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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 43 |. This is test number [ 60 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (43 ) | 0.00 (0)
Mathematica | 100.00 (43 ) | 0.00 (0)
Maple 100.00 (43 ) | 0.00 (0)
Fricas 100.00 (43 ) | 0.00 (0)
Maxima | 100.00 (43 )| 0.00 (0)
Reduce 100.00 (43 ) | 0.00 (0)
Giac 97.67 (42) | 2.33(1)
Mupad | 86.05(37) | 13.95 (6)
Sympy | 41.86 (18) | 58.14 (25)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description
A Integral was solved and antiderivative is optimal in quality and leaf size.
B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.
C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.
F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Maxima, 100.000 0.000 0.000 0.000
Mathematica 97.674 0.000 2.326 0.000
Fricas 97.674 2.326 0.000 0.000
Maple 79.070 13.953 6.977 0.000
Giac 51.163 46.512 0.000 2.326
Mupad 0.000 86.047 0.000 13.953
Reduce 0.000 100.000 0.000 0.000
Sympy 0.000 0.000 41.860 58.140

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

I I I 41.86% I I

Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB

C
BF

Rubi Mathematica
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 0 0.00 0.00 0.00
Maxima, 0 0.00 0.00 0.00
Reduce 0 0.00 0.00 0.00
Giac 1 100.00 0.00 0.00
Mupad 6 0.00 100.00 0.00
Sympy 25 36.00 64.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Mathematica 0.05

Maxima. 0.07

Fricas 0.10

Maple 0.11

Giac 0.16

Reduce 0.17

Rubi 0.37

Mupad 14.85

Sympy 34.50

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mathematica | 80.09 0.91 74.00 0.79
Fricas 87.65 0.97 80.00 0.89
Rubi 91.93 0.97 85.00 1.00
Maxima 101.63 1.04 89.00 1.02
Maple 114.60 1.26 108.00 1.18
Reduce 139.81 1.46 125.00 1.26
Giac 187.69 1.86 144.00 1.69
Sympy 276.44 4.55 175.00 2,77
Mupad 444.78 4.03 152.00 1.93

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on

leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals

solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}

Mathematica
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[12)B)705,5, 7, 8010 1) 2 13,4 15,16, 7 15) 19, 20} 21, 22,23 20, 25 26,
27 25,291 30,1, 52|53, 54 536,37, 38, B0} 10, 1) 12,3 )

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[1,2,5)/A5)B) 75 510 1,2 13,415,167 15 19,20, 21,22 23,4 25,25
728,29} 30, 31, 52,33, 34,35 36, 57 B8, B0} A0, 1) 12 )

B grade { }

C grade {[43}

F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade {[1[23,5}[6} 7,[8, [0} [L0}[11} [12}[13} [14[15} 17, [19} 220} 21} [22} 23, [24} 25} 26 29} 30}
BL}[32,[33, (35} 38} 40} AT} 42} 43 }

B grade {[4[16,27,3437,89 }
C grade {[18,28,[36 }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Fricas

A grade {[1)2)B)78[5,5, 7 010 11 2 13,415,167 15 13 20} 21 22,23, 20,25 25,
725,29} 30,51, 52, 53,54 B, 57, 33, BO A0, A} 13 )

B grade {[36]}

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade {[12)B)7L5,5, 7 8000 1) 2 13,4 15,16, 7 15) 19, 20} 21, 22,23 20,25 26,
725,29} 30,51 52, 53,34 5,36, 37,38, B9} 0, 1) 12,3 )

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }
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Giac

A grade { 1510V I3 (0314 15, 16,715 3 23 20 25,26, 27, 25,50 EB B3 B2 )
B grade { (123,615 B LT[9,20) 21 29,61 55, 56,57 B8, B0 0T )

C grade { }

F normal fail {43}

F(-1) timedout fail { }

F(-2) exception fail { }

Mupad
A grade { }

B grade {[I}[2,3[45,[6}[7,8)[9}[10,[11}[12} 13} [14}[15} 16} [17} 18} 19} [20} 21} 22} ]23} [24 25} 26}
[27)28, 29,30} 31} 33} 35}[38} 40} {42, (43] }

C grade { }

F normal fail { }

F(-1) timedout fail {[32[34,[36/37,[39,41] }
F(-2) exception fail { }

Sympy

A grade { }

B grade {}

C grade {[13}[15}[17,[18}[20,23[25,[27, [28}[30} 33} 35} 36} 37} 38} |40} 42, 43 }

F normal fail {[[B3AEHEHM)

F(-1) timedout fail { 11122 16} 19 21,22, 27 26) 2 51,32, B, B0, }
F(-2) exception fail { }



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 28

Reduce
A grade { }

B grade {[I,[2,3[4,5,[6}[7,/81[9}[10}[11} [12} 13} [14}[15} 16, [17}[18} 19} [20} 21} 22} [23} 24 25} 26
[27)28, 29,30}, 31},32}[33}34, 35,36} 37} 38} |39 40} A1} |42}, (43] }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 152 151 97 92 178 114 0 569 113 152
N.S. 1 099 064 0.61 1.17 0.75 0.00 3.74 0.74 1.00
time (sec) N/A 0.450 0.027 0.106 0.033 0.151 0.000 0.224 0.183  5.172

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 109 110 75 68 124 90 0 454 89 118
N.S. 1 1.01 0.69 0.62 1.14 0.83 0.00 4.17 0.82 1.08
time (sec) N/A 0.394 0.022 0.105 0.032 0.106  0.000 0.202 0.170 5.093

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 67 72 49 44 70 66 0 330 65 83
N.S. 1 1.07 0.73  0.66 1.04 0.99 0.00  4.93 0.97 1.24

time (sec) N/A 0.317 0.011 0.114 0.026 0.089 0.000 0.186 0.161 5.025
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 80 81 75 174 52 80 0 78 130 248
N.S. 1 1.01 094 2.18 0.65 1.00 0.00 0.98 1.62 3.10
time (sec) N/A 0.374 0.059 0.112 0.106 0.083 0.000 0.165 0.156 7.048
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 99 74 138 98 85 0 157 180 584
N.S. 1 1.03  0.77 1.44 1.02 0.89 0.00 1.64 1.88 6.08
time (sec) N/A 0.412 0.065 0.113 0.107  0.114 0.000 0.179 0.164 10.365
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 118 142 99 150 162 100 0 324 213 1004
N.S. 1 1.20 0.84 1.27 1.37 0.85 0.00 2.75 1.81 8.51
time (sec) N/A 0.435 0.058 0.118 0.110  0.094 0.000 0.198 0.169  20.201
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 207 185 142 184 246 138 0 519 241 2314
N.S. 1 0.89  0.69 0.89 1.19 0.67 0.00 2.51 1.16 11.18
time (sec) N/A 0.491 0.111 0.122 0.034 0.109 0.000 0.222 0.181  45.782
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 158 143 116 159 192 112 0 403 189 1681
N.S. 1 0.91 0.73 1.01 1.22 0.71 0.00 2.55 1.20 10.64
time (sec) N/A 0.433 0.084 0.114 0.027 0.101  0.000 0.196 0.159  49.656

Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F B B B
verified N/A Yes  Yes Yes TBD TBD TBD TBD TBD TBD
size 114 105 92 135 137 88 0 276 137 734
N.S. 1 092 0.81 1.18 1.20 0.77 0.00  2.42 1.20 6.44

time (sec) N/A 0.331 0.068 0.112 0.033 0.090 0.000 0.174 0.162 21.884

Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 104 97 74 117 105 83 0 114 125 243
N.S. 1 093 0.71 1.12 1.01 0.80 0.00 1.10 1.20 2.34
time (sec) N/A 0.380 0.060 0.119 0.115 0.081 0.000 0.169 0.152 6.809

Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 84 85 81 124 75 100 0 165 126 236
N.S. 1 1.01 0.96 1.48 0.89 1.19 0.00 1.96 1.50 2.81

time (sec) N/A 0.375 0.054 0.106 0.107 0.091 0.000 0.174 0.154 6.773
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 125 118 96 129 153 96 0 172 152 1154
N.S. 1 094 0.77 1.03 1.22 0.77 0.00 1.38 1.22 9.23
time (sec) N/A 0.396 0.074 0.109 0.027  0.083 0.000 0.139 0.156  41.244
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 103 98 61 57 95 55 216 108 54 108
N.S. 1 0.95 0.59 0.55 0.92 0.53 2.10 1.05 0.52 1.05
time (sec) N/A 0.362 0.018 0.098 0.026  0.087 6.643 0.128 0.149 5.618
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 87 82 7 111 113 7 0 121 110 720
N.S. 1 094 0.89 1.28 1.30 0.89 0.00 1.39 1.26 8.28
time (sec) N/A 0.344 0.069 0.104 0.028 0.081 0.000 0.131 0.149 26.406
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 43 38 54 37 202 59 35 66
N.S. 1 1.00 0.66 0.58 0.83 0.57 3.11 0.91 0.54 1.02
time (sec) N/A 0.297 0.022 0.096 0.033 0.116 5.372 0.124 0.152 5.210
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A F(-1) A B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 47 47 58 91 74 55 0 69 69 293
N.S. 1 1.00 1.23 1.94 1.57 1.17 0.00 1.47 1.47 6.23
time (sec) N/A 0.268 0.068 0.096 0.032 0.081 0.000 0.127 0.170 16.490
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 46 46 45 62 29 48 162 45 61 7
N.S. 1 1.00 0.98 1.35 0.63 1.04 3.52 0.98 1.33 1.67
time (sec) N/A 0.323 0.029 0.096 0.110  0.103 20.315 0.131 0.152 6.867
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A C A B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 33 33 48 7 44 56 148 56 52 61
N.S. 1 1.00 1.45 2.33 1.33 1.70 4.48 1.70 1.58 1.85
time (sec) N/A 0.298 0.030 0.097 0.109  0.087 20.550 0.129 0.153 5.782
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 60 60 55 71 45 57 0 114 110 297
N.S. 1 1.00 0.92 1.18 0.75 0.95 0.00 1.90 1.83 4.95
time (sec) N/A 0.363 0.038 0.105 0.106  0.077 0.000 0.132 0.149 13.117
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 62 62 42 37 54 52 146 105 75 53
N.S. 1 1.00 0.68 0.60 0.87 0.84 2.35 1.69 1.21 0.85
time (sec) N/A 0.327 0.011 0.100 0.104 0.100 15.118 0.137 0.151 5.725
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 99 94 78 94 85 78 0 268 156 650
N.S. 1 095 0.79 0.95 0.86 0.79 0.00 2.71 1.58 6.57
time (sec) N/A 0.371 0.085 0.092 0.107  0.078 0.000 0.150 0.167  28.526
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 164 148 119 160 196 115 0 203 189 1682
N.S. 1 0.90 0.73 0.98 1.20 0.70 0.00 1.24 1.15 10.26
time (sec) N/A 0.452 0.090 0.119 0.034 0.112 0.000 0.150 0.160  53.177
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 118 110 74 68 124 66 240 124 65 130
N.S. 1 093 0.63 0.58 1.05 0.56 2.03 1.05 0.55 1.10
time (sec) N/A 0.391 0.021 0.126 0.027 0.109 7.390 0.150 0.151 6.175
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 118 107 92 136 142 90 0 140 137 1048
N.S. 1 091 0.78 1.15 1.20 0.76 0.00 1.19 1.16 8.88
time (sec) N/A 0.397 0.060 0.121 0.027  0.094 0.000 0.139 0.157 36.618
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 72 72 48 43 69 42 223 65 40 76
N.S. 1 1.00  0.67 0.60 0.96 0.58 3.10 0.90 0.56 1.06
time (sec) N/A 0.319 0.011 0.117 0.032 0.084 5.861 0.136 0.150 6.232
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 68 68 68 111 89 63 0 79 86 417
N.S. 1 1.00 1.00 1.63 1.31 0.93 0.00 1.16 1.26 6.13
time (sec) N/A 0.302 0.033 0.119 0.032 0.082 0.000 0.140 0.177  14.593
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 54 108 37 61 178 55 85 108
N.S. 1 1.00 0.96 1.93 0.66 1.09 3.18 0.98 1.52 1.93
time (sec) N/A 0.336 0.029 0.102 0.112  0.084 18.894 0.131 0.212 7.443
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 57 97 55 68 165 64 66 7
N.S. 1 1.00 1.00 1.70 0.96 1.19 2.89 1.12 1.16 1.35
time (sec) N/A 0.335 0.028 0.116 0.108  0.094 17.320 0.149 0.154 6.178
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 76 76 70 123 60 73 0 141 158 457
N.S. 1 1.00 0.92 1.62 0.79 0.96 0.00 1.86 2.08 6.01
time (sec) N/A 0.362 0.044 0.118 0.111 0.105 0.000 0.139 0.156  11.106
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 75 75 54 49 75 67 170 126 93 79
N.S. 1 1.00 0.72 0.65 1.00 0.89 2.27 1.68 1.24 1.05
time (sec) N/A 0.343 0.014 0.112 0.104 0.096 20.695 0.133 0.163 5.956
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 123 115 101 151 114 100 0 325 214 1005
N.S. 1 093 0.82 1.23 0.93 0.81 0.00 2.64 1.74 8.17
time (sec) N/A 0.408 0.064 0.122 0.109 0.092 0.000 0.152 0.239  24.529
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 169 141 137 275 196 190 0 214 331 0
N.S. 1 0.83 0.81 1.63 1.16 1.12 0.00 1.27 1.96 0.00
time (sec) N/A 0.456 0.082 0.132 0.031 0.098 0.000 0.164 0.159 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 123 103 72 68 123 80 226 200 73 90
N.S. 1 0.84  0.59 0.55 1.00 0.65 1.84 1.63 0.59 0.73
time (sec) N/A 0.410 0.016 0.118 0.027  0.082 39.158 0.156 0.154 6.078
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A F(-1) A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 120 133 108 251 138 159 0 147 285 0
N.S. 1 1.11  0.90 2.09 1.15 1.32 0.00 1.22 2.38 0.00
time (sec) N/A 0.460 0.061 0.121 0.027 0.094 0.000 0.161 0.154 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 76 73 45 42 69 56 201 152 48 67
N.S. 1 0.96 0.59 0.55 0.91 0.74 2.64 2.00 0.63 0.88
time (sec) N/A 0.338 0.010 0.116 0.026  0.093 37.945 0.150 0.153 6.112
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A B C B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 63 71 160 76 129 182 113 192 0
N.S. 1 1.00 1.13 2.54 1.21 2.05 2.89 1.79 3.05 0.00
time (sec) N/A 0.287 0.104 0.104 0.026  0.117 120.213 0.150 0.152 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A C B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 70 188 58 101 172 115 206 0
N.S. 1 1.00 1.08 2.89 0.89 1.55 2.65 1.77 3.17 0.00
time (sec) N/A 0.362 0.080 0.115 0.105  0.112 122.050 0.174 0.162 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 67 66 51 48 71 103 165 219 137 73
N.S. 1 099 0.76 0.72 1.06 1.54 2.46 3.27 2.04 1.09
time (sec) N/A 0.350 0.023 0.130 0.105  0.110 45.160 0.190 0.158 6.343
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A F(-1) B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 117 105 93 239 104 138 0 211 400 0
N.S. 1 0.90 0.79 2.04 0.89 1.18 0.00 1.80 3.42 0.00
time (sec) N/A 0.424 0.106 0.132 0.112  0.117 0.000 0.210 0.165 0.000
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 119 106 7 73 125 132 165 242 176 104
N.S. 1 0.89  0.65 0.61 1.05 1.11 1.39 2.03 1.48 0.87
time (sec) N/A 0.407 0.026 0.122 0.103  0.087 50.365 0.222  0.166 6.353
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 166 146 122 267 162 165 0 402 447 0
N.S. 1 0.88  0.73 1.61 0.98 0.99 0.00 2.42 2.69 0.00
time (sec) N/A 0.481 0.139 0.138 0.111  0.093 0.000 0.253 0.187  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 40 40 40 53 23 39 148 40 48 72
N.S. 1 1.00 1.00 1.32 0.58 0.98 3.70 1.00 1.20 1.80
time (sec) N/A 0.312 0.021 0.096 0.107  0.078 18.682 0.128 0.154 7.020
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A C F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 244 66 79 65 1867 0 54 96
N.S. 1 1.00 4.60 1.25 1.49 1.23 3523 0.00 1.02 1.81
time (sec) N/A 0.360 0.080 0.146 0.115  0.090 49.290 0.000 0.305 6.667
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio I%ﬁg?;&fi glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[7] had the largest ratio of [.258064999999999989]

Table 2.1: Rubi specific breakdown of results for each integral

number of numper of no.rma‘ulize‘d integrand utmber of rules
# | grade i“:j’; uzi;il;e antll(;i:fns‘i,:zwe leaf size integrand leaf size
1] A 6 6 0.99 31 0.194
% A 4 4 1.01 31 0.129
3| A 2 2 1.07 29 0.069
4 A 6 5 1.01 31 0.161
i A 6 ) 1.03 31 0.161
6} A 6 ) 1.20 31 0.161
7] A 9 8 0.89 31 0.258
| A 7 6 0.91 31 0.194
9 A ) 4 0.92 28 0.143
10j A ) 4 0.93 31 0.129
11 A 6 5 1.01 31 0.161
12} A ) ) 0.94 29 0.172
13] A 4 4 0.95 29 0.138
14] A 3 3 0.94 29 0.103
15| A 2 2 1.00 27 0.074
16} A 2 2 1.00 26 0.077
17] A 4 3 1.00 29 0.103
1§ A 2 2 1.00 29 0.069
19 A 4 3 1.00 29 0.103
20) A 2 2 1.00 29 0.069
21] A 6 5 0.95 29 0.172
Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand b ¢ rul
#mmade| st | e | aidesaiive | P | bl
22] A 8 7 0.90 31 0.226
@ A 4 4 0.93 31 0.129
24| A 6 5 0.91 31 0.161
25| A 2 2 1.00 29 0.069
26 [ A 4 3 1.00 28 0.107
27] A 4 3 1.00 31 0.097
28] A 4 3 1.00 31 0.097
29) A 4 3 1.00 31 0.097
30| A 2 2 1.00 31 0.065
31 A 6 5 0.93 31 0.161
32] A 8 7 0.83 31 0.226
ﬁ A 4 4 0.84 31 0.129
% A 7 6 1.11 31 0.194
35) A 2 2 0.96 29 0.069
36| A 4 3 1.00 28 0.107
37 A 4 3 1.00 31 0.097
3| A 2 2 0.99 31 0.065
39) A 6 5 0.90 31 0.161
40 [ A 4 4 0.89 31 0.129
41 A 8 7 0.88 31 0.226
42 A 4 3 1.00 31 0.097
43| A 1 1 1.00 57 0.018
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31  [2%V—c+dzvec+dz(a+ bz?) dz
32  [2*/—c+dzvec+ dz(a+ bz?) dz
33  [zvV—c+dzvc+dz(a+bz?) dx .
3.4 f \/Tmm@-i-bm ) dr
3.5 f \/Tmmw-i-bm ) dr

36 [ V‘C+d””v°+d””< ) iy L

3.7 [ z*/—c + dx\/c + dz(a + bz?) dz
38  [2?V—c+dzvec+dz(a+ bz?) dz
39  [V—c+dzve+dz(a+bz?) dz .
30 [ YRk 4

f \/—c-l—dw\/c-l—d:z:(a—l—bx ) dx

3.11

x4 a—i—bz
312 [ m mdx ..........

a—i—bx
3.13 f \/T—i—cmm

dx

314 [ Slebe) g
da
d

V- 1+cms/ 1+cx

3.15 f z a—}-bm
316 [ i de

a+bx?
31T [t e

+b
3.18 f zzs/—(;—i—ci\/l—i-cz

dx
a+bx?

3-19 fmd .........
dx
dx

a+bx?
3.20 f xMﬁ\/m

a+bx?
321 PV LT

a+bz
3.22 [ m md ..........

z3 a—l—b:z:
323 [ Al) _gp L.

42
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x a—l—bz
3.24 fmm dr . . .

a+bx2)
325 [ myerm AT

a+bzx?
326 [ mmd

a+bx?
3.27T [t WEEEGEGT

a+bz?
3.28 f m d ..............................

a+bz?
329 [t dr

a+bx?
3.30 f m dT . . . e

331 [ dr

x5\/—c+dx\/c+dx
332 [ ok dT
a+bx
f( c+dw(3/2(c+21x)3/2 dx
a+bx
334 [ c+dx)<3 /2(c+3m3 5 d
3.3 f( c+dx)3/2(c+dw)3/2
3.36 f (—c+dz()1‘;';gfc+dz)3/2 dx
337 [ m dp
a+bx?
3.38 fz2(—c—l—dm;’;’/2(c—{—dw)?’/2
3.39 fx3( c—i—d;;%(c—i—dx)s/2
z4(— c+dx)3/2(c+dw)3/2
a+-bx?
3.41 fx5( c—i—d:c;;/?(c-i—dac):s/z
342 [T __dp L

c+dzx)3/2(c+dx)3/2
3.33
(a+ba: ) d
x(—c+dx)3/2 (c—l—d:c)3/2

dx
dx

3.40 [ a by AT o oo
dx

v —14+cxv/1+4cx

2b26+a2d

z blctaZd (c+d=z?)
343 [ e a+b$\/a+bx AT . . .




output
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3.1 [ 2°v/—c+ dzvc+ dz(a+ bz?) dz
Optimal result . . . . . . . . . . . . e 44
Mathematica [A] (verified) . . . . . . . . . ... o 5]
Rubi [A] (verified) . . . .. . . ... .. 45
Maple [A] (verified) . . . . . . ... L 43
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 48
Sympy [F] . . o o 49
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 49
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 50
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... b1l
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... b1l
Optimal result
Integrand size = 31, antiderivative size = 152
4(p2 2\ (_ 3/2 3/2
/x5\/—c + dzve+ dz(a+ba?) dz = c(be” + ad’) ( 03;8dx) (c+dr)
c2(3bc? + 2ad?) (—c + dz)>*(c + dzx)®/?
+
5d®
(3bc? + ad?) (—c + dz)"/?(c + dx)7/?
+
7d8
N b(—c+ dx)*?(c + dx)/?
9q®

e

1/3*%c”4* (a*d~2+b*c~2) * (d*x-c) ~(3/2) *(d*x+c) ~(3/2) /d"8+1/5*c~2* (2*a*xd~2+3*b
\*c‘2)*(d*x-c)‘(5/2)*(d*x+c)‘(5/2)/d‘8+1/7*(a*d‘2+3*b*c‘2)*(d*x-c)‘(7/2)*(d
‘*x+c)‘(7/2)/d‘8+1/9*b*(d*x—c)‘(9/2)*(d*x+c)‘(9/2)/d‘8
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.64

/m5\/—c +dzve+ dx(a + bm2) dz

(—c+dz)3?(c + dz)3/? (3ad?(8c* + 12c2d?x? + 15d*z*) + b(16c° + 24c*d%x? + 30c2d*z* + 35d°z°))
31548

e

~—

input tIntegrate [x"6*Sqrt[-c + d*x]*Sqrtlc + dxx]*(a + b*x72),x]

B
t\((—c + d*x)~(3/2)*(c + d*x)”(3/2)*(3*axd"2*(8*c™4 + 12%c™2%d"2%x"2 + 15%d”

\4*x‘4) + b*x(16*%c”6 + 24*c”4*d"2xx"2 + 30*c~2*%d"4*x"4 + 35%d"6*xx76)))/(315%
d-8)

N\ J

N
outpu

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.99,

number of rules _ 19 4, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {960, 111, 27, 111, 27, 83}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ws(a+bz2) vdr —cve+dxdx

l 960

2 6(gm _ N\3/2 3/2
;(3a—|— 2d”§> [ 2= ever dpi + PIE= I (e 40
| 1

1(3a " 2b02> <f4c2x31/dx —cVe+ dxdx N z4(dz — ¢)%/2(c + dac)?’/z) .

3 d? 7d2 7d2
bz (dx — 0)3/2 (c+ dac)?’/2
9d2

| 27
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1<3a + 2b02> (402 [z3Vdz — cv/c + dzdx N z4(dz — ¢)%%(c + dx)3/2> .
’ & 7d? 2
bxb(dx — ¢)3/?(c + dx)3/?
9d?

l 111

dx—c)3/2(c+dx)3/?
5d2

7d? 7d?

bab (dx — ¢)3/?(c + dx)3/?
9d?

l27

2¢? [ z/dz—cvctdrdx 22 (dz—c)3/2 (c+dx)3/2
1/, N 2bc? 402< ! 542 + = )5d2( : ) N z*(dz — ¢)3/%(c + dx)3/? N
3\ 2 7d2 d2

bab(dx — ¢)3/%(c + dx)3/?
942

| 83

3 d?

5 4c2 J 2c2zv/dz—cv/ct+dzdz
1<3a+ 2be > ( (

2
5d2 + = 4 z(dz — ¢)*?(c+ da:)3/2) 4

2¢2(dz—c)3/2 (c+dx)3/? 22 (dz—c)3/2(c+dx)3/?
1 402( 1544 + 5 ) N z*(dz — ¢)3/%(c + dx)3/? 504 2bc? N
3 7d? 7d? d?
bab(dz — ¢)3/%(c + dx)3/?
9d>2
input LInt [x"5*Sqrt[-c + d*x]*Sqrtlc + d*x]*(a + b*x~2),x] J
Output‘(b*x‘s*(—c + d*x)~(3/2)*(c + d*x)~(3/2))/(9%d"2) + ((3*a + (2%b*c~2)/d"2)*

\ ((x"4*x(-c + d*x)~(3/2)*(c + d*x)~(3/2))/(7T*d"2) + (4*xc™2%x((2xc™2*(-c + d*x \
)7(3/2)%(c + d¥x)~(3/2))/(15%d74) + (x"2x(-c + d¥x)~(3/2)*(c + d*x)~(3/2))
/(5%d"2)))/(7%d~2)))/3 |




rule 27

rule 83

rule 111

rule 960
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x))*((c_.) + (@ )% (n_)*((e_.) + (£_)*(x))"(p
_), x] o> Simplbx(c + dxx)~(m + D*((e + £x0) (p + 1)/(dxfx(n + p + 2)),
x] /; FreeQl{a, b, ¢, d, e, f, n, p}, x] & NeQ[n + p + 2, 0] && EqQ[a*d*f
*(n + p + 2) - bx(dxex(n + 1) + cxf*x(p + 1)), 0]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_)) " (n_)*((e_.) + (£_.)*(x_)
)7(p_), x_] :> Simp[b*(a + b*x)"(m - 1)*(c + d*x)"(n + 1)*x((e + £xx)"(p + 1
)/(@*f*(m + n + p + 1))), x] + Simp[1/(d*f*(m + n + p + 1)) Int[(a + b*x)
“(m - 2)*x(c + d*x)"n*(e + f*x) p*Simp[a~2*d*f*(m + n + p + 1) - bx(bxcxex(m
- 1) + ax(d*ex(n + 1) + c*fx(p + 1))) + bx(a*d*f*x(2+m + n + p) - b*(d*ex(m
+ n) + cxf*x(m + p)))*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] &
& GtQ[m, 1] &% NeQ[m + n + p + 1, 0] && Integer(Q[m]

Int[(Ce_)*(x_))"(m_.)*((al_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol]l :> Simpl[d*(e*x)~(
m + 1)*x(al + bixx~(n/2)) "~ (p + V*((a2 + b2*x~(n/2)) "~ (p + 1)/(bl*b2*e*x(m + n
*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*cx(m + nx(p + 1) + 1))/
(b1xb2*(m + nx(p + 1) + 1))  Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x~(n
/2))°p, x], x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,

n/2] && EqQ[a2*bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]
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Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.61

method | result size
3 3
(dz—c) 2 (dz+c) 2 (35b20dS+45a dS2*+30b c2d*z*+36a c?dz2+24b c*d?2?+24a c*d?+16b c8) 92

gosper 31548

. (dw+c)% (—dz+c) (35b2®d®+45a dS2*+-30b c2d*z*+36a c2d*x?+24b ctd?x2 +24a c*d?+16b c8)/dz—c 098
orering S5
default _ Vdz—cvdz+tc (—d2:1:2+02) (35b x8d%+45a dSz*4+30b c2d*z*+36a c2d*x? +24b c*d?x?4-24a c*d? +16b cﬁ) 104

elau 31545
risch vdz+c (—35b d®z®—45a d®2®+5b c2dS 2%+ 9a c2dCx+6b c*d*z? +12a ctd*x2 +8b d2x? +24a Sd%+16b c®) (—dz+c) 1292
315v/dx—cd8
input Liﬂt (x~5* (d*x-c) ™ (1/2)* (d*x+c) ~(1/2) * (b*x~2+a) ,x ,method=_RETURNVERBOSE) J

| 1/315/d"8 (d*x-c) " (3/2) % (d*x+c) " (3/2) * (36+b*d"6xx"6+45*ard 6%x"4+30kbxc 2k

output
‘d‘4*x‘4+36*a*c‘2*d‘4*x‘2+24*b*c‘4*d‘2*x‘2+24*a*c‘4*d‘2+16*b*c‘6)

Fricas [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.75

/x5\/—c + dzve+ dz(a+ ba?) d

(35bd8z® — 16 bc® — 24 ac®d? — 5 (bc?dS — 9 ad®)x® — 3 (2bctd* + 3 ac?d®)x? — 4 (2bc°d? + 3actd?)z?)y
315d8

input Lintegrate (x7B*(d*x-c)~(1/2) *(d*x+c) = (1/2) *(b*x~2+a) ,x, algorithm="fricas") J

‘1/315*(35*b*d“8*x‘8 - 16%b*xc™8 - 24xaxc”6%d"2 - 5% (b*c™2*%d"6 - 9*axd~8)*x" \
\6 - 3% (2%b*c"4*d"4 + 3*a*xc”2xd"6)*x"4 - 4x(2*%b*c”~6%xd"2 + 3kaxc~4*d"4)*x"2) \
‘*sqrt(d*x + c)#*sqrt(d*x - c)/d4d78 ‘

output
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Sympy [F]

/z5\/—c+dm\/c—|—dx(a+bm2) dx=/m5(a+bm2) V—c+dzVec+ dx dx

input \ integrate (x**5* (d*x—c)** (1/2) *x (d*x+c) ** (1/2) * (bxx**2+a) ,x)

outputtlntegral(x**S*(a + b*x**2)*sqrt(-c + d*x)*sqrt(c + d*x), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 178, normalized size of antiderivative = 1.17

2,2 _ 2)3 b6 2,2 _ 2\3p.2,4
/:v5x/—c+dsm/c+dx(a+bx2)dm:(dw ¢)2ba” | 2(d°s® — ) Thc’s

9d? 21d4
N (d?z? — 02)%ax4 8 (d?z? — c2)gbc4ac2
7d? 105 d¢
4 (d*z? — 02)%a02x2
* 35d
16 (d*z? — (:2)%bc6 8 (d?z* — 02)%ac4
31548 105 d8

inputLintegrate(x“S*(d*x—c)”(1/2)*(d*X+C)”(1/2)*(b*x“2+a),x, algorithm="maxima") J

output

‘1/9*(d“2*x“2 - ¢72)7(3/2)*b*x~6/d"2 + 2/21*%(d"2*x"2 - c~2)~(3/2)*b*xc"2*x"4
‘/d“4 + 1/7%(d"2%x72 - c72)7(3/2)*a*xx"4/d"2 + 8/105%x(d"2*x"2 - c~2)~(3/2)*Db
‘*c‘4*x“2/d“6 + 4/35%(d"2*x"2 - c72)7(3/2)*a*c”2%x"2/d"4 + 16/315%(d"2*x"2
‘— c"2)"(3/2)*b*c”6/d"8 + 8/105%(d"2*x"2 - c~2)~(3/2)*a*xc~4/d"6




input

output
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 569 vs. 2(128) = 256.

Time = 0.22 (sec) , antiderivative size = 569, normalized size of antiderivative = 3.74

/w5\/—c + dzvc+ dz(a + bz?) dz = Too large to display

e

Lintegrate(x“S*(d*x-c)‘(1/2)*(d*x+c)‘(1/2)*(b*x‘2+a),x, algorithm="giac")

~—

1/40320%(168* (((2*((d*x + c)*(4*(d*x + c)*(5x(d*x + c)/d"5 - 31*c/d”5) + 3
21%c~2/d75) - 451%c~3/d"5)*(d*x + c) + T745%c”4/d"5)*(d*x + c) - 405%c~5/d"
B)*sqrt(d*x + c)*sqrt(d*x - c) - 150*c”6xlog(abs(-sqrt(d*x + c) + sqrt(d*x
- ¢©)))/a"B)xa*xc + 3x(((2%((4*(5*(d*x + c)*(6x(d*x + c)*(T*(d*x + ¢)/d°7 -
57%c/d”7) + 1219%c~2/d"7) - 12463%c~3/d"7)*(d*x + c) + 64233%c~4/d"7)*(dx*
X + ¢) - 53963*c~5/d"7)*(d*x + c) + 59465%c~6/d"7)*(d*x + c) - 23205%c”7/d
“7T)*sqrt(d*x + c)#*sqrt(d*x - c) - 7350*c~8*log(abs(-sqrt(d*x + c) + sqrt(d
*x — ¢c)))/d"7)*bxc + 24x(1050*c~7*log(abs(-sqrt(d*x + c) + sqrt(d*x - c)))
+ (2835*%c”6 - (6335%c”5 — 2x(4781%c”4 - (4551%c™3 - 4x(5x(6*d*x — 37*c)*(
d*x + c) + 661*c”2)*(d*x + c))*(d*x + c))*(d*x + c))*(d*x + c))*sqrt(d*x +
c)*sqrt(d*x - c))*a/d"5 + (22050*c~9*log(abs(-sqrt(d*x + c) + sqrt(d*x -

c))) + (69615%c~8 - (205275*%c~7 - 2%(216993*%c~6 - (310203*c~5 - 4*(75293%*c
“4 - 5%x(9833%c”3 - 2x(7*(8xd*x - 65*%c)*(d*x + c) + 2073*c”2)*(d*x + c))*(d
*xx + c))*(d*x + c))*(d*x + c))*(d*x + c))*(d*x + c))*sqrt(d*x + c)*sqrt(d*
X - ¢))*b/d"7)/d
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Mupad [B] (verification not implemented)

Time = 5.17 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.00

8 6 2\ /oA
/$5\/—c+dw\/c+dx(a+bz2) dx:—\/m((lﬁbc +24acd’) Vetds

315d8
baz®Ve+dz
9
zt(6bc*d* +9ac’ds) Ve+dx
+ 31548
2 (86 d? +12ac*d*) Ve+dzx
+ 315d8
2% (45ad® —5bc?d®) Ve+dx
3154 )

s

Lint(x‘B*(a + bxx~2)*(c + d¥x)~(1/2)*(d*x - c)~(1/2),x)

~—

input

Output‘_(d*x - ¢)~(1/2)*(((16%b*c™8 + 24*axc~6xd"2)*(c + d*x)~(1/2))/(315%d"8) - ‘
(bxx"8%(c + d*x)~(1/2))/9 + (x"4*(9%axc™2%d™6 + Exbxc 4xd"4)*(c + d¥x)~(1/
12))/(315%d78) + (x"2%(12%a*c™4xd™4 + 8¥bkc 6%d"2)x(c + dxx)~(1/2))/(316%d~ |

\8) - (x"6%(45%a*xd~8 - Bxb*xc~2%d"6)*(c + d*x)~(1/2))/(315%d"8))

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 113, normalized size of antiderivative = 0.74

/x5\/—c + dzve+ dz(a+ ba?) da

_ Vdz + c/dx — ¢ (35bd®z® 4 45a d®2® — 5b 2d°x® — 9a Adx* — 6bctd 'zt — 12a c*d*z® — 8b PdPx? —
B 31548

-

Lint (x~5*(d*x-c) " (1/2) *(d*x+c) ~(1/2) * (b*x"2+a) ,x)

-/

input

‘(sqrt(c + d*x)*sqrt( - c + d*x)*( — 24%axcx*¥6xd**2 — 12¥axckkdxdr*kdkx**x2 — \
‘ Oxakckk2kd*xkB*xx*k*k4d + 45xakxd*k8xx*%6 — 16%bkCk*x8 — 8xbkCkkGkd**x2kx*%*2 — 6% ‘
‘b*c**4*d**4*x**4 — Bxbkckx*2xd**6xx**6 + 35xbkd*x*8*kx**8))/(315%d**8) ‘

output




output

input

CHAPTER 3. LISTING OF INTEGRALS 52
3.2 [ 2°v/—c+ dzv/c+ dz(a+ bz?) dz

Optimal result . . . . . . . . . . . . e H2]
Mathematica [A] (verified) . . . . . . . . . ... o 52
Rubi [A] (verified) . . . .. . . ... .. 53
Maple [A] (verified) . . . . . . ... L 5%
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 55
Sympy [F] . . o o 56
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 561
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 57
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 57
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... bY

Optimal result

Integrand size = 31, antiderivative size = 109

/$3\/—C+dw\/c+dx(a+bz2) o (b + ad?) (—c + dz)¥2(c + dz)?/?
3d5

(2bc? + ad?) (—c + dz)>*(c + dz)>/?
_|_
5db
N b(—c+ dz)"*(c + dx)7/?
7dS

(1/3*0‘2*(a*d‘2+b*c‘2)*(d*x—c)‘(3/2)*(d*x+c)‘(3/2)/d‘6+1/5*(a*d‘2+2*b*c‘2)*
\(d*x—c)“(5/2)*(d*x+c)“(5/2)/d“6+1/7*b*(d*x—c)“(7/2)*(d*x+c)“(7/2)/d*6

N

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.69

/x?’\/—c + dzve+ dz(a+ ba?) dz

(—c+ dz)*?(c + dz)®? (Tad?(2¢% + 3d2x?) + b(8c* + 12¢%d%z? + 15d*z?))
10548

LIntegrate [x"3*Sqrt[-c + d*x]*Sqrt[c + d*x]*(a + b*x"2),x]




outpu

input
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t‘((—c + d*x)~(3/2)*x(c + d*x)~(3/2)*(Txa*d™2*(2%c™2 + 3*d"2*x72) + bx(8*c™4

L+ 12%c™2+%d"2*x"2 + 15%d"~4*x"4)))/(105%d"6)

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.01,

number of rules _ 0.129, Rules

number of steps used = 4, number of rules used = 4, = -
integrand size

used = {960, 111, 27, 83}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/w3(a+bx2) Vdx — cvVe+ dxdx

l 960

1
7

2 4 _\3/2 3/2
(7a + 422) /:E3\/d.r —cVe+ dxdx + bz (dz c)7d2(c+ dx)
l 111

1<7a 4 4bc2> <f2c2:c\/dw —cVe+ dxdx N 22(dx — ¢)%/2(c + dw)3/2> N

7 d? 5d2 5d2
bt (dx — ¢)3/?(c + dac)?’/2
Td?
| 27
1 7o+ 4bc?\ [ 2¢2 [ zv/dx — c/c + dzdx N 2% (dz — ¢)3/?(c + dzx)?/? N
T\ e 5d? 52
ba(dz — c)3/?(c + dx)?/?
7d?

| 83

1(2c%(dx — ¢)*?(c+dx)*?  z*(dz — c)*/*(c+ dx)®/? 4bc?
7 ( 154t * B2 (7“ * d2> +
bt (dx — )% (c + dac)?’/2
7d?

Int [x~3%Sqrt[-c + d*x]*Sqrtlc + d*xl*(a + b*x~2),x] J
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Output‘(b*x”4*(-c + d*x) "~ (3/2)*(c + d*x)~(3/2))/(7%d"2) + ((7*a + (4*b*c~2)/d"2)*
| ((2%c™2%(-c + d*x)"(3/2)*(c + d*x)"(3/2))/(15%d™4) + (x"2%(-c + d*x)"(3/2)
*(c + axx)7(3/2))/(5%d72))) /7

Defintions of rubi rules used

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1]

rule 83 Int[((a_.) + (b_)*(x_))*((c_.) + (@_)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
), x_1 > Simp[b*(c + d*x)"(n + 1)*((e + £*x)~(p + 1)/(d*f*x(n + p + 2))),
x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && NeQ[n + p + 2, 0] && EqQ[a*xd*f
*(n + p+ 2) - bx(d*ex(n + 1) + c*f*(p + 1)), 0]

rule 111 It LCCa_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n )*((e_.) + (£_.)*(x))
)7 (p.), x_] :> Simp[b*(a + b*x)~"(m - 1)*(c + d*x)"(n + 1)*((e + £*xx)"(p + 1
)/(d*f*(m + n + p + 1))), x] + Simp[1/(d*f*(m + n + p + 1)) Int[(a + b*x)
“(m - 2)*(c + d*x)"n*(e + fxx) p*Simp[a”2*d*f*(m + n + p + 1) - bk(b*cxe*x(m
- 1) + ax(d*ex(n + 1) + cxfx(p + 1))) + b*(a*xd*f*(2*m + n + p) - bx(d*e*x(m
+ n) + cxfx(m + p)))*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] &
& GtQm, 1] &% NeQ[m + n + p + 1, 0] && Integer(Q[m]

rule 960 Int[((e_.)*(x_))"(m_.)*((a1_) + (bil_.)*(x_)"(non2_.))"(p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[d*(e*x)~(
m + 1)*(al + bl*xx"(n/2))"(p + 1)*((a2 + b2*x"(n/2))~(p + 1)/(bl*b2*e*(m + n
*(p + 1) + 1)), x] - Simp[(al*a2*d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/
(b1xb2*(m + nx(p + 1) + 1)) Int[(e*x) m*(al + blxx~(n/2)) p*(a2 + b2*x"(n
/2))°p, x], x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2#bl + al*b2, 0] && NeQ[m + nx(p + 1) + 1, 0]
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Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.62

method | result size
3 3
(dz—c) 2 (dz+c) 2 (15bz*d*+21a d*2?+12bc2d?z%+14a c2d?+8bct)
gosper 0526 68
3
. (dz+c) 2 (—dz+c) (15bz*d*+21a d*2?+12b c2d?z2+14a c?d?+8b c?) v/dz—c
orering | — 1050 74
vdx—c+/dx+-c (—d2x2+02) (156 ztd*+21a d*x%+12b 2 d?x? +14a c2d>+8b c4)
default | — T 80
risch Vdz+c (—15b28d® —21a d®z*+3b c2d*z*+7a c2d 22 +4b c*d?z2+14a c*d? +8b c®) (—dz+c) 08
105+/dz—c db
input Liﬂt (x73*(d*x-c) " (1/2)*(d*x+c) ~(1/2) * (b*x"2+a) ,x ,method=_RETURNVERBOSE) J

| 1/105/d"6x (d*x-c) ™ (3/2) % (d*x+c) ™ (3/2) * (15%b*d"4xx"4+21%ard 4*x"2+124b*c 2%

output
\ A~2%x~2+14%axc~2%d~2+8xbkc~4) \

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.83

/x3\/—c + dzve+ dz(a+ ba?) d

(15bd%2% — 8bc8 — 14 ac*d? — 3 (bcd* — T ad®)x* — (4bc*d? + 7 ac’d*)z?)V/dx + cv/dx — ¢
105 d¢

input Lintegrate (x73*(d*x-c) " (1/2) *(d*x+c) = (1/2) *(b*x~2+a) ,x, algorithm="fricas") J

‘1/105*(15*b*d“6*x‘6 - 8%bxc”6 - 14xaxc™4*d"2 - 3*(b*c™2xd~4 - Txaxd~6)*x"4 \

output
‘ - (4*bxc™4*d"2 + T¥akxc~2xd"4)*x"2)*sqrt(d*x + c)*sqrt(d*x - c)/d"6 ‘
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Sympy [F]

/z3\/—c+dz’\/c+dm(a+bz‘2) dx=/m3(a+bm2) V—c+dzVec+ dx dx

input \ integrate (x**3* (d*x-c) ** (1/2) *x (d*x+c) ** (1/2) * (bxx**2+a) ,x)

output LIntegral(X**g*(a + bxx**2)*sqrt(-c + d*x)*sqrt(c + d*x), x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.14
(d?z? — c2)%bav4 4 (d*z? — 02)%b02:c2
7d? * 35d*
(222 — cz)%aac2 8 (d?x? — 02)%bc4
5d? + 105 d5
2 (d*z? — 02)%ac2
1544

/x?’\/—c—l— dzve + d:r(a+ bx2) dz =

_+_

+

input Lintegrate (x~3% (d*x-c) ~(1/2) *(d*x+c) ~(1/2) *(b*x~2+a) ,x, algorithm="maxima")

‘1/7*(d”2*x"2 - ¢72)7(3/2)*b*x~4/d"2 + 4/35%(d"2*%x"2 - c72)~(3/2)*b*xc"2*x"2
output
‘/d“4 + 1/6%(d72%x"2 - ¢c72)7(3/2)*a*xx"2/d"2 + 8/105%x(d"2*x"2 - c~2)"(3/2)*Db
L*c"4/d"6 + 2/15%(d"2*%x"2 - ¢~2)"(3/2)*a*xc”2/d"4
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 454 vs. 2(91) = 182.

Time = 0.20 (sec) , antiderivative size = 454, normalized size of antiderivative = 4.17

/x3\/—c + dzve+ dz(a+ ba?) d

10 (((do ) (2040 (252 — 1) + 92 - 2 ) VT oyl —o - ekl EEe ) )

r

| —

inputLintegrate(x“B*(d*x-c)‘(1/2)*(d*x+c)”(1/2)*(b*x*2+a),X’ algorithm="giac")

1/1680* (70 (((d*x + c)*(2*(d*x + c)*(3*(d*x + c)/d"3 - 13%c/d"3) + 43*c”2/
d~3) - 39%c~3/d"3)*sqrt(d*x + c)*sqrt(d*x - c) - 18*c~4xlog(abs(-sqrt(d*x
+ ¢) + sqrt(d*x - c)))/d"3)*axc + T*x(((2x((d*x + c)*(4*x(d*x + c)*(5*(d*x +
c)/d"5 - 31xc/d"5) + 321*%c~2/d"5) - 451%c~3/d"5)*(d*x + c) + 745%c~4/d"5)
*(d*x + c) - 405*%c”5/d"5)*sqrt(d*x + c)*sqrt(d*x - c) - 150*c”6xlog(abs(-s
grt(d*x + c) + sqrt(d*x - c)))/d"5)*b*c + 14*(90*c~5xlog(abs(-sqrt(d*x + c
) + sqrt(d*x - c))) + (195%c™4 - (295%c™3 - 2% (3*(4xd*x - 17*c)*(d*x + c)
+ 133*%c”2)*(d*x + c))*(d*x + c))*sqrt(d*x + c)*sqrt(d*x - c))*a/d"3 + (105
Oxc~7*log(abs(-sqrt(d*x + c) + sqrt(d*x - c))) + (2835%c”™6 - (6335*%c”5 - 2
*(4781*xc”4 - (4551%c”3 - 4x(5x(6*d*x - 37*c)*(d*x + c) + 661*c”2)*(d*x + c
))*(d*x + c))*(d*x + c))*(d*x + c))*sqrt(d*x + c)*sqrt(d*x - c))*b/d"5)/d

output

Mupad [B] (verification not implemented)

Time = 5.09 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.08

8bcb+14actd?®) Ve+dzx

105 d¢
brbvec+dx
7
22 (4bc*d> +7actd*) Ve+dzx
+ 105 db
zt(21ad® —3bc?d*) Ve+dx
B 105 db )

/w3\/—c+dx\/c+dm(a+bx2) dr = —Vdz —c ((
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input‘ int(x"3*(a + b*x~2)*(c + d*x)~(1/2)*(d*x - c)~(1/2),x) ‘

-(d*x - ¢c)~(1/2)*(((8*b*c~6 + 14*xa*xc~4*d"2)*(c + d*xx)~(1/2))/(105%d"6) - ( \
b*x"6%(c + d*x)~(1/2))/7 + (x"2x(7T*a*xc™2*xd"4 + 4xb*c~4*d"2)*(c + d*x)~(1/2 \
L))/(105*d"6) - (x74*x(21*%a*d~6 - 3xbxc~2*xd"4)*(c + d*x)~(1/2))/(105*%d"6)) J

output ‘

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.82

/x3\/—c + dzve+ dz(a+ ba?) d

_ Vdz 4 c/dx — ¢ (15bd°z® 4 21a d®z* — 3bcPd*x?* — Ta Pd's® — 4bctd?z? — 14ac*d® — 8bcP)
B 105d6

input Lint (x~3*(d*x-c) ~(1/2) * (d*x+c) ~(1/2) * (b*x~2+a) ,x) J

‘ (sqrt(c + d*x)*sqrt( - c + d*x)*( — 1d¥axck*x4dxd**2 — Thkakxck*2kd**4*x**2 + \
‘21*a*d**6*x**4 — 8%b*Cc**6 — 4*xbkckxk4kdk*x2%xX*k*k2 — 33kbkck*k2kd**k4*kx**4 + 15%b ‘
L*d**s*x**s))/(105*d**6) J

output




output

input

output
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3.3 [ zv/—c+ dzv/c+ dz(a + bx?) dx

Optimal result . . . . . . . . . . . . e Hl
Mathematica [A] (verified) . . . . . . . . . ... o by
Rubi [A] (verified) . . . .. . . ... .. 60
Maple [A] (verified) . . . . . . ... L 611
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 611
Sympy [F] . . o o 62
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 621
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 63
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 63

Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 29, antiderivative size = 67

(b + ad?) (—c+ dz)3/?(c + dz)3/?
- 3d*
b(—c + dx)%/?(c + dz)5/?
+ 5d*

/x\/—c+ dzve + dx(a+ bx2) dz

‘1/3*(a*d‘2+b*c”2)*(d*x—c)“(3/2)*(d*x+c)“(3/2)/d“4+1/5*b*(d*x—c)“(5/2)*(d*x
\+c)*(5/2)/d*4

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.73

(—c+ dz)%?(c + dz)®/? (2bc? + 5ad? + 3bd*z?)

/x\/—c+dx\/c+dx(a+bx2) dx = TEgt

LIntegrate [x*Sqrt[-c + d*x]*Sqrtl[c + d*x]*(a + b*x~2),x]

‘((—c + d*x)~(3/2)*(c + d*x)~(3/2)*(2%b*c”™2 + B*a*xd™2 + 3*kbkd"2%x"2))/(15%d
4

N
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Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.07,

number of rules _ 0.069, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {960, 83}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/w(a + b:1:2) Vdz — cve + dx dx

| 960
(s 28 [ v =ovew s 4 O e BT
| 83
(dz — ¢)3/%(c + dz)3/? (5a + 235) N ba?(dz — ¢)3/2(c + da)?/?
15d2 5d2
input[lnt [x*Sqrt[-c + d*x]*Sgrtlc + d*x]*(a + b*x~2),x] J

(((S*a + (2%b*c™2)/d"2)*(-c + d*x)~(3/2)*(c + d*x)~(3/2))/(15%d"2) + (b*x"2

output
L*(—c + d*x)~(3/2)*(c + d*x)~(3/2))/(5%d"2)

~

Defintions of rubi rules used

rule 83\Int[((a_.) + (b_)*x(x_))*((c_.) + (@_)*x))"(a_)*((e_.) + (£_)*(x))"(p ‘
\_.), x_] :> Simp[b*x(c + d*x)~(n + 1)*((e + £xx)"(p + 1)/(d*f*(n + p + 2))), \
' x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] & NeQ[n + p + 2, 0] &k EqQlaxd*f
‘*(n + p+ 2) - bx(d*ex(n + 1) + c*xfx(p + 1)), 0] ‘
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rule 960 Int[((e_.)*(x_))"(m_.)*((al_) + (b1_.)*(x_)"(non2_.))"(p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol]l :> Simp[d*(exx)~(
m + 1)*(al + bl*x"(n/2)) " (p + 1)*((a2 + b2*x~(n/2))"(p + 1)/(bl*b2*e*(m + n
*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/
(b1#b2*(m + n*(p + 1) + 1)) Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x" (n
/2))°p, x1, x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2*bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.66

method | result Size
gosper (do—)? (da+<)? (1?;; jzd2+5a d2+2b c?) “
OI'eI‘iIlg _ (dz+c)% (—dz+c) (3b 3;232.1_5(1 d2+2b 02) Jdz—c 50
default | —YdE—evdate (_d2z21L5C;2 (3b22d+5a d?+2bc?) 56
risch Ve (3ha"d o d4m125J:/bdc:iZi+5a 7 +2bc?) (mdute) 73

inputLint(x*(d*x—c)‘(1/2)*(d*x+c)‘(1/2)*(b*x‘2+a),x,method=_RETURNVERBOSE)

output L1/15/d’"4* (d*x-c)~(3/2) * (d*x+c) ~(3/2) * (3*xb*d~2%x~2+5*a*d~2+2xb*c~2)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.99

/z\/—c+ dzvc+ dz(a+ ba:Q) dz

(3bd*z* — 2bct — 5actd? — (b2d? — 5 ad*)z?)v/dx + cv/dz — ¢
15d4

inputLintegrate(x*(d*x—c)‘(1/2)*(d*x+c)‘(1/2)*(b*x*2+a)’x, algorithm="fricas")
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|1/15%(3%b*d™4#x"4 - 24bxc"4 - Bkaxc 2+d"2 - (bkc"2xd"2 - Gkaxd 4)*x"2)*sqr

output
‘t(d*x + c)*sqrt(d*x - c)/d"4

Sympy [F]

/x\/—c+dx\/c—|—dx(a+bm2) dx=/m(a—|—bx2) V—c+dzVec+ dzdz

inputLintegrate(x*(d*x-c)**(1/2)*(d*x+c)**(1/2)*(b*x**2+a),X) J

outputtlntegral(x*(a + b*x**2) *sqrt (-c + d*x)*sqrt(c + d*x), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.04

_ (dP® — 02)%bx2 2 (d?x? — 02)3602
B 5 d> 15d4
(d?z? — cz)%a

3 d?

/x\/—c+ dzve + dx(a+ bm2) dz

_|_

e

kintegrate(x*(d*x—c)‘(1/2)*(d*x+c)‘(1/2)*(b*x‘2+a),x, algorithm="maxima")

~—

input

‘1/5*(d“2*x‘2 - ¢c72)7(3/2)*b*x~2/d"2 + 2/15%(d"2*x"2 - c~2)~(3/2)*b*c~2/d"4 ‘

output
\ + 1/3%(d"2%x~2 - ¢~2)~(3/2)*a/d"~2
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 330 vs. 2(55) = 110.

Time = 0.19 (sec) , antiderivative size = 330, normalized size of antiderivative = 4.93

/x\/—c—l- dzvc+ dz(a+ bz?) dx

5 (((do+0)(2(do+ ) (355 - 13¢) + 85) — 9 )V + ov/do — o — BElY TR Y

r

Lintegrate(x*(d*x-c)“(1/2)*(d*x+c)“(1/2)*(b*x“2+a),x, algorithm="giac")

| —

input

1/120% (5% (((d*x + c)*(2*(d*x + c)*(3*x(d*x + c)/d"3 - 13%c/d"3) + 43%c~2/d”
3) - 39%c~3/d"3)*sqrt(d*x + c)*sqrt(d*x - c) - 18*c”4*log(abs(-sqrt(d*x +
c) + sqrt(d*x - c)))/d"3)*b*c - 60*(2*c"2*log(abs(-sqrt(d*x + c) + sqrt(d*
X - c))) - sqrt(d*x + c)*sqrt(d*x - c)*(d*x - 2%c))*a*c/d + 20*(6*c~3*log(
abs(-sqrt(d*x + c) + sqrt(d*x - c))) + ((2xd*x - 5xc)*(d*x + c) + 9*c~2)*s
grt(d*x + c)*sqrt(d*x - c))*a/d + (90xc~5xlog(abs(-sqrt(d*x + c) + sqrt(d*
x - c))) + (195%c”™4 - (295%c™3 - 2%(3*(4*d*x - 17*c)*(d*x + c) + 133%c”2)*
(d*x + c))*(d*x + c))*sqrt(d*x + c)*sqrt(d*x - c¢))*b/d"3)/d

output

Mupad [B] (verification not implemented)

Time = 5.03 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.24

Y
/x\/—c+dz\/c+dx(a+bz2) dzzvdz—c(w
_ (2bc*+5ad?) Ve+do
15d4
+x2(5ad4—bczd2) Ve+dx
15d*

input‘ int(x*(a + b*x~2)*(c + d*x)~(1/2)*(d*x - c)~(1/2),x) ‘
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t‘ (d*x - )~ (1/2)*((b*x~4*(c + d*x)~(1/2))/5 - ((2%b*c™4 + b*axc™2*d"2)*(c + \
\ dxx)~(1/2))/(15%d"4) + (x~2*(5%a*xd~4 - b*c~2xd~2)*(c + d*x)~(1/2))/(15%d" \
) |

outpu

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.97

/m\/—c + dzve + dx(a + bx2) dz
_ Vdz 4 c/dx — c(3bd'z* + bad'z? — bcPd?x? — 5acPd? — 2bc?)

15d*
input Lint (x* (d*x-c) " (1/2) * (d*x+c) ~ (1/2) * (b*x~2+a) , x) J
Output‘ (sqrt(c + d*x)*sqrt( - c + d*x)*( - Dkakckx2kd**2 + Gkaxdk*4rx**2 — 2kbkck ‘

‘*4 — bkck*2kdk*k2kx**2 + 3xkbkd*kkdkx**4))/(15*d**4) ‘




outpu

input L
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—C I\ C Tr\a x2
3.4 f\/ +d\/+d(+b)dx

X

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . .
Maple [B] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ...
Sympy [F] . . o e
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [A] (verification not implemented) . . . . . ... ... ... L.
Mupad [B] (verification not implemented) . . ... ... ... .. ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 31, antiderivative size = 80

vV —c+ dzv/c+ dz(a + bz?)
T

— acarctan (

dz = avV/—c+ dzVe+ dz +
V—c+dz\c+dz

b(—c + dx)%?(c + dx)>/?

C

3d?

)

ctan((d*x-c)~(1/2) *(d*x+c)~(1/2)/c)

t(a*(d*x—c)‘(1/2)*(d*x+c)‘(1/2)+1/3*b*(d*x-c)‘(3/2)*(d*x+c)‘(3/2)/d‘2—a*c*ar

N

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.94

V—c+dzvc+ dz(a+ bz?) i — V—c+ dz+/c + dx(—bc? + 3ad? + bd’z?)

T

— 2acarctan (

3d?
vV—c+dx
Ve+dx

)

Integrate[(Sqrt[-c + d*x]*Sqrtlc + d*x]*(a + b*x~2))/x,x]
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t‘ (Sgrt[-c + d*x]*Sqrt[c + d*x]*(-(b*c™2) + 3*a*d™2 + bxd~2%x72))/(3*xd"2) -

outpu
L2*a*c:*ArcTan [Sqrt[-c + d*x]/Sqrtlc + d*x]]
Rubi [A] (verified)
Time = 0.37 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.01,
number of steps used = 6, number of rules used = 5, Bumber of rules _ 4 151 Ryjes
integrand size
used = {960, 112, 27, 103, 218}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
(a+bz?) Vdz — cv/e+ dz p
/ : f
| 960
/ Vdx — cv/e+ dx b(dz — ¢)3/%(c + dx)3/?
a dxr +
x 3d?
| 112
c b(dx — ¢)3/%(c + dx)3/?
Vdz —cvVe+dr — / d > +
a( roeveTar zv/dzr — cv/e+ dz ’ 3d?
l 27
b(dz — ¢)3/%(c + dx)3/?
Vir—e/erd- ¢ | dz) +
< roeverarTe x\/dw—cvc+dx 3d?
| 103
<\/da: cve+dxr—c d/ 42 T d(dz — o) (c + da) (\/dm ch+da:>> +
b(dz — ¢)3/?(c + dx)?/?
3d?
| 218
_ _2)3/2 3/2
a( G —ov/e T do — carctan (\/dx cC\/c + dx)) N b(dz — c) 3dgc + dz)
input IBtL(Sartl-c + dxx]*Sqrelc + dexlx(a + b*x"2))/x,x]




output

rule 27

rule 103

rule 112

rule 218

rule 960
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‘ (b*(-c + d*x)~(3/2)*(c + d*x)~(3/2))/(3*d"2) + a*(Sqrt[-c + d*x]*Sqrt[c +
Ld*x] - cxArcTan[(Sqrt[-c + d*x]*Sqrt[c + d*x])/c])

~—

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)1*((e_.) + (£f_.)*(x_
))), x_1 :> Simp[b*xf Subst[Int[1/(d*(b*e - axf)~2 + bxf~2+x~2), x], x, Sq
rt[a + b*x]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[2xbxd
xe — f*x(b*c + axd), 0]

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_)) " (n_)*((e_.) + (£_.)*(x_)
)" (p.), x_] :> Simp[(a + b*x)“m*(c + d*x) nx((e + £xx)"(p + 1)/(f*x(m + n +
p+ 1)), x1 - Simp[1/(f*(m + n + p + 1)) Int[(a + b*x)"(m - 1)*(c + d*x)
“(n - 1)*(e + f*xx) pxSimp[ckm*(b*e - axf) + a*n*(d*e - c*f) + (d*m*(b*e - a
*f) + b*n*(d*e - cxf))*x, x], x], x] /; FreeQ[{a, b, c, d, e, £, p}, x] &&
GtQ[m, 0] && GtQ[n, 0] &% NeQ[m + n + p + 1, 0] && (IntegersQ[2#m, 2*n, 2*p

1 Il (IntegersQ[m, n + p] || IntegersQlp, m + nl))

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Int[((e_.)*(x_))"(m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[d*(e*xx)~(
m + 1)*x(al + bixx~(n/2)) " (p + D*((a2 + b2*x~(n/2)) "~ (p + 1)/(bl*b2*e*x(m + n
*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*cx(m + nx(p + 1) + 1))/
(b1xb2*(m + nx(p + 1) + 1)) Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x~(n
/2))°p, x], x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2#bl + al*b2, 0] && NeQ[m + nx(p + 1) + 1, 0]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 173 vs. 2(66) = 132.

Time = 0.11 (sec) , antiderivative size = 174, normalized size of antiderivative = 2.18

method | result

2 C2_\/j V d222_c2
Vdz—c+/dz+c (bd2z2\/ —c2+/d?2x2—c2431In <— ( = )>ac2d2+3\/ —2Vd2x2—c2ad?—bc?/—c2 d2z2—c2)

3Vd2z2—c2 v/—c? d?

default

input ‘ int ((d*x-c)~(1/2) * (d*x+c) ~(1/2) * (b*xx~2+a) /x,x ,method=_RETURNVERBOSE) J

output \ 1/3%(d*x-c) ~ (1/2) * (d*x+c) ~(1/2) * (bxd~2%x"2% (-c~2) ~(1/2) * (d~2*x~2-c~2) ~(1/2 ‘
)+3%1n(-2%(c"2-(-c™2) " (1/2) % (d~2%x"2-c"2) ~(1/2) ) /x) ¥a*c™2%d"2+3% (-c"2)~(1/ |
|2)%(d™2%x72-c"2) " (1/2) ¥a*xd"2-bxc" 2% (-c"2) " (1/2) % (d"2%x"2-c"2) " (1/2)) /(d"2% |

‘ x72-¢72)7(1/2)/(-c72)"(1/2) /d~2

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.00

vV —c+ dzv/c+ dz(a + bz?)

dx
xr
6 acd? arctan (—d”_— v s ”d”_c> — (bd?z? — bc® + 3ad?)Vdz + cv/dx — ¢
T 342
input Lintegrate((d*x—c)“(1/2) *(d*x+c) " (1/2) *(b*xx"2+a) /x,x, algorithm="fricas") J

output‘ -1/3*(6*axcxd"2*arctan(-(d*x - sqrt(d*x + c)*sqrt(d*x - c))/c) - (b*d™2*x” ‘
‘2 - b*c”2 + 3*a*xd”2)*sqrt(d*x + c)*sqrt(d*x - c))/d"2 ‘




CHAPTER 3. LISTING OF INTEGRALS 69

Sympy [F]

dx

/\/—c+dx\/c+dx(a+bx2) dx_/(a—l—be) V—c+dzvec+dz
T T

input Lintegrate ((d*x—c) ** (1/2) * (d*x+c) ** (1/2) * (bxx**2+a) /X, X) J

LIntegral((a + b*x**2)*sqrt(-c + d*x)*sqrt(c + d*x)/x, x)

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.65

(da? — 02)%

vV—c+ dzv/c+ dz(a + bz?) b
3d?

X

dx = acarcsin . + Vd%z? — c2a +
dlz|

input‘integrate((d*x-c)“(1/2)*(d*x+c)”(1/2)*(b*x"2+a)/x,x, algorithm="maxima") ‘

t‘a*c*arcsin(c/(d*abs(x))) + sqrt(d~2*x"2 - c"2)*a + 1/3%(d"2*%x"2 - c~2)"(3/

outpu ‘2)*b/d‘2 ‘

Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.98

vV —c+ dzvc+ dx(a + bx?)
T

dz

2
d —+/dx —
=2acarctan<(\/x+626\/x C)>

+ % Vdz + cV/dx — c((dx +¢) ((dx; P de2€> - 3a>

input Lintegrate ((d*x-c)~(1/2) *(d*x+c) " (1/2) *(b*x~2+a) /x,x, algorithm="giac") J
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‘2*a*c*arctan(1/2*(sqrt(d*x + c) - sqrt(d*x - c))~"2/c) + 1/3*sqrt(d*x + c)* ‘

output
qurt(d*x - c)*((d*x + c)*((d*x + c)*b/d™2 - 2*%bxc/d"2) + 3*a) J
Mupad [B] (verification not implemented)
Time = 7.05 (sec) , antiderivative size = 248, normalized size of antiderivative = 3.10
/\/—c+dm\/c+dx(a+bx2) i
x
Vetdr —
=a+v/—c+/cln (Vetds \/_) 5+ 1
(V=c—vdz—¢)
c+dz b(2—d*z*) Ve+dzvdz —c
—av—cy/cln
ve («/ \/dx—c) 3d?
_ ay—c (\/ Tdz - o)’
— (\/ —|—d:c—\f)2
( < da: c 4 ( \/;)2 + 1)
inputLint(((a + b*x"2)*(c + d*x)~(1/2)*(d*x - ¢)~(1/2))/x,x)
output ax(-c)~(1/2)*c~(1/2)*Log(((c + d*x)~(1/2) - c~(1/2))72/((-c)~(1/2) - (d*x

- c)7(1/2))72 + 1) - a*(-c)7(1/2)*c™(1/2)*Log(((c + d*x)~(1/2) - c~(1/2))/
((=e)7(1/2) - (d*x - c)7(1/2))) - (b*(c™2 - d™2*x"2)*(c + d*x)~(1/2)*(d*x
- ¢)7(1/2))/(3*d™2) - (8*ax(-c)~(1/2)*c™(1/2)*((c + d*x)~(1/2) - c~(1/2))~
2)/(((=c)~(1/2) - (d*x - c)~(1/2))72%(((c + d*x)~(1/2) - c~(1/2))"4/((-c)~
(1/2) - (d*x - ¢)~(1/2))74 - (2x((c + d*x)~(1/2) - c~(1/2))72)/((-c)~(1/2)
- (d*x - <)~ (1/2))72 + 1))

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.62

vV—c+dzvc+ dz(a+ bx?)
T

—6atan< v dx_chf”j x+c_‘/a) acd? + 6atan( v dx_chf”g $+c+‘/a> acd? + 3vdz + c/dx — cad? — Vdx + cv
a 3d2

dx
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input ‘ int ((d*x-c) ~(1/2) *(d*x+c) ~(1/2) *(b*x~2+a) /x,x)

‘( - 6*atan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*axc*d**2

‘+ 6xatan((sqrt( - c + d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*axc*d**2 +

‘3*sqrt(c + d*x)*sqrt( - c + d*x)*axd**2 - sqrt(c + d*x)*sqrt( - c + d*x)*b
‘*c**Q + sqrt(c + d*x)*sqrt( - c + d*x)*b*xd**2xx**2) / (3*d**2)

output




output

input
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V—c+dzv/ct+dz (a+bz?)
3.5 | 3 dz
X

Optimal result . . . . . . . . . . . . . e 2]
Mathematica [A] (verified) . . . . . . . . . ... 72
Rubi [A] (verified) . . . . . . . . . (73l
Maple [A] (verified) . . . . . . . . .. 751
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 75
Sympy [F] . . o e 76
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 76
Giac [A] (verification not implemented) . . . . . ... ... ... L. 76
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... i
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 78

Optimal result

Integrand size = 31, antiderivative size = 96

vV —c+dzvc+ dz(a + bx?)
3

dz = bV —c+dzxVe+dz —

av/—c+ dz/c+ dx

212

(2bc? — ad?) arctan (—V_‘:erf ch)

2c

‘b*(d*x—c)‘(1/2)*(d*x+c)‘(1/2)-1/2*a*(d*x-c)“(1/2)*(d*x+c)“(1/2)/x“2—1/2*(-

‘a*d“2+2*b*c“2)*arctan((d*x-c)‘(1/2)*(d*x+c)‘(1/2)/c)/c

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.77

vV —c+dzvc+ dz(a + bx?) i

_ V—c+dzve+ dz(—a+ 2bz?)

3

+ (—2bc + =
c

o) arcan
arctan

212

2

vV—c+dzx

ve+dx

)

LIntegrate[(Sqrt [-c + d*x]*Sqrtlc + d*x]*(a + b*x"2))/x"3,x]
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t‘ (Sqrt[-c + d*x]*Sqrtlc + d*x]*(-a + 2xb*x"2))/(2%x72) + (-2*b*c + (a*xd~2)/ ‘

outpu
Lc) *ArcTan [Sqrt[-c + d*x]/Sqrtlc + d*x]] J

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.03,

=5, number of rules _ 161, Rules

number of steps used = 6, number of rules used =
integrand size

used = {956, 112, 27, 103, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a+bz?) Vdz — cv/e+ dz p
XL
3
l 956

! <2b - “dz) / \/x——cm | aldz— )3 (c+dr)”?

2c2x2
l 112
/ c? dm) N a(dz — ¢)3/%(c + dx)3/?
zvVdz — cvVe+ dzx 2c2x2

| 27

: <2b _ ) (\/d:c——\/m

1 a(dz — ¢)3/%(c + dx)3/?

2<2b—> <\/d.’E—C\/C+d.'L' /a: — —c—}-dxdw) + 9022

l 103
5 <2b ) <\/dm et dz —cd / T AT &) d(Vdz—cve+do) ) +

a(dz — ¢)3/%(c + dx)3/?
2c2x2
l 218
2 Vo e s _N3/2 3/2

<2b - ad> <\/d:c —c¢Ve+ dx — carctan ( dz CC et d:c)) + a(dz C)2c2:£§+ dz)

g
LInt[(Sqrt [-c + d*x]*Sqrtlc + d*x]*(a + b*x"2))/x"3,x]

-/

input




output ‘

rule 27

rule 103

rule 112

rule 218

rule 956
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(ax(-c + d*x)~(3/2)*(c + d*x)~(3/2))/(2*c™2*x"2) + ((2%b - (a*d~2)/c”2)*(S
‘ grt[-c + d*x]*Sqrtlc + d*x] - c*ArcTan[(Sqrt[-c + d*x]*Sqrtlc + d*x])/cl))
/2

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_
), x_]1 :> Simp[bxf Subst[Int[1/(d*(b*e - axf)~2 + b*f"2xx"2), x], x, Sq
rt[a + b*x]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[2xbxd
xe - fx(b*c + a*d), 0]

Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)7 (p.), x_] :> Simp[(a + b*x)“m*(c + d*x)"n*x((e + £xx)"(p + 1)/(f*(m + n +

p+ 1)), x] - Simp[1/(f*(m + n + p + 1)) Int[(a + b*x)"(m - 1)*(c + d*x)
“(n - 1)*(e + f*xx) pxSimp[ckm*(b*e - axf) + axnx(d*e - c*f) + (d*m*(b*e - a
*f) + b*n*(d*e - cxf))*x, x], x], x] /; FreeQ[{a, b, c, d, e, £, p}, x] &&

GtQ[m, 0] && GtQ[n, 0] &% NeQ[m + n + p + 1, 0] && (IntegersQ[2*m, 2*n, 2*p
1 Il (IntegersQ[m, n + p] || IntegersQ[p, m + nl))

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/bl

~

Int[((e_.)*(x_)) " (m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol]l :> Simpl[c*(e*x)~(
m + 1)*x(al + blxx~(n/2)) "~ (p + 1I*((a2 + b2*x~(n/2)) "~ (p + 1)/(al*a2%ex(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - bl*b2*cx(m + n*x(p + 1) + 1))/(al*a2*e nx*(
m+ 1)) Int[(exx)"(m + n)*(al + blxx~(n/2)) px(a2 + b2*x~(n/2))"p, x], x]
/; FreeQ[{al, b1, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] &% EqQ[a2*bl +
al*b2, 0] && (IntegerQ[n] || GtQle, 0]) && ((GtQ[n, 0] && LtQ[m, -1]1) || (
LtQ[n, 0] &% GtQ[m + n, -1]1)) && !'ILtQ[p, -1]
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Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.44

method | result
(a a2—2p 62) ln( —2c242vV/—c2 V/d222—c2 )
< oWl * —b\/(dm—c)(dz—i-c)) V/(dz—c)(dz+c)
isch a(—dz+c)Vdz+c ¢
T8¢ 2x2+/dx—c Vdx—c+/dx+c
2—\/—c Vd4xe—c 62—\/—6 Vdéxe—c
Vdz—c+/dz+c (111 (‘2(C 235 o 2) >ad2w2—2ln (—2( zm o 2)>b02w2—2bx2 —c2 v/ d2x2—c24++/—c2
default | — DN TN ]
input Lint ((d*x-c)~(1/2) *(d*x+c) ~(1/2) * (b*x~2+a) /x~3,x,method=_RETURNVERBOSE) J

output 1/2*a* (-dxx+e)* (dxx+e) " (1/2)/x72/ (@xx-c)~(1/2) - (1/2+ (a#d"2-24b%c"2) / (-c™2)

" (1/2)*1n((-2%c™2+2% (~c72) " (1/2) % (4°2%x"2-¢"2) " (1/2)) /%) -b* ((d*x-c) * (d*x+c
‘ ))7(1/2))* ((d*x-c) * (d*x+c) )~ (1/2) / (d*x-c) " (1/2) / (d*x+c) " (1/2) ‘

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.89

/ vV —c+ dzv/c+ dz(a + bz?)
3 dx
T
2 (2bc? — ad?)x? arctan <—d“_— i ec "d””_c> — (2bcz? — ac)Vdz + cv/dz — ¢

2 cx?

input Lintegrate((d*x—c)“(1/2)*(d*x+c)“(1/2)*(b*x‘2+a)/x”3,x, algorithm="fricas") J

‘-1/2*(2*(2*b*c"2 - axd"2)*x"2*arctan(-(d*x - sqrt(d*x + c)*sqrt(d*x - c))/ ‘

output
‘c) - (2%b*c*xx™2 - axc)*sqrt(d*x + c)*sqrt(d*x - c))/(c*x"2) ‘
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Sympy [F]

dz

V—c+ dzv/c + dz(a + bx?) dz_/(a+bm2) V—c+dzvc+dx
3 o 3

input Lintegrate ((d*x-c)** (1/2) * (d*x+c) ** (1/2) * (bkx**2+a) /x**3,x) J

outputtlntegral((a + bxx**2)*sqrt (-c + d*x)*sqrt(c + d*x)/x**3, x) J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.02

ad? arcsin <L$|>

V—c+dzvc+ dz(a+ bz?) _ c d|
dz = bcarcsin —
x3 d|z| 2¢
T =g VPP~ Cad® | (&2 — &)%a
2¢? 2222

-

.
inputLintegrate((d*x-c)"(1/2)*(d*x+c)"(1/2)*(b*x"2+a)/x"3,x, algorithm="maxima") J

‘b*c*arcsin(c/(d*abs(x))) - 1/2xa*d”2*arcsin(c/(d*abs(x)))/c + sqrt(d™2*x"2 ‘
|- cT2)¥b - 1/2%sqrt(dT2%x"2 - c"2)*axd"2/c72 + 1/2%(d"2%x"2 - ¢"2)7(3/2)*%
‘ a/(c™2%x72) ‘

output

Giac [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.64

dx

vV—c+dzvc+ dz(a+ bz?)
x3
(Vdate—vdz—c)?

(2bc?d—ad?) arctan (#) N 2 (ad® (Vdo+e—/dz—c)°~4ac*d® (Vdote—V/dz—c))

Vdz + cv/dz — cbd + c ((V@rFe—vaz—o)*+4c2)”
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input Lintegrate ((d*x-c)~(1/2)*(d*x+c) " (1/2) *(b*x"2+a) /x"3,x, algorithm="giac") J

output‘ (sqrt(d*x + c)*sqrt(d*x - c)*bxd + (2xb*c~2+#d - a*d~3)*arctan(1/2*(sqrt(d* ‘
‘x + c) - sqrt(d*x - c))~2/c)/c + 2*(a*xd"3*(sqrt(d*x + c) - sqrt(d*x - c))~ ‘
‘6 - 4xaxc”2*d"3x(sqrt(d*x + c) - sqrt(d*x - c))~2)/((sqrt(d*x + c) - sqrt( ‘
(d*x - c))74 + 4%c72)72)/d |

Mupad [B] (verification not implemented)

Time = 10.37 (sec) , antiderivative size = 584, normalized size of antiderivative = 6.08

vV —c+ dz/c+ dz(a + bx?)
73

(Ve+dz — /) +1>

dr =bv/—c+/cIn
((\/— —Vdz — 0)2
ayv=ed | av—cd® (Vetda—/c)®  15av/—cd? (Verdz—ye)*
32¢%2 1 1663/2 (y—c—vdz—c)’ 32¢3/2 (v/—c—vdz—c)*
(Vetda—/c)? oy 2(Vekde- ) n (Verda—/c)®

(V=e—vdz—0)’ | (V=e—vdz—0)" ' (V=c—vdz—c)°
Verdz—y/c /—cd? (Verda—ve)®
—b\/—_C\/Eln Ve+dx — /¢ _i_a\/—cd2 ln(%)_a cd ln((\/:l—\/mf—i_l K
vV—c—+Vdz—c 2032 9 c3/2 g
input Lint(((a + b*x~2)*(c + d*x)~(1/2)*(d*x - c)~(1/2))/x~3,%) J
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bk (-c)~(1/2)*c~(1/2)*1og(((c + d*x)~(1/2) - c~(1/2))72/((-c)~(1/2) - (d*x
- c)7(1/2))72 + 1) - ((a*x(-c)~(1/2)*d72)/(32*c~(3/2)) + (ax(-c)~(1/2)*d"2*
((c + d*x)~(1/2) - c7(1/2))72)/(16%c™(3/2)*((-c)~(1/2) - (d*x - ¢c)~(1/2))"
2) - (15xax(-c)~(1/2)*d™2*((c + d*x)~(1/2) - c~(1/2))~4)/(32*c™(3/2)*((-c)
“(1/72) - (d*x - ¢)~(1/2))°4))/(((c + d*x)~(1/2) - c~(1/2))"2/((-c)~(1/2) -

(d*x - c)~(1/2))72 + (2*((c + d*x)~(1/2) - c~(1/2))"4)/((-c)~(1/2) - (d*x
- c)7(1/2))74 + ((c + d*x)~(1/2) - ¢~ (1/2))76/((-c)~(1/2) - (d*x - c)~(1/
2))76) - bx(-c)~(1/2)*c~(1/2)*1og(((c + d*x)~(1/2) - ¢~ (1/2))/((-c)~(1/2)
- (d*x - ¢)~(1/2))) + (a*x(-c)~(1/2)*d"2*xlog(((c + d*x)~(1/2) - c~(1/2))/((
-c)~(1/2) - (d*x - ¢)~(1/2))))/(2%xc~(3/2)) - (a*(-c)~(1/2)*d"2*log(((c + d
*x)7(1/2) - ¢~(1/2))72/((-c)~(1/2) - (d*x - c)~(1/2))72 + 1))/ (2%xc~(3/2))
- (ax(-c)~(1/2)*d"2*((c + d*x)~(1/2) - c~(1/2))~2)/(32%c~(3/2)*((-c)~(1/2)
- (d*x - ¢)7(1/2))72) - (8*bx(-c)~(1/2)*c™(1/2)*((c + d*x)~(1/2) - ¢ (1/2
))72)/(((-c)~(1/2) - (d*x - c)7(1/2))72%(((c + d*x)~(1/2) - c~(1/2))"4/((-
c)~(1/2) - (d*x - ¢)7(1/2))74 - (2*((c + d*x)~(1/2) - ¢~ (1/2))"2)/((-c)~(1
/2) - (d*x - ¢c)7(1/2))72 + 1))

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.88

vV—c+ dzv/c+ dz(a + bz?)

3 dx
x
2Mm4”Mﬂ*£“ﬁvaad22—4@m(vhﬂ*%ﬁﬂvabé%2—2MM&V“ﬂ*£“ﬂvaad%2+@

2c x?

input‘int((d*x-C)A(1/2)*(d*x+c)“(1/2)*(b*x*2+a)/x~3’x)

(2*atan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*axd**2kx**2
- 4*atan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*bkcx*2*x**2
- 2xatan((sqrt( - c + d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*akdr*kx**
2 + 4xatan((sqrt( - c + d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*bkck*2xx*
*2 — sqrt(c + d*x)*sqrt( - c + d*x)*akc + 2*sqrt(c + d*x)*sqrt( - c + d*x)
kbkCkx*k2) / (2% Ckx*k*2)

N J

output
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—C I\ C Tr\a x2
3.6 f\/ +d\/+d(+b)dx

)
Optimal result . . . . . . . . . . . . . e 79]
Mathematica [A] (verified) . . . . . . . . . ... R0
Rubi [A] (verified) . . . . . . . . . R0
Maple [A] (verified) . . . . . . . . .. 82
Fricas [A] (verification not implemented) . . . . . . . ... ... ... .. .... B3
Sympy [F(-1)] . . . oo ’3
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... R
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... k!
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... R5)
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 36

Optimal result

Integrand size = 31, antiderivative size = 118

/\/—c+dx\/c+d:c(a+ba:2) <4b+ %) V—c+dzve+dr
dx = —
x? 82
N a(—c + dz)3?(c + dx)3/?
4c2zt
d?(4bc?® + ad?) arctan <—V_c+df ch)
* 8¢c3

-

output \ -1/8% (4*%b+axd~2/c~2) * (d*x-c) ~(1/2) * (d*x+c) ~(1/2) /x~2+1/4*a*x (d*x-c) ~ (3/2) *(
\d*x+c)“(3/2)/c‘2/x‘4+1/8*d‘2*(a*d‘2+4*b*c‘2)*arctan((d*x—c)‘(1/2)*(d*x+c)‘
L(1/2)/c)/c‘3

\ )
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Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.84

vV —c+dzvc+ dz(a + bx?)

75 dx
— _ 2 2,.2 2,.2 2 2 2\ .4 V—ctdz
_ eV —c+ dzv/c + dx(—2ac? — 4bc*x? + ad?z?) + 2d?(4bc? + ad?) z* arctan < = >
8c3xt
input LIntegrate [(Sqrt[-c + d*x]*Sqrtlc + d*x]*(a + b*x"2))/x75,x] J

t‘ (c*Sqrt[-c + d*x]*Sqrtlc + d*x]*(-2%a*c™2 - 4xbxc™2*x"2 + a*d™2*x"2) + 2xd \

outpu
‘ “2% (4xbkc”2 + axd~2)*x~4*ArcTan[Sqrt[-c + d*x]/Sqrtlc + d*x]])/(8*c~3*x~4)

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.20,

— 5, number of rules _ 161, Rules
integrand size

number of steps used = 6, number of rules used =
used = {956, 105, 105, 103, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a+bz?) Vdz — cv/e+ dx p
i
5
l 956

ad? > / \/da:—cm ( z — ¢)3?(c+ dzx)3/?

4 < +db 4c2z4

l 105
<ad2 +4b) ( / vetdr , m(c+d$)3/2> | aldz — ¥ (c+ da)?

4 z2/dz — ¢ c 2cz? 4c2x4

l 105
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1 LCF+4b ld d/ 1 dm_'_\/dx—cx/c-i-dx _\/dac—c(c—i-dac)?’/2 4
4\ 2 2 zVdx — cv/e+ dx cx 2cz?
a(dz — ¢)3/?(c + dx)3/?
4c2xt
l 103
1/ ad? 1 1 Vdz — cv/e+dx Vdzx — c(c+ d:
=44 z 2 dr — v/ —
4< c? + b> <2d<d /dc2 +d(dw—c)(c+dm)d< de —c c—i—dw) + cx > 2cx?
a(dr — 0)3/2(0 + da:)3/2
4c2xt
l 218
Vdz—c\/ctd
1/ ad? 1 darctan( emover x) Vdx — cv/e + dx Vdz — c(c + dx)3/?
(% 1) | Zd + - L +
4\ c 2 c cx 2cx
a(dz — ¢)3/%(c + dx)3/?
4c?zt
inputLInt[(Sqrt[—c + dxx]*Sqrt[c + d*x]*(a + b*x~2))/x"5,x] J
output‘ (ax(-c + d*xx)~(3/2)*(c + d*x)~(3/2))/(4*c™2*x"4) + ((4%b + (a*xd"2)/c"2)*(- ‘

‘1/2*(Sqrt [-c + d*x]*(c + d*x)~(3/2))/(c*x~2) + (d*((Sqrt[-c + d*x]*Sqrtlc ‘
L+ d*x])/(c*x) + (d*ArcTan[(Sqrtl[-c + d*x]*Sqrtlc + d*x1)/cl)/c))/2))/4 J

Defintions of rubi rules used

rule 103 Int[1/(Sqrtla ) + (b_)*(x)1*Sqrtl(c_.) + (d_.)*(x)1*((e_.) + (£_.)*(x_
‘))), x_] :> Simp[b*f  Subst[Int[1/(d*(bxe - a*f)~2 + b*xf~2*x~2), x], x, Sq
‘rt[a + bxx]*Sqrtlc + d*x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] & EqQ[2xbxd
xe — fx(b*xc + axd), O]

N J

\‘




rule 105

rule 218

rule 956

input
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Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)=(p), x_] :> Simpl[(a + bxx)"(m + 1)*(c + d*x)"n*((e + £*x)"(p + 1)/((m +
Dx(bxe - a*f))), x] - Simp[n*((d*xe - c*f)/((m + 1)*(bxe - a*f))) Int[(a
+ b*x)"(m + 1)*(c + d*x)"(n - 1)*(e + £*x)"p, x], x] /; FreeQ[{a, b, c, d,
e, £, m, p}, x] & EqQ[m + n + p + 2, 0] && GtQ[n, 0] && (SumSimplerQ[m, 1]

[l !'SumSimplerQ[p, 1]) && NeQ[m, -1]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Int[(Ce_.)*(x_))"(m_.)*((a1_ ) + (bl_.)*(x_)"(non2_.)) " (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[c*(exx)~(
m + 1)*(al + bl*xx"(n/2)) " (p + ) *((a2 + b2*x~(n/2))~(p + 1)/(al*a2*e*(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - blxb2*cx(m + n*(p + 1) + 1))/(al*a2%e n*(
m+ 1)) Int[(exx)"(m + n)*(al + blxx"(n/2)) px(a2 + b2*x~(n/2))"p, x], x]

/; FreeQ[{al, bl, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] && EqQ[a2+*bl +

alxb2, 0] && (IntegerQ[n] || GtQle, 0]) && ((GtQ[n, O] && LtQ[m, -11) || (
LtQ[n, 0] && GtQ[m + n, -11)) && !'ILtQ[p, -1]

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.27

method | result

Vdz+c (—dz+c) (—ad?z2+4bc?22+2a c?) _

d?(ad?+4bc?) In ( —2c2+2y 7‘;2 Vd?a?—c? ) v/ (dz—c)(dz+c)

risch

8zc2y/dx—c 8c2v/—c2 v/dx—c+/dz+c
2(e2 /=2 JiZaZ 2 262 /—2Z JaZaZ 2
Vdz—c+/dz+c <ln (— (C ‘ — c )>ad4z4+4ln <— (c c = B ) bc2d?zt—v/—c2 Vd2x2—c2 a d?x2+4
default | —

8c2vVd2x2—c2 z4v/—c2

Lint ((d*x-c)~ (1/2) *(d*x+c) =~ (1/2) *(b*x~2+a) /x~5,x,method=_RETURNVERBOSE) J
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Output‘1/8*(d*X+C)”(1/2)*(—d*x+c)*(-a*d“2*x“2+4*b*c“2*x“2+2*a*c”2)/x“4/c”2/(d*x—c
)7(1/2)-1/8%d"2% (axd"2+4%b*c™2) /c"2/ (-c"2) " (1/2) ¥1n((-2%c2+2% (-c"2) " (1/2) |
\ *(d™2*x72-¢72) 7 (1/2) ) /x) * ((d*x-c) * (d*x+c) ) ~(1/2) / (d*x-c)~(1/2) / (d*x+c) ~(1/ \

\2)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 100, normalized size of antiderivative = 0.85

/ vV—c+ dzv/c+ dz(a + bz?)
= dx
T
2 (4bc*d? + ad*)z* arctan (—d”_— b o de_c) — (2ac® + (4bc® — acd?)z?)V/dx + cv/dx — ¢

8c3zrt

input Lintegrate((d*x—c)“(1/2)*(d*x+c)“(1/2)*(b*x‘2+a)/x‘5,x, algorithm="fricas") J

output‘ 1/8% (2% (4%b*c™2%d"2 + axd~4)*x"4*arctan(-(d*x - sqrt(d*x + c)*sqrt(d*x - c ‘
‘ ))/c) - (2*%a*xc™3 + (4xbxc™3 - a*xc*xd™2) *x“2)*sqrt (d*x + c)*sqrt (d*x - ¢))/( ‘
‘c‘3*x“4) \

Sympy [F(-1)]

Timed out.
—c+d d bx?
/\/ et :c\/cx: z(a +b27) dx = Timed out
input Lintegrate ((d*x-c)** (1/2) * (d*x+c) ** (1/2) * (bkx**2+a) /x**5,x) J

output LTimed out J
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 162, normalized size of antiderivative = 1.37

bd? arcsin <L> ad* arcsin <ﬁ>

vV —c+ dz/c+ dz(a + bx?) dp — — del)
x5 2¢ 8c?
VB — P P2 — Cadt (P — P)%h
B 2 c? B 8ct 2 c2x?
(d?z? — 02)%ad2 (d?x? — 02)%a
+ 8 ctx? 42zt

input Lintegrate((d*x—c)“(1/2)*(d*x+c)“(1/2)*(b*x‘2+a)/x”5,x, algorithm="maxima") J

output‘ -1/2*b*d~2*arcsin(c/(d*abs(x)))/c - 1/8*a*xd”~4*arcsin(c/(d*abs(x)))/c"3 - 1 ‘

‘/2*sqrt(d"2*x"2 - ¢c72)*b*xd"2/c”2 - 1/8*sqrt(d~2*x"2 - c"2)*axd"4/c”4 + 1/2 ‘
‘*(d“2*x‘2 - ¢72)7(3/2)*%b/(c™2*%x"2) + 1/8*%(d"2*x"2 - ¢~2)~(3/2)*a*d"2/(c"4* ‘
X72) + 1/4%(d2%x72 - c72)7(3/2)*a/ (c"2%x"4) |

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 324 vs. 2(100) = 200.

Time = 0.20 (sec) , antiderivative size = 324, normalized size of antiderivative = 2.75

vV—c+dzvc+ dz(a+ bz?) i —

5
T
Var+c—\/ar—c 2
(4bc®d®+ad®) arctan (%) 2 (4 bc2d® (Vdz+c—v/dz—c) 1 _ods (Vdz+c—v/dz—c) M 416 betd3 (Vdz+c—/dz—c) 1049
c3 -
input integrate ((d*x-c)~(1/2)*(d*x+c) ~(1/2)*(bxx~2+a) /x"5,x, algorithm="giac") J
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-1/4*%((4*bxc~2*d"3 + axd~b)*arctan(1/2*(sqrt(d*x + c) - sqrt(d*x - c))"2/c
)/c”3 - 2%(4xb*c”2xd"3*(sqrt(d*x + c) - sqrt(d*x - c))~14 - a*xd"b*(sqrt(dx*
X + ¢c) - sqrt(d*x - c))"14 + 16%b*c~4*d"3*(sqrt(d*x + c) - sqrt(d*x - c))~
10 + 28%a*c”2*d"5*(sqrt(d*x + c) - sqrt(d*x - c))~10 - 64*b*xc~6*d~3*(sqrt(
d*x + c) - sqrt(d*x - c))~6 - 112*%axc”4*d"5*(sqrt(d*x + c) - sqrt(d*x - c)
)76 - 256%bxc”8*d"3*(sqrt(d*x + c) - sqrt(d*x - c))~2 + 64*xa*c”6+d"5*(sqrt
(d*x + c) - sqrt(d*x - c))~2)/(((sqrt(d*x + c) - sqrt(d*x - c))~4 + 4xc”2)
“4xc~2))/d

output

Mupad [B] (verification not implemented)

Time = 20.20 (sec) , antiderivative size = 1004, normalized size of antiderivative = 8.51

vV—c+ dzv/c+ dz(a + bz?)
5

dx = Too large to display

input (int(((a + brx"2)*(c + d*x)"(1/2)*(d*x - ¢)~(1/2))/x75,%)

((a*x(-c)~(1/2)%d"4) /(1024%c~(7/2)) + (a*x(-c)~(1/2)*d~4*((c + d*x)~(1/2) -

c(1/2))72)/(128%c~(7/2)*((-c)~(1/2) - (d*x - c)~(1/2))"2) + (11*xa*x(-c)~(1
/2)*%d~4x((c + d*x)~(1/2) - c~(1/2))"4)/(512%c~(7/2)*((-c)~(1/2) - (d*x - ¢
)"(1/2))"4) + (T*xax(-c)~(1/2)*d~4*((c + d*x)~(1/2) - c~(1/2))"6)/(256%c~(7
/2)*%((-c)~(1/2) - (d*x - c)~(1/2))76) - (239*a*x(-c)~(1/2)*d"4*((c + d*x)~(
1/2) - ¢~(1/2))7°8)/(1024*c~(7/2)*((-c)~(1/2) - (d*x - ¢)~(1/2))78) + (a*x(-
c)~(1/2)*d"4x((c + d*x)~(1/2) - ¢~ (1/2))~10)/(256%c~(7/2)*((-c)~(1/2) - (d
*xx - ¢)~(1/2))710))/(((c + d*x)~(1/2) - c~(1/2))~4/((-c)~(1/2) - (d*x - ©)
~(1/2))74 + (4%((c + d*x)~(1/2) - c~(1/2))76)/((-c)~(1/2) - (d*x - c)~(1/2
))76 + (6%((c + d*x)~(1/2) - ¢c~(1/2))78)/((-c)~(1/2) - (d*x - c)~(1/2))"8

+ (4%((c + d*x)~(1/2) - c~(1/2))710)/((-c)~(1/2) - (d*x - c)~(1/2))"10 + (
(c + d*x)~(1/2) - ¢~ (1/2))712/((=c)~(1/2) - (d*x - c)~(1/2))"12) - ((b*(-c
)~ (1/2)%d~2)/(32%c”(3/2)) + (b*(-c)~(1/2)*d"2%((c + d*x)~(1/2) - c~(1/2))"
2)/(16%c~(3/2)*((-c)~(1/2) - (d*x - ¢)~(1/2))72) - (15%b*(-c)~(1/2)*d~2* ((
c + d*x)~(1/2) - ¢~ (1/2))74)/(32*c~(3/2)*((-c)~(1/2) - (d*x - c)~(1/2))"4)
)/ (((c + d*x)~(1/2) - c~(1/2))7°2/((-c)~(1/2) - (d*x - c)~(1/2))"2 + (2*((c
+ d*x)~(1/2) - ¢~ (1/2))74)/((-c)~(1/2) - (d*x - c)~(1/2))"4 + ((c + d*x)~
(1/72) - c~(1/2))76/((-c)~(1/2) - (d*x - c)~(1/2))76) + (ax(-c)~(1/2)*d"4x*1
og(((c + d*x)~(1/2) - ¢~ (1/2))/((-c)~(1/2) - (d*x - c)~(1/2))))/(8%c~(7/2)
) + (bx(-c)~(1/2)*d"2%1log(((c + d*x)~(1/2) - c~(1/2))/((-c)~(1/2) - (a*...

output
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 213, normalized size of antiderivative = 1.81

vV —c+dzvc+ dz(a + bx?)

75 dx
2Mm<ﬂ;aﬁﬂ;wja&ﬁ+8ww(ﬂﬁa£@3V§bgfﬁ_wa(ﬂﬁaﬁﬂaﬁva&ﬁ
inputLint((d*x_C)A(1/2)*(d*x+°)A(1/2)*(b*XA2+a)/XA5,X) J

(2*atan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*axd**4*x**4

+ 8xatan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*bkc**2*xd**2
xx*x4 - 2*%atan((sqrt( - c + d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*axd**
4xx*x*4 - 8xatan((sqrt( - c + d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*b*xc*
*2*xd**x2%x**4 - 2xsqrt(c + d*x)*sqrt( - c + d*x)*axc**3 + sqrt(c + d*x)*sqr
t( - c + d¥x)*akckd**2xx**2 — 4dksqrt(c + d*x)*sqrt( — c + d*x)*bkckk3*x**2
) / (8% cH*3*x**4)

output




output
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3.7 [ z*/—c+ dzvc+ dz(a+ bz?) dzx

Optimal result . . . . . . . . . . . . e BT
Mathematica [A] (verified) . . . . . . . . . ... o 88
Rubi [A] (verified) . . . .. . . ... .. 88
Maple [A] (verified) . . . . . . ... L OT]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 92
Sympy [F] . . o o 92
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 93]
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 93
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 94
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 95

Optimal result

Integrand size = 31, antiderivative size = 207

c*(5bc? + 8ad?) xv/—c + dz+/c + dx
- 12845

c2(5bc? + 8ad?) 3/ —c + dz/c + dx
- 1924+

1 5bc*\ &
+4—8(8a+7) 2’V —c+ dzve + dz

N bz (—c + dz)*?(c + dx)3/?
8d?

6 (Eh2 2 V—=ctdz
c®(5bc? + 8ad )arctanh< N )
64d"

/x4\/—c+dx\/c+dx(a+bx2) dx =

‘—1/128*c‘4*(8*a*d“2+5*b*c“2)*x*(d*x—c)‘(1/2)*(d*x+c)‘(1/2)/d‘6—1/192*c“2*(
\8*a*d‘2+5*b*c‘2)*x‘3*(d*x—c)‘(1/2)*(d*x+c)‘(1/2)/d‘4+1/48*(8*a+5*b*c‘2/d‘2
\)*x*s*(d*x—c)‘(1/2)*(d*x+c)‘(1/2)+1/8*b*x‘5*(d*x—c)“(3/2)*(d*x+c)“(3/2)/d“
\2—1/64*c“6*(8*a*d“2+5*b*c“2)*arctanh((d*x—c)‘(1/2)/(d*x+c)“(1/2))/d“7
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Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.69

/m4\/—c +dzve+ dx(a + bm2) dz

dzv/—c + dz/c + dz(8ad?(—3c* — 2c?d?x? + 8d*z*) — b(15c® + 10c*d?z? + 8c?d*z* — 48d°x®)) — 65(:
N 384d7

e hY

Integrate[x~4*Sqrt[-c + d*x]*Sqrtlc + d*x]*(a + b*x"2),x]

N J

input

output (@*Sartl-c + asxl*Sqrtlc + drx]*(Braxd 2+ (-3xc"d - 24c™24d™24x"2 + B¥d4
\*x“4) - b*(15%c”™6 + 10*%c™4*d"2*x"2 + 8*c~2*d"4*x"4 - 48*d"6*x"6)) - 6%c”6% \
| (B*b*c™2 + 8*a*d~2)*ArcTanh[Sqrt[-c + d*x]/Sqrtlc + d*x]1)/(384*d"7) |

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 185, normalized size of antiderivative = 0.89,

number of rules _ 958 Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {960, 111, 27, 101, 27, 40, 45, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/m4(a+bm2) Vdx — eVe+ dxdx

l 960

1 2 5 _\3/2 3/2
3 <8a+ 522) /w4\/dw —cVe+ dxdr + be(da C)8d2(6+ dz)
l 111

1<8a+ 5bc2> (f 3c2z2\/dx — cvVe + dzdz N .’L'3(d:L' _ 6)3/2(c+ d:z:)3/2> .

8 d? 6d2 6d2
bad (dx — 0)3/2 (c+ d:c)?‘/2
8d?

l27
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1 Sa + 5bc%\ [ ¢ [2%Vdx — cv/e + dzdz N z3(dx — ¢)¥/?(c + dx)3/? N
s\* 7" a2 242 62
bad (dz — ¢)3/?(c + dx)?/?
8d?
l 101
c2v/dz—cv/c+dzdz z(dz—c)3/2(c+dx)3/2
1(g N 5bc? 62<f i + = )4dg : ) N 23 (dx — ¢)3/%(c + dx)3/? N
s\* " a2 242 642
bad (dx — 0)3/2(0 + d:v)?’/2
8d?
l 27
c? [v/dz—c\/c+dzdz dz—c)3/2(c+dx)3/2
1 8+ 5bc? 02( / 4d? + ez 4dgc 2 ) n z3(dz — ¢)3/%(c + dz)3/? +
d? 2d2 6d2
ba® (dx — ¢)3/?(c + dz)3/?
8d?
l 40
2 02<%x\/dz—c c+dx—%c2fmdm> n o(de—c)3/2(c+dz)3/2
2 2
<8a+ 5bc2> 4d 4d N .’L'3(d.’L' _ 0)3/2(C+dx)3/2

d? 2d?

bad (dz — ¢)3/?(c + dx)3/?

6d?

8d2
| 45
= — — Vdx—c
, c2 (%x\/dx cVetdz—c? [ d—% d /c+d$> w(dz—c)3/2 (c+dw)?/?
¢ id + iR
1 8a + 5bc? 4 z3(dx — ¢)3/?(c + dzx)3/?
8 d? 2d2 6d2

ba® (dx — ¢)*/?(c + dz)3/?
8d?

l 221
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c? (;w\/ dz—cvc+dz— C2arCtan£l< \/ﬁ%) )
_o)3/2 3/2
c? - + z(dz—c) 4d§c+dx)
1, N 5bc? N z3(dz — ¢)%/%(c + dx)3/?
8 d? 2d? 6d2

bz’ (dx — 0)3/2(0 + dac)?’/2
8d?

| —

inputLInt[xh4*Sqrt['c + d#x]*Sqrtlc + d*x]*(a + b*x"2),x]

e B

(b*x7B6*(-c + d*x)~(3/2)*(c + d*x)~(3/2))/(8*xd"2) + ((8*a + (5*bxc™2)/d"2)*
((x73%(-c + d*x)"(3/2)*%(c + d*x)"(3/2))/(6%d"2) + (c 2% ((x*(-c + d*x)~(3/2

‘)*(c + d*x)~(3/2))/(4%xd"2) + (c™2*x((x*Sqrt[-c + d*x]*Sqrtlc + d*x])/2 - (c ‘
L‘Q*ArcTanh[Sqrt [-c + d*x]/Sqrtlc + d*x]])/d))/(4%d"2)))/(2%d"2)))/8 J

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_)) " (m_), x_Symbol] :> Simp[x*
(a + b*x)"m*x((c + d*x)"m/(2*m + 1)), x] + Simp[2*a*cx(m/(2*%m + 1)) Int[(a
+ b*x)"(m - 1)*(c + d*x)~(m - 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[
b*c + axd, 0] && IGtQ[m + 1/2, 0]

rule 40

‘Int[l/(Sqrt[(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)]), x_Symbol] :> Simp[ ‘
‘2 Subst[Int[1/(b - d*x~2), x], x, Sqrt[a + b*x]/Sqrtlc + d*x]], x] /; Fre ‘
‘eQl{a, b, c, d}, x] && EqQlb*c + a*d, 0] & !GtQlc, 0]

rule 45




rule 101

rule 111

rule 221

rule 960
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Int[((a_.) + (b_.)*(x_))"2%((c_.) + (d_.)*(x_))"(n_)*x((e_.) + (£_.)*(x_))"(
P_), x_]1 :> Simp[b*(a + b*x)*(c + d*x)"(n + D *((e + £xx)"(p + 1)/(d*f*x(n +
p+ 3))), x] + Simp[1/(d*f*(n + p + 3)) Int[(c + d*x) n*(e + f*x) p*Simp
[a”2*d*f*(n + p + 3) - bx(b*cxe + ax(d*ex(n + 1) + c*xf*(p + 1))) + bx(axdxf
*(n + p + 4) - bk(d*ex(n + 2) + cxf*x(p + 2)))*x, x], x], x] /; FreeQ[{a, b,
c, d, e, £, n, p}, x] && NeQ[n + p + 3, 0]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_)) " (n_)*((e_.) + (£_.)*(x_.)
)7(p_), x_] :> Simp[b*(a + bxx)"(m - 1)*(c + d*x)"(n + 1)*((e + £xx)"(p + 1
)/(d*f*(m + n + p + 1))), x] + Simp[1/(d*f*(m + n + p + 1)) Int[(a + b*x)
“(m - 2)*x(c + d*x) "n*(e + f*x) p*Simp[a~2*d*f*(m + n + p + 1) - bx(bxcxex(m
- 1) + ax(dxex(n + 1) + cxfx(p + 1))) + b*(a*d*f*(2*m + n + p) - bx(d*ex(m
+ n) + cxf*x(m + p)))*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] &
& GtQ[m, 1] &% NeQ[m + n + p + 1, 0] && Integer(Q[m]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[((e_.)*(x_)) " (m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[d*(exx)~(
m + 1*(al + bl*x"(n/2))"(p + 1*((a2 + b2*xx~(n/2))"(p + 1)/(bl*b2*ex(m + n
*(p + 1) + 1))), x] - Simp[(al*a2+d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/
(b1#b2*%(m + nx(p + 1) + 1)) Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x"(n
/2))°p, %1, x] /; FreeQ[{al, bl, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2*bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 184, normalized size of antiderivative = 0.89

method | result

risch z(—48bx8d5 —64a dz+8b c2d*z*+16a c2d*x2+10b ctd2z2+-24a c*d?+15b c8) (—da+c)vdz+c

8 (Sa d2+5b02) ln( a2z +V

Va2

384d6+/dx—c

default | —

128d6+/d2 v/d

Vdz—c+/dz+c (—48 csgn(d)bd’ 27V d2x2 —c2—64 csgn(d)a d” x5/ d2x2—c2+8 csgn(d)bc2d®xz®v/d2x2—c2+16 csgn(d)a c2d®x
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input | int (x"4%(d*x-c) " (1/2) *(d*x+c) " (1/2) * (b*x"2+a) ,x,method=_RETURNVERBOSE) |

¢ ‘ 1/384%x* (-48%b*xd~6*x~6-64*a*d~6*x"4+8*b*xc™2xd"4*x"4+16*a*c”2+d " 4*x"2+10%b* ‘
‘ CT4*d"2*x"2+24*a*c”4*d"2+15%b*c”6) * (—~d*x+c) * (d*x+c) ~(1/2) /d~6/ (d*x-c) ~(1/2 ‘
‘ )-1/128*c~ 6% (8*a*d~2+5*b*c~2) /d"6*1n(d"2*x/(d"2) " (1/2)+(d"2*x~2-c~2)~(1/2) ‘
‘ )/(a72) " (1/2) * ((d*x-c) *(d*x+c) )~ (1/2) / (d*x-c) " (1/2) / (d*x+c) ~(1/2) ‘

outpu

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.67

/x4\/—c + dzve+ dz(a+ ba?) d

(48bd"z" — 8 (bc?d® — 8ad")x® — 2 (5bc*d® + 8 ac’d®)z® — 3 (5bcbd + 8 actd®)x)Vdx + cv/dx —c + 3 (¢
384 d"

inputLintegrate(x“4*(d*x—c)”(1/2)*(d*X+C)”(1/2)*(b*x“2+a),x, algorithm="fricas") J

Output‘1/384*((48*b*d”7*x“7 - 8x(bxc™2%d"5 - 8%axd~7)*x~5 - 2% (5xbkxc~4*d~3 + 8xax
|c72%d"B)*x™3 - 3x(5xbkcT6*d + B¥axc 4xd"3)*x)*sqrt(d*x + c)*sqrt(d*x - c) |
‘+ 3x(5*bxc™8 + 8xaxc”~6*d"2)*log(-d*x + sqrt(d*x + c)*sqrt(d*x - c)))/d77 ‘

Sympy [F]

/x4\/—c+dx\/c+dx(a+bx2) dx=/x4(a+bx2) V—c+dzvVe+ dxdz

inputtintegrate(X**4*(d*x_c)**(1/2)*(d*X+C)**(1/2)*(b*X**2+a),X) J

Integral (x**4*x(a + b*x**2)*sqrt(-c + d*x)*sqrt(c + d*x), x)

-/

.
outputt
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.19

(d?x? — cz)%ba:5 5 (d?z? — 62)%bc2x3
8 d? 48 d*
(@22 — ?)%az
+ 6 d?
5bctlog (2dr + 2V d?x? — c2d)
a 128 d7
ac®log (2dr + 2V d?z? — c2d)
- 16 d5
5vVd2x? — b \/d2x? — ctactz
LY A T
5 (d?z? — cz)%bc‘% N (d?z? — 02)%ac2z
64 db 8 d*

/x4\/—c+ dzvc+ dz(a+ bx2) dx =

Njw

ar

+

input ‘ integrate (x~4* (d*x-c)~(1/2)*(d*x+c) ~(1/2)*(b*xx~2+a) ,x, algorithm="maxima")

1/8%x(d"2*x"2 - c~2)7(3/2)*b*x~5/d"2 + 5/48%(d"2*x"2 - c~2)~(3/2) #b*c~2*x"3
/d"4 + 1/6*%(d"2*x"2 - c~2)7(3/2)*a*x"3/d"2 - 5/128*b*c~8*log(2*d~2*x + 2%*s
qrt(d™2*x"2 - c72)*d)/d”7 - 1/16%a*c”6*log(2*d~2*x + 2*sqrt(d~2*x"2 - c~2)
*d)/d~5 + 5/128*sqrt(d™2*x"2 - c”2)*b*c"6*x/d"6 + 1/16xsqrt(d"2*x"2 - c~2)
*xa*xc~4*x/d"4 + 5/64*%(d"2*x"2 - c2)7(3/2)*b*c”4*x/d"6 + 1/8%(d"2*%x"2 - c"2
)~ (3/2) ¥a*c~2*x/d~4

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 519 vs. 2(177) = 354.

Time = 0.22 (sec) , antiderivative size = 519, normalized size of antiderivative = 2.51

/x4\/—c + dxve + dx (a + bx2) dx = Too large to display

input integrate (x~4* (d*x-c)~ (1/2)*(d*x+c) ~(1/2) * (b*xx~2+a) ,x, algorithm="giac")




output

input
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1/13440% (56% (((2%x ((d*x + c)*(4x(d*x + c)*(5*%(d*x + c)/d~5 - 31xc/d~5) + 32
1%c~2/d"5) - 451%c~3/d"5)*(d*x + c) + 745*c~4/d"5)*(d*x + c) - 405*c~5/d°5
)*sqrt(d*x + c)*sqrt(d*x - c) - 150*c”6xlog(abs(-sqrt(d*x + c) + sqrt(d*x
- ¢)))/d ) *a*xd + (((2%x((4*(5x(d*x + c)*(6*(d*x + c)*(7*(d*x + ¢)/d°7 - 57
*c/d"7) + 1219%c”2/d"7) - 12463%c~3/d"7)*(d*x + c) + 64233*%c"4/d"7)*(d*x +
c) - 53963*c~5/d"7)*(d*x + c) + 59465xc”6/d"7)*(d*x + c) - 23205%c”~7/d"7)
*sqrt (d*x + c)*sqrt(d*x - c) - 7350*c"8*log(abs(-sqrt(d*x + c) + sqrt(d*x
- ¢)))/d"7)*b*xd + 112%(90*c~5*log(abs(-sqrt(d*x + c) + sqrt(d*x - c))) + (
195%c”4 - (295%c™3 - 2% (3*(4xd*x - 17*c)*(d*x + c) + 133%c™2)*(d*x + c))*(
d#x + c))*sqrt(d*x + c)*sqrt(d*x - c))*a*c/d"4 + 8%(1050*c~7*log(abs(-sqrt
(d*x + ¢) + sqrt(d*x - c))) + (2835%c™6 - (6335%c™5 - 2%(4781%c~4 - (4551%
€73 - 4x(5x(6xd*x - 37*c)*(d*x + c) + 661*c”2)*(d*x + c))*(d*x + c))*(d*x

+ c))*(d*x + c))*sqrt(d*x + c)#*sqrt(d*x - c))*b*xc/d"6)/d

Mupad [B] (verification not implemented)

Time = 45.78 (sec) , antiderivative size = 2314, normalized size of antiderivative =

11.18

/m4\/—c + dxVe + dz (a + bx2) dxz = Too large to display

-

Lint(x”4*(a + b*x~2)*(c + d*x) " (1/2)*(d*x - c)~(1/2),x)

| —
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((385xaxc™6x((c + d*x)~(1/2) - c~(1/2))73)/(12%x((-c)~(1/2) - (d*x - c)~(1/2
))73) - (axc”6x((c + d*x)~(1/2) - c~(1/2)))/(4*((-c)~(1/2) - (d*x - c)~(1/
2))) + (757*xaxc™6*((c + d*x)~(1/2) - c~(1/2))75)/(4*x((-c)~(1/2) - (d*x - ¢
)~(1/2))75) + (7339%a*xc™6x((c + d*x)~(1/2) - c~(1/2))"7)/(4*x((-c)~(1/2) -

(d*x - c)~(1/2))°7) + (41929%a*c™6x((c + d*x)~(1/2) - c~(1/2))79)/(6%((-c)
~(1/2) - (d*x - ¢)~(1/2))79) + (25661*a*c~6%((c + d*x)~(1/2) - c~(1/2))"11
)/ (2% ((-c)~(1/2) - (d*x - c)~(1/2))"11) + (25661*a*xc~6*((c + d*x)~(1/2) -

c~(1/2))713) /(2% ((-c)~(1/2) - (d*x - ¢c)~(1/2))713) + (41929*a*xc”6x((c + d*
x)7(1/2) - ¢~ (1/2))715)/(6%((-c)~(1/2) - (d*x - c)~(1/2))"15) + (7339%axc”
6x((c + d*xx)~(1/2) - c~(1/2))"17)/(4*((-c)~(1/2) - (d*x - ¢c)~(1/2))"17) +

(757xaxc”6x((c + d*x)~(1/2) - ¢~ (1/2))719)/(4x((-c)~(1/2) - (d*x - c)~(1/2
))~19) + (35%a*c”™6x((c + d*x)~(1/2) - c~(1/2))721)/(12*x((-c)~(1/2) - (d*x

- ¢c)7(1/2))721) - (a*c™6x((c + d*x)~(1/2) - c~(1/2))~23)/(4*((-c)~(1/2) -

(d*x - ¢)~(1/2))723))/(d"5 - (12%d"5*((c + d*x)~(1/2) - c~(1/2))"2)/((-c)~
(1/2) - (d*x - c)~(1/2))"2 + (66*%d"5*((c + d*x)~(1/2) - c~(1/2))"4)/((-c)~
(1/2) - (@*x - ¢)~(1/2))"4 - (220%d"5*((c + d*x)~(1/2) - ¢~ (1/2))°6)/((-c)
~(1/2) - (d*x - )~ (1/2))76 + (495%d"5*((c + d*x)~(1/2) - c~(1/2))"8)/((-c
)7(1/2) - (@*x - ¢)~(1/2))°8 - (792%d"5*((c + d*x)~(1/2) - ¢~ (1/2))~10)/((
-c)~(1/2) - (d*x - ¢)~(1/2))710 + (924*d"5*((c + d*x)~(1/2) - ¢c~(1/2))"12)
/((=c)~(1/2) - (d*x - c)~(1/2))712 - (792+%d"5*((c + d*x)~(1/2) - c~(1/2...

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 241, normalized size of antiderivative = 1.16

/z4\/—c + dzve+ dz(a + bxz) dx

—24v/dx + c/dx — cactd®z — 16v/dz + c/dx — cac?d®x® + 64+/dx + c/dx — cad’x® — 15/dx + ¢

-

Lint (x~4*(d*x-c)~(1/2) *(d*x+c) ~(1/2) * (b*x"2+a) ,x)

~—

input




output
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(- 24*sqrt(c + d*x)*sqrt( - c + d*x)*akck*4xd*x3*x - 16*sqrt(c + d*x)*sqr
t( - c + dkx)*akck*k2kdx*k5xxx*3 + 64xsqrt(c + dkx)*sqrt( — c + d*x)*axd*x7*
x*#x5 - 16xsqrt(c + d*x)*sqrt( - c + d#*x)*bxc**6*d*x - 10*sqrt(c + d#*x)*sqr
t( - c + d*x)*bkck*k4xd**3xx**3 — 8*ksqrt(c + d*x)*sqrt( - c + d*x)*bkcx*2*d
*k5xx**5 + 48xsqrt(c + d*x)*sqrt( - c + d*x)*b*d**x7*x**7 - 48%log((sqrt( -

c + dxx) + sqrt(c + d*x))/(sqrt(c)*sqrt(2)))*a*xc**6*d**2 - 30*log((sqrt(
- ¢ + d*x) + sqrt(c + d*x))/(sqrt(c)*sqrt(2)))*b*xc**8)/(384*d**7)




output
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3.8 [ 2*v/—c+ dzvc+ dz(a+ bz?) dz

Optimal result . . . . . . . . . . . . e 97,
Mathematica [A] (verified) . . . . . . . . . ... o 98]
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 101l
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... [101]
Sympy [F] . . o o 102
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1021
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 103l
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 103
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 104

Optimal result

Integrand size = 31, antiderivative size = 158

(b + 2ad?) xv/—c + dzv/c + dx

/mZ\/—c+ dzvVc+dz(a+ bz®) do =

16d4
1 bc®\
+-(2a+ = | 22V —c+ dzxVc+dz
8 d?
N bz®(—c + dz)%?(c + dx)/?
6d2

4(p -2 2 V—ctdz
c*(bc® + 2ad )arctanh<ﬁ>
8d®

e

-1/16%c~2% (2*a*xd~2+b*xc~2) *x* (d*x-c) ~(1/2) *(d*x+c) ~(1/2) /d"4+1/8* (2*a+b*c~2

‘/d‘2)*x‘3*(d*x—c)“(1/2)*(d*x+C)‘(1/2)+1/6*b*X‘3*(d*X-C)“(3/2)*(d*X+C)“(3/2

‘)/d‘2—1/8*c‘4*(2*a*d‘2+b*c‘2)*arctanh((d*x—c)‘(1/2)/(d*x+c)‘(1/2))/d‘5
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Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 116, normalized size of antiderivative = 0.73

/mQ\/—c +dzve+ dx(a + bm2) dz

dzv/—c + dz/c + dz(—6ad?(c? — 2d*z?) + b(—3c* — 2c2d?z? + 8d*z?)) — 6¢*(bc? + 2ad?) arctanh(%
N 485

e hY

Integrate [x"2*Sqrt[-c + d*x]#*Sqrtlc + d*x]*(a + b*x~2),x]

N J

input

output‘ (d*x*Sqrt[-c + d*x]*Sqrtc + d*x]*(-6*a*d"2*(c”2 - 2*d"2*x"2) + bx(-3*c™4
\- 2xCcT2+d"2%x"2 + 8*%d"4*x"4)) - 6%c”4*x(b*c"2 + 2%a*d~2)*ArcTanh[Sqrt[-c + \
‘d*x]/Sqrtlc + d*x]11)/(48+d"5) |

Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 143, normalized size of antiderivative = 0.91,

number of rules _ 194, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {960, 101, 27, 40, 45, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/m2(a+bm2) Vdx — eVe+ dxdx

l 960

)3/2(0 + dﬂc):”/2
6d2

1 2 3 _
2(2(1-1— Zi)/mQ\/dx—cx/c+dxd:c+bx (dz—c
l 101

1<2a—|— bc2> <fc2\/dz —cve+ dxdz N z(dx — 0)3/2(c+dw)3/2) s
2

d? 4d2 4d?
b3 (dx — 0)3/2 (c+ d:c)?‘/2
6d2

l27
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1<2a—|— bc2> <c2 [ Vdz — cve+ dzdx n z(dx — 6)3/2(c+dm)3/2> N
2 @ 4d? Ad?
bz (dz — )*/%(c + dx)®/?
6d2

| 40

1<2a+ ch) <c2(%:[:\/d:1:—6\/c+d$— %czfmdx) N x(d$—6)3/2(c+dx)3/2)+

& ad? AP

b3 (dx — 0)3/2(c + dm)3/2
6d?

| 45

Lo /de — o/e+ dp — o2 1 Vdz—c
3ZVdxr —cve+dr —c J d_% d\/c-i-dm) z(dx — 0)3/2(0 + dm)3/2
442 T 4d2

2
2 C(
1(2a+bc>

bz (dz — ¢)3/%(c + dx)®/?

642
l 921
2arctanh ( Vde=c
& Lovdz —cevet do — o nd( G
1 2 +g +£17(d.’1}—c)3/2(c+dx)3/2 4
2 a d2 442 i

bz (dz — )3/%(c + dx)®/?
6d?

input LInt [x~2xSqrt[-c + d*x]*Sqrt[c + d*x]*(a + b*x~2),x] J

[ A\

(b*x73%(-c + d*x)~(3/2)*(c + d*x)~(3/2))/(6%d"2) + ((2*xa + (b*c~2)/d~2)*((
‘X*(-C + d*x)~(3/2)*(c + d*x)~(3/2))/(4*d"2) + (c~2*((x*#Sqrt[-c + d*x]*Sqrt ‘
\[c + d*x])/2 - (c~2*ArcTanh[Sqrt[-c + d*x]/Sqrtlc + d*x11)/d))/(4*d~2)))/2

output




rule 27

rule 40

rule 45

rule 101

rule 221

rule 960
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(m_), x_Symbol] :> Simp[x*
(a + b*x)"m*((c + d*x)"m/(2*m + 1)), x] + Simp[2*a*cx(m/(2*m + 1)) Int[(a
+ b*x)"(m - 1)*(c + d*x)"(m - 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[
bxc + axd, 0] && IGtQ[m + 1/2, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)]), x_Symbol] :> Simp[
2  Subst[Int[1/(b - d*x~2), x], x, Sqrt[a + b*x]/Sqrtlc + d*x]], x] /; Fre
eQ[{a, b, c, d}, x] & EqQ[b*c + axd, 0] && !GtQ[c, O]

Int[((a_.) + (b_.)*(x_))"2%x((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))"(
p_), x_]1 :> Simp[b*(a + b*x)*(c + d*x)"(n + 1)*((e + £xx)"(p + 1)/(d*f*(n +
P+ 3))), x]1 + Simp[1/(d*f*(n + p + 3)) Intl[(c + d*x)"n*(e + f*x) p*Simp
[a”2*d*f*(n + p + 3) - bx(bxc*e + ax(dxe*x(n + 1) + cxf*(p + 1))) + bk(axd*f
*(n + p + 4) - bx(dxex(n + 2) + c*xf*(p + 2)))*x, x], x], x] /; FreeQ[{a, b,
c, d, e, £, n, p}, x] && NeQ[n + p + 3, 0]

-

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Int[((e_.)*(x_))"(m_.)*((a1_) + (b1_.)*(x_)"(non2_.))" (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[d*(e*x)~(
m + 1)*(al + bl*xx"(n/2))"(p + 1)*((a2 + b2*x"(n/2))~(p + 1)/(bl*b2*e*(m + n
*(p + 1) + 1)), x] - Simp[(al*a2*d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/
(b1*b2*(m + nx(p + 1) + 1)) Int[(exx) m*(al + blxx~(n/2)) p*x(a2 + b2*x"(n
/2))°p, x], x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2#bl + al*b2, 0] && NeQ[m + nx(p + 1) + 1, 0]
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Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 159, normalized size of antiderivative = 1.01

method | result

4 2 2 a2z 252 _c2 _
z(—Sbx4d4—12ad4x2+2bc2d2x2+6a02d2+3bc4)(—dx+c)\/dx+c o c*(2ad?+be )ln(m+Vd e )\/(dm ¢)(dz+c)

risch 48d4+/dx—c 16d4Vd2 \/dz—c /dz+c
default Vdz—c+/dz+c (—8 csgn(d)bd®z%v/d?x2—c2—12 csgn(d)a doz3v/d2x% —c242 csgn(d)b c?d3z3v/d222—c2+6 csgn(d)d3v/d2x? -
elau —
4
input Lin‘t (x72% (d*x-c) " (1/2) * (d*x+c) ~(1/2) * (b*x~2+a) ,x ,method=_RETURNVERBOSE) J

‘ 1/48%x* (-8*b*d~4*x~4-12*a*d"~4*x~2+2%b*c”~2%xd~2*x " 2+6%axc”2*d"~2+3xb*xc~4) * (-d \
output

\ *x+c) * (d*x+c)~(1/2) /d~4/ (d*x-c)~(1/2)-1/16*c"4* (2*axd~2+b*c~2) /d~4*1n(d~2x* \
x/(d72)"(1/2)+(d"2%x™2-¢"2) " (1/2)) /(d°2) " (1/2) % ((dxx-c) * (d*x+c) ) " (1/2) / (d*

| x=¢)"(1/2)/ (d*x+c)~ (1/2)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.71

/xzx/—c + dzve+ dz(a+ ba?) d

(8bd°z® — 2 (bc®d® — 6 ad®)x® — 3 (bc*d + 2 ac®d®)z)Vdz + cv/dz — c + 3 (b + 2 ac*d?) log (—dz +
48 d°

inputLintegrate(x‘Q*(d*x—c)“(1/2)*(d*X+C)”(1/2)*(b*x“2+a),x, algorithm="fricas") J

output‘ 1/48% ((8*b*d~5*x~5 - 2% (b*c~2%d~3 - 6*a*d~5)*x~3 - 3x(b*c 4*d + 2*a*xc~2*d” ‘
‘3)*x)*sqrt(d*x + c)*sqrt(d*x - c) + 3*%(b*c”6 + 2*axc”4*xd"2)*log(-d*x + sqr
‘t(dkx + c)*sqrt(d*x - c)))/d"5
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Sympy [F]

/z2\/—c—|—dm\/c—|—dx(a+bm2) dx=/m2(a+bm2) V—c+dzVec+ dx dx

input \ integrate (x**2* (d*x—c) ** (1/2) *x (d*x+c) ** (1/2) * (bxx**2+a) ,x)

output Llntegral(x**Q*(a + bxx**2)*sqrt(-c + d*x)*sqrt(c + d*x), x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.22

(d?z? — cz)%bx?’

/m2\/—c+ dzve + dm(a+ bx2) dr =

6 d?

bc®log (2d2%x + 2V d?z? — c2d)
B 16 &

ac*log (2d%z + 2V d?z? — c2d)
- 8 d3

Vd2z? — c2bctr V/d?x? — clac’x
T e T sa
N (d?z? — 02)%bc2x N (d?x? — 02)%(13:

8 d* 4 d?

input Lintegrate (x72% (d*x-c) ~(1/2) *(d*x+c) ~(1/2) *(b*x~2+a) ,x, algorithm="maxima") J

1/6*%(d"2*x"2 - c¢72)"(3/2)*b*x"3/d"2 - 1/16%b*c~6xlog(2*xd"2%x + 2xsqrt(d~2x*
X"2 - c72)*d)/d"5 - 1/8*a*xc”4*log(2*xd~2*x + 2*sqrt(d~2*x"2 - c"2)*d)/d"3 +
1/16*sqrt (d™2*x"2 - c~2)*b*c~4*x/d"4 + 1/8*sqrt(d™2*x"2 - c~2)*a*c”2*x/d”
2 + 1/8%(d"2*x"2 - c~2)7(3/2) #b*c”2*x/d"4 + 1/4%(d"2*x"2 - c~2)~(3/2) *axx/
d~2

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 403 vs. 2(134) = 268.

Time = 0.20 (sec) , antiderivative size = 403, normalized size of antiderivative = 2.55

/x2\/—c + dzve+ dz(a+ ba?) d

10 (((do +) (2(dn-+ 0 (252 — ) + 52 - 82) Vg oyl —o - ksl I ) )

r

| —

inputLintegrate(x“Q*(d*x-c)‘(1/2)*(d*x+c)”(1/2)*(b*x*2+a),X’ algorithm="giac")

1/240%(10*(((d*x + c)*(2x(d*x + c)*(3*(d*x + c)/d"3 - 13*c/d"3) + 43*c~2/d
~3) - 39%c~3/d"3)*sqrt(d*x + c)*sqrt(d*x - c) - 18*c~4xlog(abs(-sqrt(d*x +
c) + sqrt(d*x - c)))/d"3)*a*xd + (((2*((d*x + c)*(4*(d*x + c)*(5x(d*x + c)
/d"5 - 31xc/d"5) + 321%c~2/d"5) - 451%c~3/d"5)*(d*x + c) + T745*%c~4/d"5)*(d
*X + c) - 405*%c”5/d"B)*sqrt(d*x + c)*sqrt(d*x - c) - 150%c”6*log(abs(-sqrt
(d*x + c) + sqrt(d*x - c)))/d"B)*b*d + 40*(6*c~3xlog(abs(-sqrt(d*x + c) +
sqrt(d*x - c))) + ((2%d*x - B*c)*(d*x + c) + 9*c™2)*sqrt(d*x + c)*sqrt(d*x
- c))*axc/d"2 + 2%(90*c~5*log(abs(-sqrt(d*x + c) + sqrt(d*x - c))) + (195
*c"4 - (295%c”3 - 2%(3*%(4xd*x - 17*c)*(d*x + c) + 133xc”2)*(d*x + c))*(d*x
+ c))*sqrt(d*x + c)*sqrt(d*x - c))*b*c/d"4)/d

output

Mupad [B] (verification not implemented)

Time = 49.66 (sec) , antiderivative size = 1681, normalized size of antiderivative =
10.64

/m2\/—c + dxVe + dx (a + bxz) dxz = Too large to display

-

Lint(x“2*(a + b*x~2)*(c + d*x)~(1/2)*(d*x - c)~(1/2),x)

| —

input
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((35*bxc™6x((c + d*x)~(1/2) - c7(1/2))73)/(12%((-c)~(1/2) - (d*x - ¢c)~(1/2
))7"3) - (bxc™6x((c + d*x)~(1/2) - c~(1/2)))/(4x((-c)~(1/2) - (a*x - c)~(1/
2))) + (757*b*xc”6x((c + d*x)~(1/2) - ¢~ (1/2))75)/(4*((-c)~(1/2) - (d*x - ¢
)7(1/2))75) + (7339%bxc”6*((c + d*x)~(1/2) - c~(1/2))"7)/(4*((-c)~(1/2) -

(d*x - ¢c)~(1/2))77) + (41929%b*c™6*((c + d*x)~(1/2) - c~(1/2))79)/(6*((-c)
~(1/2) - (d*x - ¢)~(1/2))79) + (25661*%b*c”~6*((c + d*x)~(1/2) - c~(1/2))"11
)/ (2% ((-c)~(1/2) - (d*x - c)~(1/2))"11) + (25661*bxc~6x((c + d*x)~(1/2) -

c~(1/2))713) /(2% ((-c)~(1/2) - (d*x - c)~(1/2))"13) + (41929%b*c~6x((c + d*
x)7(1/2) - ¢~(1/2))715) /(6% ((-c)~(1/2) - (d*x - c)~(1/2))715) + (7339*b*c™
6%((c + d*x)~(1/2) - c~(1/2))717)/(4*((-c)~(1/2) - (d*x - c)~(1/2))"17) +

(757*bxc™6x((c + d*x)~(1/2) - c7(1/2))719)/(4*((-c)~(1/2) - (d*x - ¢c)~(1/2
))719) + (35%bxc”6*x((c + d*x)~(1/2) - c~(1/2))721)/(12x((-c)~(1/2) - (d*x

- ¢)7(1/2))721) - (bxc™6*((c + d*x)~(1/2) - ¢c7(1/2))723)/(4x((-c)~(1/2) -

(d*x - ¢)7(1/2))723))/(d"5 - (12%d~5x((c + d*x)~(1/2) - c~(1/2))"2)/((-¢c)~
(1/2) - (d*x - ¢c)~(1/2))72 + (66*%d~5x((c + d*x)~(1/2) - c~(1/2))~4)/((-¢c)~
(1/2) - (d*x - c)~(1/2))74 - (220%d"5*((c + d*x)~(1/2) - c~(1/2))~6)/((-c)
~(1/72) - (d*x - ¢c)~(1/2))76 + (495%d~56*((c + d*x)~(1/2) - c~(1/2))78)/((-c
)=(1/2) - (d*x - c)~(1/2))78 - (792*%d"5*((c + d*x)~(1/2) - c~(1/2))~10)/((
-c)~(1/2) - (d*x - c)~(1/2))710 + (924%d~5x((c + d*x)~(1/2) - c~(1/2))"12)
/((-c)~(1/2) - (d*x - ¢c)~(1/2))712 - (792%d"5*((c + d*x)~(1/2) - c~(1/2...

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.20

/xz\/—c + dzve+ dz(a+ba?) do

—6Vdz + c/dzx — cad®z + 12v/dz + cv/dx — cad’z® — 3+/dz + cv/dx — cbctdx — 2v/dx + c/dzx
- 4845

input Lint (x~ 2% (d*x-c) = (1/2) * (d*x+c) ~(1/2) * (b*x~2+a) ,x) J

( - 6xsqrt(c + d*x)*sqrt( - c + d*x)*a*c*k*2*%d**3*%x + 12*sqrt(c + d*x)*sqrt
( - c + dkx)*a*d**5xx*x3 - 3*sqrt(c + d*x)*sqrt( - c + d*x)*bkcx*kdxd*x - 2
*sqrt(c + d*x)*sqrt( - c + d*x)*bxck*2kd**3*x**3 + 8xsqrt(c + d*x)*sqrt( -
c + d*x)*bxd**5*x**x5 - 12%log((sqrt( - c + d*x) + sqrt(c + d*x))/(sqrt(c)
*sqrt (2)))*akxck*4xd**2 - 6*%log((sqrt( - c + d*x) + sqrt(c + dx*x))/(sqrt(c)
*sqrt (2))) *¥bxcx*6) / (48*d**5)

output
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3.9 [V—=c+dzvec+ dz(a+ bz?) dz

Optimal result . . . . . . . . . . . . e 105
Mathematica [A] (verified) . . . . . . . . . ... o 1051
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 107
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 108
Sympy [F] . . o o 108
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1091
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 109
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 1101
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 111

Optimal result

Integrand size = 28, antiderivative size = 114

(bc? + 4ad?) z/—c + dzv/c + dz
8d?
bz(—c + dz)3/%(c + dx)3/?
- 42

2 2 2 v —ctdz
c*(bc® + 4ad )arctanh( W )
443

/\/—c+dx\/c+dac(a+bx2) dx =

e B

1/8% (4*axd~2+b*c~2) *x* (d*x-c) ~(1/2) * (d*x+c) ~(1/2) /d"2+1/4*xb*x* (d*x-c) ~(3/2
\)*(d*x+c)‘(3/2)/d‘2—1/4*c‘2*(4*a*d‘2+b*c‘2)*arctanh((d*x—c)‘(1/2)/(d*x+c)‘
L(1/2))/d‘3 J

output

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.81

/\/—c+da:\/c+da:(a+bx2) dx

dzv/—c + dzv/c + dz(—bc? + 4ad? + 2bd?z?) — 2¢%(bc? + 4ad?) arctanh (—\/_7%;;>
B 8
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input‘ Integrate[Sqrt[-c + d*x]*Sqrtlc + d*x]*(a + b*x"2),x] ‘

t‘ (d*x*Sqrt[-c + d*x]*Sqrtlc + d*x]*(-(b*c™2) + 4*a*xd™2 + 2%bxd~2*xx"2) - 2%*c \

outpu
"2 (b%c™2 + 4*a*d"2)*ArcTanh[Sqrt[-c + d*x]/Sqrtlc + d*x]1)/(8%d°3) |

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.92,

number of rules _ 0.143, Rules

number of steps used = 5, number of rules used = 4, = -
integrand size

used = {646, 40, 45, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a + bz?) Vdz — cVe + dzdz

l 646

(4ad?® + bc?) [ Vdz — cv/e + dzdz N ba(dz — )®/(c + dx)®/?
4d? 4d?

l40

(4ad2 4 bcz) (%x At — /e ¥ do — %02 f mdm) N br(dz — c)3/2(c + dm)3/2
A2 4d2

l45

(ad ) (o = ever - & | d—wdvc+dw>+bm<dw—c>3/2<c+dw>3/2

442 442
| 221
2arctanh ( Viz—c
(tad? + b) ( Lav@s —oyeTds — etenb(VET)
+ ba(dz — ¢)3/?(c + dx)3/?

4d? 4d?

input LInt [Sgrt[-c + d*x]*Sqrtlc + d*x]*(a + b*x~2),x] J
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t‘ (bxx*(-c + d*x)~(3/2)*(c + d*x)7(3/2))/(4*d"2) + ((b*c™2 + 4*axd™2)*((x*Sq \
‘rt[-c + d*x]*Sqrtc + d*x])/2 - (c"2xArcTanh[Sqrt[-c + d*x]/Sqrtlc + d*x]] ‘
1)/d))/ (4xa2) |

outpu

Defintions of rubi rules used

rule 40 TntlC@) + (b_)*(x 1))@ )*((c) + (d_)*(x))"(m ), x_Symbol] :> Simp[x*
(a + b*x)"m*((c + d*x)"m/(2*m + 1)), x] + Simp[2*a*cx(m/(2*m + 1)) Int[(a
+ bxx)"(m - 1)*(c + d*x)"(m - 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[
bxc + axd, 0] && IGtQ[m + 1/2, 0]

rule 45 Int[1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)1), x_Symbol]l :> Simpl[
2 Subst[Int[1/(b - d*x~2), x], x, Sqrtl[a + b*x]/Sqrtlc + d*x]], x] /; Fre
eQ[{a, b, c, d}, x] && EqQlb*c + a*d, 0] && !'GtQ[c, 0]

rule 221 Intl((al) + (b_)*(x_)72)7(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 646 Int[((c_ ) + (@_)*(x))"(m_.)*((e_) + (£_)*(x_))"(n_.)*((a_.) + (b_.)*(x_)
~2), x_Symbol] :> Simp[b*x*(c + d*x)~(m + 1)*((e + £*x)~(n + 1)/(d*f*(2*m +
3))), x] - Simp[(b*cke - a*d*fx(2xm + 3))/(d*f*(2*m + 3)) Int[(c + d*x)~
m*(e + £*xx)°n, x], x] /; FreeQ[{a, b, c, d, e, £, m, n}, x] && EqQ[m, n] &&
EqQ[d*e + c*f, 0] && !LtQ[m, -1]

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.18

method | result

2
(2ba2d?+4a d2—b c?) (—da+c)v/do+c *(tad®+be*) In (jT%+*/d2”2_c2) V(de—c)(deto)

risch 8d2+/dx—c 8d2v/d2 v/dz—c/dz+c
default Vdr—c+/dz+c (—2 csgn(d)b d3z3v/d222—c2—4 csgn(d)d3v/d2x2—c2 ax+csgn(d)dvd2z2—c2 bc?x+4 ln((\/d2$2—02 csgn(d)-
erau -

8vVd2x2—c2 d3
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input | int ((d*x-c) " (1/2)*(d*x+c) " (1/2)* (b*x~2+a) ,x,method=_RETURNVERBOSE) |

output‘-1/8*X*(2*b*d“2*x‘2+4*a*d“2—b*c‘2)*(-d*x+c)*(d*x+c)*(1/2)/d*2/(d*x_c)~(1/2
‘)—1/8*0‘2*(4*a*d‘2+b*c‘2)/d‘2*1n(d‘2*x/(d‘2)‘(1/2)+(d‘2*x‘2—c‘2)‘(1/2))/(d
| 72)7(1/2)*((d*x-c) * (d*x+c)) "~ (1/2)/ (d*x-c) " (1/2)/ (d*x+c) ™ (1/2) |

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.77

/\/—c+ dzvVc+ dz(a+ bz?) dx
(2bd%z® — (bc?d — 4 ad®)z)Vdz + cv/dz — c + (bc* + 4 ac’d?) log (—dz + v/dz + c/dz — c)

8d3
inputLintegrate((d*x—c)“(1/2)*(d*x+c)“(1/2)*(b*x‘2+a),x, algorithm="fricas") J
Output} 1/8%((2#b*d"3%x"3 - (bxc"2%d - 4xaxd"3)*x)*sqrt(d*x + c)ksqrt(dsx - ¢) + ( |

b*c”4 + 4xa*xc”2xd"2)*log(-d*x + sqrt(d*x + c)*sqrt(d*x - c)))/d"3

Sympy [F]

/\/—c+dm\/c—|—dx(a+bm2) dx=/(a+bx2) V—c+ dxVec+ dzdx

input Lintegrate ((dxx=c)** (1/2) * (d*x+c) ** (1/2) * (b*x**2+a) ,x) J

outputtlntegral((a + bix**2)*xsqrt(-c + d*x)*sqrt(c + d*x), x) J
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.20

bctlog (2d2z + 2 v/d?z? — 2d)

/\/—c+dw\/c+dx(a+bx2) dx =

8d3
ac*log (2d%z + 2V d?z? — 2d)
B 2d
N Vd2x? — c2bc’x N (d?z? — c2)gbx
8d? 4 d?

e

Lintegrate ((d*x-c)~(1/2)*(d*x+c) ~(1/2) *(b*x"2+a) ,x, algorithm="maxima")

~—

input

‘—1/8*b*c"4*log(2*d“2*x + 2xsqrt(d™2*x72 - ¢72)*d)/d"3 - 1/2%a*xc”2*log(2*d” \
‘2*x + 2+sqrt(d™2*x"2 - c72)*d)/d + 1/2*sqrt(d"2*x"2 - c"2)*a*x + 1/8*sqrt( ‘
d"2*x72 - c72)*b*c”"2*x/d"2 + 1/4%(d”2%x72 - ¢72)7(3/2)*b*x/d"2

N\ J

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 276 vs. 2(96) = 192.

Time = 0.17 (sec) , antiderivative size = 276, normalized size of antiderivative = 2.42

/\/—c—l—dx\/c+dx(a+bx2) dz

24 (2 clog (|—Vdz + ¢+ Vdz — c|) + Vdz + cv/dx — c)ac + (((d:c+c)<2 (dx+c)<—3(d;3+c) —

13¢
d3

)+

.
integrate ((d*x-c)~(1/2)*(d*x+c)~(1/2)*(b*x~2+a) ,x, algorithm="giac")

N\ J

input
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1/24% (24 (2xc*log(abs(-sqrt(d*x + c) + sqrt(d*x - c))) + sqrt(d*x + c)*sqr
t(d*x - c))*a*xc + (((d*x + c)*(2x(d*x + c)*(3*(d*x + c)/d"3 - 13*c/d"3) +
43%c~2/d"3) - 39%c”3/d"3)*sqrt(d*x + c)*sqrt(d*x - c) - 18*c~4*log(abs(-sq
rt(d*x + c) + sqrt(d*x - c)))/d~3)*b*d - 12*(2*c~2*log(abs(-sqrt(d*x + c)
+ sqrt(d*x - c))) - sqrt(d*x + c)*sqrt(d*x - c)*(d*x - 2*c))*a + 4x(6%c”3*
log(abs(-sqrt(d*x + c) + sqrt(d*x - c))) + ((2%d*x - 5xc)*(d*x + c) + 9*c~
2)*sqrt(d*x + c)*sqrt(d*x - c))*b*c/d"2)/d

output

Mupad [B] (verification not implemented)

Time = 21.88 (sec) , antiderivative size = 734, normalized size of antiderivative = 6.44

dz+dzx —
/\/—c+da:\/c+dx(a+bx2) dr = azvet ;\/ i
be! (Verda—ve) | 35bct ( ctda—v/ec)® | 213t (Verdz—+/c)° 4 Tisbct (Vexdz—v/e)’ | Tiseet (Vetdz—+/c)® 42
2 (vV—c—Vda—c) 2 (v=c—vdz—0)" 2 (vV=c—vda—c)® 2 (vV=c—vdaz—c)" 2 (v—c—vdaz—c)’ 2
B 8 (Vetda—ve)? | 2843 (Verdz—ve)' 5643 (Verdz—ye)° 4 Tod (Vetda—ve)® 5643 (Vetda—ve)" n
(V=c—vdz—c)’ (vV=c—vdz—c)* (vV=c—vdz—0c)° (V=c—vdz—0c)® (vV=c—vdaz—c)"’

vetdx—+/c
_acdIn(dz+Ve+dzVdz —c) N be! atanh(\/_—:“_\/d;{J
2d 243

-

Lint((a + bxx~2)*(c + d*x)~(1/2)*(d*x - ¢)~(1/2),x%)

-/

input
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(axxx(c + d*x)~(1/2)*(d*x - c)~(1/2))/2 - ((bxc™4x((c + d*x)~(1/2) - c~(1/
2)))/(2x((-c)~(1/2) - (d*x - c)~(1/2))) + (35*bxc™4*((c + d*x)~(1/2) - c~(
1/2))73)/(2*%((-c)~(1/2) - (d*x - c)~(1/2))73) + (273*bxc~4x((c + d*x)~(1/2
) - ¢~ (1/2))78)/(2x((-c)~(1/2) - (d*x - c)~(1/2))75) + (715%bxc™4*((c + d*
x)7(1/2) - c~(1/2))°7) /(2% ((-c)~(1/2) - (d*x - c)~(1/2))°7) + (715xbxc~4*(
(c + d*x)~(1/2) - c~(1/2))79)/(2*x((-c)~(1/2) - (d*x - c)~(1/2))79) + (273*
bxc~4*((c + d*x)~(1/2) - c~(1/2))"11)/(2*x((-c)~(1/2) - (d*x - c)~(1/2))"11
) + (35%b*xc™4x((c + d*x)~(1/2) - c~(1/2))713)/(2*x((-c)~(1/2) - (d*x - c)~(
1/2))713) + (bxc™4*x((c + d*x)~(1/2) - c~(1/2))715)/ (2% ((-c)~(1/2) - (d*x -
c)~(1/2))"15))/(d"3 - (8*%d~3*((c + d*x)~(1/2) - ¢~ (1/2))~2)/((-c)~(1/2)

output

(d*x - )~ (1/2))72 + (28*d™3*((c + d*x)~(1/2) - c~(1/2))"4)/((-c)~(1/2) -
(d*x - ¢c)~(1/2))74 - (56%d"3x((c + d*x)~(1/2) - ¢~ (1/2))76)/((-c)~(1/2) -
(d*x - c)~(1/2))76 + (70*d"3*((c + d*x)~(1/2) - c~(1/2))78)/((-c)~(1/2) -
(d*x - ¢)~(1/2))78 - (56*d~3*((c + d*x)~(1/2) - ¢~ (1/2))710)/((-c)~(1/2)

- (d*x - ¢)~(1/2))710 + (28*d"3*((c + d*x)~(1/2) - ¢~ (1/2))712)/((-c)~(1/2
) = (d*x - )~ (1/2))712 - (8+d~3*((c + d*x)~(1/2) - ¢~ (1/2))"14)/((-c)~(1/
2) - (d*x - c)~(1/2))"14 + (d~3*%((c + d*x)~(1/2) - c~(1/2))"16)/((-c)~(1/2
) = (d*x - ¢)~(1/2))716) - (a*c™2*log(d*x + (c + d*x)~(1/2)*(d*x - c)~(1/2
)))/(2xd) + (b*c~4*atanh(((c + d*x)~(1/2) - c~(1/2))/((-c)~(1/2) - (d*x -
c)~(1/2))))/(2%4~3)

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.20

/\/—c+dx\/c+da:(a+bx2) dx

4v/dzx + cvdx — cad®z — /dz + cv/dx — cbctdx + 2v/dx + c/dx — cbd®z® — 810g<—vd$?;c+f V;’”“) a
- 83

-

Lint ((d*x-c)~(1/2) *(d*x+c) ~(1/2) * (b*xx~2+a) ,x)

~—

input

((4*sqrt(c + d*x)*sqrt( - c + d*x)*a*xd*x*3*x - sqrt(c + d*x)*sqrt( - c + d*x
\)*b*c**Q*d*x + 2xsqrt(c + d*x)*sqrt( - c + d*x)*bxd**3*x**3 - 8*log((sqrt(
‘ - ¢ + d*x) + sqrt(c + d*x))/(sqrt(c)*sqrt(2)))*akcx*2xd*x*2 - 2xlog((sqrt(
L - ¢ + d*x) + sqrt(c + d*x))/(sqrt(c)*sqrt(2)))*bkcx*4)/(8*d**3)

output

| —
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—C I/ C r\a .’172
3.10 [ Yerdeldsleth) 5,

2
Optimal result . . . . . . . . . . . . . e 112
Mathematica [A] (verified) . . . . . . . . . ... 112
Rubi [A] (verified) . . . . . . . . . 113l
Maple [A] (verified) . . . . . . . . .. 1151
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 115
Sympy [F] . . o e 116
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 116
Giac [A] (verification not implemented) . . . . . ... ... ... L. 116
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 117
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... INE

Optimal result

Integrand size = 31, antiderivative size = 104

vV —c+ dzvc+ dz(a + br?)
72

2
dzr = 1<b— 2ad ) vV —c+ dzxvVe + dx
2 c?
N a(—c+ dz)%?(c + dx)3/?

2z
~ (bc? — 2ad?) arctanh( V\/_c(%iz)
d

N

utput \/1/2* (b-2%a*d~2/c”~2) *x* (d*xx-c) " (1/2) * (d*x+c) ~ (1/2) +ax (d*x—c) " (3/2) * (d*x+c)~ \
L(3/2) /c”2/x-(-2xa*d"~2+b*c”~2) *arctanh ((d*x-c) " (1/2)/ (d*x+c)~(1/2))/d J

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.71

V—c+dzvc+ dz(a+ bz?) e — vV —c+ dzvc+ dx(—2a + bz?)
x? B 2z

2 =
+ <—bi + 2ad) arctanh(—c + dac)
d ve+dx
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input ‘ Integrate[(Sqrt[-c + d*x]*Sqrtlc + d*x]*(a + b*x~2))/x"2,x] ‘

output‘ (Sart[-c + d*x]*Sqrtlc + d*x]*(-2*a + b*x"2))/(2*x) + (-((b*c™2)/d) + 2%ax ‘
‘d)*ArcTanh[Sqrt [-c + d*x]/Sqrtlc + d=*x]] ‘

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.93,

number of rules _
integrand size 0.129, Rules

number of steps used = 5, number of rules used = 4,
used = {956, 40, 45, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a +bz?) Vdz — cv/e+ do p
z
22
l 956

2 _ 2)3/2 3/2
<b— 2ad ) VI = eve T dads + a(dx — ¢)*/*(c + dx)

c? 2z
| 40
102 / 1 da:> + a(dz — ¢)3/?(c + dx)3/?
2 Vdz — cv/e+dz ctr

| 45

2 — _\3/2 3/2
<b—2Zj><;x\/da:——cm—c2 / : RE—L C>+“(dﬂ” o) (c+da)
T T c+dx

2ad? 1
b—c—2 ix\/dx—m/c—i—dw—

N P
l 221
2 c2arctanh | Y42=¢ _N\3/2 3/2
(b2zj><;wdx—cm d<m) g ddr =g et do)

-

LInt[(Sqrt [-c + d*x]*Sqrt[c + d*x]*(a + b*x"2))/x"2,x]

| —

input
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Output‘ (ax(-c + d*x)~(3/2)*(c + d*x)~(3/2))/(c”2*x) + (b - (2*axd~2)/c~2)*((x*Sqr ‘
‘t[-c + d*x]*Sqrtlc + d*x])/2 - (c"2*ArcTanh[Sqrt[-c + d*x]/Sqrtlc + d*x]]) ‘
/) |

Defintions of rubi rules used

rule 40 TntlC@) + (b_)*(x 1))@ )*((c) + (d_)*(x))"(m ), x_Symbol] :> Simp[x*
(a + b*x)"m*((c + d*x)"m/(2*m + 1)), x] + Simp[2*a*cx(m/(2*m + 1)) Int[(a
+ bxx)"(m - 1)*(c + d*x)"(m - 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[
bxc + axd, 0] && IGtQ[m + 1/2, 0]

Int[1/(Sqrt[(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)]), x_Symbol] :> Simp[
2 Subst[Int[1/(b - d*x~2), x], x, Sqrtl[a + b*x]/Sqrtlc + d*x]], x] /; Fre
eQ[{a, b, c, d}, x] && EqQlb*c + a*d, 0] && !'GtQ[c, 0]

rule 45

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

rule 956 Int[((e_.)*(x_))"(m_.)*((a1_) + (bil_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_) " (non2_.)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[c*(exx)~(
m + 1)*(al + bixx"(n/2)) " (p + 1)*((a2 + b2*x~(n/2))~(p + 1)/(al*a2*e*x(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - blxb2*cx(m + n*(p + 1) + 1))/(al*a2%e n*(
m+ 1)) Int[(e*x) " (m + n)*(al + blxx~(n/2)) p*x(a2 + b2*x~(n/2))"p, x], x]

/; FreeQ[{al, b1, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] && EqQ[a2*bl +

al*b2, 0] && (IntegerQ[n] || GtQ[e, 0]) && ((GtQ[n, 0] && LtQ[m, -11) || (
LtQ[n, 0] && GtQ[m + n, -11)) & !ILtQlp, -1]
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.12

method | result

Vdatc(—dztc)(-ba®+2a) (—a d2+#) ln( \d/zd%—i_\/d%z_&) V(dz—c)(dz-+e)

risch 2z+/dr—c Vd2 \/dz—c+/dz+c
Vdz—c~/dz+c (— csgn(d)bd £2+/d2x2—c2—21n < <\/ d2x2—c2? csgn(d)+dac> csgn(d)) ad?z+In < (\/ d2z2—c2? csgn(d)—i—dz) csgn(
default - 2V/d2z2—c2
r—c?zd
input Lint ((d*x-c)~(1/2) *(d*x+c) ~(1/2) *(b*x~2+a) /x~2,x,method=_RETURNVERBOSE) J

| 1/2% (dxx+c) ™ (1/2) % (~d*x+c) * (-bkx~2+2%a) /x/ (d*x-c) ~ (1/2) - (-a*d~2+1/2%b*kc"2)
*1n(d~2%x/(d~2) " (1/2)+(d"2%x"2-c"2)~(1/2))/(d"2)~ (1/2)* ((d*x-c) * (d*x+c))~(
11/2)/(@*x-¢)~(1/2)/ (dxx+c)” (1/2)

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.80

vV—c+ dzv/c+ dz(a + bz?)
x2
2ad’z — (bc® — 2ad?)zlog (—dz + vdz + c/dz — ¢) — (bdz? — 2ad)Vdz + cv/dz — ¢
2dx

dz

input Lintegrate ( (d*X‘C) - (1/2) * (d*X+C) - (1/2) % (b*x"2+a) /XA2 ,X, algOrithm="fricas n) J

‘ -1/2%(2xa*d"2*x - (b*c™2 - 2%axd~2)*x*log(-d*x + sqrt(d*x + c)*sqrt(d*x - ‘

output
‘c)) - (bxd*x~2 - 2xa*xd)*sqrt(d*x + c)*sqrt(d*x - c))/(d*x) ‘
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Sympy [F]

dx

V—c+dzvc+ dz(a+ bz?) dx_/(a+bx2) V—c+dzve+dz
x? B x?

integrate ((d*x—c)**(1/2)* (d*x+c) ** (1/2) * (bxx*k*2+a) /x**2,x)

inputt

‘Integral((a + bxx**x2)*sqrt(-c + d*x)*sqrt(c + d*x)/x**2, x)

output
Maxima [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.01
vV —c+ dzvec+ dz(a + bz?) o — bc?log (2d%z + 2V d2z? — c2d)
x? B 2d
+ adlog (2 &’z + 2V d%z? — czd)
1 VB2 — 2
+ 2 Vaa? — @by — YET 4
z
input‘integrate((d*x—c)“(1/2)*(d*x+c)“(1/2)*(b*x”2+a)/x‘2,x, algorithm="maxima")
Output‘-1/2*b*c“2*log(2*d“2*x + 2%sqrt(d™2*x"2 - c¢"2)*d)/d + axd*log(2xd"2*x + 2%

‘sqrt(d“2*x“2 - c72)*d) + 1/2*sqrt(d"2*x"2 - c”2)*b*x - sqrt(d~2*x"2 - c~2)
‘*a/x ‘

Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.10

vV—c+ dzv/c+ dz(a + bz?)

dr =
2

1 32ac? (dz+c)b  be (bc* — 2ad?) log ((\/E
—= < —2\/da:+cx/dx—c<—2——2)— >
4 (Vdz+c—+dz —c) +4¢c d d d
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input ‘ integrate ((d*x-c)~(1/2)*(d*x+c)~(1/2) *(bxx~2+a) /x~2,x, algorithm="giac") ‘

output‘ -1/4%(32%a*c~2/ ((sqrt(d*x + c) - sqrt(d*x - c))"4 + 4%c™2) - 2*sqrt(d*x + ‘
‘c)*sqrt(d*x - c)*((d*x + c)*b/d"2 - b*c/d"2) - (b*c™2 - 2*a*d”2)*log((sqrt ‘
L(d*x + ¢) - sqrt(d*x - c))"4)/d~2)*d J

Mupad [B] (verification not implemented)

Time = 6.81 (sec) , antiderivative size = 243, normalized size of antiderivative = 2.34

vV—c+ dzv/c + dz(a + bx?) dp — ad+ (vV—c—vdz—c)’
z2 4 (Verda—/o) 4
v—c—+vdz—c (vV—=c— dm—d3
VC+d$—v@)
vV—c—+dzr—c
bxvc+dzvdx —c
+ 2
b In(dz++Ve+dzvdz —c)
B 2d
4_ad(\/c+dx——\/5)

4 (V- iz o)

— 4adatanh<

input‘int(((a + b*x~2)*(c + d*x)~(1/2)*(d*x - c)~(1/2))/x"2,x)

(axd + (Bxaxd*((c + d*x)~(1/2) - c~(1/2))72)/((-c)~(1/2) - (d*x - ¢)~(1/2)
)72)/((4*((c + d*x)~(1/2) - c~(1/2)))/((-c)~(1/2) - (d*x - c)~(1/2)) + (4x
((c + d*x)~(1/2) - c~(1/2))73)/((-c)~(1/2) - (d*x - c)~(1/2))73) - 4*a*xd*a
tanh(((c + d*x)~(1/2) - c~(1/2))/((-c)~(1/2) - (d*x - c)~(1/2))) + (b*x*(c
+ d*x)~(1/2)*(d*x - c)~(1/2))/2 - (bxc™2*log(d*x + (c + d*x)~(1/2)*(d*x -
c)~(1/2)))/(2%d) + (axd*((c + d*x)~(1/2) - c~(1/2)))/(4*x((-c)~(1/2) - (dx*
x - c)7(1/2)))

output
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.20

vV —c+dzvc+ dz(a + bx?)

> dx
X
—8V/dz + cvdz — cad + 4v/dz + cV/dz — cbd z? + 1610g<—¢d”77§fz@ > ad's - 8103<—“F7§faﬁg) |
B 8dzx
input Lint ((d*x-c) = (1/2) * (d*x+c) ~(1/2) * (b*x~2+a) /x~2,%) J
Output‘ ( - 8*sqrt(c + d*x)*sqrt( - ¢ + dxx)*axd + 4*sqrt(c + d*x)*sqrt( - c + d*x

‘a*d**2*x - 8xlog((sqrt( - c + d*x) + sqrt(c + d*x))/(sqrt(c)*sqrt(2)))x*b*xc

‘)*b*d*x**2 + 16%1log((sqrt( - c + d*x) + sqrt(c + d*x))/(sqrt(c)*sqrt(2)))* ‘
‘**2*x — 8kxaxd**2*x + bkc**2*x)/(8%d*x)




output

input
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—C I/ C r\a x2
3.11 [ Yoctde/erdlatbo) g,

x4

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . .
Maple [A] (verified) . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ...
Sympy [F(-1)] . . . oo
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [B] (verification not implemented) . . . . . ... ... ... .. ...
Mupad [B] (verification not implemented) . . ... ... ... .. ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 31, antiderivative size = 84

vV—c+ dzv/c+ dz(a + bz?)

_b\/—c+dx\/c+dx N

a(—c + dz)*?(c + dx)3/?

1 dzr =
T T
+ 2bdarctanh <ﬂ>
Ve+dx

e

‘+2*b*d*arctanh((d*x-c)‘(1/2)/(d*x+c)‘(1/2))

-b* (d*x-c) " (1/2)*(d*x+c) " (1/2) /x+1/3*a*x(d*x-c) " (3/2) *(d*x+c) ~(3/2) /c"2/x"3

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.96

vV —c+ dzv/c+ dz(a + bz?)

_V=c+dave+ dx(3bc’s? + a(c® — d*a?))

dr =
4

+ 2bdarctanh (

3c2x3

vV—c+dx

Ve+dx

)

-

LIntegrate [(Sqgrt[-c + d*x]*Sqrtlc + d*x]*(a + b*x"2))/x74,x]

~—
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‘-1/3*(Sqrt [-c + d*x]*Sqrtlc + d*x]*(3*bxc™2*x"2 + a*(c™2 - d™2%x"2)))/(c"2 ‘

output
L*X‘3) + 2%b*d*ArcTanh[Sqrt[-c + d*x]/Sqrtlc + d*x]] J

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.01,

number of rules _ 0.161, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {956, 108, 27, 45, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
a+ ox T —cvVce+dx
/ bx?) \/d vV d i
z
v
l 956
b/ Vdz —cve+ dacdw + a(dz — ¢)3/%(c + dx)3/?
z2 3c2g3
l 108
b(/ d? dp — \/d:r—c\/c+d:r> + a(dz — ¢)3/%(c + dx)3/?
Vdz — cv/e+ dx T 3c2a3

l27

b<d2/ 1 dr — \/dm—c\/c—l—da:) n a(dz — ¢)3/%(c + dx)3/?
Vdx — cve+dx x 3c2z3

145

b 2d2/ 1 d\/dm—c_ Vdx — cv/e + dx +a(dw—c)3/2(c+dx)3/2
l 221
a(dz — ¢)*?(c + dx)?/? Vdr —c\ Vdzr —cVc+dx
2 h -
302, + b( 2darctan A =

-

LInt[(Sqrt [-c + d*x]*Sqrt[c + d*x]*(a + b*x"2))/x74,x]

| —

input
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‘(a*(—c + d*x)~(3/2)*(c + d*x)~(3/2))/(3*xc™2*x"3) + bx(-((Sqrt[-c + d*x]*Sq

output
Lrt[c + dx*x])/x) + 2xdxArcTanh[Sqrt[-c + d*x]/Sqrtlc + d*x]]) J

Defintions of rubi rules used

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 45 Int[1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)1), x_Symbol] :> Simpl[
2 Subst[Int[1/(b - d*x~2), x], x, Sqrt[a + b*x]/Sqrtlc + d*x]], x] /; Fre
eQ[{a, b, c, d}, x] & EqQ[b*c + axd, 0] && !GtQ[c, O]

rule 108 Int[(Ca_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_)) (@ )*((e_.) + (£_.)*(x_)
)7 (p.), x_]1 :> Simp[(a + b*x)"(m + 1)*(c + d*x)"n*((e + f*x) p/(bx(m + 1)))
, x] - Simp[1/(b*(m + 1)) Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 1)*(e + £x*
x)~(p - 1)*Simp[d*e*n + c*fxp + d*f*(n + p)*x, x], x], x] /; FreeQ[{a, b, c
, d, e, £}, x] && LtQ[m, -1] && GtQ[n, 0] &% GtQ[p, 0] && (IntegersQ[2+*m, 2
*n, 2*%p] || IntegersQ[m, n + p] || IntegersQlp, m + nl)

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 221

rule 956 Int[(Ce_.)*(x_))"(m_.)*((al_) + (bl_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[c*(e*xx)~(
m + 1)*(al + bl*xx"(n/2)) " (p + 1)*((a2 + b2*x~(n/2)) "~ (p + 1)/(al*a2*ex(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - blxb2*cx(m + n*(p + 1) + 1))/(al*a2%e n*(
m+ 1)) Int[(exx)"(m + n)*(al + bilxx~(n/2)) p*(a2 + b2*x~(n/2))"p, x], x]

/; FreeQ[{al, b1, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] &% EqQ[a2*bl +

alxb2, 0] & (IntegerQ[n] || GtQle, 0]1) && ((GtQ[n, O] && LtQ[m, -11) || (
LtQ[n, 0] & GtQ[m + n, -1])) && !'ILtQ[p, -1]
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Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.48

method | result

2 d2z PP ) —
m(—dx—i—c)(—ad2x2+3b02x2+a02) bd ln(\/ﬁ—i_\/d zr—e >\/(dx c)(dz+c)

risch 3x3c2v/dx—c + Vd2 \/dz—c+/dz+c
Vdz—c+/dz+c (—3ln<<\/d2m2—c2 csgn(d)-i—dac) csgn(d))chdm3—csgn(d)a d?2%/d222—c2+3 csgn(d)b 2%V d2z? —c2+csg
default - 2222 243
3vd2z2—c2 2z
input Lint ((d*x-c)~(1/2) *(d*x+c) ~(1/2) *(b*x~2+a) /x~4,x,method=_RETURNVERBOSE) J
output 1/3*(@x+C) 7 (1/2)% (~dkxrc)  (~akd"24x"2+34bkc " 24x"2+axc"2) /x"3/c72/ (d¥x-c)”

| (1/2)+b*d~2+1n(d"2%x/ (d72) " (1/2)+(d"2%x"2-¢"2) " (1/2)) /(d"2) " (1/2) * ((d*x-c) |
#(drxke)) " (1/2)/ (dxx-¢) ™ (1/2)/ (d¥x+e) ™ (1/2)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.19

dr =
T

3bctdz®log (—dz + Vdz + cv/dx — ¢) + (3bc’d — ad®)z® + (ac® + (3bc® — ad?)z?)Vdz + cv/dz — ¢
a 323

/ vV—c+ dzv/c+ dz(a + bz?)

input Lintegrate ( (d*X‘C) - (1/2) * (d*X+C) - (1/2) % (b*x"2+a) /XA4 ,X, algOrithm="fricas n) J

‘—1/3*(3*b*c‘2*d*x“3*log(—d*x + sqrt(d*x + c)*sqrt(d*x - c)) + (3*bxc™2xd - ‘
‘ a*d~3)*x"3 + (a*c™2 + (3*bxc™2 - a*d"2)*x"2)*sqrt(d*x + c)*sqrt(d*x - c)) ‘
|/ (c™2%x"3) |

output
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Sympy [F(-1)]

Timed out.
—c+d d bx?
/\/ c+ :m/c;— z(a + bz?) e — Timed out
input Lintegrate ((d*x—-c) ** (1/2) * (d*x+c) ** (1/2) * (b*x**2+a) /x**4 , %) J
OutputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.89

vV —c+ dzvc+ dz(a + bx?)
!

dz = bdlog (2 &z + 2V Pz — c2d>
Vd2z? — c2b N (d?x? — c2)%a

T 3c2x3

input ‘ integrate ((d*x-c)~(1/2)*(d*x+c) ~(1/2) *(bxx~2+a) /x"4,x, algorithm="maxima") ‘

‘b*d*log(2*d"2*x + 2%sqrt(d™2*x"2 - c”2)*d) - sqrt(d”2#x"2 - c”2)*b/x + 1/3 ‘

output
\ *(d~2%x"2 - ¢~2)~(3/2)*a/(c~2%x~3) \

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 165 vs. 2(70) = 140.

Time = 0.17 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.96

vV—c+dzvc+ dz(a+ bz?)
1 3blog ((\/d:c—l—c—\/dm—c)4) 16 <3bc2(\/dﬂs—|—c—\/dm—c)8—3ad2(\/dm+c—\/dx—
—=d 7 +
6 ((\/dx—i—c—\/c%

dr =
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input‘integrate((d*x-c)“(1/2)*(d*x+c)”(1/2)*(b*x"2+a)/x"4,x, algorithm="giac") ‘

‘—1/6*d“3*(3*b*log((sqrt(d*x + c) - sqrt(d*x - c))~4)/d"2 + 16%(3*bxc™2*(sq

tput |
ot ‘rt(d*x + ¢c) - sqrt(d*x - c))~8 - 3xa*xd"2*(sqrt(d*x + c) - sqrt(d*x - c))~8
|+ 24¥bkc™4x(sqrt(d*x + c) - sqrt(dsx - c))74 + 48xbxc™6 - 16%axc™4%d™2)/(
((sqrt(d*x + c) - sqrt(d*x - c))74 + 4%c™2)73%d72)) |
Mupad [B] (verification not implemented)
Time = 6.77 (sec) , antiderivative size = 236, normalized size of antiderivative = 2.81
bd + 5bd (vVerdz—y/e)®
V—c+dzvc+ dz(a + bz?) dp — (V=c—vdz—c)
Tt 4 (Vexda—y0Q) 4 4 (Verdz—y/e)®
V=c—vdz——c ' (J=e—v/dz—c)®
—4bdatanh( ctda— e )
vV—c—+Vdzr—c
(a\/(gi-m_ad 933;464-%) dr — ¢
_ g
N bd (Ve+dz — /)
4 (v=c—+Vdz —c)
inputtint(((a + bxx"2)x(c + d*x)~(1/2)*(d*x - ¢)~(1/2))/x"4,x) J
output (bxd + (5*bxd*((c + d*x)~(1/2) - ¢~ (1/2))"2)/((-c)~(1/2) - (d*x - ¢)~(1/2)

)72)/((4x((c + d*x)~(1/2) - c~(1/2)))/((-c)~(1/2) - (d*x - c)~(1/2)) + (4%
((c + d*x)~(1/2) - c~(1/2))73)/((-c)~(1/2) - (d*x - c)~(1/2))73) - 4x*b*d*a
tanh(((c + d*x)~(1/2) - c~(1/2))/((-c)~(1/2) - (d*x - c)~(1/2))) - (((ax(c
+ d*x)~(1/2))/3 - (a*d~2xx"2*(c + d*x)~(1/2))/(3*c~2))*(d*x - c)~(1/2))/x
~3 + (b*d*((c + d*x)~(1/2) - c~(1/2)))/(4x((-c)~(1/2) - (d*x - ¢c)~(1/2)))

N\ J
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.50

vV —c+dzvc+ dz(a + bx?)

g, dx
—Vdz + cv/dzx — cac® +Vdz + cVdx — cad’s? — 3v/dzx + cv/dx — cbcPz? + 610g<@+\>/§m> be
B 3c2x3
input Lint ((d*x-c) = (1/2) * (d*x+c) ~(1/2) * (b*x~2+a) /x~4,x) J
Output‘( - sqrt(c + d*x)*sqrt( - c + d¥x)*a*cx*2 + sqrt(c + d*x)*sqrt( - c + d*x)

‘*a*d**2*x**2 - 3*sqrt(c + d*x)*sqrt( - c + d*x)*bkck*2*xx**2 + 6xlog((sqrt( \
| - ¢+ d%x) + sqrt(c + d¥x))/(sqrt(c)*sqrt(2))) *brcr*2xd*xs*3 + axdkk3xxxx |
‘3 + bxck*x2kd*x**3) / (3kck*k2%xx*%*3)
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4 2
3.12 [ Al dg

—1+4cxv/1+cx
Optimal result . . . . . . . . . . . e 126
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 1261
Rubi [A] (verified) . . . . . . . . . . 1271
Maple [A] (verified) . . . . . . ... L 129
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 130
Sympy [F(-1)] . . o o 130
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ..., 130
Giac [A] (verification not implemented) . . . . . . .. ... ... oL 131
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 131
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 132

Optimal result

Integrand size = 29, antiderivative size = 125

zt(a + bz?) g — (5b + 6ac?) zv/—1+ czv/1+ cx
vV—1+czV/1+ecx 168

(5b + 6ac?) 3v/—1 + cxv/1+ cx

+
24c4

bz’/—1+ czv/I+cx  (5b+ 6ac?) arccosh(cz)

+ +
6c? 16¢7

‘ 1/16*% (6*%a*xc”2+5%b) *x* (c*x-1) ~(1/2) *(c*x+1) ~(1/2) /c~6+1/24* (6*axc”2+5%b) *x~ \
3% (cxx-1)"(1/2) % (c*x+1) " (1/2) /c™4+1/6¥bxx~5% (cxx-1) " (1/2) * (c*x+1) " (1/2) /c”
L2+1/16*(6*a*c‘2+5*b) *arccosh(c*x)/c”7 J

output

Mathematica [A] (warning: unable to verify)
Time = 0.07 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.77
zt(a + bx?)
vV—=1+czv/1+cx
2 2,2 2,2 4,4 2 [—14co
czy/—1 + cx/1+ cz(6ac®(3 + 2¢°x?) + b(15 + 10c?z? + 8c*z*)) + 6(5b + 6ac )arctanh( —)

1+4cx
48¢7




input

output

CHAPTER 3. LISTING OF INTEGRALS 127

‘ Integrate[(x"4*(a + b*x"2))/(Sqrt[-1 + c*x]*Sqrt[1 + c*x]),x]

‘(c*x*Sqrt [-1 + c*x]*Sqrt[1 + cxx]*(6*a*c™2*%(3 + 2%c~2*x"2) + b*x(15 + 10%c~
‘2*x"2 + 8xc”4*x"4)) + 6*%(5%b + 6%akxc”2)*ArcTanh[Sqrt[(-1 + c*x)/(1 + c*x)]
1D/ @8xc")

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.94,

_ = number of rules
5 integrand size = 0.172, Rules

number of steps used = 5, number of rules used =
used = {960, 111, 27, 101, 43}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

x4(a + bxz) p
ver —1y/ex + 1 v
l 960

1 5b x bxbv/cx — 1/ex + 1
— 6CL+ o) dm-l- p)
6 c ver —1vex +1 6¢

l 111

(6a+ >(fﬁm—+ 4 3\/—m) bad\/cz — 1v/ex + 1

4c2 4c2 6¢2

l27

6

02 402 402 6¢2

l 101

1
f \/c:t—l\/ca:-ﬁ-ldz + v/ cx—1+/cx+1
2c2 2c?

1
6

3\/cac —1vex+1

4c2 4c2

cx — 1vex +1
6c2
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l’43

arccosh(cz) Vez—1+/cz+1
1 5b 3( 7 R A > w3vex —1ex +1\  br’ex —1ver +1
6 ba + 2 4c? + 4c2 + 6c2

-

LInt [(x~4*(a + b*x"2))/(Sqrt[-1 + c*x]*Sqrt[1 + c*x]),x]

| —

input

‘(b*x‘S*Sqrt [-1 + cxx]*Sqrt[1 + c*x])/(6%c”2) + ((6%a + (5*b)/c~2)*((x"3%Sq ‘

tput

ot rt[-1 + cxx]*Sqrtl1 + cxx])/(4xc™2) + (3%((x*Sqrt[-1 + cxx]*Sqrt[1 + cxx])
/(2¢c™2) + ArcCosh[c¥x]/(2xc™3)))/(4%c"2)))/6
Defintions of rubi rules used

rule 27‘ Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma ‘
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] J

4 Int[1/(Sqrtl(a)) + (b_.)*(x)1*Sqrtl(c.) + (d_.)*(x)1), x_Symbol] :> Simp[
| ArcCosh[b*(x/a)]/(b*Sqrt[d/bl), x] /; FreeQ[{a, b, c, d}, x] & EqQ[b*c + a
+d, 0] & GtQ[a, 0] & GtQ[d/b, 0]

rule 4

rule 101 It LCCa_.) + (b_)*(x_))7"2x((c_.) + (d_)*(x_))"(m)*((e_.) + (£_.)*(x_))7(
p_), x_]1 :> Simp[bx(a + bxx)*(c + d*x)"(n + 1)*((e + f*x)~(p + 1)/(d*f*(n +
p+ 3))), x] + Simp[1/(d*f*(n + p + 3)) Int[(c + d*x) n*(e + f*x) p*Simp
[a~2*d*f*(n + p + 3) - b*(b*cxe + ax(d*ex(n + 1) + cxf*x(p + 1))) + bk(a*xd*f
*(n + p + 4) - bx(dxex(n + 2) + c*xf*x(p + 2)))*x, x], x], x] /; FreeQ[{a, b,
c, d, e, £, n, p}, x] && NeQ[n + p + 3, 0]
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rule 111 Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)7(p_), x_] :> Simp[b*(a + b*x)"(m - 1)*(c + d*x)"(n + D*((e + £xx)"(p + 1
)/(@*f*(m + n + p + 1))), x] + Simp[1/(d*f*(m + n + p + 1)) Int[(a + b*x)
“(m - 2)*(c + d*x)"n*(e + f*x) p*Simp[a~2*d*f*(m + n + p + 1) - bx(b*cxex(m
- 1) + ax(d*ex(n + 1) + c*fx(p + 1))) + bx(a*d*f*(2+m + n + p) - b*(d*ex(m
+ n) + ckfx(m + p)))*x, x], x1, x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] &
& GtQ[m, 1] &% NeQ[m + n + p + 1, 0] && Integer(Q[m]

rule 960 Int[((e_.)*(x_))"(m_.)*((a1_) + (b1_.)*(x_)"(non2_.))"(p_.)*((a2_) + (b2_.)
*(x_)"(non2_.)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol]l :> Simpl[d*(e*x)~(
m + 1)*x(al + blxx~(n/2)) " (p + V*((a2 + b2*x~(n/2)) "~ (p + 1)/(bl*b2*e*x(m + n
*(p + 1) + 1))), x] - Simp[(al*a2+d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/
(b1#b2*%(m + n*(p + 1) + 1)) Int[(e*x) " m*x(al + bl*x~(n/2)) p*(a2 + b2*x"(n
/2))°p, x]1, x] /; FreeQ[{al, bl, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2#bl + al*b2, 0] && NeQ[m + n*x(p + 1) + 1, 0]

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.03

method | result

2 2z - =
:c(8bz4c4+12ac4a:2+10bczz2+18acz+15b)\/cz+1 Ver—1 (Gac +5b) ln<m+Vc e=-1 \/(cz-l—l)(cz 1)

risch 48¢° T 16c8v/c2 /ex—1 v/ca+1
Vex—1+/cx+1 (8 csgn(c)bcPz8v/c222—1+12 csgn(c)a c®x3v/c2x2—14+10v/c2x2—1 csgn(c)c3bx3+18v/c2z2—1 csgn(c)cBaz+15
default 48¢7+/ 212
8c7v/c2z2—
input Lint (x~4* (b*x~2+a) / (c*x-1)~(1/2) /(c*x+1)~(1/2) ,x,method=_RETURNVERBOSE) J

‘ 1/48*x* (8*xbkc~4*x~4+12*a*c~4*x"2+10*b*c~2*%x"2+18*a*c~2+15%b) * (c*x+1) ~(1/2) \
‘ *(c*xx-1)"(1/2)/c”6+1/16*% (6*a*xc”2+5%b) /c~6*1n(c~2*x/(c"2) "~ (1/2)+(c"2*x"2-1) ‘
‘ ~(1/2))/(c™2) " (1/2)*((c*x+1) *(c*x-1) )~ (1/2) / (c*x-1)~(1/2) / (c*x+1) ~(1/2) ‘

output
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.77

z*(a + bz?)
V=1+cz\/1+cx
(8bcPz® + 2 (6ac® 4+ 5bc®)z® + 3 (6 ac® + 5bc)z)vVex + 1v/cw — 1 — 3 (6ac® + 5b) log (—cz + ez + 14

48 c7

dz

inputtintegrate(x‘él*(b*x"2+a)/(c*x—1)‘(1/2)/(c*x+1)"(1/2),x, algorithm="fricas") J

p
| 1/48%((8¥bxc™5%x™5 + 2% (6%axc™5 + G¥bxc™3)*x™3 + 3x(6*axc™3 + 5¥bxc)*x)*sq
‘rt(c*x + 1)*sqrt(c*x - 1) - 3*(6%axc™2 + 5xb)*log(-c*x + sqrt(c*x + 1)*sqr
tlekx = 1)))/c77

output

\‘

Sympy [F(-1)]

Timed out.
4 2
z{a+bz) dr = Timed out
V—1+cz\/1+cx
input Lintegrate (x**x4* (bxx**x2+a) / (cxx-1) **(1/2) / (c*x+1) **x(1/2) ,x) J
OutputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.22

z(a + bz?) g =V c2x? — 1bz®  v/c2z? — laz®  5+/c?zx? — 1ba?

V=1+cr\/1+cx v 6 c2 + 4 c? + 24 c*
3vc2z?2 —lax 3alog (2 Az + 2/ c2x? — 1c)
+ 8ct + 8cP

5+vc2z?2 —1bz Sblog (2 Az + 2 c2x? — lc)
+ 16 8 + 16 ¢7
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input \ integrate (x~4*(b*x~2+a)/(c*x-1)~(1/2)/(c*x+1)~(1/2) ,x, algorithm="maxima") \

‘1/6*sqrt(c“2*x‘2 - 1)*b*x~5/c”2 + 1/4*sqrt(c™2*x"2 - 1)*a*xx"3/c”2 + 5/24%s
|qrt(c™2%x"2 - 1)*b¥x"3/c™4 + 3/8*sqrt(c”2¥x"2 - 1)*a*x/c™4 + 3/8%axlog(2*c |
~2%x + 2#sqrt(cT2%x"2 - 1)%c)/c”5 + 5/16%sqrt(c™2%x"2 - 1)¥b*x/c"6 + 5/16%
‘b*log(2*c‘2*x + 2xsqrt(c™2*x"2 - 1)*c)/c77

output

Giac [A] (verification not implemented)
Time = 0.14 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.38
z*(a + bx?)

vV—-1+czv/1+czx
((2 <(cx +1) <4 (cz + 1)((cx;1)b _ i_é,) + 3(2ac3i;|-215b036)> _ 18ac380j1—255b036> (cz+1) + 54ac3i;i—285b036> (cz

dz

48 ¢

inputLintegrate(x“‘l*(b*x“2+a)/(c*x—1)"(1/2)/(c*x+1)"(1/2),X, algorithm="giac") J

1/48%(((2*%((c*x + 1)*(4*(c*x + 1)*((c*xx + 1)*b/c”6 - 5xb/c”6) + 3*(2*axc”3
8 + 15%b*c~36)/c”42) - (18*a*c™38 + 55%b*xc”36)/c”42)*(c*x + 1) + (54*axc”3
8 + 85xbxc”36)/c”42)*(c*x + 1) - 3*(10*a*xc~38 + 11xbxc~36)/c~42)*sqrt(c*x
+ 1)*sqrt(c*x - 1) - 6x(6*axc™2 + 5xb)*log(sqrt(c*x + 1) - sqrt(c*x - 1))/
c"6)/c

output

Mupad [B] (verification not implemented)

Time = 41.24 (sec) , antiderivative size = 1154, normalized size of antiderivative = 9.23

z*(a + bz?)
V=1+cz\/1+cx

dx = Too large to display

input Lint((XA‘l*(a + b*x"2))/((cxx - 1)~ (1/2)*(c*x + 1)~(1/2)),x) J
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((23*a*x((c*x - 1)7(1/2) - 1i)"3)/(2*((c*xx + 1)7(1/2) - 1)73) + (333*a*((c*
x - 1)7(1/2) - 1i)75)/(2*x((c*x + 1)7(1/2) - 1)°5) + (671*a*x((c*x - 1)~(1/2
) = 1i)77)/(2x((c*x + 1)7(1/2) - 1)°7) + (671xa*x((c*x - 1)7(1/2) - 1i)79)/
(2%((cxx + 1)7(1/2) - 1)79) + (333*a*((cxx - 1)°(1/2) - 1i)"11)/(2*((c*x +
1)7(1/2) - 1)711) + (23*ax((c*x - 1)7(1/2) - 1i)~13)/(2*((c*x + 1)7(1/2)
- 1)713) - (3*a*x((c*x - 1)7(1/2) - 1i)~15)/(2*((c*x + 1)~(1/2) - 1)~15) -
(Bxa*x((c*xx - 1)7(1/2) - 1))/ (2*%((cxx + 1)7(1/2) - 1)))/(c”5 - (8xc™5*x((c*
x - 1)7(1/2) - 1i)72)/((e*x + 1)7(1/2) - 1)72 + (28*c”™5*x((c*xx - 1)7(1/2) -
1i)~4)/((c*x + 1)7(1/2) - 1)~4 - (56%c~5%((c*x - 1)~(1/2) - 1i)~6)/((c*x
+ 1)7(1/2) - 1)76 + (70*c™5*((cxx - 1)7(1/2) - 1i)78)/((c*x + 1)~(1/2) - 1
)"8 - (56%c75x((c*x - 1)7(1/2) - 1i)710)/((c*x + 1)~(1/2) - 1)710 + (28*c~
Bx((cxx - 1)7(1/2) - 1i)712)/((c*x + 1)7(1/2) - 1)712 - (8*%c™5*((c*x - 1)~
(1/2) - 1i)"14)/((c*x + 1)7(1/2) - 1)714 + (c™5*((c*x - 1)7(1/2) - 1i)716)
/((c*xx + 1)7(1/2) - 1)716) - ((311*b*((c*x - 1)~(1/2) - 1i)75)/(4*((c*x +
1)7(1/2) - 1)°5) - (175xb*((c*x - 1)7(1/2) - 1i)~3)/(12x((c*x + 1)~(1/2) -
1)73) + (8361xb*((c*x - 1)7(1/2) - 1i)77)/(4*((c*x + 1)7(1/2) - 1)°7) + (
42259%b* ((cxx - 1)7(1/2) - 1i)79)/(6x((c*x + 1)7(1/2) - 1)79) + (25295%b*(
(c*x - 1)°(1/2) - 1i)~11)/(2x((c*x + 1)°(1/2) - 1)711) + (25295%b*((c*x -
1)°(1/2) - 1i)713)/(2*((exx + 1)7(1/2) - 1)713) + (42259*bx((cxx - 1)7(1/2
) - 1i)715)/(6%((c*x + 1)~(1/2) - 1)~15) + (8361xb*((c*x - 1)~(1/2) - 1...

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.22

z*(a + bz?)
V=1+cr\/1+cx
12¢/cx +1+/cx —1ac’x® + 18y/cx + 1v/cx — 1acdz + 8v/cx + 1+/cx — 1bcdz® + 10v/cx + 1 v/cx — |

- 48¢7

dz

inputLint(x‘4*(b*x‘2+a)/(c*x—1)‘(1/2)/(c*x+1)*(1/2),X) J

s ™

(12*sqrt(c*x + 1)*sqrt(ckx — 1)*axck*bxx*x3 + 18*sqrt(c*x + 1)*sqrt(c*x -

1) *axc**3*x + 8*sqrt(cxx + 1)*sqrt(cxx - 1)*bkcx*5*x**5 + 10*sqrt(c*x + 1)
*sqrt (ckx - 1)*bkc**3*x**3 + 15*sqrt(c*x + 1)*sqrt(ckx - 1)*b*c*x + 36%xlog
((sqrt(c*x - 1) + sqrt(c*x + 1))/sqrt(2))*axc**2 + 30xlog((sqrt(c*x - 1) +
sqrt(c*x + 1))/sqrt(2))*b)/(48*c**T7)

output




output

input

output
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3 (a+bz?)
3.13 f V—14cz/1+cz d

Optimal result . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . .. . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [C] (verification not implemented) . . . ... ... ... ... ......
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...,
Giac [A] (verification not implemented) . . . . . . .. ... ... oL
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... . ... .....

Optimal result

Integrand size = 29, antiderivative size = 103

z3(a + bx?) dp — 2(4b + 5ac®) V/—1+ cz/1+ cx

vV=1+czv/1+cx 15¢8

N (4b + 5ac?) 2/ —1 + cx\/1 + cx N br*/—1 + cxv/1+ cx

15¢%

‘2/15*(5*a*c*2+4*b)*(c*x—1)*(1/2)*(c*x+1)“(1/2)/c*6+1/15*(5*a*c“2+4*b)*x*2*

‘(c*x—1)“(1/2)*(c*x+1)”(1/2)/c“4+1/5*b*x“4*(c*x—1)“(1/2)*(c*x+1)”(1/2)/c“2

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.59

z3(a + bz?) o — V=1+ czv/1+ cz(5ac®(2 + 2x?) + b(8 + 4c*z? + 3c*z?))

V=1+cz\/1+cx

15¢6

LIntegrate[(x‘S*(a + b*x~2))/(Sqrt[-1 + c*x]*Sqrt[1 + c*x]),x]

‘(Sqrt[-i + cxx]*Sqrt[1 + c*x]*(Bxaxc™2x(2 + c™2*x"2) + b*(8 + 4*c™2*x™2 +

\3*c*4*x“4)))/(15*c*6)




input

output
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Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.95,

= 4, number of rules _ 138, Rules
integrand size

number of steps used = 4, number of rules used =
used = {960, 111, 27, 83}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

( + bx )
\/cw——m
l 960

<5a+ >/ +bx4\/cw—1 cx+1
5 \/cw— 1vex +1 5¢2

l 111

(5 + ) (fvﬁVw+ + 2Va?:_vﬁfi_> bay/er — Iv/ez + 1

5 3c2 3c? 5¢2

l 27

<5a+ ><2f‘/7m + \/c:c——m> baty/cx —1v/cx + 1

3c? 3c? 5¢2

| 83

;<%55:T%§¢T+_ WET_¢57f>< 4_2>+ etver —1v/ex +1

3ct 3c? 5¢2

5

[Int [(x"3x(a + b*x"2))/(Sqrt[-1 + c*x]*Sqrt[1 + c*x]),x]

~—

‘(b*x“‘l*Sqrt [-1 + cxx]*Sqrt[1 + c*x])/(5*c™2) + ((5*a + (4*b)/c~2)*((2*Sqrt ‘
[-1 + c*x]xSqrt[l + c*x]1)/(3%c™4) + (x"2%Sqrt[-1 + c*x]*Sqrtl1l + c¥x])/(3x
c~2)))/5

J
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Defintions of rubi rules used

rule 97 Int[(a )*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 83 ImELCG@_) + (b_)*(x))*((c ) + (d_)*(x))~(a_)*((e_.) + (£_.)*(x))"(p
_), x] o> Simplbx(c + dxx)~(m + D*((e + £x0) (p + 1)/(dxfx(n + p + 2)),
x] /; FreeQl{a, b, ¢, d, e, f, n, p}, x] & NeQ[n + p + 2, 0] && EqQ[a*d*f
*(n + p + 2) - bx(dxex(n + 1) + cxf*x(p + 1)), 0]

rule 111 Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_)) " (n_)*((e_.) + (£_.)*(x_)
)7(p_), x_] :> Simp[b*(a + b*x)"(m - 1)*(c + d*x)"(n + 1)*x((e + £xx)"(p + 1
)/(@*f*(m + n + p + 1))), x] + Simp[1/(d*f*(m + n + p + 1)) Int[(a + b*x)
“(m - 2)*x(c + d*x)"n*(e + f*x) p*Simp[a~2*d*f*(m + n + p + 1) - bx(bxcxex(m
- 1) + ax(d*ex(n + 1) + c*fx(p + 1))) + bx(a*d*f*x(2+m + n + p) - b*(d*ex(m
+ n) + cxf*x(m + p)))*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] &
& GtQ[m, 1] &% NeQ[m + n + p + 1, 0] && Integer(Q[m]

rule 960 TREL(Ce_ ) *(x D)~ (m_.)*((a1 ) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol]l :> Simpl[d*(e*x)~(

m + 1)*x(al + bixx~(n/2)) "~ (p + V*((a2 + b2*x~(n/2)) "~ (p + 1)/(bl*b2*e*x(m + n
*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*cx(m + nx(p + 1) + 1))/
(b1xb2*(m + nx(p + 1) + 1))  Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x~(n
/2))°p, x], x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2*bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]
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Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.55

method | result Size
gosper Vewtlyer—1 (3b w4c4+f;;4x2+4b c?z?+10a c®+8b) 57
default | Yertlvea—1(3b z4c4+15;cc64m2+4b 222 +10a c2+8b) e
risch vert1yer—1 (3b z404+155a(;4z2+4b P’ +10acP+8b) | oo
orering Vea+1yez—1(3b Z4C4+155ac%4z2+4b z’+10ac+8b) | £
input Lint (x~3%(b*x~2+a) / (c*x-1)~(1/2) / (c*x+1)~(1/2) , x ,method=_RETURNVERBOSE) J

‘ 1/15%(cxx+1) ~(1/2) *(c*x-1) ~(1/2) * (3*%b*c~4*xx~4+5%a*xc~4*x"2+4*xb*xc~2*%x"2+10%a \

output ‘ *C~2+8%b) /c"6 ‘

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.53

z3(a + bz?) dp — (3bctzt + 10ac® + (5act +4bc?)x? + 8b)y/cx + 1y/cx — 1
vV=—1+czv/I+ex 15¢8

-

N
input Lintegrate(x‘S*(b*x‘2+a)/(c*x—1)"(1/2)/(c*x+1)"(1/2) ,X, algorithm="fricas") J

|1/15%(3¥bxc™4xx"4 + 10xaxc™2 + (Bxakc™4 + 4+bxc™2)*x"2 + 8+b)xsqrt(ckx + 1

output
L)*sqrt(c*x - 1)/c”6 J
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 6.64 (sec) , antiderivative size = 216, normalized size of antiderivative = 2.10

5 3 1
G52 T —-1,-1,-35,1 1
P66\ _s _s 1 _3 _19 P
J;3(a+bx2) 2y 4 )T 40 2
= 3
V—=1+cz\/1+cx 4mact
7 3 5
G2’6 2’ 40 90 4o 17 1 e2im
ta%6,6 _7 _s _9 _3 _3 o|o=
4 4 r 2 2
+ 3
4dract
9 7 3
bGG,2 4 4 2’ 2’ 271 1
66\ _5 _9 o9 _7 _3 c*a?
29 4 y T 40 )
+ 5
4
11 5 9
'bG2’6 _3a Za_ﬁa_1>_2>1 e2im
16,6 _u o 3 _5 _5 o|o@
47 4 r 2 2
_|_
472 b

-

input Lintegrate (x**3% (bxx**2+a) / (ckxx-1)**(1/2) / (c*xx+1) **(1/2) ,%)

~—

a*meijerg(((-5/4, -3/4), (-1, -1, -1/2, 1)), ((-3/2, -5/4, -1, -3/4, -1/2,
0), ), 1/(c**2*x**2))/(4*pi**(3/2)*c**4) + I*a*meijerg(((-2, -7/4, -3/2
, -5/4, -1, 1), O), ((-7/4, -5/4), (-2, -3/2, -3/2, 0)), exp_polar(2*I*pi
)/ (c**2xx*%x2) ) / (4*pix* (3/2) *c**4) + b*meijerg(((-9/4, -7/4), (-2, -2, -3/2
, 1)), ((-5/2, -9/4, -2, -7/4, -3/2, 0), ), 1/(ckx2*x**2))/(4*pi**(3/2)*
c**6) + Ixb*meijerg(((-3, -11/4, -5/2, -9/4, -2, 1), O), ((-11/4, -9/4),
(-3, -5/2, -5/2, 0)), exp_polar(2xI*pi)/(c**2kx**2))/(4xpi**(3/2)*c**6)

output
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.92

z3(a + bz?) V2x? — bzt V/c2x? — laz?  4+/c2x? — 1ba?
dr = + +
vV—1+cz/1+cx 5c? 3c? 15¢4
2y/c?z?2 —1la 8+/c*z? —1b
+ +
3ct 155

inputLintegrate(x“B*(b*x"2+a)/(c*x-1)"(1/2)/(c*x+1)"(1/2),x, algorithm="maxima") J

‘1/5*sqrt(c“2*x‘2 - 1)*b*x~4/c”2 + 1/3%sqrt(c™2*x"2 - 1)*a*x~2/c”2 + 4/15%s
‘qrt(c‘2*x‘2 - 1)*b*x"2/c”4 + 2/3*sqrt(c™2*x"2 - 1)*a/c”4 + 8/15*sqrt(c™2*x
“2 - 1)*b/c"6 ‘

output

Giac [A] (verification not implemented)
Time = 0.13 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.05
z3(a + bz?)
vV—-1+cz\/1+czx
<<(C.I + 1) (3 (C.’I? + 1) <W _ 4(.1:_517) + 5ac27c_§gzbc25> _ 10 (aCQZ;(;chzs) ) (c;;[; " 1) n m((wz;—;_bc%)> —cx T 1\
15¢

dz

inputLintegrate(x“S*(b*x“2+a)/(c*x—1)‘(1/2)/(c*x+1)"(1/2),X, algorithm="giac") J

output‘ 1/16%(((c*x + 1)*(3*%(c*x + 1)*((c*xx + 1)*b/c”5 - 4%b/c”5) + (5*axc™27 + 22 ‘
| ¥b*c"25)/c730) - 10%(a*c™27 + 2¥b*c”25)/c"30)*(c*x + 1) + 15%(a*c™27 + bkc |
‘“25)/c‘30)*sqrt(c*x + 1)*sqrt(c*xx - 1)/c
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Mupad [B] (verification not implemented)

Time = 5.62 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.05

z3(a + bz?)
dx
V=1+cz\/1+cx
132 ac4 C2 $3 ac5 C3 T ac3 [+
T (g 4 4 4+ EOg) y entnd) | st
- ver+1
input Lint((x‘s*(a + bxx"2))/((c*xx - 1)~ (1/2)*(cxx + 1)~(1/2)),%) J
output‘ ((cxx = 1)7(1/2)*((8%b + 10%a*c™2)/(15%c™6) + (b*x"5)/(5%c) + (b*x"4)/(B*c

\“2) + (x~2%(5*a*c™4 + 4xb*c”~2))/(15%c"6) + (x~3*(5*a*xc™5 + 4*b*xc~3))/(15*c \
\*e) + (x*(8%b%c + 10%axc~3))/(15%c~6)))/(cxx + 1)~(1/2) \

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.52

z3(a + bz?) = Vex +1+v/cx —1(3bcz? + 5a ctx? + 4b 2x? + 10a ¢ + 8b)
V=l+czV/I1+cx 15¢8

input Lint (x~3*%(b*x"2+a)/(c*x-1)"(1/2) / (c*x+1)~(1/2) , x) J

output‘ (sqrt(c*x + 1)*sqrt(cxx — 1)*(Bxakck*4*x*k*2 + 10kaxcx*2 + 3¥kbkck*kdkxx*x4d + \
L4*b*c**2*x**2 + 8%b) )/ (15%c**6) J
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—1+4cxv/1+cx
Optimal result . . . . . . . . . . . e 140
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 1401
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Maple [A] (verified) . . . . . . ... L 142
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 143
Sympy [F(-1)] . . o o 143l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 144
Giac [A] (verification not implemented) . . . . . . .. ... ... oL 144
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 145
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 145

Optimal result

Integrand size = 29, antiderivative size = 87

z2(a + bz?) s (3b+4ac*) zv/—1+ cz/1+ cx

vV=1+cz\/1+cx 8ct
br3/—1+cxy/1+cx  (3b+ 4ac?) arccosh(cz)
+ +
4c? 8cP

output ‘ 1/8% (d*axc™2+3xb) *x*k (c*xx-1)~(1/2) * (c*xx+1)~(1/2) /c~4+1/4xb*x"3* (c*x-1) ~(1/2 ‘
‘ Y*(cxx+1)~(1/2) /c™2+1/8* (4d*xa*c~2+3*b) *arccosh(c*x)/c~5 ‘

Mathematica [A] (warning: unable to verify)

Time = 0.07 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.89

z*(a + bz?)
V=1+cr\/1+cx
cxyv/—1+ cxz/1+ cx(4ac® + b(3 + 2c%z?)) + (6b + 8ac?) arctanh( ]i‘f)
- 8c?

tnput LIntegrate[(x’?*(a + b*x~2))/(Sqrt[-1 + c*x]*Sqrt[1 + c*x]),x] J
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‘ (cxx*Sqrt[-1 + c*x]*Sqrt[l + cxx]*(4*a*xc™2 + b*(3 + 2%c™2*x"2)) + (6%b + 8

output ‘
L*a*c“Q)*ArcTanh[Sqrt[(-1 + c*x)/(1 + c*x)11)/(8%c"5) J

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.94,

= 3, number of rules _ 103, Rules
integrand size

number of steps used = 3, number of rules used =
used = {960, 101, 43}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x2 (a + b:r2) p
ver —1y/ex + 1 v
l 960

<4a+ >/ - x3\/cx — 1\/ex + 1
4 \/cx——m 4c?

l 101

4<4a+ )(I‘/‘TW \/—m> bz3\/ex — 1y/ex + 1

2c2 2c? 4c2

l 43

<4a n 3b> <arccosh(c:v) n zv/cx — 1y/cx + 1) + brdy/cx — 1v/cx + 1
4

2c3 2c2 4c2

input [Int [(x~2x(a + b*x"2))/(Sqrt[-1 + c*x]*Sqrt[1 + c*x]),x]

-/

(b*x~3+Sqrt[-1 + crx]#Sqrt[1 + cx])/(4xc2) + ((4%a + (3%b)/c"2)*((x*Sqrt

output
[-1 + c*x]*Sqrt[1 + c*x])/(2*c~2) + ArcCosh[c*x]/(2*c~3)))/4

J
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Defintions of rubi rules used

rule 43

Int[1/(Sqrtl[(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)]), x_Symbol] :> Simp[
ArcCosh[b*(x/a)]1/(b*Sqrt[d/bl), x] /; FreeQ[{a, b, c, d}, x] && EqQ[b*c + a
*d, 0] && GtQ[a, O] && GtQ[d/b, 0]

rule 101

Int[((a_.) + (b_.)*(x_))"2%((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))"(
P_), x_1 :> Simp[b*(a + b*xx)*(c + d*x)"(n + 1)*((e + £xx)"(p + 1)/(d*f*(n +
p+ 3))), x] + Simp[1/(d*f*x(n + p + 3)) Int[(c + d*x) n*(e + f*x) p*Simp
[a”2*d*f*(n + p + 3) - bk(b*cxe + ax(d*e*x(n + 1) + cxf*x(p + 1))) + bk(akxd*f
*(n + p + 4) - bx(d*ex(n + 2) + cxf*x(p + 2)))*x, x], x], x] /; FreeQ[{a, b,
c, d, e, £, n, p}, x] & NeQ[n + p + 3, 0]

rule 960

N

input L

Int[((e_.)*(x_)) " (m_.)*((a1_ ) + (b1_.)*(x_)"(non2_.))"(p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simp[d*(e*x)~(
m + 1)*(al + bl*xx"(n/2)) " (p + D *((a2 + b2*x~(n/2))~(p + 1)/(bl*b2*e*(m + n
*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - blxb2*c*(m + nx(p + 1) + 1))/
(b1#b2*(m + nx(p + 1) + 1)) Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x~ (n
/2))°p, %], x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2#bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.28

method | result

2

\/%—i—\/cQacQ —1) V/(cz+1)(cz—1)

2
a:(2b c2z?+4a 02-|—3b) ver+1+y/ecx—1 (4ac +3b) ln(

. (&3

risch 8ct + 8V Vea—1 vertl

default Vex—1+/cz+1 (2\/c2x2 —1 csgn(c)c®bx3+4v/c2x2—1 csgn(c)caz+3v/c2z2—1 csgn(c)cbz+41n ( (\/ c2z2—1 csgn(c)-{-cx) csgn(c
elau

8cPv/c2z2—1

int (x"2* (b*x~2+a) / (c*x-1)~(1/2) / (c*x+1)~(1/2) ,x ,method=_RETURNVERBOSE)
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t‘1/8*x*(2*b*c”2*x“2+4*a*c“2+3*b)*(c*x+1)“(1/2)*(c*x-l)”(1/2)/c“4+1/8*(4*a*c
\“2+3*b)/c“4*1n(c‘2*x/(c“2)‘(1/2)+(c”2*x*2-1)“(1/2))/(c*2)‘(1/2)*((c*x+1)*(
\c*x-1))“(1/2)/(C*x-1)“(1/2)/(C*x+1)‘(1/2)

outpu

Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.89
z?(a + bz?)

V=1+cz\/1+cx
(2bcz® + (4ac® + 3be)z)v/cx + 1v/ex — 1 — (4ac? 4+ 3b) log (—cz + Vex + 1v/cx — 1)

dz

8¢cd

-

integrate (x~2*(b*x~2+a) /(c*x-1)~(1/2) /(c*x+1)~(1/2) ,x, algorithm="fricas")

e—

inputt

output‘ 1/8% ((2xb*c~3*x"3 + (4*a*c”™3 + 3*b*c)*x)*sqrt(c*x + 1)*sqrt(c*xx - 1) - (4% \
a*c”2 + 3*b)*log(-c*x + sqrt(cxx + 1)*sqrt(c*x - 1)))/c”5

Sympy [F(-1)]

Timed out.
2 2
z{a+bz) dr = Timed out
V=1+cz\/1+cx
inputLintegrate(x**2*(b*x**2+a)/(c*x—i)**(1/2)/(c*x+1)**(1/2),x) J

OutputLTimed out J
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.30

/ z2(a + bx?) P Vve2x? —1bz® /222 — lax N alog (2% + 2v/cz? — 1c)

V=1+cz\/1+cx 4c? 2 ¢? 2¢3
N 3vc2x? — 1bx N 3blog (2%z + 2v/c2x% — 1c)
8ct 8cP

input

‘1/4*sqrt(c“2*x‘2 - 1)*b*x73/c”2 + 1/2%sqrt(c™2*x"2 - 1)*a*x/c”2 + 1/2%ax*lo
‘g(2*c‘2*x + 2%sqrt(c™2*x"2 - 1)*c)/c”3 + 3/8*sqrt(c”2*x"2 - 1)*b*x/c”4 + 3
‘/8*b*10g(2*c‘2*x + 2%sqrt(c™2*x"2 - 1)*c)/c”5

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.39

z%(a + bz?)
vV=1+cr\/1+cx

Lintegrate(x‘2*(b*x‘2+a)/(c*x—1)‘(1/2)/(c*x+1)‘(1/2),x, algorithm="maxima") J

Vvex+1

<(cx +1) (2 (cx + 1)((czc4;1)b _ i_f) + 4ac1i%9bc16) _ 4aclsc;}-05bcw>\/cx TiJer—1— 2 (4ac®+3b) 1ogc(

4

8¢

input‘integrate(x“Q*(b*x‘2+a)/(c*x—1)*(1/2)/(c*x+1)*(1/2),x’ algorithm="giac")

t‘1/8*(((c*x + 1)*(2%x(c*x + 1)*((c*xx + 1)*b/c™4 - 3%b/c”4) + (4*a*xc™18 + 9%b
‘*c‘16)/c‘20) - (4*axc”18 + b5*b*c~16)/c~20)*sqrt(c*x + 1)*sqrt(c*xx - 1) - 2
L*(4*a*c‘2 + 3*b)*log(sqrt(c*x + 1) - sqrt(c*x - 1))/c"4)/c

outpu

|
J
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Mupad [B] (verification not implemented)

Time = 26.41 (sec) , antiderivative size = 720, normalized size of antiderivative = 8.28

z*(a + bz?)
V=1+cz\1+cx

dx = Too large to display

-

input Lint((x‘Q*(a + b*x~2))/((c*x - 1)~ (1/2)*(cxx + 1)~(1/2)),%) J

((23%b*x((c*x - 1)~(1/2) - 1i)73)/(2%((c*x + 1)~(1/2) - 1)73) + (333%b*((c*
x - 1)7(1/2) - 1i)7B) /(2% ((c*x + 1)7(1/2) - 1)75) + (671xb*x((cxx - 1)~(1/2
) = 1i)77) /(2% ((c*x + 1)7(1/2) - 1)77) + (671%b*((c*x - 1)~(1/2) - 1i)79)/
(2% ((c*x + 1)7(1/2) - 1)79) + (333*b*((c*x - 1)7(1/2) - 1i)"11)/(2*((c*x +
1)7(1/2) - 1)711) + (23*b*((c*x - 1)7(1/2) - 1i)713)/(2*%((c*x + 1)~(1/2)
- 1)713) - (3*b*((c*x - 1)~(1/2) - 1i)~15)/(2*((c*x + 1)~(1/2) - 1)~15) -
(3xbx((c*xx - 1)7(1/2) - 1i))/(2x((c*x + 1)7(1/2) - 1)))/(c”5 - (8*c™5x((c*
x - 1)7(1/2) - 11)72)/((c*x + 1)7(1/2) - 1)72 + (28%c™5*((c*x - 1)7(1/2) -
1i)74)/((c*x + 1)7(1/2) - 1)74 - (66*%c™5x((c*xx - 1)7(1/2) - 1i)76)/((c*x
+ 1)7(1/2) - 1)76 + (70xc™5*((c*xx - 1)7(1/2) - 1i)78)/((c*x + 1)°(1/2) - 1
)78 - (56%c75*((c*x - 1)7(1/2) - 1i)710)/((c*x + 1)7(1/2) - 1)710 + (28%c”
Bx((c*x - 1)7(1/2) - 1i)712)/((cxx + 1)7(1/2) - 1)712 - (8xc™5*((c*x - 1)~
(1/72) - 1i)"14)/((e*x + 1)7(1/2) - 1)714 + (c™5*((cxx - 1)7(1/2) - 1i)~16)
/((c*xx + 1)7(1/2) - 1)716) - ((14*ax((cxx - 1)7(1/2) - 1i)73)/((c*xx + 1)7(
1/2) - 1)73 + (14*a*x((cxx - 1)7(1/2) - 1i)75)/((c*x + 1)~(1/2) - 1)75 + (2
*xax((cxx - 1)7(1/2) - 11)77)/((c*x + 1)7(1/2) - 1)77 + (2*ax((cxx - 1)~ (1/
2) - 1i))/((c*x + 1)7(1/2) - 1))/(c™3 - (4*c™3*((c*x - 1)~(1/2) - 1i)~2)/(
(c*x + 1)°(1/2) - 1)72 + (6%c™3*((c*x - 1)°(1/2) - 1i)~4)/((cxx + 1)~(1/2)
- 1)74 - (4*c™3*x((c*x - 1)7(1/2) - 1i)"6)/((c*x + 1)7(1/2) - 1)76 + (c"3*
(Cexx - 1)7(1/2) - 1i1)78)/((c*x + 1)~(1/2) - 1)78) + (2xa*atanh(((c*x -...

output

Reduce [B] (verification not implemented)
Time = 0.15 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.26
z*(a + bz?)

vV=1+czV/1+cx
Av/ex +1v/ex —1lacdz + 2v/cx + 1+/cx — 1bc32® 4+ 3v/ex + 1/cx — 1bcav—|—8log<—vc””_1+2 ch+1> ac?

dz

=+
8cP
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input \ int (x~2* (b*x~2+a) / (c*x-1)~(1/2) / (c*x+1)~(1/2) ,x)

output‘(4*sqrt(c*x + 1)*sqrt(c*xx — 1)*akxc**3*x + 2*sqrt(c*kx + 1)*sqrt(c*x - 1)*bx*
cx*3*x**3 + 3xsqrt(c*x + 1)*sqrt(c*x - 1)*b*c*kx + 8+log((sqrt(c*x - 1) + s
‘qrt(c*x + 1)) /sqrt(2))*a*c**2 + 6xlog((sqrt(c*x - 1) + sqrt(c*x + 1))/sqrt
| (2))*b)/ (8*c*5)




output

input

output
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3.15 [ L) g

Optimal result . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . .. . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [C] (verification not implemented) . . . ... ... ... ... ......
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...,
Giac [A] (verification not implemented) . . . . . . .. ... ... oL
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... . ... .....

Optimal result

Integrand size = 27, antiderivative size = 65

z(a + bx?) i —

(2b+ 3ac®) vV—1+czv/1+cx N bx?y/—1+ cxv/1+cx

V—-1+czv1+cx 3ct

3c?

‘ 1/3*(3%a*c™2+2xb) * (c*x-1) ~(1/2) * (c*x+1) " (1/2) /c~4+1/3%b*x" 2% (c*x-1) ~ (1/2) * \

(cxx+1)7(1/2) /c™2

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.66

z(a + bz?) i — V=14 cx\/1+ cz(3ac® + b(2 + *x?))

V=1+cz\/1+cx

3ct

LIntegrate[(x* (a + b*x72))/(Sqrt[-1 + cxx]*Sqrt[1 + c*x]),x]

-

L(Sqrt [-1 + c*x]#Sqrt[1 + c*x]*(3*axc™2 + b*(2 + c~2%x72)))/(3%c”4)

-




input

output
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00,
number of rules _ 0.074, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {960, 83}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

a:(a + bwz)
ver —1y/ecx + 1
l 960

dx

1<3a+ 2b> / T dz+ bx?y/cx — 13/ex + 1
3 c2 Ver —1vex +1 3c2

| 83

vexr —1y/ex + 1(3a + (2?3) n bx2\/cx — 13/ex + 1

3c? 3c?

tInt[(x*(a + b*x72))/(Sqrt[-1 + c*x]*Sqrt[1 + c*x]),x]

(((S*a + (2%b)/c”2)*Sqrt[-1 + cxx]*Sqrt[1 + c*x])/(3*%c™2) + (b*x~2*Sqrt[-1
L+ cxx]*Sqrt[1 + c*x])/(3%c”2)




rule 83

rule 960

input int (x* (b*x"2+a) / (c*x-1) " (1/2)/ (c*x+1)~(1/2) ,x,method=_RETURNVERBOSE)

output
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Defintions of rubi rules used

Int[((a_.) + (b_)*(x_))*((c_.) + (d_)*(x_))"(m_)*((e_.) + (E_)*(x))"(p
D, x> Simplbx(c + d*xx)~(n + D*((e + £+~ (p + 1)/(d*f*x(n + p + 2))),
x] /; FreeQ[{a, b, c, d, e, £, n, p}, x] &% NeQ[n + p + 2, 0] && EqQLaxdxf
*(n + p + 2) - bk(d*ex(n + 1) + cxf*(p + 1)), 0]

(b1*b2*(m + nx(p + 1) + 1))

Int[((e_.)*(x_))"(m_.)*((al_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[d*(e*x)~(
m + 1)*x(al + bixx~(n/2)) " (p + V*((a2 + b2*x~(n/2)) "~ (p + 1)/(bl*b2*ex(m + n
*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*cx(m + nx(p + 1) + 1))/

Int[(e*x) “m*x(al + blxx~(n/2)) p*(a2 + b2*x"(n

/2))°p, %], x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2#bl + al*b2, 0] && NeQ[m + nx(p + 1) + 1, 0]

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.58

method | result size
cx+1+/ce—1 (bc2z243a c2+2b
gosper | YEHVeo1le ) | 38
default ver+1+y/cx—1 (b c2z2+3a c2+2b) 38
3ct
I'iSCh vex+1+/cx—1 (b:2x2+3a 62+2b) 38
3c
. Vex+1 /cx—1 (bc2x2+3a c2+2b
orering i Lo :(wf ' t3aci+) | 39

L1/3*(c*x+1)“(1/2)*(c*x—1)“(1/2)*(b*c“2*x“2+3*a*c“2+2*b)/c“4
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Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.57

z(a + bz?) (bc?z? + 3ac® + 2b)y/cx + 1y/cx — 1
dr =
V=1+cz\/1+cx 3ct

input Lintegrate (x* (b*x~2+a) / (c*x-1)~(1/2) / (c*x+1)~(1/2) ,x, algorithm="fricas")

output L1/3*(b*C‘2*x"2 + 3%a*c™2 + 2%b)*sqrt(ckx + 1)*sqrt(c*x - 1)/c"4

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 5.37 (sec) , antiderivative size = 202, normalized size of antiderivative = 3.11

11 1
G52 44 0’0’2’1 1
P66\ _1 1911 P
/ z(a + bx?) p 2 T2
Tr =
vV—1+cz\/1+czx 472 c?
3 1 _1
G2,6 17 107 29 3 07 1 e2im
tat6.6 3 1 1.—1 _19 c2z2
407 4 ORI}
+
4m2c?
_5 _3 — 1
bGo2 4 4 1, -1, 2’1 1
6,6 3 5 1.3 _19 c2z?
Ty T T T T
+ 3
4mact
7 _3 _5
'bG2’6 2) 40 20 4> 171 e2im
66 _7 _s 9 _3 _3 o|°=
47 4 Y 92r 9
+
4ract

input Lintegrate (x* (bxx**2+a) / (cxx-1) ** (1/2) / (c*xx+1) **(1/2) ,x)
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axmeijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4, 0, 1/4, 1/2, 0), O
), 1/ (cx*2xx*%2)) / (4*pix* (3/2) *c**2) + Ixa*meijerg(((-1, -3/4, -1/2, -1/4,
0, 1, 0O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), exp_polar(2xI*pi)/(ck*2x*

x**2)) / (4*pix* (3/2) *c**2) + b*meijerg(((-5/4, -3/4), (-1, -1, -1/2, 1)), (
(-3/2, -5/4, -1, -3/4, -1/2, 0), ), 1/(c**2*xx**2))/(4*pi**(3/2)*c**4) +
I*b*meijerg(((-2, -7/4, -3/2, -5/4, -1, 1), O), ((-7/4, -5/4), (-2, -3/2,
-3/2, 0)), exp_polar(2*Ixpi)/(cx*2xx**2))/(4*pi**(3/2)*c**x4)

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.83

z(a + bzr?) p Vc2z? — 1bz? N Viz? — la N 2+v/c2x? — 1b
Tr =
vV—=1+cz\/1+cz 3c? c? 3ct

inputLintegrate(x*(b*x“2+a)/(c*x—1)“(1/2)/(c*x+1)’"(1/2),X, algorithm="maxima") J

N

p
‘1/3*sqrt(c“2*x”2 - 1)*b*x"2/c”2 + sqrt(c”™2*x"2 - 1)*a/c”2 + 2/3*sqrt(c”2*x

ou‘cput‘»2 - Dy ‘

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.91

acll 09
z(a + ba?) ; \/ca:-l—l\/cx—l((ca:-l-l)(W— i—;’) +3(01—;-b)>
Tr =
V=1+crv/1+cx 3c

-

Lintegrate(x*(b*x‘2+a)/(c*x-1)‘(1/2)/(c*x+1)‘(1/2),x, algorithm="giac")

-/

input

output 1/3*Sart(cxx + D*sart(exx = Dx((ckx + D*((ckx + 1)*b/c™3 = 24b/c™3) +3
‘*(a*c‘li + bxc™9)/c"12) /c

J
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Mupad [B] (verification not implemented)

Time = 5.21 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.02

z(a + bz?) VeE—T (Befgab 4 488 4 bat  2udim)
Tr =
vV=1+cz\/1+cx Jer +1

e

Lint((X*(a + b*x72))/((c*xx - 1)7(1/2)*(c*x + 1)7(1/2)),x)

~—

input

‘((c*x - 1)°(1/2)*((2%b + 3*axc~2)/(3*c~4) + (b*x~3)/(3%c) + (b*x~2)/(3%c"2 ‘

output
p + (x*(2xbxc + 3xaxc~3))/(3%c~4)))/(cxx + 1)~(1/2) J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.54

z(a + bz?) g — Viex + 1+/ex — 1 (bc*z? + 3ac® + 2b)
V=—1l+cxV/1+ecx 3ct

input Lint (x*x(bxx~2+a) / (c*xx-1)~(1/2) / (c*x+1)~(1/2) ,x) J

outputt(sqrt(c*x + 1)*sqrt(ckx — 1)*(3*akck*2 + brck*2kx**2 + 2%b))/(3xcr*4) J




output

input L

output

L1/2*b*x*(c*x—1)“(1/2)*(c*x+1)“(1/2)/c“2+1/2*(2*a*c“2+b)*arccosh(c*x)/c“B
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3.16 f a-+bz?
* V—14+cz+/1+cx

Optimal result . . . . . . . . .. . .. 153]
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 153
Rubi [A] (verified) . . . . . . . .. .. 154
Maple [B] (verified) . . . . . . . . . .. 155
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 1551
Sympy [F(-1)] . . . o 156
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1561
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 1561
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 157
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 157l

Optimal result

Integrand size = 26, antiderivative size = 47

a + bx? m_bx\/—1+cx\/1+cx

(b + 2ac?) arccosh(cz)

V=1+czv/1+cx 2c?

+

2¢3

e

Mathematica [A] (warning: unable to verify)

Time = 0.07 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.23

a + ba? B bexy/—1 + cx/1+ cx + 2(b + 2ac?) a,lrcta,nh<1 /—_11th‘f>

dr =

V=1+cz\/1+cx

2c3

Integrate[(a + b*x~2)/(Sqrt[-1 + c*x]*Sqrt[1l + c*x]),x]

‘(b*c*x*Sqrt[—l + c*x]*Sqrt[1 + cxx] + 2x(b + 2*a*c”2)*ArcTanh[Sqrt[(-1 + c

N

*x) /(1 + c*x)]]1)/(2%c”3)

J

-

J




e

input t
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00,

number of rules _ 0.077, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {646, 43}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a + bz? iz
ver —1y/ex +1
l 646
(2a¢® +b) [ == de | bever =TV +1
2c2 2c2

| 43

(2ac? + b) arccosh(cz) N brv/cx — 1/cx + 1

2c3 2c2

Int[(a + bxx"2)/(Sqrt[-1 + c*x]*Sqrt[1 + c*x]),x]

~—

‘{

output

L(Q*CAS)

(b*x*Sqrt[-1 + c*x]*Sqrt[1l + c*xx])/(2xc”2) + ((b + 2*a*c~2)*ArcCosh[c*x])/

~

Defintions of rubi rules used

rule 43

Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]), x_Symbol] :> Simp[
ArcCosh[b*(x/a)]/(bxSqrt[d/vl), x] /; FreeQ[{a, b, c, d}, x] && EqQlb*c + a
*d, 0] && GtQ[a, 0] && GtQ[d/b, 0]

rule 646

Int[((c_) + (d_.)*(x_)) " (m_.)*((e_) + (£_.)*(x_))"(n_.)*((a_.) + (b_.)*(x_)
~2), x_Symbol] :> Simp[b*x*x(c + d*x)"(m + 1)*((e + £xx)"(n + 1)/(d*f*(2*m +
3))), x] - Simp[(b*c*e - a*d*f*(2*m + 3))/(d*f*x(2*m + 3)) Int[(c + d*x)~
m*(e + f*x)"n, x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n}, x] && EqQ[m, n] &%
EqQld*e + cxf, 0] && !'LtQ[m, -1]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 90 vs. 2(39) = 78.

Time = 0.10 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.94

method | result

(2ac?+b) In (\C/Q—C%+\/c2z2—l> V(cz+1)(cz—1)

: brv/cx—1+/cx+1
risch 5.2 + NN B
Vex—1+/cz+1 (2 ln((\/cza:z—l csgn(c)+cz> csgn(c))ac2+\/czz2—1 csgn(c)cbz+ln<<\/czm2—1 csgn(c)+cz) csgn(c))b) csgn(
default 23222
c3vc2x2 -1
input Lint ((b*x~2+a)/(c*x-1)"(1/2)/ (c*x+1)~(1/2) ,x,method=_RETURNVERBOSE) J

| 1/2#baxk (cxx-1) " (1/2) % (ckx+1) " (1/2) /c2+1/2% (2ka*c™2+b) /c~2+1n(c " 2%x/ (c™2)
T(1/2)+(cm24x72-1)7(1/2)) / (€72) 7 (1/2) * ((cHx+1) * (c*x-1)) " (1/2) / (c*x-1) " (1/2
)/ (cHx+1)~(1/2) |

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.17

a + bz?
vV—=1+cz\/1+cz
_ Vex +1yew — Thex — (2ac® + b) log (—cx + Vex + 1Tv/ex — 1)
N 2¢3

dz

input Lintegrate((b*x‘2+a)/(c*x—1)‘ (1/2)/ (c*x+1)~(1/2) ,x, algorithm="fricas") J

t‘ 1/2x(sqrt (cxx + 1)*sqrt(ckx - 1)*b*c*x - (2*a*c™2 + b)*log(-c*x + sqrt(c*x ‘

outpu
|+ Dxsqri(oxx - 1))/c™3 |
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Sympy [F(-1)]

Timed out.
2
atbe dxr = Timed out
V=1+cz\/1+cx
input Lintegrate ((bxx**x2+a) / (c*xx-1) **(1/2) / (c*x+1)**x(1/2) ,x) J
Ou_,GputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.57

a + bx? alog (2cz +2+/c%1? —1c)  +/c2x% — 1bx
dx = +
vV-1+czv1+cx c 2¢c?

N blog (22x + 2v/c%z? — 1c)

2¢c3

input Lintegrate ((bxx~2+a)/(c*x-1)"(1/2)/(c*x+1)~(1/2) ,x, algorithm="maxima") J

‘a*log(2*c“2*x + 2*%sqrt(c™2*x72 - 1)*c)/c + 1/2*sqrt(c™2*x"2 - 1)*b*x/c”2 +

output
‘ 1/2*%bxlog(2*%c~2xx + 2*sqrt(c™2*x"2 - 1)*c)/c”3

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.47

Vex + 1v/ex — 1 <(cx_tl)b o c%> — 20 log(czmﬂ_ z=1)

C

a+ bx?
V-1+czv/1+cx 2¢

-

integrate((b*x~2+a)/(c*x-1)~(1/2)/(c*x+1)~(1/2) ,x, algorithm="giac")

e—

input t
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(1/2%(sqrt(ckx + 1)*sqrt(ckx - 1)*((ckx + 1)¥b/c™2 - b/c™2) - 2% (2*a*c™2 +

output
Lb)*log(sqrt(c*x + 1) - sqrt(c*x - 1))/c"2)/c

Mupad [B] (verification not implemented)

Time = 16.49 (sec) , antiderivative size = 293, normalized size of antiderivative = 6.23

a + bz?

V=1+4+cz\/1+cx
14b (Vez—1-i)®

dx

14b (Vez—1-1)° | 2b(vea—1-i)" | 2b(vea—1—i)

e e R e I G
o3 _ 43 (Vea—1-i)? | 63 (vVea— 1-4)4 _4cd (Vez—1-i)° | & (Vea—1-i)°
(Vezt1-1)° (Vez+i-1)* (Vez+1-1)° (Vez+1-1)°
i (\/cm 1 1) >
N 2batanh<\/7 1) ~ 4aatan(—(ﬁ_ v
c3 V—c2

input {int((a + b*x™2)/((cxx - 1)~(1/2)*(c*x + 1)7(1/2)),%)

(2xb*atanh (((c*x - 1)7(1/2) - 1i)/((c*x + 1)7(1/2) - 1)))/c™3 - ((14%b*((c
*x - 1)7(1/2) - 1i)73)/((c*x + 1)7(1/2) - 1)73 + (14*xb*((c*x - 1)~(1/2) -
1i)7"5)/((c*x + 1)7(1/2) - 1)°5 + (2%b*((c*x - 1)~(1/2) - 1i)°7)/((c*x + 1)
“(1/2) - 1)°7 + (2%bx((c*x - 1)7(1/2) - 1i))/((c*x + 1)°(1/2) - 1))/(c"3 -

(4xc™3*((c*xx - 1)7(1/2) - 1i)"2)/((c*x + 1)7(1/2) - 1)72 + (6*c~3*((c*x -
1)°(1/2) - 1i)74)/((c*x + 1)7(1/2) - 1)74 - (4xc™3*((c*x - 1)7(1/2) - 1i)
“6)/((cxx + 1)7(1/2) - 1)76 + (c™3*%((c*x - 1)7(1/2) - 1i)78)/((c*x + 1)~ (1
/2) - 1)78) - (4*xaxatan((c*((c*x - 1)7(1/2) - 1i))/(((c*x + 1)7(1/2) - 1)*
(-¢2)°(1/2))))/(-c"2)~(1/2)

output

~—

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.47

a + bx?
V=1+cz\/1+cx

Vvex +1+/cx — 1ber + 410g<—V c”_l\jﬁm) ac®+ 2log<—m\%m> b

2c3

dz
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inputLint((b*x“2+a)/(c*x—1)*(1/2)/(C*X+1)~(1/2),x)

output‘(sqrt(c*X + 1)*sqrt(c*x - 1)*b*c*x + 4xlog((sqrt(c*x - 1) + sqrt(c*x + 1))
‘/sqrt(2))*a*c**2 + 2xlog((sqrt(c*x - 1) + sqrt(ckx + 1))/sqrt(2))*b)/(2*cx
-




output

input

p
Output‘(b*Sqrt[-l + c*x]*Sqrt[1 + c*x])/c”2 + 2xa*ArcTan[Sqrt[(-1 + c*x)/(1 + c*x
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3.17 [ -_uthe
v/ —1+cz\/1+cx

Optimal result . . . . . . . . . . . . . e 159
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 159
Rubi [A] (verified) . . . . . . . . .. 160
Maple [A] (verified) . . . . . . . . . . 161
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 161l
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 162
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1631
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 163
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 163
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 164

Optimal result

Integrand size = 29, antiderivative size = 46

/ a + bx? dx_b\/—1+cx\/1+cx

zv/—1+cx\/1+cx c?

+ a arctan (\/—1 +cxv1+ c:v)

Lb*(c*x—l)‘(1/2)*(c*x+1)‘(1/2)/c‘2+a*arctan((c*x-l)“(1/2)*(c*x+1)“(1/2))

Mathematica [A] (warning: unable to verify)

Time = 0.03 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.98

_bW/-14cxV/14cx

/ a + bx? .
2/ —1+ cxv/1+cx c?

+ 2a arctan (

—1+cx
1+cx

)

‘Integrate[(a + b*x~2) /(x*Sqrt [-1 + c*x]*Sqrt[1 + c*x]),x]

J

N
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Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,

number of rules _ 0.103, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {960, 103, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
a+ bx? e
zv/cx — 1\/ex + 1
l 960
. / 1 i + by/cx — 1y/cx + 1
zv/cx — 1/ex +1 c?
l 103
1 bvex — 1y/ex +1
d(ver —1v 1
ac/(c:c—l)(cx+1)c+c ( @ cx+ >+ c2
l 218
Vvexr — 14/ 1
aarctan (\/cm —1vex + 1) + byex 012 ca +
input LInt [(a + b*x~2)/(x*xSqrt[-1 + c*x]*Sqrt[1 + c*x]),x] J

e B

(b*Sqrt[-1 + c*x]*Sqrt[1l + c*x])/c”2 + a*ArcTan[Sqrt[-1 + c*x]*Sqrt[1l + cx*
x1] |

output

Defintions of rubi rules used

rule 103‘Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (A_.)*(x_)1*((e_.) + (£f_.)*(x_ ‘
1)), x_] :> Simp[bxf  Subst[Int[1/(d*(bxe - a*f)~2 + bxf2¥x72), xI, x, Sq
‘rt[a + bxx]*Sqrt[c + d*x]], x] /; FreeQ[{a, b, c, d, e, £}, x] &% EqQ[2xbxd ‘
‘*e - fx(b*c + axd), 0] \
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

rule 218

Int[((e_.)*(x_))"(m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[d*(e*x)~(
m + 1)*(al + bl*xx"(n/2)) " (p + 1)*((a2 + b2*x~(n/2)) "~ (p + 1)/(bl*b2*ex(m + n
*(p + 1) + 1))), x] - Simp[(al*a2xd*(m + 1) - blxb2*c*(m + nx(p + 1) + 1))/
(b1*b2*(m + nx(p + 1) + 1)) Int[(e*x) m*x(al + blxx~(n/2)) p*(a2 + b2*x"(n
/2))°p, x], x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2#bl + al*b2, 0] && NeQ[m + nx(p + 1) + 1, 0]

rule 960

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.35

method | result size

(— arctan(ﬁ)acz—kb\/@ﬂ—l) Vex—1+/cx+1
cexre —

Vc2x2—1¢2

default 62

input Lint ((b*x~2+a) /x/ (c*x-1)~(1/2) / (c*x+1)~(1/2) ,x ,method=_RETURNVERBOSE) J

" \ (—arctan(1/(c™2*x~2-1)"(1/2) ) *a*c~2+b*x (c"2*x"2-1) " (1/2) ) *(c*x-1) ~(1/2) *(c* \

outpu
x+1)7(1/2)/ (c2%x72-1)"(1/2) /<2

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.04

/ a + bx? x_2aczarctan (—cz + ez + 1v/ex — 1) + ez + 1y/cx — 1b

v/ =1+ cx\/1+cx c?

input Lintegrate ((b*xx~2+a) /x/(c*xx-1)"(1/2) / (c*x+1)~(1/2) ,x, algorithm="fricas") J
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‘(2*a*c“2*arctan(—c*x + sqrt(cxx + 1)*sqrt(cxx - 1)) + sqrt(c*x + 1)*sqrt(c ‘

outputt*X Ny J

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 20.32 (sec) , antiderivative size = 162, normalized size of antiderivative = 3.52

35 3
G5,3 Z’Z’l 1’17§L
eel13 153 (o |22
/ a + bx? p 2947542
T =—
zv/—1+ czv/1+cz Ars
113
G2’6 0>Za§7171a1 e2im
1a%6,6 13 0.1 1 o
474 120 2
+ 3
42
11 1
bGS2 T4 0,0,3,1 1
6,6 1 _1 11 22
_57_Za0a17§a0 o
+ 3
47z c?
3 1 1
bG2,6 ) Z’ 27 49 O’ 1 621'17
W6 3 1 1._1 _19 2z
T4 4 T Ty T g
_|_
47z c?
inputLintegrate((b*x**2+a)/x/(c*x—1)**(1/2)/(C*X+1)**(1/2),X) J

-a*meijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5/4, 3/2), (0,)),
1/ (cx*2xx**2)) / (4*pi**(3/2)) + I*axmeijerg(((0, 1/4, 1/2, 3/4, 1, 1), O),
((1/4, 3/4), (0, 1/2, 1/2, 0)), exp_polar(2*Ixpi)/(cx*2*x**2))/(4*pi**(3/
2)) + b*meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4, 0, 1/4, 1/2,
0), ), 1/(cx*2xx*x2))/(4*xpi**(3/2)*c*x*2) + I*b*meijerg(((-1, -3/4, -1/2,
-1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), exp_polar(2*I*pi)/
(c**2xx*%x2) ) / (4*xpi**(3/2) *c*x*2)

output
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.63

/ a + bx? ) ( 1 ) Vc2x? —1b
dxr = —aarcsin + 5
zv/—1+cxv1+cx c|z| c

e hY

integrate((b*x~2+a)/x/(c*x-1)"(1/2)/(c*x+1)~(1/2) ,x, algorithm="maxima")

N\ J

input

Output‘-a*arcsin(l/(c*abs(x))) + sqrt(c™2*x"2 - 1)*b/c"2 ‘

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.98

/ a + bx?
dx
v/ =1+ cx\/1+cx
1 2 1 —1b
= —2aarctan (5 <\/c:c+ 1 —+ex — 1) ) + Ver +1ves

c2

input Lintegrate ((b*xx~2+a) /x/(c*x-1)"(1/2)/(c*x+1)~(1/2) ,x, algorithm="giac") J

‘—2*a*arcta.n(1/2*(sqrt(c*x + 1) - sqrt(cxx - 1))72) + sqrt(c*x + 1)#*sqrt(c* ‘

output‘X e ‘

Mupad [B] (verification not implemented)

Time = 6.87 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.67

/ a + bx? p _byezx—1vecx+1
zv/—1+czv/1+cx v c?

(Ve —1—1)? Ver—1-i\) ..

_G(III(( cx+1_1>2+1 —ln(m> 1i
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inputtint((a + b*xx~2) /(x*x(c*x - 1)~ (1/2)*(c*x + 1)~(1/2)),x%) J

(b (cxx = 1)7(1/2)*(ckx + 1)7(1/2))/c™2 - a*(Log(((c*x - 1)~(1/2) - 1i)~2/
C(Cexx + 1)7(1/2) - 172 + 1) - log(((c*x - 1)7(1/2) - 1i)/((exx + 1)7(1/2)
\ - 1)))*1i ‘

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.33

/ a + bz?
z
v/ =1+ cxv/1+cx
_2atan(Ver —1+vex +1—-1)ac® —2atan(vVer —1+Vex + 14+ 1) ac® + Ve + Tv/ecx — 1b

C2
input Lint((b*x‘2+a) /x/ (cxx-1)~(1/2) / (c*x+1)~(1/2) ,%) J
Output‘ (2*atan(sqrt(c*x - 1) + Sqrt(C*X + 1) - 1)*a*c**2 = 2*atan(sqrt(c*x _ 1) + ‘

‘ sqrt(c*x + 1) + 1)*axc*x2 + sqrt(c*x + 1)*sqrt(c*x - 1)*b)/cx*2 ‘




output

input L

output

La*(c*x—l)‘(1/2)*(c*x+1)‘(1/2)/x+b*arccosh(c*x)/c
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3.18 f a-+bz?
22/ —1+cx/1+cx

Optimal result . . . . . . . . .. . .. 165]
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 165
Rubi [A] (verified) . . . . . . . .. .. 166
Maple [C] (verified) . . . . . . . . . .. 167
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 167l
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 168
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1691
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 169
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 169
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 1701

Optimal result

Integrand size = 29, antiderivative size = 33

barccosh(cx)

bz? -1 1
/ a+ bx dxza\/ + cz/ +cm+

z2y/—1+cxv/1+cx

X

c

e

Mathematica [A] (warning: unable to verify)

Time = 0.03 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.45

/ a + bz?
z2y/—1+cz\/1+cx x

—l4cz
dp = W1t cz/1+ cx . 2barctanh<\/1+ch>

Cc

Integrate[(a + b*x~2)/(x"2*Sqrt[-1 + c*x]*Sqrt[1 + c*x]),x]

-

‘(a*Sqrt[—l + c*xx]*Sqrt[1 + c*x])/x + (2*%bxArcTanh[Sqrt[(-1 + c*x)/(1 + c*x

N

)11 /c

J
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00,

number of rules _ 0.069, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {956, 43}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a + bz? de
x2\/cx — 1/ex +1
l 956

b/ 1 dz + avex — 1v/cx + 1
ver — 1yv/ex +1 x

| 43
avex — 1y/ex + 1 + barccosh(cx)

T C

‘Int[(a + b*x"2)/(x"2+Sqrt[-1 + c*x]*Sqrt[1 + c*x1),x]

input

output L(a*Sqrt [-1 + cxx]*Sqrt[1 + c*x])/x + (b*ArcCosh[c*x])/c J

Defintions of rubi rules used

rule 43‘Int[1/(Sqrt[(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)]1), x_Symbol] :> Simpl[ \
| ArcCosh[b*(x/a)]/(b*Sqrt[d/bl), x] /; FreeQ[{a, b, c, d}, x] & EqQ[b*c + a |
L*d, 0] && GtQ[a, 0] &% GtQ[d/b, O] J
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rule 956 TRELC(e_)*(x_))~(m_)*((a1) + (b1_.)*(x_)"(mon2_.))"(p_.)*((a2) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (A_.)*(x_)"(n_)), x_Symbol] :> Simp[c*(e*x)~(
m + 1)*(al + bl*x"(n/2)) " (p + ) *((a2 + b2*x~(n/2))"(p + 1)/(al*a2*e*(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - blxb2*cx(m + n*(p + 1) + 1))/(al*a2%e n*(
m+ 1)) Int[(exx)"(m + n)*(al + blxx"(n/2)) px(a2 + b2*x~(n/2)) p, x], x]
/; FreeQ[{al, b1, a2, b2, ¢, d, e, p}, x] & EqQ[non2, n/2] && EqQ[a2*bl +
al*b2, 0] && (IntegerQ[n] || GtQ[e, 0]) && ((GtQ[n, 0] && LtQ[m, -11) || (
LtQ[n, 0] && GtQIm + n, -11)) & !ILtQlp, -1]
Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.
Time = 0.10 (sec) , antiderivative size = 77, normalized size of antiderivative = 2.33
method | result size
cx—1+/cx csgn(c)evc?z?—1a+ln c2z2—1 csgn(c)+cz ) csgn(c) )bz ) csgn(c
default Ver—1 et ( g()Vﬁ]'tkggfLu:l gn(c)+cx) csgn(c) ) bx ) csgn(c) -
CQIE
ek /=T VT bln(\/c—2+\/c2x2_1) V/(ca+1)(cz—1) 8
z Ve? Jex—1/ea+1
input Lint ((b*x"~2+a) /x~2/ (c*x-1)"(1/2) / (c*x+1)~(1/2) ,x ,method=_RETURNVERBOSE) J

N

t‘((c*x-l)"(i/Q)*(c*x+1)"(1/2)*(csgn(c)*c*(c"2*x"2—1)"(1/2)*a+1n(((c‘2*x"2—1) |

t
ot ‘ ~(1/2)*csgn(c)+cxx)*csgn(c) ) *b*x) *csgn(c) /(c™2%x"2-1)"(1/2) /x/c ‘

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.70

/ a + bx?
dx
22/—=1+ czv/1+cx
_ ac’z + v/cx + 1v/cx — lac — bz log (—cz + ez + 1v/cx — 1)
cx

input Lintegrate ((bxx~2+a) /x~2/ (c*x-1)~(1/2) /(c*x+1)~(1/2) ,x, algorithm="fricas") J
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Output‘(a*c"2*x + sqrt(c*x + 1)*sqrt(cxx - 1)*a*xc - bxxxlog(-c*x + sqrt(cxx + 1)*

qurt(c*x - 1)))/(c*x) J

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 20.55 (sec) , antiderivative size = 148, normalized size of antiderivative = 4.48

571 3 3 9
G5,3 47 4) 27274 1
ac 6,6 1 537 2 0 212
/ a + bx? d 14020 40
T = —
z2y/—1+cxv/1+cx Ars
1 3 5 3
. G2,6 5’71’1’717571 e2im
rac 6,6 35 1 1.1.0 2z2
47 4 291 h
A
1 3 11
b(;&z 404 5,571,1 1
6,6 11 3 222
0;175719170 e
+ 3
4dm2c
1 1 1 1
.bGQ,G za_Zaou_va]- e2im
e _11 1 0.0 0|7
47 4 27 Yy Yy
4rrzc
inputLintegrate((b*x**2+a)/x**2/(c*x—1)**(1/2)/(C*x+1)**(1/2),X) J

output -axc*meijerg(((5/4, 7/4, 1), (3/2, 3/2, 2)), ((1, 5/4, 3/2, 7/4, 2), (0,))
» 1/ (c**2%xx%2)) / (4*pi**(3/2)) - Ixa*c*meijerg(((1/2, 3/4, 1, 5/4, 3/2, 1)
, O), ((3/4, 5/4), (1/2, 1, 1, 0)), exp_polar (2*I*pi)/(cx*2*kx**2))/(4*pi*
*(3/2)) + bxmeijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1/4, 1/2, 3/4, 1,
0), ), 1/(ck*2xx*%x2))/(4*xpi**(3/2)*c) - I*b*meijerg(((-1/2, -1/4, 0, 1/
4, 1/2, 1), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(2*I*pi)/(cx*2*x
*%2) ) / (4%pi**(3/2)*c)
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.33

/ a + bx? p blog (2¢%z + 2+/c?z? — 1c¢) N Veix? — la
€Tr =
z2y/—1+cx\/1+cx c x

input‘integrate((b*x"2+a)/x"2/(c*x—1)’"(1/2)/(c*x+1)“(1/2),x, algorithm="maxima")

outputtb*log(Q*cAz"x + 2xsqrt(c™2*x"2 - 1)*c)/c + sqrt(c™2*x"2 - 1)*a/x J

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.70

/ a + bx?
dx
z2v/—1+cx\/1+cx
1 16a blog((\/cx+1—\/cx—1)4>

2 (\/cx+1—\/cx—1)4+4 c?

-

input Lintegrate ((b*x~2+a) /x~2/ (c*x-1)~(1/2) / (c*x+1)~(1/2) ,x, algorithm="giac")

-/

‘1/2*0*(16*a/((sqrt(c*x + 1) - sqrt(c*x - 1))74 + 4) - bxlog((sqrt(c*x + 1) ‘

output
‘ - sqrt(c*x - 1))74)/c~2)

Mupad [B] (verification not implemented)

Time = 5.78 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.85

¢ (Vez—1-i)
/ a + bz? dw_a\/cz_1\/0w+1_4batan<m)
2/—1+cz/1+cx x N
input Lint((a + bxx72) /(x72x(c*x - 1)7(1/2)*(c*x + 1)7(1/2)),%) J
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‘(a*(c*x - 1)°(1/2)*(c*x + 1)°(1/2))/x - (4%b*atan((c*((c*xx - 1)~(1/2) - 1i

output
)/ ((exx + 1)7(1/2) = 1D*(=c"2)7(1/2))))/(-c"2)~(1/2) |

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.58

a + bx? \/cav—i—l\/cac—1ac—|—2log<—”””_1\;r§ VC’”“) br + a iz
/x2\/—1+cx\/1+cx B cx

e

inputtint((b*XA2+a)/XA2/(C*X—i)“(1/2)/(c*x+1)‘(1/2),X)

~—

t‘ (sqrt(c*x + 1)*sqrt(cxx - 1)*a*c + 2xlog((sqrt(c*x - 1) + sqrt(c*x + 1))/s ‘

outpu
Lqrt(2))*b*x + axc*k*2¥x)/(c*x) J




output

input

output
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+bz?
3.19 f 3;3\/_(;4_@5\/14—033

Optimal result . . . . . . . . . . . . . e

Mathematica [A] (warning: unable to verify)

Rubi [A] (verified) . . . . . . . .. ..
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. ..
Sympy [F(-1)] . . . o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 29, antiderivative size = 60

/ a + bx? dw_a\/—l—i-cx\/l—l-cx
/=1 +cxv/I+ex 22
1
+ 2 (2b + acQ) arctan (\/—1 +czvV1+ cz)

‘1/2*a*(c*x-l)‘(1/2)*(c*x+1)‘(1/2)/x‘2+1/2*(a*c‘2+2*b)*arctan((c*x—l)‘(1/2)

L*(c*x+1)*(1/2>)

|
J

Mathematica [A] (warning: unable to verify)

Time = 0.04 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.92

_ayv/—1+czy1

+cx

/ a + bz? .
23v/—1+cxv/1+cx 222

+ (2b + ac2) arctan (

—1l+cx
1+cx

)

LIntegrate [(a + b*x~2)/(x"3*Sqrt[-1 + c*x]*Sqrt[1l + c*x]),x]

‘(a*Sqrt[—i + cxx]*Sqrt[1 + c*x])/(2%x72) + (2%b + a*c”2)*ArcTan[Sqrt[(-1 +

\ c*x) /(1 + c*x)]]

N
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Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00,

number of rules _ 0.103, Rules

number of steps used = 4, number of rules used = 3, integrand size

used = {956, 103, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a+ bx? b
z3v/ex — 1y/ex + 1
| 956
1(ac2 + 2b) / 1 o+ am;/m
2 zvez — ez + 1 5
l 103
yelac . @ =TV Tl
50(0:6 + 2b) / (c:E - 1)(@3} + 1)6 + cd<M\/W) + 2m2
| 218
- 1
%(ac2 + 2b) arctan (mm> n a@g/w
input LInt[(a + b*x"2)/(x7"3*Sqrt[-1 + c*x]*Sqrt[1 + c*x]),x] J

e B

(a*xSqrt[-1 + c*x]*Sqrt[1 + c*x])/(2*x~2) + ((2%b + axc”2)*ArcTan[Sqrt[-1 +
‘ cxx]*Sqrt[1 + c*xx]])/2 ‘

output

Defintions of rubi rules used

rule 103‘Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (A_.)*(x_)1*((e_.) + (£f_.)*(x_ ‘
1)), x_] :> Simp[bxf  Subst[Int[1/(d*(bxe - a*f)~2 + bxf2¥x72), xI, x, Sq
‘rt[a + bxx]*Sqrt[c + d*x]], x] /; FreeQ[{a, b, c, d, e, £}, x] &% EqQ[2xbxd ‘
‘*e - fx(b*c + axd), 0] \
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R

rule 218
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Int[(Ce_.)*(x_))"(m_.)*((al_) + (bl_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[c*(e*x)~(
m + 1)*(al + bi*xx"(n/2)) " (p + 1)*((a2 + b2*x~(n/2)) " (p + 1)/(al*a2*ex(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - blxb2*ck(m + n*x(p + 1) + 1))/(al*a2xe n*(
m+ 1)) Int[(exx)"(m + n)*(al + blxx~(n/2)) px(a2 + b2*x~(n/2))"p, x], x]
/; FreeQ[{al, b1, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] &% EqQ[a2*bl +
alxb2, 0] & (IntegerQ[n] || GtQle, 0]1) && ((GtQ[n, O] && LtQ[m, -11) || (
LtQln, 0] && GtQm + n, -11)) && !'ILtQlp, -1l

rule 956

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.18

method | result size

(b+ %) arctan (ﬁ) V(cz+1)(cz—1)

Ver—1+/cz+1

71

: avex—1+cx+1
risch 52

vex—1+/cx+1 (arctan( \/CQiT—l) ac?r?2+42 arctan( @) bx2—+/c2z2-1 a)
default | — 84
2v/c2x2 -1 z2

input int ((b*x~2+a)/x"8/(c*x~1)"(1/2)/(c*x+1)~(1/2) ,x,method=_RETURNVERBOSE)

| 1/2%a* (cxx-1)"(1/2) % (chx+1)~(1/2) /x"2- (b+1/2*a*c™2) *arctan(1/ (c"2#x"2-1)~(

output
11/2))% ((cxx+1)* (cxx=1)) " (1/2) / (c*x-1) " (1/2) / (c*x+1)~ (1/2) |
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.95

/ a + bx?
dx
z3y/—1+czv/1+cx
2 (ac® + 2b)z? arctan (—cz + Vez + 1v/cx — 1) + ez + 1v/cz — 1a
2 x2

input Lintegrate((b*x‘2+a)/x‘3/(c*x—1)‘(1/2)/(c*x+1)‘(1/2) ,X, algorithm="fricas") J

‘1/2*(2*(a*c‘2 + 2¥b)*x~2%arctan(-c*x + sqrt(c*x + 1)*sqrt(c*x - 1)) + sqrt ‘

output
‘(c*x + 1)*sqrt(c*x - 1)*a)/x"2 ‘

Sympy [F(-1)]

Timed out.

2
/ a+be dz = Timed out
z3v/—1+cz\/1+cx

input ‘ integrate ((bxx**2+a) /x**3/ (c*x-1) **(1/2) / (c*x+1) **(1/2) ,x) ‘

output LTimed out J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.75

a + bx? | . 1 . 1 Ve2x? — 1a
dr = —= ac”arcsin | — | — barcsin + 5
z3y/—1+ czv/1+ cx 2 c|z| c|z| 21

input Lintegrate((b*x‘2+a)/x*3/(c*x—1)‘(1/2)/(c*x+1)‘(1/2),x, algorithm="maxima") J

t‘ -1/2%axc”2*arcsin(1/(c*abs(x))) - b*arcsin(1/(c*abs(x))) + 1/2*sqrt(c™2*x” ‘

outpu ‘2 - 1)*a/x"2 ‘
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 114 vs. 2(48) = 96.

Time = 0.13 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.90

/ a + bz?
dx =
z3v/—1+cx\/1+cx

VezFl-ver—1)°~4ac? (VerF1—vez—1)°)

2 2 (ac3(
(ac® + 2 bc) arctan (% (Vez +1— ez —1) ) + ( (Variva1) 1)’

c
inputLintegrate((b*x"2+a)/x"3/(c*x-1)"(1/2)/(c*x+1)"(1/2),x, algorithm="giac") J
p
Ou_tput‘—((a*c"B + 2xb*c)*arctan(1/2*(sqrt(c*x + 1) - sqrt(c*x - 1))72) + 2x(a*c”3

‘*(sqrt(c*x + 1) - sqrt(cxx - 1))76 - 4xa*c”3*(sqrt(c*x + 1) - sqrt(c*x - 1
0)72)/((sqrt(ckx + 1) - sqrtcsx - 1))74 + 4)"2)/c

\‘

Mupad [B] (verification not implemented)

Time = 13.12 (sec) , antiderivative size = 297, normalized size of antiderivative = 4.95

ac?li | ac? (Vez—1-i)?1i  ac?(vea—1-i)"15i
/ a + bz? P 16 (Voo +1-1) 32 (Vea+i-1)"
23/ =1+ czv/1+ cx (Veo—1-i)° 42 ca—1-i)" 4 Wea—1-9)

|

(Veat1-1)° ' (Veati-1)* ' (Vez+i-1)°
( cx—l—l)2 (\/cx—l—i>

—b|(In +1]—=In

( (( cx+1-1)° Ver+1-1

2 (Vez—1—i)?
- ac’ In <( w=ri1)? —|—l> 1i

2
N ac In (YEE ) 1 L af (Ver -1 —i)%1i
2 32 (Vex +1-1)°

input Lint((a + b*x~2)/(x"3*%(cxx - 1)~(1/2)*(c*x + 1)°(1/2)),%) J
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((axc™2%1i)/32 + (a*c™2+((c*kx - 1)7(1/2) - 1i)"2*1i)/(16*%((cxx + 1)~(1/2)

- 1)72) - (axc™2x((c*x - 1)°(1/2) - 1i)~4*15i)/(32*((c*x + 1)°(1/2) - 1)"4
)/ (((e*x - 1)7(1/2) - 1i)72/((c*x + 1)7(1/2) - 1)72 + (2% ((c*x - 1)~(1/2)
- 1i)74)/((c*xx + 1)7(1/2) - 1)74 + ((c*x - 1)7(1/2) - 1i)76/((c*x + 1)~ (1

/2) - 1)76) - bx(log(((c*x - 1)7(1/2) - 1i)"2/((c*x + 1)7(1/2) - 1)72 + 1)
- log(((c*x - 1)7(1/2) - 1i)/((c*x + 1)7(1/2) - 1)))*1i - (axc™2*log(((c*

x - 1D7(1/2) - 11)72/((c*x + 1)7(1/2) - 1)72 + 1)*1i)/2 + (a*c™2*xLlog(((c*x
- 1)7(1/2) - 1i)/((c*xx + 1)7(1/2) - 1))*1i)/2 + (axc™2x((c*x - 1)°(1/2) -
1i)~2%1i)/(32%((c*x + 1)7(1/2) - 1)72)

output

N

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.83

/ a + bx?
dx
z3y/—1+cxv/1+cx
B 2atan(v/cx — 1+ ez +1— 1) ac®s® + 4atan(vex — 1+ vex + 1 — 1) ba? — 2atan(vex — 1+ Vez
N 2x2

input‘int((b*x“2+a)/x“3/(c*x-1)“(1/2)/(c*x+1)“(1/2)’x)

‘ 1) + sqrt(c*x + 1) - 1)*bxx*x2 - 2*atan(sqrt(c*x - 1) + sqrt(cxx + 1) + 1
‘)*a*c**2*x**2 - 4*atan(sqrt(c*x - 1) + sqrt(cxx + 1) + 1)*bxx*x2 + sqrt(c*

output‘(2*atan(sqrt(c*x - 1) + sqrt(c*x + 1) - 1)*axc**x2*x**2 + 4xatan(sqrt(c*x -
\x + 1)*sqrt(c*x - 1)*a)/(2%x**2)




output

input L

output L
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+bz?
3.20 f $4\/_(f+c§\/1+cx

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . .. ..
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. ..
Sympy [C] (verification not implemented) . . ... ... ... ... .. .....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 29, antiderivative size = 62

IVE)
179
1301

182)
182

(3b+ 2ac?) vV—1+ cz/1+ cx

bx? -1 1
/ a+ bx dm:a\/ +czy/ +Cx+

/=1 +cz\/1+ cx 3x3

3z

| 1/3%ax (ckx-1) " (1/2) % (cxx+1) ™ (1/2) /x"3+1/3% (2%arc 2+3#b) * (ckx-1) " (1/2) % (cxx

-+ (1/2)/x

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.68

dx

/ a + bz? _ V=1+cxv/1+ cx(a+ 3bz? 4 2ac’z?)

/=1 +cxv/1+cx

3z3

-

Integrate[(a + b*x~2)/(x"4*Sqrt[-1 + c*x]*Sqrt[1 + c*x]),x]

-/

(Sqrt[-1 + c*x]*Sqrt[1 + cxx]*(a + 3*b*x~2 + 2*%a*xc~2*x"2))/(3%x"3)




input

output

rule 106
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.00,

number of rules _ 0.069, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {956, 106}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a + bz? da
x4/cx — 1/ex +1

l 956
1 1 vexr — 14/ 1
(2ac2+3b)/ de + V& 3c:c+
3 z2\/cx — 1\/ex + 1 3z

l 106

Vex — 1y/ex + 1(2ac2 + 3b) 4 aver — 1v/ex +1
3z 33

LInt[(a + b*x"2)/(x~4*Sqrt[-1 + c*x]*Sqrt[1 + c*x]),x]

‘(a*Sqrt [-1 + c*x]*Sqrt[1 + c*x])/(3*x73) + ((3*b + 2*xa*c~2)*Sqrt[-1 + c*x]
*Sqrt[1 + c*x])/(3+x)

Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)7 (p_), x_] :> Simp[b*(a + b*x)"(m + 1)*(c + d*x)"(n + 1)*((e + £*xx)"(p + 1
)/((m + 1)*x(b*c - a*d)*(bxe - axf))), x] /; FreeQ[{a, b, ¢, d, e, f, m, n,
p}, x] && EqQ[Simplify[m + n + p + 3], 0] && EqQ[a*d*fx(m + 1) + b¥cxf*x(n +
1) + b*dxex(p + 1), 0] && NeQ[m, -1]
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rule 956 Int[(Ce_)*(x_))"(m_.)*((al_) + (b1_.)*(x_)"(non2_.)) " (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[c*(exx)~(
m + 1)*(al + bl*x"(n/2)) " (p + ) *((a2 + b2*x~(n/2))"(p + 1)/(al*a2*e*(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - blxb2*cx(m + n*(p + 1) + 1))/(al*a2%e n*(
m+ 1)) Int[(e*x)~"(m + n)*(al + blxx~(n/2)) px(a2 + b2*x~(n/2))"p, x], x]

/; FreeQ[{al, bl, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] && EqQ[a2+*bl +
al*b2, 0] && (IntegerQ[n] || GtQ[e, 0]) && ((GtQ[n, 0] && LtQ[m, -11) || (
LtQ[n, 0] & GtQm + n, -11)) && !ILtQlp, -1]

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.60

method | result Size
gosper | Yertlves—l gzz% 222 +3ba?+a) a7
risch VeatlVez—1 git; 222 43ba2+a) 37
orering Vertlyee—1 gi% 222 +3ba?+a) 37
default | Yer—lvertl ngn:g;); (2a 222 +3ba2+a) m

-

Lint((b*x‘2+a)/x‘4/(c*x—l)“(1/2)/(c*x+1)“(1/2),x,method=_RETURNVERBOSE)

-/

input

output Li/s* (cxx+1) " (1/2) *(c*xx-1) ~(1/2) * (2*xa*c~2*x~2+3*b*x"2+a) /x~3 J

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.84

dr =
241+ czv/1+cx 323

/ a + bz? (2ac® +3bc)z® + ((2ac® + 3b)z? + a)vex + 1/ex — 1

input‘integrate((b*x“2+a)/x“4/(c*x—1)“(1/2)/(c*x+1)“(1/2),x, algorithm="fricas")
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Output‘1/3*((2*a*c“3 + 3xbxc)*x"3 + ((2%a*c™2 + 3*b)*x"2 + a)*sqrt(cxx + 1)*sqrt(
Lc*x - 1))/x"3 J

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 15.12 (sec) , antiderivative size = 146, normalized size of antiderivative = 2.35

9 1 q 55 g
3G5,3 47 49 272 1
ac 676 2 § H 3 O c2x?
/ a+ba:2 d 149920 4
X = — 3
/=1 +cx\/1+cx 472
3 7 9 5
. 3G2’6 5’172771?571 24T
tac Ggg 7 9 3 92.9.0 22
1) 4 294y 4y
B 3
42
5 7 3 3
5,3 Z’Z’l 575’2 1
beGeg pop)
P?11.3.3 79 0 |¢*
147274
3
4m2
131531
. 26 224 a0 2im
’LbCG66 %
) 3 5 1 1 1 0 ceT
474 29+ by
- 3
4>

-

inputLintegrate((b*x**2+a)/x**4/(c*x—1)**(1/2)/(C*X+1)**(1/2),X)

~—

output -axc*x3xmeijerg(((9/4, 11/4, 1), (6/2, 5/2, 3)), ((2, 9/4, 5/2, 11/4, 3),
(0,)), 1/(c**2xxx*2))/(4*pi**(3/2)) - Ixaxcx*3*meijerg(((3/2, 7/4, 2, 9/4,

5/2, 1), O), ((7/4, 9/4), (3/2, 2, 2, 0)), exp_polar(2*I*pi)/(c**2*x**2)
)/ (4*pi**(3/2)) - b*c*meijerg(((5/4, 7/4, 1), (3/2, 3/2, 2)), ((1, 5/4, 3/
2, 7/4, 2), (0,)), 1/(cx*2xx**2))/(4*pi**(3/2)) - Isb*c*meijerg(((1/2, 3/4

, 1, 5/4, 3/2, 1), ), ((3/4, 5/4), (1/2, 1, 1, 0)), exp_polar(2*xI*pi)/(c
*xkkx*x2) ) / (4*pi**(3/2))
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Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.87

/ a + bz? dp — 2+v/c2x? — lac? N ve2z? —1b N Ve2z? — la
=1+ czv/1+cx 3x x 33

e

inputLintegrate((b*x"2+a)/x"4/(c*x—1)"(1/2)/(c*x+1)"(1/2),x, algorithm="maxima") ]

‘2/3*sqrt(c“2*x‘2 - D*a*xc™2/x + sqrt(c™2*xx™2 - 1)*b/x + 1/3*sqrt(c™2*x"2 -

output L 1)*a/x"3 J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 105 vs. 2(50) = 100.

Time = 0.14 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.69

/ a + bx?
dx
/=1 +cz\/1+cx
8 <3b(\/cz' +1—+/cx— 1)8 +24ac®(Vewr + 1 — ez — 1)4 +24b(Vex + 1 — ez — 1)4 +32ac® +4

B 3((\/cx-|—1—\/cz—1)4—|—4)3

e

tintegrate((b*x‘2+a)/x‘4/(c*x—1)‘(1/2)/(c*x+1)‘(1/2),x, algorithm="giac")

~—

input

‘8/3*(3*b*(sqrt(c*x + 1) - sqrt(cxx - 1))78 + 24*xaxc”2x(sqrt(cxx + 1) - sqr
‘t(c*x - 1))74 + 24*b*(sqrt(c*x + 1) - sqrt(c*x - 1))74 + 32xa*c™2 + 48%b)*
c/((sqrt(cxx + 1) - sqrt(c*x - 1))74 + 4)°3

N\ J

output




CHAPTER 3. LISTING OF INTEGRALS 182

Mupad [B] (verification not implemented)

Time = 5.73 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.85

a4 ba? m((@+bc>x3+<%+b> x2+%+§>
dx =
/x4\/—1+cm\/1+cx z3vex+1

e

Lint((a + b*x"2)/(x~4*(c*x - 1)~ (1/2)*(c*x + 1)~(1/2)),x)

~—

input

t‘ ((c*xx - 1)7(1/2)*(a/3 + x"3*(b*xc + (2*a*c”3)/3) + x"2x(b + (2*axc™2)/3) + \
L(a*c*x)/B))/(x‘S*(c*x + 1)7(1/2)) J

outpu

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.21

/ a + bx?
dx
/=14 cxv/1+cx
_2Vex+1vex —1ac?s® +Vex +1vex —1a+3vex +1vex — 1ba® — 2ac’z® — bea®
B 3x3

input Lint ((b*x~2+a) /x~4/ (c*x-1)~(1/2) / (c*x+1)~(1/2) ,x) J

‘ (2xsqrt(c*x + 1)*sqrt(c*xx - 1)*axck*x2xx*x2 + sqrt(c*x + 1)*sqrt(cxx - 1)*a ‘
|+ 3xsqrt(ckx + 1)*sqrt(ckx - 1)¥bxk*2 - 2karckx3xx+*3 — brcxx**3)/(3xxxx |

@ |

output




outpu
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3.21 f a-+bz?
) 22/ —1+cx/1+cx

Optimal result . . . . . . . . .. . .. 183}
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 183
Rubi [A] (verified) . . . . . . . .. .. 184
Maple [A] (verified) . . . . . . . . . . 186
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 186l
Sympy [F(-1)] . . . o 187
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 187
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 187

Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 29, antiderivative size = 99

dz

135]
189

(4b+ 3ac?) vV—1+ czv/1+cx

/ a + bz? _av/-14+caVl+cz

2%/ =1+ cx\/1+cx 4x4

+

8x2

+ %cz (4b + 3ac2) arctan <\/—1 +czvV1+ cm)

" ‘(1/4*a* (c*x-1)"(1/2)*(c*kx+1) ~(1/2) /x~4+1/8*% (3*axc”2+4*b) * (c*xx—-1) ~(1/2) * (c*x \
L+1) ~(1/2) /x72+1/8%c~2* (3*axc~2+4xb) *arctan ((c*x-1) ~(1/2) *(c*x+1)~(1/2))

N

J

Mathematica [A] (warning: unable to verify)

Time = 0.09 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.79

/ a + bz? dr — 1(v=1+czv1+co(4bz® + a(2 + 3c’z?))
/=1 +czvI+cz 8 x4
-1
+ (8bc® + 6ac') arctan < +ex
14+cx

)

input L

Integrate[(a + b*x"2)/(x"5*Sqrt[-1 + c*x]*Sqrt[l + c*x]),x]




output

input k
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‘ ((Sqrt[-1 + cxx]*Sqrt[1 + cxx]*(4xb*x~2 + ax(2 + 3%xc™2%x72)))/x"4 + (8*b*c ‘
L*z + Gxaxc~4)*ArcTan[Sqrt[(-1 + c*x)/(1 + c*x)11)/8 J

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.95,

number of rules _ 0.172, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {956, 114, 27, 103, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a + bx? de
x9y/cx — 1y/ex +1
l 956
1 1 vex — 14/ 1
(3ac2+4b)/ da:—i—a d 4cw+
4 z3v/cx — 1y/ex + 1 4z
l 114
1 9 1 c? ver —1y/ecx+1 avex — 1y/ex +1
- (3ac + 4b) — dzr + 5 + 1
4 2 ) xvex —1\/cx +1 2z 4z
l 27
1 9 1, 1 ver —1y/cx+1 avex — 1y/ex +1
f(3ac +4b) —cC dz + 5 + 1
4 2 xv/cx — 1\/cx + 1 2z Az
l 103
- 4b) | = d{Vex — 1v 1
4(3ac + )(20 /(c:c—l)(ca:+1)c+c ( @ cx+ >+ 212 +
aver — 1y/ex+1
4r4
l 218
1 1 vexr — 14/ 1 ver — 14/ 1
f(3acz + 4b) ~c? arctan (\/cm — 1Vex + 1) + i c + + wer co +
4 2 222 44
Int[(a + b*x~2)/(x"5%Sqrt[-1 + c*x]*Sqrtl[l + c*x1),x] J




output ‘

rule 27

rule 103
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(a*Sqrt[-1 + c*x]*Sqrtl[1 + c*x])/(4*x~4) + ((4*b + 3*ka*xc™2)*((Sqrt[-1 + c*
x]*Sqrt[1 + c*x])/(2*x~2) + (c"2*ArcTan[Sqrt[-1 + c*x]*Sqrt[1 + c*x]1]1)/2))
/4

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_
), x_]1 :> Simp[bxf Subst[Int[1/(d*(b*e - axf)~2 + b*f"2xx"2), x], x, Sq
rt[a + b*x]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[2xbxd
xe - fx(b*c + a*d), 0]

rule 114

rule 218

rule 956

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)7 (p_), x_] :> Simp[b*(a + b*x)"(m + 1)*(c + d*x)"(n + 1)*((e + £*xx)"(p + 1
)/ ((m + 1)*(bxc - a*d)*(bxe - a*xf))), x] + Simp[1/((m + 1)*(b*c - axd)=*(bxe
- axf)) Int[(a + b*x)"(m + 1)*(c + d*x) nx(e + fxx) p*Simp[axd*f*(m + 1)
- b*x(d*e*(m + n + 2) + cxfx(m + p + 2)) - b*d*fx(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, c, d, e, £, n, p}, x] && ILtQ[m, -1] & (IntegerQ[n] ||
IntegersQ[2*n, 2xp] || ILtQ[m + n + p + 3, 0])

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/bl

~

Int[((e_.)*(x_)) " (m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol]l :> Simpl[c*(e*x)~(
m + 1)*x(al + blxx~(n/2)) "~ (p + 1I*((a2 + b2*x~(n/2)) "~ (p + 1)/(al*a2%ex(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - bl*b2*cx(m + n*x(p + 1) + 1))/(al*a2*e nx*(
m+ 1)) Int[(exx)"(m + n)*(al + blxx~(n/2)) px(a2 + b2*x~(n/2))"p, x], x]
/; FreeQ[{al, b1, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] &% EqQ[a2*bl +
al*b2, 0] && (IntegerQ[n] || GtQle, 0]) && ((GtQ[n, 0] && LtQ[m, -1]1) || (
LtQ[n, 0] &% GtQ[m + n, -1]1)) && !'ILtQ[p, -1]
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Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.95

method | result
risch Vertlvea—1 (3ac?e®+4ba?+2a) c?(3ac®+4b) arctan(ﬁ) (cz+1)(ca—1)
8z 8vcx—1+/cx+1
Ver—1+/ex+1 ( 3arctan( ——L— Jactzttdarctan| ——L  )bc22t—3v2zZ—1ac2a?—4v/ a2 —1ba?—2v/c222—1a
default Ve2a?-1 V2221
- _ 8vc2x2—1 x4
input Lint ((b*x~2+a) /x75/(c*x-1)~(1/2) / (c*x+1)~(1/2) ,x,method=_RETURNVERBOSE) J

output \ 1/8* (c*x+1) 7 (1/2) *(c*x-1) 7 (1/2) * (3*a*c™2xx"2+4*bxx"2+2%a) /x"4-1/8*c~2*(3*a \
 *c™2+4xb) *arctan (1/(c™2%x"2-1) " (1/2) ) * ((ckx+1)* (c*x-1))~(1/2) /(c*x-1)~(1/2 |
)/ (eHx+1)(1/2) |

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.79

/ a + bx?
dz
v/ =1+ cx\/1+cx
2 (3ac* +4bc?)z* arctan (—cz + ez + 1v/ecx — 1) + ((3ac? + 4b)z* + 2a)ver + 1/ex — 1
8zt

-

N
input Lintegrate((b*x‘2+a)/x‘5/(c*x—1)’"(1/2)/(c*x+1)’"(1/2) ,X, algorithm="fricas") J

‘1/8*(2*(3*a*c‘4 + 4%b*c”2)*x"4*arctan(-c*x + sqrt(c*x + 1)*sqrt(cxx - 1)) ‘

output
\+ ((3*a*c™2 + 4*xb)*x~2 + 2xa)*sqrt(c*x + 1)*sqrt(c*x - 1))/x74 ‘
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Sympy [F(-1)]

Timed out.
2
/ atbe dz = Timed out
2%/ =1+ cz/1+cx
input Lintegrate ((b*x**2+a) /x**5/ (cxx-1) **(1/2) / (c*x+1) **(1/2) ,x) J
Ou_,GputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.86

a + bz? 3 . 1 1, . 1
dx = —— ac*arcsin (| — | — = bc” arcsin [ —
25/ =1+ czv/1+ cx 8 c|z| 2 c|z|
N 3ve2x2 —lac?  Ve2x2 —1b  /c2x2?2 —1la

8 z2 212 4 x4

input Lintegrate ((bxx~2+a) /x~5/ (c*x-1)~(1/2)/(c*x+1)~(1/2) ,x, algorithm="maxima") J

‘-3/8*a*c"4*arcsin(1/(c*abs(x))) - 1/2%b*c”2*arcsin(1/(c*abs(x))) + 3/8%*sqr ‘
t(cT2%x™2 - 1)*axc™2/x72 + 1/2%sqrt(cT2¥x™2 - 1)¥b/x"2 + 1/4*sqrt (c”2%x"2
- D*a/x4 |

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 268 vs. 2(81) = 162.
Time = 0.15 (sec) , antiderivative size = 268, normalized size of antiderivative = 2.71
/ a + ba?
dr =
2%/ =1+ czv/1+cx
(3ac® + 4bc?) arctan (% (Vez+1—+ex—1

)2> i 2 <3a05(\/cw—l—l—\/cw—l)14+4bc3(\/cx+1—\/cz—1)14+44ac5(\/
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input‘integrate((b*x“2+a)/x”5/(c*x—1)“(1/2)/(c*x+1)~(1/2),x’ algorithm="giac")

-1/4%((3*a*c~5 + 4*bxc~3)*arctan(1/2*(sqrt(c*x + 1) - sqrt(cxx - 1))72) +
2% (3*axc”b*(sqrt(c*x + 1) - sqrt(c*xx - 1))714 + 4%b*c~3*(sqrt(c*x + 1) - s
grt(c*x - 1))714 + 44*a*xc”5x(sqrt(c*x + 1) - sqrt(c*x - 1))710 + 16%b*c~3*
(sqrt(c*x + 1) - sqrt(cxx - 1))710 - 176*a*c”b*x(sqrt(c*x + 1) - sqrt(c*x -

1))76 - 64xb*c”3*(sqrt(c*x + 1) - sqrt(cxx - 1))76 - 192*axc”b*x(sqrt(c*x
+ 1) - sqrt(cxx - 1))72 - 266%b*c™3*(sqrt(c*x + 1) - sqrt(c*x - 1))72)/((s
grt(c*x + 1) - sqrt(c*x - 1))74 + 4)74)/c

output

Mupad [B] (verification not implemented)

Time = 28.53 (sec) , antiderivative size = 650, normalized size of antiderivative = 6.57

a + bx?
dz = Too large to displa;
{/1ﬁ¢—1+cx¢1+cx 8 pray

inputtint((a + b*x"2) /(x"Bx(c*kx - 1)7(1/2)*(c*x + 1)7(1/2)),%)
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((b*xc™2%1i) /32 + (bkc 2+ ((c*kx - 1)7(1/2) - 1i)"2*1i)/(16*%((cxx + 1)~(1/2)

- 1)72) - (bkc™2x((c*x - 1)~(1/2) - 1i)~4%15i)/(32%((c*x + 1)~(1/2) - 1)"4
)/ (((e*x - 1)7(1/2) - 1i)72/((c*x + 1)7(1/2) - 1)72 + (2% ((c*x - 1)~(1/2)
- 1i)74)/((c*xx + 1)7(1/2) - 1)74 + ((c*x - 1)7(1/2) - 1i)76/((c*x + 1)~ (1
/2) - 1)76) - ((axc~4%1i)/1024 - (a*c~4*((c*x - 1)~(1/2) - 1i)~2%3i)/(128%
(C(e*xx + 1)°(1/2) - 1)72) - (axc™4*((cxx - 1)°(1/2) - 1i)~4*53i)/(512*%((c*x
+ 1)7(1/2) - 1)74) + (a*c™4*x((c*x - 1)7(1/2) - 1i)~6%87i)/(256*%((c*x + 1)
~(1/2) - 1)76) + (axc™4*((c*xx - 1)°(1/2) - 1i)"8%657i)/(1024*((c*xx + 1)~ (1
/2) - 1)78) + (axc™4*((c*x - 1)7(1/2) - 1i)710%121i)/(256*((cxx + 1)~(1/2)
- 1)710))/(((c*x = 1)7(1/2) - 1i)~4/((cxx + 1)7(1/2) - 1)74 + (4*((c*x -

1)°(1/2) - 1i)76)/((c*x + 1)7(1/2) - 1)76 + (6%((c*xx - 1)~(1/2) - 1i)"8)/(
(cxx + 1)7(1/2) - 1)78 + (4*%((c*x - 1)°(1/2) - 1i)710)/((c*x + 1)~(1/2) -

1)710 + ((exx - 1)7(1/2) - 1i)712/((c*x + 1)7(1/2) - 1)712) - (a*c™4*log((
(cxx - 1)7(1/2) - 1i)72/((c*x + 1)7(1/2) - 1)72 + 1)*3i)/8 - (b*c™2x1log(((
cxx - 1)7(1/2) - 1i)72/((c*x + 1)7(1/2) - 1)72 + 1)*1i)/2 + (a*xc™4*log(((c
*x - 1)7(1/2) - 1i)/((c*x + 1)7(1/2) - 1))*31)/8 + (bxc~2*log(((cxx - 1)~ (
1/2) - 1i)/((c*x + 1)°(1/2) - 1))*1i)/2 + (axc™4*((cxx - 1)°(1/2) - 1i)"2%
7i)/(256%((c*x + 1)7(1/2) - 1)72) - (a*c™4*((c*x - 1)7(1/2) - 1i)~4x1i)/(1
024*%((cxx + 1)7(1/2) - 1)74) + (bxc™2x((c*xx - 1)7(1/2) - 1i)"2*1i)/(32*((c
*x + 1)°(1/2) - 1)72)

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.58

/ a + bx?
dx
z5y/—1+cx\/1+cx
B 6atan(v/cx — 1+ ez +1—1) ac'z* + 8atan(vex — 1+ vew + 1 — 1) bz — 6atan(v/ex — 1+ +/c

-

int ((b*x~2+a)/x"5/(c*x-1)~(1/2) / (c*x+1)~(1/2) ,x)

| —

inputt

e N

(6*atan(sqrt(c*x — 1) + sqrt(c*x + 1) - 1)*axc*x4xx*x4 + 8*atan(sqrt(c*x -
1) + sqrt(c*x + 1) - 1)*bxc**2xx*x4 - 6*atan(sqrt(cxx - 1) + sqrt(c*x + 1
) + 1)xakxcxx4*x*k*4 - 8xatan(sqrt(c*x — 1) + sqrt(c*x + 1) + 1)xbkcx*k2xx**4
+ 3*sqrt(c*x + 1)*sqrt(c*xx — 1)*akckx*2xx*x*2 + 2*sqrt(c*x + 1)*sqrt(c*x -

1)*a + 4xsqrt(c*x + 1)*sqrt(c*x - 1)*bxx*x2)/(8xx**4)

output
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Optimal result

Integrand size = 31, antiderivative size = 164

/ *(a + bz?) i — c2(5bc? + 6ad?) xv/—c + dz+/c + dx
= —

c+dzvc+ dz 16d6
(5bc® + 6ad?) x3v/—c + dx/c + dx
* 2448
bx’v/—c + dzv/c + dx
+ 6d2
. c*(5bc? + 6ad2)8a;7ctanh< V\;;%‘i””)

.
\1/16*c‘2*(6*a*d‘2+5*b*c‘2)*x*(d*x—c)‘(1/2)*(d*x+c)‘(1/2)/d‘6+1/24*(6*a*d‘2
\+5*b*c‘2)*x‘3*(d*x—c)*(1/2)*(d*x+c)‘(1/2)/d*4+1/6*b*x“5*(d*x—c)‘(1/2)*(d*x
‘+c)“(1/2)/d“2+1/8*c”4*(6*a*d”2+5*b*c“2)*arctanh((d*x—c)”(1/2)/(d*x+c)“(1/2

output \
|
L))/d“? J
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Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.73

/ z*(a + bz?) .
V—c+dzvc+dx

dzv/—c + dzv/c + dz(6ad?(3c? + 2d%z?) + b(15c¢* + 10c?d?x? + 8d*z*)) + 6¢*(5bc? + 6ad?) arctanh(%
N 484"

input LIntegrate [(x~4x(a + b*x"2))/(Sqrt[-c + d*x]*Sqrt[c + d*x]),x] J

e B

(d*x*Sqrt[-c + d*x]*Sqrtlc + d*x]*(6*a*d~2*(3*c”2 + 2*d~2%x"2) + b*(156%c™4
\ + 10*%c”2+%d"2%x"2 + 8%d"4*x74)) + 6*c”4x*(5*¥b*c”2 + 6*axd”2)*ArcTanh[Sqrt[- \
‘¢ + d*x]/Sqrtlc + dx11)/(48+d"7) |

output

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 148, normalized size of antiderivative = 0.90,

number of rules __
integrand size 0.226, Rules

number of steps used = 8, number of rules used = 7,
used = {960, 111, 27, 101, 27, 45, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

zt (a + bm2)
Vdxr —cve+dx
l 960

dz

1(6a+ 5bc2> / xt iz + bx®/dx — c\/e + dz
6 d? Vdz — cv/e+ dz 6d?

l 111

2,.2
1<6a—|— 5bc2> (f ﬁdm N x3/dx — cx/c+dx) N bx®/dx — c\/c + dx

6 d? 4d? 4d? 6d2

| 27
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d? 4d? 4d? 6d?

l 101

o2
302 f\/m\/mdm + zv/dx—cvct+dzx
2d2 2d

2
1<6a+ 5bc2> (302f \/dT_imdw + z3y/dx — C\/c-l-da:) 4 bx®v/dx — cv/c + dx
6

1 6a + 5bc? ’ + 23/ dx — c\/e + dz
A 4d2 4d2
bx5v/dx — c\/e + dx
6d2

l27

2 1
302 ¢ f Vdx—c\/c+dzx dz + Ty d-’E—CV ctdz
2d2 2d

1 6a+ 5bc? 2 N z3y/dx — cv/e + dx
6 d? 42 4d?
be® Vs — oot o
6d2
l 45
& [ kg A YIS
3C2 d_% ctde + m\/dm;((]:'z\/c—i-dz
1 6a + 5bc? +:v3\/da:—cx/c+da:
A 442 442
bxd+/dx — c\/c + dx
6d?
l 221
362 C2a’rCta‘n};( ﬁ\m) + oV dx—czx/ ctdz
1 6a + 5bc> d 2d + z3y/dx — cv/e + dx
TR 4d2 442
bx5+/dx — c\/e + dx
6d2

input LInt [(x~4*(a + b*x"2))/(Sqrt[-c + d*x]*Sqrt[c + d*x]),x]
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Output‘(b*x"S*Sqrt[—c + dxx]*Sqrtlc + d*x])/(6%d"2) + ((6*%a + (5xb*c~2)/d"2)*((x~
‘B*Sqrt[-c + d*x]*Sqrtlc + d*x])/(4%d"2) + (3*c”2*((x*Sqrt[-c + d*x]*Sqrtl[c
|+ d*x])/(2%d"2) + (c"2*ArcTanh([Sqrt[-c + d*x]/Sqrtlc + d*x]1)/d"3))/(4*d~
2)))/6 |

Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/(Sqrt[(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)]), x_Symbol] :> Simp[
2  Subst[Int[1/(b - d*x~2), x], x, Sqrt[a + b*x]/Sqrtlc + d*x]], x] /; Fre
eQ[{a, b, c, d}, x] && EqQlb*c + a*d, 0] && !'GtQ[c, O]

rule 45

rule 101 Int[((a_.) + (b_.)*(x_))"2%((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))"(

P_), x_1 :> Simp[b*(a + bxx)*(c + d*x)"(n + 1)*((e + £xx)"(p + 1)/(d*f*(n +
p + 3))), x] + Simp[1/(d*f*(n + p + 3)) Int[(c + d*x) n*(e + f*x) p*Simp
[a”2*d*f*(n + p + 3) - bk(b*cxe + ax(d*ex(n + 1) + cxf*x(p + 1))) + bk(akxd*f
*(n + p + 4) - bx(d*ex(n + 2) + cxf*x(p + 2)))*x, x], x], x] /; FreeQ[{a, b,
c, d, e, £, n, p}, x] && NeQ[n + p + 3, 0]

rule 111 TotlCCa ) + (b_)*(x_)) (@ )*((c_.) + (d_)*(x))"(m)*((e_.) + (£_.)*(x))
)7 (p_), x_]1 :> Simp[b*(a + b*x)"(m - D)*(c + d*x)"(n + 1)*((e + £xx)"(p + 1
)/(d*f*(m + n + p + 1))), x] + Simp[1/(d*f*(m + n + p + 1)) Int[(a + b*x)
“(m - 2)*(c + d*x)"n*(e + f*x) p*Simp[a~2*d*f*(m + n + p + 1) - b*(b*cxe*(m
- 1) + ax(d*ex(n + 1) + c*xfx(p + 1))) + b*(a*d*f*(2*m + n + p) - bx(d*ex(m
+ n) + cxf*x(m + p)))*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] &
& GtQ[m, 1] && NeQ[m + n + p + 1, 0] && IntegerQ[m]

N\ J

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 221
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rule 960 Int[((e_.)*(x_))"(m_.)*((al_) + (b1_.)*(x_)"(non2_.))"(p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol]l :> Simp[d*(exx)~(
m + 1)*(al + bl*x"(n/2)) " (p + 1)*((a2 + b2*x~(n/2))"(p + 1)/(bl*b2*e*(m + n
*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/
(b1#b2*(m + n*(p + 1) + 1)) Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x" (n
/2))°p, x1, x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2*bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 160, normalized size of antiderivative = 0.98

method | result

4 2 2 a2z 222 —c2 -
z(8bztd*+12a d*z2+10b c2d22? +18a c2d2+15b c*) (—dz+c)v/dz+c ¢! (6ad®+5be )ln(\/ﬁ+\/d e )\/(da: ©)(dz+

risch 48d6+/dx—c + 16d8+v/d? \/dz—c+/dz+c
default Vdz—c+/dz+c (8 csgn(d)bd®z®vd2x2—c2+12 csgn(d)a d®z3vd2x2—c2+10 csgn(d)b c?d3z3v/d2x2—c2+18 csgn(d)d3vd2z2—¢
elau

4

e

Lint (x~4* (bxx~2+a) / (d*x-c)~(1/2) / (d*x+c) ~(1/2) ,x ,method=_RETURNVERBOSE)

~—

input

output ‘ -1/48%x* (8%b*d~4*x~4+12%a*xd " 4*x~2+10%bkc~2%d~2%x " 2+18%a*xc~2*d"2+15xb*xc~4) * ‘
\ (—d*x+c) * (d*x+c) ~(1/2) /d~6/ (d*x-c) ~(1/2)+1/16%c~4* (6*a*d~2+5*b*c~2) /d"6*1n \
\ (d~2%x/(a72) "~ (1/2)+(d"2%x"~2-c¢"2)~(1/2))/(d72) ~ (1/2) * ((d*x-c) * (d*x+c) ) ~(1/2 ‘
)/ (d*x-c)~(1/2)/ (d*x+c)~(1/2)

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.70

/ z*(a + bz?) i
V—c+dzvc+dx

(8bdPz® + 2 (5bd® + 6 ad®)z® + 3 (5 bc*d + 6 ac’d®)z)Vdx + cv/dz — c — 3 (5bc® + 6 ac*d?) log (—dz
48d"

integrate (x~4*(b*x~2+a) /(d*x-c)~(1/2)/(d*x+c)~(1/2) ,x, algorithm="fricas")

input ‘\
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output 1/48% ((B¥DXATBxx"5 + 2(5¥bAC™24d™3 + Gkaxd™5)#x"3 + 3x(5xbkc™dkd + Graxc™
‘2*d“3)*x)*sqrt(d*x + c)*sqrt(d*x - c) - 3*(5*bxc~6 + 6xaxc”4*d”~2)*log(-d*x
‘ + sqrt(d*x + c)#*sqrt(d*x - c)))/d77

Sympy [F(-1)]

Timed out.
4 2
/ z'{a+tba’) dz = Timed out
V—c+dzvc+dx
input Lintegrate (xx*4x (b¥x**2+a) / (d*x—c) ¥* (1/2) / (d*x+c) %% (1/2) ,x) J
outputLTimed out J
Maxima [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 196, normalized size of antiderivative = 1.20
z*(a + bz?) Vd2x? — c2bx®  5+/d?x? — c2bc’e?
dr = 5 + 1
V—c+dzvec+dx 6d 24d
N Vd2z2? — caz? N 5bcflog (2d2z + 2V d2z? — c2d)
4 d? 16d"
3actlog (2d%z + 2V d?z? — c2d)
* 8
N 5/ d2x? — c2bctz N 3Vd2r? — cac’x
16 d° 8d*
input[integrate(x‘tl*(b*x“2+a)/(d*x—c)"(1/2)/(d*x+c)"(1/2),x, algorithm="maxima") ]

1/6*sqrt (d~2*x~2 - c”2)*b*xx"5/d"2 + 5/24*sqrt(d~2*x~2 - c”2)*bxc"2*xx"3/d"4
+ 1/4%sqrt(d™2*x"2 - c~2)*a*xx"3/d"2 + 5/16*b*c”"6*Llog(2*d~2*x + 2*sqrt(d~2
*x"2 - c72)*d)/d"7 + 3/8%axc”4xlog(2*d"2*x + 2%sqrt(dT2*x"2 - c~2)*d)/d"5
+ 5/16*sqrt(d™2+x"2 - c”2)*b*c"4*x/d"6 + 3/8xsqrt(d"2*x"2 - c~2)*axc"2*x/d
~4

output
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Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.24

/ *(a + bz?) i
V—c+dzvc+dz

(( ((dm to) (4 (dz + c)((dz+c)b Z_I;c) n 3(15”02?;6;2‘10138)) _ 55bc3d3fl$18acd38)(dm 4o+ 85bc4d36d-£254ac5
- 48d

inputLintegrate(x"4*(b*x"2+a)/(d*x—c)"(1/2)/(d*x+c)"(1/2),x, algorithm="giac") J

1/48%(((2%((d*x + c)*(4*(d*x + c)*((d*x + c)*b/d"6 - 5*bxc/d"6) + 3*(15*b*
c™2*%d"36 + 2*a*d~38)/d"42) - (55%bxc~3*d"36 + 18*a*c*d~38)/d"42)*(d*x + c)
+ (85%b*c~4*%d~36 + 54*a*c”2%¥d"38)/d"42)*(d*x + c) - 3*x(11xb*c~5*%d"36 + 10
*a*xc~3*%d"38)/d"42) *sqrt (d*x + c)*sqrt(d*x - c) - 6*%(5*b*c”6 + B*axc~4*d"2)
*log(abs(-sqrt(d*x + c) + sqrt(d*x - c¢)))/d"6)/d

output

N\

Mupad [B] (verification not implemented)

Time = 53.18 (sec) , antiderivative size = 1682, normalized size of antiderivative =
10.26

a + bz?) :
dz = Too large to displa;
/\/—c+dz\/c+dw & play

| —

inputtint((x”4*(a + b*x72))/((c + d*x)~(1/2)*(d*x - c)~(1/2)),x)
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((5*%bxc~6*%((c + d*x)~(1/2) - c~(1/2)))/(4*((-c)~(1/2) - (d*x - c)~(1/2)))
- (175%bxc”6*((c + d*x)~(1/2) - c~(1/2))"3)/(12%x((-c)~(1/2) - (d*x - c)~(1
/2))73) + (311xb*c™6x((c + d*x)~(1/2) - ¢7(1/2))75)/(4*((-c)~(1/2) - (d*x
- ¢)~(1/2))75) + (8361*bxc”6*%((c + d*x)~(1/2) - c~(1/2))°7)/(4*x((-c)~(1/2)
- (d*x - c)7(1/2))77) + (42259%b*c”6x((c + d*x)~(1/2) - c¢~(1/2))79)/ (6% ((
-c)~(1/2) - (d*x - c)~(1/2))79) + (25295*b*c~6*((c + d*x)~(1/2) - c~(1/2))
11 /(2% ((-c)7(1/2) - (d*x - c)~(1/2))711) + (25295%b*c~6*((c + d*x)~(1/2)
- ¢c~(1/2))713) /(2% ((-c)~(1/2) - (d*x - c)~(1/2))"13) + (42259%b*c~6*((c +
d*x)~(1/2) - ¢c7(1/2))718) /(6% ((-c)~(1/2) - (d*x - c)~(1/2))715) + (8361%b
*c™6x((c + d*x)~(1/2) - ¢~ (1/2))717) /(4% ((-c)~(1/2) - (d*x - ¢)~(1/2))717)
+ (311xbxc™6%((c + d*x)~(1/2) - c~(1/2))719)/(4*((-c)~(1/2) - (d*x - c)~(
1/2))719) - (175%b*c”6x((c + d*x)~(1/2) - ¢~ (1/2))"21)/(12x((-c)~(1/2) - (
d*x - c)~(1/2))721) + (5%b*c™6*((c + d*x)~(1/2) - c~(1/2))723)/(4*((-c)~(1
/2) - (d*x - ¢)~(1/2))723))/(d"7 - (12%d"7*((c + d*x)~(1/2) - c~(1/2))"2)/
((=c)~(1/2) - (d*x - c)~(1/2))72 + (66*d"7*((c + d*x)~(1/2) - c~(1/2))"4)/
((-c)~(1/2) - (d*x - c)~(1/2))74 - (220%d"7*((c + d*x)~(1/2) - c~(1/2))76)
/((-c)7(1/2) - (d*x - ¢c)~(1/2))76 + (495%d"7*((c + d*x)~(1/2) - c~(1/2))"8
)/ ((=c)~(1/2) - (d*x - c)~(1/2))78 - (792*d"7*((c + d*x)~(1/2) - c~(1/2))"
10)/((-c)~(1/2) - (d*x - c)~(1/2))710 + (924*d"7*((c + d*x)~(1/2) - c~(1/2
))712)/((=c)~(1/2) - (d*x - c)~(1/2))712 - (792*d"7*((c + d*x)~(1/2) - ...

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.15

/‘ 4(a + bx?) i
V—c+dx¢c+dx
18v/dz + cv/dx — cad®z + 12v/dz + cv/dx — ca d®z® + 15v/dx + c/dz — cbctdr + 10v/dx + c/d:
48d7

input\int(x*4*(b*x”2+a)/(d*x-c)“(1/2)/(d*x+c)~(1/2),x)
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(18xsqrt(c + d*x)*sqrt( - c + d*x)*axc**2*d**3*x + 12xsqrt(c + d*x)*sqrt(
- c + d¥x)*akdx*bkxx*3 + 15ksqrt(c + d*x)*sqrt( - c + d*xx)*bxck*x4xd*x + 10
xsqrt(c + d*x)*sqrt( - c + d#*x)*bxck*2kd**3*x**3 + 8xsqrt(c + d*x)*sqrt( -
Cc + d*x)*b*d*x5*xx*x5 + 36%log((sqrt( - c + d*x) + sqrt(c + d*x))/(sqrt(c)
*sqrt (2))) xa*xck*4*xd**2 + 30*log((sqrt( - c + d*x) + sqrt(c + d*x))/(sqrt(c
)*sqrt (2)) ) *xb*xc*x*6) / (48*d**T7)

output
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3 2
3.93 f \/:1: (a+bz?)

—c+dx\/c+dz
Optimal result . . . . . . . . . . . e 199
Mathematica [A] (verified) . . . . . . . . . ... 1991
Rubi [A] (verified) . . . .. . ... .. 200
Maple [A] (verified) . . . . . . ... L 202
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 202
Sympy [C] (verification not implemented) . . . ... ... ... ... ...... 203
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 204
Giac [A] (verification not implemented) . . . . . . .. ... ... oL 204
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 205
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 205

Optimal result

Integrand size = 31, antiderivative size = 118

/ z3(a + bz?) 2c%(4bc? + 5ad?) v/—c + dz/c + dx
dr =
V—c+dz\/c+dx 15d°
N (4bc® + 5ad?) x2v/—c + dx/c + dx
15d*
N bz*/—c + dz/c + dx
5d?

output \ 2/15%c™2% (5xa*xd~2+4*b*xc~2) * (d*x-c) ~(1/2) *(d*x+c) ~(1/2) /d~6+1/15% (5xaxd~2+4 \
\ *bkc™2) *x " 2% (d*x-c) ~(1/2) *(d*x+c) ~(1/2) /d"4+1/5*b*x"4* (d*x-c) ~(1/2) * (d*x+c \
)7(1/2)/d72 |

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.63

X

/ z3(a + bx?)

V—c+dzvc+ dz
_ V—c+dzve+ dr(5ad?(2¢* + d*x?) + b(8c* + 4P dx? 4 3d'z?))
N 15d°
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input ‘ Integrate[(x"3*(a + b*x"2))/(Sqrt[-c + d*x]*Sqrtlc + d*x]),x] ‘

t‘ (Sqrt[-c + d*x]*Sqrt[c + d*x]*(5*a*xd~2*(2*xc™2 + d~2*x"2) + b*(8*c™4 + 4*c~ \

outpu
\ 2%xd~2%x"2 + 3%d~4%*x~4)))/(15%d"6) \

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.93,

number of steps used = 4, number of rules used = 4, number of rules _ 0.129, Rules
integrand size

used = {960, 111, 27, 83}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
x3 (a + b:cz) i
z
Vdz — cvVe+dx
l 960
1(5(1+ 4bc2> / x3 dz+ bx*\/dx — cve + dx
5 d? Vdzr — cv/e+ dzx 5d?

l 111

sz
1<5a+ 4ch> (f mdﬁ N x%\/dx — C\/c—i-dm) N bzr*\dz — cv/e + dx
5

d? 3d? 3d? 5d?

l27

1<5a+ 4ch> (202fx/¢T—cm«/c+de + z?V/dz — cx/c+dx> + brt\/dx — cv/c + dx

5 d? 3d? 3d? 5d?

| 83

1/2/dz —cve+dz z2/dx — cve+ dx 4bc? bxv/dx — c\/e + dz
5 344 + 32 bat-p )t 52

-

input LInt[(x‘B*(a + b*x"2))/(Sqrt[-c + d*x]*Sqrtlc + d*x]),x]

-/
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Output‘(b*x"4*Sqrt[—c + dxx]*Sqrtlc + d*x])/(5%d"2) + ((6xa + (4xb*c~2)/d"2)*((2x%
‘c“2*Sqrt[-c + d*x]*Sqrtlc + d*x])/(3*d"4) + (x"2*Sqrt[-c + d*x]*Sqrtlc + d
*x])/(3%d~2))) /5 |

Defintions of rubi rules used

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1]

rule 83 Int[((a_.) + (b_)*(x_))*((c_.) + (@_)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
), x_1 > Simp[b*(c + d*x)"(n + 1)*((e + £*x)~(p + 1)/(d*f*x(n + p + 2))),
x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && NeQ[n + p + 2, 0] && EqQ[a*xd*f
*(n + p+ 2) - bx(d*ex(n + 1) + c*f*(p + 1)), 0]

rule 111 It LCCa_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n )*((e_.) + (£_.)*(x))
)7 (p.), x_] :> Simp[b*(a + b*x)~"(m - 1)*(c + d*x)"(n + 1)*((e + £*xx)"(p + 1
)/(d*f*(m + n + p + 1))), x] + Simp[1/(d*f*(m + n + p + 1)) Int[(a + b*x)
“(m - 2)*(c + d*x)"n*(e + fxx) p*Simp[a”2*d*f*(m + n + p + 1) - bk(b*cxe*x(m
- 1) + ax(d*ex(n + 1) + cxfx(p + 1))) + b*(a*xd*f*(2*m + n + p) - bx(d*e*x(m
+ n) + cxfx(m + p)))*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] &
& GtQm, 1] &% NeQ[m + n + p + 1, 0] && Integer(Q[m]

rule 960 Int[((e_.)*(x_))"(m_.)*((a1_) + (bil_.)*(x_)"(non2_.))"(p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[d*(e*x)~(
m + 1)*(al + bl*xx"(n/2))"(p + 1)*((a2 + b2*x"(n/2))~(p + 1)/(bl*b2*e*(m + n
*(p + 1) + 1)), x] - Simp[(al*a2*d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/
(b1xb2*(m + nx(p + 1) + 1)) Int[(e*x) m*(al + blxx~(n/2)) p*(a2 + b2*x"(n
/2))°p, x], x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2#bl + al*b2, 0] && NeQ[m + nx(p + 1) + 1, 0]




input

output

inpu

outpu
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Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.58

method | result size
Vdz—c+/dz+c (3b z4d*+5a d*z2+4b c2d?z2+10a c2d%+8b c4)

gosper 15d° 68
Vdx—c+/dx+c (3b ztd*+5a d*x2+4b c2d?z2+10a c2d?+-8b 04)

default B 68

. Vdz+c (—dz+c) (3bztd*+5a d*x2+4b c2d222+10a c2d2+8b c*
risch — 74
15d8+/dx—c
. Vdz+c (—dz+c) (3bz*d*+5a d*a?+4b c?d?z?+10a c2d?+8b c*)
orering | — 53 Vs 74

-

lint (x~3*(b*xx~2+a) / (d*x-c) ~(1/2) / (d*x+c) ~(1/2) ,x ,method=_RETURNVERBOSE)

—

‘1/15/d“6*(d*x—c)‘(1/2)*(d*x+c)‘(1/2)*(3*b*d‘4*x“4+5*a*d“4*x‘2+4*b*c‘2*d‘2*
Lx‘2+10*a*c“2*d‘2+8*b*c‘4)

|
J

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.56

z3(a + bz?)

V—c+dzvc+dx
(3bd*z* + 8bct + 10 ac’d? + (4 bc*d? + 5 ad*)x?)/dx + cv/dx — ¢

15d°

-

t

tintegrate(x‘3*(b*x“2+a)/(d*x—c)‘(1/2)/(d*x+c)‘(1/2),x, algorithm="fricas")

1

t‘1/15*(3*b*d‘4*x‘4 + 8%b*xc”4 + 10*a*c™2*%d"2 + (4xb*xc~2*d~2 + 5*xaxd~4)*x"2)*

qurt(d*x + c)*sqrt(d*x - c)/d"6

|
J




input

output
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 7.39 (sec) , antiderivative size = 240, normalized size of antiderivative = 2.03

~—

5 3 1
ac3 G52 T _1’_1’_5’1L
66\ _3 5 1 _3 _1 d*z?
/ .’L'3 a+b$2) 2y 4 YT 40 92
V—c+dzet+dr 473 d
7 3 5
ZaC3G2’6 _2a_Za 29T 4 171 c2e2im
6,6 d2.2
. L
+ 3
42 dt
9 7 3
b5 G872 T _2’_2’_5’1i
661 _5 _9 -9 _r _3 0 d2g2
27 49 YT 40 2
+ 3
4m2ds
1 _5 _9
ibc5G2’6 _3a 40 Z?_2?1 c2e2im
6,6 d22
T L
+ 3
472 db
p
Lintegrate(x**S*(b*x**2+a)/(d*X-C)**(1/2)/(d*X+C)**(1/2),X)
axc**3*meijerg(((-5/4, -3/4), (-1, -1, -1/2, 1)), ((-3/2, -5/4, -1, -3/4,

-1/2, 0), ), c*x¥2/(dk*2*x**2))/(4*pi**(3/2)*d**4) + Ika*xc**3*meijerg(((-
2, -7/4, -3/2, -5/4, -1, 1, O), ((-7/4, -5/4), (-2, -3/2, -3/2, 0)), c**
2xexp_polar (2+I*pi) / (dk*2*x**2) )/ (4*pi**(3/2) *d**4) + bxcx*5xmeijerg(((-9/
4, -7/4), (-2, -2, -3/2, 1)), ((-5/2, -9/4, -2, -7/4, -3/2, 0), ), c*xx2/
(d**2xx*%x2) ) / (4*pi**(3/2) *d**6) + I*bxc**b5*meijerg(((-3, -11/4, -5/2, -9/4
, =2, 1), O, ((-11/4, -9/4), (-3, -5/2, -5/2, 0)), c**2xexp_polar (2*I*pi
)/ (d**2%x*%2) ) / (4*pi**(3/2) *d**6)
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.05

z3(a + bx?) g =V d2z? — c2br*  A+/d?x? — 2bcPx? \/dPx? — Rax?

Vectdivetds " 5& ' a1 3@
8vVd2z? — c2bc* 2/ d%x? — c2ac?
LTy A 34t

inputLintegrate(x“B*(b*x"2+a)/(d*x-c)"(1/2)/(d*x+c)"(1/2),x, algorithm="maxima") J

t} 1/5%sqrt (d"2+x™2 - c"2)*b*x"4/d™2 + 4/15%sqrt(d"2+x"2 - c"2)*bxc"2+x"2/d"4 |
|+ 1/3%sqrt(d2%x72 - c"2)*a¥x"2/d"2 + 8/15%sqrt(d 2%x"2 - c"2)*bxc"4/d"6
‘+ 2/3*sqrt (d"2*xx"2 - c~2)*a*c”2/d"4

outpu

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.05

/ z3(a + bz?)
V—c+dxvec+dz

(((dw +o) (3 (dz + ¢) <(dx+0)b _ 4bc> " 22bcdeZg—5ad27> 10 (2b63d25+a0d27)>(dx ro 4+ B (bc4d12jac2d27)

)

5 @B d30
15d

inputLintegrate(x“S*(b*x“2+a)/(d*x—c)"(1/2)/(d*x+c)"(1/2),X, algorithm="giac") J

output‘ 1/15%(((d*x + c)*(3x(d*x + c)*((d*x + c)*b/d~5 - 4xbkxc/d~5) + (22%b*c~2%d" \
\25 + 5%a*d~27)/d~30) - 10%(2%b*c~3*d~25 + a*c*d~27)/d~30)*(d*x + c) + 15%( \
' b*cT4¥d725 + akc™2+d"27)/d"30)*sqrt(d*x + c)*sqrt(dkx - c)/d |
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Mupad [B] (verification not implemented)

Time = 6.17 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.10

/ z3(a + bz?) i
V—c+dzvc+dx

8bcS+10ac® d? z3 (4bc2 d3+5ad) z (8bctd+10ac?d®) ba® z2 (4bc3 d?+5acd?) bext
vd C( 15d° + 15d° + 15d° +5a P+ 15d° T 5e

Ve+dz
fnput Lint((x‘s*(a + b*x~2))/((c + d*x)~(1/2)*(d*x - ¢)~(1/2)),%) J
output‘ ((d*x - ¢c)~(1/2)*((8%b*c™5 + 10%a*c~3*d~2)/(15%d"6) + (x~3*(5*axd~5 + 4*bx

\c“2*d‘3))/(15*d“6) + (x*(10*a*xc”™2xd~3 + 8*bxc~4x*d))/(15%d"6) + (b*xx~5)/(5% \
\d) + (x"2*(4*xb*c~3*%d"2 + 5*xa*c*xd~4))/(15%d"6) + (b*c*x~4)/(5%d"2)))/(c + d \
\*x)“(1/2) \

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.55

/ 3(a + bz?) .

V—c+dzvc+ dz
_ Vdz +cvdx — c(3bd*z* + 5ad'z® + 4bc*d?x?® + 10a d* + 8bc?)
B 15d°

input | 108 (3% (b¥x"2+a) / (d¥x-0) " (1/2)/ (dxx+) ™ (1/2) ) J

output‘ (sqrt(c + d*x)*sqrt( - c + d*x)*(10*kaxc**2kxd**2 + bkakxd*x4*x**2 + Bxbkckx*4 \
‘ + 4xbkck*2kxd**2*kx**2 + Ikbkd**k4kx*k*4))/(15*%d**6)
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22 (a+bx?)
3.24 |
vV —c+dxv/c+dx

Optimal result . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... 2061
Rubi [A] (verified) . . . .. . ... .. 207
Maple [A] (verified) . . . . . . ... L 209
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 209
Sympy [F(-1)] . . o o 210
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ..., 210
Giac [A] (verification not implemented) . . . . . . .. ... ... oL 211
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 211
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 212

Optimal result

Integrand size = 31, antiderivative size = 118

z*(a + ba?) i (3bc? + 4ad?) zv/—c + dz/c + dx N bz*v/—c+ dzvc+ dzx

V—c+dzvec+dx 8d*

+

c*(3bc? + 4ad?) arctanh(

4d>

4d?

output‘ 1/8% (4*a*xd~2+3xb*c~2) *x* (d*x-c) ~(1/2) * (d*x+c) ~(1/2) /d"4+1/4*b*x"3* (d*x-c)~ \

input

| (1/2)*(d¥x+c) " (1/2) /d~2+1/4%c™2% (4%axd™2+3xbxc"2) xarctanh ((d*x-c)~(1/2)/(d |
L*x+c)*(1/2))/d*5

J

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.78

z*(a + bz?)
V—c+dzvc+dx

dzy/—c + dzv/e + do(3bc + dad? + 2bd?a?) + (6bc* + 8acd?) arctanh(

V—ct+dz
Vetdx

)

8d?

LIntegrate[(x’Q*(a + b*x~2))/(Sqrt[-c + d*x]*Sqrtlc + d*x]),x]
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‘ (d*x*Sqrt[-c + d*x]*Sqrtlc + d*x]*(3*b*c™2 + 4*a*d™2 + 2*b*d~2*x"2) + (6%b

output
L*c"4 + 8xa*c”2xd"2)*ArcTanh[Sqrt[-c + d*x]/Sqrtlc + d*x]])/(8*d"5)

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 107, normalized size of antiderivative = 0.91,

=5, number of rules _ 161, Rules
integrand size

number of steps used = 6, number of rules used =
used = {960, 101, 27, 45, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
x? (a + bx2) p
i
Vdr —cve+ dx
l 960
<4a+ 3b02> / x o+ bz2\/dx — cv/e + dx
4 d? Vdx — cVe+ dx 4d?
l 101
1 4a+3 f\/mm +a:\/da:—cx/c+da: bx3\/dx — c\/e + dz
4 d? 2d2 2d? 4d2
l 27
4:a_}_3bc f\/mm N zv/dx — cv/e+ dx 4 bz3+/dx — c\/e + dx
4 d? 2d2 2d2 4d2
l 45
62 f 1 d\/dx—c
1 3bc? d—49229) W etde pn/dx — cv/c+ dx bx3\/dx — c\/c + dx
\1etp & + 282 + 42

l 991

1 3bc? c%rctanh(m ) zvdz — cve+dx bz3/dx — cv/e + dz
et e P * 22 i

ﬁ
8
o




input

output

rule 27

rule 45

rule 101

rule 221

rule 960
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‘ Int[(x"2x(a + b*x"2))/(Sqrt[-c + d*x]*Sqrtlc + d*x]),x]

‘ (b*x~3*Sqrt [-c + d*x]*Sqrtlc + d*x])/(4*xd"2) + ((4*a + (3*b*c~2)/d~2)*((x*
‘Sqrt [-c + d*x]*Sqrtlc + d*x])/(2*d"2) + (c"2*ArcTanh[Sqrt[-c + d*x]/Sqrtlc
L + d*x]1)/d"3))/4

Defintions of rubi rules used

‘Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)1), x_Symbol]l :> Simpl[
2 Subst[Int[1/(b - d*x~2), x], x, Sqrtl[a + b*x]/Sqrtlc + d*x]], x] /; Fre
eQ[{a, b, c, d}, x] && EqQ[b*c + axd, 0] && !GtQ[c, 0]

Int[((a_.) + (b_.)*(x_))"2%((c_.) + (d_.)*(x_))"(m_)*((e_.) + (£_.)*(x_))"(
p_), x_] :> Simp[bx(a + bxx)*(c + d*x)"(n + 1)*((e + f*x)~(p + 1)/(dxf*(n +
p +3))), x] + Simp[1/(d*f*(n + p + 3)) Int[(c + d*x) n*(e + f*x) p*Simp
[a”2*d*f*(n + p + 3) - bk(b*cxe + ax(d*ex(n + 1) + cxf*x(p + 1))) + bk(a*xd*f
*(n + p + 4) - bk(d*ex(n + 2) + cxf*(p + 2)))*x, x], x], x] /; FreeQ[{a, b,
c, d, e, £, n, p}, x] && NeQ[n + p + 3, 0]

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[((e_.)*(x_)) " (m_.)*((a1l_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol]l :> Simpl[d*(e*x)~(
m + 1)*(al + bl*xx"(n/2))"(p + 1)*((a2 + b2*x"(n/2))~(p + 1)/(bl*b2*e*x(m + n
*(p + 1) + 1))), x] - Simp[(al*a2+d*(m + 1) - blxb2*c*(m + nx(p + 1) + 1))/
(b1xb2*(m + nx(p + 1) + 1))  Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x~(n
/2))°p, x]1, x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2*bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.15

method | result

2 2 2 d’z 252 _c2 —
z(2bz“d“+4ad“+3bc*)(—dz+c T+C d2
B (2ba2d? 243 c2) (—da-+c)v/dzTe c2(4ad?+3bc )ln(r+¢d z2—c >\/(d:c ¢)(dz+-c)

risch 8d4+/dx—c + 8d4v/d2 v/dz—c+/dz+c
Vdz—c+/dz+c (2 csgn(d)bd3z3v/d?x2—c2+4 csgn(d)d3vd2z2—c? ax+3 csgn(d)dvd?z®—c2 bc?z+4 ln((\/d2m2—c2 csgn(d)+d
default =
8d5+v/d2x2—c2
input Lint (x~2* (b*x"2+a)/ (d*x-c)~(1/2)/ (d*x+c) " (1/2) ,x,method=_RETURNVERBOSE) J
output \ —-1/8%x* (2xb*d~2%x~2+4*axd"2+3*bxc~2) * (—d*x+c) * (d*x+c) ~(1/2) /d~4/ (d*x-c)~ (1 \

‘ /2)+1/8%c”2* (4*a*xd~2+3*bxc~2) /d~4*1n(d"2*x/(d"2) " (1/2)+(d"2*x"2-c"2)~(1/2) ‘
‘ )/(d72) 7 (1/2) * ((d*x-c) * (d*x+c)) " (1/2) / (d*x-c) " (1/2) / (d*x+c) ~(1/2) ‘

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.76

/ z?(a + bx?) i
V—c+dzvec+dx
(2bd3z® + (3bc*d + 4 ad®)z)V/dx + cv/dx — ¢ — (3bc* + 4 ac?d?) log (—dz + Vdz + cv/dx — ¢)
8 db

input Lintegrate (x~2*% (b*x~2+a) / (d*x-c) ~(1/2) / (d*x+c) ~(1/2) ,x, algorithm="fricas") J

N

.
|1/8%((2¥b*d~3%x"3 + (3%bxc™2%d + 4*axd"3)*x)*sqrt(d*x + c)*sqrt(d*x - c) -

output
‘ (3*b*c™4 + 4xa*xc”2+d"2)*log(-d*x + sqrt(d*x + c)*sqrt(d*x - ¢)))/d"5 ‘
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Sympy [F(-1)]

Timed out.
2 2
/ z(a+bo’) dx = Timed out
V—c+dzvc+dx
inputLintegrate(x**2*(b*x**2+a)/(d*x—c)**(1/2)/(d*x+c)**(1/2),x) J
Ou_,GputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.20

z%(a + bz?) o — Va2x? — 2bax®  3bctlog (2d%z + 2V d?2? — 3d)

T = +
V—c+dz\c+ dx 4d? 8 db
ac’log (2d%z + 2V d?z? — c2d)
+ 2
3vVd2z? — 2bc*r V/d2x? — clax
+ 8 dt T e

-

N
input Lintegrate (x"2% (bxx~2+a) / (d*x-c) ~(1/2) / (d*x+c)~(1/2) ,x, algorithm="maxima") J

|1/4%sqrt(d°2+x"2 - c"2)*b*x"3/d"2 + 3/8xbkc"4xlog(2+d"2%x + 2%sqrt(d2*x"2
‘ - c72)*d)/d"5 + 1/2*a*c”2xlog(2*d"2*x + 2*sqrt(d™2*x"2 - c¢~2)*d)/d"3 + 3/ ‘
‘8*sqrt(d“2*x”2 - c72)*b*c"2*x/d"4 + 1/2*sqrt(d"2*x"2 - c”2)*a*x/d"2 ‘

output
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Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.19

/ z*(a + bz?) i
V—c+dzvc+dx

((dm +0) (2 (dz + C)((dz+c)b 3bc) n 9bc2d1;+4a,d18) _ 5bc3d12;a4acd18)\/dl. ¥ odr —c—

2 (3 bct+4 ac2d2)

8d
input Lintegrate (x~2* (b*x~2+a) / (d*x-c) ~(1/2) / (d*x+c) ~(1/2) ,x, algorithm="giac") J
output 4 - 3%b*c/d"4) + (9xb*c~2xd”16

+ 4*axd~18)/d~20) - (5*%bxc”3*d"16 + 4*axc*d~18)/d~20)*sqrt(d*x + c)*sqrt(

(d¥x - c) - 2%(3¥bxc™4 + 4xakc 2%d"2)*log(abs(-sqrt(d*x + c) + sqrt(d*x - ¢ |
L)))/d‘4)/d J

Mupad [B] (verification not implemented)

Time = 36.62 (sec) , antiderivative size = 1048, normalized size of antiderivative = 8.88

z*(a + bz?)
V—c+dzvc+dx

dx = Too large to display

inputLint((x“z*(a + b*xx"2))/((c + d*x)~(1/2)*(d*x - c)~(1/2)),x) J




output

input

output
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((2%a*c™2*x((c + d*x)~(1/2) - c~(1/2)))/((-c)~(1/2) - (d*x - c)~(1/2)) + (1
4xaxc”2x((c + d*x)~(1/2) - c~(1/2))73)/((-c)~(1/2) - (d*x - c)~(1/2))"3 +
(14xaxc™2x((c + d*x)~(1/2) - c~(1/2))°5)/((-c)~(1/2) - (d*x - c)~(1/2))"5
+ (2xaxc™2*((c + d*x)~(1/2) - c~(1/2))°7)/((-c)~(1/2) - (d*x - c)~(1/2))"7
)/(d"3 - (4%d"3*((c + d*x)~(1/2) - c~(1/2))72)/((-c)~(1/2) - (d*x - c)~(1/
2))72 + (6xd"3*((c + d*x)~(1/2) - c~(1/2))"4)/((-c)~(1/2) - (d*x - c)~(1/2
))"4 - (4%d~3%((c + d*x)~(1/2) - c~(1/2))76)/((-c)~(1/2) - (d*x - ¢c)~(1/2)
)76 + (d73*%((c + d*x)~(1/2) - c~(1/2))7°8)/((-c)~(1/2) - (d*x - c)~(1/2))"8
) = ((23xb*c™4*((c + d*x)~(1/2) - c~(1/2))73)/(2*x((-c)~(1/2) - (d*x - c)~(
1/2))73) - (3*b*c™4*((c + d*x)~(1/2) - ¢~ (1/2)))/(2%((-c)~(1/2) - (d*x - ¢
)~(1/2))) + (333xbxc”™4*((c + d*x)~(1/2) - ¢c~(1/2))°5)/(2*((-c)~(1/2) - (d*
x - c)7(1/2))75) + (671%b*c™4*((c + d*x)~(1/2) - c~(1/2))"7)/(2%x((-c)~(1/2
) - (d*x - c)~(1/2))77) + (671%b*c™4*x((c + d*x)~(1/2) - c~(1/2))79)/(2x((-
c)~(1/2) - (d*x - c)~(1/2))79) + (333*b*c™4*((c + d*x)~(1/2) - c~(1/2))"11
)/ (2% ((-c)~(1/2) - (d*x - c)~(1/2))711) + (23*b*c™4*x((c + d*x)~(1/2) - c(
1/2))713) /(2% ((-c)~(1/2) - (d*x - ¢)~(1/2))"13) - (3*bxc~4*((c + d*x)~(1/2
) - ¢~ (1/2))"15)/ (2% ((-c)~(1/2) - (d*x - ¢c)~(1/2))~15))/(d"5 - (8*d~5%((c
+ dxx)~(1/2) - ¢~ (1/2))72)/((-c)~(1/2) - (d*x - ¢c)~(1/2))"2 + (28*d~5*((c
+ d*x)~(1/2) - ¢~ (1/2))74)/((-c)~(1/2) - (@*x - c)~(1/2))"4 - (56*d"5*((c
+ dxx)~(1/2) - ¢~(1/2))76)/((-c)~(1/2) - (d*x - c)~(1/2))76 + (70*d"5x(...

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.16

/ 2(a + bx?) i
\/—c-l-dx\/c—i-dx

4v/dx + cv/dx — cad®z + 3v/dx + cv/dx — cbPdz + 2v/dzx + c/dx — cbdz? —|—810g<

Vdr—ct+vdz+c

Vev2

)

8d°

int (x"2% (bxx"2+a) / (d*x-c) " (1/2) / (d*x+c) " (1/2) ,%)

‘(4*sqrt(c + d*x)*sqrt( - c + d*x)*a*d**3*x + 3*sqrt(c + d*x)*sqrt( - c + d
‘*x)*b*c**2*d*x + 2*sqrt(c + d*x)*sqrt( - c + d*x)*b*xd**3*x**3 + 8xlog((sqr
‘t( - c + d*x) + sqrt(c + d*x))/(sqrt(c)*sqrt(2)))*akxcx*2xd**2 + 6xlog((sqr
Lt( - ¢ + dxx) + sqrt(c + d*x))/(sqrt(c)*sqrt(2)))*bkck*d)/(8*d**5)

|
|
|
J




output

input

output
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Optimal result

Integrand size = 29, antiderivative size = 72

bx?v/—c + dxv/c + dx

2 2\
/\/ z(a + bx?) dx:(%c + 3ad?) v/ c+dx\/c+d:c+

c—l—dw\/c—l—dx 3d4

3d?

\1/3*(3*a*d 2+2%b*xc”2) * (d*x—c) ~(1/2) * (d*x+c) ~(1/2) /d"4+1/3*b*x~2* (d*x-c) ~ (1

/2)%(@*x+c)"(1/2) /a2

N

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.67

_ V—c+dzve+ dz(2bc® + 3ad® + bdz?)

/ z(a + bz?)
V—c+dz\/c+ dx

3d4

[Integrate [(x¥(a + b*x~2))/(Sqrt[-c + d*x]*Sqrtlc + d*x]),x]

-

L(Sqrt [-c + d*x]*Sqrt[c + d*x]*(2%bxc™2 + 3*a*d”™2 + b*d~2*x"~2))/(3*d"4)
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Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.00,

number of rules _ 0.069, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {960, 83}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
a:(a + bwz) d
x
Vdzr —eve+dx
l 960
1<3a+ 2bc2> / x iz + bx?\/dx — c\/e + dz
3 d? Vdz — cv/e+ dx 3d?

| 83

2bc?
Vdz — cx/c+da:<3a+ d—g) N bz?\/dz — /e + dz
3d? 3d?

e hY

Int[(x*(a + b*x"2))/(Sqrt[-c + d*x]*Sqrtlc + d*x]),x]

N\ J

input

‘ ((3xa + (2xb*c~2)/d"2)*Sqrt[-c + d*x]*Sqrtlc + d*x])/(3*d"2) + (b*x~2*Sqrt ‘

output
L [-c + d*x]*Sqrtlc + d*x])/(3*d"2) J

Defintions of rubi rules used

rule 83 TotLCG_.) + (_)*(x))*((c_.) + (d_)*(x)"(m_)*(Ce_.) + (£_)*(x)"(p
), x 1 > Simplb*(c + @*x)"(a + 1)*((e + £4x)~(p + 1)/(d**(n + p + 2))),
‘ x] /; FreeQ[{a, b, c, 4, e, f, n, p}, x] && NeQ[n + p + 2, 0] && EqQ[axdxf ‘
*(n + p +2) - bx(drex(n + 1) + cxfx(p + 1)), 0] |
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rule 960 Int[((e_.)*(x_))"(m_.)*((al_) + (b1_.)*(x_)"(non2_.))"(p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol]l :> Simp[d*(exx)~(
m + 1)*(al + bl*x"(n/2)) " (p + 1)*((a2 + b2*x~(n/2))"(p + 1)/(bl*b2*e*(m + n
*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/
(b1#b2*(m + n*(p + 1) + 1)) Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x" (n
/2))°p, x1, x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2*bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.60

method | result Size

gosper Vdz—cy/date (’; Zid2+3a d242bc?) 43

default | Y&—evdete (1; Zid2+3a d242bc?) 43

. d —d ba2d2+3a d242b 2

risch | el m§(34(\/3x-: 1) | 49
. d: —d bx2d2 d24-2b 2

orering _ Ydete( w22)4(\/zz_:r3a +20¢) | 49

inputLint(x*(b*x“2+a)/(d*x—C)“(1/2)/(d*x+C)“(1/2),x,method=_RETURNVERBOSE)

-

output L1/3/d‘4* (d*x-c)~(1/2) *(d*x+c) ~(1/2) * (b*xd~2*x~2+3*a*xd~2+2%b*xc~2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.58

vV—c+dzvc+dx 3d4

z(a + bzr?) L (bd?z* + 2bc® + 3 ad?)\/dx + c\/dx — ¢

input ‘ integrate (x* (b*x~2+a)/(d*x-c)~(1/2)/(d*x+c)~(1/2) ,x, algorithm="fricas")

outputL1/3>|<(b='=d‘2>t<x“2 + 2%b*c”2 + 3*a*d~2)*sqrt(d*x + c)*sqrt(d*x - c)/d"4

| —



input

output
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Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 5.86 (sec) , antiderivative size = 223, normalized size of antiderivative = 3.10

11 1
G52 T4 0,0,3,1 2
66| _1 1911 d22?
/’ J:(a+bx2) RV ERSWEIDE
T = 3
V—c+dzvc+dx 472 d?
3 1 _1
. G2’6 _]-a_Z,_z) 17011 c2e2im
et _3 _1 1._1 _1q| @
VR VT2 T
+ 3
472 d?
5 3 1
b3 G072 T4 1, -1, 5’1 2
6,6 3 5 1.3 _19 d?a?
Toy T T T T 9
+ 3
4mrzd*
-2, -7 -3 _5_1.1
. 2.6 s 40 2y 40 ) 2,24
ibc’Gyg ce”
) 7 _5 9 -3 _3 d’z
T4 4 s T 99 9
+ 5
4radt

-

Lintegrate(x*(b*x**2+a)/(d*x—c)**(1/2)/(d*x+c)**(1/2),x)

~—

axcxmeijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4, 0, 1/4, 1/2, 0),
0)), cxx2/(d**2*x**2)) / (4*pi**(3/2) *d**2) + I*axckmeijerg(((-1, -3/4, -1/2
, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), ck*2*exp_polar (2x
Ikpi) / (dx*2kxx*2)) / (4xpik*(3/2) *d**2) + bxc**3*meijerg(((-5/4, -3/4), (-1,
-1, -1/2, 1)), ((-3/2, -5/4, -1, -3/4, -1/2, 0), ), cx*2/(d**2*x**x2)) /(
4*pi**(3/2)*d**4) + Ixb*c**3*meijerg(((-2, -7/4, -3/2, -5/4, -1, 1), O),
((-7/4, -5/4), (-2, -3/2, -3/2, 0)), c**2*exp_polar (2*I*pi)/(d**2*x**2))/(

4*pi**(3/2)*d**4)
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.96

/ z(a + bz?) dp — Vd2z? — c2bx? N 2+/d?z? — c?bc? N Vd2z? — c?a
V—c+dzvc+dz 3 d? 3d4 d?

{integrate (x* (b*x~2+a)/ (d*x-c) ~(1/2) / (d*x+c)~(1/2) ,x, algorithm="maxima")

~—

input

|1/3#sqrt(d°2+x"2 - c"2)*b*x"2/d"2 + 2/3xsqrt(d”2%x"2 - ¢ 2)*bxc™2/d"4 + sq

output
Lrt(d 2%x"2 - c~2)*a/d"2 J

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.90

z(a + bz?) ; \/dm—l—c\/dx—c((dm-i-c)(% - %) +3(bc2f%du))
/\/—c+dw\/c+dac v 3d

input ‘ integrate (x*(b*x"2+a)/(d*x-c)~(1/2) / (d*x+c)~(1/2) ,x, algorithm="giac") ‘

‘1/3*sqrt(d*x + c)*sqrt(d*x - c)*((d*x + c)*((d*x + c)*b/d~3 - 2xbxc/d"3) + ‘

output
\ 3% (bkc~2%d~9 + axd~11)/d~12)/d

Mupad [B] (verification not implemented)

Time = 6.23 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.06

T C2 a 3
z(a + bx?) dr—c <2b63;d34a0d2 +55 + = et oy bac;?2>
dr =
/\/—c+dx\/c—|—dx Ve+dx

input 1BE(GxF @@ + D*x72))/((c + drx)"(1/2)*(d*x - ©)7(1/2)),%) J
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t‘ ((d*x - c)~(1/2)*((2%b*c™3 + 3*a*xc*kd™2)/(3*d"4) + (b*x"3)/(3*d) + (x*(3*a* \

outpu
‘d“s + 2xbxc™2%d))/(3*%d"4) + (b*xc*x~2)/(3*%*d"2)))/(c + d*x)~(1/2) ‘

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.56

z(a + bz?) dp — Vdz + cvdx — ¢ (bd*x? + 3a d? + 2bc?)

vV—c+dzvc+dz 344
input | 10E (o (bx72+2) / (d¥x-c) " (1/2)/ (dxx+e) ~(1/2) 1) J
Output‘ (sqrt(c + d*x)*sqrt( - c + d*x)*(3*ka*xd**2 + 2xbkck*2 + bkd**k2*x**2))/(3*d* ‘

*® |




output

input

output
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2
3.26 [ ==X __dz
V—c+dz/c+dz

Optimal result . . . . . . . . .. . .. 2191
Mathematica [A] (verified) . . . . . . . .. .. . L 219
Rubi [A] (verified) . . . . . . . . .. 220
Maple [A] (verified) . . . . . . . . . . 221]
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 2271
Sympy [F(-1)] . . . o
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 223
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 223
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 2241
Optimal result

Integrand size = 28, antiderivative size = 68

vV —ctdz
a + ba? i bzv/—c + dzv/e + dx N (bc2 + 2ad2) arctanh(—\/ﬁ% )

V—c+dz\c+dz 2d?

d3

‘1/2*b*x*(d*x—c)‘(1/2)*(d*x+c)“(1/2)/d‘2+(2*a*d“2+b*c‘2)*arctanh((d*x-c)“(1

/2)/(d*x+c)~(1/2))/d"3

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00

a + bz? bdzy/=c+ dav/c + dz + 2(be? + 2ad?) arctanh (V<HE )
Tr =
/\/—C-I-de‘\/C—}-dx 243

LIntegrate[(a + b*x~2)/(Sqrt[-c + d*x]*Sqrtlc + d*x]),x]

‘ (b*d*x*Sqrt [-c + d*x]*Sqrtlc + d*x] + 2%(bxc™2 + 2%a*xd~2)*ArcTanh[Sqrt([-c

‘ + d*x]/Sqrtlc + d*x]11)/(2*d"3)
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00,

number of rules _ 0.107, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {646, 45, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
a + bx? "
Vdr —eve+dz
l 646
(20d® +6¢) [ F—tmrde b /dz—cev/et da
+
2d2 242
l 45
2 2 1 Vdz—c
(20" +b%) | = Werds + bry/dx — cve + dx
d?2 2d2
l 221
dx—
(2ad? + bc?) arctanh(%) be/dz —ov/e T dz
+
d3 242
inputtlnt[(a + b*x~2)/(Sqrt[-c + d*x]*Sqrt[c + d*x]),x] J
output‘ (b*x*Sqrt[-c + d*x]*Sqrtlc + d*x])/(2xd"2) + ((b*xc™2 + 2*a*d~2)*ArcTanh[Sq ‘

rtl-c + d*x]/Sqrtlc + d*x]1)/d"3 |

Defintions of rubi rules used

‘Int[l/(Sqrt[(a_) + (b_.)*(x_)1*Sqrt[(c_) + (d_.)*(x_)]), x_Symbol]l :> Simp[ ‘
‘2 Subst[Int[1/(b - d*x~2), x], x, Sqrt[a + b*x]/Sqrtlc + d*x]], x] /; Fre ‘
‘eQ[{a, b, ¢, d}, x] && EqQlb*c + a*xd, 0] && !'GtQ[c, O]

rule 45
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rule 291 ImtL((a)) + (b_.)*(x)"2)7(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

rule 646 Int[((c_ ) + (A_)*(x_))"(m_.)*((e_) + (£_.)*(x_))"(n_.)*((a_.) + (b_.)*(x_)
~2), x_Symbol] :> Simp[b*x*x(c + d*x)"(m + 1)*((e + £*x)"(n + 1)/(d*f*(2*m +
3))), x] - Simp[(b*cxe - a*d*f*(2*m + 3))/(d*f*(2*m + 3)) Int[(c + d*x)~
m*(e + f*x)°n, x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n}, x] && EqQ[m, n] &&
EqQld*e + cxf, 0] && !'LtQ[m, -1]

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.63

method | result

(2ad?+bc?) In (%—i—\/d%c?—ﬁ) V/(dz—c)(dz+c)

. . (—da:+c)\/cT+c bx
risch 2d2+\/dz—c + 2d2v/d2 v/dz—c~/dz+c
dr—c+/dz+c ( csgn(d)dv/d2x2—c2 bz+In @222 —c2? csgn(d)+dz ) csgn(d) )bc2+21n d2z2—c2 csgn(d)+dz ) csgn(d) )a d?
dofault Vdz—c/dz+c (csgn(d) ((V@227=c csgn(d)+dz) csgn(d) ) ((V@227=c? csgn(d)+da) csgn(d) )

2d3v/d2x2—c2

input |int ((b*x"~2+a)/ (d*x-c)~(1/2)/(d*x+c)~(1/2) ,x,method=_RETURNVERBOSE) |

‘ -1/2%(=d*x+c) * (d*x+c) ~(1/2) ¥bxx/d~2/ (d*x-c) ~(1/2)+1/2*% (2*xa*xd~2+b*xc~2) /d~2x* \

tput
ompe ‘ In(d~2*x/(d"2) " (1/2)+(d"2*x~2-c"2)~(1/2))/(d"2) " (1/2) * ((d*x~-c) * (d*x+c) ) ~ (1 ‘
/2)/(@*x-c)"(1/2) / (d¥x+c) = (1/2)
Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.93
/ a + bz? .
V—c+dzvc+dx
_ Vdz + cv/dz — cbhdx — (bc® + 2 ad?) log (—dz + Vdz + cv/dz —¢)
B 2d3
input Lintegrate ((bxx~2+a) /(d*x-c)~(1/2)/(d*x+c)~(1/2) ,x, algorithm="fricas") J
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‘1/2*(sqrt(d*x + c)*sqrt(d*x - c)*b*d*x - (bxc™2 + 2xaxd~2)*log(-d*x + sqrt ‘

output
‘ (d*x + c)*sqrt(d*x - c)))/d"3 ‘

Sympy [F(-1)]

Timed out.
2
/ atbe dx = Timed out
V—c+dzvc+ dz
input Lintegrate ((b*x**x2+a) / (d*x-c) **(1/2) / (d*x+c) **x(1/2) ,x) J
output LTimed out J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.31

a + bx? q bc*log (2d%z + 2V d?a? — d)
Tr =
V—c+dzvec+dx 2d3
alog (2d*z + 2V/d?z® — 2d)  /d2x? — bz
* d Y

input Lintegrate ((bxx~2+a)/ (d*x-c)~(1/2)/(d*x+c)~(1/2) ,x, algorithm="maxima") J

| 1/2+%bkc~2xlog(2+d"2#x + 2xsqrt(d 2+x"2 - c"2)*d)/d"3 + axlog(2+d"2*x + 2ks

output
|qrt(d™2#x"2 - c"2)*d)/d + 1/2%sqrt(d"2%x"2 - c"2)*b*x/d"2 |
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Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.16

/ a + bx?
dx
V—c+dzvc+ dz
(dz+c)b be 2 (bc?+2ad?) log(|—\/zT+c+\/E|)
_ \/dm+c\/dcc—c< ——) — =

& &
2d

input Lintegrate ((b*x~2+a) / (d*x-c)~(1/2) / (d*x+c) ~(1/2) ,x, algorithm="giac")

p
‘1/2*(sqrt(d*x + c)*sqrt(d*x - c)*((d*x + c)*b/d"2 - bxc/d"2) - 2x(bxc™2 +

output
‘2*a*d‘2)*log(abs(—sqrt(d*x + ¢) + sqrt(d*x - ¢)))/d"2)/d

Mupad [B] (verification not implemented)
Time = 14.59 (sec) , antiderivative size = 417, normalized size of antiderivative = 6.13

a + bx?

V—c+dzvc+dz
2bc? (VeFda—v/e)

X

14bc? (Vetdz— 0)3 14b¢? (vVetdz— 0)5 2bc? ( c+dx—\/E)7

_ Ve—Vdz—c T (vV=c—vdz—0c)® + (v=c—vdz—c)® T (vV=c—vdaz—c)"
B AP (Verdz—y/e)? 4 84 (VeFda—ye Y 4d (Verdz—ye)° L P (Vetdz—/c)®

(ch—\/dw—c)2 (v=c— da:—c)4 (vV=c— dz—c)6 (vV=c— dz—c)s
4aatan( d(v—c—vdz=c) ) 2bc? atanh<w>
- d

4 —d? (Vetdz—/c)

inputtint((a + b*x72)/((c + d*x)~(1/2)*(d*x - ¢)~(1/2)),x)
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((2¥b*xc™2x((c + d*x)~(1/2) - ¢~ (1/2)))/((-c)~(1/2) - (d*x - c)~(1/2)) + (1
4xbxc™2x((c + d*x)7(1/2) - ¢~ (1/2))73)/((-c)~(1/2) - (d*x - c)~(1/2))73 +

(14xb*xc™2x((c + d*x)~(1/2) - ¢~ (1/2))75)/((-c)~(1/2) - (d*x - c)~(1/2))75

+ (2xbxc™2%((c + d*x)~(1/2) - c7(1/2))77)/((-c)~(1/2) - (d*x - ¢)~(1/2))"7
)/(d"3 - (4*d"3*((c + d*x)~(1/2) - c7(1/2))72)/((-c)~(1/2) - (d*x - )~ (1/
2))72 + (6xd"3*((c + d*x)~(1/2) - c~(1/2))74)/((-c)~(1/2) - (d*x - c)~(1/2
))"4 - (4%d"3*((c + d*x)~(1/2) - c~(1/2))76)/((-c)~(1/2) - (d*x - c)~(1/2)
)76 + (d73*%((c + d*x)~(1/2) - ¢c7(1/2))78)/((-c)~(1/2) - (d*x - ¢)~(1/2))"8
) + (4xaxatan((d*((-c)~(1/2) - (d*x - c)~(1/2)))/((-d"2)~(1/2)*((c + d*x)~
(1/2) - c~(1/2)))))/(-d"2)"(1/2) - (2¥b*c~2*atanh(((c + d*x)~(1/2) - c~(1/
2))/((-c)~(1/2) - (d*x - ¢c)~(1/2))))/d"3

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.26

/ a + bx?
dx
V—c+dz\c+dz

B Vdx + cv/dzx — cbdx+4log(—"‘“?}j\>/§m> ad® + 210g(‘/dm7_# "2‘1”""'”) bc?

2d3

-

Lint((b*x“2+a)/(d*x-c)“(1/2)/(d*x+c)”(1/2),x)

| —

input

‘(sqrt(c + d*x)*sqrt( - c + d*x)*b*xd*x + 4*log((sqrt( - c + d#*x) + sqrt(c +
‘ d*x) )/ (sqrt(c)*sqrt(2)))*a*d**2 + 2xlog((sqrt( - c + d*x) + sqrt(c + d*x)
)/ (sqrt(c)*sqrt (2))) ¥bkc*2) / (2+d**3)

output
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+ba?
3.27 f x\/—c(:-d::\/c-l-dm dx

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . .. .. . L 225
Rubi [A] (verified) . . . . . . . .. .. 220
Maple [B] (verified) . . . . . . . . . .. 227
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 2271
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 228
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2291
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 229
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 229
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 2301

Optimal result

Integrand size = 31, antiderivative size = 56

Vv —ct+dzv/ct+dx )
c

/ a + bx? b/—c+ dzy/c+dx @arctan (
dz = +
v/ —c+dxve+ dx d? c

b (d*x-c) " (1/2)* (d*x+c) " (1/2) /d"2+a*rarctan( (dxx-c)~(1/2)*(d*x+c) " (1/2)/c)/

output
. |

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.96

V—ctdz
/ a + bz? i — bV —c + dzv/c+ dz N 2a arctan (ﬁ)

v/ —c+ dxve+ dx d? c

input LIntegrate[(a + b*x~2) /(x*Sqrt [-c + d*x]#*Sqrt[c + d*x]),x] J

N

‘ (b*Sqrt[-c + d*x]*Sqrtlc + d*x])/d"2 + (2*axArcTan[Sqrt[-c + d*x]/Sart[c + ‘

output ‘ d*x]1)/c ‘
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00,

number of rules _ 0.097, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {960, 103, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
a + bx? de
zv/dx — cv/e+ dx
l 960
a/ 1 dw+b\/dw—cx/c+dw
xvVdx — cVe+ dx d?
l 103

ad/ dc? + d(dz 1— c)(c+ dac)d<

Viz—evet dz) + VAT

d2
l 218

dz—c+/ct+dzx
aarctan (Yiz=c/etds Wl et @
c d?

-

LInt[(a + b*x~2) / (x*¥Sqrt[-c + d*x]*Sqrtlc + d*x]),x]

-/

input

| (b*Sqrt[-c + d*x]*Sqrtlc + d#x])/d~2 + (a*ArcTan[(Sqrt[-c + d*x]*Sqrtlc +
d*x1)/cl)/c

N\ J

output

Defintions of rubi rules used

rule 103 IBt[1/(Sartla_.) + (b_.)*(x)1*Sqrtlc_.) + (d_)*(x)1x((e_.) + (£_.)*(x_
1)), x_1 :> Simp[b*f  Subst[Int[1/(d*(be - a*f)~2 + bxf~2*x"2), x], x, Sq |
‘rt[a + b*x]*Sqrtl[c + d*x]], x] /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[2*b*d ‘
‘*e — fx(bxc + axd), 0]
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

rule 218

Int[((e_.)*(x_))"(m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[d*(e*x)~(
m + 1)*(al + bl*xx"(n/2)) " (p + 1)*((a2 + b2*x~(n/2)) "~ (p + 1)/(bl*b2*ex(m + n
*(p + 1) + 1))), x] - Simp[(al*a2xd*(m + 1) - blxb2*c*(m + nx(p + 1) + 1))/
(b1*b2*(m + nx(p + 1) + 1)) Int[(e*x) m*x(al + blxx~(n/2)) p*(a2 + b2*x"(n
/2))°p, x], x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2#bl + al*b2, 0] && NeQ[m + nx(p + 1) + 1, 0]

rule 960

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 107 vs. 2(48) = 96.

Time = 0.10 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.93

method | result size
<_1 (_2(62_\/j\/m)

x

> ad?+bv/—c2 \/d2w2—c2> Vdx—c+/dx+c

Vd2z2—c2 /=2 d? 108

default

input Lint ((b*x~2+a) /x/ (d*x-c)~(1/2) / (d*x+c) " (1/2) ,x,method=_RETURNVERBOSE) J

output
‘ 2xx72-c"2) " (1/2) ) *(d*x-c) " (1/2) *(d*x+c) ~(1/2) /(d"2*x"2-c"2)~(1/2) / (-c~2) " (

‘/ (-1n(-2%x(c"2-(-c™2)~(1/2)*(d"2*x~2-c"2) ~(1/2)) /x) *a*xd~2+b*x (-c~2) ~(1/2) *(d~ \‘
\1/2)/d*2 \

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.09

-+ ba? 2 ad? arctan (—d”_— dr e Vd”_c> + v/dz + cv/dx — cbe
/ dr =
v/ —c+ dxv/c+ dx cd?

input Lintegrate ((bxx~2+a) /x/ (d*x-c) ~(1/2) / (d*x+c)~(1/2) ,x, algorithm="fricas") J
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Output‘(2*a*d"2*arctan(—(d*x - sqrt(d*x + c)*sqrt(d*x - c))/c) + sqrt(d*x + c)*sq
Lrt(d*x - c)¥bxc)/(c*d™2) J

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 18.89 (sec) , antiderivative size = 178, normalized size of antiderivative = 3.18

3 5 3
(;a3 Z’Z’l 1’1’5 2
eel13 153 o |2
/ a+bx2 294749419
T =— 3
v/ —c + dxv/c + dx 4mac
1 1 3
G2’6 0)2)57171’1 c2e2im
1atse,6 13 0.1 1p d2x?
41 1292
+
4dmac
11 1
beGS2 404 0,0,35,1 &2
6,6 1 1911y d?a?
Ty T vV g
+ 3
4mzd?
3 1 1
ibCG2’6 _17_17_57_Za0a1 c2e2im
6,6 3 1 1.1 _1 gl &
T4 1 )T 99T 9
+ 5
4mzd?

-

inputLintegrate((b*x**2+a)/x/(d*x—c)**(1/2)/(d*x+c)**(1/2)’X)

~—

output -a*meijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5/4, 3/2), (0,)),
c**2/ (d**2xx**2)) / (4xpi*x(3/2)*c) + I*a*meijerg(((0, 1/4, 1/2, 3/4, 1, 1),
0), ((1/4, 3/4), (0, 1/2, 1/2, 0)), c**2*exp_polar (2*I*pi)/(d**2*x**2))/
(4%pi**(3/2)*c) + bxc¥meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4,
0, 1/4, 1/2, 0), ), c**2/(d**2%x**2))/(4*pi**(3/2)*d**2) + Ixbxc*meijer
g(((-1, -3/4, -1/2, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)),
c**2%exp_polar (2xIxpi)/ (d**2*x**2) )/ (4*pi** (3/2)*d**2)
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.66

[

/ a + bz? i a arcsin (le) N /Rz2 — c2b

zv/—c+dzvc+ dx c 2
input Lintegrate ((bxx~2+a) /x/ (d*x-c)~(1/2)/(d*x+c)~(1/2) ,x, algorithm="maxima") J
OutputL‘a*arcsin(C/(d*abs(x)))/c + sqrt(d"2*x"2 - ¢~2)*b/d"2 J

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.98

(Vdz+e—vdz—c)*
/ a + br? dx__2aarctan( 2e ) +\/dm+cx/dx—cb
zv/—c+dzve+dz c d2
input Lintegrate ((b*x~2+a) /x/ (d*x-c)~(1/2)/ (d*x+c)~(1/2) ,x, algorithm="giac") J

‘—2*a*arctan(1/2*(sqrt(d*x + ¢) - sqrt(d*x - c))~2/c)/c + sqrt(d*x + c)*sqr ‘

output
t(d*x - c)*b/d"2
Mupad [B] (verification not implemented)
Time = 7.44 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.93
/ a + bx? dx_b\/c+dx\/dx—c
v/ —c+ dzv/c+ dx d?
— (Vetda—ve)* _p ((etda—ye
a+/—c (In (ﬁ( = r— + 1) In (\/_7_ dz_c>)
o c3/2
input Lint((a + bxx~2)/(x*x(c + d*x)~(1/2)*(d*x - ¢c)~(1/2)),x) J
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output (P*(€ *+ AROT(L/2)*(dxx = ©)7(1/2))/d2 = (a*(-0)"(1/2)*(Log(((c + &x0)~(1
/2) - S (/2)72/ (=) (1/2) - (dxx - ©7(1/2))72 + 1) - log(((c + d+)~(1
/2) = < (1/2))/((=0)7(1/2) - (d*x - )~ (1/2)))))/c™(3/2) |

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.52

/ a + bx?
dx
v/ —c+ dxv/c+ dx

2atan( v dx_chf“ci z+°_\/5) ad? — 2atan< v dw_°+f”cj ”“LCJ”/E) ad? 4+ +v/dzx + c/dx — cbe

cd?

input Lint ((bxx~2+a) /x/ (d*x-c) ~(1/2) /(d*x+c) ~(1/2) ,x) J

e B
output‘ (2*atan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*a*xd**2 - 2*a ‘
‘tan((sqrt( - ¢ + d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*a*xd**2 + sqrt(c ‘
L+ d*x)*sqrt( - c + d*x)*b*c)/(cxd**2) J
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3.28 [t _dg

—c+dx\/c+dx
Optimal result . . . . . . . . .. . .. 2311
Mathematica [A] (verified) . . . . . . . .. .. . L 231
Rubi [A] (verified) . . . . . . . .. .. 232
Maple [C] (verified) . . . . . . . . . .. 233
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 234
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 234
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2351
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 235
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . . . . ... ... ... ......

Optimal result

Integrand size = 31, antiderivative size = 57

V—ctdzx
/ a + bx? e — av—c+dzvec+dz N 2barctanh< W >
22v/—c + dzv/c + dx 2z d

‘ ax(d*x-c) " (1/2)*(d*x+c) ~(1/2) /c~2/x+2*xb*arctanh ((d*x-c) ~(1/2) / (d*x+c)~(1/2 ‘

output ‘ y)/d ‘

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.00

v—ct+dz
/ a + bx? dr — av/—c +dz/c + dx N 2barctanh< \/ch% )

x
x2y/—c + dzv/c+ dx c’x d

input LIntegrate[(a + b*x~2)/(x~2*%Sqrt [-c + d*x]*Sqrt[c + d*x]),x] J

N

‘(a*Sqrt [-c + d*x]#*Sqrt[c + d*x])/(c™2%x) + (2*%b*ArcTanh[Sqrt[-c + d*x]/Sqr \

output
tle + axxd])/d |
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.00,

= 3, number of rules _ 097, Rules
integrand size

number of steps used = 4, number of rules used =
used = {956, 45, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a + bx?
z2\/dx — c\V/e + dw
l 956

b/ 1 dm+a\/dw—0\/c+dw
Vdx — cve+ dx c2z

J'45

2b/d \/d:c—c+a\/dx—cx/c+dx

d(dac c) c+ dI 2x

l 221
adz — Ve + dz 2barctanh(%)

2z d

3

~—

input LInt [(a + b*x~2)/(x~2%Sqrt[-c + d*x]*Sqrtlc + d*x]),x]

; (axSqrt-c + dxx]Sqrtlc + d+x])/(c™2+x) + (2+bxArcTanh[Sqrt[-c + dx]/Sqr
Lt[c + d*x]1)/d J

outpu

Defintions of rubi rules used

rule 45‘Int[1/(Sqrt[(a_) + (b_.)*(x_)]*Sqrt[(c_) + (d_.)*(x_)1), x_Symbol] :> Simp[ ‘
‘2 Subst[Int[1/(b - d*x~2), x], x, Sqrtla + b*x]/Sqrtlc + d*x]], x] /; Fre |
LeQ[{a, b, ¢, d}, x] & EqQ[b*c + a*d, 0] && !GtQlc, O] J
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rtl[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 221

Int[(Ce_.)*(x_))"(m_.)*((al_) + (bl_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[c*(e*x)~(
m + 1)*(al + bi*xx"(n/2)) " (p + 1)*((a2 + b2*x~(n/2)) " (p + 1)/(al*a2*ex(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - blxb2*ck(m + n*x(p + 1) + 1))/(al*a2xe n*(
m+ 1)) Int[(exx)"(m + n)*(al + blxx~(n/2)) px(a2 + b2*x~(n/2))"p, x], x]
/; FreeQ[{al, b1, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] &% EqQ[a2*bl +
alxb2, 0] & (IntegerQ[n] || GtQle, 0]1) && ((GtQ[n, O] && LtQ[m, -11) || (
LtQln, 0] && GtQm + n, -11)) && !'ILtQlp, -1l

rule 956

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.12 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.70

method | result size

Vdz—c+/dz+c <ln ( (\/d2z2 —c2 csgn(d)—i—dz) csgn(d)) b c2z+csgn(d)dv/d2z2—c2 a> csgn(d)

c2V/d2zx2—c2 zd

default 97

a(—da+e)Vdote N bln(\‘i/z;%+\/d2z2—c2> V/(dz—c)(dz+c)

c2x\/dx—c Vd? \/dx—c+/dzx+c

risch 98

input Liﬂt ((b*x"~2+a) /x~2/ (d*xx-c)~(1/2) / (d*x+c)~(1/2) ,x ,method=_RETURNVERBOSE)

e

(d*x-c) "~ (1/2) *(d*x+c)~(1/2) /c™2*x(In(((d"2*x"2-c~2) " (1/2) *csgn(d) +d*x) *csgn
‘ (d) ) *b*c~2*x+csgn(d) *d* (d"2*x"2-c~2) ~(1/2) *a) *csgn(d) / (d"2*x"2-c~2) ~(1/2)/
‘ x/d

output
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.19

/ a + bx?
dx
x2\/—c+ dz\/c+ dz
bz log (—dz + Vdz + cv/dzx — ¢) — ad’x — V/dz + c/dz — cad
- c2dx

input Lintegrate ((bxx~2+a) /x~2/ (d*x-c)~(1/2)/(d*x+c)~(1/2) ,x, algorithm="fricas") J

output‘ - (bxc"2*x*log(-d*x + sqrt(d*x + c)*sqrt(d*x - c)) - a*d™2*x - sqrt(d*x + c ‘
‘)*sqrt(d*x - c)*ax*d)/(c”2*d*x) ‘

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 17.32 (sec) , antiderivative size = 165, normalized size of antiderivative = 2.89

571 339
5,3 4) 4 20204 2
adGy Byl
66115379 0 |%=
/ (l-l-b.’l}z Y4927 4)
Tr = — 3
22y/—c+ dzv/c+ dx 472 c?
1341531
26 27477472 c2e2im
iadGqg 35 111 ol "
47 4 DRt )
- 3
472 c?
13 11
bGo2 474 2’2’171 2
6,6 0.1 13109 d2z2
147927490
+ 3
4rrad
1 1 11
ibG2’6 _57_717()’175’1 c2e2im
6,6 11 1 0.0.0 d2z2
47 4 21U Yy

input Lintegrate ((bxx**2+a) /x**2/ (d*x-c) ** (1/2) / (d*x+c) **(1/2) ,x) J
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-axd*meijerg(((5/4, 7/4, 1), (3/2, 3/2, 2)), ((1, 5/4, 3/2, 7/4, 2), (0,))
, Ck*2/ (A*x2xx*%x2) )/ (4*pi**(3/2)*c**2) - I*axd*meijerg(((1/2, 3/4, 1, 5/4,
3/2, 1), O), ((3/4, 5/4), (1/2, 1, 1, 0)), c**2*exp_polar(2*Ixpi)/(d**2*
x*%2) )/ (4xpi**(3/2) *cx*2) + bxmeijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((O,
1/4, 1/2, 3/4, 1, 0), ), c**2/(d**2*x**2))/(4*pi**(3/2)*d) - I*b*meijer
g(((-1/2, -1/4, 0, 1/4, 1/2, 1), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), c**2
*xexp_polar (2*%I*pi) / (dx*2xx**2)) / (4xpik*(3/2)*d)

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.96

T +
x2\/—c + dz\/c+ dx d c2x

/ a + bx? dr — blog (2d%z + 2V d?z? — 2d)  V/d2z? — c2a

inputLintegrate((b*x"2+a)/x"2/(d*x-c)"(1/2)/(d*x+c)"(1/2),x, algorithm="maxima") J

output Lb*log(Q*d’Q*x + 2%sqrt (d"2*x"2 - ¢2)*d)/d + sqrt(d"2*x~2 - c~2)*a/(c"2%x) J

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.12

/ a + bx? e
22/ —c + dz\/c+ dx
( 164 blog((\/dx+c—\/dx—c)4>)

\/dz+c—\/dx—c4+4cz_ d?
(

1
—d
2

s

Lintegrate((b*x‘2+a)/x‘2/(d*x—c)‘(1/2)/(d*x+c)‘(1/2),x, algorithm="giac")

~—

input

‘1/2*d*(16*a/((sqrt(d*x + ¢c) - sqrt(d*x - c))"4 + 4xc”2) - bxlog((sqrt(d*x

output
‘+ c) - sqrt(d*x - c))~4)/d"2)
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Mupad [B] (verification not implemented)

Time = 6.18 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.35

d (V=e—v/dz=c)
/ a + bx? dx_4batan<\/—72(\/c+dx—ﬁ)> +a\/c+dx\/dx—c
22/ —c + dz\/c+ dz V—d2? 2z
input‘ int((a + bxx~2)/(x"2x(c + d*x)~(1/2)*(d*x - c)~(1/2)),x) ‘
output, (4¥0Xatan((@((-)~(1/2) = (@xx = ©~(1/2)))/((-a"2)~(1/2)*((c + d*x)~(1/2

‘) - ¢7(1/2)))))/(-a"2)"(1/2) + (a*x(c + d*x)~(1/2)*(d*x - ¢)~(1/2))/(c™2*x) ‘

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.16

a + bx? \/d$+6\/dx—cad+210g<—%m>bc2a:+ad2:c
/ dr =
x2y/—c + dzv/c+ dx c2dz
input Lint ((b*x~2+a) /x~2/ (d*x-c)~(1/2) / (d*x+c) ~(1/2) ,x) J

‘(sqrt(c + d*x)*sqrt( - c + d*x)*a*xd + 2xlog((sqrt( - c + d*x) + sqrt(c + 4d ‘

output
%))/ (sqrt (c) *sqrt (2))) ¥bkcHr2kx + axd#*2kx)/(cH+2xd*x)
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+ba?
3.29 / $3\/_Z+dgx;\/c+dw dz

Optimal result . . . . . . . . . . . . . e 237
Mathematica [A] (verified) . . . . . . . .. .. . L 237
Rubi [A] (verified) . . . . . . . .. .. 238
Maple [A] (verified) . . . . . . . . . . 239
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 2401
Sympy [F(-1)] . . . o 240
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2401
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 247]
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 242
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 243]

Optimal result

Integrand size = 31, antiderivative size = 76

(2bc? + ad?) arctan (—V_”df W)

/ a + bz? dx_a\/—c+dx\/c+dx+
x3v/—c+ dzv/c+ dx 2c%x? 2¢3

| 1/2%ax (dkx-c) " (1/2) % (d*x+c) ™ (1/2) /c™2/x"2+1/2x (axd~2+2+bxc"2) ¥arctan((d*x-

output
)" (1/2)* (@xx+e) = (1/2)/e) /c73

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.92

/ a + bz? e — gev—etdevetrds 4 9(2bc? + ad?) arctan (—%%‘i’)
x3v/—c + dxv/c + dx 2¢3

input LIntegrate [(a + b*x~2)/(x"3*Sqrt[-c + d*x]*Sqrtlc + d*x]),x] J

‘ ((axc*Sqrt[-c + d*x]*Sqrtlc + d*x])/x"2 + 2x(2%b*c™2 + axd~2)*ArcTan[Sqrt[ ‘

output
‘ -c + d*x]/Sqrtlc + d*x]])/(2*c"3)




input

output

rule 103
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Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.00,

number of rules _ 0.097, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {956, 103, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
a + bx? de
z3y/dx — cv/e+ dx
l 956
1<ad2+2b>/ 1 dm+a\/dx—cx/c+dx
2\ ¢ zv/dr — cv/e+ dx 2c%z?
l 103

1 ./ ad? 1 avdx — cve+ dx
—dl 219 Vdr — o/
2d< 2 T b)/d62+d(dx—c)(c+dac)d( de —c c+dm)+ 2222

l 218

(ac%z + 2b) arctan (@) N avdr — cv/c+ dz

2c 2c2x2

LInt [(a + b*x~2)/(x"3%Sqrt[-c + d*x]*Sqrt[c + d*x]),x] J

‘(a*Sqrt [-c + d*x]#*Sqrtlc + d*x])/(2*c™2xx"2) + ((2%b + (a*d~2)/c”2)*ArcTan
[(Sqrtl-c + dxx]#Sqrtlc + d*x])/c])/(2%c)

Defintions of rubi rules used

e B

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)I1*((e_.) + (£_.)*(x_
))), x_]1 :> Simp[b*f  Subst[Int[1/(d*(b*e - axf)~2 + b*f~2*x~2), x], x, Sq
‘rt[a + bxx]*Sqrt[c + d*x]], x] /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[2*bxd
‘*e - fx(b*c + axd), O]

& J




rule 218

rule 956
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

Int[(Ce_.)*(x_))"(m_.)*((al_) + (bl_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[c*(e*x)~(
m + 1)*(al + bi*xx"(n/2)) " (p + 1)*((a2 + b2*x~(n/2)) " (p + 1)/(al*a2*ex(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - blxb2*ck(m + n*x(p + 1) + 1))/(al*a2xe n*(
m+ 1)) Int[(exx)"(m + n)*(al + blxx~(n/2)) px(a2 + b2*x~(n/2))"p, x], x]
/; FreeQ[{al, b1, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] &% EqQ[a2*bl +
alxb2, 0] & (IntegerQ[n] || GtQle, 0]1) && ((GtQ[n, O] && LtQ[m, -11) || (
LtQln, 0] && GtQm + n, -11)) && !'ILtQlp, -1l

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.62

default | — DTN o e vy e

method | result size
o(—dzto)/dmTe (ad?+2bc?) ln( —2c2+2y _Cj . d2w2_c2> (dz—c)(dz+-c)
risch - 2c222+/dzx—c - 2¢2v/—c2 v/dx—c+/dx+c 123
2—\/—0 vdéze—c 62—\/—6 Vatrs—c
Vdz—c+/dz+c (ln (—2(C 2z a2 2) >ad2w2+2 In (—2( 2z @2’ 2)>bc2w2—\/ —c2+/d2x2—c2 a>
158

input  int ((b*x"~2+a) /x~3/(d*x-c)~(1/2)/(d*x+c)~(1/2) ,x,method=_RETURNVERBOSE)

output ‘ -1/2%ax (—d*x+c) * (d*x+c) ~(1/2) /c~2/x72/ (d*x-c) ~(1/2)-1/2* (a*xd~2+2*b*c~2) /c”

‘ 2/(-c”2)~(1/2) *1n((-2*%c~2+2* (-c~2) ~(1/2) * (d"2*x"2-c"2) " (1/2) ) /x) * ((d*x-c) *
L(d*x+C))‘(1/2)/(d*x-C)‘(1/2)/(d*x+C)"(1/2)
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.96

/ a + bz?
dx
x3v/—c + dzv/c+ dx
2 (2bc? + ad?)x? arctan <—dw_— e de—c) ++/dzx + cv/dx — cac

2312

inputLintegrate((b*x"2+a)/x"3/(d*x—c)"(1/2)/(d*x+c)"(1/2),x, algorithm="fricas") J

p
‘1/2*(2*(2*b*c‘2 + a*d~2)*x"2*arctan(-(d*x - sqrt(d*x + c)*sqrt(d*x - c))/c

output
\) + sqrt(d*x + c)*sqrt(d*x - c)*a*c)/(c3%x"2) \

Sympy [F(-1)]

Timed out.
2
/ atbe dz = Timed out
23V —c+ dzv/e + dx
input Lintegrate ((b*x**2+a) /x**3/ (d*x—c) ** (1/2) / (d*x+c) **(1/2) ,x) J
OutputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.79

23v/—c + dzv/c + dz c 2¢c3 2 c2x?

/ a4 ba? . barcsin (ﬁ) ad? arcsin (ﬁ) N V&ZrZ = 2a

input Lintegrate ((bxx~2+a) /x~3/ (d*x-c)~(1/2) / (d*x+c)~(1/2) ,x, algorithm="maxima") J
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t‘-b*arcsin(c/(d*abs(x)))/c - 1/2%axd"~2*arcsin(c/(d*abs(x)))/c"3 + 1/2*xsqrt(

outpu
\ d~2%x"2 - c~2)*a/(c 2%x"2) \

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 141 vs. 2(64) = 128.

Time = 0.14 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.86

/ a + bz?
dx
x3v/—c+ dzv/c+ dz
2
(2bc?d+ad?) arctan(%) " 2 <ad3 (\/dz+c—\/dac—c)6—4 ac?d® (\/dm—l—c—\/dac—c)z)
c? ((\/dx+c—\/dx—c)4+4 02)202

d
inputLintegrate((b*x"2+a)/x"3/(d*x-c)"(1/2)/(d*x+c)"(1/2),x, algorithm="giac") J
output ~((2#D*c™2+d + axd3)xarctan(1/2+(sqrt(d*x + c) - sqrt(dsx - ©))72/e)/c™3

‘+ 2% (a*d"3*(sqrt(d*x + c) - sqrt(d*x - c))~6 - 4*a*xc”2xd"3*(sqrt(d*x + c)
‘— sqrt(d*x - ¢))~2)/(((sqrt(d*x + c) - sqrt(d*x - c))~4 + 4*c~2)"2%c~2))/d ‘
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Mupad [B] (verification not implemented)

Time = 11.11 (sec) , antiderivative size = 457, normalized size of antiderivative = 6.01

/ a+ bx d
x3v/—c + dzxv/c+ dx

a(—c)3/2 &2 1In < (Vetda—/e)® o+ 1)

(V=c—Vdz—c)
o 2c9/2
(VeFda—/2)?. ( Jerdo—e >
b\/ (111( o \/7)2 +1) In —\/—70— To—c
c3/2
_\3/2 2 Verdz—+/c
a(—c)”*d* In —\/?C_m>
209/2
a(—c)3/?d2 (—c)¥/%d d? (Vetdz— \/5)2 15a (—c)3/2 d2 (\/c+dz—\/E)4
_ 32¢9/2 16c9/2 (V=c—Vdz— 0)2 32¢9/2 (ch—\/dx—c)4
(Vetdo— f) 2 (Vetdz— \/E) (\/c—i—d:c—\/E)6

(V=c—vdz—c)® 2+ (vV=c—vdz—c)* T (v=c—vdz—0c)°

N ad? (\/c+dx—\/5)2
32 (—c)*? 3/2 (V=c—Vdz - 0)2

inputtint((a + b*x"2)/(x"3x(c + d*x)~(1/2)*(d*x - ¢)~(1/2)),%)

(a*(-c)~(3/2)*d"2*1log(((c + d*x)~(1/2) - ¢~(1/2))72/((-c)~(1/2) - (d*x - ¢
)7(1/2))72 + 1))/(2%c™(9/2)) - (b*(-c)~(1/2)*(log(((c + d*x)~(1/2) - c~(1/
2))72/((-c)~(1/2) - (d*x - c)~(1/2))"2 + 1) - log(((c + d*x)~(1/2) - c~(1/
2))/((=c)~(1/2) - (d*x - ¢)~(1/2)))))/c~(3/2) - (a*x(-c)~(3/2)*d"2*Llog(((c

+ d*xx)~(1/2) - ¢7(1/2))/((-c)~(1/2) - (d*x - ¢)~(1/2))))/(2%c~(9/2)) - ((a
*(-c)~(3/2)*d"2)/(32%c~(9/2)) + (ax(-c)~(3/2)*d"2*((c + d*x)~(1/2) - c~(1/
2))72)/(16%c~(9/2)*((-c)~(1/2) - (d*x - c)~(1/2))72) - (15%a*x(-c)~(3/2)*d"
2% ((c + d*x)~(1/2) - c~(1/2))"4)/(32%c~(9/2)*((-c)~(1/2) - (d*x - c)~(1/2)
)74))/(((c + d*x)~(1/2) - ¢~ (1/2))72/((-c)~(1/2) - (d*x - ¢c)~(1/2))72 + (2
*((c + d*x)7(1/2) - ¢~ (1/2))74)/((-c)~(1/2) - (d*x - c)~(1/2))74 + ((c + d
*x)7(1/2) - ¢7(1/2))76/((-c)~(1/2) - (d*x - c)~(1/2))76) + (a*d™2*((c + dx*
x)7(1/2) - ¢7(1/2))72)/(32%(-c)~(3/2)*c~(3/2)*((-c)~(1/2) - (d*x - c)~(1/2
))72)

output
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 158, normalized size of antiderivative = 2.08

/ a + bx?
dx
x3v/—c + dzv/c+ dx
2Mm&vnﬂf£“ﬁvﬂad%?+4Mm%”M%ﬂg%“ﬁ>h&ﬁ—2MM%”M%Q$%Hﬁ>aﬁﬁ—%h

2c3z2

input Lint ((b*x~2+a) /x~3/ (d*x-c)~(1/2) / (d*x+c)~(1/2) ,x) J

e N

(2*atan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*axd**22kx**2
+ 4xatan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*bxcr*2xx**2
- 2%atan((sqrt( - c + d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*akd**kx**
2 - 4*atan((sqrt( - c + d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*bxc**2*x*
*2 + sqrt(c + d*x)*sqrt( - c + d*x)*axc)/(2kc**3*x**2)

N\ J

output
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2
3.30 [t dzx
4/ —c+dx/c+dx
Optimal result . . . . . . . . .. . .. 247
Mathematica [A] (verified) . . . . . . . .. .. . L 247
Rubi [A] (verified) . . . . . . . .. .. 245
Maple [A] (verified) . . . . . . . . . . 240
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 276l
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 247
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 248]
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 248]
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 249
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 249
Optimal result
Integrand size = 31, antiderivative size = 75
/ a + bz? dp — a\/—c+dm\/c—|—dx+ (3bc? + 2ad?) v/—c + dz+/c + dx
x4/ —c+ dzv/c + dz 3c2x3 3cix

(1/3*a*(d*x—c)‘(1/2)*(d*x+c)‘(1/2)/c‘2/x‘3+1/3*(2*a*d‘2+3*b*c“2)*(d*x—c)‘(1

output
/2)%(d*x+c) " (1/2) /c"4/x
Mathematica [A] (verified)
Time = 0.01 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.72
/ a + bx? dp — V—c+ dzv/c+ dz(3bc*z? + a(c® + 2d%z?))
x4/ —c+dz/c+ dz 33
input LIntegrate [(a + b*x~2)/(x"4*Sqrt[-c + d*x]*Sqrtlc + d*x]),x]

output‘ (Sgrt[-c + d*x]*Sqrtlc + d*x]*(3*b*xc™2%x"2 + ax(c™2 + 2*%d"2*x"2)))/(3*c 4x*

‘X“B)

N




input

output

rule 106
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00,

number of rules _ 0.065, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {956, 106}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a + bx? de
z4/dr — cv/e+ dx
l 956
1(20wl2 +3b> / 1 do + avdx — cv/e+ dx
3\ ¢ z2v/dx — cv/e + dx 3c2z3
l 106

Vs —cVetdo (2 +30) o @m—o/oT
+

3c2x 3c2g3

LInt[(a + b*x72)/(x"4*Sqrt[-c + d*x]*Sqrtlc + d*x]),x]

e B

(axSqrt[-c + d*x]*Sqrtlc + d*x])/(3*c”2*x"3) + ((3*b + (2*a*d~2)/c~2)*Sqrt
[-c + a*x]*Sqrtlc + d*x])/(3%c™2%x)

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_)) " (n_)*((e_.) + (£_.)*(x_)
)-(p_), x_] :> Simp[b*(a + b*x)"(m + 1)*(c + d*x)"(n + D*((e + £xx)"(p + 1
)/((m + 1)*x(bxc - a*d)*(bxe - axf))), x] /; FreeQ[{a, b, c, d, e, £, m, n,
P}, x] &% EqQ[Simplify[m + n + p + 3], 0] && EqQa*d*fx(m + 1) + b*cxf*x(n +
1) + bxd*ex(p + 1), 0] && NeQ[m, -1]
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rule 956 Int[((e_.)*(x_))"(m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol]l :> Simp[c*(exx)~(
m + 1)*(al + bl*x"(n/2)) " (p + ) *((a2 + b2*x~(n/2))"(p + 1)/(al*a2*e*(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - blxb2*cx(m + n*(p + 1) + 1))/(al*a2%e n*(
m+ 1)) Int[(e*x)~"(m + n)*(al + blxx~(n/2)) px(a2 + b2*x~(n/2))"p, x], x]
/; FreeQ[{al, bl, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] && EqQ[a2+*bl +
alxb2, 0] && (IntegerQ[n] || GtQle, 0]) && ((GtQ[n, 0] && LtQ[m, -11) || (
LtQ[n, 0] && GtQ[m + n, -1])) && !'ILtQ[p, -1]

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.65

method | result Size

gosper Vdo—cdztc (2312 fz§2+3b A2a?+ac?) 49

default Vdz—cv/dz+e ngn(té);(z;z d?2243bc2a?+a c?) 53
- 2 22 2.2 2

risch . Vidz+c( dx_gcgzs(zfjdﬁ_t% cz?+ac?) 55
_ 2,2 2.2 2

Orering _ Vdz+c( dz-;c;§zfjdi_t3b c2z?+ac?) 55

input Lint ((b*x"~2+a)/x"~4/ (d*x-c)~(1/2)/(d*x+c)~(1/2) ,x ,method=_RETURNVERBOSE)

output L1/3/c"4/x"3* (d*x-c) " (1/2) *(d*x+c) ~(1/2) * (2*xa*d~2*x~2+3*b*xc~2*x"2+a*c”2)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.89

/ a + bx? i
x4/ —c + dxv/c + dx
(3bc*d + 2 ad®)z® + (ac® + (3bc? + 2 ad?)z?)V/dz + cv/dzx — ¢
3tz

input integrate ((b*x~2+a)/x~4/ (d*x-c)~(1/2) /(d*x+c)~(1/2) ,x, algorithm="fricas")
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|1/3%((3%bkc™2+d + 2+a*d™3)*x"3 + (akc"2 + (3xbkc"2 + 2%axd"2)*x"2)*sqrt(dx

output
Lx + c)*sqrt(d*x - c))/(c"4*x"3) J

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 20.70 (sec) , antiderivative size = 170, normalized size of antiderivative = 2.27

9 1 q 55 g
BG3 4 4 20279 2
a 676 2 § H 3 O d2$2
/ a + bz? 14720 4
T = 3
24/ —c+ dzvec+ dx 4mact
3 7995
. 13 ~26[ 27474020 c2e2im
iad’ Gy e 5 o 9 0| 72
47 4 214y 4y
- 3
4ract
5 7 3 3
bdG53 474’1 27272 2
676 1 5 3 7 2 0 d2$2
949929 4)
3
472 c?
134153
. 2,6 ([ 2747402 c2e2im
ibdGg'g 35 1110l ®
47 4 29 1y
- 3
4mr2c?

-

input L

integrate ((b*x**2+a) /x**4/ (d*x-c)**(1/2) / (d*x+c) **(1/2) ,x)

~—

output -axd**3*meijerg(((9/4, 11/4, 1), (6/2, 5/2, 3)), ((2, 9/4, 5/2, 11/4, 3),
(0,)), c**2/(d**2xx**x2))/(4dxpix*(3/2)*cxx4) - Ixaxd**3*meijerg(((3/2, 7/4,
2, 9/4, 5/2, 1), O), ((7/4, 9/4), (3/2, 2, 2, 0)), c*x2*exp_polar (2*I*pi
)/ (@**2xx*%x2) ) / (4*pix* (3/2) *c**4) - b*d*meijerg(((5/4, 7/4, 1), (3/2, 3/2,
2)), ((1, 5/4, 3/2, 7/4, 2), (0,)), c*x*x2/(d**2*xx**2))/(4*xpix*(3/2)*c**2)

- I*b*d*meijerg(((1/2, 3/4, 1, 5/4, 3/2, 1), O), ((3/4, 5/4), (1/2, 1, 1,
0)), c**2kexp_polar (2xI*pi)/(d**2*x**2) )/ (4*pi**(3/2)*c**2)
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Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00

x4/ —c+ dze+ dz v Az 3cir 3c2x3

/ a + bz? p Vd2x? — c2b N 2/ d%x? — c2ad? N Vd2z2 — c2a

e

inputLintegrate((b*x"2+a)/x"4/(d*x—c)"(1/2)/(d*x+c)"(1/2),x, algorithm="maxima") ]

‘sqrt(d“2*x“2 - c"2)*b/(c™2*x) + 2/3*sqrt(d"2*x"2 - c"2)*a*d"2/(c"4*x) + 1/

output
LS*sqrt(d‘Q*x‘Q - c"2)*a/(c"2*x"3) J

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.68

/ a+ bz?
dz
x4/ —c+dz/e+ dx
8 (3b(Vdz+c— Vs — o) +24b (Vs + ¢ — vz —¢)* + 24ad (Vdz + ¢ — v/dz — )" +48bc* +

- 3((\/dac+c—\/da:—c)4+402>3

inputLintegrate((b*x"2+a)/x"4/(d*x-c)"(1/2)/(d*x+c)"(1/2),x, algorithm="giac") J

‘8/3*(3*b*(sqrt(d*x + c) - sqrt(d*x - c))~8 + 24%b*c”2*(sqrt(d*x + c) - sqr
t(d*x - ©))74 + 24¥axd"2%(sqrt(d*x + c) - sqrt(dsx - c))74 + 48xbxc™4 + 32
‘*a*c“2*d"2)*d/((sqrt(d*x + ¢c) - sqrt(d*x - c))"4 + 4xc~2)"3 ‘

output
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Mupad [B] (verification not implemented)

Time = 5.96 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.05

z2 (3bc3+2acd? 23 (3bc?2d+2ad3
a + bx? p de—c(i—i— ( 32_4 )+ ( 0304+ )+%i§>
1‘:
/x4\/—c+dx\/c+d:c 3Ve+do

e

int((a + b*x"2)/(x"4*(c + d*x)~(1/2)*(d*x - c)~(1/2)),x)

~—

input t

((@kx - )7 (1/2)%(a/ (3%c) + (x"2%(3¥bxc™3 + 2raxcxkd™2))/(3xc™4) + (x73k(2%

output
La*d“S + 3xbkc”2xd))/(3*c”4) + (a*d*x)/(3%c”2)))/(x"3*(c + d*x)~(1/2)) J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.24

/ a + bx?
dz
x4/ —c+ dzv/e+ dx
_ Vdz+cvdr —cac® +2Vdz + cVdx — cad’a® + 3vVdz + cvdr — cbPa? — 2adPx® — bPda?
N 3ctzs

e

Lint ((b*xx~2+a) /x~4/ (d*x-c)~(1/2) / (d*x+c) ~(1/2) ,x)

~—

input

‘ (sqrt(c + d*x)*sqrt( - c + d*x)*axc**2 + 2*ksqrt(c + d*x)*sqrt( - c + d*x)* ‘
axdx*k2xx*x*2 + 3ksqrt(c + d*x)*sqrt( — c + dkx)*bkck*kkx**2 — kakdk*3*kx**3
— b¥cx*2%dxx**3) / (3kCHk*4*x**3)

N\ J

output
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+ba?
3.31 f $5\/_Z_|_dgxs\/c+dw dz

Optimal result . . . . . . . . .. . .. 2501
Mathematica [A] (verified) . . . . . . . .. .. . L 250
Rubi [A] (verified) . . . . . . . .. .. 251]
Maple [A] (verified) . . . . . . . . . . 253
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 2531
Sympy [F(-1)] . . . o 254
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2541
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 255
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 255
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 2561

Optimal result

Integrand size = 31, antiderivative size = 123

@+ be’ av/—c+dave+dz | (4bS + 3ad®) vV—c + dz\/c + dx
do = gt ¢
28y —c+ dzve+ dz A2z S
d?(4bc? + 3ad?) arctan (@)
" 8c5

output | 1/4kax (dkx-c) " (1/2) % (dxx+c) ™ (1/2) /c™2/x 4+1/8% (3kaxd"2+4xbkc™2) * (d*x-c)~(1
\/2)*(d*x+c)‘(1/2)/c‘4/x‘2+1/8*d“2*(3*a*d‘2+4*b*c‘2)*arctan((d*x—c)“(1/2)*(
|dxx+c)~(1/2)/c)/c5 |

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.82

/ a + bx?
dz
x5/ —c + dzv/c + dz
— 2 2,2 2,.2 2(Ap2 2\ .4 V=ctdz
cV/—c+ dzv/c+ dz(2ac® + 4bc*z? + 3ad?z?) + 2d*(4bc® + 3ad?) © arctan( = )
- 8cdzt

input LIntegrate [(a + b*x~2)/(x~5*Sqrt[-c + d*x]*Sqrtlc + d*x]),x] J
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‘ (cxSqrt[-c + d*x]*Sqrtlc + d*x]*(2%axc™2 + 4xb*c™2%x"2 + 3%a*d~2%x"2) + 2% \
|d"2%(4xb*c™2 + 3xaxd"2)*x~4xArcTan[Sqrt[-c + d*x]/Sqrtlc + d*x]1)/(8%c 5xx |
= |

output

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.93,

— 5, number of rules _ 161, Rules

number of steps used = 6, number of rules used =
integrand size

used = {956, 114, 27, 103, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a + bx?
9/ dx — cvVe + dx
l 956

(3ad2 —|—4b> / 1 do + avdzx — cve + dx
4\ ¢2 z3v/dx — c\/e + dx 4c?zt

l 114

1<3ad2 ) (fm\/mm vV w—cx/c+dm> avdzr — cve+dz
2

2c2 2c22 424

| 27

1(3ad® b d fxmm \/ dr — c\/c+ dx a\/dac—cx/c+dac
4\ 2 2c? 2c2x2 4c2qx4
l 103
1 (3ad® b & [ deramoerand(Vdz — cVe + dz) L, Vdz—c/ctda
4\ 2 2c2 2c222
avdr — cve+ dx
4c2q54

l 218

Vdz—cy/ctd
1<3ad2 +4b) (dzarctan( et w) \/dx—cx/c+da:) avdz — cve+ dx
4\ ¢ 2¢3

2c2x2 4c2x4
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input‘ Int[(a + b*x~2)/(x"5*Sqrt[-c + d*x]*Sqrt[c + d*x]),x] ‘

output‘ (axSqrt[-c + d*x]*Sqrtlc + d*x])/(4*c"2xx~4) + ((4*b + (3*a*d~2)/c”2)*((Sq ‘
‘rt [-c + d*x]*Sqrtlc + d*x])/(2*c"2*x"2) + (d"2*%ArcTan[(Sqrt[-c + d*x]*Sqrt ‘
“C + dxx])/cl)/(2%c™3))) /4 J

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
1tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1] ‘

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_
))), x_1 :> Simp[b*f Subst [Int [1/(d*(b*e - axf)~2 + b*f~2*x~2), x], x, Sq
rt[a + b*x]*Sqrt[c + d*x]], x] /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[2*b*d
xe — fx(b*c + axd), 0]

rule 103

Int[(Ca_.) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_)) (@ )*((e_.) + (£_.)*(x_)
)7(p_), x_] :> Simp[b*(a + bxx)"(m + 1)*(c + d*x)"(n + 1)*((e + £xx)"(p + 1
)/ ((m + 1)*(bxc - a*xd)*(bxe - a*xf))), x] + Simp[1/((m + 1)*(b*c - a*xd)=*(bxe
- axf)) Int[(a + b*x)"(m + 1)*(c + d*x) n*(e + f*x) pxSimp[a*xd*f*(m + 1)
- bx(d*xex(m + n + 2) + cxfx(m + p + 2)) - bkdxfx(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, c, d, e, f, n, p}, x] && ILtQ[m, -1] && (IntegerQ[n] ||
IntegersQ[2*n, 2*p] || ILtQ[m + n + p + 3, 0])

rule 114

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 218
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rule 956 Int[((e_.)*(x_))"(m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol]l :> Simp[c*(exx)~(
m + 1)*(al + bl*x"(n/2)) " (p + ) *((a2 + b2*x~(n/2))"(p + 1)/(al*a2*e*(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - blxb2*cx(m + n*(p + 1) + 1))/(al*a2%e n*(
m+ 1)) Int[(e*x)~"(m + n)*(al + blxx~(n/2)) px(a2 + b2*x~(n/2))"p, x], x]
/; FreeQ[{al, bl, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] && EqQ[a2+*bl +
alxb2, 0] && (IntegerQ[n] || GtQle, 0]) && ((GtQ[n, 0] && LtQ[m, -11) || (
LtQ[n, 0] && GtQ[m + n, -1])) && !'ILtQ[p, -1]

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.23

method | result
—2c242vV/—=c2 /d222—c2 J(dz—c)(dzto)

isch _ Vdz+c (—dz+c) (3ad?z2+4bc?z2+2a c?) _ d*(3ad?+4bc?) ln( * z ) (dz—c)(dz+c)

IS¢ 8ctzrty/dr—c 8ctv/—c2 v/dx—c+/dz+c
2 V/—c2 /2222 2—/=c2 \/d222—c2
Vdz—c+/dz+c <3 In (—2( = 4 )>ad4x4+4 In <—2( = d )>bc2d2z4—3\/ —c2 Vd2x2—c2 a d?x2?-
default | — 8P 22—2 zh/ -2
input Lint ((b*x~2+a) /x~5/ (d*x-c)~(1/2) / (d*x+c) ~(1/2) ,x ,method=_RETURNVERBOSE) J

‘ -1/8% (d*x+c) " (1/2) % (-d*x+c) * (3*a*d~2%x"2+4xbxc™2%x"2+2%a*xc"2) /c~4/x"4/ (d*x \
|-c)"(1/2)-1/8*d"2x (3*axd"2+4¥bxc™2) /c"4/ (-c"2) " (1/2)¥1n((-2%c~2+2% (-c"2) " (|
‘ 1/2)*(d"2%x"2-c"2) " (1/2)) /x) * ((d*x-c) * (d*x+c) ) ~(1/2) / (d*x-c) = (1/2) / (d*x+c) ‘
~W/2) |

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 100, normalized size of antiderivative = 0.81

/ a + ba?
dz
x5/ —c + dzv/c+ dx
2 (4bc2d? + 3 ad*)z* arctan (—d””_— oo ”d””_c) + (2ac® + (4bc® + 3acd?)x?)V/dx + cv/dx — ¢

8chrt
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inputLintegrate((b*x"2+a)/x"5/(d*x—c)"(1/2)/(d*x+c)"(1/2),x, algorithm="fricas") J

t‘1/8*(2*(4*b*c"2*d"2 + 3*axd~4)*x"4*arctan(-(d*x - sqrt(d*x + c)*sqrt(d*x -

t
outpu ‘ c))/c) + (2xa*c™3 + (4*b*c™3 + 3*akckxd”~2)*x"2)*sqrt(d*x + c)*sqrt(d*x - c ‘
)/ (c™B*x4) |
Sympy [F(-1)]
Timed out.
ba?
/ ot dx = Timed out
28/ —c+ dzv/c+ dx
input[integrate((b*x**2+a)/x**s/(d*x—c)**(1/2)/(d*x+c)**(1/2)’X) J
OutputLTimed out J
Maxima [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.93
a + bx? bd? arcsin <ﬁ) 3 ad* arcsin (ﬁ)
dx = —
/x5\/—c+dx\/c+dx 2¢3 8¢5
4 Vd2x2 —c2b 3V d%x2 — c2ad?  /d%x? — c%a
222 8 cix? 42zt

inputLintegrate((b*x‘2+a)/x‘5/(d*x—c)‘(1/2)/(d*x+c)‘(1/2),x, algorithm="maxima") J

Output‘-1/2*b*d“2*arcsin(c/(d*abs(x)))/c"3 - 3/8xa*d~4*arcsin(c/(d*abs(x)))/c"5 +

‘ 1/2*%sqrt(d™2*x"2 - c~2)*b/(c"2%x"2) + 3/8*sqrt(d~2*x"2 - c~2)*a*d"2/(c"4x*
‘x‘2) + 1/4xsqrt(d~2*x"2 - c”2)*a/(c"2*x~4)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 325 vs. 2(105) = 210.

Time = 0.15 (sec) , antiderivative size = 325, normalized size of antiderivative = 2.64

/ a + bx? p
€Tr =
x5/ —c + dzv/c+ dz
vVar+c—yar—c 2
(4 be?d®+3 a'ds) arctan (%) n 2 (4 bc2d3 (\/ dx+c—+/ d:c—c) 14—}-3 ad® (\/ dz+c—+/ dz—c) 14—|—16 bctds (\/ dz—}-c—\/dm—c) 10

cd

inputLintegrate((b*x"2+a)/x"5/(d*x-c)"(1/2)/(d*x+c)"(1/2),x, algorithm="giac") J

-1/4%((4*¥b*c”™2*d"3 + 3*axd~5)*arctan(1/2*(sqrt(d*x + c) - sqrt(d*x - c))"2
/c)/c”5 + 2x(4xbxc”2*%d"3*(sqrt(d*x + c) - sqrt(d*x - c))~14 + 3*axd~5*(sqr
t(d*x + c) - sqrt(d*x - c))~14 + 16xb*c"4*d"3*(sqrt(d*x + c) - sqrt(d*x -

c))~10 + 44xa*xc”2*%d"5*(sqrt(d*x + c) - sqrt(d*x - c))”10 - 64*bxc”6*d"3*(s
qrt(d*x + c) - sqrt(d*x - c))~6 - 176%a*c”4*d"5*(sqrt(d*x + c) - sqrt(d*x

- C))76 - 256xb*c”8*d"3x(sqrt(d*x + c) - sqrt(d*x - c))”2 - 192xa*c”6*d 5%
(sqrt(d*x + c) - sqrt(d*x - c))~2)/(((sqrt(d*x + c) - sqrt(d*x - c))"4 + 4
*c"2)"4xc~4))/d

output

Mupad [B] (verification not implemented)

Time = 24.53 (sec) , antiderivative size = 1005, normalized size of antiderivative = 8.17

a + bx?
dzxz = Too large to displa;
/x5\/—c+dx\/c+dx & pray

e

int((a + b*x~2)/(x~5*(c + d*x)~(1/2)*(d*x - c)~(1/2)),x)

~—

inputt
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(3xa*x(-c)~(1/2)*d"4*log(((c + d*x)~(1/2) - c~(1/2))/((-c)~(1/2) - (d*x - ¢
)~ (1/2))))/(8xc™(11/2)) - ((b*(-c)~(3/2)*d~2)/(32%c~(9/2)) + (bx(-c)~(3/2)
*d"2x((c + d*x)~(1/2) - ¢~ (1/2))72)/(16%c~(9/2)*((-c)~(1/2) - (d*x - c)~(1
/2))72) - (15%b*(-c)~(3/2)*d"2*((c + d*x)~(1/2) - c~(1/2))"4)/(32%c~(9/2) *
((=e)~(1/2) - (d*x - ¢)~(1/2))"4))/(((c + d*x)~(1/2) - c~(1/2))"2/((-c)~(1
/2) - (d*x - ¢c)~(1/2))"2 + (2% ((c + d*x)~(1/2) - c~(1/2))"4)/((-c)~(1/2) -

(d*x - c)~(1/2))74 + ((c + d*x)~(1/2) - c~(1/2))76/((-c)~(1/2) - (d*x - ¢
)~(1/2))76) - ((a*(-c)~(1/2)*d~4)/(1024%c~(11/2)) - (3%a*x(-c)~(1/2)*d~4*((
c + d*x)~(1/2) - ¢~ (1/2))72)/(128*c~(11/2)*((-c)~(1/2) - (d*x - c)~(1/2))~
2) - (B3*ax(-c)~(1/2)*d"4*((c + d*x)~(1/2) - c~(1/2))"4)/(5612%c~(11/2)*((-
c)”~(1/2) - (d*x - ¢)~(1/2))74) + (8T*a*x(-c)~(1/2)*d~4*x((c + d*x)~(1/2) - ¢
~(1/2))76)/(256%c” (11/2)*((-c)~(1/2) - (d*x - c)~(1/2))76) + (657*ax(-c)~(
1/2)*d~4*((c + d*x)~(1/2) - c~(1/2))7°8)/(1024*c~(11/2)*((-c)~(1/2) - (d*x
- ¢c)"(1/2))78) + (121%ax(-c)~(1/2)*d~4*((c + d*x)~(1/2) - c~(1/2))"10)/(25
6%c~(11/2)*((-c)~(1/2) - (d*x - c)~(1/2))710))/(((c + d*x)~(1/2) - c~(1/2)
)~4/((-c)~(1/2) - (d*x - c)~(1/2))"4 + (4*((c + d*x)~(1/2) - c~(1/2))"6)/(
(-e)~(1/2) - (@*x - c)~(1/2))76 + (6%((c + d*x)~(1/2) - ¢c~(1/2))°8)/((-¢c)~
(1/2) - (d*x - ¢c)~(1/2))78 + (4*((c + d*x)~(1/2) - c~(1/2))"10)/((-c)~(1/2
) = (d*x - ¢)7(1/2))710 + ((c + d*x)~(1/2) - ¢~ (1/2))"12/((-c)~(1/2) - (dx*
x - ¢)7(1/2))712) - (bx(-c)~(3/2)*d~2*log(((c + d*x)~(1/2) - c~(1/2))/(...

output

Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 214, normalized size of antiderivative = 1.74

/ a + bz?
dz
25/ —c+ dzv/c+ dz
6atan< v dm_cJ’f”j x+c_‘/a> ad*z* + 8atan< v dw_CJr\[”Ci m+c_‘/5) bd?x* — 6atan< v dw_ch\[”ci m+c+\/‘3> ad*z* —

input‘int((b*X“2+a)/X”5/(d*x-c)“(1/2)/(d*x+c)*(1/2),x)
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(6*atan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*axd**4*x**4
+ 8+atan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*bkcx*k2xd**2
*xx**%4 - 6*atan((sqrt( - c + d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*axd**
4xx*x4 — 8*xatan((sqrt( - c + d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*bxc*
*2xd**x2*x**4 + 2xsqrt(c + d*x)*sqrt( - c + d*x)*axc**3 + 3*ksqrt(c + d*x)*s
grt( - c + d*x)*axckd**2xx**x2 + 4*sqrt(c + d*x)*sqrt( - c + d*x)*xbkcx*k3xx*
*2) / (8*cxx5xx**4)

output
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332 [l

—c+dz)3/2(c+dx)3/?
Optimal result . . . . . . . . . . . . . e 258
Mathematica [A] (verified) . . . . . . . . . ... L 2591
Rubi [A] (verified) . . . . . . . . . . 2591
Maple [A] (verified) . . . . . . . . . . 262
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 2621
Sympy [F(-1)] . . . o o 263
Maxima [A] (verification not implemented) . . . . . . . ... ... ... . ... 2631
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 264
Mupad [F(-1)] . . . 264
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 2651

Optimal result

Integrand size = 31, antiderivative size = 169

J T B L= E
(—c+dz)32(c+dzx)32™ \/—c+dzVc+ dx
3(5bc? + 4ad?) xv/—c + dz/c + dx
+
8dS
v —c+dz
N (5bc® + 4ad?) z3v/—c + dzv/c + dx N 3c*(5bc” + 4ad?) arctanh( v )
4c2d* 4d7

output \ -(a/c”2+b/d"2) *x~5/(d*x-c) ~(1/2) / (d*x+c) ~(1/2)+3/8% (4*axd~2+5xb*c~2) *x* (d* \
' x-¢) " (1/2)*(d*x+c) " (1/2) /d"6+1/4% (dxaxd™2+5xbxc 2) xx~ 3% (d*x-c) " (1/2) % (d¥x+ |
|©)7(1/2)/c™2/d"4+3/4%c 2% (4%axd~2+5¥bxc"2) *xarctanh ((d*x-c) ~(1/2) / (d*x+c) " (

}1/2))/d*7
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Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 137, normalized size of antiderivative = 0.81

d —
3/2(c + dzx)3/? 8d"v/—c + dzvc+ dz

4(a + bz2) 4ad3:c(—3c2 + d?z%) + bdz(—15c¢* + 5c2d%z? + 2d*z*) + 6% (5bc? + 4ad?)
/ (—c+ dx

~—

input {Integrate[(x%*(a + b*x72))/((-c + d*x)~(3/2)*(c + d*x)~(3/2)),x]

‘ (4*a*xd~3*x*(-3*%c™2 + d72*%x"2) + b*d*x*(-156%c™4 + B5*c™2*d"2*x"2 + 2*d"4*x"4 \
‘) + 6%c” 2% (5*%bkc”2 + 4*axd~2)*Sqrt[-c + d*x]*Sqrt[c + d*x]*ArcTanh[Sqrtlc ‘
+ d*x]/Sqrt[-c + d*x]])/(8+d"7*Sqrt[-c + d*x]*Sqrtlc + d*x])

output

J

Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 141, normalized size of antiderivative = 0.83,

—7, number of rules _ 996, Rules
integrand size

number of steps used = 8, number of rules used =
used = {960, 109, 27, 101, 27, 45, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
b
/ ( + bx ) dx
(dz — ¢)3/2(c + dz)3/2
l 960
1 ( o+ 5bc? > zt bx®
4 (dz — ¢)3/2(c+ d:z:)?’/2 4d2\/da; —cVe+dx
l 109
3
1<4a+5bC) - x3 N ba®
4 d? cd? @2 Vdx —cv/e+dx 4d?\/dx — c\/c + dx
l 27
2
<4a ; 51’02) 3 FEmevem z? ; ba?
4 d? d? d?v/dx — c\/c+ dx 4d2\/dx — c\/c + dz
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l 101

2
3<f T m | eis—e wm)
) 2d

2d?
3

14_i_5bc2
2\ g

d? B d?\/dz — c\/c+ dz

bx®

4d%\/dz — cv/c + dz

| 27

2 1
3(¢ v e i 4 aV/dz—cy/ctds
2> 242 242

3
x
d? B d?\/dx — cv/c+ dx

bx®
4d?+/dx — c\/c+ dx

l45

c? J ——d d
3( T VO No=Narz
2)

} da+ 5bc
4 d2

d2
w3

1 da+ 5bc
4 d?

d? B d?\/dz — c\/c+ dz

bz
4d2+\/dz — ev/e + dz
l 991

d3
I3

carctanh(Y&=<) o o
3 + 2d2
> d2 T 2dz — et dx

bx®

4d2+/dx — cv/c+ dx

input Llnt[(X“l*(a + b*x72))/((-c + d*x)~(3/2)*(c + d*x)~(3/2)),x]
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output‘ (b*x~5) / (4xd"2*Sqrt [-c + d*x]*Sqrtlc + d*x]) + ((4xa + (5xbxc”2)/d"2)*(-(x \
"‘3/(d"2*Sqrt [-c + d*x]*Sqrtlc + d*x])) + (3*((x*Sqrt[-c + d*x]*Sqrtlc + d* ‘

'x1)/(2%d™2) + (c™2*ArcTanh[Sqrt[-c + d*x]/Sqrtlc + d*x]11)/d"3))/d"2))/4 |

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/(Sqrt[(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)]), x_Symbol] :> Simp[
2  Subst[Int[1/(b - d*x~2), x], x, Sqrt[a + b*x]/Sqrtlc + d*x]], x] /; Fre
eQ[{a, b, c, d}, x] & EqQ[b*c + axd, 0] && !GtQ[c, O]

rule 45

Int[((a_.) + (b_.)*(x_))"2%((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))"(
P_), x_1 :> Simp[b*(a + b*xx)*(c + d*x)"(n + 1)*((e + £xx)~(p + 1)/(d*f*(n +
p+3))), x] + Simp[1/(d*f*(n + p + 3)) Int[(c + d*x) n*(e + f£*x) “p*Simp
[a”2*d*f*(n + p + 3) - bk(b*cxe + ax(d*e*x(n + 1) + cxf*x(p + 1))) + bk(akxd*f
*(n + p + 4) - bx(d*ex(n + 2) + cxfx(p + 2)))*x, x], x], x] /; FreeQ[{a, b,
c, d, e, £, n, p}, x] && NeQ[n + p + 3, 0]

rule 101

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*x((e_.) + (£_.)*(x_)
)=(p_), x_]1 :> Simp[(b*c - a*d)*(a + b*x)"(m + 1) *(c + d*x)"(n - D*((e + £
*x)"(p + 1)/ (b*(b*e - axf)*(m + 1))), x] + Simp[1/(b*x(bxe - a*f)*(m + 1))
Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 2)*(e + f+*x) p*Simp[a*d*(d*ex(n - 1)
+ cxfx(p + 1)) + bkcx(d*ex(m - n + 2) - c*fx(m + p + 2)) + dx(a*xd*f*(n + p)
+ bx(d*ex(m + 1) - c*f*x(m + n + p + 1)))*x, x], x], x] /; FreeQ[{a, b, c,
d, e, £, p}, x] && LtQ[m, -1] &% GtQ[n, 1] && (IntegersQ[2*m, 2*n, 2xp] ||
IntegersQ[m, n + p] || IntegersQ[p, m + n])

N\ J

rule 109

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 221
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rule 960 Int[((e_.)*(x_))"(m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[d*(exx)~(
m + 1)*(al + bl*x"(n/2)) " (p + 1)*((a2 + b2*x~(n/2))"(p + 1)/(bl*b2*e*(m + n
*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/
(b1#b2*(m + n*(p + 1) + 1)) Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x" (n
/2))°p, x1, x] /; FreeQ[{al, bl, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2*bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 275, normalized size of antiderivative = 1.63

method

result

risch

default

2 d2g ) 2 d2z 2,72 2, 2
62 12a d ln(m+ d<x4—c ) 15bc 1n<\/d—2+ d4“x c: )_4(ad +be ) d2(z

2(2b a2 +da d2+7b 2) (—do-+c)V/daTe v (=
8d6+/dx—c 8d6+/dr—c+/

(—2 csgn(d)bd®z®v/d2z2—c2—4 csgn(d)a dSz3+v/d2x2—c2—5 csgn(d)b02d3x3\/d2x2—c2—12ln<(\/d2ac2—c2 csgn(d)+dac) csgl

input

Lint (x~4* (b*x~2+a) / (d*x-c) ~ (3/2) / (d*x+c) ~(3/2) ,x ,method=_RETURNVERBOSE) J

output

-1/8*x* (2¥b*d~2*x"2+4*a*xd"2+7*bxc”~2) * (-d*x+c) * (d*x+c) ~(1/2) /d~6/ (d*x-c) ~ (1
/2)+1/8%c~2/d"6* (12*a*d~2*1n(d"2*x/(d"2) " (1/2)+(d"2*x"2-c"2)~(1/2))/(@"2)"
(1/2)+15%b*xc™2%1n(d"2*x/(d"2) ~(1/2)+(d"2*x"2-¢c"2)~(1/2))/(d"2) ~(1/2) -4* (ax*
d~2+b*c"2) /d"2/ (x-c/d) *(d"2* (x—c/d) "2+2*c*d* (x-c/d) ) ~(1/2) -4* (a*d~2+b*c~2)
/d"2/ (x+c/d) *(d~2x (x+c/d) "2-2*c*d* (x+c/d) )~ (1/2) ) * ((d*x-c) *(d*x+c))~(1/2)/
(d*x-c)~(1/2)/(d*x+c)~(1/2)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.12

4(a + ba?) _ 8bc® +8ac'd® — 8 (bc*d® + ac’d*)a® 4 (2bd°z + (5bc’d® + 4 ad®)x® —

/ (—c +x

dz)3/?(c + dx)3/? T

input L

integrate (x~4* (b*x~2+a) / (d*x-c)~(3/2)/(d*x+c)~(3/2) ,x, algorithm="fricas") J




CHAPTER 3. LISTING OF INTEGRALS 263

Output‘ 1/8%(8*b*c™6 + 8*akc~4*d"2 - 8*(b*c~4*d™2 + a*c”2*%d"4)*x"2 + (2*b*d~5*x"5
\+ (5%b*c™2xd"3 + 4xaxd"B5)*x"3 - 3x(5xbxc”4*d + 4¥akxc”2xd"3)*x)*sqrt(d*x +
\c)*sqrt(d*x - c) + 3%(5%bxc”6 + 4*axc"4xd”"2 - (B*bxc”4xd"2 + 4xaxc”2xd”4)*
‘x‘2)*log(—d*x + sqrt(d*x + c)*sqrt(d*x - c)))/(d"9*x"2 - c~2*d"7)

Sympy [F(-1)]

Timed out.
zt(a + bz?) .
/ (—c+ dz)3/2(c + dzx)3/? dz = Timed out
input {im’egrate (xxords (Drxak2+a) / (d¥x-c)wk (3/2) / (drx+c) *4(3/2) %)
outputtTimed out

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 196, normalized size of antiderivative = 1.16

/ z*(a + bx?) dp — bz’ N 5bc2x3
(—c+dz)32(c+dz)32 " 4/d222 — 2d2 8/ dPxz% — 2d*
az® 15bctz 3ac’z

B2 — d> 8Pz —Rd® 2Pz — 2d
N 15bc* log (2 d%z + 2 vV d2x? — c2d) N 3ac’log (2d%z + 2V d?z? — c2d)
8d" 2d°

input integrate (x~4* (b*x~2+a)/ (d*x-c)~(3/2)/(d*x+c)~(3/2) ,x, algorithm="maxima")

1/4%b*x~5/(sqrt (d"2*%x"2 - c~2)*d"2) + 5/8*bxc”2*x"3/(sqrt(d~2*x"2 - c~2)*d
~4) + 1/2*%axx"3/(sqrt(d™2*x"2 - c~2)*d”~2) - 15/8*b*c~4#*x/(sqrt(d™2*x"2 - ¢
~2)*d"6) - 3/2*a*xc”2*x/(sqrt(d”2#x"2 - c~2)*d"4) + 15/8*b*c"4*log(2*d"2*x

+ 2%sqrt(d™2*x"2 - c72)*d)/d”7 + 3/2%axc”2xlog(2*d"2*x + 2*sqrt(d"2*x"2 -

c"2)*d)/d"5

output

| —




input

CHAPTER 3. LISTING OF INTEGRALS 264

Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 214, normalized size of antiderivative = 1.27

(((dx + c)< (dz + c) ((dx+c)b 5dz;c> 42 bc2dzi;}—4ad37) _ 35 bc3d322;12 acd’”

/ *(a + bz?) dp—
(— c+dac 312(c + dx)3/? 8+vdz —c
3(5bc* +4acd?)log ((\/dx +c— Vdzx — c)2> 2 (b6 + add?)
8d’ <(\/dx+c—\/dx—c)2+20>d7
Lintegrate(x‘4*(b*x“2+a)/(d*x—c)“(3/2)/(d*x+c)“(3/2),x, algorithm="giac") J

output 1/8%(((d*x + c)*(2x(d*x + c)*((d*x + c)*b/d~7 - 5*b*xc/d"7) + (25%b*c~2*d"3
5 + 4*%a*d~37)/d~42) - (35*%bxc”3*%d"35 + 12*xa*xc*d~37)/d"42)*(d*x + c) + 2x(7
*b*c”~4*d"35 + 2¥a*xc”2xd"37)/d"42)*sqrt(d*x + c)/sqrt(d*x - c) - 3/8%(5xb*c
~4 + 4xaxc”2+%d"2)*log((sqrt(d*x + c) - sqrt(d*x - c))~2)/d"7 - 2*(bxc™5 +
a*c~3*xd"2)/(((sqrt(d*x + c) - sqrt(d*x - c))~2 + 2xc)*d"7)
Mupad [F(-1)]
Timed out.

/ (a + bz?) dx—/ (bz* +a) .
(—c+da)2(c+de)*? ™ | (c+dx)*? (dz —0)*?
input Lint((x‘4*(a + b*x"2))/((c + d*x)~(3/2)*(d*x - c)~(3/2)),x) J

output

Lint((x‘4*(a + b*x72))/((c + d*x)~(3/2)*(d*x - ¢)~(3/2)), x) J
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 331, normalized size of antiderivative = 1.96

/ 24(a + bz?) 2%Mz—cbﬁ}@%%§ﬁ>a@f+2%dx—cbd¥@%%%ﬁ>a§¢
dxr =

(—c+ dz)3/2(c + dz)3/?

inputLint(x‘4*(b*x‘2+a)/(d*x—c)“(3/2)/(d*x+c)*(3/2),X) J

(24*sqrt( - ¢ + d*x)*log((sqrt( - c + d*x) + sqrt(c + d*x))/(sqrt(c)*sqrt(
2) ) ) *akxc**3*kd**2 + 24*sqrt( - c + d*x)*log((sqrt( - c + d*x) + sqrt(c + dx*
x))/ (sqrt(c) *sqrt (2)) ) *a*xc**2xd**3*x + 30*sqrt( - c + d*x)*log((sqrt( - c

+ d*x) + sqrt(c + dxx))/(sqrt(c)*sqrt(2)))*bxcx*5 + 30xsqrt( - c + d*x)*lo
g((sqrt( - c + d*x) + sqrt(c + d*x))/(sqrt(c)*sqrt(2)))*b*cx*4*d*x - 9*sqr
t( - c + d¥x)*akck*k3*d**2 - 9xsqrt( - c + d*x)*axck*2*kd**3*x - 10*sqrt( -

c + d*x)*bxcx*5 - 10*xsqrt( - c + d*x)*bkck*4d*xd*x - 12%sqrt(c + d*x)*axcx*2
xd**3*%x + 4xsqrt(c + d*x)*axd**x5*x**3 — 1b6*sqrt(c + d*x)*b*ck*4xd*x + b*sq
rt(c + d¥x)*bkck*2kd**3*kx**3 + 2%sqrt(c + dkx)*xbkd**5*xx**5)/(8*sqrt( - c +
d*x) *d**7*x(c + d*x))

output




output ‘

input
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(—c+dz)3/2(c+dx)3/2
Optimal result . . . . . . . . .. . .. 266]
Mathematica [A] (verified) . . . . . . . . . ... L
Rubi [A] (verified) . . . . . . . . . . 267l
Maple [A] (verified) . . . . . . . . . . 269
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 2691
Sympy [C] (verification not implemented) . . ... ... ... .. ... ..... 270
Maxima [A] (verification not implemented) . . . . . . . ... ... ... . ... 2701
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 271]
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 2711
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 2721

Optimal result

Integrand size = 31, antiderivative size = 123

/ z3(a + bz?) dp — — (5+ %)z
(—c+dz)32(c+dz)32" /=c+dzVc+dz

N 2(4bc? + 3ad?) v/ —c+ dzv/c + dx N (4bc® + 3ad?) z2v/—c + dz/c + dx

3d5

3c2d4

-(a/c~2+b/d"2)*x~4/ (d*x-c) ~(1/2) / (d*x+c) ~(1/2) +2/3% (3*xa*xd~2+4*xb*c~2) * (d*x—

‘c)“(1/2)*(d*x+c)”(1/2)/d“6+1/3*(3*a*d“2+4*b*c“2)*x”2*(d*x-c)“(1/2)*(d*x+c)

\“(1/2)/c*2/d*4

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.59

/ z3(a + bz?) g — —8bc* — 6ac?d? + 4bctd?z? + 3ad*z? + bd*z*
( 3dS/—c + dzv/c+ dz

—c+ dz)3?(c + dz)3/?

-

LIntegrate[(x‘S*(a + b*x~2))/((-c + d*x)~(3/2)*(c + d*x)~(3/2)),x]

-/




outpu

input L

output
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t‘ (-8%b*c~4 - 6xaxc”~2%d~2 + 4xbkxc 2xd"2%x"2 + 3*axd"4%x~2 + bxd~4%x~4)/(3%d” \

LG*Sqrt [-c + d*x]*Sqrtlc + dx*x]) J

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.84,

number of rules _ 0.129, Rules

number of steps used = 4, number of rules used = 4, 5 ro 1

used = {960, 109, 27, 83}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ x3 (a + bx2) P
(dx — ¢)3/2(c + dx)3/2 v

l 960

1 4bc? z3 bt

=(3a+ dx +

3 d? (dz — ¢)3/2(c + dx)3/2 3d2v/dx — cv/c + dx
l 109

2cx
1(3a+4”c2> (J‘mdm 2 )

4

bx

X
- +
3 d? cd? d2\/dz — c\/c+ dz 3d2v/dx — cv/c+ dx

l27

1 <3a N 4”02) 2] Jatremds z? i ba!
d? d? d2\/dx — c\/e + dz 3d2\/dx — cv/e + dx

3
l 83
1(2\/d:r—cx/c+da: B x2 ) (3a+ 4bcz> + bxt
3 d4 d2\/dzx — cv/e + dz d? 3d2v/dz — c\/c + dz

e

Int[(x"3*(a + b*x"2))/((-c + d*x)~(3/2)*(c + d*x)~(3/2)),x]

~—

‘ (bxx~4)/(3*d"2*Sqrt [-c + d*x]*Sqrtlc + d*x]) + ((3*a + (4xbxc~2)/d~2)*(-(x ‘
\‘2/(dA2*Sqrt [-c + d*x]#*Sqrt[c + d*x])) + (2%Sqrt[-c + d*x]*Sqrtlc + d*x])/ \
d~4))/3

N\ J
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 83 ImELCG@_) + (b_)*(x))*((c ) + (d_)*(x))~(a_)*((e_.) + (£_.)*(x))"(p
_), x] o> Simplbx(c + dxx)~(m + D*((e + £x0) (p + 1)/(dxfx(n + p + 2)),
x] /; FreeQl{a, b, ¢, d, e, f, n, p}, x] & NeQ[n + p + 2, 0] && EqQ[a*d*f
*(n + p + 2) - bx(dxex(n + 1) + cxf*x(p + 1)), 0]

rule 109 Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(m_)*x((e_.) + (£_.)*(x_)
) (p_), x_] :> Simp[(b*c - axd)*(a + bxx)"(m + 1)*(c + d*x)"(n - 1)*((e + £
*x)~(p + 1)/ (b*x(b*e - axf)*(m + 1))), x] + Simp[1/(bx(bxe - a*f)*(m + 1))
Int[(a + b*x)"(m + 1) *(c + d*x)"(n - 2)*(e + f+*x) p*Simp[a*d*(d*ex(n - 1)
+ cxfx(p + 1)) + b*cx(d*ex(m - n + 2) - c*fx(m + p + 2)) + dx(a*xd*f*x(n + p)
+ bk(d*ex(m + 1) - c*f*(m + n + p + 1)))*x, x], x], x] /; FreeQ[{a, b, c,
d, e, £, p}, x] && LtQ[m, -1] && GtQ[n, 1] && (IntegersQ[2*m, 2*n, 2xp] ||
IntegersQ[m, n + p] || IntegersQ[p, m + n])

rule 960 TRELC(e_ ) *(x_))"(m_)*((a1) + (b1_.)*(x_)"(mon2_.))"(p_.)*((a2_) + (b2_.)
*(x_)"(non2_.)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol]l :> Simpl[d*(e*x)~(

m + 1)*x(al + blxx~(n/2)) " (p + V*((a2 + b2*x~(n/2)) "~ (p + 1)/(bl*b2*e*(m + n
*(p + 1) + 1))), x] - Simp[(al*a2+d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/
(b1#b2%(m + nx(p + 1) + 1)) Int[(e*x) " m*x(al + bl*x~(n/2)) p*(a2 + b2*x"(n
/2))°p, %1, x] /; FreeQ[{al, bl, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2#bl + al*b2, 0] && NeQ[m + n*x(p + 1) + 1, 0]
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.55

method | result size
__ —bx*d*—3ad*z?—4bc?d?x?+6a c?>d>+8bc?
gosper 3d6+v/dx—c+/dz+c 68
CbAdi— 30 die2 —db 2422 2 42 4
default _ —bx*d*-3ad*z*—4bc*d*z*{6ac*d“+8bc 68

3d6+/dr—c+/dz+c
(—dz+c) (—bz*d*—3a diz?—4b 2d%x? +6a c2d?+8bc?)

orering = 74
3vdz+cdb(dz—c)2
isch _ (bx2d?+3a d2+5b c?) (—dz+c)vdz+c _ c2(ad?+bc?)/(dz—c)(dz+c) 115
T1sC 3d6+/dz—c d8/—(dz+c)(—dz+c) Vdz—c+/dz+c
input Lint (x~3*(b*x~2+a) / (d*x-c) ~(3/2) / (d*x+c) ~(3/2) ,x,method=_RETURNVERBOSE) J
output \ -1/3/d76/ (d*x-c)~(1/2) / (d*x+c) " (1/2) * (-b*d~4*x~4-3*a*d~4*x~2-4*bkc2%d~2%x \

| “2+6xaxc2xd"2+8xbxc"4)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.65

/ z3(a + bz?) i — (bd*z* — 8bc* — 6 ac’d? + (4bc2d? + 3 ad*)x?)v/dx + cv/dx — c
(—c+dz)3/2(c+dx)3/2 ™ 3 (d8x? — c2df)
input Lintegrate (x~3% (b*x"2+a) / (d*x-c) ~(3/2) / (d*x+c) ~(3/2) ,x, algorithm="fricas") J

‘1/3*(b*d‘4*x‘4 - 8%bxc”4 - 6¥axc”2*d"2 + (4xbxc”2*d"2 + 3*a*xd”4)*x"2)*sqrt \

output
(@*x + c)*sqrt(dx - ¢)/(d78+x"2 - c"2+d"6) |
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 39.16 (sec) , antiderivative size = 226, normalized size of antiderivative = 1.84

3 1 1 3 5
G2 T —1,0,3,1 2 icG28 =2, =5
ba?) 661 _3 1 141 Pa? 6,6 _5 _
a+ €T 4) 29 47" 49 £
—c x3/20 x3/2dx a4 St B
2m2d
7 5 1 5 9 7
C3G6 ,2 49 4 27 17 29 1 c2 ’LC3G2’6 3) 29 4) 27 49 1
66\ _7 3 _5 1 _1 d*z? 6,6 _9 7 _3 5 _3
b 49 27 4) ) 27 49 4 ’ 27 27
+
273 d6 2m2ds

~—

input[integrate(x**3*(b*x**2+a)/(d*x—c)**(3/2)/(d*x+c)**(3/2),x)

a*(cxmeijerg(((-3/4, -1/4), (-1, 0, 1/2, 1)), ((-3/4, -1/2, -1/4, 0, 1/2,
0), ), c**2/(d**2*xx**2))/(2*pi**(3/2)*d**4) - Ixc*meijerg(((-2, -3/2, -5
/4, -1, -3/4, 1, ), ((-5/4, -3/4), (-2, -3/2, -1/2, 0)), c**2*exp_polar
(2%I*pi) / (d**2*kx**2) ) / (2*pi** (3/2) *d**4)) + bx(c**3*meijerg(((-7/4, -5/4),

(-2, -1, -1/2, 1)), ((-7/4, -3/2, -5/4, -1, -1/2, 0), ()), cx*2/(d**2*x**
2))/ (2xpix*(3/2) *d**6) - Ixc**3*meijerg(((-3, -5/2, -9/4, -2, -7/4, 1), O
), ((-9/4, -7/4), (-3, -5/2, -3/2, 0)), c**2xexp_polar (2*Ixpi)/(d**2*x**2)
)/ (2xpix* (3/2) *d**6))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.00

/ z3(a + bx?) i — brt N 4 bc*z?
(—c+dx)?2(c+dz)3? " 322 — Ed2  3/dPz% — 2d*
az? 8bct 2 ac?

_|_ —_ —_
Vd2z? — 2d?  3vVd%2x? — 2d¢ \/d2x? — c2d4
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input \ integrate (x~3*(b*x~2+a)/ (d*x-c)~(3/2)/ (d*x+c) ~(3/2) ,x, algorithm="maxima") \

‘1/3*b*x“4/(sqrt(d‘2*x‘2 - ¢c72)*d"2) + 4/3%bxc”2*xx"2/(sqrt(d"2*x"2 - c~2)*d
“4) + axx”2/(sqrt(d™2*x"2 - c72)*d~2) - 8/3*b*c”4/(sqrt(d~2*x"2 - c~2)*d"6

output
L) - 2%a*c™2/(sqrt(d™2%x"2 - c~2)*d"4) J

Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.63

C' 4 a °
a + bz?) ; (2 (dz +¢) <(dz +c) <—(dw,;gc)b - 4d—1<’sc> + 10bc2d(2;6|—3ad26> _ 30 3d23j5 4%) /
/} c+dtW%&+MWﬂ = 6+vdx —c

2 (b2c® + 2 abc®d? + a2ctd?)
(bc“(\/dx +c—+dx — 0)2 + ac®d?(Vdz + ¢ — Vdz — 0)2 + 2bc5 + 2ac3d2>d6

~—

input Lintegrate (x~3%(b*x~2+a) / (d*x-c) ~(3/2) / (d*x+c) ~(3/2) ,x, algorithm="giac")

1/6% (2% (d*x + c)*((d*x + c)*((d*x + c)*b/d"6 - 4*b*c/d"6) + (10*b*xc~2xd~24
+ 3*axd~26)/d"30) - 3*(9*b*c”3*%d"24 + 5xaxcxd~26)/d"30)*sqrt(d*x + c)/sqr
t(d*x - c) + 2%(b"2%c”8 + 2*axbkc”6*d"2 + a~2xc~4*d~4)/((bxc 4x(sqrt(d*x +
c) - sqrt(d*x - c))”2 + a*xc™2*d"2*(sqrt(d*x + c) - sqrt(d*x - c))~2 + 2%b
*C™5 + 2%axc”3*d"2)*d"6)

output

Mupad [B] (verification not implemented)

Time = 6.08 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.73

z? (4bc? d*4+3ad* A46ac? d? z4
/ z*(a + bz?) e _de_c( ( 3" )5 ¥ d"‘?ﬁ)
3/2 3/2 cvVcC x
(— c+dac 12(c + dx)3/ svetdz — \/;T
inputtint((xﬁs*(a + b*x~2))/((c + d*x)~(3/2)*(d*x - ¢)~(3/2)),%) J
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t‘ ((d*x - )~ (1/2)*((x72%(3%a*d"4 + 4*b*xc™2%d"2))/(3*%d"7) - (8*b*c™4 + 6*axc \
"2%d72)/(3%d"7) + (b*x"4)/(3%d"3)))/(xx(c + d*x)~(1/2) - (cx(c + d*x)~(1/2 |
)/d) |

outpu

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.59

/ z3(a + ba?) e — Vdz + ¢ (bd*z* + 3a d*z? + 4b Ad?z? — 6a Ad® — 8bc?)
(—c+ dzx)3/%(c + dx)3/? 3vdz — cdf (dz + ¢)
input Lint (x73* (b*x~2+a) / (d*x-c) ~(3/2) / (d*x+c) " (3/2) ,x) J

output‘(sqrt(c + dxx)*( - BGkakxck*2xd**2 + 3kakdkkdxx**2 — 8Skbkck*4 + Ldkbkck*x2kxd**
| 2xxkA2 + brdkkddxard))/(3xsqre( - ¢ + dax)*dx6x(c + d¥x)) |
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(—c+dz)3/2(c+dx)3/2
Optimal result . . . . . . . . .. . .. 2773
Mathematica [A] (verified) . . . . . . . .. .. . L 273
Rubi [A] (verified) . . . . . . . . . . 274
Maple [B] (verified) . . . . . . . . . .. 276
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 27Tl
Sympy [F(-1)] . . . o o 27T
Maxima [A] (verification not implemented) . . . . . . . ... ... ... . ... 278l
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 278
Mupad [F(-1)] . . . 279
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 2791

Optimal result

Integrand size = 31, antiderivative size = 120

I NP (1% E,
(—c+dz)32(c+dz)32 " /=c+dzVc+dz
v —ctdx
(3bc? + 2ad?) x/—c + dzv/c + dzx (3b¢* + 2ad?) arctanh( Verds )
- 2c2ds * &

e

output

\d*x+c)*(1/2))/d*5

A\

-(a/c”2+b/d"2) *x~3/(d*x-c) ~(1/2) / (d*x+c) ~(1/2) +1/2* (2*a*xd~2+3*b*c~2) *x* (d*
‘x—c)*(1/2)*(d*x+c)‘(1/2)/c*2/d‘4+(2*a*d‘2+3*b*c‘2)*arctanh((d*x-c)‘(1/2)/(

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.90

A

/ 2%(a + bz?) —3bcdx — 2ad3x + bd3x® + 2(3bc? + 2ad?) v/ —c + dz/c + dzarctanh(
dz

(—c+dz)3/2(c+dx)3/2 ™ 2d°/—c + dz+/c + dx

input‘ Integrate[(x~2%(a + b*x~2))/((-c + d*x)~(3/2)*(c + d*x)~(3/2)),x]
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‘ (=3*bxc™2*kd*x - 2%a*d~3*x + bxd"3%x"3 + 2% (3xb*c”2 + 2¥a*d"2)*Sqrt[-c + dx \
‘x] *Sqrt[c + dxx]*ArcTanh[Sqrt[c + d*x]/Sqrt[-c + d*x]])/(2*d"5*Sqrt[-c + d ‘
‘ *x]*Sqrt [c + d*x]) ‘

output

Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.11,

number of rules _ 0.194, Rules

number of steps used = 7, number of rules used = 6, = -
integrand size

used = {960, 100, 27, 87, 45, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z?(a + bx?) p
(dz — ¢)3/%(c + dz)3/2 v

l 960

1 3bc? x2 ba®

—| 2a + dx +

2 d? (dz — ¢)3/2(c + dx)3/2 2d%/dz — cv/c + dz
l 100

1 3bc2\ [/ W o 5724z c b3
1 <2a + ) z—c(c+dz) . +
2 d? cd? d3v/dx — c\/c + dx 2d2v/dx — c\/c+ dzx

l 27
1 <2a + 3b02) / \/ﬂ(gdaﬂ)?’/ 240 _ ¢ + ba?
2 d? d d3v/dz — c\/e + dz 2d2+/dzx — c\/c + dz
| =™ Jar—c

l 87
1<2a + 3b02) d _ dVetda _ ¢ + ba’
2 d? d d3v/dz — c\/e + dz 2d2+/dx — c\/c + dzx

| 45




input L

outpu

rule 27

rule 45

rule 87

e
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1 <2a + 3bc2) = ~ &Jetdz ¢
d? d d3v/dx — c\/c + dx
b3
2d2+/dx — cv/c+ dx
l 221
2arctanh( %) T
1 <2a + 3b02> d R _ ¢ + ba”
2 d?2 d d3v/dx — c\/c + dx 2d2/dx — cv/c + dx

Int[(x"2%(a + b*x"2))/((-c + d*x)~(3/2)*(c + d*x)~(3/2)),x]

~—

¢ (b%x°3)/(2¢d"2%Sqrt [-c + d*x]*Sqrtlc + d+x]) + ((2*a + (3¥bxc™2)/d"D*(-(c
‘/(d‘S*Sqrt [-c + d*x]*Sqrt[c + d*x])) + (-(Sqrt[-c + d*x]/(d"2xSqrtlc + d*x ‘

1)) + (2*ArcTanh[Sqrt[-c + d*x]/Sqrtlc + d*x]11)/d°2)/d))/2

N\ J

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)]), x_Symbol] :> Simp[
2  Subst[Int[1/(b - d*x~2), x], x, Sqrt[a + b*x]/Sqrtlc + d*x]], x] /; Fre
eQ[{a, b, c, d}, x] & EqQ[b*c + axd, 0] && !'GtQ[c, 0]

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(m_.)*((e_.) + (£_)*(x_))"(p
_.), x_] :> Simp[(-(bxe - axf))*(c + d*x)"(n + 1)*((e + £xx)"(p + 1)/ (£x(p
+ 1)*(cxf - d*e))), x] - Simp[(a*xd*f*(n + p + 2) - b*(d*ex(n + 1) + cxfx(p
+ 1)))/(£x(p + 1)*(cxf - d*e)) Int[(c + d*x)"n*(e + £*x)"(p + 1), x], x]
/; FreeQ[{a, b, c, d, e, £, n}, x] && LtQ[p, -1] && ( !LtQ[n, -1] || Intege

rQp] |l !(IntegerQ[n] || !'(EqQle, 0] || !(EqQlc, 01 || LtQlp, nl))))




rule 100

rule 221

rule 960

input
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p_), x_]

Int[((a_.) + (b_.)*(x_))"2%((c_.) + (d_.)*(x_))"(n_)*x((e_.) + (£_.)*(x_))"(
:> Simp[(bxc - a*d)"2*(c + d*x)"(n + 1)*((e + £*xx)~(p + 1)/(d"2*(d
xe — cxf)*(n + 1))), x] - Simp[1/(d"2*(d*e - c*f)*(n + 1)) Int[(c + d*x)~
(n + 1)*(e + f*x) p*Simp[a~2*%d"2*%f*x(n + p + 2) + b"2xc*x(d*ex(n + 1) + c*xfx*(
p + 1)) - 2xaxbkxdx(d*ex(n + 1) + c*fx(p + 1)) - b™2xd*(d*e - cxf)*x(n + 1)*x
, x1, x1, x] /; FreeQ[{a, b, ¢, 4, e, f, n, p}, x] && (LtQ[n, -11 || (EqQ[n
+ p+ 3, 0] & NeQ[n, -1] && (SumSimplerQ[n, 1] || !SumSimplerQ[p, 11)))

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[((e_.)*(x_)) " (m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simp[d*(e*x)~(
m + 1)*(al + bl*x"(n/2)) " (p + D *((a2 + b2*x~(n/2))"(p + 1)/(bl*b2*e*(m + n
*(p + 1) + 1)), x] - Simp[(al*a2*d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/
(b1#b2*(m + n*(p + 1) + 1)) Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x~(n
/2))°p, x], x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2#bl + al*b2, 0] && NeQ[m + nx(p + 1) + 1, 0]

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 250 vs. 2(106) = 212.

Time = 0.12 (sec) , antiderivative size = 251, normalized size of antiderivative = 2.09

method | result
2 2
(o a24be2)\[a? (s—§) +2ca(s- §) L a1 jd%wid%z_cz) L 2 1n(3—d%+ﬁ212-c2) (et
2(g_C 2 2
risch _bm(—dm+c)\/da:+c+ 4 (z d) va va
2d4+\/dz—c 2d4+\/dx—c+/dx+c
(— csgn(d)bd3z3v/d222—c2—2 ln<<\/d2x2—c2 csgn(d)+da:) csgn(d))ad4x2—3 ln<<\/d2x2—c2 csgn(d)+dx) csgn(d))bc2d2x:
default | —

Lint (x~2* (bxx~2+a) / (d*x-c) ~(3/2) / (d*x+c) ~(3/2) ,x ,method=_RETURNVERBOSE) J
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-1/2¥bxx* (-d¥x+c) * (d*x+c) ~(1/2) /d~4/ (d*x-c) ~(1/2) +1/2/d"4* (- (a*d~2+b*xc™2) /
d~2/ (x-c/d) *(d~2* (x—-c/d) ~"2+2*cxd* (x-c/d) ) ~ (1/2) +2*a*d~2*1n(d~2*x/(d~2) " (1/
2)+(d"2*x"2-c"2)"(1/2))/(d"2) "~ (1/2) +3*b*c~2*1n(d"2*x/(d"2) " (1/2) +(d"2*x"2-
c"2)7(1/2))/(d72)~(1/2) - (a*d~2+b*c~2) /d"2/ (x+c/d) * (d"2* (x+c/d) "2-2*c*d* (x+
c/d))~(1/2))*((d*x-c) *(d*x+c)) ~(1/2) / (d*x-c) " (1/2) / (d*x+c) ~(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 159, normalized size of antiderivative = 1.32

/ (a + bz?) q 2bc* + 2acd?® — 2 (bAd? + ad*)z? 4 (bdz® — (3bc’d + 2 ad®)z)v/dx + ¢
(— c+dx 32(c + dr)?2 T 2(d

( N
input Lintegrate (x~2* (b*x~2+a) / (d*x-c) " (3/2) / (d*x+c) ~(3/2) ,x, algorithm="fricas") J

‘1/2*(2*b*c“4 + 2%a*xc”2*d"2 - 2% (b*xc”2*%d"2 + a*xd"4)*x"2 + (b*d"3*x"3 - (3*b

output ‘
‘*c"z*d + 2*axd”~3)*x)*sqrt(d*x + c)*sqrt(d*x - c) + (3xb*c™4 + 2%axc™2xd"2 ‘
|- (B%bxc™2xd"2 + 2%axd~4)*x"2)*log(-d*x + sqrt(dsx + c)*sqrt(d*x - ¢)))/(d |
L’"?*x“Q - ¢"2xd"5) J
Sympy [F(-1)]
Timed out.
z?(a + bx?)
dxr = Timed out
/(—c+dx)3/2(c+d:c)3/2 ¢ = mea ot
input Lintegrate (x*#2% (bkx**2+a) / (d*x—c) ** (3/2) / (d*x+c) ** (3/2) ,x) J
output LTimed out J
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.15

/ z2(a + bz?) dp — bz? B 3bc’z B az

(—c+da)¥2(c+dx)¥? ™ 2/da2 —Ad2 2/ dPx? — Edt APz — Ed?
3bc?log (2d%z + 2V d?a? — 2d)  alog (2d%z + 2/ d?x? — c2d)

* & * e

inputLintegrate(x'?*(b*x"2+a)/(d*x—c)"(3/2)/(d*x+c)"(3/2),x, algorithm="maxima") J

e B

1/2xb*x~3/(sqrt (d"2*x"2 - c”2)*d"2) - 3/2*b*xc”2*x/(sqrt(d"2*x"2 - c"2)*d"4
‘) - axx/(sqrt(d~2*x"2 - c”2)*d"2) + 3/2xb*c”2*log(2*d"2*x + 2*sqrt(d~2*x"2
| - c72)%d)/d"5 + a*log(2*d"2#x + 2ksqrt(d"2+x"2 - c"2)*d)/d"3 J

output

Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.22

/ z%(a + bz?) . Vdzx + c((dx +¢) <(dwd%)b _ 3d_b;:> " b02d5’23ad17>

(—c+ dzx)3/2(c + dz)3/? v 2dx —c
(3bc? +2ad?) log ((\/dx +c—Vdx — 0)2) 2 (bc® + acd?)
2d5 ((\/dx+c—\/dx—c)2+26)d5

-

Lintegrate (x~2% (b*x~2+a) / (d*x-c) " (3/2) / (d*x+c) ~(3/2) ,x, algorithm="giac")

-/

input

|1/2*sqrt(dsx + c)x((d*x + c)*((d*x + c)*b/d"5 - 3%bxc/d"5) + (bkc 2%d"15 -
‘ axd~17)/d"20) /sqrt(d*x - c) - 1/2%(3%b*c”2 + 2*a*d~2)*log((sqrt(d*x + c) ‘
‘— sqrt(d*x - ¢))~2)/d"5 - 2x(b*c™3 + axc*d~2)/(((sqrt(d*x + c) - sqrt(d*x ‘
|- ©))72 + 2%c)*d"5) |

output
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Mupad [F(-1)]

Timed out.

(a + bz?) B (bz* + a) .
/ (—c+dz)3/2(c + dx)3/2 do = / (c+ dac)?’/2 (dz — c)3/2 d

inputtint((xAQ*(a + b*x~2))/((c + d*x)~(3/2)*(d*x - ¢)~(3/2)),x%) J
output{int((x?*(a + b*x72))/((c + d*x)~(3/2)*(d*x - ¢)~(3/2)), x) J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 285, normalized size of antiderivative = 2.38

/> (a + bz?) . mvz—cbd?moﬂm“>mf+d&/z—d%<wtgg”ﬂafx
(— c+dxw2c+dww2

[int(x‘2*(b*x“2+a)/(d*x—c)“(3/2)/(d*x+c)“(3/2),x)

-/

input

(16*xsqrt( - c + d*x)*log((sqrt( - c + d*x) + sqrt(c + d*x))/(sqrt(c)*sqrt(
2)))*axc*kd**2 + 16*sqrt( - ¢ + d*x)*log((sqrt( - c + d*x) + sqrt(c + d*x))
/(sqrt(c)*sqrt (2)))*a*d**3xx + 24xsqrt( - c + d*x)*log((sqrt( - c + dxx) +
sqrt(c + dx*x))/(sqrt(c)*sqrt(2)))*b*c**3 + 24*sqrt( - c + d*x)*log((sqrt(
- ¢ + d*x) + sqrt(c + d*x))/(sqrt(c)*sqrt(2)))*b*xc*k*2xd*x - 8*sqrt( - c +
d*x)*axc*kd**2 — 8xsqrt( - c + d¥x)*axd**3*%x - 9*sqrt( - c + d*x)*bkxc**3 -
9xsqrt( - c + d¥x)*bkck*2kd*x — 8*sqrt(c + d+*x)*a*d**3*x - 12*sqrt(c + dx
X) ¥bkcx*k2xd*x + 4xsqrt(c + d*xx)*xbkd**3*xx**3)/(8*sqrt( - c + d*xx)*d**5*x(c +
d*x))

output
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output ‘

inputt

335 [ )

—c+dz)3/2(c+dx)3/?
Optimal result . . . . . . . . . . . . . e 280
Mathematica [A] (verified) . . . . . . . . . ... L 2801
Rubi [A] (verified) . . . . . . . . . . 2Rl
Maple [A] (verified) . . . . . . . . . . 2821
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 2821
Sympy [C] (verification not implemented) . . ... ... ... .. ... ..... 283
Maxima [A] (verification not implemented) . . . . . . . ... ... ... . ... 2841
Giac [B] (verification not implemented) . . . . . . . . ... .. ... ... ... 287
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 2851
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 29, antiderivative size = 76

z(a + bz?) e (4 + %) N (2bc® + ad?) v/—c + dzv/c + dzx
(—C + dw)3/2(c + d$)3/2 N \/—c + dx\/c + dzx c2d4

-(a/c”2+b/d"2) *x~2/ (d*x-c) ~(1/2) / (d*x+c) " (1/2) + (a*xd~2+2%b*xc~2) * (d*x-c) ~(1/
2) % (d*x+c)~(1/2)/c~2/d"4 ‘

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.59

/ z(a + bx?) . —2bc? — ad? + bd?x?
(—c+dz)32(c+dz)32 " dh/—c+ dave + dz

Integrate[(x*(a + b*x~2))/((-c + d*x)~(3/2)*(c + d*x)~(3/2)),x] J

e

output t

(-2%b*c™2 - a*d"2 + bxd"2*x"2)/(d"4*Sqrt[-c + d*x]*Sqrt[c + d*x])

L
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.96,

number of rules _ 0.069, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {958, 83}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ( z(a + bx?) e

dx — c)3/2(c + dx)3/2
l 958

: (8 + 4)

a 2b
(C2 d2) Vdzr — cve+ dx Vdz — cv/e+dx
l83
VBT FE(5+E) A5+ h)
d? Vdz — eve+ dx

input\ Int[(xx(a + b*x~2))/((-c + d*x)~(3/2)*(c + d*x)~(3/2)),x]

output ‘

rule 8

-(((a/c”2 + b/d"2)*x~2)/(Sqrt[-c + d*x]*Sqrtlc + d*x])) + ((a/c”2 + (2*b)/
d~2)*Sqrt[-c + d*x]*Sqrtlc + d*x])/d"2

Defintions of rubi rules used

-

3‘Int[((a_.) + (b_)*(x_))*((c_.) + (A_)*(x_))"(n_)*((e_.) + (£_)*(x))"(p

), x_1 :> Simp[bx(c + d*x)"(n + 1)*((e + £xx)"(p + 1)/(d*fx(n + p + 2))),

‘ x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && NeQ[n + p + 2, 0] && EqQ[a*xd*f

W
L*(n +p+ 2) - bx(dkex(n + 1) + cxf*x(p + 1)), 0] J
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rule 958 Int[(Ce_.)*(x_))"(m_.)*((al_ ) + (bl_.)*(x_)"(non2_.)) " (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(bl*b2x
c - al*a2*d))*(exx)"(m + 1)*(al + bl*x"(n/2))"(p + 1)*((a2 + b2*x~(n/2)) " (p
+ 1)/(al*a2*blxb2*e*n*(p + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*c*(m +
nx(p + 1) + 1))/(al*a2*blxb2*n*(p + 1))  Int[(e*x) m*(al + blxx~(n/2)) " (p
+ 1)*(a2 + b2*xx"(n/2))"(p + 1), x], x] /; FreeQ[{al, b1, a2, b2, c, d, e,
m, n}, x] && EqQ[non2, n/2] && EqQ[a2*bl + alxb2, 0] && LtQlp, -1] && (( 'I
ntegerQ[p + 1/2] && NeQ[p, -5/4]1) || !'RationalQ[m] || (IGtQ[n, 0] && ILtQ[
p + 1/2, 0] && LeQ[-1, m, (-n)*(p + 1)1))

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.55

method | result Size
bx2d?—ad?—2bc?
default TN v 49
—bz?d?+ad?42bc?
gosper T d4/dz—c/dztc 43
orering (zdo+te)(~ba?d®+ad? +2bc?) 48
VdzTedi(dz—c)3
risch _b(=deto)Vdote _ __ (ad’+bc?)\/(du—c)(da+c) 92

d4/dz—c d4\/—(dz+c)(—dz+c) Vdz—c+/dz+c

e

input Lint (x* (b*x~2+a) / (d*x-c) ~(3/2) / (d*x+c) " (3/2) ,x,method=_RETURNVERBOSE)

~—

output| (24X 2-axd"2-2+b%c"2) /a"4/ (d¥x-c) " (1/2)/ (d¥xr)~(1/2) J

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.74

z(a + bz?) i — (bd?z* — 2bc* — ad?)\/dzx + c\/dz — ¢
(—c+ dz)3/2(c + dz)3/? v dbz? — c2d*

inputLintegrate(x*(b*x"2+a)/(d*x-c)"(3/2)/(d*x+c)"(3/2),x, algorithm="fricas") J




output‘

L4)

input

output
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(b*d~2%x72 - 2*b*c™2 - a*d"2)*sqrt(d*x + c)*sqrt(d*x - c)/(d"6*x"2 - c~2xd

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 37.94 (sec) , antiderivative size = 201, normalized size of antiderivative = 2.64

|
J

1 3 3 1 1 1
G5’3 1771’]- 07175 c2 G2’6 _]-7 2 ZaOaZ71
6611373 o |d¥%° 6,6 _11 1. —
x(a+b$2) p 427401419 414 )
r=a| — 3 3
(—C + d$)3/2 (C + d$)3/2 272 cd? 212 cd?
3 1 1 3 5 3
CG6’2 10 4 1, Oa 29 1 o2 ’iCG2’6 27 2y T 4 1a 1) 1 c2e2im
661 3 1 1 0.1 0 d2z? 6,6 5 _3 9 3 1y d?a?
R T IVERSIY 10 4 y T 21T 9
+b o — "
2mzd 2mra2d

e

Lintegrate(x*(b*x**2+a)/(d*x-c)**(3/2)/(d*x+c)**(3/2),x)

~—

a*(-meijerg(((1/4, 3/4, 1), (0, 1, 3/2)), ((1/4, 1/2, 3/4, 1, 3/2), (0,)),
c**2/ (A**2xx**2)) / (2xpi**(3/2) *xcxd**2) - I*meijerg(((-1, -1/2, -1/4, 0, 1
/4, 1, ), ((-1/4, 1/4), (-1, -1/2, 1/2, 0)), c**x2*exp_polar(2xIxpi)/(d*
*2%x*%2) ) / (2*pi** (3/2) *cxd**2)) + b*(c*meijerg(((-3/4, -1/4), (-1, 0, 1/2,

1)), ((-3/4, -1/2, -1/4, 0, 1/2, 0), ), cx*2/(dk*2*kx**2))/(2xpi**(3/2)*
dx*4) - Ixc*meijerg(((-2, -3/2, -5/4, -1, -3/4, 1), ), ((-5/4, -3/4), (-
2, -3/2, -1/2, 0)), c**2*xexp_polar(2*Ixpi)/(d**2xx**2))/(2*pi**(3/2)*d**4)
)
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.91

/ z(a + bz?) dp — bx? B 2bc? B a
(—c+dpP(c+do) 2 " T PR — o PP —dl BT - O
inputtintegrate(x*(b*x"2+a)/(d*x-c)"(3/2)/(d*x+c)"(3/2),x, algorithm="maxima") J

N

B
Ou_tpm‘b*x"2/(sqrt(d"2*x"2 - ¢c72)*d"2) - 2*b*c~2/(sqrt(d"2*x"2 - c"2)*d"4) - a/(s
Lqrt(d“Z*x’“Z - ¢~2)*d"2) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 152 vs. 2(68) = 136.

Time = 0.15 (sec) , antiderivative size = 152, normalized size of antiderivative = 2.00

[ ) V(g )

(—c+ dzx)3/2(c + dx)3/2 v 2+vdz —c
2 (b%c* + 2 abcPd? + a?d?)

+
(bcz(\/dx +c—+dzx — 0)2 + ad?(Vdz + c — Vdz — 0)2 +2bc® + 2acd2)d4

input Lintegrate (x*(bxx~2+a) / (d*x-c) " (3/2) / (d*x+c) ~(3/2) ,x, algorithm="giac") J

p
\1/2*sqrt(d*x + c)*(2x(d*x + c)*b/d"4 - (5*b*c~2+%d"8 + axd~10)/(c*d~12))/sq
\rt(d*x - c) + 2x(b"2%c”4 + 2*axb*c”2+%d"2 + a~2*d~4)/((b*c"2*(sqrt(d*x + c)
‘ - sqrt(d*x - c))~2 + a*d"2*(sqrt(d*x + c) - sqrt(d*x - c))~2 + 2%b*c~3 +

.
output
LQ*a*c*d"2)*d‘4) J
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Mupad [B] (verification not implemented)

Time = 6.11 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.88

/ z(a + bx?) dx_ad2\/dx—c—|—2bc2\/dx—c—bdzxzx/dm—c
(—c+dz)32(c+dz)3/2 ™ d*ve+dz (c—dx)

input Lint((x*(a + b*x~2))/((c + d*x)~(3/2)*(d*x - c)~(3/2)),x) /

‘(a*d“2*(d*x - ¢)7(1/2) + 2xb*xc™2%(d*x - ¢c)~(1/2) - b*d"2*x"2x(d*x - c)~(1/ \

output
12))/(d74%(c + d*x)"(1/2)*(c - d*x))

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.63

/ z(a + bz?) gy — Vdz + c(bd?z? — ad? — 2bc?)
(—c+dz)3/2(c+dx)32 ™ Vdz —cd* (dx + ¢)

input Lint (x* (b*x~2+a) / (d*x-c) ~(3/2) / (d*x+c) " (3/2) ,x) J

Output‘ (sqrt(c + d*x)*( - axd**2 — 2kbkck*2 + bxd**2*x**2))/(sqrt( - c + d*x)*d** ‘
4x(c + d¥x) |




CHAPTER 3. LISTING OF INTEGRALS 286

3.36 [ ae e de

—c+dz)3/2(c+dx)
Optimal result . . . . . . . . . . . . . e 28061
Mathematica [A] (verified) . . . . . . . . . ... 280
Rubi [A] (verified) . . . . . . .. . . 287
Maple [C] (verified) . . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 289
Sympy [C] (verification not implemented) . . . ... ... ... ... ...... 289
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 290
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 290
Mupad [F(-1)] . . ..o e 291]
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 29T

Optimal result

Integrand size = 28, antiderivative size = 63

v —ctdz
a + bx? o (& + d_b2) z N Qbarctanh<ﬁ>
(—c+dz)32(c+dx)¥2 " \/—c+dz\c+dx d3
output ‘/- (a/c™2+b/d"~2) *x/ (d*x-c) ~(1/2) / (d*x+c) ~ (1/2) +2*b*arctanh ( (d*x-c) ~(1/2) / (d* \‘
x+¢)"(1/2))/d"3 |
Mathematica [A] (verified)
Time = 0.10 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.13
2(bc2d+ad3)z Vetdz
a—+ biL‘2 de — T 2y/—ctda/ctdz + 4ba’rCta’nh<\/—:—+dac>
(—c+dz)3/2(c+dx)32 " 2d3
input LIntegrate[(a + b*x"2)/((-c + d*x)~(3/2)*(c + d*x)~(3/2)),x] J
output‘ ((-2%(bxc™2*d + axd~3)#*x)/(c”"2xSqrt[-c + d*x]*Sqrt[c + d*x]) + 4*bxArcTanh \\

([Sartlc + d*x]/Sqrtl-c + d*x]1)/(2+d"3) |




input

output
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Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00,

number of rules _ 0.107, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {645, 45, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + bx? de
(dz — ¢)3/2(c + dz)3/2
l 645

bf \/dm—cls/c+da:dx _ (L‘((% + CTb2)
d? Vdx — cv/e+ dx

l 45

2bf y 1 d\/dz—c

d(dz—c a b
- (c+dm) Vetdz _ x(? + d72)

d? Vdx — cv/e+dx

l 921

2barctanh< v dz_c) x( a | d%)

c+dx 2

d3 Vdzx — cve+ dx

:

-

LInt[(a + b*x"2)/((-c + d*x)~(3/2)*(c + d*x)~(3/2)),x]

-/

‘(-(((a/c‘2 + b/d"2)*x)/(Sqrt[-c + d*x]*Sqrtlc + d*x])) + (2*b*ArcTanh[Sqrt[
-c + dxx]/Sqrtlc + d*x]11)/d"3
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Defintions of rubi rules used

Int[1/(Sqrtl[(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)]), x_Symbol] :> Simp[
2  Subst[Int[1/(b - d*x~2), x], x, Sqrt[a + b*x]/Sqrtlc + d*x]], x] /; Fre
eQ[{a, b, c, d}, x] & EqQ[b*c + a*d, 0] && !'GtQ[c, 0]

rule 45

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

Int[((c_ ) + (@_)*(x))"(m_.)*((e_) + (£_.)*(x_))"(n_.)*((a_.) + (b_.)*(x_)
~2), x_Symbol] :> Simp[(bxc*e - a*xdxf)*xx(c + d*x) " (m + 1)*((e + £*x)"(n +
1)/ (2*%c*d*exfx(m + 1))), x] - Simp[(b*c*e - a*xd*f*(2*m + 3))/(2xckd*e*xf*(m
+ 1)) Intl(c + d*x)"(m + 1)*(e + f*x)"(n + 1), x], x] /; FreeQl{a, b, c,
d, e, £, m, n}, x] & EqQ[m, n] && EqQ[d*e + cxf, 0] && LtQ[m, -1]

rule 645

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.10 (sec) , antiderivative size = 160, normalized size of antiderivative = 2.54

method | result

(ln < <csgn(d) v/—(dz+c)(—dz+c) +da:> csgn(d)) bc2d?x? —csgn(d)d3v/d2x2 —c? ax—csgn(d)dvd2z2 —c2 b2z —In ( (ngn(d) v —(a
Vdz—cvVd2x2—c2 \/dx+cc2d3

default

inputLint((b*x‘2+a)/(d*x-c)‘(3/2)/(d*x+c)‘(3/2),x,method=_RETURNVERBDSE) J

Output((ln((csgn(d)*(—(d*x+c)*(—d*x+c))“(1/2)+d*x)*csgn(d))*b*c‘2*d‘2*x‘2—csgn(d)
| *d"3%(d72%x"2-¢"2) " (1/2) *axx-csgn(d) *dx (d"2%x"2-c~2) " (1/2) ¥bxc"2*x-1n((csg
‘n(d)*(-(d*x+c)*(—d*x+c))‘(1/2)+d*x)*csgn(d))*b*c“4)/(d*x—c)‘(1/2)/(d‘2*x‘2

-c~2)~(1/2)/(d*x+c)~(1/2)*csgn(d) /c~2/d"3

N\ J

\‘
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 129 vs. 2(55) = 110.

Time = 0.12 (sec) , antiderivative size = 129, normalized size of antiderivative = 2.05

a + bz? o — bct + ac?d® — (bd + ad®)v/dz + cv/dx — cx — (b*d? + ad*)z? — (bc?d*:
(—c+ dx)3/2(c + dx)3/? v Adéz? — cAd3

-

Lintegrate ((bxx~2+a) / (d*x-c)~(3/2)/ (d*x+c)~(3/2) ,x, algorithm="fricas")

| —

input

‘ (b*c™4 + a*xc™2*d"2 - (b*c™2*%d + a*d”3)*sqrt(d*x + c)*sqrt(d*x - c)*x - (b* ‘
‘c"2*d‘2 + a*d”4)*x72 - (b*c"2+%d"2*x"2 - b*c"4)*log(-d*x + sqrt(d*x + c)*sq ‘
Tt(d*x - ©)))/(cT2+d"B4x"2 - c"4*d"3)

output

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 120.21 (sec) , antiderivative size = 182, normalized size of antiderivative = 2.89

3 5 13 _1pl13
G5’3 4,4’1 272a2 &2 G26 29074,2a4a1
“0\31,8392 o |¥° 6.0 13 —1.0,1,(
a+bm2 i 47 402 4014 27 Y 4y
Tr=aQ — 3 + 3
(—c+ dz)3/2(c + dx)3/2 o2m2c2d 273 c2d
11 11 3 3 1 1
6.2 Y _§a§71a1 c2 . ~2.6 _§a_1a_Z’_§7_171 c2e2im
Gg 1Gg S
6,6 1911719 d?z? 6,6 3 _1 3 _1.0.0 d’e?
TV 4 4 29 ) Uy
+b ; +
22 d? 2mzd3

input integrate ((b*x**2+a) / (d*x-c) **(3/2) / (d*x+c) **(3/2) ,x)
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ax(-meijerg(((3/4, 5/4, 1), (1/2, 3/2, 2)), ((3/4, 1, 5/4, 3/2, 2), (0,)),
ck*2/ (A**2xx*%x2) ) / (2%pi** (3/2) *c*k*2*d) + I*meijerg(((-1/2, 0, 1/4, 1/2, 3
/4, 1), O), ((1/4, 3/4), (-1/2, 0, 1, 0)), c**2*exp_polar(2*I*pi)/(d**2*x
*%2) )/ (2xpix* (3/2) *c**2*d)) + b*(meijerg(((-1/4, 1/4), (-1/2, 1/2, 1, 1)),
((-1/4, 0, 1/4, 1/2, 1, 0), ), c**2/(d**2*x**2))/(2*pi**(3/2)*d*x3) + I
*meijerg(((-3/2, -1, -3/4, -1/2, -1/4, 1), O), ((-3/4, -1/4), (-3/2, -1,
0, 0)), cx*2xexp_polar (2xI*pi)/(d**2*x*x*2))/(2kpix*(3/2)*d**3))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.21

/ a + bx? g — — azx
(—c+dz)32(c+dzx)32"  \/d2x? — 2¢2
bz blog (2d%z + 2V d?z? — c2d)

T VP —od &

inputLintegrate((b*x"2+a)/(d*x-c)"(3/2)/(d*x+c)"(3/2),x, algorithm="maxima") J

p
‘—a*x/(sqrt(d‘2*x‘2 - c72)*c”2) - b*x/(sqrt(d"2*x"2 - c”2)*d"2) + bxlog(2*d

§
output ‘
L’"Q*x + 2xsqrt(d~2*x"2 - c"2)*d)/d"3 J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 113 vs. 2(55) = 110.

Time = 0.15 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.79

o+ ba blog ((\/dx+c—\/dx—c)2>
/ (—c+ dz)3/2(c + dx)3/2 do=- d3
2 (b + ad?) _ (bd® + ad’)Vdz +c

((\/dx+c—\/dx—c)2+2c>cd3 2Vdz — cc*d®

inputLintegrate((b*x"2+a)/(d*x-c)"(3/2)/(d*x+c)"(3/2),x, algorithm="giac") J
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Output‘ -b*log((sqrt(d*x + c) - sqrt(d*x - c))~2)/d"3 - 2x(b*xc™2 + a*d~2)/(((sqrt(
|d¥x + c) - sqrt(dxx - c))"2 + 2%c)*c*d™3) - 1/2%(bxc"2%d"3 + a*d"B)*sqrt(d |

‘*x + c)/(sqrt(d*x - c)*c~2xd"6)

Mupad [F(-1)]

Timed out.

/ a+ bx dx—/ bx*+a Iz
(c+ dof e+ dof? ™ = ) (crdof (dz— o

input Lint((a + b*x"2)/((c + d*x)~(3/2)*(d*x - c)~(3/2)),x) J

-/

output[int((a + b*x~2)/((c + d*x)~(3/2)*(d*x - ¢c)~(3/2)), %)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 192, normalized size of antiderivative = 3.05

a + ba? 2\/dx—clog(vdz C“'“d"""c)bc +2\/dx—clog<vd”’:/cé+fvzd“+c>chdx—

(—c+ dz)3/2(c + dx)3/? de

input Lint ((b*x~2+a) / (d*x-c)~ (3/2) / (d*x+c)~(3/2) ,x) J

(2%sqrt( - c + d*x)*log((sqrt( - c + d*x) + sqrt(c + d*x))/(sqrt(c)*sqrt(2
)))*bxc*k*3 + 2xsqrt( - c + d*x)*log((sqrt( - c + d*x) + sqrt(c + d*x))/(sq

rt(c)*sqrt(2)))*bxcx*2xd*x - sqrt( - c + d*x)*a*ckd**2 - sqrt( - c + d*x)*
axd**3*x — sqrt( - c + d*x)*b*c*x*3 - sqrt( - c + d*x)*b*c*k*2xd*x - sqrt(c

+ d*x)*a*d**3*%x - sqrt(c + d*x)*bkcx*2xd*x)/(sqrt( — c + d*x)*c**2xd**3*(c
+ d*x))

output
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a x2
3.37 [ aaihaande

—c+dz)3/2(c+dx)
Optimal result . . . . . . . . . . . . . e 292
Mathematica [A] (verified) . . . . . . . . . ... 292
Rubi [A] (verified) . . . . . . .. . . 293
Maple [B] (verified) . . . . . . . . .. 294
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 295]
Sympy [C] (verification not implemented) . . . ... ... ... ... ...... 295
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 296
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 296
Mupad [F(-1)] . . ..o e 297
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 297

Optimal result

Integrand size = 31, antiderivative size = 65

v —ct+dzv/ct+dx )
c

/ a + bx? do— §+d_l72 _aarctan(
z(—c+dz)32(c+dz)¥2 " \/—c+dzvc+dx c

-(a/c”2+b/d"2) / (d*x-c) ~(1/2) / (d*x+c) " (1/2) —a*arctan ( (d*x-c) ~(1/2) * (d*x+c) " ‘

utput
(1/2)/c)/c”3 ‘

‘f N

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.08

2(bcs+acd2) N=wr
/ a + ba? p PV —crdn/ords + 4oarctan («%)
Tr =
z(—c + dx)3/2(c + dz)3/? 2¢3
input LIntegrate[(a + b*x~2) /(x*(-c + d*x)~(3/2)*(c + d*x)~(3/2)),x] J

‘ ((-2%(b*c™3 + a*c*d~2))/(d"2*Sqrt[-c + d*x]*Sqrtlc + d*x]) + 4*a*ArcTan[Sq \

output
rtlc + a*x]/Sqrtl-c + d*x]1)/(2%c3) |
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Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00,

number of rules _ 0.097, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {958, 103, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + bz? e
z(dz — ¢)3/2(c + dz)3/2
| 958
4 mmas®™ s+ %
c? Vdxr —cve+dx
| 103
_adf dc2+d(dm1—c)(c+dx)d(\/d$ —cVc+ dx) ~ 4+ d%
c? Vdzr —cv/c+dx

l 218

a arctan (7@35—(: "c+dz> a4 b
_ ¢ _ c? d?

c3 Vdr —cve+dx

-

LInt[(a + b*x"2)/(x*(-c + d*x)~(3/2)*(c + d*x)~(3/2)),x]

-/

input

‘—((a/c‘2 + b/d"2)/(Sqrt[-c + d*x]*Sqrt[c + d*x])) - (axArcTan[(Sqrt[-c + 4 ‘
*xx]*Sqrt[c + d*x])/cl)/c”3

N J

output




rule 103

rule 218

rule 958

input L
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Defintions of rubi rules used

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_
), x_]1 :> Simp[bxf Subst[Int[1/(d*(b*e - axf)~2 + b*f"2xx"2), x], x, Sq
rt[a + b*x]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[2*b*d
xe - fx(b*c + a*d), 0]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Int[((e_.)*(x_)) " (m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(bl*b2x
c - al*a2*d))*(exx)"(m + 1)*(al + bilxx~(n/2)) " (p + 1)*((a2 + b2*x~(n/2)) " (p
+ 1)/(al*a2*blxb2xexn*(p + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*cx(m +
nx(p + 1) + 1))/(al*a2*bl*b2*n*(p + 1))  Int[(e*x) m*(al + blxx~(n/2)) " (p
+ D*(a2 + b2*x~(n/2))~(p + 1), x], x] /; FreeQ[{al, b1, a2, b2, c, d, e,
m, n}, x] && EqQ[non2, n/2] && EqQ[a2*bl + alxb2, 0] && LtQlp, -1] && (( 'I
ntegerQ[p + 1/2] && NeQ[p, -5/4]1) || !'RationalQ[m] || (IGtQ[n, 0] && ILtQ[
p + 1/2, 0] && LeQ[-1, m, (-n)*(p + 1)1))

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 187 vs. 2(57) = 114.

Time = 0.12 (sec) , antiderivative size = 188, normalized size of antiderivative = 2.89

method | result

Siz

x x

N (_ 2(c2- V=2 V22— 32) ) - <_ 2(c2- V=2 V22— 32)
default

> ac?d®—v/—-c2Vd?2x2—c2ad?—bc?V/—c?

P2z2—c2

Vdr—cvd2z2—c2 /dz+c 2/ —c2 d?

18

int ((b*x~2+a) /x/ (d*x-c)~(3/2)/(d*x+c)~(3/2) ,x ,method=_RETURNVERBOSE)
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t ‘ (An(-2%(c"2-(-c"2)~(1/2)*(d"2*x"2-c~2) ~(1/2) ) /x) *a*xd~4*x~2-1n(-2*% (c"2-(-c~ ‘
12)7(1/2)*%(d™2%x72-¢"2) " (1/2)) /x) xaxc™2xd"2- (-c2) " (1/2) % (d"2%x"2-c~2) " (1/2
)*kaxd™2-bxc 2% (-c72) " (1/2)*(d"2%x"2-¢"2) " (1/2)) / (d*x-c) " (1/2) /(d"2%x"2-c"2 |
)7(1/2) /(@kx+c) = (1/2) /c™2/ (-¢™2) 7 (1/2) /a2

outpu

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.55

/ a + bx? dp —
r(—c+dx)3/2(c+dx)3/2 "
(bc® + acd?)V/dx + cv/dx — ¢ + 2 (ad*z? — ac®d?) arctan (—d”_— de'c"c Vd”_c>

C3d4fL'2 — cod?

input Lintegrate ((b*x~2+a) /x/ (d*x-c) ~(3/2) / (d*x+c)~(3/2) ,x, algorithm="fricas") J

~

—((b*c™3 + axc*xd”2)*sqrt(d*x + c)*sqrt(d*x - c) + 2x(a*d"4*x"2 - axc™2*d"2
‘)*arctan(—(d*x - sqrt(d*x + c)*sqrt(d*x - c))/c))/(c”3*d"4*x~2 - c”5xd"2)

output

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 122.05 (sec) , antiderivative size = 172, normalized size of antiderivative = 2.65

57 5 13
G>3 4’4’1 1’2’2 c G20 0’2’4’1
665 3 7 9 5 0 d?z? 6.6 3 5
a + bx? p %2 11

r=al| —
z(—c+ dzx)3/2(c + dz)3/? 23 3
13 3 1 1
G5’3 40 4 1 07 ]-a 2] 2 .GQ,G 1a PEREVE] 07 4 1 c2e2im
6,6 11393 0 d?x? 6,6 11 1 110d2ac2
4027402 Taa )T 22

+b
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input ‘ integrate ((b*x**2+a) /x/ (d*x-c) **(3/2) / (d*x+c) **(3/2) ,x) ‘

ax(-meijerg(((5/4, 7/4, 1), (1, 2, 5/2)), ((5/4, 3/2, 7/4, 2, 5/2), (0,)),

c**2/ (d**2xx*%2) ) / (2%pi** (3/2) *c**3) - I*meijerg(((0, 1/2, 3/4, 1, 5/4, 1
), O), ((3/4, 5/4), (0, 1/2, 3/2, 0)), c**2*exp_polar (2*I*pi)/(d**2xx**2)
)/ (2%pi**(3/2) *c**3)) + b*x(-meijerg(((1/4, 3/4, 1), (0, 1, 3/2)), ((1/4, 1
/2, 3/4, 1, 3/2), (0,)), c**2/(d**2*xx**2))/(2xpi**(3/2)*c*d**2) - I*meijer
g(((-1, -1/2, -1/4, 0, 1/4, 1, O), ((-1/4, 1/4), (-1, -1/2, 1/2, 0)), c*
*2%exp_polar (2+xI*pi) / (dk*2kx*%2)) / (2kpi** (3/2) *c*xd**2))

N\ J

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.89

/ a + bx? i — a arcsin (ﬁ) ~ a ~ b
o(—c+dz)¥2(c+dz)¥2 ™ c VB2 — 22 A2 — >

input‘integrate((b*xh2+a)/X/(d*X'C)“(3/2)/(d*X+C)“(3/2),x, algorithm="maxima" ‘

output‘a*arcsin(c/(d*abs(x)))/c“3 - a/(sqrt(d™2*x"2 - c2)*c~2) - b/(sqrt(d~2*x"2
‘ - ¢c72)*d"2) ‘

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 115 vs. 2(57) = 114.

Time = 0.17 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.77

/ a+ ba? d — 2e
z(—c+dz)32(c+dx)32 c
(bc? + ad?)V/dx + c 2 (bc? + ad?)

21/ dx — cc3d? ((\/dx+c—\/dx—c)2+20>02d2

input Lintegrate ((b*x~2+a) /x/ (d*x-c) = (3/2) / (d*x+c) ~(3/2) ,x, algorithm="giac") J
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output

‘+ c) - sqrt(d*x - c))~2 + 2%c)*c~2%d"2)

‘2*a*arctan(1/2*(sqrt(d*x + c) - sqrt(d*x - c))~2/c)/c”3 - 1/2%(bxc”2 + axd
‘“2)*sqrt(d*x + c)/(sqrt(d*x - c)*c~3*%d"2) + 2x(b*c~2 + a*d~2)/(((sqrt(d*x

Mupad [F(-1)]

Timed out.

l/ a + ba? dx_l/ bz*+a
z(—c+de)*?(c+dx)*? ™ ) g(c+dz)*?(dz —c)*?

dz

inputtint((a + bkx~2) /(x*(c + d*x)~(3/2)*(d*x - c)~(3/2)),x)

-

output Lint((a + bxx~2)/(xx(c + d*x)~(3/2)*(d*x - ¢)~(3/2)), x)

-/

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 206, normalized size of antiderivative = 3.17

—2v/dz — ¢ atan< v dx_chf”ci x+°_‘/5> acd?> — 2v/dx — ¢ atan(

Vdx—c++/dr+
Ve

/ a + bz? dp—
z(—c+dr)3/2(c+dz)32

inputLint((b*x"2+a)/x/(d*x—c)"(3/2)/(d*x+c)~(3/2)’X)

output

)

( - 2#%sqrt( - c + d*x)*atan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/s
grt(c))*axckd**2 - 2*sqrt( - c + d*x)*atan((sqrt( - c + d*x) + sqrt(c + d*
x) - sqrt(c))/sqrt(c))*a*xd**3*x + 2xsqrt( - c + d*x)*atan((sqrt( - c + d*x
) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*a*ckd**2 + 2*sqrt( - c + d*x)*atan((
sqrt( - c + d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*a*xd**3*x - sqrt(c + d
*xx)*axckd**x2 - sqrt(c + d*x)*b*c**3)/(sqrt( - c + d*x)*c**3*xd**2x(c + d*x)




outpu

L
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3.38

Optimal result

Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [A] (verification not implemented)
Sympy [C] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [B] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

a+ba?
f 22 (—c+dz)3/2(c+dx)3/? dz

Optimal result

Integrand size = 31, antiderivative size = 67

/ a+ bx? a (bc? + 2ad?) x
z2(

298]
298
299
300!
B30T
B30T
002
302
303
3031

dz = -
—c+dz)3/%(c+ dx)3/? 2xy/—c+dzve+dx cA—c+dzve+dx

*x+c) " (1/2)

t‘a/c"2/x/(d*x—c)"(1/2)/(d*x+c)"(1/2)—(2*a*d"2+b*c"2)*x/c"4/(d*x—c)"(1/2)/(d

J

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.76

/

a+ bz? —bc*z? + a(c® — 2d%2?)

x2(—c + dz)3/2(c + dx)3/? v Az —c+ dzve+dz

inputt

Integrate[(a + b*x~2)/(x"2%(-c + d*x)~(3/2)*(c + d*x)~(3/2)),x]

output

L(-(b*c‘2*x‘2) + a*x(c™2 - 2xd"2%x72))/(c"4*x*Sqrt[-c + d*x]*Sqrt[c + d*x])

J
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Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.99,

number of rules _ 0.065, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {956, 41}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a+ bx? e
x2(dz — ¢)3/%(c + dz)3/2
l 956

<2ad2 N b) / 1 dz+ a
c? (dz — ¢)3/2(c + dx)3/2 2zy/dx — cv/e+ dx
x (2ad2 + b)

l 41
02

a
c2z/dx — cv/e+ dx B c2\/dx — cv/e+dx

input LInt[(a + bxx~2)/(x"2%(-c + d*x)~(3/2)*(c + d*x)~(3/2)),x] ‘

t‘ a/(c™2xx*Sqrt[-c + d*x]*Sqrtlc + d*x]) - ((b + (2*a*d~2)/c”2)*x)/(c"2*Sqrt ‘

outpu
‘ [-c + d*x]*Sqrtlc + d*x]) ‘




rule 41

rule 956

input

output
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Defintions of rubi rules used

Int[1/(((a)) + (b_.)*(x_))"(3/2)*((c_) + (d_.)*(x_))"(3/2)), x_Symbol] :> S
imp [x/(axc*Sqrt[a + bxx]*Sqrtlc + d*x]), x] /; FreeQ[{a, b, c, d}, x] && Eq

Q[b*c + axd, O]

Int[(Ce_.)*(x_))"(m_.)*((a1_) + (bl_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[c*(e*xx)~(
m + *(al + bl*x"(n/2))"(p + 1)*((a2 + b2*x~(n/2)) " (p + 1)/(al*a2*e*x(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - bl*b2*cx(m + nx(p + 1) + 1))/(al*a2*e n*(
m+ 1)) Int[(exx)"(m + n)*(al + bilxx~(n/2)) px(a2 + b2*x~(n/2))"p, x], x]
/; FreeQ[{al, b1, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] &% EqQ[a2*bl +
al*b2, 0] && (IntegerQ[n] || GtQ[e, 0]) && ((GtQ[n, 0] && LtQ[m, -11) || (

LtQ[n, 0] &% GtQ[m + n, -11)) && !'ILtQ[p, -1]

t

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.72

method | result size
—2ad?z%—bc?z?+ac?

gosper cta/dx—c+/dx+c 48
(—2a d2z2—bc%x?+ac?) csgn(d)?

default T Vi 52

. —d + —92 d2 2 —-b 2 2+ 2
orering _ (zde+9)(-2ad’a®~be A ac’) L)
Vdz+cz ct(dz—c)2
. a(—dz+c)v/dz+c (ad?+bc?)z\/(dz—c)(dz+c)
risch < — 95
ctz/dz—c /—(dz+c)(—dz+c) ctv/dz—c+/dz+c

int ((b*x~2+a) /x~2/ (d*x-c) ~(3/2) / (d*x+c) ~(3/2) ,x ,method=_RETURNVERBOSE)

e

tl/c’"4/x/ (d*x-c)~(1/2)/ (d*x+c) = (1/2) * (-2*%a*xd~2*xx"2-b*c~2*x"2+a*c~2)

~—
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.54

/ a + bz? dp —
z2(—c + dz)3/2(c + dzx)3/?
(bc2d? + 2 ad*)x® — (actd — (bc*d + 2 ad®)x?)V/dz + cv/dx — c — (bc* + 2 ac?d?)x
cAd3x? — cbdx

input Lintegrate((b*x‘2+a)/x‘2/(d*x—c)‘(3/2)/(d*x+c)'"(3/2) ,X, algorithm="fricas") J

‘—((b*c‘2*d‘2 + 2%axd"4)*x"3 - (axc”2+d - (bxc™2*d + 2xaxd~3)*x"2)*sqrt (d*x \

output
‘ + c)*sqrt(d*x - c) - (b*c™4 + 2*xa*xc”2+d"2)*x)/(c"4*d"3*x"3 - c~6xd*x) ‘

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 45.16 (sec) , antiderivative size = 165, normalized size of antiderivative = 2.46

79 35 1 53 7
53| ol 323 2 e[ bl
dGG,G 7 9 9 5 3 0 d2z? szB»G 5 7 1 1.2
/’ a+bx2 d 474 4992 44 29 414y
r=al — 3 + 3
z2(—c + dz)3/2(c + dz)3/? 2mact 2mact
35 1 3 1 113
G5’3 Z?Zal 57572 c2 ,GQ’G _57074_1’572’1 c2e2im
676 3 1 5 3 2 0 d2x? v 6:6 1 3 1 O 1 0 d2?z2
49140 1) 4 27 Y 4y
+b i + i
2m2c?d 2m2c2d

input Lintegrate ((b*x**2+a) /x**2/ (d*x-c) ** (3/2) / (d*x+c) **(3/2) ,x) J
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ax(-d*meijerg(((7/4, 9/4, 1), (3/2, 5/2, 3)), ((7/4, 2, 9/4, 5/2, 3), (0,)
), c*kx2/(dx*2xxx*2)) / (2xpix*(3/2) *c**4) + Ixd*meijerg(((1/2, 1, 5/4, 3/2,
7/4, 1), O), ((5/4, 7/4), (1/2, 1, 2, 0)), c**2*exp_polar(2*Ixpi)/(d**2x*x
*%2) )/ (2xpix* (3/2) *c**4)) + bx(-meijerg(((3/4, 5/4, 1), (1/2, 3/2, 2)), ((
3/4, 1, 5/4, 3/2, 2), (0,)), cx*x2/(d*x2*x**2))/(2xpix*(3/2)*c**2*d) + I*me
ijerg(((-1/2, 0, 1/4, 1/2, 3/4, 1), O), ((1/4, 3/4), (-1/2, 0, 1, 0)), c*
*2*exp_polar (2*I*pi)/ (dk*2xx**2)) / (2*pi** (3/2) *cx*2xd))

output

Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.06

a
dz = — _
—c+dz)3%(c + dz)®/? ’ Vd?z? — 2?2 VdPx? — At * d?z? — c2c’x

/ a + bz? bx 2 ad?z
x(

integrate ((b*x~2+a)/x~2/(d*x-c)~(3/2)/(d*x+c)~(3/2) ,x, algorithm="maxima")

inputt

‘-b*x/(sqrt(d”2*x“2 - c72)*c”2) - 2*a*xd"2*x/(sqrt(d"2*x"2 - c"2)*c”4) + a/(

output
‘sqrt(d“2*x“2 - c72)*c"2*x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 219 vs. 2(59) = 118.

Time = 0.19 (sec) , antiderivative size = 219, normalized size of antiderivative = 3.27

/ a+ bz? i — (b +ad*)Vdz +c
12(—c+dz)3/2(c +dx)32 " 2+/dx — cctd

2 (be* (Vdz T~ vz —¢)* +ad* (Vs + ¢~ Vs — o) + dacd (Viz + ¢ — Vdz — o) + 4be* +12

Vdz +c—+/dz —c *1oc \/dx+c—\/dac—c4+4c2 Vdx +c—+/dz —c +863)3d
( ) ( ) ( )

input integrate ((b*x~2+a)/x~2/(d*x-c)~(3/2)/(d*x+c)~(3/2),x, algorithm="giac") ‘
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-1/2%(bxc™2 + axd~2)*sqrt(d*x + c)/(sqrt(d*x - c)*c"4*d) - 2*(b*c 2x(sqrt(
d*x + c) - sqrt(d*x - c))"4 + a*d"2x(sqrt(d*x + c) - sqrt(d*x - c))"4 + 4%
axc*d"2*(sqrt(d*x + c) - sqrt(d*x - c))~2 + 4xb*c™4 + 12xa*c”2+%d"~2)/(((sqr
t(d*x + c) - sqrt(d*x - c))~6 + 2*kcx(sqrt(d*x + c) - sqrt(d*x - c))~4 + 4%
c"2x(sqrt(d*x + c) - sqrt(d*x - c))~2 + 8%c”3)*c”3*d)

output

Mupad [B] (verification not implemented)

Time = 6.34 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.09

/ a + bz? dx_2ad2a:2\/dx—c—ac2\/dx—c+bc2x2\/da:—c
12(—c+dz)3/2(c +dx)3/2 " drve+dz (c—dx)

-

Lint((a + b*x~2)/(x~2%(c + d*x)~(3/2)*(d*x - ¢)~(3/2)),x)

| —

input

‘(2*a*d“2*x’"2*(d*x - ¢c)~(1/2) - axc™2x(d*x - c)~(1/2) + bxc~2xx"2*x(d*x - c)

output
“(1/2))/ (c"akxx(c + d*x)~(1/2)*(c ~ d*x))

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 137, normalized size of antiderivative = 2.04

/ a+ ba? dx_—%/ﬁ:acd%—%/ﬁad?’ 2 —\/dzx —cbc®z — /dx — cbc3d
z?(—c+dz)¥2(c+dz)32 Vdz — cctdz (dz
input Lint ((b*x~2+a) /x~2/ (d*x-c) ~(3/2) / (d*x+c)~(3/2) ,x) J
output(( - 2xsqrt( - c + dxx)*akckd**2xx — 2ksqrt( - c + dxx)*a*d*x*3xx**2 - sqrt( )

‘ - c + d*x)*bxc*k*3*x — sqrt( - c + dkx)*b*ck*2xd*x**2 + sqrt(c + d*x)*axc*
\*2*d - 2*%sqrt(c + d*x)*a*xd**3xx**x2 - sqrt(c + d*xx)*xbkcx*2*xd*x**2)/(sqrt( - \
L C + d*x)*cHxd*drx*(c + d*x)) J




CHAPTER 3. LISTING OF INTEGRALS 304
339 [ atbe” dx
) 23(—c+dx)3/2(c+dx)3/2

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... 304
Rubi [A] (verified) . . . . . . .. . . 305
Maple [B] (verified) . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ...
Sympy [F(-1)] . . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 308
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 309
Mupad [F(-1)] . . ..o e 309
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... B0

Optimal result

Integrand size = 31, antiderivative size = 117

/ a + bz? dp — — 2bc? + 3ad?
3 (—c+dz)¥2(c+dz)32 " 2ch\/—c+dzve + dx
(2bc? + 3ad?) arctan (@ ”cm)

a

+ .
2c2x%y/—c + dxv/c + dz

2¢°

output |-1/2% (3ka*d~2+2%bxc"2) /c4/ (d*x-c) " (1/2) / (d*x+c) ™ (1/2)+1/2%a/c2/x~2/ (d*x-
‘c)“(1/2)/(d*x+c)‘(1/2)—1/2*(3*a*d“2+2*b*c“2)*arctan((d*x—c)“(1/2)*(d*x+c)“

(1/2)/c)/c”5

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.79

—2bc3z2+a (03 —3cd2w2)

+ (4bc® + 6ad?) arctan <

Vetdz >
V—c+dz

/ a+ bx? de = x2+/—c+dz/c+dz
3(—c+dz)3¥2(c+dx)¥2 "

2c°

inputt

Integrate[(a + b*x"2)/(x"3*(-c + d*x)~(3/2)*(c + d*x)~(3/2)),x]
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‘ ((-2%b*c™3*x"2 + a*(c™3 - 3xc*d™2xx72))/(x"2*Sqrt[-c + d*x]*Sqrtlc + d*x]) \

output
L + (4xbxc™2 + 6xa*xd”2)*ArcTan[Sqrt[c + d*x]/Sqrt[-c + d*x]])/(2*c”5) J

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.90,
number of steps used = 6, number of rules used = 5, Bumber of rules _ 4 151 Ryjes

integrand size
used = {956, 115, 27, 103, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + bx? iz
z3(dz — ¢)3/%(c + dz)3/2
l 956

. <3ad2 + 2b> / . dz + ¢
2\ ¢ z(dz — ¢)3/2(c + dx)3/2 2c2x2y/dx — cv/e + dx

l 115

d

1<3aal2 N 2b> Rl 1 N a

2\ 2 c2d c2\/dx — e\/e+ dx 2¢2x2\/dx — cv/c + dzx
l 97

1/ 3ad? | e de 1

- (a + 2b> _ = aVdo—cVerds T + 2

2\ ¢2 c? c2\/dx — c\/e+ dx 2¢222+/dx — c\/c + dx
l 103

1 (3ad2 + 2b> _df dc2+d(dxl_c)(c+dm)d( Vdz — cv/e + dz) B 1

2\ ¢ c? c2V/dx — cv/e+dzx
a

2c2x2+/dx — cv/c + dx

l 218
1

1<3ad2 N 2b> arctan (7“”_00 Vc+dz) N a
2\ ¢ c3 c2\/dx — cv/e+dx 2¢2x2+/dx — c\/e + dx
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input| ItL(a + B¥x"2)/(x"3# (e + dxx)7(3/2)*(c + d*x)7(3/2)) ,x]

output‘ a/(2xc”2xx"2xSqrt [-c + d*x]*Sqrtlc + d*x]) + ((2*b + (3*a*xd~2)/c~2)*(-(1/(
‘c‘2*Sqrt[-c + d*x]*Sqrt[c + d*x])) - ArcTan[(Sqrt[-c + d*x]*Sqrtlc + d*x])
/1/e3))/2

|

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma

rule
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 103 Int[1/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)]1*((e_.) + (£f_.)*(x_
))), x_1 :> Simp[b*f Subst [Int [1/(d*(b*e - axf)~2 + b*f~2*x~2), x], x, Sq
rt[a + b*x]*Sqrt[c + d*x]], x] /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[2*b*d
xe — fx(b*c + axd), 0]

rule 115 Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_)) " (m_)*((e_.) + (£_.)*(x_)
)7(p_), x_] :> Simp[b*(a + bxx)"(m + 1)*(c + d*x)"(n + 1)*((e + £xx)"(p + 1
)/ ((m + 1)*(bxc - a*xd)*(bxe - a*xf))), x] + Simp[1/((m + 1)*(b*c - a*xd)=*(bxe
- axf)) Int[(a + b*x)"(m + 1)*(c + d*x) n*(e + f*x) pxSimp[a*xd*f*(m + 1)
- bx(d*xex(m + n + 2) + cxfx(m + p + 2)) - bkdxfx(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, c, d, e, f, n, p}, x] && LtQ[m, -1] && IntegersQ[2*m, 2
*n, 2*p]

rule 218 IntL((a) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]




rule 956

input

output
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Int[(Ce_)*(x_))"(m_.)*((al_) + (b1_.)*(x_)"(non2_.)) " (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[c*(exx)~(
m + 1)*(al + bl*x"(n/2)) " (p + ) *((a2 + b2*x~(n/2))"(p + 1)/(al*a2*e*(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - blxb2*cx(m + n*(p + 1) + 1))/(al*a2%e n*(
m+ 1)) Int[(e*x)~"(m + n)*(al + blxx~(n/2)) px(a2 + b2*x~(n/2))"p, x], x]

/; FreeQ[{al, bl, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] && EqQ[a2+*bl +

al*b2, 0] && (IntegerQ[n] || GtQ[e, 0]) && ((GtQ[n, 0] && LtQ[m, -11) || (
LtQ[n, 0] & GtQm + n, -11)) && !ILtQlp, -1]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 238 vs. 2(99) = 198.

Time = 0.13 (sec) , antiderivative size = 239, normalized size of antiderivative = 2.04

method | result

(3ad2+2bc%) ln( =242/~ v dz‘”LCz) N (a d2+bc2)\/d2 (m—§)2+2cd(z—§) (ad?+bc?) /a2 (a+

Qo

a(—dz+c)Vdztc <_ V= de(2-§)

risch 2ctz2/dz—c 2ct\/dr—c~/dz+c

x x

2 1:2—\/—c2 Vd2z2-c2 2 62—\/ —c2 \/d2z2—¢c2 2 c2—\/ —c2 \/d2z2 -2
—3ln<— ( )>ad4m4—21n<— ( )>bc2d2z4+3ln<— ( p )>a02d2z2

default | —

2v/dz—c/d2z2—c2 \/da

Lint ((b*x~2+a) /x~3/(d*x-c) "~ (3/2) /(d*x+c) ~(3/2) ,x,method=_RETURNVERBOSE) J

1/2%ax* (~dxx+c) * (dxx+c) ™ (1/2) /c™4/x~2/ (dxx-c) ™ (1/2) -1/2/c~ 4% (- (3xa*d"2+2xbx
c~2)/(=c"2) " (1/2) *1n((-2%c~2+2% (-c~2) " (1/2) *(d"2%x"2-c"2) ~(1/2) ) /x) + (axd "2
+b*c”2) /d/c/ (x-c/d) * (d™2* (x-c/d) “2+2*c*d* (x-c/d)) ~(1/2) - (a*xd~2+bxc~2) /d/c/
(x+c/d)*(d~2* (x+c/d) "2-2*c*d* (x+c/d) )~ (1/2) ) * ((d*x-c) *(d*x+c) ) ~(1/2) / (d*x-
)~ (1/2) / (d*x+c)~(1/2)
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Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.18

dzr =

a+ bx? (ac® — (2bc® + 3acd?)z?)V/dx + cv/dx — ¢ — 2 ((2bc?d? + 3 ad*)z* — (
/ z3(—c + dz)3/2(c + dx)3/? 2 (Bd2z* — c"x?)

input Lintegrate ((bxx~2+a) /x~3/(d*x-c)~(3/2) /(d*x+c)~(3/2) ,x, algorithm="fricas") J

‘1/2*((a*c“3 - (2%bxc™3 + 3*axc*d"2)*x"2)*sqrt(d*x + c)*sqrt(d*x - c) - 2x( ‘
\ (2¥b*c™2%d"2 + 3%a*xd"4)*x"4 - (2%b*c”4 + 3*xaxc”"2%d"2)*x"2)*arctan(-(d*x - \
‘sqrt(d*x + c)*sqrt(d*x - c))/c))/(c™b5*xd"2*x"4 - c”T7*x"2) ‘

output

Sympy [F(-1)]

Timed out.

a + bz? .
/ P(—ct dac)3/2(c n d:v)3/2 dz = Timed out

input ‘ integrate ((bxx**2+a) /x**3/ (d*x—-c) **(3/2) / (d*x+c) **(3/2) ,x) ‘

output LTimed out J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.89

de —
—c+ dz)3/?(c + dz)3/? v 3 2¢5

b 3ad? N a
Vd2x2 — c2c?2 2/ d%?z? — 2t 2+/d?x? — c?c2x?

a + ba? barcsin (ﬁ) 3 ad? arcsin <ﬁ>
I - ’

input Lintegrate ((bxx~2+a) /x~3/ (d*x-c)~(3/2)/(d*x+c)~(3/2) ,x, algorithm="maxima") J
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‘b*arcsin(c/(d*abs(x)))/C“3 + 3/2xa*d"2*arcsin(c/(d*abs(x)))/c”5 - b/(sqrt( ‘
‘d“2*x“2 - ¢c72)*c”2) - 3/2*%axd"2/(sqrt(d"2*x"2 - c"2)*c"4) + 1/2xa/(sqrt(d”
|2%x72 = CT2)*c"2%x72)

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 211 vs. 2(99) = 198.

Time = 0.21 (sec) , antiderivative size = 211, normalized size of antiderivative = 1.80

2
(2bc® + 3 ad?) arctan (M)

/ a+ ba? i —
3(—c+dz)3¥2(c+dx)32 " e

(bc? + ad?)v/dzx + ¢ N 2 (b + ad?)
2vdx — cc® ((\/d:v+c—\/dx—c)2+2c)c4

2 (ad2(\/dx +c—+dzx — 0)6 —4dactd*(Vdz +c— Vdz — c)2>
((\/dx +c—+dx — 6)4 —|—402)2c4

+

inputLintegrate((b*x‘2+a)/x‘3/(d*x—c)*(3/2)/(d*x+c)*(3/2)’x, algorithm="giac")

(2%b*c”2 + 3*a*xd~2)*arctan(1/2*(sqrt(d*x + c) - sqrt(d*x - c))~2/c)/c”5 -
1/2%(b*c™2 + a*d~2)*sqrt(d*x + c)/(sqrt(d*x - c)*c”5) + 2x(bxc™2 + axd~2)/
(((sqrt(d*x + c) - sqrt(d*x - c))~2 + 2*c)*c™4) + 2+(axd"2*(sqrt(d*x + c)
- sqrt(d*x - ¢))~6 - 4*axc”2*%d"2x(sqrt(d*x + c) - sqrt(d*x - c))~2)/(((sqr
t(d*x + c) - sqrt(d*x - c))"4 + 4*c”2)"2%c"4)

output

Mupad [F(-1)]

Timed out.

/ -+ ba? dx—/ bz’ +a dx
2 (—c+do)Pc+daf " " | 23 (c+ ) (dz — o)

inputtint((a + bxx72)/(x73%(c + d*x)~(3/2)*(d*x - ¢)~(3/2)),x)
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output\ int((a + b*x~2)/(x"3%(c + d*x)~(3/2)*(d*x - c)~(3/2)), x)

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 400, normalized size of antiderivative = 3.42

a+ ba? _ﬁwﬁtzww<ﬂ;aﬁﬁaﬁ%wfﬁ—6%ﬂtzmw(ﬂﬁay
/x3(—c+dx)3/2(c+dx)3/2 dx = —

-

Lint((b*x‘2+a)/x“3/(d*x-c)“(3/2)/(d*x+c)“(3/2),x)

\ >

input

e N

( - 6xsqrt( - c + d*x)*atan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/s
grt(c) ) *kaxckd**2*x**2 - 6*sqrt( - c + d*x)*atan((sqrt( - c + d*x) + sqrt(c
+ d*x) - sqrt(c))/sqrt(c))*axd*x3*x*x*3 — 4xsqrt( - c + d*x)*atan((sqrt( -
c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*bkc**3*x**2 - 4xsqrt( - c +
d*x)*atan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*bxc**2*d*x
**x3 + 6xsqrt( - c + d*x)*atan((sqrt( - c + d*x) + sqrt(c + d*x) + sqrt(c))
/sqrt(c))*a*xcxd**2*x**2 + 6xsqrt( - c + d*x)*atan((sqrt( - c + d*x) + sqrt
(c + d*x) + sqrt(c))/sqrt(c))*a*xd**3xx**3 + 4*sqrt( - c + d*x)*atan((sqrt(
- ¢ + d#x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*b*xc*k*3*x**x2 + 4*sqrt( - c
+ d*x)*atan((sqrt( - c + d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*b*cx*2xd
*x**3 + sqrt(c + d*x)*axc**3 — 3*ksqrt(c + d*x)*akckd**2kx**2 — 2xsqrt(c +

d*x) ¥bxck*3*kxx*2) / (2xsqrt ( - c + d*x) *cx*5xx*k*x2*(c + d*x))

output




outpu

input
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2
3.40 /= : s dx

—c+dz)3/2(c+dx)
Optimal result . . . . . . . . . . . . . e 3111
Mathematica [A] (verified) . . . . . . . . . ... B11]
Rubi [A] (verified) . . . . . . .. . . 312
Maple [A] (verified) . . . . . . . . .. 314
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 314
Sympy [C] (verification not implemented) . . . ... ... ... ... ......
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 315
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 316
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 316
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... B17

Optimal result

Integrand size = 31, antiderivative size = 119

a

/ a + bz? dp —
4(—c+dz)¥2(c+dz)32 " 3c2a3v/—c+ dzve + dz

3bc? + 4ad? 2d*(3bc® + 4ad?) z

3ctzy/—c+ dxve + dx a 3c8y/—c + dzvc+ dx

t‘1/3*a/c"2/x"3/(d*x-c)"(1/2)/(d*x+c)"(1/2)+1/3*(4*a*d"2+3*b*c"2)/c"4/x/(d*x

=C)"(1/2)/ (d*x+c) " (1/2)~2/3+d"2% (4*ard~2+3+bkc~2) *x/c"6/ (d*x-c) " (1/2) / (d*x
+0)"(1/2)

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.65

/

a + bx?

z4(—c + dz)3/2(c + dx)3/?

dz

3bc’z?(c? — 2d%z?) + a(c* + 4c?d?x? — 8d*z*)

3c8x3v/—c+ dzv/c+ dx

LIntegrate[(a + b*x"2) /(x74*(-c + d*x)~(3/2)*(c + d*x)~(3/2)),x]
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| (3%brc™24x"2%(c72 - 2%d"2%x"2) + ak(c4 + 4k 2d"24x"2 - 84d"4%x74))/(3kc

output
L“G*X‘B*Sqrt [-c + d*x]*Sqrt[c + d*x]) J

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.89,

number of rules _ 0.129, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {956, 114, 27, 41}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a + bx?
dx
z(dz — ¢)3/2(c + dz)3/2
l 956
1/ 4ad? 1 a
—| —— +3b dr +
3\ ¢ z2(dz — ¢)3/2(c + dz)3/2 3c2z3+/dx — cv/c + dx
l 114
2
1<4ad2 + 3b) f (d:c—c)3/22d(c+da:)3/2 dz 4 1 + a
3\ ¢? c? c2x/dx — cv/e + dx 3c2x3+/dx — cv/e+ dx
l 27
1<4ad2 4 3b) 2d* | (dac—c)3/21(c+dz)3/2 dx N 1 + a
3 2 c? cz/dx — cv/e+ dx 3c2x3+/dx — cv/e + dx

l41

1 1 2d2z 4ad> a
= - +3b) +
3 <c2m\/dm —cve+dr AVdr—ce+ dm) ( c? ) 3c2z3+/dx — cv/e + dx

-

input LInt[(a + b*x"2)/(x74*(-c + d*x)~(3/2)*(c + d*x)~(3/2)),x]

-/

t‘ a/(3%c™2*x"3*Sqrt[-c + d*x]*Sqrtlc + d*x]) + ((3*b + (4*axd~2)/c"2)*(1/(c” ‘
\2*x*Sqrt [-c + d*x]*Sqrtlc + d*x]) - (2%d"2*x)/(c"4*Sqrt[-c + d*x]*Sqrt[c + \
‘ d*x1)))/3 ‘

outpu
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/(((a_) + (b_.)*(x_))~(3/2)*((c_) + (d_.)*(x_))"(3/2)), x_Symbol] :> S
imp [x/ (axcxSqrt[a + b*x]*Sqrtlc + d*x]), x] /; FreeQ[{a, b, c, d}, x] && Eq
Q[bxc + a*xd, 0]

rule 41

Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)

rule 114
)7(p_), x_] :> Simp[b*(a + bxx)"(m + 1)*(c + d*x)"(n + 1)*((e + £*xx)"(p + 1
)/ ((m + 1)*(bxc - a*xd)*(bxe - a*xf))), x] + Simp[1/((m + 1)*(b*c - a*xd)=*(bxe
- axf)) Int[(a + b*x)"(m + 1)*(c + d*x) n*(e + f*xx) pxSimp[a*xd*f*(m + 1)
- bx(d*xex(m + n + 2) + cxfx(m + p + 2)) - bkdxfx(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, c, d, e, f, n, p}, x] && ILtQ[m, -1] && (IntegerQ[n] ||
IntegersQ[2*n, 2*p] || ILtQ[m + n + p + 3, 0])

rule 956 Int[(Ce_.)*(x_))"(m_.)*((a1_ ) + (bi_.)*(x_)"(non2_.))"(p_.)*((a2_) + (b2_.)

*(x_)"(non2_.)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[c*(e*xx)~(
m + 1)*x(al + blxx~(n/2)) " (p + 1*((a2 + b2*x~(n/2))~(p + 1)/(alxa2%ex(m + 1
))), x] + Simp[(al*a2xd*(m + 1) - bl*b2*cx(m + nx(p + 1) + 1))/(al*a2*e nx*(
m+ 1)) Int[(exx)"(m + n)*(al + bilxx~(n/2)) p*(a2 + b2*x~(n/2)) p, x], x]
/; FreeQ[{al, b1, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] &% EqQ[a2*bl +
al*b2, 0] && (IntegerQ[n] || GtQle, 0]) && ((GtQ[n, 0] && LtQ[m, -11) || (
LtQ[n, 0] && GtQ[m + n, -1])) && !'ILtQ[p, -1]
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.61

method | result size
—8a d*z*—6bc?d?z*+4a c?d?z%+3bc*z?+act
gosper 3c8x3v/dr—c+/dr+c 73
(—8ad*z*—6bc2d?zt+4a c2d?x?+3b ctr?+act) csgn(d)?
default 3v/dz—c+/dz+ccbz3 7
orering _ (=dz+c) (—8ad*z*—6bc?d?z+4a chzz2 +3bctz2+act) 79
3V dz+cx3c8(dr—c)2
isch Vdz+c (—dz+c) (5a d?z?+3b 2z?+a c?) _ d?(ad?+bc?)z+\/(dwv—c)(dw+c) 122
I 3c8z3+/dz—c /—(dz+c)(—dz+c) c8+/dz—c/dz+c
input Lint ((bxx~2+a) /x~4/ (d*x-c)~(3/2) / (d*x+c)~ (3/2) ,x ,method=_RETURNVERBOSE) J

‘ 1/3/c~6/x73/(d*x-c)~(1/2) / (d*x+c) ~(1/2) * (-8*a*d~4*x"4-6*b*xc~2xd "~ 2*x~4+4*a* \

output
\c*2*d*2*x*2+3*b*c*4*x*2+a*c*4)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.11

/ a + bx? dp —
ri(—c+dz)3/2(c+dx)3/2

_2(3bc*d® +4ad”)z® — 2(3bc*d + 4ac’d®)2® — (ac® — 2 (3bc*d® + 4ad*)z* + (3bc* + 4ac?d?)x?)v/dz 4
3 (c8d?x® — Bx3)

inputLintegrate((b*x"2+a)/x"4/(d*x—c)"(3/2)/(d*x+c)"(3/2),x, algorithm="fricas") J

-1/3% (2% (3*%bxc™2%xd"3 + 4*a*xd"5)*x"5 - 2% (3*b*c"4*d + 4*axc”2xd"3)*x"3 - (a \
*C"4 - 2x(3xb*c"2+%d"2 + 4xa*d"4)*x"4 + (3xb*c”"4 + 4xaxc”2*%d"2)*x"2)*sqrt(d \
‘*x + c)*sqrt(d*x - c))/(c”6%d"2*x"5 - c~8*x"3)

output ‘
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 50.37 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.39

113 9 374 399 5 1 9
BG3 404> 2227 2 ¥ Yer ol IR TN
66 11 3137, o [4° 6,6 9 1 3
/ a + bx? d 47 40 + 104 29
r=a| —
z4(—c+ dz)3/2(c + dzx)3/? o 6 2728
79 35 11537
a3 ot owdle ) ee(pbornd gy
y d2x2 s d2 2
%’27%7373 O N g’;_i %717270 ‘
+b - 3 + 3
212 ct 272
inputLintegrate((b*x**2+a)/x**4/(d*x—c)**(3/2)/(d*x+c)**(3/2),x) J

a*(-d**3*meijerg(((11/4, 13/4, 1), (6/2, 7/2, 4)), ((11/4, 3, 13/4, 7/2, 4
), (0,)), cx¥x2/(dxx2kx**2))/(2kpi**(3/2)*c**6) + Ixd**3*meijerg(((3/2, 2,
9/4, 5/2, 11/4, 1), O), ((9/4, 11/4), (3/2, 2, 3, 0)), c**x2*exp_polar(2*I
*pi) / (d**2%x**2) )/ (2*%pi** (3/2) *c**6)) + bx(-d*meijerg(((7/4, 9/4, 1), (3/2
, 6/2, 3)), ((7/4, 2, 9/4, 5/2, 3), (0,)), c**x2/(d**2*x**2))/(2*pi**(3/2)*
c**4) + Ixd*meijerg(((1/2, 1, 5/4, 3/2, 7/4, 1), (), ((5/4, 7/4), (1/2, 1
» 2, 0)), cx*2xexp_polar (2xI*pi)/ (d**2*x**2))/(2xpix*(3/2)*c**4))

output

Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.05

/ a + bz? dp— — 2bd%x B 8ad*x
r4(—c+dr)32(c+dx)32 " J2xZ— 2t 3VdPx? — AP

b 4 ad? a
- -+
Vd2x?2 — 22z 3+v/d?x?2 — 2tz 3V d?%x? — c2c?xB

+

input Lintegrate ((bxx~2+a) /x~4/ (d*x-c)~(3/2)/(d*x+c)~(3/2) ,x, algorithm="maxima") J
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output “2*P*a"2x/ (sqrt(d"2+x™2 = c"2)*c™4) - 8/3ard 4xx/(sqrt(d2ex"2 - cDxc”
18) + b/(sqrt(d™2%x™2 - c"2)*c™2%x) + 4/3%axd"2/(sqrt(d"2%x"2 - c"2)*c74xx) |
‘ + 1/3*a/(sqrt(d™2*x"2 - c~2)*c”2*x"3)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 242 vs. 2(101) = 202.

Time = 0.22 (sec) , antiderivative size = 242, normalized size of antiderivative = 2.03

/ a + bx? e (bc’d + ad®)/dx + c
z(—c+dz)32(c +dx)32 " 2+/dx — ccb
2 (b*d + ad®)

((\/dx+c— Vdx — 0)2 —}-20)05
8 <3bczd(\/dm +c—+dx — 0)8 + 3ad®(Vdz + c — Vdz — c)8 + 24 bc*d(Vdz + c — Vdz — 0)4 + 48 ac

3 ((\/dz—l—c— Vdz — c)4 +4c2>304

-

input Lintegrate ((b*x~2+a) /x~4/ (d*x-c)~(3/2) / (d*x+c)~(3/2) ,x, algorithm="giac")

-/

-1/2%(b*c™2+d + a*d"3)*sqrt(d*x + c)/(sqrt(d*x - c)*c™6) - 2*(bxc™2xd + ax
d~3)/(((sqrt(d*x + c) - sqrt(d*x - c))~2 + 2%c)*c~5) - 8/3*(3*b*c~2*d*(sqr
t(d*x + c) - sqrt(d*x - c))~8 + 3*axd~3*(sqrt(d*x + c) - sqrt(d*x - c))~8

+ 24xbxc”4*d* (sqrt(d*x + c) - sqrt(d*x - c))"4 + 48*axc™2*d"3*(sqrt(d*x +

c) - sqrt(d*x - c))"4 + 48xbxc”6*d + 80*axc”4*d~3)/(((sqrt(d*x + c) - sqrt
(d*x - c))~4 + 4%c™2)"3*c"4)

output

Mupad [B] (verification not implemented)

Time = 6.35 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.87

a z2 (3bct+4ac? d?) zt (6bc? d?+8ad?)
/ a + bz? p de_c(3c2d+ 354 - 354 )
Tr =
z*(—c+ dz)3/2(c + dzx)3/? et ds — cm3\{im

tnput Lint((a + b*x~2)/(x~4*(c + d*x)~(3/2)*(d*x - ¢)~(3/2)),x) J
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‘((d*x - )7 (1/2)x(a/(3*c™2*d) + (x72%(3*bkc™4 + 4*axc~2xd"2))/(3*c™6%d) -
| (x4 (8xaxd™4 + 6xbxc™2+%d"2))/(3%c"6%d)))/ (x4 (c + d*x)~(1/2) - (cxx"3x(c
o+ dkx)7(1/2))/) |

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.48

/ a + bz? dz_8\/dx—cacd3x3+8\/dx—cad4x4+6\/dx—cbc3dx3+6\/dx—cb
x4( -

—c+ dz)3?(c + dz)3/?

input Lint ((b*x~2+a) /x~4/ (d*x-c) ~(3/2) / (d*x+c) ~(3/2) ,x) J

(8*sqrt( - c + dxx)*axc*d**3*x**3 + 8xsqrt( - c + d¥x)*akdr*dkxx*4 + 6*sqr
t( - c + d*x)*bkcx*3kd*x**3 + B*sqrt( — c + d*x)*bxc*k*x2*xd**x2*x**4 + sqrt(c
+ d*x)*a*c*k*x4 + 4xsqrt(c + dkx)*akck*k2xd*x*2xx**2 — 8*sqrt(c + d*x)*axd*x4
*xx**4 + 3ksqrt(c + d*x)*bkck*d*x**2 — 6xsqrt(c + d*x)*kbkcx*k2xd**2xx**x4)/(3

*sqrt( — c + dkx)*ck*6*kx**3*%(c + d*x))

output




output
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3.41

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [A] (verification not implemented)

Sympy [F(-1)]

Maxima [A] (verification not implemented)
Giac [B] (verification not implemented)

Mupad [F(-1)]

Reduce [B] (verification not implemented)

a+ba?
f 25 (—c+dz)3/2(c+dx)3/? dz

Optimal result

Integrand size = 31, antiderivative size = 166

IE

a + bz? dp — a
5(—c+ dx)3/2(c + dx)3/2 4c2zt/—c+ dzv/c + dz
4bc* + 5ad? 3(4bc? + 5ad?) v/—c + dz/c + dx
4/ —ctdzetdr 8cbx?

3d2(4bc? + 5ad?) arctan (M)

&c’

219
319

029
3241

e

1/4*a/c”2/x"4/ (d*x-c)~(1/2) / (d*x+c) ~(1/2)-1/4% (5*axd~2+4*bxc~2) /c~4/x"2/(d

‘*x—c)‘(1/2)/(d*x+c)‘(1/2)-3/8*(5*a*d‘2+4*b*c‘2)*(d*x—c)“(1/2)*(d*x+c)“(1/2
\)/c‘6/x‘2—3/8*d‘2*(5*a*d‘2+4*b*c‘2)*arctan((d*x—c)‘(1/2)*(d*x+c)‘(1/2)/c)/

Lc‘?

~
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Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.73

4bc3z2 (c2—3d%x?) +a(2c5+5c3d22? —15cd*z?) + 6d2(4bc2 + 5ad2) arctan ( Vetde

/ a -+ b$2 de — x4/ —c+dz/c+dz V—ctdz
r5(—c+ dx)3/2(c+ dx)3/2 8c7
input LIntegrate [(a + b*x~2)/(x"5*(-c + d*x)~(3/2)*(c + d*x)~(3/2)),x] J

‘((4*b*c"3*x‘2*(c"2 - 3%d"2%x72) + a*(2*c”5 + 5xc”3*%d"2*x"2 - 15%cxd”"4*x74) \
)/ (x~4xSqrt[-c + d*x]*Sqrtlc + d*x]) + 6%d"2%(4¥bxc™2 + 5¥axd~2)*ArcTan[Sq |
‘ttlc + d*x]/Sqrtl-c + d*x]11)/(8%c"7) |

output

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.88,

number of rules __
integrand size 0.226, Rules

number of steps used = 8, number of rules used = 7,
used = {956, 114, 27, 115, 27, 103, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a + bz?
dx
2% (dz — ¢)3/2(c + dz)3/?
l 956
1 <5ad2 n 4b> / 1 de + a
4\ 2 z3(dz — ¢)3/%(c + dz)3/2 4c2z4+/dx — c\/c + dx
l 114
d2
1<5ad2 n 4b) f m(dm—C)3§2(c+dm)3/2 dz + 1 + a
4\ 2 2¢? 2¢2x2\/dx — c\/c + dx 4c2x4/dx — cv/e + dx

l27
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4 c? 202 2¢2x2+/dr — cv/e + dx ¥ dz
a
4c2z*/dz — cv/c + do
| 115
g2 sva=evmm® _ .
1 (5ad2 4b> c2d c2y/dz—c/c+dz N 1
G
! 2¢? 2c2x2y/dx — cv/c + dx
a
4c2z4/dx — cv/e + dx
| 27
s S mmemm®
1 <5ad2 n 4b> c2 02\/d$—(:\/c+da: N 1
! 2¢2 2¢2x2v/dx — cv/c + dx
a
4c?zt\/dx — cv/e + dx
| 103
342 4 Wd(m\/M) _ )
1 <5ad2 4b> 2/do—c/otda .
S(29e N
4 c? 2¢2 20222 —dx — 5
a
4ctrty/dx — cve + dx
| 218
3d2 arctan(@) L
1 (5ad’ - e T AVl oot ds )
(44 .\
4 < c? > 2¢2 2c2x2\/dr — cv/e + dx

a
4c2x4\/dx — cv/e + dx

input | Int[(a + bxx72) /(x75x(-c + d*x)~(3/2)*(c + d*x)~(3/2)),x] )




output

rule 27

rule 103

rule 114

rule 115

rule 218
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‘a/(4*c"2*x“4*Sqrt [-c + d*x]*Sqrtlc + d*x]) + ((4xb + (5xa*xd~2)/c”2)*(1/(2%
‘c"2*x"2*Sqrt [-c + d*x]*Sqrtlc + d*x]) + (3*d~2*(-(1/(c"2*Sqrt[-c + d*x]*Sq
‘rt [c + d*x])) - ArcTan[(Sqrt[-c + d*x]*Sqrtlc + d*x])/c]l/c"3))/(2%c"2)))/4

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]*((e_.) + (f_.)*(x_
), x_]1 :> Simp[bxf Subst[Int[1/(d*(b*e - axf)~2 + b*f"2xx"2), x], x, Sq
rt[a + b*x]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[2xbxd
xe - fx(b*c + a*d), 0]

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)7 (p_), x_] :> Simp[b*(a + b*x)"(m + 1)*(c + d*x)"(n + 1)*((e + £*xx)"(p + 1
)/ ((m + 1)*(bxc - a*d)*(bxe - a*xf))), x] + Simp[1/((m + 1)*(b*c - axd)=*(bxe
- axf)) Int[(a + b*x)"(m + 1)*(c + d*x) nx(e + fxx) p*Simp[axd*f*(m + 1)
- b*x(d*e*(m + n + 2) + cxfx(m + p + 2)) - b*d*fx(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, c, d, e, £, n, p}, x] && ILtQ[m, -1] & (IntegerQ[n] ||
IntegersQ[2*n, 2xp] || ILtQ[m + n + p + 3, 0])

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)=(p_), x_] :> Simp[b*(a + b*x)"(m + 1)*(c + d*x)"(n + 1)*((e + £xx)"(p + 1
)/ ((m + 1)*(b*c - a*d)*(bxe - a*f))), x] + Simp[1/((m + 1)*(b*c - a*xd)*(bxe
- axf)) Int[(a + b*x)"(m + 1)*(c + d*x) " n*(e + f*x) p*Simp[a*xd*f*(m + 1)
- bx(d*ex(m + n + 2) + c*xf*x(m + p + 2)) - bxdxfx(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && LtQ[m, -1] && IntegersQ[2*m, 2
*n, 2*p]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]




rule 956

input

output
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Int[(Ce_)*(x_))"(m_.)*((al_) + (b1_.)*(x_)"(non2_.)) " (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[c*(exx)~(
m + 1)*(al + bl*x"(n/2)) " (p + ) *((a2 + b2*x~(n/2))"(p + 1)/(al*a2*e*(m + 1
))), x] + Simp[(al*a2*d*(m + 1) - blxb2*cx(m + n*(p + 1) + 1))/(al*a2%e n*(
m+ 1)) Int[(e*x)~"(m + n)*(al + blxx~(n/2)) px(a2 + b2*x~(n/2))"p, x], x]

/; FreeQ[{al, bl, a2, b2, c, d, e, p}, x] && EqQ[non2, n/2] && EqQ[a2+*bl +

al*b2, 0] && (IntegerQ[n] || GtQ[e, 0]) && ((GtQ[n, 0] && LtQ[m, -11) || (
LtQ[n, 0] & GtQm + n, -11)) && !ILtQlp, -1]

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 267, normalized size of antiderivative = 1.61

method | result
2 (15a d?+12bc2) 1n< —2¢°+2v —f v d2””2‘°2) 4(ad?+4bc?) /a2 (z—§)2+2cd(
- +
V—c2 _c
isch Vdztc(—dz+c)(Tad*z®+4bc*2?+2ac?) € de(a—5)
I 8cbx4+/dr—c 8c8+\/dx—c+/dz+c
N T s o 22 /=eZ T2 2(2—/—2 B2 =2
—15ln<— (c Cz i )>ad6x6—12ln<— (C Cz i ) bc2d*zb4+15In| — (C ¢ Rl ) ac?d
default

int ((b*x~2+a)/x~5/ (d*x-c) ~(3/2) / (d*x+c) ~(3/2) ,x,method=_RETURNVERBOSE)

1/8* (d*x+c) " (1/2) * (-d*x+c) * (T*xa*d~2%x~2+4*b*c~2xx~2+2%a*xc"2) /c~6/x"4/ (d*x-
c)~(1/2)-1/8*d"2/c” 6% (- (15*%a*d~2+12*xb*xc~2) / (-c~2) ~(1/2) *1n ((-2*c~2+2x (-c~2
)" (1/2)*(d72%x"2-¢c"2) " (1/2)) /x) +4* (a*xd~2+b*c~2) /d/c/ (x-c/d) * (d~2* (x-c/d) ~2
+2*xc*kd* (x-c/d) )~ (1/2)-4*x(axd"2+b*c~2) /d/c/ (x+c/d) * (d"2* (x+c/d) "2-2*c*d* (x+
c/d))~(1/2))*((d*x-c)*(d*x+c)) ~(1/2) /(d*x-c)~(1/2) / (d*x+c) ~(1/2)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 165, normalized size of antiderivative = 0.99

dzr =

/ a4 bz (2ac® — 3 (4bc3d? + 5 acd*)z* + (4bc® + 5 acdd?)z?)V/dz + cv/dx — c -

25(—c + dz)3/2(c + dx)3/?

8 (c"d?
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input Lintegrate ((bxx~2+a) /x~5/(d*x-c) ~(3/2)/(d*x+c)~(3/2) ,x, algorithm="fricas") J

‘1/8*((2*a*c"5 - 3% (4*bxc”™3*%d"2 + bxa*xckd"4)*x"4 + (4xb*c”5 + bxaxc~3*d"2)=* \
|x"2)*sqrt(d¥x + c)*sqrt(d*x - c) - 6x((4¥bxc™2%d™4 + 5*axd™6)*x"6 - (4xbxc
"‘4*d‘2 + S¥axc”2xd"4)*x"4)*arctan(-(d*x - sqrt(d*x + c)*sqrt(d*x - c))/c)) ‘
| /(c7Td"2%x76 ~ CT9*x"4)

output

Sympy [F(-1)]

Timed out.
a + bx? .
/ 25 (—c + dz)3/2(c + dx)3/2 dz = Timed out
input tintegrate ((bxx**2+a) /x**5/ (d*x—c) ** (3/2) / (d*x+c) **(3/2) ,x) J
output LTimed out J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 162, normalized size of antiderivative = 0.98

a + bx? 3 bd? arcsin (ﬁ)
do —
/ z5(—c + dz)3/2(c + dz)3/? v 2¢8
N 15 ad* arcsin (ﬁ) ~ 3 b2 ~ 15 ad*
8c7 2/d?z? — c2ct 8/ d?x? — c2cP
b 5 ad? a

- +
d?z? — c2c2x? 8/ d?x? — c2ctx? 4V d?x? — cAcxt

input Lintegrate ((b*x~2+a) /x~5/ (d*x-c) ~(3/2) / (d*x+c) ~(3/2) ,x, algorithm="maxima") J
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Output‘ 3/2%bxd~2*arcsin(c/(d*abs(x)))/c~5 + 15/8%a*d 4*arcsin(c/(d*abs(x)))/c~7 - ‘
‘ 3/2%b*d"2/ (sqrt(d~2*x"2 - c~2)*c~4) - 15/8%a*d”"4/(sqrt(d"2*x"2 - c~2)*c”6
‘) + 1/2xb/(sqrt(d™2*x"2 - c~2)*c™2*x"2) + 5/8%a*d~2/(sqrt(d~2*x"2 - c"2)*c

""4*){“2) + 1/4xa/(sqrt(d™2*x"2 - c~2)*c"2*x"4)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 402 vs. 2(142) = 284.

Time = 0.25 (sec) , antiderivative size = 402, normalized size of antiderivative = 2.42

3 (4bc2d? + 5 ad*) arctan ((—dﬁcgc 'dw_c))

/ a + bx? dp —
25(—c+dx)3/2(c+dx)3/2 4c7
(bc*d? + ad*)V/dz + c N 2 (b2d? + ad*)

2Vdz — cc’ ((\/daﬁ+c—\/dav—c)2+2c)c6

| AbeP (Vi + e~ )" +7ad*(Vdz +c—vVdz —c)" +16bc*d*(Vdz +c— Vdz — ) +60a

input integrate ((b*x~2+a)/x~5/ (d*x-c)~(3/2)/ (d*x+c)~(3/2) ,x, algorithm="giac")

3/4%(4%b*c™2xd"2 + bxaxd~4)*arctan(1/2*(sqrt(d*x + c) - sqrt(d*x - c))"2/c
)/c”T = 1/2%(b*c™2*d"2 + a*d~4)*sqrt(d*x + c)/(sqrt(d*x - c)*c~7) + 2x(bxc
~2%d"2 + a*d"4)/(((sqrt(d*x + c) - sqrt(d*x - c))72 + 2xc)*c”6) + 1/2x(4%Db
*c"2xd"2x(sqrt(d*x + c) - sqrt(d*x - c))~14 + 7xa*d~4*(sqrt(d*x + c) - sqr
t(d*x - c))~14 + 16*b*c”4*d"2*(sqrt(d*x + c) - sqrt(d*x - c))~10 + 60*axc”
2xd"4x(sqrt(d*x + c) - sqrt(d*x - c))~10 - 64xb*c~6*%d"2*(sqrt(d*x + c) - s
grt(d*x - c))~6 - 240*a*c”4*d"4x(sqrt(d*x + c) - sqrt(d*x - c))~6 - 256%b*
c™8xd"2*(sqrt(d*x + c) - sqrt(d*x - c))~2 - 448xaxc”6*d"4*(sqrt(d*x + c) -
sqrt(d*x - ¢))"2)/(((sqrt(d*x + c) - sqrt(d*x - c))"4 + 4%c”2)"4*c"6)

N J

output
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Mupad [F(-1)]

Timed out.

/ a + bz? d:v—/ br’+a e
25 (—c+dx)32(c+dz)32 " ) g5 (c+ dw)?’/2 (dx — 0)3/2

input Lint((a + bxx~2)/(x"5x(c + d*x)~(3/2)*(d*x - ¢)~(3/2)),%) J

e

Lint((a + b*x~2)/(x~5%(c + d*x)~(3/2)*(d*x - ¢)~(3/2)), x)

~—

output

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 447, normalized size of antiderivative = 2.69

—30Vdz — ¢ atan< Y dm_cJ’f”j Las _‘/E> acd*z* —30V/dx — c atan(—”dz_c_

/ a + bz? dp—
z3(—c+dz)32(c+dx)32

-

Lint((b*x‘2+a)/x‘5/(d*x—c)“(3/2)/(d*x+c)“(3/2),X)

-/

input

( - 30*sqrt( - c + d*x)*atan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/
sqrt (c) ) *axckd*s*4*xx**x4 - 30*sqrt( - c + d*x)*atan((sqrt( - c + d*x) + sqrt
(c + d*x) - sqrt(c))/sqrt(c))*a*xd**5xx**5 - 24xsqrt( - c + dxx)*atan((sqrt
( - c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*bkcx*3xd*x*2xx**4 — 24*sqr
t( - ¢ + d*x)*atan((sqrt( - c + d*x) + sqrt(c + d*x) - sqrt(c))/sqrt(c))*b
kCHk*2xd**3*x**x5 + 30*sqrt( - c + d*x)*atan((sqrt( - c + d*x) + sqrt(c + d*
x) + sqrt(c))/sqrt(c))*a*xckd**4*x**4 + 30*sqrt( - c + d*x)*atan((sqrt( - c
+ d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*axd**5xx**5 + 24xsqrt( - ¢ + d
*xx)*atan((sqrt( - ¢ + d*x) + sqrt(c + d*x) + sqrt(c))/sqrt(c))*bkck*Ikd**2
*x**x4 + 24xsqrt( - c + d*x)*atan((sqrt( - c + d*x) + sqrt(c + d*x) + sqrt(
c))/sqrt(c)) *bxckx2kd**3xx**x5 + 2xsqrt(c + d*x)*a*xc**5 + Bksqrt(c + d*x)*a
kCkx3kdkxk2xx*kx2 — 16xsqrt(c + d*x)*akrckxdx*4xxx*4 + 4xsqrt(c + d*x)*b*xcx*bx*
x*x2 — 12xsqrt(c + d*x)*bkck*3*d**2*x**4) /(8xsqrt( - c + dkx)*xckxTxx*kxdx(c
+ d*x))

output




output
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3.42 f 14-c?22
* zy/—1+cz\/1+cz

Optimal result . . . . . . . . .. . ..
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 326
Rubi [A] (verified) . . . . . . . .. ..
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. ..
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 329
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3301
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 330
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 330
Reduce [B] (verification not implemented) . . . . . . ... ... ... ...... 3311

Optimal result

Integrand size = 31, antiderivative size = 40

1+ 222
dx = v/—1+ cxV/1+ cx + arctan (\/—1 +cxv/1 +cm)

v/ =1+ cx\/1+cx

L(c*x-l)“(1/2)*(c*x+1)“(1/2)+arctan((c*x-l)“(1/2)*(C*X+1)“(1/2))

Mathematica [A] (warning: unable to verify)

Time = 0.02 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00

1+ c2a? 1
/ e da::\/—1+ca:\/1+cx+2arctan< toz

v/ =1+ cxv/1+cx

1+cx

)

input

‘ Integrate[(1 + c™2%x72)/(x*Sqrt[-1 + c*x]*Sqrt[l + c*x]),x]

outputt

Sqrt[-1 + c*x]*Sqrt[1 + c*x] + 2xArcTan[Sqrt[(-1 + c*x)/(1 + c*x)]]
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Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00,

number of rules _ 0.097, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {960, 103, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

Ar?+1 da
zv/cx — 1\/ex + 1
l 960

dr +Vex — 1vexr +1

1
/ zv/ecx — 1y/ex + 1
l 103

1
c/ (Cx_1)(cx+1)c+cd<\/cx—1\/cx+1) ++vVexr —1Vexr +1

l 218

arctan (\/ca: —1Vex + 1) +Vex — 1Vex + 1

input ‘ Int[(1 + c™2%x"2)/(x*Sqrt[-1 + c*x]*Sqrt[1 + c*x]),x] ‘

output LSqrt [-1 + c*x]*Sqrt[1 + c*x] + ArcTan[Sqrt[-1 + c*x]*Sqrt[1 + c*x]] J

Defintions of rubi rules used

rule 103 Int[1/(Sartla ) + (b_)*(x)1*Sqrtl(c_.) + (d_.)*(x)1*((e_.) + (£_.)*(x_
‘))), x_] :> Simp[b*f Subst[Int[1/(d*(b*e - axf)~2 + b*f~2*x~2), x], x, Sq ‘
‘rtla + bex]*Sqrtlc + d*x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] & EqQ[2xbxd
‘*e - fx(bxc + axd), 0] ‘

o1g Int[((a)) + (b_.)*(x))"2)7(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R

1
o ‘tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]
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rule 960 Int[((e_.)*(x_))"(m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[d*(exx)~(

m + 1)*(al + bl*x"(n/2)) " (p + 1)*((a2 + b2*x~(n/2))"(p + 1)/(bl*b2*e*(m + n
*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/
(b1#b2*(m + n*(p + 1) + 1)) Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x" (n
/2))°p, x1, x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2*bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.32

method | result size

Ver—1+/cx+1 (\/czz2 —1—arctan (

Ve2z2-1 \/ﬁ)) 53

default

-

Lint((c“2*x“2+1)/x/(c*x-1)“(1/2)/(c*x+1)“(1/2),x,method=_RETURNVERBOSE)

| —

input

(exx-1)"(1/2)* (cxx+1) " (1/2) / (c™2%x°2-1) " (1/2) * ((c"2%x"2-1) " (1/2) -arctan(1/

output
(cm2+x72-1)7(1/2))) |

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.98

1 2.2
/ tew dx = Vex + 1W/ex — 1 + 2 arctan (—c:c-l-\/cw—l—l\/cx—l)
zv/—1+cxv/1+cx

e hY

integrate((c™2*x"2+1)/x/(c*x-1)~(1/2)/(c*x+1)~(1/2) ,x, algorithm="fricas")

N\ J

input

Output‘ sqrt(cxx + 1)*sqrt(c*x - 1) + 2*arctan(-c*x + sqrt(c*x + 1)*sqrt(c*x - 1)) ‘




input

output
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 18.68 (sec) , antiderivative size = 148, normalized size of antiderivative = 3.70

’ 29 1
6,6 1 1 11 c2z?
/ 1+C2$2 _57_170a17§a0
xr = 3
zv/—1+cxv/1+cx A2
35 3
(;&3 474’1 17172 1
66| 1 3 1.5 3 0 22
27474702
- 3
472
3 1 1
~G2,6 -1, Z’_Q’_z_UO?l o2im
16,6 3 1 1. 1 1 0c2w2
41 1 T T 9y T 9
+ 3
472
113
-G2,6 0’1’5’171’1 e2im
? 6,6 l § 0 1 1 0 02:1:2
471 1212
+ 3
47z

-

Lintegrate((C**2*x**2+1)/X/(C*x-l)**(1/2)/(C*X+1)**(1/2),X)

~—

meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4, 0, 1/4, 1/2, 0), O),
1/ (c**2xx*%2)) / (4*pix*(3/2)) - meijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/
2, 3/4, 1, 5/4, 3/2), (0,)), 1/(ck*2*x**2))/(4*pi**(3/2)) + I*meijerg(((-1
, -3/4, -1/2, -1/4, 0, 1), ), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), exp_p
olar (2*Ixpi)/(c*x*2*x**2))/(4*pix*(3/2)) + I*meijerg(((0, 1/4, 1/2, 3/4, 1,
v, O), ((1/4, 3/4), (0, 1/2, 1/2, 0)), exp_polar(2*Ixpi)/(cx*2*x**2))/(
4xpi**(3/2))
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.58

1+ 222 ( 1 )
dx = Vc2z?2 — 1 — arcsin | —
/x\/—1+cx\/1+cx c|z|

tnput ‘ integrate ((c~2*%x"2+1) /x/ (c*x-1)~(1/2) / (c*xx+1)~(1/2) ,x, algorithm="maxima")

output qurt(c“2*x“2 - 1) - arcsin(1/(c*abs(x)))

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00

/ 1+ dx = Vex + 1Wex — 1 2arctan<1 <\/cx+1 Vex 1)2)
ov/—1+czvVI+er 2

input ‘ integrate((c~2*x~2+1)/x/(c*x-1)~(1/2)/(c*x+1)~(1/2) ,x, algorithm="giac")

‘sqrt(c*x + 1)*sqrt(c*x - 1) - 2xarctan(1/2*(sqrt(c*x + 1) - sqrt(c*x - 1))

output ‘ .

Mupad [B] (verification not implemented)

Time = 7.02 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.80

1+ T =+cx — cx —In (cz—l—i)2 i
/ dz =+/ 1vVer+1-1 <('cz+1_1>2+1>1

v/ =1+ cx/1+cx
ver—1—i .
+In| —/m— | 1i
Vvex+1—-1

input\im:((c“2='=x‘2 + 1)/ (x*x(c*x - 1)7(1/2)*(c*x + 1)~(1/2)),x)
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¢ Tog(((ex - 17(1/2) - 18)/((exx + 1)7(1/2) - 1D)*1i - log(((exx - 1)7(1/2
) - 18)72/((ekx + 1)7(1/2) - 172 + D1 + (ckx - 1)7(1/2)*(c*x + 1)~ (1/2
& |

outpu

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.20

1+ 222
dx:2atan< cr—1+ cx-l—l—l)
/zc\/—1+cx\/1+cx v v

—2atan<\/cx—1+\/cm+1+1>+\/cm—|-1\/cm—1

inputLint((0‘2*x“2+1>/x/(c*x—i)*(1/2)/(c*x+1)*(1/2),x) J

t‘Q*atan(sqrt(c*x - 1) + sqrt(c*x + 1) - 1) - 2*atan(sqrt(c*x - 1) + sqrt(c* ‘

outpu
‘x + 1) + 1) + sqrt(c*x + 1)*sqrt(c*x - 1) ‘




output

input
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. 262 c+a2d

z  b2cta’d (c+dw2)

3.43 | dx

V—a+bzva+bz
Optimal result . . . . . . . . . . . . .
Mathematica [C] (verified) . . . . . . . . . .. ..
Rubi [A] (verified) . . . . . . . . . . 333l
Maple [A] (verified) . . . . . . . . ... 334
Fricas [A] (verification not implemented) . . . . . . ... ... .. ... .. ... 334
Sympy [C] (verification not implemented) . . . ... ... .. .. ... .....
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 330
Giac [F] . . . o o o 336
Mupad [B] (verification not implemented) . . ... ... ... ... .. ..... 3361
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 337

Optimal result

Integrand size = 57, antiderivative size = 53

_2b2c+a2d
x b2c+a2d (C + dx2) B ( C
V—a+bzva+ bz a?

d __ b2
— 4 b_2) T Pera?d V—a + bxvVa+ bz

s

L (c/a~2+d/b"2) * (b*x-a) = (1/2) * (bxx+a) " (1/2) / (x~ (b~2*c/ (a"2*d+b~2xc)) )

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.08 (sec) , antiderivative size = 244, normalized size of antiderivative = 4.60

_ 2b2c+a2d
x ¥Pete?d (¢ + dx?)

V—a+bzva+ bz

__ b2 X 2 2 2 2, 2
(B2c+ a?d) &~ #oraa [1 — B2 (— ((b2c + 2a?d) Hypergeometric2F1 (%, — 2(b2lc)+ca2d)’ sl b

~—

)+

b2 (b2c + 2a2d) v/—a + bzv/a + bz

‘Integrate[(c + d*xx”2)/(x~((2%b~2*%c + a~2%d)/(b~2%c + a~2xd))*Sqrt[-a + b*x

‘ I1*Sqrt[a + bxx]),x]

N



output

input

output
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((b~2xc + a~2%d)*Sqrt[1 - (b~2%x~2)/a"2]*(-((b~2*c + 2*a~2*d)*Hypergeometr
ic2F1[1/2, -1/2%x(b~2*c)/(b"2%c + a~2%d), (b~2*c + 2xa~2*d)/(2xb~2xc + 2*a~
2xd), (b~2%x72)/a"2]) + b~2xd*x"2*Hypergeometric2F1[1/2, (b~2*c + 2%a”~2*d)
/(2xb~2xc + 2*%a~2xd), (3*b~2xc + 4*a~2xd)/(2*%b"2xc + 2*a”~2*xd), (b"2*x"2)/a
~21))/ (072 (b"2xc + 2*a”2*d)*x”~ ((b"2*c)/(b"2xc + a~2xd))*Sqrt[-a + b*x]*Sq
rt[a + b*x])

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.018, Rules

number of steps used = 1, number of rules used = 1,
used = {952}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (c+dz?)z” aazzddtfbb;cc .
Vbz — av/a+ bz
| 952

-

Int[(c + d*x"2)/(x~((2¥b"2%c + a~2*d)/(b"2*c + a~2*d))*Sqrt[-a + b*x]*Sqrt
[a + bxx]),x]

-

((c/a”2 + d/p"2)*Sqrt[-a + b*x]*Sqrtla + b*x])/x~((b"2*c)/(b"2*c + a~2*d))

N\
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Defintions of rubi rules used

rule 952 Int[((e_.)*(x_))"(m_.)*((al_) + (b1_.)*(x_)"(non2_.))"(p_.)*((a2_) + (b2_.)
*(x_)"(non2_.)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[c*(exx)~(
m + 1)*(al + bl*xx"(n/2)) " (p + D *((a2 + b2*x~(n/2))"(p + 1)/(al*a2*e*(m + 1
))), x] /; FreeQl[{al, b1, a2, b2, ¢, d, e, m, n, p}, x] && EqQ[non2, n/2] &
& EqQ[a2#bl + al*b2, 0] && EqQ[al*a2*d*(m + 1) - blxb2*cx(m + n*(p + 1) + 1
), 0] && NeQ[m, -1]

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.25

method | result size
zv/bz—a+/bz+a (a2d+b2c)z_%22%2rcc
gosper o 66
z(a2d+b%c)vbr+a (—b:c—i—a)z_ %22%7:2:
orering | — P 73

int ((d*x~2+c) / (x~ ((a™2*d+2*b~2%c) / (a~2*d+b~2%*c)) ) / (b*x-a) ~(1/2) / (bxx+a) ~ (1

input
/2) ,x,method=_RETURNVERBOSE)

x/a~2/b" 2% (bxx-a) ~(1/2) * (b*xx+a) ~(1/2) *(a~2*d+b~2*c) / (x~ ((a~2*d+2*xb~2*xc) / (a
~2xd+b~2*c)))

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.23

26 02
o rerard (c+ dx?) o — (b%c + a*d)v/bx + av/bzx — ax
vV —a + bxva+ bz a2h? x2bl§2£ff22dd

t‘integrate((d*x"2+c)/(x"((a"2*d+2*b"2*c)/(a"2*d+b‘2*c)))/(b*x-a)“(1/2)/(b*x

inpu ‘
L+a)“(1/2) ,X, algorithm="fricas") J
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{(b“2*c + a”2xd)*sqrt (bxx + a)*sqrt(bxx - a)*x/(a”2%b~2*x~((2%b~2*c + a~2xd

output
L)/(b“2*c + a~2%d)))

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 49.29 (sec) , antiderivative size = 1867, normalized size of antiderivative
35.23

_262c+a2d 9
x veta?d (¢ 4+ dz?)

V—a + bzva+ bx

dxz = Too large to display

integrate ((d*x**2+c) / (x** ((a**2%d+2xb**2xc) / (a**2*d+b**2%c))) / (bxx-a) **(1/

input
2)/ (b*x+a)**x(1/2) ,x)

—a*x*x (—a**2*xd/ (a**2%d + b**2%c) - 2xb**2xc/(a*x*2xd + b*x*2%c))*xb*x* (a*x*2xd/(a
**k2xd + b**2%c) + 2kbx*k2kc/(ax*2kd + b*x2xc) - 1)*c*meijerg(((ax*2*d/(2*ax
*2xd + 2xb**x2%c) + bx*x2kc/(a**x2*d + b**x2%c) + 1/4, ax*2xd/(2xa**2xd + 2*bx*
*2%c) + b**2xc/(a*x*2xd + b*x*2xc) + 3/4, 1), (a*x*x2*xd/(2*a*x*2*xd + 2xb**2*c)
+ b**2xc/(a**2xd + b**k2xc) + 1/2, a*x*x2xd/(2*a*x*2*xd + 2xb**x2*c) + b**x2xc/(a
**%2%d + bx*2%c) + 1/2, a**2xd/(2*a**2*xd + 2¥b**2%c) + b**2%c/(ax*2*d + bxx
2%c) + 1)), ((ax*x2xd/(2*xax*x2xd + 2%bxx2xc) + b*x2xc/(a**2xd + b**2%c), ax*
2xd/ (2%a*x*2%d + 2¥b**2%c) + b**2%c/(a**2*d + b**2xc) + 1/4, ax*2%d/(2xa*x*2
*xd + 2xbx*2%c) + bx*2kc/(ax*2xd + b**2xc) + 1/2, a**2xd/(2*a**2xd + 2xbx*2
*xC) + b**2xc/(a*x2xd + bx*2%c) + 3/4, a*x2xd/(2xa*x*2%d + 2¥b**2*xc) + b¥*2x
c/(a*x2+d + bx*2xc) + 1), (0,)), ax*2/(b**2*x**2))/(4*pi**(3/2)) - Ixax*(-
a**x2xd/ (a**x2xd + bx*2kc) - 2xbx*2kxc/(a*x*2%d + b**2*c))*b** (a**x2*xd/ (a**x2*d
+ b**2xc) + 2xb*x2%c/(a**2*%d + b**2xc) - 1)*c*meijerg(((ax*2xd/(2ka*x*2*d +
2%b**2xc) + b**2xc/(a**2xd + b**2xc) - 1/2, a*x*x2xd/(2*a*x*2*xd + 2xb**2xc)
+ b**2xc/(a**2xd + b**2xc) - 1/4, a*x*x2xd/(2*a*x*2*xd + 2xb**x2*c) + b**x2xc/(a
**%2%d + b**2%c), axx2xd/(2kaxx2xd + 2kbxx2xc) + bkx2xc/(a**k2xd + b**2%c) +
1/4, ax*2xd/(2%a**2*d + 2xbx*2xc) + bkk2kc/(a**2*d + b**2xc) + 1/2, 1), (
)), ((a**2*d/(2%a**x2*xd + 2¥bx*2xc) + bx*2xc/(a**2*d + b¥*2xc) - 1/4, a*x2x*
d/ (2*%a**2xd + 2xbx*2%c) + bx*2kc/(ax*2*d + b*x2xc) + 1/4), (a*x*2xd/(2*a**2
*xd + 2xbx*2%c) + bx*2kc/(ax*2xd + b**2xc) - 1/2, a**2xd/(2*a**2xd + 2xb...

output
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.49

2b2c+a2d _2 b2c log(z) a2dlog(m) )

g Per?d (c+ da?) dr (b%c + a*d)v/bx + a\/bx — axe( blotald  bletald

v—a+ bxva + bx a?b?

integrate ((d*x~2+c)/ (x~ ((a~2*d+2*b~2*c) /(a~2*d+b~2*c)) )/ (b*x-a) " (1/2) / (b*x

input
+a)~(1/2) ,x, algorithm="maxima")

(b~2%c + a~2%d)*sqrt(b*x + a)*sqrt(b*x - a)*x*e”(-2*%b~2xcxlog(x)/(b~2*c +

output
a"2xd) - a"2*xd*log(x)/(b~2xc + a~2%d))/(a"2%b"2)

Giac [F]

2b2¢

T b2etald azzdd( d 2) d 2
b4c+a
T c+dx / T+ c

d
vV—a+bzva+ bz v

2b2c+a2d

Vbx + a\/bx — ax e+a%d

integrate ((d*x~2+c)/(x~ ((a"2*d+2*b~2%c)/(a"2*d+b~2*c) ) )/ (b*x-a) " (1/2) / (b*x

input
+a)~(1/2) ,x, algorithm="giac")

integrate((d*x~2 + c)/(sqrt(b*x + a)*sqrt(b*x - a)*x~((2*%b~2*%c + a~2*d)/(b

output
“2%c + a~2%d))), x)

Mupad [B] (verification not implemented)

Time = 6.67 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.81

_ 2b2c+a2d z (da*+ca? b2 z3 (da? b2 +cb?
€T b2c+ad (C + dx2) . ( a2 b2 ) - ( a? b2 )
- da2+2cb2
\/—a+bx\/a+bx T daZ+cb? \/a—i—bx\/bw—a

‘int((c + d*x"2)/(x~((a"2xd + 2%b~2xc)/(a"2xd + b 2*c))*(a + b*x)~(1/2)*(b* \
\x - a)~(1/2)),x) \

input
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‘-((x*(a“4*d + a”2¥b"2%c))/(a"2%b"2) - (x73*(b"4*c + a"2*%b"2xd))/(a"2*%b"2)) ‘

output
L/(x“((a"Q*d + 2%b~2%c)/(a~2%d + b~2%c))*(a + bkx)~(1/2)*(b*x - a)~(1/2)) J

Reduce [B] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.02

20 a2
xﬁhﬁdgﬂqm%dx_\Mx+aVMPwN¥d+W@
vV—a + bzxva+ bz z#:b%a?b?

int ((d*x~2+c)/ (x~ ((a~2*d+2xb~2xc) / (a~2*d+b~2%c) ) )/ (b*x-a) ~ (1/2) / (b*x+a) ~ (1
/2),x%)

input

(sqrt(a + bxx)*sqrt( - a + b*x)*(ax*2xd + b**2%c))/ (xk* ((bx*2kc)/(a*x2xd +

output
b**2%c) ) *ka**x2*xbk*2)
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APPENDIX

4.1 Listing of Grading functions . . . . . . . . ... .. ... L.
4.2 Links to plain text integration problems used in this report for each CAS .

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

338
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],



CHAPTER 4. APPENDIX 350

else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType




CHAPTER 4. APPENDIX 351

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^3 (a+b x^2)  -1+c x 1+c x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^2 (a+b x^2)  -1+c x 1+c x  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x (a+b x^2)  -1+c x 1+c x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  -1+c x 1+c x  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  x -1+c x 1+c x  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  x^2 -1+c x 1+c x  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  x^3 -1+c x 1+c x  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  x^4 -1+c x 1+c x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  x^5 -1+c x 1+c x  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^4 (a+b x^2)  -c+d x c+d x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^3 (a+b x^2)  -c+d x c+d x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^2 (a+b x^2)  -c+d x c+d x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x (a+b x^2)  -c+d x c+d x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  -c+d x c+d x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  x -c+d x c+d x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  x^2 -c+d x c+d x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  x^3 -c+d x c+d x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  x^4 -c+d x c+d x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  x^5 -c+d x c+d x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^4 (a+b x^2)  (-c+d x)^3/2 (c+d x)^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 x^3 (a+b x^2)  (-c+d x)^3/2 (c+d x)^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^2 (a+b x^2)  (-c+d x)^3/2 (c+d x)^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 x (a+b x^2)  (-c+d x)^3/2 (c+d x)^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  (-c+d x)^3/2 (c+d x)^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [B] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 a+b x^2  x (-c+d x)^3/2 (c+d x)^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 a+b x^2  x^2 (-c+d x)^3/2 (c+d x)^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  x^3 (-c+d x)^3/2 (c+d x)^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 a+b x^2  x^4 (-c+d x)^3/2 (c+d x)^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b x^2  x^5 (-c+d x)^3/2 (c+d x)^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 1+c^2 x^2  x -1+c x 1+c x  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^-2 b^2 c+a^2 d  b^2 c+a^2 d (c+d x^2)  -a+b x a+b x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)
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