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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 38 ]. This is test number [ 66 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi | 100.00 (38) | 0.00 (0)
Mathematica | 100.00 ( 38 ) | 0.00 (0)

Fricas 86.84 ( 33)

Maple 81.58 (31)
Maxima 81.58 (131)

Reduce 81.58 (31) | 18.42
Sympy 81.58 (31)

Mupad 68.42 (126 )

Giac 65.79 (25)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 97.368 0.000 2.632 0.000
Fricas 78.947 7.895 0.000 13.158
Maple 76.316 0.000 5.263 18.421
Maxima, 65.789 15.789 0.000 18.421
Sympy 50.000 23.684 7.895 18.421
Giac 26.316 39.474 0.000 34.211
Mupad 0.000 68.421 0.000 31.579
Reduce 0.000 81.579 0.000 18.421

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Fricas 5 60.00 0.00 40.00

Maple 7 85.71 14.29 0.00

Maxima, 7 100.00 0.00 0.00

Reduce 7 100.00 0.00 0.00

Sympy 7 28.57 28.57 42.86

Mupad 12 0.00 100.00 0.00

Giac 13 46.15 15.38 38.46

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.10
Maxima 0.11
Reduce 0.19
Maple 0.19
Rubi 0.53
Mathematica 0.84
Mupad 7.34
Sympy 20.17
Giac 22.36

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mathematica | 107.61 0.92 117.00 0.89
Maple 115.52 1.14 122.00 1.02
Mupad 124.19 1.42 108.50 0.96
Rubi 124.79 1.01 116.50 1.00
Maxima 157.39 1.42 157.00 1.39
Reduce 160.87 1.51 152.00 1.40
Fricas 231.73 2.16 211.00 1.88
Giac 252.24 2.86 212.00 2.67
Sympy 316.23 241 264.00 2.10

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.

100
80
60
40
20

% solved

100
80
60
40
20

% solved

100
80
60
40
20

% solved

Rubi Mma Maple
. e e 00 0 0 00 100} . e e 0o 0 0 0 00 100 . o o o o o o o
80 80 V
el el
£ 60 £ 60
o o
2 40 © 40
ES ES
20 20
0 of o
4 6 8 10 12 14 16 2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
Rubi number of rules Rubi number of rules Rubi number of rules
Fricas Giac Maxima
o oo e o 0 o0 100 . oo o 100 . oo e o0 o0
V 80 V 80 V
kel 'S o
£ 60 £ 60
[} ] [}
240 . © 40
X ES
20 20
O o . of o
4 6 8 10 12 14 16 2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
Rubi number of rules Rubi number of rules Rubi number of rules
Sympy Mupad Reduce
o e o0 o000 100 . o« e 100 . e o e oo o0
Y 80 \ 80 V
kel ' - el
£ 60 £ 60
o 14 o
2 40 2 40
B ES
20 20
Of o ¢« o of o
4 6 8 10 12 14 16 2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16

Rubi number of rules

Rubi number of rules

Rubi number of rules

Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much

higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to

solve.



CHAPTER 1. INTRODUCTION 14

1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on

CPU time used in seconds. The bin size used is 0.1 second.
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Number of integrals

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {13)[14,15,16/7)

Mathematica {}

Maple
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[12)B)705,5 7 8010 1) 2 13,4 15,6, 7 15 9, 20} 21 22,23 20, 25 26,
728,29, 30,51, 52,33, 345536, 57,58 )

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[1,2,5)/A5)B) 75 510 11,2 13,4 15,6, 7 5 19,20, 21,22 23,24 25,25
2728, 29] 50,31, 52,33, 5, B0 57,5 }

B grade { }

C grade {[34}

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }
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Maple

A grade {13,556 7 5,5 10,1 12 13,415, 16) 7 15,19} 20, 21, 22 23, A 5L 26,
275367}

B grade { }

C grade {[36,38}

F normal fail { [28}[29}[30}[31}[3235] }
F(-1) timedout fail {34}

F(-2) exception fail { }

Fricas

A grade {[1,2,[3,[4}[5}6}[7} 9} [L0} [L1} 12} [13} [14 15} 16} [L7} 18} 19} 20} 21}, 22} [23} [24} ]25}, 26}
[27,30,33,87,88] }

B grade { }

C grade { }

F normal fail {28313}
F(-1) timedout fail { }

F(-2) exception fail {[29,[34]}

Maxima

A grade { [1}6)7)B) B 0 1) 2 3 14 (15, 6, 7 59} 20,21 25) 24, 25 26 27 3556
57)

B grade { BHAHZZHE )
C grade { }

F normal fail {[28}[29}30}[31}32}[34,[35 }
F(-1) timedout fail { }

F(-2) exception fail { }
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Giac

A grade (IBBABHEHBHED)

B grade {01200 21 2303 20 25 560569 )
C grade { }

F normal fail {[28}[29][30,31}[33][34 }

F(-1) timedout fail {[26,[27}

F(-2) exception fail { [5}[6}[7[18}[32] }

Mupad
A grade { }

B grade {[1,[2,3,14,5,[6}[7, 819 10} [L 1} [[2, [13} 14} [15}[16, [17, 20} 21} [22} [23} 33} 35} 36} 37 39
}

C grade { }
F normal fail { }

F(-1) timedout fail { 1319232526 27 23 29, B0,B1,82,58
F(-2) exception fail { }

Sympy

A grade { [1,[5}[6} [7}[8 [9 [L0} [L1} [12} [16, [20} 21} 22} 23} 24} 25,26, 27} 30] }
B grade {[23[4[13}[14[15,[17,18,[19 }

C grade {[28,[29,31}

F normal fail { }

F(-1) timedout fail {[32,[35 }

F(-2) exception fail { }
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Reduce
A grade { }

B grade {[1,[2,3[45[6}[7,/8l 9} [10,[11} [12} [13} [14}[15} 16, [17}[18} 19} [20} 21} 22} [23} 24 25} 26
733,836,878 }

C grade { }

F normal fail {[28}[29}[30}[31}32}[34,[35 }
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 99 119 91 76 75 75 102 69 75 91
N.S. 1 1.20 0.92 0.77 0.76 0.76 1.03 0.70 0.76 0.92
time (sec) N/A 0.453 0.019 0.155 0.116  0.097 0.181 0.128 0.154 0.207
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 180 160 137 169 372 317 355 212 217 205
N.S. 1 0.89 0.76 0.94 2.07 1.76 1.97 1.18 1.21 1.14
time (sec) N/A 0.446 0.272  0.086 0.114  0.109 157.609 0.136 0.166 7.667

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 148 130 117 145 308 270 298 181 177 169
N.S. 1 088 0.79  0.98 2.08 1.82 2.01 1.22 1.20 1.14

time (sec) N/A 0.420 0.215 0.068 0.120 0.111 30.167 0.133 0.160 7.423
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 113 104 93 121 240 221 264 149 137 130
N.S. 1 092 0.82 1.07 2.12 1.96 2.34 1.32 1.21 1.15
time (sec) N/A 0.369 0.190 0.057 0.121 0.094 9475 0.146 0.154 7.047
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A A F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 97 73 102 169 181 230 0 138 90
N.S. 1 1.01  0.76 1.06 1.76 1.89 2.40 0.00 1.44 0.94
time (sec) N/A 0.358 0.185 0.070 0.110  0.103 4.149 0.000 0.165 6.942
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 85 91 73 105 132 169 177 0 122 81
N.S. 1 1.07  0.86 1.24 1.55 1.99 2.08 0.00 1.44 0.95
time (sec) N/A 0.371 0.188 0.063 0.115  0.087 16.008 0.000 0.155 7.811
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 80 70 114 80 191 102 0 134 71
N.S. 1 1.04 091 1.48 1.04 2.48 1.32 0.00 1.74 0.92
time (sec) N/A 0.356 0.158  0.066 0.110  0.100 3.981 0.000 0.158 7.948
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 45 38 49 79 167 333 148 122
N.S. 1 1.00 0.98 0.83 1.07 1.72 3.63 7.24 3.22 2.65
time (sec) N/A 0.345 0.064 0.064 0.040 0.095 2.060 0.530 0.160 7.091
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 74 74 63 60 84 105 231 397 188 164
N.S. 1 1.00 0.85 0.81 1.14 1.42 3.12 5.36 2.54 2.22
time (sec) N/A 0.379 0.082 0.070 0.036 0.101 2.041 0.626 0.168 7.700
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 104 104 86 84 118 130 292 461 228 206
N.S. 1 1.00 0.83 0.81 1.13 1.25 2.81 4.43 2.19 1.98
time (sec) N/A 0.443 0.094 0.065 0.037  0.079 2.085 0.640 0.177 8.229
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 134 134 107 108 152 153 352 525 268 248
N.S. 1 1.00 0.80 0.81 1.13 1.14 2.63 3.92 2.00 1.85
time (sec) N/A 0.483 0.113 0.077 0.040 0.091 2.239 0.851 0.196 8.837
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 164 164 129 132 186 177 411 589 308 290
N.S. 1 1.00 0.79 0.80 1.13 1.08 2,51 3.59 1.88 1.77
time (sec) N/A 0.553 0.114 0.076 0.038  0.072 2.287 1.042 0.212 9.270
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 192 203 146 156 223 307 1073 177 191 153
N.S. 1 1.06  0.76 0.81 1.16 1.60 5.59 0.92 0.99 0.80
time (sec) N/A 0.682 0.260 0.066 0.131 0.121 25.408 0.136 0.347 7.393
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 167 176 136 141 206 289 585 159 174 141
N.S. 1 1.05 0.81 0.84 1.23 1.73 3.50 0.95 1.04 0.84
time (sec) N/A 0.621 0.238 0.064 0.114  0.122 25.255 0.140 0.339 7.650
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 142 148 124 132 175 258 554 146 151 123
N.S. 1 1.04 0.87 0.93 1.23 1.82 3.90 1.03 1.06 0.87
time (sec) N/A 0.568 0.263 0.057 0.162 0.088 8.178 0.140 0.169 7.507
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 119 121 115 117 157 240 201 129 134 111
N.S. 1 1.02 097 0.98 1.32 2.02 1.69 1.08 1.13 0.93
time (sec) N/A 0.503 0.220 0.056 0.120 0.090 7.872 0.139 0.159 7.096
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 94 93 103 103 120 211 197 115 111 90
N.S. 1 099 1.10 1.10 1.28 2.24 2.10 1.22 1.18 0.96
time (sec) N/A 0.439 0.248 0.050 0.111 0.087 3.905 0.136 0.159 7.277
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 118 124 142 148 174 535 236 0 152 0
N.S. 1 1.05  1.20 1.25 1.47 4.53 2.00 0.00 1.29 0.00
time (sec) N/A 0.560 0.286 0.049 0.113  0.123 4.127 0.000 0.154 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 114 114 131 139 142 465 202 136 152 0
N.S. 1 1.00 1.15 1.22 1.25 4.08 1.77 1.19 1.33 0.00
time (sec) N/A 0.543 0.299 0.066 0.124  0.109 3.119 15,579 0.161 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 111 109 138 131 160 493 182 207 150 88
N.S. 1 098 1.24 1.18 1.44 4.44 1.64 1.86 1.35 0.79
time (sec) N/A 0.498 0.394 0.065 0.112  0.109 3.492 45.656 0.161 8.262
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 111 115 138 125 155 510 187 227 225 82
N.S. 1 1.04 124 1.13 1.40 4.59 1.68 2.05 2.03 0.74
time (sec) N/A 0.498 0.420 0.067  0.108 0.099 4.686 67.550 0.180 8.032
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 111 118 148 122 181 558 221 305 175 85
N.S. 1 1.06 1.33 1.10 1.63 5.03 1.99 2.75 1.58 0.77
time (sec) N/A 0.513 0.554 0.075 0.110  0.098 5.983 0.211 0.165 9.014
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 93 97 123 117 132 211 245 248 164 68
N.S. 1 1.04 132 1.26 1.42 2.27 2.63 2.67 1.76 0.73
time (sec) N/A 0.400 0.529 0.086 0.121  0.119 1.844 81.232 0.171 8.842
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac  Reduce Mupad
grade N/A A A A A A A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 118 124 117 126 174 240 275 405 188 0
N.S. 1 1.05  0.99 1.07 1.47 2.03 2.33 3.43 1.59 0.00
time (sec) N/A 0.450 0.790 0.069 0.112  0.099 1.894 171.602 0.179 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 138 152 136 141 192 259 303 405 204 0
N.S. 1 1.10 0.99 1.02 1.39 1.88 2.20 2.93 1.48 0.00
time (sec) N/A 0.511 0.750 0.076 0.110 0.109 1.748 171.451 0.185 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F(-1) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 163 180 137 150 229 288 333 0 228 0
N.S. 1 1.10 0.84 0.92 1.40 1.77 2.04 0.00 1.40 0.00
time (sec) N/A 0.587 0.857  0.090 0.117  0.127 1.818 0.000 0.194 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F(-1) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 185 207 145 165 246 307 360 0 244 0
N.S. 1 1.12  0.78 0.89 1.33 1.66 1.95 0.00 1.32 0.00
time (sec) N/A 0.616 0.859 0.091 0.112  0.148 1.892 0.000 0.219 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 168 162 130 0 0 0 860 0 1301 0
N.S. 1 096 0.77 0.00 0.00 0.00 5.12 0.00 7.74 0.00
time (sec) N/A 0.695 0.397  0.000 0.000  0.000 27.658 0.000 0.164 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 314 305 206 0 0 0 342 0 0 0
N.S. 1 0.97  0.66 0.00 0.00 0.00 1.09 0.00 0.00 0.00
time (sec) N/A 0.916 0.799 0.000 0.000  0.000 20.085 0.000 0.338 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 60 45 45 0 0 66 162 0 249 0
N.S. 1 0.75  0.75 0.00 0.00 1.10 2.70 0.00 4.15 0.00
time (sec) N/A 0.543 0.718 0.000 0.000  0.093 136.234 0.000 0.164 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 280 273 178 0 0 0 304 0 0 0
N.S. 1 098 0.64 0.00 0.00 0.00 1.09 0.00 0.00 0.00
time (sec) N/A 0.794 0.260 0.000 0.000  0.000 107.754 0.000 0.404 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 306 297 204 0 0 0 0 0 0 0
N.S. 1 097 0.67 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.833 0.336  0.000 0.000  0.000 0.000 0.000 0.579 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 24 24 24 21 20 20 0 0 18 20
N.S. 1 1.00 1.00 0.88 0.83 0.83 0.00 0.00 0.75 0.83
time (sec) N/A 0.363 5.766  3.506 0.079  0.104 0.000 0.000 0.213 7.113
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F(-1) F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 103 103 93 0 0 0 0 0 149 0
N.S. 1 1.00  0.90 0.00 0.00 0.00 0.00 0.00 1.45 0.00
time (sec) N/A 0.590 10.221  0.000 0.000  0.000 0.000 0.000 0.159 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F(-1) B F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 28 28 28 0 0 61 0 228 246 95
N.S. 1 1.00 1.00 0.00 0.00 2.18 0.00 8.14 8.79 3.39
time (sec) N/A 0.444 0.342 0.000 0.000  0.083 0.000 0.186 0.162 6.481
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A B F(-2) B B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 45 45 46 138 7 119 0 237 73 124
N.S. 1 1.00 1.02 3.07 1.711 2.64 0.00 5.27 1.62 2.76
time (sec) N/A 0.528 1.409 0.206 0.148  0.089 0.000 0.184 0.195 6.565
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-2) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 31 52 59 54 0 111 51 76
N.S. 1 1.00 1.00 1.68 1.90 1.74 0.00 3.58 1.65 2.45
time (sec) N/A 0.594 0.736 0.038 0.130  0.109 0.000 0.214 0.206 6.480
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F(-2) B B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 45 45 41 103 92 88 0 155 62 106
N.S. 1 1.00 0.91 2.29 2.04 1.96 0.00 3.44 1.38 2.36
time (sec) N/A 1.044 2203 0.227 0.1564 0.121 0.000 0.298 0.163 6.861
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

ni%%é%%r?cfl lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [13]
had the largest ratio of [.800000000000000044]

leaf size of the integrand. Finally the ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
| A 10 9 1.20 18 0.500
% A 10 9 0.89 20 0.450
3| A 9 8 0.88 20 0.400
4 A 8 7 0.92 18 0.389
i A 8 7 1.01 17 0.412
6} A 8 7 1.07 20 0.350
7] A 8 7 1.04 20 0.350
3] A ) 4 1.00 20 0.200
9) A ) 4 1.00 20 0.200
10j A ) 4 1.00 20 0.200
11 A 5 4 1.00 20 0.200
12] A ) 4 1.00 20 0.200
13] A 17 16 1.06 20 0.800
14 A 15 14 1.05 20 0.700
15) A 13 12 1.04 20 0.600
16} A 11 10 1.02 20 0.500
17] A 9 8 0.99 20 0.400
18] A 13 12 1.05 20 0.600
19 A 12 11 1.00 18 0.611
20) A 13 12 0.98 17 0.706
21] A 11 10 1.04 20 0.500
Continued on next page




CHAPTER 2.

DETAILED SUMMARY TABLES OF RESULTS

40

Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:S; ui?el;e antlf;rlszzzlve leaf size integrand leaf size
2 A 11 10 1.06 20 0.500
23] A 8 7 1.04 20 0.350
24] A 9 8 1.05 20 0.400
é A 12 11 1.10 20 0.550
26 A 14 13 1.10 20 0.650
z A 15 14 1.12 20 0.700
28| A 2 2 0.96 36 0.056
29 A 2 2 0.97 38 0.053
30) A 2 2 0.75 58 0.034
31 A 2 2 0.98 30 0.067
32 A 2 2 0.97 36 0.056
ﬁ A 1 1 1.00 46 0.022
% A 11 10 1.00 24 0.417
35) A 1 1 1.00 48 0.021
E A 1 1 1.00 45 0.022
3_7 A 1 1 1.00 69 0.014
3| A 1 1 1.00 86 0.012
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3.1 T a3

3.2 f(c+§)3/2x3(a+bx) dT . . 3l

33 [(c+ 5)3/2 r2a+br)dr . . . ... 611

34 [(c+ 5)3/2 zla+bz)dr . . . . ... 70)

3.5 f(c+g)3/2 (@+bx)dr . . .. . 78

36 [ (c+2) st AT .. g6,
C d 3:72 a 49

37 f M dT . . 94
(c+i)3/ ? (atba)

38 [l T IO
C d 8/2 a 49

39 f w dz ... 108
C d 8/ a 49

310 f ( +“)z5( L O 16|
C d 8/2 a a9

311 ( +””)z6( e 124
C d 8/ a '

312 f w de ... 133

313 [(c+ ;%)3/2 z(a+br)dr . . . ... 1411

314 [(c+2)PaSatba)dr . ... 153

315 [(c+2)’aPatba)dr . . .. T62

316 [ (c+ ;%)3/2 zHa+bz)dr . . . . ... 174

317 [(c+2) e atba)dr . ... 183

318 [ (c+ ;%)3/2z2(a+bx) dT . . . 1911

319 [(c+2)Pala+ba)dr . ... 20T

320  [(c+ ;%)3/2 (@+bx)dr . . . . . . 211

41



CHAPTER 3. LISTING OF INTEGRALS 42

c+-5% a-+bx
3.21 f<+w2>x O e 221]
<c+%>3/2(a+bx)
322 [ ——dr ... 230
<c+%>3/2(a+bz)
323 [ g——dr ... 240)
<c+%>3/2(a+bz)
324 [ S dT .
3.95 f <c+£2>3/2(a+bz)
. S dT ..
3.96 f <c+;i2>3/2(a+bz) o
. P T 0
(c+%>3/2(a+bz)
327  [—= AT .
3.28 [ e ) 78S
39 [ (ldrertiaiaert) gy 295
. e AT
_ n _ n —14mn _ 5n
3.30 [ el tibfe b e T D dp
331  [(ex)™(d+ex+ fz?+g2®)(a+bz™)Pdx .. . ... ... ... . ... 308
332 [(cx)™(a+ gmn)p 4(d +ex" + fr +gx3)dx . ... ... 315
3.33 [eHllellI AR g
142
3.34 f m dT . . . e 02(]
—1-n —1—n
335 [(a+bz™) * (c+dz™) » (ac—bdz®™)dx . ..............
336  [(hz)™'™"" (a + bz™)’ (c+dz™)’ (ac—bdz®™)dx . ... ... ... .. 340)
3.37 f (a + b.’En)p (C + d.’L'n)p (6 + (bc+ad)e((lz—c|—n+np)x" + bde(1+2r;—l—2np)z2"> de . ..

m n n bet+ad)e(l1+m+n+np)z™ bde(1+m+2n+2np)x2™
338 [(he)™ (a+bam)P (c-+ da)P (e Cetedeliinipim | Wellimidnidme™ ) oggr)
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3
3.1 {157(227 62435 6) d
—04T
Optimal result . . . . . . . . . . . . . . . e 43
Mathematica [A] (verified) . . . . . . . . . ... 43l
Rubi [A] (verified) . . . . . . . . . . 44
Maple [A] (verified) . . . . . . ... L 47
Fricas [A] (verification not implemented) . . . . . .. ... ... ... . ..... 47
Sympy [A] (verification not implemented) . . . . ... ... ... ... ..... 48
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 48
Giac [A] (verification not implemented) . . . . . . ... ... ..o L. 9]
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 49
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 50

Optimal result

Integrand size = 18, antiderivative size = 99

/z(27—2x3) o _5arctan <33_f§> - arctan <33J:;1§”> B ilo 3 22)
729 — 6425 96+/3 32v/3 96 8
) 5 1
——1 2 —1 — 422) + —1 412
583 og(3+ :r:)—l—576 og (9—6z+4z )+192 og (9+ 6z + 42?)

output |-5/288xarctan(1/9%(3-4%x)*3~(1/2))*3"(1/2)-1/96*arctan(1/9% (3+4+x)*3~(1/2)
| )%37(1/2)-1/96%1n(3-2%x)-5/288%1n (3+2%x) +5/576%1n (4%x"2-6%x+9) +1/192%1n (4% |
Lx"2+6*x+9) J

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.92

r(27—-22%) . 1 —-3+4z 3+4zx
/md%— %<10\/§arctan( 3\/5 >—6\/§&I'Ct&n( 3\/5 )

— 6log(3 — 2z) — 101log(3 + 2z) + 5log (9 — 6z + 42?)

+ 3log (9 + 6z +4w2))
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input‘ Integrate[(x*(27 - 2%x~3))/(729 - 64%x"6),x] |

. (10%Sqrt [3]*ArcTan[(-3 + 4%x)/(3+Sqrt[3])] - 6xSqrt[3]*ArcTan((3 + 4¥x)/(3
\*Sqrt [31)] - 6xLogl[3 - 2%x] - 10*Log[3 + 2*x] + 5*Logl[9 - 6*x + 4%x"2] + 3 \
L*Log[g + 6%x + 4%x~2])/576 J

outpu

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.20,

number of rules _ 0.500, Rules

number of steps used = 10, number of rules used = 9, integrand size

used = {1835, 27, 821, 16, 1142, 27, 1083, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
m(27 - 2903)
729 — 64g0 ¥
l 1835

X T
) L, /Y. S [ S—
/8(27—8:::3) Sl /8(8w3+27) v
l27
3 T 5 T
8/27—89:3 x+8/8z3+27 v
1821
5/ 1 2z + 3 1 1 3/1 1 1 3- 2
N 22 gy = [ (= do— — [ —2—=2 4
8<18/4w2—6w+9dx 18 2x+3dx)+8<18/3—2ac v 18/4m2+6:1:+9 “")
| 16
5/ 1 2z + 3 1 3/ 1 3- 2z 1
U= [ 2T g log(2 o [ 272 gp  log(3—2
8<18/4:c2—6:c+9 T 36 Og(x+3)>+8< 18/4w2+6w+9 ™~ 3518 m)>
l1142

1 1 2(3 — 4z) 1
s gt [ =0T ) o log(2
22— 62+ 9 x+4/ 422 — 61 + 9 m) 36 Og(m+3)>+

9

2/ 4

1 /1 [ 2(4z+3) 9 1 )

L 2ad) 4 00 1 ) Ligp o
18<4/4:c2+6:c+9x 2/4x2+6:c+9 I) 36 08 x))
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| 27
5(1 (9 1 1 [ 3—4z 1
(2| ——do—- [ 2" _dg) — —log(2
8(18(2/4x2—6m+9”’ 2/4x2—6x+9 I) 360g(m+3)>+
1

3 1 4z +3 9 1
Al a5 | 54 —1 3-2
8 18<2/4:c2+6w+9 ’ 2/4w2+6w+9 x) 36 og( x)>

l1083
5(1( 1 [ 3—4x
s\18\ 2 (87— 6) ) — — log(2
3/1 /1 P
8\18\2 | 422+ 62z+9 d _ 1 2
8(18<2/4 2 62190 +9/ —(8z +6)2—108 (8‘”6)) 361083 ‘”)>

l217
5/1/1 8 —6 1 3 —4x
°(=(=vBarctan [ 22 ) -~ [ 222 4 log(2
8(18(2\@“‘:&“(6\/3) 2/4x2—6x+9 w) 36°g(”+3)>
3/1/1 4z + 3 1 8x+ 6
S (A R - 1, 2
3 18<2/4w2+6:1:+9 T 2\/§arctan( W )> 36 og(3 — ac))
l1103

g <118 (;\/garctan <8;U\;g6> + ilog (4;52 — 6z + 9)) - % log(2x + 3))
1

1 1
(4 log (42 + 6z +9) — ix/garctan <8§\—;§6>> 36 log(3 — 2x)>

input[lnt[(x*@? - 2%x73)) /(729 - 64%x76),x]

\ >

output
‘ [9 - 6xx + 4*x72]/4)/18))/8 + (3x(-1/36*Log[3 - 2xx] + (-1/2*(Sqrt[3]*ArcT

‘a.n[(G + 8%x)/(6xSqrt[3]1)]) + Logl9 + 6*x + 4*x721/4)/18))/8

Defintions of rubi rules used

rule 16 \/Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
‘bxx, x11/b), x] /; FreeQl{a, b, c}, x]

]

N

27‘In‘c[(a )*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma ‘

rule
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] |




rule 217

rule 821

rule 1083

rule 1103

rule 1142

rule 1835
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
& (LtQla, 0] || LtQ[b, 01)

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> Simp[-(3*Rt[a, 3]*Rt[b, 3])~(-
1)  Int[1/(Rt[a, 3] + Rt[b, 3]*x), x], x] + Simp[1/(3*Rt[a, 3]*Rt[b, 31)
Int[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 3172 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3172
*x~2), x], x] /; FreeQ[{a, b}, x]

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

/Int[((d_) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent[a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, 4,
e}, x] && EqQ[2*c*d - bxe, 0]

Int[((d_.) + (e_.)*(x_))/((a)) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*c*d - bxe)/(2xc) Int[1/(a + b*x + c*x~2), x], x] + Simp[e/(2*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]

Int [(CCE_D)*(x)) " (m_)*((d) + (e_)*(x_)"(m_)))/((al) + (c_.)*(x_)"(n2_))
, Xx_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Simp[-(e/2 + c*x(d/(2%q))) Int[(f
*x)"m/(q - c*x"n), x], x] + Simp[(e/2 - c*x(d/(2*%q))) Int[(f*x)"m/(q + c*x

“n), x1, x]11 /; FreeQl{a, c, 4, e, f, m}, x] && EqQ[n2, 2*n] && IGtQ[n, O]
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Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.77

method | result
(82—6)V3 (82+6)Vv3
5ln(422—62+9) | 5V3 arctan(T) In(2z-3) , In(4a+62+9) V3 arctan(T) 51n(2z+3)
default 576 + 288 —~ 9 T 192 - 96 T o8
\/3 arctan w 5\/3 arctan w
- _In@2e-3) | In(42?+6c+9) _ 5In(2z+3) |, 5In(4a%—62+9)
risch % T 192 96 588 T 576 + 288
2(s6) 8 4(s5)3 2(s6) 8 4(s5)3
o(a6) o(a6) 5 Infl-——7gi—F—7g— V5 (a8 i Inflt——mg—+t—7g"—
2% | In (1—(13)) —In (1—}- <w3) >+ ) +v3 arctan( 3((z >1 ) - ) +V3
3—(26)6
meijer
Jete 288(z6) 8
inputLint(x*(-2*X“3+27)/(-64*X“6+729),X,method=_RETURNVERBOSE) J

p
‘5/576*1n(4*x“2—6*x+9)+5/288*3‘(1/2)*arctan(1/18*(8*x—6)*3‘(1/2))-1/96*ln(2
\*x—3)+1/192*1n(4*x‘2+6*x+9)—1/96*3‘(1/2)*arctan(1/18*(8*x+6)*3‘(1/2))—5/28
‘8*1n(2*x+3)

output

\‘

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.76

/Mdm: 1 3arctan (é \/3(4904-3))

729 — 6425 9%
1 1
+ 2—28\/§arctan (§ \/§(4x—3)) + 102 log (42° + 6z +9)
5 , 5 1
+% log (42° —6z+9) — 288 log (22 + 3) — 9% log (2z — 3)

input integrate (x*(-2%x~3+27) / (-64%x~6+729) ,x, algorithm="fricas") ‘
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t‘-1/96*sqrt(3)*arctan(1/9*sqrt(3)*(4*x + 3)) + 5/288%sqrt(3)*arctan(1/9*sqr
t(3)%(4xx - 3)) + 1/192¥1log(4*x"2 + 6%x + 9) + 5/576%log(4%x™2 - 6%x + 9) |
|- 5/288%log(2%x + 3) - 1/96%log(2*x - 3) |

outpu

Sympy [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.03

/z(27—2z3)d _ log(z—3) 5log(z+3)

729 — 6426 T T 96 288
5log (¢ — % +7)  log (¢ + % +7)
576 192
5v/3 atan (% — \/T:?,) V3 atan (@ + ‘?)
+ 288 B 96

-

Lintegrate(x*(-2*x**3+27)/(-64*x**6+729),x)

| —

input

-log(x - 3/2)/96 - 5¥log(x + 3/2)/288 + 5xlog(x*x*2 - 3%x/2 + 9/4)/576 + lo
(g(xx*2 + 3xx/2 + 9/4)/192 + 5xsqrt(3)*atan(4*sqrt(3)*x/9 - sqrt(3)/3)/288
- sqrt(3)+atan(4+sqrt (3)*x/9 + sqrt(3)/3)/96 |

output

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.76

/de __1 3arctan (é V3(4z + 3))

729 — 6425 96
1 1
+ 2%8\/§arctan <§ \/5(430—3)) + 102 log (42° + 6 +9)
5 , 5 1
+ee log (42° —6z+9) — 288 log (2z +3) — 9% log (2z — 3)

input integrate (x* (-2*x~3+27) / (-64*x~6+729) ,x, algorithm="maxima")
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t‘-1/96*sqrt(3)*arctan(1/9*sqrt(3)*(4*x + 3)) + 5/288%sqrt(3)*arctan(1/9*sqr
t(3)%(4xx - 3)) + 1/192¥1log(4*x"2 + 6%x + 9) + 5/576%log(4%x™2 - 6%x + 9) |
|- 5/288%log(2%x + 3) - 1/96%log(2*x - 3) |

outpu

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.70

z(27 — 2x3) 1
22 = —— — 4 3
/729—64:06 dx % 3arctan<9\/§( x+ ))
) 1
+ 288 V/3arctan (5 V3(4z — 3))

+Llog <x2+§x+9) +ilog (x2—§x+g)
192 2 4 576 2 4
3
=)

—ilo x+§ —ilo
288 & 21) o6 8

Lintegrate(x*(-2*x“3+27)/(-64*x‘6+729),x, algorithm="giac")

input

| —

e B

-1/96*sqrt (3)*arctan(1/9*sqrt (3)*(4*x + 3)) + 5/288*sqrt(3)*arctan(1/9*sqr
t(3)*(4%x - 3)) + 1/192%log(x"2 + 3/2%x + 9/4) + 5/576%log(x"2 - 3/2%x + 9
/4) - 5/288xlog(abs(x + 3/2)) - 1/96%log(abs(x - 3/2)) |

output

Mupad [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.92

/m(27—2x3)dx=_1n(w—%)_51n(w+%)+ln pa 3 VB3 (1 VBl
729 — 64256 96 288 4 4 192 192
3 /33i 1 V3 1i
Bl A 102t 192)
3 +/33i 5  +/35i
—Inf{zx—-— -+
4 4 576 576
o (g3 V33 5 _ V35i
4 4 576 576
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input‘int((x*(2*x“3 - 27))/(64%x~6 - 729),x)

output‘log(x - (37(1/2)#31)/4 + 3/4)*((3~(1/2)%1i)/192 + 1/192) - (5*log(x + 3/2)
1)/288 - log(x - 3/2)/96 - log(x + (37(1/2)*3i)/4 + 3/4)x((3°(1/2)*1i)/192
|- 1/192) - log(x - (37(1/2)*3i)/4 - 3/4)*((3"(1/2)*5i)/576 - 5/576) + log( |

x + (37(1/2)*31)/4 - 3/4)*((37(1/2)*51)/5676 + 5/576)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.76

/ 2(27-2%)  OV3 atan(%52)  V3atan(4212) , 5log(4a> — 62 +9)

7929 — 64z T 288 - 96 576
N log(42® + 62 +9) log(2x —3)  5log(2z +3)
102 96 288

-

input Lint (x* (-2%x~3+27) / (-64%x~6+729) ,x)

~—

1(3))) + Bxlog(dxxx*2 - 6%x + 9) + 3xlog(4*xx*2 + 6xx + 9) - 6%log(2*x - 3)

Output‘((10*sqrt(3)*atan((4*x - 3)/(3xsqrt(3))) - 6*sqrt(3)*atan((4*x + 3)/(3*sqrt |
| - 10%log(2%x + 3))/576 |
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d\3/2
3.2 [(c+29)" z%(a+bz)dz
Optimal result . . . . . . . . .. .. BT
Mathematica [A] (verified) . . . . . . . . ... . L 52
Rubi [A] (verified) . . . . . . . .. .. 52
Maple [A] (verified) . . . . . . . . . . 55
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 56
Sympy [B] (verification not implemented) . . ... ... ... ... ... ... byi
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... by
Giac [A] (verification not implemented) . . . . . . . ... ... ... bY
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 59
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 601
Optimal result
Integrand size = 20, antiderivative size = 180
d\*? |, 3d3(2ac — bd)\/c+ iz
/(HE) zlatbo)dr =~ 12833
d*(2ac — bd)\/c+ 2®  d(30ac+bd)\/c+ 2z® 4 d,
+ e + 800 + E(lOac+3bd)\/c+ e
[ord
3d*(2ac — bd)arctanh (%)

1 4\ 32 )
+gb<c+5) z’ + 123072

output‘—3/128*d"3*(2*a*c—b*d)*(c+d/x)"(1/2)*x/c‘3+1/64*d"2*(2*a*c—b*d)*(c+d/x)"(1
‘/2)*x‘2/c“2+1/80*d*(30*a*c+b*d)*(c+d/x)“(1/2)*x‘3/c+1/40*(10*a*c+3*b*d)*(c
‘+d/x)‘(1/2)*x‘4+1/5*b*(c+d/x)‘(3/2)*x‘5+3/128*d“4*(2*a*c—b*d)*arctanh((c+d
L/x)‘(1/2)/c“(1/2))/c“(7/2)
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Mathematica [A] (verified)

Time = 0.27 (sec) , antiderivative size = 137, normalized size of antiderivative = 0.76

/ (c+ g)z%/z z*(a

vey/ e+ 4x(10ac(—3d® + 2cd?z + 24c%dx? + 163 ) + b(15d* — 10cd®z + 8c2d?a? + 176c3dz®
640c7/2

+bz) dz =

input‘ Integrate[(c + d/x)~(3/2)*x"3*(a + b*x),x]

‘ (Sqrt[c]*Sqrtlc + d/x]*x*(10%a*xc*(-3*%d~3 + 2%c*d~2*x + 24*c”2xd*x"2 + 16%c \
|"3%x73) + b*(15%d74 - 10%c*d™3%x + 8¥cT2%d"2%x"2 + 176%c"3%d*x"3 + 128%c™4 |
(*¥x74)) - 15%d"4%(-2*a*c + bkd)*ArcTanh[Sqrt[c + d/x]/Sqrtlc]])/(640%c~(7/2
» |

output

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 160, normalized size of antiderivative = 0.89,

number of rules _
integrand size 0.450, Rules

number of steps used = 10, number of rules used = 9,
used = {1016, 948, 87, 51, 51, 52, 52, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

4\ 3/2
/m3(a+bx) <c+ x> dz

| 1016
[et(@ ) (e+ )
| 948
—/ (2+9) <c+;i>3/2x6d916
| 87

below.
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bz’ (c + %)5/2 (2ac —bd) [ (c+ %)3/2 zodl

5c 2c

| 51

3/2
(o e Qo) (3] Jor fatal —fater ")
2c

5c
l 51

2ac —bd)  23d| 1d [ 2 dl — 13 Je+ 4 ) - lat(c+ )
bx5(c+%)5/2 ( )<8 <6 f\/@ 3 T 4 ( z)

5c B 2c

| 52

bz’ (c+ 4)5/2

T

5c
3df —Z—dl 2
(2ac — bd) (gd (éd ( \/4cc+% @ \2/Z+z) N d) ~lat(c+ d)3/2)
2c

| 52

bz’ (c+ %)5/2
5c

1Y
|
8
RISW
N~

df
y ( =
3 1 z

bz’ (c+ 4)5/2 B

(2ac —bd) | 3d| gd| - 4c -5 | —3r’y et g —%x4(c+¢)3/2

T

l 991
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bx5(c-+-%)5/2
. 5c
danmanh<vc+5) —
3d( 372 v - f:+%
z2 c+% 3/2
(2ac—bd) | 3d| id| - - - — 128 Je+ 2| —L1zi(c+ 9
2c

inputt

Int[(c + d/x)~(3/2)*x"3*(a + b*x),x]

e

(bx(c + d/x)7(56/2)*x75)/(5*c) - ((2*axc - b*d)*(-1/4*((c + d/x)~(3/2)*x"4)

tput

ot + (3*%d*(-1/3*(Sqrtlc + d/x]*x73) + (d*(-1/2*(Sqrtlc + d/x]1*x~2)/c - (3*dx*
‘(-((Sqrt[c + d/x]*x)/c) + (d*ArcTanh[Sqrtlc + d/x]1/Sqrtlcl])/c~(3/2)))/(4x
Lc)))/G))/S))/(2*c)
Defintions of rubi rules used

rule 51 Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Simp[d*(n/(b*x(m + 1)))
Int[(a + b*x)~(m + 1)*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x
] && ILtQ[m, -1] && FractionQ[n] && GtQ[n, O]

rule 52 IntlCCa ) + (b_)*(x_))" @ )*((c_.) + (d_.)*(x_))"(n)), x_Symbol] :> Simpl[
(a + bxx)"(m + 1)*((c + d*x)"(n + 1)/((b*xc - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

rule 73 Int[((a_.) + (b_)*(x_)) " (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +

d*(x"p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt

Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]




rule 87

rule 221

rule 948

rule 1016

input
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Int[((a_.) + (b_)*(x_))*((c_.) + (A_)*x))"(a_.)*((e_.) + (£_)*(x_))"(p
_.), x_] :> Simp[(-(bxe - axf))*(c + d*x)"(n + 1)*((e + £*xx)"(p + 1)/ (£x(p

+ Dx(cxf - d*e))), x] - Simp[(axd*f*(n + p + 2) - b*(d*ex(n + 1) + cxfx(p

+ 1)))/(£x(p + 1)*x(cxf - dx*e)) Int[(c + d*x)"n*x(e + £xx)"(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, £, n}, x] && LtQ[p, -1] && ( !LtQ[n, -1] || Intege
rQlp] Il !(IntegerQ[n] || !(EqQle, 0] || !(EqQlc, 0] Il LtQ[p, nl))))

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(n_ )" (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~
p*(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ
[b*c - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Int[(x_)"(m_.)*((c_) + (d_.)*(x_)"(mn_.))"(q_.)*((a_) + (b_.)*(x_)"(n_.))"(

P_.), x_Symbol] :> Int[x"(m - n*q)*(a + b*x"n) p*(d + c*x"n)~q, x] /; FreeQ
[{a, b, ¢, d, m, n, p}, x] & EqQ[mn, -n] &% IntegerQlql &% (PosQ[n] || !I
ntegerQ[pl)

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 169, normalized size of antiderivative = 0.94

method | result

(128b w44 4+160a c*23+176b 3 d 23 +240a 3d 22+8b c2d2c?+20a 2 d2o—10be P —30ac & +15b d4) o /e=td 3d"(2ac—bd)In

risch 51053

3 3
2 2

\/ wa—'*'d T (2560% (c x2+dac) %bxz +32003 (c x2+dx) ax+960% (c z2+dx) %bdx+1600% (c z? +dac)

default

5 3
ad—80c?2 (cx2+dx) 2pd2—12

Lint ((c+d/x) " (3/2) *x~3* (b*x+a) ,x,method=_RETURNVERBOSE)
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output ‘ 1/640/c” 3% (128*b*c™4*x~4+160*a*xc~4*x”~3+176%b*c " 3*d*x~3+240*a*xc~3*d*x~2+8*b
\*c‘2*d“2*x‘2+20*a*c‘2*d“2*x-10*b*c*d“3*x-30*a*c*d“3+15*b*d“4)*x*((c*x+d)/x
\)‘(1/2)+3/256*d‘4*(2*a*c-b*d)/c‘(7/2)*1n((1/2*d+c*x)/c‘(1/2)+(c*x‘2+d*x)‘(
\1/2))/(C*x+d)*((C*x+d)/x)‘(1/2)*((C*x+d)*x)‘(1/2)

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 317, normalized size of antiderivative = 1.76

/ (c + 2)3/2 z*(a

15 (2 acd* — bd®)+/clog (2 cx — 2+/cxy ) <k 4 d) —2(128bc°z® + 16 (10 ac® + 11 bc*d)z -
+bz)dr= | — 1980 &

cx+d

“exy ) catd
15 (2 acd* — bd®)/—carctan (F—z> — (128bc°z® + 16 (10 ac® + 11 bc*d)z* + 8 (30 actd + bc3d?):
a 640 c*

.
integrate((c+d/x)~(3/2)*x~3*(b*x+a) ,x, algorithm="fricas")

N

input

[-1/1280% (15%(2*a*xc*d"4 - b*d~5)*sqrt(c)*log(2*c*x - 2xsqrt(c)*x*sqrt((c*x
+ d)/x) + d) - 2%x(128%b*c”5*x"5 + 16*(10*a*c”™5 + 11*b*c~4*d)*x~4 + 8x(30%*
a*c”4*d + bxc”3*d"2)*x"3 + 10*%(2*a*c”3*%d"2 - bxc"2*xd"3)*x"2 - 15%(2*axc”2x*
d~3 - b*cxd"4)*x)*sqrt((c*x + d)/x))/c”4, -1/640%(156*(2*a*xc*d”4 - b*d~5)*s
grt(-c)*arctan(sqrt(-c)*x*sqrt((cxx + d)/x)/(c*x + d)) - (128*b*c~5*x"5 +
16* (10*a*xc™5 + 11*bxc”4+*d)*x"4 + 8% (30*a*c™4xd + bxc~3*d~2)*x"3 + 10*(2*a*
c"3*%d"2 - bxc"2xd"3)*x"2 - 15x(2¥a*c”2*d"3 - b*cxd"4)*x)*sqrt((c*x + d)/x)

)/c"4]

output
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 355 vs. 2(156) = 312.

Time = 157.61 (sec) , antiderivative size = 355, normalized size of antiderivative = 1.97

3/2 2 2
/ (c + g) z’(a + bz) dz ac’s 5ac2ﬁz
z ICNCEE Ve

n 13ad2 23 ad3 2 3ad5\/5 n 3ad" asinh <\[\C/\¢§5)
32,/ +1 64c/T+1 642/ +1 64c3
N bz 19bcx/3x2 23bd? 2 B bd? 3
5vVd\/Z + T 10, /E+1 " 80, /E+T 320c/Z+1
1 (VeVE
bd%w% 3bd§\/5 B 3bd® asinh ( Jd >

+ +
128¢2/Z +1  128¢3,/% +1 128¢2

input\integra‘ce((c+d/x)**(3/2)*x**3*(b*x+a),x)

axcx*2xx** (9/2) / (4*sqrt (d) *sqrt (cxx/d + 1)) + Bxaxcksqrt(d)*x**x(7/2)/(8*sq
rt(c*x/d + 1)) + 13*a*xd**(3/2)*x**(5/2)/(32*sqrt(c*x/d + 1)) - axd*x(5/2)*
x**(3/2)/(64*cxsqrt(c*x/d + 1)) - 3xa*xd**(7/2)*sqrt(x)/(64*c**x2*sqrt(c*x/d
+ 1)) + 3xaxd*x4*asinh(sqrt(c)*sqrt(x)/sqrt(d))/(64*xcx*(5/2)) + b¥ck*2¥x*
*(11/2) / (56*sqrt (d) *sqrt (c*x/d + 1)) + 19%bkcxsqrt(d)*x**(9/2)/(40*sqrt (c*x
/d + 1)) + 23%bxd**(3/2)*x*x(7/2) /(80*sqrt(c*x/d + 1)) - b*dx*(5/2)*x*x(5/
2)/(320*c*ksqrt(cxx/d + 1)) + bkd**(7/2)*x*x(3/2)/(128*c**2xsqrt (c*xx/d + 1)
) + 3xbkxd**(9/2)*sqrt (x)/(128*c**3*sqrt (cxx/d + 1)) - 3xb*d**5*asinh(sqrt(
c)*sqrt(x)/sqrt(d))/(128xc**(7/2))

output

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 372 vs. 2(152) = 304.
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Time = 0.11 (sec) , antiderivative size = 372, normalized size of antiderivative = 2.07

d\ 32
/(c+ 5) r3(a + bx)dx =

\Je+d—y/e
3d*log (M

C+i+\/5) . 2 (3 (c+g)%d4— 11 (c—l—g)gcd‘L— 11 (c—l—;—c‘l)%CQd‘l—l—?) c+§c3d4>

128 c2 (c+9) ' —4(c+9)°3+6(c+9) A —4(c+ 2P+
c+%—\/5
= lbﬁbg(cﬂﬁw)_F2@5@+gﬁf—ﬂo@+gﬁmﬁ+m8@+gﬁéﬁ+ﬁow+gﬁ&c
1280 s (c+9)°3=5(c+9) 't +10(c+ 4)°S =10 (c+ 4)*5 + 5 (

s

input Lintegrate ((c+d/x)~(3/2)*x"3*(b*x+a) ,x, algorithm="maxima")

~—

-1/128%(3*d"~4*1log((sqrt(c + d/x) - sqrt(c))/(sqrt(c + d/x) + sqrt(c)))/c~(
5/2) + 2%(3*%(c + d/x)"(7/2)*d"4 - 11*x(c + d/x)"(56/2)*c*xd"4 - 11*x(c + d/x)~
(3/2)*c™2*%d™4 + 3xsqrt(c + d/x)*c"3*%d"4)/((c + d/x)"4*c”™2 - 4*(c + d/x)"3%
c™3 + 6%(c + d/x)"2*%c”4 - 4*(c + d/x)*c”5 + c”6))*a + 1/1280*(15*d"5*1log((
sqrt(c + d/x) - sqrt(c))/(sqrt(c + d/x) + sqrt(c)))/c~(7/2) + 2%(15x(c + d
/x)7(9/2)*d"5 - 70x(c + d/x)~(7/2)*c*d”5 + 128*(c + d/x)~(5/2)*c”2*xd"5 + 7
Ox(c + d/x)~(3/2)*c"3*d"5 - 1b*sqrt(c + d/x)*c”4*d"5)/((c + d/x)"6*c"3 - 5
*(c + d/x)"4*c”4 + 10x(c + d/x)"3*c”5 - 10*(c + d/x)"2*c”6 + 5x(c + d/x)*c
7 - c78))*b

output

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 212, normalized size of antiderivative = 1.18

3/2
fe
T
5 4 4
+bz) dz = ﬁ Ver? +dz (2 (4 (2 (8 beasen(z) + 10 ac’sgn(z) —|C—411 bc*dsgn(z) ) - 30ac dsgn(x)c:- be
3 (2acd*sgn(z) — bd®sgn(z)) log (|2 (vez — Vez? + dz) /e + d|)

256 2
N 3 (2acd* log (|d|) — bd® log (|d|))sgn(z)

9256 1




CHAPTER 3. LISTING OF INTEGRALS 59

input‘integrate((c+d/x)“(3/2)*x“s*(b*x+a),X’ algorithm="giac")

1/640*sqrt (c*x™2 + d*x)* (2% (4* (2% (8*b*cxx*sgn(x) + (10xa*xc”b*ksgn(x) + 11xb
xc~4*d*sgn(x))/c"4)*x + (30%a*c~4*d*sgn(x) + b*c™3*d"2*sgn(x))/c”4)*x + 5%
(2*%axc~3*%d"2*sgn(x) - bxc™2xd"3*sgn(x))/c”4)*x - 15%(2*axc”~2+d"3*sgn(x) -

bxc*d~4*sgn(x))/c~4) - 3/256*(2xa*cxd~4*sgn(x) - b*d 5*xsgn(x))*log(abs(2+(
sqrt(c)*x - sqrt(c*x™2 + d*x))*sqrt(c) + d))/c~(7/2) + 3/256%(2xa*c*d~4*lo
g(abs(d)) - bxd~5xlog(abs(d)))*sgn(x)/c~(7/2)

output

Mupad [B] (verification not implemented)
Time = 7.67 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.14

AN 1azt (c+2)"”  7ba® (c+2)*”
/(C+E> z°(a+bx)dr = ol + ”

)5/2 3azt (c+ %)7/2 ba® (c+ 5)5/2

1laz* (c+ 4
64c 64 c? 5c¢
7bx® (c+%)7/2 3ba’ (c+§)9/2 3acz'\/c+ 4
- 64 c? * 128 3 B 64
\/C 494 e+ 9 1i
3bcx®\/c+ 2 ad4man(——§?l> 3i bd5Mﬁn<——%}i) 3i

128 B 64 /2 + 128 ¢7/2

inputtint(x‘s*(c + d/x)"(3/2)*(a + bxx),x)

(11*a*xx~4*x(c + d/x)"(3/2))/64 + (7Txb*x"5x(c + d/x)~(3/2))/64 + (11kaxx 4x*(
c + d/x)"(5/2))/(64%c) - (3xa*x~4x(c + d/x)"~(7/2))/(64%c~2) + (b*x~5%(c +

d/x)~(56/2))/(5%c) - (7T*bxx~5%(c + d/x)~(7/2))/(64*c~2) + (3*bxx~5*(c + d/x
)7(9/2))/(128%c™3) - (axd™4*atan(((c + d/x)~(1/2)*1i)/c”(1/2))*31i)/(64%c~(
5/2)) + (b*d~5*atan(((c + d/x)~(1/2)*1i)/c~(1/2))*31i)/(128*c~(7/2)) - (3*a
xcxx~dx(c + d/x)~(1/2))/64 - (3xbkckx~5*(c + d/x)~(1/2))/128

output
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.21

/ (c+ g)z%/z z*(a

160/ vcx + da c®z® + 240y/z /cx + dactd x? + 20v/z v/ cx + dacdd*z — 30y/z/cx + dac?

+bx) dz =

e

~—

input Lint ((c+d/x) " (3/2) *x~ 3% (b*x+a) ,x)

(160*sqrt (x)*sqrt (cxx + d)*a*cx*5xx**3 + 240*sqrt(x)*sqrt(cxx + d)*akxcx*x4*
d*x**2 + 20*sqrt(x)*sqrt(cxx + d)*akxc**3*d**2*x — 30*sqrt(x)*sqrt(c*x + d)
*xakck*x2kd**3 + 128xsqrt(x)*sqrt(c*x + d)*bkckxExx*x4 + 176*sqrt(x)*sqrt(c*
X + d)*bkck*kdkd*x**3 + 8xsqrt(x)*sqrt(cxx + d)*bkck*3kd**2kx**x2 - 10*sqrt(
x)*sqrt (cxx + d)*bkc**2kd**3*x + 15*sqrt(x)*sqrt(c*x + d)*bxcxd*x4 + 30%*sq
rt(c)*log((sqrt(cxx + d) + sqrt(x)*sqrt(c))/sqrt(d))*a*xcxd**4 - 15xsqrt(c)
*log((sqrt(cxx + d) + sqrt(x)*sqrt(c))/sqrt(d))*b*d**5)/(640*c**4)

output
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3.3 [ (c+ %)3/2 z*(a + bzx) dz

Optimal result . . . . . . . . .. .. 611
Mathematica [A] (verified) . . . . . . . . ... . L 611
Rubi [A] (verified) . . . . . . . .. .. 62
Maple [A] (verified) . . . . . . . . . . 65
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 65
Sympy [B] (verification not implemented) . . ... ... ... ... ... ... 661
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... 67
Giac [A] (verification not implemented) . . . . . . . ... ... ... 67
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 68
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 69

Optimal result

Integrand size = 20, antiderivative size = 148

_|_

d\*? d*(8ac — 3bd)\/c+ ¢z d(56ac+ 3bd),/c + 4z
/ (c " _> z(atbm)de = 64c2 96c

&

d3(8ac — 3bd)arctanh( \C/?)

+1(8 + 3bd) Lhp iy +d3/24
94 \°%° Vere® T\ T) 64c5/2

‘ 1/64%d"2* (8*a*c-3*b*d) * (c+d/x) " (1/2) ¥x/c™2+1/96%d* (56*a*c+3*b*d) * (c+d/x) ™ ( \

output
P |1/2)%x72/c+1/24% (8*axc+3xbxd) * (c+d/x) " (1/2) xx"3+1/4%b* (c+d/x) ~(3/2)*x~4-1/ |
‘ 64*d"3* (8*a*c-3*bxd) *arctanh ((c+d/x)~(1/2)/c~(1/2))/c~(5/2) ‘
Mathematica [A] (verified)
Time = 0.21 (sec) , antiderivative size = 117, normalized size of antiderivative = 0.79
3/2
/ (c + c_i) 7% (a
x
vey/e+ Sx(8ac(3d? + 14cdx + 8ca?) + 3b(—3d® + 2cd?x + 24c%dz? + 16¢°2°)) + 3d®(—8ac +
+bz) dz =

192¢5/2
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input‘ Integrate[(c + d/x)~(3/2)*x"2*(a + b*x),x] ‘

output‘ (Sqrt[cl*Sqrtlc + d/x]*x*(8*axc*(3*d"2 + 14*ckd*x + 8*%c™2%x"2) + 3xb*(-3*d \
\"3 + 2xckd"2%x + 24xc”2*d*x"2 + 16%c”3*x73)) + 3*%d"3*(-8*axc + 3xb*d)*ArcT \
Lanh[Sqrt [c + d/x]1/Sqrt[cl1)/(192%c"(5/2)) J

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.88,

number of rules _ 400, Rules

number of steps used = 9, number of rules used = 8, = -
integrand size

used = {1016, 948, 87, 51, 51, 52, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/wQ(a+bx) <c+ x> dz

| 1016

[ (@) (e+ )
| 948

—/ (2+9) <c+;l>3/2w5di
| 87

bzt (c+ 4)5/2 (8ac —3bd) [ (c+ %)3/2 ztdl

z —_—

4c 8¢

| 51

3/2
ety 272 Goc=0d) (1] Jor datat - 3o+ )
8¢

4c B
l 51
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)5/2 (8ac — 3bd) <%d<}1df :21(% _ %:c2 c+ ;i) _ %x3(0+ g)3/2>

bx4(c+% n
4c 8¢

l52

bx4(c+%)5/2
if -2 _ql 4c

; T C i

sac - ) (o - E - V) o e ) - oren )

8¢

4c
fi_sd c+g d
ot (B ) o)t )
8¢

4c
d
darctanh( f/“;z> o o
(8ac — 3bd) | 3d| id 7 AL NV A —%x?’(c—}-g)/
8¢
input LInt[(C + d/X)A(3/2)*XA2*(a + b*X),X] J

((b*(c + d/x)"(5/2)*x"4)/(4*c) - ((8*a*c - 3*xb*d)*(-1/3*((c + d/x)~(3/2)*x"
\3) + (d*(-1/2%(Sqrtlc + d/x]*x72) + (d*(-((Sqrtl[c + d/x]*x)/c) + (d*ArcTan
‘h[Sqrt[c + d/x1/Sqrtlcll)/c~(3/2)))/4))/2))/(8*c)

output

\‘
J




rule 51

rule 52

rule 73

rule 87

rule 221

rule 948
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Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simpl[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*x(m + 1))), x] - Simp[d*(n/(bx(m + 1)))
Int[(a + b*x)~(m + 1)*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x
] && ILtQ[m, -1] && FractionQ[n] && GtQ[n, O]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Simp[d=*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[(Ca_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_] > Simp[(-(b*e - axf))*(c + d*x)~(n + D *((e + £xx)~(p + 1)/(£x(p

+ Dx(cxf - d*e))), x] - Simp[(axd*fx(n + p + 2) - b*x(d*ex(n + 1) + cxfx(p

+ 1)))/(fx(p + 1)*(c*f - dxe)) Int[(c + d*x)"n*(e + £xx)"(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, £, n}, x] && LtQlp, -1]1 && ( 'LtQ[n, -1] || Intege
rQlp]l Il !(IntegerQ[n] || !'(EqQle, 0] Il '(EqQlc, 0] || LtQlp, nl))))

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n_)) (q_.
), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~
p*(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, c, 4, m, n, p, q}, x] && NeQ
[b*c - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

~
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rule 1016‘Int[(x_)“(m_.)*((c_) + (d_.)*(x_)"(mn_.))"(q_.)*((a_) + (b_.)*(x_)"(n_.))"( ‘
‘p_.), x_Symbol] :> Int[x"(m - n*q)*(a + b*x"n) p*(d + c*x"n)"q, x] /; FreeQ ‘
‘[{a, b, ¢, d, m, n, p}, x] && EqQ[mn, -n] && IntegerQlql && (PosQ[n] || !I ‘
‘ ntegerQ[pl) ‘

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.98

method | result
d +cx td

isch (48b 3z3+64a c322+72b 2 d 2 +112adz c2+6zbc d2+24a d2c—9b d3)x\/7”m7+d d3(8ac—3bd) ln( jﬁ +/cx?+dr ﬁ \

T1SC. _ _
192¢* 128¢2 (cz+d)
3 3 7 3 7
Wz (96(6 z2+dx) 2 B br+128 (cx?+dz) 2 c2 a+48(cx?+dx) 2 3 bd+96v/c 22 +dz c? adz—36+/c £2+dx eI bd2z+48ve 2T
default i \4
384c2 /(cz+d)z
input Lint ((c+d/x)~(3/2)*x~2% (b*x+a) ,x,method=_RETURNVERBOSE) J

output \ 1/192/c” 2% (48%b*c~3*x"3+64*a*xc”3*x”2+72*xb*c”2*d*x"2+112*a*xc”2xd*x+6*b*c*d” \
| 2kx+24%axcxd”2-9xbxd"3) xx* ((cxx+d) /x) " (1/2)-1/128%d"3* (8xaxc-3xbxd) /c” (5/2
\ )*1n((1/2*d+c*x)/c” (1/2)+(c*x~2+d*x) ~(1/2) ) / (c*x+d) * ((c*x+d) /x) ~(1/2) * ((c* \
‘x+d)*x)“(1/2) ‘

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.82

/ (c+ g)w r*(a

3 (8acd® — 3bd*)+/clog <2 cz +2+/cxy ) <k 4 d) — 2(48bc*z* + 8 (8act + 9bc3d)x® + 2 (
384 ¢3

+bx)dr= |—

input Lintegrate ((c+d/x)~(3/2)*x"2*(b*x+a) ,x, algorithm="fricas") J
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[-1/384* (3% (8*axcxd~3 - 3xbxd~4)*sqrt(c)*log(2*xc*xx + 2*xsqrt(c)*x*sqrt((cxx
+ d)/x) + d) - 2%(48%b*c”4*x"4 + 8% (8xaxc™4 + 9xbxc”3*d)*x"3 + 2% (56*axc”
3xd + 3*b*xc”2*xd"2)*x"2 + 3*(8*axc”2*d"2 - 3*bxc*d~3)*x)*sqrt((cxx + d)/x))
/c”3, 1/192%(3*(8*a*xc*d~3 - 3*b*d~4)*sqrt(-c)*arctan(sqrt(-c)*x*sqrt((c*x

+ d)/x)/(cxx + d)) + (48xb*c™4*x"4 + 8*(8*axc™4 + 9*bxc~3*d)*x"3 + 2x(56*a
*C"3xd + 3*bxc”2*d"2)*x”2 + 3*(8*axc"2*d"2 - 3*bxc*d"3)*x)*sqrt((cxx + d)/
x))/c"3]

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 298 vs. 2(128) = 256.

Time = 30.17 (sec) , antiderivative size = 298, normalized size of antiderivative = 2.01

3/2 i : 222
/ (C+ é) 2*(a+ br) do = ac’z 11acx/c_ix + 17ad>z
: VeV
. adg\/i ~ ad?® asinh (W) bz 5bcx/3x2
8c\/E +1 8¢5 4f E: _+ /e
13bd3 3 bd2z2 3bds,/z  Sbd'asinh (W)

+ - - +
32,/ +1 64c/T+1 642,/ +1 64c3

input integrate ((c+d/x)**(3/2) *x**2* (bxx+a) ,x)

axcxk2xx** (7/2) / (3*sqrt (d) *sqrt (c*x/d + 1)) + 1lxaxc*sqrt(d)*x*x(5/2)/(12*
sqrt(cxx/d + 1)) + 1T*a*xd**(3/2)*x**(3/2)/(24*sqrt(c*x/d + 1)) + a*xd**x(5/2
)*sqrt (x)/(8xcxsqrt (c*x/d + 1)) - a*d**3*asinh(sqrt(c)*sqrt(x)/sqrt(d))/(8
*xCc**(3/2)) + bkxcx*2kx*x*(9/2) /(4*sqrt(d)*sqrt(c*x/d + 1)) + bx¥bxckxsqrt(d)*x
*x(7/2)/(8*sqrt(c*x/d + 1)) + 13*bxd**(3/2)*x**(5/2)/(32*sqrt(cxx/d + 1))

- bxd**x(5/2)*x**(3/2) / (64*cxsqrt(c*xx/d + 1)) - 3*xbxd**x(7/2)*sqrt(x)/(64*c*
*2xsqrt (c*x/d + 1)) + 3xbxd*x4*xasinh(sqrt(c)*sqrt(x)/sqrt(d))/(64*cx*(5/2)
)

output

N
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 308 vs. 2(124) = 248.

Time = 0.12 (sec) , antiderivative size = 308, normalized size of antiderivative = 2.08

4\ %2
/(c+—) z*(a
x
c+g—\/5

3d3log< c+d+\/5> 2<3 (c+g)gd3+8(c—l—g)%cd3—3 c—l—;ilczd?’)
+bx)dr=— i +
) 48 c2 (c—l—5)30—3(04—5)2024-3(0—!—%)03—04

3#bg(C%+ﬁ>+2(3@+%ﬂ&—d1@+gﬁaﬁ—11@+gﬁ8%+ﬁ c+g@&)
128 c3 (c+g)402—4(c+g)3c3+6(c+g)2c4—4(c+g)c5+06

-

integrate((c+d/x) " (3/2) *x~2* (b*x+a) ,x, algorithm="maxima")

| —

inputt

1/48%(3*%d"3*log((sqrt(c + d/x) - sqrt(c))/(sqrt(c + d/x) + sqrt(c)))/c~(3/
2) + 2%(3*(c + d/x)"(5/2)*d"3 + 8x(c + d/x)~(3/2)*c*d"3 - 3*sqrt(c + d/x)*
c™2%d"3)/((c + d/x)"3*%c - 3*(c + d/x)"2*c”™2 + 3*(c + d/x)*c"3 - c"4))*a -

1/128%(3*d"4*log((sqrt(c + d/x) - sqrt(c))/(sqrt(c + d/x) + sqrt(c)))/c~(5
/2) + 2%(3x(c + d/x)7(7/2)*d"4 - 11x(c + d/x)7(5/2)*c*xd™4 - 11*x(c + d/x)~(
3/2)*c"2%d"4 + 3*xsqrt(c + d/x)*c”3%d"4)/((c + d/x)"4*c™2 - 4x(c + d/x) " 3*c
"3 + 6%(c + d/x)"2%c™4 - 4*x(c + d/x)*c”5 + c"6))*b

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.22

3/2
/(c+ £l> r*(a
T
4 3 3 2 72
ba) dz— %92 m@ <4 (6 bezsen(z) + 8 ac'sgn(x) 46—39 be dsgn(x))x N 56 ac dsgn(m)c—g 3 bc*d>s
N (8 acd®sgn(x) — 3bd*sgn(z)) log (|2 (v/ex — Vez? + dz)+/c + d|)

128 ¢3
(8 acd®log (|d|) — 3bd* log (|d|))sgn(x)

128 c2
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t‘integrate((c+d/x)“(3/2)*x"2*(b*x+a),x, algorithm="giac")

inpu
output 1/192*sqrt (cxx™2 + d*x)* (2% (4% (6%bkcxx*sgn(x) + (8xa*xc 4*sgn(x) + 9*bxc™3x*
d*sgn(x))/c”3)*x + (66*a*c”3*d*sgn(x) + 3*bxc~2xd"2*sgn(x))/c~3)*x + 3*(8*
axc™2*d"2*sgn(x) - 3*b*c*d~3*sgn(x))/c”3) + 1/128*(8*a*c*d~3*sgn(x) - 3*b*
d~4*sgn(x))*log(abs(2*(sqrt(c)*x - sqrt(cxx~2 + dx*x))*sqrt(c) + d))/c~(5/2
) - 1/128%(8*a*cxd~3*log(abs(d)) - 3xbxd~4*log(abs(d)))*sgn(x)/c~(5/2)
Mupad [B] (verification not implemented)
Time = 7.42 (sec) , antiderivative size = 169, normalized size of antiderivative = 1.14
d\*? , axd (c—+—4)3/2 11bx* (c—|—4)3/2
— bx) dx = z z
/(c+$> z*(a + bx) dz 3 + o
az’ (c+ 5)5/2 11bz* (c+ 5)5/2 3bz* (c+ 2)7/2 acz®\/e+ g
8c 64c 64 c? 8
\/c LT \/C LT
3bezti/ct 4 ad’atan (%) i bd atan(%) 3i
- 64 - 8 c3/2 - 64 c5/2
inputtint(x'?*(c + d/x)"(3/2)*%(a + bxx),x)
output (axx~3*(c + d/x)"(3/2))/3 + (11*b*x"4x(c + d/x)~(3/2))/64 + (axx"3*(c + d/

x)7(5/2))/(8%c) + (11xb*x~4x(c + d/x)7(5/2))/(64*c) - (3*b*x~4*(c + d/x)~(
7/2))/(64*c~2) + (a*d~3*atan(((c + d/x)~(1/2)*1i)/c~(1/2))*1i)/(8*c~(3/2))
- (b*d~4*atan(((c + d/x)~(1/2)*1i)/c”(1/2))*31)/(64*c~(5/2)) - (a*xc*x"3*(
c + d/x)~(1/2))/8 - (3*bkxc*x~4x(c + d/x)~(1/2))/64
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.20

/ (c+ g)z%/z z*(a

64+/z Vex + dactz?® + 112/ ez + daddz + 24v/xVex + da?d? + 48y/x v/ex + dbctzd +

+bx) dz =

e

~—

input Lint ((c+d/x) " (3/2)*x~2* (b*x+a) ,x)

output (64*sqrt (x) *sqrt (c*xx + d)*akckx4*x**2 + 112+sqrt(x)*sqrt(c*x + d)*akc**3*d
*x + 24*sqrt(x)*sqrt(ckx + d)*akxcx*2+d**2 + 48*sqrt(x)*sqrt(c*x + d)*bxck*
4xx*x3 + T2xsqrt(x)*sqrt(ckx + d)*b*cx*3*d*x**2 + 6*xsqrt(x)*sqrt(cxx + d)*
bxcxx2xd**x2xx — 9*sqrt(x)*sqrt(c*x + d)*bxcxd*x3 - 24xsqrt(c)*log((sqrt(c*
x + d) + sqrt(x)*sqrt(c))/sqrt(d))*axcxd**3 + 9*sqrt(c)*log((sqrt(c*x + d)
+ sqrt(x)*sqrt(c))/sqrt(d)) *xb*xd**x4) / (192xc**3)




output
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2

3.4 [ (c+ %)3/ z(a + bx) dx

Optimalresult . . .. ... ... ... ... ... .. .. .. ... 701
Mathematica [A] (verified) . . . . . . ... .. ... oL 701
Rubi [A] (verified) . . . .. ... .. .. [Tl
Maple [A] (verified) . . . . . . . . ... 73
Fricas [A] (verification not implemented) . . . . . .. ... ... ... 74
Sympy [B] (verification not implemented) . . .. ... .. ... ... [r4
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... 751
Giac [A] (verification not implemented) . . . . . . . ... ... ... 76
Mupad [B] (verification not implemented) . . ... ... ... .. .. e
Reduce [B] (verification not implemented) . . ... .. ... ... .. i

Optimal result

Integrand size = 18, antiderivative size = 113

8

d\ 32 d(10ac + bd)\/c+ %z d
/ (c+ —) z(a+bzx)dr = + > (2ac+ bd)y/c + —2*
z 8c 4 z

Y

d?(6ac — bd)arctanh ( \C/Jg; )

+§b(c+;) z” + 3032

‘1/8*d*(10*a*c+b*d)*(c+d/x)‘(1/2)*x/c+1/4*(2*a*c+b*d)*(c+d/x)‘(1/2)*x‘2+1/3

| *bx (c+d/x) " (3/2) ¥x~3+1/8%d"2% (6*a*c-b*d) *arctanh ((c+d/x)~(1/2) /c~(1/2)) /e~ |
(3/2) |
Mathematica [A] (verified)
Time = 0.19 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.82

4\ 32
/ (c + —) z(a

T

ord
vey/e+ Lx(6ac(5d + 2cx) + b(3d? + 1dcdz + 8c%x?)) — 3d?(—6ac + bd)arctanh( \/ng )

+bz) dz =

24¢3/2
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input‘ Integrate[(c + d/x)~(3/2)*x*(a + b*x),x] ‘

output‘ (Sqrt[cl*Sqrtlc + d/x]*xx(6*axck(5%d + 2+ckx) + bk(3xd"2 + 1dkckdkx + 8kc™
\2*x‘2)) - 3%d"2*(-6*a*c + b*d)*ArcTanh[Sqrt[c + d/x]/Sqrtlcl])/(24%c~(3/2) ‘

2 J

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.92,

number of rules _
integrand size 0.389, Rules

number of steps used = 8, number of rules used = 7,
used = {1016, 948, 87, 51, 51, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/m(a + bx) <c + w> dx

| 1016
(@) (e+ )
| 948
—/ (2+9) <c+;l>3/2w4di
| 87

(6ac —bd) [ (c+ %)3/2 x3d%
6
| 51
3/2
pser 47t Oao=0d) (307 for el —der(er ™)
6c

3c
l 51

bz3 (c+ %)5/2

3c

C
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z d d\3/2
bx3(c+4)5/2 (6ac — bd) <Zd(§df \/@d% —z c+w> _ %-’EZ(C—l—;) >

T

3c 6¢c

3/2
bm3(c+g)5/2 (ﬁac—bd) <id<fdi21_;d\/c-‘|-7—$ c+g> _%:L.?(C_'_%) >

T

3c 6¢c
l 221
darctanh<V2g> 4/
(6ac —bd) | 2d m(— c+g> — v —1p2(c+ 9) /

bz (c + 4)5/2

T

3c 6¢c

input TBtL(c + 4/)7(3/2)%xx(a + bxx) ]

e

(bx(c + d/x)7(5/2)*x73)/(3*c) - ((6%a*xc - bxd)*(-1/2%((c + d/x)~(3/2)*x72)
‘ + (3*d*(-(Sqrtlc + d/x]*x) - (d*ArcTanh[Sqrtl[c + d/x]1/Sqrtlc]])/Sqrtlcl))
L/4))/(6*c)

output

Defintions of rubi rules used

rule 51‘Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
‘(a + bxx)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Simp[d*(n/(b*(m + 1)))
‘Int[(a + b*x)"(m + D*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, ¢, 4, n}, x
L] && ILtQ[m, -1] && FractionQ[n] && GtQ[n, O]

p >

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, 4, m, n, x]

rule 73
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rule 87 IRELC@_.) + (b_)*(x))*((e_.) + (d_)*(x))"(a_)*((e_.) + (E_)*(x))"(p
_.), x_] :> Simp[(-(bxe - axf))*(c + d*x)"(n + 1)*((e + £*xx)"(p + 1)/ (£x(p

+ Dx(cxf - d*e))), x] - Simp[(axd*f*(n + p + 2) - b*(d*ex(n + 1) + cxfx(p

+ 1)))/(£x(p + 1)*x(cxf - dx*e)) Int[(c + d*x)"n*x(e + £xx)"(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, £, n}, x] && LtQ[p, -1] && ( !LtQ[n, -1] || Intege
rQlp] Il !(IntegerQ[n] || !(EqQle, 0] || !(EqQlc, 0] Il LtQ[p, nl))))

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

rule 948 IRELG )T )* (@) + (b_)*(x)"(m))~(p_)*((e) + (d_)*(x)" (@) (q_.
), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~
p*(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ
[b*c - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

rule 1016 Int[(x_ )" (m_.)*((c_) + (d_.)*(x_)"(mn_.))"(q_.)*((a_) + (b_.)*(x_)"(n_.))"(
P_.), x_Symbol] :> Int[x"(m - n*q)*(a + b*x"n) p*(d + c*x"n)~q, x] /; FreeQ
[{a, b, ¢, d, m, n, p}, x] && EqQ[mn, -n] && IntegerQ[q]l && (PosQ[n] || !I
ntegerQ[pl)

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.07

method | result

[
d?(6ac—bd) ln( 2;; +\/cx2+dx) \ ke /(eatd)z
160‘% (cz+d)

+d
risch (8b c222+12a c2x+14bedz+30acd+3b d? JE2V/ e n
24c

5 3 7 5 5 3 Yo
£/ wa—'*'d T (1607 (cz?+dz) 2 b4+24c2 Vez?+dz az+12¢2 Ve x2+dw bdr+60c2 Ve r?+dz ad+6c2 Vez?+dz bd2+18¢% In (%

default 5
48¢c2 \/(cz+d)x

input Lint ((c+d/x) " (3/2) *x* (b*x+a) ,x,method=_RETURNVERBOSE) J




CHAPTER 3. LISTING OF INTEGRALS 74

t‘1/24/c*(8*b*c”2*x“2+12*a*c”2*x+14*b*c*d*x+30*a*c*d+3*b*d”2)*x*((c*x+d)/x)“
\(1/2)+1/16*d‘2*(6*a*c-b*d)/c“(3/2)*1n((1/2*d+c*x)/c“(1/2)+(c*x‘2+d*x)‘(1/2
1))/ (cHx+d)* ((chx+d) /x) ™ (1/2) % ((crx+d) #x) ™ (1/2)

outpu

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 221, normalized size of antiderivative = 1.96

(/G+gfmaa

3 (6 acd? — bd®)+/clog (2 cx — 2\/exy /< 4 d) —2(8bc%z® + 2 (6 ac® + Tbc*d)z* + 3 (10

+bx)dr= | — TYE

—or cx+d
3 (6 acd® — bd®)y/—carctan (FT ”d’”) — (8bc*z® 4+ 2 (6 ac® + Tbc*d)x? 4 3 (10 ac®d + bed?)x) | ) <&

24 c2

jnputLintegrate((C+d/X)A(3/2)*X*(b*x+a),x, algorithm="fricas") J

[-1/48%(3* (6*a*cxd™2 - b*d~3)*sqrt(c)*log(2*ckx - 2ksqrt(c)*x*sqrt((cxx +
d)/x) + d) - 2%(8*%bxc”3*x"3 + 2%(6%a*c”3 + T*bkc~2%d)*x"2 + 3*x(10%*axc”2*d
+ b¥c*d~2)*x)*sqrt ((c*x + d)/x))/c”2, -1/24x(3*(6*axcxd™2 - bxd~3)*sqrt(-c
)*arctan(sqrt(-c)*x*sqrt((c*x + d)/x)/(cxx + d)) - (8*b*xc™3*x~3 + 2*(6*axc
~3 + T*bxc"2%d)*x”2 + 3*x(10*a*c”2*d + bxc*xd~2)*x)*sqrt((c*x + d)/x))/c~2]

output

Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 264 vs. 2(94) = 188.



input

output
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Time = 9.48 (sec) , antiderivative size = 264, normalized size of antiderivative = 2.34

d 3/2 ac’x? 3acx/c_lx2
c+ — z(a + bz) dx =
/< x) ( ) 2vd/Z+1 4\/“+

W ad2 3ad2 asinh (%) b2yl
+ ad? Z\ / +
T e 3vd/Z +1
; inh ((VeE
n 11bcV/dz2 + 17bd5x% N bdgﬁ B bd? asmh( 7 )
12,/4+1 24/ +1 8¢ /T +1 8cs

integrate ((c+d/x)**(3/2)*x* (b*x+a) ,x)

axc*k*x2xx*x*x(5/2) / (2%sqrt (d) *sqrt (c*x/d + 1)) + 3*axc*sqrt(d)*x**(3/2)/(4*sq
rt(cxx/d + 1)) + a*xd**(3/2)*sqrt(x)*sqrt(c*x/d + 1) + a*d**(3/2)*sqrt(x)/(
4xsqrt(c*x/d + 1)) + 3*axd**2*asinh(sqrt(c)*sqrt(x)/sqrt(d))/(4*sqrt(c)) +
bkcxk2xx** (7/2) / (3*xsqrt (d) *sqrt (cxx/d + 1)) + 1lxbxcksqrt(d)*x**(5/2)/(12
xsqrt (c*xx/d + 1)) + 17xb*xd**(3/2)*x**(3/2)/(24*sqrt(c*x/d + 1)) + bxd*x(5/
2)*sqrt (x)/(8*c*xsqrt (c*x/d + 1)) - b*d**3*asinh(sqrt(c)*sqrt(x)/sqrt(d))/(

8xc**(3/2))

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 240 vs. 2(93) = 186.

Time = 0.12 (sec) , antiderivative size = 240, normalized size of antiderivative = 2.12

/ <c+ 5)3/2x(a + be) do =

\/c d_/c
3d?log (M

C+z+ﬁ) 2 (5 (c+9)°d2 -3, /c+ gcd2>

8 Ve (c+9)° —2(c+ e+
c+g—\/5
.\ 1 3d3log< c+g+¢5> +2(3(0+%)gd3+8(0+§)gcd3—3 c—l—gc?d3>
] e+ oo+ D ra(er Do —a




input

output

CHAPTER 3. LISTING OF INTEGRALS 76

‘integrate((c+d/x)“(3/2)*x*(b*x+a),x, algorithm="maxima")

-1/8%(3*d"2*log((sqrt(c + d/x) - sqrt(c))/(sqrt(c + d/x) + sqrt(c)))/sqrt(
c) - 2x(5x(c + d/x)~(3/2)*%d"2 - 3*sqrt(c + d/x)*c*xd"2)/((c + d/x)"2 - 2*(c
+ d/x)*c + c"2))*a + 1/48%(3*d"3*1log((sqrt(c + d/x) - sqrt(c))/(sqrt(c +
d/x) + sqrt(c)))/c”(3/2) + 2x(3x(c + d/x)7(5/2)*d"3 + 8*(c + d/x)~(3/2)*cx
d"3 - 3*xsqrt(c + d/x)*c”2xd"3)/((c + d/x)"3*c - 3*(c + d/x)"2%c”2 + 3*(c +

d/x)*c”3 - c74))*b

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.32

/(c+ g>3/2x(a

3 2 2 2
+ba) do = 2_14 \/M(Q (4 beasen(z) + 6 ac’sgn(x) + 7bc dsgn(:c))z 4 3 (10 ac’dsgn(z) + bed?sgn(a

2 2
_ (6acd’sgn(z) — bd’sgn()) log (|2 (vex — Viea? + dz)y/c + d|)
16¢3
N (6 acd?log (|d|) — bd®log (|d|))sgn(z)
16 c3

integrate((c+d/x)~(3/2)*x*(b*x+a) ,x, algorithm="giac")

input | )

output

1/24*sqrt (c*x”2 + d*x)* (2% (4xbxc*x*sgn(x) + (6xaxc”3*sgn(x) + 7*bkc~2xd*sg
n(x))/c”2)*x + 3*(10*a*c~2*d*sgn(x) + bxc*d"2*sgn(x))/c”2) - 1/16*%(6*a*c*xd
~“2*sgn(x) - bxd~3*sgn(x))*log(abs(2*(sqrt(c)*x - sqrt(c*x~2 + d*x))*sqrt(c
) + d))/c”(3/2) + 1/16%(6*a*c*d~2*log(abs(d)) - b*d~3*log(abs(d)))*sgn(x)/
c~(3/2)
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Mupad [B] (verification not implemented)

Time = 7.05 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.15

3/2 2 d 3/2 b 3 d 3/2 b 3 d 5/2
t/(o+g) wm+h@dx=5ax(c+x) + e+ + e+

4 3 8c
? 0+% 3 C+% 1li .
3ad”atanh| 7 3acz?\Jc+%  bead e+l bd®atan( *—=— | 1i
" 4ye - 4 B 8 + ] ¢3/2
inputtint(x*(c + d/x)~(3/2)*(a + bxx),x) J

output‘ (5xa*xx™2x(c + d/x)~(3/2))/4 + (b*x"3x(c + d/x)~(3/2))/3 + (b*x"3*(c + d/x) ‘
1=(5/2))/(8%c) + (3*axd"2+atanh((c + d/x)~(1/2)/c™(1/2)))/(4%c™(1/2)) + (b
‘d~3*atan(((c + d/x)~(1/2)*1i)/c™(1/2))*1i)/(8%c™(3/2)) - (3xaxc¥x"2%(c + d
/x)7(1/2))/4 - (bxckx"3%(c + d/x)7(1/2))/8 |

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.21

/(c—l— g>3/2x(a

12\/z Vex +dacdz + 30v/z ez + dac?d + 8z Vex + dbccz? + 14/ \/ex + dbidx + 3/
24c?

+bz) dz =

-

input L

-/

int ((c+d/x) " (3/2) *x* (b*x+a) ,x)

(12xsqrt (x) *sqrt(c*x + d)*axck*x3*x + 30*sqrt(x)*sqrt(c*x + d)*axck*2*d + 8
*sqrt (x) *sqrt (cxx + d)*bkc*k*3*kx**2 + 14*sqrt(x)*sqrt(ckx + d)*bkck*2*d*x +
3*sqrt (x) *sqrt (cxx + d)*b*cxd**2 + 18xsqrt(c)*log((sqrt(c*x + d) + sqrt(x
)*sqrt(c))/sqrt(d))*a*xc*d**2 - 3*xsqrt(c)*log((sqrt(cxx + d) + sqrt(x)*sqrt
(c))/sqrt(d)) xb*xd**3) / (24*c**2)

output




output
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3.5 | (c—l—%):i/2 (a+ bx)dx

Optimal result . . . . . . . . .. ..
Mathematica [A] (verified) . . . . . . . . ... . L
Rubi [A] (verified) . . . . . . . .. ..
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . ... ... ... ... ... ....
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [F(-2)] . . . o o
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 17, antiderivative size = 96

d\*? d 1 d
c+ — (a+bzx)dxr = —2ad\/c+ — + —(4ac+ 3bd)\/c+ —
x x 4 x

3d(4ac + bd)arctanh(

‘/c—i-%

e

)

+ §b(c+ 5) z’ +

4y/c

‘—2*a*d*(c+d/X)‘(1/2)+1/4*(4*a*c+3*b*d)*(c+d/x)A(1/2)*x+1/2*b*(C+d/x)‘(3/2)
*x~2+3/4xd* (4*axc+b*d) *arctanh ((c+d/x) ~(1/2)/c~(1/2))/c~(1/2)

N

J




CHAPTER 3. LISTING OF INTEGRALS 79

Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.76

/ (c + g) ” (a+bzx)dx = i m(bx(&i + 2cx) + a(—8d + 4cz))

3d(4ac + bd)arctanh ( \C/J; )
Ve

8

+

e hY

Integrate[(c + d/x)~(3/2)*(a + b*x),x]

N\ J

input

output ‘ (Sgrtlc + d/x]*(bxx*(5*d + 2%c*x) + a*x(-8%d + 4xc*x)) + (3*dx(4xaxc + b*d)
L*ArcTanh [Sart[c + d/x]/Sqrtlcl]l)/Sqrtlcl)/4 J

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.01,

number of rules _ 412, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {941, 948, 87, 51, 60, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/(a + ba) <c+ z>3/2 do

l’941

[o(+8) (e+4) " a

l 948

below.
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| 87

bz? (c + %)5/2 (4ac+bd) [ (c+ %)3/2 z?dl

2c 4c

| 51

3/2
bx2(0+ g)5/2 B (4ac + bd) (‘;’df de% —m(c+ %) >
4c

2c

T 3/2
d)5/2 (4ac+bd)<§d<cfc+dd;+2 C+i)—x(c+g> )

b$2 (C + T
2c 4c

2c 4c

| 221
oy d
ba?(c+ 4)5/2 (4ac + bd) <§d<2m—2\/5arctanh< 290)) —z(c+ 5)3/2)

z —_—

2c 4c

inputtlnt[(c + d/x)"(3/2)*(a + b*x),x] J

‘{(b*(c + d/x)7(5/2)*x72) /(2%c) - ((4*a*xc + bxd)*(-((c + d/x)7(3/2)*x) + (3%

tput
ot ‘ d*(2+Sqrt[c + d/x] - 2*Sqrtl[c]l*ArcTanh[Sqrt[c + d/x]1/Sqrtlcl]))/2))/(4*c)

\‘

Defintions of rubi rules used

rule 51‘Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[ ‘
(a + bxx)~(m + 1)*((c + d*x)"n/(bx(m + 1))), x] - Simp[d*(n/(b*(m + 1))) |
‘Int[(a + b*x)"(m + D*(c + d*x)"(n - 1), x], x] /; FreeQl{a, b, c, d, n}, x
‘] && ILtQ[m, -1] && FractionQ[n] && GtQ[n, O] ‘




rule 60

rule 73

rule 87

rule 221

rule 941

rule 948
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Int[((a_.) + (b_.)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simpl[
(a + bxx)"(m + 1)*((c + d*x)"n/(bx(m + n + 1))), x] + Simp[n*((b*xc - axd)/(
b*¥(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q] |1 (GtQ[m, O] && LtQm - n, 0]))) && !'ILtQ[m + n + 2, O] && IntLinear

Q[a’ b’ C’ d’ m’ n’ X]

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_1 :> Simp[(-(b*e - axf))*(c + d*x)"(n + 1)*x((e + £xx)"(p + 1)/ (£x(p

+ 1)*(cxf - dxe))), x] - Simp[(axd*f*(n + p + 2) - b*(d*ex(n + 1) + cxfx(p

+ 1)))/(fx(p + 1)*(c*f - dxe)) Int[(c + d*x)"n*x(e + £*x)~(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, f, n}, x] && LtQ[p, -1] && ( 'LtQ[n, -1] || Intege
rQlp] Il !(IntegerQ[n] || !(EqQle, 0] Il !(EqQlc, 0] Il LtQ[p, nl))))

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x

/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

Int[((c_) + (d_)*(x_)"(mn_.))"(q_.)*((a_) + (b_.)*(x_)"(n_.))"(p_.), x_Sym
bol]l :> Int[(a + b*x"n) p*((d + c*x"n)"q/x"(n*q)), x] /; FreeQ[{a, b, c, 4,
n, p}, x] && EqQ[mn, -n] && IntegerQlql && (PosQ[n] || !IntegerQ[p]l)

~

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_)*(x_)"(n_)) (q_.
), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~
p*(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, 4, m, n, p, q}, x] && NeQ
[b*c - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.06

method | result
%+c:p 5 cztd
. (2hea? sdaca sbio—sad) /ot Sdacrbdain( L5 verTrar ) [ e
risch . + s
\/WHCE (_4m kb 3”3—24\/mc% az?-10Vca?+dx 3bde2-12c2In ( 2@\/‘?"'2”4"1) adz?—3cln ( 2Vea

default | — k

8z+/(cx+d)z cZ

input Lint ((c+d/x) " (3/2)* (b*x+a) ,x,method=_RETURNVERBOSE) J
Output‘1/4*(2*b*c*x”2+4*a*c*x+5*b*d*x—8*a*d)*((c*x+d)/x)”(1/2)+3/8*(4*a*c+b*d)*d*

‘ln((1/2*d+c*x)/c“(1/2)+(c*x“2+d*x)“(1/2))/c”(1/2)/(c*x+d)*((c*x+d)/x)“(1/2
) *((cHx+d)*x) " (1/2) |

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.89

Jeg e

3 (4acd + bd?)+/clog <2cx + 2 /cxy /<4 4 d) +2(2bc%z* — 8acd + (4ac® + 5 bed)x) |/ &L

bz) dx = ?
+bx) dz 5o

— cz+d

3 (4 acd + bd?)+/—carctan (%) — (2bc*z? — 8acd + (4ac® + 5 bed)z) |/ <2

4c¢

jnputLintegrate((C+d/x)“(3/2)*(b*x+a),x, algorithm="fricas") J
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output [1/8* (3% (4*axcxd + b*d~2)*sqrt(c)*log(2xcxx + 2*sqrt(c)*x*sqrt((c*x + d)/x
) + d) + 2%x(2%b*c™2%x"2 - 8%a*ckd + (4xaxc”2 + Exbxcxd)*x)*sqrt((cxx + d)/
x))/c, -1/4*%(3*%(4*a*cxd + b*xd~2)*sqrt(-c)*arctan(sqrt(-c)*x*sqrt((c*x + d)
/x)/(c*xx + d)) - (2%bxc™2%x"2 - 8%akcxd + (4*a*c”2 + b¥bkc*d)*x)*sqrt((c*x
+ d)/x))/cl
Sympy [A] (verification not implemented)
Time = 4.15 (sec) , antiderivative size = 230, normalized size of antiderivative = 2.40
d\*? ) Ve cx
et (a + br) dz = ay/cd asinh Vi + acVdy/z E—i_l
Q
2catan ( m) b 2 %
—ad +2 -+%fmd#0 .+__££__
2Vd\ /5 +1
—\/Elog (x) otherwise
; Vevz
3bc\/zlx2 bd \/_ cx + 1+ bd%ﬁ N 3bd? asinh ( Jd )
4./ +1 4,/ +1 4+/c
inputLintegrate((C+d/x)**(3/2)*(b*x+a),x)
output a*sqrt (c)*d*asinh(sqrt(c)*sqrt(x)/sqrt(d)) + a*c*sqrt(d)*sqrt(x)*sqrt(c*x/

d + 1) - axd*Piecewise((2*c*atan(sqrt(c + d/x)/sqrt(-c))/sqrt(-c) + 2xsqrt
(c + d/x), Ne(d, 0)), (-sqrt(c)*log(x), True)) + b*c**2xx**(5/2)/(2xsqrt(d
Y*sqrt(cxx/d + 1)) + 3*b*ckxsqrt(d)*x**(3/2)/(4xsqrt(c*x/d + 1)) + bxd**(3/
2)*sqrt(x) *sqrt(c*x/d + 1) + b*d**(3/2)*sqrt(x)/(4*sqrt(c*x/d + 1)) + 3*b*
d**x2*asinh(sqrt(c)*sqrt(x)/sqrt(d))/(4*sqrt(c))
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 169 vs. 2(78) = 156.

Time = 0.11 (sec) , antiderivative size = 169, normalized size of antiderivative = 1.76

c+e—/c
+bx)dx—%(2 c+gcx—3\/5dlog SLANEE. —4\/c+gd a

c+4+./c
1/c+%—ﬁ
3d?log (—chfﬁﬁ) 2 (5 (c+9)°d?—3,/c+ gcd2)

8 Ve (c+9)° —2(c+ e+
inputLintegrate((c+d/x)"(3/2)*(b*x+a),x, algorithm="maxima") J
output‘1/2*(2*sqrt(c + d/x)*c*x - 3*sqrt(c)*d*log((sqrt(c + d/x) - sqrt(c))/(sqrt

‘(c + d/x) + sqrt(c))) - 4*sqrt(c + d/x)*d)*a - 1/8*(3*d"2*log((sqrt(c + d/
‘x) - sqrt(c))/(sqrt(c + d/x) + sqrt(c)))/sqrt(c) - 2x(56x(c + d/x)~(3/2)*d"
L2 - 3*sqrt(c + d/x)*c*d"2)/((c + d/x)"2 - 2x(c + d/x)*c + c~2))*b

~

Giac [F(-2)]

Exception generated.

3/2
/ <c + ;) (a + bx) dz = Exception raised: TypeError

-

input L

-/

integrate((c+d/x)~(3/2)*(b*x+a) ,x, algorithm="giac")

t‘Exception raised: TypeError >> an error occurred running a Giac command:IN

outpu
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Limit: Max order reached or unable

‘to make series expansion Error: Bad Argument Value
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Mupad [B] (verification not implemented)

Time = 6.94 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.94

3/2 3bd?atanh /et
)

d\*? 5ba? (c+ 4 Ve
/(c-l—;) (a4 bx)dx = 1 + 1ve

_Sberyer s zas(et R34 b -%)

B (2 +1)"?

15

inputtint((c + d/x)"(3/2)*(a + b¥x),x)

t}(5*b*x~2*<c + d/x)~(3/2))/4 + (3*b*d~2*atanh((c + d/x)~(1/2)/c~(1/2)))/ (4%
1c7(1/2)) - (3¥bxcxx"2%(c + d/x)7(1/2))/4 - (2%axxx(c + d/x)~(3/2)*hypergeo |
m([-3/2, -1/21, 1/2, -(c*x)/d))/((c*x)/d + 1)~(3/2)

outpu

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.44

/ (c+ —> (a
T
4/z \ex + dactr — 8/x v/ cx + dacd + 2+/T/cx + dbz? + 5v/x v cx + dbedr + 12\/Elog(

4cx

+bx)dx =

-

inputt

-/

int ((c+d/x) " (3/2) * (b*x+a) ,x)

(4*sqrt(x) *sqrt(c*x + d)*axc**2xx — 8*sqrt(x)*sqrt(cxx + d)*a*ckd + 2*sqrt
(x)*sqrt(cxx + d)*bkck*2kx**2 + Bksqrt(x)*sqrt(c*x + d)*bxcxd*x + 12*sqrt(
c)*log((sqrt(c*x + d) + sqrt(x)*sqrt(c))/sqrt(d))*a*c*d*x + 3*sqrt(c)*log(
(sqrt(cxx + d) + sqrt(x)*sqrt(c))/sqrt(d))*b*d**2*x - O*sqrt(c)*akckd*x -
sqrt (c) *b*xd**2%x) / (4*c*x)

output




output

‘—2*(a*c+b*d)*(c+d/x)‘(1/2)—2/3*a*(c+d/x)*(3/2)+b*c*(c+d/x)‘(1/2)*x+c‘(1/2)
* (2*a*c+3*b*d) *arctanh ((c+d/x) ~(1/2)/c~(1/2))

N\
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3/2

<c+%> / (a+bzx)

3.6 | dx

X
Optimal result . . . . . . . . . . . .. 86
Mathematica [A] (verified) . . . . . . . . . ... 86l
Rubi [A] (verified) . . . . . . .. . . 87
Maple [A] (verified) . . . . . . . . . . ]9
Fricas [A] (verification not implemented) . . . . . . ... ... .. ... ..... 90
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... OTl
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... OT]
Giac [F(-2)] . . . o o o 92
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 92i
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 93

Optimal result

Integrand size = 20, antiderivative size = 85

d\3/2
£ b
/(C+””) a+ x)dx:—2(ac+bd)\/c+g—g
T T
+ bey/c+ gx + vc(2ac + 3bd)arctanh(

,/c—l—g

e

w

|

J

Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.86

+

T

dz =

/ (c+ 2)** (a + bx) ¢+ 4(3bz(—2d + cz) — 2a(d + 4cz))

X

+
8l

Cc

+ v/c(2ac + 3bd)arctanh ( 7 )

3z
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input‘ Integrate[((c + d/X)”(3/2)*(a + b*X))/X,X]

output \ (Sqrtlc + d/x]*(3*b*x*(-2*d + c*x) - 2%ax(d + 4*c*x)))/(3*x) + Sqrtlcl*(2*
‘ axc + 3%b*d)*ArcTanh[Sqrt[c + d/x]/Sqrt(c]]

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.07,
number of steps used = 8, number of rules used = 7, Lumber of rules _ () 354 Ryjjeg

integrand size
used = {1016, 899, 87, 60, 60, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3/2
/(a+bx) (c+4) e

x

l 1016 )
/(Z+b) (c+Z> dz
| 899 |
—/ (2+9) (c—i-;l) xzd%
| 87

br(c+9)**  (2ac+3bd) [ (c+ %)

c 2c

| 60

bx(c+%)5/2 (2ac + 3bd) (cf\/c-l-gxdi-l-g(c—i-i)gﬂ)
c - 2c
l 60

z 1 d 2 d\3/2
be(c+ 9 (2ac+3bd)<c(cfmdw”\/;)m(cn) )

T

32 4l

c B 2c
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2 f 11_Cd C+g
o (2‘”*3”‘”(0( = +2m)+§<c+z>3/2>

bz(c+ ¢

T
c 2c

ot d
bw(c+ 4)5/2 (2G/C+3bd) <C<2m— 2\/Earctanh< \/—;-’D>> + %(C-i- 2)3/2>

T
c 2c

-

input LInt[((c + d/x)"(3/2)*(a + b*x))/x,x]

~—

((b*(c + d/x)7(8/2)*x)/c - ((2%a*c + 3*b*d)*((2x(c + d/x)7(3/2))/3 + c*(24S

output
‘qrt[c + d/x] - 2*Sqrt[c]*ArcTanh[Sqrt[c + d/x]1/Sqrtlcl])))/(2*c)

—

Defintions of rubi rules used

rule 6o IntLCa ) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n ), x_Symbol] :> Simp[
(a + bxx)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*((b*c - a*xd)/(
b*¥(m + n + 1))) Int[(a + b*x)"m*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQm - n, 0]))) && !'ILtQ[m + n + 2, O] && IntLinear
Qfa, b, ¢, d, m, n, x]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*x(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73
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rule 87 IRELC@_.) + (b_)*(x))*((e_.) + (d_)*(x))"(a_)*((e_.) + (E_)*(x))"(p
_.), x_] :> Simp[(-(bxe - axf))*(c + d*x)"(n + 1)*((e + £*xx)"(p + 1)/ (£x(p
+ Dx(cxf - d*e))), x] - Simp[(axd*f*(n + p + 2) - b*(d*ex(n + 1) + cxfx(p
+ 1)))/(£x(p + 1)*x(cxf - dx*e)) Int[(c + d*x)"n*x(e + £xx)"(p + 1), x], x]
/; FreeQ[{a, b, c, d, e, £, n}, x] && LtQ[p, -1] && ( !LtQ[n, -1] || Intege
rQlp] Il !(IntegerQ[n] || !(EqQle, 0] || !(EqQlc, 0] Il LtQ[p, nl))))

rule 991 IntL((a) + (b_.)*(x_)"2)7(-1), x_Symboll :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x

/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[((a_) + (b_)*(x_)"(@_)) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.), x_Symbol
1 :> -Subst[Int[(a + b/x™n) p*x((c + d/x"n)"q/x~2), x], x, 1/x] /; FreeQl{a,
b, ¢, d, p, g9}, x] && NeQ[b*c - a*d, 0] && ILtQ[n, O]

rule 899

Int[(x_ )" (m_.)*((c_) + (d_.)*(x_)"(mn_.))"(q_.)*((a_) + (b_.)*(x_)"(n_.))"(
P_.), x_Symbol] :> Int[x"(m - n*q)*(a + b*x"n) p*(d + c*x"n)~q, x] /; FreeQ
[{a, b, c, d, m, n, p}, x] && EqQ[mn, -n] && IntegerQ[ql && (PosQ[n] || !I
ntegerQ[pl)

rule 1016

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.24

method | result

Q+cz
(—3bc a2 +8acw+6bdz-+2ad)  / <2td + (2ac+3bd)+/c ln( 2\/5 +\/cx2+da:), [zt | [(cxtd)x

risch 3z 2cz+2d
\/ C“”z—er (—12\/cmz+dz c% az’—18Vcz2+dx c%bdm3—6 In ( 2ve m2+d;i}c/5+2cz+d) ac?dz3—91n ( 2 cm2+d;i/\a/5+26m+d) bed?
default | —

622/(cz+d)z dv/c

input Lint ((c+d/x)~(3/2)*(b*x+a) /x,x,method=_RETURNVERBOSE) J
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output | —1/3% (~3¥bkckx"2+Braxcrx+Exbrdrx+2rard) /xk ((cxx+d) /x) " (1/2)+1/2% (2*a*c+3+b
\*d)*c”(1/2)*1n((1/2*d+c*x)/c“(1/2)+(c*x‘2+d*x)‘(1/2))/(c*x+d)*((c*x+d)/x)“
(1/2)* ((crx+d) %)~ (1/2)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 169, normalized size of antiderivative = 1.99

(C+%)3/2 (a + bz) . 3(2ac+ 3bd)+/cxlog <2ca:+2\/5x crtd +d> +2(3bcx?® — 2ad — 2 (4ac

/ T N 6x

o/ cztd
3(2ac + 3bd)\/—cx arctan <FCZT’) — (3bcz? —2ad — 2 (4 ac + 3bd)z) /=t
3z

input Lintegrate ((c+d/x)~(3/2) *(b*x+a) /x,x, algorithm="fricas") J

\) + d) + 2%(3%bxc*x"2 - 2xa*xd - 2x(4xa*xc + 3xb*d)*x)*sqrt((c*x + d)/x))/x,
‘ -1/3% (3% (2%a*c + 3*b*d)*sqrt(-c)*x*arctan(sqrt(-c)*x*sqrt((cxx + d)/x)/(c

output‘[l/s*(s*w*a*C + 3%bx*d) *sqrt (c)*x*log(2xc*x + 2xsqrt(c)*x*sqrt((c*x + d)/x
*x + d)) - (3*bkckx"2 - 2kakd - 2k(4*axc + 3xbxd)*x)*ksqrt((cHx + d)/x))/x]
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Sympy [A] (verification not implemented)

Time = 16.01 (sec) , antiderivative size = 177, normalized size of antiderivative = 2.08

d 3/2 2catan< =
/(C‘i‘x) (a+bx)d.’L’:—aC %.’.2 c+g fOI‘d?éO
z
—+/clog (z) otherwise
—Ye ford =0
+ad 3 + by/cd asinh (ﬁﬁ)
2(ct+4) , Vd
——— otherwise
2catan ( C+g>
\/TC
+ beVdy/z %+1—bd L k2 fe+ ¢ ford#0
—+/clog (z) otherwise

input integrate ((c+d/x) **(3/2) * (b*x+a) /x s x)

-a*c*Piecewise ((2*c*atan(sqrt(c + d/x)/sqrt(-c))/sqrt(-c) + 2*sqrt(c + d/x
), Ne(d, 0)), (-sqrt(c)*log(x), True)) + a*d*Piecewise((-sqrt(c)/x, Eq(d,
0)), (-2%(c + d/x)**(3/2)/(3*d), True)) + bxsqrt(c)*d*asinh(sqrt(c)*sqrt(x
)/sqrt(d)) + bxcksqrt(d)*sqrt(x)*sqrt(c*x/d + 1) - b*d*Piecewise((2*c*atan
(sqrt(c + d/x)/sqrt(-c))/sqrt(-c) + 2xsqrt(c + d/x), Ne(d, 0)), (-sqrt(c)*
log(x), True))

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.55

d\3/2
/ (c+2)"" (a+ba) s

T

c+4—/c 3 /
1 3cglog —— +2(c+§> +6 c-l-glc a
3 c+4+,/c T T
c+4—4/c
—i—1 2\/c+gca:—3\/5dlog e —4\/c+(—id b
2 T c+g+\/5 T
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input ‘ integrate((c+d/x)~(3/2)*(b*x+a)/x,x, algorithm="maxima") ‘

‘—1/3*(3*c‘(3/2)*10g((sqrt(c + d/x) - sqrt(c))/(sqrt(c + d/x) + sqrt(c))) +
| 2%(c + d/x)7(3/2) + 6*sqrt(c + d/x)*c)*a + 1/2%(2xsqrt(c + d/x)*ckx - 3*s |
‘qrt(c)*d*log((sqrt(c + d/x) - sqrt(c))/(sqrt(c + d/x) + sqrt(c))) - 4*sqrt
(¢ + d/x)*d)*b |

output

Giac [F(-2)]

Exception generated.

dxr = Exception raised: TypeError

/ (c-i—%)g/2 (a+bx)

X

inputLintegrate((c+d/x)"(3/2)*(b*x+a)/x,x, algorithm="giac") J

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx) :;0UTPUT:Limit: Max order reached or unable ‘
Lto make series expansion Error: Bad Argument Value J

Mupad [B] (verification not implemented)

Time = 7.81 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.95

3/2 d 3/2
Lt Dt t) g (VEFE) _20le )
x Ve 3

- 2a0\/c—|—7— 2bz (c-l— f)3/22F1(—%,—%; %; —%)
' (5 +1)"

input‘ int (((c + d/x)~(3/2)*(a + b*x))/x,x)




CHAPTER 3. LISTING OF INTEGRALS 93

‘2xa*c™(3/2)*atanh((c + d/x)~(1/2)/c~(1/2)) - (2*ax(c + d/x)"(3/2))/3 - 2*a

tput
ot (*xck(c + d/x)7(1/2) - (2¥bxxx(c + d/x)"~(3/2)*hypergeon([-3/2, -1/21, 1/2, -
‘(C*x)/d))/((C*x)/d + 1)7(3/2)
Reduce [B] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.44
/ (c+ 5)3/2 (a + bz) o —16+/z Vcx + dacx — 4y/z \/cx + dad + 64/ /cx + dbcx? — 12/ \/cx +
T = |
input Lint ((c+d/x)~(3/2)* (b*x+a) /x,%x) J

( - 16*sqrt(x)*sqrt(cxx + d)*a*c*kx - 4*sqrt(x)*sqrt(c*x + d)*axd + 6*sqrt(
x)*sqrt(cxx + d)*bkckx**2 - 12*sqrt(x)*sqrt(c*x + d)*bxd*x + 12*sqrt(c)*lo
g((sqrt(cxx + d) + sqrt(x)*sqrt(c))/sqrt(d))*a*xckx**2 + 18*sqrt(c)*log((sq
rt(c*x + d) + sqrt(x)*sqrt(c))/sqrt(d))*b*xd*x**2 + bxsqrt(c)*bxd*x**2) /(6%

X**2)

output




output
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3/2

<c+%> (a+bzx)

3.7 | 5 dz

X
Optimal result . . . . . . . . . . . .. 971
Mathematica [A] (verified) . . . . . . . . . ... L 94
Rubi [A] (verified) . . . . . . .. . . 95
Maple [A] (verified) . . . . . . . . . . 97
Fricas [A] (verification not implemented) . . . . . . ... ... .. ... ..... 98
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 98
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 99
Giac [F(-2)] . . . o o o 99
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 100!
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 100

Optimal result

Integrand size = 20, antiderivative size = 77

d\3/2
¢ b /
/(c+’”) 2(a+ ?) dx = —2bc c+c—l
x x

32 o d\5/2
_Zb(c+c_l> _2a(e+5)"
3 x

5d

+ 2bc®?arctanh (

,/c—l-g

Ve

|

‘—2*b*c*(c+d/x)“(1/2)—2/3*b*(c+d/x)“(3/2)-2/5*a*(c+d/x)“(5/2)/d+2*b*c“(3/2)

L*arctanh((c+d/x)‘(1/2)/c‘(1/2))

Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.91

2y/c+ %(3a(d + cz)? + 5bdx(d + 4cz))

T

d\3/2
/(o+g (a+wod

x2

+
8 |

c

+ 2bc®?arctanh ( e )

15dz?

|
J
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input‘ Integrate[((c + d/x)~(3/2)*(a + b*x))/x"2,x] ‘

output‘ (-2xSqrt[c + d/x]*(3xa*x(d + c*x)~2 + B¥bxd*x*(d + 4*c*x)))/(15*d*x"2) + 2% ‘
' bxc™(3/2)*ArcTanh[Sqrt[c + d/x]/Sqrt[cl] |

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.04,

=7, number of rules — 0.350, Rules

number of steps used = 8, number of rules used =
integrand size

used = {1016, 948, 90, 60, 60, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2)3/ 2
L dz

/(a+bx) (c+

T2

| 1016
/(Z"‘b) (c+%)3/2
| 918
() (e D)l
T
| 90
o[ (er ) ad - 2ler
| 60
_b<c/mxdi+§<c+z>3/z> —20(0;;)5/2
| 60
(o) gt enler) o))

dz
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2a(c+%)5/2 | d ct g 2 d\*?
—T—b cl 2 c+;—2\/5arctanh 7 +3(C+w)

-

input LInt[((c + d/x)"(3/2)*(a + b*x))/x"2,x]

-/

‘(-2*a*(c + d/x)7(5/2))/(5%d) - bx((2x(c + d/x)~(3/2))/3 + c*(2xSqrtlc + d/ ‘
x] - 2xSqrt[c]l*ArcTanh[Sqrt[c + d/x]/Sqrtlcll))

N\ J

output

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simpl[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*x(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
b*¥(m + n + 1))) Int[(a + b*x)"m*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] &% GtQ[n, 0] &% NeQ[m + n + 1, 0] && !(IGtQ[m, 0] && ( !Integer
Q] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, O] && IntLinear
Qfa, b, ¢, d, m, n, x]

rule 60

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73




rule 90

rule 221

rule 948

rule 1016

input L
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Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
), x_1 > Simp[bx(c + d*x)"(n + D*((e + £xx)"(p + 1)/(d*fx(n + p + 2))),
x] + Simp[(axd*f*(n + p + 2) - bx(dxex(n + 1) + c*xfx(p + 1)))/(d*fx(n + p

+ 2)) Int[(c + d*x)"n*(e + f*x)"p, x], x] /; FreeQ[{a, b, c, d, e, f, n,

P}, x] && NeQ[n + p + 2, 0]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_)*(x_)"(n_)) (q_.
), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~
p*(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, 4, m, n, p, q}, x] && NeQ
[b*c - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Int[(x_ )" (m_.)*((c_) + (d_.)*(x_)"(mn_.))"(q_.)*((a_) + (b_.)*(x_)"(n_.))"(
P_.), x_Symbol] :> Int[x"(m - n*q)*(a + b*x"n) p*(d + c*x"n)~q, x] /; FreeQ
[{a, b, c, d, m, n, p}, x] && EqQ[mn, -n] && IntegerQ[ql && (PosQ[n] || !I
ntegerQ[pl)

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.48

method | result
3 d+cz
<ch 2(3a c2a?+20bed 2 +6adzc+5be d?+3a d2) ) 2td  bezln (QTJFV C$2+d$) V5 Viewrd)z
T1sC - 1522d + cx+d
3 3
ars (—30\/c‘m2+dz c3bat-15 1n<2 ¥ ”2+‘§’f‘f+m+d>bc2dz4+30(c 22+dz) % c3ba?+6(ca?+dw) 2 3 az+10(ca?+da
default | — 1523d+/(ca+d)z v/c
int ((c+d/x) " (3/2) * (b*x+a) /x~2,x,method=_RETURNVERBOSE) J
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output \ -2/15% (3%axc~2%x~2+20%b*c*d*x " 2+6*a*ckd*x+5xb*d "~ 2xx+3*a*d~2) /x~2/d* ((c*x+d ‘
‘ )/x) " (1/2)+b*c™(3/2)*1n((1/2*d+c*x) /c~(1/2)+(c*xx~2+d*x) ~(1/2) )/ (c*x+d) *((c ‘
*x+d) /%) 7 (1/2) % ((chx+d) *x) " (1/2)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 191, normalized size of antiderivative = 2.48

/ (c+ 9 (a + ba) |1 bed da? log (2 oz + 2oz /= 4 d) — 2(3ad? + (3ac? + 20 bed)z? + (6
x2 N 15 dz?

p cx+d
2 (15 by/—ccdz? arctan (F— M) + (3ad? + (3ac? + 20 bed)x? + (6 acd + 5bd?)x)/ cher)

cx+d

15 dz2

-

inputLintegrate((C+d/X)A(3/2)*(b*X+a)/x*2,x, algorithm="fricas")

\ >

[1/15% (16xb*c™(3/2) *d*x~2*1log(2*c*x + 2xsqrt(c)*x*sqrt((c*x + d)/x) + d) -
2% (3*a*xd”~2 + (3*a*xc™2 + 20%bkc*xd)*x~2 + (6*axckd + 5xbxd~2)*x)*sqrt((c*x
+ d)/x))/(d*x~2), -2/15%(15%b*sqrt (-c)*c*d*x~2*arctan(sqrt (-c)*x*sqrt ((c*x
+ d)/x)/(c*x + d)) + (3*%a*xd™2 + (3*a*c”™2 + 20*bxcxd)*x~2 + (6*a*xc*d + 5*b

*d~2) *x)*sqrt ((cxx + d)/x))/(d*x"2)]

output

Sympy [A] (verification not implemented)

Time = 3.98 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.32

5 2 C+% 3
3/2 2 C+% 2 2bc atan< e > o C+g 3
/(c-l—%) 2(a+b90)d36= — <5d> _ e —2bc@/c+g—¥ ford # 0
T . .
- be’ log (_%) otherwise
tnput Lintegrate ((c+d/x) ** (3/2) * (bxx+a) /x**2, %) J
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‘Piecewise((—Q*a*(c + d/x)**(5/2)/(5*xd) - 2xbkxc**2xatan(sqrt(c + d/x)/sqrt(
-¢))/sqrt(-c) - 2xb¥cxsqrt(c + d/x) - 2xbx(c + d/x)**(3/2)/3, Ne(d, 0)), (
(—akcH*(3/2)/x — brckk(3/2)*log(-akck*(3/2)/x), True))

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.04

5
2

/(c+§)3/2(a+bx)d 2a(c+4)

2 == 5d

d 3
1 c+ 5 — Ve d\ 2 [ d
— = 3cglog — +2(c+—) +64/c+—c|b
3 c—l—%—l—\/E T T

input Lintegrate ((c+d/x)~(3/2)*(b*x+a) /x~2,x, algorithm="maxima") J

-2/Bxax(c + d/x)"(5/2)/d - 1/3*(3xc"(3/2)*Log((sqrt(c + d/x) - sqrt(c))/(s

output
Lqrt(c + d/x) + sqrt(c))) + 2x(c + d/x)"(3/2) + 6*xsqrt(c + d/x)*c)*b J

Giac [F(-2)]

Exception generated.

dxr = Exception raised: TypeError

/ (c—l—%)‘g/2 (a+ bz)

xr2

-

integrate((c+d/x) " (3/2) * (bxx+a) /x"2,x, algorithm="giac")

| —

inputt

Ou_tput‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Limit: Max order reached or unable
‘to make series expansion Error: Bad Argument Value ‘
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Mupad [B] (verification not implemented)

Time = 7.95 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.92

c+

8 |

2 c

x

3/2 d 2

_2b(c—|—§) Cobe /c+g_2a,/c+x(d+c:c)
3 x 5dx?

d\3/2
2 b
/ (C+””) (a + bz) dr = 2bc*? atanh

Lint(((c + d/x)"(3/2)*(a + b*x))/x"2,%) J

input

Ou_tput‘2*b*c"(3/2)*atanh((c + d/x)"(1/2)/c~(1/2)) - (2%b*(c + d/x)~(3/2))/3 - 2*b
\*c*(c +d/x)"(1/2) - (2%a*x(c + d/x)~(1/2)*(d + c*x)~2)/(5xd*x~2) \

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.74

d\3/2 _ 2y/zVex+dac’s? 4z eztdacdz 2z Veztdad®? 8z exztdbedz?  2y/zcx+db
/(c+;) (a+bx)d 5 5 5 3 3
Tr =
dzx3

x2

int ((c+d/x)~(3/2) *(b*x+a) /x~2,x%)

inputt

output (2% ( - 3xsqrt(x)*sqrt(c*xx + d)*akcx*2kxx*2 - 6*sqrt(x)*sqrt(c*x + d)*axc*d
*x — 3*ksqrt(x)*sqrt(cxx + d)*a*d**2 - 20*sqrt(x)*sqrt(cxx + d)*b*ckdxx**2

- Bxsqrt(x)*sqrt(c*x + d)*bxd**2*x + 15*sqrt(c)*log((sqrt(c*x + d) + sqrt(

x)*sqrt(c))/sqrt(d) ) ¥bxc*xd*x**3 — 3*sqrt(c)*axc*x*2xx**3 + 8*ksqrt(c)*bxcxd*

x*%3) )/ (15*%d*x**3)




output

input L

output

L2/5*(a*c—b*d)*(c+d/x)”(5/2)/d“2—2/7*a*(c+d/x)“(7/2)/d“2
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3.8

Optimal result . . . . . . . . . . . ..
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . . .
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [A] (verification not implemented) . . . .. ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . ... ... ... .. ...
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 20, antiderivative size = 46

_ 2(ac—bd) (c+ 5)5/2 _ 2a(c

4+ 4

T

)7/2

d\3/2
u/‘(c+—;) (a4—bx)dx

3

5d?

7d?

102
103!

105}
1100}
106}
106!

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.98

/ (c+ %)3/2 (a + bz) o _2(d+ cz)?y/ =2 (5ad — 2acz + Tbdz)

3

35d2x3

Integrate[((c + d/x)~(3/2)*(a + b*x))/x"3,x]

(-2%(d + cxx)"2+Sqrt[(d + c*x)/x]*(Braxd - 2kaxckx + Txbxd*x))/(36%d 2%x"3
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {1016, 946, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3/2
/(a+bx) (c+%) i

3

l 1016

e D e

T2

| 946
SIEDICHR
| 53
_/ <a(c+g)5/2 , (bd—ac) (c+g)3/2) i

d d

l 2009

2(c+ 5)5/2 (ac—bd) 2a(c+ %)7/2

5d? 7d?

-

Fnt[((‘: + d/x)"(3/2)*(a + b*x))/x"3,x]

| —

L(2*(a*c - bxd)*(c + d/x)7(5/2))/(5%d"2) - (2*ax(c + d/x)~(7/2))/(7*d"2)

J




rule 53

rule 946

rule 1016
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Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, O] && LeQ[7*m + 4#n + 4, 0])
[l LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Simp[1/n  Subst[Int[(a + b*x) p*(c + d*x)~q, x], x, x"n],
x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] & NeQ[bxc - axd, 0] && EqQ[m - n
+ 1, 0]

Int[(x_)"(m_.)*((c_) + (d_.)*(x_)"(mn_.))"(q_.)*((a_) + (b_.)*(x_)"(n_.))"(

P_.), x_Symbol]l :> Int[x"(m - n*q)*(a + b*x"n) p*(d + c*x"n)"q, x] /; FreeQ
[{a, b, ¢, d, m, n, p}, x] && EqQ[mn, -n] &% IntegerQ[ql && (PosQ[n] || !I
ntegerQ[pl)

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.83

method | result size
3
. 2(2acz—7bdz—5ad)(cz+d) (c-i—%) 2
orering 35222 38
3
2(cz+d)(2acc—Tbdz—5ad) (C’”m—'*'d) 2
gosper B 40
3
default 2 C’”z—"'d (cxz—i-dx) 2 (2a c?x2—Tbed % —3adxc—Thx d?>—5a d2) 77
clau 35z4d2/(cx+d)z
. 2 szj (20, c3x3—-7bc?dz3—ac?dx?—14bcd?z? —8acd?z—Tbd3z—5a d3)
risch 81

35x3d2

2 (2a B3 —-7bc2dz®—a c2dx?—14bc d?x2 —8acd?x—Tb d3x—5a d3) £/ = %_d
trager 355342 85
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input‘int((c+d/x)”(3/2)*(b*x+a)/x"3,x,method=_RETURNVERBOSE)

output | 2/35% (2raxcrx-Txbrdsx-5xaxd) /d"2/x 2+ (cxx+d)* (c+d/x)"(3/2)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 79 vs. 2(38) = 76.

Time = 0.09 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.72

403/2
/(c+;) (a—l—b:p)dx:

73
2(5ad® — (2ac® — 7bc*d)z® + (ac’d + 14 bed?)z? + (8 acd? + 7bd®)x) |/ <&t
35 d?z3

inputLintegrate((c+d/x)‘(3/2)*(b*x+a)/x*3,x, algorithm="fricas")

output‘ -2/35%(5*%axd”~3 - (2*a*c™3 - T*xbkc™2*d)*x~3 + (a*c™2*d + 14%b*cxd"2)*x"2 +
| (8xaxc*d™2 + T¥bxd"3)*x)*sqrt((c*x + d)/x)/(d"2%x"3)
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Sympy [A] (verification not implemented)

Time = 2.06 (sec) , antiderivative size = 167, normalized size of antiderivative = 3.63

5
et (@)
(c+§)3/2(a+bx) 2( 5t
/ -3 dx = —ac 7 ford # 0
% otherwise
2<62(c+g)j—%(”+g)f <c+z>%)
3 5 7
—ad p ford # 0
% otherwise
3 5
~be a— ford#0 | g - ford # 0
NG .
? otherwise %i; otherwise

.
input integrate((c+d/x) **(3/2)* (b*x+a) /x**3,x)

-—axc*Piecewise((2x(-c*x(c + d/x)*x(3/2)/3 + (c + d/x)**(5/2)/5)/d**2, Ne(d,
0)), (sqrt(c)/(2xx**2), True)) - axd*Piecewise((2*(cx*2x(c + d/x)**(3/2)/
3 - 2xc*(c + d/x)**(5/2)/5 + (c + d/x)**(7/2)/7)/d**3, Ne(d, 0)), (sqrt(c)
/(3*xx**3), True)) - bxc*Piecewise((2*x(c + d/x)**(3/2)/(3*d), Ne(d, 0)), (s
agrt(c)/x, True)) - b*d*Piecewise((2*(-c*(c + d/x)**(3/2)/3 + (c + d/x)**(5
/2)/5)/d**2, Ne(d, 0)), (sqrt(c)/(2*x**2), True))

output

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.07

7
2

/<c+z>3“<a+bz>dw 2b(c+4)’ 2(5<c+z> _7<c+z>3c)a

3 o 5d 35

- @2 @2

-

inputLintegrate((C+d/x)A(3/2)*(b*X+a)/x“3,x, algorithm="maxima")

| —
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\ -2/5%bx(c + d/x)~(5/2)/d - 2/35%(5x(c + d/x)~(7/2)/d"2 - 7*(c + d/x)~(5/2)

output
L*c/d“2)*a J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 333 vs. 2(38) = 76.

Time = 0.53 (sec) , antiderivative size = 333, normalized size of antiderivative = 7.24

/ (c+ %)3/2 (a+ bx) o 2 (35 (vex — Vez? + dx)ﬁbczsgn(z) + 35 (ver — Ver® + dz)5ac%sgn(z) + 7

3

input‘integrate((c+d/x)“(3/2)*(b*x+a)/x*3,x, algorithm="giac")

2/356%(35*(sqrt(c)*x - sqrt(c*x™2 + d*x)) “6*b*c”2*sgn(x) + 35*(sqrt(c)*x -

sqrt (cxx~2 + d*x)) “6xaxc”(5/2)*sgn(x) + 70*x(sqrt(c)*x - sqrt(c*x”2 + d*x))
~5%b*c” (3/2) *d*sgn(x) + 105*(sqrt(c)*x - sqrt(c*x™2 + d*x)) “4*akxc”2xd*sgn(
x) + 70*(sqrt(c)*x - sqrt(c*x™2 + d*x)) “4*bxc*xd~2*sgn(x) + 140%(sqrt(c)*x

- sqrt(c*x™2 + d*x)) "3*axc”(3/2)*d"2*sgn(x) + 35*%(sqrt(c)*x - sqrt(c*x~2 +
d*x) ) ~3*bxsqrt (c)*d"3*sgn(x) + 98*(sqrt(c)*x - sqrt(c*xx”2 + d*x)) 2*axcx*d
“3*sgn(x) + 7x(sqrt(c)*x - sqrt(c*x™2 + d*x)) 2*bxd~4*sgn(x) + 35*(sqrt(c)
*x - sqrt(c*x”2 + d*x))*a*xsqrt(c)*d 4*sgn(x) + 5*a*xd~5*sgn(x))/(sqrt(c)*x

- sqrt(c*x~2 + d*x))"7

output

Mupad [B] (verification not implemented)

Time = 7.09 (sec) , antiderivative size = 122, normalized size of antiderivative = 2.65

/(c 4)3/2 (a+ba) w/c+— c? c+§ 16acy/c+ ¢

3 35 d? 35 z2
4bc c—}—g 2ad c—|—d 2bd c—l—d 2ac*,/c
B 5z 713 5 12 35dz

input int(((c + d/x)"(3/2)*(a + b*x))/x"3,x) J
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output‘(4*a*°”3*<c + d/x)~(1/2))/(35%d"2) - (2*%bxc~2%(c + d/x)"(1/2))/(5*d) - (16
(waxcr(c + d/x)7(1/2))/(35%x72) - (4xbxck(c + d/x)"(1/2))/(5%x) - (2¥axd*(c
|+ d/x)7(1/2))/(T%x73) - (2+%bxd*(c + d/x)~(1/2))/(5%x72) - (2*kaxc™2*(c + d
| /%)7(1/2))/ (35%d*x)

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 148, normalized size of antiderivative = 3.22

( + 4)3/2 (a+ blE) 4/zex+dacdz®?  2y/zVextdacida® 16z Veatdacd®’z 2z Veztdad® 2z exta
T dr = 35 35 35 7
r =

¢ 5
3 d?z?

int ((c+d/x) " (3/2) * (b*x+a) /x"3,x) J

inputt

(2% (2xsqrt (x) *sqrt (cxx + d)*akc* *3*xx**3 - sqrt(x)*sqrt(c*x + d)*axcx*2*d*x
**2 - 8%sqrt(x)*sqrt(c*x + d)*axckd**2+x - bxsqrt(x)*sqrt(c*x + d)*axd**3
- T*sqrt(x)*sqrt(c*x + d)*bxc**2*kd*x**3 - 14*sqrt(x)*sqrt(c*x + d)*bxc*d**
2xx**2 — T*sqrt(x)*sqrt(c*kx + d)*bxd**3%x — 2xsqrt(c)*axc**3*x*x4 - 3*sqrt
(c) *bkcx*x2kd*xx**4) ) / (35kd**2kx**4)

output
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4\3/2
<c+5> (a+bzx)
3.9 | . dz
i

Optimal result . . . . . . . . . . . .. 108}
Mathematica [A] (verified) . . . . . . . . . ... 108}
Rubi [A] (verified) . . . . . . .. . . 109
Maple [A] (verified) . . . . . . . . . . 110
Fricas [A] (verification not implemented) . . . . . . ... ... .. ... ..... 11T
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 112
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 113
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 113
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 114
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 115

Optimal result

Integrand size = 20, antiderivative size = 74

T

/ (C—I— 4)3/2 (a—l- bw) dr — _ZC(ac— bd) (c-|— 5)5/2

x4 5d3
2(2ac — bd) (c + %)7/2 2a(c+ 5)9/2
7d3 9B

\ -2/5%c*x (axc-b*xd) * (c+d/x) ~(5/2)/d"3+2/7* (2xa*c-b*d) * (c+d/x) ~(7/2) /d"3-2/9*a \

output
*(c+d/x)7(9/2)/d"3 |

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.85

/ (c+ 5)3/2 (a + bz) . 2y/c+ 4(d + cx)? (9bdz(—5d + 2cz) + a(—35d* + 20cdz — 8c%z?))
z* o 315d%7"

input ‘\Integrate[((c + d/x)7(3/2)*(a + b*x))/x74,x]
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‘ (2%Sqrtlc + d/x]*(d + c*x) 2% (9*bxd*x*(-5*d + 2xc*x) + ax(-35%d"2 + 20*c*d \

output
L*x - 8%c™2%x~2)))/(315%d"3%x"~4) J

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.00,

number of steps used = 5, number of rules used = 4, Bumber of rules _ 4 9 Ryjes
integrand size

used = {1016, 948, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(a+bz) (c+ %)3/2
/ £L'4 d.’l?
l 1016
a d 3/2
/W$+®$+x) i
l 948
_/(3+®(0+@Wiﬁ
z T
l 86
-/ O, =200 (c+ )" clac—ba) (4 7Y 1
d? a2 2 p
l 2009
2(c+ %)7/2 (2ac—bd)  2c(c+ 3)5/2 (ac—bd) 2a(c+ %)9/2

7d3 5d3 943

input‘ Int[((c + d/x)7(3/2)*(a + b*x))/x"4,x] ‘

‘ (-2%c*(a*xc - bxd)*(c + d/x)7(5/2))/(5%d"3) + (2x(2*%a*c - b*xd)*(c + d/x)~(7 \

output
L/Q))/(7*d“3) - (2%ax(c + d/x)~(9/2))/(9*d~3) J




rule 86

rule 948

rule 1016
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Defintions of rubi rules used

Int[((a_.) + (b_)*(x_))*((c_) + (d_.)*(x_))"(a_.)*((e_.) + (£_.)*(x_))"(p_
.), x_] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, c, 4, e, f, n}, x] && ((ILtQ[n, 0] && ILtQlp, 01) || EqQlp, 1
1 Il (IGtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p + 5x(n + 2), 0] || GeQ[n + p
+ 1, 0] || (GeQ[n + p + 2, 0] && RationalQ[a, b, c, d, e, £1))))

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(m_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~
p*(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, c, 4, m, n, p, q}, x] && NeQ
[bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Int[(x_)"(m_.)*((c_) + (d_.)*(x_)"(mn_.))"(q_.)*((a_) + (b_.)*(x_)"(n_.))"(
P_.), x_Symbol] :> Int[x"(m - n*q)*(a + b*x"n) p*(d + c*x"n)~q, x] /; FreeQ
[{a, b, c, d, m, n, p}, x] & EqQ[mn, -n] && IntegerQ[ql && (PosQ[n] || !'I
ntegerQ[pl)

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.81

method | result size
3
i 2(8a c2z2—18bcd 2 —20adzc+45bx d2+35a d?) (cz+d) <c+ %) 2
orering | — S5 60
3
2(cz+d) (8a c2z2—18bcd 2 —20adwc+45bx d2+35a d?) (czm—"'d) 2
gosper | — TR 62
3
default 2 %‘Fd (cx2+da:) 2 (Sa 323 —-18bc?d z3—12a c2d 22 +27bc d?x2+15ac d2x+45b d3z+35a d3) 101
elau o 315z5d3\/(cz+d)z
. 2 %er (Sa Azt —18bc3d zt—4a 3d z3+9b c2d?z3+-3a c2d? 2 +72bc d3 2 +50ac d3z+45b d4z+35a d4)
risch — o 105
315z4d
2 (Sa ctaxt—18bccd zt—4a Bd x3+9b c?d?2x3+3a c2d?x2+72bc d3x2 +50ac d3z+45b d*x+35a d4) A/ = %_d
trager | — 5D 109
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input ' int ((c+d/x)"(3/2)*(b*x+a) /x"4,x,method=_RETURNVERBOSE) |

‘—2/315*(8*a*c“2*x‘2—18*b*c*d*x‘2—20*a*c*d*x+45*b*d“2*x+35*a*d“2)/d‘3/x“3*(

output
‘c*x+d)*(c+d/x)‘(3/2)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.42

xd

d\3/2
/(c—+—;) (a—l—ba:)dx:

2 (35ad* + 2 (4act — 9bc3d)z* — (4ac’d — 9bc®d?)z® + 3 (ac’d? + 24 bed®)z? + 5 (10 acd® + 9 bd4)x)\ﬁ

315d3x*
input Lintegrate ((c+d/x) " (3/2)* (b*x+a) /x"4,x, algorithm="fricas") J
output ‘ -2/315%(35%a*d"4 + 2% (4*a*xc™4 - 9%bkc~3*d)*x"4 - (4*axc”3*d - 9xbxc~2*d"2) ‘

*x"3 + 3x(a*xc”2xd"2 + 24*b*xcxd"3)*x"2 + b*(10*axc*d™3 + 9*b*d~4)*x)*sqrt ((
Coxx + @)/x)/(d"3%x74)
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Sympy [A] (verification not implemented)

Time = 2.04 (sec) , antiderivative size = 231, normalized size of antiderivative = 3.12

3 5 7
2ert)? )t (org)
(c+§)3/2(a+bx) 2( 3 5T
o dx = —ac g ford #0
% otherwise
2( 63(&;%)12 362(C<5|—g)?_3c(ctg)§+(c+§)j)
—ad po ford #0
% otherwise
( 3 5
o —clere)” (o 2)
—be = ford #0
| % otherwise
( 3 5 7
9 <02 (c-g%)é _26(6:%)§ i (c+7%)§ )
— bd pe ford #0
\ % otherwise

e

Lintegrate((c+d/x)**(3/2)*(b*x+a)/x**4,x)

input

~—

output -axcxPiecewise ((2*(c**2*(c + d/x)*%(3/2)/3 - 2xcx(c + d/x)**(6/2)/5 + (c +
d/x)**x(7/2)/7)/d**3, Ne(d, 0)), (sqrt(c)/(3*x**3), True)) - axd*Piecewise
((2%(-c*x3%(c + d/x)**(3/2)/3 + 3*c**2x(c + d/x)**(5/2)/5 - 3%cx(c + d/x)*
*(7/2)/7 + (c + d/x)**(9/2)/9) /d**x4, Ne(d, 0)), (sqrt(c)/(4*x**4), True))
- brc#Piecewise((2¥(-cx(c + d/x)*%(3/2)/3 + (c + d/x)**(5/2)/5)/d**2, Ne(d
, 0)), (sqrt(c)/(2xx**2), True)) - b*d*Piecewise((2*(c**2x(c + d/x)**(3/2)
/3 - 2kcx(c + d/x)*x(5/2)/5 + (c + d/x)**(7/2)/7)/d**3, Ne(d, 0)), (sqrt(c
)/ (3%x*%*3), True))
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.14

d\3/2
/(c—i—;) (a + bx) e —

x4
L2 (34D 90(ct+ e 63(ct )i
315 d & B ¢
2 5(c+g)% 7(0—!—%)30 B
35 2 &

-

Lintegrate((c+d/x)“(3/2)*(b*x+a)/x“4,x, algorithm="maxima")

\ >

input

Output‘-2/315*(35*(c + d/x)~(9/2)/d"3 - 90%(c + d/x)~(7/2)*c/d"3 + 63*(c + d/x)~( ‘
‘5/2)*c‘2/d“3)*a - 2/35%(5%(c + d/x)~(7/2)/d~2 - Tx(c + d/x)~(5/2)*c/d~2)*b

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 397 vs. 2(62) = 124.

Time = 0.63 (sec) , antiderivative size = 397, normalized size of antiderivative = 5.36

/ (c+ é)?’/? (a + bz) 2 (315 (Vex — Vea? + dx) "belsgn(z) + 420 (vex — Vex? + da:)ﬁac?’sgn(z) 4
= dz =

xrd

input Lintegrate ((c+d/x)~(3/2) *(b*x+a) /x"4,x, algorithm="giac") J
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2/315%(315*(sqrt (c)*x - sqrt(c*x™2 + d*x)) “T*bxc~(5/2)*sgn(x) + 420*(sqrt(
c)*x - sqrt(cxx™2 + d*xx)) “6*axc”3*sgn(x) + 945*(sqrt(c)*x - sqrt(c*x”2 + d
*X) ) “6*bxc”2xd*sgn(x) + 1575*(sqrt(c)*x - sqrt(c*x™2 + d*x)) "5xa*xc~(5/2)*d
*sgn(x) + 1260*(sqrt(c)*x - sqrt(c*x™2 + d*x)) “5*b*c~(3/2)*d"2*sgn(x) + 25
83%(sqrt(c)*x - sqrt(c*x~2 + d*x)) “4*a*xc™2xd"2*sgn(x) + 882*(sqrt(c)*x - s
qrt(c*x™2 + d*x)) “4xb*c*d"3*sgn(x) + 2310*(sqrt(c)*x - sqrt(c*x~2 + d*x))~
3xaxc”(3/2)*d"3*sgn(x) + 315%(sqrt(c)*x - sqrt(c*x~2 + d*x)) ~3*b*sqrt(c)*d
“4xsgn(x) + 1170*(sqrt(c)*x - sqrt(c*x™2 + d*x)) "2xaxckd 4*sgn(x) + 45%(sq
rt(c)*x - sqrt(c*x™2 + d*x)) 2+bxd~5*sgn(x) + 315*(sqrt(c)*x - sqrt(c*x~2

+ d*x))*axsqrt(c)*d"5*sgn(x) + 35*a*d~6*sgn(x))/(sqrt(c)*x - sqrt(c*x~2 +

d*x))~9

output

Mupad [B] (verification not implemented)

Time = 7.70 (sec) , antiderivative size = 164, normalized size of antiderivative = 2.22

/(&+%W%a+m: e+ wac\m+—

35d? 315d3
Wacyfe+d 16be\ferd 2adife+d 20+
63 23 35 22 9zt 73
2ac? \/c—l—id 8ac? \/c—|—7d 2bc? \/c+ ¢
105d z2 315d%x 3bdx

input [int(((c + d/x)"(3/2)*(a + b*x))/x"4,x)

~—

(4xb*c~3*(c + d/x)~(1/2))/(35%d"2) - (16*a*c™4*x(c + d/x)~(1/2))/(315%d"3)

- (20*a*xcx(c + d/x)~(1/2))/(63*%x~3) - (16xbxcx(c + d/x)~(1/2))/(35*%x"2) -

(2xa*xd*(c + d/x)~(1/2))/(9*%x~4) - (2*b*d*(c + d/x)~(1/2))/(7T*x"3) - (2*a*c
~2x(c + d/x)"(1/2))/(105%d*x"2) + (8xaxc”3*(c + d4/x)~(1/2))/(315%d"2*x) -

(2xbxc™2x(c + d/x)~(1/2))/(35%d*x)

output
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 188, normalized size of antiderivative = 2.54

d\3/2 b 16\/z Vcx+dactz? 8v/z /cx+dacddx? 2/ v/cx+d a c?d?x> 20/ cx+dacd®z 24/
(c+9)" (a+ba) - 315 + 315 - 105 — 63 -
dz =
.’1)4

-

-/

input Lint ((c+d/x)~(3/2)* (b*x+a) /x"4,X)

(2% ( - 8xsqrt(x)*sqrt(c*xx + d)*axckxdxx*x4 + 4*sqrt(x)*sqrt(c*x + d)*axck*
3kd*x**3 — 3xsqrt(x)*sqrt(cxx + d)*akck*xkd**x2kx**2 - 50*ksqrt (x)*sqrt (c*xx

+ d)*akckd**3*x — 3b*sqrt(x)*sqrt(c*x + d)*axd*x4 + 18xsqrt(x)*sqrt(cxx +

d) *¥bxck*k3xd*x**x4 — 9ksqrt(x)*sqrt(cxx + d)*bkck*2kdk*2kx**3 - 72ksqrt(x)*s
gqrt(c*xx + d)*bkckxd**3*x**x2 - 45xsqrt(x)*sqrt(cxx + d)*b*xd**4*x + 8*sqrt(c)
*xakCkx4kx*k*5 — 18*%sqrt (c)¥bkck*3kd*x**5) ) / (315%d**3*x**5)

output
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2\ 3/2
(c—l—E) (a+bx)

3.10 | p— dx

Optimal result . . . . . . . . . . . . . . e 116
Mathematica [A] (verified) . . . . . . . . . ... L 116
Rubi [A] (verified) . . . . . . .. . . 117
Maple [A] (verified) . . . . . . . . . . 119
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ..... 119
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 120
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 1211
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 121]
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 1221
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 123

Optimal result

Integrand size = 20, antiderivative size = 104

(c+g)3/2 (a+ bx) 2¢%(ac — bd) <C+%)5/2
/ x° do = 5d*
seBac —30d) (e )7 (aae b e+ )" 2a(es )
B 7d* 9d* T A

| 2/5%c™2% (axc-bkd) * (c+d/x) " (5/2) /d~4-2/Txck (3xarc-2xbkd) * (c+d/x) " (7/2) /d~4+

output
\ 2/9% (3xaxc-b*d) * (c+d/x) ~(9/2) /d~4-2/11%a* (c+d/x)~(11/2) /d~4 \

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.83

d\3/2
/ (c+4)"" (a+ba) o —

75
2y/c+ %(d + cz)? (11bdz(35d? — 20cdz + 8c*z?) + 3a(105d° — 70cd*z + 40c*dz? — 16¢°z°))
- 3465d4z°

inputtlntegrate[((c + d/x)"(3/2)*(a + b*x))/x"5,x] J
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t‘ (-2%Sqrtc + d/x]1*(d + c*x) 2% (11¥bxd*x*(35%d"2 - 20*c*kd*x + 8*c™2*x~2) + \

outpu
Ls*a*(ios*d‘s - 70xc*d~2%x + 40*%c™2%d*x~2 - 16%c”3*%x~3)))/(3465*%d~4*x"5) J

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.00,

number of steps used = 5, number of rules used = 4, Bumber of rules _ 4 9 Ryjes
integrand size

used = {1016, 948, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

3/2

/(a+bx) (c+%) i

5
l 1016

[l D" e

4

l 948
/(i+b)(c+;‘£) g

.’11'2
l 86

_/ (a(c—i— %)9/2 N (bd — 3ac) (c+ %)7/2 N c(3ac — 2bd) (c+ %)5/2 c?(ac — bd) (c+ 3)3/2> p
d3 d3 d3 d3

l 2009

2¢%(c + %)5/2 (ac—bd)  2(c+ %)9/2 (3ac—bd)  2c(c+ %)7/2 (3ac—2bd) 2a(c+ 4)11/2
5d4 9d4 7d4 - 11d4

e

Fnt[((c + d/x)"(3/2)*(a + b*x))/x"5,x]

~—

input
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output‘(2*°A2*(a*° - bxd)*x(c + d/x)"(56/2))/(56%xd"4) - (2xc*(3*axc - 2xb*d)*(c + d/
D(T/2)/(7*a8) + (2 (3kaxe - brd)x(c + d/x)7(9/2))/(9xd4) - (2+ax(c +
14/x)7(11/2))/(11%d"4) |

Defintions of rubi rules used

rule 8 InELC(a ) + (b_)*(x_))*((c) + (A_)*(x))7(n_)*((e_.) + (E_)*(x_))"(p_
.), x_1 :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, c, 4, e, f, n}, x] && ((ILtQ[n, 0] && ILtQlp, 01) || EqQlp, 1
1 |l (1GtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p + 5x(n + 2), 0] || GeQ[n + p
+ 1, 0] |l (GeQ[n + p + 2, 0] && RationalQ[a, b, c, d, e, £1))))

rule 948 | TRt LG “m_ D *((a) + (b_)*(x)~ (@)~ (p_)*((c)) + (d_)*(x )7 ()7 (q_.
), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~
p*(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ
[bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

rule 1016 Int[(x_)"(m_.)*((c_ ) + (d_.)*(x_)"(mn_.))"(q_.)*((a_) + (b_.)*(x_)"(n_.))"(
p_.), x_Symbol] :> Int[x"(m - n*q)*(a + b*x"n) px(d + cxx™n)"q, x] /; FreeQ
[{a, b, ¢, d, m, n, p}, x] && EqQ[mn, -n] && IntegerQ[ql && (PosQ[n] || !I
ntegerQ[pl)

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.81

method | result
3
_ 2(48a c32°—88b 2d o3 —120a c2d 2> +220bc d>2?+210ac d>s—385b d*z—315a d°) (ca+d) (c+ £ ) *
orering YT
3
2(ca+d) (48a.c32°—88b 2d 2° —120a 2d 0 +220bc 222 +210ac d*z—385b dz—315a.d°) (<=t ) 2
gosper 34652741
3
default 2,/ <=t (ca?+dz) 2 (48actax?—88bc3d ot —T72a c3d 23 +132b c?d?x3+90a c2d2x? —165bc d3x? —105ac d>z—385b dix—315a d*)
clau 3465z6d4/(cz+d)x
isch 2 ‘:Z—"'d (48a cPx®—88b ctd x5 —24a ctd xt+44b B d2x*+18a c3d?x3 —33b c2d3 23 —15a c2d3x2 —550bc d* 22 —420ac d* z—385b dB -
T8¢ 34652543
2 (48a cPx®—88b ctd x5 —24a ctd x*+44b B d2x*+18a 3d?x3 —33b c2d3x3 —15a c2d3x2 —550bc d* 22 —420ac d*z—385b d®z—315a d°
trager 346525d3
input Lint ((c+d/x)~(3/2)* (b*x+a) /x~5,x ,method=_RETURNVERBOSE) J

output ‘ 2/3465% (48%a*c”~3*%x~3-88%b*c”~2*d*x~3-120%a*xc~2*xd*x~2+220%b*c*kxd~2%x~2+210%ax* ‘
\ c*d~2*x-385%b*d"~3*x-315%a*xd~3) /d"4/x"4x* (c*x+d) *(c+d/x) ~(3/2) \

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.25

d\3/2
/(c-l—;) (a + bx) i

75
2 (315ad® — 8 (6ac® — 11bctd)z® + 4 (6 ac*d — 11bc3d?)z* — 3 (6 ac’d? — 11bc%d3)x3 + 5 (3 ac®d® + 110
3465 d*z5

input Lintegrate ((c+d/x)~(3/2) *(b*x+a) /x~5,x, algorithm="fricas") J

output‘ -2/3465% (315*%a*xd~5 - 8*(6*axc™5 - 11%bxc~4*d)*x~5 + 4*(6*axc~4*d - 11xb*xc” \
\3*d‘2)*x‘4 - 3*%(6xaxc”3*d"2 - 11*b*c™2*xd~3)*x"3 + 5x(3*a*c”2*xd~3 + 110*bx*c \
‘*d"4)*x‘2 + 36%(12%a*xcxd"4 + 11*¥b*d~5)*x)*sqrt((cxx + d)/x)/(d"4*x"5) ‘
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Sympy [A] (verification not implemented)

Time = 2.08 (sec) , antiderivative size = 292, normalized size of antiderivative = 2.81

d\3/2
/(c—i—;) (a + bx) e —

CS(C+g>§ 3c2(c+%)j 3c(c+g)§ (c+%)§
2 3 5 - 7 + 9
—ac po ford #0
ﬁ otherwise
Aer)f (o )f o2 (e )E sclerd)t (0)¥
2 3 - 5 7 - 9 + 11
—ad 5 ford #0
5% otherwise
( 3 5 7
2 c+% 2 2 c+% 2 c+% 2
2(<3> <5>+<7>>
—bc po ford #0
\ % otherwise
(
c3(6+%)% 3c2(c+%)7 3c(c+g)% (ch%)%
2| - 3 5 - 7 + 9
—bd| < i ford #0
| ﬁ otherwise

input integrate ((c+d/x)**(3/2) * (b*x+a) /x**5,x)

-a*c*Piecewise ((2x(—c**3*(c + d/x)**(3/2)/3 + 3xcx*x2*x(c + d4/x)**(5/2)/5 -
3kck(c + d/x)**(7/2)/7 + (c + d/x)*x(9/2)/9)/d*x4, Ne(d, 0)), (sqrt(c)/(4*
x**4), True)) - axd*Piecewise((2*(c**4*(c + d/x)**(3/2)/3 - 4*c**3*(c + d/
x)*x(5/2) /5 + 6xcx*2%(c + d/x)*x(7/2)/7 - 4*cx(c + d/x)**(9/2)/9 + (c + d/
x)**(11/2)/11) /d**5, Ne(d, 0)), (sqrt(c)/(5*x**5), True)) - bxc*Piecewise(
(2% (cx*2x(c + d/x)**(3/2)/3 - 2*cx(c + d/x)*x(5/2)/5 + (c + d/x)*x(7/2)/7)
/dx*3, Ne(d, 0)), (sqrt(c)/(3*x**3), True)) - bxd*Piecewise((2x(-c**3*(c +
d/x)**x(3/2)/3 + 3xc**2x(c + d/x)**(5/2)/5 - 3*cx(c + d/x)**(7/2)/7 + (c +
d/x)**(9/2)/9) /d**x4, Ne(d, 0)), (sqrt(c)/(4*xxx*4), True))

output
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.13

/ (c+ C51)3/25(a + bx) o —
x
2 [105(c+%)% 385 (c+%)c 495(c+9)* 231 (c+9)c3
1155 a @ d N d ¢
2 (35(c+%)® 90(c+9)Pc 63(c+9)ie .
315 a3 B d3 T d3

-

Lintegrate((c+d/x)“(3/2)*(b*x+a)/x“5,x, algorithm="maxima")

\ >

input

output‘ -2/1155%(105*(c + d/x)~(11/2)/d"4 - 385%(c + d/x)~(9/2)*c/d"4 + 495x(c + d ‘
\/x)*(7/2)*c*2/d*4 - 231%(c + d/x)~(5/2)*c~3/d"4)*a - 2/315%(35%(c + d/x)"( \

‘9/2)/d‘3 - 90*(c + d/x)~(7/2)*c/d"3 + 63x(c + d/x)~(5/2)*c~2/d"3)*Db

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 461 vs. 2(88) = 176.

Time = 0.64 (sec) , antiderivative size = 461, normalized size of antiderivative = 4.43

(c+ %)3/2 (a+ bx) i 2 <4620 (Vex — Vea? + dac)sbc?’sgn(x) + 6930 (v/cz — Vea? + dx) 7ac%sgn(x:

Cc
xd

‘integrate((c+d/x)“(3/2)*(b*x+a)/x“5,x, algorithm="giac")

input
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2/3465% (4620* (sqrt (c)*x - sqrt(c*x™2 + d*x)) ~8*b*c~3*sgn(x) + 6930*(sqrt(c
)*¥x - sqrt(c*x™2 + dxx)) " T*xaxc~(7/2)*sgn(x) + 17325x(sqrt(c)*x - sqrt(c*x”
2 + d*x)) " 7*b*xc”(5/2)*d*sgn(x) + 30492*(sqrt(c)*x - sqrt(c*x~2 + d#*x)) “6*a
*c~3*d*sgn(x) + 28413*(sqrt(c)*x - sqrt(c*x”2 + d*x)) "6*bxc~2*d"2*sgn(x) +
58905*(sqrt(c)*x - sqrt(c*x™2 + d*x)) “5xa*c”(5/2)*d"2*sgn(x) + 25410%(sqr
t(c)*x - sqrt(cxx™2 + d*x)) “5xb*c~(3/2)*d"3*sgn(x) + 63855*(sqrt(c)*x - sq
rt(c*xx™2 + d*x)) “4*a*xc”2xd"3*sgn(x) + 12870*(sqrt(c)*x - sqrt(c*x”2 + d*x)
) “4xbkxc*d~4xsgn(x) + 41580*(sqrt(c)*x - sqrt(c*x™2 + d*x)) "3*axc™(3/2)*d"4
*xsgn(x) + 3465x(sqrt(c)*x - sqrt(c*x”2 + d*x)) 3*bxsqrt(c)*d~5*sgn(x) + 16
170*(sqrt (c)*x - sqrt(c*x™2 + d*x)) "2*a*cxd"b*sgn(x) + 385*(sqrt(c)*x - sq
rt(c*x™2 + d*x)) "2*%b*d"6*sgn(x) + 3465*(sqrt(c)*x - sqrt(c*x™2 + d*x))*ax*s
grt(c)*d"6*sgn(x) + 315*axd~7*sgn(x))/(sqrt(c)*x - sqrt(c*x~2 + d*x))~11

output

Mupad [B] (verification not implemented)

Time = 8.23 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.98

(/‘@—Fg)wz@z+bx) o 32ac®\/c+ 4 16bc,/c+—— 8ac”

1155 d4 315d3 33 14
20bcwc+— 2ad c+- 2bdwc+- 2ac«/c+—
63 z3 11 25 9zt 231dz3
4ac c+% 16ac*/c+ 2bc%\Je+2 8bc3y/c+ ¢
Haderd toact v 20 fort 81 eid
385 d? z2 1155 d3 z 105d z2 315d%z

input | 1nt(((c + d/x)~(3/2)*(a + b*x))/x"5,x%)

(32%axc™bx(c + d/x)~(1/2))/(1155%d"4) - (16%bxc~4*x(c + d/x)~(1/2))/(315*%d~
3) - (8*axcx(c + d/x)~(1/2))/(33%x74) - (20*b*cx(c + d/x)~(1/2))/(63*x"3)
- (2%axd*(c + d/x)"(1/2))/(11%x75) - (2*bxd*x(c + d/x)"(1/2))/(9*%x~4) - (2%
axc™2x(c + d/x)"(1/2))/(231*%d*x~3) + (4*axc™3*x(c + d/x)~(1/2))/(385%d~2*x~
2) - (16xa*xc™4*(c + d/x)~(1/2))/(1155%d"3*x) - (2*b*c~2*(c + d/x)~(1/2))/(
105*d*x~2) + (8*b*c”~3*(c + d/x)~(1/2))/(315%d"2*x)

output
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 228, normalized size of antiderivative = 2.19

d\3/2 b 32\/x vcx+dac®x® 16y/z cx+dactdz* 4/x \/cx+da ctd?z3 2z /cx+da c?d3z? 84/
(c+24)"" (a+bz) - + — — =
T dr = 1155 1155 385 231
5
X

-

input Lint ((c+d/x) = (3/2) *(b*x+a) /x~5,%)

~—

(2% (48*sqrt (x) *sqrt (c*x + d)*axc**B*xx*5 - 24*sqrt(x)*sqrt(cxx + d)*akxc**4
*xdkx*k*4 + 18*sqrt(x)*sqrt(ckx + d)*akxck*3*xd**2*x**3 - 15*sqrt(x)*sqrt(c*x

+ d)*akck*2kd*k*3kx*k*2 — 420*sqrt(x)*sqrt(c*x + d)*axckd**4*x - 315xsqrt(x)
*sqrt (c*x + d)*axdx*5 - 88xsqrt(x)*sqrt(c*x + d)*bkcx*4xdxx**5 + 4dxsqrt(x
)*sqrt(c*kx + d)*bxck*3kd*x2*x**4 — 33*ksqrt(x)*sqrt(c*kx + d)kbxck*2kd**3*x*
*3 — B50*sqrt(x)*sqrt(cxx + d)*bkckd**4xx**2 — 385*sqrt(x)*sqrt(c*x + d)*b
*d**x5xx — 48*sqrt(c)*a*xck*bxx**6 + 88*sqrt(c)*bxcx*k4xd*x**6))/(3465xd**4*x
*%6)

output
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2
(c+%)3/ (a+bx)

3.11 | 5 dx

Optimal result . . . . . . . . . . . .. 124
Mathematica [A] (verified) . . . . . . . . . ... 1241
Rubi [A] (verified) . . . . . . .. . . 125
Maple [A] (verified) . . . . . . . . . . 127
Fricas [A] (verification not implemented) . . . . . . ... ... .. ... ..... 127
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 128
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 129
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 130
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 1311
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 131

Optimal result

Integrand size = 20, antiderivative size = 134

(c+ 5)3/2 (a+ bx) 2¢%(ac — bd) (c+ %)5/2 2¢*(4ac — 3bd) (c+ ;—5{)7/2
/ 70 dr=- 5d5 7d5
2c(2ac — bd) (c + 5)9/2 2(4ac — bd) (c+ 5)11/2 2a(c+ %)13/2
B 3d5 11d° 18P

| -2/5%c"3% (axc-bd) * (c+d/x) ~ (5/2) /d"5+2/T*c ™2 (4*axc-3*bxd) * (c+d/x) ~ (7/2) /d \
\ ~5-2/3%c* (2*xaxc-bxd) * (c+d/x) ~(9/2) /d"5+2/11* (4*a*xc-b*d) *(c+d/x) "~ (11/2) /4”5 \
|-2/13%a*(c+d/x)"(13/2)/d"5

output

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 107, normalized size of antiderivative = 0.80

(c+ 5)3/2 (a + bz) . 2v/c+ 4(d + cz)? (13bdz(—105d% + 70cd*z — 40c*da? + 16¢3z%) + a(—1155d
x8 15015d° x5

input LIntegrate[((c + d/x)"(3/2)*(a + b*x))/x"6,x] J




output

input
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(2#Sqrtlc + d/x]1*(d + cxx) 2% (13+bxdkx* (-105%d"3 + TOkc*kd 2%x — 40k 2xd*x
72 + 16%c"3%x"3) + a*(-1155%d°4 + 840kckd"3%x - BE0*C"2+d 2%x"2 + 320%c"3k
|d*x"3 - 128%c”4%x74)))/(15015%d"5*x"6) |

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules

number of steps used = 5, number of rules used = 4, = -
integrand size

used = {1016, 948, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3/2
dz

/(a+bx) (c+2)

6

l 1016

[Gxiles 9

d

| 948
[GErilrs

z3 z
l 86

o/ 72 (4ac — 3bd) (c + ¢

T

)5/2

c3(ac — be

_/ (a(c+ %)11/2 N (bd — dac) (c+ £) N 3c(2ac — bd) (c+ £)
d* d* d* d*

l 2009

2¢3(c+ %)5/2 (ac — bd) + 2¢%(c+ %)7/2 (4ac—3bd) 2(c+ %)11/2 (4ac — bd)

5d5 o/ Td> 13/ 11d5
2¢c(c+ 2) / (2ac—bd) 2a(c+ 2) /
3d° 13d°

LInt[((c + d/x)"(3/2)*(a + b*x))/x"6,x] J
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| (-2%c™3x(axc - bxd)*(c + d/x)7(5/2))/(5%d™5) + (2xc 2% (4*axc - 3xbxd)*(c + \
| d/x)7(7/2))/(7%d75) - (2%ck(2%axc - bxd)*(c + d/x)7(9/2))/(3%d"5) + (2%(4 |
(*akc - bxd)*(c + d/x)7(11/2))/(11%d"5) - (2*a*(c + d/x)~(13/2))/(13%d"5) |

output

Defintions of rubi rules used

rule 8 InELC(a ) + (b_)*(x_))*((c) + (A_)*(x))7(n_)*((e_.) + (E_)*(x_))"(p_
.), x_1 :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, c, 4, e, f, n}, x] && ((ILtQ[n, 0] && ILtQlp, 01) || EqQlp, 1
1 |l (1GtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p + 5x(n + 2), 0] || GeQ[n + p
+ 1, 0] |l (GeQ[n + p + 2, 0] && RationalQ[a, b, c, d, e, £1))))

rule 948 | TRt LG “m_ D *((a) + (b_)*(x)~ (@)~ (p_)*((c)) + (d_)*(x )7 ()7 (q_.
), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~
p*(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ
[bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

rule 1016 Int[(x_)"(m_.)*((c_ ) + (d_.)*(x_)"(mn_.))"(q_.)*((a_) + (b_.)*(x_)"(n_.))"(
p_.), x_Symbol] :> Int[x"(m - n*q)*(a + b*x"n) px(d + cxx™n)"q, x] /; FreeQ
[{a, b, ¢, d, m, n, p}, x] && EqQ[mn, -n] && IntegerQ[ql && (PosQ[n] || !I
ntegerQ[pl)

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.81

method | result

2(128a ctz*—208b c3d 24 —320a c3d 23 +520b c2d2z3+560a c2d22? —910bc d3 2 —840ac d3z+1365b d*z+1155a d*) (cz+d) (c-i- g
15015d5z5

orering | —

2(cz+d) (128a c*z*—208b *d v —320a c3d 345200 c2d*z3+560a c?dx% —910bc d*z? —840ac d3x+1365b d*x+1155a d* ) (Lﬂjd
gosper — 1501525d5

3
2,/ <=t (ca?+dx) 2 (128a P25 —208bc*d 25 —192a c*d 24 +312b c®d?2* +240a 3 d2x® —390b c2d3 23 —280a c?d®x2+455bc d*z%

default | — 1501527d5\/(cz+d)z
isch 2 %"'d (1280. 825 —-208b c5d 8 —64a c®d x°+104b c*d?x®+48a c* d?x* —78b 3 d3z* —40a B d3 23 4-65b c2d*x3+35a c2dix? +18
I1sc — 15015z6d5
2 (128a 826 —-208b c®d 26 —64a cPd £5+104b c*d?z® +48a c*d?x* —78b 3 d3z* —40a B d3 13 +65b c2d* 23 +35a c2d*x2 +1820bc d°x
trager | — 1501520d°
input Lint ((c+d/x)~(3/2) *(b*x+a) /x"6,x,method=_RETURNVERBOSE) J

-2/15015% (128*a*c~4*x~4-208*b*c~3*d*x~4-320*a*c”~3*d*x~3+520%b*xc~2*d~2*x "3+ ‘
560*a*xc”2*xd"2*x~2-910%b*c*xd~3*x~2-840*a*xc*d”~3*x+1365*%b*d~4*x+1155%a*d~4)/d ‘
‘“5/x“5*(c*x+d)*(c+d/x)“(3/2)

output ‘

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.14

26

d\3/2
/(c-l—;) (a + bx) i

2 (1155 ad® + 16 (8 ac® — 13bcd)z® — 8 (8 ac®d — 13 bc*d?)x® + 6 (8 actd? — 13bc3d3)z* — 5 (8 ac®d® — 1
15015 ddz5

input tintegrate ((c+d/x)~(3/2) *(b*x+a) /x"6,x, algorithm="fricas") J
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output‘

-2/15015%(11655%a*xd"6 + 16%(8%a*c™6 — 13*b*c~5xd)*x~6 - 8*(8*akc~5xd - 13+%b

\*c‘2*d‘4)*x‘3 + 35x(a*c”2*%d"4 + 52*b*c*d”5)*x"2 + 105%(14*axc*d~5 + 13*b*xd
\*s)*x)*sqrt((c*x + d)/x)/(d"5%x"6)

*Cc"4*xd"2)*x"5 + 6% (8*a*c”4*xd~2 - 13%b*c~3*%d"3)*x"4 - 5%(8%axc”3*%*d"3 - 13%b \

Sympy [A] (verification not implemented)

Time = 2.24 (sec) , antiderivative size = 352, normalized size of antiderivative = 2.63

d\3/2
/TC+;) (a+bz)

—ac

—ad

—be

—bd

€Tr =

) for d # 0

Ve otherwise

3 7 9 11 13
2( Cs(Hg)?+c4(c+d)g_wcs(c+g)f+1ocz(c+g)zf 5c(c+g)7+(c+g)7)
ford #0

3 z 7 9 - 11 13
d6
6% otherwise
S(e+8)? a2(cr )] so(erd)?  (erg)d
2| - 3 5 7 + 9
pr ford #0
ﬁ otherwise
3 5 7 9 11
A4 8)2 4B3(cr8)2 62(cs )2 4o(crB)Z  (cpd) T
2( (+8)? 2(crd)?  o(crd)? seferd)? | (e+d) )
g ford #0
% otherwise

inputt

integrate((c+d/x)**(3/2)* (b*x+a) /x**6,x)




output

input

output
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-a*c*Piecewise ((2% (c**4*(c + d/x)*x(3/2)/3 - 4*c**3*(c + d/x)**(5/2)/5 + 6
kckk2k(c + d/x)*x(7/2) /7 - 4xcx(c + d/x)**%(9/2)/9 + (c + d/x)*x(11/2)/11)/
d*x5, Ne(d, 0)), (sqrt(c)/(5*x*x5), True)) - axd*Piecewise((2x(-c**5x(c +

d/x)*%(3/2)/3 + c*x¥4x(c + d/x)**(5/2) - 10*c**3*x(c + d/x)**x(7/2)/7 + 10*c*
*2%(c + d/x)*x(9/2)/9 - 5*c*x(c + d/x)**(11/2)/11 + (c + d/x)**(13/2)/13)/d
**%6, Ne(d, 0)), (sqrt(c)/(6*x*x6), True)) - bkc*Piecewise((2*(-c**3*(c + d
/x)**%(3/2)/3 + 3xcx*2x(c + d/x)**(5/2)/5 - 3*xcx(c + d/x)**(7/2)/7 + (c + d
/x)*%(9/2)/9) /d**4, Ne(d, 0)), (sqrt(c)/(4*x**4), True)) - b*d*Piecewise((
2x (c*kx4*(c + d/x)**(3/2)/3 - 4xc**3x(c + d/x)**(5/2)/5 + 6*cx*2%x(c + d/x)*
*(7/2)/7 - 4*cx(c + d/x)*%(9/2)/9 + (c + d/x)**x(11/2)/11)/d**5, Ne(d, 0)),

(sqrt(c)/(5*x*x5), True))

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.13

/ (c + 5)3/2 (a+ bx)
6 dr =

11 7
2

¢ 3003 (c+ )¢t
_|_

15015

o (1155(c+9)? 5460 (c+2)%c 10010 (c+ )% 8580 (c+ 9)
d5 o d5 + d5 - d5

7
2

2 (105 (c+9)% 385 (c+g)3c+ 495 (c + 9)*c* 231 (c+§)3c3)b

1155 d4 d4 d4 d4

‘integrate((c+d/x)“(3/2)*(b*x+a)/x“6,x, algorithm="maxima")

‘-2/15015*(1155*(c + d/x)~(13/2)/d"5 - 5460*(c + d/x)~(11/2)*c/d~5 + 10010%
‘(c + d/x)~(9/2)*c~2/d"5 - 8580*(c + d/x)~(7/2)*c~3/d"5 + 3003*(c + d/x)~(5
‘/2)*0‘4/d‘5)*a - 2/1155%(105%(c + d/x)~(11/2)/d"4 - 385*%(c + d/x)~(9/2)*c/
Ld‘4 + 495%(c + d/x)~(7/2)*c”2/d"4 - 231x(c + d/x)~(5/2)*c~3/d"4)*b

dd

)



CHAPTER 3. LISTING OF INTEGRALS 130

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 525 vs. 2(114) = 228.

Time = 0.85 (sec) , antiderivative size = 525, normalized size of antiderivative = 3.92

/ (c+ %)3/2 (a + bx) o 2 (30030 (vex — Vez? + dx)gbcgsgn(x) + 48048 (y/cx — Vexz? + dz)sac4sgn

16

e

inputLintegrate((C+d/x)“(3/2)*(b*x+a)/x*6,x, algorithm="giac")

-/

2/15015%(30030* (sqrt (c)*x - sqrt(c*x”™2 + d*x)) " 9*b*c~(7/2)*sgn(x) + 48048
(sqrt(c)*x - sqrt(c*x™2 + dxx)) "8*xa*c 4*sgn(x) + 132132*(sqrt(c)*x - sqrt(
c*x~2 + d*x)) “8*bxc~3*d*sgn(x) + 240240*(sqrt(c)*x - sqrt(c*x™2 + d*x))"7*
axc~(7/2)*dxsgn(x) + 255255*(sqrt(c)*x - sqrt(c*x™2 + d*x)) " T*xbxc~(5/2)*d"
2xsgn(x) + 531960*(sqrt(c)*x - sqrt(c*x”2 + d*x)) 6*a*xc”3*d"2*sgn(x) + 276
705%(sqrt(c)*x - sqrt(c*x™2 + d*x)) 6xb*c~2*d"3*sgn(x) + 675675*(sqrt(c)*x
- sqrt(c*x”2 + d*x)) b*axc”(5/2)*d"3*sgn(x) + 180180*(sqrt(c)*x - sqrt(cx
X"2 + d*x)) “5¥b*kc”(3/2)*d"4*sgn(x) + 535535%(sqrt(c)*x - sqrt(c*x”2 + d*x)
) “4xaxc”2*d"4*xsgn(x) + 70070*(sqrt(c)*x - sqrt(c*x™2 + d*x)) 4*b*cxd"5*sgn
(x) + 270270*(sqrt(c)*x - sqrt(c*x~2 + d*x)) “3*a*c”(3/2)*d"5*sgn(x) + 1501
Bx(sqrt(c)*x - sqrt(c*x™2 + d*x)) " 3*b*sqrt(c)*d 6*sgn(x) + 84630*(sqrt(c)*
x - sqrt(c*x”2 + d*x)) "2*axckd“6xsgn(x) + 1365*(sqrt(c)*x - sqrt(c*x”2 + d
*x) ) "2*%b*d"T*sgn(x) + 15015x(sqrt(c)*x - sqrt(c*xx”~2 + d*x))*a*sqrt(c)*d 7%
sgn(x) + 1155%axd"8*sgn(x))/(sqrt(c)*x - sqrt(c*x™2 + d*x))~13

output
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Mupad [B] (verification not implemented)

Time = 8.84 (sec) , antiderivative size = 248, normalized size of antiderivative = 1.85

/(c—l—%)sﬂ(a—i—bx 32bc° @/c+— 256ach\/c+ ¢

28 S Vi 15015 d°
28acy/c+ 2 8bc\/E 2ady/c+ 4 2bdm
143 x5 33 x4 13 x6 1125
2ac2\/c—|-7d 16ac? \/c—|—7d 32act \/c—|-7d
429 d z* 3003 d? x3 5005 d3 x2
128ac \/: 2bc? \/: 4bc3 \/: 16bc \/:
15015 d* 231dx3 385 d? x2 1155d3 x
input| 10E(((c + 4/2)7(3/2)%(a + bxx))/x76,x) |

(32%b*c™5%(c + d/x)~(1/2))/(1155%d~4) - (256%a*c”6%(c + d/x)~(1/2))/(15015
*d~5) - (28*axc*(c + d/x)~(1/2))/(143%x~5) - (8*bkckx(c + d/x)~(1/2))/(33*x
~4) - (2xaxdx(c + d/x)~(1/2))/(13*x76) - (2*b*d*(c + d/x)~(1/2))/(11*x75)

- (2xaxc™2*(c + d/x)"(1/2))/(429*d*x~4) + (16%axc”3*(c + d/x)~(1/2))/(3003
*d~2+x73) - (32*%a*c”4*x(c + d/x)~(1/2))/(5005%d~3*x"2) + (128*a*c~5x(c + d/
x)~(1/2))/(15015%d"4*x) - (2xb*c™2*%(c + d/x)~(1/2))/(231*%d*xx"3) + (4*xb*c~3
*(c + d/x)"(1/2))/(385*%d"2*x"2) - (16*bxc~4*(c + d/x)~(1/2))/(1155%d"3*x)

output

Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 268, normalized size of antiderivative = 2.00

256+/z v/cx+d a cSxb + 128/z v/cx+d a c®d b 32/ /cx+dactd?z? + 16z Vez+dacdd3a®

3/2
/ (C + %) (a + bd?) d = - 15015 15015 - 5005 3003
26
input Lint ((c+d/x)~(3/2)* (b*x+a) /x"6,x) J
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(2% ( - 128xsqrt(x)*sqrt(c*x + d)*axckxx6*xx**6 + 64*sqrt(x)*sqrt(c*x + d)*ax
ck*bkdkxx*5 - 48*sqrt(x)*sqrt(cxx + d)*akck*dkdx*2kxx*4 + 40*sqrt (x)*sqrt(
cxx + d)*a*xck*3xd*x3*kx*x*3 — 35xsqrt(x)*sqrt(ckx + d)*kaxck*2xd*x4*sxx*2 — 14
70*sqrt (x) *sqrt (ckx + d)*axc*d**b5*x — 1155%sqrt(x)*sqrt(c*x + d)*a*xd**6 +
208*sqrt (x) *sqrt (c*x + d)*b*cx*5xd*x**x6 — 104*sqrt(x)*sqrt(cxx + d)*bkc**4
*d*k*x2xx*xx5 + 78*sqrt(x)*sqrt(cxx + d)*xbkcx*k3xd**3*xx*xx4 - 65xsqrt(x)*sqrt(c
*x + d)*bkcx*2*d*k*4xx*¥x3 - 1820*sqrt (x) *sqrt(c*x + d)*bxckd**5*xx**2 - 1365
*sqrt (x) *sqrt (c*x + d)*bxd**6*%x + 128%sqrt(c)*kaxcx*x6xx*x*7 — 208*sqrt(c)*b*
cx*5xd*x**7)) / (15015*d**5*x**7)

output




output
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312 [

Optimal result . . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... .....
Sympy [A] (verification not implemented) . . . .. ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . ... ... ... .. ...
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 20, antiderivative size = 164

/ (c+ %)3/2 (a+ bz) J 2¢*(ac — bd) (c+ %)5/2
x7 5d®

2¢3(5ac — 4bd) (c+ 5)7/2 4c*(5ac — 3bd) (c + %)9/2
- 7ds + 96

teac - 200) (04 ™ 200 b o+ 9™ 2afo2)"
a 11d6 136 o 1546

e

2/5%c”4x (axc-b*d) *(c+d/x) ~(5/2) /d"6-2/T*c” 3% (5xa*xc-4xb*xd) * (c+d/x) ~(7/2) /4~

B

\ 6+4/9*%c”2* (5kaxc-3*b*d) * (c+d/x) ~(9/2) /d~6-4/11*xc*x (5*xa*c-2xbxd) * (c+d/x) ~ (11 \
‘ /2)/d"6+2/13* (5*xaxc—b*xd) *x (c+d/x) ~(13/2) /d~6-2/15%a*x(c+d/x) ~(15/2)/d"6
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Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 129, normalized size of antiderivative = 0.79

d\3/2
/(c—i—;) (a-l—b:c)dx_

x7 B
2y/c+ 4(d + cz)? (3bdz(1155d* — 840cd’x + 560c?d?x? — 320c3dz® + 128c*z*) + a(3003d° — 2310cd*x
- 45045d527

input LIntegrate[((c + d/x)"(3/2)*(a + b*x))/x"7,x] J

“2*x“2 - 320%c"3*d*x”3 + 128%c”4*xx"4) + a*x(3003*%*d"5 - 2310*c*d"4*x + 1680%*
‘c‘2*d“3*x‘2 - 1120%c"3*d"2%x"3 + 640*%c"4*xd*x"4 - 256%c~5*x"5)))/(45045%d~6
*x~7)

N\ J

( N
output‘ (-2%Sqrt[c + d/x]*(d + c*x) 2% (3*bkd*x*(1155%d~4 - 840*c*d~3*x + 560%c~2*d ‘

Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules

number of steps used = 5, number of rules used = 4, = -
integrand size

used = {1016, 948, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(a+bz) (c+ %)3/2
/ 7 dx
l 1016
a d\3/2
[larnlesd”,
l 948
l (2+8) (c+ 9" 1
x4 x

| 86
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11/2

7/2

c3(5ac

F &5 &5 &

_/(a(c+i)13/2 (bd — 5ac) (c+ 4)

l 2009

5d° 13/2 7d 11/2 9d° 15/2
2(c+4) /(5ac—bd) de(c+ 4) /(5ac—2bd) 2a(c+ 2) /

T T T

13d6 1146 156

2¢*(c+ %)5/2 (ac—bd) 2c3(c+ %)7/2 (5ac — 4bd) N 4c%(c+ d)9/2 (5ac — 3bd) N

input IBELC(e + 4/x)7(3/2)%(a + b*x))/x77,x]

t‘(2*c‘4*(a*c - bxd)*(c + d/x)7(5/2))/(6%d"6) - (2%c™3*(5*axc - 4xbxd)*(c +
1d/x)7(7/2))/(T%d76) + (4xc™2%(5xaxc - 3xbxd)*(c + d/x)"(9/2))/(9%d"6) - (4
‘*c*(S*a*c - 2%b*kd)*(c + d/x)~(11/2))/(11%d"6) + (2*(5xaxc - bxd)*(c + d/x)
~(13/2))/(13+d76) - (2*ax(c + d/x)"(15/2))/(15%d~6)

outpu

Defintions of rubi rules used

rule 86 Int[((a_.) + (b_.)*(x_))*((c_) + (d_)*_))"(m_.)*((e_.) + (£_.)*x(x_))"(p_
.), x_] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, c, 4, e, f, n}, x] && ((ILtQ[n, 0] && ILtQlp, 01) || EqQlp, 1
1 Il (IGtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p + 5%(n + 2), 0] || GeQ[n + p
+1, 0] || (GeQ[n + p + 2, O] &% RationalQ[a, b, c, 4, e, £1))))

rule 948 | TRt LG Tm_ D *((a) + (b_)*(x )" (@)~ (p_)*((c)) + (d_)*(x )" ()7 (q_.
), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~
p*(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ
[bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

rule 1016‘Int[(x_)‘(m_.)*((c_) + (d_)*(x)"(mn_.))"(q_.)*((a_) + (b_.)*(x_)"(n_.))"(
p_.), x_Symbol] :> Int[x"(m - n*q)*(a + b*x™n) px(d + c*xx"n)"q, x] /; FreeQ
‘[{a, b, ¢, d, m, n, p}, x] && EqQ[mn, -n] && IntegerQ[q]l && (PosQ[n] || !'I
‘ ntegerQ[pl)

n 2¢(5ac — 2bd) (c + %)9/2 2¢(5ac — 3bd) (c + )
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rule 2009LInt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 132, normalized size of antiderivative = 0.80

method | result
. 2(256a x5 —384b ctd °—640a c*d 4 +960b c3d2 x4 +1120a c3d2 23— 1680b c2d3 23 —1680a c2d3x2+2520bc d*z2+2310ac d*z—346.
orering 45045d%x5
2(cz+d) (256a c®z5—384b c*d 2° —640a ctd 24 +960b c3d2 x4 +1120a c3d2 23 —1680b c2d3z3 —1680a c2d3z2 +2520bc d*22+2310ac d*
gosper 4504520540
3
default 2,/ <=t (ca?+dz) 2 (2560 cO28—384b c5d 26 —384a c5d 25 +576b c*d?x®+480a ctd?x? —720b 3 d32x? —560a c3d> 3 +840b c2dia’+
elau 4504528d6 \/(cz+d)x
isch 24/ Cﬁ—*'d (256a c"z7—384bcBd x”—128a cBd x5 +192b P d?x6+96a B d2 x5 —144b c* d3 x5 —80a c*d3 x4 +120b 3 d*x*+70a 3 d*z3 — 1
T1sc 4504527 d0
2 (256a c"x7—384bBd x7—128a cBd x6+192b c®d2 x5 +96a O d2x® —144b c*d3 x5 —80a c*d3z*+120b 3 d4x*+70a c3d*x3 —105b c2d®.
trager 45045270
inputLint((c+d/x)"(3/2)*(b*x+a)/x"7,x,method=_RETURNVERBOSE) J
output ‘ 2/45045% (256*a*c~5*%x"5-384*b*c 4*d*x"5-640*a*c”4*d*x~4+960*b*c”3*xd"2*xx"4+1 ‘

‘ 120*a*c”3*d"2*x"3-1680*b*c~2*d"3*x"3-1680*a*c~2*d~3*x~2+2520*b*c*d~4*xx~2+2 ‘
\ 310*a*xc*d~4*x-3465%b*d"5*x-3003*a*xd~5)/d"6/x"6* (c*xx+d) *(c+d/x) ~(3/2) \

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.08

d\3/2
/(c-l—;) (a + bx) i

7
2 (3003 ad” — 128 (2 ac” — 3bc%d)z™ + 64 (2 ac®d — 3bcPd?)zb — 48 (2 ac’d? — 3bc*d®)z® + 40 (2 actd® —
45045 dbx

input Lintegrate ((c+d/x)~(3/2) *(b*x+a) /x"7,x, algorithm="fricas") J
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output ~2/45045%(3003%a%d™7 - 128(2xaxc™T - BkbACTGA)*X"T + 64x(2+axc 6d - 34b
\*c‘5*d“2)*x“6 - 48%(2*a*xc”~5%xd~2 - 3xb*c~4*d"3)*x”5 + 40%(2*%axc~4*d"~3 - 3%*b
\*c‘3*d‘4)*x‘4 - 35%(2*a*xc~3*d~4 - 3*b*c”2*d"5)*x"3 + 63*x(a*xc”2*d"5 + TO*bx*

‘c*d“6)*x“2 + 231%(16*%a*xc*d™6 + 15%b*d~7)*x)*sqrt((c*x + d)/x)/(d"6*x"7)

Sympy [A] (verification not implemented)

Time = 2.29 (sec) , antiderivative size = 411, normalized size of antiderivative = 2.51

dx = Too large to display

/(o+9wﬂa+hm

x7

integrate((c+d/x)** (3/2) * (bkx+a) /X**7, )

N

input

—axc*Piecewise ((2* (—c**5x(c + d/x)**(3/2)/3 + c*¥4*x(c + d/x)**(5/2) - 10%*c
*x3%(c + d/x)**x(7/2)/7 + 10*c**2*(c + d/x)**(9/2)/9 - S*c*(c + d/x)**x(11/2
)/11 + (c + d/x)*%(13/2)/13)/d**6, Ne(d, 0)), (sqrt(c)/(6*x**6), True)) -

a*d*Piecewise ((2x(cx*6x(c + d/x)**(3/2)/3 - 6xcxx5x(c + d/x)**(5/2)/5 + 15
xckxdx(c + d/x)**(7/2)/7 - 20%c**3*x(c + d/x)**(9/2)/9 + 15*xc**2x(c + d/x)*
*(11/2)/11 - 6*c*x(c + d/x)**(13/2)/13 + (c + d/x)**x(15/2)/15)/d**7, Ne(d,

0)), (sqrt(c)/(7T*x**7), True)) - b*c*Piecewise((2*(c**4x(c + d/x)**(3/2)/3
- 4xc**3x(c + d/x)**(5/2)/5 + 6*xc*xx2x(c + d/x)*x(7/2)/7 - 4xcx(c + d/x)*x*
(9/2)/9 + (c + d/x)**x(11/2)/11)/d**5, Ne(d, 0)), (sqrt(c)/(5*x*x5), True))
- b*d*Piecewise((2*(-c**5x(c + d/x)**(3/2)/3 + c**x4x(c + d/x)**(5/2) - 10
xckx3x(c + d/x)**x(7/2)/7 + 10*c*x*2x(c + d/x)**(9/2)/9 - 5xcx(c + d/x)**x(11
/2)/11 + (c + d/x)*x(13/2)/13)/d**6, Ne(d, 0)), (sqrt(c)/(6*x**6), True))

output
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 186, normalized size of antiderivative = 1.13

8

x7

d\3/2
/ (c+9) (a—i—ba:)d

15 1
2

2 [3003(c+%)® 17325 (c+%)%c 40950 (c+9) 2 50050 (c+ )3 32175 (c+ 9)
" 15045 & e - 05 - 05 * &5

-

9
2

1

2 [1155(c+ D)7 5460(c+2)%c | 10010 (c+5)*c* 8580 (c+ kG 3003 (c+ 4)3 4
15015 & & & & &

—

9
2

-

Lintegrate((c+d/x)“(3/2)*(b*x+a)/x“7,x, algorithm="maxima")

| —

input

-2/45045%(3003*(c + d/x)~(15/2)/d"6 - 17325%(c + d/x)~(13/2)*c/d"6 + 40950

output
P *(c + d/x)~(11/2)*c~2/d"6 - 50050*(c + d/x)~(9/2)*c~3/d"6 + 32175%(c + d/x
)= (7/2)*c~4/d"6 - 9009*(c + d/x)~(5/2)*c~5/d"6)*a - 2/15015%(1165%(c + d/x
)~(13/2)/d"5 - 5460*(c + d/x)~(11/2)*c/d"5 + 10010*(c + d/x)~(9/2)*c~2/d"5
- 8580%(c + d/x)~(7/2)*c~3/d"5 + 3003*(c + d/x)~(5/2)*c”4/d"5)*Db
Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 589 vs. 2(140) = 280.
Time = 1.04 (sec) , antiderivative size = 589, normalized size of antiderivative = 3.59
3/2
+4 +b
/ (c ””) x7(a z) dxz = Too large to display
input Lintegrate ((c+d/x)~(3/2) *(b*x+a) /x"7,x, algorithm="giac") J
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2/45045% (144144* (sqrt (c)*x - sqrt(c*x™2 + d*x)) 10*bxc 4xsgn(x) + 240240%(
sqrt(c)*x - sqrt(cxx™2 + d*xx)) " 9*axc~(9/2)*sgn(x) + 720720*(sqrt(c)*x - sq
rt(c*x™2 + d*x)) "9*b*c”(7/2)*d*sgn(x) + 1338480*(sqrt(c)*x - sqrt(c*x~2 +
d*x) ) "8*axc~4*d*sgn(x) + 1595880*(sqrt(c)*x - sqrt(c*x™2 + d*x)) “8xb*c~3*d
~2xsgn(x) + 3333330*(sqrt(c)*x - sqrt(c*x™2 + d*x)) 7*xaxc”(7/2)*d"2*sgn(x)
+ 2027025*%(sqrt(c)*x - sqrt(c*x™2 + d*x)) " T*bxc™(5/2)*d"3*sgn(x) + 484484
O*(sqrt(c)*x - sqrt(c*x™2 + d*x)) “6*axc~3*d"3*sgn(x) + 1606605* (sqrt(c)*x
- sqrt(c*x~2 + d*x)) 6*b*xc~2*d 4*sgn(x) + 4513509* (sqrt(c)*x - sqrt(cxx~2
+ d*x)) "5xa*xc”(5/2)*d"4*sgn(x) + 810810*(sqrt(c)*x - sqrt(c*x~2 + d*x)) 5*
bxc~(3/2)*d"5*sgn(x) + 2788695*(sqrt(c)*x - sqrt(c*x™2 + d*x)) “4*a*xc”2*d~5
*xsgn(x) + 253890*(sqrt(c)*x - sqrt(c*x™2 + d*x)) “4xbkc*d 6*sgn(x) + 114114
Ox(sqrt(c)*x - sqrt(c*x™2 + d*x)) " 3*axc™(3/2)*d"6*sgn(x) + 45045*(sqrt(c)*
x - sqrt(c*x™2 + d*x)) " 3xb*sqrt(c)*d"7*sgn(x) + 297990*(sqrt(c)*x - sqrt(c
*x"2 + d*x)) "2%axcxd"T*sgn(x) + 3465x(sqrt(c)*x - sqrt(c*x™2 + d*x)) 2xbxd
“8*sgn(x) + 45045%(sqrt(c)*x - sqrt(c*x~2 + d*x))*a*sqrt(c)*d~8*sgn(x) + 3
003*a*d~9*sgn(x))/(sqrt(c)*x - sqrt(c*x”2 + d*x))~15

output

Mupad [B] (verification not implemented)

Time = 9.27 (sec) , antiderivative size = 290, normalized size of antiderivative = 1.77

/ (C+%)3/2(a+bx)d B 512ac”\/c+ ¢ ~ 256bc8 (/c+ ¢ - 32ac,/c+ ¢

o T T 4504548 15015 d5 195 76
28bcm 2ady\/c+ 4 2bdm 2aczm
143 x5 1527 13 z6 715d x5
4ac \/c-|—7— 32act \/c—|-7— 64 ac® \/c-|-7— 256(106\/@
1287 d? x4 9009 d3 z3 15015 d4 z2 45045 d> x
2b¢? \/: 16b¢* o+ 2 32b¢! \/: 128bc% o+ ¢
429d x4 3003 d2 z3 5005 d3 z2 15015 d*

input | 126(((e + 4/0)7(3/D*(a + bxx))/x°T,0)
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(5612*axc~7*(c + d/x)~(1/2))/(45045%d"6) - (256%b*c~6x(c + d/x)~(1/2))/(150
15%d~5) - (32%a*c*(c + d/x)~(1/2))/(195*%x"6) - (28xbxcx(c + d/x)~(1/2))/(1
43%x75) - (2*a*xd*(c + d/x)~(1/2))/(156%x~7) - (2*b*d*(c + d/x)~(1/2))/(13*x
~6) - (2xaxc”2*x(c + d/x)”(1/2))/(715%d*x"5) + (4*a*c~3*(c + d/x)~(1/2))/(1
287xd"2*x~4) - (32*a*c”4*x(c + d/x)"(1/2))/(9009%d"3*x~3) + (B4*a*c~5x(c +

da/x)~(1/2))/(15015%d~4*x~2) - (256*a*xc”6*x(c + d/x)~(1/2))/(45045%d"5*x) -

(2xbxc~2x(c + d/x)~(1/2))/(429%d*x~4) + (16*%b*c~3*(c + d/x)~(1/2))/(3003*d
~2%x73) - (32*bxc”4x(c + d/x)~(1/2))/(5005%d"3*x"2) + (128*b*c~5*(c + d/x)
~(1/2))/(15015%d~4*x)

N J

output

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 308, normalized size of antiderivative = 1.88

(C + 4)3/2 (a + bx) 512v/z /cx+dac’z? _ 2564/ v/cx+da c®dzb + 64+/z \/cx+d a P d?z® _ 32y/z Vcz+da ctd3zt
/ T dx — 45045 45045 15015 9009
7
X

inputlint((c+d/x)“(3/2)*(b*x+a)/xa7,x)

(2% (256*sqrt (x) *sqrt (cxx + d)*akcx*x7*x*k*7 - 128*sqrt(x)*sqrt(c*xx + d)*a*c*
*B*d*xx**x6 + 96*sqrt (x)*sqrt(c*xx + d)*akck*x5*xd**2xx*x5 - 80*sqrt (x)*sqrt(c*
X + d)*akck*xd*kdk*3*kx*k*k4 + TO*ksqrt(x)*sqrt(cxx + d)*akck*3*kd*k*4*x**3 — 63%s
qrt (x) *sqrt(c*x + d)*axcx*2xd**5xx**2 — 3696*sqrt (x)*sqrt (cxx + d)*akxckd*x*
6*%x — 3003*sqrt(x)*sqrt(cxx + d)*axd*x7 - 384xsqrt(x)*sqrt(c*x + d)*b*xc**x6
*xdkx*k*T + 192xsqrt(x)*sqrt(c*x + d) *bkck*xE5xd**x2xx*x6 — 144*sqrt(x)*sqrt(c*
X + d)*bkck*4*xdk*3*x*k*5 + 120*sqrt(x)*sqrt(c*x + d)*bxck*3xd*x4*x*x4 - 105
*sqrt (x) *sqrt (cxx + d)*xbkcx*2xd**5xx**x3 - 4410*sqrt (x)*sqrt(c*x + d)*bxc*d
**kGxx**2 — 3465*sqrt(x)*sqrt(c*x + d)*bxd**7xx — 256*sqrt (C)*a*xc**7*x**8 +
384x*sqrt (c) *bxc**6*xd*x**8) ) / (45045*d**6*x**8)

output
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2

3.13 [ (c+ %)3/ z'(a+ bz) dz

Optimal result . . . . . . . . .. .. 141l
Mathematica [A] (verified) . . . . . . . . ... . L 142
Rubi [A] (warning: unable to verify) . . . ... ... ... . ... ... . ..., 142
Maple [A] (verified) . . . . . . . . . . 147
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 147
Sympy [B] (verification not implemented) . . ... ... ... ... ... ... T48]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... T49]
Giac [A] (verification not implemented) . . . . . . . ... ... ... 150
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 1511
Reduce [B] (verification not implemented) . . . . . . ... ... ... ...... 1511

Optimal result

Integrand size = 20, antiderivative size = 192

3/2 3ad3\/c+¥%x2 adzw/c—l-;%z‘*
/(C—I—%) z'(a+bx)dr = — +

128¢2

64c

+8bd2(c-|—z%)5/2x5+ 3 oy 4o abd(c+ %) 27
31503 1674V T »” 63c2

d
C+;v72
e

9c 128¢5/2

4
1 \/7d . ble+ %)5/2 29 3ad arctanh(
+sac\/c+ T + +
8 x?

output ‘ -3/128*a*xd”3*(c+d/x"2) " (1/2) *x~2/c~2+1/64*a*d~2* (c+d/x"2) " (1/2) *x~4/c+8/31
‘ 5xbxd~2% (c+d/x"2) " (5/2) *x75/c~3+3/16*a*xd* (c+d/x~2) ~(1/2) *x~6-4/63*b*d* (c+d
‘ /x72) " (56/2)*x~7/c”2+1/8*a*xc*x(c+d/x"2) "~ (1/2) *x~8+1/9%b* (c+d/x~2) " (5/2) *x~9/

‘ c+3/128*a*d~4*arctanh ((c+d/x~2)~(1/2)/c~(1/2))/c~(5/2)
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Mathematica [A] (verified)

Time = 0.26 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.76

/ (c + %)3/2 z"(a

\Je+ x%x(\/d + cz? (128b(d + cx?)? (8d% — 20cdx? + 35c%a*) + 315aca(—3d3 + 2cd?z® + 24c2

+bx)dxr =
) 40320c®v/d + cxz?
input [Integrate [(c + d/x~2)"(3/2)*x"7*(a + b*x),x] J

output‘ (Sartlc + d/x"2]*x*(Sqrt[d + cxx"2]*(128*b*(d + c*x~2) 2% (8*d"2 - 20*c*d*x ‘
|2 + 35%cT2%x"4) + 315xaxckxk(-3%d"3 + 2kckd 2*x"2 + 24xcT2*d¥x"4 + 16%c”3
‘*X“G)) - 945%axSqrt [c]*d~4*Log[-(Sqrt[c]*x) + Sqrt[d + c*x~2]1]1))/(40320%c™ ‘
'3%Sqrt[d + c*x21) |

Rubi [A] (warning: unable to verify)

Time = 0.68 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.06,

number of steps used = 17, number of rules used = 16, Bumber of rules _ 4 g5 Ryyes
integrand size

used = {1892, 1803, 539, 25, 539, 27, 539, 25, 539, 27, 534, 243, 51, 51, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

. 4\ 32
/:c (a + bx) <C+x2> dx

l 1892

/x8<z+b) (c+ ﬂ;l2>3/2d:1:

l 1803

d\*? ra 10,1

l 539

below.
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J~(c+ )" (ac— %) 2} ba®(ct
9c 9c

|2

i)5/2

x2

be®(c+ %)™ [ (c+ &) (9ac — 1) o]

11:2
9c 9c
l 539
cd(c+-% 8/ 27a 4 39p) 2841
b.’rg(c—l— 1{%)5/2 _f ( z2> s(cz ) z %a$8(0+$)5/2
9c 9c

| 27

ba (ot %) —4d [ (et %) (52 +32) a®dl — Jaat(c+ £)*
9c 9c
l 539
3/2 5/2
i T
ba®(c+5)""

9c 9c

l 25

J(e+4)"? (189ac—4)aTal 32607 (c+4)"? 5/2
bmg(c+%)5/2 —éd< ( 2) (70 ) _ (70 2) _%aws(c_i_%)
T —
9c 9c
| 539
/3 d( +-d )3/2(63“+128b) 641 o
B calct g Tz T 1;_@ _’_i 5/2 397 _’_i 5/2
_éd 6c - ax <C x2) o <C7cx2) _ %axs(c_i_a%)S/Z
9c
l 27
1df(+‘1)3/2(63“+12gb) 2bdl_ 63 G(Qid)m 3262 +d)5/2 y
BEACAN il ) ) 5/2
_éd< 2 22 - P ) ta > — %aa8(c+ %)

9c
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l 534

5/2
cto{ s on ) s 7B )

32bz” <c+ z%)

; Tc

1
8 Tc

— %awg(c—i— 4

2

)5/2

g)c
9c

l 243

2

5?2C
128ba° (c+ %) )
63 -
a TN &%)
5¢c

371
2 :L‘d;g

1

2\3/2
—gd ( erd) 3260 (c+ %)

5/2

jL)5/2

Tc — e

- gaxs (C + =2

9c
d

z2 <c+ =2 )3/2) —

5 d
128b:
x <0+;7)
5¢c

1
2

5/2
5/2
—;d(?a(zdf et ot - )_ (e+4)

d

. 32bz” <c+z%) 2

1
8 Tc

—9,.8
Tc gax (C+

9c

5/2
128ba° <c+%>
.\ ==

5¢

63

2

+m)3/2> )_

axﬁ(c+z%)5/2 32bx7(0+%>5/2
z

Tc

9c
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z2 _
9c
5/2
3/2 128bz® c—&-zl2 5/2
—%d %a %d fﬁd,/c—{—x%—x c+x% —%:c2<c+;dz) —% —%awG(c—i-;‘iz)
1 Cdzz - 32bx7 (c—i—%)
_gd Tc - Tc
9c
l 221
d \5/2
b.’I?g (C + p)
9c
c+ d
darctanh 22 5/2
1 63 | 3 [ d ve 1.2 a)3/? 128bzs(c+z%) 63 .6 a\%/?
1 32bz7(c+
_gd Tc - T

9c

-

input L

-/

Int[(c + d/x72)"(3/2)*x"7*(a + b*x),x]

(b*x(c + d/x72)"(5/2)*x79)/(9%c) - ((-9%ax(c + d/x"2)"(5/2)*x78)/8 - (d*((-
32%bx(c + d/x"2)7(5/2)*x"7)/(T*c) + ((-63*ax(c + d/x"2)"(5/2)*x"6)/2 - (d*
((-128*%b*(c + d/x72)~(5/2)*x75)/(5*c) + (63*a*x(-1/2%((c + d/x72)"(3/2)*x"2
) + (3*%d*(-(Sqrtlc + d4/x"2]#*x) - (d*ArcTanh[Sqrt[c + d/x"2]/Sqrt([cl])/Sqrt
[c1))/4))/2))/2)/(T*c)))/8)/(9%c)

output

Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

~—

N

7‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘

rule 2
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1 |
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rule 51 Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*x(m + 1))), x] - Simp[d*(n/(bx(m + 1)))
Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x
] && ILtQ[m, -1] && FractionQ[n] && GtQ[n, O]

rule 73 Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 291 IntL((al) + (b_.)*(x_)72)7(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x

/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

/Int[(x_)‘(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In )
t[x"((m - 1)/2)*(a + b*x)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 243

rule 534 IRELGED T @ )*((e) + (d_)*(x_)*((a) + (b_.)*(x2)"2)"(p_), x_Symboll :>
Simp[(-c)*x~(m + 1)*((a + bxx"2)"(p + 1)/(2*a*(p + 1))), x] + Simp[d Int[
x“(m + Dx*(a + b*x"2)7p, x], x] /; FreeQ[{a, b, ¢, d, m, p}, x] && ILtQ[m,
0] && GtQlp, -1] && EqQIm + 2%p + 3, 0]

rule 539 Int[(x_)"(m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>

Simp[c*x~(m + 1)*((a + b*x"2)"(p + 1)/(a*(m + 1))), x] + Simp[1/(a*(m + 1))
Int[x"(m + 1)*(a + b*x"2)"p*(axd*(m + 1) - bxc*(m + 2*p + 3)*x), x], x]

/; FreeQ[{a, b, c, d, p}, x] && ILtQ[m, -1] && GtQ[p, -1] && IntegerQ[2*p]

rule 1803 Tot LG (m_)*((al) + (c_)*(x)7(@2_.))7(p_)*((d) + (e_)*(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + exx
) gx(a + cxx~2)7p, x], x, x"n], x] /; FreeQl{a, c, d, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]
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rule 1809 TRELG) (@ )% () + Ce_)*(x)~(mn_.))"(q_.)*((a)) + (c_)*(x))"(m2_.))"
‘(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) g*(a + c*xx"n2)"p, x] /; F
‘reeQ[{a, c, d, e, m, mn, p}, x] & EqQ[n2, -2*mn] && IntegerQ[q] && (PosQ[n

‘2] [l 'IntegerQ[pl)

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 156, normalized size of antiderivative = 0.81

method | result

risch

(4480b c*z8+5040a ¢tz +6400b c3d 20475600 c®d 25+384b c2d2x +630a c2d?2® —512bc dx2 —945ac d3x+1024bd* )z / Cfijd

40320¢3
3

x

default

_|

5 5 5 5 5
(e25t4) %2 (4480(c 22 +d) 3 ¢35 bt +5040 (ca?+d) 2 3 az®—2560 (ca?+d) 2 3 bda?—2520 (ca?+d) 2 c3 ade+1024(cz+d) 3.

37
40320(cz2+d)2c2

input‘int((c+d/x‘2)‘(3/2)*x“7*(b*x+a),x,method=_RETURNVERBOSE)

‘ 1/40320% (4480*b*c~4*x~8+5040*a*xc~4*x"7+6400*b*c " 3*d*x~6+7560*a*xc”3*d*x"~5+3
‘ 84*b*xc~2*%d"2*%x"4+630*%axc”2xd"2*xx"3-512%b*xckxd"3*x"2-945%a*xckd”3*x+1024*b*d"™
‘4)/c“3*x*((c*x“2+d)/x‘2)‘(1/2)+3/128*a/c“(5/2)*d“4*1n(c“(1/2)*x+(c*x‘2+d)“
‘(1/2))/(c*x‘2+d)‘(1/2)*x*((c*x‘2+d)/x‘2)‘(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 307, normalized size of antiderivative = 1.60

/ (c + %)3/2 z'(a

+bz) dz =

945 a+/cd* log (—2 cx? — 2/cx?y/ “;%1 - d) + 2 (4480 btz + 5040 actz® + 6400 be3dz” + 7

80640 ¢

“ex?y/ ca4d .
945 a\/—cd* arctan <\ﬁcw2—w””2) — (4480 bc*z® + 5040 ac*x® + 6400 be*dz”™ + 7560 ac®dz® + 384 be*d

40320 3
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input ‘ integrate((c+d/x~2)~(3/2)*x~7*(b*x+a) ,x, algorithm="fricas")

[1/80640%* (945*a*sqrt (c)*d"4*1log(-2*c*x~2 - 2*sqrt(c)*x"2*sqrt((c*x"2 + d)/
X"2) - d) + 2x(4480%b*c”4*x"9 + 5040*a*c”4*x"8 + 6400*b*c~3*d*x~7 + 7560*a
*c"3*d*x"6 + 384*bxcT2*%d"2*%x"5 + 630*%axc”2*%d"2*x"4 - 512%b*c*xd~3*x"3 - 945
xa*xcxd"3*x"2 + 1024xb*d”~4+*x)*sqrt((c*x"2 + d)/x72))/c”3, -1/40320%*(945*a*s
qrt (-c)*d~4*arctan(sqrt (-c)*x~2*sqrt ((c*xx~2 + d)/x72)/(c*x"2 + d)) - (4480
*b*c"4*x"9 + 5040*a*xc”4*x"8 + 6400*b*xc”3*d*x”7 + 7560*a*c”3*d*x"6 + 384*bx*
CcT2xd"2*x”5 + 630%a*xc”2*%d"2*x"4 - 512xbxcxd"3*x"3 - 945*a*c*d”3*x"2 + 1024
*bkd~4*x) *sqrt ((c*x~2 + d)/x~2))/c"3]

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1073 vs. 2(184) = 368.
Time = 25.41 (sec) , antiderivative size = 1073, normalized size of antiderivative = 5.59

3/2
/ (c + E) x7(a + bx) dx = Too large to display

;
integrate ((c+d/x**2)*x (3/2) *x*xT* (b*x+a) ,x)

N\ J

input
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a*xc*k*2*%x**9/ (8*sqrt (d) *sqrt (cxx**2/d + 1)) + Bkaxcxsqrt(d)*x**7/(16xsqrt(c
*x*%x2/d + 1)) + 13xa*xd**(3/2)*xx*5/(64*sqrt (ckx*x*2/d + 1)) - axd*x(5/2)*x*
*3/(128*c*sqrt (cxx*x*2/d + 1)) - 3xa*xd**(7/2)*x/(128*c**2*sqrt (cxx**2/d + 1
)) + 3%axdx*4*xasinh(sqrt(c)*x/sqrt(d))/(128*c**(5/2)) + 35¥bkc**8*kd**(19/2
) *x*k*14*sqrt (ckx**2/d + 1)/(315*cx*Txd*x*9xx**6 + 945kck*Bxd*x*10*x**4 + 945
*kCk*kEkd*x11xx**2 + 315kck*4kd**12) + 110%bkck*7*d** (21/2) *x*x*12*xsqrt (cxx**
2/d + 1)/(315%c*k*xT*d**x9*x**x6 + 945xC**6xd**x10*x**4 + 945k ck*5kd**k11*x**2 +
315*cHk*4*d**12) + 114*bkcx*6kd**(23/2)*x*x*10*sqrt (ckx**2/d + 1)/(315*c**x7
*A*k*kOQkx*k*k6 + 945kckkBkd*k*k10*kx*k*k4 + 945kCck*k5kd*x*k11%kx**2 + 315*0**4*(1**12) +
40xbxck*x5xd** (25/2) *x**8xsqrt (cxx**2/d + 1)/(315*kck*Tkd**xQkx**6 + 945xc**
Bxd**x10%x*k*4 + 945*ck*Exd**11xx**2 + 315*ck*4xd**12) + 15xbkcx*5xd*x(11/2)
*xxxx10*sqrt (cxx**2/d + 1)/(105*ck*B*xdx*4xx**4d + 210%ckx4*xd**5xx**x2 + 105%c
**3*xd**6) — Bkbkck*dkdx* (27/2)*x*x6*sqrt (ckxx*x*2/d + 1)/(315kc*k*T*kd*x*9*x**6
+ 945xcx*B*xd**x10*x**4 + 945xck*Ekd*kx11*kx**x2 + 315kxck*4*d**12) + 33*bkck*4
*xd** (13/2) *x**8*sqrt (cxx**2/d + 1)/(105xc**E5xd**4*x**x4 + 210%CH*k4xd**Exx**
2 + 105*c**3xd**6) — 30xb*cx*3xd**(29/2) *x*k*4*xsqrt (cxx**2/d + 1)/(315*c**7
*dA**kOQkx*k*k6 + 945kckkBkd*k*k10*x*k*k4 + 945kCck*k5kd*x*k11*kx*k*2 + 315*C**4*d**12) +
17xbxc**3*d** (15/2) #x**6*sqrt (ckxx**2/d + 1) /(105*c**E5*xd**4*x**4d + 210%C**
Axd*xEkxk*x2 + 105*Ck*3*%d*x*6) — 4AO*bkcH*2*xd** (31/2) *x**2*xsqrt (c*x**2/d + 1)
/ (B15*%Ck*xT*A**Okx**6 + 945*C*k*x6xd*x*10*xx**4 + 945*kckxExd**11*xx**2 + 315%. ..

output

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.16

g\ 32
7 —
/(c+ﬁ> z'(a+bx)dr =

\e+E e
3dtlog (M

c+%+¢5) 2 (3 (c+ 2%)%d‘l —11(c+ w%)gcd‘* —11(c+ %)%02d4 +3,/c+ mizc?’d‘l)
S d +
256 cz (c+ %)402—4(c+ ;%)3(234-6(04- ;%)204—4(c+ 4B+ 8

(35 (c+ £)2a® = 90 (c+ %) 2da™ +63 (c+ %) *da® )b
315

_|_

-

input L

-/

integrate((c+d/x"2)~(3/2) *x~7*(b*x+a) ,x, algorithm="maxima")
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output | ~1/256%(3+d”4xlog((sqrt(c + d/x"2) - sqrt(c))/(sqrt(c + d/x72) + sqrt(c)))
/c(5/2) + 2x(3*(c + d/x"2)"(7/2)*d"4 - 11x(c + d/x72)"(5/2)*c*d"4 - 11*(c
+ d/x72)"(3/2)*c”2*d~4 + 3*sqrt(c + d/x"2)*c"3*%d"4)/((c + d/x"2)"4*c"2 -
4x(c + d/x72)"3%c”3 + 6*(c + d/x72)"2*%c"4 - 4*(c + d/x"2)*c”5 + c"6))*a +
1/3156%(35%(c + d/x"2)7(9/2)*x”9 - 90*(c + d/x72)"(7/2)*d*x"7 + 63*(c + d/x
72)7(5/2)*d"2*x~5)*b/c"3
Giac [A] (verification not implemented)
Time = 0.14 (sec) , antiderivative size = 177, normalized size of antiderivative = 0.92
d\*? 3ad*log (|—y/cz + Ver? +d
/ (c + —2) z'(a +bx)dx = — aq o8 (‘ ve 5cx D sgn(z)
z 128 c2
N 1 Jear T d 1024 bd*sgn(z) (945 ad’sgn(z) 49 256 bd’sgn(z)  (315ad’sgn(z) +4 48 bd?
40320 c3 c? c? c
(945 acd* log (|d|) — 2048 by/cd? ) sgn(z)
+
80640 c2
input{integrate((c+d/x"2)"(3/2)*x"7*(b*x+a),x, algorithm="giac") J
output -3/128*axd~4x1log(abs(-sqrt(c)*x + sqrt(c*x”2 + d)))*sgn(x)/c~(56/2) + 1/403

20*sqrt (c*x~2 + d)*(1024*b*d~4*sgn(x)/c~3 - (945*a*d~3*sgn(x)/c”2 + 2x(256
*b*d~3*sgn(x)/c”2 - (315*%axd"2*sgn(x)/c + 4*(48*bxd~2*sgn(x)/c + 5*(189*ax
dxsgn(x) + 2x(80*b*d*sgn(x) + 7*(8*bkcxx*sgn(x) + 9*axc*sgn(x))*x)*x)*xX)*x
) *x)*x)*x) + 1/80640% (945*a*c*d~4*log(abs(d)) - 2048%bxsqrt(c)*d~(9/2))*sg
n(x)/c~(7/2)
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Mupad [B] (verification not implemented)

Time = 7.39 (sec) , antiderivative size = 153, normalized size of antiderivative = 0.80

/ +i3/2 ot ba)dom et & bea®  10bda”  bd’a’
) TUTPHEENCT ATy 63 | 105c

4bd3 23 8bd4ac> llaxg(c+g;%)3/2 11ax8(c+;%)5/2

T 352 3158 128 128 ¢
et i .
3428 (c+%)7/2 3acr® C+a;i2 ad4atan<7?) 3i
B 128 2 B 128 B 128 c5/2

input |

int(x~7*(c + d/x72)7(3/2)*(a + b*x),x)

output

input

(c + d/x~2)~(1/2)*((b*xc*x~9) /9 + (10*b*d*x~7)/63 + (b*d~2*x~5)/(105%c) - (
4%b*d~3*x"3)/(315%c”2) + (8*b*d~4#*x)/(315%c~3)) + (11*axx"8*(c + d/x~2)"(3
/2))/128 + (11xa*x"8*(c + d/x~2)~(5/2))/(128%c) - (3*a*x~8*(c + d/x"2)~(7/
2))/(128%c~2) - (a*d~4*atan(((c + d/x72)"(1/2)*1i)/c~(1/2))*31)/(128%c~(5/
2)) - (3xa*xc*x~8x(c + d/x"2)"(1/2))/128

Reduce [B] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 191, normalized size of antiderivative = 0.99

/ (c + %)3/2 z'(a

50401/ cx? + dact*z” + 7560v/cx2 + da Bd x® + 630/ cx? + da Pd?x® — 945/ cx? + dac d®x -

+bz) dz =

Lint ((c+d/x"2)~(3/2) *x~T* (bxx+a) ,x) J
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(5040*sqrt (cxx**2 + d)*akckxdxx**7 + T560*sqrt (c*x**2 + d)*axcx*3*xd*xx**5 +
630*sqrt (c*x**2 + d)*akck*kdx*2xx*x*3 - 945*xsqrt (ckx**2 + d)*axckd*k*3*x +
4480*sqrt (ckx**2 + d)*b*ck*4xx*x8 + 6400*sqrt (ckx*x*2 + d)*bkcx*3xd*x**6 +
384x*sqrt (ckx**2 + d)*bkck*2xd**2xx**4 — 512*sqrt (cxx**2 + d)*b*ckd**3*kx**
2 + 1024x*sqrt(c*x**2 + d)*bxd**4 + 945*xsqrt(c)*log((sqrt(c*x**2 + d) + sqr
t(c)*x)/sqrt (d)) *a*xd**4) / (40320*c**3)

output
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3.14 [ (c+ %)3/2 2%(a + bzx) dz

Optimal result . . . . . . . . .. .. 153]
Mathematica [A] (verified) . . . . . . . . ... . L 154
Rubi [A] (warning: unable to verify) . . . .. ... ... ... .. ... .. .. 154
Maple [A] (verified) . . . . . . . . . . 158
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 159
Sympy [B] (verification not implemented) . . . ... ... ... ... .. .... 1601
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1611
Giac [A] (verification not implemented) . . . . . . . ... ... ... 161l
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 162
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 162

Optimal result

Integrand size = 20, antiderivative size = 167

3/2 3bd3y/c+ La?
/(c+i> 2%(a+ bx)dx = — z

@’ 128¢2
bd®\[c+ Fat gad(c+ 4)2 3 \/*d
— - z Zpdyfe+ Lab
+ 64c 35C2 + 16 c+ .’EQx
c+-2
4 22
a(c+ %)5/2 £ . lbc\/ﬂzs N 3bd arctanh( NG )
Tc 8 z? 128¢5/2

Output"3/128*b*d“3*(C+d/X”2)“(1/2)*x“2/c“2+1/64*b*d“2*(c+d/x‘2)”(1/2)*x*4/c-2/35
‘*a*d*(c+d/x“2)”(5/2)*x“5/c‘2+3/16*b*d*(c+d/x*2)~(1/2)*x~6+1/7*a*(c+d/x-2)-
| (5/2)%x77/c+1/8¥bxc* (c+d/x"2) " (1/2) *x~8+3/128*b*d~4*arctanh ((c+d/x"2) "~ (1/2
/e (1/2)) /™ (5/2)
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Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.81

/ (c + %)3/2 z%(a

\Je+ x%x(\/E\/d + cx? <—128a(2d — 5cx?) (d + cx?)? + 35bz(—3d3 + 2cd?z? + 24c2da* + 16¢°
+bz)dr =
) 4480c5/2+/d + cx?

-

input L

-/

Integrate[(c + d/x72)~(3/2)*x"6x(a + b*x),x]

Output} (Sqrtlc + d/x"2]*x*(Sqrt[cl*Sqrtd + ckx~2]%(-128%a*(2+4d - Bkcxx"2)*(d + ¢ |
\*x‘2)‘2 + 35xbkx* (-3%d"3 + 2%c*xd"2*x"2 + 24*c”2xd*x"4 + 16%c”3*x"6)) - 105 \
‘*b*d’“4*Log[—(Sqrt [cl*x) + Sqrtld + c*x72]]1))/(4480%c”(5/2)*Sqrt[d + c*x~2] ‘
) |

Rubi [A] (warning: unable to verify)

Time = 0.62 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.05,

number of steps used = 15, number of rules used = 14, Bumber of rules _ 4 769 Ryes
integrand size

used = {1892, 1803, 539, 25, 539, 27, 539, 27, 534, 243, 51, 51, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

; 4\ 32
/:c (a + bx) <C+x2> dx

l 1892

/x7<z+b) (c+ ﬂ;l2>3/2d:1:

below.
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i)5/2

x2

J~(e+ )" (Sac— %4)aal  bad(c+
8c ]c
be(c+ i)5/2 f( +%)/ (8 ac— 3bd) Sd%

"L'2
8¢ Sc
l 539
8 d \5/2 f0d<c+z%>3/2(w7a+21b)$7d% 8 7 4\5/2
bx (C+ :1:72) _ —_ e _ 70,:[,‘ (C+P)
80 86

J 27
b:L'g(C—|— %)5/2 1df( )3/2 (16(1 +21b) d* _ %az7(c—|— %)5/2
8¢ 3¢
l 539
—1d<_f_3ﬁ+ﬁ)w (3200752 )a"a3 7W6@+$)WQ>'—8 e+ %)

5/2 7 6 - 2 7aT
ba® (c+ )" z :

8c 8¢

| 27

/ C+f %2 (32ac—bd e8dl  7bat C+f 5/2 52
bx8(0+%)5/2 —%d< ( 2) (26 ) _ (262) —%a$7(c+a%)
8c B 3¢
| 534
7bdf(+d)3/2 54132 <+d8)c5/2 7 6(+d)5/2
- ¢ azd(c 26 (¢
_%d( 22 el 22) b > — 8407 (c + 4 )5/2
8c
| 243
ba® (c + %)5/2 _
/ / /2
bd | Sd ot 7ba (et 5/2
_%d< ( ) iz ( ) _ (20 ) )—?a:ﬂ( +x2) /
8c
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bms(c—l— i)5/2

z2 _
7bd<3df\/ﬁ 241 _1 2(+d>3/2> ?20 5(+d)5/2 6( d>5/2
-5 7 ct+sxéd—5—5 c+—5 —=ax’(c+5 b A
—%d( 2 1 z2 22 2 - z2 5 z2 _ T 02012 ) —%ax7(c+x%)5/2
8¢
l 51
ba(c+ 4)""
8c -
_;bd(id(%dfzlidzg_""vc"'md?)_éﬁ(”zd?ym) Qaw5<c+w%>5/2 /2
Vet bz (c+-%
_%d T A _ T (Czcmz) . %ax7(c+ ;%)5/2
8¢
l 73
bx® (c+ %)5/2
8¢ -
;bd(id([ c+1i d,/c—i—:aw,/c-{-x‘é)éwz(c+$)3/2)352aw5(c+mdz)5/2 y
1 dz2 -4 7bw6<c+z%> 8 .7 d ¢
—7d 5% - 5% —7az’ (c+ 3)
8¢
l 221
bat (c + £)"
8c h
d
darctanh( C;?)
32,5 a\%2_7,,| 3 [ d 1 4 \3/2
—5aT <C+972) —5bd| 3d x(— c+w7)— 7 —3T (c+w—2)
7bx8 (c+ -2 5/2
3 - A | e (e
8¢

-

inputLInt[(c + d/x°2)~(3/2)*x~6%(a + b¥x),x]

N >
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Output‘(b*(c + d/x72)"(5/2)*x78) /(8xc) - ((-8xa*x(c + d/x"2)"(5/2)*x~7)/7 - (d*((-
\7*b*(c + d/x72)"(5/2)*x76) /(2*c) + ((-32*ax(c + d/x"2)"(5/2)*x75)/5 - (T*b
\*d*(—1/2*((c + d/x72)"(3/2)*x72) + (3*d*(-(Sqrtlc + d/x"2]*x) - (d*ArcTanh
\[Sqrt[c + d/x72]/Sqrt[cl])/Sart(cl))/4))/2)/(2%c)))/T)/ (8*c)

Defintions of rubi rules used

rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 51 Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Simp[d*(n/(bx(m + 1)))
Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x
] && ILtQ[m, -1] && FractionQ[n] && GtQ[n, O]
rule 73 Int[(Ca_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([ml]}, Simp[p/b  Subst[Int[x"(px(m + 1) - 1)*(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ
ruk322171nt[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x |
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]
rule 243 Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tx~((m - 1)/2)*(a + bxx)"p, x1, x, x°2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]




rule 534

rule 539

rule 1803

rule 1892
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Int[(x_ )" (@ )*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>

Simp[(-c)*x~(m + 1)*((a + b*xx~2)"(p + 1)/(2*ax(p + 1))), x] + Simp[d Int[
x“(m + Dx*(a + b*x"2)7p, x], x] /; FreeQ[{a, b, c, d, m, p}, x] && ILtQ[m,

0] && GtQlp, -1] && EqQm + 2%p + 3, 0]

Int[(x_ )" (m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[c*x~(m + 1)*((a + b*x"2)"(p + 1)/(a*(m + 1))), x] + Simp[1/(a*(m + 1))

Int[x~(m + 1)*(a + bxx"2) "p*x(axd*(m + 1) - b*cx(m + 2xp + 3)*x), x], x]
/; FreeQ[{a, b, c, d, p}, x] && ILtQ[m, -1] && GtQ[p, -1] && IntegerQ[2*p]

Int[(x_)"(m_.)*((a_) + (c_)*(x_)"(n2_.))"(p_.)*((d.) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + e*x
)"g*x(a + c*xx~2)7p, x], x, x"nl, x] /; FreeQl{a, c, 4, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Int [(x_)"(m_.)*((d_) + (e_)*(x_)"(mn_.))"(q_.)*((a) + (c_.)*(x_)"(n2_.))"
(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) gq*(a + c*x"n2)7p, x] /; F
reeQ[{a, c, d, e, m, mn, p}, x] && EqQ[n2, -2*mn] && IntegerQlql && (PosQ[n
2] || !IntegerQ[pl)

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 141, normalized size of antiderivative = 0.84

method | result
. (560b 37 +640a c326+840b c2d £5+1024a c2d *+70z3bc d2+128a d2x?c—105b d3z—256a d3 )z / %}d 3bd*In (\/E z+vca
risch VETE + o~
C C
ce?4d 3 3 3 2,75, 3 3 2,75 o 2,13 2,7\ 2.7\,

(T) z3( 560c2 (cx?+d) 2ba3+640c2 (cz?+d) 2 a 22 —280+/c (cx2+d) 2 bdz—256+/c (cx2+d) 2 ad+70+/c (cz2+d) 2 bd2z-

default —

4480(cz2+d)2c2

-

input L

int ((c+d/x~2)~(3/2)*x~6%* (b*x+a) ,x,method=_RETURNVERBOSE)

-/
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‘ 1/4480% (560%b*c~3%x~7+640%a*c”3*%x~6+840%b*c~2*d*xx~5+1024*a*c”2*xd*x~4+70*b*
\c*d‘2*x“3+128*a*c*d‘2*x“2-105*b*d‘3*x-256*a*d“3)/c“2*x*((c*x“2+d)/x“2)‘(1/
\2)+3/128*b*d‘4/c‘(5/2)*1n(c‘(1/2)*x+(c*x‘2+d)‘(1/2))/(c*x‘2+d)‘(1/2)*x*((c

output
‘*X‘2+d)/x‘2)“(1/2) ‘

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 289, normalized size of antiderivative = 1.73

/ (c + %)3/2 z%(a

105 b+/cd* log (—2 cx? — 2 fex?y /et — d) + 2 (560 bcta® + 640 acz” + 840 beddx® + 1024
+he) do = 8960

2 ca:2+d

105 by/—cd* arctan (%) — (560 bc*z® + 640 ac’z™ + 840 bc3dxS + 1024 ac3dx® + 70 b2d?z* +
- 4480 ¢

.
integrate((c+d/x"2)~(3/2) *x~6*(b*x+a) ,x, algorithm="fricas")

N

input

[1/8960* (105*b*sqrt (c) *d~4*log(-2*c*x~2 - 2*sqrt(c)*x"2*sqrt((c*x™2 + d)/x
72) - d) + 2x(560*b*c”4*x"8 + 640*axc”4*x”7 + 840%b*c”3*d*x"6 + 1024*a*c”3
*d*x"5 + TO*b*c™2*%d"2*x"4 + 128%a*xc”2*%d"2%x"3 - 105%b*c*xd~3*x"2 - 256%a*cx*
d~3*x)*sqrt ((c*x"2 + d)/x"2))/c”3, -1/4480%*(105*b*sqrt(-c)*d 4*arctan(sqrt
(-c)*x"2xsqrt ((c*x~2 + d)/x"2)/(c*x”2 + d)) - (560*bxc~4*x"8 + 640*axc”4*x
7 + 840*b*c”3*d*x"6 + 1024*axc”3*d*x"5 + TO0*b*c™2xd"2*x"4 + 128*a*xc”2%d"2
*x"3 - 105%b*c*d”"3*x"2 - 256%axc*d”3+*x)*sqrt((c*x"2 + d)/x72))/c"3]

output
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 585 vs. 2(158) = 316.

Time = 25.26 (sec) , antiderivative size = 585, normalized size of antiderivative = 3.50

9 2
d\ 3?2 15actd2x10/ <= + 1
/ (c+—> z%(a + bz) dx = d

"~ 105c8d4zt + 210ctdPz2 + 105¢3d6

33ac’ds 2%/ + 1 17actd’> 2%/ < + 1

105c5d4:v4 + 210c4ddx2 + 10503d6 105c5d4z4 + 210ctd5z2 + 105c3d°

3ac3dz 44/ ‘322 +1 12ac2d177x2\ / “72 +1

+ 105c5d4x4-+-210c4d5x2-+-105c3d6 105c3dx* 4 210ctddz? + 105c3d°

8acd? /< +1 ad%x4,/%+1 adiz?\ /< 41
* 15¢

10505d4$4 + 210c4Addx2 + 10503d6

5
B 2ad3 /< 4 1 b 5bey/dx” 13bd2 "
15¢2 8\/‘ dy/< + 16 @? 64,/“2 +1

3bdi 3bd4 asinh (W)

§
2
 128c, /012 12802,/ ca® 4 128

input Lintegrate ((c+d/x**x2) *x (3/2) *x**6% (b*xx+a) ,x)

:

~—

16*axc*xx6*xdx* (9/2) xx**x10*sqrt (ckx**2/d + 1)/(105*c**5*xdx*4*x**4 + 210*c**4
*xAkxkExxk*2 + 105*kc**3*%d**6) + 33kakckkBkd**x (11/2)*x**x8*sqrt (cxx**2/d + 1)/
(105%c*k*x5xd**x4*x**4 + 210%ck*k4*d*x*5xx*k*2 + 105kck*3kd**x6) + 17*kakck*k4qdkxd**(
13/2) *x*x6*sqrt (c*x**2/d + 1)/ (105*c**5*xd**4*x**4 + 210k Cckx4xd**xE5xx**2 + 1
05*c**3kd**6) + Jkaxck*3*d**(15/2) *x**4xsqrt (ckx**2/d + 1)/ (105*c**5xd*r*4*
X¥k4 + 210kCk*kLkdx*kEkxx*k2 + 105*kCk*3kd**6) + 12%akck*2kdk* (17/2)*x*x*2xsqrt
(c*xx*x*x2/d + 1)/ (105*%c*x*5xd*x*4xx*k*x4 + 210*ck*4kd**x5xx**2 + 105kc**x3*d**6) +
8xaxckd*k*(19/2) ksqrt (cxx**2/d + 1)/(105*c*k*5*d**4*x*k*4d + 210%Chk*4*d**5*x*
*2 + 105xcx*3xd**6) + axdx*(3/2)*x**x4*xsqrt(ckx**2/d + 1)/5 + axd*x(5/2)*x*
*2*xsqrt (cxx*x*2/d + 1)/(16%c) - 2%axd*x(7/2) *sqrt (c*kx**2/d + 1)/(15xc**2) +
b*cx*2xx**9/ (8xsqrt (d) *sqrt (cxx**2/d + 1)) + 5xbkcxsqrt(d)*x*x7/(16*sqrt(
cxxx*2/d + 1)) + 13%bxdx*(3/2)*x**5/(64*sqrt (c*xx**2/d + 1)) - bkxd**(5/2)*x
**3/(128xcxsqrt (cxx**2/d + 1)) - 3*b*d**(7/2) *x/ (128*c**x2xsqrt (cxx**2/d +
1)) + 3*b*d**4*asinh(sqrt(c)*x/sqrt(d))/(128*c**(5/2))

output




inputt

output

input
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.23

6 —
/(c—l—;) z°(a+ bx) dr =

C d _ c
3d*log (y) 2 <3 (c+ i)%d4 —11(c+ i)gcd4 —11(c+ i)%czd4 +34/c+ ic?’al4>
ct Ve z2 z2 x2 z2
— z +
256 cz e+ ) '@ —4(c+ L)V +6(ct+ L)'t —4(c+ L)+

NI

" —7(c+ %)gdz“r’)a
35 c2

(5(c+2)

+

integrate((c+d/x"2) " (3/2) *x~6* (b*x+a) ,x, algorithm="maxima") J

-1/256* (3*d~4*log((sqrt(c + d/x72) - sqrt(c))/(sqrt(c + d/x~2) + sqrt(c)))
/c”(5/2) + 2x(3*x(c + 4/x72)"(7/2)*d"4 - 11*x(c + d/x"2)"(5/2)*c*d"4 - 11x(c
+ d/x72)"(3/2)*c"2*%d"4 + 3*sqrt(c + d4/x"2)*c"3*d"4)/((c + d/x"2)"4*xc™2 -
4x(c + d4/x72)73%c"3 + 6x(c + d/x"2)"2%c”4 - 4x(c + d/x"2)*c”5 + c76))*b +

1/35%(5x(c + d/x"2)"(7/2)*x”7 - Tx(c + d/x"2)"(5/2)*d*x~5)*a/c~2

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 159, normalized size of antiderivative = 0.95

3/2 3bd*log (|— Ver? +d
/ (c + %) z%(a + bx) dz = — og (| \/Eai;_s ;x +d|) sgn(z)
Cc2

3 3 2 2
B 44180 T (256 adc:gn(x) N (105 bd;gn(z) . (64 ad ngn(x) N (35 bd ign(x) + 4(128 adsgn(

<105 bd*log (|d|) + 512 a\/Ed%>sgn(x)
8960 ¢

+

integrate((c+d/x"2) " (3/2) *x~6* (b*x+a) ,x, algorithm="giac")
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output -3/128%b*d"4*log(abs(-sqrt(c)*x + sqrt(c*x~2 + d)))*sgn(x)/c~(5/2) - 1/448
Oxsqrt(c*x™2 + d)*(256*%axd"3*sgn(x)/c”2 + (105%b*d~3*sgn(x)/c”2 - 2*(64xa*
d~2*sgn(x)/c + (35*bxd~2*sgn(x)/c + 4%(128*a*d*sgn(x) + 5x(21xb*d*sgn(x) +

2% (T*b*cxx*sgn(x) + 8*axc*sgn(x))*x)*x)*x)*x)*x)*x) + 1/8960% (105%b*d~4*1
og(abs(d)) + 512*a*sqrt(c)*d~(7/2))*sgn(x)/c~(5/2)
Mupad [B] (verification not implemented)
Time = 7.65 (sec) , antiderivative size = 141, normalized size of antiderivative = 0.84
/ 4 d 3/2x6(a+bx) dp — /c+ d (acx” N S8adz® N ad? x3 B 2ad®z
T B x? 7 35 35¢ 35 c?
1162° (c+ £)%° 11028 (c+ £)"° 3ba® (c+ 4)
128 128 ¢ 128 ¢2
e+ 1i
3beadJo+ 2 bd4atan<\/%l) 3i
N 128 B 128 ¢/2
inputtint(x‘G*(c + d/x72)"(3/2)*(a + b*x),x) J
output (c + d/x72)"(1/2)*((a*xc*x~T7) /7 + (8*a*d*x"5)/35 + (a*d~2*x~3)/(35%c) - (2%

a*d~3%x)/(35%c”2)) + (11*b*x~8*(c + d/x72)7(3/2))/128 + (11xb*x"8*(c + d/x
~2)7(5/2))/(128%c) - (3%b*x~8*(c + d/x~2)"(7/2))/(128%c~2) - (b*d~4*atan((
(c + d/x~2)~(1/2)*1i)/c~(1/2))*31) / (128%c~(5/2)) - (3*b*c*x~8*(c + d/x~2)"
(1/2))/128

Reduce [B] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.04

/ (c+ %)3/2 z%(a

640vcx2 + dactz® + 1024vcx2 + dacBdx* + 128vcx? + da d?x? — 2561/ cx?2 + dacd® + 5

+bx) dz =

inputLint((c+d/x“2)‘(3/2)*x‘6*(b*x+a),x) J
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(640*sqrt (c*x**2 + d)*axcx*4*xx**6 + 1024xsqrt (cxx**2 + d)*akck*xJkd*rx**4 +
128*sqrt (cxx**2 + d)*xa*ck*2*xd*k*2*x*k*2 - 256%sqrt (ckx*k*2 + d)*axcxd*x3 + 56
Oxsqrt (cxx**2 + d)*bxckx4*x*x*7 + 840*sqrt (c*kx**2 + d)*b*ckx*3xd*x**5 + TO*s
qrt (c*x**2 + d)*bkck*2xd**2xx**3 — 105*sqrt (cxx**2 + d)*b*ckd**3*x + 105%s
grt(c)*log((sqrt(c*xx**2 + d) + sqrt(c)*x)/sqrt(d))*b*d**4)/(4480*c**3)

output
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3.15 Il (c—l—x%)3/2 z°(a + bzx) dz

Optimal result . . . . . . . . .. .. 164
Mathematica [A] (verified) . . . . . . . . ... . L 164
Rubi [A] (warning: unable to verify) . . . .. ... ... ... .. ... .. .. 165
Maple [A] (verified) . . . . . . . . . . 169
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 169
Sympy [B] (verification not implemented) . . ... ... ... ... ... ... 1701
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... Il
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 172
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 172
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 173l

Optimal result

Integrand size = 20, antiderivative size = 142

3/2 ad?y/c+ Lx?
/(c—l—%) m5(a+bx)dm=—z+1ad\/c+%m4

16¢ 24

Parctanh (V=2
2bd(c+ ;%)5/2x5 1 d . b(C+wi2)5/2(I;7 ad’arctan NG
- + —ac\/c+ Ex + _

35¢2 6 Tc 16¢3/2

¢ ‘/1/16*a*d‘2* (c+d/x"2) " (1/2)*x~2/c+T/24*a*d* (c+d/x"2) ~(1/2) *x~4-2/35%b*xd* (c+ \
|d/x72)7(5/2)*x75/c"2+1/6%axck (c+d/x"2) " (1/2) ¥x"6+1/T*bx (c+d/x"2) " (5/2)%x"7 |
L/c—l/lG*a*d‘S*arctanh((c+d/x“2)"(1/2)/c“(1/2))/C“(3/2) J

outpu

Mathematica [A] (verified)

Time = 0.26 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.87

\Je+ ;%x(\/d + cx? (—486(2d — 5cz?) (d + cx?)’ + 35acz(3d2 + 14cdz? + 8021'4)) + 105a+/cd

+bx) dx =
) 1680c%/d + cz?
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input‘ Integrate[(c + d/x72)7(3/2)*x"5*(a + bxx),x] ‘

output} (Sqrtlc + d/x~2]*x*(Sqrt[d + cxx"2]*(-48%bx(2+d - Bkcrx"2)*(d + c#x"2)"2 +
| 35xaxckxx(3%d"2 + 14kckd*x"2 + 8%cT2%x"4)) + 105%axSqrt[c]*d 3*Log[-(Sqrt |
L[c] *x) + Sqrtld + c*xx"2]1]))/(1680*c~2xSqrt[d + c*xx~2]) J

Rubi [A] (warning: unable to verify)

Time = 0.57 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.04,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size — 0.600, Rules

used = {1892, 1803, 539, 25, 539, 27, 534, 243, 51, 51, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/x(a—i—bm) <c+x2) dx

ll&n

/w6<z+b> (c—l— 52)3/2da:

l 1803

—/ <c+ ;)3/2 (% +b> msd%
l 539

[=(c+ i)3/2 (7ac — 2%) :r7d% N bz’ (c+ i)s/z

z2 2

7c Tc

| 25

bz"(c + & )5/2 e+ %)3/2 (Tac — 224 2741

z2 z
7c 7c
l 539
cd(c+ -4 8/2 Ta 4 19b) 5841
bw7(c+%)5/2 _f (C ?) 6C(z ) z %axﬁ(c+§2)s/2

Tc Tc
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l27

b’ (c+ )" 4)%2 (e 4 19p) g841 —

—5d/ (c+

6ax6(c+ x%)

5/2

Tc Tc

l 534

12b25 <c+z%) o/

5/2 —w@w@+$ﬁ%w;- =

bz’ (c+ ;%)

>_

7

5/2
5e 2)

(c+

7c Tc

l 243

3/2
bat7(c-|— 1%)5/2 _éd(;af (C+%) ‘Tsd? 5c

1 12bm5<c+;12>5/2

>_

T
Tc - Tc

| 51

bz’ (c+ 2 )5/2

Tc

e+ 4)7) -

5c

(201 e B 1

12b25 (c-l—x%) o/

)

Tc

| 51

bz7(c+ %) 5/2

x2

Tc

o)

1

i 4 -

12b25 (c—{—;dg) 52

%amﬁ (c+ ;%)5/2

)

5c

Tc

| 73

bx (c—l— )5/2

Wﬁ

12bz5 (c—}-z%) 52
—




input ‘

output ‘

rule 25 ‘

rule 27

rule 51

rule 73
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bx7(c + 1%)5/2
Tc -

T 5¢c

Je

darct h( c+12)

arctan 5/2
ve 12625 (c+ 5%

d l‘(— c_|_d>_ _% 2(C+%)3/2 M

7
— éam

Slet &)

Tc

Int[(c + d/x"2)"(3/2)*x"5*(a + b*x),x]

(b*(c + d/x72)7(5/2)*x77)/(T*c) - ((-T*ax(c + d/x72)7(5/2)*x76)/6 - (d*((-
12+b*(c + d/x"2)"(5/2)*x75)/(b*c) + (T*ax(-1/2*%((c + d/x72)"(3/2)*x"2) + (
3*%d*(-(Sqrt[c + d/x"2]*x) - (d*ArcTanh[Sqrt[c + d/x"2]1/Sqrtl[c]])/Sqrtlcl))
/4))/2))/6)/(T*c)

Defintions of rubi rules used

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Simp[d*(n/(b*x(m + 1)))
Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, ¢, d, n}, x
] && ILtQ[m, -1] && FractionQ[n] && GtQ[n, O]

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]




rule 221

rule 243

rule 534

rule 539

rule 1803

rule 1892
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rtl[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
t[x"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

Int[(x_)"(m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>

Simp[(-c)*x~(m + 1)*((a + b*x"2)"(p + 1)/(2*a*x(p + 1))), x] + Simpld Int[
x“(m + Dx*(a + b*x"2)7p, x], x] /; FreeQ[{a, b, ¢, d, m, p}, x] && ILtQ[m,

0] && GtQlp, -1] && EqQm + 2%p + 3, 0]

Int [(x_)"(m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[c*x~(m + 1)*((a + b*xx"2)"(p + 1)/(a*x(m + 1))), x] + Simp[1/(a*(m + 1))

Int[x"(m + 1)*(a + b*x"2)"p*(axd*(m + 1) - bxc*(m + 2%p + 3)*x), x], x]
/; FreeQ[{a, b, c, d, p}, x] && ILtQ[m, -1] && GtQ[p, -1] && IntegerQ[2xp]

Int[(x_)"(m_.)*((a_) + (c_)*(x_)"(n2_.))"(p_.)*((d_) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + e*x
)"gx(a + c*xx~2)7p, x], x, x"n], x] /; FreeQl{a, c, d, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

‘Int[(x_)"(m_.)*((d_) + (e_)*(x_)"(mn_.))"(q_)*((a)) + (c_)*(x_)"(2_.))"
‘(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) g*(a + c*x"n2)7p, x] /; F
‘reeQ[{a, ¢, d, e, m, m, p}, x] && EqQ[n2, -2+mn] && IntegerQlq]l && (PosQ[n
L2] [ 'IntegerQ[pl)
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Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 132, normalized size of antiderivative = 0.93

method | result
ch (240b c*2-+280a ¢ +384b 2d v +490a 2d 2% +48be 2o+ 105ac o —06b d) 2/ <=5t4  adIn(vea+veaTd)wy/ 5t
risc e =
1680c? 16c2VcaZ+d
3 5 5 5 3
(czji;rd) 23 (240(:% (c z? +d) 2pg? +2800% (c :1:2+d) 2az—96+/c (c 2 +d) 2 bd—70c% (c z? +d) 2 adz—105c% Vez2+dad?z—105
default T3
1680(cz2+d)2 c2
inputLint((c+d/x“2)‘(3/2)*x‘5*(b*x+a),x,method=_RETURNVERBOSE) J

‘ 1/1680% (240%b*c~3%x~6+280%a*c”3*x~5+384*b*c~2*d*xx~4+490%a*xc”2xd*x"3+48%b*c
\*d“2*x“2+105*a*c*d‘2*x-96*b*d“3)/c”2*x*((c*x“2+d)/x“2)‘(1/2)—1/16*a/c‘(3/2
\)*d‘3*1n(c‘(1/2)*x+(c*x‘2+d)“(1/2))/(c*x‘2+d)‘(1/2)*x*((c*x“2+d)/x“2)‘(1/2
)

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 258, normalized size of antiderivative = 1.82

/ (c + %)3/2 z°(a

105 a+/cd? log (—2 cz? 4+ 2/cx? /=t — d) +2(240bc3z” + 280 ac®z® + 384 bcdx® + 490 «

+bz) dz = 3360 ¢

input Lintegrate ((c+d/x"2) "~ (3/2) *x~5*(b*x+a) ,x, algorithm="fricas") J
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[1/3360* (105*a*sqrt (c)*d~3*1log(-2*c*x~2 + 2*sqrt(c)*x"2*sqrt((c*x”™2 + d)/x
72) - d) + 2x(240%b*c”3*x”7 + 280*a*xc”3*x"6 + 384*bkc”2xd*x"5 + 490%*axc”2x%

d*x~4 + 48%b*c*d"2*x"3 + 105*a*c*d”2*x"2 - 96xb*d~3*x)*sqrt((c*x~2 + d)/x”
2))/c”2, 1/1680%(105%a*sqrt (-c)*d~3*arctan(sqrt(-c)*x"2*sqrt((c*x~2 + d)/x
~2)/(c*x"2 + d)) + (240%b*c”3*x”7 + 280*a*c”3*x"6 + 384xb*c~2*d*x~5 + 490*
axc”"2xd*x"4 + 48xb*cxd"2*x"3 + 105*a*cxd"2*x"2 - 96*b*d~3*x)*sqrt((c*x~2 +
d)/x72))/c"2]

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 554 vs. 2(131) = 262.

Time = 8.18 (sec) , antiderivative size = 554, normalized size of antiderivative = 3.90

d\*? 2,.7 1acV/dz’
/<C+ —2) z°(a+ bx) dzx = ac + acVdz
! 6v/d % +1 24,/ % +1
17ad2 23 N ad3 ad? asinh (%)
- 3
48,/ +1  16cy/< +1 16¢3

15bcd3 10, /<2 33bc5d = 28/ +1

1 1056324 + 2102822 + 10533 | 1056d4 %4 + 210472 + 1056306

17bc4d%x6\ / C"’TZ +1 3bc3dz zt csz +1

+ 105c5d4x4-+-210c4d5x2-+-105c3d6+10505d4m4-+-210c4d5x2-+>10503d6

12bc?d’= 22,/ = + 1 8bed s /<= + 1
T 1056 diz? + 210cid2? + 1053d | 105633z + 2102 + 105630
bdzz\ /< +1  bdiz? /= +1  2bd3y/< +1

+ 5 + 15¢ 15¢2

T‘
—

e

integrate ((c+d/x**2)** (3/2) *x**5* (b*x+a) ,x)

~—

inputL
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a*xck*2*xx**7/ (6*sqrt (d) *sqrt (cxx**2/d + 1)) + 1lxaxcksqrt(d)*x*x5/(24*sqrt(
ckxxx*2/d + 1)) + 17*axdx*(3/2)*x**3/(48xsqrt (c*x**2/d + 1)) + akxd**(5/2)*x
/ (16*c*sqrt (cxx**2/d + 1)) - axd**3*asinh(sqrt(c)*x/sqrt(d))/(16*c**(3/2))
+ 15%bxc**6xd** (9/2) *x*x*10*sqrt (cxx**2/d + 1)/(105*c**5xd**4*x**x4d + 210%*c
*)k4xd*kExx*k*2 + 105kCck*3kd**6) + 33*bkck*kEkdx* (11/2)*x**B*sqrt (c*xx**2/d +

1) / (105*c**5xd**4*x**x4 + 210*Ck*4xd**5xx**2 + 105kck*3*xd**6) + 17*bkcx*k4dxd
*% (13/2) xx*¥x6*sqrt (cxx*x*2/d + 1)/(105*c**x5kdx*kd*x*k*4 + 210%Ck*4kd**5*x**2

+ 105%c*k*3*%d**6) + 3kbkck*3xd** (15/2) *x**4*sqrt (ckx**2/d + 1)/(105*c**5xd*
*x4kxkk4d + 210kCr*k4xd**¥5xx**2 + 105*kC**3*kd**6) + 12xbkck*x2kxd*x (17/2) xx**2%s
art (c*x**2/d + 1)/ (105*cx*5xdx*4*xx*x*4 + 210k CHk*4*d**Ekx**2 + 105k Cx*3*xd**6
) + 8xbkckdx*(19/2) *sqrt (c*kx**2/d + 1)/(105*kc**5xd*x4*kx**4 + 210kck*4*d**5
*x*%%2 + 105kck*3xd*x*6) + bxdx*(3/2)*x*k*4*sqrt (cxx*x*2/d + 1)/5 + bxdx*(5/2)
*x*k*%2ksqrt (cxx**x2/d + 1)/(156%c) - 2%bxd*x*(7/2)*sqrt(c*kx*x*2/d + 1)/(15*c**2
)

output

Maxima [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.23

431 +;é_VG 5 3
ey ! 3dllog\ ') 2(3(c+ )@ +8(c+ B) ed — 3\ Jo+ S
T)ar=—
%0 ct (c+&)°e—3(ct B)E+3(ctF)e—ct

7
2

(5(c+2)

e’ =7 (c+ %)gdz5>b

+ 35 ¢

input ‘ integrate((c+d/x~2)~(3/2)*x~5%(b*x+a) ,x, algorithm="maxima") ‘

1/96% (3*d"3*log((sqrt(c + d/x"2) - sqrt(c))/(sqrt(c + d/x"2) + sqrt(c)))/c
~(3/2) + 2%(3x(c + d/x72)"(5/2)*d"3 + 8x(c + d/x"2)"(3/2)*c*d~3 - 3*sqrt(c
+ d/x72)*c"2%d"3)/((c + d/x72)"3*%c - 3x(c + d/x72)72%c”2 + 3x(c + d/x"2)*
c™3 - c™4))*a + 1/35x(5x(c + d/x"2)"(7/2)*x"7 - Tx(c + d/x"2)~(5/2)*d*x"5)
*b/c”~2

output
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Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.03

/ (c+ 1)3/2 o0 + be) do — ad®log (|—+/cz + Vcz?® + d|) sgn(z)

16¢3
3 2 2
B ear g a( 26bd’sgn(z) _ (105ad’sgn(z) M+(245adsgn(w)+4(48bdsgn(x)+
1680 c? c c
(35 acd® log (|d|) — 64 b\/Ed%> sgn(z)
- 1120 3
input Lintegrate ((c+d/x~2)~(3/2) *x~5* (b*x+a) ,x, algorithm="giac") J
output 1/16*axd~3*log(abs(-sqrt(c)*x + sqrt(cxx~2 + d)))*sgn(x)/c”(3/2) - 1/1680%

sqrt(c*x™2 + d)*(96%b*xd~3*sgn(x)/c”2 - (105*a*d"2*sgn(x)/c + 2% (24xb*d~2*s
gn(x)/c + (245xa*xd*sgn(x) + 4*(48*b*d*sgn(x) + 5*(6xbkc*x*sgn(x) + T*akcks
gn(x))*x)*x)*x)*x)*x) - 1/1120*%(35*a*cxd~3*log(abs(d)) - 64*bxsqrt(c)*d~(7
/2))*sgn(x)/c”(5/2)

Mupad [B] (verification not implemented)

Time = 7.51 (sec) , antiderivative size = 123, normalized size of antiderivative = 0.87

d\*? 5(a + be) do = [, (bea”  8bds® bdPz® 2bda
¢ctp) Tlattmdr=qjer 5\ 35 3B5c  35¢2
3 Vet 1
432 .6 (c_l_g%)s/z acxb c_,_g% ad atan( 7e ) 1i
6 + 16¢ B 16 + 16 ¢3/2

~—

input [int(x"S*(c + d/x"2)"(3/2)*(a + b*x),x)

output \ (c + d/x"2)"(1/2)*((bkcxx"7) /7 + (8%bxd*x"5)/35 + (bxd~2%x"3)/(35%c) - (2%
| b*d"3%x)/(35%c2)) + (a*x"6x(c + d/x"2)7(3/2))/6 + (a*xx"6%(c + d/x"2)"(5/2 |
1))/ (16%c) + (a*d"3xatan(((c + d/x"2)"(1/2)*%1i)/c™(1/2))%1i)/(16%c™(3/2)) - |

‘ (axc*x~6x(c + d/x"2)~(1/2))/16
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.06

/ (c—l— aﬁ) z°(a
280vcz2 + dactz® + 490vVcx? + dac?dx® + 105v/cx? + d ac d?x + 240/ cz2 + d bz + 384
+bx) dz =
1680c¢

e

Lint((c+d/x‘2)‘(3/2)*x‘5*(b*x+a),X)

~—

input

(280*sqrt (c*xx**2 + d)*axc**x3*xx*5 + 490*sqrt (ckx**2 + d)*a*ck*2xd*x**3 + 1
05*sqrt (ckx**2 + d)*akxckd*x*2+x + 240*sqrt (c*x**2 + d)*bxcx*3*x**6 + 384*sq
rt(cxx**2 + d)*bkck*x2kd*x**4 + 48*sqrt(c*x**2 + d)*bkxckd**2xx**2 - 96*sqrt
(cxx*x2 + d)*b*d**3 - 105*sqrt(c)*log((sqrt(c*xx**2 + d) + sqrt(c)*x)/sqrt(
d) ) *a*xd**3) / (1680*c**2)

output
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3.16 [ (c+ %)3/2 z*(a + bz) dz

Optimal result . . . . . . . . .. .. 174
Mathematica [A] (verified) . . . . . . . . ... . L 174
Rubi [A] (warning: unable to verify) . . . .. ... ... ... .. ... .. .. 175
Maple [A] (verified) . . . . . . . . . . 178
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 179
Sympy [A] (verification not implemented) . . . . . ... .. ... ... ..., 179
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... I
Giac [A] (verification not implemented) . . . . . . . ... ... ... 180
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 181
Reduce [B] (verification not implemented) . . . . . . ... ... ... ...... 1811

Optimal result

Integrand size = 20, antiderivative size = 119

d\3/2 bd?\/c+ L d
/(c—l——2> r*a+bzx)de = ———— + —bdy/c+ —2m4
x c x
3 Vers
+a(c+%)5/2x5+1b\/76 bd arctanh( 7 )
5 6 VT 2" 1662

" ‘/1/16*b*d‘2* (c+d/x"2) " (1/2) *x~2/c+7/24%b*xd* (c+d/x"2) " (1/2) *x~4+1/5*a* (c+d/x \
‘ ~2)~(5/2)*x~5/c+1/6%b*c* (c+d/x"2) "~ (1/2) *x~6-1/16%b*d~3*arctanh ((c+d/x~2) ~( ‘
D/ WD)/ (3/2) )

outpu

Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.97

/ (c + %)3/2 z*(a

c+ x|+ +cx a(d + cx*)” + obx + 14cax” + 3c“x + og (—+/cx + V/(
e+ Sa(vevdT e (48a(d + a?)? + 5ba(3d% + 1deda? + 8c3*) ) + 156 log (—v/ex + V4

+bx) dx =
) 240c3/24/d + cx?
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input‘ Integrate[(c + d/x72)7(3/2)*x"4*(a + b*x),x] ‘

output‘ (Sqrtlc + d/x"2]*x*(Sqrt[c]*Sqrtld + c*x"2]*(48xax(d + c*x72)72 + H*b*x*(3 ‘
(¥d72 + 14xckd*x"2 + 8%cT2%x"4)) + 15%b*d"3*Logl[-(Sqrtlcl*x) + Sqrtld + c*xx
L*2]]))/(240*c‘(3/2)*Sqrt[d + c*x~2]1) J

Rubi [A] (warning: unable to verify)

Time = 0.50 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.02,

number of rules _ 0.500, Rules

number of steps used = 11, number of rules used = 10, = -
integrand size

used = {1892, 1803, 539, 25, 534, 243, 51, 51, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/x(a—i—bm) <c+x2) dx

l 1892
/w5<a —I—b> (c—l— d2>3/2da:
xr A
l 1803
d\*? /a
—/<c+ a:2> <7+b> m7d;
l 539
[ —(c+ %)% (6ac— 1) 2841 bab(c+ )
6¢ 6¢
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l 243

bzl (c + %)5/2 3 —1bd [ (c+ ;%)3/2w3dx%—g e+ £ )5/2

6¢ 6¢

l51
%)5/2 — <3df\/c+ﬁzx2 % c+ )3/>—gam (c+ )5/2

bz (c+ £
6¢ 6¢
l51
bxﬁ(c+%)5/2
-
3/2 5/2
_ébd< (dIF m>—§w2(0+j2)/>—gax5(c+ﬁ2)/
6¢
173

l 921
bad(c+ )"
et )

c+ d
darctanh ( il )
1,.2

~faa*(c+ %)~ doa| | o\ fer &) - ——p—L | - atle+ &)

6¢

input LInt[(c + d/x72)"(3/2)*x~4x(a + b*x),x]

((b*(c + d/x72)"(5/2)*x76) / (6*c) - ((-6*ax(c + d/x"2)~(5/2)*x75)/5 - (b*d*(
‘—1/2*((c + d/x72)"(3/2)*x~2) + (3*d*(-(Sqrtlc + d/x"2]*x) - (d*ArcTanh[Sqr
Lt[c + d/x~2]1/Sqrt[cl])/Sqrtcl))/4))/2)/(6%c)

output

)
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simpl[

le 51
e (a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Simp[d*(n/(b*x(m + 1)))
Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x
] && ILtQ[m, -1] && FractionQ[n] && GtQ[n, O]
rule 73 IntL((a_) + (b_)*(x))~ @ )*((c_.) + (d_.)*(x_))"(n)), x_Symbol]l :> With[

{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +

d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In

rule 243
tlx~((m - 1)/2)*(a + bxx)"p, x], x, x°2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 534 Int[(x_ )" (@ )*((c_) + (d_.)*(x_))*((a_) + (b_.)*x(x_)"2)"(p_), x_Symbol] :>
Simp[(-c)*x~(m + 1)*((a + bxx"2)"(p + 1)/(2*xax(p + 1))), x] + Simp[d Int[
x"(m + x(a + b*x"2)"p, x], x] /; FreeQl[{a, b, c, 4, m, p}, x] && ILtQ[m,
0] && GtQlp, -1] && EqQm + 2%p + 3, 0]

rule 539 Int[(x_)"(m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*x(x_)"2)"(p_), x_Symbol] :>

Simp[c*x"(m + 1)*((a + b*xx"2)"(p + 1)/(ax(m + 1))), x] + Simp[1/(a*x(m + 1))
Int[x~(m + 1)*(a + bxx"2) "p*x(axd*(m + 1) - b*c*x(m + 2%p + 3)*x), x], x]
/; FreeQ[{a, b, c, d, p}, x] && ILtQ[m, -1] && GtQ[p, -1] && IntegerQ[2*p]
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Int[(x_ )" (m_.)*((a_) + (c_.)*(x_)"(n2_.))"(p_.)*x((d_) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + exx
)"gx(a + c*xx~2)7p, x], x, x"n], x] /; FreeQl{a, c, d, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/nl]

rule 1803

Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"(mn_.))"(q_.)*((a_) + (c_.)*(x_)"(n2_.))"
(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) g*(a + c*x"n2)7p, x] /; F
reeQ[{a, c, d, e, m, mn, p}, x] && EqQ[n2, -2*mn] && IntegerQlql && (PosQ[n
2] ||l !IntegerQ[pl)

rule 1892

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 117, normalized size of antiderivative = 0.98

method | result

C 12
(40b c2z5+48a c2z*+70bcd 3 +96ad x2c+15bx d2+48a d?) x4/ %“'—d bd31n (ﬁ z+vVe x2+d> xy/ T"'d

risch —
240c 16c3 Vez?+d
3 5 5 3
defantlt (L"f#) %23 (40\/5 (ca?+d) 2 ba-+48a(ca?+d) 2 \e-10ye (ca®+d) 2bdo—15y/c Ve +dbd2a—15In (v +ve z2+d)bd3)
efau

33
240(cz2+d)2c2

-

Lint ((c+d/x~2) " (3/2) *x~4* (b*x+a) ,x ,method=_RETURNVERBOSE)

e—

input

output ‘ 1/240% (40%bxc~2%x~5+48%a*c”~2%x~4+70*bkckd*x~3+96%a*ckd*x~2+15xbxd~2*x+48*a ‘
‘ *d~2) /cxx* ((cxx™2+d) /x72) ~(1/2)-1/16%b*d~3/c~(3/2) *1n(c™ (1/2) *x+(c*xx~2+d) = ‘
L (1/2))/ (c*x~2+d) =~ (1/2) *x* ((c*x~2+d) /x~2) ~(1/2) J
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 240, normalized size of antiderivative = 2.02

/ (c + %)3/2 z*(a

15 by/cd? log < 2ca? + 2 /cx?y [ it d) + 2 (40 bc®z® + 48 ac®z® + 70 be?dx* + 96 ac®dx?

+bo)dz = 480 c?

| —

;
input Lintegrate ((c+d/x~2) " (3/2) *x~4* (b*x+a) ,x, algorithm="fricas")

[1/480* (15%b*sqrt (c)*d~3*1log(-2*c*x~2 + 2*sqrt(c)*x"2*sqrt((c*x~2 + d)/x"2

) - d) + 2x(40*b*c”"3*%x"6 + 48*a*c”3*x"5 + TOxb*c~2*d*x~4 + 96*axc”2*kd*x"3

+ 15%bxc*d"2*x"2 + 48*axckd~2*x)*sqrt((c*x~2 + d)/x72))/c”2, 1/240%(15%b*s

grt(-c)*d~3*arctan(sqrt(-c)*x~2xsqrt ((c*x~2 + d)/x"2)/(c*x"2 + d)) + (40*b
*¥C73%x76 + 48%a*xc”3*x”5 + TO*bkxc"2xd*x"4 + 96%axc”2*kd*x"3 + 15%bkckxd"2%xx"2
+ 48xakxc*d~2x*x)*sqrt ((c*x~2 + d)/x72))/c"2]

output

N

Sympy [A] (verification not implemented)

Time = 7.87 (sec) , antiderivative size = 201, normalized size of antiderivative = 1.69

3/2 acVdz*\ /< +1
/(c+%> z*(a + bx)dx = : d

2

2ad> 12 o be2a?
+
5 6\/3, /e 41
| bev/da? 17bd5 bd3z bd* asinh (%)

4,/“2+1 48./“2 ,/°x2+1 16c2

integrate ((c+d/x**2)*x (3/2) *x**4* (bxx+a) ,x)

input
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a*c*sqrt (d) *x**4*sqrt (c*x**2/d + 1)/5 + 2ka*xd**(3/2)*x**2xsqrt (cxx**2/d +
1)/5 + axdx*(5/2)*sqrt (c*x**2/d + 1)/(5*c) + bxc**2xx*x7/(6xsqrt(d)*sqrt(c
*x*%2/d + 1)) + 1lxbkcxsqrt(d)*x*x5/(24*sqrt(c*xx*x*2/d + 1)) + 17*bxd**(3/2
) *x**3/ (48*sqrt (c*x**2/d + 1)) + bkd**(5/2)*x/(16*c*sqrt (c*x**2/d + 1)) -
b*d**3*asinh (sqrt (c)*x/sqrt(d))/(16*c**(3/2))

output

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.32

5
d\*? 4 a(c+ ;%)Exs
/(c—i—;) :c(a—i—bx)dx—T

c—i—zi—\ﬁ
3d’log (ﬁﬁ) 2 (3 (c+ %)%d3 +8(c+ %)%cd3 -3 /c+ x%ch3>
+ = : +
96 .

[N][ON)

(c+2)c—3(c+ L)Y’ +3(c+ L) —ct

-

inputLintegrate((C+d/XA2)A(3/2)*X“4*(b*x+a),x, algorithm="maxima") J

‘1/5*a*(c + d/x72)"(56/2)*x75/c + 1/96*%(3*%d"~3*log((sqrt(c + d/x"2) - sqrt(c)
)/(sqrt(c + d/x"2) + sqrt(c)))/c(3/2) + 2x(3*(c + d/x"2)"(5/2)*d"3 + 8*(c
|+ d/x72)7(3/2)*cxd"3 - 3xsqrt(c + d/x"2)*c 2%d"3)/((c + d/x"2)"3%c - 3x(c |
|+ d/x72)72%c™2 + 3x(c + d/x"2)*C"3 - c"4))*b |

output

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.08

3/2 bd3 log (|— 21 d
[ (e £) "o v bmyac - B = VT s
c2

2 2
+ﬁ e+ d d<48 ad CSgn(x) n <15 bd ign(x) + 2 (48 adsgn(z) + (35 bdsgn(z) + 4 (5 bexsgn(x) + 6 acs

(5 bd? log (|d|) + 32 a\/Edg> sgn(z)
160 c2
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input‘integrate((c+d/x’"2)"(3/2)*x"4*(b*x+a),x, algorithm="giac")

output‘ 1/16%bxd~3*log(abs(-sqrt(c)*x + sqrt(cxx”2 + d)))*sgn(x)/c~(3/2) + 1/240%s ‘
‘qrt(c*x‘2 + d)*(48*a*d~2*sgn(x)/c + (156xbxd~2*sgn(x)/c + 2*(48*a*d*sgn(x) ‘
\+ (35%b*d*sgn(x) + 4*(5*¥bkckx*sgn(x) + 6*axckxsgn(x))*x)*x)*x)*x) - 1/160%( \

 5*b*d"3%log(abs(d)) + 32*a*sqrt(c)*d”(5/2))*sgn(x)/c"(3/2)

Mupad [B] (verification not implemented)

Time = 7.10 (sec) , antiderivative size = 111, normalized size of antiderivative = 0.93

/ c—l—i 3/2z4(a+bx)dz—\/c+i acm5+2adx3+ad2x
z? B z? 5 5 5c¢

\/C 4 1j
6 Jeq d bd3atan( a2 >1i

bab (c—l—i)g’/2 bab (c+ %)5/2 bex 22 Ve
6 + 16 ¢ B 16 + 16 c3/2

input Lint(x“4*(c + d/x72)~(3/2)*(a + b*x) ,x) J

Output‘ (c + d/x72)~(1/2)*((a*c*x~5) /5 + (2*axd*x~3)/5 + (a*d~2*x)/(5%c)) + (b*x"6 ‘
‘*(c + d/x72)7(3/2))/6 + (b*x"6*(c + d/x~2)"(5/2))/(16*c) + (b*d~3*atan(((c ‘
|+ d/x72)7(1/2)%11) /7 (1/2))*11) / (16%c™(3/2)) - (bxckx"6%(c + d/x"2)7(1/2) |
‘)/16 ‘

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.13

/(c-l— ﬁ) z*(a
48v/cx2 +dactzt + 96vcx2 + dactdx® + 48vVcx2 + dacd? + 40V cx?2 + dbcPz® + 70 cx? -

+bz) dz = 5105

tnput Lint ((c+d/x72) " (3/2) *x~4* (b*x+a) ,x) J
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Output‘(48*sqrt(c*x**2 + d)*akck*3kx*kx4 + 96*sqrt (Ckx**2 + d)*kakck*k2kd*x**2 + 48+
\sqrt(c*x**2 + d)*axc*d**2 + 40*sqrt(ckx**2 + d)*bxc**3*x*x5 + TO*sqrt (ckx*
\*2 + d) #*bxc**2*%d*x**3 + 16xsqrt(c*x**2 + d)*bxckd**2*xx - 15*sqrt(c)*log((s
‘qrt(c*x**2 + d) + sqrt(c)*x)/sqrt(d))*b*xd**3)/(240*c**2)
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3.17 [ (c+ %)3/2 z%(a + bzx) dz

Optimal result . . . . . . . . .. .. 183l
Mathematica [A] (verified) . . . . . . . . ... . L 183l
Rubi [A] (warning: unable to verify) . . . .. ... ... ... .. ... .. .. 184
Maple [A] (verified) . . . . . . . . . . 186
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 187
Sympy [B] (verification not implemented) . . ... ... ... ... ... ... 187
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 188l
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 189
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 189
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 1901

Optimal result

Integrand size = 20, antiderivative size = 94

d\*? 5 d
/(c-l— ;) z?’(a—l—bx)dz:gad c+ sz
3ad?arctanh V52
1 d . b<6+%)5/21’5 aa-arctan v
+gac\/et T+ = +

4 5¢ 8/c

‘ 5/8*ax*xd* (c+d/x"2) " (1/2) *x~2+1/4*axc*(c+d/x"2) "~ (1/2) *x~4+1/5*b* (c+d/x"2) ~ (5 \

output
‘ /2)*x75/c+3/8*axd~2*arctanh ((c+d/x"2)~(1/2)/c~(1/2))/c”~(1/2) ‘

Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.10

/ (c + %)3/2 z*(a

\Je+ ;%x(\/d + cx? (Sb(d + cx?)? + Bacz(5d + 20902)) — 15a+/cd? log (—+/cx + Vd + cw2)>

+bzx)dx =
z)d 40cv/d + cx?

tnput LIntegrate[(c + d/x"2)~(3/2)*x~3%(a + b*x),x] J
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t‘ (8qrtlc + d/x"2]*x*(Sqrt[d + cxx"2]*(8%bx(d + c*x~2)7"2 + b*axcxx*(5xd + 2%
‘c*x"2)) - 1B6*axSqrt [c]*d~2*Log[-(Sqrt[cl*x) + Sqrt[d + c*x~2]]))/(40*c*Sqr
‘t[d + c*x~2])

outpu

Rubi [A] (warning: unable to verify)

Time = 0.44 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.99,

number of rules _ 400, Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {1892, 1803, 534, 243, 51, 51, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/x(a-l—bx) <c+w2) dx

l1892
/@ d\3/2
/ac <E+b) <c+x2> dx
l 1803
—/<c+ w2) <g+b> mﬁdg
l 534
5/2
ba:5( +”Zl2) —a/ c+ 3/2m5dl
5¢ 2 T
l 243
ba®(c+ %) 1 d\*2 , 1
50 —2a/(0+ 2> Cl*2
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bad (e + )%/ 3/2
5¢ 2147\ 2 /c+—l% z2 z2 2 z2

input\ Int[(c + d/x~2)"(3/2)*x~3*(a + b*x),x]

‘(b*(c + d/x72)"(5/2)*x75)/(6xc) - (a*x(-1/2x((c + d/x"2)"(3/2)*x"2) + (3*dx*

tput
ourpt ‘(—(Sqrt[c + d/x"2]*x) - (d*ArcTanh([Sqrtlc + d/x~2]1/Sqrtlcl]l)/Sqrtlcl))/4))
L/z
Defintions of rubi rules used
rule 51 Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> Simp[

(a + bxx)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Simp[d*(n/(b*(m + 1)))
Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x
] && ILtQ[m, -1] && FractionQ[n] && GtQ[n, O]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
d*(x~p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

N\
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rtl[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 221

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
t[x"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 243

Int[(x_)"(m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[(-c)*x~(m + 1)*((a + b*x"2)"(p + 1)/(2*a*x(p + 1))), x] + Simpld Int[
x“(m + Dx*(a + b*x"2)7p, x], x] /; FreeQ[{a, b, ¢, d, m, p}, x] && ILtQ[m,
0] && GtQlp, -1] && EqQm + 2%p + 3, 0]

rule 534

Int[(x_)~(m_.)*((a_) + (c_)*(x_)"(n2_.)) " (p_.)*((d_) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + e*x
) gx(a + c*xx~2)7p, x], x, x"n], x] /; FreeQl{a, c, d, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

rule 1803

Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"(mn_.))"(q_.)*((a_) + (c_.)*(x_)"(m2_.))"
(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) g*(a + c*x"n2)7p, x] /; F
reeQ[{a, c, d, e, m, mn, p}, x] && EqQ[n2, -2*mn] && IntegerQ[q] && (PosQ[n
2] ||l !IntegerQ[pl)

rule 1892

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.10

method | result size

3
(””1272""1) 23 (Sb(c z2+d) 5 \/E+1OC% (cz?+d) %aw—i—lSc% Vez2+dadz+15 ln(ﬁx—i—\/cxz—i-d) ac d2>

default 33 103
40(cz2+d)2c2
sch (8b 224 4+10a 223 +16bed 2 +-25adzc+8b d2)w\/ %ﬂ 3ad?In (\/5x+v C$2+d>$\/ Cfi;_d 108
TISC 40c + 8vcvez?+d
input tint ((c+d/x"2) " (3/2) *x~3* (b*x+a) ,x ,method=_RETURNVERBOSE) J
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\1/40*((c*x“2+d)/x“2) (3/2) *x73* (8*bx (c*xx~2+d) = (5/2) *c™ (1/2) +10%c™ (3/2) * (c* \

output
P \x 2+d) ~(3/2) *a*x+15%c” (3/2) * (c*x~2+d) ~(1/2) *a*xd*x+15*1n(c~ (1/2) *x+(c*xx~2+d
)7(1/2))*axcHd"2) / (ckx~2+d) " (3/2) /c"(3/2)
Fricas [A] (verification not implemented)
Time = 0.09 (sec) , antiderivative size = 211, normalized size of antiderivative = 2.24
/ (c—l— ;ﬁ) z°(a
15 a+/cd? log ( 2cx? — 24 /ex?| ) e d) + 2 (8bc%z® + 10 ac’z* + 16 bedx® + 25 acdx? +
bx) dz =
o) dz 80 ¢
\/jczZ cz2+d >
15 ay/—cd? arctan (Tdﬂ) — (8bc%z® + 10 ac’zs* + 16 bedz® + 25 acdz? + 8 bd?x) |/ <34
B 40c
inputLintegrate((C+d/x"2)A(3/2)*x“3*(b*x+a),x, algorithm="fricas") J
output [1/80* (156xa*sqrt (c)*d"2%1log(-2%c*x~2 - 2*sqrt(c)*x~2xsqrt((c*x~2 + d)/x"2)

- d) + 2% (8*b*c”2*x"5 + 10*a*c”2%x"4 + 16*bkc*d*x”~3 + 25*a*cxd*x~2 + 8*b*
d~2#*x) *sqrt ((c*x™2 + d)/x"2))/c, -1/40*%(15*a*sqrt(-c)*d"2*arctan(sqrt(-c)*
x"2*sqrt ((c*x"2 + d)/x72)/(c*x™2 + d)) - (8*b*c™2*x”5 + 10*axc™2*xx"4 + 16%
b*c*kd*x~3 + 25%akxckd*x~2 + 8*bxd~2*x)*sqrt((c*x”2 + d)/x72))/cl

Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 197 vs. 2(87) = 174.
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Time = 3.91 (sec) , antiderivative size = 197, normalized size of antiderivative = 2.10

4\ 372 2,5 A3
/(c—i— ﬁ) 73(a + br) dr = ac a:2 + 3ac{x
W/ +1 8/ +1
adszr /2 +1 d3 3ad? asinh ( Y&
\/2d + azx N : (ﬂ)
8/< +1 Ve

bevidzt /< +1  2bd3a?\ /< +1  bdiy /< 41
+ + +
5 5 5c

+

input\integrate((c+d/x**2)**(3/2)*x**3*(b*x+a)’x)

axck*x2xx**5/ (4*sqrt (d) *sqrt (cxx**2/d + 1)) + 3*a*xcksqrt(d)*x**3/(8*sqrt(c*
x*¥*k2/d + 1)) + a*xd**(3/2)*x*sqrt(c*x**2/d + 1)/2 + a*xd**(3/2)*x/(8xsqrt(c*
x*x*2/d + 1)) + 3*axd**2*asinh(sqrt(c)*x/sqrt(d))/(8*sqrt(c)) + b*cxsqrt(d)
*xx**x4xsqrt (ckx**2/d + 1)/5 + 2¥bkd**(3/2) *x**2*sqrt (cxx**2/d + 1)/5 + b*d*
*(5/2) *sqrt (c*xx**2/d + 1)/(5*c)

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.28

3/2 b d\3.5

d¢c
c—i—mi—\/é
3d210g (—c-i-;%z-i-\/é) 9 (5 (C—{— %)%d2_3 c+ z%cd2)
16 Ve (c+2£)° =2(c+ L)c+e

-

Lintegrate((c+d/x‘2)‘(3/2)*x‘3*(b*x+a),x, algorithm="maxima")

-/

input

Output‘1/5*b*(c + d/x72)"(5/2)*x"5/c - 1/16%(3*d"2xlog((sqrt(c + d/x72) - sqrt(c)
‘)/(sqrt(c + d/x"2) + sqrt(c)))/sqrt(c) - 2x(5x(c + d/x72)"(3/2)*d"2 - 3*sq
‘rt(c + d/x"2)*c*xd”2)/((c + d4/x72)72 - 2+(c + d/x"2)*c + c~2))*a
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Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.22

82 3 ad?log (|- Ver? +d
/(C‘*'a%) a4 be) do = — ad?log (|—y/cz + Vca? + d|) sgn(z)

84/c
_|_4_10 m(w + (25 adsgn(z) + 2 (8 bdsgn(z) + (4 bezsgn(z) + 5 acsgn(x))x)w)$>

<15 acd?log (|d|) — 16 b\/Edg>sgn(x)
+ 5
80 c2

input Lintegrate ((c+d/x"2) " (3/2) *x~3* (b*x+a) ,x, algorithm="giac D) J

output‘ -3/8%axd~2xlog(abs(-sqrt(c)*x + sqrt(c*x~2 + d)))*sgn(x)/sqrt(c) + 1/40%sq ‘
‘rt(c*x"2 + d)*(8xbxd"2xsgn(x)/c + (26xaxdrsgn(x) + 2% (8xbxd*sgn(x) + (4%b*x |
‘c*x*sgn(x) + Bxa*cksgn(x))*x)*x)*x) + 1/80%(15xaxc*d"2xlog(abs(d)) - 16%b* ‘
'sqrt(c)*d~(5/2))*sgn(x)/c™(3/2)

Mupad [B] (verification not implemented)

Time = 7.28 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.96

/ c+i 3/2x3(a+bx)dx—\/c+i bcx5+2bda:3+bd2x
x2 B x2 5 5 5¢

,/c+z%
5 a0z (C+%)3/2 3ad2atanh< NG ) 3aczt c+l%
+ 8 + 8+/c B 8

-

input L

-/

int(x"3*%(c + d/x72)7(3/2)*(a + b*x),x)

(¢ + d/x72)"(1/2)*((bkc*x™5) /5 + (2#bxd*x"3)/5 + (b*d~2%x)/(5xc)) + (5xakx
~ax(c + d/x72)7(3/2))/8 + (3*axd~2*atanh((c + d/x"2)"(1/2)/c"(1/2)))/(8xc"
(1/2)) - (3raxckx~4x(c + d/x72)"(1/2))/8

output
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.18

/(c—l— aﬁ) z°(a
10vcz? + dac?x® + 25vcz? + dacdz + 8vVeca? + dbcPz* + 164/ cx? + dbed 22 + 8vVcz? + dt

bx)dx =
+bz) dz 40¢

e

Lint((c+d/x‘2)‘(3/2)*x‘3*(b*x+a),X)

~—

input

output‘ (10*sqrt (cxx**2 + d)*akck*2xx**3 + 25xsqrt(ckx**2 + d)*axckd*x + 8*sqrt(cx ‘
(XRR2 + ) *b¥CHRRKXHKA + 16%SQrt(CRx*A2 + d)*bkckA¥x**2 + Bksqrt(ckxkx2 + d
‘)*b*d**2 + 15*sqrt(c)*log((sqrt(c*x**2 + d) + sqrt(c)#*x)/sqrt(d))*a*xd**2)/ ‘
' (40%c) |




output
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3.18 [ (c+ %)3/2 z*(a + bzx) dz

Optimal result . . . . . . . . .. ..
Mathematica [A] (verified) . . . . . . . . ... . L
Rubi [A] (verified) . . . . . . . .. ..
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [B] (verification not implemented) . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F(-2)] . . . o o
Mupad [F(-1)] . . . o
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 20, antiderivative size = 118

3/2
/ c—l—i x2(a+bx)dx=1d\/c+i 3b—|—8—a r? +
x? 8 x? x

d
c+ 22

X

3bd2arctanh | Y—=
d\*? 4 ( ve ) d
+ ﬁ) <3b + a) zt + — ad®*?arctanh L

8v/c

1
—(ec
12
Vet Lo

|

192
196
196

198
199
199
199

(1/8*d*(c+d/x‘2)‘(1/2)*(3*b+8*a/x)*x‘2+1/12*(c+d/x‘2)‘(3/2)*(3*b+4*a/x)*x‘4
\+3/8*b*d‘2*arctanh((c+d/x‘2)“(1/2)/c‘(1/2))/c‘(1/2)—a*d‘(3/2)*arctanh(d‘(1

L/2)/(c+d/x‘2)‘(1/2)/x)

W
|
J

Mathematica [A] (verified)

Time = 0.29 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.20

/ <c + %)3/2 z*(a

Vet Sz (\/E\/ d + cx2(32ad + 15bdz + 8acx? + 6bcx®) + 48a+/cd?/ 2arctanh(

Vez—+d+ca?

Vad

)

—C

<

+bz) dz =

24+/cV/d + cx?
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input‘ Integrate[(c + d/x72)7(3/2)*x"2*(a + b*x),x] ‘

output‘ (Sqrtlc + d/x"2]*x*(Sqrtcl*Sqrt[d + c*x~2]*(32*a*d + 15xb*d*x + 8*a*kcxx™2 ‘
|+ 6¥bxckx™3) + 48*axSqrt[c]*d”(3/2)*ArcTanh[(Sqrtlcl*x - Sqrtld + c*x™2])
/8qrt[d]] - 9*bxd~2%Log[-(Sqrtlcl*x) + Sqrtld + cxx~2]1))/(24*Sqrt[cl*Sqrt
[d + cxx2]) |

Rubi [A] (verified)

Time = 0.56 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.05,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size 0.600, Rules

used = {1892, 1803, 537, 25, 537, 25, 538, 224, 219, 243, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
\ 4 \3/2
/m(a—i—bx) <C+x2> dx

l 1892

/x3<Z+b> <c—|— ;)3/2@:

l1803
d\*? ra 5,1
l537
1 [ d (4a 5.1 1 ,(4a d\%?
4d/ c—l-mz<x+3b)mdx+12m <x+3b) (c—i—mQ)
l25
1 ,(4a d\*?* 1 [ d [4a 5,1

l 537
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3/2 Sa 1 3b
1 4a+3b d2 _1 —1d/—(””+)xd1—1x2 8a 1 3p) Jet L
12 4 2 /C+% r 2 T T
l25
3/2 (8¢ + 3b)
1934(4“+3b) (c+d2> d/ F3)ol 1 2<8 +3b>\/ + 4
12 T T c+d x 2 T
| 538
1 ot 4a d\3?
(5 +90) (o4 2) -
/ ———d +3b/ -1 2<8a+3b) o+ 2
/ /c+d w x

l 9224

H

1.]1 T 1 N 8a d

/C-}-d T

1 4 4qa d 3/2
5 () (+3) -

8aarctanh< ‘/fz = )
1 113 T 1 zy/et g 1 5(/8a d
Zd id 26/ d— + Jd — 3% (x+3b) c—i-?

2
/ d T
C+$7
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1 4/(4a d\3?

1 / d
3b/ [or 4 dyfe+ 3 8aarctanh Vd =
Lal L4 i + ARV e T ARy
412 d Vd 2 x 2

1 4/(4a d\3?
[oq 4
8aarctanh( vd > 3barctanh< " a2 >
1,

1|1 8a d

-

Int[(c + d/x72)7(3/2)*x72*(a + b*x),x]

input

N

t‘ ((c + d/x72)7(3/2)*(3*b + (4*a)/x)*x"4)/12 - (d*(-1/2%(Sqrtlc + d/x"2]*(3%
‘b + (8*a)/x)*x"2) + (d*((-3*bxArcTanh[Sqrt[c + d/x"2]/Sqrt[cl])/Sqrtlc] +
‘ (8*axArcTanh[Sqrt[d]/(Sqrt[c + d/x"2]*x)])/Sqrt[d]))/2))/4

outpu

Defintions of rubi rules used

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(px(m + 1) - 1)*(c - ax(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Q[a, 0] || LtQ[b, 01)

rule 219




rule 221

rule 224

rule 243

rule 537

rule 538

rule 1803

rule 1892
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rtl[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol]l :> Subst[Int[1/(1 - b*x~2), x],

x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst [In
tx“((m - 1)/2)*(a + b*x)"p, x1, x, x°2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

Int[(x_ )" (m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*x(x_)"2)"(p_), x_Symbol] :>

Simp[x~(m + 1)*(cx(m + 2) + d*x(m + D*x)*((a + b*xx"2)"p/((m + )*x(m + 2))),
x] - Simp[2*b*(p/((m + 1)*(m + 2))) Int[x"(m + 2)*(ckx(m + 2) + d*(m + 1)
*x)*(a + b*x"2)~(p - 1), x], x] /; FreeQ[{a, b, c, d}, x] && ILtQ[m, -2] &&
GtQlp, 0] && !'ILtQ[m + 2*p + 3, 0] && IntegerQ[2*p]

Int[((c_ ) + (d_.)*(x_))/((x_)*Sqrtl(a_) + (b_.)*(x_)"2]), x_Symbol] :> Simp
[c Int[1/(x*Sqrtl[a + b*x~2]), x], x] + Simp[d 1Int[1/Sqrtl[a + b*x~2], x]
, x] /; FreeQ[{a, b, c, d}, x]

Int[(x_ )" (m_.)*((a_) + (c_.)*(x_)"(n2_.))"(p_.)*x((d_) + (e_.)*x(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + e*x
)"g*x(a + c*xx~2)7p, x], x, x"nl, x] /; FreeQl[{a, c, 4, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Int[(x_ )" (m_.)*((d_) + (e_.)*(x_)"(mn_.))"(q_.)*((a_) + (c_.)*(x_)"(n2_.))"
(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) gq*(a + c*x™n2)7p, x] /; F
reeQ[{a, c, d, e, m, mn, p}, x] && EqQ[n2, -2*mn] && IntegerQlql && (PosQ[n
2] || 'IntegerQlpl)
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Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.25

method | result

3 3 3 s 3
(””272""1) 2 23 (—6\/5 (cz?+d) 2br+24/cd2 In (M) a—8v/c¢ (cx?+d) 2a—9+/cVca?+dbdz—24/cVcz2+d ad-

T

default | — 3
24(cz2+d)2+/c

input Liﬂt ((c+d/x"2)"~ (3/2) *x~2* (b*x+a) ,x ,method=_RETURNVERBOSE) J

-1/24%((c*x~2+d) /x~2) ~(3/2) *x~ 3% (-6%c~(1/2) *(c*xx~2+d) ~ (3/2) *b*x+24*c~(1/2)
*d~(3/2)*1n (2% (A~ (1/2) *(c*x~2+d) ~(1/2)+d) /x) *a-8*c~ (1/2) * (c*x~2+d) ~(3/2) *a
-9%c”(1/2) *(c*x~2+d) ~ (1/2) *¥b*d*x—-24*c~ (1/2) * (c*x~2+d) ~(1/2) *a*d-9*1n(c~(1/

output ‘ ‘
L2)*x+(c*x"2+d)‘(1/2))*b*d“2)/(c*x"2+d) ~(3/2)/c~(1/2) J

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 535, normalized size of antiderivative = 4.53

/ (c + %)3/2 z*(a

cx?— T/ ca?+d
9b+/cd? log (—2 cx? — 2 \fex?y [t — d) + 24 acd? log (— 2/ — +2d) + 2 (6 b’z

T

+bz) dz = Ty

—ox2 [ca24+d cx2— - ca?4d
9 by/—cd? arctan (rm—’”z> — 12acds log (— 2y % +2d> — (6bc’z* + 8 acz® + 15 bedx?

24d z2
B 24c
9 by/—cd? arctan (%) — 24 acy/—dd arctan (%) — (6bc%z* + 8 acz® + 15 bedx? +
B 24c

input tintegrate ((c+d/x~2)~(3/2) *x~2x (b*x+a) ,x, algorithm="fricas") J
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[1/48* (9*b*sqrt (c)*d"2xlog(-2*c*x~2 - 2xsqrt(c)*x~2*sqrt ((cxx~2 + d)/x"2)
- d) + 24xaxc*d”(3/2)*log(-(c*x"2 - 2xsqrt(d)*x*sqrt((c*xx~2 + d)/x72) + 2%
d)/x"2) + 2%(6*b*c”™2*x"4 + 8*a*c”2%x”3 + 1b5xb*ckxd*x”2 + 32*kaxckd*x)*sqrt ((
c*x"2 + d)/x"2))/c, -1/24%(9*b*sqrt(-c)*d~2*arctan(sqrt(-c)*x"2*sqrt ((c*x~
2 + d)/x72)/(c*x"2 + d)) - 12*%a*c*d”(3/2)*log(-(c*x~2 - 2*sqrt(d)*x*sqrt ((
c*x”2 + d)/x72) + 2%d)/x72) - (6%b*c”2%x"4 + 8kaxcT2*x"3 + 15kb¥ckd*x”2 +
32*axcxd*x) *sqrt ((c*xx~2 + d)/x"2))/c, 1/48x(48*axcxsqrt(-d)*d*arctan(sqrt(
-d)*x*sqrt ((c*x~2 + d)/x72)/d) + 9*b*sqrt(c)*d~2*log(-2*c*x~2 - 2*sqrt(c)=*
x"2*%sqrt ((c*x™2 + d)/x72) - d) + 2x(6%bxc™2*x"4 + 8*a*xc™2+x"3 + 15xbkckd*x
"2 + 32xakcxd*x)*sqrt ((cxx"2 + d)/x72))/c, -1/24%(9%b*xsqrt(-c)*d~2*arctan(
sqrt (-c)*x~2*xsqrt ((c*x~2 + d)/x72)/(c*x"2 + d)) - 24*a*xc*sqrt(-d)*d*arctan
(sqrt (-d) *x*sqrt ((c*x~2 + d)/x72)/d) - (6%b*c™2xx"4 + 8xaxc~2*x"3 + 15xb*c
*d*x"2 + 32*xaxc*d*x)*sqrt((c*x"2 + d4)/x72))/c]

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 236 vs. 2(104) = 208.

Time = 4.13 (sec) , antiderivative size = 236, normalized size of antiderivative = 2.00

3/2 acVdz® /< +1
/(c—i—i) r*(a + br) dz = ayedz + a
J1+ % 3
d)+ ad? N b2z
ver) e 1+ 4 avdy /= 41

3 cx2 2 . \fcw
N 3b0\/23x3 N bdm/27 +1 bdg;x M as81nh (%)
8,/ +1 8/ +1 ve

+ — — ad% asinh (

-

Lintegrate ((c+d/x**2) *x (3/2) *xx*2* (b*x+a) ,X)

-

input
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a*sqrt (c)*d*x/sqrt (1 + d/(cxx*x2)) + a*xcxsqrt(d)*x**2*sqrt(c*xx**2/d + 1)/3
+ axd**(3/2)*sqrt (c*xx**2/d + 1)/3 - axd*x(3/2)*asinh(sqrt(d)/(sqrt(c)*x))
+ axd**2/(sqrt(c)*x*sqrt (1 + d/(c*xx**2))) + bxc**2xx*x5/(4*sqrt (d)*sqrt(c

*x**2/d + 1)) + 3¥bkckxsqrt(d)*x**3/(8*sqrt (cxx**2/d + 1)) + b*d**(3/2)*x*s

grt(c*xx**2/d + 1)/2 + b*xd**(3/2)*x/ (8*sqrt (c*x**2/d + 1)) + 3xb*d**2*asinh

(sqrt(c)*x/sqrt(d))/(8*sqrt(c))

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.47

c+ Lz —d

3
1 d)\? [ d 3
+bzx)dx = - 2(&+—):ﬁ+6 c+ —dz+3d2log a
6 z? z? Vet Lz +vd

inputLintegrate((C+d/XA2)“(3/2)*X“2*(b*X+a),x, algorithm="maxima")

1/6%(2x(c + d/x"2)"(3/2)*x"3 + 6*xsqrt(c + d/x"2)*d*x + 3*d~(3/2)*log((sqrt
(c + d/x72)*x - sqrt(d))/(sqrt(c + d/x"2)*x + sqrt(d))))*a - 1/16x(3*d"~2*1
og((sqrt(c + d/x72) - sqrt(c))/(sqrt(c + d/x72) + sqrt(c)))/sqrt(c) - 2*(5
*(c + d/x72)7(3/2)*d"2 - 3*sqrt(c + d/x"2)*cxd"2)/((c + d/x"2)"2 - 2*(c +
d/x"2)*c + c72))*b

output
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Giac [F(-2)]

Exception generated.

3/2
/ (c + %) 2%(a + bz) dz = Exception raised: TypeError

input Lintegrate ((c+d/x"2)~(3/2) *x~2x (b*x+a) ,x, algorithm="giac") J

output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx) :;0UTPUT:index.cc index_m i_lex_is_greater E ‘
‘rror: Bad Argument Value ‘

Mupad [F(-1)]

Timed out.

d 3/2 ) ) d 3/2
/(C+;) x(a+b:c)dx:/x <C+ﬁ> (a+bzx) dz

Lint(x‘2*(c + d/x72)~(3/2)*(a + b*x),x) J

input

output Lint(XAQ*(C + d/x"2)"(3/2)*(a + b*x), x) J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.29

/(c—l— aﬁ) z°(a
8\/cx2+daczx2—|—32\/cx2+dacd+6\/cx2+dbc2x3+15\/cx2+dbcdx+9\/510g(—vc‘”2f/%
24c

+bx) dz =

tnput Lint((c+d/x“2)”(3/2) *x~ 2% (b*x+a) ,X) J
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(8*sqrt (Cxx**2 + d)*akxck*2*x**2 + 32*sqrt(c*x**2 + d)*axckxd + 6*sqrt(cxx**
2 + d)xbxc**2*x*x3 + 15*sqrt(ckx**2 + d)*bxc*d*x + 9*sqrt(c)*log((sqrt(c*x
**x2 + d) + sqrt(c)*x)/sqrt(d))*b*d**2 + 24*sqrt(d)*log((sqrt(cxx**x2 + d) +
sqrt(c)*x - sqrt(d))/sqrt(d))*a*cxd - 24xsqrt(d)*log((sqrt(c*kx**2 + 4) +
sqrt(c)*x + sqrt(d))/sqrt(d))*a*xcxd)/(24*c)

output
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3.19 [ (c+ %)3/2 z(a + bx) dz

Optimal result . . . . . . . . .. .. 20T]
Mathematica [A] (verified) . . . . . . . . ... . L 201]
Rubi [A] (verified) . . . . . . . .. .. 202
Maple [A] (verified) . . . . . . . . . . 200
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 207
Sympy [B] (verification not implemented) . . ... ... ... ... ... ... 208}
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2091
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 200
Mupad [F(-1)] . . . o 210
Reduce [B] (verification not implemented) . . . . . . ... ... ... ...... 210

Optimal result

Integrand size = 18, antiderivative size = 114

d\*? 1. [ d 3a 1
/(c—l—;) x(a—i—bx)dz—écl c—l—;(%—;)x—l—a(c

3/2 c+ iz
+ d ) <2b+ %) 3+ ga\/édarctanh ( ‘ ) — bd*?arctanh (L>

z? Ve ,/c+§233

output ‘/1/ 2*d* (c+d/x"2) " (1/2) * (2%b-3%a/x) *x+1/6* (c+d/x"2) " (3/2) * (2%b+3*a/x) *x~3+3/
‘2*a*c“(1/2)*d*arctanh((c+d/x“2)‘(1/2)/c‘(1/2))-b*d“(3/2)*arctanh(d‘(1/2)/(
‘c+d/x“2)‘(1/2)/X)

\‘

Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.15

/ (c + %) " z(a

N (\/d + cx?(—6ad + 8bdzx + 3acx? + 2bcxr®) + 12bd3/2marctanh<‘/ax% ”dd+cm2) — 9a./cda
+bz)dr =
) 6vd+ cz?
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input‘ Integrate[(c + d/x72)"(3/2)*x*(a + b*x),x] ‘

output \ (Sqrtlc + d/x"2]*(Sqrtl[d + c*x~2]*(-6*a*d + 8*b*d*x + 3*akcxx~2 + 2*xb*c*x” \
‘ 3) + 12*%b*d~(3/2)*x*ArcTanh[(Sqrt[c]l*x - Sqrt[d + c*x~2])/Sqrt[d]] - 9*a*S ‘
Lqrt [c]*d*x*Log[-(Sqrt[c]*x) + Sqrt[d + c*x~2]]1))/(6%Sqrtld + c*x~2]) J

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.00,

number of steps used = 12, number of rules used = 11, number of rules _ 0.611, Rules
integrand size

used = {1892, 1803, 537, 25, 536, 538, 224, 219, 243, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/w(a-l—bx) <c+ w2> dx

ll&n

/w2<z+b> (c—l— 52)3/2da:

l 1803

—/<C+ma> (5 +b)atd,
l 537
3/2
1d/—\/c+7d 3ﬁ+2b x2d1—|—1x3 3—a+2b c—i—i
2 22\ z 6 T z2
l 25
1 3/2 1 1
Los (2 op) (e4 2 —d/vg+d3a+% 2%d=
6 z z2 2 2\ z x

l 536

1 82 3ac+ 24z 1

13(3% L op) (et 2 —d‘/(ac+ldxd—x 25— 32) Jer 4

6 T x2 2 fer d = x x2
(E2
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l 538

(z) (o 8)"-
( [ gt Agi(m-2) (- >>

l 224
1 2 3a d\%?
2 el _
(% +b>< xQ)
3a d
d(3ac/ d +2bd/ +x<2b—> <— c+2>)
/e < /e d z T
2 -
l 219
1 2/3a d \3/?
(52 (va) -
%d 3ac/xd1 <2b—3a> (—\/c+ d2>+2b\/(§arctanh
/c—l—g% T T T
l 243
1 3a d 3/2
(7)) -
1 3 T 1 3a d
~d| Z2ac | ——d— 26— =) [ =\/c+ = | + 2bVdarctanh | ———
5 (zac/m x2+x< z)( c+x2>+ arctan (m
l 73
3/2
1ﬁ<&k+%><&+i> -
6 T T

1 e
id d d <2b — ) ( ) +2bV/darctanh | — Y~

Iy\/C

s s
Hw‘& &w‘&
~ SN—————

+ é
SM‘&
N———

x

l 221
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3/2
m3(3a + 2b> (c—l— dz) =
X X

d

1
6
%d (—3a\/5arctanh ( \/c\;—(_:T) +z <2b — 3;) <—H> + 2bV/darctanh (x\/\/%) )

Cc

+

input‘ Int[(c + d/x72)"(3/2)*x*(a + b*x),x] ‘

output‘ ((c + d/x"2)"(3/2)*(2%b + (3*a)/x)*x~3)/6 - (d*(-(Sqrtlc + d/x"2]1*(2*b - ( \
‘3*a)/x)*x) - 3*xaxSqrt[c]*ArcTanh[Sqrt[c + d/x"2]/Sqrtlc]l] + 2*bxSqrt[d]*Ar
‘cTanh[Sqrt[d]/(Sqrt[c + d/x"2]1%x)1))/2

Defintions of rubi rules used

ruk325\Int[_(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 73 Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

ruleQIQ‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
‘ArcTanh[Rt[—b, 21*(x/Rt[a, 21)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |1 Ltalb, 01) |

rule 291 IntL((al) + (b_.)*(x_)72)7(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

rule 294 Intl1/8qrtl(a ) + (b_.)*(x_)72], x_Symbol] :> Subst[Int[1/(1 - b*x"2), xI,
X, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]
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Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 243

Int[(((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_))/(x_)"2, x_Symbol] :> S
imp[(-(2xc*p - d*x))*((a + b*x~2)"p/(2*p*x)), x] + Int[(a*d + 2xb*cxp*x)*((
a + b*x"2)~(p - 1)/x), x] /; FreeQ[{a, b, c, d}, x] && GtQ[p, 0] &% Integer
Q[2xp]

rule 536

Int[(x )" (@ )*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[x~(m + 1)*(cx(m + 2) + d*x(m + D*x)*((a + b*xx"2)"p/((m + )*x(m + 2))),
x] - Simp[2*b*(p/((m + D)*(m + 2))) Int[x"(m + 2)*(ckx(m + 2) + d*x(m + 1)
*x)*(a + b*x"2)~(p - 1), x], x] /; FreeQ[{a, b, c, d}, x] && ILtQ[m, -2] &&
GtQlp, 0] && !'ILtQ[m + 2*p + 3, 0] && IntegerQ[2x*pl]

rule 537

Int[((c) + (d_.)*(x_))/((x_)*Sqrtl(a_) + (b_.)*(x_)"2]), x_Symbol] :> Simp
[c Int[1/(x*Sqrt[a + b*x"2]), x], x] + Simp[d Int[1/Sqrtl[a + b*x~2], x]
, x] /; FreeQ[{a, b, c, d}, x]

rule 538

Int[(x_)"(m_.)*((a) + (c_)*(x_)"(n2_.))"(p_.)*((d_ ) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + exx
) gx(a + cxx~2)7p, x], x, x"n], x] /; FreeQl{a, c, d, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/nl]

rule 1803

Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"(mn_.))"(q_.)*((a_) + (c_.)*(x_)"(n2_.))"
(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) g*(a + c*x"n2)7p, x] /; F
reeQ[{a, c, d, e, m, mn, p}, x] && EqQ[n2, -2*mn] && IntegerQlql && (PosQ[n
2] ||l !IntegerQ[pl)

rule 1892
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.22

method | result
5 (a@”fﬂﬁdm(ﬁgﬁm) +bea?Veolid 4 adbi/esPtd_p g3 1n<2d+2x/ﬁzx/m)>x e
3 _ cz?+d
risch ady/ €554 + —
3

(cz122+d> §m2 (60% (Cz2+d) %aa:?_ﬁ\/ad% IH(M) b$+gc% m@de—Ga(Cz2+d) % \/E+2\/E (cm2+d) %bd.’t-l-

default .
6(cz2+d)2d+/c
input Lint ((c+d/x~2) " (3/2) *x* (b*x+a) ,x ,method=_RETURNVERBOSE) J
output ‘ —akd* ((ckx~2+d) /x~2) " (1/2) +(1/2%ax (cxx~2+d) ~ (1/2) *c*x+3/2%a*c™ (1/2) *d*1n(c

\“(1/2)*x+(c*x”2+d)‘(1/2))+1/3*b*c*x”2*(c*x”2+d)‘(1/2)+4/3*d*b*(c*x“2+d)‘(1 \
\/2)—b*d‘(3/2)*1n((2*d+2*d‘(1/2)*(c*x‘2+d)‘(1/2))/x))/(c*x‘2+d)‘(1/2)*x*((c \

‘ *x72+d) /x72)"(1/2)




CHAPTER 3. LISTING OF INTEGRALS 207

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 465, normalized size of antiderivative = 4.08

3/2
/ (c + %) z(a+ bzr)dr = [Z a+/cdlog (—2 cx® — 2/cx?y/ cx;_ d d)

1 cx? — 2+/dx %+2d
+ —bd2log | —
2 x2

cx?+d
1,'2

V—cz?y /el 1 cx? — 2+dz\/ =4 4 2d
—g a+/—cd arctan ( + 3 bd? log | — 5

)

é(2bc:c + 3acx? +dex—6ad)

cx?+d T

; Ve [
% (2bex® + 3aca? + 8bdz — 6ad) || 4 bv/—ddarctan (—)

d

+ Za\/Edlog (—2 cx? — 2/cx? cx;_ d d>

1 J—cz? /cwz2+d
= (2bcz® + 3acz® + 8bdx — 6.ad) 1/ oz’ +d ——a\/ cd arctan i
6 2 cr?+d

cx? + d]

T2

V—dz cz2+d
+ bv/ —dd arctan (f % (2 bex® + 3acx® + 8bdxr — 6 ad)

input tintegrate ((c+d/x~2) "~ (3/2) *x*(b*x+a) ,x, algorithm="fricas")




output

input

output
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[3/4*a*sqrt (c)*d*log(-2*%c*x~2 - 2*sqrt(c)*x~2*sqrt((c*x”"2 + d)/x72) - d) +
1/2*%b*d~(3/2) *Llog(-(c*x~2 - 2*sqrt(d)*x*sqrt((c*x~2 + d)/x"2) + 2*d)/x"2)
+ 1/6%(2%b*c*x”3 + 3*a*xcxx~2 + 8*xb*xd*x — 6*a*xd)*sqrt((c*x~2 + d4)/x"2), -3
/2*axsqrt (-c)*d*arctan(sqrt (-c)*x"2*sqrt ((c*x~2 + d)/x72)/(c*x"2 + d)) + 1
/2%b*d~ (3/2) *Llog(-(c*x~2 - 2*sqrt(d)*x*sqrt((c*x”2 + d)/x"2) + 2%d)/x"2) +
1/6%(2*b*c*xx™3 + 3*a*c*xx"2 + 8*bxd*x - 6*a*d)*sqrt((c*x"2 + d)/x72), b*sq
rt(-d)*d*arctan(sqrt (-d) *x*sqrt ((c*x~2 + d)/x~2)/d) + 3/4*axsqrt(c)*d*log(
-2%c*x"2 - 2*ksqrt(c)*x"2xsqrt((c*xx~2 + d)/x"2) - d) + 1/6%(2*b*c*x"3 + 3*a
*xCkx"2 + 8xbkd*x - 6*akxd)*sqrt((c*x~2 + d)/x72), -3/2*axsqrt(-c)*d*arctan(
sqrt (-c)*x"2*sqrt ((c*x™2 + d)/x72)/(c*x"2 + d)) + b*sqrt(-d)*d*arctan(sqrt
(-d) *x*sqrt ((c*x™2 + d)/x72)/d) + 1/6%(2xbxc*x"3 + 3*akxc*x™2 + 8*b*d*x - 6
*xax*xd) *sqrt ((cxx™2 + d)/x"2)]

Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 202 vs. 2(100) = 200.

Time = 3.12 (sec) , antiderivative size = 202, normalized size of antiderivative = 1.77

2 2

_acvdz ad? N b+/cdx +bc\/3x2v“72+1

R Y BERYA R 3
bdryr 1 (Vd b
————— — bd> asinh +

3/2 3ay/cd asinh | YZ acvdz\/ < +1
/(c—i—%) z(a + bz)dz = <\/E)+ ‘

_.|_

s

Lintegrate((c+d/x**2)**(3/2)*x*(b*x+a),X)

3*axsqrt (c)*d*asinh(sqrt (c)*x/sqrt(d))/2 + a*cxsqrt(d)*x*sqrt(cxx**2/d + 1
)/2 - axcksqrt(d)*x/sqrt(ckx**2/d + 1) - a*xd**(3/2)/(x*sqrt(cxx**2/d + 1))
+ bxsqrt(c)*d*x/sqrt (1 + d/(cxx**2)) + b¥cksqrt(d)*x**2*sqrt (cxx**2/d + 1
)/3 + bxd*x(3/2)*sqrt(cxx**2/d + 1)/3 - bxd**(3/2)*asinh(sqrt(d)/(sqrt(c)*
x)) + bkdx*2/(sqrt(c)*x*sqrt(l + d/(cxx**x2)))

|
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.25

/<c+§) z(a
c+;i2—\/5
—|—bx)d9n=1 2\/c—|—icx2—3\/2dlog —4\/c+id a
4 x? d x?
2 TVe

! 2< d>g3 61/c+ Ldp+3d1 ctmr- Vi),
+ = c+— | x°+ c+ —dxr + 3adz log
6 z? z? Vet Lz +vVd

Lintegrate((c+d/x“2)“(3/2)*x*(b*x+a),x, algorithm="maxima")

| —

input

‘1/4*(2*sqrt(c + d/x"2)*c*x"2 - 3*sqrt(c)*d*log((sqrt(c + d/x"2) - sqrt(c))

output
/(sqrt(c + d/x"2) + sqrt(c))) - 4*sqrt(c + d/x"2)*d)*a + 1/6%(2x(c + d/x"2
‘)"(3/2)*x"3 + 6*sqrt(c + d/x"2)*d*x + 3*d~(3/2)*log((sqrt(c + d/x"2)*x - s ‘
Lqrt(d))/(sqrt(c + d/x"2)*x + sqrt(d))))*b J

Giac [A] (verification not implemented)

Time = 15.58 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.19

ver—+vex?+d

4\ 32 2 bd? arctan (_T) sgn(z)
/(c—l—;) z(a+ bx)dr = N

2
= 3 avediog (| oo + Va7 d) sgn(a) + — VoL
’ (Vez —Vez? +d) —d

+ é Vex? + d(8 bdsgn(x) + (2 bexsgn(z) + 3 acsgn(z))x)

inputLintegrate((c+d/x"2)"(3/2)*x*(b*x+a),x, algorithm="giac") J
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output‘ 2+bxd~2*arctan(-(sqrt(c)*x - sqrt(c*x~2 + d))/sqrt(-d))*sgn(x)/sqrt(-d) - ‘
‘3/2*a*sqrt(c)*d*log(abs(-sqrt(c)*x + sqrt(c*x”2 + d)))*sgn(x) + 2xa*sqrt(c
‘)*d“2*sgn(x)/((sqrt(c)*x - sqrt(c*x”™2 + d))"2 - d) + 1/6*sqrt(c*x™2 + d)*(
 8xbkd*sgn(x) + (2¥bkckxksgn(x) + Bkakcksgn(x))*x) |

Mupad [F(-1)]

Timed out.

d\3"? d \ 32
/(c-l—;) z(a—l—bx)dx=/z(c+ﬁ) (a+bz) dz

int(x*(c + d/x72)~(3/2)*(a + b*x),x)

s

~—

input L

output Lint(x*(c + d/x"2)"(3/2)*(a + b*x), x) J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.33

c+ o z(a
12v/cz? + dacz® — 24v/cz? + dad + 8v/cx? + dbcx® + 32v/cx? + dbdx + 36\/Elog< : cw2i’/%+‘
24z

+bz) dz =

input ' int ((c+d/x"2) " (3/2) *x* (bxx+a) ,x)

(12*sqrt (c*x**2 + d)*axc*kx**2 — 24*xsqrt(cxx**2 + d)*a*xd + 8xsqrt(cxx**2 +
d) ¥bxc*xx**3 + 32*sqrt(ckx**2 + d)*bxd*x + 36*sqrt(c)*log((sqrt(c*x**2 + d)
+ sqrt(c)*x)/sqrt(d))*a*xd*x — 27*sqrt(c)*a*d*x + 24*sqrt(d)*log((sqrt(c*x
**%2 + d) + sqrt(c)*x - sqrt(d))/sqrt(d))*b*d*x - 24*sqrt(d)*log((sqrt (ckx*
*2 + d) + sqrt(c)*x + sqrt(d))/sqrt(d))*b*xd*x)/(24*x)

output
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3.20 [ (c+ %)3/2 (a + bx) dx

Optimal result . . . . . . . . .. .. 211
Mathematica [A] (verified) . . . . . . . . ... . L 211
Rubi [A] (verified) . . . . . . . .. .. 212
Maple [A] (verified) . . . . . . . . . . 210
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 217
Sympy [A] (verification not implemented) . . ... ... ... ... ... .... 2T8]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... AR
Giac [B] (verification not implemented) . . . . . ... ... ... .. L., 219
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 219
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 2201

Optimal result

Integrand size = 17, antiderivative size = 111

d\*? 3 [ d ay 1 d\** 20\
/(c-l-ﬁ) (a-l-bx)dz——éd c+ﬁ<b+5)+§<c+;) (b-l—;)x

c+4%
+ gb\/Edarctanh( ‘ ) - gac darctanh (L>

\/E ,/c+§233

output \/-3/2*d* (c+d/x"2) "~ (1/2) *(b+a/x)+1/2*%(c+d/x"2) " (3/2) * (b+2%a/x) *x~2+3/2*%b*c~ (
‘1/2)*d*arctanh((c+d/x‘2)‘(1/2)/c‘(1/2))-3/2*a*c*d“(1/2)*arctanh(d‘(1/2)/(c
‘ +d/x~2)"(1/2) /%)

\‘

Mathematica [A] (verified)

Time = 0.39 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.24

/ (C + E) (a
N (\/d + cx?(—ad — 2bdz + 2acz?® + bex®) + 6acx/c_im2arctanh<‘/ax+ ”dd+cx2> — 3by/cdz? ]
Fba) do = P
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input‘ Integrate[(c + d/x72)"(3/2)*(a + b*x),x] ‘

output‘ (Sqrtlc + d/x"2]*(Sqrtld + c*x~2]*(-(a*d) - 2%bxd*x + 2*a*c*xx~2 + b*c*xx"3) \
‘ + 6%a*xc*kSqrt [d] *x~2*xArcTanh[(Sqrt[cl*x - Sqrt[d + c*x~2])/Sqrt[d]] - 3*bx ‘
LSqrt[c]*d*x‘2*Log[—(Sqrt[c]*x) + Sqrt[d + c*x~2]11))/(2*xxSqrt[d + c*x~2]) J

Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 109, normalized size of antiderivative = 0.98,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size — 0.706, Rules

used = {1774, 1803, 537, 25, 535, 27, 538, 224, 219, 243, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(a—i—bx) (c+ w2> dx

l 1774

/I(Z—Fb) <c+ 52)3/2dx

l 1803
d\*? ra 3,1
l 537
3/2
3d/—\/c—|—d 20 ) adt 4+ 12( 2% ) (4 L
2 2\ z z 2 T 2
l 25
1 ,/2 3/2 2 1
L2 ) (e4 2 —3d/\/c+d 2 4b) zd=
2 T 2 2 22\ T
l 535
1 .,/2 3/2 1 [2(2+4b)z 1
1220 g) (e+ L) 23y c/wd+(a+b) e+
2 T x2 2\ 2 fer d T T x2
5132
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27
3/2 a4y
122 b)) (et _ 34 c/(”’+ )xd1+(a+b>\/c+
2 x 2 2 crd T x x2
T
l 538

3 1 1 T 1 a d
—d ——d—+b | ———d— —+b —
2 (c(a/ ) :v+ / T-p;iz :c)+(w+ ) c+m2)

* Va
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N[ =

bl
|

—d| ¢ d

o

3/2
A2 2)7
Z Z

d
d\/ ¢+ 22 garctanh vd
+

[\
S

aarctanh ( vd

Vd

3
—d| c
2 Vd

-

input

N

Int[(c + d/x72)7(3/2)*(a + b*x),x]

outpu

¢ ((e + a/x°2)"(3/2)* (b + (2%a)/0)*x72)/2 - (3*d*(Sqrtlc + d/x"2]*(b + a/x)
‘ + c*(-((bxArcTanh[Sqrt[c + d/x"2]/Sqrtl[c]l])/Sqrtlc]l) + (a*ArcTanh[Sqrt[d]/

(Sqrtlc + d/x~21%x)1)/Sqrt[d1)))/2

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]

Int[Fx, x], x]

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[Fx, x], x] /; FreeQ[a, x] && !Ma

rule 73
{p = Denominator([m]}, Simp([p/b

inearQ[a, b, ¢, d, m, n, x]

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[

Subst [Int [x~(p*(m + 1) - 1)*(c - a*(d/b) +

d*(x"p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

rule 219

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

rule 994 Intl1/8qrtl(a ) + (b_.)*(x_)72], x_Symbol] :> Subst[Int[1/(1 - b*x"2), xI,
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

rule 243 I0tLG " @_)*((a) + (b_.)*(x)"2)"(p_), x_Symbol] :> Simp[1/2  Subst[In
tx“((m - 1)/2)*(a + b*x)~p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 535 IRELC((Ce) + (d_D)*(x_))*((al) + (b_.)*(x_)"2)7(p_))/(x_), x_Symbol] :> Sim
pllcx(2xp + 1) + 2xd*p*x)*((a + b*x~2) “p/(2*xp*(2*p + 1))), x] + Simp[a/(2*p
+ 1) Int[(cx(2*%p + 1) + 2*d*p*x)*((a + b*x"2)"(p - 1)/x), x], x] /; Free
Ql{a, b, c, d}, x] && GtQ[p, 0] && IntegerQ[2+p]

rule 537 Int[(x_)~"(m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[x~(m + 1)*(cx(m + 2) + d*x(m + D*x)*((a + b*xx"2)"p/((m + *(m + 2))),
x] - Simp[2*bx(p/((m + 1)*(m + 2))) Int[x"(m + 2)*(cx(m + 2) + d*(m + 1)
*x)*(a + b*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c, d}, x] && ILtQ[m, -2] &&
GtQlp, 0] && !'ILtQ[m + 2*p + 3, 0] && IntegerQ[2x*p]

rule 538 ItL((e) + (A_)*(x_))/((x)*8qrt[(a) + (b_.)*(x_)72]), x_Symbol] :> Simp
[c Int[1/(x*Sqrtl[a + b*x~2]), x], x] + Simp[d 1Int[1/Sqrtl[a + b*x~2], x]
, x] /; FreeQ[{a, b, c, d}, x]
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rule 1774 Int[((d_) + (e_.)*(x_) " (mn_.))"(q_.)*((a_) + (c_.)*(x_)"(m2_.))"(p_.), x_Sy
mbol] :> Int[x~(mn*q)*(e + d/x"mn) g*(a + c*x"n2)"p, x] /; FreeQ[{a, c, d,
e, mn, p}, x] && EqQ[n2, -2*mn] && IntegerQ[q]l && (PosQ[n2] || !IntegerQ[p
D

rule 1803 TRELG ) "(m_)*((a) + (o) *(x )7 (m2_.))7(p_)*((d) + (e_)*(x)"(n))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + e*x
)"g*(a + c*xx~2)7p, x], x, x"n], x] /; FreeQl{a, c, d, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

N\ J

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.18

method | result

n( 20+2vdVeaz?+d
(Sﬁbdln(ﬁ2z+m)+amc_3ca\/al( i z )+bcz@)x /cxxz;d

Ver2+d

2
. d(2bz+a),/ =55tk
risch — 2;/ = 4

3
2 5 3 3 3 /2 a) 3 5 3 3 3
(%#) 2z (—205 (cz?+d) 2bz3+3d2 ln(w) c2az?+42/c (cz?+d) 2br—c2 (cz?+d) Zaz?—3c2 Vcz2+d bd

default 3
2(cz2+d)2d+/c

input tint ((c+d/x"2) " (3/2) * (b*x+a) ,x ,method=_RETURNVERBOSE) J

Output(—1/2*d*(2*b*x+a)/x*((c*x‘2+d)/x‘2)“(1/2)+(3/2*c“(1/2)*b*d*ln(c“(1/2)*x+(c*
\x‘2+d)“(1/2))+a*(c*x“2+d)‘(1/2)*c—3/2*c*a*d‘(1/2)*1n((2*d+2*d‘(1/2)*(c*x“2

+d)7(1/2)) /%) +1/2xbxckxx (cxx~2+d) ~(1/2)) / (cxx~2+d) " (1/2) xx* ((cxx™2+d) /x72) |
/) J
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 493, normalized size of antiderivative = 4.44

/ (c + %)3/2 (a

cr?— T/ cz?td
3by/cdzlog <—2 cx? — 2 /ex?y /ot — d) + 3 acVdz log <— 2V 2 +2d) + 2 (bex® -

T

+bx) dz = 12

—01‘2 cz2+d C"L‘2— - czz+d
6 b/—cdzx arctan (f— Vﬁ) — 3acVdzlog <— 2V LA +2d) — 2 (bex® + 2 acz® — 2bdx — ac

cz2+d T
B 4z
—cx2 [cx?+d —dx [ cz2+d
3 by/—cdx arctan (\ﬁmz—w’”z) — 3acy/—dz arctan (FT’Q) — (bex® + 2 acz® — 2bdx — ad)\/E
B 2z
inputLintegrate((C+d/x"2)‘(3/2)*(b*x+a),x, algorithm="fricas") J
output [1/4%(3*b*sqrt (c) *d*x*log(-2*c*x~2 - 2*sqrt(c)*x~2*sqrt((c*x~2 + d)/x72) -

d) + 3*axc*sqrt(d)*x*log(-(c*x~2 - 2*sqrt(d)*x*sqrt((c*x~2 + d)/x"2) + 2%
d)/x72) + 2%(bxc*x~3 + 2%akxckxx"2 - 2kbxd*x - a*xd)*sqrt((c*x~2 + d)/x72))/x
, —1/4%(6%b*xsqrt(-c)*d*x*arctan(sqrt(-c)*x"2xsqrt((c*x~2 + d)/x"2)/(c*x"2
+ d)) - 3*xaxcksqrt(d)*x*log(-(c*x~2 - 2*sqrt(d)*x*sqrt((c*x"2 + d)/x"2) +
2xd) /x72) - 2% (bxc*x™3 + 2%akc*kx~2 - 2*bxd*x - a*xd)*sqrt((c*x”2 + d)/x"2))
/x, 1/4x(6xaxc*xsqrt(-d)#*x*arctan(sqrt(-d)*x*sqrt((c*x~2 + d)/x"2)/d) + 3*b
*sqrt (c) *d*xx*log(-2*%c*x~2 - 2*sqrt(c)*x~2*sqrt((c*xx™2 + d)/x72) - d) + 2x(
b*c*x"3 + 2%akcxx"2 - 2xbxd*x - axd)*sqrt((c*x~2 + d)/x72))/x, -1/2%(3%bxs
grt (-c)*d*x*arctan(sqrt (-c)*x~2*sqrt ((c*x"2 + d)/x72)/(c*x"2 + d)) - 3*axc
*sqrt (-d) *x*arctan (sqrt (-d) *x*sqrt ((c*x"2 + d)/x72)/d) - (b*c*x~3 + 2*a*c*
X"2 - 2%bxd*x - a*d)*sqrt((c*x~2 + d)/x~2))/x]
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Sympy [A] (verification not implemented)

Time = 3.49 (sec) , antiderivative size = 182, normalized size of antiderivative = 1.64

d \*? acig a\/Ed\/ 1+ %
/(C+—2> (a+bzx)dx = — :
o V1t = v
av/cd 3acy/d asinh (%) 3b4/cd asinh (%)
+ - +
Ty/1+ % 2 2
beVidn\ /ST 41 pevdr  bdd
2 [ cx? [ ez

input ‘ integrate ((c+d/x**2) *x(3/2) * (b*x+a) ,x)

+

axcx*(3/2)*x/sqrt(1 + d/(c*x**2)) - axsqrt(c)*d*sqrt(l + d/(ckx**2))/(2*x)
+ axsqrt(c)*d/(x*sqrt (1 + d/(c*x**2))) - 3*a*cxsqrt(d)*asinh(sqrt(d)/(sqr
t(c)*x))/2 + 3xb*sqrt(c)*d*asinh(sqrt(c)*x/sqrt(d))/2 + b*cksqrt(d)*x*sqrt
(c*x*x2/d + 1)/2 - b*ckxsqrt(d)*x/sqrt(cxx**2/d + 1) - bxd**(3/2)/(x*sqrt(c
*x**2/d + 1))

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.44

1 d 2 c—i-;%cdx i c+%x—ﬂ
+bx)dr=- | 441/c+ —cz — +3cvdlo a
) 4 V x2 (c+%)z2—d & fe+ 42+ /d

inputLintegrate((C+d/x“2)”(3/2)*(b*x+a),x, algorithm="maxima") J
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t‘ 1/4%(4*sqrt(c + d/x"2)*cxx - 2*xsqrt(c + d/x"2)*cxd*x/((c + d/x72)*x"2 - d) ‘
‘ + 3x*c*sqrt(d)*log((sqrt(c + d/x"2)*x - sqrt(d))/(sqrt(c + d/x"2)*x + sqrt
‘(d))))*a + 1/4x(2*sqrt(c + d/x"2)*c*x"2 - 3*sqrt(c)*d*log((sqrt(c + d/x72)

‘ - sqrt(c))/(sqrt(c + d/x72) + sqrt(c))) - 4*sqrt(c + d/x"2)*d)*Db

outpu

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 207 vs. 2(87) = 174.

Time = 45.66 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.86

. \/Ex—\/cx2+d) sgn(:v)

d\3/? 3 acd arctan ( N
/(c—k?) (a+bx)dz = N

— gb\/Ed log (‘—\/Ea: + Vex? + d‘) sgn(z) + % (bezsgn(z) + 2 acsgn(z))Ver? + d
N (Vex — Vea? + d)3acdsgn(ﬂs) +2 (yex — Ve + d)2b\/5d2sgn(m) + (vez — Ve? + d) acd®sgn(z) — 2
((\/Ex —Vex? + d)2 - d)

inputLintegrate((c+d/x"2)"(3/2)*(b*x+a),x, algorithm="giac") J

3*axcxdxarctan(-(sqrt(c)*x - sqrt(c*x~2 + d))/sqrt(-d))*sgn(x)/sqrt(-d) -
3/2¥bxsqrt (c) *d*xlog(abs (-sqrt(c)*x + sqrt(c*x~2 + d)))*sgn(x) + 1/2x(b*c*x
*xsgn(x) + 2xa*c*sgn(x))*sqrt(cxx”™2 + d) + ((sqrt(c)*x - sqrt(c*x~2 + d))"3
*xaxcxd*sgn(x) + 2x(sqrt(c)*x - sqrt(cxx™2 + d)) " 2*b*sqrt(c)*d 2xsgn(x) + (
sqrt(c)*x - sqrt(c*x™2 + d))*axcxd"2*sgn(x) - 2*b*xsqrt(c)*d~3*sgn(x))/((sq
rt(c)*x - sqrt(c*x™2 + d))"2 - d4)"2

output

Mupad [B] (verification not implemented)

Time = 8.26 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.79

¢ d
4\ 32 3b\/Edatanh(V\;m7) y
/(c-l—;) (a+bx)dz = 5 —bd\/c-l—a?
+bcx2 ¢t az(ca®+d)* 7 R (3-8 § — %)
2 (¢ 4 22)**
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¢ int((c + d/x°2)"(3/2)*(a + b¥x) ,x)

inpu
output‘(3*b*c“(1/2)*d*atanh((c + d/x"2)"(1/2) /c~(1/2)))/2 - bxdx(c + d/x"~2)~(1/2)
‘ + (bxcxx"2*%(c + d/x72)7(1/2))/2 + (a*x*(d + c*x~2)~(3/2)*hypergeom([-3/2,
-1/2], 1/2, -4/ (ex"2))/ (/e + x2)7(3/2) J
Reduce [B] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.35
/ (C + E) (a
2vex? +dacx® —Ver? +dad + Vex? + dbex® — 2v/cx? + dbdz + 3\/Elog<—mw> ba
+bz) dz =
22
input | 108 ((c+d/x72)"(3/2) % (bxx+a) ,x) )
output (2xsqrt (c*x**2 + d)*a*xc*x**2 — sqrt(cxx*x2 + d)*axd + sqrt(cxx**2 + d)*bxc

*xx*x*3 - 2*%sqrt(cxx*x*2 + d)*bxdxx + 3xsqrt(c)*log((sqrt(c*x**2 + d) + sqrt(
c) *x) /sqrt (d) ) ¥bxd*x**2 + 3*sqrt(d)*log((sqrt(cxx**2 + d) + sqrt(c)*x - sq
rt(d))/sqrt(d))*axc*x**2 - 3*sqrt(d)*log((sqrt(c*x**2 + d) + sqrt(c)*x + s
qrt(d))/sqrt(d) ) *a*xcxx**2) / (2%kx**2)
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f (c—l—;dg> 3/2(a—|—bx)

3.21 dx

X
Optimal result . . . . . . . . . . . .. 2271
Mathematica [A] (verified) . . . . . . . . . ... 227
Rubi [A] (verified) . . . . . . .. . . 222
Maple [A] (verified) . . . . . . . . . . 225
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ..... 226
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 227
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 227
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 228
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 228]
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 229

Optimal result

Integrand size = 20, antiderivative size = 111

d\3/2
d b
/(C+x) (a+ x)dx:—lwc+i2(2ac+@>+1(c
T 2 T T 3

3/2 /C + ‘;%
+ i (31) — 2) T + ac®’?arctanh — §bcx/aa,rcta,nh i
z* T Ve 2 \/c+ L

(—1/2* (c+d/x"2) " (1/2) *(2*a*xc+3*b*xd/x)+1/3* (c+d/x"2) = (3/2) * (3*b-a/x) *x+ax*xc” ( \\

tput
owpt ‘ 3/2)*arctanh((c+d/x~2)~(1/2)/c~(1/2))-3/2%b*c*d”~(1/2) *arctanh(d~(1/2)/(c+d

/x72)7(1/2) /%)

Mathematica [A] (verified)

Time = 0.42 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.24

dz =

/(c+ £)" (a+ba)

T
Vet % (\/d + cx?(2ad + 3bdz + 8acz® — 6bcx®) — 18bcx/3x3arctanh(ﬁz+ V‘i‘”w?) + 6ac®/2z log (—»

6z2v/d + cx?
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input‘ Integrate[((c + d/x72)~(3/2)*(a + b*x))/x,x] ‘

output \ -1/6*(Sqrtlc + d/x"21*(Sqrt[d + c*x~2]*(2*a*d + 3*b*d*x + 8*a*xc*x~2 — 6*b* \
‘ c*x"3) - 18%bxc*Sqrt[d]*x~3*ArcTanh[(Sqrt[cl*x - Sqrt[d + c*x~2])/Sqrt[d]] ‘
|+ 6xaxc™(3/2)*x"3%Log[-(Sqrt[cl*x) + Sqrtld + c*x~211))/(x"2*Sqrt[d + c*x
~21) |

Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.04,

number of rules __
integrand size 0.500, Rules

used = {1892, 1730, 536, 535, 538, 224, 219, 243, 73, 221}

number of steps used = 11, number of rules used = 10,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+bz) (c+ ;%)3/2

dx
l1&n
a d\3/2
/<$+b) <C+J}2> dx
l 1730
d\*? /a 9
l 536
1 a d \3/? d 3bd\ .1
—x<3b——> <c+2> —/ c+ 2<ac+)xdx
l 535
3bd 3/2
—10/(2(w+w>xdl+1x(3b—a> (c—i-d2> —1\/c+d2<2ac+3bd>
2 c—i—% r 3 T x 2 T T

T



CHAPTER 3. LISTING OF INTEGRALS 223

1 1 d \*?
—c(2ac/ \/7d +3bd/ a:) +§w<3b—%) <c—|— 332) -
1\/04— 2a 4—§9§
2 2
l 924
1 / T 1 /‘ 1 1 1 a ( d>W2
——c| 2ac | ——=d— +3bd d +-z(3—=)[c+ — —
2 ( \/c—i-z% z 1_1% \/mm) 3 ( a:) z?
IV/( 3bd>
—i/c+ 2ac+ —
2
l 219
3/2
—lc 2ac/wd1+3b\/3arctanh i +1x(3b—g> c—i—i —
2 ct+% 7 :40\/C-|-7i 3 r z?
1\/c+7d 2ac +@
2 z2

l 243

d 5 T 3bV/darctanh (ﬂ) ) + %x (3b — E) (c + d>3/2 _

1\/c+7d 2ac +@
2 2
l 73

c+;2_£
—%C 4 dd + 3bv/darctanh i +

1 a d\*? 1 [ 4 3bd

l 221
Vet %
—lc 3bv/darctanh i — 2a+/carctanh = +
2 zy/c+ % Ve
2

1 a d\*? 1 d 3bd
gx(3b——) (c-{—2 - = c+x2<2ac+x>
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input‘ Int[((c + d/x"2)"(3/2)*(a + b*x))/x,x]

output‘-l/z*(sqrt [c + d/x"2]*(2*%a*xc + (3%b*d)/x)) + ((c + d/x"2)~(3/2)*(3*%b - a/x
‘)*x)/3 - (c*(-2xa*Sqrt[c]*ArcTanh[Sqrt[c + d/x"2]/Sqrtlc]] + 3*b*Sqrt[d]*A
chTanh[Sqrt[d]/(Sqrt[c + d/x"21%x)1))/2

|
|
J

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(px(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 73

ruk3219\1nt[<(a_) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
‘ArcTanh[Rt[—b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
LQ[a, 0l |1 LtQ[b, 01)

~

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol]l :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

rule 224

Int[(x_ )~ (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst [In
tlx~((m - 1)/2)*(a + b*xx)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 243

Int[(((c_) + (@_)*(x_))*((a_) + (b_.)*(x_)"2)"(p_))/(x_), x_Symbol] :> Sim
pllcx(2xp + 1) + 2xdxp*x)*((a + bxx~2)"p/(2*p*(2*p + 1))), x] + Simp[a/(2*p
+ 1) Int[(c*(2*p + 1) + 2*kd*p*x)*((a + b*x"2)"(p - 1)/x), x], x] /; Free
Ql{a, b, c, d}, x] && GtQ[p, 0] && IntegerQ[2x*p]

rule 535
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rule 536

Int [(((c_) + (d_D*(x_))*((a ) + (b_.)*(x_)"2)"(p_))/(x_)"2, x_Symbol] :> S
imp[(-(2xcxp - d*x))*((a + b*x"2)"p/(2*p*x)), x] + Int[(axd + 2*bxcxp*x)*((
a + b*x"2)"(p - 1)/x), x] /; FreeQ[{a, b, c, d}, x] && GtQ[p, 0] &% Integer
Q[2xp]

rule 538

Int[((c_) + (d_.)*(x_))/((x_)*Sqrt[(a_) + (b_.)*(x_)"2]), x_Symbol] :> Simp
[c Int[1/(x*#Sqrtl[a + b*x"2]), x], x] + Simp[d Int[1/Sqrtla + b*x~2], x]
, x]1 /; FreeQ[{a, b, c, d}, x]

rule 1730

Int[((d_) + (e_.)*(x_)"(n_))"(q_.)*((a_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol
] :> -Subst[Int[(d + e/x"n)"q*((a + c/x"(2%n))"p/x"2), x], x, 1/x] /; FreeQ
[{a, c, d, e, p, q}, x] & EqQ[n2, 2%n] && ILtQ[n, O]

rule 1892

Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"(mn_.))"(q_.)*((a_) + (c_.)*(x_)"(n2_.))"
(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) g*(a + c*x"n2)7p, x] /; F
reeQ[{a, ¢, d, e, m, mn, p}, x] && EqQ[n2, -2*mn] && IntegerQlql && (PosQ[n
2] || !'IntegerQ[pl)

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.13

method | result

input L

3vd In 2d+2ﬁx\/c z2+d ),
3 - ( 5 ) +ac% ln(\/Ex+\/cx2+d> +Vex2+dbe | x4/ ””272""1
isch (8acz2+3bdz+2ad) 4/ %;‘—d ®
risc - o2 + Vea?+d
3
(e=2)" (4(;% (ca?+d) 2azt—9dd ln<2d+mac7”2+d>°%b””3‘4c% (ca?+d) B aa?43cd (cx?+d) bda? +6cd VerPTdada
default 3
6(cz2+d)2d?/c
int ((c+d/x"2) "~ (3/2) *(b*x+a) /x,x,method=_RETURNVERBOSE) J
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\ -1/6% (8*axc*x~2+3*b*xd*x+2*axd) /x~2* ((cxx~2+d) /x~2) " (1/2)+(-3/2%d~ (1/2) *1n( \
\ (2%d+2xd~(1/2) *(c*xx~2+d) ~(1/2) ) /x) *bxc+axc™(3/2) *1In(c~ (1/2) *x+(c*x~2+d) ~ (1 \
\ /2))+(c*x~2+d) ~ (1/2) ¥b*c) / (c*xx~2+d) ~ (1/2) *x* ((c*x~2+d) /x~2) ~(1/2) \

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 510, normalized size of antiderivative = 4.59

x2 2

cz®— 4/ €T
6ac%:c2 log (_2 cx? — 9 \/Ex2 cz?+d d) + 9bcx/c_ix2 log <_M

/ (c+;%)3/2(a+bx)d B
x = 12 22

c:c2+d c:v2+d

—ox? cz?—2+/dz
12 ay/—ccx? arctan (rcxg—w’”?) — 9bcv/dz? log (— 2y % +2d> — 2(6bcx® — 8acz? — 3bdx

x2

1222
cz2+d cz22+d

V—ca?y ) <t V—dz\/ <=
6 a+/—ccx? arctan (—2) — 9bcy/—dz? arctan (T

2rd ) — (6 bcx® — 8 acr? — 3bdz — 2 ac

6 z2

input‘integrate((C+d/x“2)”(3/2)*(b*x+a)/x,x, algorithm="fricas")

[1/12%(6*a*c™(3/2) *x"2*log(-2*c*x~2 - 2*sqrt(c)*x~2*sqrt((c*x"2 + d4)/x72)
- d) + 9xb*c*sqrt(d)*x~2xlog(-(c*x~2 - 2*sqrt(d)*x*sqrt((c*x~2 + d)/x72) +
2xd) /x72) + 2% (6*b*c*x~3 - 8%akc*x~2 - 3*¥bxd*x - 2*axd)*sqrt((c*x~2 + d)/
X72))/x72, -1/12*(12*a*sqrt(-c)*c*x"2*arctan(sqrt(-c)*x~2*sqrt ((c*x~2 + d)
/x72)/(c*x"2 + d)) - 9*bxcxsqrt(d)*x~2*log(-(c*x~2 - 2*sqrt(d)*x*sqrt((c*x
"2 + d)/x72) + 2%d)/x72) - 2x(B*bxcxx~3 - 8xaxckx"2 — 3xbkd*x - 2*axd)*sqr
t((c*xx™2 + d)/x72))/x72, 1/6%(9*b*c*sqrt(-d)*x~2*arctan(sqrt(-d)*x*sqrt((c
*x"2 + d)/x72)/d) + 3xaxc”(3/2)*x"2+1log(-2*c*x"2 - 2*sqrt(c)*x"2*sqrt((c*x
"2 + d)/x72) - d) + (6%b*c*x"3 - 8*akxcxx"2 - 3¥bxdxx - 2%axd)*sqrt((c*x"2
+ d)/x72))/x72, -1/6*%(6*axsqrt(-c)*c*x~2xarctan(sqrt(-c)*x"2*sqrt ((c*x"2 +
d)/x"2)/(c*x"2 + d)) - 9*xb*cxsqrt(-d)*x~2*arctan(sqrt(-d)*x*sqrt((c*x~2 +
d)/x~2)/d) - (B*%bxc*xx™3 - 8xa*c*x~2 - 3¥bkd*x - 2%a*xd)*sqrt((c*x"2 + d)/x
~2))/x"2]

output
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227

Sympy [A] (verification not implemented)

Time = 4.69 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.68

/ (c+ %) (a+ba)

2
dz = ac? asinh (ﬁx) — acr
_ e _
- acVd - od 952 3 ford=0 . beln
2 c+-4)?
T/ -+ 1 — ( +?fd> otherwise 1+ cm2
b\/_ dy/1+ % b/cd 3bcy/d asinh ‘/i
V2 N Ve . (f )
z z\/1+ %

input integrate ((c+d/x**2) **(3/2) * (b*x+a) /x,x)

output

Eq(d, 0))

axcx*(3/2)*asinh(sqrt(c)*x/sqrt(d)) - axc**2+x/(sqrt(d)*sqrt(c*x**2/d + 1)
) - a*cxsqrt(d)/(x*sqrt(cxx**x2/d + 1)) + a*d*Piecewise((-sqrt(c)/(2*x**2)

(-(c + d/x**2)*%(3/2)/(3*d), True)) + b*c*x(3/2)*x/sqrt(1 + d/
(c*x*x*2)) - b*sqrt(c)*d*sqrt(l + d/(cxx*x2))/(2*x) + b*sqrt(c)*d/(x*sqrt(1
+ d/(c*x*%x2))) - 3*b*cxsqrt(d)*asinh(sqrt(d)/(sqrt(c)*x))/2

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.40

/ (c+ %)% (a+ba)

—— (3cglog( c+%_ﬁ)+2(c+i)g+6\/c+ic)a
6 d x? x?
\Je+ = ++/c
1 \/c+x2cdx c—l—xzx—\/_
+-|(44/c+ 20:5 5 +30\/_10g b
4 z (C+ )IE \/C+ 293+\/_
input i

Llntegrate ((c+d/x"2)~(3/2) *(b*x+a) /x,x, algorithm="maxima")
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Output‘-1/6*(3*c“(3/2)*1og((sqrt(c + d/x72) - sqrt(c))/(sqrt(c + d4/x72) + sqrt(c) ‘
1)) + 2x(c + d/x72)7(3/2) + 6xsqrt(c + d/x"2)*c)*a + 1/4%(4xsqrt(c + d/x72) |
‘*c*x - 2*%sqrt(c + d/x"2)*c*d*x/((c + d/x"2)*x"2 - d) + 3*c*xsqrt(d)*log((sq

‘rt(c + d/x"2)*x - sqrt(d))/(sqrt(c + d/x"2)*x + sqrt(d))))*b

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 227 vs. 2(89) = 178.

Time = 67.55 (sec) , antiderivative size = 227, normalized size of antiderivative = 2.05

dr =

z V—d
— ac? log ()—\/Ex + Vex? + d)) sgn(z) + Vex? + dbesgn(z)
+3 (vVex — Vea? + d)5bcdsgn(x) + 12 (y/ex — Vex? + d)4ac%dsgn(x) — 12 (y/ex — Vez® + d)zac%dzsgn(.
3 ((\/Ex —Vex? 4+ d)2 - d>3

/ (c+ 1;12)3/2 (a + bz) 3 bed arctan (—‘/Ez% ”_Cc"l”2+d> sgn(z)

e

Lintegrate((c+d/x‘2)‘(3/2)*(b*x+a)/x,x, algorithm="giac")

~—

input

3xbxc*d*arctan(-(sqrt(c)*x - sqrt(c*x~2 + d))/sqrt(-d))*sgn(x)/sqrt(-d) -
a*c~(3/2)*log(abs(-sqrt(c)*x + sqrt(c*x”2 + d)))*sgn(x) + sqrt(cxx”2 + d)*
bxcxsgn(x) + 1/3*(3*(sqrt(c)*x - sqrt(c*x™2 + d)) 5xbxc*kd*sgn(x) + 12*(sqr
t(c)*x - sqrt(cxx™2 + d)) “4xaxc”(3/2)*d*sgn(x) - 12x(sqrt(c)*x - sqrt(c*x”
2 + d)) " 2*xa*xc”(3/2)*d"2*sgn(x) - 3*(sqrt(c)*x - sqrt(cxx™2 + d))*bkxc*d"3*s
gn(x) + 8xaxc”(3/2)*d"3*sgn(x))/((sqrt(c)*x - sqrt(c*x™2 + d))"2 - 4)°3

output

Mupad [B] (verification not implemented)

Time = 8.03 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.74

3/2 foy d 3/2
/(c—f—%) (a+bx)d$—ac3/2atanh< c+z2)_a(c+%)

z Ve

d bz car:2+d3/2 F, (-3, -1. 1. __d
—acy\lc+ — + ( R 3/2 2 2 )
: (£

[
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input‘ int(((c + d/x72)7(3/2)*(a + b*x))/x,x)

output‘a*C“<3/2>*atanh<(c + d/x72)"(1/2)/c™(1/2)) - (ax(c + d/x"2)7(3/2))/3 - axc
k(e + d/x72)7(1/2) + (bxx*(d + c*x"2)"(3/2)*hypergeom([-3/2, -1/2]1, 1/2, -
Ld/(c*x‘Q)))/(d/c + x72)7(3/2) J

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 225, normalized size of antiderivative = 2.03

(44 (atbs) —16Ved ¥ daca® — 4/ca? T dad +12Vea? ¥ dbea® — 6v/ea? + dbdz +
/ = dr =
input Lint ((c+d/x"2)" (3/2) * (b*x+a) /x,%) J

(- 16*sqrt(c*x**2 + d)*axcxx**2 — 4*xsqrt(c*x**2 + d)*axd + 12xsqrt(ckx**2
+ d)*¥bkc*kx**3 - 6xsqrt(cxx**2 + d)*bxd*x + 12*sqrt(c)*log((sqrt(c*x**2 +
d) + sqrt(c)*x)/sqrt(d))*a*ckx*x*3 + 9*sqrt(d)*log((sqrt(c)*sqrt(c*kx**2 + 4
)*x - sqrt(d)*sqrt(c*x**2 + d) - sqrt(d)*sqrt(c)*x + cxx**x2 + d)/(sqrt(d)*
sqrt (ckx**2 + d) + sqrt(d)*sqrt(c)*x))*b*xc*x**3 - 9*sqrt(d)*log((sqrt(c)*s
grt (c*xx**2 + d)*x + sqrt(d)*sqrt(c*x**2 + d) + sqrt(d)*sqrt(c)*x + cxx**2

+ d)/(sqrt(d)*sqrt (c*x**2 + d) + sqrt(d)*sqrt(c)*x))*bkckx*k*3)/(12%x**3)

output
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f (c—l—;dg> 3/2(a—|—bx)

3.22 dx

2
Optimal result . . . . . . . . . . . . . . e 230
Mathematica [A] (verified) . . . . . . . . . ... L 230
Rubi [A] (verified) . . . . . . .. . . 231
Maple [A] (verified) . . . . . . . . . . 234
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ..... 235
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 236
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... 237
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 238
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 238]
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 239

Optimal result

Integrand size = 20, antiderivative size = 111

(c+ ;%)3/2 (a + bx) 1 d\*? 3a
/ o dx__ﬁ(”ﬁ) (4”;)
3ac’arctanh (L)

Vet S Jer Lz
— 1c c+ i 8b + % + bc®?arctanh — i
8V x2 x Ve 8v/d

‘ -1/12x(c+d/x~2) " (3/2) * (4*b+3%a/x) -1/8*c* (c+d/x"2) ~ (1/2) * (8%b+3*a/x) +b*c~ (3 \
| /2)*arctanh((c+d/x~2)"(1/2)/c~(1/2))-3/8*a*c 2*arctanh(d~(1/2)/(c+d/x"2)~( |
1/2)/%)/a°(1/2) J

output

Mathematica [A] (verified)

Time = 0.55 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.33

/ (c+ 1%)3/2 (a + bz) . [c+ % (18a02x4arctanh<‘/am+ Vd‘”cz2> — Vd(Vd + cz?(6ad + 8bdz + 15aca
x? 24+/dz3+/d + ca?

input LIntegrate[((c + d/x"2)"(3/2)*(a + bxx))/x"2,x] J




outpu
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¢ ‘ (Sqrtlc + d/x"2]*(18*axc~2*x~4xArcTanh[(Sqrt[c]l*x - Sqrtl[d + c*x~2])/Sqrtl

'd]] - Sqrt[d]*(Sqrtld + c¥x™2]*(6*axd + 8¥bxd*x + 15%axcx™2 + 32%bkc¥x™3) |
|+ 24¥bkc”(3/2) *x~4xLog[-(Sqrt[c]*x) + Sqrtld + c*x~2]1)))/(24*Sqrt[d]*x"3
‘*Sqrt [d + c*x~2]) ‘

Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.06,

number of rules _
integrand size 0.500, Rules

used = {1892, 1803, 535, 535, 538, 224, 219, 243, 73, 221}

number of steps used = 11, number of rules used = 10,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3/2

a T) (c %
/(+b)§c2+m) e

l 1892

[lnees”,

x

l 1803

1 (1 [(34+8)z 1 1/3a d 1 (3a d\3?
46(2c/dd.’1}+2($+8b> C+E —12<x+4b> <C+w2)
‘/C+x2
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1
2

4

el s ) )
(i( 2

(o) g e gt i) )
HEDICHN

l 219

3aarctanh vd )
1

1 T 1 zy\fet 3a \/7d

1 /3a d\*%?
12 (:c * 4”) et m2>
l 943
3aarctanh Vd
1|1 x 1 ch+;é> 1/3a d
C —+— P
1 /3a 3/2
4b
(5 +0) (4 )
l 73
d
Sbf F dm 3aarctanh Vd y
Ll Camin| + VEE N p LB g + -
1| 2° d Vd 2 ¢T3
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d
3aarctanh vd y 8barctanh i-/'-a””z
BN etk ) P w) for 4] -
1| 2¢ t e

vd Ve 2

input\xnt[((c + d/x72)~(3/2)*(a + b*x))/x"2,x]

\ -1/12%((c + d/x72)7(3/2)*(4%b + (3*a)/x)) - (cx((Sqrtlc + d/x"2]*(8*b + (3 \
'*a)/x))/2 + (c*((-8*bkArcTanh[Sqrtlc + d/x"2]/Sqrt[c]1)/Sqrtlc] + (3xaxArc
'Tanh[Sqrt[d]/(Sqrtlc + d/x~2]1%x)1)/Sqrt[d]))/2))/4

output

Defintions of rubi rules used

rule 73 Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*x(x_))"(n_), x_Symbol]l :> Withl[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qa, 0] || LtQ[b, 0]1)

rule 219

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rtl[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 221

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
X, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

rule 224




rule 243

rule 535

rule 538

rule 1803

rule 1892
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Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

Int [(((c_) + (d_.)*(x_))*((a)) + (b_.)*(x_)"2)"(p_))/(x_), x_Symbol] :> Sim
pl(cx(2%p + 1) + 2xd*pxx)*((a + b*x~2) "p/(2*%px(2*xp + 1))), x] + Simp[a/(2*p
+ 1) Int[(c*(2*p + 1) + 2*kd*p*x)*((a + b*x~2)"(p - 1)/x), x], x] /; Free

Ql{a, b, c, d}, x] && GtQ[p, 0] &% IntegerQ[2+p]

Int[((c_) + (d_.)*(x_))/((x_)*Sqrtl[(a_) + (b_.)*(x_)"2]), x_Symbol] :> Simp
[c Int[1/(x*Sqrtla + b*x~2]), x], x] + Simp[d Int[1/Sqrtla + b*x~2], x]
» x] /; FreeQ[{a, b, c, d}, x]

Int[(x_)"(m_.)*((a_) + (c_)*(x_)"(m2_.)) " (p_)*((d)) + (e_)*(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + e*x
)"g*x(a + c*x~2)7p, x], x, x"nl, x] /; FreeQl[{a, c, 4, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"(mn_.))"(q_.)*((a_) + (c_.)*(x_)"(m2_.))"
(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) q*(a + c*xx"n2)"p, x] /; F
reeQ[{a, c, d, e, m, mn, p}, x] && EqQ[n2, -2+*mn] && IntegerQlql && (PosQ[n
2] || !'IntegerQ[pl)

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.10

method | result

2
cx4+d
xr

2

2
3¢2a1n ( 2d+2\/3w\/c z +d) )

3 2 cz2+d
(32bc z3+15ac z2+8bdz+6ad) 4/ =

(c%bln<\/6z+\/cz2+d>— Wl
_|_

risch — Vez?+d

2413

default | —

3
2 5 3 3 / 5 3 5 5 3 5
(%) 2 (—lﬁc? (cm2+d) 2b2549d2 ln(wz‘/azicxm)c?aw4+16c? (cm2+d) 2bz3—3c2 (cw2+d) 2gx%—24c¢2 Vex2H
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input Lint ((c+d/x"2) " (3/2)*(b*x+a) /x~2,x ,method=_RETURNVERBOSE) J

‘ -1/24%(32%b*c*x~3+15%a*xc*xx~2+8*b*d*x+6*a*d) /x~3* ((c*xx~2+d) /x~2) ~(1/2)+(c"( \
|3/2) #b*1n(c™ (1/2) *x+ (cxx~2+d) " (1/2))-3/8*c"2%a/d™ (1/2) ¥1n((2%d+2%d" (1/2)*( |
\ c*x2+d) " (1/2)) /%)) / (cxx~2+d) ~ (1/2) *x* ((c*x~2+d) /x~2) ~ (1/2) \

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 558, normalized size of antiderivative = 5.03

cx?— T
(c+ 1)3/2 (a+ bz) 24 be dz3 log (—2 cx? — 2/cx?y/ % - d) + 9 ac®Vdz3 log (—2—@;
2
T d —
/ x? v 48 dx®
—cw2 cz2+d cmz_ - cm2+d
48 b\/—ccdz? arctan (chz— F) — 9ac*Vdz?log (— 2V Vet +2d> +2(32 bedz® + 15 acdz? -
- 48 da?
—C:Ez @ —dx cw2+d
24 by/—ccdz® arctan (\/7%2— V_i_d””Q) — 9ac*y/—dz? arctan (ﬂTﬂ) + (32 bedz® + 15 acdz?® + 8 ba
- 24 dz3

input Lintegrate ((c+d/x"2) " (3/2) * (b*x+a) /x~2,x, algorithm="fricas") J




output

input
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[1/48% (24*b*xc™(3/2) *d*x~3*1log(-2*c*x~2 - 2*sqrt(c)*x"2xsqrt((c*x~2 + d)/x~
2) - d) + 9xaxc”2*ksqrt(d)*x"3*xlog(-(c*xx"2 - 2xsqrt(d)*x*sqrt((cxx~2 + d)/x
~2) + 2xd)/x"2) - 2%(32*%b*ckd*x”3 + 1bkaxckd*x~2 + 8xb*d"2*x + 6%axd”2)*sq
rt((c*x™2 + d)/x72))/(d*x"3), -1/48*(48%b*sqrt(-c)*c*d*x~3*arctan(sqrt(-c)
*x"2*%sqrt ((c*x~2 + d)/x72)/(c*x"2 + d)) - 9%a*xc”2xsqrt(d)*x~3*log(-(c*x~2

- 2xsqrt (d)*x*ksqrt ((c*x™2 + d)/x72) + 2*d)/x"2) + 2x(32*bxcxd*x~3 + 15*a*c
*d*x"2 + 8xb*d~2%x + 6*a*d”2)*sqrt((cxx”2 + d)/x72))/(d*x"3), 1/24*(9*a*c”
2+sqrt (-d) *x~3*arctan(sqrt (-d) *x*sqrt ((c*xx”~2 + d)/x72)/d) + 12*b*c~(3/2)*d
*x"3%log (-2%c*x"2 - 2*sqrt(c)*x"2xsqrt((c*x~2 + d)/x"2) - d) - (32*bxcxd*x
"3 + 1b*a*c*kd*x”2 + 8*%b*d"2*x + 6*axd~2)*sqrt((c*x”2 + d)/x72))/(d*x"3), -
1/24% (24*b*sqrt (—c) *c*xd*x~3*arctan(sqrt (-c) *x~2*sqrt ((c*x~2 + d)/x"2)/(c*x
"2 + d)) - 9%a*xc”2xsqrt(-d)*x"3*arctan(sqrt(-d)*x*sqrt((cxx~2 + d)/x"2)/d)
+ (32xb*cxd*x~3 + 15xa*cxd*x~2 + 8*b*d~2*x + 6*a*d”2)*sqrt((c*x”2 + d)/x~
2))/(d*x~3)]

Sympy [A] (verification not implemented)

Time = 5.98 (sec) , antiderivative size = 221, normalized size of antiderivative = 1.99

3
/ (c+3) " @+be) 0 Itds ot 3ayad
z* 22 8o\/1+ % 8\ /1+ %
3ac? asinh (%) ad? , Jex
— - + bc2 asinh (—)
8vd 4y/cxd\/1+ % Vd

_ e ford=0

212

bc’x
3
2

_ __bevd + bd
\/C_l,/“TQ-kl :m/%-l—l _@%2) otherwise

-

Lintegrate((c+d/x**2)**(3/2)*(b*x+a)/x**2,x)

| —
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—axcxx (3/2)*sqrt (1 + d/(cxx**2))/(2%x) - a*xcx*(3/2)/(8xx*sqrt(1 + d/(c*x*x
2))) - 3xa*sqrt(c)*d/(8*x**3*sqrt (1l + d/(c*x*%x2))) - 3*akcx*2*xasinh(sqrt(d
)/ (sqrt(c)*x))/(8*sqrt(d)) - a*xd**2/(4*sqrt(c)*x**5xsqrt(1l + d/(c*xx*%*2)))
+ b*c**(3/2)*asinh(sqrt(c)*x/sqrt(d)) - bkcx*2*xx/(sqrt(d)*sqrt(cxx**2/d +
1)) - bxc*sqrt(d)/(x*sqrt(c*x**2/d + 1)) + bxd*Piecewise((-sqrt(c)/(2xx**2
), Eq(d, 0)), (-(c + d/x**2)*%(3/2)/(3*d), True))

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 181 vs. 2(89) = 178.

Time = 0.11 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.63

3/2 3ctlog Vetsza=vd d\5 2,3 d 2
/(CWL%) (a+bx)dz=i \/@H\/& _2(5(c+m—2) cx® — 34 /c+ ¢ dm)
z? 16 Vd (c+ &)zt =2 (c+ L)da? + &2

NI

3 c-+~j% —-\/E d
3c2 log +2(c+—2)
x

d
+64/c+—c|b
Vet %+ T

.
integrate((c+d/x~2)~(3/2)*(b*x+a)/x~2,x, algorithm="maxima")

N J

input

1/16*(3*c~2xlog((sqrt(c + d/x"2)*x - sqrt(d))/(sqrt(c + d/x"2)*x + sqrt(d)
))/sqrt(d) - 2%(5%(c + d/x"2)"(3/2)*c™2*x~3 - 3*sqrt(c + d/x"2)*c~2xd*x) /(
(c + d/x72)"2*%x"4 - 2%(c + d/x"2)*d*x"2 + d"2))*a - 1/6*(3*c”(3/2)*1log((sq
rt(c + d/x72) - sqrt(c))/(sqrt(c + d/x"2) + sqrt(c))) + 2*(c + d/x"2)~(3/2
) + 6*sqrt(c + d/x"2)*c)*Db

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 305 vs. 2(89) = 178.

Time = 0.21 (sec) , antiderivative size = 305, normalized size of antiderivative = 2.75

2

z? 4+/—d
— be? log (‘—\/Ex + MD sgn(x)

N 15 (v/ex — Vez® + d) 7aczsgn(ac) + 48 (vex — Vez® + d)6bc%dsgn(z) +9 (yex — Ve + d)5a02dsgn(x:

/ (c+ 1)3/2 (a + bz) . 3ac? arctan <—‘/E% W) sgn(z)
T

inputLintegrate((c+d/x"2)"(3/2)*(b*x+a)/x"2,x, algorithm="giac") J

3/4xaxc”2*xarctan(-(sqrt(c)*x - sqrt(c*x~2 + d))/sqrt(-d))*sgn(x)/sqrt(-d)
- b*c~(3/2)*log(abs(-sqrt(c)*x + sqrt(c*x~2 + d)))*sgn(x) + 1/12%(15*%(sqrt
(c)*x - sqrt(c*x~2 + d)) " 7xa*c™2*sgn(x) + 48x(sqrt(c)*x - sqrt(c*x™2 + d))
“6*b*c”(3/2) *d*sgn(x) + 9x(sqrt(c)*x - sqrt(cxx”2 + d)) “bxaxc™2*d*sgn(x) -
96*(sqrt(c)*x - sqrt(c*x™2 + d)) ~4xbxc~(3/2)*d"2*sgn(x) + 9*(sqrt(c)*x -
sqrt (cxx~2 + d)) "3xaxc”2xd"2xsgn(x) + 80x(sqrt(c)*x - sqrt(c*x~2 + d)) 2%b
*xCc~(3/2)*d"3*sgn(x) + 16x(sqrt(c)*x - sqrt(c*x~2 + d))*a*xc”2*d"3*sgn(x) -
32%b*c” (3/2)*d"4*sgn(x))/((sqrt(c)*x - sqrt(c*x™2 + d))~"2 - d)"4

output

Mupad [B] (verification not implemented)

Time = 9.01 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.77

z* Ve 3
d a(ca®+d)**Fi(-3,4 3 -5

Cc

3/2 4 3/2
/(c—l—%) (a + bx) e — b2 atanh \/ €t 2z b(c+ %)

nput 106 + 4/x2)7(3/2)%(a + b¥0))/x72,%) J




CHAPTER 3. LISTING OF INTEGRALS 239

t‘b*c“(3/2)>'<at-.anh((c + d/x72)7(1/2)/c™(1/2)) - (bx(c + d/x72)7(3/2))/3 - b*c

t
ot *(c + d/x72)7(1/2) - (a*(d + c*x"2)"(3/2)*hypergeom([-3/2, 1/2], 3/2, -d/( |
(cxx72)))/ (xk(d/c + x72)7(3/2))
Reduce [B] (verification not implemented)
Time = 0.17 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.58
(c+ 12)3/2 (a + bz) —15vcz? +dacdz? — 6vV/cz? +dad® — 32vcx? + dbedz® — 8vex? + dba
/ 2 dr =
input Lint ((c+d/x"2)~ (3/2) * (b¥x+a) /x~2,%) J
output ( - 15*sqrt(c*x**2 + d)*axcxd*x**2 - 6¥sqrt(cxx**2 + d)*a*xd**2 - 32*sqrt(c

*xxkx2 + d)¥bkckd*x**3 — 8xsqrt(ckx**2 + d)*bkd**2*x + 24*sqrt(c)*log((sqrt
(c*x**2 + d) + sqrt(c)*x)/sqrt(d))*bxckd*x**4 + 8*sqrt(c)*bkckdxx**4 + 9*s
qrt (d)*log((sqrt(cxx**2 + d) + sqrt(c)*x - sqrt(d))/sqrt(d))*axckx2kx**4 -
9xsqrt (d)*log((sqrt (c*xx**2 + d) + sqrt(c)*x + sqrt(d))/sqrt(d))*xa*c**2*x*
*4) / (24*d*x**4)
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f (c—l—;dg> 3/2(a—|—bx)

3.23 dx

3
Optimal result . . . . . . . . . . . . . . e 240)
Mathematica [A] (verified) . . . . . . . . . ... L 240
Rubi [A] (verified) . . . . . . .. . . 247]
Maple [A] (verified) . . . . . . . . . . 243
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ..... 244
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 245
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 240
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 246
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 247
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 247

Optimal result

Integrand size = 20, antiderivative size = 93

/ (c+ %) (a + bx) o a(c+ %)**

x3 5d
3bcy/c+ 2 4\3/2 3bczarctanh< ‘/‘jd >
_ 2 _ b(C + x—2) _ /C+w7x
8x 4x 8v/d

-1/Bxax (c+d/x~2) " (5/2) /d-3/8*bxck (c+d/x~2) " (1/2) /x-1/4%bx(c+d/x"2)~(3/2) /x

output
|-3/8¥bkc~2+arctanh(d”(1/2)/(c+d/x"2) "~ (1/2) /%) /d~ (1/2)

Mathematica [A] (verified)

Time = 0.53 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.32

dz =

/(c+;%)3/2(a+bx>

3
Vet S (\/d + cx? <8a(d + cx?)® + 5bdz(2d + 5cx2)> + 15bc*v/dz® log(z) — 15bc*v/ dz° log (—\/c_i + v/
40dz*v/d + cx?
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input‘lntegrate[((c + d/x"2)"(3/2)*(a + bxx))/x"3,x]

output‘ -1/40%(Sqrt[c + d/x"2]*(Sqrt[d + c*x"2]*(8*a*(d + c*x"2)72 + Bkbkd*x*(2*d ‘
|+ Bxc*x"2)) + 15¥bkc”2#Sqrt [d]*x"5xLoglx] - 15¥bxc 2%Sqrt[d]*x 5%Log[-Sqrt |
L[d] + Sqrt[d + c*xx~21]))/(d*x~4*Sqrt[d + c*x"2]) J

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.04,

number of rules _ 0.350, Rules

number of steps used = 8, number of rules used = 7, integrand size

used = {1892, 1799, 455, 211, 211, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3/2

a+bdx)(c %
/(+b)ig+z) "

l 1892

[Erilr )™,

T2

l 1799

—/ <c+ ;)3/2 (% +b) d%
1455
)5/2

3/2 d
o f (e 8) el )
z2 T 5d
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d 3/2 5/2
Bl [t VerE) ek &) aler )
412 feqr 4 T 2z 4z 5d
2

l 924

1 1 1 ct+ % (c_}_a%)?’/? ( +§2)5/2

b 4c 20 3 d + 5 + i 2
=27 e+ Ly z T
l 219
carctanh Vd
5d 4 2V/d 2z 4z
input LInt[((c + d/x72)7(3/2)*(a + b*x))/x73,x] J

N

—1/8x(ax(c + A/x°D(5/2)/d - br((c + d/x°2)"(3/2)/(4xx) + (Brcx(Sqrsle + |

output
L d/x~2]/(2*x) + (c*ArcTanh[Sqrt([d]/(Sqrtlc + d/x"2]1*x)1)/(2*Sqrt[d])))/4) J

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[x*((a + b*x"2)"p/(2%p + 1
)), x] + Simp[2xa*x(p/(2*xp + 1)) Int[(a + b*x~2)"(p - 1), x], x] /; FreeQl
{a, b}, x] && GtQ[p, 0] && (IntegerQ[4*p] || IntegerQ[6+*pl)

rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*

le 219
e ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)
cule 224 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],

x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]
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Int[((c ) + (d_.)*(x_))*((al) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[dx*((
a + b*x"2)"(p + 1)/(2%bx(p + 1))), x] + Simp[c Int[(a + b*x"2)7p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !LeQ[p, -1]

rule 455

Int[(x_)~(m_.)*((a_) + (c_)*(x_)"(n2_.)) " (p_.)*((d_) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[(d + e*x)~"g*(a + c*x"2)7p, x], x, x~
nl, x] /; FreeQ[{a, ¢, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && EqQ[Simplif
ylm - n + 1], 0]

rule 1799

rule 1892‘Int[(x_)“(m_.)*((d_) + (e_)*(x_)"(mn_.))"(q_.)*((a_) + (c_.)*(x_)"(n2_.))" ‘
‘(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) q*(a + c*xx"n2)"p, x] /; F ‘
‘reeQ[{a, c, d, e, m, mn, p}, x] & EqQ[n2, -2*mn] && IntegerQ[q] && (PosQ[n ‘
‘2] || !IntegerQlpl) ‘

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.26

method | result
2d+2vd \Vcz2+d 214

isch (8a 22" +25bed 2%+ 16ad a?c+10be 2 +8a.d?) /<2554 3b¢? ln( . )””\/372

e 40z4d 8vVdvcaz2+d
3 3 s ;
(cw;i;d) ’ (—5(cx2+d) 7b02x5+15d% ln(wcimz-’—d)b@ﬁ-i%(cxz—i—d) 2bcz®—15vcz?+dbc?dx5+10(ca?+d) 2 bdw
default | —
4022 (cz2+d) 3 d?
input Liﬂt ((c+d/x"2)"(3/2) * (b*x+a) /x"3,x ,method=_RETURNVERBOSE) J

-1/40% (8*axc~2*x~4+25*b*c*d*x~3+16*a*ckxd*x~2+10*b*d~2*x+8*a*xd~2) /x~4/d* ((c
\*x‘2+d)/x‘2)‘(1/2)—3/8*b*c*2/d‘(1/2)*1n((2*d+2*d*(1/2)*(c*x‘2+d)‘(1/2))/x)
‘/(c*x‘2+d)“(1/2)*x*((c*x“2+d)/x“2)‘(1/2)

‘/

output

\‘
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Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 211, normalized size of antiderivative = 2.27

2

cx?— £/ c22td
15 bc?v/dz* log (— 2V +2d> — 2 (8actz* + 25 bedz® + 16 acdz? -

3 r= 80 dz*

d\3/2
/ (c+ %) (a+ba)

e

tintegrate((c+d/x‘2)‘(3/2)*(b*x+a)/x‘3,x, algorithm="fricas")

~—

input

[1/80% (156%bxc~2*sqrt (d) *x~4*1log(-(c*x~2 - 2*sqrt(d)*x*sqrt((c*x~2 + d)/x"2
) + 2%d)/x72) - 2%(8*axc”2*xx"4 + 2b5%b*c*d*x”3 + 16*akckd*x"2 + 10%b*d”~2*x

+ 8%a*xd~2)*sqrt ((c*x"2 + d)/x72))/(d*x"4), 1/40%(156xb*c”2*sqrt(-d)*x"4*arc
tan(sqrt(-d) *x*sqrt ((cxx”2 + d)/x72)/d) - (8*%a*xc™2*x"4 + 25xbxc*d*x~3 + 16
*xa*xcxd*x~2 + 10%bxd”"2*x + 8xa*xd~2)*sqrt((c*x~2 + d)/x~2))/(d*x"4)]

output




input |

output
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Sympy [A] (verification not implemented)

Time = 1.84 (sec) , antiderivative size = 245, normalized size of antiderivative = 2.63

(c+ %)** (a+bz) ¢t 5(5+5m) ford#0
3 dr = —ac
T % otherwise
¢+ %(_125% + iz T 5%4) ford # 0
—ad
ﬁ otherwise
)
log (2vdy /et % +24)
) el forc #0
log () :
— be — e otherwise
TV %2 \/c—f-z%
5 + 5= ford #0
~/75 otherwise
' ( )
log (2vVdy/c+5%+2
. 7 forc#0
—bd - iog(m%) otherwise
= d
- 5 ty/et 5(s5 +as) ford#0
\ % otherwise

integrate ((c+d/x**2) *x(3/2) * (b*x+a) /x**3,x)

-axc*Piecewise ((sqrt(c + d/x**2)*(c/(3*d) + 1/(3*x**2)), Ne(d, 0)), (sqrt(
c)/(2xx*%x2), True)) - axd*Piecewise((sqrt(c + d/x**2)*(-2xc**2/(15*d**2) +
c/ (15*%d*x**2) + 1/(5*x**4)), Ne(d, 0)), (sqrt(c)/(4*x*x4), True)) - bxc*P
iecewise((c*Piecewise((log(2*sqrt(d)*sqrt(c + d/x**2) + 2xd/x)/sqrt(d), Ne
(c, 0)), (-log(x)/(x*sqrt(d/x**2)), True))/2 + sqrt(c + d/x**2)/(2*x), Ne(
d, 0)), (sart(c)/x, True)) - b*dxPiecewise((-c**2xPiecewise((log(2*sqrt(d)
xsqrt(c + d/x**2) + 2*d/x)/sqrt(d), Ne(c, 0)), (-log(x)/(x*sqrt(d/x**2)),
True))/(8%d) + sqrt(c + d/x**2)*(c/(8*d*x) + 1/(4*x*%3)), Ne(d, 0)), (sqrt
(c)/(3%x**3), True))
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.42

5
/ (C-l— ;%)3/2 (a+b:1,') . _a(c+ 9%)2
x3 N 5d
32 log ( Lz —V4 s
4 ¢ o8 ,/c—i—;%x—i-\/a 2 (5 (C + ;ig) 202$3 -3 c+ Q%Cde>
Bl v e+ A -2 (et B+
inputLintegrate((c+d/x‘2)A(3/2)*(b*x+a)/x*3,x, algorithm="maxima") J

output‘_l/s*a*(c + d/x"2)"(5/2)/d + 1/16%(3*c~2*1log((sqrt(c + d/x"2)*x - sqrt(d))
/(sqrt(c + d/x"2)*x + sqrt(d)))/sqrt(d) - 2x(5*(c + d/x"2)"(3/2)*c"2%x"3 -
| 3xsqrt(c + d/x"2)*c"2%d*x)/((c + d/x72)"2%x"4 - 2x(c + d/x"2)*d*x"2 + 4”2 |
‘))*b ‘

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 248 vs. 2(73) = 146.

Time = 81.23 (sec) , antiderivative size = 248, normalized size of antiderivative = 2.67

Tr =

z? 4+/=d
N 25 (y/cx — Vex? + d)9b02sgn(x) + 40 (vex — Vez? + d)gacgsgn(x) —10 (vez — Vez? + d) 7chdsgn(ac)

20

/ (c+ %)3/2 (a + bx) . 3bc? arctan (—ﬁx% V_c;2+d) sgn(z)

inputLintegrate((c+d/x"2)"(3/2)*(b*x+a)/x"3,x, algorithm="giac") J




CHAPTER 3. LISTING OF INTEGRALS 247

3/4xbxc~2*arctan(-(sqrt(c)*x - sqrt(c*x~2 + d))/sqrt(-d))*sgn(x)/sqrt(-d)

+ 1/20%(25* (sqrt(c)*x - sqrt(cxx™2 + d)) ~9*b*c™2xsgn(x) + 40*(sqrt(c)*x -

sqrt(c*x~2 + d)) "8xa*c~(5/2)*sgn(x) - 10*(sqrt(c)*x - sqrt(c*x™2 + d))~7+*b
*xc~2xd*sgn(x) + 80*(sqrt(c)*x - sqrt(c*x~2 + d)) “4*a*c”(5/2)*d"2*sgn(x) +

10x(sqrt(c)*x - sqrt(c*x”2 + d)) "3*b*c~2*%d"3*sgn(x) - 25*(sqrt(c)*x - sqrt
(c*x™2 + d))*b*c~2xd"4*sgn(x) + 8*a*xc”(5/2)*d"4*sgn(x))/((sqrt(c)*x - sqrt
(c*xx”2 + d))"2 - A)°5

output

Mupad [B] (verification not implemented)

Time = 8.84 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.73

2

/ (c+5) " e+be) | blea?+ R (.5 § —h) eyetleat+d)
x3 v= x(4+x2)3/2 5drt

input‘ int(((c + d/x72)"(3/2)*(a + b*x))/x"3,x) ‘

- (bx(d + c*x"2)"~(3/2)*hypergeon([-3/2, 1/2], 3/2, -d/(c*x"2)))/(xx(d/c +

output
\x*z)*(s/z)) - (a*x(c + d/x~2)~(1/2)*(d + c*xx~2)~2)/(5%d*x"4)

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.76

z2 x

/ (c+ 1)3/2 (a + bz) —8Vex? +dactz* —16vVcz? + dacdz? — 8vcx? + dad? — 25v/ca? + dbe
do =

3

input Lint((C+d/XA2)A(3/2)*(b*X+a) /x"3,%) J

( - 8*xsqrt(cxx**2 + d)*akxcx*2xx*k*4 - 16*sqrt(ckx**2 + d)*a*ckd*x**2 - 8%sq
rt(cxx**2 + d)*a*xd**x2 — 25*ksqrt(cxx**2 + d)*bxckd*x**3 - 10%*sqrt (cxx**2 +
d) ¥xbxd**2xx — 8*sqrt(c)*akxc**2*x**5 + 15*sqrt(d)*log((sqrt(c*x**2 + d) + s
grt(c)*x - sqrt(d))/sqrt(d))*b*cx*2xx**5 - 15xsqrt(d)*log((sqrt(cxx**2 + d
) + sqrt(c)*x + sqrt(d))/sqrt(d))*b*cx*x2xx**5) / (40*d*x**5)

output




output
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4 \3/2
(c—l— ;2> (a+bz)
3.24 [ 7 dy
T

Optimal result . . . . . . . . . . . . . . e 248
Mathematica [A] (verified) . . . . . . . . . ... L 248
Rubi [A] (verified) . . . . . . .. . . 249
Maple [A] (verified) . . . . . . . . . . 251]
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ..... 252
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 253
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 257
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 255
Mupad [F(-1)] . . . . . 2551
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 250

Optimal result

Integrand size = 20, antiderivative size = 118

/(c+x%)3/2(a+bx)dx_ b(c+gc4‘l2)5/2 ac\/c+m%

~ ac+ %)

xt 5d 83

32 g\ fet+ 4 ac3arctanh( \/%m>

623

T 16dz 16d3/2

e

-1/5%b*(c+d/x~2)~(5/2) /d-1/8*a*c*(c+d/x"2)~(1/2)/x~3-1/6%a*(c+d/x"2)~(3/2)

A\

| /x73-1/16%a*c™ 2% (c+d/x"2) " (1/2) /d/x+1/16%axc"3*arctanh(d™ (1/2)/ (c+d/x~2) " (
1/2)/x) /4 (3/2)

Mathematica [A] (verified)

Time = 0.79 (sec) , antiderivative size = 117, normalized size of antiderivative = 0.99

/

(c+ %)3/2 (a + bx)

dzr =

Vet <—\/5l<48bw(d + cx?)® + 5a(8d? + 14cdz® + 3c2x4)) -

30ac3zbarctal
V.

xrd

240d3/225
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input‘lntegrate[((c + d/x72)"(3/2)*(a + bxx))/x"4,x]

output‘(sqrt[C + d/x"2] % (-(Sqrt [d] * (48*b*x*(d + c*x~2)"2 + B*a*x(8*d~2 + 14*cxd*x~
‘2 + 3%c"2*x74))) - (30%a*c”3*x"6*ArcTanh[(Sqrt[c]l*x - Sqrt[d + c*x~2])/Sqr
Lt [d11)/Sqrtld + c*x~21))/(240%d"(3/2)*x"5) J

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.05,
number of steps used = 9, number of rules used = 8, umber of rules _ ( 440 Ryles

integrand size
used = {1892, 1803, 533, 455, 211, 211, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3/2

a+bdx)(c %
/(+b)i4+z) "

l1892
(2+0) (c+ 4)*"
j/ 3 dx
l1803
-/ e+ &)Y (+0) 1
X i
l533
[le+5)" (ac= B d} _ale+5)""
6d B 6dx
l455
acf (c+ %) dl — Sb(c+ 5 a(c+ 4)"
6d 6dx
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wF = T aler )™
6d Bl 6dx
l 994
c+4% ct+4 3/ 5/2
(e eyt ) ) bt
6d - 6dx
l219
carctanh< vd ) 3/2
7 fot c+-4 ct+% 5/2
oo fe| Bl | R gy )
5/2
a(c%—é%)
6d B 6dx

-

input Int[((c + d/x72)7(3/2)*(a + b*x))/x74,x]

N

-1/6x(a*x(c + d/x72)7(5/2))/(d*x) + ((-6xb*(c + d/x72)7(5/2))/5 + a*cx((c +
d/x"2)"(3/2)/(4*x) + (3*cx(Sqrtlc + d4/x72]/(2*x) + (cxArcTanh[Sqrt[d]/(Sq

output
\ rtlc + d/x72]*x)])/(2*Sqrt[d]1)))/4))/(6xd)

Defintions of rubi rules used

rule 211 Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[x*((a + b*x"2)"p/(2%p + 1
)), x] + Simp[2*a*x(p/(2*xp + 1)) Int[(a + b*x~2)"(p - 1), x], x] /; FreeQl
{a, b}, x] && GtQ[p, 0] && (IntegerQ[4*p] || IntegerQ[6*pl)

rule 219 Int[C(a) + (b_)*(x_)"2)7(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[-b, 21))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0]1)
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rule 9294 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

I‘ule 455 Int[((C_) + (d_.)*(x_))*((a_) + (b_.)*(x_)‘2)"(p_.), X_Symbol] > Slmp[d*((
a + b*x"2)"(p + 1)/(2xbx(p + 1))), x] + Simp[c Int[(a + b*x~2)"p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

rule 533 | It LD~ (m_.)*((c) + (d_.)*(x_))*((a) + (b_.)*(x_)"2)7(p_), x_Symbol] :>

Simp [d*x"m*x((a + b*x72)"(p + 1)/(b*(m + 2%p + 2))), x] - Simp[1/(bx(m + 2%
P+ 2) Intlx"(m - 1)*x(a + b*x"2) p*Simp[a*d*m - bkcx(m + 2%p + 2)*x, x],
x], x] /; FreeQ[{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] && Integer
Q[2*p]

rule 1803 It LG "@_D*((@)) + (c_)*(x)7(@2_.))"(p_)*((d)) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + e*x
)"g*x(a + c*x~2)7p, x], x, x"nl, x] /; FreeQl[{a, c, 4, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

rule 1892 Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"(mn_.))"(q_.)*((a_) + (c_.)*(x_)"(m2_.))"
(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) q*(a + c*xx"n2)"p, x] /; F
reeQ[{a, c, d, e, m, mn, p}, x] && EqQ[n2, -2+*mn] && IntegerQlql && (PosQ[n
2] || !'IntegerQ[pl)

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.07

method | result

31 ( 24+2vdVeca2+d 2+4d
(48b 225 +15a 2ot +96bed 23+ T0ad 22 c+48bx d2+40a d?) | <254 + ac’ln ( 5 ) AV

risch — 3
2402>d 16d2 vea?+d
3 3 3 foa?Td 5 5
(ij%‘ﬂ 2 (—5(ca:2+d) 2ac32%4+15d2 In (M) ac3z%+5(cz?+d) 2ac?zt—15vcz2+dac3dz84+10(cz%+d) 2 acd
default

3
240z3(cz2+d)2 d3
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input  int ((c+d/x"2) " (3/2)* (b*x+a) /x~4,x,method=_RETURNVERBOSE) |

‘—1/240*(48*b*c“2*x“5+15*a*c“2*x‘4+96*b*c*d*x“3+70*a*c*d*x“2+48*b*d“2*x+40*
\a*d‘2)/x‘5/d*((c*x‘2+d)/x‘2)‘(1/2)+1/16*a*c‘3/d‘(3/2)*1n((2*d+2*d‘(1/2)*(c

output
L*x*2+d>*<1/2>)/x)/(c*x*2+d)*(1/2)*x*(<c*x*2+d) /x72)~(1/2) J

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 240, normalized size of antiderivative = 2.03

cx? z4/ cx?+d ‘
15 ac*vdz® log (— 2y +2d> — 2(48 bc*dx® + 15 ac’dz* + 96 bed

x2

/ (c+ %) (a + bx) .
x4 N 480 d2x5

—d cz2+d

15 ac3y/—dz5 arctan <HTV”2) + (48 bc?dx® + 15 ac’dz* + 96 bed?z® + 70 acd?z? + 48 bd3z + 40 aa

240 d2°

| —

inputLintegrate((C+d/Xﬁ2)A(3/2)*(b*X+a)/x‘4,x, algorithm="fricas")

[1/480* (15%a*c~3*sqrt (d) *x~5*log(-(c*x~2 + 2*sqrt(d)*x*sqrt((c*x~2 + d)/x~
2) + 2%d)/x72) - 2%(48%b*c”2*d*x”5 + 16*axc”2xd*x"4 + 96%bkckd~2*x"3 + TO*
axcxd"2*x"2 + 48xb*d"3*x + 40*a*d"3)*sqrt((c*x"2 + 4)/x~2))/(d"2*x"5), -1/
240% (15%a*c~3*sqrt (-d) *x~5*arctan(sqrt (-d) *x*sqrt ((c*x~2 + d)/x~2)/d) + (4
8*b*c”2%d*x"5 + 15*%axc”2xd*x"4 + 96%b*c*d"2*x"3 + 7O*akckd 2*x"2 + 48%bxd”
3%x + 40%axd~3)*sqrt((c*x”2 + d)/x72))/(d"2*x"5)]

output




input
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Sympy [A] (verification not implemented)

Time = 1.89 (sec) , antiderivative size = 275, normalized size of antiderivative = 2.33

s+ o5) ford#0
otherwise
2
— o7z T 3445 T+ #) ford # 0
otherwise

/ (c+ %)% (a+ba)
1 dr =
T
log (2dy/et 5 +%) 40
r
. el orc
_acl ¢ —log (j) otherwise
Ty 22
@ d
- 8d +y/ct z_2(
Ve
L 3z3
( ( Vd d 2d)
log (2vd ctooty
P 7 forc#0
log (z) :
—=== otherwise
—ad| < 2[4 y
164 Tyt x_2<
Ve
L 55
b c+m%(3£d+#) ford # 0
\ % otherwise
)
2
b C+xi2<_125%+15;x2+#> ford # 0
ﬁ otherwise

integrate ((c+d/x**2) *x(3/2) * (b*x+a) /x**4,x)

N




output

input

output
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—axc*Piecewise ((-c**2*Piecewise((log(2*sqrt(d)*sqrt(c + d/x**2) + 2xd/x)/s
qrt(d), Ne(c, 0)), (-log(x)/(x*sqrt(d/x**2)), True))/(8+d) + sqrt(c + d/x*
*2) *(c/ (8*d*x) + 1/(4*x**3)), Ne(d, 0)), (sqrt(c)/(3*x*x3), True)) - axd*P
iecewise((c**3*Piecewise((log(2*sqrt(d)*sqrt(c + d/x**2) + 2*d/x)/sqrt(d),
Ne(c, 0)), (-log(x)/(x*sqrt(d/x**2)), True))/(16*d*x2) + sqrt(c + d/x**2)
* (—cx*2/ (16%d**2*x) + c/(24*d*x**3) + 1/(6*x*x*5)), Ne(d, 0)), (sqrt(c)/(5*
x*x5), True)) - bxc*Piecewise((sqrt(c + d/x**2)*(c/(3*d) + 1/(3*x**2)), Ne
(d, 0)), (sqrt(c)/(2xx**2), True)) - b*d*Piecewise((sqrt(c + d/x**2)*(-2xc
**2/ (15%d**2) + c/(15*%d*x**2) + 1/(5*x**4)), Ne(d, 0)), (sqrt(c)/(4xx*x4),
True))

-

Lintegrate((c+d/x‘2)“(3/2)*(b*x+a)/x‘4,x, algorithm="maxima")

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.47

/(c+ ) atb) , _ ble+ B)F
xt B 5d
3c31lo yetzzevd d\5 d\3 d
& Jot Lot 2(3(c+x—2)2c3x5+8(0+x—2)203dx3—3 c—l—x—zc?’d%)
S z +
% d o+ 2105 o+ 2@ 55 (et 5)a2

~—

-1/5%bx(c + d/x"2)7(5/2)/d - 1/96%(3*c"3xlog((sqrt(c + d/x"2)*x - sqrt(d))
/(sqrt(c + d/x"2)*x + sqrt(d)))/d~(3/2) + 2+¢(3%(c + d/x72)"(5/2)%c™3%x™5 +
‘ 8%(c + d/x72)7(3/2)*c”~3*d*x"3 - 3*sqrt(c + d/x"2)*c~3*d"2*x)/((c + d/x72)

L“s*d*x‘s - 3x(c + d/x72)72%d"2*x"4 + 3*x(c + d/x"2)*d"3*%x"2 - d74))*a J
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 405 vs. 2(94) = 188.

Time = 171.60 (sec) , antiderivative size = 405, normalized size of antiderivative = 3.43

cz—Vcx?
/ (c+ %)3/2 (a + bz) . ac® arctan (—%) sgn(z)
=

ot o 8v/—dd
N 15 (vex — Vez® + d)llac3sgn(x) + 240 (y/cx — Vez? + d) 10bc%dsgn(ac) + 235 (y/cx — Vex? + d)gac3ds

-

| —

input Lintegrate ( (C+d/XA2) - (3/2) % (b*x+a) /x“4 ,X, algorithm="giac n)

-1/8*axc~3*arctan(-(sqrt(c)*x - sqrt(c*x~2 + d))/sqrt(-d))*sgn(x)/(sqrt(-d
)*d) + 1/120%(15*%(sqrt(c)*x - sqrt(c*x~2 + d)) “1l*axc”3*sgn(x) + 240*(sqrt
(c)*x - sqrt(c*x™2 + d))~10*b*xc~(5/2) *d*sgn(x) + 235*(sqrt(c)*x - sqrt(c*x
~2 + d))"9xa*c”3xdxsgn(x) - 240*(sqrt(c)*x - sqrt(c*x™2 + d)) "8*bxc~(5/2)*
d"2xsgn(x) + 390*(sqrt(c)*x - sqrt(c*x™2 + d)) 7*a*xc™3*d " 2*sgn(x) + 480*(s
grt(c)*x - sqrt(c*x~2 + d)) “6xbxc~(5/2)*d"3*sgn(x) + 390*(sqrt(c)*x - sqrt
(c*xx"2 + d))“b*axc”3*xd"3*sgn(x) - 480*(sqrt(c)*x - sqrt(c*x"2 + d)) “4xbxc”
(56/2)*d"4*sgn(x) + 236*(sqrt(c)*x - sqrt(cxx™2 + d)) "3*a*c”3xd"4*sgn(x) +
48* (sqrt(c)*x - sqrt(cxx™2 + d)) ~2%b*c”~(5/2)*d"5*xsgn(x) + 15*(sqrt(c)*x -
sqrt(c*x~2 + d))*axc”3*d"b*sgn(x) - 48%bxc”(5/2)*d"6*sgn(x))/(((sqrt(c)*x
- sqrt(c*xx™2 + d))"2 - d)~6%d)

output

Mupad [F(-1)]

Timed out.

d \3/2 d\3/2
/(c+x—2) (a-l—bx)dw:/(c—l-p) (a—i—bx)dx

4 i

-

Lint(((c + d/x"2)~(3/2)*(a + b*x))/x"4,x)

-/

input

output‘ int (((c + d/x72)"(3/2)*(a + b*x))/x"4, x) ‘
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 188, normalized size of antiderivative = 1.59

—15vecx2 +dactdz* — 70Vcx? + dacd?z? — 40/ cx?2 + dad® — 48+v/cx? +

X

d\3/2
/(c+x—2) (a+bx)d

rd

e

~—

input Llnt ( (C+d/XA2) - (3/2) * (b*X+a) /XA4 s X)

( - 15*sqrt(c*xx*x*2 + d)*a*ckx*2xd*xx*4 — TOksqrt (cxx**2 + d)*akckxd**2kx**2
- 40*sqrt(cxx**2 + d)*axd**3 - 48*xsqrt(c*x**2 + d)*bkck*x2xd*x**5 - 96*sqrt
(cxx**2 + d)*bkckd**2+x**3 — 48*sqrt(c*x**2 + d)*bxd**3xx - 32xsqrt(c)*bxc
*x2xd*x**6 — 15*sqrt(d)*log((sqrt(c*x**2 + d) + sqrt(c)*x - sqrt(d))/sqrt(
d) ) xaxc**3*x**6 + 15*sqrt(d)*log((sqrt(c*x**2 + d) + sqrt(c)*x + sqrt(d))/
sqrt (d) ) xaxc**3*x**6) / (240*d**2xx**6)

output
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f (c—l—;dg> 3/2(a—|—bx)

3.25 dx

)
Optimal result . . . . . . . . . . . .. 257
Mathematica [A] (verified) . . . . . . . . . ... 257
Rubi [A] (verified) . . . . . . .. . . 258
Maple [A] (verified) . . . . . . . . . . 2611
Fricas [A] (verification not implemented) . . . . . . ... ... .. ... ..... 262
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 263
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 264
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 264
Mupad [F(-1)] . . . . . 2651
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 265

Optimal result

Integrand size = 20, antiderivative size = 138

(C+%)3/2 (a-l—bx) ac(c_i_g%)sﬂ a<c+:%)7/2
/ x? dr = 5d2 - 7d2
\f
bc\/@ b(c+ 3%)3/2 b&\/@ bc3arctanh (ﬁ)
) 8z° - 62° - 16dz + 16d3/2

.| 1/5%axck(ctd/x"2)"(5/2)/d"2-1/Txax (c+d/x"2)~ (7/2) /d"2-1/Bxbrcx (c+d/x" D) (1 |
/2)/x°3-1/6¥bx (c+d/x"2) " (3/2) /x"3-1/16%brc 2% (c+d/x"2) " (1/2) /d/x+1/16%bxc™
3*xarctanh(d~(1/2)/(c+d/x~2)~(1/2)/x)/d~(3/2)

N J

outpu

Mathematica [A] (verified)

Time = 0.75 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.99

dr =

/ (c+%)%* (a+ba)

5
Vet % (x/d + cx2 (48a(5d — 2¢cz?) (d + ca?)? + 35bdz(8d2 + 14cdx? + 3c2x4)> + 210bc3/dz"arctanh
1680d?z5v/d + cx?




CHAPTER 3. LISTING OF INTEGRALS 258

input‘lntegrate[((c + d/x"2)"(3/2)*(a + b*x))/x"5,x]

output} -1/1680%(Sqrtlc + d/x"21*(Sqrtld + ckx~2]*(48xa*(5xd - 2xckx~2)*(d + c*x™2
\)"2 + 35*%bxd*x*(8%d~2 + 14*c*xd*x~2 + 3%c”2%x"4)) + 210%b*c~3*Sqrt [d] *x~7*A \
chTanh[(Sqrt[c]*x - Sqrt[d + c*x~2])/Sqrt[d]]))/(d~2*x~6xSqrt[d + c*x~2]) J

Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.10,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size — 0.550, Rules

used = {1892, 1803, 533, 533, 25, 27, 455, 211, 211, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a+bz) (c+ ;%)3/2
L/‘ o dz

l 1892
(2 4b) (c+ 2)**
/ 4 dx
X
l 1803
./®+$fﬂ@+w 1
_ : A
z x
l 533
ctiz) (e 5/2
7d Tda?
l 533
[=ed(cr )" (2eamyal  m(cr %)™ 5/2
— : 2)6‘1 - ( 6z2) _afe+ =)
7d 7dxz?
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3/2 5/2
Jed(e+ %) (22 470)al  (ct) p
T - alct}
7d Tdx?

)5/2

1 d\3/2 (12a 1 7b<c+z%>5/2 d \5/2
o) (e+3)" (B +T)dy — ——-—  alc+ )
7d Tdx?
l 455
3/9 12a(c+-% 5/ 7b(ct )"
éc<7bf(0+ 4)"al + ( 5d2> - 6””2> a(c+%)*?
7d Tdxz?
l 211
o+4)%? 12a(c+24)*" (et )
éc<7b<icf c+ %di+ ( Zi) ) + ( 5§2> ™ 622> alc+ d)5/2
P
7d © Tda?

d a)3/2 4 \5/2 4)\3/2
éc<7b<ic<;cf \/Ci%d% + C;g'cﬂ) n (C+Z2x) ) + 12a<c-i5-;2) ) 3 7b<c+6,;z>

ct2 ct+% 3/ 12a(c+-% o2 b(ct+-% o2
éc<7b<ic<écf1—1%d¢c+ld2x+ 252) - >+ el ) nled)

5/2 carctanh vd
12a(c+%)
le| —=24— + 7| 3¢ _\"e?2)
6 5d 4 2v/d 2z 4x 6x
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input‘ Int[((c + d/x72)"(3/2)*(a + b*x))/x"5,x] ‘

output‘—1/7*(a*(c + d/x72)7(5/2))/(d*x~2) + ((-T*bx(c + d/x"2)"(5/2))/(6%x) + (c*
\ ((12%a*x(c + d/x72)"(5/2))/(5xd) + T*bx((c + d/x"2)"(3/2)/(4*x) + (3*c*(Sqr ‘
‘t[c + d/x~2]1/(2%x) + (c*ArcTanh[Sqrt[d]/(Sqrtlc + d/x"2]1*x)1)/(2*Sqrt[d])) ‘
1)/4)))/6)/ (T+d) |

Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[x*((a + b*x~2)"p/(2*p + 1
)), x] + Simp[2*a*x(p/(2*%p + 1)) Int[(a + b*x"2)"(p - 1), x], x] /; FreeQ[
{a, b}, x] && GtQ[p, 0] && (IntegerQ[4*p]l || IntegerQ[6*pl)

rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 |l LtQ[b, 01)

rule 219

/Int[l/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, 0]

rule 224

Int[((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[d*((
a + bxx"2)"(p + 1)/(2%bx(p + 1))), x] + Simp[c Int[(a + b*x"2)7p, x], xI]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

rule 455
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Int[(x_)~(m_.)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp [d*x"m*((a + b*x"2) " (p + 1)/(bx(m + 2%p + 2))), x] - Simp[1/(b*x(m + 2%
P+ 2)) Intlx"(m - 1)*x(a + b*x"2) p*Simp[a*xd*m - bkcx(m + 2%p + 2)*x, x],
x], x] /; FreeQl{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] && Integer
Q[2xp]

rule 533

Int[(x_)"(m_.)*((a_) + (c_.)*(x_)"(m2_.))"(p_.)*((d_) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + e*x
)"g*(a + c*xx~2)7p, x], x, x"n], x] /; FreeQl{a, c, d, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

rule 1803

Int[(x )" (m_.)*((d_) + (e_)*(x_)"(mn_.))"(q_.)*((a_) + (c_.)*(x_)"(n2_.))"
(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) g*(a + c*x"n2)7p, x] /; F
reeQ[{a, c, d, e, m, mn, p}, x] && EqQ[n2, -2*mn] && IntegerQ[ql && (PosQ[n
2] || !IntegerQ[pl)

rule 1892

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.02

method | result

3 2d+2vd Vecz2+d [cx2+
(96ac3w6—105bchx5—48ac2dx4—490x3bcd2—384ad2x2c—280bd3x—240ad3) % + ¢ bln( z < )m cxz2
3
1680xd? 16d3 vez2+d

244 % 2 3, 3.7 ] 2d4+2vdVcz24d 3.7 2 5. o5 3, 7 2 5
(ch) —35(cz?+d) 2bc327+105d2 In SEESVENVCTEE bl +35(cx?+d) 2bc?a5—105vcw2+dbc3dz”+70(cx?+d) 2

risch

default

168024 (c 22 +d) 3 d3

input Liﬂt ((c+d/x"2)" (3/2) *(b*x+a) /x"5,x ,method=_RETURNVERBOSE) J

‘1/1680*(96*a*c“3*x‘6—105*b*c‘2*d*x“5—48*a*c‘2*d*x“4—490*b*c*d‘2*x‘3-384*a*
| c*d™2%x"2-280%b*d"3%x-240%a*d"3) /x~6/d"2% ((c*x"2+d) /x"2) " (1/2)+1/16%c"~3%b/
|d7(3/2)*1n((2%d+2%d™ (1/2)* (cxx~2+d) ~(1/2)) /%) / (c¥x~2+d) ~ (1/2) *x* ((c*x~2+d)
\/x*z)*(1/2) \

output




input

output
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 259, normalized size of antiderivative = 1.88

2
C.’I?2+2 \/ECL' sz2+d
x2

105 bev/da® log (_ +2d) +2(96 ac’z® — 105 bc2da® — 48 ac

/ (c+ %) (a + bx) .
x5 - 3360 d2z6

— cm2+d
v —dx —

105 be3+/—dzb arctan ( y

) — (96 ac®z® — 105 bc?dx® — 48 ac’dx* — 490 bed?z® — 384 acd?x? —

1680 d?x6

-

N\

integrate((c+d/x~2)~(3/2)*(b*x+a)/x~5,x, algorithm="fricas")

[1/3360% (105*bxc~3*sqrt (d) *x"6*Llog(-(c*x~2 + 2*sqrt(d)*x*sqrt((c*x~2 + d)/
X72) + 2%d)/x72) + 2%(96%a*c”3*x"6 - 105%b*c”2*d*x"5 - 48%axc”2*d*x"4 - 49
O*b*xc*d~2*x"3 — 384*axc*d~2*x"2 - 280*b*d~3*x - 240%a*d~3)*sqrt((c*x~2 + d
)/x72))/(d"2%x76), -1/1680%*(105*b*c~3*sqrt(-d)*x~6*arctan(sqrt (-d)*x*sqrt(
(c*x™2 + d)/x72)/d) - (96%a*c”3*x"6 - 105*b*c”~2xd*x"5 - 48%axc”2*d*x"4 - 4
90*b*c*xd~2%x"3 - 384*akckxd~2*x"2 - 280%b*d~3*x - 240%a*d”3)*sqrt((c*x"2 +

d)/x72))/(d"2%x76)]
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Sympy [A] (verification not implemented)

Time = 1.75 (sec) , antiderivative size = 303, normalized size of antiderivative = 2.20

2
(c+5)@rbn) et (5 i ) ford#0
5 - NG .
o otherwise
3 2
ud Vichs Qiz ' <1§§d3 - 10?2%2 + 3 T 7716> ford # 0
% otherwise
)
log (2\/8 c+%+ﬁ)
= = forc#0
02 \/E %
—be —@ otherwise
T/ 22
- 5 +fet+ (g +qs) ford#0
% otherwise
\
)
log (2v/d, /c+-% +24
. o5 \/CE 5+%) forc#0
—bd — @ otherwise
Ty 22
1642 +yfeta <_16§2x t 2245 + #) ford # 0
\ 5% otherwise

input‘integrate((C+d/x**2)**(3/2)*(b*x+a)/x**5,x)

—axcxPiecewise ((sqrt(c + d/x**2)*(-2*c**2/(15xd**2) + c/(15xd*x**2) + 1/(5
*xx*x*4)), Ne(d, 0)), (sqrt(c)/(4*x**4), True)) - a*d*Piecewise((sqrt(c + 4/
x*x2) * (8*%cx*3/(105%d**3) - 4xc**2/(105*d**2xx**2) + c/(35xd*x**4) + 1/(T*x
**6)), Ne(d, 0)), (sqrt(c)/(6*x**6), True)) - bxc*Piecewise((-c**2*Piecewi
se((log(2*sqrt(d)*sqrt(c + d/x**2) + 2+d/x)/sqrt(d), Ne(c, 0)), (-log(x)/(
x*sqrt (d/x**2)), True))/(8*d) + sqrt(c + d/x*x*2)*(c/(8xd*x) + 1/(4*x*x3)),
Ne(d, 0)), (sqrt(c)/(3*x**3), True)) - bxd*Piecewise((c**3*Piecewise((log
(2*sqrt(d) *sqrt(c + d/x**2) + 2*d/x)/sqrt(d), Ne(c, 0)), (-log(x)/(x*sqrt(
d/x**2)), True))/(16*d**2) + sqrt(c + d/x**2)*(-c**2/(16*%d**2xx) + c/(24*d
*x*%3) + 1/(6*x**5)), Ne(d, 0)), (sqrt(c)/(5*x*x5), True))

output
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.39

7 5
e+ 8@t 1 (se+d)} Tl ke
xd T 735 d2 - d2 a
31 c+é%w—vﬂ 5 3
Sctlog { 2(3 (c+ %)2P25 +8(c+ %)°cda® — 3\ /e + ;%é”d%)
- z +
96 dz (c+5% Sdas — 3 (c+ ;%)Qd%“ +3(c+ %)d3z? — d*
input Lintegrate ((c+d/x~2)~(3/2) *(b*x+a) /x"5,x, algorithm="maxima" J

p

-1/35%(5x(c + d/x72)"(7/2)/d"2 - T*(c + d/x"2)"(5/2)*c/d"2)*a - 1/96*(3*c~
3*log((sqrt(c + d/x"2)*x - sqrt(d))/(sqrt(c + d/x"2)*x + sqrt(d)))/d"(3/2)
+ 2% (3x(c + d/x72)"(5/2)*c”3*x"5 + 8*(c + d/x72)"(3/2)*c~3*d*x"3 - 3*sqrt
(c + d/x72)*c™3*d"2*x)/((c + 4/x72)"3*%d*x"6 - 3*(c + d/x"2)72*d"2*x"4 + 3%
(c + d/x72)*d"3*x"2 - d"4))*b

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 405 vs. 2(110) = 220.

Time = 171.45 (sec) , antiderivative size = 405, normalized size of antiderivative = 2.93

Tr =

= - 8+/—dd
N 105 (v/ex — Vea? + d) Pbe3sgn(z) + 1540 (Vex — Vex? + d)llbc3dsgn(a:) + 3360 (y/cz — Vez? + d) Y4

/ (c+ %)3/2 (a + bz) ; bc? arctan (—ﬁ“’% ”_C;Z)J“d> sgn(z)

input integrate((c+d/x‘2)‘(3/2)*(b*x+a)/x*5,x’ algorith.m="giac")
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-1/8%bxc~3*arctan(-(sqrt(c)*x - sqrt(c*x~2 + d))/sqrt(-d))*sgn(x)/(sqrt(-d
)*d) + 1/840%(105*(sqrt(c)*x - sqrt(c*x”™2 + d)) 13*b*c~3*sgn(x) + 1540%(sq
rt(c)*x - sqrt(c*x”2 + d)) "11*bxc~3*d*sgn(x) + 3360*(sqrt(c)*x - sqrt(c*x”
2 + d))"10*a*xc”(7/2)*d*sgn(x) + 1085*(sqrt(c)*x - sqrt(c*x™2 + d)) " 9*b*xc~3
*d"2*xsgn(x) + 3360*(sqrt(c)*x - sqrt(c*x~2 + d)) ~8*a*xc™(7/2)*d"2*sgn(x) +

6720* (sqrt(c)*x - sqrt(c*xx™2 + d)) “6*a*xc”(7/2)*d"3*sgn(x) - 1085%(sqrt(c)=*
x - sqrt(c*x”2 + d)) "5xb*c”~3*d"4*sgn(x) + 1344x(sqrt(c)*x - sqrt(c*x”™2 + d
)) “4xa*xc” (7/2)*d"4*xsgn(x) - 1540*(sqrt(c)*x - sqrt(c*x~2 + d)) “3*b*c~3*d~5
*xsgn(x) + 672%(sqrt(c)*x - sqrt(cxx™2 + d)) 2*axc”(7/2)*d"5*sgn(x) - 105%(
sqrt(c)*x - sqrt(c*x™2 + d))*bxc"3*d"6*sgn(x) - 96%a*c™(7/2)*d"6xsgn(x))/(
((sqrt(c)*x - sqrt(c*x”2 + d))~2 - d)"7*d)

output

Mupad [F(-1)]

Timed out.
(c+£)" (a+ba) (c+ %) (a+ba)
I dr = o dx
inputtint(((c + d/x"2)"(3/2)*(a + b*x))/x"5,x) J
output 18E(((e + 4/x"2)7(3/D)*(a + bxx))/x75, x) ]

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 204, normalized size of antiderivative = 1.48

T

/ (c+ %)3/2 (a + bz) 96v/cz? +dacdz® — 48v/cx? + dacPdz* — 384v/cx? + dacd?z* — 240V cx
x dr =

x5

inputLint((C+d/xA2)A(3/2)*(b*x+a)/XA5,X) J
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(96*sqrt (cxx**2 + d)*axck*x3xx*k*x6 — 48xsqrt(ckx**2 + d)*akck*xkd*x**4 - 384
*sqQrt (c*x**2 + d)*akckd**2xx**2 - 240*sqrt (cxx**2 + d)*a*d**3 - 105*sqrt(c
*xx*k*2 + d)*bkxck*2*%d*x**x5 — 490*sqrt (cxx**2 + d)*bkckxd**2xx**x3 - 280*sqrt(c
*x**2 + d)*b*d**3%x - 96%sqrt(c)*axcx*3xx*x*7 — 105*sqrt(d)*log((sqrt (cxx**
2 + d) + sqrt(c)*x - sqrt(d))/sqrt(d))*bxc**3xx**7 + 105*sqrt(d)*log((sqrt
(c*xxx*2 + d) + sqrt(c)*x + sqrt(d))/sqrt(d))*xb*cx*3xx**7)/(1680*d**2*x**7)

output




output
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3.26

Optimal result
Mathematica [A] (verified)

f (c—l—;dg> 3/2(a—|—bx)

Rubi [A] (verified)
Maple [A] (verified)

Fricas [A] (verification not implemented)

m6

Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)

Giac [F(-1)]
Mupad [F(-1)]

Reduce [B] (verification not implemented)

Optimal result

dx

Integrand size = 20, antiderivative size = 163

d\3/2
/(0+;) m+h@dx=

16

2

be(c+ 1)5/2

b(c+ %

2

)7/2 acy/c+ %

5d?

7d?

B 1625

)

3/2 2 / d 3/ d 3ac4arctanh( vd
a(c—|—;%)/ _ac c—|—x—2+3ac C+P_ \/@z
85 64dx3 128d2%x 128d5/2

e

1/5xb*cx(c+d/x~2)~(5/2) /d~2-1/7*b*x(c+d/x~2) ~(7/2) /d~2-1/16*a*c*(c+d/x~2) " (

‘ 1/2)/x"5-1/8*ax(c+d/x"2) ~(3/2) /x~5-1/64*xa*xc~2*(c+d/x"2) ~(1/2)/d/x"3+3/128%*
‘a*c‘3*(c+d/x‘2)‘(1/2)/d‘2/x—3/128*a*c‘4*arctanh(d‘(1/2)/(c+d/x‘2)“(1/2)/x)

L/d‘(5/2)

A\

|
|
J
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Mathematica [A] (verified)

Time = 0.86 (sec) , antiderivative size = 137, normalized size of antiderivative = 0.84

L3 Je+ 4 va <128bx(d + cz?)? (—=5d + 2ca?) — 35a(16d° + 24cd?z? + 262dx
/ (c+Z)"" (a+ba) o —

x8 4480d5/2x7

-

Integrate[((c + d/x72)"(3/2)*(a + b*x))/x76,x]

| —

input L

output‘ (Sartlc + d/x"2]*(Sqrt[d]*(128%b*x*(d + c*x~2) "2*(-5*d + 2%c*x~2) - 35%ax(
‘16*d“3 + 24%cxd"2*x"2 + 2%c"2*%d*x"4 - 3*%c”3*x"6)) + (210*a*c”4*x"8+ArcTanh
\ [(Sqrt[cl*x - Sqrtl[d + c*x"2])/Sqrt[d]l])/Sqrtld + c*x~2]))/(4480*d" (5/2)*x

|
o )
Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.10,

_ _ number of rules _
number of steps used = 14, number of rules used = 13, integrand size 0.650, Rules

used = {1892, 1803, 533, 533, 25, 27, 533, 27, 455, 211, 211, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3/2
) dzr

/(a+bx) (c+ %
26

l1&m

/@+w@+$ﬂzx

5

l 1803

_/w+$ﬁﬂngl

3 T

l,533
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I (C+;df>3/2(3ac_8zd)di a(c+i)5/2

z2 _ z2
8d 8dx3
l 533
cd(c_,_zi) / (2%4.15};) s d 5/2
—— 7d L ad 7;22) _ a(c+ 9%2)5/2
8d 8dx3
l 25
f cd(c+;d§>3/ (%4_165)611 8b<c+i>5/2 5/2
22
7d — T2 _ a( + a%)
8d 8dx3
l 27
ot d 3/2 1914 ot d 5/2
Lo| (c+%) w( z +16b)d% B % ) a(c+%)5/2
8d 8dx3
l 533
7a(c+%)5/2 J3(ct %) (rac—202)ar ) sb(ct )"’
7€ 2dz - 6d - 722 a(c+ 2%)5/2
8d B 8dx3
l 27
L[ 7a(e ;%)5/ I( %)3/2(7%—32%)(1% 8bc w%)m
7€ 2dz 2d - Ta? a(c+%)5/2
8d 8dx3
l 455
lc 7a<c+;12>5/ 7 Cf(c-l—%)s/zd%—%b(c ;12)5/2 - Sb( +m%>5/2
7 2dx 2d T2 a(c " %)5/2
8d 8dx3
l 211
3/2
3 d g1 (C+z%> 32 2\5/2
. 7a(c+z%)5/2 7a0(40f ct+Sdi+ ! ) b( + ) 8b(c ;%>5/2
76 2dx 2d — 72
a(c-+-é%)5/2
8d 8dx3
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/
N EX F IR G AN GE )i -o(er %) o2

1 7a(c ;dg> \/H—acl2 Sb(c ;dz)
70 2dx - % _ =

8d 5/2 B

ac+ %)%
8dx3
l}224

/=
o

N
<Y
8

|
N
Y

|
N
8

[

carctanh| —vd 3/2
3 (z\/c+f2) \/64_9'%2 (C+m%) 32 d 5/2
e s e BTy
) 7a<c+z%)5/2 8b<c+z%>5/2
7€ 2ds - 2d - Tz2
d5/2
a(c-l- ;%)
8dx3
inputtlnt[((c + d/x~2)~(3/2)*(a + b*x))/x"6,x] J

-1/8%(ax(c + d/x72)7(5/2))/(d*x"3) + ((-8xbx(c + d/x"2)~(5/2))/(T4x72) + (
(o ((T#ax(c + d/x72)7(5/2))/(2*d*x) - ((-32%bx(c + d/x72)7(5/2))/5 + Trakcx
‘((c + d/x72)7(3/2)/(4xx) + (B*cx(Sqrtlc + d/x"2]1/(2*x) + (c*ArcTanh[Sqrt([d ‘
1/(sqrtlc + d/x"21%x)1)/(2%Sqrt [d1)))/4))/(2+d)))/7)/ (8+d)

output
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 211 Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[x*((a + b*x~2) p/(2*p + 1
)), x] + Simp[2*ax(p/(2%p + 1)) Int[(a + b*x"2)"(p - 1), x], x] /; FreeQ[
{a, b}, x] && GtQ[p, 0] && (IntegerQ[4*p] || IntegerQ[6+*p]l)

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] |l LtQ[b, 01)

rule 219

/Int[l/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
X, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

rule 224

rule 455 Int[((c_) + (d_.)*(x_))*((a) + (b_.)*(x_)"2)"(p_.), x_Symbol]l :> Simp[d*((
a + b*x"2)"(p + 1)/(2%bx(p + 1))), x] + Simplc Int[(a + b*x"2)7p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

rule 533 IRELG @ )*((c)) + (d_)*(x))*((a)) + (b_.)*(x)"2)7(p_), x_Symbol] :>

Simp [d*x"m*((a + b*x"2)"(p + 1)/(b*x(m + 2%p + 2))), x] - Simp[1/(b*(m + 2%
P+ 2) Intl[x"(m - 1)*(a + b*x"2) "p*Simp[a*d*m - b*cx(m + 2%p + 2)*x, x],
x], x] /; FreeQ[{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] && Integer
Q[2+p]

rule 1803 It L&) "(@_)*((a)) + (c_)*(x)7(@2_.))7(p_)*((d) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + e*x
)"gx(a + c*xx~2)7p, x], x, x"n], x] /; FreeQl{a, c, d, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]l]
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rule 1892‘Int[(x_)"(m_.)*((d_) + (e_)*x(x_)"(mn_.))"(q_.)*((a_) + (c_.)*(x_)"(m2_.))" ‘
‘(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) g*(a + c*xx"n2)"p, x] /; F
‘reeQ[{a, c, d, e, m, mn, p}, x] & EqQ[n2, -2*mn] && IntegerQ[q] && (PosQ[n ‘
‘2] [l 'IntegerQ[pl)

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 150, normalized size of antiderivative = 0.92

method | result
4 2d+2vd\eca
. (256b c327+105a 3% —128b c2d z°—70a c2d z* —1024x3bc d2 —840a d?z2c—640b d>z—560a d3) |/ <25t zj;'d 3c aln(ixcz
risch 4480272 -
128d2 e
3
(Cfi;d) 2 (—35 (cz®+d) 3 a c4x8+105d% In (% ch2+d) actz8+35(cz?+d) 3 ac?z8-105vcz?+dactdzB+70(c 2+
default | — i
4480z% (cz2+d) 2 d4
inputLint((c+d/x“2)*(3/2)*(b*x+a)/x*6,x,method=_RETURNVERBOSE) J

output ‘ 1/4480% (256%b*c~3%x~7+105%a*c”~3*%x~6-128%b*c~2*d*x~5-70%a*c~2*xd*x~4-1024*b* ‘
‘ c*d~2*x"3-840*a*c*d”2*xx~2-640*b*d~3*x-560*a*xd~3) /x~7/d"2* ((c*xx~2+d) /x~2) ~( ‘
11/2)-3/128%c"4%a/d~ (5/2) ¥1n((2xd+2*d™ (1/2) * (c*x™2+d) " (1/2)) /x) / (c*x™2+d) " (
‘1/2)*x*((c*x‘2+d)/x‘2)‘(1/2)

Fricas [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 288, normalized size of antiderivative = 1.77

2

C:E2— T cz2+d
105 ac*v/dz" log <— 2y +2d) +2(256 bc*dx” + 105 ac®dx® — 12

/ (c+ %) (a + bx) .
6 o 89

input Lintegrate ((c+d/x"2)~(3/2) *(b*x+a) /x"6,x, algorithm="fricas") J




output

input
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[1/8960* (105*a*c~4*sqrt (d) *x~7*log(-(c*x~2 - 2*sqrt(d)*x*sqrt((c*x~2 + d)/
X"2) + 2%d)/x72) + 2% (256%bxc”3*d*x"7 + 105%axc”3*d*x"6 - 128%b*c”2*d"2*x"
5 - T7O0*xa*c™2*%d"2*x"4 - 1024*b*c*d~3*x"3 - 840*a*c*d~3*x"2 - 640%b*d"4*x -
560*a*xd~4)*sqrt ((c*x"2 + d)/x72))/(d"3*x"7), 1/4480%(105*a*c~4*sqrt(-d)*x"
Txarctan(sqrt(-d)*x*sqrt ((c*x~2 + d)/x"2)/d) + (256%bxc~3*d*x"7 + 105*axc”
3*d*x"6 - 128%bxc”2*d"2*x"5 - TO0*a*c™2xd"2*x"4 - 1024*b*c*xd~3*x"3 - 840*a*
c*xd"3*x"2 - 640*b*d"4*x - 560*a*d~4)*sqrt((c*xx"2 + d)/x72))/(d"3*x"7)]

Sympy [A] (verification not implemented)

Time = 1.82 (sec) , antiderivative size = 333, normalized size of antiderivative = 2.04

3/2
/(o+%)/m+b@
5 dx =
x
( ( )
log (2v/d,/c+ % +24
== forc#0
C3 \/& #
log (z) .
—===l otherwise
—ac a:\/g p 2 . .
6 + C+P<—Eﬁ?+ﬂar+@ﬂ ford # 0
% otherwise
\
( ( )
log (2vd/c+-%+24
=2 forc#0
5ct vd
—ad - @ otherwise
Ve d 5c3 5c2 c 1
B 1283 Tyeta=e <128d3z ~ T02822% T B T Sm_7> ford # 0
miﬁ otherwise
) /
(
2
~bel c+ %<_% + e T %) ford # 0
\ ﬁ otherwise
(
3 2
—bd Vet e <1§gd3 — o7 T e T 7716) ford # 0
% otherwise

\

e

Lintegrate((c+d/x**2)**(3/2)*(b*x+a)/x**6,x)

~—




output

input

output
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-axc*Piecewise ((c**3*Piecewise ((log(2*sqrt(d)*sqrt(c + d/x**2) + 2*d/x)/sq
rt(d), Ne(c, 0)), (-log(x)/(x*sqrt(d/x**2)), True))/(16*d**2) + sqrt(c + 4
[xx*2) * (—c**2/ (16*d**2+x) + c/(24*d*x**3) + 1/(6*x**5)), Ne(d, 0)), (sqrt(
c)/ (6xx*x5), True)) - axd*Piecewise((-5*c**4*Piecewise((log(2*sqrt(d)*sqrt
(c + d/x**2) + 2xd/x)/sqrt(d), Ne(c, 0)), (-log(x)/(x*sqrt(d/x**2)), True)
)/ (128%d**3) + sqrt(c + d/x**2)*(5*cx*3/(128*d**3*x) — Lkcx*k2/(192kd**2*x*
*3) + c/(48xd*x**5) + 1/(8xx*x7)), Ne(d, 0)), (sqrt(c)/(7*x*x*7), True)) -

bxc*Piecewise((sqrt(c + d/x**2)*(-2xc**2/(156xd**2) + c/(15xd*x**2) + 1/ (5%
x*¥*4)), Ne(d, 0)), (sqrt(c)/(4*x*x4), True)) - b*d*Piecewise((sqrt(c + d/x
*%2) * (8kc**3/ (105*d**3) - 4*xc**2/(105*d**2xx**2) + c/(35*xd*x**4) + 1/(T*x*
*6)), Ne(d, 0)), (sqrt(c)/(6xx**6), True))

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 229, normalized size of antiderivative = 1.40

3ctlo yetgzomv d\3 4 d\5 4
/(c+%)3/2(a+bx)d 1 &\ et Soiva +2(3(04—;)20x7—11(c+m—2)2cdx5—11
T=_—
z® 256 dz (c+ %) d2a8 — 4 (c+ L)’ dBab + 6 (c+
7 5
1 (5(c+%) T(c+%)%c ;
35 2 &

‘integrate((c+d/x“2)”(3/2)*(b*x+a)/x“6,x, algorithm="maxima"

1/256% (3*c~4*1log((sqrt(c + d/x"2)*x - sqrt(d))/(sqrt(c + d/x"2)*x + sqrt(d
)))/a~(5/2) + 2%(3x(c + d/x72)"(7/2)*c™4*xx"7 - 11*(c + d/x72)"(5/2)*c™4*d*
X765 - 11*(c + d/x72)7(3/2)*c™4*d"2*x"3 + 3*sqrt(c + d/x"2)*c~4*d~3*x)/((c
+ d/x72)"4xd"2*x"8 - 4*(c + d/x72)"3*d"3*x"6 + 6%(c + d/x72)"2*d"4*x"4 - 4
*(c + d/x72)*d"5*x"2 + d76))*a - 1/35%(5x(c + d/x"2)"(7/2)/d"2 - T*(c + d/
x72)7(5/2)*c/d"2) *b
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Giac [F(-1)]

Timed out.
3/2
c+ % a+bx
/ ( ””2) 5 ( ) dz = Timed out
z
inputtintegrate((c+d/x"2)“(3/2)*(b*x+a)/x"6,x, algorithm="giac") J
outputLTimed out J

Mupad [F(-1)]

Timed out.
(c+ %) (a+ba) i [ Lot 4)*2 (a4 bz) ]
26 T = 76 x
input Lint(((c + d/x"2)"(3/2)*(a + b*x))/x"6,%) J
output 1E(((e + 4/x"2)(3/D*(a + b40))/x76, ) J

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 228, normalized size of antiderivative = 1.40

dz

/ (c+%)3/2 (a + bz) 105vcz? + dacddx® — 70v/cz? + da Pd?z* — 840V cx? + d ac d®z? — 560V

x6

inputLint((c+d/x“2)“(3/2)*(b*x+a)/x~6,x) J
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(105*sqrt (c*x**2 + d)*a*xcx*3*d*xx**6 — TOxsqrt (cxx**2 + d)*axCk*x2kdk*x2kxk*4
- 840*sqrt (ckx**2 + d)*axckxd*x3*x**2 — 560*sqrt (c*x**2 + d)*axdx*4 + 256%
sqrt (c*x**2 + d)*b*xc*k*3*kd*x**7 — 128*sqrt(c*x**2 + d)*bkc**2kd**2*x**5 - 1
024*sqrt (c*x**2 + d)*bkckd**3*x**3 — 640*sqrt (c*x**2 + d)*bkd**4*x — 256%s
qrt (c) ¥*b*c*x*3*%d*x**8 + 105*sqrt(d)*log((sqrt(c*x**2 + d) + sqrt(c)*x - sqr
t(d))/sqrt(d))*a*c**4*x**8 - 105*sqrt(d)*log((sqrt(c*x**2 + d) + sqrt(c)*x
+ sqrt(d))/sqrt(d)) *a*xcx*4*x**8) / (4480*d**3*xx**8)

output




output
|
|
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f (c—l—;dg> 3/2(a—|—bx)

m?

3.27

dx

Optimal result . . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .

Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . ... ... .. ... .....

Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)

Giac [F(-1)] . . o o o
Mupad [F(-1)] . . . . .

Reduce [B] (verification not implemented)

Optimal result

Integrand size = 20, antiderivative size = 185

c+%3/2(a+bx) a(c+ ) 2ac(c+ 4)"?  alct+ 2)7?
/ - dz = — z + z _ z

4 Vd
be /c—l—;% b(c+%)3/2 be? /C+m% 3bc3 c—l—;% 3bc arctanh( .

27}
2831
2841
2301
286

)

165 85 64dz3

_|_

128d2x

128d5/2

-1/5%a*xc™ 2% (c+d/x"2) " (5/2) /d~3+2/T*a*cx(c+d/x~2) ~(7/2) /d~3-1/9%a* (c+d/x"2)
~(9/2)/d"3-1/16*bxcx(c+d/x"2) ~(1/2) /x~5-1/8*b* (c+d/x~2) ~(3/2) /x~5-1/64*bx*c
~2x(c+d/x"2)"(1/2) /d/x"3+3/128%b*c”3* (c+d/x"2) ~(1/2) /d"2/x-3/128*b*c"4*arc

tanh(d~(1/2)/(c+d/x~2)~(1/2)/x)/d"(56/2)
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Mathematica [A] (verified)

Time = 0.86 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.78

Vet % (—128a(d + cx?)? (35d% — 20cdz? + 8c2x*) — 315bdx(16d® + 24cd2

(c+ %)3/2 (a + bx) o —
7 = 403204373

-

Integrate[((c + d/x72)"(3/2)*(a + b*x))/x"7,x]

| —

input L

output‘ (Sartlc + d/x"2]*(-128*a*(d + c*x~2)"2*(35*d™2 - 20*cxd*x~2 + 8xc~2%x"4) - ‘
\ 315%bxd*x* (16*%d"3 + 24*c*xd"2%x"2 + 2*xc”2*d*x"4 - 3*c”3*x"6) + (1890*b*c~4 \
‘ *Sqrt [d] *x~9*ArcTanh[(Sqrt[c]*x - Sqrt[d + c*x~2])/Sqrt[d]])/Sqrtld + c*x~ ‘
L2] ))/(40320%d~3%x"8) J

Rubi [A] (verified)

Time = 0.62 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.12,

_ _ number of rules _
number of steps used = 15, number of rules used = 14, integrand size 0.700, Rules

used = {1892, 1803, 533, 533, 25, 27, 533, 533, 27, 455, 211, 211, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3/2
) dzr

/(a+bx) (c+ %
27

l1&m

/@+w@+$ﬂzx

6

l 1803

_/w+$ﬁﬂngl

x4 T

l,533
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I (C+;df>3/2(4ac_9”b”d)di a(c+i)5/2

x3 _ z2
9d 9dz4
l 533
cd<c+%>3/2(3’3:—a+27b) 2\5/2
— z di 9(c+-4
e M) e gy
9d 9dz4

| 25

3/2
cd(c-ﬁ-;dg) (822 42m) L 2\5/2
d= 9b( c+-% 5/2
! i - - (s:§> _a(c+a,%)/
9d 9dx4
l 27
ct+% 3/2(327‘1+27b) 9 (c+-% o2 5/92
e e R
9d 9dz4
l 533
320,((;_}_% 5/2 f (c-l»%)S/ (64 c_lSszd) dl 9b<c %)5/2
g€ Td? 7d - a3 s
B a(c+ %)
9d 9dz4
l 533
1 32a(c+%)5/2 _.f—3cd(c+ﬁ)3/2(%+s3b>d%_63b(c+m%>5/2 9b<c+%)5/2
8¢ T - M 2 - 829
5/2
afe+ )
9d 9dz4
l 27
5/2 3/2 63b<c+%)5/2 5/2
1 32a(ct+ %) B Lof(c+d)" (A2 tesp)al—— 20— B 9b(c+ )
8 7dx? 7d 83 5/2
_alet+ )
9d 9dz4

l 455
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1c(63bf<c+d)3/2d1+128a(c+;dz>5/2) _63b(c+;dg>5/2
2 )

5/2 5d 2 5/2
32a(c+;dz) ¢ “ 9b(c+§z)
8¢ Tda? - 7d - 8a3
od
d
a(c+ P)
9dz?
l 211
3/2 5/2 5/2
L 5 — (c+f§) 128a(c+;d2) 63b<c+%)
2 \5/2 zc| 63b| yef ct+-zdz+ e + 5d - 2z 2 \5/2
1 32a(c+27) B _9b(c ?>
8 7dx? 7d 8x3
od,
d
G,(C+ P)
9dz4
l 211
3/2 5/2 5/2
d d d d
lc 63b §c lcf 1 dl_;r_ c+z2 +<c+;g> +128a<c+;§) _63b<c+;g>
4 \5/2 2 4 2 \/c+i T 2z 4z 5d 2z 9% 4 \5/2
1| Belers) i _ ob(et35)
8 7dx? 7d 8x3
5/2 9d
d
a(c+ ﬁ)
9dz4
l 924
3/2 5/2 5/2
1 gsl 2 2 PR c+§2 +(c+f2) +128a<c+;dg) 63b(c+;dj>
4 \5/2 2¢ ic| s/ -4 4 2z iz 5d - 2z 4
lc 32a<c+m—2> . z2 \/C 2% _91)(0—}-96—2
8 7dx? 7d 83
e
d
a(c—l- ﬁ)
9dz4

l 219



input L

output
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Vd
5/2 carctanh 3/2 5/2
128a(c+%) z\/c+% \/c+% (c+%) 63b<c+%)
le| — 2/ —+163b| 3¢ R iyl B - z
2 5d 4 2/d 2z 4x 2z
5/2
d

1 32a(ct+%) B 9 (c+
8 7dx? 7d 8:

a(c+ i)5/2

x2

9dz4

Int[((c + d/x72)7(3/2)*(a + b*x))/x77,x]

-1/9%(ax(c + d/x72)~(5/2))/(d*x"4) + ((-9%b*(c + d/x"2)~(5/2))/(8%x~3) + (
cx((32xax(c + d/x72)7(5/2))/(7*d*x~2) - ((-63*b*x(c + d/x"2)"(5/2))/(2*x) +

(c*x((128*xax(c + d/x"2)"(5/2))/(5*d) + 63*bx((c + d/x"2)"(3/2)/(4*x) + (3%
cx(Sqrtlc + d/x72]/(2*x) + (cxArcTanh[Sqrt[d]/(Sqrtlc + d/x"2]*x)])/(2*Sqr
t[d1)))/4)))/2)/(7%d)))/8)/(9%d)

Defintions of rubi rules used

)
rule 25 1ot [-(Fx), x_Symboll :> Simp(Identity[-1]  Int[Fx, x], x]

rule 27

rule 211

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[x*((a + b*x"2)"p/(2%p + 1
)), x] + Simp[2*a*x(p/(2*xp + 1)) Int[(a + b*x~2)"(p - 1), x], x] /; FreeQl
{a, b}, x] && GtQ[p, 0] && (IntegerQ[4*p] || IntegerQ[6*pl)




rule 219

rule 224

rule 455

rule 533

rule 1803

rule 1892
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

/Int[l/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
X, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Int[((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[d*((
a + b*x"2)"(p + 1)/(2%bx(p + 1))), x] + Simplc Int[(a + b*x"2)7p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

Int[(x_ )" (m_.)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp [d*x"m*((a + b*x"2)"(p + 1)/(b*x(m + 2%p + 2))), x] - Simp[1/(b*(m + 2%
P+ 2)) Intl[x"(m - 1)*(a + b*x"2) p*Simp[a*d*m - b*cx(m + 2%p + 2)*x, x],
x], x] /; FreeQ[{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] && Integer
Q[2*p]

Int[(x_)"(m_.)*((a_) + (c_)*(x_)"(n2_.))"(p_.)*((d_) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + e*x
)"gx(a + c*xx~2)7p, x], x, x"n], x] /; FreeQl{a, c, d, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

‘Int[(x_)"(m_.)*((d_) + (e_)*(x_)"(mn_.))"(q_)*((a)) + (c_)*(x_)"(2_.))"
(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) g*(a + c*x"n2)7p, x] /; F
‘reeQ[{a, ¢, d, e, m, m, p}, x] && EqQ[n2, -2+mn] && IntegerQlq]l && (PosQ[n
L2] [ 'IntegerQ[pl)
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Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 165, normalized size of antiderivative = 0.89

method | result
risch _ (1024a cAz8-945c3bd 27 —512c3ad 26 +630b c2d2 x5 +384a c2d2x* +7560ch d3z3+6400ac d 2% +5040b d*x+4480a d*) |/ “fijd |
403202843
3
(@) 2 (—315 (c :1:2+d) % b c4x9+945d% In (% vC“"Q"'d) bctz%+4315 (c z2+d) % bc3z"—945v/cx2+dbctd z9+630 (c z2
default | ——
40320z
input Lint ((c+d/x~2) " (3/2) *(b*x+a) /x~7,x ,method=_RETURNVERBOSE) J
Output‘—1/40320*(1024*a*c“4*x‘8—945*b*c“3*d*x“7—512*a*c“3*d*x“6+630*b*c*2*d“2*x*5

+384*axc”2*%d"2*x"4+7560*b*c*kd"3*x"3+6400*a*c*d~3*x~2+5040*b*d~4*xx+4480*a*d ‘
‘ ~4)/x~8/d"3*%((c*xx~2+d) /x~2)~(1/2)-3/128%c~4/d~ (5/2) *b*1n ((2*xd+2*d~ (1/2) *(c ‘
\ *x~2+d) " (1/2)) /%) / (c*x~2+d) ~ (1/2) *x* ((c*x~2+d) /x~2) ~(1/2) \

Fricas [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 307, normalized size of antiderivative = 1.66

2

ca72— - cz2+d
945 bety/da® log (— 2y S “d) — 2(1024 ac'z® — 945 bc3da™ — 51

d\3/2
/ (c+%)" (a+ba) .

x7

input Lintegrate ((c+d/x"2)~(3/2) *(b*x+a) /x"7,x, algorithm="fricas") J




output

input
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[1/80640% (945%b*c~4*sqrt (d) *x~8*log(-(c*xx~2 - 2*sqrt(d)*x*sqrt((c*x~2 + d)
/x72) + 2%d)/x"2) - 2%(1024*a*c”4*x"8 - 945%b*c”3*d*x”7 - 512%a*xc”3xd*x"6
+ 630*%b*c™2*%d"2%x"5 + 384*axc”2*d"2*%x"4 + 7560*bkxc*d"3*x"3 + 6400*a*xc*d”3*
X"2 + 5040*b*d~4x*x + 4480*axd~4)*sqrt((c*x~2 + d)/x72))/(d"3*x"8), 1/40320
* (945xb*c”4*sqrt (-d) *x~8*arctan(sqrt (-d) *x*sqrt ((c*x~2 + d)/x"2)/d) - (102
4xaxc”4*x"8 — 945%b*c”3xd*x”7 - B512*a*c”3*d*x"6 + 630%b*xc”2*d"2%x"5 + 384x*
axc™2xd"2*x"4 + 7560%b*c*d”3*x"3 + 6400*a*c*d”3*x"2 + 5040*bxd~4*x + 4480%
a*xd~4)*sqrt ((c*x~2 + d)/x72))/(d"3*x78)]

Sympy [A] (verification not implemented)

Time = 1.89 (sec) , antiderivative size = 360, normalized size of antiderivative = 1.95

/(c+ £)"" (a+ba)

dr =
7
d 83 4 c 1
—ac VET 22 (105d3 1054222 T 354z T 7x6> ford # 0
(% otherwise
C+i_1604+ 83 _ 2c? +_c 4 L ford;éO
—ad 2 31544 315d3z2 105d2 x4 63dz® 98
8% otherwise
log (2v/d, /c+ $+2¢)
= = forc#0
C3 \/E %
1 )
—be —=2£ (ﬁ) otherwise
Ty 2
x d c? c 1
1642 ty/ct 2 ( 16d%z | 22dz3 T 6w5) ford # 0
% otherwise
\
( \
log (2vdy /ot % +24)
T forc#0
5ct )
—bd - L(? otherwise
TV a2 d 5¢3 5c2 c 1
- 12843 etz <128d3m ~ T2 T mas T 8:1:_7> ford # 0
7 )
Ve otherwise
( 72" /

-

Lintegrate ((c+d/x**2) % (3/2) * (b*x+a) /x**7 ,X)

-/
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—axc*Piecewise((sqrt(c + d/x**2)* (8%cx*3/(105%d**3) — 4*c**2/(105*d**2*x**
2) + c/(35xd*x**4) + 1/(7*x*x6)), Ne(d, 0)), (sqrt(c)/(6*x**6), True)) - a
*d*xPiecewise ((sqrt(c + d/x**2)*(-16%cx*4/(315xd**4) + 8xc**3/(315%d**3Ikxk*
2) - 2xc**2/(105*d**2*x**4) + c/(63*d*x**6) + 1/(9*x*x8)), Ne(d, 0)), (sqr
t(c)/(8*x**8), True)) - b*c*Piecewise((c**3*Piecewise((log(2*sqrt(d)*sqrt(
c + d/x**2) + 2xd/x)/sqrt(d), Ne(c, 0)), (-log(x)/(x*sqrt(d/x**2)), True))
/(16%d**2) + sqrt(c + d/x**2)*(-c**2/(16*%d**2xx) + c/(24*d*x**3) + 1/(6*x*
*5)), Ne(d, 0)), (sqrt(c)/(5*x**5), True)) - b*d*Piecewise((-5*xc**4*Piecew
ise((log(2*sqrt(d)*sqrt(c + d/x**2) + 2xd/x)/sqrt(d), Ne(c, 0)), (-log(x)/
(x*sqrt (d/x**2)), True))/(128*d*x3) + sqrt(c + d/x**2)*(5kc*x3/(128*d**3*x
) = Bxckx2/(192%d**2%xx**3) + c/(48xd*x**5) + 1/(8*x**7)), Ne(d, 0)), (sqrt
(c)/ (7*x**7), True))

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.33

9 7 5
2 2 2

90 (c+%)%c 63(c+ %)2c?
27 315 & B B ¢

2

(/(c+~ifﬂ(a+bx) 1 (35(c+%)

41 et pa—Vd 7 5 3
3¢ log ot BV 2(M¢+§V&ﬂ—ql@+%V&mﬁ-u(o+§yéﬁﬁ+3 c+

_|_
256 d3 (c+ %) d2a8 — 4 (c+ L)°dBab 46 (c+ &) dat — 4 (c+ %) doz?

T

_I_

-

| —

inputLintegrate((C+d/XA2)A(3/2)*(b*X+a)/x‘7,x, algorithm="maxima"

e N

-1/315%(35%(c + d/x72)7(9/2)/d"3 - 90*(c + d/x"2)~(7/2)*c/d"3 + 63*(c + d/
x"2)"(5/2)*c~2/d"3)*a + 1/256%*(3xc~4*log((sqrt(c + d/x"2)*x - sqrt(d))/(sq
rt(c + d/x72)*x + sqrt(d)))/d~(5/2) + 2x(3*(c + d/x~2)"(7/2)*c™4*x"7 - 11%
(c + d/x72)"(5/2)*c"4*d*x"5 - 11*x(c + d/x"2)~(3/2)*c~4*d"2*x"3 + 3*sqrt(c

+ d/x72)*c"4xd"3*x) /((c + d/x72)"4xd"2*x"8 - 4x(c + d/x72)"3*d"3*x"6 + 6*(
c + d/x72)72%d"4xx"4 - 4x(c + d/x72)*d"5*x"2 + d76))*b

output
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Giac [F(-1)]

Timed out.
3/2
c+ % a+bx
/ ( ””2) 7( ) dz = Timed out
z
inputtintegrate((c+d/x"2)“(3/2)*(b*x+a)/x"7,x, algorithm="giac") J
Ou_tputLTimed out J

Mupad [F(-1)]

Timed out.
(c+ %) (a+ba) b [ Lot 4)*2 (a4 bz) ]
27 T = 7 x
input Lint(((c + d/x"2)"(3/2)*(a + b*x))/x"7,%) J
output 1E(((e + 4/x"2) (/D *(a + b40))/x7T, ) J

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.32

dz

/ (c+ %)3/2 (a + bz) —1024vcx? + dac*z® + 512vcx? + dacPdz® — 384V cx? + da P dPz* — 64

x7

inputLint((c+d/x“2)“(3/2)*(b*x+a)/x~7,x) J
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( - 1024xsqrt(cxx**2 + d)*axckx4xx*x8 + 512*sqrt (cxx**2 + d)*axcx*x3xd*x**6
- 384x*sqrt(ckx**2 + d)kaxck*2xd*x2xx*x4 — 6400*sqrt (cxx**2 + d)*xaxckdk*3x*
x**2 — 4480*sqrt (c*xx**2 + d)*a*d**4 + 945*sqrt (c*x**2 + d)*bxck*3kd*x**7 -
630*sqrt (c*x**2 + d)*bkck*k2kd**2xx**5 — T560*sqrt (ckx**2 + d)*bkxckxd**3*x*
*3 — 5040*sqrt(c*x**2 + d)*bxd*x4*xx + 1024*sqrt(c)*axc**4xx**9 + 945*sqrt (
d)*log((sqrt (cxx**2 + d) + sqrt(c)*x - sqrt(d))/sqrt(d))*bkc*x4*xx*x9 - 945
*sqrt (d) *log((sqrt (cxx**2 + d) + sqrt(c)*x + sqrt(d))/sqrt(d))*bkckx4*xx**9
)/ (40320%d**3*x**9)

output




output
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(cz)™(d+ex™+ fz?"+gx3T)
3.28 | N dz
a+bx

Optimal result . . . . . . . . . . . . . e 288
Mathematica [A] (verified) . . . . . . . . . ... 288
Rubi [A] (verified) . . . . . . . . .
Maple [F] . . . . 290
Fricas [F] . . . . . o o e 290
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 291]
Maxima [F] . . . . . . 292
Giac [F] . . . o o
Mupad [F(-1)] . . . o o 293
Reduce [F] . . . o . o o e 293

Optimal result

Integrand size = 36, antiderivative size = 168

/ (cx)™ (d + ex™ + fx*" + gz®") p
z
a + bx™
_ (b’e —abf + a?g) (cx)'*t™  (bf — ag)z"(cx)'t™

ngn (C.’L’) 1+m

b3c(1+m) b2c(l4+m+n)

N (b*d — ab®e + a’bf — a®g) (cz)'*™ Hypergeometric2F1 (1, 14m Limin _bet)

be(1+m +2n)

n

a

ab3c(1 4+ m)

‘ (a~2*%g-a*bxf+b~2%e) * (c*x) ~ (1+m) /b~3/c/ (1+m) +(-a*g+b*f) *x"n* (c*x) ~ (1+m) /b~2
| /c/ (1+m#n) +g*x~ (2%n) * (cxx) ~ (1+m) /b/c/ (1+m+2+n) + (-a~3*g+a~2%b*f-a*b~2e+b"3
*d) * (c*x) ~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-b*x"n/a)/a/b~3/c/(1+m)

N

J

Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.77

dz

/ (cz)™ (d + ex™ + fz*™ + gz™)
a + bx™

(b3d—ab?e+a2bf—ag) Hypergeometric2F1 (1, —H;lm , 71'”::4'" ,

_ bz™
a

m [ b2e—abf+a3g b(bf—ag)z™ b2gz2"
z(cz) ( T+m T 1¥mtn T Tfmeon

a(l+m)

)

b3
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input ‘

output ‘

-

input L

Integrate[((c*x) m*(d + e*x™n + f*x~(2*n) + g*x~(3*n)))/(a + b*x"n),x]

(x*(c*x) “m* ((b~"2%e - axb*f + a™2*g)/(1 + m) + (bx(b*f - a*g)*x™n)/(1 + m +
n) + (b™2%g*x~(2*n))/(1 + m + 2*n) + ((b"3*%d - a*xb™2*e + a~2*%bxf - a~3*g)
xHypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((b*x"n)/a)])/(a*x(1 + m))
))/b"3

Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 162, normalized size of antiderivative = 0.96,

number of rules _ 0.056, Rules

number of steps used = 2, number of rules used = 2, = -
integrand size

used = {2383, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (cz)™ (d + ex™ + fz*" + gz")
dx
a + bx™
| 2383
/ (cz)™ (a*g — abf + be) + (cz)™ (a®(—g) + a®bf — ab’e + b>d) + z"(cz)™(bf — ag) 4 gz®™(cx)
b3 b3 (a + bx™) b2 b
| 2009
(cz)™*! (a?g — abf + b2e)
b3c(m + 1)
(cx)™*1 (a3(—g) + a?bf — ab®e + b3d) Hypergeometric2F1 (1, 7H mintl - bet) N
ab3c(m + 1)
g™ (cz)™(bf —ag) | gz*™*!(cz)™
2(m+n+1) b(m +2n+ 1)

Int[((c*x) "m*(d + e*x"n + f*x~(2*%n) + g*xx~(3*n)))/(a + b*x"n),x]

~—

)dx
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t‘((b*f - a*g)*x~ (1 + n)*(c*x)"m)/(b"2+%(1 + m + n)) + (g*x~(1 + 2*n)*(c*x)"m ‘
‘)/(b*(l +m + 2%n)) + ((b"2xe - axb*f + a~2xg)*(c*x)~(1 + m))/(b"3*c*x(1 +
‘m)) + ((b™3%d - axb”™2%e + a"2*%b*f - a"3*g)*(c*x)~ (1 + m)*Hypergeometric2F1
‘[1’ (1 +m)/n, (1 +m + n)/n, -((bxx"n)/a)])/(a*b”3*c*(1 + m))

outpu

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

e 2383 It LA *(Ce_)*(x) ™ (m_)*((a) + (b_)*(x)"(n))"(p_.), x_Symbol]l :> I
nt [ExpandIntegrand[(c*x) “m*Pq*(a + b*x"n)~p, x], x] /; FreeQ[{a, b, ¢, m, n ‘
» pY, x] && (PolyQ[Pq, x] || PolyQ[Pq, x"n]) && !'IGtQ[m, O]

Maple [F]
[l drer 1 +ga)
dx
a+bxm
inputLint((C*X)*m*(d+e*x“n+f*x“(2*n)+g*X“(3*n))/(a+b*x‘n),x) J
output Lint ((c*x) “m* (d+exx " n+f*x~ (2*n) +g*x~ (3*n) ) / (a+b*x"n) ,x) J
Fricas [F]

dz

/ (CCL')m (d-l— ex™ + f:l:zn —}-91;3") dp — / (gx3n + fon +ex™ + d)(cx)m
a+ bz o bz + a

input ‘ integrate ((c*x) “m* (d+e*x n+f*x~ (2*n) +g*x~ (3*n) ) / (a+b*x"n) ,x, algorithm="fr ‘
icas") ‘

Output‘ integral ((gxx~(3*n) + f*x~(2*n) + exx™n + d)*(c*x) m/(b*x™n + a), x) |




input

output
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Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 27.66 (sec) , antiderivative size = 860, normalized size of antiderivative = 5.12

m d n 2n 3n
/ (cx)™ (d + ez” + fz™ + ga™") dz = Too large to display

a + bx™

integrate ((c*x) **m* (d+exx**n+f*x** (2*n) +g*x** (3xn) ) / (a+b*x**n) ,x)

N

axx(m/n + 1/n)*a*xx(-m/n - 1 - 1/n)*c**mxd*m*x**(m + 1)*lerchphi (b*x**n*exp
_polar(Ixpi)/a, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n + 1 + 1/n))
+ ax*(m/n + 1/n)*a**(-m/n - 1 - 1/n)*c**m*d*x**x(m + 1)*1lerchphi(b*x**n*ex
p_polar(I#pi)/a, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n + 1 + 1/n)
) + axx(-m/n - 4 - 1/n)*a**x(m/n + 3 + 1/n)*cx*m*g*m*x**(m + 3*n + 1)*lerch
phi(b*x**n*exp_polar(I*pi)/a, 1, m/n + 3 + 1/n)*gamma(m/n + 3 + 1/n)/(n**2
xgamma(m/n + 4 + 1/n)) + 3*ax*(-m/n - 4 - 1/n)*a*x(m/n + 3 + 1/n)*cr*km*g*x
*¥(m + 3*n + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a, 1, m/n + 3 + 1/n)*gamma
(m/n + 3 + 1/n)/(n*gamma(m/n + 4 + 1/n)) + a**(-m/n - 4 - 1/n)*a**x(m/n + 3
+ 1/n)*ckxmrg*x**(m + 3*n + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a, 1, m/n
+ 3 + 1/n)*gamma(m/n + 3 + 1/n)/(n**2*gamma(m/n + 4 + 1/n)) + a**(-m/n - 3
- 1/n)*ax*(m/n + 2 + 1/n)*cksmkf*m*x**x(m + 2%n + 1)*lerchphi (b*x**n*exp_p
olar(I*pi)/a, 1, m/n + 2 + 1/n)*gamma(m/n + 2 + 1/n)/(n**2*gamma(m/n + 3 +
1/n)) + 2%a**x(-m/n - 3 - 1/n)*a**(m/n + 2 + 1/n)*ck*m*f*x*k*(m + 2*%n + 1)*
lerchphi (b*x**n*exp_polar(I*pi)/a, 1, m/n + 2 + 1/n)*gamma(m/n + 2 + 1/n)/
(n*gamma(m/n + 3 + 1/n)) + a**(-m/n - 3 - 1/n)*a**x(m/n + 2 + 1/n)*cx*m*f*x
*xk(m + 2*n + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a, 1, m/n + 2 + 1/n)*gamma
(m/n + 2 + 1/n)/(n**2xgamma(m/n + 3 + 1/n)) + ax*(-m/n - 2 - 1/n)*ax*(m/n
+ 1 + 1/n)*cx*m¥exm*x**(m + n + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a, 1, m

/n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(n**2xgamma(m/n + 2 + 1/n)) + a**(-m...
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Maxima [F|

(cz)™ (d + ex™ + fz*" + gz°") (gz°™ + f2*™ + ex™ + d)(cx)™
dr = dz
a + bz™ bz + a

input integrate ((c*x) “m* (d+e*x"n+f*x~(2*n)+g*x~(3*n))/(a+b*x"n) ,x, algorithm="ma

xima")

(b~3*c"m*d - a*b~2*c mke + a”2xbkxc m*f - a~3*c m*g)*integrate(x"m/(b~4*x"n
+ axb”3), x) + ((@™2 + m*(n + 2) + n + 1)*b"2xc mxg*x*e” (m*xlog(x) + 2¥n*l
og(x)) + ((m™2 + m*(3*n + 2) + 2+%n"2 + 3%n + 1)*b"2xc"m*xe - (m"2 + m*(3*n

+ 2) + 2%n"2 + 3*n + 1)*axbxc m*xf + (m"2 + m*(3*n + 2) + 2*n"2 + 3*n + 1)*
a"2xc mxg)*x*x"m + ((m™2 + 2%mk(n + 1) + 2%n + 1)*b"2xc"m*f - (m™2 + 2¥m*(

n + 1) + 2*n + 1)*a*bkc m*g) *x*e” (m*log(x) + nxlog(x)))/((m~3 + 3*m~2*(n +
1) + (2*n"2 + 6*%n + 3)*m + 2*n"2 + 3*n + 1)*b~3)

output

Giac [F]

(cx)™ (d + ex™ + fz*" + gz*") (gz3™ + fx2™ + ex™ + d)(cz)™
dx = dz
a + bx™ bx™ +a

‘integrate((C*x)‘m*(d+e*x‘n+f*x‘(2*n)+g*x‘(3*n))/(a+b*x‘n),x, algorithm="gi

input
acll)

N

output\ integrate((g*x~(3*n) + f*x~(2*%n) + e*x™n + d)*(c*x) "m/(b*x™n + a), x)
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Mupad [F(-1)]

Timed out.

dz

/(cx)m (d + ez + fz*" + g2®") dx_/(cx)’" (d+ea" + fa?" + ga®")
a + bz" - a+bzn

inputtint(((c*x)‘m*(d + exx™n + f*x~(2*n) + g*x~(3*n)))/(a + b*x"n),x)

outputLim:(((C*X)»m*(d + e*xx™n + f£*x7(2%n) + g*x~(3*n)))/(a + b*x"n), x)

Reduce [F]

/ (cx)™ (d + ex™ + fx*" + gz®")

Py dxz = Too large to display

input Lint ((c*x) “m* (d+exx~n+f*x~ (2%n) +g*x~ (3*n) ) / (a+b*x"n) ,x)




CHAPTER 3. LISTING OF INTEGRALS 294

(c*xm* (x**(m + 2*n)*b**2*g*m**2*x + x*x(m + 2*n)*b**2*g*m*n*x + kx*x(m +
2xn) *¥bx*k2kgxm*x + xxk(m + 2kn)kbx*kkgxkn*x + xxk(m + 2kn)kbx*k2kgxx — xk*(m
+ n)*axb*gxm**2+x — 2kx*x(m + n)*axbkgxmknkx - 2*x**k(m + n)*axbxgkm*x - 2%
x*#x(m + n)*axbkgxnkx — x*x*k(m + n)*axbkgxx + x*kx(m + n)*b**x2kLrm*k*2*kx + 2%x
*x(m + n)*b*x*2kxfrmknkx + 2*kx*k*(m + n)*b**xkfrmkx + 2%kx*k*k(m + n)*bk*x2xf*xn*kx

+ x**x(m + n)*b*x*2kxf*xx + x**m*a**Z*g*m**Q*x + 3*x**m*a**2*g*m*n*x + 2%xk*km

output

*a**Q*g*m*x + 2*x**m*a**2*g*n**2*x + 3*x**m*a**2*g*n*x + x**m*a**Q*g*x - X
*xkmkakbkfkmkk2kx — 3kxkkmkakbkfikmiknkx — 2%xkkmkakbkfkmkx — 2%xkkmkakxbxfxnx*
*2%x — 3kxkkmkxakxbkfknkx — xkkmkakxbkfkx + Xkkmkbkk2Qkekmkxk2kx + 3Ikxkkmkbkk2x
ekm*n*xx + 2xxkkmkbkk2kexmkx + 2kxkkmikbkk2kexnkk2kx + 3Ikxkkmkbkk2keknkx + X
*kmxbxk2kexx — int (x**m/(x**nxb + a),x)*a*x*3xgm**3 — 3xint (x*k*m/ (x**n*b +
a) ,x) *a**x3*xgkmr*2kn - 3*int (xxkm/ (xk*kn*kb + a),x)*kax*k3kgxm*k*2 — 2kint (x**m
/ (x**n*b + a),x)*a**x3kgxmin**2 — 6xint (x**m/ (x**n*b + a),x)*a**3*kgxm*n — 3
*int (x*#*m/ (x**nxb + a),x)*a*x*3xg+m - 2*kint (x*x*m/(x**n*b + a),x)*a*x3kgrn**
2 - 3*int(x**m/(x**n*b + a),x)*a**3*kgxn — int (x**m/(x**n*b + a),x)*ax*3*g
+ int (x**m/ (x**n*b + a),x)*axk2kb*xf m**3 + 3*xint (x*x*m/(x*k*n*b + a),x)*a*x*2
*bxfxmx*x2xn + 3kint (xk*m/ (X**n*b + a),x)*axkkbxfrm**2 + 2*int (x*x*xm/ (x**nx*
b + a),x)*ax*x2*b*xfrmxn**2 + 6xint (x**m/(x**n*b + a),x)*a**2*xbxfxm*n + 3*in
t (x**m/ (x**n*b + a),x)*a**2xb*xf*m + 2%int (x**m/(x**n*b + a),x)*a*x*2xbxfxn*
*2 + 3xint (x**m/ (x**nxb + a),x)*ax*x2xb*f*n + int(x**m/(x**n*b + a),x)*a...




output
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m n 2n 3n
3.99 f (cz)™ (d+ex™+ fr"+gz°") da
Va+bz"

Optimal result . . . . . . . . .. .. .. 295
Mathematica [A] (verified) . . . . . . . .. .. ... 296
Rubi [A] (verified) . . . . .. .. . ... 2961
Maple [F] . . . . . 298
Fricas [F(-2)] . . . . . o e 298
Sympy [C] (verification not implemented) . . . ... ... ... ... ... 299
Maxima [F] . . . . . . . 300
Giac [F] o o oo 3000
Mupad [F(-1)] . . . . o e 300
Reduce [F] . . . . . . o

Optimal result

Integrand size = 38, antiderivative size = 314

/ (cz)™(d + ex™ + fz*™ + gz®") s

Va + bz"
d(cz)™, /1 + %° Hypergeometric2F1 (§, 1tm 1imin - be)
c(1+m)va+ bz
ez"(cz) ™™ /1 + %" Hypergeometric2F1 (4, 14min ltmt2n

+
c(1+m+n)va+ bz

fz®(cz)' ™ /1 + 2" Hypergeometric2F1 (1, 1¥mt2n Limidn - brt

+
c(1+m + 2n)va + bz

gz (cz) ™™, /1 + ¥" Hypergeometric2F1 (4, 14mtdn ltmbdn _ boo

+
c(1 +m+ 3n)va + bz"

d* (c*x) ~ (1+m) * (1+b*x"n/a) ~ (1/2) *hypergeom([1/2, (1+m)/n], [(1+m+n)/n],-bkx"
n/a)/c/(1+m)/(a+b*x"n) = (1/2) +e*x"n* (c*x) ~ (1+m) * (1+b*x"n/a) ~ (1/2) *hypergeom
([1/2, (1+m+n)/n], [(1+m+2+*n)/n],-b*x"n/a)/c/(1+m+n)/(a+b*x"n) " (1/2)+f*x~ (2
*n) % (c*x) ™ (1+4m) * (1+b*x"n/a) " (1/2) *hypergeon([1/2, (1+m+2%n)/n], [(1+m+3+n)/
n] ,-b*x"n/a)/c/(1+m+2+*n) / (a+b*x"n) ~ (1/2) +g*x"~ (3%n) * (c*x) ~ (1+m) * (1+b*x"n/a)
~(1/2) *hypergeom([1/2, (1+m+3*n)/n], [(1+m+4*n)/n],-b*x"n/a)/c/(1+m+3+*n)/(a

+b*x"n) " (1/2)
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Mathematica [A] (verified)

Time = 0.80 (sec) , antiderivative size = 206, normalized size of antiderivative = 0.66

dx

/(cz (d+ ex™ + fz*™ + gz*")
va + bz

m ban dHypergeometrchFl(:L 1tm 1+7Z+”, %) n eHypergeometrlc2F1(1 1+m+" W, sz) n
slea) 1+ 2 b ‘o G +a

va+ bzm

-/

p
input LIntegrate [((c*x)"m*(d + exx™n + £*x”(2¥n) + g*x~(3%n)))/Sqrtla + b*x"n],x]

(x*(c*x) “m*Sqrt[1 + (b*x"n)/al*((d*Hypergeometric2F1[1/2, (1 + m)/n, (1 +
m + n)/n, -((bxx"n)/a)])/(1 + m) + x"nx((exHypergeometric2F1[1/2, (1 + m +
n)/n, (1 +m + 2%n)/n, -((b*x"n)/a)])/(1 + m + n) + x"n*((f*Hypergeometri
c2F1[1/2, (1 + m + 2*%n)/n, (1 + m + 3*n)/n, -((b*x"n)/a)])/(1 + m + 2*n) +
(g*x"n*Hypergeometric2F1[1/2, (1 + m + 3*n)/n, (1 + m + 4*n)/n, -((b*x"n)
/a)]1)/(1 + m + 3*n)))))/Sqrt[a + b*x"n]

output

Rubi [A] (verified)

Time = 0.92 (sec) , antiderivative size = 305, normalized size of antiderivative = 0.97,

_ number of rules
number of steps used = 2, number of rules used = 2, integrand size — = 0.053, Rules

used = {2383, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(cac (d+ex™ + fz?" + gaz®")
Va + bz

dz

l 2383

/< d(cz)™ N ex"(cz)™ N fz*(cx)™ N ga:3"(cx)m> i
va+bx®  a+bx"  +a-+br" Vva + bx™

l 2009
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+1_ [ban . 1 mtl mintl _ bz
d(cz)™*1 /%2~ + 1 Hypergeometric2F1 (5, tt, mintl 020

+
c(m + 1)va + bz
ex™1(cz)™y /%" + 1 Hypergeometric2F1 (1, mtntl mtdntl ' br%) N
(m+n+1)va+ bz

fz? 1 (cz)™, /%" + 1 Hypergeometric2F1 (1, mt2ntl mbsntl ' bet)

(m+2n+1)va + bz

gz (cx)™, / b%n + 1 Hypergeometric2F1 (%, m+:;’t"+1, m+‘711"+1, —szn)

(m+3n+1)va+ ba"

+

input

output

N\

Int[((c*x) m*(d + e*x™n + £*xx~(2*n) + g*x~(3*n)))/Sqrt[a + b*x"n],x]

(d*(c*x)~(1 + m)*Sqrt[1 + (b*x"n)/al*Hypergeometric2F1[1/2, (1 + m)/n, (1
+ m + n)/n, -((b*x"n)/a)])/(c*x(1 + m)*Sqrtla + b*x"n]) + (e*x~(1 + n)*(c*x
)"m*Sqrt[1 + (b*x"n)/al]*Hypergeometric2F1[1/2, (1 + m + n)/n, (1 + m + 2*n
)/n, -((b*x"n)/a)])/((1 + m + n)*Sqrt[a + b*x"n]) + (£*x~(1 + 2*n)*(c*x) m
*Sqrt[1 + (b*x"n)/a]*Hypergeometric2F1[1/2, (1 + m + 2*n)/n, (1 + m + 3*n)
/n, -((b*x"n)/a)])/((1 + m + 2*n)*Sqrt[a + b*x"n]) + (g*x~(1 + 3*n)*(c*x)~
m*xSqrt[1 + (b*x"n)/al*Hypergeometric2F1[1/2, (1 + m + 3*n)/n, (1 + m + 4*n
)/n, -((b*x"n)/a)]1)/((1 + m + 3*n)*Sqrt[a + b*x"n])

Defintions of rubi rules used

rule 2009{111t fu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

s

rule 2383

N

N

, P}, x] && (PolyQ[Pq, x] || PolyQ[Pq, x"nl) && !IGtQ[m, O]

Int[(Pq_)*((c_.)*(x_)) " (m_.)*((a ) + (b_.)*(x_)"(n_))"(p_.), x_Symbol] :> I
‘nt [ExpandIntegrand[(c*x) “m*Pg*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, ¢, m, n ‘

J




CHAPTER 3. LISTING OF INTEGRALS 298

Maple [F]

dz

/ (cx)™ (d+ ex™ + f 2" + g ")
va+bz"

input Lint ((c*x) “m* (d+e*x " n+f*x~ (2*n) +g*x~ (3*n) ) / (a+b*x~n) ~(1/2) ,x)

output Lim’ ((c*x) "m* (d+e*x n+f*x” (2+n) +g*x” (3¥n) ) / (a+b*x™n) " (1/2) ,x)

Fricas [F(-2)]

Exception generated.

/ (cx)™ (d + ex™ + fx*" + gz®")
va+ bzm

dxr = Exception raised: TypeError

‘integrate((c*x)‘m*(d+e*x‘n+f*x‘(2*n)+g*x‘(3*n))/(a+b*x‘n)‘(1/2),x, algorit

input
‘hm="fricas")

Output‘Exception raised: TypeError >> Error detected within library code: inte

‘grate: implementation incomplete (has polynomial part)




input L
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 20.08 (sec) , antiderivative size = 342, normalized size of antiderivative = 1.09

/ (cx)™ (d + ex™ + fx*" + gz®") i

va + bx™

1
nl (2 4+1+1)
1 m 1
m m 2 n + 3 + n n im
a_?_%_%a;+3+%cmgmm+3n+lr(% +34+ l) o F Qm” A 1" bmae
N w T4t
nl (2 +4+1)
1 m 1
AR e Rt mfgm D (2 4 2+ L) By (2’ n +32 +ln baeim
+3+ ¢
+
nI’ (% +3+ %)
1m_ 141 4
a—%—%—%a%+l+%cm6xm+n+lr(m+1+l) F 2’ n n | bg"e'™
n WP m gy 1| e
+ n n
nl (2 +2+1)
integrate ((c*x) **m* (d+exx**n+f*x** (2*n) +g*x** (3*n) ) / (a+b*x**n) ** (1/2) ,x) J

output

ax*(m/n + 1/n)*a*x*x(-m/n - 1/2 - 1/n)*cxxm*d*x**(m + 1)*gamma(m/n + 1/n)*hy
per((1/2, m/n + 1/n), (m/n + 1 + 1/n,), bxx**nxexp_polar (I*pi)/a)/(n*gamma
(m/n + 1 + 1/n)) + a*x(-m/n - 7/2 - 1/n)*ax*(m/n + 3 + 1/n)*ck*smkgkx**(m +
3*n + 1)*gamma(m/n + 3 + 1/n)*hyper((1/2, m/n + 3 + 1/n), (w/n + 4 + 1/n,
), b*x**n¥exp_polar(I*pi)/a)/(n*gamma(m/n + 4 + 1/n)) + a**(-m/n - 5/2 - 1
/n)*a*xx(m/n + 2 + 1/n)*cx*mxf*x**x(m + 2%n + 1)*gamma(m/n + 2 + 1/n)*hyper(
(1/2, m/n + 2 + 1/n), (m/n + 3 + 1/n,), b*x**n*exp_polar(I*pi)/a)/(n*gamma
(m/n + 3 + 1/n)) + a**(-m/n - 3/2 - 1/n)*a**(m/n + 1 + 1/n)*c**mkexx**(m +
n + 1)*gamma(m/n + 1 + 1/n)*hyper((1/2, m/n + 1 + 1/n), (w/n + 2 + 1/n,),
bkx**n*exp_polar(I*pi)/a)/(n*gamma(m/n + 2 + 1/n))
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Maxima [F]

dz

/ (cx)™ (d + ex™ + fa*" + gz*") do — / (gz°™ + f2*™ + ex™ + d)(cx)™
va+ ba" Vbz"™ + a

‘ integrate ((c*x) “m* (d+exx"n+f*x~ (2*n)+g*x~(3*n))/(a+b*x"n) ~(1/2) ,x, algorit

input
- : n
="maxima")

output Lintegrate((g*x‘(s*n) + f*x~(2*%n) + exx"n + d)*(c*x) "m/sqrt(b*x™n + a), x)

Giac [F]

dz

/ (cx)™ (d + ex™ + fz*" + gz®") dr — / (9z®™ + f2*™ + ex™ + d)(cz)™
va+ ban Vbz™ + a

input ‘ integrate ((c*x) “m* (d+e*x n+f*x~ (2*n)+g*x~ (3*n) )/ (a+b*x"n) ~(1/2) ,x, algorit
‘hm="giac“)

output Lintegrate ((g*x~(3*n) + fxx~(2*n) + e*x™n + d)*(c*x) m/sqrt(b*x™n + a), x)

Mupad [F(-1)]

Timed out.

dz

/(cx)m (d+ ez™ + fz?™ + ga™) dac:/(cav)m (d+ex" + fz?" + gz®")
va+ bz Vatbz®

input Lint(((c*x)“m*(d + exx™n + f*x~(2*n) + g*x~(3*n)))/(a + b*x"n)~(1/2),%)

output Lint(((c*x)"m*(d + e*xx"n + f*x~(2*n) + g*x~(3%n)))/(a + b*x"n)~(1/2), x)
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Reduce [F]

m d n 2n 3n
/ (cz)™ (d + ez” + fz*" + ga™") dz = too large to display

va + bx™

input‘int((c*x)‘m*(d+e*x‘n+f*x‘(2*n)+g*x“(3*n))/(a+b*x‘n)‘(1/2),x)

(c**m* (8xx**(m + 2*n)*sqrt(x**n*b + a)*b**2kgxm**2*x + 16*x*x(m + 2#%n)*sqr
t(x**nxb + a)*bk*2kgkm*n*x + 16*x**(m + 2*n)*sqrt(x**n*xb + a)*b**2xg*m*x +
B*x** (m + 2#n)*sqrt (x**n*b + a)*b**2kg*n**2+x + 16xx**(m + 2xn)*sqrt (x**n
*b + a)*b**2kgin*x + 8kx*kx(m + 2*n)*sqrt(x**nxb + a)*b*kx2xgkx — 8xxx*x(m +
n)*sqrt (x*x*n*b + a)*axbxgkm**2*x — 20*x**(m + n)*sqrt(x**xnxb + a)*ka*b*grmk
nkx - 16xx**(m + n)*sqrt(x**n*b + a)*axbkgkmkx - 8*x**(m + n)*sqrt(x**n*b
+ a)*axb*gknx*2kx - 20*x**(m + n)*sqrt(x**nxb + a)*a*bkgxn*x - 8xx**x(m + n
)*sqrt (x**n*b + a)*a*bxg*x + 8*kxx*x(m + n)*sqrt(x*k*nxb + a)*xb**2kfxm*k*2*kx +
24*x*x*(m + n)*sqrt(x**n*b + a)*b**2kf*m*n*x + 16*x**(m + n)*sqrt(x**n*b +
+
+

output

a) ¥b*x*2*f*m*xx + 10*x**x(m + n)*sqrt(x**n*xb + a)*bk*2*kf*n**2*x + 24xx**(m

n) *sqrt (x**n*b + a)*bx*2*f*rnxx + 8*xx*k(m + n)*sqrt(x*k*nxb + a)*xb*x2*kf*xx

Bxx**xm*sqQrt (X**n*b + a)*kax*kgxm**2xx + 24*x*k*m*ksqrt (xk*n*xb + a)*ax*2xgxm
*n*kx + 16*x**km*ksqrt (x*¥*n*b + a)*ax*2*gxm*xx + 16*x*kxm*sqrt (xk*xnxb + a)*a**2
*XERNFR2kX + 24*xk*kmkSQrt (x*¥*n*kb + a)kax*2*kgrnkx + S*x**km*sqrt (x**n*b + a)*
a**x2kgFx — Bxxkxmrsqrt (xk*xnxb + a)*karb*fxmx*2xx - 28xx*k*mxsqrt(x**nxb + a)
*xaxb*f*mxnxx — 16*x*k*xmksqrt (x*k*nxb + a)*a*xbxfrmkx - 20*x**mksqrt (x**n*b +
a)*axbxf*n*x2%x - 28*xk*kmksqrt (xx*nkb + a)*xaxb*f*rnkxx - Skxx*mksqrt (xx*n*xb
+ a)*axb*f*x + 8*x*k*m*ksqrt(x**n*b + a)*bx*2kexm**2*x + 32*x**m*ksqrt (x**n*b
+ a)*b¥*k2kexm¥n*kx + 16*x**m*sqrt(x**nxb + a)*b**2*e*xm*x + 30*x**m*sqrt (x*
*n*b + a)*bx*2kern**2*x + 322kxx*km*sqrt(x**kn*b + a)*¥brk2xe*knkx + Bkxrkmk. ..
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—ahx_H%—i—bfx_H%—l-ng_H"—l-bhx_H%Q
330 | g dz
(a+bz™) /

Optimal result . . . . . . . . . . . . e 302
Mathematica [A] (verified) . . . . . . . . .. ...
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . e 304
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 304
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 305
Maxima [F] . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o 306
Reduce [F] . . . . . o

Optimal result

Integrand size = 58, antiderivative size = 60

/ —ahx~ T4 4+ bf:];_1+% + bggj_1+” + bha 1+ % do — — 2g B 2"/ (Zah — bf:l?n/4)
(a + bzn)*/? nva + bx" anva + bz"

output \ -2%g/n/ (a+b*x"n) ~(1/2) -2*x~ (1/4%n) * (2*axh-bxf*x~ (1/4*n)) /a/n/ (a+b*x™n) ~(1/ \
2)

Mathematica [A] (verified)

Time = 0.72 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.75

XL

/ —ahz* 4 bfr S 4 gzt 4 bhg T e — 2bfz™/? — 2a(g + 2hz™/*)

(a + bzn)*/? any/a + bx™
input‘ Integrate[(-(a*h*x~ (-1 + n/4)) + bxf*x~(-1 + n/2) + bxg*x~(-1 + n) + bxh*x ‘
SG1+ (5xm)/4))/ (a + b "(3/2) %] )

output L(2*b*f*x“ (n/2) - 2*ax(g + 2xh*x~(n/4)))/(a*n*Sqrt[a + b*x"n]) J




input

output

rule 2029
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Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.75,

number of rules _ (g3 4, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2029, 2356}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
—ahzi ' +bfrz 1 + bgz" ! + bha 11
32 dx
(a + bz™)
| 2029

dxr

/ it (—ah + bfx™* + bga®/* + bh:c")
(a + bzn)>/?

l 2356

2(ag + 2aha™* — bfac"/z)
anya + bz

‘(Int[(—(a*h*x’"(—l + n/4)) + bxfxx~(-1 + n/2) + b*g*x~(-1 + n) + bxh*x~(-1 +
| (5+m)/4))/(a + brx"m) " (3/2) ,x]

~

‘ (-2%(axg + 2*axh*xx”(n/4) - bxfxx~(n/2)))/(a*n*Sqrt[a + b*x"n])

Defintions of rubi rules used

Int[(Fx_.)*((d_.)*(x_)"(q_.) + (a_)*(x_)"(r_.) + (b_.)*(x_)"(s_.) + (c_.)*
(x_)~(t_.))"(p_.), x_Symbol] :> Int[x"(p*r)*(a + b*x~(s - r) + c*x~(t - r)
+ d*x~(q - r))"p*Fx, x] /; FreeQ[{a, b, ¢, d, r, s, t, q}, x] & IntegerQl[p
] && PosQ[s - r] && PosQ[t - r] && PosQlq - r] && !(EqQlp, 1] && EqQ[u, 1]
)

N J




CHAPTER 3. LISTING OF INTEGRALS 304

rule 2356 Int[((x_)"(m_.)*((e_ ) + (h_)*(x_)"(n_.) + (£_)*(x_)"(q_.) + (g_)*x(x_)"(r
_N/ @) + (e_d)*x(x )" (m_.))"(3/2), x_Symbol] :> Simp[-(2%a*g + 4xa*h*x”
(n/4) - 2*xcxfxx~(n/2))/(a*cknxSqrt[a + c*x"nl), x] /; FreeQl{a, c, e, £, g,
h, m, n}, x] & EqQlq, n/4] && EqQ[r, 3*(n/4)] && EqQ[4*m - n + 4, 0] && E
qQlc*e + axh, 0]

Maple [F]

dz

/ —ahz T 4 bf 2 E 4 bga It 4 bR
(a+ bxn)%

int ((-a*h*x™ (-1+1/4%n) +bxf*x~ (-1+1/2*n) +b*g*x~ (-1+n) +bxh*x~ (-1+5/4#*n) ) / (a+

input
b*x"n)~(3/2) ,x)

int ((—a*h*x” (-1+1/4*n)+b*f*x~ (-1+1/2*n) +b*g*x~ (-1+n) +bxh*x~ (-1+5/4%*n)) / (a+

output
b*x"n)~(3/2),x)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.10

(a + bam)*? v abnztzn* + a’n

/ —aha 5 + bfz 5 4 bgr " 4 bha T p 2vbxtznt + a(bfa;%% "2 — 2ahgzint — ag>

integrate ((-a*h*x~ (-1+1/4%n) +b*xf*x~(-1+1/2%n) +b*g*x~ (-1+n) +b*h*x~ (-1+5/4*n

input
))/(a+b*x~n)~(3/2) ,x, algorithm="fricas")

2*sqrt (b*x~4*x~(n - 4) + a)*(bxf*x"2*%x~(1/2%n - 2) - 2*a*h*x*x~(1/4*n - 1)

output
- axg)/(axbxn*x"4*x~(n - 4) + a~2*n)
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Sympy [A] (verification not implemented)

Time = 136.23 (sec) , antiderivative size = 162, normalized size of antiderivative = 2.70

¢

1°g§ﬂ> forb=0An=0
zz" 1
/ —ahz 5 4 bfr S 4 bgr T 4 bha T dr—b adn for b =0
z =bg
(a + bzn)*/? log () forn =0
(a+h)s
—Wﬁ otherwise

1
hx%F(i)Qfﬂ 4;

bf 1
%

an aﬁ;“ +_1 Vﬂinl‘( )

_|_

in ut‘integrate((-a*h*x**(—1+1/4*n)+b*f*x**(-1+1/2*n)+b*g*X**(‘1+n)+b*h*x**(‘1+5
| /4%n)) / (a+bkx**n) **(3/2) ,x)

bxg*Piecewise ((log(x)/a**(3/2), Eq(b, 0) & Eq(n, 0)), (x*x**(n - 1)/(a**(3
/2)*n), Eq(b, 0)), (log(x)/(a + b)**(3/2), Eq(n, 0)), (-2/(b*n*sqrt(a + bx
x**n)), True)) + 2*sqrt(b)*f/(a*n*sqrt(a/(b*x**n) + 1)) - h*x**(n/4)*gamma
(1/4)*hyper((1/4, 3/2), (5/4,), b*x*xnxexp_polar (I*pi)/a)/(sqrt(a)*n*gamma
(5/4)) + bxhxxx*(5%n/4)*gamma(5/4)*hyper ((5/4, 3/2), (9/4,), b*x**nxexp_po
lar (I*pi)/a)/(a**(3/2)*n*gamma(9/4))

output

Maxima [F]

/ —ahz 5 4 bfr IS 4 bgr T 4 bha T dx—/ bhzi™ ! + bgz"! + bfr2"! — ghginl

(a + bazn)** (bz™ + a)?

.
\ integrate ((-axh*x~ (-1+1/4*n)+bxf*x~ (-1+1/2%n) +b*g*x~ (-1+n) +bxh*x~ (-1+5/4*n

input
‘))/(a+b*x“n)‘(3/2),x, algorithm="maxima")

N

dz
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Output‘integrate((b*h*x“(5/4*n - 1) + bxgxx~(n - 1) + b¥xf*x~(1/2*n - 1) - axh*x"(
/4% - 1)/ (brx"n + 2)7(3/2), %)

Giac [F]

5n

/ —ahz™ i 4 bfr1tE 4 bgr~ " 4 bha 1T E p _/ bhai™! 4 bga™ ! + bfz2"! — ghgi™?
(a + bzm)*? (bz™ + a)g

dz

integrate ((-axh*x~ (-1+1/4*n)+bxf*x~ (-1+1/2%n) +b*g*x~ (-1+n) +bxh*x~ (-1+5/4*n

input
))/(a+b*x"n)~(3/2) ,x, algorithm="giac")

integrate((b*h*x~(5/4%n - 1) + b*g*x~(n - 1) + bxf*x~(1/2*%n - 1) - a*h*x™(

output
1/4xn - 1))/(b*x™n + a)~(3/2), x)

Mupad [F(-1)]

Timed out.

dz

/ —ahx_l‘*'% + bfg;_H'% + ng—l-i-n + bh$_1+57n dx—/ bf:l,'%_l — ahm%_l + bhx%_l + bgmn_l
(a + bz)*/* (a+bzn)*?

int ((b*f*x~(n/2 - 1) - axh*x~(n/4 - 1) + b*h*x~((5*n)/4 - 1) + bxg*x~(n -

input
1))/(a + b*x"n)~(3/2) ,x)

int ((b*f*x~(n/2 - 1) - a*h*x"(n/4 - 1) + bxh*x~((5*n)/4 - 1) + b*g*x~(n -

output
1))/(a + b*x"n)~(3/2), x)
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Reduce [F]

5

b/>_ahx—1+2_+bfz—1+3_+ng—1+n4_bh$—1+ﬂ‘dx__2x3\/w”b+-abf——2V1ﬁb%—aag4—x"<j";m?51§;
(a + bzn)*/?

t‘int((—a*h*x‘(—1+1/4*n)+b*f*x‘(—1+1/2*n)+b*g*x‘(—1+n)+b*h*x‘(—1+5/4*n))/(a+

inpu
' b¥x"n)~(3/2) ,%)

(2*%x** (n/2) *sqrt (x**n*b + a)*bxf - 2*sqrt(x**n*b + a)*axg + x*xn*int ((x**(
(5%n) /4) *sqrt (xx*n*xb + a))/(x**(2xn) *b**2xx + 2*x*k*knka*xb*x + ax*2*x),x)*ax
b**2*h*n - x**n*kint ((x*k*(n/4)*sqrt(xx*nxb + a))/(x**(2xn) *b**2*x + 2*x*k*n*
axb*x + ax*2xx),x)*a**2xbxh*n + int ((x**((5%n)/4)*sqrt(x**nxb + a))/(x**(2
*n) ¥b**k2kxX + 2kxk*nkaxbxx + ax*k2kx),x)*a**2*bkh*n — int ((x*k*(n/4)*sqrt (x**
nxb + a))/(x**(2%n) xb*x*x2*x + 2kx*k*n*axbkx + a**2%x),x)*a**3xh*xn)/(a*n* (x*x*

output

n*xb + a))

N
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3.31 [(cx)™(d + ex + fz*+ gz®) (a + bz™)P dzx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3091
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . B11]
Fricas [F] . . . . . . o B11]
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... B11]
Maxima [F] . . . . . . 313l
Giac [F] . . . . o o B3l
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . 314

Optimal result

Integrand size = 30, antiderivative size = 280

/(cx)m (d+ex+ fz* + g2°) (a + bz"™)F dz

d(cz)*™ (a + bz™)? (1 + =) " Hypergeometric2F1 (™ —p Limin _bet)
c(14+m)
ex(cz)'t™ (a + bz™)” (1 + men) “? Hypergeometric2F1 (2‘;’”, —p, 2“"2"‘”, _%)
c(2+m)
i fz?(cz)*™ (a + bz™)” (1 + ) 7P Hypergeometric2F1 (3™, —p, 3tmtn _ beo)
c(34+m)
N 9z3(cz)™™ (a + bz™)” (1 + %)_p Hypergeometric2F1 (4m —p 4tmin _ ba%)
c(4+m)

d*(c*x)~ (1+m) * (a+b*x"n) “p*hypergeom([-p, (1+m)/n], [(1+m+n)/n],-b*x"n/a)/c/
(1+m) / ((1+b*x"n/a) “p) +e*x* (c*x) ~ (1+m) * (a+b*x"n) “p*hypergeom([-p, (2+m)/n],
[(2+m+n) /n] ,-b*x"n/a)/c/(2+m) / ((1+b*x"n/a) “p) +f*x~2* (c*x) ~ (1+m) * (a+b*x"n) "
p*hypergeom([-p, (3+m)/n], [(3+m+n)/n],-b*x"n/a)/c/(3+m)/((1+b*xx"n/a) ~"p)+g*
X" 3% (c*x) " (1+m) * (a+b*x"n) “pxhypergeom([-p, (4+m)/n], [(4+m+n)/n],-b*x"n/a)/
c/(4+m) / ((1+b*x"n/a) "p)

output
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Mathematica [A] (verified)

Time = 0.26 (sec) , antiderivative size = 178, normalized size of antiderivative = 0.64

/(cm)m (d+ ez + fr* + g3°) (a + bz")’ dz

bz™\ P [ d Hypergeometric2F1 (1fm —p lfmin _ ba"
= z(cz)™ (a + bz")” (1 + i) ( ypere (5 —p :)
a 1+m

o€ Hypergeometric2F1 (2tm —p Ztmin _ba%)
24+m

n n a

i f Hypergeometric2F1 (?’JFT’”, —p, 3tmin —%) N gz Hypergeometric2F1 (4“;’”, —p, dmin —M)
3+m 44+m

input‘ Integrate[(c*x) “mx(d + e*x + f*x~2 + g*x~3)*(a + b*x"n) p,x]

(x*(c*x) “m*(a + b*x"n) “p*x((d*Hypergeometric2F1[(1 + m)/n, -p, (1 + m + n)/
n, -((bxx"n)/a)])/(1 + m) + x*((exHypergeometric2F1[(2 + m)/n, -p, (2 + m
+ n)/n, -((b*x"n)/a)]1)/(2 + m) + x*((f*xHypergeometric2F1[(3 + m)/n, -p, (3
+m + n)/n, -((b*x"n)/a)])/(3 + m) + (gxx*Hypergeometric2F1[(4 + m)/n, -p
» (4 +m+ n)/n, -((b*x"n)/a)]1)/(4 + m)))))/(1 + (b*x"n)/a)”p

output

Rubi [A] (verified)

Time = 0.79 (sec) , antiderivative size = 273, normalized size of antiderivative = 0.98,

number of rules _
integrand size 0.067, Rules

number of steps used = 2, number of rules used = 2,
used = {2383, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(cx)m (a+bz™)P (d+ ez + fz* + g2°) dz

l 2383

/ (g(c:c)m+3 (a + bz™)P + f(cx)™*2 (a + bz™)P

m+1 n\p
¢ 2 + d(cz)™ (a + bz™)P + e(cz)™"" (a + ba") > I

c
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l 2009

g(cz)™* (a + ba™)? (b‘%n +1) “P Hypergeometric2F1 (m:{‘l, —p, m+:+4, _WT")
ct(m+4)

fcx)™3 (a + bz™)P (szn + 1) “P Hypergeometric2F1 (m:?’, —p, m+:+3 , _me")
c3(m + 3)

e(cx)™*? (a + bz™)P (% + 1) “? Hypergeometric2F1 ("2"2, —p, m+:+2, _%)

c2(m+2)

d(cz)™* (a + bz™)P (¥2° + 1) " Hypergeometric2F1 (Tl —p mintl _ba%)

c(m+1)

+

+

_|_

e

~—

input tInt[(c*x)’"m*(d + e¥x + £*x~2 + g+x~3)*(a + b*x"n)"p,x]

(d*(c*x)~(1 + m)*(a + b*x"n) “p*Hypergeometric2F1[(1 + m)/n, -p, (1 + m + n
)/n, -((b*x"n)/a)])/(c*(1 + m)*(1 + (bxx"n)/a)"p) + (ex(c*x)~(2 + m)*(a +

b*x~n) “p*Hypergeometric2F1[(2 + m)/n, -p, (2 + m + n)/n, -((b*x"n)/a)])/(c
~2%(2 + m)*(1 + (b*x"n)/a) p) + (fx(c*x)~(3 + m)*(a + b*x"n) p*Hypergeomet
ric2F1[(3 + m)/n, -p, (3 + m + n)/n, -((b*x"n)/a)])/(c”3*(3 + m)*(1 + (b*x
“n)/a)"p) + (gx(c*x)~(4 + m)*(a + b*x"n) p*Hypergeometric2F1[(4 + m)/n, -p
» (4 +m+n)/n, -((b*x"n)/a)])/(c™4*(4 + m)*(1 + (b*x"n)/a)”p)

output

Defintions of rubi rules used

ruk32009LInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruk32383‘Int[(Pq-)*((C_-)*(x_))“(m_-)*((a_) + (b_)*(x_)"(@m_))"(p_.), x_Symbol]l :> I
‘nt [ExpandIntegrand[(c*x) “m*Pg*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, ¢, m, n ‘
L’ p}, x] && (PolyQ[Pq, x] || PolyQ[Pq, x"n]) && !IGtQ[m, O] J
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Maple [F]

/(cx)m (92°+ fz* +ex+d) (a+ bz dz

inputLint((C*X)Am*(g*xA3+f*xA2+e*X+d)*(a+b*x‘n)*p,x)

OutputLint((C*X)Am*(g*xﬁ3+f*xﬁ2+e*x+d)*(a+b*x“n)~p’x)

Fricas [F]

/(cx)m (d+ex+ fz*+92°) (a+bz™) d =/ (97° + fz* + ex + d) (bz" + a)(cz)™ dz

input Lintegrate ((c*x) “m* (gxx~3+f*x~2+e*x+d) * (a+b*x"n) “p,x, algorithm="fricas")

Output‘integral((g*x“B + £*x72 + exx + d)*(b*x"n + a) px(c*x)“m, x)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.
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Time = 107.75 (sec) , antiderivative size = 304, normalized size of antiderivative = 1.09

/(c:c)m (d+ ez + fz* + g2°) (a + bz™)F dz

e’L‘IT

m 1
myl _my, 1 mpm+1T(m 1\ F P TR bz™
an n@ n n T (; + ;) ol'1 1 _—

4144 ¢
- nl (2 +1+1)
_p m 2
a2+ m - Eomegmop(m 4 2y, [ TP e
n )2 m g2 e
+ n n
nl (% +1+ %)
_p m_ 3
antraT WA (M 4 2 )y P panetn
n n 3 a
. my14 3
nl (2 +1+3)
_p m 4
a%‘*‘%a‘%‘*‘l’—%c’"gwmﬂf‘(m +3)F, P . bae”
n n m a
g +1+ o

+ nF(%—l—l-I—%)

input\integrate((c*x)**m*(g*x**3+f*x**2+e*x+d)*(a+b*x**n)**p,x)

ax*x(m/n + 1/n)*ax*(-m/n + p - 1/n)*c**m*kd*x**(m + 1)*gamma(m/n + 1/n)*hype
r((-p, m/n + 1/n), (w/n + 1 + 1/n,), b*x**n*exp_polar(I*pi)/a)/(n*gamma (m/
n+ 1+ 1/n)) + ax*x(m/n + 2/n)*a*x(-m/n + p - 2/n)*ck*m*e*xx**(m + 2)*gamma
(m/n + 2/n)*hyper((-p, m/n + 2/n), (m/n + 1 + 2/n,), b*x**n*exp_polar(I*pi
)/a)/(n*gamma(m/n + 1 + 2/n)) + a*x*(m/n + 3/n)*a**(-m/n + p - 3/n)*cx*m*f*
xx*k(m + 3)*gamma(m/n + 3/n)*hyper((-p, m/n + 3/n), (m/n + 1 + 3/n,), b*x**
n*exp_polar(I*pi)/a)/(n*gamma(m/n + 1 + 3/n)) + a**(m/n + 4/n)*a**(-m/n +
P - 4/n)*ckxmxgix**x(m + 4)*gamma(m/n + 4/n)*hyper((-p, m/n + 4/n), (m/n +
1 + 4/n,), b*x*xnkexp_polar(I*pi)/a)/(n*gamma(m/n + 1 + 4/n))

output
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Maxima [F|

/(c:c)m (d+ex+ fz*+92°) (a+bz™)’ dx =/ (92° + fo* + ez + d) (bz" + a)F(cz)™ do

input\integrate((C*x)“m*(g*x“3+f*x”2+e*x+d)*(a+b*x“n)*p,x, algorithm="maxima"

outputtintegrate((g*x‘B + £*x72 + exx + d)*(b*x"n + a) p*x(c*x)"m, x)

Giac [F]

/(cx)m (d+ex+ fz’+gz°) (a+bz™)F dz =/ (92° + fz* + ex + d) (bz" + a)”(cz)™ dz

input Lintegrate ((c*xx) "mx (gxx~3+f*x"2+e*x+d) * (a+b*x"n) "p,x, algorithm="giac")

output Lintegrate((g*x‘s + £xx72 + exx + d)*(b*x™n + a) px(c*x)™m, x)

Mupad [F(-1)]
Timed out.

/(cx)m (d+ ez + fz* + g2°) (a + bz™)F dz

=/(cx)m(a+bx")p (92°+ f2*+ex+d) dz

inputtint((c*x)"m*(a + bxx"n) "p*(d + exx + f*x72 + gxx~3),x)

Outputtint((c*x)Am*(a + b*x"n) "p*(d + exx + f*x"2 + g*xx~3), x)
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Reduce [F]

/(cm)m (d+ex+ fa® + gw3) (a + bz™)? dz = too large to display

p
input‘int((c*x)”m*(g*x“3+f*x*2+e*x+d)*(a+b*x-n)Ap’x)
N

(ck*m* (xx*km* (x*#*n*b + a)**prd*m*k*3*x + 3*xk*km* (x**n*b + a)k*pkd*m**2*kn*p*x
+ Okxkxmk (X*k*nkb + a)kkprdimr*k2xx + Jkxkkmk (Xx*¥*kn*b + a)k*kprdrmiknkk2*pk*22k
X + 18xx#xm* (x*k*nxb + a)*xkpxdim*n*pxx + 26*x*k*mk (x*k*nxb + a)**pxdkm*x + x*
*m* (Xkknxb + a)xkpkxdknkk3*¥pk*k3xx + Pkxkkmk (X**kn*b + a)kkpkdrkn**2*kprk2*xx +
26*xk*km* (X*¥*n*b + a)**pkdknkpxx + 24*xk*km* (X*¥*n*b + a)*kxpkd*kx + x*k*km* (X**n
*¥b + a)*kpresmk*3*xk*2 + Jkxkkmk (X*k*knkb + a)kkphexmkk2*kn*kpkxk*2 + Bxxkkm (
x**n*b + a)**p*e*m**z*x**g + 3kxkkmk (x*k*knxb + a)**p*e*m*n**z*p**z*x**z + 1
G*x*xmk (x*k*nxb + a)**p*e*m*n*p*x**2 + 19%x**km* (x**nkb + a)**p*e*m*x**2 + x
*xm* (x**n*xb + a)**p*e*n**S*p**B*x**Q + 8*x**m*(x**n*b + a)**p*e*n**Q*p**Q*
x*¥%2 + 19xx*k*mk (x*x*knxb + a)*k*prexn*pkx**2 + 12xx**m* (x*k*nxb + a)*kkprekx**2
+ xokkm* (xx*n*xb + a) k*pkLxm*k*x3kx*x*3 + Jxkxkkmk (x**knxb + a)kkp*frm*k*k2knkprx*
*3 + THxxkmx (X¥*xn*b + a)k*prf*xmk*2xx**3 + Jkxkkmk (x*x*n*b + a)k*pkfrxmknk*k2x
P**2*x**3 + 14xx**mk (x**knxb + a)*xxp*frm*nkpxx**3 + 14sxx*km* (x**xn*b + a)**p
*fkmrx**3 + xk*kmk (x**knkb + a)kkp*frn*k*x3*kpr*k3xkx*¥*3 + Thxxkm* (X*k*xn*b + a)**p
*EANFKR2KpF k2% x**3 + 14*okkm* (Xk*n*b + a)k*p*f*rnxpxx**3 + Skxk*m* (X*k*n*b +
a) *xp*f*x*x*3 + xxkmk (Xk*knkb + a)*k*kprgrm**3xx**x4 + Jkxkkmk (X*k*n*b + a)*k*p*g
KRR 2KNFPRRK*FL + Bxkkm* (X**kn¥D + @) kkprgrmk*k2*x* x4 + Jkxkkmk (xk*knkb + a)*
KDHRERMANKKKDRKDRXK KL + 12%x%*km* (x**nkb + a)**p*g*m*n*p*x**4 + 11*xkkm* (x*
*n*b + a)*k*prgkmrx*kkd + xkkmk (X*knkb + a) kkprRgFnkk3*kpk*k3kxk*kd + Gxxkkm* (X*
*N*¥b + a)k*kprgFnkk2xpRxkkxkkd + 1lkxkxmk (Xk*nxb + a)*k*kpxgknkpkxx*d + 6%...

output
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3.32 [(cx)™(a + bz™)P (d + ex™ + fz*" + gz") dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3161
Rubi [A] (verified) . . . .. . . ... .. 316
Maple [F] . . . . 318
Fricas [F] . . . . . . o B18
Sympy [F(-1)] . . o oo 318
Maxima [F] . . . . . . 3191
Giac [F(-2)] . . .« o oo 319
Mupad [F(-1)] . . . o o 320
Reduce [F] . . . o . o o 320

Optimal result

Integrand size = 36, antiderivative size = 306

/(cx)m (a+bz™)P (d+ex™ + fo* + gz°") dz

d(cz)™™ (a + bz")? (1 4 =) " Hypergeometric2F1 (Hm, —p Limin _bet)

- c(1+m)
ex”(cx)"*™ (a + ba™)? (1 + %) “? Hypergeometric2F1 (1"”7’5"'”, —p, 1+”:L+2", _%)
c(l+m+mn)
n fx*™(cx)™™ (a+ be™)P (1 + %27) “? Hypergeometric2F1 (Ltmt2n g lfmisn _ba®)
c(1+m+2n)
923" (cz) ™ (a + ba™)P (1 + %) " Hypergeometric2F1 (1mtdn _p Limtn _boo)
c(1+m+ 3n)

d*(c*x)~ (1+m) * (a+b*x"n) “p*hypergeom([-p, (1+m)/n], [(1+m+n)/n],-b*x"n/a)/c/
(1+m) / ((1+b*x"n/a) “p)+exx n* (c*x) ~ (1+m) * (a+b*x"n) “p*hypergeom([-p, (1+m+n)
/n], [(1+m+2*n) /n] ,-b*x"n/a)/c/(1+m+n) / ((1+b*x"n/a) “p) +£*x~ (2*n) * (c*x) ~ (1+m
) * (a+b*x"n) “pxhypergeom([-p, (1+m+2*n)/n], [(1+m+3*n)/n],-b*x"n/a)/c/(1+m+2
*n) / ((1+b*x~n/a) “p) +g*x~ (3*n) * (c*x) ~ (1+m) * (a+b*x"n) “p*hypergeom([-p, (1+m+
3*n) /n], [(1+m+4#*n) /n] ,-b*x"n/a)/c/(1+m+3*n) / ((1+b*x"n/a) “p)

output




input

output

CHAPTER 3. LISTING OF INTEGRALS 316

Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 204, normalized size of antiderivative = 0.67

/(cm)m (a+bz™)f (d+ ez™ + fz*" + gz*") da

bz™\ P [ d Hypergeometric2F1 (1fm —p lfmin _ ba"
= z(cz)™ (a + bz")" (1+i) ( ypere (i :)

a 1+m
¢ Hypergeometric2F1 (1+mtn _p lémtan b )
1+m+n
oo [ £ Hypergeometric2F1 (P, —p, Feen, A7) | go” Hypergeometric2F1 (P, —p, P
Lt zn 1+m+3n

‘Integrate[(c*x)‘m*(a + b*x"n) "p*(d + e*x"n + f*x~(2%n) + g*x~(3*n)),x]

(x*(c*x) “m*(a + b*x"n) “p*x((d*Hypergeometric2F1[(1 + m)/n, -p, (1 + m + n)/
n, -((b*xx"n)/a)])/(1 + m) + x"n*((e*Hypergeometric2F1[(1 + m + n)/n, -p, (
1 +m+ 2%n)/n, -((b*x"n)/a)])/(1 + m + n) + x"n*x((f*Hypergeometric2F1[(1
+m+ 2*n)/n, -p, (1 + m + 3*n)/n, -((b*x"n)/a)])/(1 + m + 2*n) + (g*x"n*H
ypergeometric2F1[(1 + m + 3*n)/n, -p, (1 + m + 4*n)/n, -((b*x"n)/a)])/(1 +
m + 3*n)))))/(1 + (b*x"n)/a)"p

Rubi [A] (verified)

Time = 0.83 (sec) , antiderivative size = 297, normalized size of antiderivative = 0.97,

number of rules __
integrand size 0.056, Rules

number of steps used = 2, number of rules used = 2,
used = {2383, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(cx)m (a+bz™)? (d + ez + fz*" + gz°") dz

l 2383
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/ (d(cz)™ (a + bz™)P + ex"(cz)™ (a + bz")P + fz?(cx)™ (a + bz™)P + g™ (cx)™ (a + bz")P) dx

l 2009
d(cx)™ ! (a + bz™)P (% + 1)_p Hypergeometric2F1 (m:lrl, —p, m+1?+1’ —¥) N
c(m+1)
ez (cz)™ (a + bz™)P (%2* + 1) " Hypergeometric2F1 (mintl _p mt2ntl  bao) N
m+n-+1
1 (cz)™ (a + ba)P (2= + 1)_p Hypergeometric2F1 (mt2ntl _p, mtdndl ' br%) N
m+2n+1
gz3" L (cx)™ (a + bz™)P (men + 1)_p Hypergeometric2F1 (m+i”+1, —p, m+i"+1, —b“’Tn)
m+3n+1
input LInt [(c*x)"m*x(a + b*x™n) "px(d + e*x™n + fxx~(2*n) + g*x~(3*n)),x] J

(d*(c*x)~(1 + m)*(a + b*x"n) “p*Hypergeometric2F1[(1 + m)/n, -p, (1 + m + n
)/n, -((b*x"n)/a)])/(cx(1 + m)*(1 + (b*x"n)/a)"p) + (exx~ (1 + n)*(c*x) m*(
a + b*x"n) “p*Hypergeometric2F1[(1 + m + n)/n, -p, (1 + m + 2*¥n)/n, -((b*x~
n)/a)])/((1 + m + n)*(1 + (b*x"n)/a)"p) + (£*x~(1 + 2*n)*(c*x) "m*(a + b*x~
n) “p*Hypergeometric2F1[(1 + m + 2*n)/n, -p, (1 + m + 3*n)/n, -((b*x"n)/a)]
)/((1 +m + 2+n)*(1 + (b*x"n)/a)"p) + (g*xx~(1 + 3*n)*(c*x) "m*(a + b*x™n) p
*Hypergeometric2F1[(1 + m + 3*n)/n, -p, (1 + m + 4%n)/n, -((b*x™n)/a)l)/((
1 +m + 3*%n)*(1 + (b*x"n)/a) p)

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 9383 T0L(PQ*((c_)*(x ) (m_)*((a ) + (b_)*(x)"(@))"(p_.), x_Symbol] :> I
nt [ExpandIntegrand[(c*x) “m*Pq*(a + b*x™n)"p, x], x] /; FreeQ[{a, b, ¢, m, n ‘
» pY, x] && (PolyQ[Pq, x] || PolyQ[Pq, x"n]) && !'IGtQ[m, O] ‘
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Maple [F]

/ (cz)™ (a+bz™)’ (d+ex" + fz* + gz*") dx

inputLint((C*X)Am*(a+b*xAn)AP*(d+e*XAn+f*XA(2*n)+g*x‘(3*n))’x)

output Lint ((c*x) “m* (a+b*x"n) “p* (d+exx n+f*x"~ (2*n) +g*x~ (3*n)) ,x)

Fricas [F]

/(cm)m (a+bz™)F (d+ ez™ + fz*" + gz*") da

= / (92°™ + f2*" + ez + d) (bz" + a)(cz)™ dz

input‘integrate((c*x)“m*(a+b*x“n)‘p*(d+e*x“n+f*x“(2*n)+g*x*(3*n)),x’ algorithm="
‘fricas")

outputlintegral((g*x‘(3*n) + £xx7(2%n) + e*x"n + d)*(b*x"n + a) p*(c*x)"m, x)

Sympy [F(-1)]

Timed out.

/(cx)m (a+bz™)? (d+ex" + fz*™ + g2°") dz = Timed out

input Lintegrate ((c*xx) **xm* (a+b*xk*n) x*kpk (d+e*xr*n+f*xx* (2%n) +grx** (3*n) ) ,x)

Output‘Timed out
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Maxima [F|

/(cm)m (a+bz™)f (d+ ez™ + fz*" + gz*") da

— / (92°" + fz*" + ex™ + d) (bz" + a)P (cz)™ dz

‘integrate((c*x)‘m*(a+b*x‘n)“p*(d+e*x‘n+f*x“(2*n)+g*x“(3*n)),x, algorithm="

input
‘maxima")

-

output Lintegrate((g*x‘@*n) + fxx~(2%n) + exx~n + d)*(b*x"n + a)~p*(c*x)"°m, x)

-/

Giac [F(-2)]

Exception generated.

/ (cz)™ (a + bz™)P (d + ex™ + fz*" + g2°") dz = Exception raised: TypeError

‘ integrate ((c*x) “m* (a+b*x™n) “p* (d+e*x " n+f*x~ (2*n)+g*x~ (3*n)) ,x, algorithm="
giac")

N

input

‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Unable to divide, perhaps due to ro
\unding error/ik{l,[2,0,6,4,0,2,4,4,1,0,0,01 %%%s}+%%%{4,[2,0,6,4,0,2,3,4,1,0
,0,0]1%%%}

output
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Mupad [F(-1)]

Timed out.
/(cx)m (a+bz")’ (d+ezx" + fz* + gz°") dz
= / (cx)™ (a+bz") (d+ ex” + f2*" + g2°") dz
input Lin‘t((c*x) “m*(a + b*x"n) "px(d + exx"n + f£xx~(2%n) + g*x~(3*n)),x)

outputtint((c*x)“m*(a + b*x"n) “p*(d + exx"n + fxx~(2*%n) + g*x~(3*n)), x)

Reduce [F|

/ (cz)™ (a + bz")P (d + ez + fz*" + gm3") dzx = too large to display

input Lint ((c*x) “m* (a+b*x~n) “p* (d+exx n+f*x" (2*n) +g*x~ (3*n)) ,x)
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(cx*m* (xx*x (m + 3*n)* (x**n*b + a)**pxbk*3*gm**3xx + 3xxx*(m + 3*n)* (x*x*n*b
+ a)x*pikbrkIkgrm*k*k2kn*p*x + 3kx*kx(m + 3%n)* (X**knkb + a)kkpkbkk3kgkm*k*2*n*
X + 3xxk*k(m + 3*n)*k(xx*knxb + a)*k*xp*bk*k33kgkm**k2xx + 3kxx*k(m + 3*n)* (x*x*n*b
+ a) **xpkbx*3*kgkm*n*k*2kp*k*k2*x + Gkx*kx(m + 3*n)* (x**n*b + a)*k*pkbk*3*kgrm*nk*
2xpxx + 2kx*x*k(m + 3*n)* (x*k*n¥b + a)*k*pkb**3kgrkm*n**2%x + Gxx*x*k(m + 3*n)*(x
*¥*n*b + a)**pkb**3kgHFminkpkx + G*kxkk(m + 3*kn)*k (x**n*b + a)*k*p*b*k*3*kgkm*n*x
+ 3*x*kx(m + 3#n)*(x¥*knxb + a)**pxb**3xg*m*kx + x*¥*(m + 3*n)*(x**n*kb + a)*x*
P*b**3*kgknx*3kpx*k3xx + Jkxkk(m + 3*n)* (X*k*kn¥b + a)kkp*kb*k*k3kgknk*kJkpr*k2kx +
2xxxk (m + 3*n)* (xk*n¥b + a)*k*kpkbx*3kgknx*k3xp*xx + Jkxx*k(m + 3*n)* (x*k*n*b +
a)**p*b**s*g*n**Q*p**Q*x + G*x*x(m + 3*n)*(x**nxb + a)**p*b**B*g*n**Q*p*x
+ 2%x*x(m + 3%n)*(x**nxb + a)**p*b**3*g*n**2*x + 3kx*x(m + 3*n)*(x**nxb +
a) *xp*b**3*gknkpxx + Jkxxk(m + 3kn)*k(x*k*n*b + a)*k*pkbk*3*kgknxx + xk*(m +
3xn) * (x*#*n*b + a)**pxb**x3*kgxx + x*k*x(m + 2*n)*(x**n*b + a)*k*praxbk*kgrm**2
*n*kpxx + 2¥xkk(m + 2*n)* (xx*knxb + a)*kkpkaxbrxkgrmink*k2xp*k*2xx + x*kx(m + 2
*n) * (xk*¥n*¥b + a)*k*kpkaxbkk2kgrmink*2*¥pkx + 22¥xk*k(m + 2*n)*(x**nxb + a)**pxa
*¥b**2xgFmin*kpkx + xk*k(m + 2%n)* (x**n¥b + a)kkprakbk*2kgknk*k3kprk3kx + Xk (
m + 2xn)*(xk*n*b + a)*k*kpkaxbkk2kgHn*kx3*kp*k*x2+x + 2xx*kx(m + 2*n)*(x**n*b + a
) kxpra*xbk*k2kgknkk2xpkk2xx + xkk(m + 2%n)* (x*k*n¥xb + a)*kkprakxbk*k2kgknkk2*xpkx
+ xxx(m + 2¥n) *(x**nkb + a)*xkpkaxb* x2xginkpxx + x*k*x(m + 2%n)*(x**nxb + a)
*kpxb¥k Ik ¥m*k*3%x + 3*x*x(m + 2*n)*(x**nxb + a)**p*b**B*f*m**2*n*p*x + ...

output
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3.33 f ac+2(be+ad)z?4-3bdz? d
) Va+bz?Vc+dz?

Optimal result . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . ... L 324
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 324
Sympy [F] . . .
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ...
Giac [F] . . . . o o
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 326
Reduce [B] (verification not implemented) . . . . ... ... ... ........

Optimal result

Integrand size = 46, antiderivative size = 24

ac + 2(bc + ad)x? + 3bdz*

Y e dz = zvVa + bx2Vc + dx?
a + bx2\/c+ dx

output | X* (PFX"2+) " (1/2)* (dxx"2+¢) "~ (1/2) ]

Mathematica [A] (verified)

Time = 5.77 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

ac + 2(bc + ad)x? + 3bdz*
Vva+ bx2\/c+ dx?

dzx = zva + bx2Vc + dx?

input‘ Integrate[(axc + 2% (bxc + a*d)*x~2 + 3xbxd*x~4)/(Sqrt[a + b*x~2]*Sqrt[c +
|d*x~2]) ,x]

output LX*Sqrt [a + b*xx~2]*Sqrtlc + d*x"2] J




input

output

rule 2023
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Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00,

number of rules _ 0.022, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2023}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ 2z2(ad + be) + ac + 3bdz?
va+ bz?2vc+ dz?

l 2023

v a + bx2\/c + da?

e

Int[(a*c + 2%(b*c + a*d)*x"2 + 3%bxd*x~4)/(Sqrt[a + b*x~2]*Sqrt[c + d*x~2]

), x]

>

Lx*Sqrt [a + bxx"2]*Sqrt[c + d*x~2]

~—

Defintions of rubi rules used

Int[(Pp_)*(Qq_) " (m_.)*(Rr_)"(n_.), x_Symbol] :> With[{p = Expon[Pp, x], q =
Expon[Qq, x], r = Expon[Rr, x]}, Simp[Coeff[Pp, x, pl*x~(p - q - r + 1)*Qq
“(@m + 1)*(Rr~(n + 1)/((p + m*q + n*r + 1)*Coeff[Qq, x, ql*Coeff[Rr, x, r]))
» x] /; NeQ[p + m*q + n*r + 1, 0] && EqQ[(p + m*q + n*r + 1)*Coeff[Qq, x, q
]*Coeff [Rr, x, r]*Pp, Coeff[Pp, x, pl*x~(p - q - r)*((p - q - r + 1)*Qg*Rr

+ (m + 1)*x*Rr*D[Qq, x] + (n + 1)*x*Qq*D[Rr, x]1)]] /; FreeQ[{m, n}, x] && P
olyQ[Pp, x] && PolyQ[Qq, x] && PolyQ[Rr, x] && NeQ[m, -1] && NeQ[n, -1]
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Maple [A] (verified)

Time = 3.51 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.88

method | result size
gosper | zvbz2+avdz?+c 21
default | zvbz2 +a+/da? +c 21
risch Vb2 +a/dx? +c 21
. . V/(d22+c)(bx2+a) zv/dbxi+ad x2+bec z2+ac
elliptic NCEETN 62
. zvVdz2+cvVbz?+a (ac+2(ad+bc)m2+3db 934)
orering 3dbx4+2ad 2 +2bc x2+ac 71

input ‘ int ((a*xc+2* (a*d+b*c) *x~2+3*d*xb*xx~4) / (bxx~2+a) ~(1/2) / (d*x~2+c) ~(1/2) ,x,meth

output

Lod=_RETURNVERBOSE)

|
J

Lx* (bkx~2+a) ~ (1/2) * (d*x~2+c) ~ (1/2)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.83

ac + 2(bc + ad)x? + 3bdz*

dz = Vbz? + aVdz? + cx

Va+ bx2\/c + dx?

input ‘ integrate ((a*c+2* (a*d+b*c)*x~2+3*bxd*x~4) / (b*xx~2+a) ~(1/2) / (d*x~2+c) ~(1/2),

output

x, algorithm="fricas")

qurt(b*x‘2 + a)*sqrt(d*x~2 + c)*x
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Sympy [F]

dz

ac+ 2(bc + ad)z® + 3bdz* | / ac + 2adz® + 2bcz? + 3bdz*
Vva+ bx2\/c+ dx? Va + bx2v/c + dx?

integrate ((a*c+2* (a*d+b*c) *x**2+3xbkxd*x**4) / (bxx**2+a) ** (1/2) / (d*x**2+C) **
(1/2) ,x)

input

Integral ((a*xc + 2ka*xd*x**2 + 2xbkckx**2 + 3*bxdxx*x4)/(sqrt(a + b*x**2)*sq

output
rt(c + d*x**2)), x)

Maxima [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.83

ac + 2(bc + ad)x? + 3bdz*

dzx = Vbx? + aVdz? + cx
Va + bx2\/c + dx?

t‘integrate((a*c+2*(a*d+b*c)*x"2+3*b*d*x”4)/(b*x’"2+a)’"(1/2)/(d*x"2+c)"(1/2), ‘

inpu
‘x, algorithm="maxima")

/

tsqrt(b*x‘2 + a)*sqrt(d*x~2 + c)*x

~—

output

Giac [F]

ac+ 2(bc+ ad)a® 4+ 3bdz* , [ 3bdz* + 2 (bc+ ad)z® + ac

T = dx
Vva + bx2\/c + dx? Vbx? + av/dz? + ¢

N

p
input ‘ integrate ((a*c+2* (a*d+bxc) *x~2+3*%b*d*x~4) / (b*xx~2+a) ~(1/2) / (d*x~2+c) ~(1/2), ‘
‘ x, algorithm="giac") ‘

output ‘ integrate ((3*b*d*x~4 + 2*(b*c + axd)*x~2 + a*c)/(sqrt(b*x~2 + a)*sqrt(d*x” ‘
2+ ), x |
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Mupad [B] (verification not implemented)

Time = 7.11 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.83

ac + 2(bc + ad)x? + 3bdz*

de =z vVbr2+avdz?+c
Va + bx2\/c + dx?

Jint((akc + 2+x"2%(akd + bxc) + 3bxdkx"4)/((a + bkx"2)"(1/2)x(c + d*x"2)"(
1/2)),%) J

input

outputtx*(a + b*x~2)~(1/2)*(c + d*x~2)~(1/2) J

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.75

ac + 2(bc + ad)x? + 3bdz*
Va+ bz2\/c+ dx?

dz =Vdz?+cvVbx?+azx

int ((a*c+2* (a*d+b*c) *x”~2+3*b*xd*x~4) / (b*x~2+a) ~(1/2) / (d*x"2+c) ~(1/2) ,x)

input ‘\

output qurt(c + d¥x**2) *sqrt(a + bxx**2)*x J




output
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3
3.34 L dzx
(1-24) V1 + 74

Optimalresult . . . . . . .. .. ..
Mathematica [C] (verified) . . . . . . . . . .. ... o 3271
Rubi [A] (verified) . . . . . . . . . 328
Maple [F(-1)] . . . . o o e 331
Fricas [F(-2)] . . . .« . o B31]
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [F] . . . . o o B33
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 24, antiderivative size = 103

4
arctan ( V2

)

4
1+ ot
arctan
| avtan (V25521)

4
) arctanh( V14t

V2

)

/ Lo dr = V1ot
(1 —24) V14 2t 2v/2
4
2z
arctanh
n ( V1+ x4
2v/2

2v/2

‘ 1/4*arctan(2” (1/4)*x/(x"4+1)~(1/4))*27(3/4)-1/4*arctan(1/2*(x"4+1) ~(1/4) %2
‘ ~(3/4))%27(3/4)+1/4*arctanh (2" (1/4) *x/ (x~4+1)~(1/4))*2~(3/4)+1/4*arctanh (1

/2% (x74+1) " (1/4) %27 (3/4)) %27 (3/4)

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 6 vs. order 3 in optimal.
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Time = 10.22 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.90

/ 1+ 23 s
(1—z4) V142t
1 1
= Zz4 AppellF1 (1, 7 1,2, —$4,x4>
V20 V2 V2
2 arctan (m —log(1— Nt +log |1+ B
42

+

-

input LIntegrate[(1 + x73)/((1 - x"4)*(1 + x~4)~(1/4)) ,x]

~—

output
\)“(1/4)] - Logll - (27(1/4)*x)/(1 + x74)~(1/4)] + Logl1l + (27(1/4)*x)/(1 +

| axhppellFill, 1/4, 1, 2, -x°4, x"41)/4 + (2+ArcTan[(2~(1/)*x)/(1 + x°4
X~ (1/0)1)/ (4527 (1/4))

Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.00,

number of steps used = 11, number of rules used = 10, Bumber of rules _ 4 417 Ryjes
integrand size

used = {2438, 902, 756, 216, 219, 946, 73, 827, 216, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 341 da
(1—z%) Vat +1

l 2438

dr

1 z3
/ (1—z4) Vzt + 1dw+/ (1—z4) Vzt+1

l 902

1 T z3
d + dz
/_21‘4 4/ 4 / 4y &/ 4
1-45 Vaet+1 1-—z%) Vzi+1

l 756
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z3 1 1 T x
/ 4 dw+2/ ﬁ2d4 / \[2 d4
(1—z4)Vzt+1 1- 25 Vat+1 2" 11 Vrt4l

Va1l
l 216
3 arctan ( \/_z >
/ x / T + zi+1
(1—az4) Vot +1 - f = Vet 1 2V/2
l 219
arctan < L_’” ) arctanh( L_m >
/ - dr + 2t +1 + ei+1
(1—z%) Vat +1 2v/2 2v2
l 946
arctan < \/_m > arctanh( \/_“’ )
1 x4 +1 Vrt+1

1
+ +
4/(1—w4)4w4+1 22 2V2
| 73

4
arctan <4\/_2m1> arctanh< V2% )

8 4
(/ L AVt 1+ vee Ly Vat+1
2—x 2v/2 2v/2
l 827
4
1 1 1 arctan <4\/4_2$1>
4 4 4 4 T +
S ————dVat 1 -2 zd+1+ +
2 / V2 — 28 2 2v/2
arctanh( \/_”” >
\/a: +1
2v/2
l 216
4 4 4
. arctan (4\/4_23”1> arctan <1{14/§+1> arctanh( \/f’” 1)
dy/z4 + 1+ rr + v
/ V2 — 28 2v/2 2v/2 2v/2
l 219
4 4 4 4
arctan <42z> arctan (ﬁ“) arctanh( Vo > arctanh aj; +1
1) vz ), Vet1) | 0%
2v/2 2v/2 2v/2 2v/2
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input\xnt[(1 + x73)/((1 - x~4)*(1 + x~4)~(1/4)),x]

out ut‘.l\.rcTan[(2"(1/4)*}{)/(1 + x74)7(1/4)]1/(2%27(1/4)) - ArcTan[(1 + x74)"(1/4)/2
“(1/4)]/(2*2"(1/4)) + ArcTanh[(27(1/4)*x)/(1 + x74)"(1/4)]1/(2%27(1/4)) + A
chTanh[(l + x74)7(1/4)/27(1/4)1/(2%27(1/4))

|
|
J

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(px(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 73

rule 916 IntL(@) + (b_)*(x)"2)(-1), x_Symbol] :> Simp[(1/(Rt[a, 21*Rt[b, 2]))*A
‘rcTan[Rt [b, 2]1*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
L, 0] |l GtQ[b, 01)

W
|
J

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 01 Il LtQ[b, 01)

rule 219

/Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[-a/b, 2
11, s = Denominator[Rt[-a/b, 211}, Simp[r/(2*a) Int[1/(r - s*x~2), x], x]
+ Simp[r/(2*a) Int[1/(r + s*x~2), x], x]] /; FreeQ[{a, b}, x] & !GtQ[a
/b, 0]

rule 756

rule 827‘ Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[-a/b,
‘ 211, s = Denominator[Rt[-a/b, 2]]1}, Simpl[s/(2xb) Int[1/(r + s*x~2), x],
'x] - Simp[s/(2%b)  Int[1/(r - s*x"2), x], x]] /; FreeQ{a, b}, x] && !GtQ
‘ [a/b, 0]
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rule 902 Int[((a_) + (b_)*(x_ )" (@ ))"(p)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, €, d}, x] && NeQ[bxc - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[nl]

rule 946 Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(n_)) " (p_.)*((c_) + (d_.)*(x_)"(m_))"(aq_.
), x_Symbol] :> Simp[1/n  Subst[Int[(a + b*x)“p*(c + d*x)~q, x], x, x"n],
x] /; FreeQ[{a, b, ¢, d, m, n, p, g9}, x] && NeQ[b*c - a*d, 0] && EqQIm - n
+ 1, 0]

rule 2438 TRELCCAL) + (BLD*(Gx) (@) ((a.) + (b_)* G (@) (p_)*((e) + (@)
‘*(x_)”(n_))“(q_.), x_Symbol] :> Simp[A Int[(a + b*x"n) px(c + d*x"n)"q, x
‘], x] + Simp[B  Int[x"m*(a + b*x"n) px(c + d*x™n)~q, x], x] /; FreeQ[{a, b ‘
, c, d, A, B, m, n, p, q}, x] && NeQ[b*c - a*d, 0] &% EqQ[m - n + 1, O]

Maple [F(-1)]

Timed out.
3
/ 22 +1 de
(—zt+1) (zt+1)2
inputLint((x‘3+1)/(-x‘4+1)/(x*4+1)~(1/4),X) J
OutputLint((x”3+1)/(—x“4+1)/(x*4+1)~(1/4),x) J

Fricas [F(-2)]

Exception generated.

1 3
/ ( ik dz = Exception raised: TypeError

1—24)vV1+a24

inputLintegrate((x"3+1)/(-X“4+1)/(X‘4+1)A(1/4),X, algorithm="fricas") J
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Output‘Exception raised: TypeError >> Error detected within library code: inte
‘grate: implementation incomplete (residue poly has multiple non-linear fac
‘tors) ‘
Sympy [F]

1+2° ( T ) p
— — x
(1—w4v1+x4 Vet 1 — 22Vt + 1+ ovat +1 - Vot + 1
72 p
T
Vet + 1 — 22Vt 1+ oVt +1 - Vot + 1
1

dz
BVt +1l—2vVri+1+avet+1 -Vt +1

input integrate ((x**3+1) / (-x*k*4+1) / (x**4+1) **(1/4) ,x)

-Integral (-x/ (x**3* (x**4 + 1)**x(1/4) — x**2k(x*x4 + 1)*x(1/4) + x*x(x**4 +
1)*x(1/4) - (x**4 + 1)*x(1/4)), x) - Integral (x**2/(x**3*(x**4 + 1)*x(1/4)
— xxk2k (kx4 + 1)*%(1/4) + x*k(x**4 + 1)*x(1/4) - (x**x4 + 1)*x(1/4)), x) -
Integral (1/(x**3* (x**x4 + 1)**x(1/4) - x**2x(x*x*4 + 1)**x(1/4) + xk(x*x4 + 1
Yxx(1/4) - (x¥*4 + 1)*x(1/4)), x)

output

Maxima [F]
L/1 Ll - it dz
(1—w4)\/1+x4 (x4+1)%(x4—1)
inputLintegrate((x‘3+1)/(—x*4+1)/(x*4+1)”(1/4),x, algorithm="maxima") J

outputt-integrate((x*s + 1/(x"4 + D-W/D*(E"4 - 1)), x) J
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Giac [F]

/ Lt dr= | — 741 dz
(1—a%) V1424 ($4+1)%(x4—1)

input tintegrate ((x~3+1)/(-x~4+1) / (x~4+1)~(1/4) ,x, algorithm="giac")

output Lintegrate(_(x*g + 1)/((x"4 + 1)"(1/4)*%(x"4 - 1)), x)

Mupad [F(-1)]
Timed out.

/ Lt dr= [ — T +1 dx
(1—z4) V1 +z* (@t —1) (4 + 1)

input Lint(—(x‘B + 1)/((x"4 - 1)*(x"4 + 1)°(1/4)),x)

output Linﬂ‘(X“?’ +1)/((x™4 - D*(x"4 + 1)7(1/4)), x)

Reduce [F]

/ 1+ 23 s
(1—z*) V1424

£L'2

X

_</ (1'4*‘1)%”3_(x4+1)i$2+(x4+1)iz—(:v4+1)

v
(24 +1)7 23 — (28 + 1)7 22 + (2t + 1) iz — (21 + 1)

1
</ (@t 4+ 1)1 — (e +1)T 2% + (2t + )iz — (zt + 1)7

dx)

input Lint((x*3+1>/ (-x~4+1) / (x~4+1)~(1/4) ,%)
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output - int (x**2/((x**4 + 1)**x(1/4)*x*x*3 - (x**4 + 1)**(1/4)*x**2 + (x**4 + 1)*
*(1/4)*x - (x**4 + 1)**x(1/4)),x) + int(x/((x**4 + 1)**x(1/4)*x**3 - (x**4 +
1)kk(1/4) *x%*2 + (x**%4 + 1)**%(1/4)*x - (x**4 + 1)**x(1/4)),x) - int(1/((x*

*¥4 + 1)*%*%(1/4)*x**3 — (x**4 + 1)**(1/4)*x**2 + (x**x4 + 1)*x(1/4)*x - (x**4
+ 1)*x(1/4)) ,x)
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3.35 [(a+bz™) " (c+dz") » " (ac — bdz®™) dz

Optimal result . . . . . . . . .. . ..
Mathematica [A] (verified) . . . . . . . . . ... L Lo
Rubi [A] (verified) . . . . . . . . . . 330
Maple [F] . . . . o o 330
Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .... 337
Sympy [F(-1)] . . o o 337
Maxima [F] . . . . . . B37
Giac [B] (verification not implemented) . . . . . ... ... ... ... ..., 338
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 338
Reduce [F] . . . . . o 3391

Optimal result

Integrand size = 48, antiderivative size = 28

/ (a+ bm”)% (c+ dﬂ?n)% (ac — bdz®) dz = z(a + bz™) "™ (c + dz™) /"

output ' x/ ((a+b*x™n)~(1/n))/ ((c+d*x"n)~(1/n))

Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

/ (a+ bm")% (c+ dﬂ?n)% (ac — bdz®) dz = z(a + bz™) "™ (c + dz™) ™"

input‘ Integrate[(a + b*x"n)~((-1 - n)/n)*(c + d*x"n)~((-1 - n)/n)*(a*c - bxd*x~( ‘
2#n)) ,x] |

output LX/((a + b*x™n) "n~(-1)*(c + d*x"n)"n~(-1)) J
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Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00,

number of rules _ 0.021, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2437}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+ b:tc")%f1 (c+ dat:")%f1 (ac — bdz®") dz

l 92437

z(a+ bz™) V™ (c + dz™)"H/™

‘Int[(a + b*x"n) " ((-1 - n)/n)*(c + d*x"n)~((-1 - n)/n)*(a*c - b*d*x~(2*n)), ‘
%] |

input

-

LX/((a + b*x"n)"n"~(-1)*(c + d*x"n)"n"(-1))

-/

output

Defintions of rubi rules used

2437\Int[((a_) + (b_)*(x_)"(m_.))"(p_.)*((c) + (d_)*(x_)"(n_.))"(p_.)*((e)) +
‘ (g_.)*(x_)"(n2_.)), x_Symbol] :> Simp[exx*(a + b*x"n)"(p + 1)*((c + d*x"n)
“(p + 1)/(axc)), x] /; FreeQl{a, b, c, d, e, g, n, p}, x] & EqQ[n2, 2*n] &
‘& EqQ[n*(p + 1) + 1, 0] && EqQ[a*c*g - bxd*e*(2*n*(p + 1) + 1), 0]

rule

Maple [F]

/(a—i—ba:")l"n (c+dz™) v (ac — bdz*") dz

e hY

int ((a+b*x"n) ~((-1-n) /n) * (c+d*x~n) ~ ((-1-n) /n) * (a*c-b*d*x~ (2*n) ) ,x)

input

N\

output  int ((a+b*x™n) " ((-1-n) /n) * (c+d*x"n) ~ ((-1-n) /n) * (axc-b*d*x~ (2*n)) ,x)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 61 vs. 2(28) = 56.

Time = 0.08 (sec) , antiderivative size = 61, normalized size of antiderivative = 2.18

—1—n —1—n 2n b d "
/ (a+bz™) " (c+dz"™) * (ac—bdz*™) dz = bdwa™ + afﬁl—'_ (be+a n)flx
(bz™ +a) ™ (dx"+c¢) ™

p
input‘integrate((a+b*XAn)A((-1-n)/n)*(c+d*x‘n)‘((—1—n)/n)*(a*c—b*d*x*(2*n)),x, a
‘ lgorithm="fricas")

-—

‘ (bxd*x*x~(2%n) + a*cxx + (b*xc + axd)*x*x"n)/((b*x™n + a)~((n + 1)/n)*(d*x"

output
n+c) ((n+ 1)/n))
Sympy [F(-1)]
Timed out.

—1-n

/ (a+ bx”)% (c+dz™) » (ac—bdz™) dz = Timed out

input ‘ integrate ((a+b*x**n)** ((-1-n)/n) * (c+d*x**n)** ((-1-n) /n) * (a*c-b*d*x** (2%n) )

»X)

——

output LTlmed out

Maxima [F]

“1-n bdx?™ — ac

/ (a+ bzn)% (c+dz™) » (ac—bdz™) dz = / — dz

n+1

(bz™ + a)™ (dz +c) ™

input ‘ integrate((a+b*x™n) ~((-1-n)/n) *(c+d*x~n) ~((-1-n) /n) * (a*c-b*d*x~(2*n)) ,x, a

‘ lgorithm="maxima")
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‘-integrate((b*d*x“(2*n) - axc)/((b*xx™n + a)~((n + 1)/n)*(d*x™n + ¢c)~((n +

output
p)/n)), x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 228 vs. 2(28) = 56.

Time = 0.19 (sec) , antiderivative size = 228, normalized size of antiderivative = 8.14

/(a—i—bx )R (e da) (ac — bdz™) dz

(_ n log(bx"+a) +log (bz"+a) _n log(dz"+c) +10g(dz"+c) )
n n

= bdrz*™e
(_ nlog(bz™+a)+log(bz™ +a) n log(dz™+c)+log(dz" +c) )
+ bexz"e " "
(_ n log(bz™ +a)+log(bz™ +a) _n log(dz™+c)+log(dz™ +c) )
+ adxx"e " "
( nlog(bz™+a) +log(bmn+a) nlog(dmn+c)+log(da:n+c))
+ acxe n

integrate((a+b*x™n) ~((-1-n)/n)*(c+d*x"n)~ ((-1-n) /n) * (a*xc-b*d*x~(2*n) ) ,x, a

input
lgorithm="giac")

b*d*x*x~ (2*n) *e” (- (n*xlog(b*x"n + a) + log(b*x™n + a))/n - (n*log(d*x™n + c
) + log(d#x”n + c))/n) + bxc*x*x"n*e” (-(n*log(b*x™n + a) + log(b*x"n + a))

/n - (n*log(d*x™n + c) + log(d*x™n + c))/n) + axd*x*x"n*e” (-(n*log(b*x"n +
a) + log(b*x™n + a))/n - (n*log(d*x™n + c) + log(d*x™n + c))/n) + a*c*x*e
~“(-(n*¥log(b*x"n + a) + log(b*x™n + a))/n - (n*log(d*x™n + c) + log(d*x"n +
c))/n)

output

Mupad [B] (verification not implemented)

Time = 6.48 (sec) , antiderivative size = 95, normalized size of antiderivative = 3.39

aczx - Tzx” (ad-i-licl) bdxxzn_H
/ (a+ bz") 7 (c+ dz) = (ac — bdz™™) dz = (atbz) » (a+bmn)Tn+1 (atba™) »
(c+dzn)

t\1nt((a=l=c - bxd*x~(2*n))/((a + b*x™n)~((n + 1)/n)*(c + d*x"n)"((n + 1)/n)),

inpu
)
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((axcxx)/(a + bxxm)~((m + 1)/n) + (xkx"n*(axd + bxc))/(a + bkx™m)~((n + 1

output
L)/n) + (bxd*x*x~(2%n))/(a + bxx™n)~((a + 1)/n))/(c + d*x"n)~((a + 1)/n) J
Reduce [F]
/ (@+ba") " (c+dz™) (ac — bdz®) dz =
/ z2n
2" (znd + c)% (b + a)% bd + z™ (xz"d + c)% (b + a)% ad + z™ (znd + c)% (z"b + a)% bc + (zm
+ / L
x%CWd+cﬁ(ﬂ%+aﬁbd+f%ﬂw+fﬁ(ﬂ%+aﬁad+w%ﬂ%+cﬁ(ﬂ%+aﬁb&+@"
tnput ‘ int ((a+b*x~n) " ((-1-n)/n) * (c+d*x~n) ~ ((-1-n) /n) * (a*c-b*d*x" (2*n) ) , x)
output - int (x**(2*n) / (x** (2*n) * (x**n*d + c)**(1/n)*(x**n*b + a)**x(1/n)*b*d + x*

*n* (x*x*kn*xd + c)**x(1/n)*(x**n*b + a)**x(1/n)*axd + x**n*(x**n*xd + c)**x(1/n)*
(x**n*b + a)**(1/n)*bxc + (x*k*n*d + c)**(1/n)*(x**nxb + a)**x(1/n)*a*xc),x)*
bkd + int (1/(x**(2*n)*(x**n*d + c)**(1/n)*(x**n*b + a)**(1/n)*b*d + x**nx*(
xkknxd + c)*k(1/n)*(x*+*nxb + a)**k(1l/n)*a*xd + x*k*n*x(x*k*nxd + c)**k(1/n)*(x**
nxb + a)**x(1/n)*b*c + (x**n*d + c)**(1/n)*(x**n*b + a)**(1/n)*a*c),x)*axc
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3.36 [(hz)~1="" (a + bz™)? (c + dz™)’ (ac — bdz®") dx

Optimal result . . . . . . . . . . . . e 340
Mathematica [A] (verified) . . . . . . . . . ... o 3401
Rubi [A] (verified) . . . . . . . . . 341]
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 342
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [F(-2)] . . . o o 3431
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 344
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 344
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 45, antiderivative size = 45

/ (hz) """ (@ + bz™)P (c + dz™)” (ac — bdz™") dzx

(hz)~"14D) (g + bz™)' 1P (¢ 4 da) TP
hn(1 + p)

output ‘ -(a+b*x"n) "~ (p+1) * (c+d*x"n) ~(p+1) /h/n/ (p+1) / ((h*x) ~ (n* (p+1)))

Mathematica [A] (verified)

Time = 1.41 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.02

/(hx)_l_”_"p (a+bz™) (c+ dz™)* (ac — bdz™) dx

(hz)™""" (a + bx”)1+p (c+ dx”)1+p
hn + hnp

N

B
‘Integrate[(h*x)‘(—l - n - n¥p)*(a + b*x"n) "px(c + d*x"n) pk(akc - b*d*x~(2 ‘
) ,x] )

input
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‘-(((h*x)”(—n - n¥p)*(a + b*x"n)"(1 + p)*(c + d*x"n)~(1 + p))/(h*n + h*n*p)

2 J

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00,

number of rules _ 0.022, Rules
integrand size

output

number of steps used = 1, number of rules used = 1,
used = {2388}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(hx)"(_p)_"_l (a+bz™)P (c + dz™)? (ac — bdz™™) dz

l 2388

(hz)~"®+D) (@ + bz P (¢ 4 dam )P
hn(p + 1)

Int[(h*x)~(-1 - n - n*p)*(a + b*x"n) px(c + d*x"n) “p*(a*xc - b*d*x~(2*n)),x
]

input

-(((a + b*x™n)~(1 + p)*(c + d*x"n)~ (1 + p))/(h*n*(1 + p)*(h*x) " (nx(1 + p))

output
)

Defintions of rubi rules used

rule 2388 Int[((h_)*(x_))"(m_.)*((a_) + (b_)*(x_)"(n_.)) " (p_.)*((c_) + (d_.)*(x_)"(
n_.))"(p_.)*x((e ) + (g_.)*(x_)"(n2_.)), x_Symbol] :> Simp[e*(h*x)~(m + 1)x*(
a + bxx™n) " (p + 1)*((c + d*x"n)"(p + 1)/(a*c*h*x(m + 1))), x] /; FreeQ[{a, b
, C, d, e, g, h, m, n, p}, x] && EqQ[n2, 2*n] && EqQ[m + n*(p + 1) + 1, 0]
&& EqQ[a*c*gx(m + 1) - bxd*ex(m + 2#nx(p + 1) + 1), 0] && NeQ[m, -1]
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Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.21 (sec) , antiderivative size = 138, normalized size of antiderivative = 3.07

(np+n+1) (—iﬂ' csgn(ihz)3+i7r csgn(ilw;)2 csgn(ih)+im csgn(ihz)2 csgn(iz)—im csgn(ihz) csgn(ih) csgn(iz)+2 In(z)+2 1n(h))

(a+bz") e 2 (bd 2™ +
n(p+1)
input Lint ((h*x) "~ (-n*p-n-1) * (a+b*x"n) “p* (c+d*x"n) “p* (a*c-b*d*x~ (2*n)) ,x) J
e N
Output‘—(a+b*x"n)“p*exp(-1/2*(n*p+n+1)*(-I*Pi*csgn(I*h*x)‘3+I*Pi*csgn(I*h*x)“2*cs

gn (I*h)+I*Pi*csgn(I*h*x) ~2*csgn(I*x)-I*Pi*csgn(I*h*x)*csgn(I*h)*csgn(I*x)+
L2*1n (x)+2%1n(h)) ) * ((x"n) ~2*b*d+x"n*a*d+x nxb*c+axc) *x/n/ (p+1) * (c+d*x™n) “p J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 119 vs. 2(46) = 92.

Time = 0.09 (sec) , antiderivative size = 119, normalized size of antiderivative = 2.64

/(hz)_l_”_”p (a+bz™) (c+ dz™)* (ac — bdz™) dz =

(bdxene(—(np+n+1)log(h)—(np-i-n-l-l)log(z)) 4 acxe(—(np-i—n-{-l) log(h)—(np+n+1)log(x)) + (bC+ ad)xxne(—(np+n+]

np+n

integrate ((h*x)~ (-n*p-n-1)* (a+b*x™n) “p*(c+d*x"n) “p* (a*c-b*d*x~(2*n)) ,x, al

input
gorithm="fricas")

e N

- (bxd*x*x~ (2*n)*e~ (-(n*p + n + 1)*log(h) - (n*p + n + 1)*log(x)) + axcxx*e
“(-(n*p + n + 1)*log(h) - (n*p + n + 1)*log(x)) + (bxc + a*d)*x*x"nxe” (-(n
*p + n + 1)*log(h) - (n*p + n + 1)*log(x)))*(b*x"n + a) p*(d*x”n + c) p/(n
*p + n)

output
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Sympy [F(-2)]

Exception generated.

/ (hz) "1™ (a + bz™)P (c + dz™)” (ac — bdz™") dzx
= Exception raised: HeuristicGCDFailed

‘ integrate ((h*x) ** (-n*p-n-1)* (a+b*x**n) **p* (c+d*x**n) **p* (a*xc-b*d*x** (2*n) )

input
»

LException raised: HeuristicGCDFailed >> no luck
output

Maxima [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.71

/(hac)_l_”_"p (a+ bz"™) (c+ dz™)* (ac — bdz™) dz
(bden +ac+ (bC + ad)xn)h—np—n—le(—nplog(a:)+plog(ba:"+a)+plog(dz”+c)—nlog(:c))
n(p+1)

integrate ((h*x) ~ (-n*p-n-1)*(a+b*x"n) “p* (c+d*x"n) “p* (a*c-bxd*x~(2*n)) ,x, al

input
gorithm="maxima")

-(bxd*x~ (2%n) + a*c + (bxc + a*d)*x"n)*h~(-n*p - n - 1)*e”(-n*pxlog(x) + p

output
*log(b*x"n + a) + pxlog(d*x™n + c) - n*log(x))/(n*x(p + 1))
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 237 vs. 2(46) = 92.

Time = 0.18 (sec) , antiderivative size = 237, normalized size of antiderivative = 5.27

/ (hz) "' "™ (a + bz™)P (c + dz™)* (ac — bdz®") dx =

(bxn + a)P(dxn + C)Pbdxene(—nplog(h)—nplog(x)—'nlog(h)—nlog(z)—log(h)—log(x)) + (bxn + a)p(dxn + C)pr.’II.'E

e N

integrate ((h#*x) ~ (-n*p-n-1) * (a+b*x"n) “p* (c+d*x"n) “p* (a*xc-bxd*x~(2*n)) ,x, al

input
gorithm="giac")

-((b*x"n + a) p*(d*x"n + c) pxb*d*x*x”(2*n)*e” (-n*p*log(h) - n*p*log(x) -

n*log(h) - nxlog(x) - log(h) - log(x)) + (b*x™n + a)“px(d*x~n + c) “pkb*cxx
*x"n*e” (-n*p*log(h) - nxpxlog(x) - n¥log(h) - n*log(x) - log(h) - log(x))

+ (bxx"n + a) px(d*x"n + c) prakxdrx*x~n*e” (-nxp*log(h) - n*p*log(x) - nxlo
g(h) - n*log(x) - log(h) - log(x)) + (b*x™n + a)~p*(d*x"n + c) “pxaxckx*e”(
-n*pxlog(h) - n*p*log(x) - n*log(h) - n*log(x) - log(h) - log(x)))/(n*p +

n)

output

Mupad [B] (verification not implemented)

Time = 6.57 (sec) , antiderivative size = 124, normalized size of antiderivative = 2.76

/(hx)_l_"_”” (a+ bz"™)? (c+ dz™)F (ac — bdz™") dz

acz(a+bz") zz" (ad+bc) (a+bz™)’
n (ha)™ " (p+ 1) n (ha)™ " (p+ 1)
bdzz?" (a+bz")’
n(ha)""" (p+ 1))

=—@+dﬂy(

‘int(((a*c - b*d*x~(2*n))*(a + b*x"n) p*(c + d*x™n) p)/(h*x)"(n + n*p + 1), \
x)

N\ J

input
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‘-(c + d*x"n) “p*((a*xc*x*(a + b*x"n) p)/(n*x(h*x)"(n + nxp + 1)*(p + 1)) + (x \
*x"nx(axd + bkc)x(a + b¥x"n)7p)/ (¥ (h*x)"(n + m¥p + D)*(p + 1)) + (bkdsxxx |
‘“(2*n)*(a + b*x"n) “p)/(nx(h*x)"(n + nxp + D*(p + 1))) ‘

output

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.62

/(hx)_l_"_”p (a+ bz"™)? (c+ dz™)F (ac — bdz™") dz

_(z"d+ )" (z"b + a)” (2*"bd + z"ad + 2"bc + ac)
Pty (p 4+ 1)

e

Lint ((h*x) "~ (-n*p-n-1) * (a+b*x~n) “p* (c+d*x"n) “p* (a*c-b*d*x~ (2*n)) ,x)

~—

input

‘ ( - (xx*nkd + c)**p*x(x*k*n*b + a)**p*(x*x(2*n)*bxd + x*k*nkaxd + x*k*n¥b*c + ‘

output
La*c))/(X**(n*p + n)*hx*(n*p + n)*h*n*x(p + 1)) J
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ac

3.37 f (a i bxn)p (C 4+ dwn)p (6 n (bct+ad)e(1+n+np)z"” + bde(1.

Optimal result . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. . 346
Rubi [A] (verified) . . . . . . . . . . 347
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . .....
Sympy [F(-2)] . . . o 348
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 349
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... 349
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 350
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 350

Optimal result

Integrand size = 69, antiderivative size = 31

n 2n
/ (a+ bz (c+ dz™) (e 4 (betad)e(l+n+np)z™ | bde(l+2n + 2np)z ) i
ac ac
ex(a + bm")1+p (c + dr”)1+p

ac

-

Le*x*(a+b*x“n)“(p+1)*(c+d*x“n)”(p+1)/a/c

| —

output

Mathematica [A] (verified)

Time = 0.74 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00

/ (@ + bz™)? (c+ dz™)? (
ex(a + bz™)'*? (¢ + dz) 1P
ac

n 2n
ot (bec + ad)e(la;i— n+ np)x 4 bde(1 + 22: 2np)x ) i

e A
\Integrate[(a + b*x"n) “p*(c + d*x"n) “px(e + ((b*c + a*d)*ex(1 + n + n*p)*x~ \

input
‘m)/(a%c) + (bkdvex(1 + 2#n + 2%n¥p)*x”(2+n))/(a*c)),x] |
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output‘ (exx*(a + b*x"n)~(1 + p)*(c + d*x"n)~(1 + p))/(a*c)

Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00,

number of rules _ 0.014, Rules

number of steps used = 1, number of rules used = 1, T ro 1

used = {2436}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2n n
/ (a+ b2™)? (¢ + da™)? (bde(2np +2n+ 1)z + e(np+n+1)z"(ad + be) + e) i

ac ac

l 2436

ex(a+ bz™)P™ (¢ + dz™)P T
ac

t‘ Int[(a + b*x™n) p*(c + d*x"n) p*x(e + ((bxc + a*d)*e*(1 + n + n*p)*x~n)/(a* \

inpu
‘c) + (bxd*e*x(1 + 2*n + 2*n*p)*x~(2*n))/(a*c)) ,x] \

output‘ (exx*(a + b*x"n)~(1 + p)*(c + d*x"n)~(1 + p))/(a*c) ‘

Defintions of rubi rules used

rule 2436 Int[((a_) + (b_)*(x_)"(m_.))"(p_.)*((c) + (d_)*x_)"(@_))"(p_.)*x((e) +

(f_)*(x)"(@_.) + (g_.)*(x_)"(n2_.)), x_Symbol] :> Simp[e*x*(a + b*x"n) (
p+ 1)*((c + d*x™n)~(p + 1)/(axc)), x] /; FreeQ[{a, b, ¢, d, e, £, g, n, p}
, x] && EqQ[n2, 2#n] && EqQ[a*c*f - e*x(b*c + axd)*(nx(p + 1) + 1), 0] && Eq
QLa*xcxg - bxd*ex(2*nx(p + 1) + 1), 0]
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Maple [A] (verified)
Time = 0.04 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.68

(a+bz™)? (bd z*™ + z"ad + z"bc + ac) ex(c + dz™)F
ac

s N

int ((a+b*x"n) “p* (c+d*x"n) “p* (e+(axd+b*xc) xe* (nkp+n+1) *x"n/a/c+bxd*ex (2*xn*p+
‘2*n+1)*x‘(2*n)/a/c),x)

input

OutputL(a+b*XAn)Ap*((XAn)“2*b*d+x*n*a*d+x‘n*b*c+a*c)*e*x/a/c*(c+d*x‘n)Ap J

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.74

n 2n
/ (a+ bz™)P (c + dz")P (e n (bc + ad)e(la;l— n+ np)x + bde(1 + 27;64- 2np)x ) "

(bdexz®™ + acex + (bc + ad)exz™)(bz™ + a)f (dz™ + ¢)*
ac

integrate ((a+b*x"n) “p* (c+d*x"n) “p* (e+(a*d+b*c) *ex (n*p+n+1) *x"n/a/c+b*dxex*(

input
2*n*p+2*n+1) *x~ (2*n) /a/c) ,x, algorithm="fricas")

(b*dxexx*x~ (2*n) + axckexx + (b*c + axd)*e*xx*x™n)*(b*x"n + a) px(d*x™n + ¢

output
) “p/ (a*c)

Sympy [F(-2)]

Exception generated.

n 2n
/ (@ +bz")" (c+ dz™) (e y (bet ad)e(laj ntnp)a” , bde(l+ 22:“ 2np)z ) dz

= Exception raised: HeuristicGCDFailed

input‘integrate((a+b*x**n)**p*(c+d*x**n)**p*(e+(a*d+b*c)*e*(n*p+n+1)*x**n/a/c+b*
‘d*e*(2*n*p+2*n+1)*x**(2*n)/a/c),x)
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Output‘Exception raised: HeuristicGCDFailed >> no luck

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.90

b d)e(1 " bde(1l+2n+2 2n
/(a+bxn)p(c+dxn)p(e+(c+a)e( +n+np)x 4 e(1+ 2n + 2np)z )dx
ac ac
(bdexz®™ + acex + (bce + ade)zx™)ePloaba" +a)+plog(da™+c))

ac

integrate ((a+b*x"n) “p* (c+d*x~n) “p* (e+(axd+b*c) *e* (n*p+n+1) *x"n/a/c+bkdxe* (

input
2*n*p+2*n+1) *x~ (2*n) /a/c) ,x, algorithm="maxima")

e N

(b*d*e*xx*x~(2*n) + a*ckexx + (b*cke + axd¥e)*x*x"n)*e” (p*log(b*x™n + a) +

output
p*log(d*x™n + c))/(a*c)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 111 vs. 2(31) = 62.

Time = 0.21 (sec) , antiderivative size = 111, normalized size of antiderivative = 3.58

n 2n
/ (a + bz™)P (c + dz™)? (e n (be + ad)e(la;l- n+ np)zx n bde(1 + 27;,:— 2np)zx > i

(bz™ + a)P(dz™ + c)Pbdexz®™ + (bz™ + a)?(dz™ + c)Pbcexz™ + (bz™ + a)f (dz™ + c)Padexz™ + (bz™ + a)
ac

e N

integrate((a+b*x"n) “p* (c+d*x~n) “p* (e+(a*d+b*c) *e* (n*p+n+1) *x"n/a/c+b*d*e*(

input
2*n*p+2*n+1) *x~(2*n) /a/c) ,x, algorithm="giac")

((b*x"n + a) “px(d*x™n + c) “pxb*d*e*xx*x~(2*n) + (b*x™n + a) p*(d*x"n + c)7p
*¥bkckexx*x™n + (b*x™n + a) px(d*x"n + c) “pxakd*exx*x"n + (b*x"n + a) px(d*
x"n + c) p*axcxe*x)/(axc)

output
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Mupad [B] (verification not implemented)

Time = 6.48 (sec) , antiderivative size = 76, normalized size of antiderivative = 2.45

n 2n
ot (bc + ad)e(1 + n + np)x 4 bde(1 + 2n + 2np)x ) i
ac ac
exz" (ad+bc) (a+bz™)’ N bdexz*" (a+bz")’
ac ac

/ (a+bz™)? (c+ dz™)? (

= (c+dz")’ <ex(a+ bz")’ +

int((a + b*x"n) "p*(c + d*x"n) p*(e + (exx"n*(axd + b*xc)*(n + n*p + 1))/ (ax

input
c) + (b*d*e*x™(2*n)*(2*n + 2xnxp + 1))/(a*c)),x)

(c + d*x"n) "px(exxx(a + b*x™n)"p + (exx*x"n*(a*d + bxc)*(a + b*x"n) p)/(ax

output
c) + (bxd*xexx*x~(2*n)*(a + b*x"n) p)/(a*c))

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.65

n 2n
/ (a+b2")" (c + dz")” (e y et ad)e(laj ntnp)a’ | bde(l+ 22:“ 2np)e ) dz

(z"d + c)? (z"b + a)? ex(z*"bd + z"ad + x™bc + ac)
ac

int ((a+b*x"n) “p* (c+d*x"n) “p* (e+(axd+b*c) *e*x (nxp+n+1) *x"n/a/c+bxd*e* (2*n*p+

input
2xn+1)*x~(2*n) /a/c) ,x)

((xx*nkd + c)**kpx(xx*nkb + a)*x*kpkexx* (x*x*(2*n)*bkd + x**n¥a*d + x¥*nxbxc +

output
axc))/(axc)
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Optimal result

Integrand size = 86, antiderivative size = 45

m p p (bc + ad)e(1 + m + n + np)z™
/(hx) (a + bz™)" (c + dz™) (e—l— ac(l +m)
bde(1 + m + 2n + 2np)z>" e — e(hz)*™ (a 4 bz™)'*? (c + daz™)' P
ac(l+m) N ach(1 4+ m)

output ‘ ex (h*x) ~ (1+m) * (a+b*x"n) ~(p+1) *(c+d*x"n) ~(p+1) /a/c/h/ (1+m)

Mathematica [A] (verified)

Time = 2.20 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.91

[t @+ by (oo dary (e LD Hm T I

bde(1 +m + 2n + 2np)z>" dp — ex(hz)™ (a + bz™)" P (c + dz™) 1P
ac(l+m) N ac(l +m)

 Integrate[(h*x) m*(a + bxx"n)"px(c + d*x°n)"px(e + ((b*c + a*xd)*ex(1 + m +
1+ n¥p)xx"n)/(axc*(1 + m)) + (bkdxex(1 + m + 2%n + 2knxp)*x~(2%n))/(a*ck |

A+ m)),x] \

input




outpu

input

rule 2387
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¢ (e*xx(b*x)"m*(a + b¥x"n)~(1 + p)*(c + d*x™n)~(1 + p))/(a*cx(1 + m))

Rubi [A] (verified)

Time = 1.04 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00,

number of rules _ = 0.012, Rules

number of steps used = 1, number of rules used = 1,
integrand size

used = {2387}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

bdez®(m +2np +2n+1)  ex™(m +np+n+ 1)(ad + be)
m n\P n\P
/(hx) (a+bz™)P (c + da™) ( et S

l 2387

e(hz)™t! (a + bz™)Pt (¢ + da™)PH?
ach(m + 1)

‘Int[(h*x) “m*(a + b*x"n) px(c + d*x"n) p*x(e + ((b*c + a*d)*e*(1 + m + n + n
\*p)*x n)/(axcx(1 + m)) + (bxd*ex(1 + m + 2*n + 2*n*p)*x~(2*n))/(a*c*(1 + m

J

Output{(e*(h*x)“(l + m)*(a + b*x"n)"(1 + p)*(c + d*x"n)~(1 + p))/(a*c*h*(1 + m))

| —

Defintions of rubi rules used

Int[((h_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_.))"(p_.)*((c_) + (d_.)*(x_)"(
n_.))"(p_.)*((e) + (£_D*(x_)"(n_.) + (g_.)*(x_)"(n2_.)), x_Symbol] :> Sim
plex(h*x)~(m + 1)*(a + b*x™n)~(p + 1)*((c + d*x™n)~(p + 1)/(axcxh*(m + 1)))
, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p}, x] && EqQ[n2, 2*n] && EqQ[
axckfx(m + 1) - ex(bxc + a*d)*(m + nx(p + 1) + 1), 0] && EqQ[axcxgx(m + 1)

- bxd*e*x(m + 2xnx(p + 1) + 1), 0] &% NeQ[m, -1]

+e> dr
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Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.23 (sec) , antiderivative size = 103, normalized size of antiderivative = 2.29

im csgn(ihz)m(csgn(ihz) —csg2n(iz))(— csgn(thz)+csgn(ih))

(a+bz™)P z™h™e (bd %" + z"ad + z"bc + ac) ex(c + d z™)°

ac(1+m)

int ((h*x) “m* (a+b*x"n) “p* (c+d*x"n) “p* (e+(a*d+b*c) xe* (n*p+m+n+1)*x"n/a/c/(1+

input
m) +bxd*e* (2*xn*p+m+2*n+1) *x~ (2*n) /a/c/(1+m)) ,x)

(at+b*x~n) “p*x "m*h m*exp (1/2*I*Pi*csgn (I*h*x) *m* (csgn (I*h*x)-csgn(I*x))*(-c
sgn (I*h*x)+csgn(Ixh)))*((x"n) “2*b*d+x n*a*xd+x " nxb*c+axc)*e*x/a/c/ (1+m)* (c+
d*x"n) "p

N J

output

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.96

/ (hz)™ (a+ ba™)? (c + dz™)? <e
N (bc + ad)e(l + m+n+np)z”  bde(l+m+2n+ 2np)x2”) e

ac(1+m) ac(l+m)
B (bdexzﬂne(mlog(h)-i-mlog(x)) + acexe(mlog(h)-ﬁ-mlog(x)) + (bC + ad)exxne(mlog(h)-i-mlog(x)))(bzn + a)P(dzn Ny
N acm + ac

input ‘ integrate ((h*x) “m* (a+b*x"n) “p* (c+d*x"n) “p* (e+(a*d+b*c) *e* (n*p+m+n+1)*x~n/a ‘
‘/c/(1+m)+b*d*e*(2*n*p+m+2*n+1)*x“(2*n)/a/c/(1+m)),x, algorithm="fricas") ‘

‘ (b*d*e*x*x~ (2*n) *e~ (m*log(h) + m*log(x)) + axc*exx*e” (m*xlog(h) + m*xlog(x)) ‘
‘ + (b*c + a*d)*e*xx*x"n¥e” (m*¥log(h) + m*xlog(x)))*(b*x™n + a)~p*(d*x™n + c)~ ‘
‘p/(a*c*m + a*c) ‘

output
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Sympy [F(-2)]

Exception generated.

(bc + ad)e(1 +m + n + np)z"
ac(l+m)

/ (hz)™ (a+ ba™)? (c + dz™)? (e +
bde(1 +m + 2n + 2np)z>"
ac(l+m)

) dx = Exception raised: HeuristicGCDFailed

e B
input‘integrate((h*x)**m*(a+b*x**n)**p*(c+d*x**n)**p*(e+(a*d+b*c)*e*(n*p+m+n+1)*

‘ x*¥n/a/c/ (1+m) +bxd*e* (2+n*p+m+2%n+1) xx** (2%n) /a/c/ (1+m) ) ,x) ‘

/

LException raised: HeuristicGCDFailed >> no luck

~—

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 92 vs. 2(45) = 90.

Time = 0.15 (sec) , antiderivative size = 92, normalized size of antiderivative = 2.04

/(hm)m (a+bz™)? (¢ + dz™)? <e
N (bc + ad)e(l +m+n+np)z"  bde(l+m+2n+ 2np)x2”) i

ac(1+m) ac(l+m)
(acehmwzm + bdehmze(mlog(w)-l—Znlog(x)) + (bcehm + adehm)xe(mlog(x)—i—nlog(w)))e(plog(bx”+a)+plog(dxn+c))
B ac(m + 1)

integrate ((h*x) “m* (a+b*x"n) “p* (c+d*x~n) “p* (e+(a*d+b*c) *e* (n*p+m+n+1)*x~n/a

input
/c/ (1+m)+bxd*e* (2*xn*p+m+2*n+1) *x~ (2*n) /a/c/(1+m)) ,x, algorithm="maxima")

(a*c*xexh " m*x*x"m + b*d*exh m*x*e” (m*log(x) + 2*n*log(x)) + (b*cxexh™m + ax
d*exh™m) *x*e” (m*log(x) + nxlog(x)))*e” (p*log(b*x™n + a) + pxlog(d*x™n + c)
)/ (axcx(m + 1))

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 155 vs. 2(45) = 90.

Time = 0.30 (sec) , antiderivative size = 155, normalized size of antiderivative = 3.44

/ (hz)™ (a+ ba™)? (c + dz™)? <e
4 (bc + ad)e(1 +m + n + np)z™ N bde(1 +m + 2n + 2np)z*" i
ac(l+m) ac(l+m)
(bz™ + a)P (dz™ + c)Pbdexz?ne(miosh)+mlog(@)) 4 (pgn + q)P(da™ + c)Pbcexzme(miceh)+mlog(@)) 4 (pm 4+
acm + ac

integrate ((h*x) “m* (a+b*x"n) “p* (c+d*x"n) “p* (e+(a*d+b*c) *e* (nxp+m+n+1) *x"n/a

input
/c/ (14m) +bxd*e* (2*n*p+m+2*n+1) *x~ (2*n) /a/c/(1+m) ) ,x, algorithm="giac")

((b*x™n + a) px(d*x™n + c) pr*bxd*exx*x”(2*n)*e” (m*xlog(h) + m*log(x)) + (bx
Xx"n + a) px(d*x"n + c) “pxb*ckexx*x"n*e” (mklog(h) + m*log(x)) + (b*x"n + a)
“p*(d*x"n + c) pxaxd*e*x*x"nxe” (m*¥log(h) + mxlog(x)) + (b*x"n + a) px(d*x~
n + c) pkxakxckexxxe” (mxlog(h) + m*log(x)))/(a*xcxm + a*c)

output

Mupad [B] (verification not implemented)

Time = 6.86 (sec) , antiderivative size = 106, normalized size of antiderivative = 2.36

(bc+ ad)e(1 + m + n + np)z"
e+
ac(l+m)

[ b2y @+ by (c+da:")p(
bde(1+m+2n+2np)x2") iz = (c+ da")? (ex(ha:)m (a+bx™)?
ac(l+m) m+1
exz” (hz)" (ad+bc) (a+bz")’  bdexz?" (hz)™ (a+ba™)’
* ac (m+1) + ac (m+1) )

in ut‘ int ((b*x)“m*(a + b*x"n)"px(c + d*x"n)"px(e + (exx"n*(a*d + bxc)*(m + n +n
kp + 1))/(akck(m + 1)) + (bkdxexx™(2xn)*(m + 2%n + 2%n¥p + 1))/(axck(m + 1 |
)),%) |
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t‘ (c + d*x"n) “p*((exx*(h*x) “m*x(a + b*x™n)"p)/(m + 1) + (e*x*x"n*(h*x) “m*(a*d \
|+ brc)x(a + b¥x"n)"p)/(akcx(m + 1)) + (bxd*ekx*x™(2#n)*(h*x) m*(a + b*xn |

)7p)/ (axcx(m + 1))) |

outpu

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.38

(bc + ad)e(1 + m + n + np)z"
ac(l+m)

/ (hz)™ (a+ ba™)? (c + dz™)? (e +
bde(1 + m + 2n + 2np)z>"
dz
ac(l+m)
_a™h™(z"d + )’ (z"b + a)’ ex(x*"bd + z"ad + z"bc + ac)
B ac(m+1)

int ((h*x) “m* (a+b*x"n) “p* (c+d*x"n) “p* (e+(a*d+b*c) *e* (n*p+m+n+1)*x"n/a/c/(1+

input
m) +bxd*e* (2*xn*p+m+2*n+1) *x~ (2*n) /a/c/(1+m)) ,x)

(x**mxh*xm* (x**nkd + c)**px(x*x*n*b + a)**pkexx* (x*k*(2*n)*b*xd + x**nkaxd +

output
x*x*¥n*b*c + a*xc))/(axcx(m + 1))
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 357
4.2 Links to plain text integration problems used in this report for each CAS .

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

357
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x)^3/2 (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [B] (verification not implemented)
	Giac [F(-2)] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x)^3/2 (a+b x)  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F(-2)] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x)^3/2 (a+b x)  x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F(-2)] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x)^3/2 (a+b x)  x^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x)^3/2 (a+b x)  x^4  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x)^3/2 (a+b x)  x^5  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x)^3/2 (a+b x)  x^6  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x)^3/2 (a+b x)  x^7  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 x^7 (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 x^6 (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 x^5 (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 x^4 (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 x^3 (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 x^2 (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 x (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 (a+b x)  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 (a+b x)  x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 (a+b x)  x^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 (a+b x)  x^4  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 (a+b x)  x^5  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 (a+b x)  x^6  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F(-1)] 
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (c+d  x^2)^3/2 (a+b x)  x^7  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F(-1)] 
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (c x)^m (d+e x^n+f x^2 n+g x^3 n)  a+b x^n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c x)^m (d+e x^n+f x^2 n+g x^3 n)  a+b x^n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F(-2)] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 -a h x^-1+n  4+b f x^-1+n  2+b g x^-1+n+b h x^-1+5 n  4  (a+b x^n)^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c x)^m (d+e x+f x^2+g x^3) (a+b x^n)^p  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c x)^m (a+b x^n)^p (d+e x^n+f x^2 n+g x^3 n)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 a c+2 (b c+a d) x^2+3 b d x^4  a+b x^2 c+d x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1+x^3  (1-x^4) [4]1+x^4  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F(-1)] 
	Fricas [F(-2)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b x^n)^-1-n  n (c+d x^n)^-1-n  n (a c-b d x^2 n)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 (h x)^-1-n-n p (a+b x^n)^p (c+d x^n)^p (a c-b d x^2 n)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F(-2)] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (a+b x^n)^p (c+d x^n)^p (e+(b c+a d) e (1+n+n p) x^n  a c+b d e (1+2 n+2 n p) x^2 n  a c)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-2)] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (h x)^m (a+b x^n)^p (c+d x^n)^p (e+(b c+a d) e (1+m+n+n p) x^n  a c (1+m)+b d e (1+m+2 n+2 n p) x^2 n  a c (1+m))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [A] (verification not implemented)
	Sympy [F(-2)] 
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)
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