((c*x**4+b*x**2+a)/(—e*x+d)**(1/2)/(e*x+d)**(1/2),x)

Output‘Timed out ‘

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.21

a+ br? + cxt V—e2z? + d2cyd  @arcsin ( di%) 3 cd* arcsin (;ii%)
dr = — + +
Vd—exvd+ex 4e? Ve? 8 ve2et

: e2m
 tParcsin (25) sveerT@cts V-EET P

2/e2e? 8et 2 €2
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integrate ((c*x~4+b*x~2+a)/(-e*x+d) ~(1/2)/(e*x+d)~(1/2) ,x, algorithm="maxim

input
au)

-1/4*sqrt(-e~2*x"2 + d"2)*c*x"3/e"2 + a*arcsin(e”2+*x/(d*sqrt(e~2)))/sqrt(e
~2) + 3/8%c*d"4xarcsin(e”2*x/(d*sqrt(e”2)))/(sqrt(e~2)*e~4) + 1/2¥bxd"2*ar
csin(e™2*x/(d*sqrt(e”2)))/(sqrt(e”2)*e”2) - 3/8*sqrt(-e~2+x"2 + d~2)*c*xd"2
*x/e"4 - 1/2*sqrt(-e”"2*x"2 + d~2)*b*x/e"2

output

Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.95

a+ bz? + cz*
Vd—exvd+ ex
(5cd® +4bde? — (9cd? + 4be? + 2 ((ex + d)c — 3cd)(ex + d))(ex + d))Vex + dvV/—ex +d + 2 (3cd* +

8ed

dz

integrate ((c*x~4+b*x~2+a)/(-e*x+d) ~(1/2)/(exx+d)~(1/2) ,x, algorithm="giac"
)

N\ J

input

1/8%((5*c*d™3 + 4*b*d*e”2 - (9*cxd"2 + 4xbxe”2 + 2x((exx + d)*c - 3*c*xd)*(
exx + d))*(e*xx + d))*sqrt(exx + d)*sqrt(-exx + d) + 2*(3*ckd~4 + 4*bxd"2%e
~2 + 8*axe~4)*arcsin(1/2*sqrt(2)*sqrt(exx + d)/sqrt(d)))/e”5

output
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Mupad [B] (verification not implemented)

Time = 12.56 (sec) , antiderivative size = 651, normalized size of antiderivative = 5.38
a + bx? + czt

Vd—exvd+ex v
14b42 (\/m_\/a)?’ 14542 (m_ﬁ)5 2bd? (M_ﬁ)7 2ba? (Vitez—d)

(Vareava) | (A | (ea) | VieeVa
- 4
3 (\/d+ex—\/8>2 41
(va—ea-vd)’
e (Vi—ez-va)
4““”(@(\?%%\@)

Ve
23cd? <\/Cm—\/g)3 333cd? (\/M—\/Ef 671 cd (m_m)7 671 cd (\/M—\/E)Q 333cd* (\/M—ﬁ

2 (Vi—ez-vd)’ B 2 (Vi—ez—va)’ + 2 (Vi—ez—va)’ B 2 (Vi—ez—va)’ + 2(@4&)”
(i) )
"\ ()’
2bd2 atan(%:g) 3Cd4 atan(:/f/j—l—::;:%)
* el + 2ed

input Lint((a + b*x"2 + c*xx~4)/((d + e*x)~(1/2)*(d - e*x)~(1/2)),x) J
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((14xb*d~2x((d + e*x)~(1/2) - d~(1/2))73)/((d - exx)~(1/2) - d4~(1/2))"3 -

(14%b*d~2*%((d + e*xx)~(1/2) - d4~(1/2))°5)/((d - e*x)~(1/2) - 4~ (1/2))75 + (
2%b*d"2* ((d + e*xx)~(1/2) - d~(1/2))°7)/((d - exx)~(1/2) - d~(1/2))°7 - (2%
bxd~2*((d + exx)~(1/2) - d7(1/2)))/((d - e*x)~(1/2) - d~(1/2)))/(e~3x(((a
+ exx)~(1/2) - d~(1/2))°2/((d - exx)~(1/2) - d~(1/2))"2 + 1)"4) - (4*xa*ata
n((ex((d - exx)~(1/2) - d~(1/2)))/((e”2)~(1/2)*((d + exx)~(1/2) - d~(1/2))
)))/(e72)~(1/2) - ((23*cxd~4*((d + exx)~(1/2) - d~(1/2))73)/(2*x((d - exx)~
(1/2) - d~(1/2))73) - (333%c*d~4*((d + exx)~(1/2) - d~(1/2))75)/(2%((d - e
*x)"(1/2) - d7(1/2))75) + (671xcxd"4*((d + exx)~(1/2) - d~(1/2))"7)/(2*((d
- exx)~(1/2) - d~(1/2))°7) - (6T1xcxd~4*((d + exx)~(1/2) - d~(1/2))"9)/(2
*((d - exx)~(1/2) - d~(1/2))79) + (333*cxd~4*((d + e*xx)~(1/2) - d~(1/2))"1
1)/(2x((d - exx)~(1/2) - d~(1/2))711) - (23xc*d"4*((d + e*x)~(1/2) - d~(1/
2))713) /(2% ((d - e*x)~(1/2) - d7(1/2))713) - (3xcxd"4*((d + exx)~(1/2) - d
~(1/2))°15) /(2% ((d - exx)~(1/2) - d7(1/2))715) + (3*c*d~4x((d + exx)~(1/2)
- d~(1/2)))/(2*((d - exx)~(1/2) - d~(1/2))))/(e”5*(((d + e*x)~(1/2) - d~(
1/2))72/((d - e*x)~(1/2) - d~(1/2))"2 + 1)78) + (2*bxd~2*atan(((d + e*x)(
1/2) - d7(1/2))/((d - e*x)~(1/2) - d7(1/2))))/e”3 + (3*cxd"4*atan(((d + ex
x)~(1/2) - d~(1/2))/((d - e*x)~(1/2) - d~(1/2))))/(2%e"5)

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.17

a + bz? + czt

dx
Vd—exvd+ex
—w%m<§%g>a&—8wm<vﬁy>MF2—6%M<§ﬁy>a#—4%m+d¢—w+db§x—&

8ed

input (int ((cxx~4+brx~2+a) / (~exx+d) " (1/2)/ (exx+d)~(1/2) ,x)

output‘( - 16*asin(sqrt(d - exx)/(sqrt(d)*sqrt(2)))*a*e*x4 - 8*asin(sqrt(d - e*x)
‘/(sqrt(d)*sqrt(2)))*b*d**2*e**2 - 6xasin(sqrt(d - ex*x)/(sqrt(d)*sqrt(2)))*
‘c*d**4 - 4*sqrt(d + e*x)*sqrt(d - e*x)*b*e*x*3*x - 3*sqrt(d + e*x)#*sqrt(d -

‘ exx)kckd**2xexx — 2*sqrt(d + e*xx)*sqrt(d - e*x)*cke**3*x**3)/(8*ex*5)
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a+ba’+cat

3.26 x2\/d—ex/d+ex dx

Optimal result . . . . . . . . .. . .. 2773
Mathematica [A] (verified) . . . . . . . .. .. . L 273
Rubi [A] (verified) . . . . . . . .. .. 274
Maple [A] (verified) . . . . . . . . . . 270
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 27Tl
Sympy [F(-1)] . . . o 27T
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 278
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 278l
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 279
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 2801

Optimal result

Integrand size = 35, antiderivative size = 94

/ a + bx? + cz? ad —exv/d+exr cxvd—exvd+ex
dz = — —
x2y/d — ex/d + ex d?z 2e2
(cd? + 2be?) arctan (\%‘ﬁg)

_|_

e3

N

output ‘/—a* (—exx+d) " (1/2) * (e*x+d) ~(1/2) /d~2/x-1/2*c*x* (—e*x+d) ~(1/2) * (exx+d) ~(1/2) ‘
‘ /e” 2+ (2%bxe~2+c*xd~2) *arctan ((e*x+d) ~(1/2)/(-exx+d) ~(1/2))/e"3 ‘

Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.91

_e\/d—ew\/d+:;§£2a62+cd2x2) + 2(0d2 + 2b62) arctan <\/3tzz)

/ a + bx? + cxt dp —
22y/d — ex/d + ex 2¢e3

input‘ Integrate[(a + b*x™2 + c*xx"4)/(x"2*Sqrt[d - e*x]*Sqrt[d + e*xx]),x]
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‘ (-((exSqrt[d - exx]*Sqrt[d + exx]*(2xa*e”2 + cxd~2xx"2))/(d"2*x)) + 2x(c*d

output
L"Q + 2xb*e”2)*ArcTan[Sqrt[d + e*x]/Sqrtld - exx]])/(2xe~3) J

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.34,

number of rules _ 0.200, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {1905, 1588, 25, 27, 299, 224, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bx? + cxt e
x2y/d — ex\/d + ex
l 1905

2 _ 2.2 [ _czitbrita
Vd? — e’z e dz_e%zd:r

vd —exv/d+ex
l 1588

d2 (cz2+b)

i G
A /d2 _ €2$2 (_ vd3562x2 _ avd;%ezx2)
vd —exv/d+ex

l25

d2(0z2+b d
A2 — 222 J x/d2d—§2z2 * _ a\/d22—62x2
T

vd —exv/d+ex

| 27
VB = ([ e de - V8

vd —exv/d+ ex
l 299

/ cd? aVd2—e2z2 cxVd2—e2z?
d? — e*z? (% (2b + %) f \/dziezwz de — \/dd% - \/11262 )
vd—exvd+ex
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| 224
d? — e?a? (é <2b + CQL;) f 62“”% +1d\/d2i662w2 o a\/dtziz_xezzz o C-T\/d;e;esz)
d2—e242
Vd—exvd+ex

l 216
cd2

arctan| —&_—— | ( 2b+
d2 — e22 <_GW + ( d2—e212)( ;T) ez d262$2)
T

2e 2e2

vVd—exv/d+ ex

input‘ Int[(a + b*x"2 + c*xx"4)/(x"2+Sqrt[d - exx]*Sqrt[d + exx]),x] ‘

| (Sqrt[d~2 - e~2#x~2]*(-((a*Sqrt[d™2 - e~2#x"2]1)/(d"2#x)) - (crx*Sqrt[d~2 -
| em2#x72])/(2%e72) + ((2#%b + (c*d"2)/e~2)*ArcTan[(e*x)/Sqrt[d™2 - e"2#x72] |
11)/(2%e)))/(Sqrt[d - exx]*Sqrtld + e*x]) |

output

Defintions of rubi rules used

ruk>25LInt[_(Fx—)’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J
rule 27 Intl(@)*(Fx_), x_Symbol]l :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 216 TntL((a) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)
rule 994 Intl1/8qrtl(a ) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x72), xI,
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !GtQ[a, 0]




rule 299

rule 1588

rule 1905
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Int[((a_ ) + (b_)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[d*x
*((a + bxx"2)"(p + 1)/(x(2*p + 3))), x] - Simp[(a*d - b*ckx(2*p + 3))/(b*(2
*p + 3)) Intl[(a + b*x~2)7p, x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c -
axd, 0] && NeQ[2*xp + 3, 0]

Int [(C£_)*(x_))"(m_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c
_)*(x_)"4)"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x~2 +
c*x74)"p, f*x, x], R = PolynomialRemainder[(a + b*x"2 + c*x"4)"p, f*x, x]},
Simp [R*(f*x)~(m + 1)*((d + e*x72)"(q + 1)/(d*fx(m + 1))), x] + Simp[1/(d*f
~2%(m + 1)) Int[(f*x)~(m + 2)*(d + e*x~2) “gq*ExpandToSum[d*f*(m + 1)*(Qx/x
) - exRx(m + 2*q + 3), x], x], x]] /; FreeQ[{a, b, c, d, e, £, q}, x] && Ne
Q[b~2 - 4*axc, 0] && IGtQ[p, O] && LtQ[m, -1]

Int [((£_)*(x_))"(m_.)*((d1_) + (el_.)*(x_)"(non2_.))"(q_.)*((d2_) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(n_) + (c_.)*(x_)"(m2_))"(p_.), x
_Symbol] :> Simp[(dl + el*x”(n/2)) FracPart[ql*((d2 + e2*x~(n/2)) FracPart[
ql/(d1*d2 + elxe2*x"n) FracPart[q]l) Int[(f*x) m*(d1*d2 + elxe2*x"n) gx*(a

+ b*x™n + c*x~(2*n))"p, x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, f, n, p,

q}, x] & EqQ[n2, 2*n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]

Maple [A] (verified)

Time = 0.89 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.23

method | result

(2be%+cd?) arctan (ﬂ> (ex+d)(—ez+d)

2,2 2
—e
vex+d+v—ex+d (cd z°4+2ae ) 222 +42

2d2e3v/—e2x2+d2 x

risch 222z + RN e By
— 20 12/ — 2221 d2— _csgn(e)ez  \p 12,2, _csgn(eezx  \, g4 3./
default _mm (csgn(e)cd ex?y/—e2x2+d? 2arctan<\/m)bd e‘x arctan(\/m)cd z+2 csgn(e)e® v/ —¢

input ‘ int ((c*x~4+b*x~2+a) /x~2/ (—exx+d) ~(1/2) / (exx+d) ~(1/2) ,x ,method=_RETURNVERBO

LSE)
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-1/2x(exx+d) ~(1/2) * (—e*xx+d) ~(1/2) *(c*xd~2*x"2+2*xa*xe"2) /e~2/d~2/x+1/2*% (2*xb*e \
~2+c*d~2)/e~2/(e"2) " (1/2)*arctan((e~2) ~(1/2) *x/ (-e~2*x~2+d~2) ~(1/2) ) *((e*x

output
\ +d) *(—e*xx+d) )~ (1/2) / (exx+d) " (1/2) / (-e*x+d) " (1/2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.96

dz

/ a+ bz? + cz*
x2v/d — ex\/d + ex
2 (cd* + 2 bd?e?)x arctan (—“e”d W) + (cd?ex? + 2 ae®)vVex + dv/—ex + d

2d%e3x

integrate ((c*x~4+b*xx"2+a) /x"2/ (-exx+d) ~(1/2) / (exx+d)~(1/2) ,x, algorithm="f

input
ricas")

-1/2%(2%(c*d~4 + 2xb*d~2%e~2)*x*arctan((sqrt(e*x + d)*sqrt(-exx + d) - d)/

output
(e*x)) + (c*d"2%exx"2 + 2%axe”3)*sqrt(exx + d)*sqrt(-e*x + d))/(d"2*e”3*x)

Sympy [F(-1)]

Timed out.
b2 4
/ ot or ter dxr = Timed out
x2v/d — ex/d + ex
input‘integrate((c*x**4+b*x**2+a)/x**2/(—e*x+d)**(1/2)/(e*x+d)**(1/2),x)

Output‘Timed out
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.00

. 2 . 2
/ a+ bx? + ext i b arcsin (;ﬂ%) .\ cd? arcsin (de\/i% )

x prd
22v/d — ex\/d + ex Ve? 2V e2e?
vV—e2x?2 +d?cx v —e2x?+ d%a
2e? d?x

integrate ((c*x~4+bxx~2+a) /x"2/ (-e*x+d) ~(1/2) / (exx+d) ~(1/2) ,x, algorithm="m

input
axima")

b*arcsin(e~2*x/(d*sqrt(e~2)))/sqrt(e”2) + 1/2*cxd"2*arcsin(e”2*x/(d*sqrt(e
~2)))/(sqrt(e~2)*e~2) - 1/2%sqrt(-e~2%x"2 + d~2)*c*x/e~2 - sqrt(-e~2*x~2 +
d~2)*a/(d"2#*x)

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 239 vs. 2(80) = 160.

Time = 0.21 (sec) , antiderivative size = 239, normalized size of antiderivative = 2.54

dr =

/ a+ bx? + cz*
x2y/d — ex\/d + ex

2
m((ﬁﬁ;ﬁ) _1>

8“e4<\/wa_ e e ) 2 2
ex+ 2vVd—+/—ex+d
<<ﬁﬁ_ v )2_4>d2 7 + 2 arctan 2 (Vavavetd) (cd® + 2be?) + ((e
ex+d V2Vd—+/—ex+d

2e3

integrate ((ckx"4+b*x"2+a) /x"2/ (~exx+d)~(1/2)/ (exx+d)~(1/2) ,x, algorithm="g

input
iac") ‘
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-1/2%(8xaxe~4x((sqrt(2)*sqrt(d) - sqrt(-e*x + d))/sqrt(exx + d) - sqrt(exx
+ d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d)))/((((sqrt(2)*sqrt(d) - sqrt(-e*x
+ d))/sqrt(e*x + d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d)))~2
- 4)*d"2) - (pi + 2xarctan(1/2*sqrt(e*x + d)*((sqrt(2)*sqrt(d) - sqrt(-e*x
+ d))"2/(exx + d) - 1)/(sqrt(2)*sqrt(d) - sqrt(-exx + d))))*(c*d™2 + 2%bx*
e”2) + ((e*xx + d)*c - cxd)*sqrt(e*x + d)*sqrt(-exx + d))/e”3

output

Mupad [B] (verification not implemented)

Time = 7.61 (sec) , antiderivative size = 306, normalized size of antiderivative = 3.26

dz

/ a + bx? + cxt
22y/d — ex/d + ex
dcd? (\/m_\/a)?’ dcd? (\/m_\/af 2cd? (m_ﬁ)7 2¢d? (Vates—vd)

B (m_ﬁ)s a (\/m_ﬂf + (m_ﬁ)7 T Vd—ea—Vd
NG
“\ ()’
4bMan( e@q;§_¢@ ) 2cd?at Vdtez—Vd
_ Ve (Varea—vi) L aan(m)_(%%)\/m
\/6_2 63 .'131/d+6£l}

inputtint((a + b*x"2 + c*x74)/(x72%(d + e¥x)~(1/2)*(d - e*x)~(1/2)),x)

((14*c*d™2%((d + exx)~(1/2) - d7(1/2))73)/((d - e*x)~(1/2) - d7(1/2))"3 -

(14%cxd™2x((d + e*x)~(1/2) - d~(1/2))78)/((d - exx)~(1/2) - d7(1/2))75 + (
2xckd"2%((d + exx)”(1/2) - d7(1/2))77)/((d - e*x)~(1/2) - d~(1/2))°7 - (2%
cxd™2x((d + e*x)~(1/2) - d7(1/2)))/((d - e*x)~(1/2) - d~(1/2)))/(e~3*(((d

+ exx)~(1/2) - d~(1/2))72/((d - e*x)~(1/2) - d~(1/2))72 + 1)74) - (4*b*ata
n((ex((d - e*x)~(1/2) - d7(1/2)))/((e72)"(1/2)*((d + e*x)~(1/2) - d~(1/2))
)))/(e72)7(1/2) + (2%cxd™2*atan(((d + exx)~(1/2) - d7(1/2))/((d - exx)~(1/
2) - d7(1/2))))/e"3 - ((a/d + (a*xe*x)/d"2)*(d - e*x)~(1/2))/(x*(d + e*xx)~(
1/2))

output
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.12

dx

/ a + bx? + czt
x2y/d — ex\/d + ex

—4asz'n(—v\;5“\”/“;) bd?e*x — 2asin< V\;aef/'gd) cd*z — 2v/ex +dv/—ex +dae® — Vex +dv/—ex + dcd?e
2d2e3x

input Lint ((c*x~4+b*x~2+a) /x~2/ (~e*x+d) ~(1/2) / (e*xx+d) ~(1/2) ,x) J

e )

(- 4*asin(sqrt(d - exx)/(sqrt(d)*sqrt(2)))*b*d**2xe**2*x — 2*asin(sqrt(d
\— exx) /(sqrt (d) *sqrt(2)))*xc*kd**4xx - 2*sqrt(d + e*x)*sqrt(d - e*x)*a*ex*3 \
‘— sqrt(d + exx)*sqrt(d - e*x)*ckd**2kxexx**2)/(2kd**2*e**3*x) ‘

output
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a+ba’+cat

3.27 x4/ d—ex/d+ezx dx

Optimal result . . . . . . . . .. . .. 28T]
Mathematica [A] (verified) . . . . . . . .. .. . L 28]
Rubi [A] (verified) . . . . . . . .. .. 282
Maple [A] (verified) . . . . . . . . . . 284
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 2851
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 285
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 287l
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 28T
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 288
Reduce [B] (verification not implemented) . . . . . . ... ... ... ......

Optimal result

Integrand size = 35, antiderivative size = 100

/ a + bx? + cz? g — _a\/d—ex\/d-l—ex B (3bd? + 2ae?) v/d — ex/d + ex
4/d —exd+er 3d2x3 3dz
Vd+ex
.\ 2c arctanfﬁ)

e

output

-1/3%ax(—exx+d) ~(1/2) *(exx+d) ~(1/2)/d"2/x"3-1/3* (2*a*e”~2+3*b*xd~2) * (—e*xx+d)
~(1/2)*(exx+d) ~(1/2) /d~4/x+2*c*arctan((exx+d) ~(1/2) / (—e*x+d) ~(1/2)) /e

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.81

/ a+ bz? + cz? dp — — Vd — exv/d + ex(3bd?z? + a(d? + 2e%x?))
r4/d—ervd+exr 3d4z3
2carctan ( ¥4t
()

inputt

Integrate[(a + b*x"2 + c*x"4)/(x"4*Sqrt[d - exx]*Sqrt[d + exx]),x]
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‘-1/3*(Sqrt [d - e*x]*Sqrt[d + e*x]*(3*b*xd~2*x"2 + a*(d™2 + 2*e~2%x"2)))/(d”

output
L4*x"3) + (2xcxArcTan[Sqrt[d + e*x]/Sqrt[d - exx]])/e J

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.35,

number of rules _ 0.171, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {1905, 1588, 25, 358, 224, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bx? + cxt e
z4/d — exv/d+ex
l 1905
VB =P [ ettt gy
Vd—exv/d+ex
l 1588

[- 3cz?d?+3bd? +2qe? 5

JE—ag( T e an T weew
3d? 34223

vd— exv/d+ ex
l 25

f 3c12d2+3bd2+2a62 dz
2 — 242 22v/d2—e222 _ aVd?—e232

3d? 3d2x3

vd —exv/d+ex
l 358

o 1 d2—€212(2;‘7§2+3b>
d2 — 212 3ed® | d2—e222 do— z _ avd?—e232
e 342 3d%23

vVd — exv/d+ ex
l 924
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2
d2—e242 (TQ‘;E +3b>

d2 _ 621172 d2 —e222 +1 __aa /d2 —e2y2
3d? 330223
vd—exvd+ex

l 216

e arcon( Sy ) VR (208" )
Vd2 — e2x2 e — z aVd?—e2z?

3d2 T T 3d%g3

vd—exv/d+ex

-

Int[(a + b*x™2 + c*x74)/(x"4*Sqrt[d - e*x]*Sqrt[d + e*x]),x]

input

N\

t‘ (Sqrt[d~2 - e™2xx"2]*(-1/3*(axSqrt[d~2 - e™2*x"2])/(d"2*x"3) + (-(((3*b +
‘(2*a*e"2)/d"2)*Sqrt [d™2 - e™2*x"2])/x) + (3*c*d"2xArcTan[(e*x)/Sqrt[d~2 -
‘ e~ 2%x72]])/e)/(3%d"2)))/(Sqrt[d - e*x]*Sqrtl[d + ex*xx])

outpu

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol]l :> Subst[Int[1/(1 - b*x~2), x],
X, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

rule 224

Int[(Ce_)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2), x_
Symbol] :> Simplc*(exx)~(m + 1)*((a + b*x"2)"(p + 1)/(a*ex(m + 1))), x] + S
imp[d/e”2 Int[(exx)"(m + 2)*(a + b*x~2)"p, x], x] /; FreeQl[{a, b, c, d, e
, m, p}, x] && NeQ[bxc - axd, 0] && EqQ[Simplify[m + 2xp + 3], 0] && NeQ[m,
-1]

rule 358
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Int[((£_)*(x_)) " (m_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c
_)*(x_)"4)"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x~2 +
c*x"4)"p, f*x, x], R = PolynomialRemainder[(a + b*x"2 + c*x~4) p, f*x, x1},
Simp [R*(£*x)~"(m + 1)*((d + e*x"2)"(q + 1)/(d*f*x(m + 1))), x] + Simp[1/(d*f
“2%(m + 1)) Int[(f*x)"(m + 2)*(d + e*x"2) “g*ExpandToSum[d*f*(m + 1)*(Qx/x
) - exRx(m + 2xq + 3), x], x], x]] /; FreeQ[{a, b, c, d, e, £, q}, x] && Ne
Q[b~2 - 4*xa*c, 0] && IGtQ[p, 0] && LtQ[m, -1]

rule 1588

Int [((£_)*(x_))"(m_.)*((d1_) + (el_.)*(x_)"(non2_.))"(q_.)*((d2_) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(n)) + (c_)*(x_)"(m2))"(p_.), x
_Symbol] :> Simp[(dl + el*x”(n/2)) FracPart[ql*((d2 + e2*x”(n/2)) FracPart[
ql/(d1*d2 + elxe2xx"n) FracPart[q]l) Int[(f*x) m*(d1*d2 + elxe2*x"n) g*(a

+ bxx"n + cxx~(2*n))"p, x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, f, n, p,

q}, x] && EqQ[n2, 2#n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]

rule 1905

Maple [A] (verified)

Time = 0.85 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.07

method | result

Ve \ eraeetd
_ Vertdy=ertd (2acat4 3 davad?) car"ta'“( Nerre) ) (eztd)(—ea+d)

risch 3d153 Ve Jeatdv—catd
vV —ex+d+/ex+d (—3 arctan (%) cdz3+2vV—e212+d2 csgn(e)e3a 2243/ —e222+d2 csgn(e)eb d?2z2+av/—e2z2+d
default | — -

3d4v/—e2224+d2 z3e

int ((c*x~4+b*x~2+a) /x"4/ (—e*x+d) ~(1/2) / (exx+d) " (1/2) ,x,method=_RETURNVERBO

input
SE)

e N

-1/3*%(exx+d) ~(1/2) *(—e*x+d) ~ (1/2) * (2*a*xe”2*xx~2+3*b*xd~2*x"2+a*d~2) /d~4/x" 3+
c/(e”2)~(1/2)*arctan((e”2) " (1/2)*x/ (e~ 2xx~2+d"2) " (1/2) ) * ((e*x+d) * (—e*x+d)
)= (1/2)/ (exx+d) ~(1/2) / (—exx+d) " (1/2)

output
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.90

dz

/ a+ bz? + czt
x4/d — ex/d + ex
6 cd*z3 arctan <—Vew+d V@;”"'d_d) + (ad?e + (3bd?%e + 2 ae®)z?)Ver + dv/—ex +d

- 3dtex3

integrate ((c*x~4+b*x"2+a) /x”"4/ (-exx+d) ~(1/2) /(exx+d)~(1/2) ,x, algorithm="f

input
ricas")

-1/3*(6xc*d~4*x"3*arctan((sqrt (exx + d)*sqrt(-exx + d) - d)/(e*x)) + (axd”

output
2xe + (3xb*d~2%e + 2xa*e”3)*x"2)*sqrt(e*x + d)*sqrt(-e*x + d))/(d"4*xe*x"3)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
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Time = 19.15 (sec) , antiderivative size = 257, normalized size of antiderivative = 2.57

9 11 4 553
. 5,3 1 4 202 2
iae3Ggg 4
P12 92 5 11 4 0o |¢°%
a+ bz? + cz* 142 1
dr = 3
z4/d — ex/d + ez Az dt
3 79951
ae3G2’6 29474 479 d2e—2im
6,6 79 3 290 e2z?
47 4 99 &y &y
+ 3
Amrad?
571 339
47 49 29929 2
ibeGoS s
1,2,3,22 0 |7
Y4929 49
+ 3
472 d?
1349153
b€G2’6 294779 4992 d2e—2im
6,6 35 1 1.1.0 22
47 4 2115
+ 3
4mad?
13 11
G2 44 575’1’1 d2
166 0.1.1319 e?z?
747929 47
- 3
4m2e
11 11
CG2’6 _57_17(),717571 d2e—2im
6,6 11 1 0.0.0 252
47 4 29 Y Yy
+ 3
4mz2e

input Lintegrate ((c*xx**4+b*x**2+a) /x**4/ (—e*xx+d) ** (1/2) / (e*x+d) **x(1/2) ,x)
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Ixa*xex*3*meijerg(((9/4, 11/4, 1), (5/2, 5/2, 3)), ((2, 9/4, 5/2, 11/4, 3),
(0,)), dx*2/(ex*2*x**2))/(4*pi**(3/2)*d**4) + axex*3xmeijerg(((3/2, 7/4,
2, 9/4, 5/2, 1), O), ((7/4, 9/4), (3/2, 2, 2, 0)), dx*2*exp_polar(-2*I*pi
)/ (ex*x2xx*%x2)) / (4*pix* (3/2) *d**4) + I*bkxexmeijerg(((5/4, 7/4, 1), (3/2, 3/
2, 2)), ((1, 5/4, 3/2, 7/4, 2), (0,)), d**x2/(e**2xx**x2))/(4xpi**(3/2)*d**2
) + b*e*meijerg(((1/2, 3/4, 1, 5/4, 3/2, 1), ), ((3/4, 5/4), (1/2, 1, 1,
0)), dx*2*xexp_polar(-2*Ixpi)/(e*x*2xx**2))/(4*pix*(3/2)*d**2) - I*c*meijer
g(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1/4, 1/2, 3/4, 1, 0), ), d*x2/(ex
*x2%x*%2) ) / (4*pi**(3/2)*e) + c*meijerg(((-1/2, -1/4, 0, 1/4, 1/2, 1), ),
((-1/4, 1/4), (-1/2, 0, 0, 0)), d**2*exp_polar (-2xI*pi)/(e**2*x**2))/(4*pi

*%(3/2) *e)

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.94

2

/ a + bx? + ezt o carcsin (di/%) /222 + d2b

x
z4/d — ex\/d + ex Ve? d’z
2V —e2x2 + d2ae? Y —e2x2 + d2a
3dizx 3d2x3

integrate ((c*x"4+bxx~2+a) /x"4/ (~exx+d) ~(1/2)/(exx+d) ~(1/2) ,x, algorithm="m

input
axima")

e N

cxarcsin(e”2*x/(d*sqrt(e”2)))/sqrt(e”2) - sqrt(-e~2*x"2 + d~2)*b/(d"2*x) -
2/3*sqrt(-e~2*x"2 + d"2)*axe”2/(d"4*x) - 1/3*sqrt(-e~2*x"2 + d~2)*a/(d"2x
x"3)

output

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 530 vs. 2(84) = 168.
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Time = 0.26 (sec) , antiderivative size = 530, normalized size of antiderivative = 5.30

dzx

/ a + bx? + cxt
x4/d — ex\/d + ex

\/E\/E—\/—ez+d)2 5
</ d (—_]_ 2.2 ( V2Vd—+/—ex+d _ Vexr+d 4
ert < extd > 4<3bd e ( JeoTd v@vE—VC€E$E> +3ae (

V2vVd—+/—ez+

Vex+d

3| m+ 2 arctan

2 (Vava—-extd) °”

integrate((c*x~4+b*xx~2+a)/x"4/(-e*x+d) ~(1/2) / (exx+d)~(1/2) ,x, algorithm="g

input
iac")

1/3%(3*%(pi + 2*arctan(1/2*sqrt(e*x + d)*((sqrt(2)*sqrt(d) - sqrt(-exx + d)
)"2/(exx + d) - 1)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d))))*c - 4*(3xbxd"2xe"2
*((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(exx + d) - sqrt(exx + d)/(sqrt(2
)*sqrt(d) - sqrt(-e*x + d)))~5 + 3*axe”4x((sqrt(2)*sqrt(d) - sqrt(-exx + d
))/sqrt(e*x + d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-e*xx + d)))"5 - 2
4xb*d~2*e" 2% ((sqrt (2)*sqrt(d) - sqrt(-exx + d))/sqrt(exx + d) - sqrt(e*x +
d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)))~3 - 8xaxe™4*((sqrt(2)*sqrt(d) - sq
rt(-e*xx + d))/sqrt(exx + d) - sqrt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-e*x +
d))) "3 + 48xbxd~2xe"2x((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(e*xx + d) -
sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d))) + 48xaxe”4x*((sqrt(2)*sq
rt(d) - sqrt(-e*x + d))/sqrt(e*x + d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) - s
grt(-exx + d))))/((((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(e*x + d) - sqr
t(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d)))"2 - 4)"3*d"4))/e

output

Mupad [B] (verification not implemented)

Time = 4.50 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.38

4catan< e (vesva) ) b
(Gt

VeZ (Vatez—vd)

/ a+ ba? + czt . 2
x4/d — ex/d + ex Ve? zVd+ex
a 2ae? 2 2ae3 3 aex
Vd—ex<3—d—|— s T 3@ T 3d2>

z3\/d+ex

input int((a + b*x"2 + c*xx~4)/(x"4x(d + e*x)~(1/2)*(d - e*x)~(1/2)),%)




CHAPTER 3. LISTING OF INTEGRALS 289

output ~ (4Fcratan((ex((d ~ exx)7(1/2) = d"(1/2)))/ (D)~ (1/2)#((d + o+x)"(1/2)

- dT(1/2))0))/ (727 (1/2) - ((b/d + (bkexx)/d"2)*(d - exx)~(1/2))/(x*(d +
exx)7(1/2)) - ((d - exx)~(1/2)*(a/(3%d) + (2%a*xe™2%x"2)/(3%d"3) + (2*a*e”3
‘*X‘S)/(B*d‘4) + (axexx)/(3%d~2)))/(x"3*(d + e*x)~(1/2))
Reduce [B] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.03
/ a+ bz? + cx*
dx
x4/d — ex\/d + ex
—6asz’n<”\[ef;i ) cd*z? —Vex +dv/—ex +dad’e —2v/ex + dv/—ex +dae3x? — 3ex +d\/—ex +
- 3die 23
input {int ((c*xx~4+b*x~2+a) /x~4/ (me*xx+d) ~(1/2) / (e*xx+d) ~(1/2) ,x) \J
Output}( - 6*asin(sqrt(d - exx)/(sqrt(d)*sqrt(2)))*cxdsxdsx**3 - sqrt(d + exx)*sq

\rt(d - e*x)*a*xdx*2%e — 2xsqrt(d + exx)*sqrt(d - e*x)*axe*x3xx*x2 — 3*sqrt(
d + exx)*sqrt(d - exx)*xbkd¥*2xe*xx**2)/(3*dx*4xe*x**3)

N\ J
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3.28 f a+bx’+cat dx
26/ d—ex/d+ezx

Optimal result . . . . . . . . .. . .. 2901
Mathematica [A] (verified) . . . . . . . .. .. . L 290
Rubi [A] (verified) . . . . . . . .. .. 291]
Maple [A] (verified) . . . . . . . . . . 293
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 2931
Sympy [F(-1)] . . . o 294
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2941
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 295
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . . . . ... ... ... ......

Optimal result

Integrand size = 35, antiderivative size = 124

_a\/d —exvd+ex B (5bd? + 4ae?) v/d — exv/d + ex

/ a + bx? + cx* o —
26v/d — ex/d + ex 5d2x5

(15cd* + 10bd2e? + 8ae*) vd — ex+/d + ex

15d423

15d%z

output‘

-1/5%a* (—e*xx+d) ~(1/2) *(e*xx+d) ~(1/2)/d~2/x"5-1/15% (4*xa*xe”2+5xb*d~2) * (—exx+d
\)‘(1/2)*(e*x+d)‘(1/2)/d‘4/x‘3—1/15*(8*a*e‘4+10*b*d“2*e‘2+15*c*d‘4)*(—e*x+d

)~ (1/2) *(exx+d)~(1/2)/d"6/x

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.70

dz

/ a + bx? + cz?
28/d — ex/d + ex

_ Vd—exv/d + ex(15cd s + 5bd*z?(d? + 2¢*a?) + a(3d” + 4d*e*z + 8e'z*))

15d62°

inputt

Integrate[(a + b*x"2 + c*x"4)/(x"6xSqrt[d - exx]*Sqrt[d + exx]),x]
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‘-1/15*(Sqrt [d - exx]*Sqrt[d + e*x]*(15%cxd~4*x"4 + 5xb*d~2*x"2%(d"2 + 2%e”

output
Lz*x*z) + ax(3%d~4 + 4xd"2%e"2%x"2 + 8xe~4*x~4)))/(d"6%x"5) J

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.26,

number of rules _ 0.143, Rules

number of steps used = 5, number of rules used = 5, integrand size

used = {1905, 1588, 25, 359, 242}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bx? + cxt e
z8v/d — ex\/d + ex
l 1905

2 _ 2,2 [ cx'+br’+a
Vd? — e’z o dz_e%zd:r

vd —exv/d+ex
l 1588

[- Sca?d?45bd% +dae? g

JE—ag( T e e weew
5d? BEd2x5

vd— exv/d+ ex
l 25

f 5c12d2+5bd2+4a62 dz
2 — 242 z4/d2—e222 _ aVd?—e232

5d2 5d2x5

vd —exv/d+ex
l 359

2
(sact+106d2e? +15¢dt) | Wdz 2252 (43754_5,,)
€T —e“x
\/d2 — e2x2 3d2 323 _ aV/d?—e2z2

5d? 5d2 x5

Vd —exvd+ ex
l 242
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2
d?—e202 (8aet +10bd%e? +15cdt) V. d%—e2a? (4275"'5*’)
Vd2 — e2x2 _ 3d4z _ 323 _ aVd?—e232
5d2 5d2z5
vd—exvd+ex

-

inputLInt[(a + b*x"2 + c*x"4)/(x"6%Sqrt[d - exx]*Sqrt[d + exx]),x]

-/

‘(Sqrt[d‘2 - e™2xx"2]*(-1/5*(axSqrt[d~2 - e™2*x"2])/(d"2*x75) + (-1/3*((5*b
‘ + (4%axe”2)/d"2)*Sqrt[d~2 - e72*x72])/x"3 - ((156*c*d"4 + 10%¥b*d~2xe”2 + 8
‘*a*e‘4)*Sqrt[d”2 - e72%x72])/(3%d"4*x))/(5%d~2)))/(Sqrt[d - e*x]*Sqrtl[d +
‘ e*x])

output

Defintions of rubi rules used

-

ruka25LInt[_(Fx—)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

rule 242 TnELC(e_ ) *(x_))"(m_)*((@al) + (b_.)*(x)"2)7(p_), x_Symbol] :> Simp[(c*x)~
(m + 1)*((a + b*x~2)~(p + 1)/(a*xcx(m + 1))), x] /; FreeQ[{a, b, c, m, p}, x
] && EqQ[m + 2xp + 3, 0] && NeQ[m, -1]

rule 359 Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2), x
_Symbol] :> Simp[c*(e*x)~(m + 1)*((a + b*x~2)"(p + 1)/(a*ex(m + 1))), x] +

Simp[(a*xd*(m + 1) - b*cx(m + 2*p + 3))/(a*e”2%(m + 1)) Int[(exx)"(m + 2)*
(a + b*xx~2)"p, x], x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[b*c - a*d, 0]

& LtQ[m, -1] && 'ILtQ[p, -1]

rule 1588 Int [(C£_)*(x_))"(m_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c
_I)*(x_)"4)"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x~2 +
c*x"4)"p, f*x, x], R = PolynomialRemainder[(a + b*x"2 + c*x~4)7p, f*x, x1},
Simp [R*(f*x) " (m + 1)*((d + e*x"2)"(q + 1)/(d*f*(m + 1))), x] + Simp[1/(d*f
“2%(m + 1)) Int[(f*x)"(m + 2)*(d + e*x"2) “gq*ExpandToSum[d*f*(m + 1)*(Qx/x
) - exRx(m + 2xq + 3), x], x], x]] /; FreeQ[{a, b, c, d, e, £, q}, x] && Ne
Q[b~2 - 4xaxc, 0] && IGtQ[p, 0] && LtQ[m, -1]
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rule 1905 Int[((Ff_.)*(x_))"(m_.)*((d1.) + (el_.)*(x_)"(non2_.)) “(q_ D*((d2) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(n_) + (c_)*(x_)"(m2_))"(p_.), x
_Symbol] :> Simp[(dl + el*x”(n/2)) FracPart[ql*((d2 + e2*x”(n/2)) FracPart[
ql/(d1*d2 + el*e2*x"n) FracPart[q]) Int[(f*x) m*(d1*d2 + el*e2*x"n) g*(a
+ b*x"n + c*x~(2*n))”p, x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, f, n, p,
q}, x] && EqQ[n2, 2*n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]
Maple [A] (verified)
Time = 0.88 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.66
method | result size
— 4.4 2,2,..4 4 .4 2.,2,.2 4,2 4
gosper _\/ex-i—d\/ ex+d (8ae z*4+10bd elzwtég)cd z*+4a d“e“x“+5bd*x“+3a d ) 82
. ver+d+/—ex+d (8a ezt +10bd2e2z% +15c d*xt+4a d?e2 22 +5b d4x2+3a d4)
— 4,4 2.2,..4 4,4 2.,2,.2 4.2 4
orering _\/em-l-d\/ ex+d (80.6 z*+10bd ela;x-g;gcd z*+4a d“e*x“+5bd*z“+3a d ) 892
— 2 4,4 2,24 4.4 2.,2,.2 4.2 4
default __ V—ez+dVex+d csgn(e) (Baetz +10b1(é;6;5 +15cd*z*+4a d2e22?+5b d*z?+3a d*) 36
input | 1RE((c*x™4+bkx"2+a)/x76/ (~e*x+d)~(1/2)/ (e*x+d)~(1/2) ,x,method=_RETURNVERBO
SE)
output -1/15*%(exx+d) " (1/2) * (mexx+d) ~ (1/2) * (8*a*e~4*x~4+10*b*d~2*e ~2*x~4+15*c*d~4*
X" 4+4*a*d”2xe"2*%x " 2+5xbxd~4*x~2+3*a*d~4) /x~5/d"6

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.61

dz

/ a + bz? + czt
x26y/d — ex\/d + ex
(3ad* + (15cd* + 10bd%e? + 8 ae*)xz* + (5bd* + 4 ad?e?)x?)Ver + dv/—ex +d
15d6z5

t‘integrate((c*x“4+b*x‘2+a)/x‘6/(—e*x+d)“(1/2)/(e*x+d)“(1/2),X, algorithm="£

inpu
‘ricas")
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-1/15%(3*%axd"~4 + (15%c*d~4 + 10%b*d~2%e"2 + 8*axe”~4)*x~4 + (5xb*d~4 + 4*ax

output‘
d"2%e"2) *x"2) *sqrt (exx + d)*sqrt(-exx + d)/(d"6*x"5)

Sympy [F(-1)]

Timed out.
b 2 4
/ ot 0ot dz = Timed out
28/d — ex/d + ex
inputLintegrate((c*x**4+b*x**2+a)/x**s/(—e*x+d)**(1/2)/(e*x+d)**(1/2),x)
OutputLTimed out

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.19

a + bx? + czt B V=e2z2 + d2c  2+v/—e2x2 + d?be?  8+v/—e2x? + d2aet
/m“\/d—ex\/d+em e d?z B 3diz B 15d8z
V—e222 +d?b  4v/—e2x? + d2ae®  V—e2z? + d2a
O 3d2d 15 d4a3  5db

integrate ((c*x~4+bxx~2+a)/x"6/ (-e*x+d) ~(1/2) / (exx+d) ~(1/2) ,x, algorithm="m

input
axima")

-sqrt(-e”2xx"2 + d"2)*c/(d"2*x) - 2/3*sqrt(-e”2*x"2 + d~2)*bxe~2/(d"4*x) -

8/16xsqrt(-e~2*x"2 + d~2)*axe”4/(d"6*x) - 1/3*sqrt(-e"2*x"2 + d~2)*b/(d"2
*x~3) - 4/15*%sqrt(-e~2*x"2 + d"2)*axe~2/(d"4*x"3) - 1/5xsqrt(-e”2*x"2 + 4~
2)*a/ (d~2*x"5)

output




inpu

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1055 vs. 2(106) = 212.

Time = 0.36 (sec) , antiderivative size = 1055, normalized size of antiderivative = 8.51

dxz = Too large to display

&/" a + bx? + cxt
26y/d — ex\/d + ex

t{integrate((C*XA4+b*XA2+a)/XAS/(—e*x+d)“(1/2)/(e*X+d)‘(1/2),x, algorithm="g
‘iac") ‘

N

-4/15% (15%cxd~4*e~ 2% ((sqrt (2) *sqrt(d) - sqrt(-exx + d))/sqrt(e*x + d) - sq
rt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)))~9 + 15xb*d~2*e”4*((sqrt(2)
xsqrt(d) - sqrt(-exx + d))/sqrt(exx + d) - sqrt(e*xx + d)/(sqrt(2)*sqrt(d)
- sqrt(-e*xx + d)))"9 + 15*xa*e”6*x((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(e
*x + d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-e*xx + d)))~9 - 240*c*d”4x*
e"2x((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(e*x + d) - sqrt(e*x + d)/(sqr
t(2)*sqrt(d) - sqrt(-e*x + d)))~7 - 160*bxd~2xe~4*((sqrt(2)*sqrt(d) - sqrt
(—exx + d))/sqrt(e*x + d) - sqrt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d
)))"7 - 80*axe”6*((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(e*x + d) - sqrt(
exx + d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d)))~7 + 1440*xc*d"4*e 2x((sqrt(2)*
sqrt(d) - sqrt(-e*x + d))/sqrt(e*xx + d) - sqrt(e*x + d)/(sqrt(2)*sqrt(d) -
sqrt(-exx + d)))~5 + 800*bxd~2xe~4*((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sq
rt(exx + d) - sqrt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)))~5 + 928*ax*
e"6x((sqrt(2)*sqrt(d) - sqrt(-e*x + d))/sqrt(e*x + d) - sqrt(e*x + d)/(sqr
t(2)*sqrt(d) - sqrt(-exx + d)))~5 - 3840*c*d”4*e”2*((sqrt(2)*sqrt(d) - sqr
t(-exx + d))/sqrt(e*x + d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-exx +
d))) "3 - 2560*b*d"2xe”~4*((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(exx + d)
- sqrt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)))~3 - 1280%a*e”6x((sqrt(
2)*sqrt(d) - sqrt(-exx + d))/sqrt(e*x + d) - sqrt(e*x + d)/(sqrt(2)*sqrt(d
) - sqrt(-exx + d)))~3 + 3840*c*d”~4xe”~2*((sqrt(2)*sqrt(d) - sqrt(-exx +...
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Mupad [B] (verification not implemented)

Time = 4.20 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.18

dr =

/ a + bx? + czt
284/d — ex\/d + ex

x3 (5bd4 etdad?e

4 5 3,2 4 5 4 2,3 5 2 5 3,2
— a T (150d +10bd° e“+8ade ) T (150d e+10bd“ e’ +8ace ) T (5bd +4ad’e )
vd ex<5d+ 154 + 154 + 15d°

1546

°vd+ex

input‘ int((a + bxx"2 + c*x"4)/(x"6%(d + exx)~(1/2)*(d - e*x)~(1/2)),x)

Output‘ -((d - exx)~(1/2)*(a/(5%d) + (x"4*(15xc*d™5 + 10%¥bxd"3%e™2 + 8kaxd*e™4))/( |
15%d"6) + (x~5%(8*axe”5 + 10%bxd~2*%e”3 + 15xc*d"4xe))/(15%d"6) + (x~2*(5*b \
\*d‘S + 4*axd~3*e"2))/(156*%d"6) + (x"3*(4*axd~2*e~3 + 5*xbxd~4x*xe))/(15*d~6) + \

\ (axe*x)/(5%d~2)))/(x~5%(d + exx)~(1/2))

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.64

dz

/ a + br? + cx?
26y/d — ex\/d + ex
_ Ver+dv—ex+d(—8ae'z! — 10bd*e*z* — 15cd'z* — 4a d’e®z? — 5bd*z® — 3ad?)
B 15d625

input ‘ int ((c*x~4+b*xx~2+a) /x~6/ (—e*x+d) ~(1/2) / (e*xx+d) ~(1/2) , %)

‘(sqrt(d + exx)*sqrt(d - exx)*( - 3*axd*x4 — 4dkaxd*sx2kex*2xx*k*2 — 8Bkaxek*d*

output
‘x**4 — B¥bkd*x4xx*x*2 — 10*bkd**2ke*x*2kx**4 — 15kckd**k4*kx*k*4)) / (15*d**xG*xx*k*

® J




output
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3.29 f a+bz?+ex? dx

28/ d—ex/d+ezx

Optimal result . . . . . . . . . . . . . e 297
Mathematica [A] (verified) . . . . . . . .. .. . L 298
Rubi [A] (verified) . . . . . . . . .. 298
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 3011
Sympy [F(-1)] . . . o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 304
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 304
Optimal result

Integrand size = 35, antiderivative size = 178

/ a + bz? + czt dm__a\/d—ex\/d+ex_ (Tbd? + 6ae®) Vd — exv/d + ex
x28y/d — ex/d + ex Td2z" 35d4x5

B (35cd* + 28bd%e? + 24aet) v/d — ex+/d + ex

2e2(35cd* + 28bd2e? + 24ae) v/d — exr/d + ex

105d823

105d8x

e

L*(—e*x+d)‘(1/2)*(e*X+d)‘(1/2)/d‘8/x

-1/7*ax(—exx+d) ~(1/2) *(exx+d) ~(1/2) /d"2/x"7-1/35*%(6*a*e~2+7*xb*d"2) * (—e*x+d
‘)“(1/2)*(e*x+d)‘(1/2)/d“4/x‘5—1/105*(24*a*e‘4+28*b*d“2*e‘2+35*c*d‘4)*(-e*x
\+d)‘(1/2)*(e*x+d)*(1/2)/d‘6/x‘3—2/105*e*2*(24*a*e‘4+28*b*d‘2*e*2+35*c*d‘4)
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Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.70

dr =

/ a + bx? + cz?
x8/d — ex\/d + ex
_Vd - exv/d + ex(35cd z* (d* + 2¢*a?) + Th(3d°z” + 4d*e*x* + 8d%e*z°) + 3a(5d° + 6d*e’s? + 8d%e*
105d8x7

input‘ Integrate[(a + b*x"2 + c*x~4)/(x"8*Sqrt[d - e*x]*Sqrt[d + e*x]),x] ‘

‘-1/105*(Sqrt [d - e*x]*Sqrt[d + e*x]*(35xcxd~4*x"4*(d"2 + 2%e~2%x"2) + Tx*b* \
\ (3%d"6*%x"2 + 4%d"4*xe"2*%x"4 + 8*%d"2%e"4*x"6) + 3*ax(5xd"6 + 6xd"4*e”2*x"2 + \
\ 8xd 2%e~4%x~4 + 16%e~6%x"6)))/(d"8%*x"7) \

output

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.08,

number of rules _ 0.171, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {1905, 1588, 25, 359, 245, 242}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bz? + cxt iz
z8v/d — ex\/d + ex
l 1905
VdZ = e%g? [ e thrta gy
Vd —exv/d+ ex
l 1588

[- Tea®d®+7bd® +6ae? 5
d2 _ 62.’11'2 _ 26 /d2 —e222 _ avd2—e2z2
7d? T2z

vd— exv/d+ ex

| 25



input

output
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7ex?d?+7bd2 +6ae? de
A2 — 242 26v/d2 —e242 _ aVd?—e2z2
7d? 7d27

vd—exv/d+ ex
l 359

4 2 2 4 1 5 ( 6ac2
(24act +28ba%e? +35044) | N mr i m(%+7b)
\/d2 — 22 542 — 525 _ aVd?—e2z?
7d? Td2zT

vd—exv/d+ ex
l 245

2 1
2e“ [ dz
2./d2—o252 7 o252
(24ae4+28bd2e2+35cd4)( z \égz 222 _ %dzisx ) —— 2(6“2 +7b)
—e“x
a2

Vd? — e2x2 542 525 a2
7d? Td2z7

Vd—exvd+ ex

| 242
d2_e222  2e2\/d2_e242 " 5 9 4 5 6ae?
(‘ 30223 3dia (240t +28bd%e? +35cd )_m sa? 17,
\/d2 — e2g2 5d2 =5 e/

7d?2 7227

vd—exv/d+ ex

‘Int[(a + b*x"2 + c*x"4)/(x"8*Sqrt[d - exx]*Sqrt[d + exx]),x]

‘ (Sgrt[d~2 - e™2*x~2]*(-1/7*(a*Sqrt[d~2 - e72%x"2])/(d"2*x"7) + (-1/5*%((7*Db

+ (6*xaxe”2)/d"2)*Sqrt[d"2 - e72*x72])/x"5 + ((35*cxd"4 + 28*bxd"2%e"2 + 2
‘ 4xaxe”4)*(-1/3*Sqrt[d"2 - e”2%x72]/(d"2*x"3) - (2*e"2xSqrt[d~2 - e~2%x"2])
‘ /(3%d"4%x)))/(5%d"2))/(7*d"2)))/(Sqrt[d - exx]*Sqrtld + exx])
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2492 Int[((c_)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)~
(m + D*((a + bxx"2)"(p + 1)/(a*cx(m + 1))), x] /; FreeQ[{a, b, c, m, p}, x
] & EqQ[m + 2*p + 3, 0] && NeQ[m, -1]
rule 245 Int[(x_ )" (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[x~(m + 1)*((a +
bxx~2)~(p + 1)/(a*(m + 1))), x] - Simp[b*((m + 2x(p + 1) + 1)/(a*(m + 1)))
Int[x"(m + 2)*(a + b*x"2)"p, x], x] /; FreeQ[{a, b, m, p}, x] && ILtQ[Si
mplify[(m + 1)/2 + p + 1], 0] && NeQ[m, -1]

rule 359 Int[((e_.)*x(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2), x
_Symbol] :> Simp[c*(e*x)"(m + 1)*((a + b*x~2)"(p + 1)/(a*ex(m + 1))), x] +
Simp[(a*xd*(m + 1) - b*cx(m + 2*p + 3))/(a*e”2%(m + 1)) Int[(exx)"(m + 2)*
(a + b*xx~2)"p, x], x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[b*c - a*d, 0]
&% LtQ[m, -1] && 'ILtQ[p, -1]

rule 1588 Int [((£_)*(x_)) " (m_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c
_I)*(x_)"4)"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x~2 +

c*x"4)"p, f*x, x], R = PolynomialRemainder[(a + b*x"2 + c*x~4) p, f*x, x1},
Simp [R*x(£*x)~(m + 1)*((d + e*x"2)"(q + 1)/(d*f*(m + 1))), x] + Simp[1/(d*f
“2%(m + 1)) Int[(f*x)"(m + 2)*(d + e*x"2) “gq*ExpandToSum[d*f*(m + 1)*(Qx/x
) - exRx(m + 2xq + 3), x], x], x]] /; FreeQ[{a, b, c, d, e, £, q}, x] && Ne
Q[b~2 - 4xaxc, 0] && IGtQ[lp, 0] && LtQ[m, -1]

Int[((£_.)*(x_)) " (m_.)*((d1_) + (el_.)*(x_)"(non2_.))"(q_.)*((d2_) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(n)) + (c_)*(x_)"(m2))"(p_.), x
_Symbol] :> Simp[(dl + el*x~(n/2)) FracPart[q]l*((d2 + e2*x~(n/2)) FracPart[
ql/(d1xd2 + elxe2*x"n) FracPart([q]) Int [(£f*x) “m*(d1*d2 + elxe2*x"n) gq*(a

+ b*x"n + c*x~(2*n))"p, x], x] /; FreeQ[{a, b, c, d1, el, 42, e2, f, n, p,

q}, x] && EqQ[n2, 2*n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]

rule 1905
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Maple [A] (verified)

Time = 0.89 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.66

method | result
Vvex+d/ —ex+d (48a e8204+56bd2etx8+70c dte? 28 +24a d? etz +28bd4e2x4+35¢ d8z4+18a d4e?x2+21b d8z2+15a dG)
gosper | — 027"
isch vexr+d+/—ex+d (48a €88 4+56bd2etx8+70c d4e?x6+424a d2etxt4-28b d4e2xt4-35¢ dSxt+18a de?x2+21b d0 22 +15a d6)
I1scC - 105x7d8
. v er+d+/—ex+d (48a e8264+56bd2e?zb+70c d*e2x6+24a d2etxt+28b d4e2xt+35c 2 +18a d*e2x2+21b d8x2+15a d6)
orering 10527 d®
default _ V—exz+dvez+d csgn(e)? (48a €52%4-56b d?e*xz8470c d*e?x54-24a d?ex* +28b d*e?x*+-35c dSx*+18a d*e?x% +21b d0x2+15a
elau 1058527
input int ((c*x~4+b*x"2+a) /x"8/ (—e*x+d) ~(1/2) / (exx+d) " (1/2) ,x,method=_RETURNVERBO
SE)
output -1/105% (exx+d) " (1/2) * (—exx+d) ~(1/2) * (48*a*e”6*x~6+56*b*d~2*e~4*x~6+70%*c*d"
4xe”2%xX"6+24*xaxd"2*%e"4*x"4+28*b*xd"4*xe " 2*xx"4+35%c*kd"6*x"4+18*axd"4*xe"2*xx" 2+
21*b*d~6*x~2+15*%a*d~6) /x~7/d"8

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.62

dr =

/ a + bx? + cz?
x8/d — ex\/d + ex
(15ad® + 2 (35 cd*e? + 28 bd%e* + 24 aeb)x® + (35 cd® + 28 bd*e? + 24 ad?e*)x* + 3 (7 bd® + 6 ade?)zx
105 d®z”

‘integrate((c*x‘4+b*x‘2+a)/x‘8/(—e*x+d)‘(1/2)/(e*x+d)‘(1/2),x, algorithm="f

input‘ricas") ‘

‘—1/105*(15*a*d*6 + 2% (35%cxd~4xe”2 + 28*b*d"2%e"4 + 24%axe”6)*x"6 + (35*ck \
|76 + 28%bxd"4%e"2 + 24*axd 2xe”4)*x~4 + 3*(7T¥b*d"6 + Graxd 4xe"2)*x"2)*sq |
‘rt(e*x + d)*sqrt(-exx + d)/(d"8*x"7)

output
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Sympy [F(-1)]

Timed out.
b 2 4
/ atow +cx dz = Timed out
x8/d — ex/d + ex
inputLintegrate((c*x**4+b*x**2+a)/x**8/(—e*x+d)**(1/2)/(e*x+d)**(1/2),x) J
Ou_,GputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 226, normalized size of antiderivative = 1.27

/ a + bx? + cx* p 2v—e2x2 + d2ce? 8/ —e2x? + d2be*

28v/d — ex\/d + ex =T 3diz 15d8z
16 v/ —e2x2 + d2ae’ —e2x2 + d?c
B 35 d8z 34213
4+/—e2x2 4+ d2be®>  8+v/—e2x2 + d2aet
B 15 d4z3 B 35 d6z3
V=e2z2+d?b  6+v/—e222 + d2ae®?  V/—e222 + d2a
B 5d2z5 B 35 d4x® B Td%x7

‘integrate((c*x”4+b*x‘2+a)/x‘8/(—e*x+d)“(1/2)/(e*x+d)“(1/2),x, algorithm="m

input
axima")

-2/3*%sqrt(-e”~2*x"2 + d~2)*c*e~2/(d"4*x) - 8/1b5*sqrt(-e~2*x~2 + d~2)*b*xe~4/
(d"6*x) - 16/35*sqrt(-e~2*%x"2 + d"2)*a*e”6/(d"8*x) - 1/3*sqrt(-e~2*x"2 + d
~2)*c/(d"2*x"3) - 4/1b5*sqrt(-e”2*x"2 + d~2)*b*e~2/(d"4*x"3) - 8/35*sqrt(-e
“2%x72 + d72)*a*xe”4/(d"6*x"3) - 1/b5*sqrt(-e”~2*x"2 + d~2)*b/(d"2*x~5) - 6/3
bxsqrt(-e"2*x"2 + d~2)*axe”2/(d"4*x"5) - 1/7*sqrt(-e~2*x"2 + d"2)*a/(d"2*x
~7)

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1451 vs. 2(154) = 308.

Time = 0.49 (sec) , antiderivative size = 1451, normalized size of antiderivative = 8.15

dxz = Too large to display

&/" a + bx? + cxt
28v/d — ex\/d + ex

input \ integrate ((c*x~4+b*x"~2+a) /x~8/ (~exx+d) ~(1/2) /(exx+d) ~(1/2) ,x, algorithm="g
iac")

N

-4/105%(105*c*d"4*e"4*((sqrt (2) *sqrt(d) - sqrt(-e*x + d))/sqrt(e*x + 4) -

sqrt(e*x + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)))~13 + 105xb*d~2*e”~6*((sqr
t(2)*sqrt(d) - sqrt(-e*x + d))/sqrt(e*x + d) - sqrt(exx + d)/(sqrt(2)*sqrt
(d) - sqrt(-e*x + d)))~13 + 105%a*xe”8*((sqrt(2)*sqrt(d) - sqrt(-e*x + d))/
sqrt(exx + d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d)))~13 - 196
Oxc*d~4*e”4*((sqrt(2)*sqrt(d) - sqrt(-e*x + d))/sqrt(e*x + d) - sqrt(exx +
d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)))~11 - 1400%b*d~2xe”~6*((sqrt(2)*sqrt
(d) - sqrt(-exx + d))/sqrt(e*x + d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqr
t(-exx + d)))~11 - 840*axe”~8*((sqrt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(e*x

+ d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)))~11 + 16240%c*d~4*
e~4*((sqrt(2)*sqrt(d) - sqrt(-e*x + d))/sqrt(e*x + d) - sqrt(exx + d)/(sqr
t(2)*sqrt(d) - sqrt(-e*x + d)))~9 + 12656*b*d~2*e~6*((sqrt(2)*sqrt(d) - sq
rt(-exx + d))/sqrt(exx + d) - sqrt(e*x + d)/(sqrt(2)#*sqrt(d) - sqrt(-e*x +
d)))~9 + 14448xa*xe”8*((sqrt(2)*sqrt(d) - sqrt(-e*x + d))/sqrt(e*x + d) -

sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d)))~9 - 80640*c*d~4xe~4*((sq
rt(2)*sqrt(d) - sqrt(-exx + d))/sqrt(e*x + d) - sqrt(exx + d)/(sqrt(2)*sqr
t(d) - sqrt(-e*x + d)))~7 - 69888xbxd~2xe~6x((sqrt(2)*sqrt(d) - sqrt(-e*x

+ d))/sqrt(exx + d) - sqrt(exx + d)/(sqrt(2)*sqrt(d) - sqrt(-exx + d)))77

- 40704*a*e”8*((sqrt(2)*sqrt(d) - sqrt(-e*x + d))/sqrt(e*x + d) - sqrt(exx
+ d)/(sqrt(2)*sqrt(d) - sqrt(-e*x + d)))~7 + 259840*cxd~4*e”4x((sqrt(2...

output
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Mupad [B] (verification not implemented)

Time = 4.26 (sec) , antiderivative size = 218, normalized size of antiderivative = 1.22

dr =

/ a + bx? + czt
x8/d — ex\/d + ex

7 a 22 (21bd"+18ad%e?) | % (35cd"+28bd5 e2+24ad3e?) | 7 (70cd*e3+56bd2e5+48ae”) | z° (21bd%e
d—ex <ﬁ + 10548 + 10548 + 105 a8 + 105
27Vd+ezx
( hY
input int((a + bxx"2 + c*x~4)/(x"8%(d + exx)~(1/2)*(d - e*x)~(1/2)),x)
output| ~((d = e¥X)T(1/2)%(a/ (T*d) + (x72+(21¥b*d"7 + 18%axd"5+e™2))/(105+d"8) + (

X"4*(35*%c*d”~7 + 24*xa*d”3*e”4 + 28*b*d"5*e”2))/(105%d"8) + (x"T*(48*axe”7 +
56%b*d"2%e~5 + 7Oxc*xd"4*e~3))/(105%d"8) + (x"3*(18*a*d"4*e”3 + 21%b*d"6*e
))/(105%d"8) + (x~5*(24*axd~2xe”5 + 28*b*d"4*e”3 + 35*xcxd"6*e))/(105%d"8)
+ (x76%(56%b*d"3*%e"4 + TOxcxd"5*e”2 + 48*a*d*e”6))/(105%d"8) + (akex*x)/(7*
d~2)))/(x"7*(d + e*xx)~(1/2))

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.65

dz

/ a + bx? + cx*
x8v/d — ex/d + ex
_ Vex +dv—ex + d(—48a ez’ — 56bd’e'x® — T0cd'e®s® — 24a d®e'z* — 28bd*e?s* — 35cd®z* — 18a d
B 105d3z7

input Lint ((c*x~4+b*x"2+a) /x~8/ (~exx+d) " (1/2) / (e*x+d) ~(1/2) ,x) J

e B

(sqrt(d + exx)*sqrt(d - e*x)*( - 1b*a*xd**6 — 18*axd*x4d*xe**2*x**2 — 24*akxd*
‘*2*9**4*;(**4 — 48xa*e**6*xx*x*x6 — 21%bkd*x*6*x**2 — 28*bkdkxkdkex*2kx**4d — B56* ‘
‘b*d**Q*e**4*x**6 — 35%ckd**x6kxx**4 — TO*ckxdk*4kex*x2xx**6) )/ (105*d***kx**7) ‘

output




output
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a+bz?+ex?
3.30 f z10y/d—ezx\/d+ezx dz

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . .. .. . L
Rubi [A] (verified) . . . . . . . . .. 306!
Maple [A] (verified) . . . . . . . . . . 309
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 3091
Sympy [F(-1)] . . . o 310
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... B10
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... B11l
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 313l

Optimal result

Integrand size = 35, antiderivative size = 232

/ a + bz? + czt dx__a\/d—ex\/d+ex_ (9bd? + 8ae?) v/d — exv/d + ex
210v/d — ex\/d + ex 9d2x? 63d4x7
(21cd* + 18bd2e? + 16ae*) Vd — exv/d + ex
- 105d5z5
4e*(21cd* + 18bd?e?® + 16ae*) v/d — exv/d + ex
Bl 315d8z3
8e*(21cd* + 18bd?%e? + 16ae?) v/d — exv/d + ex
h 315d10¢

-1/9%a* (—exx+d) ~(1/2) * (e*xx+d) ~(1/2)/d"2/x79-1/63* (8*a*xe”2+9*b*d~2) * (—exx+d
)" (1/2)*(e*xx+d) " (1/2) /d"4/x"7-1/105% (16*a*e”4+18*%b*xd~2*e " 2+21*c*d"4) * (—e*xx
+d) " (1/2) *(exx+d) ~(1/2) /d"6/x"5-4/315%e"2* (16*a*e~4+18*b*xd"2*e~2+21*c*xd"4)
*(—e*xx+d) " (1/2) * (e*x+d) ~(1/2) /d"8/x"3-8/315*%e~4* (16*a*xe”4+18*b*d~2*xe " 2+21*
cxd”4) * (—e*xx+d) " (1/2) *(e*x+d) ~(1/2)/d"10/x
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Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 158, normalized size of antiderivative = 0.68

dzr =

/ a+ bx? + cz?
210v/d — ex\/d + ex
Vd — exv/d + ex(21lcd*z* (3d* + 4d%e®x? + 8etz?t) + 9b(5d8x? + 6d°e’z* + 8d*e*z® + 16d2%€528) + a(
- 31541029

input‘ Integrate[(a + b*x™2 + c*x"4)/(x"10*Sqrt[d - exx]*Sqrt[d + exx]),x]

‘-1/315*(Sqrt [d - e*x]*Sqrt[d + e*x]*(21xc*xd~4*x~4*(3*d"4 + 4*xd"2%e"2*x"2 + \
‘ 8xe~4*x"4) + 9xb*(5xd"8*x"2 + 6+%d"6*e”2%x"4 + 8+d"4*e"4*x"6 + 16*d"2xe”6%*
‘X‘S) + ax(35%d"8 + 40*d"6*e"2*x"2 + 48+d"4*e"4xx"4 + 64*d"2xe”6*x"6 + 128%
‘e‘S*x“8)))/(d‘10*x‘9) ‘

output

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 230, normalized size of antiderivative = 0.99,

number of rules _
integrand size 0.200, Rules

number of steps used = 7, number of rules used = 7,
used = {1905, 1588, 25, 359, 245, 245, 242}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bz? + cxt
210y/d — exv/d + ex
l 1905
CZ4 22 a
VB | estatia
Vd—exv/d+ ex
l 1588

dx

_ 9ca?d®+9bd?48ae? ;.
d2 _ 62.'L'2 _ 28\/d2 —e22 _ a\/m
942

9d2x9
\Vd — exv/d+ex

| 25
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9cz2d?+9bd? +8ae? de

A2 — 242 281/d2—e222 _ aVd?—e2z2
9d2 9d2x9

vd—exv/d+ ex

l 359
2
3(16act +18bd2e2+21cat) | mdm \/d2—e2m2(%%+9b)
\/d2 — 242 7d2 — 727 _ aVd?—e2x?
9d? 94229
vd—exvd+ex
l 245
2 1
4e” [ dx
4 2.2 4 z41/d