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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 18 |. This is test number [ 39 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 8333 (15) | 16.67(3)
Mathematica | 83.33 (15 ) | 16.67 ( 3)
Maple | 83.33 (15)| 16.67(3)
Fricas 0.00 (0) | 100.00 ( 18)
Mupad 0.00 (0) | 100.00 ( 18)
Giac 0.00 (0) | 100.00 (18)
Maxima | 0.00 (0) | 100.00 (18 )
Reduce 0.00 (0) | 100.00 ( 18)
Sympy 0.00 (0) | 100.00 ( 18)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.



CHAPTER 1. INTRODUCTION 6

grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 83.333 0.000 0.000 16.667
Maple 83.333 0.000 0.000 16.667

Mathematica 0.000 0.000 83.333 16.667

Fricas 0.000 0.000 0.000 100.000
Giac 0.000 0.000 0.000 100.000

Mupad 0.000 0.000 0.000 100.000

Maxima 0.000 0.000 0.000 100.000

Reduce 0.000 0.000 0.000 100.000
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 3 100.00 0.00 0.00
Mathematica | 3 100.00 0.00 0.00
Maple 3 100.00 0.00 0.00
Fricas 18 16.67 83.33 0.00
Mupad 18 0.00 100.00 0.00
Giac 18 100.00 0.00 0.00
Maxima 18 100.00 0.00 0.00
Reduce 18 100.00 0.00 0.00
Sympy 18 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Rubi 2.13
Mathematica 11.15

Maple 11.92

Sympy -nan(ind)
Reduce -nan(ind)
Maxima -nan(ind)

Giac -nan(ind)
Mupad -nan(ind)

Fricas -nan(ind)

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maple 475.00 1.03 453.00 0.96
Mathematica | 479.33 1.00 376.00 0.85
Rubi 992.20 1.26 622.00 1.31
Sympy -nan(ind) | -nan(ind) nan nan
Reduce -nan(ind) | -nan(ind) nan nan
Maxima -nan(ind) | -nan(ind) nan nan
Giac -nan(ind) | -nan(ind) nan nan
Mupad -nan(ind) | -nan(ind) nan nan
Fricas -nan(ind) | -nan(ind) nan nan

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on

Number of integrals Number of integrals

Number of integrals

CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals

based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica {}
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi

A grade {[12BEE60E00MLEEEE)
B grade { }

C grade { }

F normal fail {[16,[17[18}

F(-1) timedout fail { }

F(-2) exception fail { }

Mma
A grade { }
B grade { }

C grade { 128045678810/ 263415 }

F normal fail {[16,[17[18 }
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade {[JBEHEEME00IEEEE)
B grade {}

C grade { }

F normal fail { [16,[I7,[I8 }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { }

B grade { }

C grade { }

F normal fail {[16}[17[18 }

F(-1) timedout fail { [BEAEBAELOILEHEHE)
F(-2) exception fail { }

Maxima

A grade { }

B grade { }

C grade { }

F normal fail { (12,68 56,756/ 10/I1 3 0314 (3, 16 17 18}
F(-1) timedout fail { }

F(-2) exception fail { }
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Giac

A grade { }

B grade {}

C grade { }

F normal fail { (1235658011 M2E MBHIE )
F(-1) timedout fail { }

F(-2) exception fail { }

Mupad

A grade { }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { 125567 50,1012 314 15, 6 17 5]
F(-2) exception fail { }

Sympy

A grade { }

B grade { }

C grade { }

F normal fail { (12,68 56,756/ 10/I1 3 0314 (3, 16 17 18}
F(-1) timedout fail { }

F(-2) exception fail { }
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Reduce

A grade { }

B grade {}

C grade { }

F normal fail { (125,567 56,10} 3 213 4 [5/16/1 19 }
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed
time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.
It is given as F(-2) if the failure was due to an exception being raised, which could
indicate a bug in the system. If the failure was due to integral not being evaluated
within the time limit, then it is given as F.

In this table, the column N.S. means normalized size and is defined as

antiderivative leaf size

To make the table fit the page, the name Mathematica was abbreviated to MMA.

optimal antiderivative leaf size"

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 691 1018 499 612 0 0 0 0 1495 0
N.S. 1 147  0.72 0.89 0.00 0.00 0.00 0.00 2.16 0.00
time (sec) N/A 2.563 13.263 20.754 0.000  0.000 0.000 0.000 10.854  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 471 623 346 453 0 0 0 0 604 0
N.S. 1 1.32  0.73 0.96 0.00 0.00 0.00 0.00 1.28 0.00
time (sec) N/A 2.011 11.404 10.167 0.000  0.000 0.000 0.000 4.735 0.000
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 353 331 187 274 0 0 0 0 46 0
N.S. 1 094 0.53 0.78 0.00 0.00 0.00 0.00 0.13 0.00
time (sec) N/A 1.591 9.488 5.776 0.000  0.000 0.000 0.000 0.574 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 227 204 143 191 0 0 0 0 43 0
N.S. 1 0.90 0.63 0.84 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 0.858 8.310 5.803 0.000  0.000 0.000 0.000 0.328 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 357 273 384 311 0 0 0 0 46 0
N.S. 1 0.76  1.08 0.87 0.00 0.00 0.00 0.00 0.13 0.00
time (sec) N/A 1.611 9.307 9.989 0.000  0.000 0.000 0.000 7.021 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 476 622 376 474 0 0 0 0 46 0
N.S. 1 1.31  0.79 1.00 0.00 0.00 0.00 0.00 0.10 0.00
time (sec) N/A 2.153 11.292 10.352 0.000  0.000 0.000 0.000 23.093 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 706 1087 1419 1008 0 0 0 0 46 0
N.S. 1 1.54  2.01 1.43 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 2.755 12.393 20.556  0.000  0.000 0.000 0.000 34.408 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 601 1018 511 623 0 0 0 0 1580 0
N.S. 1 1.69  0.85 1.04 0.00 0.00 0.00 0.00 2.63 0.00
time (sec) N/A 3.087 13.628 21.176  0.000  0.000 0.000 0.000 11.364 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 416 664 362 465 0 0 0 0 640 0
N.S. 1 1.60  0.87 1.12 0.00 0.00 0.00 0.00 1.54 0.00
time (sec) N/A 2377 11.928 10.558 0.000  0.000 0.000 0.000 5.624 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 311 398 197 275 0 0 0 0 171 0
N.S. 1 1.28 0.63 0.88 0.00 0.00 0.00 0.00 0.55 0.00
time (sec) N/A 2.218 9.532  5.906 0.000  0.000 0.000 0.000 1.352 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 204 204 151 192 0 0 0 0 168 0
N.S. 1 1.00 0.74 0.94 0.00 0.00 0.00 0.00 0.82 0.00
time (sec) N/A 0.965 8.306 5.856 0.000  0.000 0.000 0.000 0.943 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 333 333 290 319 0 0 0 0 168 0
N.S. 1 1.00  0.87 0.96 0.00 0.00 0.00 0.00 0.50 0.00
time (sec) N/A 2.086 10.754 10.066 ~ 0.000  0.000 0.000 0.000 8.452 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 457 655 655 485 0 0 0 0 657 0
N.S. 1 1.43  1.43 1.06 0.00 0.00 0.00 0.00 1.44 0.00
time (sec) N/A 2.637 14.660 10.463 0.000 0.000 0.000 0.000 28.719  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 674 1077 1196 1028 0 0 0 0 1068 0
N.S. 1 1.60  1.77 1.53 0.00 0.00 0.00 0.00 1.58 0.00
time (sec) N/A 3.195 15.571 20.969 0.000 0.000 0.000 0.000 45.157 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 370 376 474 415 0 0 0 0 45 0
N.S. 1 1.02 1.28 1.12 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 1.826 7.411 10.471 0.000  0.000 0.000 0.000 200.022 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 523 0 0 0 0 0 0 0 45 0
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.09 0.00
time (sec) N/A 0.000 0.000 0.000 0.000 0.000 0.000 0.000 200.024 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 653 0 0 0 0 0 0 0 50 0
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 0.000 0.000 0.000 0.000 0.000 0.000 0.000 200.024 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 804 0 0 0 0 0 0 0 45 0
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 0.000 0.000 0.000 0.000 0.000 0.000 0.000 200.024 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio I%ﬁg?;&fi glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[4] had the largest ratio of [.512820999999999971e-1]

Table 2.1: Rubi specific breakdown of results for each integral

number of numper of no.rma‘ulize‘d integrand utmber of rules
# | grade i“:j’; uzi;il;e antll(;i:fns‘i,:zwe leaf size integrand leaf size
1] A 2 2 1.47 42 0.048
% A 2 2 1.32 42 0.048
3| A 2 2 0.94 42 0.048
4 A 2 2 0.90 39 0.051
i A 2 2 0.76 42 0.048
6} A 2 2 1.31 42 0.048
7] A 2 2 1.54 42 0.048
3] A 2 2 1.69 43 0.047
9 A 2 2 1.60 43 0.047
10j A 2 2 1.28 43 0.047
11 A 2 2 1.00 40 0.050
12} A 2 2 1.00 43 0.047
13] A 2 2 1.43 43 0.047
14] A 2 2 1.60 43 0.047
115 A 2 2 1.02 47 0.043
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
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3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13
3.14
3.15
3.16
3.17

3.18

z% (A+Bz?) dr

f \/a+bm2\/c+dx2 (6+fa:2) .

z*(A+Ba?) d

f \/a+b:l:2\/c+dz2 (e+fz2) . .

z? (A+Baz?) d

/ \/“+bw2\/c+dz2(e+fz2) -

A+ Bz? dr

f \/a+b$2\/c+dz2(e+f$2) ..
f A+Bz? d o

z2+v/a+bx? \/c+da:2(e+ fz2)

f A+ Bz? de .

o4V a+bz2v/c+da? (e+fxz2)

f A+ Bz? de .

xs\/a-i-bwz Vetdz2(e+fz2)
z% (A+Bz?) d

/7 b$2\/c+dx2(6+fz2) e
f 4(A+Bz?) d
va—b. xr ...

ac2 \/c—i—dz? (e+fx?)
z? (A+Bx?) d

/v bw2¢c+dz2<e+fz2> e

A+ Bz? dr

f*/“—b“’Q\/chdz?(evam?) C

f A+ Bz? dr

22V a—ba? \/c+da:2(e+ fz2)

f A+ Bz? de

o4V a—bz?2v/c+dx? (e+fxz2)
dx
dx

f A+ Baz?
z8v/a—bz2v/c+dx? (e—i—fa;?)
f A+Bz2+Ca?
22Va+bo?Ve+da? (e+fo?)
f A+Bz?+Cz?t
22Va+ba?Vetda? /et fa?
[ - ALBe Ot Da
Z2 \/a+b12 \/0+dm2 \/e+f$2

2 \/e+fm2

der . .
f‘ WW(A+B:B2+C;I;4) dx

34
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6 2
3.1 [ 2B gy
Va+bx2v/ c+dx? (e—l— f x2)

Optimal result . . . . . . . . . . .. . 35
Mathematica [C] (verified) . . . . . . . . . . ... 36
Rubi [A] (verified) . . . . . . . . . . 37
Maple [A] (verified) . . . . . . . . ... 0]
Fricas [F(-1)] . . . . . o o 40
Sympy [F] . . o e 41l
Maxima [F] . . . . . . 41]
Giac [F] . . . o o o 42
Mupad [F(-1)] . . . o o 42
Reduce [F] . . . . . . 42

Optimal result

Integrand size = 42, antiderivative size = 691

z%(A + Bz?)
X
va + bx2vc+ dx? (e + fx?)
B (8a23df + ab(10Bde + TBcf — 10Adf) — b? (5A(3de +2f) - B (10ce + 1o 4 %))) sV + da?

150 f2/a + b2
_ (4aBdf + b(5Bde + 4Bcf — 5Adf))zva + bx2y/c + dz? N Bz3v/a + bx2\/c + dx?
150242 f2 5bdf

va(8a?Bd? f? + abdf (10Bde + 7Bcf — 10Adf) — b*(5Adf (3de + 2cf) — B(15d%e* + 10cdef + 8¢ f?
155205 f3/a+ ba? | S
a®/?(4a®Bedf® + abcf?(Bde + 4Bcf — 5Adf) + b*e(5Adf (3de + cf) — B(15d%e? + 5edef + 4c2f?)))
15b5/2cd? f3(be — af)Va + ba? | [ 4]
a’/%e?(Be — Af)v/c + dx? EllipticPi (1 — 4L ‘arctan <%> ,1— ‘;—‘:)
Vbef3(be — af)va + ba? zg(‘;ﬁ;g
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1/15% (8xa~2xB*d*f+axb* (—10kA*xd*xf+7*Bxc*f+10*%Bxd*e) b~ 2% (5*A* (2xc*f+3*d*e) -
B* (10*c*e+15xd*e~2/f+8+c”~2*f/d) ) ) *x* (d*x~2+c) ~(1/2) /b~2/d"2/£~2/ (b*x~2+a) "~
(1/2)-1/15% (4xa*Bxd*f+bx (-5xAxd*f+4*Bxckf+5xBkdx*e) ) *x* (bxx~2+a) ~ (1/2) * (d*x
~2+c)~(1/2)/b"2/d"2/f72+1/5*Bxx"3* (b*x~2+a) ~ (1/2) * (d*x~2+c) ~(1/2) /b/d/f-1/
15%a” (1/2) * (8*a~2+B*d~2*f ~2+axbxd*xf* (—10*A*d*f+7*Bxc*xf+10*Bxd*e) b~ 2% (5*A*
dxf* (2% c*kf+3*d*e) -B* (8*xc™2*xf~2+10*c*d*e*f+15%d~2*xe~2) ) ) * (d*x~2+c) " (1/2) *El
lipticE(b~(1/2)*x/a"~(1/2)/(1+b*x~2/a)~(1/2), (1-a*d/b/c)~(1/2)) /b~ (56/2)/d"3
/£73/ (b*x~2+a) ~(1/2)/ (a*x(d*x~2+c) /c/ (bxx~2+a) ) ~(1/2)-1/15%a"~ (3/2) * (4*a~2%B
xckd*f ~3+axbkckf 2% (-5xAxd*xf+4*Bkcxf+Bkd*e) +b"2kxex (5xA*xd*f* (c*f+3*d*e) —B* (
4xc™2xf"2+5xckd*exf+15%d"2%e~2) ) ) * (d*x~2+c) ~(1/2) *InverseJacobiAM(arctan (b
~(1/2)*x/a~(1/2)),(1-a*xd/b/c)~(1/2)) /b~ (5/2) /c/d~2/£~3/ (—a*xf+b*e) / (b*x"2+a
)~ (1/2)/ (a*x(d*x~2+c) /c/ (bxx"2+a)) ~(1/2)-a~ (3/2) *e~2x (~A*xf+B*e) * (d*x~2+c) ~ (
1/2)*E1lipticPi(b~(1/2)*x/a~(1/2)/(1+b*xx~2/a)~(1/2) ,1-a*f/b/e, (1-a*d/b/c)”
(1/2))/v~(1/2) /c/£~3/ (—axf+bxe) / (b*xx~2+a) ~(1/2) / (a* (d*x~2+c) /c/ (b*x~2+a)) "
(1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.
Time = 13.26 (sec) , antiderivative size = 499, normalized size of antiderivative = 0.72
z5(A + Bz?)
x
Va + br2y/c+ dz? (e + fr?)
—icf(8a2Bd? f% + abdf (10Bde + 7Bcf — 10Adf) + b*(—5Adf (3de + 2cf) + B(15d%e? + 10cdef + 8¢

e N

Integrate[(x~6*(A + B*x~2))/(Sqrtl[a + b*x~2]*Sqrt[c + d*x"2]*(e + £*x~2)),

= )

input
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((-I)*cxf*(8*a~2+%B*xd~2*f"2 + axbxd*f*(10xBxd*e + 7*Bxcxf - 10*%A*d*f) + b2
* (=BkAxd*f*(3xd*xe + 2xcxf) + B*(15xd"2%e"2 + 10*cxd*e*f + 8xc~2*f72)))*Sqr
t[1 + (b*x"2)/al*Sqrt[1 + (d*x~2)/c]*EllipticE[I*ArcSinh[Sqrt[b/al*x], (a*
d)/(bxc)] + I*(4xa”2*Bxcxd"2+f~3 + axbkckd*f 2+ (5xBkd*e + 3*Bxckf - LHkA*xd*
£) + b72x(-5*A*xd*f*(3*d"2*e”2 + 3*ckxdke*xf + 2%c”2*xf"2) + B*(15%d"3%e”"3 + 1
Bkxc*xd"2xe”~2*f + 10%c™2xd*e*f~2 + 8*c~3%f73)))*Sqrt[1 + (b*x~2)/al*Sqrt[1 +
(d*x~2)/c]*EllipticF [I*ArcSinh[Sqrt[b/al*x], (a*d)/(b*c)] - d*(Sqrt[b/al*
£ 2*x*x(a + b*x"2)*(c + d*x"2)*(-5*A*xbxd*f + 4*xa*Bxd*f + b*B*(5xd*e + 4xc*f
- 3%dxf*x”2)) + (15%I)*b~2*%d"2xe"2*(Bxe - A*f)*Sqrt[l + (b*x"2)/al*Sqrt[1
+ (d*x~2)/c]*EllipticPi[(a*f)/(bxe), I*ArcSinh[Sqrt[b/al*x], (a*xd)/(bxc)]
))/(15%a~2*(b/a) ~(5/2) *d~3*f~4*Sqrt[a + b*x~2]*Sqrt[c + d*x~2])

output

Rubi [A] (verified)

Time = 2.56 (sec) , antiderivative size = 1018, normalized size of antiderivative = 1.47,

number of rules _ 48, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
m6(A—|—B:E2)
Va+ bz?Ve+ dz? (e + fr?)
| 7276
/ (_ e?(Be — Af) Be* — Ae3f ex?(Be — Af) 3 z*(Be — Af)
fAVa+br2ve+dz?  f4a+bx2Ve+dz?(e+ fx?2)  f3Va+brvVe+dz?  f2Va + bx2/c+ dx?

l 2009
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BvVbx?2 + av/dx? +cx®  (Be— Af)Vbz? + avVdz? + cx 3

5bdf B 3bdf?
4B(bc + ad)v/bx? + av/dx? + cx N (bc—l—ad)(Be—Af)\/Wm
15b2d% f 362df2/dz? + ¢
e(Be — Af)Vbz® +ax  B(8b2c? + Tabdc + 8a%d?) vbz? + ax
bf3vVdz? + ¢ 1563d2 fv/dz? + ¢

24/c(bc + ad)(Be — Af)ME(arctan (‘@”) 1-— ad)
362d8/2 f2, [ B dn? 1
V/ce(Be — Af)\/WE(arctan ( }m> 11— R)
NINE =N
B\/c(8b?c? + Tabdc + 8a*d?) Vba? + aF (arctan ( dc””) 11— %)
+
1563d5/2 f | S0t Jda? + ¢
c3/2(Be — Af)Vbx? + a EllipticF (arctan (%) ,1— ab%)
3bd®/2 f2, [ oLt /a7
Vce?(Be — Af)vVbz? + aEllipticF (arctan ( d
aVdf4 2222221‘?) Vdz? + ¢
4Bc?/?(be + ad)v/ba? + a EllipticF (arctan <%) ,1— %)
1562d5/2 f C%‘;“”Z:‘g Vdz? ¥ c
J—ae (Be — Af) \/bw2 + 1\/dm + 1 EllipticPi (b ,arcsin (\‘/@2) , ‘l‘)—g)
Vofivba? + av/da? + ¢

input LInt[(x“s*(A + Bxx~2))/(Sqrt[a + b*x~2]*Sqrtlc + d*x~2]*(e + f*x~2)),x] J
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(B*(8*b~2*%c™2 + Txaxb*cxd + 8*%a~2xd”2)*xxSqrt[a + b*x~2])/(15%b~3*d"2*f*Sq
rtlc + d*x"2]) + (ex(Bxe - Axf)*x*Sqrtl[a + b*x~2])/(b*xf~3*Sqrt[c + d*x~2])
+ (2x(bkc + a*d)*(Bxe - Axf)*xxSqrt[a + b*x~2])/(3*¥b~2*d*f~2+Sqrt[c + d*x
~2]) - (4*Bx(b*c + a*d)*x*Sqrt[a + b*x"2]*Sqrtlc + d*x~2])/(15xb~2%d~2*f)

- ((Bxe - Axf)*xxSqrt[a + b*x~2]*Sqrt[c + d*x~2])/(3*b*d*f~2) + (B*x~3*Sqr
tla + b*x~2]*Sqrt[c + d*x~2])/(5xb*xd*f) - (B*Sqrt[c]*(8*b~2xc~2 + T*axbkcx
d + 8%a"2xd"2)*Sqrt[a + b*x"2]*EllipticE[ArcTan[(Sqrt[d]*x)/Sqrtlc]], 1 -

(bxc)/(axd)])/(15%b"3*d~ (5/2) *f*Sqrt [(c*(a + b*x"2))/(ax(c + d*x~2))]*Sqrt
[c + d*x~2]) - (Sqrtlcl*ex(Bxe - A*f)*Sqrt[a + b*x~2]*EllipticE[ArcTan[(Sq
rt[d]*x)/Sqrtlc]l], 1 - (bxc)/(a*d)])/(bxSqrt[d]*f~3*Sqrt[(cx(a + b*xx~2))/(
a*(c + d*x~2))]*Sqrt[c + d*x~2]) - (2+Sqrtlcl*(b*c + a*xd)*(Bxe - Axf)*Sqrt
[a + bxx"2]*EllipticE[ArcTan[(Sqrt[d]*x)/Sqrtlcl]l, 1 - (b*c)/(axd)])/(3*b™
2xd~(3/2)*£~2+Sqrt [(cx(a + b*x"2))/(ax(c + d*x"2))]*Sqrtlc + d*x~2]) + (4%
Bxc~(3/2)*(b*c + a*d)*Sqrt[a + b*x"2]*EllipticF[ArcTan[(Sqrt[d]*x)/Sqrt[c]
1, 1 - (bxc)/(a*d)])/(156xb~2xd~ (5/2) *f*Sqrt [(cx(a + b*x"2))/(a*(c + d*x~2)
)I1xSqrtlc + d*x~2]) - (Sqrtlcl*e”2x(B*e - A*f)*Sqrt[a + b*x~2]*EllipticF[A
rcTan[(Sqrt [d]*x)/Sqrt[cl], 1 - (bxc)/(a*xd)])/(a*Sqrt[d]*f~4*Sqrt[(c*x(a +

b*xx~2))/(ax(c + d*x~2))]*Sqrtlc + d*x"2]) + (c~(3/2)*(B*e - A*f)*Sqrt[a +

bxx~2]*E1lipticF [ArcTan[(Sqrt[d]*x)/Sqrtlcl]l, 1 - (b*c)/(axd)])/(3%bxd~(3/
2)*f~2xSqrt [(c*x(a + b*x72))/(ax(c + d*x~2))]1*Sqrtlc + d*x~2]) + (Sqrtl[-...

output

Defintions of rubi rules used

e

LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 2009

1
e ‘xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ

‘[n, 0]

N

7276‘(Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE )




input

output

input
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Maple [A] (verified)

Time = 20.75 (sec) , antiderivative size = 612, normalized size of antiderivative = 0.89

method | result

(SAabcd 3-154b2d%2e2 f—4a2Bed f3—4Bab c2 f3 —5Babede 2+

(322 Bbdf +5Abdf —4aBdf —4Bbcf —5bBde) Vb x?+a vVz2d+c .

724/- 2 Vod -

risch 52

default | Expression too large to display

elliptic | Expression too large to display

‘int(x‘6*(B*x‘2+A)/(b*x“2+a)‘(1/2)/(d*x“2+c)”(1/2)/(f*X‘2+e),x,meth0d=_RETU
' RNVERBOSE)

1/15*%x* (3*Bxb*d*f*x~2+5*%A*xb*d*f-4*xBkaxd*f-4*B*xb*c*f-5+%B*xb*d*e) * (bxx~2+a) ~ (
1/2)*(d*x"2+c)~(1/2) /b~2/d"2/f"2-1/15/b"2/d"2/£"2*% ((5xA*a*b*cxd*f~3-15%A*b
“2*%d"2%e " 2*xf-4*Bkxa~2*kckd*xf " 3-4*Bxaxbkc”2xf " 3-5xBxaxbxckxd*xexf~2+15%Bxb"2*xd"™
2xe~3)/£72/(-b/a)~ (1/2) * (1+b*x~2/a) " (1/2) * (1+d*x~2/c) " (1/2) / (b*d*x~4+a*xd*x
“2+bxc*x"2+axc) ~(1/2) #*EllipticF (x*(-b/a)~(1/2), (-1+(a*d+b*c)/c/b) ~(1/2))-1
/Ex (10*%A*xaxb*d~2*f " 2+10kA*b~ 2k ckd*f ~2+15*xA*xb~2+d "~ 2*e*xf-8*B*a~2*d~2*f ~2-T*B
*axbkckxd*xf~2-10*B*a*xbxd "~ 2*exf-8*Bxb~2*c~2*f ~"2-10*B*b~2kc*d*e*xf-15xBxb~2*d~
2xe~2)xc/(-b/a) "~ (1/2) * (1+b*xx~2/a) " (1/2) * (1+d*x~2/c) " (1/2) / (bxd*x~4+a*d*x"2
+bxcxx~2+a*c) " (1/2) /d* (EllipticF (x*(-b/a) ~(1/2), (-1+(axd+b*c) /c/b)~(1/2))-
EllipticE(x*(-b/a)~(1/2), (-1+(a*d+bxc)/c/b)~(1/2)))+15%b~2xd"2%e " 2x (Axf-B*
e)/f72/(-b/a) " (1/2) *(1+b*x~2/a) " (1/2) * (1+d*x~2/c) ~ (1/2) / (b*d*x~4+a*d*x~2+b
xc*x~2+axc) ~(1/2)*EllipticPi(x*(-b/a)~(1/2) ,axf/b/e,(-1/c*d)~(1/2)/(-b/a)~
(1/2)))*((b*x~2+a) * (d*x~2+c) )~ (1/2) / (b*x~2+a) " (1/2) / (d*x~2+c) " (1/2)

Fricas [F(-1)]
Timed out.
z%(A + Bz?)

dz = Timed out
va+ bx2v/c+ dz? (e + fx?)

‘integrate(x“6*(B*x“2+A)/(b*x”2+a)“(1/2)/(d*x“2+c)“(1/2)/(f*x‘2+e),x, algor

‘ithm="fricas")




output
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LTimed out

Sympy [F]

z5(A + Bz?) z5(A + Bz?)
dr = dx
Vva +bx2vc+ dx? (e + fx?) va+bx2vc+ dz? (e + fx?)

input‘integrate(x**6*(B*x**2+A)/(b*x**2+a)**(1/2)/(d*x**2+c)**(1/2)/(f*x**2+e),x

output

input

output

‘Integral(x**G*(A + Bxx*%x2)/(sqrt(a + b*x**2)*sqrt(c + dkx**2)*(e + f*xx**2)

D,

Maxima [F]

6 2 2 6
z°(A + Bx?) dp — (Bz* + A)x s

va+ br2v/c+ dz? (e + fx?) B Vbz? + av/dz? + c(fz? +e)

integrate (x~6*(Bxx~2+A)/(b*x~2+a) ~(1/2)/(d*x~2+c)~(1/2) / (f*x~2+e) ,x, algor
ithm="maxima")

integrate ((B*x~2 + A)*x"6/(sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)), x
)
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Giac [F]

z%(A + Bz?) (Bz?® 4+ A)z®

r = z
va+ bx2v/c+ dz? (e + fx?) Vbz? + av/dx? + c(fx2 + e)

integrate (x~6* (B*x~2+A) / (b*x~2+a) ~(1/2)/(d*x~2+c) ~(1/2) / (f*x~2+e) ,x, algor

input
ithm="giac")

integrate((B*x~2 + A)*x"6/(sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)), x

output

)

Mupad [F(-1)]

Timed out.

z%(A + Bz?) / 6(Bz*+ A)
\/a—i-bac2\/0+dav2(e—i-fac2 \/bx2+a\/dx2+c(fx2+e)
input‘ int ((x"6%(A + B*x~2))/((a + b*x~2)~(1/2)*(c + d*x~2)~(1/2)*(e + £*x72)),x) ‘

output‘int((xﬁe*(A + B*x"2))/((a + b*xx72)"(1/2)*(c + d*x"2)"(1/2)*(e + £*x72)), x

) |

Reduce [F]

z%(A + Bz?)

dzxz = Too large to displa;
va+ bx2v/c+ dz? (e + fx?) & PRy

input tint (x~6% (B*x~2+A) / (bxx~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (£*x"2+e) , x) J




output
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(sgrt(c + d*x*x2)*sqrt(a + b*x**2)*axd*fxx - 4*xsqrt(c + dxx**2)*sqrt(a + b

*xxx*2) xbxcxfxx — bxsqrt(c + d*x*x2)*sqrt(a + b*x**2)*b*d*e*x + 3*sqrt(c +

d*x**2) *ksqrt(a + bkx**2)xbkd*xf*x**3 — 2xint((sqrt(c + d*x**2)*sqrt(a + b*x
*x2)kx**4) /(a*cke + akxckf*x**x2 + akxdkexx*x*2 + akdxf*x*k*x4d + bkckexx**2 + bx*
cxfxxk*4 + bxd*e*xx*xx4 + brxdkfxx**6) ,x)*kax*x2xd**2xf*+x2 - 3*xint((sqrt(c + d*
x*¥x2) *sqrt(a + b*x**2)*x**4)/(axcke + axckf*x**x2 + akdre*x*k*2 + axd*f*xx**x4
+ bxckxe*x**2 + bkxckf*xkkd + bkdkexxk*x4d + bkdxfrx**6) ,x)*axbkckd*f**x2 — 5*
int((sqrt(c + d*x**x2)*sqrt(a + bkx**2)*x*x4)/(axckxe + akcxf*x*x2 + akdxexx
*%2 + axdxf*x*kkd + brckexx*k*2 + bkckfrxkxx4 + bkdkexx**4 + bxdxf*x**6),x)*a
*xbkd**2xe*xf + 8*int((sqrt(c + d*x**2)*sqrt(a + b*x**2)*x**4)/(axcke + akck
fxx*k*%x2 + akdxe*x**x2 + akxdxf*x*k*k4 + bkcke*x**x2 + bkckf*x*k*x4 + bxd*e*x**x4 +

b*d*fxx**6) ,x) ¥b*k*2*kck*2*%f**2 + 10*int ((sqrt(c + d*x**2)*sqrt(a + bxx**2)*
x*%4) /(axcke + akxckf*xx*x*2 + akxdkexx*k*2 + akxdxfxx**x4 + bkckexx**2 + bkckxf*x
**4 + bxdkexx**4 + bkdxf*x**6),x)*b**2kckxd*exf + 16xint((sqrt(c + d*xx**2)=*
sqrt(a + b*x*x*2)*x**x4)/(a*xcke + axckfxx**x2 + akdxe*x**2 + axd*fxx*x4 + b*c
*e*xxk*k2 + bkckfkrxkkd + bkdkexxk*4 + bkdxfrx**6) ,x) kbx*2*xd**2kex*x2 - int((s
grt(c + d*x**2)*sqrt(a + b*xx*2)*x*x2)/(a*cxe + axckf*x**2 + akxd*e*xx*x*2 +

akxd*xfxx**4 + bkckexx**2 + bkckfxx**4 + bkdkexx**x4 + b*d*f*x**G),x)*a**Q*c*
dxf*x2 - 2+int ((sqrt(c + d*xx**2)xsqrt(a + b*x**2)*xx**2)/(a*xcke + axckf*x**
2 + axd*e*xx*x*2 + axd*fixxx*4 + bkckekxx**2 + bxckfxx**4 + bxd*exx**4 + b*. ..
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(A+B:c )

3.2 f \/a+bx2\/c—i—da: (e—l—fx2) dz

Optimal result . . . . . . . . . . . . . e 44
Mathematica [C] (verified) . . . . . . . . . . ... 45
Rubi [A] (verified) . . . . . . . . . . 461
Maple [A] (verified) . . . . . . . . ... 47
Fricas [F(-1)] . . . . . o o 43
Sympy [F] . . . 48]
Maxima [F] . . . . . . 49
Giac [F] . . . o o 49]
Mupad [F(-1)] . . . . . e 501
Reduce [F] . . . . . o 501

Optimal result

Integrand size = 42, antiderivative size = 471

z*(A + Bz?)
dz
va + bx2vc+ dx? (e + fx?)
__(2aBdf + b(3Bde + 2Bcf — 3Adf))zv/c + dz? N Bzv/a + bx?/c + dx?
3bd2 fv/a + b22 3bdf

va(2aBdf + b(3Bde + 2Bcf — 3Adf))Ve + da? dx2E<arctan ( bw) I1— )
e
3/2(chf2 — be(3Bde + Bef — 3Adf)) v/ ¢ + dx? EllipticF (arctan ( ) 1-— ‘;—‘j)

_|_

5

_|_

3%/ 2cdf(be — af)\/m et
a3/2e (Be — Af)v/c + dz? EllipticPi < arctan <‘/\/Eﬁ”> ,1— %)
Vbef?(be — af)va + ba? gggg;j;

+
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-1/3% (2*a*Bkd*f+bx (—~3kA*d*f+2*Bkc*f+3*xBkd*e) ) *x* (d*x~2+c) ~(1/2) /b/d~2/£"2/
(b*xx~2+a) " (1/2)+1/3*B*xx* (b*x~2+a) ~(1/2) * (d*x~2+c) ~(1/2) /b/d/f+1/3*a~ (1/2) *
(2*%a*xB*d*f+b* (-3kAxd*f+2*Bxc*f+3*B*xd*e) ) * (d*x~2+c) ~(1/2) *E1l1lipticE(b~(1/2)
*x/a~(1/2) / (1+b*xx~2/a)~(1/2) , (1-a*xd/b/c)~(1/2)) /b~ (3/2) /d~2/£"2/ (b*xx"2+a) ~
(1/2)/ (ax(d*x"2+c) /c/ (b*x"2+a) )~ (1/2)+1/3*a" (3/2) * (a*B*c*f ~2-bxe*x (—3*A*xd*f
+Bxc*xf+3*Bkxd*e) ) * (d*x~2+c) ~(1/2) *InverseJacobiAM(arctan(b~(1/2) *x/a~(1/2))
, (1-a*xd/b/c)~(1/2)) /b~ (3/2) /c/d/f72/ (~a*f+b*e) / (b*x~2+a) ~(1/2) / (a* (d*x"2+c
)/c/(bxx~2+a) )~ (1/2)+a" (3/2) xex (~A*xf+Bxe) * (d*x~2+c) ~(1/2) *E1lipticPi (b~ (1/
2)*x/a~(1/2)/(1+b*x~2/a)~(1/2) ,1-axf/b/e, (1-axd/b/c)~(1/2)) /v~ (1/2) /c/£72/
(—axf+b*e) / (b*x~2+a) ~(1/2) / (ax (d*x~2+c) /c/ (b*x"2+a) ) ~(1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.
Time = 11.40 (sec) , antiderivative size = 346, normalized size of antiderivative = 0.73
z*(A + Bz?)
x
Vva +bx2vc+ dx? (e + fx?)
icf(2aBdf + b(3Bde + 2Bcf — 3Adf))\/1+ /1 + %E(iamsinh(\/gz) b—d) —i(aBedf? — 3Abd)

Integrate[(x"4*(A + Bxx~2))/(Sqrtl[a + b*x"2]*Sqrtlc + d*x"2]*(e + f*x~2)),
x]

input

(I*c*f*x (2%axBxd*f + bx(3*Bxd*e + 2xBxc*f - 3xA*xd*f))*Sqrt[1 + (b*x~2)/al*S
gqrt[1 + (d*x~2)/c]*EllipticE[I*ArcSinh[Sqrt[b/al*x], (a*d)/(b*c)] - I*(a*B
xckd*f~2 - 3*Axbkdxfx(dxe + c*f) + b*B*(3*%d"2%e~2 + 3kckdxexf + 2xc~2xf"2)
)*Sqrt[1 + (b*x~2)/al*Sqrt[1l + (d*x~2)/c]*EllipticF[I*ArcSinh[Sqrt[b/a]*x]
, (a*d)/(b*c)] + d*(Sqrt[b/al*B*f 2*x*(a + b*x~2)*(c + d*x~2) + (3*I)*b*d*
ex(Bxe - Axf)*Sqrt[1 + (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*EllipticPil[(axf)/(b*
e), I*ArcSinh[Sqrt[b/al*x], (axd)/(bxc)]))/(3*b*Sqrt[b/al*d~2*f~3*Sqrt[a +
b*x~2]*Sqrt[c + d*x~2])

N\ J

output




input L
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Rubi [A] (verified)

Time = 2.01 (sec) , antiderivative size = 623, normalized size of antiderivative = 1.32,

=2, number of rules _ 048, Rules
integrand size

number of steps used = 2, number of rules used =
used = {7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x4 (A + BmQ)
va+bz?vc+ dx? (e + fr?)
l 7276

/ ( Ae’f — Be? e(Be — Af) _ a*(Be— Af) N Bazx* )(
3vVa+br2ve+dz? (e + fr?)  f3vVa+bz?Ve+dz2  f2Va+bx2Ve+dx?  fva+ bx2Vc+ dx?

l 2009

—ae\/% + 1\/# + 1(Be — Af) EllipticPi (%,arcsin (\‘/f%) , ‘;—f)
Vbf3va + bz + da?
Veeva + bz?(Be — Af) EllipticF (arctan ( de

aVafive+da?, [ dete)

Veva + bz?(Be — Af)E (arctan( dw) |1——> zva + bz2(Be — Af) N
bdfeeT dat [t bftvet do?
2B+/cVa + bx%(ad + bc)E (arctan (%) 11— 22)

362d3/2 fr/c + dr? m -
BeY/2/a+ ba? BllipticF (arctan (Y4),1- %) g, /o522 (ad + bo)

3bd3/2 f\/c + da? Zgzigﬁz) 3b2df v c + dx?
Bz+va + bx2vVe + dx?
3bdf
Int[(x~4%(A + B*x~2))/(Sqrtla + bxx~2]*Sqrtlc + d*x~2]*(e + £*x~2)),x] J
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(-2%Bx (b*c + a*d)*x*Sqrt[a + bxx~2])/(3xb~2xd*f*Sqrtc + d*x~2]) - ((Bxe -
Axf)xxxSqrt[a + bxx~2])/(b*f~2xSqrtlc + d*x"2]) + (B*x*Sqrt[a + b*x~2]#*Sq
rtlc + d*x"2])/(3*bxd*f) + (2+B*Sqrtlc]l*(b*c + axd)*Sqrtl[a + b*x"2]*Ellipt
icE[ArcTan[(Sqrt [d]*x)/Sqrt[c]l], 1 - (bxc)/(a*d)])/(3*b~2xd~(3/2)*f*Sqrt [(
cx(a + bxx"2))/(a*(c + d*x~2))]*Sqrtlc + d*x~2]) + (Sqrtlcl*(Bxe - Axf)*Sq
rt[a + b*x"2]*EllipticE[ArcTan[(Sqrt[d]*x)/Sqrtlcl], 1 - (bxc)/(a*d)])/(b*
Sqrt [d]*£~2*Sqrt [(cx(a + b*x~2))/(a*(c + d*x~2))]*Sqrtlc + d*x~2]) - (B*c~
(3/2)*Sqrt[a + b*x~2]*EllipticF[ArcTan[(Sqrt[d]*x)/Sqrtlcl], 1 - (bxc)/(a*
d)]1)/(3*bxd~(3/2) *fxSqrt [(c*x(a + b*x~2))/(a*x(c + d*x~2))]*Sqrtlc + d*x~2])
+ (Sqrtlcl*e*x(Bxe - Axf)*Sqrt[a + b*x~2]*EllipticF[ArcTan[(Sqrt[d]*x)/Sqr
tlcll, 1 - (b*c)/(axd)])/(a*Sqrt[d]*f~3*Sqrt[(c*x(a + b*x~2))/(a*x(c + d*x~2
))1*Sqrtlc + d*x~2]) - (Sqrt[-al*e*x(B*e - Axf)*Sqrt[1 + (b*x"2)/al*Sqrt[1
+ (d*x~2)/c]*EllipticPi[(a*f)/(b*e), ArcSin[(Sqrt[bl*x)/Sqrt[-all, (axd)/(
b*c)]1)/(Sqrt [b] *£~3*Sqrt[a + b*x~2]*Sqrt[c + d*x~2])

output

Defintions of rubi rules used

( hY

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2009

rule 7276‘ Int[(u_)/((a)) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE \
‘xpand[u/(a + b*x"n), x1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
\ [n, 0] ‘

Maple [A] (verified)

Time = 10.17 (sec) , antiderivative size = 453, normalized size of antiderivative = 0.96

method | result

2 2
(3Abdf —2a Bdf —2Bbc f —3bBde)cy/ 14+ 222 /14 422 (EuipticF(m/—g,\/—l-s-%)—EuipticE<x«/—g,\ﬂ

f —g bd z4+ad 12+12bc+ac d

. 2 2
risch BzVbz?+aVz?d+c +
3bdf
(—B, /—Lbd? f225—By/—L ad? f2c3— B/~ bed f2a3+3A,/ beta | [a2dte EuipticF(x, /-2, /‘Z—f)bcdf2+3A balt
default | —

elliptic | Expression too large to display
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int (x74* (Bxx~2+A) / (bxx~2+a) " (1/2) /(d*x~2+c) " (1/2) / (f*x"2+e) ,x ,method=_RETU

input
RNVERBOSE)

1/3%B*x* (bxx~2+a) ~(1/2) *(d*x~2+c) ~(1/2) /b/d/f+1/3/b/d/f* (-1/f* (3xAxb*d*f-2
*Bxaxd*f-2xBxbkxcxf-3*B*b*d*e)*c/(-b/a) ~(1/2) *(1+b*x~2/a) " (1/2) * (1+d*x~2/c)
~(1/2) / (b*d*x~4+a*d*x~2+b*c*x~2+axc) ~(1/2) /d* (E1lipticF (x*(-b/a)~(1/2), (-1
+(axd+bxc)/c/b)~(1/2))-EllipticE(x*(-b/a) ~(1/2), (-1+(a*d+b*c)/c/b)~(1/2)))
- (3*Axb*d*exf+Bkaxcxf~2-3*Bxbxd*e~2) /£72/(-b/a) "~ (1/2) * (1+b*x~2/a) ~(1/2) *(1
+d*x~2/c) " (1/2) / (bxd*x~4+a*d*x~2+b*c*x~2+a*c) ~ (1/2) *E11lipticF (x*(-b/a) ~(1/
2), (-1+(axd+b*c) /c/b) ~(1/2) ) +3*b*d*e* (Axf-Bxe) /£~2/(-b/a) ~ (1/2) * (1+b*x~2/a
)~ (1/2)*(1+d*x~2/c) ~(1/2) / (bxd*x~4+a*xd*x~2+b*c*x~2+a*c) ~(1/2) *E1llipticPi(x
*(-b/a)~(1/2) ,axf/b/e, (-1/c*d)~(1/2)/(-b/a) ~(1/2)) ) *((bxx~2+a) * (d*x~2+c) )~
(1/2)/ (bxx~2+a)~(1/2) /(d*x~2+c)~(1/2)

output

Fricas [F(-1)]
Timed out.
z*(A+ Bz?)

dz = Timed out
va+bx2v/c+ dz? (e + fx?)

‘integrate(x“4*(B*x“2+A)/(b*x”2+a)“(1/2)/(d*X”2+C)”(1/2)/(f*X“2+e),X, algor

input
ithm="fricas") ‘

outputLTimed out J

Sympy [F]

z*(A+ Bz?) z*(A + Bz?)
dr = dx
va + br2v/c+ dz? (e + fx?) Vva + bx2vc+ dx? (e + fx?)

‘integrate(x**4*(B*x**2+A)/(b*x**2+a)**(1/2)/(d*x**2+c)**(1/2)/(f*x**2+e),x

input
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‘Integral(x**4*(A + B*x**2) /(sqrt(a + b*xx**2)xsqrt(c + d*x**2)*(e + fxx**2)

output‘), x) ‘

Maxima [F|

z*(A + Bz?) - (Bz? + A)z*
va+ bx2v/c+ dz? (e + fx?) Vbz? + av/dx? + c(fx2 + e)

integrate (x~4x (Bxx~2+4) / (bxx~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (f*x~2+e) ,x, algor

input
ithm="maxima")

integrate((B*x~2 + A)*x~4/(sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)), x

output )

Giac [F]

z*(A + Bz?) (Bx? + A)zxt

va+ bx2v/c+ dz? (e + fx?) = Vbz? + av/dz? + c(fz2 +e)

‘integrate(x“4*(B*x“2+A)/(b*x‘2+a)“(1/2)/(d*x‘2+c)‘(1/2)/(f*x‘2+e),x, algor

input
‘ithm="giac") ‘

Output‘integrate((B*x‘2 + A)*x~4/(sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*(£f*x”2 + e)), x
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Mupad [F(-1)]

Timed out.

z*(A+ Bz?) / *(Bz? + A)
z
\/a+bw2\/c+dx2(e+fx2 \/bx2+a\/d:v2+c(f$2—|—e)

input Lint((x“4*(A + B*x"2))/((a + b*x"2)"(1/2)*(c + d*x~2)"(1/2)*(e + £*x~2)),x) J

nt((xax(A + Bxx"2))/((a + bxx"2) (1/2)%(c + d*xx"D (1/Dx(e + £4x°2)), x

) |

output

Reduce [F]

z*(A + Bz?)

dx
va+bx2vc+ dx? (e + fx?)

2 2 Vdz2+cvba2+az? . v/
\/d Tt tc \/b z°+tar+ (f bdf x8+adf x4+bef x4 +bde x4 +acf x2+ade % +bce x2+ace dx adf 2 f bdf x8+adf x4+bcf z

input tint (x~4% (Bxx~2+A) / (b*x~2+a) ~(1/2) / (d*x~2+c) ~ (1/2) / (f*x~2+e) , x) J




output
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(sgrt(c + d*x*x2)xsqrt(a + b*x**2)*x + int((sqrt(c + d*x*¥2)*sqrt(a + b¥x*

*2) xx**4) / (a*xcke + akckfxx**2 + akdkekxx**2 + akxdxf*x*x*4 + bkcke*xx**2 + b*c
xfkxx*kd + brdkexx**4 + bkdxf*x**6) ,x)*a*d*f - 2*int ((sqrt(c + d*x**2)*sqrt
(a + bkxx**x2)*x**x4)/(a*xcke + axckxf*x**2 + akdkexx*x*2 + akxd*f*x*x4d + bkcke*xx
**2 + bxckfxx**4 + bkdxe*xx*4 + bxd*f*xx*x6) ,x)*bxc*f - 3*int((sqrt(c + d#*x
**x2) xsqrt (a + bxx**2)*x**4)/(axcke + akckf*x*x*2 + axdkexx**2 + akdxf*xx*4
+ bkcxe*xx*x*2 + bxckfxx**4 + bkdxe*xxx*4 + bxd*xf*x**6) ,x)*bxd*e - int((sqrt(
c + dxx**x2)*xsqrt(a + b*x**2)*x*x2)/(akcke + akcxf*x**2 + akdxexx**2 + akdx
fxxkxd + bkckexxx*2 + bkcxfxx**4 + bkdkxexx**4 + bxd*f*x*k*6) ,x)*akxckf — 2xi
nt((sqrt(c + d*x**2)*sqrt(a + bxx**2)*x**2)/(axcke + akxckxfxx**x2 + akdkexx*
*2 + axdxf*x*k*x4 + bkcke*x*k*x2 + bxckf*kx**x4 + bxd*e*x**x4 + b*d*f*x**6),x)*a*
dxe - 2xint((sqrt(c + d*x**2)*sqrt(a + bxx**2)*x**2)/(a*xcke + axckf*xx*2 +
akxdkexx**2 + akdkxfxx**4 + bkckexx**2 + bkckfxx**k4 + Dbkdxe*x**4 + bkdxf*x*
*6) ,x)*bxcxe - int((sqrt(c + d*x**2)*sqrt(a + bxx**2))/(axcke + axckf*x**2
+ akdxexx**x2 + axdxf*xxx*4 + bkckexx**x2 + bkxckf*x*x*4 + bkdxekxx**x4 + bxd*xfx*
x**6) ,x) *akxcxe) / (3*xd*xf)
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f (A-i-Bx )
v a+bx2\/ c+dx? (e—i— fx2)

3.3

Optimal result . . . . . . . . . . .. .
Mathematica [C] (verified) . . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . ...
Fricas [F(-1)] . . . . . o o
Sympy [F] . . o e
Maxima [F] . . . . . .
Giac [F] . . . o o o
Mupad [F(-1)] . . . . . e
Reduce [F] . . . . . .

Optimal result

Integrand size = 42, antiderivative size = 353

/ 2(A+ Bz?)
x
Va -+ bx2\/c + dz? (e + fz?)
Bz+v/c + dx? VvaBvc+ dz?E (arctan <%> 11— %)
N 2 a(ct+dxz?
et VdiVaT b [
a*?(Be — Af)V/c + dx? EllipticF (arctan <%) ,1— ab_g>
Vbef(be — af)Va + bx? ‘;((Zi‘;;fz;
a®/?(Be — Af)+/c + dz? EllipticPi ( “f ,arctan (‘\//BE > 11— %‘j)

Vbef(be — af)va + ba? Z((;:[‘;iz;

_|_

B*x*x (d*x~2+c) ~(1/2) /d/f/ (b*x~2+a) " (1/2)-a~ (1/2) *Bx (d*x~2+c) ~(1/2) *Elliptic
E(b~(1/2)*x/a~(1/2) / (1+b*xx~2/a)~(1/2) , (1-a*d/b/c)~(1/2)) /b~ (1/2) /d/£f/ (b*x"
2+a) " (1/2)/ (a*x (d*x~2+c) /c/ (b*x~2+a) ) ~(1/2) +a~ (3/2) * (~A*f+B*e) * (d*x~2+c) ~ (1
/2)*InverseJacobiAM(arctan (b~ (1/2)*x/a"~(1/2)), (1-a*xd/b/c)~(1/2))/b~(1/2) /c
/£/ (—axf+bxe) / (b*x~2+a) ~(1/2) / (a*(d*x~2+c) /c/ (bxx~2+a)) ~(1/2)-a~(3/2) * (-A*
f+B*e)* (d*x~2+c) " (1/2)*EllipticPi(b~(1/2)*x/a~(1/2)/(1+b*x~2/a)~(1/2) ,1-ax*
f/b/e, (1-a*xd/b/c)~(1/2)) /b~ (1/2) /c/f/ (—a*f+bxe) / (b*x"2+a) " (1/2) / (ax (d*x~2+
c)/c/(b*x~2+a))~(1/2)

output




input

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.
Time = 9.49 (sec) , antiderivative size = 187, normalized size of antiderivative = 0.53
z?(A + Bx?)
Vva + bx2vc+ dx? (e + fx?)
i\/l + % \/1 + % (BcfE (iarcsinh(ﬁx) ‘;—f) — (Bde + Bef — Adf) EllipticF <iarcsinh<\/§x>

\/gde\/a + bz2\/c + dz?

Integrate[(x™2*(A + Bxx~2))/(Sqrtl[a + b*x~2]*Sqrtlc + d*x"2]*(e + f*x72)),
x]

((-I)*Sqrt[1 + (b*x~2)/al*Sqrt[1 + (d*x~2)/c]l*(B*cxf*xEllipticE[I*ArcSinh[S
grtlb/al*x], (a*d)/(b*c)] - (Bxdxe + Bxcxf - A*d*f)*EllipticF[I*ArcSinh[Sq
rt[b/al*x], (a*d)/(bxc)] + d*x(Bxe - A*f)*EllipticPil[(axf)/(b*e), I*ArcSinh
[Sqrt[b/al*x], (axd)/(bxc)]1))/(Sqrt[b/al*d*f~2*Sqrt[a + b*x~2]*Sqrt[c + d*
x"2])

Rubi [A] (verified)

Time = 1.59 (sec) , antiderivative size = 331, normalized size of antiderivative = 0.94,

number of rules __
integrand size 0.048, Rules

number of steps used = 2, number of rules used = 2,
used = {7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z*(A+ Bz?)
Va+ bz?Ve+ da? (e + fz?)
| 7276
/< Be? — Aef B Be — Af + Bz? )dw
f2Va+br2v/e+dz? (e + fr?2) f2Va+bz2Ve+dx?  fva+bx2Vc+ dx?

l 2009
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\/—_a\/% + 1\/%2 + 1(Be — Af) EllipticPi (%,arcsin (\\/@2) , %)
VoF2Va + bz?vVe + da?
Vveva + bz?(Be — Af) EllipticF (arctan (‘/jg) ,1— %)
BﬁWE(arctan (%) 11— %) N Bzva + bz2

bWdfve+ da? ziﬂgﬁg bfve+ dxz?
input LInt [(x~2x(A + B*x~2))/(Sqrt[a + b*x~2]*Sqrt[c + d*x~2]*(e + f*x~2)),x] J
output (Bxx*Sqrt[a + bxx~2])/(bxf*Sqrt[c + d*x~2]) - (B*Sqrt[cl*Sqrt[a + b*x~2]*E

1lipticE[ArcTan[(Sqrt[d]l*x)/Sqrtlcl]l, 1 - (b*c)/(a*d)])/(b*Sqrt[d]*f*Sqrt[
(cx(a + b*x~2))/(ax(c + d*x~2))]1*Sqrtlc + d*x"2]) - (Sqrtlcl*(Bxe - A*f)*S
grt[a + bxx"2]*EllipticF[ArcTan[(Sqrt[d]#*x)/Sqrtlcl], 1 - (b*c)/(a*xd)])/(a
*Sqrt [d] *£~2*Sqrt [(cx(a + b*x"2))/(ax(c + d*x~2))]*Sqrtlc + d*x~2]) + (Sqr
t[-al*(Bxe - A*f)*Sqrt[1 + (b*x~2)/al*Sqrt[1 + (d*x~2)/c]l*EllipticPil(a*f)
/(b*e), ArcSin[(Sqrt[b]*x)/Sqrt[-all, (axd)/(b*c)])/(Sqrt[b]l*f~2xSqrt[a +
b*x~2]*Sqrt[c + d*x~2])

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

1
O spand[u/(a + bxxn), x1}, Intlv, x] /; SmQlvl] /; Freeql{a, b}, x] &k It

' [n, 0]

7976 ‘(Int [(u)/((a)) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE \‘
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Maple [A] (verified)

Time = 5.78 (sec) , antiderivative size = 274, normalized size of antiderivative = 0.78

method | result
_d \
<AEuipticF(x,/—f;,,/gj)df—AEllipticPi<x,/—g,‘;£,ﬁ)df—BEnipticF(z,/—gn/‘;j)cf—BEuipticF(z,/—g,,/‘;‘j/
default a
f2d\/—2 (bdzt+adz2+a
— — y/1+# \/1+¢ EllipticF(w«/—%,M—l-{—%)A HH—# \/1+% EllipticF(z\/—g,‘/—l+%)Be f
( 1' +a)(x +C) 1/ —g \/bdm4+ad12+zzbc+acf B \/—% \/bdz4+adz2+w2bc+ac f2 B
elliptic

int (x72* (B*x~2+A) / (b*x~2+a) " (1/2) / (d*x~2+c) ~(1/2) / (£*x"2+e) ,x,method=_RETU

input
RNVERBOSE)

(A*EllipticF(x*(-b/a)~(1/2), (axd/b/c)~(1/2)) *d*f-A*EllipticPi(x*(-b/a)~(1/
2) ,axf/b/e, (-1/c*d)~(1/2)/(-b/a)~(1/2)) *d*f-B*E1lipticF (x*(-b/a)~(1/2), (a*
d/b/c)”(1/2))*c*f-BxEllipticF (xx(-b/a)~(1/2), (a*d/b/c) ~(1/2))*d*e+B*Ellipt
icE(x*(-b/a)~(1/2), (a*d/b/c)~(1/2) ) *cxf+B*EllipticPi (x*(-b/a)~(1/2) ,axf/b/
e, (-1/c*xd)~(1/2)/(-b/a)~(1/2) ) *d*e) * ((d*x~2+c) /c) = (1/2) * ((bxx~2+a) /a) " (1/2
)*(b*xx~2+a) " (1/2) *(d*x~2+c) ~(1/2) /£72/d/ (-b/a) ~(1/2) / (b*d*x~4+a*d*x "~ 2+b*c*
X" 2+a%*c)

output

Fricas [F(-1)]
Timed out.
z?(A + Bz?)

dz = Timed out
va+bx2v/c+ dz? (e + fx?)

input‘integrate(x“2*(B*x“2+A)/(b*x“2+a)*(1/2)/(d*x*2+c)~(1/2)/(f*x~2+e)’X’ algor
‘ithm="fricas")

outputkTimed out
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Sympy [F]

/ z*(A + Bz?) / >(A+ Bz?)
dx
\/a+bm2\/c+d:v2 (e+f3v2 \/a+bz2\/c+d:v2 (e + fx?)

input ‘ integrate (x**2x (Bxx**2+A) / (b*x**2+a) ** (1/2) / (d*kx**2+c) ¥* (1/2) / (£ ¥x**2+e) ,x ‘

.
' Integral(xx*2% (A + B¥x*x2)/(sqrt(a + b¥x*¥2)*sqrt(c + dxxs*2)x(e + fxx**2)

output‘ ). %) ‘

Maxima [F]

z?(A + Bz?) (Bx? + A)x?
dxr = T
va+ bx2v/c+ dz? (e + fx?) Vbz? + av/dz? + c(fz? +e)

¢ \ integrate (x~2* (B*x~2+A) / (b*x~2+a) ~(1/2) / (d*x~2+c) " (1/2) / (f*x~2+e) ,x, algor \

inpu
‘ ithm="maxima") ‘

output‘ integrate ((B*x~2 + A)*x~2/(sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*(£*x"2 + e)), x \

Giac [F]

z?(A + Bz?) (Bz® + A)z?
dxr = dx
va+ bx2v/c+ dz? (e + fx?) Vbz? + av/dz? + c(fr? +e)

lnput‘ integrate (x~2* (B*x~2+A) / (b*x~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (f*x~2+e) ,x, algor ‘
‘ ithm="giac") ‘

output‘ integrate((B*x~2 + A)*x~2/(sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)), x ‘
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Mupad [F(-1)]

Timed out.

z?(A + Bz?) / 2(Bx? + A)
z
\/a+bw2\/c+dx2(e+fx2 \/bx2+a\/d:v2+c(f$2—|—e)

input Lint((x“2*(A + B*x"2))/((a + b*x"2)"(1/2)*(c + d*x~2)"(1/2)*(e + £*x~2)),x) J

nt((x2%(A + Bxx"2))/((a + bxx"2) (1/2)%(c + d*xx"D"(1/Dx(e + £4x°2), x

) |

output

Reduce [F|

z?(A + Bz?) x—/ Vdz? +cvVba? + ax? .
va+bx2v/c+ dz? (e + fx?) ) dfzt+cfx? +dea? +ce

input Lint (x~2x (B*xx~2+A) / (b*x~2+a) " (1/2) / (d*x~2+c) ~(1/2) / (£*x"2+e) ,x) J

‘int((sqrt(c + dkx*x*2)*xsqrt(a + bxx*x2)*x**2)/(cxe + c*xf*x**2 + d*xe*xx*x*2 + \

output ‘ T oD ‘




output
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A+ Ba?

3.4 f Va+bz?vetdz? (e+ fr?) dz

Optimal result . . . . . . . . . . e Ha]
Mathematica [C] (verified) . . . . . . . . . ... L 59
Rubi [A] (verified) . . . .. .. ... .. bY¢)
Maple [A] (verified) . . . . . . ... L 60
Fricas [F(-1)] . . . . o o e (31
Sympy [F] . . . o 611
Maxima [F] . . . . . . 621
Giac [F] . . . . o o 62
Mupad [F(-1)] . . . o o 62
Reduce [F] . . . o . o o 63

Optimal result
Integrand size = 39, antiderivative size = 227
A + Bz?
va+ bx2y/c+ dz? (e + fx?) d
Va(Bc — Ad)v/c + dz? EllipticF (arctan (%) ,1— ‘;—‘Ci)
Vhelde — cf)Wa T b2, /=)
&/2(Be — Af)v/a + ba? EllipticPi (1 — ¢ arctan (@m) 1- "—d)
avde(de — cf)4/ g((‘;j(’;ﬁiﬁm

+

-a”~ (1/2) * (-A*d+Bxc) * (d*x~2+c) ~(1/2) *InverseJacobilAM(arctan (b~ (1/2) *x/a~ (1/
2)),(1-a*d/b/c)~(1/2)) /b~ (1/2) /c/ (-c*xf+d*e) / (b*x~2+a) ~(1/2) / (ax(d*x~2+c) /c
/ (bxx~2+a)) ~(1/2)+c~ (3/2) * (-Axf+B*e) * (b*xx~2+a) " (1/2) *EllipticPi(d~(1/2)*x/
c~(1/2)/(1+d*x"2/c)~(1/2) ,1-cxf/d/e, (1-bxc/a/d)~(1/2))/a/d"(1/2) /e/ (-cxf+d
*e) / (cx(b*x"2+a) /a/(d*x"2+c) )~ (1/2) /(d*xx~2+c) ~(1/2)
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Mathematica [C] (verified)

Result contains complex when optimal does not.
Time = 8.31 (sec) , antiderivative size = 143, normalized size of antiderivative = 0.63
A+ Bx?
dr =
Vva + bx2vc+ dx? (e + fx?)
iy/1+ 2 /1+ &2 ( Be BllipticF (iarcsinh(\/%2) , %) + (~Be + Af) EllipticPi (4, iarcsinh /!
\/gef\/a + bz2\/c + dz?

input‘ Integrate[(A + B*x72)/(Sqrtla + b*x"2]*Sqrtlc + d*x"2]*(e + £*x72)),x]

output ‘{ ((-I)*Sqrt[1 + (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*(B*e*EllipticF[I*ArcSinh[Sqr
‘ t[b/al*x], (a*d)/(bxc)] + (-(Bxe) + A*f)*EllipticPi[(axf)/(b*e), I*ArcSinh
‘ [Sqrt[b/al#*x], (a*xd)/(b*c)]))/(Sqrt[b/al*exf*xSqrt[a + b*x~2]*Sqrt[c + d*x~

W
|
|
Lz]) J

Rubi [A] (verified)

Time = 0.86 (sec) , antiderivative size = 204, normalized size of antiderivative = 0.90,

number of rules _
integrand size 0.051, Rules

number of steps used = 2, number of rules used = 2,
used = {7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

A + Bz?
dz
Va+ bz?Ve+ dz? (e + fr?)

l 7276

/< Af — Be . B >dm
fva+bz2vVe+dz?(e+ fr?2)  fva+bx2Vc+ dx?
l2009
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B,/cva + bz? EllipticF (arctan (%) ,1— %) B
avdfve+ dz? 281222
\ /_a\/% + 1\/% + 1(Be — Af) EllipticPi (%, arcsin (\‘[%) , %)
Vbefva+ bx2vc+ da?

tnput Int[(A + Bxx~2)/(Sqrt[a + b*x~2]*Sqrtlc + d*x~2]*(e + f*x~2)),x]

(B*Sqrt [c]*Sqrt[a + bxx"2]*EllipticF[ArcTan[(Sqrt[d]*x)/Sqrtlcl]l, 1 - (b*c
)/ (axd)])/(axSqrt [d]*£*Sqrt [(cx(a + b*x"2))/(ax(c + d*x"2))]1*Sqrtlc + d*x~
2]) - (Sqrt[-al*(B*e - Axf)*Sqrt[1 + (b*x~2)/al*Sqrt[1 + (d*x~2)/c]l*Ellipt
icPi[(a*f)/(b*e), ArcSin[(Sqrt[bl*x)/Sqrtl[-all, (a*xd)/(b*c)])/(Sqrt[b]l*ex*f
*Sgrt[a + b*x~2]*Sqrtlc + d*x~2])

output

Defintions of rubi rules used

rule 2009“111: [u_, x_Symboll :> Simp[IntSum[u, x]1, x] /; SumQ[u] J

rule 7276‘ Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE ‘
‘xpand[u/(a + b*x"n), x1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ ‘
‘[n 0] ‘

Maple [A] (verified)

Time = 5.80 (sec) , antiderivative size = 191, normalized size of antiderivative = 0.84

method | result
_d " —d 2 2
defaul <AElhptlcP1<:cw/—b,‘Z£, b)f—i—BElhptlcF( \/—E,g/ b‘j)e BElhpthPl(m/—Z,‘;g, §> >\/m dtc  fbz +a Vb
efault Vs Voo
fey/— 5 (bd x4 +ad 2+x2bc+ac)
d
/ 2 /iad .7: b af “c
b x2 d z /b ad+bc 14 bz2 a: 1+ 22— EllipticPi (a: —a'be > A \/17-}
(b z2+a)(m2d+c + + EllipticF (z a'V— 14+ === ) /_g _
A/ ——= \/bd m4+ad m2+m2bc+ac e —g bd m4+ad m2+m2bc+ac
elliptic N TR
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int ((B*xx~2+A)/ (bxx~2+a)~(1/2)/(d*x~2+c)~(1/2) /(f*x~2+e) ,x ,method=_RETURNVE

input
RBOSE)

(A*EllipticPi(x*(-b/a)~(1/2) ,axf/b/e,(-1/c*d)~(1/2)/(-b/a)~(1/2) ) *£+B*E11li
pticF(xx(-b/a)~(1/2), (a*d/b/c)~(1/2))*e-B*EllipticPi(x*(-b/a)~(1/2) ,axf/b/
e, (-1/c*xd)~(1/2)/(-b/a)~(1/2) ) *xe) /£* ((d*x"2+c) /c) " (1/2) *((bxx"2+a) /a) " (1/2
)*(bxx~2+a) " (1/2) *(d*x~2+c) " (1/2) /e/(-b/a) ~(1/2) / (bxd*x~4+a*d*x~2+b*c*x~2+
a*c)

output

Fricas [F(-1)]
Timed out.
A+ Bzx?

dx = Timed out
va + bx2v/c+ dz? (e + fx?)

input \ integrate ((B*x~2+A)/ (b*x~2+a) ~(1/2)/(d*x~2+c) ~(1/2)/(£*x~2+e) ,x, algorithm
‘=“fricas“)

OutputLTlmed out

Sympy [F]

A+ Bz? A+ Bz?

dr = d
Va + br?2y/c+ dx? (e + fxr?) v Va + br?2y/c+ dx? (e + fr?) v

jnputLintegrate((B*X**2+A)/(b*x**2+a)**(1/2)/(d*X**2+C)**(1/2)/(f*x**2+e),x)

outputt

Integral ((A + Bxx**2)/(sqrt(a + b*x**2)*sqrt(c + dxx**2)*(e + f*x**2)), x) J
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Maxima [F|

A+ Bz? Bz’ + A

dxr = dx
va+ bx2v/c+ dz? (e + fx?) Vbz? + av/dx? + c(fx2 + e)

‘ integrate ((B*x~2+A)/ (b*x~2+a)~(1/2)/(d*x"2+c)~(1/2) / (f*x"2+e) ,x, algorithm ‘

input
‘ ="maxima") ‘

tintegrate((B*x’? + A)/(sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)), x)

e—

output

Giac [F]

A+ Bz? B+ A
dr = dz
va+ bx2v/c+ dz? (e + fx?) Vbz? + av/dz? + c(fz? +e)

integrate((Bxx"2+A)/(bxx"2+a)~(1/2)/(d*x~2+c)~(1/2)/(£*x~2+e) ,x, algorithm

input
=“giac") ‘

output Lintegrate((B*x‘2 + A)/(sqrt(b*x"2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)), x) J

Mupad [F(-1)]

Timed out.

A+ Bz? Bz2+ A
dr = dx
va+ bx2v/c+ dz? (e + fx?) Vox2 +avdx2+c (fr2+e)

input Lint((A + B*x~2)/((a + b*x~2)"(1/2)*(c + d*x~2)~(1/2)*(e + f*x~2)),x) J

output Lint((A + Bxx"2)/((a + b*x"2)"(1/2)*(c + d*x~2)"(1/2)*(e + f*x~2)), x) J
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Reduce [F|
A + Bx? da:—/ Vdz?2 +cvbx?+a
va+ bx2v/c+ dz? (e + fx?) ) dfzt+cfx? +dea? +ce
input Lint ((B*x~2+A) / (b*x~2+a) ~ (1/2) / (d*x~2+c) ~(1/2) / (f*x~2+e) ,x) J

e B
int((sqrt(c + dexx*2)*sqrt(a + bxx2))/(cke + CrExx**2 + drexxx+2 + dxf*x |

output ‘ exd) 1) ‘
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2
A+Bzx dx

35 | ovamtve it e

Optimal result . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . . ... L
Rubi [A] (verified) . . . .. .. ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [F(-1)] . . . . o o e
Sympy [F] . . . o
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . o . o o

Optimal result

Integrand size = 42, antiderivative size = 357

/ A+ Bx
dx
z2va + bx?vc + dx? (e + fr?)
Ava + bz? AvVdva + b2?E (arctan ( }””) 11— E)
aexm a c(a+bz?) \/W

a(ct+dz?)

Vevd(Be — Af)va + ba? EllipticF (arctan (%) 11— 2_2)
ae(de — cf)\/ G(Etga Ve + dz?
2 f(Be — Af)va + bx? EllipticPi < arctan (‘/\/‘%) ;1 — 2—3)
c(a+bz?)
av/de?(de - cf)x/aic:dmz) m

_|_

-Ax (b*x~2+a) ~(1/2) /a/e/x/ (d*x~2+c) ~(1/2) -A*d~ (1/2) * (b*xx~2+a) ~(1/2)*Ellipti
cE(d~(1/2)*x/c~(1/2) / (1+d*x~2/c) ~(1/2) , (1-b*c/a/d) ~(1/2)) /a/c~(1/2) /e/ (c*(
b*x~2+a)/a/(d*x~2+c)) ~(1/2) / (d*xx~2+c) ~(1/2)+c~ (1/2) *d~ (1/2) * (~Axf+B*e) * (b*
x~2+a) " (1/2) *InverseJacobiAM(arctan(d~(1/2)*x/c~(1/2)), (1-b*xc/a/d)~(1/2))/
a/e/ (-cxf+d*e) /(cx(b*x~2+a)/a/(d*x"2+c)) ~(1/2) /(d*x~2+c) ~(1/2)-c~(3/2) *£*(
—A*xf+Bxe)* (b*x~2+a) ~(1/2)*EllipticPi(d~(1/2)*x/c”~(1/2)/(1+d*x"2/c)~(1/2),1
-cxf/d/e, (1-b*xc/a/d)~(1/2))/a/d~(1/2) /e~2/ (-c*xf+d*e) / (c* (b*x"2+a) /a/ (d*x"2
+¢))~(1/2)/(d*x"2+c)~(1/2)

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 9.31 (sec) , antiderivative size = 384, normalized size of antiderivative = 1.08

/ A+ Bzx?
dz
z2v/a + br2v/c + dz? (e + fx?)

\/g(—aA\/gce - Ab\/gcealc2 - aA\/gdea:2 - Ab\/gdear:4 - iAbcew\/l + %\/1 + %E(iarcsinh<\/

( N

input LIntegrate[(A + B*x~2)/(x"2*Sqrt[a + b*x~2]*Sqrt[c + d*x"2]*(e + f*x~2)),x] J

(Sqrt[b/al*(-(a*xA*Sqrt[b/al*cxe) - Axb*Sqrt[b/al*ckexx~2 - axAxSqrt[b/al*d
*xe*x"2 - Axb*Sqrt[b/al*d*e*x~4 - I*Asbxcxexx*Sqrt[l + (b*x~2)/al*Sqrt[1 +
(d*x~2) /c]*EllipticE[I*ArcSinh[Sqrt[b/al*x], (axd)/(b*c)] + I*Axbxc*e*x*Sq
rt[1 + (bxx"2)/al*Sqrt[1 + (d*x~2)/c]*EllipticF[I*ArcSinh[Sqrt[b/al*x], (a
*d) /(b*c)] - I*a*Bxcke*xx*Sqrt[1l + (b*x~2)/a]l*Sqrt[1 + (d*x~2)/c]l*EllipticP
i[(a*f)/(b*e), I*ArcSinh[Sqrt[b/al*x], (a*d)/(bxc)] + I*axA*ckf*x*xSqrt[l +

(b*x~2) /al*Sqrt[1 + (d*x~2)/c]l*EllipticPi[(a*f)/(b*e), I*ArcSinh[Sqrt[b/a
I1*x], (a*d)/(b*c)]1))/(b*xcke~2*x*Sqrt[a + bxx"2]*Sqrt[c + d*x~2])

output

Rubi [A] (verified)

Time = 1.61 (sec) , antiderivative size = 273, normalized size of antiderivative = 0.76,

number of rules __
integrand size 0.048, Rules

number of steps used = 2, number of rules used = 2,
used = {7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A+ Bz?
dz
z2vVa + bx?Vc + dz? (e + fz2?)
l 7276

/( Be — Af + A )dw
eva+bx?vVe+dz? (e + fz2)  ex?Va+ bx?vVc + dx?
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l 2009
v—ay/% +1,/%% + 1(Be — Af) EllipticPi (%L, arcsin ( 22z ) , «d
a c be v—a be
Vbe2va + bx?ve + dx? a
d; b
AvVdva + bx2E<arctan (%) 11— (TZ) ~ AVa + bz2/e + dz? N Adzva + b2
av/eev/c T di? [ 42e) acex aceve+da®

input‘ Int[(A + Bxx"2)/(x"2xSqrt[a + b*x"2]*Sqrt[c + d*x"2]*(e + f*x~2)),x] ‘

(A*d*x*Sqrt[a + b*x~2])/(axc*e*xSqrt[c + d*x~2]) - (A*Sgrt[a + b*x~2]*Sqrt[
c + d*x"2])/(a*xcxexx) - (AxSqrt[d]*Sqrt[a + b*x~2]*EllipticE[ArcTan[(Sqrt[
dl*x) /Sqrtlcl]l, 1 - (b*c)/(axd)])/(a*Sqrt[cl*exSqrt[(cx(a + b*x"2))/(a*x(c
+ d*x~2))]1*Sqrtc + d*x~2]) + (Sqrt[-al*(Bxe - A*f)*Sqrt[1 + (b*x~2)/al*Sq
rt[1 + (d*x~2)/cl*EllipticPi[(a*xf)/(b*e), ArcSin[(Sqrt[bl*x)/Sqrt[-all, (a
*d) / (b*c)])/(Sqrt [b]*e~2xSqrt[a + b*x~2]*Sqrt[c + d*x~2])

output

Defintions of rubi rules used

ruk32009LInt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

( N

Int[(u_)/((a_) + (b_)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
‘xpand[u/(a + b*x"n), x1}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ ‘

L[n, 0] J

rule 7276
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Maple [A] (verified)

Time = 9.99 (sec) , antiderivative size = 311, normalized size of antiderivative = 0.87
method | result
Abc\/l-ﬁ-# \/1+¢ (EllipticF(zy/—gﬂ/—l-&-%)—EllipticE(z«/—g,q/—l-}—%)) ac(Af—Be]
- \/—g \/bdm4+adm2+m2bc+ac -
: __AvVbx2+a+vz2d+c
risch acex + acevVbz2+avz2d+c
<—A —g bde xt—A+/ bz%% \/ % EllipticF (Zq / —g,\ / %‘:)bcez+A\/ I’m%% \/ @ EllipticE (1}\/—%,1 / Z—‘cl)bcew—A\/
default
[1pb22 11 da2 gy /b /1 adtbc [1pb22 11 da? gy
be2ra)(@2d50) | — AVbdaTteds? atbotas AV Ta” VIT o PR il G Ry )+M N
acex ae —g bdm4+ad:1:2+.7:2bc+ac ae\/—g V4 bdz4+
elliptic N

input
RNVERBOSE)

int ((B*x~2+A)/x~2/ (b*x~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (f*x~2+e) ,x,method=_RETU

output -1/a/c*A/e

(1+b*x"2/a) ~(1/2) * (1+d*x~2/c) " (1/2) / (b*d*x~4+a*xd*x”~2+b*c*xx~2+a*c) ~(1/2) * (E
1lipticF(x*(-b/a)~(1/2), (-1+(a*d+b*c) /c/b)~(1/2))-EllipticE(x*(-b/a)~(1/2)
, (=1+(axd+b*c)/c/b) " (1/2)) ) -axcx (Axf-Bxe) /e/ (-b/a) " (1/2) * (1+b*x~2/a) " (1/2)
*(1+d*x~2/c) " (1/2) / (b*d*x~4+a*xd*x~2+bxc*x~2+a*c) ~(1/2) #*E1lipticPi (x*(-b/a)
~(1/2) ,a*xf/b/e, (-1/cxd)~(1/2) /(-b/a) = (1/2)) ) * ((b*x~2+a) * (d*x~2+c) ) ~(1/2) /(
b*x~2+a) " (1/2)/(d*x~2+c)~(1/2)

* (bxx~2+a) ~(1/2) *(d*x~2+c) ~(1/2) /x+1/a/c/ex (-Axbxc/(-b/a) ~(1/2) *

Fricas [F(-1)]

Timed out.
2
/ A+ Br dxr = Timed out
z2v/a + br?v/c + dz? (e + fr?)
input‘integrate((B*x“2+A)/x“2/(b*x“2+a)“(1/2)/(d*x‘2+c)‘(1/2)/(f*x‘2+e),x, algor

‘ithm="fricas") ‘
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OutputLTimed out
Sympy [F]
A+ Bz? A+ Ba?
dx = dx
z2v/a + br?\/c + dz? (e + fr?) z2v/a + br2v/c + dz? (e + fr?)
input ‘ integrate ((B*x**2+A) /x*%2/ (bkx**2+a) % (1/2) / (d*x**2+c) *x* (1/2) / (£¥x**2+e) ,x

output

input

output

‘Integral((A + Bkx**2)/(x*x*2*sqrt(a + b*x**2)*sqrt(c + d*x*x*2)*x(e + fxx*x*2)

), %)
Maxima [F]
A+ Bx? Bzr?+ A
dz = dz
r2v/a + br2v/c + dz? (e + fr?) Vbz? + av/dz? + c( fr? + e)z?
integrate ((B*x~2+A) /x~2/(b*x~2+a) ~(1/2) / (d*x~2+c) ~(1/2)/ (f*x~2+e) ,x, algor

ithm="maxima")

integrate((B*x~2 + A)/(sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)*x"2), x
)
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Giac [F]

A+ Bz? Bz’ + A
dx = dx
z2v/a + bx?Vc + dx? (e + fz2) Vbx2 + av/dx? + c(fz? + €)x2

integrate ((B*x~2+A)/x"2/(b*xx~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (£*x"2+e) ,x, algor

input
ithm="giac")

integrate((B*x"2 + A)/(sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)*x"2), x

output )

Mupad [F(-1)]

Timed out.

A + Bx? Bz’+ A
dxr = dx
z2v/a + br?v/c + dz? (e + fr?) 22/bz? +adz? +c (fz2 +e)

input Lint((A + B*x~2)/(x"2*%(a + b*x"2)"(1/2)*(c + d*x~2)"(1/2)*(e + £*x~2)),x)

output Lint((A + B*x"2)/(x"2x(a + b*x"2)"(1/2)*(c + d*x"2)"(1/2)*(e + £*x~2)), x)

Reduce [F]

/ A + Bx? dx—/ Vdz?2 +cvba?+a .
z2v/a + br2v/c + dz? (e + fr?) ) dfx8 +cf 2t + dext + cex?

input Lint ((B*xx~2+A) /x~2/ (b*x~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (£*x~2+e) ,x)

Output‘int((sqrt(c + dxx**x2)*sqrt(a + b*xx**2))/(ckexx**2 + ckf*xx*4d + drxe*x*k*4 +
‘d*f*x**G),x)
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2
3.6 L dz
f 4V a+bz?Vet+dz? (e+ f12)

Optimal result . . . . . . . . . . e 701
Mathematica [C] (verified) . . . . . . . . . ... L [71]
Rubi [A] (verified) . . . .. .. ... ..
Maple [A] (verified) . . . . . . ... L 73
Fricas [F(-1)] . . . . o o e re!
Sympy [F] . . o o 74
Maxima [F] . . . . . . 751
Giac [F] . . . . o o 75
Mupad [F(-1)] . . . o o 76
Reduce [F] . . . . . o 761

Optimal result

Integrand size = 42, antiderivative size = 476

A+ Bz?
/ z4va + bx2v/c + dz? (e + fx2)
_ (2Abce — 3aBce + 2aAde 4 3aAcf Wa+bx?  Ava+ bx?y/c+ da?
B 3ace?rv/c + dx? B 3acex?
Vd(3aBce — A(2bce + 2ade + 3acf))Va + bx?E (arctan < d””) 11— E)

/e
3a?c3/2e? %m
Vd(3aBcef — 3aAcf? + Abe(de — cf)) va + ba? EllipticF (arctan ( d:) 11— a”%)
3a2y/ce(de — cf)\/ Seted /e + da?
3/2f2(B€ - Af)\/mElhptlcPl (1 — i ,arctan (‘/jg) ,1— 2_2)
avde3(de — cf) °(ﬁiﬁiz§m

+
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1/3* (3xAxaxckxf+2xAxa*dre+2kAxbkcke-3xBraxcke) * (bxx~2+a)~(1/2) /a~2/c/e"2/x/
(d*x~2+c) " (1/2)-1/3%A* (bxx~2+a) ~(1/2) *(d*x~2+c) ~(1/2) /a/c/e/x~3-1/3%d~ (1/2
) * (3*Bxa*xcxe—A*x (3*xaxcxf+2xa*d*e+2xb*cke) ) * (b*xx~2+a) ~(1/2)*E1llipticE(d~(1/2
Yxx/c”(1/2)/(1+d*x~2/c)~(1/2), (1-b*c/a/d)~(1/2))/a~2/c~(3/2) /e~ 2/ (c* (b*x"2
+a)/a/(d*x"2+c) )~ (1/2)/(d*x~2+c) ~(1/2)-1/3%d™ (1/2) * (3*a*xB*c*e*xf-3*a*xA*xc*f~
2+A*b*ex (—cxf+d*xe) ) * (bxx~2+a) ~(1/2) *InverseJacobiAM(arctan(d~ (1/2) *x/c~(1/
2)),(1-bxc/a/d)~(1/2))/a~2/c~(1/2) /e 2/ (—cxf+d*e) / (c* (b*x~2+a) /a/ (d*x"2+c)
)~ (1/2)/(d*x"2+c) " (1/2) +c~ (3/2) *£~2x (~A*f+Bxe) * (b*x~2+a) ~(1/2) *E1lipticPi(
a~(1/2)*x/c”(1/2)/ (1+d*x~2/c) ~(1/2) ,1-c*f/d/e, (1-b*c/a/d)~(1/2))/a/d~(1/2)
/e~3/ (—cxf+d*e) / (c* (b*x~2+a) /a/ (d*x~2+c)) ~(1/2) / (d*x~2+c) ~(1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.29 (sec) , antiderivative size = 376, normalized size of antiderivative = 0.79

/ A+ Ba?
dx
z4yv/a + br2v/c + dz? (e + fr?)
\/ge(a + bx?) (c + dz?) (2Abcex? — 3aBcex? + aA(—ce + 2dex? + 3cfz?)) + ibce(—3aBce + A(2bce +

( N

input Integrate[(A + B*x"2)/(x"4*Sqrt[a + b*x~2]*Sqrtlc + d*x~2]*(e + f*x~2)),x]

(Sgrt[b/al*ex(a + b*x"2)*(c + d*x~2)*(2xAxbxckexx™2 - 3*axBkckexx™2 + a*Ax
(—(cxe) + 2xd*e*x”2 + 3xc*fxx"2)) + Ixbkckxex(-3xa*Bkckxe + Ax(2*b*xcke + 2*a
xd*e + 3xaxc*f))*x"3*Sqrt[1 + (b*x~2)/al*Sqrt[1 + (d*x~2)/cl*EllipticE[I*A
rcSinh[Sqrt[b/al*x], (a*d)/(b*c)] - Ixb*ckex(-3*a*Bxcxe + Ax(2kbxcxe + axd
xe + 3kaxcxf))*x"3xSqrt[1 + (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*EllipticF[I*Arc
Sinh[Sqrt[b/al*x], (axd)/(b*c)] + (3*I)*a~2*c~2xf*(Bxe - A*f)*x"3xSqrt[1 +

(b*x~2) /al*Sqrt[1 + (d*x~2)/cl*EllipticPil[(a*f)/(b*e), I*ArcSinh[Sqrt[b/a
I*x], (a*d)/(bxc)])/(3*a~2*Sqrt[b/al*c~2xe~3*x"3*xSqrt[a + b*x~2]*Sqrt[c +
d*x~2])

output
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Rubi [A] (verified)

Time = 2.15 (sec) , antiderivative size = 622, normalized size of antiderivative = 1.31,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 4 g4g Ryjes
integrand size

used = {7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A+ Bx?
dx
z4Va + b2V + dz? (e + fx2?)

l 7276

/< Be — Af B f(Be—Af) 4 A )dw
e2x2va + bx2vVc+dr?  e2va+bx2vVe+dx? (e + fz?2)  ex*Va + bx?vc + dx?

| 2009
2Av/dva + bx?(ad + bc)E(arctan ( ) 11— —)
3a2c3/2e/c + da? ZEZI?;%
Vdz b
Abv/dv/a + ba? EllipticF (arctan ( NG ) 1-— ?2) 2Ava + bz2v/e + dz2(ad + be)

2.2
3% /cev/o+ da? [ L) saicex
2Adzva+bz*(ad +bc)
3a2cev/c + dr?
\/—af\/% + 1\/% + 1(Be — Af) EllipticPi (%, arcsin (%) , %)
Vbed3va + bx2v/c + dx?
Vdva + bz?(Be — Af)E(arctan (‘/Ex) 11— ad) Va + bz2ve + dz?(Be — Af)
av/ce2v/c + dz? ZIZii)) ace’z
dzva+bx?(Be — Af)  AvVa+bx?Vc+ dz?
ace2v/c + dz? 3acer’

input LInt[(A + B*x~2)/(x"4*Sqrt[a + bxx~2]*Sqrt[c + d*x~2]*(e + f*x~2)),x] J
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output

(-2xA*d* (bxc + a*d)*x*Sqrt[a + b*x~2])/(3*a"2*c"2*e*Sqrt[c + d*x~2]) + (d*
(Bxe - Axf)*x*Sqrt[a + b*x~2])/(axcxe”2xSqrt[c + d*x"2]) - (AxSqrt[a + b*x
~2]*Sqrt[c + d*x~2])/(3*a*c*kexx~3) + (2xAx(bxc + a*xd)*Sqrt[a + b*x~2]*Sqrt
[c + d*x~2])/(3*%a"2xc"2*e*xx) - ((Bxe - Axf)*Sqrt[a + b*x~2]*Sqrtlc + d*x~2
1)/ (axc*e~2*x) + (2*%AxSqrt[d]*(bxc + a*d)*Sqrt[a + b*x"2]*EllipticE[ArcTan
[(Sqrt[d]*x)/Sqrtlcl], 1 - (bxc)/(axd)])/(3*a~2*c~(3/2)*e*Sqrt[(c*(a + b*x
~2))/(a*x(c + d*x~2))]*Sqrtlc + d*x~2]) - (Sqrt[d]*(Bxe - A*f)*Sqrt[a + b*x
~2]*EllipticE[ArcTan[(Sqrt[d]*x)/Sqrt[c]], 1 - (b*c)/(a*d)])/(axSqrt[c]l*e”
2xSqrt[(cx(a + bxx"2))/(a*(c + d*x~2))]*Sqrt[c + d*x~2]) - (AxbxSqrt[d]*Sq
rt[a + b*x"2]*EllipticF[ArcTan[(Sqrt[d]*x)/Sqrtlcl], 1 - (bxc)/(a*xd)])/(3x*
a~2x3qrt [c] *exSqrt [(c*x(a + b*x"2))/(a*x(c + d*x~2))]*Sqrt[c + d*x~2]) - (Sq
rt[-a]*f*(Bxe - Axf)*Sqrt[1 + (b*x"2)/al*Sqrt[1 + (d*x~2)/c]l*EllipticPil(a
*f)/(b*e), ArcSin[(Sqrt[bl*x)/Sqrt[-all, (a*d)/(bxc)])/(Sqrt[b]l*e~3*Sqrt[a
+ b*x"2]*Sqrt[c + d*x~2])

Defintions of rubi rules used

-

rule 2009

rule 7276 ‘

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol]l :> With[{v = RationalFunctionE
‘xpand[u/(a + b*x"n), x1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ

[n, 0]

Maple [A] (verified)

Time = 10.35 (sec) , antiderivative size = 474, normalized size of antiderivative = 1.00

method | result

b(3Aacf+2Aade+2Abce—3Bace)cy/ 1+% \/ l-F@(2

Vba2+a Vz2d+c (—3Aacf 2—2Aade x2—2Abce 2243 Bace z2+ Aace) .

V-

risch - 3a2c2e2x3

default | Expression too large to display
elliptic | Expression too large to display
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input

output

int ((B*x~2+A) /x~4/ (b*x~2+a) " (1/2) / (d*x~2+c) ~(1/2) / (f*x~2+e) ,x,method=_RETU
RNVERBOSE)

-1/3% (b*x"2+a) ~(1/2) * (d*x~2+c) " (1/2) * (-3*A*xaxcxf*xx"2-2kAkard*e*x~2-2*A*xb*c
*e*x”2+3*Bxakckexx " 2+A*akcke) /a~2/c"2/e"2/x73-1/3/a"2/c"2/e”2x (-b* (3kA*a*xc
*f+2xA*axd*e+2*Axbxcke-3*Bxa*cxe) *c/(-b/a) " (1/2) *(1+b*x~2/a) " (1/2) * (1+d*x~
2/¢c)”(1/2) / (b*xd*x~4+a*xd*x"2+bxc*x"2+axc) ~(1/2) * (EllipticF (x*(-b/a)~(1/2), (
-1+(a*d+b*c)/c/b)~(1/2))-EllipticE(x*(-b/a)~(1/2), (-1+(a*d+bxc)/c/b)~(1/2)
))+axbxckdxexA/(-b/a) ~(1/2) * (1+bxx~2/a) ~(1/2) * (1+d*x~2/c) ~(1/2) / (bxd*x"4+a
*d*x"2+b*ckx~2+a*xc) ~(1/2)*E1lipticF (x*(-b/a) ~(1/2), (-1+(axd+b*c)/c/b) ~(1/2
))—-3*%a~2xc 2xf*x (Axf-Bxe) /e/ (-b/a) " (1/2) * (1+b*x~2/a) ~(1/2) * (1+d*x~2/c) ~(1/2
)/ (b*xd*x~4+axd*x~2+b*c*x"2+axc) " (1/2)*EllipticPi(x*(-b/a)~(1/2) ,axf/b/e, (-
1/c*d)~(1/2)/(-b/a)~(1/2)) ) *((b*x~2+a) *(d*x"2+c) ) ~(1/2) / (bxx~2+a) ~(1/2)/(d
*x~2+c) ~(1/2)

Fricas [F(-1)]

Timed out.

2
/ A+ Br dzr = Timed out
ziy/a + br?v/c + dz? (e + fr?)

input‘

integrate ((B*x~2+A)/x~4/(b*x~2+a) ~(1/2)/(d*x~2+c)~(1/2) / (f*x~2+e) ,x, algor

‘ithm="fricas")

e

outputt

Timed out

Sympy [F]

/ A+ Bz? / A+ Bzx?
dzr = dz
z4v/a + br2v/c + dz? (e + fr?) z4yv/a + br2v/c + dz? (e + fr?)

e

input

integrate ((B*x**2+A) /x**4/ (b*xx**2+a) ¥k (1/2) / (d*x**2+c) ** (1/2) / (f*x**2+e) ,x

~—
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t‘Integral((A + B¥x**2) / (xx*4xsqrt(a + b*xx**2)xsqrt(c + d*x**2)*(e + fixx**2)

outpu ‘), x) ‘

Maxima [F|

dx

/ A + Bx? Bx?+ A
dr =
z4v/a + br?v/c + dz? (e + fr?) Vbz? + av/dx? + c(fz? + e)x?

integrate ((B*x~2+A) /x~4/ (bxx~2+a) ~(1/2) / (d*x~2+c)~(1/2)/ (f*x~2+e) ,x, algor

input
ithm="maxima")

integrate((B*x~2 + A)/(sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)*x"4), x

output )

Giac [F]

A+ Bx? Bz?+ A
dr = dx
z4va + bx2v/c + dz? (e + fr?) Vbz? + av/dx? + c(fz? + e)x?

‘integrate((B*x‘2+A)/X‘4/(b*x‘2+a)“(1/2)/(d*x‘2+c)“(1/2)/(f*XA2+e),X, algor

input
‘ithm="giac") ‘

‘integrate((B*x‘2 + A)/(sqrt(b*x™2 + a)*sqrt(d*x~2 + c)*(f*x72 + e)*x"4), x

output
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Mupad [F(-1)]

Timed out.

A+ Bz? Bz?+ A
dx = dx
ziva + bx?Vc + dx? (e + fz2) ztvbr2 +avdz?+c (fz?+e)

input Lint((A + Bxx~2)/(x"4x(a + b*x~2)~(1/2)*(c + d*x~2)~(1/2)*(e + £*x~2)),x)

output Lint((A + B*x72)/(x"4x(a + b*¥x"2)"(1/2)*(c + d*x"2)"(1/2)*(e + £*x72)), x)

Reduce [F|

/ A+ Bx? dx—/ Vdz2 +cvbx? +a .
ziy/a + br2v/c + dz? (e + fr?) ) df 28+ cf 25 + de 2 + ce x*

input Lint ((B*x~2+A) /x~4/ (b*x~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (f*x~2+e) ,x)

t‘int((sqrt(c + dxx*x2)*xsqrt(a + bkxx**2))/(ckexx**4 + ckL*xx*6 + dxe*x*k*6 +

outpu
‘d*f*x**S),x)
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A+ Bz?
3.7 f 26V a+bz?Ve+dz? (e+ f12) dx

Optimal result . . . . . . . . . . .. .. . (77
Mathematica [C] (verified) . . . . . . . . . ... L 78
Rubi [A] (verified) . . . .. .. ... .. 79
Maple [A] (verified) . . . . . . ... L BT
Fricas [F(-1)] . . . . o o e ]2
Sympy [F] . . o o ]R3
Maxima [F] . . . . . . ]3]
Giac [F] . . . . o o 83
Mupad [F(-1)] . . . o o (!
Reduce [F] . . . . . o R4

Optimal result

Integrand size = 42, antiderivative size = 706

/ A+ Bzr?
dx
z8v/a + bx2v/c + dz? (e + fx?)
(5aBce(2bce + 2ade + 3acf) — A(8b*c?e® + abce(7de + 10cf) + a?(8d%e? + 10cdef + 15¢*f?))) Va + b

15a3c2e3z+/c + dx?
B AvVa + bx2v/c + dx? _ (5aBce — A(4bce + 4ade + 5acf))va + bx2y/c + dx?
5acex’ 15a2c2e2x3

Vd(5aBce(2bce + 2ade + 3acf) — A(8b2c?e? + abce(Tde + 10cf) + a?(8d%e® + 10cdef + 15¢*£2))) v/
15a3c%/2¢3 %\/C + dz?
Vd(5aBce(3acf? — be(de — cf)) — A(15a2c2f3 — 4b%ce?(de — cf) — abe(4d?e? + cdef — 52 f?))) Va
15a3¢3/2e3(de — cf) ZE‘Z[Z’;; Ve + dz?
3?2 f3(Be — Af)v/a + ba? EllipticPi < - %, arctan <%) ,1— a”—;)

av/de*(de — cf) Ziiif}ﬁz% Ve + dx?

_|_

_I_




output

input |
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1/15% (5%a*xBkxcke* (3*ka*xckf+2*xa*xd*xe+2xbkcke) —A*x (8%b~2%c~2%e~2+a*xbxcxex (10*c*f

+7*d*e) +a~2x (15%c~2%f " 2+10*ckd*xe*xf+8*xd"2*e~2) ) ) * (b*x~2+a) ~(1/2)/a~3/c"2/e~
3/x/(d*x"2+c) " (1/2)-1/5%Ax (b*x~2+a) ~(1/2)*(d*x~2+c)~(1/2) /a/c/e/x"5-1/15%(
5*B*a*xckxe-A*x (5xaxcxf+4xaxdke+d*b*cke) ) * (b*xx"2+a) "~ (1/2) *(d*x"2+c) ~(1/2) /a2
/c”2/e”2/x73+1/15%d" (1/2) * (5*%a*B*c*e* (3*xaxcxf+2xaxd*ke+2*xb*xcke) —A* (8%b~2*c”
2%e”2+a*bxcke* (10kckf+7*xd*e)+a” 2% (15xc™2+f " 2+10*cxd*e*xf+8*d"2xe~2) ) ) x (b*x~
2+a) " (1/2)*EllipticE(d~(1/2)*x/c”(1/2)/ (1+d*x~2/c)~(1/2), (1-b*c/a/d)~(1/2)
)/a~3/c~(5/2)/e~3/(cx(b*x~2+a) /a/(d*x~2+c) ) ~(1/2) / (d*x~2+c) " (1/2)+1/15%d" (
1/2) * (5xa*Bkxcxex (3*xa*xc*f "2-bxe* (-cxf+d*e) ) —Ax (15%a~2xc~2%f ~3-4xb~2%c*xe™ 2% (
—c*f+d*e) —axbke* (-5xc~2%f " 2+ckxd*exf+4xd"2%e”2)) ) * (b*x~2+a) ~(1/2) *InverseJa
cobiAM(arctan(d~(1/2)*x/c~(1/2)), (1-b*c/a/d)~(1/2))/a~3/c~(3/2)/e"3/(-cxf+
d*e)/(c*(b*x~2+a)/a/(d*x~2+c) )~ (1/2) / (@*x~2+c) " (1/2)-c~(3/2) *£~3* (~A*xf+B*e
)*(b*xx~2+a) " (1/2)*E1llipticPi(d~(1/2)*x/c~(1/2) / (1+d*x~2/c)~(1/2) ,1-c*f/d/e
, (1-bxc/a/d)~(1/2))/a/d~(1/2) /e~4/ (-c*f+d*e) / (c* (b*xx~2+a) /a/ (d*x"2+c)) ~(1/
2)/(d*x~2+c)~(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 12.39 (sec) , antiderivative size = 1419, normalized size of antiderivative = 2.01

2
/ A+ Bo dx = Too large to display
z8v/a + bx2Vc + dz? (e + fz2)

Integrate[(A + B*x~2)/(x"6%Sqrt[a + b*x~2]*Sqrtlc + d*x~2]*(e + f*x~2)),x]




output
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(-3*a~3*%A*Sqrt [b/al*c~3*e”3 + a~3*A*(b/a)~(3/2)*c"3*%e"3*xx"2 - 5xa~3%Sqrt[b

/al*B*c~3*%e"3%x"2 + a~3*A*Sqrt[b/al*c”2*d*e"3*x"2 + 5xa~3*A*Sqrt[b/al*c”3*
e"2xf*x"2 - 4xa*A*b~2xSqrt[b/al*c”3*e"3*x"4 + 5%a”3*(b/a)”(3/2)*B*c~3*e”~3*
x~4 - 2*a~3xA*(b/a) ~(3/2)*c"2*d*e"3*x"4 + 5xa~3*Sqrt[b/al*B*c~2*d*e”~3*x~4

- 4xa”3*%A*Sqrt [b/a]l*cxd"2*%e"3*x"4 - 5xa~3*A*x(b/a) " (3/2)*c”3*%e"2xf*xx"4 + 15
*a~3xSqrt [b/a] #*Bkc~3*e~2*xf*xx"4 - b*a~3*AxSqrt[b/al*c”2*d*e 2*xf*x"4 - 15*a”
3xA*Sqrt [b/al *c~3*exf"2xx"4 - 8xA*b~3*Sqrt[b/al*c~3*e"3*x"6 + 10*a*b~2*Sqr
t[b/a]*B*c~3*e~3%x"6 - 1lxaxA*b~2xSqrt[b/a]l*c”2*d*e"3*x"6 + 15*a~3*(b/a)~(
3/2) *#Bxc~2xd*e~3*x"6 - 11ka~3*A*x(b/a)~(3/2)*c*d"2*e~3*x"6 + 10*a~3*Sqrt[b/
a]*Bkc*d~"2%e"3*x"6 - 8*a~3*A*Sqrt[b/al*d~3*e"3*x"6 - 10*axAxb~2*Sqrt[b/al*
c"3xe"2xf*x"6 + 15xa~3*(b/a)”(3/2)*B*c~3xe"2*f*x"6 - 15xa~3*A*(b/a)”(3/2)*
c"2xdxe"2*f*x"6 + 15%a”3*Sqrt[b/al*Bxc”2*d*e”2*f*x"6 - 10*a~3*A*Sqrt[b/alx*
cxd"2xe”2*%f*x"6 - 15%a”3*Ax(b/a)” (3/2)*c"3xexf"2*%x"6 - 15xa~3*A*Sqrt[b/alx*
c"2xd*e*f"2*x"6 - 8*Axb~3*Sqrt[b/al*c”2xd*e”3*x"8 + 10*a*b~2xSqrt[b/a]*B*c
“2%d*e”3*x"8 - T*xaxA*xb~2*Sqrt[b/a]l*cxd"2*e"3*x"8 + 10*a~3*(b/a)~ (3/2)*B*c*
d"2xe"3*x"8 - 8*a~3*Ax(b/a) " (3/2)*d"3xe"3*x~8 - 10*a*A*b~2*Sqrt[b/al*c”~2*d
xe " 2*f*x"8 + 15%a”3*(b/a)~(3/2) *B*c~2xd*e 2*%f*x~8 — 10*a~3*A*(b/a)~(3/2)*c
*d"2%e " 2xf*x"8 - 15*%a~3xA*(b/a) ~(3/2)*c"2xd*e*xf~2%x"8 - Ixb*cke*(-5*a*Bkcx
e*(2¥bkcke + 2kakxdke + 3kakxckxf) + Ax(8+b~2xc"2%e”2 + axbkckex(T*dxe + 10%c
*f) + a"2*(8*d"2%e”2 + 10xckd*e*xf + 15%xc™2*x£f72)))*x"5*Sqrt[1 + (b*xx~2)/...

Rubi [A] (verified)

Time = 2.76 (sec) , antiderivative size = 1087, normalized size of antiderivative = 1.54,

number of steps used = 2, number of rules used = 2,
used = {7276, 2009}

integrand size

number of rules _ 0.048, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ A+ Bx?
dz
z8va + bx2v/c + dz? (e + fx2?)
| 7276
/( f?(Be — Af) B f(Be— Af) 4 Be — Af + A
e3Va+br?vVe+dr? (e+ fr?)  ez2Va+bz?Ve+dz?  e2zVa+br2Ve+dr?  exbva + br2ve +

l 2009



input
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v=a(Be — Af) \/b;,;2 +1\/d:c _|_1Ell1pt1cP1( arcsm(\‘fﬁ%) ,%) f?

Vbetv/bx2 + avdz? + ¢ +
Vd(Be — Af)ME(arctan ( d””) 11— —) (Be — Af)Vbz? + a\/d:c2 +ef
avee® | i Ve T e
d(Be — Af)fo 2v/d(bc + ad)(Be — Af)\/WE(arctan < \}m) |1 — —) ~
ace3/de? + ¢ 3a2c3/2e2 2222221(3 Vdz? + ¢

A\/_(8b202 + Tabdc + 8a*d?) Vbz? + oF (arctan ( dm) |1 — )
15a3c5/2¢ %ﬁgv dz? +c
bv/d(Be — Af)V/bx? + a EllipticF (arctan (%) ,1— a%)
3a?y/ce? ZEZQ.;;-:) Vdz? + ¢
4AbVd(be + ad)V/ba? + a EllipticF (arctan (‘/jg ) ,1— %)

15a3c3/2¢ 22322213 Vdz?+c
2(bc + ad)(Be — Af)vVbax? +avdz? + ¢ A(8b*c? + Tabdc + 8a?d?) Vba? + av/da? + ¢
3a2c%e2x 15a3c3ex
(Be — Af)Vbz? + av/dx? + c 4A(bc + ad)Vbz? + av/dx? + ¢ A\/bx2 + avdz? + ¢ B
3ace2x3 ].5(12026.’1,‘3 5acex®

2d(bc + ad)(Be — Af)zvbz? + a 4 Ad(8b%c? + Tabdc + 8a’d?) zVbz? + a
3a2c2e?/dx? + ¢ 15a3c3eV/dz? + ¢

LInt[(A + B*x72)/(x"6*Sqrt[a + bxx"2]*Sqrt[c + d*x"2]*(e + £*x72)),x]
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(A*d* (8xb~2%c”™2 + T*axbxc*d + 8%a~2*d"2)*x*Sqrt[a + bxx~2])/(15xa”~3%c~3*e*
Sqrtlc + d*x~2]) - (2xd*(b*c + axd)*(Bke - A*f)x*x*Sqrt[a + b*x"2])/(3*a~2*
c"2xe~2+Sqrt [c + d*x"2]) - (dxfx(Bxe - Axf)*x*Sqrtl[a + b*x~2])/(axc*e”3*Sq
rtlc + d*x~2]) - (AxSgrtla + b*x~2]*Sqrtlc + d*x~2])/(5*a*ckexx~5) + (4xAx
(b*c + axd)*Sqrt[a + b*x~2]*Sqrtl[c + d*x~2])/(15*%a~2xc"2*e*x"3) - ((B*e -

Axf)*Sqrt[a + b*x"2]*Sqrtl[c + d*x~2])/(3*axc*e”2+%x"3) - (A*(8*b~2*c™2 + T7*
axb*cxd + 8+a~2+d"2)*Sqrtl[a + bxx"2]*Sqrtlc + d*x~2])/(15*a~3*c~3*exx) + (
2x(bkc + a*d)*(Bxe - Axf)*Sqrtl[a + b*x~2]*Sqrtl[c + d*x~2])/(3*a~2*c"2*xe~2*
x) + (fx(Bxe - Axf)*Sqrt[a + b*x~2]*Sqrt[c + d*x"2])/(a*cxe”3*x) - (AxSqrt
[d]*(8*b~2%c"2 + T*axbxckd + 8+a~2*d~2)*Sqrt[a + b*x~2]*EllipticE[ArcTan[(
Sqrt[dl*x)/Sqrtlcl]l, 1 - (bxc)/(axd)])/(15*%a~3*c~(5/2)*e*Sqrt[(cx(a + b*x~
2))/(a*(c + d*x~2))]*Sqrt[c + d*x"2]) + (2xSqrt[d]l*(b*c + axd)*(Bxe - A*f)
*xSqrt[a + b*x"2]*EllipticE[ArcTan[(Sqrt[d]l*x)/Sqrtlcl], 1 - (b*c)/(a*d)])/
(3*%a~2*xc~(3/2)*e"2xSqrt[(cx(a + b*x"2))/(a*x(c + d*x~2))]1*Sqrtc + d*x~2])

+ (Sqrt[d]*f*(Bxe - A*f)x*Sqrt[a + b*x~2]*EllipticE[ArcTan[(Sqrt[d]*x)/Sqrt
[cl], 1 - (bxc)/(a*d)])/(a*xSqrt[c]*e~3*Sqrt[(c*(a + b*x72))/(ax(c + d*x~2)
)1*Sqrt[c + d*x~2]) + (4*AxbxSqrt[d]l*(b*c + a*d)*Sqrt[a + b*x"2]*EllipticF
[ArcTan[(Sqrt[d]*x)/Sqrtlc]l], 1 - (b*c)/(a*xd)])/(156%a~3%c~(3/2)*e*Sqrt [(cx*
(a + b*x72))/(ax(c + d*x~2))]1*Sqrtlc + d*x~2]) - (b*Sqrt[d]*(Bxe - A*f)*Sq
rt[a + b*x"2]*EllipticF[ArcTan[(Sqrt[d]*x)/Sqrtlc]l], 1 - (bxc)/(a*xd)])/...

output

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

1
e ‘xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ

‘[n, 0]

N

7276‘(Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE )

Maple [A] (verified)

Time = 20.56 (sec) , antiderivative size = 1008, normalized size of antiderivative = 1.43

method | result size

risch Expression too large to display | 1008
elliptic | Expression too large to display | 2253

default | Expression too large to display | 2295




input

output

input

output
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int ((B*x~2+A) /x~6/ (b*x~2+a) " (1/2) / (d*x~2+c) ~(1/2) / (f*x~2+e) ,x,method=_RETU
RNVERBOSE)

-1/15% (b*x"2+a) ~(1/2) * (d*x~2+c) " (1/2) * (15*%A*xa~2xc~2*f "~ 2kx"4+10*A*a~2*c*d*e
*fxx"4+8*%A*a”"2*%d"2*%e " 2*x"4+10*A*axbkc”2*ke*f*x"4+TkA*a*xbkckdke 2%xx"4+8*%A*xb”
2xCc"2%e " 2xx"4-15xB*a "2k c"2*e*f*kx"4-10*B*a " 2kckd*e 2*x"4-10*B*a*xbkc 2xe " 2*x
~4-BxA*a~2%c 2kexf*xx"2-4*Axa ~2kckdke 2%x"2-4*A*axbkc 2%e 2kxx"2+5*%Bka~2%c"2
*xe " 2xx"2+3*Axa~2*c"2*e~2) /a~3/c"3/e"3/x"5+1/15/c~3/a"3/e" 3% (-b* (15*xA*a~2*c
~2%f "2+10%A*a~2*ckd*exf+8*%Axa~2xd " 2xe " 2+10*A*xa*xbxc™2xe*xf+T*A*xa*xb*xckd*xe™2+8
*A*b~2%Cc"2%e " 2-15%B*a~2%c " 2xexf-10*B*a ~2xcxd*xe~2-10%Bxaxbxc~2%e~2) *c/(-b/a
)" (1/2)*(1+b*x~2/a) ~(1/2) *(1+d*x~2/c) ~(1/2) / (b*d*x~4+a*d*x~2+b*c*xx"2+a*xc) =
(1/2)*(E1lipticF (x*(-b/a)~(1/2), (-1+(a*d+b*xc)/c/b)~(1/2))-EllipticE(x* (-b/
a)~(1/2), (-1+(a*d+b*c) /c/b)~(1/2)))-15%a~3*c~3*f 2% (Axf-Bxe) /e/ (-b/a) ~(1/2
Yx(1+b*x~2/a) " (1/2) * (1+d*x"2/c) " (1/2) / (b*d*x~4+a*d*x~2+b*cxx~2+a*xc) ~ (1/2) *
EllipticPi(x*(-b/a)~(1/2),a*xf/b/e, (-1/c*d)~(1/2)/(-b/a)~(1/2))+4*axb~2*c"2
xdxe~2%A/ (-b/a) ~(1/2) * (1+b*xx~2/a) ~(1/2) * (1+d*x~2/c) ~(1/2) / (b*d*x~4+a*xd*x~2
+bkcxx~2+a*c) " (1/2) *EllipticF (x*(-b/a) ~(1/2), (-1+(a*d+b*c) /c/b) ~(1/2) ) +4*a
~2%b*ckd~2%e”2*%A/ (-b/a) ~(1/2) * (1+b*x~2/a) ~(1/2) * (1+d*x~2/c) ~(1/2) / (b*d*x~4
+axd*x”~2+b*cxx~2+a*c) " (1/2)*EllipticF (x*(-b/a)~(1/2), (-1+(axd+b*c) /c/b) " (1
/2))-5%a~2xb*xc~2*d*e~2*B/(-b/a) " (1/2) * (1+b*x~2/a) " (1/2) * (1+d*x~2/c)~(1/2) /
(bxd*x~4+axd*x~2+bxc*x~2+a*c) " (1/2)*EllipticF (x*(-b/a)~(1/2), (-1+(axd+bxc)
/c/b) " (1/2) ) +5xbxc”2*exa”~2+xd*xA*xf/ (-b/a) ~(1/2) * (1+b*x~2/a) ~(1/2) * (1+d*x"2/c
)~ (1/2)/ (bxd*x~4+axd*x~2+b*c*xx~2+a*c) ~(1/2)*EllipticF (x*(-b/a)~(1/2),(-...

Fricas [F(-1)]

Timed out.

2
/ A+ Br dxr = Timed out
z8v/a + br?v/c + dz? (e + fr?)

{integrate((B*x”2+A)/x”6/(b*x”2+a)“(1/2)/(d*x“2+c)”(1/2)/(f*x“2+e),X, algor
ithm="fricas")
N\

lTimed out
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Sympy [F]

A+ Bz? A+ Bz®
dr = dx
z8v/a + bx?Vc + dz? (e + fz2) z8va + bx?Vc + dx? (e + fr?)

input ‘ integrate ((B*x**2+A) /x**6/ (b*x**2+a) ** (1/2) / (d*kx**2+c) ¥* (1/2) / (£ ¥x**2+e) ,x ‘

.
'Integral((A + Bxx*2)/(x**6%sqrt(a + b¥x*¥2)*sqrt(c + dxxs*2)x(e + fxx¥*2)

output‘ ). %) ‘

Maxima [F]

A+ Bz? Bz’ + A
dr = dz
z8v/a + br2v/c + dz? (e + fr?) Vbz? + av/dx? + c(fz? + e)xb

‘ integrate ((Bxx~2+A)/x"6/ (bxx~2+a)~(1/2)/(d*x~2+c)~(1/2) / (f*x"2+e) ,x, algor ‘

input
‘ ithm="maxima") ‘

output‘ integrate ((B*x~2 + A)/(sqrt(b*x™2 + a)*sqrt(d*x~2 + c)*(£*x"2 + e)*x"6), x ‘

Giac [F]

A+ Bx? Bz2+ A
dr = dx
z8v/a + br?v/c + dz? (e + fr?) Vbz? + av/dx? + c(fz? + e)xb

input ‘ integrate ((Bxx~2+A) /x"6/ (b*x~2+a) ~(1/2)/(d*x~2+c)~(1/2)/ (f*x"2+e) ,x, algor ‘
‘ ithm="giac") ‘

‘integrate((B*x‘2 + A)/(sqrt(b*x™2 + a)*sqrt(d*x~2 + c)*(f*x72 + e)*x"6), x ‘

output
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Mupad [F(-1)]

Timed out.

A+ Bz? Bz?+ A
dx = dx
z8v/a + bx?Vc + dz? (e + fz2) 28 vVbr2 +avdz?+c (fz?+e)

input Lint((A + B*xx~2)/(x"6%(a + b*x"2)~(1/2)*(c + d*x"2)~(1/2)*(e + f*x~2)),x)

output Lint((A + B*x"2)/(x"6x(a + b*x"2)"(1/2)*(c + d*x"2)"(1/2)*(e + £*x72)), x)

Reduce [F|

/ A+ Bx? dx—/ Vdz2 +cvbx? +a .
z8v/a + br2v/c + dz? (e + fr?) ) df x4+ cf 28 + de z8 + ce xb

input Lint ((B*x~2+A) /x~6/ (b*x~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (f*x~2+e) ,x)

t‘int((sqrt(c + dxx*x2)*xsqrt(a + bkxx**2))/(ckexx**6 + ckL*x**8 + dxe*x**8 +

outpu
‘d*f*x**iO),x)
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3.8

Optimal result
Mathematica [C] (verified)
Rubi [A] (verified)
Maple [A] (verified)
Fricas [F(-1)]
Sympy [F]
Maxima [F]
Giac [F]
Mupad [F(-1)]
Reduce [F]

f (A—i—Bx )
Va— bx2\/c—|—dx (e—l—fx2)

Optimal result

Integrand size = 43, antiderivative size = 601

/ (A + Bz?) i
Va— bx2\/0+ dz? (e + fz?)

+

(4aBdf — b(5Bde + 4Bcf — 5Adf))zva — ba*ve +da?

Bz3v/a — bz2\/c + dx?

156242 f2

5bdf
Va(8a2Bd2 f2 — abdf(10Bde + TBcf — 10Adf) — b*(5Adf (3de + 2cf) —

B(15d%e? + 10cdef + 8¢ f2

15b5/2d3 f3y/a — ba?\ /1 + 2
Va(4a?Bed? f3 — abedf?(5Bde + 3Bcf — 5Adf) — b2(5Adf (3d%€? + 3cdef + 26 %) — B(15d%€3 + 1

Vvae?(Be — Af)\/ \/1 + 42 EllipticPi (—— arcsin (%) —ad

)

Vb fiva — ba2ve + dx?

15b%/2d3 f4\/a — bx2v/c +



output

input
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-1/15% (4*a*Bxd*f-b* (-5kxAxd*f+4*Bxc*xf+5%Bxd*e) ) *x* (—b*x~2+a) ~(1/2) * (d*x~2+c
)~ (1/2)/b~2/d"2/£f"2-1/5%B*x~3* (-b*x~2+a) "~ (1/2) * (d*x~2+c) ~(1/2) /b/d/£f+1/15%
a” (1/2)*(8xa~2xBxd~2*f ~2-a*xb*d*f* (~10*%A*xd*f+7*Bxcxf+10*B*xd*e) -b~2* (5xAxd*f
* (2xcxf+3xd*xe) —Bk (8%c~2+¢f " 2+10*cxd*xexf+15*xd"2*e~2) ) ) * (1-b*x"2/a) ~(1/2) * (d*
x"2+c) " (1/2)*E1lipticE(b~(1/2) *x/a~(1/2), (-a*d/b/c)~(1/2)) /b~ (6/2)/d~3/£"3
/ (~b*x~2+a)~(1/2)/(1+d*x"2/c) ~(1/2)-1/15*%a” (1/2) * (d*a~2*B*c*d~2*f ~3-a*b*c*
Axf 2% (-5 A*d*f+3*Bxcxf+5xBxd*e) b~ 2% (5xA*xd*f* (2xc~2%xf ~2+3*kckd*e*f+3*d " 2*e
~2)-B*(8*c~3%f ~3+10%*c”~2*d*e*xf " 2+15xc*xd"2xe " 2xf+15xd"3*e~3)) ) * (1-b*xx~2/a) ~(
1/2)*(1+d*x~2/c) " (1/2) #*E1lipticF (b~ (1/2)*x/a"~ (1/2), (-a*xd/b/c)~(1/2)) /b~ (5/
2)/d"3/£74/(-bxx~2+a) ~(1/2) / (d*x"2+c) ~(1/2)+a~ (1/2) *e~2* (~A*f+Bxe) * (1-b*x"
2/a)~(1/2)*(1+d*x~2/c) ~(1/2)*E1lipticPi (b~ (1/2)*x/a~(1/2) ,~a*f/b/e, (-a*d/b

/c)~(1/2)) /o~ (1/2)/£74/ (-bxx"2+a) " (1/2) / (d*x~2+c) ~(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 13.63 (sec) , antiderivative size = 511, normalized size of antiderivative = 0.85

/ z%(A + Bz?) .
va — bz?Vc+ dz? (e + fz?)

—y/—2df?z(a — bz?) (c + dz?) (5Abdf + 4aBdf + bB(—5de — 4cf + 3dfz?)) — icf(8a>Bd? f? + abdf (-

‘Integrate[(x‘S*(A + Bxx72))/(Sqrt[a - b*x~2]*Sqrtlc + d*x"2]*(e + f*x72)),
x]
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(-(8grt[-(b/a)]*d*f~2*xx*(a - b*x"2)*(c + d*x~2)*(5*A*b*d*f + 4*a*B*d*f + b
*Bx (-5xd*e - 4xckxf + 3kd*f*x"2))) — I*cxf*x(8*a~2%xB*d~2*xf~2 + axbkxd*xf*(-10%
Bkd*e — T7*B¥c*f + 10*%Axd*f) + b~ 2k (-5*xA*d*f+*(3*d*e + 2xcxf) + Bk (15*d"2%e”
2 + 10*cxd*exf + 8%c~2*x£72)))*Sqrt[1 - (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*Elli
pticE[I*ArcSinh[Sqrt[-(b/a)]*x], -((a*d)/(b*c))] + I*(4*a~2xB*c*d 2*xf~3 +

axbxckd*f 2k (-5xBkd*e — 3*Bkxcxf + bxAxd*f) + b 2x(-5*xAxd*f*(3*xd"2%e"2 + 3%
cxdke*xf + 2*%c72*xf72) + B*(15%d"3*e”3 + 15xc*d"2xe”2+f + 10*c~2*d*exf”"2 + 8
*c"3%£73)))*Sqrt[1 - (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*EllipticF[I*ArcSinh[Sq
rt[-(b/a)]*x], -((axd)/(bxc))] - (15xI)*b~2+d"3*e~2*(B*e - A*f)*Sqrt[l - (
b*x~2)/al*Sqrt[1 + (d*x~2)/c]l*EllipticPil[-((a*f)/(b*e)), I*ArcSinh[Sqrt[-(
b/a)]l*x], -((axd)/(b*c))1)/(15%b~2%Sqrt [-(b/a)]*d"~3*f~4*Sqrt[a - b*x~2]*Sq
rtlc + d*x~2])

output

Rubi [A] (verified)

Time = 3.09 (sec) , antiderivative size = 1018, normalized size of antiderivative = 1.69,

number of rules _ 47, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z6(A—|—Bm2)
va —bz?vc+ dx? (e + fr?)
l 7276
/ (_ e?(Be — Af) + Be* — Ae3f ex?(Be — Af) 3 z*(Be — Af)
fa—bx2ve+dz?  f4a—bx2Ve+dz?(e+ fz?2)  f3vVa—bx2Ve+dz?  f2Va — bx2Vc+ dx?

l 2009



input
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B+va — bx2\/dx2 + cx® 4 (Be — Af)Va — bx2v/dx? + cx +
5bdf 3bdf?
4B(bc — ad)Va — bx2\/dx? + cx N
15622

2ya(be — ad)(Be — Af)\/1 — 2 Vdz T e (arcsin (L) |- 44 )
363/2d2 f2/a — b2/ 92* 4 1
Vae(Be — Af)y /1~ %V dz? + cE(arcsin (%) |—Z—‘j)
2 +
VBdfsva— b2\ /2 +1
\/53(852 2 — Tabdc + 8a2d2) \/1- %\/dwz +cE (arcsin (%) —%)
1565/2d3 f+/a — ba?y/92% 41
Vac(2bc — ad)(Be — Af) \/1 ba? \/dx2 + 1EllipticF (arcsm (‘[T> —%—g)
3b3/2d2 f2\/a — bx2\/dx?2 + ¢
Vace(Be — Af)\/l - % % + 1 EllipticF (arcsin (%) , —“—d>
Vbdf3va — bz2v/dz? + ¢
\/Eez(Be — Af)\/l — % % + 1 EllipticF (arcsin (‘[—b;) , _E>
Vbfiva — ba2Vda? + ¢
VaBc(8b%c? — 3abdc + 4a%d?) \/ 1-— bz2 d””z + 1EllipticF (arcsm (T

IS)

15b5/2d3f\/a - 9:2\/d:c2 +c
\/562(36 — Af)\/l _ bx? de + 1 EllipticPi (—— arcsin (%’) ,—‘L‘ci)

a

\/_f4\/a— bx2v/dz? + ¢

{Int[(x"G*(A + Bxx~2))/(Sqrt[a - b*x~2]*Sqrtlc + d*x~2]*(e + f*x~2)),x]

\ >
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output

(4*%Bx(bxc - axd)*x*Sqrt[a - b*x"2]*Sqrtlc + d*x~2])/(15%b"2xd"2xf) + ((B*e

- Axf)xxxSqrt[a - bxx"2]*Sqrt[c + d*x~2])/(3*b*d*f~2) - (B*x"3*Sqrt[a - b
*xx~2] *Sqrt[c + d*x~2])/(5*%b*d*f) + (Sqrt([a]*B*(8*b~2%c™2 - T*axb*c*d + 8+a
~2%d"2)*Sqrt[1 - (b*x~2)/al*Sqrtl[c + d*x~2]*EllipticE[ArcSin[(Sqrt[b]*x)/S
grtlal]l, -((a*d)/(b*c))]1)/(15%b~(5/2)*d"3*f*Sqrt[a — b*x~2]*Sqrt[1 + (d*x~
2)/c]l) + (Sqrtlal*ex(B*e - A*f)*Sqrt[1 - (b*x~2)/al*Sqrtlc + d*x~2]*Ellipt
icE[ArcSin[(Sqrt[b]l*x)/Sqrt[al]l, -((a*d)/(bxc))]1)/(Sqrt[b]l*d*f~3*Sqrt[a -
b*x~2]*#Sqrt[1 + (d*x~2)/c]) + (2#Sqrt[al*(bxc - a*d)*(Bxe - Axf)*Sqrt[1l -
(bxx~2) /a]l*Sqrt[c + d*x~2]*EllipticE[ArcSin[(Sqrt[bl*x)/Sqrt[all, -((axd)/
(bxc))1)/(3*%b~(3/2) *d~2*f~2xSqrt [a - b*x~2]*Sqrt[1 + (d*x~2)/c]l) - (Sqrtla
J*B*c* (8%b~2%c™2 — 3kaxbxckd + 4xa”2*%d"2)*Sqrt[1 - (b*x~2)/al*Sqrt[1 + (d*
x"2)/c]*EllipticF [ArcSin[(Sqrt [bl*x)/Sqrtl[al]l, -((a*d)/(b*c))]1)/(156xb~(5/2
)*#d"3xfxSqrt[a - bxx"2]*Sqrtlc + d*x~2]) - (Sqrt[a]l*e”2*(B*e - Axf)*Sqrt[1

- (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*EllipticF[ArcSin[(Sqrt[b]*x)/Sqrtl[al]l, -
((axd)/(b*c))1)/(Sqrt [b]*f~4*Sqrt[a - b*x~2]*Sqrt[c + d*x~2]) - (Sqrtl[al*c
xe* (Bxe — Axf)*Sqrt[1 - (b*x"2)/al*Sqrt[1 + (d*x~2)/c]*EllipticF[ArcSin[(S
art [bl*x)/Sqrt[al]l, -((axd)/(b*c))])/(Sqrt[b]l*d*f~3*Sqrt[a - b*x~2]*Sqrt[c

+ d*x72]) - (Sqrt[al*cx(2xbxc - a*xd)*(Bxe - Axf)*Sqrt[1 - (b*x"2)/al*Sqrt
[1 + (d*x~2)/c]*EllipticF[ArcSin[(Sqrt[bl*x)/Sqrt[al]l, -((a*xd)/(bxc))1)/(3
*b~(3/2)*d"2+f"2xSqrt[a - b*x~2]*Sqrtlc + d*x~2]) + (Sqrt[al*e”2*(Bxe -...

Defintions of rubi rules used

e

rule 2009 L

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

~—

p
rule 7276 ‘

N

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

\‘
J
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Maple [A] (verified)

Time = 21.18 (sec) , antiderivative size = 623, normalized size of antiderivative = 1.04

method | result

(5Aabcd f3+154b2d%e2 f+4a2Bed f3—4Bab c2 f3 —5Babede

ENONEY

. z (322 Bbdf +5Abdf +4aBdf —4Bbcf—5bBde) vV —bz?+a vVx2d+c
risch — SRR 2 +

default | Expression too large to display

elliptic | Expression too large to display

inp ut‘1nt(x‘6*(B*x‘2+A)/( -b*x"2+a) " (1/2)/ (d*x~2+c) " (1/2) / (£*x"2+e) ,x,method=_RET
 URNVERBOSE) |

-1/15/072/d"2*x* (3*xBxbkd*f*x~2+5%A*b*d*f+4*xBxaxd*f-4*Bxbkcxf-5*B¥b*d*e) * (-
b*x"2+a) ~(1/2)*(d*x"2+c)~(1/2) /£~2+1/15/b"2/d"2/£f 2% ((5*xA*a*bkcxd*f~3+15%A
*b"2%d"2%e 2% f+4*Bka~2*kckd*f ~3-4*Bxaxbxc”2xf ~3-5xBxaxbxckxdxexf~2-15%Bxb~2x*
d~2xe~3)/£72/(b/a) " (1/2)*(1-b*x~2/a) " (1/2) * (1+d*x~2/c) ~(1/2) / (-b*d*x~4+a*d
*X~2-bxc*x~2+axc) " (1/2)*EllipticF (x*(b/a)~(1/2), (-1-(a*d-b*c)/c/b)~(1/2))-
1/£% (10kA*a*xbxd"~2+f ~2-10*%Axb~2*cxd*f ~2-15%A*xb~2*%d " 2*e*f+8*Bka~2xd~2+f ~2-7*
B*axbxckxd*f~2-10*Bxa*b*d~2*xe*f+8*B*b~2kc "~ 2+f ~2+10*B*b~2*cxd*e*f+15%B*xb~2*d
~2xe"2)*c/(b/a) " (1/2)*(1-b*xx~2/a) " (1/2) * (1+d*x~2/c) ~(1/2) / (-b*d*x"4+a*d*x”
2-b*cxx~2+a*c) " (1/2) /d* (E1llipticF (x*(b/a)~(1/2), (-1-(a*d-b*c)/c/b)~(1/2))-
EllipticE(x*(b/a)~(1/2), (-1-(a*xd-b*c)/c/b)~(1/2)))-15xb~2%d"2xe~ 2% (A*f-B*e
)/£72/(b/a) " (1/2)*(1-b*x~2/a) ~(1/2) * (1+d*x"2/c) " (1/2) / (-b*d*x~4+a*d*x~2-b*
c*x~2+axc) " (1/2)*EllipticPi(x*(b/a)~(1/2),-a*xf/b/e, (-1/cxd)~(1/2)/(b/a)~ (1
/2)))*((~b*x~2+a)* (d*x~2+c) ) ~(1/2) / (-b*x"2+a) ~(1/2) / (d*x~2+c) ~(1/2)

output

Fricas [F(-1)]

Timed out.

/ A + Ba? ) dz = Timed out
Va— bacz\/c + dz? (e + fx?)

‘integrate(x“6*(B*x“2+A)/(-b*x”2+a)“(1/2)/(d*x‘2+c)”(1/2)/(f*x“2+e),x, algo

input
‘rithm="fricas") ‘




output
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LTimed out

Sympy [F]

/ z%(A + Bz?) / z°(A+ Bz?) iz
\/a—bx2\/c+dx2 (e+fac2 \/a—bx2\/c+dac2 (e + fz?)

input \ integrate (x**x6x (Bxx**2+A) / (~bkxx**2+a) ** (1/2) / (dxx**2+c) x* (1/2) / (£xx**2+e) ,

output

input

output

»

‘Integral(x**G*(A + Bxx*%x2)/(sqrt(a - b*x**2)*sqrt(c + dkx**2)*(e + f*xx**2)

D,

Maxima [F]

/ 2%(A + Bz?) / (Bz® + A)x i
\/a—b:cQ\/c—i-dacz(e—f—fa:2 V—=bx2 + av/dx? + c(fx2 + €)

integrate (x~6*(Bxx~2+A) /(-b*x~2+a) ~(1/2) /(d*x~2+c) ~(1/2) / (£*x~2+e) ,x, algo
rithm="maxima")

integrate ((B*x~2 + A)*x"6/(sqrt(-b*x~2 + a)*sqrt(d*x~2 + c)*(£*x"2 + e)),
x)
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Giac [F]

/ (A + Bz?) / (Bz? + A)z i
\/a—bxzx/c+d:c2( -l—fac2 V—=bx2 + av/dz? + c(fr? +€)

integrate (x~6x(Bxx~2+A) / (-b*x~2+a) ~(1/2)/(d*x"2+c) " (1/2)/ (f*x"2+e) ,x, algo

input
rithm="giac")

integrate((B*x~2 + A)*x76/(sqrt(-b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)),

tput
outpu 3
Mupad [F(-1)]
Timed out.
/ (A + Bz?) / 6(Bz?+ A)
dx
\/a—bac2\/c+dav2(e—i-fac2 \/a—bxzx/dx2+c(fx2+e)
input‘ int ((x"6%(A + B*x~2))/((a - b*x~2)~(1/2)*(c + d*x~2)~(1/2)*(e + £*x~2)),x)
output‘int((x‘G*(A + B*xx"2))/((a - b*x~2)"(1/2)*(c + d*x~2)"(1/2)*(e + £*x~2)), x

) |

Reduce [F]

z%(A + Bz?)

dz = Too large to displa;
va —bx2vc+ dx? (e + fx?) & Py

input tint (x~6% (B*x~2+A) / (-b*x~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (£*x"2+e) , x) J




output
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( - 9*sqrt(c + d*x**2)*sqrt(a - bxx**2)*axd*f*x + 4*sqrt(c + d*x**2)*sqrt(

a - bkxx*x2)*bkckxfxx + bxsqrt(c + d*x**2)*sqrt(a - bxx**2)*bxdxexx - 3*sqrt
(c + d*x**2)*sqrt(a - b*xx**2)*xbkd*xf*x**3 + 18*int((sqrt(c + d*x**2)*sqrt(a
— b*x*%2)*x*%4) /(axcke + axckxfxx*x*2 + akdke*xx*x*2 + akxd*f*x**4 — bkckekxxkk
2 - bxckfxx*x4 - bkdxe*x**4 — bxd*f*x**6) ,x)*ax*2xd*+*x2xf*x*2 — 17xint ((sqrt
(c + d*xx*2)*xsqrt(a - bxx**2)*xx**4)/(akcxe + akcxf*xx*2 + axd*rexx**x2 + a*d
*fxxkkd — brckexxk*x2 — bkckfrxkx4 — bkdkexx**4 — bkdxf*x**6),x)*axbkckd*xfx*
*2 — 26*int((sqrt(c + d*x**x2)*sqrt(a — bkx**2)*x*x4)/(axcxe + axcxf*x**x2 +
axdkxexx**2 + akdkfxx**4 — Dbkckexx**2 — Dbkckfxx**4 — Dbkdxe*x**x4 — bkdxf*xxk
*6) ,x) *axbxd*x2xexf + 8xint((sqrt(c + d*x**2)*sqrt(a - b*x**2)*x**x4)/(a*c*
e + axckf*xx*x*x2 + axd*e*x**2 + axd*fix*x*4 — bxcke*x**2 — bxckf*rx**4 - b*xd*e
*xk*k4 — Dkd*Exx**6) ,X) ¥br*kkck*k2kfx*2 + 10*int ((sqrt(c + dkx**2)*sqrt(a -
bkxx*2) xx*x*4) / (a*cke + akckf*xx**x2 + axd*exx**2 + akxdkxfxxkx*k4d — bkckekxx*x2 -
bkcxf*xx*4 — brxdkexx*x4d — bkd*f*x**6) ,x)*b**x2*kcxd*exf + 15xint((sqrt(c +
d*x**2)ksqrt(a — bkxx**2)*x*x4)/(a*cke + axckf*x**2 + akd*e*xx*x*2 + axd*xfxx*
*4 — bkckexx**2 — bkxckf*xkkd — bkdkexxk*x4d — bkdkfxx**6) ,x) kbk*k2kd**2ke*x*2
+ 9xint ((sqrt(c + d*x**2)*sqrt(a - bkx**2)*x**2)/(akcxe + akcxf*xx*2 + axd
kexx*k*k2 + akdkxfxx*k*k4d — Dbkckexx**k2 — bkckxf*x**k4 — bkdkekx*k*x4d - b*d*f*x**G),
x)*xax*x2xckd*xf*x2 + 18xint ((sqrt(c + d*x**2)*sqrt(a - bxx**2)*x**2)/(axcxe
+ akckfxx**2 + akxdxexx*x*x2 + akxdxf*xx*k*k4d — bkckekxx*k*k2 — bkckfkxxkk4d — bxd*...
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4 2
3.9 [ —=WB) g,
vVa—bx2v/ c+dz? (e—l—fx2)

Optimal result . . . . . . . . . . . . . e 94
Mathematica [C] (verified) . . . . . . . . . . ... 95
Rubi [A] (verified) . . . . . . . . . . 961
Maple [A] (verified) . . . . . . . . ... 97
Fricas [F(-1)] . . . . . o o 98
Sympy [F] . . . 98]
Maxima [F] . . . . . . 99
Giac [F] . . . o o 99
Mupad [F(-1)] . . . . . e 1001
Reduce [F] . . . . . o 100!

Optimal result

Integrand size = 43, antiderivative size = 416

/ z*(A + Bx?) i — _ Bzva—ba*Vc+dx?
Va—b?e+da? (e + fz?) 3bdf

Va(2aBdf — b(3Bde + 2Bcf — 3Adf))\/1 - ¥2\/c + da?E (amsin (f7b> —‘Z—?)
3b3/2d2 f2/a — bty [1 4 &2
va(aBedf? + 3Abdf (de + cf) — bB(3d%e? + 3cdef + 2¢* f?)) \/1 - %\/1 + % EllipticF <arcsin (%
3b3/2d2 f3+/a — bx2v/c + dx?
Vae(Be — Af) \/1 - %\/1 + % EllipticPi (—%, arcsin (%) ,—ab—‘ci)
Vbf3va — bx2v/c + da?

+
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-1/3*Bxx* (-b*x~2+a) "~ (1/2) * (d*x~2+c) " (1/2) /b/d/£+1/3*a” (1/2) * (2*a*Bxd*f-b* (
=3 Axd*xf+2+Bkcxf+3*%Bkd*e) ) * (1-b*x"2/a) = (1/2) * (d*x~2+c) " (1/2) *E1llipticE (b~ (
1/2)*x/a"~(1/2),(-a*d/b/c)~(1/2)) /b~ (3/2)/d"2/£"2/ (-b*x~2+a) ~(1/2) / (1+d*x"2
/c)~(1/2)-1/3*a” (1/2) * (a*Bkxc*d*f ~2+3*A*xb*d*f* (cxf+d*e) —b*B* (2*%c™2+f ~2+3*c*
d*exf+3*d"2*%e~2) ) *x(1-b*x~2/a) " (1/2) *(1+d*x~2/c) " (1/2)*EllipticF (b~ (1/2) *x/
a~(1/2),(-a*d/b/c)~(1/2)) /b~ (3/2)/d"2/£"3/ (-b*x~2+a) ~(1/2) / (d*x"2+c) " (1/2)
-a”~ (1/2) xe*x (—A*f+B*e) * (1-b*x~2/a) ~(1/2) * (1+d*x~2/c) ~(1/2) *E11lipticPi (b~ (1/
2)*x/a”~(1/2) ,-a*f/b/e, (-a*d/b/c)~(1/2)) /b~ (1/2)/£73/(-b*x"2+a) " (1/2) / (d*x~
2+c)~(1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.93 (sec) , antiderivative size = 362, normalized size of antiderivative = 0.87

/ z*(A + Bz?) .
Vva —bz2vc+ dx? (e + fx?)
—\/?gBdex(a — bx?) (¢ + dz?) — icf(2aBdf + b(—3Bde — 2Bcf + 3Adf))\/1 - %\/1 + %E(iarc

Integrate[(x"4*(A + B*x~2))/(Sqrt[a - b*x"2]*Sqrt[c + d*x~2]*(e + £*xx~2)),
x]

input

(-(Sqrt[-(b/a) ] #Bxd*f~2xx*(a - b*x"2)*(c + d*x72)) - I*cxf*(2*axBkd*f + bx
(-3xBxd*e - 2xBkc*f + 3*A*xd*f))*Sqrt[1 - (b*x"2)/al*Sqrt[1 + (d*x~2)/c]l*El
lipticE[I*ArcSinh[Sqrt[-(b/a)]l*x], -((a*xd)/(bxc))] + I*(a*Bkcxd*f~2 + 3xAx
b*d*xfx(dke + c*f) - b*Bx(3*d~2%e”2 + 3xckdkexf + 2%c™2xf72))*Sqrt[1 - (b*x
~2)/al*Sqrt[1 + (d*x~2)/c]*EllipticF[I*ArcSinh[Sqrt[-(b/a)]*x], -((a*xd)/(b
*c))] + (3*I)*b*xd~2%ex(Bxe — A*f)*Sqrt[l - (b*x~2)/al*Sqrt[1l + (d*x~2)/cl*
EllipticPi[-((a*f)/(b*e)), I*ArcSinh[Sqrt[-(b/a)]l*x], -((a*xd)/(b*xc))])/(3*
b*Sqrt [-(b/a)]*d~2*xf~3*Sqrt [a - b*x~2]*Sqrt[c + d*x~2])

output




input
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Rubi [A] (verified)

Time = 2.38 (sec) , antiderivative size = 664, normalized size of antiderivative = 1.60,

=2, number of rules _ 047, Rules
integrand size

number of steps used = 2, number of rules used =
used = {7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ A—I—Bm ) i
Va — me\/c + dz? (e + fxz?)
l 7276
/ ( Ae’f — Be? e(Be — Af) _ a*(Be— Af) N Bazx*
3va—br2vc+dz? (e + fr?)  f3vVa—bx?Ve+dz2  f2Va—bx?2Ve+dx?  fva—bx2Vc+ dx?

l 2009

\/Ee\/l - % % + 1(Be — Af) EllipticF (arcsin (‘[T) b—d)
Vbf3va — bz2Ve + dz?
\/_e\/l ba? \/dzz + 1(Be — Af) EllipticPi ( ,arcsin (%) —Z—‘ci) N
Vbf3va —bx2Vc + da?
\/Ec\/l - % d%z + 1(Be — Af) EllipticF (arcsin (%) ,—Z—‘Ci)
Vbdf2va — bz2v/c + dz?
Vay/1— %W(Be - Af)E(arcsin <%) —%)
+
Vbdf2va — bz?y/ € 11
\/_Bc\/l ba? \/dz2 + 1(2bc — ad) EllipticF (arcsm (%) —%—f)
3b3/2d2 f\/a — bx2v/c + dx?
2y/aBy/1 — %m(bc - ad)E(arcsin <%> |—“b—‘ci> Bazva — bz2ve + da?
30322 f/a — ba?y ) 42 + 1 B 3bdf

Int[(x"4*x(A + B*x"2))/(Sqrtla - b*x~2]*Sqrtc + d*x"2]*(e + £*x~2)),x]

)
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-1/3%(B*x*Sqrt[a - b*x~2]*Sqrt[c + d*x~2])/(b*d*f) - (2%Sqrt[al*B*(b*c - a
*d)*Sqrt[1 - (b*x"2)/al*Sqrtlc + d*x"2]*EllipticE[ArcSin[(Sqrt[b]*x)/Sqrt[
all, -((axd)/(b*c))]1)/(3xb~(3/2)*d"2*f*Sqrt[a - b*x"2]*Sqrt[1 + (d*x~2)/c]
) - (Sqrtla]l*(Bxe - Axf)*Sqrt[1 - (b*x~2)/al*Sqrtlc + d*x~2]*EllipticE[Arc
Sin[(Sqrt [bl*x)/Sqrt[al]l, -((a*d)/(b*c))]1)/(Sqrt[b]l*d*xf~2xSqrt[a - b*x~2]*
Sqrt[1 + (d*x~2)/c]l) + (Sqrt[al*Bxcx(2*b*c - a*d)*Sqrt[1 - (b*x~2)/al*Sqrt
[1 + (d*x~2)/c]l*EllipticF[ArcSin[(Sqrt[bl*x)/Sqrt[al]l, -((a*xd)/(b*c))1)/(3
*b~(3/2)*d"2*f*Sqrt[a - b*x~2]*Sqrt[c + d*x~2]) + (Sqrt[al*ex(Bxe — A*f)*S
qrt[1 - (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*EllipticF[ArcSin[(Sqrt[b]*x)/Sqrt([a
11, -((a*d)/(bxc))]1)/(Sqrt[b]*£~3*Sqrt[a - bxx~2]*Sqrt[c + d*x~2]) + (Sqrt
[a]l*c*(B*xe - Axf)*Sqrt[1 - (b*x"2)/al*Sqrt[1 + (d*x~2)/c]l*EllipticF[ArcSin
[(Sqrt[bl*x)/Sqrt[al]l, -((axd)/(b*c))])/(Sqrt[b]l*d*f~2*Sqrt[a - b*x~2]*Sqr
tlc + d*x~2]) - (Sqrtl[al*e*(B*e - Axf)*Sqrt[1 - (b*x"2)/al*Sqrt[1 + (d*x~2
)/c]*EllipticPi[-((a*f)/(b*e)), ArcSin[(Sqrt[b]l*x)/Sqrtl[al]l, -((a*d)/(b*c)
)1)/(Sqrt [bl*£~3*Sqrt[a - bxx~2]*Sqrt[c + d*x~2])

output

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

‘xpand[u/(a + b*x"n), x1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ

rule 7276\{Int[(u_)/ ((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE \\
‘ [n, 0] ‘

Maple [A] (verified)

Time = 10.56 (sec) , antiderivative size = 465, normalized size of antiderivative = 1.12

method | result

2 2 =
(8Abdf+2aBdf —2Bbcf—3bBde)cy/1— 222 (/14 d2z2 (EllipticF(x«/%,\/—l—%)—EllipticE(my/%,v

i/ % \/*bd z4+ad z2fz2bc+acd

. — 2 2
I'lSCh __ Bxv—-bz?2+avz?d+c +
3bdf
<—B\/Ebd2f2x5+B\/Ead2f2x3—B\/Ebcdf2x3+3A\/_b”f“‘“ \/ 224t BllipticF (x\/g, /—‘;—j) bod f243A,/ =b2te |
default | —

elliptic | Expression too large to display
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int (x74* (Bxx~2+A) / (-b*x"2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (£*x~2+e) ,x,method=_RET

input
URNVERBOSE)

—-1/3*B*x* (-b*x~2+a) " (1/2) *(d*x"2+c)~(1/2) /b/d/f+1/3/b/d/f* (—1/£* (3*A*xb*d*f
+2*B*a*d*f-2*%Bxbxcxf-3*xBxbxd*e) *xc/(b/a) " (1/2)*(1-b*x~2/a) " (1/2) * (1+d*x"2/c
)7 (1/2) / (~b*d*x~4+a*d*x~2-b*c*x~2+a*c) ~(1/2) /d* (EllipticF (xx(b/a)~(1/2), (-
1-(a*d-b*c)/c/b)~(1/2))-EllipticE(x*(b/a)~(1/2), (-1-(a*d-b*c)/c/b)~(1/2)))
- (3*Axb*d*exf-Bkaxcxf~2-3*Bxbxd*e~2) /£72/(b/a) " (1/2)*(1-b*xx~2/a) " (1/2) *(1+
d*x~2/c)~(1/2) / (-b*d*x~4+a*xd*x~2-bxcxx~2+a*c) ~(1/2) *E1lipticF (x*(b/a)~(1/2
), (-1-(a*xd-b*c)/c/b) ~(1/2))+3*bxd*ex (Axf-Bxe) /£~2/(b/a) ~(1/2) *(1-b*x~2/a) "
(1/2)*(1+d*x~2/c) " (1/2) / (-bxd*x~4+axd*x~2-b*cxx~2+a*c) ~(1/2) *E1lipticPi (x*
(b/a)~(1/2) ,-a*xf/b/e, (-1/c*d)~(1/2)/(b/a)~(1/2) ) ) * ((-b*x~2+a) * (d*x~2+c) ) ~(
1/2)/(-b*x~2+a) ~(1/2)/(d*x~2+c)~(1/2)

output

Fricas [F(-1)]

Timed out.

/ A + Ba? ) dz = Timed out
Va— ba:zx/c + dz? (e + fx?)

‘integrate(x*4*(B*x*2+A)/(—b*x“2+a)*(1/2)/(d*x“2+c)”(1/2)/(f*x“2+e),x, algo

input
rithm="fricas") ‘

outputLTimed out J

Sympy [F]

/ z*(A + Bx?) / ‘(A + Bz?) i
Va — bx2v/c + dx? (e+far:2 \/a—bx2\/6+dx2 (e + fz?)

‘integrate(x**4*(B*x**2+A)/(—b*x**2+a)**(1/2)/(d*x**2+c)**(1/2)/(f*x**2+e), ‘

input‘x)
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‘Integral(x**4*(A + B*x**2) /(sqrt(a - b*xx**2)xsqrt(c + d*x**2)*(e + fixx**2)

output
‘),x)

Maxima [F|

/ z*(A + Bz?) / (Bz? + A)z s
\/a—bxzx/c+d:c2( -l—fac2 V—=bx2 + av/dz? + c(fr? +€)

integrate (x~4* (Bxx~2+A) / (-b*x~2+a) ~(1/2)/(d*x~2+c) " (1/2) / (f*x"2+e) ,x, algo

input
rithm="maxima")

integrate((B*x~2 + A)*x"4/(sqrt(-b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)),

output
x)

Giac [F]

/ z*(A + Bz?) / (Bz® + A)x
\/a—bacQ\/c-I—dasz(e-%—fx2 V=bz? + av/dz? + c(fr? + €)

lnput‘1ntegrate(x“4*(B*x“2+A)/( bxx~2+a) " (1/2)/(d*x~2+c)~(1/2) / (f*x"2+e) ,x, algo
‘rlthm-"glac")

Output} integrate ((B*x™2 + A)*x~4/(sqrt(-b*x~2 + a)*sqrt(d*x~2 + c)*(f*x~2 + e)),
‘x)
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Mupad [F(-1)]

Timed out.

/ ‘(A + Bz?) / Y (Bz?+ A) i
\/a—bac?\/c—l—d:c2 (e+fx2 \/a—bac2 Vdz?+c (fz2+e)

input Lint((x"él*(A + B*xx"2))/((a - b*x~2)"(1/2)*(c + d*x~2)"(1/2)*(e + £*x~2)),x) J

nt((xax(A + Bxx"2))/((a - bxx"2) (1/2)%(c + d*xx"D (1/Dx(e + £4x°2)), x

) |

output

Reduce [F]

/ ‘(A + Bz?)
"
Va— bx2\/c + dz? (e + fz?)
Vaz e b Ya st
_\/d 2 +c \/_ba;Z +az+5 (f —bdf z6-+adf x4 —bef xf—bsex4+ch ;Zz-l—ader—bce x2+acedx> adf —2 (f —bdf x6+adf

input tint (x~4% (Bxx~2+A) / (-b*x~2+a) ~ (1/2) / (d*x~2+c) ~ (1/2) / (f*x~2+e) , x) J
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( - sqrt(c + d*x*x2)*sqrt(a - b*x**2)*x + 5xint((sqrt(c + d*x**2)*sqrt(a -
b*x*%2) *kx*%*4) / (a*xcke + axckxf*x*x*2 + akdkexx**2 + akxdxf*xx**k4 — bkckekx**2
- bkcxf*xx*4 — bxdkexx**x4d — bkdxf*x**6) ,x)*a*d*f - 2xint((sqrt(c + dkx**2)
xsqrt(a — bxx**2)*x**4)/(axcke + axc*xf*x*x*2 + axdkexx**2 + akd*xf*xx*x4 - bx
ckexx*k*2 — bxckxf*kx*x*x4 — bxdkexx**4 — bkdxf*x**6),x)*b*cxf - 3*int ((sqrt(c
+ dxx*xx2)xsqrt(a — bxx**2)*x**4)/(axcke + akckxf*x*x*2 + axdkexx**2 + akxdxf#*
x**x4d - bkckexx**2 — bkckxfxx**4 — bkdke*x**4d — bxd*f*x**6),x)*b*d*e + int ((
sqrt(c + d*x*x2)*sqrt(a — bkx**2)*x*x2)/(a*ckxe + akckxf*x**x2 + axdxe*x**2 +
axdxfxx*x*x4 - bkckexx**2 — bkxckf*x**4d — bxd*exxk*kd — bkxd*f*x**6) ,x)*akxckxf
+ 2xint ((sqrt(c + dxx**2)*sqrt(a - bkx**2)*x**2)/(axcke + axcxf*x**2 + axd
*xekx**k2 + akdkfxxkkxk4d — bkckekx**k2 — bkckfxx*kx4d — bxdkekxx*k4d - b*d*f*x**G),
x)*axdxe - 2xint((sqrt(c + dkx**2)*sqrt(a - b*x**x2)*xx*2)/(a*cke + akckf*x
*%2 + axdke*xx**2 + axdk*fikxx*4 — bkxckekx**2 — bkxckfxx**4 — bkxdkexx**4 - b*d
*f*xx*%6) ,x)*bkxcxe + int((sqrt(c + d*x**2)*sqrt(a - b*xx**2))/(axc*e + axcxf
*xk*x2 + akdkexxk*x2 + akdkf*x*kk4d — bkckexx* *x2 — bkxckfxx**k4d - bxdkexx**4 - b

*d*fxx*k*6) ,x) *akxcke) / (3*xd*f)

output
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z?(A+Bz?)

3.10 f Va—bz?V c+dx? (e—|—fx2) dz

Optimal result . . . . . . . . . . .. . 102
Mathematica [C] (verified) . . . . . . . . . ... ... 103
Rubi [A] (verified) . . . . . . . . . . 103
Maple [A] (verified) . . . . . . . . ... 1051
Fricas [F(-1)] . . . . . o o 105
Sympy [F] . . o e 106
Maxima [F] . . . . . . 106
Giac [F] . . . o o o 106
Mupad [F(-1)] . . . o o 107
Reduce [F] . . . . . . 107

Optimal result

Integrand size = 43, antiderivative size = 311

/ z*(A+ Bz?) .
va —bx2vc+ dx? (e + fz?)
B VaBy/1— %\/c+ dw2E<arcsin (%) —“b—‘(f)
Vbdfva —bx?y/1+ %

Vva(Bde + Bef — Adf) \/1 - %\/I + % EllipticF <arcsin <%> , —‘Z—‘j)
Vbdf2/a — bx?v/c + dz?

va(Be — Af)\/l - %\/1 + % EllipticPi <—%,arcsin (%) , —Z—‘Z)
\/EfZ\/a — bx2v/c + dz?

_|_

e N

a~(1/2)*B*(1-b*x~2/a) ~(1/2) *(d*x~2+c) ~(1/2) *E1llipticE(b~ (1/2)*x/a~(1/2), (-
a*d/b/c)~(1/2))/b~(1/2)/d/f/(-b*x"2+a) ~(1/2) / (1+d*x~2/c)~(1/2)-a”~ (1/2) *(-A
*xd*f+Bkcxf+Bxd*e) * (1-b*x"2/a) ~(1/2) * (1+d*x~2/c) ~(1/2) *E11lipticF (b~ (1/2) *x/
a~(1/2),(-a*d/b/c)~(1/2)) /b~ (1/2)/d/£~2/ (-b*x"2+a) ~(1/2) / (d*x"2+c) " (1/2)+a
~(1/2) * (~Axf+Bxe) * (1-bxx~2/a) " (1/2) * (1+d*x~2/c) " (1/2) *E1llipticPi (b~ (1/2) *x
/a~(1/2) ,-a*xf/b/e, (-a*d/b/c)~(1/2)) /b~ (1/2) /£72/(-b*x"2+a) " (1/2) / (d*x~2+c)
~(1/2)

output




input

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 9.53 (sec) , antiderivative size = 197, normalized size of antiderivative = 0.63

/ 2(A+ Bz?) dp —
Va— bx2\/c+ dz? (e + fz?) N

: \/ ba2 \/ 14 &2 ( BefE <zarcs1nh<\/j ) __> (Bde + Bcf — Adf) EllipticF (zarcsmh( \/

—Sde\/a — bx2v/c + dz?

Integrate[(x™2x(A + B*x~2))/(Sqrt[a - b*x"2]*Sqrtlc + d*x"2]*(e + f*x~2)),
x]

((-I)*Sqrt[1 - (b*x~2)/al*Sqrt[1 + (d*x~2)/c]l*(B*cxf*EllipticE[I*ArcSinh[S
grt[-(b/a)]=*x], -((a*d)/(b*c))] - (B*d*e + Bkc*f - A*d*f)*EllipticF[I*ArcS
inh[Sqrt[-(b/a)]*x], -((a*d)/(b*c))] + dx(B*e - A*f)*EllipticPi[-((a*xf)/(b
*e)), I*ArcSinh[Sqrt[-(b/a)]l*x], -((axd)/(b*c))1))/(Sqrt[-(b/a)]l*d*f~2xSqr
tla - b*x~2]*Sqrt[c + d*x~2])

Rubi [A] (verified)

Time = 2.22 (sec) , antiderivative size = 398, normalized size of antiderivative = 1.28,

_ o number of rules
2, integrand size = 0.047, Rules

number of steps used = 2, number of rules used =
used = {7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ >(A+ Ba?)
Vva — be\/c-l— dz? (e + fx2?)

| 7276
/< Be? — Aef B Be — Af + Bz? )dw
f2Va —bx2v/c+dz? (e + fr?) f2Va—bz2Ve+dx?  fva—bx2Vc+ dx?

l 2009
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\/E\/l - % % + 1(Be — Af) EllipticF (arcsin (‘[—b:> ,—‘l‘)—g)
+
Vbf2va — ba?Ve + da?
Vay1— /3 4+ 1(Be — Af) BllipticPi (— 4, arcsin (Y22 ), —94)
Vbf2Va — bz?ve + da?
\/EBC\/I — % % + 1 EllipticF (arcsin (%) ,—“b—‘ci>
Vbdfva — bx2v/c + da?
VaBy/1— %\/c + dm2E<arcsin (%) —%)

Vbdfvia—ba?\/ 9 +1
e B
. LInt [(x~2%(A + B*x~2))/(Sqrtla - b*x~2]1*Sqrtlc + d*x~2]*(e + £*x2)),x] J
input
output (Sqrt[a]*#B*Sqrt[1 - (b*x~2)/al*Sqrt[c + d*x~2]*EllipticE[ArcSin[(Sqrt [b]l*x

)/8qrt[al]l, -((a*d)/(b*c))])/(Sqrt[b]l*d*f*xSqrt[a - b*x~2]*Sqrt[1 + (d*x~2)
/cl) - (Sqrtl[al#*B*xcxSqrt[1 - (b*x"2)/al*Sqrt[1 + (d*x~2)/c]*EllipticF[ArcS
in[(Sqrt[bl*x)/Sqrt[al], -((a*d)/(b*c))])/(Sqrt[b]l*d*f*Sqrt[a - bxx~2]*Sqr
tlc + d*x~2]) - (Sqrtl[al*(Bxe - Axf)*Sqrt[1 - (b*x"2)/al*Sqrt[1 + (d*x"2)/
c]*EllipticF[ArcSin[(Sqrt[b]l*x)/Sqrtl[al]l, -((a*d)/(b*c))])/(Sqrt[b]l*f~2%Sq
rt[a - b*x"2]*Sqrt[c + d*x~2]) + (Sqrtl[al*(B*e - Axf)*Sqrt[1 - (b*x"2)/al=*
Sqrt[1 + (d*x~2)/cl*EllipticPi[-((axf)/(b*e)), ArcSin[(Sqrt[b]l*x)/Sqrt[al]
, —((a*xd)/(b*c))]1)/(Sqrt [b]*f~2xSqrt[a - b*x~2]*Sqrtc + d*x~2])

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 7276‘ Int[(u )/((a)) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE ‘
‘xpand[u/(a + b*x"n), x1}, Intlv, x] /; SumQ[vl] /; FreeQ[{a, b}, x] && IGtQ
‘ [n, 0]
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Maple [A] (verified)

Time = 5.91 (sec) , antiderivative size = 275, normalized size of antiderivative = 0.88

method | result

<AEllipticF(x\/E,‘/—ﬁ)df—AEllipticPi(x\/E,—‘;i \/\/2>df BElhptlcF( \[ T_Ld)cf BElhptlcF( \f ﬁ\

default
£2d,\ /¥ (~bdzt+adz?-
\/1— \/1+dz ElllptlcF( \/7‘/—1—‘1‘1 bc) \/1—¥‘/1+% EllipticF(z\/g,y/—l—%)Be Be
V/(~bz%+a)(z2d+c) S

E —bdm4+adz —a:2bc+acf \/g —bda:4+ada:2—z2bc+acf2
elliptic

int (x72* (B*x~2+A) / (-b*x~2+a) " (1/2) / (d*x~2+c) ~(1/2) / (f*x~2+e) ,x ,method=_RET

input
URNVERBOSE)

(A*EllipticF(x*(b/a)~(1/2), (-axd/b/c)~(1/2))*d*f-A*EllipticPi(x*(b/a)~(1/2
),—axf/b/e, (-1/cxd)~(1/2)/(b/a)~(1/2))*d*f-B*+E1lipticF (x*(b/a)~(1/2), (-a*d
/b/c)~(1/2))*c*f-B*E1lipticF (x*(b/a)~(1/2), (-a*d/b/c)~(1/2) ) *d*e+B*E1lipti
cE(x*(b/a)~(1/2), (-a*d/b/c)~(1/2))*c*xf+B*E1lipticPi(x*(b/a)~(1/2) ,-axf/b/e
, (=1/c*d)~(1/2)/(b/a)~(1/2)) *d*e) * ((d*x~2+c) /c) ~(1/2) *((-b*x~2+a) /a) ~(1/2)
*(~bxx"2+a) ~(1/2) *(d*x~2+c) ~(1/2)/£72/d/ (b/a) " (1/2) / (-bxd*x~4+a*xd*x~2-b*c*
X" 2+a%*c)

output

Fricas [F(-1)]

Timed out.

/ A + Ba? ) dz = Timed out
Va— ba:zx/c + dz? (e + fx?)

lnput‘lntegrate(x 2% (B*x~2+A) / (-b*x~2+a) " (1/2) / (d*x~2+c) " (1/2) / (f*x~2+e) ,x, algo
‘rlthm "fricas")

outputkTimed out
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Sympy [F]
/ z*(A + Bz?) / *(A+ Bz?)
dzx
va — bz2\/c+ dx? (e+f3v2 Va— x2\/0+d$2 (e + fx?)
input \ integrate (x*x*2* (Bxx**2+A) / (-b*x**2+a) *x* (1/2) / (d*x**2+c) ** (1/2) / (£*x**2+e) ,
B

p
‘Integral(x**Q*(A + B*x*x2)/(sqrt(a - b*x**2)*sqrt(c + dkx**2)*(e + f*xx**2)

output
D, %

Maxima [F]

/ z*(A + Bz?) / (Bz® + A)x i
\/a—b:r:2\/c—|-d9102(e-l—f:c2 V=bx2 + av/dx? + c(fx2 + €)

t‘integrate(x‘Q*(B*x*2+A)/(—b*x*2+a)‘(1/2)/(d*x‘2+c)“(1/2)/(f*x‘2+e),x, algo

inpu
‘rithm="maxima")

output‘integrate((B*x'? + A)*x72/(sqrt (-b*x"2 + a)*sqrt(d*x~2 + c)*(£f*xx"2 + e)),
®

Giac [F]

/ >(A+ Bz?) / (Bz? + A)x
dx
\/a—bxzx/c+dx2(e+fx2 V—=bz2 + av/dz? + c(fr? +€)

lnput‘1ntegrate(x“2*(B*x“2+A)/( bxx~2+a) " (1/2)/(d*x~2+c)~(1/2) / (f*x"2+e) ,x, algo
‘ rithm="giac")

Output}integrate<(3*x*2 + A)*x~2/(sqrt (-b*x~2 + a)*sqrt(d*x~2 + c)*(£*x"2 + e)),
‘x)
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Mupad [F(-1)]

Timed out.

/ z?(A + Bz?) _/ z? (Bz? + A) e
Vva — br2y/c+ dx? (e + fr?) va—bz?2v/dx?+c (fr2+e€)

inputtint((XA2*(A + B*xx"2))/((a - b*x~2)"(1/2)*(c + d*x~2)"(1/2)*(e + £*x~2)),x) J

Output‘int((x“2*(A + Bxx"2))/((a - b*x~2)~(1/2)*(c + d*x~2)~(1/2)*(e + f*x"2)), x

) |

Reduce [F]

/ z?(A + Bz?) i
va —bx2vc+ dx? (e + fz?)

_ / Vdz? +cv/—-bx? + az? AN
N —bdf 26 + adf z* — bef x* — bde x* + acf 22 + ade x% — bee 22 + ace
Vdaz? +cvV-bz? + az? )a

+ (/ —bdf 28 + adf x* — bef z* — bde z* + acf x% + ade x% — bce x% + acedx

inputLint(X‘2*(B*x‘2+A)/(—b*x‘2+a)‘(1/2)/(d*x‘2+c)*(1/2)/(f*x*2+e)’x) J

output int((sqrt(c + d*x*x2)*sqrt(a - bkx**2)*x**4)/(a*cke + axckf*x**2 + axdxe*x
*%2 + axd*f*xkx*x*x4 — bxcke*kx**2 — bxckfrx**4 — bkdkexx**4 - b*d*f*x**G),x)*b
+ int((sqrt(c + dxx**2)*sqrt(a - b*x**2)*x**2)/(a*cke + akckf*x*x*2 + a*dx*
exx*x*k2 + akxdxfkxkk4 — bkckekxxk*2 — bkckfkxxk*4 - bkdkekxx*kx4 - b*d*f*x**G),x
) *a
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A+ Ba?

3.11 f Va—br?vctdz? (e+ fz?) dz

Optimal result . . . . . . . . . . e 108
Mathematica [C] (verified) . . . . . . . . . ... L 109
Rubi [A] (verified) . . . .. .. ... .. 109
Maple [A] (verified) . . . . . . ... L 110
Fricas [F(-1)] . . . . o o e 111
Sympy [F] . . . o 111
Maxima [F] . . . . . . 112
Giac [F] . . . . o o 112
Mupad [F(-1)] . . . o o 112
Reduce [F] . . . o . o o 113

Optimal result

Integrand size = 40, antiderivative size = 204

/ A+ Bz?
dx
Va —bz?Vc+ dz? (e + fz?)
B \/EB\/I — %\/1 + % EllipticF (arcsin <%) , —i—‘j)
B Vofva —bx®Ve + dz?
Vva(Be — Af)\/l - %\/1 + 4 EllipticPi <—%, arcsin (%) ,—ab—‘ci)
Vbefva —bz?\c + dx?

output 2~ (1/2)¥Bx(1-b¥x"2/2) " (1/2)* (1+d%x"2/c)~ (1/2)¥ELLipticF (b™(1/2)*x/a™(1/2),
(-axd/b/c)~(1/2)) /6 (1/2)/£/ (-bxx~2+a)~(1/2) / (d*x~2+c) " (1/2)-a~ (1/2) % (-A*f
+Bke)* (1-bkx~2/a) " (1/2) * (1+d*x~2/c)~ (1/2)*E1lipticPi(b"(1/2)*x/a~(1/2) ,~ax

(£/b/e, (-axd/b/c)~(1/2)) /07 (1/2) /e/£/ (-bxx"2+a) " (1/2) / (d*x"2+c) " (1/2)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 8.31 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.74

/ A + Bx?
dx =
Vva —bz2vc+ dx? (e + fx?)
iy/1- /14 & (BeEllipticF (iarcsinh (y/~tz),~ ) + (—Be + Af) EllipticPi (., iarcsin
\ /—gef\/a — bx2v/c + dz?

input‘ Integrate[(A + B*x72)/(Sqrtla - b*x"2]*Sqrtlc + d*x"2]*(e + £*x72)),x]

‘{ ((-I)*Sqrt[1 - (b*x~2)/al*Sqrt[1 + (d*x~2)/c]l*(B*exEllipticF[I*ArcSinh[Sqr
\ t[-(b/a)I*x], -((a*d)/(b*c))] + (-(B*e) + Axf)*EllipticPil[-((axf)/(b*e)),
‘ I*ArcSinh[Sqrt[-(b/a)]*x], -((a*xd)/(b*c))]1))/(Sqrt[-(b/a)]*exf*Sqrtla - b*

N
output

|
Lx"2] *Sqrt[c + d*x~2]) J

Rubi [A] (verified)

Time = 0.96 (sec) , antiderivative size = 204, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.050, Rules

number of steps used = 2, number of rules used = 2,
used = {7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A + Bz?
dx
va — bx2v/c+ dz? (e + fx?)
l 7276

/< Af — Be . B >dm
fva—bz2Ve+dz?(e+ fx?2)  fva—bx2Vc+ dx?
l2009
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\aB \/ b:z:2 d:1;2 + 1 EllipticF <arcsm (‘[T> _%>
\/_f\/a—bﬂvzx/chdx? -
\/5\/1 _ ba? dx2 + 1(Be — Af) EllipticPi ( ,arcsin (\/590) , _@)

a Va be
Vbefva — bx2v/c + da?

input L

(Sart[a]*B*Sqrt[1 - (b*x~2)/al*Sqrt[1 + (d*x~2)/c]l*EllipticF[ArcSin[(Sqrt[
bl*x)/Sqrt[al]l, -((a*d)/(b*c))])/(Sqrt[b]l*f*Sqrt[a - b*x~2]*Sqrtlc + d*x~2
1) - (Sqrtl[al*(Bxe - Axf)*Sqrt[1 - (b*x~2)/al*Sqrt[1 + (d*x~2)/c]l*Elliptic
Pi[-((a*f)/(b*e)), ArcSin[(Sqrt[bl*x)/Sqrt[all, -((axd)/(b*c))])/(Sqrt[b]=*
exfxSqrt[a - b*x"2]*Sqrtc + d*x~2])

output

Defintions of rubi rules used

rule 2009(Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 7276‘ Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE ‘
‘xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ ‘

L[n 0] J

Maple [A] (verified)

Time = 5.86 (sec) , antiderivative size = 192, normalized size of antiderivative = 0.94

Int[(A + B*x~2)/(Sqrt[a - b*x"2]*Sqrtlc + d*x~2]*(e + £*x~2)),x] J

method | result
/_d 4 —d 224 b2
A EllipticPi w[ Tf \/—C f+B ElhpthF( \/:’ V —‘L)e—BElhptlcPl w\/:, e C ﬁ = +a V-
default
fe\/g(—bd:c4+ad z2—z2bc+tac)
d
_bxzs m d z ‘lf —c ;
By/1-222 14222 miipuier (o2, Joege) VIR MTE Eeen ( @b 7 )A Vi
(=bz2+a)(z2d+c) o e
\/7 \/ bd z4+adz —zzbc+ac e\/; \/—bd z4+adz —z2bc+ac
elliptic V—bz2+a/z2d+c
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int ((B*xx~2+A)/ (-b*x~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (£*x~2+e) ,x,method=_RETURNV

input
ERBOSE)

(AxEllipticPi(x*(b/a)~(1/2),-a*f/b/e, (-1/c*d)~(1/2)/(b/a)~(1/2))*f+B*Ellip
ticF(x*(b/a)~(1/2), (-a*d/b/c)~(1/2))*e-B*EllipticPi(x*(b/a)~(1/2) ,-axf/b/e
, (m1/cxd) " (1/2) / (b/a)~ (1/2) ) *e)* ((d*x~2+c) /c) " (1/2) *((-b*x"2+a) /a) ~(1/2) /£
* (-b*x~2+a) ~(1/2)*(d*x"2+c) " (1/2) /e/(b/a) ~(1/2) / (-b*d*x~4+a*xd*x~2-b*c*x~2+
ax*c)

output

Fricas [F(-1)]

Timed out.

2
/ At Be dz = Timed out
Va —bz?>Vc+ dz? (e + fz?)

input ‘ integrate ((Bxx~2+A)/(~b*x~2+a) ~(1/2)/(d*x~2+c) ~(1/2) / (f*x~2+e) ,x, algorith
‘m=“fricas“) ‘

OutputLTimed out J
Sympy [F]
A + BxQ A + B.’I;2
dx = dx
va — br2y/c+ dx? (e + fr?) Vva — br2y/c+ dz? (e + fx?)
inputLintegrate((B*x**2+A)/(—b*x**2+a)**(1/2)/(d*x**2+c)**(1/2)/(f*x**2+e),x) J

Outputtlntegral((A + B*x**2)/(sqrt(a - b*x**2)*sqrt(c + dxx**2)*(e + f*x**2)), x) J
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Maxima [F|

/ A + Bx? / Bx?+ A
dr = dx
va —bx2vc+ dx? (e + fz?) V—=bx2 + av/dz? + c(fr? +€)

‘integrate((B*x“2+A)/(-b*x“2+a)“(1/2)/(d*x‘2+c)“(1/2)/(f*x”2+e),x, algorith

input
‘m="maxima“) ‘

tintegrate((B*x‘2 + A)/(sqrt (-b*x~2 + a)*sqrt(d*x~2 + c)*(£*x"2 + e)), x)

e—

output

Giac [F]

/ A+ Bz? / Bzr?+ A
dr = dz
va —bz?Vc+ dz? (e + fz?) vV =bz? + av/dz? + c(fr? + €)

integrate((Bxx"2+A)/(-bxx"2+a) ~(1/2)/(d*x"2+c)~(1/2)/(£*x"2+e) ,x, algorith

input‘m=“giac“) ‘

Outputtintegrate((B*x‘2 + A)/(sqrt(-b*x"2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)), x) J

Mupad [F(-1)]

Timed out.

/ A + Bx? / Bz’+ A
dr = dx
va —bx2vc+ dx? (e + fz?) va—br2v/dx?+c (fx?+e)

inputtint((A + B*x~2)/((a - b*x~2)"(1/2)*(c + d*x~2)~(1/2)*(e + f*x~2)),x) J

output Lint((A + Bxx~2)/((a - b*x"2)~(1/2)*(c + d*x"2)~(1/2)*(e + £*x"2)), x) J
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Reduce [F]
/ A + Bx? i
va —bx2vc+ dx? (e + fz?)

B / Vdz? +cv/—-bx? + ax? AN
N —bdf 26 + adf z* — bef x* — bde x* + acf 2 + ade x% — bee 2 + ace

N / Vdz2+cv/—-bx2+a iz ) a
—bdf 26 + adf z* — bef x* — bde x* + acf 2 + ade 2% — bee 2 + ace

input Lint ((B*x~2+A) / (-b*x~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (£*x~2+e) ,X) J

‘int((sqrt(c + dxx*x2)*xsqrt(a — bkxxx*2)*x*%2) /(axckxe + akcxf*x*x2 + akdrxexx
‘**2 + akxdxf*x**k4 — Dkcke*x*k*x2 — bkckf*x*k*x4 — bxd*e*x**x4 - b*d*f*x**G),x)*b
‘ + int((sqrt(c + d*x**2)*sqrt(a - b*x**2))/(a*ckxe + a*ckxf*x**2 + akd*e*xx**
‘2 + axdxfxxx*4 — bkcke*x**2 — brxcxfxxx*4 — bkdke*xx*x4 — bxd*xf*x**6) ,x)*a

output




output
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A+ Ba?

3.12 f 22V a—bx?/ c+dx? (e+fz?) dz

Optimal result . . . . . . . . . . e 114
Mathematica [C] (verified) . . . . . . . . . ... L 115
Rubi [A] (verified) . . . .. .. ... .. 115
Maple [A] (verified) . . . . . . ... L 117
Fricas [F(-1)] . . . . o o e 117
Sympy [F] . . o o 118
Maxima [F] . . . . . . 118}
Giac [F] . . . . o o 119
Mupad [F(-1)] . . . o o 119
Reduce [F] . . . o . o o 119

Optimal result
Integrand size = 43, antiderivative size = 333
/ A+ Bx?
dz
12v/a — br2v/c + dz? (e + fxr?)
AvVa — bz + dz? AV /1 — %\/c + dx2E<arcsin (%) |—Z—‘j)
acex Vaceva —bz?/1+ ¢
A\/I;\/l — %\/1 + % EllipticF (arcsin (%) , —Z—‘Z)
Vvaeva — bx?\c + dx?
Va(Be — Af)\/1— /1 + & EllipticPi (4L, arcsin (L2, —24)
Vbe2v/a — bx2/c + dz?

_|_

+

—Ax(-b*x~2+a) "~ (1/2) *(d*x~2+c) ~(1/2) /a/c/e/x-A*b~ (1/2) *(1-b*x~2/a) ~(1/2)*(d
*x"2+c) " (1/2)*E1llipticE(b~(1/2)*x/a"~(1/2), (-a*d/b/c)~(1/2))/a~(1/2)/c/e/ (-
b*x~2+a) " (1/2)/(1+d*x~2/c) " (1/2)+A*b~ (1/2) * (1-b*x~2/a) ~ (1/2) * (1+d*x~2/c) ~(
1/2)*E1llipticF (b~ (1/2)*x/a~(1/2), (-axd/b/c)~(1/2))/a~(1/2)/e/(-bxx~2+a) "~ (1
/2)/(d*x"2+c) " (1/2)+a” (1/2) * (~A*f+B*e) * (1-b*x"2/a) "~ (1/2) * (1+d*x"2/c) ~(1/2)
*E1lipticPi(b~(1/2)*x/a~(1/2),-a*f/b/e, (-a*d/b/c)~(1/2))/b~(1/2)/e~2/(-b*x
~2+a)~(1/2)/(d*x"2+c)~(1/2)




input |

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 10.75 (sec) , antiderivative size = 290, normalized size of antiderivative = 0.87

/ A + Bz?
dz
z2v/a — bx2\/c + dz? (e + fx?)
—A\/—te(a— ba?) (c+dz?) + iAbce:c\/l — %\/1 + di;E(iarcsinh(\ / —%w) |_Z_Zl> — iAbcexy/1 —

= .

Integrate[(A + B*x"2)/(x"2*Sqrt[a - b*x~2]*Sqrt[c + d*x"2]*(e + £*x~2)),x]

(-(A*Sqrt[-(b/a)]*ex(a - bxx"2)*(c + d*x"2)) + I*Axbxckxe*x*Sqrt[l - (b*x"2
)/al*Sqrt[1 + (d*x~2)/c]*EllipticE[I*ArcSinh[Sqrt[-(b/a)]l*x], -((a*d)/(b*xc
))] - IxAxbkckexx*Sqrt[l - (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*EllipticF[I*ArcS
inh[Sqrt[-(b/a)]*x], -((a*d)/(b*c))] - Ixakcx(Bxe - A*xf)*x*Sqrt[l - (b*x"2
)/al*Sqrt[1 + (d*x~2)/c]*EllipticPi[-((a*f)/(b*e)), I*ArcSinh[Sqrt[-(b/a)]
*x], —-((a*xd)/(bxc))])/(a*Sqrt[-(b/a)]*c*ke 2*x*Sqrt[a - b*x~2]*Sqrt[c + d*x
~2])

Rubi [A] (verified)

Time = 2.09 (sec) , antiderivative size = 333, normalized size of antiderivative = 1.00,

number of rules _  o47 , Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A + Bz?
dz
z2v/a — bx2v/c + dz? (e + fx?)

l 7276

/( Be— Af s A )dm
eva —bx?vc+dz? (e + fz2)  ex?Va — bx?vVc+ dx?
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l 2009

Vay1— B /2 1 1(Be — Af) BllipticPi (— 4, arcsin (Y22 ), —94)
Vbe2va — bx2v/c + dx?
AVby[1— 22, /42 4 1 BlipticF (arcsin (V22 ), —¢d)
Vvaeva — bx2v/c + dx?
Avby /1 — %WE@rcsin (%) —‘;—?) AVa — bx2ve + da?

dz? acexr
Vaceva — bx? \/ﬁ
input LInt [(A + B*x~2)/(x"2#Sqrt[a - b*x~2]*Sqrtlc + d*x~2]*(e + f*x72)),x] J
output -((A*Sqrt[a - b*x~2]*Sqrt[c + d*x~2])/(a*xc*e*x)) - (A*Sqrt[bl*Sqrt[1 - (b*

x~2)/al*Sqrt[c + d*x~2]*EllipticE[ArcSin[(Sqrt[bl*x)/Sqrtl[al]l, -((a*d)/(b*
c))]1)/(Sqrt[a]l *xcxexSqrt[a - b*x~2]*Sqrt[1 + (d*x"2)/c]) + (AxSqrt[bl*Sqrtl[
1 - (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*EllipticF[ArcSin[(Sqrt[b]*x)/Sqrt[al],
-((a*xd)/(b*c))]1)/(Sqrt [a]l *exSqrt[a - b*x~2]*Sqrt[c + d*x~2]) + (Sqrt[al*(B
xe — Axf)*Sqrt[1 - (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*EllipticPil[-((a*f)/(b*e)
), ArcSin[(Sqrt[bl*x)/Sqrtlall, -((axd)/(bxc))])/(Sqrt[bl*e~2*Sqrt[a - b*x
~2]*Sqrt[c + d*x~2])

Defintions of rubi rules used

-

rukaQOOQLInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

rule 7276‘ Int[(u_)/((a_) + (b_.)*(x_)"(n.)), x_Symbol] :> With[{v = RationalFunctionE \
'xpand[u/(a + b¥x"n), x1}, Intlv, x] /; SumQ[vl] /; FreeQ[{a, b}, x] & IGtQ
‘ [n, 0] ‘
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Maple [A] (verified)

Time = 10.07 (sec) , antiderivative size = 319, normalized size of antiderivative = 0.96

method | result
~ Abey/1-b22 /14 da? (EnipticF(z\/g,\/—l—%) —EllipticE (x\/g,,/q_%)) s ac(Af—Be),
\/g —bd :1:4+ad :1:2—z2bc+ac
. ) 2
risch __AV-bz?+avzidic
acex acevV—bz2+az2d+c
<A\/Ebde z+ A,/ _I’ETQ'M A/ % EllipticF (m\/g,q / —Z—‘ci)bcez—A\/ _mez"'a A/ % EllipticE (w\/g,g/—%g)bcew—A\/
default
2 2 . d—>b 2 2 .
b)) A —bdw4+adz2—w2bc+ac+bA‘/l_b% /1422 ElhptlcF(z\/g,\/—l—%) _bA\/l—b% V1+42% En
acex ae\/g \/—bd x4+ad m2—a:2bc+ac ae\/g vV —bd 24
elliptic T

input

int ((B*x~2+A) /x”2/ (-b*x~2+a) " (1/2)/ (d*x~2+c) ~(1/2) / (f*x~2+e) ,x,method=_RET
URNVERBOSE)

output

—A*x (-b*xx~2+a) ~(1/2) *(d*x~2+c) ~(1/2) /a/c/e/x-1/a/c/e*x(-Axb*c/(b/a) ~(1/2)*(1
-bxx~2/a) " (1/2) * (1+d*x~2/c) " (1/2) / (~bxd*x~4+axd*x~2-b*c*x~2+a*c) ~ (1/2) * (E1
lipticF(x*(b/a)~(1/2),(-1-(a*d-b*c)/c/b)~(1/2))-EllipticE(x*(b/a)~(1/2), (-
1-(a*d-b*c)/c/b) "~ (1/2)))+axc*x (Axf-B*e) /e/(b/a) ~(1/2)*(1-b*x~2/a) " (1/2) *(1+
d*x~2/c) " (1/2) / (-b*d*x"4+a*d*x~2-b*c*x~2+a*c) ~(1/2) *E11lipticPi(x*(b/a)~(1/
2) ,-axf/b/e, (-1/c*d)~(1/2)/(b/a) ~(1/2)) ) *((-b*xx~2+a) * (d*x~2+c) ) ~(1/2) / (-b*
x"2+a)~(1/2)/(d*x~2+c)~(1/2)

Fricas [F(-1)]

Timed out.

2
/ A+ Br dz = Timed out
12v/a — br2y/c + dz? (e + fx?)

input‘integrate((B*x“2+A)/x“2/(-b*x“2+a)‘(1/2)/(d*x‘2+c)‘(1/2)/(f*x“2+e),x, algo
‘rithm="fricas") ‘
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output LTimed out
Sympy [F]
A+ Bx? A+ Bz®
dr = dx
z2v/a — bx2y/c + dz? (e + fx?) z2v/a — bx2y/c + dz? (e + fx?)
input \ integrate ((Bxx**2+A) /x**2/ (~bkxx**2+a) ** (1/2) / (dxx**2+c) x* (1/2) / (£xx**2+e) ,
o
output‘ Integral ((A + Bxx#*x2)/(x**2*sqrt(a - b*x*x*2)*sqrt(c + dxx*x2)*(e + f*x**2)
), x)
Maxima [F]
A+ Bx? Bx?+ A
dr = dx
z2v/a — br?v/c+ dz? (e + fz?) vV =bz? + av/dz? + c(fz? + €)x2
input integrate ((Bxx~2+A) /x~2/(-b*x~2+a) ~(1/2)/(d*x~2+c) ~(1/2)/ (£*x~2+e) ,x, algo
rithm="maxima")
output integrate((B*x~2 + A)/(sqrt(-b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)*x"2),
x)
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Giac [F]

A+ Bz? Bz’ + A
dr = dz
z2v/a — br2\/c + dz? (e + fx?) V—=bx? + av/dx? + c(fx? + €)x?

integrate ((B*x~2+A)/x~2/(-b*x~2+a)~(1/2) / (d*x~2+c)~(1/2) / (£*x~2+e) ,x, algo

input
rithm="giac")

integrate((B*x~2 + A)/(sqrt(-b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)*x"2),

output
x)

Mupad [F(-1)]

Timed out.

A+ Bz? Bz?+ A
dxr = dz
z2v/a — bx2y/c + dz? (e + fx?) r2va—bz2vdz? +c (fr2+e)

input Lint((A + B*x~2)/(x"2%(a - b*x~2)"(1/2)*(c + d*x~2)~(1/2)*(e + £*x~2)),x)

Lint((A + B*x”2)/(x"2*%(a - b*x"2)"(1/2)*(c + d*x"2)"(1/2)*(e + f*x72)), x)

output
Reduce [F]
/ A+ Bx?
dx
z2v/a — bx2y/c + dz? (e + fx?)
B / Vdz?2 +cv-bx2+a iz )
N —bdf 28 + adf 26 — bef 26 — bde 26 + acf z* + ade x* — bee x* + ace z?

N / Vdz? +cv-bx2+a A
—bdf 26 + adf z* — bef x* — bde x* + acf 2 + ade 2% — bee z? + ace

input Lint ((B*x~2+A) /x"2/ (~b*x~2+a) ~ (1/2) / (d*x~2+c) ~(1/2) / (f*x~2+e) , x)
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output‘int((sqrt(c + dxx**2)*sqrt(a — bxx**x2))/(axcke*x**2 + axckf*x**4 + axd*ke*x
‘**4 + axd*xf*xx**x6 — bkcke*x**4 — bxckfxx**6 — bkd*e*x**x6 - b*d*f*x**S),x)*a
\ + int((sqrt(c + d*x**2)*sqrt(a - b*x**2))/(a*ckxe + a*xckxf*x**2 + akd*e*xx**
‘2 + axdxfxxx*4 — bkcke*x**2 — bkcxfxx**4 — bkdke*x* x4 — bxdxfxx**6),x)*Db




CHAPTER 3. LISTING OF INTEGRALS 121

A+Bz?

3.13 f 4V a—bz?Vc+dz? (e+ fz2) dz

Optimal result . . . . . . . . . . .. .. . 121
Mathematica [C] (verified) . . . . . . . . . ... L 122
Rubi [A] (verified) . . . . . . . . . 123]
Maple [A] (verified) . . . . . . . . .. 1241
Fricas [F(-1)] . . . . o o e
Sympy [F] . . . o
Maxima [F] . . . . . . 1261
Giac [F] . . . o o 1261
Mupad [F(-1)] . . . o
Reduce [F] . . . . . o

Optimal result

Integrand size = 43, antiderivative size = 457

/ A+ Bz?
dx
z4v/a — br2\/c + dz? (e + fx?)
B _A\/a — bz2v/c + dz? _ (3aBce + A(2bce — 2ade — 3acf))Va — bx2v/c + dx?
N 3acex3 3a?c%e’x
Vb(3aBce + A(2bce — 2ade — 3acf)),/1 — /e + dw2E<arcsin <%> |—Z—‘ci>
3a%/2c2e2v/a — bx?y\ /1 + %
Vb(2Abce + 3aBce — aA(de + 3cf))\/1 — %\/1 + % EllipticF (arcsin <%) , —a—d>

_I_

be
3a3/2ce2v/a — bx2v/c + dz?
vaf(Be — Af)\/l - %\/1 + % EllipticPi (—%, arcsin (%) ,—Z-‘Z)
Vbe3va — br?/c + da?
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-1/3*%A* (-b*x"2+a) " (1/2) *(d*x~2+c) ~(1/2) /a/c/e/x~3-1/3* (3*B*axckxe+A* (-3*a*xc
*f-2*a*xd*xe+2+bxcke) ) * (-b*x~2+a) ~(1/2) *(d*x"2+c) ~(1/2)/a~2/c"2/e"2/x-1/3*b~
(1/2) * (3xBxaxcke+A* (-3*a*c*f-2xaxdxe+2xbxcke) ) * (1-b*x~2/a) " (1/2) * (d*x~2+c)
~(1/2)*#E1lipticE(b~(1/2)*x/a~(1/2), (-a*d/b/c)~(1/2))/a~(3/2) /c~2/e"2/ (-b*x
~2+a)~(1/2)/ (1+d*x"2/c) " (1/2)+1/3*b~ (1/2) * (2*xA*xbkcke+3*B*a*c*e—a*xA* (3xcxf+
dxe) ) * (1-b*x~2/a) "~ (1/2) * (1+d*x~2/c) "~ (1/2)*EllipticF (b~ (1/2)*x/a~(1/2), (-a*
d/v/c)~(1/2))/a~(3/2)/c/e”2/ (-bxx"2+a) ~(1/2) / (d*x~2+c) " (1/2)-a~ (1/2) *f* (-A
xf+B*e) * (1-b*x~2/a) " (1/2) * (1+d*x~2/c) " (1/2) *E1lipticPi (b~ (1/2)*x/a~ (1/2) ,-
axf/b/e, (-a*d/b/c)~(1/2)) /b~ (1/2) /e~3/ (-b*x"2+a) ~(1/2) / (d*x~2+c) ~(1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 14.66 (sec) , antiderivative size = 655, normalized size of antiderivative = 1.43

/ A+ Bz?
dx =
z*Va — br?Vc+ dz? (e + fz?)

aAbcle? + Ab?c?e2? + 3abBcle?s® — aAbcde®z? — 3aAbclefa? — 240°C¢e _ 332 B 26274 | 3 AB2cd

a

e

LIntegrate[(A + B*x72)/(x"4*Sqrt[a - b*x"2]*Sqrtlc + d*x"2]*(e + f*x~2)),x]

~—

input

-1/3*%(a*Axbxc™2%e”2 + A*¥b"2%Cc"2%e”2*x"2 + 3kaxb*BkcT2%e"2+x”2 - axAxbkcxdx
€72%x72 - 3*axAxbkxc 2*ke*xf*x"2 - (2%xA*b"3%c"2%e"2%x74)/a - 3*b"2*B*c"2xe” 2%
X"4 + 3*%A*bT2xc*d*e”2%x"4 + 3*axbxBkxckdke 2%x"4 - 2%akAxbxd"2%e"2%xx"4 + 3%
A¥b"2%c"2xexf*x"4 - 3kakAxbxckdxe*xf*x"4 - (2xAxb"3*cxdxe”2*x"6)/a - 3xb~2x*
Bxc*d*e"2xx"6 + 2xAxb”2*d"2%e”2*x"6 + 3*%A*b~2*ckdkexf*x"6 + Ixb*Sqrt[-(b/a
)Ixcxe* (3*a*Bkckxe + Ax(2*¥bkcke — 2kaxdxe — 3kaxc*f))*x~3*Sqrt[l - (b*x"2)/
al*Sqrt[1 + (d*x~2)/c]*EllipticE[I*ArcSinh[Sqrt[-(b/a)]*x], -((a*d)/(b*c))
] + Ixb*Sqrt[-(b/a)]*cxe*(-3*%a*xBxck*e + Ax(-2%bkcke + akd*e + 3*akxcxf))*x"3
*Sart[1 - (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*EllipticF[I*ArcSinh[Sqrt[-(b/a)]*
x], -((a*d)/(b*c))] + (3*I)*a~2xSqrt[-(b/a)]*Bkc 2xexf*x~3*Sqrt[1 - (b*x~2
)/al*Sqrt[1 + (d*x~2)/c]*EllipticPi[-((a*f)/(b*e)), I*ArcSinh[Sqrt[-(b/a)]
*xx], —((a*d)/(b*c))] + ((3*I)*a*xAxb*xc™2*f 2xx"3xSqrt[1 - (b*x~2)/al*Sqrt[1
+ (d*x"2)/c]*EllipticPi[-((axf)/(b*e)), I*ArcSinh[Sqrt[-(b/a)l*x], -((axd
)/ (bxc))])/Sqrt[-(b/a)])/ (axb*xc~2*e~3*x~3*Sqrt[a - b*x~2]*Sqrt[c + d*x~2])

output
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Rubi [A] (verified)

Time = 2.64 (sec) , antiderivative size = 655, normalized size of antiderivative = 1.43,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 4 g47 Ryjes
integrand size

used = {7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A+ Bx?
dx
z4va — bx2v/c + dz? (e + fx?)

l 7276
/< Be — Af B f(Be—Af) 4 A )dw
e2x2va — bx2Vc+dr?  e2va— bx2vVe+dz? (e + fz?)  extvVa — bx?vc + dx?
l 2009

2A\/—\/1_7b£m(bc—ad)E<arcsm (%) _%(cj)
+

3a3/2c2ev/a — b2,/ %2 S |

AVb \/ 1— W dmz + 1(2bc — ad) Elhp’cICF (arcsm (\[Tb> ; Jl%)

a3/2ce\/a — 332\/0 + dz?
24va —ba?ve+ da?(be — ad)
3a2cler
\/_f\/l bxz dz2 + 1(Be — Af) ElhptlcPl( be,arcsm (‘[Tb) ,—%)

\/_63\/0, — :c2\/c + dz?

\/5\/1 — % dw2 + 1(Be — Af) EllipticF (arcsm <\[T) —%‘ci)
\/Eezx/a — bz2v/c + dz?

Vby/1 — %\/c—i- dz?(Be — Af)E(arcsin (%) |—Z—f) B Va —bz?\/c+ dz?(Be — Af) B

2
ﬁcezx/m\/% +1 acesr
AvVa — bz?vVec + dx?
3acex3

input Int[(A + B*xx~2)/(x"4*Sqrt[a - b*x~2]*Sqrtc + d*x~2]*(e + £*x72)),x]




output

rule

rule 7276\{Int[(u_)/ ((a)) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
‘xpand[u/(a + b*x"n), x1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
‘[n, 0]
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-1/3*(A*Sqrt[a - b*x~2]*Sqrt[c + d*x~2])/(axc*e*x"3) - (2xA*(bxc - axd)*Sq
rt[a - b*x"2]*Sqrtc + d*x"2])/(3*a~2*c"2*exx) - ((B*e - Axf)*Sqrt[a - b*x
~2]*Sqrt[c + d*x~2])/(axc*e"2*xx) - (2*AxSqrt[bl*(b*c - a*d)*Sqrt[1 - (b*x~
2)/al*Sqrt[c + d*x"2]*EllipticE[ArcSin[(Sqrt[bl*x)/Sqrtlal]l, -((a*d)/(b*xc)
)1)/(3%a~(3/2)*c~2xe*xSqrt [a - bxx~2]*Sqrt[1 + (d*x~2)/c]) - (Sqrt[b]l*(Bxe

- Axf)*Sqrt[1 - (b*x~2)/al*Sqrtlc + d*x"2]*EllipticE[ArcSin[(Sqrt[b]l*x)/Sq
rt[al]l, -((axd)/(b*c))])/(Sqrt[al*c*e~2xSqrt[a - b*x~2]*Sqrt[1 + (d*x~2)/c
1) + (AxSqrt[b]*(2*b*c - a*d)*Sqrt[1 - (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*Elli
pticF[ArcSin[(Sqrt[b]*x)/Sqrt[al]l, -((a*d)/(b*c))])/(3*a”(3/2)*c*exSqrt[a

- bxx~2]*Sqrt[c + d*x~2]) + (Sqrt[b]*(Bxe - A*f)*Sqrt[1 - (b*x~2)/al*Sqrt[
1 + (d*x~2)/c]*EllipticF[ArcSin[(Sqrt[bl*x)/Sqrt[al]l, -((a*d)/(bxc))]1)/(Sq
rt[al *e"2xSqrt[a - b*x~2]*Sqrtlc + d*x~2]) - (Sqrtl[a]l*f*(Bxe - Axf)*Sqrt[1
- (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*EllipticPil[-((a*f)/(b*e)), ArcSin[(Sqrt[
bl *x)/Sqrt[al]l, -((a*d)/(bxc))])/(Sqrt[b]l*e~3*Sqrt[a - bxx~2]*Sqrt[c + d*x
~21)

Defintions of rubi rules used

2009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [A] (verified)

Time = 10.46 (sec) , antiderivative size = 485, normalized size of antiderivative = 1.06

method | result

b(8Aacf+2Aade—2Abce—3Bace)cy\/1— % A/ 14

\/g

risch _ vV—-bz?+avaid+tc (—3Aacf 22 —2Aade x2+2Abce x2+3Bace :c2+Aace) +

3a2c2e2x3
default | Expression too large to display
elliptic | Expression too large to display
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int ((B*x~2+A) /x~4/ (-b*x~2+a) ~(1/2)/(d*x~2+c) ~(1/2) / (f*x~2+e) ,x,method=_RET

input
URNVERBOSE)

-1/3% (-b*x"2+a) ~(1/2) * (d*x"2+c) " (1/2) * (-3*Axaxcxf*x~2-2kA*a*d*e*x ™ 2+2*xA*xb*
cke*xx”2+3xBxakckexx 2+A*axckxe)/a~2/c"2/e"2/x"3+1/3/a~2/c"2/e”2x (-b* (3kA*xax
cxf+2xAxa*xdxe-2xAxbxc*re-3*Bxaxckxe)*xc/(b/a) " (1/2)*(1-b*x~2/a) " (1/2) * (1+d*x~
2/¢c)~(1/2) / (~b*d*x~4+a*d*x~2-b*c*x~2+a*c) " (1/2) * (E1llipticF (x*(b/a)~(1/2), (
-1-(a*d-b*c)/c/b)~(1/2))-EllipticE(x*(b/a)~(1/2), (-1-(a*xd-b*c)/c/b)~(1/2))
) +axbxcxd*exA/(b/a) ~(1/2)*(1-b*x~2/a) ~(1/2) * (1+d*x~2/c) ~(1/2) / (-b*d*x~4+ax*
d*x~2-b*cxx~2+a*c) " (1/2)*EllipticF (x*(b/a)~(1/2), (-1-(a*d-b*c)/c/b)~(1/2))
+3*a~2kc " 2xf*x (A*f-Bxe) /e/(b/a) ~(1/2)*(1-b*x~2/a) ~(1/2) *(1+d*x~2/c) ~(1/2) / (
-b*d*x~4+a*d*x”~2-b*c*x"2+a*c) ~(1/2)*EllipticPi(x*(b/a)~(1/2) ,-axf/b/e, (-1/
c*xd)~(1/2)/(b/a)~(1/2)) ) *((-b*x~2+a) * (d*x~2+c) )~ (1/2) / (-b*x~2+a) ~(1/2) / (d*
X~2+c) " (1/2)

output

Fricas [F(-1)]

Timed out.

2
/ A+ Br dz = Timed out
z4y/a — br2v/c + dz? (e + fx?)

input‘integrate((B*x“2+A)/x‘4/(-b*x“2+a)”(1/2)/(d*x“2+c)‘(1/2)/(f*x‘2+e),x, algo
‘rithm="fricas") ‘

e

ou_tpudTimed out J
Sympy [F]
A+ Bz? A+ Bz?
dx = dx
z4yv/a — br2\/c + dz? (e + fx?) z4yv/a — bx2\/c + dz? (e + fx?)
input/integrate((B*x**2+A)/x**4/(—b*x**2+a)**(1/2)/(d*x**2+c)**(1/2)/(f*x**2+e)’ )

»
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t‘Integral((A + B¥x**2) / (xx*4xsqrt(a - b*x**2)xsqrt(c + d*x**2)*(e + fxx**2)

outpu ‘), x) ‘

Maxima [F|

A + Bx? Bx?+ A
dr = dz
z4y/a — br2\/c + dz? (e + fx?) V—=bx2 + a\/dz? + c(fz? + e)zt

integrate ((B*x~2+A) /x~4/(-b*x~2+a) ~(1/2)/(d*x"2+c) " (1/2) / (f*x"2+e) ,x, algo

input
rithm="maxima")

integrate((B*x~2 + A)/(sqrt(-b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)*x74),

output
x)

Giac [F]

A+ Bz? Bz + A
dx = dz
z%v/a — br2y/c + dx? (e + fx?) V=bz? + av/dz? + c(fr? + )zt

‘integrate((B*x‘2+A)/X‘4/(-b*x‘2+a)‘(1/2)/(d*x‘2+c)*(1/2)/(f*x“2+e),X, algo

input
‘ rithm="giac") ‘

‘integrate((B*x‘2 + A)/(sqrt (-b*x~2 + a)*sqrt(d*x~2 + c)*(£*x72 + e)*x74),

output‘x) ‘




CHAPTER 3. LISTING OF INTEGRALS 127

Mupad [F(-1)]

Timed out.

A+ Bx? Bx?+ A
dr = dz
z*va — br?v/c+ dx? (e + fx?) ztva—ba2vdz?+c (fz2+e)

inputtint((A + B*x"2)/(x"4*(a - b*x"2)"(1/2)*(c + d*x~2)"(1/2)*(e + f*x~2)),x) J

e

Lint((A + B*x"2)/(x74x(a - b*x"2)"(1/2)*(c + d*x"2)"(1/2)*(e + £*x72)), x)

~—

output
Reduce [F]
/ A+ Ba? i
z4yv/a — br2\/c + dz? (e + fx?)

_ 2 —p 12 Vdz?+cv=bz?+az? 3 _ -
\/dx + C\/ bz?+a+ <f —bdfx6+adfa:4—bcfm‘af—bttizez4+§cfg2z+adem2—bcex2+acedx> bdf{l] 3<f —bdf z8+adf

inputLint((B*x“2+A)/x‘4/(-b*x*2+a)*(1/2)/(d*x“2+c)*(1/2)/(f*x*2+e),x) J

e N

( - sqrt(c + d*x**2)*sqrt(a - b*x**2) + int((sqrt(c + d*x**2)*sqrt(a - b*x
*x2) kx*%2) /(a*cke + akckf*x**x2 + akdkexx*x*2 + akd*f*x*kkx4d — bkckexx**x2 — bx*
cxf*xk*4 — bxd*exx*xx4 — b*xdkf*x**6) ,x)*b*xd*f*x**3 - 3*int ((sqrt(c + d*x**2
)xsgrt(a - b*x*x2))/(axcke*x**2 + axckf*xx*x4 + axdkexx*x4 + axd*f*x*x6 - b
kCkekx*k4 — bxckf*x**x6 — bxdkekxx**x6 — bxdxf*x**8) ,x)*akckf*x**3 - 2xint ((s
grt(c + dxx**2)*sqrt(a - bxx**x2))/(axcke*xx**2 + axckf*x*x4 + axdkexx*x4 +
axdxfxx**6 - bkckexx**4d — bxckxf*xx*k*6 — bkdkexx*x*6 — bkxd*xfxx**8),x)*kaxd*e*x
**3 + b*int((sqrt(c + dxx**x2)*sqrt(a - b*x**2))/(akckexx**2 + akcxfxx*x4 +

akxdkxexx**4 + akd*xfxx**6 — bkckexx**4 — Dbkckf*x**6 — Dbkd*e*x**6 — bkdxf*xx*
*8) ,x)*bxckxe*x**3 - 2xint ((sqrt(c + d*x**2)*sqrt(a - b*x**2))/(a*cke + a*c
*Thkx*%k2 + akdkexxk*x2 + axdkxfkkx**k4d — bkckexx**x2 — bxckf*xkx*k4 — bkdkexx**x4 -
b*d*f*x**6) ,x) *a*d*f*x**3 + 2xint((sqrt(c + d*x**2)*sqrt(a - bxx**x2))/(a*
cke + akcxkxfkxx*kx2 + akxdkexx*x*2 + akxdxfkx**4 — Dbkckexxk*2 — bkckf*xx**4 - b*xd
*xe*xx**4 — bxdxfxx*x6) ,x)*b*xcxf*x**3 + int((sqrt(c + d*x**2)*sqrt(a - bxx**
2))/(a*xcke + akxckf*x**2 + axdkexx**2 + axdxfxxkx4 — bkckexx**2 — bkckf*x**
4 - bxdxexx**4 — bkd*f*x**6) ,x)*bkxd*exx**3) / (3*kcke*xx**3)

output
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A+Bz?

3.14 f 26va—bz?Vc+dz? (e+fz?) dz

Optimal result . . . . . . . . . . e 128
Mathematica [C] (verified) . . . . . . . . . ... L 129
Rubi [A] (verified) . . . .. .. ... .. 130
Maple [A] (verified) . . . . . . ... L 132
Fricas [F(-1)] . . . . o o e 133
Sympy [F] . . o o 134
Maxima [F] . . . . . . 134
Giac [F] . . . . o o 134
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . o

Optimal result

Integrand size = 43, antiderivative size = 674

/ A+ Bx?
dx
z8v/a — bx2v/c + dz? (e + fx?)
B _A\/a — bz2v/c + dz? _ (5aBce + A(4bce — 4ade — 5acf))Va — bx2v/c + dx?

Sacex® 15a2c2e2x3
(842 — 5aB(2de + 3cf) + b(10Bce — TAde — 10Acf) + aA (32 + 10df + B2L) ) Va—ba?y/e T
o 15a2c2e?x

Vb(5aBce(2bce — 2ade — 3acf) + A(8b*c2e? — abce(7de 4 10cf) + a?(8d%e? + 10cdef + 15¢2f2))) v
15a5/2¢c3e3v/a — bx2(/1 + d_f
Vb(5aBce(2bce — ade — 3acf) + A(8b%c2e? — abee(3de + 10cf) + a?(4d2e? + 5edef + 15¢2f2))) \/1’
15a5/2c2e3v/a — bx2/c + dx?
N vaf?(Be — Af)\/l — %\/1 + d—f EllipticPi (—%,arcsin (%) ,—ab—‘ci)
Vbetva — bz?v/c + da?

+




output

input L
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-1/5%A* (-b*x~2+a) " (1/2) *(d*x~2+c) ~(1/2) /a/c/e/x"5-1/15* (5*%B*a*ckxe+A* (-5*a*
cxf-4*axdke+dxbkcke) ) * (-b*x~2+a) ~(1/2) *(d*x"2+c) ~(1/2)/a~2/c"2/e"2/x"3-1/1
5% (8*A*b~2xcxe/a-5*xaxB* (3kckf+2*d*e) +b* (~10*xAxcxf-7*xA*d*e+10*B*c*e)+a*xA* (8
*d"2%e/c+10*d*f+15xc*xf~2/e) ) * (-b*x"2+a) ~(1/2) *(d*x"2+c)~(1/2) /a~2/c"2/e"2/
x-1/15%b~ (1/2) * (5*xa*Bxcxex (—3*axc*xf-2*a*d*e+2¥b*c*e) +A* (8*xb~2xc~2ke " 2-a*b*
cxex (10xcxf+7*xd*xe)+a”~ 2% (15%c™2*f ~2+10*cxd*exf+8*d"2%e~2) ) ) * (1-b*x~2/a) ~(1/
2)*(d*x~2+c) ~(1/2) *E1lipticE(b~(1/2)*x/a~(1/2), (-a*d/b/c)~(1/2))/a~(6/2)/c
~3/e~3/(-b*x"2+a) ~(1/2)/ (1+d*x~2/c) ~(1/2)+1/15xb~ (1/2) * (5*xa*Bkc*e*x (-3*a*c*
f-akxdxe+2xb*cke) +A* (8%b~2%c~2%e " 2-a*bxckex (10xc*f+3*d*e) +a~2x (15kc~2*xf~2+5
xckd*kexf+4xd"2%e”~2)) ) *(1-bxx"2/a) " (1/2) * (1+d*x~2/c) " (1/2) *E1llipticF (b~ (1/2
Yxx/a~(1/2),(-a*xd/b/c)~(1/2))/a~(5/2)/c"2/e~3/ (-b*xx~2+a) ~(1/2) / (d*x~2+c) ~(
1/2)+a” (1/2) *£~2*% (—Ax£+B*e) * (1-b*x"2/a) " (1/2) * (1+d*x~2/c) " (1/2) *E1llipticPi
(b~ (1/2)*x/a~(1/2) ,~a*xf/b/e, (-a*d/b/c)~(1/2)) /b~ (1/2) /e~4/(-b*x~2+a) ~(1/2)

/(d*x~2+c)~(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 15.57 (sec) , antiderivative size = 1196, normalized size of antiderivative = 1.77

2
/ A+ Bo dxz = Too large to display
z8va — br?v/c + dx? (e + fx?)

-

Integrate[(A + B*x~2)/(x"6%Sqrt[a - b*x~2]*Sqrtlc + d*x"2]*(e + £*x~2)),x]

J




output
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-1/15%(3*a"3*%Axbxc~3%e”"3 + a~2%Axb~2%c”3*%e"3%x"2 + 5¥a”3%b*Bxc 3%e"3*x"2 -

a~3*A*b*cT2*%d*e"3%x"2 — b*a"3*%Axbkxc”"3*%e"2*%f*x"2 + 4*axA*xb"3*%c"3*%e"3*x"4 +
5xa"2*%b"2xBkc”"3%e"3*x"4 - 2%a"2xA*b"2*%c"2%d*e"3*x"4 - b*a " 3*b*xBkxc"2*d*e”3
*x"4 + 4%a”3xAxbxc*kd"2%e"3%x"4 - bxa”"2xA*b"2%c”3%e"2*%f*x"4 - 15%a”3*b*B*xc”
3ke"2xf*x"4 + bxa”"3xA¥bkc”2kd*e"2xf*x"4 + 15%a”"3*kAxb*c”3*e*xf"2%x"4 - 8%A*b
“4xc"3*%e"3*%x"6 — 10*%axb"3*Bkc"3%e"3%x"6 + 1l*akA*b"3*%c”"2xd*e"3*x"6 + 1b5*a”
2xb"2*B*c"2xd*e " 3*x"6 — 11¥a”~2kAxb~2*ckd"24e”3*x"6 — 10*a”3*b*Bxc*d"2*xe”3*
X"6 + 8*%a~3*A*xbkd"3*e”3*x"6 + 10*a*A*b~3xc"3*e"2*xf*x"6 + 15%a~2xb"2*Bkxc”~3*
e"2xf*x"6 - 15%a”2%Axb"2%c"2*d*e”2+f*x"6 - 15xa~3xb*Bxc~2xdxe”2xf*x~6 + 10
*a" 3%A*bxckd"2%e"2*%f*xx"6 — 15%a”2%Axb"2xc " 3xe*f 2%x"6 + 15%a”3%Axbxc”2xd*e
*f72%X76 - 8xA¥bT4*cT2*d*e"3*x"8 - 10*a*b~3*%Bk*c”2*d*xe”3%x"8 + T*akxA*b~3*cx*
d™2xe"3*%x"8 + 10*a”"2*%b"2*Bkc*d"2%e”3*x"8 - 8*%a"2*%A*b"2%d"3*%e”"3*x"8 + 10*a*
Ax¥b~3*c"2*%d*xe"2*%f*x"8 + 15%a”2%b"2*%Bkxc"2*d*e"2*%f*x"8 - 10*a”"2*%Axb”"2%cxd"2*
e"2xf*x78 - 15%a”2%A*b"2xc”2*d*exf "2+x"8 - I¥axb*Sqrt[-(b/a)]*cxe*(-8*Axb~
2xc”2xe”2 + akxAxbkcxe*(7*dxe + 10*c*f) + bkaxBkcxe*(-2*bxcke + 2*axd*e + 3
xakxcxf) — a”2%Ax(8+%d"2xe”2 + 10*cxd*exf + 15xc”™2xf72))*x"5+Sqrt[1 - (b*x"2
)/al*Sqrt[1 + (d*x~2)/c]l*EllipticE[I*ArcSinh[Sqrt[-(b/a)]l*x], -((a*d)/(b*c
))] + IxaxbxSqrt[-(b/a)]*cxex(-8*A*b~2xc 2*e”2 + axAxbkckex(3*dxe + 10xc*f
) + GxaxBxcxex(-2%b*c*e + axd¥e + 3%akxc*f) - a”2xAx(4*d"2*e”2 + Bkckdkexf

+ 15%c™2*%f"2))*x"5*Sqrt[1 - (b*x~2)/al*Sqrt[1 + (d*x~2)/c]*EllipticF[I*...

Rubi [A] (verified)

Time = 3.20 (sec) , antiderivative size = 1077, normalized size of antiderivative = 1.60,

number of steps used = 2, number of rules used = 2,
used = {7276, 2009}

integrand size

number of rules _ 0.047, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed

below.
/ A + Bz?
dz
28va — bx2v/c + dz? (e + fx?)
l 7276
/( f?(Be — Af) B f(Be— Af) 4 Be — Af + A
e3va — br2vVc+dz? (e + fr?2) e3x2va—bx?Ve+dx?  e2xtva—br2Ve+dx?  exSva — bx2vVe +

l 2009



input
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va(Be — Af)\/l - %\/d—i’z + 1 EllipticPi <—% arcsin (\/\/Bg) ,—%) f? s
Vbetvia — bx2\/dz2 + ¢
Vb(Be — Af)y/1 — %\/dac2 + cE(arcsin (%) —%‘ci) f
Vace3va — bx? d—zz +1
Vb(Be — Af) \/1 ba? \/d””2 + 1 EllipticF (arcsm (‘[T) —%—?) f
+
Vvaedva — bx?v/dx? + c
(Be — Af)Va — bx?V/dx? + cf B
ace3x
2v/b(bc — ad)(Be — Af)\/1 — %2 /da? + cE(arcsm (%) —%—g)
3a3/2c2e2m\/ﬁ
AVB(86%* — Tabde + 8a>d%) \/1 — ¥2°\/da? + B (arcsin (442 ) |- 42)
2 +
15a5/203e\/m\/d% +1
\/B(ch — ad)(Be — Af)\/l - % di; + 1 EllipticF (arcsin (ﬁ) , —Z—‘j)

va
3a3/2ce2v/a — bx2v/dx? + ¢
AVb(8b2c? — 3abdc + 4ad?) \/1 - % % + 1 EllipticF (arcsin (ﬂ) ,—%)

\/E
15a%/2¢c2ev/a — bx2V/dz2 + ¢
2(bc — ad)(Be — Af)vVa—ba®>Vda® + ¢ A(8b°c* — Tabdc + 84°d®) Via — ba’Vdi? + ¢

3a’c2e?x 15a3c3ex
(Be — Af)Va —ba?Vda? + ¢ 4A(bc — ad)Va —ba?Vda? + ¢ Ava—bi?Vdz? +c
3ace2z3 15a2c2ex3 S5acexd

LInt[(A + Bxx~2)/(x"6%Sqrt[a - b*x~2]*Sqrtlc + d*x~2]*(e + f*x~2)),x]




output

e
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-1/5%(AxSqrt[a - b*x~2]*Sqrtlc + d*x~2])/(axc*ke*xx"5) - (4*Ax(b*c - a*d)*Sq

rtla - b*x"2]*Sqrtc + d*x~2])/(15%a"2*c"2*e*x"3) - ((Bxe - Axf)*Sqrtl[a -
b*x~2]*#Sqrt [c + d*x"2])/(3*axcxe”2*x"3) - (A*(8*%b~2xc™2 - Txaxb*ckd + 8+%a”
2xd~2)*Sqrt[a - b*x~2]*Sqrt[c + d*x~2])/(15*a~3*c"3*exx) - (2x(b*xc - a*d)=*
(Bxe - Axf)*Sqrt[a - b*x~2]*Sqrtlc + d*x~2])/(3*a~2*c"2*e"2%x) + (f*(Bxe -
Axf)*Sqrt[a - b*x"2]*Sqrtl[c + d*x"2])/(a*cxe”3*x) - (A*Sqrt[b]*(8*b~2*c~2
- Txaxb*ckd + 8%a~2xd"2)*Sqrt[1 - (b*x"2)/al*Sqrtlc + d*x~2]*EllipticE[Ar
cSin[(Sqrt [bl*x)/Sqrt[al]l, -((axd)/(bxc))1)/(16xa~(5/2)*c"3*exSqrt[a - b*x
~2]*Sqrt[1 + (d*x72)/c]) - (2*%Sqrt[bl*(bxc - a*d)*(Bke - A*f)*Sqrt[1 - (bx
x~2)/al*Sqrt[c + d*x~2]*EllipticE[ArcSin[(Sqrt[bl*x)/Sqrt[all, -((a*d)/(b*
c))1)/(3xa~(3/2)xc~2+e"2*Sqrt[a - b*x"2]*Sqrt[1 + (d*x~2)/c]l) + (Sqrt[b]*f
*(Bxe - Axf)*Sqrt[1 - (b*x~2)/al*Sqrtl[c + d*x"2]*EllipticE[ArcSin[(Sqrt [b]
*x)/Sqrt[al]l, -((axd)/(b*xc))]1)/(Sqrt[al*c*xe”3*Sqrt[a - b*x~2]*Sqrt[1 + (d*
x72)/c]) + (A*Sqrt[bl*(8%b~2%c~2 - 3*axbxc*d + 4*xa~2%d~2)*Sqrt[1 - (b*x~2)
/al*Sqrt[1 + (d*x~2)/c]l*EllipticF[ArcSin[(Sqrt[bl*x)/Sqrtl[al]l, -((a*xd)/(b*
c))]1)/(15%a~(5/2) xc~2*e*xSqrt [a - bxx~2]*Sqrt[c + d*x~2]) + (Sqrt[b]*(2xb*c
- a*d)*(Bxe - Axf)*Sqrt[1 - (b*x"2)/al*Sqrt[1 + (d*x~2)/c]*EllipticF[ArcS
in[(Sqrt[bl*x)/Sqrtl[al]l, -((a*d)/(b*c))])/(3*a”(3/2)*c*e"2*Sqrt[a - b*x~2]
*Sqrt[c + d*x"2]) - (Sqrt[bl*f*(Bxe - Axf)*Sqrt[1 - (b*x~2)/al*Sqrt[1l + (4
*x”2) /c]*EllipticF [ArcSin[(Sqrt [b]l*x)/Sqrt[al]l, -((a*d)/(b*c))1)/(Sqrtl[...

Defintions of rubi rules used

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule

~—

7276‘(Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
‘xpand[u/(a + b*x™n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ

N

[n, 0]

\‘
J

Maple [A] (verified)

Time = 20.97 (sec) , antiderivative size = 1028, normalized size of antiderivative = 1.53

method | result size

risch Expression too large to display | 1028
default | Expression too large to display | 2277

elliptic | Expression too large to display | 2317
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int ((B*x~2+A) /x”6/ (-b*x~2+a) ~(1/2)/(d*x~2+c) ~(1/2) / (f*x~2+e) ,x,method=_RET

input
URNVERBOSE)

-1/15% (-b*x"2+a) ~(1/2) * (d*x"2+c) " (1/2) * (15*xA*xa”~2xc”~ 2% f " 2*x"4+10*A*a~2*c*d*
exf*x"4+8*A*a”2*¢d"2*%e " 2*x"4-10*Axaxbxc”2xexf*x"4-T*A*axb*ckd*e”2*x"4+8*A*b
T2%CcT2%e " 2%x"4-15%B*xa”2*%c”2%e*xf*x"4-10*B*xa~2*xcxd*xe~2*xx~4+10*B*a*xbkc 2%e 2%
X"4-5%A*a~2%c kexf*xx"2-4*Axa 2k ckdke 2%x"2+4*A*xaxbkc 2%e " 2kx " 2+5*%Bka~2xc”
2%e"2%x"2+3*Axa~2xc"2*e”2) /a~3/c"3/e"3/x"5-1/15/c"3/a"3/e 3% (~b* (15*%A*xa~2x*
cT2*%f72+10xA*a" 2% cxd*ke*f+8xA*xa”~2xd"2*%e”2-10*Akaxb*xc"2*ke*f-7*xA*a*bxckd*e™2+
8xAxb~2%c"2%e"2-15%Bkxa”~2xc " 2%e*f-10*Bxa ~2%ckd*e~2+10%Bxaxbxc~2%e~2) *c/ (b/a
)" (1/2)*(1-b*x~2/a) ~(1/2)*(1+d*x~2/c) ~(1/2) / (-b*d*x~4+a*d*x~2-b*c*x~2+a*c)
~(1/2)*(EllipticF (x*(b/a)~(1/2), (-1-(a*d-b*c)/c/b)~(1/2) )-EllipticE(x*(b/a
)~ (1/2), (-1-(a*d-b*c) /c/b)~(1/2)))+15*%a~3*c~3*f 2% (Axf-Bxe) /e/(b/a) ~(1/2)*
(1-b*x~2/a) " (1/2) *(1+d*x"2/c) " (1/2) / (-b*d*x"4+a*d*x~2-b*c*x~2+a*c) ~(1/2) *E
1lipticPi(x*(b/a)~(1/2),-a*f/b/e, (-1/c*d)~(1/2)/(b/a)~(1/2))-4*a*b~2*c~2*d
xe~2xA/(b/a) " (1/2)*(1-b*x~2/a) ~(1/2) * (1+d*x~2/c) ~(1/2) / (-b*d*x~4+a*d*x~2-b
*xc*x~2+axc) " (1/2)*EllipticF(x*(b/a)~(1/2), (-1-(a*d-b*c)/c/b) ~(1/2))+4*a~2x%
bxcxd~2xe~2xA/(b/a) ~(1/2) *(1-b*x~2/a) ~(1/2) * (1+d*x~2/c) ~(1/2) / (-b*d*x~4+ax*
d*x~2-bxcxx~2+a*c) " (1/2)*EllipticF (xx(b/a)~(1/2), (-1-(a*d-b*c)/c/b)~(1/2))
-5*a”~2+b*xc”2*d*e~2*B/ (b/a) ~ (1/2) * (1-b*x~2/a) ~ (1/2) * (1+d*x~2/c) ~(1/2) / (-b*d
*x~4+axd*x~2-bkcxx"2+a*c) "~ (1/2) *E1lipticF (x*(b/a)~(1/2), (-1-(a*d-b*c)/c/b)
~(1/2))+5*xb*c~2xe*a~2xd*A*xf/(b/a) ~(1/2)*(1-b*x~2/a) ~(1/2) *(1+d*x~2/c) ~(1/2
)/ (-b*d*x~4+a*d*x~2-b*c*x~2+axc) ~(1/2) *EllipticF(x*(b/a)~(1/2),(-1-(axd...

output

Fricas [F(-1)]

Timed out.

2
/ A+ Br dz = Timed out
z8v/a — br2y/c + dz? (e + fr?)

{integrate((B*x”2+A)/x”6/(—b*x“2+a)‘(1/2)/(d*x“2+c)”(1/2)/(f*x“2+e),X, algo

input
rithm="fricas")

\

output’Timed out
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Sympy [F]

A+ Bzx? A+ Ba?
dr = dx
z8va — br?v/c + dx? (e + fx?) z8va — br?v/c+ dx? (e + fx?)

‘integrate((B*x**2+A)/x**6/(—b*x**2+a)**(1/2)/(d*x**2+c)**(1/2)/(f*x**2+e),

input‘x)

p
‘Integral((A + Bxx*%2) /(x**6*sqrt(a — b*x*x2)*sqrt(c + dkx**2)*(e + f*xx**2)

output
D, %

Maxima [F]

A+ Bz? B2+ A
dr = dz
z8v/a — bx2\/c + dz? (e + fx?) V—=bx? + av/dx? + c(fx? + €)xb

t‘integrate((B*x*2+A)/x“6/(—b*x*2+a)*(1/2)/(d*x‘2+c)“(1/2)/(f*x“2+e),X, algo

inpu
‘rithm="maxima")

output‘integrate((B*x'? + A)/(sqrt(-b*x"2 + a)*sqrt(d*x~2 + c)*(£f*x"2 + e)*x"6),
®

Giac [F]

A+ Bz? Bx?+ A
dr = dz
z8v/a — bx2v/c + dz? (e + fx?) V—=bx2 + av/dz? + c(fr? + e)xF

input‘integrate((B*x"2+A)/X‘6/(-b*x"2+a)‘(1/2)/(d*x"2+c)*(1/2)/(f*x"2+6),X, algo
‘ rithm="giac")

output‘ integrate((B*x~2 + A)/(sqrt(-b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)*x76),
‘x)
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Mupad [F(-1)]

Timed out.

A+ Bx? Bz?+ A
dx = dz
z8va — br?v/c + dx? (e + fx?) 28va—bx2\/dx?+c (fz2+e)

input Lint((A + B*xx"2)/(x"6%(a - b*x"2)"(1/2)*(c + d*x~2)~(1/2)*(e + f*x~2)),x)

output Lint((A + B*x"2)/(x"6x(a - b*¥x"2)"(1/2)*(c + d*x"2)"(1/2)*(e + £*x72)), x)

Reduce [F]

A+ Bzx?
/ + D7 dz = Too large to display
z8v/a — bx2v/c + dz? (e + fx?)

inputLint((B*x‘2+A)/x“6/(—b*x‘2+a)‘(1/2)/(d*x‘2+c)*(1/2)/(f*xA2+e),X)
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( - 3xsqrt(c + d*x**2)*sqrt(a - b*x**2)*a - bxsqrt(c + d*x**2)*sqrt(a - b*
x**k2) ¥bkx*x*k2 + S*xint((sqrt(c + d*x**2)*sqrt(a - bkx*x*2)*x**2)/(akcxe + ax*c
*fxxk*k2 + akdkexx*k*k2 + akdxf*x*k*k4d — Dkckek*x**k2 — bkckxf*x*k*k4 — bkd*e*x*k*x4 -
b*d*f*x**6) ,x) ¥b**2*kd*f*x**5 — 16xint ((sqrt(c + d*x**2)*sqrt(a - b*x**2))
/(a*c*e*x**4 + akxcxf*x**k6 + akdxe*x**6 + akxdxf*x*k*8 — bkcke*x**6 — bxckf*x
**8 — bxdkexx**8 - bkdxf*x**10) ,x)*a*x2*kcxf*xx*5 — 12kint ((sqrt(c + d*x**2
Y*sqrt(a - b*x**2))/(axckexx*x4 + a*ckf*x**6 + axd*e*xx**x6 + a*xd*xf*x**8 - b
*Ckexxk*kB — bkckfxx*x*x8 — bkdkexx**8 — bxdxf*x**10),x)*a**2kdkexx**5 + 12%i
nt((sqrt(c + d*xx**2)*sqrt(a — bxx**2))/(axcke*xx**4 + axcxfxx*x6 + akd*exx*
*6 + axdxf*xx**8 — bxcke*xx*k*6 — b¥ckf*xx*x*x8 — bkdkexx**8 - bkdxfxx**10),x)*a
*¥bkckexx**5 — 12%int ((sqrt(c + d*x**2)*sqrt(a - b*x**2))/(akckxexx**2 + akc
*fxx*k*k4d + akdkexx**k4 + akdxf*x*k*k6 — bikckxe*x**k4 — Dbkckxf*xX**k6 — bkd*e*x**x6 -
b*d*f*x**8) ,x) *a**x2kd*xf*x*x*5 — 3xint ((sqrt(c + d*x**2)*sqrt(a - bxx**2))/
(a*c*e*x**2 + akxcxf*x*k*k4 + akdxe*x*k*x4 + axd*xf*kx*k*x6 — bkxckekx*x*4 — bxckfirxx
*6 — bkd*exx**x6 — bkd*f*x*%*8) ,x)*axbkxc*kf*x**5 — int((sqrt(c + d*x**2)*sqrt
(a - bxx**2))/(axcxexx**2 + akckxf*x**x4d + akxdke*x**4 + axdxfxx*x*6 — bkcke*x
**4 — bxckfxx**6 — bkdxe*x**6 — bxd*f*x**8),x)*axb*dxe*x**5 + 10*int((sqrt
(c + dxx**2)*sqrt(a - b*x**x2))/(a*xckexx**2 + akxckf*xx*4 + akxdkexxx*4 + axd
*fxx*kk6 — bkckekxkxd — bkckfxx**x6 — bkdkexx**6 — bkxd*f*x*%8),x)*b**2kcke*xx
*x5 - int((sqrt(c + d*x*x2)*sqrt(a - b*x**2))/(a*cxe + axckfxx**2 + axd...

output




output
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A+ Bz2+Cz*
3.15 f 22V a+bz?Vc+dz? (e+ f12) dz

Optimal result . . . . . . . . . . e 137
Mathematica [C] (verified) . . . . . . . . . ... L 138
Rubi [A] (verified) . . . .. .. ... .. 138
Maple [A] (verified) . . . . . . ... L 140
Fricas [F(-1)] . . . . o o e 140
Sympy [F] . . . o 141]
Maxima [F] . . . . . . 1411
Giac [F] . . . . o o 142
Mupad [F(-1)] . . . o o 142
Reduce [F] . . . o . o o 142

Optimal result

Integrand size = 47, antiderivative size = 370

u/‘ A+ Bz? + Czt

z2va + bx?\c + dx? (e + fxz)
Ava + bz? AfWE(arctan ( }””) 11— E)
aeﬂ:m a c((zizzzg \/W

Vc(cCe — Bde + Adf)v/a + bx? EllipticF (arctan ( df) 1 — 2—2)
av/de(de — cf) C(‘;jf;ﬁ?) Ve + da?
c?(Ce? — Bef + Af?) va + ba? EllipticPi ( arctan <‘/\/Eg) L 273)
avde?(de — cf) 2((;1322) Ve +da?

+

-Ax (b*x~2+a) ~(1/2) /a/e/x/ (d*x~2+c) ~(1/2) -A*d~ (1/2) * (b*xx~2+a) ~(1/2)*Ellipti
cE(d~(1/2)*x/c~(1/2) / (1+d*x~2/c) ~(1/2) , (1-b*c/a/d) ~(1/2)) /a/c~(1/2) /e/ (c*(
b*x~2+a)/a/ (d*x"2+c)) " (1/2)/(d*x~2+c) ~(1/2) -c~ (1/2) * (A*d*f-B*d*e+Ckc*e) *x (b
*x~2+a) " (1/2)*InverseJacobiAM(arctan(d~(1/2)*x/c~(1/2)), (1-b*xc/a/d)~(1/2))
/a/d~(1/2) /e/ (—cxf+dx*e) / (c* (bxx~2+a) /a/ (d*x~2+c)) ~(1/2) / (d*x~2+c) ~(1/2) +c~
(3/2) * (Ax£~2-Bkexf+C*e~2) * (b*x~2+a) " (1/2) #*E1llipticPi(d~(1/2)*x/c~(1/2) / (1+
d*xx~2/c)~(1/2) ,1-cxf/d/e, (1-bxc/a/d) ~(1/2))/a/d~(1/2) /e~2/ (-cxf+d*e) / (c* (b
*xx"2+a)/a/ (d*x"2+c))~(1/2) / (d*x~2+c)~(1/2)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 7.41 (sec) , antiderivative size = 474, normalized size of antiderivative = 1.28

/ A+ Bz? + Cz?
dr =
z2v/a + br2v/c + dz? (e + fx?)

\/g(aA\/gcef + Ab\/gcefx2 + aA\/gdefgy2 + Ab\/%d@fx‘l + z'Abcefw\/l + %\/1 + di:E(iarcs

Integrate[(A + B*x"2 + C*x~4)/(x"2*Sqrt[a + b*x~2]*Sqrtlc + d*x"2]*(e + fx*

input
x72)),x]

-((Sqrt[b/al*(a*A*Sqrt [b/al *cke*xf + Axb*Sqrt[b/a]l*c*exf*x~2 + axA*Sqrt[b/a
I*dxexfxx~2 + AxbxSqrt[b/a]*dxexf*xx~4 + IxAxbxcxexfxxxSqrt[l + (b*x~2)/al*
Sqrt[1 + (d*x~2)/c]*EllipticE[I*ArcSinh[Sqrt([b/al*x], (a*d)/(b*c)] + Ixc*e
*x(a*xCkxe — Axb*f)*xxSqrt[1 + (b*x"2)/al*Sqrt[l + (d*x~2)/c]*EllipticF[I*Arc
Sinh[Sqrt[b/al*x], (a*xd)/(b*c)] - I*axc*Cke 2xx*Sqrt[1 + (b*x~2)/al*Sqrt[1
+ (d*x~2)/c]*EllipticPi[(a*f)/(b*e), I*ArcSinh[Sqrt[b/al*x], (a*d)/(bxc)]
+ I*xaxBkcxexfxx*Sqrt[1 + (b*x"2)/al*Sqrt[1 + (d*x~2)/cl*EllipticPil(axf)/
(b*e), IxArcSinh[Sqrt[b/al*x], (a*xd)/(b*c)] - IxaxAxcxf 2*xxSqrt[1 + (b*x~
2)/al*Sqrt[1 + (d*x~2)/cl*EllipticPi[(a*xf)/(b*e), I*ArcSinh[Sqrt[b/al*x],
(a*xd)/(b*c)1) )/ (bxcxe 2xf*xxSqrt[a + b*x~2]*Sqrt[c + d*x~2]))

output

Rubi [A] (verified)

Time = 1.83 (sec) , antiderivative size = 376, normalized size of antiderivative = 1.02,

number of rules _ ) )43 Ryles
integrand size

number of steps used = 2, number of rules used = 2,
used = {7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ A+ Bx? + Oz
z2va + b2V + dz? (e + fx?)
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l 7276
/( —Af? + Bef — Cé? A + C )dw
efva+br2vc+dz?(e+ fx2) exr?vVa+bxvVe+dz2  fva+br2vc+ dx?
l 2009
V=ay/B +1/% 4 1(Af? — Bef + Ce?) EllipticPi (4L arcsin (Y2 ) , #¢)
Vbe2fv/a + bx2vc + da?
Vdzx be
AVdva + b:p2E(arctan <7> 11— E) ~ Ava + bz2/e + da? N Adza + ba? N
av/ceve+ dx?,/ :E‘ZIZ”;% acex acevc + dz?

vceCva + bx? EllipticF (arctan (%) ,1— a%)
adfVetda? | o)

Int[(A + Bxx™2 + Cxx74)/(x"2+Sqrt[a + b*x"2]*Sqrtlc + d*x"2]*(e + f*x~2)),
x]

input

(Axd*x*Sqrt[a + b*x~2])/(a*xc*exSqrt[c + d*x~2]) - (AxSqrt[a + b*xx~2]*Sqrt[
c + d*x"2])/(axcxexx) - (A*Sqrt[d]*Sqrt[a + b*x~2]*EllipticE[ArcTan[(Sqrt[
dl*x) /Sqrtlcl]l, 1 - (b*c)/(axd)])/(a*Sqrt[cl*exSqrt[(cx(a + b*x"2))/(a*(c
+ d*x~2))]*Sqrtlc + d*x~2]) + (Sqrt[c]*C*Sqrt[a + b*x~2]*EllipticF[ArcTan[
(Sqrt[d]l*x)/Sqrtlcl], 1 - (b*c)/(a*xd)])/(a*Sqrt[d]l*f*Sqrt[(c*x(a + b*x~2))/
(a*(c + d*x~2))]*Sqrtc + d*x~2]) - (Sqrt[-al*(C*e~2 - Bxexf + A*f~2)*Sqrt
[1 + (b*xx~2)/al*Sqrt[1 + (d*x~2)/c]l*EllipticPil[(a*f)/(b*e), ArcSin[(Sqrt[b
1*x)/Sqrt[-all, (a*xd)/(b*c)]1)/(Sqrt[bl*e~2xf*Sqrt[a + bxx~2]*Sqrt[c + d*x~
2D

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

7976 ‘ Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol]l :> With[{v = RationalFunctionE ‘
'xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[vl] /; FreeQ[{a, b}, x] && IGtQ
‘ [n, 0] ‘

rule
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Maple [A] (verified)

Time = 10.47 (sec) , antiderivative size = 415, normalized size of antiderivative = 1.12

method | result
Abc\/1+bm \J1+422 (Eulptlcp(m/— - 1+‘1d+bc> ElhptlcE( V-2,/- 1+“d+"c)> Cacey/1+
\/—7 \/bdm4+adm2+m2bc+ac
. 2 2
risch __AVbz’4aVzid+tc +
acex
<—A —g bdef x*—Ay/ bm%% \/ @ EllipticF(w‘/—%,q/Z—f)bcefm—i—A\/ bz%% \/ % EllipticE(wq/—g,q/‘Z—Z)bcefw—
default
o1/14b22 422 Bt b ad+bc bz2 422 Rt
a2 a)@2die) | — AVbdetrade?roborac  “VIF 0 Gl i G 0 e ) B
acex /- \/bdz4+ada:2+9:2bc+ac ae\/—f V bdm4+c
elliptic

int ((Cxx~4+B*x~2+A) /x~2/ (b*x"2+a) ~(1/2) / (d*x"2+c) " (1/2) / (£*x~2+e) ,x,method

input
=_RETURNVERBOSE)

-1/a/c*A/ex (bxx~2+a) ~(1/2) * (d*x~2+c) ~(1/2) /x+1/a/c/ex(-Axb*xc/(-b/a) ~(1/2) *
(1+b*x72/a) " (1/2) * (1+d*x~2/c) " (1/2) / (b*d*x~4+a*d*x~2+bxc*x~2+axc) ~(1/2) *(E
1lipticF(x*(-b/a)~(1/2), (-1+(a*d+b*c) /c/b)~(1/2))-EllipticE(x*(-b/a)~(1/2)
, (-1+(a*xd+b*c) /c/b) ~(1/2)) )+C/f*a*xc*e/(-b/a) ~(1/2) * (1+b*x~2/a) ~(1/2) * (1+d*
x72/¢c)~(1/2) / (b*d*x~4+a*d*x~2+b*c*x~2+a*c) ~(1/2) *E1l1lipticF (x*(-b/a) ~(1/2),
(-1+(a*xd+b*c) /c/b) " (1/2) ) -axc* (Axf~2-B*exf+C*e~2) /f/e/(-b/a) " (1/2) x (1+b*x~
2/a) " (1/2)* (1+d*x"2/c) ~(1/2) / (bxd*x~4+a*d*x~2+b*cxx~2+a*c) ~(1/2) *E11ipticP
i(x*(-b/a)~(1/2) ,axf/b/e,(-1/c*d)~(1/2)/(-b/a) ~(1/2)) ) * ((b*x~2+a) * (d*x~2+c
))~(1/2)/ (b*x~2+a) " (1/2) / (d*x"2+c) " (1/2)

output

Fricas [F(-1)]

Timed out.

dz = Timed out

/ A+ Bz? + Cz?
z2v/a + bx2v/c + dz? (e + fr?)
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t‘integrate((C*x"4+B*x"2+A)/x"2/(b*x"2+a)“(1/2)/(d*x"2+c)“(1/2)/(f*x“2+e),x,

inpu
‘ algorithm="fricas")

outputkTimed out

Sympy [F]

/ A+ Bx? + Cx* / A+ Bz? + Czt
dzr = dzx
r2v/a + br2v/c + dz? (e + fr?) z2v/a + br2v/c + dz? (e + fr?)

integrate ((Ckx**4+Bkx**2+A) /x**2/ (b*xx**2+a) ** (1/2) / (d*x**2+c) ** (1/2) / (£*x*

input
*2+e) ,x)

Integral ((A + B*x*x2 + Cxx**4)/(x**2xsqrt(a + bxx**2)*sqrt(c + d*x**2)*(e

output
+ fxx*x2)), x)

Maxima [F]

dz

/ A+ Bz® +Cx* Cz*+ Bz®>+ A
dxr =
z2v/a + bx?Vc + dz? (e + fz2) Vbx2 + av/dx? + c(fz? + e)x?

input ‘ integrate ((Ckxx~4+B*x~2+A) /x~2/ (bxx~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (£*xx"2+e) ,x,
‘ algorithm="maxima")

Output‘integrate((C*x"lL + B*x"2 + A)/(sqrt(b*x~2 + a)*sqrt(d*x”2 + c)*(£*x"2 + e)
\*X“2), x)
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Giac [F]

dz

/ A+ Bz? +Cz* Cz*+Bx*+ A
dr =
z2v/a + bx?Vc + dx? (e + fz2) Vbz? + av/dz? + c(fr? + e)z?

integrate ((Cxx~4+Bxx~2+A) /x"2/ (b*x~2+a) " (1/2) / (d*x"2+c) " (1/2) / (£*x"2+e) ,x,

input
algorithm="giac")

integrate((C*x~4 + B*x™2 + A)/(sqrt(b*x”2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)

tput
ourpt *x~2), x)
Mupad [F(-1)]
Timed out.
/ A+ Bx?+Czx* / Cz*+Bz?+ A
dxr = dx
z2v/a + br?v/c + dz? (e + fr?) 22/bz? +adz? +c (fz2 +e)
input‘ int((A + B*x™2 + C*x~4)/(x"2*(a + b*x"2)~(1/2)*(c + d*x~2)~(1/2)*(e + f*x~ \
2)),%) |
output‘int((A + Bxx"2 + Cxx~4)/(x"2x(a + b*x"2)~(1/2)*(c + d*x~2)~(1/2)*(e + f*x~
), |
Reduce [F]
A+ Bx?+Cz* Cz*+Bz?+ A
dr = dx
z2v/a + br2v/c + dz? (e + fr?) 22vbx2 +avdz?+c (fr2+e)
inputLint((C*x‘4+B*x‘2+A)/x‘2/(b*x‘2+a)‘(1/2)/(d*x‘2+c)*(1/2)/(f*x*2+e),X) J

OutputLint((C*x“4+B*x“2+A)/x”2/(b*x‘2+a)“(1/2)/(d*x“2+c)‘(1/2)/(f*x‘2+e),x) J
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A+Bz?4+Caz?
316 [ AtBOr g,
22V a+bz?V c+da?\/e+ fx
Optimal result . . . . . ... . ... . .. .. 143}
Mathematica [F] . . . . . . . ... .. 144
Rubi [F] . . . 144
Maple [F] . . . . . . 1451
Fricas [F] . . . . . . . 146
Sympy [F] . . . o 146
Maxima [F] . . . . . o 146
Giac [F] . . . o o o 147
Mupad [F(-1)] . . . . . e 147
Reduce [F] . . . . . . 148
Optimal result
Integrand size = 49, antiderivative size = 523
/ A+ Bz? + Cz*
dz
x2v/a + bx2v/c + dx?\/e + fx?
Ava + br?\/c + dz?
B acxv/e + fx?
e(c+dz?) . v/—be+afzx a(de—cf)
~ Ay/=be + afva + bz? C(e+f$2)E<arcsm (ﬁ\/e_’-i_-fj;z) |Cébe_af)>
e(a+bx?)
a3/2ev/c + dx? et )
 (aCe + Abf — aBf)va+ba? [ {1755 BllipticF (aresin (1 ) ah)

@32 fy/=be ¥ af Vot da? [ 4

C’ eva + bx?, /2((01'?932) EllipticPi ( _L ,arcsin ( JWx) a(de—cf)

’ c(be—af)

Vet fx?

vafy/—be+afvc+dz?,/ SEZI;“;?)



output

input

output
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-Ax (b*x"2+a) ~(1/2)*x(d*x~2+c) ~(1/2) /a/c/x/ (fxx~2+e) " (1/2) -A* (a*xf-b*e) ~(1/2)
* (bxx~2+a) ~(1/2) * (e*x (d*x~2+c) /c/ (£*x~2+e) )~ (1/2) *E1llipticE((a*f-bxe)~(1/2)
*xx/a~(1/2)/ (£*x"2+e) ~(1/2) , (a* (-c*xf+d*e) /c/ (—a*xf+b*e)) ~(1/2))/a~(3/2)/e/(d
*x72+c) " (1/2) / (ex(b*x"2+a) /a/ (£*x"2+e) ) " (1/2) - (Axb*f-B*a*xf+Cxaxe) *x (b*xx~2+a
)" (1/2)*x(ex(d*x"2+c) /c/(£*xx"2+e) )~ (1/2) *E1llipticF ((a*f-b*e) ~(1/2)*x/a~(1/2
)/ (£xx~2+e) ~(1/2) , (ax(-cxf+d*e) /c/ (-a*f+b*e))~(1/2)) /a~(3/2) /£/(a*xf-b*xe) ~(
1/2)/(d*x"2+c) " (1/2) / (ex (b*x~2+a) /a/ (f*x"2+e) ) ~(1/2) +Cxe* (b*x~2+a) ~ (1/2) *(
ex(d*x~2+c) /c/(£*x"2+e)) "~ (1/2)*E1llipticPi((a*xf-b*e) ~(1/2)*x/a~ (1/2)/(£*x~2
+e)~(1/2) ,~a*f/(-a*f+b*e) , (a* (-c*xf+d*e) /c/(—axf+bxe))~(1/2))/a~(1/2)/f/ (ax
f-b*xe) ~(1/2)/(d*x~2+c) ~(1/2) / (ex(b*x"2+a) /a/ (f*x"2+e) ) ~(1/2)

Mathematica [F]

A+ Bz?2+ Cx? A+ Bz? + Czt
dzr = dz
22V a + bx2/c + dx2\/e + fa? 22V a + bx2v/c + dx2\/e + fa?

Integrate[(A + Bxx~2 + C*xx~4)/(x"2xSqrt[a + b*x~2]*Sqrt[c + d*x~2]*Sqrt[e
+ £xx72]) ,x]

e N

Integrate[(A + B*x"2 + C*x~4)/(x"2*Sqrt[a + b*x~2]*Sqrt[c + d*x~2]*Sqrtl[e
+ £xx72]), xl

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/ A+ Bx? + Cz*
z2v/a + bx?Vc + dx? /e + fa?

l 7293

A B Cz?
+ + dx
/ <m2\/a+bz2\/c+dx2\/e+f:v2 Va+bx2\/c+ dz?\/e + fx? \/a+ba:2\/c+dx2\/e+fx2>
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l 2009

2

1
A/ d:c+C’/ dz +
22v/bx? + av/dz? +c\/f:c2 +e Vbz? + av/dx? + c\/fac2 +e

B\/E\/m v/ Zgii{g)) EllipticF (arcsin (%ﬂ) , SZ;;_“S};)

c\/ e+ fr2y/be — af Z((;i‘;:%)

‘Int[(A + B#x™2 + C*x"4)/(x"2*Sqrt[a + bxx"2]*Sqrt[c + d*x"2]*Sqrtle + f4x~
2,1 |

input

output L$Aborted J

Defintions of rubi rules used

rule 2009 LInt fu_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul J

rule 7203 Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int(v, x] /; SunQlv]

] |
Maple [F]
/ Cz*+ 2B+ A
dz
22vbx2 +avz2d+c/fr2 +e
input Lint ((C*x~4+B*x~2+A) /x~2/ (b*x~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (f*x~2+e) ~(1/2) ,x) J

output 186 ((CH"BRX"240) /x72/ (bex"242) " (1/2)/ (dxx72+€) " (1/2)/ (£4x7240)~(1/2), 1) |
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Fricas [F]

A+ Bz? + Czt Czx*+ Bx’+ A
dzr = dz
22V a + bx2v/c + dx?v/e + fz? Vbx? 4 av/dx? + c\/fz? + ex?

integrate ((Cxx~4+B*xx~2+A) /x~2/ (b*x~2+a) " (1/2) / (d*x~2+c) ~(1/2) / (£*x~2+e) ~ (1

input
/2) ,x, algorithm="fricas")

integral ((C*x~4 + B*x~2 + A)*sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*sqrt(f*x~2 +
e)/(bxd*f*x~8 + (b*d*e + (bxc + a*xd)*f)*x"6 + axcxe*xx"2 + (axcxf + (bxc +
axd)xe)*x~4), x)

output

Sympy [F]

A+ Bz?2+Cx* A+ Bz? + Czt
dzr = dzx
22y a + bx2/c + dx2\/e + fa? 22V a + bx2v/c + dx2y/e + fa?

integrate ((Cxx**4+Bkx**2+A) /x**2/ (bxx**2+a) ** (1/2) / (d*kx**2+c) ** (1/2) / (£*x*

input
*2+e) **(1/2) ,x)

Integral ((A + B*x**2 + Ckx**4)/(x**2xsqrt(a + bxx**2)*sqrt(c + d*x**2)*sqr

output
t(e + f£*x**2)), x)

Maxima [F]
A+ Bx? +Cz? Cx*+ B>+ A
dr = dx
x2va + bx2v/c + dx2\/e + fz? Vbx? + avdx? + c\/fx? + ex?

¢ ‘ integrate ((C*x~4+B*x~2+A) /x"2/ (b*x~2+a) " (1/2)/ (d*x~2+c) " (1/2) / (f*x"2+e)~ (1 ‘

inpu
/2) ,x, algorithm="maxima") ‘
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Output‘integrate((C*x“4 + B*x"2 + A)/(sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*sqrt(f*x~2
\+ e)*x72), x)

Giac [F]

A+ Bz? + Czt Czx*+ Bx*+ A
dzr = dz
22V a + bx2v/c + dx?\/e + fz? Vbx? + av/dx? + c\/fz? + ex?

integrate ((Cxx~4+B*xx"2+A) /x~2/ (b*x~2+a) " (1/2) /(d*x~2+c) ~(1/2) / (£*x~2+e) " (1

input
/2) ,x, algorithm="giac")

integrate((C*x~4 + B*x"2 + A)/(sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*sqrt(f*x~2

output
+ e)*x”2), x)

Mupad [F(-1)]

Timed out.

dz

/ A+ Bz?2 +Cx* / Cz*+Bz?+ A
dr =
z2v/a + bx2/c + dx?\/e + fx2 22v/bx2 +avdz?+c/fr2+e

int((A + B*x~2 + C*x~4)/(x"2*%(a + b*x"2)"(1/2)*(c + d*x~2)"(1/2)*(e + f*x~
2)°(1/2)),x)

input

int((A + Bxx™2 + C*xx~4)/(x"2%(a + b*x~2)~(1/2)*(c + d*x~2)~(1/2)*(e + f*xx~

output
2)°(1/2)), x)
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Reduce [F]

/ A+ Bx?+Cxz? / Cz*+Bz?>+ A
dr = T
x2va + bx2/c + dx2\/e + fa? 22Vba2 +avda? +c/fx? +e

input Lint ((Cxx~4+B*x~2+A) /x~2/ (b*x~2+a) ~(1/2) / (d*x~2+c) ~(1/2) / (£*x~2+e) ~(1/2) ,x)

J

-

output Lint ((C*x~4+B*x~2+A) /x72/ (b*x"2+a) " (1/2) / (d*x~2+c) ~(1/2) / (£*¥x~2+e) " (1/2) ,x)

J
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3.17 A+Bz?4Cx*+Dab d
* 2 2 2 2 Z
22V a+bz?V c+da?\/e+ fx

Optimal result . . . . . . . . . . . .. 149]
Mathematica [F] . . . . . . . ... . 150
Rubi [F] . . . 150
Maple [F] . . . . . 1511
Fricas [F] . . . . . . .
Sympy [F] . . . o
Maxima [F] . . . . . o 153
Giac [F] . . . o o o 153
Mupad [F(-1)] . . . . . e 1531
Reduce [F] . . . . . . 154
Optimal result
Integrand size = 54, antiderivative size = 653

AV +dx?\/e+ fx2 Dx+c+ dx?y/e + fr?

/ A+ Bz? + Cz* + Dz e
2v/a + ba?/e + do?ve + f22 cexva + bx?
Vbe — af(acDe + 2Abdf)v/c + dx? %E (arcsin (

2dfva + bx?

veva+bx?

Vbe—afz ) |(bc—ad)e
c(be—af)

)

2abcdq/ef 'z((:ﬁz;)) Ve + fx?

(a’Def + 202 f(Be — Af) + abe(De — 2C'f)) V¢ + dz?
_|_

ale+/?) FllipticF (arcsin (

e(a+bz?)

vbe—afx

Veva+bx?

(bc—a
? c(be—

2b%c\/ef/be — af Zégi‘;ﬁ;; ve+ fx?

av/e(adDf + b(dDe — 2Cdf + cDf))Ve+ da? | 4Hin)

EllipticPi (

f?

arcsin (

Vbe—afzx (bc—ad
Veva+bz? ) 7 c(be—a;

2b2cdf/be — af 2:[?;2) Vve+ fr?



output

input

output
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—Ax (d*x~2+c) " (1/2) *x (£*x~2+e) ~(1/2) /c/e/x/ (b*xx~2+a) ~ (1/2) +1/2*D*xx* (d*x~2+c)
~(1/2)*(£xx"2+e) " (1/2) /d/£/ (b*x~2+a) ~ (1/2) -1/2x (—a*f+b*e) ~ (1/2) * (2xA*b*d*f
+Dxa*cxe) * (d*x~2+c) " (1/2) * (ax (£*xx"2+e) /e/ (b*x"2+a) )~ (1/2) *EllipticE((-a*f+
bxe)~(1/2)*x/e”(1/2)/ (b*x~2+a) " (1/2) , ((-a*d+b*c)*e/c/(-axf+bxe))~(1/2))/a/
b/c/d/e”(1/2)/f/(ax(d*x~2+c) /c/ (b*x"2+a) )~ (1/2) / (f*x"2+e) " (1/2)+1/2* (a~2*D
*exf+2+xb~ 2% f* (—A*xf+Bxe) +a*xbxe* (-2xCxf+D*xe) ) * (d*x~2+c) ~(1/2) x(a*x (£*x"2+e) /e
/ (b*x~2+a)) ~(1/2) *E1llipticF ((~axf+b*e)~(1/2)*x/e~(1/2)/ (b*x~2+a)~(1/2), ((-
axd+b*c)*e/c/ (—axf+bxe))~(1/2))/b"2/c/e”(1/2) /f/ (-a*xf+b*xe) ~(1/2) /(a*x(d*x~2
+c)/c/(b*x"2+a) )~ (1/2) / (f*x~2+e) " (1/2)-1/2*a*e” (1/2) * (a*d*D*f+b* (-2*C*xd*f+
Dxcxf+D*dx*e) ) * (d*xx~2+c) ~(1/2) * (a* (£*x"2+e) /e/ (b*x~2+a)) ~(1/2) *E1lipticPi ((
—a*xf+bxe) " (1/2)*x/e~(1/2)/ (b*x~2+a) ~(1/2) ,b*e/ (—a*f+b*xe) , ((-a*d+b*c)*e/c/ (
—axf+b*e))~(1/2))/b"2/c/d/f/ (—axf+b*xe) ~(1/2)/(ax(d*x~2+c) /c/ (b*x"2+a)) "~ (1/
2)/ (f*x~2+e)~(1/2)

Mathematica [F]

/ A+ Bz? + Cz* + D18 / A+ Bx? + Cz* + D5
r = z
2V a + bx2v/c + dx?/e + fz? x2va + bx2\/c + dx2\/e + fz?

Integrate[(A + B*x~2 + Cxx"4 + D*x76)/(x"2%Sqrt[a + b*x~2]*Sqrt[c + d*x~2]
*Sqrt[e + f£*xx~2]1),x]

Integrate[(A + B*x"2 + Cxx"4 + D*x76)/(x"2*Sqrt[a + b*x~2]*Sqrt[c + d*x~2]
*Sqrt[e + £*x72]), x]

N

~

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

dz

/ A+ Bz?+ Cz* + Dz®
z2Va + bz2Ve + da2y/e + fx?

l 7293
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A B Cz?
+ + +
/ <x2¢a+bx2\/c+dx2\/e+fﬂc2 Va+bz2Ve+dx?\/e+ fa?  Va+briVe+da?\Je+ fz2  Va+b
| 2009

2

A/ z2v/bx? + a\/d;r:2 +c/fa2 + edm * C/ Vbxz? + av/dx? 4 ¢/ fx? + edw *
7
D/ Vb2 + avdz? +c\/fz? +e
By/evc+ dx2,/ ZEZi{;”;)) EllipticF (a,rcsin ( \[Ve l:;;gfﬂ) , S(’;e__ag};)
e+ fa?/be —af /| 4ti)

dx +

‘Int[(A + B#x™2 + Ckx"4 + D#x"6)/(x"2#Sqrt[a + bkx~2]1*Sqrtlc + d*x~21*Sqrt[

input‘ o + £4x-21) %] ‘

output L$Aborted J

Defintions of rubi rules used

rule 2009{111t [u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u] J

~

)
rule 7203 Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Intlv, x] /; SuQlv]

] |

Maple [F]

/ Dz +Cx*+2°B+ A
x
22vba2 +avz2d+c/fr2 +e

¢ \ int ((D*x"6+C*x~4+B*x"2+A) /x72/ (b*x"2+a) " (1/2) / (d*x"2+c) " (1/2) / (f*x"2+e) ~ (1 \
/.0 |

inpu
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‘int((D*x“6+C*x“4+B*x“2+A)/x”2/(b*x”2+a)“(1/2)/(d*x”2+c)“(1/2)/(f*x“2+e)“(1

output
/2),%)

Fricas [F]

/ A+ Bz® + Cz* + Daf e Dz%+Cz' 4+ Br® + A
22V a + bx2v/c + dx?\/e + fz? Vbx? + av/dx? + c\/fz? + ex?

integrate ((D*x~6+C*xx~4+B*x~2+A) /x~2/ (b*x"2+a) ~(1/2) / (d*x~2+c) " (1/2) / (£*x~2

input
+e)~(1/2) ,x, algorithm="fricas")

integral ((D*x~6 + C*x"4 + B*x~2 + A)*sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*sqrt(
f*x~2 + e)/(bxd*f*xx~8 + (b*d*e + (b*c + a*d)*f)*x~6 + akxckxe*x~2 + (axc*f +
(bxc + axd)*e)*x~4), x)

output

Sympy [F]

/ A+ Bz? + Czx*+ D5 dm—/ A+ Bz? + Cz* + Dxb
22V a + bx2/c + dx2\/e + f2? x2va + bx2v/c + dx2\/e + fa?

integrate ((D*x**6+Ckx**4+Bxx**2+A) /x**2/ (bxx**2+a) ** (1/2) / (d*x**2+c) ** (1/2

input
)/ (£xx**2+e) *x(1/2) ,x)

Integral ((A + B*x*x2 + Ckx**4 + D*x*x6)/(x**2ksqrt(a + b*x**2)*sqrt(c + d*

output
x*x*2)*sqrt(e + f*x**2)), x)
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Maxima [F|
/ A+ Bx? + Cx* + Dx® D26+ Cz*+Bz2+ A
xr = xXr
22V a + bx2v/c + dx?v/e + fz? Vbx? 4 av/dx? + c\/fz? + ex?

integrate ((D*x~6+C*x~4+B*x~2+A) /x~2/ (b*x"2+a) ~(1/2) / (d*x~2+c) " (1/2) / (£*x~2

input
+e)~(1/2) ,x, algorithm="maxima")

integrate((D*x"6 + C*x"4 + B*x"2 + A)/(sqrt(b*x”"2 + a)*sqrt(d*x~2 + c)*sqr

output
t(£f*%x72 + e)*x~2), x)

Giac [F]

/ A+ Bx? + Cz* + Dx® / D264+ Cx*+Bx?>+ A
dx = T
22V a + bx2/c + dx?\/e + f22 Vbx? + av/dx? + c\/fz? + ex?

t‘integrate((D*x“6+C*x”4+B*x’“2+A)/x‘2/(b*x“2+a)“(1/2)/(d*x’"2+c)“(1/2)/(f*x’"2

inpu
‘+e)“(1/2),x, algorithm="giac")

output‘integrate((D*x“G + C*x"4 + B*x"2 + A)/(sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*sqr
t(£4x72 + e)*x72), x)

Mupad [F(-1)]

Timed out.

dx

/ A+ Bx? 4+ Cx* + Dab dx—/ A+Bz>2+Cz*+25D
z2va + bx2v/c + dx2\/e + fa? 22vVbx2 +avdz? +c/fr2+e

‘int((A + Bxx"2 + Cxx~4 + x"6*D)/(x"2%(a + b*x"2)"(1/2)*(c + d*xx~2)~(1/2)*(

input
‘e + £xx72)7(1/2)),x)
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‘int((A + B*xx~2 + C*xx~4 + x76%D)/(x"2*(a + b*x~2)~(1/2)*(c + d*x~2)~(1/2)*(

output
e + £xx72)7(1/2)), x)
Reduce [F|
/ A+ Ba? + Cz* + Da® / Dz®+Ca*+ Bz + A
d:L' == x
x2va + bx2/c + dx2\/e + fa? 22Vba2 +avda? +c/fx? +e
input | 10t ((D*X76+Ckx"4+BHx"2+A) /x72/ (b*x"2+a) " (1/2)/ (d*x"2+c) " (1/2) / (£xx"2+e) " (1
/2) ,%)
output | T0E ((D*x6+Cxx"4+Bxx"2+A) /x72/ (b*x"2+a) " (1/2) / (d*x~2+c) ™ (1/2) / (£*x72+e)~ (1
/2) ,%)
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3.18 f Va+br2/ c+dx? (A+Bx2-|—C’a:4)
) z2y\/e+fx?

Optimal result . . . . . . . . . . . . . . e
Mathematica [F] . . . . . . . . . . . 156
Rubi [F] . . . 157
Maple [F] . . . o o 158
Fricas [F] . . . . . o e 158
Sympy [F] . . . o 1591
Maxima [F] . . . . . . 159
Giac [F] . . . o o 159
Mupad [F(-1)] . . . o o 1601
Reduce [F] . . . . . o 1601

Optimal result

Integrand size = 49, antiderivative size = 804

/ va+ bz2\/c+ dr2(A + Bz? + Cz?) dp — _aA\/c+ dz?\/e + fx?
Ve+ fx? exva + bx?
3aC’df b(3Cde — cCf — 4Bdf))zvc+ dr?y/e + fr2  bCz*Vc+ dx2\/e + fa?
8f?v/a + ba? T AfVar e

Vvbe — af(aCdef + b(4df (Be + 2Af) — Ce(3de — cf)))Vc + dz2,/ ig;ii:j))E<arcsin < beajbx > |£l(’l‘;
8bdy/ef?\/ tetia) Ve T T2
be — af (a*Cdef — BAVcS? + abe(3Cde — 3¢Cf — 4Bdf)) ve + da?y / “C/=) EllipticF <arcsin (j
8hPev/ef?\[ orsm Ve + Ia?
av/e(a*>Cd? f? + 2abdf (Cde — cCf — 2Bdf) + b*(4df (Bde — Bef — 2Adf) — C(3d%e? — 2cdef — c* f

8b2cdf?+/be — af Z((Zi‘;;) Ve
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—axAx (d*x~2+c) " (1/2)*(£xx"2+e) ~(1/2) /e/x/ (b*x~2+a) ~ (1/2) +1/8* (3*xa*Cxd*xf-b*
(—4xBxd*xf-Cxcxf+3*Ckd*e) ) *x* (d*x~2+c) ~(1/2) * (£*x~2+e) ~(1/2) /d/£"2/ (b*xx~2+a
)~ (1/2)+1/4%b*Ckx~3% (d*x~2+c) ~(1/2) * (£¥x~2+e) ~(1/2) /£/ (b*x~2+a) ~(1/2) -1/8x
(—axf+bxe) " (1/2) * (a*C*d*e*f+b* (4*xd*f* (2xAxf+Bke) —Cke* (—c*f+3*d*e) ) ) * (d*x"2
+c) " (1/2)* (a* (f*x~2+e) /e/ (bxx"2+a) )~ (1/2) *E1LlipticE((-a*f+b*e)~(1/2)*x/e" (
1/2)/ (b*x~2+a) ~(1/2) , ((-a*d+b*c) *e/c/ (-axf+b*e)) ~(1/2)) /b/d/e~(1/2)/£72/(a
*(d*x~2+c) /c/ (bxx~2+a)) ~(1/2) / (£*x~2+e) ~(1/2)-1/8* (—a*f+bxe) ~(1/2) * (a~2*Cx
dxexf-8xAxb~2xcxf~2+axbxex (—~4*xBxd*f-3*Ckxc*xf+3*Ckd*e) ) * (d*xx~2+c) ~(1/2) * (ax(
fxx"2+e)/e/(b*x~2+a)) ~(1/2) *E1lipticF ((-axf+b*e) ~(1/2)*x/e”~(1/2) / (b*x~2+a)
~(1/2), ((-axd+b*c) *e/c/ (-axf+b*xe))~(1/2))/b~2/c/e”(1/2) /£~2/ (a*x (d*x"2+c) /c
/ (b*xx~2+a)) " (1/2) / (£*x~2+e) ~(1/2)-1/8*axe” (1/2) * (a~2*%Ckd~2*f ~2+2*axbkd*f* (
-2xBxd*f-Cxckf+Ckd*e) +b~ 2% (4*d*f* (—2xAxd*f-Bkc*f+Bkd*e) —Ck (—c~2%f ~2-2kc*d*
exf+3xd"2xe~2)) ) *x (d*x"2+c) ~(1/2) * (a* (£*x"2+e) /e/ (b*x~2+a)) ~(1/2) *E11lipticP
i((-a*xf+b*e)~(1/2)*x/e"(1/2)/(b*x~2+a) ~(1/2) ,b*e/ (—axf+b*xe) , ((-a*d+b*c)*e/
c/(-axf+b*xe))~(1/2))/b"2/c/d/£~2/ (—axf+bxe) ~(1/2) / (a*(d*x~2+c) /c/ (b*xx~2+a)
)~ (1/2) / (£xx~2+e) ~(1/2)

output

Mathematica [F]

dz

/\/a+bm2\/c+dx2(A+B$2+Cz4) dz_/\/a+bm2\/c+dx2(A+Bw2+Cx4)
x2\/e+ fx? B x2\/e + fx?

Integrate[(Sqrt[a + b*x~2]*Sqrtlc + d*x~2]*(A + B*x"2 + C*x~4))/(x~2*Sqrt[

input
e + £*x~2]),x]

Integrate[(Sqrt[a + b*x~2]*Sqrtlc + d*x~2]*(A + B*x"2 + C*xx"4))/(x"2*Sqrt[

output
e + f*xx~2]), x]
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/ \/a+bx2\/c+da:2(A+Ba:2 +C’a:4)
z2\/e + fx?

l 7293

/ Ava + bx?vc + dz? + Bva + bz2?Vc + dx? N Cz%vVa + bx2Ve + dx? "
z2\/e + fx? ve+ fx? ve+ fx?

l 2009

dx +

A/ \/ba:2 +avda®tec + C/ #*vbz? + avdz? + ¢
Vittte V2 +e
bB\/eVc + dx? (de —cf) 6(2332) EllipticF (arcsm (\%J ) g?g;fj}?)
e+ /b —af 2D _
ByeVa T+ bavile = of \[ S B (avosin (5t ) |- et

Bey/eva + bx?y/ ziiﬁs ) (—adf — bef + bde) EllipticPi ( dorsf>aresin ( \[Ve ‘f;;;ffc) , —(5’2322‘;)

2adf \/e + fx2y/de — cf a(Z]:ZZZ))
Bdzva + bxz\/e + fx?
2fve+ dz?

1nput‘ Int[(Sqrt[a + bxx~2]*Sqrt[c + d*x~2]*(A + B*x~2 + C*x~4))/(x"2*Sqrt[e + fx*
Lx 21),x]

N

|
J

output ‘\$Aborted
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk37293‘Int[u-’ x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

] |

Maple [F]

/ Vbz? 4+ avz2d+c(Cz? +xQB+A)dx

2/ fx?+e

-

inputtint((b*x"2+a)A(1/2)*(d*x"2+c)"(1/2)*(C*x*4+B*x"2+A)/X*2/(f*x*g...e)*(l/z),X) }

Ou_tputLint((b*x‘2+a)“(1/2)*(d*x"2+c)‘(1/2)*(C*x"4+B*x“2+A)/x"2/(f*x"2+e)“(1/2),x) J

Fricas [F|

va + br2\/c+ dr?2(A + Bz? + Cz?) dz—/ (Cx4+Bx2+A)\/bx2+a\/dx2+cd$

x?/e + fx? V fr? + ex?

integrate ((b*x~2+a)~ (1/2)* (d*x~2+c) " (1/2) * (Cxx~4+B*x~2+A) /x~2/ (£*¥x"2+e) " (1

input
/2) ,x, algorithm="fricas")

integral ((C*x~4 + B*x~2 + A)*sqrt(b*x~2 + a)*sqrt(d*x~2 + c)*sqrt(f*x~2 +

output
e)/(fxx~4 + e*x"2), x)
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Sympy [F]

va+ bx2vc+ dz?(A + Bz? + Cz*) dp— va+ bx2v/c+ dz?(A + Bz? + Cz?)

d
x2\/e+ fx? x2\/e+ fx? v

‘ integrate ((b*x**2+a) ** (1/2) * (d*x**2+c) ¥* (1/2) * (Ckx*k*4+B*x**2+A) /x**2/ (£*x* \

input
*2+e)*%(1/2) %) |

output‘ Integral(sqrt(a + b*x**2)*sqrt(c + d*x**2)* (A + Bxx**2 + Ckx**4)/(x**2*sqr \
‘t(e + £Hx*x2)), x)

Maxima [F]

dz

va + bx2v/c+ dz?(A + Bx? + Cz*) dm—/ (Cz* + Bz? + A)Vbx? + av/dx? + ¢
z2\/e + fr? N VT2Z T ex?

}integrate((b*x*2+a)‘(1/2)*(d*x‘2+c)‘(1/2)*(C*x“4+B*x‘2+A)/x“2/(f*x“2+e)“(1

input
‘/2),x, algorithm="maxima")

‘integrate((C*x‘4 + B*x"2 + A)*sqrt(b*x”2 + a)*sqrt(d*x~2 + c)/(sqrt(f*x~2

output‘+ D £ ‘

Giac [F]

/\/a+bx2\/c+dx2(A+Bx2+C’x4) dx—/ (C’x4+Bx2+A)\/bx2+a\/dx2+cdx

x?/e + fx? Vfz? + ex?

‘integrate((b*x‘2+a)“(1/2)*(d*x‘2+c)A(1/2)*(C*x‘4+B*x‘2+A)/x‘2/(f*x‘2+e)“(1

input
‘ /2) ,x, algorithm="giac") ‘

t‘ integrate((C*x"4 + B*x~2 + A)*sqrt(b*x~2 + a)*sqrt(d*x~2 + c)/(sqrt(f*x~2 ‘

outpu ‘+ e)*x~2), x) ‘
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Mupad [F(-1)]

Timed out.

/\/a+ba:2\/c+dx2(A+Bx2+C:c4) e
/e + fr?
:/\/bx2+a\/dm2+c(0x4+Bm2+A)dx
w2/ fz?+e

t}m(((a + b*x"2) " (1/2)*(c + d*x~2)~(1/2)*(A + B*x"2 + Cxx~4))/(x 2% (e + f*
\x~2)*(1/2)),x>

inpu

‘int(((a + b*x"2) " (1/2)*(c + d*x"2)"(1/2)*(A + B*x"2 + C*x"4))/(x"2*x(e + f*

output
x72)7(1/2)), %)
Reduce [F]
/ va+ bx2v/c+ dz?(A + Bx? + Cz*) i
Ny
_ / Vbx? +a+da?+c(Cz* + Bz? +A)dx
N 22/f22 +e
input tint ((b*x~2+a) " (1/2) * (d*x~2+c) ~(1/2) * (C*xx~4+B*x~2+A) /x~2/ (f¥x~2+e) ~(1/2) ,x)

output Lint ((b*x~2+a) " (1/2) * (d*x~2+c) "~ (1/2) * (Cxx"4+B*x"2+A) /x~2/ (£*x"2+e) " (1/2) ,x)
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 16Tl

4.2 Links to plain text integration problems used in this report for each CAS . [I79

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

161

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[List,expn]],7]],
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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