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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 13 |. This is test number [ 104 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.



CHAPTER 1. INTRODUCTION 5

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 8462 (11) | 15.38 (2)
Mathematica | 84.62 (11 ) | 15.38 (2)
Maple 53.85(7) | 46.15(6)
Fricas 46.15 (6 ) | 53.85 (7)
Giac 38.46 (5) | 61.54 (8)
Reduce 38.46 (5) | 61.54(8)
Sympy 38.46 (5) | 61.54(8)
Mupad | 30.77 (4) | 69.23 (9)
Maxima | 7.69 (1) |92.31 (12)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description
A Integral was solved and antiderivative is optimal in quality and leaf size.
B Integral was solved and antiderivative is optimal in quality but leaf size

is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 84.615 0.000 0.000 15.385
Mathematica 69.231 0.000 15.385 15.385
Maple 38.462 7.692 7.692 46.154
Fricas 30.769 15.385 0.000 53.846
Giac 30.769 7.692 0.000 61.538
Sympy 30.769 0.000 7.692 61.538
Maxima 7.692 0.000 0.000 92.308
Mupad 0.000 30.769 0.000 69.231
Reduce 0.000 38.462 0.000 61.538

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

C
BF

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 2 100.00 0.00 0.00
Mathematica | 2 100.00 0.00 0.00

Maple 6 100.00 0.00 0.00

Fricas 7 100.00 0.00 0.00

Giac 8 87.50 12.50 0.00

Reduce 8 100.00 0.00 0.00

Sympy 8 50.00 50.00 0.00

Mupad 9 0.00 100.00 0.00

Maxima, 12 83.33 0.00 16.67

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.04
Giac 0.13
Reduce 0.18
Fricas 0.63
Rubi 0.82
Mathematica 0.84
Maple 2.55
Mupad 8.87
Sympy 9.98

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Giac 127.20 1.20 126.00 1.02
Maxima 207.00 0.96 207.00 0.96
Mathematica | 216.36 0.84 120.00 0.85
Reduce 261.20 1.98 308.00 2.44
Rubi 322.27 1.02 121.00 1.00
Sympy 528.80 1.63 196.00 0.91
Maple 536.57 1.13 113.00 0.90
Mupad 550.25 4.47 583.50 4.50
Fricas 1037.67 2.84 421.50 2.73

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on

CPU time used

The following shows the distribution of solved integrals for each CAS system based on

CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {7]
Mathematica {[7}

Maple
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
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Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi

A grade {[}[2}[3}[4}[5,[6}[7}[8}, 9} [0} [11] }

B grade { }
C grade { }
F normal fail {[12/[13]}
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[T,2}[3[4 6,89 10,11 }
B grade {}
C grade {[5[7}

F normal fail {[12/[13}
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade {23467}

B grade {[f}

C grade {[I}

F normal fail {[g[9[10/1T[12/[13}

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[IR[[6}

B grade {{4f}

C grade { }

F normal fail { [7}[8][0}[10}[11}[12}[13] }
F(-1) timedout fail { }

F(-2) exception fail { }

Maxima

A grade {{4]}

B grade { }

C grade { }

F normal fail {[J5,6ABB0MIZ}
F(-1) timedout fail { }

F(-2) exception fail {[2[3}
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Giac

A grade {LBBA)

B grade {[f}

C grade { }

F normal fail {88035}
F(-1) timedout fail {[5}

F(-2) exception fail { }

Mupad

A grade { }

B grade {[B[4[1}
C grade {}

F normal fail { }

F(-1) timedout fail { [1}[5[6}[7[8[9}[10}[12}[13] }

F(-2) exception fail { }

Sympy
A grade {48,910}
B grade { }

C grade {[11}

F normal fail {[1}[5[6}[7}

F(-1) timedout fail {[2[3[12/[13}
F(-2) exception fail { }
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Reduce

A grade { }

B grade {[[23,[4[6}

C grade { }

F normal fail { G800 IEMH)
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A C F A F A B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 48 30 41 16 0 22 0 49 16 0

N.S. 1 0.62 0.85 0.33 0.00 0.46 0.00 1.02 0.33 0.00
time (sec) N/A 0.159 0.108 0.763  0.000  0.075 0.000 0.120 0.165 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F(-2) A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 123 120 120 113 0 447 0 126 308 993
N.S. 1 0.98 0.98 0.92 0.00 3.63 0.00 1.02 2.50 8.07
time (sec) N/A 0.335 0.144 1.903 0.000 0.653 0.000 0.105 0.173  17.565

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F(-2) A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 123 120 118 113 0 447 0 126 308 993
N.S. 1 098 096  0.92 0.00 3.63 0.00 1.02 2.50 8.07

time (sec) N/A 0.325 0.131 1.866 0.000 0.667 0.000 0.122 0.165 1.949
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 216 216 140 184 207 396 196 192 527 174
N.S. 1 1.00 0.65 0.85 0.96 1.83 0.91 0.89 2.44 0.81
time (sec) N/A 0.446 0.112 1.543 0.036 0.066 2.259 0.114 0.163 0.150
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 764 932 636 2546 0 4832 0 0 0 0
N.S. 1 1.22  0.83 3.33 0.00 6.32 0.00 0.00 0.00 0.00
time (sec) N/A 2.438 1.376 3.076 0.000 2240 0.000 0.000 30.987  0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 70 75 62 63 0 82 0 143 147 0
N.S. 1 1.07  0.89 0.90 0.00 1.17 0.00 2.04 2.10 0.00
time (sec) N/A 0.240 0.272 1.392 0.000  0.072 0.000 0.183 0.209 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A No No No TBD TBD TBD TBD TBD TBD
size 1077 1077 600 721 0 0 0 0 24 0
N.S. 1 1.00 0.56 0.67 0.00 0.00 0.00 0.00 0.02 0.00
time (sec) N/A 1.262 4977 7.339 0.000  0.000 0.000 0.000 200.034 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 30

Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 473 539 312 0 0 0 1836 0 0 0

N.S. 1 1.14  0.66 0.00 0.00 0.00 3.88 0.00 0.00 0.00
time (sec) N/A 2.602 0.971 0.000 0.000 0.000 29.242 0.000 0.229 0.000

Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 246 271 193 0 0 0 500 0 0 0

N.S. 1 1.10 0.78  0.00 0.00 0.00 2.03 0.00 0.00 0.00

time (sec) N/A 0.798 0.847  0.000 0.000 0.000 12.571 0.000 0.220 0.000

Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 109 121 114 0 0 0 90 0 770 0

N.S. 1 1.11 1.05 0.00 0.00 0.00 0.83 0.00 7.06 0.00
time (sec) N/A 0.267 0.298 0.000 0.000 0.000 4.729 0.000 0.198 0.000

Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F C F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 44 44 44 0 0 0 22 0 94 41
N.S. 1 1.00 1.00  0.00 0.00 0.00 0.50  0.00 2.14 0.93

time (sec) N/A 0.164 0.045 0.000 0.000 0.000 1.117 0.000 0.325 15.824
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F(-1) F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 412 0 0 0 0 0 0 0 24 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.214 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F(-1) F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 1032 0 0 0 0 0 0 0 51 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.217 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio I%{gé?gg(fl glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[8] had the largest ratio of [.545455000000000023]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade Slf:f; uzzl;e antli;i;ris‘l_jzive loaf sige | Ttegrand leaf size
l A 4 4 0.62 22 0.182
2 A 2 2 0.98 22 0.091
§ A 3 3 0.98 25 0.120
é A 2 2 1.00 22 0.091
é A 9 8 1.22 24 0.333
§ A 8 7 1.07 18 0.389
Z A 4 3 1.00 26 0.115
§ A 12 12 1.14 22 0.545
g A 8 8 1.10 22 0.364
E A 5 5 1.11 20 0.250
H A 2 2 1.00 9 0.222
12| F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
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output

3.1 [ Vlﬁ";w dx

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [C] (warning: unable to verify) . . . . . .. ... ... .. L.
Fricas [A] (verification not implemented) . . . . . . ... ... .. ... .....
Sympy [F] . . o e
Maxima [F] . . . . . .
Giac [A] (verification not implemented) . . . . . ... ... ... .. L.
Mupad [F(-1)] . . . o
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 22, antiderivative size = 48

V1 + 2z + z2arcsinh(z)

/\/1+2x+x2 \/1+:£2\/1+2z+x2+

V1+ 22 14+

1+z

[(x‘2+1)‘(1/2)*((1+x)‘2)‘(1/2)/(1+x)+((1+x)“2)‘(1/2)*arcsinh(x)/(1+x)

-/

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.85

/m _V(A+22(Vit+2®—log(—z+v1+a?))

V1+z?

1+

input‘Integrate[Sqrt[1 + 2%x + X 2]/Sqrt[1 + x~2]1,x]

outputt

(Sqrt[(1 + x)~2]*(Sqrt[1 + x"2] - Log[-x + Sqrt[1l + x72]11))/(1 + x)
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.62,

= 4, number of rules _ 182, Rules
integrand size

number of steps used = 4, number of rules used =
used = {1298, 27, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/\/$2+2w+

l'1298

Va2 +2z+1 \/@d
2z +1)

| 27

V2 4+2x+1 f ””“ -dz

rz+1
l'455
V2 +2x+1<f \/Zéi_i_ldm+\/:r2 + 1)
rz+1
l 992
V2 +2z+1 (arcsinh(w) + V2 + 1)
r+1

§
input LInt [Sqrt[1 + 2*x + x72]/Sqrt[1 + x~2],x]

outputL(Sqrttl + 2%x + x"2]*(Sqrt[1 + x2] + ArcSinh[x]))/(1 + x)

\ >
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[bl

rule 222

rule 455 Intl((c) + (A_D)*(x))*((al) + (b_.)*(x_)"2)7(p_.), x_Symbol] :> Simp[d*((
a + b*x"2)"(p + 1)/(2%bx(p + 1))), x] + Simplc Int[(a + b*x"2)7p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

rule 1298 TRELC@) + (b_)*(x1) + (c_)*(x)"2)"(p)*((d) + (£_.)*(x)"2)7(q_.), x_
Symbol] :> Simp[(a + b*x + c*x~2) FracPart[p]l/((4*c) IntPart[p]l*(b + 2*c*x)
~(2xFracPart[p])) Int[(b + 2*c*x)~(2*p)*(d + f*x~2)"q, x], x] /; FreeQ[{a
, b, ¢, d, £, p, 9}, x] && EqQ[b~2 - 4*a*c, 0] && !IntegerQ[p]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.76 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.33

method | result size
default | csgn (z + 1) (arcsinh (z) + vz% + 1) 16
V2 z+1)? z+1)? arcsinh(z
risch +1ml/1( ) + \/( +1)m+1 () 37
.. (@4+1)? (—2ym42ym Va2t \/ (z+1)? arcsinh(z)
meljerg (2(x+1)ﬁ ) + o+l 52

input ‘ int (((x+1)"2)"(1/2)/(x"2+1)~(1/2) ,x ,method=_RETURNVERBOSE)

output Lcsgn (x+1)*(arcsinh(x)+(x~2+1)~(1/2))
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.46

v142 2
/ tertw =Va?+ —log(—x+\/x?+1>

V1+ 22

/integrate(((1+x)‘2)‘(1/2)/(x‘2+1)‘(1/2),x, algorithm="fricas")

e—

output

qurt(x“2 + 1) - log(-x + sqrt(x~2 + 1))

Sympy [F]

/m /\/w+1

V1+ 22

inputLintegrate(((1+x)**2)**(1/2)/(x**2+1)**(1/2),x)
Outputtlntegral(sqrt((x + 1)*%2)/sqrt(x**2 + 1), x)
Maxima [F]
/\/1+2x+x2 /\/ (z +1)?
V1+ a2
inputLintegrate(((1+x)“2)‘(1/2)/(x*2+1)*(1/2),x, algorithm="maxima"

outputt

integrate(sqrt((x + 1)72)/sqrt(x"2 + 1), x)
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.02

/ 14_12_'?;582 —(\/i—log (\/§+ 1>>sgn(x+1)
— log (—z + \/m> sgn(z + 1) + V2 + 1sgn(z + 1)

input tintegrate(((lﬂc) ~2)~(1/2)/(x~2+1)~(1/2) ,x, algorithm="giac") J

‘(—(sqrt(2) - log(sqrt(2) + 1))*sgn(x + 1) - log(-x + sqrt(x"2 + 1))*sgn(x + ‘

output
‘ 1) + sqrt(x”2 + 1)*sgn(x + 1) ‘

Mupad [F(-1)]

Timed out.
/\/1+2x+x2 /\/x+1
V1422
inputtint(((x + 1)72)7(1/2)/(x™2 + 1)7(1/2),%) J

[int<((x + 1) 2)~(1/2)/(x"2 + 1)°(1/2), %)

| —

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.33

v1+2 2
/ _:f_zx =Vz2+1+log(Vx2+1+z>
V1+22

inputLint(((1+X)‘2>‘(1/2>/(x*2+1)*(1/2),x) J

output qurt(x**2 + 1) + log(sqrt(x**2 + 1) + x) J




CHAPTER 3. LISTING OF INTEGRALS 39

1
3.2 f (1—22?) (a+ba+cz?) dz

Optimalresult . . . . . . . . .. . . 391
Mathematica [A] (verified) . . . . . . . .. ... Lo 39
Rubi [A] (verified) . . . . . . ... .. 40
Maple [A] (verified) . . . . . . . .. 41
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 41l
Sympy [F(-1)] . . . o o 42
Maxima [F(-2)] . . . . . . . o 42
Giac [A] (verification not implemented) . . . . . . ... ... ... 43
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 43
Reduce [B] (verification not implemented) . . . ... ... ... ......... 44

Optimal result

Integrand size = 22, antiderivative size = 123

(1—2?)(a+ bz + cz?) v (a—b+c)(a+b+c)Vb2—4dac 2(a+b+c)
log(1+z)  blog(a+ bz + ca?)
2a—b+c) 2(a—-b+c)la+b+c)

/ ) (bz — %ac — 262) a,rcta,ﬂh(\}%) log(l — fL')

‘ (-2%a*c+b~2-2*c~2) *arctanh ( (2%c*x+b) / (-4*a*xc+b~2) ~(1/2)) / (a-b+c) / (a+b+c) / ( ‘
‘ —-4xaxc+b~2) ~(1/2)-1n(1-x)/ (2*%a+2%b+2%c)+1n (1+x) / (2%a-2%b+2%c) -1/2%b*1n (c*x ‘
‘ “2+b*x+a) / (a-b+c) / (atb+c) ‘

output

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 120, normalized size of antiderivative = 0.98

| e

(1 —22) (a+ bx + cx?) v

(—2b% + 4c(a + ¢)) arctan (%) + =0+ 4dac(—((a — b+ c)log(l — z)) + (a + b+ c) log(1 + z)
2(a—b+c)(a+b+c)vV/—b>+ 4ac
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input‘ Integrate[1/((1 - x"2)*(a + b*x + c*x72)),x] ‘

| ((-2#b™2 + 4xck(a + c))*ArcTan[(b + 2%cxx)/Sqrt[-b™2 + 4xakc]] + Sqrt[-b™2
|+ 4xaxc]*(-((a - b + c)*Log[l - x]) + (a + b + c)*Log[l + x] - bxLogla +
Lx*(b + c*x)]1))/(2x(a - b + c)*(a + b + c)*Sqrt[-b~2 + 4*axc]) J

output

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 120, normalized size of antiderivative = 0.98,

number of rules _ 0.091, Rules

number of steps used = 2, number of rules used = 2, = -
integrand size

used = {1301, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(1 — x2) (al-}-ba:-}-czQ) dz
l1mn
b2 + czb —c(a +c) 1 1
_/ <(a—b+c)(a+b+c)(cac2+bw+a) C2a+b+o)(l-z) 2(a—b+c)(x+1)>d‘”
l 2009

(b? — 2¢(a +c)) arctanh(\/blﬁi‘fm) _ blog (a+ bz + cz?) log(1 — ) log(z + 1)

(a—=b+c)(a+b+c)Vb? — 4ac 2@a—b+c)a+b+c) 2a+b+c) 2a—b+c)

-

LInt[l/((l - x"2)*(a + b*x + c*x~2)),x]

| —

input

e B

((d~2 - 2*c*x(a + c))*ArcTanh[(b + 2*c*x)/Sqrt[b~2 - 4*a*c]])/((a - b + c)*
(a + b+ c)*Sqrt[b™2 - 4*axc]) - Logll - x]/(2%(a + b + c)) + Logl1 + x]/(
‘2*(a - b+ c)) - (bxLogla + bxx + c*x"2])/(2%(a - b + c)*(a + b + c)) ‘

output
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Defintions of rubi rules used

Int[((a_.) + (c_)*(x_)"2)"(p)*((d_.) + (e_.)*(x_) + (f_.)*(x_)"2)"(q), x
_Symbol] :> With[{r = Rt[(-a)*c, 2]}, Simp[1/c"p Int[ExpandIntegrand[(-r
+ cxx)"pk(r + c*xx) "p*x(d + e*x + f*x~2)"q, x], x], x] /; EqQlp, -1]1 || !Fra
ctionalPowerFactorQ[r]l] /; FreeQl[{a, c, 4, e, £}, x] && ILtQ[p, 0] &% Integ
erQlql && NiceSqrtQ[(-a)*c]

rule 1301

rukazoogtlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [A] (verified)

Time = 1.90 (sec) , antiderivative size = 113, normalized size of antiderivative = 0.92

method | result

1,2, 2 _2cx+b
bin(ca®+bata) +2(“— §0%+%) arctan m)

In(z+1)  In(z—1) B 2 4ac—b2
default | 3. -gpr2c ~ 2araprac T (a=b+c)(atb+o)

: In(1—2z) In(—z—1)
risch " 2(atbte) T Sa2br2c T > _Rln (
_ R=RootOf ((4cad—a?b2+8a2c2—6ca b2 +4c3a+bt —b2c? )_Z2+(4abc—b3 )_Z+c?)
input Lint (1/(-x"2+1) / (c*x~2+b*x+a) ,x,method=_RETURNVERBOSE) J

p

output‘1n(X+1)/(2*a_2*b+2*C)_1/(2*a+2*b+2*c)*1n(X‘1)+1/(a—b+C)/(a+b+c)*(—1/2*b*ln
\(c*x*2+b*x+a)+2*(a*c—1/2*b*2+c‘2)/(4*a*c-b‘2)‘(1/2)*arctan((2*c*x+b)/(4*a*
(c-b2)7(1/2)))

\‘

Fricas [A] (verification not implemented)

Time = 0.65 (sec) , antiderivative size = 447, normalized size of antiderivative = 3.63

! dz
(1—22?) (a+ bz + cz?)
(b2 — 2ac — 2c%)V/b? — 4aclog (262m2+2 bc”bi;ff;; +ab2_4 2cl2 cﬁb)) + (b® — 4 abc) log (cx® + bx + a) -
2 (@ — b —4ac® — (8
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input‘integrate(1/(—X”2+1)/(c*x“2+b*x+a),x, algorithm="fricas")

[-1/2x((b~2 - 2%a*xc - 2xc”2)*sqrt(b~2 - 4xa*c)*log((2*xc™2*x"2 + 2*bxc*x +

b~2 - 2xa*xc - sqrt(b~2 - 4*axc)*(2kc*x + b))/(c*x"2 + b*x + a)) + (b™3 - 4
*xaxbxc)*log(c*x™2 + b*x + a) - (a*b™2 + b™3 - 4*a*xc™2 - (4%a”2 + 4*a*xb - b
“2)*c)*log(x + 1) + (a*b™2 - b™3 - 4xa*c™2 - (4*a”2 - 4*xaxb - b~2)*c)*log(
x - 1))/(a"2%b"2 - b4 - 4*axc”3 - (8%a"2 - b"2)*c"2 - 2%(2*a~3 - 3*a*xb~2)
*c), 1/2x(2%(b"2 - 2*xa*xc - 2xc”2)*sqrt(-b~2 + 4*a*c)*arctan(-sqrt(-b~2 + 4
*xaxc)*(2xcxx + b)/(b"2 - 4*axc)) - (b~3 - 4*a*bxc)*log(c*x™2 + b*x + a) +

(a*b™2 + b™3 - 4*a*xc™2 - (4*a”2 + 4*axb - b~2)*c)*log(x + 1) - (a*b™2 - b~
3 - 4xaxc”2 - (4*%a”2 - 4*xa*xb - b~2)*c)*log(x - 1))/(a"2%b"2 - b"4 - 4*axc”
3 - (8%a™2 - b™2)*c"2 - 2x(2*a”3 - 3*a*b”2)*c)]

output

Sympy [F(-1)]

Timed out.

1 .
/ =22 (a+ bz + ca?) dz = Timed out

p
inputLlntegrate(1/(—x**2+1)/(c*x**2+b*x+a),x)

-/

Output‘Tlmed out

Maxima [F(-2)]

Exception generated.

x = Exception raised: ValueError

1
/(1—x2)(a+bx+cx2)d

input Lintegrate (1/(-x"2+1) / (c*x~2+b*x+a) ,X, algorith.m="maxima")
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Output‘Exception raised: ValueError >> Computation failed since Maxima requested

‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a*c-b"2>0)', see ~assume?  for

‘ more deta

Giac [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.02

1 e blog (cz® + bx + a)
(1—22)(a+bx+cx?) ~  2(a?—b+2ac+c?)

(b® — 2ac — 2 %) arctan (\/Egg—f"i’(w>

(a2 = +2ac+c)vV—-b*+4ac
log (lz +1[) _ log(Jz —1])
2(a—b+c¢) 2(a+b+c)

s

Lintegrate(1/(—x‘2+1)/(c*x‘2+b*x+a),x, algorithm="giac")

~—

input

output‘ -1/2*bxlog(c*x~2 + b*x + a)/(a”2 - b2 + 2*kaxc + c~2) - (b~2 - 2%a*c - 2%c ‘
“2)*arctan((2*c*x + b)/sqrt(-b~2 + 4*axc))/((a”2 - b72 + 2%a*c + c”2)*sqrt
‘(—b‘2 + 4xaxc)) + 1/2xlog(abs(x + 1))/(a - b + c) - 1/2xlog(abs(x - 1))/(a ‘

+ b + c)

Mupad [B] (verification not implemented)

Time = 17.56 (sec) , antiderivative size = 993, normalized size of antiderivative = 8.07

1 .
/ (1 —22) (a+ bz + cz?) dz = Too large to display

input Lint(—l/((x’? - 1)x(a + b¥x + c*x72)),x) J




output

input
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log(x + 1)/(2x(a - b + ¢)) - log(x - 1)/(2*(a + b + c)) + (log(b*c™2 + 4x*c
~3xx + ((a*x(4xbxc - 2xc*k(b~2 - 4*axc)”~(1/2)) - b™3 + b™2*%(b~2 - 4*ax*xc) (1/
2) - 2%c™2x(b"2 - 4x*xa*xc)”(1/2))*(x*(12%¥bxc~3 - 3*b~3*c + 12*a*b*c”2) + 8*a
*C"3 + 4xc”4 + 4*a”2%c”2 + 3%b"2%c”2 - ((ax(4*xbkc - 2*c*(b"2 - 4xaxc)”~(1/2
)) = b™3 + b™2%(b"2 - 4xaxc)”(1/2) - 2*%c”2x(b"2 - 4x*axc)~(1/2))*(4xb*xc"4 +
x*k(8%a*c™4 + 6%b~4*xc + 8*c”5 - 8*%a”"2%c”3 - 8%a~3*c”2 — 6*b"2%c”3 - 20*axb
“2%CT2 + 2%a”2%b"2%c) + 4%b"3%c”2 - 28*%a~2%bxc”2 - 24*axb*c”3 + 8*axb~3%c)
)/ (b™2%(12%a*xc + 2%xa~2 - 2%b~2 + 2%c~2) - 4xakxcx(4*axc + 2*%a”~2 + 2%xc"2)) -
axb~2%c))/(b"2%(12%a*c + 2%¥a”2 - 2%b~2 + 2%xc~2) - 4*akxcx(4*axc + 2*a~2 +
2xc~2))) *(ax(4xbxc - 2%xcx(b~2 - 4*a*xc)”~(1/2)) - b™3 + b™2%(b~2 - 4*axc)” (1
/2) = 2%c™2x (b2 - 4*akxc)”(1/2)))/(b"2*%(12*a*xc + 2*a~2 - 2*b~2 + 2*c~2) -
4xaxck (4d*axc + 2%a”2 + 2%c”2)) + (log(b*c™2 + 4*c”3*x + ((ax(4*bxc + 2kcx(
b~2 - 4*axc)~(1/2)) - b3 - b™2%(b"2 - 4x*xaxc)”(1/2) + 2*%c”2*%(b"2 - 4*ax*xc)”
(1/2))*(x*x(12*b*c~™3 — 3*b~3*c + 12*xaxbxc”2) + 8*a*c™3 + 4*c™4 + 4*xa~2xc”2
+ 3*%b"2%c”2 - ((a*x(4*xbxc + 2*ckx(b"2 - 4*a*c)”(1/2)) - b™3 - b™2%(b"2 - 4*a
*c) " (1/2) + 2xc”2*%(b"2 - 4xaxc)~(1/2))*(4xb*c™4 + x*(8*a*c™4 + 6%b~4*c + 8
*C™5 - 8%a”2*c”3 - 8%a"3%c”2 - 6%b"2*%c”3 — 20%axb”"2%c”2 + 2*a"2*%b"2*c) + 4
*b"3%c”2 - 28%a”2*b*xc”2 - 24*a*b*xc”3 + 8*a*b”3*c))/(b"2*(12*a*xc + 2*a”2 -
2%b~2 + 2%c”2) - 4¥axck(4xaxc + 2%xa~2 + 2%xc”2)) - axb~2xc))/(b"2%(12%axc +

2%a”2 - 2%b"2 + 2%xc”~2) - 4xakxck(4*axc + 2%xa~2 + 2%c”2)))*(a*x(4*xbxc + 2...

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 308, normalized size of antiderivative = 2.50

1
/ (1 —22) (a + bx + cx?) dz

2cx+b

— 12 2cz+b — 72 2cz+b 2 _ 12
4\/4ac b atan(\/i) — 24/4ac—b atan( )b +4+/4ac—b atan(\/i

c? —4log(c

[int(1/(—x‘2+1)/(c*x‘2+b*x+a),x)

-/




output
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(4*sqrt(4*xaxc - bx*2)*atan((b + 2xc*x)/sqrt(4*axc - bx*2))*axc - 2xsqrt(4*
axc - b*x2)xatan((b + 2%c*x)/sqrt(4*xaxc — b**2))*bx*2 + 4*sqrt(4*axc - bk*
2)*atan((b + 2%c*x)/sqrt(4*a*c — bx*2))*cx*2 — 4xlog(a + b*x + c*x**2)*a*b
*Cc + log(a + b*x + c*x**2)*b**3 - 4xlog(x — 1)*a**x2*c + log(x — 1)*axb**2

+ 4xlog(x - 1)*a*b*c - 4*log(x - 1)*axc*x*2 - log(x - 1)*b**3 + log(x - 1)*
bx*2kc + 4*log(x + 1)*a**2*c - log(x + 1)*a*b**2 + 4xlog(x + 1)*axb*c + 4%
log(x + 1)*a*xc**2 - log(x + 1)*b**3 - log(x + 1)*bx*2xc)/(2*(4*a**3*c - ax
*2%b**2 + 8kaxk2kck*k2 — Gkakxb*k*k2xc + 4kxakc*k*k3 + b**x4 - b**2*c**2))
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1

3.3 f (1—z)(1+z) (a+bz+cz?)

Optimalresult . . . . . . . . .. . . 46l
Mathematica [A] (verified) . . . . . . . .. ... Lo 46
Rubi [A] (verified) . . . . . . ... .. 47
Maple [A] (verified) . . . . . . . .. 48
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 49
Sympy [F(-1)] . . . o o 49
Maxima [F(-2)] . . . . . . . o 50
Giac [A] (verification not implemented) . . . . . . ... ... ... 50
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... Bl
Reduce [B] (verification not implemented) . . . ... ... ... ......... b1l

Optimal result

Integrand size = 25, antiderivative size = 123

1 ~ (b2 — 2ac — 2¢%) arctanh(%) _ log(1—2)

/(1—$)(1+x)(a+bx+cmz)dx_ (a—b+c)a+b+c)Vb2—4ac 2(a+b+c)
log(1+z)  blog(a+ bz + ca?)
2@a—b+c) 2(a—-b+c)la+b+c)

‘ (-2%a*c+b~2-2*c~2) *arctanh ( (2%c*x+b) / (-4*a*xc+b~2) ~(1/2)) / (a-b+c) / (a+b+c) / ( ‘
‘ —-4xaxc+b~2) ~(1/2)-1n(1-x)/ (2*%a+2%b+2%c)+1n (1+x) / (2%a-2%b+2%c) -1/2%b*1n (c*x ‘
‘ “2+b*x+a) / (a-b+c) / (atb+c) ‘

output

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.96

/ 1 :
1-2)1+2) (a+ bz + cx?) v

(—2b% + 4c(a + ¢)) arctan (%) + V=0 +4ac(—((a —b+c)log(—1+x)) + (a+ b+ c)log(1 +
2(a—b+c)(a+b+c)vV—b>+ 4ac
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input‘ Integrate[1/((1 - x)*(1 + x)*(a + b*x + c*x~2)),x] ‘

‘ ((-2%b~2 + 4xc*(a + c))*ArcTan[(b + 2*c*x)/Sqrt[-b~2 + 4*a*c]] + Sqrt[-b~2
‘ + 4*xaxc]*(-((a - b + c)*Log[-1 + x]) + (a + b + c)*Log[1l + x] - bxLogla +

output
L x*(b + c*x)]))/(2x(a - b + c)*(a + b + c)*Sqrt[-b~2 + 4*axc]) J

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 120, normalized size of antiderivative = 0.98,

number of rules _ 0.120, Rules

number of steps used = 3, number of rules used = 3, = -
integrand size

used = {1188, 1301, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/kl—me+1ﬂa+bx+aﬁym
l 1188
/ (1—=x2?) (a1+ bx + ca:z)dx
l1mn
b2 + czb —c(a +c) 1 1
_/<m—b+@@+b+@@ﬁ+wx+®_2m+b+dﬂ—x)_%a—b+@@+1»dx

l 2009

(6° —2¢(a+ ) arctanh(\/l’lﬁ%) _ blog (a+ bz + cz?) _ log(1 —1z) log(z + 1)
(a—b+c)a+b+c)vb2—dac 2(a—b+c)la+b+c) 2(atb+tc) 2(a—b+o)

inputtlnt[l/((l - x)%x(1 + x)*(a + b¥x + c*x~2)),x] J

e B

((b~2 - 2*c*x(a + c))*ArcTanh[(b + 2%c*x)/Sqrt[b~2 - 4*a*c]])/((a - b + c)*
‘(a + b + c)*Sqrt[b"2 - 4*a*c]) - Logl[l - x]/(2*x(a + b + c)) + Logll + x]1/( ‘
‘2*(a - b+ c)) - (bxLogla + bxx + c*x"2])/(2%(a - b + c)*(a + b + c)) ‘

output
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Defintions of rubi rules used

rule 1188 Int[((d_) + (e_.)*(x)) " (m_.)*((£f ) + (g_.)*(x_))"(n_.)*x((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[(d*f + exgxx~2) m*(a + b*x + c*x"2
)°p, x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n, p}, x] && EqQ[m, n] && EqQ[exf
+ dxg, 0] && (IntegerQ[m] || (GtQ[d, 0] && GtQ[f, 0]))

rule 1301 Int[((a_.) + (c_.)*(x_)"2)"(p_)*((d_.) + (e_.)*(x_) + (£_)*(x_)"2)"(q ), x
_Symbol] :> With[{r = Rt[(-a)*c, 2]}, Simp[1/c"p Int[ExpandIntegrand[(-r
+ c*x)"p*(r + c*x)"p*x(d + exx + £*x"2)7q, x], x], x] /; EqQlp, -1] || !Fra
ctionalPowerFactorQ[r]] /; FreeQ[{a, c, d, e, f}, x] && ILtQ[p, 0] &% Integ
erQlq] && NiceSqrtQ[(-a)x*c]

ruke2009tlnt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [A] (verified)

Time = 1.87 (sec) , antiderivative size = 113, normalized size of antiderivative = 0.92

method | result
cx+b
e o) B bin(ca?+brta) +2(“°_%b2+62) arcmn(\/ﬁ)
In(z+1)  In(z-1 2 V4ac—b2

default | 57575 = savprae T (a—b+c)(atb+c)
risch e > Rln (

2(atbtc) | 2a—2b+2¢ o

_ R=RootOf ((4ca®—a2b2+8a2c2—6ca b2+4c3a+bt —b2c2)_ 72+ (dabe—b3)_Z+c2?)

inputLint(1/(1-x)/(x+1)/(c*x‘2+b*x+a),x,method=_RETURNVERBOSE) J

Output‘1n(X+1)/(2*a—2*b+2*C)-1/(2*a+2*b+2*c)*1n(x—1)+1/(a—b+c)/(a+b+c)*(—1/2*b*1n
‘ (c*x~2+b*x+a) +2% (a*c-1/2%b~2+c~2) / (4*a*xc-b~2) ~(1/2) *arctan ( (2*xcxx+b) / (4*ax ‘
c-b"2)7(1/2))) |
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Fricas [A] (verification not implemented)

Time = 0.67 (sec) , antiderivative size = 447, normalized size of antiderivative = 3.63

1
d
/ 1-2)(1+2z)(a+ bz + cx?) v
(b2 — 2ac — 2c%)Vb? — 4aclog (2‘%2+2 bw+bi;22f§; +ab2_4 acl? ch)) + (b® — 4 abc) log (cx® + bz + a) -

B 2(a?? —b* —4ac® — (8

-

Lintegrate(l/(l—x) /(1+x) / (c*x~2+b*x+a) ,x, algorithm="fricas")

-/

input

[-1/2%x((b~2 - 2*a*c - 2%c”~2)*sqrt(b™2 - 4*axc)*Llog((2%c™2%x"2 + 2xb*cxx +
b~2 - 2*axc - sqrt(b”2 - 4*axc)*(2*c*x + b))/(c*x"2 + bxx + a)) + (b"3 - 4
*xaxb*c)*log(c*xx™2 + b*x + a) - (axb™2 + b™3 - 4*a*c™2 - (4xa”2 + 4%axb - b
~2)*c)*log(x + 1) + (a*b™2 - b~3 - 4xa*c”™2 - (4*a~2 - 4*axb - b~2)*c)*log(
x - 1))/(@2*b”"2 - b™4 - 4*a*c”3 - (8*xa"2 - b"2)*c"2 - 2x(2*%a~3 - 3*axb”2)
xc), 1/2x(2x(b~2 - 2%axc - 2*c”~2)*sqrt(-b~2 + 4xa*c)*arctan(-sqrt(-b~2 + 4
*xaxc)*(2xcxx + b)/(b~2 - 4xaxc)) - (b~3 - 4*axbkxc)*log(c*x”2 + b*x + a) +
(a*xb”2 + b~3 - 4*xaxc”2 - (4*%a”"2 + 4*a*xb - b~2)*c)*log(x + 1) - (a*b”2 - b~
3 - 4*xaxc™2 - (4¥a”2 - 4xaxb - b"2)*c)*log(x - 1))/(a”2xb™2 - b~4 - 4xaxc”
3 - (8%¥a™2 - b™2)*c"2 - 2x(2*a”3 - 3*a*b~2)*c)]

output

Sympy [F(-1)]

Timed out.
1

/(1 —z)(1+ z) (a + bz + cz?)

dxr = Timed out

-

Lintegrate(1/(1-x)/(1+x)/(c*x**2+b*x+a),x)

| —

input

ou_tpudTimed out J
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Maxima [F(-2)]

Exception generated.

1
/ (1—-2z)(1+z)(a+ bz + cz?)

dx = Exception raised: ValueError

input‘integrate(1/(1-x)/(1+x)/(c*x”2+b*x+a),x’ algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a*c-b~2>0)', see “assume?  for

‘ more deta

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.02

(1-2)1+2)(a+ bz + cx?) v 2(a2 -2 +2ac+c?)

(0* — 2ac — 2¢*) arctan (%)

(a2 — b +2ac+ 2)vV—-b*+4ac
log (lz +1f) _ log(Jz —1])
2(a—b+c¢c) 2(a+b+c)

/ 1 blog (cz® + bz + a)

inputLintegrate(1/(1—x)/(1+x)/(c*x‘2+b*x+a),x, algorithm="giac") J

Output‘-1/2*b*log(c*x“2 + b*x + a)/(a”2 - b™2 + 2%axc + c2) - (b"2 - 2%axc - 2%c
‘“2)*arctan((2*c*x + b)/sqrt(-b~2 + 4xaxc))/((a”2 - b~2 + 2%axc + c~2)*sqrt ‘
‘(-b"2 + 4xaxc)) + 1/2xlog(abs(x + 1))/(a - b + c) - 1/2%log(abs(x - 1))/(a ‘

‘+b+c)




inpu

output
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Mupad [B] (verification not implemented)

Time = 1.95 (sec) , antiderivative size = 993, normalized size of antiderivative = 8

1
/ (1-2z)(1+=z)(a+ bx + cx?)

dx = Too large to display

07

t}/int(—u((x C 1)#(x + 1)*(a + bkx + c*x~2)),x)

log(x + 1)/(2x(a - b + ¢)) - log(x - 1)/(2*(a + b + c)) + (log(b*c™2 + 4x*c
~3xx + ((a*x(4xbxc - 2xc*k(b~2 - 4*axc)”~(1/2)) - b™3 + b™2*%(b~2 - 4*ax*xc) (1/
2) - 2%c™2x(b"2 - 4xa*xc) " (1/2))*(x*(12%¥b*xc~3 - 3*b~3*c + 12*a*b*c”2) + 8*a
*C"3 + 4*c”4 + 4*a”2%c”2 + 3*%b"2%c”2 - ((ax(4*xbkc - 2%c*(b"2 - 4*xaxc)”~(1/2
)) - b™3 + b™2%(b"2 - 4xax*xc)”(1/2) - 2*%c”2x(b"2 - 4x*axc)~(1/2))*(4xb*xc"4 +
x*k(8*%a*c™4 + 6%b~4xc + 8*c”5 - 8*%a”"2%c”3 - 8%a~3*c”2 — 6*b"2%c”"3 - 20*axb
T2%CT2 + 2%a”2%b”2%c) + 4%b"3%c”2 - 28*%a~2%bxc”2 - 24*axb*c”3 + 8*axb~3%c)
)/ (b™2% (12%a*xc + 2*a~2 — 2*b~2 + 2%c~2) - 4xakck(4*akc + 2%a”2 + 2%c”2)) -
axb~2%c))/(b~2x(12%a*c + 2%¥a”2 - 2%b~2 + 2%xc~2) - 4*akxcx(4*axc + 2*a~2 +
2%xc~2)) ) *(ax(4xbxc — 2%xcx(b~2 - 4*a*xc)~(1/2)) - b™3 + b™2%(b~2 - 4*axc)”~ (1
/2) = 2%c”2%(b"2 - 4*axc)”(1/2)))/(b"2*%(12*a*c + 2*%a~2 — 2%b~2 + 2%c~2) -
4xaxck (4d*axc + 2%a”2 + 2+c”2)) + (log(b*c™2 + 4*c™3*x + ((ax(4*bxc + 2kcx(
b~2 - 4*xaxc)~(1/2)) - b3 - b™2x(b"2 - 4x*xaxc)~(1/2) + 2*%c”2*%(b"2 - 4*ax*xc)”
(1/2))*(x*x(12*b*c~™3 — 3*b~3*c + 12*axbxc”2) + 8*a*c™3 + 4*c™4 + 4*xa~2xc”2
+ 3*%b"2%c”2 - ((a*x(4*bxc + 2*ckx(b"2 - 4*a*c)~(1/2)) - b™3 - b™2%(b"2 - 4*a
*c) " (1/2) + 2xc”2*%(b"2 - 4xaxc)~(1/2))*(4xb*c™4 + x*(8*a*c™4 + 6%b~4*c + 8
*C™5 - 8%a~2%c”3 - 8%a"3%c”2 - 6%b"2*c”3 - 20%axb”"2%c”2 + 2*a"2*%b"2*c) + 4
*b~3%c”2 - 28%a~2%bxc”2 - 24*axb*c~3 + 8*axb~3%c))/(b"2x(12%a*xc + 2%a~2 -
2%b~2 + 2%c”2) - 4¥akxck(4xaxc + 2%xa~2 + 2%xc”2)) - axb~2xc))/(b"2%(12%axc +
2%xa”2 - 2%b"2 + 2%c"2) - 4xakck(4dxakc + 2¥a”2 + 2xc"2)))*(ax(4¥b*c + 2...

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 308, normalized size of antiderivative = 2

/ 1 :
(1—-2z)(1+z)(a+ bx + cz?) o

— 12 2cz+b _ — 712 2cz+b 2 _ 2
4\/4ac b atan(\/i) ac — 2v/4ac—b atan( )b +4+/4ac — b atan(\/i

.50

2cx+b

)c — 4log(c
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input |int(1/(1-x)/(1+x)/ (c*x~2+b*x+a) ,x)

output

(4*sqrt(4*xaxc - b*x2)*atan((b + 2xc*x)/sqrt(4*a*xc - b**2))*axc — 2xsqrt(4*
axc - b*x2)*atan((b + 2xc*x)/sqrt(4*a*xc - b**2))*b**2 + 4*xsqrt(4*xa*c - b**
2)*atan((b + 2*c*x)/sqrt(4*a*c — b**2))*c**2 — 4xlog(a + b*x + c*x**2)*a*b
*C + log(a + b*x + c*x**2)*b**3 - 4*xlog(x — 1)*a**x2*c + log(x - 1)*axb**2

+ 4xlog(x - 1)*a*b*c - 4xlog(x - 1)*axc**2 - log(x - 1)*b*x3 + log(x - 1)*
bx*2xc + 4*log(x + 1)*a**2xc - log(x + 1)*axb*x2 + 4*log(x + 1)*axb*c + 4%
log(x + 1)*axc*x2 - log(x + 1)*bx*3 - log(x + 1)*b**2%c)/(2x(4xax*3%c - ax*
*2%kbk*k2 + 8kakk2kck*k2 — Bkakbk*k2kc + 4kxakxckx*3 + bxx4 - b**2*c**2))




output
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(a—|—2bx—ax2)4
(—1+z2)
Optimalresult . . . . . . . . .. . . . . H3]
Mathematica [A] (verified) . . . . . . . . ... . Lo b4
Rubi [A] (verified) . . . . . . . .. .. 5!
Maple [A] (verified) . . . . . . . . . 56
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ...... 56
Sympy [A] (verification not implemented) . . .. ... ... ... ... ..... byi
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... B
Giac [A] (verification not implemented) . . . . . . . .. ... ... ... b
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 59
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 59
Optimal result
Integrand size = 22, antiderivative size = 216
/ (a + 2bz — az?)* LU (Ba—3bb® (240’ —16ab— 1)
(-1 +22)° - 8(l—-z)t 12(1—=)3 16(1 — )2
_ b(32d° — 240 — 16ab® + 3b%) b b®(8a + 3b)

16(1 — z)

81+z)! 12(1+=z)3

b*(24a® + 16ab — b*)  b(32a® + 24a%b — 16ab® — 3b°)

16(1 + z)?

16(1 + z)

1
~3 (8a* — 24a®V” + 3b*) arctanh(z)

‘ -1/8*b~4/(1-x) "4-1/12%(8*%a-3*b) *b~3/(1-x) "3-1/16*b~2* (24*a~2-16*a*b-b"2) / (
‘ 1-x) "2-b* (32*%a~3-24*a~2*¥b-16*axb~2+3*b"3) / (16-16*x)+1/8*b~4/ (1+x) "4-1/12%b
‘ ~3*(8*%a+3*b) / (1+x) "3+1/16*%b~2* (24*a~2+16*a*xb-b~2) / (1+x) ~2-b* (32*a~3+24*a"2
‘*b—16*a*b‘2-3*b‘3)/(16+16*x)—1/8*(8*a‘4—24*a‘2*b‘2+3*b‘4)*arctanh(x)
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Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.65

2bz — az?)’

/ (a + 2bz a35v ) i
(—1+22)

1 2b(96a3(—1 +22)° — 72a2bz(—1 + 22)? (1 + 22) + 64ab?(1 — 422 + 3z%) + 3b32(3 — 1122 — 112*.

48 (_1 + $2)4

+ 3(8a* — 24a®b* + 3b*) log(1 — z) — 3(8a* — 24a’b® + 3b*) log(1 + z)

input‘ Integrate[(a + 2%b*x - a*x"2)"4/(-1 + x"2)75,x] J

output‘ ((2%bx (96%a~3* (-1 + x72)73 - 72%a"2xbxx*k(-1 + x72) 2% (1 + x~2) + 64*a*xb~2% ‘
\ (1 - 4*x™2 + 3*x™4) + 3*%b"3*kx*x(3 - 11*x"2 - 11*%x"4 + 3%x76)))/(-1 + x°2)"4 \
‘ + 3%(8%a"4 - 24*a"2xb"2 + 3xb~4)xLogl[l - x] - 3*(8%¥a"4 - 24*a~2xb~2 + 3xb
“4)*Log[1 + x])/48 ‘

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.091, Rules

number of steps used = 2, number of rules used = 2,
used = {1301, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/ (—aac2 +a+ 2bx)4
(@2 —1)°

l 1301

b2 (24(12 — 16ab — b2) b2 (24(12 + 16ab — b2) 8a* — 24a2b2 + 3b* b(32a3 — 24a2b — 16ab® + 363)
/ B 8(1—x)3 8(z +1)3 8 (1 —a2) 16(1 — )2
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| 2009
b*(24a® — 16ab— %)  b?(24a® +16ab—?) 1

4 212 4
—24 h(z) —
16(1 — )2 + 16(z + 1)2 3 (8a a’b® + 3b*) arctanh(z)
b(32a3 — 24a2b — 16ab2 + 3b3) b(32a3 + 24a2b _ 16ab2 _ 3b3) b3(8a _ 3b)
16(1 - z) 16(z + 1) 12(1 - z)?
b3(8a + 3b) b b

2@ +1)7 81—z 8@+l

;
Int[(a + 2%b*x - a*x~2)"4/(-1 + x~2)75,x]

N\ J

input

-1/8%b~4/(1 - x)74 - ((8%a - 3*b)*b~3)/(12*%(1 - x)~3) - (b"2*(24*a"~2 - 16%
axb - b72))/(16x(1 - x)72) - (b*(32*%a~3 - 24*xa~2*b - 16*a*b™2 + 3*%b~3))/(1
6%(1 - x)) + b74/(8*(1 + x)"4) - (b™3*(8*a + 3*xb))/(12*(1 + x)73) + (b~2*(
24*%a”~2 + 16*a*xb - b72))/(16x(1 + x)~2) - (b*(32*a~3 + 24*a”~2xb - 16*a*xb~2
- 3*%b~3))/(16*(1 + x)) - ((8*a~4 - 24*xa~2*%b~2 + 3*b~4)*ArcTanh[x])/8

output

Defintions of rubi rules used

rule 1301 Int[((a_.) + (c_.)*(x_)"2)"(p_)*((a_.) + (e_.)*(x_) + (£_)*(x_)"2)"(q ), x
_Symbol] :> With[{r = Rt[(-a)*c, 2]}, Simp[1/c"p Int[ExpandIntegrand[(-r
+ cxx)"px(r + c*x) p*x(d + exx + f*xx~2)°q, x], x], x] /; EqQlp, -1] || !Fra
ctionalPowerFactorQ[r]] /; FreeQ[{a, c, d, e, £}, x] && ILtQ[p, 0] &% Integ
erQ[q] &% NiceSqrtQ[(-a)*c]

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/
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Maple [A] (verified)

Time = 1.54 (sec) , antiderivative size = 184, normalized size of antiderivative = 0.85

method result

3p4_3a2b2) 2+ (264 —3a2b2) 27+ (3a2b2— L1 b%) 23+ (32202 — L1 b%) 25+ (12a3b— 32 a b3) 22 +4a3b 26+ (—12a3b+8a b3) xt —
norman 8 8 8 8 3
(z2-1)*

isch (%b4—3a2b2)z+(%b4—3a262)z7+(3a262—%b4)z3+(3a2b2— %b4)x5+(12a3b—%a b3)m2+4a3b:1:6+(—12a3b+8a b3)z4—A
risc e

bt 374 , 3.2712 1.4 b(32a3+24a2b—16a b2 —3b3) b2 (24a2+16ab—b?) b3(
default St T (—2b* + 3a%? — Ja*)In(z + 1) — 6T 6@i? 12

144026223 +384a b3z*+18b%*x” —66b% 23 +576a3b 22 —66b%2° —192a3b+144a2b2 25 —576a3b 24 —144x a2b%+128a b3 —512a b3

parallelrisch

meijerg Expression too large to display

input | 18t ((-a#x"2+2¥b¥x+2)"4/ (x"2-1)"5,x, method=_RETURNVERBOSE) J

| ((3/8%b~4-3xa"2%b"2) kx+(3/8%b 4-3%a"24b"2) ¥x"T+(3%a 24b"2-11/8%b"4) *x"3+(3
\ *a~2*%b~2-11/8%b"4) *x~5+(12*a”~3*%b-32/3*a*xb”3) *x~2+4*a~3*b*x "6+ (-12*a” 3*b+8* \
‘ a*b~3) *x~4-4*a~3xb+8/3*%a*xb"3) / (x"2-1) “4+(-3/16*b~4+3/2*a"~2%b"2-1/2*a~4) *1n ‘
\ (x+1)+(3/16%b~4-3/2%a~2%b~2+1/2%a~4) *1n(x-1) \

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 396 vs. 2(190) = 380.

Time = 0.07 (sec) , antiderivative size = 396, normalized size of antiderivative = 1.83

—az?)*

/ (a+ 2bz af ) i
(—1+2?)

_ 1926%bz° — 18 (8a?b® — b*)x" + 6 (24 a?b? — 11b*)z® — 192 (3a°b — 2ab®)z* — 192a’b + 128 ab® + 6 (2

input integrate ((-a*x~2+2*b*x+a) "4/ (x~2-1)"5,x, algorithm="fricas")
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1/48*%(192*%a"3*b*x"6 - 18*(8*a~2*xb™2 - b~4)*x"7 + 6*(24*a~2*xb~2 - 11*b~4)*x
5 - 192%(3*%a~3*b - 2*a*b~3)*x"4 - 192%a~3*b + 128*a*b”~3 + 6x(24*a~2*b"2 -
11*¥b~4) *x~3 + 64*(9%a~3*b — 8*axb~3)*x"2 - 18%(8*a~2*b"2 - b~4)*x - 3*((8
*a”~4 - 24*xa"2%b"2 + 3*%b"4)*x"8 - 4%(8%a"4 - 24*a"2*xb"2 + 3*b"4)*x"6 + 6*(8
*a"~4 - 24*xa"2%b"2 + 3*%b"4)*x"4 + 8*a"4 - 24*a"2*%b"2 + 3*%b"4 - 4*x(8*a"4 - 2
4xa~2%b"2 + 3%b~4)*x"2)*log(x + 1) + 3*((8*%a"4 - 24*a~2%b"2 + 3*xb~4)*x"8 -
4% (8*%a~4 - 24%a~2xb"2 + 3*b"4)*x"6 + 6*(8*%a”4 - 24*a”~2*b"2 + 3*b"4)*x"4 +
8%xa~4 - 24*%a”2xb"2 + 3xb~4 - 4x(8*a"4 - 24%a”2*%b"2 + 3*%b~4)*x"2)*log(x -
1))/(x™8 - 4*x™6 + 6*x"4 - 4xx"2 + 1)

output

Sympy [A] (verification not implemented)

Time = 2.26 (sec) , antiderivative size = 196, normalized size of antiderivative = 0.91

(a + 2bz — az?)*
(—1+22)°
(8a* — 24a%b? + 3b*) log (z — 1)  (8a* — 24a®b? + 3b*) log (z + 1)

16 16

4_96a3bx6——96a3b4—64ab3+—x70—72a2b24—9b4)+—x5-(72a2b2——33b4)+—x40—288a3b4—192ab3)+-x3-
2428 — 9626 + 144x* — 9622 + 24

input \integrate ((—a*x**2+2%b*x+a) ¥*4/ (x**2-1) ¥*5,x) /

(8xax*4 — 24xax*2*%b*x2 + 3xbx*4)xlog(x - 1)/16 - (8*ax*4d — 24*xax*2*b**x2 +
3xb*x4) *log(x + 1)/16 + (96*a**3*bxx**x6 — 96*a**3*b + 64*xa*b**3 + xx*xTx(-7
2ka**x2kb*kx*2 + Okb**x4) + x*kx5x (72ka*x*2*xb**x2 — 33%xb**4) + x**4*(-288*a**3%b
+ 192%a*b**3) + x**x3x(72xax*xkbk*2 — 33*b**4) + x**x2x(288*a**3*b — 256*a*b
*%3) + xk(=T2kaxk2kb**2 + O*b**4))/(24xx**8 — 96*x**6 + 144%x**4 — 9B*x**2
+ 24)

output
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 207, normalized size of antiderivative = 0.96

(a + 2bz — az?)*

(—1+22)°
1
= _1_16 (8(14 —24a%h* + 3b4) log (z+1) + 1 (8a4 — 24a%0® + 31)4) log (z — 1)

+96 a®bz® — 9 (8a%? — b*)z™ + 3 (24 a%b? — 11b*)z° — 96 (3 a3b — 2ab?)z* — 96 a3b + 64 ab® + 3 (24 o>
24 (28 — 426 +62* —422+1)

-

~—

input Lintegrate ((-a*x~2+2*b*x+a) "4/ (x"2-1)"5,x, algorithm="maxima")

-1/16%(8%¥a"4 - 24*a”2x¥b"2 + 3*xb~4)xlog(x + 1) + 1/16x(8*a~4 - 24*%a~2%b~2 +

3*b~4)*log(x — 1) + 1/24x(96%a"3%bxx~6 - 9*(8%a~2xb~2 - b 4)*x~7 + 3*(24*
a~2xb"2 - 11*%b”~4)*x~5 - 96%(3*a~3%b - 2%a*b~3)*x"4 - 96*a~3%b + 64*axb~3 +
3% (24%a”2xb"2 - 11*%b~4)*x"3 + 324 (9*a~3%b - 8xa*b~3)*x"2 - 9*(8+a"~2*b”"2 -
b~4)*x)/(x"8 - 4%x™6 + 6*x"4 - 4%x”"2 + 1)

output

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 192, normalized size of antiderivative = 0.89

/ (a + 2bz — az?)* i

(=14 22)°
1 1
= _]__6 (80,4 - 24a.2b2 + 3b4) log(lx + 1|) + E (80,4 _ 24a2b2 4 3b4> 10g(|3: _ 1|)
B 72 426227 — 9btz7 — 96 a3z’ — 72 a2b22® + 33 b5 + 288 adbzt — 192 ab3xt — T2 a2b223 + 33 bz —
24 (22 — 1)*
input Lintegrate ((-a*x~2+2¥b*x+a)~4/(x"2-1)75,x, algorithm="giac") J

-1/16%(8%a"4 - 24*a~2xb"2 + 3xb~4)xlog(abs(x + 1)) + 1/16%(8*a"4 - 24*a~2*
b2 + 3*xb~4)xlog(abs(x - 1)) - 1/24%(72*a~2%b"2*%x"7 - 9*b~4*x~7 - 96%a”3*b
*¥X76 — 72*%a"2*%b"2*%x"5 + 33%b74*x"5 + 288%a”~3%b*xx"4 - 192%a*b"3*x"4 - T72*%a”
2xb72*%x"3 + 33*%b74%x"3 - 288%a”3*%b*xx"2 + 256*a*b"3*kx"2 + 72*%a"2%b"2xx - 9%
b~4*x + 96%a”~3*b - 64*a*xb~3)/(x"2 - 1)"4

output
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Mupad [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 174, normalized size of antiderivative = 0.81

2bz — az?)*
/(a-l— T af) i
(—1+22)
x(%—3a2b2>+¥—4a3b+w7<%—3a2b2)—m3<%—3a2b2)—w5<%—3a2b2)+x4(€
8 — 428+ 62t —422+1

4
— atanh(x) (a4 —3a*b* + %)

input Lint((a + 2%b*x - a*x~2)74/(x"2 - 1)75,x) J

e B

(x%((3%b™4)/8 - 3xa”2%b"2) + (8%axb~3)/3 - 4*a"3+b + x"T*((3%b™4)/8 - 3xa”
|2¥b72) - x"3%((11%b™4)/8 - 3xa"2%b"2) - x"5*((11¥b™4)/8 - 3%a"2%b"2) + x4
% (8xa¥b"3 - 12%a"3%b) - x"2%((32%a*b™3)/3 - 12%a"3%b) + 4xa~3¥bxx"6)/(Exx"
L4 - 4%x72 - 4%x76 + x"8 + 1) - atanh(x)*(a"4 + (3%¥b74)/8 - 3*a"2¥b"2) J

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 527, normalized size of antiderivative = 2.44

(a + 2bz — az?)*
(—1+22)°
_ 24log(z — 1) a'z® — 961log(z — 1) a*a® + 144log(x — 1) a’z* — 96log(z — 1) a*z?® — T2log(x — 1) a®b*-

input ‘ int ((-a*x~2+2xbxx+a) "4/ (x~2-1)"5,x)




output

CHAPTER 3. LISTING OF INTEGRALS

(24xlog(x - 1)*axx4*x**8 — 96*log(x — 1)*a*x4*x**6 + 144xlog(x - 1)*a*x4*x

*¥*k4 - 96xlog(x — 1)*ax*dxxx*2 + 24xlog(x - 1)*ax*4 - 72xLlog(x - 1)*ax*2kbx
*2*%x*x*8 + 288*log(x - 1)*ax*2xb**2xx*x6 — 432%Log(x — 1)*a*x*2*bx*2xx**x4 +
288x1log(x — 1)*ax*2xb**2xx**2 — T2xlog(x — 1)*a**2xb**2 + 9*xlog(x — 1)*b**
4xx*x*%8 - 36xlog(x - 1)*b*x4xx**6 + 54xlog(x - 1)*bk*4*x**4 - 36%log(x - 1)
*xbrkd*kx*kx2 + 9xlog(x - 1)*b*x4 - 24*log(x + 1)*ax*4*xx**8 + 96*xlog(x + 1)*a
*xk4*xx*kx6 — 144x1log(x + 1)*a*x4xx**4 + 96%log(x + 1)*ax*d*x**x2 - 24*log(x +

1)*a*x*x4 + 72%log(x + 1)*a**2xb**2*x**8 — 288*Llog(x + 1)*a**2xbx*2*x**6 +
432%log(x + 1)*a*x2xbxx2xx**x4 — 288*log(x + 1)*a*x2xb*x2xx*x2 + 72xlog(x +

1) *a*x*2+b**2 — 9xlog(x + 1)*b**4*x**8 + 36%log(x + 1)*bkx4xx*x6 — 5dxlog(
X + 1)*bkxdxx*kx4 + 36%xLlog(x + 1)*bx*4*xx*2 — 9xlog(x + 1)*bx*4 + 48*ax*3%b
*xX**%8 — 288%a*x3xbxxx*4 + 384*a*xx3xbxx**2 — 144%a*x*3xb — 144%a*x*2xbk*2*x**
7 + 144%a*x*x2xbx*k2kxx**x5 + 144%a*x*2xbx*2*x**3 — 144*ax*2*b**2xx + 384*axbx*3
*xxkx4 — B512%axbx*3xx**2 + 128*a*xb**3 + 18*b**4*x**7 — 66%b**4*x**5 - 66%b*
*4xx*x*3 + 18*%b**x4%xx)/(48* (x**8 — 4*xx**6 + 6*x*k*4 — 4*xx**2 + 1))
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3.5 f \/d+e:1:+f:c dx

a—|—ca:

Optimalresult . . ... ... ... ... ... .......
Mathematica [C] (verified) . . . . . ... ... ... .. ..
Rubi [A] (verified) . . . ... .. .. ... ... . .. ...
Maple [B] (verified) . . . . . . ... ... ... L.
Fricas [B] (verification not implemented) . . . . . .. .. ..
Sympy [F] . . . ..
Maxima [F] . . .. ... ... .. o
Giac [F(-1)] . . .« o o oo
Mupad [F(-1)] . . . ..
Reduce [F] . . . ... . .

Optimal result

Integrand size = 24, antiderivative size = 764

/\/d-i-ex—i- fx2 _ zv/d+ex+ fa?

(a + cx?)? ~ 2a(a+cx?)

\/cd—l— af —\/Ad? +a%f?+ ac(e? — 2df)\/2cd2 + ae? — 2adf — 2d+/c?d? + a2 f2 + ac (€2 — 2df ) ar

_|_

NN ey

\/cd—l- af ++/Ad? +a2f? + ac (e — 2df)\/2cd2 + ae? — 2adf + 2d+/c?d? + a2 f2 + ac (e? — 2df) ar

4\/§a3/2\/5 /c2d? + aZf? -
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1/2%x* (£xx"2+e*xx+d) ~(1/2) /a/ (c*x~2+a) +1/8* (cxd+a*f-(c~2*%d~2+a " 2*f " 2+a*c*x (-
2+dxf+e72)) " (1/2)) " (1/2) * (2*xc*xd™2+a*xe”2-2xa*xd*f-2xd* (c~2*d"2+a” 2*f ~2+a*c* (
-2%d*f+e~2))"(1/2)) " (1/2) *arctan(1/2#* (a*xe* (cxd+axf—(c~2*d"2+a"2*f " 2+a*c* (-
2%d*f+e72)) " (1/2) ) —c*x(a*e ™ 2+2*d* (c*d-a*xf-(c~2xd"2+a" 2*xf " 2+a*c* (-2*xd*f+e”~2)
)7 (1/2)))*x)*27(1/2) /a~(1/2) /c~(1/2) / (ckxd+a*xf-(c™2xd~2+a~2*f ~2+a*xc* (-2xd*f
+e72)) " (1/2))"(1/2) / (2*xcxd~2+a*e”2-2*a*d*f-2*d* (c™2*xd~2+a”~2*f " 2+a*c* (-2*d*
f+e72)) " (1/2)) " (1/2) / (£*x"2+exx+d) ~(1/2))*27(1/2) /a~(3/2) /c~(1/2) / (c~2*d"2
+a”2%f " 2+a*ck (-2xd*xf+e”2)) " (1/2) -1/8* (c*kd+a*xf+(c™2*xd~2+a”~2xf ~2+a*c* (-2*d*f
+e72)) " (1/2)) " (1/2) * (2*c*d~2+axe~2-2kaxd*f+2*d* (c~2kd~2+a " 2%f ~2+a*ck (—2xd*
f+e~2))~(1/2))~(1/2)*arctan(1/2* (a*xe* (c*d+a*xf+(c™2xd~2+a " 2xf ~2+axc* (—2%d*f
+e72)) 7 (1/2) ) -c*k(a*e”2+2*d* (ckd-axf+(c~2xd"2+a"~2xf ~2+a*cx (-2*d*xf+e~2) )~ (1/
2)))*x)*27(1/2)/a~(1/2) /c”(1/2) / (cxd+a*f+(c~2+%d~2+a " 2*f ~2+a*c*x (-2*xd*xf+e~2)
)7(1/2))7(1/2) / (2%c*d™2+axe”2-2xaxd*f+2*xd* (c"2+¢d"2+a~2*f “2+axcx (-2xd*f+e”2
))=(1/2))"(1/2) / (£xx"2+e*x+d) ~(1/2) )*27(1/2) /a~(3/2) /c~(1/2) / (c™2*d~2+a"2%
f~2+a*xc* (-2xdxf+e~2)) " (1/2)

output

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 1.38 (sec) , antiderivative size = 636, normalized size of antiderivative = 0.83

/ Vd+ex+ faz:2

(a + ca?)?
—16cd? log(z)+3ae? log(z)+14adf log(z)+16cd?

RootSum |:C€2 + af? — dev/de#1 + ded#12 — 2af#1° + a#1&,

input Integrate [Sqrt[d + exx + f*x~2]/(a + c*x"2)72,x]




output
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-1/8*(RootSum[c*e”™2 + a*f~2 - 4xc*Sqrt[d]*e*x#1 + 4xcxd*#172 - 2xaxf*#172 +

ax#1°4 & , (-16%c*d”2xLog[x] + 3*axe”2*Log[x] + 14xaxd*f*Log[x] + 16xc*d”
2xLog[-Sqrt[d] + Sqrt[d + exx + f*x~2] - x*#1] - 3xa*e”2xLog[-Sqrt[d] + Sq
rt[d + e*x + £*xx72] - x*#1] - 14xa*d*xf*Log[-Sqrt[d] + Sqrt[d + e*xx + f*x~2
] - x*#1] - 6%a*xSqrt[d]*exLog[x]*#1 + 6*a*Sqrt[d]*exLog[-Sqrt[d] + Sqrt([d
+ e*xx + f£xx72] - x*#1]*#1 + 2%a*xd*Log[x]*#1°2 - 2*axdxLog[-Sqrt([d] + Sqrtl[
d + exx + f*x72] - x*#1]1*#172)/(-(cxSqrt[dl*e) + 2kc*xd*#1 - axfx#1 + a*#1”
3) & 1 - 4x((a*xx*Sqrt[d + x*x(e + f*x)])/(a + c*x”2) + RootSum[c*e”2 + a*f~
2 - 4xcxSqrt[d]lxex#1 + 4xckd*#172 - 2xaxf*#172 + ax#174 & , (-4*cxd”2*Logl
x] + axe”"2+Logl[x] + 3*a*xd*fxLogl[x] + 4*c*d~2xLog[-Sqrt[d] + Sqrt[d + e*x +
fxx72] - x*#1] - a*e"2xLog[-Sqrt[d] + Sqrtl[d + exx + f*x~2] - x*#1] - 3*a
xd*f*Log[-Sqrt[d] + Sqrtl[d + e*x + f£xx~2] - x*#1] - 2*a*Sqrt[d]*exLog[x]*#
1 + 2xaxSqrt[d]*exLog[-Sqrt[d] + Sqrtld + exx + f*x~2] - x*#1]*#1 + axd*Lo
glx]*#1°2 - a*d*Log[-Sqrt[d] + Sqrtl[d + e*xx + f*x~2] - x*#1]*#172)/(-(c*Sq
rt[dl*e) + 2kckdx#1 - axfx#l + a*#1°3) & ]))/a"2

Rubi [A] (verified)

Time = 2.44 (sec) , antiderivative size = 932, normalized size of antiderivative = 1.22,
=8, number of rules _ 333, Rules

number of steps used = 9, number of rules used =
used = {1307, 25, 2140, 27, 1369, 25, 1363, 218}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/\/d—i-e:r—i-f:v2

a+ cx?)?

l 1307

c(d+ex+ favz)g/2 (z(cd — af) + ae)
2a (a + cx2) ((cd — af)? + ace?)
f _ \/fx2+ex+d(—4f(cd—af):c202—e(cd+af)x02+(202d2+4a2f2+ac(62—6df))c) d

cr?+a

dac ((cd — af)? + ace?)

| 25

X
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f V fz?+ex+d(—Af(cd—af)z?c?—e(cd+af)zc?+(2c2d%+4a? f2+ac(e?—6df))c) de
cr?+a
4ac ((cd — af)? + ace?) +

c(d+ex+ f:c2)3/2 (z(cd — af) + ae)
2a (a + cx?) ((cd — af)? + ace?)

l 2140

263 f(d?+a? 2 4ac(e2—2df ) ) (2d-+ea) e

(Cz2+a;c‘é’}m2+m+d —2¢\/d + ex + fx2(fz(cd — af) + cde)
4ac ((cd — af)? + ace?) +
c(d+ex+ f.’L'2)3/2 (z(cd — af) + ae)
2a (a + cz?) ((cd — af)? + ace?)

l 27

c(af? + ac(e® — 2df) + 2d?) [ 2dtex dz — 2¢\/d + ex + fz2(fz(cd — af) + cde)

(cx24-a)+/fr2+ex+d

4ac((cd — af)? + ace?) i
c(d+ex+ f.’L'2)3/2 (z(cd — af) + ae)
2a (a + cx?) ((cd — af)? + ace?)
l 1369
f ~ 2Cd2_2afd_2\/C2d2+a2f2+ac(e2_2df)d+a82+e(cd+af—\/c2d2+a2f2+ac(e2_2df))zdw f _L€2

cz2+a \/f:c2+e:c+d
c(a®f? + ac(e® — 2df) + *d?) 2\/a2(f2+ac)(e2—2df)+02d2 B

4ac ((cd — af)
c(d+ex+ f$2)3/2 (z(cd — af) + ae)
2a (a + cz?) ((cd — af)? + ace?)

l 25

aez-f— (cd+af+\/02d2+a2f2+ac(ez —de) ) ze+2d (cd—af+ ¢02 d2+a2 f2+ac(e2 —2df)) 2(:d2 —2a,
dx
(5124—(1) \/fz2+ez+d

c(a2f2 + ac(e2 - 2df) + czdz) 2/a? f2+ac(e2—2df)+c2d? B

dac((ed —af)?
c(d+ezx+ ]01132)3/2 (z(cd — af) + ae)
2a (a + cx?) ((cd — af)? + ace?)

l 1363




input
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c(ae+ (cd — af)z) (fz? + ez + d)?’/2

2a (ace? + (cd — af)?) (cz? + a)

ae (cd+af— \/c2d?+a2 f2+ac(e? —2df)) (2cd2 —2afd—2+/c2d2+a2 f2+ac(e? —2df)d+a62) J—

2ce (cd-

c(d? + a?f2 + ac(e? — 2df))

l 218

c(ae + (cd — af)z) (fz? + ez + d)3/2
2a (ace? + (cd — af)?) (cz? + a)

\/cd—}-af— V/c2d2+a? f2+ac(e2—2df) \/2cd2 —2afd—2+/c2d2+a2 f2+ac(e2—2df)d+ae? arctan | —
V2,

V2yay/e\/c?d>+a

c(d? + a?f2 + ac(e? — 2df))

Int[Sqrt[d + exx + f*x"2]/(a + c*x72)72,x]
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output

(ckx(axe + (c*xd - a*xf)*x)*(d + e*xx + £*x72)7(3/2))/(2*ax(a*c*xe”2 + (cxd - a
*£)"2)x(a + c*x72)) + (-2*%c*k(cxdxe + fx(cxd - axf)*x)*Sqrt[d + e*x + f*x~2
] + c*x(c™2%d"2 + a"2*f72 + akcx(e”2 - 2%d*f))*((Sqrtc*d + a*f - Sqrt[c~2*
d~2 + a"2*f72 + axcx(e”2 - 2xd*f)]]*Sqrt[2*c*d~2 + a*e”2 - 2¥axd*f - 2%d*S
qrt[c™2*d"2 + a"2*f"2 + axcx(e”2 - 2*d*f)]]*ArcTan[(axe*x(cxd + a*f - Sqrt[
c™2xd"2 + a"2*f"2 + axcx(e”2 - 2kd*f)]) - c*(2%c*d"2 + a*xe”2 - 2%axdxf - 2
*d*Sqrt [c™2*%d"2 + a"2+f72 + axc*k(e”2 - 2xd*f)])*x)/(Sqrt[2]*Sqrt[al*Sqrtlc
IxSqrtlc*d + axf - Sqrtl[c”2*%d"2 + a~2+f"2 + axc*(e”2 - 2xd*f)]]*Sqrt[2*c*xd
"2 + akxe”2 - 2xakxdxf - 2xd*Sqrt[cT2#d"2 + a"2+f"2 + axc*x(e”2 - 2xd*f)]]*Sq
rt[d + e*x + £xx72])]1)/(Sqrt[2]*Sqrt[a]l*Sqrt[c]l*Sqrt[c™2*xd"2 + a~2*%f"2 + a
xck(e”2 - 2+d*f)]) - (Sqrtlcxd + a*f + Sqrt[c™2*d"2 + a~2*f~2 + axcx(e”2 -
2xdxf)]]*(axe”2 + 2xdx(cxd - a*f + Sqrt[c™2*d"2 + a"2*f~2 + axcx(e”2 - 2%
d*f)]))*ArcTan[(axex(cxd + a*f + Sqrt[c™2*d"2 + a"2*f"2 + axcx(e”2 - 2kdx*f
)1) - cx(a*xe”2 + 2xd*(cxd - a*f + Sqrt[c™2*d™2 + a~2*f72 + akxcx(e™2 - 2*dx
£)1))*x)/(Sqrt [2]1*Sqrt [a]l *Sqrt [c] *Sqrt [cxd + a*f + Sqrt[c™2*d"2 + a~2xf~2
+ akxcx(e”™2 - 2xd*f)]]1*Sqrt[2*xc*d”2 + a*e”™2 - 2xa*xdxf + 2*d*Sqrt[c”2*d"2 +
a~2*f~2 + akxckx(e”2 - 2+d*f)]]1*Sqrt[d + e*x + f*x~2])]1)/(Sqrt[2]*Sqrt[a]l*Sq
rt[c]*Sqrt[c™2*%d"2 + a~2+%f"2 + axc*(e”2 - 2xdxf)]*Sqrt[2*cxd”2 + axe™2 - 2
*xaxd*f + 2xd*Sqrt[c™2+d"2 + a”2+f72 + axcx(e”2 - 2xd*f)]])))/(4*xa*xcx(axcke
~2 + (cxd - axf)~2))

e

rule 25 L

Defintions of rubi rules used

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27

N

~—

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 218

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]




rule 1307

rule 1363

rule 1369
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Int[((a_.) + (c_)*(x_)"2)"(p_)*((d_.) + (e_.)*(x_) + (£_.)*(x_)"2)"(q ), x
_Symbol] :> Simp[(2*a*c”2*e + cx(2*%c™2*d - c*(2xaxf))*x)*(a + c*xx"2)"(p + 1
)*((d + e*x + £*xx72)"(q + 1)/((-4*axc)*(a*cxe™2 + (cxd - a*xf)~2)*(p + 1))),
x] - Simp[1/((-4*a*c)*(a*xc*e™2 + (cxd - a*f)"2)*(p + 1)) Int[(a + c*x~2)
“(p + 1)x(d + exx + £*x72)"q*Simp[2*%cx((cxd - a*xf)~2 - ((-a)*e)*(cxe))*(p +
1) - (2xc™2xd - cx(2*axf))*(axf*(p + 1) — cxd*(p + 2)) - ex(-2xa*c”2xe)*(p
+.q+ 2) + (2xf*x(2*%axc™2xe)*x(p + q + 2) - (2*%c”2+d - c*x(2xa*f))*((-c)*ex(2
*p + q + 4)))*x + cxfx(2xc"2xd - cx(2kaxf))*(2%p + 2xq + B)*x"2, x], x], x]
/; FreeQ[{a, c, 4, e, f, qF, x] && NeQ[e~2 - 4*xd*f, 0] && LtQ[p, -1] && Ne
Qla*cxe™2 + (cxd - axf)~2, 0] && !'( !'IntegerQ[p] && ILtQlq, -1]) && !IGtQ
[q, O]

Int[((g_) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£f
_.)*(x_)"2]), x_Symbol] :> Simp[-2*a*g*h  Subst[Int[1/Simp[2*a~2*g*h*c + a
xe*x”2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + e*xx + f*x~2]], x] /; FreeQ
[{a, c, d, e, £, g, h}, x] && EqQ[a*h~2%e + 2xgxh*(c*d - axf) - g~ 2*c*e, 0]

Int[((g_.) + (h_D)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)"2 + a*c*e™2, 2]}, Simp
[1/(2%q) Int[Simp[(-a)*h*e - gx(c*d - a*f - q) + (h*(cxd - axf + q) - g*c
*xe)*x, x]/((a + c*xx"2)*Sqrtld + exx + £*x~2]), x], x] - Simp[1/(2%q) Int[
Simp[(-a)*h*e - gx(c*d - a*f + q) + (h*(cxd - axf - q) - gkc*e)*x, x]/((a +
cxx~2)*Sqrt[d + e*x + f*xx~2]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x]
&& NeQ[e™2 - 4xdxf, 0] && NegQ[(-a)*c]




rule 2140

input |
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Int [(Px_)*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (f_.)*(x_)"2)"(q_
), x_Symbol] :> With[{A = Coeff[Px, x, 0], B = Coeff[Px, x, 1], C = Coeff[P
X, X, 21}, Simp[(B*cxfx(2xp + 2*%q + 3) + Ck(bxf*p) + 2kcxCxf*(p + q + 1)*x)
x(a + bxx + c*x"2)p*((d + £*#x72)7(q + 1)/ (2*xc*£72*%(p + q + 1)*(2%p + 2%q +
3))), x] - Simp[1/(2%c*xf~2%(p + q + 1)*(2*p + 2%q + 3)) Int[(a + b*x + c
*x72)"(p - 1)*(d + £*xx72) q*Simp [p* (bxd)* (Cx((-b)*f)*(q + 1) - c*((-B)*£f)*(
2xp + 2%q + 3)) + (p + q + 1)*(b"2%Ckd*f*p + axc*(Ck(2kxd*f) + f£x(-2xA*xf)*(2
*p + 2%q + 3))) + (2xp*x(c*d - a*xf)*(Cx((-b)*f)*(q + 1) - c*((-B)*f)*(2%p +
2%q + 3)) + (p + q + 1)*((-D)*ckx(Ckx(-4*d*f)*(2*p + q + 2) + £x(2*xCkd + 2%Ax
£)*x(2xp + 2%q + 3))))*x + (p*((-D)*£)*(Cx((-b)*f)*(q + 1) - c*x((-B)*£f)*(2*p
+ 2%q + 3)) + (p + q + 1)*(Cxf2xp*x(b~2 - 4*axc) - c 2% (Ck(-4*xd*f)*(2%p +
q + 2) + £*x(2%Cxd + 2xA*xf)*(2xp + 2xq + 3))))*x"2, x], x], x]] /; FreeQ[{a,
b, c, d, f, q}, x] && PolyQ[Px, x, 2] && GtQ[p, O] &% NeQ[p + q + 1, 0] &&
NeQ[2*p + 2%q + 3, 0] && !IGtQ[p, 0] && !'IGtQlg, 0]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 2545 vs. 2(686) = 1372.

Time = 3.08 (sec) , antiderivative size = 2546, normalized size of antiderivative = 3.33

method | result size
default | Expression too large to display | 2546

int ((f*x~2+e*x+d) ~(1/2) / (c*x~2+a) ~2,x ,method=_RETURNVERBOSE)




output

input

output |
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-1/4/c/ax(1/(-ex(-axc) ~(1/2)+a*f-c*d) *c/ (x-(-a*c) ~(1/2) /c) * (f*(x-(-a*xc) ~(1
/2)/c)"2+(2% (~axc) ~(1/2) *f+c*e) /c*x (x—(~axc) ~(1/2) /c) - (-e*x(~axc) ~(1/2) +a*xf-
cxd)/c)~(3/2)-1/2*% (2% (—a*c) " (1/2)*f+cxe) / (—ex(—a*xc) " (1/2) +a*f-c*d) * ((£*(x-
(—a*c)~(1/2) /c) "2+ (2% (-~a*c) " (1/2) *f+c*e) /c* (x-(-a*xc) " (1/2) /c) - (-ex(-axc) ~(
1/2)+a*xf-cxd)/c) ~(1/2)+1/2*% (2% (-a*xc) " (1/2) xf+c*e) /cx1n((1/2*% (2% (-a*xc) "~ (1/2
Yxf+cxe) /cH+Ex (x—(—axc) " (1/2)/c)) /£~ (1/2)+(£* (x—(~a*xc) ~(1/2)/c) "2+ (2* (-axc)
~(1/2)*f+cxe) /c*x (x-(—a*c) ~(1/2) /c) - (—e*x (—axc) " (1/2)+a*f-c*d) /c)~(1/2)) /£~ (
1/2)+(-ex(-a*c)~(1/2)+axf-c*d) /c/ (- (—ex(-a*xc) " (1/2)+axf-c*d) /c) ~(1/2) *1n((
-2k (—e*x (—axc) " (1/2)+a*xf-c*d) /c+ (2% (-axc) ~(1/2) *f+c*e) /c*x(x-(-a*c)~(1/2)/c)
+2% (- (~ex(~a*xc) "~ (1/2) +axf-cxd) /c) ~(1/2) * (£* (x-(-axc) ~(1/2) /c) ~2+(2*(-a*xc) "~
(1/2) *f+c*e) /cx (x—(-a*xc) ~(1/2) /c)-(-ex(-axc) ~(1/2)+a*f-c*d) /c)~(1/2)) / (x—(
—axc)~(1/2)/c)))-2*f/ (—ex(—axc) " (1/2)+a*f-c*d) *cx (1/4* (2xf* (x—(-a*xc) ~(1/2)
/c)+(2x(-axc) " (1/2)*xf+c*xe) /c) /£x (£* (x-(-axc) ~(1/2)/c) ~"2+(2* (~a*xc) ~(1/2) *f+
cke) /cx(x-(~a*c)~(1/2) /c)-(-ex(-a*xc) ~(1/2)+a*xf-c*d) /c) ~(1/2)+1/8% (-4*f*(-e
*(—axc) ~(1/2)+axf-cxd) /c—(2x(-a*xc) " (1/2) xf+c*e) ~2/c~2) /£~ (3/2) *1n((1/2*% (2%
(—a*xc)~(1/2) *f+cxe) /c+f* (x-(-a*xc)~(1/2)/c)) /£~ (1/2)+(£*(x-(-a*c) ~(1/2)/c)~
2+ (2% (-axc) " (1/2) *f+c*xe) /c* (x-(-a*c) ~(1/2) /c)-(-ex(-axc) ~(1/2)+a*f-c*d) /c)
~(1/2))))-1/4/c/a*x(1/ (ex(—a*xc) ~(1/2)+axf-c*d) *c/ (x+(—a*xc) ~(1/2) /c) * (£*x (x+(
—axc)~(1/2)/c) "2+1/c*x (-2* (~a*c) " (1/2) xf+cxe) * (x+(-axc) ~(1/2) /c)-(ex(-a*xc) "~
(1/2)+a*xf-c*d) /c)~(3/2)-1/2%(-2*x (-a*xc) ~(1/2) *f+cx*e) / (ex(—a*xc) ~(1/2)+axf. ..

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 4832 vs. 2(686) = 1372.

Time = 2.24 (sec) , antiderivative size = 4832, normalized size of antiderivative = 6.32

dx = Too large to display

/\/m

a + cx?)?

Lintegrate((f*x‘2+e*x+d)‘(1/2)/(c*x‘2+a)‘2,x, algorithm="fricas")

‘Too large to include
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Sympy [F]
/ d+6-’”+f$2 / d+e:v+fx2
(a + cz?)’ (a + cz?)?
input tintegrate ((£xxk*2+e*xx+d) ** (1/2) / (c*xx**2+a) **2,x)

LIntegral(sqrt(d + exx + fxxx*2)/(a + cxx¥*2)*x2, x)

output
Maxima [F]
\/m \/m
/ (a + cx?)’ / (cz? + a)?
input Lintegrate ((£*x"2+e*x+d) ~(1/2) /(c*x"2+a) "2,x, algorithm="maxima")

output Lintegrate(sqrt(f*x*g + exx + d)/(c*x™2 + a)~2, x)

Giac [F(-1)]
Timed out.

dz = Timed out

/\/d—l—e:t:—l-fa:2

(a4 ca?)?

input Lintegrate ((£xx~2+e*x+d) ~(1/2)/(c*x"2+a)"2,x, algorithm="giac")

output tTimed out
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Mupad [F(-1)]

Timed out.

/\/m /\/JW

a+ cx?)? (cz? +a)’

input Lint((d + exx + £*x72)7(1/2)/(a + c*x72)72,x)

output Lint((d + exx + f*XA2)A(1/2)/(a + c*xA2)A2, X)
Reduce [F]
\/—2 '
/ d+ex+ fz dz = too large to display
(a+ ch

input Lint ((f*x~2+exx+d) ~(1/2) / (c*x"2+a) "2,x)




output
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( - 2xsqrt(d + e*x + fxx*x2)xe + 4*sqrt(d + exx + f*x**2)*f*x + int(sqrt(d

+ exx + f*x*x*2)/(a**x3*kd*f + a**k3kexfxx + a*x*3*kfx*kkx*k*2 + a**xkckd*x*2 + a
**k2kckdkekx + JkakxkQkckdkfrxk*k2 + kakkkckekf*rxk*k3 + kakkkckf**kxk*kd +
2kakckkkdkkkx*k*k2 + kakckkkdkexxk*k3 + 3JkakckkQkdkf*x*k*k4d + akckkkexfxx
*%5 + akxckkkfkkkx*k*kB + Chk*3kd**2kx*k*k4 + ckk3kdkekx*k*5 + cHk*3kd*f*x*k*6) ,x
)*ax*x3xe*x*2xf + 4xint(sqrt(d + exx + f*x**2)/(ax*3*xd*f + ax*k3*xexfxx + a*x3
*FkkQkx*k*k2 + akkkckd*¥*2 + akxkkckdkexx + Ikakk2kckd*f*x**2 + kakkkckexf
*x**k3 + kaxkVkCkfkkkx*k*k4 + Dkakckkkdk*kkx*k*k2 + kakck*k2kdkexx*x*x3 + 3kak
ck*x2xd*xfrxk*kd + akckkkexf*x**5 + akckkxkfxkkx*k*kB + CHk*3kd**2*kx**x4 + C**3
kdke*x**k5 + Cx*k3kA*xfrxk*6) ,X)ka*kkckd*x*2+f + int(sqrt(d + exx + f*x**2)/(
axk3xd*xf + akxk3kexf*x + axk3kL*kkx*k*x2 + akxkkckd**2 + akxk2kckdke*xx + 3*a*
*2kckdkfRx**2 + kakkkckexfrxkk3 + kakxkQkckfxkkxkk4 + kakckkQkd**kkxk*k
2 + 2xaxck*k2kdkexx**3 + 3Ikakck*2kdkfrxk*k4 + akckkQke*xf*xx*k*k5 + akckkkfx*kDx*
X*k*kB + Chk*k3kd**2kx*k*k4 + cxk3kdkekx*k*k5 + Ck*3kd*kf*Rx*k*6) ,x)*kakk2kckdke* *2 +

int(sqrt(d + e*x + f*xx**2)/(a*x*3*d*f + ax*3kexf*x + ak*3xL*xkxx*2 + ax*k2x
ckd**2 + axkx2kckdkekxx + 3kakxk2kckdkfrxk*x2 + kakk2kckexf*x**x3 + kakkkckf
*KkQkxKkKkA + kakCkkkAkk*kx*¥*2 + kakckkkdkexx*k*k3 + Jkakck*k2kdxfrxkk4d + a*
ck*xQkexfxx*x*k5 + akCkkkf**¥Dkx**6 + Ckk3kdkkkx*k*k4 + ck*3kd*kexx**x5 + ck*k3*d
*fxx**6) ,X) kakk2xckex*k 2k Frx**x2 + 4xint(sqrt(d + exx + f£xx**2)/(a**x3xdxf +

axk3kexf*x + akk3kL**kkxk*k2 + ak*k2kckd*x*x2 + akxkkckd*ekxx + 3kax*k2kckdxf. ..
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1
3.6 | 5 dz
(—=1+22)°V~1+z+a?

Optimalresult . . . . . . . . .. . .. 73]
Mathematica [A] (verified) . . . . . . . .. ... L Lo [73l
Rubi [A] (verified) . . . . . . . .. . (74
Maple [A] (verified) . . . . . . . . . . 76
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... (|
Sympy [F] . . . o (77
Maxima [F] . . . . . . . e
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 8
Mupad [F(-1)] . . . 78
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... 79

Optimal result

Integrand size = 18, antiderivative size = 70

1 V=1l4+z+22 1 3+z
5 dz = 5 — —arctan
(-1 +22)*V—=1+z + 22 2(1—z?) 8 2V —-1+1z+ 22
5 1-3z
— —arctanh
8 2V -1+ x + z2

output

nh(1/2%(1-3%x) / (x"2+x-1)~(1/2))

((XA2+X-1)‘(1/2)/(—2*x‘2+2)—1/8*arctan(1/2*(3+x)/(x“2+x—1)A(1/2))—5/8*arcta

N

-

input L

Mathematica [A] (verified)

Time = 0.27 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.89

1 vV=1+z+ 22

dr = —
(—1+22)°V=1+z+2? 2(—1+2?)

L t
— —arctan
4

(1+z-v-T+z+22)

5
+ Zarctanh(l —z+V-1+z+ x2>

Integrate[1/((-1 + x72)"2%Sqrt[-1 + x + x72]),x]

~—
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‘-1/2*Sqrt[—1 + x + x72]/(-1 + x72) - ArcTan[l + x - Sqrt[-1 + x + x72]]/4

output
L+ (5%ArcTanh[1 - x + Sqrt[-1 + x + x~211)/4

Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.07,

=7, number of rules _ 389, Rules

number of steps used = 8, number of rules used =
integrand size

used = {1307, 25, 1366, 25, 1154, 217, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ 5 dx
(2 -1)"vVz?+z—1
l13o7
V-’”“rx—l_l/_ 2213 dz
2(1—-22) 4 1-22)Vz?+z—1
125
/ L N e s Vo' to—1
(1-22)VaZ+z -1 2(1-=?)
l1366
1(5/ 1 s 1/ 1 dm>+v-’”2+w—1
4\2) Q1-z)Wal+z -1 2) (@+1)Vzitz-1 2(1—2?)
l25
1<5/ 1 dx+1/ 1 dx>+v‘”2+”_1
1\2) a-aW+e—1 2 @r)VaP+a-1 2(1-2%)
l 1154
1 _5/ 1 1-3z 1 g z+3 +7\/a:2+m—1
4 4_(1 3z) v/:r2+x— (w:3)2 —4 V2 +z -1 2(1-a?)
1217
1 1 1-3z 1 z+3 Va2 +z—1
| =5 d — —arctan | ————— B e
4 41— G312 2vz? + 2 — 1 2(1-2?)
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1/ 1 x+3 5 1-3z Vzi+z—1
~| —sarctan | ———— ) — jarctanh| ————— | | + 77—
4\ 2 2Vr2+z—1 2 2vVr2+x—1 2(1-2?)

input‘Int[l/((—l + x72)"2*Sqrt[-1 + x + x72]),x]

'Sqrtl-1 + x + x°21/(2%(1 - x72)) + (-1/2*ArcTan[(3 + x)/(2#Sqrt[-1 + x + x

output
\*2])] - (5%ArcTanh[(1 - 3*x)/(2%Sqrt[-1 + x + x°21)1)/2)/4
Defintions of rubi rules used
ruk325LInt[_(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J
rule 217 Int[C(@) + (b_.)*(x)"2)"(-1), x_Symboll :> Simp[(-(Rt[-a, 21*Rt[-b, 21)(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 0])
rule 219 IntL((a1) + (b_)*(x.)72)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*

ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Q[a, 0] || LtQ[b, 0]1)

rule 1154 Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d"2 - 4*bkd*e + 4*axe”2 - x"2), x], x, (
2%axe - bkd - (2*c*d - b*e)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c
, d, e}, x]
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rule 1307 Int[((a_.) + (c_)*(x_)"2)~(p_)*((a_.) + (e_.)*(x_) + (£_)*(x_)"2)"(q ), x
_Symbol] :> Simp[(2*a*c”2*e + cx(2*%c™2*d - c*(2xaxf))*x)*(a + c*xx"2)"(p + 1
)*((d + e*x + £*xx72)"(q + 1)/((-4*axc)*(a*cxe™2 + (cxd - a*xf)~2)*(p + 1))),
x] - Simp[1/((-4*a*c)*(a*xc*e™2 + (cxd - a*f)"2)*(p + 1)) Int[(a + c*x~2)
“(p + 1)x(d + exx + £*x72)"q*Simp[2*%cx((cxd - a*xf)~2 - ((-a)*e)*(cxe))*(p +
1) - (2xc™2xd - cx(2*axf))*(axf*(p + 1) — cxd*(p + 2)) - ex(-2xa*c”2xe)*(p
+.q+ 2) + (2xf*x(2*%axc™2xe)*x(p + q + 2) - (2*%c”2+d - c*x(2xa*f))*((-c)*ex(2
*p + q + 4)))*x + cxfx(2xc"2xd - cx(2kaxf))*(2%p + 2xq + B)*x"2, x], x], x]
/; FreeQ[{a, c, 4, e, f, qF, x] && NeQ[e~2 - 4*xd*f, 0] && LtQ[p, -1] && Ne
Qla*cxe™2 + (cxd - axf)~2, 0] && !'( !'IntegerQ[p] && ILtQlq, -1]) && !IGtQ
[q, O]

rule 1366 Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Simp[(h/2 + c*(g/(2%q
))) Int[1/((-q + c*x)*Sqrt[d + exx + £*x~2]), x], x] + Simp[(h/2 - c*(g/(
2%q)))  Int[1/((q + c*x)*Sqrtld + e*x + f*x~2]), x]1, x1] /; FreeQl{a, c, 4
, e, £, g, h}, x] & NeQ[e™2 - 4*dxf, 0] && PosQ[(-a)x*c]

Maple [A] (verified)

Time = 1.39 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.90

method | result
tan| ——=3=2 5 arctanh | ——32=1
vsch | —VEEEd (W> P (W>
2(z2-1) ) 3
_ 3z—1 _ —3-=
d (z—1)24+3z—2 5arctanh<2\/m> (24+1)%—2—2 arctan<2m>
efault | — D) + . I - + :
Ve —ROOtOf(_ZQH)w+2\/m—3Rooc0f<_ZQ+1)
VaZta—1 Rooorl ) o 51n<‘@)
x r—
trager — @ . N :
input Lint (1/(x~2-1)"2/ (x~2+x-1)"(1/2) ,x,method=_RETURNVERBOSE) J

N

‘(—1/2/ (x72-1)*(x"2+x-1) " (1/2)+1/8*arctan(1/2*(-3-x) / ((x+1) ~2-x-2)~(1/2) )+5/ ‘

output
‘ 8*arctanh (1/2* (3*x-1) / ((x-1) ~2+3*x-2)~(1/2)) ‘
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.17

1
5 dz
(-14+22)"vV/-14 2z + 2?2
2(z? — 1)arctan (—z + Va2 +x—1—1) +5(z? — 1)log (—z + V22 + 5 — 1+ 2) — 5 (2% — 1) log (-
B 8(z2—1)

inputLintegrate(l/(x“2-1)‘2/(x*2+x_1)*(1/2),X, algorithm="fricas") J

p

t‘1/8*(2*()("2 - 1)*arctan(-x + sqrt(x”2 + x - 1) - 1) + 5x(x"2 - 1)*log(-x +
‘ sqrt(x”2 + x - 1) + 2) - 5x(x"2 - 1)*xlog(-x + sqrt(x”2 + x - 1)) - 4*sqgrt
‘(x’"2 +x-1)/x"2-1)

N
outpu
|

Sympy [F]

/ L dz—/ 1 dx
(-1+22)°vV=1+z+22 ) @-1)2@+1)°Val+z—1

input | 1otegrate (1/ (om2-1)+x2/ (or2+x-1) %% (1/2) ,%) |

outputtlntegral(l/((x - 1) *x2%(x + 1)**2%xsqrt(x**2 + x - 1)), x) J
Maxima [F]
(—1+2%)°V—1+z+22 V2t 13— 1z — 1)
input Lintegrate(1/(XA2—1)A2/(X"2+x—1) ~(1/2) ,x, algorithm="maxima") J

output Lintegrate(l/(sqrt(x’? +x - D*E"2 - 1)°2), x) J
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 143 vs. 2(52) = 104.

Time = 0.18 (sec) , antiderivative size = 143, normalized size of antiderivative = 2.04

1
/ 5 dx
(=14 22)*V/-1+2+22
2(x—m)3+3(x—m)2—m+m—l
2<(z—\/z2+x—1)4—2(x—\/x2+a:—1)2—4a:+4\/a:2+x—1>
+41l arctan(—z+\/x2+a:—l—1>

+g log (’—x+m+2‘) —g log (‘—x-l—\/m’)

input Lintegrate(1/(x’"2—1)‘2/(x‘2+x—1)"(1/2) »X, algorith_m=llgiacn)

1/2%(2%(x - sqrt(x”2 + x - 1))73 + 3*(x - sqrt(x”2 + x - 1))72 - x + sqrt(
X2+ x-1) - 1)/((x - sqrt(x™2 + x - 1))74 - 2%(x - sqrt(x™2 + x - 1))"2
- 4xx + 4*sqrt(x”2 + x - 1)) + 1/4xarctan(-x + sqrt(x”™2 + x - 1) - 1) + 5
/8*log(abs(-x + sqrt(x”2 + x - 1) + 2)) - 5/8xlog(abs(-x + sqrt(x~2 + x -
i9D))

output

Mupad [F(-1)]
Timed out.

1 1
dr =
(-1+22)°V=1+z + a2 /(z2—1)2\/$2—|—x—1

dz

inputlint(l/((x‘z - 1)72%(x + x°2 - 1)7(1/2)),%)

outpu‘ctim’(l/((f2 - D72x(x + x72 - 1)7(1/2)), x
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Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 147, normalized size of antiderivative = 2.10

1

5 dz
(—14+22)"V/-14 2+ 2?

10atan (Va2 +z — 1+ 2z +1) 22 — 10atan(vVa2 +z —1+z+1) —20/22 + 2 —1+25 log(lo\/gﬁfg_]
: 402 -
inputLint(1/(XA2_1)A2/(XA2+X_1)A(1/2),X) J

(10*atan(sqrt(x**2 + x - 1) + x + 1)*x**2 - 10*atan(sqrt(x**2 + x - 1) + x
+ 1) - 20*sqrt(x**2 + x - 1) + 25%x1log((10*sqrt(x**2 + x - 1) + 10%*x)/sqrt
(56))*xxx*2 - 26x1og((10*sqrt(x**2 + x - 1) + 10*x)/sqrt(5)) - 26xlog((2*sqr
t(x*#*x2 + x - 1) + 2%x - 4)/sqrt(5))*x**2 + 25xlog((2*sqrt(x**2 + x - 1) +
2*%x - 4)/sqrt(5)) - 16*x*x2 + 16)/(40*(x**2 - 1))

output
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1 dx

3.7 f Va+br+cz?y/d+ fa?

Optimal result . . . . . . . . .. . ..
Mathematica [C] (warning: unable to verify) . . . . . . ... .. ... ... ...
Rubi [A] (warning: unable to verify) . . . .. . ... ... ... ... ...
Maple [A] (warning: unable to verify) . . . . . . . .. ... L.
Fricas [F] . . . . . . .
Sympy [F] . . . o
Maxima [F] . . . . . .
Giac [F] . . . o o
Mupad [F(-1)] . . . .
Reduce [F] . . . . . .

Optimal result

Integrand size = 26, antiderivative size = 1077

1
Vva + br + cx?/d + fa?

dx = Too large to display




output
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- (b~2%d+b* (—4*a*c+b~2) " (1/2) *d-2*a* (—a*f+c*d) )~ (1/4) * (b+(-4*a*xc+b~2) ~(1/2)
+2%c*x) ~ (3/2) * (2*a+ (b+ (-4*xa*c+b”2) ~(1/2) ) *x) ~ (1/2) * ((4*axc- (b+(-4*a*c+b~2)
~(1/2))72) 2% (£*x"2+d) / ((b+ (-4*a*xc+b~2) ~(1/2) ) “2*d+4*a~2*f) / (b+(-4*axc+b~2
)T (1/2)+2%c*x) ~2) " (1/2) * (1+(2xc~2xd-2*a*c*f+b* (b+ (—4*axc+b~2) ~(1/2) ) *£f) ~ (1
/2) * (2*a+ (b+(-4*axc+b~2) ~(1/2) ) *x) / (b~ 2*d+b* (—4d*a*xc+b~2) = (1/2) *d-2*a* (—axf
+cxd) )~ (1/2) / (b+ (—4*axc+b~2) ~(1/2) +2*c*x) ) * ((1-4% (b+(-4*a*xc+b~2) ~(1/2)) *(a
xf+cxd) * (2*a+ (b+(~4*xa*c+b~2) ~(1/2) ) *x) / ((b+(-4*axc+b”~2) ~(1/2) ) “2*d+4*a”2*f
)/ (b+(-4*a*xc+b~2) ~(1/2) +2*c*x) +(4*xc~2%d+ (b+ (—4*axc+b~2) ~(1/2) ) ~2%f) * (2xa+(
b+ (-4*axc+b~2) ~(1/2) ) *x) "2/ ((b+(-4*a*xc+b~2) ~(1/2) ) ~2*d+4*a~2*f) / (b+(-4*a*xc
+b72) " (1/2)+2xc*x) ~2) / (1+(2%c~2xd-2*a*cxf+b* (b+(-4*a*xc+b~2) ~(1/2) ) *£f)~(1/2
) * (2xa+ (b+(—4*a*xc+b~2) " (1/2) ) *x) / (b~ 2*d+b* (-4*a*xc+b~2) ~(1/2) *d-2*a* (—axf+c
*d) )~ (1/2)/ (b+(-4*a*xc+b™2) " (1/2)+2*c*x) ) ~2) ~(1/2) *InverseJacobiAM(2*arctan
((2xc™2xd-2*xa*xcxf+b* (b+ (—4*a*xc+b~2) ~(1/2) ) *£f) = (1/4) * (2*a+ (b+(-4*axc+b~2) ~ (
1/2))*x) " (1/2) / (b~ 2*d+b* (—4*axc+b~2) " (1/2) *d-2*a* (—axf+cxd) ) ~(1/4) / (b+(-4%
axc+b”™2) " (1/2)+2*c*x)~(1/2)),1/2% (2+2*% (b+(-4*axc+b~2) ~(1/2) ) * (a*xf+c*d) / (2%
c™2xd-2xaxcxf+b* (b+(~4*a*c+b~2) ~(1/2) ) *f) ~(1/2) / (b~ 2*d+b* (-4*a*xc+b~2) ~(1/2
) *d-2xax (—a*xf+cxd) )~ (1/2))~(1/2)) / (4xaxc-(b+(-4*a*xc+b™2)~(1/2))"2) / (2*c~2x*
d-2*xaxckf+b* (b+(-4*xaxc+b~2) ~(1/2)) *f) ~(1/4) / (cxx~2+b*x+a) ~(1/2) / (f*x~2+d) "
(1/2)/ (1-4%* (b+(—4*axc+b~2) ~(1/2) ) * (a*xf+c*d) * (2*a+ (b+(-4*a*c+b~2) " (1/2) ) *x)
/ ((b+(—4*axc+b~2) " (1/2)) ~2*d+4*a~2*f) / (b+(-4*a*xc+b~2) ~(1/2) +2*c*x) +(4*c. ..

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 4.98 (sec) , antiderivative size = 600, normalized size of antiderivative = 0.56

u/‘ 1 dr =
Va + bz + cx?/d + fx?
. cM(i\/g-i-\/fx) c(—i\/a(\/
2v/2(~b + Vb2 — dac — 2cz) (—z\/c_i + \/750) \/ ~ oo (o /oies) 7) (o Fioim) \/ €

(—2icvd+ (~b+ VB = 4ac) v/F) \

-

input L

Integrate[1/(Sqrt[a + b*x + c*x~2]*Sqrt[d + f*x~2]),x]

~—
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(-2xSqrt[2]*(-b + Sqrt[b~2 - 4*axc] - 2xc*x)*((-I)*Sqrt[d] + Sqrt[f]*x)*Sq
rt[-((c*Sqrt [b~2 - 4xaxc]*(I*Sqrt[d] + Sqrt[f]l*x))/(((-2xI)*cxSqrt[d] + (b
+ Sqrt[b~2 - 4xaxc])*Sqrt[f])*(-b + Sqrt[b~2 - 4xaxc] - 2+*c*x)))]1*Sqrtl(c
*((-I)*Sqrt [d]*(Sqrt[b~2 - 4xa*c] + 2*c*x) + Sqrt[f]l*(-2%a + Sqrt[b~2 - 4%
axc]*x) + b*((-I)*Sqrtl[d] - Sqrt[f]l*x)))/(((2*I)*c*Sqrt[d] + (b + Sqrt[b~2
- 4xaxc])*Sqrt[f])*(-b + Sqrt[b~2 - 4xaxc] - 2*c*x))]*EllipticF[ArcSin[Sq
rt [(((-2*%I)*cxSqrt[d] + (-b + Sqrt[b~™2 - 4*a*c])*Sqrt[f])*(b + Sqrt[b~2 -
4xaxc] + 2%cx*x))/(((2*I)*c*Sqrt[d] + (b + Sqrt[b~2 - 4*a*c])*Sqrt[f])*(-b
+ Sqrt[b~2 - 4%axc] - 2xc*x))]], (cxd - I*Sqrt[b~2 - 4*axc]*Sqrt[d]*Sqrt[f
1 + axf)/(c*d + I*Sqrt[b~2 - 4*axc]*Sqrt[d]*Sqrt[f] + axf)])/(((-2*I)*c*Sq
rt[d] + (-b + Sqrt[b~2 - 4*a*c])*Sqrt[£])*Sqrt [(I*cxSqrt[b~2 - 4*xaxc]*(Sqr
t[d] + I*Sqrtl£fl+*x))/(((2*I)*cxSqrtl[d] + (b + Sqrt[b~2 - 4xaxc])*Sqrt[f])=*
(-b + Sqrt[b~2 - 4xa*c] - 2*c*x))]I*Sqrt[d + f*x~2]*Sqrtla + x*(b + c*x)])

output

Rubi [A] (warning: unable to verify)

Time = 1.26 (sec) , antiderivative size = 1077, normalized size of antiderivative = 1.00,

number of rules _ 1 5, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {1324, 732, 1416}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
1
Vd+ fr2Va + br + cx?

l 1324

dz

\/\/b2—4ac+b+2ca:\/a:(\/b2—4ac+b)+2af L dz
v b+20$+\/bz—4a,c\/ 2a+ <b+\/b2 —4ac> o/ fr2+d

va + bx + cx?
l 732
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(4ac— <m+b) 2) ’ (d+f=z2?)
<m+b+20w> ? (4a2 f+d<m+b) 2) J <4dc2+ (b+v

2<\/m+b+2cx)3/2 \/m (\/m-i—b) +2aJ

(4 fa24 (b+

<4ac — (VP —ac+ b)2> N =N

l 1416

<4ac— (b-l—\/l?
<4fa2+ (b+vE?~2ac

3/2
</db2—|— Vb2 —4acdb—2a(cd—af)(b+2cm+\/b2 —4ac) / \/2a+ <b+\/b2 —4ac> x\l

-

input L

~—

Int[1/(Sqrt[a + b*x + c*x~2]*Sqrt[d + f*x~2]),x]




output

rule 732

rule 1324
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-(((b~2%d + b*Sqrt[b~2 - 4*a*xcl*d - 2%ax(ckd - a*f))~(1/4)*(b + Sqrt[b~2 -

4xaxc] + 2%cxx)~(3/2)*Sqrt[2*a + (b + Sqrt[b~2 - 4xa*c])x*x]*Sqrt[((4*a*c

- (b + Sqrt[b~2 - 4xaxc])"2)"2*(d + £xx~2))/(((b + Sqrt[b~2 - 4xaxc]) 2xd

+ 4xa”2xf)*(b + Sqrt[b~2 - 4*axc] + 2xc*x)"2)]*(1 + (Sqrt[2*c~2*d - 2*axc*
f + bx(b + Sqrt[b~2 - 4*axc])*f]*(2%a + (b + Sqrt[b~2 - 4xaxc])#*x))/(Sqrt[
b"2xd + b*Sqrt[b~2 - 4*axc]*d - 2*ax(c*d - a*f)]*(b + Sqrt[b™2 - 4*axc] +

2xc*x)))*Sqrt[(1 - (4*(b + Sqrt[b™2 - 4*axc])*(c*d + a*xf)*(2xa + (b + Sqrt
[b~2 - 4*a*xc])*x))/(((b + Sqrt[b~2 - 4*a*c]) 2xd + 4*a~2xf)*(b + Sqrt[b~2

- 4xaxc] + 2*xc*x)) + ((4*%c™2*d + (b + Sqrt[b™2 - 4xaxc]) 2*xf)*(2*a + (b +

Sart[b~2 - 4*a*xc])*x)~2)/(((b + Sqrt[b~™2 - 4%axc]) 2xd + 4*a~2xf)*(b + Sqr
t[b~2 - 4xaxc] + 2*xc*x)72))/(1 + (Sqrt[2*c™2*d - 2*axc*f + b*(b + Sqrt[b~2
- 4xaxc])*f]*(2%a + (b + Sqrt[b~2 - 4*a*c])*x))/(Sqrt[b~2*d + bxSqrt[b~2

- 4xaxc]*d - 2xax(cxd - a*f)]*(b + Sqrt[b~2 - 4xa*c] + 2*cxx))) 2]*Ellipti
cF[2*%ArcTan[((2%c™2*d - 2%a*xc*f + b*(b + Sqrt[b~2 - 4*axc])*f)~(1/4)*Sqrt[
2xa + (b + Sqrt[b~2 - 4*a*xcl)*x])/((b"2*d + b*Sqrt[b~2 - 4*axc]*d - 2*a*(c
*d - a*f))~(1/4)*Sqrt[b + Sqrt[b~2 - 4*axc] + 2*c*x])], (1 + ((b + Sqrt[b~
2 - 4xa*xc])*(c*d + axf))/(Sqrt[2*c~2*d - 2*axc*f + bx(b + Sqrt[b~2 - 4xa*c
1) *#£]1*Sqrt [b"2*%d + b*Sqrt[b~2 - 4*xaxc]*d - 2*a*x(cxd - axf)]))/2])/((4*axc

- (b + Sqrt[b™2 - 4*a*xc]) 2)*(2*c™2*d - 2*axc*f + b*(b + Sqrt[b~2 - 4xax*c]
)*f)~(1/4)*Sqrt[a + bxx + c*xx"2]*Sqrt[d + f*x~2]*Sqrt[1 - (4x(b + Sqrtl[...

Defintions of rubi rules used

Int[1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£_.)*(x_)]1*Sqrtl[(a_) + (b_.)*
(x_)"2]1), x_Symbol] :> Simp[-2%(c + d*x)*(Sqrt[(d*e - c*xf)~2x((a + b*x~2)/(
(bxe™2 + axf~2)*(c + d*x)~2))]/((d*e - cxf)*Sqrt[a + b*x"2])) Subst[Int[1
/Sqrt[Simp[1 - (2%bxcxe + 2xaxd*f)*(x"2/(bxe”2 + axf~2)) + (b*c™2 + axd~2)x*
(x~4/(b*e”2 + ax£f~2)), x]]1, x], x, Sqrtle + f*x]/Sqrtlc + d*x]], x] /; Free
Qf{a, b, c, d, e, £}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2]*Sqrt[(d_) + (£_.)*(x_)"2]), x
_Symbol] :> With[{r = Rt[b~2 - 4*axc, 2]}, Simp[Sqrt[b + r + 2*c*x]*(Sqrt[2
*a + (b + r)*x]/Sqrt[a + b*xx + c*x~2]) Int[1/(Sqrt[b + r + 2*c*x]*Sqrt[2x*
a + (b + r)*x]*Sqrtld + f*x~2]), x], x]] /; FreeQl{a, b, c, d, £}, x] && Ne
Q[b~2 - 4*axc, 0]
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rule 1416‘ Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symboll :> With[{q = Rtlc \
/a, 41}, Simp[(1 + q"2*x"2)*(Sqrt(a + b¥x"2 + c*x™4)/(ax(1 + q"2%x"2)"2)1/ |
| (2%q*Sqrt[a + b¥x™2 + c*x~4]))*EllipticF[2*ArcTan[q*x], 1/2 - bx(q~2/(4%c)) |
1, x11 /; FreeQl{a, b, c}, x] & NeQ[b~2 - 4*axc, 0] & PosQ[c/a] |

Maple [A] (warning: unable to verify)

Time = 7.34 (sec) , antiderivative size = 721, normalized size of antiderivative = 0.67

method | result

16 (bcf 22 —2c2x2%\/—df —cf 2/ —4ac+b2+4acfr—2bcx/—df —2cx/—df \/—4ac+b2+abf+2acy/—df +afv/—4dac+b2—b3/—df —

default
5 (_ \/?4_ b+\/—24ac+b2 ) (z_ —b+\/54ac+b2 ) 2\ 2 (_ b-
2 2 V—=df | —b++v —4ac+b c C b+ —4ac+b
2/ (cz2+bz+a)(f z2+d) ( 7ot 2c ) (_ V=T _ bt/ —dacto? ) (m+ bt/ —dactd? ) (w-i- 2c ) (i
elliptic ! x x ‘

VexZ+br+a/f x2+d (—7V }df_{_m

input Lint (1/ (c*x~2+b*x+a)~(1/2)/ (£*x~2+d) " (1/2) ,x,method=_RETURNVERBOSE) J




output

input

output
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16 (bxckf*x"2-2xC™24x " 2% (—d*f) ~(1/2) —c*£*x™ 2% (—4*a*xc+b~2) ~ (1/2) +4*axckf*x—
2¥bxckx* (—d*xf) ~(1/2) -2xckx* (—d*xf) ~(1/2) * (—4*a*c+b~2) ~(1/2) +axbxf+2*axc* (-d
*£) " (1/2) +axf* (—4*xaxc+b~2) " (1/2)-b"2* (-d*f) ~(1/2) -b* (-=d*£f) ~ (1/2) * (-4*axc+b
~2)~(1/2))*#E1lipticF ((- (2% (-d*f) ~(1/2) *c-(-4*a*c+b™2) " (1/2) *f-f*b) * (-2*c*x
+(=4*a*c+b~2) " (1/2)-b) / (2x (—=d*f) " (1/2) *c+ (-4*axc+b~2) ~(1/2) *f-f*b) / (2*c*x+
(=4*a*c+b~2)~(1/2)+b) )~ (1/2), ((2* (-d*£f) ~(1/2) *c+(-4*a*xc+b~2) ~ (1/2) xf+£*Db) *
(2% (=d*£) "~ (1/2) *c+(—4*axc+b™2) ~(1/2) *f-£xb) / (2% (-d*£f) ~ (1/2) *c- (-4*a*xc+b~2)
~(1/2) *£+£+b) / (2% (=d*£f) " (1/2) *c— (—4*axc+b~2) ~(1/2) *£-£*b) ) ~(1/2) ) * ((-4*a*c
+b72) 7 (1/2) * (£xx+(~d*£) " (1/2) ) *c/ (2% (—d*£) ~(1/2) *c+(-4*axc+b~2) ~(1/2) x£-£*
b) / (2%cxx+ (—4*a*xc+b™2) ~(1/2)+b) ) ~(1/2) * ((-4*a*c+b~2) " (1/2) x (~fxx+(-d*£f) ~ (1
/2))*xc/ (2x (=d*£f) " (1/2) *c—(—4*a*xc+b~2) ~ (1/2) *£+£*b) / (2*xc*kx+ (-4*a*c+b~2) ~(1/
2)+b)) ~(1/2) * (- (2% (=d*£f) = (1/2) *c— (-4*a*c+b~2) ~(1/2) *f-f*b) * (-2 c*x+(-4*a*xc
+b72) " (1/2)-b) / (2% (=d*£f) " (1/2) *c+(-4*a*c+b~2) ~(1/2) *f-f*b) / (2*kc*x+ (-4*a*c+
b"2) " (1/2)+b) )~ (1/2) * (c*x~2+b*xx+a) ~ (1/2) * (£*x~2+d) ~(1/2) / (1/c/f* (-2%cxx+ (-
4xaxc+b~2) " (1/2)-b) * (2kckx+ (-4*akxc+b™2) ~(1/2) +b) * (~f*xx+(-d*f) ~(1/2) ) * (f*x+
(-d*£)~(1/2)))~(1/2) / (-4*a*xc+b~2) " (1/2) / (-2* (-d*£f) ~(1/2) *c+(-4*a*c+b~2) ~ (1
/2) *f+£xb) / ((c*x~2+b*xx+a)* (f*xx~2+d) )~ (1/2)

Fricas [F|

L dx::b/a 1 dx
Vva + bx + cx?\/d + fz? Vex? + bz +av/fr2 +d

e

’ integrate(1/(c*x~2+b*x+a) ~(1/2) /(£*x~2+d)~(1/2) ,x, algorithm="fricas")

p
‘integral(sqrt(c*x“Q + b*x + a)*sqrt(f*x~2 + d)/(cxf*x"4 + bxf*x"3 + bxd*x
+ (c*d + a*f)*x"2 + axd), x)




CHAPTER 3. LISTING OF INTEGRALS

87

Sympy [F]

. d$==t/n ! dx
va+bz + ca?y/d + fa? VATt fi2Va+ bz + ca?

inputLintegrate(1/(C*X**2+b*x+a)**(1/2)/(f*x**2+d)**(1/2),x)

outputLIntegral(l/(sqrt(d + fxx*xx2)*sqrt(a + b*x + ckx**2)), x)

Maxima [F]

. d$==t/n ! dx
Vva+ bx + cx?\/d + fz? Ver? +bx +av/fx? +d

inputLintegrate(1/(c*x“2+b*x+a)“(1/2)/(f*x”2+d)”(1/2),x, algorithm="maxima")

outputLintegrate(l/(sqrt(c*xv + bxx + a)*sqrt(f*x~2 + d)), x)

Giac [F]

1
dm=/ L dx
Vva+ bx + cx?\/d + fz? Ver? +bx +av/fx?+d

inputLintegrate(1/(c*x“2+b*x+a)‘(1/2)/(f*x*2+d)*(1/2)’x, algorithm="giac")

outputkintegrate(l/(sqrt(c*xv + bxx + a)*sqrt(f*x~2 + d)), x)
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Mupad [F(-1)]

Timed out.

= dxz/ 1
Va+bx +cx?/d+ fx? Vix2+dvVer?+br+a

dz

input Lint(l/((d + £*x72)"(1/2)*(a + b*x + c*x~2)"(1/2)),x)

Outputlint(l/((d + £%x72)"(1/2)*(a + b¥x + c*x~2)"(1/2)), x)

Reduce [F]

1 dac:/ 1
Vva + bx + cx?\/d + fz? Ver?2 +bx+a+/fr2+d

dz

inputLint(1/(C*x“2+b*x+a)‘(1/2)/(f*x‘2+d)‘(1/2),x)

OutputLint(1/(c*x‘2+b*x+a)‘(1/2)/(f*x‘2+d)‘(1/2),x)
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3.8 [(a+ bz +cz?)’ (d+ fz2)! dz

Optimal result . . . . . . . . . . . . . e 89
Mathematica [A] (verified) . . . . . . . . ... .. L 90
Rubi [A] (verified) . . . . . . .. . . OT]
Maple [F] . . . . 951
Fricas [F] . . . . . . . 95
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 95
Maxima [F] . . . . . . o 96
Giac [F] . . . o o 97
Mupad [F(-1)] . . . . . e 97l
Reduce [F] . . . . . . 97

Optimal result

Integrand size = 22, antiderivative size = 473

g b(3c2d? — 6acdf — f(b®d — 3a%f)) (d 2)1+¢
/(a+bx+cm2)3(d+fx2) dx = (3¢ acdf 21;(3(1+q)a f)) (d+ fz?)

+3(5c3d2 — 3acdf (T + 2q) + ab® f2(35 + 24q + 4¢2) — cf (7 + 2q) (3b%d — a2 (5 + 29))) z(d + fz2)'

F2(3+29)(5 +29)(7 + 29)
c(52d — 3b2F (7 + 2q) — 3acf (7 + 29)) z3(d + fz2)'"?  B3ad(d + fa2)' e
£2(5 +2¢)(7 + 2q) f(7+2q)
b(6c2d — b2 f — 6acf) (d + f£2)**?  3bc(d + fa?)*H
- 2f52+4q) 2f53+4)
(15c3d® — 9ac®d® £ (7 + 2q) + af%(35 + 24q + 4¢?) (3b?d — a? £ (3 + 2q)) — 3cdf (7 + 2q) (3b%d — a®f (5

f3(3+29)(5+29)(7 +2q)

1/2%bx (3kc~2%d"2-6*axckd*f-fx (~3*%a~2xf+b~2*d) ) * (£*xx~2+d) ~(1+q) /£73/(1+q) +3
* (5%c”3xd"2-3%axc”2xd*f* (7T+2+q) +axb~2xf ~2% (4xq~2+24*q+35) —c*f* (7+2*xq) * (3*b
~2kd-a~2*f* (5+2%q) ) ) *x*k (£xx~2+d) ~ (1+q) /£73/ (3+2*q) / (5+2*q) / (T+2*q) —c* (5*c™
2xd-3*b~ 2% £ (7+2xq) —3*a*ckf* (7+2xq) ) *x~3* (£*x~2+d) ~(1+q) /£72/(56+2%q) / (T+2*
@) +c”3xx"bx (£xx72+d) ~(1+q) /£/ (T+2%q) —1/2%b* (-6*a*cxf-b~2*f+6*c~2xd) * (£¥x~2
+d) 7 (2+q) /£73/(2+q) +3/2¥b*c™ 2% (fxx72+d) ~(3+q) /£73/(3+q) - (15%c~3*d~3-9*axc™
2%d72%f * (7+2%q) +a*xf ~2% (4%q~2+24%q+35) * (3¥b~2%d-a~2*f* (3+2%q) ) ~3*ckd*f* (7+2
*q) * (3*b"2xd-a~2*f* (5+2%q) ) ) ¥x* (f*x~2+d) “g*hypergeom([1/2, -ql, [3/2],-f*x"
2/d)/£73/(3+2xq) / (6+2%q) / (T+2*q) / ((1+f*x~2/d) ~q)

output
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Mathematica [A] (verified)

Time = 0.97 (sec) , antiderivative size = 312, normalized size of antiderivative = 0.66

/ (a + bx + cm2)3 (d + f:c2)q dx
1 105a?b(d + fz?)  35b(b* + 6ac) (d + fz?) (—d + f(1+ q)z?)
=74t ( farg P+ 9@+
105bc (d+ fz?) (2d® — 2df (1 + q)z® + f?(2+ 3¢ + ¢°) z*)
FA+92+9B+q)

2\ —4 2
3 fz= 1 3 [z
+ 70a x(l + ) Hypergeometric2F1 (2, ~5 =g )
2\ —4 2
+ 70a(b* + ac) z° <1 + %) Hypergeometric2F1 (2, —q, Z, f;U )
2\ 94 2
+ 42¢(b* + ac) z° (1 + %) Hypergeometric2F1 (;, —q, ;, f ; )
2\ —4 2
+ 10327 (1 + f%) Hypergeometric2F1 (2 —q, g, —%))

input\Integrate[(a + bxx + cxx"2)73x(d + £*x"2)7q,x]

((d + £xx72)"q*x((105%a"2xbx(d + £*xx72))/(£*(1 + q)) + (35%b*(b"2 + 6%axc)*
(d + £xx72)*(-d + £x(1 + @)*x"2))/(£72%(1 + @) *(2 + q)) + (105*%b*xc™2*(d +
fxx"2)*x(2%d72 - 2kd*fx(1 + @) *x"2 + £72%(2 + 3%q + q"2)*x74))/(£73*(1 + q)
*(2 + @)*(3 + q)) + (70*a~3*xxHypergeometric2F1[1/2, -q, 3/2, -((£*x~2)/d)
1D/ + (£xx72)/d)"q + (70*a*x(b~2 + axc)*x"3*Hypergeometric2F1[3/2, -q, 5/
2, -((£xx~2)/d)1)/(1 + (£*xx72)/d)"q + (42*xc*x(b~2 + a*c)*x"5xHypergeometric
2F1[5/2, -q, 7/2, -((f*x"2)/d)1)/(1 + (£*x~2)/d)"q + (10*c~3*x~7*Hypergeom
etric2F1[7/2, -q, 9/2, -((£*x~2)/d)1)/(1 + (£*x~2)/d)"q))/70

output
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Rubi [A] (verified)

Time = 2.60 (sec) , antiderivative size = 539, normalized size of antiderivative = 1.14,

number of steps used = 12, number of rules used = 12, Bumber of rules _ 4 545 Ryjjeg
integrand size

used = {2346, 2346, 27, 2346, 2346, 27, 2346, 25, 27, 455, 238, 237}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a+bx+cm2)3 (d+ fz*)? dz

l 9346

[ (22 +d)? (3bc®f(2q + 7)2® — c(—3f (2 + 7)b? + 5c%d — 3acf(2q + 7)) z* + b(b? + 6ac) f(2q + 7)z* + 3a (¥

f(2g+7)
Patind (d + fmz) ot
f2q+7)
l 2346
[ 2(f2z2+d)? (—cf(a+3) (—3f(2q+7)b?+5c2d—3acf (2q+7)) z* —bf (2g+7) (— f (q+3)b%+6c2d—6acf (q+3)) 23 +3a (b +ac) £2(q+3)(2¢+7) x> +3
2f(g+3)
f2g+7)
Patind (d + fwz) o+l
f2q+7)

l 27

J (f:c2+d) a (—Cf(q+3) (—3f(2q+7) b2+5c2d—3acf(2q+7))ac4—bf(2q+7) (—f((I+3)b2 +6c2d—6acf (q+3))m3+3a (b2+ac) F%(q+3)(2¢+7)z2+3a?

f(q+3)
f(2q+7)

A3z5(d+ facz)q-’-1
f(2g+7)
| 2346

J(£224d)? (a3 (a+3)(20+5)(2a+7) £ +3a2b(a+3) (24+5) (2a+7) 2 £ —b (442 +244+35) (— £ (a+3)b2 +6c2d—6acf (a+3) ) 12 +3(a+3) (5423 —3adf (2a+7) 2 — £ (2
£(24+5)

f(g+3)

2 +
c3x5(d+ fav2)qJrl e
f2q+7)
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l 9346

f2 (fm2+d) q (a3(q+2)(q+3)(2q+5)(2q+7)f4+3 (q2+5q+6) <5d2c3 —3adf (2q+7)c2 — f(2¢+7) (3b2d—a2f(2q+5)) ct+ab? f2 (4q2+24q+35))z2 f2+b(4q2+24q+35
2f(g+2)

f(2q+5)

3z (d + fw2)q+1
f2q+7)

l 27

I ($22+d)? (a3 (a+2)(a+3) (20+5)(2a+7) 4 +3(a® +50+6) (5423 —3adf (2a+7)c2 — £ (24+7) (362 d—a? £ (24+5) ) c+ab? 12 (442 +244+35) ) 22 12 +b (49> +244+35)
f(a+2)

f(2g+5)

3z (d + fa:Q)q-H
f(2¢+7)
l 2346

[-r2 ((q2+5q+6) (15c3d3—9ac2f(2q+7)d2—3cf(2q+7) (3b2d—a2f(2q+5))d+af2 (4q2+24q+35) (3b2d—a2f(2q+3))) —bf (8q3+60q2+142q+105) (6c2d2—6a
f(2q+3)

A3z5(d+ fa:2)q+1
f(2q+7)

| 25

3f(q2+5q+6):v (d+f:c2)q+1 (—cf(2q+7) (362d—a2f(2q+5))+ab2f2 (4q2+24q+35) —3ac2df(2q+7)+5c3d2) [ £? ((q2+5q+6) (1503d3—9ac2f(2q+7)d2—301
2q+3 -

f

3z (d + facz)q-l-1
f(2¢+7)

l 27
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35 (q2+5q+6) z (d+f12) atl (—cf(2q+7) (3b2d—a2 f(2q+5)) +ab2 2 (4q2+24q+35) —3ac2df(2q+7)+5c3 d2) £/ ( (q2 +5q+6) (15c3 d3—9ac? f(2q+7)d2 —3cf(
2g+3 -
£

cx® (d + falcz)qJrl
f(2q+7)
l 455

£ (¢®+5q+6) (—3cdf (2¢+7) (362 d—a? £ (2¢+5)
—cf(2q+7) (3b2d—a2f(2q+5)) +ab? f2 (4q2+24q+35) —3ac2df(2q+7)+5c3d2) (( ) ( (
2g+3 -

3f (a%+5q+6)z(d+f2?) atl (

Patind (d + falcz)qJrl
f2q+7)
l 238

2 oN\a [ fz2 1/ |
3f (q2+5q+6)z (d+f12) atl (—cf(2q+7) (3b2d—a2f(2q+5)) +ab? f2 (4q2+24q+35) —3ac2df(2q+7)+5c3d2) ! ((q +5q+6) (d”z ) ( d +1> ( Sedi(
2g+3 -

Azd(d+ falcz)qJrl
f2q+7)
| 237

2 —q
7| (a®+5q+6)z(d+F22)? (fi +1> Hyperg
—cf(2q+7) (3b2d—a2f(2q+5)) +ab? f2 (4q2+24q+35) —3ac2df(2q+7)+5c3d2) (( ) ( ) d
2g+3 -

3¢ (a%+5q+6)z (d+f2?) atl (

3z (d + falcz)qJrl
f(2g+7)

Int[(a + b¥x + cxx~2)~3%(d + f*xx~2)"q,x]

\

input




output
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(c™3*x75*(d + £*x72)7(1 + q))/(£%(7 + 2%q)) + ((3*b*c™2%(7 + 2%q)*x"4*(d +
fxx72)7(1 + @)/ (2%(3 + q)) + (-((cx(3 + @) *(5xc™2+d - 3xb~2*f*(7 + 2xq)
- 3kaxc*kfx(7 + 2xq))*x"3*(d + £xx72)"(1 + q)) /(6 + 2xq)) + (-1/2%(bx£f*(35
+ 24%q + 4*%q~2)*(B*c™2xd - bT2*xf*(3 + q) - B*akcxfx(3 + q))*x"2x(d + f*x"2
)"+ g))/(2 + q) + ((3*f*(6 + 5xq + q~2)*(5*c™3*%d"2 - 3*akc ™ 2xd*xf*(7 + 2
xq) + axb"2xf"2x(35 + 24*q + 4xq~2) - c*kfx(7 + 2xq)*(3*%b"2*d - a"2xf*(5 +
2xq)) ) *x*x(d + £*x72)°(1 + q))/(3 + 2%q) - (£*(-1/2*(b*x(105 + 142xq + 60*q”
2 + 8%q 3)*(6%c”2*d"2 - B*axckxd*f*(3 + q) - £x(3 + @)*(b"2%d - 3*ka"2xfx*(2
+ @))*(d + £xx72)"(1 + @))/(1 + q) + ((6 + 5*q + q72)*(15%c~3%d"3 - 9*a*c
~2%Q"2*f* (7 + 2%q) + a*f 2% (35 + 24%q + 4%q"2)*(3*b"2*d - a~2*f*(3 + 2xq))
- Bxckd*xEfx (7 + 2xq)*(3*b72xd - a"2*f*(5 + 2xq)))*xx(d + £*x~2) “q*Hypergeo
metric2F1[1/2, -q, 3/2, -((£f*x72)/d)]1)/(1 + (£*x72)/d)"q))/(3 + 2xq) )/ (£*(
2+ q))/(£x(5 + 2xq)))/(£x(3 + q)))/(£x(7 + 2xq))

Defintions of rubi rules used

>

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

rule 27

rule 237

rule 238

rule 455

~—

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int([Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F1[-
p, 1/2, 1/2 + 1, (-b)*(x"2/a)], x] /; FreeQ[{a, b, p}, x] && !IntegerQ[2*p
] && GtQ[a, 0]

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[a~IntPart[p]l*((a + b*x~2)
“FracPart[p]/(1 + b*(x"2/a)) FracPart[p]) Int[(1 + b*(x"2/a))7p, x], x] /
; FreeQ[{a, b, p}, x] && !'IntegerQ[2*p] && !'GtQ[a, O]

N\

Int[((c_) + (@_.)*(x))*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[d*((
a + bxx"2)"(p + 1)/(2*%b*(p + 1))), x] + Simp[c Int[(a + b*x"2)7p, x], x]

/; FreeQ[{a, b, c, d, p}, x] & !LeQ[p, -1]
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rule 2346 Int[(Pq_ )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Expon[Pq, x],
e = Coeff[Pq, x, Expon[Pq, x]]1}, Simp[e*x~(q - 1)*((a + b*x"2)"(p + 1)/ (bx(
q + 2%p + 1))), x] + Simp[1/(bx(q + 2%p + 1)) Int[(a + b*x"2) “p*ExpandToS
um[b*(q + 2*xp + 1)*Pq - axe*(q - 1)*x"(q - 2) - b*ex(q + 2xp + 1)*x"q, x],
x], x]] /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && !'LeQ[p, -1]

Maple [F]

/(ca:2+bx+a)3 (fz®+d)"dx

input Lint ((c*xx~2+b*x+a) "3* (£*x72+d) "q,x) J

-

Lint((c*x“2+b*x+a)“3*(f*x“2+d)”q,x)

| —

output

Fricas [F]

/(a+bx+c:c2)3 (d—l—fz2)q dm=/(cx2+bz+a)3(fm2+d)qu

integrate ((c*x"2+bxx+a) "3*(f*x~2+d) "q,x, algorithm="fricas")

inputt

output‘ integral((c”3*x"6 + 3xb*xc™2*x"5 + 3*%(b"2%c + a*c”2)*x"4 + 3*a"2*xbxx + (b~3 \
‘ + Gxaxb*c)*x™3 + a~3 + 3*(a*b™2 + a"2*c)*x"2)*(£*x°2 + d)"q, x) ‘

Sympy [A] (verification not implemented)

Time = 29.24 (sec) , antiderivative size = 1836, normalized size of antiderivative = 3.88

/ (a + bx + cz2)3 (d + fa:Q)q dxz = Too large to display

input Lintegrate ((cxx**2+bxx+a) **3* (£ *x**2+d) **q,X) J




output

input

output
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a*x*3xdxxq*x*hyper ((1/2, -q), (3/2,), f*x**2xexp_polar(I*pi)/d) + 3*a**2*bx
Piecewise ((d**q*x**2/2, Eq(f, 0)), (Piecewise(((d + f*x*x2)xx(q + 1)/(q +
1), Ne(q, -1)), (log(d + f*x*x*x2), True))/(2*f), True)) + ax*2xckd *kq*x**3%
hyper((3/2, -q), (5/2,), f*x**2*exp_polar(I*pi)/d) + axb**2xd**q*x**3*hype
r((3/2, -q), (5/2,), f*x**2xexp_polar(I*pi)/d) + 6*a*b*c*Piecewise ((d**qg*x
*x*x4/4, Eq(f, 0)), (d*log(x - sqrt(-d/f))/(2*d*f**2 + 2xf*x3*x*x2) + d*log(
X + sqrt(-d/f))/ (2xd*f**2 + 2kfx*3*xx*k*2) + 4/ (2kd*f**2 + kfx*3*xx*k*2) + f*
x*x*x2%log(x - sqrt(-d/f))/(2xd*xfx*2 + 2xf*x3xxx*2) + fxx*x*2*xlog(x + sqrt(-d
/£))/ (2xd*f*x2 + 2*fx*3*xx*2) , Eq(q, -2)), (-d*log(x - sqrt(-d/f))/(2xf**2
) - dxlog(x + sqrt(-d/f))/(2xf*x2) + xx¥2/(2xf), Eq(q, -1)), (-d*x2x(d + f
*xkk2) kokq/ (2% L k2% qQk*2 + ExExk2xkq + LkEfx*2) + dxExqrx*k*2%(d + Lkxx*2)*xq/ (
2xExkDRQ¥*2 + BkLk*k2kq + 4*xL*%2) + Fhx2kqhxokkdk (d + £xx**k2)*k*q/ (2L **2%qk*
2 + 6xf*x2%kq + 4xf*x2) + fAxkxxkdx(d + £xxk*2)**q/ (2xE*#x2kq**2 + 6xf**2%q
+ 4xfxx2) , True)) + 3*xa*ckx*2xd*xq*x**5xhyper((5/2, -q), (7/2,), fxx*x2*ex
p_polar(Ixpi)/d)/5 + b**3*Piecewise((dx*q*x**4/4, Eq(f, 0)), (d*log(x - sq
rt(-d/£))/ (2*%d*f*x2 + 2xfx*3*x*x2) + d*log(x + sqrt(-d/f))/(2*d*f*x2 + 2xf
*k3xkxx*k2) + d/(2xd*xE**2 + 2kL**3kx**2) + frxx*k2xLog(x - sqrt(-d/f))/(2xdxf
*¥k2 + 2*F**3kx*k*2) + frxx*2kxlog(x + sqrt(-d/f))/(2xd*xf**2 + 2kEx*Bkx**2),
Eq(q, -2)), (-d*log(x - sqrt(-d/f))/(2xf**2) - d*xlog(x + sqrt(-d/f))/(2*f*
*¥2) + x*¥x2/(2xf), Eq(q, -1)), (-d**2x(d + f*xk*2)**kq/(2xLx*2xq**2 + 6*f. ..

Maxima [F]

/(a+bx+c:c2)3 (d+ fz*)? dwz/(cx2+bz+a)3(fw2+d)qu

integrate ((c*x"2+bxx+a) "3*(f*x~2+d) "q,x, algorithm="maxima")

N

-

Lintegrate((c*x”2 + bkx + a) 3% (f*x”2 + d)°q, x)

| —




input

output

input

output

input
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Giac [F]

/(a+bx—|—cm2)3 (d—l—fx2)q d$=/(cx2+bz+a)3(fm2—|—d)qu

‘ integrate ((c*x~2+b*x+a) "3* (£f*x~2+d) "q,x, algorithm="giac")

tintegrate((c*x'? + b*x + a)”3x(f*x72 + d)"q, x)

Mupad [F(-1)]

Timed out.

/(a+bx+cz2)3 (d+ fz?)* dx=/(fx2+d)q (cz2+bx+a)3da:

Lint((d + f*x72)"g*(a + b*x + c*x"2)73,x)

Lint((d + f*x72)"q*(a + b*x + c*x72)73, x)

Reduce [F]

/ (a + bx + cz‘2)3 (d + fo)q dxr = too large to display

Lint ((cxx™2+b*x+a) ~3% (f*x~2+d) ~q,x)




output
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(16%(d + f£*x*x2)xkqkax*k3xLxk3xqxk6xx + 216%(d + £xx*k*2)kkqkar*k3kfxk3kqrk5x

X + 1180%(d + kxx*k2)kxqra*x3*+L**x3kqk*d*x + 3330%(d + £*x**2)xkqkark3xf**3
*q**3*%x + 5104*(d + f*xk*2)kkqra*xx3kLxk3xq**2xx + 4014*(d + f*x**2)*kkgra*x
3xf*x3kqxx + 1260%(d + L*xx**2)*kkqkax*3xf**x3*kx + 48*%(d + L*xx**2)*kkq*ax*2xbx*
A*f**2xq*kx6 + 624x(d + Lxx**2)kkqkax*k2xbkd*xf*+*x2kq**5 + 3240%(d + L£Hxx*2)**
g*ax*2xbkdxf*xx2xqx*k4 + 8520%(d + fxxk*2)*k*kqkaxx2¥bxd*f**2xq**x3 + 11787+*(d
+ Fhx*x2) kxqrak*k2xbkd*f¥x2kq**2 + 7911*(d + f*x**2)*kkqra**x2¥bxd*f**2xq + 1
890 (d + f*x*k*2)xkgrax*2xbkxd*f**2 + 48%(d + Lxx**2)kkqkak*2kbxfxk3kqr*kExx*
*¥2 + 624x(d + £*x*x2)xkqkaxk2xbxf*x3xqkxE*xx*k*x2 + 3240% (d + L£xx**2)*kkqkak*2
*D*fkx3kqk*kd*xk*2 + 8520k (d + Lxx**2)kkqkak*2kbxfxk3kq**3xx**2 + 11787*(d
+ f*x**2)**q*a**2*b*f**3*q**2*x**2 + 7911*x(d + f*x**2)**q*a**2*b*f**3*q*x*
*¥2 + 1890%(d + Lxxxk2)kkqrak*x2¥bkfx*3kxx*2 + 48%(d + £xx**x2)*kkqkax*k2kckxd*f
*k2kQk*k6*x + 576k (d + L*xx**x2)kkqkax*k2xckd*xf*+x2kqx*5xx + 2676%(d + L*xx**2)=*
kqrakk2kckdxfxk2kqrkdxx + B5ITE*(d + Lrxxk2)kkqrakr*x2kckd*xf*k2xq**x3*xx + 6348
*¥(d + L£xxk*2)kkqkaxx2kckd*Lr*k2xqk*x2%x + 2520%(d + L£xxk*2)*kkqkaxk2kcxd*L**2
*q*kx + 48%(d + Lkx**2)kkqrak*k2xckLr*k3xq**Bkx*x*3 + 600% (d + L*rx**2)*kkq*ak*2
*kCkEHkIkQrkExx*¥*x3 + 2964* (d + Fhx**2)xkqrak*k2xckfr*3xq*r*x4*xx*x*3 + 7314*(d +
Exxxx2) kokqrakk2kckfxk3xkq**k3xkx*¥*3 + 9336%(d + Lkx**2)kkqrakk2kckLk*3kqk*2*
x*x*k3 + 5694x*(d + f*xxk*2)*kkqrakxk2kxckf**x3kqkx**3 + 1260%(d + L*x**2)*kgkax*2
*ckfxx3xx*x*3 + 48%(d + f*x**2)**q*a*b**2*d*f**2*q**6*x + B76%(d + fxx*xx...
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3.9 [(a+ bz +cz?)’ (d+ fz2)! dz

Optimal result . . . . . . . . . . . . . e 99
Mathematica [A] (verified) . . . . . . . . ... .. L 100
Rubi [A] (verified) . . . . . . .. . . 100
Maple [F] . . . . 103l
Fricas [F] . . . . . . . 104
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 104
Maxima [F] . . . . . o 1051
Giac [F] . . . o o o 106
Mupad [F(-1)] . . . . . e 106!
Reduce [F] . . . . . .

Optimal result

Integrand size = 22, antiderivative size = 246

/ (a + bz + cm2)2 (d + me)q dr
_ bled—af)(d+ fe?)" (3 — b f(5 + 2q) — 2acf (5 + 29)) #(d + fz*)

A (1+9) (3 +29)(5+29)
AEe3(d+ fz2)' be(d+ fa?)*He
f(5+2q) f*2+4q)
(3c?d? — 2acdf (5 + 2q) — f(5+ 2q) (b*°d — a®f(3 + 2q))) z(d + fz?*)* (1 + %2> - Hypergeometric2F
N f2(3+29)(5+ 2q)

-b* (—axf+c*xd) * (£xx~2+d) ~(1+q) /£72/ (1+q) - (3*c~2*d-b~2*f* (5+2*q) —2*a*c*f* (5+
2%q) ) *xx (£xx72+d) " (1+q) /£72/ (3+2%q) / (5+2%q) +c™2xx~3* (£*x~2+d) " (1+q) /£/ (5+2
*q) +tbxc* (£*xx72+d) " (2+q) /£72/ (2+q) +(3*c~2*%d~2-2*a*ckd*f* (5+2%q) —£* (5+2%q) * (
b~2*%d-a~2*f* (3+2%q) ) ) *x* (f*x~2+d) “g*hypergeom([1/2, -ql,[3/2],-f*x~2/d)/£f"
2/ (3+2xq) / (5+2*xq) / ((1+£f*x~2/d) ~q)

output
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Mathematica [A] (verified)

Time = 0.85 (sec) , antiderivative size = 193, normalized size of antiderivative = 0.78
/ (a + bz + cm2)2 (d + fo)q dr

_ 1 2\9q 2 f2\ ™ . 1 3 fa?
= 1—5(d+ fz*)" | 15a x(l + = Hypergeometric2F1 5 Do g

2\ —4 3 5 2
+ 5(62 -+ 2ac) z3 <1 =+ %) Hypergeometric2F1 <§, —q, 2 —%)

f2

—q
3 <5b(d+f””2) (=cd+af(2+q)+cf(1+g)z?) +c2(2+3q+¢?) z° (1 + %2) Hypergeometric2F1 <g, —q,

* 1+92+9)

input‘ Integrate[(a + bxx + c*x"2)72x(d + £*x72)"q,x]

output

((d + £*x72)"g*((15*a~2*x*Hypergeometric2F1[1/2, -q, 3/2, -((£*x~2)/d)]1)/(
1 + (£*x72)/d)~q + (5%(b~"2 + 2¥a*c)*x"3*Hypergeometric2F1[3/2, -q, 5/2, —(
(£*x72)/d) 1) /(1 + (£xx72)/d)7"q + (B*((5xb*x(d + f*x"2)*(-(cxd) + a*xf*(2 + q
) + cxfx(1 + @*x72))/£72 + (c™2%(2 + 3%q + q~2)*x"5*Hypergeometric2F1[5/2
, —Q, 7/2, -((£*x~2)/d)1)/(1 + (£¥x72)/d)"q@))/((1 + @)*(2 + q))))/15

Rubi [A] (verified)

Time = 0.80 (sec) , antiderivative size = 271, normalized size of antiderivative = 1.10,

number of rules _
integrand size 0.364, Rules

number of steps used = 8, number of rules used = 8§,
used = {2346, 2346, 27, 2346, 27, 455, 238, 237}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a+ bz + ca:2)2 (d+ fz?)? dz

l 9346
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[ (fz® +d)? (2bcf(2q + 5)2 — (—f(2g + 5)b? + 3c®d — 2acf(2q + 5)) 2 + 2abf(2q + 5)z + a®f (29 + 5)) d:c+
f(2q+5)
02z3(d+fa:2)q+1
f(2q+5)
| 2346

f2uﬁ+@q@%wmxw+mf%«wax<ﬂm+aw+&¥wamf@w6»ﬁf—%@¢%XM—mﬂ¢m»wﬁdw+_w@wén2wam%““
2f (q+2) q+2

f(2¢+5)
02I3(d—|-fa72)q+1
f(2¢+5)

| 27

J (fz2+d)?(a®(q+2)(2q+5) F2—(q+2) (— f (2g+5)b%+3c2d—2acf (2g+5)) x2 f —2b(2g+5) (cd—af(g+2))zf)dx | be(2g+5)z2 (d+fz?) 7+t
F(a+2) T 7+

+

+
f(2q -ii 5)
02z3(d+ fo)fH-
f(2¢+5)
l 2346
I £((a+2) (3¢2d% —2acf(2q+5)d—f(2q+5) (b2d—a? (24+3) ) ) —2bf (44 +164+15) (cd—af (a+2))z) (22 +d) ' da (q+2)m(d+fw2)q+1(—2a0f(2q+5)+b2(—f)(
f(2¢+3) — 29+3
flg+2)
f(2q+5)

23 (d + fa:2)q+1
f(2q+5)

| 27

J ((a+2)(3c2d% —2acf (2q+5)d— f(2q+5) (b2 d—a? f(2a+3)) ) —2bf (442 +164+15 ) (cd—af(a+2))z) (f22+d)  dz (q+2)w(d+fx2)q+1 (—2acf(2q+5)+b2(— )(2
2q+3 - 2q+3

flg+2)
f(2¢+5)

Az3(d+ far:z)qJrl
f(2q+5)
l 455
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2 2\9+1
(042) (= $2049)(12d—a £ 2 5)) ~20ca o 45)+3:2a2) J (122 1) g "L H100118) (4727) (AT (qarya(arse?) " (~20cs2045)+

2q+3 2q+3

f(g+2)
f(2¢+5)

A3 (d + falcz)qJrl
f(2q+5)
J'238

_ 2 2) 1 caa
(a+2) (d+fz2)q (%2“) q(_f(2q+5) (b2d_a2f(2q+3))—2acdf(2q+5)+3c2d2) f(%2+1>qdz_b(4q +16q+15> (d+qf+l) (cd—af(q+2)) (Q+2)z(d+

2943

f(g+2)

2 5

02m3(d+fw2)q+l fea+9)
f(2¢+5)
l 237

+1
2 \—¢ 2 b(4¢2+16¢+15) (d+f22) T (cd—
(q+2)w(d+fx2)q(f%+1) Hypergeometriczm(%,—q,%,—f%> (—1(2a+5) (v?d—a? £ (24+3) ) —2acdf (24+5)+3c2d2 ) — ( ) q+1)

2q+3

f(g+2)

2 5
02x3(d+ fac2)q+1 feat9)
f(2q+5)

-

LInt[(a + b*x + c*x"2)"2x(d + £*x°2)"q,x]

\ >

input

(cm2*%x73*(d + £*xx72)7(1 + q))/(£x(5 + 2%q)) + ((b*c*k(5 + 2*q)*x"2*(d + f*x
2)7(1 + @))/(2 + @ + (-(((2 + @)*(3*c™2xd - b"2xf*(5 + 2%q) - 2xaxcxfx(5
+ 2xq) )*xx(d + £xx72)"(1 + q))/(3 + 2%q)) + (-((bx(15 + 16%q + 4*q~2)*(c*
d - axfx(2 + @))*(d + £xx72)"(1 + @))/(1 + q)) + ((2 + @)*(3%c™2*%d"2 - 2%*a
kckdxfk (5 + 2%q) - £x(5 + 2%qQ)*(b~2%d - a~2%f*(3 + 2xq)))*x*(d + f*x"2) g*
Hypergeometric2F1[1/2, -q, 3/2, -((£*x72)/d)]1)/(1 + (£*xx72)/d)"q)/(3 + 2%q
D)/ (£%(2 + q)))/(£*x(5 + 2%q))

output
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Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 237 Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[a"p*x*Hypergeometric2F1[-
p, 1/2, 1/2 + 1, (-b)*(x"2/a)], x] /; FreeQl[{a, b, p}, x] && !IntegerQ[2*p
1 && GtQ[a, O]

rule 238 Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[a~IntPart[p]l*((a + b*x~2)
“FracPart[p]/(1 + b*(x"2/a)) FracPart[p]) Int[(1 + b*(x"2/a))7p, x], x] /
; FreeQ[{a, b, p}, x] && !IntegerQ[2*p] && !GtQ[a, O]

rule455‘Int[((c_) + (d_D)*x))*((a)) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[d*((
‘a + b¥x"2)~(p + 1)/(2%bx(p + 1))), x] + Simp[c  Int[(a + b*x"2)7p, x], x]
L/; FreeQ[{a, b, c, d, p}, x] & !LeQlp, -1]

Int[(Pq_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Expon[Pq, x],
e = Coeff[Pq, x, Expon[Pq, x]1}, Simpl[e*x~(q - 1)*((a + b*xx"2)"(p + 1)/ (b*(
q + 2xp + 1))), x] + Simp[1/(b*(q + 2*%p + 1)) Int[(a + b*x"2) p*ExpandToS
um[b*(q + 2*p + 1)*Pq - axex(q - 1)*x~(q - 2) - bxex(q + 2*p + 1)*x"q, x],
x], x11 /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && !'LeQ[p, -1]

rule 2346

Maple [F]

/(cx2+bx+a)2 (fz*+d)"dx

-

input Lint ((c*x™2+b*x+a) “2* (£*x~2+d) “q,x)

-/

-

int ((c*x~2+bxx+a) 2% (f*x~2+d) "q,x)

output

N
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Fricas [F]

/(a+bx—|—cm2)2 (d—l—fx2)q dm=/(cx2+bm+a)2(fm2—|—d)qu

‘ integrate ((c*x~2+bxx+a) ~2* (f*x~2+d) "q,x, algorithm="fricas")

input

‘integral((c“2*x‘4 + 2%b*c*x"3 + 2%axbxx + (b2 + 2%a*c)*x"2 + a”2)*(f*x"2

output
+d7q, x)

Sympy [A] (verification not implemented)

Time = 12.57 (sec) , antiderivative size = 500, normalized size of antiderivative = 2.03

/(a+bav+cav2)2 (d+ f=*)! d

( d4 2
> for f =0
1 _ 2 i 1
a|jfx“e d+fz2)?
= a’diz, F) 2’3 f y + 2ab (d+1a?)™ J;_'T_l) forq # —1
’ log (d + fz?) otherwise .
o otherwise
\
3 —q 3 g
Y 20 y 2 im
2acdiz®y F) | 2 5 fmTe Wiz, F | 2 5 —fwde
+ 2 + 2
3 3
( diz?t
4 for f=0
dlog (m— —%) dlog (z-i— —%) d fz2log (z_ _%) f22 log (z+ _%>
+2b s r2fi T aartaefi T et T adefia T 2dPapia forqg = -2
C
dlog (x—ﬂ) dlog (x+ —%) 22
B 2f? B 212 + 37 forqg=—1
a2 (d+ fo?)* dfga®(d+fa?)? | flqzt(d+fa)? | fd(d+fa2?)" .
L T 2f2¢2+6f2¢+452 2f2q%+6f2q+4f2 2f2q2+6f2q+412 22216 2q14f2 otherwise

N Ot

y —q 22ei™

CquCL'SQFl a

7
2

* 5
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input integrate ((c*x**2+bkx+a) **2% (fxx**2+d) **q, x)

ax*2xd*x*q*x*hyper ((1/2, -q), (3/2,), f*x*x2%exp_polar(I*pi)/d) + 2xa*bxPie
cewise ((d*xq*x**2/2, Eq(f, 0)), (Piecewise(((d + f*x**2)*x(q + 1)/(q + 1),
Ne(q, -1)), (log(d + f*xx**2), True))/(2*f), True)) + 2*a*xckd**q*x**3*hype
r((3/2, -q), (5/2,), f*x**2xexp_polar(I*pi)/d)/3 + b**2xd*xq*x**3*hyper ((3
/2, -q), (6/2,), f*x**2xexp_polar(I*pi)/d)/3 + 2xb*cxPiecewise ((d**q*x**4/
4, Eq(f, 0)), (d*log(x - sqrt(-d/f))/(2xd*f**2 + 2xf**x3*x**2) + d*log(x +

sqrt (-d/£) )/ (2xd*f**2 + 2*fx*3kx**2) + d/ (2kd*f**2 + 2xL*kk3Jkx**2) + Lhx**2
*log(x - sqrt(-d/f))/(2xd*f**2 + 2xf*x3J*kx**2) + frx**2xlog(x + sqrt(-d/f))
/(2%dxf*%x2 + 2xf**3xx**2), Eq(q, -2)), (-d*log(x - sqrt(-d/f))/(2*f*x2) -

dxlog(x + sqrt(-d/f))/(2*f*x2) + x*x2/(2xf), Eq(q, -1)), (-d**x2x(d + f*x**
2) k*kq/ (2*E**2kq**2 + G*L*x*k2xq + 4*f**2) + dkfxqrxxk2x(d + £*xx*2)**q/ (2*xf*
*2kQ**k2 + Gxf**2kq + 4xf**2) + FHx2kqrxk*dk(d + Lhxx*2)*xkq/ (2¥L**2xq**2 +

B6xf**x2kq + 4xf*%2) + FHxkxxkdx(d + £xx*k*2)**q/ (2xL+x2kq**2 + 6xf**2kq + 4
xf*%2) , True)) + cx*2xdx*xq*x**5xhyper((5/2, -q), (7/2,), f*x**2*exp_polar(
Ixpi)/d)/5

output

Maxima [F]

/(a+bx+cx2)2 (d+ fz*)? d:v:/(cac2+bx+a)2(fw2+d)qda:

p
inputLintegrate((C*XA2+b*X+a)A2*(f*xA2+d)Ast: algorithm="maxima")

~—

-

integrate((c*x~2 + bxx + a)~2*(f*x"2 + d)"q, x)

output

N\
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Giac [F]

/(a+bx—|—cm2)2 (d—l—fx2)q d$=/(cx2+bz+a)2(fm2—|—d)qu

input ‘ integrate ((c*x~2+b*x+a) ~2% (f*x~2+d) “q,x, algorithm="giac")

outputtintegrate((c*x’? + b*x + a)"2*x(£f*#x"2 + d)~°q, x)

Mupad [F(-1)]

Timed out.

/(a+bx+cz2)2 (d+ fz?)* dx=/(fx2+d)q (cz2+bx+a)2da:

inputtint((d + f£*x72)"g*(a + b*x + c*x"2)72,x%)

OutputLint((d + f*x72)"q*(a + b*x + c*x72)72, x)

Reduce [F]

/ (a + bx + cav2)2 (d + fo)q dxr = too large to display

input Lint((c*x“2+b*x+a) 2% (£%x°2+d) °q, x)
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(4% (4 + kxx*2)kkqrakx2kf*x2kqk*d*x + 28%(d + £xx*k*2)kkqkar*kkEr*kkqrk3*x

+ T1x(d + £*x*x2)xkqrarxk2xfxk2xq**k2xx + T7T*(d + Lhxk*2) kkqra*x2+f*x2*xq*x +
30%(d + fxx**2)*kxqkax*x2*xf**2xx + 8% (d + f*x*k*2)*k*kgra*xbxd*f*rg*x4d + 52x(d +
fxxk*2) kkqraxbkd*xfrq**3 + 118*%(d + L*x**2)*xq*axbxd*f*xq**2 + 107*(d + f*x
*x*x2) xkqraxbxdkfxq + 30%x(d + L£xx*k*2)*k*xqkaxbkd*xf + 8*(d + Lfhxx*k2)*xkgrakbxf*x
2xqk*k4kxxx2 + 52x(d + Lxx*k*2)kxqkaxbkfxkxqk*3xx*xx2 + 118%(d + Lxx**2)**xq*
axb*fxk2xqk*x2kx*¥x2 + 107*(d + Lxx**x2)kxqraxb*f*r*2xqrx*x*2 + 30k (d + f*rx**2)
*kqraxbkfxkkxk*2 + 8% (d + fxx**2)*kkqrakckdxfxqrxdxx + 44x(d + Frx**2)x*q*
axcxd*xfxqx*3*kx + 76x(d + £xx*x2)xkqkakxckd*frqr*2xx + 40%(d + L*xk*2)*kgrax
ckdxfxq¥x + 8x(d + L*x*x2)xkqraxckf* x2kqk*d*x*k*3 + 48%(d + Lxx**2)*k*xqkakck
Txk2kqr*k3kxx*k3 + 98*(d + L*x*x2)xkqkakxckL**x2kqk*2*xx*k*3 + T8k (d + Lxx**2)**
gra*xckErkkqrx**k3 + 20%(d + L¥x*k*2)xkqraxckL**x2*xx*k*3 + 4x(d + £*x**2)**q*b
*)k2kdkERqr*kdxx + 22%(d + Lxx**2) kxkq*kbr*k2xd*fxq**3*%x + 38*%(d + f*xx**2)**q*b
*)k 2k Ak Exqk*k2%xx + 20%(d + Lxx**2) kxq*kbr*k2xd*fxq*x + 4x(d + Lxx**2) kxq*br*k2x
Trk2xqk*kdxx*xx3 + 24x(d + £xxk*2)kkQkb*k*2*kLxk2xq**3kx*¥*x3 + 49x(d + Lxx**2)*
*kQkDrk 2k F k¥ 2k q*k*k 2k x**3 + 39k (d + Lhx**2) kkq*bk*2xf¥x2kqxx**x3 + 10*(d + f*x
*% 2 ) kokQRbk*k 2k f ¥k 2k x k%3 8% (d + f*x*k*2)**qxb*ckd**2+%q**3 — 36%(d + f*xx**2)
*kQ¥bkCkA**¥2%qQ*k*2 — 46%(d + Lxx**k2)*kxq¥bkckdx*k2xq — 16%(d + f*x**2)*xqxb*c
*d*x2 + 8% (d + Lxxxk2)*kkq¥bkckd*f*qr*d*x*k*x2 + 36%(d + L£xx**k2)**xq*bkckd*f*q
*x3xkx*x*2 + 46%(d + f*x**z)**q*b*c*d*f*q**Q*x**z + 15%x(d + f*x**2)**q*b*._,

output
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3.10 [(a+bx+cx?) (d+ fr?)! dz

Optimal result . . . . . . . . . . . . e 108
Mathematica [A] (verified) . . . . . . . . . ... o 108}
Rubi [A] (verified) . . . .. . . ... .. 109
Maple [F] . . . . 111
Fricas [F] . . . . . . o 111
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 111
Maxima [F] . . . . . . 112
Giac [F] . . . . o o 112
Mupad [F(-1)] . . . o o 113
Reduce [F] . . . . . 113

Optimal result

Integrand size = 20, antiderivative size = 109

0 g _b(d+fx2)1+q cx(d+ fz?)'
/(a+bm+cx)(d+fx) dx = 20+ G+ 20)

d
+ (a— —3fj—2fq) z(d+ fz*)* (1
2\ 94 9
+ fi) Hypergeometric2F1 (1 q § —fi)

d 2 "2 d

N

output \(1/2*b* (£xx72+d) " (1+q) /£/ (1+q) +c*x* (£+x72+d) ~ (1+q) /£/ (3+2%q) + (a—c*d/ (2xf*q+ \
| 3x£))*x+ (£+x2+d) “q*hypergeom([1/2, -ql, [3/2],~f*x"2/d)/((1+£*x~2/d)"q) |

Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.05

/ (a+ bz +cz?) (d+ fz?)? dz

2\ 94 2\ 4
(d+ fx?)? (1 + %) <3b(d + fxz?) <1 + f%) + 6af(1 + q)z Hypergeometric2F1 (%, —q,3,—

6f(1+q)
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input‘ Integrate[(a + bxx + c*x"2)*(d + £*x~2)"q,x] ‘

output‘ ((@ + £xx72)"q*(3xb*(d + f*x"2)*(1 + (£*x72)/d)"q + 6*xa*xf*x(1 + q)*x*Hyperg ‘
‘eometric2F1 [1/2, -q, 3/2, -((£f*x"2)/d)] + 2*c*f*(1 + q)*x"3*Hypergeometric ‘
L2F1[3/2, -q, 5/2, -((£*x~2)/d)1))/(6%f*x(1 + q)*(1 + (f*x~2)/d)"q) J

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.11,

number of rules _
integrand size 0.250, Rules

number of steps used = 5, number of rules used = 5,
used = {2346, 25, 455, 238, 237}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+ bz +cz?) (d+ f2?)! dx

l 2346

[ —((cd — af(2q +3) —bf(2¢ + 3)z) (f2? + d)?) dz cx(d+fw2)q+1
f(2q+3) f(2q+3)

l 25

cz(d+ f.rQ)qH [(cd—af(2q+3) —bf(2q + 3)z) (fz* +d)*dzx

f(2q+3) 20 13)
| 455
cz(d + fa;z)q+1 (cd—af(2q+3)) [ (fz2+ d)q dr — b(2q+32)((;1:1f)$2)q+1
f(2¢+3) 73+ 3)
| 238
c:c(d-|— fx2)q+1 ~
) f(2q j 3) q+1
(d+ fz?)? (%2 + 1) "(cd—af(2g+3)) [ <f%2 + 1)4 o b(2q+32)((;i——+_+-1f)z2)
f(29+3)

l 237
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ClL’(d + fx2)¢I+1
oo 2yq+1
—q
z(d+ fz?)? (% + 1) (cd — af(2q + 3)) Hypergeometric2F1 (%, —q,3, _f%c?) B b(2q+3%((;1_—||_—{)x )
f(2¢+3)
input LInt [(a + b*x + c*x"2)*(d + f*x~2)"q,x] J

(crxk(d + £4x72) (1 + @))/(£4(3 + 2+q)) - (-1/2x(b*(3 + 2%q)*(d + £4x"2)°(
‘1 + @)/ + q) + ((cxd - axfx(3 + 2%q))*xx(d + £*x72) q*Hypergeometric2F1 ‘
‘[1/2, -q, 3/2, -((fxx72)/d)1)/(1 + (£*x72)/d)~qQ)/(£*(3 + 2*q))

output

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

rule 237 Imtl(@@) + (b_.)*(x_)72)7(p_), x_Symbol] :> Simp[a“p*x*Hypergeometric2F1i[-
p, 1/2, 1/2 + 1, (-b)*(x"2/a)], x] /; FreeQ[{a, b, p}, x] && !IntegerQ[2*p
] && GtQ[a, 0]

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[a~IntPart[p]*((a + b*xx~2)
“FracPart[p]/(1 + b*x(x~2/a)) “FracPart[p]) Int[(1 + b*(x"2/2))7p, %1, x] /
; FreeQ[{a, b, p}, x] && !IntegerQ[2*p] && !GtQ[a, O]

rule 238

Int[((c_) + (A_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp [d*((
a + bxx"2) " (p + 1)/(2*bx(p + 1))), x] + Simplc Int[(a + b*x~2)"p, x], x]
/; FreeQ[{a, b, c, d, p}, x] && !'LeQ[p, -1]

rule 455

Int[(Pq_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Expon[Pq, x],
e = Coeff[Pq, x, Expon[Pq, x]1}, Simple*x~(q - 1)*((a + b*x~2)"(p + 1)/ (b*(
q+ 2%p + 1))), x] + Simp[1/(b*x(q + 2%p + 1)) Int[(a + b*x"2) “p*ExpandToS
um[b*(q + 2*xp + 1)*Pq - axe*(q - 1)*x"(q - 2) - b*ex(q + 2xp + 1)*x"q, x],
x], x]] /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && !'LeQ[p, -1]

rule 2346
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Maple [F]

/(cx2+bx+a) (fz*+d)"dx

inputLint((c*x"2+b*x+a)*(f*x‘2+d)“q,x)

output Lint ((c*x~2+b*x+a) * (f*x~2+d) "q,x)

Fricas [F]

/(a+bz+cx2) (d+ fz*)? dz=/(cx2+bz+a)(fa:2+d)qu

input‘integrate((c*x‘2+b*x+a)*(f*x*2+d)*q,x’ algorithm="fricas")

Output‘integral((c*x’? + b*x + a)*(f*x"2 + d)°q, x)

Sympy [A] (verification not implemented)

Time = 4.73 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.83

1 .
= —q 2 i
/ (a+bz+cz?) (d+ fr°)? do = adiz Fy 2 3 foe
3 d
2
iz for f=0
d Z2 q+1
+b (@+fa)™ +£+1) forq # —1
log (d + fz%) otherwise
oF otherwise
\
3
5y 4 226t
N 2

3



input

output

input

output

input

output
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Lintegrate ((cHxs*2+bkx+a) * (£rxxk2+d) **q, x)

‘a*d**q*x*hyper((1/2, -q), (3/2,), f*x**2xexp_polar(I*pi)/d) + b*Piecewise(
‘(d**q*x**2/2, Eq(f, 0)), (Piecewise(((d + fxx*x2)*x(q + 1)/(q + 1), Ne(q,
‘—1)), (log(d + f*x**2), True))/(2*f), True)) + ckdx*g*x**3*hyper((3/2, -q)
, (6/2,), fxx*x2%exp_polar(Ixpi)/d)/3

Maxima [F]

/(a+bx+cx2) (d+ fz*)? dx:/(cx2+bx+a)(fx2+d)qu

Lintegrate((c*x‘2+b*x+a)*(f*x‘2+d)*q,X, algorithm="maxima")

Lintegrate((c*x‘2 + bxx + a)*(f*x72 + d)7q, x)

Giac [F]

/(a-l—bx—l—ca:z) (d+ fz*)? dw=/(cw2+bz+a)(f:c2+d)qu

Lintegrate((c*x‘2+b*x+a)*(f*x‘2+d)‘q,x, algorithm="giac")

Lintegrate((c*x*2 + bxx + a)*(f*x~2 + d)~q, x)
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Mupad [F(-1)]

Timed out.

/(a+bx+cac2) (d+ fz*)? dac:/(fa:2+d)q(c:c2+bx+a) dz

input Lint((d + £*x72)"gx(a + b*x + c*x72),x) J
output Lint((d + f*x72)"q*(a + b*x + c*x72), x) J
Reduce [F]

/ (a+ bz +c2?) (d+ fz?)? dz

A(fa? +d)?af ¢z +10(f 2° + d)* afqz + 6(f 2* + d) afz + A(f 2 + d)* bd ¢* + 8(f 2* + d)" bdg + 3

input Lint ((cxx~2+b*x+a) * (£*x~2+d) “q,x) J
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(4% (4 + kxxx*2)*kxgra*xfrqr*2kx + 10x(d + £*x*k*2)xkqraxf*qrx + 6%(d + L*xk*2
Ykxgraxfkrx + 4% (4 + Lkxx*2)*kxq¥bkdkq**2 + 8% (d + L*xk*2)**xqxb*xd*q + 3*(d +
fxxk*2) kkqxbkd + 4k (d + Fkx**2)*kkq*bkfxq**2kx**x2 + 8+ (d + f*x**2)*kkqxb*f*
q*x**2 + 3x(d + Lxx*x2)kxq¥bxf*xx*2 + 4x(d + Lxx*x2)kxq*kckxd*qx*2xx + 4*(d

+ Frx*x2) kxqrckd*qrx + 4x(d + £xx*k*2)kxqkckf*qrk2xx**3 + 6k (d + L*kx**2)**q
kckEfxqixxk3 + 2x(d + Lxx*k*2)kxqkckf*xx*k3 + 32xint ((d + L*xx**2)*xq/ (4d*d*q**
2 + 8xd*q + 3kd + 4xfkqrk2*xk*2 + Bkf*qkx*¥*2 + I*kLkx*k*2) ,x)*akd*xf*rq*x*5 + 1
44*xint ((d + f*xk*2)*x*kq/ (4xd*xq**2 + 8*dkq + 3*d + 4xL*qk*2*x*k*2 + BxExqkxk*
2 + 3xfxx*kx2) ,x)*ka*xd*xfxqr*x4 + 232%int ((d + fxx*kx2)**kq/(4*d*q**2 + 8xdxq +

3%d + 4xExqk*kx*k*k2 + Bkfxqrx**2 + JkL*x**2) ,x)*axd*xf*q**3 + 156xint((d +

Txxxk2) *xq/ (4*d*q*k*2 + 8xdxq + 3kd + 4*Lrqrkkxx*k2 + B*kLkqQkx**k2 + I*L*xk*2
) x) *a*kdkfxq¥*2 + 36xint ((d + Lxxx*k2)*xq/(4*d*q**2 + 8xdxq + 3*d + 4*f*qgx*
2xx*k*2 + Bkfxqkxx*k2 + Ixkf*xx*k2) ,x)*akd*xf*q — 16*int((d + f*xx**2)**q/(4*d*q
*¥k2 + 8kdkq + 3kd + LAxExqRrk2%kx*kx2 + SkfrqQAkxk*k2 + IkLRx**k2) ,x)kCkdK*kqK*4

- 48*int ((d + f*x**2)**q/ (4xd*q**2 + 8xd*q + 3*kd + 4xf*xqr*k2xx*k*2 + 8*kLf*q*x
*¥%2 + 3xkfkxx*2) ,x)*Cckd*x*2*%q**3 — 44*xint ((d + f*xx**2)**kq/(4*d*q**2 + 8+d*xq

+ 3kd + 4xfxqrk2xx*k*2 + Skfxkx*k*2 + IxkLkx**k2) ,x)*ckd**k2*xq*k*2 - 12+int ((d

+ FHx*kx2) *kkq/ (4kd*q**2 + 8*dkq + 3*d + 4xExqkx2*x*k*x2 + BkLxq*x*k*2 + JkLxx*
*2) ,X) *cxdx*2xq) / (2% * (4*q**3 + 12%q**2 + 11*q + 3))

output




output

input

output
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3.11  [(d+ fz)' dao

Optimal result . . . . . . . . . . . . e 115
Mathematica [A] (verified) . . . . . . . . . ... o 1151
Rubi [A] (verified) . . . .. . . ... .. 116
Maple [F] . . . . 117
Fricas [F] . . . . . . o 117
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 117
Maxima [F] . . . . . . INEY
Giac [F] . . . . o o 118
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 118
Reduce [F] . . . . . 119

Optimal result

Integrand size = 9, antiderivative size = 44

/(d+fw2)q dr = z(d+ fz*)* (1 +

f=?

d

—q 1
) Hypergeometric2F1 (

L3
27 q727

d

_f_ﬁ)

Lx*(f*x‘2+d)“q*hypergeom([1/2, -ql, [3/2] ,-f*x~2/d) / ((1+£*x~2/d) ~q)

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.00

/(d+fx2)q dz = z(d + fz?)* (1 +

fa?

d

—q ]
) Hypergeometric2F1 (

57_(17 27

3 _f_x2)

d

‘Integrate[(d + £*x72)"q,x]

‘(x*(d + f*x72) “q*Hypergeometric2F1[1/2, -q, 3/2, -((£f*x"2)/d)1)/(1 + (f*x~

‘2)/d)“q
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.00,

number of rules _ 0.222, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {238, 237}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (d+ fz?)? dz
l 238
(d+ fz?)° <f;§2 + 1>_q/ <f‘22 + 1>qu
l 237
z(d+ fz?)? (ff + 1> h Hypergeometric2F1 (; —q, g —le”z>

e hY

Int[(d + £*x72)"q,x]

N\ J

input

‘(x*(d + f*x72) “q*Hypergeometric2F1[1/2, -q, 3/2, -((£f*x72)/d)1)/(1 + (f*x~

output
L2)/d)“q

|

Defintions of rubi rules used

rule 237‘111"'[((3—) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F1[- ‘
P, 1/2, 1/2 + 1, (-b)*(x"2/a)1, x] /; FreeQ[{a, b, p}, x] & !IntegerQ[2+p
1 && GtQ[a, 0]

N\ J

238‘ Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[a~IntPart[p]*((a + b*x~2) ‘
‘ “FracPart[pl/(1 + b*(x"2/a)) FracPart[p]) Int[(1 + b*x(x"2/a))7p, x], x] / ‘
; FreeQ[{a, b, p}, x] && !'IntegerQ[2*p] && !'GtQ[a, O] ‘

rule
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Maple [F|
/ (fz*>+d)"dx
input Lint ((£*x72+d) "q,x) J
output Lint ((f*x~2+d)"q,x) J
Fricas [F|
/ (d+ fo*)! dz = / (fz*+d)" d
input  integrate ((£+x°2+d)"q,x, algorithm="fricas") ]

Output‘integral((f*x’? + d)"q, x)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 1.12 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.50

1 .
2 —4| fz2e’™

/ (d + fx2)q dzx = dzy Fy 3 g
2

input Lintegrate ((£xx**2+d) ¥*q, X) J

output Ld**q*X*hyper( (1/2 ) ‘CI) > (3/2 Iy ) Y f*x**2*exp_polar (I*pi) /d) J
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Maxima [F|

/(d+fw2)q d:c=/(f932+d)qdz‘

input‘integrate((f*x*2+d)*q,x, algorithm="maxima")

outputtintegrate((f*x’? + d)~q, x)

Giac [F]

/Xd+ﬁﬁfdx=/Xﬁ?+@%m

input Lintegrate ((f*x~2+d)"q,x, algorithm="giac")

Ou_tputLintegrate((f*x’? +d)"q, x)

Mupad [B] (verification not implemented)

Time = 15.82 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.93

z(fz?+ d)q2F1(%, —4¢ 3 —%”2)

/(d+f:c2)q dr = <fTﬂl”2+1>q

inputLint((d + £*x72)7q,x)

output{(X*<d + £*x"2) “q*hypergeom([1/2, -ql, 3/2, -(£*x~2)/d))/((£*x"2)/d + 1)q

e—
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Reduce [F]

/ (d—l— fz2)q dx
fx2+d)? fx2+d)?
(f z’ + d)q T+ 4<f 2qug+fw222dq+ddx> dq2 + 2<f 2qug+f12422dq+ddx> dq
2q+1

input Lint ((£*x~2+d)"q,x)

output‘ ((d + fHxk*2)xkgxx + 4*int ((d + £*x**2)**kq/(2kd*q + d + 2xE*qkx*k*2 + £xx**
\2),x)*d*q**2 + 2¢int ((d + frxx*kx2)**kq/(2%d*q + d + 2*kf*qxx**2 + fhx**x2),x)*
(d*q)/(2%q + 1)
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2\4
3.12  [lHT) gy
a+bx+-cx

Optimal result . . . . . . . . . . . . . 1201
Mathematica [F] . . . . . . . . . . 121
Rubi [F] . . . 121]
Maple [F] . . . . . 1221
Fricas [F] . . . . . . . o
Sympy [F(-1)] . . . oo
Maxima [F] . . . . . . 123
Giac [F] . . . o o o 123
Mupad [F(-1)] . . . 123]
Reduce [F] . . . . . . 124

Optimal result

Integrand size = 22, antiderivative size = 412

/ (d+fa*)*

a + bx + cx?

—q
2cz(d + fx?)? <1 + fo) AppellF1 <%, -q,1,3,—

f_z2 4c?z?
T (omvira)

b%2 — 4ac — bV/b? — 4ac

—-q
2C.’E(d + fo)q (1 + fo) AppellFl (%7 —q, 17 %a _fT:‘z) 4c2x2_§>

b?2 — 4ac + b\/b? — 4ac

2¢2(d + fx2)1+q Hypergeometric2F1 <1, 1+4q,2+gq, 4c? (d+fx?)

42t (b—v/B?—dac) f

)

Vb? — dac (402d + (b— M)Q f) (1+q)

2¢*(d + f$2)1+q Hypergeometric2F1 (1, 1+¢,2+q, 4c? (d+fa?)

ac2d+(b+/52—Zac) *

)

_|_

Vb2 — 4ac (402d+ (b+ M)z f) (1+4q)
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—-2%ckxx (£*xx~2+d) “q*AppellF1(1/2,1,-q,3/2,4*%c”2*x"~2/ (b-(-4*a*c+b~2)~(1/2))"
2,-fxx72/d) / (b~2-4*a*xc-b* (-4*a*c+b~2) " (1/2) )/ ((1+£*x72/d) ~q) —-2*c*x* (f*xx~2+
d) “q*AppellF1(1/2,1,-q,3/2,4*%c™2xx"2/ (b+(-4*a*c+b~2) " (1/2))~2,-f*x~2/d) /(b
* (-4xa*c+b~2) " (1/2)-4*a*xc+b”2) / ((1+£*xx72/d) ~q) -2*c~2* (£*xx~2+d) ~ (1+q) *hyper
geom([1, 1+ql,[2+q],4*c™2*(£*x~2+d)/(4*c~2*d+(b-(-4*axc+b™2)~(1/2))"2%£f))/
(=4*xaxc+b™2) " (1/2) / (4*c~2%d+(b- (-4*a*xc+b~2) " (1/2) ) ~2x£) / (1+q) +2*c~2* (f*x~2
+d) "~ (1+q) *hypergeom([1, 1+ql, [2+q],4*c”2* (£*x"2+d)/ (4*c~2*d+ (b+(-4*a*xc+b~2
)7 (1/2))72%£)) / (-4*a*xc+b~2) ~(1/2) / (dxc™2xd+ (b+(-4*axc+b~2) ~(1/2) ) "2*£) / (1+

Q)

output

Mathematica [F]

a+br+c2 ) a+br+cx?

/ (@d+fa>)"  _ / @+ 22"

-

inputt

- >

Integrate[(d + £*x~2)"q/(a + b*x + c*x72),x]

Output‘lntegrate[(d + £fxx72)"q/(a + b*x + c*x”2), x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

d 2\49
[l

a+ bx + cx2

l 1326

d 2\49
[y,

a + bx + cx?

input LInt[(d + £xx"2)"q/(a + b¥x + c*xx"2),x]

OutputL$Aborted
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Defintions of rubi rules used

e 1326 IELC(AD) + (e )* ()™ (p*((_) + (e_)*(x)) + (£_)*(x)"27(q), x_
Symbol] :> Unintegrable[(a + c*x~2) p*(d + e*x + f*x~2)"q, x] /; FreeQ[{a,
‘c, d, e, f, p, q¥, x] & 'IGtQlp, 0] && 'IGtQlq, O] \

Maple [F]
2 q
/ ( f2 z*+d) i
cx’+br+a
input Liﬂt ((£xx~2+d) ~q/ (c*x~2+b*x+a) ,x) J
output 186 ((E*x"2+d) 7/ (cxx"2+brx+a) 1) )
Fricas [F]
2\ 2 q
[y [ usiat,
0+ bz + ca? ? + bz +a
inputLintegrate((f*x”2+d)“q/(c*x‘2+b*x+a),x, algorithm="fricas") J
outputtintegral((f*x*Q + d)"q/(c*x™2 + b*x + a), x) J
Sympy [F(-1)]
Timed out.
214
/ M dz = Timed out
a + bx + cx?
inputLintegrate((f*x**2+d)**q/(c*x**2+b*x+a)’x) J
OutputLTimed out J
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Maxima [F]
d 2\9 2 4 1)\?
/de:/ (fz* +d) dr
a + bx + cx? cr2 +br +a
inputLintegrate((f*x‘2+d)*q/(c*x*2+b*x+a),X, algorithm="maxima")

output| 1BtegTate((£xx72 + d)7°q/(cxx™2 + brx + a), x)

Giac [F]
2\4 2 q
/ (d + fz?) dx:/ (fa* +d)"
a + bx + cx? cr2 +bx +a
input tintegrate ((£*x~2+d)~q/ (c*x~2+b*x+a) ,x, algorithm="giac")

output Lintegrate((f*x? + d)~q/(c*x”2 + bkx + a), x)

Mupad [F(-1)]

Timed out.
214 9 q
[l [ U,
a+ bz + cx® cx?+br+a
input Llnt((d + f*xAQ)'“q/(a + b*x + C*XAQ),X)

output Lint((d + £*x72)"q/(a + b*x + c*x72), x)
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Reduce [F]
2\9 2 q
/ (d+ fz?) dx:/ (fz*+d) d
a + bx + cx? cr?2+br+a
input Lint ((£*x~2+d) ~q/ (c*x~2+b*x+a) ,X)

output Lint((d + Fhxxk2)*xq/(a + bkx + Ckx*k*2),X)
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(d+fz?)?
3.13 f (a+bx+cx2)2 dz

Optimalresult . . . . ... ... . .. .. ..
Mathematica [F] . . . . ... ... . .. . o
Rubi [F] . ..o
Maple [F] . . . . o
Fricas [F] . . . . . . o o
Sympy [F(-1)] . . . o o
Maxima [F] . . . . ... .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o
Reduce [F] . . . . oo

Optimal result

Integrand size = 22, antiderivative size = 1032

dx = Too large to display

/ ( (d+ fz?)*

a+ bz + cx?)’
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= (bx (b~ 2*f+c* (-3xa*xf+ckd) ) +c* (—2xa*xcxf+b"2xf+2xc~2+d) *x) * (fxx~2+d) ~ (1+q) / (
—4xaxc+b~2) / (b~2*d*f+(—a*f+c*d) "2) / (c*xx™2+bxx+a) +2%c* (2xc~3*xd"2-4*axc™2*d*
fx(1-q) +axb* (b+(—4*a*xc+b”2) ~(1/2) ) *£~2xq+cxf* (2%a~2+f* (1-2%q) +b~2*d* (2-q) +
b (—4%axc+b™2) " (1/2) *d*q) ) *x* (f*x~2+d) “q*AppellF1(1/2,1,-q,3/2,4*c 2%x~2/(
b-(—4*a*xc+b~2) " (1/2))"2,-f*x"2/d) / (—4*a*c+b~2) / (b~ 2-4*a*c—b* (-4*xa*xc+b~2) ~ (
1/2))/ (b™2%d*f+(-~axf+c*d) ~2) / ((1+£*x72/d) ~q) +2*c* (2%c~3*d~2-4*axc”™2*kd*f* (1
-q)+axb* (b- (—4*axc+b”2) ~(1/2) ) *£"2xq+cxf* (2%a~2*f* (1-2%q) +b~2*d* (2-q) -b* (-
4xa*xc+b”2) " (1/2) *d*q) ) *x* (£*x~2+d) “q*AppellF1(1/2,1,-q,3/2,4*c”2*x~2/ (b+(-
4xaxc+b”2)~(1/2))"2,-f*x~2/d) / (—4*axc+b~2) / (b* (-4*a*xc+b~2) ~ (1/2) -4*a*c+b~2
)/ (b7 2%d*f+(-axf+c*xd) ~2) / ((1+£xx72/d) ~q) +£* (-2*axc*xf+b™2xf+2%c™2xd) * (1+2%q
) xx*x (fxx~2+d) “g*hypergeom([1/2, -ql, [3/2],-f*x~2/d)/(-4*a*c+b~2)/ (b~ 2*d*f+
(—axf+c*d) ~2) / ((1+£*x72/d) ~q) +2%c~2% (2% c~3*xd"2-4*axc~2*d*f* (1-q) +axbx (b+(-
4xaxc+b”2) " (1/2) ) *£~2kq+ckf* (2+%a~2+f* (1-2%q) +b~2*d* (2—-q) +b* (—4*a*c+b~2) ~ (1
/2) *d*q) ) * (£*xx~2+d) ~ (1+q) *hypergeom([1, 1+ql, [2+q],4*c”2*(£*x~2+d)/ (4*c~2*
d+(b-(-4*axc+b™2)~(1/2))"2*f) )/ (-4*axc+b~2) ~(3/2) / (4*c~2xd+(b- (—4*a*c+b~2)
~(1/2))"2*f) / (b~ 2*d*xf+(—a*xf+cxd) ~2) / (1+q) +2*c” 2% (bxf* (axf+c*d) *q- (2*c~3*d~
2+c*kfx (2xa~2xf* (1-2%q) +b~2*d* (2-q) ) —4*a*xc~2*d*f* (1-q) +a*xb~2xf~2xq) / (-4*a*c
+b72) " (1/2) ) * (£*x~2+d) ~ (1+q) *hypergeom([1, 1+q], [2+q],4*c 2% (f*x~2+d)/(4*c
~2%d+(b+(-4*a*xc+b~2) " (1/2) ) ~2%f)) / (-4*a*xc+b”~2) / (4*c~2xd+ (b+(-4*a*xc+b™2) ~ (1
/2))"2x£) / (b~ 2*d*f+(—axf+cxd) ~2) / (1+q)

output

Mathematica [F]

d+fa>* [ (d+ fz?)
/ (a + bz + cx?)? o = (a + bz + cz?)? dz

-

input LIntegrate[(d + f*xAQ)Aq/(a + b*x + c*x*2)~2’x]

| —

outputtlntegrate[(d + £*xx72)"q/(a + b*x + c*x"2)72, x]
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(d+ fz?)?
(a+ bz + cx?)?
l 1306

/- (fz?+d)?(2d?c®—6adfc?— f ( fb*+2c2d—2acf) (2q+1)z2c—f-c2x J; Sf l{;j:wd)c—ab? 2=bf (f(2g+1)b?+2c2d(g+1)—2acf (3g+1))z) d
(0 — dac) ((cd — af)? + b2df) Bl
(d+ f:cQ)qJrl (cz(—2acf + b2 f + 2¢%d) + b(c(cd — 3af) + b2f))
(b2 — 4ac) (a + bz + cx?) ((ed — af)? + b2df)

| 25

f (fz2+d)? (2d%c®—6adfc?— f (fb?+2c2d—2acf) (2q+1)z2c+2f (2fa2+b2d)c—ab? f2—bf (f(29+1)b%+2c2d(q+1) —2acf (3g+1))z) dx

cz2+br+a
(b2 — 4ac) ((cd — af)? + b2df)
(d+ f22) ™ (ca(—2acf + B2 f + 26%d) + b(c(cd — 3af) + b))
(b2 — 4ac) (a + bz + cx?) ((cd — af)? + b2df)

l 7279

f (2(d2 3 —2adf (1—q)c®+ £ (f(1—2g)a®+b%d) c+bf (cd+af)gzctab® f2q) (fa®+d)? f(f62 1962 — 2acf) (29 +1) (f:c2 n d)

cr?+bz+a
(2 — dac) ((ed — af)? + b2df)
(d+ f:c2)q+1 (cz(—2acf + b2 f + 2¢%d) + b(c(cd — 3af) + b2f))
(b2 — 4ac) (a + bz + cz?) ((cd — af)? + b2df)

l 2009

2.3 _ a2 _ 2.2 22 2., 7\a —q
2f (d%2c3—2adf (1—q)2+f(f(1 2q)aC;l:_lei-l;bf(cd+af)qwc+ab f2q) (fz%+d) dr — f(2q+ 1)x(d+fx2)q (f%cl? n 1) (_:

B (2 — dac) ((cd — af)? + b2df)
(d+ f22) 7" (ca(—2acf + V2 + 2¢2d) + b(c(cd — 3af) + b2f))
(b2 — 4ac) (a + bz + cx?) ((ed — af)? + b2df)

input \Int[(d + £*xx72)7q/(a + b*x + c*x~2)72,x] |
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Output‘$Aborted

Defintions of rubi rules used

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

rule 1306 TntLCCa_.) + (b_)*(x) + (c_)*(x)72)7(p)*((d_.) + (f_.)*(x_)72)7(q ), x
_Symbol] :> Simp[(b~3*f + b¥ckx(ckd - 3*axf) + c*(2%c™2*d + b~2xf - c*x(2*xaxf
))*x)*(a + b*x + cxx™2)"(p + 1)*((d + £*x72)"(q + 1)/((b"2 - 4*a*xc)* (b~ 2*dx*
f + (cxd - a*f)"2)*(p + 1))), x] - Simp[1/((b"2 - 4*axc)*(b~2*d*f + (c*xd -

axf)"2)*(p + 1)) Int[(a + bxx + c*x~2)"(p + 1)*(d + £*x72) “q*Simp [2*c* (b~
2xdxf + (cxd - a*f)"2)*(p + 1) - (2%c™2%d + b~2xf - cx(2xaxf))*(a*xf*(p + 1)
- cxd*x(p + 2)) + (2%xfx(b"3*f + bxcx(cxd — 3*axf))*(p + q + 2) - (2%c™2xd +
b™2xf - c*(2%axf))*x(bxf*(p + 1)))*x + cxf*(2kc™2*d + b~ 2*f - cx(2xa*xf))*(2
*p + 2xq + 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, £, q}, x] && NeQ[b~2 -
4xaxc, 0] && LtQlp, -1] && NeQ[b~2*d*f + (cxd - a*f)~2, 0] && !( !IntegerQ
[p] && ILtQ[q, -11) & !IGtQ[q, O]

rule 2009“111: [u_, x_Symboll :> Simp[IntSum[u, x1, x] /; SumQ[u]

ruk37279llnt[(u_)/((a_.) + (b_)*(x_)"(n_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
‘{v = RationalFunctionExpand[u/(a + b*x™n + c*x~(2*n)), x]}, Int[v, x] /; Su
‘mQ[v]] /; FreeQ[{a, b, c}, x] && EqQ[n2, 2*n] && IGtQ[n, O]

Maple [F]

/ (fz?+d)* e

(cz? + bz + a)®

-

input Lint ((£*x~2+d) ~q/ (c*x~2+b*x+a) ~2,x)

outputtint((f*xﬁ2+d)Aq/(C*X“2+b*x+a)‘2,x)

. J
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Fricas [F]

/ (d+fa)" o _ (f2>+d)!
(

a + bz + cx?)’ B (cx? 4 bz + a)?

input tintegrate ((£f*x~2+d) ~q/ (c*x~2+b*x+a) ~2,x, algorithm="fricas")

output‘ integral ((£*x72 + d)7q/(c™2*x™4 + 2%b*c*x~3 + 2ka*b*x + (b72 + 2%a*c)*x"2
‘+ a~2), x)

Sympy [F(-1)]

Timed out.
d 214
/ [+ fz) 5 dz = Timed out
(@ + bz + cx?)
input Lintegrate ((£xx**2+d) **q/ (chx**2+b*x+a) **2,X)
output LTimed out
Maxima [F]
/ @+ fa?) . _ [ (fz*+d)
(a + bx + Cx2)2 (C.’Ez + bz + CL)2

input Lintegrate ((£f*x~2+d) ~“q/ (c*xx~2+b*x+a) ~2,x, algorithm="maxima")

output Lintegrate((f*x*Q + d)"q/(c*x™2 + b*x + a)”2, x)
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Giac [F]

/ @+ 17) g Yo'+ d 4
(

at+bz+cr2)’ ) (cz2+bz+a)

inputtintegrate((f*x‘2+d)‘q/(c*x‘2+b*x+a)*2,x, algorithm="giac")

output Lintegrate((f*x‘Q + d)"q/(c*x™2 + b*x + a)~2, x)

Mupad [F(-1)]

Timed out.

(d+ fxz)q e — / (f z2 + d)q
(a + bz 4 cz?)? (cz?+bz +a)

input tint((d + £xx72)7q/(a + bxx + c*x"2)72,x)

outputtint((d + £*xx72)7q/(a + b*x + c*x72)72, x)
Reduce [F]
/ @+ 12 g / (f 2 + d)f N
(a+bx+cx?)? ) at+2bca? + 2ac? + b2a? + 2abx + a?

input Llnt ( (f*xﬁ2+d) Aq/ (C*X‘2+b*x+a) ~2 , x)

Output‘ int((d + fxx*x2)*kq/(a**2 + 2kaxbxx + 2ka*xckx**2 + bk*x22kx*k*x2 + 2kbkcxx**3

‘+ c*x*2%xx**4) ,x)
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

131
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[List,expn]],7]],
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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