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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 104 ]. This is test number [ 78 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (104 ) | 0.00 (0)
Mathematica | 99.04 (103 ) | 0.96 (1)
Maple 98.08 (102) | 1.92(2)
Fricas 96.15 (100 ) | 3.85(4)
Reduce | 66.35(69) | 33.65(35)
Giac 58.65 (61) | 41.35 (43 )
Mupad 33.65 (35) | 66.35 (69)
Maxima | 29.81 (31) |70.19 (73)
Sympy 1154 (12) | 88.46 (92)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description
A Integral was solved and antiderivative is optimal in quality and leaf size.
B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.
C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.
F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Fricas 90.385 4.808 0.962 3.846
Maple 75.962 18.269 3.846 1.923

Mathematica 69.231 9.615 20.192 0.962
Giac 41.346 16.346 0.962 41.346

Maxima, 21.154 8.654 0.000 70.192
Sympy 9.615 0.000 1.923 88.462

Mupad 0.000 33.654 0.000 66.346

Reduce 0.000 66.346 0.000 33.654

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

o

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 1 100.00 0.00 0.00

Maple 2 100.00 0.00 0.00

Fricas 4 50.00 25.00 25.00

Reduce 35 100.00 0.00 0.00

Giac 43 62.79 0.00 37.21

Mupad 69 0.00 100.00 0.00

Maxima 73 64.38 0.00 35.62

Sympy 92 45.65 54.35 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.07
Reduce 0.30
Fricas 0.31
Rubi 0.64
Giac 0.87
Sympy 1.02
Mathematica 1.69
Maple 1.86
Mupad 5.50

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maxima 58.84 1.35 51.00 1.15
Mupad 78.34 1.35 46.00 1.18
Sympy 90.67 1.20 64.00 0.92
Mathematica | 127.19 1.06 106.00 0.85
Reduce 148.45 1.08 61.00 1.00
Rubi 169.82 1.00 115.00 1.00
Maple 242.40 1.40 153.00 1.20
Giac 259.34 2.04 51.00 1.09
Fricas 3453.48 3.88 145.50 1.10

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.



CHAPTER 1. INTRODUCTION 17

1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution



CHAPTER 1. INTRODUCTION 18

1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi
£859,00,01,101)

Mathematica {}
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Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . e 25
Mma . . . . . e e e e
Maple . . . . . . e 29
Fricas . . . . . . e 29
Maxima . . . . . . . . e e e e e e e e 30
Gilac . . . . e e 30
Mupad . . . . . . . 30
SYMPY . . . o o e e BT
Reduce . . . . . . . . . e 31
Rubi

A grade {[12)B)705,6 7 890 1) 2 13,4 15,67 15 9, 20} 21 22,23 20,25 26,
[27,[28, 29} 30, 31}, B2} 33} 34, [35}, 36} [37], 38, 39}, (40} 41}, 42} 43, (44} (45, {46}, A7), 48}, 49, [5 T}, 5T
[2}[63, 54} (55, [56} 571, [58} 59} [60} 6T, (62,63} [64} (65} (661, (67} (68, (69} [70L [71}, [72}[7 3}, [74,[75, [76),
[77,[78}[79, 80, [81} 82, B3} [84} [85}, 86} [B7} 88, B9} 90} 9T} [92}, 93} 94}, [95}, (965, 97, 08} [99} [L00} [10T}
[02,[03}[104 )

B grade {}

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {12575, 7 903 14 5, 16,7 15 0L 20, 21) 22, 23) 20 25,26, 25, B B2,
133}, [38}, 39} 40}, A1}, 42, 43} 44, 45}, (46, 47}, 48, [pT], 52} [65}, [56} (571,58} 59, [60} 6T, [69} 7T, [72} [73),
7 73,76, 775, 79} 50, 53, 54,56, 87,58} 89, 0, 01 05, 00, 101 102, 103} 104}

B grade {[27,29}30,34,35,36, 37,68} 70} 07 }
C grade {[L1}[12,49,[50,[53} 5462} 63} 64 (65} 66} 67} 81} 82} 85} 92} 03} 04} 05}[96}99) }

F normal fail {[10]}
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F(-1) timedout fail { }
F(-2) exception fail { }

Maple

A grade {[1213,[461[7,[13}[14[L5 [16} L7} [18} 19, 20} 21} 22} [23, 24} 26} 32} 33, 34, 36} 38} 39
[A0} (AT}, 2} 43}, (44} 45, (46, (47, 48} (49} [50} 51} 52} 63} 54} 55} 56} 57} (59} (60} 61} (62, (63} 67} [68,

69,70, [711,[73, [74,[75}, [76, [77), [78,, [79%, B0, BT, B2, B3, B4} B, 86, 87, 88, 904 91} 924 93, [95, 98,
[101][102][103][104] }

B grade { [5,[8)[9}[25}[27} 28} [29}[30, B1} 35}, 37} 58} [64} [65} (66} [89)} 94,96} 97 }
C grade {[11}[12}[72][99 }

F normal fail {[10,[100| }
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[12) 575,57 8903 14 5, 167 150,20, 21) 22, 23) 20 25,26, 27,25 5,
30}, 311,132} [36}, 138} 39, 40} AT} 42} (A3} {4}, (45}, 6], 47}, 48}, 49} [50 51}, 52} [53} 54, [65}, 56} [6 7} 58,
59,160} [6T}, 162} 63} [64, [65} (66}, 671, (68} (69} [70, [71}, 72, [73}[74} [75], [76, [77} [78, [79}, [0} BT}, B2} B3}
45,56, 87,55, 69, 0, 01 02,03, 04, 05, 06,08, [0 102, [103} 104 )

B grade {[33,[34,35[37,[97 }
C grade {[12}

F normal fail { }
F(-1) timedout fail {[11]}

F(-2) exception fail {[100 }
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Maxima

A grade {72123 24 26,27 25, 29050, 5152 B8 59,0, 6, 72, [0 02 03, 0
}

B grade { 22,25,53, 5455 0 BLALOT )
C grade { }

F normal fail {[1}[2}[3}5}[6} 7, 8}[9} 10} L 1,[12} 13} 14} 15}[16} 18} 19} 20} 49} 50} 51} 52} 53} 64
[621[63} 164, 65}[66, 67, 68} 704 711 [73} [74} [B1} 82, 83} 84} [85}[92, 93} 94} 05196, 99} 100 }

F(-1) timedout fail { }

F(-2) exception fail {[42}[43|[44} 45} 46} 47} 48} 55} 56} 57} 58} 59} 60} 61} 75,765, 77} 78} 79)
[B0} 86487} [B8}[89}20} 01 }

Giac

A grade {[Ii4[6,[7[8} 9} [L3}14)[L5} 16}[17 [18} 19} [20} 21} 22} [23, 24} 26,27 29} 30} 31} 32} 36},
[381[39, 40} 41} 42} 43} [44}[68, (6% [70} [71} (72} 74} 7576, [77, 98} [104] }

B grade { P25 55354 55, )6 5 P B0 0 00 0303
C grade {[73}

F normal fail { [3T1)[12 5,50, 52,53, 5352, 63) 64,65, 66) 67,61, 52 53, B4, 85,2,
53,04,95,56,09,100 )

F(-1) timedout fail { }
F(-2) exception fail {[10}[45} 55,56} 57 58, [59 [60} (61} 78}[86)}, 87} B8}/89% 90}, 1] }

Mupad
A grade { }

B grade {[2}[11}[12[17,18[19}[20} 21} 22} 23} 24 25} 26} [27} 28} [29} 30} 31} 32} 33 34} 35,36},
[B7)[38,39% (40} 41}68} 69} 70} [71}[72, 97,98 }

C grade { }
F normal fail { }

F(-1) timedout fail {[1,/3,{4}[5[6}[7,8}[0} [L0}[L3}[14} [15}[16}[42} 43, |44} 45} (46} [47} 48} 49} 50
L5253} 64 B3 56} 57, 58} 69 (60, 61} 62} 63} [64 (65,66} 67, [73} [74} [75} 764 (77, [78} [79} [8T,
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[B1}[82,[83, 84} /85,86, [B7}[88} 8% 190} 91}[92} 93} [04}[05} 96} [99} [L00} [101}[102} 103} [104] }

F(-2) exception fail { }

Sympy
A grade {[11}[12)[I7}[19[20}[98}[L01}[102}[103}[104] }
B grade { }

C grade {3436/}

F normal fail {[1}[2}[3,[45,[6,7,8[9[10}[13}[14}[15 16} [18,[21} 22} 23| [24 25} 26} 27} 28} ]29)
[B031, 32,33} 35,37} 38} 39} 40} (41} 68} 69} 70} 73} 74, [97, 99} [100) }

F(-1) timedout fail {{42[3)[44[45) 46} 47,4849} [50, 51} 52} 53} 54} 55,56} 57} 68, 5% 60}
[61}62,63}64} 165, (66467, [7T} 72} [75} [76; 77} [78}, [79, |80} BT} |82} 83} B4} [85, 86} 87} |88} 89}, 90,
[91}02,[93,94,[95} 96| }

F(-2) exception fail { }

Reduce
A grade { }
B grade {[1}[2,[3}[45}[6,[7} 8} 9} [L3} 14} [L5}[L6} [ 7} [18} [19} 20} [21} [22} [23} 24} 25} 126} [27] [28} [29),

B0} BT, 32} 33, 134, (35, (36, (37}, [38} [39}, A0, AT}, A2, A3, A4, /46, A7), 4%, [65}, 563, 571, 69, 6T, 611, 69,
[73}[74} [75}[76}[77} [79} [80} (86} 87} [88}[90} 91}, 07}, [98} [101}[102, [103} [104] }

C grade { }

F normal fail {[T0)[T)([2,[5, 49} 50, 51} 52,53, 53 B8, 62 63, 5% 65,66, 67,68, 70} P, 2
[7S)/511 52,63} 84, 55,89} 02,631,04) 5,66, 09,100

F(-1) timedout fail { }

F(-2) exception fail { }



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 32

2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 52 43 36 42 0 80 0 28 24 0

N.S. 1 083 069 081 0.00 1.54 0.00 0.54 0.46 0.00
time (sec) N/A 0.350 0.031 0.525 0.000 0.087 0.000 0.119 0.386  0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 19 16 0 17 0 23 15 15
N.S. 1 1.00 1.73 1.45 0.00 1.55 0.00 2.09 1.36 1.36
time (sec) N/A 0.238 0.028 0.283 0.000 0.077 0.000 0.221 0.251 8.772

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 29 29 41 40 0 34 0 0 15 0

N.S. 1 1.00 1.41 1.38 0.00 1.17 0.00 0.00 0.52 0.00

time (sec) N/A 0.298 1942 0.284 0.000 0.101  0.000 0.000 0.303 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 18 18 19 16 16 17 0 17 12 0
N.S. 1 1.00 1.06 0.89 0.89 0.94 0.00 0.94 0.67 0.00
time (sec) N/A 0.297 0.041 0.293 0.039 0.075 0.000 0.138 0.379 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 32 32 38 102 0 104 0 74 36 0
N.S. 1 1.00 1.19 3.19 0.00 3.25 0.00 2.31 1.12 0.00
time (sec) N/A 0.591 0.097 0.382 0.000  0.121 0.000 0.154 0.299 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 41 7 80 0 105 0 61 44 0
N.S. 1 0.76  1.43 1.48 0.00 1.94 0.00 1.13 0.81 0.00
time (sec) N/A 0.749 0.071 0.362 0.000  0.098 0.000 0.138 0.371 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 83 74 71 62 0 141 0 46 31 0
N.S. 1 0.89 0.86 0.75 0.00 1.70 0.00 0.55 0.37 0.00
time (sec) N/A 1.009 0.053 0.342 0.000  0.098 0.000 0.117 0.408 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 218 233 181 951 0 532 0 363 477 0
N.S. 1 1.07  0.83 4.36 0.00 2.44 0.00 1.67 2.19 0.00
time (sec) N/A 1.241 0.418 0.148 0.000  0.113 0.000 0.207 0.416 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 228 205 184 1223 0 535 0 341 477 0
N.S. 1 090 0.81 5.36 0.00 2.35 0.00 1.50 2.09 0.00
time (sec) N/A 1.002 0.425 0.243 0.000  0.100 0.000 0.190 0.443 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F(-2) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 188 310 0 0 0 0 0 0 80 0
N.S. 1 1.65  0.00 0.00 0.00 0.00 0.00 0.00 0.43 0.00
time (sec) N/A 1.334 0.000 0.000 0.000  0.000 0.000 0.000 0.393 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F(-1) A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 490 611 66 71 0 0 131 0 26 329
N.S. 1 1.25 0.13 0.14 0.00 0.00 0.27  0.00 0.05 0.67
time (sec) N/A 1.963 0.035 0.279 0.000  0.000 2.178 0.000 200.028 10.243
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F C A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1351 663 63 69 0 322185 133 0 67 328
N.S. 1 049  0.05 0.05 0.00 238.48  0.10 0.00 0.05 0.24
time (sec) N/A 2.385 0.031 0.280 0.000 1.452  2.063 0.000 0.231  10.263
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 44 63 0 36 0 18 27 0
N.S. 1 1.00 094 1.34 0.00 0.77 0.00 0.38 0.57 0.00
time (sec) N/A 0.816 6.119 0.340 0.000  0.078 0.000 0.135 0.176 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 44 63 0 36 0 18 27 0
N.S. 1 1.00 094 1.34 0.00 0.77 0.00 0.38 0.57 0.00
time (sec) N/A 0.770 0.002 0.283 0.000 0.078 0.000 0.129 0.187 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 105 73 66 75 0 74 0 39 59 0
N.S. 1 0.70  0.63 0.71 0.00 0.70 0.00 0.37 0.56 0.00
time (sec) N/A 0.802 6.196 0.335 0.000 0.076 0.000 0.327 0.178 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 105 73 66 75 0 74 0 39 59 0
N.S. 1 0.70  0.63 0.71 0.00 0.70 0.00 0.37 0.56 0.00
time (sec) N/A 0.781 0.002 0.296 0.000  0.079 0.000 0.108 0.181 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 25 18 17 22 27 18 29 23
N.S. 1 1.00 1.09 0.78 0.74 0.96 1.17  0.78 1.26 1.00
time (sec) N/A 0.270 0.012 0.310 0.031  0.068 0.070 0.111 0.185 0.030
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 42 42 53 45 0 44 0 57 43 31
N.S. 1 1.00 1.26 1.07 0.00 1.05 0.00 1.36 1.02 0.74
time (sec) N/A 0.532 0.112 0.255 0.000 0.081 0.000 0.128 0.193 0.050
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 41 43 0 64 48 79 68 46
N.S. 1 1.00 0.89 0.93 0.00 1.39 1.04 1.72 1.48 1.00
time (sec) N/A 0.499 0.089 0.089 0.000 0.101 1.352 0.122 0.180 0.038
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 68 56 0 84 63 89 63 55
N.S. 1 1.00 1.05 0.86 0.00 1.29 0.97 1.37 0.97 0.85
time (sec) N/A 0.586 0.195 0.135 0.000 0.103 2456 0.125 0.178 0.037
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 44 58 67 61 49 38 0 36 32 49
N.S. 1 1.32  1.52 1.39 1.11 0.86 0.00 0.82 0.73 1.11
time (sec) N/A 0.284 0.071 0.162 0.105 0.100 0.000 0.135 0.187 0.072
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 37 60 67 62 70 58 0 40 36 51
N.S. 1 1.62 1.81 1.68 1.89 1.57 0.00 1.08 0.97 1.38
time (sec) N/A 0.276 0.069 0.112 0.033  0.102 0.000 0.208 0.200 0.049
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 102 97 97 152 118 180 0 109 102 90
N.S. 1 095 0.95 1.49 1.16 1.76 0.00 1.07 1.00 0.88
time (sec) N/A 0.322 0.165 0.115 0.111 0.112 0.000 0.151 0.184 0.282
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 34 57 64 39 43 32 0 29 26 43
N.S. 1 1.68  1.88 1.15 1.26 0.94 0.00 0.85 0.76 1.26
time (sec) N/A 0.270 0.082 0.185 0.107  0.078 0.000 0.109 0.200 8.901
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 49 75 76 80 54 0 74 38 57
N.S. 1 1.00 1.53 1.55 1.63 1.10 0.00 1.51 0.78 1.16
time (sec) N/A 0.285 0.117 0.218 0.106  0.078 0.000 0.132 0.188 8.885
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 30 48 52 45 37 28 0 36 20 37
N.S. 1 1.60 1.73 1.50 1.23 0.93 0.00 1.20 0.67 1.23
time (sec) N/A 0.269 0.045 0.199 0.104 0.083 0.000 0.142 0.190 9.226
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 15 42 33 13 13 0 20 11 13
N.S. 1 1.07  3.00 2.36 0.93 0.93 0.00 1.43 0.79 0.93
time (sec) N/A 0.267 0.030 0.194 0.107  0.071 0.000 0.159 0.190 0.180
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 88 84 53 46 0 114 81 74
N.S. 1 1.00 191 1.83 1.15 1.00 0.00 2.48 1.76 1.61
time (sec) N/A 0.307 0.196 0.239 0.108 0.076 0.000 0.137 0.184 9.343
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 16 18 51 30 15 15 0 16 14 15
N.S. 1 .12 3.19 1.88 0.94 0.94 0.00 1.00 0.88 0.94
time (sec) N/A 0.276 0.030 0.279 0.115 0.086 0.000 0.133 0.189 0.045
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 24 24 63 85 24 24 0 41 29 36
N.S. 1 1.00 2.62 3.54 1.00 1.00 0.00 1.71 1.21 1.50
time (sec) N/A 0.329 0.061 0.491 0.112  0.074 0.000 0.186 0.182 9.737
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 41 41 7 80 59 105 0 61 44 31
N.S. 1 1.00 1.88 1.95 1.44 2.56 0.00 1.49 1.07 0.76
time (sec) N/A 0.355 0.015 0.332 0.107  0.081 0.000 0.157 0.191 0.182
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 18 32 19 17 27 17 0 17 12 17
N.S. 1 1.78  1.06 0.94 1.50 0.94 0.00 0.94 0.67 0.94
time (sec) N/A 0.309 0.046 0.296 0.026  0.070 0.000 0.119 0.189 10.110
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 59 68 79 103 83 0 129 92 62
N.S. 1 1.09 1.26 1.46 1.91 1.54 0.00 2.39 1.70 1.15
time (sec) N/A 0.363 0.173  0.320 0.107  0.080 0.000 0.154 0.182 0.100
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A B B C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 8 8 18 7 27 18 26 14 10 14
N.S. 1 1.00 2.25 0.88 3.38 2.25 3.25 1.75 1.25 1.75
time (sec) N/A 0.218 0.003 0.268 0.030 0.074 0477 0.184 0.183 0.183
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 8 8 18 30 27 27 0 22 10 12
N.S. 1 1.00 2.25 3.75 3.38 3.38 0.00 2.75 1.25 1.50
time (sec) N/A 0.253 0.004 0.095 0.026  0.071 0.000 0.13¢ 0.182 10.178
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A B A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 22 22 51 27 49 28 63 22 18 26
N.S. 1 1.00 2.32 1.23 2.23 1.27 2.86 1.00 0.82 1.18
time (sec) N/A 0.239 0.010 0.273 0.032 0.069 0.818 0.105 0.190 9.598
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 22 22 51 45 51 42 0 35 18 35
N.S. 1 1.00 2.32 2.05 2.32 1.91 0.00 1.59 0.82 1.59
time (sec) N/A 0.254 0.001 0.086 0.028 0.071 0.000 0.121 0.199 8.875
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 66 43 20 39 0 42 46 138
N.S. 1 1.00 1.83 1.19 0.56 1.08 0.00 1.17 1.28 3.83
time (sec) N/A 0.244 0.147 0.335 0.104 0.071 0.000 0.121 0.191  10.930
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 66 56 41 36 0 51 46 41
N.S. 1 1.00 1.83 1.56 1.14 1.00 0.00 1.42 1.28 1.14
time (sec) N/A 0.277 0.002 0.167 0.108 0.085 0.000 0.122 0.200 0.054
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 82 74 78 60 55 46 0 47 65 473
N.S. 1 090 0.95 0.73 0.67 0.56 0.00 0.57 0.79 5.77
time (sec) N/A 0.269 0.114 0327  0.027 0.081 0.000 0.132 0.195 18.827
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 82 74 78 70 138 64 0 62 65 119
N.S. 1 0.90 0.95 0.85 1.68 0.78 0.00 0.76 0.79 1.45
time (sec) N/A 0.320 0.001 0.107  0.027 0.088 0.000 0.281 0.187  8.728
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) A B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 287 268 198 241 0 541 0 226 334 0
N.S. 1 0.93  0.69 0.84 0.00 1.89 0.00 0.79 1.16 0.00
time (sec) N/A 0.809 1.634 0.220 0.000 0.116 0.000 0.178 0.470 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) A B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 197 185 161 189 0 407 0 169 197 0
N.S. 1 094 0.82 0.96 0.00 2.07 0.00 0.86 1.00 0.00
time (sec) N/A 0.586 0.948 0.145 0.000 0.104 0.000 0.161 0.409 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) A B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 127 110 132 154 0 313 0 138 101 0
N.S. 1 0.87 1.04 1.21 0.00 2.46 0.00 1.09 0.80 0.00
time (sec) N/A 0.433 0.384 0.131 0.000  0.095 0.000 0.192 0.305 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 136 142 147 179 0 865 0 0 26 0
N.S. 1 1.04 1.08 1.32 0.00 6.36 0.00 0.00 0.19 0.00
time (sec) N/A 0.555 0.465 0.108 0.000  0.217 0.000 0.000 200.034 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) B B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 130 110 137 162 0 333 0 242 132 0
N.S. 1 0.85  1.05 1.25 0.00 2.56 0.00 1.86 1.02 0.00
time (sec) N/A 0.465 0.675 0.167 0.000 0.242 0.000 0.172 0.288 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) B B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 202 184 174 201 0 427 0 549 262 0
N.S. 1 091 0.86 1.00 0.00 2.11 0.00 2.72 1.30 0.00
time (sec) N/A 0.595 1.176 0.172 0.000  0.509 0.000 0.180 0.323 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) B B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 294 267 222 257 0 561 0 1001 419 0
N.S. 1 091 0.76 0.87 0.00 1.91 0.00 3.40 1.43 0.00
time (sec) N/A 0.803 1.476 0.188 0.000 1.562 0.000 0.210 0.353 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 465 372 255 490 0 273 0 0 335 0
N.S. 1 0.80  0.55 1.05 0.00 0.59 0.00 0.00 0.72 0.00
time (sec) N/A 0.943 2.632 4.862 0.000 0.086 0.000 0.000 0.499 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 362 294 208 350 0 182 0 0 172 0
N.S. 1 0.81 0.57 097 0.00 0.50 0.00 0.00 0.48 0.00
time (sec) N/A 0.720 2.068 3.819 0.000  0.098 0.000 0.000 0.426 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 230 248 86 184 0 150 0 0 31 0
N.S. 1 1.08 037  0.80 0.00 0.65 0.00 0.00 0.13 0.00
time (sec) N/A 0.572 1.826 0.714 0.000  0.085 0.000 0.000 0.252 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 237 287 111 192 0 132 0 0 35 0
N.S. 1 1.21 047 0.81 0.00 0.56 0.00 0.00 0.15 0.00
time (sec) N/A 0.660 2.136 4.077 0.000  0.095 0.000 0.000 0.313 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 320 348 238 378 0 199 0 0 136 0
N.S. 1 1.09 0.74 1.18 0.00 0.62 0.00 0.00 0.42 0.00
time (sec) N/A 0.890 2.705 6.926 0.000  0.090 0.000 0.000 0.853 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 420 432 302 539 0 289 0 0 35 0
N.S. 1 1.03  0.72 1.28 0.00 0.69 0.00 0.00 0.08 0.00
time (sec) N/A 1.121 2.889 8.543 0.000 0.096 0.000 0.000 1.736 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) F(-2) B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 338 302 222 313 0 553 0 0 608 0
N.S. 1 0.89  0.66 0.93 0.00 1.64 0.00 0.00 1.80 0.00
time (sec) N/A 0.943 4.698 0.216 0.000  0.897 0.000 0.000 0.586 0.000
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) F(-2) B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 247 215 177 252 0 417 0 0 402 0
N.S. 1 0.87 0.72 1.02 0.00 1.69 0.00 0.00 1.63 0.00
time (sec) N/A 0.707 2.964 0.198 0.000 0.384 0.000 0.000 0.467  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) F(-2) B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 176 123 136 231 0 328 0 0 241 0
N.S. 1 0.70  0.77 1.31 0.00 1.86 0.00 0.00 1.37 0.00
time (sec) N/A 0.437 1.908 0.171 0.000 0.216 0.000 0.000 0.394 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 187 183 187 401 0 1049 0 0 26 0
N.S. 1 0.98  1.00 2.14 0.00 5.61 0.00 0.00 0.14 0.00
time (sec) N/A 0.634 2.387 0.136 0.000 0.622 0.000 0.000 200.052 0.000
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) F(-2) B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 179 123 146 239 0 350 0 0 304 0
N.S. 1 0.69 0.82 1.34 0.00 1.96 0.00 0.00 1.70 0.00
time (sec) N/A 0.497 3.972 0.204 0.000  0.650 0.000 0.000 0.448 0.000
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) F(-2) B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 252 214 186 270 0 435 0 0 515 0
N.S. 1 0.85 0.74 1.07 0.00 1.73 0.00 0.00 2.04 0.00
time (sec) N/A 0.723 4.430 0.227  0.000 1.960 0.000 0.000 0.544 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) F(-2) B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 346 301 245 333 0 573 0 0 771 0
N.S. 1 087 0.71 0.96 0.00 1.66 0.00 0.00 2.23 0.00
time (sec) N/A 0.939 4.878 0.236 0.000 7915 0.000 0.000 0.601 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 513 403 266 775 0 275 0 0 935 0
N.S. 1 0.79  0.52 1.51 0.00 0.54 0.00 0.00 1.82 0.00
time (sec) N/A 1.181 5.742 12.724 0.000  0.091 0.000 0.000 1.133 0.000
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 428 339 235 734 0 229 0 0 890 0
N.S. 1 0.79  0.55 1.71 0.00 0.54 0.00 0.00 2.08 0.00
time (sec) N/A 0.877 5.074 13.289 0.000  0.090 0.000 0.000 0.989 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 247 305 206 527 0 173 0 0 348 0
N.S. 1 1.23  0.83 2.13 0.00 0.70 0.00 0.00 1.41 0.00
time (sec) N/A 0.733 4.949 4317  0.000 0.091 0.000 0.000 0.816 0.000
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 311 360 228 670 0 170 0 0 714 0
N.S. 1 1.16  0.73 2.15 0.00 0.55 0.00 0.00 2.30 0.00
time (sec) N/A 0.957 5.357 10.644 0.000  0.107 0.000 0.000 0.904 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 395 415 253 790 0 214 0 0 0 0
N.S. 1 1.05 0.64 2.00 0.00 0.54 0.00 0.00 0.00 0.00
time (sec) N/A 1.193 5.794 11415 0.000 0.084 0.000 0.000 1.863 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 488 489 322 906 0 293 0 0 0 0
N.S. 1 1.00 0.66 1.86 0.00 0.60 0.00 0.00 0.00 0.00
time (sec) N/A 1.388 6.342 14.290 0.000 0.086 0.000 0.000 2.739 0.000
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A B A F A F A F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 43 57 95 52 0 55 0 18 44 55
N.S. 1 1.33 2.21 1.21 0.00 1.28 0.00 0.42 1.02 1.28
time (sec) N/A 0.338 0.129 0.328 0.000 0.075 0.000 0.125 0.314 9.320

Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F A B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 67 76 119 78 76 76 0 30 52 88
N.S. 1 1.13 1.78 1.16 1.13 1.13 0.00 0.45 0.78 1.31

time (sec) N/A 0.374 0.217 0.352 0.122 0.082 0.000 0.134 0.390 0.216

Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A B A F A F A F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 45 59 95 68 0 55 0 22 27 56
N.S. 1 1.31 2.11 1.51 0.00 1.22 0.00 0.49 0.60 1.24
time (sec) N/A 0.346 0.229 0.421 0.000 0.070  0.000 0.164 0.285 9.483

Problem 71 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F(-1) A F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 97 108 95 80 0 65 0 57 84 101
N.S. 1 1.11 098  0.82 0.00 0.67 0.00  0.59 0.87 1.04

time (sec) N/A 0.430 0.542 0.315 0.000 0.074 0.000 0.126 0.333 9.695
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A F(-1) A F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 102 117 106 114 121 82 0 47 78 134
N.S. 1 1.15  1.04 1.12 1.19 0.80 0.00 0.46 0.76 1.31
time (sec) N/A 0.424 0.697 0.604 0.113  0.076 0.000 0.137 0.285 0.238
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F C B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 52 49 42 0 32 0 40 35 0
N.S. 1 1.11  1.04 0.89 0.00 0.68 0.00 0.85 0.74 0.00
time (sec) N/A 0.340 0.032 0.309 0.000 0.072 0.000 0.143 0.247 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 81 68 65 60 0 42 0 61 61 0
N.S. 1 0.84 0.80 0.74 0.00 0.52 0.00 0.75 0.75 0.00
time (sec) N/A 0.409 0.044 0.304 0.000  0.079 0.000 0.121 0.352 0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) A B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 298 274 224 243 0 545 0 235 333 0
N.S. 1 092 0.75 0.82 0.00 1.83 0.00 0.79 1.12 0.00
time (sec) N/A 0.791 1.550 0.168 0.000  0.118 0.000 0.264 0.593 0.000
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) A B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 205 184 161 191 0 413 0 172 204 0
N.S. 1 090 0.79 0.93 0.00 2.01 0.00 0.84 1.00 0.00
time (sec) N/A 0.559 0.969 0.149 0.000 0.104 0.000 0.170 0.417 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) A B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 130 113 136 154 0 313 0 142 102 0
N.S. 1 0.87 1.05 1.18 0.00 241 0.00 1.09 0.78 0.00
time (sec) N/A 0.429 0.415 0.136 0.000 0.094 0.000 0.161 0.379 0.000
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 136 142 147 179 0 881 0 0 26 0
N.S. 1 1.04 1.08 1.32 0.00 6.48 0.00 0.00 0.19 0.00
time (sec) N/A 0.545 0.474 0.108 0.000  0.211 0.000 0.000 200.038 0.000
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) B B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 133 113 143 162 0 333 0 238 137 0
N.S. 1 0.85  1.08 1.22 0.00 2.50 0.00 1.79 1.03 0.00
time (sec) N/A 0.458 0.679 0.164 0.000 0.216 0.000 0.176 0.309 0.000
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) B B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 211 184 173 200 0 443 0 536 268 0
N.S. 1 0.87 0.82 0.95 0.00 2.10 0.00 2.54 1.27 0.00
time (sec) N/A 0.564 1.227 0.160 0.000 0.614 0.000 0.178 0.381 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 415 370 258 492 0 276 0 0 338 0
N.S. 1 0.89 0.62 1.19 0.00 0.67 0.00 0.00 0.81 0.00
time (sec) N/A 1.019 2.708 4.800 0.000  0.096 0.000 0.000 0.710 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 312 294 212 351 0 185 0 0 175 0
N.S. 1 094 0.68 1.12 0.00 0.59 0.00 0.00 0.56 0.00
time (sec) N/A 0.744 2.100 3.312 0.000  0.089 0.000 0.000 0.585 0.000
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 230 251 86 127 0 130 0 0 34 0
N.S. 1 1.09 037  0.55 0.00 0.57 0.00 0.00 0.15 0.00
time (sec) N/A 0.595 1.821 0.720 0.000  0.092 0.000 0.000 0.258 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 237 284 111 297 0 156 0 0 38 0
N.S. 1 1.20 047 1.25 0.00 0.66 0.00 0.00 0.16 0.00
time (sec) N/A 0.709 2.111 4.041 0.000  0.085 0.000 0.000 0.306 0.000
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 370 348 238 377 0 206 0 0 139 0
N.S. 1 094 0.64 1.02 0.00 0.56 0.00 0.00 0.38 0.00
time (sec) N/A 0.918 2.494 7.398 0.000  0.088 0.000 0.000 0.981 0.000
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) F(-2) B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 350 289 247 318 0 781 0 0 610 0
N.S. 1 083 0.71 0.91 0.00 2.23 0.00 0.00 1.74 0.00
time (sec) N/A 0.760 4.599 0.220 0.000 0.889 0.000 0.000 0.560 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) F(-2) B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 250 208 190 257 0 585 0 0 404 0
N.S. 1 0.83 0.76 1.03 0.00 2.34 0.00 0.00 1.62 0.00
time (sec) N/A 0.725 4.088 0.197 0.000  0.406 0.000 0.000 0.495 0.000
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) F(-2) B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 181 113 138 234 0 443 0 0 239 0
N.S. 1 0.62 0.76 1.29 0.00 2.45 0.00 0.00 1.32 0.00
time (sec) N/A 0.463 2.015 0.184 0.000 0.242 0.000 0.000 0.392 0.000
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F(-1) F(-2) F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 188 169 189 401 0 1293 0 0 26 0
N.S. 1 090 1.01 2.13 0.00 6.88 0.00 0.00 0.14 0.00
time (sec) N/A 0.650 2.213 0.139 0.000 0.706  0.000 0.000 200.032 0.000
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) F(-2) B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 184 113 148 242 0 469 0 0 310 0
N.S. 1 0.61  0.80 1.32 0.00 2.55 0.00 0.00 1.68 0.00
time (sec) N/A 0.513 3.888 0.211 0.000 1.036  0.000 0.000 0.335 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) F(-2) B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 257 209 189 274 0 613 0 0 517 0
N.S. 1 0.81 0.74 1.07 0.00 2.39 0.00 0.00 2.01 0.00
time (sec) N/A 0.691 4.378 0.221 0.000  3.431 0.000 0.000 0.400 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 55
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 477 406 271 780 0 425 0 0 937 0
N.S. 1 0.85  0.57 1.64 0.00 0.89 0.00 0.00 1.96 0.00
time (sec) N/A 1.135 5.825 13.158 0.000  0.092 0.000 0.000 1.033 0.000
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 380 344 219 643 0 305 0 0 892 0
N.S. 1 091  0.58 1.69 0.00 0.80 0.00 0.00 2.35 0.00
time (sec) N/A 0.806 5.095 13.030 0.000  0.120 0.000 0.000 0.902 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 251 306 203 514 0 251 0 0 350 0
N.S. 1 1.22  0.81 2.05 0.00 1.00 0.00 0.00 1.39 0.00
time (sec) N/A 0.675 5.064 4.332 0.000  0.118 0.000 0.000 0.735 0.000
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 379 360 223 650 0 269 0 0 716 0
N.S. 1 0.95 0.59 1.72 0.00 0.71 0.00 0.00 1.89 0.00
time (sec) N/A 0.907 5.250 10.470  0.000  0.127 0.000 0.000 0.852 0.000
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 455 412 266 866 0 374 0 0 0 0
N.S. 1 091  0.58 1.90 0.00 0.82 0.00 0.00 0.00 0.00
time (sec) N/A 1.130 5.843 11.307 0.000  0.112 0.000 0.000 1.662 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 22 22 51 45 51 42 0 35 18 35
N.S. 1 1.00 2.32 2.05 2.32 1.91 0.00 1.59 0.82 1.59
time (sec) N/A 0.251 0.012 0.082 0.027  0.098 0.000 0.332 0.219 0.002
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 20 20 17 23 7 22 26 15 6 13
N.S. 1 1.00 0.85 1.15 0.35 1.10 1.30 0.75 0.30 0.65
time (sec) N/A 0.252 0.005 0.069 0.108 0.091 0.161 0.286 0.202 9.553
Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 286 290 27 1522 0 0 0 0 19 0
N.S. 1 1.01  0.09 5.32 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 0.726 10.017 1.690 0.000  0.000 0.000 0.000 0.233 0.000
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 46 60 38 0 0 0 0 0 21 0
N.S. 1 1.30 0.83 0.00 0.00 0.00 0.00 0.00 0.46 0.00
time (sec) N/A 0.306 0.050 0.000 0.000  0.000 0.000 0.000 0.203 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 82 68 86 59 58 57 65 474 57 0
N.S. 1 0.83 1.05 0.72 0.71 0.70 0.79 5.78 0.70 0.00
time (sec) N/A 0.487 0.076 0.376 0.027 0.106 0.640 0.218 0.199 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 160 162 94 107 106 62 139 859 81 0
N.S. 1 1.01  0.59 0.67 0.66 0.39 0.87 5.37 0.51 0.00
time (sec) N/A 1.031 0.128 0.496 0.034 0.078 0.630 0.184 0.196 0.000
Problem 103] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 190 192 168 121 120 76 165 7916 92 0
N.S. 1 1.01  0.88 0.64 0.63 0.40 0.87  41.66 0.48 0.00
time (sec) N/A 1.122  0.200 0.819 0.034 0.108 0.659 39.833 0.236 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 233 235 186 154 153 85 202 110 0
N.S. 1 1.01 080  0.66 0.66 0.36 0.87 0.47 0.00
time (sec) N/A 1.200 0.193 0954 0.032 0.125 0.770 0.207  0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [67]
had the largest ratio of [.500000000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of nc?rms%lize'd integrand umber of rules
# | grade Slf:jcis u:;fg;e antlléi;r:if:zlve leaf size | integrand leaf size
1] A 4 3 0.83 23 0.130
% A 2 2 1.00 15 0.133
3| A 6 ) 1.00 21 0.238
4 A 6 ) 1.00 20 0.250
i A 3 2 1.00 27 0.074
6} A ) 4 0.76 38 0.105
7] A ) 4 0.89 23 0.174
3] A 9 8 1.07 26 0.308
9) A 8 7 0.90 26 0.269
10j A 2 2 1.65 24 0.083
11 A 2 2 1.25 24 0.083
12] A 2 2 0.49 23 0.087
13] A 7 6 1.00 27 0.222
14 A 8 7 1.00 25 0.280
15) A 8 7 0.70 25 0.280
16} A 9 8 0.70 23 0.348
17] A 2 2 1.00 15 0.133
18] A 2 2 1.00 27 0.074
19 A 2 2 1.00 17 0.118
20) A 2 2 1.00 20 0.100
21] A 4 3 1.32 15 0.200
Continued on next page




CHAPTER 2.

DETAILED SUMMARY TABLES OF RESULTS

60

Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
7 grade Slf::: u:li;i:e antlfaefrls\;:zwe leaf size integrand leaf size
2 A 4 3 1.62 15 0.200
23] A 4 3 0.95 17 0.176
24 | A 4 3 1.68 15 0.200
25 | A 5 4 1.00 15 0.267
E A 4 3 1.60 12 0.250
ﬂ A 3 2 1.07 16 0.125
28] A ) 4 1.00 21 0.190
@ A 3 2 1.12 21 0.095
@ A 4 3 1.00 26 0.115
3_1 A 4 3 1.00 25 0.120
39 | A 4 3 1.78 22 0.136
33] A 9 8 1.09 20 0.400
% A 3 2 1.00 13 0.154
35) A 4 3 1.00 15 0.200
E A 4 3 1.00 13 0.231
3_7 A ) 4 1.00 11 0.364
3y | A 4 3 1.00 18 0.167
39 | A 5 4 1.00 17 0.235
4_0 A 4 4 0.90 18 0.222
41 A 5 ) 0.90 17 0.294
42 A 9 8 0.93 26 0.308
43 A 8 7 0.94 26 0.269
ad | A 5 4 0.87 24 0.167
45) A 6 ) 1.04 26 0.192
4 | A 5 4 0.85 26 0.154
4_7 A 7 6 0.91 26 0.231
48] A 9 8 0.91 26 0.308
49 A 7 7 0.80 26 0.269
500 | A 6 6 0.81 26 0.231
ﬂ A ) ) 1.08 22 0.227
52] A 7 7 1.21 26 0.269
53] A 8 8 1.09 26 0.308

Continued on next page




CHAPTER 2.

DETAILED SUMMARY TABLES OF RESULTS

61

Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
# grade Slf::: u:li;i:e antlfaefrls\;:zwe leaf size integrand leaf size
54 A 10 10 1.03 26 0.385
55) A 13 12 0.89 26 0.462
56} A 9 8 0.87 26 0.308
57 A 6 ) 0.70 24 0.208
58] A 8 7 0.98 26 0.269
59) A 6 ) 0.69 26 0.192
60j A 10 9 0.85 26 0.346
61] A 12 11 0.87 26 0.423
62] A 11 11 0.79 26 0.423
63] A 8 8 0.79 26 0.308
% A 7 7 1.23 22 0.318
65) A 9 9 1.16 26 0.346
66} A 11 11 1.05 26 0.423
67] A 13 13 1.00 26 0.500
68} A ) 4 1.33 21 0.190
69) A ) 4 1.13 23 0.174
70 | A 5 4 1.31 23 0.174
ﬂ A 9 8 1.11 23 0.348
Q A 7 6 1.15 25 0.240
73] A 6 ) 1.11 23 0.217
74 A 6 5) 0.84 28 0.179
75 A 9 8 0.92 26 0.308
76} A 7 6 0.90 26 0.231
77] A ) 4 0.87 24 0.167
E A 6 ) 1.04 26 0.192
9 | A 5 4 0.85 26 0.154
30j A 7 6 0.87 26 0.231
81 A 8 8 0.89 26 0.308
32] A 6 6 0.94 26 0.231
33] A ) ) 1.09 22 0.227
84 | A 7 7 1.20 26 0.269
35) A 10 10 0.94 26 0.385

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
# grade Slf::: u:li;i:e antlfaefrls\;:zwe leaf size integrand leaf size
36} A 10 9 0.83 26 0.346
8_7 A 12 11 0.83 26 0.423
sy | A 6 5 0.62 24 0.208
39 A 7 6 0.90 26 0.231
oof | A 6 5 0.61 26 0.192
91 A 12 11 0.81 26 0.423
92] A 10 10 0.85 26 0.385
93] A 7 7 0.91 26 0.269
94 A 7 7 1.22 22 0.318
95) A 11 11 0.95 26 0.423
96} A 12 12 0.91 26 0.462
9_7 A ) 4 1.00 11 0.364
98] A 3 3 1.00 15 0.200
99 A 8 7 1.01 15 0.467
100 A 3 3 1.30 15 0.200
101 A 8 7 0.83 23 0.304
102 A 8 7 1.01 21 0.333
103 A 8 7 1.01 23 0.304
104 A 8 7 1.01 25 0.280
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c+d12
388 [ <e(a+;2)>3/2 dT . . . 697
c+dz2



CHAPTER 3. LISTING OF INTEGRALS

3.89

3.90

3.91

3.92

3.93

3.94

3.95

3.96

8 8 —| — — 8
8[\3

397 [ /TEdT
398 [\ /1EadT .o

399 [/1ERdT .
3000 [ /55dT .

3.101 f\/2—\/4—|—\/—9+5wd:c .........................
3.102 f\/1+\/1+\/—1+mcdm .........................

3.103 f\/1+\/1+\/mdx .........................
3.104 f\/2+ \/3+ V=l4+2ymde . ..
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(—1+4z)3

3.1 f z(2—3z+12) dz

Optimal result . . . . . . . . . . . . e 68}
Mathematica [A] (verified) . . . . . . . . . . ... o 68}
Rubi [A] (verified) . . . . . . . ... .. 69
Maple [A] (verified) . . . . . . . .. L V)
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... [71]
Sympy [F] . . o o [71]
Maxima [F] . . . . . . 72
Giac [A] (verification not implemented) . . . . . . .. ... ... ... L. 72
Mupad [F(-1)] . . . o o 72
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 73

Optimal result

Integrand size = 23, antiderivative size = 52

[T

z (2 — 3z + z?)
_ V(=1+z)Parctan (V=1+z) /(-1+z)%arctanh(v~1+1)
B (=14 )32 (=14 z)3/?

output

h((-1+x)~(1/2))/(-1+x)~(3/2)

‘ ((-1+x)"3)"(1/2)*arctan((-1+x)~(1/2))/(-1+x)~(3/2)-((-1+x)~3) ~(1/2) *arctan

input L

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.69

/ V(=1+4+2x)3 dp — V(=1 + z)3(arctan (v/—1+ z) — arctanh(v/—1 + z))
z (

2 -3z +2?)

(—1+ z)3/2

Integrate[Sqrt[(-1 + x)~3]/(x*(2 - 3*x + x72)),x]
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output‘(sqrt[(-l + x)~3]*(ArcTan[Sqrt[-1 + x]] - ArcTanh[Sqrt[-1 + x]1))/(-1 + x)
L“(3/2) J

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.83,

= 3, number of rules _ 130, Rules
integrand size

number of steps used = 4, number of rules used =
used = {2008, 1199, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(z—1)3
/w(a:2—3a:+2) de

| 2008
V=13 [ m((;z 13?1-22)
(x —1)3/2
| 1199
2\/(z—-1)% [ (2:1: 2(2— a:)) dvz -1
(z —1)3/2
| 2009
2\/(z — 1)3(3 arctan (v/z — 1) — Zarctanh(v/z — 1))
(z —1)3/2

[Int [Sqrt[(-1 + x)73]/(x*(2 - 3*x + x72)),x]

-/

input

‘ (2*%Sqrt[(-1 + x)~3]*(ArcTan[Sqrt[-1 + x]]1/2 - ArcTanh[Sqrt[-1 + x]11/2))/(- ‘

Output\ 1+ x)~(3/2) |
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Defintions of rubi rules used

Int[(((d_.) + (e_)*(x_))"(m )*((£_.) + (g_)*(x))"(m))/((a_.) + (b_.)*(x
_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Denominator[m]}, Simp[q/e  Subs
t [Int [ExpandIntegrand [x~(q*(m + 1) - 1)*x(((exf - d*xg)/e + g*(x~q/e))"n/((c*
d"2 - b*xdxe + a*e”2)/e”2 - (2*cxd - b*e)*(x"q/e”2) + cx(x~(2xq)/e”2))), x],
x], x, (d + exx)~(1/q], x1] /; FreeQ[{a, b, c, d, e, £, g}, x] && Integer
Q[n] && FractionQ[m]

rule 1199

Int[(u_.)*(Px_)"(p_), x_Symbol] :> With[{a = Rt[Coeff[Px, x, 0], Expon[Px,
x]]1, b = Rt[Coeff[Px, x, Expon[Px, x]], Expon[Px, x]1}, Simp[((a + b*x) Exp
on[Px, x])"p/(a + bxx)~ (Expon[Px, x]*p) Int[ux(a + b*x)~ (Expon[Px, x]*p),

x], x] /; EqQ[Px, (a + b*x) Expon[Px, x]]1] /; !IntegerQ[p] && PolyQ[Px, x
] && GtQ[Expon[Px, x], 1] && NeQ[Coeff[Px, x, 0], O]

rule 2008

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

Maple [A] (verified)

Time = 0.52 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.81

method | result
default \/m(ln(\/w—l—l)+2 arcta;’n(\/Q) —In(1+vz-1))
2(z—1)2
— RootOf <_ZQ+1> 2243 RootOf (_Zz-u) 24223 —322+3z—1—2 RootC
]n( _12+2{W+z) ROOtOf(_ZZ-‘r].) In (a—1)
trager 5 + -
nput| 106 (((x-1)73)"(1/2) /x/ (x"2-3%x+2) , %, method=_RETURNVERBOSE) J

N

o 1/2¢(@-1)73)" (1/2)* (Qn((x-1) " (1/2) -1 +2%arctan( (-1~ (1/2)-1a(1+ (-1 (1

outp
/2)))/ (x-1)7(3/2) |
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.54

) 3 3 _ 2.2 —
/x\/( + ) dxzarctan(X/x 3z24+3x 1>

(2 — 3z + 2?) z—1

1 z+vV23—322+3z—-1-1

— — log
2 r—1
1 z—vVx3—-322+3z—-1-1

+ - log | —
2 x—1

input Lintegrate (((x-1)"3)~(1/2) /x/ (x~2-3%x+2) ,x, algorithm="fricas") J

output‘ arctan(sqrt(x~3 - 3*x72 + 3xx - 1)/(x - 1)) - 1/2xlog((x + sqrt(x™3 - 3*x~ ‘
2+ 3%x - 1) - 1)/(x - 1)) + 1/2¥1log(-(x - sqrt(x™3 - 3%x™2 + 3%x - 1) - 1

/G- ) |
Sympy [F]
[ e | s
inputLintegrate(((x—l)**3)**(1/2)/X/(x**2—3*x+2),X) J
output TRtegral(sart ((x = 1)%#3)/(ok(x = Dx(x = 1)), ) J
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Maxima [F]
U/" V(=1+zx)3 y/" (z-— 1
dx
(2- 3$+$2 (2 -3z +2)x
inputLintegrate(((x-l)“3)”(1/2)/x/(x“2-3*x+2),x, algorithm="maxima") J
outputtintegrate(sqrt((x - 1)73)/((x"2 - 3%x + 2)*x), X) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.54

/ V(=1+2) dxzarctan(M)—%10g(m+1)+%10g(‘\’$_1_1|)

z (2 — 3z + z2?)

p
inputkintegrate(((x—1)‘3)‘(1/2)/x/(x*2-3*x+2),X, algorithm="giac")

e—

‘arctan(sqrt(x - 1)) - 1/2x1log(sqrt(x - 1) + 1) + 1/2*log(abs(sqrt(x - 1) -

output‘ ) ‘
Mupad [F(-1)]
Timed out.
/ V(=1+2z)3 / \/(z—1)°
inputtint(((x - 1)73)7(1/2) / (x*%(x72 - 3%x + 2)),X%) J

output Lint(((x - 1)73)7(1/2)/(x*(x"2 - 3%x + 2)), x) J
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Reduce [B] (verification not implemented)

Time = 0.39 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.46

/ V(=1+z)3 dx_atan(\/m)+log(\/m-1) log(vz —1+1)

(2 — 3z + 22) 2 a 2

input Lint(((x—l)“3)*(1/2) /x/ (x72-3*x+2) , %) J

J

Output[@*atan(sqrt(x - 1)) + log(sqrt(x - 1) - 1) - log(sqrt(x - 1) + 1))/2 J
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1+1

3.2 ) i da

Optimal result . . . . . . . . . . . . . . . e [4
Mathematica [A] (verified) . . . . . . . . . ... 74
Rubi [A] (verified) . . . . . . . . . . 751
Maple [A] (verified) . . . . . . ... L 76
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 76
Sympy [F] . . o o e
Maxima [F] . . . . . . e
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... rdrd
Mupad [B] (verification not implemented) . . ... ... ... ... ....... 78
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 78

Optimal result

Integrand size = 15, antiderivative size = 11

output | 2/ (1#1/0°(1/2) J

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

/\/14—% 2z HTHU

(1+2)? de = 1+

input LIntegrate [Sqrt[1 + x~(-1)1/(1 + x)~2,x] J

output L(2*x*Sqrt [(1+ x)/x1)/(1 + %) J
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 0.133, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {941, 793}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
Va1
/ﬂ dx

(x+1)2
l’941
1
S R
/ (L+1)%%a2

l 793
2

1
141

input‘Int[Sqrt[l + x”(-1)1/1 + x)"2,x]

L2/Sqrt[1 + x7(-1)] J

Defintions of rubi rules used

793 TntLG) " (m_)*((a) + (b_.)*(x))"(n))"(p_), x_Symbol] :> Simp[(a + b*x"n)

“(p + 1)/(b*nx(p + 1)), x] /; FreeQ({a, b, m, n, p}, x] & EqQ[m, n - 1] &
| NeQlp, -1

rule 941‘11“7[((0_) + (d_)*(x_)"(mn_.))"(q_.)*((a)) + (b_)*(x_)"(n_.))"(p_.), x_Sym

‘bol] :> Int[(a + b*x™n) "p*((d + c*x"n)"q/x"(n*q)), x] /; FreeQl[{a, b, c, d,
‘ n, p}, x] && EqQ[mn, -n] &% IntegerQ[q] && (PosQ[n] || !IntegerQ[pl)
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Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.45

method | result size
2z,/1+1

orering i 16
2z, /Tl

gosper pren 18
2 z+1

risch x:chw 18
2¢,/—=2=L

trager —VT 21
IV R A s

default o reey & 32

(z4+1)v/(z+1)z

input Lint ((1+1/x)~(1/2)/(x+1)~2,x,method=_RETURNVERBOSE)

output‘2/(X+1)*x*(1+1/x)“(1/2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.55

/\/: “@

1+ x)? z+1

input‘integrate((1+1/x)"(1/2)/(1+x)’"2,x, algorithm="fricas")

output 2¥EFSATE(Gx + D/D/(x + D
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Sympy [F]

/—m = \/de

(14 z)? do = (z +1)2

inputLintegrate((1+1/X)**(1/2)/(1+x)**2,x)

output LIntegral(sqrt(l + 1/x)/(x + 1)%%2, x)

Maxima [F]

/ 1"‘9‘1,,- \/gdx

1+ “= ] @y

inputLintegrate((1+1/x)“(1/2)/(1+x)‘2,x, algorithm="maxima")

outputtintegrate(sqrt(l/X +1)/(x + 1)72, x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 23 vs. 2(9) = 18.

Time = 0.22 (sec) , antiderivative size = 23, normalized size of antiderivative = 2.09

/md B 2sgn(z)

€T =
(1+x)2 x_,/x2+m+1

— 2sgn(x)

input Lintegrate ((1+1/x)"(1/2)/ (1+x)~2,x, algorithm="giac ")

output P*Sgn(x)/(x - sqrt(x~2 + x) + 1) - 2*sgn(x)
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Mupad [B] (verification not implemented)

Time = 8.77 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.36

141 2z,/1+1
dp = ———

(I+22 " =z+1
inputtint((i/x +1)°(1/2)/(x + 1)72,%)
outputtm*x*(l/X + 1)7(1/2))/(x + 1)

Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.36

\/1+%d 2T 142z
/<1+z>2 T Vet

input,| 108 C(L+1/0)7(1/2)/ (143)°2,%)

outputL(Q*(sqrt(x + 1) + sqrt(x)))/sqrt(x + 1)




-

output
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1+1

3.3 | —=dz

Optimal result . . . . . . . . . . e [79]
Mathematica [A] (verified) . . . . . . . . . ... 79
Rubi [A] (verified) . . . . . . . . . . k)
Maple [A] (verified) . . . . . . ... L 1]
Fricas [A] (verification not implemented) . . . . . . . ... ... . ... ..... 82
Sympy [F] . . . 82
Maxima [F] . . . . . . ]2
Giac [F] . . . . o o 83
Mupad [F(-1)] . . . o o ’3
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... R3

Optimal result

Integrand size = 21, antiderivative size = 29

1+ 1 1+ 2y/zarcsin(1 — 2z)

dr = —

V1 — 22

Vi+zx

L(1+1/x) ~(1/2)*x~(1/2)*arcsin(-1+2*x) / (1+x) ~(1/2)

-/

Mathematica [A] (verified)

Time = 1.94 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.41

L1+ 22)v1— 22

V1 — 22

V1+1
dr = — arctan

2(—1+2?2)

|

input L

Integrate[Sqrt[1 + x~(-1)]/Sqrt[1 - x~2],x]

e

output t

-ArcTan[(Sqrt[(1 + x)/x]*(-1 + 2*x)*Sqrt[1 - x72])/(2*x(-1 + x72))]

~—




input ‘\

output ‘
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00,

=5, number of rules _ 938, Rules
integrand size

number of steps used = 6, number of rules used =
used = {1778, 516, 62, 1090, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

\/4—+-1
m
l 1778

Vit WE] R

T
l 516

\/%-i-l\/ifi\/ﬁﬁdx

V+1
| 62
N Y2 L __dx
Ve =

Vitl
l'1090

M%+1¢5f7i%jﬁﬂu—2@
B vr+1
l 993

below.

1 4+ 1y/zarcsin(1 — 2z)
vz +1

Int[Sqrt[1 + x~(-1)]1/Sqrt[1 - x72],x]

-((Sqrt[1 + x~(-1)]1*Sqrt[x]*ArcSin[1 - 2*x])/Sqrt[1l + x])
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Defintions of rubi rules used

rule 62

Int[1/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)1), x_Symbol] :> Int[
1/Sqrt[a*c - bx(a - c)*x - b~2*x~2], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b
+ d, 0] & GtQ[a + c, 0]

rule 223

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[al)1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 516

Int[((e_.)*(x_))"(m_.)*((c_) + (d_)*(x_))"(n_.)*((a_) + (b_.)*(x_)"2)"(p_.
), x_Symbol] :> Int[(e*x) m*(c + d*x)~(n + p)*(a/c + (b/d)*x)"p, x] /; Free
Ql{a, b, c, 4, e, m, n, p}, x] && EqQ[b*c”™2 + axd™2, 0] && (IntegerQ[pl ||
(GtQ[a, 0] && GtQlc, 0] && !IntegerQ[n]))

rule 1090

rule 1778

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/(2%c*(-4x*
(c/ (b2 - 4xa*c))) p) Subst [Int [Simp[1 - x~2/(b"2 - 4*a*c), x]7p, x], x,
b + 2xc*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Int[((d_) + (e_.)*(x_) " (mn_.))"(q_)*((a_) + (c_.)*(x_)"(n2_.))"(p_.), x_Sym
bol] :> Simp[(e~IntPart[ql*((d + e*x"mn) FracPart[ql/(1 + d*(1/(x"mnxe)))"F
racPart[ql))/x” (mn*FracPart[q])  Int[x”(mn*q)*(1 + d*(1/(x"mn*e))) gx(a +
c*x"n2)°p, x], x] /; FreeQl{a, c, 4, e, mn, p, q}, x] && EqQ[n2, -2*mn] &&
'IntegerQ[p] && !'IntegerQlq]l && PosQ[n2]

Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.38

method | result size

\/%sz arcsin(2z—1)
)y 2D

default 40

input |

int ((1+1/x)~(1/2)/(-x~2+1)~(1/2) ,x,method=_RETURNVERBOSE)
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outputL((X+1)/x)A(1/2)*X*(—X”2+1)”(1/2)/(x+1)/(—x*(x—1))”(1/2)*arcsin(2*x-1)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.17

inputLintegrate((1+1/x)*(1/2)/(-x*2+1)*(1/2),x, algorithm="fricas")

output L'arCtan(Q*Sqrt(‘X? + D*xxsqre((x + 1)/x)/(2%x72 + x = 1))

Sympy [F]

JEL i
- [ =

\/1—552 CIJ+1)

input [integrate ((1+1/x) %% (1/2) / (—x**2+1) *x (1/2) ,x)

-/

output LIntegral(sqrt(i + 1/x)/sqrt(-(x - 1*(x + 1)), x)

Maxima [F]

-2 o

inputLintegrate((1+1/x)“(1/2)/(—x’"2+1)“(1/2),x, algorithm="maxima")
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output Lintegrate(sqrtu/x + 1)/sqrt(-x~2 + 1), x)

Giac [F]

1+%d$— \/gdx

Vi—z2 ) V=2 +1

input Lintegrate ((A+1/x)~(1/2)/(-x72+1)~(1/2) ,x, algorithm="giac")

output Lintegrate(sqrt(l/x + 1)/sqrt(-x"2 + 1), x)

Mupad [F(-1)]

Timed out.

1+ 1+1
dx = dx

V1 —2? V1 -2

Lint((l/x + 1)°(1/2)/(1 - x°2)~(1/2) ,%)

input

output 1BEC(L/x + D7(1/2)/( - x72)°(1/2), %)

Reduce [B] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.52

/ \/7‘111_52 dz = —2log(v1—z + vzi) i

input 18 ((1+1/2)7(1/2)/ (-x"2+1)"(1/2) %)




output
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84

L - 2%log(sqrt( - x + 1) + sqrt(x)*i)*i




output

input

output
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3.4 | ——dx

Optimal result . . . . . . . . . . . . . e 851
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . . 36
Maple [A] (verified) . . . . . . . . . . ]Y
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 88
Sympy [F] . . o o 3]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 89
Giac [A] (verification not implemented) . . . . . . .. ... .. .. .. L. 89
Mupad [F(-1)] . . . 90
Reduce [B] (verification not implemented) . . . . .. ... ... ... .. .... 90

Optimal result

Integrand size = 20, antiderivative size = 18

/ ad dx=—<(1+x) -1+
(1+xz),/—1+ 2

14z

2
1+x

)

L—(1+x)*(—1+2/(1+x))’"(1/2)

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

142z

z
dx
/(1+x),/—1+1+%

o l—x
14z

LIntegrate[x/((i + x)*Sqrt[-1 + 2/(1 + x)]1),x]

L<-1 + x)/Sqrt[(1 - x)/(1 + x)]
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

=5, number of rules _ 950, Rules
integrand size

number of steps used = 6, number of rules used =
used = {1015, 25, 1016, 899, 83}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/( +1)\/w+1—1daj

l 1015

/ EETN e
l 25

_/_(m+1) m_ld(m—'_l)

l'1016

/w—i—l
[
| 899
s@+1)? 1
//m+1 1:v+1
| 83

—((.’L‘-l‘l) a:—2|—1 —1)

LInt[x/((l + x)*Sqrt[-1 + 2/(1 + x)]1),x]

d(z+1)

input

output[_((l + x)*Sqrt[-1 + 2/(1 + x)])

~—



rule

rule 83

rule 899

rule 1015

rule 1016
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Defintions of rubi rules used

25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[((a_.) + (b_)*(x_))*((c_.) + (d_)*(x))"(a_)*((e_.) + (F_)*x))"(p
_), x> Simplbx(c + dxx)~(n + Dx((e + £+x)7(p + 1)/(dxfx(n + p + 2))),
x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && NeQ[n + p + 2, 0] && EqQ[a*xd*f
*(n + p + 2) - bx(d*ex(n + 1) + cxf*(p + 1)), 0]

Int[((a_) + (b_)*(x_ )" (@ )" (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.), x_Symbol
1 :> -Subst[Int[(a + b/x"n) px((c + d/x"n)"q/x"2), x], x, 1/x] /; FreeQl{a,
b, ¢, d, p, q}, x] && NeQ[b*c - axd, 0] && ILtQ[n, O]

Int[((a_.) + (b_)*x(v )" (@ )) " (p_.)*((c_.) + (d_)*(v_) (0 )) " (q_)*x_)"(m
_.), x_Symbol] :> Simp[1/Coefficient[v, x, 1]°(m + 1) Subst[Int[SimplifyI
ntegrand[(x - Coefficient[v, x, 0]) m*(a + b*x"n) px(c + d*x"n)"q, x], x],
x, vl, x] /; FreeQ[{a, b, ¢, d, n, p, q}, x] && LinearQ[v, x] && IntegerQ[m
1 && NeQlv, x]

Int[(x_)"(m_.)*((c_) + (d_.)*(x_)"(mn_.))"(q_.)*((a_) + (b_.)*(x_)"(n_.))"(
p_.), x_Symbol] :> Int[x"(m - n*q)*(a + b*x™n) px(d + c*xx"n)"q, x] /; FreeQ
[{a, b, ¢, d, m, n, p}, x] && EqQ[mn, -n] && IntegerQ[ql && (PosQ[n] || !'I
ntegerQ[pl)
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Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

method | result size
. x—1
orerin 16
|y
-1
gosper ’”_ — 17
xz+1
risch i 17

trager | (—z —1)/—%1 19

—2—:& (z+1)vV—22+1
V—(z-1)(z+1)

default 37

input Lint (x/(x+1)/(-1+2/(x+1))~(1/2) ,x,method=_RETURNVERBOSE)

output L(X‘U/ (-1+2/(x+1))~(1/2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

x
dr=—(z+1)4/—
/(1+x),/—1+ﬁ z+1

input Lintegrate (x/(1+x)/ (-1+2/(1+x)) ~(1/2) ,x, algorithm="fricas")

outputL_(X + 1)*sqre(-(x - 1)/(x + 1))
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Sympy [F]

/(1+w)\7TH%dx=/\/é(“”dx

inputt

outputt

integrate (x/ (1+x)/(-1+2/(1+x))**(1/2) ,x)

Integral (x/(sqrt(-(x - 1)/(x + 1))*(x + 1)), x)

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

_Vz+1(z-1)

Xz
dx
/(l-i-x),/—l-l-ﬁ v-z+1

inputt

integrate(x/(1+x)/(-1+2/(1+x))~(1/2) ,x, algorithm="maxima")

outputt

inputt

sqrt(x + 1 *(x - 1)/sqrt(-x + 1)

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/ T dr — —z2 41
(1+2z),/-1+ & sgn (z +1)

integrate(x/(1+x)/(-1+2/(1+x))~(1/2) ,x, algorithm="giac")

outputt

-sqrt(-x~"2 + 1)/sgn(x + 1)
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90

Mupad [F(-1)]

Timed out.

/(L+@ i1+4Ldz=/}x+1)xiL— @

1+x x+1

Lint(x/((x + 1D)*(2/(x + 1) - 1)7(1/2)),%x)

input

output tint(x/((x + D*(2/(x + 1) - 1)7(1/2)), x)

Reduce [B] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.67

/ v dr =—vVx+1v1—=x
(1+z)

Vs

Lint(x/(1+x)/(-1+2/(1+X))‘(1/2),X)

input

outputt - sqrt(x + 1)*sqrt( - x + 1)




output

input

output
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3.5 Votaa g

b+ac+adzx

Optimal result . . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . .. .
Rubi [A] (verified) . . . . . . . . . .
Maple [B] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... .....
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Mupad [F(-1)] . . . o o
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 27, antiderivative size = 32

a b
/ [a + c+d$ 2arctanh<—v+\/§+dz>

b+ac+adx Vvad

‘2*arctanh((a+b/(d*x+c))“(1/2)/a”(1/2))/a“(1/2)/d

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.19

b+acé—adz
c+dx
/ [a + c+dx 2arctanh<—\/a )

b+ac+ada: Vvad

LIntegrate[Sqrt[a + b/(c + d*x)]/(b + a*c + a*d*x),x]

L(2*ArcTanh[Sqrt[(b + axc + axd*x)/(c + d*x)]/Sqrt[al]l)/(Sqrt[a]l*d)




input

output

rule 219

rule 7268

CHAPTER 3. LISTING OF INTEGRALS 92

Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00,

=2, number of rules _ 074, Rules
integrand size

number of steps used = 3, number of rules used =
used = {7268, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ \/ a+ c—i—dx

ac—i—ada:—l—b

l 7268

2 f C+dzd \/ a+ c—i—dz

I
2arctanh ( M )
Vvad

{Int [Sqgrt[a + b/(c + d*x)]1/(b + a*xc + axd*x),x]

| —

L(2*ArcTanh [Sgrt[a + b/(c + d*x)]1/Sqrt[al]l)/(Sqrt[a]*d)

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 || LtQ[b, 01)

Int[u_, x_Symbol] :> With[{1lst = SubstForFractionalPowerOfQuotientOfLinears
[u, x1}, Simp[lst[[2]1]*1st[[4]] Subst[Int[1st[[1]1], x], x, 1st[[3]1]1"(1/1s
t[[2]11)], x] /; !FalseQ[lst]]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 101 vs. 2(26) = 52.

Time = 0.38 (sec) , antiderivative size = 102, normalized size of antiderivative = 3.19

method | result size
defaul TS (a2 Lo tactd GO EeE) V101 ) o
etault V/(adz+ac+b)(dz+c) Va d? 0
input Lint ((a+b/ (d*x+c))~(1/2)/ (a*xd*x+a*c+b) ,x ,method=_RETURNVERBOSE) J

‘ ((axd*x+a*c+b) /(d*x+c)) ™ (1/2) % (d*x+c) *1n(1/2% (2xa*d™2xx+2*ka*cxd+2* ((axd*x+ \
Lakc+b)* (dxx+c)) " (1/2) % (axd"2) " (1/2)+bxd) / (axd~2) ~(1/2))/ ((a*dsx+a*c+b) * (d* |
x+0))7(1/2)/ (axd™2)(1/2) J

output

Fricas [A] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 55 vs. 2(26) = 52.

Time = 0.12 (sec) , antiderivative size = 104, normalized size of antiderivative = 3.25

Ja+ =t bg(zadx4-2ac+2(dz4-@V&i ﬂ%ﬁfﬂ-+b>
VT =
/b—i—ac-l—adx v Vvad ’

dz+c p adz+ac+b
2 +/—aarctan (( tAvTay i )

adz+ac+b
B ad
inputLintegrate((a+b/(d*x+c))"(1/2)/(a*d*x+a*c+b),x, algorithm="fricas") J
ou_tput‘[1og(2>l=a*d*x + 2%axc + 2*(d*x + c)*sqrt(a)*sqrt((axd*x + axc + b)/(d*x + c

‘)) + b)/(sqrt(a)*d), -2*sqrt(-a)*arctan((d*x + c)*sqrt(-a)*sqrt((axd*x + a
(*c + b)/(d*x + c))/(axd*x + a*c + b))/ (a*d)]




CHAPTER 3. LISTING OF INTEGRALS 94

Sympy [F]
c+dz / \/ “”Jéi‘éﬁ“%
b+ac+adm ac+adx+b
input Lintegrate ((a+b/ (d*x+c) ) *x(1/2) / (a*d*x+a*c+b) ,x) J
OutputLIntegral(sqrt((a*c + axd*x + b)/(c + d*x))/(axc + a*d*x + b), x) J
Maxima [F]
c+dz / VO date a+ dz-‘r-c
b+ac+adm adm+ac+b
input Lintegrate ((a+b/ (d*x+c))~(1/2)/ (a*d*x+a*c+b) ,x, algorithm="maxima") J
Outputtintegrate(sqrt(a + b/(d*x + c))/(a*d*x + a*c + b), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 74 vs. 2(26) = 52.

Time = 0.15 (sec) , antiderivative size = 74, normalized size of antiderivative = 2.31

/ \/ a+ o c+dz

b+ ac+ adx
log (‘2 acd + 2 ( ad’z — v/ad?z? + 2 acdz + ac® + bdz + bc) Vald| + bdD sgn(dz + c)
) Vald
tnput Lintegrate ((a+b/ (d*x+c))~(1/2) / (a*d*x+a*c+b) ,x, algorithm="giac") J
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‘-log(abs(2*a*c*d + 2% (sqrt(a*d”2)*x - sqrt(axd™2*x"2 + 2xakxckd*x + axc™2 + ‘

output
‘ b*d*x + bx*c))*sqrt(a)*abs(d) + b*d))*sgn(d*x + c)/(sqrt(a)*abs(d))

Mupad [F(-1)]

Timed out.
a+c':)dm a+c+ﬁim
btactads " ) b+actads
inputtint((a + b/(c + d*x))~(1/2)/(b + a*xc + axd*x),x) J
outputtint((a + b/(c + d*x))~(1/2)/(b + a*c + a*d*x), x) J

Reduce [B] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.12

/ yet c-i—bdx o — 2\/510g<\/“dw+a0+\b/?/5 \/dw+c>

b+ ac+ adx ad

input Lint ((a+b/ (d*x+c)) ~(1/2) / (axd*x+a*c+b) ,x) J

Output‘ (2#sqrt(a)*log((sqrt(a*xc + a*xd*x + b) + sqrt(a)*sqrt(c + d*x))/sqrt(b)))/( ‘
‘a*d) ‘
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b__ bc—ad
3.6 f d d(c+dz) dr
a+bx

Optimal result . . . . . . . . . . . . . . e 90!
Mathematica [A] (verified) . . . . . . . . . .. . 96
Rubi [A] (verified) . . . . . . . . . . 97l
Maple [A] (verified) . . . . . . ... L 98
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 99
Sympy [F] . . o o 99
Maxima [F] . . . . . . 100
Giac [A] (verification not implemented) . . . . . . ... ... ... 100!
Mupad [F(-1)] . . . o o 100
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 10Tl

Optimal result

Integrand size = 38, antiderivative size = 54

b_ _bc—ad
b _ _be—ad 2arctanh<w)
/ d ~ d(ctdz) e — Vb
a+bx Vovd
output‘2*ar°tanh<d‘<1/2>*<b/d-<—a*d+b*c>/d/(d*x+c>)*(1/2>/b*<1/2>)/b*(i/z)/d~(1/2
) |
Mathematica [A] (verified)
Time = 0.07 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.43
b bc—ad a+bz Vby/ctdz
/ i~ derds) o 2,/ 92 /c+ dxarctanh(m—aim>
a+bx VbvVdva + bx
input LIntegrate [Sqgrt[b/d - (bxc - a*d)/(d*(c + d*x))]1/(a + b*x),x] J
Output‘ (2%Sqrt[(a + b*x)/(c + d*x)]1*Sqrt[c + d*x]*ArcTanh[(Sqrt[bl*Sqrt[c + d*x]) ‘

/(Sqrtld]*sqrtla + b*x])1)/(Sqrt [bl*Sqrt [d]*Sqrt[a + bxx])
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Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.76,

number of steps used = 5, number of rules used = 4, Bumber of rules _ 4 195 Ryjes
integrand size

used = {7239, 2055, 27, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
b _ _bc—ad
/ d  d(ctdx)
4 —dzx
a+ bz
l 7239
a+bx
ct+dz -
a+ bz
l 2055
1 a+ bx
2(bc — ad) / d\/i
d(a+b
(be — ad) (b— %) c+da
l 27
1 a-+ bz
2 [ |
d(a+b
b— dathe) TV ¢+ da
l 221
Va5
2arctanh< 7 )
VbVd
input LInt [Sqrt[b/d - (b*c - a*d)/(d*(c + d*x))]/(a + bxx),x] J

e B

OutputL(2*ArcTanh[(Sqr1: [d]1*Sqrt[(a + b*x)/(c + d*x)])/Sqrt[bl])/(Sqrt[bl*Sqrt[d]) J
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Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 221 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]], x] /; FreeQ[{a, b}, x] && NegQ[a/bl]
rule 2055 Int[(u_)~(r_.)*(((e_)*((a_.) + (b_)*(x_)"(@_.)))/((c_) + (d_.)*(x_)"(n_.)
))~(p_), x_Symbol] :> With[{q = Denominator[pl}, Simp[q*e*((b*xc - a*d)/n)
Subst [Int [SimplifyIntegrand[x~(q*(p + 1) - 1)*(((-a)*e + c*x"q)~(1/n - 1)/
(b*xe - d*x~q@)~(1/n + 1))*(u /. x -> ((-a)*e + cxx~q)~(1/n)/(b*e - d*x~q)~(1
/n))°r, x], x], x, (ex((a + bxx"n)/(c + d*x"n)))~(1/9)], x1]1 /; FreeQ[{a, b
, €, d, e}, x] &% PolynomialQ[u, x] && FractionQ[p] && IntegerQ[1/n] && Int
egerQ[r]
rule 7239 Int[u_, x_Symbol] :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl
erIntegrandQ[v, u, x]]
Maple [A] (verified)
Time = 0.36 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.48
method | result size
1n(2bdz+2\/W \/ﬁ+ad+bc) (dz+e) 'Zi’i
default NIV 80
inputLint((b/d—(—a*d+b*c)/d/(d*x+c))‘(1/2)/(b*x+a),X,method=_RETURNVERBOSE) J

output \ 1n(1/2% (2*%bxd*x+2* ((b*x+a) * (d*x+c) ) ~(1/2) * (b*d) ~(1/2) +a*d+b*c) / (b*d) ~(1/2) \
‘ ) * (d*x+c) * ((bxx+a) / (d*x+c) )~ (1/2) / ((b*x+a)* (d*x+c)) ~(1/2) / (b*d) " (1/2) ‘
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.94

dx = 5

b Jeadl ¢_ﬁg(zmm+4m+ad+2v77¢r+CM/$ﬁ)
/ a+ bx bd

bdx+ad

v/ —bd(dz+c),/ bzte
2 +/—bd arctan ( (d+e) d“c)

bd

inputLintegrate((b/d—(—a*d+b*c)/d/(d*x+c))‘(1/2)/(b*x+a),x, algorithm="fricas") J

‘ [sqrt (bxd) *log(2*b*d*x + b*c + a*d + 2*sqrt(b*d)*(d*x + c)*sqrt((bxx + a)/ \
‘(d*x + ¢)))/(bxd), -2xsqrt(-bxd)*arctan(sqrt(-b*d)*(d*x + c)*sqrt((b*x + a
)/ (d*x + ©))/(bxdxx + a*d))/(b*d)]

output

Sympy [F]

b _ _bc—ad d(a+bw)
/ d d(c—l—d:c) / cd+d%x

a+ bx a+ bx

input Lintegrate ((b/d-(~a*xd+b*c) /d/ (d*x+c) ) **(1/2) / (bxx+a) ,x) J

output LIntegral(sqrt (d*(a + b*x)/(c*d + d**2*x))/(a + b*x), x) J




CHAPTER 3. LISTING OF INTEGRALS 100

Maxima [F|

bc ad b _bc—ad

b
/ d c—}-dm) / d "~ (de+co)d
dx
a+ br bx +a

tintegrate((b/d—(-a*d+b*c)/d/(d*x+c))‘(1/2)/(b*x+a),x, algorithm="maxima") J

input

output 1RteETate(sart(d/d - (bxc - axd)/((dxx + )*d))/(bkx + 2), 1) ]

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.13

b _ _be—ad
d d(c+dw)
/ a+bx
log (‘—bc —ad—2 \/Ei(\/w:z — v/bdz? + bex + adz + ac) D sgn(dz + ¢)
B Vbd

inputLintegrate((b/d-(-a*d+b*c)/d/(d*x+C))“(1/2)/(b*x+a),x, algorithm="giac") J

‘—1og(abs(-b*c - a*d - 2xsqrt(b*d)*(sqrt(b*d)*x - sqrt(bxd*x~2 + b*c*x + ax

output
‘d*x + axc))))*sgn(d*x + c)/sqrt(bxd)

Mupad [F(-1)]

Timed out.

b _bc—ad _ad-bc_
/ d "~ d(ctdx) dx / \/ d + d(c—}-dz)

a+ bx a+bzx

inputLim:((b/d + (a*xd - bxc)/(d*(c + d*x)))~(1/2)/(a + b*x),x) J
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output 1BE((D/d + (axd - bxe)/(dx(c + dx0)))"(1/2)/(a + bxx), 1) J

Reduce [B] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.81

b=k 2vavhlog (i)
a+br N bd
input | 10t ((b/d-(-axd+bc) /d/ (dxx+c))~ (1/2)/ (bxx+a) ,x) J

output‘ (2*sqrt (d)*sqrt(b)*log((sqrt(d) *sqrt(a + b*x) + sqrt(b)*sqrt(c + d*x))/sqr ‘
“t(ard - bxc)))/ (bkd) |
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3.7 | z dx

Optimal result . . . . . . . . ... .. 102
Mathematica [A] (verified) . . . . . . . .. ... L L 102
Rubi [A] (verified) . . . . . . . . .. 103
Maple [A] (verified) . . . . . . . . . . 104
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 1051
Sympy [F] . . o o 105
Maxima [F] . . . . . .
Giac [A] (verification not implemented) . . . . . . .. ... .. .. .. L. 106
Mupad [F(-1)] . . . 106
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... 107

Optimal result

Integrand size = 23, antiderivative size = 83

ﬁaarctanh( V! ~aia )

2 V2\/-3t
/ ad dr =2va+zy/1— a + = il
(a+z)3/2,/1— 22 @tz Ve Vet

2*x(a+x) ~(1/2)*(1-2*%a/(a+x)) " (1/2)+2"(1/2) *a*arctanh (1/2* (1-2*a/(a+x) ) ~(1/2
‘)*2“(1/2)/(-a/(a+x))‘(1/2))/(-a/(a+x))‘(1/2)/(a+x)‘(1/2)

output

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.86

/ T . —2a + 2z + V/2y/av/a — xarctanh(\["; 72)
Tr =
(a+2)32 /1 - 22 Vot w

input\ Integrate[x/((a + x)~(3/2)*Sqrt[1 - (2*a)/(a + x)]1),x]
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output L

(-2%a + 2%x + Sqrt [2]*Sqrt [al*Sqrt[a - x]*ArcTanh[Sqrt[a - x]/(Sqrt[2]*Sqr

tlal)1)/(Sqrt[(-a + x)/(a + x)]*Sqrt[a + x])

|
J

Rubi [A] (verified)

Time = 1.01 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.89,

— 4, number of rules _ — 0.174, Rules

number of steps used = 5, number of rules used =
integrand size

used = {7268, 2044, 298, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x
dx
/(a+:c)3/21/1—(12_&‘

l 7268

3/2 (9 _ 2a
\/ﬁa/ (a’ + .’L') (2 a—|—m> d 1— 2a
2v/2a2 a+z

l 2044

2_ 2a
2 atz d./1— 2a
\/_af 2f<a+m)3/2 a+t+zx

\/a:c\/a +z
l 208

(fF\/ZZ e ffmd,ﬂ—j;c)
Jatzvate

l 223
ﬁa(f\/%ﬁx — arcsin (,/ f_&))

a+x

_a
a+x

input

Int[x/((a + x)7(3/2)*Sqrt[1 - (2*a)/(a + x)]),x]




output

rule 223

rule 298

rule 2044

rule 7268

input
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‘ (Sqrt[2] *ax ((Sqrt[2]*Sqrt[1 - (2*a)/(a + x)])/Sqrt[a/(a + x)] - ArcSin[Sqr
Lt[l - (2%a)/(a + x)]11))/(Sqrt[a/(a + x)]*Sqrt[a + x])

|
J

Defintions of rubi rules used

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[al)1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[(-(
bxc - a*xd))*x*((a + bxx"2)"(p + 1)/(2*axbx(p + 1))), x] - Simp[(axd - bxc*(
2%p + 3))/(2*axbx(p + 1)) Int[(a + b*x~2)~(p + 1), x], x] /; FreeQ[{a, b,
c, d, p}, x] & NeQ[bxc - a*d, 0] && (LtQ[p, -1] || ILtQ[1/2 + p, 01)

Int[(u_.)*((c_.)*((a_.) + (b_)*(x_)"(n_.))"(q_))"(p_), x_Symbol] :> Simp[S
imp[(c*x(a + b*x"n)~q)"p/(a + b*x"n) " (p*q)] Int[ux(a + b*x"n) (p*q), x], x
1 /; FreeQ[{a, b, c, n, p, q}, x] && GeQ[a, 0]

~

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfQuotientOfLinears
[u, x]}, Simp[1lst[[2]]1*1st[[4]] Subst[Int[1lst[[1]], x], x, 1st[[3]1]1~(1/1s
t[[2]11)]1, x] /; !FalseQ[lst]]

Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.75

method | result -

default | — Vo Vo (-ZVT;{Z‘Z V2 arctan (122 ) 0

risch 2o—e)y/at@a=m)  _ VaVZerctan(YEURE) Vet e voate |
_ﬁ va+z \/(—a+z)(a+z) —eze Vatz /(—ata)(ata)

Lint (x/(a+x)~(3/2)/(1-2*a/(a+x)) ~(1/2) ,x,method=_RETURNVERBOSE)
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output‘ -(a-x)/(a+x)) " (1/2) *(a+x) ~(1/2) / (ma+x) ~(1/2) * (-2% (~a+x) ~ (1/2) +a”~ (1/2) *2"~ \

(1/2)*arctan(1/2*(-a+x)~(1/2)*2°(1/2)/a~(1/2)))
Fricas [A] (verification not implemented)
Time = 0.10 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.70
Qﬂ\/—a\/a—i—z -2 +3a—x
/ ad dx = 1 V2v/=alog | — *
(a+ z)3/2 1_(1% 2 a+zx
_ V2/aF zv/a,/ - _
+2vVa+zx —?+jv@ﬁhmMn(— P ik +2vVa+zx a+i

[integrate(x/(a+x)“(3/2)/(1-2*a/(a+x))‘(1/2),x, algorithm="fricas")

~—

input

Ou_,Bput‘[1/2=l=sqrt(2)*sqrt( a)*log(-(2*sqrt(2) *sqrt(-a)*sqrt(a + x)*sqrt(-(a - x)/(
‘a + x)) + 3*xa - x)/(a + x)) + 2xsqrt(a + x)*sqrt(-(a - x)/(a + x)), sqrt(2
‘)*sqrt(a)*arctan( sqrt(2)*sqrt(a + x)*sqrt(a)*sqrt(-(a - x)/(a + x))/(a -

‘x)) + 2*sqrt(a + x)*sqrt(-(a - x)/(a + x))]

Sympy [F]

l\?\w

dz—/
/ <a+x>3/2 = s

a—i—x

input Lintegrate (x/ (a+x)**(3/2) / (1-2*a/ (a+x) ) **(1/2) ,x) J

Output[Integral(x/(sqrt((_a + x)/(a + x))*(a + x)**(3/2)), x)

e—
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Maxima [F]

(a+x)32,/1 - 22 (a+x)%,/—2% +1

[

atz atzx
jnputLintegrate(X/(a+X)A(3/2)/(1—2*a/(a+x))‘(1/2),x, algorithm="maxima") J
output Lintegrate(x/((a + x)7(3/2)*sqrt(-2*a/(a + x) + 1)), x) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.55

/ x dr — \/_\/Earctan <f” a,+:1:) N 2\/T-|-JJ
(a+m)3/2, /1 22 sgn (a + z) sgn (a + z)
input Lintegrate (x/ (a+x)~(3/2)/(1-2%a/(a+x))~(1/2) ,x, algorithm="giac") J
Output‘ -sqrt(2)*sqrt(a)*arctan(1/2*sqrt(2) *sqrt(-a + x)/sqrt(a))/sgn(a + x) + 2%s ‘

‘qrt(-a + x)/sgn(a + x)

Mupad [F(-1)]

Timed out.
/ - dz :/ i dz
(a+2)¥2,/1- 22 (a+az)*? /122
inputLint(x/((a + x)7(3/2)*%(1 - (2*a)/(a + x))~(1/2)),x) J

Outputtint(x/((a + x)7(3/2)%(1 - (2%a)/(a + x))~(1/2)), x) J
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Reduce [B] (verification not implemented)

Time = 0.41 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.37

/(a_i_w)y,/:@dx:—\/a\@atan(%) +o2/—atz

Lint (x/ (a+x)~(3/2)/(1-2*a/(a+x)) ~(1/2) ,x)

input

output‘( - sqrt(a)*sqrt(2)*atan(sqrt( - a + x)/(sqrt(a)*sqrt(2))) + 2*sqrt( - a +
»




output
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3.8 [(A+ Bz +Cx?) \/a+ —>-dx

Optimalresult . . . . ... . ... .. .. ..
Mathematica [A] (verified) . . . . . . ... ... .. L oL
Rubi [A] (verified) . . . ... . ... ...
Maple [B] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ....
Sympy [F] . . . o o
Maxima [F] . . . . . . .
Giac [A] (verification not implemented) . . . . . . ... ... ... ... ..
Mupad [F(-1)] . . . o
Reduce [B] (verification not implemented) . . ... ... ... .... ...

Optimal result

Integrand size = 26, antiderivative size = 218

c—l—d:cdx

(b(bC + 4acC — 2aBd) — 8a*(c>*C — Bcd + Ad?)) (c + dx)

/(A+Bac+0x2) a+

8a2d3

+

(bC — 12acC + 6aBd)(c + dz)?\ Ja + =t | Clerdpyfast T

12ad? 3d3

+

b(b(bC + 4acC — 2aBd) + 8a*(c*C — Bed + Ad?)) arctanh(

8a5/23

-1/8% (b* (—2*B*a*d+4*C*axc+C*b) -8*a~2* (A*d~2-B*c*d+C*c~2) ) * (d*x+c) * (a+b/ (d*
x+c))~(1/2)/a~2/d"3+1/12x (6*xB*axd-12*C*a*c+C*b) * (d*x+c) “2x (a+b/ (d*x+c)) ~ (1
/2)/a/d"3+1/3*Cx (d*x+c) ~“3* (a+b/ (d*x+c) ) ~(1/2) /d"3+1/8*b* (b* (-2*B*a*d+4*C*xa
*c+C*b) +8*a~2* (A*xd~2-B*c*d+C*xc~2) ) *arctanh ((a+b/ (d*x+c))~(1/2) /a~(1/2))/a~

(6/2)/d73




inputt

output
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Mathematica [A] (verified)

Time = 0.42 (sec) , antiderivative size = 181, normalized size of antiderivative = 0.83

dz

2
/XA+Bx+Cz) at oo

Va(c+ dx),/2ractade (_3p2C 4 2ab(—5c¢C + 3Bd + Cdzx) + 4a?(2¢*C — cd(3B + 2Cx) + d*(6A + 3B

ct+dx
24a5/2d3

Integrate[(A + Bxx + C*x”2)*Sqrt[a + b/(c + d*x)],x]

(Sqgrt[al*(c + d*x)*Sqrt[(b + a*c + axd*x)/(c + d*x)]*(-3*%b"2xC + 2*axb*(-5
*cxC + 3xBkd + Ckd*x) + 4%a~2*%(2*%c”2*%C - c*d*(3*B + 2xC*x) + d"2*(6*A + 3%
Bxx + 2%C*x72))) + 3*bx(b~2*C + axb*(4*c*C - 2%Bxd) + 8*a~2x(c"2*C - B*c*d
+ Axd~2))*ArcTanh[Sqrt[(b + a*xc + axd*x)/(c + d*x)]/Sqrtl[all)/(24*a~(5/2)
*d"3)

Rubi [A] (verified)

Time = 1.24 (sec) , antiderivative size = 233, normalized size of antiderivative = 1.07,

number of rules __
integrand size 0.308, Rules

number of steps used = 9, number of rules used = 8,
used = {7268, 2089, 1580, 25, 1471, 27, 298, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

dzr

2
/(A+Bx+0x) a+c+da:

l 7268
_Bap?  (C?—BdetAd?)b?
(c+dw)4(a+c+bdaB> <Cb2_(2cc;+fxd)b +( (c+d:)2 ) > b
il " N
d3
l 2089
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(ct+dn)* (at 27 ) ((Cc2—Bdc+Ad2)a2+b(2cC—Bd)a+ (Ce*—Bde+Ad?) (a+ b ) * 1520 (b(2¢C—Bd)+2a(Cc>—Bdc+ Ad2)) (a
b4

% |

3
l 1580

2b

(c+dz)? <Cb2+6(0c2—3dc+Ad2) <a+c+%)2—6(a002+2ch—aBdc+aAd2—de) (a+c+%)> Cletdo)®,/
f b3 d\/ a+ c-l-bda: - 6b

o=

d3

| 25

(c+dm)3(Cb2+6(Cc2—Bdc+Ad2)(a+ b )2—6(acc2+2bcc—aBdc+aAd2-de) <a+c+%>>

1 ctdz b C(c+da
20| —5 ) — 5 dy/a+ 57 —

d3
l 1471
3(c+dz)2 (b(bC+4acC—2aBd)—8a(Cc? —Bde+Ad?) (a+—2—
op | 1 /- ( oz ( )+ or'as)) d\/a+ C_:dm _ (c+dz)?,/a+ c+bda; (6aBd—12acC+bC) _ C(c
6 4a 4ab
_ e
l 27
(c+dw)? (b(bC+4acC—~2aBd)—8a(Cc? —Bdc+Ad?) (at+ b
op [ 1 3 ( b2( (ot ))d,/a-l—ﬁ _ (c+da)®\Ja+ F (6aBd—12acC+C) | Cle
6 4a 4ab
_ pE
l 208
< (8a2 (Adz—Bcd+c2C) +b(—2aBd+4acC+bC)) J-ctdeq, /a+c+% (c+dz) /a+c+%(b(—2aBd+4acC+bC)—8a2 (Ad2—Bcd+c2C)) \
3 —
2a 2ab
I /
2b 6 4q

43
l 219
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a+
arctanh ctde (8a%(Ad2—Bed+c?C) +b(—2aBd-+4acC+50) )
(c+dz), /a+ CJF% (b(72aBd+4acC+bC) —8a2 (Ad2 —Bed+c2¢
3 22372 - 2ab

2b

o=
|
I
IS

‘Int[(A + Bxx + Cxx~2)*Sqrt[a + b/(c + d*x)],x]

input

output (-2%bx (-1/6%(Cx(c + d*x)"3*Sqrt[a + b/(c + d*x)]1)/b + (-1/4x((b*C - 12*axc
*C + 6*axB+d)*(c + d*x)~2+Sqrtla + b/(c + d*x)])/(axb) - (3*x(-1/2*((b*(b*C
+ 4*xaxc*C — 2xa*Bxd) - 8*a"2x(c”2*C - Bxc*xd + A*d~2))*(c + d*x)*Sqrtl[a +
b/(c + d*x)])/(a*b) + ((bx(b*C + 4*axcxC — 2%kaxBxd) + 8*a~2x(c"2xC - B*cxd
+ A*d~2))*ArcTanh[Sqrt[a + b/(c + d*x)]1/Sqrt[all)/(2*a~(3/2))))/(4*a))/6)
)/d"3
Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simpla  Int[Fx, xI, x] /; FreeQ[a, x] & !Ma )
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 219 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)
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rule 298 Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[(-(

b*c - axd))*x*((a + b*x"2)"(p + 1)/(2%a*bx(p + 1))), x] - Simp[(a*d - b*c*(

2%p + 3))/(2*axbx(p + 1)) Int[(a + b*x~2)~(p + 1), x], x] /; FreeQ[{a, b,
c, d, p}, x] && NeQ[bxc - axd, 0] && (LtQ[p, -11 || ILtQ[1/2 + p, 01)

rule 1471 Int[((d_) + (e_.)*(x_)"2) (g )*((a)) + (b_)*(x_)"2 + (c_)*(x_)"4)"(p_.),
x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x"2 + c*x"4)7p, d + e*xx"2
» x], R = Coeff[PolynomialRemainder[(a + b*x"2 + c*x"4)"p, d + e*x"2, x], X
, 01}, Simp[(-R)*x*((d + e*x72)"(q + 1)/(2%d*(q + 1))), x] + Simp[1/(2*d*(q
+ 1)) Int[(d + exx"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + Rx(2xq + 3),
x], x1, x11 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~
2 - b*d*e + axe”2, 0] && IGtQ[p, 0] && LtQ[q, -1]

rule 1580 Int [(x_)"(m_.)*((d_) + (e_.)*(x_)"2)"(q)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)
~4)~(p_.), x_Symbol] :> Simp[(-d)~(m/2 - 1)*(c*d"2 - bxd*e + axe”2) “p*x*((d
+ exx”2)"(q + 1)/(2xe~(2*p + m/2)*(q + 1))), x] + Simp[1/(2*e”(2*p + m/2)*
(q + 1)) Int[(d + exx"2)"(q + 1)*ExpandToSum[Together[(1/(d + e*x~2))x*(2x
e~ (2%p + m/2)*(q + 1)*x"m*(a + b*x"2 + c*x"4)"p - (-d)"(m/2 - 1)*(c*d”2 - b
*d*e + axe”2) p*x(d + e*x(2xq + 3)*x72))], x], x], x] /; FreeQ[{a, b, c, d, e
}, x] && NeQ[b~2 - 4*axc, 0] &% IGtQ[p, O] && ILtQ[q, -1] && IGtQ[m/2, O]

Int[(u )~ (p_.)*((£f_)*(x_ D))" (m_.)*(z_)"(q_.), x_Symbol] :> Int[(f*x) m*Expa
ndToSum[z, x]~q*ExpandToSum[u, x]~p, x] /; FreeQ[{f, m, p, q}, x] && Binomi
alQ[z, x] && TrinomialQ[u, x] && !(BinomialMatchQ[z, x] && TrinomialMatchQ
[u, x1)

rule 2089

rule 7268 Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfQuotientOfLinears
[u, x]}, Simp[lst[[2]1]1*1st[[4]] Subst[Int[1lst[[1]], x], x, 1st[[3]1]1~(1/1s
t[[2]11)], x] /; !'FalseQ[lst]]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 950 vs. 2(198) = 396.

Time = 0.15 (sec) , antiderivative size = 951, normalized size of antiderivative = 4.36

method | result
2(E aaxr C T VvV a
Y ad%iz-kb (dz+-c) (24A In < 2a d”z+2acd+2y/(adstacth)(de-te) d2+bd> a?bd®+24BvVa d? va d?z?+2adzcta c2+bdz+bc a?d?

2Va d?

default

p
int ((C*xx~2+B*x+A) * (a+b/ (d*x+c)) ~(1/2) ,x,method=_RETURNVERBOSE)

N J

input

1/48* ((axd*x+a*xc+b) / (d*x+c)) " (1/2) * (d*x+c) /d"3* (24xAx1n(1/2% (2*xaxd~2xx+2*a
*xc*xd+2* ((axd*x+axc+b) * (dxx+c) )~ (1/2) *(a*xd~2) ~(1/2)+b*d) / (a*xd~2) ~(1/2)) *a~2
*bxd~3+24*B* (a*xd~2) ~(1/2) * (a*xd™2*x~2+2*a*ckd*x+akxc”2+bxd*x+b*xc) ~(1/2) *a~2*
d~2*x-24%B*1n (1/2* (2*xaxd~2xx+2*a*cxd+2* ((a*d*x+a*xc+b) * (d*xx+c)) ~(1/2) *(a*d~
2)~(1/2)+b*d) / (a*xd~2) ~(1/2) ) *a~2*b*c*xd~2-48*C* (a*xd~2) ~ (1/2) * (a*d~2*x~2+2*a
*ckxd*xx+axc”2+bxd*xx+b*c) " (1/2) *¥a~2xckxd*xx+24*Ck1n (1/2* (2*a*d~2*x+2*a*xcxd+2* (
(axd*x+axc+b) * (d*x+c)) ~(1/2)*(a*d~2) ~(1/2)+b*d) / (a*d~2) " (1/2) ) ¥a~2*b*c~2*d
+48*A* ((a*d*x+a*xc+b) * (d*xx+c)) ~(1/2) *(a*d~2) ~ (1/2) *a~2*xd~2-48*B* ((a*d*x+a*c
+b) * (d*x+c) )~ (1/2) * (a*d~2) " (1/2) *a~2*cxd+24*B* (a*xd~2) ~(1/2) * (a*d~2*x"2+2*a
*ckdxx+axc”2+b*xdkx+bkxc) " (1/2) *a~2xc*d-6*Bx1n (1/2* (2*xa*xd~2*x+2*axc*d+2* (a*d
T2xx " 2+2xakxckdxx+akc”2+b*d*x+b*c) T (1/2) *(a*d"2) " (1/2) +b*d) / (a*xd"2) ~(1/2) ) *
axb~2%d"~2+48*Cx ((a*xd*x+axc+b) * (d*xx+c) )~ (1/2) *(a*xd™2) ~(1/2) *a~2*c~2-48*C* (a
*d~2) " (1/2) * (a*xd™2*x~2+2*a*ckd*x+axc”2+bxd*x+bxc) ~ (1/2) *a~2*xc~2-12*C* (a*xd™
2) " (1/2) * (a*xd~2xx"~2+2*a*ckd*x+a*c”2+b*xd*x+bxc) ~ (1/2) *a*b*d*x+12+C*1n (1/2* (
2%a*d " 2*x+2*axckxd+2* (axd”2*x " 2+2*a*ckd*x+axc”2+bxd*xx+b*xc) ~(1/2) % (a*d~2) " (1
/2)+b*d) / (a*xd~2) " (1/2)) *a*b~2*c*d+12*B* (a*xd~2) ~ (1/2) * (a*d~2*x"2+2*a*cxd*x+
a*c”2+b*xd*x+b*c) " (1/2) *axb*d+16*C* (a*d~2) ~ (1/2) * (a*xd”~2*x~2+2*a*c*d*x+a*xc™2
+b*d*x+b*c) " (3/2) *a-36*C*x (axd~2) ~ (1/2) * (a*d~2*x~2+2*a*xckxd*xx+a*xc” 2+b*xd*x+b*
c) ~(1/2) *a*xb*c+3*Cx1n (1/2% (2%¥a*d~2*x+2%a*xckd+2* (a*xd~2%x~2+2%a*ckd*x+a*xc ™2+
b*d*xx+bxc) ~(1/2) * (a*d~2) ~(1/2) +b*d) / (a*d~2) ~(1/2) ) ¥b~3*d-64C* (a*d~2) ~(1...

output
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Time = 0.11 (sec) , antiderivative size = 532, normalized size of antiderivative = 2.44

input |

Fricas [A] (verification not implemented)

dz

/(A+Bx+0z2) at

3 (8 Ca’bc® + 8 Aa’bd? + 4 Cab*c + Cb® — 2 (4 Ba?bc + Bab*)d)+/alog (2 adz +2ac+ 2 (dz + c)v/ay

(dote)y/=ay/ “dractt

3 (8 Ca®bc?® + 8 Aa*bd? + 4 Cab?*c + Cb® — 2 (4 Ba®bc + Bab*)d)y/—a arctan (

adx+ac+b

>_

integrate ((Cxx~2+Bxx+A) * (a+b/ (d*x+c))~(1/2) ,x, algorithm="fricas")

output

[1/48% (3% (8*C*a~2xb*xc~2 + 8xA*a~2%b*xd~2 + 4*Cxa*xb~2%c + Cxb~3 - 2%(4*B*a~2
xb*c + Bxaxb~2)*d)*sqrt(a)*log(2*axd*x + 2kaxc + 2x(d*x + c)*sqrt(a)*sqrt(
(axd*x + axc + b)/(d*x + c)) + b) + 2x(8*C*xa~3*d"3*x"3 + 8*C*xa~3*c~3 + 24x*
Axa~3*c*d”"2 - 10*%C*a~2*bxc”2 - 3*Ckxaxb~2*c + 2*x(6*%B*a~3*xd~3 + Cka~2xb*d~2)
*Xx72 — 6x(2*xB*a~3*%c”2 - B*a"2*bxc)*d + (24*A*a”~3*d"3 + 6*B*a"2xbxd~2 - (8%
C*a~2xb*c + 3*Ckaxb~2)*d)*x)*sqrt((axd*x + a*c + b)/(d*x + c)))/(a"3*xd"3),
-1/24% (3% (8*C*a~2*b*c~2 + 8*A*a”~2%bxd"2 + 4*C*axb~2*c + C*b~3 - 2% (4*B*a”
2%b*c + B*a*b~2)*d)*sqrt(-a)*arctan((d*x + c)*sqrt(-a)*sqrt((axd*x + axc +
b)/(d*x + c))/(axd*x + a*c + b)) - (8+%C*xa~3*%d"3*x"3 + 8*C*a~3*c~3 + 24*xA*
a~3*%cxd"2 - 10*Cxa~2xb*c~2 - 3*Ckaxb~2xc + 2% (6%B*a~3*d~3 + Cka~2%b*xd~2)*x
"2 - 6*%(2*¥B*a~3%c”2 - Bxa"2*bxc)*d + (24*A*a~3%d"3 + 6%B*a"2xbxd"2 - (8*Cx
a~2xbkxc + 3*Cxa*b~2)*d)*x)*sqrt((a*d*x + a*c + b)/(d*x + c)))/(a~3*d"~3)]
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Sympy [F]
/(A+Bx+C’w2) \/a+ b dz=/\/—ac—i_adijb(A-l-Bx—i-C’xz) dx
c+dx c+dx
inputLintegrate((C*x**2+B*x+A)*(a+b/(d*x+c))**(1/2),x) J
output Llntegral(sqrt((a*c + axd#x + b)/(c + d*x))*(A + Bkx + Ckx#*2), x) J
Maxima [F]
2 b 2 b
(A+ Bz +Cz%) \[a+ dz = | (Cz®+ Bz + A)y/a+ dx
c+dx dr +c
inputLintegrate((C*x‘2+B*x+A)*(a+b/(d*x+c))*(1/2),x, algorithm="maxima") J

Output‘integrate((C*x‘Q + B*x + A)*sqrt(a + b/(d*x + c)), x)

Giac [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 363, normalized size of antiderivative = 1.67

dz

/(A+Bx+0z2) at

4Casgn(dr +c)  4Cd*cd’sgn(dzx + c) — 6 Ba’d*sgn(dz +
d a’dd

(8 Cabc’sgn(dx + ¢) — 8 Ba2bedsgn(dz + c) + 8 Aa’bd?sgn(dx + ¢) + 4 Cab’csgn(dzx + ¢) — 2 Bab?c

- 16

1
=94 Vad?z? + 2 acdz + ac? +bdx+bc(2 (

inputtintegrate((C*x"2+B*x+A)*(a+b/(d*x+c))"(1/2),x, algorithm="giac") J
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1/24*sqrt (a*xd~2*x"2 + 2*akxckd*x + a*c™2 + bxd*x + b*c)* (2% (4*xCxx*sgn(d*x +

c)/d - (4*Cxa~2*c*d"3*sgn(d*x + c) - 6+%B*a~2xd"4*sgn(d*x + c) - Cxa*xb*d~3
xsgn(d*x + c))/(a"2xd"5))*x + (8*C*xa~2*c~2*d"2*sgn(d*x + c) - 12*%B*xa”2*c*d
“3*sgn(d*x + c) + 24xA*a"2xd"4*sgn(d*x + c) - 10*Ckaxbxc*d~2*sgn(d*x + c)
+ 6*Bxaxbxd~3*sgn(d*x + c) - 3*%Cxb~2*d"2*sgn(d*x + c))/(a"2%d"5)) - 1/16%(
8*Cxa~2*%bxc~2*sgn(d*x + c) - 8*Bxa 2*bkcxd*sgn(d*x + c) + 8*A*a~2%b*d 2*sg
n(d*x + c) + 4*Ckaxb~2*c*sgn(d*x + c) - 2*Bxa*b~2xd*sgn(d*x + c) + C*b~3*s
gn(d*x + c))*log(abs(2xa*c*d + 2*(sqrt(axd~2)*x - sqrt(axd™2*x"2 + 2*a*cxd
*x + a*c”2 + bxd*x + b*c))*sqrt(a)*abs(d) + b*d))/(a”(5/2)*d"2*abs(d))

N J

output

Mupad [F(-1)]

Timed out.

w [ b _// b s
/(A+Bm+C’x) a+c+dxd:c— a+c+dx(0x +Bx+A)d:c

Lint((a + b/(c + d*x))~(1/2)*(A + B*x + C*xx~2),x)

| —

input

outpudint((a + b/(c + d*x))"(1/2)*(A + B¥x + C*x72), x) J

Reduce [B] (verification not implemented)

Time = 0.42 (sec) , antiderivative size = 477, normalized size of antiderivative = 2.19

dz

/(A+B:c—|—C’m2) a+c+dx

24+/dx + cvadz + ac + ba*d? — 12v/dzx + cv/adx + ac + ba®bed + 12v/dx + cvadz + ac + ba®b d?z -

(int((C*x‘2+B*x+A)*(a+b/(d*x+c))‘(1/2),X)

N\ J

input
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(24*xsqrt(c + dxx)*sqrt(axc + axd*x + b)*ax*k4xd*x2 - 12xsqrt(c + d*x)*sqrt(
axc + akxd*x + b)*a*x3xbkckd + 12xsqrt(c + d*x)*sqrt(axc + akxd*x + b)*a*x3*
b*d**2xx + 8*sqrt(c + d*x)*sqrt(axc + axd*x + b)*ax*3*c**3 - 8xsqrt(c + dx*
x)*sqrt(axc + akxd*x + b)*a**3*c*k*2*d*x + 8*sqrt(c + d*x)*sqrt(axc + axd*x
+ b)*ax*3kckd**x2*x**2 + 6xsqrt(c + d*x)*sqrt(axc + akxd*x + b)*a**2xb*x2xd
- 10*sqrt(c + d*x)*sqrt(axc + a*d*x + b)*a**2¥bkcx*2 + 2ksqrt(c + d*x)*sqr
t(axc + axd*x + b)*ax*2*bkcxd*x — 3xsqrt(c + d*x)*sqrt(axc + a*d*x + b)*a*
bx*2xc + 24xsqrt(a)*log((sqrt(axc + a*d*x + b) + sqrt(a)*sqrt(c + d*x))/sq
rt (b)) *a**3*b*d**2 - 24x*sqrt(a)*log((sqrt(a*c + axd*x + b) + sqrt(a)*sqrt(
c + d*x))/sqrt(b))*ax*2xb**2*xcxd + 24xsqrt(a)*log((sqrt(axc + axd*x + b) +
sqrt(a)*sqrt(c + d*x))/sqrt(b))*axx2xb*xcx*3 - 6xsqrt(a)*log((sqrt(axc + a
*d*x + b) + sqrt(a)*sqrt(c + d+*x))/sqrt(b))*a*b**3*d + 12xsqrt(a)*log((sqr
t(axc + axd*x + b) + sqrt(a)*sqrt(c + d*x))/sqrt(b))*axb**x2*kcx*2 + 3xsqrt(
a)*log((sqrt(a*c + a*d*x + b) + sqrt(a)*sqrt(c + d*x))/sqrt(b))*bx*3*c)/(2
Axa*x*x3*xd**3)

output




output
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3.9 f A+Bz+Cz? dr

/ b
a+ ct+dx

Optimalresult . ... ... ... ... ... .........
Mathematica [A] (verified) . . . . . .. ... ... ... ...
Rubi [A] (verified) . . . ... ... ... .. ... ...
Maple [B] (verified) . . . . . . ... .. ... ...
Fricas [A] (verification not implemented) . . . . . . . ... ..
Sympy [F] . . . .
Maxima [F] . . . . ... ..
Giac [A] (verification not implemented) . . . . . ... ... ..
Mupad [F(-1)] . . . . .
Reduce [B] (verification not implemented) . . . ... ... ..

Optimal result

Integrand size = 26, antiderivative size = 228

dx

/A+B:c+Cx2

/ b
a+ ct+dx

(56°C + 6ab(2cC — Bd) + 8a?(c*C — Bed + Ad?)) (c+dzx)\/a +

(56C + 12acC — 6aBd)(c + dz)*\/a +

b
. Clc+dzx)3\/a+ prem

b(56%C + 6ab(2cC — Bd) + 8a*(c*C — Bced + Ad?)) arctanh <—

8a7/2d3

1/8% (5xb~24C+6*a*b* (-B*d+2*C*c) +8*a~2* (A*d~2-Bkxc*d+C*xc~2) ) * (d*x+c) * (a+b/ (d
*x+c) )~ (1/2)/a~3/d"3-1/12* (-6*B*xaxd+12*xCxa*xc+5*C*b) * (d*x+c) ~2* (a+b/ (d*x+c)
)~ (1/2)/a"~2/d"3+1/3*Cx (d*x+c) ~3* (a+b/ (d*x+c)) ~(1/2) /a/d~3-1/8*b*x (5xb~2*C+6
*axbx (—Bxd+2*C*c)+8%a~2* (A*d~2-B*c*xd+Cxc~2) ) *arctanh ( (a+b/ (d*x+c) )~ (1/2)/a

~(1/2))/a~(7/2)/d"3




input |

output

CHAPTER 3. LISTING OF INTEGRALS 119

Mathematica [A] (verified)

Time = 0.42 (sec) , antiderivative size = 184, normalized size of antiderivative = 0.81

/A—I—B:c—i—C’x

\/ a+ ct+dx

\/_(c + da) [ Heeteds (1502C + 2ab(13¢C — 9Bd — 5Cdz) + 4a*(2¢*C — cd(3B + 2Cx) + d*(6A + 3B:
24a7/2d3

Integrate[(A + B*x + Cxx~2)/Sart[a + b/(c + d*x)],x]

(Sqrt[al*(c + d*x)*Sqrt[(b + axc + a*d*x)/(c + d*x)]*(15%b~2%C + 2*a*b*(13
*cxC — 9*Bkd - 5kCkd*x) + 4*a”2%(2*xc™2+%C — c*d*(3*B + 2*%C*x) + d~2x(6*A +
3*%B*x + 2%C*xx72))) - 3*b*(5%b~2%C + 6*a*xb*(2*xcxC — Bxd) + 8*a~2*(c”2+C - B
xckd + Axd~2))*ArcTanh[Sqrt[(b + a*c + axd*x)/(c + d*x)]/Sqrt[al]l)/(24x*a"(
7/2)*d"3)

Rubi [A] (verified)

Time = 1.00 (sec) , antiderivative size = 205, normalized size of antiderivative = 0.90,

_ ~ number of rules
7 integrand size = 0.269, Rules

number of steps used = 8, number of rules used =
used = {7268, 2087, 1471, 25, 298, 215, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/A-i—Ba:-l—Cw

\/ a-+ ct+dx

l 7268

2 2),2
(c+dz)? (Cb2 (2e0—Bay? , (Cc?—BdetAad?)b

ct+dz + (ctdx)? >
2bf be d\/ a+ c—l—dw

d3
l2%7
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(c+da)* ((Cc2—Bdc+Ad2)a2+b(2cC—Bd)a+ (Ce*—Bde+Ad?) (a+ 3t ) * 1520 (b(2¢C—Bd)+2a(Cc>—Bdc+ Ad2)) (a+ ) )

% [ -
_ -

l 1471

[

(c+dx)3 (6(002—Bdc+Ad2>a2+6b(2cC—Bd)a—6(Cc2—Bdc+Ad2) (a+ c_'_bdm)a+5b2c) : -
dy/a+-—— C(c+dz)3,/a+
b3 ct+dx ctdx
- 6ab

2b| — 6a

- )

l 25

(c+dax)3 (s (Cc2 —Bdc+Ad2) a? +6b(2oC—Bd)a—6(cc2—Bdc+Ad2) (a+ Cfdz )a+5b2 c) z -
dy/a+- C(c+dz)3,/a+
+dx c+dx

_ 3
6ab

2b o

_ -
l 298

2
2 2 2 2 - (ctdz) / b 2/ b
3(8a“(Ad“—Bcd+c“C)+6ab(2cC—Bd)+5b“C) [ di/a+-—749- (ct+dz) a+-—72—(—6aBd+12acC+5bC)
( ( ) ) b2 ctdz + ct+dz C(c+dz)3 [a+ c+bd:1:

4a 4ab _
6ab

2b o

_ -
l 215

3(8a2 (Ad2—Bcd+c20) +6ab(2cC—Bd)+5bQC) ( /-

C-’;d:l? d \/ at c-ﬁ-bdz (e+dz) \/ at c-ﬁ—bdz
2a - 2ab
4a

2b a

(c+dm)2,/a+ b (—6aBd+12acC+5bC)
+ ct+dx C(C—I—

4ab —

l 219
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b
a+
arctanh ctde
Va (c+d:c),/a+c+%
3 372 - L (8a2 (Ad2—Bcd+c2C) +6ab(2cC—Bd)+5b20)
a
(c+da:)2,/a+c+%(—6aBd+12acC+5bC)
2b 4a 5 + 4ab
a

d3

input‘ Int[(A + Bxx + C*XAQ)/Sqrt [a + b/(c + d*x)],x]

(-2xb* (-1/6%(C*(c + d*x)~3xSqrt[a + b/(c + d*x)])/(axb) + (((5x¥b*C + 12*ax
c*C - 6*a*B*xd)*(c + d*x)~2xSqrt[a + b/(c + d*x)])/(4*axb) + (3*x(5*¥b~2xC +
6*axb* (2*c*C - Bxd) + 8%a~2x(c”2xC — Bkcxd + A*d~2))*(-1/2*x((c + d*x)*Sqrt
[a + b/(c + d*x)])/(a*b) + ArcTanh[Sqrt[a + b/(c + d*x)]/Sqrt[all/(2*a~(3/
2))))/(4*xa))/(6%a)))/d~3

output

Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

215‘ Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"2)"(p + 1)
‘/(2*a*(p + 1)), x] + Simp[(2*p + 3)/(2*xax(p + 1)) Int[(a + b*x"2)"(p + 1
‘), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4*p] || IntegerQ[6
*p])

rule

rule 919 IntL((@) + (b_)*(x)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 21*Rt[-b, 21))*
\ArcTanh[Rt[—b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |1 Ltalb, 01)
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rule 298 Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[(-(
b*c - axd))*x*((a + b*x"2)"(p + 1)/(2%a*bx(p + 1))), x] - Simp[(a*d - b*c*(
2%p + 3))/(2*axbx(p + 1)) Int[(a + b*x~2)~(p + 1), x], x] /; FreeQ[{a, b,
c, d, p}, x] && NeQ[bxc - axd, 0] && (LtQ[p, -11 || ILtQ[1/2 + p, 01)

rule 1471 Int[((d_) + (e_.)*(x_)"2) (g )*((a)) + (b_)*(x_)"2 + (c_)*(x_)"4)"(p_.),
x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x"2 + c*x"4)7p, d + e*xx"2
» x], R = Coeff[PolynomialRemainder[(a + b*x"2 + c*x"4)"p, d + e*x"2, x], X
, 01}, Simp[(-R)*x*((d + e*x72)"(q + 1)/(2%d*(q + 1))), x] + Simp[1/(2*d*(q
+ 1)) Int[(d + exx"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + Rx(2xq + 3),
x], x1, x11 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~
2 - b*d*e + axe”2, 0] && IGtQ[p, 0] && LtQ[q, -1]

rule 2087 IntLu_)~(q_)*(v_)~(p_.), x_Symbol] :> Int[ExpandToSum[u, x] q*ExpandToSum
[v, x17p, x] /; FreeQ[{p, g}, x] && BinomialQ[u, x] && TrinomialQ[v, x] &&
! (BinomialMatchQ[u, x] && TrinomialMatchQ[v, x])

rule 7268 Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfQuotientOfLinears
[u, x]}, Simp[1lst[[2]]1*1st[[4]] Subst[Int[1lst[[1]], x], x, 1st[[3]1]1~(1/1s
t[[2]11)], x] /; !'FalseQ[lst]]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1222 vs. 2(208) = 416.

Time = 0.24 (sec) , antiderivative size = 1223, normalized size of antiderivative = 5.36

method | result size

default | Expression too large to display | 1223

s

Lint((C*x“2+B*x+A)/(a+b/(d*x+c))‘(1/2),x,method=_RETURNVERBOSE)

~—

input
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1/48* ((a*d*x+a*c+b) / (d*x+c)) ™ (1/2) * (d*x+c) /a~3/d~3* (-24*A*1n (1/2* (2*xa*xd ™~ 2x*
x+2*axckd+2* ((a*d*x+a*c+b) * (d*x+c) ) ~(1/2) *(a*xd™2) ~(1/2)+b*d) / (a*xd~2) ~(1/2)
) *a”~2xb*d~3+24*B* (a*d~2) " (1/2) * (a*xd”~2*x~2+2*a*c*d*x+a*c”2+bxd*x+b*xc) ~(1/2)
*a " 2xd " 2xx+24*B*x1n (1/2% (2*a*d~2*x+2*xaxcxd+2* ((a*xd*x+a*c+b) * (d*x+c) ) ~(1/2) *
(a*d~2) " (1/2)+b*d) / (a*xd~2) ~(1/2) ) *a~2*bxc*xd~2-48*C* (a*d~2) ~ (1/2) * (a*d~2*x~
2+2*a*xckxd*x+axc”2+bxd*xx+bkxc) " (1/2) *a~2*c*xd*x—24*Cx1n (1/2% (2%a*d ™ 2*x+2*a*c*
d+2* ((a*d*x+a*xc+b) * (d*x+c)) ~(1/2) *(a*d~2) ~ (1/2) +b*d) / (a*d~2) ~(1/2) ) *a~2xb*
c™2xd+48xAx ((axd*xx+a*c+b) * (d*x+c) ) ~(1/2) *(a*xd”2) ~(1/2) *a~2*d~2-48*Bx* ( (a*xdx*
x+axc+b) ¥ (d*x+c)) " (1/2) *(a*d~2) " (1/2) ¥a~2*c*d+24*Bx (a*xd~2) ~(1/2) * (a*d~2*x"
2+2*axckdxx+akc 2+bxd*x+b*c) " (1/2) *a~2xc*d—6*B*1n (1/2% (2xa*d ™~ 2*x+2*a*xcxd+2
* (axd~24x"2+2*a*ckdkx+akxc 2+bxdxx+b*c) " (1/2) * (a*xd~2) ~(1/2) +b*d) / (a*d~2) ~ (1
/2) ) *a*b~2xd"2+24*B*1n (1/2* (2*xa*xd~2*x+2*a*ckd+2* ((a*d*x+a*xc+b) *x (d*x+c)) ~ (1
/2)*(a*d~2) "~ (1/2)+b*xd) / (a*d~2) " (1/2) ) *a*b~2*xd~2+48*C* ( (a*d*x+a*c+b) * (d*x+c
))"(1/2) % (a*d™2) " (1/2) *a~2xc~2-48*C* (a*xd"2) ~ (1/2) * (a*d~2*x~2+2*a*ckd*x+a*c
~2+bxd*x+b*xc) " (1/2) *a"2%c"2-36*C* (a*d~2) ~ (1/2) * (a*d~2*x~2+2*a*c*d*x+axc”™ 2+
bxd*x+b*c) ~(1/2) *axb*xd*x+12%Cx1n (1/2* (2*a*xd~2*x+2*a*c*d+2* (a*d~2*x~2+2*a*c
*dxx+a*xc”2+b*d*x+b*c) ~(1/2)*(a*d~2) " (1/2) +b*d) / (a*d~2) " (1/2) ) *a*b~2*c*d-48
*Cx1n (1/2% (2%a*xd~2*x+2*%a*cxd+2* ((axd*x+axc+b) * (dxx+c) )~ (1/2)*(a*xd~2) ~(1/2)
+b*d) / (a*d~2) = (1/2) ) ¥a*b~2*c*d-48*B* ((a*xd*x+axc+b) * (d*x+c)) ~(1/2)*(a*d~2)~
(1/2) *a*b*xd+12*B* (a*xd~2) ~ (1/2) * (a*d~2*x~2+2*a*ckxd*x+a*xc™2+b*d*x+bxc) ~(1...

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 535, normalized size of antiderivative = 2.35

dx

(/A+Bx+0ﬁ
\/ a+ c—i—bd:c

3 (8 Ca?bc? + 8 Aa*bd? + 12 Cab*c + 5 Cb® — 2 (4 Babc + 3 Bab?)d)+/alog (2 adr + 2ac — 2 (dz + c)

’ integrate ((C*x~2+Bxx+A) / (a+b/(d*x+c))~(1/2) ,x, algorithm="fricas")

input




output

input

output

input

output
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[1/48% (3% (8*C*a~2xbxc™2 + 8xA*xa~2*b*d~2 + 12xCka*b~2%c + 5*C*b~3 - 2% (4*Bx*
a~2xb*c + 3xBxa*b~2)*d)*sqrt(a)*log(2xa*xd*x + 2¥a*c - 2x(d*x + c)*sqrt(a)*
sqrt((axd*x + a*xc + b)/(d*x + c)) + b) + 2% (8*Cxa~3*xd"3*x"3 + 8*C*a~3*c”3
+ 24xA*a~3xckd"2 + 26+Cxa”~2%bxc”2 + 15%C*axb~2+c + 2% (6*xB*a~3*xd"3 - 5*C*a”
2xb*d~2) *x"2 - 6% (2*B*a~3*%c~2 + 3*B*a"2*bxc)*d + (24*A*a~3*d"3 - 18xB*a~2#
b*d~2 + (16*C*a”2xb*c + 15*Cxa*b~2)*d)*x)*sqrt((a*d*x + a*c + b)/(d*x + c)
))/(a"4*xd”~3), 1/24*%(3x(8*%C*a”~2%bxc~2 + 8kA*a~2*%b*d"~2 + 12*Ckaxb~2xc + 5*Cxk
b~3 - 2%(4*B*a~2xbxc + 3*Bxaxb~2)*d)*sqrt(-a)*arctan((d*x + c)*sqrt(-a)*sq
rt((a*xd*x + axc + b)/(d*x + c))/(a*xd*x + axc + b)) + (8*Cxa~3xd"~3*x"3 + 8%
Cxa~3*c™3 + 24*A*a”3%c*d"2 + 26xCxa”2xbxc™2 + 15*Cka*b~2*c + 2% (6%Bxa~3%d"
3 - BkC*ka~2*b*d"2)*x"2 - 6% (2*B*a~3*c”2 + 3*Bxa~2xbxc)*d + (24*A*a”3*%d"3 -

18xB*a~2*bxd"2 + (16%C*a”~2*bxc + 15*C*axb~2)*d)*x)*sqrt((a*d*x + a*c + b)
/(d*x + ¢)))/(a~4*d~3)]

Sympy [F]

A+ Bx+ Cx? A+ Bx+ Cx?
dr = dx

/ b / act+adz+b
a-+ ct+dzx ct+dx

integrate ((Ckx**2+B*x+A) / (a+b/ (d*x+c) ) **(1/2) ,x)

N

LIntegral((A + Bxx + Cxx**2)/sqrt((axc + axd*x + b)/(c + d*x)), x)

Maxima [F]

A+ Bz + Czx? Cx?+Bzx+ A
dzr = dxr

/ b / b
a-+ ct+dx a+ dx+c

Lintegrate((C*x‘2+B*x+A)/(a+b/(d*x+c))‘(1/2),x, algorithm="maxima")

Lintegrate((C*x”2 + Bxx + A)/sqrt(a + b/(d*x + ¢)), x)




input

output
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Giac [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 341, normalized size of antiderivative = 1.50

dx

/A+Bcc+0a:2

/ b
a+ ct+dx

1
=ﬂ\/ad2x2+2acdw+ac2+bd:c+bc(2x(

4Cx _ 4Cd’cd’sgn(dz + c) — 6 Ba’d*sgn(dz +
adsgn (dz + ¢) add®
(8 Cabc* — 8 Ba*bed + 8 Aa*bd? + 12 Cab*c — 6 Bab’d + 5 Cb?) log (’2 acd + 2 ( ad?z — v ad2x? +
16 azd?|d|sgn (dz + c)

_|_

Lintegrate((C*x“2+B*x+A)/(a+b/(d*x+c))‘(1/2),x, algorithm="giac") J

e N

1/24*sqrt (a*d™2%x"2 + 2%a*c*d*x + a*c™2 + b*d*x + b*c)*(2*x*(4*xCxx/(a*d*sg
n(d*x + c)) - (4*Cxa~2*c*d"3*sgn(d*x + c) - 6+B*a~2xd"4*sgn(d*x + c) + 5xC
*axbxd~3*sgn(d*x + c))/(a"3*%d"5)) + (8xCxa~2xc~2*d"2*sgn(d*x + c) - 12*Bxa
~2%cxd"3*sgn(d*x + c) + 24*A¥xa~2*d"4*sgn(d*x + c) + 26xCkaxbxc*d 2*sgn(d*x
+ c) - 18*B¥axb*d~3*sgn(d*x + c) + 15%Cxb~2xd"2*sgn(d*x + c))/(a~3xd"5))
+ 1/16%(8xC*a~2%bxc™2 — 8*Bxa~2%bkcxd + 8kA*a~2%b*d~2 + 12xCxa*b~2xc - 6*B
*a*xb~2*d + 5*C*b~3)*log(abs(2*axc*xd + 2x(sqrt(axd~2)*x - sqrt(a*d™2xx"2 +
2xaxc*d*x + a*xc”2 + bxd*x + bxc))*sqrt(a)*abs(d) + bxd))/(a”(7/2)*d"2*abs (
d)*sgn(d*x + c))

Mupad [F(-1)]

Timed out.
A+ Bz + Cz? Cz?+Bz+ A
. dr = - dx
V at ctdz V a+ ctdx
inputtint((A + Bxx + C*x~2)/(a + b/(c + d*x))~(1/2),x%) J

output

e hY

int ((A + B*x + C*x~2)/(a + b/(c + d*x))~(1/2), x)

N\ J
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Reduce [B] (verification not implemented)

Time = 0.44 (sec) , antiderivative size = 477, normalized size of antiderivative = 2.09

dx

K/A+Bw+0ﬁ

/ b
a+ ct+dx

24+/dz + cvadx + ac + ba*d? — 12v/dz + cVadz + ac + babed + 12v/dz + ¢ vadx + ac + ba®b d’x -

-

inputLint((C*x‘2+B*x+A)/(a+b/(d*x+c))*(1/2),x) ]

(24*sqrt(c + d*x)*sqrt(axc + a*d*x + b)*ax*x4xd**2 — 12xsqrt(c + d*x)*sqrt(
axc + axd*x + b)*a*x*3*bkckxd + 12xsqrt(c + d*x)*sqrt(akxc + axd*x + b)*a**3x*
bxd*x2xx + 8*sqrt(c + d*x)*sqrt(axc + axdxx + b)*a*x3xc*x3 - 8*sqrt(c + d*
x)*sqrt(axc + a*d*x + b)*axx3xck*x2xd*x + 8+sqrt(c + d*x)*sqrt(akxc + axd*x

+ b)*xax*k3xckd*x2+x*k*2 - 18*sqrt(c + d*x)*sqrt(a*c + axd*x + b)*ax*2xbx*k2xd
+ 26*sqrt(c + d#x)*sqrt(akxc + axd*x + b)*ax*2xbkcx*2 — 10*sqrt(c + d*x)*s
grt(a*xc + axd*x + b)*ax*2xbxc*d*x + 15*sqrt(c + d*x)*sqrt(a*c + a*d*x + b)
*xaxb*x2%c - 24*sqrt(a)*log((sqrt(a*c + a*d*x + b) + sqrt(a)*sqrt(c + d*x))
/sqrt (b)) *ax*3xbxd**2 + 24x*sqrt(a)*log((sqrt(a*c + a*d*x + b) + sqrt(a)*sq
rt(c + d*x))/sqrt(b))*a*x*2*¥b**2*xcxd — 24xsqrt(a)*log((sqrt(a*c + axd*x + b
) + sqrt(a)*sqrt(c + d*x))/sqrt(b))*a**x2*b*xc**3 + 18*sqrt(a)*log((sqrt(axc
+ axd*x + b) + sqrt(a)*sqrt(c + d*x))/sqrt(b))*a*xb**3*d - 36*sqrt(a)*log(
(sqrt(axc + axd*x + b) + sqrt(a)*sqrt(c + d*x))/sqrt(b))*a*xbx*2xc**2 - 15%
sqrt(a)*log((sqrt(a*c + a*d*x + b) + sqrt(a)*sqrt(c + d*x))/sqrt(b))*bx*3*
c)/ (24*a**4xd**3)

output
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3.10 [(A+ Bz +C2?) (a+ %) dzx

ct+dx
Optimal result . . . . . . . . . . . . e 127
Mathematica [F] . . . . . . . . . . . 128]
Rubi [A] (verified) . . . .. . . ... .. 128
Maple [F] . . . . 130
Fricas [F] . . . . . . o 130
Sympy [F] . . o o 130
Maxima [F] . . . . . .. 131
Giac [F(-2)] . . .« o o e 131
Mupad [F(-1)] . . . oo 131
Reduce [F] . . . . . 132

Optimal result

Integrand size = 24, antiderivative size = 188

p
/(A—|—Ba:+Cm2) <a—|— b ) dz
c+dx

(a(6cC — 3Bd) 4+ bC(2 — p))(c + dz)? (a + =)' , Clet dz)? (a+ =t-)'"?

— c+dx ct+dx
6a2d3 3ad3
b(6a?(c*C — Bed + Ad?) + b(a(6¢cC — 3Bd) + bC(2 — p))(1 — p)) (a + cfdx)Hp Hypergeometric2F1
B 6atd3(1 + p)

e B

-1/6%* (a* (-3*%B*d+6*Cxc) +b*C* (2-p) ) * (d*x+c) “2* (a+b/ (d*x+c) )~ (p+1) /a~2/d"3+1/
| 3%Cx (d*x+c) 3% (a+b/ (d¥x+c) ) ~(p+1) /a/d~3-1/6xb* (6%a~2% (A*d~2-Bcxd+Ckc™2)+b |
\*(a*(—S*B*d+6*C*c)+b*C*(2—p))*(1—p))*(a+b/(d*x+c))‘(p+1)*hypergeom([2, p+i

1, [2+4p],1+0/a/ (a¥x+<)) /24/d73/ (p+1) )

output
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Mathematica [F]

p p
/(A+Bx+Ca:2) a—+ b da:z/(A+Ba:+Cx2) a+ b dz
c+dx c+dzx

input LIntegrate[(A + Bxx + Cxx~2)*(a + b/(c + d*x)) p,x] J

output LIntegrate[(A + Bxx + Cxx"2)*(a + b/(c + d*x))7p, x]

Rubi [A] (verified)

Time = 1.33 (sec) , antiderivative size = 310, normalized size of antiderivative = 1.65,

number of rules _
integrand size 0.083, Rules

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

b p
2
/(A—I—Ba:-l—C’z)(a—i—c_i_dm) dz

l 7293

b p b p 9 b p
A _ B _
/( <a+c+da:> + x<a+c+dw> + Cx <a+c+dx> >dm

l 2009
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p \PTL . b
bBﬂm+me)+®<a+aE9 Hnm%%mﬁmﬁm(ZP+Lp+Zdﬁmy+0
2a3d%(p+1)

b p+1 . b
Ab(a + 7c+dw> Hypergeometric2F'1 (2,p +1L,p+2, stam T 1) B
a’d(p+1)
P+l
C(c+ dx)*(6ac + b(2 — p)) (a + ﬁ)
6a2d?
2.2 b _\P* i b
bC@ac+ﬁﬂ—pch+ﬂ2—M»(a+a@J Hnmmwmamﬂﬂ(lp+Lp+Zaaﬁy+0
6a'd’(p + 1)
p+1 p+1
B(c + d)? (a + C+bdz) N C(c+ dx)? (a+ Cfdm)
2ad? 3ad3

+

-

LInt[(A + Bxx + Cxx"2)*(a + b/(c + d*x))"p,x]

-/

input

(Bx(c + d*x)"2x(a + b/(c + d*x))~(1 + p))/(2*a*d"2) - (Cx(6xa*c + b*x(2 - p
))*(c + d*x)"2%(a + b/(c + d*x))~(1 + p))/(6%a~2xd"3) + (Cx(c + d*x)~3*(a

+ b/(c + d*x))~(1 + p))/(3*xaxd”3) - (Axb*(a + b/(c + d*x))~(1 + p)+*Hyperge
ometric2F1[2, 1 + p, 2 + p, 1 + b/(ax(c + d*x))])/(a"2*d*(1 + p)) - (b*Cx(
6*xa”~2xc”2 + b*x(6xa*c + b*(2 - p))*(1 - p))*(a + b/(c + d*x))~(1 + p)*Hyper
geometric2F1[2, 1 + p, 2 + p, 1 + b/(a*x(c + d*x))])/(6*a~4*d~3x(1 + p)) +

(b*B*(b + 2*axc - b*p)*(a + b/(c + d*x))~ (1 + p)*Hypergeometric2F1[2, 1 +

P, 2 +p, 1+ b/(ax(c + d*x))]1)/(2*xa~3*d"2*%(1 + p))

output

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 7293111113 [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
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Maple [F]

b p
2
/(C’w —|—B:I7—|—A) (a+dx+c) dz

input Lint ((Cxx~2+B*x+A) * (a+b/ (d*x+c) ) “p,x)

output Lint ((Cxx~2+B*x+A) * (a+b/ (d*x+c)) "p,x)

Fricas [F]

P
/(A+Bx+0x2) (a+L> dx:/(0x2+Bx+A)<a+ b
c+dx T

p
)dac

input

Lintegrate ((Cxx~2+B*x+A) * (at+b/ (d*x+c)) "p,x, algorithm="fricas")

output

Lintegral((C*x'Q + B*x + A)*((axd*x + axc + b)/(d*x + c))”p, x)

Sympy [F]

p p
/(A+Bw+Ca:2) (H%) dx:/(w) (A+ Bz + Cz?) dz

+dzx c+dx

input ‘ integrate ((C*x**2+B*x+A)* (a+b/ (d*x+c) ) **p,x)

output k

Integral(((a*c + axd*x + b)/(c + d*x))**px(A + B¥x + Cxx**2), x)




CHAPTER 3. LISTING OF INTEGRALS 131

Maxima [F|

p p
/(A+Ba:+Ca:2) a—+ b dx:/(Ca:2+Ba:+A) a+ b dz
c+dx dr+c

input Lintegrate ((Cxx~2+B*x+A) * (a+b/ (d*x+c)) "p,x, algorithm="maxima") J

outputtintegrate((C*x’? + B*xx + A)*(a + b/(d*x + c))7p, x) J

Giac [F(-2)]

Exception generated.

P
/ (A + Bz + C’x2) (a + . _:) dx) dzr = Exception raised: RuntimeError

input Lintegrate ((Cxx~2+B*x+A) * (a+b/ (d*x+c)) "p,x, algorithm="giac") J

‘Exception raised: RuntimeError >> an error occurred running a Giac command ‘
‘ : INPUT : sage20UTPUT : Unable to divide, perhaps due to rounding error%%i{-1,[ ‘
‘0,1,1,0] WhhY / %hh%{1,[0,0,0,11%%%} Error: Bad Argument Value ‘

output

Mupad [F(-1)]

Timed out.

p p
/(A+B:v—|—C’m2) <a+c—|—bdx) dm:/(a+c+bdx) (C’z2—|—Baz+A) dz

input Lint((a + b/(c + d*x)) px(A + B*x + C*xx~2),x) J

output Lint((a + b/(c + d*x))“p*(A + B*x + C*x~2), x) J
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Reduce [F]
/XA+Bx+Cﬁ)a+ /‘Mw+w+b(h a
c+dx dz + ¢)?
P2
( adxﬁ-ac+—® dx)c
(dz +c)”
+ ( adx“‘”b) dac> b
(dz +c)”

input‘int((C*x“2+B*x+A)*(a+b/(d*x+c))~P’x)

‘int((a*c + axd*x + b)*xp/(c + d¥x)*xp,x)*a + int(((axc + axd*x + b)*rprxk*

output
‘2)/(c + d*x)**p,x)*c + int(((a*c + akd*x + b)**pxx)/(c + d*x)**p,x)*b
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3.11

Optimal result . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . .. ...
Rubi [A] (verified) . . . . . . . . . .
Maple [C] (verified) . . . . . . . . . ..

Fricas [F(-1)]

Sympy [A] (verification not implemented) . . ... ... ... ... ... ....

Maxima [F]
Giac [F] . .

Mupad [B] (verification not implemented) . . .. ... ... ... ... .....

Reduce [F]



output
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Optimal result

Integrand size = 24, antiderivative size = 490

4
b(l — ,’I,'2) 4\/& \4/& _ %b3/8

\/\/m — %arctan ( L ﬁ+ﬁ+%ﬁ%z)
+

arctan (i)
/ 1-2® J Va-vb

VVVarvi- Vb

4v/2y/a\/\/a + /bb3/8

Z _ b arctan \/\/\/a+\/5+‘\1/l_)+\/§§/_z
_\/\/\/_+\/5 Vbarct ( Wm—%

4v/2+/ar/\/a + \/bb3/8
arctanh %
B  Ya+ Vb

4v/ar\/ a + Vbb3/8

¢m+%mnh(ﬁwﬁ+ﬁ+%%)
+

\/Va+vb+ Vba2

432 /ay/ va + Ve

1/4*arctan(b”(1/8)*x/(a~(1/4)-b~(1/4))~(1/2))/a~(1/2)/(a~(1/4)-b~(1/4))~ (1
/2) /7 (3/8)+1/8%((a~(1/2)+b~(1/2))~(1/2)-b~(1/4)) " (1/2)*arctan((((a~(1/2)+
b~ (1/2))7(1/2)+b~(1/4))~(1/2)-27(1/2)*b~(1/8) *x) / ((a~(1/2)+b~(1/2))~(1/2) -
b~(1/4))~(1/2))*27(1/2)/a~(1/2)/(a~(1/2)+b~(1/2))~(1/2) /b~ (3/8)-1/8*((a~ (1
/2)+b~(1/2))~(1/2)-b~(1/4))~(1/2) *arctan ((((a~(1/2)+b~(1/2))~(1/2)+b~(1/4)
)~ (1/2)+27(1/2)*b~ (1/8) *x) / ((a~(1/2)+b~(1/2))~(1/2)-b~(1/4)) = (1/2) ) *2~(1/2
)/a~(1/2)/(a~(1/2)+b~(1/2))~(1/2) /b~ (3/8)-1/4*arctanh (b~ (1/8) *x/(a~ (1/4)+b
~(1/4))"(1/2))/a~(1/2)/(a~(1/4)+b~(1/4))~(1/2) /v~ (3/8)+1/8* ((a~ (1/2)+b~ (1/
2))~(1/2)+b~(1/4))~(1/2)*arctanh (27 (1/2)*((a~(1/2)+b~(1/2))~(1/2)+b~(1/4))
~(1/2)*b~(1/8)*x/ ((a~(1/2)+b~(1/2))~(1/2)+b~ (1/4)*x~2))*2~(1/2) /a~(1/2) /(a
~(1/2)+b7(1/2))7(1/2) /b~ (3/8)
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.04 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.13

2
/ l1—2 do
a—>b(1l—z?)

_ 2 4 6 _ 7118 log(z—#1)
RootSum {a b+ 4b#1° — 6b#1" + 4b#1° — b#1°&, #1_2#13+#15&

8b

input‘ Integrate[(1 - x72)/(a - bx(1 - x72)74),x]

‘RootSum[a - b + 4%b*#172 - 6%b*#174 + 4*b*#176 - b*#17°8 & , Loglx - #11/(#

output
\1 - 2%#1°3 + #1°5) & 1/(8%b)

Rubi [A] (verified)

Time = 1.96 (sec) , antiderivative size = 611, normalized size of antiderivative = 1.25,

number of rules _
integrand size 0.083, Rules

number of steps used = 2, number of rules used = 2,
used = {7291, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
.2
[
a—>b(l—=x?)

l 7291

/ vb(1 - 2?) N vb(1 - 2?) s
2va(vavb—b(1-22?)  2va(vavb+b(1-2?))

l 2009
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arctan &
v Ya-Vb VA/VE+V%—%/5
4/ab/8\[ fa — Vb 4V/32\/ab¥/3\ [ \/a + Vb

\/ v va+ b~ Vbarctan ( oo Ve VZ) arctanh <%w >

Woa- b ) Varvh)
NN 1yab/sy Va+ Vo
\/\/er Vblog (—\/i%x\/\/er Vb + \/m+ %yﬂ)
aya s v 1 b
V/V/V&iﬁ-\/54-<yglog (\/ﬁfy&r\/\/yﬁi4-\/54-<VE+-\/;ﬂ54-\/54-<V5x2>

8v/2y/ab3/8\//a + v/b

\/\/m — %arctan ( Y Varvbt %ﬂ%x)
_|_

+

input‘ Int[(1 - x°2)/(a - bx(1 - x~2)"~4),x]

ArcTan[(b~(1/8)*x)/Sqrt[a”(1/4) - b~(1/4)11/(4*Sqrt[al*Sqrt[a~(1/4) - b~ (1
/4)1%b~(3/8)) + (Sqrt[Sqrt[Sqrtl[al + Sqrt[bl] - b~(1/4)]1*ArcTan[(Sqrt[Sqrt
[Sqrt[a] + Sqrt[b]] + b~(1/4)] - Sqrt[2]*b~(1/8)*x)/Sqrt[Sqrt[Sqrt[a] + Sq
rt[bl] - b7(1/4)11)/(4xSqrt[2] *Sqrt [a]l*Sqrt [Sqrt[a] + Sqrt[b]]1*b~(3/8)) -

(Sqrt[Sqrt[Sqrt[a] + Sqrtl[bl] - b~(1/4)]*ArcTan[(Sqrt[Sqrt[Sqrt[al + Sqrt[
bl]l + b~(1/4)] + Sqrt[2]*b~(1/8)*x)/Sqrt[Sqrt[Sqrt[al + Sqrt[bl] - b~(1/4)
11)/(4xSqrt [2]1 *Sqrt [a]l *Sqrt [Sqrt[a] + Sqrt[b]]1*b~(3/8)) - ArcTanh[(b~(1/8)
*x) /Sqrt[a~(1/4) + b~(1/4)11/(4%Sqrt[a]l*Sqrt[a~(1/4) + b~(1/4)]1*b~(3/8)) -

(Sqrt [Sqrt[Sqrt[a] + Sqrt[bl] + b~(1/4)]*Log[Sqrt[Sqrt[al + Sqrt[b]l] - Sq
rt [2]*Sqrt [Sqrt [Sqrt[a] + Sqrt[bl] + b~ (1/4)]*b~(1/8)*x + b~(1/4)*x~2])/(8
*Sqrt [2] *Sqrt [a] *Sqrt [Sqrt[a] + Sqrt[b]l]1*b~(3/8)) + (Sqrt[Sqrt[Sqrtl[al + S
qrt[b]] + b~(1/4)]1*Log[Sqrt[Sqrt[a] + Sqrt[b]l] + Sqrt[2]*Sqrt[Sqrt[Sqrt[al
+ Sqrt[b]] + b~(1/4)]1*b~(1/8)*x + b~ (1/4)*x~2])/(8*Sqrt [2]*Sqrt [a] *Sqrt [S
grt[al + Sqrt[b]]1*b~(3/8))

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7291 ‘ Int[(v))/((a)) + (b_.)*(u_)"(n_.)), x_Symbol] :> Int[ExpandIntegrand[Polyno ‘
‘mialInSubst[v, u, x]/(a + b*xx™n), x] /. x -> u, x] /; FreeQ[{a, b}, x] && I
‘GtQ[n, 0] && PolynomialInQ[v, u, xI]

Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.28 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.14

method | result size
> (—_RZ-H) In (a:—_R)
7 = o
default _R:ROOtOf(b_ZS_4_Zeb+6b_Z4_4b_8§2_a+b) R K Ko R 71
> <—_R2+1> In (z—_R)
risch _R:RootOf(b_Z8—4_Z6b+6b_Z4—4b_8i2—a+b) *_R7+3_R573_R3+_R -

inputt

int ((-x~2+1)/(a-b*(-x"2+1) ~4) ,x,method=_RETURNVERBOSE)

outpu

t}1/8/b*sum((-_R*2+1)/(—_R*7+3*_R*5-3*_R*3+_R)*1n(x—_R),_R=Root0f(_z*8*b-4*_
‘Z‘6*b+6*_Z‘4*b—4*_Z‘2*b—a+b))

Fricas [F(-1)]

Timed out.

1—22

I

b(1—22)

7 dz = Timed out

input t

integrate((-x~2+1)/(a-b*(-x"2+1)"4) ,x, algorithm="fricas")




CHAPTER 3. LISTING OF INTEGRALS 138

Output‘Timed out

Sympy [A] (verification not implemented)

Time = 2.18 (sec) , antiderivative size = 131, normalized size of antiderivative = 0.27

1— 2
y/“ ad 7 dz
a—>b(1l—z?)

=RootSum (¢* - (16777216a°b* — 16777216a"b*) + 1048576t°a’b® — 24576t*a’s” + 256t%ab — 1, (¢ — tlo

input Lintegrate((-x**2+1)/(a—b*(-x**2+1)**4) ,X) J

RootSum (_t**8* (16777216*ax*x5xbx*3 — 16777216*a**4xbxx4) + 1048576%_t**6*a*
*3%b**3 — 24576%_tx*k4dxax*2xb**2 + 256%_t**2%axb - 1, Lambda(_t, _t*log(-62
91456%_t*xT*ax*4dxb**x3 + 6291456% _tx*k7xa*x*3xb*x4d — 65536%_t**5kaxk3*xbk*2 —
327680% _txk5xa**x2kb**3 — 512k tixk3ka*x*x2kb + 5632%_t**3kaxb**x2 - 32%_t*b +

output

x)))
Maxima [F]
[ et
input Lintegrate ((-x~2+1)/(a-b*(-x"2+1)"4) ,x, algorithm="maxima") J

Outputtintegrate((x“Q - 1)/((x"2 - 1)"4*b - a), x) J
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Giac [F]

2 2 _
[ o= [ e
a—>b(1l—z?) (z2—1)"b—a

Lintegrate((-x”2+1)/(a-b*(-x“2+1)“4),x, algorithm="giac")

| —

input

outputtintegrate((x‘Q - 1)/((x™2 - 1)~4%b - a), x) J

Mupad [B] (verification not implemented)

Time = 10.24 (sec) , antiderivative size = 329, normalized size of antiderivative = 0.67

2
/ l1—2 do
a—>b(1l—z?)

8
=Y I (—a b° (root (16777216 a® b* 2° — 16777216 a* b* 2° + 1048576 a® b* 2° — 24576 a” b* 2* + 256 a b 2
k=1

—1) (root(16777216 AP bP 25 — 16777216 a2 b 2° + 1048576 a® b® 25 — 24576 a2 b2 2% + 256 abz2 — 1,2
—100t (16777216 a° b* 2° — 16777216 a* b* 2° + 1048576 a® b° 2° — 24576 a® b* 2* + 256 ab2® — 1, 2, k)2¢
—ro0t (16777216 a° b* 2® — 16777216 a* b* 2° + 1048576 a® b* 2° — 24576 a® b° 2* + 256 a b 2® — 1, 2, k)5<
+1) ) root (16777216 a° b 2° — 16777216 6 b* 2° + 1048576 a” " 2° — 24576 0 b° 2*

+256ab2z® — 1,2, k)

input Lint(—(x‘2 - 1)/(a - b*(x"2 - 1)74),x) J
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symsum(log(-axb~5* (64*root (16777216%a"5xb~3%z"8 - 16777216%a"4xb~4%z"8 + 1
048576*a~3%b"3*z"6 - 24576%a"2*b~2%z"4 + 256%a*b*z”2 - 1, z, k) 2xa*b - 1)
* (4096*root (16777216*a~5*%b~3*%z"8 - 16777216*a"4*b"4*xz"8 + 1048576+*a”3*b~3*
276 - 24576%a”2*%b"2%z"4 + 256%a*b*z”2 - 1, z, k)“4*a~2*%b"2 - 128*root (1677
7216*%a”5*xb"3*z"8 - 16777216*%a"4*¥b"4*z"8 + 1048576*a”3*b"3*z"6 - 24576*a”2*
b~2%z"4 + 256%axb*xz"2 - 1, z, k) 2%axb - 32768*root(16777216%a~5xb~3*%z"8 -
16777216*%a"4xb"4*z"8 + 1048576*a”3*b"3*z"6 - 24576*a"2xb"2*xz"4 + 256*axb*
272 - 1, z, k)75%a"3*b"2*x + 1))*root(16777216*%a~5xb"3*%z"8 - 16777216%a~4*
b~4*z"8 + 1048576%a"3*b"3%z"6 - 24576%a”2xb~2%z"4 + 256%axbxz"2 - 1, z, k)
, k, 1, 8)

output

Reduce [F]

/ 1—22 u/ -z +1
1dr = 7dz
a—b(1—z?) a—b(—z2+1)

input |int ((-x"2+1)/ (a-bx (-x"2+1)"4) ,x)

outputLint((-x‘2+1)/(a—b*(-x‘2+1)“4),x)
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2
312 [ dy
a+b(1—22)

Optimalresult . . ... ... .. ... ... ... ........
Mathematica [C] (verified) . . . . . . .. ... ... . ... ..
Rubi [A] (verified) . . . ... ... ... . ... .
Maple [C] (verified) . . . . . . ... ... . oL
Fricas [C] (verification not implemented) . . . . . .. ... ...
Sympy [A] (verification not implemented) . . ... ... .. ..
Maxima [F] . . . . ... .
Giac [F] . . . o o o
Mupad [B] (verification not implemented) . ... .. ... ...
Reduce [F] . ... . . . .

Optimal result

Integrand size = 23, antiderivative size = 1351

1—2? )
7 dz = Too large to display

a+b(1l—2?)

142

145
145
146
146
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-1/8*arctan(((-27(1/2)*a”~ (1/4)+2x(a~(1/2)-2"(1/2)*a"~ (1/4)*b~ (1/4)+b~(1/2))
~(1/2)+2xb~(1/4) )~ (1/2)-2*%b~(1/8) *x) /(27 (1/2) *a~ (1/4)+2x (a~(1/2)-2"(1/2) *a
~(1/4)*b~(1/4)+b~(1/2))~(1/2)-2*%b~(1/4))~(1/2))*2~(1/2) /a~(1/4) /(2" (1/2) *a
~(1/4)+2x(a~(1/2)-2"(1/2)*a”~ (1/4) *b~ (1/4)+b~(1/2)) ~(1/2)-2%b~(1/4))~(1/2)/
(a~(1/2)-2"(1/2)*a~(1/4)*b~(1/4)+b~(1/2))~(1/2) /b~ (3/8) +1/8*arctan (( (-2~ (1
/2)*a”~ (1/4)+2*x(a~(1/2)-2"(1/2)*a~(1/4)*b~(1/4)+b~(1/2)) " (1/2)+2xb~(1/4) )~ (
1/2)+2xb~(1/8) *x) /(27 (1/2)*a”~ (1/4)+2x(a~(1/2)-2"(1/2)*a”~ (1/4) *b~ (1/4)+b~ (1
/2))"(1/2)-2%b~(1/4))~(1/2))*2~(1/2) /a~(1/4) / (2~ (1/2)*a~ (1/4)+2x(a~(1/2) -2
~(1/2)*a~(1/4)*b~(1/4)+b~(1/2) )~ (1/2)-2%b~(1/4))~(1/2) / (a~(1/2)-2"(1/2) *a"
(1/4)*b~(1/4)+b~(1/2))~(1/2) /b~ (3/8) +1/8*arctan((2~ (1/2)*a~ (1/4)-2*(a~ (1/2
)-27(1/2)*a~ (1/4)*b~(1/4)+b~(1/2) )~ (1/2)-2*%b~(1/4) )~ (1/2)*b~(1/8) *x/ ((a~ (1
/2)-2"(1/2)*a”~ (1/4)*b~ (1/4)+b~(1/2))~(1/2)+b~(1/4)*x~2) ) %2~ (1/2) /a~(1/4) / (
27(1/2)*a~ (1/4)-2x(a~(1/2)-2"(1/2)*a~(1/4)*b~(1/4)+b~(1/2))~(1/2)-2*xb~(1/4
))"(1/2)/(a~(1/2)-2"(1/2)*a~(1/4)*b~(1/4)+b~(1/2))~(1/2) /b~ (3/8)-1/8*arcta
nh(((27(1/2)*a~ (1/4)+2*(a~(1/2)+2~(1/2)*a~(1/4)*b~(1/4)+b~(1/2)) " (1/2) +2*b
~(1/4))"(1/2)-2*b~(1/8) *x) / (2~ (1/2) *a~ (1/4)-2*(a~ (1/2)+2~(1/2) *a~ (1/4) *b~ (
1/4)+b=(1/2))~(1/2)+2%b~(1/4))~(1/2))*27(1/2) /a~(1/4) / (2~ (1/2) *a~ (1/4) -2*(
a~(1/2)+27(1/2)*a~(1/4)*b~(1/4)+b~(1/2))~(1/2)+2%b~(1/4))~(1/2) /(a~(1/2)+2
~(1/2)*a~(1/4)*b~(1/4)+b~(1/2))~(1/2) /b~ (3/8)+1/8*arctanh (((2~(1/2)*a~(1/4
Y+2x(a”~(1/2)+27(1/2)*a”~ (1/4)*b~ (1/4)+b~(1/2) )~ (1/2)+2*%b~(1/4)) ~(1/2) +2*. ..

output

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.03 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.05

/ 1— 22
7 dx
a+b(l—z?)

_ 2 4_ 6 8 log(z—71)
RootSum {a + b — 4b#1° + 6b#1" — 4b#1° + b#1°&, #1_2#13+#15&

8b

inputtlntegrate[(l - x72)/(a + bx(1 - x°2)"4),x]

-1/8*RootSum[a + b - 4*xbx#172 + 6*b*#174 - 4*b*#176 + bx#1°8 & , Logl[x - #

output
11/(#1 - 2*%#1°3 + #1°5) & 1/b

‘{




input L
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Rubi [A] (verified)

Time = 2.39 (sec) , antiderivative size = 663, normalized size of antiderivative = 0.49,

number of rules _ 0.087, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7291, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/ 1— 2?2
= _d
a+b(1-—2z?)

l 7291

below.

/(- Vb(1 - 22) . Vb(1 - ?) N
2v=a(v=avb—b(1-22?) 2v=a(v=avh+b(1 -2
l 2009
%x \/ \/—_a—i- \/l_)— %arctan ( Y \/m+%_ﬂ%m>
) arctan <m) ) \/\/m_%
4y/—ab3/8\/ /—a — Vb 4/2+/—ab¥/8\/v/—a + Vb

Va1 v~ Fharctan (vﬁ“’?”@) o )

\/\/m‘ Vb Y=a+ Vb
4v/2/=ab%/8\//=a + Vb 4y/=ab3/3\/V/=a + Vb

\/\/mJr Vlog <_\/5\8/51‘\/\/er Vo [V=ae Vit %x2>

8\/5\/—_ab3/8\/m
\/\/m+ Vblog (ﬁ%x\/mJ“ Vo Va+ Vit %w2>

8v/2v/—ab3/8\/v/—a + Vb

e

Int[(1 - x72)/(a + b*x(1 - x72)74),x]
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-1/4*ArcTan[(b~(1/8)*x) /Sqrt[(-a)~(1/4) - b~(1/4)]11/(Sqrt[-al*Sqrt[(-a)~(1
/4) - b~(1/4)1*b~(3/8)) - (Sqrt[Sqrt[Sqrt[-al + Sqrt[b]] - b~(1/4)]*ArcTan
[(Sqrt[Sqrt[Sqrt[-a] + Sqrt[bl] + b~(1/4)] - Sqrt[2]*b~(1/8)*x)/Sqrt[Sqrt[
Sqrt[-a] + Sqrt[bl] - b~(1/4)1]1)/(4*Sqrt[2]*Sqrt[-al*Sqrt[Sqrt[-a] + Sqrtl[
bl1*xb~(3/8)) + (Sqrt[Sqrt[Sqrt[-al + Sqrt[bl] - b~(1/4)]*ArcTan[(Sqrt[Sqrt
[Sqrt[-al + Sqrt[bl] + b~(1/4)] + Sqrt[2]*b~(1/8)*x)/Sqrt[Sqrt[Sqrt[-al +

Sqrt[bl] - b~(1/4)11)/(4%Sqrt[2]*Sqrt[-al*Sqrt [Sqrt[-a]l + Sqrt[b]l]1*b~(3/8)
) + ArcTanh[(b~(1/8)*x)/Sqrt[(-a)~(1/4) + b~(1/4)]1]1/(4*Sqrt[-a]*Sqrt[(-a)~
(1/4) + p~(1/4)]1*b~(3/8)) + (Sqrt[Sqrt[Sqrt[-al + Sqrt[bl] + b~(1/4)]1*Logl
Sqrt[Sqrt[-a] + Sqrt[bl] - Sqrt[2]*Sqrt[Sqrt[Sqrt[-al + Sqrt[bl] + b~ (1/4)
1*b~(1/8)*x + b~(1/4)*x~2])/(8*Sqrt [2]*Sqrt [-a]l *Sqrt [Sqrt [-a] + Sqrt[bl]*b
~(3/8)) - (Sqrt([Sqrt[Sqrt[-al + Sqrt[bl] + b~(1/4)]*Logl[Sqrt[Sqrt[-al] + Sq
rt[bl] + Sqrt[2]*Sqrt[Sqrt[Sqrt[-a] + Sqrt[b]] + b (1/4)]1*b~(1/8)*x + b~ (1
/4)*x~2])/ (8*Sqrt [2] *Sqrt [-a]l *Sqrt [Sqrt [-a] + Sqrt[b]l]1*b~(3/8))

output

Defintions of rubi rules used

( hY

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2009

7991 ‘ Int[(v_)/((a_) + (b_.)*(u_)"(n_.)), x_Symbol] :> Int[ExpandIntegrand[Polyno ‘
‘mialInSubst[v, u, x]/(a + b*xx™n), x] /. x => u, x] /; FreeQ[{a, b}, x] && I
‘GtQ[n, 0] && PolynomialInQ[v, u, x]

rule

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.28 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.05

method | result size
(—_R2+1) In (z—_R)

5
default | =TT Fon T ) —Bs B4 E-_R |

<—__}%2+1>1n(z—__}%)

>
_ R=RootOf (b_Z8—4_Z6b+6b_Z4—4b_Z2+a+b) _R7—3_R5+3_R3 - R
8b

risch 69




CHAPTER 3. LISTING OF INTEGRALS 145

input ‘ int ((-x"2+1)/(a+b*(-x~2+1) "4) ,x,method=_RETURNVERBOSE)

} 1/8/b*sum((-_R~2+1)/(_R~7-3%_R~5+3*_R~3-_R)*1n(x-_R),_ R=RootOf (_Z"8*b-4%_Z \

output
"6*b+6*_Z‘4*b—4*_Z‘2*b+a+b))

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 1.45 (sec) , antiderivative size = 322185, normalized size of antiderivative =
238.48

1— 22
dz = Too large to displa;
/a—l—b(l—x2)4 8 Py

— Lintegrate ((-x~2+1)/ (a+b*(-x"2+1)"4) ,x, algorithm="fricas") J

output ‘\Too large to include

Sympy [A] (verification not implemented)

Time = 2.05 (sec) , antiderivative size = 133, normalized size of antiderivative = 0.10

/ 1 — 22
7dz =
a+b(1l—2?)

— RootSum (¢° - (16777216a°b® + 16777216a"b") 4 1048576t°a’b® + 24576t*a’b” 4 256t°ab + 1, (¢ > 1

-

| —

input Lintegrate ( (-x**2+1) / (a+b* (-X**2+1) **4) , X)

-RootSum(_t**8* (16777216%a**5xb**3 + 16777216*axx4*b*x4) + 1048576%_t**6%*a
**k3xb**k3 + 24576%_tk*4*kax*2kbx*2 + 256%_t**2xa*xb + 1, Lambda(_t, _t*log(-6
291456%_tx*Txa**x4*xbx*3 — 6291456% _t*x*T7xa*xx3*xbx*4 + 65536%_tx*5*xax*3xb*x2 -
327680%_tx*5*xa*x*2xb**x3 — 512x_tx*3*a*x*2xb — 5632%_t**3*xa*xb**2 - 32*_t*b +
x)))

output
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Maxima [F|

/ 1— z? / 2 —1
cdr= [ —— 2~ g
a+b(1l—2z?) (22 —-1)"b+a

input Lintegrate ((-x~2+1)/(a+b*(-x"2+1)"4) ,x, algorithm="maxima")

output‘ -integrate((x”2 - 1)/((x72 - 1)74*b + a), x)

Giac [F]

/ 1—x? / 2 —1
0z = | ———F—dx
a+b(l—2x?) (z2—1)"b+a

input Lintegrate ((-x"2+1)/ (a+b*(-x"2+1) ~4) ,x, algorithm="giac")

-

output Lintegrate(-(x'? - 1)/((x"2 - 1)"4*b + a), x)

| —

Mupad [B] (verification not implemented)

Time = 10.26 (sec) , antiderivative size = 328, normalized size of antiderivative = 0.24

/ 1 — 22
7 dx
a+b(l—1z?)

8
=" n (ab® (root (1677721647 b° 2* + 16777216 6 b* 2° + 1048576 a° b* 2° + 24576 4 b2 2 + 256 0.b 2* -
k=1

+1> (root(16777216 a® b3 2% 4+ 16777216 a* b* 2® + 1048576 a® b3 2% + 24576 a2 b* 2* + 256 a b 2? + 1, 2,
+root (16777216 a° b* 2° + 16777216 a* b* 2° + 1048576 a® b° 2° + 24576 a® b* 2* + 256 a b 2° + 1, 2, k)2 (
—100t (16777216 a° b% 2° + 16777216 a* b* 2® + 1048576 a® b° 2° + 24576 a® b 2* + 256 a b 2® + 1, 2, k)5 (
+ 1) ) root (16777216 a® b° 2° + 16777216 a* b* 2® + 1048576 a® b* 2° + 24576 a® b* 2*
+256abz’+1,2,k)
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input‘int(—(x“2 - 1)/(a + b*(x"2 - 1)74),x)

symsum (log(a*xb~5* (64*root (16777216*a"5*b~3*z"8 + 16777216*%a~4*b~4%z"8 + 10
48576*a"3*b"3*z"6 + 24576*a~2*%b"2*xz~4 + 256%axb*z"2 + 1, z, k) “2*axb + 1)*
(4096*root (16777216*a~5*%b"3*z"8 + 16777216*a"4*b"4*xz~8 + 1048576*a"3*b~ 3%z
6 + 24576*a"2*%b"2xz~4 + 256*axb*z"2 + 1, z, k) “4*xa~2*%b"2 + 128*root (16777
216*%a"5*%b"3*%z"8 + 16777216*xa"4xb"4xz~8 + 1048576*a~3*%b"3*%z"6 + 24576*a"2*b
~2%z~4 + 256*axb*z”"2 + 1, z, k) "2*axb - 32768*root(16777216*a"5*%b"3*z"8 +

16777216*a " 4*%b"4*xz"8 + 1048576*a"3*%b"3*xz"6 + 24576*a " 2*%b"2%z"4 + 256*a*b*z
“2 + 1, z, k)“5*a~3*%b"2%x + 1))*root(16777216*a"5%b~3*z"8 + 16777216%a~4x*b
“4xz~8 + 1048576*a"3*%b"3*%z"6 + 24576*xa”~2*xb”~2*z"4 + 256*axb*xz"2 + 1, z, k),
k, 1, 8)

output

Reduce [F|

/ 1—x2 dp — — / z? .
a+b(1—z2)* " bz® —4bz +6bzt —4bz? +a+b

1
+ / bos 4 1 6bat bt ar b

input | 108 C(-X72¢1)/ (atbx (-x72+1)"4) ,x)

§
output‘ - int (x**2/(a + b*x**8 - 4xb*x**6 + 6xb*x**4 - 4xbxx**2 + b),x) + int(1/(
La + bix*k*k8 — A¥bkx**B + Gkbkx**4d — Axbkxk*2 + b),x)




output

input

output
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1— —12
(1-?)

3.13 | dx

Optimal result . . . . . . . . . . . . . e 148
Mathematica [A] (verified) . . . . . . . . . ... 148
Rubi [A] (verified) . . . . . . .. . . 149
Maple [A] (verified) . . . . . . . . . .. 1511
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 1511
Sympy [F] . . . o
Maxima [F] . . . . . o 1521
Giac [A] (verification not implemented) . . . . . . . .. ... ... ... ... 152
Mupad [F(-1)] . . . . . 1531
Reduce [B] (verification not implemented) . . . . . ... ... ... ....... 153

Optimal result

Integrand size = 27, antiderivative size = 47

— 2

/1/ = wQ (1 —2?) 1/1—maurctan(\/—2—l-x2)

vV —2 + x2

t(—x‘2+1)*(1—1/(—x“2+1)‘2)‘(1/2)*arctan((x‘2—2)‘(1/2))/X/(x‘2-2)‘(1/2)

Mathematica [A] (verified)

Time = 6.12 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.94

/,/ = mz ( 1+x2),/1—marctan(\/—2+x2)

V-2 + 2

LIntegrate[Sqrt[l -1 - x2)°(-2)1/@2 - x°2),x]

‘-(((—1 + x72)*8qrt[1 - (-1 + x72)~(-2)]*ArcTan[Sqrt[-2 + x72]])/(x*Sqrt[-2

‘ + x72]))
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Rubi [A] (verified)

Time = 0.82 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00,

— 6, number of rules _ 992, Rules
integrand size

number of steps used = 7, number of rules used =
used = {7273, 2467, 281, 353, 73, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/ \/ (- 22)

92— 12

below.

l 7273

(1- z2) -1
(1=2%) /1= oy | e @

(1-z2)%-1

l 2467

(1 - $2) \/1 (1— m2)2 f (1- xm2§:(22 2.’132) dzx
zVx? —2

J 281

(1—:(;2) /1 — (1_12)2 f (1—m2)m\/z2—2dx

zVz2 — 2
l 353

(1 — 9:2) (/1= (1_12)2 S/ (1_w2)1\/z2_2dm2

2z x2 — 2
l 73
(1—.%'2)4/1—@[%(,1\/%2—2

zVr2 -2
J 217

(1-2?),/1— ﬁarctan( ac2—2)

V2 —2
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input‘Im"[Sqrt[1 - (1 - x"2)7(-2)1/2 - x72),x]

(1 - x"2)*Sqrt [l - (1 - x°2)~(-2)1*ArcTan[Sqrt[-2 + x211)/(x*Sqrt[-2 + x

output ‘ ~o]) ‘

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(

rule 217
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

rule 281 Int[(u_.)*((a_) + (b_)*(x_)"(@_ )" (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.), x_

Symbol] :> Simp[(b/d)"p Intl[ux(c + d*x"n)~(p + q), x1, x] /; FreeQ[{a, b,
c, d, n, p, q}, x] && EqQ[b*c - a*d, 0] &% IntegerQ[p] && !(IntegerQlql &
& SimplerQ[a + b*x"n, ¢ + d*x"n])

Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2)"(q_.), x_Symbol]
:> Simp[1/2  Subst[Int[(a + b*x) p*(c + d*x)~q, x], x, x~2], x] /; FreeQ[
{a, b, ¢, 4, p, q}, x] && NeQ[bxc - axd, 0]

rule 353

Int[(Fx_.)*(Px_)~(p_), x_Symbol] :> With[{r = Expon[Px, x, Min]}, Simp[Px"F
racPart [p]l/ (x~ (r*FracPart [p] ) *ExpandToSum [Px/x"r, x] FracPart[p]) Int[x"(
p*r) *ExpandToSum [Px/x"r, x] p*Fx, x], x] /; IGtQ[r, 0]] /; FreeQ[p, x] && P
olyQ[Px, x] && !'IntegerQ[p] &% !MonomialQ[Px, x] && !PolyQ[Fx, x]

rule 2467
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ru167273‘Int[(u_.)*((a_.) + (b_)*(v_)"(n))"(p_), x_Symbol] :> Simp[(a + b*v~n) Fra
‘cPart[p]/(v“(n*FracPart[p])*(b + a/v°n) FracPart[p]) Int[uxv™(n*p)*(b + a
‘/V“n)“p, x], x] /; FreeQ[{a, b, p}, x] & !IntegerQ[p] && ILtQ[n, O] &% Bi

‘nomialQ[v, x] && !'LinearQ[v, x]

Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.34

method | result size
= (w2_2) 2— arctan | —2=2_ ) —arctan| —2t=
EEL D (oroton(( 2525 ) -orten (2455 )
default | — oy 63
ROOtOf(_ZQ+1> n (_ RootOf <_ZQ+1> m3—2m21/—ﬁ%z—g);;io)otof <_ZQ+1> m+2,/—ﬁ%§%)
trager | — 5 106
input {int((l—l/(-x‘2+1)“2)‘ (1/2)/(-x"2+2) ,x,method=_RETURNVERBOSE) \J
output \ -1/2%(x"2%(x72-2) / (x~2-1)"2) ~(1/2) *(x~2-1) *(arctan((x-2) / (x~2-2) ~(1/2) ) -ar
Lctan( (2+x)/ (x"2-2)"(1/2))) /x/ (x~2-2)"(1/2) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.77

= —arctan
2 —z2 T

1 =2
/ \/ 1- (1—22)2 I (z* —1) w4i2i2j-1

inputt

integrate((1-1/(-x"2+1)"2)~(1/2)/(-x"2+2) ,x, algorithm="fricas")

output L

—arctan((x"2 - 1)*sqrt((x"4 - 2%x72)/(x"4 - 2*x~2 + 1)) /%)
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Sympy [F]
212
[l e [l
2—x
inputtintegrate((1-1/(-x**2+1)**2)**(1/2)/(-X**2+2),X) J

t‘ -Integral (sqrt (x**4/(x**4 — 2xx**2 + 1) - 2xx*x*2/(x**4 - 2kx**2 + 1))/ (x** \

outpu
‘2 -2), x) ‘
Maxima [F]
1
m @z T
— z2 =/ T 2 _9 dz
tnput Lintegrate ((1-1/(-x"2+1)"2)"(1/2) / (-x~2+2) ,x, algorithm="maxima") J
outputL-integrate(sqrt(-1/(x*2 - 172 +1)/(x"2 - 2), x) J

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.38

\/ (1 952) 3
/ — arctan < x2 — 2) sgn(z® — z)

inputtintegrate((1-1/(—x“2+1)"2)‘(1/2)/(-x"2+2),x, algorithm="giac") J

output L—arctan(sqrt(x? - 2))*sgn(x~3 - x) J
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Mupad [F(-1)]

Timed out.

/1 /1 — —L _
/ = wz) . /_ (x2-1)* dr
N 2 —2

input 8P = /(2 - 1°2)°(1/2)/G2 - 2,8

outputtint(_(l -1/(x"2 - 1)72)7(1/2)/(x"2 - 2), x)

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.57

/ \/ T - x2) _atan<\/z2—2z+x2—2

Va2 —-2+z

92— x2

input 28 (1717 (-x"241)°2)7(1/2)/ (-x"2+2) 1)

output L

- atan((sqrt(x**2 - 2)*x + x*¥*2 - 2)/(sqrt(x**2 - 2) + x))




output

input

output
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[y
—1+4z
3.14 | dz

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . ... .. L
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [F] . . . o
Maxima [F] . . . . . . o e
Giac [A] (verification not implemented) . . . . . ... ... ... L.
Mupad [F(-1)] . . . . .
Reduce [B] (verification not implemented) . . . . . ... ... ... .......

Optimal result

Integrand size = 25, antiderivative size = 47

2 — 2

/1/ = T = 1/1—mzarctan(\/—2+ar:2)

vV —2 + x2

t(—x‘2+1)*(1—1/(—x“2+1)‘2)‘(1/2)*arctan((x‘2—2)‘(1/2))/X/(x‘2-2)‘(1/2)

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.94

/ NG 1+a:2) ( 1+2%)

1— m arctan (v—2 + z2)
vV —2 + 12

LIntegrate[Sqrt [1 - (-1 +x"2)7(-2)1/(2 - x72),x]

‘-(((—1 + x72)*8qrt[1 - (-1 + x72)~(-2)]*ArcTan[Sqrt[-2 + x72]])/(x*Sqrt[-2

‘ + x72]))
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Rubi [A] (verified)

Time = 0.77 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00,

=7, number of rules _ 980, Rules
integrand size

number of steps used = 8, number of rules used =
used = {7273, 25, 2467, 281, 353, 73, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

JEa=c

92— 12

below.

l 7273

(:c2 1)2-1
(1-2) 1 aﬂ)f e @

(x2 21

l 25
(ac2 1)2-1
(1=2%) 1= g | @@

(z2 - 1) -1
l 2467
2
(-2 \/1 (1- :c2)2 J (- xwﬂ’g)c(z sz)dw
zvx2 —2

l 281

(1—562) /1 — (1_12)2 f (1—m2)m\/z2—2dx

zVr2 =2
l 353

(1 — 9:2) W /1= (1_102)2 S/ (1_w2)1\/z2_2d:v2

2z x2 — 2
l 73
1—17 ,/ i 12) f d\/ac2

Va2 —2
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| 217
2 1 g—
(1-2?) /1 =7 arctan( T 2)
zVx? —2
input LInt[Sqrt [1 - (-1+x2)"(-2)1/(2 - x72),x] J

(1 - x"2)*Sqrt[1 - (1 - x°2)~(-2)1*ArcTan[Sqrt[-2 + x~2]11)/(x*Sqrt[-2 + x

output ‘ ~o]) ‘

Defintions of rubi rules used

rule 25 \Int [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*x(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQfa, 0] || LtQ[b, 01)

rule 217

rule 281 ItLu_ (@) + (b_)*(x_)"(@_))"(p_.)*((c)) + (d_)*x)"@)) (g .), x_
Symbol] :> Simp[(b/d)"p Int[ux(c + d*x™n)~(p + q), x], x] /; FreeQ[{a, b,
c, d, n, p, g}, x] && EqQ[b*c - axd, 0] && IntegerQ[p] && !(IntegerQlql &
& SimplerQ[a + b*x"n, c + d*x"n])

rule 353 It LxD*((@) + (b_)*(x_)"2)7(p_.)*((c) + (d_.)*(x_)"2)7(q_.), x_Symbol]
:> Simp[1/2  Subst[Int[(a + b*x) p*x(c + d*x)"q, x], x, x°2], x] /; FreeQ[
{a, b, ¢, d, p, 9}, x] && NeQ[bxc - axd, 0]
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Int[(Fx_.)*(Px_)~(p_), x_Symbol] :> With[{r = Expon[Px, x, Min]}, Simp[Px"F
racPart [p] / (x~ (r*#FracPart [p] ) *ExpandToSum [Px/x"r, x] FracPart[p]) Int[x"(
p*r) *ExpandToSum [Px/x"r, x] p*Fx, x], x] /; IGtQ[r, 0]] /; FreeQ[p, x] && P
olyQ[Px, x] &% !'IntegerQ[p] && !MonomialQ[Px, x] && !PolyQ[Fx, x]

rule 2467

Int[(u_.)*((a_.) + (b_.)*(v_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*v~"n) Fra
cPart [p]l/ (v~ (n*FracPart[p])*(b + a/v°n) “FracPart[p]) Int[uxv™(a*p)*(b + a
/v-n)~p, x], x] /; FreeQ[{a, b, p}, x] && !'IntegerQ[p] && ILtQ[n, O] && Bi
nomialQ[v, x] && !LinearQ[v, x]

rule 7273

Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.34

method | result Size
z2 <12—2 o -
(12_1)2) (z2-1) (arctan( \/ﬁ) —arctan( \/2;2'7_2> )
default | — e 63
RootOf <—Zz+1> In (_ - <—Z2+1> i \/Tﬁ;jijOtOf < ZQ+1> w+2\/ﬂ)
trager — 5 106
input Lint ((1-1/(x~2-1)"2)"~(1/2)/(-x"2+2) ,x,method=_RETURNVERBOSE) J
output | ~1/2* (X2 (x72-2)/ (x"2-1)"2) " (1/2)* (x"2-1)* (arctan((x-2)/ (x"2-2) " (1/2))-ar

‘ctan((2+x)/(x72-2)7(1/2))) /x/ (x"2-2)~(1/2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.77

4 __ 2
/ \/ T (= 1+x2) (z* —1) \/ xf—Zi'f—‘rl
— arctan

2 — 2 T
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input Lintegrate((1—1/(x’“2—1)”2)"(1/2)/ (-x"2+2) ,x, algorithm="fricas") J
Outputt—arctan((x“2 - 1) *sqrt((x™4 - 2*%x72)/(x74 - 2*x72 + 1)) /%) J
Sympy [F]
/ \/ (- 1+ac2) /\/z4—§:2+1 - x4—22mx22+1 Iz
9 _ z2 72— 9
input Lintegrate ((1-1/ (x#%2-1) #x2) %% (1/2) / (~x*%2+2) ,X) J

output‘ -Integral (sqrt (x**4/(x**4 — 2xx**2 + 1) - 2xx*x*2/(x**4 - 2kx*x2 + 1))/ (x** \
2-2), % |

Maxima [F]
1
\/ oy Y @t
—x2 - |~ 22— 9 dz
inputLintegrate((1-1/(x"2-1)"2)"(1/2)/(-x"2+2),x, algorithm="maxima") J

outputt_int‘:"grate(Sqrt(‘l/(’(“2 - 172+ 1)/(x"2 - 2), x) J
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.38

\ / 5132
/ _ ey’ — arctan ( x? — 2) sgn(x3 — x)

input tintegrate ((1-1/(x"2-1)"2)"(1/2)/(-x~2+2) ,x, algorithm="giac") J

output L‘aI‘Ctan(sqrt (x72 - 2))*sgn(x”3 - x) J

Mupad [F(-1)]

Timed out.
1
/ﬁ _/ =
- e a—
—z? x?—2
inputtint('(l - 1/x"2 - 1)72)7(1/2)/(x"2 - 2),x%) J
output Lint(‘(l - 1/(x"2 - 1)°2)"(1/2)/x"2 - 2), %) J

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.57

/\/ 1+z2 (x/x2—2x+x2—2>
= —atan

2—a? V& 2+

[int<(1-1/(x~2-1)*2)*(1/2)/(-x*2+2>,x)

e—

input

outputt - atan((sqrt(x**2 - 2)*x + x*¥2 - 2)/(sqrt(x**2 - 2) + x)) J
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1_—12
(1-?)

3.15 /= ———dz

Optimalresult . . . . . .. . .. .. 160
Mathematica [A] (verified) . . . . . . . .. ... Lo 161l
Rubi [A] (verified) . . . . . . ... .. 16T
Maple [A] (verified) . . . . . . . . . . 164
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 164
Sympy [F] . . . 165
Maxima [F] . . . . . .. 165
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 165
Mupad [F(-1)] . . . o o 166
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 166

Optimal result

Integrand size = 25, antiderivative size = 105

/ 1-— ﬁ 2(1 — .'Ez) 1-— @ arctan (% V -2 + .'152)
Vo O g v

2+ z? 3zv -2 + 22
(1—22),/1— ﬁ arctan (v—2 + z2)
_|_
3zv -2 + 2?2

output"2/3*('X‘2+1>*<1-1/(-x“2+1>‘2>‘<1/2>*arctan(1/2*(x*2-2)*(1/2))/x/(x*2-2)*(

| 1/2)+1/3% (-x"2+1) % (1-1/ (-x~2+1) "2) " (1/2) ¥arctan ((x~2-2) " (1/2)) /x/ (x~2-2)~(
\1/2) ‘
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Mathematica [A] (verified)

Time = 6.20 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.63

/”

2+x2
(1422 ,/1— ﬁg( arctan (%\/—2+x2) 3 arctan (v—2 + #2))
vV —2+

input LIntegrate [Sqrt[1 - (1 - x"2)°(-2)]1/(2 + x72) ,x]

‘((—1 + x72)*Sqrt[1 - (-1 + x72)7(-2)]*((2*ArcTan[Sqrt[-2 + x72]/2])/3 - Ar

output
1 cTan[Sqrt[-2 + x72]1/3))/(x*Sqrt[-2 + x~2])

Rubi [A] (verified)

Time = 0.80 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.70,

=7, number of rules _ 280, Rules

number of steps used = 8, number of rules used =
integrand size

used = {7273, 2467, 435, 94, 73, 216, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ \/ - (- 12)

z2 42
l 7273

(1- x2) -1
(1-2%)\/1- o | —emd®

(1-z2)%-1

l 2467

(1-2?) \/1 - (1_22)2 J (1_98;43)8(29;_212) dz

V2 —2
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l 435

(1-2%) 1= e | =@
22V x2 — 2

l94
(1-2%) 1~ W( 3| vt — 5 | amean 2)

2xv12 — 2
l 73
(-9 y1- ﬁ<_§ i dVa? -2 - %fﬁdﬁ)
2x\/m
l 216
(1 — 172) 1-— ﬁ (_% —at‘ll—l T2 — 92— %arctan (@))
2cV7x2 — 2
l 217
(1-a%) 1- ﬁ (% arctan ( r? — 2) -3 4 arctan ( -”’;—2>>
2x\/m

input‘ Int[Sqrtll - (1 - x"2)7(-2)1/(2 + x72),x]

‘((1 - x72)*Sqrt[1 - (1 - x72)7(-2)]1*((-4*ArcTan[Sqrt[-2 + x72]/2])/3 + (2% ‘

output
LArcTan [Sqrt[-2 + x72]11)/3))/(2*x*Sqrt[-2 + x72]) J

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL

inearQ[a, b, ¢, d, m, n, x]

rule 73




rule 94

rule 216

rule 217

rule 435

rule 2467

rule 7273
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Int[((e_.) + (£_)*x(x))"(p_)/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))),
x_] :> Simp[(bxe - a*xf)/(b*c - axd) Int[(e + £xx)"(p - 1)/(a + bxx), x],
x] - Simp[(d*e - c*f)/(b*xc - axd) Int[(e + f*x)~(p - 1)/(c + d*x), x], x]
/; FreeQ[{a, b, c, d, e, £}, x] && LtQ[0, p, 1]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a

, 01 |l GtQlb, 01)

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
& (LtQ[a, 0] || LtQ[b, 01)

Int[(x_)"(m_.)*((a_.) + (b_.)*(x_)"2)"(p_.)*((c_.) + (d_.)*(x_)"2)"(q_.)*((
e_.) + (£_.)*(x_)"2)"(r_.), x_Symbol] :> Simp[1/2 Subst[Int[x"((m - 1)/2)
*(a + b*x) px(c + d*x)"g*(e + f*x)°r, x], x, x~2], x] /; FreeQ[{a, b, c, d,
e, £, p, q, r}, x] && IntegerQ[(m - 1)/2]

Int[(Fx_.)*(Px_)~(p_), x_Symbol] :> With[{r = Expon[Px, x, Min]}, Simp[Px"F
racPart [p]/ (x~ (r*FracPart [p]) *ExpandToSum [Px/x"r, x] FracPart[p]) Int[x~(
p*r) *ExpandToSum [Px/x"r, x] p*Fx, x], x] /; IGtQlr, 0]] /; FreeQ[p, x] && P
olyQ[Px, x] && !'IntegerQ[p] && !MonomialQ[Px, x] && !PolyQ[Fx, x]

/

Int[(u_.)*((a_.) + (b_.)*(v_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*v~"n) Fra
cPart [p]/ (v~ (n*FracPart[p])*(b + a/v™n) "FracPart[p]) Int[u*v~(n*p)*(b + a
/v n)"p, x], x] /; FreeQ[{a, b, p}, x] && !'IntegerQ[p] && ILtQ[n, O] && Bi

nomialQ[v, x] && !LinearQ[v, x]

~
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Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.71

method | result
ﬁzz (z2_2) (:1:2—1) arctan | —2=2_ )| —arctan| —2£ —4 arctan Va2-2
(12_1) V4 222 V 22 2
default | — PYy
roosor(  Zai)i RootOf(_Zz+1>z7—6,/—ﬁz_4—;;%%a:6—15RootOf(_Z2+1>m5+22m4,/—ﬁz_‘l—é;fh_’i-ﬁ-24R00t0f(_Z2+1:
00 <_ + ) o x(m—l)(z+1)(z2+2)2
trager 6
input Lint ((1-1/(-x"2+1)"2)"(1/2) / (x~2+2) ,x ,method=_RETURNVERBOSE) J
- DY
Output\ -1/6% (x~2% (x~2-2) / (x"2-1)"2) " (1/2) * (x~2-1) * (arctan((x-2) / (x"2-2) " (1/2))-ar |

ctan((2+x)/(x72-2)"(1/2)) -4*arctan(1/2*(x72-2)"(1/2))) /x/ (x~2-2)~(1/2) ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.70

1 492 2
/ \ 1- (1-a2)? 1 (* - 1) m4—222+1
Y =

—— arctan
2+ 2 3 T

(1172 _ 1) z4—222

+ 2 arctan wim2att
3 2z
tnput Lintegrate ((1-1/(-x"2+1)"2)"(1/2) /(x~2+2) ,x, algorithm="fricas") J
Output‘ -1/3%arctan((x"2 - 1)*sqrt((x~4 - 2*x72)/(x"4 - 2*x~2 + 1))/x) + 2/3*arcta ‘

‘n(1/2*(x"2 - 1)*sqrt((x"4 - 2%x72)/(x"4 - 2*x~2 + 1)) /%) ‘
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Sympy [F]

z2(22-2)
t/v (1%) :/‘ 2

2+ x2 2+ 2

Lintegrate((1-1/(-x**2+1)**2)**(1/2)/(x**2+2),x)

input

LIntegral(sqrt(x**2*(x**2 - 2)/(x*x4 - 2%x*%2 + 1))/(x**%2 + 2), x)

output

Maxima [F]

V! (m%d_/V(ﬂN+1

/‘ 2+ 2?2 x2+2

integrate((1-1/(-x"2+1)"2)~(1/2)/(x72+2) ,x, algorithm="maxima")

inputt.

‘integrate(sqrt(-l/(x“2 - 172 +1)/(x"2 + 2), x)

output

Giac [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.37

\/ .’nz 1
/ _a-ay = - arctan <2 x? — 2) sgn(m3 — m)

2+ x2
3

— 1 arctan < x? — 2) sgn(z® — z)

integrate((1-1/(-x"2+1)"2)~(1/2)/(x"2+2) ,x, algorithm="giac")

inputt.

outpu
‘(x 3 - x)

t‘2/3*arctan(1/2*sqrt(x 2 - 2))*sgn(x"3 - x) - 1/3*arctan(sqrt(x~2 - 2))#*sgn
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Mupad [F(-1)]

Timed out.
/v uﬁ /V wlf
2+ 22 z2+2
inpu‘ctim’((1 - 1/G72 - 1)72)7(1/2)/(x72 + 2),%) J
output 1BE((1 = /("2 = 1)72)7(1/2)/(x"2 + 2), ¥) ]
Reduce [B] (verification not implemented)
Time = 0.18 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.56
\/m:c+w2—2 \/m:n+z2—2
/ Vi~ ey o7 ““”‘(W) 2atan(m>
+
2+ x2 3 3
input Lint((l—l/(—x’"2+1)‘2)" (1/2)/(x~2+2) ,%) J
output‘( - atan((sqrt(x**2 - 2)*x + x**2 - 2)/(sqrt(x**2 - 2) + x)) + 2*atan((sqr ‘

E(xAA2 - 2)xx + xHR2 - 2)/(2ksqrt(xk*2 - 2) + 2%%)))/3
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[y
—1+4z
3.16 f dz

2-+x2
Optimalresult . . . . . .. . .. .. 167
Mathematica [A] (verified) . . . . . . . .. ... Lo 168
Rubi [A] (verified) . . . . . . ... .. 168
Maple [A] (verified) . . . . . . . .. L ival
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... Ival
Sympy [F] . . . 172
Maxima [F] . . . . . .. 172
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 172
Mupad [F(-1)] . . . o o 173
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 173l

Optimal result

Integrand size = 23, antiderivative size = 105

/ m 2(1 — xZ) \/ﬁarctan (%1 /_2 4+ :L-2)

2+ 22 0/ 2527

(1-22),/1 o arctan (v/—2 + 22)

1/_2_|_x2

output -2/3%(-x"2+1) *(1-1/ (-x~2+1)~2) " (1/2) *arctan(1/2+ (x~2-2)~ (1/2)) /x/ (x"2-2)~(

| 1/2)+1/3% (-x"2+1) % (1-1/ (-x~2+1) "2) " (1/2) ¥arctan ((x~2-2) " (1/2)) /x/ (x~2-2)~(
\1/2) ‘
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Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.63

/ V1~ Gy

2 + x?
(1422 ,/1— ﬁg( arctan (%\/—2+x2) 3 arctan (v—2 + #2))
vV —2+

input LIntegrate [Sqrt[1 - (-1 + x2)"(-2)1/(2 + x72),x]

‘((—1 + x72)*Sqrt[1 - (-1 + x72)7(-2)]*((2*ArcTan[Sqrt[-2 + x72]/2])/3 - Ar

output
1 cTan[Sqrt[-2 + x72]1/3))/(x*Sqrt[-2 + x~2])

Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.70,

=8, number of rules _ 348, Rules

number of steps used = 9, number of rules used =
integrand size

used = {7273, 25, 2467, 435, 94, 73, 216, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ \/ (902 1)?

z2 42
l 7273

(:c2 1)2 —1
(1=2%) 1= Gy | = de
V@2 —1)2 -1
l 25
(:c2 1)2 —1
(1-2%) 1 - o | —oemd®

(a2~ 1)~ 1
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l 2467

zVz2
(]- — :[;2) \/1 (1 x2)2 f (1 xz)($2i2)dm
zVz2 —2

l 435

(1 —,’132) \/1 (1 zz Pl f (1 x2)(32+2)da"
2z % — 2

l 94
1
(1_1‘2) 1_m( f(l xz)\/aﬂi 3f\/x27(x2+2)d 2)

2cvVz2 — 2

l 73
2-2-87 x41+4d‘ /22 — 2)
2mm
| 216
(1—2%),/1- ﬁ (—% | ——5dVa? =2 — 4 arctan (@))
2012 — 2
| 217
(1-2%) /1- ﬁ (% arctan (M) — Yarctan ( x;—2>)
2evV12 — 2

inputLInt[Sqrt[l - (-1 + x°2)"(-21/(2 + x72),x] )

‘((1 - x™2)*Sqrt[1 - (1 - x72)7(-2)1*((-4*ArcTan[Sqrt[-2 + x~2]/2]1)/3 + (2% ‘

output
(ArcTan([Sqrt[-2 + x7211)/8))/(2#x*Sqrt[-2 + x~2]) |
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*(c - a*(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)~(1/p)], x]1]1 /; FreeQl{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

rule 94 Tntl(Ce_.) + (£_)*(x_))7(p)/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x))),

x_] :> Simp[(b*e - a*f)/(bxc - axd) Int[(e + fxx)~(p - 1)/(a + b*x), x],

x] - Simp[(d*e - c*f)/(b*xc - axd) Int[(e + f*x)~(p - 1)/(c + d*x), x], x]
/; FreeQ[{a, b, c, d, e, £}, x] && LtQ[0, p, 1]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A

le 216
e rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] Il GtQ[b, 01)
rule 217 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(

-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0I)

rule 435 | TRt LGO) “m_ D * (@) + (b_)*(x)72)7(p ) *((e_.) + (A_)*(x_)72)7(q_.)*((
e_.) + (£_)*(x_)"2)"(r_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)
*(a + b*x) px(c + d*x)"g*(e + f*x)°r, x], x, x"2], x] /; FreeQ[{a, b, c, d,
e, £, p, q, r}, x] && IntegerQ[(m - 1)/2]

Int[(Fx_.)*(Px_)~(p_), x_Symbol] :> With[{r = Expon[Px, x, Min]}, Simp[Px"F
racPart [p]/ (x~ (r*FracPart [p] ) *ExpandToSum [Px/x"r, x] FracPart[p]) Int[x"(
p*r) *ExpandToSum [Px/x"r, x] p*Fx, x], x] /; IGtQ[r, 0]] /; FreeQ[p, x] && P
olyQ[Px, x] && !'IntegerQ[p] &% !MonomialQ[Px, x] && !PolyQ[Fx, x]

rule 2467
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rule 7273 ImEL@_D*(@_) + (b_)*(v))"(@))"(p), x_Symbol] :> Simp[(a + bxv'n)Fra
‘cPart[p]/(v“(n*FracPart[p])*(b + a/v°n) FracPart[p]) Int[uxv™(n*p)*(b + a
‘/V“n)“p, x], x] /; FreeQ[{a, b, p}, x] & !IntegerQ[p] && ILtQ[n, O] &% Bi
‘nomialQ[v, x] && !'LinearQ[v, x]

Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.71

method | result
a2 (w2_2) 2 -2 P Va2—2
( 5 1)2 (:1: —1) (arctan(ﬁ)—arctan<m)—4arctan(f))
22 _ _
default | — Y
7_g, |- —att2s? 6_ 5495 [ =zt +20? \
R00t0f< ZQ+]_) N _RootOf(_Z2+1>z 6 Bw—?ﬁm 15Root0f<_ZQ+1>z +22z ?1:”_?2%+24Root0f<_22+1/
T z(a:—l)(m+1)(:1:2+2)2
trager 6

-

int ((1-1/(x"2-1)"2)"(1/2)/(x"2+2) ,x ,method=_RETURNVERBOSE)

e—

input t

¢ ~1/6% (x72% (x°2-2)/ (x°2-1)"2) " (1/2)* (x"2-1)* (arctan((x-2) / (x"2-2)"(1/2))-ar

outpu
Lctan( (2+x) / (x~2-2)~(1/2) ) -4*arctan(1/2*(x~2-2)~(1/2))) /x/(x~2-2)~(1/2) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.70

1 *—2x
/ \/ 1- (—1+22)? 1 (z* - 1) z4izi2i1
dr =

—— arctan
2 + 2 3 T
2 4 —2 12
+ 2 arctan @~ Dy et
3 2z

input integrate ((1-1/(x72-1)72)"(1/2)/(x"2+2) ,x, algorithm="fricas")
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‘-1/3*arctan((x"2 - D*sqrt((x74 - 2*x72) /(x4 - 2*x”2 + 1)) /x) + 2/3*arcta ‘

output
‘n(1/2*(x"2 - 1)*sqrt((x"4 - 2%x72)/(x"4 - 2*x~2 + 1)) /%) ‘

Sympy [F]
\/7 z2(22-2)
( 1+:132) x4 — 2(1:2+1
/ 2+ x? / 72+ 2
input tintegrate ((1-1/ (x**%2-1) *%2) ** (1/2) / (x**2+2) , x) J
output LIntegral(sqrt (xk*2% (xk*2 = 2)/(x*x*x4 — 2xx*k*2 + 1)) /(x**2 + 2), x) J
Maxima [F]
/ m _ / T (@2— 1)E + 1
2+ z? - z2+2
tnput Lintegrate ((1-1/(x"2-1)"2)"(1/2)/(x~2+2) ,x, algorithm="maxima") J

output‘ integrate(sqrt (-1/(x"2 - 1)7°2 + 1)/(x"2 + 2), x) |

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.37

/ \/ (- 1+x2)

2+ x2

= - arctan (; x? — 2) sgn(x3 — x)

— % arctan ( x? — 2) sgn(x3 — CL‘)
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input Lintegrate ((1-1/(x"2-1)"2)"(1/2)/ (x~2+2) ,x, algorithm="giac") J

‘2/3*arctan(1/2*sqrt(x"2 - 2))*sgn(x~3 - x) - 1/3*%arctan(sqrt(x~2 - 2))*sgn ‘

output‘ ) — 23 ‘

Mupad [F(-1)]

Timed out.
=
2+ 22 xz2+2
nput | 1ECA = /(72 - 1)72)7(1/2)/(x"2 + 2),%) J

[int((l S 1/(x2 - 1)"2)~(1/2)/(x"2 + 2), x)

N

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.56

Va2—2z+z2-2 Va2—2z+z2-2
/ \/ 1+w2) atan( VzZ—2+z ) n 2atan< 2vr2—2+2z )

2+ 22 3 3
input | 12E((1-1/(x°2-1)°2)7(1/2)/ (x°2+2) ) )
OUtPHt‘( - atan((sqrt(x**2 - 2)#x + xk*2 - 2)/(sqrt(x*#*2 - 2) + x)) + 2+atan((sqr

‘t(x**Q - 2)*x + x**2 - 2)/(2*ksqrt(x**2 - 2) + 2%x)))/3 ‘




CHAPTER 3. LISTING OF INTEGRALS 174
3.17 [z(14+V1—2?) dz

Optimal result . . . . . . . . . . . . e 174
Mathematica [A] (verified) . . . . . . . . . ... o 174
Rubi [A] (verified) . . . .. . . ... .. 175
Maple [A] (verified) . . . . . . ... L 176
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 176
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 177
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... e
Giac [A] (verification not implemented) . . . . . . ... ... ... I
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 178
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 178

Optimal result

Integrand size = 15, antiderivative size = 23

/x(l—l—ﬂ) dxz%z—

output L

1/2xx72-1/3*%(-x~2+1) ~(3/2)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.09

/x(l + m> dz = —%(1 —a:2)3/2 + %(—1 +z2)

input ‘

Integrate[x*(1 + Sqrt[1 - x72]),x]

-

output L

-1/3*%(1 - x72)7(3/2) + (-1 + x72)/2

| —
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00,

number of rules _ 0.133, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/x(ﬂ+ 1) do
| 2010
/(%Lﬂﬂm+@dx
| 2009
o
input | TELex (1 + Sqrell - x21),x] J

e

Lx“2/2 - (1 -x2)°(3/2)/3

~—

output

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) m*u, x] ‘
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !MatchQ[u, (a_) ‘
‘ + (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] ‘

rule 2010




input

output

input

output
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Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.78

6

method result size
3

default N i 18

2 3
. . .« . 2 1 (—;1;2.1,.]_)%

derivativedivides | % — 5 — 3 19

trager ””2—2 + (%—2 — %) —x2+1 24
40?-3) (VaZFis1)  (@—1)(a+D) (Voo -2

orering ( I 5 ) — ( w2+1> 55

Lint (x*((-x~2+1)~(1/2)+1) ,x ,method=_RETURNVERBOSE)

L1/2*x“2—1/3*(—x‘2+1)“(3/2)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.96

/m<1+\/1—x2> dx=%x2+%(x2—1) —z2 41

Lintegrate (x*(1+(-x72+1)"(1/2)) ,x, algorithm="fricas")

t1/2*x‘2 + 1/3%(x2 - 1)*sqrt(-x"2 + 1)
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Sympy [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.17

2/1_ 2 2 /1_ 2
/x(1+\/1—x2>dx=%+x2 Tx

e

inputtintegrate(x*(1+(-x**2+1)**(1/2)),x)

~—

output LX**Z*Sqrt(i - x*%2)/3 + x**2/2 - sqrt(1l - x**2)/3

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.74

/33<1+\/1—x2> dw:%x2—%(_x2+1)3

-

input Lintegrate (x*x(1+(-x"2+1)"(1/2)) ,x, algorithm="maxima")

-/

Output\}/z*x*z - 1/3%(-x~2 + 1)~(3/2)

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.78

/x(1+\/1—z2> dccz%a?—é(—f—l—l)g—%

input Lintegrate (x*(1+(-x"2+1)~(1/2)) ,x, algorithm="giac")

output| 1/2*X72 = 1/3%(=x"2 + 1)°(3/2) - 1/2
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Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00

/x(1+m) dx:%2+m<%2_%)

inputtint(X*((i - x72)7(1/2) + 1),%)

output L’m/? + (1 - x72)7(1/2)*(x72/3 - 1/3)

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.26

_ 72 1 22 —x241 2
/x(1+m>dx=v R Y S

-

input tint (x* (1+(-x~2+1)~(1/2)) ,x)

—

output L(Q*Sqrt( - x*¥%2 + 1)*x*k*2 - 2ksqrt( — x*¥*2 + 1) + 3*x*x2)/6




output

input

output
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3.18 [ Vi gy
1+v1+222

Optimal result . . . . . . . . . . . . . 179
Mathematica [A] (verified) . . . . . . . . . ... 179
Rubi [A] (verified) . . . . . . .. . . 180
Maple [A] (verified) . . . . . . . . ... 1811
Fricas [A] (verification not implemented) . . . . . . ... ... .. ... ..... I8T]
Sympy [F] . . o e 18T
Maxima [F] . . . . . . 182
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 182
Mupad [B] (verification not implemented) . . .. . ... ... ... .. ..... 182
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 183

Optimal result

Integrand size = 27, antiderivative size = 42

——+z+

/ V14 2x2 dp — 1
141+ 222 2z

V14222 arcsinh (v/2z)

2

V2

e

L—1/2/x+x+1/2* (2+%x72+1)~(1/2) /x-1/2*arcsinh (x*2~(1/2) )*2~(1/2)

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.26

/ V1 + 222 p —1+2:v2+\/1+2x2+\/§rlog(—\/§x+\/1+2932)

—_— adx =
1+ V14 222

2z

‘ Integrate[Sqrt[1 + 2*xx72]/(1 + Sqrt[1 + 2%x72]),x]

‘ (-1 + 2%x72 + Sqrt[1 + 2*x~2] + Sqrt[2]*x*Log[-(Sqrt[2]*x) + Sqrt[1l + 2*x~

211D/ (2%x)

~—
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Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.00,

number of rules _ 0.074, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7291, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

V2zx2 +1 i
V22 4+1+1

l'7291

/(W“)‘“

l 2009
arcsinh(\/ix) N V2r2 +1 4 1
V2 2z R

input\\lnt [Sqrt[1 + 2%x~2]/(1 + Sqrt[1 + 2%x~2]),x]

Output\ -1/2%1/x + x + Sqrt[1 + 2%x~2]/(2%x) - ArcSinh[Sqrt[2]*x]/Sqrt[2] |

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 7291‘ Int[(v_)/((al) + (b_.)*(u_)"(n_.)), x_Symbol] :> Int[ExpandIntegrand[Polyno ‘
‘mialInSubst[v, u, xJ/(a + b*x™n), x] /. x -> u, x] /; FreeQ[{a, b}, x] & I ‘
‘GtQ [n, 0] &% PolynomialInQ[v, u, x]
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Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.07

method | result size
x 5 arcsinh (zv/2)v2
default | z — 5= + % — 222+ 1 — (2 ) 45
(e 1)(1420) | yasrrT , RootOf(_Z —2)In(~RootOf(__Z"~2)w+v2e?H1)
trager o + 2z+ + , 57
input Lint ((2%x~2+1)~(1/2) / (1+(2%x2+1)~(1/2)) ,x,method=_RETURNVERBOSE) J

Output}x-1/2/x+1/2/x*(2*x*2+1)*(3/2)-x*(2*x*2+1)*(1/2)-1/2*arcsinh(x*2*(1/2))*2*(
\1/2) ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.05

/ Vit _ V2zlog (V2z — V222 +1) +227+ V222 +1 -1

T =
141+ 222 21
input Lintegrate ((2*xx~2+1)~(1/2) / (1+(2*x~2+1)~(1/2)) ,x, algorithm="fricas") J

‘1/2*(sqrt(2)*x*log(sqrt(2)*x - sqrt(2*x72 + 1)) + 2*%x72 + sqrt(2*x~2 + 1) ‘

output ‘ C /x ‘

Sympy [F]

/ V14 2z2 dr — V22 +1 i
14++/14+ 222 V2r2+1+1

input Lintegrate((2*x**2+1)**(1/2)/(1+(2*x**2+1)** (1/2)) ,%) J
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output‘ Integral (sqrt (2*x**2 + 1)/(sqrt(2*x**2 + 1) + 1), x)

Maxima [F]
/ ﬂ dr = ﬂ dx
1+ V14222 V222 +1+1
input Lintegrate ((2*x~2+1)~(1/2) / (1+(2%x~2+1) " (1/2) ) ,x, algorithm="maxima" J
outputtx - integrate(1/(sqrt(2*x~2 + 1) + 1), x) J

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.36

V 1 + 2.’L‘2 1 \/§ 1
—d$=—\/§10 —\/§x+\/2x2+1 +x— _
input Lintegrate ((2*x~2+1)~(1/2) / (1+(2*%x~2+1)~(1/2)) ,x, algorithm="giac") J
Output‘ 1/2*sqrt (2)*log(-sqrt (2)*x + sqrt(2*x~2 + 1)) + x - sqrt(2)/((sqrt(2)*x -

‘sqrt(2*x‘2 +1))72 - 1) - 1/2/x

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.74

[24 1
/ V14 222 \/Qasinh(\/ﬁm) @—%
— —dr=1x— +

1+ 1+ 222 2 T

inputtint((Q*x“2 + 1)7(1/2)/((2%x72 + 1)7(1/2) + 1),x%) J
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output X~ (27(1/2)%asinh(2(1/2)*0))/2 + (2" (A/D*(x"2 + 1/D"(W/2)/2 - 1/D/x

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.02

/ V1+ 222 p V232 +1—+2log(V222 +1+V2z) 2+ V224222 — 1
—_— A =
1+ v1+ 222 2z

input Lint((2*x"2+1)"(1/2)/(1+(2*x"2+1)"(1/2)) ,X) J

t‘ (sqrt (2#x**2 + 1) - sqrt(2)*log(sqrt(2*x**2 + 1) + sqrt(2)*x)*x + sqrt(2)* ‘

outpu
X+ 2%x4x2 — 1)/ (2%x)
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S

3.19 | = dr

Optimal result . . . . . . . . . . . . e 184
Mathematica [A] (verified) . . . . . . . .. ... L Lo 184
Rubi [A] (verified) . . . .. . . ... .. 185
Maple [A] (verified) . . . . . . . .. L 186
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . ... ... ... ... .. ..... 187
Maxima [F] . . . . . .. 187
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 187

Mupad [B] (verification not implemented) . .
Reduce [B] (verification not implemented) . .

Optimal result

Integrand size = 17, antiderivative size = 46

— / P
/ 1+e d =—%—|—\/1+m2+ 1+2 —arcsinh(x)—log(1+\/1+m2)

— = dz
1414 22

X

output \ -1/x+(x72+1) 7 (1/2)+(x72+1) " (1/2) /x-arcsinh(x) -1n(1+(x72+1) " (1/2))

input

output

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.89

1 N (14 2)V1+ x2

/ —1+=x do —
14+ 1+ T T

— 4arctanh<1 —2x+2vV1+ x2)

LIntegrate[(-l + x)/(1 + Sqrt[1 + x72]),x]

-

L—x‘(-l) + ((1 + x)*Sqrt[1 + x72])/x - 4*ArcTanh[1 - 2*x + 2%Sqrt[1 + x~2]]

J




input L

output ‘

rule 2009 ‘

rule 7293 ‘
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Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,

number of rules _ 0.118, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

r—1
vz +14+1
l 7293

dx

T 1
— dzr
/<\/a:2—|—1—|—1 \/x2+1+1>

| 2009
/22
—arcsinh(z) + Ix_l_ 1 +vz2+1-—1log (\/ z2+1+ 1) - %

Int[(-1 + x)/(1 + Sqrt[1 + x~2]),x]

-x~(-1) + Sqrt[1 + x"2] + Sqrt[1l + x"2]/x - ArcSinh[x] - Log[1l + Sqrt[1 +
x~2]]

Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

1
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Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.93

method | result size
Q;T_l + (z+1)m\/z2+1 +2In <_\/m27+;—1—x> 43

trager

3
default | —1 ++/22 + 1 — arctanh (\/w;i—}—l) —1In(z) + @ — zv/22 + 1 — arcsinh () | 53

— 4T AT NI4T ln(%+ z;“)

_ zhypergeom( [%,%,1] s [%,2} ,—w2)

meijerg > = 58
input, 128((x-1)/ (1+(x2#1)"(1/2)) ,x, method~_RETURNVERBOSE) J
output [(X‘l)/ x+ (x+1) /3% (x72+1) 7 (1/2)+2%1n (- ((x"2+1) " (1/2)-1-x) /%) )
Fricas [A] (verification not implemented)
Time = 0.10 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.39
/ 14z
——dz
14+ 1+ a2
_zlog (222 = V22 +12z+1)+2z+1) —zlog(z) —zlog (—z+ V22 + 1+ 1)+ V22 +1(z+ 1) +z
- T
input Lintegrate((x—1)/(1+(x*2+1)*(1/2)) ,X, algorithm="fricas") J
output‘ (x*log(2#x™2 - sqrt(x™2 + 1)*(2*x + 1) + x + 1) - x*log(x) - x*log(-x + sq ‘

rt(x72 + 1) + 1) + sqre(x™2 + 1)*(x + 1) + x - 1)/x ‘
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Sympy [A] (verification not implemented)

Time = 1.35 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.04

_1+Z' x 1 1

PR e R +vz2+1-log (Vz2+1+1)—asinh (z)——+——~—
/1+V1+~’62 Va2 +1 g( ) (z) T zVr?+1
inputLintegrate((x—1)/(1+(x**2+1)**(1/2)),x) ]

‘x/sqrt(x**2 + 1) + sqrt(x**2 + 1) - log(sqrt(x**2 + 1) + 1) - asinh(x) - 1

output
‘/x + 1/(x*sqrt(x**2 + 1)) ‘

Maxima [F]
-1+z z—1
—dr= | —dz
1+ V1+a? Ve +1+1
inputLintegrate((x—1)/(1+(x‘2+1)‘(1/2)),x, algorithm="maxima") J
output‘1/4*XA2 - 1/2*x - integrate(1/2*(x"3 - x72)/(x"2 + 2*sqrt(x™2 + 1) + 2), x

& |

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.72

-14z 2 1
—dx:\/x2+ — _—+10g<_.'1]
/1+\/1+x2 (m_1/x2+1)2_1 X

+ Va2 +1) — log (|z)
—log (‘—x+\/m+ 1‘) + log (‘—x—i-\/aT—i-l— 1‘)

input Lintegrate ((x-1)/(1+(x"2+1)~(1/2)) ,x, algorithm="giac") J
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output‘ sqrt(x™2 + 1) - 2/((x - sqrt(x™2 + 1))72 - 1) - 1/x + log(-x + sqrt(x~2 + ‘
1)) - log(abs(x)) - log(abs(-x + sqrt(x™2 + 1) + 1)) + log(abs(-x + sqrt(x |
T2+ 1) - 1) |

Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00

/——1+x dz = v/z2 +1—1n () — asinh(z) + x2+1—1+atan<\/a:2+lli> 1i
1+ 1+ 22 v v

-

inputtint((x - 1)/((x"2 + 1)°(1/2) + 1),%)

-/

‘atan((x~2 + 1)7(1/2)%1)*1i - asinh(x) - log(x) + (x2 + 1)7(1/2) + (x"2 +
D°(1/2)/x - 1/x

N\ J

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.48

/ —1+z p
= ax
14+ v1+ 22
VAT + VT (VAT 4 0) 2~ log(IEREEE o o1
- T
inputLint((x—i)/(1+(x‘2+1)*(1/2)),X) |

‘(sqrt(x**2 + 1)*x + sqrt(x**2 + 1) - log(sqrt(x**2 + 1) + x)*x - log((sqrt
‘(x**2 + 1)*x + sqrt(x**2 + 1) + x**2 + x + 1)/(sqrt(x**2 + 1) + x))*x + x ‘

- 1)/x

N\ J

output




output

input
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—1ta+ta?

520 [

Optimalresult . . . . . . . . .. .. . 189
Mathematica [A] (verified) . . . . . . . .. ... L 189
Rubi [A] (verified) . . . . . . ... .. 190
Maple [A] (verified) . . . . . . . . . 191l
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... [191]
Sympy [A] (verification not implemented) . . ... ... ... ... ... .... 1921
Maxima [F] . . . . . . o 192
Giac [A] (verification not implemented) . . . . . . . ... ... ... 192
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 193
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 193l

Optimal result

Integrand size = 20, antiderivative size = 65

-1 2 \/1 2 1
/ﬂdaz=—;—x+vl+ + e +§m\/1—|—x2

14++v1+ 22

_ arcsinh(z)
2

— log <1+m>

—1/x-x+ (x72+1) " (1/2)+(x~2+1) " (1/2) /x+1/2%x* (x~2+1) " (1/2) -1/2%arcsinh(x)-1n

J

Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.05

/ 1+x+x
1+v1+ﬂ

_ 2(142%) + V14 22(2 4 2z + 2?) + 3z log (- + V1 + 22)

—4zlog (1 —z +v1+z?)

2z

LIntegrate[(-l +x + x72)/(1 + Sqrt[1 + x~2]),x]
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‘ (-2%(1 + x72) + Sqrt[1l + x72]*(2 + 2*x + x72) + 3*x*Log[-x + Sqrt[1 + x~2] ‘

output
L] - 4*x*Log[l - x + Sqrt[1 + x~211)/(2*x) J

Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00,

number of rules _ 0.100, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
> +x—1
—dzx
Vrz+1+1
| 7293
/( z? N x B 1 >dw
VaZ+1+1 Va?+1+1 Val+1+1
| 2009
inh 1 Vz2+1 1
—aTCSl;(w)—I—2\/w2+1w+ 2+ 1+ xx—i_ —log(\/a:2—|—1+1> T
input LInt[(-l +x + x72)/(1 + Sart[1 + x72]),x] J
output‘ -x7(-1) - x + Sqrt[1 + x72] + Sqrt[l + x~2]/x + (x*Sqrt[1 + x"2])/2 - ArcS ‘

‘inh[x]/2 - Logl[1l + Sqrt[1 + x~2]] ‘

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

7203 Intlu_, x_Symboll :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SunQ[v]

] |

rule




input

output

input

output
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Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.86

n

=z hypergeom ( [% %,1] , [%,2} —x2) z° hypergeom ([1,1

method | result
3
default | —z— 2 — m\/x;ﬁ - arcmgh(w) + /22 + 1 — arctanh ( ﬁ) —In(z) + (w2:1)2

) pg]et) | VIV Va1 )

meijerg 2 5 + 4T
) (o2 12 In z2+1m2—9:3+2:c\/z2+41—2a:2+2 22 +1—2z—2
_(z-1) z?+2z+2)Va2+1 z
trager e 5% + 3

e

Lin‘t ((x~2+x-1)/(1+(x~2+1)~(1/2)) ,x,method=_RETURNVERBOSE)

‘—x-1/x—1/2*x*(x‘2+1)“(1/2)-1/2*arcsinh(x)+(x“2+1)“(1/2)-arctanh(1/(x“2+1)“
| (1/2))-1n(x)+1/x* (x72+1) 7 (3/2)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.29

/—1+x+z2d
—_— w:
1+ 1+ 22

2224+ 2zlog (z) + 2zlog (—z+ Va2 + 1+ 1) —zlog (—z + V22 +1) —2zlog (—z+ Va2 + 1 —

2z

Lintegrate((x‘2+x—1)/(1+(x‘2+1)‘(1/2)),x, algorithm="fricas")

‘-1/2*(2*x‘2 + 2+xxlog(x) + 2*x*¥log(-x + sqrt(x”2 + 1) + 1) - xxlog(-x + sq
‘rt(x‘2 + 1)) - 2xx*xlog(-x + sqrt(x”2 + 1) - 1) - (x72 + 2%x + 2)*sqrt(x~2
‘+ 1) - 2%x + 2)/x
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Sympy [A] (verification not implemented)

Time = 2.46 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.97

-1 2 Vai + 1 —
/ +x+xd _zVr?+ I IO s

€T =
]-+\/].+.'E2 2 1/$2_'_1
asinh (z) 1 1
— 2 1 1) =& 2
log(x/z—l— +> 5 $+—x g
input Lintegrate ((x**x2+x-1) / (1+ (x**2+1) ** (1/2) ) ,x) J

‘x*sqrt(x**2 +1)/2 - x + x/sqrt(x**2 + 1) + sqrt(x**2 + 1) - log(sqrt (x**2 ‘

output
‘ + 1) + 1) - asinh(x)/2 - 1/x + 1/(x*sqrt(x**2 + 1)) ‘

Maxima [F]
/—1+x+x2dx_ 22+zx—1 .
Tivize 0T ) Variea
input Lintegrate ((x~2+x-1)/(1+(x"2+1)~(1/2)) ,x, algorithm="maxima") J

‘2*}( - bxarctan(1/2*x) + integrate((x”6 + x75 - x74)/(3*x"4 + 16*x"2 + (x74 ‘

output
‘ + 8%x™2 + 16)*sqrt(x”2 + 1) + 16), x) + log(x"2 + 4) ‘

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.37

-1 2 1 2
/ﬂdzz—vﬁ—l—l(x—l—m—x— 5
1++v1+a? 2 (z—v22+1) -1

- % +% log (—x+ m> — log (|z|)
— log ()—x+\/ﬂm+ 1)) + log (‘—m+\/m— 1‘)
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input‘integrate((x"2+x—1)/(1+(x"2+1)"(1/2)),x, algorithm="giac")

output‘ 1/2%sqrt(x72 + D*x(x + 2) - x - 2/((x - sqrt(x”2 + 1))72 - 1) - 1/x + 1/2% ‘
‘log(-x + sqrt(x”2 + 1)) - log(abs(x)) - log(abs(-x + sqrt(x™2 + 1) + 1)) + ‘
‘ log(abs(-x + sqrt(x”2 + 1) - 1)) ‘

Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.85

—1+z+ 22 T asinh(z)
—————dr=(>+1)Vz2+1—-———= —In(z) —z
/l—l-\/l—i-av2 <2 ) 2 ()

241 1
z ——+atan<\/x2+lli> 1i
z

X

-

input Lint((x +x°2 - 1)/((x"2 + 1)°(1/2) + 1),%)

-/

¢ atan((x"2 + 1)7(1/2)#11)*1i - x - asinh(x)/2 - log(x) + (x/2 + D*(x"2 + 1

outpu
D7(1/2) + 2 + 1D/ /x - 1/x

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.97

/—1+x+x2 i

14+ V1422
V't 12?2+ 2z + 1z +2vVz2 + 1 — 4log(Va2 + 1+ x4+ 1) z + log(v/z? +1 + o)z — 2% —2
- 2z

input Lint((X”2+X'1)/(1+(X‘2+1) ~(1/2)),%) J

output‘ (sqrt (x**2 + 1)*x**2 + 2xsqrt(x**2 + 1)*x + 2xsqrt(x**2 + 1) - 4*log(sqrt( ‘
(xkk2 + 1) + x + 1)kx + log(sqrt(xk*2 + 1) + x)*x - 24xkk2 — 2)/(2%x) |
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3.21 [ ,/dy

a—=x

Optimal result . . . . . . . . .. .. 194
Mathematica [A] (verified) . . . . . . . .. ... Lo 194
Rubi [A] (verified) . . . . . . . .. . 195
Maple [A] (verified) . . . . . . . . .. 196
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 197
Sympy [F] . . o o 197
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 197
Giac [A] (verification not implemented) . . . . . . ... ... .. L. 198
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 198
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 198}

Optimal result

Integrand size = 15, antiderivative size = 44

2 2
/@/a+xdx=—\/—1+ g (a—x)+2aarctan< 14+ )
a—z a—zx a—zx

L— (-1+2*a/(a-x) )~ (1/2)*(a-x) +2*a*xarctan((-1+2*a/(a-x)) ~(1/2))

-/

output

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.52

1 65 B s ()
x =
a—x

va+z
input LIntegrate [Sqrtl(a + x)/(a - x)]1,x] J
Output‘(Sqrt[(a + x)/(a - x)]1*((-a + x)*Sqrt[a + x] + 2*axSqrt[a - x]*ArcTan[Sqrt

‘[a + x1/Sqrtla - x]11))/Sqrtla + x] |




input

output
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.32,

number of rules _ 0.200, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2051, 252, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/ a+.’L‘dx
Va—z

below.

lmm1
4a/ ata d\/m
(a—x)(%+1)2 a-z
l252

atx
1 1 a-+x \/ a—=
4a| = P d -
2/ &+l Va-z 2<—gf§+1)
l 216
atx
1 at+zx a—x
4a (2 arctan < . a:) — " )
—_— aTx
” 2 (52 +1)

‘Int[Sqrt[(a + x)/(a - x)1,x]

‘4*a*(—1/2*Sqrt[(a +x)/(a-x)]1/(1 + (a+x)/(a - x)) + ArcTan[Sqrt[(a + x
)/(a - 011/2)
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

rule 216

Int[((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[c*(c*x
)"(m - 1)*((a + b*x72)"(p + 1)/(2xbx(p + 1))), x] - Simp[c™2*x((m - 1)/ (2%bx*
(p + 1)) Int[(c*x)"(m - 2)*(a + b*x"2)"(p + 1), x], x] /; FreeQ[{a, b, c
}, x] && LtQlp, -1] && GtQ[m, 1] && 'ILtQ[(m + 2%p + 3)/2, 0] && IntBinomi
alQ[a, b, ¢, 2, m, p, x]

rule 252

Int[((Ce_.)*((a_.) + (b_)*(x_)"(m_.)))/((c_) + (d_)*x=_)"(m_.)))"(p_), x_
Symbol] :> With[{q = Denominator[pl}, Simp[gq*e*((b*c - a*d)/n)  Subst[Int[
x"(gx(p + 1) - 1)*x(((-a)*e + c*x"q)~(1/n - 1)/(b*e - d*x~q)~(1/n + 1)), x],
x, (ex((a + b*x™n)/(c + d*x"n)))~(1/q)]1, x]1] /; FreeQ[{a, b, c, d, e}, x]

&& FractionQ[p] && IntegerQ[1/mn]

rule 2051

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.39

method | result size

LT (q—g) (\/ a?2—zx2—aarctan (ﬁ) )

default | — T 61

(@2)/5E Ve N aarctan(ﬁ)\/ﬁm

V= (=a+tz)(ata) ate

90

risch

-

Lint (((a+x)/(a-x))~(1/2) ,x,method=_RETURNVERBOSE)

-/

input

- ((a+x)/(a-x)) "~ (1/2) *(a-x) *((a"2-x"2) " (1/2) -a*arctan(x/(a~2-x"2) " (1/2))) /(|

output ‘
(at+x)*(a-x))~(1/2) ‘
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.86

/1/a+xdx=2aarctan( a+x> — (a— 1) ot
a—x a—x a—zx

input ‘ integrate(((a+x)/(a-x))~(1/2),x, algorithm="fricas") ‘

output 2*2*arctan(sart((a + /(a2 - )) = (a - V*sqrt((a + 0)/(a - ) J
Sympy [F]
i | [
a—2 a—x
input | i8tegrate(((a+x) /(a=x))*x(1/2),x) J
output LIntegral(sqrt((a +x)/(a - x)), %) J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.11

[atz
/ (H_xdx: —2a F _ arctan @tz
Va—zx atz 4 q a—z

a—x

input Lintegrate (((a*+x)/(a-x))~(1/2) ,x, algorithm="maxima") J

—2+ax(sqrt((a + x)/(a - ©)/((a + x)/(a - x) + 1) - arctan(sqrt((a + x)/(a

output‘ o) ‘
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.82

/ 7/ Z i_f; dx = aarcsin (g) sgn(a — z)sgn(a) — vVa? — z?sgn(a — )

input Lintegrate (((a+x)/(a-x))~(1/2) ,x, algorithm="giac") J

-

output La*arcsin(X/a)*sgn(a - x)*sgn(a) - sqrt(a”2 - x"2)*sgn(a - x)

-/

Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.11

la+x la+x 2“\/ZJ—F;
/ dr = 2aatan —
a—2x a—z a4

Lint(((a +x)/(a - %))"(1/2),x) J

input

‘2xa*atan(((a + x)/(a - x))"(1/2)) - (2*xa*((a + x)/(a - X))~ (1/2))/((a + x)

output‘/(a S+ 1) ‘

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.73

/\/gdm = —2asin(%) a—Va+trva—z

int (((a+x)/(a-x))"~(1/2) ,%) J

input L

outputt - 2*asin(sqrt(a - x)/(sqrt(a)*sqrt(2)))*a - sqrt(a + x)*sqrt(a - x) J




output

input

output
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—a+z

3.22 [ /=g

Optimal result . . . . . . . . .. .. 199
Mathematica [A] (verified) . . . . . . . .. ... Lo 199
Rubi [A] (verified) . . . . . . . .. . 200
Maple [A] (verified) . . . . . . . . .. 201]
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 202
Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 2021
Giac [A] (verification not implemented) . . . . . . ... ... .. L. 203
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 203
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 204

Optimal result

Integrand size = 15, antiderivative size = 37

— 2
/,/ a+xdx=(a+m)\/1——a —2aarctanh< 1-—
a+x a—+x

2a
a+x

[(a+x) *(1-2xa/ (a+x) )~ (1/2)-2*a*arctanh((1-2*a/(a+x) )~ (1/2))

-/

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.81

va+z

)

/ /—a—i—x a‘ff v—a+z(a+x) —2a\/a+xarctanh<m
a+z

vV—a+x

LIntegrate [Sgrt[(-a + x)/(a + x)],x]

‘ (8qrtl[(-a + x)/(a + x)]*(Sqrt[-a + x]*(a + x) - 2*a*Sqrt[a + x]*ArcTanh[Sq ‘

}rt[a + x]/Sqrt[-a + x]11))/Sqrt[-a + x]
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.62,

number of rules _ 0.200, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2051, 252, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ /:z:—adx
a+x
lmm1
e
(a+2) (ﬁ+1)
l252
_a-=z i 1
a+x a—x
W E iy
(2(24_5_’_1) 2 Z_i_ii‘l-l a—i—:v)
l 219
_a—=z 1
4a m—arctanh( _a—a:)
2(%4_1) 2 a+x
input LInt [Sqrtl(-a + x)/(a + x)],x] J

4xax(Sqrt[-((a - x)/(a + x))1/(2%(1 + (a - x)/(a + x))) - ArcTanh[Sqrt[-((

output
a- /@ /D) J
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 219

Int[((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[c*(c*x
)7(m - 1D*((a + b*xx"2)"(p + 1)/(2%b*x(p + 1))), x] - Simplc™2*((m - 1)/(2%b*
(p + 1)) Int[(c*x)"(m - 2)*(a + b*x"2)"(p + 1), x], x] /; FreeQ[{a, b, c
}, x] && LtQlp, -1] && GtQ[m, 1] && 'ILtQ[(m + 2%p + 3)/2, 0] && IntBinomi
alQ[a, b, ¢, 2, m, p, x]

rule 252

Int[((Ce_.)*((a_.) + (b_)*(x_)"(m_.)))/((c_) + (d_)*x=_)"(m_.)))"(p_), x_
Symbol] :> With[{q = Denominator[pl}, Simp[gq*e*((b*c - a*d)/n)  Subst[Int[
x"(gx(p + 1) - 1)*x(((-a)*e + c*x"q)~(1/n - 1)/(b*e - d*x~q)~(1/n + 1)), x],
x, (ex((a + b*x™n)/(c + d*x"n)))~(1/q)]1, x]1] /; FreeQ[{a, b, c, d, e}, x]

&& FractionQ[p] && IntegerQ[1/mn]

rule 2051

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.68

method | result size
R /—ata (a+z) (a In (z+\/—a2+x2) —\/—a2+x2)
default N ey oy 62
a+tz),/— 22 /—(a+z)(a—2x aln(z+v—-a2+z2),/—22 /—(a+z)(a—z
I‘iSCh = ) \/(a—+aw+z)(¢f+:) )( ) + ( - . ) a_;+z ( . )( ) 92

input Lint (((-a+x)/(a+x))~(1/2) ,x,method=_RETURNVERBOSE)

-(-(a-x)/(a+x) )~ (1/2) * (a+x)* (a*1ln(x+(-a~2+x"2) " (1/2) ) -(-a~2+x"2) " (1/2)) /(-

output ‘
(at+x)*(a-x))~(1/2)




input

output

input

outputt

inputt
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.57

/\/_a—i_wdx:—alog(1/—u+1)+alog< —a_z—1>+(a+x) i
a+x a+x a+x a+x

Lintegrate(((-a+x)/(a+x))‘(1/2),X, algorithm="fricas")

‘-a*log(sqrt(—(a - x)/(a + x)) + 1) + axlog(sqrt(-(a - x)/(a + x)) - 1) + (
‘a + x)*sqrt(-(a - x)/(a + x))

Sympy [F]

/ /—a+xdx=/ /—a+xdm
a+x a+x

{integrate(((-a+x)/(a+x))**(1/2),X)

| —

Integral(sqrt((-a + x)/(a + %)), x)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 70 vs. 2(33) = 66.

Time = 0.03 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.89

/”—a+x are — log H——a_x-l-l + log _a—x_l
a+zx a+—m+1 a+zx a+zx

integrate(((-a+x)/(a+x))~(1/2),x, algorithm="maxima")
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‘ax(2*sgrt(-(a - x)/(a + 0)/((a - x)/(a + x) + 1) - log(sqrt(-(a - x)/(a +

output
‘ x)) + 1) + log(sqrt(-(a - x)/(a + x)) - 1)) ‘

Giac [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.08

/\/_a+xdﬂs=alog<‘—x+\/—a2+x2
a+2x

Lintegrate (((-a+x)/(a+x))~(1/2) ,x, algorithm="giac") J

> sgn(a + ) + vV —a? + x?sgn(a + )

input

output La*log(abs(-x + sqrt(-a~2 + x72)))*sgn(a + x) + sqrt(-a~2 + x"2)*sgn(a + x) J

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.38

Z

/ /—a-l—:c a+z _ 9gatanh a—z
a+zx m+1 at+x

int((-(a - x)/(a + x))~(1/2),%) J

input L

(2rax(-(a - x)/(a + X)"(1/2))/((a - x)/(a + x) + 1) - 2*+a*atanh((-(a - x)

output
/a + x))7(1/2) |
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Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.97

/\/ﬁdm:\/a+$\/—a+m—210g<\/_a+\/3;‘\"/%/‘1+$>a

input Lint(((‘a+X)/(a+x))‘(1/2) ,X)

‘sqrt(a + x)*sqrt( - a + x) - 2*log((sqrt( - a + x) + sqrt(a + x))/(sqrt(a)

output
‘*sqrt(2)))*a
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3.23 [ /9%y

ct+dzx
Optimal result . . . . . . . . .. .. 205]
Mathematica [A] (verified) . . . . . . . .. ... Lo 205
Rubi [A] (verified) . . . . . . . .. . 200!
Maple [A] (verified) . . . . . . . . .. 207
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 208
Sympy [F] . . o o 208
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2091
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 200
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 210
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 2101

Optimal result

Integrand size = 17, antiderivative size = 102

b bc—ad —
/ [a + bx (c+dz)\ /5 — 355 (bc ad)arctanh( 7
c+ da:

d V/bd3/?

o (@rx+c)* (b/d-(-axd+bkc) /d/ (d¥x+c)) ™ (1/2) /d-(-axd+bxc) arctanh (4" (1/2)*(b/d
—(-axd+b¥c) /d/ (d*x+c)) " (1/2) /b7 (1/2)) /b7 (1/2) /4" (3/2) |

outpu

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.95

(—bc+ad) Marctanh( Vb m> )

a-l—bz Vd+/a+bx
la + bx ctdr ( d(c +dz) + VoJatbz =
/ c+ dac d3/2

t‘ Integrate[Sqrt[(a + b*x)/(c + d*x)],x]

inpu
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t‘ (8qrtl[(a + b*x)/(c + d*x)]*(Sqrtldl*(c + d*x) + ((-(bxc) + axd)*Sqrtlc + d ‘
 *x]*ArcTanh [(Sqrt [b]*Sqrt[c + d*x])/(Sqrt[dl*Sqrtla + b*x]1)1)/(Sqrt[bl*Sqr |
tla + b¥x])))/d"(3/2) |

outpu

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.95,

number of rules _ 0.176, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2051, 252, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
la + bx
/ c+dx dz

2051
2(bc—ad)/ a+ bz d /a+2x
(c+da) (b— deped)” Verar
l 252
a+bx
R
2(bc — ad) datse)\ 5d
2d (b T Tctdz )
l 221
\/E a+bx
. arctanh ( \/;“” >
2(bc — ad) ctds -
2d (b _ Lﬂf)) 2v/bd3/2

input (Int [Sqrt[(a + b*x)/(c + d*x)],x]
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‘2*(b*c - a*xd)*(Sqrt[(a + b*x)/(c + d*x)]/(2*d*(b - (d*(a + b*x))/(c + d*x) \

tput
ot 1)) - ArcTanh[(Sqrt[d]*Sqrt[(a + b*x)/(c + d*x)1)/Sqrt[bl]/(2*Sqrt[bl*d~(3/ |
2))) |
Defintions of rubi rules used
rule 291 Intl((al) + (b_)*(x_)72)7(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]
rule 252 Int[((c_)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[c*(ckx

)7(m - 1D)*((a + b*xx"2)"(p + 1)/(2xb*x(p + 1))), x] - Simp[c™2*((m - 1)/(2xb*
(p +1))) Intl(c*x)"(m - 2)*(a + b*xx"2)~(p + 1), x], x] /; FreeQ[{a, b, c
}, x] && LtQlp, -1]1 && GtQ[m, 1] && !'ILtQ[(m + 2*p + 3)/2, 0] &% IntBinomi
alQla, b, ¢, 2, m, p, x]

rule 2051 TntLCCCe_)*((a_.) + (b_)*(x_)"(n_.)))/((c) + (d_.)*(x_)"(m_.)))"(p), x_
Symbol] :> With[{q = Denominator[pl}, Simp[g*ex((b*c - a*d)/n)  Subst[Int[
x"(qx(p + 1) - D*(((-a)*e + c*xx"q)~(1/n - 1)/(b*e - d*x"q)~(1/n + 1)), x],
x, (ex((a + bxx"n)/(c + d*x"n)))~(1/9)], x1]1 /; FreeQ[{a, b, c, d, e}, x]
&& FractionQ[p] && IntegerQ[1/n]

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.49

method | result

/gziz (dx—i—c) (ln ( 2bdz+2+/(bz+a)(dz+c) \/ﬁ+ad+bc)ad_ln<2bdm+2\/ (bz+a)(dz+c) m+ad+bc> be+2 (bx—i—a) (dz—i—c) \/w)
default

2vbd 2vbd
2,/ (bz+a)(dz+c) dvbd

input Lint (((b*x+a)/ (d*x+c))~(1/2) ,x,method=_RETURNVERBOSE) J
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\ 1/2%((bkx+a) / (d*x+c)) = (1/2) * (d*x+c) * (1n (1/2% (2¥bkd*x+2% ((bkx+a) * (d*x+c)) ™ (
\1/2)*(b*d) (1/2)+axd+b*c)/ (b*d) ~(1/2) ) *a*d-1n(1/2* (2*b*d*x+2* ( (b*x+a) * (d*x
\+C)) (1/2) *(b*d) = (1/2) +a*d+b*c) / (b*d) ~(1/2) ) ¥b*c+2* ((b*x+a) * (d*x+c) ) ~(1/2)
\ *(b*d) ~(1/2) )/ ((b*x+a) *(d*x+c))~(1/2) /d/ (b*d) ~(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.76

/ /a+ bx dx
c+dz
(be — ad)Vbdlog (2bd + be + ad + 2 Vbd(dz + o) /1252 ) — 2 (bdPz + bed)  ite. (be — ad)V/=be

)

__ 2 bd?

-/

.
input Lintegrate (((b*x+a)/(d*x+c))~(1/2),x, algorithm="fricas")

[-1/2*((b*c - axd)*sqrt(bxd)*log(2*b*d*x + b*c + a*d + 2*sqrt(b*d)*(d*x +
c)*sqrt((bxx + a)/(d*x + c))) - 2x(b*d™2*x + bkc*d)*sqrt((b*x + a)/(d*x +
c)))/(b*d~2), ((b*c - axd)*sqrt(-b*d)*arctan(sqrt(-b*d)*(d*x + c)*sqrt((b*
x + a)/(d*x + c))/(b*d*x + axd)) + (bxd~2*x + bxc*d)*sqrt((b*x + a)/(d*x +

c)))/(bxd~2)]

output

Sympy [F]

a—+ bx a+ bx
dz = dz
c+dx c+dx

integrate (((b*x+a)/(d*x+c))**(1/2) ,x) J

input ‘

output LIntegral(sqrt((a + b*x)/(c + d*x)), %) J
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.16

ba+
d dz+z—¢w>

[ \/m L, e—ady/ie (emadlos <—d =
c+dx

— +
bd - CoR" 2+/bdd
input Lintegrate (((b*x+a)/ (d*x+c))~(1/2) ,x, algorithm="maxima") J

‘(b*c - axd)*sqrt ((b*x + a)/(d*x + c))/(b*d - (b*x + a)*d~2/(d*x + c)) + 1/
\2*(b*c - a*d)*log((d*sqrt((b*x + a)/(d*x + c)) - sqrt(bxd))/(d*sqrt((bxx + \
a)/(a*x + ©)) + sqrt(bxd)))/(sqrt (bxd)*d) |

output

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.07

(vesen(

besgn(dz + ¢) — adsgn(dz + ¢)) log <‘—bc —ad—2 \/@(\/Qx — v/bdz? + bex + adz + ac) D

2Vbdd
N Vbdz? + bex + adz + acsgn(dz + )
d
inputLintegrate(((b*x+a)/(d*x+c))"(1/2),x, algorithm="giac") J

ou_tput‘1/2*(b*c*sgn(d*x + c) - axd*sgn(d*x + c))*log(abs(-b*c - a*d - 2*sqrt(b*d)
‘*(sqrt(b*d)*x - sqrt(b*d*x~2 + b*cxx + a*xd*x + axc))))/(sqrt(b*d)*d) + sqr
(t(bkd*x"2 + bkckx + akdsx + akc)*sgn(d*x + c)/d |
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Mupad [B] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.88

h \/E gigi d b
/\/md e\ T ) @479 ed—be
dm TR (g )

input‘int(((a + b*x)/(c + d*x))"(1/2),%)

output‘ (atanh((d~(1/2)*((a + b*x)/(c + d*x))~(1/2))/b~(1/2))*(a*d - b*c))/(b~(1/2 ‘
)*#d"(3/2)) + ((a*d - brc)*((a + b*x)/(c + d*x))~(1/2))/(b*d*((d*(a + b*x))
/(b(c + d*x)) - 1)) |

Reduce [B] (verification not implemented)
Time = 0.18 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.00
/ /a+ bz d

c+dx

Vdz + c/br + abd + \/E\/Elog(ﬂ@;_@/dz+?> ad — \/gﬁlogw@;_ﬁm) be

bd?

input Lint(((b*x+a)/(d*x+c))~(1/2) ) J

ou‘cpu‘c‘(sqrt(C + d*x)*sqrt(a + b*x)*b*d + sqrt(d)*sqrt(b)*log((sqrt(d)*sqrt(a + b
‘*x) + sqrt(b)*sqrt(c + d*x))/sqrt(axd - bxc))*a*d - sqrt(d)*sqrt(b)*log((s

‘qrt(d)*sqrt(a + b*x) + sqrt(b)*sqrt(c + d*x))/sqrt(a*xd - bx*c))*bxc)/(b*xd**
2 |
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3.24 [\/EEdx

1+
Optimal result . . . . . . . . .. .. 211
Mathematica [A] (verified) . . . . . . . .. ... Lo 211
Rubi [A] (verified) . . . . . . . .. . 212
Maple [A] (verified) . . . . . . . . .. 213
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 214
Sympy [F] . . o o 214
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 214
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 215
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 215
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 2151

Optimal result

Integrand size = 15, antiderivative size = 34

1-— 2 2
/1/ 9Udavz(l—}—x)\/—l—{-——2aJ1rctaJn -1+
1+z 1+z 1+=z

L(1+x) *(-1+2/ (1+x)) ~(1/2)-2*arctan ((-1+2/(1+x)) ~(1/2))

-/

output

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.88

/\/mdz— ;—i\/l—i-x(\/l — x2 — 2arctan (—V_lljrf))
1+z =~

N

input LIntegrate [Sqrt[(1 - x)/(1 + x)],x] J

t‘ (Sart[(1 - x)/(1 + x)]1*Sqrt[1 + x]*(Sqrt[1 - x72] - 2*ArcTan[Sqrt[1 - x~2] ‘
/(-1 + 01))/Sqrtll - x]

outpu
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.68,

number of rules _ 0.200, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2051, 252, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1_
/\/ xdx
r+1
l2051
1—=zx 1—z
_4/ 1 2d z+1
(z+1) (53 +1)
1252
2 T Vot
1216
1 1 =
—4 arctan( —a:) — et
input LInt[Sqrt[(l -x)/(1 + x],x]

output

e

-4%(-1/2%Sqrt[(1 - x)/(1 + x)]1/(1 + (1 - x)/(1 + x)) + ArcTan[Sqrt[(1 - x)
/1 + 011/2)
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Defintions of rubi rules used

rule 216 It + (b_.)*(x.)72)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)
rule 252 Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simpl[c*(c*x
)"(m - 1)*((a + b*x"2)"(p + 1)/(2%b*(p + 1))), x] - Simp[c™2*((m - 1)/(2%b*
(p + 1)) Int[(c*x)"(m - 2)*(a + b*x"2)"(p + 1), x], x] /; FreeQ[{a, b, c
}, x] && LtQlp, -1] && GtQ[m, 1] && 'ILtQ[(m + 2%p + 3)/2, 0] && IntBinomi
alQfa, b, ¢, 2, m, p, x]
rule 2051 IRELCCCe_D*((a_.) + (b_)*(x)"(m_.)))/((c) + (A_)*Gx)"(n_)))"(p), x_
Symbol] :> With[{q = Denominator[pl}, Simp[gq*e*((b*c - a*d)/n)  Subst[Int[
X" (gx(p + 1) - D*x(((~a)*e + cxx"q)~(1/n - 1)/(bxe - d*x"q)"(1/n + 1)), x],
x, (ex((a + b*x"n)/(c + d*x"n)))~(1/q 1], x1] /; FreeQ[{a, b, c, d, e}, x]
&& FractionQ[p] && IntegerQ[1/mn]
Maple [A] (verified)
Time = 0.18 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.15
method | result
\ /—;—H (z+1) (\/T-i—l—{—arcsin(:c))
default NEcEyeEsy
risch (x n 1) \/% _ arcsin(:l:),/—ﬁxl_\l/—(ac—l)(x—i—l)
trager (x+1) —ﬁ—;} + RootOf (_Z2 + 1) In (RootOf (_Z2 + 1) A /—i—;} z + RootOf (_Z2 + 1) \/
input Lint (((1-x)/(x+1))~(1/2) ,x,method=_RETURNVERBOSE) J

output L(-(x—1)/(x+1))”(1/2)*(x+1)/(‘(x—1)*(x+1))*(1/2)*((_x*2+1)~(1/2)+arcsin(x)) J
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.94
11—z z—1 z—1
dx = 1)1/ — -
/ 14+=z z=(z+1) x+1 ( x+1>

[integrate (((1-x)/(1+x))~(1/2) ,x, algorithm="fricas")

-/

input

Outputt(x + 1)*sqrt(-(x - 1)/(x + 1)) - 2*arctan(sqrt(-(x - 1)/(x + 1))) J
Sympy [F]
l-xz 11—z
/\/ 1—|—:vdx_/ \ m+1dx
input Lintegrate (((1-x)/ (1+x) ) **(1/2) ,x) J
output, Integral(sart (1 - 0)/(x + 1), ©

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.26

2
/11— P -1
/ xdx———“—2arctan _r

integrate(((1-x)/(1+x))~(1/2) ,x, algorithm="maxima") J

input L

output‘ -2¢sqrt(-(x - 1/(x + D)/((x - 1D/(x + 1) - 1) - 2*arctan(sqrt(-(x - 1)/( ‘
x+ 1)) |
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.85

1-— 1
/ \/ T L dr = 3 wsgn(z + 1) 4 arcsin (z) sgn(z + 1) + vV —=22 + 1sgn(x + 1)
x

input Lintegrate (((1-x)/(1+x))~(1/2) ,x, algorithm="giac")

‘1/2*pi*sgn(x + 1) + arcsin(x)*sgn(x + 1) + sqrt(-x~2 + 1)*sgn(x + 1) ‘

output
Mupad [B] (verification not implemented)
Time = 8.90 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.26
M-z - 2\/—54
/ = ® dz = —2atan| /- ! - “
1+ z+1 gl
nput 1BE(CG - D/ G+ 1)7(1/2),0) )
Output‘ - 2#atan((-(x - 1)/(x + 1))7(1/2)) - (2x(-(x - 1)/(x + 1))~(1/2))/((x - 1) ‘
/(x + 1) - 1) |
Reduce [B] (verification not implemented)
Time = 0.20 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.76
— V1=
/g/i_kzdx:—Zasin( ﬁx)+\/x+1\/1—x
input 1880/ (1+3))7(1/2) ) )

outputt - 2xasin(sqrt( - x + 1)/sqrt(2)) + sqrt(x + 1)*sqrt( - x + 1) J
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3.25 [ /722 dx

5+3x
Optimal result . . . . . . . . .. .. 276
Mathematica [A] (verified) . . . . . . . .. ... Lo 216
Rubi [A] (verified) . . . . . . . .. . 217
Maple [B] (verified) . . . . . . . . . .. 218
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 219
Sympy [F] . . o o 219
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 2201
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... ... 220
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 221]
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 227

Optimal result

Integrand size = 15, antiderivative size = 49

8arcsinh ( : \/g \/T—i—:v)
3v3

14z 1
= -+/—1 _
/ 5+ 32 dx 3\/ +2zv5+ 3z

N

‘(1/3* (-1+x)~(1/2) *(6+3%x) ~(1/2)-8/9*arcsinh (1/4*6~ (1/2) * (-1+x) ~(1/2) ) *3~ (1/ ‘

2 |

output

Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.53

/ /—1+$ _V ;12;: 3v—1+x(5+3z) — 8\/15+9xarctanh<\[j"%>>
5+3z Witz

input LIntegrate [Sqrt[(-1 + x)/(5 + 3*x)],x] J

N

output‘ (Sqrt[(-1 + x)/(5 + 3%x)]1*(3*Sqrt[-1 + x]*(5 + 3*x) - 8%Sqrt[15 + 9*x]*Arc ‘
‘Tanh[Sqrt [6 + 3%x]/(Sqrt[3]*Sqrt[-1 + x1)1))/(9*Sqrt[-1 + x]) ‘
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.00,
number of rules _ 0.267, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {2050, 60, 64, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
r—1
[ o5
l 2050
\/mdx
V3z +5
l 60
1\/96—1\/3ac+5— 4/ 1 dz
3 3) Ve—1v3z+5
l 64
S [ e
VTR ) a-Drs
l 222
8arcsinh( 3/2v/x — 1
1\/:16—1\/3ac+5— <2\£ )
input LInt [Sqrt[(-1 + x)/(5 + 3*x)],x] J

Output} (Sqrt[-1 + x1Sqrt[6 + 3+x])/3 - (8*ArcSinh[(Sqrt[3/2]#Sqrt[-1 + x1)/21)/(
' 3%Sqrt [31)




rule 60

rule 64

rule 222

rule 2050

input L

CHAPTER 3. LISTING OF INTEGRALS 218

Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simpl[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_.) + (d_.)*(x_)]1), x_Symboll :> Simp
[2/b  Subst[Int[1/Sqrtlc - ax(d/b) + d*(x~2/b)], x], x, Sqrtla + b*x]], x]
/; FreeQ[{a, b, c, d}, x] && GtQ[c - ax(d/b), 0] && ( !GtQ[a - cx(b/d), 0]
|| PosQ[bl)

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol]l :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] & GtQ[a, 0] && PosQ[b]

-

Int[(u_.)*((Ce_.)*((a_.) + (b_.)*(x_)"(n_.)))/((c_) + (d_)*(x_)"(n_.)))"(p
_), x_Symbol] :> Int[u*((a*xe + b*exx™n) p/(c + d*x"n)~p), x] /; FreeQl[{a, b
, ¢, d, e, n, p¥, x] & GtQ[b*d*e, 0] && GtQ[c - ax(d/b), 0]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 75 vs. 2(31) = 62.

Time = 0.22 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.55

method | result
defaul 2% (30+5) (410 (ov3+ 3 +327 225 ) v/3-3v/3a2+ 205
et 9/@Bat5) @ 1)
risch (Bet9)y/ 5o _ 4IH<M+W>\/§\/E (8z+5)(z—1)
3 9(z—1)
trager | 5(2 4+ 1) /=== — 4Ro0tOf (__Z"~3) n(3RootOf (__Z"~3)+9,/~ 22 z+RootOf (__Z"-3) +15,/— =2
5 3 3z+5 5

int (((x-1)/(3*x+5))~(1/2) ,x,method=_RETURNVERBOSE)
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output ‘ -1/9%((x-1)/ (3*x+5) ) ~(1/2) * (3*x+5) * (4*1n (x*3~ (1/2) +1/3*37 (1/2) + (3*x~2+2*x~ \

‘ 5)~(1/2))*37(1/2) -3 (3*x"2+2*x-5) " (1/2)) / ((3*x+5) * (x-1) ) ~(1/2) ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.10

)

integrate (((x-1)/(5+3%x))~(1/2) ,x, algorithm="fricas") J

/ —1+z 3x+5) 3 5 + = \/_log< 3z +5)

inputt

‘1/3*(3*x + B)xsqrt((x - 1)/(3*x + 5)) + 4/9*sqrt(3)*log(sqrt(3)*(3*x + 5)*

output
‘sqrt((x - 1)/(3*%x + 5)) - 3*x - 1)

Sympy [F]

[V [ s

integrate(((x-1)/(5+3%x))**(1/2),x) J

inputt

output LIntegral(sqrt((x - 1)/(3*x + 5)), x) J
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(31) = 62.

Time = 0.11 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.63

-1+ 4 V3-3 3w:1:_+15 8 sz—+15
5+ 3z dz = g V3log | - o Y=
\/§ +3 3xx_+5 3 ( 3z+5 1>
input Lintegrate (((x-1)/(5+3%x))~(1/2) ,x, algorithm="maxima") J

output‘4/9*sqrt(3)*log(-(sqrt(B) - 3*sqrt((x - 1)/(3*x + 5)))/(sqrt(3) + 3x*sqrt((
‘X - 1)/(3*x + 5)))) - 8/3*sqrt((x - 1)/(3*x + 5))/(3*(x - 1)/(3*x + 5) - 1 ‘
) |

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 74 vs. 2(31) = 62.

Time = 0.13 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.51

-1+z 8
/\/ 5T 3 dz = 5 V3log (2) sgn(3z + 5)

4

+ 5\/§log (‘—\/g(\/gw— v3m2+2x—5> — 1‘) sgn(3z + 5)
1

+ §v3x2+2x—5sgn(3x+5)

inputLintegrate(((x—l)/(5+3*x))"(1/2),x, algorithm="giac") J

e B

-8/9%sqrt (3)*log(2)*sgn(3*x + 5) + 4/9*sqrt(3)*log(abs(-sqrt(3)*(sqrt(3)*x
‘ - sqrt(3*x~2 + 2*xx - 5)) - 1))*sgn(3*x + 5) + 1/3*sqrt(3*x~2 + 2%x - 5)*s
gn(3*x + 5)

output
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Mupad [B] (verification not implemented)

Time = 8.89 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.16

—1 z—1
+5> 8/ 3215
- 3z—3
3 (3z+5

/ —1+JI 8\/§atanh<\/§
dz = — 9

)

input Lint(((x - 1)/(3*x + 5))~(1/2),x%) J

(8+3~(1/2)*atanh (3~ (1/2)*((x - 1)/(3*x + 5))~(1/2)))/9 - (8%((x - 1)/(3+

output ‘
x + 5))~(1/2))/(3%((3*x - 3)/(3*x + 5) - 1))

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.78

/ —1—|—:c \/x—l\/3z+5 8\/510g<—+§¢5 )

9

[int<<(x—1>/<5+3*x>>*(1/2>,x>

-/

input

‘ (3*xsqrt(x - 1)*sqrt(3*x + 5) - 8xsqrt(3)*log((sqrt(3*x + 5) + sqrt(x - 1)* ‘

output
qurt (3))/(2*sqrt(2))))/9 J




output

input

output
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3.26 | /—1tz dx

Optimal result . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... ... . ... .. ...
Sympy [F] . . o
Maxima [A] (verification not implemented) . . . . . . . ... ... .. ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . ... ... ... .. ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 12, antiderivative size = 30

/

1
xdx—(l—l—x)\/ T

(

1+2x

L(1+x) *(-1+1/(1+x)) " (1/2)-arctan((-1+1/(1+x))~(1/2))

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.73

Vi W+ ) + VIt zlog (—v + VIt 1))

[y

NG

‘ Integrate[Sqrt[-(x/(1 + x))],x]

‘(Sqrt[ (x/(1 + x))]*(Sqrt[x]*(1 + x) + Sqrt[1 + x]*Log[-Sqrt[x] + Sqrt[1 +

- x11))/Sqrt [x]




input

output
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.60,

number of rules _ 0.250, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2051, 252, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

[ =z
/ _:c+1dx

below.

l2o51
T X
_2/_(x+1)(1—9;1)2dv_”’+1
l252
1 1 T z+1
‘2(2/ —miﬁld\/_x+1_2( —ggil))
l216

-

LInt [Sqrt[-(x/(1 + x))],x]

~—

\(—2*(—1/2*Sqrt[-(x/(1 +x))1/(1 - x/(1 + x)) + ArcTan[Sqrt[-(x/(1 + x))11/2

)

N
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Defintions of rubi rules used

rule 216 It + (b_.)*(x.)72)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)
rule 252 Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simpl[c*(c*x
)"(m - 1)*((a + b*x"2)"(p + 1)/(2%b*(p + 1))), x] - Simp[c™2*((m - 1)/(2%b*
(p + 1)) Int[(c*x)"(m - 2)*(a + b*x"2)"(p + 1), x], x] /; FreeQ[{a, b, c
}, x] && LtQlp, -1] && GtQ[m, 1] && !'ILtQ[(m + 2*p + 3)/2, 0] && IntBinomi
alQfa, b, ¢, 2, m, p, x]
rule 2051 IRELCCCe_D*((a_.) + (b_)*(x)"(m_.)))/((c) + (A_)*Gx)"(n_)))"(p), x_
Symbol] :> With[{q = Denominator[pl}, Simp[gq*e*((b*c - a*d)/n)  Subst[Int[
X" (gx(p + 1) - D*x(((~a)*e + cxx"q)~(1/n - 1)/(bxe - d*x"q)"(1/n + 1)), x],
x, (ex((a + b*x"n)/(c + d*x"n)))~(1/q 1], x1] /; FreeQ[{a, b, c, d, e}, x]
&& FractionQ[p] && IntegerQ[1/mn]
Maple [A] (verified)
Time = 0.20 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.50
method | result size
arcsin(14+2z), /— =%+ /—(z+1)z
risch (z+1) /=35 — (ee) — Ak 45
— 257 (z+1 2vx24+x—In % z+vVz2 4
defauit, | VTH DY (e VeE)) 46
\/(x+1)ac
RootOf Z'2 1)In(2,/—-%: 24+2RootOf 22 1)z+2, /— %5 +RootOf Z'2 1
trager | 2(1+2) Nt (LZ)m(ey ot 2<_ )y (Z+1)) 69
input Lint ((-x/(x+1))~(1/2) ,x ,method=_RETURNVERBOSE)

output ‘ (x+1)*(-x/ (x+1))~(1/2)-1/2*arcsin (1+2*x) * (-x/ (x+1) ) ~(1/2) * (- (x+1) *x) ~ (1/2)

P
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.93

input Lintegrate ((-x/(1+x))~(1/2) ,x, algorithm="fricas")

outputt(x + 1)*sqrt(-x/(x + 1)) - arctan(sqrt(-x/(x + 1)))

Sympy [F]

[z [z
/ —1+xdx—/ —x+1dx

input 1ntegrate((-x/ (1+x))**(1/2),x)

output LIntegral(sqrt (-x/(x + 1)), x)

Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.23

w—l—l z
[ — — arct —
/ x_+1_1 arc an< J,'-l-l)

input Lintegrate ((-x/(1+x))~(1/2) ,x, algorithm="maxima")

output L-sqrt(—x/(x +1))/(x/(x + 1) - 1) - arctan(sqrt(-x/(x + 1)))
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Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.20

1
/ \/— =- 7rsgn z+1)+ 3 arcsin (2x + 1) sgn(x + 1) + v —z2 — xsgn(z + 1)

input Lintegrate ((-x/(1+x))~(1/2) ,x, algorithm="giac")

output‘ 1/4*pi*sgn(x + 1) + 1/2*arcsin(2*x + 1)*sgn(x + 1) + sqrt(-x"2 - x)*sgn(x
+ 1)

Mupad [B] (verification not implemented)

Time = 9.23 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.23

/ - dz = —atan __ T _ NV et
14+ r+1 ziﬂ—l

Lint((-X/(x + 1))°(1/2) ,%)

input

Outputt— atan((-x/(x + 1))7(1/2)) - (-x/(x + 1))~ (1/2)/(x/(x + 1) - 1)

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.67

/F \/Ex/aT—logWﬁwL\/_))

input | 188 ((x/ (143))7(1/2) %)

output Li*(sqrt(x)*sqrt(x + 1) - log(sqrt(x + 1) + sqrt(x)))




outputt

input L
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-
3.27 [Y—"dx
T

Optimal result . . . . . . . . . . . . .. e 227
Mathematica [B] (verified) . . . . . . . . . .. . 227
Rubi [A] (verified) . . . . . . . . . . 228]
Maple [B] (verified) . . . . . . . . . ... 229
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 220
Sympy [F] . . . o 229
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 230
Giac [A] (verification not implemented) . . . . . . ... ... ... 2301
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 230
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 231

Optimal result

Integrand size = 16, antiderivative size = 14

S _T 1
/ﬁdx:Qarctan< -1+ )
x

l1+z

2xarctan((-1+1/(1+x))~(1/2))

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 42 vs. 2(14) = 28.

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 3.00

/_v—ﬁ i 2T VIFTlog (Va4 VI+a)

VT

Integrate[Sqrt[-(x/(1 + x))1/x,x]

output L

(-2xSqrt [-(x/(1 + x))]1*Sqrt[1 + x]*Log[-Sqrt[x] + Sqrt[1 + x]1)/Sqrt[x]




input

output

rule 217

rule 2052
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.07,

number of rules _ 0.125, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {2052, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

L 1 z+1

Int[Sqrt[-(x/(1 + x))1/x,x]

-

L2*ArcTan [Sqrt[-(x/(1 + x))]1]

| —

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

N\

Int[(x_ )" (m_.)*((Ce_.)*((a_.) + (b_.)*(x_)))/((c_) + (d_.)*(x_)))"(p_), x_S
ymbol] :> With[{q = Denominator[pl}, Simp[g*ex(b*xc - a*d) Subst[Int[x~(qg*
(p + 1) - 1)*x(((-a)*xe + c*xq) "m/(b*e - d*x"q) " (m + 2)), x], x, (ex((a + bx*
x)/(c + d*x)))~(1/q9)], x1] /; FreeQ[{a, b, c, d, e, m}, x] && FractionQ[p]
&& IntegerQ[m]
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Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 32 vs. 2(12) = 24.

Time = 0.19 (sec) , antiderivative size = 33, normalized size of antiderivative = 2.36

method | result
— 221 @+1) In(L+o+vaTa)
default N(EESV
trager — RootOf (_Z2 + 1) In (2, /—WL+1 z — 2RootOf (_22 + 1) T+ 2, /—mzﬁ — RootOf (_Z2 + 1)
input L int ((-x/(x+1))~(1/2)/x,x,method=_RETURNVERBOSE) J
output L (-x/(x+1))~(1/2) * (x+1) / ((x+1) *x) ~(1/2) *1n(1/2+x+(x"2+x) ~(1/2) ) J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

/—”_mdx:2arctan( N )
T r+1

input Lintegrate ((-x/(1+x))~(1/2)/x,x, algorithm="fricas") J
output L2*arctan(sqrt (-x/(x + 1)) J
Sympy [F]

/—‘ ;H_zdx:/—' ;’”—Hdz

-

input

Lintegrate ((-x/(1+x) ) **(1/2) /x,%)

-/
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output [tegral(sart (-x/(x + D)/x, ¥

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

/—”_H_’”dx=2arctan( B )
T r+1

inputLintegrate((—x/(1+x))A(1/2)/X,x, algorithm="maxima")

Output‘ 2*arctan(sqrt(-x/(x + 1)))

Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.43

[

1
~5 msgn(z + 1) — arcsin (2 + 1) sgn(z + 1)

e

input tintegrate ((-x/(1+x))~(1/2)/x,x, algorithm="giac")

e—

output L_l/z*Pi*Sgn(X + 1) - arcsin(2*x + 1)*sgn(x + 1)

Mupad [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

/—°_1+_xdx=2atan( __ T )
T

r+1

e

inputtint((_x/(x + 1))~(1/2)/x,%)

~—
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output P*atan((—x/(x + 1))°(1/2))

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.79

/¥%?§¢V=M%Q&IT+¢@i

inputtint((_x/(1+x))A(1/2)/x,x)

output L2*10g(sqrt(x + 1) + sqrt(x))*i




output

input
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Optimal result . . . . . . . . . . . . .. e 232
Mathematica [A] (verified) . . . . . . . . . ... 232
Rubi [A] (verified) . . . . . . . . . . 2331
Maple [B] (verified) . . . . . . . . . ... 234
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 235
Sympy [F] . . . o 235
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ...
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... . ... 2361
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 237
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 237

Optimal result

Integrand size = 21, antiderivative size = 46

/ V T N e e 7
S o=

T

— 12 arctan (

V14 Tz

v—1+ 5z

)

\—(—1+5*x)“(1/2)*(1+7*x)“(1/2)/x—12*arctan((1+7*x)“(1/2)/(—1+5*x)“(1/2))

Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.91

—1+5z
\/ 1+7z
/ 5 dx

X

/—15;5; (vV/—1+45z(1 + 7z) + 122+/1+ Tz arctan (v/35z — v/—1 + b5z/1+ 7z))

zy/—14 bz

LIntegrate[Sqrt[(—l + 5*%x) /(1 + T*x)1/x°2,x]




output

input L
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‘-((Sqrt[(—l + Bxx) /(1 + Txx)I*(Sqrt[-1 + 5*x]*(1 + 7*x) + 12*x*Sqrt[1 + 7*
Lx] *ArcTan [Sqrt [35]*x - Sqrt[-1 + 5xx]*Sqrt[1 + 7*x]]1))/(x*Sqrt[-1 + 5%x])) J

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,
— 4 humber of rules _ 190, Rules

number of steps used = 5, number of rules used =

used = {2050, 105, 104, 217}

' integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

Tr+1
/ 2 dz
l 2050
/ voxr —1
x2\/7x+
l 105
6/ 1 do — Vor — 14Tz +1
/5 — 1/ 72+ 1 T
l 104
12/ 1 Viz+1 5z —1/7z+1
7z+1 -1 /5.7}— T

l 217

<\/7x + 1) Vo — 1Tz +1
—12arctan —

Voxr—1

X

Int[Sqrt[(-1 + 5xx)/(1 + 7*x)]1/x"2,x]

output ‘

-((Sgrt[-1 + B*x]*Sqrt[1 + 7*x])/x) - 12xArcTan[Sqrt[1 + 7*x]/Sqrt[-1 + 5%

x]]
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Defintions of rubi rules used

Int[(((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_))/((e_.) + (£_.)*(x
_)), x_1 :> With[{q = Denominator[m]}, Simp[q Subst[Int[x"(q*(m + 1) - 1)
/(b*e - axf - (dxe - c*f)*x"q), x], x, (a + b*x)~(1/q)/(c + d*x)~(1/q)]1, x]
] /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[m + n + 1, 0] && RationalQ[n] && L
tQ[-1, m, 0] && SimplerQ[a + b*x, c + d*x]

rule 104

rule 105 IntLCG@a_.) + (b_)*(x_))"(m)*((c_.) + (d_)*x))"@)*((e_.) + (£_.)*(x))
)7 (p_), x_1 :> Simp[(a + b*x)"(m + 1)*(c + d*x)"n*((e + fxx)"(p + 1)/((m +
1)*(bxe - axf))), x] - Simp[n*((d*e - c*f)/((m + 1)*(bxe - a*f))) Intl[(a

+ b*x)~(m + 1)*(c + d*x)~(n - 1)*(e + f*x)"p, x], x] /; FreeQ[{a, b, c, d,

e, f, m, p}, x] & EqQ[m + n + p + 2, 0] && GtQ[n, 0] && (SumSimplerQ[m, 1]
|l !'SumSimplerQ[p, 1]1) && NeQ[m, -1]

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

rule 217

rule 2050 IRELCu_)*(((e_)*((a_.) + (b_)*(x)7(n_.)))/((c) + (d_)*(x)"(m_))"(p
_), x_Symbol] :> Int[u*((a*e + b*e*x"n) p/(c + d*x"n)"p), x] /; FreeQ[{a, b
, ¢, d, e, n, p}, x] & GtQ[b*d*e, 0] && GtQ[c - ax(d/b), 0]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 83 vs. 2(38) = 76.

Time = 0.24 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.83

method | result
—2z—2 —145
sch (14+7x) %495; + (iarctam(2 351:270—21_1)’/ 1++7mz v/ (—145z)(1+7z)
TsC - T —1+5x
(1+7z) —% 9 7,/—% x—RootOf(_ZQ—i-l)x—i-,/—};?i —RootOf(_ZZ—i-l)
trager | ——————— — 6 RootOf (_Z + 1) In =
3
default S (1472) (—(352}2—2:1:—1)7+35\/35m2—2m—1m2+6 arctan(\/ﬁﬁ%—z\/%ﬁ—zm—lz>
elault | — J(—1+52)(1+70) o
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input Lint (((-1+5%x) / (1+7%x))~(1/2) /x~2,%,method=_RETURNVERBOSE) J

=(1+7*x) /x*x ((-1+5*x) / (1+7*x) ) ~(1/2) +6*arctan(1/2* (-2*x-2) / (35%x~2-2*x-1) ~(

output‘
1/2)) % ((-1+5*x) / (1+7*x) ) = (1/2) * ((-1+5*x) * (1+7*x) ) ~(1/2) / (-1+5%x) \

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00

/,/%d 12zarctan (/32:1) = (72 +1), /3251
—dar =

2 T

input Lintegrate(((-1+5*x)/(1+7*x))"(1/2) /x"2,x, algorithm="fricas") J

outpus (12*x*arctan(sqre((5+x = 1)/(Tsx + 1)) = (T4x + D*sqre((B*x - 1/(Tex +

1)) /x |
Sympy [F]

[ =145z /5x—1
/ —I;h‘ dr = / —7z+1 dz
T T
input Lintegrate (((-145%x) / (1+7*x) ) ** (1/2) /x**2, %) J
output tlntegral(Sqrt((s*x - 1)/(T*x + 1)) /x**2, x) J
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Maxima [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.15
[ =145z 12 /5x—1
/%dx=—i+l2 arctan( ad )

5x—1
T—i—l—'_l Tx+1

input Lintegrate (((-1+5%x) / (1+7*x) )~ (1/2) /x~2,x, algorithm="maxima") J

Output‘—12*sqr1:((5*x - 1)/(T*x + 1))/((5%x - 1)/(7*x + 1) + 1) + 12xarctan(sqrt(( ‘
Bxx - 1)/(Txx + 1))) |

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 114 vs. 2(38) = 76.

Time = 0.14 (sec) , antiderivative size = 114, normalized size of antiderivative = 2.48

1452
x 1
;7 dx = (\/ﬁ — 12 arctan (? \/Z’g>)sgn(7a: +1)

[

+ 12 arctan (—\/gx +v3512 — 21 — 1) sgn(7z+1)
2 ((v35zx — /3522 — 2z — 1)sgn(7z + 1) + v/35sgn(7z + 1))
(V352 — V3522 — 20— 1) +1

-

Lintegrate (((-1+5*x) / (1+7*x) )~ (1/2) /x"2,x, algorithm="giac")

-/

input

‘(sqrt(SS) - 12xarctan(1/7*sqrt(35)))*sgn(7*x + 1) + 12*arctan(-sqrt(35)*x ‘
‘+ sqrt (35%x~2 - 2*x - 1))*sgn(7*x + 1) - 2*x((sqrt(35)*x - sqrt(35*x~2 - 2% ‘
‘x - 1))*sgn(7*x + 1) + sqrt(35)*sgn(7*x + 1))/((sqrt(35)*x - sqrt(35*x~2 - ‘
D 2¢x - 1))72 + 1) |

output
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Mupad [B] (verification not implemented)

Time = 9.34 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.61

\ T VBTV /321 124/54/7/35 | /Bt
L/Q——zﬁ———d$:= 12 atan 35 —

7x—% 7
25 <7w+1 + 5)

inputLint(((s*x - 1)/(T*x + 1))~(1/2)/x"2,%) J

‘12+atan((5”(1/2)%77(1/2)¥35"(1/2)*((5%x - 1)/(Txx + 1))°(1/2))/35) - (12%5
S(/2)%77(1/2)%357 (1/2) % ((Bxx = 1)/ (Tx + 1))7(1/2))/ (26 ((T¥x = 7/5)/(T*x
4 1)+ 7/5)) |

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.76

/[ =145z
14+7x
/ dx

72
120tan (VEELEEEEENING ) o — 1gatan (VELEREELINS ) o - /i~ TYTr H T
B x
input‘ int (((~1+5*x) / (1+7*x))~(1/2)/x"2,%) J

‘(12*atan((sqrt(7*x + 1)*sqrt(5) + sqrt(5*x - 1)*sqrt(7) - sqrt(5))/sqrt(7) ‘
‘)*x - 12*atan((sqrt(7*x + 1)*sqrt(5) + sqrt(5*x - 1)*sqrt(7) + sqrt(5))/sq ‘
Tt(7))*x - sqrt(5*x - 1)*sqrt(7+x + 1))/x |

output




output

input

output
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I+z
3.29 | i de
Optimal result . . . . . . . . .. .. 238]
Mathematica [B] (verified) . . . . . . . .. ... L Lo 238
Rubi [A] (verified) . . . . . . . .. .. 239
Maple [B] (verified) . . . . . . . . . .. 240
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 247]
Sympy [F] . . . 24T]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 24Tl
Giac [A] (verification not implemented) . . . . . . .. ... ... ... 242
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 242
Reduce [B] (verification not implemented) . . . ... ... ... ......... 242

Optimal result
Integrand size = 21, antiderivative size = 16

l—z

1+z 2

/ dz = 2 arctan -1+
—1+4+z 1+2x

L2*arctan((—1+2/(1+X))‘(1/2))

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 51 vs. 2(16) = 32.

Time = 0.03 (sec) , antiderivative size = 51, normalized size of antiderivative = 3.19

V1—z2
—1+z

)

—1+=z —1+=z

1—x 1—x
/ \ 11e . 2 m\/l-l'?arctan(
—adr = —

LIntegrate[Sqrt[(l -x)/( + x]1/(-1 + x),x]

‘(—2*Sqrt[(1 - x)/(1 + x)]1*Sqrt[1 - x"2]*ArcTan[Sqrt[1 - x~21/(-1 + x)1)/(-

‘1+x)




input

output
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12,

number of rules _ 0.095, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {2055, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

s

LInt[Sqrt[(l - x)/(1 + x)1/(-1 + x),x]

~—

L2*ArcTa.n[Sqrt[(1 - x)/Q + ©]1]
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

rule 217

rule 2055 Int[(u_)~(r_.)*(((e_)*((a_.) + (b_.)*(x_)"(@m_.)))/((c_) + (d_.)*(x_)"(n_.)
))~(p_), x_Symbol] :> With[{q = Denominator([p]}, Simp[g*ex((b*c - axd)/n)
Subst [Int [SimplifyIntegrand[x~(gq*(p + 1) - 1)*(((-a)*e + c*x"q)~(1/n - 1)/
(b*xe - d*x~q@)~(1/n + 1))*(u /. x -> ((-a)*e + c*xx~q)~(1/n)/(b*e - d*x~q)~(1
/n))°r, x], x], x, (ex((a + bxx"n)/(c + d*x"n)))~(1/9)], x]1] /; FreeQ[{a, b
, €, d, e}, x] &% PolynomialQ[u, x] && FractionQ[p] && IntegerQ[1/n] && Int
egerQ[r]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 29 vs. 2(14) = 28.

Time = 0.28 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.88

method | result siz

—2=1 (z41) arcsin(z)
_ xz+1
default N ey ey 30

trager | RootOf (_Z*+1)In (— RootOf (_Z° +1) 4/ —fc—jr} z — RootOf (_ 22 +1) /-1 + x) 52

— Lint (((1-%)/(x+1))~(1/2) /(x-1) ,x ,method=_RETURNVERBOSE) J

output‘ -(-(x-1)/(x+1))~(1/2) *(x+1) / (- (x-1) *(x+1) )~ (1/2) *arcsin(x) J
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

11—z

1tz -1
/ - dxr = 2 arctan _Z
—1+x z+1

input Lintegrate(((l—x)/(lﬂc) )~(1/2)/(x-1) ,x, algorithm="fricas")
output L2*arctan(sqrt(-(x - 1)/ + 1))
Sympy [F]
\/i—j _a—1
/T_:wxdx:/rwlrldx
— Lintegrate(((l—x)/(lﬂc) )*%(1/2)/ (x-1) ,x)

output LIntegral(sqrt(—(x -1)/(x+ 1))/(x - 1), x)

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

11—z

/ e dxr = 2 arctan _r- 1
—1+x z+1

input Lintegrate ((1-x)/(1+x))~(1/2)/(x-1) ,x, algorithm="maxima")

output LQ*arctan(sqrt(—(x - 1)/ + 1))
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

1-z
_m 1
/ —11;5 dz = — msgn(z + 1) — arcsin (z) sgn(z + 1)

inputt

integrate (((1-x)/(1+x))~(1/2)/(x-1) ,x, algorithm="giac")

p
outputt

-1/2*pi*sgn(x + 1) - arcsin(x)*sgn(x + 1)

| —

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

11—z
14z

/ dz = 2 atan _z—l
-1+ r+1

inputt

int((-(x - 1)/(x + 1))°1/2)/(x - 1),x)

output‘

2¢¥atan((-(x - 1)/(x + 1))7(1/2))

inputt

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

-1+ V2

int (((1-x)/(1+x))~(1/2)/ (x-1) ,x)

outputt

2+asin(sqrt( - x + 1)/sqrt(2))
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a—i-ga:

c—bx

3.30 [ Yehgy

Optimal result . . . . . . . . . . 243]
Mathematica [B] (verified) . . . . . . . . . ... 243
Rubi [A] (verified) . . . . . . . . . . 244
Maple [B] (verified) . . . . . . . . . ... 245
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 240
Sympy [F] . . o o 240
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 246
Giac [A] (verification not implemented) . . . . . . ... ... ... 247l
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 247
Reduce [B] (verification not implemented) . . . ... ... ... ......... 247

Optimal result

Integrand size = 26, antiderivative size = 24

,/% 2arctan< -1+ C“j;;)
/ dr =

a+ bx b

-

OutputL2*arctan((-1+(a+c)/(-b*x+c))A(1/2))/b

-/

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 63 vs. 2(24) = 48.

Time = 0.06 (sec) , antiderivative size = 63, normalized size of antiderivative = 2.62

athe o 2v/c — bz /2 arctan %Zf;’:)

———dx
a+bz ba + bz
input LIntegrate [Sqrt[(a + b*x)/(c - b*x)]/(a + b*x),x] J

N

‘ (2*%Sgrt[c - bxx]*Sqrt[(a + b*x)/(c - b*x)]*ArcTan[Sqrt[a + b*x]/Sqrtlc - b ‘

output
#x11)/(b*Sqrtla + bx)
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00,

number of rules _ 5, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2055, 27, 216}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed

below.

a+bx
c—bx

dz

a+ bz
l 2055

2b(a+c)/ ! 4,/
b2(a + c) (M+1> c—bzx

c—bx

b

s

inputLInt [Sqrt[(a + b*x)/(c - b*x)]/(a + b*x),x]

output| (2*ATcTan(Sare[(a + bex)/(c ~ bxO1D/b

~—
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]1*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

rule 216

Int[(u )~ (x_)*(((e_)*((a_.) + (b_.)*(x_)"(_.)))/((c_) + (d_.)*(x_)"(n_.)

rule 2055
))~(p_), x_Symbol] :> With[{q = Denominator[pl}, Simp[q*e*((bxc - a*d)/n)
Subst [Int [SimplifyIntegrand[x~(g*(p + 1) - 1)*(((-a)*e + c*x~q)~(1/n - 1)/
(b*xe - d*x~q@)~(1/n + 1))*(u /. x => ((-a)*e + cxx~q)~(1/n)/(b*e - d*x~q)~(1
/n))°r, x1, x], x, (ex((a + b*x"n)/(c + d*x™n)))~(1/q)], x1]1 /; FreeQl{a, b
, ¢, d, e}, x] && PolynomialQ[u, x] && FractionQ[p] &% IntegerQ[1/n] && Int
egerQ[r]
Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 84 vs. 2(22) = 44.
Time = 0.49 (sec) , antiderivative size = 85, normalized size of antiderivative = 3.54
method | result size
\/lj(2bw+a—c) bz+ta
arctan(m) (bx—c)\/ — 3ot
default | — NV e o 85
input ‘ int (((b*x+a)/ (-b*x+c))~(1/2) / (b*x+a) ,x ,method=_RETURNVERBOSE) ‘
output ‘ —arctan(1/2*(b~2) " (1/2) /b* (2*b*x+a-c) / (- (b*x+a) * (b*x—c) ) ~(1/2) ) * (b*x-c) * (- ‘

‘ (bxx+a) /(b*x-c))~(1/2)/(b~2) " (1/2) / (- (b*x+a) * (b*x-c) ) ~(1/2)
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

a+ba 2 arctan ( ,/—bzte
c—bx br—c
a+ bx b

inputLiﬂtegrate(((b*X+a)/(-b*X+C))”(1/2)/(b*x+a),x, algorithm="fricas")

-

output 2*arctan(sart(-(bxx + )/ (bxx = ©))/b

e—

Sympy [F]

a+bx T= a+bx

inputLintegrate(((b*X+a)/(‘b*X+C))**(1/2)/(b*x+a),x)

output LIntegral(sqrt((a + bxx)/(-b*x + c))/(a + b*x), x)

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

a+bx b

|/ ot 2 arctan (, /—b‘”#)
c—bx br—c
/—dx

input Lintegrate (((b*x+a) / (-b*x+c))~(1/2) / (b*x+a) ,x, algorithm="maxima")

output P*arctan(sqrt(-(b*x + a)/(b*x - ¢)))/b
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Giac [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.71

\/ 2 p arcsin (—224¢=¢) sgn(—ab — be) sgn(bz — c)

a+bz |b|
input Lintegrate (((b*x+a)/ (-b*x+c))~(1/2) / (b*x+a) ,x, algorithm="giac") J
output L‘arCSin(‘Q*b*X + a - c)/(a + c))*sgn(-axb - b*c)*sgn(b*x - c)/abs(b) J

Mupad [B] (verification not implemented)

Time = 9.74 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.50

— atbzx
atbs 2v/~batanh (ﬁ—ﬂ)
c—bx dr — — b
a+br b3/2
input Lint(((a + b*x)/(c - b*x))~(1/2)/(a + b*x),x) J
output‘ -(2%(-b)~(1/2)*atanh (((-b)~(1/2)*((a + b*x)/(c - b*x))~(1/2))/b~(1/2))) /b~ ‘

L(s/z) J

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.21

a+bzx Vbr—c++/bz+a \ :
sty plog(Vieghliie)
V% =
a+ bz b
input Lint (((b*x+a)/ (~b*x+c))~(1/2) / (b*x+a) ,x) J

outputL(z*log((Sqrt(b*X - ¢c) + sqrt(a + b*x))/sqrt(a + c))*i)/b J




output ‘ 2*arctanh (d~(1/2) *((b*x+a) / (d*x+c))~(1/2) /b~ (1/2)) /b~ (1/2)/d"(1/2)

input

output
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a+3x
c+ar
3.31 | S de
Optimal result . . . . . . . . . . . . . . e 248
Mathematica [A] (verified) . . . . . . . . . .. . 248
Rubi [A] (verified) . . . . . . . . . . 249
Maple [B] (verified) . . . . . . . . . ... 250
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 251]
Sympy [F] . . o o 251]
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 252
Giac [A] (verification not implemented) . . . . . . ... ... ... 2521
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 253
Reduce [B] (verification not implemented) . . . ... ... ... ......... 253

Optimal result

Integrand size = 25, antiderivative size = 41

[ atbx 2arctanh ( va
c+dx
/ dz

a+ bx

Vbvd

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.88

Vbetdx
Vdva+bz

)

/\/%d 2\/%v0+dxarctanh(
T =

a+bx VbVdya + bz

LIntegrate [Sgrt[(a + bxx)/(c + d*x)]/(a + b*x),x]

‘ (2*%Sgrt[(a + b*x)/(c + d*x)]1*Sqrt[c + d*x]*ArcTanh[(Sqrt[b]*Sqrt[c + d*x]) ‘

‘ /(Sqrt[d]*Sqrt[a + bxx])])/(Sqrt[b]*Sqrt[d]*Sqrt[a + b*x])

N
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Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00,

number of rules _ 0.120, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2055, 27, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+bx
ct+dx

a+ bz
l 2055

1 a+ bx
2(bc — ad d
(bc—a )/(bc—ad) (b_d(a+bx)> \ ¢+ dz

ct+dx

l 27
1 a+ bz
2 / dy/
d(a+b:
b— % c+dz
l 221
Vd,/ otk
2arctanh<\/g>

Vbvd

dz

input LInt [Sqgrtl(a + b*x)/(c + d*x)]1/(a + b*x),x] J

output L(2*ArcTanh [(Sqrt[d]*Sqrt[(a + b*x)/(c + d*x)])/Sqrt[bl])/(Sqrt[bl*Sqrt[d]) J
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]], x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 221

Int[(u )" (r_)*(((e_.)*((a_.) + (b_.)*(x_)"(@_.)))/((c) + (d_.)*(x_)"(n_.)

rule 2055
))~(p_), x_Symbol] :> With[{q = Denominator[pl}, Simp[q*e*((b*xc - a*d)/n)
Subst [Int [SimplifyIntegrand[x~(q*(p + 1) - 1)*(((-a)*e + c*x"q)~(1/n - 1)/
(b*xe - d*x~q@)~(1/n + 1))*(u /. x -> ((-a)*e + cxx~q)~(1/n)/(b*e - d*x~q)~(1
/n))°r, x], x], x, (ex((a + bxx"n)/(c + d*x"n)))~(1/9)], x1]1 /; FreeQ[{a, b
, €, d, e}, x] &% PolynomialQ[u, x] && FractionQ[p] && IntegerQ[1/n] && Int
egerQ[r]
Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 79 vs. 2(31) = 62.
Time = 0.33 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.95
method | result size
1n(2bdz+2\/W\/ﬁ+ad+bc) (dz+e) Z“;ii
default NI 80
input Lint (((b*x+a)/(d*x+c))~(1/2)/ (b*x+a) ,x ,method=_RETURNVERBOSE) J
output ‘ 1n(1/2% (2xbkd*x+2% ((b*xx+a) * (d*xx+c) ) ~(1/2) * (b*d) ~(1/2) +axd+bx*c) / (b*d) ~(1/2) ‘

‘ )* (d*x+c) * ((bxx+a) / (d*x+c)) ™ (1/2) / ((b*x+a)* (d*x+c)) ~(1/2) / (bxd) ~(1/2) ‘
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 105, normalized size of antiderivative = 2.56

ctds Vbdlog (2bds + b+ ad +2 Vbd(dz + ¢ /2222
T = |
a+ bx bd
“bd(da+tc), /bete
2+/—bd arctan (ﬁ(bd;i;/; )
- b
input Lintegrate (((b*x+a)/(d*x+c))~(1/2)/ (b*x+a) ,x, algorithm="fricas") J
output ‘ [sqrt (b*d) *log(2*bkd*x + b*c + axd + 2xsqrt(b*d)*(d*x + c)*sqrt((b*x + a)/ ‘

‘ (d*x + c)))/(b*d), -2xsqrt(-b*xd)*arctan(sqrt(-bxd)*(d*x + c)*sqrt((b*x + a ‘
)/ (d*x + ©))/(bxdxx + a*d))/(b*d)]

Sympy [F]
/ a+bx / a+bx
/ cidac / c—tdx
a+ b:c a-+ bx
input Lintegrate (((bxx+a)/ (d*x+c) ) **(1/2) / (b*x+a) ,x) J

wmmUm%mHmm«a+mmmc+me@+buxx) J
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Maxima [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.44
d bw—l—a_m
atbe log (L)
c+dz
[ v

B dy/ 542 \/bd
a—+ bx

Vbd

input

Lintegrate(((b*x+a)/(d*x+c))”(1/2)/(b*x+a),x, algorithm="maxima")

output

~log((d*sqrt((b*x + a)/(d*x + c)) - sqrt(b*d))/(d*sqrt((bx + a)/(d*x + c)
L) + sqrt(b*d)))/sqrt (b*d) J

Giac [A] (verification not implemented)

a+bx
ct+dx

a+ bx

Time = 0.16 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.49

dz

log (‘—bc —ad — 2\/El<\/@x — v/bdz? + bex + adz + ac) D sgn(dz + c)
T Vbd

input ‘ integrate (((b*x+a)/(d*x+c))~(1/2)/(b*x+a) ,x, algorithm="giac")

output

‘—log(abs(-b*c - a*d - 2xsqrt(b*d)*(sqrt(b*d)*x - sqrt(b*d*x~2 + b*c*x + ax
‘d*x + a*c))))*sgn(d*x + c)/sqrt(b*d)
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Mupad [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.76

\/E atbzx
[ atbe 2 atanh ( fc’L‘” )
/ ct+dx d b

a+bx T= Vb/d

inputtint(((a + bxx)/(c + d*x))~(1/2)/(a + b*x),x)

output

‘ (2%atanh((d~(1/2)*((a + b*x)/(c + d*x))~(1/2))/b~(1/2)))/ (b~ (1/2)*d~(1/2))

J

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.07

g_’-i_-si 2\/(_1 \/I;log<\/ava+a+\/l; \/dx~|—c)
dx =

vad—bc
a+bz bd

input Lim’ (((b*x+a)/(d*x+c))~(1/2) / (b*x+a) ,x)

output‘ (2*sqrt (d) #sqrt (b) *log((sqrt(d) *sqrt(a + b*x) + sqrt(b)*sqrt(c + d*x))/sqr ‘
‘t(a*d - bxc)))/(b*d)




output
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3.32 | —=——dz

Optimal result . . . . . . . . ... ..
Mathematica [A] (verified) . . . . . . . .. ... L L
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. ..
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . .. ... .. .. .. L.
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . .. ... ... .. ... .....

Optimal result

Integrand size = 22, antiderivative size = 18

/mdx=—<(l+x) -1+

2
1+2x

)

L—(1+x)*(—1+2/(1+x))“(1/2)

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

/mdx:

14z

input ‘\Integrate[x/(Sqrt[(l - x)/ + x)]1*(1 + x)),x]

output

L<-1 + x)/Sqrt[(1 - x)/(1 + x)]
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Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.78,

number of rules _ 0.136, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2056, 27, 297}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

%dw
(@ +1)

l 2056
1_
[
1—x T
2(ﬂj+1)

l 27
1-— Lz _
_2/<1—m++11>2d :1c+ii

J'297

input LInt[x/(Sqrt[(l S0/ + 01 + 1)) ,x]

output\ (-2%Sqrt[(1 - x)/(1 + DD/A + (1 - x/1 + x))
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 297/Int[((a_) + (b_)*(x_)"2) " (p_.)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[c*
xx((a + bxx~2)"(p + 1)/a), x] /; FreeQ[{a, b, c, 4, p}, x] && NeQ[b*c - axd
, 0] && EqQ[a*d - b*c*x(2xp + 3), 0]

rule 2056 Int[(u )" (r_.)*(x_ )" (m_.)*(((e_.)*((a_.) + (b_.)*(x_)"(n_.)))/((c_) + (a_.)
*(x_)"(n_.)))"(p_), x_Symbol]l :> With[{q = Denominator[pl}, Simp[g*e*((b*c

- a*d)/n)  Subst[Int[SimplifyIntegrand[x~(gx(p + 1) - 1)*(((-a)*e + c*x"q)
“((m+ 1)/n - 1)/(bke - d*x"q)"((m + 1)/n + 1))*(u /. x > ((-a)*e + c*x"q)
~(1/n)/(b*e - d*x~q)~(1/n))°r, x], x], x, (ex((a + bxx"n)/(c + d*x"n)))~(1/
)], x1] /; FreeQ[{a, b, c, d, e}, x] && PolynomialQ[u, x] && FractionQ/[p]

&& IntegerQ[1/n] &% IntegersQ[m, r]

Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

method | result size

gosper ””_zl_ - 17
T+l

risch =1 17

18

orering
trager | (—z—1)\/—%3 |19

default (e-1)v—oi+1 36

—21 V=G-D@E+D)

input Lint (x/((1-x)/(x+1))~(1/2) / (x+1) ,x,method=_RETURNVERBOSE)

output ‘\(x_l)/(_(x‘l)/(x*'l))‘(1/2)
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

r—1
rz+1

=—(z+1)/—

/mdx

input Lintegrate (x/((1-x)/(1+x))~(1/2) / (1+x) ,x, algorithm="fricas")

-

output L—(x + D*sqre(-(x - 1)/(x + 1))

—

Sympy [F]

/ﬁ“:/émn“

14z

input Liﬂtegrate (x/((1-x)/ (1+x)) **(1/2) / (1+x) ,x)

-

output, TREegral (x/ (sqre(-(x = 1)/(x + 1D)*(x + 1),

-/

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.50

z—1
2 z+1

/;M:T
«/};—z(l'ﬂv) a+l

input Lintegrate (x/((1-x)/(1+x))~(1/2) / (1+x) ,x, algorithm="maxima")

output XL = D/ + DI/ (G - D/ + D - 1)
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

-2 +1

| TEaes = wmer

input Lintegrate(x/((1-x)/(1+x))"(1/2)/(1+x) ,X, algorithm="giac") J

-

outputt_sqrt(_xAz + 1)/sgn(x + 1)

-/

Mupad [B] (verification not implemented)

Time = 10.11 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

| = @D

Fa+o :

nput| POE G/ (- Gx = 1D/ (x + 1)7(1/2)%x + 1),%) ]
outputk_(_(X - 1D/(x + 1)) (1/2)*(x + 1) J

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.67

/;dx:_mm

};—i(l + z)
inputLint(x/((1—x)/(1+x))A(1/2)/(1+x)’x) J
outputt - sqrt(x + 1)*sqrt( - x + 1) J




output

L

inputt
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3.33 [—=

Optimal result . . . . . . . . ... ..
Mathematica [A] (verified) . . . . . . . .. ... L L
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . .
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. ....
Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . .. ... ... .. ... .....

Optimal result

Integrand size = 20, antiderivative size = 54

/;das = /2 + zv/3 + z — arcsinh
(

1+ 1) gﬁ

<\/2+—x> + 2\/§arctanh<

209
259
260
200!
269
264
264
200!
2601
260

V2v2 tx
V3+z

x)~(1/2)/(3+x)~(1/2))

((2+x)‘(1/2)*(3+x)“(1/2)—arcsinh((2+x)‘(1/2))+2*2“(1/2)*arctanh(2‘(1/2)*(2+

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.26

/; dz = V2 + zv/3 + z + 2v/2arctanh
(

1+x) gﬁ

+10g<\/2+w—\/3+x>

(

—1—z4+vV2+2vV3+2x

V2

)

W
J

Integrate[x/((1 + x)*Sqrt[(2 + x)/(3 + x)1),x]




output
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‘Sqrt [2 + x]*Sqrt[3 + x] + 2*Sqrt[2]*ArcTanh[(-1 - x + Sqrt[2 + x]*Sqrt[3 +
L x1)/Sqrt[2]] + Log[Sqrt[2 + x] - Sqrt[3 + xI]

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.09,

=8, number of rules _ 400, Rules
integrand size

number of steps used = 9, number of rules used =
used = {2050, 171, 27, 175, 64, 104, 220, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

T+
— dz + v/ 2/ 3
/ 2z +1)vVz+2V/x +3 VIR AT

l 27

r+5
TN d
z+ e +3 /°$+1¢ Yoz i3 "

l 175

| 64

(2 st T | et Y ETETS
l 104
;<—z ﬁdm‘g/@é_l%—%)”ﬁ“ﬁ
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l 220
1 V2/z + 2 1
2GM%mmm<%;E;>—2/w+3m@+2>+¢x+m@+3
l 9222

% <4\/§arctanh (%) — 2arcsinh<\/x + 2)) +vVr+2vVzrx+3

nput TREIX/ (1 + ©*8qrt[(2 + /B + 01),x]

‘Sqrt[2 + x]*Sqrt[3 + x] + (-2*ArcSinh[Sqrt[2 + x]] + 4*Sqrt[2]*ArcTanh[(Sq

output
‘rt[2]*Sqrt[2 + x])/Sqrt[3 + x]1)/2
Defintions of rubi rules used
rule 27 Int[(@)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 64 Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)1), x_Symbol] :> Simp
[2/b  Subst[Int[1/Sqrtlc - a*x(d/b) + d*(x"2/b)]1, x], x, Sqrtla + b*x]], x]
/; FreeQ[{a, b, c, d}, x] && GtQ[c - ax(d/b), 0] && ( !'GtQ[a - c*(b/d), 0]
|1 PosQ[bl)
rule 104 Int[(((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_))/((e_.) + (f_.)*(x
_)), x_] :> With[{q = Denominator[m]}, Simp[q Subst[Int[x~(g*(m + 1) - 1)
/(bxe - axf - (d*e - cxf)*x"q), x], x, (a + bxx)"(1/q)/(c + d*x)~(1/q)], x]
1 /; FreeQ[{a, b, c, d, e, f}, x] & EqQ[m + n + 1, 0] && RationalQ[n] && L
tQ[-1, m, 0] && SimplerQ[a + b*x, c + d*x]
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rule 171 LD + (_D)* ) @ )*((c_.) + (d_D)*(x)) " )*((e_.) + (£_.)*(x))
)T (p)*((g_.) + (h_.)*(x_)), x_] :> Simp[h*(a + b*x)“m*(c + d*x)~(n + 1)*((
e + £*xx)"(p + 1)/(d*f*(m + n + p + 2))), x] + Simp[1/(d*f*(m + n + p + 2))

Int[(a + b*x)"(m - 1)*(c + d*x) "n*(e + f*x) p*Simp[axd*f*g*(m + n + p + 2
) - hx(bkcxexm + ax(d*ex(n + 1) + c*f*x(p + 1))) + (bxd*f*g*(m + n + p + 2)
+ hx(a*d*f*m - b*(d*ex(m + n + 1) + cxf*x(m + p + 1))))*x, x], x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p + 2, 0]
&& IntegersQ[2*m, 2*n, 2xp]

rule 175 TatLCCCe_.) + (d_D*x)) 7@ )*((e ) + (£_)*(x))"(p)*((g_.) + (h_)*(x_
M)/ ((a_.) + (b_.)*(x_)), x_]1 :> Simp[h/b Int[(c + d*x) n*(e + f*x)7p, x]
, x] + Simp[(b*g - axh)/b Int[(c + d*x)"n*x((e + f*x)"p/(a + b*x)), x], x]
/; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x]

rule 220 IntL((a) + (b_.)*(x)72)7(-1), x_Symboll :> Simp[(-(Rt[-a, 2]*Rt[b, 21)"(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b]l &&
(LtQ[a, 0] || GtQlb, 01)

rule 299 | Int[1/8qrtl(a ) + (b_.)*(x)72], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[a])1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, O] && PosQ[b]

rule 2050 It L D)*(((e_)*((a_.) + (b_)*(x_)7(n_.)))/((c) + (d_)*(x_)"(a_.)))"(p
_), x_Symbol] :> Int[ux((a*e + bxexx™n) p/(c + d*x"n)"p), x] /; FreeQ[{a, b
, C, d, e, n, p}, x] && GtQ[bxd*e, 0] && GtQ[c - ax(d/b), 0]
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Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.46

method | result

_ (7432)v2 5 2 _ p)
(2+zx) ( 24/2 arctanh<4\/m> —i—ln(2 +z+Vz +5x+6) 2/ +53:+6>

default | —
2,/22 /(3+0)(2+a)
_ln(%-‘m-ﬁ-W) +4/2 arctanh _ (T43x)v2 (B12)(2+2)
risch 2te 4 ’ a0 4

\/gii; % (3+z)
trager | 3 (1 n g) - _32+_xz N 1n(2\/_ = x+6\/— o —2w—5> + RootOf (_ 2 2) In (3Root0f(_ZQ—2)x+4

3 2

input tint (x/ (x+1)/((2+x)/(3+x))~(1/2) ,x,method=_RETURNVERBOSE) J

-1/2%(24x) % (-2%2" (1/2) ¥arctanh (1/4x (7+3+x) %2" (1/2) / (x"2+5%x+6)~ (1/2)) +1n (5
/2% (x7245%x+6) 7 (1/2)) ~2% (x™2+54x+6) " (1/2)) / ((2+%) / (3+x)) ~(1/2) / ((3+x) *(2
+2))7(1/2)

output

\‘

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 83 vs. 2(40) = 80.

Time = 0.08 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.54

2v2(x +3)y /22 +32+7
2 z
/;dp(ﬁs),/iﬂ/élog -

(1+2) 24z z+3 z+1

3+
1 P 1 Z+2
4 T2 )41 1
2°g< s+3 " )+2‘%< z+3 )

Lintegrate (x/(1+x)/ ((2+x) / (3+x))~(1/2) ,x, algorithm="fricas") J

input
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output ‘(x + 3)*sqrt((x + 2)/(x + 3)) + sqrt(2)*log((2*sqrt(2)*(x + 3)*sqrt((x + 2

\)/(x +3)) + 3xx + 7)/(x + 1)) - 1/2%1log(sqrt((x + 2)/(x + 3)) + 1) + 1/2% \
log(sqrt((x + 2)/(x + 3)) - 1)
Sympy [F]
/mdm—/mdx
nput integTate (x/ (141)/ ((2+0)/(341))++(1/2) 1) J
output TAtegral(x/(sqrt((x + 2)/(x + 3)*(x + 1)), x) )

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 103 vs. 2(40) = 80.

Time = 0.11 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.91

1 +.’L’) \/ 3-:-:1: \/_+2 $+2
1 T+ 2 T+ 2
— =1 1 — 1 -1
2 °g< s+3 " )+2 °g< r+3 )

input[integrate(x/(1+x)/((2+x)/(3+x))*(1/2),X, algorithm="maxima")

p >

Output‘—sqrt(2)*1og(-(sqrt(2) - 2xsqrt((x + 2)/(x + 3)))/(sqrt(2) + 2*sqrt((x + 2

D/(x +3)))) - sqre((x + 2)/(x + 3))/((x + 2)/(x + 3) - 1) - 1/2%log(sqrt( |

J
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 129 vs. 2(40) = 80.

Time = 0.15 (sec) , antiderivative size = 129, normalized size of antiderivative = 2.39

v _ _v2=2)
(/GC;5—;;dx—v5bg< v§+2> gn(z + 3)

Jal |-22-2v2+2 V2?45 2+6-2|
08 ( ‘—2:1:-1—2 V2+2 \/z2+5—z+6—2))

sgn (z + 3)
log(|—2w+2\/w2—|—5x—|- 5‘)+\/x2—|—5x+6
2sgn (x + 3) sgn (z + 3)

input [integrate (x/ (1+x) / ((2+x) / (3+x))~(1/2) ,x, algorithm="giac")

-/

output‘ sqrt(2)*log(-(sqrt(2) - 2)/(sqrt(2) + 2))*sgn(x + 3) - sqrt(2)*log(abs(-2* \‘
‘x - 2xsqrt(2) + 2*sqrt(x”2 + 5*x + 6) - 2)/abs(-2%x + 2xsqrt(2) + 2*sqrt(x ‘
"2 + B¥x + 6) - 2))/sgn(x + 3) + 1/2xlog(abs(-2%x + 2*sqrt(x"2 + 5*x + 6)
L- 5))/sgn(x + 3) + sqrt(x”2 + 5*x + 6)/sgn(x + 3) J

Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.15

[z+2
dx—2\/§atanh<\/_ +3> — s —atanh( x+2)

z+2

int(x/(((x + 2)/(x + 3))~(1/D*(x + 1)),x%) J

input L

‘2*2 (1/2)*atanh (27 (1/2)*((x + 2)/(x + 3))7(1/2)) - ((x + 2)/(x + 3))~(1/2) ‘

output
/(x +2)/(x +3) - 1) - atanh(((x + 2)/(x + 3))7(1/2))
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.70

/#ch":\/mm—\/élog<\/x+3+\/x+2—\/§—1)

(1+x),/2t2

3+
+\/510g(\/x+3+\/x+2—\/§+1)
+\/§10g(\/:v+3+\/x+2+\/§—1>
_\/Elog(\/ﬂc+3+\/x+2+\/§+1)_1Og<\/m+3+\/m+2>
input Lint (x/(14x) / ((2+x) / (3+x))~(1/2) ,x) J

Output‘ sqrt(x + 2)*sqrt(x + 3) - sqrt(2)*log(sqrt(x + 3) + sqrt(x + 2) - sqrt(2) ‘
‘- 1) + sqrt(2)*log(sqrt(x + 3) + sqrt(x + 2) - sqrt(2) + 1) + sqrt(2)*log( ‘
‘sqrt(x + 3) + sqrt(x + 2) + sqrt(2) - 1) - sqrt(2)*log(sqrt(x + 3) + sqrt(

‘x + 2) + sqrt(2) + 1) - log(sqrt(x + 3) + sqrt(x + 2))




output

input

output
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1

3.34 | NN e

Optimal result . . . . . . . . . . . .. 267
Mathematica [B] (verified) . . . . . . . . . .. .. 267
Rubi [A] (verified) . . . . . . . . . . 268]
Maple [A] (verified) . . . . . . ... L 269
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 269
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 269
Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ... 270
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... .. .. 2701
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 27Tl
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 27Tl

Optimal result

Integrand size = 13, antiderivative size = 8

| =

dz = 2arcsinh(/z)

L2*arcsinh(x‘(1/2))

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 18 vs. 2(8) = 16.

Time = 0.00 (sec) , antiderivative size = 18, normalized size of antiderivative = 2.25

/ﬁdw

= —2log (—\/5 + \/1—i-—$>

s

LIntegrate[1/(Sqrt[x]*Sqrt[1 + x]),x]

~—

L—Q*Log[—Sqrt[x] + Sqrt[1 + x]]




input L
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00,

number of rules _ (j 15 4, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {63, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

X

g
| ey
l63

1
2/md
1222

Nz

2arcsinh (v/z)

Int[1/(Sqrt[x]*Sqrt[1 + x]),x] J

e

output t

~—

2*ArcSinh [Sqrt [x]]

Defintions of rubi rules used

rule 63

rule 222

Int[1/(Sqrt[(b_.)*(x_)]1*Sqrt[(c_) + (d_.)*(x_)]1), x_Symbol]l :> Simp[2/b S
ubst [Int[1/Sqrt[c + d*(x~2/b)], x], x, Sqrtlb*x]], x] /; FreeQ[{b, c, d}, x
] && GtQ[c, O]

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol]l :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)]1/Rt[b, 2], x] /; FreeQ[{a, b}, x] & GtQ[a, 0] && PosQ[b]
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Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

method | result size
meijerg | 2 arcsinh (/) 7

vV (z+1)z ln<%+a:+\/z2+z)
default NS 28

input

Lint (1/x~(1/2)/ (x+1)~(1/2) ,x,method=_RETURNVERBOSE)

e

output LQ*arcsinh(x‘ (1/2))

~—

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 18 vs. 2(6) = 12.

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 2.25

/ﬁdw

log <2\/m\/_—2x— 1)

input L

integrate(1/x~(1/2)/(1+x)~(1/2) ,x, algorithm="fricas")

output ‘\—log(Q*sqrt(x + 1)*sqrt(x) - 2%x - 1)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.48 (sec) , antiderivative size = 26, normalized size of antiderivative = 3.25

/ﬁdw:

2 acosh (\/m + 1)

for|lz+1| > 1

—2iasin (v +1) otherwise
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input‘integrate(1/x**(1/2)/(1+x)**(1/2),x)

‘Piecewise((2*acosh(sqrt(x + 1)), Abs(x + 1) > 1), (-2xI*asin(sqrt(x + 1)),

output
‘ True))

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 27 vs. 2(6) = 12.

Time = 0.03 (sec) , antiderivative size = 27, normalized size of antiderivative = 3.38

[ mtog (YL 1) g ()

inputLintegrate(1/x‘(1/2)/(1+x)‘(1/2),x, algorithm="maxima")

Output‘log(sqrt(x + 1)/sqrt(x) + 1) - log(sqrt(x + 1)/sqrt(x) - 1)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 14 vs. 2(6) = 12.
Time = 0.18 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.75

/ﬁdx=—2log<\/ﬁ—ﬁ)

inputLintegrate(1/x“(1/2)/(1+x)‘(1/2),x, algorithm="giac")

-

output L'2*1°g(sqrt (x + 1) - sqrt(x))

A J
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Mupad [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.75

/ ﬁ d = 4atanh<%)

put 3881/ G (/D% + D7(1/2)),0)

output 4*atanh((Gx + 7(1/2) = 1)/x"(1/2))

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.25

/ﬁdx:210g<m+ \/5>

Lint(1/x*(1/2)/(1+x)‘(1/2),x)

input

Output L2*10g(sqrt(x + 1) + sqrt(x))




output

input

output
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3.35 | Vit 4,

Optimalresult . . ... ... ... ... ... .. .......
Mathematica [B] (verified) . . . . . ... ... ... ... ...
Rubi [A] (verified) . . . ... ... ... . ...
Maple [B] (verified) . . . . . ... ... ... L.
Fricas [B] (verification not implemented) . . . . ... ... ..
Sympy [F] . . . ..
Maxima [B] (verification not implemented) . . . . . . ... ..
Giac [B] (verification not implemented) . . . . . ... ... ..
Mupad [B] (verification not implemented) . . ... ... ...
Reduce [B] (verification not implemented) . . .. ... .. ..

Optimal result

Integrand size = 15, antiderivative size = 8

/ —”;ﬂ dz = 2arcsinh(/z)

L2*arcsinh(x“ (1/2))

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 18 vs. 2(8) = 16.

Time = 0.00 (sec) , antiderivative size = 18, normalized size of antiderivative = 2.25

/@dx: —2log (—\/5+\/1+—x>

e

tIntegrate [Sart[x/(1 + x)]1/x,x]

~—

L—2*Log[—Sqrt [x] + Sqrtl[1l + x]]




input

output

rule 63

rule 222
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Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2050, 63, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

l 63
1
2 / et
l 222
2arcsinh(\/5)

LInt [Sqrt[x/(1 + x)1/x,x]

-

L2*ArcSinh [Sqrt[x]]

-/

Defintions of rubi rules used

Int[1/(Sqrt[(b_.)*(x_)]1*Sqrtl[(c_) + (d_.)*(x_)]1), x_Symbol]l :> Simp[2/b S
ubst [Int[1/Sqrt[c + d*(x~2/b)], x], x, Sqrtlb*x]], x] /; FreeQ[{b, c, d}, x
] && GtQ[c, O]

/Int[l/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[a]>)1/Rtb, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] &% PosQ[bl

~
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rule 2050‘Int[(u_.)*(((e_.)*((a_.) + (b_)*(x)"(m_.)))/((c) + (d_)*=)"(@_)))"(p ‘
‘_), x_Symbol] :> Int[u*((a*xe + b*e*x"n) p/(c + d*x"n)~p), x] /; FreeQ[{a, b ‘
, €, d, e, n, p}, x] && GtQ[b*dxe, 0] && GtQ[c - a*(d/b), 0]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 29 vs. 2(6) = 12.

Time = 0.10 (sec) , antiderivative size = 30, normalized size of antiderivative = 3.75

method | result size

trager | In <2,/xiﬂx+2w/xiﬂ+2x+1> 30

41 (@+1) ln(%—l—m—i-\/ z2 +:c>

default N T 39
input‘int((X/(x+1))”(1/2)/x,x,method=_RETURNVERBOSE)
output Lln@* (x/ (x+1)) 7 (1/2) *x+2% (x/ (x+1) ) 7 (1/2) +2%x+1) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 27 vs. 2(6) = 12.

Time = 0.07 (sec) , antiderivative size = 27, normalized size of antiderivative = 3.38

Vi . T T

integrate((x/(1+x))~(1/2)/x,x, algorithm="fricas") J

input t

output Llog(Sqrt(x/(x + 1)) + 1) - log(sqrt(x/(x + 1)) - 1) J
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Sympy [F]

/—‘?dx:/—'fdx

input Lintegrate ((x/(1+x))*x(1/2) /x,x)

output | [Etegral(sqrt(x/(x + 1)/x, )

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 27 vs. 2(6) = 12.

Time = 0.03 (sec) , antiderivative size = 27, normalized size of antiderivative = 3.38

Vs g x x
/Tda:—log x—-|-1+1 — log x——i—l_l

input Lintegrate ((x/(1+x))~(1/2)/x,x, algorithm="maxima")

output | LB(EArt R/ (x + 1)) + 1) - loglsqrt(x/(x + 1)) - 1)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 22 vs. 2(6) = 12.

Time = 0.13 (sec) , antiderivative size = 22, normalized size of antiderivative = 2.75

/ \/;—z dz = —log (|22 +2v2 +5 - 1)) sgn(z + 1)

input Lintegrate ((x/(1+x))~(1/2) /x,x, algorithm="giac")

output L—log(abS(—2*x + 2%sqrt(x”2 + x) - 1))*sgn(x + 1)
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Mupad [B] (verification not implemented)

Time = 10.18 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.50

/—ﬂdx=2atanh( T )
x r+1

input 1BECG/ (x + 1)7(1/2)/%,%)

output LQ*atanh((x/(x + 1))°(1/2))

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.25

/@dm=2log<\/m+ ﬁ)

Lint((x/(1+X))‘(1/2)/X,X)

input

output L2*10g(sqrt(x + 1) + sqrt(x))




output

input

output
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W

3.36 [ da

Optimal result . . . . . . . . . . . . . 27T
Mathematica [B] (verified) . . . . . . . . . ... L 271
Rubi [A] (verified) . . . . . . .. . . 278
Maple [A] (verified) . . . . . . . . .. 2791
Fricas [A] (verification not implemented) . . . . . . ... ... .. ... .. ... 279
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 2R0
Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ... 280
Giac [A] (verification not implemented) . . . . . . .. . ... ... ... ... 28]
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 28Tl
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 28]

Optimal result

Integrand size = 13, antiderivative size = 22

/ NG do — ﬁﬁ—arcsinh(\/g)

Vi+x

tx*(1/2>*(1+x)*(1/2)-arcsinh(x*(1/2))

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 51 vs. 2(22) = 44.

Time = 0.01 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.32

Vie Wzl +z)+V1+zlog (—v/z +vV1+1))

NZ7

LIntegrate [Sqrt[x]/Sqrt[1 + x],x]

(Sqrtlx/(1 + x)1*(Sqrt[x]*(1 + x) + Sqrt[i + x]*Logl-Sqrtx] + Sqrt[1 + x]

‘1)) /sqrt [x]

N




input

output

rule 60
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00,

number of rules _ 0.231, Rules

number of steps used = 4, number of rules used = 3, integrand size

used = {60, 63, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ Ve dz
r+1
l60
1 1
ﬁ\/m_§ \/E\/a:—i—ldx
l63
Vavz - w%dﬁ
l222

Vzvz + 1 — arcsinh (v/z)

‘ Int [Sqrt[x]/Sqrt[1 + x],x]

LSqrt [x]*#Sqrt[1 + x] - ArcSinh[Sqrt[x]] J

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + D*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*((bxc - axd)/(
bx(m + n + 1))) Int[(a + b*x) m*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ[m, 0] && ( !Integer
Qn] Il (GtQ[m, O] && LtQ[m - n, 0]))) && 'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]
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Int[1/(Sqrt[(b_.)*(x_)1*Sqrt[(c_) + (d_.)*(x_)1), x_Symbol]l :> Simp[2/b S
ubst [Int[1/Sqrt[c + d*(x~2/b)], x], x, Sqrtlb*x]], x] /; FreeQ[{b, c, d}, x
] && GtQ[c, O]

rule 63

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

rule 222

Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.23

method | result size
meijerg \/7?\/5\/:64-1—\/\? arcsinh (1/z) 97
V(@+Dz In( L +z+vz2+z
default | \/zvz+1— Sais 2\/;5\2/% ) 39
z+1z In( 2 +z+vVe2+x
dsch | EVEFT - YRR | g

input Lint (x~(1/2)/ (x+1)~(1/2) ,x,method=_RETURNVERBOSE)

output tl/Pi“(1/2)*(Pi‘(1/2)*x"(1/2)*(x+1)“(1/2) -Pi~(1/2)*arcsinh(x~(1/2)))

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.27

/\/I/;Lxdx:\/m\/i+%log<2\/m\/_—2x—l>

-

input tintegrate (x~(1/2)/(1+x)~(1/2) ,x, algorithm="fricas")

e—

output qurt(x + 1)*sqrt(x) + 1/2xlog(2*sqrt(x + 1)*sqrt(x) - 2*x - 1)
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.82 (sec) , antiderivative size = 63, normalized size of antiderivative = 2.86

Jz Vzv/z +1—acosh (vVz +1) for |z +1| > 1
dr = . 3
/ Vit jasin (vVz +1) — ’(ff_%z + ’F””_J;l otherwise

input ‘ integrate (x**(1/2)/(1+x)**(1/2) ,x)

‘sin(sqrt(x + 1)) - Ix(x + 1)**(3/2)/sqrt(-x) + I*sqrt(x + 1)/sqrt(-x), Tru

e DY
Output‘PieceWise((Sqrt(x)*sqrt(x + 1) - acosh(sqrt(x + 1)), Abs(x + 1) > 1), (I*a
e)) |

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 49 vs. 2(16) = 32.

Time = 0.03 (sec) , antiderivative size = 49, normalized size of antiderivative = 2.23

VT Ve +1 1 vz +1 1 vz +1
dz = 1 — - log +1)+ - log -1
Vitz V(2 —-1) 2 VT 2 VI
input Lintegrate (x~(1/2)/(1+x)~(1/2) ,x, algorithm="maxima") J

(sqrt(x + 1)/(sqrt(x)*((x + 1)/x - 1)) - 1/2*%log(sqrt(x + 1)/sqrt(x) + 1) + )

output
\ 1/2%log(sqrt(x + 1)/sqrt(x) - 1)
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/\/I/;ixdx=\/m\/5+log(\/xT—\/5>

inputt

integrate(x~(1/2)/(1+x)~(1/2) ,x, algorithm="giac")

-

outputt

sqrt(x + 1)*sqrt(x) + log(sqrt(x + 1) - sqrt(x))

e—

Mupad [B] (verification not implemented)

Time = 9.60 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.18

inputt

int(x~(1/2)/(x + 1)°(1/2) ,x)

outputt

x~(1/2)*(x + 1)7(1/2) - 2*atanh(x~(1/2)/((x + 1)7(1/2) - 1))

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/%dw=ﬁﬂ—leg<m+ﬁ)

inputt

int (x7(1/2)/(1+x)~(1/2) ,x)

outputt

sqrt(x)*sqrt(x + 1) - log(sqrt(x + 1) + sqrt(x))




output

input

outpu
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I

3.37 /1 d=

Optimal result . . . . . . . . . . . . . e 287
Mathematica [B] (verified) . . . . . . . . . ... 282
Rubi [A] (verified) . . . . . . . . . . 2831
Maple [B] (verified) . . . . . . . . . ... 284
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 285
Sympy [F] . . o o 285
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ...
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ...
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 28T
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 28T

Optimal result

Integrand size = 11, antiderivative size = 22

/ \/Hdea: = v/zv/1+ z — arcsinh(v/z)

Lx“(l/Q)*(1+x)“(1/2)-arcsinh(x“(1/2))

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 51 vs. 2(22) = 44.

Time = 0.00 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.32

VITzlog (—vz+VITT))
\/5

/qu_dw:vgghﬁﬂ+x%F
+z

LIntegrate [Sart[x/(1 + x)],x]

~—  /

L]))/Sqrt[x]

t‘ (Sqrt[x/(1 + x)I*(Sqrtx]1*(1 + x) + Sqrt[1 + x]*Log[-Sqrt[x] + Sqrt[1 + x] ‘

)
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Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00,

number of rules _ ) 34 4, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {2050, 60, 63, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
z
[ e
l 2050
/ Ve dr
rz+1
l 60
\/5\/:1:+1—1/1da:
2) Vv +1
l 63
Vevz+1-— / L dvx
r+1
l 992
Vzvzr+1-— arcsinh(\/:?)
input [Int [Sqrt[x/(1 + x)1,x]

-/

output LSqrt [x]1*Sqrt[1 + x] - ArcSinh[Sqrt([x]]
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Defintions of rubi rules used

rule 60 IntlCCa_) + (b_D*(x_)) " (@ )*((c_.) + (d_.)*(x_))7(n)), x_Symbol] :> Simpl[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

rule 63 Int[1/(Sqrt[(b_.)*(x_)1*Sqrt[(c_) + (d_.)*(x_)1), x_Symbol]l :> Simp[2/b S
ubst [Int[1/Sqrt[c + d*(x~2/b)], x], x, Sqrtlb*x]], x] /; FreeQ[{b, c, d}, x
] && GtQ[c, 0]

rule 292 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al>1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

rule 2050 Int[(u_.)*((Ce_.)*((a_.) + (b_.)*(x_)"(n_.)))/((c_) + (d_.)*(x_)"(n_.)))"(p
_), x_Symbol] :> Int[u*((axe + b*exx"n) p/(c + d*x"n)~p), x] /; FreeQl[{a, b
, ¢, d, e, n, pY, x] && GtQ[b*d*e, 0] && GtQ[c - ax(d/b), 0]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 44 vs. 2(16) = 32.

Time = 0.09 (sec) , antiderivative size = 45, normalized size of antiderivative = 2.05

method | result size
V551 @+1) (2P +o—In(f+a+vaP+a) )
default NG 45
—  (Itervarta), /25 Ve

risch (z+1) 47

z+1 2

2(% + z) = - 1‘“(2\/%“‘2 1%1+2z+1) 19

2 2

trager

input Lint ((x/(x+1))~(1/2) ,x ,method=_RETURNVERBOSE)
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¢ \ 1/2%(x/ (x+1)) " (1/2) * (x+1) * (2% (x~2+x) ~(1/2) -1n(1/2+x+(x"2+x) ~(1/2))) / ((x+1) \
\*x)‘(1/2) ‘

outpu

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 42 vs. 2(16) = 32.

Time = 0.07 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.91
/| /| T 1 T 1 T
dz = 1 - =1 1 — 1 -1
/ 1—|—ac:C (z+1) z+1 20g( x+1+)+20g< z+1 )

‘ integrate((x/(1+x))~(1/2),x, algorithm="fricas") ‘

input
output‘ (x + D*sqre(x/(x + 1)) - 1/2*log(sqrt(x/(x + 1)) + 1) + 1/2%log(sqrt(x/(x ‘
1) - 1) |
Sympy [F]
/\/H_Txdx:/\/de
input Lintegrate ((x/(1+x))**(1/2) ,x) J

outputtlntegral(sqrt (x/(x + 1)), %) J
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 51 vs. 2(16) = 32.

Time = 0.03 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.32
T N 1 T 1 x
dor = -2~ ] —+1 =1 -1
/\/l-i-xz =1 2°g(\/x+1+)+2°g( z+1 )

integrate((x/(1+x))~(1/2),x, algorithm="maxima") J

input L

‘—sqrt(x/(x +1))/(x/(x + 1) - 1) - 1/2%1log(sqrt(x/(x + 1)) + 1) + 1/2%log( \

output
1sqrt(X/(x +1)) - 1) ‘

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 35 vs. 2(16) = 32.

Time = 0.12 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.59

1
/1/1—T—xd$:§ 10g<‘—2x+2\/x2+x—1‘)sgn(x+1)+\/x2+xsgn(x+1)

-

| —

input Lintegrate ((x/(1+x))~(1/2) ,x, algorithm="giac")

‘1/2*log(abs(—2*x + 2%sqrt(x”2 + x) - 1))*sgn(x + 1) + sqrt(x™2 + x)*sgn(x ‘

output ‘ o o5 ‘
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Mupad [B] (verification not implemented)

Time = 8.87 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.59

T T A
\/ dz = —atanh — Yot
/ 1+xx aan( a;-l—l) T

Lint((X/(X + 1))°(1/2) ,%)

e—

input

output ~ 2tanh((/(x + 1)7(W/2)) - G/ (x + 1)TW/D/ &/ + 1) - D )

Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/\/HTxdz:\/E\/ﬁ—log<\/m+\/5>

-

Lint((x/(1+x)>*(1/2>,x)

—

input

output qurt(x)*Sqrt(x + 1) - log(sqrt(x + 1) + sqrt(x)) J




output
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3.38  [Y s

Optimal result . . . . . . . . ... ... 288
Mathematica [A] (verified) . . . . . . . . . ... 2]Y
Rubi [A] (verified) . . . . . . .. . . 289
Maple [A] (verified) . . . . . . . . .. 2901
Fricas [A] (verification not implemented) . . . . . . ... ... .. ... .. ... 290)
Sympy [F] . . . o 291]
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 291]
Giac [A] (verification not implemented) . . . . . ... ... .. ... 291]
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 292

Optimal result

Integrand size = 18, antiderivative size = 36

/\/—1+x _ \/—1+x\/1+x

1+x T

+ arctan (x/—l +zV1+ x)

L-(-1+X) ~(1/2)*(1+x) " (1/2) /x+arctan ((-1+x) " (1/2) *(1+x) " (1/2))

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.83

[LLE,

1—|—z

\/%(\/—1+x(1+x)+2x\/1+xarctan (x— \/—1+x\/1+x))

vV—1+zzx

input L

Integrate[Sqrt[-1 + x]/(x"2*Sqrt[1 + x]),x]

output‘

=((Sgrt[(-1 + x)/(1 + x)I*(Sqrt[-1 + x]*(1 + x) + 2*x*Sqrt[1 + x]*ArcTan[x
- Sqrt[-1 + x]*Sqrt[1 + x]1))/(Sqrt[-1 + x]*x))
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00,

= 3, number of rules _ 167, Rules

number of steps used = 4, number of rules used =
integrand size

used = {105, 103, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
By
22/ +1
l 105
/ 1 dm_\/x—lx/ac+1
vr—1lzv/z+1 T
l 103
1 — vVer—1y/x+1
/(a:—l)(a:+1)+1d< z-1 x+1) -
l 216
arctan <\/x —1Vz + 1) — —"m_lx vz +1
input LInt [Sqrt[-1 + x]/(x"2*Sqrt[1 + x]),x] J
Outputt—((sqrt[—l + x]*Sqrt[1 + x])/x) + ArcTan[Sqrt[-1 + x]*Sqrt[1 + x]] J

Defintions of rubi rules used

)+ (b_)*(x)I*Sqrtl(c_.) + (d_)*(x)1*((e_.) + (£_.)*(x_
1)), x_1 :> Simp[b*f  Subst[Int[1/(d*(bxe - a*f)~2 + bxf~2%x"2), x], x, Sq |
‘rt[a + b*x]*Sqrt[c + d*x]], x] /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[2*b*d ‘
L*e - fx(b*c + a*d), 0] J
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rule 105 TRtLCG@_.) + (b_)*(x))"@)*((e_.) + (d_)*(x)) " )*((e ) + (£_.)*(x)
)-(p_), x_] :> Simp[(a + b*x)"(m + 1)*(c + d*x)"nx((e + £xx)"(p + 1)/((m +
Dx(bxe - a*f))), x] - Simp[n*((d*xe - c*f)/((m + 1)*(bxe - a*f))) Int[(a

+ bxx)"(m + 1)*(c + d*x)"(n - 1)*(e + £*x)7p, x], x] /; FreeQl{a, b, c, d,

e, £, m, p}, x] & EqQ[m + n + p + 2, 0] && GtQ[n, 0] && (SumSimplerQ[m, 1]
[l 'SumSimplerQ[p, 11) && NeQ[m, -1]

rule 216‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A ‘
‘rcTan[Rt[b, 2]1*(x/Rtla, 21)1, x] /; FreeQ[{a, b}, x] & PosQla/b] && (GtQla |
, 01 Il GtQlb, 01) |

Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.19

method | result size
—arctan| —— |z—vz2—1 |Vz—1+vZ+1
default ( (—2 e ) 43
arctan —— ) /(z—1)(z+1)
: _ Vz—1z+1 (\/1271)
risch = NCESWCEST 46
input Lint ((x-1)"~(1/2)/x~2/ (x+1)~(1/2) ,x ,method=_RETURNVERBOSE) J

| (-arctan(1/(x"2-1)"(1/2)) ¥x- (x"2-1) " (1/2)) % (x-1) " (/2% (x+1) " (1/2) /x/ (x2-
1D(/2) |

output

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.08

/\/—l—i-:cd 2zarctan (Vz +1vVz —1—2) —Vz+1Vo—1—-z
N
2/1+zx x

input tintegrate ((x-1)~(1/2)/x~2/(1+x)~(1/2) ,x, algorithm="fricas") J
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J

Outputt(%x*arctan(sqrt(x + 1)*sqrt(x - 1) - x) - sqrt(x + 1)*sqrt(x - 1) - x)/x
Sympy [F]
—Lt x VTS L dx
N z 22/ +1
inputLintegrate((x—1)**(1/2)/x**2/(1+x)**(1/2)’x)

outputt

Integral(sqrt(x - 1)/(x**2*sqrt(x + 1)), x)

Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.56

1+x x

/m e arcs“‘<|1|)

inputt

integrate((x-1)~(1/2)/x~2/(1+x)~(1/2) ,x, algorithm="maxima")

outputt

-sqrt(x”2 - 1)/x - arcsin(1/abs(x))

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.17

V-1+gz 8 1 ’
/ 1+Z = (\/x+1_\/x_1)4+4—2arctan(§(\/ﬂ:—l—l—\/m—l)>

inputt

integrate((x-1)~(1/2)/x~2/(1+x)~(1/2) ,x, algorithm="giac")
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‘-8/((sqrt(x + 1) - sqrt(x - 1))7°4 + 4) - 2*arctan(1/2*(sqrt(x + 1) - sqrt( ‘

ou‘cput‘X P ‘

Mupad [B] (verification not implemented)

Time = 10.93 (sec) , antiderivative size = 138, normalized size of antiderivative = 3.83

Vive , (Vz—1-1)* o (VET-0Y L
L/‘ S dr = -] ((Véiifi-1)24_l> 1i+1 (-ﬁ:jfftji> 1
5 (Va=1-i)®

ve—-1-i (Va+i- 1)2+1

4 (Vo+l-1) AW’ |, 4(e1-)
(Va+1-1)° Va+i-1

Lint((x - 1D (1/2)/ x 2% (x + 1)7(1/2)),%) J

input

log(((x - 1)7(1/2) - 11)/((x + 1)7(1/2) - 1))*1i - log(((x - 1)7(1/2) - 1i
)72/((x + 1)7(1/2) - 1)72 + D*1i - ((x - 1D7(1/2) - 11)/4*x((x + 1)7(1/2)
- 1)) - (B ((x - 1)7(1/2) - 11)72)/((x + 1)7(1/2) - 1)72 + 1)/((4*((x -
1D7(1/2) - 1)73)/((x + 1)7(1/2) - 1)73 + (4x((x - 1)7(1/2) - 11))/((x + 1
)7(1/2) - 1))

output

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.28

/\/—l—i—z
Vi+z
_2atan(\/x—1—|—\/z'+1—1)x—2atan(\/x—1+\/x+1—|—1)m—\/x+1\/ac—l—m

T

Lint((x—l)‘(1/2)/x‘2/(1+x)‘(1/2),X) J

input

output‘ (2*atan(sqrt(x - 1) + sqrt(x + 1) - 1)*x - 2*xatan(sqrt(x - 1) + sqrt(x + 1 ‘
‘) + 1)*x - sqrt(x + 1)*sqrt(x - 1) - x)/x ‘




output

input

output
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Optimal result . . . . . . . . . . . . .. e 293
Mathematica [A] (verified) . . . . . . . . . ... 293
Rubi [A] (verified) . . . . . . . . . . 294
Maple [A] (verified) . . . . . . ... L 295
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 296!
Sympy [F] . . . o 296
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 297
Giac [A] (verification not implemented) . . . . . . ... ... ... 297l
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 298
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 298

Optimal result

Integrand size = 17, antiderivative size = 36

=14z
/\/ 1++w V=1+zv1+z
T =

X

+ arctan (\/—1 +zv1+ x)

|- (-1+x) " (1/2)* (1+x) " (1/2) /x+arctan( (-1+x) " (1/2) * (1+x) " (1/2))

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.83

/ VIR 40 + 20V T Rarctan (o - VT 2VI2))
2 T

vV—1+zx

LIntegrate [Sqrt[(-1 + x)/(1 + x)]1/x72,x]

‘—((Sqrt[(—l + x)/(1 + x)]*(Sqrt[-1 + x]*(1 + x) + 2*x*Sqrt[1 + x]*ArcTan[x
\ - Sqrt[-1 + x]*Sqrt[1 + x11))/(Sqrt[-1 + x]1*x))
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00,

= 4, number of rules _ 935, Rules
integrand size

number of steps used = 5, number of rules used =
used = {2050, 105, 103, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/ ;;1 dx

l 2050
B
x%/:zT

l 105

below.

]

1
dr —
/\/iL‘—liE\/iL‘-l-l v T

/ (z — 1)(:+ 1)+ 1d<\/m\/m) _ \/Qtlx\/m

input| I8¢ [Sart [G-1 + 1/ + 01/x°2,x]

output L'((Sqrt [-1 + x]*Sqrt[1 + x])/x) + ArcTan[Sqrt[-1 + x]*Sqrt[1 + x]]




rule 103

rule 105

rule 216
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Defintions of rubi rules used

Int[1/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)1*((e_.) + (f_.)*(x_
), x_]1 :> Simp[bxf Subst[Int[1/(d*(b*e - axf)~2 + b*f"2xx"2), x], x, Sq
rt[a + b*x]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[2*b*d
xe - fx(b*c + a*d), 0]

Int[(Ca_.) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_)) (@ )*((e_.) + (£_.)*(x_)
)=(p_), x_] :> Simp[(a + b*x)"(m + 1)*(c + d*x)"nx((e + £xx)"(p + 1)/((m +
1 x(bxe - a*f))), x] - Simp[n*((d*xe - c*f)/((m + 1)*(bxe - a*f))) Int[(a

+ b*x)"(m + 1)*(c + d*x)"(n - 1)*(e + £*x)7p, x], x] /; FreeQ[{a, b, c, 4,

e, f, m, p}, x] & EqQ[m + n + p + 2, 0] && GtQ[n, 0] && (SumSimplerQ[m, 1]
|| !'SumSimplerQ[p, 11) && NeQ[m, -1]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] Il GtQ[b, 01)

rule 2050‘Int[(u_-)*(((e_.)*((a_.) + (b_)*(x_)"(0_.)))/((c) + (d_)*(x_)"(m_.)))"(p

\_), x_Symbol] :> Int[u*x((a*xe + b*e*x"n) p/(c + d*x"n)"p), x] /; FreeQl{a, b

, ¢, d, e, n, p}, x] & GtQ[b*d*e, 0] && GtQ[c - ax(d/b), 0]

Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.56

method | result size
1), /z=1 arctan ——— |1/ Z=1 /(z—1)(z+1)
risch _&t )x ol _ (m )x_1+1 56
L1 (z+1) ((5152—1) 3 —z2 mz—l—arctan<#>z)
x+1 221
default N CTEy P ' 59
1),/—i=2 RootOf Z2 1),/—1=2 z4+RootOf Z'2 1),/—=2_1
trager _@HTM + RootOf (_Zz + 1) In <_ t (_ + )\/Tﬂ '; t (_ + ) s > 39
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nput| 108 ((Gx=1)/(e+1))"(1/2) /%72, x, method=_RETURNVERBOSE)

output‘
(x-1)*(x+1))"(1/2) / (x-1)

= (x+1) /xx((x-1) / (x+1)) " (1/2) —arctan(1/(x72-1) " (1/2) ) * ((x-1) / (x+1) ) = (1/2) *(

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00

\ T 2zarctan< fg—;})—(w-ﬁ-l) 1
/ dx =

.’L‘2 €T

input Lintegrate(((X-l)/(1+X))*(1/2)/x“2,x, algorithm="fricas")

OutputL(2*x*arctan(sqrt((x -1)/(x + 1)) - (x + D*sqrt((x - 1)/(x + 1)))/x

J

Sympy [F]

input‘integrate(((x-1)/(1+x))**(1/2)/X**2’x)

outputtlntegral(sqrt((X - 1)/(x + 1)) /x**2, x)




CHAPTER 3. LISTING OF INTEGRALS 297

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.14

[ =14z 9 [xz—1 1
14z x+1 —
2+ dr = i + 2 arctan ( z )

z—1
z x+1_F1

input Lintegrate (((x-1)/(1+x))~(1/2)/x"2,x, algorithm="maxima") J

—2sqrt((x - 1)/(x + 1)/((x - 1)/(x + 1) + 1) + 2*arctan(sqrt((x - 1)/(x

0utput1+ ) ‘

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.42

=1+
\ 1+z 1
/ x12+ dz = —3 (m —2)sgn(z + 1) + 2 arctan (—x + Va?— 1> sgn(z + 1)
2sgn(z + 1)

C(a—vaP—1) +1

e

integrate(((x-1)/(1+x))~(1/2)/x~2,x, algorithm="giac")

~—

input L

output‘_lm*(f’i - 2)*sgn(x + 1) + 2*arctan(-x + sqrt(x™2 - 1))*sgn(x + 1) - 2*sgn ‘
‘(x + 1)/((x - sqrt(x”2 - 1))°2 + 1) ‘
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.14

[ =1+ 2 z—1
¢ —_— ]_ xr
/ 12+ dzr =2 atan( z ) — *
T

z—1
T +1 m_-i-l+1

input Lint(((x - 1)/(x + 1))°(1/2)/x72,%) J

output, 2*a8an((G = /G + DIW/2)) = (G = D/Gx + D)"UW/D)/(Gx = D/
+1) + 1) |

Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.28

—11+x

V 14z

/ 2 dz
_2atan(\/$—1+\/z+1—1)x—2atan(\/x—1+\/x+1+1)w_\/m\/m_m
- x

inputLint(((x-l)/(1+x))“(1/2)/x*2,x) J

‘(2*atan(sqrt(x - 1) + sqrt(x + 1) - 1)*x - 2+atan(sqrt(x - 1) + sqrt(x + 1 ‘

output
‘) + 1)*x - sqrt(x + D*sqrt(x - 1) - x)/x ‘




output

input
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3.40 f V=ltas® g,

1—|—:c

Optimal result . . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ......
Sympy [F] . . . o
Maxima [A] (verification not implemented) . . . . . . . ... ... .. ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 18, antiderivative size = 82

/V—l—i—xw
1—|—x
1
12(

=——\/ 1+m\/1+m+—( 1+2)**V1+z
1+2)"*/1+z+ > ( 1+2)*%2%/ 1T+ +

8

299
299
300!

303!

3arccosh(z)

‘ =3/8%(-1+x) " (1/2) * (1+x) ~(1/2) +5/24* (-1+x) " (3/2) * (1+x) ~(1/2)-1/12% (-1+x) " (5

‘/2)*(1+x) (1/2)+1/4%(-1+4x) ~(3/2) *x~2*% (1+x) ~(1/2) +3/8*arccosh(x)

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.95

/\/T-I-xx

1+x

N

S22 (V-1+2(-16 — Tz + 2? — 223 4+ 62*) — 181+ zlog (V-1+ 2z —V1+12))

24v/-1+z

LIntegrate[(Sqrt [-1 + x]*x"3)/Sqrt[1 + x],x]




output

input

outpu
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(Sqrtl(-1 + x)/(1 + x)1*(Sqrt[-1 + x]*(-16 - T*x + x"2 - 2#x"3 + 64x"4) -
L18*Sqrt [1 + x]*Log[Sqrt[-1 + x] - Sqrtl[1 + x]11))/(24xSqrt[-1 + x])

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.90,

number of rules _ 0.222, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {111, 164, 60, 43}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x — 123

[
l111

/ (2 - :cﬂ);—i_/ac 1— 1wdm + %(x — 1%z ¥ 122

1
4
l 164

1Ly _ 3/2‘/—_3/\/“’—1 Log 132 2
4(6(7 2z)(z — 1)°*Vz + 5 \/mdx +4(:1: 1)°“Vz + 1z

| 60
{(0- 26— veFT- 3 (vemTveTT-
132z + 122
l 43

! (éw ~20)(a ~ )Y2Va T T - (VE- TV T - arccosh(x))) + e 1ya I

i) F i

LInt [(Sqrt[-1 + x]*x~3)/Sqrt[1 + x],x] J

t(((-1 + x)~(3/2)*x~2%Sqrt[1 + x1)/4 + (((7 - 2%x)*(-1 + x)~(3/2)*Sqrt[1 + x
1)/6 - (3*(Sqrt[-1 + x]*Sqrt[1 + x] - ArcCosh[x]))/2)/4

N
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Defintions of rubi rules used

Int[1/(Sqrtl[(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)]), x_Symbol] :> Simp[
ArcCosh[b*(x/a)]1/(b*Sqrt[d/bl), x] /; FreeQ[{a, b, c, d}, x] && EqQ[b*c + a
*d, 0] && GtQ[a, O] && GtQ[d/b, 0]

rule 43

rule 60 Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*x(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Qn] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

rule 111 Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)=(p_), x_]1 :> Simp[b*(a + b*x)"(m - 1)*(c + d*x)"(n + 1)*((e + £xx)"(p + 1
)/(d*f*(m + n + p + 1))), x] + Simp[1/(d*f*(m + n + p + 1)) Int[(a + b*x)
“(m - 2)*(c + d*x)"n*(e + f*x) p*Simp[a~2*d*f*(m + n + p + 1) - b*(b*c*xe*(m
- 1) + ax(d*ex(n + 1) + c*fx(p + 1))) + bx(a*d*f*(2+m + n + p) - b*(d*ex(m
+ n) + c*¥fx(m + p)))*x, x], x], x] /; FreeQ[{a, b, c, d, e, £, n, p}, x] &
& GtQ[m, 1] && NeQ[m + n + p + 1, 0] && IntegerQ[m]

rule 164 Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_ ) + (£f_.)*(x_
Nx((g_.) + (h_.)*(x_)), x_1 :> Simp[(-(axd*f*h*(n + 2) + bxc*f*hk(m + 2) -
bkd* (f*g + exh)*(m + n + 3) - bxd*f*h*x(m + n + 2)*x))*(a + bxx)~(m + 1)*((
c +d*xx)"(n + 1)/(b"2%d"2*%(m + n + 2)*(m + n + 3))), x] + Simp[(a~2*d~2*f*h
*(n + Dx(m + 2) + a*xbxd*x(n + 1)*(2*kcxfxh*x(m + 1) - d*(f*g + exh)*(m + n +
3)) + b™2x(c”2xfxh*(m + 1)*(m + 2) - c*xd*x(f*g + exh)*(m + )*(m + n + 3) +
d"2%e*xgx(m + n + 2)*(m + n + 3)))/(P"2%d"2*%(m + n + 2)*(m + n + 3)) Int[(
a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n}, x]
&% NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]
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Maple [A] (verified)

Time = 0.33 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.73

method | result size

. (60°—822+90—16)ya=T vaFl | 3Wn(e+va?—1)/(@—1)(a+1)

risch o + NS IS 60
VZ—1v/z+1 (623vV22—1—822v/22—14+92v22—14+91In( z+v22—1)—16V/22—1

default ( Y ( ) ) 76

input‘int((x-l)“(1/2)*X“3/(x+1)“(1/2),x,method=_RETURNVERBOSE)

output

input

output

‘1/24*(6*x‘3-8*x‘2+9*x—16)*(x—l)‘(1/2)*(x+1)‘(1/2)+3/8*1n(x+(x‘2—1)‘(1/2))*
(1% (x+1)) 7 (1/2)/ (x-1)"(1/2) / (x+1) " (1/2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.56

/

V-1 + z2®

Vvi+zx

dr =

1
§meﬁ—&ﬁ+9x—1®vx+1vx—1

— g log <\/m\/E—x>

‘integrate((x—1)”(1/2)*x“3/(1+x)“(1/2),x, algorithm="fricas")

‘1/24*(6*x‘3 - 8*%x72 + 9%x - 16)*sqrt(x + 1)*sqrt(x - 1) - 3/8xlog(sqrt(x +
‘ D*sqrt(x - 1) - x)
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Sympy [F]
/\/—1+xac B x3«/x—1
1 + xr /T _|_
input ‘ integrate ((x-1)**(1/2)*x**3/(1+x)**(1/2) ,x) ‘
outputLIntegral(x**B*sqrt(x - 1)/sqrt(x + 1), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.67

/ —1+xw =1(x2—1)gx—1(x2—1)3+g\/x2—1a:

Vi+z 4 3
—\/a:2—1+glog<2x+2\/x2—1>
inputLintegrate((x—l)“(1/2)*x“3/(1+x)“(1/2),x, algorithm="maxima") J

‘1/4*(x 2 - 1)7(3/2)*x - 1/3*%(x"2 - 1)7(3/2) + 5/8xsqrt(x”2 - 1)*x - sqrt(x

output
72 - 1) + 3/8%log(2*x + 2*sqrt(x"2 - 1)) |

Giac [A] (verification not implemented)
Time = 0.13 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.57

/ —V\_/ll_:j”g dr = o2 (2(32—10)(w+1) +43)(z +1) 39z T Iva — 1

—Zlog(x/x+1—\/x—1>

input integrate((x-1)~(1/2)*x~3/(1+x)~(1/2) ,x, algorithm="giac") J
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|1/24%((2%(3+x - 10)%(x + 1) + 43)*(x + 1) - 39)*sqrt(x + 1)*sqrt(x - 1) -

output
L3/4*log(sqrt(x + 1) - sqrt(x - 1)) J
Mupad [B] (verification not implemented)
Time = 18.83 (sec) , antiderivative size = 473, normalized size of antiderivative = 5.77
r—1-i
/mx B 3atanh<m_1>
Vitz 2
23 (vVa—1-i)°  (vVa—1-i)"64i | 333 (va—1-i)° n (vVa—1—i)° 256 4 67 (Va=1-i)"  (va—1-i)®128i 4 67 (Va—1-i)’
+_2(¢EIT—U3 (vVz+i-1)* 2 (vVz+i-1)° 3 (vVa+1-1)° 2 (vVa+i-1)" 3 (Vati-1)° 2 (Vati-1)°
1+ s(vf‘* i)' 56 (va—1-i)° 4 7ol z—1-i)° 56 z—1—01°_+_g
(Va+i-1)* (Va+1-1)° (Va+1-1)° (Va+1-1)"°
nput | 1RECGT3*(x = D7(/2))/(x + 1)7(1/2),0) J

(3*atanh(((x - 1)7(1/2) - 11)/((x + 1)7(1/2) - 1)))/2 + ((23*((x - 1)~ (1/2
) - 11)73)/(2*x((x + 1)7(1/2) - 1)73) - (((x - 1)7(1/2) - 1i)74%64i)/((x +
1)7(1/2) - 1)74 + (333*%((x - 1)7(1/2) - 1i)7B)/(2*x((x + 1)7(1/2) - 1)75) +

(((x = 1)7(1/2) - 1i)76%2561i)/(3*((x + 1)7(1/2) - 1)76) + (671x((x - 1)7(
1/2) - 1))/ (2*((x + 1)7(1/2) - 1D°7) - (((x - 1)7(1/2) - 1i)~8%128i)/(3
*((x + 1)7(1/2) - 1)78) + (671x((x - 1)7(1/2) - 1i)79)/(2x((x + 1)~(1/2) -
1D79) + (((x - 1)7(1/2) - 11)710%2561)/(3*((x + 1)~(1/2) - 1)710) + (333x
((x - D°@@/2) - 1D)711)/*x((x + 1)7(1/2) - D71 - ((x - 1)7(1/2) - 1i
)712%641) /((x + 1)7(1/2) - 1)712 + (23*((x - 1)7(1/2) - 1i)713)/(2*((x + 1
)7(1/2) - 1)713) - Bx((x - 1)7(1/2) - 1i)718)/(2*((x + 1)7(1/2) - 1)715)
- (Bx((x - 1)7(1/2) - 1i))/(2*x((x + 1)7(1/2) - 1)))/((28*((x - 1)~(1/2) -
11)74)/((x + 1)7(1/2) - 1)74 - (8*((x - 1)7(1/2) - 11)72)/((x + 1)7(1/2) -
172 - (66%((x - 1)7(1/2) - 11)76)/((x + 1)7(1/2) - 1)76 + (70*((x - 1)°(
1/2) - 1i)78)/((x + 1)7(1/2) - 1)78 - (66x((x - 1)7(1/2) - 1i)710)/((x + 1
)7(1/2) - 1)710 + (28x((x - 1)7(1/2) - 1i)712)/((x + 1)7(1/2) - 1)712 - (8
*((x - 1)7°(1/2) - 11)714)/((x + 1)7(1/2) - 1)714 + ((x - 1)7(1/2) - 1i)~16
/((x + 1)7(1/2) - 1)716 + 1)

output
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Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.79

/\/—1+xa: do — Vr+1y/z—128 \/a:+1\/a;—1a:2+3\/x+1\/x—1ac

Vitz 4 3 g
Vaz—1+yz+1
RNzt 3log (YELH/T )
3 4
inputLint((x—l)“(1/2)*x“3/(1+x)*(1/2),x) J

‘ (6*sqrt(x + 1)*sqrt(x - 1)*x**3 - 8*sqrt(x + 1)*sqrt(x - 1)*x*x2 + 9*ksqrt( ‘
‘x + 1)*sqrt(x - 1)*x - 16*sqrt(x + 1)*sqrt(x - 1) + 18*log((sqrt(x - 1) + ‘
sqrt(x + 1))/sqrt(2)))/24

output




output

input
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3.41 [ 23, /zE dx

Optimalresult . ... ... .........
Mathematica [A] (verified) . . . . . ... ..
Rubi [A] (verified) . . ... ... ... ...
Maple [A] (verified) . . . . . ... ... ...
Fricas [A] (verification not implemented) . .
Sympy [F] .. ... ... ... ... .

Maxima [B] (verification not implemented) .
Giac [A] (verification not implemented) . . .
Mupad [B] (verification not implemented) .
Reduce [B] (verification not implemented) .

Optimal result

Integrand size = 17, antiderivative size = 82

1
/ iy =——\/ l+avlitaz+

12

....................
....................
....................
.................... 2091
.................... 309
.................... 3101

254( 14+2)%/1+z

h
( 14+2)*/14+z+ > ( 14+2)%%/1+x +M

8

‘{

-3/8x(-1+x) ~(1/2)* (1+x) ~(1/2)+5/24* (-1+x) ~(3/2) * (1+x) ~(1/2)-1/12%(-1+x) ~ (5 ‘
/2) % (1+x)~(1/2)+1/4% (-1+x) ~(3/2) *x~2*% (1+x) ~(1/2) +3/8*arccosh(x) ‘

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.95

/ /—1+x
1+x

VR (V-T+2(—16 — 7z + 2? — 207 + 62*) — 18y T + zlog (V-1+z — VI +1))

24/—1+=x

LIntegrate [x~3*Sqrt[(-1 + x)/(1 + x)],x]
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(Sqrtl(-1 + x)/(1 + x)1*(Sqrt[-1 + x]*(-16 - T*x + x"2 - 2#x"3 + 64x"4) -

output
LlS*Sqrt[l + x]*Log[Sqrt[-1 + x] - Sqrt[1 + x11))/(24*Sqrt[-1 + x]) J

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.90,

number of rules _ j 9g 4, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {2050, 111, 164, 60, 43}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/w%/ z-1 dx
r+1
l 2050

/ v — 1.'Jc3d$
vr+1

l 111

/ 2 _5%_ 1xdac + %(m —1)32/z ¥ 122

1
4
l 164

i<é7—mmx_nwwﬁ+i—g/$%£%m>+i@—nwam+if

| 60

1 (50 -2 -0y 3 (Vo TvaT -
)Y2VE T 1

| 43

: ((1),(7 )@ - )YVa T 1- 0 (Va-1va Tl arccosh(:r))) e - Va T I

| i) e

inputLIDtEX‘B*Sqrt[(-i +x)/(1 + x)]1,x]
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t‘((—1 + x)7(3/2)*#x”2xSqrt [1 + x1)/4 + (((7 - 2*x)*(-1 + x)~(3/2)*Sqrt[1 + x

outpu
L])/e - (3%(Sqrt[-1 + x]*Sqrt[1 + x] - ArcCosh[x]))/2)/4 J

Defintions of rubi rules used

rule 43 Int[1/(Sqrtl(a) + (b_.)*(x_)I*Sqrtl(c ) + (d_.)*(x_)1), x_Symbol] :> Simpl[
ArcCosh[b*(x/a)]/(bxSqrt[d/v]), x] /; FreeQ[{a, b, c, d}, x] && EqQ[b*c + a
xd, 0] & GtQ[a, 0] && GtQ[d/b, 0]

rule 60 TotlCCa ) + (b_)*(x_))" (@ )*((c_.) + (d_.)*(x_))7(n)), x_Symbol] :> Simpl[
(a + bxx)"(m + 1)*((c + d*x)"n/(bx(m + n + 1))), x] + Simp[n*((b*xc - axd)/(
b*¥(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q] |1 (GtQ[m, O] && LtQm - n, 0]))) && !ILtQ[m + n + 2, O] && IntLinear
Qfa, b, ¢, d, m, n, x]

rule 111 It LCCa_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n )*((e_.) + (£_.)*(x))
)7(p_), x_] :> Simp[b*(a + bxx)"(m - 1)*(c + d*x)"(n + 1)*((e + £xx)"(p + 1
)/(d*f*(m + n + p + 1))), x] + Simp[1/(d*f*(m + n + p + 1)) Int[(a + b*x)
“(m - 2)*x(c + d*x) "n*(e + f*x) p*Simp[a~2*d*f*(m + n + p + 1) - bx(bxcxex(m
- 1) + ax(dxex(n + 1) + cxfx(p + 1))) + b*(a*d*f*(2*m + n + p) - bx(d*ex(m
+ n) + cxf*x(m + p)))*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] &
& GtQ[m, 1] && NeQ[m + n + p + 1, 0] && IntegerQ[m]

rule 164 Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e ) + (£_.)*(x_
N*((g_.) + (h_)*(x_)), x_]1 :> Simp[(-(axd*f*h*(n + 2) + bkcxfxh*(m + 2) -
b*d* (f*g + exh)*(m + n + 3) - bkd*fxh*(m + n + 2)*x))*(a + b*x) " (m + 1)*((
c+dxx)"(n + 1)/(072%d"2*(m + n + 2)*(m + n + 3))), x] + Simp[(a~2*d~2*fxh
*(n + Dx(n + 2) + a*xbxdx(n + 1)*(2kcxfxh*x(m + 1) - dk(f*g + exh)*(m + n +
3)) + b"2x(c"2*f*h*(m + 1)*(m + 2) - c*d*(fxg + exh)*(m + 1)*(m + n + 3) +
d"2%e*xgkx(m + n + 2)*(m + n + 3)))/(P"2*xd"2*%(m + n + 2)*(m + n + 3)) Int[(
a + b*x) “m*(c + d*x)“°n, x], x] /; FreeQ[{a, b, c, d, e, £, g, h, m, n}, x]
&% NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]
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rule 2050‘Int[(u_.)*(((e_.)*((a_.) + (b_)*(x)"(m_.)))/((c) + (d_)*=)"(@_)))"(p ‘
_), x_Symbol] :> Int[u*((a*e + b*e*x"n) p/(c + d*x"n)~p), x] /; FreeQ[{a, b ‘
, €, d, e, n, p}, x] && GtQ[b*dxe, 0] && GtQ[c - a*(d/b), 0] ‘

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.85

method | result size
623 —822492—16) (z+1),/Z7L  3In(z+vz2—-1),/22% /(z—1)(z+1
risch o -’v24 oDy e + dlal Z(wx;; = 70
(z+1) (6% —822+9z—16) /- 122 3ln<,/—ﬁz+,/ rﬂ+z)
trager o s + 71
21 (z+1) (—Gw(mQ—l) 3 +8((z—1)(2+1)) 3 —152v22—1+24v27—1-91n <z+\/9:2—1>)
default | 