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CHAPTER 1. INTRODUCTION 4

This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 10 |. This is test number [ 84 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 100.00 ( 10 ) | 0.00 (0)
Maple | 100.00 (10) | 0.00 (0)
Fricas | 100.00 (10) | 0.00 (0)
Giac | 100.00 (10)| 0.00 (0)
Reduce | 100.00 (10) | 0.00 (0)
Rubi 90.00 (9) | 10.00 (1)
Maxima 40.00 (4) 60.00 (6 )
Mupad 0.00 (0) | 100.00 ( 10)
Sympy 0.00 (0) | 100.00 ( 10)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Mathematica 100.000 0.000 0.000 0.000
Maple 100.000 0.000 0.000 0.000
Fricas 100.000 0.000 0.000 0.000
Giac 100.000 0.000 0.000 0.000
Rubi 90.000 0.000 0.000 10.000
Maxima 40.000 0.000 0.000 60.000
Mupad 0.000 0.000 0.000 100.000
Reduce 0.000 100.000 0.000 0.000
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

C
BF




CHAPTER 1. INTRODUCTION 8

The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 0 0.00 0.00 0.00
Giac 0 0.00 0.00 0.00
Reduce 0 0.00 0.00 0.00
Rubi 1 100.00 0.00 0.00
Maxima 6 100.00 0.00 0.00
Mupad 10 0.00 100.00 0.00
Sympy 10 90.00 10.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.




Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mathematica | 137.80 0.70 130.50 0.72
Reduce 161.10 0.80 137.50 0.83
Maple 224.40 1.09 188.50 1.21
Maxima 238.00 1.20 228.50 1.11
Rubi 239.56 1.16 232.00 1.15
Fricas 272.40 1.41 267.00 1.60
Giac 274.20 1.32 246.50 1.31
Sympy -nan(ind) | -nan(ind) nan nan
Mupad -nan(ind) | -nan(ind) nan nan

Table 1.6: Leaf size performance for each CAS

CHAPTER 1. INTRODUCTION 10
System Mean time (sec)
Maxima 0.06
Fricas 0.09
Reduce 0.23
Mathematica 0.30
Giac 0.41
Maple 0.44
Rubi 1.02
Sympy -nan(ind)
Mupad -nan(ind)
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more

complicated to solve.
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica {}
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
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January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi

A grade {BBABBOBSI)
B grade { }

C grade { }

F normal fail {[1]}

F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade {[1}[2,[3,(4} 5} 6} 78 [% [10] }
B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade {[BBEBBLBHM)
B grade {}

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {IEBABENBHM)
B grade {}

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Maxima

A grade {[LRIB[}

B grade { }

C grade { }

F normal fail {[5}[6}[7}/8[0}[10] }
F(-1) timedout fail { }

F(-2) exception fail { }
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Giac

A grade {1BBABBABL0}
B grade {}

C grade { }

F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }

Mupad

A grade { }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { IEBABBAEHI)

F(-2) exception fail { }

Sympy

A grade { }

B grade { }

C grade { }

F normal fail {[[BBEBEREM)
F(-1) timedout fail {[I0]}

F(-2) exception fail { }
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Reduce

A grade { }

B grade { 1B3ABBRBH)
C grade { }

F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A F A A A A F A B F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD TBD
size 136 0 138 101 209 299 0 148 135 0

N.S. 1 0.00 1.01 0.74 1.54 2.20 0.00 1.09 0.99 0.00
time (sec) N/A 0.000 0.494 0.540 0.033 0.093 0.000 0.368 0.224 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F A B F(1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 289 270 156 196 305 206 0 387 156 0

N.S. 1 093 054 068 106 071 000 134 054  0.00
time (sec) N/A 1.079 0195 0431 0075 0.082 0000 0.389 0252  0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 228 232 123 146 248 151 0 300 119 0

N.S. 1 1.02 054 0.64 1.09 0.66 0.00 1.32 0.52 0.00

time (sec) N/A 0.993 0.112 0.486 0.076 0.098 0.000 0.406 0.213 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 168 193 93 101 190 102 0 216 83 0
N.S. 1 1.15  0.55 0.60 1.13 0.61 0.00 1.29 0.49 0.00
time (sec) N/A 0.871 0.099 0.411 0.067 0.073 0.000 0.370 0.208 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 154 184 111 181 0 263 0 245 121 0
N.S. 1 1.19 0.72 1.18 0.00 1.71 0.00 1.59 0.79 0.00
time (sec) N/A 0.905 0.131 0.443 0.000  0.102 0.000 0.351 0.228 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 142 164 107 176 0 259 0 138 106 0
N.S. 1 1.15  0.75 1.24 0.00 1.82 0.00 0.97 0.75 0.00
time (sec) N/A 0.857 0.187 0.418 0.000 0.093 0.000 0.417 0.248 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 161 196 119 207 0 271 0 169 140 0
N.S. 1 1.22  0.74 1.29 0.00 1.68 0.00 1.05 0.87 0.00
time (sec) N/A 0.954 0.263 0.420 0.000  0.093 0.000 0.401 0.225 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 190 262 140 276 0 310 0 248 196 0
N.S. 1 1.38 0.74 1.45 0.00 1.63 0.00 1.31 1.03 0.00
time (sec) N/A 1.102 0.343 0.414 0.000 0.095 0.000 0.430 0.214 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 249 309 177 378 0 389 0 417 250 0
N.S. 1 1.24 0.71 1.52 0.00 1.56 0.00 1.67 1.00 0.00
time (sec) N/A 1.178 0.538 0.422 0.000 0.095 0.000 0.484 0.205 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 307 346 214 482 0 474 0 474 305 0
N.S. 1 1.13  0.70 1.57 0.00 1.54 0.00 1.54 0.99 0.00
time (sec) N/A 1.284 0.644 0.416 0.000 0.098 0.000 0.474 0.246 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The

rules column is the number of unique rules used. The integrand size column is the

ﬁ%ﬁ%ﬁ;&fl lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [10]
had the largest ratio of [.305555999999999994|

leaf size of the integrand. Finally the ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of numPer of no.rma‘ulize‘d integrand utmber of rules
# | grade i“:j’; uii‘;e antlf;r;\;:zlve leaf size integrand leaf size
F 0 0 N/A 0.000 N/A
% A 8 8 0.93 36 0.222
3| A 7 7 1.02 36 0.194
4| A 6 6 1.15 36 0.167
i A 8 7 1.19 36 0.194
6} A 8 7 1.15 36 0.194
7] A 9 8 1.22 36 0.222
3] A 10 9 1.38 36 0.250
9) A 11 10 1.24 36 0.278
10 A 12 11 1.13 36 0.306
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z?(A+Bz+Cz?)
3.1 [ )
(bz+cx?)

Optimal result . . . . . . . . . . . e 331
Mathematica [A] (verified) . . . . . . . . . . ...
RUDL [F]  © o oo oot e e e 52
Maple [A] (verified) . . . . . . . .. L 36
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 36
Sympy [F] . . o o 37
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 37
Giac [A] (verification not implemented) . . . . . . .. ... ... ...
Mupad [F(-1)] . . . o o
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 39

Optimal result

Integrand size = 27, antiderivative size = 136

2(bBc — Ac> —v*C) x

(4Bc — 7bC)Vbx + cx?

/ z?(A+ Bz + Cz?)

dz =
(bz + cx?)/ c3Vbx + cx?

)

4¢3

Cz\/bz + cz2 (12bBc — 8Ac? — 15b2C) arctanh(m
+ _

2¢2 4c7/2

\2*( A*xc”2+B*xb*xc-Cxb~2) *x/c~3/ (c*x~2+b*x) ~(1/2) +1/4% (4*B*xc—T*Cxb) * (c*x~2+b*
‘x) (1/2)/c‘3+1/2*C*x*(c*x‘2+b*x) (1/2)/c‘2 1/4% (-8%A*c~2+12*%B*b*c—-15%C*b~2

J

Mathematica [A] (verified)

Time = 0.49 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.01

Tr =

73/ (ﬁﬁ(b + cx) (=1562C + be(12B — 5Cx) + 2c2(—4A + (2B + Cx))) -

/ z?(A+ Bz + Cz?)
(b + cz?)*/?

LIntegrate[(x’Q*(A + Bkx + Cxx72))/(b*x + c*xx72)~(3/2),x]

4c¢"2(z(b + cx))
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output‘ (x~(3/2)*(Sqrt[c]*Sqrt [x]*(b + c*x)*(-15%b~2%C + b*c*(12%B - 5*C*x) + 2%c” \
(2% (-4%A + x*(2%B + C¥x))) + 2x(-12¥b¥Bxc + 8*A%c™2 + 15%b~2%C)*(b + c¥x)~( |
‘3/2)*ArcTanh[(Sqrt [c]*Sqrt[x])/(-Sqrt[b] + Sqrtlb + c*x]1)1))/(4*xc™(7/2)*(x ‘
*(b + c*x))7(3/2)) |

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z?(A+ Bz + Cz?)
(bz + cx2)>/?

J'2165
222PolynomialRemainder [A + Bz + Cz2,0, a:]

bvbx + cx?

bzPolynomialRemainder|[Cz2+Bz+4,0,2]
2 f Vex2+bx dz

b2
l 27
2z2PolynomialRemainder [A + Bz + Cx?,0, w]

bvbx + cx?
zPolynomialRemainder [Cz2+Bz+A,0,z] d
2 f Ver2+bz z
b

l 2467

2z*PolynomialRemainder[A + Bz + Cz?,0, z]

bVbzx + cx?

x i i $2 X X
2./z N f Nz PolynomlalReI\r/lfililer[C +Bz+A,0,z] d

bvVbx + cx?
l 7284

2z2PolynomialRemainder [A + Bz + Cx?,0, w]

bvbx + cx?

a/avh ez [ xPolynom1alRerr\1/azlfc(ier[Cz2+Bm+A,0,m] Az

bvbx + cx?
l 7299




input

output

rule 27

rule 2165

rule 2467

rule 7284

rule 7299
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222PolynomialRemainder [A + Bz + Cx2,0, a:]

bvbx + cx?

W N v f xPOlynomlalReII\l/al;l-il-lieI‘[Cx2+Bx+A,0,x] Az

bvbx + cx?

-

Int[(x"2%(A + Bxx + C*x~2))/(b*x + c*x~2)~(3/2),x]

N\

‘$Aborted

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p
_), x_Symbol] :> With[{Qx = PolynomialQuotient[Pq, a*e + cxd*x, x], R = Pol
ynomialRemainder [Pq, a*e + c*d*x, x]}, Simp[R*(2*c*d - b*xe)*(d + e*xx) m*x((a
+ b*x + c*xx"2)"(p + 1)/(ex(p + 1)*(b"2 - 4xa*c))), x] + Simp[1/((p + D) *(b
2 - 4xaxc)) Int[(d + e*x)"(m - 1)*(a + b*x + c*x"2)"(p + 1)*ExpandToSum[
dxex(p + 1)* (b2 - 4*a*c)*Qx - R*(2xc*xd - bxe)*(m + 2%p + 2), x], x1, x1]1 /
; FreeQ[{a, b, c, d, e}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*a*xc, 0] && EqQlc
*d"2 - bxdxe + axe”2, 0] && ILtQ[p + 1/2, 0] && GtQ[m, O]

Int[(Fx_.)*(Px_)~(p_), x_Symbol] :> With[{r = Expon[Px, x, Min]}, Simp[Px"F
racPart [p]/ (x~ (r*FracPart [p]) *ExpandToSum [Px/x"r, x] FracPart[p]) Int([x"(
p*r) *ExpandToSum [Px/x"r, x] p*Fx, x], x] /; IGtQ[r, 0]] /; FreeQ[p, x] && P
olyQ[Px, x] &% !'IntegerQ[p] && !MonomialQ[Px, x] && !PolyQ[Fx, x]

Int[(Fx_)*(x_)"(m_), x_Symbol] :> With[{k = Denominator[m]}, Simp[k Subst
[Int[x~(k*(m + 1) - 1)*SubstPower([Fx, x, k], x], x, x~(1/k)], x]] /; Fracti
onQ [m]

LInt [u_, x_] :> CannotIntegratel[u, x]
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Maple [A] (verified)

Time = 0.54 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.74

method result
o 3bx (—%4—3) c3 —2(-3C22—1Bz+A)z 3 %+2(%b20—%Bbc+—A c?)/z(cz+b) arctanh <7Vmicf5+b))
pseudoelliptic .
c2 \/z(cz+b)
b
3 b 15b2C1n< j\-;gz-k\/czz-ﬁ-bm) b
8Ac2 ln(#+\/cx2+bx)+ NG —12Bby/c ln(L\fm—i—\/cx2+
risch (2Czc+4Bc—7Cb)z(cz+b) + ° ° °
4¢3 /z(cx+b) 8c3
. 3| ——-
b(— 12+b + 2CZJ2rz.b ) ln<7;§m+ ’;cz2+ba:> , ( cVe
_ T _ cVex z cVex z T _
default A oo ibe 2¢ + o3 +B cVez?+bx
input Lint (x~2% (Cxx~2+B*x+A) / (c*x~2+b*x) ~(3/2) ,x ,method=_RETURNVERBOSE) J

output
\*B*x+A)*x*c‘(5/2)—15/8*C*c*(1/2)*b‘2*x+(15/8*b‘2*C—3/2*B*b*c+A*c‘2)*(x*(c*

\/2/ (x* (c*x+b) )~ (1/2) /c™ (7/2) * (3/2%b*x* (-5/12*%C*x+B) *c~ (3/2) - (-1/4%C*x"2-1/2 \\
' x+b)) " (1/2)*arctanh ( (x+ (c¥x+b)) ™ (1/2) /x/c” (1/2))) |

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 299, normalized size of antiderivative = 2.20

/ 7?(A+ Bz + Cz?) , | (150b° — 12 Bb?c + 8 Abc® + (15 Cb%c — 12 Bbc® 4 8 Ac®)x)+/clog (2 cx +
(bz + cz?)*/*

cx+b
4 (cdz + bet)

(15 Cb® — 12 Bb?c + 8 Abc® + (15 Cb*c — 12 Bbc? + 8 Ac®)x)y/—carctan (—W) —(2C3z* - 15
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input‘integrate(xﬁz*(C*Xﬁ2+B*X+A)/(C*X*2+b*x)“(3/2),x, algorithm="fricas")

[1/8%((15%C*b~3 - 12%B#b~2%c + 8*Axb*c™2 + (15%C*b~2%c - 12#B*b*c™2 + 8xA*
c~3)*x) *sqrt (c)*log(2*c*x + b + 2*sqrt(c*x”~2 + b*x)*sqrt(c)) + 2%(2%C*c~ 3%
X"2 - 15%C*b~2%c + 12#B*b*c”2 - 8*%Axc~3 - (5*#C*b*c~2 - 4*Bxc~3)*x)*sqrt(c*
xX"2 + b*x))/(c”5*%x + b*c~4), -1/4x((15*%C*b~3 - 12*B*b~2xc + 8*A*xbxc~2 + (1
5xCxb~2%c - 12*Bxb*c™2 + 8%A*c”3)*x)*sqrt(-c)*arctan(sqrt(c*x~2 + b*x)*sqr
t(-c)/(c*x + b)) - (2*C*c~3%x"2 - 15*C*b~2%c + 12xBxb*c~2 - 8xA*c~3 - (5%C
*b*c™2 - 4*B*c”3)*x)*sqrt(cxx”2 + b*x))/(c"b*x + bxc”4)]

output

N\

Sympy [F]

dz

/xQ(A+Bx+C’x2) _/xz(A+Bx+C’x2)
(bx + cz?)®/* (z (b+ cx))%

e

inputtintegrate(x**2*(C*x**2+B*x+A)/(c*x**2+b*x)**(3/2)’X)

output LIntegral(x**Q*(A + B¥x + Cxx*x2)/(x*(b + c*x))**(3/2), x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 209, normalized size of antiderivative = 1.54

/ z?(A + Bz + Cz?) dp — Cz? _ 50bz?
(bz + ca?)*? 2vex? +bxe  4+vcx? + bxc?
Bz? 15 Cb’z 3 Bbx

+ - +
ver? +bxe  4+vcx? +bxcd  Vex? + brc?
2 Az N 15Cb*log (2 cz + b + 2 Vca? + bz/c)

Vex? + bxe 8c2
3Bblog (2cz + b+ 2Vcx? + bry/c) N Alog (2cz + b+ 2Vca? + bzy/c)
23 c2

~—

inputLintegrate(x*2*(C*xA2+B*x+A)/(c*x“2+b*X)“(3/2),x, algorithm="maxima")
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1/2xC*x~3/(sqrt(c*x~2 + b*x)*c) - 5/4*%Cxbxx~2/(sqrt(c*x~2 + b*x)*c~2) + Bx
x72/(sqrt(c*x"2 + b*x)*c) - 15/4*C*b~2xx/(sqrt(c*x”2 + bxx)*c~3) + 3*B¥b*x
/(sqrt(c*x~2 + b*x)*c~2) - 2*A*x/(sqrt(c*x”2 + b*x)*c) + 15/8%Cxb~2*log(2*
c*x + b + 2xsqrt(c*x”2 + b*x)*sqrt(c))/c~(7/2) - 3/2xB*#bxlog(2*c*x + b + 2
*sqrt (c*x”2 + b*x)*sqrt(c))/c”(5/2) + Axlog(2*c*x + b + 2*sqrt(c*x”2 + b*x
)xsqrt(c))/c~(3/2)

output

Giac [A] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.09

2 2 5 _ 6
/x(A+Ba:+C’x)d$:1\/m(2Cx_7Cbc 4Bc)

(bz + cx?)*/? 4 c c
(15Cb? — 12 Bbc + 8 Ac?) log (|2 (v/cx — Vea? + bx)(/c + b|)
8c?
2 (Cb3\/5 — BV + Abc%)
" (Ver — Ve 1 83) /o + b) A

inputLintegrate(x‘2*(C*x‘2+B*x+A)/(c*x‘2+b*x)‘(3/2),x, algorithm="giac") J

Output‘1/4*sqrt(c*x*2 + bxx)*(2*Cxx/c”2 - (T*C*b*c™5 - 4*B*c~6)/c”8) - 1/8*(15*Cx*
‘b“2 - 12xBxbxc + 8xAxc~2)*log(abs(2*(sqrt(c)*x - sqrt(c*x~2 + bxx))*sqrt(c
\) + b)) /c™(7/2) - 2%(C¥b~3xsqrt(c) - B*b~2%c~(3/2) + Axbxc~(5/2))/(((sqrt( ‘
‘c)*x - sqrt(c*x”2 + b*x))*sqrt(c) + b)*c”4)

Mupad [F(-1)]

Timed out.
/xQ(A+Ba:+Cx2) _/x2(0z2+B:c+A)
(bz + cx2)*? (cz2 + ba)*?
inputtint((x?*(A + B*x + C*xx~2))/(b*x + c*x~2)~(3/2),x) J

Outputtint((XAQ*(A + Bx + C*x72))/(b*x + c*x72)7(3/2), x) J




input

output
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Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.99

/w%A+Bx+Cﬁ)d SVEW”+bbd}ﬂ%%ﬁﬁ>“+ﬁ¢5<%+bbdyaﬁ%@ﬁ>w—8¢6
Tr =
(b + cz?)*/? 4v/cx +

-

Lint(x‘2*(C*x‘2+B*x+A)/(c*x‘2+b*x)“(3/2),x)

-/

(8*sqrt(c)*sqrt(b + cxx)*log((sqrt(b + c*x) + sqrt(x)*sqrt(c))/sqrt(b))x*ax
c + 3xsqrt(c)*sqrt(b + c*x)*log((sqrt(b + c*x) + sqrt(x)*sqrt(c))/sqrt(b))
*b*x2 — 8*sqrt(c)*sqrt(b + cxx)*axc - sqrt(c)*sqrt(b + c*x)*b**2 - 8xsqrt(
X)*a*xc**2 - 3xsqrt(x) *bx*2*c - sqrt(x)*b*c*k*x2xx + 2xsqrt (x)*cx*3*kx**2)/ (4*

sqrt(b + c#*x)*c**3)




output
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f (cz)5/?(A+Bz+Cx?+Dx?) da

3.2 Vaz+bz?

Optimal result . . . . . . . . . . . .. [40]
Mathematica [A] (verified) . . . . . . . . . . ... 41l
Rubi [A] (verified) . . . . . . . . . . 41l
Maple [A] (verified) . . . . . . ... L 44
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 45
Sympy [F] . . o 45
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... .. 46
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 46
Mupad [F(-1)] . . . o o 47
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 47

Optimal result

Integrand size = 36, antiderivative size = 289

/ (cz)/? (A + Bz + Cx? + Dz?) dp — 2a%c3(Ab® — a(b*°B — abC + a®D)) Vax + bx?
Vaz + bx? bé/cx

2ac* (2468 — a(3b2B — 4abC + 5a2D)) (az + ba?)*”
B 3b8(cx)3/2
| 26(AV® — a(30°B — 6abC + 100°D)) (az + bz?)*?

566 (cx)5/2
N 2¢5(b2 B — 4abC + 10a2D) (az + bz?)"?
768 (cx)7/2
2¢7(bC — 5aD) (az + bx?)**  2¢D(ax + ba?)"/?
966 (cx)9/2 1165(cx)11/2

2*%a”~2*c”3* (Axb~3-a* (B*xb~2-C*xax*b+D*a~2) ) * (b*x~2+a*x) ~(1/2) /b~6/ (c*x) ~(1/2) -
2/3%axc”4% (2%A*b~3-a* (3%Bxb~2-4*Cxaxb+5xDxa~2) ) * (b*x~2+a*x) ~(3/2) /b~6/ (c*x
)~ (3/2)+2/5*c"5* (Axb~3-a* (3*Bxb~2-6*C*a*xb+10*D*a"~2) ) * (bxx~2+a*x) ~(5/2) /b"6
/ (cxx) =~ (5/2)+2/T*c” 6% (Bxb~2-4*C*a*xb+10*D*a”~2) * (bxx~2+a*x) ~(7/2) /b~6/ (c*x)~
(7/2)+2/9*%c”7* (Ckxb-5%D*a) * (b*x~2+a*x) ~(9/2) /b~6/ (c*x) ~(9/2)+2/11*c~8*Dx* (b*
x"2+a*x) " (11/2)/b76/(c*x)~(11/2)
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Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 156, normalized size of antiderivative = 0.54

/ (cz)/? (A + Bz + Cx* + D2?) 2c3\/z(a + bx)(—1280a°D + 128a*b(11C + 5Dx) — 16a3b?(99B

dr =
Vaz + bx?

input LIntegrate[((c*x)"(5/2)*(A + B*x + C*x"2 + D*x"3))/Sqrt[a*x + b*x~2],x] J

Output\(2*c*3*8qrt[x*(a + b*x)]1*(-1280*a~5*D + 128%a”4*b*(11*C + 5xD*x) - 16*a”3*
\b 2% (99%B + 44%Ckxx + 30*%D*x”2) + 8*a”~2%b~3*(231%A + x*(99*%B + 66*C*x + 50%
‘D*x“2)) + b~5*x"2%(693*%A + 5xx*(99%B + T*xx*(11%C + 9%D*x))) - 2%axb~4x*xx*(4

\‘

J

Rubi [A] (verified)

Time = 1.08 (sec) , antiderivative size = 270, normalized size of antiderivative = 0.93,

— 8, number of rules _ 992, Rules
integrand size

number of steps used = 8, number of rules used =
used = {2169, 27, 2169, 27, 1221, 1128, 1128, 1122}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dzr

/ (cx)®? (A+ Bz + C2? + Dz®)
vax + bx?
l 2169

2f (ca:)5/2((11bC—10aD)w203+11Ab03+11bBacc3)d

b2 Tas T + 2D(cz)?/?vaz + ba?

11bc? 11bc?

| 27
f (cz)%/2((116C—10aD)z?c®+11Abc®+11bBzxc?) d

Jooiran T 2D(cx)??Vax + ba?

11bc3 1162
l 2169
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c®(c2)5/2 (994b?+ (80Da? —88bCa+9952 B )z )

dx 2 7/2 _
2 91);022+az + 2c2(cx) \/ax-gl;)xQ(lle 10aD) N 2D(C$)9/2\/m
11bc3 11bc?

| 27

& [ (cx)B/2 (99Ab2 + (80Da2 —88bCa+99b2 B) :c)

dz 2 7/2 3
2 2 bz2(116C' —10aD
b5b+az 42 (czx) \/am-i;ﬂ;l? ( aD) 2D(C$)9/2 [az + bx2
11bc3 11bc2
l 1221
5/2
. 3(—160a3 D+176a2bC—198ab% B+2314b%) [ %dm_}_z(m)s/z Vaz+b22 (80a% D—88abC+9952 B)
¢ 75 75
+ 2¢2(cx)"/2vVaz+bx?(116C—10aD)
9b 9b n
11bc3
2D(cx)**vaz + ba?
11bc2
l 1128
(cx)3/2
4ac [ dx
3(~160a3 D+176a%6C ~198ab2 B+231457) 23(”)3/; aztbo? "5“{72+”
5 2(cx)%/2Vaz+b22 (8002 D—88abC+99b2 B )
¢ 7b + 75
2¢2(cx)7/*
9% +
11bc3
2D(cx)**vax + ba?
11bc2
l 1128
Jez
2ac f dx
4ac(2c\/a Sl;zz+bz2 _ lg;ﬁ-{—az )
3(—160a3D+176a2bC—198ab2B+231Ab3) 26(“)3/25; aztbo? =5
5 N 2(cx)%/2Vaz+b22 (8002 D—88abC+
C

7b 7b

9%
2D(cz)/?vax + ba?
11bc?
l 1122

11bc3
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4 <2c\/cz az+bz2 4ac2 az+bz2
ac 3b -

3b2\/cx >
o (-160a3 D+176426C —198ab2 B+231 A1

3 2c(cz)3/2 Vaz+ba?
5b -

55
2(cz)%/2\/aw+tba? (8042 D—88abC+99v2 B)

3
¢ 75 + 7b

95
11bc3
2D(cx)%/*vaz + 522
11bc?
inputLInt[((c*x)‘(5/2)*(A + B*x + Cxx"2 + D*x~3))/Sqrt[a*x + b*x~2],x] J

(2xD* (c*x) ~(9/2) *Sqrt [a*x + b*x~2])/(11xb*c™2) + ((2%c”2*(11%b*C - 10%*axD)
*(cxx) " (7/2)*Sqrt [a*x + bxx~2])/(9%b) + (c™3*((2%(99*b~2*B - 88*axb*C + 80
*a~2+D) * (c*x) ~(5/2) *Sqrt [axx + b*x~2])/(7*b) + (3*(231%A*b~3 - 198*axb~2+B
+ 176%a”~2xb*xC - 160%a~3*D)* ((2xc*(cxx)~(3/2)*Sqrt [a*xx + b*x~2])/(5xb) - (
4xaxcx ((-4*a*xc”2*Sqrt [a*xx + b*xx~2])/(3*b~2*Sqrt [c*x]) + (2*c*Sqrt[c*x]*Sqr
t[a*x + bxx~2])/(3%b)))/(5%b)))/(7*b)))/(9%b))/(11%b*c~3)

output

Defintions of rubi rules used

rule 27 Int[(@)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 1122 IRtLC@_) + (e_)*x )" )*((a_.) + (b_)*(x) + (c_)*(x)"2)7(p.), x_8
ymbol] :> Simpl[ex(d + e*x)”(m - 1)*((a + bxx + c*x"2)"(p + 1)/(cx(p + 1))),
x] /; FreeQ[{a, b, c, 4, e, m, p}, x] && EqQlc*d™2 - bxd*e + a*e”2, 0] &&
EqQ[m + p, 0]

rule 1198 IntLC(d_.) + (e_)*(x_))"(m )*((a_.) + (b_.)*(x)) + (c_.)*(x_)"2)7(p_), x_8

ymbol] :> Simplex(d + e*x)~(m - 1)*((a + bxx + cxx"2)"(p + 1)/(cx(m + 2*%p +
1))), x] + Simp[Simplify[m + p]l*((2%c*d - b*e)/(c*(m + 2%p + 1))) Int[(d
+ exx)"(m - 1)*(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, m, p},
x] && EqQLc*d”™2 - bxd*e + axe”2, 0] && IGtQ[Simplify[m + p]l, O]
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rule 1991 IntLCd_.) + (e_)*(x_)) @ )*((£_.) + (g_)*(x_))*((a_.) + (b_)*(x) + (c
_I)*(x_)"2)"(p_), x_Symbol] :> Simpl[gx(d + e*x) m*((a + b*x + c*xx"2)"(p + 1
)/ (cx(m + 2*%p + 2))), x] + Simp[(m*(g*(c*d - bxe) + cke*f) + ex(p + 1)*(2*c
*f - b*g))/(ckex(m + 2xp + 2)) Int[(d + e*x) mx(a + b*x + c*x~2)7p, x], x
1 /; FreeQ[{a, b, c, d, e, £, g, m, p}, x] && EqQ[c*d"2 - bxdxe + axe”2, 0]
&& NeQ[m + 2*p + 2, 0]

rule 2169 TotLP*((d_.) + (e_)*(x_))"(m_.)*((a_.) + (b_.)*(x) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, S
imp[f*(d + exx)"(m + q - 1)*((a + b*x + c*xx"2)"(p + 1)/(c*xe"(q - D*(m + q
+ 2%p + 1))), x] + Simp[1/(c*e”gx(m + q + 2%p + 1)) Int[(d + e*x) mx(a +
b*x + c*x"2) “p*ExpandToSum[cxe~q*(m + q + 2%p + 1)*Pq - cxfx(m + q + 2*p +
1)*(d + e*x)”"q + exf*(m + p + @) *(d + exx)”"(q - 2)*(b*d - 2%axe + (2*cxd
bxe)*x), x], x], x] /; NeQ[m + q + 2xp + 1, 0]] /; FreeQ[{a, b, ¢, 4, e, m,
p}, x] &% PolyQ[Pq, x] && NeQ[b~2 - 4*a*xc, 0] && EqQ[c*d~2 - bxdxe + a*xe”2
, 0]

Maple [A] (verified)

Time = 0.43 (sec) , antiderivative size = 196, normalized size of antiderivative = 0.68

method | result

2¢2/cz \/z(bz+a) (315Dx5b°+385C b°x*—350Da bz +495 B b5z —440Ca b*z3+400Da?b323+693 A b°x2 —594 Ba b* 2 +528C
default

3465z b
2(bz+a) (315Dx°b6°+385C bPz* —350Da btz +495 B b°23 —440Ca b*23+400Da?b3 23 +693 A b°22 —594 Ba b* 22+ 528C a2b3 2 —4¢
gOSper 3465b622+/b 22
orerin 2(bz+a) (315Dz5b5+-385C b5z%—350Da bix*+495 B b523 —440Ca b*x3+400Dab3 23 +693 A 522 —594Ba b w2 +528C a2b3x?—4¢
S) 3465b%22+/b x2

int ((c*x)~(5/2) * (D*x~3+C*x~2+B*x+A) / (b*x~2+a*x) ~(1/2) ,x,method=_RETURNVERB

input
0SE)

2/3465%c~2/x* (c*xx) = (1/2) * (x* (b*x+a) )~ (1/2) * (315*D*b~5*x~5+385*C*b~5*x~4-35
O*D*a*b~4*x~4+495%B*b~5*x~3-440*C*a*b~4*x~3+400*D*a”2*%b~3*x"3+693*A*b " 5*x~
2-594%B*a*b”4*x"2+528*C*a”2*¥b "~ 3*x"2-480*D*a”3*%b " 2*%x"2-924*xA*xa*xb~4*x+792*Bx*
a~2*%b"3*x-704*C*a”3*%b~2*x+640*D*a”~4*b*x+1848*xA*xa~2xb~3-1584*B*a~3*xb~2+1408
*Cxa~4%b-1280%D*a~5) /b~ 6

output
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 206, normalized size of antiderivative = 0.71

do— 2 (315 Db5c2x® — 35 (10 Dab* — 11 Cb°)c?z* + 5 (80 Da?b® — 88 C

/(cz )*2 (A + Bz + Cz?* + Dz®)
Vaz + br?

/

integrate ((c*x)~(5/2)* (D*x~3+C*x~2+B*x+A) / (b*x~2+a*x) ~(1/2) ,x, algorithm="

input
fricas")

2/3465% (315%D*b~5*c~2*x~5 - 35%(10*D*a*xb~4 - 11*Cxb~5)*c~2*x~4 + 5%(80*D*a
~2x%b~3 - 88*Ckxaxb~4 + 99*B*b~5)*c”2*x~3 - 3*(160*D*a"3*%b"2 - 176*Cxa~2xb~3
+ 198*Bkaxb~4 - 231%A*b~5)*c"2*x"2 + 4*(160*D*xa~4*b - 176%C*a~3+%b~2 + 198
*Bxa~2xb~3 - 231kA*xa*b”4)*c"2*x - 8*%(160*D*a”~5 - 176*C*a”4*b + 198*Bxa~3%b
"2 - 231xA*a”2*b"3)*c"2)*sqrt(b*x"2 + axx)*sqrt(c*x)/(b~6%*x)

output

Sympy [F]
(cz)*? (A + Bz + Cz? + D1°) (cz)? (A + Bz + Ca? + Da?)
dx = dx
Vaz + bx? z (a + bx)
input Lintegrate ((c*x) ** (5/2) * (D¥x#*3+CHx#+2+B*x+A) / (b*x**2+a*x) ** (1/2) ,x) J
OutputLIntegral((c*x)**(5/2)*(A + B*x + Cxx**2 + D¥x**3)/sqrt(x*(a + b*x)), x) J
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Maxima [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 305, normalized size of antiderivative = 1.06

/{mﬁﬂc4+3x+6h-+Dx) 2@6%%?—a§£m1+4ﬁhéx+8ﬁ£>A
dr =
Vaz + bx? 15/bz + ab3
(5 bicizt — abdci a3 + 2a%b%ciz? — 8adbeiw — 16 a4c%>B
35/bx + ab*
2 (35 bezad — 5abicizt + 8 ab3ciad — 16 a3b2ciz? + 64 atbesz + 128 a5cg) C
315/bz + ab®
2 (63 bSc3 28 — TabScs2® + 10 a2biciz* — 16 a®b3c 2 + 32 atb?ca 2 — 128 abesx — 256 aﬁcg>D
693 vbz + abb

+

_|_

+

integrate((c*x) ~(5/2) * (D*x~3+Cxx~2+B*x+A) / (b*x~2+a*x) ~(1/2) ,x, algorithm="

input
maxima")

2/15%(3*%b~3*c™(5/2) *x~3 - a*xb~2*c”(5/2)*x"2 + 4*xa”2*b*xc”(5/2)*x + 8*a”~3*c”
(5/2))*A/ (sqrt(b*x + a)*b~3) + 2/35*%(5xb~4*c~(5/2)*x~4 - a*b”~3*c”(5/2)*x"3
+ 2%a”2%b"2%c”(5/2)*x"2 - 8%a~3*bxc~(5/2)*x - 16*a~4*c”(5/2))*B/(sqrt (b*x
+ a)*b~4) + 2/315%(354%b"5*xc~(5/2)*x~5 - Skaxb~4*c”(5/2)*x"4 + 8*a”~2*b~3*c
~(5/2)*x~3 - 16%a”3*b~2xc”(5/2)*x"2 + 64*a”4xbxc”(5/2)*x + 128*a~5*c”(5/2)
)*C/ (sqrt(b*x + a)*b~5) + 2/693*(63*%b~6*c~(5/2)*x"6 - T*axb~5*c~(5/2)*x"5

+ 10*%a"2%b"4*c~(5/2)*x~4 - 16*a"3*b"3*c~(5/2)*x~3 + 32*%a”~4*b~2*c”(5/2)*x"2
- 128*a~bxb*xc~(5/2)*x - 256*a~6*c~(5/2))*D/(sqrt(b*x + a)*b~6)

output

Giac [A] (verification not implemented)

Time = 0.39 (sec) , antiderivative size = 387, normalized size of antiderivative = 1.34

/(ca: )*2 (A + Bz + Cz? + Dz? )dx—

Vax + bx?
(3465 (Da c—Ca*bc+Badb?c—Aa?b3c )\/ bex+ac 8 (160 vacDa®c—176 v/acCa*bc+198 /acBa3b?c—231 \/acAa2b3c) 5775 (bea

b6 b6
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integrate ((c*x) = (5/2) * (D*x~3+Cxx~2+B*x+A) / (b*x"2+a*x) ~(1/2) ,x, algorithm="

input
giac")

-2/3465%c~2%(3465% (D*a~bxc — C*ka~4xb*c + B*a~3%b~2%c — A*a~2xb~3%c)*sqrt(b
*xc*x + axc)/b~6 - 8*%(160*sqrt(axc)*Dxa~b*xc - 176*sqrt(a*xc)*Cxa~4*b*c + 198
*sqrt (a*c) *B*a~3*b~2%c - 231xsqrt(a*c)*A*a~2xb~3%c)/b"6 - (5775*%(b*c*x + a
*c) " (3/2)*D*a~4*xc”4 - 4620*(bkxc*x + a*c) (3/2)*C*xa”3xbxc”™4 + 3465*(b*c*x +
axc)~(3/2)*#B*a”~2xb"2*%c~4 - 2310*(bxc*x + axc)”~(3/2)*A*axb~3*c™4 - 6930* (b
xc*x + axc)”(5/2)*#D*a~3*c”3 + 4158 (bkcxx + akc)”(5/2)*C*a”~2xb*xc~3 - 2079%
(bxcxx + a*xc)~(5/2)*B*axb~2%c~3 + 693*(b*ckx + axc) (5/2)*Axb~3*c~3 + 4950
* (bxcxx + axc)”(7/2)*D*a”"2xc”2 - 1980*(b*cxx + a*c)~(7/2)*Cxa*b*c™2 + 495%
(bxc*x + a*xc)~(7/2)*Bxb~2+c~2 - 1925*(b*c*x + axc) ~(9/2)*Dxaxc + 385% (b*c*
X + a*xc)~(9/2)*Cxbxc + 315x(b*c*x + a*c)~(11/2)*D)/(b~6*c~4))/abs(c)

output

Mupad [F(-1)]

Timed out.
/ (cz)/? (A + Bz + Cx* + D2?) dp — / (cz)*?*(A+ Bz + Cz*+ 28 D) I
Vazx + bx? Vb2 faz
inputLint(((c*x)“(5/2)*(A + Bxx + Cxx~2 + x"3*D))/(axx + b*x~2)~(1/2),x) J
Output‘int(((c*x)“(5/2)*(A + B*x + C*x"2 + x73*D))/(a*x + b*xx~2)7(1/2), x)

Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 156, normalized size of antiderivative = 0.54

/ (cz)/? (A + Bz + Cx* + D2?) dp— 2v/cvV/bzx + ac*(315b°d z° — 350a b*d z* + 385b°c z* + 400a%b3d x
Vax + bz? B

-

Lint((c*x)‘(5/2)*(D*x‘3+C*x“2+B*x+A)/(b*x“2+a*x)“(1/2),x)

~—

input




output
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(2xsqrt(c)*sqrt(a + b*x)*c*k*2x( - 1280%ax*5*xd + 1408*a*xx4xbxc + 640xa**4xb
*xd*x + 264*a*x*3*xbx*3 — T04*ax*3xbkx2kckx — 480*a**3xbkx2kd*x**2 — 132ka**2
*b*x*k4*kx + H28*ka**k2kb*x*k3kckx**2 + 400*ka*x*2*b*kk3kd*kx*k*3 + 99*a*b*kk5xx**x2 — 4
40*axbx*dxckx**3 — 350ka*bx*dxdkx**4 + 495xb*x6*x**3 + 385kb**5kckx**4 + 3
15xb**5xd*x**5) ) / (3465%b**6)




output
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f (cz)3/?(A+Bz+Cx?+Dx?) da

3.3 Vaz+bz?

Optimal result . . . . . . . . .. . . . . e
Mathematica [A] (verified) . . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [F] . . o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... ..
Giac [A] (verification not implemented) . . . . . . ... ... ... L.
Mupad [F(-1)] . . . o o
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 36, antiderivative size = 228

/ (cz)¥/? (A + Bz + Cx% + Dz?) s =
Vaz + bz? a
2ac*(Ab® — a(b?B — abC + a®D)) Vazx + bx?
_ e
| 26%(A — (20’ B — 3abC + 4a°D)) (az + bz?)*/?
3b%(cx)3/2
N 2¢4(b2B — 3abC + 6a2D) (ax + bx?)*/*
5b°(cx)®/2
2¢(bC — 4aD) (az + bx2)*  2¢5D(az + bz?)®?
05 (cx)7/? 9b°(cz)9/?

-2%a*xc” 2% (Axb~3-a*x (Bxb~2-Cka*xb+D*a~2) ) * (b*x~2+a*x) ~(1/2) /b~5/ (c*x) ~(1/2)+2
/3%c” 3% (A*xb~3-a* (2+%B*b~2-3*C*axb+4*D*a~2) ) * (bxx~2+a*x) ~(3/2) /b~5/ (c*x) ~(3/
2)+2/5*c~4* (Bxb~2-3*Cxa*b+6*Dxa~2) * (bxx~2+a*x) ~(5/2) /b~5/ (c*x) ~(5/2)+2/T*c
~5% (Cxb-4*D*a) * (b*x~2+a*xx) ~(7/2) /b~5/ (c*x) ~(7/2) +2/9*c~6*D* (b*x~2+a*xx) ~ (9/
2)/b~5/(c*x)~(9/2)
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Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 123, normalized size of antiderivative = 0.54

/ (cz)3/? (A + Bz + Cx* + Dz?) dp— 2¢2\/z(a + bx)(128a* D — 16a3b(9C + 4Dx) + 24a?b*(7B + x(3(
Vazx + bz? B

input LIntegrate[((c*x)"(S/Q)*(A + B*x + C*x"2 + D*x"3))/Sqrt[a*x + b*x~2],x] J

p
\ (2%c~2+Sqrt [x*(a + b*x)]1*(128*a~4*D - 16*a~3*b*(9*C + 4xD*x) + 24*a”2%b~2*
| (7T+B + x#(3%C + 2%D*x)) + b 4xxx(105%A + x*(63+B + Bxxx(9%C + T*Dxx))) - 2
*a*xb~3*% (106%A + x*(42+B + x*(27%C + 20%D*x)))))/(315*%b~5*Sqrt [c*x]) \

output

Rubi [A] (verified)

Time = 0.99 (sec) , antiderivative size = 232, normalized size of antiderivative = 1.02,

=7, number of rules _ 19 4, Rules
integrand size

number of steps used = 7, number of rules used =
used = {2169, 27, 2169, 27, 1221, 1128, 1122}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(cac )32 (A + Bz + Cz? +Dx)d
x

Vaz + bz?

l 2169

(cx)3/2 ((9bC—8aD)x2c3+9Abc3+9bBxc3
2/ : 2vbz?+ax da + 2D(cz)"?Vazx + bx?

9bc3 9bc?

l 27

f@wﬂww4ggﬁzmwww“%m+2Dmﬂm¢ﬁiﬂﬁ
9bc3 9bc?
l 2169
3c5(cm)3/2(21Ab2:§zi§ii;18bCa+2lb2B)97) T 205/ e T b (9C—8aD)
7bc? + b 2D(cx)"Vaz +ba?

9bc3 + 9bc?



CHAPTER 3. LISTING OF INTEGRALS 51

l 27

(ca)3/2 (21Ab2+ (16Da2—18bCa+21b2 B) .7:)

3 [ dx 2(n)5/2 2 _
\/%2+am + 2¢?(cx) \/ax;;)bx (9bC—8aD) N 2D(C.’13)7/2\/m
9bc3 9bc?
| 1221
. (cx)3/2
e ( (764a3D+72a2b0784ab25i+105.4b3) I ﬁdm ~|_2(”)3/2 W(1§:2D—18abc+21b23) )
2¢2(cx)%/2 v/ ax+bx2 (9bC—8aD)
7b + 7b n
9bc3
2D(cx)"?Vaz + ba?
9bc?
| 1128
2acf Ve

b12+az
3b

2
(—64a3D+72a2bC—84ab2B+105Ab3) (20\/“ 3;””4"’1 _

dz
N 2(cz)3/2 Vaztba?2 (16a2D—18abC+21b23)

3
3c 50 5b

2¢2(cz)5/2v/azA
+ 7

7b

9bc3
2D(cx)"*vaz + ba?

9bc2?
l 1122

<2c\/cz 3gz+bz2 _ 4ac®Vaz4ba? > (—64a3 D+724%bC—84ab2 B+10545° )

308 (2(cz)3/2\/az+bz2(16a2D—18abC+21b2B) 362 /cz
C
5b 5b

) 2¢2(cz)5/2 v az+bx?
+ 7b

7

9bc3
2D(cx)"*vax + ba?

9bc2

inputLInt[((c*x)‘(3/2)*(A + Bxx + Cxx~2 + D*x"3))/Sqrt[a*x + b*x~2],x]

A >

(2*D* (c*x) ~(7/2) *Sqrt [a*x + b*x~2])/(9%bxc™2) + ((2*%c~2%(9%b*xC - 8*a*D)*(c
*x) " (56/2) *Sqrt [a*xx + b*x~2])/(7*b) + (3*%c™3*((2%(21*b~2*B - 18*a*b*C + 16%
a~2*D) * (c*x) ~(3/2)*Sqrt [a*x + b*x~2])/(5*b) + ((105%A*b~3 - 84*a*b~2*B + 7
2%a~2*%b*xC - 64%a~3*D)* ((-4*a*xc~2xSqrt[a*x + b*x~2])/(3*b~2*Sqrt[c*x]) + (2
*c*xSqrt [cxx] *Sqrt [a*x + b*x~2])/(3%b)))/(5%b)))/(7*b))/(9%b*c~3)

output




rule 27

rule 1122

rule 1128

rule 1221

rule 2169
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((d_.) + (e_.)*(x_)) " (m_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[e*(d + e*x)"(m - 1)*((a + b*x + c*xx"2)"(p + 1)/(cx(p + 1))),
x] /; FreeQ[{a, b, c, 4, e, m, p}, x] && EqQlc*d™2 - bxd*e + a*xe”2, 0] &&
EqQ[m + p, 0]

Int[((d_.) + (e_)*(x_))"(m_)*((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_S

ymbol] :> Simp[ex(d + e*x)"(m - 1)*((a + b*x + c*x"2)"(p + 1)/(cx(m + 2*p +
1))), x] + Simp[Simplify[m + p]l*((2*c*d - b*e)/(c*(m + 2*p + 1))) Int[(d
+ exx)"(m - 1)*(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, m, p},
x] && EqQ[c*d”™2 - bxd*e + axe”2, 0] && IGtQ[Simplify[m + p], O]

Int[((d_.) + (e_)*(x_))"(m_)*((£_.) + (g_.)*(x_))*((a_.) + (b_.)*x(x_) + (c
_I)*(x_)"2)"(p_), x_Symbol] :> Simp[gx(d + e*x) m*((a + b*x + c*xx"2)"(p + 1
)/(cx(m + 2*%p + 2))), x] + Simp[(m*(g*(c*d - bxe) + cke*xf) + ex(p + 1)*(2*c
*f - bkg))/(ckex(m + 2%p + 2)) Int[(d + exx)"m*(a + b*x + c*x72)7p, x], x
1 /; FreeQl[{a, b, ¢, d, e, f, g, m, p}, x] && EqQlc*d"2 - bxd*e + axe”2, 0]
&& NeQ[m + 2*p + 2, 0]

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + exx)"(m + q - 1)*((a + b*x + c*xx™2)"(p + 1)/(c*e”(q - 1)*(m + q
+ 2%p + 1))), x] + Simp[1/(cxe"gq*x(m + q + 2*p + 1)) Int[(d + e*x) m*(a +
b*x + c*x~2) “p*ExpandToSum[c*e“g*(m + q + 2%p + 1)*Pq - c*f*(m + q + 2%p +
1)*(d + e*x)"q + exfx(m + p + @) *(d + e*x)~(q - 2)*x(bxd - 2*a*e + (2xcxd
bxe)*x), x], x], x] /; NeQ[m + q + 2+xp + 1, 0]] /; FreeQ[{a, b, c, 4, e, m,
P}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*a*xc, 0] && EqQ[c*d™2 - bxdxe + axe™2
, 0]




input

output

input

output
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Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.64

method | result
2cy/cz \/x(bz+a) (—35Dz*b*—45C biz3+40Da b3x3 —63B b*22+54Ca b3z2 —48 Da?b2z2—105A b*z+84Ba bz —72C a2b?z+¢
default | — =
315z b
oSper 2(bz+a) (—35Dz*b*—45C b*23+40Da b3z3 —63B b*x?+54Ca b222 —48 Da?b?22 —105A b z+84Ba b3z —72C a?b2z+64Da’bx-
g0sp 315652vbx2+ax
. 2(bz+a) (—35Dz*b*—45C b z3+40Da b33 —63B b*z2+54Ca b2x2 —48Da?b?x2 —105A b*z+84Ba b3z —72C a2b2z+64Da’bz+
orering | — 5
315652vb z2+azx

int ((c*x) " (3/2) * (D*x~3+C*x~2+B*x+A) / (b*x~2+a*x) ~(1/2) ,x ,method=_RETURNVERB
0SE)

-2/315%c/x* (c*xx) ~(1/2) * (x* (b*x+a) )~ (1/2) * (-35*%D*b~4*x~4-45%C*b~4*x~3+40*D*
a*b~3*x"3-63*%B*b~4*x"2+54*C*axb”3*x"2-48*D*a”~2*b~2*x"2-105*%A*xb~4*x+84*B*a*
b~ 3*x-72*C*a~2*b~2*x+64*D*a” 3*b*x+210*A*a*b~3-168*B*a”~2+%b~2+144*C*xa~3*xb-12
8*D*a~4) /b~5

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.66

dr =

2 (35 Dbcz* — 5 (8 Dab® — 9 Cb*)cx® + 3 (16 Da?b? — 18 Cab® +

/(cw )32 (A + Bz + Cz?* + Dz?)
Vaz + br?

integrate ((c*x) ~(3/2) * (D*x~3+C*x~2+B*x+A) / (b*x~2+a*x) ~(1/2) ,x, algorithm="
fricas")

2/315% (35*xD*b~4*c*x"4 — 5% (8*D*a*b~3 — 9*%Cxb~4)*c*xx"3 + 3*(16*D*a”~2*xb"2 -
18*Cxaxb”~3 + 21%B*b~4)*c*xx"2 — (64*D*a”3%b - 72*%C*xa~2*%b~2 + 84*B*a*b~3 - 1
05%A*b~4) *xc*x + 2% (64*D*xa~4 — T2xCxa~3*b + 84*B*a~2%b~2 - 105%A*axb~3)*c)*
sqrt (b*x~2 + axx)*sqrt(cxx)/(b~5%x)
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Sympy [F]
/(cx)3/2(A+Bx+Cx2+Dx /(cavg (A+ Bz + Cz* + Dz?)
Vaz + bx? vz (a+bz)

dz

input Lintegrate ((c*x) %% (3/2) * (Dkx**3+Ckx**x2+B*xx+A) / (bkx**2+a*xx) ** (1/2) ,x)

output‘ Integral ((cxx)**(3/2)*(A + B*x + Ckx**2 + Dix**3)/sqrt(x*(a + b*x)), x)

Maxima [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 248, normalized size of antiderivative = 1.09

2 (b2c%x2 — abcrz — 2a2c%)A

/ (cz)®? (A + Bz + Cx? + D2?) dp —
Vaz + bx? 3Vbz + ab?

2 (3 b3csz® — ab’c2a? + 4abesz + 8 a3c%) B
" 15V + ab®

2 (5 bicizt — abdcad + 2a%b%ciz? — 8adbeix — 16 a4c%>0
" 35v/bz + ab*

2 (35 bczzd — 5abiczzt + 8 ab3c2zd — 16 a3bPciz? + 64 atbesz + 128 a5c%) D
+

315+/bx + abd

input
maxima")

integrate ((c*x) = (3/2) * (D*x~3+Cxx~2+B*x+A) / (b*x~2+a*x) ~(1/2) ,x, algorithm="

output

3/2))*D/ (sqrt(b*x + a)*b~5)

2/3*(b~2%c~(3/2)*x"2 - axb*c”(3/2)*x - 2*a~2%c”(3/2))*A/(sqrt(b*x + a)*b~2
) + 2/15%(3*%b”"3*c~(3/2)*x"3 - axb"2*c~(3/2)*x"2 + 4*xa”2*bxc”(3/2)*x + 8*a”
3xc”(3/2))*B/(sqrt(b*x + a)*b~3) + 2/35*%(5xb~4*c~(3/2)*x~4 - a*b”~3*c”(3/2)
*x"3 + 2%a"2xb"2*c”(3/2)*x"2 - 8*a”~3*b*c~(3/2)*x - 16*a~4*c~(3/2))*C/(sqrt
(b*x + a)*b~4) + 2/315%(35%b~5xc”(3/2)*x"5 - b*a*xb~4*c~(3/2)*x"4 + 8%a~2*Db
“3*%c”(3/2)*x”3 - 16%a”3xb~2*c”(3/2)*x"2 + 64*a"4xbxc”(3/2)*x + 128%a~5xc”(
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Giac [A] (verification not implemented)

Time = 0.41 (sec) , antiderivative size = 300, normalized size of antiderivative = 1.32

3 ( 315 (Da*—Ca®b+Ba?b?— Aab®)vbcz+ac 2 (64+/acDa*—72+/acCa®b+84 \/a
boc - boc

/(cx )*? (A + Bz + Cz? +Dw)dx_

Vaz + bx?

input integrate ((c*x) ~(3/2) * (D*x~3+C*x~2+B*x+A) / (b*x~2+a*x) " (1/2) ,x, algorithm="
giac")
output 2/315%c”3*%(315%(D*a~4 - C*a"3*b + B*a~2%b~2 - Axa*b~3)*sqrt(b*cxx + a*c)/(
b~bxc) - 2x(64xsqrt(axc)*D*a~4 - 72*sqrt(a*c)*Cxa~3*b + 84xsqrt(axc)*B*xa~2
*b~2 - 105*sqrt(axc)*A*axb~3)/(b"5xc) - (420%(bxc*x + a*c)~(3/2)*D*a"3*c”3
- 315x(b*cxx + a*c) ™ (3/2)*Cxa~2*b*c~3 + 210*(b*c*x + axc)~(3/2)*B*axb~2*c
"3 - 105*(b*c*x + a*xc)”(3/2)*Axb~3*c~3 - 378*(bxckx + axc)”(5/2)*D*a"~2%c”2
+ 189% (b*c*x + axc)~(5/2)*Cxaxbxc™2 — 63*(b*xc*x + axc)”(5/2)*B*b~2xc”2 +
180* (bxcxx + axc)”(7/2)*Dxa*xc — 45*(b*c*x + axc) ™ (7/2)*Cxbxc - 35x(bxcxx +
axc)~(9/2)*D)/(b~5%c~5)) /abs(c)
Mupad [F(-1)]
Timed out.
(cz)¥/? (A + Bz + Cx* + Dz?) (cz)**(A+ Bz + Cz*+ 28 D)
dx = dzx
Vaz + bxz? Vbz? +az
e B
input Lint(((c*x)“(3/2)*(A + Bxx + Cxx~2 + x"3*D))/(a*x + b*x~2)~(1/2),x) J

int (((c*x) ~(3/2)*(A + B*x + C*x~2 + x~3%D))/(a*x + b*x~2)~(1/2), x)

output ‘\
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Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.52

o — 2v/cV/bz + ac(35b*d x* — 40a b3d 2 + 45bc 23 + 48a%b*d 2 — b«

/ (cz)¥/? (A + Bz + Cx? + D2?)
vaz + bz?

-

int ((c*x) ~(3/2) * (D*x~3+C*x~2+B*x+A) / (b*x~2+a*x) ~(1/2) ,x)

input

N

‘ (2xsqrt(c)*sqrt(a + b*x)*c*(128*a*x*4*d — 144*a**3*xb*c — 64*ax*3*bxdxx - 42 \
‘*a**Q*b**B + T2*%a*x*2*xbx*2%kckxx + 48*a**2kbx*2kd*xx**2 + 21*ka*xbx*x4*xx — 54*axb ‘
‘**3*(‘;*}(**2 - 40*axb**3kd*xx**3 + 63*%kbk*x5*kx*k*k2 + 45xb**k4*kckxx**3 + 35kbx*x4*xd* ‘
xxk4)) / (3154b*+5)

output
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vz (A+Bz+Cr?+Dx3)
3.4 | dz
Vaz+bz?

Optimal result . . . . . . . . . . . . . . e ¥
Mathematica [A] (verified) . . . . . . . . . . ... bY
Rubi [A] (verified) . . . . . . . . . . B
Maple [A] (verified) . . . . . . ... 60
Fricas [A] (verification not implemented) . . . . . . . ... ... . ... ..... 61]
Sympy [F] . . o o 611
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 62
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 62
Mupad [F(-1)] . . . o o 63
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 63

Optimal result

Integrand size = 36, antiderivative size = 168
/ Vver(A+ Bz + Cz? + Dx?) dp — 2c(Ab® — a(b*B — abC + a?D)) Vaz + bx?
Vazx + bx? bi\/cx
N 2¢2(b2B — 2abC + 3a2D) (az + bz?)*”
3b4(cx)3/2
263(bC — 3aD) (az + bx?)*/*
5b%(cx)/2
2¢D(az + ba?)"/?
T4 (cx)7/?

Output(2*c*(A*b‘3—a*(B*b‘2—C*a*b+D*a‘2))*(b*x‘2+a*x)‘(1/2)/b‘4/(c*x)‘(1/2)+2/3*c‘
\2*(B*b‘2—2*C*a*b+3*D*a*2)*(b*x“2+a*x)“(3/2)/b“4/(c*x)“(3/2)+2/5*c‘3*(C*b-3
\*D*a)*(b*x“2+a*x)“(5/2)/b“4/(c*x)“(5/2)+2/7*c“4*D*(b*x“2+a*x)“(7/2)/b“4/(c
L*x)“(7/2)

B
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.55

Vcx(A+ Bz + Cz? + Dx?)
Vaz + ba?
_ 2cy/z(a+ bx)(105Ab° — 48a*D + 8a*b(7C + 3Dx) + b*x(35B + 3x(7C + 5Dx)) — 2ab*(35B + z(14C

10564 /cz

dz

~—

p
input LIntegrate [(Sqrt[c*x]*(A + B*x + C*x"2 + D*x73))/Sqrtla*x + b*x"2],x]

Output\(2*c*Sqrt[x*(a + b*x)]*(105*%A*b~3 - 48%a~3#D + 8*a~2*bx(7*C + 3*D*x) + b~3
\*x*(BS*B + 3*xx*x(7*C + 5%D*x)) - 2*a*xb~2%x(35%B + x*x(14%C + 9*Dx*x))))/(105%b
‘ ~4xSqrt [c*x])

\‘

Rubi [A] (verified)

Time = 0.87 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.15,

= 6, number of rules _ 167, Rules
integrand size

number of steps used = 6, number of rules used =
used = {2169, 27, 2169, 27, 1221, 1122}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

Vez(A+ Bz + Cz? + Dz3)

dx
Vaz + bx?
l 2169
ez ((76C—6aD)x?c3+7Abc3+TbBxc3
2/ ( Vb2 taz i 4 2D(cx)**Vaz + bx?
7bc3 7bc?
l 27
vz ((7b6C—6aD)x?c3+7Abc®+TbBxc3
R — e (R
7bc3 Tbc?

l 2169
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8 \/a(35Ab2+ (24Da2 —28bCa,+35sz) a:)
2/ 2/bz2+az da + 2¢2(cz)3/2 v/ az+bx2 (7bC—6a.D)

5bc? 5b

4 2D(cx)%/?vax + ba?

Tbe3
l 27

\/ch(35Ab2+ (24Da2 —28bCa+35b2B) a:)

3 [

Tbc?

dz 2(..13/2 _
bgl)2+az + 2¢?(cx) \/am;})bzzﬂbc 6aD) N 2D(C.’L')5/2\/m
7bc3 Thc?
l 1221
o ( (—48a% D+56a%6C—70ab2 B+10546%) | \/%dw+2MW(24G2D_28®0+35I,23) )
% * 2¢2(cx)3/2+/az+bx2(7bC—6aD)
56 + 56
7bc3
2D(cz)5/?v ax + ba?
Thc?
l 1122
5 <2¢a\/az+bz2 (2402 D—284b0+3562 B) N 2c/az+be? (—48a° D+56a2bC~70ab2 B+105457 ) >
C
80 867 /ez + 2¢2(cx)3/2+/ax+bx2 (TbC—6aD)
5b 5b
7bc3 +
2D(cx)5/?v ax + ba?
Thc?
input LInt [(Sqrt[cxx]*(A + B*x + C*x~2 + D*x"3))/Sqrt[a*x + b*x~2],x] J

output

~3)

(2#D* (c*x) ~(5/2) *Sqrt [a*x + b*x~2])/(7*b*c~2) + ((2%c”2x(7*bxC — 6*a*D)*(c
*x) " (3/2)*Sqrt [a*x + bxx"2])/(5*b) + (c”™3*((2*c*(105*A*b~3 — 70*a*b~2xB +
56%a”~2xbxC - 48+%a~3*D)*Sqrt[a*xx + b*x~2])/(3*b~2*Sqrt[c*x]) + (2% (35%xb~2+B

- 28*a*b*C + 24xa~2*D)*Sqrt [cxx]*Sqrt[a*x + b*x~2])/(3*b)))/(5xb))/(T*b*c

N

_|_



rule 27

rule 1122

rule 1221

rule 2169
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((d_.) + (e_.)*(x_)) " (m_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[e*(d + e*x)"(m - 1)*((a + b*x + c*xx"2)"(p + 1)/(cx(p + 1))),
x] /; FreeQ[{a, b, c, 4, e, m, p}, x] && EqQlc*d™2 - bxd*e + a*xe”2, 0] &&
EqQ[m + p, 0]

Int[((d_.) + (e_.)*(x_)) " (m )*((f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_)*(x_)"2)"(p_), x_Symbol] :> Simp[gx(d + e*xx) m*((a + bxx + c*x"2)"(p + 1
)/(cx(m + 2xp + 2))), x] + Simp[(m*(gx(c*d - bkxe) + ckxexf) + ex(p + 1)*(2*c
*f - bkxg))/(cxex(m + 2%p + 2)) Int[(d + e*x) m*(a + b*x + c*x"2)7p, x], X
1 /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && EqQLc*d~2 - b*dxe + a*e~2, 0]
&& NeQ[m + 2*p + 2, 0]

Int [(Pq)*((d_.) + (e_)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + exx)"(m + q - 1)*((a + b*x + c*xx"2)"(p + 1)/(c*xe"(q - D*(m + q
+ 2%p + 1))), x] + Simp[1/(c*e”gx(m + q + 2%p + 1)) Int[(d + e*x) mx(a +
b*x + c*x"2) “p*ExpandToSum[c*xe~q*(m + q + 2%p + 1)*Pq - cxfx(m + q + 2*p +
Dx(d + e*x)"q + exfx(m + p + q)*(d + exx)"(q - 2)*(b*d - 2xa*xe + (2kcxd
bxe)*x), x], x], x] /; NeQ[m + q + 2*xp + 1, 0]] /; FreeQ[{a, b, c, 4, e, m,
P}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*axc, O] && EqQLc*d”2 - bxd*e + a*e™2
, 0]

Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.60

method | result size
2v/cz \/z(bz+a) (156Dz3b3+21C b322—18Da b22? +352B b3 —28Ca b2z+24Da?bz+105A b3 —70Ba b2+56C a?b—48Da?)
default 0525 101
0SDer 2(bz+a) (15Dz363+21C b322—18Da b2x2+355B b>—28Ca b2z+24Dabz+105A b3 —70Ba b?+56C a?b—48Da3) \/cx 108
gosp 105b%v/b z2+azx -
. 2(bz+a) (15Dz3b®+21C b3z2—18 Da b2 +352 B b —28Ca b?z+24Da?bz+105A b3 —70Ba b2 +56C a2b—48Da®)\/cx ;
orering 10¢
105b4vb 2 +azx
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int ((c*x)~(1/2) * (D*x~3+C*x~2+B*x+A) / (b*x~2+a*x) ~(1/2) ,x,method=_RETURNVERB

input
0SE)

2/105*% (c*x) ~(1/2) * (x* (b*x+a) ) ~(1/2) * (15*%D*b~3*x~3+21*Ckxb~3*x~2-18*D*a*xb~2x*
X~ 2+35*B*b " 3*x-28*C*axb”2*x+24*xD*a "~ 2*xb*x+105*%A*b~3-70*B*a*xb~2+56*C*a~2*b-4
8xD*a~3) /x/b"4

output

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.61

Vver(A+ Bz + Cz? + Dz?)
Vaz + bx?
15 Db3z® — 48 Da® + 56 Ca?b — 70 Bab? + 105 Ab® — 3 (6 Dab? — 7Cb3)x2 + (24 Da?b — 28 Cab? + ¢
105 bz

dz

integrate ((c*x)~(1/2)* (D*x~3+C*x~2+B*x+A) / (b*x~2+a*x)~(1/2) ,x, algorithm="

input
fricas")

2/105*% (15*D*b~3*x~3 - 48%D*a”3 + 56*Cxa~2xb - 70*B*a*b™2 + 105%A*b~3 - 3*(
6*%D*axb~2 - 7*Cxb~3)*x"2 + (24xD*a”~2*b - 28*Cxaxb~2 + 35*B*b~3)*x)*sqrt (b*
X"2 + axx)*sqrt(c*x)/(b"4*x)

output

Sympy [F]

‘f_A+Bx+GE+Dx(m_ Vcxz(A+ Bz + Cx? + Dx?)
Vaz + br? z (a+ bx)

dz

inputLintegrate((C*X)**(1/2)*(D*x**3+C*x**2+B*x+A)/(b*x**2+a*x)**(1/2),x) J

OutputLIntegral(sqrt(c*x)*(A + B*x + Cxx**2 + Dxx**3)/sqrt(x*(a + b*x)), x) J
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Maxima [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.13

Vecz(A+ Bz + Cz? + Dz?) e
Vaz + ba?
2 (by/cz + ay/c) A N 2 (V*/cz? — aby/cx — 2a®\/c)B
Vbx + ab 3vbz + ab?
2 (36%\/ca® — ab®\/cx? + 4 a?by/ex + 8a3\/c)C
15 v/bx + ab?
2 (5b*/cx* — ab®\/cx® + 2 a’b?\/cx® — 8 a®by/cx — 16 a*\/c) D
35 v/bx + ab*

integrate ((c*x)~(1/2)* (D*x~3+C*x~2+B*x+A) / (b*x~2+a*x) ~(1/2) ,x, algorithm="

input
maxima")

2+ (b*sqrt(c)*x + a*sqrt(c))*A/(sqrt(b*x + a)*b) + 2/3x(b"2*sqrt(c)*x”2 - a
*bxsqrt (c)*x - 2xa~2*xsqrt(c))*B/(sqrt(b*x + a)*b~2) + 2/15%(3%b~3*sqrt(c)*
x"3 - a*b~2*sqrt(c)*x”2 + 4*a~2*bxsqrt(c)*x + 8*a~3*sqrt(c))*C/(sqrt(b*x +
a)*b~3) + 2/35%(5*b~4xsqrt(c)*x”4 - axb~3*sqrt(c)*x”3 + 2¥a”2*b~2xsqrt(c)
*x"2 - 8*xa~3*b*sqrt(c)*x - 16*a~4xsqrt(c))*D/(sqrt(b*x + a)*b~4)

output

Giac [A] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.29

Vcz(A+ Bz + Cx? + Dx?)
Vaz + bz?

dzr =

( 105 (Da®—Ca?b+Bab*—Ab%) Vbez+ac 48 \/acDa3—56 \/acCa?b+70 /acBab®>—105 /acAb® 105 (bcz+ac) $ Da2c2—70 (be
bic bic

105 |c|

input ‘ integrate ((c*x)~(1/2)* (D*x~3+Cxx~2+B*x+A) / (b*xx~2+a*x) ~(1/2) ,x, algorithm=" ‘
‘glac") ‘




CHAPTER 3. LISTING OF INTEGRALS 63

-2/105%c~2*(105*(D*a~3 - C*a~2%b + B*a*b~2 - A*b~3)*sqrt(b*c*x + a*c)/(b~4
xc) - (48*sqrt(axc)*Dxa”3 - 56*sqrt(akxc)*Cxa~2+b + 70*sqrt(axc)*Bxa*xb™2 -

105*sqrt (axc) *A*b~3) /(b"4*c) - (105*(b*c*x + axc)~(3/2)*D*xa”2xc”2 - T0*(b*
cxx + axc) ~(3/2)*Cxa*xbxc”™2 + 35*(b*c*xx + a*c) (3/2)*B*b~2*c~2 - 63*(b*c*x

+ axc)”(5/2)*Dxaxc + 21k (b*ckx + axc)~(5/2)*Ckb*c + 15x(b*c*x + a*xc)”(7/2)
*D) /(b~4*c~4)) /abs(c)

output

Mupad [F(-1)]

Timed out.
Vcz(A + Bz + Cx? + Dz?) VF_A+Bx+Cx+xﬂﬂdz
Vaz + bx? Vbz? +azx
inputLint(((C*x)“(1/2)*(A + Bxx + C*xx~2 + x~3%D))/(a*x + b*x~2)"~(1/2),x) J
Outputtint(((c*x)“(l/Q)*(A + B*x + Cxx~2 + x~3%D))/(a*x + b*x~2)~(1/2), x) J

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.49

/\/_ (A + Bx + Cz? + Dx3 )dac
Vazx + bx?
_ 2y/cVbz + a (15b°d z® — 18a b?*d 2? + 21b°c z? 4 24a®bdx — 28a b?cx + 35b*x — 48a3d + 56a’be + 35a b
- 1056
inputLint((c*x)‘(1/2)*(D*x“3+C*x*2+B*x+A)/(b*x“2+a*x)*(1/2),x) J

‘ (2xsqrt(c)*sqrt(a + b*x)*( - 48%ax*3*d + 56*ax*2xbxc + 24*xa*x2xbkd*x + 35* \
‘a*b**B - 28ka*xbx*2xckx — 18*%a*xb**k2kd*x**2 + 35%b**4*x + 21%kb**k3kckx*k*2 + 1 ‘
LS*b**s*d*x**s) )/ (105xb**4) J

output




output
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A+Bz+Cx2+ D23
3.5 ez az+ba? dz

Optimal result . . . . . . . . .. . ..
Mathematica [A] (verified) . . . . . . . . ... . L
Rubi [A] (verified) . . . . . . . .. .
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [F] . . . o
Maxima [F] . . . . . .o
Giac [A] (verification not implemented) . . . . . . .. ... ... .. ...
Mupad [F(-1)] . . .
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 36, antiderivative size = 154

A+Bz+Cz®>+Dz* ,  2(0*B — abC + D) Vax + bx?

xTr =

Vexvax + bx?

2¢(bC — 2aD) (az + bx?)*/*

by/ex

3b3(cx)3/2

v/cVaz+bx?

2¢2D(ax + ba:2)5/ 2 - 2Aarctanh( Vet

)

563 (cx)/2

Vay/e

(2*(B*b‘2—C*a*b+D*a‘2)*(b*x‘2+a*x)‘(1/2)/b‘3/(c*x)A(1/2)+2/3*c*(C*b-2*D*a)*
\(b*x‘2+a*x)‘(3/2)/b‘3/(c*x)‘(3/2)+2/5*c‘2*D*(b*x‘2+a*x)‘(5/2)/b‘3/(c*x)‘(5
\/2)—2*A*arctanh(c“(1/2)*(b*x”2+a*x)“(1/2)/a”(1/2)/(c*x)“(1/2))/a”(1/2)/c”(

L1/2)

1
|
|
J
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Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 111, normalized size of antiderivative = 0.72

A+ Bzx + Cz* + Dx3
Vexyax + br?
21 (ﬁ(a + bz) (8a2D — 2ab(5C + 2Dx) + b*(15B + 5Cz + 3Dz?)) — 15Ab3/a + bxarctanh(vf;bw))

15y/ab®/cx+\/z(a + bx)

e

LIntegrate[(A + B*x + C*x~2 + D*x73)/(Sqrt[c*x]*Sqrt[a*x + b*x"2]),x]

~—  /

input

‘ (2#x* (Sqrt[al*(a + b*x)*(8%a~2*%D - 2%a*b*(5*C + 2+D*x) + b~2x(15%B + 5*C#*x \
‘ + 3xD*x72)) - 15xA*b~3*Sqrt[a + b*x]*ArcTanh[Sqrt[a + b*x]/Sqrt[al]l))/(15
*Sqrt [a] *b~3*Sqrt [c*x]*Sqrt [x*(a + b*x)])

N\ J

output

Rubi [A] (verified)

Time = 0.91 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.19,

number of rules _ () 194 Ryles
integrand size

number of steps used = 8, number of rules used = 7,
used = {2169, 27, 2169, 27, 1221, 1136, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
A+ Bx + Cz? + Dz3 iz
Vexvaz + bx?
l 2169
(56C—4aD)x?c3+5Abc3+5bBxc?
2) a2\/%cx/bm2+:w S + 2D(cz)3/*Vaz + bx?
5bc3 5bc?
l 27
(5bC—4aD)x?c3+5Abc3+5bBxc?
f Vez /b2 +az dz 2D(C$)3/2V az + bx?
+
5bc3 5bc2

l 2169
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8 (15Ab2+ (8Da2—10bCa+15b2 B) z)

dx 2 Y o _
2 cx3b2§2+az + 2y ax+§;f2(5bo 4aD) 2D(cx)3/?vax + ba?
3 2
5bc 5bc

| 27

15462+ (8Da2 —10bCa+15b2B)w

03 dx 2 _
\/H3bbz2+az + 2c \/a\/az+§:2(5bc 4aD) N 2D(cw)3/2\/m
5bc3 5bc?
l 1221
3 <15Ab2 s ) i 2/az+b22 (802 D-10abC+15b2 B) >
Ve Vb taz bvex 4 2¢*v/c@Vawthe?(5bC—4aD)
3b 3b
5bc3 T
2D(cx)*/?vaz + ba?
5bc?
l 1136
8 (30Ab2cf 1 d\/%?_i_z\/azww? (8ai[\;;£10ab0+15b23))
M—ac + 2¢?\/cxv/ax+bx2(56C —4aD)
3b 3b
5bc3 T
2D(cx)*/?vax + ba?
5bc?
l 221
5 (2\/m(8a2D—10abc+15b23) 30Ab23‘r0tanh<ﬁ\/&a7\m/gﬂ> )
¢ bew - Va/e
2c2+/cx/az+bx?(56C—4aD)
3 + 36 n
5bc3
2D(cz)3/?v/azx + ba?
5bc?

-

Int[(A + B*x + C*x~2 + D*x~3)/(Sqrt[c*x]*Sqrt[a*x + b*x~2]),x]

| —

input L

e

(2#D* (c*x) ~(3/2) *Sqrt [a*x + b*x~2])/(5*b*c”~2) + ((2%c”™2*(5*bxC — 4*a*D)*Sq
\rt [cxx]*Sqrt[a*xx + b*x~2])/(3*b) + (c~3*((2*(15%b~2*B — 10*a*b*C + 8+%a~2*D
‘)*Sqrt [a*xx + b*x~2])/(b*Sqrtlcxx]) - (30*A*b~2*ArcTanh[(Sqrt[c]*Sqrt[a*x +

output
L b*x~2])/(Sqrt [a] ¥*Sqrt [c*x])]1)/(Sqrt [a]*Sqrt [c])) )/ (3*b) )/ (5xb*c™3) J




rule 27

rule 221

rule 1136

rule 1221

rule 2169
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x

/Rt[-a/b, 2]], x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Int[1/(Sqrt[(d_.) + (e_.)*(x_)I*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x
_Symbol] :> Simp[2*e  Subst[Int[1/(2%c*d - b*e + e"2*x~2), x], x, Sqrtl[a +
bxx + c*x~2]/Sqrtl[d + exx]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c*d~2
- bxdxe + axe”~2, 0]

Int[((d_.) + (e_)*(x_))"(m_)*((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*x(x_) + (c
_)*(x_)72)"(p_), x_Symbol] :> Simpl[g*(d + e*x) m*((a + b*x + c*xx"2)"(p + 1
)/(c*x(m + 2*%p + 2))), x] + Simp[(m*(g*(c*d - bxe) + cke*xf) + ex(p + 1)*(2*c
*f — bkxg))/(cxex(m + 2%p + 2)) Int[(d + e*x)"m*(a + b*x + c*x"2)7p, x], X
1 /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && EqQlc*d™2 - bxdxe + a*e~2, 0]
&& NeQ[m + 2*p + 2, 0]

N

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + e*x)"(m + q - 1)*((a + b*x + c*x"2)"(p + 1)/(cxe”(q - D*(m + q

+ 2xp + 1))), x] + Simp[1/(c*xe"gq*x(m + q + 2*xp + 1)) Int[(d + e*x) m*(a +
b*x + c*x~2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - c*fx(m + q + 2*%p +

1)*(d + e*x)"q + exf*(m + p + @)*(d + exx)"(q - 2)*(b*d - 2%axe + (2*c*d -

bxe)*x), x], x], x] /; NeQ[m + q + 2%p + 1, 0]] /; FreeQ[{a, b, c, d, e, m,
p}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*a*xc, 0] && EqQ[c*d"2 - bxdxe + a*xe”2
, 0]
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Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.18

method | result

2/z(bz+a) (—3Dl72x2 Vc(bz+a) /act+15Ab3c arctanh (7Vcibﬁfja)> —5C b2z +/c(bx+a) \/act+4Dabz+/c(bz+a) /ac—15B b2

default | — 15./cx \/c(bz+a) b3y/ac

int ((D*x~3+Cxx~2+B*x+A) / (c*x) ~(1/2) / (b*xx"2+a*x) ~(1/2) ,x,method=_RETURNVERB

input
0SE)

-2/15% (x* (b*x+a) ) ~(1/2) * (-3*D*b~2*x"2* (c*x (b*x+a) ) "~ (1/2) *(a*c) ~ (1/2)+15xA*xb
~3x*c*arctanh ((c*(bxx+a))~(1/2)/(a*xc) ~(1/2))-5*Cxb~2*x* (c* (b*x+a)) ~(1/2)*(a
*xc) ~(1/2) +4*xD*axb*x* (cx (b*x+a) ) ~(1/2) * (a*xc) ~ (1/2) -15*%B*b~2* (c* (b*x+a) ) ~(1/
2) *(a*xc) ~(1/2) +10*Cxaxbx (c* (bxx+a)) ~ (1/2) * (a*c) ~(1/2) -8+Dxa~2x* (c* (b*x+a) )~
(1/2)*(axc)~(1/2))/(c*x)~(1/2) / (c* (b*x+a)) ~(1/2) /b~3/(axc)~(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 263, normalized size of antiderivative = 1.71

A+ Bz +Cz® + Da? i
Vexax + br?
15 1/acAb*z log <—bc’”2+2 aco-2V 3‘”2“%‘/@/&) + 2 (3 Dab?z? + 8 Da® — 10 Cab + 15 Bab® — (4 Da?b -

15ab3cx

integrate ((D*x~3+Cxx~2+B*x+A) / (c*x)~(1/2) / (bxx~2+a*x)~(1/2) ,x, algorithm="

input
fricas")

[1/15%(156*%sqrt (a*c) *A*xb~3*x*xLlog (- (b*c*xx™2 + 2%axc*x — 2*sqrt(b*x~2 + a*x)*
sqrt (a*c)*sqrt(c*x))/x"2) + 2*(3*#D*a*b”~2*x"2 + 8xD*a~3 - 10*xC*a~2+b + 15%B
*¥a*b~2 - (4xD*a~2%b - b*Cxa*xb~2)*x)*sqrt(b*x~2 + a*x)*sqrt(c*x))/(axb~3*c*
x), 2/15%(15*sqrt(-a*c)*A*b~3*x*arctan(sqrt(b*x~2 + a*x)*sqrt(-a*c)*sqrt(c
*x) /(a*c*x)) + (3*xD*axb~2%x"2 + 8*D*a~3 - 10%C*a~2xb + 15%B*a*xb~2 - (4xD*a
~2%b - B*Ckxa*b~2)*x)*sqrt(bxx~2 + a*x)*sqrt(c*x))/(a*b~3*c*x)]

output
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Sympy [F]
A+ Bx + Cx? + Dx? . A+ Bx + Cx? + Da?
Vexyazx + br? Vexy/z (a+ br)
inputLintegrate((D*x**3+C*x**2+B*x+A)/(c*x)**(1/2)/(b*x**2+a*x)**(1/2),x) J
Ou_tpm[Integral((A + B¥x + Cxx**2 + Dxx**3)/(sqrt(c*x)*sqrt(x*(a + b*x))), x) J
Maxima [F]
A+Bw+C&”+Dﬁdx_ Dﬁ+%h?+Bx+Adm
Vvexyaz + br? Vbx? + az+/cx
input integrate ((Dxx~3+Cxx~2+B*x+A) / (c*x) ~(1/2) / (b*x~2+a*x)~(1/2) ,x, algorithm="
maxima")
output 2/15% ((3*D*b~3*sqrt (c)*x~2 + D*a*b™2xsqrt(c)*x - 2*D*a”2xb*sqrt(c))*x"2 -

(2#D*a"3*sqrt(c) + (2xD*a*b~2*sqrt(c) - 5%C*b~3*sqrt(c))*x~2 + (4*D*a”2%b*
sqrt(c) - b5*Cxaxb~2*sqrt(c))*x)*x)*sqrt(b*x + a)/(b~4*c*x~2 + axb~3*c*x) +
integrate(1/3*(3*Axa*xb~2*%x + (2xD*a”3 - 2xC*a~2*%b + (2xD*a”2%b - 2*Ckaxb~
2 + 3*B*b~3)*x)*x”"2 + 3*(B*a*b”2 + A*b"3)*x"2)*sqrt(bxx + a)/(b~4xsqrt(c)=*
Xx"4 + 2%axb”3*sqrt(c)*x~3 + a~2*b"2xsqrt(c)*x"2), x)

Giac [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 245, normalized size of antiderivative = 1.59

A+ Bz + Cx?+ Dz?

dz
Vexvax + bx?
3 Vbcztac 3 3
15 Ac arctan( v—ac ) + 15 \/bcz+acDa2b12c2715 \/bca:+acc’ab1302+15 \/bca:+acBb14c2710 (bcz+ac) 2 Dab12c+5 (bcz+ac) 2 C’b13c+3 (bez+ac)
2 c V—ac b15

c3

15]¢|
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integrate ((D*x~3+Cxx~2+B*x+A) / (c*x) ~(1/2) / (b*x"2+a*xx) ~(1/2) ,x, algorithm="

input
giac")

2/15*%cx ((156xA*xc~3*arctan(sqrt (b*c*x + a*c)/sqrt(-axc))/sqrt(-a*c) + (15*sq
rt(bxc*xx + axc)*Dxa~2+%b~12%c”2 - 15xsqrt(b*c*x + axc)*Cxa*b~13*%c™2 + 15%xsq
rt(bxckx + axc)*Bxb~14*c”2 - 10*(b*c*x + a*c) (3/2)*D*a*b~12%c + 5*(bxc*x

+ a*xc)”(3/2)*Cxb~13*c + 3*(b*c*x + a*c)”(5/2)*D*b~12)/b715)/c”3 - (15xA*b~
3*c*arctan(sqrt(axc)/sqrt(-a*c)) + 8*sqrt(a*c)*sqrt(-axc)*D*a"2 - 10*sqrt(
a*c)*sqrt (-a*c)*Cxaxb + 15xsqrt(axc)*sqrt(-a*c)*Bxb~2)/(sqrt(-axc)*b~3x*c))
/abs(c)

output

Mupad [F(-1)]

Timed out.
A+Bm+Cﬁ+lh3x_ A+Bm+CmLHﬁDdx
Vvexvaz + bx? VvVba? +az/cx
input Lint((A + Bkx + Cxx~2 + x~3*D)/((a*x + b*x~2)~(1/2)*(c*x)~(1/2)),x) J
output 1BEC(A + Brx + Cxx"2 + x734D)/((axx + bxx"2)~(1/2)*(c*x)"(1/2)), ) J

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 121, normalized size of antiderivative = 0.79

A+ Bz + Cz?+ Dz3

dz
Vexax + br?
V¢ (16v/bz + aa®d — 20v/bz + a abe — 8v/bz + aabdz + 30vbz + ab® + 10v/bz + abcz + 6v/bz + a b

1563¢

inputLint((D*x“3+C*x”2+B*x+A)/(c*x)”(1/2)/(b*x“2+a*x)*(1/2)’X) J
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Output‘(sqrt(c)*(lG*sqrt(a + bxx)*a**2+d - 20*sqrt(a + bxx)*axbxc - 8*sqrt(a + bx
\x)*a*b*d*x + 30*sqrt(a + b*x)*b**3 + 10*sqrt(a + b*x)*b*x2*c*x + 6*sqrt(a
‘+ b*x) *bx*2*d*x**2 + 15xsqrt(a)*log(sqrt(a + b*x) - sqrt(a))*b*x3 - 15xsqr
‘t(a)*log(sqrt(a + b*x) + sqrt(a))*bx*3))/(15%b**3%c)
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3.6 A+Ba+Ca*+Da? ..
) (cx)3/2v/ az+ba?

Optimal result . . . . . . . . . . e 721
Mathematica [A] (verified) . . . . . . . . . . ... 72
Rubi [A] (verified) . . . .. . . ... .. 73
Maple [A] (verified) . . . . . . ... 75
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 76
Sympy [F] . . . o 76
Maxima [F] . . . . . rdrd
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. i
Mupad [F(-1)] . . . o o 78
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 8

Optimal result

Integrand size = 36, antiderivative size = 142

/A-I—Bac+C’:1c2 + Dz? p _ Avaz + ba? N 2(bC — aD)v/ax + bx?

(cx)Wzm = a(cz)3/? Vov/ex
Vevaz+ba?
2D(ax + bx2)3/2 (Ab — 2aB)arctanh(W>
3b2(cz)?3/? a3/2c3/2

e B

—Ax (b*x~2+a*x) ~(1/2) /a/ (c*x) = (3/2) +2* (Cxb-D*a) * (b*xx~2+a*x) ~(1/2) /b~2/c/ (c*
| x) 7 (1/2)+2/3%D* (bxx~2+a*x) " (3/2) /b~2/ (c*x) " (3/2) +(A*b-2%B*a) ¥arctanh(c™(1/ |
| 2)*(b*x~2+a*x) " (1/2) /2~ (1/2)/ (c*x)~(1/2)) /a”(3/2) /¢~ (3/2) |

output

Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 107, normalized size of antiderivative = 0.75

A+ Br+ Ca? + Dz’ x(—\/a(a + bz) (3Ab% — 2az(3bC — 2aD + bDx)) + 3b*(Ab — 2aB)z v a -
/ (cx)3/2v/azx + bx? v 3a3/2b2(cx)3/2\/x(a + bx)

input LIntegrate [(A + Bxx + Cxx"2 + D*x"3)/((c*x)~(3/2)*Sqrt [a*xx + b*x"2]),x] J
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output‘ (xx(-(Sqrt[al*(a + bxx)*(3*%A*b~2 - 2*a*x*(3*%bxC - 2*a*D + b*D*x))) + 3%b~2
‘*(A*b - 2xa*B)*x*Sqrt[a + b*x]*ArcTanh[Sqrt[a + b*x]/Sqrt[al]l))/(3*xa~(3/2)
 *b~2% (c*x) " (3/2)*Sqrt [xx(a + bxx)])

Rubi [A] (verified)

Time = 0.86 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.15,

number of rules _ g 4, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {2169, 27, 2169, 27, 1220, 1136, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/A+Bm+Cx2+Dm3
(cx)3/2v/ax + bx?

l 2169

(3bC—2aD)x?c®+3Abc®+3bBxc?
2/ 2(cz)3/2v/ba?+ax dz + 2D/czv ax + bx?
3bc3 3bc2

| 27

f (3bC—2aD)x?c3+3Abc®4+3bBxc? dx

(cz)3/2/bz? taz + 2D+/cxv/ ax + bx?
3bc3 3bc?
l 2169

3b265 (A+Bz)
2/ 2(cxz)3/2/bx2 taz do + 2¢%Vaz+bx2(3bC—2aD
bc?

bz ) + 2D+/cxv/ ax + bx?
3bc3 3bc?

l 27

3bc3f ¢ A+Bzx dz + 2¢%Vaz+bx2(36C—2aD)

7)3/2y/ba2 +az by/cx n 2D\/&v azx + bx?
3bc3 3bc?
l'1220

3be3 [ — (Ab—2aB) J ez ;wQ +az dz _ AVaz+bx? + 2c%Vaz+bz2(3bC—2aD)
2ac a(cz)3/2 by/ez 2D./cxvax + bx?
3 + 2
3bc 3bc

l 1136
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(Ab—ZaB) J‘ (b 1 dV bz2tax

axr \/H
3b03 _ #—ac _ AVaz+bz? + 2¢2v/ax+bx2(3bC—2aD)
a a(cx)3/? by/cx
3bc3 +
2D./cxVazx + bx?
3bc?
l 221
— VeVaztba?
3b 3 (Ab 2aB)aI‘CtaIlh< Va/ca ) A /7aw+bx2 262 ’aw+bz2(3bC—2aD)
C a3/2c3/2 - a(cz)3/2 + N

+ 2D\/cx/ ax + bx?

3bc3 3bc?
inputLInt[(A + B*x + Cxx~2 + D*x”~3)/((c*x)~(3/2)*Sqrt[a*x + b*x"2]),x] J

‘ (2#D*Sqrt [cxx] *Sqrt [a*xx + b*x~2])/(3*¥b*c™2) + ((2%c™2*(3*%b*C - 2+*a*D)*Sqrt \
‘ [axx + b*x~2])/(b*Sqrt[c*x]) + 3xbkc~3*(-((A*Sqrt[a*x + b*x~2])/(ax(c*x)~( ‘
‘ 3/2))) + ((A*b - 2%axB)*ArcTanh[(Sqrt[c]*Sqrt[a*x + bxx~2])/(Sqrt[al*Sqrt[ ‘
(oxx]1)1)/ (2" (3/2)%c™(3/2))))/ (3%b¥c™3) |

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

Int[1/(Sqrt[(d_.) + (e_.)*(x_)I*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x
_Symbol] :> Simp[2%*e  Subst[Int[1/(2*c*d - b*e + e"2*x~2), x], x, Sqrtla +
b*x + c*xx"2]/Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[lc*d~2
- bxd*xe + axe”2, 0]

rule 1136
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Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_)*(x)"2)"(p_), x_Symbol] :> Simp[(d*g - e*f)*(d + e*x) m*((a + b*x + c*x
~2)"(p + 1)/((2%c*d - bxe)*x(m + p + 1))), x] + Simp[(m*(g*x(cxd - b*e) + cxe
*f) + ex(p + 1)*x(2xc*f - bxg))/(ex(2*c*d - bxe)*(m + p + 1)) Int[(d + ex*x
)~ (m + 1)*(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p},
x] && EqQ[c*d~2 - b*d*e + axe”2, 0] && ((LtQ[m, -1] && !'IGtQ[m + p + 1, O
D Il (@tQm, 0] & LtQlp, -11) |l EqQm + 2+p + 2, 0]) && NeQ[m + p + 1, O
]

rule 1220

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + e*x)"(m + q - 1)*((a + b*x + c*x"2)"(p + 1)/(cxe”(q - D*(m + q
+ 2xp + 1))), x] + Simp[1/(c*xe"gq*x(m + q + 2*p + 1)) Int[(d + exx) m*(a +
b*x + c*x”2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - c*fx(m + q + 2*%p +
1)*(d + e*x)”q + exf*(m + p + @)*(d + exx)"(q - 2)*(b*d - 2%axe + (2*c*d -
bxe)*x), x], x], x] /; NeQ[m + q + 2%p + 1, 0]] /; FreeQ[{a, b, c, d, e, m,
p}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*a*xc, 0] && EqQ[c*d~2 - bxdxe + a*xe”2
, 0]

rule 2169

Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.24

method | result

Vz(bz+a) <3A arctanh (7Vcibﬁjja)) b3cx—6B arctanh (7W) ab?cz+2Dabz?/c(bz+a) v/ac+6Cby/c(bz+a) az+/ac—4D
3cz/cx \/c(br+a) b2a/ac

default

int ((D*x~3+Cxx~2+B*x+A) / (c*x) ~(3/2) / (b*x~2+a*x) ~(1/2) ,x ,method=_RETURNVERB

input
0SE)

1/3*x(x* (b*x+a)) ~(1/2) /c*x(3*xA*xarctanh ((c* (b*x+a) )~ (1/2)/(axc)~(1/2)) *b~3*c*
x-6*B*arctanh ((c* (b*xx+a))~(1/2)/(a*c) ~(1/2) ) *a*xb~2xcxx+2*xD*kaxb*x~2* (c* (b*x
+a)) " (1/2) % (a*c) " (1/2) +6xCxb* (c* (b*x+a) ) ~ (1/2) *a*x* (axc) ~(1/2) -4*D*a~2* (c*
(b*x+a)) ~(1/2)*x*(a*c) = (1/2)-3*%A*x (c* (b*x+a)) ~(1/2)*(a*c) ~(1/2)*b~2) /x/ (c*x
)~ (1/2) / (cx(b*x+a)) ~(1/2) /b~2/a/(a*c) ~(1/2)

output
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 259, normalized size of antiderivative = 1.82

A+ Bz + Cz? + Dz 3(2 Bab? — Ab®)y/ace? log ( — bt 12aess2 fuEen/BVEs ) _ 9 (3 Da?ha?
do —
/ (cx)3/2v/azx + bx? ! 6 a2b2c?x?

integrate ((D*x~3+C*x~2+B*x+A) / (c*x) " (3/2) / (b*x~2+a*x) ~(1/2) ,x, algorithm="

input
fricas")

[-1/6% (3% (2*B*a*b~2 - A*b~3)*sqrt(a*c)*x 2*log(-(b*c*x~2 + 2ka*c*x + 2%sqr
t(b*x"2 + axx)*sqrt(a*c)*sqrt(c*x))/x"2) - 2% (2+D*a”2xb*x"2 - 3*A*a*b~2 -
2% (2xD*a~3 - 3*C*xa~2*b)*x)*sqrt(b*x~2 + a*x)*sqrt(c*x))/(a"2xb~2%c~2*x~2),
1/3% (3% (2+B*a*b~2 - A*b~3)*sqrt(-a*c)*x~2*arctan(sqrt(b*x~2 + a*x)*sqrt(-
axc)*sqrt(cxx)/(a*xcxx)) + (2*%D*a”2%b*x~2 - 3*A*a*xb~2 - 2% (2*D*a~3 - 3*C*xa”
2xb) *x) *sqrt (b*x~2 + a*x)*sqrt(c*x))/(a"2xb"2xc"2*xx~2)]

output

Sympy [F]

/A+Bx—|—C’x2—|—Dm3dw_/A—I—Bw+C’:v2+Dx3dz
(cz)3/2v/ax + bx? (cx)% 7 (a + bz)

-

Lintegrate ((D*x**3+Cxx**2+B*x+A) / (c*x) ** (3/2) / (bkx**2+axx) ** (1/2) ,x)

-/

input

Outputtlntegral((A + Bxx + Cxx**2 + D*x**3)/((c*x)**(3/2)*sqrt(x*(a + b*x))), x) J
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Maxima [F|
/A+Ba:+0x2+Da:3 - Dw?’—i-CxQ—i-Bz—l-Adx
(cz)3/*Vaz + bz? Vba? + az (cz)?

integrate ((D*x~3+C*x~2+B*x+A) /(c*x)~(3/2) / (b*x~2+a*x)~(1/2) ,x, algorithm="

input
maxima")

2/3*(Dxbxsqrt (c)*x + Dkaxsqrt(c))*sqrt(b*x + a)*x/(b~2*c”™2*x + a*b*c~2) +
integrate(1/3*(3%A*axb*x - (2*%D*a~2 + (2*D*a*b - 3*Cxb~2)*x)*x~3 + 3*(Ckax
b + B*b"2)*x"3 + 3*(Bxaxb + Axb~2)*x"2)*sqrt(b*x + a)/(b"3*c~(3/2)*x"5 + 2
*axb~2%c”~(3/2)*x"4 + a~2%bxc~(3/2)*x~3), x)

output

Giac [A] (verification not implemented)

Time = 0.42 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.97

/A+Bw+C:c2+Da:3d

(cx)3/2v/azx + bx?
3 (2 Bac?— Abc?) arctan  Ybeztac 2 (3 vbecz+acDab®c—3 /bex+acCb” c— (bez+ac %Db6
b 3vbcztacAc v +

—ac

abx /—acab b9

3¢c|c|

input \ integrate ((D*x~3+C*x~2+B*x+A) / (c*x) ~(3/2) / (b*x~2+a*x)~(1/2) ,x, algorithm=" \
‘giac") ‘

output‘—1/3*b*(3*sqrt(b*c*x + axc)*A*xc/(axb*x) - 3*(2*xBkaxc™2 - Axbxc~2)*arctan(s
‘qrt(b*c*x + axc)/sqrt(-axc))/(sqrt(-a*c)*axb) + 2%(3*sqrt(b*c*x + a*c)*D*a
(¥b76%c - 3xsqrt(bxckx + axc)*Cxb Tc - (bkckx + axc)”(3/2)*D¥b76)/b79)/(c™ |

‘2*abs(c))
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Mupad [F(-1)]

Timed out.
/A+Bx+C’x2+Dx3 . A+Bx+C’x2+:v3Ddx
(ca)?/2/az + ba? Vb T as (ca)?
input Lint((A + B*x + Cxx”2 + x~3+D)/((a*x + b*x"2)~(1/2)*(c*x)~(3/2)),x%) J
Ou_tput[int((A + B*x + Cxx~2 + x~3*D)/((a*x + b*x~2)~(1/2)*(c*x)~(3/2)), x) }

Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.75

(cx)3/2v/azx + bx? e 6a b2c?x

/ A+ Bz +Cz*+ D1? q Ve (—8vbz + aa’dz — 6vbz + aab® 4+ 12v/bz + aabez + 4v/bz + aabd

input‘int((D*x“3+C*x“2+B*x+A)/(c*x)“(3/2)/(b*x“2+a*x)*(1/2)’X)

output‘ (sqrt(c)*( - 8*sqrt(a + bxx)*ax*2xd*x - 6*sqrt(a + b*x)*axb*x2 + 12xsqrt(a ‘
‘ + b*x)*a*bkc*x + 4*sqrt(a + b*x)*a*bkxd*x**2 + 3*sqrt(a)*log(sqrt(a + b*x)
‘ - sqrt(a))*bx*3xx - 3*sqrt(a)*log(sqrt(a + b*x) + sqrt(a))*b**3+*x))/(6xax ‘

‘b**2*c**2*x)
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3.7 A+Bg+Ca2?+Da? ..
) (cx)®/2v/ az+ba?

Optimal result . . . . . . . . . . e [79]
Mathematica [A] (verified) . . . . . . . . . . ... 79
Rubi [A] (verified) . . . .. . . ... .. (0]
Maple [A] (verified) . . . . . . ... ’3
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... ’3
Sympy [F] . . o o kX!
Maxima [F] . . . . . Rl
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. R5)
Mupad [F(-1)] . . . o o 85
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... R5I

Optimal result

Integrand size = 36, antiderivative size = 161

/ A+ Bz + Cz? + D2? Avaz +bz?  (3Ab— 4aB)vazx + bx?

de = —
(cx)5/2\/az + bx? v 2a(cz)5/? + da?c(cx)3/?
9DVaz + b2 (3Ab? — 4abB + 8a?C) arctanh (‘/Ef— (Z’”/gﬂ

be?\/cx 4a5/2c5/2

e B

-1/2%Ax (bxx~2+ax*xx) ~(1/2) /a/(c*x) ~(5/2) +1/4* (3*xA*xb-4*B*a) * (b*xx~2+a*x) ~(1/2)

tput
oupt \ /a~2/c/(c*xx) " (3/2)+2xD* (b*x~2+a*x) ~(1/2) /b/c”2/(c*x) ~(1/2)-1/4% (3*Axb~2-4x* \
| Bxaxb+8*C*a~2) *arctanh (c” (1/2)* (bxx~2+a*x) " (1/2)/a~(1/2)/ (c*x)~(1/2))/a~(5 |
L/Q)/c‘(S/Q) J

Mathematica [A] (verified)

Time = 0.26 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.74

dx =
(cx)5/2v/az + bx? 4a%/2b(cx)%?\/x(a + bx)

/ A+ Bz + Cz?® + Do x(ﬁ(a + bz) (3Ab*x + 8a’Dx? — 2ab(A + 2Bx)) — b(3Ab* — 4abB + 8a’

input LIntegrate [(A + Bxx + Cxx"2 + D*x"3)/((c*x)~(5/2)*Sqrt [a*xx + b*x"2]),x] J
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output‘ (xx(Sqrt[al*(a + b*x)*(3*A*b~2xx + 8*a~2xD*x"2 - 2xaxbx(A + 2*%B*x)) - b*(3
‘*A*b"2 - 4xaxb*B + 8%a”2*(C)*x"2xSqrt[a + b*x]*ArcTanh[Sqrt[a + b*x]/Sqrt[a
1110/ (4%a”(5/2) ¥bx (c*x) ™ (5/2) *Sqrt [x* (a + b*x)])

Rubi [A] (verified)

Time = 0.95 (sec) , antiderivative size = 196, normalized size of antiderivative = 1.22,

number of rules _ 0.222, Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {2169, 27, 2169, 27, 1220, 1135, 1136, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/A+Bm+Cx2+Dm3
(cx)5/2v/ax + bx?

l 2169

bCz2c3+Abc3+bBxzc®
2 f 2(61‘)5/2\/ba:2+a:n dﬁl’ 2.D\/ ar + b.’L‘2

bc3 + be2\/cx

| 27

bCx2c3+ Abc3+bBxc?
(cz)3/2v/bx2+ax dzx 2Dvazx + bx?

b3 T e e
l 2169

2f _ bcd (Ab+(bB—2aC)x) dz
2(0:0)5/2 Vbz2+az _ 2020\/ az+bx?
bc2

(cx)3/2 + 2D+ azx + bx?

bc? bc2y/cx
l 27
3  Ab+(bB—2aC) 2¢2CVaz+bx?
¢ f (cz)5/2\/bmg+agaccdx - (09031336/2 - n 2D+ azx + bx?
bc3 be?\/cx
l 1220

2C—4abB+3A4b?) [ ——t—d
3 _(8a C—4abB+3A4b?) [ (@32 Vba?taz  _ AbVaztba® | _ 22Cyaztba?
4ac 2a(cz)5/2 (cx)3/? 2D+ azx + bx?

bc? + bc?y/cx
l 1135
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1
dz
b$2+aw aw+bz2

bf
(8a2C—4abB+3Ab?) (— mzac T )3/2>
sl  Awastbs? | 22Caiba®
Aac 2a(cx)5/2 (cz)3/2

be3

2DV ax + bx?
bc2\/cx
l 1136

y L Velras

c(bz2+az) Vex Nert
3 9 _ —ac _ Vaz+tbx
(8a2C'—4abB+3A4b?) — a(cz)3/2

_ Abaz+ba? | _ 2c2CVaz+ba?

2 4ac 2a(cz)/2 (cx)3/2

V¢ az+b12
barctanh<7fva it > T

207 _ 2 —
(8a2C—4abB+3Ab )( 2372372 a(cx)3/2)
3 _ Abaz+ba? | _ 2c2CVaz+bx?

|- 4ac 2a(cx)5/2 (cx)3/2

be3

2DV ax + bx?
bc2/cx

e

inputLInt[(A + B*x + C*x2 + D*x73)/((c*x)~(5/2)*Sqrt[a*x + b*x"2]),x]

AN >

(2%D*Sqrt [a*x + b*x~2])/(bxc™2xSqrt[c*x]) + ((-2xc~2xC*Sqrt[a*x + b*x~2])/
(c*x)~(3/2) + c~3*(-1/2%(A*xb*Sqrt [a*xx + b*x"2])/(a*(c*x)~(5/2)) - ((3%A*b™
2 - 4xaxb*B + 8*a~2*C)*(-(Sqrt[a*x + b*x"2]/(a*(c*x)~(3/2))) + (bxArcTanh[
(Sqrt [c]*Sqrt[a*x + b*x~2])/(Sqrt[a]l*Sqrtlcxx])])/(a~(3/2)*c~(3/2))))/(4*a

*c)) )/ (b*xc~3)

output




rule 27

rule 221

rule 1135

rule 1136

rule 1220
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]], x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Int[((d_.) + (e_.)*(x_)) " (m_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[(-e)*(d + exx) m*((a + bxx + c*xx"2)"(p + 1)/((m + p + 1)*(2x%
cxd - bxe))), x] + Simp[c*((m + 2*p + 2)/((m + p + 1)*(2%c*d - bxe))) 1Int
[(d + exx)"(m + 1)*(a + b*x + c*x"2)7p, x], x] /; FreeQl[{a, b, c, d, e, p},
x] &% EqQLc*d”2 - bxd*e + axe”2, 0] && LtQ[m, 0] && NeQ[m + p + 1, 0] && I
ntegerQ [2+*p]

Int[1/(Sqrtl(d_.) + (e_.)*(x_)1*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"21), x
_Symbol] :> Simp[2%e  Subst[Int[1/(2%c*d - b*e + e~2*x"2), x], x, Sqrtl[a +
b*x + cxx~2]/Sqrtld + exx]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc*d"2
- bxdxe + axe”~2, 0]

Int[((d_.) + (e_.)*(x_))"(m )*((£_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_I)*(x)"2)"(p_), x_Symbol] :> Simp[(d*g - e*f)*(d + e*x) m*((a + b*x + c*x
“2)"(p + 1)/((2%c*d - bxe)*x(m + p + 1))), x] + Simp[(m*(g*x(cxd - b*e) + cxe
*f) + ex(p + 1)*x(2xc*f - bxg))/(ex(2*c*d — bxe)*(m + p + 1)) Int[(d + ex*x
)~ (m + 1)*(a + b*x + c*x~2)°p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p},
x] && EqQ[c*d~2 - b*d*e + axe”2, 0] && ((LtQ[m, -1] && !'IGtQ[m + p + 1, O
D Il @tQm, 0] & LtQlp, -11) |l EqQm + 2*p + 2, 0]) && NeQ[m + p + 1, O
]




CHAPTER 3. LISTING OF INTEGRALS 83

rule 2169 IAtL(PAI*((A_.) + (e_)*(x))~(m_)*((a_.) + (b_)*(x) + (c_.)*(x)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + e*x)"(m + q - 1)*((a + b*x + c*x"2)"(p + 1)/(cxe”(q - D*(m + q
+ 2%p + 1))), x] + Simp[1/(c*e"g*(m + q + 2*xp + 1)) Int[(d + e*x) "mx(a +
b*x + c*x”2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - c*fx(m + q + 2*%p +
Dx(d + e*x)"q + exfx(m + p + @)*(d + exx)~(q - 2)*(b*d - 2%a*xe + (2*kcxd
bxe)*x), x], x], x] /; NeQ[m + q + 2%p + 1, 0]] /; FreeQ[{a, b, c, d, e, m,
p}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*a*xc, 0] && EqQ[c*d"2 - bxdxe + a*xe”2
, 0]

N J

Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.29

method | result

Vz(bz+a) (3A arctanh <7vcfbﬁw+a)> b3cx?—4B arctanh (7W) ab?cz?+8C arctanh (7vc5bﬁw+a)> a?bcx?—8D/c(bz+a

ac ac

default | — 4c2q2 . /cx by/c(br+a) a®+/ac

‘ int ((D*x~3+Cxx~2+B*x+A) / (c*x) ~(5/2) / (b*x~2+a*x) ~(1/2) ,x ,method=_RETURNVERB ‘

wput 0SE) |

-1/4% (x* (b*x+a)) ~(1/2) /c”2* (3*xA*arctanh ((c* (b*x+a)) ~(1/2) /(a*xc) ~(1/2))*b~3
*cxx~2-4*Bxarctanh ((c* (b*x+a) )~ (1/2)/(axc) " (1/2)) *a*b~2*c*x~2+8*C*xarctanh (
(cx(b*x+a)) ~(1/2) /(a*c) " (1/2) ) *a~2xbxcxx~2-8*D* (c* (b*x+a) ) ~ (1/2) *a~2%x ™ 2% (
a*c) " (1/2) -3xAxb~2*x* (c* (b*x+a)) ~ (1/2) *(a*c) ~ (1/2) +4xBxaxb*x* (c* (b*x+a) ) ~(
1/2) * (axc) = (1/2)+2xAx (cx (b*xx+a) ) ~(1/2) * (axc) " (1/2) *a*b) /x~2/ (c*x) " (1/2) /v/
(cx(b*x+a) )~ (1/2)/a~2/(a*xc)~(1/2)

N J

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 271, normalized size of antiderivative = 1.68

(cx)3/2+/ax + bx? ! 8 a3bcdz3

/ A+ Bz + Cz® + Dz (8 Cab — 4 Bab® + 3 Ab%)\/acz® log (—b°”2+2“°$_2 : 3""2““/&‘/&) +2(8
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integrate ((D*x~3+Cxx~2+B*x+A) / (c*x) ~(5/2) / (b*x"2+a*xx) ~(1/2) ,x, algorithm="

input
fricas")

[1/8%((8*C*a~2xb — 4*B*axb~2 + 3*xA*b~3)*sqrt(a*c)*x~3*Llog(-(b*c*xx"2 + 2*ax
cxx — 2*sqrt(b*x”~2 + a*x)*sqrt(akxc)*sqrt(c*x))/x"2) + 2% (8*D*a~3%x"2 - 2xA
*¥a"2xb - (4xB*a~2%b - 3*xAxa*xb~2)*x)*sqrt(b*x~2 + a*x)*sqrt(c*x))/(a”3*b*c”
3*xx73), 1/4*((8+C*a~2*b - 4xB*axb~2 + 3*Axb~3)*sqrt(-a*c)*x"3*arctan(sqrt(
b*x~2 + axx)*sqrt(-a*c)*sqrt(c*x)/(a*xcxx)) + (8*D*a~3*x"2 - 2xA*a~2*b - (4
*B*a~2*%b - 3*Axa*b~2)*x)*sqrt(b*x"2 + a*x)*sqrt(c*x))/(a~3*bxc~3%x~3)]

output

Sympy [F]

A+ Bz + Cx?+ Dz A+ Bz + Cx?+ Dz?
dr = dz

(cx)5/2v/azx + bx? (cx)g z (a + bz)
input‘integrate((D*x**3+C*x**2+B*x+A)/(c*x)**(5/2)/(b*x**2+a*x)**(1/2),x)

Output‘lntegral((A + Bxx + Ckx*x2 + Dix*x3)/((c*x)**(5/2)*sqrt (x*(a + b*x))), x)

Maxima [F]
A+ Bz + Cz* + Da? Dz?+Cz?*+ Bz + A
dr = —dx
(cz)*/*Vaz + bz? Vbz? + az (cx)?

nput integrate ((Dxx™3+Cex"2+Bxx+A)/(cxx)~(5/2)/ (bxx"2+a*x)~(1/2) ,x, algorithm="
Lmaxima") J

Outputtintegrate((D*x‘B + C*x”2 + B*x + A)/(sqrt(b*x~2 + axx)*(c*x)~(5/2)), x) J
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Giac [A] (verification not implemented)

Time = 0.40 (sec) , antiderivative size = 169, normalized size of antiderivative = 1.05

V&
(8 Ca?bc—4 Bab?c+3 Ab3c) arctan(%) n 4+/bezFacBa2bc®—5 /b

/A+B£L‘+C$2+D.'E3d 8vbcx—|—acD+ v/—aca?
T =
(cx)5/2v/azx + bx? 4 bc?|c|

integrate ((D*x~3+C*x~2+B*x+A) / (c*x) ~(5/2) / (b*x~2+a*x) " (1/2) ,x, algorithm="

input
giac")

1/4x (8xsqrt (bxc*x + axc)*D + (8xCxa~2*b*c - 4*B*axb~2xc + 3*Axb~3*c)*arcta
n(sqrt(bxc*x + a*c)/sqrt(-axc))/(sqrt(-a*c)*a~2) + (4*sqrt(bkc*x + axc)*Bx*
a~2xb"2*c”2 - Bksqrt(bkcxx + akc)*Axaxb~3*%c”2 - 4*(b*c*x + axc)”~(3/2)*Bxax
b~2*%c + 3*(bxc*x + axc)”(3/2)*A*b~3x*c)/(a"2¥b~2%c"2*x72) )/ (b*c~2*abs(c))

output

Mupad [F(-1)]

Timed out.
/A+Bx+0x2+Dx3 . A+Bx+C'x2+x3Ddx
(cz)5/2Vaz + bz? Vbt az(cz)®?
input Lint((A + Bxx + C*x~2 + x~3*D)/((a*x + b*x"2)~(1/2)*(c*x)~(5/2)),x%) J
OutputLint((A + B¥x + C*x~2 + x~3%D)/((a*x + b*x"2)~(1/2)*(c*x)~(5/2)), x) J

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.87

/ A+ Bz + Cz? + Dz? p Ve (—4vbz + aa®d + 16v/bz + aa’d 2? — 2v/bz + aa b’z + 8y/alog(vbx
xTr =
(cx)3/2+/ax + bx?

input Lint ((D*x~3+C*x~2+B*x+A) / (c*x) ~(5/2) / (b*x~2+a*xx) ~(1/2) ,x) J




output
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(sqrt(c)*( - 4xsqrt(a + b*x)*ax*2xb + 16xsqrt(a + b*x)*a*x2kd*x**2 - 2xsqr
t(a + bkx)*axbx*2xx + 8*sqrt(a)*log(sqrt(a + b*x) - sqrt(a))*akxbkckx**2 -

sqrt(a)*log(sqrt(a + b*x) - sqrt(a))*b**3*x*x2 - 8+sqrt(a)*log(sqrt(a + b*
x) + sqrt(a))*axbxc*xx**2 + sqrt(a)*log(sqrt(a + b*x) + sqrt(a))*b**3*x*x*2)
)/ (8%a**2%xbkck*3kx*%*2)
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3.8 A+Bg+Caz?+Da? ..
) (cx)7/2v/ az+ba?

Optimal result . . . . . . . . . . e BT
Mathematica [A] (verified) . . . . . . . . . . ... ’Y
Rubi [A] (verified) . . . .. . . ... .. 88
Maple [A] (verified) . . . . . . ... 92
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 93
Sympy [F] . . . o 93
Maxima [F] . . . . . 94
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 94
Mupad [F(-1)] . . . o o 95
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 95

Optimal result

Integrand size = 36, antiderivative size = 190

dp = 2V AT ¥ 07
(cx)?2\/ax + bx? 3a(cx)7/?
N (5Ab — 6aB)vaz + bx?  (5Ab* — 6abB + 8a2C) Vax + bx>

/ A+ Bz + Cz?+ Dx? Avazx + bx?

12a2¢(cx)5/? 8a3c2(cz)3/2
3 _ 2R _ 2 vcvaz+bx2
. (5Ab* — 2a(3b2 B — 4abC + 8a2D)) arctanh(—f‘/a 2L )

8a7/2c7/2

output ~L/3*A* (oxx"24ax) " (1/2) /a/ (cxx) ™ (7/2)+1/12% (5xAxb-6+Bra) * (bxx"2+akx) ~(1/2
‘ )Y/a~2/c/(c*x)~(5/2)-1/8% (5xAxb~2-6%B*axb+8*C*xa~2) * (b*x~2+a*x) ~(1/2)/a~3/c" ‘
\ 2/ (c*x) ~(3/2)+1/8% (5%Axb~3-2*a* (3*%Bxb~2-4*C*xa*b+8*D*a~2) ) *xarctanh (¢~ (1/2) * \
(b*x"2+a*x) "~ (1/2)/a”(1/2)/ (c*x)~(1/2)) /a~(7/2) /<~ (7/2) |
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Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.74

A+ Br+ Ca? + Dz’ x(—\/E(a + bz) (15Ab%2? — 2abz(5A + 9Bz) + 4a*(2A + 3z(B + 2Cx)))
dx =
/ (C.’E)7/2\/ ax + bx? 24@7/2(cx)7/2\/

input‘ Integrate[(A + Bxx + C*x~2 + D*x"3)/((c*x)~(7/2)*Sqrt[a*x + b*x"2]) ,x] ‘

Output‘ (x*x(-(Sqgrt[al*(a + b*x)*(15*Axb~2%x"2 - 2%a*xbkxx*(5xA + 9*Bkxx) + 4xa~2%(2*A ‘
\ + 3%x*k(B + 2%C*x)))) + 3*(5xA*b~3 - 2%a*(3*b~2%B - 4*axb*C + 8*a~2%D))*x" \
‘B*Sqrt [a + b*x]*ArcTanh[Sqrt[a + b*x]/Sqrtl[all))/(24*a~(7/2)*(c*x)~(7/2)*S ‘
‘qrt [x*(a + b*x)]) ‘

Rubi [A] (verified)

Time = 1.10 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.38,

number of steps used = 10, number of rules used = 9, number of rules _ 0.250, Rules
integrand size

used = {2169, 27, 2169, 27, 1220, 1135, 1135, 1136, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/A+Bm+Cx2+Dac3
(cx)"/2v/ax + bx?

l 2169

(bC—2aD)mzc3+Abc3+bBa:c3
2 f - 2(cz)"/2Vba2+az dz 2D+ azx + bx?

bc? T be2(cx)3/?

| 27
f (bC—2aD)x%c3+Abc®+bBxc? d

(cx)7/2v/bx2+ax z 2D+ ax + b2

be? T b2 (cx)3/?

l 2169
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] (3Ab2+ (8Da2—4b0a+3b23) m)

2f— dz 2
_ 2(cz)7/2 bz2+ax _ 2c2vaz+bx? (bC—ZaD)
3bc? 3b(cz)5/2 2D+ ax + bx?
bc? bc2(cx)3/2

l 27
3Ab2+(8Da2—4bCa+3b2B)z
A [ = dx 2 5
(cz)7/2\/bz2taz __ 2c’Vaz+bx? (bC—2aD)

3b 3b(cx)5/2 2D+ ax + bx?

bc? bc?(cx)3/2

l 1220

1
1 g4
(61)5/2 Vbz2taz i _ Ab2 Vaz+bz2

2ac a(caz:)7/2

( (-16a%D+8a2bC—6ab? B+545%) | )
3
S| =
_ 2c2Vaz+bz2(bC—2aD)
3b 3b(cx)5/2
bc3
2D+ ax + bx?

bc2(cx)3/2

l 1135

3b [ 1 dz
372\ /522 2
(~164 D+84260—6ab? B+54b%) | — (%) /4 bettar _ Vaeztbst
ac 2a(cz)5/

) _ Ab? vV az+b12

2ac a(cz)7/2

03—

2¢2vaz+bx?(bC—2aD)

35 3b(cz)>/2
be3
2DV ax + bx?

be2(cx)3/2

l 1135

1 dx

bf
3| — ez br2+ax _ az+bx2
2

ac a(cz)s/z ) 3
(163 D+8a2bC—6ab? B+545% ) | — T - 2V ‘Zm‘gg%
al(cxr

3 _ Ab2 V az+b1'2

2ac a(cz)7/2

_ 2c¢2Vaz+bz2(bC—2aD)

3b 3b(cx)5/2

bc3
2DV ax + bx?

bc2(cx)3/2

l 1136
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N
(716a3D+8a2b076ab2B+5Ab3) - Ta - ‘29”4;?,72
2a(cx

3 _ Ab2 \ az+b12

2ac a(cz)7/2

_ 2c2Vaz+bz? (bC—2
3b 3b(cz)5/2

bed
2DV ax + bx?

be2(cx)3/2

l 921

sarctanh (ﬁi Vaz+bs? )
3 vavez Vaztba?

23/2.372 a(cx)3/2

Vaz+bz2 3 2 2 3
_ - REw T (—16a D+8a2bC—6ab2B+5Ab )

3 _ Ab2 VvV ax+bm2

2ac a(c:v)7/2

_ 2¢%Vaz+bz2(bC—2aD)
3b 3b(cz)>/2

be3
2DV ax + bx?

bc2(cx)3/2

e

Int[(A + Bxx + C*x~2 + D*x73)/((c*x)~(7/2)*Sqrt[a*x + b*x~2]),x]

~—

input t
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(-2*D*Sqrt [a*x + b*x~2])/(bxc™2*(c*x)~(3/2)) + ((-2%c~2*(b*C - 2%a*D)*Sqrt
[a*x + b*x"2])/(3*bx(c*x)~(5/2)) + (c~3*(-((Axb~2*Sqrt[a*x + b*x"2])/(ax(c
*x)~(7/2))) - ((5*%A*b~3 - 6%a*b~2+B + 8xa~2+b*C - 16*a~3+D)*(-1/2*Sqrt [a*x
+ bxx"2]/(a*(c*x)~(5/2)) - (3*b*(-(Sqrtla*x + b*x~2]/(a*x(c*x)~(3/2))) + (
b*ArcTanh [(Sqrt [c]*Sqrt [a*x + b*x~2])/(Sqrt[al*Sqrtlc*x])]1)/(a~(3/2)*c~(3/
2))))/ (4*xaxc)))/(2xaxc)))/(3*b))/ (b*c~3)

output

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma

rule
\tchq[px, (b_)*(Gx_) /; FreeQ[b, x1]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

rule 221

rule 1135 Int[((d_.) + (e_.)*(x_)) " (m)*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[(-e)*(d + exx) m*((a + b*x + c*xx"2)"(p + 1)/((m + p + 1)*(2x%
cxd - bxe))), x] + Simp[c*((m + 2%p + 2)/((m + p + 1)*(2%c*d - bxe))) Int
[(d + exx)"(m + 1)*(a + b*x + c*x"2)7p, x], x] /; FreeQl[{a, b, c, d, e, p},
x] &% EqQLc*d"2 - bxd*e + axe”2, 0] && LtQ[m, 0] && NeQ[m + p + 1, 0] && I
ntegerQ [2+*p]

rule 1136 1nt[1/(Sqrtl(d_.) + (e_.)*(x_)1*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)72D), x
_Symbol] :> Simp[2%e  Subst[Int[1/(2%c*d - b*e + e~2*x"2), x], x, Sqrtl[a +
b*x + c*xx~2]/Sqrtld + exx]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc*d"2
- bxd*xe + axe~2, 0]




rule 1220

rule 2169

input
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Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_)*(x)"2)"(p_), x_Symbol] :> Simp[(d*g - e*f)*(d + e*x) m*((a + b*x + c*x
~2)"(p + 1)/((2%c*d - bxe)*x(m + p + 1))), x] + Simp[(m*(g*x(cxd - b*e) + cxe
*f) + ex(p + 1)*x(2xc*f - bxg))/(ex(2*c*d - bxe)*(m + p + 1)) Int[(d + ex*x
)~ (m + 1)*(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p},
x] && EqQ[c*d~2 - b*d*e + axe”2, 0] && ((LtQ[m, -1] && !'IGtQ[m + p + 1, O
D Il (@tQm, 0] & LtQlp, -11) |l EqQm + 2+p + 2, 0]) && NeQ[m + p + 1, O
]

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + e*x)"(m + q - 1)*((a + b*x + c*x"2)"(p + 1)/(cxe”(q - D*(m + q
+ 2xp + 1))), x] + Simp[1/(c*xe"gq*x(m + q + 2*p + 1)) Int[(d + exx) m*(a +
b*x + c*x~2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - cxfx(m + q + 2*p +
1)*(d + e*x)”q + exf*(m + p + @)*(d + exx)"(q - 2)*(b*d - 2%axe + (2*c*d -
bxe)*x), x], x], x] /; NeQ[m + q + 2%p + 1, 0]] /; FreeQ[{a, b, c, d, e, m,
p}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*a*xc, 0] && EqQ[c*d~2 - bxdxe + a*xe”2
, 0]

Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 276, normalized size of antiderivative = 1.45

method | result

Vac Vac Vac

v z(bz+a) (15A arctanh <7“c(bw+a)> b3cx3—18B arctanh <7“c(bw+a)) ab?cz3+24C arctanh <7Vc(bw+a)

) a?bcz3—48D arctan)

default

‘int((D*x“3+C*x“2+B*x+A)/(c*x)*(7/2)/(b*x‘2+a*x)‘(1/2),x,method=_RETURNVERB
|0SE)
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1/24% (x* (bxx+a) )~ (1/2) /c~3* (15*A*arctanh ((c* (b*x+a) )~ (1/2)/(a*xc) ~(1/2))*b"
3*c*x~3-18*Bxarctanh ((c* (b*x+a)) ~(1/2)/(axc) ~(1/2))*a*b”~2*c*x~3+24*Cxarcta
nh((c*(b*x+a))~(1/2)/(a*xc)~(1/2))*a~2*b*c*xx~3-48*D*arctanh ( (c* (b*x+a))~(1/
2)/(a*xc)~(1/2) ) *a”~3*c*xx"3-15%A*b~2*x"2* (c* (b*xx+a) ) ~(1/2) * (a*c) ~(1/2) +18+*Bx*
a*b*x"2* (cx (bxx+a)) " (1/2) *(a*c) " (1/2) -24*Cxa”~2xx”~2* (c* (b*x+a) )~ (1/2) * (a*c)
~(1/2)+10*Axaxbkxx* (c* (b*x+a) )~ (1/2)*(axc) ~(1/2) -12*B*a~2*x* (c* (b*x+a)) ~(1/
2)*(a*xc) ~(1/2)-8%A*a~2*(c*x (b*x+a) ) ~(1/2) *(axc) ~(1/2)) /x~3/ (c*x) ~(1/2) / (c*(
b*x+a))~(1/2)/a~3/(axc)~(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 310, normalized size of antiderivative = 1.63

A+ Br+ Ca? + Dz’ 3@6Dﬁ—8Ch%+6BdP—5Aﬁhﬁ@ﬁbgQﬁmunmﬂéyuwv
/ (cx)2/ax + bx? B

integrate ((D*x~3+Cxx~2+B*x+A) / (c*x) ~(7/2) / (bxx~2+a*x)~(1/2) ,x, algorithm="

input
fricas")

[-1/48%(3*x(16*D*a~3 - 8*C*a~2*b + 6xBxaxb~2 - 5xAxb~3)*sqrt (a*c)*x"4*log(-
(b*cxx™2 + 2xa*c*kx + 2xsqrt(b*x”2 + axx)*sqrt(a*c)*sqrt(c*x))/x"2) + 2x(8*
A*a~3 + 3%(8%Cxa~3 - 6%Bxa~2%b + LxA*a*b~2)*x"2 + 2% (6%xB*a”~3 - LxA*a~2%b)*
x)*sqrt (b*xx~2 + axx)#*sqrt(c*x))/(a~4*xc"4*x"4), 1/24*(3x(16*D*a"3 - 8*C*a"2
*b + 6%Bxaxb~2 - 5xAxb~3)*sqrt(-axc)*x"4*arctan(sqrt(b*x”2 + axx)*sqrt(-a*
c)*sqrt(c*x)/(a*xcxx)) - (8*%A*a~3 + 3*%(8*%Cxa~3 - 6*%Bxa~2%b + bxA*a*xb~2)*x"2

+ 2x(6+%B*a~3 - b*A*a~2%b)*x)*sqrt(b*x~2 + axx)*sqrt(cxx))/(a"4*c"4*x"4)]

output

Sympy [F]

/A+Bx+Cw2+Dx3dm_/A+Bac+C’:c2+Dx3dx
(cx)"?v/azx + bx? (cx)% z (a + bz)

input integrate ((D*x**3+Ckx**2+B*x+A) / (c*x) **(7/2) / (bxx**2+axx) **(1/2) ,x)
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Output‘lntegral((A + Bxx + Ckxx**2 + D*x**3)/((c*x)**(7/2)*sqrt(x*(a + b*x))), x) ‘

Maxima [F]
A+ Bz + Cz? + Dx3 Dx3+Cz?+Br+ A
dr = —dx
(cz)"/*Vaz + bz? Vbz? + az (cx)?

nput| integrate (Dxx"3+Cex"2+Bxx+A)/(cxx)~(7/2)/ (bxx"2+a*x)~(1/2) ,x, algorithm="
‘maxima") ‘

-

integrate((D*x~3 + C*x"2 + Bxx + A)/(sqrt(b*x~2 + a*x)*(c*x)~(7/2)), x)

~—

outputt

Giac [A] (verification not implemented)

Time = 0.43 (sec) , antiderivative size = 248, normalized size of antiderivative = 1.31

Vbecz+
5 ((3(16 Da®~8 CaZb+6 Bab?—5 Ab*) arctan (VIEEE) o) /heaTascatc?—30 vhearTacBa®ly
A + Bx + C:L‘2 —+ DCL‘3 v/—aca3b3
dr =

(cx)2/ax + bx?

e B

integrate ((D*x~3+C*x~2+B*x+A)/(c*x)~(7/2) / (b*x~2+a*x)~(1/2) ,x, algorithm="
‘giac") ‘

input

1/24%b"3% (3% (16%xD*a"3 - 8xC*a~2*b + 6*B*axb~2 - 5xAxb~3)*arctan(sqrt(b*c*x

+ axc)/sqrt(-a*c))/(sqrt(-a*c)*a~3*b~3) - (24*sqrt(bxc*x + a*c)*Cxa~4xc”2
- 30*sqrt(b*c*x + akxc)*Bxa~3%bxc™2 + 33*sqrt(b*c*x + akxc)*A*a~2*%b~2xc~2 -
48* (bxcxx + axc) (3/2)*C*a~3%c + 48x(b*c*x + a*c)~(3/2)*Bxa~2xbxc - 40*(b
*cxx + axc)”(3/2) *A*xaxb~2xc + 24x(bkc*x + a*c)~(5/2)*C*a”2 - 18*(b*c*x + a
*c)~(5/2)*Bxaxb + 15%(b*c*x + axc)~(5/2)*A*xb~2)/(a"3*b~5*%c~3%x73))/(c"2*ab
s(c))

output
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Mupad [F(-1)]

Timed out.
/A+Bx+C’x2+Dx3 . A+Bx+C’x2—|-:v3Dd
(cz)"/?Vaz + bz? VbzZ taz(cz)”?
input Lint((A + B*x + Cxx”2 + x73+D)/((a*x + b*x"2)~(1/2)*(c*x)~(7/2)),x%) J

e

Lint((A + B*x + C*x~2 + x~3%D)/((a*x + b*x~2)~(1/2)*(c*x)~(7/2)), x)

~—

output

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 196, normalized size of antiderivative = 1.03

/ A+ Bz +Cz® + Da? q Ve (—16vbz + aa® — 4v/br + a a’bz — 48vbz + aa’cz? + 61/bz + aa b*:
=
(cx)"2v/azx + bx?

input | 106 ((D¥x"3+Cxx24Brx+A) / (cxx)(7/2) / (brx"2+axx) " (1/2) ) |

(sqrt(c)*( - 16*sqrt(a + bxx)*ax*3 - 4*sqrt(a + b*x)*ax*2xb*x - 48*sqrt(a

+ b*x)*a**2%ckx**2 + 6xsqrt(a + b*x)*kaxbx*k2xx*x*2 + 48xsqrt(a)*log(sqrt(a +
b*x) - sqrt(a))*ax*2xd*x*x3 - 24*sqrt(a)*log(sqrt(a + b*x) - sqrt(a))*a*b
xc*xx*x3 + 3xsqrt(a)*log(sqrt(a + bxx) - sqrt(a))*b**3*x**3 - 48*sqrt(a)*lo
g(sqrt(a + b*xx) + sqrt(a))*a*x*2*kd*x**3 + 24*xsqrt(a)*log(sqrt(a + b*x) + sq
rt(a))*a*b*xcxx**3 - 3*xsqrt(a)*log(sqrt(a + bxx) + sqrt(a))*b*x3*xx**3))/(48

*a*k3kCk*k4kx*k*3)

output




output
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3.9 A+Bg+Ca?+Da? ..
) (cx)%/2v/ az+ba?

Optimal result . . . . . . . . . . e 96!
Mathematica [A] (verified) . . . . . . . . . . ... 97
Rubi [A] (verified) . . . .. . . ... .. 97
Maple [A] (verified) . . . . . . ... 103
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 104
Sympy [F] . . . o 104
Maxima [F] . . . . . 1051
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 105
Mupad [F(-1)] . . . o o
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 106!

Optimal result

Integrand size = 36, antiderivative size = 249

(cz)®/2v/az + bz o =  da(cx)?
(7Ab — 8aB)vVax + bax?  (35Ab? — 40abB + 484*C) Vaz + bx?
24a2c(cx)/? - 96a3c?(cx)>/?
(35Ab> — 8a(5b?B — 6abC + 8a2D)) vax + bx?
64a*c3(cx)3/?
b(35Ab% — 8a(5b° B — 6abC + 8a®D)) arctanh(‘/af—”aax\/gﬁ>
64a9/2c9/2

/A+ Bz + Cz? + Dz? Avaz + bx?

+

—-1/4%Ax (bxx~2+a*x) ~(1/2) /a/ (c*x) ~(9/2)+1/24* (T*A*xb-8*B*a) * (bxx~2+a*x) ~ (1/2
Y/a"2/c/(c*x)~(7/2)-1/96%* (35%A*b~2-40*B*a*b+48*C*a~2) * (b*xx~2+a*x) ~(1/2)/a"
3/c”2/(c*x)~(5/2)+1/64* (35%A*b~3-8*a* (5xBxb~2-6*Cxa*b+8*D*a~2) ) * (b*xx~2+a*x
)~(1/2)/a"4/c”3/ (c*x)~(3/2)-1/64*xb*x (35*A*b~3-8*a* (5xBxb~2-6*Cxaxb+8*D*a~2)
)*arctanh (c~(1/2) *(b*x~2+a*x) ~(1/2)/a~(1/2)/(c*x)~(1/2))/a~(9/2) /c~(9/2)




input

output
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Mathematica [A] (verified)

Time = 0.54 (sec) , antiderivative size = 177, normalized size of antiderivative = 0.71

dr =

/A+B:c+0a:2+Dx3
(cx)¥2v/azx + bx?
@(ﬁ(a + bz) (—105A6%z3 + 10ab*z?(7TA + 12Bz) — 8a%bx(7A + 2z(5B 4+ 9Cx)) + 16a*(3A + 4Bx

192a%2¢%z4\/x(a -

Integrate[(A + Bxx + C*x”2 + D*x"3)/((c*x)~(9/2)*Sqrt[axx + b*x~2]),x]

-1/192x(Sqrt [cxx] *(Sqrt [al*(a + b*x)*(-105%A*b~3*x"3 + 10%a*b~2xx"2*(7*A +

12xB*x) — 8%a”2¥b*x* (7*A + 2xx*x(5*B + 9*C*x)) + 16%a~3*(3*%A + 4*Bkx + 6%*x
~2x(C + 2*D*xx))) + 3*b*(35%A*b~3 - 8*ax(5*xb"2*B - 6*a*b*C + 8*a~2xD))*x"4x*
Sqrt[a + b*x]*ArcTanh[Sqrt[a + b*x]/Sqrtl[all))/(a~(9/2)*c 5*x~4*Sqrt [x*(a
+ b*xx)])

Rubi [A] (verified)

Time = 1.18 (sec) , antiderivative size = 309, normalized size of antiderivative = 1.24,

_ _ number of rules _
number of steps used = 11, number of rules used = 10, integrand size 0.278, Rules

used = {2169, 27, 2169, 27, 1220, 1135, 1135, 1135, 1136, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/A+Ba:+Cac2+Da:3
(cx)%/2v/ax + bx?
l 2169
(36C—4aD)z?c3+3Abc3+3bBxc?
— 2 f B ;(cma;g/cz\/bz2—|c—az “dz _ 2D+ ax + bx?
3bc3 3bc2(cx)5/?

l27

(3bC—4aD)z?c®+3Abc3+3bBxc®
f (Ca:)g/z\/bx2+ax dm 2D vV al + bwz

3bc3  3bc2(cx)5/?
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l 2169
2f —365(SAijcg;D/f_bib::jﬁB)w) * _ 2¢Vaz+b22(3bC—4aD)
B T, _ T _ 2Dvaz + ba?

3bc? 3be? (cx)*/?

J 27
[ 5Ab2+(£i§’fzjfziib23)wdx 2¢>V/az+bz?(36C—4aD)
56 B 5b(cz)"/2 _ 2Dvaz + bz

3bc3 3bc?(cz)/?

l 1220

—64a3 D+48a2bC—40ab? B+3545°%) |

1
— s —dz
(c2)T/2Vba2+az _ 5Ab%\/awtbs?

363 <_ ( 8ac

4a(cz)9/2 5
_ 2c*vax+bx?(3bC—4aD)

5b 5b(cz)7/2
3bc3
2D+ ax + bx?
3bc2(cz)d/2
l 1135
5b [ 572 1 3 de .
(~64a®D+4802bC~40ab2 B+3546% ) | — (cx)? VbaTtaw ‘”“;72
303 _ 3a(cx) _ 5Ab2 V am+bm2
8ac 4a(ca:)9/2
_ 2c2Vaz+bx2(3bC—4aD)
5b 5b(cz)7/2
3bc3
2D+ ax + bx?
3bc2(cx)d/2
l 1135
3b [ 373 1 T
56| — (cx) 4acbz +azx \/az{—lgji
2a(cx) 3
Vaz+b
(764a3D+48a2b0740ab23+35Ab3) - e 73;;;772
303 _ _ 5Ab2 V aa:+ba:2
8ac 4a(c:v)9/2

2¢2v/az+bx2(3bC—4

5b

5b(cz)7/2

2DV ax + bx?
3bc2(cz)>/2

3bc3
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3c?

(—64a3D+48a2bC—40ab2B+35Ab3)

5b

l 1135

1

az+b12

ac

b dz
7 Jcx\Vbz2+az
3b| — 5 -

a(cz)3/2 )
\V az+b1'2

4ac

B 2a(cz)5/2

V aa:+bm2

6ac

3a(cm)7/2

8ac

_ 5Ab2 vV am+ba:2

4a(cx)9/2

5b

_ 2c%Va

2D+ azx + bx?
3bc2(cz)>/2

l 1136

3bc3
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j 1 FAY b12+az
c<b12+az) Vex
36| — z —ac _ Vaz+bz?
@ a(cz)3/2
5b _V ax+bx2
dac 2a(cz)5/2
(764a3D+48a2b0740ab23+35Ab3) - _ 3v;:$f;73
3¢ _ 5Ab%\az+bz2
8ac 4a(c:c)9/2
5b
3bc3
2DV ax + bx?
3bc2(cx)>/2

l 921
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barctanh<l@¥££t%f>
w Vaver ) \ariie?
a3/2c3/2 a,(caz:)3/2
5ol — _V az+bz2
4ac 2a(cz)5/2
_ - - SVG?:;;*;?; (—64a% D+48a%bC—10ab? B+35.4b3)
303 _ _ 5Ab2 Vv az+bz2
8ac 4(1((:3:)9/2
5b
3bc3
2D+ azx + bx?
3bc2(cz)>/2

input LInt[(A + Bxx + C*xx"2 + D*x~3)/((c*x)~(9/2)*Sqrt[a*x + bxx"2]),x]

(-2*D*Sqrt [a*x + b*x~2])/(3xb*kc™2x(c*x)~(5/2)) + ((-2%c™2*(3*b*C - 4*axD)*
Sqrt[a*x + b*x~2])/(5%b*(c*x)~(7/2)) + (3*c™3*((-5*A*b~2*Sqrt [a*xx + b*x"2]
)/ (4xa*x(c*x)~(9/2)) - ((35%A*b~3 - 40*a*b”2*B + 48*a~2xbxC - 64*a”~3*D)*(-1
/3*Sqrt[a*xx + b*x"2]/(ax(c*x)~(7/2)) - (5xb*(-1/2xSqrt[a*x + b*x~2]/(a*(c*
x)7(5/2)) - (3*b*(-(Sqrt[a*x + b*x"2]/(ax(c*x)~(3/2))) + (b*ArcTanh[(Sqrt[
cl*Sqrt[a*x + b*x~2])/(Sqrt[a]*Sqrt[cxx])])/(a~(3/2)*c~(3/2))))/(4*a*xc)))/
(6%a*xc)))/(8*a*xc)))/(5%b))/(3xbxc~3)

output
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]], x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 221

rule 1135 Int[((d_-) + (e_-)*(x_))‘(m_)*((a_.) + (b_.)*(x_) + (C_.)*(X_)AQ)A(p_), x_S
ymbol] :> Simp[(-e)*(d + exx) m*((a + bxx + c*xx"2)"(p + 1)/((m + p + 1)*(2x%
cxd - bxe))), x] + Simp[c*((m + 2*p + 2)/((m + p + 1)*(2%c*d - bxe))) 1Int
[(d + exx)"(m + 1)*(a + b*x + c*x"2)7p, x], x] /; FreeQl[{a, b, c, d, e, p},
x] &% EqQLc*d”2 - bxd*e + axe”2, 0] && LtQ[m, 0] && NeQ[m + p + 1, 0] && I
ntegerQ [2+*p]

rule 1136 1nt[1/(Sqrtl(d_.) + (e_.)*(x_)]1*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)72D), x
_Symbol] :> Simp[2%e  Subst[Int[1/(2%c*d - b*e + e~2*x"2), x], x, Sqrtl[a +
b*x + cxx~2]/Sqrtld + exx]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc*d"2
- bxdxe + axe”~2, 0]

rule 1220 TntLC(d_.) + (e_)*(x )" )*((£_.) + (g_.)*(x_))*((a_.) + (b_.)*(x) + (c
_I)*(x)"2)"(p_), x_Symbol] :> Simp[(d*g - e*f)*(d + e*x) m*((a + b*x + c*x
“2)"(p + 1)/((2%c*d - bxe)*x(m + p + 1))), x] + Simp[(m*(g*x(cxd - b*e) + cxe
*f) + ex(p + 1)*x(2xc*f - bxg))/(ex(2*c*d — bxe)*(m + p + 1)) Int[(d + ex*x
)~ (m + 1)*(a + b*x + c*x~2)°p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p},
x] && EqQ[c*d~2 - b*d*e + axe”2, 0] && ((LtQ[m, -1] && !'IGtQ[m + p + 1, O
D Il @tQm, 0] & LtQlp, -11) |l EqQm + 2*p + 2, 0]) && NeQ[m + p + 1, O
]
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Int [(Pq ) *((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + e*x)"(m + q - 1)*((a + b*x + c*x"2)"(p + 1)/(cxe”(q - D*(m + q
+ 2%p + 1))), x] + Simp[1/(c*e"g*(m + q + 2*xp + 1)) Int[(d + e*x) "m*x(a +
b*x + c*x”2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - c*fx(m + q + 2*%p +
Dx(d + e*x)"q + exfx(m + p + @)*(d + exx)~(q - 2)*(b*d - 2%a*xe + (2*kcxd
bxe)*x), x], x], x] /; NeQ[m + q + 2%p + 1, 0]] /; FreeQ[{a, b, c, d, e, m,
p}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*a*xc, 0] && EqQ[c*d"2 - bxdxe + a*xe”2
, 0]

N J

rule 2169

Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 378, normalized size of antiderivative = 1.52

method | result

v/ z(bz+a) (105A arctanh (7W) b*cx*—120B arctanh (7”5}:2_‘1)) ab3cz?+144C arctanh (7vcfbﬁfja)) a?b?cxt—1921I

default | —

{int((D*x“3+C*x“2+B*x+A)/(c*x)‘(9/2)/(b*x“2+a*x)“(1/2),x,method=_RETURNVERB

input
|0SE)
N

J

-1/192* (x* (b*x+a) )~ (1/2) /c~4* (105*A*arctanh ((cx (b*x+a)) ~(1/2)/(a*c)~(1/2))
*b~4xcxx~4-120*B*arctanh ((c* (b*x+a)) ~(1/2)/(a*xc) ~(1/2)) *a*b~3*c*xx~4+144*C*
arctanh ((cx(b*xx+a)) ~(1/2)/(a*c) ~(1/2))*a~2xb~2xc*xx~4-192*D*arctanh ( (c* (b*x
+a)) " (1/2)/ (a*c) ~(1/2) ) *a~3*b*c*x~4-105%A*b~3*x~ 3% (c* (b*x+a) ) ~(1/2) *(a*xc) ~
(1/2)+120*Bxa*xb~2*x~3* (c* (b*x+a) ) ~(1/2) *(a*xc) " (1/2) -144*C*a~2xbxx~3* (c* (b*
x+a) )~ (1/2) *(axc) ~(1/2)+192+D*a”~3*x"3* (c* (bxx+a) )~ (1/2) *(a*xc) ~(1/2)+70*A*a
*b~2xx~2x (cx (b*x+a) )~ (1/2) *(axc) ~(1/2) -80*B*a~2xb*x~2* (c* (bxx+a)) ~(1/2)*(a
*C) " (1/2)+964C*ka”~3xx~2* (c* (b*x+a) )~ (1/2) * (a*xc) ~(1/2) -56*Axa~2*b*xx* (c* (b*xx+
a))~(1/2)*(a*c) ~(1/2)+64*B*a~3*x* (cx (b*x+a)) ~(1/2) * (axc) " (1/2)+48*A*a~3* (c
* (b*x+a) )~ (1/2)*(axc) ~(1/2)) /x~4/ (c*x) ~(1/2) / (c*(b*x+a)) ~(1/2) /a~4/ (a*c) ~(
1/2)

output




input

output

-

inputt

-

output
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 389, normalized size of antiderivative = 1.56

A+ Bz + Ca? + Dz 3 (64 Da®b — 48 Ca®b® 4 40 Bab® — 35 Ab*)\/acz® log (—M
/ (cx)¥2v/azx + bx? e

3(64 Da3b — 48 Ca2b* + 40 Bab® — 35 Ab*)\/—aca® arctan (me”“jfwﬂ ) + (48 Aa* + 3 (64 Da* — ¢

B 19

integrate ((D*x~3+C*x~2+B*x+A) / (c*x) ~(9/2) / (b*x~2+a*x) ~(1/2) ,x, algorithm="
fricas")

[-1/384x (3% (64*D*a~3%b — 48%Cxa~2*b~2 + 40%Bxaxb~3 - 35*%A*b~4)*sqrt(axc)*x
~Bxlog(-(bxc*x™2 + 2*xa*cxx - 2xsqrt(b*x”2 + a*x)*sqrt(a*c)*sqrt(c*x))/x"2)
+ 2%(48xAxa”~4 + 3x(64*D*a"4 - 48%Cxa”~3*b + 40*%B*a~2xb~2 - 35*A*axb~3)*x"3
+ 2% (48%C*xa~4 - 40%B*a”3%b + 35xA*xa~2xb~2)*x"2 + 8% (8%Bxa~4 - T*A*a~3%b)x*
x)*sqrt (bxx~2 + axx)*sqrt(cxx))/(a"~b*c"5xx"5), -1/192x(3*(64*D*a~3*b - 48%
Cxa~2%b~2 + 40*B*a*b~3 - 35xA*b~4)*sqrt(-a*c)*x~b*arctan(sqrt(b*x”~2 + a*x)
*sqrt (-axc)*sqrt (c*x)/(a*c*x)) + (48xA*a~4 + 3%(64*Dxa~4 - 48*%C*xa~3%b + 40
*B*a"2*%b~2 - 35*A*a*b~3)*x"3 + 2%(48%C*a”4 - 40*Bxa~3%b + 35xA*xa~2%b"2)*x"
2 + 8x(8xB*a~4 - T*Axa~3*b)*x)*sqrt(b*x”~2 + axx)*sqrt(c*x))/(a"bxc”~5*x"5)]

Sympy [F]

dz

/A+Ba:+0x2+Dx3 dx_/A+Bx+C’x2+Dm3
(cz)%2/ax + bx? (cx)% z (a + bz)

integrate ((D*x**3+Ckx**2+B*x+A) / (c*x) **(9/2) / (bkx**2+axx) ** (1/2) ,x)

-/

Integral ((A + Bxx + Cxx**2 + Dxx**3)/((cxx)**x(9/2)*sqrt(x*(a + b*x))), x)

N J
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Maxima [F]
/A+Ba:+0x2+Da:3 - Dw?’—i-CxQ—i-Bz—l-Adx
(cz)?*Vaz + bz? Vba? + az (cz)?
input‘integrate((D*x‘3+C*x‘2+B*x+A)/(c*x)‘(9/2)/(b*x‘2+a*x)‘(1/2),X, algorithm="
‘maxima") ‘
Outputtintegrate((D*x‘B + Cxx~2 + Bxx + A)/(sqrt(b*x"2 + a*x)*(c*x)~(9/2)), x) J

Giac [A] (verification not implemented)

Time = 0.48 (sec) , antiderivative size = 417, normalized size of antiderivative = 1.67

/A+Bx+0x2+Dx3d
(cx)%2+/ax + bx?

Vbcz+ac
8 (64 Da®h? 48 Cab’ 40 Bab—35 AV®) arctan (YEETEE) 109 /hoacDaSh2cd 240 VhcoFaeCaSh? P-+264 ez FacBabied —279 v

v—acatc

integrate ((D*x~3+C*x~2+B*x+A) / (c*x) ~(9/2) / (b*x~2+a*x) " (1/2) ,x, algorithm="

input
giac")

-1/192% (3% (64%D*a~3*b~2 - 48+Cxa~2*b~3 + 40*B*axb~4 - 35xA*b~5)*arctan(sqr
t(bxcxx + axc)/sqrt(-axc))/(sqrt(-axc)*a~4xc) - (192xsqrt(bxc*x + a*c)*Dxa
“6%b"2%c"3 - 240*sqrt(b*c*x + axc)*Cxa~bxb~3xc”3 + 264*sqrt(b*xcxx + a*c)*B
*a~4*¥b”"4xc”3 - 279*sqrt(b*c*x + a*c)*A*a”~3*b~5%c”3 - 576%(b*c*x + a*c)~(3/
2) #*D*a~5%b"2*xc"2 + 624*(bkc*x + a*c)”(3/2)*Cxa~4*xb"3*c”"2 - 584*(b*c*x + ax
c)~(3/2)*Bxa”~3*b~4*c"2 + 511*(b*xc*xx + axc) (3/2)*A*a~2%b~5*xc”2 + 576*(b*xc*
X + axc)~(5/2)#Dxa”4*b~2xc - 528*(bxckx + axc)”(5/2)*Cxa”~3*b~3*c + 440*(b*
cxx + axc) ~(5/2)*Bxa”~2xb~4xc - 385k (bxc*x + axc)~(5/2)*A*a*xb~5xc - 192x(b*
c*x + axc) ~(7/2)*D*xa”~3*b"2 + 144x*(b*cxx + a*c)”(7/2)*C*a”~2%b~3 - 120* (b*c*
x + axc)”(7/2)*Bxa*b~4 + 105%(b*c*x + axc)~(7/2)*A*b~5)/(a~4*b~4*c 5*x"4))
/ (bxc~2%abs(c))

output
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Mupad [F(-1)]

Timed out.
/A+Bx+C’x2+Dx3 d — A+Bx+C’x2—|-:v3Dd
(cz)?/?Vaz + bz? VbzZ +az(cz)®?
input Lint((A + Bxx + C*x~2 + x73%D)/((a*x + b*x"2)~(1/2)*(c*x)~(9/2)),x) J

e

Lint((A + B*x + C*x~2 + x~3%xD)/((a*x + b*x~2)~(1/2)*(c*x)~(9/2)), x)

~—

output

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 250, normalized size of antiderivative = 1.00

/ A+ Bz + Cz? + Dz p Ve (—96vbz + aa* — 16vbz + a adbz — 192v/bz + aa®cz?® — 384v/bz + a
=
(cx)¥2v/azx + bx?

input‘int((D*x’"3+C*x’"2+B*x+A)/(c*x)"(9/2)/(b*x"2+a*x)"(1/2),x)

(sart(c)*( - 96+*sqrt(a + bxx)*ax*4 — 16*sqrt(a + b*x)*a**3*%bxx — 192*sqrt(
a + b*x)*a*x3*ckx**2 — 384xsqrt(a + b*xx)*ax*3xd*x**3 + 20*sqrt(a + bxx)*ax
*2¥bxk2xx*k*2 + 288xsqrt(a + bxx)*ax*2xb*cxx**x3 - 30*sqrt(a + b*xx)*axbx*3*x
**3 - 192*sqrt(a)*log(sqrt(a + b*x) - sqrt(a))*a*x2xb*d*x**4 + 144*sqrt(a)
xlog(sqrt(a + b*x) - sqrt(a))*axb**2xc*x*x4 - 15*sqrt(a)*log(sqrt(a + b*x)
- sqrt(a))*xb**kdxx**x4d + 192+sqrt(a)*log(sqrt(a + b*x) + sqrt(a))*a**2xb*dx*
x*k*4 - 144*sqrt(a)*log(sqrt(a + b*x) + sqrt(a))*axb*x2kckx**4 + 15*sqrt(a)
*log(sqrt(a + b*x) + sqrt(a))*b**dxx*x4)) /(384 a*kd*cr*Srx**d)

output




output
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A+Bz+Cx?+Da3

3.10 (cx)1Y/2/az+ba? dz

Optimal result . . . . . . . . . . e 107
Mathematica [A] (verified) . . . . . . . . . . ... 108
Rubi [A] (verified) . . . .. . . ... .. 108
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 117
Sympy [F(-1)] . . o oo 118
Maxima [F] . . . . . INE
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. INE
Mupad [F(-1)] . . . o o 119
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 119

Optimal result

Integrand size = 36, antiderivative size = 307

/ A+ Bz + Cz?+ D23 i _ Avaz + bz?
(cz)1V/2y/azx + bx? ~ 5a(cx)l1/?

N (94b — 10aB)vaz + bz  (63Ab? — 70abB + 80a2C) v ax + bx>
240a3c?(cx)7/?

40a2c(cz)%/?

4 (63Ab® — 70ab?B + 80a*bC — 96a>D) v ax + bx?

192a*c3(cx)/?

b(63Ab% — 70ab®B + 80a?bC — 96a®D) v/ ax + bx?

128a°c*(cz)3/?

+

b2(63Ab* — 70ab? B + 80a2bC — 964°D) arctanh(

128&11/2011/2

-1/5%A* (b*xx~2+a*xx) ~(1/2) /a/(c*x) ~(11/2)+1/40* (9*xAxb—10*B*a) * (b*x~2+a*x) ~ (1
/2)/a~2/c/(c*x)~(9/2)-1/240% (63*%A*xb~2-70*B*a*b+80*C*a~2) * (bxx~2+a*x) ~(1/2)
/a~3/c~2/(cxx)~(7/2)+1/192% (63*Axb~3-70*B*a*b~2+80*C*a~2*xb-96*D*a~3) * (b*xx"
2+axx) " (1/2)/a~4/c”3/ (c*x) "~ (5/2)-1/128%b* (63*A*xb~3-70*B*a*b~2+80*C*xa~2*b-9
6*D*a~3) * (b*xx~2+a*xx) ~(1/2)/a~5/c”4/ (c*x) ~(3/2)+1/128*b" 2% (63*A*b~3-70*B*ax*
b~2+80*C*a~2*%b-96*D*a~3) *arctanh (c~ (1/2) * (bxx~2+a*x) ~(1/2)/a~(1/2)/ (c*x) ~(

1/2))/a~(11/2)/c~(11/2)
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Mathematica [A] (verified)

Time = 0.64 (sec) , antiderivative size = 214, normalized size of antiderivative = 0.70

NG <—\/E(a + ba) (945Abz* — 210ab°23 (3A + 5Bx) + 4026222 (126A + ¢

/A+Ba:+C:c2+Dx3
(cx)11/2v/ax + bx?

input‘ Integrate[(A + Bxx + C*x"2 + D*x"3)/((c*x)~(11/2)*Sqrt[a*x + b*x~2]),x]

(Sqrt[cxx]*(-(Sqrt[al*(a + b*x)*(945*%Axb~4*x"4 - 210*a*b”3%x"3*(3xA + 5*Bx
X) + 4%a”2%b724x" 2% (126%A + 25xx*(7*B + 124C*x)) + 32%xa~4*(12xA + 5kx* (3*B
+ 4*%C*x + 6%D*x72)) - 16*a”3*xbkx*k (27*A + 5*x*(7*B + 2xx*x(5%C + 9%D*x)))))
+ 15%b"2%(63*%A*b~3 - 70*a*xb~2*B + 80*a~2*b*xC - 96+*a~3+*D)*x~5+Sqrt[a + b*x
]*ArcTanh[Sqrt[a + b*x]/Sqrtl[all))/(1920%a~(11/2)*c~6*xx~5*Sqrt[x*(a + b*x)
ip)

output

Rubi [A] (verified)

Time = 1.28 (sec) , antiderivative size = 346, normalized size of antiderivative = 1.13,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size 0.306, Rules

used = {2169, 27, 2169, 27, 1220, 1135, 1135, 1135, 1135, 1136, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/A+Ba:+Cw2+Da:3
(cx)1/2v/ax + bx?
l 2169
56C —6a.D)xz2c3+5Abc3+5bBxc?
2/ - 2‘1(633)3611(;2\/@2;” “dx _ 2DV az + bz?
5bc3 5bc2(cx)7/2

| 27
f (5bC—6aD)z2c3+5Ab03+5szc3d

(cx)11/2+/b22 +ax z _ 2D+ ax + bx?
5bc3 5bc2(cx)7/2
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l 2169
2 ] (35Ab2+(48Da2—40b0a+35b23)w) p
B 2(cz)11/2\/bz2+ax T 2c®Vaz+bs?(5bC—6aD)
- The? - To(cz)/2 2DV az + bz?
5bc3 5bc2(cx)7/2

| 27

35Ab2 4 (48Da2 —40b0a+35b2B) z

3
¢ f (ca:)ll/2 bz2+ax dz _ 202\/am+bw2(5bC—GaD)
7b Tb(cz)%/2 2D+ ax + bx?
5bc3 5bc2(cz)7/2
l 1220
0643 20 m0ab2 N, o1
5 _( 9623 D+80a2bC'—70ab B-2H33Ab ) (cz>9/2¢md’_m2 aﬁgﬂ
ac alcx
(ex) _ 2c*vaz+b22(56C—6aD)
7o 7b(cz)9/2
5bc3
2D+ ax + bx?
5bc(cz)7/2
| 1135
75 [ = /21 5 dx
(—96a% D+80a%bC—70ab? B+634b3 ) | — (co)/oVbattaz _ ‘”*’g,’;i
Al - 4a(ca) _ 7462 az+br?
2ac a(ca:)ll/2
_ 2c®Vaz+bz%(56C—6aD)
b 7b(cx)9/2 _
5bc3
2D+ ax + bx?
5bc2(cz)7/2
| 1135
55 [ YT da
7| — (cx) /2/b22 taz _ Vaz+ba?
6ac 3a(cz)7/2 5
(-96a% D+80a%bC—70ab? B+634b% ) | — oz 74Va‘z::;g72
S| - _ 74b%Vaz+ba?
2ac a(cw)ll/z
_ 2c2Vax+bz? (56C—6a
b 7b(cx)9/2
5bc3

2DV ax + bx?
5bc2(cz)7/2
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l 1135
3b [ 373 1 dx
5p] — (cz) / bz2+ax _ Vaz+bz?
dac 2a(cm)5/2 \/72
o | — _ Vaz+tbx
6ac 3a(cx)7/2
(—96a3D+80a2bC—?Oab2B+63Ab3) a— _ 4vacz:$g%
S| - _ 7462V az+bz2
2ac a(cz)11/2
2c2
7b I
5bc3
2DV ax + bx?
5bc2(cx)7/2

l 1135
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bf 1 dx
35| — ez br2+az _ ax+bx2
2Zac a(cw)3/2
56| — _V az+bx2
dac 20.(01')5/2
b _V ax+bz2
6ac 3(1((:9:)7/2
Vaz+bz2
(—96a% D+80a%bC—T0ab? B+634b3) — —4a(c;r)9/2
03 _ _ 7Ab2 Vazx-
2ac 11
a(czx)
b
5bc3

2D+ ax + bx?

5bc?(cz)7/2
| 1136
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bf 1 FAY bz2+ax
c(bz2+az) vex
3b| — I _V az+bz2
a 3/2
a(cx)
56| — _V ax+bz2
dac 2a(cz)5/2
7| — _V az+bx2
6ac 3a(cz)7/2
2
(—96a% D+80a%6C—70ab2 B+634b3) | — a— _ ;/cza:-:Ta;z
a(cz

2ac
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l 221
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VeV az+bz2
barctanh<7ﬁ s )

3b _V am+bz2
23/2.3/2 a(ca)3/2
5b _ Vaz+ba?
dac 2a(cz)5/2
b —
6ac 3a(cw)7/2
2
- - — Vaztbs® | (9643 D+80a%bC—70ab? B+63A40% )
ac 4a(cz)9/
3 TAL
C bt — 4
2ac a
7b
5bc3

2DV ax + bx?

5bc(cz)7/2



input

output

rule 27

rule 221

rule 1135

rule 1136
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'Int[(A + Bxx + Cxx"2 + D*x"3)/((c*x)~(11/2)*Sqrt[a*x + bxx"21),x]

(-2#D*Sqrt [a*x + b*x"2])/(5*b*xc”™2x(c*x) ~(7/2)) + ((-2*%c~2*(5*b*C - 6*a*xD)=*
Sqrt[a*x + bxx"2])/(7*bx(c*x)~(9/2)) + (c~3*%((-7*A*b~2*Sqrt[a*x + b*xx"2])/
(a*(c*x)~(11/2)) - ((63*A*b~3 - T70*a*xb~2xB + 80*a~2xb*C — 96%a~3*D)*(-1/4*
Sqrt[a*x + bxx"2]/(ax(c*x)~(9/2)) - (7xb*(-1/3*Sqrt[a*xx + b*x"2]/(ax(c*x)~
(7/2)) - (5%b*(-1/2xSqrt[a*x + b*x~2]/(a*x(c*x)~(5/2)) - (3*b*(-(Sqrtla*x +
bxx~2]/(a*x(c*x)~(3/2))) + (b*ArcTanh[(Sqrt[c]*Sqrt[a*x + b*x~2])/(Sqrt[a]
*Sqrt [cxx])])/(a~(3/2)*c~(3/2))))/(4*axc)))/(6%a*c)))/(8*a*c)))/(2%a*c)))/
(7%b) ) / (5%b*c~3)

Defintions of rubi rules used

/Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

N\

~

Int[((d_.) + (e_)*(x_))" (@ )*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_S
ymbol] :> Simp[(-e)*(d + e*x) m*((a + b*x + c*xx"2)"(p + 1)/((m + p + 1)*(2%
ckd - b*e))), x] + Simp[c*((m + 2%p + 2)/((m + p + 1)*(2%c*d - b*e))) Int
[(d + exx)"(m + 1)*(a + b*x + c*x"2)"p, x], x] /; FreeQl[{a, b, c, d, e, p},
x] && EqQ[c*d”2 - b*d*e + axe”2, 0] && LtQ[m, O] &% NeQ[m + p + 1, 0] && I
ntegerQ [2x*p]

Int[1/(Sqrtl(d_.) + (e_.)*(x_)]1*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x
_Symbol] :> Simp[2%e  Subst[Int[1/(2*c*d - b*e + e"2*x"2), x], x, Sqrtl[a +
b*x + c*x~2]/Sqrtld + e*x]], x] /; FreeQl[{a, b, c, d, e}, x] && EqQ[c*d~2
- bxdxe + axe”~2, 0]
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Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_)*(x)"2)"(p_), x_Symbol] :> Simp[(d*g - e*f)*(d + e*x) m*((a + b*x + c*x
~2)"(p + 1)/((2%c*d - bxe)*x(m + p + 1))), x] + Simp[(m*(g*x(cxd - b*e) + cxe
*f) + ex(p + 1)*x(2xc*f - bxg))/(ex(2*c*d - bxe)*(m + p + 1)) Int[(d + ex*x
)~ (m + 1)*(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p},
x] && EqQ[c*d~2 - b*d*e + axe”2, 0] && ((LtQ[m, -1] && !'IGtQ[m + p + 1, O
D Il (@tQm, 0] & LtQlp, -11) |l EqQm + 2+p + 2, 0]) && NeQ[m + p + 1, O
]

rule 1220

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + e*x)"(m + q - 1)*((a + b*x + c*x"2)"(p + 1)/(cxe”(q - D*(m + q
+ 2xp + 1))), x] + Simp[1/(c*xe"gq*x(m + q + 2*p + 1)) Int[(d + exx) m*(a +
b*x + c*x~2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - cxfx(m + q + 2*p +
1)*(d + e*x)”q + exf*(m + p + @)*(d + exx)"(q - 2)*(b*d - 2%axe + (2*c*d -
bxe)*x), x], x], x] /; NeQ[m + q + 2%p + 1, 0]] /; FreeQ[{a, b, c, d, e, m,
p}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*a*xc, 0] && EqQ[c*d~2 - bxdxe + a*xe”2
, 0]

rule 2169

Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 482, normalized size of antiderivative = 1.57

method | result

v z(bz+a) (945A arctanh (7vc£bﬁz:a)) b%cx5—1050B arctanh (7&5%:@) ab*cx®+1200C arctanh (7@5%;@) a?b3cz®—1440

default

‘ int ((D*x~3+Cxx~2+B*x+A) / (cxx) ~(11/2) / (b*x~2+a*x) ~(1/2) ,x ,method=_RETURNVER ‘

input
'BOSE) |
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1/1920% (x* (b*x+a)) ~(1/2) /c~5* (945xA*arctanh ( (c* (b*x+a)) ~(1/2)/(a*c)~(1/2))
*b~5*c*xx~5-1050*B*arctanh ((c*x (b*x+a)) ~(1/2) / (a*xc) ~(1/2)) *a*b~4*c*x~5+1200%
Cxarctanh ((cx(b*x+a)) ~(1/2)/(a*c)~(1/2))*a"2*xb~3*c*x~5-1440*D*arctanh ( (c*(
bxx+a)) ~(1/2)/(a*c)~(1/2))*a~3*b"2xc*xx"5-945%A*b~4*x"4* (c* (bxx+a) )~ (1/2) *(
a*c)~(1/2)+1050*Bxaxb~3*x~4* (c* (b*x+a) )~ (1/2)*(a*xc) ~(1/2)-1200*C*a~2*xb~2*x
~4x (cx (bxx+a)) " (1/2) *(a*c) " (1/2)+1440*D*a” 3*b*x~4* (c* (b*x+a) ) ~(1/2) *(a*xc)”
(1/2)+630*A*a*b~3*x~3* (c* (b*x+a) )~ (1/2) * (a*c) ~(1/2) -700*B*a~2xb~2*x~3* (c* (
b*x+a)) ~(1/2)*(a*xc) ~(1/2) +800%C*xa~3*b*x~3* (c* (bkxx+a)) ~(1/2) *(axc) ~(1/2)-96
0xDxa~4*x"3* (cx (bkx+a)) ~(1/2) *(axc) ~(1/2) -504*A*xa~2*b~2*x~2* (c* (b*x+a)) ~ (1
/2)*(axc) ™ (1/2)+560*B*a~3*b*x~2* (c* (bxx+a) )~ (1/2) *(a*xc) ~(1/2) -640*C*a~4*x"
2x (c*x (b*xx+a)) ~(1/2) * (a*c) ~ (1/2) +432xA*a~3*b*xx* (c*x (b*x+a)) ~(1/2) * (a*c) ~(1/2
)-480*B*a~4*x* (c* (bxx+a) ) ~(1/2)*(a*xc) ~(1/2)-384*A*xa~4* (cx (b*x+a)) " (1/2)*(a
*xc)~(1/2))/x75/(c*x)~(1/2) / (c*(b*x+a)) ~(1/2) /a~5/(a*c) ~(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 474, normalized size of antiderivative = 1.54

A+ Bz + Ca? + Dz 15 (96 Da®h* — 80 Ca®b® + 70 Bab* — 63 Ab°)\/acz® log (—M
/ (cx)11/2v/ax + bx? e

integrate ((Dxx~3+Cxx~2+Bxx+A) /(c*x)~(11/2) / (b*x~2+a*x) ~(1/2) ,x, algorithm=
"fricas")

N J

input

[-1/3840%(15%(96+D*a"~3*b~2 - 80*C*a~2*¥b~3 + 70*Bxaxb~4 - 63*A*b~5)*sqrt (a*
c)*x"6*log(-(b*c*x~2 + 2*axc*x + 2*sqrt(b*x”2 + a*x)*sqrt(axc)*sqrt(c*x))/
X"2) + 2%(384%A*a”5 - 15%(96*D*a~4*b - 80*C*a~3%b~2 + 70*B*a~2%b~3 - 63xAx
a*xb~4)*x~4 + 10%(96*D*a”5 - 80*C*a~4*b + 70*B*a~3%b~2 - 63*A*a~2%b~3)*x"3
+ 8%(80*C*a~5 - 70*B*a~4*b + 63*A*a~3%b~2)*x~2 + 48%(10%B*a~5 - 9*A*a~4xb)
*x) *sqrt (b*x~2 + ax*x)*sqrt(c*x))/(a"6xc"6*x76), 1/1920*(15%(96*D*a~3*b~2 -
80%C*a~2%b~3 + 70*Bxa*xb~4 - 63*%A*b~5)*sqrt(-a*c)*x~6*arctan(sqrt(b*x~2 +
a*x)*sqrt (-a*c) *sqrt (c*xx)/(a*xcxx)) - (384*Axa”5 - 15%(96*D*a~4*b - 80*Cka”
3*¥b~2 + 70*#B*a~2¥b"3 - 63*%A*axb~4)*x"4 + 10*(96*D*a”5 - 80*Cxa~4*b + 70xB*
a"3xb"2 - 63*%A*a~2%b"3)*x"3 + 8%(80*Cxa~5 - T0*B*a~4xb + 63%A*a~3*b~2)*x"2
+ 48x(10%B*a”~5 - 9*A*a~4xb)*x)*sqrt(b*x~2 + axx)*sqrt(c*x))/(a"6*c”6*x"6)

output

]
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Sympy [F(-1)]

Timed out.
A+ Bz + Cz? + Dz?
dzr = Timed out
/ (cx)11/2v/ax + bx?
input Lintegrate ((D*x#*3+Crx**2+Bxx+A) / (c*x) ** (11/2) / (bxx**2+a*xx) ** (1/2) ,x) J

output ‘ Timed out ‘

Maxima [F]
/A+Bx+C’x2+Dx3 - Dx?’-l—C'xQ—l-Bx—l-Adx
(cz)/*Vaz + bz? Vbz? + az (cac)lf21

integrate((Dxx"3+Ckx"2+Bx+A)/ (c*x)~(11/2)/ (b*x"2+a*x)~(1/2) ,%, algorithm=

input
‘ "maxima") ‘

output Lintegrate((D*x‘B + Ckx~2 + B*x + A)/(sqrt(b*x~2 + a*x)*(c*x)~(11/2)), x) J

Giac [A] (verification not implemented)

Time = 0.47 (sec) , antiderivative size = 474, normalized size of antiderivative = 1.54

Vbcz+
5 15 (96 Da®—80 Ca2b+70 Bab?—63 Ab3) arctan(%) n 2400 v/bezFacDa’ ct—2640 /bez-
+v/—aca®b3

/A—I—Bac+C’:c2+Dm3
(cx)1/2v/az + bx?

N

§
 integrate ((D*x"3+C¥x~2+Bxx+A)/(c*x)~(11/2)/(b*x~2+a*x)~(1/2) ,x, algorithm=

input ‘ rgiach) ‘
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1/1920*b~5% (156% (96*D*a~3 - 80*Cxa~2*b + 70*B*axb~2 - 63*A*b~3)*arctan(sqrt
(b*c*x + axc)/sqrt(-axc))/(sqrt(-axc)*a~5+%b~3) + (2400*sqrt(b*c*x + a*c)#*D
*a”~Txc"4 - 2640*sqrt(bxc*x + axc)*C*ka~6*bxc™4 + 2790*sqrt(b*c*x + a*c)*B*a
“5%b~2%c"4 - 2895*sqrt(b*cxx + akc)*A*a~4xb~3*kc"4 - 8640% (b*c*xx + axc)~(3/
2)#*D*a~6*c~3 + 8480*(bkc*x + a*c)~(3/2)*Cxa~5xbxc~3 - 7900%* (b*c*x + axc) ~(
3/2)*B*a~4*xb"2%c~3 + 7110*(bxc*x + a*c) ~(3/2)*A*xa”~3*b~3*c”3 + 11520* (b*c*x
+ axc)~(5/2)*D*a~bxc”2 - 10240*(b*c*x + a*c)”(5/2)*C*a~4xb*c~2 + 8960* (b*
cxx + axc)”(5/2)*B*a~3*b"2*xc”2 - 8064* (bxc*x + a*c) (5/2)*A*xa”2%b~3*c"2 -

6720* (b*xcxx + a*xc) ~(7/2)*D*xa"~4*c + 5600 (bxc*x + axc)”(7/2)*C*xa~3xb*c - 49
00* (bkc*x + a*c)~(7/2)*Bxa~2xb~2%c + 4410*(bkc*x + a¥c)~(7/2)*A*a*b~3%c +

1440 (bxc*x + axc)~(9/2)*D*a~3 - 1200* (b*ckx + a*c)~(9/2)*Cxa~2*b + 1050%(
bxc*x + a*c)~(9/2)*Bxa*b~2 - 945x(b*c*x + a*c)”(9/2)*A*b~3)/(a"~5xb~8*c~5*x
~5))/(c"4*abs(c))

output

Mupad [F(-1)]

Timed out.
/A+Bx+0x2+Dx3 g — A+Bx+C'x2+x3Ddx
(C.’E)H/21 /ax+bx2 /b.fliz +ax(cz)11/2
input Lint((A + B*x + C*x~2 + x~3%D)/((a*x + b*x~2)~(1/2)*(c*x)~(11/2)),x%) J
Output[int((A + Bxx + C*x72 + x73*D)/((a*x + b*x"2)~(1/2)*(c*x)~(11/2)), x) J

Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 305, normalized size of antiderivative = 0.99

(/A+Bx+&ﬁ+Dﬁd Ve (—768vbz + aa® — 96vbz + aa*br — 1280v/bz + aa*cz? — 1920v/bx
=
(cx)11/2v/ax + bx?

input Lint ((D*x73+C*x"~2+B*x+A) / (c*x) " (11/2) / (b*x"2+a*x) " (1/2) ,x) J
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(sqrt(c)*( - 768*sqrt(a + bxx)*a**5 - 96xsqrt(a + b+*x)*axx4*b*x - 1280*sqr
t(a + bkx)*axkdkckx**2 — 1920*sqrt(a + bxx)*ax*x4xd*x**3 + 112xsqrt(a + b*x
) kax*3xb*x*2xx**x2 + 1600*sqrt(a + b*x)*ax*3*bkcxx**3 + 2880*sqrt(a + b*x)*a
**k3xbkd*x**4 — 140*sqrt(a + b*x)*kax*2kbx*3*x**3 — 2400*sqrt(a + b*xx)*ax*k2%
b**2*c*x**4 + 210*sqrt(a + b*x)*axbx*4xx**x4 + 1440*sqrt(a)*log(sqrt(a + bx
x) - sqrt(a))*ax*2*¥b*x2xdxx**5 - 1200*sqrt(a)*log(sqrt(a + b*x) - sqrt(a))
*xaxbx*3*xc*kx* x5 + 106xsqrt(a)*log(sqrt(a + b*x) - sqrt(a))*bx*5*x*x5 - 1440
xsqrt (a)*log(sqrt(a + bxx) + sqrt(a))*ax*2xbx*2xd*x**5 + 1200*sqrt(a)*log(
sqrt(a + bxx) + sqrt(a))*a*xb**3*cxx**5 - 106*sqrt(a)*log(sqrt(a + b*x) + s
qrt (a)) xbx*5*x**5) ) / (3840*a**5*Ck*x6xx**5)

output
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4.2 Links to plain text integration problems used in this report for each CAS . 139

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

121

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[List,expn]],7]],
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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