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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 29 |. This is test number [ 76 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 96.55 (28 ) | 3.45(1)
Mathematica | 93.10 (27 ) | 6.90 ( 2)
Maple 75.86 (22) | 24.14(7)
Mupad 68.97 (20 ) | 31.03 (9)
Fricas 65.52 (19) | 34.48 ( 10

)

)

8)

)

)

Reduce 65.52 (19 ) | 34.48 (10)
Giac 62.07 (18) | 37.93 (11)
Maxima | 62.07 (18) | 37.93 (11)
Sympy | 62.07 ( 18 )

37.93 (11

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 89.655 0.000 0.000 10.345
Mathematica 65.517 13.793 6.897 13.793
Maple 48.276 10.345 10.345 31.034
Giac 41.379 17.241 0.000 41.379
Fricas 34.483 27.586 0.000 37.931
Maxima, 31.034 24.138 0.000 44.828
Sympy 17.241 31.034 10.345 41.379
Mupad 0.000 62.069 0.000 37.931
Reduce 0.000 58.621 0.000 41.379

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 1 100.00 0.00 0.00
Mathematica | 2 100.00 0.00 0.00

Maple 7 100.00 0.00 0.00

Fricas 10 60.00 40.00 0.00

Mupad 9 0.00 100.00 0.00

Giac 11 81.82 0.00 18.18

Reduce 10 100.00 0.00 0.00

Sympy 11 81.82 18.18 0.00

Maxima, 11 90.91 0.00 9.09

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.08
Giac 0.14
Reduce 0.23
Maple 0.41
Rubi 0.65
Mathematica 1.78
Fricas 3.04
Sympy 3.45
Mupad 4.96

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 54.00 1.10 34.50 1.00
Giac 74.11 1.58 38.50 1.12
Maxima 74.11 1.60 47.50 1.41
Reduce 135.32 2.54 78.00 2.26
Mathematica | 136.33 1.41 57.00 1.00
Rubi 141.11 1.04 59.00 1.00
Maple 152.59 1.58 42.50 1.13
Sympy 175.06 2.79 55.00 2.08
Fricas 191.58 3.07 85.00 2.20

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

(15,15}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi
Mathematica
Maple
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 24
Mma . . . . . . e e e e 24
Maple . . . . . . e 251
Fricas . . . . . . . e e e e e 25
Maxima . . . . . . . . e e e e e e e e 25
Gilac . . . . e e 201
Mupad . . . . . . . 261
Sympy . . . . . e e 201
Reduce . . . . . . . . . . e e 27

Rubi

A grade {1} 58 5)6) 7B B 0, ) 12 3 4 16,7 19 20,2 22 23,2 25, 26,2 28
}

B grade { }

C grade { }

F normal fail {29}
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade { 1,258 555,011 2 [[4/16) 19,20, 21,2325, 26,27 )
B grade {[7[10}[L3,24}

C grade {[228}

F normal fail {[17,[29}
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade { (12525689 1112 13, 19,25,26))
B grade {[7}[I0,20] }

C grade {[14,21222]}

F normal fail {[16}[17[23}[24,27,[28/[29 }
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { (2B )
B grade {BEABBMDE)

C grade {}

F normal fail {[16}[17}[24[27 2829 }

F(-1) timedout fail {[18[21[22/123 }
F(-2) exception fail { }

Maxima

A grade {[1}[2,{4}5}[8,[L1}[12}[19}26] }

B grade { [3}[6}7}[0}[L0}[13}[25] }

C grade { }

F normal fail { [[416,17 20,21} 2323, 242729 }
F(-1) timedout fail { }

F(-2) exception fail {[2§}
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Giac

A grade {[BBABBEBIIEZMEO)

B grade {[7}[10,[14,25,[26] }

C grade { }

F normal fail { [16,17 21,22, 23 2427 2329}
F(-1) timedout fail { }

F(-2) exception fail {[15][20] }

Mupad

A grade { }

B grade { (125,561 56,10 1 2/13 4 960, 23,29 )
C grade { }

F normal fail { }

F(-1) timedout fail { [[6)[32123232427E5E9) )

F(-2) exception fail { }

Sympy

A grade {B|[I1}[12[14[19}

B grade {[1}[2)[3)[7}[%[10}[L3}[25][26] }

C grade {{[l[6}

F normal fail { [16,[17,20,[21}22}[23} [24}27,[28] }
F(-1) timedout fail {[I8[29}

F(-2) exception fail { }
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Reduce

A grade { }

B grade { 12,58 5/6.18 610/1 214 9,20,2529))
C grade { }

F normal fail { [T316/[72123E3 B3 212820}

F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 31 34 30 109 61 24 32 27
N.S. 1 1.00 1.00 1.10 0.97 3.52 1.97  0.77 1.03 0.87
time (sec) N/A 0.240 0.014 0.624 0.117 0.075 0.093 0.120 0.219  0.078

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 61 60 86 75 253 117 65 175 76
N.S. 1 0.97 0.95 1.37 1.19 4.02 1.86 1.03 2.78 1.21
time (sec) N/A 0.256 0.033 0.549 0.111 0.089 0.256 0.132 0.223 0.104

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 91 94 75 139 184 595 257 103 469 181
N.S. 1 1.03  0.82 1.53 2.02 6.54 2.82 1.13 5.15 1.99

time (sec) N/A 0.284 0.070 0.540 0.117 0.085 0.577 0.125 0.217 8.967
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 10 10 10 11 18 10 24 10 10 10
N.S. 1 1.00 1.00 1.10 1.80 1.00 2.40 1.00 1.00 1.00
time (sec) N/A 0.218 0.009 0.704 0.108  0.072 0.078 0.118 0.221 0.044
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 37 35 31 43 51 55 56 41 88 42
N.S. 1 095 0.84 1.16 1.38 1.49 1.51 1.11 2.38 1.14
time (sec) N/A 0.240 0.018 0.681 0.108 0.073 0.204 0.119 0.228 0.072
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 60 60 52 71 115 153 146 73 239 111
N.S. 1 1.00 0.87 1.18 1.92 2.55 2.43 1.22 3.98 1.85
time (sec) N/A 0.276 0.023 0.697 0.117  0.083 0.448 0.127 0.282 9.054
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 10 10 32 23 25 22 22 27 22 10
N.S. 1 1.00  3.20 2.30 2.50 2.20 2.20 2.70 2.20 1.00
time (sec) N/A 0.225 0.007 0.524 0.026  0.078 0.074 0.121 0.221 0.065
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 39 37 45 52 56 85 54 56 142 43
N.S. 1 095 1.15 1.33 1.44 2.18 1.38 1.44 3.64 1.10
time (sec) N/A 0.244 0.025 0.513 0.032 0.075 0.222 0.134 0.213 8.729
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 64 64 65 78 122 220 141 88 378 114
N.S. 1 1.00 1.02 1.22 1.91 3.44 2.20 1.38 5.91 1.78
time (sec) N/A 0.268 0.037 0.513 0.033 0.082 0.474 0.125 0.212 0.129
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 4 4 15 12 11 11 10 13 11 4
N.S. 1 1.00 3.75 3.00 2.75 2.75 2.50 3.25 2.75 1.00
time (sec) N/A 0.212 0.006 0.246 0.027 0.069 0.039 0.122 0.243 0.170
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 26 24 25 39 24 27 42 23
N.S. 1 1.00 0.96 0.89 0.93 1.44 0.89 1.00 1.56 0.85
time (sec) N/A 0.238 0.024 0.264 0.030  0.067 0.048 0.129 0.206 0.074
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 45 50 37 36 44 71 44 39 78 36
N.S. 1 1.11  0.82 0.80 0.98 1.58 0.98 0.87 1.73 0.80
time (sec) N/A 0.250 0.023 0.269 0.031 0.070  0.060 0.136 0.209 8.676
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A B A B A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 35 35 198 42 66 279 92 30 263 31
N.S. 1 1.00 5.66 1.20 1.89 7.97 2.63 0.86 7.51 0.89
time (sec) N/A 0.260 0.137  0.690 0.105  0.115 0.098 0.127 0.221 0.116
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 20 20 34 17 0 29 27 37 28 19
N.S. 1 1.00 1.70 0.85 0.00 1.45 1.35 1.85 1.40 0.95
time (sec) N/A 0.343 0.084 0.092 0.000 0.081 0.687 0.127 0.212 8.695
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A F(-2) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 15 17 32 14 0 37 17
N.S. 1 1.00 1.12 0.88 1.00 1.88 0.82 0.00 2.18 1.00
time (sec) N/A 0.717 3.826 0.023 0.127  56.101 55.730 0.000 0.292 9.392
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 166 257 195 0 0 0 0 0 25 0
N.S. 1 1.55  1.17 0.00 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 0.761 2.669 0.000 0.000  0.000 0.000 0.000 0.259 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A No N/A N/A TBD TBD TBD TBD TBD TBD
size 180 268 0 0 0 0 0 0 29 0
N.S. 1 1.49  0.00 0.00 0.00 0.00 0.00 0.00 0.16 0.00
time (sec) N/A 0.917 0.000 0.000 0.000  0.000 0.000 0.000 0.246 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-1) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 15 17 0 0 17 52 17
N.S. 1 1.00 1.12 0.88 1.00 0.00 0.00 1.00 3.06 1.00
time (sec) N/A 0.853 3.310 0.010 0.277  0.000 0.000 0.349 0.290 9.211
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 41 39 40 36 35 33 49 38 31 33
N.S. 1 095 0.98 0.88 0.85 0.80 1.20 0.93 0.76 0.80
time (sec) N/A 0.307 0.049 0.036 0.028 0.090 0.256 0.122 0.211 8.523
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 135 135 92 1013 0 1164 0 0 305 116
N.S. 1 1.00 0.68 7.50 0.00 8.62 0.00 0.00 2.26 0.86
time (sec) N/A 0.657 0.301 0.062 0.000 0.166 0.000 0.000 0.246 9.574
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F(-1) F F F F(-1)
verified N/A No No No TBD TBD TBD TBD TBD TBD
size 292 292 452 910 0 0 0 0 258 0
N.S. 1 1.00  1.55 3.12 0.00 0.00 0.00 0.00 0.88 0.00
time (sec) N/A 0.953 11.159 0.316 0.000  0.000 0.000 0.000 0.482 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F(-1) F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 948 948 484 528 0 0 0 0 228 0
N.S. 1 1.00 0.51 0.56 0.00 0.00 0.00 0.00 0.24 0.00
time (sec) N/A 3.548 11.016 0.569 0.000  0.000 0.000 0.000 0.477 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-1) F F F F(-1)
verified N/A No No N/A TBD TBD TBD TBD TBD TBD
size 559 559 773 0 0 0 0 0 61 0
N.S. 1 1.00 1.38 0.00 0.00 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 2.166 11.481 0.000 0.000  0.000 0.000 0.000 0.224 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 129 129 304 0 0 0 0 0 61 0
N.S. 1 1.00 2.36 0.00 0.00 0.00 0.00 0.00 0.47 0.00
time (sec) N/A 0.633 0.702  0.000 0.000  0.000 0.000 0.000 0.405 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 120 120 97 116 373 368 1535 478 330 115
N.S. 1 1.00 0.81 0.97 3.11 3.07 12.79 3.98 2.75 0.96
time (sec) N/A 0.570 0.168 0.780 0.039  0.107 2.539 0.136 0.228 8.773
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 58 57 56 70 112 478 168 102 55
N.S. 1 1.00 0.98 0.97 1.21 1.93 8.24 2.90 1.76 0.95
time (sec) N/A 0.326 0.095 0.329 0.026 0.099 0.287 0.128 0.213 8.730
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 191 137 114 0 0 0 0 0 168 0
N.S. 1 0.72  0.60 0.00 0.00 0.00 0.00 0.00 0.88 0.00
time (sec) N/A 0.587 0.389  0.000 0.000  0.000 0.000 0.000 0.213 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F(-2) F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 312 437 324 0 0 0 0 0 0 0
N.S. 1 1.40 1.04 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.567 2.477  0.000 0.000  0.000 0.000 0.000 0.281 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F(-1) F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 200 0 0 0 0 0 0 0 453 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 2.26 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.236 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

ni%%é%%r?cfl lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [17]
had the largest ratio of [.411764999999999992]

leaf size of the integrand. Finally the ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
#olemde | mms | e | idwimive | PO | e,
1] A 3 2 1.00 13 0.154
2] A 4 3 0.97 13 0.231
3| A 5 4 1.03 13 0.308
4 A 3 2 1.00 11 0.182
5 A 4 3 0.95 11 0.273
6} A 5 4 1.00 11 0.364
7] A 3 2 1.00 13 0.154
3] A 4 3 0.95 13 0.231
9) A 5 4 1.00 13 0.308
10| A 3 2 1.00 11 0.182
11| A 4 3 1.00 11 0.273
12| A 5 4 1.11 11 0.364
13| A 3 2 1.00 19 0.105
14| A 2 2 1.00 13 0.154
N/A 3 0 1.00 17 0.000
16| A 6 5 1.55 17 0.294
7| A 8 7 1.49 17 0.412
N/A 3 0 1.00 17 0.000
19| A 5 4 0.95 15 0.267
20| A 2 2 1.00 17 0.118
21| A 2 2 1.00 17 0.118
Continued on next page
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Table 2.1 — continued from previous page
number of number of normalized integrand b .
# | grade sheps widie | anfideriative |t e tegrand leaf size
22 A 2 2 1.00 17 0.118
23 A 2 2 1.00 17 0.118
24 A 2 2 1.00 17 0.118
25 A 2 2 1.00 20 0.100
26 A 1 1 1.00 18 0.056
27 A 4 4 0.72 20 0.200
128 A 2 2 1.40 20 0.100
F 0 0 N/A 0.000 N/A
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1
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Giac [A] (verification not implemented) . . . . . . ... ... ... L. 43
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 44
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 44

Optimal result

Integrand size = 13, antiderivative size = 31

[E—
a+ b(c+ dzx)? v

Vb(c+dz)
arctan <—ﬁ

)

Vavbd

arctan(b~(1/2)*(d*x+c)/a~(1/2))/a~(1/2)/b~(1/2)/d

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00

/;dx_
a+blc+dr)? "

Vb(c+dz)
arctan <—\/a

)

vavbd

‘Integrate[(a + bx(c + d*x)~2)"(-1),x]

LArcTan[(Sqrt[b]*(c + d*x))/Sqrt[al]/(Sqrt

[a]l *Sqrt [b]*d)




input

output

rule 218
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00,

number of rules _ (j 15 4, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {239, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[ eerar
a+ b(c+ dzx)? v
| 239

d
l 218

arctan (ﬁ(\c;gdx))

Vavbd

LInt[(a + bx(c + d*x)~2)~(-1),x] J

|ArcTan[(Sqrt[bl*(c + d*x))/Sqrt[all/(Sqrt [a]*Sqrt [b]*d)

Defintions of rubi rules used

e

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
\t[a/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

A\

rule 239‘Int[((a_,) + (b_.)*(v_)"(n_))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1 ‘

‘] Subst[Int[(a + b*x"n) p, x], x, v], x] /; FreeQ[{a, b, n, p}, x] && Lin
‘earQ[v, x] && NeQ[v, x]
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Maple [A] (verified)

Time = 0.62 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.10

method | result size
arctan ( 2bz di;rjdbc )
2dvVab
default N 34
. In (bda:—{—bc-i—\/—ab) ln(—bd:c—bc—i-\/—ab)
risch —— ov—abd T o/—abd 56

input L

int (1/ (a+b* (d*x+c) ~2) ,x,method=_RETURNVERBOSE)

output

|1/d/ (a%b)~ (1/2) *arctan(1/2% (2xbxd"2#x+2%bkcxd) /d/ (a*b) ~ (1/2))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 109, normalized size of antiderivative = 3.52

| v iy
a+ b(c+ dx)? v

\/—_ab log <bd2x2+2 bedz+bc? —2 v/—ab(dz+c)—a

bd2x2+2 bedz+bc2+a

) \/% arctan (M)

2 abd

)

abd

input

Lintegrate(1/(a+b*(d*x+c)‘2),x, algorithm="fricas")

Output‘[—1/2*sqrt(—a*b)*log((b*d“2*x‘2 + 2%b*ckd*x + b*c”2 - 2*sqrt(-a*b)*(d*x +
‘c) - a)/(bxd"2%x"2 + 2*%b*cxd*x + b*c”2 + a))/(a*bxd), sqrt(a*b)*arctan(sqr

‘t(a*b)*(d*x + c)/a)/(axbxd)]
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 61 vs. 2(27) = 54.

Time = 0.09 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.97
—aw—LJ—c aql—i-i—c
— o log <z+d“” — L log | x+——2—
2

1 - . +
/a+b(c+dw)2dm_ d

input Lintegrate(l/(a+b* (d*x+c)**2) ,x) J

‘(-sqrt(-l/(a*b))*log(x + (-a*sqrt(-1/(a*b)) + c)/d)/2 + sqrt(-1/(a*xb))*log ‘

output

((x + (axsqrt(-1/(axb)) + ¢)/d)/2)/d |

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.97

1 arctan (bdfxﬁ#)
- dr= 4
/a—l—b(c-l—dac)2 v Vabd
input Lintegrate (1/ (a+b* (d*x+c)~2) ,x, algorithm="maxima") ‘

output Larctan( (b*d~2*x + bxc#*d)/(sqrt(a*b)*d))/(sqrt(a*b)*d) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.77

1 arctan (bd””—\/g’c>
—————dr =
/ a+ b(c+ dx)? Vabd
input Lintegrate (1/ (a+b* (d*x+c)~2) ,x, algorithm="giac") J




output

input

output

input

output
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Larctan((b*d*x + bxc)/sqrt(axb))/(sqrt (axb)*d)

Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.87

1 atan(%)
. dr=
/a—i—b(c+dﬂc)2 ! Vavbd

Lint(l/(a + b*(c + d*x)"2),x)

Latan((b“(1/2)*c + b7 (1/2)*d*x)/a~(1/2))/(a”(1/2)*b~(1/2) *d)

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.03

a+ b(c+ dx)? d abd

/ . _ ﬁﬁﬂtay;,(b\%_—\%:)

Lint(i/(a+b*(d*x+c)A2) ,X)

L(sqrt (b)*sqrt(a)*atan((b*c + b*d*x)/(sqrt(b)*sqrt(a))))/(a*b*d)
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1 dx

3.2 f (a+b(c+dz)?) 2

Optimalresult . . . . . . . . .. . .. 5]
Mathematica [A] (verified) . . . . . . . .. ... L Lo 45
Rubi [A] (verified) . . . . . . . .. . 16
Maple [A] (verified) . . . . . . . . . . 47
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 48
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 43
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 49
Giac [A] (verification not implemented) . . . . . . . ... ... ... 19
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 19

Reduce [B] (verification not implemented)

Optimal result

Integrand size = 13, antiderivative size = 63

Vb(ctdz
/ 1 i — c+dz N arctan (%)
(a + b(c + dz)?)? 2ad (a + b(c + dz)?) 2a3/2v/bd

N

¢ \(1/2* (d*x+c) /a/d/ (a+b (d*x+c) ~2)+1/2%arctan(b” (1/2) * (d*x+c) /a~(1/2)) /a~(3/2 |
/b7 (1/2)/d |

outpu

Mathematica [A] (verified)
Time = 0.03 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.95

Vo(c+d
Va(crds) | rctan(*GE )

/ 1 de — a+b(ct+dx)? Vb
(a+ blc+ dz)?)’ 2a%/%d

input LIntegrate[(a + bx(c + d*x)~2)~(-2),x] J

N

‘ ((Sqrtlal*(c + d*x))/(a + bx(c + d*x)~2) + ArcTan[(Sqrt[bl*(c + d*x))/Sqrt ‘

output
[a]1/8qrt [b])/ (2%a™(3/2)*d)




input

output
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Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.97,

number of rules _ 0.231, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {239, 215, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ! 5 d
(a+ b(c+ dz)?)

l 239
1
d
l 215
J beraneadetde) ctdz

2a 2a(a+b(c+dz)?)
d
l 218

Vb(c+dz

arctan(%) n ctda
20372/ 2a(a+b(c+dz)2)

d

e

LInt[(a + bx(c + d*x)"2)"(-2),x]

‘ ((c + d*x)/(2xa*x(a + b*(c + d*x)~2)) + ArcTan[(Sqrt[bl*(c + d*x))/Sqrtl[all

~—

L/(Q*a‘(S/Q)*Sqrt [b1))/d J
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x~2)~(p + 1)
/(2%ax(p + 1))), x] + Simp[(2*p + 3)/(2*a*x(p + 1)) Int[(a + b*xx"2)"(p + 1
), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4*p] || IntegerQ[6
*p])

rule 215

rule 218 IntL((a) + (b_.)*(x_)72)7(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
t[a/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 239 IntLCCa_.) + (b_)*(v_)"(n_))~(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1
] Subst[Int[(a + b*x"n)”p, x], x, vl, x] /; FreeQ[{a, b, n, p}, x] && Lin
earQ[v, x] && NeQ[v, x]

Maple [A] (verified)

Time = 0.55 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.37

method | result size
2bx d2+2dbe
default 2bx d24-2dbc + arctan( 2dvab ) 86
4ab d?(bx2d2+2bcdz+b 2 +a) 2dav/ab
risch — et oeq 2 . In (bdz-+bc++/—ab) + ln(—bdz—bc—}-\/—a,b) 102
x2d?+42bcdz+bc?+a 4v/—abda 4+/—abda

input ‘ int (1/ (at+b* (d*x+c) “2) "2,x,method=_RETURNVERBOSE) ‘

‘ 1/4% (2*%bxd~2*x+2*b*xc*d) /a/b/d~2/ (b*d~2*x~2+2*xb*c*xd*x+b*xc~2+a)+1/2/d/a/ (axb \

output
\ )~ (1/2) *arctan (1/2% (2xbxd~2xx+2xb*c*d) /d/ (a*b) ~(1/2)) \
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 253, normalized size of antiderivative = 4.02

1
/ 5 dx
(a+b(c+dz)?)
2abdz + 2 abe — (bd?a? + 2bedz + be® + a)y/—ablog (WL 2ELLET Va0 ) ghdy 4+ abe + (¢
4 (a20?d3z? + 2 a?b?cd?z + (a?b?c? + a3b)d) ’ 2 (a2t

/

Lintegrate(1/(a+b*(d*x+c)‘2)‘2,x, algorithm="fricas")

~—

input

[1/4%(2*axbxd*x + 2xa*b*c - (b*d"2#x"2 + 2%b*ckd*x + b*c”2 + a)*sqrt(-axb)
*1log ((b*xd~2%x"2 + 2*b¥ckd*x + b*c™2 - 2*sqrt(-axb)*(d*x + c) - a)/(b*d"2*x
"2 + 2kbxckd*x + bxc”2 + a)))/(a"2*b"2+%d"3*x"2 + 2*a~2%b"2kcxd"2*x + (a~2x*
b~2%c™2 + a~3xb)*d), 1/2%(axb*d*x + axbxc + (b*d"2%x~2 + 2xbkckd*x + b*xc~2
+ a)*sqrt(a*b)*arctan(sqrt(a*b)*(d*x + c)/a))/(a~2%b~2*d"3*x~2 + 2%a~2%b"
2%cxd"2*x + (a”2*%b"2%c”2 + a~3%b)*d)]

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 117 vs. 2(51) = 102.

Time = 0.26 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.86

/ 1 dr — c+dz
(a+b(c+dz)?)? 2a2d+ 2abcd + dabed?z + 2abd3z?

—a24/—i+c a? —i+c
1 a3b 1 a3b
-3 log (z+d -3 log | z+———F——
+

4

+ 4

d

-

input L

-/

integrate(1/ (a+b* (d*x+c)**2) **2,x)

t‘(c + d*x)/(2%a**x2xd + 2xaxbkxckx*2%xd + 4kakxbkckd*x*2%x + 2kaxbkxd**x3*kx*k*2) + (
‘—sqrt(-i/(a**S*b))*log(x + (—a¥*2*sqrt(-1/(a**3xb)) + c)/d)/4 + sqrt(-1/(a
(*x34b))*log(x + (a**2+sqrt(-1/(a**3+b)) + c)/d)/4)/d |

outpu
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.19

/ 1 s — dr + ¢ N arctan <bdf}”af$>
(a+ blc+ dx)2)2 ) (abd®z? + 2 abed?x + (abc? + a?)d) 2+ abad

input ‘ integrate(1/(a+b*(d*x+c)~2)~2,x, algorithm="maxima") ‘

(1/2%(d*x + c)/(axbrd"3%x"2 + 2kakbrckd"2+x + (akbkc™2 + a"2)*d) + 1/2%karct

output
‘an((b*d~2%x + bxcd)/(sqrt(a*b)*d))/ (sqrt (a*b)*a*d) |

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.03

bdz—+be )

/ 1 ﬂE_amctam( Jab dr + ¢
(a+blc+dz)?)? 2+vabad 2 (bd?x? + 2 bedzx + be? + a)ad

input tintegrate (1/ (a+b*(d*x+c)~2)"2,x, algorithm="giac") J

( N
output ‘ 1/2*arctan((b*d*x + bxc)/sqrt(a*b))/(sqrt(axb)*a*xd) + 1/2*(d*x + c)/((b*d™ ‘
L2*x“2 + 2%bkckd*x + b*c™2 + a)*axd) J

Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.21

/ 1 E A atan <2a (;ﬁfz ‘2/2:;1/“2”))
d.’L' — a a +
(a + b(c + dz)?)? b2 +2bcdr+bd?z?+a 2a3/2/bd
input Lint(l/(a + bx(c + d*x)"2)"2,x) J
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Output‘ (x/(2%a) + c/(2%axd))/(a + b*c™2 + bxd"2%x"2 + 2¥bxcxd*x) + atan(2*ax((b~( |
L1/2)*c)/(2*a‘(3/2)) + (b~ (1/2)*d*x)/(2%a~(3/2))))/(2*a~(3/2)*b~(1/2) *d) J

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 175, normalized size of antiderivative = 2.78

1
/ 5 dT
(a+b(c+dx)?)
2\/_\/Eatan<bd\/”fi’/bf> ac + 2\/_\/Eatan<

> be +4vb+/a atan(bd””+bc> bctdz + 2vVb/a atan(b\‘}?
4a?bed (bd?x? + 2bedx + bc? + a)

input Lint (1/ (a+bx (d*x+c) ~2)"2,%) J

(2*sqrt (b) *sqrt (a) *atan ((bxc + b*d*x)/(sqrt(b)*sqrt(a)))*a*xc + 2*sqrt(b)*s
grt(a)*atan((bxc + b*d*x)/(sqrt(b)*sqrt(a)))*b*c**3 + 4x*sqrt(b)*sqrt(a)*at
an((bxc + b*d*x)/(sqrt(b)*sqrt(a)))*b*xc**2xd*x + 2*sqrt(b)*sqrt(a)*atan((b
*C + bkxd*x)/(sqrt(b)*sqrt(a)))¥bkckxd**2xx**2 — a**x2 + axbkc**2 — akxbkxdx*2%
x*%2) / (4*a*x*2xbxckd* (a + bkc**2 + 2kbkxckd*x + bkd*x*2%x**2))

output
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1

3.3 f (a+b(c-|—da:)2)3 dz

Optimalresult . . . . . . . . .. . .. BT
Mathematica [A] (verified) . . . . . . . .. ... L Lo LIl
Rubi [A] (verified) . . . . . . . . . . 52
Maple [A] (verified) . . . . . . . . . . 53
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... Y!
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 5%
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... b%
Giac [A] (verification not implemented) . . . . . . . ... ... ... 50
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 56
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... byi

Optimal result

Integrand size = 13, antiderivative size = 91

1 c+dz 3(c+dx)
s dr = 5 5 5
(a+ b(c+ dz)?) 4ad (a + b(c + dz)?)*  8a’d(a+ b(c + dx)?)

Vb(c+dz)
3 arctan (—ﬁ >

+
8a%/2/bd

o 1/4x(dxx+c)/a/d/ (atbk (drx+c) "2) "2+3/8% (dxx+c) /a2/d/ (avbx(dxx+c)"2)+3/8%ar

outpu
‘ ctan(b~(1/2)*(d*x+c)/a~(1/2))/a~(6/2) /b~ (1/2)/d
Mathematica [A] (verified)
Time = 0.07 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.82
Va(c+dz) (5a+3b(c+dz)?) n 3arctan(%)
1 _ (a+b(c+dz)?)> Vb
5 dr = 5/2
(a+ b(c+ dz)?) 8a®/2d
input {Integrate [(a + bx(c + d*x)~2)"(-3),x] }
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‘ ((Sqgrt[al*(c + d*x)*(5%a + 3xbx(c + d*x)~2))/(a + bx(c + d*x)~2)72 + (3*Ar \

output
LcTan [(Sqrt[bl*(c + d*x))/Sqrt[all)/Sqrt[bl)/(8*a~(5/2)*d) J

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.03,

number of rules _ 0.308, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {239, 215, 215, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

! d
/ (a+bct+de2)] "
l 239

1
J (b(ctdz)?+a)® d(c + dz)
d
l 215

1 4 d
(b(c+dz)2+a)2 (C+ x)

+ ctdz
4a 4a(a+b(c+dz)?)?
d
l 215
1 d(e+dz
3 ! (cranyzra 4t )+ ctde
2a 2a(a+b(c+dw)2) ctdx
da 4a(a+b(c+dx)?)?
d
l 218
Vb(ct+dz)
3 arctan<7ﬁ ) n ctds
2a3/2\/5 2a(a+b(c+dw)2) ctde
4a 4a(a+b(c+dx)?)?

d

e

LInt[(a + bx(c + d*x)"2)"(-3),x]

~—

input
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‘ ((c + d*x)/(4*ax(a + b*(c + d*x)"2)72) + (3*x((c + d*x)/(2*ax(a + bk(c + d* \

'x)72)) + ArcTan[(Sqrt[bl*(c + d*x))/Sqrt[all/(2¥a~(3/2)*Sqrt[bl)))/(4%a))/ |
. |

output

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x~2)~(p + 1)
/(2%ax(p + 1))), x] + Simp[(2*p + 3)/(2*a*x(p + 1)) Int[(a + b*x"2)"(p + 1
), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4*p] || IntegerQ[6
*p])

rule 215

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 218

rule 239‘(Int[((a_.) + (b_)*(v_)"(n_))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1
‘] Subst [Int[(a + b*x™n)"p, x]1, x, vl, x] /; FreeQ[{a, b, n, p}, x] && Lin
‘earQ [v, x] && NeQ[v, x]

———————

Maple [A] (verified)

Time = 0.54 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.53

method | result size
2
3(2bz d2+2dbe) 3 arctan(%)
d f lt 2bx d2+2dbc 16ab d2 (b m2d2+2bcdm+b 02+a) 8davab 139
clat 8ab d2 (b z2d2+2bcdz+b c2+a)? a
2, 3 2 9b c2+5a z c(3b c2+5a
risch S | bed ( 2 )z < P ) _ 3In(bdz-+be+v/—ab) 48 In(—bdo—betv/=ab) | 14 5
(bx2d2+2bcdz+bc2+a)? 16v/—abd a? 16v/—abd a2

-

input

tint (1/ (a+b* (d*x+c)~2) ~3,x,method=_RETURNVERBOSE)

~—

output ‘ 1/8% (2xb*d~2*x+2*b*c*d) /a/b/d"~2/ (b*d~2*x~2+2*b*cxd*x+b*xc~2+a) ~2+3/4/a*x(1/4 ‘
% (2%bxd~2xx+2xbxcxd) /a/b/d"2/ (b*d"2%x"2+2%bxckdsx+bxc 2+a) +1/2/d/a/ (axb) ~ (|

1/2)*arctan(1/2% (2xbxd~2%x+2%b*c*d) /d/

N\

(axb)~(1/2)))

J




input

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 273 vs. 2(77) = 154.

Time = 0.08 (sec) , antiderivative size = 595, normalized size of antiderivative = 6.54

/F 1
3 dr
(a+b(c+dx)?)
6 ab’d3x3 + 18 ab?cd?z? + 6 ab’c® + 10 a’bc + 2 (9 ab®c® + 5 a’b)dx — 3 (b2d*z?* + 4 b%cd3x3 + b2t + 2
16 (a®b3dPz* + 4 a3b3cd*x® 4 2 (3 a®b3c? + a*b?)d3x2 + 4 (c

-

N\

integrate(1/(a+b*(d*x+c)~2)"3,x, algorithm="fricas")

b~2xc”2 + a~5%b)*d)]

[1/16% (6*a*xb~2xd~3*x~3 + 18*a*b™2*c*d~2*%x"2 + 6xaxb~2%c”~3 + 10*a"2*b*c + 2
*(9xaxb~2xc™2 + 5*%a”~2%b) *d*x - 3*%(b"2*%d"4*x”"4 + 4*b"2%c*d"3*x"3 + b~ 2xc”~4
+ 2% (3*%b72%c”2 + axb)*d"2*xx"2 + 2*a*b*c”2 + 4% (b"2*%c”3 + axbkc)*d*x + a”2)
*sqrt (-axb) *Llog((b*d~2*x~2 + 2¥bkckd*x + b*c~2 - 2*sqrt(-a*b)*(d*x + c) -
a)/(b*d™2*x"2 + 2xbxckd*x + b*c”2 + a)))/(a”3*b"3*d"5*x"4 + 4*a”3*b"3*c*xd”
4%x73 + 2% (3*a"3*b"3*%c”2 + a”4*xb"2)*d"3*x"2 + 4%(a"3*%b"3*c”3 + a"4*b"2*c)x*
d~2xx + (a"3%b~3*%c"4 + 2*xa~4*b"2*c”2 + a~5*xb)*d), 1/8*%(3*a*b”2%d"3*x"3 + 9
*axb~2%ckxd"2*x"2 + 3*kaxb"2xc”3 + 5xa~2kbxc + (9*axb"2kc"2 + 5*ka”2%b)*kd*x +
3x(b~2%d"4%*x"4 + 4%b~2xc*d"3*x~3 + b"2%c"4 + 2% (3%b"2%c”2 + axb)*d"2%x"2
+ 2%axbxc”2 + 4% (b"2%c”3 + a*b*c)*d*x + a~2)*sqrt(axb)*arctan(sqrt(a*xb)*(d
*x + c)/a))/(a~3*b~3*%d"5*x"4 + 4*a~3*xb~3kckxd"4*x"3 + 2%(3*%a"3*%b"3*c"2 + a”
4xb~2) *d"3*x"2 + 4x(a~3*%b"3*c”3 + a"4*b"2*c)*d"2*x + (a~3*b"3*c”™4 + 2%a"4*
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 257 vs. 2(82) = 164.

Time = 0.58 (sec) , antiderivative size = 257, normalized size of antiderivative = 2.82

dz

1
/ (a + b(c + dz)?)*
_ 5ac + 3bc® + 9bed?z? + 3bd3x3 + z(5ad + 9bc*d)
~ 8a4d + 16a3bc2d + 8a2b2ctd + 32a2b2cdx3 + 8a2b2d5xt + x2 - (16a3bd3 + 48a2b2c2d3) + x (32a3bcd? +- ¢

73113 7L+3c 3a3 7L+3c
1 Va5 1 \ " @B
3 —m log (z+a> 3 —m ].Og (:lf“l‘a
+

3d 3d

+ 16

16

d

input Lintegrate(l/(a+b* (d*x+C) **2) ¥*3, %) J

(5%a*xc + 3xbkc**3 + Okbkckd**2*x**2 + 3xbkd*k*k3*kx**3 + x*(5*kaxd + 9xbkck*x2*
d) )/ (8*axx4*xd + 16*%a**x3xbkcx*x2kd + 8Skakx*x2xbkxk2kckkdkxd + 32ka**x2xbkk2kckd**
dxxxx3 + 8Skaxk2kxbkkkdkxk5xx**4d + xk*x2% (16%a*x*x3xb*xd**3 + 48ka**x2kbkk2kckx*2*
d**3) + x*(32ka*k3kbkckdx*2 + 32¥ax*2xbx*2xcx*3*%dx*2)) + (-3*sqrt(-1/(ax*5
*b))*log(x + (-3*a**3xsqrt(-1/(a**5xb)) + 3%c)/(3*d))/16 + 3*sqrt(-1/(a**5
*b) ) *log(x + (3*a*x3*sqrt(-1/(ax*5xb)) + 3*c)/(3*d))/16)/d

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 184 vs. 2(77) = 154.

Time = 0.12 (sec) , antiderivative size = 184, normalized size of antiderivative = 2.02

dz

1
/ (a + b(c+ dz)?)®
3bd3z® + 9bed?z? + 3bc® + (9bc® + 5a)dz + 5 ac
8 (a2b?doz* + 4 a2b%cd*z3 + 2 (3 a?b?c? + ab)dPx? + 4 (a?b?c® + abe)d?z + (a?b?c* + 2 a3bc? + a*)d)

2
3 arctan <bd x+bcd>

Vabd

+
8 v/ aba2d

inputLintegrate(1/(a+b*(d*x+c)“2)*3,x, algorithm="maxima") J
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‘1/8*(3*b*d‘3*x“3 + O9%b*c*kd~2%x"2 + 3xb*c”3 + (9xbxc”2 + b¥a)*d*x + 5xaxc)/ \
‘ (a™2*%b~2xd"5*x"4 + 4*a”2%b"2*c*d~4*x~3 + 2% (3*a”~2*%b"2%c"2 + a~3*b)*d~3*x"2 ‘
\ + 4% (a"2%b72%c”3 + a"3xbxc)*d"2*x + (a"2%b"2*c”4 + 2*xa~3*xbxc”2 + a”4)*d) \
+ 3/8*arctan((b*d"2+x + bckd)/(sqrt(axb)*d))/ (sqrt (axb)*a~2+d) |

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.13

/ 1 o 3 arctan <bd“’—\/£’c>
(a + b(c + dz)?)? 8 vaba2d

3bd3z3 + 9bed?x? + 9bc’dr + 3bc® + 5adr + 5 ac
8 (bd2z? 4 2 bedx 4 be? + a)’a2d

-

Lintegrate (1/ (at+b*(d*x+c) "2)~3,x, algorithm="giac")

-/

input

'3/8xarctan((bxdx + bxc)/sqrt(a*b))/(sqrt(axb)xa2xd) + 1/8%(3xbxd"3%x"3 +
\ Oxbxckd"2%x~2 + 9%b*c~2kd*x + 3%b*c”3 + Bxakxd¥x + 5S¥axc)/((bxd"2%x"2 + 2% \
‘b*c*d*x + bxc™2 + a) " 2%a~2%d) ‘

output

Mupad [B] (verification not implemented)

Time = 8.97 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.99

dz

1
/ (a + b(c + dz)?)*
B a:(gbsc;—i-Sa) + 3b§2-|2—51>1ac + 3b8d52x3 + 9b80;12:1:2
C 22 (602c2d2+2abd?) +x (4d2cB+4adbe) + a2+ b2t +b2diat +2abc® +4b2cdd 3
8a2(3\/5c+3\/17dz)
3atan< 8“5/3 245/2 )

8a5/2/bd

+

input| 10E(1/ @@ + bx(c + d*x)°2)3,x) )
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((x*(5*a + 9xbxc~2))/(8*a~2) + (5*axc + 3*b*c~3)/(8*a~2xd) + (3*xbxd~2xx~3)
/(8*xa~2) + (9%bxckxd*x~2)/(8%a~2))/(x"2*%(6*xb~2%c~2*xd"2 + 2*a*xb*xd”~2) + x*(4x*
b~2%c”3*%d + 4*axbkckxd) + a2 + b"2*%c”4 + b"2xd"4*x"4 + 2*a*b*c”2 + 4%b"2%c
*d"3*%x73) + (3*atan((8*a~2*x((3*b~(1/2)*c)/(8*%a~(5/2)) + (3*b~(1/2)*d*x)/(8
*a~(5/2))))/3))/(8xa~(5/2)*b~(1/2)*d)

output

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 469, normalized size of antiderivative = 5.15

/f 1
3 dr
(a+b(c+dz)?)
_ 12vb+/a atan(%%) a’c + 24vb+/a atan(%?&c) abc® +48vb/a atan(%%) ab dz + 24v/b \/a

input int (1/ (a+b* (d*x+c)~2)~3,x) \

(12*sqrt (b) *sqrt (a)*atan((b*c + bxd*x)/(sqrt(b)*sqrt(a)))*ax*2xc + 24x*sqrt
(b)*sqrt(a)*atan((b*c + bxd*x)/(sqrt(b)*sqrt(a)))*a*b*cx*3 + 48*sqrt(b)*sq
rt(a)*atan((b*c + bxd*x)/(sqrt(b)*sqrt(a)))*a*b*xcx*2xd*x + 24*xsqrt(b)*sqrt
(a)*atan((b*c + bxd*x)/(sqrt(b)*sqrt(a)))*axbkcxd**x2*xx**2 + 12*sqrt(b)*sqr
t(a)*atan((bxc + bxd*x)/(sqrt(b)*sqrt(a)))*xb**2*xcx*5 + 48*sqrt(b)*sqrt(a)*
atan((bxc + bxd*x)/(sqrt(b)*sqrt(a)))*xbxx2kck*4xd*x + T2xsqrt(b)*sqrt(a)*a
tan((b*c + bxd*x)/(sqrt(b)*sqrt(a)))*b**2kck*3xd**x2xx**2 + 48*sqrt(b)*sqrt
(a)*atan((bxc + b*d*x)/(sqrt(b)*sqrt(a)))*b**x2*kcx*2xd**3*x*x*3 + 12xsqrt(b)
*sqrt (a) *atan((b*c + b*xd*x)/(sqrt(b)*sqrt(a))) *b**2*ckd**4*x**4 — 3*a**3 +

14%a**x2xb*xc*x*2 + 8kax*2kxbkxckd*x — B*a**xxbkdx*2*kx**2 + Oxaxbx*kckx4d + 24
*axb*xk2kckk3kd*kx + 18*kakxbx*kck*kd**kx**2 — 3Ikaxbkkx2kd*x*x4kx*x*4) /(32*%a*x*3
xbxckdx (a**x2 + 2kaxbkxck*2 + 4kakbkckdkx + 2kakbkdk*2*xx**2 + bk*2kck*4d + 4x
bx*k2kCk*k3kd*X + B¥b*kkkCH*¥2kA*¥*kx**2 + A*¥b*k*xkCkd**3*x**3 + brkkd*k*4xx**

4))

output
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1

3.4 f 1+(c+dz)? dz

Optimal result . . . . . . . . . . e Ha]
Mathematica [A] (verified) . . . . . . . . . ... oo 58]
Rubi [A] (verified) . . . .. . . ... .. bY¢)
Maple [A] (verified) . . . . . . ... L 60
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 60
Sympy [C] (verification not implemented) . . . ... ... ... ... ...... 60
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 611
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 61
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 61
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 62

Optimal result

Integrand size = 11, antiderivative size = 10

-/

-/

/ 1 . arctan(c + dx)
1+ (c+dz)?2 d
output Larctan(d*x+c)/d
Mathematica [A] (verified)
Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00
/ 1 dr — arctan(c + dx)
1+ (c+dz)?2 d
input [Integrate[(l + (c + d*x)~2)"(-1),x]
output LArcTan [c + d*x]/d




input

output

rule 216
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _ 0.182, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {239, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[ eram
(c+dz)2+1 v
l 239

d
l 216

arctan(c + dx)
d

-

LInt[(l + (c + d*x)"2)"(-1),x]

| —

tArcTan[c + d*x]/d

Defintions of rubi rules used

\flnt[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
'rcTan[Rt[b, 2]1*(x/Rtla, 21)1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
', 01 Il Gtalb, o)

rule 239‘Int[((a_.) + (b_.)*(v_)"(n_))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1

‘] Subst[Int[(a + b*x"n) p, x], x, v], x] /; FreeQ[{a, b, n, p}, x] && Lin
LearQ[v, x] && NeQ[v, x]
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Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.10

method result size
default w 1
risch w 1
parallelrisch | — i ln(dz+c—i)2—di In(dzteti) | 9

-

input Lint (1/(1+(d*x+c) ~2) ,x,method=_RETURNVERBOSE)

-/

output Larctan(d*xﬂ:) /d

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ 1 dp — arctan (dz + c)
1+ (c+dz)2 ™ d

input Lintegrate (1/(1+(d*x+c)"2) ,x, algorithm="fricas")

-

output tarctan(d*x + c)/d

e—

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.08 (sec) , antiderivative size = 24, normalized size of antiderivative = 2.40

ilog (m—i—%i) ilog (z+%i>
2 2

[—
1+ (c+dz)? = d

input Lintegrate (1/ (1+(d*x+c) **2) ,x)




outpu

inpu

outpu

inpu

outpu

inpu
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t‘(—I*log(x + (c - I)/d)/2 + Ixlog(x + (c + I)/d)/2)/d

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.80

d2z+cd

/1+(1 arctan< p >

¢+ dzx)? de = d

tLintegrate(1/(1+(d*x+c)‘2),x, algorithm="maxima")

tLarctan((d“2*x + cxd)/d)/d

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

1+(c+dz)2dz_ d

/ 1 _arctan (dz + c)

tLintegrate(1/(1+(d*x+c)’"2),x, algorithm="giac")

tLarctan(d*x + c)/d

Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ 1 p _ atan(c+dx)
1+ (c+dz)? N d

tLintu/((c + d*x)"2 + 1),x)
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outputt

atan(c + d*x)/d

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ 1 dp — atan(dz + c)
1+ (c+dz)2 ™ d

inputt

int (1/ (1+(d*x+c)~2),x)

outputt

atan(c + d*x)/d




output

input

output
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1

3.5 J (1+(c+dz)2)? dz

Optimalresult . . . . . . . . .. . .. 631
Mathematica [A] (verified) . . . . . . . .. ... L Lo 63
Rubi [A] (verified) . . . . . . . .. . 64
Maple [A] (verified) . . . . . . . . . . 65
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 65
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 66
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 661
Giac [A] (verification not implemented) . . . . . . . ... ... ... 66
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 67
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... 67

Optimal result

Integrand size = 11, antiderivative size = 37

arctan(c + dx)

/ 1 dr — c+dx +
(14 (c+ dz)?)? 2d (1 + (c + dz)?) 2d

‘1/2*(d*X+C)/d/(1+(d*x+c)‘2)+1/2*arctan(d*x+c)/d

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.84

ct+dz

+ arctan(c + dz)

/ 1 iy Tcrds?
(14 (c+ dx)?)*

2d

LIntegrate[(l + (c + d*x)~2)"(-2),x]

s

L((c + d*x)/(1 + (c + d*x)~2) + ArcTan[c + d*x])/(2*xd)

~—
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.95,

number of rules _ 0.273, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {239, 215, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ 3 dz
((c+dz)? +1)
l 239
1
d
l 215
d
3/ (c+di)2+1 d(c + dz) + 2((ci§x)z2+1)
d
l 216
; arctan(c + dz) + 2((%;1)%4-1)
d
inputtlnt[(l + (c + d*x)~2)"(-2),x] J

e

L((c + d*x)/(2*x(1 + (c + d*x)~2)) + ArcTan[c + d*x]/2)/d

~—

output

Defintions of rubi rules used

rule 215‘ Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[(-x)*((a + b*x~2)~(p + 1) ‘
/(2xax(p + 1))), x] + Simp[(2+p + 3)/(2%a*(p + 1)) Int[(a + b*x"2)"(p + 1
‘), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4*p] || IntegerQ[6 ‘

‘*p])
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

rule 216

Int[((a_.) + (b_)*(v_)"(m_.))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1
] Subst [Int[(a + b*x™n)"p, x1, x, vl, x] /; FreeQ[{a, b, n, p}, x] && Lin
earQ[v, x] && NeQ[v, x]

rule 239

Maple [A] (verified)

Time = 0.68 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.16

method result
risch d2z2+%2:;1 ;%+c2+1 n arcta,r;Slw-i-c)
default 2d%z+2cd arctan(“@#)
442 (d2x2+2cdz+c2+1) 5d
parallelrisch | —* In(do+c—i)a?d®—iln(dw+cti)z?d®+2i In(do+c—i)zc d®~2i 1n(dx;§z+<?ziéf2til"+(iﬁi f)_ i)c*d—iln(detcti)cidtilr

input Lint (1/(1+(d*x+c)~2)"2,x,method=_RETURNVERBOSE) J

output L (1/2%x+1/2xc/d) / (A" 2*x~2+2%c*xd*x+c~2+1) +1/2*arctan (d*x+c) /d J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.49

/ 1 e — dz + (d*z* + 2 cdz + ¢ + 1) arctan (dz + ¢) + ¢
(1+ (c+ dg;)2)2 o 2(d3z2 4+ 2 cd?z + (c® + 1)d)

input Lintegrate (1/(1+(d*x+c)~2)"2,x, algorithm="fricas") J

‘1/2*(d*x + (d72*%x"2 + 2%cxd*x + c”2 + 1)*arctan(d*x + c) + c)/(d"3*x"2 + 2 ‘

output
(xckd"2%x + (c72 + 1)%d) |
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.20 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.51

ilog <z'+ C;i ) ilog <z+%i>

/ 1 dr — c+dx N — - .
(14 (c+dz)?)’ 2cd+deds + 202 + 2d d

inputLintegrate(1/(1+(d*x+c)**2)**2’x) J
Output‘ (c + dx)/(2xcHk*2+d + Akchdrr2kx + 2kdk*3xxxk2 + 2xd) + (-Ixlog(x + (c - I

)/d)/4 + T¥log(x + (c + 1)/d)/4)/d

Maxima [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.38

d?z+cd
d

A+ crdo?)f ™ = 2@t 2cdat (@4 1)d) T 2d

/ 1 dz + ¢ arctan (

input Lintegrate (1/(1+(d*x+c)~2)"2,x, algorithm="maxima") J

Output‘ 1/2%(d*x + c)/(d~3%x"2 + 2xcxd~2%xx + (c~2 + 1)*d) + 1/2%arctan((d"2%x + cx ‘
d)/d)/d

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.11

1 arctan (dz + c) dz+c
g 4T = + 2.2 2
(14 (c+ dzx)?) 2d 2(d?x?2 +2cdx+ 2+ 1)d
input Lintegrate (1/(1+(d*x+c)~2)"2,x, algorithm="giac") J
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output‘ 1/2%arctan(d*x + c)/d + 1/2%(d*x + c)/((d™2*x™2 + 2%c*d*x + c~2 + 1)*d) |

Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.14

/ 1 dp — 5+ 5y N atan(c + d z)
(1+(c+dx)2)2 2+ 2cdr+d2z2+1 2d

inputtint(i/((c + d*x)"2 + 1)72,%) J

ou‘cpu‘cL(X/2 + ¢c/(2%d))/(c™2 + d72%x72 + 2xc*d*x + 1) + atan(c + d*x)/(2xd) J

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 88, normalized size of antiderivative = 2.38

1
/ 5 dT
(1+ (c+dzx)?)
_ 2atan(dz + c) ¢ + 4atan(dz + c) Pdz + 2atan(dz + ¢) cd®a® + 2atan(dz + ¢) c+ & — d?z* — 1
B ded (d?a? 4 2cdx + 2 + 1)

input Lint (1/ (1+(d*x+c)~2) "2, %) J

output‘ (2*atan(c + d*x)*c**3 + 4xatan(c + d*x)*c**x2*d*x + 2*xatan(c + d*x)*ckd**2x* \
\x**z + 2xatan(c + d¥x)*c + CHk*2 — dkkkxkk2 — 1)/(dxckdx (Ck*2 + kckd*x + \
‘d**z*x**2 + 1)) ‘




output

input

output
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L d
3.6 | T
(1-|—(c+dgz:)2)3
Optimalresult . . . . . . . . .. . .. 6]
Mathematica [A] (verified) . . . . . . . .. ... L Lo 68
Rubi [A] (verified) . . . . . . . .. . 69
Maple [A] (verified) . . . . . . . . . . [7Ql
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... (71l
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... (71l
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... 72
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 72
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... (73l
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... 73]
Optimal result
Integrand size = 11, antiderivative size = 60
3(c+ dzx) 3arctan(c + dz)

/ 1 dr — c+dx
(1+ (c+dx)2)® 4d(1+ (c+ dz)?)?

8d(1+ (c + dz)2)

8d

‘1/4*(d*x+c)/d/(1+(d*x+c)“2)“2+3/8*(d*x+c)/d/(1+(d*x+c)“2)+3/8*arctan(d*x+c

L)/d

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.87

2(c+dz)

3(c+dzx)

z 1

1+(ctdzx)?

+ 3arctan(c + dz)

/ 1 dp — (Hetd)?)
(14 (c+dz)?)°

8d

LIntegrate[(l + (c + d*x)72)7(-3),x]

‘((2*(c +d*x))/(1 + (c + d*x)72)72 + (3x(c + d*x))/(1 + (c + d*x)72) + 3*A

\ rcTan[c + d¥x])/(8%d)

J



input

output
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00,

number of rules _ ) 34 4, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {239, 215, 215, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
((c+dz)? +1)°

| 239
1
J Wd(c + dz)
d
| 215
gL _ ctds
1) Geraaprp At 90 + (amry
d
| 215
3(1 1 d 4
1 <§ / md(c +do)+ 2((ci§x;c2+1)> + 4((cf;a:)§+1)2
d
| 216
3(1 d i
3(3 arctan(c + do) + 3 Eiy ) + jti
d

‘Int[(l + (c + d*x)"2)"(-3),x]

‘((c + d*x)/(4x(1 + (c + d*x)~2)72) + (3*((c + d*x)/(2*x(1 + (c + d*x)~2)) +
\ ArcTan[c + d*x]/2))/4)/d
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Defintions of rubi rules used

rule 215 Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"2)"(p + 1)
/(2%ax(p + 1))), x] + Simp[(2*p + 3)/(2*a*x(p + 1)) Intl[(a + b*x"2)"(p + 1
), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4*p] || IntegerQ[6
*p])

rule 216 IntL((a) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] Il GtQ[b, 01)

239‘Int[((a_.) + (b_.)*(v_)"(n_))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1 ‘
‘] Subst[Int[(a + b*x"n)"p, x]1, x, v], x] /; FreeQ[{a, b, n, p}, x] && Lin ‘
‘earQ[v, x] && NeQ[v, x] ‘

rule

Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.18

method result
38203  9cda? (92 | 5 c(3c2+5)
risch e +<%+§)E+T n 3 arctan(dz+c)
(d222+2cdr+c2+1)2 8d
2
default 2d2a+2cd 34224 3cd 3arctan ( 2-5+2ed )
clau 8d2(d2x2+2cdz+c2+1)2 + d2(d2z2+2cdz+c2+1) 8d
parallelrisch _ —18c2d*z—10d*z—10c d3—6d3 3 —623d6 —12i 1n(dx+c+i)a:3c d%+18i¢ 1n(dx+c—i)x2c2d5—18i 1n(d:l:-|—c+i)x202d5+12i In|

iIlpllt Lint (1/(1+(d*x+c)~2)"3 ,X ’meth°d=_RETURNVERBOSE) J

‘ (3/8*%d"2*x~3+9/8*c*d*xx"2+(9/8*%c~2+5/8) *x+1/8*c/d* (3*xc~2+5) ) / (d"2*x"2+2*c*d \

output
\ *x+C~2+1) ~2+3/8%arctan (d*x+c) /d \
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 153 vs. 2(54) = 108.

Time = 0.08 (sec) , antiderivative size = 153, normalized size of antiderivative = 2.55

1
/ 3 dz
(1+ (c+dzx)?)
3d32® +9cd’z® + 3+ (9¢® + 5)dx + 3 (d*z* + 4ed®x® +2(3% + 1)d?x2 + c* + 4 (2 + ¢)dx + 2 2 4
8(dPzt+4cd*x® +2(3c2+1)dBx2 +4 (2 +c)d?x + (¢t +2c%+1)d)

inputLintegrate(1/(1+(d*x+c)*2)‘3,x, algorithm="fricas") J

output‘ 1/8%(3*d"3*%x"3 + 9*c*xd™2*%x"2 + 3*c”3 + (9%c™2 + 5)*d*x + 3*x(d"4*x"4 + 4x*c* \
\d“s*x“s + 2% (3kc™2 + 1)*xd"2%x"2 + c 4 + 4x(c~3 + c)*d*x + 2%c~2 + 1)*arcta \
\n(d*x + ¢c) + 5*%c)/(d"5*x"4 + 4*ckd"4*x"3 + 2% (3*%c”2 + 1)*d"3*x"2 + 4*(c”3 \

‘+ c)*d~2%x + (c~4 + 2%c~2 + 1)*d)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.45 (sec) , antiderivative size = 146, normalized size of antiderivative = 2.43

1
/ 5 dr
(14 (c+dzx)?)
B 3¢® + 9cd*z? + 5e + 3dPz® + z(9c¢%d + 5d)
 8ctd + 16¢2d + 32cdiz® + 85zt + 8d + x2 - (48¢2d3 + 16d3) + x (32¢3d2 + 32cd?)
3ilog (x—i— 363713i> 3ilog (a:-l— 3?‘-131‘)
+ — 16 + 16

d

e

integrate(1/(1+(d*x+c) **2) **3,x)

~—

input L

Output‘(s*c**s + Okckd*k2kx*k*2 + Bkc + 3Jkd*x*k3kx**3 + xk(9kck*x2xd + 5%d) )/ (8kcx*4x
‘d + 16%kc**2%d + 32kckd**k4xx**3 + 8kxd*kkSkx*k*kd + 8kd + x*k*k2% (48kck*k2xd**3 +
\16*d**3) + x*(32%c**k3kd**2 + 32kckd**2)) + (-3*Ixlog(x + (3*c - 3*I)/(3*d) \
/16 + 3¥Txlog(x + (3xc + 3+1)/(3+d))/16)/d |
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 115 vs. 2(54) = 108.

Time = 0.12 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.92

/ ! dz
(14 (c+ dz)?)’®
3d3z3 +9cd’z? + 3+ (9¢> +5)dx + 5¢
8(dPzt+4cd*x® +2(3c2+ 1)dPz? +4(c +c)d?x + (c* +2c% +1)d)
3 arctan <M>

d
8d

_|_

input ‘ integrate(1/(1+(d*x+c)~2)"3,x, algorithm="maxima") ‘

‘1/8*(3*d’"3*x“3 + O%kcxd"2*xx"2 + 3*%c”3 + (9*%c”2 + B)*d*x + 5%c)/(d"5*x"4 + 4 \
‘*c*d"4*x’"3 + 2% (3%c”2 + 1)*d"3*x"2 + 4*%(c”3 + c)*d"2*x + (c”4 + 2*c”2 + 1) \
\*d) + 3/8*arctan((d~2*x + c*d)/d)/d

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.22

3 arctan (dz +c¢) 3d3z® +9cd?x® +9c?dzx +3c®+5dx+5¢
8d 8 (d?a? + 2cdx + ¢ + 1)°d

3 4T =

/ 1
(14 (c+dx)?)

-

Lintegrate (1/(1+(d*x+c)~2)"3,x, algorithm="giac")

-/

input

'3/8*arctan(d*x + c)/d + 1/8%(3+d"3%x"3 + Okcxd 24x"2 + OxC2*d*x + 3xc"3 +
Bkd*x + 5%c)/((d72%x"2 + 2%cxd*x + c72 + 1)72%d)

N\ J

output
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Mupad [B] (verification not implemented)

Time = 9.05 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.85

1
/ 5 dz
(1+ (c+dx)?)
_ 3atan(c+dx)
B 8d

9c2 5 3c3+5¢ 3d% 23 9cdax?
x(8+8)+ sa T s T s

+ 22 (6 +2d?)+2c+ct+x (4dE+4de)+dizt+4cdPx® + 1

input Lint(l/((c + d*x)~2 + 1)73,%) J

‘(S*atan(c + d*x))/(8*d) + (x*((9%c~2)/8 + 5/8) + (b5xc + 3*%c~3)/(8+d) + (3%
\d‘2*x‘3)/8 + (9%c*d*x"2)/8)/(x~2%(2%d"2 + 6%c~2%xd"2) + 2%c”2 + c”4 + x*(4x%
\c*d + 4%c~3%d) + d"4*x"4 + 4xckxd~3*x"3 + 1)

output

Reduce [B] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 239, normalized size of antiderivative = 3.98

1
/ 3 dz
(1+ (c+dx)?)
_ 12atan(dz + c) & + 48atan(dz + ) c*dx + T2atan(dz + c) d?z? + 24atan(dz + ¢) ¢ + 48atan(dz +
B 32cd

input| 12t (1/ (1+(d*x+)"2)73,%)

(12*xatan(c + d*x)*c**5 + 48+atan(c + d*xx)*ck*kdkd*x + 72*atan(c + d*xx)*c**3
*d*x*x2xx*x*x2 + 24*atan(c + d*x)*c*x*3 + 48*xatan(c + d*x)*c**2*xd**x3xx*x*3 + 48%
atan(c + d*x)*cx*x2xd*x + 12*atan(c + d*x)*ckxdxx4dxx**4d + 24*atan(c + d*x)*c
xdkk2Qkxkk2 + 12*ata_n(c + d*x)*c + Oxc*k*4 + 24kckx3kd*x + 18kCk*k2kd*k*k2%x*k*%2
+ 14%c*x*2 + 8kckdkx — 3kdk*k4kx*kkd — Gxd*x*kkx*k*x2 — 3)/(32%ckd*(c*x*4 + 4kc*
*3kdkx + GkCkkkdkkQkxk*k2 + 2kCk*2 + 4xckd*x*x3kx**x3 + 4dkckdkx + dkkdkxkk4d +
kd*k*k2%x*k%2 + 1))

output
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1

3.7 ] =rap 4

Optimal result . . . . . . . . . . e [74
Mathematica [B] (verified) . . . . . . . . . ... o o [r4
Rubi [A] (verified) . . . .. . . ... .. 75
Maple [B] (verified) . . . . . . . . . ... 76
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 76
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... i
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... rdrd
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... e
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 78
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 78

Optimal result

Integrand size = 13, antiderivative size = 10

i eran

T =

__arctanh(c + dz)

d

-

output Larctanh(d*x+c)/d

-/

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 32 vs. 2(10) = 20.

Time = 0.01 (sec) , antiderivative size = 32, normalized size of antiderivative = 3.20

log(1+ ¢+ dz)

/1_(1 dx=_log(1—c—dx)+

¢+ dx)?

2d

2d

input‘ Integrate[(1 - (c + d*x)~2)~(-1),x]

output‘_1/2*L°g[1 - ¢ - d*x]/d + Log[l + c + d*x]/(2*d)




input

output

rule 219
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _ (j 15 4, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {239, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[ =erar
1— (c+ dx)? v
l 239

d

l 219

arctanh(c + dz)
d

-

LInt[(l - (c + d*x)"2)"(-1),x]

tArcTanh[c + dxx]/d

| —

Defintions of rubi rules used

Tnt[((a) + (b_.)*(x)"2)"(-1), x_Symboll :> Simp[(1/(Rt[a, 21+Rt[-b, 21))*
\ArcTanh[Rt[—b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il Ltalb, 01)

rule 239‘Int[((a_.) + (b_.)*(v_)"(n_))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1

‘] Subst[Int[(a + b*x"n) p, x], x, v], x] /; FreeQ[{a, b, n, p}, x] && Lin
LearQ[v, x] && NeQ[v, x]




input

output

input

output
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76

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 22 vs. 2(10) = 20.

Time = 0.52 (sec) , antiderivative size = 23, normalized size of antiderivative = 2.30

method result Size
parallelrisch —ln(d$+c—1)2—dln(dx+c+1) 23
default _1n(dw24‘ric—1) 4 ln(dacz-ll;c—l—l) 926
norman _ln(dmz-zc—l) n ln(d$2-|(-ic+1) %
risch _1n(dw2v;c—1) + 1Il(—d;d—c—1) 99

Lint (1/(1-(d*x+c)~2) ,x ,method=_RETURNVERBOSE)

L—1/2*(ln(d*x+c-1)—ln(d*x+c+1))/d

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 22 vs. 2(10) = 20.

Time = 0.08 (sec) , antiderivative size = 22, normalized size of antiderivative = 2.20

1
/1—(c-|—d9v)2 dz

_log(dz+c+1) —log (dz +c—1)

2d

‘ integrate(1/(1-(d*x+c)~2),x, algorithm="fricas")

L1/2*(log(d*x +c+ 1) - log(d*x + ¢ - 1))/d
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 22 vs. 2(7) = 14.

Time = 0.07 (sec) , antiderivative size = 22, normalized size of antiderivative = 2.20

log (z+ cgl) . log (z+ 0'51)

1
—d = — 2 2
/1—(c+dac)2 v d
input{integrate(1/(1-(d*x+c)**2),x) ]
outputL_(log(x + (c - 1)/d)/2 - log(x + (c + 1)/d)/2)/d J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 25 vs. 2(10) = 20.

Time = 0.03 (sec) , antiderivative size = 25, normalized size of antiderivative = 2.50

/ 1 dz_log(dm—l—c—l—l)_log(dx+c—1)
1—(c+dx)2 " 2d 2d

jnput‘integrate(1/(1-(d*x+c)”2),x, algorithm="maxima")

outputtim*log(d*x +c + 1)/d - 1/2%log(d*x + ¢ - 1)/d J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 27 vs. 2(10) = 20.

Time = 0.12 (sec) , antiderivative size = 27, normalized size of antiderivative = 2.70

/ 1 dp — log (|dz +c+1[) log(|dz+c—1|)
1—(c+dz)? 2d 2d
inputLintegrate(1/(1—(d*x+c)“2),x, algorithm="giac") J
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outputt

1/2%log(abs(d*x + ¢ + 1))/d - 1/2*log(abs(d*x + ¢ - 1))/d

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ 1 dp — atanh(c + dx)
1—(c+dz)?2 ™ d

inputt

outputt

int(-1/((c + d*x)"2 - 1),x)

atanh(c + d*x)/d

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 22, normalized size of antiderivative = 2.20

/ 1 dp — —log(dz + ¢ — 1) +log(dz + c+1)
1—(c+dz)? ™ 2d

inputt

int (1/(1-(d*x+c)~2),x)

outputt

( - log(c + d*x - 1) + log(c + d*x + 1))/(2%d)




output

input

output
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1

3.8 / (1—(c+dz)?) da

Optimalresult . . . . . . . . .. . .. [79]
Mathematica [A] (verified) . . . . . . . .. ... L Lo 79
Rubi [A] (verified) . . . . . . . .. . R0
Maple [A] (verified) . . . . . . . . . . 1]
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... 1]
Sympy [A] (verification not implemented) . . ... ... ... ... ... .... R2
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 82
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 83
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... ]R3
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... ]3]

Optimal result

Integrand size = 13, antiderivative size = 39

c+dx

arctanh(c + dz)

/ 1 dr =
(1—(c+dx)?)® ~  2d(1—(c+dx)?)

2d

L1/2*(d*X+C)/d/(1—(d*x+c)‘2)+1/2*arctanh(d*x+c)/d

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.15

2(c+dzx)

(1~ (c+dz)?)*

4d

LIntegrate[(l - (c + d*x)"2)"(-2),x]

e

(4xd)

((-2%(c + d*x))/(-1 + (c + d*x)"2) - Logl[l - c - d*x] + Logll + c + d*x])/
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.95,

number of rules _ 0.231, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {239, 215, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 5 dx
(1= (c+dx)?)

l 239

d
l 215

% f 1—(c—1|-clac)2 d(c + dz) + 2(1_01-;1_9:71@2)
d

l 219

tarctanh(c + dz) + Wiﬁm)z)
d

inputtlnt[(l - (c + d¥x)~2)"(-2),x] J

e

L((c + d*x)/(2*x(1 - (c + d*x)~2)) + ArcTanh[c + d*x]/2)/d

~—

output

Defintions of rubi rules used

rule 215‘ Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[(-x)*((a + b*x~2)~(p + 1) ‘
/(2xax(p + 1))), x] + Simp[(2+p + 3)/(2%a*(p + 1)) Int[(a + b*x"2)"(p + 1
‘), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4*p] || IntegerQ[6 ‘

‘*p])
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

rule 219

Int[((a_.) + (b_)*(v_)"(m_.))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1
] Subst [Int[(a + b*x™n)"p, x1, x, vl, x] /; FreeQ[{a, b, n, p}, x] && Lin
earQ[v, x] && NeQ[v, x]

rule 239

Maple [A] (verified)

Time = 0.51 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.33

method result

default _4d(dw£rc—1) - ln(dm;:lc_l) o 4d(dzitc+1) + ln(dzz;zﬁl)

norman d2z2-|_-22?d;j§-c2_1 _ ln(dﬂv4-i(-ic—1) + 1n(d:v4—;c+1)

risch d2x2_|__22?d;§_62_1 _ ln(dle—it—ic—l) + ln(—dzd—c—l)

parallelrisch | — 2(@z+e-D)z*d®~In{detetl)a?d+2In(de+e—1)zcd’—2 1n(de‘;+(§3§§ﬁ§2f;+j;) 1)c*d—In(dw+ct1)c*d+2d* o~

-

tint (1/(1-(d*x+c)~2)~2,x,method=_RETURNVERBOSE)

e—

input

output L—1/4/d/(d*x+c—1) -1/4/d%1n(d*x+c-1)-1/4/d/ (d*x+c+1)+1/4/d*1n (d*x+c+1) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 85 vs. 2(33) = 66.

Time = 0.07 (sec) , antiderivative size = 85, normalized size of antiderivative = 2.18

1
/ 5 dT =
(1= (c+dx)?)
_2dz — (d*2® + 2cdz + & —1)log (dz +c+1) + (d*2° + 2cdz + ¢ — 1) log (dz + c — 1) + 2¢
4 (d32? + 2 cd?c + (¢ — 1)d)
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input‘integrate(1/(1-(d*X+C)“2)“2,X, algorithm="fricas")

-1/4%(2*%d*x - (d72#x72 + 2*c*kd*x + c”2 - 1)*log(d*x + c + 1) + (d™2*x"2 +
2xcxd*x + c72 - 1)*log(d*x + ¢ - 1) + 2%c)/(d"3%x"2 + 2%c*d™2*x + (c”2 - 1 \
\)*d) ‘

output‘

Sympy [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.38

_ log (z—i—c%dl) log (z+ Cgl )
4

/ 1 dp — —c—dx N . +
(1= (c+dz)?)? 2c%d+ 4cd?z + 2322 — 2d d

-

integrate(1/(1-(d*x+c)**2) **2,x)

e—

inputt

‘(—c - d¥x)/(2%c*k*2%d + 4xckxd**2*x + 2kd**3*x**2 - 2xd) + (-log(x + (c - 1) \

output
/d)/4 + log(x + (c + 1)/d)/4)/d

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.44

/ 1 dr — — dz +c
(1 — (c+ dx)?)* 2(d3z? 4+ 2cd?zx + (¢ — 1)d)
log(de+c+1) log(dr+c—1)
4d B 4d

inputLintegrate(1/(1—(d*x+c)‘2)*2,x, algorithm="maxima") J

e \
-1/2%(d*x + ©)/(d73%x72 + 2kckd"2+x + (c72 - 1)%d) + 1/4xlog(dsx + c + 1)/

output
'd - 1/4*log(d*x + ¢ - 1)/d
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.44

/ 1 log (|dx +c+1]) log(|dz+c—1|)
5 dr = —
(1—(c+dx)?) 4d 4d
dz +c
2(d?x?2 +2cdx+c2—1)d

input Lintegrate (1/(1-(d*x+c)~2)"2,x, algorithm="giac") J

t‘ 1/4%log(abs(d*x + ¢ + 1))/d - 1/4*log(abs(d*x + ¢ - 1))/d - 1/2x(d*x + c)/ ‘

outpu
\ ((d~2%x"2 + 2kcxd*x + c~2 - 1)*d) \

Mupad [B] (verification not implemented)

Time = 8.73 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.10

/ 1 atanh(c+ d z) 2+
dxr = —
(1 — (c+ dz)?)* 2d c+2cdr+d*22 -1
input| 18E(1/((c + dx0)72 - 1)72,0) J
output Latanh(c + d*x)/(2%d) - (x/2 + c/(2*%d))/(c™2 + d™2%x"2 + 2%c*d*x - 1) J

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 142, normalized size of antiderivative = 3.64

/ 5 dx
(1 — (c+dz)?2)?
_ —log(dz +c— 1) c® — 2log(dz + ¢ — 1) c*dz — log(dx + ¢ — 1) cd®z? + log(dz + ¢ — 1) ¢ + log(dx + ¢
ded (d2x? + 2cdx +

inputLint(l/(l—(d*x+c)“2)‘2,x) J




output
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‘( - log(c + d*x - 1)*c**3 - 2xlog(c + d*x - 1)*c*¥2xd*x - log(c + d*x - 1)
‘*c*d**2*x**2 + log(c + d*x - 1)*c + log(c + d*x + 1)*c**x3 + 2xlog(c + d*x

\+ 1) *c**2xd*x + log(c + d*x + 1)*cxd**2*kx*x*2 — log(c + d*x + 1)*c - c*x2 +
‘ d*x2%xx**2 — 1)/(4*cxd*x(ckx*2 + 2*ckxd*x + d*x*2xx**2 - 1))




output

input

output
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1 d
3.9 | T
(1—(c+dz)?)*
Optimalresult . . . . . . . . .. . .. 851
Mathematica [A] (verified) . . . . . . . .. ... L Lo 85
Rubi [A] (verified) . . . . . . . .. . 36
Maple [A] (verified) . . . . . . . . . . 87
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... ’Y
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... ]Y
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... 89
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 89
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 90
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... 90)
Optimal result
Integrand size = 13, antiderivative size = 64
3(c+dx) 3arctanh(c + dz)

/ 1 dr — c+dzx
(1—(c+dz)?)® ~  4d(1 - (c+dz)?)’

8d (1 — (c+dx)?)

8d

e

‘c)/d

1/4x(d*x+c)/d/ (1-(d*x+c) ~2) ~2+3/8* (d*x+c) /d/ (1- (d*x+c) “2) +3/8*arctanh (d*x+

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.02

/ 1
3 dr
(1 —(c+dz)?)
4(c+dz) ___ 6(ctdz)
_ (Clt(etdn)?)?  —lt(ctdz)?

—3log(1 — ¢ —dz) + 3log(1 + ¢ + dz)

16d

LIntegrate[(l - (c + d*x)"2)"(-3),x]

‘((4*(0 + d*x))/(-1 + (c + d*x)~"2)"2 - (6x(c + d*x))/(-1 + (c + d*x)"2) - 3
‘*Log[l - ¢ - dxx] + 3*Logl[l + c + d*x])/(16*d)
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.00,

number of rules _ 0.308, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {239, 215, 215, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

! d
/(L—@+d@%3x
l 239

d
l 215
31 _ ctdz
1l eranpr e+ d) + o iy
d
l 215
3(1 1 d d.
4 <5 J 1—(c+dx)? d(c +dz) + 2(1—C(Jg+f1x)2)> + 4(1—?:—1-;3:)2)2
d
l 219
3 d d
g (%arctanh(c +dzx) + Q(I_CFC'JFZE)Q)) + 4(1_'(”;:36)2)2
d

inputtlnt[(l - (c + d*x)"2)"(-3),x]

(e + a*x)/(4x(1 - (c + &x0)72)72) + (3x((c + d*x)/(2x(1 - (c + d*x)"2)) +

output
\ ArcTanh[c + d*x]/2))/4)/d
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Defintions of rubi rules used

rule 215 Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"2)"(p + 1)
/(2%ax(p + 1))), x] + Simp[(2*p + 3)/(2*a*x(p + 1)) Int[(a + b*xx"2)"(p + 1
), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4*p] || IntegerQ[6

*p])

rule 219 Int[C(a) + (b_)*(x_)"2)7(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[-b, 21))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

rule

239‘Int[((a_.) + (b_.)*(v_)"(n_))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1 ‘

‘] Subst[Int[(a + b*x"n)"p, x]1, x, v], x] /; FreeQ[{a, b, n, p}, x] && Lin ‘
‘earQ[v, x] && NeQ[v, x] ‘

Maple [A] (verified)

Time = 0.51 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.22

method result
1 N 3 __ 3In(dz+c-1) 1 _ 3 3In(dz+c+1)
default 16d(dete—1)2 _ 16d(datc—1) 164 Tod{dotet1)?  T6d(dmtctl) T 16d
2,3 geds? 2 c(3c2-5
risch _3d8 _9% +<_QT+g>m_ ( 8d + 3In(—dz—c—1) _ 3In(dz+c—1)
(d222+2cdz+c2—1)2 16d 16d
33 3 (—9c2d3+5d3)= 2 3 2
norman =24 ;dISCd ( 243 ) _?’dsac _QCdgz _ 31ln(dz+c—1) + 31n(dz+c+1)
(d2a24+2cdz+c2—1)2 16d 16d
parallelrisch _ 18c2d*z—10d*z+12 In(dz+c—1)z3cd® —12 In(dz+c+1)z3c d®+18 In(dz+c—1)z2c?d® —18 In(dz+c+1)x2c2d®+12 In(dz
input Lint (1/(1-(d*x+c)~2)"3,x,method=_RETURNVERBOSE) J
output \ 1/16/d/ (d*x+c-1)~2-3/16/d/ (d*x+c-1)-3/16/d*1n(d*x+c-1)-1/16/d/ (d*x+c+1) ~2- \

L3/16/d/(d*x+c+1)+3/16/d*1n(d*x+c+1) J




input

output

input

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 220 vs. 2(54) = 108.

Time = 0.08 (sec) , antiderivative size = 220, normalized size of antiderivative = 3.44

1
/ s dr =
(1 - (c+dz)?)
_ 6d%2® +18cd’s® + 6% +2(9¢* — 5)dx — 3 (d*z* +4cd’s® +2(3% — 1)d?2® + ¢ +4(c® — ¢)dx —

16 (doz* + 4 cd*z3 + 2 (32

integrate(1/(1-(d*x+c)~2)"3,x, algorithm="fricas")

N\ J

-1/16*%(6*%d"3*x"3 + 18*c*d"2*x"2 + 6*c”3 + 2% (9*%c™2 - 5)*d*x - 3*%(d~4*x"4 +

4kckd"3*%x73 + 2%(3%c”2 - 1)*d"2*x"2 + ¢4 + 4%(c”3 - c)*xdxx - 2*c”2 + 1)*
log(d*x + c + 1) + 3%(d"4*x"4 + 4*c*d™3%x"3 + 2%(3*c™2 - 1)*d"2*x"2 + c4
+ 4x(c”3 - c)*d*x - 2xc”2 + 1)*log(d*x + ¢ - 1) - 10%*c)/(d"5*x"4 + 4xcxd"4
*x73 + 2x(3*%c72 - 1)*d"3*x72 + 4x(c”3 - c)*d"2*x + (c74 - 2*xc”2 + 1)*d)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 141 vs. 2(53) = 106.

Time = 0.47 (sec) , antiderivative size = 141, normalized size of antiderivative = 2.20

dz

1
/ (1= (c+de)?)’
_ 3¢® + 9cd?x? — 5e + 3d3x® + z(9c%d — 5d)
T 8ctd — 16¢2d + 32cda® 4 8dSxt + 8d + x? - (48¢2d® — 16d3) + x (32c3d? — 32¢d?)
3log (z+ 3%;3) __ 3log (m-{-%)
16 16

d

e

Lintegrate(1/(1—(d*x+c)**2)**3,x)

~—

‘—(3*0**3 + Okckd**x2kxx*k*%2 — Bkc + 3kdk*k3kx**3 + xk(9*kc*k*x2%xd - 5%d))/(8kc**4
‘*d — 16%c*x*2%d + 32kckdk*k4*x**k3 + 8kdk*kDkx*k*k4d + 8kd + xX*k*k2% (48kCck*k2kd**3 —
| 16%d**3) + x*(32xcH*3xd¥*2 - 32kckdxx2)) - (3xlog(x + (3xc - 3)/(3%d))/16
| - 3xlog(x + (3xc + 3)/(3+d))/16)/d
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 122 vs. 2(54) = 108.

Time = 0.03 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.91

dz

1
/ (1= (c+dz)?)?
B 33z +9ed’r* +3 +(9¢ —5)dxr —5¢
8(dPzt +4cdizx® +2(3c2 — 1)dPzx? +4(c — c)d?x + (c¢* — 2% + 1)d)
3log(dr+c+1) 3log(dx+c—1)
16d - 16d

input ‘ integrate(1/(1-(d*x+c)~2)"3,x, algorithm="maxima") ‘

output‘ -1/8%(3%d"3*x~3 + 9xc*xd~2%x"2 + 3%c~3 + (9%c~2 - 5)*d*x - B5*c)/(d"5*%x"4 + ‘
Akcxd~4%x"3 + 2%(3%c72 - 1)*d"3%x"2 + 4%(c73 - c)xd"2*x + (c74 - 2%c72 + 1
L)*d) + 3/16%log(d*x + c + 1)/d - 3/16%log(d*x + c - 1)/d J

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.38

d
(1—(ct+da))? 16d 16d

B 3322 +9cd?’2? +9c%dx +3c®> —5dx —5¢
8 (d2a2 + 2cdx 4 2 — 1)°d

/ 1 _ 3log(ldz+c+1]) 3log(|dz+c—1|)

-

input Lintegrate (1/(1-(d*x+c)~2)~3,x, algorithm="giac")

-/

outpu
\*3 + Okc*kd"2%x"2 + 9xc~2xd*x + 3%c”™3 - Bkd*x - 5xc)/((d"2*%x"2 + 2kckd*x +

e A
3/16%log(abs(d*x + c + 1))/d - 3/16*log(abs(d*x + ¢ - 1))/d - 1/8%(3*d~3*x
t g g |

€2 - 1)72%d) |
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Mupad [B] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.78

1
/ 5 dr
(1 - (c+dz)?)
_ 3atanh(c+dx)
B 8d

9¢2 5\ _ 5c-3c8 3d2x3 9cdzx?
x( 8 8) sa T s T s

A28 -2 22 —62d2) —xz (ded—4A3d) +diat+dcedPad + 1

input Lint(—l/((c + d*x)"2 - 1)73,%) J

‘(S*atanh(c + d*x))/(8*d) - (x*((9%c~2)/8 - 5/8) - (6%c - 3*c~3)/(8%d) + (3 \
| *d"2%x73)/8 + (9xcxd¥x"2)/8)/(c”4 - 2%c™2 - x"2%(2%d"2 - 6%c72%d"2) - x*x(4 |
\*c*d - 4%c~3%d) + d"4*x"4 + 4xckxd~3*x"3 + 1) \

output

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 378, normalized size of antiderivative = 5.91

1
/ 5 dr
(1= (c+dx)?)
_ 3+ 12log(dz + ¢ — 1) cd®x? — 12]og(dzx + c+ 1) cd?z?® + 24log(dx + ¢ — 1) dx — 24log(dz + c + 1)

inputLint(l/(l—(d*x+c)“2)‘3,x) J




output
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( - 6%log(c + d*x - 1)*cx*5 - 24*log(c + d*x - 1)*ck*k4xd*x - 36xlog(c + dx

X = 1)*cH*3*d*x2+x*%2 + 12%¢log(c + d*x - 1)*cx*3 - 24xlog(c + d*x — 1)*c**
2xd**3*xx*x*3 + 24x1log(c + d*x - 1)*c**2xd*x - 6*xlog(c + d*x — 1)*ckd**4*x**
4 + 12x1log(c + d*x - 1)*cxd**2xx**2 — 6%log(c + d*x - 1)*c + 6*log(c + d*x
+ 1)*c*x5 + 24xlog(c + d*x + 1)*cx*kd*xd*x + 36%log(c + d*x + 1)*ck*3*kd**2%
x*x*2 - 12xlog(c + d*x + 1)*c**3 + 24*log(c + d*x + 1)*c*x*k2kd**3*x**3 — 24%
log(c + d*x + 1)*c**2xd*x + 6xlog(c + d*x + 1)*cxdx*4xxx*x4 — 12xlog(c + d*
X + 1)xckd**2*x*k*2 + 6xlog(c + d*x + 1)*c — 9xc**4 — 24*c*x3*d*x — 18*c**2
*kAFK2¥X*K2 + 14%Ck*2 + 8xckd¥x + Bkdkkd*kx¥*k4 — Bxd*¥2xx**2 + 3)/(32xc*d*(c
*k4 + 4Akckk3kd*kX + GkCkk2kd*kkQkxk*k2 — 2kCck*2 + 4xckd*xk3kx*k*k3 — 4dkckdkx + d
*kdxxkkd — 2xd*k2kx*k*2 + 1))




output

input

output
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Optimal result . . . . . . . . . . e
Mathematica [B] (verified) . . . . . . . . . ... o o
Rubi [A] (verified) . . . .. . . ... ..
Maple [B] (verified) . . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [B] (verification not implemented) . . . ... ... ... ... .....
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 11, antiderivative size = 4

/ 1 dx = arctanh(1 + x)

1—-(1+2z)?

Larctanh(1+x)
Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 15 vs. 2(4) = 8.
Time = 0.01 (sec) , antiderivative size = 15, normalized size of antiderivative = 3.75
1 log(z) 1
——dr=— —log(2
/1_(1+$)2 x 5 +20g( + )
[Integrate[(l - 1+ x72)7(-1),x]

-/

L—1/2*Log[x] + Logl[2 + x]/2




input

output

rule 219

rule 239
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00,

number of rules _ 0.182, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {239, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[=erme
l 239

/ 1_(x1_|_1)2d(a; +1)
l 219

arctanh(z + 1)

LInt[(l - 1+ x)"2)"(-1),x]

LArcTanh [1 + x]

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

Int[((a_.) + (b_)*(v_)"(n_))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1
] Subst [Int[(a + b*x™n)"p, x]1, x, vl, x] /; FreeQ[{a, b, n, p}, x] && Lin
earQ[v, x] && NeQ[v, x]
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Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 11 vs. 2(4) = 8.

Time = 0.25 (sec) , antiderivative size = 12, normalized size of antiderivative = 3.00

method result size
default — ko) 4 n@is) 12
norman —@ + w 12
risch —@ + w 12
parallelrisch —@ + W 12
meijerg 1n(12+g) . ln;m) + lné2) 18

input

tint (1/(1-(x+1)"2) ,x ,method=_RETURNVERBOSE)

output

L—l/2*ln(x)+1/2*1n(2+x)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 11 vs. 2(4) = 8.

Time = 0.07 (sec) , antiderivative size = 11, normalized size of antiderivative = 2.75

/

1

1-(141z)?

dx=%10g(x+2)—%log(x)

input L

integrate(1/(1-(1+x)~2) ,x, algorithm="fricas")

output L

1/2%log(x + 2) - 1/2*log(x)
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 10 vs. 2(3) = 6.

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 2.50

1 _ log(z)  log(z+2)
/1—(1+x)2dx_ 2 T 2

input‘integrate(l/(1—(1+x)**2)’x)

Output‘ -log(x)/2 + log(x + 2)/2

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 11 vs. 2(4) = 8.
Time = 0.03 (sec) , antiderivative size = 11, normalized size of antiderivative = 2.75

1 1 1

inputLintegrate(i/(1—(1+x)‘2),x, algorithm="maxima")

Outputp/z*log(x +2) - 1/2%log(x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 13 vs. 2(4) = 8.
Time = 0.12 (sec) , antiderivative size = 13, normalized size of antiderivative = 3.25

1 1 1

input Lintegrate(1/(1—(1+x) 2),x, algorithm="giac")
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outputt

inputt

1/2xlog(abs(x + 2)) - 1/2*log(abs(x))

Mupad [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 4, normalized size of antiderivative = 1.00

1
/ m d.’L' = atanh(z + 1)

int(-1/((x + 1)°"2 - 1),x)

outputt

atanh(x + 1)

Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 11, normalized size of antiderivative = 2.75

/ 1 dr — log(z +2) log(z)
1—(1+2)2 2 2

inputt

int (1/(1-(1+x)72) ,x)

outputt

(Qog(x + 2) - log(x))/2
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3.11 f(1 L dx

—(1+z)?)
Optimalresult . . . . . . . . .. . .. 971
Mathematica [A] (verified) . . . . . . . .. ... L Lo 97
Rubi [A] (verified) . . . . . . . .. . 98
Maple [A] (verified) . . . . . . . . . . 99
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 99
Sympy [A] (verification not implemented) . . ... ... ... ... ... .... 100
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 100!
Giac [A] (verification not implemented) . . . . . . . ... ... ... 100
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 101
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... 101l

Optimal result

Integrand size = 11, antiderivative size = 27

/ 1 do — 1+2z
1-(1+2)2)* 2(1-(1+2)?)

1
+ §arctanh(1 +z)

-

L(1+x)/(2—2*(1+x) ~2)+1/2%arctanh (1+x)

-/

output

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.96

! —1 —2(1+$)—0 T o) T
/(1—(1—|—w)2)2dz_4( z(2 + z) tog(w) +log(2 + )>

input LIntegrate[(l - 1+ x)"2)"°(-2),x] J

output, (2% + 1)/(xx(2 + 1) - Loglx] + Log[2 + x1)/4




input L

output L
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00,

number of rules _ 0.273, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {239, 215, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ % da
(1-(z+1)?)
l 239
1
1
- @+ ety
l 215
1 1 z+1
2/ i@tV saary
l 219
1 r+1
Earctanh(a: +1)+ 2= (@+1)2)
Int[(1 - (1 + x)"2)"(-2),x]

-

(1 +x)/(2%(1 - (1 + x)°2)) + ArcTanh[1 + x]/2

-/

Defintions of rubi rules used

rule 215‘ Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x~2)~(p + 1)

\/(2*a*(p +1))), x] + Simp[(2%p + 3)/(2*a*x(p + 1)) Int[(a + b*x"2)"(p + 1
‘), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4*p] || IntegerQ[6
*p])




rule 219

rule 239

input

output

input
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

Int[((a_.) + (b_)*(v_)"(m_.))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1
] Subst [Int[(a + b*x™n)"p, x1, x, vl, x] /; FreeQ[{a, b, n, p}, x] && Lin
earQ[v, x] && NeQ[v, x]

Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.89

method result size
default T 1“51””) — 4(2£rz) + 1n(24+z) 24
norman ;(i:f) _ lnflx) n 1n(24+1:) 96
risch z—éj) _ lnflm) n ln(24+z) 96
meijerg 16(%;:3) + 1n(1;-§) —1_ lngTz) n # R
parallelrisch | — In(z)z2—In(24x)z? zazczrzzizgx)x—z In(2+z)z+2z 43

-

Lint (1/(1-(x+1)"2)"2,x,method=_RETURNVERBOSE)

-/

L—1/4/x—1/4*1n(x)—1/4/(2+x)+1/4*1n(2+x)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.44

/ 1 dxz(a:2+2x)log(x+2)—(x2+2x)log(x)—2x—2
(1- (1 +2)?) 4 (22 +21)

Lintegrate (1/(1-(1+x)"2)"2,x, algorithm="fricas")
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output\ 1/4%((x72 + 2*x)*log(x + 2) - (x2 + 2*x)*log(x) - 2%x — 2)/(x"2 + 2%x)

Sympy [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.89

/ 1 dp — —z—1 _log(:c)+log(x+2)
1-(1+z)32)?  22°+4z 4 4

input Lintegrate (1/ (1= (1+x) %%2) %%2, %)

outputt(_x - 1)/ (2%x*x2 + 4%x) - log(x)/4 + log(x + 2)/4

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.93

1 s+1 1 1
S e o 2)— =1
/(1—(1+z)2)2dx 2t 2g) 1 08@+2) g log(a)

inputLintegrate(l/(l—(1+x)‘2)‘2,x, algorithm="maxima")

outputt_l/Z*(X + 1)/(x72 + 2%x) + 1/4*log(x + 2) - 1/4%log(x)

Giac [A] (verification not implemented)
Time = 0.13 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00

1 z+1 1 1
/(1— 112 % = 2@ r2a) g 8o+ 2 =g log (el

input Lintegrate (1/(1-(1+x)"2)"2,x, algorithm="giac")

outputt_l/%(x + 1)/(x"2 + 2*x) + 1/4*log(abs(x + 2)) - 1/4xlog(abs(x))
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.85

/ 1 dp — atanh(z +1) z+1
(1-(1+z)2)? 2 2 (z+1)>—1)

input| 1261/ (G + D72 - 172,%) |

outputtatanh(x +1)/2 - (x + 1)/@%((x + 1)72 - 1)) J
Reduce [B] (verification not implemented)
Time = 0.21 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.56
/ 1 o — log(z + 2) % + 2log(z + 2) z — log(z) > — 2log(z) x + 2* — 2
(1—(1+2)?)? 4z (z +2)
input Lint (1/(1-(1+x)"2)"2,%) J

output‘ (log(x + 2)*x**2 + 2%log(x + 2)*x - log(x)*x**2 - 2xlog(x)*x + x*¥2 — 2)/( ‘
‘4*x*(x + 2)) ‘




output
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1

312 [ i de

Optimalresult . . . . . . . . .. . .. 102
Mathematica [A] (verified) . . . . . . . .. ... L Lo 102
Rubi [A] (verified) . . . . . . . .. . 103
Maple [A] (verified) . . . . . . . . . . 104
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... 105
Sympy [A] (verification not implemented) . . ... ... ... ... ... .... 105
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . . ... ... ... 106
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 106
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... 107

Optimal result

Integrand size = 11, antiderivative size = 45

1+

3(1+x)

1
/(1—(1+ac)2)3 = 41— (1+2z)2)? 81-(1+2)?

+ garctanh(l +x)

‘ 1/4% (1+x) / (1-(1+4x) ~2) "2+3* (1+x) / (8-8* (1+x) "2) +3/8*arctanh (1+x) ‘

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.82

3

/ 1 e L(1 3 1
(1-—(1+z)2)> 16\22 z (2+2)° 24z

— 3log(z) + 3log(2 + x))

input ‘\

Integrate[(1 - (1 + x)72)7(-3),x]

output L

(x~(-2) - 3/x - (2 + x)7(-2) - 3/(2 + x) - 3*Logl[x] + 3xLogl[2 + x]1)/16 J
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Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.11,

number of rules _ ) 34 4, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {239, 215, 215, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
b/lsdx
(1-(z+1)?
l 239
1
@ity
l 215
3 1 z+1
i) - r? ™ e ey
l 215
3/1 1 z+1 z+1
4<2/1 ( +1)2d(x+1)+2(1 ( +1)2)> 4(1— (z+1)2)?
l 219
3(1 z+1 z+1
4(2arctanh(a:+1)+ 2(1—(w+1)2)) 41— (a:+1)2)2
input| I8ELCL = (1 + 0°2)7(-3),5] J

@ 0/@ - (1 +0°2)72) + (Bx((L + 1/(2%(1 - (1 + x)72)) + ArcTanh[

output‘ 1+ x1/2))/a ‘
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Defintions of rubi rules used

rule 215 Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"2)"(p + 1)
/(2%ax(p + 1))), x] + Simp[(2*p + 3)/(2*a*x(p + 1)) Intl[(a + b*x"2)"(p + 1
), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4*p] || IntegerQ[6
*p])

rule 219 Int[C(a) + (b_)*(x_)"2)7(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[-b, 21))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

239‘Int[((a_.) + (b_.)*(v_)"(n_))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1 ‘
‘] Subst[Int[(a + b*x"n)"p, x]1, x, v], x] /; FreeQ[{a, b, n, p}, x] && Lin ‘
‘earQ[v, x] && NeQ[v, x] ‘

rule

Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.80

method result size
1 3 31n(x) 1 3 3In(2+x)
default 1622 ~ 16z 16 16(2+x)?  16(2+2) + 7 36
j—ga?-3a5—3 31 31n(2
norman | A=poat,at — Sl 4 ST 36
. 92?3483z 31 3In(2+
risch ETore T+ Tt 36
. e(Z+8) | 3Wn(14+%) 7 3ln(z) , 3ln(2) 1 3

meijerg 128(21+%)2 + % " 1w Tt T 16 44

. _ 3 In(z)z% -3 In(2+x)x*—4+12In(z)x3 —12 In(2+x) 23 +12 In(z)x% — 12 In(2+x) 22 +623+ 1822+ 8z
parallelrisch 16022t a)? 74

input Lint (1/(1-(x+1)~2)"3,x,method=_RETURNVERBOSE) J

output Li/ 16/x2-3/16/x-3/16%1n(x)-1/16/ (2+x) ~2-3/16/ (2+x) +3/16%1n(2+x) J
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 71 vs. 2(35) = 70.

Time = 0.07 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.58

! d
/ (1-(+2* "
623 +182% —3(z* +42° +42%)log (z +2) + 3 (z* +42° +42?)log (z) + 8z — 4
a 16 (24 + 423 + 422)

input tintegrate(l/(1—(1+x) ~2)73,x, algorithm="fricas") J

( B
output‘ -1/16%(6%x"3 + 18*%x"2 — 3% (x4 + 4xx"3 + 4xx"2)*log(x + 2) + 3*(x"4 + 4*x~ ‘
Ls + 4xx~2)*log(x) + 8%x — 4)/(x~4 + 4*x™3 + 4%x"2) J

Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.98

dz = =
(1= (L+22° " 16 16 8z* + 3223 + 3247

/ 1 _3log(x)+3log(x—|—2) 3% + 927 + 4z — 2

input Lintegrate(1/(1—(1+x)**2) *%3, %) J

output‘_s*log(X)/le + 3%log(x + 2)/16 - (3*x**3 + 9*kx**2 + 4xx - 2)/(8*xx*4 + 32%
XH%3 + 32kXKH2) |
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.98

1 323 4+922+42x—-2 3 3
dz = — =1 2) — —1
/(L-a+xyf T @itz 4z 16 8@ +2) g s ()
inputLintegrate(l/(l—(1+x)*2)*3,X, algorithm="maxima") J
output ‘('1/ 8%(3xx™3 + 9%x™2 + 4xx - 2)/(x74 + 4*x"3 + 4xx"2) + 3/16xlog(x + 2) - 3
‘/16*1og(x) ‘

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.87

1 3z3+922+4z-2 3 3
T =— + — log (|z +2|) — — log (|z
| a—arar S o e+ 2) — 1 1og (o)

input‘integrate(l/(l-(1+x)"2)"3,x, algorithm="giac")

output‘-l/B*(B*x‘s + 9xx”2 + 4¥x - 2)/(x72 + 2%x)72 + 3/16*log(abs(x + 2)) - 3/16

‘*log(abs(x)) ‘
Mupad [B] (verification not implemented)
Time = 8.68 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.80
/ 1 dx:3atanh(a:+1) %_M"‘g
(1-(1+2p)° 8 (e+1)"—2(z+1)"+1
input Lint(—l/((x +1)72 - 1)73,%) J
output (3*atanh(x + 1)/8 + ((5+x)/8 - (3%(x + 1)73)/8 + 5/8)/((x + 1)74 - 2%(x +

‘ 1)°2 + 1) ‘
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Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.73

/(1— 1+x2)

_ 6log(z +2) zt + 241og(z + 2) 23 + 24log(z + 2) z* — 6log(z) z* — 24 log(x) 3 — 241og(z) 2* + 3z* —

3222 (22 + 4z + 4)

input |int(1/(1-(14x)"2)"3,%)

output\(s*log(x + 2)*x*x*k4 + 24x1log(x + 2)*x**3 + 24xlog(x + 2)*x**2 - 6%log(x)*x*
‘*4 - 24xlog(x)*x**3 - 24*log(x)*x**2 + 3*kx*k*k4d — 24*xx**2 - 16%x + 8)/(32*x*
‘*2*(x**2 + 4%xx + 4))
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3.13

J \/—_a+b1(c+dx)2 dz

Optimal result . . . . . . . . . . . . . . . e 108]
Mathematica [B] (verified) . . . . . . . . . .. .. 108
Rubi [A] (verified) . . . . . . . . . 1091
Maple [A] (verified) . . . . . . ... L 110
Fricas [A] (verification not implemented) . . . . . .. ... ... ... . ..... 110
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... 11
Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ... 111
Giac [A] (verification not implemented) . . . . . . ... ... ... 112
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 112
Reduce [F] . . . . o o e 113

Optimal result

Integrand size = 19, antiderivative size = 35

- arctan (%)

1
/\/—_a+b(c+dx)2 = e

output ‘arctan(b™(1/2)*(d*x+c)/(-a)~(1/4))/(-a)~(1/4) /b~ (1/2) /4

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 198 vs. 2(35) = 70.

Time = 0.14 (sec) , antiderivative size = 198, normalized size of antiderivative = 5.66

1
/ V—a+ b(c+ dz)? d
2(yv/—a — y/a) arctan (1 - %) —2(v/—a — v/a) arctan (1 - %) + (vV—a++a) <log
- 4+/2a3/4\/bd

input LIntegrate[(Sqrt [-a] + bx(c + d*x)~2)"(-1),x] J
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(2% (Sqrt[-a] - Sqrtl[al)*ArcTan[1 - (Sqrt[2]*Sqrt[bl*(c + d*x))/a~(1/4)] -
2x(Sqrt[-a] - Sqrtlal)*ArcTan[1 + (Sqrt[2]*Sqrt[bl*(c + d*x))/a~(1/4)] + (
Sqrt[-a] + Sqrtl[al)*(Log[Sqrt[al - Sqrt[2]*a~(1/4)*Sqrt[bl*(c + d*x) + b*(
c + d*x)~2] - LoglSqrt[al + Sqrt[2]*a~(1/4)*Sqrt[bl*(c + d*x) + b*(c + d*x
)~2]))/(4%Sqrt [2] *a~(3/4) *Sqrt [b] *d)

output

Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.00,
number of rules _
integrand size 0.105, Rules

number of steps used = 3, number of rules used = 2,
used = {239, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1 d
/\/—_a+b(c+da:)2 v
l 239

d
l 218
arctan <‘/Z%(/Ci_‘2” )>
\4/ —a\/l_)d

input ‘\Int[(Sqrt [-a] + b*(c + d*x)~2)~(-1),x]

output LArcTan [(Sqrt[bl*(c + d*x))/(-a)~(1/4)]1/((-a)~(1/4)*Sqrt [b]l*d)
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

rule 218

Int[((a_.) + (b_)*(v_)"(n_))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1
] Subst[Int[(a + b*x"n)"p, x], x, vl, x] /; FreeQ[{a, b, n, p}, x] && Lin
earQ[v, x] && NeQ[v, x]

rule 239

Maple [A] (verified)

Time = 0.69 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.20

method | result size

2
2bx d“+2dbc
arctan | “————=—
( 2dv/v/—ab )

dv/v/—=ab

default 42

input Lint (1/((-a)~(1/2)+b* (d*x+c) ~2) ,x ,method=_RETURNVERBOSE) J

‘ 1/d/((-a)~(1/2)*b)~ (1/2) *arctan (1/2* (2¥b*d~2*x+2*b*c*d) /d/ ((-a) = (1/2) ¥b) ~( \
1/2)) |

output

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 279, normalized size of antiderivative = 7.97

L d
/\/—_a-l—b(c+dx)2 ’

V=a ] b2dAzt+4b2cd323+6 b2c2d2 a2 +4 b2 dr+b2 et —2 (bd2x2+2 bcdx+b02) v—a+2 (abd:z:+abc+ (b2d3:1:3+3 b2cd?22+3 b2 c?dx-
ab 08 B2 dici 14623316 b2 P22 14 b2 B dat b2t a

2d

input Lintegrate (1/((-a)~(1/2)+b*(d*x+c)~2) ,x, algorithm="fricas") J
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[1/2*sqrt(sqrt(-a)/(a*b))*log((b~2*xd~4*x~4 + 4*b~2%c*d"3*x~3 + 6xb~2*c~2*d
T2%x72 + 4xb72%c"3xd*x + b"2%c”4 - 2x(bxd"2#x"2 + 2¥bkckdxx + bkc~2)*sqrt(
-a) + 2*(a*bxd*x + axb*c + (b"2*xd"3*x"3 + 3*%b"2%cxd"2*x"2 + 3*b~2*kc"2*d*x

+ b"2xc”3)*sqrt(-a))*sqrt(sqrt(-a)/(a*b)) - a)/(b~2*d"4*x"4 + 4*b~2xc*d~3*
X"3 + 6*%b72%c”2%d"2%x"2 + 4%b"2%c”"3*d*x + b"2%c”4 + a))/d, sqrt(-sqrt(-a)/
(axb))*arctan((bxd*x + bxc)*sqrt(-sqrt(-a)/(axb)))/d]

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 92 vs. 2(31) = 62.

Time = 0.10 (sec) , antiderivative size = 92, normalized size of antiderivative = 2.63

e—v=a, /5= ctv—a, /- —L_
_b\/lfa log ($+db\/7a) \/%log (:1:-1-4—(11)\/7)
/ : dz = 2 + 2
V—a+b(c+ dx)? d
input[integrate(l/((-a)**(1/2)+b*(d*x+c)**2),x) }

e

(-sqrt(-1/(b*sqrt(-a)))*log(x + (c - sqrt(-a)*sqrt(-1/(b*sqrt(-a))))/d)/2
'+ sqrt(-1/(b*sqrt(-a)))*log(x + (c + sqrt(-a)*sqrt(-1/(bxsqrt(-a))))/d)/2)
G |

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 66 vs. 2(27) = 54.

Time = 0.11 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.89

log <bd2z+bcd—\/— —abd)

bd2z+bed++/—+/—abd

1
/\/—_Gb-i-b(c+dﬂc)2 do = 2/ —+/—abd

-

Lintegrate(l/((—a)“(1/2)+b*(d*x+c)‘2),x, algorithm="maxima")

-/

input
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‘1/2*1og((b*d"2*x + b*c*xd - sqrt(-sqrt(-a)*b)*d)/(b*d~2xx + b*cxd + sqrt(-s ‘

output
‘ grt(-a)*b)*d))/(sqrt (-sqrt(-a)*b)*d) ‘

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.86

arctan <%>

1
/ v—a+ b(c+ dz)? de = (—a)i Vbd

input Lintegrate (1/((-a)~(1/2)+b*x(d*x+c)~2) ,x, algorithm="giac") J

e

karctan((b*d*x + b*xc)/((-a)~(1/4)*sqrt(b)))/((-a)~(1/4)*sqrt (b) *d)

~—

output

Mupad [B] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.89

atan Y45

1
/\/—_a+b(c+dx)2 de (—a)"*vbd

tnput Lint(l/(b*(c + d*x)"2 + (-a)~(1/2)),%) J

output Latan((b“(1/2)*c + b7 (1/2)*d*x)/ (-a)~(1/4))/((-a)~ (1/4)¥b~ (1/2) *d) J
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Reduce [F]

| =Ty
vV—a + b(c + dx)? v

1
_ dr )i
va (/ b2dixt + 4b2c d3x3 + 6b2c2d?x? + 4b%c3dx + b?c* + a x) '

+ / s dz ) b2
b2d4zt + 4b2c d3x3 + 6b2c2d?z? 4+ 4b%c3dx + b2t + a

+2 / ad dz | bed
b2d4zt + 4b2c d3x3 + 6b2c2d?x? + 4b%c3dx + b2ct + a

1
dz ) bc?
* (/ b2dixt + 4b2c d3x3 4 6b2c2d?x? + 4b%c3dx + b?c* +a z) ¢

input Lint(l/((-a)“(1/2)+b*(d*x+c)*2) ,x) J

-

- sqrt(a)*int(1/(a + b**2%cx*4 + 4xb**2kck*3*d*xX + Gxbk*2kCHk*2kd**k2kx**2
+ Axb**2kckdk*k3kx*¥*3 + br*x2kdkkdkx*k*4) ,x) ki + int (x**2/(a + bk*2kckx4 + 4x*
b**x2kCk*k3kd*x + BGkb*k*kkCk*kkAk*k2kx*k*x2 + Akxbk*k2kckd*kk3kx**3 + bkkkdkk4kx*k
4) ,x)*b*d**2 + 2*int(x/(a + b*k2kckx*4 + Ldkbkx2kc**3kd*x + G*bkkkck*x2*xd**2
*xkk2 + Akb**2kckd**3kx*k*3 + brk*2kdkk4*xx**k4) ,x)*b*ckd + int(1/(a + b*x*2xc*
*4 + 4xb**2kCck*k3%d*xX + Bkbk*kkCkkkd*k*kkx*k*2 + 4xkbkkkckd**3*kx*k*k3 + bk*x2%d
*k4xxkkd) ,x)*¥bkCk*k2

output
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314 [——dz
14+v1+2?

Optimal result . . . . . . . . . . . . e 114
Mathematica [A] (verified) . . . . . . . .. ... L Lo 114
Rubi [A] (verified) . . . .. . . ... .. 115
Maple [C] (verified) . . . . . . . . . .. 116
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 116
Sympy [A] (verification not implemented) . . ... ... ... ... .. ..... 117
Maxima [F] . . . . . .. 117
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 117
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 118
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 118

Optimal result

Integrand size = 13, antiderivative size = 20

u/' 1 d 1
—  dr = —
1+ 1+ 22 z

V14 2?2

inh
- + arcsinh(x)

output‘

1/x-(x"2+1)~(1/2) /x+arcsinh(x)

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.70

1
——dz =
/1+\/1+x2 z

1 1:x2—log<—x+m>

inputt

Integrate[(1 + Sqrt[1 + x~2])~(-1),x]

-

output L

x~(-1) - Sqrt[1 + x~2]/x - Log[-x + Sqrt[1 + x~2]]

-/
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _ (j 15 4, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/1 dx
Vzz+1+1
l 7293
2+1 1
/ < 2 x2> dz
l 2009
N/
arcsinh(z) — zr+1 + 1
T X
( R
input IBLC + Sart[1 + x721)7(-1),x] ]
output LXA(_D - Sqrt[1 + x~2]/x + ArcSinh[x] J
Defintions of rubi rules used
ruk32009LInt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 7203 Imt[u_, x_Symboll :> With[{v = ExpandIntegrandlu, x1}, Intlv, x] /; SunQ[vl

] |
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 3.

Time = 0.09 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

method | result size

achypergeom([% %,1],[%,2],—x2) 17

meijerg

3
default | — &7 4 zv/z% + 1+ arcsinh (z) + 1 | 28

T

trager | —Z1 — Yol I (V22 + 1 - 1) 36

input Lint (1/(1+(x~2+1)~(1/2)) ,x ,method=_RETURNVERBOSE)

OutputL1/2*x*hypergeom([1/2,1/2,1],[3/2,2],—x‘2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.45

/ 1 zlog (—z+ Va2 +1) +z+vVa?+1-1
—dx:—
1+ vV1+ a2 z

inputLintegrate(l/(1+(x“2+1)"(1/2)),x, algorithm="fricas")

output t-(x*log(—x + sqrt(x”2 + 1)) + x + sqre(x”2 + 1) - 1)/x
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Sympy [A] (verification not implemented)

Time = 0.69 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

/ﬁdaz:—\/ﬁxi“—kasinh(z)wLi—N%ﬂ
input 1RtegTate(1/(1+(xxs2+1)wx(1/2)) ) J
output| “X/SATLCAR2 + 1) + asinh(x) + 1/x - 1/(xxsqre(en2 + 1)) J
Maxima [F]

1 1
—dxz/—dm
/1+\/1—|-ac2 vVzz+1+1

input‘integrate(1/(1+(x“2+1)"(1/2)),x, algorithm="maxima")

outputLintegrate(l/(sqrt(x’? +1) + 1), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 37 vs. 2(18) = 36.

Time = 0.13 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.85

1 2 1
— dz = + - —log (—z+ V& +1
[ S S

-

integrate(1/(1+(x~2+1)7(1/2)) ,x, algorithm="giac")

e—

input t

Ou.tputP/((X - sqrt(x™2 + 1))72 - 1) + 1/x - log(-x + sqrt(x”2 + 1)) J




CHAPTER 3. LISTING OF INTEGRALS 118

Mupad [B] (verification not implemented)

Time = 8.69 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

/;dx— zasinh(z) — va? +1+1

Itviza o .

input | 1061/ (72 + D7(1/2) + 1),%) )
outputt(x*asin.h(x) - x"2 + 1)°(1/2) + D/x J

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.40

/ 1 —Vz2+1+log(Va2+1+z)z—z+1

dr =
I+ Vita z
inputLint(l/(“(xvﬂ)ﬁ(l/?)) ,X) J
outputt( - sqrt(x**2 + 1) + log(sqrt(x**2 + 1) + x)*x - x + 1)/x J




output

input

output
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d\3/2\ P

315 [(a+b(c+9)") do

Optimal result . . . . . . . . . . . . . 119l
Mathematica [N/A] . . . . . . .. 119
Rubi [N/A] . o oo e T20
Maple [N/A] . . . o o 121]
Fricas [N/A] . . . . . o 121
Sympy [N/A] . . 121
Maxima [N/A] . . . . o e 122
Giac [F(-2)] . . o o o o 122
Mupad [N/A] . . . . 123]
Reduce [N/A] . . . . o 123

Optimal result

Integrand size = 17, antiderivative size = 17

c+

/ <a+b(c+ 5)3/2>p . —d2Int(<a+b<

d2

42’ )

Ld"2*Defer (Int) ((a+bx(c+d/x)~(3/2))"p/d"2,x)

Mathematica [N/A]

Not integrable

Time = 3.83 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

[ (o(e4) ") aom [ (aofer

d

3/2\ P
) )dm

LIntegrate[(a + bx(c + d/x)~(3/2))"p,x]

LIntegrate[(a + bx(c + d/x)"(3/2))7p, x]
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Rubi [N/A]
Not integrable
Time = 0.72 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 3, number of rules used = 0,
used = {7268, 7299}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

[ (ao(c+2) )

below.

l7268
_zd/ e+ ™" )Vc + 5 ,/c+
17299

3/2

_2d/ blet 2 )ﬂ F

\Int[(a + bx(c + d/x)"(3/2))"p,x]

input

output ‘ $Aborted

Defintions of rubi rules used

rule 7268 ‘(Int [u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfQuotientOfLinears
‘ [u, x]}, Simp[1st[[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1"(1/1s
Lt[[2]])], x] /; !FalseQ[lst]]

~

rule 7299‘ Int[u_, x_] :> CannotIntegratel[u, x]
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Maple [N/A]
Not integrable

Time = 0.02 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88
d p
/ (a—l—b(c—l— —) ) dz
x

Lint((a+b*(c+d/x) ~(3/2))"p, %) j

N[

input

output Lint ((atb*(c+d/x)~(3/2))"p,x)

Fricas [N/A]
Not integrable

Time = 56.10 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.88
ARG AR
/<a+b(c+5> ) dxz/(b(C-l-E) +a> dx

integrate((at+b*(c+d/x)~(3/2))"p,x, algorithm="fricas")

inputt

OutputLintegral(((a*x + (bxc*x + bxd)*sqrt((cxx + d)/x))/x)"p, x)

Sympy [N/A]
Not integrable

Time = 55.73 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

[ (ao(cr &)Y dom [ (ao(c+2)])

inputLintegrate((a+b*(c+d/x)**(3/2))**P’x)
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Output‘Integral((a + b*x(c + d/x)**(3/2))**xp, x)

Maxima [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

[ (aofer 2)Y ta= [ (s(e+2) +a)

input Lintegrate ((a+b*x(c+d/x)~(3/2)) “pP,X, alg01‘ith.m="maxima")

Outputtintegrate((b*(c + d/x)"(3/2) + a)7p, x)

Giac [F(-2)]

Exception generated.

3/2\ P
/ (a +b <c + 5) ) dr = Exception raised: TypeError

input‘integrate((a+b*(c+d/x)"(3/2))"p,x, algorithm="giac")

output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Limit: Max order reached or unable
‘to make series expansion Error: Bad Argument Value
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Mupad [N/A]
Not integrable

Time = 9.39 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

p

[ (ofcr £ 7Y dam [ (a0 (e2)) e

Lint((a + b*x(c + d/x)"(3/2))7p,x) J

input

Outputtint((a + bx(c + d/x)"(3/2))"p, x) J

Reduce [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 37, normalized size of antiderivative = 2.18

c+ —
X T2

d\**\" (Vex + dbex + vex + dbd + /T az)’
/ a+b dx=/ 5 dz

input | 108 ((a+bx (c+d/x)7(3/2))7p,x) |

int((sqrt(ckx + d)*bkckx + sqrt(ckx + d)xbkd + sqrt(x)*axx)**p/xr*((3+p)/2

output
) ,x) ‘




output
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316  [la+b/c+2) dx

Optimalresult . . . . . . . . . . .. 124
Mathematica [A] (verified) . . . . . . . .. ... Lo 125
Rubi [A] (verified) . . . . . . . ... .. 125
Maple [F] . . . . e 127
Fricas [F] . . . . . . o 128
Sympy [F] . . . 128
Maxima [F] . . . . . .. 128
Giac [F] . . . . o o 129
Mupad [F(-1)] . . . o o 129
Reduce [F] . . . . o o e 129

Optimal result

Integrand size = 17, antiderivative size = 166

/(bﬁ)d

p
bd (a +by/c+ g) Hypergeometric2F'1 <1,p, 14 p,

a+b c—i—%
a—by/c

)

_|_

2 (0= 5v0) V&

p
bd (a +by/c+ g) Hypergeometric2F1 (l,p, 1+p,

a+b c—i—g
a+by/c

)

2 (a+5v0) Ve

‘ (a+b* (c+d/x) " (1/2) ) “p*x-1/2*bxd* (a+b* (c+d/x) ~(1/2) ) “p*hypergeom([1, p], [p+
\ 1], (a+b*(c+d/x) ~(1/2))/(a-b*c~(1/2)) )/ (a-bxc~(1/2))/c” (1/2) +1/2*%b*d* (a+b*(
\ c+d/x)~(1/2)) “p*hypergeom([1, p]l, [p+1], (a+b*(c+d/x)~(1/2))/(a+b*c~(1/2)))/

\<a+b*c~<1/2>>/c*<1/2>
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Mathematica [A] (verified)

Time = 2.67 (sec) , antiderivative size = 195, normalized size of antiderivative = 1.17

[(aofer?)

1+p 2 a+by/c+ 28
(a +by/c+ g) (—b(a + by/c)” dp Hypergeometric2F1 (1, 14+p,2+p, — 7 ) + (@ — by/c) (2(
o 2,/¢ (a2 —

-

inputLIntegrate[(a + b*Sqrtlc + d/x]) "p,x] J

((a + bxSqrtlc + d/x]1)"(1 + p)*(-(b*(a + b*Sqrt[c]) “2*d*pxHypergeometric2F
1[1, 1 + p, 2 + p, (a + b*Sqrtlc + d/x])/(a - b*Sqrtlcl)]) + (a - b*Sqrtlc
D*(2x(a + bxSqrt[c])*Sqrt[cl*(1 + p)*(a - b*Sqrtlc + d/x])*x + bx(a - b*S
qrt [c]) *d*p*Hypergeometric2F1[1, 1 + p, 2 + p, (a + b*Sqrtlc + d/x]1)/(a +
b*Sqrt[c])]1)))/(2+Sqrt[c]*(a”2 - b™2xc)"2x(1 + p))

output

Rubi [A] (verified)

Time = 0.76 (sec) , antiderivative size = 257, normalized size of antiderivative = 1.55,

number of rules _ j 9g 4, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {7268, 593, 27, 657, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

[ (afer?) o

below.

l 7268
P
(a-l—b c+g> \/c+%x2
—2d/ d c—I—é
d? T

J,593
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bf_p(a_b C+g)<a+b c+:)pwd c+ 4 x(a—b c—i—i) (a—i—b c+g>p+1

e 2 (a(; —b%) - 2d (a? — b%0)
l 27
bpf_(a—b c+%> ((;H—b c+ﬁ>”md ot d m(a—b c+i> <a+b c+g>P+1
- 2 (a% — %) - 2d (a? — b2c)
l 657

favi) (asoyferd)”  (vantoe) (ot 1)’

N _bpf( 2(:(\/5_ c+g) + 2c(\/E+ c+g> )d c+g_w<a_b C"‘ﬁ) (a-l-b c+g>p+1

2 (a2 — b2%c) 2d (a2 — b%c)
l 2009
(a—by/) (a+b c+g> P+1 Hypergeometric2F1 (1,p+1,p+2, atibf/';% > (a+by/c) (a+b c+g) o Hypergeometric2F1 (
bp V) (a7 5vE) - ) (a=5ve)
—2dl =
2 (a2 — b3c)
p
inputLInt[(a + b*Sqrtlc + d/x]1)"p,x] J

-2xd*(-1/2*((a - b*Sqrtlc + d/x])*(a + bxSqrtlc + d/x]1)"(1 + p)*x)/((a~2 -

b~2*c)*d) - (b*p*(-1/2%((a + b*Sqrtlc])*(a + bxSqrtlc + d/x])~(1 + p)*Hyp
ergeometric2F1[1, 1 + p, 2 + p, (a + b*Sqrt[c + d/x])/(a - b*Sqrt[c])1)/((
a - b*Sqrt[c])*Sqrtlcl*(1 + p)) + ((a - b*Sqrtlcl)*(a + b*Sqrtlc + d/x]1)"(
1 + p)*Hypergeometric2F1[1, 1 + p, 2 + p, (a + b*Sqrtl[c + d/x])/(a + b*Sqr
t[c])]1)/(2x(a + b*Sqrtlc])*Sqrtlcl*(1 + p))))/(2%(a"2 - b~2%*c)))

output
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[(x_)*((c_) + (d_.)*(x_))"(a_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[(c + d*x)~(n + 1)*(c - d*x)*((a + b*x"2)"(p + 1)/ (2x(p + 1)*(b*xc™2 +
axd~2))), x] - Simp[d/(2*(p + 1)*(b*c™2 + a*d~2)) Int[(c + d*x) nx(a + b*
x"2)"(p + 1)*(c*n - d*(n + 2*p + 4)*x), x], x] /; FreeQ[{a, b, c, d, n}, x]

&& LtQ[p, -1] && NeQ[b*c~™2 + a*d~2, 0]

rule 593

e 657 TRELCCAL) + (e_)*(x) " (m_)*((£_) + (g_.)*(x))"(@_.))/((a) + (c_.)*(
‘x_)"2), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*((f + g*x)“n/(a + c*xx~
‘2)), x], x] /; FreeQl{a, c, 4, e, f, g, m}, x] & IntegersQ[n]

-

ruk32009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—  /

rule 7268‘ Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfQuotientOfLinears
' [u, x1}, Simp[1st[[2]1]1*1st[[4]] Subst[Int[1st[[11], x], x, 1st[[3]11°(1/1s
t[[2]11)], x] /; !'FalseQ[lst]]

N\

Maple [F]

[ (afert) o

input Lint ((a+b*(c+d/x)~(1/2))"p,x)

output | 188 ((arb*(c+d/x)~(1/2))7p,x)
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Fricas [F]

[ (s fert) aom [ (serfoa) o

inputLintegrate((a+b*(c+d/X)“(1/2))”p,x, algorithm="fricas")

outputLintegral((b*sqrt((c*x +d)/x) + a)7p, X)

Sympy [F]

[ (afers) aom [ (avnfer2)

inputLintegrate((a+b*(c+d/x)**(1/2))**P’x)

outputtlntegral((a + b*sqrt(c + d/x))#*xp, x)

Maxima [F]

[ (s fert) ao= [ (sferSva) o

inputLintegrate((a+b*(c+d/x)"(1/2))"p,x, algorithm="maxima"

ou_tputtintegrate((b*sqrt(c + d/x) + a)7p, x)
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Giac [F]

[ (s fert) aom [ (serfoa) o

inputLintegrate((a+b*(c+d/x)*(1/2))*p’x, algorithm="giac")

Outputtintegrate((b*sqrt(c + d/x) + a)7p, x)

Mupad [F(-1)]

Timed out.
P P
/(‘H‘b\/c"‘é) dx:/(a+b\/c+é> dz
z z
inputtint((a + b*x(c + d/x)~(1/2))"p,x)

ou‘cpu‘ctint((a + bx(c + d/x)~(1/2))7p, x)

Reduce [F|

/ (a + b@)p dx = / <\/mwb§’+ ‘/Ea>pdw

inputLint((a+b*(c+d/x)*(1/2))Ap’x)

outputtint((sqrt(c*x + d)*b + sqrt(x)*a)**p/x**x(p/2),x)
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p
3.17 [{a+-H dzx
c+%

Optimal result . . . . . . . . . . . . . e 130
Mathematica [F] . . . . . . . . . . 131
Rubi [A] (warning: unable to verify) . . . .. ... ... ... ... ... .. .. 1311
Maple [F] . . . . 134
Fricas [F] . . . . . o o e
Sympy [F] . . o
Maxima [F] . . . . . . . 135
Giac [F] . . . o o 1361
Mupad [F(-1)] . . . o o 136
Reduce [F] . . . . oo e 136

Optimal result

Integrand size = 17, antiderivative size = 180

ct+4
- c
P ﬁ(a-l— 2 >
bd (a + 2 d) Hypergeometric2F1 | 1,p,1 + p, —T{/C?
C+E
- 2(b—ayc)c
» \/E<a+ . >
bd (a + 0 d) Hypergeometric2F1 | 1,p,1 + p, T{/c?
ety

2(b+ave)c
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‘(a+b/(c+d/x)”(1/2))”p*(c*x+d)/c—1/2*b*d*(a+b/(c+d/x)“(1/2))“p*hypergeom([1

output
> pl, [p+1],-c~(1/2)*(a+b/(c+d/x)~(1/2)) / (b-a*c™(1/2))) / (b-a*c™(1/2))/c-1/2 \

‘*b*d*(a+b/(c+d/x)“(1/2))‘p*hypergeom([1, pl, [p+11,c~(1/2)*(a+b/ (c+d/x) "~ (1/
‘ 2))/(btaxc~(1/2)))/(b+axc™(1/2))/c

Mathematica [F]

P p
/ a—l—L dccz/ a—i—L dz
c+ ¢ c+ ¢

T x

input‘Integrate[(a + b/Sqrtlc + d/x]1)"p,x]

outputtlntegrate[(a + b/Sqrtlc + d/x]1)"p, x] J

Rubi [A] (warning: unable to verify)

Time = 0.92 (sec) , antiderivative size = 268, normalized size of antiderivative = 1.49,

number of rules _ 412, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {7268, 1894, 1803, 593, 27, 657, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

l7268
p
(a—l— \/cl:r—d> c+%w2 y
—2d/ md2 d\/c+;

l 1894
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P
etz /| d
_2d/ 5 d C+;
(1) e+ 2
l 1803
P
a+ 2
2dj/ ( vo+i> g L
(1 c(c—i—%))2 c+d yJet+d
l 593
ey
bf c+d \/@ d 1 a— b a+ b
o 1—c(c+2) c+d et+d Verd
2(b? — a%c) 2(02 —a2c) (1—c(c+9))
l 27
() a)
ctz ctz 1 __ b b
2d " ) dVH% (a Hi) et
2(b? — a?c) - 2(02—a%c) (1—c(c+ %))
l 657
(a—i) a+—=2 ’ (a—i—i) at+—=2 ’
ve Vetrd ve Verd 1 p+1
b < Ve - NG oy P a+—
21—~ 2 < +1 i - d d
\/@) (\/ﬁ > etz Vetz
2d _
2 (6% — a%c) 2(02 —a2c) (1—c(c+2))




input L

output

rule 27

rule 593
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b—a+/c

\/c+%

p+1 Ve (a+ #d ) p+1
b _b i __\ Vet _b b :
<a+ e ) <a+ > Hypergeometric2F1 | 1,p+1,p+2, (a /e ) (a—l— ) Hypergeometric2F1
+

bp 2(p+1) (b—av/c)

2d

2(p+1) (av/c+b)

2 (b2 — a2¢)

Int[(a + b/Sqrtlc + d/x]) p,x]

2%d*(-1/2%((a - b/Sqrtlc + d/x])*(a + b/Sqrtlc + d/x]1)~(1 + p))/((b"2 - a~
2%c)*(1 - c*x(c + d/x))) + (b*px(((a + b/Sqrtlcl)*(a + b/Sqrtlc + d/x]1)~(1
+ p)*Hypergeometric2F1[1, 1 + p, 2 + p, -((Sqrtlcl*(a + b/Sqrtlc + d4/x]1))/
(b - axSqrtlcl))])/(2x(b - a*Sqrtl[c]l)*(1 + p)) + ((a - b/Sqrtlcl)*(a + b/S
grtlc + d/x]1)~(1 + p)+*Hypergeometric2F1[1, 1 + p, 2 + p, (Sqrtlcl*(a + b/S
grtlc + d/x1))/(b + axSqrtlcl)])/(2x(b + axSqrtlcl)*(1 + p))))/(2*x(b"2 - a
~2xc)))

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[(x_)*((c_) + (d_)*(x_))"(a_.)*((a) + (b_.)*(x_)"2)"(p_), x_Symbol] :>

Simp[(c + d*x)~(n + 1)*(c - d*x)*((a + b*x"2)"(p + 1)/ (2x(p + 1)*(b*xc™2 +
a*d~2))), x] - Simp[d/(2*(p + 1)*(b*c™2 + a*d~2)) Int[(c + d*x) n*x(a + bx
x"2)"(p + )*(c*xn - d*(n + 2*p + 4)*x), x], x] /; FreeQ[{a, b, ¢, d, n}, x]

&& LtQlp, -1] && NeQ[b*c™2 + a*d~2, 0]

~




rule 657

rule 1803

rule 1894

rule 2009

rule 7268

input

output
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Int[(((d_.) + (e_.)*(x_))"(m_.)*((£f_.) + (g_.)*(x_))"(n_.))/((a_) + (c_.)*(
x_)"2), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*((f + g*x)~n/(a + c*x~
2)), x1, x] /; FreeQ[{a, c, 4, e, f, g, m}, x] & IntegersQ[n]

Int[(x_)~(m_.)*((a_) + (c_)*(x_)"(n2_.)) " (p_.)*((d_) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + e*x
) gx(a + c*xx"2)7p, x], x, x"n], x] /; FreeQ[{a, c, d, e, m, n, p, q}, x] &&

EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

‘Int[(x_)‘(m_.)*((a_.) + (c_)*(x_ )" (@mn2_.)) " (p_.)*((d_) + (e_.)*(x_)"(n_.))
"‘(q_.), x_Symbol] :> Int[x"(m - 2*n*p)*(d + e*x"n) g*(c + a*xx~(2*n)) p, x]
‘/; FreeQ[{a, c, d, e, m, n, q}, x] & EqQ[mn2, -2*n] && IntegerQ[p]

-

tInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

—

‘ Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfQuotientOfLinears
‘ [u, x]}, Simp[lst[[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]]1~(1/1s
Lt[[2]])], x] /; !FalseQ[lst]]

Maple [F]

Lint((a+b/(c+d/x)“(1/2))”p,x)

tint((a+b/(c+d/x)‘(1/2))‘p,X)
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Fricas [F]

p p
C+i c+i

T T

inputLintegrate((a+b/(c+d/X)‘(1/2))“p,x, algorithm="fricas")

Outputtintegral(((a*c*x + b*x*ksqrt ((c*x + d)/x) + a*xd)/(c*x + d))7p, x)

Sympy [F]

p P
C+C—l c_i_i

inputLintegrate((a+b/(c+d/x)**(1/2))**p,x)

Outputtlntegral((a + b/sqrt(c + d/x))**xp, x)

Maxima [F]

p P
C+c—l c+i

T T

input Lintegrate ((a+b/(c+d/x)~(1/2))"p,x, algorithm="maxima")

outputLintegrate((a + b/sqrt(c + d/x))"p, x)
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Giac [F]

p p
/ G+L dx:/ G+L dz
C+i c+i

z z

inputLintegrate((a+b/(c+d/x)‘(1/2))*p,x’ algorithm="giac")

outputtintegrate((a + b/sqrt(c + d/x))7p, x)

Mupad [F(-1)]

Timed out.

inputtint((a + b/(c + d/x)~(1/2))"p,x)

output Lint((a + b/(c + d/x)~(1/2))"p, %)

Reduce [F]

D
2

/(a+ b )pdmz/(mwm)pm

c+ 4 (cx +d)

T

input {int ((a+b/(c+d/x)~(1/2))"p,x)

output | 1BE((SGrE(cxx + d)*a + sqre (x)xb)xp/ (cxx + d)**(p/2),%)
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p
318  [la+—tup | dz
o

Optimal result . . . . . . . . . . . .. 137
Mathematica [N/A] . . . . . ... 137
Rubi [N/A] . o oo o 138
Maple [N/A] . . . 1391
Fricas [F(-1)] . . . . . o o 139
Sympy [F(-1)] . . . o o 140
Maxima [N/A] . . . . o 140
Giac [N/A] .« . o e 140
Mupad [N/A] . . . . 1411
Reduce [N/A] . . . . o 141

Optimal result

Integrand size = 17, antiderivative size = 17

( p
/ (a-l- L) dz = d*Int ( +z) , T
(c+

4)3/2

output ‘ d~2*Defer (Int) ((a+b/(c+d/x)~(3/2)) p/d"2,x)

Mathematica [N/A]

Not integrable
Time = 3.31 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

p

I

LIntegrate[(a + b/(c + d/x)~(3/2))"p,x] J

input
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output‘ Integrate[(a + b/(c + d/x)7(3/2))7p, x]

Rubi [N/A]
Not integrable

Time = 0.85 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,
_ _ o humber of rules _

number of steps used = 3, number of rules used = 0, integrand size — 0.000, Rules

used = {7268, 7299}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
D
b
/<a+ (c+d)3/2> dz
l 7268
D
d, .2
2d <a+(0+i)3/2> Vor e o d
B / &2 ¢t
l 7299
D
d
(H (c+i)3/2> o d
_2d/ d2 d c+ —
input LInt[(a + b/(c + d/x)~(3/2))"p,x] J

output t$Aborted J
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Defintions of rubi rules used

rule 7268‘ Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfQuotientOfLinears ‘
' [u, x1}, Simp[1st[[2]11*1st[[4]] Subst[Int[1st[[11], x], x, 1st[[3]11"(1/1s |
t[[21D], %] /; !FalseQ[lst]]

rule 7299L1nt [u_, x_] :> CannotIntegratel[u, x] J

Maple [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

p

/ G+L§ dx
e+ )]

input | 10t ((a+b/ (c+d/x)7(3/2))"p, %) J

output | 1Bt ((a+b/ (c+d/x)~(3/2))"p,x) J

Fricas [F(-1)]

Timed out.

p
/ (a + #) dz = Timed out
C+;

Lintegrate ((at+b/(c+d/x)~(3/2))"p,x, algorithm="fricas") J

input

output tTimed out J
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Sympy [F(-1)]

Timed out.

p
/ (a + #) dz = Timed out
c+ 3

T

input Lintegrate ((a+b/ (c+d/x) **(3/2) ) **p,x)

p
output LTlmed out

N

Maxima [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

input Lintegrate ((a+b/(c+d/x)~(3/2))"p,x, algorithm="maxima")

output £EbeETate((a + B/ (e + 4/)°(3/2))7p, )

Giac [N/A]

Not integrable

Time = 0.35 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

) = )

input Lintegrate ((a+b/(c+d/x)"~(3/2))"p,x, algorithm="giac")
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output 1Rtegrate((a + b/(c + 4/x)7(3/2)7p, x) ]

Mupad [N/A]
Not integrable

Time = 9.21 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00
P P
b b
A T
(e+2) (c+2)

int((a + b/(c + d/x)~(3/2))"p,x) J

inputt

-

-/

outputtint((a + b/(c + d/x)7(3/2))"p, %)

Reduce [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 52, normalized size of antiderivative = 3.06

/ N b pd / (Vez + dacz + ez + dad + /z bx)”
a+———=s T = x
( +g)3/2 (\/cz—}-dcx-l—\/cx—l—dd)p
input 106 ((@*+b/ (c+d/x)"(3/2))7p,x) ]

t‘int((sqrt(c*x + d)*a*c*x + sqrt(cxx + d)*a*xd + sqrt(x)*b*x)**p/(sqrt(cxx +

outpu
‘ d)*c*x + sqrt(cxx + d)*d)**p,x)




-

output

e

input L
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1

3.19 J = = 4w

Optimal result . . . . . . . . . . . . e 142
Mathematica [A] (verified) . . . . . . . .. ... L Lo
Rubi [A] (verified) . . . .. . . ... .. 143
Maple [A] (verified) . . . . . . . .. L 144
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 145
Sympy [A] (verification not implemented) . . ... ... ... ... .. ..... 1451
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1451
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 146
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 146
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 146

Optimal result

Integrand size = 15, antiderivative size = 41

/ 1 do — 2Vc+de  2alog (a+bVec+dz)
a+bv/e+dr bd b2d

L2*(d*x+c)“(1/2)/b/d—2*a*1n(a+b*(d*x+c)‘(1/2))/b“2/d

- >

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.98

Tr =

a+bve+dx

/ 1 o — 2bv/c + dz — 2alog (bd(a + bv/c + dz))

b%d

Integrate[(a + b*Sqrt[c + d*x])~(-1),x]

~—

output L

(2#b*Sqrt[c + d*x] - 2*axLog[b*d*(a + bxSqrtlc + d*x])]1)/(b~2*d)




input

output
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Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.95,

= 4, number of rules _ 267, Rules
integrand size

number of steps used = 5, number of rules used =
used = {239, 774, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
—dx
/a+b\/c+dx
l 239

i a+bmd(c + dx)

d
l 774

Vetdz
2fa+bmd\/c+dx

l'49

2 (} - o) Vet
d
l 2009

9 ( Verds alog(a+bv/c+dzx) )
b b2

d

LInt[(a + b*Sqrt[c + d*x])~(-1),x]

| (2+(Sqrtlc + d*x]/b - (a*Logla + b*Sqrtlc + d*x]11)/b"2))/d
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Defintions of rubi rules used

rule 49

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int

[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, O]

rule 239

Int[((a_.) + (b_)*(v_)"(m_ ))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1
] Subst [Int[(a + b*x™n)"p, x1, x, vl, x] /; FreeQ[{a, b, n, p}, x] && Lin

earQ[v, x] && NeQ[v, x]

rule 774

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = Denominator[n]},

Simp[k  Subst[Int[x"(k - 1)*(a + b*x~(k*n))"p, x], x, x~(1/k)], x]] /; Fre

eQ[{a, b, p}, x] & FractionQ[n]

rule 2()09{111t fu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

input L

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.88

method result size
2/dz+c__ 2aln(atbvdzc)

derivativedivides J — 36
/ aln(a+bv/dx+c aln(bvdz+c—a aln(b2dz+b2c—a?

default 2vdrte ( 24 )y ol 52d e b2d L&

int (1/ (a+b*(d*x+c)~(1/2)) ,x,method=_RETURNVERBOSE)

-

output

L2/d* ((d*x+c)~(1/2) /b-a/b~2*1n(a+b* (d*x+c)~(1/2)))

—
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.80

/ 1 p 2 (alog (vVdz + cb+ a) — Vdz + cb)

= = —

a+bve+dr b2d
inputLintegrate(1/(a+b*(d*x+c)“(1/2)),x, algorithm="fricas") J

output [‘2*(a*log(sqrt(d*x + c)*b + a) - sqrt(d*x + c)*b)/(b~2xd) ]

Sympy [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.20

a forb=0A(b=0Vd=0)
1 x
/—dx = { atbve ford=0
a+bvec+dr )
—2alog(i:dm) + 2‘/? otherwise
inputLintegrate(1/(a+b*(d*x+c)**(1/2)),x) J

‘Piecewise((x/a, Eq(b, 0) & (Eq(b, 0) | Eq(d, 0))), (x/(a + bxsqrt(c)), Eq(
\d, 0)), (-2*a*log(a/b + sqrt(c + d*x))/(b**2*d) + 2xsqrt(c + d*x)/(b*d), T \
Lrue)) J

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.85

( a log(\/ dz+cb+a) Vdz+ec >
b2 T

/;dx_ 2
a+bve+dz d

inputLintegrate(1/(a+b*(d*x+c)“(1/2)),x, algorithm="maxima") J
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‘-2*(a*log(sqrt(d*x + c)*b + a)/b"2 - sqrt(d*x + c)/b)/d

output
Giac [A] (verification not implemented)
Time = 0.12 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.93
/ 1 dw__2a10g(%/dx+cb+a\) +2\/dx+c
a+bve+dz b%d bd
inputLintegrate(l/(a+b*(d*x+c)’"(1/2)),x, algorithm="giac")

output L—2*a*1og(abs(sqrt (d*x + c)*b + a))/(b~2%d) + 2*sqrt(d*x + c)/(b*d)

Mupad [B] (verification not implemented)

Time = 8.52 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.80

/ 1 p 2(aln(a—|—b\/c+dx)—b\/c+d:v)
- dr=—
a+bve+dz b2d

inputtint(l/(a + bx(c + d*x)~(1/2)),x)

outputl_(z"‘(a*log(a + bx(c + d*x)~(1/2)) - bx(c + d*x)~(1/2)))/(b"2xd)

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.76

/ 1 p 2v/dz + cb —2log(vdz +cb+a)a
=
a+bvec+dr b2d

input Lint(i/(a+b*(d*x+c)“(1/2)) ,X)
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output L (2% (sqrt(c + d*x)*b - log(sqrt(c + d*x)*b + a)*a))/(b**2*d)
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1

3.20 f a+bvc+dz? dz

Optimal result . . . . . . . . . . . . e 148
Mathematica [A] (verified) . . . . . . . .. ... L Lo 148
Rubi [A] (verified) . . . .. . . ... .. 149
Maple [B] (verified) . . . . . . . . . .. 150
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... [151]
Sympy [F] . . . 152
Maxima [F] . . . . . .. 153
Giac [F(-2)] . . .« o o 153
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 153
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 154

Optimal result

Integrand size = 17, antiderivative size = 135

aarctanh (

%) arctanh( \/%)

1
dz = +
/ a + bve + dr? bva2 — b2c\/d bvVd

aarctanh < aydz )

va2—b2cv/ct+dz?

bva2 — b2c\/d

output ‘ axarctanh(b*d~(1/2)*x/(-b~2*%c+a~2)~(1/2))/b/(-b~2%c+a~2)~(1/2)/d~(1/2)+arc ‘
‘ tanh(d~(1/2) *x/(d*x~2+c)~(1/2))/b/d~(1/2) —a*xarctanh(a*xd~(1/2) *x/ (-b~2*c+a"~ ‘
L2) ~(1/2)/(d*x"2+c) " (1/2)) /b/ (-b"2*c+a~2)~(1/2) /d~(1/2)

input

J

Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.68

a+b(—\/3w+ vV c+dw2)

2a arctan <

V—a2+b2¢

—a?+ble ) — log (_\/c_ix + m)

1
dr =
/(1Jl—b\/c+dav2

bd

LIntegrate[(a + bxSqrt[c + d*x~2])~(-1),x]
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¢ ‘ ((2*axArcTan[(a + b*(-(Sqrt[d]*x) + Sqrtlc + d*x~2]))/Sqrt[-a~2 + b~2*c]]) ‘

outpu
L/Sqrt[-a”2 + b 2*c] - Log[-(Sqrt[dl*x) + Sqrtlc + d*x~211)/(b*Sqrt[dl) J

Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.00,

number of rules _ 0.118, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1

- dx

a+bvec+ dz?
l 7293

/ a N bve + dx? e
a? — b%2c — b2dz? = —a? + b%c + b2dz?
l 2009
_oarctanh (ol ) | oarctant (B ) arctant (1)
b/dvaZ — b2c bVdva? — b2c bd

input ‘\Int[(a + bxSqrt[c + d*x~2])~(-1),x]

(a*ArcTanh[(b*Sqrt[d]#x)/Sqrt[a2 - b~2xc]1)/(b*Sqrt[a~2 - b 2xcl*Sqrt[dl)
‘ + ArcTanh[(Sqrt[d]*x)/Sqrtlc + d*x~2]]1/(b*Sqrt[d]) - (a*ArcTanh[(a*Sqrt[d ‘
1xx)/(Sqrt[a2 - b 2#cl*Sqrtlc + d*x21)1)/(b*Sqrt[a~2 - b-2%c]*Sqrt [d])

output
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Defintions of rubi rules used

rule

2009‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 7293111113 [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v] ‘

1

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1012 vs. 2(111) = 222.

Time = 0.06 (sec) , antiderivative size = 1013, normalized size of antiderivative = 7.50

method

result

size

default

Expression too large to display

1013

input L

int (1/(a+b*(d*x~2+c)~(1/2)),x,method=_RETURNVERBOSE)




output

input
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1/2*%b/ ((-b~2*c+a”2) *b~2xd) ~ (1/2) * (d* (x- ((-b"2*c+a~2) *b~2+d) ~(1/2) /b~2/d) "2
+2% ((-b"2%c+a~2)*b~2*xd) ~(1/2) /b~ 2% (x- ((-b~2*%c+a~2) *b~2xd) ~(1/2) /b~2/d)+a"2
/b72)"(1/2)+1/2/p*%1n((((-b"2*c+a~2) *b~2*d) ~(1/2) /b~ 2+ (x- ((-b"2*c+a~2) *b~2x*
d)~(1/2)/v72/d)*d) /d” (1/2) +(d* (x- ((-b"2*c+a~2) *b~2xd) ~(1/2) /b~2/4d) ~2+2* ((-
b~ 2*xc+a”2)*b"2*d) ~(1/2) /b~ 2% (x- ((-b"2*c+a~2) *b~2xd) ~(1/2) /b"2/d)+a~2/b"2) "
(1/2)) /4~ (1/2)-1/2/((-b~2*c+a~2) *b~2*d) ~ (1/2)*a~2/b/ (a~2/b~2) ~ (1/2) *1n ((2*
a~2/b72+2% ((-b~2*c+a”~2) *b~2%d) ~(1/2) /b~ 2* (x- ((-b~2*c+a”2) *b~2*d) ~(1/2) /b~2
/A)+2%(a~2/b72) ~(1/2) * (d* (x- ((-b"2*c+a~2) *b~2*d) ~(1/2) /b~2/d) ~2+2* ((-b"2*c
+a”2) *b~2xd) " (1/2) /b 2% (x-((-b~2*c+a~2) *b~2*d) ~(1/2) /b~2/d)+a~2/b~2) " (1/2)
)/ (x=((~b"2*c+a~2)*b~2xd) ~(1/2) /b"2/d) ) -1/2%b/ ((~b~2*c+a~2) *b~2*d) ~(1/2) *(
d* (x+((-b~2*c+a”2) *b~2xd) ~(1/2) /b"2/d) ~2-2+ ((-b"2*c+a~2) *b~2+d) ~(1/2) /b~ 2%
(x+((-b~2*c+a~2) *b~2xd) ~(1/2) /b~2/d)+a~2/b"2) ~(1/2)+1/2/b*1n((-((-b"2*c+a~
2)*b~2*d) ~(1/2) /b~ 2+ (x+((-b"2*c+a"2) *b~2*d) ~(1/2) /b~2/d) *d) /d~ (1/2) + (d* (x+
((-b~2%c+a~2)*b~2xd) ~(1/2) /b~2/4d) ~2-2* ((-b"2*c+a~2) *b~2*d) ~(1/2) /b~ 2* (x+ ((
-b~2%c+a~2)*b~2%d) ~(1/2) /b~2/d)+a"2/b~2) "~ (1/2)) /d~(1/2)+1/2/ ((-b~2*c+a"2) *
b~2*xd) " (1/2)*a"2/b/(a"2/572) "~ (1/2) *1n((2*a~2/b"2-2* ((-b~2*c+a”~2) *b~2*d) ~ (1
/2) /2% (x+((-b~2%c+a~2) *b~2*d) ~(1/2) /b~2/d) +2* (a~2/b~2) = (1/2) * (d* (x+((-b~
2%c+a”2)*b~2xd) ~(1/2) /b~2/d) "2-2% ((-b"2*c+a~2) *b~2*xd) ~ (1/2) /b~ 2* (x+ ((-b~2*
c+a”2)*b~2xd) " (1/2) /v"2/d)+a~2/b~2) " (1/2)) / (x+((-b~2*c+a~2) *b~2*d) ~(1/2) /b

~2/d))-a/b/ (- (-b"2*c+a~2)*d) ~ (1/2) *arctan (x*b*d/ (- (-b~2xc+a"2)*d) ~(1/2) . ..

Fricas [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 1164, normalized size of antiderivative = 8.62

1
dz = Too large to displa
/a—l—b\/c—i—sz & PRy

integrate(1/(at+b*(d*x~2+c)~(1/2)),x, algorithm="fricas")

N
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[1/4% (2% (b"2xc - a"2)*sqrt(d)*log(-2*d*x"2 - 2*sqrt(d*x”2 + c)*sqrt(d)*x -
c) - sqrt(-(b"2*c - a"2)*d)*a*log((b~4*xc™4 - 2¥a~2xb~2%c~3 + (b"4*c”2 - 8
*a"2*%b"2xc + 8*a”~4)*d"2*x"4 + a~4xc”2 + 2% (b74*xc”3 - 5*a”2xb"2*c”2 + 4xa”4
*xc)*d*x"2 + 4x((a*¥b"2*c - 2*%a~3)*d*x"3 + (a*b"2*c”2 - a~3*c)*x)*sqrt(d*x"2
+ c)*sqrt(-(b"2*%c - a"2)*d))/(b~4*d"2*%x"4 + b~4*c™2 - 2%a~2*%b"2%c + a4 +
2x(b~4*c - a"2*b"2)*d*x"2)) - 2*sqrt(-(b"2*c - a~2)*d)*a*log((b~2xd*x"2 -
b~2%c + 2*sqrt(-(b"2*c - a~2)*d)*b*x + a~2)/(b"2xd*x"2 + b"2*c - a~2)))/(
(b~3%c - a~2*b)*d), -1/4%(4x(b~2*c - a~2)*sqrt(-d)*arctan(sqrt(-d)*x/sqrt(
d*x~2 + c)) + sqrt(-(b"2*c - a~2)*d)*a*xlog((b~4*c™4 - 2*a~2xb"2%c"3 + (b~4
*C"2 - 8%a"2+b"2%c + 8%a"4)*d"2*x"4 + a"4xc”2 + 2% (b74xc”3 - 5*a~2*%b"2%c"2
+ 4%a~4xc)*d*x"2 + 4*((axb"2*c - 2xa~3)*d*x"3 + (a*b”2xc”2 - a”3%c)*x)*sq
rt(d*x"2 + c)*sqrt(-(b~2*c - a~2)*d))/(b~4*d"2*x"4 + b~4*c™2 - 2*a~2%b"2*c
+ a"4 + 2x(b"4*c - a"2*%b"2)*d*x"2)) + 2*xsqrt(-(b"2*c - a~2)#*d)*axlog((b~2
*d*x"2 - b"2%c + 2xsqrt(-(b"2xc - a”2)*d)*b*x + a~2)/(b"2*d*x"2 + b"2xc -
a~2)))/((b”3*%c - a"2*b)*d), -1/2*x(2*sqrt((b"2*c - a~2)*d)*a*arctan(sqrt((b
“2%c - a~2)*d)*b*x/(b"2*c - a~2)) + sqrt((b"2*c - a~2)#*d)*a*arctan(1/2x(b~
2xc”2 + (b™2xc - 2*%a”2)*d*x"2 - a"2*c)*sqrt(d*x”2 + c)*sqrt((b"2xc - a~2)*
d)/((axb™2*%c - a~3)*d"2*x"3 + (axb™2*c”2 - a”3*c)*d*x)) - (b"2%c - a"2)*sq
rt(d)*log(-2*d*x~2 - 2*sqrt(d*x~2 + c)*sqrt(d)*x - c))/((b"3%c - a~2%b)*d)
, —1/2%(2*sqrt ((b"2*c - a~2)*d)*ax*arctan(sqrt((b™2*c - a~2)*d)*b*x/(b"2...

output

Sympy [F]
1 1
a+bve+ de? a+ bvc+ dz?
input/integrate(1/(a+b*(d*x**2+c)**(1/2)),X)

Output"Integral(l/(a + bxsqrt(c + d*x**2)), x)




input

output

input

output

input
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Maxima [F|

1 1
dzr =
/a—i—b\/c+dac2 /\/dx2+cb+a

dx

-

Lintegrate (1/ (a+b*(d*x~2+c)~(1/2)) ,x, algorithm="maxima")

-/

Lintegrate(l/(sqrt(d*x? + c)*b + a), x)

Giac [F(-2)]

Exception generated.

1
/ dxr = Exception raised: TypeError

a+ bvc+ dz?

Lintegrate (1/ (a+b* (d*x~2+c)~(1/2)) ,x, algorithm="giac")

‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx) :;0UTPUT: index.cc index_m i_lex_is_greater E

‘rror: Bad Argument Value

Mupad [B] (verification not implemented)

Time = 9.57 (sec) , antiderivative size = 116, normalized size of antiderivative = 0.86

/ . In (Vdz +Vdz?+c)

dz =
a + bve + dx?

bVd

bVdz )

avdzx
aatan(mm) “atan<\/m

_|_

b\/d Vb2 c — a2

B b\/d b2 c — a2

Lint(i/(a + bx(c + d*x~2)~(1/2)),x)
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‘log(d”(1/2)*x + (c + d*x~2)"(1/2))/(b*d~(1/2)) + (a*atan((a*d~(1/2)*x)/((b
\*2*c - a™2)"(1/2)*(c + d*x"2)~(1/2))))/(b*d~ (1/2)*(b~2*c - a~2)~(1/2)) - (
‘a*atan((b*d‘(1/2)*x)/(b‘2*c - a”2)"(1/2)))/(b*d~(1/2)*(b~2*c - a~2)~(1/2)) ‘

output

Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 305, normalized size of antiderivative = 2.26

1
dx
./a+ch+dﬁ
Vd <—2\/ b%c — a? atan( Vda?+ca?b—vda?+cb’ctvdatbo—vdbics ) a+ 2v/—b%c+ a?log <\/ —b2c+a2++/

Vb2c—a2 vV/—=b2c+a? a—vb%2c—a? a2+Vb2c—a? b2¢

inputLint(l/(a+b*(d*x"2+c)"(1/2)),x) J

(sqrt(d)*( - 2*sqrt( - a**2 + b**2xc)*atan((sqrt(c + d*x**2)*ax*2%b - sqrt
(c + d*x**2)*b*x*3*kc + sqrt(d)*a**2xb*x — sqrt(d)*b**3*c*xx)/(sqrt( - ax*2 +
b**2xc) *sqrt (a**2 — b**2*c)*a - sqrt( — a**2 + b¥*k2xc)*ax*2 + sqrt( - a*x
2 + b**2%c)*b**2xc))*a + 2xsqrt(ax*2 - bx*2xc)*log(sqrt(a*x*2 - b**2%c) + s
grt(c + dxx**2)*b + sqrt(d)*bxx + a)*a - sqrt(ax*2 - b*x2xc)*log(2*sqrt (a*
*2 — b¥*2*c)*a + 2xsqrt(d)*sqrt(c + dxx**2)*¥bx*2%x — 2ka**2 + 2%b¥*2*c + 2
*b*x2xd*x**2) ¥a + 2xLlog((sqrt(c + d*x**2) + sqrt(d)*x)/sqrt(c))*ax*2 - 2%1
og((sqrt(c + dxx**2) + sqrt(d)*x)/sqrt(c))*b*x2xc))/(2*b*xd* (a**2 - bx*2*c)
)

output




output
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3.21 dx

1
f a+bvV c+dz3

Optimal result . . ... ...........
Mathematica [A] (warning: unable to verify)
Rubi [A] (warning: unable to verify) . . . .
Maple [C] (warning: unable to verify) . . . .
Fricas [F(-1)] . . ... ... ... ... ...
Sympy [F] ... ... ... .. .......
Maxima [F] . ... ... .. .........
Giac [F] . .. ... ... ... .. ...
Mupad [F(-1)] .. ... ... ... ....
Reduce [F] . ... ... ... ... .....

Optimal result

Integrand size = 17, antiderivative size = 292

/ . o  bov/e+ di® AppellF1 (3,-11,4, -4, o)
a+bvc+ dz3 (a2 — b2¢) \/@
a arctan %bc

alog <\/3 a? — b%c — b2/3€/Em)

+
V3623 (a2 — b2c)*3 V/d

alog ((a2 — b))
+

+ 62302 — b2eV/dx + b4/3d2/3a:2>

6b2/3 (a2 — b20)*/* Vd

3b2/3 (a2 — b2)* Vd

-b*x* (d*x~3+c) ~(1/2) *AppellF1(1/3,1,-1/2,4/3,b"2%d*x"3/ (-b"2*c+a"2) ,~d*x"3
/c)/ (-b~2xc+a~2) / (1+d*x~3/c) ~(1/2)+1/3*%a*arctan(1/3* (1+2%b~(2/3)*d~ (1/3) *x
/(-b"2%c+a~2)~(1/3))*37(1/2))*37(1/2) /b~ (2/3) / (-b~2*c+a~2) " (2/3) /d~(1/3)-1
/3*ax1n((-b~2*c+a~2)~(1/3)-b~(2/3)*d~(1/3)*x) /b~ (2/3) / (-b~2*c+a~2)~(2/3) /d
~(1/3)+1/6*a*1n((-b~2*c+a~2) ~(2/3)+b~(2/3)*(-b"2*c+a~2) ~(1/3)*d~(1/3) *x+b~
(4/3)*d~(2/3)*x72) /b~ (2/3) / (-b~2%c+a~2)~(2/3) /d~(1/3)
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Mathematica [A] (warning: unable to verify)

Time = 11.16 (sec) , antiderivative size = 452, normalized size of antiderivative = 1.55

1
dz
/a—l— bve + dx3

48b5/3¢(a2—b2c) 2av/c+da® AppellF1 (%,-%,1,%,- da® %)

_ (a2—b2(c+dz3)) <80(a2—b20) AppellF1 <é ,—%,1,%,— d“f ,%‘%) +3dx3 (2bzc AppellF1 <% ,—%,2,%,— @,%‘%) +(a2—b%c) AppellF1 (%,%

input\Integrate[(a + b*Sqrt[c + d*x~3]1)"(-1),x]

((48%b~(5/3)*c*(a"2 - b~2%c) "2*x*Sqrt[c + d*x~3]*AppellF1[1/3, -1/2, 1, 4/
3, -((d*x"3)/c), (b~2%d*x"3)/(a"2 - b~2xc)])/((a"2 - b™2*(c + d*x~3))*(8%*c
*(a”2 - b~2xc)*AppellF1[1/3, -1/2, 1, 4/3, -((d*x"3)/c), (b~2*d*x~3)/(a"2
- b™2xc)] + 3*d*x"3*(2%b”2*c*AppellF1[4/3, -1/2, 2, 7/3, -((d*x~3)/c), (b~
2xd*x73) /(a2 - b"2xc)] + (a”2 - b~2*c)*AppellF1[4/3, 1/2, 1, 7/3, -((d*x~
3)/c), (b72%d*x"3)/(a"2 - b~2%c)]))) + ((-1)7(2/3)*ax(a”2 - b~2*c)~(1/3)*(
24Sqrt [3]*ArcTan[(-1 + (2*%(-1)"(1/3)*b~(2/3)*d~(1/3)*x)/(a~2 - b~2*c)~(1/3
))/8qrt[3]1] + 2*xLogl(a™2 - b™2%c)~(1/3) + (-1)~(1/3)*b~(2/3)*d~(1/3)*x] -
Logl[(a™2 - b™2xc)~(2/3) - (-1)"(1/3)*b~(2/3)*(a”2 - b~2*c)~(1/3)*d"~(1/3) *x
+ (-1)7(2/3)*b~(4/3)*d" (2/3)*x~2]))/d~(1/3))/(6xb~(2/3)*(-a"2 + b~2xc))

output

Rubi [A] (warning: unable to verify)

Time = 0.95 (sec) , antiderivative size = 292, normalized size of antiderivative = 1.00,

number of rules _ 0.118, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
—_—dx
/a+b\/c+dx3
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l 7293
/( a bve + dx3 )dm

a? — b%c — b2dz3 + —a2 + b2c + b2dz3

l 2009

aarctan
bx+/c + dz3 AppellF1 (%, 1, —%, %, %, _Lf> N
(a? — b2c) \/@ V362/3/d (a2 — b2c)?/?
alog ((a2 _ b20)2/3 4 b2/3\3/c_im\3/m+ b4/3d2/3x2) alog (m _ b2/3\3/6_i£1:)
6b2/33/d (a2 — b2c)*/® 362/35/d (a2 — b2c)?/3

-

LInt[(a + b*Sqrt[c + d*x~3]1)"(-1),x]

| —

input

-((b*x*Sqrt[c + d*x~3]*AppellF1[1/3, 1, -1/2, 4/3, (b"2*#d*x"3)/(a"2 - b~2*
c), -((d*x~3)/c)1)/((a~2 - b~2xc)*Sqrt[1 + (d*x~3)/cl)) + (axArcTan[(1 + (
2xb~(2/3)*d~(1/3)*x) /(a2 - b~2*c)~(1/3))/Sqrt[311)/(Sqrt[3]1*b~(2/3)*(a"2
- b™2%c)~(2/3)*d~(1/3)) - (a*Logl[(a™2 - b~2xc)~(1/3) - b~(2/3)*d~(1/3)*x])
/(3*xb~(2/3)*(a”2 - b~2*c)~(2/3)*d~(1/3)) + (a*Logl(a™2 - b™2xc)~(2/3) + b~
(2/3)*(a~2 - b~2%c)~(1/3)*d~(1/3)*x + b~ (4/3)*d"~(2/3)*x~2])/(6xb~(2/3)*(a"~
2 - b™2xc)~(2/3)*d~(1/3))

output

Defintions of rubi rules used

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—

ruk37293‘1nt[u—’ x_Symbol]l :> With[{v = ExpandIntegrand[u, x1}, Int[v, x] /; SumQ[v]

& J




7

input |
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Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 6.

Time = 0.32 (sec) , antiderivative size = 910, normalized size of antiderivative = 3.12

method | result size

default | Expression too large to display | 910
elliptic | Expression too large to display | 953

int (1/(a+b*(d*x~3+c) ~(1/2)) ,x,method=_RETURNVERBOSE)

output

bx(-2/3*1/b"2%3"(1/2) /d*(—c*d~2) ~(1/3) * (I* (x+1/2/d* (—c*d~2) ~(1/3)-1/2%I*3"
(1/2) /d*(-c*d~2)~(1/3))*3~(1/2)*d/ (—c*xd~2) ~(1/3)) = (1/2) * ((x-1/d* (-c*d~2) ~(
1/3))/(=3/2/d*(-c*d~2)~(1/3)+1/2*I*3~(1/2) /d* (—c*xd~2) ~(1/3))) ~(1/2) * (-I*(x
+1/2/d* (-c*d~2) ~(1/3)+1/2%I%3~(1/2) /d* (—c*xd~2) ~(1/3))*3~(1/2) *d/ (-c*d~2) ~(
1/3))°(1/2)/(d*x~3+c) "~ (1/2)*E11lipticF(1/3%3~(1/2) * (I* (x+1/2/d*(-c*xd~2)~(1/
3)-1/2%I%37(1/2) /d*(-c*xd~2)~(1/3))*37(1/2)*d/ (-c*d~2)~(1/3))~(1/2) , (I*3~(1
/2)/d*(-c*d~2)~(1/3)/(-3/2/d*(-c*d~2) " (1/3)+1/2*I*3"~(1/2) /d*(-cxd~2)~(1/3)
))~(1/2))+1/3%I/b"2/d"3%27(1/2) *sum(1/_alpha~2*(-c*d~2) " (1/3) * (1/2*I*d* (2%
x+1/d* (-I*3~(1/2) *(-c*d~2) ~(1/3)+(-c*d~2)~(1/3))) / (-c*d~2)~(1/3))~(1/2)*(d
*(x-1/d*(-c*d~2)~(1/3))/(I*3~(1/2) *(-c*d~2) ~(1/3)-3*(-c*d~2)~(1/3)))~(1/2)
* (—1/2%Ixd* (2%x+1/d* (I*3~(1/2)*(-c*d~2) " (1/3)+(-c*d~2)~(1/3)))/(-c*d~2)~ (1
/3))"(1/2)/(d*x~3+c) ~(1/2) *(I*(-c*d~2) ~(1/3) *_alpha*3~ (1/2) *d-I*(-c*d~2) " (
2/3)*37(1/2)+2%_alpha~2*d~2-(-c*d~2) ~(1/3) *_alpha*d-(-c*d~2)~(2/3))*Ellipt
icPi(1/3%37(1/2) * (I*(x+1/2/d*(—c*d~2)~(1/3)-1/2*I*3~(1/2) /d*(-c*d~2)~(1/3)
)*3~(1/2)*d/ (—c*d~2)~(1/3))~(1/2) ,-1/2%b~2/d* (2%I*3~ (1/2) * (-c*d~2) ~(1/3) *_
alpha~2#d-I*37(1/2)*(-c*d~2)~(2/3)*_alpha+I*3~(1/2)*c*d-3*(-c*d~2)~(2/3)*_
alpha-3#*c*xd)/a~2, (I*37(1/2)/d*(-c*d~2)~(1/3)/(-3/2/d* (-c*d~2) " (1/3) +1/2*I*
3~(1/2) /d* (-c*d~2)~(1/3)))~(1/2)) , _alpha=RootOf (_Z~3%b~2%d+b~2%c-a~2)))-1/
3*a/b~2/d/ (- (-b~2xc+a~2) /b~2/d) ~(2/3) *1n(x+(-(-b"2*c+a"~2) /b~2/d) ~(1/3))+1/
6*a/b"2/d/(-(-b~2*c+a~2)/b~2/d) " (2/3) *1n(x"2-(-(-b"2*c+a"2) /b~2/d) ~(1/3...
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Fricas [F(-1)]

Timed out.

1
dz = Timed out
/ a+bvec+dx3

input Lintegrate (1/ (a+b* (d*x~3+c)~(1/2)) ,x, algorithm="fricas")

OutputLTlmed out

Sympy [F]

1 1
dr = dzx
/a+b\/c+dw3 /a—l—bm

input Lintegrate (1/ (a+b* (d*x**3+c) **(1/2)) ,x)

output LIntegral(l/(a + bxsqrt(c + d*x**3)), x)

Maxima [F]

dz

1 1
dx =
/a+b\/c+dx3 /\/W—I-Cb%—a

input Lintegrate (1/ (a+b*(d*x~3+c)~(1/2)) ,x, algorithm="maxima")

Outputtintegrate(l/ (sqrt(d*x~3 + c)*b + a), x)
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Giac [F]
1 1
/ dr = / dz
a+ byvc+ dre Vdx3+cb+a
input Lintegrate (1/(a+bx(d*x~3+c)~(1/2)),x, algorithm="giac") J
OutputLintegrate(l/(sqrt(d*x“s + c)*b + a), x) J

Mupad [F(-1)]

Timed out.
1 1
/ dx =/ dz
a+bVe+ da? a+bvdD +o
input Lint(l/(a + bx(c + d*x~3)~(1/2)),x) J
output 1B/ (2 * br(e + a3 (1/2)), ) )
Reduce [F]
/ 1
dzx
a+ bve+ dr3

1 1 2
2(—b%c + a2)? /3 atan ( (_b:C:?S;;??;M) a+ (=b%c+ a?)? 10g<(—bzc +a2)% + d3b3 (—bPc + a?)3 3 -

input tint(l/(a+b* (d*x~3+c)~(1/2)),x) J
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(2% (a**2 - bx*2*c)**(1/3)*sqrt(3)*atan(((a**2 - bx*2*c)**(1/3) + 2*d*x(1/3
) *¥b** (2/3) *x) / ((a**2 — b**2%c)*x(1/3)*sqrt(3)))*a + (ax*2 - b*x2xc)**(1/3)
x1log((a*x*2 — b**2%c)**(2/3) + d**(1/3)*b*x*x(2/3)*(a**2 — b**2*kc)**(1/3)*x +
d** (2/3) ¥b** (1/3) *b*xx**2) *a — 2% (a**2 — b**2*c)**(1/3)*Log((a**2 — b**2xc
Y*#x(1/3) - d**(1/3)*b**(2/3)*x)*a — 6*d**(1/3)*b**(2/3)*int (sqrt(c + dkx*x*
3)/(ax*2 — bx*2%c - b**2kd*x**3) ,x)*a*x*x2*b + 6*xd**(1/3)*b**(2/3)*int (sqrt(
c + dxx*x*x3)/(a**2 — b**2%c — bx*2*xd*x*k*3) ,x)*b**3%c)/(6*d**(1/3)*b**(2/3)*
(a**x2 - b*x*2%c))

output

N
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3.22 dx

1
f a+bvV c+drt

Optimal result . . ... ...........
Mathematica [C] (warning: unable to verify)
Rubi [A] (verified) . . ... ... ... ...
Maple [C] (warning: unable to verify) . . . .
Fricas [F(-1)] . . ... ... ... ... ...
Sympy [F] ... ... ... .. .......
Maxima [F] . ... ... .. .........
Giac [F] . .. ... ... ... .. ...
Mupad [F(-1)] .. ... ... ... ....
Reduce [F] . ... ... ... ... .....

Optimal result

Integrand size = 17, antiderivative size = 948

1
/ dx = Too large to display

a+ bve+ dzt



output

input

CHAPTER 3. LISTING OF INTEGRALS 1

63

1/2*%a*arctan (b~ (1/2)*d~(1/4) *x/(-b~2*c+a~2) ~(1/4)) /b~ (1/2) / (-b~2*c+a~2) ~ (3
/4)/d" (1/4)-1/4*a*arctan(a*d~(1/4)*x/b~(1/2) / (-b~2*c+a~2) ~(1/4) / (d*x~4+c) "~
(1/2))/b~(1/2)/ (-b~2*c+a"~2)~(3/4) /d~ (1/4)+1/2*a*arctanh (b~ (1/2) *d~ (1/4) *x/
(-b™2%c+a"2)~(1/4))/b~(1/2)/ (-b~2%c+a~2) " (3/4) /d~(1/4) -1/4*a*arctanh (a*xd" (
1/4)*x/b~(1/2) / (-b"2*c+a~2) ~(1/4) / (d*x~4+c) ~(1/2)) /b~ (1/2) / (-b~2*c+a~2) ~ (3
/4) /4" (1/4)+1/2%(c™(1/2)+d~ (1/2) *x~2) * ((d*x~4+c) /(c~(1/2)+d~ (1/2)*x~2)"2)~
(1/2)*InverseJacobiAM(2*arctan(d~(1/4)*x/c~(1/4)),1/2*x2~(1/2))/b/c~(1/4)/d
~(1/4)/(d*x~4+c)~(1/2)-1/4*a~2% (1-b*c~(1/2)/ (-b~2*c+a~2) ~(1/2) )*(c~(1/2)+d
~(1/2)*x~2) % ((d*x"4+c) /(¢ (1/2)+d" (1/2) *x~2) "2) " (1/2) *InverseJacobiAM(2*ar
ctan(d~(1/4)*x/c~(1/4)) ,1/2%2°(1/2)) /b/c”(1/4) / (-2*b~2xc+a"2) /d~ (1/4) / (d*x
“4+c)~(1/2)-1/4%a~2*% (1+bxc~(1/2) / (-b~2*c+a~2) " (1/2) ) *(c~ (1/2)+d"~ (1/2) *x~2)
*((d*x~4+c) /(c™(1/2)+d~ (1/2)*x~2)~2) " (1/2) *InverseJacobiAM(2*arctan(d~(1/4
Y*x/c~(1/4)),1/2%27(1/2)) /b/c”(1/4) / (-2¥b~2*c+a~2) /d~(1/4) / (d*x"4+c) " (1/2)
+1/8%a~2% (b*xc~ (1/2)+(-b~2xc+a"2) ~(1/2)) ~2%(c~ (1/2)+d~ (1/2) *x~2) * ((d*x~4+c)
/(c™(1/2)+d~(1/2)*x~2)"2) " (1/2)*EllipticPi(sin(2*arctan(d~ (1/4)*x/c~(1/4))
),1/2-1/4%a~2/b/c~(1/2)/(-b"2*c+a~2)~(1/2) ,1/2%27(1/2)) /b/c”(1/4) / (2¥b~4*c
~2-3%a”~2xb~2%c+a~4)/d~(1/4)/ (d*x~4+c) " (1/2)+1/8*a~ 2% (b*xc~ (1/2) - (-b~2*c+a"2
)7(1/2)) 2% (¢~ (1/2)+d” (1/2) *x~2) * ((d*x~4+c) / (¢~ (1/2)+d~ (1/2)*x~2)~2) " (1/2)
*E1lipticPi(sin(2*arctan(d~(1/4)*x/c~(1/4))),1/2+1/4%a~2/b/c”(1/2)/(-b"2*c

+a"2)7(1/2),1/2%27(1/2)) /v/c™(1/4) / (2¥b~4*c~2-3%a"~2xb"2%c+a"4) /d~(1/4) /. ..

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 4 in optimal.

Time = 11.02 (sec) , antiderivative size = 484, normalized size of antiderivative = 0.51

1
dz
/ a+bve+dzt

4 2,4
406%/2¢(a2—b2c) 2zv/c+dzt AppellF1 (g,_ 11,5,-d2% bdo

)

22 b2dzd 22 b2dzd
_ (a2—b2(c+dz?)) <5c(a2—b20) AppellFl(%,—%,l,%,—d b db2C>+2dw4(2bQCAppellF1<%,—%,2,%,—d— bod

c 'a2_

c ’a2-p2c

) +(a2—b%c) AppellF1 <%,J

-

LIntegrate[(a + bxSqrt[c + d*x~4])"(-1),x]

| —




output
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((40%b~(3/2)*cx(a"2 - b~2%c) "2*x*Sqrt[c + d*x~4]=*AppellF1[1/4, -1/2, 1, 5/

4, -((a*x~4)/c), (b™2xd*x"4)/(a"2 - b™2xc)])/((a"2 - b~ 2x(c + d*x"4))*(5*c
*(a”2 - b"2*c)*AppellF1[1/4, -1/2, 1, 5/4, -((d*x"4)/c), (b"2*d*x"4)/(a"2
- b™2xc)] + 2xd*x"4x(2%b~2*c*AppellF1([5/4, -1/2, 2, 9/4, -((d*x~4)/c), (b~
2xd*x74) /(a2 - b"2xc)] + (a”2 - b~2*c)*AppellF1[5/4, 1/2, 1, 9/4, -((d*x~
4)/c), (b~2*d*x~4)/(a"2 - b"2%c)]))) + ((1 - I)*a*x(a”2 - b~2%c)~(1/4)*(2%A
rcTan[1 - ((1 + I)*Sqrt[bl*d~(1/4)*x)/(a”2 - b"2*c)~(1/4)] - 2*ArcTan[1 +
((1 + I)*Sqrt[bl*d~(1/4)*x)/(a”2 - b~2%c)~(1/4)] + Log[Sqrt[a”2 - b~2xc] -
(1 + I)*Sqrt[bl*(a”2 - b~2xc)~(1/4)*d"(1/4)*x + I*b*Sqrt[d]l*x~2] - Logl[Sq
rt[a”2 - b™2xc] + (1 + I)*Sqrt[bl*(a”2 - b~2xc)~(1/4)*d~(1/4)*x + IxbxSqrt
[d]1*x~2]))/d~(1/4))/(8*Sqrt[bl*(-a~2 + b~2xc))

Rubi [A] (verified)

Time = 3.55 (sec) , antiderivative size = 948, normalized size of antiderivative = 1.00,

number of rules _ 0.118, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/" 1
—_—dx
a+bve+dzt
l 7293
/ a + Ve + dr? i
a? —b%2c — b2dzt  —a? + b2c + b2dxt

l 2009




input
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4
(1 — %) (\/Ex2 + \/E> /(\[Z;:Cﬁ)z EllipticF (2 arctan ( {\%”) , é) a®

4by/c (a2 — 2b2¢) Vddz* + ¢

4
( Vb 1) (\/81:2 + \/E) —delte  FllipticF (2 arctan ( ﬂw) ,

Var—te (Vs +ve)

4b</c (a2 — 2b2¢) Vdv/dzt + ¢

(2

2

N
by/cva2—b2c

) ,2arctan <

8b-/c (a4 — 3b2ca? + 2b4c?) Vdv/dzt + ¢

<\/Eb +vaZ=b b‘zc‘>2 (ﬂﬁ ¥ ﬁ) /m EllipticPi (i
<b\/5 —Va? - b2c)2 (\/c_ix2 + \/E) /(\[ﬁj‘:})z EllipticPi <}1

a2

+ 2) ,2arctan <

8b+/c (a4 — 3b2ca? + 2b4c?) Vdvdzt + ¢

4 4
arctan (M> a arctan ( aVdz

Va2 — b2c _

a arctanh
VbV a2 — bQC\/d:cT}-c> n <

V5 V/da ) .
Va2 — b2c

4vb (a2 — b26)3/4 Vd
4
arctanh< —== do > a
Vb a2 — B2evasite
4v/b (a2 — b20)*4 Vd

2vb (a2 — b2c)*4 Vd

(\/c_lm2 + \/E) % EllipticF (2 arctan <

2v/b (a2 — 1720)3/4 vd

%))

aredd
2b/cVdydzt + ¢

-

LInt[(a + bxSqrtlc + d*x~41)"(-1),x]

~—
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output

/(a*ArcTan[(Sqrt[b]*d”(1/4)*x)/(a“2 - b™2%c)"(1/4)1)/(2xSqrt [bl*(a~2 - b~2%

c)~(3/4)*d~(1/4)) - (axArcTan[(a*d~(1/4)*x)/(Sqrt[bl*(a”2 - b~2*xc)~(1/4)*S
grtlc + d*x~4]1)]1)/(4xSqrt[bl*(a"2 - b~2%c)~(3/4)*d~(1/4)) + (a*ArcTanh[(Sq
rt[bl*d~(1/4)*x)/(a”2 - b"2%c)~(1/4)]1)/(2xSqrt[bl* (a2 - b~2*c)~(3/4)*d~ (1
/4)) - (axArcTanh[(a*d~(1/4)#*x)/(Sqrt[bl*(a~2 - b~2*c)~(1/4)*Sqrtlc + d*x~
41)1)/(4xSqrt[bl*(a~2 - b~2%c)~(3/4)*d~(1/4)) + ((Sqrtlc] + Sqrt[d]*x~2)#*S
grt[(c + d*x~4)/(Sqrtlc] + Sqrtld]l*x~2)"2]*EllipticF[2*ArcTan[(d~(1/4)*x)/
c~(1/4)1, 1/21)/(2xbxc~(1/4)*d~(1/4)*Sqrt[c + d*x~4]) - (a"2*(1 - (b*Sqrt[
cl)/Sqrt[a~2 - b~2xc])*(Sqrtlc] + Sqrt[d]*x~2)*Sqrt[(c + d*x~4)/(Sqrtlc] +
Sqrt [d]*x~2) “2]*EllipticF [2*ArcTan[(d~(1/4)*x)/c~(1/4)1, 1/2]1)/(4*bxc~(1/
4)x(a~2 - 2*b~2*c)*d~(1/4)*Sqrtlc + d*x~4]) - (a~2*(1 + (b*Sqrt[cl)/Sqrtl[a
"2 - b"2xc])*(Sqrtlc] + Sqrt[dl*x~2)*Sqrt[(c + d*x"4)/(Sqrtlc] + Sqrt[d]*x
~2) 2] *EllipticF[2*ArcTan[(d~(1/4)*x)/c~(1/4)], 1/2]1)/(4*b*c~(1/4)*(a"2 -
2xb~2%c)*d~(1/4)*Sqrt[c + d*x~4]) + (a~2*(b*Sqrt[c] + Sqrt[a”2 - b~2%c]) "2
*(Sqrt[c] + Sqrtl[d]l*x~2)*Sqrt[(c + d*x~4)/(Sqrt[c] + Sqrt[d]*x~2)~2]*Ellip
ticPi[(2 - a~2/(b*Sqrt[cl*Sqrt[a~2 - b~2xc]))/4, 2xArcTan[(d~(1/4)*x)/c~ (1
/4)], 1/2]1)/(8%bxc™(1/4)*(a~4 - 3*a”~2%b"2%c + 2%b~4*c~2)*d”(1/4)*Sqrt[c +
d*x~4]) + (a"2x(bxSqrt[c] - Sqrt[a™2 - b~2*c])~2x(Sqrt[c] + Sqrt[d]*x~2)*S
qrt[(c + d*x~4)/(Sqrtlc] + Sqrtl[d]*x~2) 2]*EllipticPil[(2 + a~2/(b*Sqrt[c]*
Sqrt[a™2 - b~2%c]))/4, 2xArcTan[(d~(1/4)*x)/c~(1/4)], 1/2]1)/(8*bxc~(1/4...

e

rule 2009 L

Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

~—

p
rule 7293 ‘

1

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
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Maple [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.57 (sec) , antiderivative size = 528, normalized size of antiderivative = 0.56

method | result
a2 (7a20b2—b20$2+a2:v2)
arctanh )
(—bzc+a2),/%§ \/da:4+c
a2
a? Z b2
7o¢:RootOf(b2d_Z4+b2c—a2)
1-iVdse? [y ivda? griogier (g, [0V
G NG NG
default | b A +
b2/ 4 datte
m2+ _ —b26+a zv2+ —b20+a
( _bic';uz)zx/i In ( b%d )1 +2 arctan V2z +1 —+2 arcte
x2_(_i20+7a2> V2 —b20+a _ —b2cta? )
(dbw4+\/d:v4+ca+bc) — b7d (b2 %
c—a?
elliptic

input Lint (1/ (a+(d*x~4+c) "~ (1/2)*b) ,x ,method=_RETURNVERBOSE) J
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b*(1/b72/(1/c”(1/2)*d~(1/2))~(1/2)*(1-I/c~(1/2)*d~ (1/2)*x~2) ~(1/2) *(1+I/c~
(1/2)*d~(1/2)*x~2)~(1/2) / (d*x~4+c) ~(1/2) *E1lipticF (x*(I/c~ (1/2)*d~(1/2)) "~ (
1/2) ,1)+1/8%a~2/b~4/d*sum(1/_alpha~3(-1/(a~2/b~2) "~ (1/2) *arctanh(_alpha~2/
(-b~2%c+a~2) *(_alpha~2*b~2*c-b~2*c*x~2+a~2*x"2) *d/ (a~2/b~2) " (1/2) / (d*x~4+c
)~ (1/2))-2/(1/c™(1/2)*d~(1/2)) ~(1/2)*b~2xd/ (-b~2%c+a~2) *_alpha~3*(1-I/c~ (1
/2)*d”(1/2)*x72) ~(1/2)*(1+I/c” (1/2)*d~ (1/2)*x~2) ~(1/2) / (d*x~4+c) " (1/2) *E11
ipticPi(x*(I/c~(1/2)*d~(1/2))~(1/2) ,-I*xc~(1/2)*d~(1/2)*_alpha~2/(-b~2%c+a"
2)*b~2, (-I/c~(1/2)*d~(1/2))~(1/2)/(I/c~(1/2)*d~(1/2))~(1/2))) , _alpha=Root0
£(_Z~4*b~2%d+b~2%c-a"2)) ) -1/8%a* (- (-b~2*c+a~2) /b~2/d) ~ (1/4) / (b~ 2%c-a"~2) %2~
(1/2)*(n((x™2+ (- (-b"2%c+a"2) /b~2/d) " (1/4) *x*27 (1/2) +(~ (-b"2*c+a2) /b~2/d)
~(1/2))/(x"2-(-(-b~2xc+a"2) /b"2/d) " (1/4) *x*2~ (1/2) + (- (-b"2*c+a"2) /b~2/d) ~ (
1/2)))+2*arctan(27(1/2) /(- (-b~2*c+a”2) /b~2/d) ~ (1/4) *x+1) +2*arctan(27(1/2)/
(-(-b"2xc+a~2) /b~2/d) ~(1/4) *x-1))

output

Fricas [F(-1)]

Timed out.

dz = Timed out

1
t/a+bVC+dﬂ

-

input integrate(1/(a+bx(d*x~4+c)~(1/2)),x, algorithm="fricas")

N

Output‘Timed out

Sympy [F]

1 1
dx = dx
(/a+bVO+m% /a+ﬁ¢;?ag

input‘integrate(1/(a+b*(d*x**4+c)**(1/2)),x)

Outputtlntegral(l/(a + bksqrt(c + dkx*x4)), x)
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Maxima [F]

1 1
dz = dx
/a+b\'c+d$4 /vdw4+cb+a

input Lintegrate (1/ (a+b*(d*x~4+c)~(1/2)) ,x, algorithm="maxima")

outputtintegrate(l/ (sqrt(d*x~4 + c)*b + a), x)

Giac [F]

1 1
d =/ d
/a+b\/c—|-dx4 v Vdz  + cb+a

input Lintegrate (1/ (a+b* (d*x~4+c)~(1/2)) ,x, algorithm="giac")

output Liﬂtegrate(l/(sqrt(d*x‘ll + c)*b + a), x)

Mupad [F(-1)]

Timed out.

1 1
——dr = dz
/a+b C—l-d_’l,’4 /a‘i‘b‘/dlA—{—C

input Lint(l/(a + bx(c + d*x~4)"(1/2)),%)

output 1B/ (2 * br(c + ) (1/2)), )




input

output
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Reduce [F]

1
dz
/a+ﬁVc+dﬂ

21V (~te-+ a8 atan e ) 0 dhVE (—te+ o) log ((—te+ )| - divBa) ok d

B 4bd (-

' int (1/ (a+bx (d*x"~4+c) " (1/2)) ,%)

(2*%d** (3/4) *sqrt (b) * (a*x*2 — b**2*c)**(1/4)*atan((sqrt(d)*b*x)/(d**(1/4)*sq
rt(b)*(a**2 — b*k*2%c)*x(1/4)))*a — d**(3/4)*sqrt(b)*(a**2 — bx*2*xc)**(1/4)
*x1log((a**2 — b**2%c)*x(1/4) - d**(1/4)*sqrt(b)*x)*a + d**(3/4)*sqrt(b)*(a*
*2 — bk*2%c)*x(1/4)*Llog((a*x*2 — b**2xc)**(1/4) + d**(1/4)*sqrt(b)*x)*a - 4
*int (sqrt(c + dxx**4)/(a**2 — b**2*xc — b¥*2*d*x**4) ,x)*a**2xb**x2*d + 4xint
(sqrt(c + dxxx*4)/(a*x2 — bk*2%c — b¥*2xd*x**4) ,x)*bx*kdxcxd) / (4xbxd* (ax*2

- b**2xc))

N\




CHAPTER 3. LISTING OF INTEGRALS

171

3.23

1
f a+bvV c+dx?

Optimal result . . ... ...........
Mathematica [A] (warning: unable to verify)
Rubi [A] (warning: unable to verify) . . . .
Maple [F] . . ... ... ... ... .....
Fricas [F(-1)] . . ... ... ... ... ...
Sympy [F] ... ... ... .. .......
Maxima [F] . ... ... .. .........
Giac [F] . .. ... ... ... .. ...
Mupad [F(-1)] .. ... ... ... ....
Reduce [F] . .. ... .. ... ... ....

Optimal result

Integrand size = 17, antiderivative size = 559

1
dz
/ a+ bve+ dxb

b/ + i AppellFL (3, —3,1, 8, —%2°, 457 )

(a2 — b%c) \/1+ %°

Waarctan (W \/;b Ciual dx>

562/5 (a2 — b2c)*° Vd

N |=

_|_

: \/ 2 5+f b2/5\/_z
(5 — v/5)aarctan (\/5 (5+2v5) + \/a2 )

alog (\/a2 — b5 \/c_lx>
5b2/5 (a2 — )4/5 v/d
(1-+/5)alog ((a2 R

+

5b2/5 (a2 — b2c)*/° Vd

— VB) B/5Y/a? = Be/da + b5 0

206%/5 (a

+

2 _ p2e )4/5 vd
(1+V5) alog ((a? — 020)"° + 3 (1+ V) W//a? — BPe/du + b5/ %0

2062/5 (a2

— b20)*° Vd
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-b*x* (d*x~5+c) ~(1/2) *AppellF1(1/5,1,-1/2,6/5,b"2*d*x"~5/(-b~2*c+a"2) ,-d*x"5
/¢c)/ (-b"2xc+a~2) /(1+d*x~5/c) ~(1/2)+1/10% (10+2x5~(1/2) )~ (1/2) *a*arctan(-1/5
*(25-10*%57(1/2) )~ (1/2)+2*%2~(1/2) / (6+567(1/2) )~ (1/2)*b~ (2/5) *d~ (1/5) *x/ (-b~2
*xc+a~2)~(1/5)) /b~ (2/5)/ (-b~2*c+a~2)~(4/5)/d"~(1/5)+1/10%(10-2%5~(1/2))~(1/2
)*xaxarctan(1/5%(256+10%57(1/2))~(1/2)+1/5%(50+10*57(1/2) )~ (1/2)*b~(2/5) *d~ (
1/5)*x/(-b~2*c+a~2)~(1/5)) /b~ (2/5) / (-b~2*c+a~2) ~(4/5) /d~(1/5)-1/5*a*1n((-b
~2*xc+a~2) " (1/5)-b~(2/5)*d~ (1/5) *x) /b~ (2/5) / (-b"2*c+a~2) ~(4/5) /d~(1/5)+1/20
*(-57(1/2)+1) *a*x1n((-b"2*c+a~2) ~(2/5)+1/2x (-5~ (1/2)+1) *b~ (2/5) * (-b"2*c+a"2
)~ (1/5)*d~(1/5) *x+b~(4/5)*d~(2/5) *x~2) /b~ (2/5) / (-b~2*c+a~2) ~(4/5) /d~(1/5)+
1/20% (57 (1/2)+1)*a*x1ln((-b~2*c+a~2) " (2/5)+1/2% (57 (1/2)+1) *b~ (2/5) * (-b~2*c+a
~2)~(1/5)*d~(1/5) *x+b~(4/5)*d~ (2/5) *x~2) /b~ (2/5) / (-b~2*c+a~2) ~(4/5) /A~ (1/5
)

output

Mathematica [A] (warning: unable to verify)

Time = 11.48 (sec) , antiderivative size = 773, normalized size of antiderivative = 1.38

1
dz
/a—l— bvc + dxd

240b7/5c(a2—b2c) 22v/c+da® AppellF1 ( ,—

% % 1.6 _da5 b2dad )
_ (a2—b2(c+dz5))<12c(a2—bzc) AppellFl(%,—%,l,Q —de® b2dad )+5d:c5 (2b20AppellF1(g,—%,2,%,— da’ %)—i—(aﬁ—b%) AppellFl(—g

1ty E

57 c 'a2_p2¢ c Yg2_p2c

;
Integrate[(a + b*Sqrtlc + d*x~5])~(-1),x]

N J

input




output
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((240%b~(7/5)*c*(a~2 - b~2xc) "2*x*Sqrt[c + d*x~5]*AppellF1[1/5, -1/2, 1, 6

/5, -((d*x~5)/c), (b~2*d*x~5)/(a"2 - b™2xc)])/((a~2 - b™2*(c + d*x"~5))*(12
xc*(a~2 - b~2xc)*AppellF1[1/5, -1/2, 1, 6/5, -((d*x"5)/c), (b"2*d*x~5)/(a”
2 - b"2%c)] + 5*d*x"b5*(2*b~2*cxAppellF1[6/5, -1/2, 2, 11/5, -((d*x~5)/c),

(b~2%d*x~5) /(a2 - b™2*c)] + (a2 - b~2*c)*AppellF1[6/5, 1/2, 1, 11/5, -((
d*x~5)/c), (b~2xd*x~5)/(a”2 - b™2xc)]))) + (2%(-1)"(4/5)*Sqrt[2*(5 + Sqrt[
5])]*ax(a”2 - b~2*c)~(1/5)*ArcTan[((-1 + Sqrt[5])*(a"2 - b"2*c)~(1/5) + 4x
(-1)~(1/5)*b~(2/5)*d" (1/5) *x) / (Sqrt [2* (5 + Sqrt[5])I*(a"2 - b~2*c)~(1/5))]
)/d~(1/5) + (2%(-1)"(4/5)*Sqrt[10 - 2*Sqrt[5]]*a*x(a~2 - b~2*c)~(1/5)*ArcTa
n[(-((1 + Sqrt[5])*(a”2 - b"2*c)~(1/5)) + 4*(-1)~(1/5)*b~(2/5)*d"(1/5)*x)/
(Sqrt[10 - 2*Sqrt[6]1*(a”2 - b~2%c)~(1/5))1)/d~(1/5) + (4x(-1)~(4/5)*ax(a”
2 - b™2xc)~(1/5)*Logl[(a”2 - b~2*c)~(1/5) + (-1)~(1/5)*b~(2/5)*d~(1/5)*x])/
4~ (1/5) + ((-1)~(4/5)*(-1 + Sqrt[5])*a*x(a"2 - b~2*c)~(1/5)*Logl[(a~2 - b~2*
c)~(2/5) + ((-1)~(1/5)*(-1 + Sqrt[5])*b~(2/5)*(a"2 - b~2*c)~(1/5)*d~(1/5)*
x)/2 + (-1)7(2/5)*b~(4/5)*d" (2/5)*x~2])/d~(1/5) - ((-1)"(4/5)*(1 + Sqrt[5]
)*xax(a”2 - b"2*c)~(1/5)*Logl[(a”2 - b™2*c)~(2/5) - ((-1)"(1/5)*(1 + Sqrt[5]
)*¥b~(2/5)*(a”2 - b™2%c)~(1/5)*d~(1/5)*x)/2 + (-1)~(2/5)*b~(4/5)*d~(2/5) *x"~

21)/d47(1/8))/(20%b~(2/5)*(-a"2 + b~2%c))

Rubi [A] (warning: unable to verify)

Time = 2.17 (sec) , antiderivative size = 559, normalized size of antiderivative = 1.00,

number of rules _ 0.118, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
S 4z
/ﬁa-kbwﬂ;l7ﬁs
l 7293

]/ ( a bve + dz® ) iz

a2——b20——b2d$5-+-—a2—Fb2C4—b2dI5

l 2009
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bx c+ d$5 AppellFl (%’ 1’ _%’ 29 ab22il:ll);§c’ _%)
(a? — b2c) \/f—kl
2, /=2 _v?/5/d
3 (54 v/5)aarctan (W 5*‘[ m)
_+_

562/5v/d (a2 —-b2c)4/5
2(5+v5)p2/ Vdz
(5 - \/g)aarctan (\/5{/7@2_ e + % (5 + 2\/5)
5b2/5\/_(a2 b2c)4/5
(1-+/5)alog ((a2 b2e)?/® 4+ 1 L(1 = /5) b2/5¥/dz Y/a2 — b2c + b/5d2/ 5z 2)
2062/5+/d (a2 — b2c)*/®
(1+ V5) alog ((a = 0%)/° + 1 (14 V5) b2/s\5/gwm + bS5
2Ob2/5\5/a(a2 _ b26)4/5
alog (m — b2/5\5/8m>

562/5v/d (a2 — b2c)4/5

1
2

+

+

p
input LInt [(a + b*Sqrt[c + d*x~5])~(-1),x]

\ >

-((b*x*Sqrt[c + d*x~5]1*AppellF1[1/5, 1, -1/2, 6/5, (b~2*d*x"5)/(a"2 - b~2*
c), -((a*x~5)/c)1)/((a~2 - b~2*c)*Sqrt[1 + (d*x~5)/cl)) - (Sqrt[(5 + Sqgrtl
5]) /2] *a*ArcTan[Sqrt [(5 - 2%Sqrt[5])/5] - (2+Sqrt[2/(5 + Sqrt[5]1)]1*b~(2/5)
*d~ (1/6)*x) /(a2 - b™2%c)~(1/5)1)/(5%b~(2/5)*(a™2 - b~2%c)~(4/5)*d~(1/5))

+ (Sqrt[(5 - Sqrt[5])/2]*axArcTan[Sqrt[(5 + 2%Sqrt[5]1)/5] + (Sqrt[(2x(5 +
Sqrt[51))/51*b~(2/5)*d~(1/5)*x)/(a~2 - b~2*c)~(1/5)1)/(5%¥b~(2/5)*(a"2 - b~
2xc)~(4/5)*d~(1/5)) - (a*Logl[(a™2 - b~2*c)~(1/5) - b~(2/5)*d~(1/5)*x])/ (5
b~(2/5)*(a”2 - b~2%c)~(4/5)*d~(1/5)) + ((1 - Sqrt[5])*axLog[(a~2 - b~2%c)"~
(2/5) + ((1 - Sqrt[6]1)*b~(2/5)*(a~2 - b~2%c)~(1/5)*d"(1/6)*x)/2 + b~(4/5)*
d~(2/5)*x72])/(20%b~(2/5) *(a™2 - b~2*c)~(4/5)*d~(1/5)) + ((1 + Sqrt[5])*ax
Log[(a™2 - b™2%c)~(2/5) + ((1 + Sqrt[5]1)*b~(2/5)*(a~2 - b~2%c)~(1/5)*d~(1/
5)*x)/2 + b~ (4/5)*d~(2/5)*x~2])/(20%b~(2/5)*(a~2 - b~2xc)~(4/5)*d~(1/5))

output
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Defintions of rubi rules used

rukaZOOQLInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruk37293‘IDtEU_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

] |
Maple [F]
/ 1
dx
a+bv/dz®+c
input Lint(l/(a+b* (d*x~5+c)~(1/2)) ,x) J
output | 1Bt (/ (a¥b* (@x"5+0)~(1/2)) ) ]
Fricas [F(-1)]
Timed out.
1
dr = Timed out
/ a+ bvc+ dzd
input Lintegrate (1/ (a+bx(d*x~5+c)~(1/2)) ,x, algorithm="fricas") J

OutputLTimed out J
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Sympy [F]

1 1
dr = dz
‘/a+bVO+Mﬁ /a+ﬁ¢?¥&ﬁ

inputLintegrate(1/(a+b*(d*x**5+c)**(1/2)),x)

outputtlntegral(l/ (a + bxsqrt(c + d*x**5)), x)

Maxima [F]

dz

1 1
dxr =
/a+b\/70+dm5 v /\/Wb+a

inputLintegrate(1/(a+b*(d*x”5+c)“(1/2)),x, algorithm="maxima")

output{integrate(l/ (sqrt(d*x~5 + c)*b + a), x)

Giac [F]

dx

1 1
dw==u/
‘/a+bVC+¢ﬁ Vdz® + cb+a

inputLintegrate(1/(a+b*(d*x“5+c)*(1/2)),x, algorithm="giac")

Outputtintegrate(l/(sqrt(d*x‘s + c)*b + a), x)
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Mupad [F(-1)]

Timed out.
1
dzr = Hanged
/ a + byvc+ dzb * e

inputLint(l/(a + bx(c + d*x~5)~(1/2)),x) J
Outputt\text{ﬂanged} J

Reduce [F]

: vdxd+c 1
dr = — dr | b+ dz | a
a+bvec+dzd —b2d 25 — b2c + a2 —hda5 — ot o

inputLint(l/(a+b*(d*x‘5+c)*(1/2)),X) J

output‘ - int(sqrt(c + dkx*x5)/(a**2 - b**2kc — b¥*2kdxx**5) ,x)*b + int(1/(a**2 -
‘ b¥*2kC — bkk2kd*x**5) ,x)*a




output
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1

3.24 f a+bvc+dx™ dx

Optimal result . . . . . . . . . . . . e 178
Mathematica [B] (warning: unable to verify) . . . . . . ... ... ... ... .. 178
Rubi [A] (verified) . . . .. . . ... .. 179
Maple [F] . . . . 180
Fricas [F] . . . . . o o 181
Sympy [F] . . . 181
Maxima [F] . . . . . .. 18T
Giac [F] . . . . o o 182
Mupad [F(-1)] . . . o o 182
Reduce [F] . . . o . o o e 182

Optimal result

Integrand size = 17, antiderivative size = 129

bz+/c + dz™ AppellF1 ( L

n’?

1 1
_ialal—i_ﬁa_

dz"  b3dz™

c ? a?2-b%c

)

1
dzr =
/a+b\/c+dx“

(a® —b%c) /1 + ==

ax Hypergeometric2F'1 (1

1
')

1+1

n?

b2dx™
a?—b2c

)

+

a? — b2%c

‘-b*x*(c+d*x“n)”(1/2)*Appe11F1(1/n,1,-1/2,1+1/n,b“2*d*x“n/(-b“2*c+a“2),-d*x
‘“n/c)/(—b‘2*c+a“2)/(1+d*x“n/c)‘(1/2)+a*x*hypergeom([1, 1/n], [1+1/n] ,b~2*d*

‘x‘n/(—b‘2*c+a‘2))/(-b‘2*c+a“2)

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 304 vs. 2(129) = 258.
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Time = 0.70 (sec) , antiderivative size = 304, normalized size of antiderivative = 2.36

1
dz
/ a+bve+dz"
2bc(—a? + b?c) (1 + n)xzv/c + dz™ AppellF1 (

(a? — b2 (c + dz™)) (2b%cdnz™ AppellF1 (1 + %, —1,2,2+ 1, —da”  bdan ) + (a? — b%c) (dnz™ AppellF1

c ' a?-b2c

ax Hypergeometric2F1 (1, 11+, ab;‘_ig,f;c)

+ a? — b%c

-

input LIntegrate [(a + b*Sgrtlc + d*x~nl)~(-1),x] J

(2#b*c*(-a"2 + b~ 2*c)*(1 + n)*x*Sqrt[c + d*x"n]*AppellF1[n~(-1), -1/2, 1,
1+ n7(-1), -((d*x"n)/c), (b"2xd*x"n)/(a"2 - b~2xc)])/((a"2 - b"2*%(c + d*x
“n) ) *(2*b~2*c*d*n*x n*AppellF1[1 + n~(-1), -1/2, 2, 2 + n~(-1), -((d*x"n)/
c), (b"2xd*x"n)/(a"2 - b™2xc)] + (a”2 - b~2*c)*(d*n*x n*AppellF1[1 + n~(-1
), 1/2, 1, 2 + n~(-1), -((d*x"n)/c), (b"2xd*x"n)/(a"2 - b"2%c)] + 2*c*x(1 +
n) *AppellF1[n~(-1), -1/2, 1, 1 + n~(-1), -((d*x"n)/c), (b"2*d*x"n)/(a"2 -
b"2xc)]))) + (a*xxHypergeometric2Fi[1, n~(-1), 1 + n~(-1), (b~2*d*x"n)/(a
“2 - b™2xc)])/(a”2 - b~2*c)

output

Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.00,
number of rules __
integrand size 0.118, Rules

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
][ 1
—_—dx
a+ bve+ dz™
l 7293
/ a + bve+ dz™ e
a2 —b%2c — b2dz™  —a? + b2c 4+ b%dx"

l 2009
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Y
a? — b%c
2 n n
bov/cF da” AppellF1 (1,1,—3,1+ L, B _dot)

(a® — b%c) \/@

azx Hypergeometric2F1 (1 L1+4 ab;‘ﬁ: c)

inputtlnt[(a + b*Sqrtlc + d*x"n])~(-1),x] J

output‘ -((b*x*Sqrt [c + d*x"n]l*AppellFi[n~(-1), 1, -1/2, 1 + n~(-1), (b~2*d*x"n)/(

'a™2 - b™2%c), -((d*x"n)/c)1)/((a”2 - b 2*c)*Sqrt[1 + (d*x™n)/cl)) + (axx+H |
‘ypergeometricQFl [1, n~(-1), 1 + n~(-1), (b"2*d*x"n)/(a"2 - b~2*xc)])/(a"2 - ‘
| b"2%c) |
Defintions of rubi rules used

rule 2009 LID" [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 7293‘Int fu_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v] ‘

! |
Maple [F|
/ 1
dx
a+bve+dan
input Lint(l/(a+b*(c+d*x*n)*(1/2)) ,x) J
output Lint(i/(a*'b*(ﬁd*x‘n)‘(1/2)) ,X) J
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Fricas [F]

dz

1 1
dr =
/a+b\/c—|—dx" /\/W—l—cb-i—a

inputLintegrate(1/(a+b*(c+d*x“n)“(1/2)),x, algorithm="fricas")

outputLintegral((sqrt(d*x*n + )%b - a)/(b~2%d*x°n + b~2%c - a~2), x)

Sympy [F]

1 1
dr = dx
/a"‘bvc"'dﬂ?" /a+b\/c+d:c"

inputLintegrate(l/(a+b*(c+d*x**n)**(1/2)),x)

outputtlntegral(l/ (a + bxsqrt(c + dxx**n)), x)

Maxima [F]

dz

1 1
d =/
/a+bm ) Vi teb+a

inputLintegrate(1/(a+b*(c+d*x*n)*(1/2))’x, algorithm="maxima"

outputtintegrate(l/(sqrt(d*x‘n + c)*b + a), x)
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Giac [F]

dz

1 1
dzr =
/G+b\/C+d{L’" /’/d$n+0b+a

inputLintegrate(1/(a+b*(c+d*x*n)*(1/2)),X, algorithm="giac")

outputtintegrate(l/ (sqrt(d*x™n + c)*b + a), x)

Mupad [F(-1)]

Timed out.

1 1
—dr = dx
/a+b c+ dz" /a+b,/c+dxn

input Lint(l/(a + bx(c + d*x"n)~(1/2)),%)

output 1EE(1/ (@ * br(e + drx) (1/2)), )

Reduce [F]

1 vVrrd+ ¢ 1
dr = dz | b— dz | a
a+ bvc+ dz" z"b%2d — a? + b3c x"b2d — a? + b2%¢

input 88 (1/ (atbx (cHdrx™n) ~(1/2)) 1)

output‘ int (sqrt(x**nxd + c)/(x**n*b**2%d — a**2 + bk*2xc),x)*b - int (1/(x**n*b**2
‘*d - a%*2 + b¥*2%c),x)%*a
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7\ 2
3.25 Il (—bc3 + b(c + dz") ) dz

Optimal result . . . . . . . . . . . . . e 183
Mathematica [A] (verified) . . . . . . . . . ... L L 183
Rubi [A] (verified) . . . . . . . . . . 184
Maple [A] (verified) . . . . . . . . . . 185
Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .... 1851
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 186
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... 187
Giac [B] (verification not implemented) . . . . . . .. ... .. ... ... ... 188
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 189
Reduce [B] (verification not implemented) . . . . . ... ... ... .. ..... 1891

Optimal result

Integrand size = 20, antiderivative size = 120

9b204d2.’L'1+2n N 18b203d3.'1:1+3n
1+2n 1+3n
15b202d4.’111+4n 6b20d5$1+5n b2d6z1+6n

T+4n T 1+5n  1+6n

/ (=bc® + b(c+ d:v”)3)2 dx =

t‘9*b“2*c‘4*d“2*x‘(1+2*n)/(1+2*n)+18*b‘2*c“3*d‘3*x“(1+3*n)/(1+3*n)+15*b“2*c‘
‘2*d“4*x‘(1+4*n)/(1+4*n)+6*b‘2*c*d“5*x‘(1+5*n)/(1+5*n)+b“2*d‘6*x“(1+6*n)/(1
o J

outpu

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.81

9ct N 18c3dz™ N 152 d2 %™ N 6edx3n
1+2n 14+3n 1+4+4n 14 5n

d4x4n
+ 1+ 6n)

Integrate[(-(bxc~3) + b*(c + d*x"n)~3)"2,x] J

/ (=bc® + b(c+ dz”)3)2 der = b2d2x1+2"<

input




output ‘ Eead
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2%x~ (1 + 2*n)*((9%c~4)/(1 + 2%n) + (18%c~3*d*x"n)/(1 + 3*n) + (15%c”
2xd"2xx~(2*%n)) /(1 + 4%n) + (6%c*d"3*x~(3*n))/(1 + 5%n) + (d~4*x~(4*n))/(1
+ 6%n))

Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.00,

number of rules _ 0.100, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2
/ (b(c + dz")® — bc3> dx
| 7298
(/ww&fﬁ"+mwéﬁﬁ"+m§8&&"+%%fﬁ"+wfﬁﬂdx

l'2009

9b2(24d2.’1:2n+1 N 18b203d3$3n+1 N 15b2czd4a:4”+1 N 6b2cd5x5"+1 N b2d6I6n+1
2n+1 3n+1 n—+1 5n+1 6n+1

input‘ Int[(-(b*c™3) + b*(c + d*x"n)~3)72,x]

output‘ (9%b~2*%c™4*d"2*x~ (1 + 2*n))/(1 + 2*n) + (18%b"2xc~3%d"3*x~(1 + 3*n))/(1 +

\B*n) + (15%b~2*%c~2*d~4*x~ (1 + 4*n))/(1 + 4*n) + (6*b~2*c*d"5*xx~(1 + 5*n))/
\(1 + 5%n) + (b~2%d~6*x~(1 + 6%n))/(1 + 6%n)
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 7293111113 [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v] ‘

] |

Maple [A] (verified)

Time = 0.78 (sec) , antiderivative size = 116, normalized size of antiderivative = 0.97

method result
s b2dbx 26m 6b2cd®x 5™ 15022 d4x 4n 18b2c3d3x 3™ 9ctb?d2x 2
risch 146n T 14n T 14an T 148 T 1o
b2d6 1 67 In(=) 6b2c dBx &5 In(z) 15b2¢2d4 g edn In(z) 18b2¢3d3 1 37 In(z) 9c4b2d2 ¢ 27 In(z)
horman 1+6n 1+5n 1+4n 1+3n 1+2n

. 4Anp2 .2 74,3 3np2 .3 93,4 5np2 ., 15 5np2 5,,4 Anp2 .2 j4,,2 3np2 .3 93,2
parallelrlsch 3240z " b*c*d*n°+4320x °"b“c°d°n*+90x £°"b*c d°n+864x £°" b cd’n*+1365x " b c*d*n"+1872x £°"b“c° d°n*+3(

orering Expression too large to display

input Lint ((-bxc~3+bx(c+d*x"n) "3)"2,x,method=_RETURNVERBOSE) J

output ‘ b~ 2*%d"6/ (1+6*n) *x* (x"n) “6+6*b~2*c*d~5/ (1+5*n) *x* (x"n) “5+15%b~2*%c~2*%d~4/ (1+ ‘
\ 4xn) *xx* (x"n) “4+18*b~2%c~3*d~3/ (1+3*n) *x* (x"n) ~3+9*c~4*xb~2*xd "2/ (1+2*n) *x* (x \
‘ “n)~2 ‘

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 368 vs. 2(120) = 240.

Time = 0.11 (sec) , antiderivative size = 368, normalized size of antiderivative = 3.07

/ (=bc® + b(c+ dx")?’)2 dz
(120 b2d®n* + 154 b2d%n® + 71 b2d%n? + 14 b2d5n + b2d®)zx®™ + 6 (144 b2cd®n* + 180 b2cd®n® + 80 b2cd®

input Lintegrate ((~bxc~3+b*(c+d*x"n)~3)"2,x, algorithm="fricas") J
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((120%b~2*d~6*n"4 + 154%b~2*%d"6*n"3 + 71*b~2*d"6*n"2 + 14*b~2*%d~6*n + b~ 2%
d"6) *x*x~ (6*n) + 6x(144*b~2*%c*d~5*n"4 + 180*b~2*c*d~5+%n"3 + 80*b~2*c*d~5*n
"2 + 15xb"2xc*d"5*n + b~2*c*d”5)*x*x~(5*n) + 15%(180%b"2*c"2*%d"4*n"4 + 216
*b"2%c"2*%d"4*n"3 + 91%b"2%c”2*%d"4*n"2 + 16*%b"2%c”"2*xd"4*n + bT2xc"2*d"4) *x*
x~(4*n) + 18%(240%b"2*c~3*d"3*n"4 + 268*b~2*c~3*d"3*n"3 + 104*b~2*c~3*d"3*
n~2 + 17*b"2*xc”"3*%d"3*n + b~2*c"3*d"3) *x*x~ (3*n) + 9*(360*%b"2*c"4*xd"2%n"4 +
342%b"2%c"4*%d"2*n"3 + 119*%b"2*%c"4*xd"2*n"2 + 18%b " 2*%c"4*d"2*%n + b~ 2%kc"4*d”
2) *x*xx~(2*n) )/ (720%n"5 + 1044*n~4 + 580*n~3 + 155*n~2 + 20*%n + 1)

output

N

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1535 vs. 2(110) = 220.

Time = 2.54 (sec) , antiderivative size = 1535, normalized size of antiderivative = 12.79

/ (=bc® + b(c + dﬂvn)g’)2 dx = Too large to display

7

input intesrate ((~bxck*3+b* (c+d*x**n) **3) **2, x)




output

input
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Piecewise ((9xbx*2xcx*4xd**2x1og(x) - 36xbx*2xcx*3xd**3/sqrt(x) - 15¥bx*2*c
*kQxkd¥*k4 /X — A*bx*k2kckd**5/x**(3/2) - bx*k2xdx*6/(2xx**2), Eq(n, -1/2)), (2
Txb**2kckxd*d**2xx** (1/3) + 18xb**2kc*k*3*d**3*x1og(x) — 45*b**2*ck*2xd**4/x
*%(1/3) — 9xb**2kcxd**5/x*x(2/3) - b**2*d**6/x, Eq(n, -1/3)), (18*b**2xc**
4xd**2%sqrt (x) + T2xbx*2kck*x3kd**3*kx*k*(1/4) + 15¥b*k*2*c*k*2kd**4*log(x) - 2
4xb*x*2xckd**5/x*¥* (1/4) - 2%b**2xd**x6/sqrt(x), Eq(n, -1/4)), (15xbk*2xc*x4*
d*x2xx** (3/5) + 45%b**2kck*3kd**x3kx*k*(2/5) + T5xbk*k2kck*x2xd*x*k4*xx**(1/5) +
30%b**2*cxd**5xLog(x**(1/5)) — Bxbx*2xd*x6/x*x(1/5), Eq(n, -1/5)), (27*b**
2kCHRRA*AFK2kx** (2/3) /2 + 36xbk*2xCk*3xAx*3*Sqrt (X) + ABKD¥*2*kCH*k2kANK AKX ¥k
(1/3) + 36xbx*2xckxd**x5xx**(1/6) + 6xbx*2xd**6xLlog(x**(1/6)), Eq(n, -1/6)),
(3240%b**2xcx*kA*xd**x2xnx*k4*xx*kx*k* (2%n) / (720*n**5 + 1044*n**4 + 580*n**3 + 1
55xn*x*2 + 20%n + 1) + 3078*bx*x2kck*xLkd**2knk*3*xx*xx** (2*n) / (720*n**5 + 1044
*n**k4 + 580*n*x*3 + 155%n*x*2 + 20%n + 1) + 1071*b**2*c**4*d**2*n**2*x*x**(2
*n) / (720*n**5 + 1044*n**4 + 580*n**3 + 155 n*k*2 + 20%n + 1) + 162xbx*x2*xc**
Ak@**2kn*x*x** (2%n) / (720*n**5 + 1044*n**4 + 580*n**3 + 155 n**2 + 20%n + 1
)+ Oxbkk2kckkdkd**x2kx*kx** (24n) / (720%n**5 + 1044*n**x4 + 580*n**3 + 155 n**
2 + 20%n + 1) + 4320%bk*k2kck*3*d**3knk*x4dxxkx*k* (3*n) / (720*%n**5 + 1044*n**x4
+ 580*n**3 + 155*n**2 + 20%n + 1) + 4824*b**x2kc**3kd**3knk*3*x*x** (3*n) / (7
20*n**5 + 1044*nx*4 + 580*n**3 + 155 n**2 + 20%n + 1) + 1872xbkx*k2*kck*x3*kd**

3kn**2kx*kx** (3%n) / (720*%n**5 + 1044*n**4 + 580*n**3 + 155%n**2 + 20*n + ...

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 373 vs. 2(120) = 240.

Time = 0.04 (sec) , antiderivative size = 373, normalized size of antiderivative = 3.11

d3 3n+1 d2 2n+1 2d n+1
/ (—bc? —i—b(c+d:v”)3)2 dz =Sz —2 (o + 22 + Sedw + Scdr b2
3n+1 2n+1 n+1

| ((1207° + 274" + 2250° + 85 + 15 + 1)d°za®" + 6 (1447° + 324n* +2607° + 957° + 167 +

Lintegrate((—b*c‘3+b*(c+d*x“n)‘3)‘2,x, algorithm="maxima")
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b~2*%c"6xx — 2% (c”3*x + d"3*x"(3*n + 1)/(3*n + 1) + 3kcxd"2*x"(2%n + 1)/(2%*
n+ 1) + 3*%c™2xd*x"(n + 1)/(m + 1))*b~2%c”3 + ((120*n"5 + 274%n~4 + 225*n~
3 + 85%n"2 + 15xn + 1)*d"6*x*x~(6%n) + 6%(144*n"~5 + 324*n"4 + 260%n"3 + 95
*n"2 + 16*%n + 1)*c*d"5*x*x”(5%n) + 15%(180*n"5 + 396%n"4 + 307*n"3 + 107*n
2 4+ 17*n + 1)*c"2xd"4*x*x” (4*n) + 20%(240%n"5 + 508*n~4 + 372*n"3 + 121*n
"2 + 18*n + 1)*c”"3*d"3*x*x”(3*n) + 15%(360*n"5 + 702*%n"4 + 461*n~3 + 137*n
"2 4+ 19%n + 1)*cT4xd"2*x*x” (2*%n) + 6*%(720*%n"5 + 1044*n~4 + 580*%n"3 + 155%n
2 + 20*n + 1)*c " 5xd*x*x"n + (720%n"6 + 1764*n"5 + 1624*n~4 + 735%n"3 + 17
5¥xn~2 + 21*n + 1)*c"6*x)*b~2/(720%n"6 + 1764*n"5 + 1624*n~4 + 735%n"~3 + 17
5%n~2 + 21%n + 1)

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 478 vs. 2(120) = 240.

Time = 0.14 (sec) , antiderivative size = 478, normalized size of antiderivative = 3.98

/ (=bc® + b(c+ d:v")?’)2 dx
_ 1200%d%n*zx®" + 864 bPcd ntza®™ + 2700 b2 c?d ntzat™ + 4320 B2 dPntza®™ 4 3240 b2 d*ntra®” + 1

;
integrate ((-bxc~3+b*(c+d*x"n)~3)"2,x, algorithm="giac")

N\ J

input

(120*%b~2*d"6+n"4*x*x~ (6*n) + 864*b~2*c*d~5*n~4*x*x~ (5*n) + 2700%b~2*kc~2*d~
4xn~4*x*x” (4%n) + 4320%b~2xc”~3*d"3*n"4*x*x” (3*%n) + 3240%b~2%c”~4*d"2*n"4*x*
x~(2%n) + 154%b"2*%d"6*n"3*x*x” (6*n) + 1080%b~2*c*d~5*n"3*x*x~ (5*%n) + 3240%
b~ 2xc"2*d"4*n"3*x*x” (4*n) + 4824*xb~2*kc”3*d"3*n"3*x*x~(3*n) + 3078*b"2*c 4%
d"2*n"3*x*x” (2%n) + 71xb~2xd"6*n"2*x*x” (6%n) + 480*b~2*xc*xd~5*n~2*x*x” (5%n)
+ 1365%b"2%c"2*%d"4*n"2xx*x” (4*n) + 1872%b"2%c”3*d"3*n"2*x*x” (3*n) + 1071*
b~ 2*c"4*d"2*%n " 2*x*x” (2%n) + 14*b"2*d"6*n*x*x” (6*%n) + 90*b~2*cxd”~5S*xn*x*x” (5
*n) + 240%b~2%c”2*d"4*n*xx*x” (4*n) + 306*%b~2%c”3*d"3*n*kx*x” (3*n) + 162%b~2*
CT4*d"2*n*x*x” (2*n) + b72*d"6*x*x”(6%n) + 6¥b"2*ckd " 5xx*x” (5*n) + 15%b~2*c
~2%d"4*x*xx” (4%n) + 18%b72+c”3*d"3*x*x”(3*n) + 9*¥b"2*c”4*d"2xx*x”~ (2%n)) /(72
0*n~5 + 1044*n~4 + 580*n~3 + 155%n"2 + 20*n + 1)

output
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Mupad [B] (verification not implemented)

Time = 8.77 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.96

Bdézazb™ 92’z 182 A3z
6n+l  2n+l T 3n+1
15022 dizx*™  6b%cdd x2®

4n+1 + on+1

/ (=bc® + b(c+ dx"):%)2 dx =

inputtint((b*c"B - bx(c + d*x™n)~3)"2,x) J

(b™2*%d"6*x*x~(6*n))/(6*%n + 1) + (9*%b~2xc~4*xd~2*x*x~(2*n))/(2*n + 1) + (18x% \
b~ 2*c"3*d " 3*x*x~(3*%n))/(3*n + 1) + (15%b~2%c~2*d~4*x*x~(4*n))/(4*n + 1) + \
‘ (6%b~2%c*d~5xx*x~ (5%n))/(5%n + 1)

output‘

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 330, normalized size of antiderivative = 2.75

/ (=bc® + b(c+ dx")?’)2 dz
_ 2P dx (1200 d nt 4 154z d*nd + T1z*"d*n? 4 14a*"d*n + 62°"c d® + 152”2 d? + 18z™c*d 4 1080:

-

int ((-b*c~3+b*(c+d*x"n) ~3)~2,x)

| —

inputt

(x*x (2%n) ¥*b*x*2kd**k2kx* (120%x** (4%n) *d**4*n*x*4 + 154%x** (4*n)*xd*x*4*n**x3 + 7
1kxkk (4kn) *kd*k4*xnx*2 + 14xx*kk(4*n)*kd**4*n + x**(4*n)*kd*x*4 + 864*x** (3%n)*c
*dQ**k3knkxd + 1080*x** (3*n) kckd*x*3*xn**3 + 480*x** (3*kn)*ckd**3knkx*x2 + 90*x*k*
(3*n) *cxd*k*3*n + 6*x**(3*n)*xckd**x3 + 2700*x** (2kn) *ckx*k2*kd**x2kn**4 + 3240%x
*k (2%n) kCckk2kd*k2*n*k*k3 + 1365%x** (2%n) kCckk2kd**k2*xn*k*2 + 240%x** (2*n) kck*2x*
d**2%n + 15%xk* (2%n)*kck*k2kd*x*2 + 4320%x*k*n*ck*x3kdkn**4d + 4824%x*k*knkCk*3kd*
n**3 + 1872xx**nkck*3xd*n**2 + 306*x**nkck*x3kd*n + 18*x**n*c**3*xd + 3240%c
*x4kn**4d + 3078kck*4xnk*3 + 1071kckkd*snx*x2 + 162kck*4dxn + 9xck*4))/(720%n*
*5 + 1044*n**4 + 580*n**3 + 155*n**2 + 20*n + 1)

output




output

inpu

outpu
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3.26 | (—bc3 + b(c+ d:v")3) dx
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Mathematica [A] (verified) . . . . . . . . . .. . 190
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Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ..... 192
Sympy [B] (verification not implemented) . . . ... ... ... . ... ..... 193
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 193l
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... 194
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 194
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 195

Optimal result

Integrand size = 18, antiderivative size = 58

B 3bccdz*t"

3bcd2x1+2"

bd3CL‘1+3n

/ (=bc® + b(c + d:c")?’) dx =

1+n

1+2n

1+3n

N

‘ 3%bxc~2%d*x~ (1+n) / (1+n) +3%b*xcxd~2%x~ (1+2%*n) / (1+2*n) +b*d~3*x~ (1+3*n) / (1+3*n

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.98

3cdxlt

3Cd21}1+2n

d3$1+3n

/ (=bc® + b(c + dx")3) dx = b(

14+n

1+2n

1+3n

)

tLIn’cegrate [-(b*c™3) + b*(c + d*x"n)~3,x]

t‘b*((3*0‘2*d*x‘(1 +1n))/(1 + n) + (3*xckd™2*x~(1 + 2*n))/(1 + 2%n) + (d"3*x~

\(1 + 3%n))/(1 + 3%n))

J
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.00,

number of rules _ 0.056, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (b(c + dz™)3 — bc3) dz
l 2009
3bc2dz™tl  3bed?z?ntl pdBxdntl
n+1 + 2n+1 + n+1
inputtlnt [-(b*c™3) + b*(c + d*x~n)"3,x] J

p
t‘ (3*b*xc™2*d*x~ (1 + n))/(1 + n) + (3*xb*ckxd™2*x~(1 + 2*n))/(1 + 2*n) + (b*xd"3

‘*x’"(l + 3%n))/(1 + 3*n)

N
outpu

Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul J




input

outputt

inputt

outpu
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Maple [A] (verified)

Time = 0.33 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.97

method result
s bd3x 23" 3bcd?z 2™ 3bc2dx ™
risch an T 1t2n T 1t
bdlze3n @ | 3bc2datn | 3bed?ze?nn(®@)
parts 1+3n i4n T iton
bd3x e3nIn(z) 3be d2x e2n In(z) 3bc2dx en In(z)
default, 1+3n 1+2n 1+n
bd3x e3nIn(z) 3bcd2x e2™ In(xz) 3bc2dxe™ In(x)
norman 1+3n 1+2n 1+n
llelrisch b(2:l: z3"d3n2 43z 23" d3n+9z 22" c d?n2+x 23" d3+12z 22" c d?n+18z 2" 2d n?2 46z 3n3+3z 22" c d?+15z 2 c2dn+11z 3
parallelrisc (+3n)(1+2n)(1+n)
2n, ;2 2 n n\2 n,_2 7
3 6z“"bdn (c+d:c ) 3b(c+dm ) dzxz""n _3b(c+dz
rerin z(11n24+6n+1) (—bc3+b(c+dz")3> _ 18z n2b(c+da™)2d z" ( 22 + ‘
Orering Bn?+4n+1)(1+2n) Bn?+4n+1)(1+2n) 6n3+1In2+6n+1

Lint(-b*c“3+b*(c+d*x“n)“3,x,method=_RETURNVERBOSE)

b*d~3/ (1+3*n) *x* (x"n) ~3+3*b*c*xd~2/ (1+2*n) *x* (x"n) ~2+3*b*c~2*d/ (1+n) *x*x"n

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.93

(—=bc® + b(c + dz™)*) dw

(2bd3n? + 3bd3n + bd3)zx3™ + 3 (3 bed?n? + 4 bed?n + bed?)zz™ + 3 (6 bc2dn? + 5 bc2dn + bc*d)zx™

6n3+11n2+6n+1

integrate(-b*c~3+bx(c+d*x"n)"3,x, algorithm="fricas")

t‘((2*b*d“3*n‘2 + 3%b*d~3*%n + b*d"3)*x*x~(3*%n) + 3% (3*bkc*xd~2*n"2 + 4xbxcxd”
\2*n + b*cxd~2) *x*x~ (2*%n) + 3% (6*b*c™2xd*n"2 + B*b*c~2*d*n + b*c~2*d)*x*x"n
)/(64n™3 + 11402 + 60 + 1)




/

input L
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Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 471 vs. 2(53) = 106.

Time = 0.29 (sec) , antiderivative size = 478, normalized size of antiderivative = 8.24

/ (=bc® + b(c + dz™)*) dz = —bc’x

(
3 2 3cd? d3
c’z + 3ctdlog (z) — %~ — 5
3 2 2 2d3
¢’z + 6¢°dy/z + 3cd” log (z) — T
3 9c“dx3 2 3 3
ccx + 255 4 9ed?/x + d’ log ()
6ccndz + 11c3n2x + 6c3nx + S + 18c2dn2xa™ + 15c2dnzx™
L 6n3+11n246n+1 6n3+11n2+6n+1 6n3+11n2+6n+1 6n3+11n24+6n+1 6n3+11n2+6n+1 6n3+11n24+6n+1

integrate (—b*c**3+b* (c+d*x**n) **3,x)

~—

output

N

—-b*c**3%x + b*Piecewise((c**3*x + 3kcx*2xdxlog(x) — 3*cxd**2/x — d**3/(2*x
*x2) , Eq(n, -1)), (c**3*x + 6*kcx*2xd*sqrt(x) + 3*kcxd**2xlog(x) - 2*d**3/sq
rt(x), Eqn, -1/2)), (c**3*kx + Oxcx*2xdxx**(2/3)/2 + 9xcxd**x2xx*x(1/3) + d
**x3x1og(x), Eq(n, -1/3)), (6*cx*3kn**3*x/(6*n**3 + 11kn**2 + 6%n + 1) + 11
*ck*k3*xn*x*k2xx/ (6*n**3 + 11*n**2 + 6*%n + 1) + 6*kc*k*x3*n*x/(6*n*x*3 + 11*n**x2 +
6*%n + 1) + c*x*3%x/(6%n**3 + 11*n**2 + 6%n + 1) + 18*kc*k*2kd*n**x2*xx*xx**n/ (6
*n**x3 + 11*%n**2 + 6%n + 1) + 15*c**x2kd*nxx*xx**n/(6*n**3 + 11*n**2 + 6%n +
1) + 3kc*kk2kd*kxkx*x*kn/(6*n*x*3 + 11*xn**2 + 6%n + 1) + 9kckd**knk*kx*kx*k* (2%
n)/(6*n**3 + 11*n*x*2 + 6%n + 1) + 12kckd**2*n*x*x** (2*n)/(6*n**x3 + 11*n**2
+ 6%n + 1) + 3kckd**2kxkxk* (2*%n)/(6*n*x*3 + 11*n*x*2 + 6%n + 1) + 2*d**3*nx*
*2kxkx*k* (3*%n) / (6*n**3 + 11*n**2 + 6%n + 1) + 3*kd**3*kn*x*x**(3*n)/(6*n**x3 +
11*n**2 + 6xn + 1) + dx*x3*x*x*kk(3*n)/(6*n**3 + 11*n**2 + 6%n + 1), True))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.21

/ (—bc® + b(c+ dw")3) dr = —bc’z + (c3w +

d3x3n+1 3 Cd2172n+1 3 CQdmn-H
3n+1+ 2n+1 * n+1 )

input!

integrate (-bxc~3+bx(c+d*x"n) "3,x, algorithm="maxima")
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‘-b*c“S*x + (c™3%x + d”3*x~(3*n + 1)/(3*%n + 1) + 3*c*d™2*x~(2*n + 1)/(2%n + \

output
L 1) + 3xc~2kd*x~(n + 1)/(n + 1))#*b J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 168 vs. 2(58) = 116.

Time = 0.13 (sec) , antiderivative size = 168, normalized size of antiderivative = 2.90

/ (—=bc® + b(c + dz™)*) dz = —bc’x

N (6 c3ndz + 2d3n2xz®™ + 9 ed?nxr®™ + 18 2dn’zz™ + 11 A3n’z + 3d3nzx®™ + 12 cd?nxx®™ + 15 2dy
6n3+11n2+6n+1

input ‘ integrate (-b*c~3+b*(c+d*x"n) "3,x, algorithm="giac") ‘

output‘ -bxc”3*x + (6*%c”3*%n"3*x + 2*%d"3*n"2*x*x” (3*n) + 9kckxd"2xn"2*xx*x” (2*%n) + 18 \
*cT2%d*kn"2%x*x"n + 11%c”3*n"2%x + 3*%d"3*nkx*x” (3*%n) + 12*ckd"2*n*xx*x” (2*n) \
\ + 165%™ 2%d*n*x*kx"n + 6%c 3%n¥x + d 3%x*x"(3%n) + 3kckd 2kx*kx”(2%n) + 3xc” \

‘Q*d*x*x"n + c"3*%x)*b/(6*n~3 + 11*n~2 + 6%n + 1)

Mupad [B] (verification not implemented)

Time = 8.73 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.95

bd2z 23" 3bcd?z2?™ 3bldxz”
_ 3 n)3 —
/( bc +b(c—|—dx))dm 3n 1 + 1 + 1

input\ int (b*(c + d*x™n)~3 - b*c"3,x) \

N

)
‘(b*d"B*x*x“(B*n))/(3*n + 1) + (3*bkckd~2xx*x~(2*%n))/(2%n + 1) + (3*b*c~2%d \

output
‘ *xx*x"n)/(n + 1) ‘
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Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.76

/ (=bc® + b(c + dm")3) dx

_ a"bdx(22*"d’n? + 3z*"d’n + 2*"d? + 9z"cd n? 4 122" cdn + 3z™cd + 18c*n? 4 15¢*n + 3¢?)
B 6n® + 11n2 4 6n + 1

input Lint (-b*c~3+b* (c+d*x"n) ~3,x) J

‘ (xx*kn¥kb*dkxk (2%xx*k (2%n) *kdk*2%n**2 + Jkxkk (2kn) *d**2kn + xk* (2xn) *d**2 + 9%
‘x**n*c*d*n**Q + 12%kx**knkckd*n + 3kxkknkckd + 18kc*k*2%kn*x*x2 + 15%c*k*2%n + 3% ‘
‘c**2))/(6*n**3 + 11%n**2 + 6%n + 1) ‘

output




output
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3.27 | 1 dx
—bc3+b(c+dz™)3

Optimal result . . . . . . . . .. .. 196
Mathematica [A] (verified) . . . . . . . . ... . 197
Rubi [A] (verified) . . . . . . . .. .. 197
Maple [F] . . . o o 199
Fricas [F] . . . . . 1991
Sympy [F] . . . o 200
Maxima [F] . . . . . . o 200
Giac [F] . . . o o e 200
Mupad [F(-1)] . . . 201]
Reduce [F] . . . . . o 2071
Optimal result

Integrand size = 20, antiderivative size = 191

20 1-n H _ 2dx
1 ypergeometric2F'1 <1 141 o n, 3=V \/—72>
xTr =
—bc3 + b (c+ dan)? V3= (3c — V3V —=c?) d(l —n)
22" Hypergeometric2F1 (1 -1+1 L 3C+f}; \/—72)

V3= (3¢ + V3V—&) d(1 —n)

‘2/3*}{ (1-n) *hypergeom([1, -1+1/n],[1/n],-2*d*x"n/(3*%c-3"(1/2)*(-c~2)~(1/2)

‘))*3 (1/2)/v/(-c~2)~(1/2) / (3%c-37(1/2)*(-c~2)~(1/2))/d/ (1-n)-2/3*x~ (1-n) *h

‘ypergeom([l -1+1/n], [1/n],-2*d*x"n/ (3*c+3~ (1/2)*(-c~2)~(1/2)))*37(1/2) /v/
-c~2)7(1/2)/(3*%c+3~(1/2)*(-c~2)~(1/2))/d/(1-n)

\‘

J
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Mathematica [A] (verified)

Time = 0.39 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.60

1
3 n3dm
—bc® + b (c+ dzn)

_1dz"

3
I 3 . 1 1 (_1)2/3‘11”
<1+ \/ _1> c Hypergeometric2F1 1,;,1+5,—m
CT +

Hypergeometric2F1 (1 1 1+%,_

—-n

x —
d—dn 1+ 3 /__1 —14(—1)2/3

3bc3

-

input LIntegrate[(-(b*c"S) + b*(c + d*x"n)~3)"(-1),x]

~—

‘((x*(c/((d - d*n)*x"n) - Hypergeometric2F1[1, n~(-1), 1 + n~(-1), -(((-1)"(
‘1/3)*d*x“n)/((1 + (-1)7(1/3))*c))1/(1 + (-1)~(1/3)) + Hypergeometric2F1i[1,
‘ n~(-1), 1 + n~(-1), -(((-1)"(2/3)*d*x"n)/((-1 + (-1)~(2/3))*c))1/(-1 + (-
1)7(2/3))))/ (3%bxc73)

output

| ——

Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 137, normalized size of antiderivative = 0.72,

number of rules _ 0.200, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {7290, 15, 27, 778}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ 3 dzx
b(c+ dz™)° — bcd
l 7290

c

[ dx c
[—e g - \3/—1dx"+<1+\/3 —1)0 B J (1_(—1)2/3)c—(—1)2/3dw"dm

d
3bc3 3bc3 3bc3

| 15
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f ‘ dx
B 3/_1da:n+<1+ 3 /—1)0 B f (1—(—1)2/3)00—(—1)2/3de dx Il_n
l 27
f 1 dx
) 3/_1dzn+(1+ 3 /_1)0 - f (1_(_1)2/3)(}_(_1)2/3%” dx Son
3bc? 3bc2 3b2d(1 — n)
l 778
3
x Hypergeometric2F1 | 1, 1,14 1, __V—=1lda"
yp g ( n n (1+ 3 ,_—1)0
3(1+ v/-1)bc? B
. _1)2/3 "
x Hypergeometric2F1 (1, %, 1+ %, %) e
3 (1= (=1)%3) bc? 3bc2d(1 — )

input‘ Int [(-(b*c™3) + b*(c + d*x"n)~3)~(-1),x] ‘

‘x"(l - n)/(3*%b*xc”2*%d*(1 - n)) - (x*Hypergeometric2F1i[1, n~(-1), 1 + n~(-1)

output ‘
, ~((CD7(1/3)*d*x™n) /(1 + (-1)7(1/3))*c))1)/(3*(1 + (-1)7(1/3))%b*c™3)

‘— (x*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), ((-1)~(2/3)*d*x™n)/((1 - (-1
)7(2/3))%c)1)/ (3% (1 = (-1)7(2/3))*b*c"3)

Defintions of rubi rules used

rule 15 Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simpla*(x~(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] &% NeQ[m, -1]

rule 27 Int[(a)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
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rule 778 Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] && !'IGtQlp
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[i/n + pl, 0] && (IntegerQ[p] ||
GtQ[la, 01)

rule 7290 Int[((a_) + (b_)*(v_)"(n_))"(-1), x_Symbol] :> Simp[1/(a*n) Sum[Int[Toge
ther[1/(1 - v/((-1)~(2*(k/n))*Rt[-a/b, nl))]1, x]1, {k, 1, n}], x] /; FreeQ[{
a, b}, x] & IGtQ[(n - 1)/2, 0]

Maple [F]

1
3 - sdx
b +b(c+dzn)

input Lint(l/ (~bxc~3+b* (c+d*x™n) "3) ,x)

output Lint (1/ (~b*c~3+b* (c+d*x™n)~3) ,x)

Fricas [F]

1 1
3 n3d‘”= - 3 3dm
—bc® +b(c+ dzn) (dz™ +¢)°b — be

input Lintegrate (1/ (-b*c~3+b*(c+d*x"n) ~3) ,X, algOI'ithlIl:"fI'icaS ")

outputLintegral(l/(b*dhs*xﬁ(3*n) + 3xbkc*d"2*x”(2*n) + 3xbkc”2*d*x"n), x)
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Sympy [F]

dx

/ 1 dr = f 3czm"+3cd1m2n+d2z3n
—bc® + b (c + dam)’ bd

inputLintegrate(1/(—b*c**3+b*(c+d*x**n)**3),X)

output LIntegral(l/(3*C**2*X**n + Bkckdxx**(2+n) + dwk2xx*x(3%n)), x)/(b*d)
Maxima [F]
1 1
/ g dz = / 3 dx
—bc® +b(c+ dzn) (dz™ + ¢)°b — bc?
inputLintegrate(1/(—b*c“3+b*(c+d*x’"n)“3),x, algorithm="maxima")
output"1/3*X/(b*c“2*d*(n - 1)*x"n) - integrate(1/3*(d*x"n + 3%c)/(b*c™2%d"2*x~ (2
‘ *n) + 3*bxc~3xd*x"n + 3%b*c~4), x)
Giac [F]
1 1
/ gdr = / 3 dx
—bc® +b(c+ dzn) (dz™ + ¢)°b — bc?
input Lintegrate (1/(-b*c~3+b*(c+d*x"n) ~3) ,X, algorithm="giac ")

outputLintegrate(l/((d*x‘n + ¢c)”3%b - b*c~3), x)
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Mupad [F(-1)]

Timed out.
1 1
b/ﬂ 3 dx:=-—l/P 5 d
—bc® + b (c+ dzn) b —b(c+dzn)
inputtint(-l/(b*c‘S - bx(c + d*x"n)"3),x) J
Outputt—int(l/(b*c“S - bx(c + d*x"n)"3), x) J
Reduce [F]
1
L/‘ 5 dz
—bc® + b(c+ dz™)
_ —z" (f a:2nd2+??zn”cd+302 dl') d2n + z" (f m2"d2+;:”cd+302 dl') d2 — 3z (f m2"d2+3;:"cd+302 de’) cdn + 3z (f z2n,
3z"bc2d(n —1)
input Lint (1/ (-bxc™3+b* (c+d*x"n) "3) ,x) J
output‘( - xkknxint (xkkn/ (x** (2%n) xd*x*2 + 3kxkxnkckd + 3kck*2),x)*kd*k*x2%n + xkknki

\nt(x**n/(x**(Q*n)*d**z + 3xxk*nkckd + 3kc*k*2),x)*d**2 - 3kxk*kn*xint (1/ (x**(
‘2*n)*d**2 + 3kxxknkckd + 3kck*2),x)*kckd*n + Skxk*knkint (1/ (xokx (2%n)*kd*x*2 +
‘B*X**n*c*d + 3xc*x2) ,x)*c*kd - x)/(3kxkknkbkckk2kdx(n - 1)) ‘




output
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1
3.28 f (—bc3+b(c-|—da:")3>2 d

Optimalresult . . ... ... ... ... ... .. .. ... ...
Mathematica [C] (warning: unable to verify) . . . . ... ... ..
Rubi [A] (verified) . . . .. ... .. ... ... o L
Maple [F] . . . . .
Fricas [F] . . . . . . o
Sympy [F] . . . .
Maxima [F(-2)] . . . . . ... . o
Giac [F] . . . . . o
Mupad [F(-1)] . . . .o
Reduce [F] . . . . . . o

Optimal result

Integrand size = 20, antiderivative size = 312

172 (c + dz™)

1
de = —
/ (—bc® +b(c+ dxn)3)2 v 3b2c3d?n (3¢? + 3cdx™ + d?x?)
¢(3v/—c2(1 — 3n) — v/3(c — Ten)) z' =" Hypergeometric2F1 (1, —2+L 14120

+

202
203
203!
200}
200}
206!
206
206/
207
207

3c—/3v—c2

)

_|_

9b2 (—c2)*/? (3c — V3vV=c%) &?(1 — 2n)n
(3v/=c2(1 — 3n) + v/3(c — Tcn)) z'~2" Hypergeometric2F1 (1, 241141 24"

3c+v3vV—c2

)

9b2c3v/—c? (3c + v3vV—c%) (1 — 2n)n

-1/3%x~ (1-2#n) * (c+d*x"n) /b~2/c~3/d"2/n/ (3*c~2+3*cxd*x"n+d"2*x~ (2*n) ) +1/9%*c
* (3% (-c72) 7 (1/2)*(1-3*n) -3~ (1/2) *(-T*c*n+c) ) *x~ (1-2%n) *hypergeom ([1, -2+1/
n], [-1+1/n],-2*d*x"n/(3%c-37(1/2)*(-c~2)~(1/2))) /b~2/(-c~2) " (5/2) / (3*c-37(
1/2)*(-c~2)~(1/2))/d"2/(1-2*n) /n+1/9% (3% (-c~2) "~ (1/2) * (1-3*n) +3~ (1/2) * (-T*c
*n+c) ) *x~ (1-2*n) *hypergeom([1, -2+1/n], [-1+1/n],-2*d*x"n/ (3*c+3~(1/2)*(-c”
2)7~(1/2)))/b°2/c~3/(=¢c~2)~(1/2) / (3%c+3~(1/2) *(-c~2)~(1/2)) /d~2/(1-2%n) /n
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Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 2.48 (sec) , antiderivative size = 324, normalized size of antiderivative = 1.04

/ ! dz
(b +b(c+ dalc”)?’)2

—-1/n
271/7 (144v/34( —7—3i/3 _ da™ H

14 2 6c2g—2n 12¢z—"™ 6c2 ( 'Hf-i-( z\/’)n> (3+i\/§)c+2dwn ypergeom
T T n + d2(1—2n) = d—dn + 3c2n+3cdnz”+d2nz2" + _

input‘Integrate[(—(b*c“B) + b*(c + d*x~n)"3)"(-2),x]

(xx(14 - 2/n + (6%c™2)/(d"2x(1 - 2*xn)*x~(2*n)) - (12*c)/((d - d*n)*x"n) +
(6%c~2)/(3*c™2*n + 3xckxd*n*x"n + d~2*n*x~(2#n)) + ((1 + I*Sqrt[3] + (-7 -
(3*I)*Sqrt[3])*n) *Hypergeometric2F1[-n~(-1), -n~(-1), (-1 + n)/n, ((-3*I +
Sqrt[3]1)*c)/((-3*I + Sqrt[3])*c - (2*%I)*d*x"n)])/(2°n" (-1)*n*((d*x"n)/((3
+ IxSqrt[3])*c + 2*d*x"n)) n~(-1)) + ((1 - I*Sqrt[3] + (-7 + (3*I)*Sqrt[3
1) *n) *Hypergeometric2F1[-n~(-1), -n~(-1), (-1 + n)/n, ((3*I + Sqrt[3])*c)/
((3*I + Sqrt[3])*c + (2*I)*d*x"n)])/(2"n~(-1)*n*((d*x"n)/((3 - I*Sqrt[3])*
c + 2xd*x"n))"n"~(-1))))/(54*b~2%c"~6)

output

Rubi [A] (verified)

Time = 1.57 (sec) , antiderivative size = 437, normalized size of antiderivative = 1.40,

number of rules _ 0.100, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
(b (¢ + dzn)® — bc?’)2

l 7293
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/ _ 2" n z 2 4 5¢ + 2dz™ + 2c + dz™
9b2c>d ~ 9b2ctd?  9b%cP (3¢ + edz™ + d2x?) T 3b2¢3 (3¢2 + 3eda™ + d2x2n)?
l 2009
2m1—n xl—?n

ToRSd(l—n) T oRAR(1—2n) T

2(3\/ —2 4 2\/§c> x Hypergeometric2F1 (1, 11+1 —%)

27025 (3= + V3c) ’
2(2\/§c - 3\/—_02> x Hypergeometric2F1 (1, %, 1+ %, —%)
276265 (V3e — 3v/~2) -
2(1 — 2n)z Hypergeometric2F1 (1, %, 1+ %, —%)
9v/3b2¢5 (3\/—_02 + \/§c> n -
2(1 — 2n)x Hypergeometric2F1 (1, %, 1+ %, —% .
9/3b25 (\/§c —<3\/—_02) n : JMEF) * 9p2cin (3¢2 + 3edz™ + d2z?n)

-

input LInt[(-(b*c“S) + bx(c + d*XAn)AB)A(—Z),x]

N J

x7(1 - 2%n)/(9*%b"2%c™4*d"2%(1 - 2*n)) - (2*x~(1 - n))/(9%b~2*c~5*d*(1 - n)
) + x/(9%b~2%c”~4*n* (3*xc”2 + 3*ckd*x"n + d"2*x"(2*n))) + (2% (2xSqrt[3]*c +
3xSqrt [-c~2] ) *x*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), (-2xd*x"n)/(3*c -
Sqrt [31*Sqrt [-c~2])1) / (27*b"2xc~6*(Sqrt [3]*c + 3*Sqrt[-c"2])) - (2x(1 - 2
*n) xx*xHypergeometric2F1[1, n~(-1), 1 + n~(-1), (-2*d*x"n)/(3*c - Sqrt[3]1*S
qrt[-c~2])1)/(9*Sqrt [3] *b~2xc~5x(Sqrt [3]1 *c + 3*Sqrt[-c”2])*n) + (2*(2*Sqrt
[3]*c - 3*Sqrt[-c~2])*x*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), (-2*d*x"n
)/ (3*c + Sqrt[3]1*Sqrt[-c~2]1)]1)/(27*b~2xc~6x(Sqrt[3]*c - 3*Sqrt[-c~2])) - (
2% (1 - 2xn)*x*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), (-2%d*x"n)/(3*%c + S
qrt [31*Sqrt [-c~2]1)])/(9*Sqrt [3]*b~2%c~5*(Sqrt [31*c - 3*Sqrt[-c~2])*n)

output
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Defintions of rubi rules used

rukeZOOQLInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruk37293‘IDtEU_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

k |

Maple [F]

/ ! dx
(~be +b(c+dan)?)’

inputLint(1/(—b*c‘3+b*(c+d*x*n)*3)*2,x) J

output 1Bt (1/ (-D¥c™3+bx (c+dex"n)"3)"2,x) |

Fricas [F]

/ : 2 dz = / ! 3 dx
(=bc® + b (c + dzm)?) ((dz™ + ¢)*b — be?)

inputLintegrate(1/(—b*c“3+b*(c+d*x‘n)“3)‘2,x, algorithm="fricas") J

‘integral(l/((b*2*d“6*x*(4*n) + 6¥b"2%c*d"5*x”(3*%n) + 15%b~2*c™2xd"4*x” (2%n ‘

output
‘) + 18%b~2%c~3*d"3*x"n + 9%b~2%c"4*d"2)*x~(2*n)), x) ‘
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Sympy [F]

dx

1
/ 1 dr = f 9ctz2n+18c3dx3n+15c2d2 x4n +6¢cd3 x5 +-d4 b
2 - 2 ]2
(—bc3 +b(c+ dz")3) b*d

input tintegrate (1/ (~bkck*3+b* (c+d*x**n) **3) ¥*2 , x)

t‘Integral(1/(9*c**4*x**(2*n) + 18kc**3kd*x** (3*n) + 15kCc*k*2kd**2xx** (4*n) +

outpu
B6*cxd**3xxkk (5¥n) + dxxdkx**(6*n)), x)/(bx*x2*xd**2)

Maxima [F(-2)]

Exception generated.

1
/ " dx = Exception raised: RuntimeError
(=bc® +b(c+dz")”)

input Lintegrate (1/ (-b*c~3+b* (c+d*x"n) ~3)~2,x, algorithm="maxima")

Output‘Exception raised: RuntimeError >> ECL says: THROW: The catch RAT-ERR is un
‘defined.

Giac [F]

/ ! 5 dr = / ! 5 dr
(b +b(c+ dx")3) ((dz" + 0)®b — be?)

input Lintegrate (1/ (-b*c~3+b* (c+d*x"n) ~3)~2,x, algorithm="giac")

output Lintegrate(((d*x“n + ¢)"3*%b - b*xc~3)"(-2), x)
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Mupad [F(-1)]

Timed out.

/ 1 5 dr = / L 5 dx
(=be* +b(c+dz")’) (be* —b(c+dan)’)

input 1BE(1/(b¥c™3 - br(c + d¥x"n)"3)72,x)

output Lint(i/(b*c*e, - b*(c + d*x"n)~3)"2, x)

Reduce [F]

/ ! 53 dz = too large to display
(=bc® +b(c+ dz")°)

input Lint (1/(-b*c™3+b*(c+d*x"n) "3) "2,x)
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(18*x** (4*n) *int (x**n/ (2%x** (4*n) kdk*4*n**2 — 3Ikxkk (4*n)*d**x4*n + x**(4*n)
*d**4 + 12%xk* (3%n) kckdk*3kn*k*x2 — 18*x**(3%n)kckd**3*%n + 6G*kx**(3*n)kckd**3
+ 30%x*% (2*%n) kCck*2kd**k2*kn*k*2 — 4A5kxk* (2%n) kck*k2kd*k*2*n + 15%kx*k* (2%n)kck*2
*dk*2 + 36kxk*knkchk*k3Ikd*knkk2 — Bhdkxkknkckk3kd*n + 18kx*kknkck*k3kd + 18*kck*k4x
nk*2 — 27*ckxdkn + 9kck*4) ,x)*d*x*x5knkx4d — 39xxk* (4xn)*int (x*k*n/ (2*x** (4*n)
*d*k4*n*x*2 — 3kxkk(4*n)kdkkdkn + xk* (4*n)*d**4 + 12%x*k* (3*n)*ckd*x*3kn*x*x2 —
18%x*x* (3*%n) kckd**3*n + 6Gkx*x* (3*%n)kckd**x3 + 30%xk*k (2kn) *kck*x2kd*x*2kn*x*2 — 4
Sxxkk (2%n) kCck*k2kd*x*2%n + 15%kx** (2%n) kck*k2kd**2 + 36*x*k*knkck*k3kd*n**x2 — 54x*
xkknkckk3kd*n + 18*x*k*knkckx*x3kd + 18kckk4*kn**2 — 27xck*x4dxn + 9kck*4) ,x) kd**
Bxn**3 + 29%x%* (4*n)*int (x**n/ (2kx** (4*n) kd**4xn**x2 — 3kxkk(4*n)*xd**x4d*n +
xxk (4xn) *d*x*4 + 12%x** (3%n) xckd**3*kn**2 — 18*x*k* (3*kn) *ckxd**3*n + 6*xx**(3*n
Y*kckd**3 + 30%xkk (2%n) kckk2kdk*k2knk*2 — 45kx*k* (2%n) kck*2kd**2xn + 15%kx** (2
*n) kCkk2kd**2 + 36kxkknkckk3kdknk*k2 — Bhdkxkknkckk3kdkn + 18*kxk*knkck*3xd +
18*ck*4knk*2 — 27*kckxd*n + Okck*x4) ,x)*dkkSxn**2 — Okx*k*x (4+*n)*int (x**n/ (2*x
*x (4%n) *d*x*4*n**2 — 3Ikx*kk(4*n)kd*x*4*n + x**(4*n)*kd*x*4 + 12%x*k*(3*%n)*kckd**3
*nkk2 — 18%x*k* (3%n)kckd**k3*n + 6Gkx*k* (3kn)kckd**k3 + 30%xk*k (2kn) *ck*k2kd*x*2%n
*%k2 — 45kx*k (2%n) kck*k2kd**2*n + 15%kxk*k (2%n) kck*k2kd**2 + 36kx*k*kn*kCk*k3kd*knkk
2 - Baxxkknkckk3kd*n + 18kx*kknkck*k3kd + 18kck*k4kn**x2 — 27*kck*4*n + 9*c**x4)
,X)*d**5xn + xkk(4xn)*int (x*k*n/ (2*x** (4*n) xd*x*4*n**2 — 3xx** (4*n)*d**x4*n +
x*% (4*%n) kd**4 + 12%x**(3%n)*kckd*x*3kn*x*2 — 18*x**(3*n)kckd**x3*n + Gkx**, ..

output
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3.29 Il (—bc3 + b(c+ d:v”)?’)p dx

Optimal result . . . . . . . . . . . . . 20091
Mathematica [F] . . . . . . . ... 209
RUDL [F] . o oo AN
Maple [F] . . . . o 210
Fricas [F] . . . . . . . o 211
Sympy [F(-1)] . . . o 217
Maxima [F] . . . . . . 211
Giac [F] . . . o o 212
Mupad [F(-1)] . . . . o e 2121
Reduce [F] . . . . ..

Optimal result

Integrand size = 20, antiderivative size = 200

/ (=bc® + b(c+ dm")3)p dx

—-p —-p
2bdz™ 2bde™ 2 7.1 2,.2n 3,.31n\P 1 o
:c(l + —(3b_¢§m)c> (1 + —<3b+\/§\/_72>c> (3bc*dz™ + 3bed*x*™ 4 bd*z°™)" AppellF'1 <n +p,—p,

1+np

output ‘ x* (3%b*xc~2xd*x"n+3*b*xc*d~2*x” (2*n) +b*d~3*x~ (3*n) ) “p*AppellF1(1/n+p,-p,-p,1 ‘
‘+1/n+p,—2*b*d*x‘n/(3*b—3‘(1/2)*(-b“2)‘(1/2))/c,-2*b*d*x‘n/(3*b+3‘(1/2)*(—b
‘ ~2)7(1/2))/c)/ (nxp+1) / ((1+2%b*d*x"n/ (3¥b-37(1/2) *(-b~2)~(1/2) ) /c) "p) / ((1+2 ‘
*b¥d*x"n/ (3%b+3 (1/2)*(-b"2)"(1/2)) /) "p) |

Mathematica [F]

/ (=bc® + b(c+ dz™)*)? da = / (—bc® + b(c + dz™)?*)? da

-

input LIntegrate[(-(b*c"S) + b*x(c + d*x"n)"3)"p,x]

-/
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output LIntegrate[(—(b*c“3) + bx(c + d*x"n)~3)7p, x] J

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (b(c + dz™)3 — bc3>p dz
| 7299
/ (b(c + dz")® — bc3)p dz
input LInt [(-(bxc™3) + b*(c + d*x"n)"3) p,x] J
output L$Aborted J

Defintions of rubi rules used

rule 7299tlnt [u_, x_] :> CannotIntegratel[u, x] J

Maple [F]

/ (b +b(c+ dz")3)p dx

inputtint((—b*c 3+b* (c+d*x™n) ~3)"p,x) J

output Lint ((~b*c~3+b* (c+d*x"n) ~3) "p,x) J
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Fricas [F]

/ (—bc® + b(c+ dz")°)" dz = / ((dz" +¢)* — be*)" do

input‘integrate((-b*c"3+b*(c+d*x"n)"3)"p,x, algorithm="fricas")

output tintegral( (b*d~3#x~(3*n) + 3*b*cxd~2*x~(2*n) + 3*b*c”~2*d*x"n) “p, x)

Sympy [F(-1)]

Timed out.

/ (=bc® + b(c+ dx”)3)p dx = Timed out

input Lintegrate ((~b*c**3+b* (c+d*x**n) **3) **p,x)

OutputLTimed out

Maxima [F]

/ (—b® + b(c + dz™)*)’ dw = / ((dz" + ¢)*b — bc®)" da

input Lintegrate ((-bxc~3+b*(c+d*x"n) ~3) "p,x, algorithm="maxima")

ou_tputtintegrate(((d*x"n + ¢c)73%b - b*c~3)7p, x)
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Giac [F]

/ (—bc® + b(c+ dz")°)" dz = / ((dz" +¢)* — be*)" do

inputLintegrate((-b*c“3+b*(c+d*x*n)*3)*p,x, algorithm="giac")

outputtintegrate(((d*x‘n + ¢c)"3%b - b*c~3)7p, x) J

Mupad [F(-1)]

Timed out.
/ (=bc® + b(c+ dz™)*)’ do = / (b(c+dz™)?® —bc®) da
input 1EE((B*(c + @*x"0)"3 - b¥c3)"p,x) )
OutputLint((b*(c + d*x"n)~3 - b*c”3)7p, x) J
Reduce [F]

/ (=bc® + b(c + dz‘")3)p dx

3np 43 2n 2 ny 2,\P
3n1 I3 on ) ni 2 1\P (:1: bd>+3z*"bcd“+3x™bc d) 9 9 9 1
(117 bd® + 3z*"bcd” + 3z"bc d) z+6 <f 2z d2np+z2nd2+6z" cdnp+3x™ cd+6c2np+3c? dz ) cn P+ 3 f 2z2nd2%n

input tint ((~b*c™3+b* (c+d*x™n) ~3)"p,x) J
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((x** (3*n) ¥xbkd**3 + 3*x**(2*n)*bkckd**2 + J*x**kn*bkck*2+d)**p*x + 6xint ((x

*k (3*n) ¥bkd**3 + 3xxkx (2kn) k¥bkckd**2 + Ikxkknkbkckk2xd)x*p/ (2kxk* (2+n) xd**
2xn*p + xxk (2kn)*d**2 + Gkxx*knkckd*n*kp + 3Ikx*kknkckd + 6kck*2xn*p + 3kcxk*2)
»X) ¥Ck*2kn**2+p*k*k2 + 3xkint ((x** (3*n) ¥*b*kd**3 + 33*x** (2*n)*¥bkckd**2 + 33*x**n
xbkcxk2xd) *xp/ (2kx** (2%n) *d**2xn*p + xk* (2*kn)*d**2 + G*x*k*knkckd*n*p + Ikx*
xnkcxd + 6*Ck*k2xn*p + 3kc*k*2) ,x)*kck*k2xn*p — 2kint ((xxk (2xn) * (x** (3*n) *b*xd*
*3 + Jkxxk (2kn) ¥xbkckd*k*x2 + Jkxxknxbkckk2xd) kxp) / (2*kxxk (2kn) xd**2*kn*p + X**
(2#n) *d**2 + Gkxx*knkckd*n*p + 3xx*k*knkxckd + GkCk*2*n*p + 3kc*k*2) ,X)*kd**2knk
*2xpx*2 — int ((xx* (2xn)* (x** (3*n) ¥bkd**3 + 3*x** (2+n) *¥bkckd**2 + 3*x**nkbk
c**2*d)**p)/(2*x**(2*n)*d**2*n*p + x%x (2%n) *d*x*2 + Bxx¥x*knkckxdsnkp + 3¥xk*n
xckd + Gxcx*2*n*p + 3kc*k*2),x)*xd*x*2*n*p) /(2*n*p + 1)

output
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

214

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[List,expn]],7]],
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Rubi [F] 
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 
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