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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 17 |. This is test number [ 58 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 9412 (16)| 588 (1)
Mathematica | 94.12 (16 ) | 588 (1)
Maple | 70.59 (12) | 29.41(5)
Fricas 4118 (7) | 58.82(10)
Reduce 41.18 (7)) | 58.82 (10)
Mupad 3529 (6) | 64.71 (11)
Maxima | 35.29 (6) | 64.71 (11)
Giac 2041 (5) | 7059 (12)
Sympy 0.00 (0) | 100.00 ( 17)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description
A Integral was solved and antiderivative is optimal in quality and leaf size.
B Integral was solved and antiderivative is optimal in quality but leaf size

is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 58.824 0.000 0.000 41.176
Mathematica 29.412 17.647 11.765 41.176
Maple 0.000 5.882 29.412 64.706
Fricas 0.000 5.882 0.000 94.118
Giac 0.000 5.882 0.000 94.118
Mupad 0.000 0.000 0.000 100.000
Maxima 0.000 0.000 0.000 100.000
Reduce 0.000 5.882 0.000 94.118
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

35.29%
I . A

Rubi Mathematica Maple FriCAS Giac Maxima Sympy Mupad Reduce
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 1 100.00 0.00 0.00
Mathematica | 1 100.00 0.00 0.00

Maple 5 100.00 0.00 0.00

Fricas 10 50.00 50.00 0.00

Giac 12 66.67 0.00 33.33

Reduce 10 100.00 0.00 0.00

Mupad 11 0.00 100.00 0.00

Maxima 11 100.00 0.00 0.00

Sympy 17 35.29 41.18 23.53

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.10
Giac 0.15
Fricas 0.15
Maple 0.89
Rubi 1.05
Mupad 4.97
Mathematica 6.09
Reduce 57.36
Sympy -nan(ind)

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 30.00 1.07 30.00 1.07
Maxima 30.00 1.07 30.00 1.07
Reduce 56.57 1.35 30.00 1.07
Giac 57.20 1.27 30.00 1.07
Fricas 80.57 1.72 41.00 1.46
Rubi 236.38 1.07 104.00 1.00
Maple 336.25 1.87 150.50 1.00
Mathematica | 1097.88 4.13 152.00 1.07
Sympy -nan(ind) | -nan(ind) nan nan

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much

higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi

Rubi number of steps

steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to

solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20

Rubi Mma Maple
20 3.0 1.0
e 2 25 S 08
5 1.5 S >
L L 20 5]
< c £ 06
5 10 5 15 s
5 ] 3 04
o
£os E 10 £
z 7 Z o5 Z 0.2
0.0 0.0 0.0
200 400 600 800 1000 0 1000 2000 3000 4000 5000 6000 7000 400 600 800 1000 1200
Leaf size Leaf size Leaf size
Fricas Giac Maxima
1.0 1.0 10
3 08 £ 08 3
© . © R o
=3 <) 5 05
2 g 2
£ 06 £ 0.6 £
6 k) S 0.0
é 0.4 é 0.4 g
Z 02 2 02 2 05
0.0 0.0 -1.0
340 345 350 355 360 160 165 170 175 180 0.0 0.2 0.4 0.6 0.8 1.0
Leaf size Leaf size Leaf size
Sympy Mupad Reduce
10 10 10
A o 3 08
© © © X
> 05 > 05 =3
2 2 2
< £ £ 06
5 00 S 00 s
£ £ £
3 -0.5 3 -0.5 3 02
-1.0 -1.0 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 200 205 210 215 220
Leaf size Leaf size Leaf size

Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi
Mathematica {[1}[2}3}[4}[5}[7} /8] [0
Maple {1} 2,3} 4,5}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi

A grade {[[BBABBESEHE})
B grade { }

C grade { }

F normal fail {[7]}

F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade {[L6,[[8[14 }
B grade {[2[l[}

C grade {{4[}

F normal fail {[15}
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade { }

B grade {[f}

C grade {[L2BA4[}

F normal fail {[7}[8][0}[14}[15] }
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { }

B grade {[6]}

C grade { }

F normal fail {[7}[8][0}[14}[15] }
F(-1) timedout fail {[1[2)3}[4l[] }
F(-2) exception fail { }

Maxima

A grade { }

B grade { }

C grade { }

F normal fail { [BBABBLEBEE)
F(-1) timedout fail { }

F(-2) exception fail { }
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Giac
A grade { }

B grade {[f}
C grade { }

F normal fail { [1}[2[3}[4[5}&}/,14] }

F(-1) timedout fail { }
F(-2) exception fail {[7}[15][16}[17 }

Mupad

A grade { }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { IBEAEBRELIAME)

F(-2) exception fail { }

Sympy

A grade { }
B grade { }
C grade { }

F normal fail {[1}[31[[6}[14 }
F(-1) timedout fail { 2}[11}[12}[13}[15}[16}[17] }
F(-2) exception fail {[7}[8[0}[10] }
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Reduce

A grade { }

B grade {[f}

C grade { }

F normal fail {[LBBABLEHIEE)
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed
time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.
It is given as F(-2) if the failure was due to an exception being raised, which could
indicate a bug in the system. If the failure was due to integral not being evaluated
within the time limit, then it is given as F.

In this table, the column N.S. means normalized size and is defined as

antiderivative leaf size

To make the table fit the page, the name Mathematica was abbreviated to MMA.

optimal antiderivative leaf size"

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F(-1) F F F F(-1)
verified N/A No No No TBD TBD TBD TBD TBD TBD
size 327 334 354 781 0 0 0 0 227 0
N.S. 1 1.02 1.08 2.39 0.00 0.00 0.00 0.00 0.69 0.00
time (sec) N/A 0.767 6.742 1.600 0.000  0.000 0.000 0.000 0.549 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B C F F(-1) F(-1) F F F(-1)
verified N/A No No No TBD TBD TBD TBD TBD TBD
size 422 374 12526 1290 0 0 0 0 715 0
N.S. 1 0.89 29.68 3.06 0.00 0.00 0.00 0.00 1.69 0.00
time (sec) N/A 1.348 16.626  3.599 0.000  0.000 0.000 0.000 153.951 0.000
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B C F F(-1) F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 142 142 2917 880 0 0 0 0 67 0
N.S. 1 1.00 20.54 6.20 0.00 0.00 0.00 0.00 0.47 0.00
time (sec) N/A 0.453 16.177 0.767  0.000  0.000 0.000 0.000 6.843 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F(-1) F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 718 1017 350 327 0 0 0 0 226 0
N.S. 1 1.42  0.49 0.46 0.00 0.00 0.00 0.00 0.31 0.00
time (sec) N/A 2.658 10.594 3.095 0.000  0.000 0.000 0.000 0.780 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F(-1) F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 670 966 220 273 0 0 0 0 78 0
N.S. 1 1.44  0.33 0.41 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 2.108 10.464 1.134 0.000  0.000 0.000 0.000 0.387 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 80 108 114 316 0 349 0 166 203 0
N.S. 1 1.35  1.42 3.95 0.00 4.36 0.00 2.08 2.54 0.00
time (sec) N/A 0.466 0.142 0.175 0.000 0.259 0.000 0.163 0.239 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A F F F F(-2) F(-2) F F(-1)
verified N/A N/A  No N/A TBD TBD TBD TBD TBD TBD
size 279 0 349 0 0 0 0 0 30 0
N.S. 1 0.00 1.25 0.00 0.00 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 0.000 0.808 0.000 0.000  0.000 0.000 0.000 200.036 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-2) F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 176 176 268 0 0 0 0 0 28 0
N.S. 1 1.00 1.52 0.00 0.00 0.00 0.00 0.00 0.16 0.00
time (sec) N/A 0.699 0.538 0.000 0.000  0.000 0.000 0.000 200.032 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F F F(-2) F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 81 81 190 0 0 0 0 0 0 0
N.S. 1 1.00 2.35 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.376 0.100  0.000 0.000  0.000 0.000 0.000 0.285 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-2) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 28 28 30 28 30 30 0 30 30 30
N.S. 1 1.00 1.07 1.00 1.07 1.07 0.00 1.07 1.07 1.07
time (sec) N/A 0.261 1.904 0.099 0.104 0.106 0.000 0.152 0.287 4.570
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 28 28 30 28 30 43 0 30 43 30
N.S. 1 1.00 1.07 1.00 1.07 1.54 0.00 1.07 1.54 1.07
time (sec) N/A 0.260 2.157 0.101 0.118 0.142 0.000 0.162 0.292 6.375
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 28 28 30 28 30 30 0 30 30 30
N.S. 1 1.00 1.07 1.00 1.07 1.07 0.00 1.07 1.07 1.07
time (sec) N/A 2.173 8.240 0.056 0.080 0.141 0.000 0.140 0.376 4.734
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 28 28 30 28 30 30 0 30 30 30
N.S. 1 1.00 1.07 1.00 1.07 1.07 0.00 1.07 1.07 1.07
time (sec) N/A 1.269 8.233 0.055 0.071 0.096 0.000 0.126 0.257 4.699
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 100 100 98 0 0 0 0 0 24 0
N.S. 1 1.00 0.98 0.00 0.00 0.00 0.00 0.00 0.24 0.00
time (sec) N/A 0.384 0.158  0.000 0.000  0.000 0.000 0.000 200.034 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F(-1) F(-2) F F(-1)
verified N/A No N/A N/A TBD TBD TBD TBD TBD TBD
size 314 316 0 0 0 0 0 0 30 0
N.S. 1 1.01  0.00 0.00 0.00 0.00 0.00 0.00 0.10 0.00
time (sec) N/A 0.798 0.000 0.000 0.000  0.000 0.000 0.000 200.038 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) F(-2) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 28 28 30 28 30 41 0 0 30 30
N.S. 1 1.00 1.07 1.00 1.07 1.46 0.00 0.00 1.07 1.07
time (sec) N/A 0.349 4.509 0.010 0.111 0.127  0.000 0.000 200.030 4.627
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) F(-2) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 28 28 30 28 30 41 0 0 30 30
N.S. 1 1.00 1.07 1.00 1.07 1.46 0.00 0.00 1.07 1.07
time (sec) N/A 2.449 10.047 0.009 0.097 0.185 0.000 0.000 200.031 4.803
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio Bumber of rules
integrand size

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[2] had the largest ratio of [.400000000000000022]

is also given. The

Table 2.1: Rubi specific breakdown of results for each integral

number of numper of no.rma‘ulize‘d integrand utmber of rules
# | grade i“:j; uzi;il;e antlf;ns‘i’::ve leaf size integrand leaf size
1 | A 6 6 1.02 28 0.214
2l | A 12 12 0.89 30 0.400
3l | A 3 3 1.00 30 0.100
4 | A 10 10 1.42 28 0.357
5 | A 8 8 1.44 28 0.286
6 | A 9 8 1.35 28 0.286
F 0 0 N/A 0.000 N/A
g | A 7 7 1.00 26 0.269
9 | A 3 3 1.00 19 0.158
N/A 1 0 1.00 28 0.000
N/A 1 0 1.00 28 0.000
N/A 2 0 1.00 28 0.000
N/A 2 0 1.00 28 0.000
14| A 2 2 1.00 22 0.091
5| A 4 3 1.01 28 0.107
N/A 3 0 1.00 28 0.000
N/A 31 0 1.00 28 0.000
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f _ ctdz* dx
Va+bzt (e+fz4)

e+7

I rten ™
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a+ 3 ct+dx
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3 3
3.1 f Vetdr (e;—fx ) dx
a+bx

Optimal result . . . . . . . . . . . .
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 36
Rubi [A] (warning: unable to verify) . . . .. ... ... ... .. ... . ... 361
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... ... 39
Fricas [F(-1)] . . . . . o e 4a
Sympy [F] . . . 41l
Maxima [F] . . . . . . . 41l
Giac [F] . . . . o o 41l
Mupad [F(-1)] . . . o o 42
Reduce [F] . . . . o 42

Optimal result

Integrand size = 28, antiderivative size = 327

/\/c+d:v3 e—}—fx) i

a + bx3
_ 2fav/et dzd . (bc — ad)(be — af)z\/1+ % AppellF1 <§ 1,3, %,—%, —@)
B 5b ab’y/c + dx?
2/3_ 2/3 p2 —\/?:) %-i—%
2v/2 + /3(5bde + 3bef — 5adf) (/e + Vidx /0= }/cV dar a2z > EllipticF [ arcsin <1—
( f 2 <\/_ ) \l ((1+f) \/_+\/_z) P (1+v3) /e
_|_
5v/3b2v/d \/E(\/EJr\/gEz) sv e+ dx3
((1+~/§) %Jr\/c_ix)

2/5xf*x* (d*x~3+c) ~(1/2) /b+(—a*d+bxc) *x (~axf+b*e) *x* (1+d*x~3/c) ~(1/2) *Appell
F1(1/3,1,1/2,4/3,-b*x"3/a,-d*x~3/c)/a/b~2/(d*x"3+c) ~(1/2)+2/15*(1/2*x6~(1/2
)+1/2%27(1/2) ) * (-5xaxd*f+3*bxc*xf+5xbxd*e) * (¢~ (1/3)+d~ (1/3) *x) *((c~(2/3)-c”
(1/3)*d~(1/3) *x+d~ (2/3) *x~2) / ((1+37(1/2) ) *c~ (1/3)+d~ (1/3) *x) ~2) "~ (1/2) *E11i
pticF(((1-37(1/2))*c~(1/3)+d~(1/3)*x)/((1+37(1/2))*c~(1/3)+d~(1/3) *x) ,I*3"
(1/2)+2%I)*3~(3/4) /b~2/d~(1/3)/(c~(1/3)*(c~(1/3)+d~(1/3) *x) / ((1+37(1/2) ) *c
~(1/3)+d~(1/3)*x)~2)~(1/2) / (d*x~3+c) ~(1/2)

output
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Mathematica [A] (warning: unable to verify)

Time = 6.74 (sec) , antiderivative size = 354, normalized size of antiderivative = 1.08

c+dzi(e+ fx

/ Vv =) .
a+ bx?
(5bde+3bcf—5adf)x3 4/ 1+# AppellFl(%,%,l,%,— di?’ ,—%) 8(—4ac(2adfx3+b(506+2cfx3+2dfx6)) AppellF1 (% % 1 % - dig -
X
a + (a+b:1:3)( 8acAppellF1<3,2,1737 dcs, b%

a 20bv/c + da’
LIntegrate [(Sart[c + d*x~3]*(e + £*x~3))/(a + b*x"3),x] J

(x*(((5xb*d*e + 3xbkxcxf - Bxakxd*f)*x~3*Sqrt[1 + (d*x~3)/c]l*AppellF1[4/3, 1
/2, 1, 7/3, -((d*x~3)/c), -((b*x~3)/a)])/a + (8x(-4xaxcx(2*a*d*f*x"3 + b*(
Bxcxe + 2kcxf*xx~3 + 2xd*f*x”6))*AppellF1[1/3, 1/2, 1, 4/3, -((d*x~3)/c), -
((bxx~3)/a)] + 3xf*xx"3*(a + bxx"3)*(c + d*x"3)*(2*b*c*AppellF1[4/3, 1/2, 2
, 7/3, -((d*x~3)/c), -((b*x~3)/a)] + axd*AppellF1([4/3, 3/2, 1, 7/3, -((d*x
~3)/c), -((bxx~3)/a)]1)))/((a + b*x~3)*(-8*axcxAppellF1[1/3, 1/2, 1, 4/3, -
((d*x~3)/c), -((b*x~3)/a)] + 3*x~3*(2*bkc*AppellF1[4/3, 1/2, 2, 7/3, -((d*
x~3)/c), -((b*x~3)/a)] + axd*AppellF1([4/3, 3/2, 1, 7/3, -((d*x~3)/c), -((b
*x73)/a)1)))))/(20*xbxSqrt [c + d*x~3])

Rubi [A] (warning: unable to verify)

Time = 0.77 (sec) , antiderivative size = 334, normalized size of antiderivative = 1.02,

_ » number of rules
6, integrand size = 0.214, Rules

number of steps used = 6, number of rules used =
used = {1025, 27, 1021, 759, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

Ve+dzd(e+ fx )
/ a + bx3

l 1025

(5bde-|—3bcf 5adf)x®+c(5be—2af)
2 [ dx

2(ba3+a)Vdad o 2f.’I:\/ ¢+ dx3
5b 5b
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l 27

f (5bde+3bcf —5adf ) x3+c(5be—2af) dr

(bx3+4a)Vdx3+c n 2fxve+ dz3
5b 5b
l'1021
(—5adf+3bef+5bde) [ L —de  Slbe—ad)(be=af) [ o~ —meda
5 et b(b ot +2fxm
5b 5b
l 759
3 3 3
9 er/g(%%— Wz> 2/3_ %\/C_lz:dwsz; EllipticF (arcsin (W) —7—4
5(bc—ad)(be—af) [ mdx <(1+\/§) %+ \/Ez> \/C_iz+(1+\/§) \/E
b
Ve (er Ve
%bw < 3 ) ~Ve+dz3
((1+\/§) Vet \/Ez)
5b
2fzvc+ dx3
5b
l»937
2@(%/&% ) /3= /e et/ Ellipti F( i ( Vdei(-v3) Y/
@ c—a c—a 1 . T ] 1pTiC. arcsin 3—
5m(b d)(be—af) [ 4(%3_“1)@'1 . ((1+¢§) o Wx> \/Ez+(1+\/§) ¥
bvc+dz3 V— 3 3
C \/EJr \/C_l:t
e (6 ( 3 v> e
+v3) ¥/cr d:c)
5b
2fzve+ dx?
5b
l 936
3
2v/2+V3 ( e+ Vd z) ol %j/a“’;dw 3’”22 EllipticF (arcsin (i\j__
5z g+l(bc—ad)(be—af) AppellFl(%,l,%,%,—%,—%s) + ((H"/g) \/E"' \/C_lz) d.
abVc+dx3 %/_ 3 i/_
4 3 C \/E+ da:
\/gb\/a ((1 ( 3 §/—> 2
+v3) en dz)
5b
2fzve+ dx?

5b
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input‘ Int[(Sqrt[c + d*x~3]x(e + f*x~3))/(a + b*x"3),x] ‘

(2xfxxxSqrt[c + d*x~3])/(5%b) + ((5x(b*c - a*d)*(b¥e - a*f)*x*Sqrt[1 + (d*
x~3)/cl*AppellF1[1/3, 1, 1/2, 4/3, -((b*x~3)/a), -((d*x"3)/c)])/(a*bxSqrt[
c + d*x~3]) + (2xSqrt[2 + Sqrt[3]1]*(5*bxd*e + 3*xbkcxf - Sxaxdxf)*(c~(1/3)
+ d~(1/3)*x)*Sqrt [(c(2/3) - ¢~ (1/3)*d"(1/3)*x + d~(2/3)*x72)/((1 + Sqrt[3
1)*c~(1/3) + d~(1/3)*x)~2]*EllipticF[ArcSin[((1 - Sqrt[3])*c~(1/3) + d~(1/
3)*x)/((1 + Sqrt[3])*c~(1/3) + d~(1/3)*x)], -7 - 4%Sqrt[3]1]1)/(37(1/4)*b*d"~
(1/3)*8qrt[(c~(1/3)*(c~(1/3) + d~(1/3)*x))/((1 + Sqrt[3])*c~(1/3) + d~(1/3
)*x) "2]*Sqrt [c + d*x~31))/(5%b)

output

Defintions of rubi rules used

~

/Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 311,
s = Denom[Rt[b/a, 3]1}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s”2 - rxs
*x + r72%x72)/((1 + Sqrt[3])*s + rxx)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4*Sqrt[3]1], x1] /; FreeQ[{a, b}, x] &
& PosQ[al

rule 759

Int[((a_) + (b_)*(x_)" (0 )) " (p)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll
:> Simp[a~p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQl[{a, b, ¢, d, n, p, q}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1]
&% (IntegerQ[pl || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

rule 936

rule 937‘Int[((a_) + (b_)*(x)"(m )" (p)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol] ‘
‘ :> Simp[a~IntPart[p]l*((a + b*x"n) FracPart[p]/(1 + b*(x"n/a)) FracPart[p]) ‘
‘ Int[(1 + bx(x"n/a)) px(c + d*x™n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q ‘
\}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && ! (IntegerQ[p]l || GtQ[a, 01) \




rule 1021

rule 1025

input
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Int[(Ce ) + (£_)*(x_)"(@_))/(((a_) + (b_.)*(x_)"(n_))*Sart[(c_) + (d_.)*(x
_)"(m.)1), x_Symbol] :> Simp[f/b Int[1/Sqrtlc + d*x"n], x], x] + Simp[(b*
e - axf)/b Int[1/((a + b*x"n)*Sqrt[c + d*x"n]), x], x] /; FreeQ[{a, b, c,
d, e, £, n}, x]

Int[((a_) + (b_)*x_)" (@ )) " (p_)*((c_) + (d_)*(x_)"(m_))"(g_.)*((e ) + (
f_)*(x_)"(n.)), x_Symbol] :> Simp[f*x*(a + b*x™n) " (p + 1)*((c + d*x"n) q/(
bx(nx(p + q + 1) + 1))), x] + Simp[1/(b*(n*x(p + q + 1) + 1)) Int[(a + b*x
“n) “p*(c + d*x"n)"(q - 1)*Simp[c*(b*e - axf + bxe*nx(p + q + 1)) + (d*(b*e
- axf) + fxnxqkx(bxc - a*d) + bxdxexnx(p + q + 1))*x"n, x], x], x] /; FreeQ[
{a, b, ¢, d, e, £, n, p}, x] & GtQ[q, 0] && NeQ[nx(p + q + 1) + 1, 0]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 6.

Time = 1.60 (sec) , antiderivative size = 781, normalized size of antiderivative = 2.39

method | result size

risch Expression too large to display | 781
elliptic | Expression too large to display | 784

default | Expression too large to display | 1020

Lint ((d*x~3+c)~(1/2)*(£*x~3+e) / (b*x~3+a) ,x,method=_RETURNVERBOSE)
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output

2/5*fxx* (d*x~3+c) " (1/2) /b-1/5/b* (-2/3*I* (5xa*xd*f-3xbxc*f-5*xbxd*e) /b*x3~(1/2
)/d*(—c*d~2) " (1/3) * (I*(x+1/2/d*(-c*d~2) ~(1/3)-1/2*I*3~(1/2) /d* (-c*d~2) ~(1/
3))*37(1/2)*d/ (-c*xd~2) ~(1/3)) " (1/2) *((x-1/d*(-c*d~2)~(1/3)) / (-3/2/d* (-c*d~
2)~(1/3)+1/2%I*37(1/2) /d*(-c*d~2) ~(1/3))) ~(1/2) * (-I*(x+1/2/d*(-c*d~2) ~(1/3
)+1/2%I*37(1/2) /d* (-c*d~2)~(1/3))*3~(1/2)*d/ (-c*xd~2)~(1/3))~(1/2) / (d*x"3+c
)7 (1/2)*E1lipticF (1/3*3~(1/2) % (I* (x+1/2/d* (—c*d~2) ~(1/3)-1/2*I*3~(1/2) /d*(
-c*d~2)"(1/3))*37(1/2)*d/ (-c*d~2)~(1/3))~(1/2), (I*37(1/2) /d*(-c*d~2)~(1/3)
/(=3/2/d*(-c*d~2)~(1/3)+1/2*I*3~(1/2) /d*(-c*xd~2) ~(1/3)))~(1/2))+5/3*I*(a"2
*xd*xf-axbxcxf-a*b*dxe+b~2*c*e) /b/d~2x27 (1/2) *sum(1/_alpha~2/(a*d-bxc)* (-cxd
~2)7(1/3) % (1/2%Ixd* (2xx+1/d* (-I*3~(1/2) *(—c*d~2) " (1/3)+(-c*d~2)~(1/3))) /(-
c*d~2)~(1/3)) " (1/2)*(d* (x-1/d*(-c*d~2) ~(1/3) )/ (I*3~(1/2) *(-c*xd~2) ~(1/3) -3*
(=c*d"2)~(1/3))) " (1/2)* (—1/2*T*d* (2*x+1/d* (I*3~(1/2) *(-c*d~2) " (1/3) +(-c*d~
2)7(1/3)))/(=c*d~2)~(1/3))~(1/2) / (d*x~3+c) ~(1/2) * (I*(-c*d~2) ~(1/3) *_alpha*
37(1/2) #d-I*(-c*d~2)~(2/3)*37(1/2)+2*_alpha~2*d~2-(-c*d~2) ~(1/3) *_alpha*d-
(-c*d~2)~(2/3))*EllipticPi(1/3*3"(1/2) * (I*(x+1/2/d*(-c*d~2)~(1/3)-1/2*I*3~
(1/2)/d*(-cxd~2)~(1/3))*37(1/2)*d/ (-c*xd~2)~(1/3))~(1/2) ,1/2%b/d* (2*xI*3~(1/
2)*(-c*d~2) " (1/3)*_alpha~2*d-I*3~ (1/2)*(-c*xd~2) " (2/3)*_alpha+I*3~(1/2)*c*d
-3%(-c*d~2)~(2/3)*_alpha-3*c*d)/(a*d-b*c) , (I¥37(1/2)/d*(-c*d~2)~(1/3)/(-3/
2/d*(-c*d~2) " (1/3)+1/2*I*3~(1/2) /d*(-c*d~2)~(1/3)))~(1/2)), _alpha=RootOf (_
Z~3%b+a)))

Fricas [F(-1)]

Timed out.

dz = Timed out

Q/VC+¢ﬁ€+f$)
a + bx?

inputt

p
integrate ((d*x~3+c)~(1/2)*(£*x"3+e)/(b*x"3+a) ,x, algorithm="fricas")

| —

outputt

Timed out
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Sympy [F]
/V0+dw3e+fw s /me—f-fx) i
a + bx3 o a + bz3
inputLintegrate((d*x**3+c)**(1/2)*(f*x**3+e)/(b*x**3+a),X)

output LIntegral(sqrt(c + dxx**3)*(e + f*x*x3)/(a + b*x**3), x)

Maxima [F]

a/+bx3 bx3+a d

/vc+dx3e+fx /\/fo +e)

inputLintegrate((d*x“3+c)‘(1/2)*(f*x‘3+e)/(b*x*3+a),x, algorithm="maxima"

output tintegrate(sqrt(d*x*g + c)*(f*x"3 + e)/(b*x"3 + a), x)

Giac [F]

dx

/V0+dx36+fm s /\/dz3+cf:c +e)
a + bz? B bz3 + a

inputLintegrate((d*x‘3+c)‘(1/2)*(f*x‘3+e)/(b*x*3+a),x’ algorithm="giac")

Output‘integrate(sqrt(d*x*s + c)*(f*x~3 + e)/(b*x"3 + a), x)
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Mupad [F(-1)]

Timed out.
/vc+da:3e+fa; /\/da:3+c fa3 +e)d
a+ bz3 bzd +a
input Lint(((c + d*x"3)"(1/2)*(e + £*x~3))/(a + b*x~3),x) J
output Lint(((c + d*x"3)"(1/2)*(e + £*x~3))/(a + b*x"3), x) J
Reduce [F]

/\/c+dm3 e—}—fx)dx

a + bx3
’ - Vit Vdaz3tc _ dx3fcad
= vt e fx 2< bd x6+adx3+bcx3+acdx> acf + 5( bd £6+ad x3+bc x3+acd$> bee 5( bd 26 +ad £3+bc x3+ax
) 5b
input Lint((d*x 3+¢) "~ (1/2) % (£xx~3+e) / (b*x~3+a) ,x) J
output (2*%sqrt(c + dxx**3)*f*x - 2*xint(sqrt(c + d*x**3)/(a*c + axdrx**3 + bkckxxkk

3 + bxd*x*x6) ,x)*a*xcxf + Bxint(sqrt(c + d*x**3)/(axc + a*d*x**3 + bxckx**3

+ bxd*x**6) ,x)*bxcke - 5*xint((sqrt(c + d*x**3)*x**3)/(axc + akd*x**3 + bx
ckx**3 + bxd*x**6) ,x)*axd*f + 3xint((sqrt(c + dxx**3)*x**3)/(axc + axdxx**
3 + bkckx**3 + b*d*x**6) ,x)*bkxcxf + 5xint ((sqrt(c + dxx**3)*x**3)/(a*c + a
*dxx**3 + bkckx*k*x3 + b*d*x**6) ,x)*b*d*xe)/(5*xb)
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5/2

a+bz3
3.2 J (c+(d;3) (e)+ 729)

Optimal result
Mathematica [B] (warning: unable to verify)
Rubi [A] (warning: unable to verify)

Maple [C] (warning: unable to verify)
Fricas [F(-1)]

Sympy [F(-1)] . . o o o

Maxima [F]
Giac [F]
Mupad [F(-1)]
Reduce [F]

Optimal result

Integrand size = 30, antiderivative size = 422

(a + bz3)*? dp — 2v%z+/a + bx3
(c+dsd) (e+ f2%) "~ 5df

(be — ad)’z\/1+ 2* AppellF1 (1,1,1,4, 1", —dz*

dz3

)

cd?(de — cf)Va + bx3

+

(be — af)Pz\/1+ 2 AppellF1 (1,1,1, 4,12, 12"

fz?

)

ef?(de — cf)vVa + bx3

2v/2 + /3653 (13adf — 5b(de + cf)) (s/a + %x>

_|_

3/—3
/1= 3/aVbari?lse g

\ ((1+\/§> Ya+ %m)

1-v3) {/a-
1+v3) {/a-

5\4/§d2 12

Va(Var Vo)

sva+ bx3

\

( (1+v3) Va+ %x)
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output

2/5xb~2*x* (b*x~3+a) "~ (1/2) /d/f-(~a*d+bxc) “3*x* (1+b*x~3/a) ~ (1/2) *AppellF1(1/
3,1/2,1,4/3,-b*x"3/a,-d*x~3/c)/c/d"2/ (—cxf+d*xe) / (b*xx~3+a) ~(1/2) + (-a*f+b*xe)
~3*x*x(1+b*x~3/a) " (1/2) *AppellF1(1/3,1/2,1,4/3,-b*x"3/a,-f*x~3/e) /e/f72/(-c
*f+dxe) /(bxx"3+a) " (1/2)+2/15%(1/2%6~(1/2)+1/2*27(1/2) ) ¥b~ (5/3) * (13*axd*f-5
*xbx (ckf+d*e) ) *(a~(1/3)+b~(1/3)*x)*((a~(2/3)-a”~ (1/3)*b~ (1/3) *x+b~ (2/3) *x~2)
/((1+37(1/2))*a~(1/3)+b~(1/3) *x) "2) " (1/2) *E1lipticF (((1-3"(1/2))*a~(1/3)+b
~(1/3)*x)/((1+37(1/2))*a~ (1/3)+b~ (1/3) *x) ,I*37 (1/2)+2*I)*3~(3/4) /d~2/£~2/(
a~(1/3)*(a~(1/3)+b~(1/3)*x) / ((1+37(1/2) ) *a~ (1/3)+b~(1/3) *x) ~2) = (1/2) / (b*x~
3+a)~(1/2)

Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 12526 vs. 2(422) = 844.

Time = 16.63 (sec) , antiderivative size = 12526, normalized size of antiderivative =
29.68

dzr = Result too large to show

/ : (a + ba?)™?

c+dx?) (e + fx?)

input‘

Integrate[(a + b*x"3)~(5/2)/((c + d*x"3)*(e + £*x73)),x]

-

outputt

| —

Result too large to show

Rubi [A] (warning: unable to verify)

Time = 1.35 (sec) , antiderivative size = 374, normalized size of antiderivative = 0.89,

number of steps used = 12, number of rules used = 12, Bumber of rules _ 4 450 Ryles
integrand size

used = {1028, 937, 936, 1028, 937, 936, 1028, 937, 936, 1029, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ : (a+bm3)5/2 i

¢+ dx?) (e + fz3)
| 1028
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3/2

b. 3+ 3/2 b 3+
b %dﬂc (bc—ad)fmd
d d
l 937
i () L
a 4y a
abva+ bz3 | 723 dzx (bc—ad fmd

dy/ B +1 ;
l 936
3 3 b 3

abzv/a + ba? AppellF1 (% -3,1,5, -, - ) B (bc—ad)fmdw

s/ 11 d
l 1028
1

abzva + bx3 AppellF1 <§ -3, 1,%,—@ —E)

ded%—i—l

V —a, Vbdte g,
(bc — ad) ( / fl;zsﬁadz _ Gemad ] (doB+c) (;;3“)(1 )

d
d
| 937
3 1 314 _bad _fa®
abzva + bz AppellF1(3, Lz =7

de\/@—i-l

bVa+bz3 [ 3+1 dz (bc—ad)f( b dz

(bC - ad) faB+e _ dw3+6) (fz3+e)
4/t 41 d
d
l.936
abzv/a + ba3 AppellF1 (% ~3 1, g,_%’_%ﬁ
dey /% +1
(be — ad) waEiﬁTAppdml(% %1ér—isf~@3) B @O—MQIKEE%%%E%;gdx
dey/¥2% 41 d
d
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abzva + bz? AppellF'1 (%, ~-3,1,3, _ba? —fi?’)

a’? e

) eeral(reira) @ O e ) (raae)
) (bc—ad)( b +d(f +e) NG +gd +e) (faB+e)

27 3? a’ e
(bc — ad) _ - 5
de b%+1
d
| 937
3 3
abzv/a + bx® AppellF1 (%, —3,1,8, b= —%)
3
dey/ b% +1
Y-y W _ 1
b d \/¥+1(_f&v3+e) (be—ad) | ba:3+a(da:3+c> (fx3+e>
3 3 ( c-a ) dv/a+bx3 - d
bx+/a+ba3 AppellFl(%,—%,l,%,—%,—f’; )
(bc — ad) _ - y
de\/bz +1
d
| 936
3 3
abzv/a + ba® AppellF1 (§,-3,1,4, -2, 1)
3
dey/ b% +1
3 e 1
(bo—ad) bx\/#-HAppenFl(%,%,l,é,—@,—%> (be—ad) | Vb3 +a(da
3 —_ p—
bzva+bz3 AppellFl(%,—é,l,%,—%,—ﬁé ) dev/atba3 d
(bc — ad) = - 2
dey/ 041
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abzva + bz3 AppellF1 (%, ~-3,1,3, _ba? fig)

a0 e
3
de b% +1
af L
VoTta(
. 3 (bc—ad) de—c
bx\/gAppellFl(%,%,L%v* fﬁ )
(bc—ad) 3 -
deV/ a+bzx
3
bm\/mApp(ﬂlFl %,_%717%7_%’_ f‘: )
(bc — ad) 3 - 4
dey/ 222 1
a
d
l 937
3 3
abzv/a + bx® AppellF1 (%, —%, L, %, —b%’ _f%>
3
de\/b%ﬁ
d\/@f*
(bc—ad) 7\
5 a—+
bz\/%AppellFl(%,%,la%y_ ﬁ )
(be—ad) 3 B
deV a+bz
3
bm\/mADPEHFl é,_%717%7_%’_ fﬁ )
(bc — ad) 3 B ‘
dey/ 22 41
a
d

l 936
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abzva + bz? AppellF'1 (%, ~-3,1,3, —b? —ﬁ)

a’? e
de\/%—i-l

3
dxy/ b%-!»l A

[ba3 11,4 _bad _fad (bead)
(bc—ad) bx TJrlAppellFl(g,?,l,g,fT,f e )_
de a+bw3
3 3
bz a+bx3 AppellFl(%,—%,l,%,—%,—fi )
(bc — ad) = -
dey/ 222 41

e

LInt[(a + b*x~3)~(5/2)/((c + d*x"3)*(e + £*x~3)),x]

|

input

(a*b*x*Sqrt[a + bxx~3]*AppellF1[1/3, -3/2, 1, 4/3, -((b*x~3)/a), -((f*x~3)
/e)1)/(d*exSqrt[1 + (b*x~3)/al) - ((b*c - axd)*((b*x*Sqrt[a + bxx"3]*Appel
1F1[1/3, -1/2, 1, 4/3, -((b*x~3)/a), -((£*x~3)/e)])/(d*exSqrt[1 + (b*x~3)/
al]) - ((bxc - a*xd)*((b*x*Sqrt[1 + (b*x~3)/al*AppellF1[1/3, 1/2, 1, 4/3, -(
(b*x~3)/a), -((£*xx~3)/e)])/(d*exSqrt[a + b*x~3]) - ((b*c - axd)*((d*x*Sqrt
[1 + (bxx~3)/al*AppellF1[1/3, 1/2, 1, 4/3, -((b*x"3)/a), -((d*x~3)/c)1)/(c
*x(d*e - c*f)*Sqrtl[a + b*x~3]) - (f*x*Sqrt[1 + (b*x~3)/al*AppellF1[1/3, 1/2
, 1, 4/3, -((b*x~3)/a), -((£f*x~3)/e)])/(ex(d*xe - c*f)*Sqrtla + b*x~3]1)))/d
))/d))/d

output

Defintions of rubi rules used

rule 936 TRELC() + (b_)*(x)~ (@ ))"(p)*((c) + (d_.)*(x)"(0_))"(q ), x_Symbol]
:> Simp[a~p*c~g*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQ[{a, b, c, d, n, p, g}, x] && NeQ[b*c - a*d, 0] && NeQ[n, -1]
&% (IntegerQ[pl || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

rule 937 T0ELC(@) + (b_)*(x )" (@ )~ (p)*((c.) + (d_.)*(x_)"(n_))"(q ), x_Symbol]
:> Simp[a~IntPart[pl*((a + b*x"n) FracPart[p]l/(1 + b*(x"n/a)) FracPart[pl)

Int[(1 + bx(x"n/a)) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q
}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQ[p] || GtQ[a, 01)
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e 1028 TAEL(@0) + (b_)* (X))~ (@) (p)*((cL) + (d_)*(x)™(m)) (g )*((e)) + (£_

Dx(x_ )" (m))"(r_), x_Symbol] :> Simp[d/b
x"n)"(q - 1)*(e + £*x"n)"r, x], x] + Simp[(b*c - axd)/b
*(c + d*x™n)"~(q - 1)*(e + f*x™n)"r, x], x] /; FreeQ[{a, b, ¢, d, e, f, n, r
}, x] && ILtQ[p, 0] & GtQlg, 0]

Int[(a + b*x™n)~(p + 1)*(c + d*

Int[(a + b*x™n)"p

rule 1029 Int[((a_) + (b_)*x_)" (@ ))"(p)*((c) + (@_)*x_)D)"(m))"(q)*((e ) + (f_

D*(x_)"(m_))"(r_), x_Symbol] :> Simp[b/(b*c - axd)
+ d*x"n)~(q + D*(e + £*x™n)"r, x], x] - Simp[d/(b*c - axd)
n)~(p + 1)*(c + d*x"n) gx(e + f*x"n)"r, x], x] /; FreeQl[{a, b, c, d, e, f,
n, q}, x] && ILtQ[p, 0] && LeQlq, -1]

Int[(a + b*x™n) “p*(c
Int[(a + b*x™

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 6.

Time = 3.60 (sec) , antiderivative size = 1290, normalized size of antiderivative = 3.06

method | result size

risch Expression too large to display | 1290
default | Expression too large to display | 1769
elliptic | Expression too large to display | 4213

input

Lint((b*x“3+a)“(5/2)/(d*x“3+c)/(f*x“3+e),x,method=_RETURNVERBDSE)




output

inputt
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2/5%b~2xx* (bxx~3+a) ~(1/2) /d/£+1/5/d/f* (-2/3%Ixb* (13*a*d*f-5xb*c*f-5xbxd*e)
/d/£x37(1/2)*(—a*xb~2) " (1/3) * (I*(x+1/2/b*(-axb~2) ~(1/3)-1/2*I*37(1/2) /b*(-a
*b~2)~(1/3))*37(1/2)*b/ (-a*b~2)~(1/3)) ~(1/2) *((x-1/b* (-a*b~2) ~(1/3)) /(-3/2
/b*(-a*xb~2)~(1/3)+1/2%I*3~(1/2) /b*(~a*b~2) ~(1/3))) ~(1/2) * (-I*(x+1/2/b* (-a*
b~2)~(1/3)+1/2*%I*37 (1/2) /b*(-a*b~2) ~(1/3) )*3~(1/2)*b/(-a*b~2) " (1/3) )~ (1/2)
/ (b*x~3+a) "~ (1/2)*E11lipticF (1/3%37 (1/2) * (I*(x+1/2/b*(-axb~2)~(1/3)-1/2*I*3"
(1/2) /bx(-axb~2) ~(1/3))*37(1/2) *b/ (-axb~2) ~(1/3))~(1/2) , (I*3~(1/2) /b* (-a*Db
~2)~(1/3)/(-3/2/bx(-axb~2) ~(1/3)+1/2%I*3~ (1/2) /b*(-a*b~2) ~(1/3)))~(1/2))+5
/3*I*xd/f*(a"~3%f "~3-3*%a"~2%bxexf 2+3%axb~2xe ~2*%f-b~3*e~3) / (cxf-d*e) /b~2%2~ (1/
2)*sum(1/_alpha~2/(axf-b*e)*(-a*xb~2) ~(1/3)* (1/2%Ixb* (2*x+1/b* (-I*3~ (1/2) *(
-a*b~2) " (1/3)+(-axb~2)~(1/3)))/(-a*b~2) ~(1/3) )~ (1/2) * (b* (x-1/b* (-axb~2) ~ (1
/3))/(-3%(-a*b~2) ~(1/3)+I*3~(1/2) *(-a*b~2) ~(1/3))) ~(1/2) * (-1/2* I *b* (2*x+1/
bk (I%37(1/2)*(-a*b~2)~(1/3)+(-a*xb~2)~(1/3)))/(-a*b~2)~(1/3))~(1/2) / (b*x~3+
a)~(1/2)*(I*(-a*b~2)~(1/3)*_alpha*3~(1/2)*b-I*3~(1/2)*(-a*b~2) ~(2/3)+2*_al
pha~2*b~2-(-a*b~2) ~(1/3) *_alphaxb-(-a*b~2)~(2/3) ) *E1lipticPi(1/3%3~(1/2)*(
Ix(x+1/2/bx(-axb~2)~(1/3)-1/2*I*3"~(1/2) /b*(-a*b~2)~(1/3) ) *3~(1/2) *b/ (-a*b™
2)7(1/3))°(1/2) ,-1/2/bx£x (2xI*3~ (1/2) * (—a*b~2) ~ (1/3) *_alpha~2*b-I*3~ (1/2) *
(-axb~2)~(2/3)*_alpha+I*3~(1/2)*a*xb-3*(-a*b~2)~(2/3) *_alpha-3*a*b)/ (axf-b*
e), (Ix37(1/2) /b*(-a*b~2)~(1/3)/(-3/2/b*(~axb~2) ~(1/3)+1/2%I*3~ (1/2) /b* (-ax*

b~2)~(1/3)))~(1/2)),_alpha=Root0f (_Z"3*f+e))-5/3*I/d*f*(a~3*d"3-3*a"~2+b. ..

Fricas [F(-1)]

Timed out.

(a+ b9v3)5/2 .
/ (C + dx3) (e + f:113) dxz = Timed out

-

integrate ((b*x~3+a)~(5/2)/(d*x~3+c)/(f*x"3+e) ,x, algorithm="fricas")

OutputLTlmed out
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Sympy [F(-1)]

Timed out.
(a+ba®)""? .
dr = Timed out
/ (c+ dz3) (e + fz?) T = tmmedon
inputLintegrate((b*x**3+a)**(5/2)/(d*x**3+c)/(f*x**3+e),X)

OutputLTlmed out

Maxima [F]

(a + bz3)*? B (b + a)%
/ (c+ dz?) (e + fz?) d = / (dz3 +¢)(fz® +e) dz

inputtintegrate((b*XA3+a)A(5/2)/(d*X”3+C)/(f*x“3+e),x, algorithm="maxima")

output | 1REeETate((b+x"3 + 2)7(5/2)/ (@3 + )*(£+x"3 + €)), ©)

Giac [F]

/( (a+bs®)” /( (ba® +a)f

¢+ do¥) (e + [2°) 47+ o) (f27 + ¢)

inputLintegrate((b*x“3+a)‘(5/2)/(d*x‘3+c)/(f*x*3+e),x, algorithm="giac")

output{integrate((b*x‘?: + a)~(5/2)/((d*x"3 + c)*(f*x~3 + e)), x)
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Mupad [F(-1)]

Timed out.

(a+ bz )5/2
/ (c+ dz® (e + [27) dx = Hanged

int((a + b*xx73)7(56/2)/((c + d*x"3)*(e + £*x73)),x)

inputt

( B

Outputt\text{ﬂanged} J

Reduce [F]

v 2 Vbz3+ta 3
/ (a + bx3)5/2 d 2vba® +ab’z +5 <f bdfm9+adfm6+bcfz6+bdezaé-l-aZfm3+adez3+bcem3+acedm) a df -
€Tr =
(c+dz?) (e + fx?)
input‘int((b*X”3+a)”(5/2)/(d*x“3+c)/(f*x*3+e),x)

output (2#sqrt(a + b*x**3)*b**2*x + Sxint(sqrt(a + bxx**3)/(axc*e + akcxf*x**3 +

akdxexx**3 + akxdxfxx*x*k6 + bkckexx**3 + bkckf*xx*x*6 + bkdkexx*x*6 + bkdkfkxkk
9) ,x)*a*x3*d*xf - 2+int(sqrt(a + b*x**3)/(axcxe + akcxf*x**3 + axd*rexx*x3 +
axdxfxx*x*6 + bkckexx**3 + bkxckf*x**6 + bkxd*e*x*k*6 + bkd*f*xx**9) ,x)*kaxbk*x2
xcxe + 13*xint((sqrt(a + b*x**3)*x**6)/(a*xcke + axc*f*x*x3 + a*dxe*x**3 + a
*dQ*fkxk*k6 + bkckexx**3 + bkckxfxx**6 + bkd*e*x**6 + bkxd*f*xx*k*9) ,x)*axbxx2xd
*f - bxint((sqrt(a + bkx**3)*x**6)/(axcke + axcxf*x**3 + axdxexx*x3 + akxdx
fxx**%6 + bkckexx**3 + bkckf*xx**6 + bkdkekxx*x*6 + b*d*f*x**g),x)*b**s*c*f =

Bxint ((sqrt(a + bxx**3)*x**6)/(axcke + axcxfxx*x3 + akd*xexx**3 + axd*f*x**
6 + bxckexx**3 + bxckxfxx*%6 + bxd*xexx**6 + b*d*f*x**g),x)*b**3*d*e + 15%in
t((sqrt(a + bxx**3)*x**3)/(axcke + akc*xf*x*x*3 + axdkexx**3 + axd*xf*x*x*x6 +
b*cke*xx*k*x3 + bkckf*x**6 + bxdkexx**6 + bkxd*fxx**9) ,x)*a*x*2xbkd*xf - 2*int ((
sqrt(a + b*x*x3)*x**3)/(a*cke + akxckf*x*x*3 + akxdkexx**3 + a*xd*f*x**6 + b*c
xe*x*x*k3 + bxckfxx**6 + bkdxe*x**6 + bxd*f*x**x9) ,x)*axb**x2*cxf - 2xint ((sqr
t(a + b*x**3)*x**3)/(a*c*ke + akckf*x**x3 + akdkexx**3 + akxd*f*x**x6 + bkckex
x**3 + b¥c*kf*x**6 + bxdxexx**6 + bkd*f*x*x9) ,x)*axbx*2xd*e - 5xint((sqrt(a
+ b*xx**3)*x**3) /(a*cke + akckf*x**x3 + akxdkexx*x*3 + akxd*xf*x**x6 + bkckekxx*k*
3 + bkckfxx*k*6 + bkd*exx**6 + bkd*xfxx**9),x)*b**3%kc*e)/(5*xd*f)




CHAPTER 3. LISTING OF INTEGRALS 53

1 dx

3.3 f Va+bz3 (c+dz3) (e+ fz3)

Optimal result . . . . . . . . . . . . . . . e H3l
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... B3l
Rubi [A] (verified) . . . . . . . . . . bY!
Maple [C] (warning: unable to verify) . . . . . . . ... ... ..o L. 56
Fricas [F(-1)] . . . . . o o BT
Sympy [F] . . . by(
Maxima [F] . . . . . . 57
Giac [F] . . . . o o bY:]
Mupad [F(-1)] . . . o o bY
Reduce [F] . . . . oo bY

Optimal result

Integrand size = 30, antiderivative size = 142

1 i dz\/1+ 22 AppellF1 <%,%,1,§,—%,—%>
T

va+bzd(c+dxd) (e + fz3) c(de — cf)va + bx®

fxy/1+ % AppellF1 (%, 51, %, —%, —fT"f’B)

e(de — cf)Va + bz

output ‘ d*x* (1+b*x~3/a) ~(1/2) *AppellF1(1/3,1/2,1,4/3,-b*x"3/a,-d*x"3/c) /c/ (-cxf+d* ‘
‘e)/(b*x"3+a) " (1/2)-f*x* (1+b*x~3/a) ~(1/2) *AppellF1(1/3,1/2,1,4/3,-b*x"3/a,~ |
Lf*x“3/e)/e/(-c*f+d*e)/(b*x“3+a)“(1/2) J

Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 2917 vs. 2(142) = 284.

Time = 16.18 (sec) , antiderivative size = 2917, normalized size of antiderivative =
20.54
1

va+bz3 (c+dxd) (e + fz?)

dx = Result too large to show



input

output
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{Integrate[l/(Sqrt[a + bxx~3]*(c + d*x"3)*(e + £*xx73)),x]

(2% (((-1)"(1/3)*a~(1/3)) /b~ (1/3) + ((-1)~(2/3)*a~(1/3))/b~(1/3))*Sqrt [(a~(
1/3)/v7(1/3) + x)/(@~(1/3)/b~(1/3) + ((-1)~(1/3)*a~(1/3))/b~(1/3))]*Sqrt [(
(-(((-1)7(2/3)*a~(1/3)) /b7 (1/3)) - x)*(-(((-1)~(1/3)*a~(1/3))/b~(1/3)) + x
))/(((-1)~(1/3)*a~(1/3)) /b~ (1/3) + ((-1)~(2/3)*a~(1/3))/b~(1/3))"2]*Ellipt
icPi[((a”(1/3) + (-1)7(1/3)*a”(1/3))*d"(1/3))/(-(b~(1/3)*c~(1/3)) + a~(1/3
)*d~(1/3)), ArcSin[Sqrt[-(((-1)7(2/3)*((-1)~(1/3)*a~(1/3) - b~(1/3)*x))/((
1+ (-1)7(1/3))*a~(1/3)))11, (-1)~(1/3)1)/((c~(1/3)/d~(1/3) + ((-1)~(1/3)*
c~(1/3))/da~(1/3))*(((-1)~(1/3)*c~(1/3))/d~(1/3) + ((-1)7(2/3)*c~(1/3))/d"(
1/3))*((-1)~(1/3)*c~(1/3) - ((-1)~(1/3)*a~(1/3)*d~(1/3))/b~(1/3))*d~ (2/3)*
(((-1)7(1/3)*c™(1/3))/d"(1/3) + e~ (1/3)/£7(1/3))*(((-1)~(1/3)*c~(1/3))/d"(
1/3) - ((-1)7(1/3)*e”(1/3)) /£~ (1/3))*(((-1)~(1/3)*c~(1/3)) /d~(1/3) + ((-1)
~(2/3)*e~(1/3)) /£~ (1/3) ) *f*Sqrt[a + b*x"3]) + (2x(((-1)~(1/3)*a~(1/3))/b"(
1/3) + ((-1)7(2/3)*a~(1/3)) /b~ (1/3))*Sqrt[(a~(1/3) /b~ (1/3) + x)/(a~(1/3)/b
~(1/3) + ((-1)~(1/3)*a~(1/3)) /v~ (1/3)) 1*Sqrt [((-(((-1)~(2/3)*a~(1/3)) /b~ (1
/3)) - x)*(-(((-1)"(1/3)*a~(1/3))/b~(1/3)) + x))/(((-1)~(1/3)*a~(1/3)) /b~ (
1/3) + ((-1)7(2/3)*a~(1/3))/b~(1/3))"2]*E1llipticPi[((a~(1/3) + (-1)~(1/3)*
a~(1/3))*d~(1/3))/((-1)~(1/3)*b~(1/3) *c~(1/3) + a~(1/3)*d~(1/3)), ArcSin[S
qrt [-(((-1)7(2/3)*((-1)~(1/3)*a~(1/3) - b~ (1/3)*x))/((1 + (-1)7(1/3))*a~(1
/3)11, (-1)7(1/3)1)/((c™(1/3)/a~(1/3) - ((-1)7(2/3)*c~(1/3))/d~(1/3))*(-
(((-1)7(1/3)*c™(1/3))/d"(1/3)) - ((-1)7(2/3)*c~(1/3))/d~(1/3))*(-((-1)"...

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.00,

number of rules _ 0.100, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {1029, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
L/‘ 1 dr
Va+bx3 (c+ dad) (e + fz3)
l 1029

dz

1 1
d f Vbz3+a(dz3+c) dz _ f f Vbz3+a(fz3+e)
de —cf de —cf
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l’937
b3 b3 1
dy/% 41 d VE 1 —L1 4
I d%@x_f ‘ fwﬁﬂwu@x
Va + ba? (de—cf) Va+ bz3(de — cf)
l 936

b3 3 d3
dz/ >~ + 1 AppellF1 <3,2,1,3, T,—%)

ceva + bz3(de — cf)

b3 4 _bxd® _ fa?
fz\/* + 1 AppellF1 (3,2,1,3,—%,—%)

eva + bx3(de — cf)

[Int[l/(Sqrt[a + b*x73]*(c + d*x"3)*(e + £*x73)),x]

-/

input

output‘(d*x*sqrt[l + (bxx"3)/al*AppellF1[1/3, 1/2, 1, 4/3, -((b*x~3)/a), -((d*x"3
‘)/C)])/(c*(d*e - cxf)*Sqrt[a + b*x~3]) - (f*x*Sqrt[l + (b*x~3)/al*AppellF1 ‘
‘[1/3, 1/2, 1, 4/3, -((bxx"3)/a), -((f*x73)/e)])/(e*x(d*xe - c*f)*Sqrt[a + bx ‘

1 x~3])

Defintions of rubi rules used

rule 936 TRELC() + (b_)*(x)~ (@ ))~(p)*((c_) + (d_.)*(x)"(0_))"(q ), x_Symbol]
:> Simp[a~p*c~q*x*AppellFi[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQ[{a, b, ¢, d, n, p, q}, x] && NeQ[bxc - axd, 0] && NeQ[n, -1]
&% (IntegerQ[pl || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

N\ J

rule 937 IntL((@) + (b_)*(x_)"( )~ (p)*((c) + (d_.)*(x_)"(n_))"(q ), x_Symbol]
:> Simp[a~IntPart[p]l*((a + b*x"n) FracPart[p]/(1 + b*(x"n/a)) FracPart[p])

Int[(1 + bx(x"n/a)) p*(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q
}, x] &% NeQ[b*c - a*d, 0] && NeQ[n, -1] && !(IntegerQ[p]l || GtQ[a, 0])




rule 1029

input

output
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Int[((a_) + (b_.)*(x_)"(@_))"(p_)*((c_) + (d_.)*(x_)"(m_))"(q_)*((e_) + (f_
Ix(x_ )" )) " (r_), x_Symbol] :> Simp([b/(b*c - axd) Int[(a + b*x"n) px(c

+ d*x"n)"(q + 1)*(e + f*x"n)"r, x], x] - Simp[d/(b*c - a*d) Int[(a + b*x~
n)~(p + 1)*(c + d*x"n)"q*(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c, d, e, f,

n, q}, x] && ILtQ[p, 0] && LeQlq, -1]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 6.

Time = 0.77 (sec) , antiderivative size = 880, normalized size of antiderivative = 6.20

method | result size

default | Expression too large to display | 880

elliptic | Expression too large to display | 3236

/int(1/(b*x‘3+a)‘(1/2)/(d*x‘3+c)/(f*x‘3+e),x,method=_RETURNVERBUSE)

N

1/3*I*xf/(cxf-d*e) /b~2%27 (1/2) *sum(1/_alpha~2/(a*f-b*e)*(-axb~2)~(1/3)*(1/2
*Ixb* (2%x+1/b* (-I*37(1/2) *(-a*b~2) " (1/3)+(-a*b~2)~(1/3)))/(-a*b~2)~(1/3))~
(1/2) *(b*(x-1/b*(-a*b~2) ~(1/3) )/ (-3*(-a*b~2) ~(1/3)+I*3~(1/2) *(-a*b~2)~(1/3
1))~ (1/2) % (-1/2%I*xb* (2%x+1/b* (I*3~ (1/2) *(—a*b~2) ~(1/3)+(-a*b~2)~(1/3))) /(-
axb~2)~(1/3))~(1/2)/ (b*x~3+a) " (1/2) * (I*(-a*xb~2) ~(1/3) *_alpha*3~(1/2) *b-I*3
~(1/2) *(-a*b~2) ~(2/3)+2*_alpha~2*b~2-(-a*b~2) ~(1/3) *_alpha*b-(-a*b~2) ~(2/3
))*E1llipticPi(1/3*37(1/2)*(I*(x+1/2/b*(-a*xb~2)~(1/3)-1/2%I*3"(1/2) /b*(-a*b
~2)7(1/3))*37(1/2)*b/ (-a*b~2)~(1/3))~(1/2) ,-1/2/b*f* (2%I*3~(1/2) * (-a*b~2) ~
(1/3)*_alpha~2*b-I*3~(1/2)*(-a*xb~2)~(2/3)*_alpha+I*3~(1/2)*a*b-3*(-a*b~2)"
(2/3)*_alpha-3*a*b)/(a*f-bxe) , (I*3~(1/2) /b*(-axb~2)~(1/3)/(-3/2/b* (-axb~2)
~(1/3)+1/2%I%37(1/2) /b*(-axb~2)~(1/3)))~(1/2)),_alpha=Root0f (_Z"3*f+e))-1/
3xIxd/ (cxf-d*e) /b"2x2~(1/2)*sum(1/_alpha~2/(axd-b*c)*(-a*xb~2) " (1/3)*(1/2*I
*bx (2xx+1/b* (-I*37(1/2) *(-a*xb~2) ~(1/3)+(-a*b~2) " (1/3)) )/ (-a*b~2)~(1/3))~(1
/2)* (bx (x-1/b*(-axb~2) ~(1/3))/ (-3*(-a*xb~2) ~(1/3)+I*3~(1/2) * (-a*xb~2)~(1/3))
)7 (1/2) % (-1/2%I*b* (2%x+1/b* (I*37 (1/2) * (-a*xb~2) ~(1/3)+(-a*b~2)~(1/3))) / (-ax*
b~2)~(1/3))~(1/2) / (b*x~3+a) " (1/2) *(I*(-a*b~2) ~(1/3) *_alpha*3~ (1/2) *b-I*3~(
1/2)*(-a*b~2) ~(2/3)+2*_alpha~2*b~2-(-a*b~2) ~(1/3) *_alpha*b-(-axb~2)~(2/3))
*E11ipticPi(1/3%37(1/2) *(I*(x+1/2/b*(-axb~2)~(1/3)-1/2*I*37(1/2) /b*(-a*b~2
)~ (1/3))*37(1/2)*b/ (-a*xb~2) ~(1/3))~(1/2) ,-1/2/b*d* (2xI*3~ (1/2) *(-a*xb~2) ~ (1
/3)*_alpha~2*b-I*37(1/2)*(-a*b~2)~(2/3)*_alpha+I*3~(1/2)*a*b-3*(-a*xb~2)...
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Fricas [F(-1)]

Timed out.
1

Va+ b3 (c+ dx3) (e + fz?3)

dz = Timed out

inputtintegrate(1/(b*XA3+a)A(1/2)/(d*X“3+C)/(f*x“3+e),x, algorithm="fricas")

output LTimed out
Sympy [F]
! dz =/ 1 dz
Va+bz3 (c+ dx3) (e + fx?3) Va+bz3 (c+ dx3) (e + fr?)
input Lintegrate (1/ (bxx**3+a) %% (1/2) / (d*x**3+c) / (£¥x**3+e) ,X)
output LIntegral(i/(sqrt(a + bxx**3)*(c + dxx**3)*(e + fxx**3)), x)
Maxima [F]
! dz :/ ! dz
Va+bz3 (c+ dx3) (e + fr3) Vb3 + a(dx3 + c)(fx3 + e)
input Lintegrate (1/(b*x~3+a)~(1/2)/ (d*x~3+c) / (f*x"3+e) ,x, algorithm="maxima"

outputtintegrate(l/(sqrt(b*x‘s + a)*x(d*x"3 + c)*(f*x"3 + e)), x)
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Giac [F]

1 1
Va+bz3 (c+ dz?) (e + fx?) o = / Vbx? + a(dx® + c)(fx2 + e) d

T

input Lintegrate (1/(b*x~3+a)~(1/2) /(d*x~3+c) / (f*x~3+e) ,x, algorithm="giac") J

Outputtintegrateﬂ/ (sqrt(b*x~3 + a)*(d*x™3 + c)*(£*xx"3 + e)), x) J

Mupad [F(-1)]

Timed out.
1

Va+bz3 (c+dz3) (e + fx?)

dr = Hanged

inputtint(l/((a + b*xx~3) " (1/2)*(c + d*x"3)*(e + £*x~3)),x) J

output L\text{Hanged} J

Reduce [F]

/ Va+bz3 (c +1dx3) (e + fz?)
_/ N GET:

d
bdf x° + adf x6 + bef 26 + bde 25 + acf 23 + ade x3 + bee 23 + ace °

dz

inputLint(1/(b*XA3+a)A(1/2)/(d*xA3+C)/(f*XA3+e),x) J

output‘ int(sqrt(a + b*x**3)/(axcxe + akxcxfxx**3 + akd*e*xx**3 + axd*f*x**6 + bxcxe \
‘*x**3 + bxckxf*x**k6 + bkxd*e*xx**6 + bkdxf*xx**9) ,x) ‘
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Va+bzt (c+dx4)
Optimal result . . . . . . . . . . e Hl
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 60
Rubi [A] (verified) . . . .. . . . . . . . 611
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 66
Fricas [F(-1)] . . . . . o e 68
Sympy [F] . . o o 63
Maxima [F] . . . . . 69
Giac [F] . . . . o o 69
Mupad [F(-1)] . . . o o 69
Reduce [F] . . . . . o 70
Optimal result
Integrand size = 28, antiderivative size = 718
/\/a+bm4 (c+ dz*)
dz
e+ fxt
Vbe — af(de — t vbe—afz )

_ dzva+bat ¢~ af(de = cf)arctan <\4/—e V/ fvatea
= 3 Aoy

vbe — af(de — cf)arctanh vhe_afw )

~ Jlde—ch) (\/_ Vfvaras
A(—e)3/AfT/A
3/4 _ _ 2 a+bx? %x 1
a®/*(2bde — 3bcf — adf) <\/c_z + Vb ) —(\/E.—l—\/l;z j EllipticF (2 arctan < %> 2)
3V f (be + af)Va + bzt
atbat \[F ff
<\/5\/—e + \/E\/f) (be — af)(de — cf) (ﬁ—l— \/l_)x2> (\/E:bbw > EllipticPi ( 4\f\f\ﬁf , 2
8+/av/be <\/l_7\/— - \/E\/_> f2Va + bx?
S o [ (Vvmervavi)”
(\/l_)\/— — \/E\/f> (be — af)(de — cf) (\/E—I— \/5392) —atbst _ EllipticPi <(4\/6\/E\/?e\f> ,2ar

(varvee)

8¢/avbe (Vby/=¢ +v/av/F ) f2Va+bot



output

input
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1/3*d*x* (b*xx~4+a) ~(1/2) /£-1/4* (—axf+b*e) ~(1/2) * (-cxf+d*e) *arctan ((-a*f+b*xe
)" (1/2)*x/(-e)~(1/4) /£~ (1/4) / (bxx~4+a) ~(1/2)) /(-e)~(3/4) /£~ (T/4) -1/4* (—axf
+b*e) " (1/2) * (~c*xf+d*e) *arctanh ((-a*f+b*e) ~(1/2)*x/(-e)~(1/4) /£~ (1/4) / (b*x~
4+a)~(1/2))/(-e)~(3/4) /£~ (7/4)-1/3*a" (3/4) * (~a*d*f-3*bkcxf+2*b*xd*e) * (a~ (1/
2)+b~ (1/2) *x~2) * ((b*x~4+a) /(a~(1/2)+b~(1/2) *x~2)~2) ~(1/2) *InverseJacobiAM(
2xarctan(b”(1/4)*x/a~(1/4)),1/2%2"(1/2)) /b~ (1/4) /£/ (axf+bxe) / (bxx~4+a) ~(1/
2)-1/8* (b~ (1/2)*(-e) ~(1/2)+a~(1/2) *£~(1/2) ) * (—axf+b*e) * (-c*f+d*e) *(a~ (1/2)
+b~(1/2) *x~2) * ((b*x~4+a) /(a~(1/2)+b~ (1/2)*x~2) ~2) ~(1/2) *E11lipticPi(sin(2*a
rctan(b”~(1/4)*x/a~(1/4))) ,-1/4x (0~ (1/2)*(-e)~(1/2)-a~(1/2)*£~(1/2))"2/a~ (1
/2) /b~ (1/2)/(-e)~(1/2)/£~(1/2) ,1/2%2~(1/2)) /a~(1/4) /b~ (1/4) /e/ (b~ (1/2) *(-e
)7 (1/2)-a~(1/2)*£~(1/2)) /£72/ (bxx~4+a) ~(1/2)-1/8* (b~ (1/2)*(-e) ~(1/2)-a~ (1/
2)*£~(1/2)) % (-axf+bxe) * (-cxf+d*e) *(a~ (1/2)+b~(1/2) *x~2) * ((b*x~4+a) /(a~(1/2
)+b~(1/2)*#x~2)~2)~(1/2) *EllipticPi(sin(2*arctan(b” (1/4)*x/a~(1/4))),1/4*(b
“(1/2)*(-e)~(1/2)+a”~ (1/2)*£~(1/2))"2/a~(1/2) /b~ (1/2) /(-e)~(1/2) /£~ (1/2) ,1/
2x27(1/2))/a~(1/4) /v~ (1/4) /e/ (b~ (1/2)*(-e)~(1/2)+a~(1/2)*£~(1/2)) /£72/ (b*x
~4+a)~(1/2)

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 4 in optimal.

Time = 10.59 (sec) , antiderivative size = 350, normalized size of antiderivative = 0.49

/\/a—l-bgv4 (c+ dz* )dx

e+ fxt

4
((—3bde—i—3bcf—|—2adf)x‘l\/1-|—b“°a4 AppellFl(%,%,l,%,—%,—ﬂé ) 5(—5ae(af(3c+dx4)+bdx4(e+fw ))AppellFl(i % 1,%,—— -
z +

e (e+f:1:4)( 5aeAppellF1<i % 1 %,——

LIntegrate[(Sqrt[a + b*xx"4]*(c + d*x~4))/(e + f*x"4),x]

15fva + bx*



output
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(x*(((-3*bxd*e + 3*bxc*f + 2¥axd*f)*x~4*Sqrt[1 + (b*x~4)/al*AppellF1[5/4,

1/2, 1, 9/4, -((b*x"4)/a), -((f*xx~4)/e)]) /e + (5x(-5*axex(axf*x(3*c + d*x"4
) + bxdxx"4*(e + f*x~4))*AppellF1[1/4, 1/2, 1, 5/4, -((b*x"4)/a), -((£*xx"4
)/e)] + 2+«dxx"4*x(a + b*x"4)*(e + f*x~4)x*(2*axfxAppellF1[5/4, 1/2, 2, 9/4,

-((b*x~4)/a), -((f*x~4)/e)] + bxexAppellF1[5/4, 3/2, 1, 9/4, -((bxx"4)/a),
-((£*x74)/e)1)))/((e + f*x~4)*(-5*axexAppellF1[1/4, 1/2, 1, 5/4, -((b*x"4
)/a), -((£xx~4)/e)] + 2xx~4*(2*a*xf*AppellF1[5/4, 1/2, 2, 9/4, -((b*x~4)/a)
, —((f*x~4)/e)] + bxexAppellF1[5/4, 3/2, 1, 9/4, -((bxx"4)/a), -((£*x~4)/e

)1)))))/(15xf*Sqrt[a + bxx~4])

Rubi [A] (verified)

Time = 2.66 (sec) , antiderivative size = 1017, normalized size of antiderivative = 1.42,

number of steps used = 10, number of rules used = 10, number of rules _ 0.357, Rules
integrand size

used = {1025, 25, 1021, 761, 925, 1541, 27, 761, 2221, 2223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dzx

/ Va + bzt (c+ dz?)

e+ fxt
l 1025

__ (3bde—3bcf—2adf)z*+a(de—3cf)
f Vbzita(frite) dx n dzva + bx4

3f 3f

| 25

f (3bde—3bcf —2adf)z*+a(de—3cf) dx

dzva + bzt Vbzita(fzite)
3f 3f
l 1021
(~2adf—3bcf+3bde) [ L —do  3be=af)(de—cf) [ mairg—da
dzva + bzt e 7 (=t+e)
3f 3f

l 761
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deva + bat
3f
4
(\/54-\/53:2) mEllipﬁcF <2 arctan< \%//_?:> ,;) (—2adf —3bcf+3bde) 3(be—af)(de—cf) [ mdz
2 % %f Va+bz? - b
3f
l 925
dova + bat
3f
J (1 Ja 1)Wd:c I (\/712
4 - ﬁ x a \/Te ,
(\/a+\/5m2) («f::ij?:zy EllipticF <2 arctan < \{//__ai” > ,;) (—2adf —3bcf+3bde) 3(be—af)(de—cf) ». "
23/aVbsvatbot 5
3f
l 1541
dova + bat
3f
Vb (vav=evF+vbe) [ mdm _‘
4 3(be—af)(de—cf) af+be
(\/54-\/1;3:2) (\/;:7\';“;2)2 EllipticF <2 arctan < \%//_—ai”> ,é) (—2adf —3bcf+3bde)
23/aVbsvatbot
3f
l 27
deva + bat
3f
Vo(vav=evF+vbe) [ @dm ;
4 3(be—af)(de—cf) af+tbe
(\/E+\/I;m2) m EllipticF <2 arctan < \%//__ai”> ,é) (—2adf —3bcf+3bde)
23/aVbsvatbot

l 761
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dzva + bxt 3
3f

3(be—af)(de—cf)

4
2 a+bzd it \/_m 1) _ _
(\/E-i-\/l;x ) / (\/E+\/E:v2)2 EllipticF (2 arctan< % ) ,2> (—2adf —3bcf+3bde)

%(ﬁwm) __atbe? (va

’ (\/E+\/Ez2)

2%\

2%%f\/a+bz4
l 9921
dzvbzt +a 3
3f

3(be—af)(de—cf)

Vb(viervav=evs) (vis?+va) Ji(f

2 %(be

4
(3bde—3bef —2adf) (\/5x2+\/5) (f’::%}a)z EllipticF <2 arctan < \4/\/% ) ,;)
2 % % fvbzt+a B
l 9293
dzvbzt +a B
3f

3(be—af)(de—cf)

4
(3bde—3bcf—2adf) (\/Bz2+\/a> / (\f:fij}f EllipticF <2 arctan < \4/\/% ) ,;)

‘\1/56(\/@%) (VBa?+a)

(oo

2/

a(be-k

2 %%f\/bx‘l-l—a
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input‘

Int[(Sqrt[a + bxx~4]*(c + d*x~4))/(e + f*x~4),x]

output

(d*x*Sqrt[a + b*xx"4])/(3*f) - (((3*b*d*e - 3xbkcxf - 2%axd*f)*(Sqrt[a] + S
grt [b] *x~2)*Sqrt [(a + b*x~4)/(Sqrt[a] + Sqrt[b]*x~2)~2]*EllipticF[2*ArcTan
[~ (1/4)*x)/a~(1/4)]1, 1/2]1)/(2*a"(1/4)*b~ (1/4)*fxSqrt[a + b*x~4]) - (3x(b
xe — axf)*(dxe - cxf)*(((b~(1/4)*ex(Sqrt[b] + (Sqrt[al*Sqrt[f])/Sqrt[-el)x*
(Sqrt[al + Sqrt[bl*x~2)*Sqrt[(a + b*x~4)/(Sqrt[a] + Sqrt[bl*x~2)"2]*Ellipt
icF[2*ArcTan[(b~(1/4)*x)/a~(1/4)], 1/2]1)/(2*a~(1/4)*(bxe + axf)*Sqrt[a + b
*x~4]) + ((Sqrt[bl*Sqrt[-e] + Sqrtl[al*Sqrt[f])*Sqrt[f]*(-1/2x((-e)~(3/4)*(
Sart[b]l - (Sqrtl[al*Sqrt[f])/Sqrt[-el)*ArcTanh[(Sqrt[b*e - axf]l*x)/((-e)~ (1
/4)*£~(1/4)*Sqrt[a + b*x~4]1)])/(£~(1/4)*Sqrt[b*e - axf]) + ((Sqrtl[a]l + (Sq
rt[b]l *Sqrt [-e])/Sqrt [£])*(Sqrt[a] + Sqrt[bl*x~2)*Sqrt[(a + b*x"4)/(Sqrt[al
+ Sqrt [b]l*x~2) 2] *EllipticPi[-1/4*(Sqrt [b]*Sqrt[-e] - Sqrt[al*Sqrt[f])~2/
(Sqrt[al*Sqrt [b]*Sqrt [-e]l*Sqrt[£f]1), 2*ArcTan[(b~(1/4)*x)/a~(1/4)1, 1/21)/(
4*a~(1/4)*b~(1/4)*Sqrt[a + b*x~4]1)))/(bxe + a*xf))/(2%e) + ((b~(1/4)*(Sqrt[
bl*e + Sqrtl[al*Sqrt[-el*Sqrt[f])*(Sqrtl[al + Sqrt[bl*x~2)*Sqrt[(a + b*x"4)/
(Sgrt[a] + Sqrt[bl*x~2)~2]*EllipticF[2*ArcTan[(b~(1/4)*x)/a~(1/4)1, 1/21)/
(2%a~(1/4)*(bxe + axf)*Sqrt[a + b*x"4]) - ((Sqrt[bl*Sqrt[-e] - Sqrt[al*Sqr
t [£]1)*Sqrt [£1*(((-e)~(1/4)*(Sqrt [b] *Sqrt [-e] + Sqrt[al*Sqrt[f])*ArcTan[(Sq
rt[bxe - a*fl*x)/((-e)~(1/4)*£~(1/4)*Sqrt[a + bxx~4]1)])/(2*£~(1/4)*Sqrt [b*
e - axf]) + ((Sqrtla] - (Sqrt[bl*Sqrtl[-el)/Sqrt[f])*(Sqrt[a]l + Sqrt[b]*x"2
)*#Sqrt[(a + b*x~4)/(Sqrtl[al + Sqrt[bl*x~2)"2]*EllipticPi[(Sqrt[b]l*Sqrtl[...

-

rule 25 L

Defintions of rubi rules used

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

rule 27

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 761

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol]l :> With[{q = Rt[b/a, 4]}, Simpl[(
1 + q72*xx"2)*(Sqrt[(a + b*xx"4)/(ax(1 + q~2*%x~2)"2)]/(2*q*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]1] /; FreeQ[{a, b}, x] && PosQ[b/al




rule 925

rule 1021

rule 1025

rule 1541

rule 2221
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Int[1/(Sqrtl(a_) + (b_.)*(x_)"4]1*((c_) + (d_.)*(x_)"4)), x_Symbol] :> Simp[
1/(2%c) Int[1/(Sqrt[a + b*x"4]1*(1 - Rt[-d/c, 2]*x"2)), x], x] + Simp[1/(2
*c) Int[1/(Sqrt[a + b*x~4]1*(1 + Rt[-d/c, 21*x~2)), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - ax*xd, O]

Int[(Ce ) + (£_)*(xD)"(@))/(((a) + (b_)*(x_)"(n_))*Sqrt[(c_) + (d_.)*(x
_)~"(n_.)1), x_Symbol] :> Simp[f/b Int[1/Sqrtlc + d*x"n], x], x] + Simp[(b*
e - axf)/b Int[1/((a + b*x"n)*Sqrtlc + d*x"nl), x], x] /; FreeQ[{a, b, c,
d, e, f, n}, x]

N\

~

Int[((a)) + (b_.)*(x_)"(@_)) " (p_.)*((c_) + (d_)*(x_)"(m_))"(q_.)*((e ) + (
f_)*(x_)"(n_)), x_Symbol] :> Simp[f*x*(a + b*x"n) " (p + 1)*((c + d*x"n)~q/(
bx(nx(p + q + 1) + 1))), x] + Simp[1/(b*x(n*(p + q + 1) + 1)) Int[(a + b*x
“n)"px(c + d*x"n)"(q - 1)*Simp[c*(b*e - a*xf + bxexn*(p + q + 1)) + (d*(b*e
- axf) + fxnxq*(b*c - axd) + bxd*e*n*(p + q + 1))*x"n, x], x], x] /; FreeQ[
{a, b, ¢, d, e, £, n, p}, x] && GtQ[g, 0] && NeQ[n*(p + q + 1) + 1, 0]

Int[1/(((d_) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]), x_Symbol] :> With[
{q = Rtlc/a, 2]}, Simp[(c*d + a*exq)/(c*xd"2 - a*e”2) Int[1/Sqrtla + c*x~4
1, x], x] - Simp[(axex(e + d*q))/(cxd™2 - a*e”2) Int[(1 + g*x~2)/((d + ex*
x"2)*Sqrt[a + c*x~4]), x], x]] /; FreeQl[{a, c, d, e}, x] && NeQ[c*d"2 + axe

~2, 0] && NeQ[c*d~2 - a*e”2, 0] && PosQ[c/al

Int[(CA_) + (B_.)*(x_)"2)/(((d.) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]1)
» x_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Ax*e))*(ArcTan[Rt[c*(d/e
) + ax(e/d), 2]*(x/Sqrtla + c*x~4])]/(2*d*e*Rt[cx(d/e) + ax(e/d), 2])), x]
+ Simp[(B*d + A*e)*(1 + q~2*x"2)*(Sqrt[(a + c*x"4)/(a*x(1 + q~2*x"2)"2)]1/ (4
d*exq*Sqrt[a + c*x~4]))*EllipticPi[-(e - d*q~2)~2/(4*d*exq~2), 2*ArcTan[qg*x
1, 1/2], x1] /; FreeQl{a, c, d, e, A, B}, x] && NeQ[c*d~2 - axe~2, 0] && Po
sQlc/al && EqQ[c*A~2 - axB~2, 0] && PosQ[B/A] && PosQ[cx(d/e) + a*x(e/d)]
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rule 2223 Int[(CA_) + (B_.)*(x_)"2)/(((d)) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"41)
, X_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(ArcTanh[Rt[(-c)=*
(d/e) - ax(e/d), 2]*(x/Sqrt[a + c*x~4])]/(2xd*exRt[(-c)*(d/e) - ax(e/d), 2]
)), x] + Simp[(B*d + Axe)*(1 + q~2*x"2)*(Sqrt[(a + c*x"4)/(ax(1 + g~2%x"2)~
2)]/(4xd*e*qg*Sqrt[a + c*x~4]))*EllipticPi[-(e - d*q~2)~2/(4*d*exq~2), 2*Arc
Tan[g*x], 1/2]1, x1] /; FreeQl[{a, c, 4, e, A, B}, x] && NeQ[cxd"2 - axe~2, 0
] && PosQ[c/al && EqQ[c*A™2 - a*B~2, 0] &% PosQ[B/A] && NegQlc*(d/e) + ax(e
/d)]

Maple [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 3.10 (sec) , antiderivative size = 327, normalized size of antiderivative = 0.46




input

CHAPTER 3. LISTING OF INTEGRALS 67

method | result
S(ac fzfadeffbcef+bd 62) > —
7Q:Root0f(f_z4+e)
(2adf+3bcf73bde)\/1f% \/1+% EllipticF (z, / %,i) .
ivVb o odra
isch dzvbzt+a f ZW balta
risc +
3f 3f
(—ac f2+adef+bcef
df+bcf—bde _ d ivb 2 ivb 2 P ivb >
elliptic | &YbziEa | 2 il G ) e A
3 _ _
f %\/bw4+a
_ivba? ivba? g [V _
(Cf_de) b\/l Va \/14-'\/a ElhptlcF(m ﬁ,z> _7Q_R(
fi/ % \/bz4+a
p N 2a\/1—%\/1+% EllipticF‘(z %2)
s 3,/ Voatta
default 7 va +

Lint ((b*xx~4+a) ~(1/2) *(d*x~4+c) / (£*x"4+e) ,x ,method=_RETURNVERBOSE) J




output
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1/3*d*x* (bxx~4+a) ~(1/2) /£+1/3/£* ((2*%a*d*f+3*b*xc*f-3*b*xd*e) /£/(I/a~(1/2)*b"
(1/2))~(1/2)*(1-I/a~ (1/2)*b~ (1/2)*x~2) ~(1/2) *(1+I/a~ (1/2) *b~ (1/2) *x~2) ~(1/
2)/(bxx~4+a)~(1/2) *EllipticF(x*(I/a~(1/2)*b~(1/2))~(1/2) ,I)+3/8*(a*c*xf~2-a
*xd*e*f-bxcxe*f+bxdxe~2) /f~2*sum(1/_alpha~3*(-1/((a*f-bxe)/f)~(1/2)*arctanh
(1/2%(2*_alpha~2*b*xx~2+2*a)/((a*f-b*e) /£)~(1/2) / (b*x~4+a) " (1/2))+2/(I/a~ (1
/2)*b~(1/2))~(1/2)*_alpha~3*f/ex(1-I/a~(1/2)*b~(1/2)*x~2)~(1/2)*(1+I/a~(1/
2)*b~(1/2)*x~2)~(1/2) / (b*x~4+a) ~ (1/2)*EllipticPi (x*(I/a~(1/2)*b~(1/2))~(1/
2) ,I*xa~(1/2)/b~(1/2)*_alpha~2/exf, (-I/a~(1/2)*b~(1/2))~(1/2)/(I/a~(1/2)*b~

(1/2))~(1/2))),_alpha=Root0f (_Z"4*f+e)))

Fricas [F(-1)]

Timed out.
\/ 1
/‘ a+br( c+dx)dw=ﬁﬁmaimm
e+ fxt
inputLintegrate((b*x”4+a)”(1/2)*(d*x*4+c)/(f*x*4+e),X’ algorithm="fricas")

outputt

output

Timed out

Sympy [F]

&/VQ+hﬁc+dw L/Va+Mﬁc+Mﬁdw

e+ fot e+ fxt

p
inputLintegrate((b*x**4+a)**(1/2)*(d*x**4+C)/(f*X**4+e)’X)

-/

LIntegral(sqrt(a + b¥x**4)x(c + dxx**x4)/(e + fxx*x4), x)
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Maxima [F]

dx

/\/a+bx4c+dx da /\/b:c4+adx +¢)

e+ fz frt+e

inputLintegrate((b*x‘4+a)‘(1/2)*(d*x‘4+¢)/(f*x*4+e),x, algorithm="maxima")

Output Lintegrate(sqrt(b*x’\4 + a)*(d*XA4: + C)/(f*XA4 + e), X)

Giac [F]

/\/a+bx4c+dx s /\/bx4+a (dz* +c)d

e+ fz! fzt+e

inputLintegrate((b*x“4+a)‘(1/2)*(d*x“4+c)/(f*x*4+e),x, algorithm="giac")

outputkintegrate(Sqrt(b"‘xﬁ4 + a)*(d*x~4 + c)/(f*x"4 + e), Xx)

Mupad [F(-1)]

Timed out.

dx

/\/a+bz4c—|-dx i /\/bw4+a (dz* +¢)

e+ fzt fzt+e

input Lint(((a + b*x~4)~(1/2)*(c + d*x~4))/(e + f*x~4),x%)

output Lint(((a + b*x~4)~(1/2)*(c + d*x~4))/(e + £*x~4), x)
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Reduce [F]

/\/a+bz4 (c+ dz* )d:c

e+ fat
Vbz! vbzita Vboita FiTa ot
= o i ade - 3(f el $8+af;1+b‘z Z4+a6d(l;> aCf B <f bf ms—}-af:zﬁ—}-bi m4+aed$) ade +2 <f bf 28+afzz4-|(-1b::z4+ae(
= -
input int ((b*x~4+a) ~(1/2) *(d*x"4+c) / (f*x"4+e) ,x) J
output (sqrt(a + bxx**4)*dxx + 3*kint(sqrt(a + b*xk*4)/(ake + axf*xkkd + brekxkxd

+ bxf*x**8) ,x)*axc*f — int(sqrt(a + b*x**4)/(axe + a*f*x*x4 + bkexx*x4 + b
*xf*xx*8) ,x) *a*dxe + 2+int((sqrt(a + bxx*x4)*x**4)/(axe + axf*rx*x*x4 + bre*x*
x4 + b*fxx*x8) ,x)*axd*f + 3*xint((sqrt(a + b*x*k*4)*x*x*4)/(axe + axfxx**x4 +

b*exx**4 + b*fxx*x8) ,x)*bxc*f - 3*xint((sqrt(a + b*x**4)*x*x4)/(a*e + axf*x
**4 + bxexx**4 + bxfxx**8),x)*b*d*e)/(3*f)
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3.5  [—adt gy

Va+bzt (e+fzd)
Optimal result . . . . . . . . . . .. .. . [71]
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 72
Rubi [A] (verified) . . . . . . . . . 73]
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... ... i
Fricas [F(-1)] . . . . o o e 8
Sympy [F] . . . o 78]
Maxima [F] . . . . . . 79
Giac [F] . . . o o 79
Mupad [F(-1)] . . . o 79
Reduce [F] . . . . . o R0

Optimal result

Integrand size = 28, antiderivative size = 670

c+dz* s
Va+ bzt (e + fzt)
de — cf) arctan vbe—afz ) de —c arctanh( vbe—afx )
(de — ofarctan - ) (e T

s—ephfiie—af | a(—e)ifijbe—af
(bc + ad) <\/E + \/5x2> ——atbe®__ FllipticF (2 arctan ( \\//—%) : %)

onii)
" 2/av/b(be + af)Va + bz’

(\/E\/—_e + \/E\/7> (de — cf) (\/E + \/Z_sz) /(\f:j—\b/?z?)z EllipticPi (— <f\/ﬁ:/g£> ,2arctan (

: 8/av/be (Vov/=¢ - vavF) fva+bat
. <\/l_)\/—_e — \/E\/f) (de — cf) (\/E + \/5x2> (\[;"'—\b/“;)z EllipticPi <<f\/ﬁ?§ﬁ> ,2arctan (4\—%

8/avbe (Vov/=e + VavF) fva+ bzt
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output

1/4x* (—c*f+d*e)*arctan((—a*f+b*e) ~(1/2)*x/(-e)~(1/4) /£~ (1/4) / (bxx~4+a)~(1/2
))/(-e)~(3/4) /£~ (3/4)/ (~axf+bxe) ~(1/2)+1/4* (—c*f+d*e) *arctanh ((-a*xf+b*e) ~ (
1/2)*x/(-e)~(1/4) /£~ (1/4) / (b*xx~4+a)~(1/2))/(-e)~(3/4) /£~ (3/4) / (maxf+b*e) ~(
1/2)+1/2*%(a*d+b*c)*(a~ (1/2)+b~(1/2) *x~2) * ((b*x"4+a) /(a~ (1/2)+b~(1/2)*x~2) "
2)~(1/2)*InverseJacobiAM(2*arctan (b~ (1/4)*x/a~(1/4)),1/2*2~(1/2))/a~(1/4)/
b~ (1/4)/ (axf+bxe) / (b*x"4+a) " (1/2)+1/8* (b~ (1/2) *(-e) ~(1/2)+a~ (1/2)*£~(1/2))
* (—cxf+dxe) *(a~(1/2)+b~(1/2) *x~2) * ((b*x~4+a) /(a~(1/2)+b~ (1/2) *x~2) ~2) ~(1/2
)*EllipticPi(sin(2*arctan(b”~(1/4)*x/a~(1/4))),-1/4* (b~ (1/2)*(-e)~(1/2)-a"(
1/2)*£7(1/2))"2/a~(1/2)/b~(1/2)/(-e)~(1/2) /£~ (1/2) ,1/2x2~(1/2)) /a~ (1/4) /b~
(1/4)/e/ (b~ (1/2)*(-e)~(1/2)-a~(1/2)*£~(1/2)) /£/ (b*x"4+a) " (1/2)+1/8* (b~ (1/2
Yxk(—e)~(1/2)-a~ (1/2)*£~(1/2)) * (—cxf+d*e) * (a~ (1/2)+b~(1/2) *x~2) * ((b*x~4+a) /
(2~ (1/2)+b~(1/2)*x~2)~2)~(1/2) *EllipticPi(sin(2*arctan(b” (1/4)*x/a"~ (1/4)))
,1/4%x (b~ (1/2) *(-e)~(1/2)+a~ (1/2)*£~(1/2))"2/a~(1/2) /b~ (1/2)/(-e)~(1/2) /£~ (
1/2),1/2%27(1/2)) /a~(1/4) /b~ (1/4) /e/ (b~ (1/2)*(-e)~(1/2)+a~ (1/2)*£~(1/2)) /f
/ (bxx~4+a)~(1/2)

Vs

input |

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 4 in optimal.

Time = 10.46 (sec) , antiderivative size = 220, normalized size of antiderivative = 0.33

¢+ dzt

\/a—%bx4(e4—fx4)dx

2 11
25ace AppellFl(Z,i

4 1 bat 5119 _bat _E) _
i (dx 1 + “ AppellFl <4’ 2’ 1, 4 a’ € (€+f$4) <_5aeAppeuF1(%7%717%7_M7

a

—12%) 224 (2 AppellF"

5ev/a + bxt

Integrate[(c + d*x~4)/(Sqrtla + b*x~4]*(e + f*x~4)),x]

output

(x*(d*x~4*Sqrt[1 + (b*x"4)/al*AppellF1[5/4, 1/2, 1, 9/4, -((b*x~4)/a), -((
f*xx~4)/e)] - (25xaxc*e”2xAppellF1[1/4, 1/2, 1, 5/4, -((b*x"4)/a), -((f*x"4
)/e)]1)/((e + f*x~4)*(-5*xaxe*xAppellF1[1/4, 1/2, 1, 5/4, -((bxx~4)/a), -((£f*
x"4)/e)] + 2*x"4x(2+axf*AppellF1[5/4, 1/2, 2, 9/4, -((b*x~4)/a), -((£*x~4)
/e)] + bxexAppellF1[5/4, 3/2, 1, 9/4, -((b*xx"4)/a), -((£*x"4)/e)]1))))) /(5%
exSqrt[a + bxx~4])
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Rubi [A] (verified)

Time = 2.11 (sec) , antiderivative size = 966, normalized size of antiderivative = 1.44,

number of rules _ 0.286, Rules
integrand size

number of steps used = 8, number of rules used = 8,
used = {1021, 761, 925, 1541, 27, 761, 2221, 2223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
¢+ dzt .
Va + bzt (e + frt)
l 1021
df Fh—do (de—cf) [ mrtrda
Ve ta _ Vozita(fzite)
f f
l 761
4
d(+/a+ Vbz?) [—atbz'  FllipticF <2 arctan < \/_w) ,1>
(Vs vist) (Varvia?)’ Va)?2) _(e—ef) | Frmagamsg®
2v/avbfva + bx* f
l 925
4
d(\/aJr \/l_)I2) w&;‘;)z EllipticF (2 arctan ({ff) ,%)
2/avVbfva + bz’ -
(de — cf) v +
f
l 1541
4
d<\/a n \/BIQ) (\/{;:b/?ﬂy EllipticF (2 arctan ( \4/\/%> , %)
2¢/aVbfva + ba? -
a —e—+a ' Vea?+y/a & “ \
ﬁ(ﬁﬁﬁ-rﬁ@f@m_fﬁ(ﬁr vaa) i ﬁ(l—fff’f)\/md ﬁe(%Jrﬁ)f bxl4+adw i
(de - cf) o - ozt i arite

| 27
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74
4
d( a+ \/53:2) __atbe! _ EllipticF (2 arctan < \/I_”) 1)
ve (Varveer) " Ya )2
2¢/aVbfva + ba?
Vi(Viv=e—vavF) [ oeliva g, VF(VavF+y
Vb(vay=evF+vie) [ e ( ) (1_%>\/m \/Ee<\/\/a_iZ+\/E) s \/bm14+adac+ ( "
aftbe af+be af+be
(de - Cf) + % + + +

2e

-

l 761
d < Ja+ \/l_xv2) m EllipticF (2 arctan ( %) ,

2¢avbfva + br?
Yb(vsrvet) [,

4
W (\/a\/je\/JT-F\/l;e) EllipticF (2 arctan (#) ,%) \/f(\/g\/j—\/a\/?) f (\/5302-}—\/5
Va+vbz

4 af+be
(de — cf) 2Y/avesmlior o) 7 +
f
l 9921
4
d ba?) [t EilinticR 2arctan | Yoz ) 1
<\/c_l+ \/_I ) <\/a+\/5z2>2 iptic arctan % )3
2¢avbfva + ba?

\/?(\/E\/?‘F\/E\/TG) I (ﬁﬁiij% dz %e(\/ﬁ+\/5z2) (\/;:’j“;i2>2 (%7+\/5) EllipticF <2 arctan(
V=< N
af+be
(de — cf)

N
56
SN———

[\31»—!
SN———

o™

2 4\/&\/ a+bx4(af+be)

2e

l 9993
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d (\/5:62 + ﬁ) —betta _ RllipticF ( 2arctan Vbs ) 1
<\/l;x2+\/a>2 P % ’2

2¢/aVbfVbzt +a
Qﬂ+1%%E>GEH+V@J?
(Vov=e+vavi)vFi
4 g 4
\/56(\/5-#%) (\/512 +\/E) % EllipticF <2 arctan( \4\//_%) ,% N
2 4\/a(be+af)\/ b:z:1+a
(de — cf) 2e

inpu’c‘Im-'[(C + d*x~4)/(Sqrt[a + b*x"4]*(e + f*x~4)),x]

(d*(Sqrt[a] + Sqrt[b]l*x~2)*Sqrt[(a + b*x~4)/(Sqrt[a] + Sqrt[b]*x"2) 2]*Ell
ipticF[2*ArcTan[(b~(1/4)*x)/a~(1/4)]1, 1/2])/(2*a~(1/4)*b~(1/4)*f*Sqrt[a +

bxx~4]) - ((d*e - c*f)*(((b~(1/4)*ex(Sqrt[b] + (Sqrt([al*Sqrt[f])/Sqrt[-el)
*(Sqrt[a]l + Sqrt[bl*x~2)*Sqrtl[(a + b*x~4)/(Sqrt[a] + Sqrt[b]l*x~2)"2]*Ellip
ticF[2*ArcTan[(b~(1/4)*x)/a~(1/4)]1, 1/2]1)/(2xa”~(1/4)*(b*e + axf)*Sqrtl[a +

bxx~4]) + ((Sqrt[bl*Sqrt[-e] + Sqrtl[al*Sqrt[f])*Sqrt[£f1*(-1/2*((-e)~(3/4)*
(Sqrt[b] - (Sqrt[al*Sqrt[f])/Sqrt[-e])*ArcTanh[(Sqrt[bxe - axf]*x)/((-e)"(
1/4)*£~(1/4)*Sqrt[a + b*x~4])]1)/(£7(1/4)*Sqrt[bxe - a*f]) + ((Sqrtl[a] + (S
qrt [bl *Sqrt[-e]) /Sqrt [f])*(Sqrt[a] + Sqrt[bl*x~2)*Sqrt[(a + b*x~4)/(Sqrt[a
] + Sqrt[bl*x"2)~"2]*EllipticPi[-1/4*(Sqrt[b]l*Sqrt[-e] - Sqrtl[a]l*Sqrt[f])~2
/(Sqrt[al *Sqrt [b] *Sqrt [-e]l*Sqrt [f]), 2*ArcTan[(b~(1/4)*x)/a~(1/4)]1, 1/21)/
(4*%a”(1/4)*b~(1/4)*Sqrt[a + b*x"4])))/(b*xe + a*xf))/(2xe) + ((b~(1/4)*(Sqrt
[bl*e + Sqrt[al*Sqrt[-el*Sqrt[f])*(Sqrt[al + Sqrt[bl*x~2)*Sqrt[(a + b*x"4)
/(Sqrt[a] + Sqrt[b]*x~2)~2]*EllipticF[2*ArcTan[(b~(1/4)*x)/a~(1/4)]1, 1/2])
/(2%a~(1/4)*(bxe + axf)*Sqrt[a + b*x~4]) - ((Sqrt[bl*Sqrt[-e] - Sqrt[al*Sq
rt[£]1)*Sqrt [£1*(((-e)~(1/4)*(Sqrt [b]*Sqrt[-e] + Sqrt[al*Sqrt[f])*ArcTan[(S
qrt[b*xe - a*xf]l*x)/((-e)~(1/4)*£~(1/4)*Sqrt[a + bxx~4])]1)/(2*x£~(1/4)*Sqrt [b
xe - a*f]) + ((Sqrtla] - (Sqrt[bl*Sqrt[-el)/Sqrt[f])*(Sqrtlal + Sqrt[b]*x~
2)*Sqrt[(a + b*x~4)/(Sqrtl[al + Sqrt[b]l*x~2)~2]*EllipticPi[(Sqrt[b]*Sqrt[-e
] + Sqrtl[al=*Sqrt[f])~2/(4*Sqrt[a]l*Sqrt[b]l*Sqrt[-e]l*Sqrt[f]), 2*ArcTan[(...

output




rule 27

rule 761

rule 925

rule 1021

rule 1541

rule 2221
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

/Int[l/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(
1 + q"2*xx"2)*(Sqrt[(a + b*xx"4)/(ax(1 + q~2*%x"2)"2)]1/(2*q*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"41*((c_) + (d_.)*(x_)"4)), x_Symbol] :> Simp[
1/(2%c) Int[1/(Sqrt[a + b*x~4]*(1 - Rt[-d/c, 2]*x72)), x], x] + Simp[1/(2
*c) Int[1/(Sqrtla + b*x~4]1*(1 + Rt[-d/c, 21*x~2)), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, O]

Int[(Ce ) + (£_.)*(x_)" (@ ))/(((al) + (b_)*(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
_)~(n_.)]), x_Symbol] :> Simp[f/b Int[1/Sqrtlc + d*x"n], x], x] + Simp[(b*
e - axf)/b Int[1/((a + b*x"n)*Sqrt[c + d*x"nl), x], x] /; FreeQ[{a, b, c,
d, e, £, n}, x]

Int[1/(((d_) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]), x_Symbol] :> With[
{q = Rtlc/a, 2]}, Simp[(c*d + a*exq)/(c*xd"2 - a*e”2) Int[1/Sqrtla + c*x~4
1, x], x] - Simp[(axex(e + d*q))/(c*d”2 - a*e”2) Int[(1 + gq*x~2)/((d + e*
x"2)*Sqrt[a + c*x~4]), x], x]]1 /; FreeQl[{a, c, d, e}, x] && NeQ[c*d"2 + axe
~2, 0] && NeQ[c*d~2 - a*e~2, 0] && PosQ[c/al

Int [((AD) + (B_.)*(x_)"2)/(((d.) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4])
,» x_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Ax*e))*(ArcTan[Rt[c*(d/e
) + ax(e/d), 2]*(x/Sqrtla + c*x~4]1)]1/(2*d*exRt[cx(d/e) + ax(e/d), 2])), xI]
+ Simp[(Bxd + A*e)*(1 + q~2*x"2)*(Sqrtl[(a + c*x~4)/(ax(1 + q~2%x~2)"2)]/ (4%
d*exq*Sqrt[a + c*x~4]))*EllipticPi[-(e - d*q~2)~2/(4*d*exq~2), 2*ArcTan[qg*x
1, 1/21, x1] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*xd~2 - axe”2, 0] && Po
sQlc/al && EqQLcxA~2 - axB~2, 0] && PosQ[B/A] && PosQ[cx(d/e) + ax(e/d)]




rule 2223

input
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Int[((A_) + (B_.)*(x_)"2)/(((d.) + (e_.)*x(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"41)
, X_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(ArcTanh[Rt[(-c)=*
(d/e) - ax(e/d), 2]*(x/Sqrt[a + c*x~4])]/(2xd*exRt[(-c)*(d/e) - ax(e/d), 2]
)), x] + Simp[(B*d + Axe)*(1 + q~2*x"2)*(Sqrt[(a + c*x"4)/(ax(1 + g~2%x"2)~
2)]/(4xd*e*qg*Sqrt[a + c*x~4]))*EllipticPi[-(e - d*q~2)~2/(4*d*exq~2), 2*Arc
Tan[g*x], 1/2]1, x1] /; FreeQl[{a, c, 4, e, A, B}, x] && NeQ[cxd"2 - axe~2, 0
] && PosQ[c/al && EqQ[c*A™2 - a*B~2, 0] &% PosQ[B/A] && NegQlc*(d/e) + ax(e
/d)]

Maple [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 1.13 (sec) , antiderivative size = 273, normalized size of antiderivative = 0.41

method | result

a2+2a

2
arctanh _2ba”_o”+2a
2 %_ﬁ*/bm‘l-ﬁ-a

__a=RootOf (_f7Z4+e)

\/af—be
(cf—de) ) !

d \/ 1_% \/ 1+% EllipticF (z\/% 2)
default - +
£/ 22 VbaTta

(—cf+de)| —

2b 2
arctanh| —————
2 i% V bz4+a

Ne=s

S

/b 22 N b >
Tinti d\/l_“/\%'i \/1+ Z\/jg EllipticF (m ZW”’) 7a=RDDtOf(f_Z4+e)
elliptic _

£/ 22 Vbatta

-

Lint ((d*x~4+c) / (bxx~4+a) ~(1/2) / (f*x~4+e) ,x,method=_RETURNVERBOSE)

-/

a2 +2a



output

input

output

input

output
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d/f/(I/a~(1/2)*b~(1/2))~(1/2)*(1-I/a~(1/2)*b~(1/2)*x~2) " (1/2)*(1+I/a"~ (1/2)
*b~(1/2)*x~2) ~(1/2) / (b*x~4+a) ~(1/2)*E1llipticF (x*(I/a~(1/2)*b~(1/2))"(1/2),
I)+1/8%(c*f-d*e) /£~ 2*sum(1/_alpha~3*(-1/((a*f-b*e)/f)~(1/2)*arctanh(1/2*(2
*_alpha”2*b*x~2+2%a) / ((axf-bxe) /£)~(1/2) / (b*x"4+a) ~(1/2))+2/(I1/a~(1/2) *b~(
1/2))~(1/2)*_alpha~3*f/ex(1-I/a~(1/2)*b~(1/2)*x~2)~(1/2)*(1+I/a~(1/2)*b~ (1
/2)*x~2)~(1/2)/ (bxx~4+a)~ (1/2) *E1lipticPi (x*(I/a~(1/2)*b~(1/2))~(1/2) ,I*a"
(1/2) /b~ (1/2)*_alpha~2/exf, (-I/a~(1/2)*b~(1/2))~(1/2)/(I/a~(1/2)*b~(1/2))~
(1/2))),_alpha=Root0f (_Z~4*f+e))

Fricas [F(-1)]
Timed out.

¢+ dzt
Va+ bzt (e+ fz?)

dz = Timed out

e

Lintegrate((d*x‘4+c)/(b*x‘4+a)‘(1/2)/(f*x“4+e),x, algorithm="fricas")

~—

LTimed out

Sympy [F]

c+ dx* ¢+ dzt

Va+ bzt (e + fz?) do = Va + bzt (e + fx?) de

Lintegrate((d*x**4+c)/(b*x**4+a)**(1/2)/(f*X**4+e),X)

‘Integral((c + d*x**4)/(sqrt(a + b*x**x4)*(e + fxx**4)), x)
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Maxima [F]

¢+ dz* dz* +c

Vartiet fo) ") Vi ratai o

inputLintegrate((d*x“4+c)/(b*x‘4+a)*(1/2)/(f*x*4+e),x’ algorithm="maxima"

output tintegrate((d*x’\4 + C)/(Sqrt (b*XA4 + a)*(f*x"4 + e)), X)

Giac [F]

et do’ dz = do’ +c dz
Va+ bzt (e+ fa?) Vbt + a(fz +€)

inputtintegrate((d*x‘4+c)/(b*x‘4+a)‘(1/2)/(f*x*4+e),X, algorithm="giac")

output Lintegrate ((d*x~4 + c)/(sqrt(b*xx~4 + a)*(f*x~4 + e)), x)

Mupad [F(-1)]

Timed out.
¢+ dz* o — dzt + ¢
Va+ bzt (e + fz!) Vbzt+a (fzt+e)

dz

inputtinﬂ(c + d*x~4)/((a + b*x"4)~(1/2)*(e + £*x"4)),x)

outputLint((C + d*x~4)/((a + bxx~4)~(1/2)*(e + £*x~4)), x)
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Reduce [F]
¢+ da’ dz = / vbat +a dr | c
Va+bat(e+ fat) bf 8 + af % + be z* + ae
Vozt+azt
+ dz | d
bf 8+ af z* + bez* + ae
input Lint ((d*x~4+c)/ (bxx~4+a)~ (1/2) / (f*x~4+e) ,x) J
Output‘int(sqrt(a + bkxx*4)/(akxe + axf*x*k*d + bxexx*x4d + bkf*x**8),x)*c + int((sq

‘rt(a + bax*kx4)xx*x*k4)/(a*e + axf*x*k*x4d + brexx* x4 + bkfrx**8),x)*d
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ot it
3.6 [— _dg

b d
G
Optimal result . . . . . . . . . . . . . [T
Mathematica [A] (verified) . . . . . . . .. ... L Lo 1]
Rubi [A] (verified) . . . . . . ... .. 82
Maple [B] (verified) . . . . . . . . ... R
Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .... 851
Sympy [F] . . . o 361
Maxima [F] . . . . . . R0
Giac [B] (verification not implemented) . . . . . . . . ... .. ... ... . ... 87
Mupad [F(-1)] . . . o 87
Reduce [B] (verification not implemented) . . . . . ... ... ... .. ..... 88

Optimal result

Integrand size = 28, antiderivative size = 80

e /a+z%x (de—cf)arctanh( V\;CL>

+

/ /a—+- C+z2 ac c3/24/bc — ad

‘e*(a+b/x“2)‘(1/2)*x/a/c+(—c*f+d*e)*arctanh((—a*d+b*c)“(1/2)/c“(1/2)/(a+b/x

output
} ~2)7(1/2)/x)/c~(3/2) / (—axd+bxc) ~(1/2)

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.42

/\/a+ c+w2

Ve —=be + ade(b + az?) — a(de — cf)v/b + ax? arctan (%)
ac’/2y/—bc + ady/a + z%ﬁ
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input‘ Integrate[(e + £/x72)/(Sqrt[a + b/x"2]*(c + d/x72)),x] ‘

output‘ (Sqrt [c]*Sqrt [-(b*c) + axd]*ex(b + a*x~2) - a*(d*e - c*f)*Sqrt[b + axx~2]* ‘
‘ArcTan[(Sqrt [c]*Sqrt[b + a*x~2])/Sqrt[-(b*c) + a*d]])/(a*c™(3/2)*Sqrt[-(b* ‘
Lc) + axd]*Sqrt[a + b/x"2]*x) J

Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.35,

—8, number of rules _ 986, Rules

number of steps used = 9, number of rules used =
integrand size

used = {1021, 746, 899, 382, 25, 27, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[t

l'1021
_ 1
(de cf)f\/7< %)dx-i_ff@dx
d
l 746
D )™ e
+ ad
l 899
z2 1
N N e
ad B d
l 382

f_ ad d%
(de_cf)( () F)
fCL' /a+x% ac ac

ad d

| 25
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ad d
l 201
df _bi—add L b
(de —cf) | - i ot e “\/Zjﬁ
foyfat

ad d

l 221

darctanh ( _vbe—ad )
T

\/511/a+;b§ a-{—z%
(de - cf) - 03/2\/bc—ad - ac

fxm

ad d

-

input LInt[(e + £/x°2)/(Sqrtla + b/x"2]*(c + d/x"2)),x]

. ]

t‘ (fxSqrt[a + b/x"2]*x)/(a*d) - ((d*e - c*xf)*(-((Sqrtl[a + b/x"2]*x)/(a*c)) -
| (a*ArcTanh[Sqrt[bxc - a*d]/(Sqrtlcl*Sqrtla + b/x"21*x)1)/(c™(3/2)*Sqrt [b*
¢ - axd])))/d

outpu

Defintions of rubi rules used

e

rukaz5l1nt[‘(FX->, x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

—

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma ‘
Ltcha[Fx, (b_)*(Gx_) /; FreeQlb, x11 J




CHAPTER 3. LISTING OF INTEGRALS 84

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rtl[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 221

Int[1/(Sqrtl(a_) + (b_.)*(x_)"21*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtl[a + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, 0]

rule 291

Int[((e_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_)
, x_Symbol] :> Simp[(e*x)~(m + 1)*(a + b*x"2)"(p + 1)*((c + d*x"2)"(q + 1)/
(a*xc*ex(m + 1))), x] - Simp[1/(a*cxe™2*%(m + 1)) Int[(e*x) " (m + 2)*(a + b*
x72)"p*(c + d*x~2) q*Simp[(b*c + a*d)*(m + 3) + 2x(b*c*p + a*xd*q) + bxd*x(m
+ 2xp + 2xq + 5)*x72, x], x], x] /; FreeQ[{a, b, c, d, e, p, 9}, x] && NeQ[
b*c - axd, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, d, e, m, 2, p, q, x]

rule 382

/Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x™n) " (p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[i/n + p + 1, 0]

rule 746

Int[((a_) + (b_)*(x_ )" (@ )" (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.), x_Symbol
1 :> -Subst[Int[(a + b/x"n) px((c + d/x"n)"q/x"2), x], x, 1/x] /; FreeQ[{a,
b, ¢, d, p, q}, x] && NeQ[b*c - axd, 0] && ILtQ[n, O]

rule 899

Int[((e ) + (£_)*(x_)"(n_))/(((a_) + (b_.)*(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
_)~(n_.)]), x_Symbol] :> Simp[f/b Int[1/Sqrtlc + d*x"n], x], x] + Simp[(b*
e - axf)/b Int[1/((a + b*x"n)*Sqrtlc + d*x"nl), x], x] /; FreeQ[{a, b, c,
d, e, £, n}, x]

rule 1021

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 315 vs. 2(68) = 136.

Time = 0.18 (sec) , antiderivative size = 316, normalized size of antiderivative = 3.95
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method | result
e 2(\/az2+b\/—@ c+\/—70dam+cb) 2(\/am2+b\/—@ c+\/—7¢:dam+cb)\
2 2 _ad—cb__ _ _
Vaz2+b | 2evaz?+bcy/ - In etV —cd acf+In ey
default ,
2\/a22+b zacQ\/_ad;cb
2av/—cd (z— Y =cd 9 2av—cd (z—¥Y=cd
_ 2(adc—cb) " (C c ) T2v/— ad—cb (z_ \/ch) at (c c ) _ad—cb
In z_ 7—cd 1Ir
c
(cf—de) - 20\/— ad—cb -
. az?+b
risch el 7 b) + -
ax ax |
ca\/ e C\/T

{int ((e+f/x~2)/(a+b/x"2)~(1/2)/ (c+d/x"2) ,x ,method=_RETURNVERBOSE)

e—

input

1/2% (a*xx”2+b) " (1/2) * (2*ex (a*x~2+b) ~ (1/2) *c* (- (a*d-b*c) /c) ~(1/2)-1n(-2* ((a*
x"2+b) ~(1/2) * (- (a*xd-b*c) /c) " (1/2) *c+(-c*d) ~ (1/2) *a*xx+c*b) / (-c*x+(-c*d) ~(1/
2)))*xaxc*xf+1n(-2* ((a*x~2+b) " (1/2) * (- (a*d-b*c) /c) ~(1/2) *c+(-c*d) ~ (1/2) *a*x+
c*b) / (-cxx+(-c*d) ~(1/2))) *a*d*e-1n(2* ((a*x"2+b) ~(1/2) * (- (a*d-bxc) /c)~(1/2)
xc—(-cxd) ~(1/2) *a*xx+c*b) / (ckx+(-c*d) ~(1/2))) *a*xc*f+1n (2% ((a*x~2+b) ~(1/2) *(
-(axd-b*c)/c) ~(1/2) *c-(-c*d) ~(1/2) *a*x+c*b) / (c*x+(-c*d) ~(1/2)) ) *a*d*e) / ((a
*x"2+b) /x72) " (1/2) /x/a/c"2/ (- (axd-b*xc)/c) ~(1/2)

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 154 vs. 2(68) = 136.

Time = 0.26 (sec) , antiderivative size = 349, normalized size of antiderivative = 4.36

ity

4 (be® — acd)exy/ b — /b2 — acd(ade — acf) log (
4 (abc® — a%c?d)

a?c2z4+8b%c2—8 abed+a?d?+2 (4 abc®—3a cd)a: —4 (a,cm3+(2
c2x442 cdx?+-d?
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input‘integrate((e+f/x“2)/(a+b/x*2)*(1/2)/(c+d/x~2),X’ algorithm="fricas")

[1/4% (4% (b*c™2 - a*cxd)*e*x*sqrt((a*x™2 + b)/x"2) - sqrt(b*c™2 - a*cxd)*(a
*dxe - axcxf)*log((a~2xc™2*x"4 + 8%b~2%c~2 - 8%axb*c*d + a”2%d"2 + 2*(4*ax
b*c”™2 - 3%a”2*kcxd)*x"2 - 4x(akc*x"3 + (2%b*c - a*d)*x)*sqrt(b*c”2 - axc*d)
*sqrt ((a*xx™2 + b)/x72))/(c™2*%x"4 + 2*c*kd*x"2 + d~2)))/(a*b*c™3 - a~2*c~2*d
), 1/2%(2%(b*c™2 - a*cxd)*e*x*xsqrt((a*xx™2 + b)/x"2) + sqrt(-b*c”™2 + axc*d)
*(axdxe - axcxf)*arctan(-1/2*(a*c*x~3 + (2¥b*c - axd)*x)*sqrt(-b*c”™2 + axc
*d) *sqrt ((a*x™2 + b)/x72)/(b"2%c~2 - a*bxc*d + (axb*c™2 - a~2%c*d)*x~2)))/
(axb*c™3 - a~2*c"2xd)]

output

Sympy [F]
Vat+ S (c+ % L (cz? + d)
inputLintegrate((e+f/x**2)/(a+b/x**2)**(1/2)/(C+d/x**2)’X)
outputtlntegral((e*x**2 + £)/(sqrt(a + b/x**2)*(ckx**2 + d)), x)
Maxima [F]
x
/ dx—/ et dz
Frre s s

jnputLintegrate((e+f/xﬁ2)/(a+b/xﬁ2)”(1/2)/(C+d/X“2),x, algorithm="maxima")

output[integrate((e + £/x72)/(sqrt(a + b/x"2)*(c + d/x"2)), x)

~—
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 166 vs. 2(68) = 136.

Time = 0.16 (sec) , antiderivative size = 166, normalized size of antiderivative = 2.08

/\/a+ c+z2

(de — cf) arctan (@)

_ V-bT¥acd
v/—bc? + acdesgn (z)
N (adearctan (%) — acf arctan (m) \/m\/_e>sgn( )
V=bc? + acdac
| Vaa®+be
acsgn ()

input‘integrate((e+f/x’"2)/(a+b/x"2)"(1/2)/(c+d/x"2),x, algorithm="giac")

‘—(d*e - c*f)*arctan(sqrt(a*xx”2 + b)*c/sqrt(-b*c~2 + a*c*d))/(sqrt(-b*c~2 +
‘ axcxd)*cxsgn(x)) + (axd*exarctan(sqrt(b)*c/sqrt(-b*xc™2 + axc*d)) - axc*fx
‘arctan(sqrt(b)*c/sqrt(—b*c‘2 + axcxd)) - sqrt(-b*c”2 + axc*d)x*sqrt(b)*e)x*s
‘gn(x)/(sqrt(—b*c’? + axc*d)*a*c) + sqrt(a*x~2 + b)*e/(a*c*sgn(x)) ‘

output

Mupad [F(-1)]

Timed out.
e+ L
Vet C+wz Vet (c+ %)
inputtint((e + £/x72)/((a + b/x"2)"(1/2)*(c + d/x"2)),x) J

output Lint((e + £/x72)/((a + b/x72)7(1/2)*(c + d/x72)), x) J
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Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 203, normalized size of antiderivative = 2.54

/\/TH

_ Vvavaz2+bcztacz?+be _ — Vavaz2+bcrtacz?+be
_ Vvevad —be atan(ﬁ\/ad_bcx/w%bh/aﬁ\/ad_bcz) acf —+/cvad — be atan(x/E\/ad—bc\/am2+b+\/a\/a\/ad_b
ac? (ad — be)
input Lint((e+f/xﬁ2)/(a+b/xﬁ2) A(:I./2)/(C+d_/}(“2) ,x) J

(sqrt(c)*sqrt(axd - b*c)*atan((sqrt(a)*sqrt(a*xx**2 + b)*cxx + a*c*x**2 + b
*xc) /(sqrt(c)*sqrt(axd - b*c)*sqrt(a*x**2 + b) + sqrt(c)*sqrt(a)*sqrt(axd -
bkc)*x))*axcxf - sqrt(c)*sqrt(axd - b*c)*atan((sqrt(a)*sqrt(axx**2 + b)*c
*x + axcxx**2 + bxc)/(sqrt(c)*sqrt(a*d - bxc)*sqrt(axx**2 + b) + sqrt(c)*s
grt(a)*sqrt(a*d - bxc)*x))*akxd*e + sqrt(axx**2 + b)*akxckd*e - sqrt(axx*x2

+ b) *bkc**2%e) / (axc**2x(axd — b*c))

output
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3.7 [ (a + bz (c+ dz™? (e + fz")? da

Optimal result . . . . . . . . . . . . e 9]
Mathematica [A] (warning: unable to verify) . . . . . . .. ... ... ... ... )
RUDL [F] .« © o o oot e e e g0
Maple [F] . . . . OT]
Fricas [F] . . . . . . o OT]
Sympy [F(-2)] . . . o o 92
Maxima [F] . . . . . . 92
Giac [F(-2)] . . .« o oo 92
Mupad [F(-1)] . . . o o 93
Reduce [F] . . . . . 93

Optimal result

Integrand size = 28, antiderivative size = 279

/ (a+ bz™) (c + dz™)? (e + fz")? dx

_ 2efz™™(a+ ba™)? (1+ %)_p (c+dz™) (1+ %)_q AppellF1 (1421, —p,—¢,2+ 1 —b2" _dz%)

1+n
N £t (a+bz")P (14 22) 7P (c+ dz™)? (1+ <) " AppellF1 (2+ 1, —p,—g,3 + 1, 2= _dr")
1+ 2n

b n\ —P d n\ —9 1 1
+ e*x(a + bz™)? (1 + i) (c+ dz™)? (1 + L) AppellF1 (—, -p,—q, 1+ —,
a c n n

_ba®  dz”

a c

2xe*f*x~ (1+n) * (a+b*x"n) “p* (c+d*x"n) “q*AppellF1(1+1/n,-p,-q,2+1/n,-b*x"n/a,
-d*x"n/c)/(1+n) / ((1+b*x"n/a) “p)/ ((1+d*x"n/c) ~q)+£~2*x~ (1+2*n) * (a+b*x"n) “p*
(c+d*x"n) “q*AppellF1(2+1/n,-p,-q,3+1/n,-b*x"n/a,-d*x"n/c) / (1+2*n) / ((1+b*x~
n/a)~p)/((1+d*x"n/c) ~q)+e~2*x* (a+b*x"n) “p* (c+d*x"n) “q*AppellF1(1/n,-p,-q,1
+1/n,-b*x"n/a,-d*x"n/c)/((1+b*x"n/a) “p)/((1+d*x"n/c) ~q)

output
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Mathematica [A] (warning: unable to verify)

Time = 0.81 (sec) , antiderivative size = 349, normalized size of antiderivative = 1.25

/ (a + bz™) (c+ dz™)? (e + fz")? dz = z(a + bz™) (c

tda)? <2efz"(1 + 8 7P (14 9") 7 AppellF1 (14 1, —p, —¢q,2 + L, %" _de")
14+n

N f2z2"(1 + %)_p (1 + d%")_q AppellF1 (2 + %, —p,—q,3+ %, —%, _me")
1+2n
2 1 1 ba
n ace®(1+ n) AppellF1 (X, —p, —¢,1 + =, %
benpe™ AppellF1 (1+ 1,1 —p, —q,2+ 1, =%, —%%) + adngz" AppellF1 (1 + 1, —p,1 - ¢,2+ 1,

a C

input Integrate[(a + b*x™n) “p*(c + d*x"n) gq*(e + f*x"n)"2,x]

xx(a + b*x"n) "p*(c + d*x"n) “q*((2*exf*x"n*AppellF1[1 + n~(-1), -p, -q, 2 +

n~(-1), -((b*x"n)/a), -((d*x"n)/c)]1)/((1 + n)*(1 + (b*x"n)/a) p*(1 + (d*x
“n)/c)”q) + (£72*x~(2*n)*AppellF1[2 + n~(-1), -p, -q, 3 + n~(-1), -((b*x"n
)/a), -((d*x"n)/c)1)/((1 + 2*xn)*(1 + (b*x"n)/a) p*x(1 + (d*x"n)/c)”q) + (ax*
cxe"2%(1 + n)*AppellF1[n~(-1), -p, -q, 1 + n~(-1), -((b*x"n)/a), -((d*x"n)
/c)]1)/ (b*cxn*p*x~n*AppellF1[1 + n~(-1), 1 - p, -q, 2 + n~(-1), -((b*x"n)/a
), —((d*x"n)/c)] + axd*n*q*x"n*AppellF1[1 + n~(-1), -p, 1 - q, 2 + n~(-1),
-((b*x"n)/a), -((d*x"n)/c)] + axcx(1 + n)*AppellFi[n~(-1), -p, -q, 1 + n~
(-1), -((bxx"n)/a), -((d*x"n)/c)1))

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (e+ fz™)2 (a + bz™)P (c + dz™)? da
| 1032

/ (e + fa™? (a + ba™ (c + dz")? da
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input LInt [(a + b*x"n) “p*(c + d*x"n) g*(e + f*x"n)~2,x] J

outputL$Aborted J

Defintions of rubi rules used

rule 1032‘Int[((a_) + (b_)*(x)"(m )" (p_)*((c ) + (d_D)*(x_)"(m_))"(q_.)*((e) + ( ‘
‘f_.)*(x_)‘(n_))‘(r_.), x_Symbol] :> Unintegrable[(a + b*x"n) “px(c + d*x"n)~ ‘
‘q*(e + f*x"n)"r, x] /; FreeQ[{a, b, ¢, d, e, f, n, p, q, T}, x] ‘

Maple [F]
/ (a+bz™) (c+dz™)(e+ fz")’dz
— tint((a+b*x’“n) ~p* (c+d*x"n) “gx (e+f*x°n) "2,x) J
output Lint((a+b*x“n) “px (c+d*x"n) "q* (e+f*x"n) "2,x) J
Fricas [F|
/ (a+ba™ (c + dz™)? (e + fa™)? do = / (fz" + €)(ba” + a)(da” + ¢)" dx
input Lintegrate ((a+b*x"n) “px (c+d*x~n) “g* (e+f*x°n)"~2,x, algorithm="fricas") J

output Lintegral((f?*xﬁu*n) + 2xexf*x"n + e”2)*(b*x™n + a)“px(d*x"n + c)7q, x) J
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Sympy [F(-2)]

Exception generated.

/ (a + bz™)? (c + dz™)? (e + fz™)* dx = Exception raised: HeuristicGCDFailed

p

inputtintegrate((a+b*x**n)**p*(c+d*x**n)**q*(e+f*x**n)**2’x)

h J

output LExceptlon raised: HeuristicGCDFailed >> no luck

Maxima [F]

/ (a+ba™ (c + dz™)? (e + fa™)? do = / (fz" + €)(ba” + a)’(da” + ¢)" dx

inputLintegrate((a+b*XAn)Ap*(C+d*X‘n)“q*(e+f*x‘n)‘2,x, algorithm="maxima")

output‘ integrate((f*x"n + e) 2x(b*x"n + a) p*(d*x™n + c)7q, Xx)

Giac [F(-2)]

Exception generated.

/ (a + bz™)? (c + dz™)? (e + fa™)? do = Exception raised: TypeError

/

inputtintegrate((a+b*x"n)"p*(c+d*x"n)"q*(e+f*x“n)"2,x, algorithm="giac")

A >

‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx) :;0UTPUT:Unable to divide, perhaps due to ro
‘undlng error%%%{_1’ [1,0,5:3, 1033’4943 109390’2]%%%}+%%%{_4’ [1 ’0’5’3310’3343
3,10,3,0,

output




input
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Mupad [F(-1)]

Timed out.

/ (a+ba™ (c + dz™) (e + fa)? do = / (a+ba"P (c+da™) (e + ") da

Lint ((a + b*x™n) “px(c + d*x"n) g*(e + f£*x"n)~2,x)

output L

int((a + b*x™n) “px(c + d*x"n) q*(e + f*x"n)~2, x)

Reduce [F]

/ (a+ba™P (c + dz™)? (e + fa™)? do = / (@b +a) (@"d + ) (e + f2™) 2 do

input

Lint((a+b*x‘n) ~p*(c+d*x"n) “g* (e+f*x"n) "2, x)

output L

int ((a+b*x"n) “p* (c+d*x"n) “g* (e+f*x"n) ~2,x)
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3.8 [ (a+bz™) (c+ dz™) (e + fz") dx

Optimal result . . . . . . . . . . . . e 94]
Mathematica [A] (warning: unable to verify) . . . . . . .. ... ... ... ... 95i
Rubi [A] (verified) . . . .. . . ... .. 95
Maple [F] . . . . 98
Fricas [F] . . . . . . o
Sympy [F(-2)] . . . o o
Maxima [F] . . . . . . 99
Giac [F] . . . . o o 99
Mupad [F(-1)] . . . o o 99
Reduce [F] . . . o . o o 100

Optimal result

Integrand size = 26, antiderivative size = 176

/ (a+ b2 (c + dz™)? (e + fa") dz

_ fetr(a+bzn)” (14 25) 7P (c+ dz")? (14 %) 7" AppellF1 (1+ %, —p, —¢,2 + 2, -2 — &%)

14+n
n\ —P n\ —9¢ 1 1
+ ex(a + bz™)? (1 + bi) (c+ dz™)? (1 + di) AppellF1 <—, —p,—q,1+ —,
a c n n
_ba" _dz®
a’ ¢

f£*x~ (1+n) * (a+b*x"n) “p* (c+d*x"n) “q*AppellF1(1+1/n,-p,-q,2+1/n,-b*x"n/a,-d*x
\ “n/c)/(1+n)/ ((1+b*x"n/a) “p) / ((1+d*x"n/c) ~q) +e*x* (a+b*x™n) “p*(c+d*x"n) “q*Ap \
‘ pellFi1(1/n,-p,-q,1+1/n,-b*x"n/a,-d*x"n/c)/((1+b*xx"n/a) “p) / ((1+d*x"n/c)~q) ‘

output
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Mathematica [A] (warning: unable to verify)

Time = 0.54 (sec) , antiderivative size = 268, normalized size of antiderivative = 1.52

/ (a + bz™)? (c + dz™)? (e + fz™) dz

ben

o+ b0 o4 ) (" (1 52)7 (L ) AppellPL (L4, -, =g, 2+ 1, —7, —%) 4

-

inputLIntegrate[(a + b*x"n) “p*(c + d*x"n) “g*(e + f*x"n),x] J

(xx(a + b*x"n) “px(c + d*x"n) “gq*((f*x"n*AppellF1[1 + n~(-1), -p, -q, 2 + n~
(-1), -((bxx"n)/a), -((d*x"n)/c)]1)/((1 + (b*x"n)/a) px(1 + (d*x"n)/c)"q) +
(a*c*e*x(1 + n) 2*AppellF1[n~(-1), -p, -q, 1 + n~(-1), -((b*x"n)/a), -((d*
x"n)/c)])/ (b*xcxn*p*x~n*AppellF1[1 + n~(-1), 1 - p, -q, 2 + n~(-1), -((b*x~
n)/a), -((d*x"n)/c)] + a*d*n*q*x " n*AppellFi1[1 + n~(-1), -p, 1 - q, 2 + n"(
-1), -((b*x"n)/a), -((d*x"n)/c)] + a*c*(1 + n)*AppellFi[n~(-1), -p, -q, 1
+ n7(-1), -((b*x"n)/a), -((d*x"n)/c)1)))/(1 + n)

output

Rubi [A] (verified)

Time = 0.70 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.269, Rules

number of steps used = 7, number of rules used = 7,
used = {1027, 937, 937, 936, 1013, 1013, 1012}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (e + fa™ (a+ ba™ (c + da™)? do
| 1027
e / (bz"™ + a)? (dz"™ + ¢)'dz + f / z"(bz™ + a)? (dz" + ¢)? dx

l 937
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e(a + bz™)? 7+1 / —+1 (dz +c)qu+f/:1: (bz™ + a)? (dz" + ¢)? dx
| 937
n -p n —-q n p n q
em+hﬁy<m;+1> @+¢ﬂﬁ<my+1) /<MC+£><¢E+J)dw+
a c a c
f / z"(bz™ + a)? (dz™ + ¢)? dx
| 936

f / z"(bz™ + a)? (dz" + ¢)? dz +

n -p n —-q
ex(a + bx™)? <b;2 + 1) (c+ dz™)? <di + 1> AppellF1 ( ,—p,—q,1+ 1 —b%, _d:z)
l 1013
nyp [ OT" P bx™ n q
fla+bz™) —-1—1 z" —+1 (dw +c)fdx +
n -p —q n n
ex(a + bz™)? <bz + 1> (c+ dz™)? <dac + 1) AppellF1 <1 -p,—q,1+ %, —b%, _da;)

l 1013

n -p n —q n q
fm+&wf<%i+1> @+dﬂﬁ<f§+1> /@ Cz-+g (ﬁz+1>dx+

n —-p n —-q 1 1
ex(a + bz™)? <bx + 1> (c+ dz™)? <dm + 1) AppellF1 < ,—D,—q, 1+ = —bi, —d$>
a c n’  a c
| 1012
ex(a + bz™)? <bx + 1> (c+ dz™)? < + 1) AppellF1 < ,—Pp,—q,1+ %, —b%, _daz>+
fz"*(a + bz™)P (b‘” +1) P (c+ dz")? d” +1) ? AppellF1 (1+%,—p, —q,2+%,—%,— ﬁn
n+1

input LInt [(a + b*x"n) “p*(c + d*x"n) g*x(e + f*x"n),x]

~—

output‘ (f*x~(1 + n)*(a + bxx™n) "px(c + d*x"n) g*AppellF1[1 + n~(-1), -p, -q, 2 + ‘
‘n‘(—i), -((b*x"n)/a), -((d*x"n)/c)]1)/((1 + n)*(1 + (b*x"n)/a) p*(1 + (d*x" ‘
‘n)/c)‘q) + (e*x*(a + b*x"n) p*(c + d*x"n) g*AppellFi[n~(-1), -p, -9, 1 + n ‘

‘“(—1), -((b*x"n)/a), -((d*x"n)/c)1)/((1 + (b*x"n)/a) p*(1 + (d*x"n)/c)"q)




rule 936

rule 937

rule 1012

rule 1013

rule 1027
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"(@_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll
:> Simp[a~p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQ[{a, b, ¢, d, n, p, q}, x] && NeQ[bxc - a*d, 0] && NeQ[n, -1]
&% (IntegerQ[p] || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

Int[((a_) + (b_.)*(x_)"(m_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll
:> Simp[a~IntPart[p]*((a + b*x"n) FracPart[p]/(1 + b*(x"n/a)) FracPart[p]l)

Int[(1 + bx(x"n/a)) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q
}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQlp]l || GtQ[a, 01)

Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(m_))"(p_)*((c_) + (d_.)*(x_)"(n_
))"(q_), x_Symbol] :> Simp[a~p*c~g*((exx)"(m + 1)/(ex(m + 1)))*AppellFi[(m
+ 1)/n, -p, =q, 1 + (m + 1)/n, (-b)*(x"n/a), (-d)*(x"n/c)], x] /; FreeQ[{a,
b, ¢, d, e, m, n, p, q}, x] && NeQ[b*xc - axd, 0] && NeQ[m, -1] && NeQ[m, n
- 1] && (IntegerQ[p] || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 0])

Int[((e_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(m_))~(p_)*((c_) + (d_.)*(x_)"(n_
))~(q.), x_Symbol] :> Simp[a~IntPart[pl*((a + b*x"n) FracPart[p]/(1 + bx(x"
n/a)) FracPart[p]) Int[(e*x) m*(1 + b*(x"n/a)) px(c + d*x"n)"q, x], x] /;
FreeQ[{a, b, ¢, d, e, m, n, p, q}, x] && NeQ[b*c - a*d, 0] && NeQ[m, -1] &
& NeQ[m, n - 1] && !(IntegerQ[p] || GtQ[a, 0])

Int[((a_) + (b_.)*(x_)"(@m_))~(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e ) + (
f_)*x(x_)"(n_)), x_Symbol] :> Simp[e 1Int[(a + b*x"n) px(c + d*x"n)"q, x],
x] + Simp[f Int[x"n*(a + b*x"n) p*(c + d*x"n)"q, x], x] /; FreeQ[{a, b,
c, d, e, £, n, p, g}, x]
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Maple [F|

/(a+ ba™ (c+da") (e + fo") da

TR e ——

output Lint ((at+b*x"n) “p*(c+d*x"n) “g* (e+f*x"n) ,x)

Fricas [F]

/ (a+bz™) (c+ dz™)? (e + fa™) dx = / (fz" + €)(bz" + a)?(dz™ + ¢)? dz

inputLintegrate((a+b*XAn)Ap*(C+d*X‘n)“q*(e+f*x‘n),x, algorithm="fricas")

Output‘integral((f*x“n + e)x(b*x"n + a) p*(d*x"n + c)”~q, x)

Sympy [F(-2)]

Exception generated.

/ (a+ bz™)? (c+ dz™)? (e + fz") dx = Exception raised: HeuristicGCDFailed

inputtintegrate((a+b*X**n)**P*(C+d*X**n)**q*(e+f*x**n),x)

output LExceptlon raised: HeuristicGCDFailed >> no luck
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Maxima [F]

/ (a+bz™)? (c+ dz™)? (e + fz") dz = / (fz" + €)(bz™ + a)’(dz™ + ¢)? dx

input‘integrate((a+b*x”n)“p*(c+d*x‘n)‘q*(e+f*x“n),x, algorithm="maxima")

outputtintegrate((f*x‘n + e)*(b*x™n + a) px(d*x™n + c)"q, X)

Giac [F]

/ (a+ b (c + dz™)? (e + fa™) do = / (fz" + €)(ba" + @) (da" + )" da

inputLintegrate((a+b*XAn)Ap*(C+d*X“n)“q*(e+f*x“n),x, algorithm="giac")

output Lintegrate ((f*x™n + e)*(b*x™n + a) p*(d*x™n + c)~q, X)

Mupad [F(-1)]

Timed out.

/ (a+bz™)? (c+ dz™)? (e + fz") dx = / (a+bx™) (c+dz™) (e+ fz") dz

input Lint((a + b*x"n) “p*(c + d*x"n) gq*(e + f*x"n),x)

output Liﬂt((a + b*x"n) “p*(c + d*x"n)“q*(e + f*x"n), x)
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Reduce [F|

/ (a+bz™)? (c+ dz™)? (e + fz") dz = / ("0 +a)? (z"d+ ) (e + fz")dx

input ‘ int ((a+b*x~n) “p* (c+d*x"n) “q* (e+f*x"n) ,x)

output tint ((a+b*x~n) “p* (c+d*x"n) “g* (e+f*x"n) ,x)
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3.9

Optimal result
Mathematica [B] (warning: unable to verify)
Rubi [A] (verified)
Maple [F]
Fricas [F]
Sympy [F(-2)]
Maxima [F]
Giac [F]
Mupad [F(-1)]
Reduce [F]

Optimal result

Integrand size = 19, antiderivative size = 81

n\ —4¢ 1
+d%) AppellFl(

/(a + bz™)? (c + dz™)? dx = z(a + bz™)” (1 + b%

[ (a+bz™) (c+ dz™)? dx

102
103
103}

105
100}

)_p (c+ da™)" <1

1 bx™ dz"
_pa_q71+_7__a__
n

n’ a c

output
Lb*x“n/a)‘p)/((1+d*xAn/c)Aq)

p
‘ x* (a+b*x"n) “p* (c+d*x"n) “q*AppellF1(1/n,-p,-q,1+1/n,-b*x"n/a,-d*x"n/c)/((1+ ‘

N

J

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 190 vs. 2(81) = 162.

Time = 0.10 (sec) , antiderivative size = 190, normalized size of antiderivative = 2.35

/ (a+bz™)? (c+ dz™)? dx

ac(l + n)z(a + bz™)’ (c + dz™)? AppellF1 (L, —p, —q, 1 -

1
n

- benpz™ AppellF1 (1 + %, 1—p,—q,2+ %, _

bat &%) + adnga™ AppellF1 (1+ 1 —p 1 —¢q,2+ 1,

a

c

input LIntegrate[(a + bxx™n) "px(c + d*x"n)"q,x]

b:
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(a*xc*(1 + n)*x*(a + bxx"n) “p*(c + d*x"n) g*AppellF1i[n~(-1), -p, -q, 1 + n~
(-1), -((b*x"n)/a), -((d*x"n)/c)])/(bxcxn*p*x nxAppellF1[1 + n~(-1), 1 - p
,» =q, 2 + n~(-1), -((b*x"n)/a), -((d*x"n)/c)] + axd*n*q*x n*AppellF1i[1 + n
“(-1), -p, 1 - q, 2 + n°(-1), -((b*x"n)/a), -((d*x"n)/c)] + a*cx(1l + n)*Ap
pellFi[n~(-1), -p, -q, 1 + n~(-1), -((b*x"n)/a), -((d*x"n)/c)])

output

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.00,
number of rules _
integrand size 0.158, Rules

number of steps used = 3, number of rules used = 3,
used = {937, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a+bz™) (c+ dz™)! dx
| 937
n —-p n p
(a + bz™)? (bz + 1> / <bZ + 1> (dz" + ¢)? dz
| 937
n —-p n —q n p n q
(a+ bz™)P (bx + 1> (c + dz™)? <dm + 1> / <b‘T + 1) <dw + 1) dz
a C a C
| 936
n —-p n —q n n
z(a + bx™)P <bw + 1> (c+ dz™)? (dx + 1> AppellF1 <1, -p,—q,1+ 1, —bi, _dw>
a c n n  a c

iwmﬁmua+Mmewc+uxmqm]

~N

p
‘(x*(a + b*x"n) “p*(c + d*x"n) “q*AppellF1i[n~(-1), -p, -q, 1 + n~(-1), -((b*x ‘

output
“n)/a), -((@*x"n)/e)1)/((1 + (b*x"n)/a) p*(1 + (d*x"n)/c)"q)
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"(@_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll
:> Simp[a~p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQ[{a, b, ¢, d, n, p, q}, x] && NeQ[bxc - a*d, 0] && NeQ[n, -1]
&% (IntegerQ[p] || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

rule 936

rule 937 T0ELC(@) + (b_)*(x )" (@ )~ (p)*((c.) + (d_.)*(x_)"(n_))"(q ), x_Symboll
:> Simp[a~IntPart[p]*((a + b*x"n) FracPart[p]/(1 + b*(x"n/a)) FracPart[p]l)

Int[(1 + bx(x"n/a)) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q
}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQlp]l || GtQ[a, 01)

Maple [F]

/ (a+bz™)? (c+dz™)"dx

-

input tint ((a+b*x"n) “p*(c+d*x"n) “q,x)

~—  /

output Lint ((a+b*x~n) “p*(c+d*x"n) “q,x)

Fricas [F|

/ (@a+bz")’ (c+dz™)! dx = / (bz™ + a)?(dz™ + ¢)? dx

lnput Lintegrate ( (a+b*XAn) A:p’.‘ (C+d*xAn) Aq, X s algoI-i-thE=llfricas ll)

output Lintegral( (b*x"n + a) p*(d*x”n + c)~q, x)
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Sympy [F(-2)]

Exception generated.

/ (a + bz™)? (c + dz™)? dz = Exception raised: HeuristicGCDFailed

input tintegrate ((a+b*x**xn) **p* (c+d*x**n) **q,x)

p
output LExceptlon raised: HeuristicGCDFailed >> no luck

-/

Maxima [F]

/ (a+ b2 (c + dz™)! do = / (b2" + a)?(da" + ¢)" dz

input Lintegrate ((a+b*x"n) “p*(c+d*x"n) "q,x, algorithm="maxima")

output Lintegrate((b*x‘n + a)"p*(d*x™n + c)~q, x)

Giac [F]

/ (a+ b2 (c+ da™)! do = / (b2" + @) (da" + ¢)" dz

input Lintegrate ((a+b*x"n) Ap* (c+d*x"n) "q, X, algorithm="giac")

output Lintegrate ((b*x"n + a)~p*(d*x™n + c)~q, x)
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Mupad [F(-1)]

Timed out.

/ (a+ b (c + da™)? do = / (a+ba™ (c + dz™) do

input Lint ((a + b*x"n)“p*(c + d*x"n)"q,x)

output Lint((a + b*x"n) “px(c + d*x"n)"q, X)

Reduce [F]

/ (a 4+ bz™)? (c+ dz™)? dz = too large to display

input Lint ((at+b*x™n) “p*(c+d*x"n) ~q,x)
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((x**nxd + c)**q* (x**n*b + a)**kpkakdkx + (xkknkd + c)*xqx (x**nxb + a)**p*b
xc*x + int (((x*k*n*d + c)k*kq* (x*k*xn*b + a)*xp)/(xx* (2+n)*a*xbkd**2knkq + x**(
2xn) *a*bxd**2 + xk*(2%n)kb*k*2*kckd*nkp + xx*k (2xn) *b*k*2kckd + xk*knkaxk2kd*k*2
*nkxq + xXkknkakk2kdxk2 + x**n*a*b*c*d*n*p + x**n*a*b*c*d*n*q + 2%xx%k*knkaxbkc
*xd + x**n*b**2*c**2*n*p + x*k*knkbkk2kckk2 + a**2*c*d*n*q + a*x*2xckd + axb*c
*¥*k2*¥nkp + axbkckk2) ,x)kak*k3kckdk*k2xn*kx2*%q**2 + int (((x**n*d + c)**q* (x**kn*
b + a)*xp)/(x**x(2x*n) *axb*d**2xn*q + x*k*(2*n)*kaxbkd**2 + x**x(2*n)*bk*22xc*d*
n*p + x*% (2%n) ¥b**2xckd + x**n*a**Q*d**Z*n*q + xkknkaxk2xd*x*2 + x*kknkxaxbkc
*d*n*p + x**n*axbkxckxd*n*q + 2%x*k*kn*xakxbkcxd + x**n*b**Q*c**Q*n*p + x*kknxkxbxxk
2xcx*k2 + akxk2kxckdknkq + ak*k2kckd + axbkck*2knkp + akbkck*k2) ,x)*kakxk3kckdk*2
*nxq + 2%int (((xk*n*xd + c)*kxqk (x*k*n*b + a)*xp)/(xk* (2*n)*a*bxd*k*2*knkxq + x*
* (2xn) kaxb*xd**2 + xokk (2%n) ¥xb**2kckd*knkp + x** (2xn)kbr*k2kckd + xokknkak*2kdk
*2*n*q + xkknkakk2kdkx2 + x**n*a*b*c*d*n*p + x**n*a*b*c*d*n*q + 2%x**n*kaxb
*xckxd + x**n*b**2*c**2*n*p + xkknkxbkk2kckk2 + a**2*c*d*n*q + ax*x2%c*kd + axb
xCk*2kN*p + akbkc*k*2) ,x)*kax*k2xbkcxk*x2xdkn**2+pkq + int (((x**nkd + c)*x*kqg*(x*
*n*b + a)**p)/ (xk* (2*n)*a*xbkd**2+n*xq + x**(2*n)*axb*xd*k*2 + xk* (2*n)*xb**2*c
*Q*n*p + XHk (2kn) kbk*k2kckd + Xkknkakk2kdk*2knkq + Xkknkakk2xdk*2 + xkknkak
b*c*d*n*p + x**n*a*b*c*d*n*q + 2%x*k*knkaxbxckxd + x**n*b**Q*c**Z*n*p + xkkn*
b*k*x2%xck*x2 + a**2*c*d*n*q + ax*x2%cxd + a*b*c**2*n*p + a*b*c**2),x)*a**2*b*c
**x2xdxn*kp + int (((x*k*nkd + c)*xqk(x*x*n*b + a)**p)/(xk*(2*n)*a*b*d**2*n*. . .

output
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3.10 f (a+bz™)P(c+dz™)? dx

e+ fx™
Optimal result . . . . . . . . . . . . . . e 107
Mathematica [N/A] . . . . . . . . 107
Rubi [N/A] . . o 108}
Maple [N/A] . . . . 108
Fricas [N/A] . . . . o o 109
Sympy [F(-2)] . . . o o 109
Maxima [N/A] . . . . . 109
Giac [N/A] . . . 110
Mupad [N/A] . . oo 110
Reduce [N/A] . . . o 111

Optimal result

Integrand size = 28, antiderivative size = 28

n\P n\4q n\P n\4q
/(a+bx) (c+ dz™) dr — Int (a + bz™) (c+dm),z
e+ fa" e+ fa"

output LDefer (Int) ((a+b*x"n) "p*(c+d*x"n) “q/ (e+f*x"n) ,x)

Mathematica [N/A]
Not integrable

Time = 1.90 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

n\P n\9q n\P n\9q
/(a—l—bx) (¢ + dz™) dx:/(a+ba:) (c+dz™) i
e+ fa" e+ fx"

input LIntegrate [((a + b*x"n) “p*(c + d*x"n)"q)/(e + f*x"n),x] J

-

LIntegrate [((a + b*x"n) "p*(c + d*x"n)"q)/(e + f*x"n), x]

| —

output
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Rubi [N/A]
Not integrable
Time = 0.26 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {1032}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
n\pP n\q
/(a+bx )P (c+ dz™) i
e+ fz™
l 1032
n\P n\q
/Xa+bx)(c+¢n)dx
e+ fz"
input‘ Int[((a + bxx"n) “px(c + d*x"n)"q)/(e + £*x"n),x] ‘
outputL$Aborted J

Defintions of rubi rules used

rule 1032‘111'6[((&_) + (b_)*(x_)" (@) (p_.)*((c_) + (A_.)*x_)"(m_))"(q_.)*((e) + (
‘f_.)*(x_)‘(n_))‘(r_.), x_Symbol] :> Unintegrable[(a + b*x™n) “p*(c + d*x"n)~
‘q*(e + f*x"n)"r, x] /; FreeQ[{a, b, ¢, d, e, £, n, p, q, r}, x]

\‘

Maple [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

(a+bx™) (c+dz™)?

et for dx

input Lint ((a+b*x~n) “p* (c+d*x"n) ~q/ (e+f*x"n) ,x) J
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outputLint((a+b*xﬁn)hp*(c+d*xhn)Aq/(e+f*x”n),x)

Fricas [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

dz

(a+ba")" (c+da™)? [ (ba" +a)’(dz" + )’
/ e+ fa" & / fan+e

input Lintegrate ((at+b*x~n) “p*(c+d*x"n) ~q/(e+f*x"n) ,x, algorithm="fricas")

outputtintegral((b*xﬁn + a) p*(d*x"n + c)"q/(f*x"n + e), x)

Sympy [F(-2)]

Exception generated.

(a + bz™)? (c + dz™)?
e+ fan

dxz = Exception raised: HeuristicGCDFailed

inputLintegrate((a+b*x**n)**p*(c+d*x**n)**q/(e+f*x**n),x)

OutputLExceptlon raised: HeuristicGCDFailed >> no luck

Maxima [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

n\P n\4q n p n q
/(a—l—bx) (c+ dz™) dxz/(bx + a)?(dz" + ¢) i
e+ fan fzn+e
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inputLintegrate((a+b*x“n)”p*(c+d*x”n)“q/(e+f*x*n),X’ algorithm="maxima")

output Lintegrate((b*x*n + a)"p*(d*x”n + c)"q/(f*x"n + e), x)

Giac [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

n\P n\9q n P n q
/(a—i—bm) (c+dz™) dx:/(bm + a)?(dz" + c) i
e+ far fz"+e

input Lintegrate ((a+b*x™n) “px(c+d*x"n)~q/ (e+f*x"n) ,x, algorithm="giac")

output Lintegrate((b*x“n + a)"p*(d*x"n + c)~q/(f*x"n + e), x)

Mupad [N/A]
Not integrable

Time = 4.57 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

n\P n\4q n\p n\q
/(a+bx) (c+dz") dz:/(aerx) (c+dam)!
e+ fz" e+ fxn

input Lint (((a + b*x™n) "p*(c + d*x"n)"q)/(e + f*x"n),x)

output Lint(((a + b*x"n) “p*(c + d*x"n)"q)/(e + f*x"n), x)
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Reduce [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

n\P n\4q n q n P
/(a+bx) (c+dz™) dx:/(m d+c) (z"b+a) .
e+ far e+ far

input Lint ((a+b*x™n) “p*(c+d*x"n) ~q/ (e+f*x"n) ,x)

output Lint(((x**n*d + c)*xqk(x**n*b + a)**p)/(xk*n*f + e),x)
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3.11 f (a+bz™)P(c+dz™)? dx

(et+fan)’
Optimal result . . . . . . . . . . . . e 112
Mathematica [N/A] . . . . . . .. . 112
Rubi [N/A] . . o 113
Maple [N/A] . . . . o 114
Fricas [N/A] . . . o o 114
Sympy [F(-1)] . . o oo 114
Maxima [N/A] . . . . . 115
Giac [N/A] . . . 115
Mupad [N/A] . . . o 115
Reduce [N/A] . . . o o e 116

Optimal result

Integrand size = 28, antiderivative size = 28

(a+ bz™)’ (c+ dz™)? - F2z(a+ bz™)'"*? (c + da™)
ct fo) efbe — af)(de — cfyn (e + o)
Int ( (a+bz™)P (c+dz™)? (acf?—(be—af)(de—cf)n+ f(bden+be(f+ frp)+adf (1+ng))z™ +bdf2 (1+n(1+p+q))z") .’IJ)
e+fxn ’

e(be — af)(de — cf)n

¢ \ f2xx* (atb*x™n) " (p+1) *(c+d*x"n) ~(1+q) /e/ (-axf+b*e) / (-c*f+d*e) /n/ (e+f*x"n) - \
‘ Defer (Int) ((a+b*x~n) “p* (c+d*x"n) ~q* (a*c*xf~2-(-a*f+bxe) *x (—~c*f+d*e) *n+f* (bxd ‘
‘ xe*n+b*cx (£xn*p+f) +axd*f* (nkq+1) ) *x n+b*d*f ~2*% (1+n* (1+p+q) ) *x~ (2*n) ) / (e+f* ‘
'x°n) ,x)/e/(~a*f+bxe)/ (~cxf+dke) /n

outpu

Mathematica [N/A]
Not integrable

Time = 2.16 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

dz

/ (a+ bz™)? (c+ dz™)? dp — (a+ bz™)? (c+ dz™)?
(e+ fam)? (e+ fam)?



CHAPTER 3. LISTING OF INTEGRALS

input ‘ Integrate[((a + b*x™n) p*(c + d*x"n)~q)/(e + f*x~n)"2,x]

output

LIntegrate[((a + b*x"n) "px(c + d*x"n)"q)/(e + £*x"n)"2, x]

Rubi [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00,

number of rules

number of steps used = 1, number of rules used = 0,
used = {1032}

integrand size

= 0.000, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ (a + bz™)P (c + dz™)?
(e + fan)?
l 1032

/ (@ + bz™)P (c+ dm")qu

(e+ fan)?

dz

-

input LInt[((a + b*XAn)Ap*(C + d*x‘n)’“q)/(e + f*XAn)AZ,X]

-/

output L$Aborted

Defintions of rubi rules used

rule 1032‘Int[((a_) + (b_)*(x_)"(m_ ))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e_) + ( ‘
‘f_.)*(x_)"(n_))"(r_.), x_Symbol] :> Unintegrable[(a + b*x"n) “p*(c + d*x"n)~ ‘

Lq*(e + f*x™n)"r, x] /; FreeQ[{a, b, ¢, d, e, £, n, p, q, r}, x]

J
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Maple [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

/ (a+bz™)? (c+ dwn)qu
(e + fan)’

input Lint ((a+b*x"n) “p*(c+d*x"n) ~q/ (e+f*x"n) ~2,x)

output Lint ((a+b*x™n) “px (c+d*x"n) “q/ (e+f*x"n) "2, x)

Fricas [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.54

/ (a+ bz™)? (c+ dz™)* dp — / (bz™ + a)?(dz™ + ¢)* i
(e + far)? (fz" +e)?

input Lintegrate ((a+b*x™n) “px(c+d*x~n) “q/ (e+f*x"n)"2,x, algorithm="fricas")

output Lintegral((b*x“n + a)px(d*x~n + c)"q/(£72*x~(2%n) + 2*exf*x"n + e~2), x)

J

Sympy [F(-1)]
Timed out.

dz = Timed out

/ (a4 bzx™)? (c + dz™)?
(e + far)?

input Lintegrate ((a+b*x**n) *xxpk (c+d*x**n) xxq/ (e+f*x**n) ¥*2,X)

output LTlmed out




CHAPTER 3. LISTING OF INTEGRALS 115

Maxima [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

dz

/ (a+bz™)” (c _,_den)q dr — / (bz" + a)p(dz“2+ c)?
(e + fzm) (fz"+e)

input ‘ integrate ((a+b*x~n) “p*(c+d*x"n) "q/(e+f*x"n)~2,x, algorithm="maxima")

output Lintegrate((b*x*n + a)"px(d*x"n + c)7q/(f*x"n + )72, x)

Giac [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

(e + fam)° (fz" +e)’

input Lintegrate ((a+b*x™n) “px(c+d*x"n)~q/ (e+f*x"n)"~2,x, algorithm="giac")

output Lintegrate((b*x*n + a)"px(d*x™n + c)"q/(f*x"n + e)72, x)

Mupad [N/A]
Not integrable

Time = 6.37 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

dz

by ), [ (@b e gy
(e + fzm) (e+ fzn)

input Lint(((a + b*x"n) “p*(c + d*x"n)"q)/(e + f*x"n)"2,x)
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output L

int(((a + b*x"n) "px(c + d*x™n)"q)/(e + f£*x"n)~2, x)

-

input t

Reduce [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.54

/ (a + bz™)? (c + dz™)? dp — / (z"d + ¢)? (z"b + a)? i
(6 + Jt‘a’-n)2 - x?nf2 + 2.’L‘n€f + 62

int ((a+b*x"n) “p*(c+d*x"n) “q/ (e+f*x"n) “2,x)

e—

output ‘

int (((x*x*n*d + c)**xq*(x*k*nxb + a)**p)/(x*x*(2xn) *f**2 + 2kx*k*xn*exf + ex*x2),

x)
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3.12 f (a+bw3)p(c+dx3)q dx

e+fx3
Optimal result . . . . . . . . . . . . e 117
Mathematica [N/A] . . . . . . . . . 117
Rubi [N/A] .« . o 118
Maple [N/A] . . . . 1191
Fricas [N/A] . . . . . o 119
Sympy [F(-1)] . . . oo 119
Maxima [N/A] . . . . 120
Giac [N/A] .« . o 120
Mupad [N/A] . . . .o 120
Reduce [N/A] . . . o 121

Optimal result

Integrand size = 28, antiderivative size = 28

/ (a+ bx3) (c + dx3)?

3\P 3\4
et fzd dx:Int<(a+bx) (c+do’) ,x)

e+ fx3

output LDefer (Int) ((b*x~3+a) “p* (d*x~3+c) "q/ (£*x~3+e) ,x)

Mathematica [N/A]

Not integrable

Time = 8.24 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

(a+bx3) (c + dx3)? dp — (a+bx3) (c + dx3)?

d
e+ fr3 e+ fr3 o

input LIntegrate[((a + b*x~3)"p*(c + d*x~3)"q)/(e + £*x~3),x]

output LIntegrate[((a + b*x73)"p*x(c + d*x"3)7q)/(e + £*x73), x]
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Rubi [N/A]
Not integrable
Time = 2.17 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {1030, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
3\P 3\4
/ (a—i—ba: ) (c—i—dac ) i

e+ fx3

l'1030
/ B (a+bz?)” (c+ da®)? B (a+b2%)? (c+dx3)? B (a+b2%)? (c+dx?)? .
3e2/3 (—\3/_— {’/fx) 3e2/3 (\?/—_1\3/%: — %) 3e2/3 (—\3/5— (—1)2/3 {’/fx)
l 2009
(bw3+a)p(d:c3+c)q (bz3+a)p(dz3+c)q (bz?’—l—a)p(dm?’—l—c)q d
e e v v
3e2/3 3e2/3 3e2/3

input‘ Int[((a + bxx~3)"px(c + d*x~3)"q)/(e + £*x~3),x] ‘

output L$Aborted J

Defintions of rubi rules used

rule 1030‘Int[((a_) + (b_)*(x)" @) (p*((c) + (d_)*(x_)~(m))"(q)*((e) + (f_ |
| D*(x)" (@) (r_), x_Symboll :> With[{u = ExpandIntegrand[(a + b*x™n) px(c |
‘ + d*x"n)"q*(e + f*x"n)"r, x1}, Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, ‘
e, £, p, q, r}, x] & IGtQ[n, 0] |

ruk32009LInt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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Maple [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

/ (bz®+a)’ (dz3 + c)qu
fxz3+e

-

input Lint ((b*x~3+a) “p* (d*x~3+c) ~q/ (£*x~3+e) ,x)

N

output Lint ((b*x~3+a) “p* (d*x~3+c) "q/ (£*x~3+e) ,x)

Fricas [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

dz

(a+bz?)? (c+ dz?)* e — / (bz® + a)’(dz3 + ¢)?
e+ fz? fx3+e

-

input Lintegrate ((bxx~3+a) “p*(d*x~3+c) ~q/ (f*x~3+e) ,x, algorithm="fricas")

-/

output Lintegral((b*x*s + a)"px(d*x~3 + c)"q/(f*x"3 + e), x)

Sympy [F(-1)]

Timed out.
b 3\P d 3\9
/(a+ =) et do') dxr = Timed out
e+ fx3
input Lintegrate ((bxx**3+a) **p* (d*x*k*3+c) ¥xq/ (£*xx**3+e) ,x)

output LTimed out
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Maxima [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

dz

(a+ bz®)? (c + dx?)* dr — / (bx3 + a)?(dz® + ¢)?
e+ fr3 = fx3+e

input Lintegrate ((b*x~3+a) “px(d*x~3+c) ~q/ (f*x~3+e) ,x, algorithm="maxima")

outputtintegrate((b*xhs + a) px(d*x~3 + c)"q/(f*x”"3 + e), x)

Giac [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

dz

(a+b2®)’ (c+dz?)? [ (ba®+a)’(dz?® + o)’
/ e+ fx? d / fzd+e

input Lintegrate ((b*x~3+a) “px(d*x~3+c)~q/ (f*x"3+e) ,x, algorithm="giac")

output‘ integrate ((b*x~3 + a) “px(d*x~3 + c)~q/(f*x~3 + e), x)

Mupad [N/A]
Not integrable

Time = 4.73 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

/(a+bx3)p (c+ dz?)* dz:/(bx3+a)p (dz? + ¢)* "
e+ fad fz3+e

input Lint(((a + b*x~3)"px(c + d*x~3)"q)/(e + £*x"3),x)
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ou‘cputtint(((a + b*x~3)"p*(c + d*x~3)"q)/(e + £*x~3), x)

Reduce [N/A]
Not integrable

Time = 0.38 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

(a+ bz®)? (c + dx?)* (dz®+c)? (bz® +a)’
/ e+ fz? / fxz3+e dz

input Lint ((b*x~3+a) “p*(d*x~3+c) "q/ (f*x~3+e) ,x)

output Lint(((c + dkx*kx3) kkqk(a + b*x**k3)*xp)/(e + f*x**3),x)
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3.13 f (a+bw2)p(c+dx2)q dx

e+ fx?
Optimal result . . . . . . . . . . . . e 122
Mathematica [N/A] . . . . . . . . . 122
Rubi [N/A] . . . 1231
Maple [N/A] . . . . 1241
Fricas [N/A] . . . . . o 124
Sympy [F(-1)] . . o o 1241
Maxima [N/A] . . . .
Giac [N/A] . . . o 1251
Mupad [N/A] . . . o o 1251
Reduce [N/A] . . . o 126

Optimal result

Integrand size = 28, antiderivative size = 28

2\P 214 2\P 214
/(a—l—bx) (c+ dz?) dz — Tnt (a + bz?)" (¢ + dz*) .
e+ fx? e+ fx?

output LDefer (Int) ((b*x~2+a) “p* (d*x~2+c) "q/ (£*x72+e) ,x)

Mathematica [N/A]
Not integrable

Time = 8.23 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

(a + bz?)” (c + dz?)* (a+ bz?)? (c + dz?)?
dz = dx
e+ fa? e+ fz?
input LIntegrate [((a + b*x"2)"p*x(c + d*x~2)"q)/(e + £f*x~2),x] J
output LIntegrate [((a + bxx"2)"px(c + d*x"2)"q)/(e + £*x72), x] J
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Rubi [N/A]
Not integrable
Time = 1.27 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {433, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2\P 2\9
/(a—i—ba:) (c—i—dac) i
e+ fx2

| 433
/ v—e(a+bz?)? (c+ dz?)* N v—e(a+bz?)” (c+ dz?)* e
2e (\/—_ — \/fw) 2e (\/—_e + \/7:1:)
| 2009

(bx2+a)p(dx2+c)q (bw2+a)p(dw2+c)q
S = Fevi ® v ©
2v/—e 2y/—e

input LInt[((a + b*XAQ)Ap*(C + d*x“Q)"q)/(e + fxx~2) ,X] J

-

L$Aborted

-/

output

Defintions of rubi rules used

rule 433‘Int[((a_) + (b_)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q)*((e) + (£f_.)*(x_ ‘
‘)"2)"(r_) , X_Symbol] :> With[{u = ExpandIntegrand[(a + b*x~2) px(c + d*x"2) ‘
"‘q*(e + £*x72)°r, x1}, Intl[u, x] /; SumQ[ul]l /; FreeQ[{a, b, c, 4, e, £, p, ‘
ot 9 \

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

-/
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Maple [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

/ (ba® +a)’ (dz* +¢)
fz2+e

-

input Lint ((b*x~2+a) “p* (d*x~2+c) “q/ (£*x"2+e) ,x)

N

output Lint ((b*x~2+a) “p* (d*x~2+c) "q/ (£*x"2+e) ,x)

Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

dz

(a+ bz?)? (c + dz?)* e — / (bz® + a)’(dz? + ¢)?
e+ fx? fr2+e

-

input Lintegrate ((bxx~2+a) “p*(d*x~2+c) ~q/ (f*x"2+e) ,x, algorithm="fricas")

-/

output Lintegral((b*x*z + a)"px(d*x~2 + c)"q/(£*x"2 + e), x)

Sympy [F(-1)]

Timed out.
b 2\P d 2\4
/(a+ =) (et dr) dxr = Timed out
e+ fx?
input Lintegrate ((bxx**k2+a) **pk (d*xk*2+c) ¥xq/ (£xx**2+e) ,X)

output LTimed out
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Maxima [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

dz

(a + bz?)? (c + dx?)* dr — / (bx? + a)’(dx? + ¢)?
e+ fr? fx?2+e

input Lintegrate ((b*x~2+a) “px(d*x~2+c) ~q/ (f*x~2+e) ,x, algorithm="maxima")

outputtintegrate((b*xh2 + a) px(d*x~2 + c)"q/(f*x"2 + e), x)

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

dz

(a+bz?)’ (c+dz?)? | [ (ba?+a)’(dz?+c)?
/ e+ fz? e / fz?+e

input Lintegrate ((b*x~2+a) “p*(d*x~2+c) ~q/ (f*x~2+e) ,x, algorithm="giac")

output‘ integrate ((b*x"2 + a) “p*x(d*x~2 + c)~q/(f*x"2 + e), x)

Mupad [N/A]
Not integrable

Time = 4.70 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

/(a+bx2)p (c+ dz?)* dz:/(bx2+a)p (dz? + ¢)* "
e+ fa? fz2+e

input Lint(((a + b*x~2)"px(c + d*x~2)"q)/(e + £*x"2),x)
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ou‘cputtint(((a + b*x~2)"p*(c + d*x~2)"q)/(e + £*x~2), x)

Reduce [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

(a + bz?)? (c + dx?)* (dz?+c)? (bz? +a)’
/ e+ fa? / fz?+e dz

input Lint ((b*x~2+a) “p*(d*x~2+c) ~q/ (f*x"2+e) ,x)

output Lint(((c + dkxkx2) kkqk(a + brx*k*k2)*xxp)/(e + f¥x**2),x)
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3.14 f (a+bz)P(c+dx)? dr

e+fx
Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . . 128
Maple [F] . . . . . 1291
Fricas [F] . . . . . . o o 129
Sympy [F] . . o e 130
Maxima [F] . . . . . . 130
Giac [F] . . . o o o 130
Mupad [F(-1)] . . . o 1311
Reduce [F] . . . . . o 131

Optimal result

Integrand size = 22, antiderivative size = 100
/ (a + bx)P(c+ dx)?
e+ fx
C XL -4 a T a X
(@-+be)!7(e + oy (%550 AppellF1 (145, —g,1,2 +p — 2, ~4257)
(be — af)(1 +p)

dz

N

;
¢ (b*x+a)” (p+1)*(d*x+c) “q*AppellF1(p+1,-q,1,2+p,~d* (b*x+a)/ (-axd+bkc) ,~f+(b*x |

outpu
x+a)/(-axf+bxe))/ (-axf+bre) / (p+1)/ ((bx (dkx+c) / (-akd+bkc))q) |

Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.98
p q
/ (a + bz)?(c+ dz) s
e+ fx
C XL - a 29 a 29
(a+ bzx)*P(c + dz)? <%) AppellF1 (1 +p,—q,1,2+p, ‘i(b;_bag, ’i(beil;»
(be — af)(1+p)

input LIntegrate[((a + b*x) “p*(c + d*x)~q)/(e + f*x),x] J
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((a + b¥x)~(1 + p)*(c + d*x)"q*AppellF1[1 + p, -q, 1, 2 + p, (d*(a + b*x))
‘/(-(b*c) + axd), (f*(a + b*x))/(-(bke) + a*f)])/((bxe - axf)*x(1 + p)*((b*( ‘
‘c + d*x))/(b*xc - axd))"q) ‘

output

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.00,

number of rules _ 0.091, Rules

number of steps used = 2, number of rules used = 2, = :
integrand size

used = {154, 153}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a + bx)P(c+ dx)?
e+ fx
| 154

dx

dz

q
(c+ da)? b(c + dx) _q/ (a +bz)? (bcb—cad + bfﬁd)
cTar bc — ad e+ fx

l 153

—-q
(a4 bz)Pt(c 4 dz)? (’}Eﬁf‘i?) AppellF1 (p +1,—q,1,p+2,- 4t I ;ffff}”))
(p+1)(be —af)

input LInt[((a + b*x) p*(c + d*x)"q)/(e + £*x),x] J

e B

((a + b*x)~(1 + p)*(c + d#*x) g*AppellF1[1 + p, -q, 1, 2 + p, -((d*(a + b*x
‘))/(b*c - a*xd)), -((fx(a + bxx))/(b*e - a*f))])/((bxe - axf)*(1 + p)*((bx( ‘
¢+ dxx)/(bke - axd))"Q)

output
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Defintions of rubi rules used

rule 153 Int[((a_) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_] :> Simp[(bxe - a*f) px((a + b*x)"(m + 1)/(b"(p + V*(m + 1)*Simp
lify[b/(b*xc - a*d)]"n))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c

- axd)), (-f)x((a + b*x)/(b*e - a*f))], x] /; FreeQ[{a, b, ¢, d, e, f, m,
n}, x] & !'IntegerQ[m] && !'IntegerQ[n] && IntegerQ[p]l && GtQ[Simplify[b/(
b*c - axd)], 0] && !'(GtQ[Simplify[d/(d*a - c*b)], 0] && SimplerQ[c + dx*x,
a + bxx])

rule 154 Int[((a ) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_] :> Simp[(c + d*x) FracPart[n]/(Simplify[b/(b*c - a*d)] IntPart[n
I*(bx((c + d*x)/(b*c - axd))) FracPart[n]) Int[(a + b*x) m*Simp [b*(c/(b*c
- a*xd)) + b*d*(x/(b*c - axd)), x] nx(e + f*x)"p, x], x] /; FreeQ[{a, b, c,
d, e, f, m, n}, x] && !'IntegerQ[m] && !IntegerQ[n] && IntegerQ[p] && !'G
tQ[Simplify[b/(b*c - a*d)], 0] && !SimplerQ[c + d*x, a + b*x]

Maple [F]

/ (bz + a)? (dz + ¢)? i
fx+e

input ‘ int ((b*x+a) “p* (d*x+c) ~q/ (f*x+e) ,x)

output‘int((b*X+a)AP*(d*X+C)“q/(f*x+e),x)

Fricas [F|
P q P q
/ (a + bz)P(c + dx) dp — / (bx + a)P(dz + ) s
e+ fx fx+e
inputLintegrate((b*x+a)"p*(d*x+c)“q/(f*x+e),x, algorithm="fricas") J

outputtintegral((b*x + a)"px(d*x + c)7q/(f*x + e), x)
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Sympy [F]

dz

/ (atbo)le+ do)’ (a+ bz)’ (c + dz)’
dzr =
e+ fx e+ fz

inputtintegrate((b*X+a)**P*(d*X+C)**q/(f*X+e),x)

outputLIntegral((a + bix)**kpx(c + d*x)**xq/(e + f*x), x)

Maxima [F]

dz

/ (a + bx)P(c + dx)? (bz + a)’(dz + ¢)*
dzr =
e+ fx fz+e

inputLintegrate((b*x+a)“p*(d*x+c)‘q/(f*x+e),x’ algorithm="maxima")

outputtintegrate((b*x + a)"p*x(d*x + c)7q/(f*x + e), x)

Giac [F]

dz

/ (a+ba)"(c + do’ (bz + a)"(dz + c)*
dzr =
e+ fx fz+e

inputLintegrate((b*x+a)*p*(d*x+c)‘q/(f*x+e),x, algorithm="giac")

outputtintegrate((b*X + a)"px(d*x + c)"q/(f*x + e), x)
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Mupad [F(-1)]

Timed out.

(a+bx)P(c+dx)? ,  [(a+bz)’ (c+dx)!
/ e+ fx dx_/ e+ fz dz

input Lint(((a + b*x) “p*x(c + d*x)"q)/(e + £*x),x)

output Lint(((a + bxx) "px(c + d*x)"q)/(e + f*x), x)

Reduce [F]

(a4 bx)P(c + dx)? B (bz + a)? (dz + c)*
/ e+ fz = / fx+e de

input Lint ((b*x+a) “p* (d*x+c) "‘q/ (fxx+e) ,x)

output Lint ((b*x+a) “p*(d*x+c) “q/ (£*x+e) ,x)
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315 [l

e—l—%
Optimal result . . . . . . . . . . . . 1321
Mathematica [F] . . . . . . . ... . 133
Rubi [A] (warning: unable to verify) . . . ... ... ... .. ... .. ... .. 133
Maple [F] . . . . o 135
Fricas [F] . . . . . . 1351
Sympy [F(-1)] . . . o 135
Maxima [F] . . . . . . e 136
Giac [F(-2)] . . . o o o 136
Mupad [F(-1)] . . . 136
Reduce [F] . . . . . o 137

Optimal result

Integrand size = 28, antiderivative size = 314

BYP [ d)a
/ (a+ xe)+(g+ D
fla+ )" (ot 2)° (”,Ejjf})‘" AppellF1 (1 ipl,—q24p 1+t _@)
- ae?(1 + p)
bt B (ot 2 (b,gffi))_q AppellF1 (1 192 -q24p 1+t _@)
- a’e(1+p)

—q
Fla+ )" (c+9)* (bgffi>) AppellF1 (1 tp g 124p ) —fb(:fa%e))

e*(be — af)(1+p)

—-f*(a+b/x) "~ (p+1) *(c+d/x) “q*AppellF1(p+1,-q,1,2+p,-d*(a+b/x)/ (-a*d+b*c) ,1+b
/a/x)/a/e~2/(p+1)/((b*(c+d/x)/(-a*d+b*c)) ~q) -b*(at+b/x) ~ (p+1) * (c+d/x) “q*App
ellF1(p+1,-q,2,2+p,-d*(a+b/x)/(-a*d+bxc) ,1+b/a/x) /a~2/e/(p+1) / ((b*(c+d/x)/
(-axd+b*c))~q)-f~2x(at+b/x) ~(p+1)*(c+d/x) “q*AppellF1(p+1l,-q,1,2+p,-d*(a+b/x
)/ (ma*xd+b*c) ,~-f*(a+b/x) / (-a*f+bxe)) /e~2/ (—axf+b*e) / (p+1) / ((b* (c+d/x) / (-a*d
+bxc))"q)

output
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Mathematica [F]

(e+g)(e+3)" _ [la+2) (c+5)
/ dz / dx

e+£ e+£

inputLIntegrate[((a + b/x)"px(c + d/x)"q)/(e + £/x),x] J

output LIntegrate[((a + b/x)"px(c + d/x)"q)/(e + £/x), x] J

Rubi [A] (warning: unable to verify)

Time = 0.80 (sec) , antiderivative size = 316, normalized size of antiderivative = 1.01,

number of rules _ 0.107, Rules

number of steps used = 4, number of rules used = 3, integrand size

used = {1031, 198, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a+i)p(;ﬁ+i)qu
€+E
l1031
_/(a+2)p(0+i)qw2d1
e+£ z

l 198
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bla+2)" (c+ )" (”533 ) -’ AppellF1 <p +1,-¢.2,p+2, —dgffa? , “23)
a’e(p+1)
e+ ) (e+9) (bzgfffd) ) q AppellF1 (p +1,-¢,1,p+2, —dgfjai) : —fsza%) )
2(p+ D(be — af)
fla+2)" (e+2)? (bgffff > * AppelF (p +1,-gLpt2, ) ‘”;Z>

ae?(p+1)

input Int[((a + b/x)"p*x(c + d/x)"q)/(e + £/x),x] J

-((fx(a + b/x)"(1 + p)*(c + d/x) "gq*AppellF1[1 + p, -q, 1, 2 + p, -((d*(a +
b/x))/(b*c - axd)), (a + b/x)/al)/(axe”2x(1 + p)*((b*x(c + d/x))/(b*c - ax
d))"q)) - (£f"2x(a + b/x)"(1 + p)*(c + d/x) “q*AppellFi[1 + p, —-q, 1, 2 + p,
-((dx(a + b/x))/(bxc - axd)), -((fx(a + b/x))/(bxe - axf))])/(e"2*(bxe -
axf)*(1 + p)*((bx(c + d/x))/(b*c - a*d))~q) - (bx(a + b/x)~(1 + p)*(c + d/
x) “q*AppellFi[1 + p, -q, 2, 2 + p, —-((d*(a + b/x))/(b*c - axd)), (a + b/x)

/al)/(a~2xex(1 + p)*((bx(c + d/x))/(b*c - axd))"q)

output

Defintions of rubi rules used

ruk3198‘Int[((a-') + (b_)*(x_))"(m )*((c_.) + (d_)*(x_)) " )*((e_.) + (f_.)*(x_)
‘)‘(p_)*((g_,) + (h_.)*(x_))"(q_), x_] :> Int[ExpandIntegrand[(a + b*x) “m*(c
‘ + d*x) "n*(e + f*x)“p*(g + h*x)"q, x], x] /; FreeQ[{a, b, c, d, e, £, g, h,
‘ m, n}, x] && IntegersQ[p, ql ‘

rule 1031‘Int[((a_) + (b_)*x(x_ )" (@ )) " (p)*((c) + (d_)*(x_)"(n_))"(q)*((e_ ) + (f_ ‘
‘.)*(x_)‘(n_))‘(r_), x_Symbol] :> -Subst[Int[(a + b/x"n) p*(c + d/x"n) g*((e
‘ + £/x"n)"r/x"2), x], x, 1/x] /; FreeQ[{a, b, c, d, e, £, p, q, T}, x] & I
}LtQ[n, 0] ‘

rule 2009(Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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Maple [F|

(a2 e+ )"
/ dz

e+ 1L

T

input Lint ((at+b/x) "px(c+d/x)"q/ (e+f/x) ,x)

output Lint ((a+b/x) “px(c+d/x) ~q/ (e+f/x) ,x)

Fricas [F|

(e+3)(e+2)", _ [(a+2)(c+5)
/ dx / dx

€+£ e+£

inputLintegrate(<a+b/x>‘p*(c+d/x>*q/<e+f/x>,x, algorithm="fricas")

output | 1ntegral(xx((asx + b)/x)"px((cxx + A)/x)7q/ (exx + £), x)

Sympy [F(-1)]

Timed out.

dz = Timed out

[y

e+£

input Lintegrate ((a+b/x) **p* (c+d/x) ¥*q/ (e+£/x) , %)

output LTlmed out
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Maxima [F]
b)\P a\19 b\P d\4
[lerterd ey,
€+5 e_i_;
inputLintegrate((a+b/x)“p*(c+d/x)‘q/(e+f/x),x’ algorithm="maxima")

Output‘integrate((a + b/x)"px(c + d/x)7q/(e + £/x), x)

Giac [F(-2)]

Exception generated.

dzr = Exception raised: TypeError

[lerar iy

e+£

-

inputtintegrate((a+b/x)‘p*(c+d/x)*q/(e+f/x),X, algorithm="giac")

h J

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Unable to divide, perhaps due to ro
‘unding error’#%{1,[0,1,1,01%%%} / %k%{1,[0,0,0,11%%%} Error: Bad Argument

‘Value

Mupad [F(-1)]

Timed out.
b)\P )4 b\P d\4
/(ah) (?n) dm:/(ah) (;h) i
€+E e+;
input 125(((@ + B/DPr(e + A/ 9/ (e + £/x),%)

output Lint(((a + b/x)"px(c + d/x)"qQ) /(e + £/x), x)




CHAPTER 3. LISTING OF INTEGRALS

137

Reduce [F]

(e+3)(c+2)" _ [la+2) (c+5)
u/* dx J/ dx

€+£ e+£

inputLint((a+b/X)Ap*(C+d/x)Aq/(e+f/x)’x)

output Lin‘t ((a+b/x) “p*(c+d/x) ~q/(e+f/x) ,x)
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b \P (. d\?
(CL‘|‘ "3 ) (C+ " )
e+ ;2‘

Optimalresult . . . . . . . . . . .. 138]
Mathematica [N/A] . . . . . ... 138
Rubi [N/A] . . . 139
Maple [N/A] . . . o 140
Fricas [N/A] . . . . o 140
Sympy [F(-1)] . . . o o 1411
Maxima [N/A] . . . . o 141
Giac [F(-2)] . . . o o o 141
Mupad [N/A] . . . o 142
Reduce [N/A] . . . o o e 142

Optimal result

Integrand size = 28, antiderivative size = 28

/@+%f@+%fmzm<w+5V@+@{0

e+£ e-l—ziz

output | PeTeT (Tnt) ((a+b/x"2)"pr (c+d/x"2)"q/ (e+£/x72) ,%)

input L

output

Mathematica [N/A]

Not integrable

Time = 4.51 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

[l ), [l e s

e+xi2 e+wi2

dz

Integrate[((a + b/x"2)"p*x(c + d/x72)"q)/(e + £/x72),x]

LIntegrate[((a + b/x"2)"px(c + d/x72)"q)/(e + £/x72), x]
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Rubi [N/A]
Not integrable
Time = 0.35 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 3, number of rules used = 0,
used = {1031, 450}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[l Al lerdy,
6+P
1031
_/(a+;’z>”(c+:‘2)"w2d1
e%—f% T
1450
(0t &) (et )72 1
_/ - dr
e+ z

z2

inputtlnt[((a + b/x72)"px(c + d/x72)"q) /(e + £/x72),x] J

e

$Aborted

~—

output t

Defintions of rubi rules used

rule 450‘In‘c[((g_.)*(x_))‘(m_.)*((a_.) + (b_)*(x_)72)"(p_)*((c_.) + (d_)*(x_)"2)~ ‘
‘(q_.)*((e_.) + (£_.)*(x_)"2)"(r_.), x_Symbol] :> Unintegrable[(g*x) m*(a +
‘b*x“2)”p*(c + d*x"2)"q*(e + £*x~2)"°r, x] /; FreeQ[{a, b, c, d, e, f, g, m,
P, 4, t}, 2 |
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rule 1031 IRELC@L) + (b_)*(x )" (@)~ (p)*((c)) + (A_)*(x)"(m))"(q)*((e) + (£_
‘.)*(x_)”(n_))”(r_), x_Symbol] :> -Subst[Int[(a + b/x™n) px(c + d/x"n) gq*((e
‘ + £/x"n)"r/x"2), x1, x, 1/x] /; FreeQ[{a, b, ¢, 4, e, f, p, q, T}, x] & I ‘
LtQ[n, 0] |

Maple [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

[lerariesr,,

e+
input Lint ((at+b/x~2) “p*(c+d/x"2)"q/ (e+f/x"2) ,x) J
output Lint ((a+b/x72)"px(c+d/x"2)"q/ (e+£/x72) ,%) J

Fricas [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.46

(a+3)" (c+)"  _ [(le+d)(c+5)
/ /

etk e+

input ‘ integrate((a+b/x72) "p*(c+d/x"2)"q/(e+£/x72) ,x, algorithm="fricas") ‘

output tintegral(x‘2*((a*x*2 + b)/x72) "p*((c*x~2 + d)/x"2)"q/(e*x~2 + £), x) J
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Sympy [F(-1)]

Timed out.
a+ )’ (c+4)°
/( ) (f =) dx = Timed out
e+
inputLintegrate((a+b/x**2)**p*(c+d/x**2)**q/(e+f/x**2),x)
OutputLTimed out

Maxima [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

@+ 2) e+ 8, [l B+ d)
/ /

e+$—f2 e-l—wiz

inputLintegrate((a+b/x"2)“p*(c+d/x“2)"q/(e+f/x"2),x, algorithm="maxima")

output| 1ntegrate((a + b/x"2) px(c + d/x"2)7q/(e + £/x°2), x)

Giac [F(-2)]

Exception generated.

dr = Exception raised: TypeError

/ (a+2)" (c+ )"

e+xi2

inputLintegrate((a+b/x"2)’"p*(c+d/x‘2)"q/(e+f/x"2),x, algorithm="giac")
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Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘unding errornkk{l, [0,1,1,01%%%} / %hhk{1,[0,0,0,11%%%} Error: Bad Argument

‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Unable to divide, perhaps due to ro
‘Value ‘

Mupad [N/A]
Not integrable

Time = 4.63 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

(e+3) (e+3)  _ [la+3) (c+35)
/ dz / dz

e—l—gci2 e—|—;cé

input Lint(((a + b/x72) px(c + d/x72)"q) /(e + £/x72),x) J

outputlim-‘(((a + b/x72)"p*x(c + d/x72)"q)/(e + £/x72), x) J

Reduce [N/A]
Not integrable

Time = 200.03 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

/(a+;2)p (c+w%)qdw:/ (a+5) (c+8)"

e+;% e—l—;%

-

int ((a+b/x~2) “p*(c+d/x"2)"q/ (e+f/x"2) ,x)

e—

input t

output Lint ((a+b/x~2) “px(c+d/x"2)"q/ (e+£/x"2) ,x) J




output

input

output
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a+-2 )p(c—i— d )q
3.17 ([( ) o) dy
6+;3

Optimalresult . . . . . . . . . . .. 143]
Mathematica [N/A] . . . . . ... 143
Rubi [N/A] . . o 144
Maple [N/A] . . . o 148
Fricas [N/A] . . . . o 148
Sympy [F(-1)] . . . o o 148]
Maxima [N/A] . . . . o 149
Giac [F(-2)] . . .« o o 149
Mupad [N/A] . . . o 149
Reduce [N/A] . . . o o e 150

Optimal result

Integrand size = 28, antiderivative size = 28

/@+%f@+%fwzm<w+%V@+%f

e+$i3 e-l—zig

LDefer (Int) ((a+b/x"3) “p*(c+d/x"3)"q/ (e+f/x"3) ,x)

Mathematica [N/A]

Not integrable

Time = 10.05 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

JLEECE S ()

e+xi3 e+wi3

dz

LIntegrate[((a + b/x"3)"p*(c + d/x73)7q)/(e + £/x73),x]

LIntegrate[((a + b/x"3)"px(c + d/x73)"q)/(e + £/x°3), x]
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Rubi [N/A]
Not integrable

Time = 2.45 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00,

_ _ o humber of rules _
number of steps used = 31, number of rules used = 0, integrand size 0.000, Rules

used = {1031, 1062, 1031, 1062, 1031, 1062, 1031, 1062, 1031, 1062, 1031, 1062, 1031,
1062, 1031, 1062, 1031, 1062, 1031, 1062, 1031, 1062, 1031, 1062, 1031, 1062, 1031, 1062,
1031, 1062}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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dx

(a + bm3)p (c + da:3)q
/ e+ fx3

l 1031

WICE (G RN
€+m7

l 1062

/ (a + bx3)p (c + dm3)q
dx
e+ fx3
l 1031
[erarerdrs,
e+ 3

l 1062

(a + bx?’)p (c + dm3)q
/ e+ fr3
l 1031
[lorller g,
e+ 3

dx

l 1062

(a + bw?’)p (c + dw3)q
dx
/ e+ fx3
l 1031
[lerarerayrs,
e+ 3

l 1062

(a+ bx?’)p (c+dw3)q
dx
/ e+ fx3

l 1031
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dx

(a + bm3)p (c + da:3)q
/ e+ fx3

l 1031

WICE (G RN
€+m7

l 1062

/ (a + bx3)p (c + dm3)q
dx
e+ fx3
l 1031
[erarerdrs,
e+ 3

l 1062

(a + bx?’)p (c + dm3)q
/ e+ fr3
l 1031
[lorller g,
e+ 3

dx

l 1062

(a + bw?’)p (c + dw3)q
dx
/ e+ fx3
l 1031
[lerarerayrs,
e+ 3

l 1062

(a+ bx?’)p (c+dw3)q
dx
/ e+ fx3

l 1031
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[l e,
e+

z3

l 1062

dx

(a + bm3)p (c + da:3)q
/ e+ fx3

l 1031

[lraleraya,
€+]T3

l 1062

/(a—i—bx?’)p (c+dw3)q
dx
e+ fx3

-

input 1E[((a + b/x"3) pr(c + A/x°8)79)/ (e + £/x°3) 1]

| —

output t$Aborted

Defintions of rubi rules used

rule 1031‘In’c[((a_) + (b_)*(x_)" (@ ))"(p)*((c) + (@_)*x_)" (@ ))"(g)*((e) + (f_
‘ D*x(x_)"(n_))"(xr_), x_Symbol]l :> -Subst[Int[(a + b/x"n) p*(c + d/x"n) q*((e
‘ + £/x"n)"r/x"2), x1, x, 1/x] /; FreeQ[{a, b, c, d, e, £, p, q, T}, x] & I
‘LtQ[n, 0]

rule 1062 Int[(x )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_)*(x_)"(n_))"(q_.
Yx((e ) + (£_)*(x_)" (@ ))"(r_.), x_Symbol] :> Simp[1/(m + 1) Subst[Int[(
a + b*x"Simplify[n/(m + 1)]) p*(c + d*x"Simplify[n/(m + 1)])~g*(e + £*x"Sim
plifyln/(m + 1)1)°r, x]1, x, x“(m + 1)1, x] /; FreeQ[{a, b, c, d, e, f, m, n
s, P» 9, T}, x] && IntegerQ[Simplify[n/(m + 1)]]




CHAPTER 3. LISTING OF INTEGRALS 148

Maple [N/A]
Not integrable
Time = 0.01 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

(a+35)" (c+35)°
/ dx

e+wi3

input Lint ((a+b/x~3) “p*(c+d/x"3)~q/ (e+£/x73) ,x)

output Lint ((a+b/x~3) “p*(c+d/x"3) ~q/ (e+f/x"3) ,x)

Fricas [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.46

[erdl )y, [ardlers),

6+z—f3 e_|_mf_3

input Lintegrate ((a+b/x"3) "p*(c+d/x"3)"q/(e+f/x"3) ,x, algorithm="fricas")

output| 1EtegTal (x"3* ((a#x73 + b)/x73)"px((c*x™3 + d)/x73)7q/(exx"3 + £), x)

Sympy [F(-1)]

Timed out.

b \P 49
/ (a’ + )+((;+ zs) dz = Timed out
€T 3

input Lintegrate ((a+b/x*%3) xxp* (c+d/x**3) xxq/ (e+f/x**3) ,x)

output LTlmed out
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Maxima [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

[lraler ), [lralesd),

e+m—f3 e—i—xi?,

input‘integrate((a+b/x’"3)"p*(c+d/x"3)”q/(e+f/x"3),x, algorithm="maxima")

output Lintegrate((a + b/x"3)"px(c + d/x~3)"q/(e + £/x73), x) J

Giac [F(-2)]

Exception generated.

dxr = Exception raised: TypeError

/ (a+35)" (c+35)°

€+xi3

inputLintegrate((a+b/x"3)“p*(c+d/x"3)"q/(e+f/x"3),x, algorithm="giac") J

ou_tput‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Unable to divide, perhaps due to ro
‘unding error}hh{1,[0,1,1,00%%%} / %%4{1,[0,0,0,11%%%} Error: Bad Argument
‘ Value ‘

Mupad [N/A]
Not integrable

Time = 4.80 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

leslisesr,  puesrer,

e+zi3 e+mi3
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inputtint(((a + b/x73)"p*(c + d/x73)7q)/(e + £/x73),x%)

output Lint(((a + b/x~3)"px(c + d/x73)"q)/(e + £/x73), x)

Reduce [N/A]
Not integrable

Time = 200.03 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

(a4 5P e+ 8), [t B +8)
/ /

et e+ L

inputLint((a+b/XA3)AP*(C+d/XA3)“q/(e+f/x‘3),x)

output Lint ((a+b/x~3)"p*(c+d/x"3)"q/ (e+f/x"3) ,x)
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4.2 Links to plain text integration problems used in this report for each CAS . [169

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

151

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[List,expn]],7]],
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic



CHAPTER 4. APPENDIX 167

return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation




CHAPTER 4. APPENDIX 169

4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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