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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 41 |. This is test number [ 40 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (41) | 0.00 (0)
Mathematica | 100.00 (41 ) | 0.00 (0)
Mupad 100.00 (41) | 0.00 (0)
Sympy 100.00 (41) | 0.00 (0)
Maple | 78.05 (32) | 21.95(9)
Fricas 78.05 (32) | 21.95 (9)
Maxima | 46.34 (19) | 53.66 ( 22)
Giac 29.27 (12) | 70.73 (29 )
Reduce | 20.27 (12) | 70.73 (29)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade

Rubi 100.000 0.000 0.000 0.000
Fricas 58.537 19.512 0.000 21.951
Sympy 56.098 9.756 34.146 0.000
Maple 48.780 0.000 29.268 21.951
Maxima, 43.902 2.439 0.000 53.659
Mathematica 36.585 0.000 63.415 0.000
Giac 29.268 0.000 0.000 70.732
Mupad 0.000 100.000 0.000 0.000

Reduce 0.000 29.268 0.000 70.732

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Mupad 0 0.00 0.00 0.00
Sympy 0 0.00 0.00 0.00
Fricas 9 100.00 0.00 0.00
Maple 9 100.00 0.00 0.00
Maxima 22 90.91 0.00 9.09
Giac 29 100.00 0.00 0.00
Reduce 29 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.07
Fricas 0.07
Mupad 0.11
Giac 0.12
Rubi 0.20
Reduce 0.23
Sympy 0.44
Maple 0.71
Mathematica 7.48

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 65.61 0.75 37.00 0.80
Maxima 78.79 1.03 69.00 0.88
Reduce 83.50 0.90 72.00 0.93
Sympy 85.88 1.27 36.00 0.51
Giac 90.67 0.94 119.50 0.93
Maple 103.22 0.77 40.00 0.87
Rubi 105.27 1.01 92.00 1.00
Fricas 165.25 1.62 63.50 1.03
Mathematica | 1107.10 18.42 110.00 1.00

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.
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Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}

Mathematica
Maple {22)
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[12)B)705,5, 7, 8000 1) 2 13,4 15,16, 7 15) 9, 20} 21, 22,23 20, 25 26,
725,29, 30,51, 52,33, 34,536, 57,58 B9 A0} 41 }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma
A grade {[LBBAEHNBHMILBEEE)
B grade { }

C grade { (13,14 15,16} 7 15 19, 20) 21, 22 23, 2 25,27 26,20 0L 1) 2, 53 B 6 B8,
SO0 )

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }
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Maple

A grade { (13570534 15)16) 17 59} 24 2520 27 S L BOL 5 )
B grade {}

C grade {[6,[7,8}[9}[10,[T1}[12} 20} 21} 22} [23}36] }

F normal fail { 51,525 54,5755, 5901 }
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {12555, 73 3 14 5167 5 9L 20, 21, 2 73 7 25,25 L6 )
B grade { BO/0IZE4E520,59 )

C grade { }

F normal fail {[31},32,33,[34,[37,[38 [39, A0} [41] }

F(-1) timedout fail { }

F(-2) exception fail { }

Maxima

A grade {[LBBE BB 0252725 29,50,85,59 )
B grade {24}

C grade { }

P normal fail { 3185, 16, 7 5 1, 202122, 25 1, B2 B 7 5, B9, A0 1
F(-1) timedout fail { }

F(-2) exception fail {[11][12]}
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Giac

A grade {LEBABBAENMOILIE)
B grade {}

C grade { }

F normal fail {[T3)(T4T5)[T6,[7)[5)[0L/20, 1) 22,25 24, 25 26,27 25,20, 50, 51, B2, 53
555,56, 378, B0} A0, 1

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad
A grade { }

B grade {1} B)FA 5,57, 10V} 12 3} T4 15, 16,17 15,19} 20,21, 22 23, A 25 26
728,29, 30, 81,52, 33, 34,55, 86, 57, 58 BOL A0, 1

C grade { }
F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }

Sympy
A grade { [1}[2}[3,[4,[5} 6} 7}[8 9 [LOh[LT} 12} [13; [14} [15} 16, [17} [18} [19}, [20} 21} 22} 23] }
B grade { [27][28}[29}[30] }

C grade { [2425,[26,31,[32,33}[34, 35,3637} [38} 3% 40}, 41 }
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }
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Reduce

A grade { }

B grade { LBEABBLEHOM)
C grade { }

F normal fail {[T3)[T4T5)[16,[7) 15,0} 20,21} 22,25 21, 25, 26,27 25,29, 50, B, B2, B3
455,56, 57, 58 B9 A0} 41}

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 61 61 61 54 53 53 60 53 57 53
N.S. 1 1.00 1.00 0.89 0.87 0.87 098  0.87 0.93 0.87
time (sec) N/A 0.350 0.038 0.345 0.035 0.070 0.023 0.117 0.210 0.132

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 48 43 42 42 46 42 46 42
N.S. 1 1.00  1.00 0.90 0.88 0.88 0.96 0.88 0.96 0.88
time (sec) N/A 0.169 0.001 0.355 0.026 0.062 0.020 0.122 0.234 0.015

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 38 33 32 32 36 32 35 32
N.S. 1 1.00 1.00 0.87 0.84 0.84 095 0.84 0.92 0.84

time (sec) N/A 0.161 0.001 0.339 0.025 0.067 0.019 0.128 0.236 0.026
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 25 22 21 21 20 21 24 21
N.S. 1 1.00 1.00 0.88 0.84 0.84 0.80 0.84 0.96 0.84
time (sec) N/A 0.149 0.001 0.348 0.029 0.061 0.021 0.111 0.230 0.037
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 12 12 12 11 10 10 8 10 12 10
N.S. 1 1.00 1.00 0.92 0.83 0.83 0.67 0.83 1.00 0.83
time (sec) N/A 0.136 0.000 0.037 0.025 0.059 0.016 0.119 0.205 0.034
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 115 111 89 27 98 299 20 112 67 99
N.S. 1 097 0.77 0.23 0.85 2.60 0.17 0.97 0.58 0.86
time (sec) N/A 0.370 0.035 0.464 0.110 0.083 0.093 0.124 0.264 0.259
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 134 136 118 46 122 389 39 127 171 128
N.S. 1 1.01  0.88 0.34 0.91 2.90 0.29 0.95 1.28 0.96
time (sec) N/A 0.269 0.040 0.430 0.107 0.081 0.128 0.120 0.213 0.147
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 151 161 135 57 145 499 63 137 278 142
N.S. 1 1.07  0.89 0.38 0.96 3.30 0.42 0.91 1.84 0.94
time (sec) N/A 0.295 0.036 0.457  0.129  0.081 0.199 0.128 0.230 0.148
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 125 123 101 28 114 446 32 143 79 137
N.S. 1 098 0.81 0.22 0.91 3.57 0.26 1.14 0.63 1.10
time (sec) N/A 0.275 0.020 0.461 0.109 0.088 0.130 0.125 0.242 0.208
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 124 122 124 30 113 467 34 131 7 165
N.S. 1 0.98  1.00 0.24 0.91 3.77 0.27 1.06 0.62 1.33
time (sec) N/A 0.256 0.047 0.439 0.110 0.096 0.149 0.119 0.241 0.296
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F(-2) A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 139 134 101 28 0 446 32 142 79 137
N.S. 1 096 0.73 0.20 0.00 3.21 0.23 1.02 0.57 0.99
time (sec) N/A 0.288 0.022 0.463 0.000  0.081 0.138 0.119 0.252 0.221
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F(-2) B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 138 135 124 30 0 467 34 138 7 165
N.S. 1 0.98  0.90 0.22 0.00 3.38 0.25 1.00 0.56 1.20
time (sec) N/A 0.282 0.030 0.439 0.000 0.083 0.156 0.125 0.203 0.278
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 265 271 49 320 0 58 37 0 71 37
N.S. 1 1.02 0.18 1.21 0.00 0.22 0.14 0.00 0.27 0.14
time (sec) N/A 0.290 4.394 2.528 0.000  0.073 0.543 0.000 0.261 0.142
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 246 249 47 309 0 47 37 0 52 37
N.S. 1 1.01  0.19 1.26 0.00 0.19 0.15 0.00 0.21 0.15
time (sec) N/A 0.243 3.817  0.500 0.000  0.070 0.667 0.000 0.265 0.077
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 227 227 46 297 0 33 37 0 35 37
N.S. 1 1.00 0.20 1.31 0.00 0.15 0.16 0.00 0.15 0.16
time (sec) N/A 0.228 3.015 0.472 0.000 0.071 0.461 0.000 0.234 0.072
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 207 207 46 283 0 14 36 0 20 37
N.S. 1 1.00  0.22 1.37 0.00 0.07 0.17  0.00 0.10 0.18
time (sec) N/A 0.213 10.014 0.469 0.000 0.068 0.424 0.000 0.233 0.076
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 232 232 55 306 0 51 36 0 31 37
N.S. 1 1.00 0.24 1.32 0.00 0.22 0.16 0.00 0.13 0.16
time (sec) N/A 0.230 3.328 0.440 0.000  0.068 0.487 0.000 0.218 0.110
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 251 259 72 335 0 88 36 0 42 37
N.S. 1 1.03  0.29 1.33 0.00 0.35 0.14 0.00 0.17 0.15
time (sec) N/A 0.257 4.155 0.435 0.000  0.070 0.517 0.000 0.224 0.102
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 270 286 85 364 0 121 36 0 53 37
N.S. 1 1.06 0.31 1.35 0.00 0.45 0.13 0.00 0.20 0.14
time (sec) N/A 0.283 4.700 0.451 0.000 0.076 0.661 0.000 0.219 0.131
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 103 103 17 14 0 6 27 0 16 155
N.S. 1 1.00 0.17 0.14 0.00 0.06 0.26 0.00 0.16 1.50
time (sec) N/A 0.178 10.018 0.908 0.000 0.064 0.342 0.000 0.240 0.155
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 115 115 15 12 0 6 29 0 20 172
N.S. 1 1.00 0.13 0.10 0.00 0.05 0.25 0.00 0.17 1.50
time (sec) N/A 0.181 10.018 0.825 0.000 0.087 0.366 0.000 0.257  0.143
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A A F F B
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 120 120 35 30 0 6 26 0 16 156
N.S. 1 1.00  0.29 0.25 0.00 0.05 0.22 0.00 0.13 1.30
time (sec) N/A 0.193 10.020 0.903 0.000 0.070 0.366 0.000 0.243 0.064
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 112 112 37 16 0 6 31 0 19 172
N.S. 1 1.00 0.33 0.14 0.00 0.05 0.28 0.00 0.17 1.54
time (sec) N/A 0.182 10.020 0.680 0.000  0.077 0.344 0.000 0.249 0.026
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B B C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 112 114 272 144 179 399 37 0 45 37
N.S. 1 1.02 243 1.29 1.60 3.56 0.33 0.00 0.40 0.33
time (sec) N/A 0.188 0.171 2.274 0.123  0.091 0.968 0.000 0.219 0.077
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A B C F F B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 91 92 203 118 134 362 37 0 27 37
N.S. 1 1.01  2.23 1.30 1.47 3.98 0.41 0.00 0.30 0.41
time (sec) N/A 0.171 0.087 0.641 0.116  0.078 0.656 0.000 0.240 0.067
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 70 70 110 99 100 330 36 0 11 37
N.S. 1 1.00  1.57 1.41 1.43 4.71 0.51 0.00 0.16 0.53
time (sec) N/A 0.156 0.041 0.498 0.112  0.078 0.558 0.000 0.219 0.083
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A B F F B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 16 16 524 15 14 23 29 0 30 14
N.S. 1 1.00 32.75 0.94 0.88 1.44 1.81 0.00 1.88 0.88
time (sec) N/A 0.132 3.924 0.489 0.027 0.074 0.376 0.000 0.244 0.071
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A B F F B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 39 39 5268 26 31 47 126 0 50 28
N.S. 1 1.00 135.08 0.67 0.79 1.21 3.23 0.00 1.28 0.72
time (sec) N/A 0.150 16.910 0.479 0.031 0.068 0.594 0.000 0.243 0.065
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A B F F B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 58 66 11702 37 50 69 515 0 70 44
N.S. 1 1.14 201.76 0.64 0.86 1.19 8.88 0.00 1.21 0.76
time (sec) N/A 0.170 55.029 0.484 0.026  0.070 0.992 0.000 0.207 0.078
Problem 30 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A B F F B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 7 93 21879 48 67 91 1550 0 90 61
N.S. 1 1.21 284.14  0.62 0.87 1.18  20.13 0.00 1.17 0.79
time (sec) N/A 0.190 144.932 0.496 0.039 0.075 1.675 0.000 0.266 0.085
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F C F F B
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 47 47 272 0 0 0 37 0 45 37
N.S. 1 1.00 5.79 0.00 0.00 0.00 0.79 0.00 0.96 0.79
time (sec) N/A 0.157 0.211  0.000 0.000  0.000 0.544 0.000 0.258 0.082
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F C F F B
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 46 46 203 0 0 0 37 0 27 37
N.S. 1 1.00 4.41 0.00 0.00 0.00 0.80 0.00 0.59 0.80
time (sec) N/A 0.159 0.134 0.000 0.000  0.000 0.465 0.000 0.237 0.062
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F C F F B
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 46 46 183 0 0 0 36 0 11 37
N.S. 1 1.00 3.98 0.00 0.00 0.00 0.78 0.00 0.24 0.80
time (sec) N/A 0.157 0.159  0.000 0.000  0.000 0.448 0.000 0.261 0.078
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F C F F B
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 49 49 2028 0 0 0 36 0 30 37
N.S. 1 1.00 41.39  0.00 0.00 0.00 0.73 0.00 0.61 0.76
time (sec) N/A 0.153 10.785 0.000 0.000  0.000 0.662 0.000 0.210 0.113
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 72 72 116 103 103 284 37 0 12 38
N.S. 1 1.00 1.61 1.43 1.43 3.94 0.51 0.00 0.17 0.53
time (sec) N/A 0.156 0.051 1.858 0.107  0.074 0.517 0.000 0.242 0.113
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 78 18 69 76 34 0 9 16
N.S. 1 1.00 1.70 0.39 1.50 1.65 0.74 0.00 0.20 0.35
time (sec) N/A 0.147 0.023 2.256 0.107  0.076 0.431 0.000 0.231 0.091
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F C F F B
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 46 46 203 0 0 0 37 0 27 37
N.S. 1 1.00 4.41 0.00 0.00 0.00 0.80 0.00 0.59 0.80
time (sec) N/A 0.153 0.125 0.000 0.000  0.000 0.638 0.000 0.252 0.096
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F C F F B
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 46 46 203 0 0 0 37 0 27 37
N.S. 1 1.00 4.41 0.00 0.00 0.00 0.80 0.00 0.59 0.80
time (sec) N/A 0.154 0.126  0.000 0.000  0.000 0.480 0.000 0.258 0.079
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F C F F B
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 46 46 203 0 0 0 36 0 11 37
N.S. 1 1.00 4.41 0.00 0.00 0.00 0.78 0.00 0.24 0.80
time (sec) N/A 0.158 0.098  0.000 0.000  0.000 0.432 0.000 0.231 0.093
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F C F F B
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 46 46 201 0 0 0 36 0 11 37
N.S. 1 1.00 437  0.00 0.00 0.00 0.78 0.00 0.24 0.80
time (sec) N/A 0.154 0.109 0.000 0.000 0.000 0.445 0.000 0.274  0.093
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F C F F B
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 49 49 263 0 0 0 36 0 30 37
N.S. 1 1.00 537  0.00 0.00 0.00 0.73 0.00 0.61 0.76
time (sec) N/A 0.156 0.150 0.000  0.000 0.000 0.693 0.000 0.237 0.114
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio I%ﬁg?;&fi glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[8] had the largest ratio of [1.11111000000000004]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade Slf:f; uziize antlti;ris‘l_f:zive loaf sige | Ttegrand leaf size
1] A 2 2 1.00 9 0.222
% A 2 2 1.00 9 0.222
3| A 2 2 1.00 9 0.222
4 A 2 2 1.00 9 0.222
i A 1 1 1.00 7 0.143
6} A 9 8 0.97 9 0.889
7] A 10 9 1.01 9 1.000
3] A 11 10 1.07 9 1.111
9 A 9 8 0.98 10 0.800
10j A 8 7 0.98 11 0.636
11 A 9 8 0.96 10 0.800
12} A 10 9 0.98 11 0.818
13 A 4 4 1.02 11 0.364
14] A 3 3 1.01 11 0.273
15) A 2 2 1.00 11 0.182
16 A 1 1 1.00 11 0.091
17 A 2 2 1.00 11 0.182
18 A 3 3 1.03 11 0.273
19 A 4 4 1.06 11 0.364
20 A 1 1 1.00 9 0.111
21 A 1 1 1.00 11 0.091
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:Sds ui?eze antlfa?rlszzzlve leaf size integrand leaf size
22] A 1 1 1.00 9 0.111
23] A 1 1 1.00 11 0.091
24] A 3 3 1.02 11 0.273
25) A 2 2 1.01 11 0.182
26} A 1 1 1.00 11 0.091
27] A 1 1 1.00 11 0.091
28] A 2 2 1.00 11 0.182
29) A 3 3 1.14 11 0.273
30) A 4 4 1.21 11 0.364
31 A 2 2 1.00 11 0.182
32] A 2 2 1.00 11 0.182
33] A 2 2 1.00 11 0.182
34 A 2 2 1.00 11 0.182
35| A 1 1 1.00 12 0.083
36} A 1 1 1.00 9 0.111
3_7 A 2 2 1.00 11 0.182
38} A 2 2 1.00 11 0.182
39) A 2 2 1.00 11 0.182
4_0 A 2 2 1.00 11 0.182
41 A 2 2 1.00 11 0.182
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3\9

3.1 [ (a+ bx?)’ dz

Optimal result . . . . . . . . . . . . . e 44
Mathematica [A] (verified) . . . . . . . . ... .. L 44
Rubi [A] (verified) . . . . . . .. . . 45
Maple [A] (verified) . . . . . . . . ... 161
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .... 46
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 47
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 47
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 47

Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 9, antiderivative size = 61

5 10 5
/ (a+ bx3)5 dz = o’z + Sa*bz* + —a®b’z" + 203210 + —abizd + ——

4 7

13

P16
16

‘*x‘16

t‘a’"5*x+5/4*a“4*b*x’"4+1O/7*a“3*b’"2*x’"7+a’"2*b‘3*x’"10+5/13*a*b’"4*x“13+1/16*b‘5

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.00

1
/ (a + ba:3)5 dx = a®z + §a4bz4 + 70a3b2a:7 +a’®z!0 + Eab4a713 +

4

13

b5$16

16

‘Integrate[(a + b*x~3)75,x]

p
‘a‘5*x + (5*%a~4xb*xx~4)/4 + (10%a~3%b"2*x~7)/7 + a~2*xb~3*x"10 + (5*a*xb~4*xx~1

\3)/13 + (b~5%x~16)/16

N
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Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.00,

number of rules _ 0.222, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {747, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
3\5
/(a+bx )" dx
l 747
/ (a5 + 5a*bz® + 10626228 + 10a%632° + 5ab*z? + b5x15) dz
l 2009
5 10 5 bzt
5 9 g4y 4, V390 7 9,3 10, 2 .4 13
am+4abw + 7abx + a“b’x +13ab:c +716
input LInt[(a + b*x~3)"5,x] J
Output‘aAS*x + (B5*a~4xb*xx"4)/4 + (10*%a~3*xb"2*%x"7)/7 + a~2*b~3*%x~10 + (5*axb”~4*x~1
\3)/13 + (b~5%x~16)/16 \
Defintions of rubi rules used
rule 747‘ Int[((a_) + (b_)*(x_)"(n_.))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b* ‘

'x"n)"p, x], x] /; FreeQ[{a, b}, x] & IGtQ[n, 0] && IGtQ[p, O] |

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J
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output

input

output
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Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.89

method result size
gosper @’z + 2a*bz* + Da®b’z” + a®b32'0 + Zabis™® + Lb5x® | 54
default @’z + 2a*bz* + La®b’z” + a®b3z'0 + Zabis™® + b0 | B4
norman a’z + 2a'bz* + 1—70a3b2x7 + a?b3210 4 %a [ A %b%m 54
risch a’z + 2a'bzt + 1—70a3b2x7 + a?b’z' + Za bz + %bf’xl6 54
parallelrisch | a®z + Sa*ba?* + 2a3?s” + a?b32'0 + Sabtz'® + LbP2™0 | 54
orering a:(91b5x15+560a b4:1:12+1456a2bsfz;2080a3b2x6+1820a4b a:3+1456a5) 58

Lint((b*x‘3+a)“5

»X,method=_RETURNVERBOSE)

p
‘a“5*x+5/4*a“4*b*x“4+10/7*a“3*b“2*x‘7+a‘2*b“3*x‘10+5/13*a*b*4*x‘13+1/16*b‘5

‘*x‘16

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.87

/ (a+ bx3)5

1 5 10 5
dr = — b°2'% + — ab*z"® + a®0®2'° + — &®b’2" + = a'bzt + a°z

16 13

7

4

N

Lintegrate ((b*x~3+a)~5,x, algorithm="fricas")

‘1/16*b‘5*x“16 + 5/13%a*b”4*x~13 + a~2*b"3*x~10 + 10/7*a"3*b~2*x~7 + 5/4*a”

L4*b*x‘4 + a~bkx
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.98

5 5a*bx*  10a3b%z” S5abiz®  bPyl6
/(a+bx3) dx = a’z + 1 + - + a2z + 13 + 16

input Lintegrate ((b*x**3+a) **5,x) J

e B
output‘ a*xx5xx + Bxakx*kdxbkx**4/4 + 10%a*x*3xbkkkxx*x7/7 + ak*2xbx*k3*xxxx10 + Sxakxb*x ‘

‘4*x**13/13 + b**5*x*%16/16

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.87

1 10 5
/ (a+ bx3)5 dr = — b°z'% + 2 ab*z®® + a?6320 + = o®v%z" + = atbxt + a’zx

16 13 7 4
input Lintegrate ((b*x~3+a)~5,x, algorithm="maxima") J
e N
Output‘1/16*bA5*xA16 + 5/13%a*b”4*x~13 + a~"2*%b"3*x~10 + 10/7*a"3*b~2*x~7 + 5/4*a”
|4xbx"4 + a”bx |
Giac [A] (verification not implemented)
Time = 0.12 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.87
1 5 10 5
/ (a + ba:3)5 dr = — b°2'% + = ab's™® + a®p*2'° + — a3b%z" + = a*b2 + a°x
16 13 7 4
input Lintegrate ((b*x~3+a)~5,x, algorithm="giac") J

output‘ 1/16%b"5%x~16 + 5/13%a*b~4*x"13 + a~2*b"3*x~10 + 10/7*a~3*xb~2*x~7 + 5/4%a"~ ‘
‘4*b*x‘4 + a~bkx ‘
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Mupad [B] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.87

5a*bxt 10a3b2x7+ 233 1O+5ab4x13+b5z16
4 7 “re 13 16

/(a+bac3)5 dr = o’z +

inputLint((a + b*x~3)"5,x%) J

output‘aAS*X + (b~5%x~16)/16 + (5*a~4%b*x~4)/4 + (5*a*b~4%*x~13)/13 + (10%a~3%b~2* ‘
‘x‘7)/7 + a”2*%b"3*x"10

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.93

/ (a4 b2%)° da
_ z(916°z™ + 560a b'z'? 4 1456a°b°z? + 2080a°b%2° + 1820a’b 2> + 1456a°)
- 1456

-

Lint((b*x‘3+a)‘5,x)

-/

input

‘(x*(1456*a**5 + 1820%a**4xbkx**3 + 2080%a**3xbk*2kx**k6 + 1456%a**x2kbk*x3kx*
*9 + 560*%axb¥*4xx**12 + 91xbx*kx5*x*x15)) /1456

N J

output
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3\4

3.2 [ (a+bx?)" dz

Optimal result . . . . . . . . . . . . . e 9]
Mathematica [A] (verified) . . . . . . . . ... .. L 49
Rubi [A] (verified) . . . . . . .. . . 50
Maple [A] (verified) . . . . . . . . ... b1l
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .... b1l
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 52
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 52
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 52
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 53]
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 53

Optimal result

Integrand size = 9, antiderivative size = 48

/ (a+bz®)

6 2
Y de = a*z + adbat + ?a2b2x7 + gab?’xlo +

b4.’1313

13

-

output

La’"4*x+a‘3*b*x‘4+6/7*a‘2*b“2*x‘7+2/5*a*b’"3*x’"10+1/13*b’"4*x‘13

-

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00

/ (a+ bz?)

6 2
4 dz = a*z + a®bz* + ?a2b2x7 + gab?’zlo +

b4.’1,'13

13

-

input

N\

Integrate[(a + b*x"3)74,x]

output‘ R ¢ 8

~3xb*x~4 + (6%a~2%b~2*x"7)/7 + (2*%axb~3*x~10)/5 + (b~4*x~13)/13
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Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00,

number of rules _ 0.222, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {747, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
3\ 4
/(a+bx) dx
l 747
/ (a4 + 4a®bx® + 6026228 + 4ab32® + b4ac12) dz

l 2009

6 2 biels

4 3,4, 0 997 2.3 319, 0T

a*r + a’bx +7abw +5ab:c + 3
inputLInt[(a + b*x~3)"4,x] J

p

>

output ta’"4*x + a”3%b*x"4 + (6%a”2*b"2%x77)/7 + (2%a*b~3%x710)/5 + (b~4*x~13)/13 J

Defintions of rubi rules used

747‘In‘c[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b* ‘

le
i x"n)7p, xl, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] & IGtQ[p, 0] |

rule zoogtlnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J
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Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.90

method result size
gosper a*z + a®bz* + 2a?0’z" + 2a b32'0 + Lbta!3 | 43
default a*z + a®bz* + 2a?b’z" + 2a b32'0 + Lbta!3 | 43
norman a*z + a3bz* + $a2b2x7 + %a b3z10 + %b“m13 43
risch a*z + a3bz* + $a2b2:v7 + %a b3z10 + %b“xl?’ 43
parallelrisch | a*z + a®bz* + 2ab?a™ + 2ab%2™0 + Lb'z!® | 43
orering T (35b4x12+182a b3w9+39£;52 b2x8+455a3b 23 +455a4) 47

input

Lint((b*x“3+a)“4,X,method=_RETURNVERBOSE)

-

output

La“4*x+a‘3*b*x“4+6/7*a*2*b“2*x*7+2/5*a*b“3*x*10+1/13*b‘4*x“13

e—

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.88

1 2
/ (a+ bav?’)4 dx = 3 bzt + Z abPzl0 + 6 a’b’z” + o®bzt + 'z

) 7

/

input t

integrate((b*x~3+a)~4,x, algorithm="fricas")

~—

output L

1/13%b"4*x~13 + 2/5%a*b~3*x~10 + 6/7*a"2+%b"2*x~7 + a"3*b*x"4 + a~4#*x
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.96

6a2b%z” N 2ab3210  pig!d
7 5 13

/ (a+ bx3)4 dz = a*z + a®bz* +

inputLintegrate((b*x**3+a)**4,x)

‘a**4*x + ax*k3xbkxk*k4d + Gkakkkb*x*kkx*k*7/7 + 2%axb**3xx*%x10/5 + bkkd*xx*k*x13/

\13

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.88

1 2
/ (a+ bazc3)4 dx = 3 bixt + 5 ab®z'® + g a’b’z” + a®bzt + a'x

i - - i =" ] n
inputtlntegrate((b*x 3+a)~4,x, algorithm="maxima")

L1/13*b“4*x*13 + 2/5%a*b~3%x~10 + 6/7*a~2%xb~2*%x~7 + a~3%b*x~4 + a~4x*x
output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.88

1 2
/ (a + bx3)4 dz = I biz!d + R ab®z'® + g a’b’z” + a’bzt + a'z

i - - i =" n
inputtlntegrate((b*x 3+a)~4,x, algorithm="giac")

outputtl/ 13%b~4*x713 + 2/5*a*b”3*x~10 + 6/7*a"2*%b"2%x~7 + a"3*b*x"4 + a"4*x
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.88

6a2b?x’ 4 2ab% 10 prpld
7 5 13

/(a+bx3)4 dr=a*z+a3bz* +

inputlint((a + b*x~3)"4,x) J

output La‘4*x + (b™4*%x"13)/13 + a~3*b*x"~4 + (2%a*b~3+x~10)/5 + (6*a~2%b~2+x"7)/7 J

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.96

34 z(35b*z'2 + 182a b3z® + 390a%b?z® + 455a%b 23 + 455a*)
(a + bx ) dr = 455

input ‘ int ((b*x~3+a) ~4,x) ‘

‘ (x* (455*a*x*4 + A455*axx3*kb*x*x*3 + 390*a**x2xb**2xx*k*6 + 182*axbk*3*x*x*9 + 35 ‘

output
‘*b**4*x**12))/455 ‘




output

input

output
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3\3

3.3 [ (a+bx?)” dz

Optimal result . . . . . . . . . . . .. hY!
Mathematica [A] (verified) . . . . . . . . ... .. L !
Rubi [A] (verified) . . . . . . .. . . 55
Maple [A] (verified) . . . . . . . . ... 561
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... b1}
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 57
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 57
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. BT
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... B
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... b

Optimal result

Integrand size = 9, antiderivative size = 38

/ (a+ bx3)3 dzx = a®z + §azbav‘l + §abzac7 +

4

7

b310
10

-

La‘3*x+3/4*a‘2*b*x‘4+3/7*a*b‘2*x‘7+1/10*b‘3*x‘10

-

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00

/ (a+ b:c3)3 dx = a’z + ga2bx4 + §OLI)2357 +

7

B310
10

-

Integrate[(a + b*x"3)"3,x]

N\

\a“s*x + (3*%a~2%b*x~4)/4 + (3*xaxb~2*x"7)/7 + (b~3*x~10)/10
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00,

number of rules _ 0.222, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {747, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(a+bx3)3 dz
l 747
/ (a® + 3a%bz® + 3ab®2® + b°27) dz
l 2009
3 3 b310
3,,,°2 92, 4,9 127
a:c+4abw +7abw + 10
inpu‘ctlm[(a + b*x73)73,x] J
output 2 3*E + (3*a24bxx"4)/4 + (3¥a¥b™24x77)/7 + (b73+x710)/10 J

Defintions of rubi rules used

747‘In‘c[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b* ‘

le
i x"n)7p, xl, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] & IGtQ[p, 0] |

rule zoogtlnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J
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Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.87

method result size
gosper a*z + 3a?bz* + 2ab’z” + L3210 | 33
default a*z + 3a?bz* + 2ab’z" + L3210 | 33
norman adz + 3a’bzt + 2ab?z" + 50310 | 33
risch adz + 3a’bzt + 2ab?z" + 50310 | 33
parallelrisch | a®z + 3a%bz* + 3a bz + 563" | 33
orering z(14b>2°+60a waf;E)105a2bac3+14Oa3) 36

input

Lint ((b*x~3+a) "3,x,method=_RETURNVERBOSE)

-

output

ta’"3*x+3/4*a“2*b*x’"4+3/7*a*b‘2*x’"7+1/10*b“3*x’" 10

e—

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

/ (a+ bx3)3 dx = % b3zt + 3 ab’z” + 3 a’bz* + oz

7

4

/

input t

integrate((b*x~3+a)~3,x, algorithm="fricas")

~—

output L

1/10%b"3*%x~10 + 3/7*a*xb~2*%x~7 + 3/4*a"2*%b*x"4 + a~3*x
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.95

23 5, 5 3a’bz*  3ab’z”  bz'°
/(a+bx) dr =0’z + ——+ ——+ =7

inputLintegrate((b*x**3+a)**3,x)

Outputta**s*x + 3xaxk2¥bxxk*k4d/4 + 3kaxbkk2kx*x*x7/7 + bk*3*xx**x10/10

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

1
/ (a+ ba:3)3 dx = 0 b3zt + ; ab’z” + Z a’bz* + o’z

inputLintegrate((b*x‘3+a)‘3,x, algorithm="maxima")

output | 1/10¥D73¥X710 + 3/Txaxb 2ex"7 + 3/4%a"24bxx"4 + a"3xx

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

1
/ (a+ ba:3)3 dx = T b3zt + ; ab’z” + Z a’bzt + oz

i - - i =" n
inputtlntegrate((b*x 3+a)~3,x, algorithm="giac")

output‘l/lo*bh3*xﬁlo + 3/T*a*xb™2*%x"7 + 3/4*%a”2xb*x"4 + a~3*x
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Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

3a%bzt N 3ab?z" bzl
4 7 10

/(a+bm3)3 dz = a®z +

input Lint ((a + b*x~3)"3,x)

output La‘B*x + (b~3%x~10)/10 + (3%a~2%b*x~4)/4 + (3%a*xb~2xx"7)/7

Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.92

14b32° 2,6 4 105a2b 23 + 14043
ey A0 s 0

input ‘ int ((b*x~3+a)~3,x)

outputt(x*(MO*a**s + 105%a**2%b*x**3 + B60%a*xbk*x2*x**6 + 14%b**3*x*x%*9)) /140




output

input

output
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3\2

3.4 [ (a+bx?)” dz

Optimal result . . . . . . . . . . . .. BYY)
Mathematica [A] (verified) . . . . . . . . . ... 59
Rubi [A] (verified) . . . . . . .. . . 60
Maple [A] (verified) . . . . . . . . ... 611
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 611
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 62
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 62
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 62
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 63}
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 63

Optimal result

Integrand size = 9, antiderivative size = 25

1
/ (a+ bac?’)2 dzx = a’z + —abz* + ——

2

b2z”
7

-

La’“2*x+1/2*a*b*x"4+1/7*b“2*x‘7

-

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

1
/ (a+ bac?’)2 dx = a’z + —abz* + ——

2

b2z’
7

-

Integrate[(a + b*x"3)72,x]

N\

‘a"2*x + (axb*x~4)/2 + (b~2*x"7)/7
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Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00,

number of rules _ 0.222, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {747, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
3\ 2
/(a+bx )" dz
l 747
/ (a2 + 2abz® + b2fv6) dz
l 2009
1 b2z"
2 1. 4
a‘x + 2ab:c + N
input LInt[(a + b*x~3)"2,x] J
outputta*z*x + (axb*xx~4)/2 + (b~2%x"7)/7 J

Defintions of rubi rules used

rule 747 ‘

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b* ‘

x"n)7p, xl, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] & IGtQ[p, 0] |

rule 2009 L

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul J




input L
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Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.88

method result size
gosper a’z + zabz* + 10?27 | 22
default a’z + zabz* + 10?27 | 22
norman a’*z + jabz* + 16227 | 22
risch a’z + fabz* + 10227 | 22
parallelrisch | o’z + fabz* + 1b%z7 | 22
orering x(2b2x6+7f: z3+14a2?) o5

int ((b*x~3+a) ~2,x,method=_RETURNVERBOSE)

-

output t

a~2*x+1/2*%axb*x~4+1/T*b"2%x"7

e—

/

input

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.84

1 1
/ (a+ b.’L‘3)2 dx = - b2x" + = abx* + a’x

2

tintegrate ((b*x~3+a)~2,x, algorithm="fricas")

~—

output L

1/7*b"2%x~7 + 1/2*%a*b*x"4 + a”~2*x
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.80

b4 b2 7
/(a+bx3)2 dx:a2x+%+7w

inputLintegrate((b*x**3+a)**2,x)

outputta**Q*X + axbkxk*4/2 + b¥x2kx*x7/7

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.84

1 1
/ (a+ b$3)2 dx = - bz + 5 abz* + o’z

i - - i =" ; n
input Llntegrate((b*x 3+a)~2,x, algorithm="maxima")

outputti/'?*b 2%x~T7 + 1/2%a*b*x~4 + a~2%x

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.84

1 1
/ (a+ bac?’)2 dx = - bz + 5 abz* + o’z

i - - i =" n
inputtlntegrate((b*x 3+a)~2,x, algorithm="giac")

output‘ 1/7#b~2%x"~7 + 1/2%a*xbxx~4 + a~2%x
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Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.84

b 4 b2 7
/(a+bav3)2 dx:a2x+a2z + :

inputlint((a + b*x~3)"2,%)

output La‘2*x + (b™2%x~7)/7 + (a*xb*x~4)/2

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.96

2,.6 3 2
/(a+bx3)2 dp — z(2b%z +71a:x + 14a?)

input ‘ int ((b*x~3+a) ~2,x)

outputt(x*(m*a**z + T*a*xbkxx**x3 + 2xb**2%xx**6))/14




output

input

output
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3.5 [ (a+bx?) dz

Optimal result . . . . . . . . . . . . e 64]
Mathematica [A] (verified) . . . . . . . . . ... o 64
Rubi [A] (verified) . . . .. . . ... .. 65
Maple [A] (verified) . . . . . . ... L 66
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 66
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 67
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 67
Giac [A] (verification not implemented) . . . . . . ... ... ... 67
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 63
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 68

Optimal result

Integrand size = 7, antiderivative size = 12

/(a+bz3) dr =azx + —

bx
4

4

La*x+1/4*b*x*4

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/(a+bx3) dz = ax + —

bz
4

4

LIntegrate[a + b*x"3,x]

-

La*x + (b*x~4)/4

-/




input

output

rule
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Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a+bx3) dz

-/

l 2009
ax + @
4
p
LInt [a + b*x"3,x]
La*x + (bxx~4)/4 J

Defintions of rubi rules used

2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.92

method result size
gosper az + 3bz* | 11
default ar + }lb z* | 11
norman az + 3bz* | 11
risch az + bzt | 11
parallelrisch | az + 3bz* | 11
parts az + bzt | 11
orering 2(ba’+da) zz+4a) 13

input L

int (b*x~3+a,x,method=_RETURNVERBOSE)

-

output

La*x+1/ Axbxx~4

-/

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

a+ bz dlebx‘l—l—ax
4

input L

integrate(b*x~3+a,x, algorithm="fricas")

output

L1/4*b*x‘4 + axx
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.67

4

/(a+bx3) dx:ax+b%

input Lintegrate (b*x**3+a,x)

output La*x + brxxx4/4

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/(a+ba:3) dacz%lbx‘l—l—aa:

s -~ : =n s "
input Llntegrate(b*x 3+a,x, algorithm="maxima")

output L1/4*b*x 4 + axx

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/(a+bx3) dxzzllbx4+ax

i - i =" n
input Llntegrate(b*x 3+a,x, algorithm="giac )

output‘ 1/4%bxx~4 + a*x




input L

CHAPTER 3. LISTING OF INTEGRALS 68

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

4

/(a+bx3) dxzb%+ax

int(a + b*x~3,x)

output

La*x + (bxx~4)/4

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

z(bz® + 4a)

/(a+bx3) dz = 1

input‘

int (b*x~3+a,x)

outputt

(x*(4*a + bxx*x3))/4




output
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1

3.6 | i da

Optimal result . . . . . . . . . . . . . e 69]
Mathematica [A] (verified) . . . . . . . . . ... 69
Rubi [A] (verified) . . . . . . . . . . 70
Maple [C] (verified) . . . . . . . . . ... 73]
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 73
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... [74]
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 74
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 75
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 75
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 76

Optimal result

Integrand size = 9, antiderivative size = 115

3 3
arctan ( Va-2Vbs

/ 1 dr = — vii/a
G,+bl'3 N \/§a2/3\3/l_)

) log (\3/5 + \%x)
- 3a2/3v/b

log <a2/3 — Yoz + b2/3x2>

6a2/3v/b

-

‘ -1/3%arctan(1/3*(a~(1/3)-2xb~(1/3)*x)*37~(1/2) /a~(1/3))*37(1/2) /a~(2/3) /b~ (
‘ 1/3)+1/3*1n(a~(1/3)+b~(1/3)*x) /a~(2/3) /b~ (1/3)-1/6*%1n(a~(2/3)-a~ (1/3)*b~ (1

| /3)*x+b™(2/3)*x72) /2~ (2/3) /b (1/3)

\‘

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.77

1
/a+bx3dm

24/3 arctan

w
S~

T

1_2

=

S

—2log <\3/c_z + %x) + log <a2/3 — aVbz + b2/3x2>

6a2/3V/b
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input‘ Integrate[(a + b*x~3)~(-1),x] ‘

-1/6%(2#Sqrt [3]1*ArcTan[(1 - (2#b~(1/3)*x)/a~(1/3))/Sqrt[3]1] - 2*Logla~(1/3
) + b (1/3)*x] + Logla~(2/3) - a~(1/3)*b~(1/3)*x + b~(2/3)*x~21)/(a"(2/3)*
Lb‘(l/S)) J

output

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 111, normalized size of antiderivative = 0.97,

number of rules _ 0.889, Rules

number of steps used = 9, number of rules used = 8, = -
integrand size

used = {750, 16, 1142, 25, 27, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ a + br3 dz
l 750
2 %— %m 1
dx ———dz
f b2/332— %%z-l—tﬂ/?' n f Vbar Va
3a2/3 3a2/3

| 16

2 %— %x
f p2/342_ %%x+a2/3 dz log (\3/6 + %l‘)
3a2/3 3a2/3v/b

l 1142
V(1)
U v2/3:2_3/a Vbora2/3

dx

33 1 _
2\/af b2/3w2—%%m+a2/3 dz 23/b N log (\3/64‘ %.’L‘)
3a2/3 3a2/3V/b

l 25
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Vb({/a-2 V)

f b2/3z2— % %m+a2/3

dx

33 1
Qﬁf b2/3z2_%%z+a2/3dx+ 2% log (%+ %x)
3(12/3 30,2/3 %
l 27
33 1 1 %—2 %/_x
2 \/a f b2/322— %%z+a2/3 de + 2 f b2/322— %%m+a2/3 & + IOg <\3/a + %-'L')
3a?/3 3a2/3v/b
l 1082
3f 1 d<1—2 >
Ya-a23 _(1_2§§E?>2_3
1 a—2V bz a
3a2/3 3522/3 4
l 217
\/garctan \/\ﬁ/a
1 %—2 y bz i
) i aVberan v g (Y3 + Vo)
3(12/3 30,2/3 %
l 1103
\/garctan \/\g/a
log (a2/3_ % %z+62/3m2)
B 23/b B Vb log (\3/5 + %m)
3a2/3 + 3a2/3/b

inputtlnt[(a + b*x~3) " (-1),x]

e

output

\ b~ (2/3)*x~2]/(2%b~(1/3)))/(3*xa~(2/3))

A\

Logla~™(1/3) + b~ (1/3)*x]/(3*a~(2/3)*b~(1/3)) + (-((Sqrt[3]*ArcTan[(1 - (2%
‘b’"(1/3)*X)/a“(1/3))/Sqrt[3]])/b‘(1/3)) - Logl[a~™(2/3) - a~(1/3)*b~(1/3)*x + ‘
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Defintions of rubi rules used

ruk316‘Int[(°—')/((a_-) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
‘b*x, x11/b), x] /; FreeQl{a, b, c}, x]

rukazsllnt[‘(FX->, x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

ruk327(1nt[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
Ltcha[Fx, (b_)*(Gx_) /; FreeQlb, x11

W
J

rule 217 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] Il LtQ[b, 0])

rule 750 Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Simp[1/(3*Rt[a, 3]172) Int[1/
(Rt[a, 3] + Rt[b, 3]1*x), x], x] + Simp[1/(3*Rt[a, 3]72) Int[(2*xRt[a, 3] -
Rt[b, 3]*x)/(Rt[a, 3]1°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]1"2%x"2), x], x] /;
FreeQ[{a, b}, x]

rule 1082 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%S

implify[a*(c/b~2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b
)1, x] /; RationalQ[q] &% (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c])] /; Fre
eQ[{a, b, c}, x]

/Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> §

~

rule 1103
imp [d* (Log[RemoveContent[a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, 4d,
e}, x] && EqQ[2*c*d - bxe, 0]

rule 1142 Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S

imp[(2*c*d - bxe)/(2xc) Int[1/(a + b*x + c*x~2), x], x] + Simp[e/(2*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]




input

output

input
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.46 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.23

method | result size
In (m - R)

_ R=RootOf (b_Z3+a) _R2
3b

27

risch

m(er(2)3)  In(22-(2)3z4(2)F
(1ef%%111t ( b2 ) - ( ’ 2 ’ ) 4_ 2 S)l
3b(%)3 6b(%)3 3b(%)3
Lint (1/ (b*x~3+a) ,x,method=_RETURNVERBOSE) J
L1/3/b*sum(1/_R"2*1n(x—_R) ,_R=RootOf (_Z"3*b+a)) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 299, normalized size of antiderivative = 2.60

1
/a—l—b:v3dx
[ 3

a2b)
1 2abz3—3 (a,2b) %az—a2+3 L1(2 abm2+(a2b) %az— (azb) Z}Ta — ( 2
3 \/gab\/ —(“2% log i ( —— ) ' — (a2b)§ log (abx2 —

6 a2b

Lintegrate (1/(b*x~3+a) ,x, algorithm="fricas") J




output

input

output

input

output
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[1/6%(3*sqrt (1/3)*axbxsqrt (-(a~2%b) ~(1/3) /b) *1log((2*xaxb*xx~3 - 3x(a”~2*b) ~(1
/3)*a*xx - a~2 + 3*sqrt(1/3)*(2*axb*xx"2 + (a"2xb)~(2/3)*x - (a"2xb)~(1/3)*a
)*sqrt (-(a~2+%b)~(1/3) /b)) /(b*x~3 + a)) - (a~2%b)~(2/3)*1log(a*b*x~2 - (a~2%
b)~(2/3)*x + (a”2%b)~(1/3)*a) + 2x(a"2xb)~(2/3)*log(a*b*x + (a~2xb)~(2/3))
)/ (a~2%b), 1/6%(6*sqrt(1/3)*a*b*sqrt((a~2*b)~(1/3)/b)*arctan(sqrt(1/3)*(2x*
(a”2xb)~(2/3)*x - (a~2xb)~(1/3)*a)*sqrt((a~2*b)~(1/3)/b)/a~2) - (a~2*b)~(2
/3)*x1log(axb*xx~2 - (a"2*%b)~(2/3)*x + (a"2*b)~(1/3)*a) + 2*x(a~2%b)~(2/3)*log
(a*xb*x + (a™2%b)~(2/3)))/(a2%b)]

Sympy [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.17

1 _ 321
/ P dz = RootSum (27¢%a’b — 1, (t — tlog (3ta + z)))

Lintegrate(l/(b*x**3+a),x)

LRootSum(27*_t**3*a**2*b - 1, Lambda(_t, _t*log(3*_t*a + x)))

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.85

1
/a—l—bx3dx

\/3 arctan

p
Lintegrate (1/(b*x~3+a) ,x, algorithm="maxima")

-/

‘1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2*X - (a/b)~(1/3))/(a/v)~(1/3))/ (b*(a/b) ~(
‘2/3)) - 1/6xlog(x"2 - x*x(a/b)~(1/3) + (a/b)~(2/3))/(bx(a/b)~(2/3)) + 1/3%1
‘og(x + (a/b)~(1/3))/(bx(a/b)~(2/3))




CHAPTER 3. LISTING OF INTEGRALS 75

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.97

) ﬁ(—abz)% arctan (M)

L __(_%)SIOg(‘x—(_%)s . R
/a+b$3 = 3a 3ab
o+ )
" 6ab
inputtintegrate(l/(b*x‘3+a),x, algorithm="giac") J

(—1/3*(—a/b)‘(1/3)*log(abs(x - (-a/b)~(1/3)))/a + 1/3*sqrt(3)*(-a*xb~2)~(1/3
‘)*arctan(1/3*sqrt(3)*(2*x + (-a/b)~(1/3))/(-a/b)~(1/3))/(axb) + 1/6%(-axb™
‘2)“(1/3)*10g(x“2 + x*(-a/b)~(1/3) + (-a/b)~(2/3))/(a*b)

output

\‘

Mupad [B] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.86

3ql/3p5/3 (—1+\/§ 11)

) 1n(3b%r+ > ) (14 +/31i)

1 In (b1/3 z + /3
dr = +
/a+bx3 3a2/3bl/3 6 a2/3 b1/3
ol/345/3 V31i
In (3b2x—3 2<1+ 31)) (1++/31i)

6 a2/3 pl/3

-

Lint(l/(a + b*x~3),x)

-/

input

og(b~(1/3)%x + a~(1/3))/(3%a"(2/3)%b™(1/3)) + (log(3+b~2%x + (3*a~(1/3)*b
‘“(5/3)*(3“(1/2)*11 - 1))/2)*(37(1/2)*1i - 1))/(6%a~(2/3)*b~(1/3)) - (log(3 ‘
*b2kx - (3+a™(1/3)%b™(5/3)* (3 (1/2)%1i + 1))/2)*(3~(1/2)*11 + 1))/ (6%a" (2
/3)%6"(1/3)) |

output
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Reduce [B] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.58

_ a%—2b%a} _ 2 411 2 o 1 1
[ 1ol ) vt bl t) v )
a+ bz 6a3bs
input Lint (1/(b*x~3+a) ,x) J
output‘ (a**x(1/3)*( - 2xsqrt(3)*atan((a**(1/3) - 2xb*x(1/3)*x)/(a*x*(1/3)*sqrt(3)))

| - log(a®*(2/3) - b¥*(1/3)*ax*(1/3)*x + b¥*(2/3)*x*+2) + 2¢log(a**(1/3) +
bxk(1/3)%2))) / (6¥b¥x (1/3) %)
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a-+bz3)
Optimalresult . . . . . . . . .. . .. [77l
Mathematica [A] (verified) . . . . . . . .. ... L Lo 78
Rubi [A] (verified) . . . . . . . . . . 8
Maple [C] (verified) . . . . . . . . . .. ]2
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... ]R3
Sympy [A] (verification not implemented) . . ... ... ... ... ... .... ]R3
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... Rl
Giac [A] (verification not implemented) . . . . . . . ... ... ... Rl
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... ]5
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... 85I

Optimal result

Integrand size = 9, antiderivative size = 134

3 3
2 arctan ( Va2 bm)

/ _ dx = z — vii/a
(a + bx3)? 3a (a + ba3) 3v/3a5/37/b
2log (\"’/E + %x) log <a2/3 — Yavbz + b2/3a:2>

_|_
9a5/3/b 9a5/3v/b

output ‘ 1/3*x/a/ (b*xx~3+a)-2/9*arctan (1/3*(a~(1/3)-2xb~ (1/3)*x)*3~(1/2) /a~(1/3) ) *3~ ‘
| (1/2)/a~(5/3) /b~ (1/3)+2/9%1n(a~ (1/3)+b~(1/3)*x) /a~ (5/3) /b~ (1/3)-1/9%1n(a~( |
‘ 2/3)-a~(1/3)*b~(1/3) *x+b~(2/3)*x~2) /a~(5/3) /b~ (1/3) ‘
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Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.88

1
/ T a2 de‘
(a + bx3)
1,23 bs
3
2+/3arctan \/\5/5
2log %-ﬁ- %.’L‘ log a2/3— % %z‘+b2/3w2
3a2/3z _ + _
B a+bx3 % % %

9a5/3

input‘ Integrate[(a + b*x~3)~(-2),x] ‘

ut‘ ((3*xa~(2/3)*x)/(a + bxx~3) - (2+Sqrt[3]*ArcTan[(1 - (2*%b~(1/3)*x)/a~(1/3)) ‘
‘/Sqrt[3]])/b“(1/3) + (2xLogla~(1/3) + b~(1/3)*x])/b~(1/3) - Logla~(2/3) - ‘
La‘(l/S)*b‘(1/3)*x + b~ (2/3)*x72] /b~ (1/3))/(9*%a~(5/3)) J

out

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.01,

number of rules _
integrand size 1.000, Rules

number of steps used = 10, number of rules used = 9,
used = {749, 750, 16, 1142, 25, 27, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/12 d
(a+bx?)
l 749

2 f bx?’l-i-a dx <
3a 3a (a + bz3)

l 750
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23/a-Vbs oy
| e aonan™ | i
3q2/3 + 3a2/3
n x
3a 3a (a + bz3)
| 16
2:a-Vb: \
2 f b2/322 \/_\/_a:+a2/3 + 1Og<%+ \/Ez)
a2/3 3a2/3 %
n x
3a 3a (a + bz3)
| 1142
Vb ( Ya-2Vbe )
= dz
33 1 . b2/352_ \/_\/_z_mz/s 5
9 #Vaj b2/3z2,%%z+a2/3d b N 10g(§/&+\/_1->
3a2/3 Y %
n x
3a 3a (a + bz3)
| 25
Vb b(V/a-2 Voo )
S dz
33 1 b2/342 \/_\/(_)z+a2/3 5
9 iVaj 42/342_ 3/a / ba+a?/3 dot b N log< Ya+ \/_x)
3a2/3 Y %
n x
3a 3a (a + bx3)
| 27
R 1 1 Ya-2Vb. .
0 2 \/(_lf v2/352_ %%z+a2/3 dz+5 [ 2/352_ \/_\/l_)m_,,az/g dx N log(%-g- \/l_)m)
3q2/3 ey %
n x
3a 3a (a + bx?)

l 1082
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3f 1 —d (17 2 S/I;””>
X 3
PIPRDRE T A
1 a-—2 z - a 3
2 f b2/3m2— %%m+a2/3d * % log(%—'— \/Ez)
2 3a2/3 + 3q2/3 %

+ T

3a 3a (a + bz3)

l 217
V/3arctan \/\g/a
1 Va- Vb o
9 2f b2/3x2,%%z+a2/3d % log<%+%z>
3a2/3 * 3a2/3 %
+ X
3a 3a (a + bx3)
l 1103
1-2 %:ﬂ
Ya
V3 arctan 73
log <a2/3— % %z+b2/312>
- 1/ os((Var V)
2 . 3a2/3 + 3
30,2/3 \/I_)
+ X
3a 3a (a + bx3)

input\xnt[(a + b*x~3)~(-2),x]

tput
TP (sqrt[31*ArcTan[(1 - (2%b~(1/3)%x)/a"(1/3))/Sqrs[311)/b~(1/3)) - Logla~(

x/(3rax(a + b¥x"3)) + (2+(Logla(1/3) + b™(1/3)%x]/(3%a~(2/3)¥6~(1/3)) + (
2/3) - a~(1/3)%b"(1/3)*x + b"(2/3)*x"2)/(2#b™(1/3)))/ (3%a™(2/3)))) / (3%a)
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Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
‘b*x, x11/b), x] /; FreeQl{a, b, c}, x]

e

rukaz5l1nt[‘(FX->, x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

~—

rule 27‘/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
Ltcha[Fx, (b_)*(Gx_) /; FreeQlb, x11

W
J

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 01 Il LtQ[b, 01)

rule 217

rule 749 Int[((a_) + (b_)*(x_)"(_.))"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"n)~(p +

1)/(a*nx(p + 1))), x] + Simp[(n*(p + 1) + 1)/(a*n*(p + 1)) Int[(a + b*x™
n~(p + 1), x]1, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQLp, -1] && (Inte
gerQ[2*p] || Denominator([p + 1/n] < Denominator[p])

Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Simp[1/(3*Rt[a, 3]172) Int[1/
(Rt[a, 3] + Rt[b, 3]1*x), x], x] + Simp[1/(3*Rt[a, 3]72) Int[(2*xRt[a, 3] -
Rt[b, 3]*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]~ 2*xx~2), x], x] /;
FreeQ[{a, b}, x]

rule 750

/Int[((a_) + (b_.)*(x_ ) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%S

rule 1082
implify[a*(c/b"2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b
)1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4*a*c])] /; Fre
eQl{a, b, c}, xI

rule 1103 Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S

imp[d*(Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]
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e 1142 TRELCE_) + (e_)*(x1))/((@) + (b_.)*(x)) + (c_.)*(x))"2), x_Symboll :>§
Int[1/(a + b*x + c*x~2), x], x] + Simp[e/(2%*c)

‘imp[(2*c*d - bxe)/(2%c)

‘Int[(b + 2%c*xx)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]

Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.43 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.34

method | result size
In(z— R
2 > <7—2)
. z _R:RootOf(b_Z3+a) _R
risch 3aGzita) T 5o 46
V3 %—1)
2+/3 arctan ( (%) 3
)7/
sn(e+(3)}) m(-(3)be(p)F)
_ 5 " .
3 2(8)” 112

default 3a(bc37a) T

Lint (1/ (b*x~3+a) "2,x ,method=_RETURNVERBOSE)

input

L1/3*x/a/ (b*x~3+a)+2/9/a/b*sum(1/_R~2*1n(x-_R),_R=Root0f (_Z"3*b+a))

output
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 389, normalized size of antiderivative = 2.90

[
(a + bx3)
[ 3

1 2 1 a2b)
1 2abz3—3 (azb) 3az—a2+3,/1 2abz2+(a2b) 3xr— (a2b) 3a — (
3a’br + 3 \/g(abzav3 + a?b)\/ —(“2% log i ( e ) - -

9 (a3b%z3 + a*

e

~—

inputLintegrate(1/(b*x*3+a)*2,x, algorithm="fricas")

[1/9%(3*a~2*b*x + 3*sqrt(1/3)*(a*b~2*x~3 + a~2xb)*sqrt(-(a"2xb) ~(1/3)/b)*1
og((2xaxb*x~3 - 3x(a~2xb)~(1/3)*a*x - a”2 + 3*sqrt(1/3)*(2*%a*b*xx~2 + (a~2%
b)~(2/3)*x - (a~2%b)~(1/3)*a)*sqrt(-(a~2*b)~(1/3)/b))/(b*x~3 + a)) - (b*x~
3 + a)*x(a"2xb)~(2/3)*log(a*xb*x”"2 - (a~2%b)~(2/3)*x + (a~2%b)~(1/3)*a) + 2%
(b*x~3 + a)*(a~2*b)~(2/3)*log(a*xb*x + (a~2*b)~(2/3)))/(a~3*b~2*x"3 + a~4*b
), 1/9%(3*a"2*bxx + 6*sqrt(1/3)*(a*b”2xx"3 + a~2xb)*sqrt((a~2*b)~(1/3)/b)*
arctan(sqrt(1/3)*(2x(a"2*b) ~(2/3)*x - (a~2*b)~(1/3)*a)*sqrt((a~2*b)~(1/3)/
b)/a~2) - (b*x~3 + a)*(a"2%b)~(2/3)*log(a*xb*x”2 - (a~2*b)~(2/3)*x + (a"2%b
)~ (1/3)*a) + 2x(b*x~3 + a)*(a~2xb)~(2/3)*log(a*b*x + (a~2xb)~(2/3)))/(a~3*
b~2*x"3 + a~4*b)]

output

Sympy [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.29

/ 1 dz = z + RootSum ( 729t3a®b — 8, ( t — tlo 9t_a2 +z
(a+ b(z;3)2 "~ 302 + 3abx3 ’ &\ g

-

inputt

~—

integrate (1/ (b*x**3+a) **2,x)
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‘x/(B*a**2 + 3*axbxx**3) + RootSum(729*_t**3xax*5*%b - 8, Lambda(_t, _t*log(

|
output LQ*_t*a**2/2 + %)) J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.91

2 \/garctan (@)

/ 1 - z N 3(%)
(a + b:z;3)2 3 (abx3 + a2) 9ab (g)%

i - - i =" : "
input Llntegrate(1/ (bxx~3+a)"2,x, algorithm="maxima J

out ut‘1/3*x/(a*b*x“3 + a”2) + 2/9%sqrt(3)*arctan(1/3*sqrt(3)*(2*xx - (a/b)~(1/3)) ‘
‘/(a/b)“(1/3))/(a*b*(a/b)‘(2/3)) - 1/9%log(x~2 - x*(a/b)~(1/3) + (a/b)~(2/3
‘))/(a*b*(a/b)"(2/3)) + 2/9%1log(x + (a/b)~(1/3))/(axb*x(a/b)~(2/3))

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 127, normalized size of antiderivative = 0.95

= Lo 2t () o

a + bx3)® 9a? 3 (bz?

_l’_
2 ﬁ(—ab2)% arctan (M)

+ 9a?b

(—abZ)% log <w2 +z(—2)3 4+ (—%)
9a2b

+

i - - i ="q n
tnput Llntegrate(l/(b*x 3+a)"~2,x, algorithm="giac")
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Output‘-2/9*(—a/b)“(1/3)*log(abs(x - (-a/b)~(1/3)))/a~2 + 1/3*x/((b*x"3 + a)*a) +
‘ 2/9*sqrt (3) *(—a*b~2) " (1/3) *arctan(1/3*sqrt (3) *(2*x + (-a/b)~(1/3))/(-a/b)
~(1/3))/(a”2+b) + 1/9%(-a*b~2)"~(1/3)*log(x~2 + x*(-a/b)~(1/3) + (-a/b)~(2/

‘3))/(a‘2*b)

Mupad [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 128, normalized size of antiderivative = 0.96

2b5/3

/ 1 p T 2ln<a2/3 +%>

(a+ bgci‘")2 T 34 (bx3+a) + 9 a5/3 p1/3

1n<2f$4-wm(32w”0)(—14—¢§n)

+ 9a5/3 b1/3
5 5/3 i
1n(QZW—b (;ZGQ) (14 v31i)
- 9 5/3 p1/3
input 18E(1/ (8 + bex"3)°2,%) J
output‘X/(:s*a*(a + b*x~3)) + (2xlog((2%b~(5/3))/a~(2/3) + (2%b~2%x)/a))/(9*a~(5/3

‘2)*11 - 1))/(9*%a~(5/3)*b~(1/3)) - (log((2%b~2xx)/a - (b~ (5/3)*(37(1/2)*1i

)*b7(1/3)) + (Log((2xb™2%x)/a + (b~ (5/3)*(37(1/2)*1i - 1))/a"(2/3))*(3~(1/
+1))/27(2/3))%(37(1/2) %11 + 1))/(9%a"(5/3)¥b™(1/3))

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.28

1
/ &
(a + bz3)
1 1 1 1
—2a§\/§atan<“31—2b3x> = 2a%\/§atan<“31—2b3x) bxd — a%log<a% —biasz + b§x2> = aﬁog(a% — b3
a3\/§ a3\/§
9bsa? (ba3 + a)

input | 151/ (bx"342) "2, J




output
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( - 2%ax*(1/3)*sqrt(3)*atan((ax*(1/3) - 2*bx*(1/3)*x)/(a**(1/3)*sqrt(3)))*
a - 2%a*x(1/3)*sqrt(3)*atan((a**(1/3) - 2¥bk*(1/3)*x)/(a**(1/3)*sqrt(3)))*
b*x**3 — ax*x(1/3)*log(a**(2/3) - b**(1/3)*ax*x(1/3)*x + b**(2/3)*x**2)*a -

ax*x(1/3)*log(a**(2/3) - b**(1/3)*ax*x(1/3)*x + b**(2/3)*x**2) xb*kx**3 + 2*xa*
*(1/3)*1log(a**x(1/3) + bx*(1/3)*x)*a + 2xax*(1/3)*log(ax*(1/3) + b**(1/3)*x
)*b*x**3 + 3xbkk(1/3)*a*x)/(9*bx*x(1/3)*a*x*2*(a + bxx**3))
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a-+bz3)
Optimalresult . . . . . . . . .. . .. 871
Mathematica [A] (verified) . . . . . . . .. ... L Lo 88
Rubi [A] (verified) . . . . . . . .. . ]R8
Maple [C] (verified) . . . . . . . . . .. 94
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... 94
Sympy [A] (verification not implemented) . . ... ... ... ... ... .... 95
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 961
Giac [A] (verification not implemented) . . . . . . . ... ... ... 96
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 9T
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... 98]

Optimal result

Integrand size = 9, antiderivative size = 151

3
5arctan Va—2Vbe
/ = dr = L + oz _ V3va
(a+bz3)?® 6a(a+ba®)®  18a?(a+ bad) o35V
5log <\3/5 + %x) 5log (a2/3 — \B/E%x + b2/3x2>
270836 54a%/3V/b

output ‘ 1/6%x/a/ (bxx~3+a) ~2+5/18*x/a"~2/ (b*x~3+a)-5/27*arctan(1/3*(a~(1/3)-2*xb~(1/3 ‘
‘ )*x)*37(1/2) /a~(1/3))*37(1/2)/a~(8/3) /b~ (1/3)+5/27*1n(a" (1/3)+b~(1/3) *x) /a ‘
‘ ~(8/3)/b"(1/3)-5/54*1n(a~(2/3)-a~(1/3)*b~(1/3) *x+b~(2/3)*x~2) /a~(8/3) /b~ (1 ‘
1/3) |
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Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.89

1
/ 7 a3 dCB
(a + bx3)
12 Vb,
3
10v/3 arctan \/\g‘/a
9a5/3z 15a2/3¢ 10 10g(%+ %LI)) 5log (a2/3_ %%134-1)2/3:1:2)
(a+bx3)? + atbzd % + % — %

54a8/3

input‘ Integrate[(a + b*x~3)~(-3),x] ‘

output ((9%27(6/3)¥x)/(a + bxx"3)"2 + (15%a™(2/3)#x)/(a + b4x"3) - (10%Sqrt [3]#Ar
cTan[(1 - (2#b™(1/3)*x)/a~(1/3))/Sqrt[311)/b~(1/3) + (10%xLogla”(1/3) + b™(
11/3)%x1)/b°(1/3) - (5xLogla™(2/3) - a~(1/3)*b"(1/3)*x + b~ (2/3)*x°2]) /b~ (1

1/3))/(54%a”(8/3))

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.07,

_ _ number of rules _
number of steps used = 11, number of rules used = 10, integrand size 1.111, Rules

used = {749, 749, 750, 16, 1142, 25, 27, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

Jp—
(a+bx?)

l 749

below.

1
5[Wdl' T
6a 6a (a + bx3)?
l,749
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2f z; —dx
5 < b3a+ + 3a(a—q}:-bac3) > T
+

6a 6a (a + bx3)?

| 750
o 2¥a Vb
b2/33:27 % %m+a2/3 %m+ %
3273 + 2273
5 3a + 3a(af-bw3)
+ X

6a 6a (a + bx3)?

| 16
2 %— %x 3
! 2/352_ % %z+a2/3 ! 1°g< %+ \/l_’m>
273 + 3
3a 342/3 \/l_)
5 3a + 3a(a—aic-bx3)
X

6a 6a (a + bx3)?

| 1142
%( %—2 %z)
f— 3 dx
33 1 . b2/3.7;2— %\/I_)x+a2/3 3
2 \/Ef b2/352_ % %z+a2/3 d ) % log< %-k \/l_)a:>
2 32273 + 333
342/3 \/I—)
5 3a + 3a(a—a|c-bx3)
6q +

X

6a (a + bx3)?
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| 25
%( %—2 %m)
J 3 dz
33 a 1 - b2/352 %\/l_)x+a2/3 3
2 \/_[ 52/342_ %%x+a2/3 + 2% log<%+ \/T)z)
2 3q2/3 + 3
@ 342/3 \/(_)
b 3a + 3a(a,-z|-bz3)
6a +
-z
6a (a + bx3)?
| 27
Ya-2Vb
33 ayf 1 dz+l I \/(_1—2 'z d 3 3
9 HVa 02/3:2_ /aNbora2/3 - 2/3.2-3/a V bora?/3 +1°g< Var \/l_)w)
3a2/3 3a2/3 %
> 3a + 3a(af—bx3)
6aq +
-z
6a (a + bx3)?

l 1082
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3
3/ {/5 g—d (1— 23 ZZ)
9 * g2 %%m+a2/3 Vb +1°g< Va+ bz)
3a2/3 3a2/3 %
° 3a + 3a(a—9i;—ba:3)
6a,
X
6a (a + bx3)?
l 217
1— 2 : Zz
\/§arctan \/3
3
2 3/aVbera?/3 ‘ b log( Va+ \/l_)z>
2 342/3 + 2733
3a /3 \/5
| 3a + 3a(a-zi-bz3)
6a, +
.
6a (a + bxz3)?

l 1103
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1— 2 S/l;z
v/3arctan T\/a
log <a2/3— % %z+b2/3z2> 3
— — 3
2 R v (Ve Ve
3a2/3 3112/3 %
5 3a + 3a(a—zi-bw3)
6a +
_r
6a (a + bx3)?

-

inputLInt[(a + b*x~3)~(-3),x]

~—

(x/(s*a*(a + b*x"3)72) + (6*(x/(3*a*(a + b*x~3)) + (2*x(Logla~(1/3) + b~(1/3
\)*x]/(3*a‘(2/3)*b“(1/3)) + (-((Sqrt[3]*ArcTan[(1 - (2*b~(1/3)*x)/a~(1/3))/
\Sqrt[3]])/b“(1/3)) - Logl[a~(2/3) - a~(1/3)*b~(1/3)*x + b~ (2/3)*x"~2]/(2xb~(
L1/3)))/(3*a“(2/3))))/(3*a)))/(6*a)

output

|

Defintions of rubi rules used

rule 16 ‘(Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
Lb*x, x]11/b), x]1 /; FreeQ[{a, b, c}, x]

rule 25 LInt [-(Fx_), x_Symbol]l :> Simp[Identity[-1] Int[Fx, x], x]




rule 27

rule 217

rule 749

rule 750

rule 1082

rule 1103

rule 1142
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Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> Simp[(-x)*((a + b*x"n)~(p +

1)/(a*n*x(p + 1))), x] + Simp[(nx(p + 1) + 1)/(a*n*(p + 1)) Int[(a + b*x~
n)~(p + 1), x], x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQlp, -1] && (Inte
gerQ[2+p] || Denominator([p + 1/n] < Denominator[p])

Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Simp[1/(3*Rt[a, 3]172) Int[1/
(Rt[a, 3] + Rt[b, 31*x), x], x] + Simp[1/(3*Rt[a, 3]172) Int[(2*#Rt[a, 3] -
Rt[b, 31*x)/(Rt[a, 312 - Rt[a, 3]1*Rt[b, 31*x + Rt[b, 3]172*x~2), x], x] /;
FreeQ[{a, b}, x]

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[a*(c/b~2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*cx(x/b
)1, x] /; RationalQ[ql && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Fre
eQ[{a, b, c}, x]

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Int[((d_.) + (e_.)*(x_))/((a)) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*c*d - bxe)/(2xc) Int[1/(a + b*x + c*x”2), x], x] + Simp[e/(2*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x]
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.46 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.38

method | result Size
1n<z—_R)
5bz? | 4 > R Z( 73 )ﬁi
. Lt oa _ R=RootOf(b__Z°+a _
risch (11,8;§ +a9)2 + 78 57
\/g( 2w1 _1)
2+/3 arctan (%3) 8
1 1 2
IR CORRGEOREODN
w(g) (g) wu($)d
(5w ) .
T 18a(baz3+a a
default Salai Ty _ 133

input \ int (1/(b*x~3+a) ~3,x,method=_RETURNVERBOSE)

output}(5/18*b/a*2*x*4+4/9*x/a)/(b*x*3+a)*2+5/27/a*2/b*sum(1/_R*2*1n(x-_R),_R=Roo
\tOf(_Z*3*b+a))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 229 vs. 2(110) = 220.
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Time = 0.08 (sec) , antiderivative size = 499, normalized size of antiderivative = 3.30

/ v
(a + bx3)?

224 3 1( 13,6 2523 4 o3 (a2b)3 2aba’—3 (a%) bas—a®43 %(zabz2+(a2‘
15202 + 24.0%a + 15 |/ 3 (ab%a® + 20%2%0° + a*h) /=2 log = Ta

input‘integrate(l/(b*x”3+a)“3,x, algorithm="fricas")

[1/54%(15%a~2%b~2*x"4 + 24%a”3*b*x + 15*sqrt(1/3)*(a*xb~3*x"6 + 2%a~2xb~2*x
~3 + a"3*b)*sqrt(-(a~2xb)~(1/3)/b)*1log((2*a*b*x~3 - 3*(a~2%b)~(1/3)*a*x -

a”2 + 3*sqrt(1/3)*(2*a*b*xx~2 + (a~2*b)~(2/3)*x - (a"2*b)~(1/3)*a)*sqrt(-(a
~2%b)~(1/3) /b)) /(b*x~3 + a)) - 5x(b"2*x"6 + 2*axbxx~3 + a~2)*(a"2%b)~(2/3)
xlog(a*b*x~2 - (a”"2*%b)~(2/3)*x + (a"2*%b)~(1/3)*a) + 10*(b~2%x"6 + 2¥a*b*x”
3 + a~2)*(a"2xb)~(2/3)*log(a*b*x + (a~2*b)~(2/3)))/(a~4*b"3*x"6 + 2%a~5*b"
2*x"3 + a"6%b), 1/54%(15%a"2+b"2%x"4 + 24xa~3xbxx + 30*sqrt(1/3)*(axb~3*x"
6 + 2*%a”2*b"2xx"3 + a”3*b)*sqrt((a”2xb)~(1/3)/b)*arctan(sqrt(1/3)*(2*(a~2*
b)~(2/3)*x - (a~2%b)~(1/3)*a)*sqrt((a~2+b)~(1/3)/b)/a"2) - 5x(b"2*x"6 + 2%
axbxx~3 + a~2)*(a"2xb)~(2/3)*log(axb*x"2 - (a~2xb)~(2/3)*x + (a~2xb)~(1/3)
*a) + 10%(b"2*x"6 + 2*axb*x~3 + a~2)*(a"2xb) ~(2/3)*log(a*b*x + (a~2%b)~(2/
3)))/(a"4xb"3*x"6 + 2*a~5*b~2+%x"3 + a~6%b)]

output

Sympy [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.42

L/“ 1 dr — 8azx + 5bz*
(a+bz3)® ~  18a* + 36a3bz? + 18a2b2xS

2 3
+ RootSum (19683t3a8b — 125, (t s tlog ( 7;“ + x) >)

input integrate (1/ (bxx**3+a) **3,x) J




CHAPTER 3. LISTING OF INTEGRALS 96

t‘ (8*a*xx + Bxbxx**4)/(18*a**4 + 36%a*x*x3xbxx**3 + 18*a**2%b**2*xx**6) + RootSu

outpu ‘
Lm(19683*_t**3*a**8*b - 125, Lambda(_t, _t*log(27*_t*a**3/5 + x))) J

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.96

\/5(21—(

)%))

5 \/garctan
/ 1 5bx* + 8azx 3(%)
(

W e

(
dr —
a4+ bx3)3 v 18 (a2bx% + 2 a3bx® + a?) + 27 a2b ( z

Wl

)
slog («° —a(§)" +(1)")  Slog(a+ (3)
27a2b (2)°

54a2b ()

i - - i =" : 1]
input Llntegrate(i/ (b*x~3+a)~3,x, algorithm="maxima")

Output‘ 1/18%(5%b*x~4 + 8%a*x)/(a~2%b~2%x~6 + 2*a~3%b*x~3 + a~4) + 5/27*sqrt(3)*ar ‘
| ctan(1/3*sqrt (3)*(2+x - (a/b)~(1/3))/(a/b)~(1/3))/(a~2%b*(a/b)~(2/3)) - 5/ |
|54xlog(x™2 - x*(a/b)~(1/3) + (a/b)~(2/3))/(a"2¥b*(a/b)~(2/3)) + 5/27*log(x |
~+ (a/b)"(1/3))/(a~2%bx(a/b)~(2/3))

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 137, normalized size of antiderivative = 0.91

[ 5(~4)"log (2 - (=9)°))
(a + bx3)® e 27a3
1 V3(2z+ —% %
54/3(—ab?)? arctan (%)

27 a3b ) .
5(ab) log (2 +2(=8) + (=4)°)  5bat + 8ar
54 a3b 18 (bz® + a)’a?

+
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input‘integrate(1/(b*x"3+a)"3,x, algorithm="giac")

output‘—5/27*(-a/b)“(1/3)*log(abs(x - (-a/b)~(1/3)))/a"3 + 5/27*sqrt(3)*(-a*b~2)~
| (1/3)*arctan(1/3*sqrt (3)*(2%x + (-a/b)~(1/3))/(-a/b)~(1/3))/(a"3%b) + 5/54 |
¥ (-axb~2)"(1/3)*log(x~2 + x*(-a/b)~(1/3) + (-a/b)~(2/3))/(a~3%b) + 1/18%(5
‘*b*x“4 + 8kaxx)/((b*x~3 + a)“~2%a~2) ‘

Mupad [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.94

/;dm‘— 3_Z+ ?323 n 51n (b1/3x+a1/3)
(a + bz3)3 a2+ 2abxd 4+ b2 57 o573 i/

/3 (= i
In (53”2;” + (6f§f§5)) (=5 +v/35)
540 b1/3
b5/3 f i
i (o - 5 (54 v

540573 b1/3

+

-

inputt

-/

int(1/(a + b*x~3)~3,x)

((4*x)/(9*%a) + (5%b*x~4)/(18*a"2))/(a"2 + b~2*x"6 + 2*a*xb*x~3) + (5xlog(b”
(1/3)*x + a~(1/3)))/(27*a”~(8/3)*b~(1/3)) + (log((56*b~2xx)/(3*a~2) + (b~ (5/
3)*(37(1/2)*6i - 5))/(6%a~(5/3)))*(37(1/2)*5i - 5))/(54*a~(8/3)*b~(1/3)) -

(log((6*%b~2xx)/(3*a~2) - (b~(5/3)*(37(1/2)*5i + 5))/(6*a~(5/3)))*(37(1/2)
*51 + 5))/(54*a~(8/3)*b~(1/3))

output
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Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 278, normalized size of antiderivative = 1.84

1
u/n———————jgdm
(a + bx3)
1 1 1 1 1 1
—10a3+/3 atan(%) — 20a%\/§atan<‘ﬁiﬂ> bad — 10a%\/§atan<“3j—2b3m> b?zb — 5a%log <a% -
a3\/§ 0,3\/§ a3\/§

inputtint(l/(b*x“3+a)“3,x) J

( - 10*ax*(1/3)*sqrt(3)*atan((a**(1/3) - 2%bx*(1/3)*x)/(a**(1/3)*sqrt(3)))
xa*x*x2 — 20%ax*(1/3)*sqrt(3)*atan((a**(1/3) - 2%bx*(1/3)*x)/(a**(1/3)*sqrt(
3)))*xa*xbxx**3 - 10*a*x*(1/3)*sqrt(3)*atan((a**(1/3) - 2*bx*(1/3)*x)/(a*x*(1/
3)*sqrt (3))) ¥b**2xx**6 — b¥xa*x*x(1/3)*Llog(a**(2/3) - b*x(1/3)*ax*(1/3)*x + b
*k (2/3) #x*x2) ¥a*x*2 — 10xa**x(1/3)*Llog(a*x*(2/3) - bx*(1/3)*a**(1/3)*x + b*x(
2/3) *x**2) xaxb*x**3 — bxaxx(1/3)*log(a**(2/3) - bx*(1/3)*a*x(1/3)*x + bk*(
2/3) *xx*2) ¥b*k*2*xk*6 + 10%ax*(1/3)*1og(ax*(1/3) + bk*(1/3)*x)*ax*2 + 20%*a*
*(1/3)*log(a**(1/3) + b*x(1/3)*x)*a*bxx**3 + 10%a**x(1/3)*log(a**(1/3) + bx
*(1/3) *x) ¥b**2%x**%6 + 24%bx*(1/3)*a**2%x + 15%b**(1/3)*axb*x**4)/(54*b*x* (1
/3) *a**x3*% (a**x2 + 2%axbkx*x*3 + b**x2%xx*x*6))

output




output
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1

3.9 f 14+a+bz3 dx

Optimal result . . . . . . . . . . . . . e 99]
Mathematica [A] (verified) . . . . . . . . . ... 100
Rubi [A] (verified) . . . . . . . . . . 100
Maple [C] (verified) . . . . . . . . . ... 1031
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 104
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 104
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 105
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 105
Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 107

Optimal result

Integrand size = 10, antiderivative size = 125

1— 2%:&
3/
arctan %
1 log <\3/1 +a+ \%x)
— —dz = —
/ 1+ a+ bad V3(1 + a)2/3\3/1_) 3(1+ a)2/3\3/5

log ((1 +0a)23 — T+ aVbz + b2/3x2>

6(1+ a)2/3Vb

‘ -1/3*arctan(1/3*(1-2xb~(1/3)*x/(1+a)~(1/3))*37(1/2))*37(1/2) /(1+a)~(2/3) /b
‘ ~(1/3)+1/3*x1n((1+a) = (1/3)+b~ (1/3)*x) / (1+a) ~(2/3) /b~ (1/3)-1/6*1n((1+a)~(2/3
‘ )-(1+a) " (1/3)*b~ (1/3) *x+b~ (2/3) *x~2) / (1+a) ~(2/3) /b~ (1/3)
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.81

1
——_d
/1+a+bz3m

_1_’_323#
2v/3 arctan % + 2log <V3 l+a+ %x) — log ((1 +a)?® — 1+ aVbz + b2/3z2>

6(1 + a)2/3Vb

input‘ Integrate[(1 + a + b*x~3)~(-1),x] ‘

output
\ a)~(1/3) + b~ (1/3)*x] - Logl(1 + a)~(2/3) - (1 + a)~(1/3)*b~(1/3)*x + b~ (

‘/(2*Sqrt [3]*ArcTan[(-1 + (2*%b~(1/3)*x)/(1 + a)~(1/3))/Sqrt[3]] + 2xLogl[(1 + \‘
12/3)*x°2])/ (6% (1 + a)"(2/3)¥b™(1/3))

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 123, normalized size of antiderivative = 0.98,

number of rules _
integrand size 0.800, Rules

number of steps used = 9, number of rules used = 8,
used = {750, 16, 1142, 25, 27, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/a+bx3+1dx

l 750

f 2\3/a+ 1—%:8 dx f 1 dz
b2/322—/a + 1 %x—i—(a—i—l)z/?’ + Voer Va+1
3(a+1)%/3 3(a+1)%/3

| 16
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23 a+1- %m d 5 5
/ v2/352— ¥/a + 1 V/bot(at1)2/3 o N log <Va +1+ \/Ex)
3(a+1)%/3 3(a +1)2/3Vb

l'1142

Vb(Va+1-2Vb)

/- 3 dz
33 1 b2/3z2— 3\/ a + 1 ﬁz+(a+1)2/3
sva+1 dx —
2va f b2/3z2—13/a+ 1%z+(a+1)2/3 v 2% n
3(a+1)23
log (\3/(1 + 14 %m)
3(a+1)2/3Vb
| 25
%( 3\/ a + 172 i/_z>
d
3 3a+1f 1 dr + f”2/3’”2‘3\/a+1%w+(a+1)2/3 ’
2 b2/352_ 43/01 + 1 %x+(a+1)2/3 2% n
3(a+ 1)2/3
log (\3/a +1+ %a:)
3(a+1)2/3Vb
| 27
33 1 1 Ya+1-2 Vbe
sva+1 dr + 5 d
2 Va f b2/3z2_3/a + 1 %z+(a+1)2/3 T3 f v2/352— V/a + 1%z+(a+1)2/3 *
3(a + 1)2/3
log (\3/a + 14 \3/5:1:)
3t 12375
| 1082
3
3 1 dl 1— 2 bz >
g _(1_ 23/ba ) ( Va+1
1 Va+1-2ba de + Va+1
27 perage_ Va+1 %a}—i—(a—i—l)z/?‘ % +
3(a+ 1)
log (\3/a + 14 %.’L‘)
3t 123V

l 217
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1— 32 %z
\/ga,rctan \%4_ 1
1 3a+ 1-2¥/bs d
5 xXr — 3 3
2/ v2/322— /a4 13/ bat(at+1)2/3 Vb N log (V a+1l+ \/5x>
3(a +1)2/3 3(a+1)2/3Vb
l 1103
1— 2%:3
] 1
\/§arctan ++
log (— Va+1 %x+(a+1)2/3+b2/3x2)
— — 3 3
7 N log (m + \/l_m)

+
3(a+1)%/3 3(a+1)2/3Vb

e

inputtlnt[(l + a + bxx~3)"(-1),x]

~—

‘Log[(l +a)7(1/3) + b~ (1/3)*x]1/(3*(1 + a)~(2/3)*b~(1/3)) + (-((Sqrt([3]*Arc
‘Tan[(l - (2x%b~(1/3)*x)/(1 + a)~(1/3))/Sqrt[311)/v~(1/3)) - Logl(1 + a)~(2/
3) - (1 +a)~(1/3)*b~(1/3)*x + b~(2/3)*x~2]1/(2%b~(1/3)))/(3*(1 + a)~(2/3))

output

N

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
‘bxx, x]11/b), x] /; FreeQ[{a, b, c}, xI

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

rule o7 Int[(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

rule 217




rule 750

rule 1082

rule 1103

rule 1142

input
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Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Simp[1/(3*Rt[a, 3]72) Int[1/
(Rt[a, 3] + Rt[b, 3]1*x), x], x] + Simp[1/(3*Rt[a, 3]"2) Int[(2%xRt[a, 3] -
Rt[b, 3]*x)/(Rt[a, 3172 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]"2*%x"2), x], x] /;
FreeQ[{a, b}, x]

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*(c/b~2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c]l)] /; Fre
eQ[{a, b, c}, x]

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Int[((d_.) + (e_.)*(x_))/((a)) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*%c*d - bxe)/(2%c) Int[1/(a + b*x + c*xx"2), x], x] + Simple/(2*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, xI

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.46 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.22

method | result size
ln<:c—_R)
R > 7 R
—RootOf (b a R
risch bl 3; +) 28
V3 2z I 1
()}
ﬁarctan 3
1 1 2
In(z+(1$2)3 In( 22— (1+2) 344 (142)3
default ( ’ 2 ) - ( ’ 2 ’ ) + 2 ].05
3b(4$2)3 6b(1$2)3 3b(452)3

Lint (1/ (b*x~3+a+1) ,x,method=_RETURNVERBOSE)
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‘1/3/b*sum(1/_R“2*ln(x-_R),_R=Root0f(_Z“3*b+a+1))

output
Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 198 vs. 2(90) = 180.
Time = 0.09 (sec) , antiderivative size = 446, normalized size of antiderivative = 3.57
b/* ! dx = Too 1 to displ
—— dz = Too large to displa;
14 a+ bx3 & pray
inputLintegrate(l/(b*x"3+a+1),x, algorithm="fricas") J

[1/6%(3*sqrt(1/3)*(a + 1)*bxsqrt(-((a~2 + 2xa + 1)*b)~(1/3)/b)*log((2*(a +
) *b*x~3 - 3*%((a"2 + 2*a + 1)*b)~(1/3)*(a + 1)*x - a2 + 3*xsqrt(1/3)*(2*(
a + 1)*b*xx~2 + ((a”2 + 2%a + 1)*b)~(2/3)*x - ((a"2 + 2*a + 1)*b)~(1/3)*(a
+ 1)) *sqrt(-((a”2 + 2*%a + 1)*b)~(1/3)/b) - 2%a - 1)/(b*x"3 + a + 1)) - ((a
"2 + 2%a + 1)*b)~(2/3)*log((a + 1)*b*x"2 - ((a”2 + 2*a + 1)*b)~(2/3)*x + (
(a”2 + 2%a + 1)*b)"(1/3)*(a + 1)) + 2x((a”2 + 2xa + 1)*b)~(2/3)*log((a + 1
Y¥b*xx + ((a”2 + 2¥a + 1)*b)~(2/3)))/((a"2 + 2%a + 1)*b), 1/6*(6*sqrt(1/3)*
(a + 1) *b*sqrt(((a”2 + 2*%a + 1)*b)~(1/3)/b)*arctan(sqrt(1/3)*(2*x((a"2 + 2%
a + 1)*b)~(2/3)*x - ((a"2 + 2%xa + 1)*b)~(1/3)*(a + 1)) *sqrt(((a”2 + 2*a +
1)*b)~(1/3)/b)/(a”2 + 2xa + 1)) - ((a”2 + 2xa + 1)*b)~(2/3)*1log((a + 1)*bx
x72 - ((@72 + 2%xa + 1)*b)~(2/3)*x + ((a”2 + 2*xa + 1)*b)~(1/3)*(a + 1)) + 2
*((a™2 + 2%xa + 1)*b)~(2/3)*log((a + 1)*bxx + ((a”2 + 2*a + 1)*b)~(2/3)))/(
(2”2 + 2xa + 1)*b)]

N J

output

Sympy [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.26

1 _ 3 2
/ T ot b dz = RootSum (¢* - (27a’b + 54ab + 27b) — 1, (t — tlog (3ta + 3t + )))

>

inputLintegrate(1/(b*x**3+a+1)’X)

~—
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‘RootSum(_t**3*(27*a**2*b + B4xaxb + 27*b) - 1, Lambda(_t, _t*log(3*_t*a + \

outputts*_t . ) J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.91

V3 Zm—“—ﬂé
\/garctan ( ( bl) )
/ 1 _ 3(%1)°
1+ a+ b3 3p a_bl)%
o ({5 + (7)) tos (=4 (43)")
6b (%) 3b(4)*

integrate(1/(b*x~3+a+1) ,x, algorithm="maxima")

inputt

‘1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2*x - ((a+ 1)/b)"(1/3))/((a + 1)/b)~(1/3)

‘)/(b*((a + 1)/b)7(2/3)) - 1/6%log(x"2 - xx((a + 1)/b)"(1/3) + ((a + 1)/b)~ ‘
‘(2/3))/(b*((a + 1)/b)7(2/3)) + 1/3%log(x + ((a + 1)/b)7(1/3))/(bx((a + 1)/ ‘
‘b)‘(2/3)) ‘

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.14

1 V3( 2z —a%fl 5
(—ab2—b2)3arctan< ( (+( ! )>

1 3(-2f)s
/1+a+bx3dw: v/3ab + v/3b
(—ab? — 17)7 log (% + o (—22)7 + (=21)

6 (ab+0b)
(—22)*1og (|o — (-212)} )

_|_
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input ‘ integrate(l/(b*x“3+a+1) ,X, algorithm=“giac D) ‘

‘(—a*b“2 - b™2)"(1/3)*arctan(1/3*sqrt(3)*(2*xx + (-(a + 1)/b)~(1/3))/(-(a +

output
11)/b)7(1/3))/(sqrt(3)*a*b + sqrt(3)*b) + 1/6%(-a¥b™2 - b~2)~(1/3)*log(x"2 |
+ xx(-(a + 1)/D)7(1/3) + (=(a + 1)/b)~(2/3))/(a%b + b) - 1/3%(-(a + 1)/b)~
| (1/3)%1og(abs(x - (-(a + 1)/b)7(1/3)))/(a + 1)
Mupad [B] (verification not implemented)
Time = 0.21 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.10
/ 1 ln<a+b1/3x(a+1)2/3+1)
——dr =
1+a+bx3 3&5@+&fﬁ
(9ab?+9b?) (—1++/31i )
In <3b2.’£+ 6b1/3 (ag-1)2/3 )> (_1+\/§11)
+
663 (a +1)*°
(9a82+987) (1+v511) .
h1(3b2x—— 6517 (ar )7 ) (1+~¢§1Q
6b1/3 (a+1)%/3
input‘int(l/(a + b*x”~3 + 1),x)
output 108(a * DT(1/3)xxx(a + 1)7(2/3) + 1)/(3+b™(1/3)*(a + 1)7(2/3)) + (log(3+b"

2xx + ((9*%axb~2 + 9xb~2)*(37(1/2)*1i - 1))/ (6*b~(1/3)*(a + 1)~(2/3)))*(37(
1/2)*1i - 1))/(6*b~(1/3)*(a + 1)7(2/3)) - (log(3*b~2*x - ((9*axb~2 + 9*b~2
)*(37(1/2)*%1i + 1))/(6%b~(1/3)*(a + 1)7(2/3)))*(37(1/2)*1i + 1))/(6xb~(1/3
)x(a + 1)7(2/3))
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Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.63

1
——_d
/1+a+m3z

_ (a+1)3-2b3z |
Zﬁatan(—(a W ) log((a-l—l)

W

——b%(a—kl)%x-+b%x2>—F2log<(a—k1)%—kb%x>

W
W=

6(a+1)3b

inputtint(l/(b*x“3+a+1),x) J

\((a + 1)*x(1/3)x( - 2xsqrt(3)*atan(((a + 1)**(1/3) - 2%bxx(1/3)*x)/((a + 1
)#x(1/3)*sqrt(3))) - log((a + 1)#%(2/3) - bx*(1/3)*%(a + 1)#*(1/3)kx + bk (

output
L2/3)*x**2) + 2xlog((a + 1)*x(1/3) + b**(1/3)*x)))/(6%b**(1/3)*(a + 1)) J




output
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Optimal result . . . . . . . . . . . . e 108
Mathematica [A] (verified) . . . . . . . . . . ... o o 1091
Rubi [A] (verified) . . . .. . . ... .. 109
Maple [C] (verified) . . . . . . . . . ... 112
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 113
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 113l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 114
Giac [A] (verification not implemented) . . . . . . .. ... ... ... L. 114
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 115
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 115

Optimal result

Integrand size = 11, antiderivative size = 124

1_|_ 32 %m
arctan | —Y———— Vita

V3

- log (\3/1+—a — \%m)

1
e =
/1+a—bz3 v \/3(1+a)2/3\‘71_>
log <(1 +a)?3 + Y1+ aVbz + b2/3x2>

_|_

3(1+ )23V

6(1 + a)?/3Vb

‘ (1/3)-1/3%1n((1+a)~(1/3)-b~(1/3)*x) / (1+a) ~(2/3) /b~ (1/3) +1/6*1n((1+a) ~(2/3)

‘{1/3*arctan(1/3*(1+2*b“(1/3) *x/(1+a)~(1/3))*37(1/2))*37(1/2) / (1+a)~(2/3) /b~ \‘

‘ +(1+2) " (1/3)*b~ (1/3) *x+b~(2/3) *x72) / (1+a) = (2/3) /b~ (1/3)
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Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.00
2 3 —_ ]_ %z

1
—d
/1+a—bx3 v
42 Y = VT

3
(=1)?% | —24/3arctan % —2log <\3/1 +a+ \3/—1\3/5.’17) + log ((1 +a)?/3 — /=11~

6(1 + a)2/3Vb

inputLIntegrate[(l + a - b*x~3)7(-1),x] J

t‘(((-1)“(2/3)*(-2*Sqrt[3]*ArcTa.n[(—1 + (2% (1)~ (1/3)*b~(1/3)*x) /(1 + a)~(1/3

‘))/Sqrt[B]] - 2xLog[(1 + a)~(1/3) + (-1)7(1/3)*b~(1/3)*x] + Logl(1 + a)~(2
‘/3) - (-1D7/3)*(1 + a)~(1/3)*b~(1/3)*x + (-1)7(2/3)*b~(2/3)*x72]))/(6%(1
+ a)~(2/3)*b~(1/3))

N J

N
outpu
|

Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.98,

number of rules _ 636 Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {750, 16, 1142, 27, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
—d
/a—b:c3+1 v

l 750
li Vbz+2¥a + 1 de [ 1 da
823024 V/a + 1 ¥/ ba+(at1)2/3 Lo Va+i- Vb
3(a+ 1)2/3 3(a+ 1)2/3

| 16
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%m+2 Va+1
dx 37 _ 3
/ v/3024 ¥/a + 1 Vbot+(at1)2/3 log ( a+1- \/5‘”)
3(a+1)%3 3(a+1)2/3Vb
l'1142
%(2 %w+ Va+ 1>
/ d
3¥a+1 f 1 do + 82/3.2. 3 a + 1 %z+(a+1)2/3 ’
2 b2/3z24 ¥/ a + 1 %m+(a+1)2/3 2v/b _
3(a+1)2/3
log <\3/a +1-— \S/l_m:>
3(a+1)2/3Vb
l 27
3 3
§3a+1 1 d$+l 2Vbz+vVa+1 dx
2 f b2/3z24 m%x+(a+l)2/3 2 f b2/324 m%x+(a+l)2/3 .
3(a+1)%/3
log (\3/a +1-— \3/5:5>
3@+ 230
lHBZ
1 2 /b
3f ] d< 3 L +1>
3 3 - (323&“) -3 Va+1
lf 2Vbz+vVa+1 do — Va+1
2 b2/3x2+m%x+(a+l)2/3 % .
3(a+1)%/3
log (\3/a +1-— \3/1_):5)
3(a+ 123 b
l 217
32 %m +1
V3 arctan 7”0’:/21
3 3
1 2Vbs+Va+1 d
5 + 3 3
2 f b2/352 4 \3/ a+1 %z+(a+1)2/3 v % B 10g ( va+ \/517)
3(a+1)2/3 3(a+1)2/3Vb

l 1103
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2 %z +1
3
\/ga,rcta,n a’j% 1
log( Va+1 %x+(a+1)2/3+bz/3x2)
3 3
7 + s _log (x/a-i- —\/Bx)

3(a+1)2/3 3(a +1)2/3Vb

-

inputLInt[(l + a - b*x~3)~(-1),x]

-/

t‘(—1/3*Log[(1 +a)~(1/3) - b~ (1/3)*x]1/((1 + a)~(2/3)*b~(1/3)) + ((Sqrt[3]*Ar
\cTan[(l + (2%b~(1/3)*x) /(1 + a)~(1/3))/Sqrt[311)/b~(1/3) + Logl(1 + a)~(2/
‘3) + (1 + a)7(1/3)*b~(1/3)*x + b~(2/3)*x72]/(2¥b~(1/3)))/ (3% (1 + a)~(2/3))

outpu

Defintions of rubi rules used

rule 16 Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
b*x, x]1/b), x] /; FreeQ[{a, b, c}, x]
rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 217 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)
rule 750 Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Simp[1/(3*Rt[a, 3]72) Int[1/
(Rt[a, 3] + Rt[b, 3]1*x), x], x] + Simp[1/(3*Rt[a, 3]1"2) Int[(2%xRt[a, 3] -
Rt[b, 3]*x)/(Rt[a, 3172 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]1°2*%x"2), x], x] /;
FreeQ[{a, b}, x]
rule 1082 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[a*(c/b~2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*cx(x/b
)1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Fre
eQ[{a, b, c}, x]
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rule 1103

e}, x] && EqQ[2*c*d - b*e, 0]

Int[((d_) + (e_.)*(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,

rule 1142
imp[(2*c*d - b*e)/(2%c)

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
Int[1/(a + b*x + c*xx"2), x], x] + Simpl[e/(2*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]

Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.44 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.24

method | result size
n(ee_ R
)
. _R:RootOf(b_Z3—a—1) _
risch — % 30
\/§a,rctan — 5
In x—(l—“)% In x2+(1—“)%w+(1—“)%
defa.lllt - ( ’ 2 ) + ( ’ P ’ ) + P 106
3b(4$2)3 6b( 1) 3 3b(132)3

. Lint (1/(-b*x~3+a+1) ,x,method=_RETURNVERBOSE)
input

-

output t—l/S/b*sum(l/_R'?*ln (x-_R), R=Root0f (_Z"3%b-a-1))

e—




input

output

input

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 210 vs. 2(90) = 180.
Time = 0.10 (sec) , antiderivative size = 467, normalized size of antiderivative = 3.77

1
/ [ dx = Too large to display

e

Lintegrate(1/(—b*x‘3+a+1),x, algorithm="fricas")

~—

[1/6%(3*sqrt(1/3)*(a + 1)*bxsqrt((-(a~2 + 2xa + 1)*b)~(1/3)/b)*log((2*(a +
1)*b*x~3 + 3*(-(a"2 + 2%a + 1)*b)~(1/3)*(a + 1)*x + a2 + 3*sqrt(1/3)*(2*
(a + 1)*b*x72 - (-(a”2 + 2%a + 1)*b)~(2/3)*x + (-(a”2 + 2%a + 1)*b)~(1/3)*
(a + 1))*sqrt((-(a~2 + 2%a + 1)*b)~(1/3)/b) + 2*a + 1)/(b*x"3 - a - 1)) +

(-(a”2 + 2xa + 1)*b)~(2/3)*log((a + 1)*b*xx"2 + (-(a~2 + 2*a + 1)*b)~(2/3)*
x - (-(a”2 + 2%xa + 1)*b)"(1/3)*(a + 1)) - 2x(-(a"2 + 2*a + 1)*b)~(2/3)*log
((a + D)*b*x - (-(a"2 + 2*a + 1)*b)~(2/3)))/((a"2 + 2*a + 1)*b), 1/6%(6*sq
rt(1/3)*(a + 1)*bxsqrt(-(-(a”2 + 2*a + 1)*b)~(1/3)/b)*arctan(sqrt(1/3)*(2*
(-(a”2 + 2xa + 1)*b)~(2/3)*x - (-(a”2 + 2*a + 1)*b)~(1/3)*(a + 1))*sqrt(-(
-(a™2 + 2*%a + 1)*b)~(1/3)/b)/(a"2 + 2*a + 1)) + (-(a”2 + 2*a + 1)*b)~(2/3)
xlog((a + 1)*b*x"2 + (-(a"2 + 2*xa + 1)*b)~(2/3)*x - (-(a"2 + 2xa + 1)*b)~(
1/3)*(a + 1)) - 2%(-(a”2 + 2*xa + 1)*b)~(2/3)*1log((a + 1)*bxx - (-(a”2 + 2%
a + 1)*%b)~(2/3)))/((a"2 + 2*a + 1)*b)]

Sympy [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.27

1 — 3 2 _ . .
/ T a—bad dz = — RootSum (¢* - (27a’b + 54ab + 27b) — 1, (t — tlog (—3ta — 3t + z)))

integrate (1/(-b*x**3+a+1),x)

s \‘

\

‘-RootSum(_t**B*(27*a**2*b + B4xaxb + 27*b) - 1, Lambda(_t, _t*log(-3*_t*a
L- 3%_t + x)))

—
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 113, normalized size of antiderivative = 0.91

/ 1 B 3(24)}
— b3 - B %
1+a—0bx 3b(Tl) 1 2 1
tog (22 +2(=51)s + (55)7)  log (= - (+42)%)
+ 2 - 2
6b (%) 3b (%)

integrate(1/(-b*x~3+a+1) ,x, algorithm="maxima")

inputt

output‘ 1/3*sqrt (3)*arctan(1/3*sqrt(3)*(2*x + ((a + 1)/b)~(1/3))/((a + 1)/b)~(1/3) ‘
\)/(b*((a + 1)/b)7(2/3)) + 1/6%log(x”2 + xx((a + 1)/b)~(1/3) + ((a + 1)/b)~ \
\(2/3))/(b*((a + 1)/b)7(2/3)) - 1/3*log(x - ((a + 1)/b)~(1/3))/(bx((a + 1)/ \
5)7(2/3)) |

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.06

. V3(2a+(at1)8
(ab® + b?)3 arctan (#)

/ 1 e = 3(*4%)

1+a—0bx3 V3ab + /3b

(@ + ) log (o + (=) * + (52) )
6 (ab+b)

log(:r— (“—‘,‘;1)%

3(a+1)

[N

+

W=

(%)

N——

inputLintegrate(1/(—b*x“3+a+1),x, algorithm="giac") J
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output‘ (a*b~2 + b~2)~(1/3)*arctan(1/3*sqrt(3)*(2*x + ((a + 1)/b)~(1/3))/((a + 1)/ ‘
'D)7(1/3))/(sqrt(3)*a*b + sqrt(3)*b) + 1/6%(a*xb™2 + b™2)"(1/3)*log(x"2 + x* |
(@ + 1)/B)7(1/3) + ((a + 1)/b)~(2/3))/(a*¥b + b) - 1/3%((a + 1)/b)~(1/3)*1
Log(abs(x - ((a + 1)/b)~(1/3)))/(a + 1) |

Mupad [B] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.33

1+a— b3 de = 3 (_b)1/3 (a+ 1)2/3
In (3 o+ ((_Sf h)) (-1+V31i)
6 (—b)"/3 (a+1)*?
In (3 P — (g‘;lgi:ffj?(giﬁ“>) (1+v/31i)

6(—=b)"* (a+1)"°

2 9ab%+9b2
/ : In <3b T 3(=b)'/® (a+1)2/3>

_|_

.
int(1/(a - b*x~3 + 1),x%)

N\ J

input

log(3*b~2*%x + (9*a*b~2 + 9%b~2)/(3*(-b)~(1/3)*(a + 1)7(2/3)))/(3*%(-b)~(1/3
Yx(a + 1)7(2/3)) + (log(3*b~2*x + ((9*a*b~2 + 9*b~2)*(37(1/2)*1i - 1))/ (6%
(-b)~(1/3)*(a + 1)7(2/3)))*(37(1/2)*1i - 1))/(6x(-b)~(1/3)*(a + 1)7(2/3))
- (log(3*b~2xx - ((9*a*b~2 + 9xb~2)*(37(1/2)*1i + 1))/ (6*x(-b)~(1/3)*(a + 1
)7(2/3)))*(37(1/2)*1i + 1))/(6x(-b)~(1/3)*(a + 1)7(2/3))

output

Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.62

1
/1+a—m¢m

(a+1)3 4232 ( 2
2v/3 atan (—(a+1)%\/§ > +log((a+1)3+b

W=
W=
W=

(a+1) x+b%z2>—2log<(a+1) —b%x>

Wi

6(a+1)2 b3



CHAPTER 3. LISTING OF INTEGRALS 116

input Lint (1/(-b*x~3+a+1),x) J

output‘ ((a + 1)**x(1/3)*(2*sqrt(3)*atan(((a + 1)**(1/3) + 2%bx*x(1/3)*x)/((a + 1)*x* ‘
| (1/3)*sqrt(3))) + log((a + 1)*x(2/3) + b¥x(1/3)*%(a + 1)*x(1/3)*x + b¥x(2/3
xxkk2) - 2klog((a + 1)#x(1/3) - bk*(1/3)*x)))/(6%b**(1/3)*(a + 1)) |




output
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3.11 fmdx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . . ... o o
Rubi [A] (verified) . . . .. . . ... ..
Maple [C] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [F(-2)] . . . . .
Giac [A] (verification not implemented) . . . . . . .. ... ... ... L.
Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 10, antiderivative size = 139

1+

3
2 bm

¥Y1l—a

arctan —

log <m — %m)

1
= —
/ T+a+b ™ V3(1 - a)?23b

3(1—a)?/3Vb

log ((1 —a)?3 4+ 1= aVbz + b2/3x2)

6(1 — a)2/3V/b

‘ ~(1/3)+1/3*1n((1-a)~(1/3)-b~(1/3)*x) /(1-a)~(2/3) /b~ (1/3)-1/6*1n((1-a) " (2/3

‘{-1/3*arctan(1/3*(1+2*b“(1/3) *x/(1-a)~(1/3))*37(1/2))*37(1/2)/(1-a)~(2/3) /b \‘

‘ )+(1-a)~(1/3)*b~ (1/3) *x+b~ (2/3)*x~2) / (1-a) ~(2/3) /b~ (1/3)
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.73

1
——d
/—1+a+bx3 v

3
2 bz
—lp A
23arctan | — Y -1+a +2log (V=1 +a+ Vbz) —log ( (=1 + a)?/® — /=1 + aVbz + b?/322
V3

6(—1+a)2/3vb

input‘ Integrate[(-1 + a + b*x~3)~(-1),x] ‘

‘/(2*Sqrt [3]*ArcTan[(-1 + (2xb~(1/3)*x)/(-1 + a)~(1/3))/Sqrt[3]1] + 2*Log[(-1
‘ +a)7(1/3) + b~ (1/3)*x] - Logl(-1 + a)7(2/3) - (-1 + a)~(1/3)*b~(1/3)*x +
‘ b~ (2/3)*x~2])/(6%x(-1 + a)~(2/3)*b~(1/3))

output

\‘

Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 134, normalized size of antiderivative = 0.96,

number of rules _
integrand size 0.800, Rules

number of steps used = 9, number of rules used = 8,
used = {750, 16, 25, 1142, 27, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/a+bx3—1dx
l75o

dz

- Vori2¥/1—a de [ 1
b2/3z24 /1 — a%x-i—(l—a)?/e’ + %/_z— Y1—a
3(1 —a)?/3 3(1 —a)?/3

llG
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_ %z+2 \3/ 1—a 3
f b2/3z24 v3 1-— a%z+(1—a)2/3 dz 4 log (V3 l—a- \/1—71')
3(1—a)?/3 3(1 — a)2/3Vb

| 25

Vbet2¥/1—a
3 3 d
log (\/ l1—a-— \/I_)$> B f b2/352 4 1= a%m+(1—a)2/3 ’
3(1 - a7 30— 0
l 1142

log (VT—a— Vbe)
3(1— )3

%(2 %z+ 3\/ 1-— a)
f 3 3 dz
3 \3/ 1—a 1 dz + v2/3524+3/1 — a\/l_)m+(1_a)2/3
2 f b2/324 ,3/1 — a%x+(1—a)2/3 2%
3(1 — a)?/3
l 27
log (\/3 l1—a- %m)
3(1-a)23vb
3 3
§\/31— 1 d _|_l 2Vbz+V1 —a d
’ * wra e Y1 — aVoor(—aps / 05224 /1 — aVbor(1—a)?/s
3(1 — a)?/3
l 1082
log <\/3 l—a-— \3/1_)1')
3(1—a)2/3Vb B
3
3 1 d 2 \/I;:c 1>
! () (gt
Ly 2¥Vbe+ ¥/1—a do — MN—a
2 v2/3z243/1 — a%z+(1—a)2/3 %
3(1 — a)?/3
l 217
3237&_',1
V/3arctan 7&\750,
3 3
3 3 1 2Vbz+vV1 —a de +
log (\/1 —a— \/Eac) 2 J 2322+ Y1 — a a%x+(1—a)2/3 7

3(1 —a)2/3vb 3(1—a)2/3
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l 1103
32 3y bm 41
v/3arctan 7"1\7;1
log( \3/ 1—a %x+(1—a)2/3+b2/3x2>
3 3
—a — +
log <\/1 \/Em) ~ 7 23b
3(1 —a)2/3Vb 3(1 — a)?/3
inputtlnt[(-l + a + b*x~3)"(-1),x] J

Log[(1 - a)~(1/3) - b™(1/3)*x]/(3%(1 - a)~(2/3)¥b™(1/3)) - ((Sqrt[3]*ArcTa
a1+ (260°(1/3)%x0) /(1 - )~ (1/3))/Sqrs[311)/b™(1/3) + Log[(1 - a)"(2/3)
(- @7 (1/3)%b7 (1/3)xx + b(2/3)%x°2]/(2%b°(1/3)))/(3x(1 - a)~(2/3))

output

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a + ‘
‘bxx, x]11/b), x] /; FreeQ[{a, b, c}, x]

‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] ‘

rule 25

rule 27 Intl(@)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 217 Tmtl(@@) + (b_.)*(x)72)7(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])7(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 0])

e 750 Tnt[(@) + (b_)*(x)°3)"(-1), x_Symbol] :> Simp[1/(3+Rt[a, 31°2)  Int[1/

'(Rtla, 3] + Rt[b, 31%x), x], x] + Simp[1/(3*Rt[a, 3]172) Int[(2*Rt[a, 3] -
" Rt[b, 3]*x)/(Rt[a, 3172 - Rt[a, 3]*Rt[b, 31*x + Rt[b, 31"2%x"2), x], x] /;
‘ FreeQ[{a, b}, x] ‘
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Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%S
implify[a*(c/b"2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*cx(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c])] /; Fre
eQ[{a, b, c}, x]

rule 1082

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

rule 1103

rule 1142‘Int[((d_.) + (e_)*(x))/((a)) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S ‘
‘imp[(2*c*d - bxe)/(2*c) Int[1/(a + b*x + c*x~2), x], x] + Simpl[e/(2*c) ‘
‘Int[(b + 2%cxx)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] ‘

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.46 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.20

method | result Size
In m—_R
T
risch _ _RootOf(bi 34:_1) _ 2
V3 2z 1
(a;l)s
\/garctan +
1 1 2
In(z+(231)3 In(22—(251)324(251)3
default ( ’ - ) — ( b 2 b )+ . 105
3(e50)3 6b(251)3 3b(251)3
input Lint (1/(b*x~3+a-1) ,x,method=_RETURNVERBOSE) J
output 1/3/b*sun(1/_R"2+1n(x-_R),_R=Root0f (_Z"3xb+a-1)) ]
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 446, normalized size of antiderivative = 3.21

1
/ 1t atbs® dz = Too large to display
inputLintegrate(l/(b*x“3+a-1),x, algorithm="fricas")
output [1/6*(3*sart(1/3)*(a - 1)*b*sqrt(-((a™2 - 2+a + 1)¥b)"(1/3)/b)*log((2*(a -

1) *b*xx"3 - 3*x((a”2 - 2%a + 1)*b)~(1/3)*(a - 1)*x - a~2 + 3*sqrt(1/3)*(2*(
a - Dx*b*x"2 + ((a”2 - 2%a + 1)*b)~(2/3)*x - ((a"2 - 2*a + 1)*b)~(1/3)*(a
- 1))*sqrt(-((a”2 - 2*a + 1)*b)~(1/3)/b) + 2*a - 1)/(b*x"3 + a - 1)) - ((a
2 - 2*%a + 1)*b)~(2/3)*log((a - 1)*bxx"2 - ((a"2 - 2*xa + 1)*b)~(2/3)*x + (
(a™2 - 2%a + 1)*b)"(1/3)*(a - 1)) + 2x((a”2 - 2xa + 1)*b)~(2/3)*log((a - 1
Y¥b*xx + ((a™2 - 2¥a + 1)*b)~(2/3)))/((a"2 - 2%a + 1)*b), 1/6%(6*sqrt(1/3)*
(a - 1)*b*sqrt(((a”2 - 2xa + 1)*b)~(1/3)/b)*arctan(sqrt(1/3)*(2x((a"2 - 2%
a + 1)xb)"(2/3)*x - ((a”"2 - 2xa + 1)*b)~(1/3)*(a - 1))*sqrt(((a”2 - 2*a +
*b)~(1/3)/b)/(a"2 - 2*%a + 1)) - ((a”2 - 2xa + 1)*b)~(2/3)*1log((a - 1)*bx*
x"2 - ((@a”2 - 2%a + 1)*b)~(2/3)*x + ((a"2 - 2*a + 1)*b)~(1/3)*(a - 1)) + 2
*((a”2 - 2%xa + 1)*b)~(2/3)*log((a - 1)*bxx + ((a"2 - 2*a + 1)*b)~(2/3)))/(
(a”2 - 2%a + 1)*b)]

Sympy [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.23

1
/—1+a+bx3dx

= RootSum (t° - (27a°b — 54ab + 27b) — 1, (t — tlog (3ta — 3t + z)))

inputLintegrate(1/(b*x**3+a_1)’x)

output ROOESUM(_t#*3%(27*ax42b ~ 5dxaxb + 27+b) - 1, Lambda(_t, _t*log(3* t*a -
13%_t + X))
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Maxima [F(-2)]

Exception generated.

1
/ ———— dx = Exception raised: ValueError
—1+a+bx?
inputLintegrate(l/(b*x‘3+a—1),x, algorithm="maxima") J

p
Output‘Exception raised: ValueError >> Computation failed since Maxima requested

W
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a-1.0>0)', see “assume?” for mor
e details)

N\ J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.02

1 V3 2z+(—“—‘1)%
(—ab? + b?)? arctan ( ( - )>

Q/‘ 1 . 3(-151)8
Tr =

—1+a+bx? V/3ab — /3b

(—ab® + bz)% log (z2 + x(—“;bl)

W=

+(-5))

+

-

Lintegrate(l/(b*x“3+a-1),x, algorithm="giac")

| —

input

t‘(-a*b"2 + b"2)~(1/3)*arctan(1/3*sqrt (3)*(2*xx + (-(a - 1)/b)~(1/3))/(-(a -
11)/b)7(1/3))/(sqrt(3)*a*b - sqrt(3)*b) + 1/6%(-a¥b™2 + b~2)"(1/3)*log(x"2 |
+ xx(-(a - 1)/D)7(1/3) + (=(a - 1)/b)7(2/3))/(a*b - b) - 1/3%(-(a - 1)/b)"
L(l/B)*log(abs(X - (-(a - 1)/B)~(1/3)))/(a - 1) J

outpu
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Mupad [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 137, normalized size of antiderivative = 0.99

1 ln<a+bl/3x(a—1)2/3—1>
dr —
/—1 Ya+bad " 3b1/3 (a — 1)2/3
(9ab2-9b?) (—1++/31i .
In (3 bz + 6b1/3 (a(_1)2/3 )) (-1++/31i)
6b1/3 (a — 1)*/3
(9a42-94?) (1+v31i)

In (31)293_ SH ) (14 +/31i)
- 6613 (a — 1)°/3

+

-

inputtint(l/(a + b*x~3 - 1),%)

-/

log(a + b~ (1/3)*x*(a - 1)7(2/3) - 1)/(3*b~(1/3)*(a - 1)7(2/3)) + (log(3*b~
2%x + ((9*a*xb”™2 - 9%b~2)*(37(1/2)*1i - 1))/(6%b~(1/3)*(a - 1)7(2/3)))*(37(
1/2)*1i - 1))/(6*%b~(1/3)*(a - 1)7(2/3)) - (log(3*b~2*x - ((9*a*b~2 - 9*b~2
)*(37(1/2)*1i + 1))/(6xb~(1/3)*(a - 1)7(2/3)))*(37(1/2)*1i + 1))/(6%b~(1/3
dx(a - 1)7(2/3))

output

Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.57

1
/—1+a+bx3dx

_ (a-1)F-23s ) _ — 1) —pia—1)3 2,2 _
2\/§atan( (a-1)%\/§> log<(a 1)3 —b3(a 1)3z+b3z>+2log<(a 1)

W=

+b

1
3

°)

6(a— 1) bs

-

inputtint(l/(b*x‘3+a—1),x)

-/

}((a - 1)**x(1/3)*( - 2xsqrt(3)*atan(((a - 1)*x(1/3) - 2xb**x(1/3)*x)/((a - 1
\)**(1/3)*sqrt(3))) - log((a - 1)*%(2/3) - b*x(1/3)*(a - 1)*x(1/3)*x + bk*(
\2/3)*x**2) + 2xlog((a - 1)*x(1/3) + bx*(1/3)*x)))/(6*%b**x(1/3)*(a - 1))

output




output
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1

312 [ loods

Optimal result . . . . . . . . . . . . e 125
Mathematica [A] (verified) . . . . . . . . . . ... o o 1261
Rubi [A] (verified) . . . .. . . ... .. 126
Maple [C] (verified) . . . . . . . . . ... 130
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 130
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 131
Maxima [F(-2)] . . . . . 131
Giac [A] (verification not implemented) . . . . . . .. ... ... ... L. 132
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 133
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 133l

Optimal result

Integrand size = 11, antiderivative size = 138

23 bz
1--2V 0
arctan | —Y—~ \,\/1§—a
1 log <\3/1 —a+ %z)
L de= .
/ —1+a—ba? V3(1 — )23V 3(1 — a)2/3V/b

_|_

log ((1 —a)?? — Y1 — avbx + b2/3$2>

6(1 — a)?/3V/b

‘(1/3)-1/3*1n((1-a)“(1/3)+b”(1/3)*X)/(1-a)“(2/3)/b‘(1/3)+1/6*1n((1-a)“(2/3)

~(2/3)/07(1/3)

1/3arctan(1/3+ (1-2¢b~ (1/3)#x/ (1-a) " (1/3))3" (1/2))%3°(1/2)/ (1-2)~ (2/3) /b~ |

\—(1-a>*(1/3)*b*(1/3)*x+b*(2/3)*x~2)/(1-a)
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.90

1
—d
/—1+a—bx3 o
_1+23\/ _]_ %z
3
(-1)*3 | —2v/3arctan | — Y _+T 4% "\/_glﬂL —2log <\3/—1 +a+ \3/—1\3'/536) + log <(—1 +a)?/® — 3/—1

6(—1+ a)2/3Vb

input tIntegrate[(-l + a - bxx"3)7(-1),x] J

.| ((-1)7(2/3)* (-2+Sqrt [3] *ArcTanl(-1 + (2%(~1)"(1/3)*b"(1/3)xx)/ (-1 + a)"(1/
13))/8qrt [311 - 2+Log[(-1 + a)~(1/3) + (-1)~(1/3)%b~(1/3)#x] + Log[(-1 + a)
7(2/3) - (-1)7(A/3)* (-1 + @)~ (1/3)*b™(1/3)*x + (~1)7(2/3)%b"(2/3)*x721))/(

6% (-1 + a)~(2/3)*b™(1/3))

N J

N
outpu
|

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.98,

number of rules _ g1 Rules
integrand size

number of steps used = 10, number of rules used = 9,
used = {750, 16, 25, 1142, 25, 27, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

1
/a—b:c3—1dx

l'750

below.

dr

f_ 2\3/1—a—%x dx f 1
v2/3z2_3/1 — a%z+(l—a)2/3 4= % V1-a
3(1—a)?/3 3(1—a)?/3

| 16
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2m— %z
— d 3
/ Wﬁﬂ—V1—a%@Hﬂf@w3x__bg(@l—aﬁ-J&)

3(1—a)?/3 3(1 —a)2/3Vb

l 25
2\3/ 1—a-— %x
f b2/3:l:2—13/1 —_ a%m+(l—a)2/3 dCE B lOg (\3/ l1—a + %x)
3(1 — a)?/3 3(1—a)?/3Vb

l 1142

%< 3\/ 1 — Q-2 %z)
f - p2/342 3\/ 1—a %m+(l—a)2/3

dzx

331 = 1 dr —
. 2 ¢ f b2/3z2— /1 — a%x+(1—a)2/3 ’ 2v/b _
31— a)2/3
log (\3/1 —a+ \%x)
3(1 —a)?/3vb
| 25
%( 3\/ 1—a-2 %/_z>
J 3 3 dx
331 — 1 d v2/3,2-3/1 — a\/l_)z+(1—a)2/3
B 2 af p2/3z2_3/1 — a%m+(1—a)2/3 T+ 2% _
3(1 — a)?/3
log (\3/1 —a+ %m)
3(1—a)?/3Vb
| 27
3 3
3371 — 1 do+ 1 V1—a-2Vba d
_ 2 af b2/3z2—\3/ 1-— a%x+(1—a)2/3 T f b2/3x2— \3/ 1- a%w+(1—a)2/3 v _
3(1— a)2/3
log (\3/1 —a+ %w)

31— )23
lHBZ
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Ly Y1 —a—2Vbs dz + V1i—a
~ 2 42135231 — aV/bat(1-a)2/3 7 )
3(1 — a)?/3
log <V3 l1—a+ %x)
3(1—a)2/3Vb
l 217
1_3371)90
V3arctan| —¥Y——— % \'\/13_0’
1 \3/ 1—a-2 : bz
2 dr — 3 3
_ 2 b2/302— 3/1 — a¥/ba+(1-a)?/3 ’ Vb B log (\/1 —a+ \/I_)x>
3(1 — a)2/3 3(1 _ a)2/3%
l 1103
1732371)70
V3arctan| —¥Y—— % V\/lg_a
l%(_%l‘_a%@%HLﬂfm+Fﬁﬁ)
- - 3 3
Vb b _bg@ﬂ—a+¢%)

3(1 — a)?/3 3(1 —a)?/3vb

inputtlnt[(—l + a - bxx~3)"(-1),x]

t‘—1/3*Log|:(1 - a)~(1/3) + b~ (1/3)*x]/((1 - a)~(2/3)*b~(1/3)) - (-((Sqrt[3]*

‘ArcTan[(l - (2%b7(1/3)*x) /(1 - a)~(1/3))/Sqrt[3]11)/b~(1/3)) - Logl(1l - a)~
‘(2/3) - (1 - a)~(1/3)*b~(1/3)*x + b~ (2/3)*x~2]/(2%¥b~(1/3)))/(3*(1 - a)~(2/
3))

outpu

N\

/|

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
Lb*x, x]11/b), x1 /; FreeQ[{a, b, c}, x]

rukaz5LInt['(FX->’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]
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rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 217 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])°(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQl[a, 0] || LtQ[b, 0])
rule 750 Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Simp[1/(3*Rt[a, 3]172) Int[1/
(Rt[a, 3] + Rt[b, 3]*x), x], x] + Simp[1/(3*Rt[a, 3]172) Int[(2*Rt[a, 3] -
Rt[b, 3]*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]"2*x~2), x], x] /;
FreeQ[{a, b}, x]
rule 1082 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[a*(c/b~2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b
)1, x] /; RationalQ[q] &% (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c])] /; Fre
eQ[{a, b, c}, x]
rule 1103 Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]
rule 1142 Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*%c*d - b*e)/(2%c) Int[1/(a + b*x + c*x"2), x], x] + Simple/(2%c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]




CHAPTER 3. LISTING OF INTEGRALS

130

Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.44 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.22

method | result size
In(z— R
-y ( = )
risch = _RootOf(b_ 3:-5—1) _ 30
\/5( 2z 41
a—1
\/.?:arctan (Ts)g
In x—(a—_l)% In x2+(“_1)3z+(a7—1)%
default —< b2>+( ’ 2b )+ 3 106
3b(25) 2 6b(25) 3b(25) 2

input Lint (1/(-b*x~3+a-1) ,x ,method=_RETURNVERBOSE)

output | ~1/3/b*sun(1/_R"2¥1n(x-_R),_R=Root0f (_Z"3+b-a+1))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 210 vs. 2(104) = 208.

Time = 0.08 (sec) , antiderivative size = 467, normalized size of antiderivative = 3.38

1
/ R dx = Too large to display

-

i - - o i =n : n
input Llntegrate(l/( b*x~3+a-1) ,x, algorithm="fricas")

| —
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[1/6%(3*sqrt(1/3)*(a - 1)*b*sqrt((-(a~2 - 2*a + 1)*b)~(1/3)/b)*log((2x(a -
1) *xb*x"3 + 3*x(-(a”2 - 2*a + 1)*b)~(1/3)*(a - 1)*x + a”2 + 3xsqrt(1/3)* (2%
(a - 1)*b*x"2 - (-(a"2 - 2%xa + 1)*b)~(2/3)*x + (-(a"2 - 2%a + 1)*b)~(1/3)*
(a - 1))*sqrt((-(a”2 - 2*a + 1)*b)~(1/3)/b) - 2*xa + 1)/(b*x"3 - a + 1)) +

(-(a~2 - 2xa + 1)*b)~(2/3)*log((a - 1)*bxx"2 + (-(a”2 - 2%a + 1)*b)~(2/3)*
x - (-(@"2 - 2xa + 1)*b)"(1/3)*(a - 1)) - 2%(-(a"2 - 2xa + 1)*b)~(2/3)*log
((a - D*bxx - (-(a"2 - 2*%a + 1)*b)~(2/3)))/((a"2 - 2*a + 1)*b), 1/6%(6*sq
rt(1/3)*(a - 1)*bxsqrt(-(-(a”2 - 2*a + 1)*b)~(1/3)/b)*arctan(sqrt(1/3)*(2*
(-(a”2 - 2xa + 1)*b)~(2/3)*x - (-(a”2 - 2*a + 1)*b)~(1/3)*(a - 1))*sqrt(-(
-(a”2 - 2xa + 1)*b)"(1/3)/b)/(a"2 - 2%a + 1)) + (-(a”2 - 2*a + 1)*b)~(2/3)
*log((a - 1)*bxx"2 + (-(a”2 - 2%a + 1)*b)~(2/3)*x - (-(a”2 - 2*a + 1)*b)~(
1/3)*(a - 1)) - 2*x(-(a"2 - 2xa + 1)*b)~(2/3)*log((a - 1)*b*x - (-(a"2 - 2%
a + 1)*%b)~(2/3)))/((a"2 - 2*a + 1)*b)]

output

Sympy [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.25

1
——d
/—1+a—m3x

= —RootSum (¢* - (27a°b — 54ab + 27b) — 1, (t — tlog (—3ta + 3t + 7))

e

inputLintegrate(1/(-b*x**3+a_1),x)

~—

‘—RootSum(_t**S*(27*a**2*b - B4xaxb + 27xb) - 1, Lambda(_t, _t*log(-3*_t*a
‘+ 3%_t + x)))

N

output

Maxima [F(-2)]

Exception generated.

1
/ [ e dxr = Exception raised: ValueError

i - - o i =N s n
input‘lntegrate(l/( b*x~3+a-1) ,x, algorithm="maxima")
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Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘ help (example of legal syntax is 'assume(a-1.0>0)', see ~assume? for mor

‘additional constraints; using the 'assume' command before evaluation *may*
‘e details) ‘

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.00

1 V3 2w+(L_1)%
(ab® — b?)? arctan (<—bl))

[ o= 3 (55)8
—1+a—0bx3 \/gab—\/gb
(@~ ) og (2 + 2(551) ! + (551)})
i 6 (ab — b)
(258 1o o — (2524
3(a—1)
input Lintegrate (1/(-b*x~3+a-1) ,x, algorithm="giac") J

t‘(a*b‘2 - b"2)"(1/3)*arctan(1/3*sqrt (3)*(2*xx + ((a - 1)/b)~(1/3))/((a - 1)/
'b)7(1/3))/(sqrt(3)*a*b - sqrt(3)b) + 1/6%(a¥b 2 - b~2)~(1/3)*log(x"2 + x
((a - 1)/b)°(1/3) + ((a - 1)/b)~(2/3))/(axb - b) - 1/3x((a - 1)/b)~(1/3)*1
Log(abs(x - ((a - 1)/b)~(1/3)))/(a - 1)

outpu
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Mupad [B] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.20

2 9ab2—9b?
/ 1 dw _ ln <3b T + 3(—b)1/3 (a_1)2/3>
—14a—bx3 3(—b)1/3 (CL—].)2/3
(9ab2-9b?) (—1+v31i .
In (3 bz + ek (<a_1)2/3 >> (-1++/31i)
6 (—=b)"? (a —1)*/3
(9ab2-98?) (1+v31i

In (3 bz~ 6(—b)/3 (a—1)2/° >) (1++/31i)
B 6 (—b)1/3 (a— 1)2/3

_|_

-

input Lint(—l/(b*x"s -a+ 1),x)

-/

log(3*b~2*x + (9%a*xb~2 - 9*b~2)/(3*(-b)~(1/3)*(a - 1)7(2/3)))/(3*(-b)~(1/3
Yx(a - 1)7(2/3)) + (log(3*b~2*x + ((9*a*b~2 - 9*%b~2)*(37(1/2)*1i - 1))/ (6%
(-b)~(1/3)*(a - 1)7(2/3)))*(37(1/2)*1i - 1))/ (6x(-b)~(1/3)*(a - 1)~(2/3))
- (log(3*b~2*x - ((9*a*b~2 - 9*b~2)*(37(1/2)*1i + 1))/(6*(-b)~(1/3)*(a - 1
)7(2/3)))*(37(1/2)*1i + 1))/(6x(-b)~(1/3)*(a - 1)7(2/3))

output

Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.56

1
/—1+a—bx3dm

1 1
2v/3 atan (%) + log((a — 1)% +bi(a—1)

W=
=

T+ b%xz) — 210g((a -1)

— b%z)

6(a— 1) bs

-

input Lint (1/(-b*x~3+a-1) ,x)

-/

}((a - 1)**(1/3)*(2*sqrt(3)*atan(((a - 1)*x(1/3) + 2xb*x(1/3)*x)/((a - 1)*x*
\(1/3)*sqrt(3))) + log((a - 1)*x(2/3) + bx*x(1/3)*(a - 1)**(1/3)*x + b*x(2/3
\)*x**2) - 2xlog((a - 1)*x(1/3) - b*x(1/3)*x)))/(6%bx*(1/3)*(a - 1))

output
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3.13 [ (a+bz®)? da

Optimal result . . . . . . . . . . . . . . . 134
Mathematica [C] (verified) . . . . . . . . . ... L 135
Rubi [A] (verified) . . . . . . . . . . 1351
Maple [A] (verified) . . . . . . ... L 137
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 138
Sympy [A] (verification not implemented) . . ... ... .. ... ... ..... 138l
Maxima [F] . . . . . . 139
Giac [F] . . . o o 1391
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 139
Reduce [F] . . . . o 140

Optimal result

Integrand size = 11, antiderivative size = 265

/ (a+ bac?’)5/2 dx = ﬁazacx/a + b3 + ﬁaa:(a + bac?’)?’/2 + 3ac(a + ba:3)5/2

187 187 17
2/3_3/gA 2/3 52 — 3 i/_z
54 39/4/2 4 v3aS (Ya+ Vo) | 0=V Vbesrwt prep (aresin [ (2¥A)Var =T — 4/
+/3a <\/5+ \/_CL‘) \l <<1+\/§> %Jr%x) ipticF | arcsin (1+\/§) %+%x
+
3 3
Voo
187vb \/5(\/5+ . ) sva + bx3
((1+«/§) %/5+\/5x)

54/187*a~2*x* (b*x~3+a) = (1/2)+30/187*a*x* (b*x~3+a) ~(3/2) +2/17*x* (b*x~3+a) ~ (
5/2)+54/187%3~(3/4)*(1/2%6~ (1/2)+1/2*%27(1/2) ) *a~3*(a~(1/3)+b~(1/3) *x) *((a”~
(2/3)-a~(1/3)*b~ (1/3) *x+b~ (2/3) *x~2) / ((1+37(1/2) ) *a~ (1/3)+b~(1/3)*x)~2) ~ (1
/2)*E1lipticF(((1-37(1/2))*a”~(1/3)+b~(1/3)*x)/((1+37(1/2))*a~(1/3)+b~(1/3)
*x) , I*x37(1/2)+2xI) /b~ (1/3) /(@™ (1/3)*(a~ (1/3)+b~(1/3) *x) / ((1+37(1/2) ) *a~(1/
3)+b~(1/3)*x)~2)~(1/2) / (b*xx"3+a) ~(1/2)

output




input

output
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 4.39 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.18

a’z+v/a + bx3 Hypergeometric2F1 < g %, %, —@>

/ (a+ bac?’)‘r)/2 dr =
V1+2=

‘Integrate[(a + bxx~3)7(5/2) ,x]

‘ (a~2*x*Sqrt[a + b*x~3]*Hypergeometric2F1[-5/2, 1/3, 4/3, -((b*x~3)/a)])/Sq
Tt + (b*x"3)/a]

Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 271, normalized size of antiderivative = 1.02,

— 4, number of rules — 0.364, Rules

number of steps used = 4, number of rules used =
integrand size

used = {748, 748, 748, 759}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+ ba:3)5/2 dz

l'748
) 3 3/2 2 3\5/2
1—7a (ba: +a) dz+ﬁx(a+bx)
l.748
( /\/bx3+ad:c+:c(a+bx )3/2> e (a—i—ba: )5/2
l 748

15

2 2
-9 \/ 3
17a< < / T +adx+ —zva+bx > 11

m(a + bx3)3/2> + %x(a + ba:3)5/2
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l 759
3 3
3/4 3 3 a2/3—%%z+b2/3z2 Lo . \/I_)w+<1—\/§>\/a o

. . 23 \/ma(\/a—l- \/l_)a:) J ((1+\/§> Var %/})2 EllipticF | arcsin | 5 bz+<1+\/§> Va ,—7
—al| —a
17 | 11 3/al 2/as Ybe

5vb \/5(\/5+ ) sva+ bx3

((1+\/§) Ya+ %z)
331:(& + bx3)5/2

17

input‘ Int[(a + b*x~3)~(5/2),x]

(2xx*(a + b*x~3)7(5/2))/17 + (15*xax((2*x*x(a + b*x~3)7(3/2))/11 + (9*a*((2*
xxSqrt[a + b*x~3])/5 + (2%37(3/4)*Sqrt[2 + Sqrt[3]1]1*a*x(a~(1/3) + b~ (1/3)*x
)*Sqrt[(a~(2/3) - a~(1/3)*b~(1/3)*x + b~ (2/3)*x~2)/((1 + Sqrt[3])*a~(1/3)
+ b~ (1/3)*x) 2] *EllipticF [ArcSin[((1 - Sqrt[3])*a~(1/3) + b~ (1/3)*x)/((1 +
Sqrt[3]1)*a~(1/3) + b~ (1/3)*x)], -7 - 4*Sqrt[3]1]1)/(5%b~(1/3)*Sqrt[(a~(1/3)
*(a”(1/3) + b~ (1/3)*x))/((1 + Sqrt[3])*a~(1/3) + b~(1/3)*x)"2]*Sqrt[a + b*
x~31)))/11)) /17

output

N

Defintions of rubi rules used

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Simpla*n*(p/(n*p + 1)) Int[(a + b*x™n)"(p - 1), x], x] /; Fre
eQ[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || LtQ[Denominat
or[p + 1/n], Denominator[pl])

rule 748

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 3]1}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s”2 - rxs
*x + r72%x72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*x)/((1 + Sqrt[3]1)*s + r*x)~2)]1))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQl[{a, b}, x] &
& PosQ[a]

rule 759
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Maple [A] (verified)

Time = 2.53 (sec) , antiderivative size = 320, normalized size of antiderivative = 1.21

method | result

7
54ia3v/3 (—a b2)11¥ (

(o)}

- b

risch 2z (11622%+-37ab z3+53a2) Vb a3 +a

) )\/§b
JE}(

—a b2)% iv3 (—ab?) 3
5+ 25

187 -

(cat2)} sva(-as2)

1
3

2b

1 (er
1
54ia3+/3 (—a b2) 3

2b

)ﬁb

(—abz)% 3(—0,1
T2
default 21%7@ + 74abm‘i§/7m + 106a29i\8/W _
1 1
—ab2)3 i3 (—ab2)3
) 'L(z+( 2b) — (2b ) )\/gb
54ia%v/3 (—ab?)3 .
(_ab2)§ 3(—(14
T2
e]hptlc 2b2$7\1/W 4 74abx‘i§(7m 4 106a2:§é/w _
input Lint ((b*x~3+a)~(5/2) ,x,method=_RETURNVERBOSE) J

output

2/187*x* (11*xb~2%x~6+37*a*xb*x~3+53*a~2) * (b*x~3+a) ~(1/2)-54/187*I*a~3%3"(1/2
) /b*(-axb~2) " (1/3) * (I* (x+1/2/b* (—a*b~2) ~(1/3)-1/2*%I*37(1/2) /b* (-axb~2) ~ (1/
3))*37(1/2)*¥b/ (-axb~2)~(1/3)) "~ (1/2) * ((x-1/b*(-a*xb~2) " (1/3)) / (-3/2/b* (-a*b™
2)7(1/3)+1/2%I*37(1/2) /bx(-axb~2) " (1/3))) ~(1/2) * (-I*(x+1/2/b*(-a*b~2) ~(1/3
)+1/2%I*37(1/2) /b*x(-axb~2)~(1/3))*37(1/2) *b/ (-a*b~2) ~(1/3)) ~(1/2) / (b*x~3+a
)~ (1/2)*E11lipticF (1/3*37(1/2) *(I*(x+1/2/b*(-a*xb~2) ~(1/3)-1/2*%I*3~ (1/2) /b*(
-a*b~2)~(1/3))*37(1/2)*b/ (-a*b~2)~(1/3))~(1/2), (I*37(1/2) /b*(-axb~2)~(1/3)
/(=3/2/bx(-a*xb~2) " (1/3)+1/2*I*37(1/2) /b*(-a*xb~2)~(1/3)))~(1/2))
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.22

fi

. /2 2 (81 a®v/bweierstrassPInverse (0, —42, ) + (116%27 + 37 ab?*z* + 53 a®bz)V/bz3 + a)
dr =

187b

+bx

input Lintegrate ((b*x~3+a)~(5/2) ,x, algorithm="fricas")

‘2/187*(81*a“3*sqrt(b)*weierstrassPInverse(O, -4xa/b, x) + (11*b"3*x~7 + 37

output
L*a*b‘2*x“4 + 53%a~2+%b*x) *sqrt (b*x~3 + a))/b J

Sympy [A] (verification not implemented)

Time = 0.54 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.14

e

integrate ((b*x**3+a)**(5/2) ,x)

~—

input L

Output‘a**(5/2)*x*gamma(1/3)*hyper((-5/2, 1/3), (4/3,), bxx**3%exp_polar(I*pi)/a) ‘
/(3+gamma (4/3))
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Maxima [F|

/(a+bx3)5/2 d:c=/(bx3—|—a)gdm

input ‘ integrate ((b*x~3+a)~(5/2) ,x, algorithm="maxima" ‘

outputtintegrate((b*x‘B + a)~(5/2), x) J
Giac [F]
/ (a+ bac3)5/2 dzx = / (bz® + a)% dx
inputLintegrate((b*x‘3+a)“(5/2),x, algorithm="giac") J
output Lintegrate((b*x‘S + a)~(5/2), x) J
Mupad [B] (verification not implemented)
Time = 0.14 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.14
/ (a+ba®)"? dz = v(ba’ +a)""oFy (_35/25 5 =)
(5 +1)
nput 126((a + b¥x"3)"(5/2) ) |

¢ (xx(a + bxx"3)"(5/2) *hypergeon([-5/2, 1/3], 4/3, -(b*x"3)/a))/((b¥x"3)/a +
\ 1)~(5/2) ‘

outpu
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Reduce [F]

3 2 3 4
/(a+bw3)5/2 dr — 106\/bf87—kaa T 74\/bx18-;aabx

vbai+a
N 2vb a3 + a bz’ N 81 (f o ta dm) a’

17 187

input Lint ((b*x~3+a)~(5/2) ,x)

output‘ (106xsqrt(a + b*x**3)*a**x2xx + 74*sqrt(a + b*x**3)*a*xb*x**4 + 22+sqrt(a +
‘b*x**S)*b**2*x**7 + 81*int(sqrt(a + b*x**3)/(a + b*x**3),x)*a**3)/187




output
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3.14 [ (a+bz®*? da

Optimal result . . . . . . . . . . . . . . e 141
Mathematica [C] (verified) . . . . . . . . . ... L 142
Rubi [A] (verified) . . . . . . . . . . 1421
Maple [A] (verified) . . . . . . ... L 144
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 145
Sympy [A] (verification not implemented) . . ... ... .. ... ... ..... 145
Maxima [F] . . . . . . 146
Giac [F] . . . o o 1461
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 146
Reduce [F] . . . . . o 147

Optimal result

Integrand size = 11, antiderivative size = 246
313/2 18 2 313/2
(a+bz®) dngax\/a+bx3+ﬁx(a+bx)

18 3/4\/2 + v3a? (Va + Voo \l <</‘}/>5%/\/_’_’”3"\/5/) EllipticF (arcsin (E;g ﬁi ﬁ) —T — 4y
1+v3) vV a+V oz z

+

, Ya ( Ya+ %z)
55\/5J ((1+\/§) Ya+ %m)

sva+ bx3

18/55%axx* (b*xx~3+a) ~(1/2)+2/11*x* (b*x~3+a) ~(3/2) +18/55%37 (3/4) *(1/2%6~ (1/2
)+1/2%27(1/2))*a"2x(a~(1/3)+b~ (1/3) *x) *((a~(2/3)-a~(1/3) *b~ (1/3) *x+b~(2/3)
*x72)/((1+437(1/2) ) *a~ (1/3)+b~(1/3) *x) ~2) " (1/2) *E11lipticF (((1-37(1/2))*a~ (1
/3)+b~(1/3)*x) / ((1+37(1/2))*a”~ (1/3)+b~(1/3) *x) ,I*37(1/2)+2*I) /b~ (1/3) /(a~(
1/3)*(a”~(1/3)+b~(1/3)*x) / ((1+37(1/2))*a~(1/3)+b~ (1/3)*x) ~2) ~(1/2) / (b*x~3+a
)~ (1/2)
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 3.82 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.19

azv/a + bx3 Hypergeometric2F1 (—%, %, %, —i)

V1+2=

/ (a+bx3)3/2 dx =

input| Integrate[(a + bxx"3)7(3/2),x]

‘ (a*x*Sqrt[a + b*x~3]*Hypergeometric2F1[-3/2, 1/3, 4/3, -((b*x"3)/a)])/Sqrt

output
[1 + (b*x73)/a]

Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 249, normalized size of antiderivative = 1.01,

number of rules _ 973 Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {748, 748, 759}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+b2%)*2 da
| 748
1910/ Vb3 + adz + %x(a +b2®) %
| 748
dz + @-W) + 1—2133(0, +b2%)*/?

l 759

9 /3 1
Palle |
11(5/@



input L

output

rule 748

rule 759
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3/4y/ o Ya + Vb a2/3_%%z+b2/3zz EllipticF (arcsin (i/Eer(l_\/g) %> ,—71—4 )
9 23 2+v§<vr+ )J(OMGRE+V}) pt V&+@w@%@ v3
11° yEpp—
\3/_ \/E(\/E+\/I_)x) 2 ppryes:
((1+\/§) Va+ V_m)
2 3/2
ﬁx(a + bz?)

Int[(a + b*x~3)~(3/2),x]

(2xx*(a + b*x~3)7(3/2))/11 + (9*ax((2xx*Sqrt[a + b*x~3])/5 + (2%37(3/4)*Sq
rt[2 + Sqrt[3]]1*ax(a~(1/3) + b~ (1/3)*x)*Sqrt[(a~(2/3) - a~(1/3)*b~(1/3)*x
+ b7(2/3)*x72)/((1 + Sqrt[3])*a~(1/3) + b~(1/3)*x)~2]*EllipticF[ArcSin[((1
- Sqrt[3]1)*a~(1/3) + b~(1/3)*x)/((1 + Sqrt[3]1)*a~(1/3) + b~(1/3)*x)]1, -7
- 4%Sqrt[311)/(5*b~(1/3)*Sqrt [(a~(1/3)*(a~(1/3) + b~(1/3)*x))/((1 + Sqrt[3
1)*a~(1/3) + b~(1/3)*x)"2]*Sqrt[a + b*x~3])))/11

Defintions of rubi rules used

/Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p

+ 1)), x] + Simp[a*n*(p/(n*p + 1)) Int[(a + b*x™n)~(p - 1), x], x] /; Fre
eQ[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || LtQ[Denominat

or[p + 1/n], Denominator[p]l])

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]1]1*(s + r*x)*(Sqrt[(s”2 - r*s
*x + r72%xx72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*xSqrt[a + bxx~3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4*Sqrt[3]1], x1] /; FreeQ[{a, b}, x] &
& PosQ[a]




input L

output
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Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 309, normalized size of antiderivative = 1.26

method | result

7
18ia%v3 (—a b2)11§ (

risch 2z (5bz3+14a) Vb z3+a _

55

1
i(er (_‘1217:)3 71'\/5 (;:b2) ’ )‘/gb ( 2)%
—ab
18ia,2\/§(—ab2)% I z_l ab I
—ab2)3 3(—ab2)3 iv3(—ab2)3
(o) RECLRE
2bz*vba3+a 28azvbxz3+a
default o + te —
. —a b2 31; iv3(—ab2 %
i —— 25 v3b (,abz)%
18ia2/3 (—ab?) 3 . S— .
—ab2)3 3(—ab2)3 iv3(—ad2)3
(-at?) (-a?) (
2%t 25

e s 4./b 23 Vbz3
elhptlc 2bx lllzx +a + 28az 5gx +a

int ((b*x~3+a) ~(3/2) ,x,method=_RETURNVERBOSE)

2/55%x* (5%bkxx~3+14%a) * (b*x~3+a) ~(1/2)-18/55%xI*a~2%3~(1/2) /b*(-axb~2)~(1/3)
* (Ix(x+1/2/b*(-a*xb~2) ~(1/3)-1/2%I*37(1/2) /b*(-a*xb~2) " (1/3) ) *37(1/2) *b/ (-a*
b~2)"(1/3))~(1/2)*((x-1/b*(—a*b~2)~(1/3) )/ (-3/2/b* (-a*b~2) ~ (1/3) +1/2xI*3"(
1/2) /b*(-axb~2)~(1/3)))~(1/2) * (-I*(x+1/2/b* (-a*xb~2) ~(1/3)+1/2%I*3~ (1/2) /bx
(—axb~2)~(1/3))*37(1/2) *b/ (-a*b~2)~(1/3))~(1/2) / (b*x~3+a) ~(1/2) *E11ipticF(
1/3%37(1/2) *(I*(x+1/2/b*(—a*b~2) ~(1/3)-1/2*I*3~(1/2) /b*(—a*xb~2) ~(1/3) ) *3~(
1/2)*b/(-a*b~2)~(1/3))~(1/2), (I*3~(1/2) /bx(-a*b~2)~(1/3) / (-3/2/b* (-axb~2) =
(1/3)+1/2*%I%3~(1/2) /o*(—axb~2)~(1/3)))~(1/2))




input

output

inputL
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.19

fi

27 a?v/bweierstrassPInverse (0, —%2, z) + (5b%z* + 14 abz)v/bz? + a>

2
+bac3)3/2 dr = < 5

Lintegrate((b*x‘3+a)A(3/2),x, algorithm="fricas")

‘2/55*(27*a‘2*sqrt(b)*WeierstrassPInverse(O, -4xa/b, x) + (5*%b"2%x~4 + 14x*a
L*b*x)*sqrt(b*x”S + a))/p

|
J

Sympy [A] (verification not implemented)

Time = 0.67 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.15

e

integrate ((b*x**3+a)**(3/2) ,x)

~—

Output‘a**(3/2)*x*gamma(l/s)*hyper((—3/2, 1/3), (4/3,), b*x**3xexp_polar(I*pi)/a)

/(3+gamma (4/3))
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Maxima [F|

/(a+bx3)3/2 d:c=/(bx3—|—a)gdm

input ‘ integrate ((b*x~3+a)~(3/2),x, algorithm="maxima" ‘

outputtintegrate((b*x‘B + a)~(3/2), x) J
Giac [F]
/ (a+ bac3)3/2 dr = / (bz® + a)% dx
inputLintegrate((b*x‘3+a)“(3/2),x, algorithm="giac") J
output Lintegrate((b*x‘S + a)~(3/2), x) J
Mupad [B] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.15
/ (a+ba®)*? dz = oo’ +a)""oFy <_%3/§ 5 =)
(5 +1)
nput 126((a + b¥x"3)"(3/2) ) |

. (xx(a + bxx"3)"(3/2) *hypergeon([-3/2, 1/3], 4/3, -(b*x"3)/a))/((b¥x"3)/a +
C1D7(3/2) |

outpu
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Reduce [F]

Vbz3+a d.’ﬂ) 0,2

3\3/2 28vbz® +aaxr  2vbxd +abz? 27<f ba3ta
(a+bz)"" dz = 5 + T + T

input B ((PFE"34)(3/2) %) J

(28*sqrt(a + b*x**3)*axx + 10*sqrt(a + b*x**3)*bxx*x4 + 27*int(sqrt(a + b* \

output ‘
x*%3) /(a + bkx**3),x)*a**2)/55




output
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3.15 [ Va+badde

Optimal result . . . . . . . . . . . . e 148
Mathematica [C] (verified) . . . . . . . . .. ... L 149
Rubi [A] (verified) . . . .. . . ... .. 149
Maple [A] (verified) . . . . . . ... L 151
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 152
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 152
Maxima [F] . . . . . . 1521
Giac [F] . . . . o o 153
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 153
Reduce [F] . . . . . 153

Optimal result

Integrand size = 11, antiderivative size = 227

/ Vat b de = Lav/at b
. s —v3) ¥/a+ Vb
9 33/4,/2 1 \/§a<\3/5 + %x) J L (arcsin <<1 )Y Vb ) , =T — 4

((1+\/§) on %x) ’ (1+v3) ¥a+ bz
+

Va(Var Vi)

5\/1_)J ((1+\/§) Va: %z)z va + br?

2/5%x* (b*x~3+a) " (1/2)+2/5%37(3/4)*(1/2%6~(1/2)+1/2%27(1/2) ) *a*x(a~ (1/3)+b~ (
1/3)*x)*((a~(2/3)-a~(1/3)*b~ (1/3) *x+b~(2/3) *x~2) / ((1+37(1/2) )*a~ (1/3)+b~ (1
/3)%x)72)~(1/2)*E11lipticF (((1-37(1/2))*a~(1/3)+b~ (1/3) *x) / ((1+37(1/2) ) *a™ (
1/3)+b~(1/3) *x) ,I*37(1/2)+2*I) /b~ (1/3) /(a~ (1/3)*(a”~ (1/3)+b~(1/3) *x) / ((1+3~
(1/2))*a~(1/3)+b~(1/3)*x)~2) ~(1/2) / (b*xx~3+a) ~(1/2)
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 3.01 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.20

z+v/a + bx® Hypergeometric2F1 ( % % %, —@>

1+

/\/a—l-bx?’dz—

input‘lntegrateESqrt[a + b*x~3],x]

‘ (x#Sqrt[a + bxx~3]*Hypergeometric2F1[-1/2, 1/3, 4/3, -((b*x~3)/a)])/Sqrt[1

output
|+ (b*x73)/a]

Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.00,

=2, number of rules — 0.182, Rules
integrand size

number of steps used = 2, number of rules used =
used = {748, 759}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/\/a+ba:3da:

l'748
dx + 217\/& + bx3

l 759

) s
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3 %m 1-v3) 3
2 33/4\/2 + \/§a<\3/a + %z) J a2/3_%\/5m+b2/3z2 EllipticF (arcsin ( +< ) Va ,—7—4/3

(<1+¢§) Ya+ %m)2 Vber (1+v3) ¥a
+
% %+§/_z
5b ( . ) Vatba?
((1+\/§) Va+ \/Ez)
input LInt [Sqgrt[a + b*x~3],x] J
output/(2*x*sqrt [a + b*x~3])/5 + (2%37(3/4)*Sqrt[2 + Sqrt[3]]*a*x(a~(1/3) + b~(1/3 )

)*x)*Sqrt [(a~(2/3) - a~(1/3)*b~(1/3)*x + b~(2/3)*x~2)/((1 + Sqrt[3])*a~(1/
3) + b~ (1/3)*x)"2]*EllipticF[ArcSin[((1 - Sqrt[3])*a~(1/3) + b~(1/3)*x)/((
1 + Sqrt[3])*a~(1/3) + b~(1/3)*x)], -7 - 4%Sqrt[3]11)/(5xb~(1/3)*Sqrt[(a~(1
/3)*(a”(1/3) + b~ (1/3)*x))/((1 + Sqrt[3])*a~(1/3) + b~(1/3)*x)~2]*Sqrt[a +
b*x~3])

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Simp[a*n*(p/(n*p + 1)) Int[(a + b*x™n)~(p - 1), x], x] /; Fre
eQ[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || LtQ[Denominat
or[p + 1/n], Denominator[pl])

rule 748

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s”2 - r*s
*x + r72xx72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]]1 /; FreeQl[{a, b}, x] &
& PosQ[a]

rule 759




inputt
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Maple [A] (verified)

Time = 0.47 (sec) , antiderivative size = 297, normalized size of antiderivative = 1.31

method | result

default | 2&vbz’ta

1
—ab2)3 i3 (—ab2)3
1 (( DL )f o) 2,
2iav/3 (—ab?)3 I ——= 1
(—a.b2)3 3(—a,b2)g i\/g(—ab2)§ (—ab2)‘3
—— =t 26
5 5bv/b 234

(co)? s (cert)® ;
[ T— 25 v3b (—as2)3 25—+
2ia/3 (—a bQ)% 1 == 1 b 1
()} SsCan)t o) (o)
: 2zvbz3+a
risch = 5bv/b 23+
1 1
—ab2)3  iv3(—ab2)3 —ab2)3
) ’(2“‘( azbb) _Z\/g(zzb ) )‘/gb (*ab2>11§ ’(z‘*( 2bb) +ﬂ
2iav/3 (—ab?)3 - b
( ) (_abz)% 3(_,1222)3 +i\/§ (_2,;,,2 % (_abz)%
TN 2zvVbx3+a
elliptic E 5bvb 23+

int ((b*x~3+a)~(1/2) ,x,method=_RETURNVERBOSE)

output

2/5*x* (b*x~3+a) ~(1/2)-2/5%I*a*x3~(1/2) /b*(—a*b~2) " (1/3) * (I*(x+1/2/b* (—axb~2
)~ (1/3)-1/2xI*3~(1/2) /b*(~a*b~2) ~(1/3))*3~(1/2) *b/ (-a*b~2) ~(1/3) ) ~(1/2) * ((
x-1/b*(~axb~2)~(1/3))/(-3/2/b*(-a*xb~2) ~(1/3)+1/2%I*3~(1/2) /b* (-a*b~2) ~(1/3
1))~ (1/2) % (~I*(x+1/2/b*(-axb~2) ~(1/3)+1/2*%I*3~(1/2) /b* (-a*b~2) ~(1/3) )*3~ (1
/2)*b/(-a*b~2)~(1/3))~(1/2) / (b*x~3+a) ~(1/2)*E1lipticF (1/3%37 (1/2) * (I* (x+1/
2/b* (~a*b~2) ~(1/3)-1/2*%I*37(1/2) /b*(-axb~2)~(1/3))*3~(1/2) *b/ (-a*xb~2) ~(1/3
))~(1/2), (I*37(1/2) /b*(—a*b~2)~(1/3) /(-3/2/b*x(-axb~2) " (1/3)+1/2*I*3~(1/2)/
bx (-axb~2)~(1/3)))~(1/2))
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.15

Vbx® + abz + 3 av/bweierstrassPInverse (0, — 47‘1, x))
5b

/mdm=2<

input Lintegrate ((b*x~3+a)~(1/2) ,X, algorithm="fricas ") J

t‘2/5*(sqrt(b*x"3 + a)*b*x + 3*axsqrt(b)*weierstrassPInverse(0, -4*a/b, x))/

outpu

Sympy [A] (verification not implemented)

Time = 0.46 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.16

_11 '
vasl (3)oy| ¥
3
Va+ bad dz =
/ 3T (3)
inputLintegrate((b*x**3+a)**(1/2)’X) J

output‘ sqrt (a) *x*gamma (1/3) *hyper ((-1/2, 1/3), (4/3,), b¥x**3*exp_polar(I*pi)/a)/ ‘

‘(3*gamma(4/3)) ‘
Maxima [F]
/Va + bx3dx = /\/ba:3 +adx
input Lintegrate ((b*x~3+a)~(1/2),x, algorithm="maxima") J

output Lintegrate(sqrt(b*x“B +a), x) J
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Giac [F]

/\/a—l—bxi”dx:/\/mmv

input‘integrate((b*x“3+a)‘(1/2),x, algorithm="giac")

outputkintegrate(sqrt(b*x“S + a), x) J
Mupad [B] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.16
zVbx3 +a F (11 4 —%
/\/a+bx3dx: < 28 >
= +1
nput 106((@ + bxx"3)7(1/2),3) ]

output‘(x*(a + b*x~3)~(1/2) *hypergeom([-1/2, 1/3], 4/3, -(b*x~3)/a))/((b*x~3)/a +

1D (1/2) ‘
Reduce [F|
[ Varan = NGETTN 3(J i) a
5 5
input | 10t ((b¥x"3+2)(1/2) %) J

outputt(z*sqrt(a + b*x**3)*x + 3*int(sqrt(a + b*x**3)/(a + b*x**3),x)*a)/5 J
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3.16 [——Y=dz

Optimal result . . . . . . . . . . . . e 154
Mathematica [C] (verified) . . . . . . . ... ... L o 155
Rubi [A] (verified) . . . .. . . ... .. 155
Maple [A] (verified) . . . . . . . .. L 156
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 157
Sympy [A] (verification not implemented) . . ... ... ... ... .. ..... 1571
Maxima [F] . . . . . .. 158
Giac [F] . . . . o o 158
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 158
Reduce [F] . . . . . 159
Optimal result
Integrand size = 11, antiderivative size = 207
b/p———ik———-dz
Vva+ bx?
2 2 borv? ~v3) ¥a+Vbe
22+ \/ﬁ(\?’/a + %x) a?/3— %\/5“":’ /3””22 EllipticF | arcsin <1 ¢§) ;/5+ ;/_ ,—7—43
(<1+\/§) Y ar \/Ex) <1+\/§> {/a+ Voo
% %4— %z
\4/3% ( 3 ) 7V a + b$3
((1+\/§) {a+ \/Ez)

2/3%(1/2%67(1/2)+1/2%27(1/2))*(a”~ (1/3)+b~(1/3) *x) *((a~(2/3)-a~(1/3) *b~ (1/3
) *xx+b~(2/3)*x72) / ((1+37(1/2) ) *a~ (1/3)+b~(1/3) *x) ~2) ~ (1/2) *E11lipticF (((1-3~
(1/2))*a~(1/3)+b~(1/3)*x) / ((1+37(1/2) ) *a~(1/3)+b~ (1/3) *x) ,I*37 (1/2) +2*I) *3
~(3/4)/v~(1/3)/(a~(1/3)*(a~ (1/3)+b~(1/3) *x) / ((1+37(1/2) ) *a~(1/3)+b~ (1/3) *x
)"2)~(1/2)/ (b*x~3+a)~(1/2)

output
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 10.01 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.22

z1/1 + %2° Hypergeometric2F'1 (%, 2 5 —%)

1
dr =
/\/a+bx3 va + br3

input LIntegrate [1/8grt[a + b*x~3],x] J

N

‘/(X*Sqrt [1 + (b*x~3)/al*Hypergeometric2F1[1/3, 1/2, 4/3, -((b*x~3)/a)])/Sqr ‘

output \ t[a + b¥x~3] \

Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.091, Rules

number of steps used = 1, number of rules used = 1,
used = {759}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1

. ix
/\/m
l 759

22+ /3 (\3/& n %x) J @23 {/aV/bo b3 g sep <arcsin ( Vbor (1-v3) £> g 4\/§>

((1+\/§) Ya+ %z) ’ %”(H‘/g)
v3vb %(%Jr%w) sva+ bx3
(<1+\/§) Ya+ %w)
input LInt [1/Sqrt[a + b*x~3],x] J
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(2#%Sqrt[2 + Sqrt[3]1]1*(a~(1/3) + b~(1/3)*x)*Sqrt[(a~(2/3) - a~(1/3)*b~(1/3)
*x + b7 (2/3)*x72)/((1 + Sqrt[3])*a~(1/3) + b~(1/3)*x)"2]*EllipticF[ArcSin[
((1 - Sqrt[3])*a~(1/3) + b~(1/3)*x)/((1 + Sqrt[3])*a~(1/3) + b~(1/3)*x)],

-7 - 4*Sqrt[311)/(37(1/4)*b~(1/3)*Sqrt[(a~(1/3)*(a~(1/3) + b~ (1/3)*x))/((1
+ Sqrt[3]1)*a~(1/3) + b~(1/3)*x)"2]*Sqrt[a + b*x~3])

output

Defintions of rubi rules used

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s”2 - r*s
*x + r72xx72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*x)/((1 + Sqrt[3]1)*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]]1 /; FreeQl[{a, b}, x] &
& PosQ[a]

rule 759

Maple [A] (verified)

Time = 0.47 (sec) , antiderivative size = 283, normalized size of antiderivative = 1.37

method | result
Ny 2% Ny 2)3
i(””‘* (_azbb) e (;:b ) )\/gb (—ab2)%‘ "(m‘* (_azbb) +Z\/§ (_2:6 ) )‘/gb
2iV/3 (_ab2)% 1 = —° 1 - T
(—ab2)3 _3<—ab2)3 +'L\/§ (—a b2)3 (—ab2)3
25 25
default o 3bvbz3+a
2)3 2)3 2)% f( 2)3
—ab ivV3(—ab —ab ivV3(—ab
’(””’ Zb) 2 )‘/5” (—abz)% ’(z‘" 257+ 25 )\/51,
2iV/3 (—a b2)% T = — T - T
(-av2)3 _3(—ab2)3 +i\/§ (-av2)3 (—av2)3
25 25
elhptlc o 3bvbz3+a

-

input |

N

int (1/ (b*x~3+a)~(1/2) ,x,method=_RETURNVERBOSE)

J
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output ~2/3*I¥37(1/2) /b* (-axb"2) " (1/3) (I* (x+1/2/bx (-a¥b"2) ~ (1/3) -1/2+I*3"(1/2) /b
*(-a*xb~2) " (1/3))*37(1/2) ¥b/ (-a*b~2) ~(1/3)) " (1/2) * ((x-1/b* (-axb~2) ~(1/3)) / (
-3/2/bx(-axb~2) " (1/3)+1/2%I*37(1/2) /b*(-a*b~2) " (1/3))) " (1/2) * (-I*(x+1/2/b*
(-axb~2) " (1/3)+1/2%I%3~(1/2) /b*(-a*b~2) ~(1/3))*3~(1/2) *b/ (~axb~2) ~(1/3))~(
1/2)/(b*x~3+a) " (1/2)*E1lipticF(1/3*37 (1/2) * (I*(x+1/2/b*(-axb~2)~(1/3)-1/2%
I*37(1/2) /bx(-axb~2) " (1/3))*3~(1/2) *b/ (-a*b~2) ~(1/3))~(1/2) , (I*3~(1/2) /b*(
-a*b~2) 7 (1/3)/(-3/2/b*(-a*xb~2) ~(1/3)+1/2*I*3" (1/2) /b*(-a*xb~2) ~(1/3)))~(1/2
))

Fricas [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.07
/ 1 4 2 weierstrassPInverse (0, — 47“, x)
= dr=
va + bx? Vb
input‘integrate(1/(b*x“3+a)"(1/2),x, algorithm="fricas")

outputL2*weierstrassPInverse(O, -4*a/b, x)/sqrt(b) J

Sympy [A] (verification not implemented)
Time = 0.42 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.17
11 _
zl(3) 2o Fy 3;2 —bz?;em
L/“ 1 p 3
= dr=
va + bx3 3y/al (3)
input[integrate(1/(b*x**3+a)**(1/2),x) J
Output‘x*gamma(l/B)*hyper((l/S, 1/2), (4/3,), bxx*x3*exp_polar(I*pi)/a)/(3*sqrt(a

) *gamma (4/3))

- J
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Maxima [F]
/ ;dxz / ;dm
input Lintegrate (1/(b*x~3+a)~(1/2) ,x, algorithm="maxima") J
output Lintegrate(l/sqrt(b*x"s + a), x) J
Giac [F]
/ ;dwz / ;dm
va+ba? NEET
input Lintegrate (1/(b*x~3+a)~(1/2) ,x, algorithm="giac") J
output Lintegrate(l/sqrt(b*x"s + a), x) J

Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.18

bad 1 1., 4. _bad
o\ + 1 (35 5 -2

1
——dr =
/\/m \/m
input Lint(1/(a + b*x~3)"(1/2) ,x) J
Output‘ (x*((b*x~3)/a + 1)~(1/2)*hypergeom([1/3, 1/2], 4/3, -(b*x"3)/a))/(a + b*x~ ‘

\3)*(1/2) \
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Reduce [F]

/;dx_/_\/bxi”ﬂdx
Va b3 bz3+a

inputtint(l/(b*x“3+a)‘(1/2),X)

Outputtint(sqrt(a + b*x**3)/(a + b*x**3),x)
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a+bz3)
Optimal result . . . . . . . . .. . . 1601
Mathematica [C] (verified) . . . . . . . . ... ... L o 161
Rubi [A] (verified) . . . . . . ... . 16T
Maple [A] (verified) . . . . . . . . . 163
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 164
Sympy [A] (verification not implemented) . . . . .. ... ... ... ..., 164
Maxima [F] . . . . . . o 164
Giac [F] . . . o o 165
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 165
Reduce [F] . . . . . o 1651

Optimal result

Integrand size = 11, antiderivative size = 232

/ 1 do — 2z
(a + bx3)*/? 3ava + b3

3 2/3 3 2/3,2 - } Vb
2v/2 + \/3(%4- \/I_Ja:> J 3=}/ ba 1215 EllipticF (arcsin (<1 v3) Var Vb ,—7— 43

((1+v8) Yas Vo) (1+v5) ¥as+ Voo
_|_
v 3 %< %Jr %x) 3
mmJ COrE O

2/3%x/a/(b*x~3+a) " (1/2)+2/9% (1/2%6~(1/2)+1/2%2~(1/2) )*(a~(1/3)+b~(1/3) *x) *
((a~(2/3)-a~(1/3)*b~ (1/3) *x+b~ (2/3) *x~2) / ((1+37(1/2) ) *a~ (1/3)+b~ (1/3) *x) "2
)~ (1/2)*E1lipticF(((1-37(1/2))*a~(1/3)+b~(1/3)*x)/ ((1+37(1/2))*a~(1/3)+b~(
1/3)*x) , 137 (1/2)+2%I)*37(3/4) /a/b~(1/3)/(a~(1/3)*(a~ (1/3)+b~(1/3) *x) / ((1+
37(1/2))*a~(1/3)+b~(1/3)*x)~2)~(1/2) / (b*x~3+a) ~(1/2)

output
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 3.33 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.24

/ 1 T (2 + \/@ Hypergeometric2F1 (%7 %, 451’ _%))
(

———dx =
a+ bz3)3/? 3ava + b3

input LIntegrate[(a + b*x~3)~(-3/2) ,x]

‘(x*(2 + Sqrt[1 + (b*x~3)/al*Hypergeometric2F1[1/3, 1/2, 4/3, -((b*x~3)/a)]

output
1))/ (3*axSqrt[a + b*x"3])

Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 232, normalized size of antiderivative = 1.00,

number of rules _ 0.182, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {749, 759}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

71 d
/ (a + ba3)%/? ’
l 749

J \/zmlzﬂd‘“ 4 2z
3a 3ava + bz3

l 759




CHAPTER 3. LISTING OF INTEGRALS 162

3 %m _ 3
2v/2 + \/3(\3/5 + %x) \l a2/ %\/Bm+b2/3w2 EllipticF <arcsin ( +<1 \/§> ﬁ) ,—7 — 4\/§>

<<1+x/3) Va+ %m)2 %””"'(1""/5) Va
+
3 3 %w
3V3aV/b \/a(\/aJr 5 ) zvVa + bz’

((1+\/§) Va+ \/_z>
=

3ava + br?

input \Int[(a + b*x~3)~(-3/2),x] ]

(2*x) /(3*axSqrt[a + b*x~3]) + (2*xSqrt[2 + Sqrt[3]]1*(a~(1/3) + b~ (1/3)*x)*S
qrt[(a~(2/3) - a~(1/3)*b~(1/3)*x + b~(2/3)*x~2)/((1 + Sqrt[3])*a~(1/3) + b
~(1/3)*x)"2]*#E1lipticF[ArcSin[((1 - Sqrt[3])*a~(1/3) + b~ (1/3)*x)/((1 + Sq
rt[3])*a~(1/3) + b~ (1/3)*x)], -7 - 4*Sqrt[3]])/(3%3~(1/4)*axb~(1/3)*Sqrt [(
a~(1/3)*(a”(1/3) + b~ (1/3)*x))/((1 + Sqrt[3])*a~(1/3) + b~(1/3)*x)~2]*Sqrt
[a + b*x~3])

output

Defintions of rubi rules used

Int[((a_) + (b_)*(x_)"(n))"(p_), x_Symbol]l :> Simp[(-x)*((a + b*x"n) (p +

1)/(a*n*x(p + 1))), x] + Simp[(ax(p + 1) + 1)/(a*n*(p + 1)) Int[(a + b*x~
n)~(p + 1), x], x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQ[p, -1] && (Inte
gerQ[2*p] || Denominator([p + 1/n] < Denominator[p])

rule 749

Int[1/Sqrtl(a_) + (b_.)*(x_)~"3], x_Symbol] :> With[{r = Numer([Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[31]1*(s + r*x)*(Sqrtl[(s~2 - r*s
*x + r~2%x72)/((1 + Sqrt[3])*s + r*x)~2]/(3"(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*xx)/((1 + Sqrt[3])*s + r+*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s

+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]1]1, x]] /; FreeQ[{a, b}, x] &
& PosQ[a]

rule 759




input

output
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Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 306, normalized size of antiderivative = 1.32

method | result

1

2b

(cat2)3 12)8 iva(—ar2)d \ (—as?)
25 + 25
default 2z -
3a\/(m3+%)b 9abv/ba
(-ab2)8 iv5(-a2)3 . (-ab2)8 iv3
) i S—— 25 v3b (7,11,2)3 ilet—ap—t
2iv3 (-ab?)3 I 1t T .|~
(—abz)§ 3(—ab2)3 V3 (—ab2 3 (—ab2)
25 + 25
elliptic 2z -
P 3a\/(:1:3+%)b 9abv/ba
Lint (1/(b*x~3+a) " (3/2) ,x,method=_RETURNVERBOSE) J

2/3*x/a/((x~3+a/b)*b) ~(1/2)-2/9*I/a*3~(1/2) /b*x(-axb~2) ~(1/3) * (I* (x+1/2/b*(
-axb~2) " (1/3)-1/2*xI*37(1/2) /bx(-a*b~2)~(1/3))*3~(1/2)*b/ (-a*xb~2)~(1/3))~(1
/2)*((x-1/b%(-axb~2)~(1/3)) / (-3/2/b*(-a*b~2) " (1/3)+1/2*I*3"(1/2) /b* (-a*xb~2
)~(1/3)))"(1/2) % (-I*(x+1/2/b*(-axb~2) ~(1/3)+1/2*I*37(1/2) /b*(-a*b~2) ~(1/3)
)*37(1/2)*b/ (-a*b~2)~(1/3))~(1/2) / (b*x~3+a) ~(1/2) *E11lipticF (1/3*3~ (1/2) *(I
*(x+1/2/b* (—axb~2) ~(1/3)-1/2%I*3~(1/2) /bx(-a*b~2)~(1/3) ) *3~(1/2) *b/ (-a*xb~2
)~(1/3))°(1/2), (I*37(1/2) /b*(-a*b~2)~(1/3) /(-3/2/b*(-a*xb~2) ~(1/3) +1/2%I*3"
(1/2) /o*(~a*b~2)~(1/3)))~(1/2))
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.22

) 9 (, /b3 + abz + (bz® + a) VbweierstrassPInverse (0, —47“, :E))
/ gy dr = 2.3 1 2
(a+ bz 3 (ab%z3 + a?b)

input‘integrate(1/(b*x"3+a)"(3/2),x, algorithm="fricas")

‘2/3*(sqrt(b*x“3 + a)*bxx + (b*x~3 + a)*sqrt(b)*weierstrassPInverse(0, -4*a

output
/b, %))/ (a%b™2%x"3 + a~2+b)

Sympy [A] (verification not implemented)

Time = 0.49 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.16

/ 1 dz
. .
(a+b£113)3/2 3az2T" (%)

-

Lintegrate(1/(b*x**3+a)**(3/2),X)

-/

input

‘x*gamma(l/B)*hyper((l/S, 3/2), (4/3,), bxx**3%exp_polar(I*pi)/a)/(3xa**x(3/

output
L2)*gamma(4/3)) J

Maxima [F]

(a + bx3) (bz® + a)®

inputLintegrate(1/(b*x‘3+a)‘(3/2),x, algorithm="maxima") J
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Outputtintegrate((b*x”s + a)~(-3/2), x) J
Giac [F]
| T
input 1ntegrate(1/(b+x"3+2)7(3/2),x, algorithm="giac") J
output Lintegrate((b*x‘B + a)~(-3/2), x) J

Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.16

3/2
e (P2 +1) R (5 4 )

1
—  _dx =
/ (a + bx3)3/2 (b.’L'3 + a)3/2
input tint(l/(a + b*x~3)~(3/2),x%) J
output‘ (x*((b*x"3)/a + 1)~ (3/2)*hypergeom([1/3, 3/2], 4/3, -(b*x"3)/a))/(a + b*x~ ‘
13)7(3/2) |
Reduce [F]

T

/r 1 :=t/° Vb3 +a

—d
(a + bz?)/? v b2x8 + 2ab x® + a?

input | 18 (1/ (bxx"3+2)7(3/2) ) J
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output Lint(sqrt(a + bxx*x3) /(a**2 + 2ka*xbxx*k*3 + bkx2kx**6),x)
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a+bz3)
Optimal result . . . . . . . . .. . . 167
Mathematica [C] (verified) . . . . . . . . ... ... L o 168
Rubi [A] (verified) . . . . . . ... . 168
Maple [A] (verified) . . . . . . . . . 170
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 171
Sympy [A] (verification not implemented) . . ... ... ... ... ... .... Il
Maxima [F] . . . . . . o 172
Giac [F] . . . o o 172
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 172
Reduce [F] . . . . . o 173l

Optimal result

Integrand size = 11, antiderivative size = 251

/ 1 do — 2z 4 14z
(a + bx3)*? 9a (a + bz3)*?  27a2va + bad

2/3 3 2/3 .2 - 3 %.’E
14v/2 + \/§<\3/5+ %x) J 3= Y/aVba /5 EllipticF <arcsin <(1 vs) Yar ) , =T — 4\/§>

((1+v8) /ax Vo) (1+v3) Va+ Vbs
' Va(Va Vi)
27\/§a2 \/l_)\l ((14_\/5) %+ %x) p) m

2/9xx/a/ (b*x~3+a) " (3/2)+14/27*x/a"2/ (bxx"3+a) ~(1/2) +14/81%(1/2%6~ (1/2)+1/2
*27(1/2))* (2™ (1/3)+b~ (1/3) *x) *((a~(2/3)-a~ (1/3) *b™ (1/3) *x+b~ (2/3) *x~2) / ((1
+37(1/2))*a” (1/3)+b~ (1/3) *x) "2) ~(1/2) *E11lipticF (((1-37(1/2))*a~(1/3)+b~(1/
3)*x)/((1+37(1/2))*a~ (1/3)+b~ (1/3) *x) , I*37 (1/2) +2*I1)*37(3/4) /a~2/b~(1/3) / (
a~(1/3)*(a~(1/3)+b~(1/3)*x) / ((1+37(1/2) ) *a~ (1/3)+b~ (1/3) *x) "2) ~(1/2) / (b*x"~
3+a)~(1/2)

output




CHAPTER 3. LISTING OF INTEGRALS 168

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 4.16 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.29

20ax + 14bz* + Tx(a + bz3) /1 + % Hypergeometric2F'1 (%, 35 —%)

1
dx =
/ (a + bx3)*? 27a2 (a + bx3)*/

input LIntegrate[(a + b*x~3)~(-5/2) ,x] J

N

;
‘ (20%a*x + 14*bxx~4 + T*xx(a + b*x"3)*Sqrt[1 + (b*x~3)/a]*Hypergeometric2F1 ‘
[1/3, 1/2, 4/3, -((b*x"3)/2)1)/(27*a"2%(a + b*x"3)"(3/2)) |

output

Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 259, normalized size of antiderivative = 1.03,

number of rules _ 0.273, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {749, 749, 759}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

71 d
/ (a + ba3)®/? §
l 749

7 f (bx3—:a)3/2 dz 2z
9a + 3)3/2
9a (a + bz3)

J,749

7(f\/l:ﬁzl3ﬁdz+ 2 >

3a 3ava+bz3 4 2r
9a 9a (a + ba3)3/

l,759
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3 3 3
2/ 2-|—\/2§( %+ g/_x) a?/3- % \/5“—”2/3382 EllipticF (arcsin (\/W> ,—7—4\/5)

<(1+«/§) Va+ %z)z %z+(1+\/§) {a ,
7 + L
3/a(3/a %z 3ava+bx3
3%@% \/_< \/_+ 3 ) ~Va+bx3
((1+\/§) %4— \/Bz>
2$9a
9a (a + bz3)>/?
input [Int [(a + b*x"3)"(-5/2),x] J\

(2%x)/(9%ax(a + bxx~3)7(3/2)) + (7T*((2*x)/(3*axSqrt[a + b*x~3]) + (2*Sqrt[
2 + Sqrt([3]1]1*(a~(1/3) + b~ (1/3)*x)*Sqrt[(a~(2/3) - a~(1/3)*b~(1/3)*x + b~ (
2/3)*x72)/((1 + Sqrt[3])*a~(1/3) + b~(1/3)*x)~2]*EllipticF[ArcSin[((1 - Sq
rt[3])*a~(1/3) + b~ (1/3)*x)/((1 + Sqrt[3])*a~(1/3) + b~ (1/3)*x)], -7 - 4%*S
qrt[3]11)/(3*37(1/4)*a*b~(1/3)*Sqrt [(a~(1/3)*(a~(1/3) + b~ (1/3)*x))/((1 + S
qrt[3])*a~(1/3) + b~ (1/3)*x)~2]*Sqrt[a + b*x~3])))/(9*a)

output

Defintions of rubi rules used

rule 749‘Int[((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"n)~(p + \
‘ 1)/(axnx(p + 1))), x] + Simp[(ax(p + 1) + 1)/(a*n*(p + 1)) Int[(a + b*x~
n)~(p + 1), x], x] /; FreeQl{a, b}, x] && IGtQ[n, 0] & LtQ[p, -1] && (Inte

‘gerQ[Q*p] || Denominator[p + 1/n] < Denominator[p])

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol]l :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 3]]1}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s”2 - r*s
*x + r72%x72)/((1 + Sqrt[3])*s + r*x)~2]1/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[a]

rule 759




input L

CHAPTER 3. LISTING OF INTEGRALS 170

Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 335, normalized size of antiderivative = 1.33

method | result

1 1
i(z-q— (_a;:)g 0 (;:b2)3 ) V3b
14iv/3 (—ab2)%‘
G

default 2zvbx3+a s+ 14z

@18 T o ey

1 1
i(aH— (_a;:)g e (;:bz)g ) V3b
14iv/3 (—ab2)%
3(-

2zvbx3+a + 14x

elliptic

9ab2 (23+2)> 27&2\/(x3+%)b o

int (1/(b*x~3+a) ~(5/2) ,x,method=_RETURNVERBOSE)

output

2/9%x/a/b~2*% (b*x~3+a) " (1/2) / (x~3+a/b) "2+14/27*x/a~2/((x"3+a/b) *b) ~(1/2)-14
/81xI1/a"~2*3~(1/2) /bx(—a*b~2) ~(1/3) * (I*(x+1/2/b* (-axb~2)~(1/3)-1/2*I*3"(1/2
) /bx(~a*xb~2) " (1/3))*37(1/2) *b/ (-a*xb~2) " (1/3)) " (1/2) * ((x-1/b* (-a*b~2) ~ (1/3)
)/ (=3/2/b%(-axb~2) ~(1/3)+1/2%I*37(1/2) /b* (-a*b~2) " (1/3))) ~(1/2) * (-I*(x+1/2
/b*(-axb~2)~(1/3)+1/2%I*3~(1/2) /b*(—a*b~2) ~(1/3) )*3~(1/2) *b/ (-axb~2) " (1/3)
)~ (1/2)/ (b*x~3+a) " (1/2)*E1lipticF (1/3%37(1/2) * (I*(x+1/2/b*(-a*xb~2)~(1/3)-1
/2%I*37(1/2) /bx(-a*b~2) " (1/3))*37(1/2) *b/(-axb~2) ~(1/3))~(1/2) , (I*37(1/2)/
bk (-a*b~2) " (1/3) /(-3/2/b*(-a*b~2) ~(1/3)+1/2*I*3~(1/2) /bx (-a*b~2) ~(1/3))) ~(
1/2))
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.35

1 2 <7 (6%2° + 2 abz® + a?)v/bweierstrassPInverse (0, —%2, z) + (7 b%z* + 10 abz)v/bz3
dx =
/ (a + bz3)* v 27 (a?b32% + 2 a3b?x® + a*b)

-

Lintegrate (1/(b*xx~3+a)~(5/2) ,x, algorithm="fricas")

-/

input

‘2/27*(7*(b‘2*x‘6 + 2xaxb*x~3 + a~2)*sqrt(b)*weierstrassPInverse(0, -4*a/b, ‘
\ x) + (7*¥b~2*x"4 + 10%axbxx)*sqrt(b*x~3 + a))/(a"2xb~3*x"6 + 2*a~3*b~2*x"3 \
|+ a™4%Db) |

output

Sympy [A] (verification not implemented)

Time = 0.52 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.14

/ 1 dx
T a5 W= 5
(a+ ba?)” 3a2T (3)

inpup 1otegTate (1/ (brurx3+a)*(5/2) ,x)

‘x*gamma(l/3)*hyper((1/3, 5/2), (4/3,), b*x**3*xexp_polar (I*pi)/a)/(3*a*x(5/ ‘

output
‘ 2) *gamma (4/3))
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Maxima [F]
1 1
el e L
(a + bx ) (b.’IJ + a)
input Lintegrate (1/ (b*x~3+a)~(5/2) ,x, algorithm="maxima") J
output Lintegrate ((b*x~3 + a)~(-5/2), x) J
Giac [F]
1 1
|| ot ™
input Lintegrate (1/ (b*x~3+a)~(5/2) ,x, algorithm="giac") J
output tintegrate ((b*x~3 + a)~(-5/2), x) J

Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.15

/ 1 do — 3
(a + bx3)*/? (bz3 + a)/?

inputtint(l/(a + b*x~3)~(5/2) ,x%) J

outpus (*((0*x78)/a + 1)7(5/2)*hypergeon([1/3, 5/2], 4/3, ~(b+x™3)/2))/(a + bax"
13)7(5/2) |
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Reduce [F|
/ —1 dr = / vbai +a dz
(a + bz3)*? 6322 + 3a b226 + 3a2b 23 + a3
imput| 186 (1/ (brx"342)~(5/2) ) )
output Lint(sqrt(a + bix*%3)/(a**3 + 3kax*k2xbkx**x3 + 3kakbkx*kx**6 + bkk3*x**9),x) J




output
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a+bz3)
Optimal result . . . . . . . . .. . . 174
Mathematica [C] (verified) . . . . . . . . ... ... L o 175
Rubi [A] (verified) . . . . . . ... . 175
Maple [A] (verified) . . . . . . . . . 177
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 178
Sympy [A] (verification not implemented) . . ... ... ... ... ... .... 178l
Maxima [F] . . . . . . o 179
Giac [F] . . . o o 179
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 179
Reduce [F] . . . . . o 1801

Optimal result

Integrand size = 11, antiderivative size = 270

/ 1 do — 2z n 26x n 182z
(a + bz3)"/? 15a (a + bz3)** 13542 (a + b2?)** ~ 405a3v/a + bz

3 2/3 3 2/3.,.2 - } 2 b
182v/2 + \/5(%+ \/l_)w) J 0= Y/aVbrii2a? e (arcsin <(1 v3) Yas Vo —T— 43

((1+v8) ax Vo) (1+v3) a+ Vbs
_|_
i/q 3.3 %(%+ %m) 3
405v/3a \/I;J ((1+¢§) o %w)m

2/15x*x/a/ (b*x~3+a) ~(5/2)+26/135%x/a"~2/ (b*x~3+a) "~ (3/2) +182/405*x/a~3/ (b*x~3
+a) " (1/2)+182/12156%(1/2x6~(1/2)+1/2%27 (1/2) ) *(a”~ (1/3)+b~ (1/3) *x) *((a~(2/3)
-a~(1/3)*b~(1/3) *x+b~(2/3)*x~2) / ((1+37(1/2) ) *a~ (1/3) +b~ (1/3) *x) ~2) " (1/2) *E
11ipticF(((1-37(1/2))*a~(1/3)+b~(1/3)*x) / ((1+37(1/2))*a~(1/3)+b~ (1/3)*x) , I
*37(1/2)+2x1)*37(3/4) /a~3/b~(1/3) /(2= (1/3)*(a~(1/3)+b~ (1/3) *x) / ((1+37(1/2)
)*a~(1/3)+b~(1/3)*x)~2)~(1/2) / (b*xx~3+a) ~(1/2)
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 4.70 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.31

1 314a’z + 442abz* + 182%™ + 91z(a + bx?’)2 /14 % Hypergeometric2F'1 <%, %, %,
dr=
/ (a + bx3)"? 40503 (a + bz3)>/

input LIntegrate[(a + b*x~3)~(-7/2) ,x] J

‘3)/a] *xHypergeometric2F1[1/3, 1/2, 4/3, -((b*x~3)/a)])/(405*a~3*(a + b*x"3)
~(5/2))

e hY
output‘ (314*a~2%x + 442%axbxx”~4 + 182xb~2*x"7 + 91*x*(a + b*x~3) 2*Sqrt[1 + (b*x" \

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 286, normalized size of antiderivative = 1.06,

number of rules _ j 34 4, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {749, 749, 749, 759}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

_ d
/(a+bac3)7/2 §

l 749
3 f (bw3—:a)5/2 dz 2z
15a 15a (a + bz3)°/
l 749

[ ——
13 (b13+a)3/2 + 2z 372
9a 9a(a+bz3)3/
2z

+
15a 15a (a + ba3)°/?
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input

output

l 749
1 T
7<f \/bz;;-i—ad +3 2aj-b 3>
a a T 2x
13 9a 9a(a+bx3)3/?
2x
+
15a 15a (a + bz3)*/?
l 759
3 3 3
) Ttx/ﬁ( 3y %w) 2/3_3%/a \/Bz.;bwsz?z EllipticF (arcsin (W) ,_7_4\/5)
((1+\/§) Ya+ \/I;z) \/Em+(1+\/§) Ya
7 2z
3 3 3 3av/a+bx3
b
S%a% \/a<\/a+\3/_) > a+bz3
((14—\/5) Ya+ \/I_)z)
13 9a 9a(a+ba3)>/?
15a
2z
15a (a + ba3)°/?

Int[(a + b*x~3)~(-7/2),x]

(2%x)/(15*%a*x(a + b*x"3)7(5/2)) + (13*x((2xx)/(9*a*x(a + b*x"3)7(3/2)) + (7*(
(2xx)/(3*xaxSqrt[a + b*x~3]) + (2+Sqrt[2 + Sqrt[3]1]1*(a~(1/3) + b~ (1/3)*x)*S
gqrt[(a~(2/3) - a~(1/3)*b~(1/3)*x + b~ (2/3)*x"2)/((1 + Sqrt[3])*a~(1/3) + b
~(1/3)*x) 2] *EllipticF[ArcSin[((1 - Sqrt[3])*a~(1/3) + b~(1/3)*x)/((1 + Sq
rt[3])*a~(1/3) + b~(1/3)*x)], -7 - 4xSqrt[31]1)/(3*3~(1/4)*axb~(1/3)*Sqrt[(
a~(1/3)*(a~(1/3) + b~(1/3)*x))/((1 + Sqrt[3]1)*a~(1/3) + b~(1/3)*x) 2]*Sqrt

[a + b*x"3])))/(9%a)))/(15%a)
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"n)~(p +

1)/(axnx(p + 1))), x] + Simp[(nx(p + 1) + 1)/(a*n*(p + 1)) Int[(a + b*x~
n)~(p + 1), x], x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQ[p, -1] && (Inte
gerQ[2*p] || Denominator([p + 1/n] < Denominator[p])

rule 749

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 3]]1}, Simp[2*Sqrt[2 + Sqrt[3]1]1*(s + r*x)*(Sqrt[(s”2 - r*s
*x + r-2%x72)/((1 + Sqrt[3])*s + rxx)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s

+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]1]1, x]] /; FreeQ[{a, b}, x] &
& PosQ[al

rule 759

Maple [A] (verified)

Time = 0.45 (sec) , antiderivative size = 364, normalized size of antiderivative = 1.35

method | result

1
(e

182iv/3 (—a b2)%

default 2zvbx3+a + 26zvbx3+a 182z _
3 P
15a b3 (234 %) 1350262 (23+ %) 405a3\/(z3+%)b

182iv/3 (—a b2)tla‘

2zvbzi+a + 26zvbz3+a 182z _
15a b3 (x3+%)3 135a2b2 (z3+%)2 405(13\/(353_,_%)17

elliptic

input Lint (1/ (b*x~3+a)~(7/2) ,x,method=_RETURNVERBOSE) J




CHAPTER 3. LISTING OF INTEGRALS 178

2/15%x/a/b~3* (b*xx~3+a) ~(1/2) / (x"3+a/b) ~3+26/135*x/a~2/b" 2% (b*x~3+a) ~(1/2)/
(x~3+a/b) "2+182/405*x/a~3/ ((x~3+a/b) *b) ~(1/2)-182/1215%I/a~3*3" (1/2) /b*(-a
*b"2) " (1/3)*(I*(x+1/2/b*(—a*xb~2)~(1/3)-1/2*xI*3"(1/2) /b* (—a*b~2) ~(1/3) ) *3~(
1/2)*b/(-a*b~2)~(1/3)) "~ (1/2)*((x-1/b*(-axb~2)~(1/3)) /(-3/2/b*x(-axb~2)~(1/3
)+1/2xI*3~(1/2) /b*(—a*b~2)~(1/3)))~(1/2) *(-I*(x+1/2/b*(-a*xb~2) ~(1/3)+1/2*I
*37(1/2) /bx(-axb~2)~(1/3))*3~(1/2) *b/ (—a*b~2)~(1/3))~(1/2) / (bxx~3+a) ~(1/2)
*E11ipticF (1/3%37(1/2) * (I*(x+1/2/b*(-a*b~2)~(1/3)-1/2*I*3~ (1/2) /b* (-a*b~2)
~(1/3))*37(1/2)*b/ (-a*b~2)~(1/3))~(1/2), (I*37(1/2) /b*(-a*b~2)~(1/3) /(-3/2/
b*(-axb~2)~(1/3)+1/2*I*37(1/2) /bx(-axb~2)~(1/3)))~(1/2))

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 121, normalized size of antiderivative = 0.45

2 <91 (6°2° + 3 ab®z° + 3 a?bz® + a®)vbweierstrassPInverse (0, —42, z) + (915%27 +

1
dx =
/ (a + bz3)" 7 405 (a3b*x® + 3 a*b3z8 + 3 a®b?x3 + abb)

input’integrate(l/(b*x"3+a)"(7/2),x, algorithm="fricas")

output 2/405% (91%(b™3%x79 + 3xaxb™24x"6 + 3xa"2+b*x"3 + a"3)*sqrt (b)*veierstrassP
'Inverse(0, -4*a/b, x) + (91¥b™3%x"7 + 221%a*b™2%x~4 + 157xa”2¥bxx)*sqrt (b
X3+ 2))/(2734b744x"9 + 3xa"4xb"34x"6 + 34a"54b24x"3 + a"64b)

J

Sympy [A] (verification not implemented)

Time = 0.66 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.13

17
) 3 i
D(3)oF | ¥
1 3
| e

@rbay® T s ()

inputLintegrate(1/(b*x**3+a)**(7/2),X)




CHAPTER 3. LISTING OF INTEGRALS 179

t‘x*gamma(l/B)*hyper((l/B, 7/2), (4/3,), bxx**3%exp_polar(I*pi)/a)/(3xa*x*x(7/

outpu
2)*gamma (4/3)) |
Maxima [F]
1 1
/Wdz = /—(bx3+a); dx
inputLintegrate(l/(b*x‘3+a)“(7/2),x, algorithm="maxima") J
Outputtintegrate((b*x“s + a)~(-7/2), %) J
Giac [F]
1 1
/ (ar b~ / rad
(a+ bx?) (bz® + a)
input Lintegrate(1/(b*x"3+a)‘(7/2) ,x, algorithm="giac") J
Outputtintegrate((b*x“s + a)~(-7/2), %) J

Mupad [B] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.14

7/2
i o(t5+1) R(hE & -7
—x:
(a + bx3)"? (ba3 +a)?

input 1081/ (a + bex"3)"(7/2),0) J
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‘ (x*x((b*x~3)/a + 1)~(7/2)*hypergeom([1/3, 7/2], 4/3, -(bxx~3)/a))/(a + b*x"

output
13)7(7/2)
Reduce [F|
/ 1 e — / Vbad +a i
(a + bx3)"? ) bz12 + 4a b329 + 6426226 + 4a3b 23 + at

input 18t (1/ (bxx"3+2)(7/2) )

output‘ int(sqrt(a + bkx**3)/(a**4d + 4xax*k3xb*x**x3 + Gkakkx2kbkx2kx*x6 + dkakb**3kx
\**9 + b¥*4*x*x12) ,X)




output

input
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320 [dz

+23
Optimal result . . . . . . . . . . . . e 181
Mathematica [C] (verified) . . . . . . . ... ... L o 18T
Rubi [A] (verified) . . . .. . . ... .. 182
Maple [C] (verified) . . . . . . . . . .. 183
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 183l
Sympy [A] (verification not implemented) . . ... ... ... ... .. ..... 184
Maxima [F] . . . . . .. 184
Giac [F] . . . . o o 184
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 185
Reduce [F] . . . o . o o e 185

Optimal result

Integrand size = 9, antiderivative size = 103

2v2 + v3(1 +2) [ A==+ EllipticF <arcsin <w> , =7 — 4\/§>

1 (1 3 +x> 14+V3+z
/ dr =

Vita VB [T
<1+\/§+z>

12/3%(1/2%67 (1/2)+1/2%2° (1/2)) % (1+x) * ((x"2-x+1) / (1+x+3° (1/2))"2) " (1/2) *E11i
PEicF((14x-37(1/2))/ (1+x+37(1/2)) ,T*3"(1/2)+2+1)*3"(3/4) / ((1+x) / (1+x+3™(1/
12))72)7(1/2)/ (x~3+1)"(1/2)

Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 10.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.17

L 114
/ e dx = x Hypergeometric2F'1 (5, 53 —x3)

tIntegrate [1/Sqrt[1 + x~3],x]
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Output‘x*Hypergeome'cric2F1 [(1/3, 1/2, 4/3, -x~3]

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.00,

number of rules _ = 0.111, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {759}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ RSN

Vs +1

| 759

2v2+v3(x+1) | ( x2_$+1>2 EllipticF (arcsm (%) , =1 — 4\/5)
S —
x+f+1
input LInt [1/Sqrt[1 + x~3],x] J

‘((2*Sqrt [2 + Sqrt[311*(1 + x)*Sqrt[(1 - x + x72)/(1 + Sqrt[3] + x)~2]*Ellip
‘ticF[ArcSin[(l - Sqrt[3] + x)/(1 + Sqrt([3] + x)], -7 - 4%Sqrt[3]]1)/(3"(1/4

output
L)*Sqrt[(l + x)/(1 + Sqrt[3] + x)"2]*Sqrt[1 + x~3]) J

Defintions of rubi rules used

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

= Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]]*(s + r*x)*(Sqrt[(s”2 - r*s
*x + r72%x72)/((1 + Sqrt[3])*s + r*x)~2]1/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[al

rule 759
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Maple [C]

Result contains higher order function than in optimal. Order 5 vs. order 4.

(verified)

Time = 0.91 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.14

method | result size
" 1 1] [4 3
meijerg | z hypergeom ([3,1], (3], —2%) 14
2(§_@) 14z z_%_¥ "D_%J"# EllipticF 1+ %""#
AR e e e e e §-iy T\ -§-iys
default = 116
V31
1_iV3 1,iV3 3, 4V/3
3_iv3 it R r-3+7% Ot it 2+ 75
| ) e e e e (S
elliptic NS 116

inputt

int(1/(x~3+1)~(1/2) ,x,method=_RETURNVERBOSE)

outputt

x*hypergeom([1/3,1/2],[4/3],-x"3)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.06

=

dx = 2 weierstrassPInverse(0, —4, x)

inputt

integrate(1/(x"3+1)~(1/2),x, algorithm="fricas")

-

output t

2*weierstrassPInverse(0, -4, x)

e—
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Sympy [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.26

x3ei7r

/;d _
Vit 3T (%)

input Lintegrate (1/ (x**3+1)*x(1/2) ,x)

output

)

‘x*gamma(l/B)*hyper((l/B, 1/2), (4/3,), x**3xexp_polar(I*pi))/(3*gamma (4/3)

Maxima [F]

1 1
——dr= | —
/V1+$3 /\/x3—|-1

dz

input Lintegrate (1/(x~3+1)"(1/2) ,x, algorithm="maxima")

output Lintegrate(l/sqrt(x’“s + 1), x)
Giac [F]
L -
input Lintegrate(i/ (x~3+1)"~(1/2) ,x, algorithm="giac")

output Lintegrate (1/sqrt(x~3 + 1), x)
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Mupad [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.50

1
/ dx
V1423
z_l_’_ﬁn ;_z+\/§1i §+\/§1i
: 2 2 z+1 2 2 : z+1 2 2
(3+\/§11> 3, 7/31i 3, /31 3, /31 F| asin 3 V/31i _ 3, /31
2t 2t 2173 2t3 2t

inputtint(l/(x‘B +1)°(1/2) ,%x)

((3~(1/2)*1i + 3)*((x + (3~(1/2)*1i)/2 - 1/2)/((3~(1/2)*1i)/2 - 3/2))~(1/2
dx((x + 1)/((3~(1/2)*1i)/2 + 3/2))~(1/2)*(((3~(1/2)*1i)/2 - x + 1/2)/((37(
1/2)*1i)/2 + 3/2))~(1/2)*ellipticF(asin(((x + 1)/((37(1/2)*1i)/2 + 3/2))~(
1/2)), -((37(1/2)*1i)/2 + 3/2)/((37(1/2)*1i)/2 - 3/2)))/(x"3 - x*(((37(1/2
)*1i)/2 - 1/2)*((37(1/2)*1i)/2 + 1/2) + 1) - ((37(1/2)*1i)/2 - 1/2)*((3"(1
/2)*11)/2 + 1/2))~(1/2)

output

Reduce [F]
1 Vi +1
dr = | ———dx
\/]_-|-_f1;3 1'3+1
inputLint(l/(x‘3+1)A(1/2),X)

Outputtint(sqrt(x**S + 1)/(x**3 + 1),x%)
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3.21 | A= da

—T
Optimal result . . . . . . . . . . . . e 186
Mathematica [C] (verified) . . . . . . . ... ... L o
Rubi [A] (verified) . . . .. . . ... .. 187
Maple [C] (verified) . . . . . . . . . . . 188]
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 189
Sympy [A] (verification not implemented) . . ... ... ... ... .. ..... 189
Maxima [F] . . . . . .. 189
Giac [F] . . . . o o 190
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 190
Reduce [F] . . . . . [191]

Optimal result

Integrand size = 11, antiderivative size = 115

/ = dx
i
2v/2++3(1 - z) /(11:\;—;’_””;)2 EllipticF (arcsin (i;g:z) ,—7 — 4\/§>
- 4 1—x /1 _ 3
\/g (1+\/§—Z)2 1-z

output ~2/3*(1/2%67(1/2)+1/2%27 (1/2))# (1-x)* ((x"2+x+1)/ (1+3°(1/2)=x) "2) " (1/2) *E11
(ipticF((1-37(1/2)-x)/ (1437 (1/2)-x) , 1*37 (1/2)+2+1)*3"(3/4) / ((1-x) / (143" (1/2
)=x)"2)7(1/2)/ (-x"3+1)~(1/2)

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.
Time = 10.02 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.13

114
dx =z H tric2F1 | =, =, =, 2°
r = T filypergeometric (3, 9’ 3,x )

=
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input‘ Integrate[1/Sqrt[1 - x73],x]

output Lx*Hypergeometric2F1 [(1/3, 1/2, 4/3, x~3] J

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.00,

number of rules _ = 0.091, Rules

number of steps used = 1, number of rules used = 1,
integrand size

used = {759}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

1 dz

V1—z3
| 759

24z —/3
2v/2+3(1 —2) (_:/;1> - EllipticF (arcsm ( i+\/§ﬁ> ,—7 — 4\/3)
B s
z+f+1

p
input LInt [1/Sqrt[1 - x~3],x]

-/

‘ (-2xSqrt[2 + Sqrt[3]]1*(1 - x)*Sqrt[(1 + x + x72)/(1 + Sqrt[3] - x)~2]*Elli ‘
‘pticF[ArcSin[(i - Sqrt[3] - x)/(1 + Sart[3] - x)], -7 - 4%Sqrt[3]11)/(3~(1/ ‘
(4)*Sqrt[(1 - x)/(1 + Sqrt[3] - x)"21*Sqrt[t - x73]) |

output
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Defintions of rubi rules used

rule 759

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer([Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]1]1*(s + r*x)*(Sqrt[(s~2 - r*s
*x + r72*xx72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQl[{a, b}, x] &

& PosQ[a]

Maple [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4.

Time = 0.82 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.10

input

method | result size
» 1 17 4] .3
meijerg | x hypergeom ([3,3], [3],2°) .
23 i(z+%_n2/§)\/§ ﬁ —i(z+§+#)x/§EllipticF 3 \/E
2772 2772
default | — 3v—az3+1 o7
2t e
elliptic | — 3v—z3+1 o7

Lint (1/(-x~3+1)~(1/2) ,x,method=_RETURNVERBOSE)

output L

x*hypergeom([1/3,1/2],[4/3],x73)
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.05

= —2i weierstrassPInverse(0, 4, x)

1
—d
/\/1—:103 v

input‘integrate(l/(—x"3+1)"(1/2),x, algorithm="fricas")

L—2*I*weierstrassPInverse(0, 4, x) J
output

Sympy [A] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.25

11
al(3) o F1 3: x3em
1 3
[ e :
vV 1-— .’L'3 3r (g)
inputLintegrate(1/(-x**3+1)**(1/2),x) J

output‘X*gamma(1/3)*hyper((1/3, 1/2), (4/3,), x**3xexp_polar (2*I*pi))/(3*gamma (4/ ‘

13)) |
Maxima [F]
/ S dr = / _ dx
V1-—a? V-3 +1
input Lintegrate(l/(—x‘3+1)“ (1/2) ,X, algorithm="maxima") J

output Lintegrate(l/sqrt(—x‘B + 1), % J
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Giac [F]

1 1
——dr = | ——d
/\/1—1:3 v /\/—x3—|—1 v

input Lintegrate (1/(-x"3+1)"(1/2) ,x, algorithm="giac")

OutputLintegrate(l/sqrt(-x"B + 1), x)

Mupad [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.50

1
dz =
— 13

=

1_+/31i 1, v/31i
3, V31 /3 _THe =5 r+ot+5 o1 ; __ax—1 —
2<2+ 2> x 1\/ _3, 31 3, V31l §+\/§11F asin 3, V31l
2772 2173 2T 2 2173

\ﬂ—x&¢ﬁ+(—<—§+“§ﬂ<§+V§ﬂ—1)x+<—§+4?>(§+““

input 1981/ - x°3)"(1/2) %)

(2% ((37(1/2)*1i)/2 + 3/2)*(x"3 - 1)7(1/2)*(-(x - (37 (1/2)*1i)/2 + 1/2)/((
37(1/2)*1i)/2 - 3/2))~(1/2)*((x + (37(1/2)*1i)/2 + 1/2)/((3"(1/2)*1i)/2 +

3/2))"(1/2)*(-(x - 1)/((37(1/2)*1i)/2 + 3/2))~(1/2)*ellipticF(asin((-(x -

1)/0(3~(1/2)*1i)/2 + 3/2))~(1/2)), -((3~(1/2)*1i)/2 + 3/2)/((37(1/2)*1i)/2
- 3/2)))/((1 - x73)"(1/2)*(((3~(1/2)*1i) /2 - 1/2)*((3~(1/2)*1i)/2 + 1/2)

- xx(((37(1/2)*1i)/2 - 1/2)*((37(1/2)*1i)/2 + 1/2) + 1) + x73)7(1/2))

output
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Reduce [F]

x3—1

[ ([

input Lint(l/(—x‘3+1)‘(1/2) ,X)

Outputt - int(sqrt( - x**3 + 1)/(x**3 - 1),x)
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3.22 [—L—dx

Optimal result . . . . . . . . . . . . e 192
Mathematica [C] (verified) . . . . . . . ... ... L o
Rubi [A] (verified) . . . .. . . ... .. 193
Maple [C] (warning: unable to verify) . . . . . . . .. ... ... L. 194
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 195
Sympy [A] (verification not implemented) . . ... ... ... ... .. ..... 1951
Maxima [F] . . . . . .. 195
Giac [F] . . . . o o 196
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 196
Reduce [F] . . . . . 197

Optimal result

Integrand size = 9, antiderivative size = 120

1
——d
/\/—1+w3 !
V2 — — ) [FeEe®  Rlipti in (LEv3=z) _
2v/2 —/3(1 — 2) (1_\/3_96)2 EllipticF <arcsm (1—\/3’,—95)’ 7+4\/§>

output ‘ -2/3%(1/2%6~(1/2)-1/2%2" (1/2) ) * (1-x) * ((x~2+x+1) / (1-3~(1/2)-x) ~2) ~(1/2) *E11 ‘
(ipticF((1+37(1/2)-x)/(1-37(1/2)-x) ,2+I-1*3~(1/2))*3"(3/4) / (- (1-%) / (1-3"(1/
12)-x)"2)7(1/2)/(x"3-1)~(1/2)

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 10.02 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.29

T /1 — z3 Hypergeometric2F1 (%, %, §, 5”3)

1
———dz
/\/—1+z3 V=143
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input‘ Integrate[1/Sqrt[-1 + x~3],x]

output L(X*Sqrt [1 - x"3]*Hypergeometric2F1[1/3, 1/2, 4/3, x~3])/Sqrt[-1 + x~3] J

Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules

number of steps used = 1, number of rules used = 1, = -
integrand size

used = {760}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 dz

Vi -1

| 760

2v/2—+/3(1—1x) /% EllipticF (arcsin (%) y =7+ 4\/3)
B v _ 1-z 3 _
V3 (—x—\/§+1)2 VI 1
input [Int [1/Sqrt[-1 + x~3],x] J

‘ (-2xSqrt[2 - Sqrt[3]1*(1 - x)*Sqrt[(1 + x + x72)/(1 - Sqrt[3] - x)~2]*Elli ‘
‘pticF[ArcSin[(i + Sqrt[3] - x)/(1 - Sqrt[3] - x)], -7 + 4*Sqrt[3]11)/(3"(1/ ‘
4)*Sqre[-((1 - x)/(1 - Sqrt[3] - x)"2)1#Sqrt[-1 + x~3]) |

output
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Defintions of rubi rules used

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer([Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 - Sqrt[3]]1*(s + r*x)*(Sqrt[(s~2 - r*s
*x + r72*x72)/((1 - Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt[(-
s)*((s + r*x)/((1 - Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 + Sqrt([3])
*s + r*x)/((1 - Sqrt[3])*s + r*x)], -7 + 4*xSqrt[3]], x]1] /; FreeQ[{a, b}, x
1 && NegQ[al

rule 760

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.90 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.25

method | result size
meijerg \/—signum(z3—1)zhypergeom([%,%] , [%] @3) 30

\/signum(z3—1)

/3 1. 3y/3 3.,1V/3
_3_iV3 —1tz e+3-"Y z+5+ 3 g —1tz 2+ %
2( 272 ),/_%_i\/??\/ 3_iy3 \/ 340y ElhpthF<\/_%_i\/§’ %_iﬁ>
default 2 z L Z 2 116

Vz3-1
2(-3-17) [ b L e Era L A
elliptic To51 116
e hY

int(1/(x~3-1)~(1/2) ,x,method=_RETURNVERBOSE)

N\ J

input

. 1/signum(x3-1)"(1/2)*(-signum(x~3-1)) "~ (1/2) *x+hypergeon([1/3,1/2], [4/3],x

outpu ‘ - ‘




CHAPTER 3. LISTING OF INTEGRALS 195

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.05

dx = 2 weierstrassPInverse(0, 4, x)

| e

input Lintegrate (1/(x~3-1)"(1/2) ,x, algorithm="fricas")

OutputL2*We1erstrassPInverse(O, 4, x)

Sympy [A] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.22

Wi
N [—=

ZCL’F(%) 2F1 ; CL’3
3

1
| At

inputLintegrate(1/(x**3—1)**(1/2),X)

output L-I*X*gamma(1/3)*hyper((1/3, 1/2), (4/3,), x**3)/(3*gamma(4/3))

Maxima [F]

1 1
s =
/\/—1+w3 v /\/x3—1 !

input Lintegrate (1/(x~3-1)"(1/2) ,x, algorithm="maxima")

output Lintegrate (1/sqrt(x”3 - 1), x)
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Giac [F]

T

1 1
—dr = | ——d
/\/—l—l-x3 v /\/1103— 1

inputLintegrate(l/(x”3—1)‘(1/2),x, algorithm="giac")

outputLintegrate(l/sqrt(x“B - 1), x)

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.30

1
- dr=
/\/—1+CII3 v

input Lint(i/(x‘3 - 1)°(1/2),%)

-((37(1/2)*1i + 3)*(-(x - (3~ (1/2)*1i)/2 + 1/2)/((3~(1/2)*1i)/2 - 3/2))~(1
/2)*%((x + (37(1/2)*1i)/2 + 1/2)/((3~(1/2)*1i)/2 + 3/2))~(1/2)*(-(x - 1)/((
37(1/2)*1i)/2 + 3/2))~(1/2)*ellipticF(asin((-(x - 1)/((37(1/2)*1i)/2 + 3/2
))"(1/2)), -((37(1/2)*1i)/2 + 3/2)/((37(1/2)*1i)/2 - 3/2)))/(((37(1/2)*1i)
/2 = 1/2)*((3°(1/2)*11)/2 + 1/2) - x*(((37(1/2)*1i)/2 - 1/2)*((37(1/2)*1i)
/2 + 1/2) + 1) + x~3)"(1/2)

output
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Reduce [F]

[ [ o

inpudint(1/(x*3-1)‘(1/2),x)

Outputtint(sqrt(x**s - 1)/(x**3 - 1),%)
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3.23 [——dz
—1-z

Optimal result . . . . . . . . . . . . e 198
Mathematica [C] (verified) . . . . . . . ... ... L o 198
Rubi [A] (verified) . . . .. . . ... .. 199
Maple [C] (verified) . . . . . . . . . . . 2001
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 201]
Sympy [A] (verification not implemented) . . ... ... ... ... .. ..... 2071
Maxima [F] . . . . . .. 201]
Giac [F] . . . . o o 202
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 202
Reduce [F] . . . o . o o e 203

Optimal result

Integrand size = 11, antiderivative size = 112

1
—d
/\/-1—303 v

)

2v/2 — /31 +z) [ A==, EllipticF (arcsin (

1+V3+z
1—\/§+9:

),—7+4¢@

Y 4z /1 _ 3
\/g <1—\/§+w>2 1 o

output | 2/3%(1/2%6(1/2)-1/2%2~ (1/2) )% (1+x) * ((x~2-x+1) / (1+x-3~(1/2))~2) ~ (1/2) *E111

\ pticF((1+x+37(1/2))/(1+x-37(1/2)) ,2*I-I*37(1/2))*37(3/4) / (- (1+x) / (1+x-3~(1

/2))72)7(1/2)/ (-x"3-1)"(1/2)

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 10.02 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.33

dr =

B zv/1 + z3 Hypergeometric2F1 (%, %, %a —x3)

IFes

V—1— 13
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input‘ Integrate[1/Sqrt[-1 - x73],x]

output L(X*Sqrt [1 + x~3]*Hypergeometric2F1[1/3, 1/2, 4/3, -x~3])/Sqrt[-1 - x~3] J

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.00,

number of rules _ = 0.091, Rules

number of steps used = 1, number of rules used = 1,
integrand size

used = {760}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
iz
/m
l 760

_ z2—z+1 V341
22 —-V3(x+1) | ( +1)2 EllipticF (arcsm (H—_\/ﬁil) , =7+ 4\/3)

B

p
input LInt [1/Sqrt[-1 - x~3],x]

-/

‘(2*Sqrt [2 - Sqrt[3]]1*(1 + x)*Sqrt[(1 - x + x72)/(1 - Sqrt[3] + x)~2]*Ellip ‘
‘ticF[ArcSin[(l + Sqrt[3] + x)/(1 - Sqrt[3] + x)], -7 + 4*Sqrt([3]11)/(3"(1/4 ‘
)#8qrt[-((L + x)/(1 - Sqrt[3] + x)~2)1#Sqrt[-1 - x"3]) |

output
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Defintions of rubi rules used

rule 760

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer([Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 - Sqrt[3]]1*(s + r*x)*(Sqrt[(s~2 - r*s
*x + r72*x72)/((1 - Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt[(-
s)*((s + r*x)/((1 - Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 + Sqrt([3])
*s + r*x)/((1 - Sqrt[3])*s + r*x)], -7 + 4*xSqrt[3]], x]1] /; FreeQ[{a, b}, x
1 && NegQ[al

input

Maple [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4.

Time = 0.68 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.14

method | result size
meijerg | —ix hypergeom ([%, %] , [%] ,—x3) 16
V3. /i x_l_i\/§ NG
2iv3, [i(e-3 -2 )v3 ﬁ,/—i@—%jL#)\/ﬁ EllipticF | — ( > ) : /%rf#
default | — W 107
V3. /i x_l_i\/§ NG
2iv3, [i(e-3 -2 )v3 ﬁ,/—i@—%jL#)\/ﬁ EllipticF | — ( > ) : /%rf#
elliptic | — W 107

Lint (1/(-x~3-1)"(1/2) ,x,method=_RETURNVERBOSE)

output L

-Ixx*hypergeom([1/3,1/2], [4/3],-x"3)
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.05

= —2i weierstrassPInverse(0, —4, z)

1
——d
/\/-1—:103 v

input‘integrate(l/(—x"B—l)"(1/2),x, algorithm="fricas")

L—2*I*weierstrassPInverse(0, -4, x) J
output

Sympy [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.28

11
zxf‘(%) oF 3;2 x3et™
1 3
[ 4
W 3T (1)
inputLintegrate(1/(-x**3-1)**(1/2),x) J

output‘—I*x*gamma(l/B)*hyper((1/3, 1/2), (4/3,), x**3kexp_polar(I+pi))/(3*gamma(d |

/3) |
Maxima [F]
v—1-—1z3 V—z3—1
inputLintegrate(l/(—x‘B—l)‘(1/2),X, algorithm="maxima") J

output Lintegrate(l/sqrt(—x‘B - 1), x) J
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Giac [F]
/;dﬂl”:/;dx
V-1-4a° V= -1
inputLintegrate(1/(—x*3—1)‘(1/2),x, algorithm="giac") J
output Lintegrate(1/sqrt(-x~3 - 1), x)

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.54

1
——dx
,/_]__1.3
1, v/31i 1 V3 1i 3, V31i
3, V/31i 3 T—3+5 z+1 32+ : z+1 _ 3+
2(2—|— 5 >\/z + 1/ 7% FRVAET ERvAET F| asin FRVAET SERVART
. 2t73 2t73 2t3 2t732 2173

Ve =Ty ot (= (5 8Y) (34051) 1) o= (-5 5Y) (5+°9Y)

input 1881/ (- x73 - 1)7(1/2),%)

(2x((37(1/2)*1i) /2 + 3/2)*(x"3 + 1)7(1/2)*((x + (37(1/2)*1i)/2 - 1/2)/((3"
(1/2)%11i)/2 - 3/2))~(1/2)*((x + 1)/((3~(1/2)*1i)/2 + 3/2))~(1/2)*(((3~(1/2
)*1i)/2 - x + 1/2)/((37(1/2)*1i)/2 + 3/2))~(1/2)*ellipticF(asin(((x + 1)/(
(3~ (1/2)*1i)/2 + 3/2))°(1/2)), -((3~(1/2)*1i)/2 + 3/2)/((3°(1/2)*1i)/2 - 3
/2)))/((- x73 - 1)7(1/2)*(x"3 - x*x(((37(1/2)*11)/2 - 1/2)*((37(1/2)*11i) /2
+1/2) + 1) - ((3~(1/2)*11)/2 - 1/2)*((3~(1/2)*1i)/2 + 1/2))~(1/2))

output
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Reduce [F]

[ ([ 5 e):

Lint(l/(-x‘B—l)‘(i/Q),x)

input

outputt - int(sqrt(x**3 + 1)/(x**3 + 1),x)*i




outpu
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3.24 [ (a+bz®)""? da

Optimal result . . . . . . . . . . . . . . . 204
Mathematica [C] (verified) . . . . . . . . . ... L 204
Rubi [A] (verified) . . . . . . . . . . 2051
Maple [A] (verified) . . . . . . ... L 207
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 207
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 208}
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... .. 209
Giac [F] . . . o o 2091
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 210
Reduce [F] . . . . o 210

Optimal result

Integrand size = 11, antiderivative size = 112

/ (a+ bx3)5/3 dx = Eaaz:(a + bac?‘)z/3

5a%log (—\3/5:10 + vVa + bx3>

18
3
1+ 3 2 bw =
5a arctan | —¥-& T 9T V‘f/;'bx
1 5/3
+ ~z(a+bz®)”" +

18V/b

" ‘{5/18*a*x* (b*x~3+a) " (2/3)+1/6%x* (b*x~3+a) ~(5/3)+5/27*a~2*arctan(1/3* (1+2*b"~ ‘
‘ (1/3)*x/ (bxx~3+a) ~(1/3))*37(1/2))*37(1/2) /b~ (1/3)-5/18*a~2*x1n (b~ (1/3) *x+( ‘

N

b*x~3+a)~(1/3))/b~(1/3)

J

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 6 vs. order 3 in optimal.
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Time = 0.17 (sec) , antiderivative size = 272, normalized size of antiderivative = 2.43

(-1)2/3 %—l—m (-=1)2/
v*2¥/a 315/3 8§ _5 _5 11 _ Vb 3
3( 7 —i—a:) (a+ bx®)”" AppellF1 | 3, -5, -3, 5, “Y=1Ya i’ Ya_
+b2°)"* do = Vb Vb Vb
(_1)2/3 %+ 5/3 (_1)2/3 %+ 5/3
8|1+ Vb 1+ Vb
%_(_1)2/3% _3 _1%_(71)2/3%
Vb Vb Vb Vb
input Integrate[(a + b*x~3)~(5/3),x]

(3*(((-1)"(2/3)*a~(1/3)) /" (1/3) + x)*(a + b*x~3)~(5/3)*AppellF1[8/3, -5/3
» =5/3, 11/3, -((((-1)7(2/3)*a~(1/3))/b~(1/3) + x)/(-(((-1)~(1/3)*a~(1/3))
/p7(1/3)) - ((-1)7(2/3)*a~(1/3))/v7(1/3))), -((((-1)~(2/3)*a~(1/3))/b~(1/3
) + x)/(@°(1/3)/b7(1/3) - ((-1)7(2/3)*a~(1/3))/b~(1/3)))1)/(8x(1 + (((-1)~
(2/3)*a~(1/3))/b~(1/3) + x)/(a~(1/3)/p~(1/3) - ((-1)~(2/3)*a~(1/3))/b~(1/3
)))=(6/3)*(1 + (((-1)7(2/3)*a~(1/3)) /b~ (1/3) + x)/(-(((-1)~(1/3)*a~(1/3))/
b~(1/3)) - ((-1)7(2/3)*a”~(1/3))/b~(1/3)))~(5/3))

output

Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.02,

number of rules __
integrand size 0.273, Rules

number of steps used = 3, number of rules used = 3,
used = {748, 748, 769}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+ bx3)5/3 dz
l 748

2(1/ (bx3 + a)2/3 dx + %x(a + ba:3)5/3
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l 748
5 (2 1 1 3\2/3 1 315/3
l 769
237(%_'_1
3
arctan @
5 | 2 log(m—%x) 1 312/3
~a| -a - - - + >z(a+ bz®) +
6 (3 V3Vb 2/b 3
lw(a + ba;3)5/3
6
input LInt[(a + b*x~3)~(5/3) ,x] J
output‘ (x*¢(a + b*x~3)~(5/3))/6 + (5%a*x((x*(a + b¥x~3)~(2/3))/3 + (2xa*x(ArcTan[(1 ‘

+ (2% (1/3)%0)/(a + bkx"3)"(1/3))/Sqrt[3]1/(Sqrt [3]#6~(1/3)) - Log[-(b™(1
/3)0) + (a + bxx"3)"(1/3)1/(24b7(1/3))))/3)) /6

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Simp[a*n*(p/(n*p + 1)) Int[(a + b*x™n)~(p - 1), x], x] /; Fre
eQ[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || LtQ[Denominat
or[p + 1/n], Denominator[p]l])

rule 748

Int[((a_) + (b_.)*(x_)"3)"(-1/3), x_Symbol] :> Simp[ArcTan[(1 + 2xRt[b, 3]*
(x/(a + b*x~3)~(1/3)))/Sqrt[3]1]1/(Sqrt[3]*Rt[b, 3]), x] - Simp[Logl[(a + b*x"
3)°(1/3) - Rt[b, 31*x]/(2*Rt[b, 3]), x] /; FreeQ[{a, b}, xI]

rule 769
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Maple [A] (verified)

Time = 2.27 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.29

method result

1 1
V3 <b3m+2(bm3+a) 3> 1 3, \}
2 4 2.1 —b3 x4+ (ba®+
Q(b x3+a) 3b3 x4+24ax(b x3+a) 353 —10+/3 arctan ( a?—101n M a?+51n
pseudoelliptic

input Lint ((b*x~3+a)~(5/3) ,x,method=_RETURNVERBOSE) J

output ‘ 1/54% (9% (bxx~3+a) ~(2/3) *b~ (4/3) *x~4+24*axx* (b*x~3+a) ~(2/3) *b~ (1/3)-10*3" (1 ‘
| /2)*arctan(1/3%37(1/2)* (b~ (1/3) *x+2% (b*x~3+a) ~(1/3)) /b~ (1/3) /x) *a~2-10*1n(
‘ (b~ (1/3) *x+ (b*x~3+a) ~(1/3) ) /x) *a~2+5x1n ( (b~ (2/3) *x~2+b"~ (1/3) * (b*x~3+a) ~ (1 ‘
/3)*x+(b¥x"3+a) " (2/3))/x"2) ¥a™2) /b (1/3)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 175 vs. 2(85) = 170.

Time = 0.09 (sec) , antiderivative size = 399, normalized size of antiderivative = 3.56

fi

+b:c3)5/3 de =

15 g&m/t%ibgCum&—3wf%+@§@ﬁﬁwl—3¢§Q—wémﬁ—(mﬁ+aﬁm?+

] T
1 L (—b)%w—Q (bx?‘—l—a)% —=Y3 e 1
30 \/gcﬂb\/ — D2 arctan | — \/;( ) " | +10a%(—b)5 log (( Bzt (b ta)? ) —5¢

T T

54 b
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input‘integrate((b*X“3+a)”(5/3),x, algorithm="fricas")

[1/54*(15*sqrt (1/3)*a~2xb*sqrt ((-b) ~(1/3) /b) *1log (3*b*x~3 - 3*(b*x~3 + a)~(
1/3)*(-b)~(2/3)*x~2 - 3*sqrt(1/3)*((-b) ~(1/3)*b*x~3 - (b*x~3 + a)~(1/3)*b*
X"2 + 2% (b*x”~3 + a)~(2/3)*(-b)~(2/3)*x)*sqrt ((-b)~(1/3)/b) + 2*a) - 10*a~2
*(-b)~(2/3)*1og (((-b)~(1/3)*x + (b*x~3 + a)~(1/3))/x) + 5*xa~2%(-b)~(2/3)*1
og(((-b)~(2/3)*x72 - (b*x~3 + a)~(1/3)*(-b)~(1/3)*x + (b*x~3 + a)~(2/3))/x
72) + 3*(3*b"2*x"4 + 8kaxb*x)*(bxx~3 + a)~(2/3))/b, -1/54*(30*sqrt(1/3)*a"
2%bxsqrt (- (-b) ~(1/3) /b) *arctan(-sqrt (1/3) *((-b) ~(1/3)*x - 2x(b*x~3 + a)~ (1
/3))*sqrt(-(-b)~(1/3)/b)/x) + 10%a~2*(-b)~(2/3)*Log(((-b)~(1/3)*x + (b*x~3
+ a)~(1/3))/x) - 5*a~2x(-b)~(2/3)*1og(((-b)~(2/3)*x"2 - (b*x~3 + a)~(1/3)
*(-b)~(1/3)*x + (bxx"3 + a)~(2/3))/x72) - 3%(3*%b"2*x"4 + 8*axbxx)*(b*x"3 +
a)~(2/3)) /vl

output

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.97 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.33

/(a+bx3)5/3 de = 3T ()

input‘integrate((b*x**3+a)**(5/3),x)

N

Output(a**(5/3)*X*gamma(1/3)*hyper((-5/3, 1/3), (4/3,), b*x*x3*exp_polar (I*pi)/a)
/(3*+ganma (4/3)) |
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 179 vs. 2(85) = 170.

Time = 0.12 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.60

V3 <b% 42 (b$3+“)% )

5+/3a? arctan .
3b%

/(a—l—bz3)5/3 dr = — -
27 bs

11 2
542 log (bﬁ 4 (etra) o8 (bm3+a)3)

T x2

_|_

54b3
1
5dﬂog(—b§+—ﬁfgﬂi) 5@ﬁ+@%ﬁb__8@ﬁ+@%f

z2 z°

27 b% 18 <b2 _ 2(bx3+a)b + (ba:3+a)2)

x3 6

-

inputLintegrate((b*x"3+a)“(5/3),x, algorithm="maxima")

-/

-5/27*sqrt (3)*a~2*arctan(1/3*sqrt (3)*(b~(1/3) + 2x(b*xx~3 + a)~(1/3)/x) /b~ (
1/3))/b~(1/3) + 5/54*a~2xlog(b~(2/3) + (b*x"3 + a)~(1/3)*b~(1/3)/x + (b*x"
3 + a)~(2/3)/x72)/b~(1/3) - 5/27*a"2xlog(-b~(1/3) + (b*x~3 + a)~(1/3)/x)/b
~(1/3) - 1/18* (5% (b*x~3 + a)~(2/3)*a"2%b/x"2 - 8*(b*x~3 + a)~(5/3)*a"~2/x"5
)/ (72 - 2x(b*x~3 + a)*b/x"3 + (b*x"3 + a)~2/x76)

output

Giac [F]

/(a+bx3)5/3 d:v=/(bx3—|—a)gdm

inputLintegrate((b*x"3+a)"(5/3),x, algorithm="giac") J

outputtintegrate((b*x‘3 + a)~(5/3), x) J
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Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.33

—5 3 5 ~a
(b2 4 1)*°

a

x(bx3+a)s/32F1< 5 1. 4. _@)

/ (a+b2*)"® dz =

inputtint((a + b*x~3)~(5/3),%) J

N

\/(x*(a + b*x~3)~(5/3) *hypergeom([-5/3, 1/3], 4/3, -(b*x~3)/a))/((b*x"3)/a + \

M PPV |

Reduce [F]

3 2 5( 1 1dz) a2
/(a+bx3)5/3 z:4(bx3—ga)3aw+ (b:l,‘3 +60:)3b$4+ f(bxs_,_ga)g

input Lint((b*x‘3+a)‘(5/3) »X) J

‘ (8%(a + b¥x*x3)*x(2/3)*a*x + 3x(a + bkx**3)*x(2/3)*bkx**4 + 10*int((a + b* \

output
‘x**B)**(Q/S)/(a + b*x*%x3) ,x)*ax*2)/18




outpu
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3.25 [ (a+bz®? da

Optimalresult . ... ............
Mathematica [C] (warning: unable to verify)
Rubi [A] (verified) . . ... ... ... ...
Maple [A] (verified) . . . . . . ... ... ..
Fricas [B] (verification not implemented) . .

Sympy [C] (verification not implemented) . . .. ... ... ... ... .....
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [F] . . . o o
Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [F] . . . . . o

Optimal result

Integrand size = 11, antiderivative size = 91

/ (a+bx3)2/3 dr = %x(a+bx3)2/3

1+ 5 2 %:p
2a arctan | ——7—— W‘
alog (—\?’/Bx +va + bz3>
+ —
3v3Vb 3Vb

‘ 1/2))*37(1/2) /b~ (1/3)-1/3*a*1n(-b~ (1/3) *x+(b*x~3+a) ~(1/3)) /b~ (1/3)

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 3 in optimal.

" ‘(1/3*x* (b*x~3+a) ~(2/3)+2/9*ax*arctan(1/3*(1+2*%b~(1/3) *x/ (b*x~3+a) ~(1/3) ) *37( ‘
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Time = 0.09 (sec) , antiderivative size = 203, normalized size of antiderivative = 2.23

e

(_1)2/3 ((_1)2/3 %+ %x) i+Ve
_1)2/33 3 3\2/3 5 2 _28 _
3(( 1)%3/a + \/l_)z) (a+bz®)”" AppellF1 | 3, -2, -3, 3, <1+3 _1> Va —

+bas3)2/3 dx =

3 2/3
2/3 i1+ \/l_)a:>
3 %—}-(—1)2/3 %az < 3{/5
522V ( 3i+v3

(1+ Y, —1) Ya
inputLIntegrate[(a + b*x~3)~(2/3) ,x] J
outpus (3*((-1)7(2/3)*a™(1/3) + b™(1/8)*x)*(a + b*x"3)"(2/3)*Appel1F1[5/3, -2/3,

-2/3, 8/3, -(((-1)7(2/3)*((-1)7(2/3)*a~(1/3) + b~ (1/3)*x))/((1 + (-1)~(1/3
))*a~(1/3))), (I + Sqrt[3] - ((2*I)*b~(1/3)*x)/a~(1/3))/(3*I + Sqrt[31)1)/
(5%27(2/3)*b~(1/3)*((a~(1/3) + (-1)7(2/3)*b~(1/3)*x)/((1 + (-1)~(1/3))*a"(
1/3)))7(2/3)*((I*x(1 + (b~ (1/3)*x)/a~(1/3)))/(3*I + Sqrt[3]))~(2/3))

Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.01,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 4 189 Ryjes
integrand size

used = {748, 769}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ (a + bx3)2/3 dz
l 748

dr + x(a+bx )2/3

| s

l 769



input L

outpu

rule 748

rule 769

CHAPTER 3. LISTING OF INTEGRALS 213

2%1 +1
3
3 3 _ 3
ga 3 ~ log (\/a+fx \/I;a:) N lx(a-l-b:c?’)z/g
3 V3Vb 2Vb 3

Int[(a + b*xx~3)~(2/3),x]

t‘ (xx(a + b*x~3)7(2/3))/3 + (2*ax(ArcTan[(1 + (2*b~(1/3)*x)/(a + b*x~3)~(1/3
1))/8qrt[311/(Sqrt[31#b~(1/3)) - Logl-(b~(1/3)*x) + (a + b*x"3)~(1/3)1/(2b
~(1/3))))/3

|
|
J

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Simp[a*n*(p/(n*p + 1)) Int[(a + b*x™n)~(p - 1), x], x] /; Fre
eQ[{a, b}, x] && IGtQ[n, 0] && GtQlp, 0] && (IntegerQ[2*p] || LtQ[Denominat
or[p + 1/n], Denominator[p]l])

Int[((a_) + (b_.)*(x_)"3)"(-1/3), x_Symbol] :> Simp[ArcTan[(1 + 2*Rt[b, 3]*
(x/(a + b*x~3)~(1/3)))/Sqrt[3]1]1/(Sqrt[31*Rt[b, 3]1), x] - Simp[Logl(a + b*x~

3)~(1/3) - Rtlb, 3]*x]/(2*Rt[b, 3]), x] /; FreeQl[{a, b}, x]

Maple [A] (verified)

Time = 0.64 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.30

method result

v (b
2 \/§ arctan

Wi
8
+
N
—
o
8
w
+
Q
~
Q=
N——
N~—
[S)
|
w
—
o
8
w
+
Q
—
(]
8
o
Wl
+
—
=]
VR
&
Wi
8
+
—
o
8
w
+
Q
—
l
SN~—
Q
|
I3
—

pseudoelliptic | —
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input int ((b*x"3+a)~(2/3) ,x,method=_RETURNVERBOSE) |

‘—2/9*(3“(1/2)*arctan(1/3*3“(1/2)*(b“(1/3)*x+2*(b*x“3+a)“(1/3))/b“(1/3)/x)*

tput
TP a3/2% (brx~3+a) " (2/3) kxxb™ (1/3) +1n((-b™ (1/3) %x+ (bkx~3+a) " (1/3)) /) ka-1/241 |
'n((b7(2/3)*x"2+b™ (1/3)* (b*x"3+a) ~(1/3) #x+(b*x"3+a) " (2/3)) /x"2)*a) /b~ (1/3)
Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 157 vs. 2(68) = 136.
Time = 0.08 (sec) , antiderivative size = 362, normalized size of antiderivative = 3.98
fe
—b)3 1 2 1 1
s 3 \/gab % log (3 bz — 3 (bx® +a)3(—b)2 z*> — 3 \/g<(—b)3 bz3 — (bz® + a)3bx? + 2
+bz°)"" dz =
/ = V5 (obe2 et ) - cpd : : !
6 \/gab —@ arctan | — p — 3 (bx® + a)3bx + 2a(—b)? log (%
- 9b
inputLintegrate((b*x"3+a)“(2/3),x, algorithm="fricas") J
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[1/9% (3*sqrt (1/3) *axb*sqrt ((-b) ~(1/3) /b) *1og(3*b*x~3 - 3*(b*x~3 + a)~(1/3)
*(-b)~(2/3)*x72 - 3*sqrt(1/3)*((-b)~(1/3)*b*x~3 - (b*x~3 + a)~(1/3)*b*x"2
+ 2% (b*xx~3 + a)~(2/3)*(-b)~(2/3)*x)*sqrt ((-b) ~(1/3)/b) + 2*a) + 3*(b*x"3 +
a)~(2/3)*bxx - 2*xa*x(-b)~(2/3)*1Log(((-b)~(1/3)*x + (b*x~3 + a)~(1/3))/x) +
a*x(-b)~(2/3)*1og(((-b)~(2/3)*x~2 - (b*x~3 + a)~(1/3)*(-b)~(1/3)*x + (b*x~
3 + a)7(2/3))/x72)) /b, -1/9%(6*sqrt(1/3)*axb*sqrt(-(-b)~(1/3)/b)*arctan(-s
qrt (1/3)*((-b)~(1/3)*x - 2*(bxx~3 + a)~(1/3))*sqrt(-(-b)~(1/3)/b)/x) - 3*(
bxx~3 + a)~(2/3)*bxx + 2¥ax(-b)~(2/3)*1og(((-b)~(1/3)*x + (b*x~3 + a)~(1/3
))/x) - a*x(-b)~(2/3)*1og(((-b)~(2/3)*x"2 - (b*x~3 + a)~(1/3)*(-b)~(1/3)*x
+ (bxx”3 + a)~(2/3))/x72))/b]

output

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.66 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.41

-

Lintegrate ((b*x**3+a)**(2/3) ,x)

~—

input

| axx(2/3) *x*ganma (1/3) *hyper ((-2/3, 1/3), (4/3,), brx#*3xexp_polar(I*pi)/a)
/ (3*gamma (4/3))

N J

output
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.47

V3 (b% 42 (’””3”)% )

2 \/?;a arctan I
3b3

/(a+bx3)2/3 dr = — -
9bs
log (32 4 Eta)dod | porva)d) o (1 (etea)h .
alog <b3 + . + 0 alog { —bs + — (bz® +a)3a

* 9bs - 9bs 3 (b— k)2

inputLintegrate((b*x“3+a)*(2/3),x, algorithm="maxima") J

-2/9*sqrt (3) *a*arctan(1/3*sqrt (3)*(b~(1/3) + 2x(b*x~3 + a)~(1/3)/x)/b~(1/3
))/b~(1/3) + 1/9*axlog(b~(2/3) + (b*x~3 + a)~(1/3)*b~(1/3)/x + (b*x"3 + a)
~(2/3)/x72)/b~(1/3) - 2/9%a*log(-b~(1/3) + (b*x~3 + a)~(1/3)/x)/b~(1/3) -

output‘ ‘
L1/3*(b*x"3 + a)~(2/3)*a/((b - (b*x~3 + a)/x~3)*x"2) J

Giac [F]

/(a+bx3)2/3 dx:/(ba:3+a)§dx

input Lintegrate ((b*x~3+a)~(2/3) ,x, algorithm="giac") J

Outputtintegrate((b*x“s + a)~(2/3), x) J
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.41
z (ba® + a)** (—§,%; 3 —%)
(22 +1)""

a

/ (a+b2*)*® dz =

input kint((a + b*x~3)~(2/3),x%) J

N

t‘((x*(a + bxx~3)~(2/3) *hypergeom([-2/3, 1/3], 4/3, -(b*x~3)/a))/((b*x~3)/a + ‘

t
TR D |
Reduce [F]
2 2 (f L dx) a
3 3 z34a
3 3
input Lint((b*x‘3+a)‘(2/3) »X) J

outputt((a + bxx*k*3)*%(2/3)*x + 2xint((a + bxx**3)**(2/3)/(a + bxx**3) ,x)*a)/3 J




outpu
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3.26 [ ——dz
Va+ bz3

Optimal result . . . . . . . . . . . . . . e 218
Mathematica [A] (verified) . . . . . . . . . .. .. 218
Rubi [A] (verified) . . . . . . . . . . 219
Maple [A] (verified) . . . . . . ... L 220)
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 220)
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 22T
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... .. 222
Giac [F] . . . o o 2221
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [F] . . . . . . 223

Optimal result

Integrand size = 11, antiderivative size = 70

1+ 2%w
Va + b3

arctan 73

log <—\3/l—)z + m>

1
——dx =
/\/3a—|—bm3 V3Vb

2v/b

\2*1n(-b*<1/3)*x+(b*x*3+a)*(1/3))/b*(1/3)

.| 1/3%arctan(1/3+ (14246~ (1/3)#x/ (b*x~3+a) " (1/3)) 37 (1/2))#3" (1/2) /b (1/3)-1/

N

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.57

1
——dzx
/ va + bz3
1+3““3\/523 /b /b
/a + T _ _ - b2/3.’1:2 T
2+/3 arctan — 5 2log (1 —m) + log (1 + @+ T 3o 1 ba

)

6v/b
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input‘ Integrate[(a + b*x~3)~(-1/3),x] ‘

' (2#Sqrt[3]*ArcTan[(1 + (2#b~(1/3)*x)/(a + b*x~3)~(1/3))/Sqrt[3]1] - 2*Logl1
- (b7(1/3)%x)/(a + b¥x~3)"(1/3)] + Logll + (b~(2/3)*x~2)/(a + b¥x"3)~(2/3
L) + (b~ (1/3)*x)/(a + b*x~3)~(1/3)1)/(6%b~(1/3)) J

output

Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.091, Rules

number of steps used = 1, number of rules used = 1,
used = {769}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
—dx
/ Va + ba3

l 769

log ( va+ b3 — \B/I;ac)
V3 - 2¢/b

input 160G + b3 (-1/3) ]

Output‘ArCTan[(l + (2%b~(1/3)*x)/(a + b*x"3)"~(1/3))/Sqrt[3]11/(Sqrt [3]1*b~(1/3)) - ‘
‘Log[-(b’"(l/S)*x) + (a + b*x"3)7(1/3)1/(2%b~(1/3)) ‘
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Defintions of rubi rules used

e 769}Im:[((a_) + (b_.)*(x_)"3)"(-1/3), x_Symbol]l :> Simp[ArcTan[(1 + 2*Rt[b, 31*
‘ (x/(a + b*x~3)~(1/3)))/Sqrt[3]1]1/(Sqrt[3]*Rt[b, 3]), x] - Simp[Logl[(a + b*x" ‘
‘3)“(1/3) - Rt[b, 31*x]/(2*xRt[b, 3]), x] /; FreeQ[{a, b}, xI]

Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.41

method

result

size

pseudoelliptic

\/.?: arctan (

V3 (b% z+2 (b w3+a)

x+ (b m3+a>

99

input k

int (1/(b*x~3+a) ~(1/3) ,x,method=_RETURNVERBOSE)

-

output ‘

L1/3)*x+(b*x‘3+a)‘(2/3))/x‘2))/b‘(1/3)

-1/3%(3"(1/2)*arctan(1/3*3~(1/2)* (b~ (1/3) *x+2x (b*x~3+a) ~(1/3)) /b~ (1/3) /x) +
\ln((—b“(1/3)*x+(b*x‘3+a)‘(1/3))/x)—1/2*1n((b‘(2/3)*x‘2+b‘(1/3)*(b*x‘3+a)“(

W
|
J

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 141 vs. 2(54) = 108.
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Time = 0.08 (sec) , antiderivative size = 330, normalized size of antiderivative = 4.71

1
—dx
/ _\/3 a -+ bx3

1

3\[1) <b>310g<3bx — 3(ba® + a)3(=b) a2 —3[( b)% ba® — (ba® + a)3ba® + 2 (ba® + a) (-
6

=
wiN

)=

3 b x

(- lac— z3+a 3 —7(_1’)%
6 /Lb\/— =0 arctan (—\/;0 Db )3> ’ ) +2(—b)%log ((_b)%’”+£bw3+a)

6b

input integrate(1/(b*x~3+a)~(1/3),x, algorithm="fricas")

[1/6%(3*sqrt (1/3)*bxsqrt ((-b) ~(1/3)/b)*Log(3*b*x~3 - 3*(b*x"3 + a)~(1/3)*(
-b)~(2/3)*x"2 - 3*sqrt(1/3)*((-b)~(1/3)*b*x"3 - (b*x~3 + a)~(1/3)*b*xx"2 +

2% (b*x~3 + a)~(2/3)*(-b)~(2/3)*x)*sqrt ((-b)~(1/3)/b) + 2*a) - 2x(-b)~(2/3)
*1og (((-b)~(1/3)*x + (b*x"3 + a)~(1/3))/x) + (-b)~(2/3)*Log(((-b)~(2/3)*x~
2 - (b*x73 + a)~(1/3)*(-b)~(1/3)*x + (b*x"3 + a)~(2/3))/x72))/b, -1/6%(6*s
qrt (1/3) *b*sqrt (-(-b) ~(1/3) /b) *arctan(-sqrt (1/3)* ((-b) ~(1/3) *x - 2*(b*x"3

+ a)7(1/3))*sqrt (-(-b)~(1/3)/b) /x) + 2%(-b)~(2/3)*1og(((-b)~(1/3)*x + (b*x
“3 + a)~(1/3))/x) - (-b)~(2/3)*1og(((-b)~(2/3)*x~2 - (b*x~3 + a)~(1/3)*(-b
)7 (1/3)*x + (b*x~3 + a)~(2/3))/x72)) /1]

output

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.56 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.51

1
——dx
/\/3a—|—bw3 3v/al (3)
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inputLintegrate(1/(b*x**3+a)**(1/3),x) J

Output‘x*gamma(l/S)*hyper((l/B, 1/3), (4/3,), b*x**3*exp_polar(I*pi)/a)/(3*a*x*(1/
' 3)*gamma (4/3)) |

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.43

\/garctan T
3b3
/ 1
S dr = — 1
va+ bx? 3b3
1 2 1
log <b§ + (b$3+;1)3b% + (bxi;ga)s‘) log <—b§ + _(b’”?’:“)g)
+ _
6 b3 3b3
inputLintegrate(1/(b*x‘3+a)‘(1/3),X’ algorithm="maxima") J

Output‘—1/3*sqrt(3)*arctan(1/3*sqrt(3)*(b‘(1/3) + 2x(bxx"3 + a)~(1/3)/x)/b~(1/3)) ‘
/D7(1/3) + 1/6%1og(b~(2/3) + (b*x"3 + a)~(1/3)*b~(1/3)/x + (b*x™3 + a)~(2/ |
‘3)/x‘2)/b“(1/3) - 1/3%1log(-b~(1/3) + (b*x~3 + a)~(1/3)/x)/b~(1/3) ‘

Giac [F]

1

1
—dz:/—lda:
/v3a—|—bm3 (bz3 + a)3

input Lintegrate (1/(bxx~3+a)~(1/3) ,x, algorithm="giac") J

output Lintegrate((b*x”s + a)~(-1/3), x) J
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Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.53

1/3
1 v (b +1) BR(5E 5 )
- dr=
/V3a+ba:3 (ba3 +a)'/?

input Lint(l/(a + b*x~3)~(1/3),x%)

1_J‘((x*((b*x"S)/a + 1)~ (1/3)*hypergeom([1/3, 1/3]1, 4/3, -(b*x~3)/a))/(a + b*x~
13)7(1/3)

outpu

——

Reduce [F]

1

1
—dxz/—lda:
/\/3a—|—bm3 (bxd+a)3

-

inputLint(l/(b*x“3+a)‘(1/3),X)

-/

outputlint<1/(a + brx#*3) #x(1/3) ,%)
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(a+bz3)
Optimal result . . . . . . . . .. . . 224
Mathematica [C] (warning: unable to verify) . . . . . .. .. ... ... .. ... 224
Rubi [A] (verified) . . . . . . ... . 225
Maple [A] (verified) . . . . . . . . . 220
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 226
Sympy [B] (verification not implemented) . . . .. ... ... ... ... ..., 2271
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2271
Giac [F] . . . o o 227
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 228
Reduce [F] . . . . . o 228]

Optimal result

Integrand size = 11, antiderivative size = 16

1 z
dr =
/ (a + bz3)*/? ava+ bz?

output | X/a/ (b*x"3+a)~(1/3)

Mathematica [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 5 vs. order 2 in optimal.

Time = 3.92 (sec) , antiderivative size = 524, normalized size of antiderivative = 32.75

z@(% -I—a:) (1 + 2%) Gamma () (4(2(-&' +v3) a— (9 +V/3) a*:

1 dr —
(a + ba3)"/? o

-

LIntegrate[(a + bxx~3)~(-4/3) ,x]

-/

input
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output

((I/20)*Sqrt [Pi/3]*(((-1)7(2/3)*a~(1/3))/b~(1/3) + x)*(1 + (b~ (1/3)*x)/a"(
1/3))*Gamma [1/3] * (4% (2% (-3*I + Sqrt[3])*a - (9*I + Sqrt[3])*a~(2/3)*b~(1/3
Y*¥x + 6x(-I + Sqrt[3])*a~(1/3)*b~(2/3)*x"2 + 6xSqrt [3]*b*x"3)*Hypergeometr
ic2F1[1, 4/3, 8/3, (2#Sqrt[3]*a~(1/3) - (3*I + Sqrt[3])*b~(1/3)*x)/((3*I +
Sqrt[3])*a~(1/3) - 2+Sqrt[3]1*b~(1/3)*x)] - 3*(a~(1/3) + b~ (1/3)*x)*((2*I
+ 4xSqrt[3]1)*a~(2/3) + (-7*I + 5*Sqrt[3])*a~(1/3)*b~(1/3)*x - 3*(3*I + Sqr
t[3]1)*b~(2/3) *x~2) *Hypergeometric2F1[2, 7/3, 11/3, (2xSqrt[3]*a~(1/3) - (3
*I + Sqrt[3]1)*b~(1/3)*x)/((3*I + Sqrt[3])*a~(1/3) - 2xSqrt[3]*b~(1/3)*x)]
- 3*x(a”(1/3) + b~ (1/3)*x)"2x(2+Sqrt[3]1*a~(1/3) - (3*I + Sqrt[3])*b~(1/3)*x
)*HypergeometricPFQ[{2, 2, 7/3}, {1, 11/3}, (2*Sqrt[3]*a~(1/3) - (3*I + Sq
rt[3]1)*b~(1/3)*x) /((3*I + Sqrt[3])*(a~(1/3) + (-1)~(2/3)*b~(1/3)*x))1))/(2
~(1/3)*(3*I + Sqrt[3]1)*a~(2/3)*(a~(1/3) + (-1)"(2/3)*b~(1/3)*x)*(a + b*x"3
)~ (4/3) *Gamma [2/3] *Gamma [7/6] )

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _ 0.091, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {746}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

vy
(a + bz’)*/? ’
l 746

x

aVva + bx3

input!

outputt

Int[(a + b*x~3)~(-4/3),x]

x/(ax(a + bxx~3)~(1/3))
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Defintions of rubi rules used

e 746 Tot[(@) + (b_)*(x)"(m))"(p_), x_Symbol]l :> Simp[xx((a + bxx"m)~(p + 1)

input

output

input

output

/a), x /; FreeQ[{a, b, n, p}, x] && EqQ[i/n + p + 1, 0]

Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

method result size
=z [
gospet a(b :1:3+a)’iT 5
t —=* 115
rager a(b :1:3+a)%
doelliptic | —&—~ | 1
pseudoelliptic wboira) )
orering —X 115
a(bz3+a)3

Lint (1/ (bxx~3+a) ~(4/3) ,x,method=_RETURNVERBOSE)

Lx/a/(b*x‘3+a)‘(1/3)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.44

(bx® + a)%x

1 d
(a+ bav?’)4/3 v

abx3 + a?

Lintegrate (1/(bxx~3+a)~(4/3) ,x, algorithm="fricas")

L(b*x‘S + a)~(2/3)*x/ (a*xbxx~3 + a~2)
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 29 vs. 2(12) = 24.

Time = 0.38 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.81

S 1

b3, b3
a-l—x) 3a§31+%r(§)

input Lintegrate (1/ (bxx**3+a) ** (4/3) ,x)

output Lx*gamma(l/B)/(B*a** (4/3)*(1 + bxx**3/a)**(1/3)*gamma(4/3))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/ ! dz = ad
(a+bz?)*? (bx® + a)%a

input Lintegrate (1/(b*x~3+a)~(4/3) ,x, algorithm="maxima")

output Lx/ ((b*x~3 + a)~(1/3)*a)
Giac [F]
/dez /mdx
inputLintegrate(l/(b*x‘3+a)A(4/3),x, algorithm="giac")

output Lintegrate ((b*x~3 + a)~(-4/3), x)
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/;dm __ T
(a+bx3)4/3 a(bxzd +a)1/3

input Lint(l/(a + b*x~3)~(4/3),%)

output LX/(a*(a + b*x~3)~(1/3))

Reduce [F]

/;dx —/ ! da
(a + bz3)*/? (b2® +a)s a+ (ba® +a)s bz

input kint (1/ (b*x~3+a) "~ (4/3) ,x)

output Lint(l/((a + bHx**3)**x(1/3)*a + (a + bxx**3)*x(1/3)*bxx**3) ,x)




output ‘ 1/4xx/a/ (b*x~3+a) ~(4/3)+3/4*x/a~2/ (b*x~3+a) ~(1/3)

input

output
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(a+bz3)
Optimal result . . . . . . . . .. . . 229
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... ... 229
Rubi [A] (verified) . . . . . . ... . 230
Maple [A] (verified) . . . . . . . . . 231]
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 231]
Sympy [B] (verification not implemented) . . ... ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2321
Giac [F] . . . o o 233
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 233
Reduce [F] . . . . . o 2331

Optimal result

Integrand size = 11, antiderivative size = 39

/ 1 do — T n 3z
(a + bz3)"® da(a +bz3)*®  4a2Va + ba?

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 5 vs. order 2 in optimal.

Time = 16.91 (sec) , antiderivative size = 5268, normalized size of antiderivative =

135.08

73

1
/ (— dx = Result too large to show

a+ bz?)

e

LIntegrate[(a + b*x~3)~(-7/3) ,x]

~—

LResult too large to show
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Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00,

number of rules _ 0.182, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {749, 746}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

_ d
/(a+bx3)7/3 ’

l 749
3 f (b:c3—:a)4/3 dz x
4a 4a (a + bz3)*/?
l 746
3x T

+
402%/a + bz 4a(a+ ba3)*?

-

LInt[(a + b*x~3)~(-7/3),x]

| —

input

output {x/ (4*ax(a + b*x"3)7(4/3)) + (3*x)/(4*a"2+(a + b*x"3)"(1/3)) J

Defintions of rubi rules used

N

rule 746‘In‘c[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n)~(p + 1) ‘
‘/a), x] /; FreeQ[{a, b, n, p}, x] & EqQ[i/n + p + 1, 0] ‘

rule 749‘ Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"n) (p + ‘
- 1)/(a*nx(p + 1))), x] + Simp[(n*(p + 1) + 1)/(a*nx(p + 1))  Int[(a + b¥x"
n)~(p + 1), x], x] /; FreeQ[{a, b}, x] && IGtQn, 0] & LtQlp, -1] & (Inte
‘ gerQ[2*p] || Denominator([p + 1/n] < Denominator[p]) ‘
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Maple [A] (verified)

Time = 0.48 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.67

method result size
x (3b :c3+4a) 2
4(bz3+a)3a?
T (3b w3+4a)
4(bz3+a)3a?
T (3b ac3+4a)
4(bz3+a)3a?
T (3b a:3+4a,)
4(bz3+a)3a?

gosper

trager 26

pseudoelliptic 26

orering 26

input 18t (1/ (b¥x"3+2)"(7/3) ,x,method=_RETURNVERBOSE)

output L1/4*X* (3*b*x~3+4*a) / (b*x~3+a) ~(4/3)/a"2

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.21

a+ bz3)? "~ 4 (a2b225 + 2 a3bx3 + a?)

4 3 3
/( 1 i (3bz* + 4 az)(bx’® + a)

input Lintegrate (1/(b*x~3+a)~(7/3) ,x, algorithm="fricas")

outputti/4*(3*b*x‘4 + 4*axx)*(b*x~3 + a)~(2/3)/(a"2*b"2%x"6 + 2*a”~3*b*x~3 + a~4)
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 126 vs. 2(32) = 64.

Time = 0.59 (sec) , antiderivative size = 126, normalized size of antiderivative = 3.23

/ 1 daaT(1)
(

= dr=
3)\7/3 3 3
atbo’) 9a¥ {/1 + b%r (2) + 9a%ba3 {1+ b%r(g)

+ — 3b2'T'(3) _
0¥ 14 20 ) a1+ 2 g
input Lintegrate (1/ (bxx**3+a) **(7/3) ,x) J

‘4*a*x*ga.mma(1/3)/(9*a**(10/3)*(1 + bxx**3/a)**(1/3)*gamma (7/3) + 9xa*x(7/3 ‘
) ¥bxx#*3% (1 + brxx*3/a)**(1/3)*xgamma(7/3)) + 3*bxxx*4*gamma(1/3)/(9%axx(10 |
\/3)*(1 + bxx*x3/a)**(1/3)*gamma (7/3) + O¥ax*(7/3)*xbkx**3*(1 + b¥x**3/a)**( ‘
\ 1/3)*gamma (7/3)) ‘

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.79

1 <b N 4(bw3;+a)>x4
/ ay77s =~ 3 32
(a + bx3) 4(bx®+a)3a

e

tintegrate (1/(b*x~3+a)~(7/3) ,x, algorithm="maxima")

~—

input

output L_1/4* (b - 4%(b*x~3 + a)/x"3)*x"4/((b*x"3 + a)~(4/3)*a"2) J
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Giac [F]

1 1
—dmz/—d:c
/(a+bz3)7/3 (bx3+a)%

input Lintegrate (1/ (b*x~3+a)~(7/3) ,x, algorithm="giac")

outputtintegrate((b*x“B + a)~(-7/3), x)

Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.72

/ 1 x_3x(bx3+a)+ax
(a + bz?)"/? 402 (b3 + a)*/?

input Lint(i/(a + b*x~3)~(7/3),x)

Outputt(s*x*(a + b*x"3) + axx)/(4*a"2x(a + b*xx~3)~(4/3))

Reduce [F]

1 1
—da:z/ i i —
/(a+bx3)7/3 (bz3+a)sa?+2(bx3+a)s abxd + (bx3 + a)3 b2xS

input Lint (1/ (b*x~3+a)~(7/3) ,x)

output‘int(l/((a + bixkk3) %% (1/3) xa**2 + 2%(a + brx**3)**(1/3)xaxbkx**3 + (a + bx
‘X**g)**(1/3)*b**2*x**6),X)
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3.29 f( L =dx

Optimal result
Mathematica [C] (warning: unable to verify)
Rubi [A] (verified)

Maple [A] (verified) . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [B] (verification not implemented) . . ... ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F] . . . o o
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [F] . . . . . o

Optimal result

Integrand size = 11, antiderivative size = 58

3z

9z

1 x
—do= + +
/ (a + bz?3)'/? 7a(a+bz3)? 1402 (a+b23)*®  14a3Va + ba?

output

3)

‘1/7*x/a/(b*x‘3+a)“(7/3)+3/14*x/a“2/(b*x“3+a)“(4/3)+9/14*x/a‘3/(b*x“3+a)‘(1

"/

input L

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 5 vs. order 2 in optimal.

Time = 55.03 (sec) , antiderivative size = 11702, normalized size of antiderivative =

201.76

/ (; dr = Result too large to show

a + bz3)'0/®

Integrate[(a + b*x"3)~(-10/3),x]

outputt

Result too large to show
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Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.14,

number of rules _ 0.273, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {749, 749, 746}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ N S
(a + bz3)10/3
l 749
6 f (b:c3—:a)7/3 dz x
7a 7a (a + bz3)"/?

l 749

3) —asde
13 a
6 (ba3+a) " -
4a 4a(a+bz3)

+
Ta 7a (a + bzd)"/?
| 746

X

3z T
6 (40.2 {a + bad * 4“(“+b”’3)4/3> + il
Ta 7a (a + bz3)"/3

input‘ Int[(a + b*x~3)~(-10/3),x]

‘x/(7*a*(a + b*x73)7(7/3)) + (6%(x/(4*a*x(a + b*x"3)"(4/3)) + (3*x)/(4*xa~2x(
La + b*x73)7(1/3))))/(7*a)
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

rule 746

rule 749 Totl((a) + (b_)*(x_)7(n_))"(p_), x_Symbol] :> Simp[(-x)*((a + b*x™n)"(p +

1)/(a*nx(p + 1))), x] + Simp[(n*(p + 1) + 1)/(a*n*(p + 1)) Int[(a + b*x~
n~(p + 1), x]1, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQ[p, -1] && (Inte
gerQ[2*p] || Denominator([p + 1/n] < Denominator[p])

Maple [A] (verified)

Time = 0.48 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.64

method result iz

gosper (9b225+21ab zj+14a2) 37
14(bz3+a)3 a3

trager (96225 +21ab xj+14a2) 37
14(b23+a)3 a3

sl 25250 o

orering (96220 +21ab wj+14a2) 57
14(bz3+a)3 a3

input Lint (1/(b*x~3+a) ~(10/3) ,x,method=_RETURNVERBOSE)

-

output Li/ 14%x% (9*b™2%x~6+21*xa*bxx"3+14*a"2) / (b*x~3+a)~(7/3) /a"3

-/

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.19

a + bx3)'/3 Y (@332 + 3 a*b?2® + 3 aSba® + af)

/ 1 (9b%z™ + 21 abz* + 14 a’z) (bz® + a)%
(
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inputLintegrate(1/(b*x“3+a)”(10/3),x, algorithm="fricas") J

output‘1/14*(9*b 2%x77 + 21%axb*x~4 + 14*a”~2*x)*(b*x"3 + a)~(2/3)/(a"3*b"3*x"9 +
‘3*a"4*b 2%x~6 + 3*a~5%b*x~3 + a~6)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 515 vs. 2(51) = 102.

Time = 0.99 (sec) , antiderivative size = 515, normalized size of antiderivative = 8.88

28a5mF(§)

1
/ (a + bz?)'/? do= 55 b3 3 b3 3 bx?
27a 1+—I‘(§°)+81a3bx3 1+—I‘(30)+81a3b2x6 1+ —T(F)+2

70a*bz*T ( 3 )

+
3 3 3 3
27a% {1+ b%r (12) + 81a¥ba {/1+ b%r (12) + 81a* 6205 {/1 + b%r (12) + 275329 (/1 + b%r

60a°227T (1)

_|_
3 3 3 3
27a% {1+ "°r (L) +81a ba®y/1+ by (L) + 81a’ 6228 (/1 + “r (L) + 2745 b329 /1 + biI
a a a

18a%b*z'°T'(3)

_|_
25 3/ bx3 / bx3 / bx3 /
27a% /1 —|—iI‘(13—0)-i-81a3bac33 +—F(§0)+81a3b2w63 +—I‘(§0 —i—27a,3b3x93
a

integrate (1/ (b*x**3+a)**(10/3) ,x) J

input t
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28xaxx5xx*xgamma (1/3) / (27*a**(25/3)* (1 + b*x**3/a)**(1/3) *gamma (10/3) + 81
ax*(22/3) ¥bxx**3* (1 + b*x**3/a)**x(1/3)*gamma (10/3) + 81lxa*x(19/3) ¥b*k*2*x**
6% (1 + bxx**3/a)**(1/3)*gamma(10/3) + 27*a*x*(16/3) *b*x*3*x**9x (1 + b*x**3/a
)*x(1/3)*gamma (10/3)) + 7O0*ax*4xbxx**4xgamma(1/3)/(27*a**(25/3)*(1 + bkx*x*
3/a)**(1/3)*gamma (10/3) + 81lka**(22/3)*b*x**3*(1 + b*x**3/a)**(1/3)*gamma (
10/3) + 81xax*(19/3) xb**2*x*x6%(1 + b*x**3/a)**(1/3)*gamma (10/3) + 27*a**(
16/3) *¥b**3kx**xO*k (1 + b*x**3/a)**(1/3)*gamma(10/3)) + B0*ka**3kb**2kx**T*xgam
ma(1/3)/(27*xax*(25/3)* (1 + bxx**3/a)**(1/3)*gamma(10/3) + 8lkax*(22/3)*b*x
**k3% (1 + bxx*x3/a)**(1/3)*gamma (10/3) + 81lxax*(19/3) xb**2xx*x6% (1 + bkx**3
/a)**(1/3)*gamma (10/3) + 27*a**(16/3) ¥b**3*kx**x9* (1 + bxx**3/a)**(1/3)*gamm
a(10/3)) + 18*a*x*x2xb**3*xx**10*gamma(1/3)/(27*a**(25/3)*(1 + bxx**3/a)**(1/
3)*gamma (10/3) + 81ka**(22/3)*bxx**3%(1 + b*x**3/a)**(1/3)*gamma(10/3) + 8
1kax* (19/3) ¥b**2*x*x*6x (1 + b*x**3/a)**(1/3)*gamma (10/3) + 27*a*x*(16/3)*b**
3xx**x9*k (1 + b*x**3/a)**(1/3)*gamma (10/3))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.86

3 6

<2b2__7(Mﬁ+@b.+]4(MQ+®2>x7

1
_— d"L‘ =
/ (a + bz3)'%® 14 (bx3 + a)%a?’

input Lintegrate (1/(b*x~3+a)~(10/3) ,x, algorithm="maxima")

s

1/14%(2%¥b"2 - 7*(b*x~3 + a)*b/x"3 + 14x(b*x"3 + a)~2/x76)*x~7/((b*x~3 + a)

output
~(7/3)%a"3)
Giac [F]
1 1
/ ba? wite= [ o
(a + bz?) (bz® + a)
input [integrate (1/(b*x~3+a)~(10/3) ,x, algorithm="giac")

|




CHAPTER 3. LISTING OF INTEGRALS 239

output Lintegrate((b*x“s + a)~(-10/3), x) J

Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.76

/ 1 dx_9z(bz3—I—a)2—|—2a2z+3ax(bx3+a)
(a + bz?)'/3 1463 (ba® +a)”®
input 126(1/ (@ + b¥x"3)"(10/3) %) )

‘ (9xx*(a + b*x~3)"2 + 2%a~2xx + 3*axx*(a + b*x~3))/(14*xa"3*(a + b*x~3)"(7/3 \

» |

output

Reduce [F]

1

1
—dm=/ : : : &z
/(a+bx3)10/3 (ba® +a)% a3 + 3 (bz3 + a)® a2bz® + 3 (b3 + a)F ab?a® + (ba® + a)? b3a®

input Lint (1/ (b*x~3+a)~(10/3),x) J

‘int(l/((a + bkx**x3)**(1/3)*a*x*3 + 3*%x(a + b*x**3)*%x(1/3)*ka*x*2*xb*x**x3 + 3*x(a ‘

output
‘ + bkx*x*x3) *x* (1/3) kaxb**2xx**6 + (a + b*x**3)**x(1/3)*b**k3*x**9) ,x) ‘




outpu

input
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330 [—Ll o ndr
(a+bz3) 13/3

Optimal result . . . . . . . . .. . . 240
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... ... 240
Rubi [A] (verified) . . . . . . . . . . 24Tl
Maple [A] (verified) . . . . . . . . . 242
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 243
Sympy [B] (verification not implemented) . . . .. ... ... ... ... ..., 243]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2441
Giac [F] . . . o o 245
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 245
Reduce [F] . . . . . o 2451

Optimal result

Integrand size = 11, antiderivative size = 77

9z

1 T
= +
/ (a + ba3)"*/® 10a (a + b23)"® 7042 (a + bz3)™®
27z 8lz

+ +
140a (a + bz?)*®  140a%V/a + ba®

L)‘(4/3)+81/140*x/a‘4/(b*x‘3+a)‘(1/3)

t ‘ 1/10*x/a/ (b*x~3+a) "~ (10/3)+9/70*x/a~2/ (b*x"3+a) ~(7/3)+27/140*x/a~3/ (b*x~3+a ‘

)

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 5 vs. order 2 in optimal.

Time = 144.93 (sec) , antiderivative size = 21879, normalized size of antiderivative =

284.14

1
/ —— = dz = Result too large to show

(a + bz3)"*/®

-

LIntegrate[(a + b*x"3)~(-13/3) ,x]

| —
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Output‘Result too large to show

Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.21,

number of rules _ ) 34 4, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {749, 749, 749, 746}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

_ d
/(a+bw3)13/3 ’

| 749
1
J Garayorde x
10a 10a (a + ba3)'%/3
| 749
7a T Ta(a+bx3)"/?
+ T
10a 10a (a + ba3)1%/3
| 749
3 f 73 dx
6 (bm3::) n - -
4a (a+bx3) -
? 7a T Ta(a+bx3)"/3
+ T
10a 10a (a + bz3)10/3
| 746
6 3x + T
402 ?{/a + bx?) 4a (a+bz3)4/3 -
9 7a T Ta(a+bx3)"/3
x

+
10a 10a (a + bz3)'"/3
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input LInt[(a + b*x~3)~(-13/3),x]

‘x/(lO*a*(a + b*x~3)"(10/3)) + (9*(x/(7xax(a + bxx~3)~(7/3)) + (6*(x/(4*ax*(

output
\a + b*x73)7(4/3)) + (3*x)/(4*a"2*(a + b*x73)7(1/3))))/(7*a)))/(10%a)

Defintions of rubi rules used

Int[((a_) + (b_)*(x_)"(n))"(p_), x_Symbol]l :> Simp[x*((a + b*xx™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[i/n + p + 1, 0]

rule 746

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"n) (p +

1)/(a*nx(p + 1))), x] + Simp[(n*(p + 1) + 1)/(a*n*(p + 1)) Int[(a + b*x~
n)~(p + 1), x]1, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQ[p, -1] && (Inte
gerQ[2*p] || Denominator([p + 1/n] < Denominator[p])

rule 749

Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.62

method result size
% (81b32°4-270a b2x6+315a2b 23 +140a3)
gosper 10 48
140(bz3+a) 3 a*
z(8163294-270a b226+315a2b 3 +140a3
trager ( o ) 48
140(bz3+a) 3 a*
.. x(8163294-270a b226+315a2b 3 +140a3
pseudoelliptic ( e ) 48
140(bz3+a) 3 a*
. z(8163294270a b226+315a2b 3 +140a3
orering ( 10 )| 48
140(bz3+a) 3 a*

input |int(1/(b*x~3+a)"~(13/3) ,x,method=_RETURNVERBOSE)

output \ 1/140%x* (81*%b~3*x~9+270*a*b~2*x~6+315%a"~2xb*xx~3+140%a"~3) / (b*x~3+a) ~(10/3)/
‘ a~4
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.18

L/___L__ﬁh_X&b%m+2ma%ﬁ+3wa%ﬁ+1ma%xmﬁ+@§
(@+ba?)? 140 (a®b*s™2 + 4a5b%2° + 6 a2 + 4aTbad + af)

-

integrate(1/(b*x~3+a)~(13/3),x, algorithm="fricas")

| —

inputt

t‘ 1/140*%(81%b~3*x~10 + 270%a*b~2*x~7 + 315%a”2*%b*x~4 + 140%a~3*x)*(b*x"3 + a ‘

outpu
‘)‘(2/3)/(a‘4*b‘4*x‘12 + 4%a”5*%b"3*x"9 + 6*%a”6xb"2*%x"6 + 4*a”~T*b*xx"3 + a”~8)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1550 vs. 2(70) = 140.
Time = 1.68 (sec) , antiderivative size = 1550, normalized size of antiderivative = 20.13

1 :
/ W dxr = Too large to display

inputLintegrate(l/(b*x**3+a)**(13/3),x) J




CHAPTER 3. LISTING OF INTEGRALS 244

280*a**x14*x*gamma (1/3) / (81*a**(55/3)* (1 + bxx**3/a)**(1/3)*gamma(13/3) + 4
86*ax* (52/3) ¥bxx*x*k3x (1 + b*x**3/a)**(1/3)*gamma (13/3) + 1215%a**x(49/3) *b**
2xx**x6% (1 + bkxx**x3/a)**(1/3)*gamma(13/3) + 1620*a**(46/3) *b*x*3*x**9*x(1 + b
*xx**3/a)**(1/3) *gamma (13/3) + 1215%a*x*(43/3) ¥b**4*xx*x*x12% (1 + bxx**3/a)** (1
/3)*gamma (13/3) + 486%*a**(40/3) *b**x5*x**16%x (1 + b*x**3/a)**(1/3)*gamma (13/
3) + 81lkax*(37/3)*bx*6*xx*x*18% (1 + b*x**3/a)**(1/3)*gamma(13/3)) + 1470*a**
13*b*x**4*gamma (1/3) / (81*a*x*(55/3)* (1 + bxx**3/a)**(1/3)*gamma (13/3) + 486
*xaxx (52/3) ¥b*x**3% (1 + bkx**3/a)**(1/3)*xgamma (13/3) + 1215*ax*(49/3)*bx*2%
x*%x6% (1 + bkx**x3/a)**(1/3)*gamma(13/3) + 1620%a**(46/3)*b**3*kx**9* (1 + b*x
*%3/a) **(1/3) *gamma (13/3) + 1215%a**(43/3)*bkx4xx**x12%(1 + b*x**3/a)**(1/3
)*xgamma (13/3) + 486%a** (40/3) #b**5xx**15x (1 + b*x**3/a)**(1/3)*gamma (13/3)
+ 81xax*(37/3) xb*x6xx*x18% (1 + bxx**3/a)**(1/3)*gamma(13/3)) + 3270*ax*12
*xb**2xx*xx7*gamma (1/3) / (81*a*x*(55/3) * (1 + b*x**3/a)**(1/3)*gamma(13/3) + 48
6xa** (52/3) ¥b*xx**3% (1 + b*x**3/a)**(1/3)*gamma (13/3) + 1215xa**(49/3) *b**2
*xx**6% (1 + b*x**3/a)**(1/3)*gamma (13/3) + 1620%a**(46/3) ¥b**3*x**9* (1 + b*
x*x*3/a)**(1/3) *gamma (13/3) + 1215%a*x*(43/3) *bx*4xx*x*12% (1 + bxx**3/a)**(1/
3)*gamma (13/3) + 486%a**(40/3)*b**5kx**15%(1 + bkx**3/a)**(1/3)*gamma (13/3
) + 81*a*x*(37/3)*bx*6*x*x18% (1 + bxx**3/a)**(1/3)*gamma(13/3)) + 3952*a**1
1xb**3*x**10*gamma (1/3) / (81*a**(55/3)* (1 + bxx**3/a)**(1/3)*gamma (13/3) +
486%*a** (52/3) ¥bkx**3*% (1 + bxx**3/a)**(1/3)*gamma(13/3) + 1215xax*(49/3)...

output

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.87

(14 ps — &0 (bacg;”;ra)b2 4 105 (bz3+a)®b 140 (bz3+a)3)x10

6 x9

1
e dr=- :
/ (a + bz?3)'/3 140 (bz® + a)?oa‘1

input ‘ integrate(1/(b*x~3+a)~(13/3),x, algorithm="maxima")

-1/140%(14%b"3 - 60*(b*x~3 + a)*b"2/x"3 + 105x(b*x~3 + a) 2*b/x"6 - 140*(b
’*x‘S + a)~3/x79)*x~10/ ((b*x~3 + a)~(10/3)*a"4)

‘/

output
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Giac [F]
1 1
(a + bx?) (bx3 4+ a)3
inputtintegrate(1/(b*x"3+a)"(13/3),x, algorithm="giac") J
Outputtintegrate((b*x‘B + a)~(-13/3), x) J

Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.79

/ 1 do — 8lz N 27z
(a + bz?)'3/3 140at (b3 +a)'/®  140a3 (ba3 + a)*/?
9z z

+ +
7002 (bz® +a)”®  10a(bad + a)'"?

inputtint(l/(a + b*x~3)~(13/3) ,x) J

| (81%x)/(140%a4%(a + bxx"3)~(1/3)) + (27#x)/(140%a~3*(a + b*x"3)"(4/3)) +

output
[(9%x)/(70%a"2%(a + b4x"3)"(7/3)) + x/(10%a*(a + bkx"3)~(10/3))
Reduce [F|
/;dz—/ 1
(a+bat)™" (ba® +a)? at + 4 (bz® + a)? a3ba® + 6 (ba? +a)7 a2b2aS + 4 (ba® + )7 aba® +
input Lint (1/ (b*x~3+a)~(13/3),x) J
output ‘ int(1/((a + bkx**3)*x(1/3)*a**4 + 4*(a + bkx**3)**(1/3)*a*x*3xb*kx**3 + 6*(a ‘

|+ bxx#k3)wk (1/3) xaxk2xb¥k2kxxx6 + Ak (a + brxk*3)xx(1/3)xaxbkx3xx**9 + (a |
\+ bxxk3) ok (1/3) kbrkdkx**12) ,X) \
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3.31 [ (a+bz®)"? da

Optimal result . . . . . . . . . . . . . . . 2406
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 247
Rubi [A] (verified) . . . . . . . . . . 247
Maple [F] . . . . 249
Fricas [F] . . . . o . o e 249
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 249]
Maxima [F] . . . . . . 250
Giac [F] . . . o o 2501
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 250
Reduce [F] . . . . o 251]

Optimal result

Integrand size = 11, antiderivative size = 47

azv/ a + bx3 Hypergeometric2F1 <—§, L5 —%)

b3
1
a

/ (a+ bx3)4/3 dr =

output ‘ a*xx* (b*x~3+a) ~(1/3) *hypergeom([-4/3, 1/3]1,[4/3],-b*x~3/a)/(1+b*x~3/a)"~(1/3 ‘

N J
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Mathematica [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 0.21 (sec) , antiderivative size = 272, normalized size of antiderivative = 5.79

fi

-n23%/a (-1
3 3 R 3
5 cvei/a bz3)3 AopellF1 | 7 —4 _4 10 _ Vb v
(—% +z (a—l— ZE) ppe 373773130 —3 _1%_(_1)2/3\/_ %_£
) di = % %
(—1)2/3%+m 43 (—1)2/3%+$
3 3
71+ 14— Vb
Va_ v23/a V-1¥a_»3%/a
inputtlntegrate[(a + b*x"3)~(4/3) ,x] J

(3*(((-1)"(2/3)*a~(1/3)) /" (1/3) + x)*(a + b*x"3)~(4/3)*AppellF1[7/3, -4/3
, —4/3, 10/3, -((((-1)7(2/3)*a~(1/3))/b~(1/3) + x)/(-(((-1)~(1/3)*a~(1/3))
/p7(1/3)) - ((-1)~(2/3)*a~(1/3))/b~(1/3))), -((((-1)~(2/3)*a~(1/3))/b~(1/3
) + x)/(@(1/3)/b~(1/3) - ((-1)~(2/3)*a~(1/3))/b~(1/3)))1)/(7*(1 + (((-1)~
(2/3)*a~(1/3))/v~(1/3) + x)/(a~(1/3)/b~(1/3) - ((-1)~(2/3)*a~(1/3))/b~(1/3
)))"(4/3)%(1 + (((-1)7(2/3)*a~(1/3))/b~(1/3) + x)/(-(((-1)~(1/3)*a~(1/3))/
b~(1/3)) - ((-1)~(2/3)*a~(1/3))/v~(1/3)))~(4/3))

output

Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00,

number of rules _ 0.182, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {779, 778}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ (a+ bx3)4/3 dz
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l 779

a\3/a+bx3f (% + 1)4/3da:

f/ézf-%l
a
l 778

az v/ a + bz3 Hypergeometric2F1 (—%, %, %, —£>

a
f/éfi-+1
a

\ Int[(a + b*x~3)~(4/3),x] ‘

input

(a*x*(a + bxx"3)"(1/3)*Hypergeometric2F1[-4/3, 1/3, 4/3, -((b*x"3)/a)1)/(1

output
|+ (b*x73)/2)"(1/3) |

Defintions of rubi rules used

rule 778 Int (@) + (b_)*(x_)"(n ))"(p), x_Symbol] :> Simp[a”p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] && !'IGtQ[p
, 0] && !IntegerQ[1/n] && !'ILtQ[Simplify[i/n + pl, 0] && (IntegerQlp] ||
GtQ[a, 0])

rule 779 Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~IntPart[pl*((a + b*x
“n) “FracPart[p]/(1 + bx(x"n/a)) FracPart[p]) Int[(1 + b*(x"n/a))”p, x], x
1 /; FreeQl[{a, b, n, p}, x] & !'IGtQ[p, 0] && !'IntegerQ[1/n] && !ILtQ[Si
mplify[1/n + p]l, 0] && !(IntegerQ[p]l || GtQ[a, 0])
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Maple [F|
/ (ba® +a)? dz
imput 186((DAX"342)"(4/3) ) |
OutputLint((b*x‘3+a)‘(4/3),x) J
Fricas [F|
/(a+bx3)4/3 dz = / (b2* +a)* do
inputLintegrate((b*x‘3+a)A(4/3),x, algorithm="fricas") J

Output‘integral((b*x"B + a)~(4/3), x)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.54 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.79

input Lintegrate((b*x**3+a)**(4/3) ,x) J

|axx(4/3)*x*ganma (1/3) *hyper ((-4/3, 1/3), (4/3,), brx**3xexp_polar(I*pi)/a)

output
‘ / (3*gamma (4/3)) ‘
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Maxima [F|

/(a+bx3)4/3 d:c=/(bx3—|—a)§dm

‘ integrate ((b*x~3+a)~(4/3),x, algorithm="maxima") ‘

input
outputtintegrate((b*x‘B + a)~(4/3), %) J
Giac [F]
/(a+bw3)4/‘°’ dx=/(bx3+a)§dx
inputLintegrate((b*x‘3+a)*(4/3),x, algorithm="giac") J
output Lintegrate((b*x‘s + a)~(4/3), x) J

Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.79

w(bw34—af”32F1<—§,§;é;-—%?)
T

a

/ (a+bz3)4/3 dx =

input Lint((a + b*x~3)~(4/3),%) J

. (xx(a + bxx"3)"(4/3)*hypergeon([-4/3, 1/3], 4/3, -(b*x"3)/a))/((b¥x"3)/a +
\ 1)~ (4/3) ‘

outpu
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Reduce [F|

3 3 2( L 2d$> a2
/ (a—l— bx3)4/3 dr = 3(bx3 ‘ga)?’ azr i (b$3 +5a)3 bxt + f (ba:3+5a)3

input Lint ((b*x~3+a)~(4/3) ,x) J

t‘ (3*%(a + bxx**3)**x(1/3)*a*x + (a + b*x**3)**x(1/3)*b*x**4 + 2*%int((a + b*xk* ‘

outpu
13)%%(1/3)/(a + brxx*3) ,x)*ax*2) /5
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3.32 [Va+bzdz

Optimal result . . . . . . . . . . . . e 252
Mathematica [C] (warning: unable to verify) . . . . .. ... ... ... .. ... 2521
Rubi [A] (verified) . . . .. . . ... .. 253
Maple [F] . . . . 257
Fricas [F] . . . . . . o 257
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 255
Maxima [F] . . . . . . 2551
Giac [F] . . . . o o 255
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 256
Reduce [F] . . . . . 250

Optimal result

Integrand size = 11, antiderivative size = 46

zv/ a + bx3 Hypergeometric2F1 (—%, 35 —@>

b3
1
a

/v3a+ba:3dx=

s

Lx* (b*x~3+a) " (1/3) *hypergeom([-1/3, 1/3],[4/3],-b*x"3/a)/(1+b*x~3/a)~(1/3)

~—

output

Mathematica [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 0.13 (sec) , antiderivative size = 203, normalized size of antiderivative = 4.41

/ Va + bz3 dx
3 3 . i3 bw
B (-1)/3 ((—1)2/3 Ya+ \/l_)cc) i3 §\//‘;

3<(—1)2/3\3/(_1 + %x) va + bz3 AppellF1 %, —%, —%, %, <1+ m) Va T S4B

o s i(1+ \/5)
13| Yot CV Vi Va
(1+V-1)¥a 3i++3




input

output

CHAPTER 3. LISTING OF INTEGRALS 253

Integrate[(a + b*x~3)~(1/3),x]

(B*((-1)7(2/3)*a"(1/3) + b~ (1/3)*x)*(a + b*x~3)~(1/3)*AppellF1[4/3, -1/3,
-1/3, 7/3, -(((-1)7(2/3)*((-1)~(2/3)*a~(1/3) + b~ (1/3)*x))/((1 + (-1)~(1/3
))*a~(1/3))), (I + Sqrt[3] - ((2*I)*b~(1/3)*x)/a~(1/3))/(3*I + Sqrt[3]1)]1)/
(4%27(1/3)*b~(1/3)*((a~(1/3) + (-1)7(2/3)*b~(1/3)*x)/((1 + (-1)~(1/3))*a"(
1/3)))7(1/3)*((Ix(1 + (b~ (1/3)*x)/a~(1/3)))/(3*I + Sqrt[3]))~(1/3))

Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.182, Rules

number of steps used = 2, number of rules used = 2,
used = {779, 778}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ Va+ bzddz

| 779
3
Va+bxd [ ¢ b%+1dm

6/95574-1
a

| 778
£V a + bz3 Hypergeometric2F1 (—%, %, %, —%)
b3
VRaa
a

inputtlnt[(a + b*x~3)~(1/3),x]

output

‘(x*(a + b*x~3) " (1/3) *Hypergeometric2F1[-1/3, 1/3, 4/3, -((b*xx~3)/a)]1)/(1 +
‘ (b*x~3)/a)~(1/3)
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Defintions of rubi rules used

rule 778 Int[((a_) + (b_)*(x_)"(n.))"(p_), x_Symbol] :> Simp[a p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] && 'IGtQlp
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQla, 0]1)

rule 779 Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~IntPart[p]l*((a + b*x
“n) “FracPart[p]/(1 + b*(x"n/a)) “FracPart[p]l]) Int[(1 + b*x(x"n/a))"p, x], x
1 /; FreeQ[{a, b, n, p}, x] && !'IGtQ[p, 0] && !IntegerQ[1/n] && !ILtQ[Si
mplify[1/n + p]l, 0] && !(IntegerQlp]l || GtQ[a, 0])

Maple [F]

/(bx?’—i—a)édaz

-

e—

input tint ((b*x~3+a)~(1/3) ,x)
output Lint ((b*x~3+a)~(1/3) ,x)
Fricas [F|
/mdx = / (bxg—i—a)% dz
input Lintegrate ((b*x~3+a)~(1/3) ,x, algorithm="fricas")

outpus | 10teETal((b*x™3 + 2)°(1/3), ®
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.47 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.80

il
YarT (3)oF | 9|t
3
Va + ba3 dx =
/ a + bx° dx aF (%)
fnput Lintegrate ((bxx**3+a)**(1/3) ,x) J

‘a**(1/3)*x*gamma(1/3)*hyper((-1/3, 1/3), (4/3,), bxxx*3xexp_polar (I*pi)/a) ‘

output /(3+gamma(4/3)) |
Maxima [F]
/mdx=/(bx3+a)édx
inpat Lintegrate ((b*x~3+a)~(1/3),x, algorithm="maxima") J
output | 1BtegTate(bxx3 + ) (1/3), ®) |
Giac [F]
/mdx=/(bx3+a)5dx
input Lintegrate ((b*x~3+a)~(1/3) ,x, algorithm="giac") J

output Lintegrate((b*x‘s + a)~(1/3), x) J
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Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.80

w(bx3+a)1/32F1<—1 1. 4. _@)

/\/Sa+bx3dx= 31’3, Y .
b3 /3
(*2+1)
inputtint((a + b*x~3)~(1/3),x) J

N

t‘((x*(a + b*x~3)~(1/3) *hypergeom([-1/3, 1/3], 4/3, -(b*x~3)/a))/((b*x~3)/a + ‘

outpu
‘ 1)°(1/3) ‘
Reduce [F]
. 1 (f L dm) a
/ Vattide = 0T AT |\ Catia?
2 2
input Lint ((b*x~3+a)~(1/3) ,x) J

outputt((a + bxx*kx3)*x(1/3)*x + int((a + b*x**3)**(1/3)/(a + b*x**3),x)*a)/2 J
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1
a+bz3)
Optimal result . . . . . . . . .. . . 257
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... ... 257
Rubi [A] (verified) . . . . . . ... . 258
Maple [F] . . . o o 259
Fricas [F] . . . . . . o 259
Sympy [C] (verification not implemented) . . . . . ... ... ... ... .... 2601
Maxima [F] . . . . . . o 260
Giac [F] . . . o o 260
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 2611
Reduce [F] . . . . . o 2611

Optimal result

Integrand size = 11, antiderivative size = 46

dr = :
a + bz?)*? (a + bz?3)*/?

2/3
/ 1 l’(l + %) Hypergeometric2F1 (%, 23 —@>
(

-

output LX* (1+b*x~3/a) "~ (2/3) *hypergeom([1/3, 2/3],[4/3],-b*xx~3/a)/(b*xx~3+a)~(2/3)

-/

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.16 (sec) , antiderivative size = 183, normalized size of antiderivative = 3.98

Hypergeometric2F']

: 7o (1 )

1
dx =
/ (a+ bz3)*? Vb (a + bz3)*/?

input LIntegrate[(a + b*x~3)~(-2/3),x] J




output

input L

outpu
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(3%27(1/3)*((-1)~(2/3)*a~(1/3) + b~ (1/3)*x)*((a~(1/3) + (-1)~(2/3)*b~(1/3)
*x)/((1 + (-1)7(1/3))*a~(1/3)))~(2/3)*((I*(1 + (b~ (1/3)*x)/a~(1/3)))/(3*I
+ Sqrt[3]1)) " (1/3)*xHypergeometric2F1[1/3, 2/3, 4/3, ((2*I)*Sqrt[3]*a~(1/3)
+ (3 - IxSqrt[31)*b~(1/3)*x)/(2%x(1 + (-1)~(1/3))*(a"(1/3) + b~ (1/3)*x))1)/
(b~ (1/3)*(a + bxx~3)~(2/3))

Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,

number of rules _
2, integrand size 0.182, Rules

number of steps used = 2, number of rules used =
used = {779, 778}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

I S
(a + bx’)?/? §
l 779

2/3
(%—i_]‘) f (bzg_il_l)Z/:%d‘T

(a + ba3)?/3
l 778

2/3
x(% + 1) Hypergeometric2F1 (%, %, %, —%)
(a+ ba3)?/?

Int[(a + b*x~3)~(-2/3),x]

t‘ (xx(1 + (b*x"3)/a)~(2/3)*Hypergeometric2F1[1/3, 2/3, 4/3, -((b*x~3)/a)])/(

La + b*x~3)"(2/3)

|
J
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Defintions of rubi rules used

rule 778 Int[((a_) + (b_)*(x_)"(n.))"(p_), x_Symbol] :> Simp[a p*x*Hypergeometric2F
il-p, 1/n, 1/n + 1, (-b)*(x"n/a)]l, x] /; FreeQl{a, b, n, p}, x] && !'IGtQlp
, 0] & !IntegerQ[1/n] && 'ILtQ[Simplify[i/n + p], O] && (IntegerQ[p]l ||
GtQla, 01)

rule 779 IntL((a ) + (b_.)*(x_)"(m_))"(p_), x_Symbol] :> Simp[a~IntPart[p]*((a + b*x

“n) “FracPart [p]/(1 + b*(x"n/a)) FracPart[p]) Int[(1 + bx(x"n/a))’p, x], x
1 /; FreeQl{a, b, n, p}, x] & !IGtQlp, O] & !IntegerQ[1/n] && !ILtQ[Si
mplify[1/n + p], 0] && !(IntegerQ[p] || GtQ[a, 0])

Maple [F]

input kint (1/ (b*x~3+a) "~ (2/3) ,x)

-

outputLint(l/(b*XA3+a)A(2/3),x)

-/

Fricas [F|

/ 1 » dr = /%dw
(@ + bx?) (b3 + a)?

inputLintegrate(1/(b*x*3+a)*(2/3),X’ algorithm="fricas")

outputtintegral((b*XA3 + a)~(-2/3), x)
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.45 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.78

/ ! dr =
(a + bz3)*/? 3a3T (3)

inputtintegrate(1/(b*x**3+a)**(2/3),X) J

Output‘x*gamma(l/S)*hyper((l/B, 2/3), (4/3,), brxxx3kexp_polar(I*pi)/a)/(3xa**(2/

3)*gamma (4/3)) ‘
Maxima [F]
1 1
/ de = / T a®
input Lintegrate(1/(b*x“3+a)*(2/3) ,X, algorithm="maxima" J
output 1RteETate((bxx"3 + 2)°(-2/3), x) |
Giac [F]
1 1
/ (a+baryP / el
(a + bx?3) (ba® + a)
input Lintegrate(1/(b*x"3+a)‘(2/3) ,x, algorithm="giac") J

output Lintegrate ((b*x~3 + a)~(-2/3), x) J




CHAPTER 3. LISTING OF INTEGRALS 261

Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.80

2/3
i o (5 +1) R(hE & -7
e — €T =

(a+ ba3)*? (bz? +a)*?

input Lint(l/(a + b*x~3)~(2/3),%)

1_J‘((x*((b*x"S)/a + 1)~ (2/3)*hypergeom([1/3, 2/3]1, 4/3, -(b*x~3)/a))/(a + b*x~
13)7(2/3)

outpu

——

Reduce [F]

(@ + bx?) (bz3+4a)s

-

inputLint(l/(b*x“3+a)‘(2/3),X)

-/

outputlint<1/(a + brx#*3) #x(2/3) ,%)
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(a+bz3)
Optimal result . . . . . . . . .. . . 262
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... ... 262
Rubi [A] (verified) . . . . . . ... . 263
Maple [F] . . . o o 264
Fricas [F] . . . . . . o 265
Sympy [C] (verification not implemented) . . . . . ... ... ... ... .... 260)
Maxima [F] . . . . . . o 265
Giac [F] . . . o o 260
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [F] . . . . . o 266l

Optimal result

Integrand size = 11, antiderivative size = 49

dzr =

2/3
/ 1 z(l + %) Hypergeometric2F1 (%, g, %, —%)
(a + bz?)?/? a(a+ bz?)*?

output | x*(1+b*x"3/a) " (2/3) *hypergeom([1/3, 5/31,[4/3],-bxx"3/a)/a/ (b*x"3+a)~(2/3) |

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 10.79 (sec) , antiderivative size = 2028, normalized size of antiderivative =
41.39

1
/ W dz = Result too large to show
a+ box

-

LIntegrate[(a + b*x~3)~(-5/3) ,x]

-/

input
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(9% (-1)~(2/3)*((-1)"(1/3)*a~(1/3) - b~ (1/3)*x)*((-1)~(2/3)*a~(1/3) + b~(1/
3) *x) *Gamma [2/3] * (-52*a" (4/3) *Hypergeometric2F1[1, 5/3, 10/3, (2*Sqrt[3]*a
~(1/3) - (3*I + Sqrt[3]1)*b~(1/3)*x)/((3*I + Sqrt[3])*a~(1/3) - 2xSqrt[3]*b
~(1/3)*x)] - (76*xI)*Sqrt[3]*a~(4/3)+*Hypergeometric2F1[1, 5/3, 10/3, (2*Sqr
t[3]1*a~(1/3) - (3*I + Sqrt[3]1)*b~(1/3)*x)/((3*I + Sqrt[3])*a~(1/3) - 2*Sqr
t[3]1*b~(1/3)*x)] - 40%a*b~(1/3)*x*Hypergeometric2F1[1, 5/3, 10/3, (2*Sqrtl[
3]*a~(1/3) - (3*I + Sqrt[31)*b~(1/3)#*x)/((3*I + Sqrt[3]1)*a~(1/3) - 2*Sqrt[
3]*b~(1/3)*x)] - (48*I)*Sqrt[3]*a*xb~(1/3)*x*Hypergeometric2F1[1, 5/3, 10/3
» (2%8qrt[3]*a~(1/3) - (3*I + Sqrt[3])*b~(1/3)*x)/((3*I + Sqrt[3])*a~(1/3)
- 2xSqrt [31*b~(1/3)*x)] - 72*a~(2/3)*b~(2/3) *x~2*Hypergeometric2F1[1, 5/3
, 10/3, (2*Sqrt[3]1*a~(1/3) - (3*I + Sqrt[3])*b~(1/3)*x)/((3*I + Sqrt[3])*a
~(1/3) - 2%Sqrt[3]*b~(1/3)*x)] - (24*I)*Sqrt[3]*a~(2/3)*b~(2/3)*x"2*Hyperg
eometric2F1[1, 5/3, 10/3, (2*Sqrt[3]*a~(1/3) - (3*I + Sqrt[3])*b~(1/3)*x)/
((3*I + Sqrt[3])*a~(1/3) - 2*%Sqrt[3]*b~(1/3)*x)] - 36%a~(1/3)*b*x"3*Hyperg
eometric2F1[1, 5/3, 10/3, (2*Sqrt[3]*a~(1/3) - (3*I + Sqrt[3]1)*b~(1/3)*x)/
((3*I + Sqrt[3])*a~(1/3) - 2%Sqrt[3]*b~(1/3)*x)] - (108*I)*Sqrt[3]*a~(1/3)
*bxx~3*Hypergeometric2F1[1, 5/3, 10/3, (2%Sqrt[3]1*a~(1/3) - (3*I + Sqrt[3]
)*¥b~(1/3)*x)/((3*I + Sqrt[3])*a~(1/3) - 2xSqrt[3]1*b~(1/3)*x)] - (72%I)*Sqr
t [3]*b~ (4/3) *x~4*Hypergeometric2F1[1, 5/3, 10/3, (2*Sqrt[3]*a~(1/3) - (3xI
+ Sqrt[3])*b~(1/3)*x)/((3*I + Sqrt[3])*a~(1/3) - 2*Sqrt[3]*b~(1/3)*x)]...

output

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.00,

number of rules _ 0.182, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {779, 778}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ (a+ bx3)>/3 e
| 779
2/3
(% + 1) J (@H)*‘/?’
a(a+ bz3)?/?
l 778

dr
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2/3
x(% + 1) Hypergeometric2F1 (%, g, %, —%)
a(a+ bz3)?/?

input| 186 [(a + bxx"3)"(-6/3) 1] J

output‘ (xx(1 + (b*x~3)/a)”~(2/3)*Hypergeometric2F1[1/3, 5/3, 4/3, -((b*x~3)/a)1)/( ‘
‘ax(a + b*x"3)7(2/3)) |

Defintions of rubi rules used

rule 778 Int (@) + (b_)*(x)7(n ))"(p), x_Symbol] :> Simp[a”p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] && !'IGtQ[p
, 0] && !IntegerQ[1/n] && !ILtQ[Simplify[1/n + pl, 0] && (IntegerQ[p] ||
GtQ[la, 0]1)

rule 779 Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~IntPart([pl*((a + b*x
“n) “FracPart[p]/(1 + bx(x"n/a)) FracPart[p]) Int[(1 + b*(x"n/a))”p, x], x
1 /; FreeQ[{a, b, n, p}, x] && !'IGtQ[p, O] && !IntegerQ[1/n] && !ILtQ[Si
mplify[1/n + p]l, 0] && !(IntegerQ[p]l || GtQ[a, 0])

Maple [F]

(ba® + a)%

input‘ int (1/(b*x~3+a)~(5/3) ,x) ‘

output Lint(l/(b*x‘3+a)*(5/3) ,x) J
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Fricas [F]

1 1
—dwz/—d:v
/(a+bz3)5/3 (bx3+a)%

input Lintegrate (1/(b*x~3+a)~(5/3) ,x, algorithm="fricas")

output Lintegral((b*x‘s + a)~(1/3)/(b~2*x"6 + 2%a*b*x~3 + a~2), x)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.66 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.73

/—1 dz
5/3 &L = 5
(a+ ba?)” 3asT (3)

inputLintegrate(l/(b*x**3+a)**(5/3),x)

Output‘x*gamma(l/S)*hyper((1/3, 5/3), (4/3,), b*x**3*xexp_polar (I*pi)/a)/(3*a*x(5/

' 3)*gamma (4/3))
Maxima [F]
/ mdzz / mdx
input Lintegrate (1/ (b*x~3+a)"~(5/3) ,x, algorithm="maxima")

output Lintegrate((b*x‘s + a)~(-5/3), x)
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Giac [F]
/;mdmz /%dm
(a+ bz?) (b2® + a)3
inpus integrate(1/ (bxx"3+a)"(5/3),x, algorithn="giac") ]
outputtintegrate((b*x‘B + a)~(-5/3), %) J

Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.76

s 5/3 .
w (P 1) oR(55 5 )

1
/m dx = (bx3 + a)5/3
input tint(l/(a + b*x~3)"(5/3),%) J
output| F¥((D¥x°3)/a + 1)°(5/3) xhypergeon([1/3, /3], 4/3, ~(b+x"3)/2))/(a + bxx”
13)7(5/3) ‘
Reduce [F]
/;5/3 dz = / 2 1 5 dz
(a+be?) (b* + )t a+ (ba® + a)f ba?
input Lint(l/ (bxx~3+a)~(5/3) ,%) J

output Lint(l/((a + b¥x**3)**x(2/3)*a + (a + bxx**3)**x(2/3) *b*xx**3) ,x) J




output

‘{
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3.35 [ +——dz
Va — bx3

Optimal result . . . . . . . . . . . . . . e 267
Mathematica [A] (verified) . . . . . . . . . .. .. 267
Rubi [A] (verified) . . . . . . . . . . 268
Maple [A] (verified) . . . . . . ... L 269
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 269
Sympy [C] (verification not implemented) . . . ... ... ... ... ...... 270
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... .. 271]
Giac [F] . . . o o 27T
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 272
Reduce [F] . . . . . . 272

Optimal result

Integrand size = 12, antiderivative size = 72

1— 3 2 %w
arctan | ——~—*— Va\/g—bm?’
1 log <\3/l_):c + Va — bz3>
——dr = — +
| v V3V 2%

1/2%1n(b~ (1/3) *x+(-b*x~3+a) ~(1/3)) /b~ (1/3)

N

-1/3%arctan(1/3*(1-2%b~(1/3) *x/ (-b*x~3+a) ~(1/3))*37(1/2))*3~(1/2) /b~ (1/3) + \

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.61

1
—dx
/\/Sa—bﬁ'

3
—1+ 2 ba:

Vbe

ELY
2v/3arctan | — Y4 — 0" Va —br® | _ log (1 + ( ik

a—bx3)?/3 o

V3

Va — bx3

) +2log (1+

6v/b
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input‘ Integrate[(a - b*x~3)~(-1/3),x] ‘

output‘(2*Sqrt[3]*ArCTan[(‘1 + (2%b~(1/3)*x)/(a - b*x~3)"(1/3))/Sqrt[3]] - Logl1
+ (b7(2/3)%x72)/(a - bxx"3)7(2/3) - (b™(1/3)*x)/(a - b*x~3)~(1/3)] + 2+Log
L[i + (b™(1/3)*x)/(a - bxx~3)~(1/3)1)/(6%b~(1/3)) J

Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.083, Rules

number of steps used = 1, number of rules used = 1,
used = {769}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
L/‘ldx
va — bxd
l 769
1— 2 %z
3
arctan | —Y———— va\/g—lxv?’
log ( va — b3+ \3/1_)30)
2/b - V3Vb

nput T80 - b3 (-1/3) ]

‘-(ArcTan[(l - (2%~ (1/3)*x)/(a - b*x"3)7(1/3))/Sqrt[3]11/(Sqrt [3]*b~(1/3))) ‘

output
~+ Log[b(1/3)xx + (a - b*x"3)7(1/3)1/(2%b7(1/3))
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Defintions of rubi rules used

e 769}Im:[((a_) + (b_.)*(x_)"3)"(-1/3), x_Symbol]l :> Simp[ArcTan[(1 + 2*Rt[b, 31*
‘ (x/(a + b*x~3)~(1/3)))/Sqrt[3]1]1/(Sqrt[3]*Rt[b, 3]), x] - Simp[Logl[(a + b*x" ‘
13)7(1/3) - Rtlb, 31*x]/(2#Rt[b, 31), x] /; FreeQl{a, b}, x]

Maple [A] (verified)

Time = 1.86 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.43

method result size

b
3 5 In
V3 <b§ —2(—baB+ 3’) 1 1 ( <)
v/3 arctan ( i ( i a) +In bgw-ﬁ-(—b z3+a) 3 _

3632 v 2
pseudoelliptic po»: 103
input tint (1/(-b*x~3+a)~(1/3) ,x ,method=_RETURNVERBOSE) J
output 1/3/b"(1/3)% (3" (1/2) *arctan (1/3+3~ (1/2)# (b™ (1/3) kx-2# (-bkx"3+a) " (1/3)) /b°( |
11/3)/%)+1n((b (1/3) ¥x+ (-b¥x"3+a) " (1/3)) /x)-1/2¥1n((b~ (2/3)¥x"2-b"(1/3)*(-b
L*x‘3+a)‘(1/3)*x+(—b*x‘3+a)‘(2/3))/X‘2)) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 113 vs. 2(55) = 110.

Time = 0.07 (sec) , antiderivative size = 284, normalized size of antiderivative = 3.94

1
—dzx
/ _\/3 a — bx3

3 \/gb —J log (—3 ba? — 3 (—bad + a)*bia? + 3 \/g(b%ﬁ — (—ba?® + a)3ba? — 2 (—ba® + a)§b§x>
6b
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input‘integrate(1/(—b*x“3+a)"(1/3),x, algorithm="fricas")

[1/6*(3*sqrt(1/3)*b*sqrt(-1/b~(2/3) ) *log(-3*b*xx~3 - 3*(-b*x~3 + a)~(1/3)*b
~(2/3)*%x72 + 3*sqrt(1/3)*(b~(4/3)*x"3 - (-b*x"3 + a)~(1/3)*b*x"2 - 2*(-b*x
~3 + a)~(2/3)*b”~(2/3) *x) *sqrt (-1/b7(2/3)) + 2xa) + 2xb~(2/3)*Llog((b~(1/3)*
x + (-b*x"3 + a)~(1/3))/x) - b7(2/3)*1log((b~(2/3)*x~2 - (-b*x~3 + a)~(1/3)
*b~(1/3)*x + (-b*x"3 + a)~(2/3))/x72))/b, 1/6x(6*sqrt(1/3)*b~(2/3)*arctan(
sqrt (1/3)* (b~ (1/3)*x - 2x(-b*x"3 + a)~(1/3))/(b~(1/3)*x)) + 2%b~(2/3)*log(
(b~ (1/3)*x + (~b*x~3 + a)~(1/3))/x) - b~(2/3)*Log((b~(2/3)*x"2 - (-b*x"3 +
a)~(1/3)*b~(1/3)*x + (-b*x~3 + a)~(2/3))/x72))/b]

output

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.52 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.51

11
xP(%) o 3;3 —bxszm
u/" 1 d 3
—  _dx =
Y a — b3 3\3/51—‘ (%)

input| integrate (1/ (-bxxxx3+a)xx(1/3) ,x)

output‘x*gamma(l/S)*hyper((l/B, 1/3), (4/3,), b*xx*3*exp_polar (2xI*pi)/a)/ (3*a**(
‘1/3)*gamma(4/3))
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.43

va (b% RISk )

x

v/3arctan T
3b3
1
[ |
va — bx3 3b3
log (b§ . (—b:c?’—;a)%b% (—bmj;—a)%) log <bé + (—bw";-i-a)%)
— I +
6b3 3b3

input Lintegrate (1/(-b*x~3+a)~(1/3) ,x, algorithm="maxima")

‘—1/3*sqrt(3)*arctan(-1/3*sqrt(3)*(b‘(1/3) - 2x(-b*x"3 + a)~(1/3)/x)/b~(1/3
‘))/b‘(1/3) - 1/6%log(b~(2/3) - (-b*x~3 + a)~(1/3)*b~(1/3)/x + (-b*x~3 + a)
‘“(2/3)/x“2)/b‘(1/3) + 1/3%1log(b~(1/3) + (-b*x~3 + a)~(1/3)/x)/b~(1/3)

output

Giac [F]

/;dw—/;dx
va — bx3 (—ba3 +a)%

input Lintegrate (1/(-b*x~3+a)~(1/3) ,x, algorithm="giac")

output‘ integrate((-b*x~3 + a)~(-1/3), x)
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Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.53

1
1 bz /3 F. (L. L. 4. bad
T\i— "o 2f'1(3:3) 37 T4

1
——dx =
/ va — bx3 (a —ba?)'/?

inputtintu/(a - b*x~3)"~(1/3),x)

t\/(x*(l - (b*x73)/a)~(1/3) *hypergeom([1/3, 1/3], 4/3, (b*x~3)/a))/(a - b*x"3
)7(1/3)

outpu

——

Reduce [F]

| emto= [ o
va — bx3 (—ba3 + a)%

-

input Lint (1/(-b*x~3+a)~(1/3) ,x)

-/

output Lint(i/ (a - bxx**3)*x(1/3),x)




output

input
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3.36 [s———dx
V2 + a3

Optimal result . . . . . . . . . . . . . . e A
Mathematica [A] (verified) . . . . . . . . . .. .. 273
Rubi [A] (verified) . . . . . . . . . . 274
Maple [C] (verified) . . . . . . . .. ... L 275
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ..... 2775
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 276l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... .. 270
Giac [F] . . . o o 27Tl
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [F] . . . . . . 27T

Optimal result

Integrand size = 9, antiderivative size = 46

2z
V2+a3

1+
. arctan ( 73
/ dr =

V2 + 23 V3

) —%log (—w—i-m)

|1/3*arctan(1/3%(1+2+x/ (x~3+2)"(1/3))*3"(1/2))*3~(1/2)-1/2*1n(-x+(x"3+2)~(1

V?’))

J

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.70

1+3 2z
arctan #

[ o
———dr = —Zlog(1-—
/2 + 23 V3 3 &

—|—110 1+ i °
6t T v BT Vot

X

V2 + 3

)

)

LIntegrate[(Q + x73)7(-1/3) ,x]
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ut‘ArcTan[(l + (2%x)/(2 + x73)7(1/3))/Sqrt[3]1]1/Sqrt[3] - Logll - x/(2 + x73)~

outp
L(l/s)]/s + Logl[l + x72/(2 + x73)7(2/3) + x/(2 + x73)7(1/3)1/6

|
J

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules

number of steps used = 1, number of rules used = 1, 5 vo 1 e

used = {769}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
dx
+2

| Vo

l 769

V3

2z +1
3 /.3
arctan (M>

7 —%log(3x3+2—x>

-

Int[(2 + x~3)~(-1/3),x]

input

N

‘ArcTan[(l + (2%x)/(2 + x73)7(1/3))/Sqrt[3]1]1/Sqrt[3] - Logl-x + (2 + x73)~(

output
L1/3)]/2

|

Defintions of rubi rules used

rule 769 \{Int[((a_) + (b_.)*(x_)"3)"(-1/3), x_Symbol] :> Simp[ArcTan[(1 + 2*Rt[b, 3]*
‘ (x/(a + b*x73)7(1/3)))/Sqrt[3]1]1/(Sqrt [3]*Rt[b, 3]1), x] - Simp[Log[(a + b*x~
3)°(1/3) - Rt[b, 3]1*x]/(2*Rt[b, 31), x] /; FreeQl[{a, b}, x]

N

—
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Maple [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3.

Time = 2.26 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.39

method result
.. 2%achypergeom([%,%L[%],_§>
meijerg >
1
x+2 z3+2 3 V3
In (—z+(z:+2)%) n ( (=2+2) %‘4-(:234-2) LI ) V3 arctan (“?m)))
pseudoelliptic | — 3 + 5 — -
RootOf (_Z"~_Z+1)n (RootOf (_Z°-_Zn) 33 RootOf (_Z"~_Z+1) (z*+2) 3 . 3RootOf (7
trager -

input Lint (1/(x~3+2)~(1/3) ,x,method=_RETURNVERBOSE)

output | 1/2¥2” (2/3)xxxhypergeon([1/3,1/3], [4/3] ,-1/2%x"3)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.65

V2 + 23 3z

+ 1 og 22+ (28 +2)'x + (20 +2)°
6 x2

3 3
/ 1 dx=—% 3 arctan (\/gx+2\/§(x +2) )

1
—5 log

<_

T — (x3+2)%

T

)

input Lintegrate (1/(x~3+2)"(1/3) ,x, algorithm="fricas")

Output‘-1/3*sqrt(3)*arctan(1/3*(sqrt(3)*x + 2%sqrt (3)*(x~3 + 2)°(1/3))/x) - 1/3%1
‘og(-(x - (x"3 + 2)7(1/3))/x) + 1/6x1log((x"2 + (x73 + 2)"(1/3)*x + (x73 + 2

)7(2/3))/x72)
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.43 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.74

11 '
zgxr(%) JF 343 9635z
1 3
/ 3 dr = >
V2 + 23 6I (3)
inputLintegrate(1/(x**3+2)**(1/3),X) J

output‘ 2%%(2/3) *x*xgamma (1/3) *hyper ((1/3, 1/3), (4/3,), x*x3*exp_polar(I*pi)/2)/(6 ‘
1*gamma(4/3)) 1

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.50

1 1 1 (20 +2)°
/ mdm =3 3 arctan (§ \/E(T +1>>

1 2 1
1 3 +2)3 3+2)8 1 3+2)8
+—log<(x+) +(x+) +1>——log(%—l>

6 z 2 3

inputLintegrate(l/(x’“3+2)‘(1/3),x, algorithm="maxima") J

‘—1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2*(x“3 +2)7(1/3)/x + 1)) + 1/6%1log((x"3

output
‘+ 2)7(1/3)/x + (x73 + 2)7(2/3)/x72 + 1) - 1/3%1log((x73 + 2)°(1/3)/x - 1)
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Giac [F]

/ 1 dm—/;dﬂs

inputLintegrate(l/(x”3+2)”(1/3),x, algorithm="giac")

Outputtintegrate((x"B + 2)°(-1/3), %)

Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.35

inputtint(l/(x‘3 + 2)°(1/3),x)

outputL(Q‘(Q/S)*X*hypergeom([1/3, 1/31, 4/3, -x3/2))/2

Reduce [F]

[ ordo= [ s
V2 +a? (a3 +2)3

inputLint(l/(x‘3+2)‘(1/3),X)

Outputtint(l/(x**B + 2)*x(1/3),%)




output
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3.37 [ (a+bz®** da

Optimal result . . . . . . . . . . . . . . . 278]
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 278
Rubi [A] (verified) . . . . . . . . . . 2791
Maple [F] . . . . 280
Fricas [F] . . . . o . o e 280
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 28Tl
Maxima [F] . . . . . . 28]
Giac [F] . . . o o 28Tl
Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [F] . . . . o 282

Optimal result

Integrand size = 11, antiderivative size = 46

z(a + bx3)3/ * Hypergeometric2F1 (—;31’,

/ (a+b2*)** dz =

(1+22)"

-

LX* (b*x~3+a) ~(3/4) *hypergeom([-3/4, 1/3],[4/3],-b*x"3/a)/(1+b*x~3/a)~(3/4)

\ ]

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 0.12 (sec) , antiderivative size = 203, normalized size of antiderivative = 4.41

fi

292((~1)*¥/a+ Vbz) (a+ bz)* AppellF1 | 1,-3,-3,

3/4

—I—bx3) dr =

(~1)2/3 ((—1)2/3 Va+ %w)

=

1

|

T (wYA)Va

Y

7/ ( 3/at(-1)2/3/ba

<1+ i/—_1> Ya

)3/4

(1 3) v

3i+/3
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input ‘ Integrate[(a + b*x~3)~(3/4),x] ‘

output (2%27(1/4)*((-1)~(2/3)*a~(1/3) + b~(1/3)*x)*(a + b*x~3)~(3/4)*AppellF1[7/4
, —3/4, -3/4, 11/4, -(((-1)7(2/3)*((-1)~(2/3)*a~(1/3) + b~ (1/3)*x))/((1 +
(-1)°(1/3))*a~(1/3))), (I + Sqrt[3] - ((2*I)*b~(1/3)*x)/a~(1/3))/(3*I + Sq
rt[31)1)/(7*b~(1/3)*((a~(1/3) + (-1)7(2/3)*b~(1/3)*x)/((1 + (-1)~(1/3))*a"
(1/3)))° 3/ *((I*x(1 + (b~(1/3)*x)/a~(1/3)))/(3*I + Sqrt[3]))~(3/4))
Rubi [A] (verified)
Time = 0.15 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.182, Rules
integrand size
used = {779, 778}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ (a+ bx3)3/4 dx
| 779
3 3/4
(a+bm3)3/4f (b% +1) / dz
4
(v +1)"
| 778
x(a + b.’L‘3)3/4 Hypergeometric2F1 (—%, %, %, —%)
4
<g§,+_1>3/
immdhmﬂa+bnf@‘@ﬂam] ]

. (xx(a + bxx"3)"(3/4) *Hypergeometric2F1[-3/4, 1/3, 4/3, -((bxx™3)/a)1)/(1 +

outpu
- (b*x73)/a)"(3/4) |




CHAPTER 3. LISTING OF INTEGRALS 280

Defintions of rubi rules used

rule 778 Int[((a_) + (b_)*(x_)"(n.))"(p_), x_Symbol] :> Simp[a p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] && 'IGtQlp
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQla, 0]1)

rule 779 Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~IntPart[p]l*((a + b*x
“n) “FracPart[p]/(1 + b*(x"n/a)) “FracPart[p]l]) Int[(1 + b*x(x"n/a))"p, x], x
1 /; FreeQ[{a, b, n, p}, x] && !'IGtQ[p, 0] && !IntegerQ[1/n] && !ILtQ[Si
mplify[1/n + p]l, 0] && !(IntegerQlp]l || GtQ[a, 0])

Maple [F]

/(bx?’—i—a)idaz

-

e—

input tint ((b*x~3+a)~(3/4) ,x)
output Lint ((b*x~3+a)~(3/4) ,x)
Fricas [F|
/ (a+ bac?’)?’/4 dx = / (b2® + a)% dz
input Lintegrate ((b*x~3+a)~(3/4),x, algorithm="fricas")

outpus | 10teETal((b*x"3 + 2)°(3/4), ®
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.64 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.80

G;%’EF(%) 2F1

/(a+bx3)3/4 dr = 3T (4)

input Lintegrate ((b*x**3+a) **(3/4) ,x) J

‘a**(3/4)*x*gamma(1/3)*hyper((-3/4, 1/3), (4/3,), bxxx*3xexp_polar (I*pi)/a) ‘

output /(3+gamma(4/3)) |
Maxima [F]
/ (a+ bx3)3/4 dx = / (b2® + a)% dz
input Lintegrate ((b*x~3+a)~(3/4) ,x, algorithm="maxima") J
output | integrate((bxx™3 + a)7(3/4), x) |
Giac [F]
/ (a + bx3)3/4 dr = / (bx3 + a)% dzx
input Lintegrate ((b*x~3+a)~(3/4) ,x, algorithm="giac") J

output Lintegrate ((b*x~3 + a)~(3/4), x) J
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Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.80
3/4 3 1. 4. _ba?

x(b$3+a) 2F1<_Z’§7 3 —T)

(222 +1)™"

a

/ (a+b2®)** dz =

inputtint((a + b*x~3)~(3/4) ,%) J

N

t\/(x*(a + b*x~3)~(3/4) *hypergeom([-3/4, 1/3], 4/3, -(b*x~3)/a))/((b*x"3)/a + \

t
PR heer |
Reduce [F]
3 9( [ L __dz)a
3\ 3/4 B 4(bCL’3 + a)4 x ( (baz3+a)d )
/ (a+b2°)"" dz = 3 + 13
inputLint((b*xA3+a)A(3/4)’X) J

Outputt(4*(a + brxkk3)**(3/4)*xx + 9*kint((a + bxx**k3)**(3/4)/(a + bkx**3),x)*a)/13 J




output L
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4 3

3.38  [Va+badds

Optimal result . . . . . . . . . . . . e 283
Mathematica [C] (warning: unable to verify) . . . . .. ... ... ... .. ...
Rubi [A] (verified) . . . .. . . ... .. 234
Maple [F] . . . . 285
Fricas [F] . . . . . . o 285
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 280
Maxima [F] . . . . . . 286l
Giac [F] . . . . o o 280
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 28T
Reduce [F] . . . o . o o 287

Optimal result

Integrand size = 11, antiderivative size = 46

zv a + bx3 Hypergeometric2F1 (—i, 35 —ba?

a

)

/\/4a+ba:3dx=

bx3

41+_

a

x* (b*x~3+a) ~(1/4) *hypergeom([-1/4, 1/3],[4/3],-b*x"3/a)/(1+b*x~3/a)~(1/4)

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 0.13 (sec) , antiderivative size = 203, normalized size of antiderivative = 4.41

J

/ va + bx3 dz
3 3 1V_z
\/ (—1)2/3 ((—1)2/3 %+ \/Bw) H—\/?:_?T
3/4 2/3 3 3 4 5 1 Lo 2
22 / <(_1) / \/a_i_ \/l_)m) a + bz’ AppellFl 407 40 a4 (1+ 3 /—1) % ’ 3i+v/3
3
3 2/3\3/_ 4 7/ (]. + \3/_z'>
5/p 4 Va+ (1) bx Ya
(1+V-1) Va 3i+1/3
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input‘ Integrate[(a + b*x~3)~(1/4),x]

output

(2%27(3/4)*((-1)~(2/3)*a~(1/3) + b~ (1/3)*x)*(a + b*x~3)~(1/4)*AppellF1[5/4
» —1/4, -1/4, 9/4, -(((-1)7(2/3)*((-1)"(2/3)*a”~(1/3) + b~ (1/3)*x))/((1 + (
-1)7(1/3))*a~(1/3))), (I + Sqrt[3] - ((2*I)*b~(1/3)*x)/a~(1/3))/(3*I + Sqr
t[31)1)/(6*b~(1/3)*((a~(1/3) + (-1)7(2/3)*b~(1/3)*x)/((1 + (-1)~(1/3))*a"(
1/3)))7(1/4)*((Ix(1 + (b~ (1/3)*x)/a~(1/3)))/(3*I + Sqrt[3]))~(1/4))

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.182, Rules

number of steps used = 2, number of rules used = 2,
used = {779, 778}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ Va+ bzddz

| 779
3
Va+bxd [ b%+1dm

;/925,4_1
a

| 778
£/ a + bz3 Hypergeometric2F1 (—i, %, %, —%)
Ve
a

inputtlnt[(a + b*x~3)"(1/4) ,x]

output

‘(x*(a + b*x~3) " (1/4) *Hypergeometric2F1[-1/4, 1/3, 4/3, -((b*x~3)/a)])/(1 +
‘ (b*x~3)/a)~(1/4)
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Defintions of rubi rules used

rule 778 Int[((a_) + (b_)*(x_)"(n.))"(p_), x_Symbol] :> Simp[a p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] && 'IGtQlp
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQla, 0]1)

rule 779 Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~IntPart[p]l*((a + b*x
“n) “FracPart[p]/(1 + b*(x"n/a)) “FracPart[p]l]) Int[(1 + b*x(x"n/a))"p, x], x
1 /; FreeQ[{a, b, n, p}, x] && !'IGtQ[p, 0] && !IntegerQ[1/n] && !ILtQ[Si
mplify[1/n + p]l, 0] && !(IntegerQlp]l || GtQ[a, 0])

Maple [F]

INE

dxr

/(bx3 —|—a)

-

e—

input tint ((b*x"3+a)"(1/4) ,x)
output Lint ((b*x~3+a)~(1/4) ,%)
Fricas [F|
/mdx = / (balcg—i-a)i dz
input Lintegrate ((b*x"3+a)~(1/4) ,x, algorithm="fricas")

outpus 10teETal((b*x™3 + 2)°(1/4), ®
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.48 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.80

il
YarT (3)oF | 9|t
3
Va + ba3 dx =
/ a + bx° dx aF (%)
fnput Lintegrate ((bxx**3+a)**(1/4) ,x) J

‘a**(1/4)*x*gamma(1/3)*hyper((-1/4, 1/3), (4/3,), bxxx*3xexp_polar (I*pi)/a) ‘

ot /(3*gamma(4/3)) |
Maxima [F]
/mdx = / (b$3+a)idx
input Lintegrate ((b*x~3+a)~(1/4),x, algorithm="maxima") J
Output‘ integrate((b*x~3 + a)~(1/4), x) |
Giac [F]
/mdx = / (bx3+a)%dx
input Lintegrate ((b*x~3+a)~(1/4) ,x, algorithm="giac") J
Outputtintegrate((b*x‘s + a)~(1/4), %) J
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Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.80

w(b:c3+a)1/42F1< 1 1. 4. _@)

/\/4a+ba:3dx= 41’3, i :
b3 /4
(*2+1)
inputtint((a + b*x~3)~(1/4),x) J

N

t‘((x*(a + bxx~3)~(1/4) *hypergeom([-1/4, 1/3]1, 4/3, -(b*x~3)/a))/((b*x"3)/a + ‘

outpu
\ 1)7(1/4) \
Reduce [F]
1 3( [ —r—=dz)a
. 4z +a)iz ( (baP+a)d )
vV b3 dx =
/ a+ bx°dx 7 + 7
input Lint ((b*x~3+a)~(1/4) ,x) J

Outputt(4*(a + brxkk3) %k (1/4)*x + 3kint((a + bxx*x3)**k(1/4)/(a + bxx**3),x)*a)/7 J
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3.39 [ —dz

Optimal result . . . . . . . . . . . . . . e 288}
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 288
Rubi [A] (verified) . . . . . . . . . . 289
Maple [F] . . . . 290
Fricas [F] . . . . . o 290
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 29Tl
Maxima [F] . . . . . . 291]
Giac [F] . . . o o 2971
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [F] . . . . . . 292

Optimal result

Integrand size = 11, antiderivative size = 46

4 bx3 _ e e
x\/ 1+ — Hypergeometric2F'1 (Z’ 15— )
a

1
dr =
/\/4a+bz3 va + bx3
output LX*(1+b*X‘3/ a)~(1/4) *hypergeom([1/4, 1/3]1,[4/3],-b*x~3/a)/(b*x"3+a)~(1/4) J

Mathematica [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 0.10 (sec) , antiderivative size = 203, normalized size of antiderivative = 4.41

1
—dx
/\/4a—l—bx3

\3/6 + (_1)2/3\3/51; nK’ (1 + i{};) (—1)2/3 ((_1)2/3%
4\4@((—1)2/3%—1— %x) N AppellF1 | 3 1177

(1++v=1) {a 3 +/3 veoos (1+¥/-1)
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input‘ Integrate[(a + b*x~3)~(-1/4),x] ‘

output (4%2~ (1/4)*((-1)~(2/3)*a~(1/3) + b~ (1/3)*x)*((a~(1/3) + (-1)~(2/3)*b~(1/3)
*x)/((1 + (-1)7(1/3))*a~(1/3)))~(1/)*((I*(1 + (b~ (1/3)*x)/a~(1/3)))/(3*I
+ Sqrt[3]1))~(1/4)*AppellF1[3/4, 1/4, 1/4, 7/4, -(((-1)7(2/3)*((-1)7(2/3)*a
“(1/3) + b~ (1/3)*x))/((1 + (-1)~(1/3))*a~(1/3))), (I + Sqrt[3] - ((2*I)*b~
(1/3)*x)/a~(1/3))/(3*I + Sqrt[31)1)/(3*b~(1/3)*(a + b*x~3)~(1/4))
Rubi [A] (verified)
Time = 0.16 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.182, Rules
integrand size
used = {779, 778}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ 1 &
Va + bx3
| 779
3
4 /0x" +1
a
Va +bx3
| 778
4/ b . 114 _bad
T e + 1 Hypergeometric2F1 (Z’ 353 _T>
Va+ bxd
input [Int[(a + b*x~3)~(-1/4) ,x] ]
output‘ (xx(1 + (b*x~3)/a)~(1/4)*Hypergeometric2F1[1/4, 1/3, 4/3, -((b*x~3)/a)]1)/( ‘

La + b*x"3)~(1/4) J
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Defintions of rubi rules used

rule 778

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a"p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] & !'IGtQl[p
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQla, 0]1)

rule 779

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~IntPart[p]l*((a + b*x
“n) “FracPart[p]/(1 + b*(x"n/a)) “FracPart[p]l]) Int[(1 + b*x(x"n/a))"p, x], x
1 /; FreeQ[{a, b, n, p}, x] && !'IGtQ[p, 0] && !IntegerQ[1/n] && !ILtQ[Si
mplify[1/n + p]l, 0] && !(IntegerQlp]l || GtQ[a, 0])

Maple [F]

input k

int (1/ (b*x~3+a)~(1/4) ,x)

-

output

input L

Lint (1/ (b*x~3+a)~(1/4) ,x)

-/

Fricas [F|

1

1
/\/a—l—bz3 (bz3 + a)?

integrate(1/(b*x~3+a)~(1/4) ,x, algorithm="fricas")

output L

integral ((b*x"3 + a)~(-1/4), x)
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.43 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.78

=
Wl

be eiﬂ'
a

:El"(%) 2F1

)
4
3
(

1
——dzx =
/\/4a+bw3 3+v/al’

5)

input | 1ntegrate(1/ (bxxxx3+a)xx(1/4) %)

Output‘x*gamma(l/B)*hyper((1/4, 1/3), (4/3,), b*x**3*exp_polar (I*pi)/a)/(3*ax*(1/

4)*gamma (4/3))
Maxima [F]
1 1
/ a + bx3 (ba3 + a)?
input Lintegrate (1/(bxx~3+a)~(1/4) ,x, algorithm="maxima")
output Lintegrate ((b*x~3 + a)~(-1/4), %)
Giac [F]
1 1
/ Va + br? (bx3 + a)1
input Lintegrate (1/(b*x~3+a)~(1/4) ,x, algorithm="giac")

output Lintegrate((b*x‘s + a)~(-1/4), x)
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Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.80

1/4
1 o (5 +1) R(hh & -7
= dr=
/ Va + ba? (ba3 + a)'/*

iput 1861/ (2 + b¥x"3)(1/4) )

1_J‘((x*((b*x’"S)/a + 1)~ (1/4)*hypergeom([1/4, 1/3]1, 4/3, -(b*x~3)/a))/(a + b*x~
13)7(1/4)

outpu

——

Reduce [F]

1

1
/\/a—l—bm3 (bad +a)s

-

input Lint (1/ (b*x~3+a)~(1/4) ,x)

-/

outputlint<1/(a + brx#*3) #x(1/4) ,%)




output
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(a+bz3)
Optimal result . . . . . . . . .. . . 293]
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... ... 293
Rubi [A] (verified) . . . . . . ... . 294
Maple [F] . . . o o 295
Fricas [F] . . . . . . o 295
Sympy [C] (verification not implemented) . . . . . ... ... ... ... .... 2961
Maxima [F] . . . . . . o 296
Giac [F] . . . o o 290
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 297
Reduce [F] . . . . . o 2971

Optimal result

Integrand size = 11, antiderivative size = 46

dz =

a

z1+@3/4H tricoF1 (L 3 4 _ba®
/ 1 @ ypergeome T1C 312739
(a + bz?)*/*

(a + bz?)** B

Lx* (1+b*x~3/a) ~(3/4) *hypergeom([1/3, 3/4],[4/3],-bxx"3/a)/(b*xx"3+a)~(3/4) J

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 0.11 (sec) , antiderivative size = 201, normalized size of antiderivative = 4.37

{/ar(-12/3V/bs

3 3/4
i(H \/5w>

{a

3/4
3 3 3
4 23/4<(—1)2/3\/a+ \/Z_XL') ( (1+ %/_—1> % ) W AppellF i 1.
1
dx =
/ (a + ba3)*/* Vb (a + ba3)*/*

input L

Integrate[(a + b*x~3)~(-3/4),x]
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output (4527 (3/4)*((-1)~(2/3)*a~(1/3) + b~ (1/3)*x)*((a~(1/3) + (-1)~(2/3)*b~(1/3)
*x)/((1 + (-1)7(1/3))*a~(1/3)))~(3/4)x((I*x(1 + (b~ (1/3)*x)/a~(1/3)))/(3*I
+ Sqrt[3]1))~(3/4)*AppellF1[1/4, 3/4, 3/4, 5/4, -(((-1)~(2/3)*((-1)"(2/3)*a
“(1/3) + b7 (1/3)*x))/((1 + (-1)7(1/3))*a~(1/3))), (I + Sqrt[3] - ((2*I)*b~
(1/3)*x)/a~(1/3))/(3*I + Sqrt[31)]1)/(b~(1/3)*(a + b*x~3)~(3/4))
Rubi [A] (verified)
Time = 0.15 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.182, Rules
integrand size
used = {779, 778}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
1
———dzr
/ (a + bx3)3/*
| 779
bd 3/4 )
( a +]‘> f (%4_1)3/4(&1"
(a + ba3)%/*
| 778
3 3/4 3
x(b% + 1) Hypergeometric2F1 (%, %, %, —b%)
(a+ ba3)%/4
input LInt[(a + b*x~3)~(-3/4) ,x]

outpu

t‘ (xx(1 + (b*x"3)/a)~(3/4)*Hypergeometric2F1[1/3, 3/4, 4/3, -((b*x"3)/a)])/(

La + b*x~3)"(3/4)

|
J
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Defintions of rubi rules used

rule 778 Int[((a_) + (b_)*(x_)"(n.))"(p_), x_Symbol] :> Simp[a p*x*Hypergeometric2F
il-p, 1/n, 1/n + 1, (-b)*(x"n/a)]l, x] /; FreeQl{a, b, n, p}, x] && !'IGtQlp
, 0] & !IntegerQ[1/n] && 'ILtQ[Simplify[i/n + p], O] && (IntegerQ[p]l ||
GtQla, 01)

rule 779 IntL((a ) + (b_.)*(x_)"(m_))"(p_), x_Symbol] :> Simp[a~IntPart[p]*((a + b*x

“n) “FracPart [p]/(1 + b*(x"n/a)) FracPart[p]) Int[(1 + bx(x"n/a))’p, x], x
1 /; FreeQl{a, b, n, p}, x] & !IGtQlp, O] & !IntegerQ[1/n] && !ILtQ[Si
mplify[1/n + p], 0] && !(IntegerQ[p] || GtQ[a, 0])

Maple [F]

inputtint(l/(b*x“3+a)‘(3/4),X)

-

output | 1881/ (b¥x"3+2)"(3/4) )

-/

Fricas [F|

/ 1 " dr = /;de
(@ + bx?) (b3 + a)*

inputLintegrate(1/(b*x‘3+a)‘(3/4),x, algorithm="fricas")

outputtintesra1<<b*x“3 + a)~(-3/4), x)
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.44 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.78

/—1 dz
374 f— 3
(a + ba3)* 3a1T (3)

inputtintegrate(1/(b*x**3+a)**(3/4),X) J

Output}x*gamma(1/3)*hyper((1/3, 3/4), (4/3,), brxxx3kexp_polar(I*pi)/a)/(3xa**(3/

4)*gamna (4/3)) ‘
Maxima [F]
1 1
/ A= / ————gdz
(a + bz?) (b3 + a)4
input Lintegrate (1/ (b*x~3+a)~(3/4) ,x, algorithm="maxima" J
output 1Rtegrate((b+x™3 + )(-3/4), 1) |
Giac [F]
1 1
(o)
(a + b.’I,'?’) (be + a)z
input Lintegrate (1/(b*x~3+a)~(3/4) ,x, algorithm="giac "y J

output Lintegrate ((b*x~3 + a)~(-3/4), x) J
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Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.80

3/4
i o (5 +1) R(hE 8 -7
e — €T =
(a+ bx3)** (ba® +a)**

inputtintu/(a + b*x~3)"~(3/4) ,x)

1_J‘((x*((b*x"S)/a + 1)~ (3/4)*hypergeom([1/3, 3/4]1, 4/3, -(b*x~3)/a))/(a + b*x~
13)7(3/4)

outpu

——

Reduce [F]

(@ + bx?) (bz3+4a)*

-

inputLint(l/(b*x‘3+a)‘(3/4),X)

-/

outputlint<1/(a + brx#*3) #*(3/4) ,%)
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341  [—=ndx
(a+bz3)

Optimal result . . . . . . . . .. . . 298]
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... ... 298
Rubi [A] (verified) . . . . . . ... . 299
Maple [F] . . . o o 300
Fricas [F] . . . . . . o 300
Sympy [C] (verification not implemented) . . . . . ... ... ... ... ....
Maxima [F] . . . . . . o
Giac [F] . . . o o
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [F] . . . . . o

Optimal result

Integrand size = 11, antiderivative size = 49

_ba?
a

b3
/ 1 . z\/1+ % Hypergeometric2F1 (%, 5%
e dr=

(a+ byr:?’)5/4

ava + bx3

x*(1+b*x~3/a) " (1/4) *hypergeom([1/3, 5/4]1,[4/3]1,-b*x"3/a)/a/(bxx~3+a) "~ (1/4) J

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 0.15 (sec) , antiderivative size = 263, normalized size of antiderivative = 5.37

A-1PYR(V=1Va = Vo) (<17 Va+ Voa) J Va+ (—1)5¥ba

(1+v/-1) ¥/a 30 + -

1 do —
(a + bz3)** o

3a2/3V/b <a2/3 — YaV/bx + b2

inputt

Integrate[(a + b*x~3)~(-5/4),x]
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(4% (-1)~(2/3)*27(1/4)*((-1)~(1/3)*a~(1/3) - b~ (1/3)*x)*((-1)~(2/3)*a~(1/3)
+ b7 (1/3)*x)*((a~(1/3) + (-1)7(2/3)*b~(1/3)*x)/((1 + (-1)~(1/3))*a~(1/3))
)= (1/4)*((Ix(1 + (b~(1/3)*x)/a~(1/3)))/(3*I + Sqrt[3]))~(1/4)*AppellF1[-1/
4, 5/4, 5/4, 3/4, -(((-1)7(2/3)*((-1)~(2/3)*a~(1/3) + b~ (1/3)*x))/((1 + (-
1)7(1/3))*a~(1/3))), (I + Sqrt[3] - ((2*I)*b~(1/3)*x)/a~(1/3))/(3*I + Sqrt
[31)1)/(3*xa~(2/3)*b~(1/3)*(a~(2/3) - a~(1/3)*b~(1/3)*x + b~ (2/3)*x"2)*(a +
b*x~3)~(1/4))

output

Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.182, Rules

number of steps used = 2, number of rules used = 2,
used = {779, 778}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

.
(a+ ba3)®/4 ’
l 779

b3
¢ 7+1f 1 5/4d.’L'

IS0
ava+ bzd

l 778

¥ bw3 3 1 5 4 b3
x4/ — + 1 Hypergeometric2F'1 (57 2,5 _T>
a

ava+ bzd

-

LInt[(a + b*x~3)~(-5/4) ,x]

~—

input

‘(x*(l + (b*x~3)/a)”(1/4)*Hypergeometric2F1[1/3, 5/4, 4/3, -((b*x~3)/a)])/( ‘

output
ax(a + b¥x"3)"(1/4)) |




CHAPTER 3. LISTING OF INTEGRALS 300

Defintions of rubi rules used

rule 778 Int[((a_) + (b_)*(x_)"(n.))"(p_), x_Symbol] :> Simp[a p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] & !'IGtQl[p
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQla, 0]1)

rule 779 Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~IntPart[p]l*((a + b*x
“n) “FracPart[p]/(1 + b*(x"n/a)) “FracPart[p]l]) Int[(1 + b*x(x"n/a))"p, x], x
1 /; FreeQ[{a, b, n, p}, x] && 'IGtQ[p, 0] && 'IntegerQ[i/n] && !'ILtQ[Si
mplify[1/n + p]l, 0] && !(IntegerQlp]l || GtQ[a, 0])

Maple [F]

input kint (1/ (b*x"~3+a) "~ (5/4) ,x)

-

output | 1881/ (b¥x"3+2)"(5/4) )

-/

Fricas [F|

JE T - —
(a + bx3) (bx® + a)4

inputLintegrate(1/(b*x"3+a)"(5/4),x, algorithm="fricas")

Outputtintegral((b*x“B + a)~(3/4)/(b"2%x~6 + 2*%a*xb*x~3 + a~2), x)
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.69 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.73

/—1 dz
574 f— B
(a + bx3)® 3a1T (3)

inputtintegrate(1/(b*x**3+a)**(5/4),X) J

Output}x*gamma(1/3)*hyper((1/3, 5/4), (4/3,), brxxx3kexp_polar(I*pi)/a)/(3xa**(5/

4)*gamna (4/3)) ‘
Maxima [F]
1 1
/ AT / ————gdz
(a + bz?) (b3 + a)4
input Lintegrate (1/ (b*x~3+a)~(5/4) ,x, algorithm="maxima" J
output 1Rtegrate((b+x™3 + )" (-6/4), 1) |
Giac [F]
1 1
(o)
(a + b.’I,'?’) (be + a)z
input Lintegrate (1/(b*x~3+a)~(5/4) ,x, algorithm="giac "y J

output Lintegrate ((b*x~3 + a)~(-5/4), x) J
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Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.76

5/4
[ o (5 +1) R(hE 8 -7
— €T =
(a + ba3)** (ba® +a)™*

inputtintu/(a + b*x~3)"~(5/4) ,x)

1_J‘((x*((b*x"S)/a + 1)~ (5/4) *hypergeom([1/3, 5/4]1, 4/3, -(b*x~3)/a))/(a + b*x~
13)7(5/4)

outpu

——

Reduce [F]

[ oante= | ! da
(a+ bz®)** (b$3+a)ia+(bx3+a)%bz3

-

inputLint(l/(b*x‘3+a)‘(5/4),X)

-/

output Lint(i/((a + b¥x**3)*x*x(1/4)*a + (a + bxx**3)*x(1/4)*b*xx**3) ,x)
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L.
4.2 Links to plain text integration problems used in this report for each CAS . B21I]

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality otherwisex)

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

303
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;



CHAPTER 4. APPENDIX 309

if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic



CHAPTER 4. APPENDIX 319

return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 (a+b x^3)^3/4  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 [4]a+b x^3  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 1  [4]a+b x^3  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 1  (a+b x^3)^3/4  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 1  (a+b x^3)^5/4  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 
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