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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 22 |. This is test number [ 85 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (22) | 0.00 (0)
Mathematica | 100.00 (22 ) | 0.00 (0)
Maple 100.00 (22 )| 0.00(0)
Fricas 100.00 (22) | 0.00 (0)
Reduce 59.09 (13 ) | 40.91(9)
Giac 18.18 (4) | 81.82(18)
Mupad 0.00 (0) | 100.00 ( 22)
Maxima 0.00 (0) | 100.00 ( 22)
Sympy 0.00 (0) | 100.00 ( 22)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description
A Integral was solved and antiderivative is optimal in quality and leaf size.
B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.
C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.
F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Maple 95.455 4.545 0.000 0.000
Fricas 95.455 4.545 0.000 0.000
Rubi 81.818 18.182 0.000 0.000

Mathematica 40.909 0.000 59.091 0.000
Giac 0.000 18.182 0.000 81.818

Mupad 0.000 0.000 0.000 100.000

Maxima 0.000 0.000 0.000 100.000

Reduce 0.000 59.091 0.000 40.909
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'

>
oy
O

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Fricas 0 0.00 0.00 0.00

Maple 0 0.00 0.00 0.00

Reduce 9 100.00 0.00 0.00

Giac 18 50.00 11.11 38.89

Mupad 22 0.00 100.00 0.00

Maxima 22 72.73 0.00 27.27

Sympy 22 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.68

Reduce 1.09

Rubi 1.18

Maple 1.30

Giac 5.36
Mathematica 8.93

Sympy -nan(ind)
Maxima -nan(ind)
Mupad -nan(ind)

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mathematica | 277.59 1.22 239.50 0.98
Maple 280.23 1.09 223.50 0.97
Rubi 355.23 1.53 349.50 1.51
Reduce 524.00 2.74 530.00 2.28
Fricas 678.09 3.07 445.00 2.52
Giac 698.25 4.19 624.50 4.08
Sympy -nan(ind) | -nan(ind) nan nan
Maxima -nan(ind) | -nan(ind) nan nan
Mupad -nan(ind) | -nan(ind) nan nan

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica {}
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi

A grade { 128,57 B B3 4 [5 6,7 15 D20, 2022 }

B grade { [6[10,[IT}[12 }
C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Mma
A grade {[4[6,[7[8}[9[10}[11}[12}[13] }
B grade { }

C grade { [1B5,5/415 0, (718 [OE0EL22 )
F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade { [L605/6.15/0 10 113 3 45/ 11 [ D)
B grade {21}

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { (1205 BL7 801 2 13, 4 1516, 17 18[9, 20,2 22
B grade {[9}

C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade { }
B grade { }
C grade { }

F normal fail { 50)73/10, )2 314 15 16 7 8 (920,222
F(-1) timedout fail { }

F(-2) exception fail {[1}2,[3,[4[8}[ }
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Giac

A grade { }

B grade {61112 }
C grade { }

F normal fal { [T4/T5 18IS 02023 )
F(-1) timedout fail {[8[9]}

F(-2) exception fail {[1}[2,[3[4[,[10/[13 }

Mupad

A grade { }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { 125} 56} B BMT0) 3,2 13,4 15,6} 7 5, 19} 20, 21} 22
}

F(-2) exception fail { }

Sympy

A grade { }

B grade { }

C grade { }

F normal fail { 1)30 56,7} 610} 1 303, 4, 15,1617 (18[9, 20,212}
F(-1) timedout fail { }

F(-2) exception fail { }
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Reduce

A grade { }

B grade { LBBABENBBMOIIEE)
C grade { }

F normal fail {[[45/16/[7 3 [9E0E1E )
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A F(-2) A F F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 387 476 632 330 0 1608 0 0 579 0

N.S. 1 1.23 163 0.8 0.00 4.16 0.00  0.00 1.50 0.00
time (sec) N/A 1.368 4.864 0.746  0.000  8.569 0.000 0.000 10.387  0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A F2) A F F(2) B  F(1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 278 328 543 258 0 1148 0 0 456 0

N.S. 1 118 195 093 000 413 000 000 164  0.00
time (sec) N/A 1.036 3.767 0.704  0.000 2496 0.000 0.000 0295  0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A F(-2) A F F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 194 205 481 165 0 793 0 0 352 0

N.S. 1 1.06 248  0.85 0.00 4.09 0.00  0.00 1.81 0.00

time (sec) N/A 0.776  2.697 0.668 0.000 0.547  0.000 0.000 0.223 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 129 209 184 114 0 579 0 0 279 0
N.S. 1 1.62  1.43 0.88 0.00 4.49 0.00 0.00 2.16 0.00
time (sec) N/A 0.925 0.425 0.661 0.000  0.167 0.000 0.000 0.221 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 118 224 416 122 0 525 0 0 269 0
N.S. 1 1.90 3.53 1.03 0.00 4.45 0.00 0.00 2.28 0.00
time (sec) N/A 0.993 2.150 0.666 0.000  0.122 0.000 0.000 0.227 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B A A F A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 126 261 139 118 0 255 0 225 282 0
N.S. 1 207 1.10 0.94 0.00 2.02 0.00 1.79 2.24 0.00
time (sec) N/A 1.057 0.496 0.684 0.000 0.094 0.000 0.350 0.239 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 193 328 188 154 0 384 0 448 392 0
N.S. 1 1.70  0.97 0.80 0.00 1.99 0.00 2.32 2.03 0.00
time (sec) N/A 1.179 0.776  0.708 0.000  0.087 0.000 0.330 0.316 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F F(-1) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 263 389 341 228 0 1508 0 0 719 0
N.S. 1 1.48 1.30 0.87 0.00 5.73 0.00 0.00 2.73 0.00
time (sec) N/A 1.233 11.131 0.781 0.000 1.160 0.000 0.000 0.399 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F F(-1) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 195 192 253 173 0 1509 0 0 601 0
N.S. 1 098 1.30 0.89 0.00 7.74 0.00 0.00 3.08 0.00
time (sec) N/A 0.674 10.933 0.740 0.000 0.296 0.000 0.000 0.367 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B A A F A F F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 143 318 180 143 0 1031 0 0 530 0
N.S. 1 222 1.26 1.00 0.00 7.21 0.00 0.00 3.71 0.00
time (sec) N/A 1.178 0.837 0.678 0.000  0.208 0.000 0.000 0.234 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B A A F A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 137 389 153 117 0 412 0 801 624 0
N.S. 1 284 1.12 0.85 0.00 3.01 0.00 5.85 4.55 0.00
time (sec) N/A 1.337 10.104 0.711 0.000 0.086 0.000 0.674 0.253 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B A A F A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 194 425 190 166 0 644 0 1319 980 0
N.S. 1 219  0.98 0.86 0.00 3.32 0.00 6.80 5.05 0.00
time (sec) N/A 1.438 0.701 0.751 0.000  0.095 0.000 20.087 0.523 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 262 497 237 214 0 909 0 0 749 0
N.S. 1 1.90 0.90 0.82 0.00 3.47 0.00 0.00 2.86 0.00
time (sec) N/A 1.576 1.042 0.794 0.000  0.109 0.000 0.000 0.532 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 388 371 353 481 0 465 0 0 583 0
N.S. 1 096 0.91 1.24 0.00 1.20 0.00 0.00 1.50 0.00
time (sec) N/A 1.645 23.401 1.232 0.000  0.109 0.000 0.000 2.603 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 290 271 263 379 0 379 0 0 619 0
N.S. 1 093 091 1.31 0.00 1.31 0.00 0.00 2.13 0.00
time (sec) N/A 1.009 16.419 1.184 0.000  0.100 0.000 0.000 2.613 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 218 204 209 219 0 305 0 0 27 0
N.S. 1 094  0.96 1.00 0.00 1.40 0.00 0.00 0.12 0.00
time (sec) N/A 0.545 13.488 1.379 0.000  0.111 0.000 0.000 0.473 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 256 269 142 371 0 341 0 0 30 0
N.S. 1 1.06  0.55 1.45 0.00 1.33 0.00 0.00 0.12 0.00
time (sec) N/A 1.008 14.679 1.931 0.000  0.078 0.000 0.000 0.513 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 346 488 236 441 0 425 0 0 122 0
N.S. 1 141  0.68 1.27 0.00 1.23 0.00 0.00 0.35 0.00
time (sec) N/A 1.349 18.951 2.579 0.000  0.099 0.000 0.000 2.323 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 346 488 236 441 0 425 0 0 122 0
N.S. 1 141  0.68 1.27 0.00 1.23 0.00 0.00 0.35 0.00
time (sec) N/A 1.311 0.087 2.633 0.000  0.083 0.000 0.000 2.552 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 318 491 243 460 0 425 0 0 130 0
N.S. 1 1.54 0.76 1.45 0.00 1.34 0.00  0.00 0.41 0.00
time (sec) N/A 1.418 19.491 2.823 0.000 0.103 0.000 0.000 2.945 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 317 491 242 535 0 423 0 0 130 0
N.S. 1 1.55  0.76 1.69 0.00 1.33 0.00  0.00 0.41 0.00
time (sec) N/A 1.396 19.623 2.762 0.000  0.093 0.000 0.000 2.313  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 322 501 246 536 0 425 0 0 132 0
N.S. 1 1.56  0.76 1.66 0.00 1.32 0.00  0.00 0.41 0.00
time (sec) N/A 1.405 20.486 2.705 0.000  0.088 0.000 0.000 2.805 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [18]
had the largest ratio of [.451612999999999987]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
| A 2 2 1.23 29 0.069
% A 2 2 1.18 27 0.074
3| A 8 7 1.06 26 0.269
4 A 2 2 1.62 29 0.069
i A 2 2 1.90 29 0.069
6} B 2 2 2.07 29 0.069
7] A 2 2 1.70 29 0.069
3] A 2 2 1.48 27 0.074
9) A 7 6 0.98 26 0.231
10j B 2 2 2.22 29 0.069
11 B 2 2 2.84 29 0.069
12] B 2 2 2.19 29 0.069
13] A 2 2 1.90 29 0.069
14 A 10 10 0.96 31 0.323
15) A 8 8 0.93 29 0.276
16} A 6 6 0.94 28 0.214
17] A 10 10 1.05 31 0.323
18] A 14 14 1.41 31 0.452
19 A 14 14 1.41 31 0.452
20) A 14 14 1.54 32 0.438
21] A 14 14 1.55 32 0.438
Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized

integrand
grade steps unique antiderivative & number of rules

leaf size integrand leaf size

STe

used rules leaf size

A 14 14 1.56 33 0.424
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3.1 f 2% (A+Bz)Vaz+bx? dz

ct+dx
Optimal result . . . . . . . . . . . . . e 87
Mathematica [C] (verified) . . . . . . . .. .. ... L
Rubi [A] (verified) . . . . . . . .. . 39
Maple [A] (verified) . . . . . . . . . 40
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 42
Sympy [F] . . . o 2]
Maxima [F(-2)] . . . . . . o o 13
Giac [F(-2)] . - o o o 43
Mupad [F(-1)] . . . 44
Reduce [B] (verification not implemented) . . . . . ... ... ... .. ..... 44

Optimal result

Integrand size = 29, antiderivative size = 387

dz

/ z?(A + Bx)vax + bx?
c+dz
(5a3Bd?® — 64b3c*(Bc — Ad) + 16ab*cd(Bc — Ad) + 8a?bd*(Bc — Ad)) v ax + bx?
64b3d4
(5a?Bd?* — 48b%*c(Bc — Ad) + 8abd(Bc — Ad)) zv/ ax + bx?
96b2d?3
_ (8bBc — 8Abd — aBd)z*+/azx + ba? N Bz3vazx + br?
24bd? 4d
(5a*Bd* — 128b*c*(Bc — Ad) + 64ab3c*d(Bc — Ad) + 16a%b*cd?(Bc — Ad) + 8a3bd®(Bc — Ad)) arct:

64b7/2d°

2c%/2y/bc — ad(Bc — Ad)arctanh (ﬁ—%>
b
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1/64%* (5xa~3*%B*d~3-64*b~3*c”~2* (~A*d+B*c) +16*a*b~2*ckd* (—~A*d+B*c)+8*a~2xb*d"~
2% (—A*d+B*c) ) * (b*xx~2+a*x) ~(1/2) /b~3/d"4-1/96%* (5xa~2+%B*xd~2-48*b~2*c* (-A*d+B
*c)+8*axbxdx (—Axd+B*c) ) *x* (b*x~2+a*x) ~(1/2) /b~2/d"3-1/24%* (-8*A*xb*xd-B*a*xd+8
*Bxb*xc) *x~2* (b*x~2+a*x) ~(1/2) /b/d"2+1/4*B*xx~3* (b*x~2+a*x) ~(1/2) /d-1/64* (5%
a~4%B*d"4-128*b~4*xc” 3% (—A*d+B*c) +64*a*xb~3*c”2xd* (—A*d+B*c) +16*a”2*¥b"2*c*xd”
2% (~A*d+B*c) +8%a~3*b*d~3* (~A*d+B*c) ) *arctanh (b~ (1/2) *x/ (b*x~2+a*x) ~(1/2))/
b~ (7/2) /d"5-2*c~ (5/2) * (—a*xd+b*c) ~(1/2) * (-A*d+B*c) *arctanh ( (—a*d+b*c) ~ (1/2)
*xx/c”(1/2) / (b*x~2+a*x) ~(1/2))/d"5

output

N

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 4.86 (sec) , antiderivative size = 632, normalized size of antiderivative = 1.63

dz

/ z?(A + Bz)vazx + bx?

c+dz
Vzva+ bz (\/l_)d\/i\/a + bz (1503 Bd® — 2a%bd?(—12Bc + 12Ad + 5Bdz) + 8ab*d(2Ad(—3c + dz) +

-

inputt

~—

Integrate[(x"2*(A + B*x)*Sqrt[a*xx + b*x~2])/(c + d*x),x]

(Sqrt [x]#Sqrt[a + b*x]*(Sqrt[b]*d*Sqrt[x]*Sqrt[a + b*x]*(15*a~3*B*d~3 - 2%
a”2xb*d"2%(-12%Bxc + 12xA*d + 5*Bxd*x) + 8ka*xb~2kd*(2xA*d*(-3*c + d*x) + B
*(6xc™2 - 2%cxd*x + d72%x72)) - 16%b7 3% (-2%xA*d*(6*%c”2 - 3kckd*kx + 2%xd"2%x”
2) + B*(12%c™3 - 6%c”2%d*x + 4*c*d"2%x"2 - 3%d"3*x73))) + 384*b~(5/2)*c”~(3
/2)*(Bxc - A*d)*(b*c - axd - I*Sqrtl[al*Sqrt[d]*Sqrt[b*c - a*d])*Sqrt[-(b*c
) + 2xaxd - (2*I)=*Sqrt[a]*Sqrt[d]*Sqrt[b*c - a*d]]*ArcTan[(Sqrt[-(bxc) + 2
xaxd - (2*I)*Sqrt[al*Sqrt[d]*Sqrt[b*c - a*d]]*Sqrt[x])/(Sqrtlc]*(-Sqrt[a]
+ Sqrt[a + b*x]))] + 384xb~(5/2)*c”(3/2)*(Bxc - A*d)*(b*c - axd + I*Sqrtla
IxSqrt[d]*Sqrt[b*c - axd])*Sqrt[-(bxc) + 2%a*d + (2xI)*Sqrt[a]*Sqrt[d]*Sqr
t[b*xc - axd]]l*ArcTan[(Sqrt[-(b*c) + 2*axd + (2+I)*Sqrt[al*Sqrt[d]*Sqrt[b*xc
- a*xd]]*Sqrt[x])/(Sqrt[cl*(-Sqrt[a] + Sqrtl[a + b*x]))] + 6%(-5*a~4*B*d~4
+ 128%b~4xc”3%(Bxc - Axd) - 64%axb”3xc”2+d*(Bxc - A*d) - 16%a”2%b~2%cxd~2#
(Bxc - Axd) + 8%a”3*bxd"3%(-(B*c) + A*xd))*ArcTanh[(Sqrt[b]*Sqrt[x])/(-Sqrt
[a] + Sqrtla + b*x])]1))/(192*%b~(7/2)*d"5*Sqrt [x*(a + b*x)])

output
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Rubi [A] (verified)

Time = 1.37 (sec) , antiderivative size = 476, normalized size of antiderivative = 1.23,

number of rules _ 0.069, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2153, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z2vazx + bz%(A + Bz) i

c+dzx
l 2153

+ +

/ ( c*Vaz + bx2(Bc — Ad) + cvaz +br2(Bc— Ad)  zvax + bx2(Ad — Be)  Bz*Vaz + bx2> i
B d3(c + dz) d3 2 d

l 2009

_5a4Barctanh< \/(%) ~ a3arctanh( %) (Bc — Ad)

64b7/2d 8b%/2d?
Vb
a2carCtanh<\/W> (BC - Ad) n 5a2B(a + me)\/ az + bx? _
43243 64b3d

5/2 — _ z(2bc—ad)+ac
¢®%y/bc — ad(Bc Ad)arctanh( NV T W o d)
d5

c%rctanh(%) (2bc — ad)(Bc — Ad) a(a + 2bz)vaz + bz?(Be — Ad)
V/bd> + 8b2d2
Vazx + bx2(Bc— Ad) . c(a + 2bx)Vazx + bx2(Bec — Ad)  (az + bnv2)3/2 (Bc — Ad)
Pz + 1bd3 - 362 -
5aB (a:v + bm2)3/2 Bz (aa: + ba:2)
oa?d T 4bd

+

e

~—

input LInt [(x™2*(A + B*x)*Sqrt[a*x + b*x"2])/(c + d*x),x]
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-((c™2x(Bxc - A*d)*Sqrt[a*x + b*x~2])/d"4) + (5*a~2*Bx(a + 2%b*x)*Sqrt[a*x

+ b*x72])/(64%b"3*d) + (cx(Bkc - A*d)*(a + 2*b*x)*Sqrt[a*x + b*x~2])/(4*b
*d"3) + (ax(Bxc - Axd)*(a + 2xbxx)*Sqrt[a*x + bxx~2])/(8%b"2xd"2) - (5*a*B
*(a*x + b*x"2)"(3/2))/(24*%b~2*%d) - ((B*c - A*d)*(a*xx + b*x~2)~(3/2))/(3*bx
d"2) + (Bxx*(a*x + b*x~2)7(3/2))/(4*b*d) - (5*a~4xBxArcTanh[(Sqrt[b]l*x)/Sq
rt[a*x + b*x"2]])/(64*b~(7/2)*d) - (a~2%cx(B*c - A*d)*ArcTanh[(Sqrt[b]*x)/
Sqrt [a*x + b*x~2]]1)/(4%b~(3/2)*d"3) - (a~3*%(Bxc - A*d)*ArcTanh[(Sqrt[b]*x)
/8qrt[a*x + b*x72]]1)/(8*%b~(5/2)*d"2) + (c™2*(2%b*c - axd)*(Bxc - A*d)*ArcT
anh[(Sqrt [b]*x)/Sqrt[a*x + b*x~2]]1)/(Sqrt[bl*d~5) - (c~(5/2)*Sqrt[b*c - ax
d]*(B*c - Axd)*ArcTanh[(a*c + (2xb*c - a*d)*x)/(2*Sqrt[c]*Sqrt[b*c - a*d]*
Sqrt[a*x + b*x~2])])/d"5

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[(Px_)*((d_.) + (e_)*(x_))"(m_)*((f_.) + (g_.)*(x_))"(n_.)*((a_.) + (b
_dx(x) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + ex*
x)"m*x(f + gxx)“n*(a + bxx + c*x~2)"p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g,
m, n, p}, x] && PolyQ[Px, x] && (IntegerQ[p] || (IntegerQ[2*p] && IntegerQ
[m] && ILtQ[n, 0])) && !'(IGtQ[m, 0] && IGtQ[n, 0])

rule 2153

Maple [A] (verified)

Time = 0.75 (sec) , antiderivative size = 330, normalized size of antiderivative = 0.85
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method result
1 <b%ad_b% C) (Ad-Be)arcton (2\;%) * <((ga4B_A a®b)d*+(—2a2Ab%+B a3b)cd3+(—8Aa b3+2B a?
pseudoelliptic | —
I'iSCh (—483 b3d3x3—64A4Ab3d322—-8Ba b2d3$2+64B bed?2z2—16Aa b2d3:17+96A b36d2m+]_OB a2b d3x+16Ba b2cd?z—96B
19263d% /2 (be-
ad—2bc c — <
= (ad—2bc) ln(z‘i;;md)ﬂ/b(mg)ﬂww_c(aj—
c?(Ad—Bc) \/b(x+£)2+ (ad—2bc) (m+3) __c(ad—bc) + 2
d d d2 YN/
default ,
inputLint(x*2*(B*X+A)*(b*x‘2+a*X)A(1/2)/(d*x+c),x,meth0d=_RETURNVERBUSE) J

output -1/8/b~(7/2) *(-16%c~3* (b~ (7/2) *a*d-b~ (9/2) *c) * (A*d-B*c) *arctan ( (x* (b*x+a))
~(1/2) /x*xc/ (cx (a*d-bxc)) ~(1/2) ) +(((5/8*a~4*B-A*a~3*b) *d~4+ (-2*kA*a~2*b~2+Bx*
a~3*b) xc*d "3+ (-8*A*axb”~3+2%Bka~2xb~2) *c~2%d "2+ (16*A*b~4+8*B*axb~3) *c~3*d-1
6*B*b~4*c~4)*arctanh ((x* (b*x+a)) ~(1/2)/x/b~(1/2))+(((-2*B*x~3-8/3*A*x~2) *d
“3+4xckx* (2/3*Bkx+A) *d"2-8*c 2% (1/2*Bxx+A) *d+8%B*c~3) *b~ (7/2) +d* ((-2/3*x* (
1/2%B*x+A) *d~2+2% (1/3*B*x+A) *c*d-2*B*c~2) *b~ (5/2) +d* (((5/12*B*x+A) *d-B*c) *
b~ (3/2)-5/8*%Bxa*xdxb~ (1/2))*a) *a) *d* (x* (b*x+a) )~ (1/2) ) * (c* (a*d-b*c))~(1/2))
/ (c*x(axd-bxc))~(1/2) /456
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Fricas [A] (verification not implemented)

Time = 8.57 (sec) , antiderivative size = 1608, normalized size of antiderivative = 4.16

dxr = Too large to display

/ z?(A + Bzx)vazx + bx?

c+dzx

inputLintegrate(x’?*(B*x+A)*(b*x"2+a*x)"(1/2)/(d*x+c),X, algorithm="fricas")

[1/384* (3% (128*B*b~4*c™4 - 64*(Bxa*b~3 + 2%A*b~4)*c~3*d - 16%(B*xa"~2*b~2 -

4xAxaxb~3) *c"2*%d"2 - 8*(B*a~3*b - 2xA*a~2xb~2)*ckd~3 - (5%B*a”4 - 8xAxa”3*
b)*d~4) *sqrt (b) *log(2*b*x + a + 2xsqrt(b*x”2 + a*x)*sqrt(b)) - 384*(Bxb~4x
c"3 - A*¥b"4xc”2+d)*sqrt(b*c”2 - axc*d)*log((axc + (2xbxc - axd)*x + 2*sqrt
(b*c™2 - a*c*d)*sqrt(b*x~2 + a*x))/(d*x + c)) + 2%(48*%Bxb~4*d~4*x"3 - 192%
B*¥b~4*xc”3*d + 48*(B*a*b~3 + 4xA*b"4)*c”"2+%d"2 + 24x(B*a~2*b"2 - 2*Axaxb”3)x*
cxd”3 + 3*%(5%Bxa”3%b — 8*A*xa”~2+b~2)*d"4 - 8% (8*xBkb~4xckd"3 - (B*axb"3 + 8%
A*b~4)*d"4)*x"2 + 2% (48*B*b~4*c"2*%d"2 - 8% (B*axb”3 + 6xAxb~4)*c*d"3 - (5*B
*¥a"2%b”"2 - 8*A*axb~3)*d"4)*x)*sqrt(b*x"2 + axx))/(b"4*d"5), 1/384*(768*(B*
b~4*c™3 - Axb~4*c”2+d)*sqrt(-b*c”2 + axckd)*arctan(sqrt(-bxc~2 + axcxd)*sq
rt(b*xx~2 + axx)/(b*c*x + axc)) + 3x(128xBxb~4*c™4 - 64x(B*axb~3 + 2%Axb~4)
*C"3xd - 16%(B*a~2xb~2 - 4xAxaxb~3)*c"2*d"2 - 8% (B*a"3%b - 2%A*a”2+b"2)*cx*
d"3 - (5*%B*a”4 - 8*A*a~3xb)*d"4)*sqrt(b)*log(2*b*x + a + 2*sqrt(b*x"2 + ax*
x)*sqrt(b)) + 2% (48+B*b"4*d"4*x"3 - 192#B*b~4xc~3%d + 48*%(B*axb~3 + 4*xAxb~
4)*c”2%d"2 + 24x(B*xa~2xb"2 — 2kA*a*b”3)*c*d"3 + 3*(5xB*a”~3*b - 8*A*a~2%b"2
Y*d"4 - 8% (8xBkb~4xckd"3 - (B*axb”"3 + 8*A*b~4)*d"4)*x"2 + 2% (48*Bkb~4xc” 2%
d~2 - 8*(B*a*b~3 + 6*Axb~4)*c*d~3 - (5*Bxa”2%b”"2 - 8%A*xaxb~3)*d"4)*x)*sqrt
(b*x"2 + a*x))/(b~4*d~5), -1/192%(3*(128*xBxb~4*c~4 - 64*(B*axb~3 + 2%Axb~4
)*c"3*%d - 16%(B*a~2*b~2 - 4*Axa*b~3)*c"2xd"2 - 8*(Bxa~3*b - 2xA*a~2*b~2)*c
*d"3 - (5*%B*a”4 - 8%A*a~3*b)*d"4)*sqrt(-b)*arctan(sqrt(b*x~2 + a*x)*sqr...

output

Sympy [F]

/xQ(A—l-Ba:)\/ax—}—bed _/x2\/x(a+bx)(A+Bx)d
c+dz v c+dz v

input integrate (x**2% (B*x+A) * (b*x*k*2+a*x) ** (1/2) / (d*x+c) ,x)
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Output‘ Integral (x**2*sqrt (x*(a + b*x))*(A + B*x)/(c + d*x), x)

Maxima [F(-2)]

Exception generated.

/ z?(A + Br)vazx + bx?

dx = Exception raised: ValueError
c+dz

inputLintegrate(x“2*(B*x+A)*(b*x“2+a*x)"(1/2)/(d*x+c),x, algorithm="maxima")

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-2xb*c>0)', see “assume?” for

‘ more deta

Giac [F(-2)]

Exception generated.

dxr = Exception raised: TypeError

/ z2(A + Br)vazx + bx?
c+dx

input Lintegrate (x72% (Bxx+A) * (b*x~2+a*x) ~(1/2) / (d*x+c) ,x, algorithm="giac")

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Error: Bad Argument Type




CHAPTER 3. LISTING OF INTEGRALS 44

Mupad [F(-1)]

Timed out.
/x2(A+B$) ax+bx2 / \/bx2+aa:(A+Bx)d
c+dx c+dz
input Lint((x"2*(a*x + b*x72) " (1/2)*(A + B*x))/(c + d*x),x) J
output{int“ﬂ’*(a*x + bxx~2)~(1/2)*(A + B*x))/(c + d*x), X) J

Reduce [B] (verification not implemented)

Time = 10.39 (sec) , antiderivative size = 579, normalized size of antiderivative = 1.50

/ z?(A + Br)vazx + bx? p
T
c+dx
384,/cvad — bc atan(‘/m_ﬂfvf %“_ﬁ‘/‘j‘ﬁ’> ab®c’d — 384 /cv/ad — be atan(‘/m_ﬂ%_ﬁ‘/a

input Lint (x~2% (Bxx+A) * (b*xx~2+a*x) ~ (1/2) / (d*x+c) ,x) J




output
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(384*sqrt(c)*sqrt(axd - bxc)*atan((sqrt(a*d - bxc) - sqrt(d)*sqrt(a + b*x)
- sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt (b)) ) *axb**3xcx*2xd - 384*sqrt(c)
xsqrt(axd - b*c)*atan((sqrt(axd - b*c) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*s
qrt(d) *sqrt (b)) /(sqrt(c)*sqrt (b)) ) *b**4*c**3 + 384*sqrt(c)*sqrt(a*d - bxc)
xatan((sqrt(a*d - bxc) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/
(sqrt(c)*sqrt (b)) ) *a*bx*3*c**2xd - 384*sqrt(c)*sqrt(a*d - bxc)*atan((sqrt(
a*d - bxc) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqr
t (b)) *b**d*xc*k*x3 - 9*sqrt(x)*sqrt(a + bxx)*ax*3xbxd**x4 - 24xsqrt(x)*sqrt(a
+ b*x)*ka**x2xb*k*2kckd**3 + 6xsqrt(x)*sqrt(a + bkxx)*xax*2xbx*x2xd**x4xx + 240%
sqrt (x) *sqrt(a + b*x)*axbx*3kxcx*2xd**2 — 112*sqrt(x)*sqrt(a + b*x)*axbx*3*
c*xdx*3%x + T2xsqrt(x)*sqrt(a + bkx)*axb*x3xd*kx4xx*x2 — 192+sqrt(x)*sqrt(a
+ b*x) ¥b*x4*c**x3*%d + 96*sqrt(x)*sqrt(a + b*x)*b*xd*ck*x2*xd**2%x - 64*sqrt(x
)*sqrt(a + b*x)*kb*xx4d*ckd*x3*x**2 + 48*sqrt(x)*sqrt(a + b*x)*kb*x4d*kdr*4xx**3
+ 9*sqrt(b)*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*a*x4dxd*x4 + 24
*sqrt (b) *log((sqrt(a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*a**3*bkxcxd**3 + 14
4xsqrt (b)*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*ax*2xbx*k2kcx*2xd*
*2 - b76xsqrt(b)*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*axbx*3xck*
3xd + 384x*sqrt(b)*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*bk*d*kckx*4
) / (192%b**3%d**5)
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3.9 f x(A+Bc:12 d\/xaa:-l—bx2 dr

Optimal result

Mathematica [C] (verified) . . . . . . . .. .. ... L 47
Rubi [A] (verified) . . . . . . . .. . 4
Maple [A] (verified) . . . . . . . . . 19
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 50
Sympy [F] . . . o 531
Maxima [F(-2)] . . . . . . o o LIl
Giac [F(-2)] . - o o o b1
Mupad [F(-1)] . . . 52
Reduce [B] (verification not implemented) . . . . . ... ... ... .. ..... 52
Optimal result
Integrand size = 27, antiderivative size = 278
/ z(A + Bx)vVax + bx? i
c+dz
(a’Bd? — 8b?c(Bc — Ad) + 2abd(Bc — Ad)) Vax + bx?
T 8b2d?
(6bBc — 6Abd — aBd)zv/ax + bx?  Bzr*Vax + bx?
- +
12bd? 3d
3R3 3.2 2 27 72 Vb
s (a°Bd® — 16b°c*(Bc — Ad) + 8ab*cd(Bc — Ad) + 2a*bd*(Bc — Ad)) arctanh<m>
8b5/24
. 2¢3/24/bc — ad(Bc — Ad)arctanh(ﬁ—%>
d4

-1/8% (a~2*B*d~2-8*b~2*c* (—A*d+B*c) +2*xaxbxd* (—Axd+B*c) ) * (b*x~2+a*x) ~(1/2) /b
~2/d"3-1/12*% (-6*A*xb*d-B*a*d+6*Bxb*c) *x* (b*x~2+a*x) ~(1/2) /b/d~2+1/3*B*xx~ 2% (
bxx~2+ax*x) ~(1/2) /d+1/8* (a~3*B*d~3-16*%b~3*%c" 2% (~A*d+B*c) +8*axb~2xcxd* (—A*xd+
B*c)+2%a~2%bxd~2% (-A*d+B*c) ) *arctanh (b~ (1/2) *x/ (b*x~2+a*x) ~(1/2)) /b~ (5/2)/
d~4+2xc” (3/2) * (—axd+b*c) ~(1/2) * (—A*d+B*c) *arctanh ((-a*xd+bxc) ~(1/2) *x/c~(1/
2)/ (b*x~2+axx)~(1/2))/d"4

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 3.77 (sec) , antiderivative size = 543, normalized size of antiderivative = 1.95

dz

/ z(A + Bzx)vaz + bx?
c+dzx

Vzva+ bx (\/Ed\/i\/a + bx(—3a?Bd? + 2abd(—3Bc + 3Ad + Bdz) + 4b*(3Ad(—2c + dz) + B(6¢?

input ‘ Integrate[(x*x(A + B*x)*Sqrt[a*x + b*x~2])/(c + d*x),x]

(Sart[x]*Sqrt[a + b*x]*(Sqrt[b]*d*Sqrt[x]*Sqrt[a + b*x]*(-3*%a~2*Bxd~2 + 2%
axbxd* (-3*Bxc + 3*kAxd + Bkd*x) + 4xb~2%(3*%A*d*(-2%c + d*x) + B*(6%c”™2 - 3%
ckd*x + 2%d"2*x72))) + 48%b~(3/2)*Sqrt[c]*(Bxc - A*d)*(b*c - axd - I*Sqrt[
a] *Sqrt [d] *Sqrt [b*c - axd])*Sqrt[-(b*c) + 2*axd - (2*I)*Sqrt[al*Sqrt[d]*Sq
rt[bxc - a*d]]*ArcTan[(Sqrt[-(b*c) + 2*axd - (2*I)*Sqrt([a]*Sqrt[d]*Sqrt[b*
c - a*d]]*Sqrt[x])/(Sqrtlcl*(Sqrt[al] - Sqrtl[a + b*x]))] + 48%b~(3/2)*Sqrt[
cl*(B*c - Axd)*(bxc - a*d + I*Sqrt[a]*Sqrt[d]*Sqrt[b*c - a*d])*Sqrt[-(b*c)
+ 2%a*xd + (2%I)*Sqrt[al*Sqrt[d]*Sqrt[b*c - a*d]]*ArcTan[(Sqrt[-(b*c) + 2%
a*d + (2*I)*Sqrt[al*Sqrt[d]*Sqrt[b*c - a*xd]]*Sqrt[x])/(Sqrtlc]l*(Sqrtl[al -

Sqrtla + b*x]))] - 6*%(-(a"3*Bxd~3) + 16%b~3*c~2*(Bxc — A*d) + 8xa*b~2kcxd*
(-(B*c) + A*d) + 2%a~2xb*d~2*(-(B*c) + Axd))*ArcTanh[(Sqrt[b]l*Sqrt[x])/(-S
grtla] + Sqgrtl[a + b*x])]1))/(24*b~(5/2)*d~4*Sqrt[x*(a + b*x)])

output

Rubi [A] (verified)

Time = 1.04 (sec) , antiderivative size = 328, normalized size of antiderivative = 1.18,

number of rules _
integrand size 0.074, Rules

number of steps used = 2, number of rules used = 2,
used = {2153, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/ zvaz + bx?(A + Bz) i
c+dz
| 2153
/ cvazx + bx?(Bec— Ad)  Vaz + bz?(Ad — Bc)  Bzvax + br?
+ + dx
d?(c + dx) d? d
| 2009
a3Barctanh( %) . azarctanh< %) (Bc— Ad) N
8b5/2d 4b3/2d2
3/2 — _ z(2bc—ad)+ac
c3/2v/bc — ad(Bc Ad)arctanh( 2 v/o/az Tha? Voo a d)
44
b
carctanh(%) (2bc — ad)(Bc — Ad) N cvaz + bz2(Be — Ad) ~
Vbdt d?
(a +2bz)Vaz + br?*(Bc— Ad)  aB(a+ 2bz)vVaz + ba? + B(az + bx2)3/2
4bd? 8b2d 3bd

s

input LInt[(X* (A + Bxx)*Sqrt[a*x + b*x~2])/(c + d*x),x]

-/

(c*(Bxc - Axd)*Sqrtl[a*x + b*x"2])/d"3 - (a*Bx(a + 2%bxx)*Sqrt[a*x + b*x"2]
)/ (8%b~2xd) - ((B*c - Axd)*(a + 2xbxx)*Sqrt[axx + b*x~2])/(4xb*d~2) + (B*(
a*x + bxx~2)7(3/2))/(3*xbxd) + (a~3*B*ArcTanh[(Sqrt[b]*x)/Sqrt[a*x + bxx~2]
1)/(8*%b~(5/2)*d) + (a~2*%(B*c - Axd)*ArcTanh[(Sqrt[b]*x)/Sqrt[a*x + b*x~2]]
)/ (4%b~(3/2)*d"2) - (c*(2%b*c - axd)*(Bxc - A*d)*ArcTanh[(Sqrt[b]*x)/Sqrtl[
a*x + b*x"2]])/(Sqrt[bl*d~4) + (c~(3/2)*Sqrt[b*c - a*d]*(B*c - A*d)*ArcTan
h[(a*xc + (2%b*c - a*d)*x)/(2xSqrt[c]*Sqrt[b*c - a*d]*Sqrt[a*x + b*x~2])])/
d~4

output
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CHAPTER 3.

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2153 Int[(PX_)*((d_.) + (e_.)*(x_))"(m_.)*((f_,) + (g_,)*(x_))‘(n_.)*((a_.) + (b

_)x(x ) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + ex*

x)"m*(f + g*x) n*(a + bxx + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g,

m, n, p}, x] && PolyQ[Px, x] && (IntegerQ[p] || (IntegerQ[2*p] && IntegerQ
1 (IGtQ[m, 0] && IGtQ[n, 01)

[m] && ILtQ[n, 0])) &&

Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 258, normalized size of antiderivative = 0.93

method result

dy/a(bata) (8B b%d%c? +124b%d%c+2Bab d*o—12B b2 cdw+6Aab d® —244 b2 cd—3a? B d® —6abBed+24B b2 ?) (240%bd3+84
LI - 24b2
pseudoelliptic | —
(2400
risch (8B b2 d*z?+12Ab>d*z+2Bab d*x—12B b’ cdz+6Aab d> —24A b?cd—3a? B d> —6abBcd+24B b c?) x(bz+a)
24b2d3 \/z(bz+a)
2) ( § oz +W)
al n x ax
@ (2bm+a)\/m _ Vb
21 Gtba b2 ) 3 45 gb%
Ad(<zbz+a>¢m L | (=2e0)?
4b - 3 + 35 - 5
8b2
default pp
input Lint (x* (B¥x+A) * (b*x~2+a*x) ~(1/2) / (d*x+c) ,x,method=_RETURNVERBOSE) J
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-1/d"4* (-1/24%d* (x* (b*x+a) )~ (1/2) * (8*%B*b~2+d " 2*x~2+12*A*xb~2*d " 2*x+2*B*axb*
d"2*x-12*%B*b~ 2% ckd*x+6*A*a*b*d~2-24*A*xb~2*ckd-3*B*xa~2*xd~2-6*B*xa*xb*cxd+24*B
*b"2%c”2) /b"2+1/8% (2% A*a~2¥b*d " 3+8*Axaxb~2xckxd"2-16*%A*b~3*c"2*d-B*a~3*d"3-
2%B*a~2¥b*c*xd~2-8*Bxaxb~2*c~2*d+16*B*b~3*c~3) /b~ (5/2) *arctanh ( (x* (b*x+a) )"~
(1/2)/x/b~(1/2) ) +2* (a*d-b*c) * (Axd-B*c) *c~2/ (c* (a*d-b*c) )~ (1/2) *arctan ( (x*(
bxx+a)) ~(1/2) /x*c/ (c*(a*d-b*c))~(1/2)))

output

Fricas [A] (verification not implemented)

Time = 2.50 (sec) , antiderivative size = 1148, normalized size of antiderivative = 4.13

dxz = Too large to display

/ r(A + Bz)vVaz + bz

c+dx

input{integrate(x*(B*x+A)*(b*x“2+a*x)*(1/2)/(d*x+c)’X’ algorithm="fricas")

[1/48% (3% (16%B*b~3%c™3 - 8%(B*axb~2 + 2xAxb~3)*c”™2*%d - 2% (Bxa~2xb - 4xAxax
b~2)*c*d"2 - (B*a~3 - 2xAxa”2%b)*d”3)*sqrt(b)*log(2*b*x + a - 2*sqrt(b*x~2
+ a*x)*sqrt(b)) - 48*%(B*b~3*c”2 - Axb~3*c*d)*sqrt(b*c”2 - akcxd)*log((a*c
+ (2%bxc - axd)*x - 2*sqrt(b*c”2 - akc*xd)*sqrt(b*x~2 + a*x))/(d*x + c)) +
2% (8*B*b~3*%d"3*x"2 + 24*B*b~3xc”2%d - 6% (B*a*b”2 + 4*A*b~3)*c*xd"2 - 3*(Bx
a"2xb - 2xAxaxb”2)*d"3 - 2% (6xB*b”"3*cxd"2 - (B*a*b~2 + 6*Axb~3)*d"3)*x)*sq
rt(b*x"2 + a*x))/(b~3*%d"4), -1/48%(96%(B¥b~3%c™2 - A*b~3%c*d)*sqrt(-bkc™2
+ axcxd)*arctan(sqrt (-b*c”2 + axc*d)*sqrt(b*x~2 + a*x)/(b*cxx + axc)) - 3%
(16%B*b~3%c~3 - 8x(Bxa*b~2 + 2xA*b~3)*c”~2%d - 2% (Bxa~2%b - 4xA*a*xb~2)*c*d"
2 - (Bxa~3 - 2xAxa”2*b)*d"3)*sqrt(b)*log(2*b*x + a - 2*sqrt(b*x~2 + a*x)*s
grt(b)) - 2% (8*Bxb~3*%d"3*x"2 + 24*Bxb~3%c”2*d - 6*(B*a*b~2 + 4*Axb~3)*cxd”
2 - 3*%(Bxa"2*b - 2*A*axb”2)*d"3 - 2x(6*%Bxb"3*c*d"2 - (B*a*b~2 + 6*Axb~3)*d
~3)*x) *sqrt (b*x~2 + a*x))/(b"3*xd"4), 1/24*(3*x(16*B*b~3*c~3 - 8x(B*a*b™2 +
2xAxb~3)*c"2*%d - 2% (B*a"2%b - 4*A*axb~2)*cxd"2 - (B*a~3 - 2%A*a~2%b)*d"3)*
sqrt (-b)*arctan(sqrt (b*x"2 + a*x)*sqrt(-b)/(b*x + a)) - 24*(B*b~3*c”2 - Ax
b~3*c*xd) *sqrt (bxc™2 - axcxd)*log((axc + (2%bkc - a*d)*x - 2*sqrt(b*c”2 - a
*xc*d) *sqrt (b*x~2 + a*x))/(d*x + c)) + (8*B*b~3*d"3*x~2 + 24*Bxb~3%c~2*d -
6% (Bxaxb~2 + 4*xAxb~3)*cxd"2 - 3*(B*a"2%b - 2*A*a*b~2)*d"3 - 2% (6%Bxb~3xc*d
"2 - (B*a*b"2 + 6*%A*b"3)*d"3)*x)*sqrt(b*x"2 + a*x))/(b"3*%d"4), -1/24x%(48%(
Bxb~3%c”2 - A*b~3*c*d)*sqrt(-bxc”2 + axcxd)*arctan(sqrt(-bxc~2 + axcx*d)...

output
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Sympy [F]

/m(A—l—Bx)\/ax—}-be dxz/x\/x(a—kbx)(A—FBx) i

c+dx c+dx

jnputLintegrate(X*(B*X+A)*(b*X**2+a*X)**(1/2)/(d*x+c),X)

output LIntegral(x*sqrt(x*(a + b*x))*(A + B*x)/(c + d*x), x)

Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError
c+dz

z(A + Bz)Vaz + ba?
/

inputLintegrate(x*(B*x+A)*(b*x‘2+a*x)“(1/2)/(d*x+c),x, algorithm="maxima")

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-2*b*c>0)', see ~assume?  for

‘ more deta

Giac [F(-2)]

Exception generated.

dx = Exception raised: TypeError

/x(A-i— Br)Vaz + 522

c+dzx

input Lintegrate (x* (Bxx+A) * (bxx~2+a*x) ~(1/2) / (d*x+c) ,x, algorithm="giac")

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Error: Bad Argument Type




CHAPTER 3. LISTING OF INTEGRALS 52

Mupad [F(-1)]

Timed out.

dx

/x(A+Bac) ax+bx2 /x\/bx2+ax(A+Bx)

c+dx ct+dzx

input‘int((x*(a*x + b*x~2)~(1/2)*(A + B*x))/(c + d*x),x)

ou‘cputtint((x*(a*x + b*x"2)"(1/2)*(A + B*x))/(c + d*x), x) J

Reduce [B] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 456, normalized size of antiderivative = 1.64

/ z(A + Bzx)Vaz + bx? q
T
c+dz
—48vevad—be atan<m_ﬂﬁ_ﬁﬁﬁ’> ab?cd + 48v/c+/ad — be atan(@—ﬁ%—ﬁﬁv
inputLint(x*(B*x+A)*(b*x‘2+a*X)*(1/2)/(d*x+c),x) J
output ( - 48+*sqrt(c)*sqrt(a*xd - b*c)*atan((sqrt(a*xd - b*c) - sqrt(d)*sqrt(a + b*

x) - sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*axb**2*cxd + 48*sqrt(c)*s
grt(a*d - bkc)*atan((sqrt(a*d - b*c) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqr
t(d)*sqrt(b) )/ (sqrt(c)*sqrt (b)) ) *xb**3*cx*2 - 48*sqrt(c)*sqrt(axd - bxc)*at
an((sqrt(axd - b*c) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sq
rt(c)*sqrt(b)))*a*xbx*2xc*d + 48*sqrt(c)*sqrt(axd - bxc)*atan((sqrt(axd - b
xc) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*
b**3*kc*x*2 + 3*sqrt(x)*sqrt(a + bxx)*a*x*2xb*d**3 — 30*sqrt(x)*sqrt(a + b*x)
*xaxb*x2*xckd**2 + 14*sqrt(x)*sqrt(a + b*x)*a*b**2*d**3*x + 24*sqrt (x)*sqrt(
a + b*x)*b**3*c*kx2+d - 12*%sqrt(x)*sqrt(a + b*x)*b**3*ckd**2*x + 8*sqrt(x)*
sqrt(a + bx*x)*b**3xd**3xx**2 - 3*ksqrt(b)*log((sqrt(a + b*x) + sqrt(x)*sqrt
(b)) /sqrt(a))*a**3xd**x3 - 18+sqrt(b)*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))
/sqrt(a))*a**2xbkxc*xd**2 + 72*sqrt(b)*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))
/sqrt(a))*a*b**2*kc**2*%d — 48+sqrt(b)*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))
/sqrt (a)) ¥b**3%c**3) / (24*bx*x2xd**4)
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3.3 f (A+Bzx)Vaz+bx? dx

ct+dz
Optimal result . . . . . . . . . . . . H3l
Mathematica [C] (verified) . . . . . . . .. .. ... L Y
Rubi [A] (verified) . . . . . . . .. . !
Maple [A] (verified) . . . . . . . . . BT
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... b
Sympy [F] . . . o 59
Maxima [F(-2)] . . . . . . o o bY¢)
Giac [F(-2)] . - o o o 5Y¢)
Mupad [F(-1)] . . . 60
Reduce [B] (verification not implemented) . . . . . ... ... ... .. ..... 60)

Optimal result

Integrand size = 26, antiderivative size = 194

/ (A + Bz)vazx + bx? d

c+dz
__(4bBc —4Abd — aBd)Vaz + bz? Bx\/aa: + ba?
N 4bd? 2d

2172 2
~ (a*Bd?* — 8b*c(Bc — Ad) + 4abd(Bc — Ad)) arctanh(m>
423
— _ Vbc—adz
2\/_\/bc ad(Bc Ad)arctanh<fm>
B

output \ -1/4% (-4*Axb*d-B*a*xd+4*B¥b*c) * (bxx~2+a*x) ~(1/2) /b/d~2+1/2*Bxx* (b*x~2+a*x) ~ \
| (1/2)/d-1/4x (a~2%B*d~2-8+b"2kc* (-A*d+B*c) +A*axbxd (~Axd+Bxc) ) xarctanh (b~ (1
| /2)xx/ (b¥x~2+a*x) " (1/2)) /b"(3/2) /d"3-2%c™ (1/2) * (-axd+bkc) " (1/2) x (-A*d+Bxc) |

‘ *arctanh ((-axd+b*c) ~(1/2)*x/c~(1/2) / (b*xx"2+a*x)~(1/2))/d"3
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 2.70 (sec) , antiderivative size = 481, normalized size of antiderivative = 2.48

/ (A + Bzx)vazx + bx? p
c+dz v

Vava + bz (\/Eﬁd\/i\/a + bz(aBd + b(—4Bc + 4Ad + 2Bdzx)) + 8v/b(Bc — Ad) <bc — ad — i/aV/d

input‘lntegrate[((A + B*x)*Sqrt[a*x + b¥x~2])/(c + d*x),x]

(Sart[x]*Sqrt[a + b*x]*(Sqrt[b]*Sqrt[c]*d*Sqrt[x]*Sqrt[a + b*x]*(a*Bxd + b
*(—4*B*c + 4*A*d + 2%B*d*x)) + 8*Sqrt[b]l*(B*c - Axd)*(b*c - a*d - IxSqrt[a
I*Sqrt[d]*Sqrt[b*c - axd])*Sqrt[-(bxc) + 2%a*xd - (2*I)*Sqrt[a]*Sqrt[d]*Sqr
t[b*c - axd]]*ArcTan[(Sqrt[-(b*c) + 2%axd - (2xI)*Sqrt[al*Sqrt[d]*Sqrt[b*c
- axd]]1*Sqrt[x])/(Sqrt[c]l*(-Sqrt[a] + Sqrtl[a + b*x]))] + 8*Sqrt[b]*(B*c -
Axd)*(bxc - a*d + I*Sqrt[al*Sqrt[d]*Sqrt[b*c - a*d])*Sqrt[-(bxc) + 2*a*d
+ (2*I)*Sqrt[a]l*Sqrt [d]*Sqrt[b*c - axd]]*ArcTan[(Sqrt[-(b*c) + 2*axd + (2%
I)*Sqrt [a]l *Sqrt [d] *Sqrt [bxc - a*d]]*Sqrt[x])/(Sqrt[c]l*(-Sqrt[a] + Sqrt[a +
bxx]))] + 2xSqrt[c]l*(-(a"2*B*d~2) + 8*b~2*c*(Bxc - Axd) + 4*a*b*d*(-(Bxc)
+ Axd))*ArcTanh[(Sqrt [b]*Sqrt[x])/(-Sqrt[a]l + Sqrt[a + b*x])]1))/(4xb~(3/2
)*Sqrt [c]*d~3*Sqrt [x*(a + b*x)])

output

Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.06,

number of rules _ 269, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {1231, 27, 1269, 1091, 219, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dxr

/ Vaz + bx?(A + Bz)

c+dzx
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| 1231
ac(4bBc—4Abd—aBd)—(—SC(Bc—Ad)b2+4ad(Bc—Ad)b+a2Bd2)zd
_f - 2(c+dz)Vbz2+ax z _
4bd?
Vazx + bx?(—aBd — 4Abd + 4bBc — 2bBdx)
4bd?

l 27

ac(4bBc—4Abd—aBd)— (—8c(Bc—Ad)b%+4ad(Bc—Ad)b+a? Bd?)z
J )2 4y
(ct+dz)vVbx2+az .
8bd?
Vazx + bx?(—aBd — 4Abd + 4bBc — 2bBdx)
4bd?
l 1269
(a2 Bd2+4abd(Bc—Ad)—8b2c(Bc—Ad)) [ ﬁdz 8bc(bc—ad)(Bc—Ad) [ mdz
- d - d _
8bd?
Vazx + bx?(—aBd — 4Abd + 4bBc — 2bBdx)
4bd?
| 1091
2eEBE Habd(BemAd)=8 e BeAD) | A i shelbe—ad)(Be-Ad) [ oty do
- d - d _
8bd?
vaz + br?(—aBd — 4Abd + 4bBc — 2bBdx)
4bd?
l 219
_8bc(bc—ad)(Bc—Ad) i mdw ~ 2arctanh<%) (a2 Bd?+4abd(Bc—Ad)—8b2c(Bc—Ad))
d Vbd _
8bd?
Vaz + br?(—aBd — 4Abd + 4bBc — 2bBdx)
4bd?
| 1154
ac+(2bc—ad)z
16be(be—ad)(Be—Ad) | ac(bo—ad)— (ai+l(7220—ad)m)2 d(_ Vit ) 2arctanh< \/%) (a2 Bd?+4abd(Bc— Ad)—8b2c(Bc—Ad))
T4 +ax _ ax+bx
Vbd
8bd?
Vazx + bx?(—aBd — 4Abd + 4bBc — 2bBdx)

4bd?
l 219
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Vbz 2 2 _ _ QK2 _ — _ z(2bc—ad)+ac
2arctanh( W) (a® Bd?+4abd(Bc—Ad)—8b%c(Bc—Ad))  8by/cv/bc—ad(Bc Ad)arctanh<—2\/g \/Wm)

Vbd d
8bd?
Vazx + bx?(—aBd — 4Abd + 4bBc — 2bBdx)
4bd?

(Int[((A + Bxx)*Sqrt[a*x + b*x~2])/(c + d*x),x]

N\ J

input

-1/4*%((4xb*B*c - 4*A*xbkd - a*Bkd - 2%b*Bxd*x)*Sqrt[a*xx + bxx~2])/(b*d"2) +

((-2%(a"2*%B*d~2 - 8*b~2%c*(B*c - Axd) + 4*a*bxdx(Bxc - A*d))*ArcTanh[(Sqr
t [b]l*x)/Sqrt[a*x + b*x~2]])/(Sqrt[bl*d) - (8*bxSqrt[c]*Sqrt[b*c - axd]=*(B*
c - Axd)*ArcTanh[(a*c + (2*bxc - a*d)*x)/(2*Sqrt[c]l*Sqrt[b*c - a*d]*Sqrt[a
*x + b*x72])]1)/d)/(8xb*d~2)

output

Defintions of rubi rules used

rule 27 Tntl@)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/v] && (Gt
Qla, 0] |l LtQ[b, 01)

rule 219

Int[1/Sqrt[(b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[Int[1/(1
- ¢c*x~2), x], x, x/Sqrtlb*x + c*x~2]]1, x] /; FreeQ[{b, c}, x]

rule 1091

rule 1154 Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d"2 - 4*bkxdxe + 4*axe”2 - x"2), x], x, (
2%a*xe - bkd - (2*c*d - bkxe)*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQ[{a, b, c
, d, e}, xl




rule 1231

rule 1269

input L
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Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_I)*(x )"2)"(p_.), x_Symbol] :> Simp[(d + e*x)~"(m + 1)*(c*e*f*(m + 2xp + 2)
- gx(c*d + 2xc*d*p - b*exp) + gxckex(m + 2*xp + 1)*x)*((a + b*x + c*x~2) p/
(c¥e™2%(m + 2%p + 1)*(m + 2%p + 2))), x] - Simp[p/(c*e”2*(m + 2*p + 1)*(m +
2xp + 2)) Int[(d + e*x)"m*(a + b*x + c*x"2)"(p - 1)*Simp[c*e*f*(b*d - 2%
axe)*x(m + 2*p + 2) + gx(axex(b*e - 2%c*d*m + b*e*m) + bxdx(b*e*p - c*d - 2%
cxd*p)) + (ckexf*(2xckxd - bxe)*(m + 2%p + 2) + gx(b™2*xe”™2%(p + m + 1) - 2xc
~2%d"2% (1 + 2xp) - cxe*x(b*d*(m - 2*%p) + 2xa*e*x(m + 2%p + 1))))*x, x], x], X
1 /; FreeQl[{a, b, c, d, e, f, g, m}, x] && GtQ[p, 0] && (IntegerQ[p] || 'R
ationalQ[m] || (GeQ[m, -1] && LtQ[m, 0])) && !ILtQ[m + 2*p, 0] && (Integer
Qm] || IntegerQlp] || IntegersQ[2*m, 2+%p])

Int[((d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_)*(x_)"2)"(p_.), x_Symbol] :> Simpl[g/e Int[(d + e*x)”"(m + 1)*(a + b*x +
c*x~2)7p, x], x] + Simp[(exf - d*g)/e Int[(d + e*x) " m*(a + b*x + c*x~2)"
p, x1, x] /; FreeQ[{a, b, c, d, e, £, g, m, p}, x] & 'IGtQ[m, 0]

Maple [A] (verified)

Time = 0.67 (sec) , antiderivative size = 165, normalized size of antiderivative = 0.85

method result
2 2 2542 2 2 Vz(bz+a) ad—be _
_d\/m(23bdz+4Abd+Bad—4Bbc)_(4A“bd —8Ab%cd—a’Bd 74abBc:+SBb c )arctanh(T) _2( d—be)(Ad
b
pseudoelliptic | — 2

a.p
(4Aab d2-8Ab%cd—a?B d?—4abBcd+8B 6202) In <%+\/b 12+aa:)

dvb
(2Bbdz+4Abd+Bad—4Bbc)z(bz+a)

risch 4bd2\/z(bz+a) +
(ad—2bc) (z+ < clad—be
o (S (Ad—Bc) \/b(z+§)2+ Cd(z i) _ Ly
5| @boravizTras _° 1“(7*””” *‘””)
©® sb3
default | +

-

int ((Bxx+A) * (b*x~2+a*x) ~(1/2) / (d*x+c) ,x,method=_RETURNVERBOSE)

-/
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{-1/d”3*(-1/4*d*(x*(b*x+a))”(1/2)*(2*B*b*d*x+4*A*b*d+B*a*d—4*B*b*c)/b—1/4*(
\4*A*a*b*d‘2-8*A*b‘2*c*d-B*a“Q*d‘2-4*B*a*b*c*d+8*B*b“2*c‘2)/b“(3/2)*arctanh
\((x*(b*x+a))‘(1/2)/x/b‘(1/2))—2*(a*d—b*c)*(A*d—B*c)*c/(c*(a*d—b*c))‘(1/2)*
’arctan((x*(b*x+a))‘(1/2)/x*c/(c*(a*d—b*c))“(1/2)))

output

Fricas [A] (verification not implemented)

Time = 0.55 (sec) , antiderivative size = 793, normalized size of antiderivative = 4.09

/(A+Bw)\/m

ot dz dz = Too large to display

input integrate ((Bxx+A)* (b*xx~2+a*x) ~(1/2) /(d*x+c) ,x, algorithm="fricas")

[1/8%((8*%B*b~2xc~2 - 4x(B*axb + 2*%A*b~2)*cxd - (B*a~2 - 4xAxaxb)*d~2)*sqrt
(b) *log(2*b*x + a + 2*sqrt(b*x~2 + a*x)*sqrt(b)) - 8*(Bxb~2*c - Axb~2%d)*s
qrt(b*c™2 - a*c*d)*log((axc + (2xb*c - axd)*x + 2*sqrt(b*c”2 - akcxd)*sqrt
(b*x~2 + ax*x))/(d*x + c)) + 2%x(2%Bxb~2%d"2*x — 4*B*b~2%c*d + (B*axb + 4*Ax
b~2)*d"2) *sqrt (b*x~2 + a*x))/(b"2%d"3), 1/8%(16%(B¥b~2%xc — A*b~2x*d)*sqrt(-
b*c~2 + a*cxd)*arctan(sqrt(-bxc”2 + akc*d)*sqrt(b*x~2 + a*x)/(b*c*x + a*c)
) + (8%B*b~2%c~2 - 4% (B*axb + 2%Axb~2)*cxd - (Bxa"2 - 4xA*axb)*d”2)*sqrt (b
)*log(2*b*x + a + 2*sqrt(b*x~2 + a*x)*sqrt(b)) + 2% (2#B*b"2xd"2%x - 4xB*b~
2%cxd + (Bxa*b + 4*Axb~2)*d"2)*sqrt(b*x~2 + a*x))/(b~2+d~3), -1/4*((8*B*b~
2*%c™2 - 4x(Bxaxb + 2xAxb~2)*cxd - (B*a"2 - 4xA*a*b)*d”2)*sqrt(-b)*arctan(s
grt(b*x~2 + axx)*sqrt(-b)/(b*x + a)) + 4*(Bxb~2xc - Axb~2xd)*sqrt(b*xc™2 -
axcxd)*log((axc + (2¥bkc - a*d)*x + 2xsqrt(b*c”2 - axc*d)*sqrt(b*x”~2 + a*x
))/(d*x + c)) - (2*xB*#b~2+d"~2*x - 4*%Bxb~2xc*d + (B*a*b + 4xA*b~2)*d”2)*sqrt
(b*x~2 + a*x))/(b"2%xd"3), 1/4*(8*(B*b~2%c - A*b~2*d)*sqrt(-b*c~2 + a*cxd)=*
arctan(sqrt(-b*c~2 + a*cxd)*sqrt(b*x~2 + a*x)/(b*c*x + a*c)) - (8%B¥b~2xc~
2 - 4x(Bxa*xb + 2xA*b"2)*c*d - (B*a~2 - 4*Axa*b)*d~2)*sqrt(-b)*arctan(sqrt(
b*x~2 + a*x)*sqrt(-b)/(b*x + a)) + (2*#B*b~2*d"2*x - 4*B*b~2*c*d + (Bxaxb +

4xA*xb~2) *d"2) *sqrt (b*x~2 + a*x))/(b~2xd"3)]

output

N
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Sympy [F]

/(A—l—Bx)\/ax-}—be dxz/\/x(a-i-bx)(A—l-Bx) i

c+dx c+dx

inputLintegrate((B*x+A)*(b*x**2+a*x)**(1/2)/(d*x+c),X)

output LIntegral(sqrt (xx(a + b*x))*(A + Bxx)/(c + d*x), x)

Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/(A+Bz)\/m

c+dzx

Lintegrate ((Bxx+A) * (b*x~2+axx) " (1/2) / (d*x+c) ,x, algorithm="maxima")

input
Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-2*b*c>0)', see ~assume?  for
‘ more deta
Giac [F(-2)]
Exception generated.
A+ Bzx)vVaz + bx? ) )
/ ( ) dr = Exception raised: TypeError
c+dx
input Lintegrate ((Bkx+A) * (bxx~2+a*x) ~(1/2) / (d*x+c) ,x, algorithm="giac")

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Error: Bad Argument Type
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Mupad [F(-1)]

Timed out.
/(A+B$)vax+bx2d /\/bazz-l-ax A+Bx)d
c+dz N ct+dz
inputtint(((a*x + b*x~2)"(1/2)*(A + B*x))/(c + d*x),x) J
output 1BE(((@¥x + D¥x2)7(1/2)+ (4 + B¥0)/ (e + @), ©) J

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 352, normalized size of antiderivative = 1.81

(A+ Bz)vazx + bx2
c+dz
8#M&tan(m_ﬂ%—ﬁﬁﬁ) abd—&/&Matan(‘/m ‘[W—f‘[\[>b
inputLint((B*X+A)*(b*XA2+a*X)A(1/2)/(d*x+c),x) J

(8*sqrt(c)*sqrt(axd - bxc)*atan((sqrt(a*d - b*c) - sqrt(d)*sqrt(a + b*xx) -
sqrt (x) *sqrt (d) *sqrt (b)) /(sqrt(c)*sqrt (b)) ) *a*bxd - 8*sqrt(c)*sqrt(a*xd -
bxc)*atan((sqrt(a*d - b*c) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt(
b))/ (sqrt(c)*sqrt(b)))*b**2*c + 8*sqrt(c)*sqrt(axd - b*c)*atan((sqrt(axd -
b*c) + sqrt(d)*sqrt(a + bxx) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b))
)*axb*d - 8*sqrt(c)*sqrt(a*d - bxc)*atan((sqrt(a*d - bxc) + sqrt(d)*sqrt(a
+ b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*b**2*c + 5xsqrt(x)*s
grt(a + bxx)*axb*xd**2 - 4*xsqrt(x)*sqrt(a + b*x)*b*x2+cxd + 2*sqrt(x)*sqrt(
a + bxx)*bx*2*d**2+x + 3*sqrt(b)*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))/sqr
t(a))*ax*2+d**2 - 12+sqrt(b)*log((sqrt(a + bxx) + sqrt(x)*sqrt(b))/sqrt(a)
)*axbxcxd + 8*sqrt(b)*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*b**2x*

cx*x2) / (4*bxd**3)

output
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3.4 f (A+Bzx)Vaz+bx? dx

z(c+dx)
Optimal result . . . . . . . . . . . . . 611
Mathematica [A] (verified) . . . . . . . . . ... 611
Rubi [A] (verified) . . . . . . . . . . 62
Maple [A] (verified) . . . . . . . . ... 63}
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 64
Sympy [F] . . o e 65
Maxima [F(-2)] . . . . . .o 65
Giac [F(-2)] . - v o o o 65
Mupad [F(-1)] . . ..o e 66
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 66

Optimal result

Integrand size = 29, antiderivative size = 129

/ (A+Ba)ar 6 _ BYartha _ (B 2Abd - aBd)arctanh (Y22 )
z(c+ dz) B d Vbd?
vbc—adx
. 2y/bc — ad(Bc — Ad)arctanh<m>
Ved?

‘B*(b*x 2+a*x) "~ (1/2) /d- (-2*Axb*d-B*axd+2*Bxb*c) *arctanh (b~ (1/2) *x/ (b*x~2+ax \
x)° (1/2))/b (1/2) /d~2+2x (-a*d+b*c) ~(1/2) % (-A*d+Bxc) ¥arctanh ( (-axd+bc)~(1/ |
"2+a*x)~(1/2))/c(1/2)/d"2

output

Mathematica [A] (verified)

Time = 0.42 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.43

(A+ Bz)vVazx + b:c2

z(c+ dz)
Vava T b3 (2Vby/=be + ad(Be — Ad) arctan (=AEYetiEends) ) /o \bBdy/z/a+ ba + (2B
B Vby/cd?\/z(a + bx)




CHAPTER 3. LISTING OF INTEGRALS 62

input ‘ Integrate[((A + B#x)*Sqrt[a*x + b*x~2])/(x*(c + d*x)),x] ‘

(Sqrt [x]*Sqrt[a + bxx]*(2+Sqrt [b]*Sqrt[-(b*c) + a*d]*(Bxc - A*d)*ArcTan[(-
(d*Sqrt [x]*Sqrt[a + b*x]) + Sqrt[bl*(c + d*x))/(Sqrt[cl*Sqrt[-(b*xc) + axd]
)1 + Sqrtlcl=*(Sqrt[b]*Bxd*Sqrt[x]*Sqrt[a + b*x] + (2%b*Bxc - 2%Axb*d - a*B
*d) *Log [-(Sqrt [b] *Sqrt [x]) + Sqrtl[a + b*x]])))/(Sqrt[bl*Sqrt[c]*d~2*Sqrt[x
*(a + b*x)])

output

Rubi [A] (verified)

Time = 0.92 (sec) , antiderivative size = 209, normalized size of antiderivative = 1.62,

_ o number of rules
2, integrand size = 0.069, Rules

number of steps used = 2, number of rules used =
used = {2153, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ Vaz + b:c (A+ Bx) iz
z(c+ dx)
| 2153
/ Vazx + bx?(Bc — Ad) + Avazx + bx? p

c(c+dz) cx

| 2009
Vb. — _ z(2bc—ad)+ac
_arctanh( L) (2be — ad)(Be - Ad)+\/bc ad(Be Ad)arctar;h(Q ool ) .
Vbed? Ved
Vbz
aAarctanh( m) Vaz + bz?(Bc — Ad) Avaz + ba?
Vbe cd c

input \Int [((A + Bxx)*Sqrt[a*x + b*x"2])/(x*(c + d*x)),x] /




output
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(A*Sqrt[a*x + b*x~2])/c + ((Bkc - A*d)*Sqrt[a*x + b*x~2])/(c*d) + (a*xAxArc
Tanh [(Sqrt [b] *x) /Sqrt [a*x + b*x~2]1])/(Sqrt[bl*c) - ((2*bxc - a*d)*(B*c - A
*d) *ArcTanh [ (Sqrt [b] #x) /Sqrt [a*x + b*x~2]]1)/(Sqrt[bl*c*d"2) + (Sqrt[b*c -
a*d] *(Bxc - Axd)*ArcTanh[(a*xc + (2%b*c - a*d)*x)/(2*Sqrt[c]*Sqrt[b*c - a*d
1#Sqrt [a*x + bxx~2]1)]1)/(Sqrt[c]*d~2)

Defintions of rubi rules used

ruk32009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2153

input

Int [(Px_)*((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*(x_))"(n_.)*((a_.) + (b
_dx(x) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + ex
x)"m*(f + g*x) n*(a + b*x + c*x~2)7p, x], x] /; FreeQl[{a, b, c, d, e, £, g,
m, n, p}, x] & PolyQ[Px, x] && (IntegerQ[p] || (IntegerQ[2*p] && IntegerQ
[m] && ILtQ[n, 0])) && !'(IGtQ[m, 0] && IGtQ[n, 0])

Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.88

method result
_ Va(bata) _ _ Valbzta)c
B x(bx+a) i (2Abd+Bad—2Bbc) arctanh( ovb ) N 2(ad—bc)(Ad— Bc) arctan ( w\/m)
pseudoelliptic | — Ve = Jolad—bc)
_ 2¢(ad—bc) + (ad—2bc) (a:-&-%) |
aLy 2(Aa d?— Abed—Bacd+Bbc?) In 2 d
(2Abd+Bad—2Bbc) In ( 7;5” +\/m)
Ba(bo-+a) dvb -
: x(bx+a
risch d+\/z(bz+a) + o
ad—2bc) (z+ S
ay (Ad—Bc) \/b(m+§)2+( d)( +d)_c(aj;bc)+
“ m(%ﬁ%)
2
Al VoxZtaz+ NG
default - —

Lint ((B¥x+A) * (b*xx~2+a*x) ~(1/2) /x/ (d*x+c) ,x,method=_RETURNVERBOSE) J
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t‘-1/d‘2*(-B*(x*(b*x+a))“(1/2)*d-(2*A*b*d+B*a*d—2*B*b*c)/b“(1/2)*arctanh((x*
| (b*x+a))~(1/2)/x/b™(1/2))+2x (a*d-b*c) * (A*d-B*c) / (cx (a*xd-b%c) ) ~(1/2) *arctan |
‘((x*(b*x+a))‘(1/2)/x*C/(C*(a*d-b*C))‘(1/2)))

outpu

Fricas [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 579, normalized size of antiderivative = 4.49

(A + Bz)vax + bz? p
z(c+ dz) v
2/bx? 4 axBbd — (2 Bbc — (Ba + 2 Ab)d)v/blog (2 bx + a + 2vbx? + ax\/l_)> — 2(Bbc — Abd) 4/ *=

2 bd?

;
input‘integrate((B*x+A)*(b*x‘2+a*x)‘(1/2)/x/(d*x+c),x, algorithm="fricas")

[1/2%(2*sqrt (b*xx~2 + a*x)*Bxbxd - (2#B*bxc - (B*a + 2xAxb)*d)x*sqrt(b)*log(
2%b*x + a + 2*sqrt(b*x”2 + a*x)*sqrt(b)) - 2*(Bxbxc - Axbxd)*sqrt((b*c - a
xd) /c) *log((a*c + (2*%bxc - a*d)*x - 2*xsqrt(b*x”2 + a*x)*c*sqrt((bxc - a*d)
/c))/(d*x + c)))/(bxd"2), 1/2%(2*sqrt(b*x~2 + a*x)*Bxb*d + 4x(Bxb*c — Axb*
d)*sqrt (-(b*c - axd)/c)*arctan(-sqrt(b*x~2 + a*x)*c*sqrt(-(b*c - axd)/c)/(
(bxc - axd)*x)) - (2xBxbxc - (B*a + 2*A*b)*d)*sqrt(b)*log(2xb*x + a + 2xsq
rt(b*x~2 + a*x)*sqrt(b)))/(b*d~2), (sqrt(b*x~2 + a*x)*B*b*d + (2%Bxb*c - (
Bka + 2%Axb)*d)*sqrt(-b)*arctan(sqrt(b*x~2 + a*x)*sqrt(-b)/(b*x + a)) - (B
*bk*c - Axbxd)*sqrt((bxc - axd)/c)*log((axc + (2xb*c - a*d)*x - 2*sqrt(b*x”
2 + a*x)*cxsqrt((b*c - a*d)/c))/(d*x + c)))/(bxd"2), (sqrt(b*x~2 + a*x)*B*
b*d + (2*Bxbxc - (B*a + 2xA*b)*d)*sqrt(-b)*arctan(sqrt(b*x~2 + a*x)*sqrt(-
b)/(bxx + a)) + 2% (Bxb*c - Axbxd)*sqrt(-(b*c - ax*d)/c)*arctan(-sqrt(b*x~2

+ axx)*c*sqrt(-(bxc - axd)/c)/((b*c - a*xd)*x)))/(b*d~2)]

output
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Sympy [F]

/(A+Bx)\/ax+bx2 dx_/\/x(a—i-bx)(A—i-Bx) I
z(c+ dx) B z (c+ dx)

input Lintegrate ((Bxx+A) * (bxx*k*k2+a*x) ** (1/2) /x/ (d*x+c) ,x)

OutputLIntegral(sqrt(x*(a + b*x))*(A + B*x)/(x*x(c + d*x)), x)

Maxima [F(-2)]
Exception generated.

/ (A+ Bzx)Vax + bx?
z(c+ dx)

dx = Exception raised: ValueError

Lintegrate((B*x+A)*(b*x“2+a*x)“(1/2)/x/(d*x+c),x, algorithm="maxima")

input
Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-b*c>0)', see ~assume?” for m
‘ore detail
Giac [F(-2)]
Exception generated.
A+ Bx)vaz + bx? ) )
/ ( ) dx = Exception raised: TypeError
z(c+ dx)
input Lintegrate ( (B*X+A) % (b*XA2+a*X) - (1/2) /x/ (d*X+C) ,X, algorith.m="giac n)

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Error: Bad Argument Type
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Mupad [F(-1)]

Timed out.

dz

/(A+Bx)\/ax+bx2d _/\/ba:2+ax (A+ Bx)
(c+ dz) (c+dzx)

1nt(((a*x + b*x"2)"(1/2)*(A + B*x))/(x*(c + d*x)),x)

Output‘ int (((a*x + b*x~2)~(1/2)*(A + B*x))/(x*(c + d*x)), x) ‘

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 279, normalized size of antiderivative = 2.16

(A+ Bzx)Vax + bx? i

z(c+ dx)
~2/e/ad — be atan ( VIRV E VI g 1 9./ ad — b atan (VIR A B E ViV ) g
input int ((B*x+A) * (bxx~2+a*x) ~(1/2) /x/ (d*x+c) ,x) J
output ( - 2#sqrt(c)*sqrt(axd - bxc)*atan((sqrt(a*d - b*c) - sqrt(d)*sqrt(a + b*x

) - sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*a*d + 2*sqrt(c)*sqrt(a*xd -
b*c)*atan((sqrt(a*xd - b*c) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt
(b)) /(sqrt(c)*sqrt(b)))*b*c - 2*sqrt(c)*sqrt(a*d - bxc)*atan((sqrt(axd - b
*c) + sqrt(d)*sqrt(a + bxx) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*
a*d + 2*sqrt(c)*sqrt(a*d - bkc)*atan((sqrt(a*d - b*c) + sqrt(d)*sqrt(a + b
*xx) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*b*c + sqrt(x)*sqrt(a + b
*xx)*bxckd + 3xsqrt(b)*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*axcxd
- 2xsqrt(b)*log((sqrt(a + bxx) + sqrt(x)*sqrt(b))/sqrt(a))*bxcx*2)/(cxd**
2)
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35 f (A+Bzx)Vaz+bx? dx

12(c+dx)
Optimal result . . . . . . . . .. . . 671
Mathematica [C] (verified) . . . . . . . . ... ... L 67
Rubi [A] (verified) . . . . . . . .. .. 68
Maple [A] (verified) . . . . . . . . . . 69
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 70
Sympy [F] . . . [71]
Maxima [F] . . . . . .o [71]
Giac [F(-2)] . . . o o [71]
Mupad [F(-1)] . . . o 72

Reduce [B] (verification not implemented)

Optimal result

Integrand size = 29, antiderivative size = 118

Vbx
/ (A + Bx)Vaz + bx? do — 2AVaz + bz? N 2VbB arCtanh<\/am3-bx2)

z2(c + dz) B cx d
2v/bc — ad(Bc — Ad)arctanh <ﬁ—%>
B c3/2d

output ‘ —2x A% (b*x~2+a*x) ~(1/2) /c/x+2xb~ (1/2) *B*arctanh (b~ (1/2) *x/ (b*x~2+a*x) ~ (1/2) ‘
|)/d-2% (~axd+bxc) ™ (1/2) * (-A*d+Bxc) *arctanh ( (-a*d+bxc) ~(1/2)*x/c” (1/2) / (bxx"
2+a*x) "~ (1/2))/c~(3/2) /d

N\ J

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 2.15 (sec) , antiderivative size = 416, normalized size of antiderivative = 3.53

(A+ Bz)vax + ba?
dz
z2(c+ dzx)

20va + bz (—Abc:”/?d\/a bz + (Be — Ad) (bc — ad — iv/avdy/be — ad) \/—be+ 2ad — 2i/av/dv/be-
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input ‘ Integrate[((A + B*x)*Sqrt[a*x + b*x~2])/(x"2%(c + d*x)),x]

(2%Sqrt[a + b*x]*(-(A*bxc™(3/2)*d*Sqrt[a + bxx]) + (Bkc — Axd)*(b*c - axd
- IxSqrt[al*Sqrt[d]*Sqrt[b*c - a*d])*Sqrt[-(b*c) + 2xa*xd - (2*I)*Sqrt[al*S
qrt[d]*Sqrt[b*c - axd]]*Sqrt[x]*ArcTan[(Sqrt[-(b*c) + 2%a*d - (2*I)*Sqrtla
]*Sqrt[d]*Sqrt[b*c - a*xd]]l*Sqrt[x])/(Sqrt[c]l*(-Sqrt[a]l + Sqrt[a + b*x]))]
+ (B¥c - A*d)*(b*c - a*d + I*Sqrt([al*Sqrt([d]*Sqrt[b*c - a*d])*Sqrt[-(b*c)
+ 2xaxd + (2xI)*Sqrt[al*Sqrt[d]*Sqrt[b*c - a*d]]*Sqrt[x]*ArcTan[(Sqrt[-(b*
c) + 2*%axd + (2+I)*Sqrt[al*Sqrt[d]*Sqrt[b*c - a*xd]]*Sqrt[x])/(Sqrtlcl*(-Sq
rt[a] + Sqrtla + b*x]))] + 2*b~(3/2)*B*c~(5/2)*Sqrt [x] *ArcTanh[(Sqrt [b]*Sq
rt[x])/(-Sqrt[a] + Sqrt[a + b*x])]1))/(b*c™(5/2)*d*Sqrt [x*(a + b*x)])

output

Rubi [A] (verified)

Time = 0.99 (sec) , antiderivative size = 224, normalized size of antiderivative = 1.90,

92, number of rules _ 069, Rules

number of steps used = 2, number of rules used =
integrand size

used = {2153, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ Vvaz + bx?(A + Bz)
dz
z2(c+ dx)
| 2153
/ Vaz +bz?(Be — Ad)  dvaz + ba*(Bc — Ad) 4 Avaz + bx?
2z c2(c+ dx) cx?
| 2009
vbc — ad(Bc — Ad)arctanh( 5 ﬁfg;c;bidz)jff_a d) arctanh( %) (2bc — ad)(Bc — Ad)
- + +
c3/2d \/I_)c2d
aarctanh(\/\crib) (Bc— Ad) N 2A\/_arctanh<\/%) - 24vVaz + bz?
Vbe? c cx

input‘ Int[((A + Bxx)*Sqrt[a*x + b*x"2])/(x"2*%(c + d*x)),x] J




output
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(-2xA*Sqrt[a*x + b*x"2])/(c*x) + (2%AxSqrt[b]l*ArcTanh[(Sqrt[b]l*x)/Sqrt[a*x
+ b*x"2]]1)/c + (ax(B*c - A*d)*ArcTanh[(Sqrt[b]*x)/Sqrt[a*x + b*x~2]])/(Sq

rt[bl*c”2) + ((2%b*c - a*d)*(Bxc - A*d)*ArcTanh[(Sqrt[bl*x)/Sqrt[a*x + b*x

~2]1)/(Sqrt [bl*c~2*d) - (Sqrtl[b*c - a*d]*(B*c - A*d)*ArcTanh[(a*c + (2%bxc
- axd)*x)/(2*Sqrt [c]*Sqrt [b*c - a*d]*Sqrt[a*x + b*x~2])]1)/(c~(3/2)*d)

Defintions of rubi rules used

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 2153

input

Int [(Px_)*((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*(x_))"(n_.)*((a_.) + (b
_dx(x) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + ex
x)"m*(f + g*x) n*(a + b*x + c*x~2)7p, x], x] /; FreeQl[{a, b, c, d, e, £, g,
m, n, p}, x] & PolyQ[Px, x] && (IntegerQ[p] || (IntegerQ[2*p] && IntegerQ
[m] && ILtQ[n, 0])) && !'(IGtQ[m, 0] && IGtQ[n, 0])

Maple [A] (verified)

Time = 0.67 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.03

2+b
aln(f\jﬂz+\/bm2+ax>
/b2
2b bx4+ax+ o
2(bz2+az)§

ax2

Al —

a

method result
2 (—a:(ad—bc) (Ad—Bc) arctan (%;%) + (—Bﬁ arctanh (7”;?;;-(1)) cz+A/z(bz+a) d) \/c(ad—bc))
pseudoelliptic | — NCOEDE
2c(ad bc) (ad— 2bc) w+ /_ c(ad be) \/
(Aad?—Abcd—Bacd+Bbc?) ln( & +
*Td
- c(ad—bc
I'iSCh _ 2A(bz+a) _ a? \/_ : a2 !
cy\/z(bz+a) c

aln
(Ad—Bc) (\/me—i-ax—i- <

default - — =

P
Lint ((Bxx+A) * (b*x~2+a*x) ~(1/2) /x~2/ (d*x+c) ,x ,method=_RETURNVERBOSE)

-/
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Output‘-2*(—x*(a*d—b*c)*(A*d-B*c)*arctan((x*(b*x+a))”(1/2)/x*c/(c*(a*d—b*c))"(1/2
‘))+(-B*b“(1/2)*arctanh((x*(b*x+a))“(1/2)/x/b“(1/2))*c*x+A*(x*(b*x+a))“(1/2
‘)*d)*(c*(a*d—b*c))“(1/2))/(c*(a*d-b*c))“(1/2)/c/x/d

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 525, normalized size of antiderivative = 4.45

/ (A + Bz)vax + bz?
dz
z2(c + dz)

ac c—ad)z+2 Vbxr2+azxc, | 2e=ad
B\/chlog <2b$+a+2«’bx2—l—ax\/l_)> —(BC—Ad)fL' bc—cadlog< +(2be—ad)xz+2 Vbx?+azcy/ > )_:

dx+c

cdx

Y ac c—ad)z+2 vVbz2+azc, ) be=ad
2 By/—bczx arctan (M) + (Bc — Ad)z /"= log ( +(2bemadjor2 VT c ) + 2022

bx+a dz+-c
- cdz
W __bc—ad
2 (B\/—bcx arctan (W:—iﬁ) + (Bc — Ad)z/ —*= arctan (— - (lf_c(;é;) + vbr? + ax
- cdx
input Lintegrate ((Bxx+A)* (b*xx~2+a*x) ~(1/2) /x~2/ (d*x+c) ,x, algorithm="fricas") J
output [(Bxsqrt (b) *c*x*log(2*b*x + a + 2*sqrt(b*x~2 + a*x)*sqrt(b)) - (Bxc - Axd)

*xx*sqrt ((bxc - axd)/c)*log((axc + (2xb*c - axd)*x + 2*sqrt(b*x~2 + a*x)*c*
sqrt((bxc - a*d)/c))/(d*x + c)) - 2*sqrt(b*x~2 + a*x)*A*d)/(c*d*x), (Bxsqr
t(b) *cxx*log(2*b*x + a + 2xsqrt(b*x~2 + a*x)*sqrt(b)) - 2%(Bkc - A*d)*x*sq
rt(-(bxc - axd)/c)*arctan(-sqrt(b*x~2 + a*x)*c*sqrt(-(bxc - axd)/c)/((bxc
- axd)*x)) - 2xsqrt(b*x”2 + axx)*Axd)/(cxd*x), -(2xB*sqrt(-b)*cxx*arctan(s
qrt (b*x~2 + a*x)*sqrt(-b)/(b*x + a)) + (Bkc - A*d)*x*sqrt((b*c - a*xd)/c)*1l
og((a*xc + (2¥bxc - a*xd)*x + 2*sqrt(b*x~2 + a*x)*c*sqrt((b*c - axd)/c))/(d*
X + c)) + 2*sqrt(b*x~2 + a*x)*A*xd)/(c*d*x), -2*x(Bxsqrt(-b)*c*x*arctan(sqrt
(b*x~2 + a*x)*sqrt(-b)/(b*x + a)) + (Bxc - Axd)*x*sqrt(-(b*c - a*d)/c)*arc
tan(-sqrt (b*x~2 + axx)*c*sqrt(-(b*xc - axd)/c)/((bxc - axd)*x)) + sqrt(b*x”
2 + a*x)*Axd)/(c*d*x)]
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Sympy [F]
/(A+B$) aw+bﬂc2 /\/ (a+ bx)(A+ Bzx) dx
z?(c + dz) z2 (c + dx)
input Lintegrate ((B*x+A) * (bkx*k*2+ax*xx) ** (1/2) /x**2/ (d*x+c) ,x) J

{Integral(sqrt(x*(a + bxx))*(A + B*x)/(x**2x(c + d*x)), x)

e—

output

Maxima [F]

/(A+Bx) a:c—l—bm2 /\/bx2+ax BCL‘—l—A)

z?(c + dz) dz + c)z?
jnputLintegrate((B*X+A)*(b*XA2+a*X)A(1/2)/x*2/(d*x+c),x, algorithm="maxima") J
output Lintegrate(sqrt(b*x*Q + axx)*(Bxx + A)/((d*x + c)*x"2), x) J

Giac [F(-2)]

Exception generated.

A+ Bz)y/ bz?
/ (A + Bz)vaz + bz dx = Exception raised: TypeError
z2(c+ dz)
input Lintegrate((B*x+A)*(b*x"2+a*x)“(1/2)/x"2/ (d*x+c),x, algorithm="giac") J

output‘Exceptlon raised: TypeError >> an error occurred running a Giac command:IN
‘PUT sage2:=int (sage0,sageVARx) : ; OUTPUT :Error: Bad Argument Type ‘




CHAPTER 3. LISTING OF INTEGRALS 72

Mupad [F(-1)]

Timed out.

/(A+Bx)\/ax+bx2 /\/ba:2+ax (A+ Bx) s

z2(c+ dzx) z? (c+dx)

1nt(((a*x + b*x"2)"(1/2)*(A + B*x))/(x"2*(c + d*x)),x)

Output‘int(((a*x + b*x"2) " (1/2)*(A + B*x))/(x"2*(c + d*x)), x)

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 269, normalized size of antiderivative = 2.28

(A+ Bzx)Vax + bx? i

z2(c + dzx)
B Zﬁmman(m_ﬁ%—ﬁﬁﬁ) adr — Qﬁ\/matan(m_ﬁ%_ﬁﬂﬁ) be
input int ((B*x+A) * (b*x~2+a*x) ~(1/2) /x~2/ (d*x+c) ,x) J

(2% (sqrt(c)*sqrt(axd - bxc)*atan((sqrt(a*d - b*c) - sqrt(d)*sqrt(a + bxx)
- sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*a*d*x - sqrt(c)*sqrt(axd - b
xc)*atan((sqrt(a*d - bxc) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b
))/(sqrt(c)*sqrt(b)))*b*cxx + sqrt(c)*sqrt(a*xd - bxc)*atan((sqrt(axd - bxc
) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*ax*
d*x - sqrt(c)*sqrt(a*d - b*c)*atan((sqrt(a*d - b*xc) + sqrt(d)*sqrt(a + b*x
) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*b*cxx - sqrt(x)*sqrt(a + b
xx)*a*xcxd + sqrt(b)*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*bkcx*2%
x - sqrt(b)*axcxd*x))/ (ck*2*d*x)

output
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3.6 f (A+Bzx)Vaz+bx? dx

z3(c+dx)
Optimal result . . . . . . . . .. . . 73]
Mathematica [A] (verified) . . . . . . . .. ... L L 73
Rubi [B] (verified) . .. ... ... . ... .. (74
Maple [A] (verified) . . . . . . . . . . 75
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 76
Sympy [F] . . . [76]
Maxima [F] . . . . . .o e
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... e
Mupad [F(-1)] . . . o 78
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 78

Optimal result

Integrand size = 29, antiderivative size = 126

/ (A+ Bzx)Vax + bz? dr = — 2Avaz +br*  2(Abc + 3aBc — 3aAd)Vaz + bz’
z3(c + dx) B 3cx? 3ac’x
2v/bc — ad(Bc — Ad)arctanh <ﬁ—%>

+

output \ -2/3%A* (b*x~2+a*x) ~(1/2) /c/x~2-2/3% (-3*A*a*d+A*xbxc+3*Bxaxc) * (b*x~2+a*x) ~ (1 \
| /2)/a/c”2/x+2% (-axd+bkc) " (1/2) * (-A*d+Bc) *arctanh ((-a*xd+b*c) ~(1/2)*x/c~(1/ |
12)/ (brx"2+axx) " (1/2)) /¢ (5/2)

Mathematica [A] (verified)

Time = 0.50 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.10

(A+ Bz)vax + ba? i

z3(c + dx)
—d/zVa+tbz+vb(ct+dz)
_ 3v/—bct+ad(Bc—Ad)z3/? arctan d/e 'H: +
9 CL‘((I bCL‘) (_ Vc(Abcz+3aBcr+aA(c—3dzx)) ( /cr/—bctad )

a va-+bz

305/21;2
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input ‘ Integrate[((A + B#x)*Sqrt[a*x + b*x~2])/(x"3*(c + d*x)),x] ‘

output‘ (2#Sqrt [x*(a + b*x)]1*(-((Sqrt[c]*(Axb*cxx + 3xa*Bxc*x + a*Ax(c - 3*d*x)))/ ‘
'a) + (3*Sqrt[-(bxc) + axd]*(Bxc - A*d)+*x"(3/2)*ArcTan[(-(d*Sqrt[x]*Sqrt[a
‘+ b*x]) + Sqrt[bl*(c + d*x))/(Sqrt[c]*Sqrt[-(b*c) + a*d])])/Sqrt[a + bxx]) ‘

1)/ (3%c™(5/2)%x72)

Rubi [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 261 vs. 2(126) = 252.

Time = 1.06 (sec) , antiderivative size = 261, normalized size of antiderivative = 2.07,

— o number of rules _ 069, Rules

number of steps used = 2, number of rules used = 2, integrand size

used = {2153, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dr

/ vaz + bz?(A + Bz)

z3(c + dx)
l 2153

/ <d2\/ax +b2%(Bc— Ad)  dvaz + bz*(Bc — Ad) Vaz + bz?(Bc — Ad) Avazx + ba:2>

c3(c+ dx) Az c2z? cx3
| 2009
z(2bc—ad)+ac vVbx
vbe — ad(Bce — Ad)arctanh( 2 v/o/az Tha? Voo a d) ~ adarctanh( W) (Bc — Ad)
c5/2 Vbe3

arctanh(&) (2bc — ad)(Bc — Ad) N 2\/5arctanh<\/%) (Bc — Ad) ~

Vbe? c?

2Vaz +bz?(Bc— Ad)  2A(az + ba:2)3/2

A2z 3acz3

input ‘ Int[((A + Bxx)*Sqrt[a*x + b*x"2])/(x"3%(c + d*x)),x]
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(—2x(B*c - A*d)*Sqrtl[a*x + b*x~2])/(c”2*%x) - (2xA*x(a*x + b*x~2)~(3/2))/(3*
axcxx~3) + (2+Sqrt[b]*(Bxc - A*xd)*ArcTanh[(Sqrt[b]l*x)/Sqrt[axx + b*x~2]]1)/
c™2 - (axd*(Bxc - A*xd)*ArcTanh[(Sqrt[bl*x)/Sqrt[a*x + b*x~2]])/(Sqrt[b]*c~
3) - ((2*bxc - axd)*(B*c - A*d)*ArcTanh[(Sqrt[b]l*x)/Sqrt[a*x + b*x~2]]1)/(S
qrt[b]*c~3) + (Sqrt[b*c - axd]*(B*c - A*d)*ArcTanh[(a*xc + (2%b*c - a*d)*x)
/ (2x3qrt [c]*Sqrt [b*c - a*d]*Sqrt[a*x + b*x"2])]1)/c~(5/2)

output

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[(Px_)*((d_.) + (e_.)*(x_))"(m_.)*((£f_.) + (g_.)*(x_))"(n_.)*((a_.) + (b
_)*x(x) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + ex
x) m*(f + g*x)“nx(a + b*x + c*xx~2)7p, x], x] /; FreeQ[{a, b, c, 4, e, £, g,
m, n, p}, x] && PolyQ[Px, x] && (IntegerQ[p] || (IntegerQ[2*p] && IntegerQ
[m] && ILtQ[n, 0])) && !'(IGtQ[m, 0] && IGtQ[n, 0])

rule 2153

Maple [A] (verified)

Time = 0.68 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.94

method result
2 (30, z2(ad—bc)(Ad—Bc) arctan (%\;%) ++/c(ad—bc) \/z(bz+a) (((3Bz+A)a+Abm)e—3Aadm))
pseudoelliptic | — N
_ 2c(ad—bc) + (ad—2bc) (a:+ %) +2,/— c(ad-
(Aa d?— Abcd— Bacd+Bbc?) In ( a2 d Y o
risch __2(bz+a)(—3Aadz+Abcz+3Bacz+Aac)

3ac2./z(bz+a)x de2 \/_ C(ad;bC)
d

aln( 75
2b| Vb a:2+a:1:+ o

2+b
§+bz+\/bm2+aa:> j

2 (b 124—(11:) %

ax2

(Ad—Bc) | —

(Ad—Bc)d (\/ bz2+ax

default 2A(bac2+ax)%
elau - 3ca x3 - c? +

input Liﬂt ((B¥x+A)* (b*x~2+a*x) " (1/2) /x"3/ (d*x+c) ,x,method=_RETURNVERBOSE) J
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outpu ‘-2/3*(3*a*x“2*(a*d—b*c)*(A*d—B*c)*arctan((x*(b*x+a))”(1/2)/X*C/(C*(a*d—b*c
\))‘(1/2))+(c*(a*d-b*c))“(1/2)*(x*(b*x+a))‘(1/2)*(((3*B*x+A)*a+A*b*x)*c-3*A

‘*a*d*x))/(c*(a*d-b*c))‘(1/2)/c‘2/x“2/a

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 255, normalized size of antiderivative = 2.02

(A+ Bz)vazx + bx2

z3(c + dz)
ac c—ad)z—2 Vbz2+azcy/ 2= “d
3 (Bac — Aad)z?y/ "= log ( H@bemad) dzﬁz; s > + 2 (Aac — (3 Aad — (3 Ba + Ab)c)x)v

3ac2x?

input | 1ntegrate ((Bxx+A) * (b*x~2+a*xx) " (1/2) /x~3/ (d*x+c) ,x, algorithm="fricas")

output [-1/3%(3*(Bxa*c - Axa*xd)*x"2*sqrt((b*c - axd)/c)*log((a*xc + (2¥bxc - a*d)*
x - 2%sqrt(b*x~2 + axx)*cxsqrt((b*c - a*d)/c))/(d*x + c)) + 2x(Axaxc - (3*

Axaxd - (3%B*a + A*b)*c)*x)*sqrt(b*x”2 + axx))/(axc™2xx72), 2/3*(3*(B*axc
- Axaxd)*x"2xsqrt (-(b*c - a*d)/c)*arctan(-sqrt(b*x”2 + a*x)*c*sqrt(-(bxc -
axd)/c)/((bxc - a*xd)*x)) - (Axaxc - (3*%A*axd - (3*B*a + Axb)*c)*x)*sqrt(b

*x"2 + axx))/(axc™2xx"2)]

Sympy [F]

/(A—|—Ba:) ax+bx2d /\/ (a + bx)(A + Brz) d

z3(c+ dx) z3 (c + dx)

integrate ((B¥x+A)* (bxxkx2+axx)** (1/2) /x**3/ (d*x+c) ,X) J

input L

Output\\lntegrausqrt (x*(a + bxx))*(A + Bxx)/(x**3*(c + d*x)), x)
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Maxima [F|

/(A—i—Bx) ax+bx2 /\/b:c2+aa: Bx—l—A)

z3(c + dz) dz + c)z3
inputLintegrate((B*x+A)*(b*x‘2+a*x)*(1/2)/x*3/(d*x+c),X’ algorithm="maxima") J
( B
Ou_tputLintegrate(sqrt(b>|=x"2 + axx)*(B*x + A)/((d*x + c)*x~3), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 225 vs. 2(108) = 216.

Time = 0.35 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.79

(A+ Bz)vVazx + bx2
z3(c + dz)
Vbr—/b¥Faz) d/be
2 (Bbc®> — Bacd — Abcd + Aad?) arctan (— (v \/_bbc;;a)fr : )

v—bc? + acdc?
2 (3 (Vor - Vb7 T az) Bac+3 (Vor — Vi T az) Abe -3 (Vbr - Vi Faz) Aad +3 (Vb

3 (Voe — ViT 1 az) Y2

+

input‘integrate((B*x+A)*(b*x"2+a*x)“(1/2)/x"3/(d*x+c),x, algorithm="giac") ‘

2% (Bxb*c~2 - B#axc*d - Axbxc*d + Axa*d~2)*arctan(-((sqrt(b)*x - sqrt(b*x~2
+ a*x))*d + sqrt(b)*c)/sqrt(-b*c”2 + axc*d))/(sqrt(-b*c”™2 + axc*d)*c~2) +
2/3*(3*(sqrt(b)*x - sqrt(b*x~2 + axx)) 2*Bxa*c + 3*(sqrt(b)*x - sqrt(b*x”

2 + a¥x)) " 2xAxb*c - 3x(sqrt(b)*x - sqrt(b*x”2 + a*x)) 2xAxa*d + 3*(sqrt(b)

*x — sqrt(b*x~2 + a*x))x*A*akxsqrt(b)*c + Axa~2*c)/((sqrt(b)*x - sqrt(b*x~2

+ ax¥x))"3%c”2)

output
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Mupad [F(-1)]

Timed out.

/(A+Bx)\/ax+bx2 /\/ba:2+ax (A+ Bx) s

z3(c + dzx) (c+dzx)

1nt(((a*x + b*x~2) " (1/2)*(A + B*x))/(x"3*(c + d*x)),x)

Output‘int(((a*x + b*x~2)"(1/2)* (A + B*x))/(x"3%(c + d*x)), x)

Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 282, normalized size of antiderivative = 2.24

/ (A+ Bz)\/m i

z3(c + dzx)
_2\/Ey/ad—bcatan<\/m—\/&%—ﬁ«/3\/5) adz2+2\/5\/cwl7—bcatan(‘/m_‘/‘;%_ﬁﬂ‘/’;)
input int ((B*x+A) * (b*x~2+a*x) ~(1/2) /x~3/ (d*x+c) ,x) J
output (2% ( - 3*sqrt(c)*sqrt(a*d - bxc)*atan((sqrt(axd - b*c) - sqrt(d)*sqrt(a +

b*x) - sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*a*xd*x**2 + 3*sqrt(c)*sq
rt(a*d - bxc)*atan((sqrt(a*d - b*c) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt
(d)*sqrt(b))/(sqrt(c)*sqrt(b))) *b*c*x**2 - 3*sqrt(c)*sqrt(a*xd - b*c)*atan(
(sqrt(a*d - b*c) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(
c)*sqrt (b))) xaxd*x**2 + 3*sqrt(c)*sqrt(a*xd - bxc)*atan((sqrt(a*d - b*c) +

sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*b*kc*x*
*2 - sqrt(x)*sqrt(a + b*x)*axcx*2 + 3xsqrt(x)*sqrt(a + b*x)*akxc*d*x - 4*sq
rt(x)*sqrt(a + bxx)*bkxc**2xx - sqrt(b)*a*xcxd*x**2))/(3kck*3xx**2)




output
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3.7 f (A+Bzx)Vaz+bx? dx

z*(c+dz)

Optimal result . . . . . . . . .. . .
Mathematica [A] (verified) . . . . . . . .. ... L L
Rubi [A] (verified) . . . . . . . .. ..
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [F] . . .
Maxima [F] . . . . . .o
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ...
Mupad [F(-1)] . . . o
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 29, antiderivative size = 193

dz

/ (A+ Bx)Vax + bz?
z(c + dz)

__2AVaz +ba*  2(Abc+ 5aBc — 5aAd)Vaz + ba?

5cz3

_ 2(5aBc(bc — 3ad) — A(2b*c? + 5abed — 15a%d?)) Vax + bx?

15ac?z?

15a%c3x
2d+/bc — ad(Bc — Ad)arctanh( ybe—ade

vV az+bx?

)

/2

‘—2/5*A*(b*x‘2+a*x)“(1/2)/c/x‘3—2/15*(—5*A*a*d+A*b*c+5*B*a*c)*(b*x‘2+a*x)‘(
\1/2)/a/c‘2/x‘2—2/15*(5*a*B*c*(—3*a*d+b*c)—A*(—15*a‘2*d‘2+5*a*b*c*d+2*b‘2*c
\‘2))*(b*x‘2+a*x)‘(1/2)/a*2/c“3/x—2*d*(—a*d+b*c)‘(1/2)*(—A*d+B*c)*arctanh((

‘—a*d+b*c)‘(1/2)*x/6‘(1/2)/(b*x‘2+a*x)‘(1/2))/c‘(7/2)

N

J




CHAPTER 3. LISTING OF INTEGRALS 80

Mathematica [A] (verified)

Time = 0.78 (sec) , antiderivative size = 188, normalized size of antiderivative = 0.97

(A+ Bz)Vazx + bx2

z4(c + dz)
c(— 2c2x2+abex(5Bcx c—5dz))+a? cx(c—3dz c?—5cdx 252 15dv/~betad(—Be+Ad)a*
9 (a T bm) (_ Vc(—2Ab +abex(5Bcx+A(c—5d ))Jr(12 (5Bcx(c—3dz)+A(3c?—5cdz+15d%x?))) n
B 15¢7/223
input LIntegrate [((A + B*x)*Sqrt[a*x + b*x~2])/(x"4*(c + d*x)),x] J

(2#Sqrt[x*(a + b*x)]*(-((Sqrt[c]*(-2*A*b~2%c~2%x"2 + axb*ckx*(5*Bkxc*xx + Ax
(c - 5*d*x)) + a2+ (5*Bkc*x*x(c - 3*d*x) + A*(3*%c”2 - Skckd*x + 15*xd"2%x"2)
)))/a~2) + (15%d*Sqrt[-(b*c) + a*d]*(-(B*c) + A*xd)*x~(5/2)*ArcTan[(-(d*Sqr
t[x]*Sqrt[a + b*x]) + Sqrt[bl*(c + d*x))/(Sqrtlcl*Sqrt[-(b*c) + a*d])])/Sq
rt[a + b*x]))/(15%c~(7/2)*x~3)

output

Rubi [A] (verified)

Time = 1.18 (sec) , antiderivative size = 328, normalized size of antiderivative = 1.70,

—2 number of rules _ 069, Rules
integrand size

number of steps used = 2, number of rules used =
used = {2153, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dr

/ Vvaz + bz?(A + Bz)

z4(c+ dx)
l 2153

/ (_ d3vaz + br2(Bc — Ad) + d*vazx + bx2(Bc — Ad)  dvaz +bz*(Bec— Ad) Vaz + bz?(Bc — Ad)

cA(c+dx) iz c3z? c2z3

l 2009



CHAPTER 3. LISTING OF INTEGRALS 81

z(2bc—ad)+ac
4Ab(aw + bx2)3/2 dv/bc — ad(Bc — Ad)arctanh<2ﬁ\§ax+bx2)\/bc_ad)

15a2cx3 B c’/? +
ad%rctanh(%) (Bc— Ad) N darctanh(%) (2bc — ad)(Bc — Ad) ~
Vet Vet
2\/5darctanh<\/%) (Bc — Ad) N 2dvaz + ba2(Bc — Ad)  2(az + bx2)3/2 (Be— Ad)
c3 3z 3ac2z3
2/1(aw-+-bx2)3/2
5acx?
input LInt[((A + B*x)*Sqrt[a*x + b*x~2])/(x"4x(c + d*x)),x] J

(2*%d* (Bxc - Axd)*Sqrt[a*x + b*x"2])/(c”3*x) - (2*%Ax(axx + b*x"2)7(3/2))/(5
kaxckx~4) + (4*A*bx(axx + b*x"2)7(3/2))/(15%a"2*c*x"3) - (2%(Bxc - A*d)*(a
*x + b*xx"2)7(3/2))/(3*%a*c”2*x"3) - (2*Sqrt[b]*d*(B*c - A*d)*ArcTanh[(Sqrt[
bl*x)/Sqrt [a*x + b*x~2]]1)/c”3 + (a*d™2*(Bxc - A*d)*ArcTanh[(Sqrt[b]*x)/Sqr
t[a*xx + bxx"2]]1)/(Sqrt[bl*c~4) + (d*(2*b*c - axd)*(Bxc - A*d)*ArcTanh[(Sqr
t [b]l*x) /Sqrt [a*x + b*x"2]])/(Sqrt[bl*c"4) - (d*Sqrt[b*c - a*d]*(B*xc - Ax*d)
xArcTanh[(a*c + (2xb*c - axd)*x)/(2*%Sqrt[c]l*Sqrt[b*c - a*d]*Sqrt[a*x + b*x
~21)1)/c~(7/2)

output

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

Int [(Px_)*((d_.) + (e_)*(x_))"(m_.)*((£f_.) + (g_.)*(x_))"(n_.)*((a_.) + (b
_)x(x_ ) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + ex*
x)"m*(f + g*x) n*(a + bxx + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g,
m, n, p}, x] && PolyQ[Px, x] && (IntegerQ[p] || (IntegerQ[2*p] && IntegerQ
[m] && ILtQ[n, 0]1)) && !'(IGtQ[m, 0] && IGtQ[n, 0])

rule 2153
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Maple [A] (verified)

Time = 0.71 (sec) , antiderivative size = 154, normalized size of antiderivative = 0.80

method result
2 5Bz 4 A)q— T2Ab.7: (sz‘-ﬁ-a)c2 _5d((8Bz+A)at Abz)zac +5A4a2d2z2 vc(ad—bc) /z(bz+a)
— (((T ) ) g ) +2a2d z3(ad—bc)(Ad— Bc) arct
pseudoelliptic B el
risch _ 2(bz+a) (15A a2d%z?—5Aabed 22 —2A b?c?22 —15B a’cd 22 +5Bab c?22 —5A a?cdz+ Aab c2z+5B a?c?z+3a2 A c?)
15a2¢3/z(bz+a) 22
d—2bc) (z+< _
&2(Ad—Bc) \/b(x+§)2+ S () clod b
3 3
2(b:v2+aa:)§ 4b(bz2+a:c)§
Al — 5a x4 + 150223 2(Ad—BC) (bm2+am)%
default ; + 32003 +
input Lint ((B*x+A)* (bxx"~2+a*x) ~(1/2) /x~4/ (d*x+c) ,x ,method=_RETURNVERBOSE) J

‘ 2/ (c*(a*d-b*c)) ~(1/2) % (-1/5% (((5/3*B*x+A) *a-2/3%Axb*x) * (b*x+a) *c~2-5/3%d* ( ‘
| (3%Bxx+A) *a+Axb¥x) ¥xraxc+brAra~2+d"2xx"2) % (ck (a*d-b¥c)) " (1/2) % (x* (bx+a))~ |
‘ (1/2)+a~2*d*x~3% (a*d-b*c) * (A*d-B*c) *arctan ( (x* (b*x+a) ) ~(1/2) /x*c/ (c*(a*d-b ‘
*¢))~(1/2)))/c"3/x°3/a"2 |

output
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 384, normalized size of antiderivative = 1.99

/ (A+ Bz)Vax + bx2
z*(c + dx)
ac c—ad)z+2 Vbx axc\/l’C ad
15 (Ba*cd — Aa?d?)z?, /2= |og ( H@bemad) +d2m+c i ) +2(3 Aa*c® + (15 Aa’d? + (5 Bal

15a2c3x3

VbzZtaxe,/— b= ad
2 (15 (Ba*cd — Aa’d?)z?,/—2=* arctan ( ’ J(rbc i)z ) + (3 Aa®c® + (15 Aa®d? + (5 Bab —

15a2c323

inputLintegrate((B*x+A)*(b*x”2+a*x)“(1/2)/x“4/(d*x+c),x, algorithm="fricas") J

[-1/15%(15% (B¥a~2*cxd - A*a~2xd"2)*x"3*sqrt((b*c - ax*d)/c)*log((axc + (2*b
xc - a*d)*x + 2xsqrt(b*x”2 + axx)*c*sqrt((b*c - a*d)/c))/(d*x + c)) + 2*(3
*A*a~2+%c”2 + (16%A*a”2xd"2 + (5*Bxa*b - 2xA*b~2)*c”2 - 5*(3*xB*a”~2 + Axa*b)
xc*d)*x"2 - (5*A*a~2%c*kd - (5*B*a”2 + Axaxb)*c”2)*x)*sqrt(b*x”2 + ax*x))/(a
“2%c"3%x73), -2/15%(15x(B*a~2*c*d - Axa~2xd"2)*x"3*sqrt(-(bxc - axd)/c)*ar
ctan(-sqrt (b*x~2 + a*x)*c*sqrt(-(bxc - axd)/c)/((b*c - axd)*x)) + (3*Axa"2
*C"2 + (16%A*a”2*d"2 + (B*Bxa*b - 2%Axb~2)*c”2 - 5x(3*B*a~2 + Axa*Db)*cxd)*
x72 - (B%A*a"2%cxd - (5*B*a”2 + Axaxb)*c”2)#*x)*sqrt(b*x~2 + a*x))/(a"2%c"3

output

*x73)]
Sympy [F]
/(A—l—Bx) ax+bx2 /\/ (a+ bz)(A+ Bz) d
z*(c + dz) z* (c+ dz) o
input Lintegrate ((Bkx+A) * (b*x**2+a*x) ** (1/2) /x**4/ (d*x+c) ,x) J

outputtlntegraﬂsqrt (x*(a + b*x))*(A + B*x)/(x**4*(c + d*x)), x) J
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Maxima [F|

/(A—i—Bx) ax+bx2 /\/b:c2+aa: Bx—l—A)

z*(c + dz) dz + c)z*
input Lintegrate ((B*x+A) * (bxx~2+a*x) ~(1/2) /x~4/ (d*x+c) ,x, algorithm="maxima") J
output Lintegrate (sqrt (b*x™2 + axx)*(Bxx + A)/((d*x + c)*x"4), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 448 vs. 2(171) = 342.

Time = 0.33 (sec) , antiderivative size = 448, normalized size of antiderivative = 2.32

/ (A+ Bz)Vax + bx2
z(c + dz)

2 (Bbc?d — Bacd? — Abcd? + Aad?) arctan (—

v —=bc? + acdc3
4 4 4
2 (15 (\/l_) —Vbz? + aa:) Bbc? — 15 (\/l_) —Vbz? + aa:) Bacd — 15 <\/I; —bz? + az) Abcd +

(\/I;z—\/ bm2+am) d++v/be
vV —=bc2+acd

+

input integrate ((B*x+A)* (bxx~2+a*x) ~(1/2) /x~4/(d*x+c) ,x, algorithm="giac")
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-2x (Bxbxc~2*d - Bxakc*d~2 - Axbkxc*d~2 + A*xa*d~3)*arctan(-((sqrt(b)*x - sqr
t(b*x"2 + ax*x))*d + sqrt(b)*c)/sqrt(-bxc~2 + axcxd))/(sqrt(-bxc~2 + axcxd)
*c”"3) + 2/156%x(15%(sqrt(b)*x - sqrt(b*x”2 + a*x)) 4#B*b*c™2 - 15*%(sqrt(b)*x
- sqrt(b*x”2 + a*x)) 4*Bxaxc*d - 15%(sqrt(b)*x - sqrt(b*x~2 + a*x)) ~4*A*b
xc*xd + 16*%(sqrt(b)*x - sqrt(b*x~2 + a*x)) “4*A*axd~2 + 15*(sqrt(b)*x - sqrt
(b*x"2 + a*x)) " 3*Bxa*sqrt(b)*c”2 + 15x(sqrt(b)*x - sqrt(b*x~2 + axx)) " 3*A*
b~ (3/2)*c™2 - 16*%(sqrt(b)*x - sqrt(b*x™2 + a*x)) 3xA*axsqrt(b)*c*d + 5*(sq
rt(b)*x - sqrt(b*x™2 + axx)) 2xBxa~2*c”"2 + 25x(sqrt(b)*x - sqrt(b*x~2 + ax
x)) "2xA*axb*c”2 - bx(sqrt(b)*x - sqrt(b*x”2 + a*x)) 2*A*a”2xc*xd + 16*(sqrt
(b)*x - sqrt(b*x”~2 + a*x))*A*a~2*sqrt(b)*c”2 + 3*Axa~3%c~2)/((sqrt(b)*x -

sqrt (b*x~2 + a*x)) 5xc~3)

output

Mupad [F(-1)]

Timed out.
/(A+Bw)x/aw+bx2 /\/bx2+a_x (A+Baz)
z*(c + dx) z* (c+dzx)
inputLint(((a*x + bxx~2)~(1/2)*(A + Bxx))/(x"4*(c + d*x)),x) J
output Lint(((a*x + bxx"2)"(1/2)*(A + B*x))/(x"4*(c + d*x)), x) J

Reduce [B] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 392, normalized size of antiderivative = 2.03

(A+ Bz)Vazx + bx2
z4(c + dz)
2y/cvad — be atan( v “d_bc_\/afvf T/Ea_ﬁ‘/&ﬁ> a’d*z3® — 2\/cvad — bc atan( Vad— bc_f\fvb f}a_\f‘f\[>

input | 1nt((B*x+A)*(b*x 2+ax*xx) ~(1/2) /x~4/ (d*x+c) ,x)




output
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(2% (15*sqrt(c)*sqrt(a*d - b*c)*atan((sqrt(a*xd - b*c) - sqrt(d)*sqrt(a + b*

x) - sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))xa**x2xd**x2*x**x3 - 15*sqrt(
c)*sqrt(a*d - bxc)*atan((sqrt(a*d - bxc) - sqrt(d)*sqrt(a + b*x) - sqrt(x)
*sqrt (d) *sqrt (b)) / (sqrt(c) *sqrt(b))) *a*bkcxd*x**3 + 15*sqrt(c)*sqrt(a*xd -

b*c)*atan((sqrt(axd - b*c) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(
b))/ (sqrt(c)*sqrt (b)) ) *a**2*xd**2*x**3 - 15*sqrt(c)*sqrt(a*d - bxc)*atan((s
grt(a*xd - bxc) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)
*xsqrt (b)) ) xaxbkxc*xd*x**3 — 3xsqrt(x)*sqrt(a + b*x)*a**x2kc**3 + S*sqrt(x)*sq
rt(a + b¥x)*akxk2kckx2kd*x - 15*sqrt(x)*sqrt(a + bkxx)*ax*2kckd**2xx**2 - 6%
sqrt (x) *sqrt(a + bxx)*axbkxck*3xx + 20*sqrt(x)*sqrt(a + b*x)*kaxbkcx*2*xd*x**
2 - 3xsqrt(x)*sqrt(a + bkx)*xbk*x2xck*x3xx**x2 + 9*ksqrt (b) *xa**x2kxckd**kx**3 -

8xsqrt (b) xaxb*c**x2*d*x*k*3 - 3xsqrt (b) ¥xb**2xc**3*x**3) )/ (15*axc**4*xx**3)
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3.8 f z(A+Bzx)Vaz+bx? dr

(ct+dz)?
Optimal result . . . . . . . . .. . . 87l
Mathematica [A] (verified) . . . . . . . .. ... L L 88
Rubi [A] (verified) . . . . . . . .. .. ’Y
Maple [A] (verified) . . . . . . . . . . 90
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... OT]
Sympy [F] . . . 92]
Maxima [F(-2)] . . . . . . o 92
Giac [F(-1)] . . o o o 92
Mupad [F(-1)] . . . o 93
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 93

Optimal result

Integrand size = 27, antiderivative size = 263

/ z(A + Bx)vVax + bx?
dz
(c+ dz)?
(12bBc — 8Abd — aBd)vax + bx?
T 4bd?
(3Bc — 2Ad)zvazx + bx?  (Bc— Ad)r*Vaz + bx?
+ —
2cd? cd(c+ dz)
2 R 2 2 Vb
- (a®*Bd? — 8b*c(3Bc — 2Ad) + 4abd(2Bc — Ad)) arctanh(\/m)
4b3/2 2
N Ve(ad(5Bc — 3Ad) — 2bc(3Bc — 2Ad))arctanh(f—gj%>
d*/bc — ad

-1/4% (-8*Axbxd-Bxaxd+12*Bxb*c) * (b*x~2+a*x) ~(1/2) /b/d"3+1/2% (-2*A*d+3*B*c) *
x*k (b*x~2+a*x) " (1/2) /c/d"2-(-A*d+B*c) *x~2* (b*x"2+a*x) ~(1/2) /c/d/ (d*x+c)-1/4
* (2" 2%Bxd~2-8*b~ 2k c* (-2%A*d+3*B*c) +4*axbxd* (—A*d+2*B*c) ) *arctanh (b~ (1/2) *x
/ (b*xx~2+a*x) " (1/2)) /b~ (3/2) /d~4+c~ (1/2) * (a*xd* (-3*xA*xd+5%Bkc) —2kb*c* (—2kA*d+
3xB*c) ) *arctanh ((-a*d+bxc) ~(1/2)*x/c”(1/2) / (b*xx"2+a*x) ~(1/2))/d"4/ (—a*xd+b*
c)~(1/2)

output




output
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Mathematica [A] (verified)

Time = 11.13 (sec) , antiderivative size = 341, normalized size of antiderivative = 1.30

/ z(A + Bz)vaz + bx? d

(c+ dz)?
o(~be+ad) (a? Bd?~8b2c(3Bc—2A4d)~4abd(~2Be+Ad) ) arcsinh( Vby/z

Va ) 2 Bed2
_ \/a\/1+%z +vb (d\/i(a Bed*+-c

o(a + ba) (- Bc+ACdl:iT/2(a+bz) n

p
input LIntegrate[(x*(A + B*x)*Sqrt[axx + b*xx"2])/(c + d*x)~2,x]

| —

(Sqrt[x*(a + b*x)]*(((-(B*c) + A*d)*x~(5/2)*(a + b*x))/(c + d*x) + (-((c*(
-(bxc) + axd)*(a~2*B*d~2 - 8*b"2*c*x(3*B*c — 2%Axd) - 4xakxb*dx(-2*%Bxc + Axd
))*ArcSinh [(Sqrt [b]l*Sqrt [x])/Sqrt[a]]l)/(Sqrt[al*Sqrt[1 + (b*x)/al)) + Sqrt
[b]*(d*Sqrt [x]*(a"2*B*c*xd~2 + axb*d*(-4*Axd*(-2*%c + d*x) + Bxc*(-13xc + 6%
d*x)) + 2¥xb72x (—2xA*d* (2*xc”2 - cxd*x + d72%x72) + Bkcx(6%c”2 — 3xckdxx + 2
*d"2%x72))) + (4*bxc”(3/2)*Sqrt[bkc - a*xd]*(2*bxc*(3*%Bxc - 2xA*xd) + a*xd*(-
B5*¥Bxc + 3*A*d))*ArcTanh[(Sqrt[b*c - axd]l*Sqrt([x])/(Sqrtlcl*Sqrtla + bxx])]
)/Sqrt[a + b*x]))/(4*b~(3/2)*d"4)))/(cx(-(b*c) + a*d)*Sqrt[x])

Rubi [A] (verified)

Time = 1.23 (sec) , antiderivative size = 389, normalized size of antiderivative = 1.48,

=2, number of rules _ 074, Rules

number of steps used = 2, number of rules used =
integrand size

used = {2153, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(c+ dz)? dz

/ z\/m(A + Bzx)

l 2153
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/ Vazx + bx?(Ad —2Bc)  cvVax + bx?(Bc — Ad) N Bvaz + bz? p
d?(c+ dx) d?(c + dx)? d? v

l 2009

_a2 Barctanh< %) N 2\/5carctanh< \/%) (Bc— Ad) N
4b3/22 d4

arctanh( Vﬂ%) (2bc — ad)(2Bc — Ad)
Vbd -

z(2bc—ad)+ac
Ve(2be — ad)(Be — Ad)arctanh( 5 \/E\fm +bx2);bc_ - d)

2d*v/bc — ad
z(2bc—ad)+ac
Vevbe — ad(2Be — Ad)arctanh(2\/6\/ax+bx2\/bc_ad> ~ Vaz + bz2(2Bc — Ad) _
d* d?
cevazr + br?(Be— Ad)  B(a+ 2bx)vVazx + bx?
d3(c + dz) 4bd?

input \Int[(x*(A + Bxx)*Sqrt[a*x + b*x~2]1)/(c + d*x)~2,x]

-(((2%B*c - A*d)*Sqrt[a*x + bxx"2])/d"3) + (B*(a + 2xb*x)*Sqrt[a*x + b*x"2
1)/(4%bxd"2) - (cx(B*c - Axd)*Sqrtl[a*x + b*xx~2])/(d"3*(c + d*x)) - (a~2*Bx*
ArcTanh[(Sqrt [b]*x) /Sqrt[a*x + b*x"2]])/(4*b~(3/2)*d"2) + (2*Sqrt[b]*c*(B*
c - Axd)*ArcTanh[(Sqrt[bl*x)/Sqrtla*x + b*x~2]])/d"4 + ((2*bxc - a*xd)*(2*B
*c — Axd)*ArcTanh[(Sqrt[bl*x)/Sqrt[a*x + b*x~2]]1)/(Sqrt[bl*d~4) - (Sqrtlcl
*(2*b*c - axd)*(B*c - Axd)*ArcTanh[(axc + (2xb*c - axd)*x)/(2*Sqrt[c]*Sqrt
[bxc - a*d]*Sqrt[a*x + bxx~2])])/(2*%d~4xSqrt[bxc - a*d]) - (Sqrtlc]l*Sqrt[b
*c — axd]*(2*%Bxc - Axd)*ArcTanh[(axc + (2%bxc - a*d)*x)/(2*Sqrt[c]*Sqrt [b*
c - axd]*Sqrt[a*x + bxx"2])])/d"4

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2153 Int[(PX_)*((d_.) + (e_.)*(x_))"(m_.)*((f_,) + (g_,)*(x_))‘(n_.)*((a_.) + (b

_)x(x ) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + ex*

x)"m*(f + g*x) n*(a + bxx + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g,

m, n, p}, x] && PolyQ[Px, x] && (IntegerQ[p] || (IntegerQ[2*p] && IntegerQ
1 (IGtQ[m, 0] && IGtQ[n, 01)

[m] && ILtQ[n, 0])) &&

Maple [A] (verified)

Time = 0.78 (sec) , antiderivative size = 228, normalized size of antiderivative = 0.87

method result
3B o2 sBa)  34ad2\, 8 JaGata) e b(da+c) (6B b%c?+2d(—26% A—abE
—4c(dz+c) (— S22 +d (Ab—i—T)c— T) b2 arctan oVe(ad—b) +2+/¢c(ad—bc)
seudoelliptic
P P b3 d4(dz-+c)-
P Sbc(zAa d
(4Aa,b d2-16Ab2cd—a? B d2 —8abBcd+24B b2c2) In <QT +Vb 22 +am>
(2Bbdw+4 Abd+Bad—8 Bbc)z(bz+a) e "
. T+ ad— c)x(bz+a
risch 4bd3 \/z(bz+a) +
(ad—2bc) In (
ad—2bc) (z+ S
.y (Ad—2Bc) \/b(z+§)2+( 2 ;< +"’)—C("j;”ﬂu
2 270 b 22
B((2bm+a)m_a 1“( Ve tvee +az)>
1b 3
8b2
default 7 +
input {int (x* (B*x+A) * (b*x~2+a*x) " (1/2) / (d*x+c) ~2,x,method=_RETURNVERBOSE) J




output

input

output
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2x (=2%c* (d*x+c) * (-3/24B*b*kc~2+d* (A*xb+5/4*B*a) xc-3/4*A*xa*xd~2) *b~ (5/2) *arcta
n((x*(b*x+a)) ~(1/2)/x*c/ (c*(a*d-b*c)) ~(1/2))+(c*x(a*d-bxc) ) ~(1/2) *(1/2*bx(d
*x+C) * (6*xBxb~2%c”~2+2*d* (-2*A*¥b~2-B*axb) xc+a*d~2* (A*xb-1/4%B*a) ) *arctanh ( (x*
(b*xx+a))~(1/2) /x/b~(1/2) )+ (-3/2*Bxb*xc”~2+d* ((-3/4*B*x+A) ¥b+1/8*B*a) xc+1/2*(
(1/2%B*x+A) ¥b+1/4*B*a) *d™2*x) *d*b~ (3/2) * (x* (b*x+a) )~ (1/2))) / (c* (axd-b*c) )~
(1/2) /b~ (5/2) /d~4/ (d*x+c)

Fricas [A] (verification not implemented)

Time = 1.16 (sec) , antiderivative size = 1508, normalized size of antiderivative = 5.73

dxz = Too large to display

/ z(A + Bx)Vaz + bx?
(c+ dx)?

p
integrate (x* (B*x+A) * (b*x~2+a*x) ~(1/2)/(d*x+c) ~2,x, algorithm="fricas")

N

[1/8%((24*B*b~2*c~3 - 8x(B*a*b + 2*%A*b~2)*c~2xd - (B*a~2 - 4*xA*axb)*c*xd~2
+ (24*B*b~24c”2kd - 8*(B*a*b + 2xA*b"2)*c*kd~2 - (B*a”2 - 4xA*axb)*d"3)*x)*
sqrt (b) *log(2xb*x + a + 2*sqrt(b*x~2 + a*x)*sqrt(b)) + 4*(6*%B*b"3*c™3 + 3%
A*xaxb~2%c*d"2 - (5*%Bxaxb”2 + 4*A*b~3)*c”2+d + (6*%Bxb~3xc”2*d + 3*A*a*b”2+d
~3 - (5*%B*a*b~2 + 4*Axb~3)*c*d”2)*x)*sqrt(c/(b*c - axd))*log((a*xc + (2*b*c
- a*d)*x - 2xsqrt(b*x”2 + axx)*(b*c - a*d)*sqrt(c/(bxc - a*d)))/(d*x + c)
) + 2% (2*B*b~2*d"3*x"2 - 12*B*b~2*c"2*d + (Bxaxb + 8xA*b~2)*c*d~2 - (6*B*b
“2%c*d”2 - (Bxaxb + 4xAxb”2)*d"3)*x)*sqrt(b*x"2 + a*x))/(b"2*d"5*x + b~ 2%*c
*d~4), -1/8%(8*(6*Bxb~3%c~3 + 3*A*xaxb~2xc*xd~2 - (5*%B*a*b™2 + 4*xA*b~3)*c”~2%
d + (6*B*b~3%c”2*d + 3%A*axb~2%d~3 - (5xB*a*b~2 + 4xA*b~3)*c*d”2)*x)*sqrt(
-c/(b*c - a*d))*arctan(-sqrt(b*x~2 + a*x)*(b*c - a*xd)*sqrt(-c/(b*c - axd))
/(bxc*x + axc)) - (24*B*#b~2xc~3 - 8k (Bkaxb + 2%A*b~2)*c"2+%d - (B*a~2 - 4*A
*axb) kcxd~2 + (24*Bxb~2%c”2*d - 8x(B*a*xb + 2*%A*xb~2)*cxd"2 - (B*a~2 - 4*Axa
*b) *d~3) *x) *sqrt (b) *1log (2*b*x + a + 2*sqrt(b*x”2 + a*x)*sqrt(b)) - 2*(2*B*
b~2xd"3*x"2 - 12%B*b~2*c"2xd + (B*axb + 8*A*b~2)*c*d"2 - (6xBxb"2kc*d"2 -
(B*axb + 4*Axb~2)*d~3)*x)*sqrt(b*x~2 + a*x))/(b"2*xd"5*x + b~2*cxd"4), -1/4
*((24%B*xb~2%c~3 - 8+ (B*a*b + 2*A*xb~2)*c~2xd - (B*a"2 - 4*Axaxb)*cxd”2 + (2
4%B*b~2%c"2*%d - 8x(Bxa*b + 2xA*b"2)*c*d"2 - (B*a"2 - 4*Axaxb)*d~3)#*x)*sqrt
(-b)*arctan(sqrt(b*x~2 + a*x)*sqrt(-b)/(b*x + a)) - 2*(6*%B*b~3*c”3 + 3*xAxa
*b~2%c*d"2 - (5*B*a*xb”2 + 4xA*b~3)*c”2*d + (64%Bxb"3*c”2kd + 3kA*axb~2xd...
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Sympy [F]

/x(A—l—Ba:) a:c+bx2 /x\/m (a+ bx)( A+Bx)

(c+ dz)? (c + dz)®

input Lintegrate (x* (Bkx+A) * (bkx**k2+a*xx) ** (1/2) / (d*x+c) **2,x)

output Llntegral(x*sqrt(X*(a + b*x))*(A + B*x)/(c + d*x)**2, x)

Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/ z(A + Bx)vVax + bx?
(c+ dz)?

inputLintegrate(x*(B*x+A)*(b*x"2+a*x)"(1/2)/(d*x+c)“2,x, algorithm="maxima")

ou_tput‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-2xb*c>0)', see “assume?  for

‘ more deta

Giac [F(-1)]

Timed out.
2
/ (A + Bz)vVax + bx dz — Timed out
(c+ dx)?
inputLintegrate(x*(B*x+A)*(b*x"2+a*x)"(1/2)/(d*x+c)‘2,x, algorithm="giac")

OutputLTlmed out
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Mupad [F(-1)]

Timed out.
/x(A+B$) ax+bx2d /x\/bx2+aac A+Bx)d
(c+dz)? (c+dz)’
input Lint((x*(a*x + b*x"2) " (1/2)*(A + B*x))/(c + d*x)~2,x%)

output 106 CG0F(axx + bxx"2)~(1/2)% (A + B¥0)/(c + d0)72, x)

Reduce [B] (verification not implemented)

Time = 0.40 (sec) , antiderivative size = 719, normalized size of antiderivative = 2.73

dx = Too large to display

/ z(A + Bz)vaz + ba?
(c+ dz)?

input Lint (x% (Brx+A) * (bxx~2+axx) ~ (1/2) / (d*x+c) ~2,x)




output
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(12*sqrt(c) *sqrt(a*d - b*c)*atan((sqrt(axd - b*c) - sqrt(d)*sqrt(a + bxx)

- sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt (b)) )*axbxckd + 12*sqrt(c)*sqrt(a*
d - bxc)#*atan((sqrt(a*d - bxc) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)x*s
qrt(b))/(sqrt(c)*sqrt (b)) ) *axb*d**2xx - 24*sqrt(c)*sqrt(a*xd - bxc)*atan((s
grt(a*xd - b*c) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)
*xsqrt (b) ) ) ¥xbx*2*c*x2 - 24*sqrt(c)*sqrt(axd - bxc)*atan((sqrt(a*xd - b*c) -

sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*xb**2*c
*d*x + 12*sqrt(c)*sqrt(a*d - bxc)*atan((sqrt(a*d - bxc) + sqrt(d)*sqrt(a +
bxx) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*a*b*xcxd + 12xsqrt(c)*s
grt(a*d - b*c)*atan((sqrt(a*d - b*c) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqr
t(d)*sqrt(b))/(sqrt(c)*sqrt (b)) )*a*bxd**2*x - 24*sqrt(c)*sqrt(a*d - bxc)*a
tan((sqrt(a*xd - bxc) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(s
grt(c)*sqrt(b))) *b**2xc**x2 - 24xsqrt(c)*sqrt(axd - b*c)*atan((sqrt(axd - b
xc) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))=*
b**2xc*kd*x + 9*sqrt(x)*sqrt(a + b*xx)*axb*ckd**2 + 5xsqrt(x)*sqrt(a + b*x)*
axb*d**3xx - 12*sqrt(x)*sqrt(a + b*xx)*b**2xc**x2*%d - 6*sqrt(x)*sqrt(a + b*x
) ¥b*k*2kckd**2xx + 2*sqrt(x)*sqrt(a + b*x) xb**2xd**3*x**2 + 3*sqrt(b)*log((
sqrt(a + b*xx) + sqrt(x)*sqrt(b))/sqrt(a))*a**x2xc*xd**2 + 3xsqrt(b)*log((sqr
t(a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*a**2*d**3*x - 24*sqrt(b)*log((sqrt(
a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*a*bxcx*x2*xd - 24*sqrt(b)*log((sqrt(...
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3.9 f (A+Bzx)Vaz+bx? dx

(ct+dx)?
Optimal result . . . . . . . . .. . . 951
Mathematica [A] (verified) . . . . . . . .. ... L L 96
Rubi [A] (verified) . . . . . . . .. .. 96
Maple [A] (verified) . . . . . . . . . . 99
Fricas [B| (verification not implemented) . . . . . .. .. ... ... .. ..... 100
Sympy [F] . . . 10Tl
Maxima [F(-2)] . . . . . . o 101
Giac [F(-1)] . . o o o 101
Mupad [F(-1)] . . . o 102
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 102
Optimal result
Integrand size = 26, antiderivative size = 195
/ (A+ Bx)Vax + bz? dp — (2Bc — Ad)Vaz +ba*  (Bc— Ad)zvaz + bz?
(c+ dzx)? B cd? cd(c + dz)
Vb
 (4Be —24bd — aBd)arctanh ( 2
Vbd?
. (2bc(2Bc — Ad) — ad(3Bc — Ad))arctanh(ﬁ—%>
Ved3v/be — ad

output \{ (—A*d+2xB*c) * (b*x~2+a*x) ~(1/2) /c/d"2- (-Axd+Bx*c) *x* (b*x~2+a*x) ~(1/2) /c/d/(d ‘
\ *xx+c) - (-2%Axb*d-Bxa*d+4*B*bxc) *arctanh (b~ (1/2) *x/ (b*x~2+a*x) ~(1/2)) /b~ (1/2 ‘
) /d3+(2¥bxc* (-Axd+2%Bxc) —a*d (-A*d+3+Bxc) ) xarctanh ((—axd+b*c) ~(1/2)*x/c( |
L1/2)/(b*x"2+a*x) ~(1/2))/c~(1/2) /d~3/ (-axd+b*c) ~(1/2) J
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Mathematica [A] (verified)

Time = 10.93 (sec) , antiderivative size = 253, normalized size of antiderivative = 1.30

(A+ Bz)vVax + bx?

dx
(c+dzx)?
dy/&(ad(2Be—Ad)+ Abd(c—dz)+bBe(—2c-+da)) “(betad sbBesaasiransarcsinh (£
z(ad(2Bc— + c—dx)+bBc(—2c+dx))+
/ - -
z(a + bx) (= BC+Ajld:;2(a+bx) + Vavby/14 83 d3
) c(—bc+ ad)\/z
input LIntegrate [((A + B*x)*Sqrt[a*x + b*x~2])/(c + d*x)~2,x] J
output (Sqrt[x*x(a + b*x)1*(((-(B*c) + A*d)*x~(3/2)*(a + b*x))/(c + d*x) + (d*Sqrt

[x]*(a*d*(2*%Bxc - Axd) + A*bxd*(c - d*x) + b*Bkcx(-2xc + d*x)) + (cx(-(bxc
) + axd)*(-4xb*Bkc + 2%A*bxd + a*B*d)*ArcSinh[(Sqrt[b]*Sqrt[x])/Sqrtl[all)/
(Sqrt[al*Sqrt[bl*Sqrt[1 + (b*x)/al) - (Sqrtlcl*Sqrt[b*c - a*d]*(2xb*c*(2+B
*xc - Axd) + axdx(-3*B*c + A*d))*ArcTanh[(Sqrt[b*c - axd]*Sqrt[x])/(Sqrt[c]
*Sqrt[a + b*x])])/Sqrtla + b*x])/d"3))/(c*(-(b*c) + axd)*Sqrt[x])

Rubi [A] (verified)

Time = 0.67 (sec) , antiderivative size = 192, normalized size of antiderivative = 0.98,
number of rules _
integrand size 0.231, Rules

number of steps used = 7, number of rules used = 6,
used = {1230, 1269, 1091, 219, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ Vaz + bx?(A + Bx) iz
(c+ dx)?
l 1230
a(2Bc—Ad)+(4bBc—2Abd—aBd)x
Vaz + bx?(—Ad + 2Bc + Bdzx) I (c+dz)vVba2+ax dw

d?(c+dx) 2d?
l 1269



CHAPTER 3. LISTING OF INTEGRALS 97

Vaz + ba?(—Ad + 2Bc + Bdz)

d*(c+ dx)
(—aBd—2Abd+4bBc) [ mdz B (2bc(2Bc—Ad)—ad(3Bc—Ad)) [ mdz
2d?
| 1091
Vaz + bx?(—Ad + 2Bc + Bdx)
d?(c+ dz)
1 z
2(—aBd—2Abd+4bBc) [ - ?fz% 4 (2bc(2Bc—Ad)—ad(3Bc—Ad)) [ mdw
2d?
| 219
vaz + bz?(—Ad 4 2Bc + Bdx)
d?(c+ dx)
2arctanh( ﬁﬁﬁ) (-aBd—24bd+4bBe)  (2be(2Be—Ad)-ad(3Be—Ad)) [ - —r—ida
Vbd -
2d2
| 1154
vaz +br?*(—Ad + 2Bc + Bdz)
d*(c+ dzx)
2(2bc(2Bc—Ad)—ad(3Bc—Ad 1 df — act@be—ad)z )
BTN e e ( Vosties ) + Qamtanh< onT ) (—aBd—2Abd+4bBc)
a Vbd
2d2
| 219
Vaz + br?(—Ad + 2Bc + Bdx)
d?(c+ dzx)
2arctanh< \/aﬁﬁ) (—~aBd—2Abd+4bBc) B (2bc(2Bc—Ad)—ad(3Bc—Ad))arCtanh(2\/;\;%%)
Vbd edv/bo—ad
2d?

input‘ Int[((A + B*X)*Sqrt [a*x + b*x~2])/(c + d*X)”Q,X]
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((2*B*c - Axd + Bxd*x)*Sqrt[a*x + b*x~2])/(d"2x(c + d*x)) - ((2x(4xb*Bxc -
2xAxb*d - axBxd)*ArcTanh[(Sqrt[bl*x)/Sqrt[a*x + b*x~2]1])/(Sqrt[bl*d) - ((
2¥b*cx (2%Bxc - A*d) - a*d*(3*%Bxc - A*d))*ArcTanh[(a*c + (2*b*c - a*xd)*x)/(
2*Sqrt [c]*Sqrt [b*c - axd]*Sqrt[axx + b*x~2])])/(Sqrt[cl*d*Sqrt[bxc - axd])
)/ (2%d"2)

output

Defintions of rubi rules used

lrule219‘In1:[((a_) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))x*
(ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQlb, 01)

Int[1/Sqrt[(b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[Int[1/(1
- c*x~2), x], x, x/Sqrt[b*x + c*x~2]], x] /; FreeQ[{b, c}, x]

rule 1091

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2  Subst[Int[1/(4*c*d"2 - 4xbxd*e + 4¥a*e™2 - x72), x], x, (
2%a*xe — bkd - (2*c*d - bxe)*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQ[{a, b, c
, d, e}, x]

rule 1154

Int[((d_.) + (e_)*(x_)) (@ )*((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*x(x_) + (c
_)*(x)72)"(p_.), x_Symbol] :> Simp[(d + e*x)"(m + 1)*(exf*(m + 2%p + 2) -
dxg*x(2*xp + 1) + exgx(m + 1)*x)*((a + b*x + c*x"2)"p/(e”2*x(m + 1)*(m + 2%p
+ 2))), x] + Simp[p/(e”2*%(m + D)*(m + 2*%p + 2)) Int[(d + e*x)"(m + 1)*(a
+ b*x + c*xx"2)"(p - 1)*Simp[g*(b*d + 2%axe + 2*axe*m + 2xb*d*p) - fxbxex(m
+ 2%p + 2) + (gk(2*%cxd + b*e + bxe*m + 4xc*d*p) - 2xcxexf*(m + 2%p + 2))x*x,
x], x], x] /; FreeQ[{a, b, ¢, 4, e, £, g, m}, x] & GtQ[p, 0] && (LtQ[m, -
1] || EqQlp, 11 || (IntegerQ[p] && !'RationalQ[m])) && NeQ[m, -1] && !'ILtQ

[m + 2xp + 1, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2*m, 2*p]l)

rule 1230

Int[((d_.) + (e_)*(x_))"(m_)*((£_.) + (g_.)*(x_))*((a_.) + (b_.)*x(x_) + (c
_)*(x)72)"(p_.), x_Symbol] :> Simpl[g/e Int[(d + exx)"(m + 1)*(a + b*x +
c*x"2)7p, x], x] + Simp[(exf - d*g)/e Int[(d + e*x) m*(a + b*x + c*x~2)"
p, x1, x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] & !IGtQ[m, O]

rule 1269
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Maple [A] (verified)

Time = 0.74 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.89

method result
doellipti 2 (—2Bb c2+d (Ab+ 3'%) c— A“sz> Vb (dz-+c) arctan (miv\;%) —+/c(ad—bc) (—2 (—ZBbc—i-d (Ab+ % ) ) (dz+-c) ar
pseudoelliptic Vb d3 (dz-+c)/c(ad—be)
_ 2c(ad—bc) + (ad—2bc) (:c-&-i
o 1bo 2(Aad?—2Abcd—2Bacd+3Bbc?) In d? d
(2Abd+Bad—4Bbc) In EIT +Vb a2 4az
NG -
risch Bz(bz+a) a2 /- <L
d2./z(bz+a)
D). T i) <
B \/b( +£)2+(ad—266)(z+§) _clad=be) Ve ¢ +
TTq d a2 2dvb
default

input ‘ int ((B*x+A) * (b*x~2+a*x) ~(1/2) / (d*x+c) ~2,x ,method=_RETURNVERBOSE)

output 2/b" (1/2) * ((-2%B*b*c~2+d* (Axb+3/2xBxa) *c—-1/2*%A*a*d"~2) b~ (1/2) * (d*x+c) *arct
an((x*(bxx+a)) ~(1/2) /x*c/(cx(a*xd-b*c)) ~(1/2))-1/2x(c* (a*d-b*c)) ~(1/2) * (-2%
(-2xBxbxc+d* (Axb+1/2*B*a) ) * (d*x+c) *arctanh ( (x* (b*x+a)) ~(1/2) /x/b~(1/2))+b~

(1/2) *d* (-2*Bxc+d* (-Bxx+A) ) * (x* (b*x+a)) ~(1/2))) / (c*(a*d-bxc) ) ~(1/2) /d~3/(d
*x+C)




input

output
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 372 vs. 2(175) = 350.

Time = 0.30 (sec) , antiderivative size = 1509, normalized size of antiderivative = 7.74

(A + Bz)vax + bz?
(c+ dx)?

dxr = Too large to display

e

Lintegrate((B*x+A)*(b*x‘2+a*x)‘(1/2)/(d*x+c)‘2,x, algorithm="fricas")

-/

[-1/2*%((4xB*b~2*%c™4 - (5xB*axb + 2%A*b~2)*c~3xd + (B*a™2 + 2%Akaxb)*c~2xd"
2 + (4*Bxb"2*%c"3xd - (5#Bkaxb + 2*%A*b~2)*c"2+%d"2 + (B*a~2 + 2kA*axb)*c*xd"3
)*x) *sqrt (b) *log(2*b*x + a + 2*sqrt(b*x~2 + a*x)*sqrt(b)) - (4*Bxb~2%c”~3 +
A*xaxbxc*d™2 - (3*Bxa*b + 2%A*b~2)*c”2xd + (4*xB*b~2*c”2+d + A*axb*d~3 - (3
*Bkaxb + 2%A*b~2)*c*xd"2)*x)*sqrt(b*c”2 - akcxd)*log((a*xc + (2%b*c - axd)*x
+ 2*sqrt(b*c”2 - akxc*d)*sqrt(b*x~2 + a*x))/(d*x + c)) - 2%(2%B*b~2*c~3*d

+ Axaxb*c*d"3 - (2*Bxaxb + A*b~2)*c"2*%d"2 + (B*b"2*%c"2*%d"2 — Bkaxbkc*d"3)*
x)*sqrt (b*xx”2 + a*x))/(b"2*%c"3*%d"3 - axb*c™2%d"4 + (b~2*c"2+#d"4 - axb*cxd”
5)*x), -1/2%(2x(4*B*b~2*%c~3 + A*axbkcxd™2 - (3*Bxaxb + 2xA*b~2)*c”~2xd + (4
*Bxb~2xc"2xd + Axaxbxd~3 - (3*Bkaxb + 2%A*b~2)*c*d~2)*x)*sqrt(-b*c”2 + axc
*d) *arctan(sqrt (-b*c~2 + axc*d)*sqrt(b*x~2 + a*xx)/(b*c*x + axc)) + (4*xB*b~
2xc~4 - (5#Bkaxb + 2*%A*b~2)*c"3*d + (B*a"2 + 2*A*axb)*kc”2+%d"2 + (4*Bxb~2%*c
~3%d - (5*%Bxa*b + 2%Axb~2)*c"2%d”2 + (B*a~2 + 2xAkaxb)*ckd~3)*x)*sqrt(b)*1
og(2*bxx + a + 2xsqrt(b*x”2 + a*x)*sqrt(b)) - 2% (2xB*b~2%c~3*d + Axaxb*c*d
~3 - (2«B*axb + A*b"2)*c”2xd"2 + (B*b"2%c”2+d”"2 - Bxa¥b*c*d~3)*x)*sqrt (b*x
2 + axx))/(b"2*%c"3*%d"3 - ax*bxc"2*d"4 + (b"2*c”2*%d"4 - a*bk*ckxd~5)*x), 1/2x%
(2% (4*xBxb~2xc"4 - (5*B*a*b + 2*A*b"2)*c”3xd + (B*a"~2 + 2*A*a*b)*c”2xd"2 +

(4xB*b~2xc"3*d — (5*Bxa*b + 2*%A*b~2)*c”2xd"2 + (B*a~2 + 2*Axa*b)*c*d"3)*x)
*sqrt (-b) *arctan(sqrt (b*x"2 + a*x)*sqrt(-b)/(b*x + a)) + (4*%B*b~2*c~3 + Ax
axbxc*d™2 — (3*Bxa*xb + 2%A*b~2)*c”2xd + (4*B*¥b~2xc”2*d + A*axb*d~3 - (3...
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Sympy [F]

/(A+Ba:) a:c+bx2 /\/ (a + bx)(A + Bzx) d

(c+ dz)? (c + dz)®

inputLintegrate((B*x+A)*(b*x**2+a*x)**(1/2)/(d*x+c)**2’X)

Ou_tputLIntegral(sqrt(x>|=(a + b*x))*(A + Bxx)/(c + d*x)**2, x)

Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/ (A + Bz)Vaz + bz?
(c+ dz)?

inputLintegrate((B*X+A)*(b*x"2+a*x)"(1/2)/(d*x+c)"2,x, algorithm="maxima")

ou_tput‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-b*c>0)', see “assume?” for m

‘ore detail

Giac [F(-1)]

Timed out.
A+ Bx)v 2
/( + Ba)vaz + b dr = Timed out
(c+ dx)?
inputLintegrate((B*x+A)*(b*x‘2+a*x)‘(1/2)/(d*x+c)‘2,x, algorithm="giac")

OutputLTlmed out
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Mupad [F(-1)]

Timed out.
(A+Bx)vax+bx2 /\/bxz-l-ax (A+ Bx) i
(c+dx)? c+dm
lnput Lin‘t(((a*x + b*XA2)A(1/2)*(A + B*X))/(C + d*X)A2,X)

output 16 (C(@xx + bx"2)"(1/2)%(A + Bx))/(c + d¥x)"2, x)

Reduce [B] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 601, normalized size of antiderivative = 3.08

/ (A+ Bz)Vax + bx?
(c+ dz)? de

—+v/cvad — b atan( ¥ ad_bc_‘/afvf %a_ﬁ\/&ﬁ> acd — +/cv/ad — be atan(

\/ad—bc—\/(j\/bw+a—\/5\/a\/l;> ad2

Vevb

input tint ((Bkx+A) * (b*x~2+axx) " (1/2) / (d*x+c)"2,x)
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( - sqrt(c)*sqrt(a*xd - b*c)*atan((sqrt(axd - b*c) - sqrt(d)*sqrt(a + bxx)

- sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt (b)) )*axcxd - sqrt(c)*sqrt(a*d - b
xc)*atan((sqrt(a*d - bxc) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b
))/(sqrt(c)*sqrt(b)))*xa*d**2xx + 4*sqrt(c)*sqrt(a*d - b*xc)*atan((sqrt(a*d

- b*c) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)
) ) *b*c**2 + 4xsqrt(c)*sqrt(axd - b*c)*atan((sqrt(a*d - bxc) - sqrt(d)*sqrt
(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*b*cxd*x - sqrt(c)=*
sqrt(a*d - b*c)*atan((sqrt(a*xd - b*c) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sq
rt(d)*sqrt (b)) /(sqrt(c)*sqrt(b)))*a*c*xd - sqrt(c)*sqrt(axd - bxc)*atan((sq
rt(axd - b*xc) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*
sqrt (b)) *axd**2*x + 4*sqrt(c)*sqrt(axd - bxc)*atan((sqrt(a*d - b*c) + sqr
t(d)*sqrt(a + bxx) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*bkcx*2 +

4xsqrt (c)*sqrt(a*xd - b*c)*atan((sqrt(a*d - b*c) + sqrt(d)*sqrt(a + bxx) +

sqrt (x) *sqrt (d) *sqrt (b)) /(sqrt(c) *sqrt (b)) ) *bkcxd*x - sqrt(x)*sqrt(a + b*x
)*kaxckd**2 + 2xsqrt(x)*sqrt(a + b*x)*b*cx*2xd + sqrt(x)*sqrt(a + b*x)*xb*c*
d**2xx + 3*sqrt(b)*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*a*xcx*2xd
+ 3*sqrt(b)*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*a*ckd**2*x - 4
*sqrt (b) *log((sqrt(a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*bxcx*3 - 4*sqrt(b)
*log((sqrt(a + b*x) + sqrt(x)*sqrt(b))/sqrt(a))*bkc**2*xd*x)/(cxd**3*(c + d
*x))

output
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3.10 f (A+Bzx)Vaz+bx? dx

z(c+dz)?
Optimal result . . . . . . . . .. . . 104
Mathematica [A] (verified) . . . . . . . .. ... L L 104
Rubi [B] (verified) . .. ... ... . ... .. 105
Maple [A] (verified) . . . . . . . . . . 106
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 107
Sympy [F] . . . 108
Maxima [F] . . . . . .o 109
Giac [F(-2)] . . . o o 109
Mupad [F(-1)] . . . o 109
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 110

Optimal result

Integrand size = 29, antiderivative size = 143

vbz
/ (A + Bz)vVaz + bx? P (Bc — Ad)vazx + bz? N 2VbB a'rCta'nh<\/azibx2>
z(c+ dz)? B cd(c + dx) d?

(2bBc* — ad(Bc + Ad)) arctanh(\/a—v\b/%>
c3/2d?\/bc — ad

(—(-A*d+B*c)*(b*x“2+a*x)“(1/2)/c/d/(d*x+c)+2*b“(1/2)*B*arctanh(b“(1/2)*x/(b
\*x‘2+a*x)‘(1/2))/d‘2—(2*b*B*c‘2—a*d*(A*d+B*c))*arctanh((—a*d+b*c)‘(1/2)*x/

‘ c™(1/2)/ (bxx™2+a*x)~(1/2))/c~(3/2) /d~2/ (-a*d+bxc) " (1/2)

output

\‘

Mathematica [A] (verified)

Time = 0.84 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.26

(A + Bz)vax + bz?
dz
z(c+ dx)?
x(a, T bx) d(—BetAd) (26Bc2—ad(Bc+Ad)) arctan<_d‘/§fvz ;iﬁtﬁy*'dz)) _ 2vbB log(—\/aﬁ—f-\/ a+bz)
c(c+dz) c3/2\/—bc+ad\/z\/a+bx VzZ\a+bx

d2
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input‘ Integrate[((A + Bxx)*Sqrt[a*x + b*x"2])/(x*(c + d*x)~2),x]

(Sqrt[x*x(a + b*x)]*((d*(-(B*c) + A*d))/(cx(c + d*x)) + ((2%b*Bxc™2 - axd#*(
Bkc + Axd))*ArcTan[(-(d*Sqrt[x]*Sqrt[a + b*x]) + Sqrt[bl*(c + d*x))/(Sqrtl[
c]*Sqrt [-(b*xc) + axd])]1)/(c”(3/2)*Sqrt[-(b*xc) + a*xd]*Sqrt[x]*Sqrtla + Db*x]
) - (2xSqrt[b]*BxLog[-(Sqrt [b]*Sqrt[x]) + Sqrt[a + b*x]])/(Sqrt[x]*Sqrt([a
+ b*x])))/d"2

output

Rubi [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 318 vs. 2(143) = 286.

Time = 1.18 (sec) , antiderivative size = 318, normalized size of antiderivative = 2.22,

— 9, number of rules _ 069, Rules
integrand size

number of steps used = 2, number of rules used =
used = {2153, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ Vaz + bx?(A + Bz) i

z(c+ dz)?
l 2153

/ vaz +bz?(Bc— Ad)  Advaz +bax?  Avaz + ba?
c(c+ dzx)? c2(c + dz) 2z

l 2009

z(2bc—ad)+ac
~ (2bc — ad)(Bc — Ad)arctanh( 5 \/Eéa;rbﬁ)j/'bc_a d) . 2\/5arctanh< V%) (Bc — Ad) ~
2¢3/2d2+/bc — ad cd?

— z(2bc—ad)+ac Voz _
Av/be adarctanh( 2ovaz That /b d) Aarctanh< \/W) (2bc — ad)

c3/2d + \/1_262d +
v
aAarctanh(%) ~ faz + bz2 bz2(Bc — Ad)
Vbe? cd(c+ dx)

input ‘ Int[((A + Bxx)*Sqrt[a*x + b*x~2])/(x*(c + d*x)~2),x]
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-(((B*c - A*d)*Sqrtl[a*x + b*x"2])/(cxd*(c + d*x))) + (axA*ArcTanh[(Sqrt[b]
*x)/Sqrt [a*xx + b*x~2]]1)/(Sqrt[bl*c~2) + (A*x(2*bxc - a*d)*ArcTanh[(Sqrt[b]*
x)/Sqrt[axx + b*x~2]]1)/(Sqrt[bl*c~2xd) + (2xSqrt[b]l*(B*c - A*d)*ArcTanh[(S
qrt [b]*x) /Sqrt[a*x + b*x"2]])/(c*d"2) - (A*Sqrt[b*c - a*d]*ArcTanh[(a*c +
(2%b*c - axd)*x)/(2*Sqrt[c]*Sqrt[bxc - a*xd]*Sqrt[a*x + b*x~2])])/(c~(3/2)*
d) - ((2*b*c - a*d)*(B*c - A*d)*ArcTanh[(a*c + (2%b*c - a*d)*x)/(2xSqrt[c]
*Sqrt [bxc - a*d]*Sqrtl[a*x + b*x~"2])])/(2*c~(3/2)*d"2xSqrt [bxc - a*d])

output

Defintions of rubi rules used

rukaZOOQLInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2153 Int [(Px_)*((d_.) + (e_)*(x_))"(m_.)*((£f_.) + (g_.)*(x_))"(n_.)*((a_.) + (b
_)x(x ) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + ex*
x)"m*x(f + gxx)"n*(a + bxx + c*x~2)"p, x], x] /; FreeQ[{a, b, ¢, d, e, £, g,
m, n, p}, x] && PolyQ[Px, x] && (IntegerQ[p] || (IntegerQ[2*p] && IntegerQ
[m] && ILtQ[n, 0]1)) && !'(IGtQ[m, 0] && IGtQ[n, 0])

Maple [A] (verified)

Time = 0.68 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.00

method result
docllinti —(dz+c)(Aa d?+Bacd—2Bb c?) arctan (%f%) ++/c(ad—bc) (2ch/l; (dz+c) arctanh (7”05’;;‘1)) +/z(bx+a) d
pseudoelliptic

V/c(ad—bc) d?(dz-+c)c

(ad—2bc)d b(m

3
2

42 (b(z+§)2+(ad—26‘3 (e+5) B c(ai;b@)

(Ad—BC) c(ad—bc) (z+§) -

a ln( %;ém +v'b 12+az>
Al Vbz2+az+ b2\/5

default - —

C
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input | int ((B*x+A)* (b*x~2+a*x) "~ (1/2)/x/(d*x+c)"2,x,method=_RETURNVERBOSE)

‘(—(d*x+c)*(A*a*d‘2+B*a*c*d—2*B*b*c“2)*arctan((x*(b*x+a))“(1/2)/x*c/(c*(a*d
\—b*C))‘(1/2))+(C*(a*d—b*0))‘(1/2)*(2*B*C*b‘(1/2)*(d*x+c)*arctanh((x*(b*x+a
\))‘(1/2)/X/b‘(1/2))+(X*(b*X+a))‘(1/2)*d*(A*d—B*C)))/(C*(a*d—b*C))‘(i/Z)/d‘
‘2/(d*x+c)/c

output

Fricas [A] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 252 vs. 2(125) = 250.
Time = 0.21 (sec) , antiderivative size = 1031, normalized size of antiderivative = 7.21

(A+ Bz)vax + ba?
z(c+ dx)?

dx = Too large to display

input integrate ((Bxx+A)* (bxx~2+a*x)~(1/2) /x/(d*x+c)~2,x, algorithm="fricas")
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[1/2% (2% (B¥bxc™4 - Bxaxc™3*d + (B*b*c~3*d - B¥axc~2*d"2)x*x)*sqrt(b)*log(2x*
b*x + a + 2*sqrt(b*x~2 + a*x)*sqrt(b)) - (2%B*b*c”3 - B*akc~2xd - Axaxc*d”
2 + (2*Bxb*c~2%d - B*a*c*d"2 - A*axd”3)*x)*sqrt(bxc”2 - axc*d)*log((a*xc +
(2%bxc - a*d)*x + 2xsqrt(bxc”2 - axc*d)*sqrt(b*x~2 + a*x))/(d*x + c)) - 2x
(B*b*c~3*d + A*axcxd™3 - (B*a + A*b)*c~2*d"2)*sqrt(b*x~2 + a*x))/(b*c~4*d~
2 - axc™3*%d"3 + (b*c"3*d"3 - a*c”2*d"4)*x), ((2xBxb*c”~3 - Bxa*c~2*d - Axa*
cxd"2 + (2#Bxb*c”2xd - B*axc*d"2 - Axa*d~3)#*x)*sqrt(-b*c”2 + axc*d)*arctan
(sqrt(-bxc~2 + axcxd)*sqrt(b*x~2 + axx)/(b*cxx + akxc)) + (B*b*c™4 - B¥akc”
3*%d + (B¥bxc~3*d - Bxaxc~2*d"2)*x)*sqrt(b)*log(2*b*x + a + 2*sqrt(b*x~2 +
a*x)*sqrt (b)) - (Bxbxc™3%d + Axaxc*d~3 - (Bxa + Axb)*c~2xd~2)*sqrt(b*x"2 +
a*x))/(bxc™4*d~2 - axc™3*d"3 + (b*c™3*%d"3 - axc~2*xd"4)*x), -1/2%(4*(Bxb*xc
"4 - Bkaxc~3*d + (B*bxc~3%d - Bxaxc"2*d"2)x*x)*sqrt(-b)*arctan(sqrt(b*x"2 +
axx)*sqrt (-b) /(b*x + a)) + (2#B*b*c”™3 - B*a*c~2+d - A*xaxc*d~2 + (2xB*bxc”
2xd - B¥axcxd"2 - Axaxd~3)*x)*sqrt(b*c”2 - axc*d)*log((a*c + (2*bxc - a*d)
*x + 2%sqrt(bxc”2 - axcxd)*sqrt(b*x”2 + a*x))/(d*x + c)) + 2%(B*b*c~3%d +
Axaxcxd™3 - (Bk*a + Axb)*c”2xd"2)*sqrt(b*x”2 + a*x))/(b*c™4*d~2 - a*c~3*d"3
+ (b*c™3*%d"3 - a*c™2*d"4)*x), ((2*Bxb*c™3 - Bxaxc™2*d - Axaxc*d~2 + (2*B*
b*c™2xd - Bkakcxd"2 - Axaxd"3)*x)*sqrt(-bxc”2 + axcxd)*arctan(sqrt(-bxc~2
+ axckxd)*sqrt (bxx~2 + axx)/(bxc*x + a*c)) - 2x(Bxb*c™4 - Bxa*xc™3*d + (B*b*
c”3xd - B*a*xc~2xd"2)*x)*sqrt(-b)*arctan(sqrt(b*x~2 + a*x)*sqrt(-b)/(b*x. ..

output

Sympy [F]

/KA+B@ mﬁwﬁ /\/ (a+bx)( A+Bxd

(c+ dzx)? z (¢ + dz)?

input{integrate((B*x+A)*(b*x**2+a*x)**(1/2)/x/(d*x+c)**2,x)

outputLIntegral(sqrt(x*(a + b*x))*(A + B*x)/(xx(c + d*x)**2), x)
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Maxima [F|

/(A—i—Bx) ax+bw2 /\/b:c2+aa: Bx—l—A)
(c+ dx)? dz+c

inputLintegrate((B*x+A)*(b*x"2+a*x)"(1/2)/x/(d*x+c)"2,x, algorithm="maxima") J

Ou_tputLintegrate(sqr1:(b>|=x"2 + axx)*(Bxx + A)/((d*x + c)~2%x), x) J

Giac [F(-2)]

Exception generated.

A+ Bx)v/ 2
/ (A+ Bz)vaz + bz dx = Exception raised: TypeError
z(c+ dz)?
input Lintegrate ((Bxx+A)* (b*x~2+a*x) ~(1/2) /x/(d*x+c) "2,x, algorithm="giac") J

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Error: Bad Argument Type

Mupad [F(-1)]

Timed out.
(A+B$)Va$+bx2 /\/bmz—l—ax A—i—B:U)d
z(c+ dx)? (c+dz)’
inputtint(((a*x + b*x~2)~(1/2)*(A + B*x))/(x*(c + d*x)~2),x) J

output\ int (((a*x + bkx"2)"(1/2)*(A + Bxx))/(xx(c + d*x)"2), x) |




input

output
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Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 530, normalized size of antiderivative = 3.71

(A+ Bz)vVax + bx?
dz
z(c+dzx)?
B —v/cvad — be atan( ¥ “d_bc_\/afvf %a_ﬁ‘/&ﬁ> acd — +/cvad — be atan( Y ad_bc_\/af”f %G_ﬁ‘/&ﬁ> ad?
{int((B*X+A)*(b*x‘2+a*x)‘(1/2)/X/(d*x+c)‘2,x) ]

( - sqrt(c)*sqrt(a*d - bxc)*atan((sqrt(axd - bxc) - sqrt(d)*sqrt(a + bxx)
- sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*a*cxd - sqrt(c)*sqrt(axd - b
xc)*atan((sqrt(a*xd - b*c) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b
))/(sqrt(c)*sqrt(b)))xaxd**2xx - 2*sqrt(c)*sqrt(a*d - bxc)*atan((sqrt(axd
- b*c) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)
))xbxc*x2 - 2xsqrt(c)*sqrt(axd - b*c)*atan((sqrt(a*d - bxc) - sqrt(d)*sqrt
(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*b*cxd*x - sqrt(c)=*
sqrt(a*d - bxc)*atan((sqrt(a*d - b*xc) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sq
rt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*a*xc*d - sqrt(c)*sqrt(a*xd - b*c)*atan((sq
rt(a*d - b*c) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*
sqrt (b)) ) *a*xd**2*x - 2*sqrt(c)*sqrt(a*d - bxc)*atan((sqrt(a*d - bxc) + sqr
t(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*b*ck*2 -
2*sqrt (c)*sqrt(a*d - bxc)*atan((sqrt(a*xd - bxc) + sqrt(d)*sqrt(a + b*x) +
sqrt (x) *sqrt (d) *sqrt (b)) / (sqrt (c) *sqrt (b)) ) *b*cxd*x + sqrt(x)*sqrt(a + b*x
)*xaxckxd**2 - sqrt(x)*sqrt(a + b*x)*bxcx*2*d + 2*sqrt(b)*log((sqrt(a + b*x)
+ sqrt(x)*sqrt(b))/sqrt(a)) *b*c**3 + 2xsqrt(b)*log((sqrt(a + b*x) + sqrt(
x)*sqrt (b)) /sqrt(a)) *bkxcx*2xd*x) / (cx*2xd**2*% (c + d*x))
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3.11 f (A+Bzx)Vaz+bx? dx

z2(c+dx)?
Optimal result . . . . . . . . .. . . 11l
Mathematica [A] (verified) . . . . . . . .. ... L L 111
Rubi [B] (verified) . .. ... ... . ... .. 112
Maple [A] (verified) . . . . . . . . . . 113
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 114
Sympy [F] . . . 115
Maxima [F] . . . . . .o 115
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 116
Mupad [F(-1)] . . . o 116
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 117

Optimal result

Integrand size = 29, antiderivative size = 137

‘/(A4<B@vﬁijﬁadr_(Bc—3A®vE;IEP__@%—n&ﬂvafiﬁﬁ
z2(c + dx)? o 2dz cdz(c+ do)
(2Abc + aBc — 3aAd)arctanh<\/E\’}%>
+
c*2v/bc — ad

; | (~3%A*d+Bkc) * (bkx~2+a*x) " (1/2) /c~2/d/x- (~A*d+Bkc) * (bkx~2+a*xx)~(1/2) /c/d/x/
\ (d*x+c)+(-3%A%a*d+2xA*xbkc+Bxaxc) *arctanh ( (~axd+b*c) ~(1/2) *x/c”~(1/2) / (b*xx~2 \
+akx) " (1/2))/c”(5/2) / (-axd+bxc) " (1/2)

outpu

Mathematica [A] (verified)

Time = 10.10 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.12

dz

/ (A+ Bz)vax + ba?
z%(c + dx)?

- 2(2Abc+aBe—3aAd) (v/ev/atba—v/be—ady/zarctanh (Veoed/z
z(a + bx) (2( Bctf;i(a+b$) + ( N ( Vevatbe ))

2¢(—bc + ad)z
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input ‘ Integrate[((A + B*x)*Sqrt[a*x + b*x~2])/(x"2%(c + d*x)~2),x] ‘

output‘ (Sqrt[x*(a + b*x)]*((2*%(-(Bxc) + A*d)*(a + b*x))/(c + d*x) + (2x(2xA*bxc + \
‘ a*Bxc — 3*axAxd)*(Sqrt[c]l*Sqrt[a + b*x] - Sqrt[b*c - a*d]*Sqrt[x]*ArcTanh ‘
‘ [(Sqrt[b*c - a*d]*Sqrt[x])/(Sqrtlcl*Sqrtla + b*x])]1))/(c~(3/2)*Sqrt[a + bx* ‘
1x1)))/ (2%ck (= (b*c) + a*d)*x)

Rubi [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 389 vs. 2(137) = 274.

Time = 1.34 (sec) , antiderivative size = 389, normalized size of antiderivative = 2.84,

number of rules _ 0.069, Rules

number of steps used = 2, number of rules used = 2, integrand size

used = {2153, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

vaz + bz?(A + Bz)
z2(c + dx)?

l 2153

dr

/ <\/aa: +bz?(Bc — 2Ad)  dvaz +b2?(Bc — 2Ad)  dvVaz + bz*(Bc — Ad) n Avaz + bw2> i

Az c3(c+ dx) c2(c+ dx)? c2z?
| 2009

Vbc — ad(Bc — 2Ad)ar0tanh(zﬁfﬁiic;lzci)$gf—ad> +

c®/2d
_ _ z(2bc—ad)+ac
(2bc — ad)(Bc Ad)arctanh( 2/ovan o Vho—a d) N

2c5/2dv/bc — ad

arctanh( \/(%) (2bc — ad)(Bc — 2Ad) aarctanh( aﬁiﬂ) (Bc—2Ad)
n Vv —
Vbcdd Vbe?
Vb Vb
ZJEarctanh(W) (Bc— Ad) N 2A\/l_)arctanh(\/ax+ﬁ> N Vaz + bz2(Bc — Ad) B

c2d c? c2(c+ dx)

24vaz + ba?

2z
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input‘ Int[((A + Bxx)*Sqrt[a*x + b*x~2])/(x"2%(c + d*x)"2),x]

(-2*A*Sqrt[a*xx + b*x"2])/(c™2*x) + ((B*c - Axd)*Sqrtl[a*x + b*x~2])/(c"2*(c
+ d*x)) + (2*AxSqrt[b]l*ArcTanh[(Sqrt[bl#*x)/Sqrt[a*x + b*x~2]])/c"2 + (ax(
Bxc - 2*Axd)*ArcTanh[(Sqrt[b]*x)/Sqrt[a*x + b*x~2]]1)/(Sqrt[bl*c~3) + ((2*b
*c - a*d)*(Bxc - 2xA*d)*ArcTanh[(Sqrt[b]*x)/Sqrt[a*x + b*x~2]1])/(Sqrt[bl*c
~3*%d) - (2#Sqrt[b]l*(B*c - A*d)*ArcTanh[(Sqrt[b]*x)/Sqrt[a*x + b*x~2]1])/(c”
2%¢d) - (Sqrt[b*c - axd]*(Bxc - 2%A*d)*ArcTanh[(a*xc + (2%b*c - axd)*x)/(2*S
qrt [c]*Sqrt [bxc - axd]*Sqrtla*x + b*x~2])]1)/(c™(5/2)*d) + ((2¥bxc - a*d)*(
B¥c - A*d)*ArcTanh[(a*c + (2*b*c - axd)*x)/(2xSqrt[c]*Sqrt[b*c - a*xd]*Sqrt
[a*x + b*x~2])])/(2%c™(5/2)*d*Sqrt [b*c - a*xd])

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[(Px_)*((d_.) + (e_.)*(x_))"(m_.)*((f_.) + (g_.)*(x_))"(n_.)*((a_.) + (b
_*(x) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + ex
x)"m*(f + gxx)“"n*(a + bxx + c*x~2)"p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g,
m, n, p}, x] && PolyQ[Px, x] && (IntegerQ[p] || (IntegerQ[2*p] && IntegerQ
[m] && ILtQ[n, 0])) && !'(IGtQ[m, O] && IGtQ[n, O])

rule 2153

Maple [A] (verified)

Time = 0.71 (sec) , antiderivative size = 117, normalized size of antiderivative = 0.85
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method result
—2y/z(bz+a) ((—%—}-A) c+3‘4%> c(ad—bc)+3(dw+c)z<%+Aad> arctan(xv\;%)
pseudoelliptic Jed 5 Faldate)
_ 2c(ad— bc) (ad— ch) m+ | _c(ad— bc)\/ 2 (ad— 21’0) m+ ) _ c(ad—b
(Aad?-Bbe?)n d? 2
$+E

- 42 _ c(ad—bc)

risch _ 2A(bz+a) \/ 42
c2/z(bz+a)

default Expression too large to display

)
input {iﬂt ((B*x+A)* (b*x~2+a*x) ~(1/2) /x~2/ (d*x+c) “2,x,method=_RETURNVERBOSE)

A J

" \ (=2% (x* (b*xx+a) ) ~(1/2) * ((-1/2*Bxx+A) *c+3/2xA*d*x) * (c*x (a*d-b*c) ) ~(1/2) +3* (dx* \
\ x+c) *x* (1/3% (-2%Axb-B*a) *c+A*a*d) *arctan ( (x* (bxx+a)) ~(1/2) /x*c/ (c* (a*xd-b*c \
L) )=(1/2)))/ (cx(axd-b*c)) ~(1/2) /c~2/x/ (d*x+c) J

outpu

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 412, normalized size of antiderivative = 3.01

/ (A+ Bz)vax + ba?
dz
z2(c + dz)?
Vbe = acd((3 Aad? — (Ba + 2 Ab)ed)z* + (3 Aacd — (Ba + 2 Ab)c?)z) log ( “H2bemedie=? vheacdybe

2 ((bctd — ac®d?)z? + (bc® — «

input Lintegrate ((B*x+A) * (b*x"2+a*x) ~(1/2) /x~2/ (d*x+c) "2,x, algorithm="fricas") J
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[1/2*(sqrt(bxc™2 - a*cxd)*((3xA*a*xd™2 - (Bxa + 2xA*b)*cxd)*x"2 + (3*Axaxc*
d - (Bxa + 2xAxb)*c~2)*x)*log((axc + (2%b*c - a*xd)*x - 2*xsqrt(bxc™2 - axc*
d)*sqrt(b*x”2 + a*x))/(d*x + c)) - 2% (2xA*b*c™3 - 2*kAxa*xc™2*%d - (B*bxc™3 +
3xA*xa*xckd~2 — (B¥a + 3*%Axb)*c”2%d)*x)*sqrt(b*x~2 + a*x))/((b*c~4*d - a*c”
3xd"2)*x"2 + (b*c”™5 - axc”4*xd)*x), (sqrt(-b*c~2 + a*cxd)*((3xA*axd™2 - (B*
a + 2xA*b)*cxd)*x"2 + (3xAxaxcxd - (B*a + 2*Axb)*c”2)*x)*arctan(sqrt(-bxc”
2 + axc*d)*sqrt(b*x~2 + a*x)/(bxc*x + a*xc)) - (2*A*bxc™3 - 2xA*axc™2xd - (
Bxb*c™3 + 3xA*akcxd”2 - (Bka + 3*A*b)*c”2%d)*x)*sqrt(b*x~2 + a*x))/((b*c”™4
*d - a*c”3*xd"2)*x"2 + (b*c”5 - axc"4*d)*x)]

output

Sympy [F]

/KA+B@ mﬁ%ﬂ /\/ (a + bz)( A+Bxd

r%(c + dr)? z2 (c+ dx)

input integrate ((Bx+A)* (bkx++2+akx)+x(1/2) /x+*2/ (d¥x+C)¥%2,%)

OutputLIntegral(sqrt(x*(a + b*x) )k (A + Bxx)/(xk*2%(c + d*x)**2), x)

Maxima [F]

/(A—i—Bx) ax+bw2 /\/b:c2+aa: Bx-l—A)d

z2(c + dzx)? dz + ¢)’z2

inputLintegrate((B*X+A)*(b*xﬁ2+a*x)‘(1/2)/x*2/(d*x+c)“2,x, algorithm="maxima")

outputLintegrate(sqrt(b*xA2 + axx)*(Bxx + A)/((d*x + c)~2%x"2), x)

~—
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 801 vs. 2(123) = 246.

Time = 0.67 (sec) , antiderivative size = 801, normalized size of antiderivative = 5.85

(A + Bz)vax + bz?
z%(c + dx)?

dx = Too large to display

p
input Lintegrate ( (B*X+A) % (b*XA2+a*X> - (1/2) /XAQ/ (d*X+C) ~2 ,X, algorithm="giac u)

~—

-1/6%d"2* ((B*a*cxsgn(1/(d*x + c))*sgn(d) + (2%b*xc - 3xaxd)*A*xsgn(1/(d*x +

c))*sgn(d))*log(abs(-2*sqrt (b*c~2 - axc*d)*c*(sqrt(b - 2*b*c/(d*x + c) + b
*c"2/(d*x + c)72 + axd/(d*x + c) - a*xcxd/(d*x + c)72) + sqrt(bxc”2*d™2 - a
*xckd~3)/((d*x + c)*d)) "3*abs(d) + 2¥b~2%c~2%d - 3*a*b*cxd"2 + a~2xd"3 - 2%
sqrt(b*c™2 - axc*d)*(3xb*c - 2*%axd)*(sqrt(b - 2xb*c/(d*x + c) + bxc”™2/(d*x
+ ¢c)72 + axd/(d*x + c) - a*c*kd/(d*x + c)~2) + sqrt(b*c™2*xd"2 - a*c*xd~3)/(
(d*x + c)*d))*abs(d) + (6%b*c~2xd - b*axc*d™2)*(sqrt(b - 2*%bxc/(d*x + c) +
b*c™2/(d*x + c)~2 + axd/(d*x + c) - a*ckd/(d*x + c)~2) + sqrt(b*c™2xd"2 -
a*c*d~3)/((d*x + c)*d))~2))/(sqrt(b*xc™2 - a*c*d)*c 2*d*abs(d)) - (B*a*c*d
~2*xlog(abs(8*b~2%c"2xd - 8*axbxckd™2 + a~2*d~3 - 8xsqrt(b*c”2 - axckd)*b~(
3/2)*c*xabs(d) + 4xsqrt(b*c”2 - axc*d)*axsqrt(b)*d*abs(d))) + 2xA*xbxckd~2*1
og(abs(8*b~2xc~2*d - 8*xaxbkxc*d™2 + a~2+d"3 - 8*sqrt(b*c”2 - a*c*d)*b~(3/2)
xc*abs(d) + 4*xsqrt(bxc”™2 - a*cxd)*a*sqrt(b)*d*abs(d))) - 3*Axa*d~3*log(abs
(8%b~2%c~2%d - 8*axb*c*d"2 + a”"2*d"3 - 8*sqrt(bxc”2 - axcx*d)*b~(3/2)*cxabs
(d) + 4xsqrt(b*c”™2 - axc*d)*axsqrt(b)*d*abs(d))) - 6*sqrt(bxc”™2 - axc#*d)*B
*sqrt (b) *c*xabs(d) + 6*sqrt(b*c”™2 - axc*d)*A*sqrt(b)*d*abs(d))*sgn(1/(d*x +
c))*sgn(d)/(sqrt(bxc™2 - axc*d)*c~2*d"3*abs(d)) - 6*(B*c~3*d~2*sgn(1/(d*x
+ c))*sgn(d) - A*c”2*d"3*sgn(1/(d*x + c))*sgn(d))*sqrt(b - 2*b*c/(d*x + c
) + b*c™2/(d*x + c)72 + a*xd/(d*x + c) - axc*d/(d*x + c)~2)/(c"4%d75))

output

Mupad [F(-1)]

Timed out.

dz

/(A+Bx)\/m /m (A+ Bz)

z%(c + dr)? xzc+dx)

input!int(((a*x + b*x~2)~(1/2)* (A + B*x))/(x~2%(c + d*x)~2),x)
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output 1BE(((axx + bxx™2)"(1/2)* (A + Bxx))/(x"2*(c + d*x)"2), x)

Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 624, normalized size of antiderivative = 4.55

(A+ Bz)Vax + ba?
dx
z2(c+dx)?
Qﬁ\/mman(m‘ﬁ%—ﬁﬁﬁ> a2cdw+9ﬁ¢ﬂatan<m_ﬁﬁ_ﬁﬂﬁ> a
inputLint((B*x+A)*(b*x‘2+a*x)‘(1/2)/x*2/(d*x+c)~2’x) J

(9*sqrt(c)*sqrt(axd - bxc)*atan((sqrt(a*d - bxc) - sqrt(d)#*sqrt(a + b*x) -
sqrt (x) *sqrt (d) *sqrt (b)) /(sqrt(c)*sqrt (b)) ) *a*x2xcxd*x + 9*sqrt(c)*sqrt(a
*d - bxc)*atan((sqrt(a*d - bxc) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*
sqrt (b)) /(sqrt(c)*sqrt (b)) ) xa**2*xd**2xx**2 - 12xsqrt(c)*sqrt(axd - b*c)*at
an((sqrt(axd - b*c) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b))/(sq
rt(c)*sqrt (b)) )*axbxc*x2+x - 12*sqrt(c)*sqrt(axd - b*c)*atan((sqrt(a*d - b
x*c) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*
axbxckd*x**2 + 9xsqrt(c)*sqrt(a*d - bxc)*atan((sqrt(axd - b*xc) + sqrt(d)*s
grt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*a**2xc*d*x + 9%
sqrt(c)*sqrt(a*d - b*c)*atan((sqrt(a*d - b*c) + sqrt(d)*sqrt(a + b*x) + sq
rt (x)*sqrt (d) *sqrt (b) )/ (sqrt (c) *sqrt (b) ) ) xa*x*2xd**x2+x**2 — 12*sqrt(c)*sqrt
(a*d - b*c)*atan((sqrt(a*xd - bxc) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d
)*sqrt (b)) /(sqrt(c)*sqrt (b)) ) *axb*c**2xx - 12*sqrt(c)*sqrt(axd - b*c)*atan
((sgrt(axd - b*c) + sqrt(d)*sqrt(a + b*x) + sqrt(x)#*sqrt(d)*sqrt(b))/(sqrt
(c)*sqrt(b)))*a*bxckd*x**2 - 6xsqrt(x)*sqrt(a + b*x)*ax*2xckx2%d - 9*sqrt(
x)*sqrt(a + bxx)*a*x2xckxd**2*x + 8*sqrt(x)*sqrt(a + b*x)*axbxcx*3 + 15xsqr
t(x)*sqrt(a + b*x)*axbkcx*2xd*x — 4*xsqrt(x)*sqrt(a + b*x)*b*x2kcx*3*xx + 3%
sqrt (b) *a**2*c**2*d*x + 3*sqrt(b)*a**x2*ckd**2*x**2 — 9xsqrt (b) *axb*c*x*3*x

- 9xsqrt (b) xaxb*ck*2kd*x**2) / (c*¥*3*x* (3ka*xckd + 3Jkakd**2kxx — 4*bkck*2 — 4%
b*c*d*x) )

output
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3.12 f (A+Bzx)Vaz+bx? dx

z3(c+dx)?
Optimal result . . . . . . . . .. . . 118
Mathematica [A] (verified) . . . . . . . .. ... L L 119
Rubi [B] (verified) . .. ... ... . ... .. 119
Maple [A] (verified) . . . . . . . . . . 121]
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 121]
Sympy [F] . . . 122
Maxima [F] . . . . . .o 122
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 123
Mupad [F(-1)] . . . o 124
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 124

Optimal result

Integrand size = 29, antiderivative size = 194

(A+ Bo)az ¥ | (3Be— 5Ad)Vaz ¥ b
z3(c + dz)? 3c?dx?
(2Abc + 9aBc — 15aAd)Vaz + ba?
B 3acdz
(Bc — Ad)vax + bx?
N cdz?(c + dz)
(ad(3Bc — 5Ad) — 2bc(Bc — 2Ad))arctanh(\/gf}%>
B c"/2y/bc — ad

Output(1/3*(—5*A*d+3*B*c)*(b*x‘2+a*x)‘(1/2)/c‘2/d/x‘2—1/3*(—15*A*a*d+2*A*b*c+9*B*
\a*c)*(b*x‘2+a*x)‘(1/2)/a/c‘3/x—(—A*d+B*c)*(b*x*2+a*x)‘(1/2)/c/d/x‘2/(d*x+c
\)—(a*d*(—5*A*d+3*B*c)—2*b*c*(—2*A*d+B*c))*arctanh((—a*d+b*c)‘(1/2)*x/c‘(1/

2) / (b*x~2+a*xx) ~(1/2))/c”(7/2) / (-axd+bxc) ~(1/2)

-

\‘

J
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Mathematica [A] (verified)

Time = 0.70 (sec) , antiderivative size = 190, normalized size of antiderivative = 0.98

(A+ Bz)vVax + bx?

dx
z3(c+dx)?
b Vc(2Abcz(c+dz)+3aBex(2c+3dz)+aA (2¢2—10cdz—15d22?)) 3(2bc(Bc—2Ad)+ad(—3Bc+5Ad))z%/2 arCtan<;dv
((1 + CL') - a(c+dz) - J—botadvatbs
- 3c7/22
input LIntegrate [((A + B*x)*Sqrt[a*x + bxx~2])/(x"3%(c + d*x)~2),x] J

(Sart[x*(a + b*x)]*(-((Sqrt[cl*(2*A*b*cxx*(c + d*x) + 3*axBkckx*(2*c + 3x*d
*x) + a*A*(2%c”2 - 10*cxd*x - 15%d"2%x72)))/(a*x(c + d*x))) - (3*(2¥bxcx(B*
c - 2%Axd) + axd*(-3*Bxc + 5*Axd))*x"(3/2)*ArcTan[(-(d*Sqrt[x]*Sqrt[a + b*
x]) + Sqrt[bl*(c + d*x))/(Sqrt[c]*Sqrt[-(b*c) + axd])])/(Sqrt[-(bxc) + a*d
I*Sqrt[a + b*x])))/(3*c™(7/2)*x"2)

output

Rubi [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 425 vs. 2(194) = 388.

Time = 1.44 (sec) , antiderivative size = 425, normalized size of antiderivative = 2.19,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 4 o59 Ryjles
integrand size

used = {2153, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dxr

/ Vaz + bz?(A + Bz)

z3(c+ dx)?
l 2153

/ d*vazx + bx2(2Bc — 3Ad) _ dVaz + bz?(2Bc — 3Ad) n d*vax + bx2(Bc — Ad) + vaz + bz?(Bc — 2Ad)
c*(c+dx) ctr c3(c+ dx)? c3x?

l 2009
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z(2bc—ad)+ac
Vvbc — ad(2Bc — 3Ad)arctanh( 5 \/5\5 = _|_bx2)\—/+_bc—ad)

/2
z(2bc—ad)+ac z
(2bc — ad)(Bc — Ad)arctanh( 5 \/Exﬁaa:—i—sz)\-i/-bc—a d) ~ adarctanh( J;ﬁiﬁ) (2Bc — 3Ad) ~
2¢7/2\/bc — ad Vbct
arctanh( \/%) (2bc — ad)(2Bc — 3Ad) N 2\/Earctanh< Jz%) (Bc —2Ad) N
Vbct c?
Vbx
2Vbarctanh (0% ) (Be— Ad) 9, /az T ba(Be— 24d)  dv/az T 0a?(Be — Ad)
3 Az A(c+ dz)
2A(az + b:c2)3/2
3ac?z3

/Int[((A + B*x)*Sqrt[a*x + b*x~2])/(x"3%(c + d*x)"2),x]

N

input

(-2x(Bkc - 2%Axd)*Sqrt[a*xx + bxx~2])/(c™3%x) - (d*(B*c - A*d)*Sqrt[a*x + b
*x72])/(c™3*%(c + d*x)) - (2xA*(a*x + b*x~2)~(3/2))/(3*a*xc™2*x~3) - (axd*(2
*Bxc - 3xAxd)*ArcTanh[(Sqrt[bl*x)/Sqrt[a*x + b*x"2]]1)/(Sqrt[bl*c”4) - ((2%
bxc - a*d)*(2*B*c - 3*A*d)*ArcTanh[(Sqrt[b]*x)/Sqrt[a*x + b*x~2]]1)/(Sqrt[b
I*c™4) + (2%Sqrt[b]*(Bxc - 2*%A*d)*ArcTanh[(Sqrt[b]*x)/Sqrt[a*x + b*xx~2]])/
c~3 + (2xSqrt[b]*(B*c - A*d)*ArcTanh[(Sqrt[bl*x)/Sqrtl[a*x + b*x~2]1])/c"3 +

(Sqrt[b*c - a*d]*(2xB*c - 3*Axd)*ArcTanh[(a*c + (2%bxc - a*d)*x)/(2xSqrt[
c]*Sqrt[b*c - axd]*Sqrtla*x + b*x"2])]1)/c”(7/2) - ((2*%b*c - a*d)*(Bxc - Ax
d)*ArcTanh[(a*xc + (2%b*c - a*d)*x)/(2*Sqrt[c]*Sqrt[bxc - a*d]*Sqrt[a*x + b
*x72])1)/(2%c~(7/2)*Sqrt [b*c - a*xd])

output

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

Int[(Px_)*((d_.) + (e_)*(x_))"(m_)*((£f_.) + (g_.)*(x_))"(n_.)*((a_.) + (b
_)x(x ) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + ex*
x)"m*x(f + gxx)"n*(a + bxx + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g,
m, n, p}, x] && PolyQ[Px, x] && (IntegerQ[p] || (IntegerQ[2*p] && IntegerQ
[m] && ILtQ[n, 01)) && !'(IGtQ[m, O] && IGtQ[n, 0])

rule 2153
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Maple [A] (verified)

Time = 0.75 (sec) , antiderivative size = 166, normalized size of antiderivative = 0.86

method result
d( Ap+3Ba
—2y/z(bz+a) (((3Bx—i—A)a+Abav)c2 —5dx ( (— %—i—A) a— %) c— %) v/c(ad—bc)—15 < 2Bg 2 4 ( -;T)c
pseudoelliptic N T
2\/ 2 (ad—2b6)(z+§) (ad—bc) ¢
d b c _ claa—oc
C(ACL d2—Abcd—Bacd+Bb 02) (m+d) + 4 d2 ——
c(ad—bc) (w+ % )
. __2(bz+a)(—6Aadz+Abcz+3Bacz+Aac)
risch 3ac3\/z(bz+a)x +
default Expression too large to display

input‘int((B*x+A)*(b*x"2+a*x)”(1/2)/x’"3/(d*x+c)"2,x,method=_RETURNVERBOSE)

‘1/3*(—2*(x*(b*x+a))“(1/2)*(((3*B*x+A)*a+A*b*x)*c“2—5*d*x*((-9/10*B*X+A)*a-
\1/5*A*b*x)*c—15/2*A*a*d‘2*x‘2)*(c*(a*d—b*c))‘(1/2)—15*(2/5*B*b*c‘2—4/5*d*(
‘A*b+3/4*B*a)*c+A*a*d‘2)*(d*x+c)*x‘2*a*arctan((x*(b*x+a))‘(1/2)/x*c/(c*(a*d
‘-b*c))‘(1/2)))/(0*(a*d-b*c))‘(1/2)/c‘3/x‘2/(d*x+c)/a

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 644, normalized size of antiderivative = 3.32

(A+ Bz)vax + bx?
z3(c + dx)?

dz

3 ((2 Babc?d + 5 Aa’d® — (3 Ba? + 4 Aab)cd?)z® + (2 Babc® + 5 Aa’cd? — (3 Ba® + 4 Aab)c?d)x?)v/be

3 ((2 Babc®d + 5 Aa’d® — (3 Ba? + 4 Aab)cd?)z® + (2 Babc® + 5 Aa’cd? — (3 Ba® + 4 Aab)c?d)x?)v/-

integrate ((B*x+A)* (bxx~2+a*x)~(1/2) /x~3/(d*x+c)~2,x, algorithm="fricas")
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[1/6% (3% ((2xB*a*bxc~2+d + 5xAxa~2*d"3 - (3*B*a™2 + 4xA*a*xb)*cxd~2)*x~3 + (
2xBxaxb*c”™3 + B*A*a~2xc*d"2 - (3*Bxa”2 + 4xAxa*b)*c”2*d)*x"2)*sqrt(bxc”2 -
axc*d)*log((a*c + (2*b*xc - a*d)*x + 2xsqrt(b*c”™2 - axc*d)*sqrt(b*x~2 + a*
x))/(d*x + c)) - 2x(2xAxaxbxc™4 - 2%A*a~2+c”3*d + (15xA*xa~2xc*d"3 + (9*B*a
*b + 2xAxb~2)*kc"3kd - (9*%B*a”2 + 17*xAxaxb)*c 2*d"2)*x"2 + 2x(5xAxa~2xc~2*d
2 + (3xB*axb + A*b"2)*c”4 - 3x(Bxa"2 + 2xA*axb)*c”3*d)*x)*sqrt(b*x"2 + ax
x))/((a*b*c™5*%d - a~2*xc~4*d"2)*x"3 + (a*b*c™6 - a~2xc~5*xd)*x"2), -1/3*(3*(
(2*xB*a*xbxc”™2*d + H5*A*a~2+%d~3 - (3*B*a”2 + 4*Axaxb)*cxd"2)*x~3 + (2*xBkaxb*c
"3 + bxAxa"2*kc*kd"2 - (3xB*a"2 + 4xAxaxb)*c”2*d)*x"2)*sqrt(-bxc~2 + axcxd)*
arctan(sqrt (-b*c”™2 + axc*d)*sqrt(b*x~2 + axx)/(b*c*x + a*xc)) + (2%Axaxbxc”
4 - 2%A*a~2%c”3*%d + (15%A*a~2%c*d"3 + (9xBxa*b + 2xA*b~2)*c”"3*d - (9*B*a~2
+ 17*xA*a*b)*c™2+%d~2) *x~2 + 2% (5xA*a~2*xc”~2+%d"2 + (3*Bka*xb + A*b~2)*c"4 - 3
*x(B*a~2 + 2xA*axb)*c”3*d)*x) *sqrt (b*x~2 + ax*x))/((axb*c~5*d - a~2*c”4xd"2)
*x~3 + (axbxc™6 - a”~2%c”5*d)*x72)]

output

Sympy [F]
/(A+Bx) ax+bx2 /\/ (a + bz) A+Bw
z3(c + dz)? 3 (c + dz)?
input integrate ((Bx+A)* (bkx++2+akx)++(1/2) /x++3/ (d¥x+C)*%2,%)

p
OutputLIntegral(sqrt(x*(a + b*x) )k (A + Bxx)/(xk*3*(c + d*x)**2), x)

| —

Maxima [F]

/(A+Ba:) ax+bm2 /\/bm2+aa: B:c+A)
z3(c + dx)? (dz + c)’x3

inputLintegrate((B*X+A)*(b*xA2+a*X)A(1/2)/XA3/(d*X+C)A2,X, algorithm="maxima")

Output‘integrate(sqrt(b*x*z + axx)*(Bxx + A)/((d*x + c)72*xx"3), x)




input

output

e

CHAPTER 3. LISTING OF INTEGRALS 123

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1319 vs. 2(174) = 348.

Time = 20.09 (sec) , antiderivative size = 1319, normalized size of antiderivative = 6.80

(A + Bz)vax + bz?
z3(c + dx)?

dxr = Too large to display

Lintegrate((B*x+A)*(b*x‘2+a*x)‘(1/2)/x‘3/(d*x+c)“2,x, algorithm="giac")

-/

N

1/10%d"2* (((4*b*c*d - 5*axd~2)*A*sgn(1/(d*x + c))*sgn(d) - (2xb*c~2 - 3xax

c*xd) *B*sgn(1/(d*x + c))*sgn(d))*log(abs(-2*sqrt(bxc™2 - axcx*d)*c~2*(sqrt(b
- 2xbkc/(d*x + c) + b*c”2/(d*x + c)72 + a*d/(d*x + c) - axcxd/(d*x + c)72
) + sqrt(bxc”2+%d"2 - a*c*d"3)/((d*x + c)*d)) 5xabs(d) + 2*b~3*c”3*d - L¥ax
b~2xc"2*d"2 + 4*a~2%bxc*d"3 - a”"3*d"4 - 4*(5xb*c”2 - 4xakcxd)*sqrt(b*c”2 -
axc*d)*(sqrt(b - 2#b*c/(d*x + c) + b*c”2/(d*x + c)”2 + axd/(d*x + c) - a*
c*d/(d*x + c)72) + sqrt(b*c™2*d"2 - a*c*d"3)/((d*x + c)*d)) 3*abs(d) + (10
*b*c~3*%d - 9*xaxc”2xd"2)*(sqrt(b - 2%bxc/(d*x + c) + b*c~2/(d*x + c)”2 + ax
d/(d*x + c) - axcxd/(d*x + c)~2) + sqrt(b*c™2+%d"2 - a*c*d~3)/((d*x + c)*d)
)74 - 2x(5%b"2%c”2 - 8%axbkcxd + 3*a~2xd"2)*sqrt(b*c”2 - a*c*d)*(sqrt(b -
2%bxc/(d*x + c) + b*c™2/(d*x + c)"2 + axd/(d*x + c) - axc*d/(d*x + c)~2) +
sqrt (b*c™2*d~2 - a*c*d~3)/((d*x + c)*d))*abs(d) + 2*(10*%b~2*c~3*d - 17*ax*
bxc™2*%d"2 + T*a"2*c*d"3)*(sqrt(b - 2xbxc/(d*x + c) + b*c™2/(d*x + ¢c)"2 + a
*d/(d*x + c) - akc*d/(d*x + c)~2) + sqrt(b*c™2*d"2 - a*c*xd~3)/((d*x + c)*d
))~2))/(sqrt(b*xc™2 - a*c*d)*c~3*d*abs(d)) + (2*B*bxc~2*d*log(abs(32*%b~3*c~
3xd - 48xa*b~2%c"2+%d"2 + 18*a"2xb*c*d”3 - a"3*d"4 - 32*sqrt(b*c”2 - a*cxd)
*b~(5/2)*c"2*abs(d) + 32*sqrt(b*c”2 - axc*d)*a*b”(3/2)*c*d*abs(d) - 6*sqrt
(b*c™2 - axc*d)*a~2*sqrt(b)*d"2+*abs(d))) - 3*Bxakxcxd~2*log(abs(32*%b~3*c~3*
d - 48*a*b”"2*c”2%d"2 + 18*a~2*bxc*d~3 - a”“3*d"4 - 32*sqrt(b*c”2 - a*c*xd)*b
~(5/2)*c"2xabs(d) + 32*sqrt(b*c”2 - axc*d)*a*b~(3/2)*c*xd*abs(d) - 6*sqr...
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Mupad [F(-1)]

Timed out.
(A+B$)va$+bx2 /\/bx2+ax (A+ Bx) dr
z3(c+ dx)? 23 (c+ dz)?
input Lint(((a*x + bxx~2) " (1/2)*(A + B*x))/(x"3*(c + d*x)~2),x)

OutputLint(((a*x + bxx~2)"(1/2)*(A + B*x))/(x"3%(c + d*x)"2), x)

Reduce [B] (verification not implemented)

Time = 0.52 (sec) , antiderivative size = 980, normalized size of antiderivative = 5.05

dx = Too large to display

/ (A+ Bz)Vax + bx?
z3(c + dz)?

input Lint ((B*x+A) * (b*xx~2+a*x) ~(1/2) /x~3/ (d*x+c) ~2,%)
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( - 75xsqrt(c)*sqrt(a*d - b*c)*atan((sqrt(a*d - b*c) - sqrt(d)*sqrt(a + b*
x) - sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))xa*x*x2xcxd**2*x*k*2 - TE*xsqr
t(c)*sqrt(a*d - bxc)*atan((sqrt(a*d - bxc) - sqrt(d)*sqrt(a + b*x) - sqrt(
x)*sqrt (d) *sqrt (b)) /(sqrt(c)*sqrt (b)) ) *ax*2xd**3*x**3 + 90*sqrt(c)*sqrt (a*
d - bxc)*atan((sqrt(a*d - bxc) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)x*s
qrt(b))/(sqrt(c)*sqrt (b)) ) *axb*ck*2xd*+x**2 + 90*sqrt(c)*sqrt(a*d - bxc)*at
an((sqrt(a*d - bxc) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b))/(sq
rt(c)*sqrt (b)) ) *axbxc*kd**2*x**3 - 24*sqrt(c)*sqrt(axd - b*c)*atan((sqrt(ax
d - bxc) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(
b)) ) ¥bx*2xcx*3*x**2 — 24xsqrt(c)*sqrt(a*xd - bkc)*atan((sqrt(axd - b*xc) - s
grt(d)*sqrt(a + b*x) - sqrt(x)#*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*b**x2*c*
*2xd*x**3 - 75*sqrt(c)*sqrt(a*d - bxc)*atan((sqrt(a*xd - b*c) + sqrt(d)*sqr
t(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*ak*2xckd**2xx**2
- 75*sqrt(c)*sqrt(axd - b*c)*atan((sqrt(axd - b*c) + sqrt(d)*sqrt(a + b*x)
+ sqrt(x)*sqrt(d)*sqrt(b) )/ (sqrt(c)*sqrt(b))) xa**2*xd**3*x**3 + 90*sqrt(c)
*sqrt(a*d - bxc)*atan((sqrt(a*d - b*c) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*s
grt(d)*sqrt (b)) /(sqrt(c)*sqrt (b)) ) *a*b*ck*2xd*x**2 + 90*sqrt(c)*sqrt(a*d -
bxc)*atan((sqrt(a*xd - bxc) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt
(b)) / (sqrt(c)*sqrt (b))) *xa*bxckd**2+x**3 - 24xsqrt(c)*sqrt(axd - b*c)*atan(
(sqrt(a*d - bxc) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sq...

output




output
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Optimal result
Integrand size = 29, antiderivative size = 262

(A+ Bz)vax + ba?

z(c + dz)? dz

(5Bc — 7TAd)Vaz +bz?  (2Abc + 25aBc — 35aAd)Vaz + ba?

5c2dx? 15ac3z?
(5aBc(2bc — 15ad) — A(4b*c® + 20abed — 105a2d?)) v ax + bx?

15a2ctz
(Bc — Ad)vax + bx?
cdx3(c + dz)

+

d(ad(5Bc — TAd) — 2bc(2Bc — 3Ad))arctanh<

Vbc—adx

vV az+bx?

)

c%/24/bc — ad

1/5% (=7*A*d+5%B*c) * (b*x~2+a*x) ~(1/2) /c~2/d/x"3-1/15% (-35*xA*xa*xd+2*xAxb*c+25%
Bxaxc) * (b*x"2+a*x)~(1/2)/a/c"3/x"2-1/15% (5*%a*B*c* (—15*xa*xd+2*xb*c) —A* (-105*a
~2%d"2+20*axbxckd+4*xb"2%c"2) ) * (b*xx"2+a*x) "~ (1/2) /a”2/c”4/x- (~A*d+B*c) * (b*x~
2+ax*x) " (1/2) /c/d/x"3/ (d*x+c) +d* (a*xd* (—=7T*A*d+5xB*c) —2*bkc* (-3*xA*d+2*B*c) ) *a
rctanh ((-a*d+b*c) ~(1/2)*x/c~(1/2) / (b*x~2+a*x) ~(1/2))/c~(9/2) / (-a*d+b*xc) ~ (1

/2)
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Mathematica [A] (verified)

Time = 1.04 (sec) , antiderivative size = 237, normalized size of antiderivative = 0.90

(A+ Bz)vVax + bx?

dx
z(c+dx)?
20252 2bcz(5Bcx+A(c—10d: 5Bcx (—2c2+10cdr+15d2x2) — A (6¢3 —14c2de+T0cd? £2 +105d3 3
(a+b$)<\/6<4Aba§$ _ 2bex( cx-i;z (c z)) + cx(—2c cdz z2) C_’_(d; c?dz cd?z a:)) 4
- 15c9/243
input LIntegrate[((A + Bxx)*Sqrt[a*xx + b*x"2])/(x"4*(c + d*x)"2),x] J

(Sart[x*(a + b*x)]*(Sqrt[c]*((4*A*b~2xc~2%x72)/a"2 - (2xb*c*x* (5*Bkcxx + A
*(c - 10%dx*x)))/a + (5*Bkcxx*(-2%c~2 + 10*c*d*x + 15%d"2*x"2) - A*(6%c”3 -
14xc™2%d*x + TOxc*xd"2*x"2 + 105%d~3*x73))/(c + d*x)) + (15*d*(2%b*c*(2*B*
Cc - 3xA*d) + axdx(-5*Bkc + 7xA*d))*x~(5/2)*ArcTan[(-(d*Sqrt[x]*Sqrtla + bx*
x]) + Sqrt[bl*(c + d*x))/(Sqrt[c]*Sqrt[-(b*c) + axd])])/(Sqrt[-(bxc) + a*xd
J*Sqrt[a + b*x])))/(156%xc~(9/2)*x"~3)

output

Rubi [A] (verified)

Time = 1.58 (sec) , antiderivative size = 497, normalized size of antiderivative = 1.90,

2 number of rules =0. 069 Rules
integrand size

number of steps used = 2, number of rules used =
used = {2153, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dr

/ Vvaz + bz?(A + Bz)

z4(c + dx)?
l 2153

/ ( d*vaz + br2(3Bc — 4Ad) d*>vazx +bx2(3Bc — 4Ad)  d3Vaz + bx2(Bc— Ad)  dvax + bx?(2Bc —
- _

S(c+ dx) Sz cA(c+dzx)? - ciz?

l 2009
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x(2bc—ad)+ac
4Ab ( az + bx2)3/ 2 dv/bc—ad(3Bc— 4Ad)arctanh( 5 \/Eéax%ﬁ):;bc_a d)
— +
15a2c2a3 /2

d(2bc — ad)(Bc — Ad)arctanh ( 5 ﬁiﬁil;c;b'z?;:;_a d) ad?arctanh ( \/%) (3Bc —4Ad)

+ +
2c9/2+/bc — ad Vbch
darctanh< %) (2bc — ad)(3Bc — 4Ad) 2\/I_Jdarctanh( \/‘%) (2Bc — 3Ad)
Vbc5 - ct -
Vbz
2\/1_)darctanh<m) (Bc — Ad) + d*vazx + bx2(Bc — Ad) 4 2dvazx + bx?(2Bc — 3Ad) 3
ct cA(c+ dz) iz
2\3/2 2\3/2
2(az + baz®)”'" (Bc—2Ad)  2A(az + bz?)
3ac3z3 5ac2zt

/Int[((A + B*x)*Sqrt[a*x + b*x~2])/(x"4*(c + d*x)"2),x]

& J

input

(2%d* (2xB*c - 3%Axd)*Sqrt[axx + b*x~2])/(c™4*x) + (d"2*(B*c - Axd)*Sqrt[a*
x + b*x72])/(c™4x(c + d*x)) - (2%Ax(a*x + b*x~2)~(3/2))/(5xa*c”2%x~4) + (4
*A*xb* (a*x + b*x"2)7(3/2))/(15%a~2%c”2*x"3) - (2% (B*c - 2*A*d)*(a*x + b*x"2
)~(3/2))/(3xaxc”~3%x"3) + (a*d"2x(3%Bxc - 4*A*d)*ArcTanh[(Sqrt[b]*x)/Sqrt[a
*x + bxx~2]])/(Sqrt[b]l*c~5) + (d*(2*b*c - a*d)*(3*Bxc - 4*Axd)*ArcTanh[(Sq
rt[bl*x) /Sqrt[a*x + b*x~2]])/(Sqrt[bl*c”~5) - (2*Sqrt[b]l*d*(2xB*c - 3xAx*d)*
ArcTanh[(Sqrt [b]*x)/Sqrt[a*x + b*x~2]]1)/c”4 - (2*Sqrt[bl*d*(Bxc - Ax*d)*Arc
Tanh [(Sqrt [b]*x)/Sqrt[a*x + b*x~2]])/c”4 - (d*Sqrt[b*c - a*d]*(3*Bxc - 4*A
*d)*ArcTanh[(a*xc + (2¥b*c - a*d)*x)/(2*Sqrt[c]*Sqrt[bxc - a*d]*Sqrt[a*x +

b*x~2]1)1)/c~(9/2) + (d*(2xb*c - a*d)*(B*c - Axd)*ArcTanh[(a*c + (2*%bxc - a
*d) *x) / (2%Sqrt [c]*Sqrt [bxc - axd]*Sqrt[a*x + b*x~2])])/(2*c~(9/2)*Sqrt [bxc
- axd])

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 2153 IntLPxD*((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*x_))"(a_)*((a_.) + (b
_dx(x)) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + ex
x)"m*x(f + g*x) n*(a + b*x + c*xx~2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g,
m, n, p}, x] && PolyQ[Px, x] && (IntegerQ[p] || (IntegerQ[2+p] && IntegerQ
[m] &% ILtQ[n, 0])) && !'(IGtQ[m, 0] && IGtQ[n, O])




input

output

input
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Maple [A] (verified)

Time = 0.79 (sec) , antiderivative size = 214, normalized size of antiderivative = 0.82

method result
) < <<5'§E+A) S 7d( 25B2;+A)m c? + 35(_ 153$3+A)d2m2c+ 35Agsx3 > a4 bg(dq:+c)((SBa:-gA)c—loAda:)ma _
pseudoelliptic | — N R
risch 2(bz+a)(45A a?d?z2—10Aabed 2 —2A b2c222—30B a?cd 22+5Bab c2z2—10A a?cdz+ Aab c2x+5B a?c?x+3a% A c2)
15a2cty/z(bz+a) z2
default Expression too large to display

e

Lint ((B*x+A) * (bxx~2+a*x) " (1/2) /x"4/ (d*x+c) ~2,x ,method=_RETURNVERBOSE)

~—  /

-2/5/ (c* (a*d-bxc)) ~(1/2) * ((((5/3*B*x+A) *c~3-7/3%d* (25/7*B*x+A) *x*kc~2+35/3*
(-15/14%B*x+A) *d~2%x~2%c+35/2*A*d~3%x~3) *a~2+1/3*b*c* (d*x+c) * ((5*B*x+A) *c—
10xA*d*x) *x*a—2/3*%Axb~2xc~2%x 2% (d*x+c) ) * (c* (a*xd-b*xc) ) ~(1/2) * (x* (b*x+a)) ~(
1/2)-35/2% (d* (A*d-5/T*B*c) *a-6/7*b* (A*xd-2/3*B*c) *c) *d* (d*x+c) *x~3*arctan ((
x* (b*x+a) )~ (1/2) /x*c/ (c*(a*d-b*c)) ~(1/2))*a~2) /c~4/x"3/(d*x+c) /a~2

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 909, normalized size of antiderivative = 3.47

(A+ Bz)vazx + ba?

z*(c + dx)?

dx = Too large to display

Lintegrate((B*x+A)*(b*x“2+a*x)”(1/2)/x“4/(d*x+c)“2,x, algorithm="fricas") J
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output

[1/30%(15% ((4%B*a~2%b*c~2*d~2 + T*A*a~3*d~4 - (5%xB¥a~3 + 6xA*a”2%b)*c*xd~3)
*x"4 + (4*B*a~2*b*c~3*d + TxA*a~3*c*d~3 - (54%B*a”3 + 6kxA*a~2*b)*c”2*d"2)*x
~3)*sqrt(b*c”2 - axc*d)*log((axc + (2xb*c - a*d)*x - 2*sqrt(b*c”™2 - axc*d)
*sqrt (b*x”2 + a*x))/(d*x + c)) - 2*x(6*%A*xa~2%b*c™5 - 6*A*a~3*xc”4*d - (105%A
*a"3*xcxd~4 - 2% (5*B*a*b”2 - 2*%A*b"3)*c"4*xd + (85*%B*a”2%b + 16*A*axb~2)*c”3
*d"2 - 25%(3*%B*a”3 + b5kA*a~2*b)*c"2*d"3)*x"3 - 2% (35%xA*a”~3*xc"2*%d"3 - (5xBx*
a*xb”2 - 2xA*b~3)*c”5 + (30%B*a”2%b + T*A*xaxb"2)*xc"4*d - (25%Bxa”3 + 44*Axa
“2%b)*kc"3kd"2) *x"2 + 2% (7T*A*a~3*kc"3*d"2 + (5xBka~2%b + A*a*b~2)*c”5 - (5%B
*a"3 + 8xA*a”~2%b)*c”4*d)*x) *sqrt (b*x"2 + axx))/((a”2xb*c"6*d - a~3*c"5*d"2
)*x~4 + (a"2*b*c”™7 - a~3*c"6*d)*x73), 1/15%(15x((4*xBxa~2xbxc™2xd"2 + TxAxa
~3%d"4 - (5*Bxa"3 + 6xAxa”2%b)*ckd"3)*x"4 + (4*B*a"2xbxc”3*d + T*A*a"3xcx*d
"3 - (5*%B*a”"3 + 6%A*a~2xb)*c"2+d"2)*x"3)*sqrt(-b*c"2 + a*c*d)*arctan(sqrt(
-b*c~2 + akxcxd)*sqrt(b*x~2 + axx)/(b*cxx + a*c)) - (6xA*a”~2%b*c”5 - 6*Axa”
3*%c”4*d - (105%A*xa”~3*c*xd"4 - 2% (5+%B*a*b~2 - 2xAxb~3)*c"4*d + (85%B*a~2%b +
16xA*axb~2) *c~3*%d"2 - 25%(3*B*xa~3 + 5kA*a”2%b)*c"2*%d"3)*x~3 - 2*(35%A*a"3
*c"2*%d"3 - (5%B*a*b”2 - 2*%A*xb”"3)*c”5 + (30*B*a~2*b + T*xA*axb~2)*c~4*xd - (2
5*%B*a”3 + 44*A*a”~2*b)*c”3*%d"2)*x"2 + 2% (7TxA*a"3*xc"3*%d"2 + (5xB*a”2xb + Axa
*b~2)*c”5 - (5*B*a~3 + 8%Axa~2%b)*c”4*d)*x)*sqrt(b*x~2 + a*x))/((a"2xbxc”6
*d - a”~3%c”5xd"2)*x"4 + (a~2%b*c”7 - a~3*c”~6*d)*x"3)]

Sympy [F]

/KA+B@ mﬁ%ﬂ /\/ (a + bz)( A+Bxdm

z*(c + dr)? zt(c+ dw)

inputt

integrate ((Bxx+A)* (bxxk*2+a*xx) *x* (1/2) /x**4/ (d*x+c) **2,Xx)

outputt

p
Integral(sqrt(x*(a + b*x))*(A + B*x)/(x**4*(c + d*x)**2), x)

| —
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Maxima [F|

/(A+Bx) ax+bx2 /\/bx2—|—ax Bx+A)
z4(c + dx)? (dz + c)’x*

input Lintegrate ((B*x+A) * (bxx~2+axx) "~ (1/2) /x~4/(d*x+c) "2,x, algorithm="maxima")

output tintegrate(sqrt(b*x*g + a*x)*(Bxx + A)/((d*x + c)"2*x"4), x)

Giac [F(-2)]

Exception generated.

dxr = Exception raised: NotImplementedError

/ (A+ Bzx)Vax + bz?
z(c + dz)?

input Lintegrate ( (B*X+A) %k (b*XA2+a*X) - (1/2) /x‘4/ (d*X+C) ~2 ,X, algorithm="giac ||)

‘Exception raised: NotImplementedError >> unable to parse Giac output: 3673

output
‘40582 icas_eval sage2367.352 NTL factor begin367.352 NTL factor end367.352
‘ NTL factor begin367.352 NTL factor endPsr 10.125, Mod 282.843, Heu 26214.
\4, Min10.125GCD dim
Mupad [F(-1)]
Timed out.

(A—I—Bav)\/owv—l-balc2 /\/bz2—|—ax (A+ Bx) d

z(c+ dx)? 24 (c+dzx)’

input Lint(((a*x + bxx"2)~(1/2)*(A + Bxx))/(x"4*(c + d*x)"2),x)

output Lint(((a*x + b*x"2) " (1/2)* (A + B*x))/(x"4*(c + d*x)"2), x)
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Reduce [B] (verification not implemented)

Time = 0.53 (sec) , antiderivative size = 749, normalized size of antiderivative = 2.86

(A+ Bzx)Vax + bx?

z4(c + dz)?

dz = Too large to display

input\int((B*X+A)*(b*XA2+a*x)A(1/2)/XA4/(d*X+C)A2,X)

(105*sqrt(c)*sqrt(axd - bxc)*atan((sqrt(a*xd - bxc) - sqrt(d)*sqrt(a + b*x)
- sqrt(x)*sqrt(d) *sqrt (b)) /(sqrt(c)*sqrt (b)) ) *xa**x2kcxd**x2*xx*x*3 + 105*sqrt
(c)*sqrt(axd - b*c)*atan((sqrt(axd - b*c) - sqrt(d)*sqrt(a + bxx) - sqrt(x
)*sqrt (d) *sqrt (b)) / (sqrt (c) *sqrt (b)) ) *a**2*d**3*xx**4 - 60*sqrt(c)*sqrt(a*d
- bxc)*atan((sqrt(a*d - bxc) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sq
rt(b))/(sqrt(c)*sqrt(b)))*a*bxck*2xd*x**x3 - 60*sqrt(c)*sqrt(axd - b*c)*ata
n((sqrt(a*xd - b*c) - sqrt(d)*sqrt(a + b*x) - sqrt(x)*sqrt(d)*sqrt(b))/(sqr
t(c) *sqrt (b)) ) *axbkcxd**2*x*x*4 + 105*sqrt(c)*sqrt(a*d - b*c)*atan((sqrt(a*
d - bxc) + sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(
b) )) *a**2*ckd**2*x**3 + 105*sqrt(c)*sqrt(a*d - bxc)*atan((sqrt(axd - b*c)
+ sqrt(d)*sqrt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*a**2
*xd**3*x**x4 - 60*sqrt(c)*sqrt(axd - bxc)*atan((sqrt(a*xd - b*c) + sqrt(d)*sq
rt(a + b*x) + sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt(b)))*kaxbkckk2kd*x**3
- 60*sqrt(c)*sqrt(axd - bxc)*atan((sqrt(a*d - bxc) + sqrt(d)*sqrt(a + b*x)
+ sqrt(x)*sqrt(d)*sqrt(b))/(sqrt(c)*sqrt (b)) ) *a*bkckd**2*x**4 - 6xsqrt(x)
*sqrt(a + bxx)*akx2kck*4 + 14*sqrt(x)*sqrt(a + b*x)*ax*x2kc**3*d*x - TO0xsqr
t(x)*sqrt(a + bkx)*ak*k2kck*kd**2kx*x*2 - 105*sqrt (x)*sqrt(a + b*xx)*ax*x2xc*
d**3*x**3 — 12%sqrt(x)*sqrt(a + b*x)*axbkcx*4*x + 68*sqrt(x)*sqrt(a + b*x)
*xaxbkck*3kd*x*x*2 + 95xsqrt(x)*sqrt(a + b*x)*axbkcx*k2xd**2xx**3 — 6*sqrt(x)
*sqrt(a + b*x)¥bx*2kck*k4xx*x*2 — 6*sqrt(x)*sqrt(a + bxx)*bx*k2kck*3kd*x**. ..

output




CHAPTER 3. LISTING OF INTEGRALS 133

3.14 f x2(A+Bx)

VetrdzVaz+ba?
Optimal result . . . . . . . . . . . .. 133]
Mathematica [C] (verified) . . . . . . . . . . ... 134
Rubi [A] (verified) . . . . . . . . . . 134
Maple [A] (verified) . . . . . . . . . . 138
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 1391
Sympy [F] . . . o 140
Maxima [F] . . . . . . o e 140
Giac [F] . . . o o 1401
Mupad [F(-1)] . . . 141]
Reduce [F] . . . . . . 141

Optimal result

Integrand size = 31, antiderivative size = 388

z?(A + Bx) dp— — 2(9abBcd — 2(bc + ad)(4bBc — 5Abd + 4aBd))z+/c + dz

Ve + dzvazx + bx? 1562d3v/ az + bx?
N 2(5Abd — 4B(bc + ad))vc + dzvazx + bx? N 2Bz+v/c + dzvazx + bx?
15b2d2 5bd

2¢/a(9abBed — 2(bc + ad)(4bBc — 5Abd + 4aBd))\/zv/c + dzE (arctan (ﬁﬁ> |1 — o

+

va be
1565/2d3 , / %\/aw + bz?
3/2 _ . . \/Eﬁ _ a_d
% mwc5ﬁmmmmwak+mm@mF@mw( ), )

va be
15b5/2d2 | 449 Jaz + ba?

+

-2/15% (9*axb*B*cxd-2+* (a*xd+b*c) * (-5*xAxb*d+4*Bkxa*d+4*B*b*xc) ) *x* (d*x+c) ~(1/2)
/b72/d73/ (bxx~2+a*x) " (1/2) +2/15% (5% A*b*d—-4*B* (a*xd+b*c) ) * (d*x+c) ~(1/2) * (b*x
~2+axx) " (1/2)/b"2/d"2+2/5%Bkx* (d*x+c) ~ (1/2) * (b*x~2+a*x) ~(1/2) /b/d+2/15%a" (
1/2) * (9*kaxbxBxc*d-2* (axd+b*c) * (-5xAxb*d+4*Bxaxd+4*Bkbxc) ) *x~ (1/2) x (d*x+c)~
(1/2)*E1lipticE(b~(1/2)*x~(1/2) /a~(1/2)/ (1+b*x/a) ~(1/2) , (1-a*d/b/c) ~(1/2))
/b~(5/2) /d~3/ (a*x (d*x+c) /c/ (b*x+a)) ~(1/2) / (b*x~2+a*x) ~(1/2)+2/15%a~(3/2) * (-
5xAxbxd+4*Bkaxd+4*Bxbxc)*x~(1/2) * (d*x+c) ~(1/2)*InverseJacobiAM(arctan (b~ (1
/2)*x~(1/2)/a~(1/2)),(1-axd/b/c)~(1/2)) /b~ (5/2) /d~2/ (a*(d*x+c) /c/ (b*x+a) )~
(1/2) / (bxx~2+a*x) ~(1/2)

output




input

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 23.40 (sec) , antiderivative size = 353, normalized size of antiderivative = 0.91

z?(A + Br)
Ve + dzvazx + bx?
9 \/5 < (8a? Bd2+abd(7Bc—10Ad)—{;jﬁ;c(4Bc—5Ad))(a+bm)(c+dw) +d \/E(a 4 bx) (c + dx) (_ 4aBd + b(— 4Bec + 5Ad +

e

LIntegrate [(x"2*%(A + B#*x))/(Sqrt[c + d*x]*Sqrtl[a*x + b*x~2]),x]

~—

(2#Sqrt [x]*(((8*a~"2*Bxd"2 + axbxd*(7*B*c - 10%A*d) + 2%b~2kc*(4*Bxc — b5kAx
d))*(a + b*x)*(c + d*x))/(b*Sqrt[x]) + d*Sqrt[x]*(a + b*x)*(c + d*x)*(-4*a
*Bkd + b*(-4*Bxc + GxA*xd + 3%Bxd*x)) + I*Sqrt[a/b]*d*(8*a~2%B*d~2 + axb*d*
(7T*Bxc - 10%A*d) + 2xb~2%c*(4*Bxc - 5xA*d))*Sqrt[1 + a/(b*x)]1*Sqrt[1 + c/(
d*x)]*x*E1lipticE[I*ArcSinh[Sqrt[a/bl/Sqrt[x]1], (b*c)/(axd)] - I*Sqrt([a/b]
*d* (8*xa~2*%B*d~2 + axbxdx(3*xBxc - 10%A*d) + b~ 2%c*(4*B*c - 5%A*d))*Sqrt[1 +
a/(b*x)]*Sqrt[1 + c/(d*x)]*x*EllipticF[I*ArcSinh[Sqrt[a/b]l/Sqrt[x]], (b*c
)/ (a*xd)]))/(156xb~2xd"3*Sqrt [x*(a + b*x)]*Sqrt[c + d*x])

Rubi [A] (verified)

Time = 1.65 (sec) , antiderivative size = 371, normalized size of antiderivative = 0.96,

_ _ number of rules _
number of steps used = 10, number of rules used = 10, integrand size 0.323, Rules

used = {2184, 27, 2184, 27, 1269, 1169, 122, 120, 127, 126}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z2(A + Bx)
vaz + bx2v/c + dx
l 2184

aBdc?+ Bd(2bc+5ad)xc+d? (TbBc—5Abd+4aBd)x?
2/~ 2v/c+devba? taz dz + 2BVaz + bx?(c + dz)?/?

5bd? 5bd?
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l 27

aBdc?+ Bd(2bc+5ad)xc+d? (TbBc—5Abd+4aBd)x?
2BvVazx + bz?(c+ dac)3/ 2 _ J Jetdovbz? taz dx
5bd? 5bd3
l 2184
2BV az + bx?(c + dzx)3/?
5bd?
a3 (ac(4bBc—5Abd+4aBd)+ (2c(4Bc—5Ad)b2+ad(7Bc—10Ad)b+8a2 Bd2)a:)
2/~ P o dz 4 2dVasTbe? /et da(taBd-5Abd+ToBc)
3bd? 3b
5bd3
l 27
2Bvazx + bz (c + dzx)>/?
5bd?2
ac(4bBc—5Abd+4aBd)+(2c(4Bc—5Ad)b2+ad(7Bc—10Ad)b+8a2Bd2)m
9dv/aztha?y/ctde(4aBd—5Abd+70Bc) _ ¢J Jotde/va?taz do
3b 3b
5bd?3
l 1269
2BVaz + bz (c + dz)>/?
5bd?
. (8a2Bd?+abd(TBe—10Ad)+2b%c(4Bc—5Ad)) | \/j%dm_ c(4a? Bd? +abd(3Be—5Ad)+2b%c(4Be—5.
d d
2dvaz+bz?v/c+dx(4aBd—5Abd+7bBc)
3b 3b
5bd3
l 1169
2BV az + bx?(c + dx)3/?
5bd?
Va/atbz (80,2Bd2+abd(7Bc—10Ad)+2b20(4Bc—5Ad)) I \/’7% dz ~ cv/a/atba (4a23d2+abd(3Bc
p)
2dv/az+ba?/c+dz(4aBd—5Abd+TbBc) 4vartb
3b 3b
5bd3
l 122
2BV azx + bx?(c + dx)3/?
5bd?
A/ di+1
\/5\/%—k—lx/c—kdz(80.2Bd2+abd(7Bc—10Ad)+2b2c(4Bc—5Ad)) fﬁdm cﬁm(4a23d2+
d e -
dV/ a:z:+ba:2\/d7:”+1
2dvaxz+bx?v/c+dx(4aBd—5Abd+7bBc)
3b 3b

5bd®
l 120
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2BV azx + bx?(c + dx)3/?
5bd?
J (2\/—7\/5 B2 4 1V/cFdz (802 B +abd(7Be—10Ad)+26%c(4Be—5Ad) ) E (arcsin( %) | %) eVEVa-
2dv/az+ba?\/c¥dw(4aBd—5Abd+TbBc) Vbdy/az+be?/ 411
3b 3b
5bd3
| 127
2BV azx + bx?(c + dx)3/?
5bd>
5
2v=ava\/ 8 +1vcFdz (8a? Bd® +abd(TBe—10Ad)+2b% c(4Bc—5Ad) | E (arcsin( ‘\//E_if) [ %g) vz
Vaz+bz2 dz -
2dv/az+ba’/c+dw(4aBd—5Abd+TbBc) Voavaatbety 41
3b 3D
5bd3
| 126
2Bvazx + bz (c + dzx)>/?
5bd?

2v/—avzy\/ 82 41T da (8a2 Bd2+abd(7Bc—10Ad)+2b2 c(4Bc—5Ad)) E (arcsin( %f) | “—3) 2v/—acy

d
2dv/ az+bx2+/c+dx(4aBd—5Abd+7bBc) _ ( Vbd ‘““H’mz\/Tx +1
3b 3b

5bd3

-

LInt [(x"2*(A + B*xx))/(Sqrtlc + d*x]*Sqrt[a*x + b*x"2]),x]

N J

input

(2%Bx(c + d*x)~(3/2)*Sqrt[a*xx + bxx"2])/(5%b*d"2) - ((2*d*(7xb*Bxc - 5xA*Db
*d + 4*axBxd)*Sqrt[c + d*x]*Sqrtl[a*x + bxx~2])/(3*b) - (d*((2*Sqrt[-al*(8*
a"2xB*d"2 + axb*d*(7*Bkc - 10%A*d) + 2*%b~2xc*(4*B*c - 5%A*d))*Sqrt[x]*Sqrt
[1 + (b*x)/al*Sqrtlc + d*x]*EllipticE[ArcSin[(Sqrt[b]*Sqrt([x])/Sqrt[-all,
(axd)/(bxc)])/(Sqrt[b]*d*Sqrt[1 + (d*x)/c]l*Sqrt[a*x + b*x~2]) - (2#Sqrt[-a
I*c*(4%a~2*%B*d~2 + axbxd*(3*B*c — 5xA*xd) + 2%b~2xc*(4*B*c - 5xAxd))*Sqrt[x
I*Sqrt[1 + (b*x)/al*Sqrt[1 + (d*x)/c]*EllipticF[ArcSin[(Sqrt[b]*Sqrt[x])/S
grt[-all, (a*d)/(b*c)])/(Sqrt[bl*d*Sqrt[c + d*x]*Sqrt[a*x + b*x~2])))/(3*b
))/ (5%¥b*d~3)

output
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 120 Int[Sqrtl(e_) + (£f_.)*(x_)1/(Sqrtl(b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)1), x_]

:> Simp[2*(Sqrt[e]l/b)*Rt[-b/d, 2]1*EllipticE[ArcSin[Sqrt[b*x]/(Sqrt[c]*Rt[-
b/d, 21)]1, c*(£f/(d*e))], x] /; FreeQ[{b, c, d, e, £}, x] && GtQlc, 0] && Gt
Qle, 0] && !'LtQ[-b/d, 0]

rule 192 Int[Sartl(e ) + (£_.)*(x_)1/(Sqrtl(b_.)*(x)]1*8qrtl(c ) + (d_.)*(x101), x_]

:> Simp[Sqrt[e + f*x]*(Sqrtl[1l + d*(x/c)]1/(Sqrtlc + d*x]*Sqrt[1 + f*x(x/e)])
) Int[Sqrt[1 + f*x(x/e)]/(Sqrt[b*x]*Sqrt[1 + d*(x/c)1), x], x] /; FreeQ[{b
, C, d, e, £}, x] & '(GtQlc, 0] && GtQ[e, 0])

rule 126 TRt [1/(Sart [(b_)*(x_)1*Sqrt[(c ) + (d_.)*(x_)1*Sqrtl(e ) + (f_)*(x)1), x
_] :> Simp[(2/(b*Sqrt[el))*Rt[-b/d, 2]1*EllipticF[ArcSin[Sqrt [b*x]/(Sqrt[c]*
Rt[-b/d, 2])], cx(£f/(d*e))], x] /; FreeQ[{b, c, d, e, £}, x] && GtQ[c, 0] &
& GtQ[e, 0] && (PosQ[-b/d]l || NegQ[-b/f]l)

rule 127 Tnt[1/(Sart[(b_.)*(x)1*Sqrtl(c) + (d_.)*(x)I*Sqrtl(e)) + (£_.)*(x)1), x
_] :> Simp[Sqrt[1 + d*(x/c)]1*(Sqrt[1 + fx(x/e)]/(Sqrtlc + d*x]*Sqrtle + f*x
1))  Int[1/(Sqrt[b*x]*Sqrt[1 + d*(x/c)I*Sqrt[1 + f*(x/e)]), x], x] /; Free
Ql{b, c, d, e, £}, x] && !'(GtQlc, 0] && GtQ[e, 0])

rule 1169 TRELCA_) + (e_)*(x_))~(m_)/Sqrt[(b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :>
Simp[Sqrt [x]*(Sqrt[b + c*x]/Sqrt[b*x + c*x~2]) Int[(d + e*x) m/(Sqrt[x]=*
Sqrt[b + c*x]1), x], x] /; FreeQ[{b, c, d, e}, x] && NeQ[c*d - b*e, 0] && Eq
Qm~2, 1/4]

rule 1269 Int[((d_.) + (e_)*(x_)) " (m_)*((£_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_I)*(x)"2)"(p_.), x_Symbol] :> Simp[g/e Int[(d + e*x)"(m + 1)*(a + b*x +

c*x"2)7p, x], x] + Simp[(exf - d*g)/e Int[(d + e*x) m*x(a + b¥x + c*xx~2)"
p, x], x] /; FreeQ[{a, b, c, d, e, £, g, m, p}, x] & !'IGtQ[m, O]




rule 2184

input
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Int [(Pq ) *((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + e*x)"(m + q - 1)*((a + b*x + c*x"2)"(p + 1)/(cxe”(q - D*(m + q

+ 2%p + 1))), x] + Simp[1/(c*e"g*(m + q + 2*xp + 1)) Int[(d + e*x) "mx(a +

b*x + c*x”2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - c*fx(m + q + 2*%p +

1)*(d + e*xx)"q - £x(d + e*x)"(q - 2)*(b*d*e*x(p + 1) + a*e™2*(m + q - 1) - ¢
*d"2%(m + q + 2%p + 1) - e*x(2*c*d - b*e)*x(m + q + p)*x), x], x], x] /; GtQ[
q, 1] && NeQ[m + q + 2%p + 1, 0]] /; FreeQ[{a, b, c, d, e, m, p}, x] && Pol
yQ[Pq, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxdxe + a*e~2, 0] && !(IGt
Q[m, 0] && RationalQ[a, b, c, d, el & (IntegerQ[p] || ILtQ[p + 1/2, 01))

Maple [A] (verified)

Time = 1.23 (sec) , antiderivative size = 481, normalized size of antiderivative = 1.24

method | result

z+§)d

— 2B(2ad;—2bc) ) bd z3+ad z2+bc z2+acz

2Bz bd13+adz2+bc12+acz 2(A 5b
vz (bz+a)(dz+-c) T + 35d —

2B(2ad+2bc) 2 (
2 (A— 5bd ) ac

c

3b d-

elliptic

default | Expression too large to display

Lint(x“2*(B*x+A)/(d*x+c)‘(1/2)/(b*x“2+a*x)“(1/2),x,method=_RETURNVERBUSE)




CHAPTER 3. LISTING OF INTEGRALS 139

(x* (b*x+a) * (d*x+c) ) ~(1/2) / (x* (b*x+a) )~ (1/2) / (d*x+c) " (1/2) * (2/5%B/b/d*x* (b*
d*x~3+a*d*x”~2+b*cxx"2+axc*x) ~(1/2)+2/3*% (A-2/5%B/b/d* (2*xa*xd+2*b*xc) ) /b/d* (b*
d*xx~3+a*d*x"2+b*cxx"2+axcxx) " (1/2)-2/3*% (A-2/5%B/b/d* (2*xaxd+2*b*c)) /b/d"2*a
*xc™2x ((x+c/d)/c*xd) ~(1/2)*((x+a/b)/(-c/d+a/b) )~ (1/2) *(-1/c*x*d) ~(1/2) / (b*d*
X" 3+axd*x"2+bxc*x"2+axc*x) " (1/2)*EllipticF (((x+c/d)/c*d) ~(1/2),(-c/d/(-c/d
+a/b)) "~ (1/2))+2*(-3/5*a*Bxc/b/d-2/3* (A-2/5%B/b/d* (2*xa*xd+2*b*c) ) /b/d* (a*d+b
xc))*c/d*((x+c/d)/c*d)~(1/2)*((x+a/b)/(-c/d+a/b))~(1/2)*(-1/c*x*d) ~(1/2) /(
b*d*x~3+a*d*x”2+bxc*x~2+axc*x) ~(1/2)*((-c/d+a/b) *E1lipticE(((x+c/d) /c*d)~(
1/2),(-c/d/(-c/d+a/b))~(1/2))-a/b*EllipticF (((x+c/d)/c*d)~(1/2),(-c/d/(-c/
d+a/b))~(1/2))))

output

Fricas [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 465, normalized size of antiderivative = 1.20
z?(A + Bz)

Ve + dzvazx + bx?
2(@B@&+{3Bw”—mAFk%+%3Bﬁb—5AM%M1+2MB&—6Aﬁ®f%@&mkmﬂ%ﬁ’

xr =

e N

integrate (x~2* (B*x+A) / (d*x+c) ~(1/2)/(b*x~2+a*x) ~(1/2) ,x, algorithm="fricas
II)

input

-2/45% ((8*Bxb~3%c~3 + (3*B*a*b~2 - 10*A*b~3)*c~2*d + (3*B*a~2*b - 5*A*axb~
2)xc*d"2 + 2x(4xBxa~3 - bxAxa~2*b)*d"3)*sqrt (b*d) *weierstrassPInverse (4/3%
(b~2%c™2 - axbxckd + a~2%d~2)/(b~2xd~2), -4/27*(2%xb~3*c~3 - 3*a*b~2%xc~2*d
- 3%a~2xb*c*xd"2 + 2*%a”~3*d~3)/(b"3*d"3), 1/3*%(3xbxd*x + bxc + a*d)/(bxd)) +
3% (8*%B*b~3*c”2*%d + (7*Bxaxb~2 — 10*%A*b~3)*c*d"2 + 2x(4*xBxa~2*b — 5*A*a*b”
2)*d~3) *sqrt (b*d) *weierstrassZeta(4/3*(b~2*%c™2 - axb*c*d + a~2%d~2)/(b~2*d
~2), -4/27*%(2*%b"3*c~3 - 3*axb~2xc"2*%d - 3*a~2*b*ckxd~2 + 2*%a~3*xd~3)/(b"3*d~
3), weierstrassPInverse(4/3*%(b"2%c”2 - a*bxcxd + a~2*d"2)/(b"2%d"2), -4/27
*(2%b"3%c~3 - 3*kaxb~2*%c”2*%d - 3*a”2*bkcxd~2 + 2*%a~3*%d~3)/(b"3*xd~3), 1/3*(3
*b*d*x + b*c + axd)/(b*d))) - 3*%(3*B*b~3*xd"3*x - 4*Bxb~3*c*d"2 - (4*Bxaxb~
2 - B*Axb~3)*d"3) *sqrt (b*x~2 + a*x)*sqrt(d*x + c))/(b~4*d~4)

\ J

output
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Sympy [F]

/ *(A+ Bz) z*(A+ Bz)
\/c—i-dx\/ax—i-be VvV ( a+bx We+dx

inputLintegrate(x**2*(B*x+A)/(d*x+c)**(1/2)/(b*x**2+a*x)**(1/2),x)

Output‘lntegral(x**Q*(A + Bxx)/(sqrt(x*(a + b*x))*sqrt(c + d*x)), x)

Maxima [F]

z*(A+ Bz) - (Bz + A)z?
Ve + dzvazx + bx? Vbz2 + az/dz + ¢

input‘integrate(x‘2*(B*x+A)/(d*x+c)“(1/2)/(b*x‘2+a*x)“(1/2),x, algorithm="maxima

Outputtintegrate((B*x + A)*x~2/(sqrt (b*x~2 + a*x)*sqrt(d*x + c)), x)

Giac [F]

z*(A+ Bz) B (Bz + A)z?

T = dx
Ve + dzvazx + bx? Vbz? + az/dz + ¢

input Lintegrate (x72x (B*x+A) / (d*x+c) ~(1/2) / (b*x~2+a*x) ~(1/2) ,x, algorithm="giac")

Outputtintegrate((B*x + A)*x~2/(sqrt (b*x~2 + a*x)*sqrt(d*x + c)), x)
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Mupad [F(-1)]

Timed out.

z?(A+ Bz) / z?(A+ Bx)
dx
\/c-l-dac\/aac-l-bac2 Vbz2 +axve+dzx

[int((x‘2*(A + Bxx))/((a*xx + b*x~2)~(1/2)*(c + d*x)~(1/2)),x)

-/

input

1nt((x 2x(A + Bxx))/((a*x + b*x~2)~(1/2)*(c + d*x)~(1/2)), x)

Reduce [F]

z?(A + Br)
Ve + dzvazx + bx?
—~6vaV/dz+ cvbe + aac+ 4z Vs + ev/br + aads + 43z + e Vbr + abes +2( [

inputLint(x‘2*(B*x+A)/(d*x+c)"(1/2)/(b*x"2+a*x)“(1/2),x) J

e N

( - 6xsqrt(x)*sqrt(c + d*x)*sqrt(a + b*x)*a*c + 4xsqrt(x)*sqrt(c + d*x)*sq
rt(a + b*x)*axd*x + 4*sqrt(x)*sqrt(c + d*x)*sqrt(a + b*x)*b*cxx + 2xint((s
grt(x)*sqrt(c + d*x)*sqrt(a + bxx)*x)/(a**2kc*xd + a*x*2xd**2*x + axb*ck*2 +
2xa¥bkckd*x + axbkd**2kx*k*2 + bk*k2kCk*k2kX + bkk2kckd*x**2) ,x)*kak*k3kd*k*3 +
B*int ((sqrt(x)*sqrt(c + d*x)*sqrt(a + b*x)*x)/(a**2*ckxd + a**x2xd**2*x + a
*bkck*k2 + 2kaxbkckd*x + axbkd*x*x2kxkk2 + bkk2kck*kkX + brk2kckd*xk*2) ,x)*kax
*2xb*xc*xd*x*2 — 5xint ((sqrt(x)*sqrt(c + d*x)*sqrt(a + b*x)#*x)/(ax*2xcxd + a*
*2kd**k2%x + axbkck*2 + 2kaxbkckdkx + akbkdkkkx*k*2 + bkkkckk2kx + bk*kkc*
d*x**2) ,x) *¥a*xbk*2xc*k*x2*d — 8*int ((sqrt(x)*sqrt(c + d*x)*sqrt(a + b*x)*x)/(
axk2kckd + axk2kdkk2xx + axbkck*x2 + 2kakbkckdkx + akbkdkkkx*k*k2 + bRkkckk
2%xX + b**2%ckd*x**2) ,x) ¥b**3*c*k*3 + 3xint ((sqrt(x)*sqrt(c + d*x)*sqrt(a +
b*x) )/ (a*x*x2xckd*x + a**2*d**x2kx**2 + axbkck*2*x + 2kaxbkxckd*xx**x2 + axbkdk*
2xx**3 + Dk*k2kCHk*k2*¥x**2 + brk2kckd*x**3) ,x)*kax*3*xck*2xd + 3*int ((sqrt(x)*s
grt(c + d*x)*sqrt(a + b*x))/(ax*2kckd*x + ax*kd**2kx**2 + axbkck*2*x + 2%
axbkckd¥kx**2 + axbkd**k2kx**3 + bk*kkck*k2kx*k*2 + bk*k2kckd*x**3) ,x) *a**k2xb*c
*%3) / (10*d* (a*xd + b*c))

output




output
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Optimal result

Integrand size = 29, antiderivative size = 290

z(A + Bz) i
Vd + ex\/bx + cx?

_ 2(3Ace — 2B(cd + be))zvd + ex n

2B+\/d + ex\/bzx + cx?

3ce?\/bx + cx?

2vb(3Ace — 2B(cd + be))y/z\d + exE (arctan (%5) |1 — 2—2>

3ce

scv2ez, [HEen) fip g

20%/2B\/x+/d + ex EllipticF <arctan (‘/Eﬁ

NG

).

_ be
cd

)

3c3/2e, / —l;((iiig Vb + cz?

2/3% (3*%A*xcxe—-2xBx (bxe+c*d) ) *x* (e*x+d) ~(1/2) /c/e”2/ (cxx™2+b*x) ~ (1/2) +2/3*B*
(exx+d) ~(1/2) * (c*x™2+b*x) ~(1/2) /c/e-2/3*b~ (1/2) * (3*Axc*ke—-2*B* (b*e+c*d) ) *x~
(1/2) * (exx+d) ~(1/2)*E1lipticE(c~(1/2)*x~(1/2) /b~ (1/2) / (1+c*x/b)~(1/2), (1-b
xe/c/d)~(1/2))/c~(3/2) /e~2/(b*(exx+d) /d/ (c*x+b)) ~(1/2) / (c*x~2+b*x) ~(1/2)-2
/3%b~ (3/2)*Bxx~ (1/2) * (e*xx+d) ~(1/2) *InverseJacobiAM(arctan(c”~ (1/2) *x~(1/2)/
b~ (1/2)), (1-b*e/c/d)~(1/2))/c”~(3/2) /e/ (b*(e*x+d) /d/ (c*x+b)) ~(1/2) / (c*x~2+b

*x)~(1/2)




input

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.
Time = 16.42 (sec) , antiderivative size = 263, normalized size of antiderivative = 0.91
z(A + Bzx)
x
Vd+ exv/bx + cx?
27 (Be(b + cz)(d + ex) + (3Ace—23(cd+gz))(b+cz)(d+e:1:) + i\/§6(3A66 — 2B(cd + be))\/l + &\/1 + %\/E

3ce?y\/z(b

LIntegrate[(x* (A + Bx*x))/(Sqrt[d + e*x]*Sqrt[b*x + c*xx~2]),x] J

(2%x* (B¥ex(b + c*x)*(d + exx) + ((3*%A*cxe — 2¥Bx(ckd + b*e))*(b + cxx)*(d
+ ex*x))/(c*x) + IxSqrt[b/c]l*e*(3xA*cke — 2+B*(c*d + bxe))*Sqrt[1 + b/(c*x)
I1*Sqrt[1 + d/(exx)]*Sqrt[x]*EllipticE[I*ArcSinh[Sqrt[b/c]/Sqrt[x]], (c*d)/
(bxe)] + IxSqrt[b/c]l*ex(Bxcxd + 2xbxBxe - 3%Axcxe)*Sqrt[1 + b/(c*x)]*Sqrt[
1 + d/(exx)]*Sqrt[x]*EllipticF[I*ArcSinh[Sqrt[b/c]/Sqrt[x]1], (c*d)/(b*e)])
)/ (3*c*e~2xSqrt [x*(b + c*x)]*Sqrt[d + ex*x])

Rubi [A] (verified)

Time = 1.01 (sec) , antiderivative size = 271, normalized size of antiderivative = 0.93,

number of rules _ 0.276, Rules

number of steps used = 8, number of rules used = 8§, integrand size

used = {2184, 27, 1269, 1169, 122, 120, 127, 126}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z(A + Bz)
Vbz + cx?\/d + ex
l 2184
bBd—(3Ace—2B(cd+b
2/- et 2\§d+:;\/cxgibz )2 da 4 2BVbz + cx?v/d + ex
3ce? 3ce

l27
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bBd—(3Ace—2B(cd+be))z
2BVbx + cx2\/d + ex _ J Vdtezvez?tba dx

3ce 3ce
l 1269
d(~3Ace+bBe+2Bcd) [ ———L———dz  (3Ace—2B(be+cd)) [ L gy
2BVbzx + cx?\/d+ex — - VIres/ealibe D et
3ce 3ce
l 1169
2BVbx + cx?/d + ex
3ce
_d\/EV b+cxz(—3Ace+bBe+2Bcd) [ W Jares 0T _ VZV/b+cx(3Ace—2B(be+cd)) [ \/\E/ﬁ Ti_de
eVbz+cz? ev/brt+cr?
3ce
l 122
2BVbz + cx’Vd+ex
3ce
cx ﬂ+l
B dv/z\/bFcx(—3Ace+bBe+2Bcd) [ mdm B V) E+1Vd+rex(3Ace—2B(be+tcd)) [ \/EV d%+1d$
eVbr+cr? ev/batca? )
3ce
l 120
2BVbx + cx2v/d + ex
3ce
_dﬁM(—3Ace+bBe+2Bcd) S mdw _ 2\/—71)\/5\/%\/M(3Ace—23(be+cd))E(arcsin(%) 23)
eVbx+cx? NN E
3ce
l 127
2BVbx + cx2v/d + ex
3ce
cT ex 1
_d\/i\/;,/7+1(—3Ace+bBe+2BCd)f VNCT=NE TS %dm B 2\/—717\/5\/%\/d+ex(3Ace—2B(be+cd))E(arcsin(‘/\/E_if)“c’—;)
eVbz+cz?/d+ex \/Ee\/m\/% +1
3ce
l 126
2BVbx + cx2v/d + ex

3ce
_ 2v/ —bd\/i\/% €7 +1(—3Ace+bBe+2Bcd) EllipticF (arcsin ( %) , Z—Z) _ 2v=by/x, [ ¥ +1Vd+ex(3Ace—2B(be+cd)) E (arcsin ( \—\f/c
Veevbz+cz2/d+ex Vcev/brtcz? \/%_1_1

3ce
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input ‘ Int[(x*(A + B*x))/(Sqrt[d + e*x]*Sqrt[b*x + c*x~2]),x]

(2%BxSqrt[d + exx]*Sqrt[b*x + c*x~2])/(3*c*e) - ((-2xSqrt[-bl*(3*Axc*e - 2
*Bx(cxd + bxe))*Sqrt[x]*Sqrt[1 + (c*x)/b]*Sqrt[d + e*x]*EllipticE[ArcSin[(
Sqrt[c]*Sqrt[x])/Sqrt[-bl], (b*e)/(c*d)])/(Sqrtlcl*e*Sqrt[1 + (e*x)/d]*Sqr
t[b*x + c*xx"2]) - (2xSqrt[-bl*d*(2*B*cxd + b*Bxe - 3*A*xcxe)*Sqrt[x]*Sqrt[1

+ (c*x)/bl*Sqrt[1 + (e*x)/d]*EllipticF[ArcSin[(Sqrt[c]*Sqrt[x])/Sqrt[-bl]
, (bxe)/(c*d)])/(Sqrt[c]l*exSqrt[d + exx]*Sqrt[b*x + c*x~2]))/(3*c*e)

output

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

Int[Sqrtl(e ) + (£_.)*(x_)1/(Sqrtl(b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1), x_]
:> Simp[2*(Sqrt[e]l/b)*Rt[-b/d, 2]*EllipticE[ArcSin[Sqrt [b*x]/(Sqrt[c]*Rt[-
b/d, 21)], c*(£f/(d*e))], x] /; FreeQ[{b, c, 4, e, £}, x] && GtQlc, 0] && Gt
Qle, 0] && !'LtQ[-b/d, 0]

rule 120

Int[Sqrt[(e ) + (£_.)*(x_)1/(Sqrt[(b_.)*(x_)1*Sqrt[(c_) + (d_.)*(x_)1), x_]
:> Simp[Sqrtle + f*x]*(Sqrt[1 + d*(x/c)]/(Sqrtlc + d*x]*Sqrt[1 + fx(x/e)])
) Int[Sqrt[1 + f£x(x/e)]/(Sqrt[b*x]*Sqrt[1 + d*(x/c)]), x]1, x] /; FreeQ[{b
, ¢, d, e, £}, x] && !'(GtQ[c, 0] && GtQ[e, 0])

rule 122

Int[1/(Sqrt[(b_.)*(x_)1*Sqrt[(c_) + (d_.)*(x_)]1*Sqrtl(e ) + (£_.)*(x_)]D), x
_] :> Simp[(2/(b*Sqrt[el))*Rt[-b/d, 2]*EllipticF[ArcSin[Sqrt [b*x]/(Sqrt[c]*
Rt[-b/d, 21)]1, cx(£f/(d*e))], x] /; FreeQ[{b, c, 4, e, £}, x] && GtQlc, 0] &
& GtQ[e, 0] && (PosQ[-b/d] || NegQ[-b/f])

rule 126

N

Int[1/(Sqrt[(b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_)I*Sqrtl(e_ ) + (£_.)*(x_)]1), x
_] :> Simp[Sqrt[1 + d*(x/c)]1*(Sqrt[1 + fx(x/e)]/(Sqrtlc + d*x]*Sqrtle + f*x
1))  Int[1/(Sqrt[b*x]*Sqrt[1 + d*(x/c)]*Sqrt[1 + f*x(x/e)]), x], x] /; Free
Ql{b, c, d, e, £}, x] & !'(GtQlc, 0] && GtQ[e, 0])

rule 127
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Int[((d_.) + (e_.)*(x_))"(m_)/Sqrtl[(b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :>

Simp [Sqrt [x]*(Sqrt[b + c*x]/Sqrt[b*x + c*xx~2]) Int[(d + e*x) m/(Sqrt[x]=*
Sqrt[b + c*x]), x], x] /; FreeQ[{b, c, d, e}, x] && NeQ[cxd - bxe, 0] && Eq
Qm~2, 1/4]

rule 1169

rule 1269 TRELCA_) + (e_)*(x_ )~ (m)*((£_.) + (g_)*(x))*((a_.) + (b_)*(x) + (c
_)*(x_)"2)"(p_.), x_Symbol] :> Simpl[g/e Int[(d + e*x)”"(m + 1)*(a + b*x +

c*xx"2)7p, x], x] + Simp[(exf - d*g)/e Int[(d + exx) m*(a + b*x + c*x"2)~
p> x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, x] & !'IGtQ[m, O]

rule 2184 IntL(PQ*((A_) + (e_)*Gx )" (m_)*((a_.) + (b_)*(x) + (c_.)*(x)"2)7(p
_), x_Symbol] :> With[{q = Expon[Pq, x], £ = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + exx)"(m + q - 1)*((a + b*x + c*xx™2)"(p + 1)/(c*e”(q - 1)*(m + q

+ 2%p + 1))), x] + Simp[1/(c*e"g*x(m + q + 2*xp + 1)) Int[(d + e*x) "m*x(a +

b*x + c*x”2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - c*fx(m + q + 2*%p +

1)*(d + e*x)"q - £x(d + e*x)"(q - 2)*(b*d*e*x(p + 1) + a*e™2*(m + q - 1) - ¢
*d"2%(m + q + 2%p + 1) - ex(2*cxd - bxe)x(m + q + p)*x), x], x], x] /; GtQ[
q, 1] && NeQ[m + q + 2+p + 1, 0]] /; FreeQ[{a, b, ¢, 4, e, m, p}, x] && Pol
yQ[Pq, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + a*e”2, 0] && !(IGt
Q[m, 0] &% RationalQ[a, b, c, d, e] && (IntegerQlp] || ILtQ[p + 1/2, 01))

Maple [A] (verified)

Time = 1.18 (sec) , antiderivative size = 379, normalized size of antiderivative = 1.31

method | result

2(,4—@
2Bb a2 |/ (td)e [ e o EllipticF | |/ (=+2)e J
3 2 2 d -4+ Ll a e(—4+§)
2BV cex®+bex<+cdx<+bdr ec
(C"E+b)$(€$+d) 3ce 3ce2v/ce a:3+be z2+cd w2+bdm +
elliptic
P Vz(cz+b)

+d e(cz+b) e s +d d. 2 +d e(cz+b) P +d d
2(3A1/% \ Temed A G ElhptlcF(w/ SRS /—be_ccd>bcde —3AN N Fpemed N T ElhptlcE(w/ SR~ e

default




input

output

input

output
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int (x* (B*x+A) / (exx+d) ~(1/2) / (cxx~2+b*x) " (1/2) ,x,method=_RETURNVERBOSE)

((c*x+b) *x* (e*x+d) ) ~(1/2) / (x* (c*x+b) ) ~(1/2) / (e*x+d) = (1/2) *(2/3%B/c/e* (cxex
X" 3+b*e*x"2+c*d*x"2+b*d*x) " (1/2)-2/3%B/c/e"2*¥b*xd~2x ((x+d/e) /d*e) " (1/2) * ((b
/c+x)/(~d/e+b/c)) ~(1/2) * (-e*x/d) ~(1/2) / (c*exx~3+bxe*x~2+c*d*x~2+b*xd*x) ~(1/
2)*EllipticF(((x+d/e)/d*e)~(1/2),(-d/e/(-d/e+b/c))~(1/2))+2* (A-2/3*B/c/e*(
bxe+c*d))*d/e*((x+d/e)/d*e) ~(1/2)*((b/c+x)/(-d/et+b/c)) ~(1/2) *(-exx/d)~(1/2
)/ (cxexx™~3+bke*x~2+ckxd*x~2+bkd*x) ~ (1/2) * ((-d/e+b/c) *E11lipticE(((x+d/e) /d*e
)~(1/2),(-d/e/(-d/e+b/c))~(1/2))-b/cxEllipticF (((x+d/e)/d*e)~(1/2),(-d/e/(
-d/e+b/c))~(1/2))))

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 379, normalized size of antiderivative = 1.31

z(A + Bx)
Vd + exv/bx + cx?

2(3¢mﬂ+&mkx+ng§+{23§f+%BM—3A3M&+@Bﬁ—3A%k%¢&Mﬁm%m%ﬂﬂm

e

tintegrate(x*(B*x+A)/(e*x+d)‘(1/2)/(c*x‘2+b*x)‘(1/2),x, algorithm="fricas")

—

2/9% (3*sqrt (c*x~2 + b*x)*sqrt(exx + d)*B*c™2xe”2 + (2*Bxc"2xd"2 + (B*bxc -
3xA*xc”2) *d*e + (2%xBx¥b~2 - 3xAxb*c)*e”2)*sqrt(c*e)*weierstrassPInverse(4/3
*(c"2+%d"2 - bxckxd*e + b~2%e~2)/(c"2*%e”2), -4/27*(2%c~3*d"3 - 3*b*c~2%d"2*e
- 3*%b"2*cxd*e”2 + 2¥b"3*e”3)/(c"3*%e”3), 1/3*%(3*cxe*x + cxd + bxe)/(c*e))
+ 3% (2*B*c~2xd*e + (2*B¥b*c - 3*A*c~2)*e”2)*sqrt(c*e)*weierstrassZeta(4/3x*
(c™2%d"2 - b*ckxd*e + b~2%e”2)/(c"2%e”2), -4/27*(2%xc~3*%d"3 - 3*b*xc~2*xd~2*e
- 3*%b"2xckd*e”"2 + 2xb~3*e~3)/(c"3*e"3), weierstrassPInverse(4/3*(c”2*xd"2 -
bxc*xd*e + b~2%e"2)/(c"2*xe"2), -4/27*(2*%c”3*d~3 - 3*b*c~2*d"2%e — 3*b"2*c*
d*e~2 + 2xb~3%e~3)/(c"3%e~3), 1/3%(3*cke*x + c*d + bxe)/(c*e))))/(c"3%e”3)
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Sympy [F]
z(A+ Bz) z(A + Bz) s
\/d+ea:\/ba:+cx2 Vz (b+cz)Vd +ex
input Lintegrate (x* (Bxx+A) / (exx+d) ** (1/2) / (ckx**2+b*x) ** (1/2) ,x)
output LIntegral(x* (A + B*x)/(sqrt(x*(b + c*x))*sqrt(d + e*x)), x)
Maxima [F]
z(A + Bz) / (Bzx + A)z
dx
\/d—|-ex\/bx—|—cm2 Vex? +bzex +d

input Lintegrate (x* (B*x+A) / (exx+d) ~(1/2) / (c*x~2+b*x) ~(1/2) ,x, algorithm="maxima")

Lintegrate((B*x + A)*x/(sqrt(c*x”2 + b*x)*sqrt(e*x + d)), x)

output
Giac [F]
z(A + Bx) / (Bx + A)z .
\/d+ex\/bx+cm2 Vex? + brex +d
input | 1tegrateCer (Brxeh) / (evxtd) "(1/2)/ (okx"2+bx) ~(1/2) ,x, algorithu="giac")

output Lintegrate((B*x + A)*x/(sqrt(c*x~2 + bxx)*sqrt(exx + d)), x)
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Mupad [F(-1)]

Timed out.

z(A + Brz) z(A+ Bz)
dx = dx
Vd + ex\/bx + cx? Vexr2 +bx/d+ex

-

Lint((x*(A + B*x))/((b*x + c*x~2)"(1/2)*(d + e*xx)~(1/2)),x)

-/

input

int ((x*x(A + B*x))/((b*x + c*x"2)~(1/2)*(d + exx)~(1/2)), x)

output [ |
Reduce [F|
z(A + Bx)
Vd+ ex\/bx + cx?
_ 2\/5 \/e.’lf +d \/CZ' +ba-—3 (‘[ bc6212+02demzﬁmwzibcgd2x+b2de+bcdz dZ’) abe 62 -3 (f bceQm2+02dem2-|\{b§2:
input Lint (x* (Bxx+A) / (exx+d) ~(1/2)/ (c*x~2+b*x) ~(1/2) ,x) J

(2*sqrt (x)*sqrt(d + exx)*sqrt(b + c*x)*a - 3*int((sqrt(x)*sqrt(d + e*x)*sq
rt (b + c*x)*x)/(b**x2%d*ke + b**2ke**2xx + b¥ckd**2 + 2kb*ckd*e*x + bkckex*2
*Xk*2 + CkkkA*¥*k2*x + Ck*k2xd*kexx**2) ,x)*axb*ckex*x2 - 3*int ((sqrt(x)*sqrt(d
+ e*x)*sqrt(b + c*x)*x)/(b**2xd*e + b¥*2*ex*2*x + bkckd**2 + 2xbxckxd*e*x
+ bRckex*2¥x*¥*2 + Crx*¥2kd*¥*2xX + Cx*kdke*x**2) ,x)*axck*2kxd*e + 2xint((sqrt
(x)*sqrt(d + exx)*sqrt(b + c*x)*x)/(b**2xd*e + b¥*2kex*2xx + bkckd**2 + 2%
bxckdkexx + bkckekx2kx**2 + Ckkkd**k2%*x + c**2*d*e*x**2),x)*b**3*e**2 + 4%
int((sqrt(x)*sqrt(d + exx)*sqrt(b + c*x)*x)/(b**2xd*e + b¥*2kex*2xx + bkck
d*x*2 + 2%bxckd*exx + bkckek*k2kxk*2 + Ckxkkd**k2%x + c**2*d*e*x**2),x)*b**2*
cxd*e + 2*xint((sqrt(x)*sqrt(d + exx)*sqrt(b + c*x)#*x)/(b**2xd*e + bkx*2xe*x
2%xX + bkckdx*2 + 2%bxckdkexxX + bkckek*x2kx*%*2 + Ckkxkd**k2%x + Ck*k2kdkexxk*x2
), x) *bxck*2xd**2 - int((sqrt(x)*sqrt(d + e*x)*sqrt(b + c*x))/(b**2xd*e*xx +
bk*k2kexk2xx*k*x2 + bkxckd**k2%x + 2%bkckdkexx**2 + bkckekkQkx*k3 + CkkQkdk*k2k
Xk*2 + Ckkkdke*x**3) ,x)*axb*x2xd*e - int((sqrt(x)*sqrt(d + exx)*sqrt(b +
c*xx) )/ (b**x2kd*e*x + b**2ke*x*2kxx**x2 + bkckd*x*2*x + 22kbkckdke*xx**2 + bkcke%k*
2¥XH*k3 + CHRA2KAKRK2¥XK*2 + Cr*¥2kdkexx**3) ,X)*axbxckd*x2) /(2% (bxe + cxd))

output




output
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A+Bzx
3.16 f Vet+dzy ax+bz? dx

Optimal result . . . . . . . . . . . . . e 1501
Mathematica [C] (verified) . . . . . . . . . ... . Lo [I51]
Rubi [A] (verified) . . . . . . . . . 151
Maple [A] (verified) . . . . . . . .. .
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 154
Sympy [F] . . o e 155
Maxima [F] . . . . . . 155
Giac [F] . . . o o 156
Mupad [F(-1)] . . .o o 156
Reduce [F] . . . . . 156

Optimal result

Integrand size = 28, antiderivative size = 218

A+ Br 9Bz\e + dz 2y/aB+/z\/c+ dzE (arctan (ﬁTf) 11— ‘;—‘Z)
7 dr= z
Ve+ dzvaz + bx dvaz + bx NG N ECE DNy

c(a+bx)

2\/aA+/z+/c + dz EllipticF (arctan (‘{%’E) 11— %)
Vbe\/Heig Vaz + e

_|_

2%B*x* (d*x+c) ~(1/2) /d/ (bxx~2+a*x) " (1/2)-2*a”~ (1/2) *B*x~ (1/2) * (d*x+c) ~(1/2) *
EllipticE(b~(1/2)*x~(1/2)/a~(1/2)/(1+b*x/a)~(1/2),(1-a*d/b/c)~(1/2)) /b~ (1/
2) /d/ (ax(d*x+c)/c/ (b*x+a)) ~(1/2) / (bxx~2+a*xx) ~(1/2)+2%a~ (1/2) *A*x~ (1/2) * (d*
x+c) " (1/2)*InverseJacobiAM(arctan(b~(1/2)*x~(1/2)/a~(1/2)), (1-a*d/b/c) ~(1/
2))/b~(1/2) /c/ (ax(d*x+c) /c/ (bxx+a) )~ (1/2)/ (b*x~2+a*xx) ~(1/2)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 13.49 (sec) , antiderivative size = 209, normalized size of antiderivative = 0.96

A+ Bzx .
Ve + dzvazx + bx?
2aB(a+ch)(c+dw) + Zia\/%Bd\/l + %\/1 + d_czx3/2E (z‘arcsinh(\\g) 2—2) — 22'\/%(—Ab + aB)d\/ﬂ

N ad\/z(a + bzx)ve+ dz

input‘ Integrate[(A + B*x)/(Sqrtlc + d*x]*Sqrtl[a*x + b*x"21),x] |

((2*xaxB*(a + b*x)*(c + d*x))/b + (2*%I)*a*Sqrt[a/b]*Bxd*Sqrt[1 + a/(b*x)]*S
qrtl[1 + c/(d*x)]*x~(3/2)*EllipticE[I*ArcSinh[Sqrt[a/b]l/Sqrt[x]], (b*c)/(a*
d)] - (2*%I)*Sqrt[a/bl*(-(Axb) + a*B)*d*Sqrt[l + a/(b*x)]*Sqrt[1 + c/(d*x)]
*x~(3/2)*EllipticF [I*ArcSinh[Sqrt[a/bl/Sqrt[x]], (b*c)/(a*d)])/(a*xd*Sqrt[x
*(a + bxx)]*Sqrtlc + d*x])

output

Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 204, normalized size of antiderivative = 0.94,

number of rules _ (j 99 4, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {1269, 1169, 122, 120, 127, 126}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
A+ Bz .
Vaz + bz2v/c+ dz
l 1269
Vetds _ 1
B f Vbz24ax dx _ (BC Ad) f Vet+dzvbr24ax dzx
d d

l 1169



CHAPTER 3. LISTING OF INTEGRALS 152

Byava+bs [ Y5 da  Vavatbe(Be— Ad) [ o ragde
Vaz + b Vaz + 02

l 122

de 1

B e [ VE

ﬁ\/ﬁmfﬁm T Vavatba(Be— Ad) [ odpde
dVaz + b\ /& 11 dawrot

l 120
:)1%)

2\/—_aB\/_\/ﬁmE (arcsm (ﬁ

Vbdv/az 1 ba?\ % 41
Vzva+bx(Be— Ad) [ md‘”
dvaz + bz?

l 127

S

2@3\/5\/%\/c+de(arcsin( _:) %)
Vbdvaz +ba?, /%€ + 1

dvaz + bx2\/c+ dz
l 126

2@3@\/%ME (arcsin <\/B_:) %)
Vodvaz 1 b2\ /4 11

2v/—ayz\/% + 1,/ % + 1(Bc — Ad) EllipticF (arcsin (‘/B_

Vbdvaz + bx2\/c + dx

z\ ad
a ] bc

input LInt [(A + B*x)/(Sqrt[c + d*x]*Sqrt[a*x + b*x"2]),x]

output (2*8qrt [-a]l *B*Sqrt [x] #Sqrt[1 + (b*x)/al*Sqrtlc + d*x]*EllipticE[ArcSin[(Sq

rt[b]l*Sqrt [x]) /Sqrt[-all, (a*d)/(b*c)])/(Sqrt[bl*d*Sqrt[1 + (d*x)/c]*Sqrt[

a*x + bxx~2]) - (2+Sqrt[-al*(Bxc - A*d)*Sqrt[x]*Sqrt[1 + (b*x)/al*Sqrt[1 +

(d*x) /c]*EllipticF [ArcSin[(Sqrt [bl*Sqrt[x])/Sqrt[-all, (a*d)/(b*c)]1)/(Sqr
t[b]*d*Sqrt[c + d*x]*Sqrtl[a*x + b*x~2])




rule 120

rule 122

rule 126

rule 127

rule 1169

rule 1269
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Defintions of rubi rules used

Int[Sqrtl(e_) + (£_.)*(x_)]1/(Sqrtl(b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)1), x_]

:> Simp[2*(Sqrt[e] /b)*Rt[-b/d, 2]1*EllipticE[ArcSin[Sqrt[b*x]/(Sqrt[c]*Rt[-
b/d, 2])], cx(£/(d*e))], x] /; FreeQ[{b, c, d, e, f}, x] && GtQ[c, 0] && Gt
Qle, 0] && 'LtQ[-b/d, 0]

Int[Sqrtl(e_) + (£_.)*(x_)1/(Sqrtl(b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)1), x_]
:> Simp[Sqrt[e + fxx]*(Sqrt[1 + d*(x/c)]/(Sqrtlc + d*x]*Sqrt[1 + f*x(x/e)])
) Int[Sqrtl[l + fx(x/e)]/(Sqrt[bxx]*Sqrt[1 + d*(x/c)]), x], x] /; FreeQ[{b
, €, d, e, £}, x] && '(GtQlc, 0] && GtQ[e, 01)

N

Int[1/(Sqrt[(b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_)I*Sqrtl(e_ ) + (£_.)*(x_)]1), x
_1 :> Simp[(2/(b*Sqrt[e]l))*Rt[-b/d, 2]*EllipticF[ArcSin[Sqrt [b*x]/(Sqrt[c]*
Rt [-b/d, 21)]1, c*x(f/(d*e))], x] /; FreeQ[{b, c, d, e, f}, x] && GtQlc, 0] &
& GtQle, 0] && (PosQ[-b/d] || NegQ[-b/f])

Int[1/(Sqrt[(b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)1*Sqrtl(e_) + (f_.)*(x_)]1), x
_] :> Simp[Sqrt[1 + d*(x/c)]1*(Sqrt[1 + f*(x/e)]/(Sqrtlc + d*x]*Sqrtle + f*x
1))  Int[1/(Sqrt[bxx]*Sqrt[1 + d*(x/c)]1*Sqrt[1 + f*x(x/e)]1), x], x] /; Free
Ql{b, c, d, e, £}, x] && !'(GtQ[c, 0] && GtQ[e, 0])

Int[((d_.) + (e_.)*(x_))"(m_)/Sqrtl(b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :>
Simp[Sqrt [x]*(Sqrt[b + c*x]/Sqrt[b*x + c*x~2]) Int[(d + e*x) m/(Sqrt[x]=*
Sqrt[b + c*x]), x], x] /; FreeQ[{b, c, d, e}, x] && NeQ[c*d - bxe, 0] && Eq
Q[m~2, 1/4]

‘Int[((d_.) + (e_)*(x))"(m)*((£_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
‘_.)*(x_)‘?)‘(p_.), x_Symbol] :> Simpl[g/e Int[(d + e*x)"(m + 1)*(a + b*x +
‘ c*xx"2)7p, x], x] + Simp[(exf - d*g)/e Int[(d + exx) m*(a + b*x + c*x~2)~
‘p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, x] & 'IGtQ[m, O]
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Maple [A] (verified)

Time = 1.38 (sec) , antiderivative size = 219, normalized size of antiderivative = 1.00

method | result
defaul 2 (A EllipticF (, [dzte [~ d”fbc) bd— B EllipticF (, Y d”_cbc) ad+ B EllipticE (‘ [dete [~ d”fbc> ad—B EllipticE(
efault d2bz(bd 2 +adz+cbr+ac)
.7;+ c+% Ty /_ [
2Bc —<a E+E
(e+§)d z+ ate
2Ac -— Q T\ — md EllipticF c +
S atb o
m(bm+a)(dz+c) d\/bd :v3+ad z2+bc $2+acw
elliptic Vz(bz+a) vdz+c

input ' int ((B*x+A)/(d*x+c)~(1/2)/ (b*x~2+a*x)~(1/2) ,x,method=_RETURNVERBOSE) |

2x (A*E1lipticF(((d*x+c)/c)~(1/2), (-b*c/(a*d-bxc) )~ (1/2) ) *bxd-B*+E1llipticF ((
(d*x+c) /c)~(1/2), (-b*c/(a*d-b*c)) ~(1/2)) *a*d+B*E11lipticE(((d*x+c)/c)~(1/2)
, (-bxc/(a*d-b*c) )~ (1/2))*axd-B*xE1lipticE(((d*x+c)/c)~(1/2), (-b*c/(a*d-b*c)
)~ (1/2))*b*xc) *c* (-1/c*x*d) ~ (1/2) * (d* (b*xx+a) / (a*d-b*c)) ~(1/2) * ((d*x+c) /c) ~(
1/2)* (d*x+c) " (1/2) * (x* (b*x+a) )~ (1/2) /d"2/b/x/ (bxd*x~2+a*xd*x+b*c*x+a*c)

output

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 305, normalized size of antiderivative = 1.40

A+ Bz
€Tr =
Ve + dzvazx + bx?
22 2 2 33 o0 1227 o 25 12 3 3
2 <3 V debdweierstrassZeta(4 (% 3';25;“ #) 4@ -3ab ;71325 bed” +207d ),WeierstrassPInverse<4—

inputLintegrate((B*x+A)/(d*x+c)“(1/2)/(b*x‘2+a*x)*(1/2)’X’ algorithm="fricas") J
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-2/3*(3*sqrt (b*d) *Bxb*d*weierstrassZeta(4/3*(b"2*%c™2 - a*b*c*d + a~2%d~2)/
(b~2%d"2), -4/27*(2%b~3*c”3 - 3*axb~2%c~2xd - 3*a " 2xbxcxd"2 + 2*xa~3*d"3)/(

b~3*d"3), weierstrassPInverse(4/3*(b~2*c~2 - a*bxc*d + a~2xd~2)/(b"2%d"2),
-4/27*(2*%b"3*%c~3 - 3*a*b"2xc"2*d - 3*a~2xb*c*d"2 + 2*a~3*d"3)/(b"3*%d"3),
1/3%(3*%b*d*x + b*c + a*d)/(bxd))) + (Bxb*c + (B*a - 3%A*b)*d)*sqrt(b*d)*we
ierstrassPInverse(4/3*%(b"2%c™2 - axbxcxd + a"2*d"2)/(b"2+%d"2), -4/27*(2*b~
3%c™3 - 3*axb"2xc”2*d - 3*xa~2*b*ckd"2 + 2*a”~3*d~3)/(b"3*d"3), 1/3*%(3xb*xd*x
+ bxc + axd)/(b*d)))/(b"2%d"2)

output

Sympy [F]

A+ Bz A+ Bz
\/c-l—da:\/a:c-l—bazc2 Vz (a +bzx)Ve+dx

inputLintegrate((B*x+A)/(d*x+c)**(1/2)/(b*x**2+a*x)**(1/2),x)

outputtlm"egral((A + B*x)/(sqrt(x*(a + b*x))*sqrt(c + d*x)), x)

Maxima [F]

A+ Bz Bx+ A
dzr = dx
Ve + dzvazx + br? Vbz2 + az/dz + ¢

inputLintegrate((B*X+A)/(d*X+C)A(1/2)/(b*xA2+a*X)A(1/2),X, algorithm="maxima")

Outputtintegrate((B*x + A)/(sqrt(b*x~2 + a*x)*sqrt(d*x + c)), x)




CHAPTER 3. LISTING OF INTEGRALS 156

Giac [F]

A+ Bz Bx+ A
dx = dx
Ve + dxvax + bx? Vbx? + az/dx + ¢

input Lintegrate ((Bxx+A) /(d*x+c)~(1/2) / (b*x~2+a*x) ~(1/2) ,x, algorithm="giac")

output Lintegrate((B*x + A)/(sqrt(b*x~2 + a*x)*sqrt(d*x + c)), x)

Mupad [F(-1)]

Timed out.
A+ Bz A+ Bz

dr = dx
Ve + dzvaz + bx? /\/bxz—i—ax\/c—i—da:

input Lint((A + B*x)/((a*x + b*x~2)~(1/2)*(c + d*x)~(1/2)),x)

Lint((A + B¥x)/((a*x + b*x~2)~(1/2)*(c + d*x)~(1/2)), x)

output
Reduce [F|
A+ Bz . \/dx+c\/bx+adx
Ve + dzvazx + br? Vee+zdx
input Lint ((Bxx+A) / (d*x+c) ~(1/2) / (bxx"2+a*x) ~(1/2) ,x)

Output Lint((sqrt(c + d*x)*sqrt(a + b*x))/(sqrt(x)*c + sqrt(X)*d*X),X)
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A+Bzx
3.17 f v/ c+dzV ax+bz? dz

Optimal result . . . . . . . . . . . . . e 157
Mathematica [C] (verified) . . . . . . . . . ... . Lo 158
Rubi [A] (verified) . . . . . . . . . 158
Maple [A] (verified) . . . . . . . .. . 162
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 163
Sympy [F] . . o e 164
Maxima [F] . . . . . . 164
Giac [F] . . . o o 164
Mupad [F(-1)] . . .o o 165
Reduce [F] . . . . . 165

Optimal result

Integrand size = 31, antiderivative size = 256

T =
zv/c + dxvax + bx? acvax + br? acr
2AVb\/z\/c + dzE <arctan <‘/5—\/5> 11— ‘;—f)

Vae,/ 15D ax + b2
2y/aB+/x+/c + dz EllipticF (arctan (‘/E “’) ,1— ‘;‘)—f)
Vbe ‘Zg;fzg Vax + bx?

/ A+ Bz p _ 2Abzvc+dx 2AV/c + dzazx + bx?

+

2% Axb*xx* (d*xx+c) ~(1/2) /a/c/ (bxx"2+a*x) " (1/2) -2*A* (d*x+c) " (1/2) * (b*x"2+a*x) ~
(1/2) /a/c/x-2xA*b~ (1/2) *x~ (1/2) * (d*x+c) ~(1/2) *E1lipticE(b~(1/2)*x~(1/2)/a"
(1/2) / (1+b*x/a) ~(1/2) , (1-a*d/b/c)~(1/2)) /a~(1/2) /c/ (a*x (d*x+c) /c/ (b*x+a)) ~(
1/2)/ (b*x~2+a*x) " (1/2)+2*a~ (1/2) *Bxx~ (1/2) * (d*x+c) ~ (1/2) *InverseJacobiAM(a
rctan(b~(1/2)*x~(1/2)/a~(1/2)), (1-a*d/b/c)~(1/2)) /b~ (1/2)/c/ (a*x(d*x+c) /c/(
b*xx+a))~(1/2)/ (b*x~2+a*x) ~(1/2)

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 14.68 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.55

/ A+ Bx .
zvc + dxvax + bx?
2/1+ &\ /1+ Za3/? (AdE <z’arcsinh (sz) %) + (Bc — Ad) EllipticF (iarcsinh(

)

be
) ad

9

o)
N—

Vie/z(a+bz)Ve+dx

-

LIntegrate [(A + Bxx)/(x*Sqrt[c + d*x]*Sqrt[a*x + bxx~2]),x]

| —

input

e B

((2*xI)*Sqrt[1 + a/(b*x)]*Sqrt[1 + c/(d*x)]*x~(3/2)*(A*d*E11lipticE[I*ArcSin
‘ h([Sqrt[a/bl/Sqrt[x]], (b*c)/(axd)] + (B*c - A*d)*EllipticF[I*ArcSinh[Sqrt[
\ a/bl/Sqrt[x]], (b*c)/(a*d)1))/(Sqrtla/bl*c*Sqrt[x*(a + b*x)]*Sqrtlc + d*x]

p

Rubi [A] (verified)

Time = 1.01 (sec) , antiderivative size = 269, normalized size of antiderivative = 1.05,

number of steps used = 10, number of rules used = 10, number of rules _ 0.323, Rules
integrand size

used = {2154, 27, 1169, 127, 126, 1261, 115, 27, 124, 123}

output

~

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A+ Bz .
zvaz + bx2\/c + dz
l 2154

A/ 1 d:IZ-I—/ B dx
zvc+ dzVbz? + ax Ve + dxVbz? + az
l 27

1 1
A/ dx+B/ dx
zvc + dzVbx? + ax Ve + dzvVbz? + ax
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159

l 1169

/ 1
zve + dzVbz? + ax Vazx + bx?
| 127

bz do —L—
py— BAVE WU e

dr +
zvc + drvbz? + ax

Vaz + bz2v/c+ dx

| 126
2v/—aB+/z\/% +1,/% + 1 EllipticF (arcsin
A/ ! dzr + ( (
zvc + dzV/bz? + ax

\[f) ad)
v—a ) bc
\/_\/a:c+b:c2\/c+dx
l 1261
A\/E\/a+bxfx3/2mmd

Vaz + bx?
2v/—aBy/z\/ % + 1,/ % 4 1EllipticF (arcsin (‘/E 2

Vbvazx + br2\/c + dx

l 115

 bdvm
Av/zva+ bz <—

~ 2v/atbz/ct dw 2\/ a+bxy/ c+dw>
ac

acy/T

Vazx + bx?

2/ —aB/z\/ % br 1,/ & 4z 4 1 EllipticF (arcsm <

Vbvaz + bx2\/c + dx

l 27

bd [ L dz
AVavaTos( L

_|_

54) )

ac\/T

_ 2Vatbzvctdx )

Vaz + bz?

2v/—aBy/z\/ % + 1,/ % 4 1EllipticF (arcsm <

\/_\/aac + bz2v/c+ dx

l 124

+

54) )
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b(ctdax)
bdy/@y/ Hetdn) ¢ ——da

V‘H‘bw\/b ad+bc ad 2+/a+tbz/ctdz
A / b _ a+bzrvctdx
\/E atbe ac ——\/c+dz acy/z
+
Vaz + bx?
2v/=aBy/z\/% +1,/% + 1 EllipticF (arcsin (Y22 ) , 42)

Vbvazx + br2\/c + dx

l 123

AVzat bz (2\[\/5 ad=tey/ o) B (aresin (NERE ) 1-35) 2\/@@)

e acys
Vaz + bz? '
0 =aByE \/ﬁ \/‘11‘74-1 EllipticF (arcsm <\[ ) 5o )
VbVaz + bz + dx

input Int[(A + Bxx)/(x*Sqrt[c + d*x]*Sqrt[axx + b*x~2]),x]

(A*Sqrt [x]*Sqrt[a + bxx]*((-2xSqrt[a + b*x]*Sqrt[c + d*x])/(a*cxSqrt[x]) +
(2*%Sqrt [d] #Sqrt [-(bxc) + axd]*Sqrt[x]*Sqrt[(bx(c + d*x))/(bxc - a*d)]+*E1ll
ipticE[ArcSin[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(b*c) + a*d]], 1 - (b*c)/(axd)
1)/ (a*xc*Sqrt [- ((b*x)/a)I*Sqrt[c + d*x])))/Sqrtl[a*x + bxx~2] + (2xSqrt[-alx*
B*Sqrt [x]*Sqrt[1 + (b*x)/al*Sqrt[1 + (d*x)/c]*EllipticF[ArcSin[(Sqrt[b]*Sq
rt[x])/Sqrt[-all, (a*d)/(b*c)])/(Sqrt[bl*Sqrtlc + d*x]*Sqrt[a*x + b*x"2])

output

Defintions of rubi rules used

N

27‘Int[(a )*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma ‘

rule
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] ‘
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rule 115 Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)7(p_), x_] :> Simp[b*(a + b*x)"(m + 1)*(c + d*x)"(n + D*((e + £xx)"(p + 1
)/ ((m + 1)x(bxc - a*d)*(bxe - axf))), x] + Simp[1/((m + 1)*(b*xc - axd)*(b*e
- axf)) Int[(a + b*x)"(m + 1)*(c + d*x) "n*(e + f*x) p*Simp[a*xd*f*(m + 1)
- b*(d*ex(m + n + 2) + cxf*x(m + p + 2)) - bkdxf*(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] & LtQ[m, -1] && IntegersQ[2*m, 2
*n, 2%p]

rule 123 Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(b*c - a*xd)/d, 2]]1, f*((b*c - a*d)/(d*(bxe - axf)))], x] /; FreeQ[{a,
b, c, d, e, £}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(b*xe - axf), 0] & !L
tQ[-(b*xc - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - a*xd
), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - a*d)/b, 0])

rule 124 IntISqrtl(e_.) + (£_.)*(x)1/(Sqrtl(a ) + (b_.)*x(x_)1xSqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(bxc - axd))]/(Sqrtl[c + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))]))  Int[Sqrt[bx(e/(b*e - a*xf)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + bxx]*Sqrt[bx(c/(bxc - a*d)) + bxd*(x/(b*c - a*d))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0] && Gt
Qlb/(b*xe - a*xf), 0]) && 'LtQ[-(b*c - axd)/d, 0]

rule 126 10t [1/(Sqrt [(b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e_) + (£_.)*(x))1), x
_] :> Simp[(2/(b*Sqrt[e]))*Rt[-b/d, 2]*EllipticF[ArcSin[Sqrt [b*x]/(Sqrt[c]*
Rt[-b/d, 2])], cx(£f/(d*e))], x] /; FreeQ[{b, c, d, e, £}, x] && GtQ[c, 0] &
& GtQl[e, 0] && (PosQ[-b/d] || NegQ[-b/f])

rule 127 It/ (Sqrel(b_.)*x(x_)1*Sqrtl(c ) + (d_.)*(x_)1*Sqrtl(e ) + (£_.)*(x)1), x
_] :> Simp[Sqrt[1 + d*(x/c)I*(Sqrt[1 + f*x(x/e)]/(Sqrtlc + d*x]*Sqrtle + f*x
1)) Int[1/(Sqrtlb*x]*Sqrt[1 + d*(x/c)]1*Sqrt[1 + f*(x/e)]), x], x] /; Free
Ql{b, c, d, e, £}, x] & !(GtQlc, 0] && GtQle, 01)
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rule 1169 Int[((d_.) + (e_.)*(x_))"(m_)/Sqrtl(b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :>

Simp [Sqrt [x]*(Sqrt[b + c*x]/Sqrt[b*x + cxx~2]) Int[(d + e*x) "m/(Sqrt[x]x*
Sqrt[b + c*x]), x], x] /; FreeQ[{b, c, d, e}, x] && NeQ[cxd - bxe, 0] && Eq
Q[m~2, 1/4]

rule 1261 Int[(Ce_)*(x_))"(m )*((£f_.) + (g_.)*(x_)) (@ )*((b_.)*(x_) + (c_.)*(x_)"2)
~“(p_), x_Symbol] :> Simp[(e*x) m*((b*x + c*x~2)"p/(x"(m + p)*(b + c*x)~p))

Int[x"(m + p)*(f + g*x)"n*(b + c*x)“p, x], x] /; FreeQ[{b, c, e, £, g, m,
n}, x] & 'IGtQ[n, 0]

N\ J

o 9154 TEIPROXC(@_) + (oo )*(x )™ (@_)*((E_.) + (g )*x )" (@_)*((a_) + (b
_dx(x)) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[PolynomialQuotient[Px, d +
exx, x]*(d + exx)"(m + 1)*(f + g*x)"nx(a + b*x + c*x"2)"p, x] + Simp[Polyn
omialRemainder[Px, d + e*x, x] Int[(d + exx) m*x(f + g*x) n*(a + b*x + c*x
~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, n, p}, x] && PolynomialQ[Px, x
] && LtQ[m, 0] & !'IntegerQ[n] && IntegersQ[2*m, 2%n, 2*p]

Maple [A] (verified)

Time = 1.93 (sec) , antiderivative size = 371, normalized size of antiderivative = 1.45

method | result
20 A dz+c d(bz+a) _zd ElllpthF dz+c’ __bc acd—A dz+c d(bw_+a) _zd ElhptlcE dz+c’ — b_c \
c ad—bc c c ad—bc c ad—bc c c ad bc/
default | —
(=
2Ab r
\/ a:+ A mc+ a zd ElllptlcF \/ ( +
W (bdm +ada:+cln:+ac E b C+Z
:E( x+a)( $+C) _ac\/ (bd12+adz+cbz+ac) bd z3+ad z2+bc x2+acx
elhptlc Vz(bz+a) vdz+c

[int((B*X+A)/x/(d*x+c)‘(1/2)/(b*x“2+a*x)“(1/2),x,method=_RETURNVERBOSE)

-/

input
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=2x (Ax ((d*x+c) /c) = (1/2) *(d* (bxx+a) / (axd-b*c) ) ~(1/2) *(-1/c*x*d) "~ (1/2) *E1lip
ticF(((d*x+c)/c)~(1/2), (-bxc/ (a*d-b*c)) ~(1/2) ) *a*xcxd-A*x ((d*x+c)/c) ~(1/2)*(
d* (b*x+a) / (a*d-bx*c)) ~(1/2) *(-1/c*x*d) ~ (1/2) *E11lipticE(((d*x+c)/c)~(1/2), (-
bxc/ (axd-b*c)) ~(1/2))*a*xcxd+Ax ((d*x+c)/c) ~(1/2) *(d* (b*x+a) / (axd-b*c)) ~(1/2
)*(-1/cxx*d) " (1/2)*E1llipticE(((d*x+c)/c)~(1/2), (-bxc/(a*xd-b*c) )~ (1/2))*b*c
~2-B*((d*x+c) /c) ~(1/2)* (d* (b*x+a) / (a*d-bxc)) " (1/2) *(-1/c*x*d) " (1/2) *E1llipt
icF(((d*x+c)/c)~(1/2), (-b*c/(axd-b*xc) )~ (1/2) ) *a*c™2+A*b*d~2*x " 2+A*axd " 2*xx+
Axb¥cxd*x+A*xaxckd) * (x* (b*x+a)) ~(1/2) *(d*x+c) ~(1/2) /c/a/d/x/ (bxd*x~2+axd*x+
bxc*x+axc)

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 341, normalized size of antiderivative = 1.33

/ A+ Bz -
Ve + dzvar + b2

. 4 (b%c?—abcd+a?d? 4 (2b3c3—3 ab?>c?d—3 a?bed?+2 a3d? . :
2 (3 vV bd AbdxweierstrassZeta ( ( ) _4( ) , weierstrassPInverse | :

3b2d? ’ 27b3d3

input"integrate((B*x+A)/x/(d*x+c)"(1/2)/(b*X“2+a*X)”(1/2),X, algorithm="fricas") ‘

-2/3*(3*sqrt (b*d) *Axb*d*x*weierstrassZeta(4/3*(b~2*c~2 - a*bxc*d + a~2xd"2
)/ (b"2%d"2), -4/27*(2*xb"3*%c”3 - 3*a*b~2kc"2*xd - 3*a~2xb*c*d”"2 + 2*a~3*d"3)
/(b"3*%d"3), weierstrassPInverse(4/3*(b~2*%c”2 - axb*c*d + a~2*xd~2)/(b~2*xd"2
), —4/27*(2%b"3%c"3 - 3*a*xb~2*xc"2xd — 3*a”~2*b*c*d"2 + 2*a~3*d~3)/(b"3*d"3)
, 1/3%(3*bxd*x + bxc + a*d)/(b*d))) + 3*sqrt(b*x”2 + axx)*sqrt(d*x + c)*Ax
b*d + (A*axd - (3*B*a - Axb)*c)x*sqrt(bxd)*x*weierstrassPInverse(4/3*(b~2*c
2 - axbxckxd + a"2+%d"2)/(b"2*d"2), -4/27*(2*%b"3*c”3 - 3*a*xb"2kc"2xd - 3*a”
2*b*cxd”2 + 2%a~3*d"3)/(b~3*d"3), 1/3*(3xbxd*x + bxc + a*d)/(bxd)))/(axbxc
*d*x)

output




CHAPTER 3. LISTING OF INTEGRALS 164

Sympy [F]

/ A+ Bzx dx—/ A+ Bz N
zv/c + dxvax + bx? z+\/z (a+ bz)Ve +dz

input Lintegrate ((Bxx+A) /x/ (d*x+c) *x* (1/2) / (bkx**2+a*x) ** (1/2) ,x) J
output LIntegral( (A + B*x)/(x*sqrt(x*(a + b*x))*sqrt(c + d*x)), x) J
Maxima [F]
A+ Bz Bx+ A
dr = dx
zvc + dxvax + bx? Vbz2 + az/dz + cx
input Lintegrate ((B*x+A) /x/ (d*x+c) ~(1/2) / (b*x~2+a*x)~(1/2) ,x, algorithm="maxima") J

output tintegrate ((B*x + A)/(sqrt(b*x™2 + axx)*sqrt(d*x + c)*x), x) J
Giac [F]
/ A+ Bzx / Bx+ A
dx = dx
zv/c+ dxvax + bx? Vbz2 + az/dz + cx
input Lintegrate ((B*x+A) /x/ (d*x+c)~(1/2) / (b*x~2+a*x) ~(1/2) ,x, algorithm="giac") J

output Lintegrate ((Bxx + A)/(sqrt(b*x~2 + a*x)*sqrt(d*x + c)*x), x) J
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Mupad [F(-1)]

Timed out.

A+ Bz A+ Bzx
dr = dz
zvc+ dxvax + bx? zVbz2 +azxve+dzx

inputtint((A + Bxx)/(x*(a*x + b*x~2)~(1/2)*(c + d*x)~(1/2)),x)

output tiﬂt((A + Bxx)/(x*(a*x + b*x"2)~(1/2)*(c + d*x)~(1/2)), x)

Reduce [F]

dzx

/ A+ Bz VT dr+cvbr +a
dr =
zv/c + dxvax + bx? dx3 + cx?

input Lint ((B*x+A) /x/ (d*x+c) ~(1/2) / (bxx~2+a*x) ~(1/2) ,x)

output Lint((sqrt(x)*sqrt(c + dxx)*sqrt(a + b*xx))/(cxx**2 + dkx**3),x)
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A+Bx

3.18 f 2/ c+dzV az+bz? dz

Optimal result . . . . . . . . . . . . . e 166!
Mathematica [C] (verified) . . . . . . . . . ... . Lo 167
Rubi [A] (verified) . . . . . . . . . 168
Maple [A] (verified) . . . . . . . .. . 174
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 175
Sympy [F] . . o e 176
Maxima [F] . . . . . . 176
Giac [F] . . . o o 176
Mupad [F(-1)] . . .o o 177
Reduce [F] . . . . . o 177

Optimal result

Integrand size = 31, antiderivative size = 346

dx

/ A+ Bx
x2v/c + dxvax + bx?

_ 2b(3aBc — 2A(bc + ad))zve + dx  2Avc+ dzvaz + ba?

3a%c2v/ax + bx?

_ 2(3aBc — 2A(be + ad))Vc + dzvaz + bx?

3a%cx

2v/b(3aBc — 2A(bc + ad))v/z\/c + dzE <arctan (

3aczr?

Vb/z
Ja

J1-%)

3(13/2 2 a(ctdzx)

c(a+bz)

2A+/bd\/z\/c + dz EllipticF (arctan (‘/5‘/i

vax + bx?

Ja

).

ad

be

)

3\/ac? Zégi‘;g Vaz + bx?



output

input

output
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2/3%bx (3*xBkaxc-2xA* (a*d+b*c)) *x* (d*x+c) ~(1/2) /a~2/c~2/ (bxx~2+a*x) ~(1/2)-2/
3*Ax (d*x+c) " (1/2) * (b*x~2+a*x) ~(1/2) /a/c/x~2-2/3* (3*B*axc—2*A* (a*d+b*xc) ) *(d
*x+c) ~(1/2) * (b*x~2+a*x) ~(1/2) /a~2/c~2/x-2/3*b~ (1/2) * (3*¥B*a*c-2xA*x (axd+b*c)
)*x~(1/2) *(d*x+c) ~(1/2)*E1lipticE(b~(1/2)*x~(1/2)/a~(1/2) / (1+b*x/a)~(1/2),
(1-a*d/b/c)~(1/2))/a~(3/2) /c~2/(a*(d*x+c) /c/ (b*x+a)) ~(1/2) / (bxx~2+a*x) ~(1/
2)-2/3*%A*b~ (1/2) *d*x"~ (1/2) * (d*x+c) " (1/2) *InverseJacobiAM(arctan (b~ (1/2) *x~
(1/2)/a~(1/2)),(1-a*d/b/c)~(1/2))/a~(1/2) /c~2/ (a*(d*x+c) /c/ (bxx+a)) ~(1/2)/
(b*x~2+a*x)~(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 18.95 (sec) , antiderivative size = 236, normalized size of antiderivative = 0.68

/ A+ Bz
dx
x2v/c + dxvax + bz?

—2aAc(a + bz)(c + dz) — 2i,/3bd(—3aBc + 2A(bc + ad)) /1 + £ /1 + £2°*E (z’arcsinh(

\/%

Nz

)

be
ad

A
/

LIntegrate[(A + Bxx)/(x"2*Sqrt[c + d*x]*Sqrtl[a*x + b*x~2]),x]

(—2xa*xAxck(a + bxx)*(c + d*x) - (2*I)*Sqrt[a/b]*bxd*(-3*a*Bxc + 2kA*(b*c +
axd))*Sqrt[1 + a/(b*x)]*Sqrt[1 + c/(d*x)]*x~(5/2)*EllipticE[I*ArcSinh[Sqr
t[a/b]/Sqrt[x]], (bxc)/(axd)] + (2+I)#*Sqrt[a/b]l*b*d*(Axbxc - 3*axBxc + 2*a
*A*xd) *Sqrt[1 + a/(b*x)]*Sqrt[1 + c/(d*x)]*x~(5/2)*EllipticF [I*ArcSinh[Sqrt
[a/bl/Sqrt[x]], (b*c)/(axd)])/(3*a~2kc~2*x*Sqrt[x*(a + b*x)]1*Sqrt[c + d*x]
)

3a2c2z+/x(a + bx)v/c
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Rubi [A] (verified)

Time = 1.35 (sec) , antiderivative size = 488, normalized size of antiderivative = 1.41,

number of steps used = 14, number of rules used = 14, Bumber of rules _ 4 459 Ryjjeg
integrand size

used = {2154, 27, 1261, 115, 27, 124, 123, 169, 27, 176, 122, 120, 127, 126}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A+ Bz
dzr
x2vax + bz2\/c + dx
l 2154

A/ 1 dm—l—/ B dz
x2v/c + dzv/bx? + ax zvc+ dzvbz? + az
l 27

1 1
A/ dil:-I-B/ dzx
x2v/c + dzv/bx? + azx zve+ dzvbx? + azx

l 1261
AVaVa+ba [ pr—eeade + Bvava+te | wmmmreat®
Vaz 102 Vaz 102

l 115

2bc+2ad+bdx

A\/E\/a—ir—bx<_2f 23/2 Jatbayerds " _ 2\/a+sz+dz>

3ac 3acx3/2
Vaz 1.5 *
Vazx + bx?
l 27
4 #(_fﬁ%%%d‘” N wamm)
vava+br 3ac 3acz3/?
Vaz +ba? *
Bﬁm(bdf varvaE® _ z@ﬁ)
Vazx + bx?

l 124
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f 2(bct+ad)+bdz
3

dx
Tz /2\/a+bm\/c+dw _ 2v/a+bzx+/ct+dx
Ay/zv/a + bx < i 7

Vazx + bm2
b(ctd —be
bdy/zy/ 2etdn) | Vo da
fa¥bz \/ be  bdx
2va+bz/ctdz

+

ad " bc—ad

B.\/xz\/ b —
\/E a+bw ac —%w\/c—i-dz acy'z
vaz + bx?
l 123

f 32(bc+ad)+bdz dz

AVava+ha <— P asteverds M?;ﬁzy/z*dw)
+
vaz + bx? )

ByavaTte( BAEeatey it Blaeein(CHEE)N-33)  3yatieyerds
ac \/: Verdz acv/z

vaz + bx?

l 169
2/ - bd(ac+2(bc+ad)w)
2\/5\/a+bz\/c dz 4\/a+bz\/c+da:(ad+bc)
ac/x 2v/a+bx+/ct+dx

A\/E a+bz|— 3ac B 3acx3/2?
_+_
Vvaz + br? )

ByavaTte( BWEeatey it Blaresin (HEE)-23)  3yatteyeras
acy/ —%z\/c—i-dx acy/z

Vax + bx?

l 27
act+2(bctad)z

ba [ —gct2(betad)z
\/Ex/a+bz c+d:v _ 4vVa+bzv/ct+dz(ad+bc)
acy/x 2v/a+bzy/ct+dx

A\/5 va+bz| — 3ac - 3aca3/2
+
Vvaz + bx? )

2vdy/zvad— bc@E(aresm(% V;tff)u——) oabay/crds
B+/rva + bz _
ac —7\/C+dw ac\/z

vaz + bx?

l 176
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Vet+dx 1
b 2(ad+bc) [ fmdw_c(ad+2bc)f mdz
d
4v/a+bz+/c+dz(ad+bc)
Y ac - acy/x 2v/a+bzy/ct+dx
A\/5 a+bz|— 3ac - 3aca3/2

+
Vax + bx?
b(c+dzx) Vdv/a+bz b
B \/—b 2fﬁ\/ad bey/ porad E(arcsm( N T >|1—a—§> 2/atbay/crdz
Vava+bz e = el
ac —7 ct+dz
Vax + bx?
l 122
21/22 1 1/cFdz(ad+be) [ —V e d
ct+dx(a c ———dx 1
g /bz+1 _c(ad+2l)c)f ﬁmmd:c
dx/a+ba:\/d7m+1 d
_ 4vVa+tbzy c+dz(ad+bc)
Ayava+ba| - C— i _ Welleyeid
Vazx + bx?
b(c+d. Vd+/a+b b
ByavaTte( BWEeatey it Blareein (HEE)N-33)  syatteyeras
—Tx/c—i-da: acy/z
Vax + bx?
l 120
T . \/E x a
y 4\/—7(1\/%@(ad+bc)E(arcsm< JT{)'T?) _C(ad+2bc) I NG T_H}z v dx
d d
\/Ed\/m\/%-ﬁ-l 4v/a+bz+/c+dz(ad+bc)
ac - acy/z 2v/a+t
A\/EV a+br| — 3ac - 3ac

vaz + bx?

3= /blct+dx Vdva+bz
B\/E\/a+—bx 2/dyavad-be ’EC “d)E(arcsm< Vad— tc )Il_i) _ 2va+tbrvctdx
—7\/c+dz acy/z

vaz + bx?
l 127
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b 4Jja\/%-Flm(ad-kbc)E(arcsin(%) ad) v bi+1' dz+1(ad+2bc)] W(iz
\/gd\/a,-i—bz\/dTz +1 dva+bx+/ct+dx
_ av/aTbay/erda(ac
A\/E\/ a+ bx | — ac 30c acy/z
Vax + bx?
b(ct+dz) Vd\/atbz
B\/E e gy 2v/d/zv/ad—bcy/ bc+a. E(arcsm( %do"’;f;zyl > _ 2Jatbay/ordz
ac ——\/M acy/z

Vax + bx?
l 126

b (4\/—04/ b%+1\/c+dw(ad+bc)E (arcsin( \/\/E%f) |%—g> 2v/—acy/ b%-l—l dTm+1(ad+2bc) EllipticF (arcsin( %) ,%—g)

Vbdv/atbzy/ 92 41 - Vbdvatbay/ecrds e
Ay/zva+bx | — ac - -
Vazx + bx?
C T f a T C
ByavaThs| /Ay i Blaresin(CEEE)1-85)  ayatheyerds
ac ——m acy/z
Vazx + bx?
inputLInt[(A + Bxx)/(x~2%Sqrt [c + d*x]#*Sqrt[a*x + b*x~2]),x] J

(B*Sqrt [x]*Sqrt[a + bxx]*((-2%Sqrt[a + b*x]*Sqrt[c + d*x])/(a*c*Sqrt[x]) +
(2*Sqrt [d]*Sqrt [-(b*c) + a*d]*Sqrt[x]*Sqrt[(b*(c + d*x))/(bxc - a*d)]*E1ll
ipticE[ArcSin[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(b*c) + a*d]], 1 - (b*c)/(a*d)
1)/ (axc*Sqrt [-((b*x) /a)I*Sqrt[c + d*x])))/Sart[a*x + b*x~2] + (A*Sqrt[x]*S
grt[a + bxx]*((-2%Sqrt[a + b*x]*Sqrt[c + d*x])/(3%a*c*x~(3/2)) - ((-4*(bxc
+ axd)*Sqrt[a + bxx]*Sqrtlc + d*x])/(axcxSqrt[x]) + (b*d*((4*Sqrt[-a]x* (b*
c + axd)*Sqrt[1 + (b*x)/al*Sqrt[c + d*x]*EllipticE[ArcSin[(Sqrt [b]*Sqrt[x]
)/Sqrt[-all, (axd)/(b*c)])/(Sqrt[bl*d*Sqrtl[a + b*x]*Sqrt[1 + (d*x)/c]) - (
2xSqrt [-al *cx (2*b*c + axd)*Sqrt[1 + (b*x)/al*Sqrt[1 + (d*x)/c]*EllipticF[A
rcSin[(Sqrt [b]l *Sqrt [x]) /Sqrt[-all, (axd)/(bxc)])/(Sqrt[b]l*d*Sqrt[a + b*x]=*
Sart[c + d*x])))/(a*xc))/(3xa*c)))/Sqrt[a*x + bxx"2]

output
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)=(p_), x_] :> Simp[b*(a + b*x)"(m + 1)*(c + d*x)"(n + 1)*((e + £xx)"(p + 1
)/ ((m + 1)*(b*c - a*d)*(bxe - a*f))), x] + Simp[1/((m + 1)*(b*c - a*xd)*(bxe
- axf)) Int[(a + b*x)"(m + 1)*(c + d*x) " n*(e + f*x) p*Simp[a*xd*f*(m + 1)
- bx(d*ex(m + n + 2) + c*xf*x(m + p + 2)) - bxdxfx(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, c, d, e, £, n, p}, x] && LtQ[m, -1] && IntegersQ[2*m, 2
*n, 2*p]

rule 115

Int[Sqrtl(e_ ) + (£_.)*(x_)]1/(Sqrtl(b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)1), x_]

:> Simp[2*(Sqrt[e]l/b)*Rt[-b/d, 2]*EllipticE[ArcSin[Sqrt[b*x]/(Sqrt[c]*Rt[-
b/d, 21)1, cx(£f/(d*e))], x] /; FreeQ[{b, c, d, e, f}, x] && GtQlc, 0] && Gt
Qle, 0] && 'LtQ[-b/d, 0]

rule 120

Int[Sqrtl(e_) + (£_.)*(x_)]1/(Sqrtl(b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)1), x_]

:> Simp[Sqrt[e + fxx]*(Sqrtl[l + d*(x/c)]1/(Sqrtlc + d*x]*Sqrt[1 + f*x(x/e)])
) Int[Sqrtl[1l + fx(x/e)]/(Sqrt[b*x]*Sqrt[1 + d*(x/c)]), x], x] /; FreeQ[{b
, ¢, d, e, f}, x] && '(GtQlc, 0] && GtQ[e, 0])

rule 122

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[(2/p)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(bxc - a*xd)/d, 211, £*((bxc - a*d)/(d*(bxe - a*f)))], x] /; FreeQ[{a,

b, c, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(bxe - axf), 0] && !L
tQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c - axd
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 0])

rule 123
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Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[Sqrtl[e + f£*x]*(Sqrt[bx((c + d*x)/(b*c - a*d))]/(Sqrtlc + d
*x]*Sqrt [b*x((e + fxx)/(b*e - a*f))]))  Int[Sqrtlb*(e/(b*e - axf)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(bxc - a*d)) + b*d*(x/(bxc - axd))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*c - a*d), 0] && Gt
Q[b/ (b*e - axf), 0]) && ILtQ[-(b*c - a*d)/d, 0]

rule 124

Int[1/(Sqrt[(b_.)*(x_)1*Sqrt[(c_) + (d_.)*(x_)I*Sqrtl(e_) + (f_.)*(x_)1), x
_] :> Simp[(2/(b*Sqrt[e]l))*Rt[-b/d, 2]1*EllipticF[ArcSin[Sqrt[b*x]/(Sqrt[c]*
Rt[-b/d, 21)1, cx(f/(d*e))], x] /; FreeQ[{b, c, d, e, f}, x] && GtQlc, 0] &
& GtQle, 0] && (PosQ[-b/d] || NegQ[-b/f])

rule 126

Int[1/(Sqrt[(b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_ ) + (£_.)*(x_)]1), x
_] :> Simp[Sqrt[1 + d*(x/c)]1*(Sqrt[1 + f*(x/e)]/(Sqrtlc + d*x]*Sqrtle + fx*x
1))  Int[1/(Sqrt[b*x]*Sqrt[1 + d*(x/c)]*Sqrt[1 + f*(x/e)]), x], x] /; Free
Ql{b, c, d, e, £}, x] & !'(GtQlc, 0] && GtQ[e, 01)

rule 127

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)~ (p)*((g_.) + (h_.)*(x_)), x_] :> Simp[(b*g - a*h)*(a + b*x)~(m + 1)*(c +
d*x)~(n + 1)*((e + £*x)~(p + 1)/((m + 1)*(b*c - axd)*(bxe - a*f))), x] + S
imp[1/((m + 1)*(b*c - axd)*(b*e - a*f)) Int[(a + bxx)"(m + 1)*(c + d*x)"n
*(e + f*x) p*Simp[(a*d*f*g - b*(d*e + cxf)*xg + bkckexh)*x(m + 1) - (bxg - a*
h)*(d*ex(n + 1) + c*xfx(p + 1)) - d*fx(bxg - a*h)*(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, £, g, h, n, p}, x] && LtQ[m, -1] &% IntegersQl
2xm, 2%n, 2%p]

rule 169

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sartl(e_ ) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrt[a + b*x
1*Sqrt[c + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrt[a + b*x]*Sqrtlc
+ dxx]*Sqrt[e + f*x]), x], x] /; FreeQl[{a, b, ¢, d, e, f, g, h}, x] && Sim
plerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + f*x]

rule 176
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rule 1261 Int[((e_)*(x_)) " (m_)*((£f_.) + (g_.)*(x_))"(n_)*((b_.)*(x_) + (c_.)*x(x_)"2)
~(p_), x_Symbol] :> Simp[(e*x) m*((b*x + c*x~2)"p/(x"(m + p)*(b + c*x)7p))

Int[x~(m + p)*(f + gxx)“n*x(b + c*x)7p, x], x] /; FreeQ[{b, c, e, f, g, m,
n}, x] & !'IGtQ[n, O]

rule 2154 Int[(Px_)*((d_.) + (e_)*(x_))"(m_.)*((f_.) + (g_.)*(x_))"(n_.)*((a_.) + (b
_*(x ) + (e_)*(x_)"2)"(p_.), x_Symbol] :> Int[PolynomialQuotient[Px, d +

e*xx, x]*(d + exx)"(m + 1)*(f + gxx)“nx(a + b*x + c*x~2)"p, x] + Simp[Polyn
omialRemainder [Px, d + e*x, x] Int[(d + e*xx) mx(f + g*x) n*(a + b*x + c*x
~2)°p, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, p}, x] && PolynomialQ[Px, x
] && LtQ[m, O] && !IntegerQ[n] && IntegersQ[2*m, 2*n, 2xp]

Maple [A] (verified)

Time = 2.58 (sec) , antiderivative size = 441, normalized size of antiderivative = 1.27

method | result

24b Lt%)d s /24 Enipt;

C
2(bd a:2+adz+cba:+ac) (2Aad+2Abc—3aBc) “d7b

x(bx+a)(dw+c) _2A bdz3+ad122+bcz2+acz+

3 2.
3acz 3a2c2 \/z(bd z2+adz+cbz+ac) 3a\/bd:c +adz

elliptic

(b - (b .
2<2A\ / —d’”jc £/ édx_tz) —“”—Cd ElhptlcF(w/ d’”jc,, /—adb_cbc)aQCdzw—i-A\/ —da”jc v/ édm_tz) —z—cd ElhptlcF( d"'c"'c, _a,db—cl

default

input‘int((B*x+A)/x”2/(d*x+c)“(1/2)/(b*x”2+a*x)”(1/2),x,method=_RETURNVERBUSE) ‘




output

input

output
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(x* (bxx+a) * (d*x+c) )~ (1/2) / (x* (bxx+a) )~ (1/2) / (d*x+c) ~(1/2) *(-2/3*A/a/c/x" 2%
(bxd*x~3+a*xd*x~2+b*c*x~2+a*c*x) ~ (1/2) +2/3* (b*d*x~2+a*d*x+b*cxx+a*c)/a~2/c”
2% (2% A*xaxd+2xAxbxc—-3*Bxaxc) / (x* (b*d*x~2+a*d*x+bxcxx+a*xc)) ~(1/2)-2/3*A*b/ax*
((x+c/d) /cxd) =~ (1/2) *((x+a/b) / (-c/d+a/b) ) ~(1/2) *(-1/c*x*d) ~ (1/2) / (b*d*x"3+a
*d*x~2+bxc*x”2+a*xc*x) ~(1/2) *E1llipticF (((x+c/d)/c*d) ~(1/2),(-c/d/(-c/d+a/b)
)~ (1/2))-2/3*b* (2*Axa*xd+2xAxb*c-3*B*axc) /a~2/cx ((x+c/d) /cxd) " (1/2) *((x+a/b
)/ (-c/d+a/b))~(1/2)*(-1/c*x*d) ~(1/2) / (b*d*x~3+a*d*x~2+b*kc*x~2+a*c*x) " (1/2)
*((-c/d+a/b)*E1llipticE(((x+c/d)/c*d) ~(1/2),(-c/d/(-c/d+a/b))~(1/2))-a/b*El
lipticF(((x+c/d)/c*d)~(1/2),(-c/d/(-c/d+a/b))~(1/2))))

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 425, normalized size of antiderivative = 1.23

/ A+ Bx
dz
x2v/c + dxvax + bx?
2 ((2 Aa*d? — (3 Bab — 2 Ab?)c® — (3 Ba? — Aab)cd)v/bdz?weierstrassPInverse (4 (° ~abodta’d?) _ 4(2¢

35242 bl

integrate ((B*x+A) /x"~2/ (d*x+c) ~(1/2)/ (b*x~2+a*x)~(1/2) ,x, algorithm="fricas

n)

2/9% ((2%A*a~2%d~2 - (3*Bxaxb - 2%xA*xb~2)*c”2 - (3*B*a~2 - A*axb)*c*d)*sqrt(
b*d) *x~2*weierstrassPInverse(4/3*x(b~2%c”~2 - axb*c*d + a~2*%d"2)/(b~2*xd"2),
-4/27*%(2*¥b"3%c™3 — 3*axb"2*c”2*d - 3*a”2*bxc*kd"2 + 2*a~3*d"3)/(b"3*%d"3), 1
/3% (3*%b*d*x + bxc + axd)/(b*xd)) + 3*x(2*A*xaxb*d~2 - (3*Bxa*b - 2*A*b~2)*c*d
)*sqrt (bxd) *x~2*weierstrassZeta(4/3*(b~2*c™2 - axbkxc*d + a~2xd"~2)/(b~2*d"2
), —4/27%(2%b"3%c~3 - 3*axb~2%c~2xd - 3%a~2%bxckd"2 + 2%a~3%d"3)/(b~3%d"3)
, weierstrassPInverse(4/3*(b~2%c~2 - axb*c*d + a~2%d~2)/(b~2xd~2), -4/27*(
2%b~3%c"3 - 3*axb~2%c~2kd - 3%a~2%bxckd"2 + 2%a~3*d"3)/(b"3*%d~3), 1/3%(3%b
*d*x + bxc + a*xd)/(bxd))) - 3%(Axaxbkcxd - (2xA*a*b*d~2 - (3*Bkaxb - 2xA*b
~2) *c*d) *x) *sqrt (b*x"2 + a*x)*sqrt(d*x + c))/(a”2%bxc”~2xd*x"2)
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Sympy [F]

A+ Bz A+ Bx
/ dx=/ dx
x2v/c + dxvax + bx? z2\/z (a + br)Vc+ dz

input Liﬂtegrate ((B¥x+A) /x**2/ (d*x+c) %% (1/2) / (bxx**2+a*x) **(1/2) ,x)

output LIntegral( (A + B*x)/(x**2*sqrt (x*(a + b*x))*sqrt(c + d*x)), x)

Maxima [F]

A+ Bz Bxr+ A
dz = dz
x2v/c + dxvax + bx? Vbz? + az/dzx + cz?

input‘integrate((B*x+A)/x‘2/(d*x+c)“(1/2)/(b*x*2+a*x)*(1/2)’X’ algorithm="maxima

ou_tputtintegrate((B*x + A)/(sqrt(b*x~2 + axx)*sqrt(d*x + c)*x~2), x)

Giac [F]

A+ Bz Bx+ A
dzr = dz
x2v/c + dxvax + ba? Vbz? + az/dz + cz?

input Lintegrate ((B*x+A) /x~2/ (d*x+c) ~(1/2) / (b*x~2+a*x) ~(1/2) ,x, algorithm="giac")

OutputLintegrate((B*x + A)/(sqrt(b*x~2 + a*x)*sqrt(d*x + c)*x"2), x)
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Mupad [F(-1)]

Timed out.

A+ Bz A+ Bzx
dr = dz
x22v/c + dxvax + bx? 22Vbr2+azxve+dzx

input Lint((A + Bxx)/(x"2%(a*xx + b*x~2)~(1/2)*(c + d*x)~(1/2)),x)

output{int((A + Bxx)/(x"2x(a*x + b*x"2)7(1/2)*(c + d*x)~(1/2)), x)

Reduce [F]

/ A+ Bx
dz
x2v/c + dxvax + bx?

VZ Vdz+c/br+a

vz V/dz+c\/br+a dz

2
_ —2\/diL' tc \/b.’E +ab+ \/5 < bd z®+ad z*+bczt+ac 3 diL’) a‘c+ \/5 ( bd z2+adx+becz+ac

) b2d

Vzac

inputLint((B*x+A)/x"2/(d*x+c)"(1/2)/(b*x"2+a*x)"(1/2),x)

output‘(

- 2#sqrt(c + d#x)*sqrt(a + b*x)*b + sqrt(x)*int((sqrt(x)*sqrt(c + d*x)*s

‘qrt(a + b*x))/(akcxx**3 + akxd*kx**4 + bxckx**4 + bxd*x**5) ,x)*a**2*kc + sqrt
‘(x)*int((sqrt(x)*sqrt(c + d*x)*sqrt(a + b*x))/(axc + a*xd*x + bxc*x + bxd*x

‘**2),x)*b**2*d)/(sqrt(x)*a*c)
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A+ Bz

3.19 f z2+/c+dzV az+br? dx

Optimal result . . . . . . . . . . . . . e 178}
Mathematica [C] (verified) . . . . . . . . . ... . Lo 179
Rubi [A] (verified) . . . . . . . . . 180
Maple [A] (verified) . . . . . . . .. . 136!
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 187
Sympy [F] . . o 188
Maxima [F] . . . . . . 18Y
Giac [F] . . . o o 188
Mupad [F(-1)] . . .o o 189
Reduce [F] . . . . . 189

Optimal result

Integrand size = 31, antiderivative size = 346

/ A+ Bx
dx
x2v/c + dxvax + bx?

_ 2b(3aBc —2A(bc + ad))zvc+dx  2AVc+ dzvax + ba?
B a 3acx?

3a%c2v/ax + bx?

_ 2(3aBc — 2A(be + ad))Vc + dzvaz + bx?

3a%cx

2v/b(3aBc — 2A(bc + ad))v/z\/c + dzE <arctan (

Vb/z
Ja

J1-%)

a(c+dz)
3a3/2c? c(a+bx)

2Avbd+/z+/c + dz EllipticF (arctan (‘[\%i

vax + bx?

).

ad

be

)

3\/ac? Zégi‘;g Vaz + bx?



output

input

output
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2/3%bx (3*xBkaxc-2xA* (a*d+b*c)) *x* (d*x+c) ~(1/2) /a~2/c~2/ (bxx~2+a*x) ~(1/2)-2/
3*Ax (d*x+c) " (1/2) * (b*x~2+a*x) ~(1/2) /a/c/x~2-2/3* (3*B*axc—2*A* (a*d+b*xc) ) *(d
*x+c) ~(1/2) * (b*x~2+a*x) ~(1/2) /a~2/c~2/x-2/3*b~ (1/2) * (3*¥B*a*c-2xA*x (axd+b*c)
)*x~(1/2) *(d*x+c) ~(1/2)*E1lipticE(b~(1/2)*x~(1/2)/a~(1/2) / (1+b*x/a)~(1/2),
(1-a*d/b/c)~(1/2))/a~(3/2) /c~2/(a*(d*x+c) /c/ (b*x+a)) ~(1/2) / (bxx~2+a*x) ~(1/
2)-2/3*%A*b~ (1/2) *d*x"~ (1/2) * (d*x+c) " (1/2) *InverseJacobiAM(arctan (b~ (1/2) *x~
(1/2)/a~(1/2)),(1-a*d/b/c)~(1/2))/a~(1/2) /c~2/ (a*(d*x+c) /c/ (bxx+a)) ~(1/2)/
(b*x~2+a*x)~(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 236, normalized size of antiderivative = 0.68

/ A+ Bz
dx
x2v/c + dxvax + bz?

—2aAc(a + bz)(c + dz) — 2i,/3bd(—3aBc + 2A(bc + ad)) /1 + £ /1 + £2°*E (z’arcsinh(

\/%

Nz

)

be
ad

A
/

LIntegrate[(A + Bxx)/(x"2*Sqrt[c + d*x]*Sqrtl[a*x + b*x~2]),x]

(—2xa*xAxck(a + bxx)*(c + d*x) - (2*I)*Sqrt[a/b]*bxd*(-3*a*Bxc + 2kA*(b*c +
axd))*Sqrt[1 + a/(b*x)]*Sqrt[1 + c/(d*x)]*x~(5/2)*EllipticE[I*ArcSinh[Sqr
t[a/b]/Sqrt[x]], (bxc)/(axd)] + (2+I)#*Sqrt[a/b]l*b*d*(Axbxc - 3*axBxc + 2*a
*A*xd) *Sqrt[1 + a/(b*x)]*Sqrt[1 + c/(d*x)]*x~(5/2)*EllipticF [I*ArcSinh[Sqrt
[a/bl/Sqrt[x]], (b*c)/(axd)])/(3*a~2kc~2*x*Sqrt[x*(a + b*x)]1*Sqrt[c + d*x]
)

3a2c2z+/x(a + bx)v/c
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Rubi [A] (verified)

Time = 1.31 (sec) , antiderivative size = 488, normalized size of antiderivative = 1.41,

number of steps used = 14, number of rules used = 14, Bumber of rules _ 4 459 Ryjjeg
integrand size

used = {2154, 27, 1261, 115, 27, 124, 123, 169, 27, 176, 122, 120, 127, 126}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A+ Bz
dzr
x2vax + bz2\/c + dx
l 2154

A/ 1 dm—l—/ B dz
x2v/c + dzv/bx? + ax zvc+ dzvbz? + az
l 27

1 1
A/ dil:-I-B/ dzx
x2v/c + dzv/bx? + azx zve+ dzvbx? + azx

l 1261
AVaVa+ba [ pr—eeade + Bvava+te | wmmmreat®
Vaz 102 Vaz 102

l 115

2bc+2ad+bdx

A\/E\/a—ir—bx<_2f 23/2 Jatbayerds " _ 2\/a+sz+dz>

3ac 3acx3/2
Vaz 1.5 *
Vazx + bx?
l 27
4 #(_fﬁ%%%d‘” N wamm)
vava+br 3ac 3acz3/?
Vaz +ba? *
Bﬁm(bdf varvaE® _ z@ﬁ)
Vazx + bx?

l 124
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f 2(bct+ad)+bdz
3

dx
Tz /2\/a+bm\/c+dw _ 2v/a+bzx+/ct+dx
Ay/zv/a + bx < i 7

Vazx + bm2
b(ctd —be
bdy/zy/ 2etdn) | Vo da
fa¥bz \/ be  bdx
2va+bz/ctdz

+

ad " bc—ad

B.\/xz\/ b —
\/E a+bw ac —%w\/c—i-dz acy'z
vaz + bx?
l 123

f 32(bc+ad)+bdz dz

AVava+ha <— P asteverds M?;ﬁzy/z*dw)
+
vaz + bx? )

ByavaTte( BAEeatey it Blaeein(CHEE)N-33)  3yatieyerds
ac \/: Verdz acv/z

vaz + bx?

l 169
2/ - bd(ac+2(bc+ad)w)
2\/5\/a+bz\/c dz 4\/a+bz\/c+da:(ad+bc)
ac/x 2v/a+bx+/ct+dx

A\/E a+bz|— 3ac B 3acx3/2?
_+_
Vvaz + br? )

ByavaTte( BWEeatey it Blaresin (HEE)-23)  3yatteyeras
acy/ —%z\/c—i-dx acy/z

Vax + bx?

l 27
act+2(bctad)z

ba [ —gct2(betad)z
\/Ex/a+bz c+d:v _ 4vVa+bzv/ct+dz(ad+bc)
acy/x 2v/a+bzy/ct+dx

A\/5 va+bz| — 3ac - 3aca3/2
+
Vvaz + bx? )

2vdy/zvad— bc@E(aresm(% V;tff)u——) oabay/crds
B+/rva + bz _
ac —7\/C+dw ac\/z

vaz + bx?

l 176
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Vet+dx 1
b 2(ad+bc) [ fmdw_c(ad+2bc)f mdz
d
4v/a+bz+/c+dz(ad+bc)
Y ac - acy/x 2v/a+bzy/ct+dx
A\/5 a+bz|— 3ac - 3aca3/2

+
Vax + bx?
b(c+dzx) Vdv/a+bz b
B \/—b 2fﬁ\/ad bey/ porad E(arcsm( N T >|1—a—§> 2/atbay/crdz
Vava+bz e = el
ac —7 ct+dz
Vax + bx?
l 122
21/22 1 1/cFdz(ad+be) [ —V e d
ct+dx(a c ———dx 1
g /bz+1 _c(ad+2l)c)f ﬁmmd:c
dx/a+ba:\/d7m+1 d
_ 4vVa+tbzy c+dz(ad+bc)
Ayava+ba| - C— i _ Welleyeid
Vazx + bx?
b(c+d. Vd+/a+b b
ByavaTte( BWEeatey it Blareein (HEE)N-33)  syatteyeras
—Tx/c—i-da: acy/z
Vax + bx?
l 120
T . \/E x a
y 4\/—7(1\/%@(ad+bc)E(arcsm< JT{)'T?) _C(ad+2bc) I NG T_H}z v dx
d d
\/Ed\/m\/%-ﬁ-l 4v/a+bz+/c+dz(ad+bc)
ac - acy/z 2v/a+t
A\/EV a+br| — 3ac - 3ac

vaz + bx?

3= /blct+dx Vdva+bz
B\/E\/a+—bx 2/dyavad-be ’EC “d)E(arcsm< Vad— tc )Il_i) _ 2va+tbrvctdx
—7\/c+dz acy/z

vaz + bx?
l 127




CHAPTER 3. LISTING OF INTEGRALS 183

b 4Jja\/%-Flm(ad-kbc)E(arcsin(%) ad) v bi+1' dz+1(ad+2bc)] W(iz
\/gd\/a,-i—bz\/dTz +1 dva+bx+/ct+dx
_ av/aTbay/erda(ac
A\/E\/ a+ bx | — ac 30c acy/z
Vax + bx?
b(ct+dz) Vd\/atbz
B\/E e gy 2v/d/zv/ad—bcy/ bc+a. E(arcsm( %do"’;f;zyl > _ 2Jatbay/ordz
ac ——\/M acy/z

Vax + bx?
l 126

b (4\/—04/ b%+1\/c+dw(ad+bc)E (arcsin( \/\/E%f) |%—g> 2v/—acy/ b%-l—l dTm+1(ad+2bc) EllipticF (arcsin( %) ,%—g)

Vbdv/atbzy/ 92 41 - Vbdvatbay/ecrds e
Ay/zva+bx | — ac - -
Vazx + bx?
C T f a T C
ByavaThs| /Ay i Blaresin(CEEE)1-85)  ayatheyerds
ac ——m acy/z
Vazx + bx?
inputLInt[(A + Bxx)/(x~2%Sqrt [c + d*x]#*Sqrt[a*x + b*x~2]),x] J

(B*Sqrt [x]*Sqrt[a + bxx]*((-2%Sqrt[a + b*x]*Sqrt[c + d*x])/(a*c*Sqrt[x]) +
(2*Sqrt [d]*Sqrt [-(b*c) + a*d]*Sqrt[x]*Sqrt[(b*(c + d*x))/(bxc - a*d)]*E1ll
ipticE[ArcSin[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(b*c) + a*d]], 1 - (b*c)/(a*d)
1)/ (axc*Sqrt [-((b*x) /a)I*Sqrt[c + d*x])))/Sart[a*x + b*x~2] + (A*Sqrt[x]*S
grt[a + bxx]*((-2%Sqrt[a + b*x]*Sqrt[c + d*x])/(3%a*c*x~(3/2)) - ((-4*(bxc
+ axd)*Sqrt[a + bxx]*Sqrtlc + d*x])/(axcxSqrt[x]) + (b*d*((4*Sqrt[-a]x* (b*
c + axd)*Sqrt[1 + (b*x)/al*Sqrt[c + d*x]*EllipticE[ArcSin[(Sqrt [b]*Sqrt[x]
)/Sqrt[-all, (axd)/(b*c)])/(Sqrt[bl*d*Sqrtl[a + b*x]*Sqrt[1 + (d*x)/c]) - (
2xSqrt [-al *cx (2*b*c + axd)*Sqrt[1 + (b*x)/al*Sqrt[1 + (d*x)/c]*EllipticF[A
rcSin[(Sqrt [b]l *Sqrt [x]) /Sqrt[-all, (axd)/(bxc)])/(Sqrt[b]l*d*Sqrt[a + b*x]=*
Sart[c + d*x])))/(a*xc))/(3xa*c)))/Sqrt[a*x + bxx"2]

output
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)=(p_), x_] :> Simp[b*(a + b*x)"(m + 1)*(c + d*x)"(n + 1)*((e + £xx)"(p + 1
)/ ((m + 1)*(b*c - a*d)*(bxe - a*f))), x] + Simp[1/((m + 1)*(b*c - a*xd)*(bxe
- axf)) Int[(a + b*x)"(m + 1)*(c + d*x) " n*(e + f*x) p*Simp[a*xd*f*(m + 1)
- bx(d*ex(m + n + 2) + c*xf*x(m + p + 2)) - bxdxfx(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, c, d, e, £, n, p}, x] && LtQ[m, -1] && IntegersQ[2*m, 2
*n, 2*p]

rule 115

Int[Sqrtl(e_ ) + (£_.)*(x_)]1/(Sqrtl(b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)1), x_]

:> Simp[2*(Sqrt[e]l/b)*Rt[-b/d, 2]*EllipticE[ArcSin[Sqrt[b*x]/(Sqrt[c]*Rt[-
b/d, 21)1, cx(£f/(d*e))], x] /; FreeQ[{b, c, d, e, f}, x] && GtQlc, 0] && Gt
Qle, 0] && 'LtQ[-b/d, 0]

rule 120

Int[Sqrtl(e_) + (£_.)*(x_)]1/(Sqrtl(b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)1), x_]

:> Simp[Sqrt[e + fxx]*(Sqrtl[l + d*(x/c)]1/(Sqrtlc + d*x]*Sqrt[1 + f*x(x/e)])
) Int[Sqrtl[1l + fx(x/e)]/(Sqrt[b*x]*Sqrt[1 + d*(x/c)]), x], x] /; FreeQ[{b
, ¢, d, e, f}, x] && '(GtQlc, 0] && GtQ[e, 0])

rule 122

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[(2/p)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(bxc - a*xd)/d, 211, £*((bxc - a*d)/(d*(bxe - a*f)))], x] /; FreeQ[{a,

b, c, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(bxe - axf), 0] && !L
tQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c - axd
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 0])

rule 123
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Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[Sqrtl[e + f£*x]*(Sqrt[bx((c + d*x)/(b*c - a*d))]/(Sqrtlc + d
*x]*Sqrt [b*x((e + fxx)/(b*e - a*f))]))  Int[Sqrtlb*(e/(b*e - axf)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(bxc - a*d)) + b*d*(x/(bxc - axd))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*c - a*d), 0] && Gt
Q[b/ (b*e - axf), 0]) && ILtQ[-(b*c - a*d)/d, 0]

rule 124

Int[1/(Sqrt[(b_.)*(x_)1*Sqrt[(c_) + (d_.)*(x_)I*Sqrtl(e_) + (f_.)*(x_)1), x
_] :> Simp[(2/(b*Sqrt[e]l))*Rt[-b/d, 2]1*EllipticF[ArcSin[Sqrt[b*x]/(Sqrt[c]*
Rt[-b/d, 21)1, cx(f/(d*e))], x] /; FreeQ[{b, c, d, e, f}, x] && GtQlc, 0] &
& GtQle, 0] && (PosQ[-b/d] || NegQ[-b/f])

rule 126

Int[1/(Sqrt[(b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_ ) + (£_.)*(x_)]1), x
_] :> Simp[Sqrt[1 + d*(x/c)]1*(Sqrt[1 + f*(x/e)]/(Sqrtlc + d*x]*Sqrtle + fx*x
1))  Int[1/(Sqrt[b*x]*Sqrt[1 + d*(x/c)]*Sqrt[1 + f*(x/e)]), x], x] /; Free
Ql{b, c, d, e, £}, x] & !'(GtQlc, 0] && GtQ[e, 01)

rule 127

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)~ (p)*((g_.) + (h_.)*(x_)), x_] :> Simp[(b*g - a*h)*(a + b*x)~(m + 1)*(c +
d*x)~(n + 1)*((e + £*x)~(p + 1)/((m + 1)*(b*c - axd)*(bxe - a*f))), x] + S
imp[1/((m + 1)*(b*c - axd)*(b*e - a*f)) Int[(a + bxx)"(m + 1)*(c + d*x)"n
*(e + f*x) p*Simp[(a*d*f*g - b*(d*e + cxf)*xg + bkckexh)*x(m + 1) - (bxg - a*
h)*(d*ex(n + 1) + c*xfx(p + 1)) - d*fx(bxg - a*h)*(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, £, g, h, n, p}, x] && LtQ[m, -1] &% IntegersQl
2xm, 2%n, 2%p]

rule 169

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sartl(e_ ) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrt[a + b*x
1*Sqrt[c + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrt[a + b*x]*Sqrtlc
+ dxx]*Sqrt[e + f*x]), x], x] /; FreeQl[{a, b, ¢, d, e, f, g, h}, x] && Sim
plerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + f*x]

rule 176
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rule 1261 Int[((e_)*(x_)) " (m_)*((£f_.) + (g_.)*(x_))"(n_)*((b_.)*(x_) + (c_.)*x(x_)"2)
~(p_), x_Symbol] :> Simp[(e*x) m*((b*x + c*x~2)"p/(x"(m + p)*(b + c*x)7p))

Int[x~(m + p)*(f + gxx)“n*x(b + c*x)7p, x], x] /; FreeQ[{b, c, e, f, g, m,
n}, x] & !'IGtQ[n, O]

rule 2154 Int[(Px_)*((d_.) + (e_)*(x_))"(m_.)*((f_.) + (g_.)*(x_))"(n_.)*((a_.) + (b
_*(x ) + (e_)*(x_)"2)"(p_.), x_Symbol] :> Int[PolynomialQuotient[Px, d +

e*xx, x]*(d + exx)"(m + 1)*(f + gxx)“nx(a + b*x + c*x~2)"p, x] + Simp[Polyn
omialRemainder [Px, d + e*x, x] Int[(d + e*xx) mx(f + g*x) n*(a + b*x + c*x
~2)°p, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, p}, x] && PolynomialQ[Px, x
] && LtQ[m, O] && !IntegerQ[n] && IntegersQ[2*m, 2*n, 2xp]

Maple [A] (verified)

Time = 2.63 (sec) , antiderivative size = 441, normalized size of antiderivative = 1.27

method | result

24b Lt%)d s /24 Enipt;

C
2(bd a:2+adz+cba:+ac) (2Aad+2Abc—3aBc) “d7b

x(bx+a)(dw+c) _2A bdz3+ad122+bcz2+acz+

3 2.
3acz 3a2c2 \/z(bd z2+adz+cbz+ac) 3a\/bd:c +adz

elliptic

(b - (b .
2<2A\ / —d’”jc £/ édx_tz) —“”—Cd ElhptlcF(w/ d’”jc,, /—adb_cbc)aQCdzw—i-A\/ —da”jc v/ édm_tz) —z—cd ElhptlcF( d"'c"'c, _a,db—cl

default

input‘int((B*x+A)/x”2/(d*x+c)“(1/2)/(b*x”2+a*x)”(1/2),x,method=_RETURNVERBUSE) ‘




output

input

output
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(x* (bxx+a) * (d*x+c) )~ (1/2) / (x* (bxx+a) )~ (1/2) / (d*x+c) ~(1/2) *(-2/3*A/a/c/x" 2%
(bxd*x~3+a*xd*x~2+b*c*x~2+a*c*x) ~ (1/2) +2/3* (b*d*x~2+a*d*x+b*cxx+a*c)/a~2/c”
2% (2% A*xaxd+2xAxbxc—-3*Bxaxc) / (x* (b*d*x~2+a*d*x+bxcxx+a*xc)) ~(1/2)-2/3*A*b/ax*
((x+c/d) /cxd) =~ (1/2) *((x+a/b) / (-c/d+a/b) ) ~(1/2) *(-1/c*x*d) ~ (1/2) / (b*d*x"3+a
*d*x~2+bxc*x”2+a*xc*x) ~(1/2) *E1llipticF (((x+c/d)/c*d) ~(1/2),(-c/d/(-c/d+a/b)
)~ (1/2))-2/3*b* (2*Axa*xd+2xAxb*c-3*B*axc) /a~2/cx ((x+c/d) /cxd) " (1/2) *((x+a/b
)/ (-c/d+a/b))~(1/2)*(-1/c*x*d) ~(1/2) / (b*d*x~3+a*d*x~2+b*kc*x~2+a*c*x) " (1/2)
*((-c/d+a/b)*E1llipticE(((x+c/d)/c*d) ~(1/2),(-c/d/(-c/d+a/b))~(1/2))-a/b*El
lipticF(((x+c/d)/c*d)~(1/2),(-c/d/(-c/d+a/b))~(1/2))))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 425, normalized size of antiderivative = 1.23

/ A+ Bx
dz
x2v/c + dxvax + bx?
2 ((2 Aa*d? — (3 Bab — 2 Ab?)c® — (3 Ba? — Aab)cd)v/bdz?weierstrassPInverse (4 (° ~abodta’d?) _ 4(2¢

35242 bl

integrate ((B*x+A) /x"~2/ (d*x+c) ~(1/2)/ (b*x~2+a*x)~(1/2) ,x, algorithm="fricas

n)

2/9% ((2%A*a~2%d~2 - (3*Bxaxb - 2%xA*xb~2)*c”2 - (3*B*a~2 - A*axb)*c*d)*sqrt(
b*d) *x~2*weierstrassPInverse(4/3*x(b~2%c”~2 - axb*c*d + a~2*%d"2)/(b~2*xd"2),
-4/27*%(2*¥b"3%c™3 — 3*axb"2*c”2*d - 3*a”2*bxc*kd"2 + 2*a~3*d"3)/(b"3*%d"3), 1
/3% (3*%b*d*x + bxc + axd)/(b*xd)) + 3*x(2*A*xaxb*d~2 - (3*Bxa*b - 2*A*b~2)*c*d
)*sqrt (bxd) *x~2*weierstrassZeta(4/3*(b~2*c™2 - axbkxc*d + a~2xd"~2)/(b~2*d"2
), —4/27%(2%b"3%c~3 - 3*axb~2%c~2xd - 3%a~2%bxckd"2 + 2%a~3%d"3)/(b~3%d"3)
, weierstrassPInverse(4/3*(b~2%c~2 - axb*c*d + a~2%d~2)/(b~2xd~2), -4/27*(
2%b~3%c"3 - 3*axb~2%c~2kd - 3%a~2%bxckd"2 + 2%a~3*d"3)/(b"3*%d~3), 1/3%(3%b
*d*x + bxc + a*xd)/(bxd))) - 3%(Axaxbkcxd - (2xA*a*b*d~2 - (3*Bkaxb - 2xA*b
~2) *c*d) *x) *sqrt (b*x"2 + a*x)*sqrt(d*x + c))/(a”2%bxc”~2xd*x"2)
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Sympy [F]

A+ Bz A+ Bx
/ dx=/ dx
x2v/c + dxvax + bx? z2\/z (a + br)Vc+ dz

input Liﬂtegrate ((B¥x+A) /x**2/ (d*x+c) %% (1/2) / (bxx**2+a*x) **(1/2) ,x)

output LIntegral( (A + B*x)/(x**2*sqrt (x*(a + b*x))*sqrt(c + d*x)), x)

Maxima [F]

A+ Bz Bxr+ A
dz = dz
x2v/c + dxvax + bx? Vbz? + az/dzx + cz?

input‘integrate((B*x+A)/x‘2/(d*x+c)“(1/2)/(b*x*2+a*x)*(1/2)’X’ algorithm="maxima

ou_tputtintegrate((B*x + A)/(sqrt(b*x~2 + axx)*sqrt(d*x + c)*x~2), x)

Giac [F]

A+ Bz Bx+ A
dzr = dz
x2v/c + dxvax + ba? Vbz? + az/dz + cz?

input Lintegrate ((B*x+A) /x~2/ (d*x+c) ~(1/2) / (b*x~2+a*x) ~(1/2) ,x, algorithm="giac")

OutputLintegrate((B*x + A)/(sqrt(b*x~2 + a*x)*sqrt(d*x + c)*x"2), x)
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Mupad [F(-1)]

Timed out.

A+ Bz A+ Bzx
dr = dz
x22v/c + dxvax + bx? 22Vbr2+azxve+dzx

input Lint((A + Bxx)/(x"2%(a*xx + b*x~2)~(1/2)*(c + d*x)~(1/2)),x)

output{int((A + Bxx)/(x"2x(a*x + b*x"2)7(1/2)*(c + d*x)~(1/2)), x)

Reduce [F]

/ A+ Bx
dz
x2v/c + dxvax + bx?

VZ Vdz+c/br+a

vz V/dz+c\/br+a dz

2
_ —2\/diL' tc \/b.’E +ab+ \/5 < bd z®+ad z*+bczt+ac 3 diL’) a‘c+ \/5 ( bd z2+adx+becz+ac

) b2d

Vzac

inputLint((B*x+A)/x"2/(d*x+c)"(1/2)/(b*x"2+a*x)"(1/2),x)

output‘(

- 2#sqrt(c + d#x)*sqrt(a + b*x)*b + sqrt(x)*int((sqrt(x)*sqrt(c + d*x)*s

‘qrt(a + b*x))/(akcxx**3 + akxd*kx**4 + bxckx**4 + bxd*x**5) ,x)*a**2*kc + sqrt
‘(x)*int((sqrt(x)*sqrt(c + d*x)*sqrt(a + b*x))/(axc + a*xd*x + bxc*x + bxd*x

‘**2),x)*b**2*d)/(sqrt(x)*a*c)




output
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A+Bzx

3.20 12/ c+dzVaz—bz? dx

Optimal result . . . . . . . . .. . . . 1901
Mathematica [C] (verified) . . . . . . . . . ... 1971
Rubi [A] (verified) . . . . . . ... . 191]
Maple [A] (verified) . . . . . . . . . .. 198
Fricas [A] (verification not implemented) . . . . . .. .. ... .. ... .. ... 199
Sympy [F] . . o o 199
Maxima [F] . . . . . . o 200
Giac [F] . . . o o o 200
Mupad [F(-1)] . . . . o e 2001
Reduce [F] . . . . .. 201]

Optimal result

Integrand size = 32, antiderivative size = 318

/ A+ Bzx
dx
x2v/c + dzvax — bx?

. 24V c + dzazx — bz? _ 2(2Abc + 3aBc — 2aAd)vc + dzv/ax — bx?

3acz?

2vb(24bc + 3aBc — 20Ad)/z\ /1 — /e F dzE <arcsin (

3a3/2¢2, /1 + d;””\/ax — b2

+

2v/b(2Abc + 3aBc — aAd)\/E\/ 1-— %‘”\/ 1 + % EllipticF (arcsin (

_ad
be

3a3/2¢c\/c + dz/ax — bx?

=-2/3*A*x (d*x+c) " (1/2) * (~b*x"2+a*x) ~(1/2) /a/c/x"2-2/3% (—2*Axa*d+2*xAxb*c+3*B*
a*xc)* (d*x+c) ~(1/2) *(b*x~2+ax*x) ~(1/2) /a~2/c"2/x-2/3*b" (1/2) * (2% A*a*d+2*A*
bkc+3*Bkaxc)*x~ (1/2) *(1-bxx/a)~(1/2) *(d*x+c) = (1/2) *E1lipticE(b~(1/2)*x~ (1/
2)/a~(1/2), (-axd/b/c)~(1/2))/a~(3/2) /c~2/ (1+d*x/c) " (1/2) / (-b*xx"2+a*x) ~(1/2
)+2/3*b~ (1/2) * (—A*xa*d+2xAxb*c+3*Bxa*c) *x~ (1/2) * (1-b*x/a) ~ (1/2) * (1+d*x/c) ~(
1/2)*E1llipticF (b~ (1/2)*x~(1/2)/a~(1/2),(-a*d/b/c)~(1/2))/a~(3/2) /c/ (d*x+c)

~(1/2)/ (-b*x~2+a*x) ~(1/2)




input

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 19.49 (sec) , antiderivative size = 243, normalized size of antiderivative = 0.76

/ A+ Bx
dx
x2v/c + dxvax — ba?

—2A,/—%c(a — bz)(c + dz) + 2id(24bc + 3aBc — 2aAd) /1 — £, /1+ £a°?E (iarcsinh ( @) |—2

3a\/—%c*z\/x(a — bx)

‘ Integrate[(A + B*x)/(x"2xSqrt[c + d*x]*Sqrtl[a*x - b*x~2]),x] ‘

(-2xAxSqrt [-(a/b)I*c*(a - b*x)*(c + dkx) + (2*I)*d*(2*Axbxc + 3*kaxBxc - 2%
axAxd)*Sqrt[1 - a/(b*x)]*Sqrt[1 + c/(d*x)]*x~(5/2)*EllipticE[I*ArcSinh[Sqr
t[-(a/b)1/Sqrt[x]], -((bxc)/(a*d))] - (2*I)*d*(A*b*c + 3*a*Bxc - 2*axA*d)*
Sqrt[1l - a/(b*x)]1*Sqrt[1 + c/(d*x)]*x~(5/2)*E1l1lipticF[I*ArcSinh[Sqrt[-(a/b
)1/Sqrt[x]1], -((b*c)/(a*d))])/(3*xa*Sqrt[-(a/b)I*c 2xx*Sqrt[x*(a - b*x)]*Sq
rtlc + d*x1)

Rubi [A] (verified)

Time = 1.42 (sec) , antiderivative size = 491, normalized size of antiderivative = 1.54,

number of steps used = 14, number of rules used = 14, number of rules _ 0.438, Rules
integrand size

used = {2154, 27, 1261, 115, 27, 124, 123, 169, 27, 176, 122, 120, 127, 126}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A+ Bz .
x2Vazx — bx2\/c+ dz
l 2154

A/ 1 d:IZ—i-/ B dzr
x2v/c + dzvax — bx? zve + dxvax — bx?

l27
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1

1
A/ dx+B/ dzr
x2v/c + dzvax — bz? zvc+ dxvazx — bx?

l 1261

A\/E\/a— be md

B\/E\/a— be md

vazr — bx?

l 115

vazr — bx?

14Vﬂ5v4717&£<__ j”'£;5%25f%§%?%i 2“€;£§¥g+dx>
Vaz — ba? *
J s —do =
13V45VQTITEE<.. B/ala/ei T __2V5L£:%?+dm>
Vaz — ba?
l 27
A/ /—<f % 2@@)
Vava — bz 3ac 3acad/?
Vaz —ba? *
bd [ ——YLE_dx —
13~/5x/673725<_. Vabe [t _,2V5‘£:%?+dz)
Vaz — ba?
l 124
A/ /—<f % 2@@)
Vava — bz 3ac 3acad/?
m *
bd»/x/bgzziz>1‘\/_bmx/ e
B\/Em — bc+ad bc+ad _ Q@W
b fordz
Vaz — ba?
l 123
4 f—————-<llﬁ7327flﬁgimdw 2¢a-bxv6+dm)
Vava —br 3ac - 3acz3/?
Jaz — b2 *
e

acy/ %””\/c—i-dac

)

vax — bx?
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| 169
2f— bd(ac—2(bc— ad):v)
2ﬁ\/a b:z:\/c dz _ 4va—bzv/ct+dz(bc—ad)
B NG 2v/a—bz+/c+dx
Ay/zv/a — bz T es — 2

+
vazx — bx?

b(c+dx) Vdva=bz )| b
2v/d/zv/ad+bcy/ a(c:i-&-bi E(arcsm( bcj—a x) a—;—i—l) oa—ba/erds
By/zv/a — bx . Ty
ac\/%””\/c—i-dac acy

vax — bx?

l27

ac—2(bc—ad)x

bd [
ﬁmm 4mm(bcfad)
P ac acy/x _ 2Va—bxvctdx
A\/5 a— bz 3ac 3acx3/?

+
vazr — bx?

B\/Em 2Vdve ad+ch bi;t‘i?E(arcmn(‘c#z) b§+1> _ 2va—bxvctdx

%’”\/c—}-dz acy/z
Vaz — bx?
| 176
_ _Va—bz _ 1
bd(2(bc ad) [ ?)/Ef/ﬂ_%dxia(bc 2ad) [ ﬁg/mmdx)
4v/a—bz+/c+dz(bc—ad)
[ ac - ac\/x _ 2va—bzvct+dzx
A\/E a—bx 3ac 3acx3/2?

Vazx — bz?
Byava | 2T il B(aresin (R )  avateyerds
b fotde acya

var — bx?
l 122
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/ bz
1_7
2\/a—bm\/%(bc—ad)f Jid%dz

241
bd <t

a(bc—2ad) [

- 1
Vza—bzvct+dx de
b

b\/l Vetdz

_ 4va—bz+/ct+dx(bc—ad)

2v/a—b. d
AVIVa =Tz C— i _ Welle /i
vazr — bx?
b(c+dx Vdv/a—bzx be
B\/E\/m 2v/d\/z+/ad+be \/EE@rcsm( «/g) d+1> _ 2v/a—bzvct+dz
b fotd acyz
vazr — bx?
l 120

4v/=cva—bz\/ % 41(be—ad)E (arcsin ( ﬁﬁ) -2
bd
bvd\/1- 82 o dz

. 1
) ate20d) [ e
b

) _ 4va—bazv/ctdz(bc—ad)

ac\/z _ 2v/a—t

A\/E\/ a—bx = 3ac

3ac

\/ ax — bx?

5 — N =rNrr
\/5\/0, xr ac\/g\/m acy/T
vax — bx?
l 127

I evaTts @+1(bc—ad)E(ar°Si“<%> )

\/17@1/ dz 4 1(be—2ad) f

bd
b\f\/l—— Tds bva— bzm
_ 4va—bz+/c+dz(bc
ac\/z

A\/E\/ a—bx = 3ac

Vaz — bz?
_ 2va—bxvctdx

gfﬁmmE@rcsm(@) %—f-l)

Byzva—b
vava—be b /ot

acy/z

var — bx?
l 126
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(4\/—12\/&—1)1 d%+1(bc—ad)E (arcsin ( %E) |— %) 20372, /1_ %” dTw +1(bc—2ad) EllipticF (arcsin (

bd
bVdy/1- 82 Vo dm v3/2 Va=ba /ot dz
ac -
Ay/zv/a — bz -
Vaz — bz?
b(ct+dz) in( Vdv/a=bz \|b
By/zVa—bz 2Vdy/ovaditey (e B (arosin (R ) 18541)  oyarteyerds
acy/ %2 Vet da acy/s

var — bx?

tnput ‘ Int[(A + B*x)/(x"2%Sqrt[c + d*x]*Sqrtl[a*x - b*x~2]),x] ‘

(B*Sqrt [x]*Sqrt[a - bxx]*((-2xSqrt[a - b*x]*Sqrtl[c + d*x])/(a*cxSqrt[x]) +
(2xSqrt [d]*Sqrt [b*c + a*d]*Sqrt[x]*Sqrt[(b*(c + d*x))/(b*c + a*d)]*Ellipt
icE[ArcSin[(Sqrt[d]*Sqrt[a - b*x])/Sqrtl[b*c + axd]l], 1 + (bxc)/(a*d)])/(a*
cxSqrt [(b*x) /al*Sqrt [c + d*x])))/Sqrt[a*x - b*x~2] + (A*Sqrt[x]*Sqrtl[a - b
*x]*((-2xSqrt[a - bxx]*Sqrtlc + d*x])/(3*a*cxx~(3/2)) + ((-4*x(bxc - a*d)*S
grtla - bxx]*Sqrtlc + d*x])/(axcxSqrt[x]) + (b*d*((4*Sqrt[-cl*(b*c - a*d)=*
Sqrt[a - b*x]*Sqrt[1 + (d*x)/c]*EllipticE[ArcSin[(Sqrt[d]*Sqrt[x])/Sqrt[-c
11, -((b*c)/(a*d))])/(bxSqrt [d]*Sqrt[1 - (b*x)/al*Sqrtl[c + d*x]) - (2*a~(3
/2)*(bxc - 2*axd)*Sqrt[1 - (b*x)/al*Sqrt[1 + (d*x)/c]l*EllipticF[ArcSin[(Sq
rt [b]l *Sqrt [x]) /Sqrt[al]l, -((a*d)/(bxc))])/(b~(3/2)*Sqrt[a - bxx]*Sqrtl[c +
d*x])))/(a*c))/(3*axc)))/Sqrt[a*x - b*x~2]

output

Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma ‘
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1
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Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)7(p_), x_] :> Simp[b*(a + b*x)"(m + 1)*(c + d*x)"(n + D*((e + £xx)"(p + 1
)/ ((m + 1)x(bxc - a*d)*(bxe - axf))), x] + Simp[1/((m + 1)*(b*xc - axd)*(b*e
- axf)) Int[(a + b*x)"(m + 1)*(c + d*x) "n*(e + f*x) p*Simp[a*xd*f*(m + 1)
- b*(d*ex(m + n + 2) + cxf*x(m + p + 2)) - bkdxf*(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] & LtQ[m, -1] && IntegersQ[2*m, 2
*n, 2%p]

rule 115

rule 120 IntISartl(e ) + (£_.)*(x)1/(Sqrt[(b_)*(x)1*Sqrt[(c)) + (d_.)*(x)1), x_]

:> Simp[2*(Sqrt[e]l/b)*Rt[-b/d, 2]*EllipticE[ArcSin[Sqrt [b*x]/(Sqrt[c]*Rt[-
b/d, 2101, cx(£/(d*e))], x] /; FreeQ[{b, c, d, e, £}, x] && GtQlc, 0] && Gt
Qle, 0] && 'LtQ[-b/d, 0]

rule 122 Int[Sqrtl(e_) + (£f_.)*(x_)1/(Sqrtl(b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)1), x_]

:> Simp[Sqrt[e + f*x]*(Sqrt[1 + d*(x/c)]/(Sqrtlc + d*x]*Sqrt[1 + fx(x/e)])
)  Int[Sqrtl[1l + fx(x/e)]/(Sqrt[b*x]*Sqrt[1 + d*(x/c)]), x], x] /; FreeQ[{b
, ¢, d, e, £}, x] && '(GtQlc, 0] && GtQ[e, 0])

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt[-(b*c - a*d)/d, 211, f*x((b*c - axd)/(d*(bxe - a*f)))], x] /; FreeQl{a,
b, c, d, e, £}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(b*xe - axf), 0] & !L
tQ[-(bxc - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - a*xd
), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - a*d)/b, 0])

rule 123

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(bxc - axd))]/(Sqrtl[c + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))]))  Int[Sqrt[bx(e/(b*e - a*f)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + bxx]*Sqrt[bx(c/(bxc - a*d)) + bxd*(x/(b*c - a*d))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0] && Gt
Q[b/(bxe - a*xf), 0]) && !LtQ[-(bxc - a*xd)/d, 0]

rule 124
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Int[1/(Sqrt[(b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_)I*Sqrtl(e_ ) + (£_.)*(x_)]1), x
_1 :> Simp[(2/(b*Sqrt[e]l))*Rt[-b/d, 2]*EllipticF[ArcSin[Sqrt [b*x]/(Sqrt[c]*
Rt[-b/d, 21)], c*(£/(d*e))], x] /; FreeQ[{b, c, d, e, £}, x] && GtQ[c, 0] &
& GtQle, 0] & (PosQ[-b/d]l || NegQ[-b/f]1)

rule 126

rule 127 T0t[1/(Sqrt[(b_.)*(x )1*Sqrtl(c ) + (d_.)*(x_)I*Sqrtl(e ) + (£_.)*x(x1)1), x
_] :> Simp[Sqrt[1 + d*(x/c)]1*(Sqrt[1 + f*x(x/e)]/(Sqrtlc + d*x]*Sqrtle + f*x
1))  Int[1/(Sqrt[bxx]*Sqrt[1 + d*(x/c)]1*Sqrt[1 + f*(x/e)]1), x], x] /; Free
Ql{b, c, d, e, £}, x] && '(GtQ[c, 0] && GtQ[e, 0])

rule 169 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)= (p)*((g_.) + (h_.)*(x_)), x_] :> Simp[(bxg - a*h)*(a + b*x)"(m + 1)*(c +
d*x)"(n + D*((e + £xx)"(p + 1)/((m + 1)*(b*c - axd)*(b*e - axf))), x] + S
imp[1/((m + 1)*(b*c - a*d)*(bxe - a*f)) Int[(a + b*x)"(m + 1)*(c + d*x)"n
*(e + f*x) pxSimp[(axd*f*g - bx(d*e + c*xf)*g + b*ckexh)*(m + 1) - (b*g - ax*

h)*x(d*ex(n + 1) + c*f*x(p + 1)) - dxfx(bxg - a*h)*(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && IntegersQ[
2%m, 2*n, 2%p]

rule 176 1RELCE_) + (_)*(x))/(Sartl(a_.) + (b_)*(x)1#Sqrel(c)) + (@_)*(x )]+
Sqrtl(e ) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
I*Sqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtl(c

+ d*x]*Sqrtle + f*x]1), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

rule 1261 TotLCCe_)*(x )~ m )*((£_.) + (g_.)*(x_))"(n )*((b_.)*(x_) + (c_.)*(x)72)
~(p_), x_Symbol] :> Simp[(e*x) m*((b*x + c*x~2)"p/(x"(m + p)*(b + c*x)“p))

Int[x"(m + p)*(f + g*x)"n*(b + c*x)“p, x], x] /; FreeQ[{b, c, e, £, g, m,
n}, x] & 'IGtQ[n, O]
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rule 2154 Int[(Px_)*((d_.) + (e_.)*(x_))"(m_.)*((£f_.) + (g_.)*(x_))"(n_.)*((a_.) + (b
_dx(x ) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[PolynomialQuotient[Px, d +
exx, x]*(d + exx)"(m + 1)*(f + gxx) nx(a + b*x + c*x~2)"p, x] + Simp[Polyn
omialRemainder[Px, d + e*x, x] Int[(d + exx) m*x(f + g*x)“n*(a + b*x + c*x
~2)°p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, p}, x] & PolynomialQ[Px, x
] && LtQ[m, 0] & !'IntegerQ[n] && IntegersQ[2*m, 2%n, 2*p]

Maple [A] (verified)

Time = 2.82 (sec) , antiderivative size = 460, normalized size of antiderivative = 1.45

method | result

c
2Ab (z+d)d :Ec_ Ea _zd
2 c —_c_a c
— 3 2_ 2 2(—bdz“+adr—cbz+ac)(2Aad—2Abc—3aBc) d b
o(dz+c)(—ba+a) | —2Av=bde-teds, —besttace | ( ) TS
30,202\/z(—bdx2+adz—cbz+ac) aV —bd z°4

elliptic

—b d o —b d s
2 (2A\/ —d“”j'c \/ (cbata)d a;rb? —z—cd ElhptlcF(w/ dzj'c "/ adz(-:bc) a?c d2x—A\/ —dzj'c . (cbata)d a;rb? —I—Cd ElhptlcF(w/ —dzj'c, adlz;-:b

default

-

input Lint ((B*x+A) /x~2/ (d*x+c) ~(1/2) / (-b*x~2+a*x) " (1/2) ,x ,method=_RETURNVERBOSE)

-

1/ (d*x+c) ~(1/2) / ((-bxx+a) *x) ~ (1/2) * (x* (d*x+c) * (-b*x+a) ) " (1/2) *(-2/3*A/a/c*
(-bxd*x~3+axd*x~2-bkcxx"2+a*xcxx) " (1/2) /x"2+2/3% (-bxd*x~2+a*d*x-b*c*x+axc) /
a~2/c”2% (2¢A*axd-2*A*xbkc—-3*B*axc) / (x* (-bxd*x~2+a*d*x-b*c*x+axc) )~ (1/2)+2/3
*xAxb/ax ((x+c/d)/c*d) ~(1/2)*((x-a/b)/(-c/d-a/b))~(1/2)*(-1/c*x*d) ~(1/2)/(-b
*d*x"3+axd*x"2-bxcxx"2+axcxx) " (1/2) *E1llipticF (((x+c/d) /c*d) ~(1/2), (-c/d/ (-
c/d-a/b)) " (1/2))+2/3*b* (2*¢A*a*d-2*xAxbxc—-3*B*a*xc) /a~2/c* ((x+c/d) /cxd) ~(1/2)
*((x-a/b)/(-c/d-a/b)) " (1/2)*(-1/c*x*d) ~(1/2) / (-b*d*x~3+a*d*x~2-b*c*x~2+a*c
*x) ~(1/2)*((-c/d-a/b) *E1lipticE(((x+c/d) /c*d)~(1/2),(-c/d/(-c/d-a/b)) ~(1/2
))+a/b*E1lipticF (((x+c/d) /c*d) ~(1/2),(-c/d/(-c/d-a/b))~(1/2))))

output




input

output

input

output
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Fricas [A] (verification not implemented)
Time = 0.10 (sec) , antiderivative size = 425, normalized size of antiderivative = 1.34

/ A+ Bx
dz =
x2y/c + dxvax — bx?
4 (172(:2 +abcd+a2d2)

2 ((2 Aa?d? + (3 Bab + 2 Ab?)c? — (3 Ba? + Aab)cd)/ —bdz2weierstrassPInverse( SR

integrate ((B*x+A)/x"2/(d*x+c)~(1/2)/(-bxx"2+a*x)~(1/2) ,x, algorithm="frica
SII)

-2/9%((2*A*a~2*d"2 + (3*Bkxa*b + 2*%A*b~2)*c”2 - (3*%B*a~2 + Axaxb)*c*d)*sqrt
(-b*d) *x"2*weierstrassPInverse (4/3*x(b~2*c”~2 + a*b*c*d + a~2*xd~2)/(b~2*d"2)
, —4/27*(2%b"3%c"3 + 3*a*xb~2*xc~2xd — 3*a”~2*b*c*d"2 - 2*a~3*d~3)/(b~3*d"3),
1/3%(3*b*d*x + b*c - a*xd)/(b*d)) - 3*(2*A*xa*xb*d”2 - (3*Bxaxb + 2xAxb~2)*c
*d) *sqrt (-b*d) *x"2*weierstrassZeta(4/3*(b~2%c”2 + a*b*cxd + a~2%d~2)/(b~2*
d~2), -4/27x(2%b"3%c”3 + 3%a¥xb~2kc"2*d - 3*a~2%bxcxd"2 - 2%a~3*d~3)/(b~3%d
~3), weierstrassPInverse(4/3*(b~2*%c~2 + axbkckd + a~2%d"2)/(b"2*xd~2), -4/2
7x(2%xb~3%c™3 + 3%axb~2%c~2xd - 3*a~2xbxc*xd"2 - 2%xa~3*d"3)/(b~3*%d"3), 1/3*(
3*b*d*x + bxc - axd)/(b*d))) + 3*(A*axbxcxd - (2xA*axb*d"2 - (3*B*a*xb + 2%
Axb~2) *xc*d) *x) *sqrt (-b*x"2 + a*x)*sqrt(d*x + c))/(a"2xb*c~2*d*x"2)

Sympy [F]

A+ Bx A+ Bzx
L/“ dx:::][ dx
12v/c + dzv/ax — bx? z2\/—z (—a + bx)Vc + dz

Lintegrate((B*x+A)/x**2/(d*x+c)**(1/2)/(—b*X**2+a*X)**(1/2),X) J

LIntegral((A + B*x)/(x**2*sqrt (-x*(-a + b*x))*sqrt(c + d*x)), x) J
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Maxima [F|

A+ Bz Bx+ A
dxr = dx
x2v/c + dzvax — bz? V—=bz2 + azv/dx + cx?

‘ integrate ((B*x+A) /x~2/(d*x+c)~(1/2)/(-b*x"2+a*x) " (1/2) ,x, algorithm="maxim

input ‘ P

output Lintegrate((B*x + A)/(sqrt (-b*x~2 + a*x)*sqrt(d*x + c)*x~2), x)

Giac [F]

A+ Bz Bx+ A
dz = dzx
x22v/c + dxv/ax — bx? V—=bx? + az+/dx + cx?

input ‘ integrate ((Bxx+A)/x~2/(d*x+c)~(1/2)/(-b*x~2+a*x)~(1/2) ,x, algorithm="giac"

output tintegrate ((B*x + A)/(sqrt(-b*x~2 + a*x)*sqrt(d*x + c)*x"2), x)

Mupad [F(-1)]

Timed out.

A+ Bz A+ Bz
dr = dx
x22v/c + dxv/ax — bx? 22vVazr —bz2\c+dx

inputtint((A + Bxx)/(x"2%(a*x - b*x"2)"(1/2)*(c + d*x)~(1/2)),x)

output{int((A + B¥x)/(x"2%(a*x - b*x72)7(1/2)*(c + d*x)~(1/2)), x)
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Reduce [F]

/ A+ Bx
dx
x2v/c + dxvax — bx?

—2\/dl‘ tc \/—b.’lf t+a b + \/5 ( —bdg+;1;;c—bc_£f—tscw3 d.’l}) GZC - \/5 (f —\{fimg—t:;z—;cbf:;cdw) b2d

Vzac

inputLint((B*X+A)/XA2/(d*x+c)‘(1/2)/(—b*x‘2+a*x)*(1/2),X) J

output‘ ( - 2xsqrt(c + d*x)*sqrt(a - b*x)*b + sqrt(x)*int((sqrt(x)*sqrt(c + d*x)*s ‘
‘grt(a - b*x))/(axckx**3 + axdrxx*4d - bxckxkxd - brdxx**5),X)*ak*2%c - sqrt
‘ (x)*int ((sqrt(x)*sqrt(c + d*x)*sqrt(a - b*x))/(a*c + a*d*x - b¥c*x - bxd*x ‘

‘**2),x)*b**2*d)/(sqrt(x)*a*c)




output
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A+Bzx
3.21 f z2+v/c—dzV az+bz? dz

Optimal result . . . . . . . . . . . . . . e 202
Mathematica [C] (verified) . . . . . . . . . ... . 203
Rubi [A] (verified) . . . . . . . . . . 2031
Maple [B] (verified) . . . . . . . . . ... 210
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 217]
Sympy [F] . . . 212
Maxima [F] . . . . . . . 212
Giac [F] . . . . o o e
Mupad [F(-1)] . . . o o 213
Reduce [F] . . . . o o e 213

Optimal result

Integrand size = 32, antiderivative size = 317

/ A+ Bz
dx

x2v/c — dzv/az + bx?

B _2A\/c — dzxvax + bx? N 2(2Abc — 3aBc — 2aAd)v/c — dzv/ax + bx?

- 3acx? 3a2c’x

2v/d(2Abc — 3aBc — 2aAd) /1 — & \/az + bx2E(arcsin <‘/ET‘C/5> |—ab—§)
3a2c32\/z\ /1 4+ B+/c — dx

2vd(Abe - 30Be — 20Ad)y/z 1+ 2, /1 — & BllipticF (arcsin (Y2£), ~2¢ )

3ac3/?2y/c — dz/ax + bx?

_|_

-2/3%A* (—d*x+c) " (1/2) * (b*x~2+a*x) ~(1/2) /a/c/x"2+2/3* (-2*A*xa*xd+2*A*xb*c—-3*B*
axc)*(—d*x+c) " (1/2) * (b*x"2+a*x) ~(1/2) /a~2/c~2/x+2/3*d" (1/2) * (-2*A*a*xd+2*A*
bxc-3*Bkaxc)* (1-d*x/c) ~(1/2) * (bxx~2+a*x) ~(1/2) *E1lipticE(d~ (1/2)*x~(1/2)/c
~(1/2),(-bxc/a/d)~(1/2))/a~2/c~(3/2) /x~(1/2) / (1+b*x/a) " (1/2) / (-d*x+c) " (1/2
)=2/3%d" (1/2) * (=2*Axa*xd+Axbkc-3*Bka*c) *x~ (1/2) * (1+b*x/a) ~(1/2) * (1-d*x/c) ~(
1/2)*E1lipticF(d~(1/2)*x~(1/2)/c~(1/2),(-bxc/a/d)~(1/2))/a/c~(3/2) / (-d*x+c
)~ (1/2) / (bxx~2+a*x) ~(1/2)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 19.62 (sec) , antiderivative size = 242, normalized size of antiderivative = 0.76
/ A+ Bx
dr =
x2v/c — dzv/ax + ba?
2 (aAc(a + bz)(c — dz) + i\/%bd(—2Abc + 3aBc + 2aAd) /1 + £ /1 — £2°°E (iarcsinh < \\/ﬁ:;> |-

3a2c?z+\/x(a +

inputtlntegrate[(l\ + B*x)/(x"2%Sqrt[c - d*x]*Sqrtla*x + b¥x"2]),x] J

e N

(-2x(a*Axc*x(a + b*x)*(c - d*x) + I*Sqrt[a/b]*b*d*(-2xAxb*c + 3xa*B*c + 2xa

*A*d) *Sqrt[1 + a/(b*x)]*Sqrt[1l - c/(d*x)]1*x~(5/2)*EllipticE[I*ArcSinh[Sqrt

[a/b]/Sqrt[x]1], -((b*c)/(axd))] - IxSqrt[a/b]*b*d*(-(A*b*c) + 3%axBkc + 2%

axAxd)*Sqrt[1 + a/(b*x)]*Sqrt[1 - c/(d*x)]*x~(5/2)*EllipticF [I*ArcSinh[Sqr

tla/bl/Sqrt[x1], -((b*c)/(a*xd))]))/(3*a~2xc 2xx*Sqrt [x*(a + b*x)]*Sqrtlc -
d*x])

output

Rubi [A] (verified)

Time = 1.40 (sec) , antiderivative size = 491, normalized size of antiderivative = 1.55,

number of steps used = 14, number of rules used = 14, Bumber of rules _ 0.438, Rules
integrand size

used = {2154, 27, 1261, 115, 27, 124, 123, 169, 27, 176, 122, 120, 127, 126}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A+ Bz
dx
x2vax + bz2\/c — dx

l 2154

A/ 1 da:—i—/ B dx
x2v/c — dzvV/bx? + az zve — dxvVbx? + ax

l27
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A/ x2\/c — dmlx/bac2 + aacdglc + B/ xve — davi/bar:2 + axdx
l 1261
AVEVatte | anmarea® | BVt e | ez seat®
Vaz + ba? Vaz + br?
l 115
AﬁM(—HM% 2@@)
3ac 3ac;1:3/2
Pl "
Vaz + ba?
l 27
Afﬁ(—f% 2@@)
zva + bz Sac T
Vaz t ba? "
Vaz + ba?
l’124
Afh(—f?% 2@@)
zva + bz Sac T
n

vazr + bm

dx

/b(c—dzx) _*
bdf ad+be f

bdx

m\/bc-kad betad 2/atbzve—dx
B./zv/a + bx — 2Vatbzye—dr
\/_ + ac ——\/c dzx acy/z
vax + bx?
l 123
f 32(21)0 ad)—bdzx dz
A \/5 \/a—l-—ba: _ / \/ﬁm 2\/11;:;2\3//02—111;
+

Vaz + bz?
2v/d\/z\/ad+bc,/ bifi:_iﬁ) E (arcsin (

Ya/aThs )| be 1)

By/zva+ bz <— ﬁ =

Vbctad _ 2Vatbzvc—dx
ac\/T

Vax + bx?
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| 169
2f bd(ac+2(bc— ad)w)
2\/5\/a+bzx/c dz _ 4Va+bzvc—dz(bc—ad)
NS 2v/a+bx+/c—dx
Ay/Tv/a+ bx T ae — S

_.|_
Vax + bx?

b(c—dzx) Vd+/a+b b
ByavaTte| - 2 AEathey il Blaresin(CRELE) i) ayatteyeds
rva + bx e - ac\/z
ac\/—>Fvc—dx

Vax + bx?

l27

act+2(bc—ad)z

bd [
\/a?\/a-i—bz\/c da: _ 4Va+bz/c—dz(bc—ad)
acy/x _ 2Vatbzvec—dx
Ay/zv/a+ bx e e

+
vaz + bx?

b(c—dz Vdvatbz | b
Ja b Y dvavadite §d+bc)E(arcsm( et )1 t)  avatheyeds
By/zva+ bz . — oy
c—axr

vazx + bx?

| 176
1 Ve—d
bd(c(ch—ad) s W:ﬁc 2(bc—ad) [ \/Eﬁ )
4v/a+bx+/c—dx(bc—ad)
- ac - ac\/z 2\/@\/ c—dx
A\/E Va+bzr| — 3ac - 3acx3/2

vax + bx?

b(c—d Vd\/atb b
2V/dy/z/adFbe §§+J£)E(arcsm( VL) 55 4Y) o arhaveds
B\/a_c\/a—i-bw 2 - ac\/z
c—axr

Vax + bx?
l 122
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bd

c(2bc—ad) [ 2,/82 41ve=dm(be—ad) |

VT

b
T
+1

1
Vzv/a+bx/c—dzx dz _
d dv/a+bx \/1— de

_ 4Va+bzvc—dz(bc—ad)

ac

acVz _ 2vatbzvc—dx

Av/zv/a+ bz

3ac

3acx3/2

By/zva+ bz (—

vaz + bx?

b(c—dx) ;o ((Vdv/atbz \| be
2v/dy/s/adtbey/ (e B (arcsin (YA ) 185+1) 2\/a+bx\/c—dx>

acy/— o dz acv/e
Vaz + br?
l 120
, (VB
bd(c(%c_“d” Jevarteve=m e W E Ve B oo (arcsin (YA ) 141 )
d dz
~ Vbdathey/1- 4 _ 4Vatbzve—da(be—ad)
Ayzva+bx| — = 3ac o -
Vaz + bx?
b(c—dx) in ( Ydv/atbz || b
Byava o[ - YAty gl paein CRER) 0 o yarieyois
aey/— = Jo—dz acva
a
Vaz + bx?
l 127
b d 1
/22 +1,/1- 9 (2pc—ad) | Wdaﬁ 4\/_—a\/%m(bc_adw<arcsin(%)I—%)
bd dvatbave—dx - Vbdv/atba,/1- 4
4vaThay/e—a
= S—TY

Ayzva+bz| ——

By/zva + bz (—

vaz + bx?

acy/— %w Ve—dz

ac\/z

b(c—dz) . ( Vdvatbz | b
2v/dy/s/adtbey/ (e B (arosin (YT ) 185+1) 2w/a+bx\/c—dx>

vazx + bx?
l 126
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S
S

2c3/2,\/bz 41 1—%(2bc—ad)EllipticF(arcsin(f%E),—%> 4\/3,/’{%+1M(bc—ad)1§(arc5in(H
bd _
4312 /aFbav/o—dw VbdvaFbz,/1- 92
Ay/zva+bx | — ac -
Vaz + br?
b(c—dx) i [ VdvaFbz || be
B\/E ,—a+ " _Zﬂﬁ\/ad+bc‘/ dFbo E(arcsm( e ) ad+1> _ 2/atbeo—dz
acy/—%\/c—dx acy/z
Vaz + br?

tnput ‘ Int[(A + Bxx)/(x"2xSqrt[c - d*x]*Sqrt[a*x + b*x~2]),x] ‘

(B*Sqrt [x]*Sqrt[a + bxx]*((-2xSqrt[a + b*x]*Sqrtl[c - d*x])/(a*cxSqrt[x]) -
(2*%Sqrt [d] #Sqrt [b*c + axd]*Sqrt[x]*Sqrt[(b*(c - d*x))/(b*xc + axd)]*Ellipt
icE[ArcSin[(Sqrt[d]*Sqrt[a + bxx])/Sqrt[b*c + a*d]]l, 1 + (b*xc)/(axd)])/(ax
cxSqrt [-((b*x)/a)]*Sqrtlc - d*x])))/Sqrtla*x + b*x~2] + (A*Sqrt[x]*Sqrt[a
+ b*x]*((-2*Sqrt[a + b*x]*Sqrtlc - d*x])/(3*a*cxx~(3/2)) - ((-4*(b*c - axd
)*Sqrt[a + b*xx]*Sqrt[c - d*x])/(a*c*Sqrt[x]) - (b*d*((-4*Sqrt[-al*(bxc - a
*d)*Sqrt[1 + (b*x)/al*Sqrtlc - d*x]*EllipticE[ArcSin[(Sqrt[b]l*Sqrt[x])/Sqr
t[-all, -((axd)/(b*c))]1)/(Sqrt[bl*d*Sqrt[a + bxx]*Sqrt[1 - (d*x)/cl) + (2%
c~(3/2) % (2xb*c - axd)*Sqrt[1 + (b*x)/al*Sqrt[1 - (d*x)/c]*EllipticF[ArcSin
[(Sqrt[d]*Sqrt[x]1)/Sqrtlcl], -((bxc)/(axd))])/(d"~(3/2)*Sqrt[a + b*x]*Sqrt[
c - d*x])))/(axc))/(3*a*c)))/Sqrt[a*x + b*x~2]

output

Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma ‘
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1 |
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Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)7(p_), x_] :> Simp[b*(a + b*x)"(m + 1)*(c + d*x)"(n + D*((e + £xx)"(p + 1
)/ ((m + 1)x(bxc - a*d)*(bxe - axf))), x] + Simp[1/((m + 1)*(b*xc - axd)*(b*e
- axf)) Int[(a + b*x)"(m + 1)*(c + d*x) "n*(e + f*x) p*Simp[a*xd*f*(m + 1)
- b*(d*ex(m + n + 2) + cxf*x(m + p + 2)) - bkdxf*(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] & LtQ[m, -1] && IntegersQ[2*m, 2
*n, 2%p]

rule 115

rule 120 IntISartl(e ) + (£_.)*(x)1/(Sqrt[(b_)*(x)1*Sqrt[(c)) + (d_.)*(x)1), x_]

:> Simp[2*(Sqrt[e]l/b)*Rt[-b/d, 2]*EllipticE[ArcSin[Sqrt [b*x]/(Sqrt[c]*Rt[-
b/d, 2101, cx(£/(d*e))], x] /; FreeQ[{b, c, d, e, £}, x] && GtQlc, 0] && Gt
Qle, 0] && 'LtQ[-b/d, 0]

rule 122 Int[Sqrtl(e_) + (£f_.)*(x_)1/(Sqrtl(b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)1), x_]

:> Simp[Sqrt[e + f*x]*(Sqrt[1 + d*(x/c)]/(Sqrtlc + d*x]*Sqrt[1 + fx(x/e)])
)  Int[Sqrtl[1l + fx(x/e)]/(Sqrt[b*x]*Sqrt[1 + d*(x/c)]), x], x] /; FreeQ[{b
, ¢, d, e, £}, x] && '(GtQlc, 0] && GtQ[e, 0])

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt[-(b*c - a*d)/d, 211, f*x((b*c - axd)/(d*(bxe - a*f)))], x] /; FreeQl{a,
b, c, d, e, £}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(b*xe - axf), 0] & !L
tQ[-(bxc - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - a*xd
), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - a*d)/b, 0])

rule 123

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(bxc - axd))]/(Sqrtl[c + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))]))  Int[Sqrt[bx(e/(b*e - a*f)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + bxx]*Sqrt[bx(c/(bxc - a*d)) + bxd*(x/(b*c - a*d))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0] && Gt
Q[b/(bxe - a*xf), 0]) && !LtQ[-(bxc - a*xd)/d, 0]

rule 124
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Int[1/(Sqrt[(b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_)I*Sqrtl(e_ ) + (£_.)*(x_)]1), x
_1 :> Simp[(2/(b*Sqrt[e]l))*Rt[-b/d, 2]*EllipticF[ArcSin[Sqrt [b*x]/(Sqrt[c]*
Rt[-b/d, 21)], c*(£/(d*e))], x] /; FreeQ[{b, c, d, e, £}, x] && GtQ[c, 0] &
& GtQle, 0] & (PosQ[-b/d]l || NegQ[-b/f]1)

rule 126

rule 127 T0t[1/(Sqrt[(b_.)*(x )1*Sqrtl(c ) + (d_.)*(x_)I*Sqrtl(e ) + (£_.)*x(x1)1), x
_] :> Simp[Sqrt[1 + d*(x/c)]1*(Sqrt[1 + f*x(x/e)]/(Sqrtlc + d*x]*Sqrtle + f*x
1))  Int[1/(Sqrt[bxx]*Sqrt[1 + d*(x/c)]1*Sqrt[1 + f*(x/e)]1), x], x] /; Free
Ql{b, c, d, e, £}, x] && '(GtQ[c, 0] && GtQ[e, 0])

rule 169 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)= (p)*((g_.) + (h_.)*(x_)), x_] :> Simp[(bxg - a*h)*(a + b*x)"(m + 1)*(c +
d*x)"(n + D*((e + £xx)"(p + 1)/((m + 1)*(b*c - axd)*(b*e - axf))), x] + S
imp[1/((m + 1)*(b*c - a*d)*(bxe - a*f)) Int[(a + b*x)"(m + 1)*(c + d*x)"n
*(e + f*x) pxSimp[(axd*f*g - bx(d*e + c*xf)*g + b*ckexh)*(m + 1) - (b*g - ax*

h)*x(d*ex(n + 1) + c*f*x(p + 1)) - dxfx(bxg - a*h)*(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && IntegersQ[
2%m, 2*n, 2%p]

rule 176 1RELCE_) + (_)*(x))/(Sartl(a_.) + (b_)*(x)1#Sqrel(c)) + (@_)*(x )]+
Sqrtl(e ) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
I*Sqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtl(c

+ d*x]*Sqrtle + f*x]1), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

rule 1261 TotLCCe_)*(x )~ m )*((£_.) + (g_.)*(x_))"(n )*((b_.)*(x_) + (c_.)*(x)72)
~(p_), x_Symbol] :> Simp[(e*x) m*((b*x + c*x~2)"p/(x"(m + p)*(b + c*x)“p))

Int[x"(m + p)*(f + g*x)"n*(b + c*x)“p, x], x] /; FreeQ[{b, c, e, £, g, m,
n}, x] & 'IGtQ[n, O]
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Int[(Px_)*((d_.) + (e_.)*(x_))"(m_.)*((£f_.) + (g_.)*(x_))"(n_.)*((a_.) + (b
_dx(x ) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[PolynomialQuotient[Px, d +
exx, x]*(d + exx)"(m + 1)*(f + gxx) nx(a + b*x + c*x~2)"p, x] + Simp[Polyn
omialRemainder[Px, d + e*x, x] Int[(d + exx) m*x(f + g*x)“n*(a + b*x + c*x
~2)°p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, p}, x] & PolynomialQ[Px, x
] && LtQ[m, 0] & !'IntegerQ[n] && IntegersQ[2*m, 2%n, 2*p]

rule 2154

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 534 vs. 2(263) = 526.

Time = 2.76 (sec) , antiderivative size = 535, normalized size of antiderivative = 1.69

method | result

Abd (ad—bc)(2Aad—2Abc+3a

ac 3a“4c

?(
2 (—bd z2 —adw+cbw+ac) (2Aad—2Abc+3aBc)

— _2AV—bdz3—adz24tbcz2tace _
V/ (—dz+c)z(bz+a) ety

3a2c2 \/:1: (—bd z2 —ad:t+cba:+ac)

elliptic

bot (—dz+c)b b . [ d b+ (=dz+c)b b s bz+ de
2(A\/% \/ﬁ -2 ElllptlcF(‘/%,,/adfbc)azbcdx—2A‘/% 1/# -2 ElhptlcF(w/%,,/m

default

input Lint ((B¥x+A) /x"2/ (~d*x+c)~(1/2)/ (b*x~2+a*x) ~(1/2) ,x,method=_RETURNVERBOSE) J
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((=d*x+c) *x* (bkx+a)) ~(1/2) / (xx (bxx+a) )~ (1/2) / (-d*x+c) " (1/2) *(-2/3*A/a/c*x (-
bxd*x~3-a*d*x”~2+b*cxx"2+axc*x) ~(1/2) /x~2-2/3* (-b*d*x~2-a*d*x+b*cxx+a*c)/a”
2/c”2% (2% Axaxd-2xAxbxc+3*B*a*c) / (x* (-b*d*x~2-axd*x+b*ckx+a*xc)) ~(1/2)+2*(1/
3*A*b*d/a/c+1/3* (axd-b*c) * (2%A*a*d-2*Axbxc+3*Bxaxc) /a~2/c”2+1/3* (—a*d+b*c)
/a”2/c” 2% (2xAxaxd—-2xAxbkc+3*B*a*c) ) *a/b* ((x+a/b) /a*b) ~ (1/2) *((x-c/d) / (-c/d
-a/b)) " (1/2)*(-1/a*x*b) ~(1/2) / (-b*d*x~3-a*d*x~2+b*c*x~2+a*c*x) ~(1/2) *E1llip
ticF(((x+a/b)/a*b)~(1/2),(-a/b/(-c/d-a/b))~(1/2))-2/3*d* (2*xA*xa*xd-2*Axb*c+3
*Bxaxc) /a/c”2*((x+a/b) /axb) ~(1/2)*((x-c/d) /(-c/d-a/b)) ~(1/2) *(-1/a*x*b) ~ (1
/2) / (~bxd*x~3-axd*x"2+b*c*x~2+a*c*x) ~(1/2) * ((-c/d-a/b) *E1lipticE(((x+a/b)/
axb)~(1/2),(-a/b/(-c/d-a/b))~(1/2))+c/d*EllipticF (((x+a/b)/axb)~(1/2), (-a/
b/ (-c/d-a/b))~(1/2))))

output

Fricas [A] (verification not implemented)
Time = 0.09 (sec) , antiderivative size = 423, normalized size of antiderivative = 1.33

/ A+ Bx
dz =
x2y/c — dxvaz + bx?
4 (b2c2+abcd+a2d2) 4

2 ((2 Ad*d? — (3 Bab — 2 Ab?)c? + (3 Ba® — Aab)cd)/ —bdx2weierstrassPInverse( e , =

integrate ((B*x+A) /x~2/(-d*x+c)~(1/2) / (b*x~2+a*x)~(1/2) ,x, algorithm="frica

input
Sll)

-2/9*%((2*A*a~2xd"2 - (3#B*axb — 2*%A*b~2)*c”2 + (3*%B*a~2 - A*axb)*ckxd)*sqrt
(-b*d) *x~2*weierstrassPInverse(4/3*(b~2*%c~2 + axbkcxd + a~2xd"2)/(b~2*d"2)
, 4/27*(2%b"3%c”3 + 3%a*b~2kc"2xd - 3*a~2%b*cxd"2 - 2%a~3*d~3)/(b~3%d"3),
1/3%(3*b*d*x - bxc + axd)/(bxd)) + 3*(2*xA*a*xb*d”2 + (3*Bxaxb - 2xAxb~2)*c*
d) *sqrt (-b*d) *x~2*weierstrassZeta(4/3*(b"2xc”2 + a*bxc*d + a~2xd"2)/(b"2xd
~2), 4/27*(2*%b"3%c”3 + 3*axb~2xc"2*%d - 3%a~2*bxckxd~2 - 2*a~3*d~3)/(b"3*d"3
), weierstrassPInverse(4/3*(b"2*xc~2 + a*bxcxd + a~2*xd~2)/(b~2*xd~2), 4/27*(
2*%b"3%c”3 + 3*axb”2*c”"2%d - 3*a”2*b*cxd”2 - 2*a~3*%d"3)/(b~3*%d"3), 1/3*(3*b
*d*x — bxc + axd)/(b*d))) + 3*(A*xaxbxcxd + (2kxAxaxb*d"2 + (3*B*axb - 2xAxb
~2) *c*kd) *x) *sqrt (b*x"2 + axx)*sqrt(-d*x + c))/(a~2*bxc"2xd*x"2)

output
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Sympy [F]

/ A+ Bz dx—/ A+ Bz dx
x2v/c — dzv/az + bx? z2\/z (a + br)Ve — dzx

input Liﬂtegrate ((B¥x+A) /x**2/ (~d*x+c) %+ (1/2) / (bxx**2+a*x) ¥+ (1/2) ,x)

output LIntegral( (A + B*x)/(x*x2xsqrt(x*(a + b*x))*sqrt(c - d*x)), x)

Maxima [F]

A+ Bz Bx+ A
dzr = dz
x2y/c — dxv/ax + bx? Vbz? + az/—dx + cx?

input‘integrate((B*x+A)/x“2/(—d*x+c)‘(1/2)/(b*x*2+a*x)*(1/2),X’ algorithm="maxim
‘au)

Ou_,DputLin’cegrate((B*x + A)/(sqrt(b*x~2 + a*x)*sqrt(-d*x + c)*x72), x)

Giac [F]

A+ Bz Bx+ A
dr = dx
x2v/c — dxvax + bx? Vbz? + ax/—dx + cx?

input \ integrate ((B*x+A) /x~2/(-d*x+c)~(1/2)/ (b*x~2+a*x)~(1/2) ,x, algorithm="giac"

-

Ou_tpmLin’cegrate((B*x + A)/(sqrt(b*x~2 + a*x)*sqrt(-d*x + c)*x72), x)

-/
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Mupad [F(-1)]

Timed out.
dr = dr
x2v/c — dxv/ax + bx? 22Vbr2+azxve—dx
inputLint((A + Bxx)/(x"2x(a*x + b*x"2)~(1/2)*(c - d*x)~(1/2)),x) J
output Lint((A + Bxx)/(x"2x(a*x + b*x"2)~(1/2)*(c - d*x)~(1/2)), x) J
Reduce [F]

/ A+ Bz
dx
x2v/c — dzv/ax + ba?
—ov/—dz +cvbz Fab+ vz ( vz =dutc/brta dw) a®c — /T ( [~y drtevbzta dz) b2d

—bd 2% —ad z4+bc x4 +acx3 —bd 22 —adx+bcz+ac

VT ac

-

Lint ((B*x+A) /x~2/ (—d*x+c) ~(1/2) / (bxx™2+ax*x) ~(1/2) ,x)

—

input

‘ ( - 2xsqrt(c - d*x)*sqrt(a + b*x)*b + sqrt(x)*int((sqrt(x)*sqrt(c - d*x)*s ‘
‘grt(a + bxx))/(axckx**3 - axdsxx*d + brckxkxd - brdxx**5),X)*ar*2%c - sqrt

‘ (x)*int ((sqrt (x)*sqrt(c - d*x)*sqrt(a + b*x))/(a*c - axd*x + bxckxx - b*d*x ‘
‘**2),x)*b**2*d)/(sqrt(x)*a*c)

output




output
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3.22 z24/ c—fl:\/Bzx—bﬂ dz

Optimalresult . . ... ... ... ... ... ..........
Mathematica [C] (verified) . . . . . ... ... ... . ... ..
Rubi [A] (verified) . . ... ... .. ...
Maple [A] (verified) . . . . . . ... ... Lo
Fricas [A] (verification not implemented) . . . . . .. ... ...
Sympy [F] . . .
Maxima [F] . . .. ... ...
Giac [F] . . . . o o
Mupad [F(-1)] . . ..o o

Optimal result

Integrand size = 33, antiderivative size = 322

/ A+ Bz i
x2v/c — dxvazx — bx?

_2AVe—dzvaz —ba?  2(3aBc+ 2A(bc + ad))v/c — dzvax — ba?

3acr?

2vd(3aBc + 2A(bc + ad)) /1 — ¥ +/az — ba?E (arcsin (

302632z /1 — By/c—dx

+

2d(Abe + 3aBc + 2aAd)y/z /1 — 2, /1 — & BllipticF (arcsin (

3vavbe2vc — dzv/ax — ba?

-2/3%A* (—d*xx+c) ~(1/2) *(-b*x"2+a*x) ~(1/2) /a/c/x~2-2/3* (3*B*a*xc+2*A* (a*d+b*c
))x(=d*xx+c) " (1/2) * (-b*x"2+a*x) ~(1/2)/a~2/c”2/x-2/3*%d" (1/2) * (3xBxaxc+2*xA* (a
*d+b*c) ) * (1-d*x/c) ~(1/2) * (~b*x~2+a*x) " (1/2) *E1lipticE(d~ (1/2)*x~(1/2)/c~ (1
/2) ,(bxc/a/d)~(1/2))/a~2/c~(3/2)/x~(1/2)/(1-b*x/a)~(1/2) / (-d*x+c) ~(1/2)+2/
3xd* (2kxAxa*xd+A*bxc+3*B*axc)*x~ (1/2) *(1-b*x/a) ~(1/2) *(1-d*x/c) " (1/2)*Ellipt
icF(b~(1/2)*x~(1/2)/a~(1/2), (a*xd/b/c)~(1/2))/a~(1/2) /b~ (1/2) /c~2/ (-d*x+c)~

(1/2) / (-b*xx~2+axx) ~(1/2)




input

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 20.49 (sec) , antiderivative size = 246, normalized size of antiderivative = 0.76

/ A+ Bz i
x2v/c — dzv/ax — bx?

2 (—A —%¢(a — bz)(—c+ dz) + id(3aBc + 2A(bc + ad)) /T — & /1 — £2°°E (iarcsinh(@) | &

3 (—%)3/2 bc2z\/x(a — bz

e hY

Integrate[(A + B*x)/(x72xSqrtlc - d*x]*Sqrt[a*x - b*x~2]),x]

N\ J

(2% (-(A*Sqgrt[-(a/b)I*cx(a - b*x)*(-c + d*x)) + I*d*(3*a*Bxc + 2xAx(b*c + a
*d) ) *Sqrt[1 - a/(b*x)]1*Sqrt[1 - c/(d*x)]*x~(5/2)*E1lipticE[I*ArcSinh[Sqrt[
-(a/b)1/Sqrt[x]], (bxc)/(axd)] - I*d*(Axbkc + 3%axBkc + 2¥axA*xd)*Sqrt[l -
a/(b*x)]*Sqrt[1 - c/(d*x)]*x~(5/2)*EllipticF [I*ArcSinh[Sqrt[-(a/b)]/Sqrt[x
11, (bxc)/(axd)]))/(3*(-(a/b))~(3/2) *bxc~2xx*Sqrt [x*(a - b*x)]*Sqrt[c - d*
x1)

Rubi [A] (verified)

Time = 1.41 (sec) , antiderivative size = 501, normalized size of antiderivative = 1.56,

_ _ number of rules _
number of steps used = 14, number of rules used = 14, integrand size — 0.424, Rules

used = {2154, 27, 1261, 115, 27, 124, 123, 169, 27, 176, 122, 120, 127, 126}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A+ Bx
dz
x2Vazx — bzx2\/c — dz

l 2154

A/ 1 dac+/ B dzr
x2v/c — dzvax — bx? xv/c — dxvax — bx?

| 27
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1 1
A/ dr + B/ dzx
x2v/c — dzvax — bx? zvc — dxvax — bx?
l 1261
1
AVeva-tr | arsarea® | BV s meat®
vazr — bx? vazr — bx?
l 115
2/ - x32/l;c\+/702,adzbix z  _ 2v/a—bx\c—d
s U )
+
vazx —\bfxz
bd+/x
Bﬁ;ﬂ(_?f BN gl 2\/7a—al():aff\m/70—dz)
var — bx?

| 27

2(bctad)—bdzx

Aﬁm <f 3/2mmd QJm\/c—dw)

3ac 3acx3/?
_.|_
vax — bx?
NN bd [ ol e _ 2Ja—baye—da
ac ac\/z
var — bx?

l 124

f 2(bctad)—bdzx de
A\/E /a_bx 23/2/a—ba\/c—dz 2\/@\/0—d¢

3ac 3acx3/?
+
var — bm
bava S VE g
B\/zVa—bz Vabe [l - by 2Va—boy/e—dz
\/E a—or [bx - ac\/T
acy/ ve— dz
vax — bx?

f 2(bct+ad)—bdx dx
A\/E /a_bx 3/2x/a bzvc dx 2\/@\/6-(11

3acz3/?
+
vazx — bx?
- [ble—d . (Vdva—bz b
By/ava—ba| Yy teme B (aresin (P )I-35) _ avabeyeds
Vzva —bx| — ry— - ay
a

vax — bx?
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l 169

2f bd(ac— 2(bc+ad)w)
2v/zva—bzv/c— dz _ 4Va—bzv/c—dz(ad+bc)

— ac ac\/T 2y a—bx+\/c—dx
Ay/zva — bz T e

+
vazx — bx?

2\[\/5\/ad bq/ﬁE(arcsm(‘ci vdabl;x)“_%) o/a—bav/e—dz
B+/zv/a — bx — - N
“Ve—dz

vax — bx?

l27

ac—2(bctad)z

bd [
VzVa— bm\/m 4\/a7bz\/cfdz(ad+bc)
| — ac acy/x _ 2Va—bxvc—dx
A\/E a— bz 3ac 3acx3/?

+
vazr — bx?

Byzva—bz| - 2Vaya/ad=tey/ o B (resin (EEE)1—03)  pvartayea
bz fo—dx acy/'z
a

vazr — bx?
l 176

Ve—d 1
b (Z(ad-f-bc) S \F\C/ﬁdzic(ad-kmnc) S Wdz)

_ 4va—bzvc—dz(ad+bc)

/ _ ac acy/z 2v/a—bzvc—dzx
A\/E a—bz 3ac - 3acz3/?

Vaz — bx?
B\/E ,—(J,—bx 2\fﬁmmE<arcsm(%)|l_%) 3 N
ac\/%\/c—m acy/T

var — bx?
l 122
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dx
\J/1—4z
1—%\/c—dm(ad+bc) [

dx 1
b vayi-be  eledt2be) | e s 4
dva—bz\/1- 4 d
4/a=bz~/c=dz(ad+be)
— - ac - ac\/T _ 2\/@@
Ay/Tv/a — bz a b/

Vax — bx?
Byzva—bz| - 2Vaya/ad=tey/ o B (wvesin (EEE)1—03)  pvartayea

%“”\/m acyz
vaz — bx?
l 120
o (4\/5\/ 1—%m(ad+bc)E<arcsin( ff}?) | %—g) c(ad+2bc) [ Javashave—dz aTl}:cc—dwdm )
/a—ba dz - d
- Ve a_bm\/l_T _ 4va—bzvc—dz(ad+bc) T
ac ac\/T 2va—bx
Ay/z\/a — bx — _ 2V =
Vax — bx?
S 2 e o (BN ) i
By/z\a — bz _ e
ac\/ % ve—dz acy/z
Vax — bx?
l 127
[ _bz. /_4d
4ﬁ@¢m(ad+bc)E<arcsin( ff}?) ad) eV1=g V1= (ad+2be) [ ﬁdm
v Vbdv/a—bz/1- & WaTtave—dz €
_ 4va—bx+/c—dz(ad+

A\/E\/ a — bI _ ac 30c ac\/x

Vaz — bx?
B\/E | — 2vd\/zv/ad— bc\/béz Zz)E<arcsm<\/E d“ bzz) 1- Z;) _ 2ya—ba\/o—dz
be \Je—dx acy/z

var — bx?
l 126
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4ﬁ@m(ad+b6)lﬂ(arcsin( f%i)\%f) 2y/acy/1- 82\ /1 4% (a4 2bc) EllipticF (arcsin( \f\b/‘a/i ) )
bd _
Vbdya—bz\/1- 92 Vbdv/a—bav/c—dz Jp—
Ayzva—bz| — ac —
Vaz — bx?
B\/E ,—a iy _Qﬂﬁm\/ béi:j?E(;zrcsin(\/jai vda:bl;w)“_%) _ 9a—bae—dz
ac %w\/c—dz acy/T
Vaz — bx?

tnput ‘ Int[(A + B*xx)/(x"2%Sqrt[c - d*x]*Sqrtl[a*x - b*x~2]),x] ‘

(BxSqrt [x]*Sqrt[a - b*x]*((-2%Sqrt[a - b*x]*Sqrt[c - d*x])/(axcxSqrt[x]) -

(2xSqrt [d]*Sqrt [-(b*c) + axd]*Sqrt[x]*Sqrt[(b*(c - d*x))/(b*c - a*d)]*Ell
ipticE[ArcSin[(Sqrt[d]*Sqrt[a - b*x])/Sqrt[-(b*c) + a*d]]l, 1 - (b*c)/(a*d)
1)/ (axc*Sqrt [(b*x) /a]*Sqrt[c - d*x])))/Sqrtla*x - b*x"2] + (AxSqrt[x]*Sqrt
[a - b*x]*((-2*Sgrt[a - b*x]*Sqrtlc - d*x])/(3xa*c*x~(3/2)) + ((-4*(b*c +
axd)*Sqrt[a - b*x]*Sqrt[c - d*x])/(a*xc*Sqrt[x]) - (b*d*((4*Sqrt[al*(bxc +
a*d)*Sqrt[1 - (b*x)/al*Sqrt[c - d*x]*EllipticE[ArcSin[(Sqrt[b]*Sqrt[x])/Sq
rt[all, (a*xd)/(b*c)])/(Sqrt[bl*d*Sqrt[a - bxx]*Sqrt[1 - (d*x)/c]) - (2*Sqr
t[al*cx(2¥b*c + a*d)*Sqrt[1 - (b*x)/al*Sqrt[1 - (d*x)/cl*EllipticF[ArcSin[
(Sqrt [b]*Sqrt [x])/Sqrt[all, (a*d)/(b*c)])/(Sqrt[b]l*d*Sqrt[a - b*x]*Sqrt[c
- dxx])))/(a*c))/(3*a*c)))/Sqrt[a*xx - b*x~2]

output

Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma ‘
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1
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Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)7(p_), x_] :> Simp[b*(a + b*x)"(m + 1)*(c + d*x)"(n + D*((e + £xx)"(p + 1
)/ ((m + 1)x(bxc - a*d)*(bxe - axf))), x] + Simp[1/((m + 1)*(b*xc - axd)*(b*e
- axf)) Int[(a + b*x)"(m + 1)*(c + d*x) "n*(e + f*x) p*Simp[a*xd*f*(m + 1)
- b*(d*ex(m + n + 2) + cxf*x(m + p + 2)) - bkdxf*(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] & LtQ[m, -1] && IntegersQ[2*m, 2
*n, 2%p]

rule 115

rule 120 IntISartl(e ) + (£_.)*(x)1/(Sqrt[(b_)*(x)1*Sqrt[(c)) + (d_.)*(x)1), x_]

:> Simp[2*(Sqrt[e]l/b)*Rt[-b/d, 2]*EllipticE[ArcSin[Sqrt [b*x]/(Sqrt[c]*Rt[-
b/d, 2101, cx(£/(d*e))], x] /; FreeQ[{b, c, d, e, £}, x] && GtQlc, 0] && Gt
Qle, 0] && 'LtQ[-b/d, 0]

rule 122 Int[Sqrtl(e_) + (£f_.)*(x_)1/(Sqrtl(b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)1), x_]

:> Simp[Sqrt[e + f*x]*(Sqrt[1 + d*(x/c)]/(Sqrtlc + d*x]*Sqrt[1 + fx(x/e)])
)  Int[Sqrtl[1l + fx(x/e)]/(Sqrt[b*x]*Sqrt[1 + d*(x/c)]), x], x] /; FreeQ[{b
, ¢, d, e, £}, x] && '(GtQlc, 0] && GtQ[e, 0])

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt[-(b*c - a*d)/d, 211, f*x((b*c - axd)/(d*(bxe - a*f)))], x] /; FreeQl{a,
b, c, d, e, £}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(b*xe - axf), 0] & !L
tQ[-(bxc - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - a*xd
), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - a*d)/b, 0])

rule 123

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(bxc - axd))]/(Sqrtl[c + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))]))  Int[Sqrt[bx(e/(b*e - a*f)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + bxx]*Sqrt[bx(c/(bxc - a*d)) + bxd*(x/(b*c - a*d))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0] && Gt
Q[b/(bxe - a*xf), 0]) && !LtQ[-(bxc - a*xd)/d, 0]

rule 124
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Int[1/(Sqrt[(b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_)I*Sqrtl(e_ ) + (£_.)*(x_)]1), x
_1 :> Simp[(2/(b*Sqrt[e]l))*Rt[-b/d, 2]*EllipticF[ArcSin[Sqrt [b*x]/(Sqrt[c]*
Rt[-b/d, 21)], c*(£/(d*e))], x] /; FreeQ[{b, c, d, e, £}, x] && GtQ[c, 0] &
& GtQle, 0] & (PosQ[-b/d]l || NegQ[-b/f]1)

rule 126

rule 127 T0t[1/(Sqrt[(b_.)*(x )1*Sqrtl(c ) + (d_.)*(x_)I*Sqrtl(e ) + (£_.)*x(x1)1), x
_] :> Simp[Sqrt[1 + d*(x/c)]1*(Sqrt[1 + f*x(x/e)]/(Sqrtlc + d*x]*Sqrtle + f*x
1))  Int[1/(Sqrt[bxx]*Sqrt[1 + d*(x/c)]1*Sqrt[1 + f*(x/e)]1), x], x] /; Free
Ql{b, c, d, e, £}, x] && '(GtQ[c, 0] && GtQ[e, 0])

rule 169 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)= (p)*((g_.) + (h_.)*(x_)), x_] :> Simp[(bxg - a*h)*(a + b*x)"(m + 1)*(c +
d*x)"(n + D*((e + £xx)"(p + 1)/((m + 1)*(b*c - axd)*(b*e - axf))), x] + S
imp[1/((m + 1)*(b*c - a*d)*(bxe - a*f)) Int[(a + b*x)"(m + 1)*(c + d*x)"n
*(e + f*x) pxSimp[(axd*f*g - bx(d*e + c*xf)*g + b*ckexh)*(m + 1) - (b*g - ax*

h)*x(d*ex(n + 1) + c*f*x(p + 1)) - dxfx(bxg - a*h)*(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && IntegersQ[
2%m, 2*n, 2%p]

rule 176 1RELCE_) + (_)*(x))/(Sartl(a_.) + (b_)*(x)1#Sqrel(c)) + (@_)*(x )]+
Sqrtl(e ) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
I*Sqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtl(c

+ d*x]*Sqrtle + f*x]1), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

rule 1261 TotLCCe_)*(x )~ m )*((£_.) + (g_.)*(x_))"(n )*((b_.)*(x_) + (c_.)*(x)72)
~(p_), x_Symbol] :> Simp[(e*x) m*((b*x + c*x~2)"p/(x"(m + p)*(b + c*x)“p))

Int[x"(m + p)*(f + g*x)"n*(b + c*x)“p, x], x] /; FreeQ[{b, c, e, £, g, m,
n}, x] & 'IGtQ[n, O]
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Int[(Px_)*((d_.) + (e_.)*(x_))"(m_.)*((f_.) + (g_.)*(x_))"(n_.)*((a_.) + (b
_dx(x ) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[PolynomialQuotient[Px, d +
exx, x]*(d + exx)"(m + 1)*(f + gxx) nx(a + b*x + c*x~2)"p, x] + Simp[Polyn
omialRemainder[Px, d + e*x, x] Int[(d + exx) m*x(f + g*x)“n*(a + b*x + c*x
~2)°p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, p}, x] & PolynomialQ[Px, x
] && LtQ[m, 0] & !'IntegerQ[n] && IntegersQ[2*m, 2%n, 2*p]

rule 2154

Maple [A] (verified)

Time = 2.70 (sec) , antiderivative size = 536, normalized size of antiderivative = 1.66

method | result

2 Abd | (ad+bc)(2Aad+2Abc+3a
2 ~BacT 3a2c2
Q(bdz —adz—cbz+ac) (2Aad+2Abc+3aBc)

— — _ 2AVbdx3 —adx?—bcx2+acz _
v/ (—dz+c)z(—bz+a) Epp

3a2c2 \/w (bd z2 —adx—cbw+ac)

elliptic

2 (A\/ =teta [ (Zdetob [ob EpipticF (, [=bete | [_da_ ddfbc)a2bcdz+2A\/ “teta [ (Zdetob [ob EpipticF (, [=beta

default

-

Lint((B*x+A)/x‘2/(-d*x+c)‘(1/2)/(-b*x‘2+a*x)‘(1/2),x,method=_RETURNVERBDSE)

-

input

1/ (=d*x+c) = (1/2) / ((-b*x+a)*x) = (1/2) * ((—d*x+c) *x* (~bxx+a) )~ (1/2) *(-2/3*A/a/
c* (b*d*x~3-a*d*x~2-b*c*x~2+a*c*x) ~(1/2) /x"2-2/3* (b*d*x~2-a*d*x-b*c*x+axc) /
a”~2/c 2% (2xAxaxd+2*Axb*c+3*Bxax*c) / (x* (bxd*x~2-axd*x-bxcxx+axc)) ~(1/2)-2x (-
1/3*%A*b*xd/a/c+1/3* (axd+b*c) * (2¥Axa*xd+2xAxb*c+3*B*axc) /a~2/c”~2+1/3* (—axd-b*
c)/a"2/c” 2% (2xAxa*xd+2xAxb*c+3*B*axc) ) *a/b*x (- (x-a/b) /axb) ~ (1/2) * ((x-c/d) / (-
c/d+a/b)) " (1/2)*(1/a*x*b) ~(1/2) / (bxd*x"3-a*d*x~2-b*c*x~2+a*c*x) ~(1/2)*E11i
pticF((-(x-a/b)/a*b)~(1/2), (a/b/(-c/d+a/b))~(1/2))-2/3*d* (2*A*xa*d+2*A*xbxc+
3*xB*a*c) /a/c”2*(-(x-a/b) /a*b) " (1/2)*((x-c/d) /(-c/d+a/b) )~ (1/2) *(1/a*x*b) ~ (
1/2) / (bxd*x~3-axd*x~2-b*c*x~2+a*c*x) ~(1/2)*((-c/d+a/b) *E1lipticE((-(x-a/Db)
/axb)~(1/2), (a/b/(-c/d+a/b))~(1/2))+c/d*E1llipticF ((-(x-a/b) /axb)~(1/2), (a/
b/ (-c/d+a/b))~(1/2))))

output
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 425, normalized size of antiderivative = 1.32

/ A+ Bz dx

x2y/c — dxvazx — bx?
2 ((2 Aa?d? + (3 Bab + 2 Ab?)c + (3 Ba® + Aab)cd)V/bdz*weierstrassPInverse (4 (”202;‘;’2’;?“”2) i

integrate ((B*x+A) /x~2/(-d*x+c)~(1/2) / (-b*x"2+a*x)~(1/2) ,x, algorithm="fric

input
as")

2/9% ((2*%A*xa~2*d"2 + (3*B*axb + 2%Axb~2)*c~2 + (3*B*a~2 + A*axb)*c*d)*sqrt(
b*d) *x~2*weierstrassPInverse(4/3*(b"2%c~2 - axbkc*d + a~2*xd~2)/(b~2%d"2),
4/27*(2%b~3%c~3 - 3%a*b~2kc~2xd - 3*a~2%bxcxd~2 + 2%a~3*d~3)/(b~3%d"3), 1/
3% (3*b*xd*x - b*c - a*xd)/(b*d)) - 3*(2xAxaxbxd~2 + (3*B*a*b + 2*%A*b~2)*c*d)
*sqrt (b*xd) *x~2*weierstrassZeta(4/3*(b~2*c”2 - axbkxc*d + a~2*d"2)/(b~2*d"2)
, 4/27%(2%b~3%c~3 - 3*a*b~2*xc~2xd - 3%a~2%b*c*d~2 + 2*a~3*d~3)/(b~3%d"3),
weierstrassPInverse(4/3*%(b~2%c”2 - a*b*c*d + a~2xd~2)/(b"2*%d"2), 4/27*x(2*b
~3%c”3 - 3x%axb~2kc”~2%d - 3*a~2%bxcxd~2 + 2%a~3*d"3)/(b"3%d"3), 1/3*%(3xbxdx*
X - b*c - a*d)/(bxd))) - 3x(Axaxbkc*d + (2*A*a*xb*d~2 + (3*Bkxaxb + 2%A*b~2)
xc*d) *x) *sqrt (-b*x~2 + a*x)*sqrt(-d*x + c))/(a"2xb*c~2*d*x"2)

output

Sympy [F]

/ A+ Bx (m_/ A+ Bx da
z2v/c — dzvax — ba? z2\/—z (—a + bzx)vc —dz

input‘integrate((B*x+A)/x**2/(—d*x+c)**(1/2)/(—b*x**2+a*x)**(1/2),x)

OutputLIntegral((A + Bxx)/(x**2%sqrt (-x*(-a + b*x))*sqrt(c - d*x)), x) J
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Maxima [F]

A+ Bz Bx+ A
dx = dx
x2y/c — dxvazx — bx? V—=bz? + axv/—dz + cx?

p
‘ integrate ((B*x+A) /x~2/(-d*x+c) ~(1/2) / (-b*x~2+a*x) ~(1/2) ,x, algorithm="maxi ‘

input ‘ ") ‘

output Lintegrate ((B*x + A)/(sqrt(-b*x~2 + a*x)*sqrt(-d*x + c)*x~2), x) J

Giac [F]

A+ Bz Bx+ A
dzr = dz
x2v/c — dzv/ax — bx? V—=bx2? + axv/—dx + cx?

input ‘ integrate ((B*x+A) /x"2/(-d*x+c) ~(1/2) /(-b*x"2+a*x)~(1/2) ,x, algorithm="giac ‘
‘ ") ‘

output Lintegrate ((B*x + A)/(sqrt(-b*x~2 + a*x)*sqrt(-d*x + c)*x~2), x) J

Mupad [F(-1)]

Timed out.
dx = dx
x2y/c — dxvazx — bx? 2vVax —bz2vc—dx
input Lint((A + Bxx)/(x"2x(a*x - b*x"2)~(1/2)*(c - d*x)~(1/2)),x) J

output Lint((A + Bxx)/(x"2*%(a*x - b*x"2)"(1/2)*(c - d*x)~(1/2)), x) J
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Reduce [F]

/ A+ Bz dx
x2y/c — dxvazx — bx?

—2\/—dﬂ')+6\/—bx+ab+\/§( \/E\/—d.’l:-i-cv—bx-i-a dx) a,26+\/5<f ﬁy—dw-ﬁ-cv—bz—}-adm) b2d

bd x5 —ad x*—bc x+ac a3 bd x2 —adx—bcx+ac

Vzac

input Lint ((B*x+A) /x72/ (-d*x+c) ~(1/2) / (-b*x"2+a*x) " (1/2) ,x) J

output‘ ( - 2xsqrt(c - d*x)*sqrt(a - b*x)*b + sqrt(x)*int((sqrt(x)*sqrt(c - d*x)*s ‘
‘qrt(a - bxx))/(axckx 3 - akdrx+*d - brckxrxd + brd¥x+*5),X)*ar*2*c + sqrt |
‘ (x)*int ((sqrt(x)*sqrt(c - d*x)*sqrt(a - b*xx))/(a*xc - a*d*x - b*c*x + bxd*x ‘

‘**2),x)*b**2*d)/(sqrt(x)*a*c)
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

226

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar




CHAPTER 4. APPENDIX 236

def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType




CHAPTER 4. APPENDIX 239

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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