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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 30 |. This is test number [ 117 |].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (30 ) | 0.00 (0 )
Mathematica | 100.00 ( 30 ) | 0.00 (0)
Maple | 100.00 (30) | 0.00 (0)
Fricas 100.00 (30 ) | 0.00 (0)
Reduce | 83.33 (25) | 16.67(5)
Mupad 20.00 (6) | 80.00 (24 )
Giac 20.00 (6) | 80.00 (24 )
Maxima | 0.0 (0) | 100.00 ( 30)
Sympy 0.00 (0) | 100.00 ( 30)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description
A Integral was solved and antiderivative is optimal in quality and leaf size.
B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.
C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.
F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 96.667 0.000 3.333 0.000
Fricas 53.333 46.667 0.000 0.000
Maple 50.000 50.000 0.000 0.000
Giac 20.000 0.000 0.000 80.000
Mupad 0.000 20.000 0.000 80.000
Maxima 0.000 0.000 0.000 100.000
Reduce 0.000 83.333 0.000 16.667
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 0 0.00 0.00 0.00
Reduce 5 100.00 0.00 0.00
Mupad 24 0.00 100.00 0.00
Giac 24 100.00 0.00 0.00
Maxima 30 100.00 0.00 0.00
Sympy 30 53.33 46.67 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)

Giac 0.16

Maple 0.31

Fricas 0.44

Rubi 0.65

Reduce 0.88

Mathematica 2.45

Mupad 17.52

Sympy -nan(ind)

Maxima -nan(ind)

Table 1.5: Time performance for each CAS
System Mean size | Normalized Median Normalized
mean size median

Giac 96.50 0.55 98.50 0.58
Mupad 150.33 1.28 154.50 1.26
Rubi 236.90 0.96 175.50 0.96
Mathematica | 238.40 0.94 162.50 0.81
Reduce 783.16 3.19 300.00 1.72
Fricas 1288.03 3.89 607.50 3.40
Maple 2709.63 6.51 359.50 2.27
Sympy -nan(ind) | -nan(ind) nan nan
Maxima -nan(ind) | -nan(ind) nan nan

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20

Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width

Rubi Mma Maple
8 7
6 14
Bol | 2 g 12
g g5 g 10
c [ [
£ Sa b
G 4 k] S 8
5 g3 g6
£ £
22 = !
1 2
F T T 0 [/ 0 s s W e
0 0.5 1.0 15 0o 2 4 6 8 0.2 0.4 0.6 0.8 1.0
CPU time (sec) CPU time (sec) CPU time (sec)
Fricas Giac Maxima
4 1.0
o 15 K] ©
© © ©
> 5 3 5 05
g 2 2
£ 10 £ £
s 5 2 5 00
) o 9]
£ £ £
2 ° 21 3 -05
0 s O Y -1.0
0.0 0.2 0.4 0.6 0.8 1.0 0.10 0.15 0.20 0.25 0.30 00 02 04 06 08 1.0
CPU time (sec) CPU time (sec) CPU time (sec)
Sympy Mupad Reduce
1.0 20 14
® 0 0
© s s 12
> 0.5 o 1.5 =3
g 2 g 10
£ £ kS
S 00 S 10 5 8
B 5 5 6
£ £ £
3 -05 305 3 4
2
-1.0 0.0 0 |
0.0 0.2 0.4 0.6 0.8 1.0 173 174 175 176 177 178 0.2 04 0.6 0.8 1.0
CPU time (sec) CPU time (sec) CPU time (sec)

Figure 1.4: Solved

integrals histogram based

on CPU time used



CHAPTER 1. INTRODUCTION 15

1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica {|14]

Maple
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree



CHAPTER 1. INTRODUCTION

22

1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 24
Mma . . . . . . e e e e 24
Maple . . . . . . e 251
Fricas . . . . . . . e e e e e 25
Maxima . . . . . . . . e e e e e e e e 25
Gilac . . . . e e 201
Mupad . . . . . . . 261
Sympy . . . . . e e 201
Reduce . . . . . . . . . . e e 27

Rubi

A grade {[1))5)78 56U B B 0 ) 12 3 4 156, 17 15[, 20) 21,22 23, 24, 25 2
27282950}

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grz:el{@@@
}

B grade { }

C grade {[14}

F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 25

Maple

A grade { [12) B4 BB 0} 1115, 16) (3 18, 23, 24,25 }

B grade { [5}6)[7 12 (3,2 19,20, 21,22 26, 27,25, 2050 }
C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[1BE05E60I0EH6IEHEEE)
B grade { (713 0314 19,20 21 22 20/ 27, 25,2950 }
C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Maxima

A grade { }
B grade { }
C grade { }

F normal fail {[1}[2,3[45,[6} 7, 8}[9%}[10}[L1}[12}[13}[14}[15}[16}[17] 18} 19} [20} 21} 22} 23] ]24]
[25,[26,27,28} 29,30/ }

F(-1) timedout fail { }
F(-2) exception fail { }
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Giac

A grade {[§[0}[I0[I1}[15}[16] }
B grade {}

C grade { }

F normal fail { 1,28)/05)6)7 (2,3} 14 7 18 19,20, 21) 22,25 24,25, 26) 27, 28 20
50}

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad

A grade { }

B grade { [I1SE3E4E)
C grade { }

F normal fail { }

F(-1) timedout fail {[1}2}[3,4}[5}[6}[7,/8}[9%}[L0},[12} 13}[14}[L5}[16}[19} 20} 21} 22} 26 [27} 28}
930}

F(-2) exception fail { }

Sympy

A grade { }

B grade {}

C grade { }

F normal fail { (55,6100 1, I3 314 20,20 E2 8,29 )

F(-1) timedout fail { [5)/1516) 715,19, 23 24 25,26/20,50 }
F(-2) exception fail { }
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Reduce

A grade { }

B grade {12570 56,7 50} 1 2 3 14 15,167 15,920, 23,23 25, 26,27}
C grade { }

F normal fail {[21}[22][28][29}[30| }

F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F(-1) F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 261 233 176 189 0 535 0 0 240 0

N.S. 1 0.89 0.67 0.72 0.00 2.05 0.00 0.00 0.92 0.00
time (sec) N/A 0.634 0.222 0.129 0.000  0.087 0.000 0.000 0.263  0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 180 164 127 137 0 399 0 0 142 0

N.S. 1 091 0.71 0.76 0.00 2.22 0.00 0.00 0.79 0.00
time (sec) N/A 0.476 0.139 0.121 0.000 0.085 0.000 0.000 0.197 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 108 106 106 97 0 292 0 0 68 0

N.S. 1 098 098  0.90 0.00 2.70 0.00 0.00 0.63 0.00

time (sec) N/A 0.380 0.157 0.118 0.000 0.079  0.000 0.000 0.295 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 50 72 66 56 0 128 0 0 25 0
N.S. 1 144  1.32 1.12 0.00 2.56 0.00 0.00 0.50 0.00
time (sec) N/A 0.318 0.017 0.104 0.000  0.075 0.000 0.000 0.299 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 74 96 108 453 0 222 0 0 103 0
N.S. 1 1.30  1.46 6.12 0.00 3.00 0.00 0.00 1.39 0.00
time (sec) N/A 0.386 0.118 0.425 0.000  0.075 0.000 0.000 0.214 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 142 149 154 1241 0 609 0 0 543 0
N.S. 1 1.05  1.08 8.74 0.00 4.29 0.00 0.00 3.82 0.00
time (sec) N/A 0.472 0.316 0.436 0.000 0.091 0.000 0.000 0.234 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 220 229 200 2395 0 1068 0 0 2020 0
N.S. 1 1.04 091 10.89 0.00 4.85 0.00 0.00 9.18 0.00
time (sec) N/A 0.585 0.756  0.450 0.000  0.101 0.000 0.000 0.875 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 30
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 237 226 171 221 0 677 0 157 458 0
N.S. 1 095 0.72 0.93 0.00 2.86 0.00 0.66 1.93 0.00
time (sec) N/A 0.688 0.261 0.148 0.000  0.118 0.000 0.147 0.271 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 165 158 124 151 0 507 0 92 284 0
N.S. 1 096 0.75 0.92 0.00 3.07 0.00 0.56 1.72 0.00
time (sec) N/A 0.492 0.165 0.138 0.000  0.091 0.000 0.117 0.291 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 104 102 91 86 0 364 0 50 133 0
N.S. 1 0.98 0.88 0.83 0.00 3.50 0.00 0.48 1.28 0.00
time (sec) N/A 0.385 0.091 0.115 0.000 0.086 0.000 0.121 0.245 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 41 41 35 41 0 63 0 14 39 65
N.S. 1 1.00 0.85 1.00 0.00 1.54 0.00 0.34 0.95 1.59
time (sec) N/A 0.299 0.010 0.115 0.000 0.069 0.000 0.118 0.226  17.359
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 129 127 135 427 0 606 0 0 361 0
N.S. 1 098  1.05 3.31 0.00 4.70 0.00 0.00 2.80 0.00
time (sec) N/A 0.436 0.224 0.420 0.000 0.086 0.000 0.000 0.224 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 209 201 186 3490 0 1132 0 0 1275 0
N.S. 1 096 0.89 16.70 0.00 5.42 0.00 0.00 6.10 0.00
time (sec) N/A 0.556 0.625 0.479 0.000  0.103 0.000 0.000 0.262 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F B F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 296 298 1402 5949 0 1806 0 0 3380 0
N.S. 1 1.01 474  20.10 0.00 6.10 0.00 0.00 11.42 0.00
time (sec) N/A 0.717 13.445 0.518 0.000  0.156 0.000 0.000 5.362 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 236 235 177 292 0 7 0 161 519 0
N.S. 1 1.00 0.75 1.24 0.00 3.29 0.00 0.68 2.20 0.00
time (sec) N/A 0.663 0.278 0.155 0.000  0.118 0.000 0.225 0.186 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 174 163 127 173 0 575 0 105 300 0
N.S. 1 094 0.73 0.99 0.00 3.30 0.00 0.60 1.72 0.00
time (sec) N/A 0.482 0.180 0.122 0.000  0.098 0.000 0.204 0.178 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 111 95 56 60 0 108 0 0 141 138
N.S. 1 0.86  0.50 0.54 0.00 0.97 0.00 0.00 1.27 1.24
time (sec) N/A 0.356 0.084 0.120 0.000  0.072 0.000 0.000 0.209 17.516
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 89 87 48 52 0 101 0 0 84 129
N.S. 1 0.98  0.54 0.58 0.00 1.13 0.00 0.00 0.94 1.45
time (sec) N/A 0.335 0.013 0.118 0.000  0.075 0.000 0.000 0.238 17.335
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F(-1) F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 197 187 171 840 0 1023 0 0 768 0
N.S. 1 095 0.87 4.26 0.00 5.19 0.00 0.00 3.90 0.00
time (sec) N/A 0.528 0.416 0.288 0.000  0.096 0.000 0.000 0.297  0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 293 276 255 2067 0 1727 0 0 2710 0
N.S. 1 094 0.87 7.05 0.00 5.89 0.00 0.00 9.25 0.00
time (sec) N/A 0.772 1.307 0.460 0.000  0.158 0.000 0.000 2.199 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 402 401 424 8017 0 2691 0 0 35 0
N.S. 1 1.00 1.05 19.94 0.00 6.69 0.00 0.00 0.09 0.00
time (sec) N/A 0.968 3.502 0.552 0.000  0.357 0.000 0.000 200.026 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 511 509 321 11431 0 3751 0 0 35 0
N.S. 1 1.00 0.63  22.37 0.00 7.34 0.00 0.00 0.07 0.00
time (sec) N/A 1.251 16.745 0.661 0.000 0.877 0.000 0.000 200.028 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 210 132 101 102 0 168 0 0 326 205
N.S. 1 0.63 0.48 0.49 0.00 0.80 0.00 0.00 1.55 0.98
time (sec) N/A 0.399 0.149 0.128 0.000  0.080 0.000 0.000 0.171 17.791
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 166 136 78 83 0 152 0 0 223 194
N.S. 1 0.82 047 0.50 0.00 0.92 0.00 0.00 1.34 1.17
time (sec) N/A 0.409 0.115 0.121 0.000  0.075 0.000 0.000 0.174 17.540
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 133 114 59 63 0 134 0 0 127 171
N.S. 1 0.86 0.44 0.47 0.00 1.01 0.00 0.00 0.95 1.29
time (sec) N/A 0.362 0.014 0.113 0.000  0.073 0.000 0.000 0.170 17.606
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F(-1) F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 316 260 225 1516 0 1512 0 0 1279 0
N.S. 1 082 0.71 4.80 0.00 4.78 0.00 0.00 4.05 0.00
time (sec) N/A 0.698 0.751 0.293 0.000  0.147 0.000 0.000 0.285 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F(-1) F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 437 363 335 3526 0 2500 0 0 4031 0
N.S. 1 0.83 0.77 8.07 0.00 5.72 0.00 0.00 9.22 0.00
time (sec) N/A 0.916 1.776 0.330 0.000 0.384¢ 0.000 0.000 8.736 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 566 511 553 5253 0 3638 0 0 35 0
N.S. 1 090 0.98 9.28 0.00 6.43 0.00 0.00 0.06 0.00
time (sec) N/A 1.223 5.261 0.498 0.000  1.072 0.000 0.000 200.038 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 709 640 686 14222 0 4958 0 0 35 0
N.S. 1 0.90 097  20.06 0.00 6.99 0.00 0.00 0.05 0.00
time (sec) N/A 1.470 8.625 0.730 0.000  2.429 0.000 0.000 200.026 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F(-1) F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 866 796 455 18659 0 6418 0 0 35 0
N.S. 1 092 0.53 21.55 0.00 7.41 0.00 0.00 0.04 0.00
time (sec) N/A 1.779 17.673 0.997  0.000 5.672 0.000 0.000 200.029 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [29]
had the largest ratio of [.378377999999999992]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | gade| s | e s | O | el
1] A 7 6 0.89 37 0.162
% A 6 ) 0.91 37 0.135
3| A ) 4 0.98 37 0.108
4 A 4 3 1.44 37 0.081
i A 4 3 1.30 37 0.081
6} A ) 4 1.05 37 0.108
7] A 7 6 1.04 37 0.162
3] A 8 7 0.95 37 0.189
9) A 7 6 0.96 37 0.162
10j A ) 4 0.98 37 0.108
11 A 2 2 1.00 37 0.054
12] A ) 4 0.98 37 0.108
13] A 7 6 0.96 37 0.162
14 A 9 8 1.01 37 0.216
15) A 8 7 1.00 37 0.189
16} A 6 ) 0.94 37 0.135
17] A 3 3 0.86 37 0.081
18] A 3 3 0.98 37 0.081
19 A 8 7 0.95 37 0.189
20) A 9 8 0.94 37 0.216
21] A 12 11 1.00 37 0.297
Continued on next page
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Table 2.1 — continued from previous page
number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade SJ::’; ui?el;e antlfaefns‘ijzwe leaf size integrand leaf size
22] A 13 12 1.00 37 0.324
23] A 4 4 0.63 37 0.108
24| A 4 4 0.82 37 0.108
25) A 4 4 0.86 37 0.108
26} A 10 9 0.82 37 0.243
27] A 11 10 0.83 37 0.270
28] A 14 13 0.90 37 0.351
29) A 15 14 0.90 37 0.378
30) A 15 14 0.92 37 0.378
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Vd+ex? dx

320 [ Sy SdT . 179

321 f T (bd+ae)w2+bew4)5 SdAT . 189

322 T P adr (bd+ae)x2+bex4)5/2 dr . ..o 199
(d+ex2)11 /2

323 [ Tt ae)s 1o T dT . .. 210)
(d+ez2)9/2

324 [ mrenetraay AT 217
(d+e:c2)7/ 2

325 [ it drae e 0T 223
d+ex? 5/2

326 [ ” d+(b§+ae)z§+bm4)7/2 dT . . 229
d+-ex? 3/2

327 [ (b§+ae)x3+bex4)7/2 AT oo 239
Vd+ex?

328 [ o (bd+ae)m2+bez4)7/2 dT ..o 250

329 [ N (bd+ae)x2+bew4)7 SdT ..o 2601

330 | e reareerane A 277



output

CHAPTER 3. LISTING OF INTEGRALS 40

(d+ex )7/ 2

3.1 j‘vhd+ld+ae r2+bex?

Optimal result . . . . . . . . . . . .. 40
Mathematica [A] (verified) . . . . . . . .. ... L 41l
Rubi [A] (verified) . . . . . . . . . . (41
Maple [A] (verified) . . . . . . . . . . 44
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 44
Sympy [F(-1)] . . . o 5]
Maxima [F] . . . . . . o e 45
Giac [F] . . . o o 40
Mupad [F(-1)] . . . 46
Reduce [B] (verification not implemented) . . . . . . ... ... ... .. .... 6]

Optimal result

Integrand size = 37, antiderivative size = 261

(d + ex?)" _e(24b%d? — 18abde + 5a°¢?) z+/ad + (bd + ae)x? + bex!
vad + (bd + ae)x? + bex? e 16b3v/d + ex?
e*(18bd — bae)z®\/ad + (bd + ae)z? + bext  €3z°+/ad + (bd + ae)z? + bex?
24b2+/d + ex? 6bv/d + ex?
s (2bd — ae) (8v?d* — 8abde + 5a’e?) arctanh( 7 d;ﬁﬁ%bex 4>
16b7/2

1/16*xe*x (5*%a~2%e " 2-18*a*xbxd*e+24*xb~2xd"2) *x* (a*d+ (a*xe+b*d) *x~2+b*e*xx~4) ~(1/
2)/b~3/ (exx~2+d) ~(1/2)+1/24*e~ 2% (~5*axe+18*b*d) *x~3* (a*d+ (a*xe+b*d) *x~2+b*e
*x~4)"~(1/2) /b"2/ (exx~2+d) ~(1/2)+1/6%e~3*x"5* (a*d+(a*xe+b*d) *x~2+b*e*xx~4) ~ (1
/2)/b/ (exx”2+d) ~(1/2)+1/16* (—a*xe+2xb*d) * (5*a~2*e”~2-8*a*b*d*e+8*b~2*xd~2) *ar
ctanh (b~ (1/2) *x* (exx~2+d) ~(1/2) / (a*d+ (a*e+b*d) *x~2+b*e*x~4)~(1/2)) /b~ (7/2)
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Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 176, normalized size of antiderivative = 0.67

(d + ex?)™? Vd + ex? <\/I_)e:c(a + bx?) (15a%€* — 2abe(27d + Sex?) + 4b%(18d? + 9c
dr =
/ vad + (bd + ae)x? + bez?

input‘ Integrate[(d + exx"2)"(7/2)/Sqrt[axd + (b*d + a*e)*x”2 + bkexx"4],x] ‘

output (Sartld + exx"2]%(Sqrt[blexxs(a + bax"2)*(15%a"2ke"2 ~ 2vaxbrex (27+d + 5%
|e¥x7™2) + 4¥b"2%(18%d"2 + Oxdxe*x”2 + 2xe"2%x"4)) + 3%(-16¥b73%d"3 + 24xaxb |
|"2%d"2%e - 18*a"2xbxd*e”2 + 5xa~3*e~3)*Sqrt[a + bxx"2]*Log[-(Sqrt[bl*x) +

‘Sqrt [a + b*xx™2]1]))/(48*%b~(7/2)*Sqrt[(a + b*x"2)*(d + exx"2)])

Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 233, normalized size of antiderivative = 0.89,

number of rules _ 162, Rules
integrand size ’

number of steps used = 7, number of rules used = 6,
used = {1395, 318, 403, 299, 224, 219}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed

below.
(d + ea:2) /2
v/x2(ae + bd) + ad + bex*

l 1395

Va +bx2Vd+ ex? [ (a2 )" g
Vbz2+a

\/z2(ae + bd) + ad + bez*
| 318

(s:c2+d) (56(2bd—ae)w2+d(6bd—ae))

dz 2\2
Va + bz?Vd + ex? ( it + v a+b162b(d+e$ ) )

V/72(ae + bd) + ad + bex?
| 403
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_e(44b?d% —4dabed+15a%e?) 22 +d (246742 — 14abed+5a%e?)

dz 2 2
Vb2 ta sexV/atba? (dtea? ) (2bd—ae) 2
\/a + bx? \/d + ex? 4b =5 + 1) + ex\/trlw;b(d+ex )
\/z2(ae + bd) + ad + bez?
| 299

2.2 2,2\ o 1
3(2bd—ae) (5a“e“ —8abde+8b“d“ ) [ dx Satbz2 (15a2e2 —44abdet44b2d2
( 75 ) Vbz2+a +ez atbe ( e e2b abde+ ) 5ex\/ a+bx?2 (d+ez2)(2bd—ae)

Vva + bz2\/d + ex? 15 - 15 + €

V/72(ae + bd) + ad + bex*
| 224

3(2bd—ae)(5a2e2—sabde+sb2d2) f 1 d——Z
: bx2 Vbz2
1_T z€+a ex/ a+b:1:2 15a2e2—44abde+44b2d2
o5 bz“ta + ( o5 ) 5ex/ a+bx2 (d+em2)(2bd—4
+

va + bz?V/d + ex? A = b

V/z2(ae + bd) + ad + bez*

l 219

b 2.2 2,2
3arctanh( %{;Ifm2>(2bd—ae)(5a ?—8abdet 802 4%) oy /aTha? (15022~ ddabdet4162d?)
25372 + 25 + sez/a+ba? (dtea?)(2bd—
4b

Vva + bz2v/d + ex? b &

\/z2(ae + bd) + ad + bez*

input Int[(d + exx"2)~(7/2)/Sqrt[a*xd + (bxd + a*e)*x~2 + bxe*xx~4],x]

(Sgrt[a + b*x~2]*Sqrt[d + e*xx~2]*((e*x*Sqrt[a + b*x~2]*(d + exx~2)"2)/(6%b
) + ((5xe*x(2xb*d - axe)*x*Sqrt[a + bxx"2]*(d + e*x"2))/(4*b) + ((e*(44*b~2
*d"2 - 44*axbxd*e + 15*a~2xe”2)*x*Sqrtl[a + b*xx"2])/(2*b) + (3% (2*%b*d - a*e
)*(8%b~2*d"2 - 8*axbxd*e + 5*a~2%e”2)*ArcTanh[(Sqrt[b]*x)/Sqrtla + b*x~2]]
)/ (2%b~(3/2)))/(4%b))/ (6%b)))/Sqrt[axd + (b*d + a*e)*x”2 + bxe*xx~4]

output




rule 219

rule 224

rule 299

rule 318

rule 403

rule 1395
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

/Int[l/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],

X, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[d*x
*((a + b*x"2)"(p + 1)/(bx(2xp + 3))), x] - Simp[(a*xd - bkc*(2*p + 3))/(b*(2
*p + 3)) Int[(a + b*x~2)7p, x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c -
axd, 0] && NeQ[2xp + 3, 0]

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pld*x*x(a + b*x"2)"(p + 1)*((c + d*x"2)"(q - 1)/(b*(2x(p + q@) + 1))), x] + S
imp[1/(bx(2*x(p + q) + 1)) Int[(a + b*x"2)“p*(c + d*x"2)"(q - 2)*Simp[c*(b
xck (2% (p + q) + 1) — axd) + d*x(b*cx(2x(p + 2xq - 1) + 1) - a*d*(2*%(q - 1) +
1))*x~2, x], x], x] /; FreeQ[{a, b, c, d, p}, x] && NeQ[b*c - a*d, 0] && G
tQlq, 1] && NeQ[2x(p + @) + 1, 0] && !'IGtQ[p, 1] && IntBinomialQ[a, b, c,
d, 2, p, q, xJ

Int[((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2)"(q_.)*((e_ ) + (£_.)*(
x_)"2), x_Symbol] :> Simp[f*x*(a + b*x"2)"(p + 1)*((c + d*x"2)"q/(bx(2*(p +
q+ 1) +1))), x] + Simp[1/(b*x(2*x(p + q + 1) + 1)) Int[(a + b*x"2) p*(c
+ d*x72)"(q - 1)*Simp[c*(b*e - axf + bxex2*(p + q + 1)) + (d*(bxe - axf) +
£x2xq* (b*c - a*xd) + bkd*ex2x(p + q + 1))*x~2, x], x], x] /; FreeQ[{a, b, c,

d, e, £, p}, x] && GtQ[q, 0] && NeQ[2*(p + q + 1) + 1, 0]

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(n_))"(p_)*((d_) + (e_.)*(
x_)"(n_.))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[p]l/((d

+ e*x"n) FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx"n) (p

+ @)*(a/d + (c/e)*x"n)"p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] && E
qQ[n2, 2#n] && EqQ[c*d”™2 - bxd*e + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 21)
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Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 189, normalized size of antiderivative = 0.72

method | result

ex (862 2462 —10ab €212 4-36b2de £2+15a2e2 —54abde+72b2 d2) (b x? +a) Vex2+d . (5“383 —18a%bd e*+24a b?d’e— 16b3d3) In (\/

risch
4863 /(ea?+d) (ba>+a) 1662 /(e 22 +d)(b
default v (ez2+d)(bz2+a) (—Sb%e3w5\/bm2+a+10ab%e3z3\/b:c2+a—36b%de2w3vbz2+a—15a263zvbz2+a \/E+54ab%dezmvb:ci
elau —

4

input‘int((e*x”2+d)”(7/2)/(a*d+(a*e+b*d)*x‘2+b*e*x“4)“(1/2),x,method=_RETURNVERB
OSE) |

1/48*e*xx* (8*xb~2*e”2*x~4-10*a*bk*e~2*xx"2+36*b~2*xd*e*x~2+15*a~2*e " 2-54*a*xb*d*
e+72*b~2xd"2) * (bxx~2+a) /b~3/ ((e*x~2+d) * (b*x~2+a) ) ~(1/2) * (exx~2+d) ~(1/2)-1/
16* (5*%a”~3*%e~3-18*a"~2*b*d*e~2+24*axb”~2xd"2*%e-16*%b~3*d~3) /b~ (7/2) *1n (b~ (1/2)
*xx+(b*x~2+a) ~(1/2) ) * (b*xx~2+a) " (1/2) / ((e*x~2+d) * (b*x~2+a) ) ~ (1/2) * (e*x~2+d) ~
(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 535, normalized size of antiderivative = 2.05

(d + ex?)™? 3 (16 63d* — 24 ab’d3e + 18 a’bd?e? — 5 a3de® + (16 b3d3e — 24 ab?d
de=|—
vad + (bd + ae)x? + bex?

3 (16 b3d* — 24 ab*d3e + 18 a®bd?e® — 5 ade® + (16 b¥d®e — 24 ab®d?e? + 18 a’bde® — 5 ade?)z?)/—barct

input‘integrate((e*x"2+d)"(7/2)/(a*d+(a*e+b*d)*x"2+b*e*x"4)"(1/2),x, algorithm="
‘fricas") ‘
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[-1/96% (3% (16%b"3*xd"4 - 24*a*b”2xd"3*e + 18%a"2xbxd"2*e”2 - 5*a~3*dxe”3 +

(16%b~3%d"3*e - 24*a*b~2xd"2%e"2 + 18*a~2+b*d*e~3 - bka~3xe”4)*x"2)*sqrt(b
)*log((2*bxe*x~4 + (2xb*d + axe)*x”2 - 2*xsqrt(b*e*x"4 + (bxd + axe)*x~2 +

axd)*sqrt(exx”2 + d)*sqrt(b)*x + axd)/(exx"2 + d)) - 2*(8%b~3*e"3*x"5 + 2%
(18%b~3*d*e~2 - L*axb"2*e”3)*x"3 + 3*(24xb"3*xd"2*e - 18xa*b~2*d*e”2 + b5*a”
2xbkxe~3) *x) *sqrt (b*e*x~4 + (b*d + axe)*x”2 + a*d)*sqrt(e*xx™2 + d))/ (b 4xex
X"2 + b74x*xd), -1/48%(3*x(16*%b~3*d"4 - 24*a*xb~2xd"3*e + 18*a~2*b*d"2*xe"2 - 5
*a"3xd*e”3 + (16*b~3*d"3*e - 24*axb"2xd"2*e"2 + 18%a”2*b*d*e”3 - 5xa~3*e”4
)*x~2) *sqrt (-b) *arctan(sqrt (e*x~2 + d)*sqrt(-b)*x/sqrt(b*exx"4 + (bxd + ax
e)*x”2 + axd)) - (8*b~3xe”3%x"5 + 2%(18*b~3xd*e”2 - 5*axb~"2xe~3)*x"3 + 3*(
24xb~3*%d"2xe - 18*a*b”2+dxe”2 + b*a~2xbkxe”3)*x)*sqrt(bxe*x”4 + (bxd + axe)
*x"2 + axd)*sqrt(exx”2 + d))/(b"4xe*x"2 + b~4x*d)]

output

Sympy [F(-1)]

Timed out.
(d+ ex2)7/2 dr = Timed out
vad + (bd + ae)x? + bex?
jnputLintegrate((e*x**2+d)**(7/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(1/2),x)

p
output LTlmed out

-/

Maxima [F]

7
2

(d + ex?)”? (ex? + d)

dx::L/m dz
vad + (bd + ae)z? + bex? Vbext + (bd + ae)z? + ad

;
‘integrate((e*x‘2+d)‘(7/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)‘(1/2),x, algorithm="

input
maxima")

—

-

output Lintegrate ((exx~2 + d)~(7/2)/sqrt(bxe*xx~4 + (b*d + a*e)*x”2 + axd), x)

| —
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Giac [F]

(d+ ex?)"? dp — / (ex? + d)% .
vad + (bd + ae)x? + bex? Vbert + (bd + ae)z? + ad

input‘integrate((e*x"2+d)"(7/2)/(a*d+(a*e+b*d)*x"2+b*e*x"4)"(1/2),x, algorithm="
‘giac") ‘

Outputtintegrate((e*x‘z + d)~(7/2)/sqrt (bxexx~4 + (b*d + axe)*x~2 + a*xd), x) J

Mupad [F(-1)]

Timed out.
(d+ex®)"” i / (e2? +d)"/? Y
vad + (bd + ae)z? + bez? Vbezi+ (ae+bd) 22+ ad
inputLint((d + exx~2)"(7/2)/(a*d + x"2x(axe + b*d) + bxe*x~4)"~(1/2),x) J
output Lint((d + exx~2)"(7/2)/(a*d + x~2x(axe + b*d) + bxe*x~4)~(1/2), x) J

Reduce [B] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 240, normalized size of antiderivative = 0.92

(d+ ex2)7/2 15v/bx2 + aa?bedxr — 54vbx? + aab?d e’z — 10vV/bx? + aa b?e3x3 +

dx =
vad + (bd + ae)z? + bez?

inputLint((e*x"2+d)"(7/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)*(1/2)’x) J




output
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(15*sqrt(a + bkx**2)*xax*2xbke*x*x3*xx — Bd*xsqrt(a + bxx**2)*a*xbx*2*xd*ex*2%x -
10xsqrt(a + bkxx*2)*akbx*2kex*k3kx*x*3 + 72xsqrt(a + bkxx*2)*bk*3kdk*2ke*xx
+ 36*sqrt(a + b*x*x*2)*b*x3*kd*e**x2*kx**3 + 8xsqrt(a + bxx**2) *b**3ke**3*kx**5
- 16*%sqrt(b)*log((sqrt(a + b*x**2) + sqrt(b)*x)/sqrt(a))*a**3*ex*3 + 54*s
grt(b)*log((sqrt(a + bxx**2) + sqrt(b)*x)/sqrt(a))*a**2xb*d*ex*2 - 72*sqrt
(b)*log((sqrt(a + b*xx**2) + sqrt(b)*x)/sqrt(a))*a*xb*x2*d**x2%e + 48*sqrt(b)

xlog((sqrt(a + bxx**2) + sqrt(b)*x)/sqrt(a))*b**3xd**3)/(48xb**x4)
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I (d+ex?)/
v/ ad+(bd+ae)z?+bex?

3.2

Optimal result . . . . . . . . . . . .. 48
Mathematica [A] (verified) . . . . . . . .. ... L 19
Rubi [A] (verified) . . . . . . . . . . 19
Maple [A] (verified) . . . . . . . . . . 1]
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 52
Sympy [F] . . . o 53]
Maxima [F] . . . . . . o e 53
Giac [F] . . . o o 53
Mupad [F(-1)] . . . 5!
Reduce [B] (verification not implemented) . . . . . . ... ... ... .. .... !

Optimal result

Integrand size = 37, antiderivative size = 180

(d + ex?)”/? _e(8bd — 3ae)z\/ad + (bd + ae)x? + bex?
/ vad + (bd + ae)x? + bex? = 8b2/d + ex?
N e’z3\/ad + (bd + ae)z? + bex!
4bv/d + ex?
. (8v?d* — 8abde + 3a’e?) arctanh( 7 dﬁZ%bex 4>
8b5/2

‘ 1/8%ex (-3*axe+8xbxd) xx* (axd+(a*xe+b*d) *x~2+b*e*x"4) " (1/2) /b~2/ (exx~2+d) "~ (1/ \
output
| 2)+1/4xe”2%x"3% (axd+ (axe+brd) ¥x"2+bke*x~4) " (1/2) /b/ (exx~2+d) ~(1/2)+1/8% (3% |
|a”2%e"2-8*axbrdre+8+b~2+d"2) ¥arctanh (b” (1/2) *x* (exx~2+d) " (1/2)/ (a*d+(a*e+b |
*d)*x"2+brexx™4) " (1/2)) /b7 (5/2) |
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Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 127, normalized size of antiderivative = 0.71

(d+ ex?)” N E <\/I_)e:c(a + ba?) (8bd — 3ae + 2bex?) + (—8b%d? + Sabde — 3
dzr =
vad + (bd + ae)z? + bex* 86°/2\/(a + bz?) (d + ex?)
input‘ Integrate[(d + e*x~2)~(5/2)/Sqrt[a*xd + (b*d + axe)*x”2 + b*exx~4],x] ‘

‘ (Sqrtld + exx~2]*(Sqrt[bl*exx*(a + b*x"2)*(8%bxd - 3*a*e + 2xb*e*x~2) + (- ‘
|8¥b72%d"2 + Bkaxbxdke - 3¥a~2xe”2)*Sqrt[a + b¥x"2]xLog[-(Sqrt[bl*x) + Sqrt |
‘ [a + b*¥x~2]]))/(8*b~(5/2)*Sqrt[(a + b*x"2)*(d + e*x~2)]) ‘

output

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 164, normalized size of antiderivative = 0.91,

5, number of rules _ 135, Rules
integrand size

number of steps used = 6, number of rules used =
used = {1395, 318, 299, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d+ex )5/2
T
\/:c2(ae + bd) + ad + bex?
l 1395

Va +bx2Vd + ex? [ \e/i%j_ dz
\/z2(ae + bd) + ad + bez?
| 318

3e(2bd— ae)z +d(4bd—ae) dx

Va+bz?vVd + ex? (f beta + v “+bf; (d+ez?) )

\/z2(ae + bd) + ad + bez?
| 299
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(3a2e?—8abde+862d?) [ ——L—dz

\/m 3exV/ a+bw2(2bd—ae) 5 2
2 2 25 + 55 exVa+bx? (d+ex?)
Va + bx2\/d + ex - + o

\/z%(ae + bd) + ad + bex*

l 224
(3a%e?—8abde+8b2d?) [ —L a2
bz Vbz2+a >
be2ta 3ex/a+bz?(2bd—ae) = 2
+ b2 (d
\/a + b.’L‘2\/d+ exr2 35 - 25 i e:c\/(sz( +ex )

v/72(ae + bd) + ad + bex*

l 219
arctanh( bz (3a2e2—sabde+8b2 dz) .
\/ b 5 \/d 5 ( V a+b<v2223/2 + 3exV/ a+bazcb (2bd—ae) ex\/m(d+e;p2)
a+ ox +ex o3 + -

\/z2(ae + bd) + ad + bez*

e

LInt[(d + e*x”2)7(5/2)/Sqrt[a*d + (b*d + a*e)*x”2 + bxe*x"4],x]

—

input

Output‘ (Sqrt[a + b*x~2]*Sqrt[d + e*x~2]*((e*x*Sqrt[a + bxx~2]*(d + e*x~2))/(4%b) ‘
\+ ((3%ex(2*%bxd - axe)*x*Sqrt[a + b*x"2])/(2%b) + ((8%b~2xd~2 - 8kaxbkd*e + ‘
‘ 3*a~2%e~2) *ArcTanh [ (Sqrt [b]*x)/Sqrt[a + b*x~2]]1)/(2*b~(3/2)))/(4%*b)))/Sqr ‘
‘tlaxd + (b*d + a*e)*x™2 + brexx"4] |

Defintions of rubi rules used

~

ruk3219/Int[((a—) + (b_.)*(x_)"2)"(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 994 Intl1/8qrtl(a ) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), xI,
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]




rule 299

rule 318

rule 1395

input
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Int[((a_ ) + (b_)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[d*x
*((a + b*x"2)"(p + 1)/(bx(2%p + 3))), x] - Simp[(a*xd - bkcx(2*%p + 3))/(b*(2
*p + 3)) Intl[(a + b*x~2)7p, x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c -
axd, 0] && NeQ[2*xp + 3, 0]

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pld*xx*(a + b*x~2)~(p + 1)*x((c + d*x"2)"(q - 1)/ (b*(2*(p + q) + 1)), x] + 8
imp[1/(b*x(2%(p + @) + 1)) Int[(a + b*x~2) p*x(c + d*x~2)"(q - 2)*Simp[c*(b
xcx(2%(p + @) + 1) - axd) + dx(bxcx(2x(p + 2%q - 1) + 1) - a*xd*(2x(q - 1) +
1))*x~2, x], x], x] /; FreeQ[{a, b, c, d, p}, x] && NeQ[b*c - a*d, 0] && G
tQlq, 1] &% NeQ[2x(p + q) + 1, 0] && !'IGtQ[p, 1] && IntBinomialQ[a, b, c,
d, 2, p, q, xJ

Int[(u_.)*((a_) + (c_)*(x_)"(m2_.) + (b_.)*(x_)"(n_))"(p_)*((d_ ) + (e_.)*(
x_)"(m_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[p]/((d
+ e*xx"n) “FracPart[p]*(a/d + c*(x"n/e)) FracPart[p]) Int[u*(d + e*x"n) (p
+ @)*(a/d + (c/e)*x"n)"p, x], x] /; FreeQ[{a, b, ¢, d, e, n, p, q}, x] && E
qQ[n2, 2*n] && EqQ[c*d"2 - b*d*e + a*e™2, 0] && !IntegerQ[p]l && !(EqQlq,

1] && EqQ[n, 21)

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 137, normalized size of antiderivative = 0.76

method | result

risch

ex(—2be 22 +3ae—8bd) (b2 +a) Ve s +d + (3a2e%—8abde+8b2d?) ln(\/5x+\/b x2+a) Vbz2tavez?+d

8b2\/(ex?+d) (b2 +a) 853 / (ez?+d)(bz?+a)
default (ez2+d)(bz2+a) <2b%6213\/bx2+a—3a e2xv/b \/bx2+a+8b% dezxvbz2+a+3 ln(\/l;x+\/bx2+a)a262—8ln(\/Ew+\/be+a)
erau

5
8b2+vex2+dvbz2+a

‘int((e*x‘2+d)‘(5/2)/(a*d+(a*e+b*d)*x“2+b*e*x“4)“(1/2),x,method=_RETURNVERB
|0SE)




CHAPTER 3. LISTING OF INTEGRALS 52

‘-1/8*e*x*(—2*b*e*x“2+3*a*e—8*b*d)*(b*x“2+a)/b“2/((e*x“2+d)*(b*x”2+a))“(1/2
\)*(e*x“2+d)‘(1/2)+1/8*(3*a‘2*e“2-8*a*b*d*e+8*b‘2*d“2)/b‘(5/2)*1n(b“(1/2)*x
\+(b*x‘2+a)‘(1/2))*(b*x‘2+a)‘(1/2)/((e*x‘2+d)*(b*x‘2+a))‘(1/2)*(e*x‘2+d)‘(1
/2) |

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 399, normalized size of antiderivative = 2.22

(d + ex?)*? (8?&—8@M%+3a%§+%8Rfe—8wm9+3f§ﬁﬂv%bg(
/ Vad + (bd + ae)a? + bext
(8&&—8aM%+ﬁa%¥+{8Fﬁe—8wm¥+3a%%ﬁhﬁ%ammn( Ve +dy/—be )—{2¥§x

/bex*+(bd+ae)z2+ad
8 (blex? + b3d)

input \ integrate ((e*x~2+d) ~(5/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(1/2) ,x, algorithm=" \
‘fricas")

\

[1/16%((8*b~2*%d~3 - 8*a*b*d"2xe + 3*a~2xd*e”2 + (8*%b~2xd"2*e - 8xaxbkd*e™2
+ 3*a"2xe”"3)*x"2) *sqrt (b) *log ((2*b*e*x~4 + (2xbxd + axe)*x”2 + 2*sqrt(bxe
*x~4 + (b*d + axe)*x"2 + axd)*sqrt(exx”2 + d)*sqrt(b)*x + axd)/(exx~2 + d)
) + 2x(2%b"2%e"2*%x"3 + (8*b~2*d*e - 3*axbxe”2)*x)*sqrt(bxe*x"4 + (bxd + ax
e)*x"2 + a*xd)*sqrt(exx”2 + d))/(b"3*e*xx"2 + b~3*d), -1/8*((8*xb"2*xd"3 - 8*a
*b*d"2%e + 3*a"2kd*e”2 + (8*b"2*d"2%e - 8*xa*bkd*e”2 + 3xa"2xe”3)*x"2)*sqrt
(-b)*arctan(sqrt(e*xx”2 + d)*sqrt(-b)*x/sqrt(b*exx~4 + (b*d + a*e)*x~2 + ax
d)) - (2%b"2%e"2#x"3 + (8*b~2*d*e - 3xa*b*e”2)*x)*sqrt(b*exx~4 + (b*d + ax
e)*x"2 + axd)*sqrt(exx”2 + d))/(b"3*e*x"2 + b~3%d)]

N J

output
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Sympy [F]

5/2 3

(d + ex?) . (d+ ex?)
aa + + ae)x* + bex a+bx + ex
vad + (bd + ae)z® + bex* V(a+b2?) (d + ex?)

input Lintegrate ((exx**2+d) *x (5/2) / (a*d+ (a*e+bd) *x**2+bkexx**4) **(1/2) ,x)

Outputtlntegral((d + exx*x*2)**x(5/2) /sqrt ((a + b*x**2)*(d + e*x**2)), x)

Maxima [F]

(d + ex?)”? / (ex -I—d) .
vad + (bd + ae)z? + bex4 Vbext + (bd + ae)z? + ad

input \ integrate ((exx~2+d) ~ (5/2) / (a*d+ (a*e+b*d) *x~2+b*e*x~4)~(1/2) ,x, algorithm="
‘max1ma")

output Lintegrate ((exx~2 + d)~(5/2)/sqrt(bxe*xx~4 + (b*d + a*e)*x”2 + axd), x)
Giac [F]
(d + ex?)*? / (ex? + d) .
vad + (bd + ae)z? + bea:4 Vbext + (bd + ae)z? + ad

1nput‘ integrate((exx~2+d) ~(5/2) / (a*xd+(a*e+b*d) *x~2+b*e*x~4) ~(1/2) ,x, algorithm="
‘glac")

output Lintegrate ((exx~2 + d)~(5/2)/sqrt(b*exx~4 + (bxd + a*e)*x~2 + axd), x)
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Mupad [F(-1)]

Timed out.

(d+ e:132)5/2 ex? + d)5/2

(
da:z/
vad + (bd + ae)x? + bex? Vbezt+ (ae+bd) 22+ ad

Lint((d + exx~2)~(5/2)/(axd + x~2%(a*e + bxd) + bke*x~4)~(1/2),x) J

input

-

—

int((d + e*x"2)"(5/2)/(a*d + x"2*(a*e + bxd) + b*exx~4)~(1/2), x)

output t

Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.79

(d + ex?)>? —3vbaz? + aabes + 8Vbz? + abidex + 2vbx? + ab’e®z® + 3v/blog
/ vad + (bd + ae)x? + bex?

dz =

input\int((e*x“2+d)‘(5/2)/(a*d+(a*e+b*d)*x“2+b*e*x“4)‘(1/2),x)

output ( - 3*sqrt(a + b*x**x2)*a*bkex*x2*x + 8xsqrt(a + b*x**2)*b¥*2*kd*exx + 2*sqrt

(a + bkx**2)*bk*2kex*2kx**3 + 3*sqrt(b)*log((sqrt(a + bxx**2) + sqrt(b)*x)
/sqrt(a))*a**x2xe*x2 - 8+sqrt(b)*log((sqrt(a + bxx*x2) + sqrt(b)*x)/sqrt(a)
) *axbxdxe + 8*sqrt(b)*log((sqrt(a + b*x**2) + sqrt(b)*x)/sqrt(a))*bx*2kd*x*

2)/ (8xb**x3)




output

input

CHAPTER 3. LISTING OF INTEGRALS

55

(d+ex )3/ 2

3.3 f \/ad+ bd-+ae)z’+bex?

Optimal result . . . . . . . . . . . ..
Mathematica [A] (verified) . . . . . . . .. ... L
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [F] . . . o
Maxima [F] . . . . . . o e
Giac [F] . . . o o
Mupad [F(-1)] . . .
Reduce [B] (verification not implemented) . . . . . . ... ... ... .. ....

Optimal result

Integrand size = 37, antiderivative size = 108

(d+ex )3/2

_exv/ad + (bd + ae)x? + bex!

vad + (bd + ae)z? + bex?

(2bd — ae)arctanh < 7 d;ﬁﬁl Z;Zﬁibem .

_|_

)

2b3/2

2bv/d + ex?

‘1/2*e*x*(a*d+(a*e+b*d)*x‘2+b*e*x“4)“(1/2)/b/(e*x“2+d)“(1/2)+1/2*(—a*e+2*b*
\d)*arctanh(b‘(1/2)*x*(e*x‘2+d)‘(1/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)‘(1/2))/b‘

Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.98

J

(d+ 6:172)3/2 o Vd + ex? (\/Bex(a + bx?) + 2(2bd — ae)Va + bx2arctanh( f{\/ﬁ
vad + (bd + ae)z? + bex* 2632,/ (a + bz?) (d + ex?)

LIntegrate[(d + e*xx~2)"(3/2)/Sqrt[a*d + (bxd + a*e)*x~2 + bke*x~4],x]




output
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‘ (Sqrt[d + e*x~2]*(Sqrt[b]*exx*(a + b*x"2) + 2x(2*bxd - a*e)*Sqrtl[a + b*x~2
‘]*ArcTanh[(Sqrt [b]*x)/(-Sqrt[a] + Sqrtla + b*x~2])1))/(2*b~(3/2)*Sqrt[(a +
| bxx"2)*(d + exx"2)])

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.98,

number of rules _ 0.108, Rules

number of steps used = 5, number of rules used = 4, = -
integrand size

used = {1395, 299, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(d+ ex?)®?

v/x2(ae + bd) + ad + bex?

l 1395

Va+bz2Vd +ex? | \Z‘f;%dx

\/z2(ae + bd) + ad + bez?
| 299

(2bd—ae) [ 7\/ﬁdx =
\/a+bx2\/d+ex2< Spltete — | eavaths

v/x2(ae + bd) + ad + bex*

l 224
“htia | eavatba?
\/a+ba:2\/d+ea:2( ot + € gb”

\/z2(ae + bd) + ad + bez?

l 219

h Vb —ae
e N e (arctan ( T ) (2bd—ae) Le - +bx2)

2b3/2 2b

\/z2(ae + bd) + ad + bex?



CHAPTER 3. LISTING OF INTEGRALS 57

input‘lnt[(d + e*x"2)"(3/2)/Sqrt[a*d + (b*d + axe)*x~2 + b¥e*x~4],x]

output} (Sqrtla + bx~2]*Sqrt[d + exx~2]1*((exx*Sqrtla + bxx"2]1)/(2%b) + ((2%bxd -
‘a*e)*ArcTanh[(Sqrt[b]*x)/Sqrt[a + b*x~2]1])/(2%¥b~(3/2))))/Sqrt[a*xd + (b*d +
L axe)*x~2 + bxexx~4] J

Defintions of rubi rules used

rule 219 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

rule 224 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol]l :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrt[a + b*x"2]] /; FreeQ[{a, b}, x] && !GtQ[a, 0]

rule 299 Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[d*x
*((a + b*x72)"(p + 1)/(bx(2xp + 3))), x] - Simp[(a*d - bkc*(2*p + 3))/(b*(2
*p + 3)) Int[(a + b*x"2)7p, x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c -

axd, 0] &% NeQ[2*p + 3, 0]
rule 1395 Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(@m_)) " (p_)*((d_) + (e_.)*(

x_)"(@_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[p]/((d

+ e*xx"n) "FracPart[p]*(a/d + c*(x"n/e)) “FracPart[p]) Int[u*(d + e*x"n) (p

+ q)*(a/d + (c/e)*x"n)"p, x], x] /; FreeQ[{a, b, ¢, d, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQ[c*d~2 - b*d*e + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 21)
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.90

method | result size
ex2+d)(bz2+a) (—exvbz2+a vVb+n(vVbz+vbz2+a)ae—2In( Vbz+vbz2+a)bd
defaut | — YTFNOTED (Cen/batrabiin( Voot /b a)ae2in(Vowrbatialud) | o
2b2vVez2+dVbz2+a
. ex(bz?+a)ver?+d _ (ae—2bd)ln<\/l;x+\/bw2+a)\/bz2+a\/e:tz—l—d
risch 2b/(ez?+d)(ba2+a) 263 V(ex2+d)(bz2+a) 106
input int ((exx"2+d) "~ (3/2)/ (axd+ (axe+b*d) *x"2+bxe*x~4) " (1/2) ,x,method=_RETURNVERB
OSE) |
Output\-1/2*((e*X‘2+d)*(b*x‘2+a))“(1/2)/b‘(3/2)*(—e*x*(b*x*2+a)*(1/2)*b*(1/2)+1n(
‘b‘(1/2)*x+(b*x‘2+a)‘(1/2))*a*e—2*ln(b‘(1/2)*x+(b*x‘2+a)“(1/2))*b*d)/(e*x‘2
+)(1/2)/ (bxx2+2) ~ (1/2) |
Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 292, normalized size of antiderivative = 2.70
213/2 2 \/bezxt + (bd + ae)z? + advex? + dbex — (2bd? — ade + (2 bde —
(d+ ex?) dp—
vad + (bd + ae)x? + bex? 4 (b%ex? 4
input integrate ((e*x~2+d) ~(3/2)/ (a*d+(axe+bxd) *x~2+bxe*x~4)~(1/2) ,x, algorithm="
fricas")
output [1/4%(2*sqrt(bxexx™4 + (b*d + a*e)*x”2 + axd)*sqrt(e*x”2 + d)*bxexx - (2%b

*d"2 - axdxe + (2xbkd*e - axe”2)*x72)*sqrt(b)*log((2%b*exx~4 + (2%b*d + ax
e)*x~2 - 2xsqrt(b*exx”4 + (b*d + a*e)*x”2 + a*d)*sqrt(exx”2 + d)*sqrt(b)*x
+ axd)/(exx”2 + d)))/(b"2xe*x"2 + b~2*d), 1/2x(sqrt(b*exx”4 + (b*d + axe)
*x"2 + axd)*sqrt(exx”2 + d)*bkexx - (2%b*d"2 - a*d*e + (2xbxd*e - axe”2)*x
~2)*sqrt (-b)*arctan(sqrt(exx”2 + d)*sqrt(-b)*x/sqrt(b*exx"4 + (b*d + axe)=*
x"2 + a*d)))/(b"2xe*x"2 + b~2xd)]
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Sympy [F]

3/2 3

(d + ex?) . (d+ ex?)
aa + + ae)x* + bex a+bx + ex
vad + (bd + ae)z® + bex* V(a+b2?) (d + ex?)

input Lintegrate ((exx**2+d) *x (3/2) / (a*d+ (a*e+b*d) *x**2+bkexx**4) **(1/2) ,x)

Outputtlntegral((d + exx*x*2)**(3/2) /sqrt ((a + b*x**2)*(d + e*x**2)), x)

Maxima [F]

(d + ex?)*/? / (ex -I—d) .
vad + (bd + ae)z? + bex4 Vbext + (bd + ae)z? + ad

input \ integrate ((exx~2+d) ~ (3/2) / (a*d+ (a*e+b*d) *x~2+b*e*x~4)~(1/2) ,x, algorithm="
‘max1ma")

output Lintegrate ((e*xx~2 + d)~(3/2)/sqrt(bxe*xx~4 + (b*d + a*e)*x”2 + axd), x)
Giac [F]
(d + ex?)*? / (ex? + d) .
vad + (bd + ae)z? + bea:4 Vbext + (bd + ae)z? + ad

1nput‘ integrate ((exx~2+d) ~(3/2) / (a*xd+(a*e+b*d) *x~2+b*e*x~4) ~(1/2) ,x, algorithm="
‘glac")

output Lintegrate ((exx~2 + d)~(3/2)/sqrt(b*exx~4 + (bxd + a*e)*x~2 + axd), x)
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Mupad [F(-1)]

Timed out.
(d + ex?)*/? dp — / (ez? + d)*/* .
vad + (bd + ae)x? + bex? Vbezt+ (ae+bd) 22+ ad
input Lint((d + e*x72)7(3/2)/(a*d + x"2%(axe + bxd) + bxe*x"4)~(1/2),x)

output Liﬂt((d + e*x72)7(3/2)/(axd + x"2*(a*e + bxd) + bkexx"4)~(1/2), x)

Reduce [B] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.63

/ (d+ ea?)*"” o VBT Faber - vblog V2 ) e 4 2/blog (VT ) b
V/ad + (bd + ae)a? + bex? e

input ‘ int ((exx~2+d) ~(3/2) / (a*d+(a*xe+b*d) *x~2+b*e*x~4) ~(1/2) ,x)

output

2

‘(sqrt(a + b*x**2)xbkexx - sqrt(b)*log((sqrt(a + b*x**2) + sqrt(b)*x)/sqrt(
‘a))*a*e + 2*sqrt(b)*log((sqrt(a + b*x**2) + sqrt(b)*x)/sqrt(a))*b*d)/(2*bx*




‘arctanh(b“(1/2)*x*(e*x“2+d)”(1/2)/(a*d+(a*e+b*d)*X”2+b*e*X“4)“(1/2))/b*(l/
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2
vVd+ex dac

3.4 f v/ ad+(bd+ae)x2+bext

Optimal result . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [F] . . o o
Maxima [F] . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [B] (verification not implemented) . . . ... ... ... .........

Optimal result

Integrand size = 37, antiderivative size = 50

vd+ ex?

Vozd+ez?

arctanh <

\/ad+(bd+ae)z2+bext >

dz
/ vad + (bd + ae)z? + bex?

Vb

output
2)
Mathematica [A] (verified)
Time = 0.02 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.32
VAt ez? Va + bx2\/d + em2arctanh<\/(%>
dxr =
/ vad + (bd + ae)z? + bex? Vby/(a + ba?) (d + ex?)
input LIntegrate [Sqrt[d + e*x~2]/Sqrt[a*d + (b*d + a*e)*x™2 + b*exx 4] ,x]

output ‘ (Sqrtl[a + b*x~2]*Sqrt[d + exx~2]*ArcTanh[(Sqrt[b]*x)/Sqrt[a + b*x~2]])/(Sq

‘rt[b]*Sqrt[(a + b*xx"2)*(d + exx"2)])




input

output
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Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.44,

number of rules _ 0.081, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {1395, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

Vd+ ex? i
\/z2(ae + bd) + ad + bez?

l 1395

\/a+bx2\/d+ex2f\/ﬁdw

\/z%(ae + bd) + ad + bex*
| 224

1 x
\/a+bx2\/d+e:1:2f1_ — d\/bav2+a

bz2+a

v/72(ae + bd) + ad + bex*
| 219

Va + bx2vVd + eac%rctanh(&)

Vby/z2(ae + bd) + ad + bex*

-

LInt [Sqrt[d + e*x"2]/Sqrt[a*d + (bxd + a*e)*x”2 + b¥e*x"4],x]

| —

e

(Sqrt[a + b*x"2]#Sqrt[d + exx~2]*ArcTanh[(Sqrt[bl*x)/Sqrtla + b*x~2]]1)/(Sq
‘ rt[bl*Sqrt[a*xd + (bxd + a*xe)*x~2 + b*e*xx~4])




rule 219

rule 224

rule 1395

input

output
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
X, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(n_))"(p_)*((d_) + (e_.)*(
x_)"(_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[pl/((d
+ e*x"n) FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx"n) (p
+ *(a/d + (c/e)*x"n)"p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] && E
qQ[n2, 2#n] && EqQlc*d~2 - bkxdxe + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,
1] && EqQ[n, 21)

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.12

method | result size
V(ex2+d)(bz2+a) In (\/E z+b m2+a>
default N TN o 56

int ((e*x~2+d) " (1/2)/ (axd+(a*e+b*d) *x~2+b*e*x~4) ~(1/2) ,x ,method=_RETURNVERB
0SE)

1/ (exx”2+d) ~(1/2) * ((e*x~2+d) * (b*xx~2+a) ) ~(1/2) / (b*x"2+a) ~(1/2) *1n (b~ (1/2) *x
+(b*x~2+a)~(1/2)) /b~ (1/2)

~
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 128, normalized size of antiderivative = 2.56

/ Vvd+ ex? i
vad + (bd + ae)z? + bex*

lOg ( 2 bex*+(2 bd+ae)x2+2 \/be.'z:4+(bd+ae)a:2+ad\/ez'2+d\/13m+ad)
ex2+d

2+/b ’

- VeTrdy/ b
v —barctan (\/bex4+(bd+ae)w2+a’d)

b

integrate((e*x~2+d) "~ (1/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(1/2) ,x, algorithm="

input
fricas")

[1/2%1og((2*%b*xexx~4 + (2%bxd + axe)*x™2 + 2+sqrt(b*exx~4 + (bxd + a*e)*x"2
+ a*xd)*sqrt(e*x”2 + d)*sqrt(b)*x + a*d)/(e*x~2 + d))/sqrt(b), -sqrt(-b)*a
rctan(sqrt(e*xx~2 + d)*sqrt(-b)*x/sqrt(bxexx"4 + (b*d + axe)*x~2 + a*d))/b]

output

Sympy [F]

vd+ ex? dp — Vd+ ex?
vad + (bd + ae)z? + bex* V/(a + b2?) (d + ex?)

inputLintegrate((e*x**2+d)**(1/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(1/2)’x)

Output‘lntegral(sqrt(d + exx*%2)/sqrt((a + b¥x*x2)*(d + exx**2)), x)
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Maxima [F]

Vd + ex? / Ver®+d i
vad + (bd + ae)z? + beac4 Vbext + (bd + ae)z? + ad

lnput‘1ntegrate((e*x”2+d) (1/2) / (a*d+ (a*e+b*d) *x~2+b*e*x~4)~(1/2) ,x, algorithm="
‘max1ma")

outputLintegrate(sqrt(e*x‘z + d)/sqrt (bkxe*x~4 + (bkd + a*e)*x~2 + a*d), x)

Giac [F]

Vd + ex? / Vex? +d .
vad + (bd + ae)z? + bea:4 Vbext + (bd + ae)z? + ad

input ‘ integrate ((e*x~2+d) ~(1/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(1/2) ,x, algorithm="
‘glac")

output tintegrate(sqrt(e*x‘i + d)/sqrt(bkxe*x~4 + (bkd + a*e)*x~2 + axd), x)

Mupad [F(-1)]

Timed out.

Vd+ex? / Vez? +d d
\/ad+(bd+ae)x2+beac4 Vbezi+ (ae+bd) 22+ ad

input Lint((d + exx72)7(1/2)/(axd + x"2*(a*e + bxd) + bxe*xx"4)7(1/2),x)

output Lint((d + e*xx"2)"(1/2)/(axd + x"2%(a*e + b*d) + b*e*xx~4)~(1/2), x)
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Reduce [B] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.50

/ vd+ ex? d \/510g<\/@%+\/5x)
xr =
vad + (bd + ae)z? + bex? b

input Lint ((exx~2+d) ~(1/2) / (a*d+(a*xe+bxd) *x~2+b*e*x~4) ~(1/2) ,x)

Outputt(sqrt (b)*log((sqrt(a + b¥x**2) + sqrt(b)*x)/sqrt(a)))/b




output \ arctanh ((-a*e+b*d) = (1/2) *xx* (e*x~2+d) " (1/2) /d~ (1/2) / (axd+ (a*e+b*d) *x~2+b*e*
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3.5 [ L dx
Vd+ex?\/ad+(bd+ae)x?+bex?

Optimal result . . . . . . . . .. . .. 671
Mathematica [A] (verified) . . . . . . . . . ... 67
Rubi [A] (verified) . . . . . . .. . . 68
Maple [B] (verified) . . . . . . . . .. 69
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 70
Sympy [F] . . . o [71]
Maxima [F] . . . . . . [Tl
Giac [F] . . . o o [71]
Mupad [F(-1)] . . . . 721
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 72

Optimal result

Integrand size = 37, antiderivative size = 74

Vbd—aezv/d+ex?
1 d — arctanh ( Vd+/ad+(bd+ae)z2+bex? )
Vd+ ex?y\/ad + (bd + ae)z? + bex? Vdv/bd — ae

x74)7(1/2))/d"(1/2) / (-a*xe+bxd) ~(1/2)

N\

input L

Mathematica [A] (verified)

J

Time = 0.12 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.46

1
Vd+ ex?\/ad + (bd + ae)z? + bex*

_ Va+bz?Vd + ex® arctan <_8Nmﬂwz) )

Vdv/=bd + ae+/(a + bx?) (d + ex?)

dz

Integrate[1/(Sqrt[d + exx~2]*Sqrt[axd + (bxd + a*e)*x"2 + bke*x"4]),x]
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output ‘ -((Sqgrt[a + b*x~2]*Sqrt[d + exx~2]*ArcTan[(-(e*x*Sqrt[a + b*x~2]) + Sqrt[b ‘
‘ Ix(d + e*x"2))/(Sqrt[d]*Sqrt[-(bxd) + a*e])])/(Sqrt[d]*Sqrt[-(bxd) + a*e]* ‘
‘Sqrt[(a + bxx"2)*(d + e*x72)]1)) \

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.30,

number of rules _ 0.081, Rules

number of steps used = 4, number of rules used = 3, = :
integrand size

used = {1395, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
dz
Vd + ex?./z%(ae + bd) + ad + bex?

l 1395

2 2 1
Va+bz?Vd+ ex fm(eszrd)da:
\/z2(ae + bd) + ad + bex?

l 291

Va+bz2Vd+ ex? [ — (bdl_ae)x2 d

bz2+a

\/z2(ae + bd) + ad + bez*

l 221

Va + bz2vVd + ex%rctanh(fai V\}’%)

Vdv/bd — ae+/22(ae + bd) + ad + bex?

z
Vbx24a

-

input LInt [1/(Sqrt[d + exx~2]*Sqrt[a*d + (bxd + a*e)*x~2 + bxexx~4]),x]

~—

outpu
‘ [a + bxx~2])])/(Sqrt[d]*Sqrt[b*d - axe]l*Sqrt[axd + (b*d + axe)*x™2 + b¥exx
-4l

e hY
" ‘ (Sqrtl[a + b*x~2]*Sqrt[d + exx~2]*ArcTanh[(Sqrt[b*d - a*el*x)/(Sqrt[d]*Sqrt ‘




rule 221

rule 291

rule 1395

input
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtl[a + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, O]

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(n_))"(p_)*((d_) + (e_.)*(
x_)"(_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[pl/((d
+ e*x"n) FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx"n) (p
+ *(a/d + (c/e)*x"n)"p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] && E
qQ[n2, 2#n] && EqQlc*d~2 - bkxdxe + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,
1] && EqQ[n, 21)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 452 vs. 2(62) = 124.

Time = 0.42 (sec) , antiderivative size = 453, normalized size of antiderivative = 6.12

method | result

ex—+/—de ex—+/—de

default | —

Vbz2 ae—bd /—de 3 2 ae—bd —
(ex?+d)(bx?+a) Vbe (\/E ln<2 beTra /25 evayde bm““) ae—b2 ln<2 ba?ta /2228 ct2y/=d b+t 2ae

>d—2@

2Ve

‘int(1/(e*x“2+d)“(1/2)/(a*d+(a*e+b*d)*x“2+b*e*x“4)“(1/2),x,method=_RETURNVE
‘RBUSE)
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-1/2*%((e*xx~2+d) * (b*x~2+a)) ~(1/2) *b~ (1/2) *e* (b~ (1/2) *1n (2* ((b*x~2+a) ~ (1/2) *
((axe-bxd)/e) " (1/2) xe+(-d*e) "~ (1/2) *bxx+axe) / (exx-(-d*e) ~(1/2)) ) *a*xe-b~(3/2
)*1n (2% ((b*x~2+a) ~(1/2) *((a*xe-bxd) /e) " (1/2) *e+(-d*e) ~ (1/2) *bxx+axe) / (e*x—(
—-d*e) "~ (1/2)))*d-2*x(-d*e) " (1/2) ¥b* ((a*xe-b*d) /e) ~(1/2) *1n(((b*x"2+a) ~(1/2) *b
~(1/2)+b*x) /b~ (1/2) ) +2* (~d*e) " (1/2) *1n (((-1/b* (b*x+(-a*b) = (1/2) ) * (-b*x+(-a
*b)~(1/2)))~(1/2) %0~ (1/2)+b*x) /b~ (1/2) ) *((a*e-b*d) /e) " (1/2) ¥b-b~ (1/2) *1n(2
*((b*x~2+a) " (1/2) *((axe-b*d) /e) ~(1/2) *e-(-d*e) ~(1/2) xbxx+a*e) / (e*x+(-d*e) ~
(1/2)) ) *a*e+b™(3/2) *1n (2% ((b*x~2+a) ~ (1/2) * ((a*e-b*d) /e) ~ (1/2) xe-(-d*e) ~(1/
2) *bxx+axe) / (e*xx+(~d*xe) ~(1/2)))*d) / (e*xx~2+d) ~(1/2) / (bxx"2+a) ~(1/2) / (-d*e) "~
(1/2)/ ((-d*e) "~ (1/2) *¥b+e*x (-a*xb) ~(1/2) )/ ((-d*e) ~ (1/2) *b-ex (-axb) ~(1/2)) / ((a*
e-bxd) /e)~(1/2)

output

Fricas [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 222, normalized size of antiderivative = 3.00

1

Vd+ ex?\/ad + (bd + ae)z? + bex*
|: IOg < 2bd2z2+ (2 bde—an)z4 +ad?+2 \/bex*+(bd+ae)r2+adv/bd?2 —adevex?+dx )

dz

e2x4+2dex?+d?

24/bd? — ade ’
v/ —bd? + ade arctan < \/bex*+(bd+ae)z>+adv—bd>+adev ew2+dz)

bdex4+ad?+(bd2+ade)x?
bd? — ade

p

integrate(1/(e*xx~2+d) ~(1/2)/(a*d+(a*xe+b*d) *x~2+b*e*x~4)~(1/2) ,x, algorithm

input
="fricas")

[1/2x1og((2*b*d~2*x"2 + (2%b*d*e - a*e”2)*x"4 + a*d™2 + 2*sqrt(b*exx~4 + (
bxd + a*e)*x~2 + axd)*sqrt(bxd~2 - a*dxe)*sqrt(exx”~2 + d)*x)/(e"2%x~4 + 2%
d*exx"2 + d72))/sqrt(bxd”2 - a*d*e), -sqrt(-bxd"2 + a*d*e)*arctan(sqrt(bxe
*x"4 + (b*d + axe)*x"2 + a*d)*sqrt(-b*d"2 + axd*e)*sqrt(exx”~2 + d)*x/(b*d*
exx"4 + axd”2 + (b*d"2 + a*xd*e)*x"2))/(b*d”"2 - a*d*e)]

output
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Sympy [F]

1 dxr = / L dz
Vd + ex?\/ad + (bd + ae)x? + bex* V/(a +bz2) (d + ex?)V/d + ex?

input Lintegrate (1/ (exx**2+d) ** (1/2) / (a*xd+ (a*e+b*d) *x**2+bke*xx**4) x* (1/2) ,x) J
OutputLIntegral(i/(sqrt((a + bkx**2)*(d + e*x**2))*sqrt(d + exx**2)), x) J
Maxima [F]

! dz = / ! dz
Vd+ ex?\/ad + (bd + ae)z? + bex? Vbext + (bd + ae)z? + advex?® + d

‘integrate(1/(e*x“2+d)“(1/2)/(a*d+(a*e+b*d)*x“2+b*e*x“4)“(1/2),x, algorithm

input
="maxima") ‘

ou_tputtintegrate(1/(sqrt(b*e*x"4 + (bxd + axe)*x~2 + a*d)*sqrt(e*x”2 + d)), x) J

Giac [F]

1
dz = / ! dz
Vd+ ex?\/ad + (bd + ae)z? + bez? Vbext + (bd + ae)z? + advex?® + d

integrate (1/(exx~2+d)~(1/2)/ (a*d+(ake+bxd) ¥x"2+bxexx"4)~(1/2) ,x, algorithm

input
="giac") ‘

Output‘integrate(1/(sqrt(b*e*x“4 + (bxd + a*e)*x”2 + axd)*sqrt(e*x”2 + d)), x) ‘
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Mupad [F(-1)]

Timed out.
1
dz
Vd + ex?y\/ad + (bd + ae)z? + bex*
/ 1
= dz
Vexz? +d/bezt+ (ae+bd) 22+ ad
input Lint(i/((d + exx"2)"(1/2)*(a*d + x"2*(a*e + b*d) + bke*xx~4)~(1/2)),x) J
output Lint(l/((d + e*x72)"(1/2)*(axd + x"2%(a*e + bxd) + bxe*xx~4)~(1/2)), x) J

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.39

/ ! dz
Vd+ ex?\/ad + (bd + ae)z? + bex*

\/c_iw/ae — bd (atan<\/ae_bd—\/é\/b12+a—\/5\/gm) + atan(\/ae—bd+\/5\/bx2+a+\/5\/l;x>>

Vd b Vi
d (ae — bd)
input Lint(1/(e*x‘2+d)‘(1/2)/(a*d+(a*e+b*d) *X"2+bkexx~4)~(1/2) ,x) J
output‘( - sqrt(d)*sqrt(axe - b*d)*(atan((sqrt(a*e - b*d) - sqrt(e)*sqrt(a + bkx*

‘*2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b))) + atan((sqrt(a*e - bxd) + sqrt ‘
‘ (e)xsqrt(a + bkxxx*2) + sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))))/(d*x(axe - b ‘
*d)) |
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3.6 [ ( L dx

d+ex?) 3/2 v/ ad+(bd+ae)z?+bext

Optimal result . . . . . . . . .. . . 73]
Mathematica [A] (verified) . . . . . . . .. ... L L 73
Rubi [A] (verified) . . . . . . ... . (74
Maple [B] (verified) . . . . . . . . . .. 76
Fricas [B| (verification not implemented) . . . . . . ... ... ... ....... i
Sympy [F] . . . (77
Maxima [F] . . . . . . o 78
Giac [F] . . . o o 8
Mupad [F(-1)] . . . o 78
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 79

Optimal result

Integrand size = 37, antiderivative size = 142

1
dr =
/ (d + ex?)’/? v/ad + (bd + ae)x? + bex*

Vbd—aexv/d+ex?
€T vad + (bd + ae)x? + bex? (2bd — ae)arCtanh(\/E\/ad+(bd+ae;;2+bew4)

2d(bd — ae) (d + ex?)*/? * 2d3/2(bd — ae)3/?

output \ -1/2%exx* (axd+(a*e+b*d) *x~2+b*e*xx~4) ~(1/2)/d/ (~a*e+bxd) / (e*xx~2+d) " (3/2) +1/ \
\ 2% (~axe+2xb*d) *arctanh ( (-akxe+bkd) ~ (1/2) *x* (exx~2+d) ~ (1/2) /d~ (1/2) / (a*d+ (a* \
‘ e+b*d) *x~2+b*e*xx~4)~(1/2))/d~(3/2)/ (-a*e+b*d) ~(3/2) ‘

Mathematica [A] (verified)

Time = 0.32 (sec) , antiderivative size = 154, normalized size of antiderivative = 1.08

—ex\at+bz24+b ex
Ve (atbe?) (2bd—ae)Va+ba? (d+ex?) arctan( ;Eb\/—idi£j+
/ 1 dp = * (“bdtae)®/?
(d + ex?)*? \/ad + (bd + ae)z? + bex? 2d3/2v/d + ex®\/(a + bz?) (d + ex?)

input LIntegrate [1/((d + e*xx~2)~(3/2)*Sqrt[a*d + (bkd + axe)*x~2 + b¥e*x~4]),x] J
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output‘ (-((Sqrt[d]*exx*(a + b*x"2))/(b*d - axe)) + ((2xb*d - a*e)*Sqrtl[a + b*x"2] ‘
‘*(d + exx"2)*ArcTan[(-(e*xx*Sqrt[a + b*x~2]) + Sqrt[bl*(d + exx~2))/(Sqrt([d ‘
| 1#Sqrt[-(bxd) + axe])])/(-(b*d) + axe)~(3/2))/(2+d~(3/2)*Sqrt[d + exx~2]*S

‘qrt[(a + b*x"2)*(d + e*xx"2)])

Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.05,

number of rules _ 0.108, Rules

number of steps used = 5, number of rules used = 4, = -
integrand size

used = {1395, 296, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ! dz
(d + ex?)¥/? | /z%(ae + bd) + ad + bex?

l 1395
Vot b?Vit e | Gaiarapd
\/ z2(ae + bd) + ad + bex*
l 206
(2bd—ae) [ ———21——dx
Vbz2ta(ex2+d b2
\/z2(ae + bd) + ad + bez*
l 201
(2bd_ae) f d (bdia,e):v2 b;2+a
" bo?ta ba?
Va +b22Vd + ex? Sd(das) ~ e e
v/x2(ae + bd) + ad + bex*
l 221
(2bd—ae)arctanh ( i=te;
atbo b2

v/72(ae + bd) + ad + bex*
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input‘ Int[1/((d + exx~2)~(3/2)*Sqrt[a*d + (b*d + a*e)*x~2 + bxexx~4]),x] ‘

output‘ (Sqrt[a + b*x"2]*Sqrt[d + e*xx~2]*(-1/2*(exx*Sqrt[a + b*x~2])/(d*(bxd - ax*e ‘
)*(d + exx™2)) + ((2+b*d - ake)*ArcTanh[(Sqrt[bd - a*elx)/(Sqrt[d]*Sqrt[
\a + b*x~2]1)]1)/(2*d"(3/2) *(b*d - a*e)~(3/2))))/Sqrt[a*d + (bxd + a*e)*x"2 + \
| brexx~4] |

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x

rule 221
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 291 Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, 0]

rule 296 TntL((a) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x.)72)7(q_), x_Symbol] :> Sim

pL(-b)*xx(a + bxx"2)~(p + 1)*((c + d*x~2)"(q + 1)/(2*a*x(p + 1)*(bxc - axd))
), x] + Simp[(b*c + 2%(p + 1)*(bxc - axd))/(2*%a*x(p + 1)*(bxc - a*xd)) Int[
(a + b*xx"2)~(p + )*(c + d*x~2)"q, x], x] /; FreeQ[{a, b, c, d, q}, x] & N
eQ[bxc - axd, 0] && EqQ[2*(p + q + 2) + 1, 0] && (LtQ[p, -1] || !'LtQlq, -1
1) && NeQ[p, -1]

Int[(u_)*((a)) + (c_)*(x_)"(m2_.) + (b_)*(x_)" (@ )) " (p_)*((d_) + (e_.)*(
x_)"(n_))"(g_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) “FracPart[p]/((d

+ e*x"n) "FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx™n) (p

+ q)*(a/d + (c/e)*x"n) p, x1, x] /; FreeQ[{a, b, ¢, d, e, n, p, q}, x] & E
qQ[n2, 2*n] && EqQ[c*d"2 - bxd*e + a*xe”2, 0] && !'IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 2])

rule 1395
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1240 vs. 2(122) = 244.

Time = 0.44 (sec) , antiderivative size = 1241, normalized size of antiderivative = 8.74

method | result size
default | Expression too large to display | 1241

int (1/ (exx~2+d) ~(3/2) / (a*d+ (a*e+b*d) *x~2+b*e*x~4) ~(1/2) ,x ,method=_RETURNVE

input
RBOSE)

N

-1/4*%(4*1n(((b*x~2+a) ~(1/2)*b~(1/2) +b*x) /b~ (1/2) ) *b~2*d*e*x~2* ((a*xe-b*d) /e
)" (1/2)*x(=d*e) = (1/2) -1n(2*x ((b*x~2+a) ~(1/2) * ((a*xe-b*d) /e) ~ (1/2) xe-(-d*e) ~ (1
/2) *b¥x+axe) / (e*x+(-d*e) ~(1/2)))*a~2%e " 3*x~2%b~ (1/2) +3*1n (2% ((b*x~2+a) ~(1/
2)*x((a*e-bxd) /e) ~(1/2) *e-(-d*e) " (1/2) ¥bxx+ax*e) / (exx+(-d*e) ~(1/2))) *a*xb~(3/
2) *d*e~2%x~2-2%1n (2% ((b*x~2+a) ~ (1/2) * ((a*xe-b*d) /e) ~(1/2) *e-(-d*e) ~(1/2) *b*
x+axe) / (e*x+(-d*e) " (1/2)))*b~ (5/2) *d"2*e*x"2-4*1n (((-1/b* (b*x+(-a*b) ~(1/2)
)* (=b*xx+(-a*xb) ~(1/2)))~(1/2)*b~ (1/2) +b*x) /b~ (1/2) ) ¥b"2*d*e*xx”~2* ( (a*e-b*d) /
e)~(1/2)*(-dx*e)~ (1/2)+1n (2% ((b*x~2+a) ~ (1/2) *((a*e-b*d) /e) =~ (1/2) *e+(-d*e) ~ (
1/2) *bkxx+axe) / (e*x-(-d*e) ~(1/2)) ) *a~2*e " 3*x~2xb~ (1/2) -3*1n (2% ((b*x~2+a) ~ (1
/2)*((a*e-bxd) /e) " (1/2) *e+(-dxe) ~ (1/2) ¥bxx+axe) / (exx-(-d*e) ~(1/2))) *a*b~ (3
/2) *d*e~2xx~2+2%1n (2% ((b*xx~2+a) ~(1/2) * ((a*e-b*d) /e) ~ (1/2) xe+(-d*e) ~(1/2) *b
*xx+axe) / (exx—(-dxe) ~(1/2)))*b~(5/2) *d"2*ke*x~2-2*ka*e 2*x*b~ (1/2) * (b*x~2+a) ~
(1/2)*((a*e-b*d) /e) " (1/2) * (-d*e) ~(1/2) +2xb~ (3/2) *d*e*x* (bxx~2+a) ~(1/2) *((a
*xe-bxd) /e) " (1/2)*(-d*e) ~(1/2)+4*1n(((b*x~2+a) ~(1/2)*b~ (1/2) +b*x) /b~ (1/2) ) *
b 2%d~2* ((a*xe-b*d) /e) " (1/2) *(-d*e) ~(1/2)-1n (2% ((b*x~2+a) ~(1/2) * ((a*e-b*xd)/
e) " (1/2)*e-(-d*e) " (1/2) *bkx+a*e) / (e*x+(-d*e) ~(1/2)) ) *a”~2*xd*e " 2*%b~ (1/2) +3*1
n(2*((b*x~2+a)~(1/2)*((a*e-b*d) /e) " (1/2) *e-(-d*e) ~ (1/2) *b*x+ax*e) / (e*x+(-d*
e)~(1/2)))*axb”~(3/2) *d"2*xe-2*1n (2% ((b*x~2+a) ~(1/2) *((a*e-b*d) /e) ~ (1/2) *e-(
-dxe) " (1/2) *b*x+ax*e) / (exx+(-d*e) ~(1/2)))*b~(5/2) *d~3-4*1n (((-1/b* (b*x+(-a*
b) ~(1/2)) *(~b*x+(-a*b) ~(1/2)))~(1/2)*b~(1/2) +b*x) /b~ (1/2) ) ¥b~2xd~2* ((ax. ..

output




input

output

input‘

CHAPTER 3. LISTING OF INTEGRALS 77

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 291 vs. 2(122) = 244.

Time = 0.09 (sec) , antiderivative size = 609, normalized size of antiderivative = 4.29

1 2 \/bex* + (bd + ae)x? + ad(bd?e — ade?)vex? + dz -

dr=|—

/}d+eﬁfﬂv@d+@d+a@ﬂ+ﬁmﬂ

4 (b2d6 —

Vbext + (bd + ae)z? + ad(bd’e — ade?)vex? + dzx + ((2bde? — ae®)z* + 2bd® — ad?e + 2 (2 bd%e — ade

2 (b2d® — 2 abdbe + a2d*e? + (b?d*e? — 2 abd®e3 + a?d?e*)z* + 2 (b2¢

integrate(1/(e*x~2+d) ~(3/2) / (axd+(axe+b*d) *x~2+b*e*xx~4)~(1/2) ,x, algorithm
="fricas")

[-1/4*(2*sqrt (bxe*x~4 + (bxd + axe)*x™2 + a*xd)*(bxd"2%e - axd*e”2)*sqrt(e*
x"2 + d)*x - ((2¥b*d*e”2 - a*e”3)*x"4 + 2xb*d"3 - axd"2*e + 2x(2xbxd"2%e -
axdxe”2) *x"2) *sqrt (b*d"2 - a*d*e)*log((2xbxd"2*x"2 + (2xb*d*e - a*e”2)*x”
4 + axd”2 + 2xsqrt(bxe*x"4 + (bxd + a*e)*x"2 + a*d)*sqrt(b*d~2 - a*d*e)*sq
rt(exx"2 + d)*x)/(e”"2%x"4 + 2xd*e*x"2 + d72)))/(b"2*d"6 - 2*axb*d"bxe + a~
2*%d"4*e”2 + (b"2xd"4*e”2 - 2*xa*b*d~3*e”3 + a"2xd"2*e"4)*x"4 + 2*(b~2*d"5*e
- 2%axb*d"4*e”2 + a~2*d"3*e"3)*x72), -1/2x(sqrt(b*e*x"4 + (bxd + axe)*x"2
+ a*xd)*(bxd"2xe - a*d*e”2)*sqrt(e*x”2 + d)*x + ((2xb*d*e”2 - a*e~3)*x"4 +
2¥bxd"3 - axd"2%e + 2x(2xbxd"2*e - axd*e”2)*x"2)*sqrt(-b*d"2 + a*d*e)*arc
tan(sqrt(b*e*xx~4 + (bxd + axe)*x~2 + a*xd)*sqrt(-b*d~2 + a*dxe)*sqrt(e*x”~2
+ d)*x/(bxd*exx"4 + axd”2 + (b*d~2 + a*d*e)*x72)))/(b"2%d"6 - 2¥axb*d~5xe
+ a"2%d"4xe”2 + (b72%d"4xe”2 - 2*xa*xb*d"3*e”3 + a”"2xd"2xe"4)*x"4 + 2% (b"2xd
“Bke - 2xaxb*d"4*e”2 + a~2+d"3xe"3)*x"2)]

Sympy [F]

1 1
dr = /[ dzx
/ (d + ex?)*? \/ad + (bd + ae)z? + bea? V(@ +ba?) (d+ ez?) (d + ex?)*

integrate (1/ (exx**2+d) **(3/2) / (a*d+ (axe+b*d) *x**2+b*xexx**4) ** (1/2) ,x)
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output LIntegral(l/(sqrt((a + bxx**2) % (d + exx**2))*(d + e*x**x2)*x(3/2)), x) J

Maxima [F]

1 1
o= |
/ (d + ex?)** \/ad + (bd + ae)z? + bea* Vbex® + (bd + ae)z? + ad(ex? + d)

dz

3
2

input ‘ integrate(1/(e*x~2+d) ~(3/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4) "~ (1/2) ,x, algorithm ‘
‘ ="maxima") ‘

output Lintegrate(1/(sqrt(b*e*x“4 + (bxd + a*e)*x"2 + axd)*(exx~2 + d)~(3/2)), x) J

Giac [F]

1 1

dx=/ dz
/2 2 4
/ (d+ ex?)*? \/ad + (bd + ae)z? + bex \/bext + (bd + ae)z? + ad(ezx? + d)

3
2

‘ integrate (1/ (exx~2+d) ~(3/2) / (a*d+ (a*e+b*d) *x~2+b*exx~4)~(1/2) ,x, algorithm ‘

input
=“giac") ‘

output tintegrate(1/(sqrt(b*e*x"4 + (b*d + a*e)*x™2 + a*xd)*(exx"2 + d)~(3/2)), x) J

Mupad [F(-1)]

Timed out.

1 1
dxz/ dz
/ (d + ex?)** \/ad + (bd + ae)z? + bex? (ez? +d)** \/bez' + (ae+bd) 2> +ad

input Lint(l/((d + e*x72)"(3/2)*(axd + x"2*(a*e + bxd) + bkxe*x~4)~(1/2)),x) J
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Output‘ int(1/((d + e*x"2)~(3/2)*(a*d + x"2*(a*xe + bxd) + bk*e*x~4)~(1/2)), x)

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 543, normalized size of antiderivative = 3.82

1 —+v/d+/ae = bd atan < ‘/ae_bd_‘/é&/;\z/%jL“_‘/é\/Bz) ade — V/d
dx =
/ (d+ ex?)*? \/ad + (bd + ae)x? + bex?
inputLint(l/(e*x“2+d)“(3/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)*(1/2),X) J
output/( - sqrt(d)*sqrt(a*xe - bxd)*atan((sqrt(a*e - bxd) - sqrt(e)*sqrt(a + b¥x*x*

2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a*d*e - sqrt(d)*sqrt(axe - bxd)
*xatan((sqrt(a*e - b*d) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/(sq
rt(d)*sqrt (b)) ) *akxex*2xx**2 + 2*sqrt(d)*sqrt(axe - bxd)*atan((sqrt(a*e - b
*d) - sqrt(e)*sqrt(a + bxx*x2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*b*d
**x2 + 2%sqrt(d)*sqrt(a*xe - b*d)*atan((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b
*xx*x2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*b*d*exx**x2 - sqrt(d)*sqrt(a
xe — bkxd)*atan((sqrt(a*e - bxd) + sqrt(e)*sqrt(a + bxx**2) + sqrt(e)*sqrt(
b) *x) / (sqrt (d) *sqrt (b)) ) *a*d*e - sqrt(d)*sqrt(axe - b*d)*atan((sqrt(axe -

b*d) + sqrt(e)*sqrt(a + b*x*x2) + sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*ax*
ex*x2xx*k*2 + 2xsqrt(d)*sqrt(ake — bxd)*atan((sqrt(axe - bxd) + sqrt(e)*sqrt
(a + b*x**2) + sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*b*d**2 + 2xsqrt(d)*sq
rt(axe - b*d)*atan((sqrt(a*e - b*d) + sqrt(e)*sqrt(a + b*x**2) + sqrt(e)*s
qrt (b) *x) / (sqrt (d) *sqrt (b) ) ) ¥b*d*exx**2 + sqrt(a + b*x**2)*a*xd*ex*2*x - sq
rt(a + bkx**2)*xbkd*x*2ke*xx) / (2%d*x*2% (a**2xd*e*x*2 + akxk2ke*x*x3*x*k*x2 — 2kaxb*d
*xk2ke — kaxbkdkekk2kx**2 + bk*k2kd**3 + bk*k2kd*k*kkekx**2))




output
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1
3.7 | 57 dx
(d+ex?)”*\/ad+(bd+ae)z?+bex?

Optimal result . . . . . . . . .. . . 801
Mathematica [A] (verified) . . . . . . . .. ... L L 1]
Rubi [A] (verified) . . . . . . ... . BT
Maple [B] (verified) . . . . . . . . . .. R
Fricas [B| (verification not implemented) . . . . . . ... ... ... ....... ]5)
Sympy [F] . . . 36!
Maxima [F] . . . . . . o
Giac [F] . . . o o 80
Mupad [F(-1)] . . . o 87
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 87

Optimal result

Integrand size = 37, antiderivative size = 220

1
/ (d + ex?)** \/ad + (bd + ae)z? + bex?
exy/ad + (bd + ae)z? + bex*  3e(2bd — ae)z+/ad + (bd + ae)z? + bex?

dr =

4d(bd — ae) (d + ex?)*? 8d2(bd — ae)? (d + ex?)*/?
2 72 2,2 Vbd—aezvd+ex?
(8b*d* — 8abde + 3a’e )arctanh( VaVadi (b d+ae)m2+bez4>

* 8E72(bd — ae)5/?

-1/4*exx* (axd+(a*xe+b*xd) *x~2+b*e*x"4) "~ (1/2) /d/ (—a*xe+b*xd) / (exx~2+d) ~(5/2)-3/
8xe* (—a*xe+2+b*xd) xx* (a*d+(axe+bxd) *x~2+b*e*xx~4) " (1/2) /d"2/ (—axe+b*d) ~2/ (e*x
~2+d) ~(3/2)+1/8* (3*xa~2%e”~2-8*a*b*d*e+8%b~2*d~2) *arctanh ( (—a*e+b*d) ~ (1/2) *x
*(exx~2+d) ~(1/2)/d~(1/2) / (a*d+(axe+b*d) *x~2+b*xexx~4) ~(1/2)) /d~(5/2) / (—~axe+
bxd) ~(5/2)




input

output
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Mathematica [A] (verified)

Time = 0.76 (sec) , antiderivative size = 200, normalized size of antiderivative = 0.91

. Vdex (a+bz2) (2bd(4d+3ea}2) —ae (5d+3ezz)) _ (8b2d2 —8abde+3a262)\ﬂ
/ 1 de — (bd—ae)?
(d + ex?)*” \/ad + (bd + ae)z? + bex? 8d%/2 (d + ex?)*? \/(a + ba?)

‘Integrate [1/((d + e*x~2)~(5/2)*Sqrt[a*xd + (bxd + a*e)*x~2 + b¥e*x~4]),x] ‘

(-((Sqrt[d] *e*xx*(a + b*x~2)*(2%b*d*(4*d + 3*exx~2) - a*e*(5xd + 3xexx"2)))
/(bxd - a*e)”2) - ((8%¥b~2*d~2 - 8*axbxd*e + 3*a~2%e”2)*Sqrt[a + b*x"2]*(d
+ e*x72)"2+ArcTan[(-(e*x*Sqrt[a + b*x~2]) + Sqrt[bl*(d + e*x~2))/(Sqrt[d]*
Sqrt[-(bxd) + axe])])/(-(b*d) + axe)~(5/2))/(8*d~(5/2)*(d + e*x"2)~(3/2)*S
grtl(a + b*x"2)*(d + exx~2)])

Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 229, normalized size of antiderivative = 1.04,

number of rules __
integrand size 0.162, Rules

number of steps used = 7, number of rules used = 6,
used = {1395, 316, 402, 27, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ! dz
(d+ ex?)®/? \/z2(ae + bd) + ad + bez*
| 1395

\/CL + b:L'Q\/d + 6.’132 f mdl‘

v/z2(ae + bd) + ad + bex*
| 316

—2bem2+4bd—3ae dx
—2bex”+4bd—3ae.
Va +br2V/d+ ex? | — bo?ra(ea+d)” epv/atba?
4d(bd—ae) 4d(d+ex?)? (bd—ae)

V/72(ae + bd) + ad + bex?
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l 402

2,2 2.2
- 8b%d” —8abed+3ae” ;.

VozZta(ea?+d) _ 3ex\/a+bz2(2bd—ae)

2d(bd—ae) Qd(d+ex2)(bd—ae) 2
5 5 N exa+bx?
Va + bz2\/d + ex 4d(bd—ae) 4d(d+ex?)? (bd—ae)

\/z2(ae + bd) + ad + bex*
l 27
1

2 2 2,2\ o
3a2e? —8abde+8b2d?) [ ———L —  —dz
( ) bz2+a(ew2+d) _ 3ex a+bz2(2bd—ae)
2d(bd—ae) 2d(d-+ea? ) (bd—ae) ex\/a+bz?

p) 2
Va + bx2\V/d + ex 4d(bd—ae) 4d(d+ex?)? (bd—ae)

\/:1:2 (ae + bd) + ad + bex*

l 291
22 2 2 2
(Ba 8abde+8b“d )f Pl (bd—ae)x? bx2+a
W _ 36$W(2bd—ae)
2d(bd—ae) 2d(d+eo? ) (bd—ac) -
2 2 _ ez\/m
Va+bz?Vd+ ex 4d(bd—ae) 4d(d+ex?)? (bd—ae)

v/72(ae + bd) + ad + bex*

l’221
22 22 ovbd—ae
(3«1 e“ —8abde+8b“d )arctal/lh(\/a a+ba:2>  3ex a+ba2(2bd—ae)
23372 (bi—ae)3/2 2d(d+ex2)(bd—ae) 2
, . _ ezva+bx?
va+bz?Vd + ex 4d(bd—ae) 4d(d+ex?)” (bd—ae)

\/z2(ae + bd) + ad + bez*

(

LInt[l/((d + exx72)7(5/2)*Sqrt[a*d + (b*d + a*e)*x™2 + bkexx"4]),x]

-/

input

(Sqrt[a + bxx"2]*Sqrtld + e*x"21%(-1/4*(exx*Sqrtla + bxx"2])/(d*(b*d - ake
)*(d + e*x2)"2) + ((-3*ex(24b*d - ake)*x*Sqrtla + bkx~2])/(2+d*(b*d - a%e
Y*x(d + e*x"2)) + ((8%b™2xd"2 - 8*axbxd*e + 3*a~2%e~2)*ArcTanh[(Sqrt[bxd -
axe]*x)/(Sqrt [d]*Sqrt[a + bxx"2]1)1)/(2+d™(3/2)*(bxd - axe)"(3/2)))/(4xdx(b
xd - axe))))/Sqrtlard + (b*d + a*e)*x"2 + bxexx 4]

output




rule 27

rule 221

rule 291

rule 316

rule 402

rule 1395
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x

/Rt[-a/b, 2]], x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]1*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, 0]

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_ ) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*xx(a + b*x~2)"(p + 1)*((c + d*x"2)"(q + 1)/(2*a*x(p + 1)*(bxc - axd))
), x] + Simp[1/(2%a*(p + 1)*(b*c - a*xd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)~g*Simp[b*c + 2x(p + 1)*(b*c - a*d) + d*bx(2x(p + q + 2) + 1)*x"2, x], x
1, x1 /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQlq, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 4, x]

Int[((a) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)"2), x_Symbol] :> Simp[(-(b*e - axf))*x*x(a + b*x"2)"(p + 1)*((c + d*x~2)~
(q + 1)/(ax2*(b*c - axd)*(p + 1))), x] + Simp[1/(a*2x(b*c - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2)"g*Simp[cx(bxe - a*f) + e*2x(bxc - a*d)
*(p + 1) + d*(bxe - axf)*(2%(p + q + 2) + 1)*x~2, x], x], x] /; FreeQ[{a, b
,» ¢, d, e, £, q}, x] & LtQ[p, -1]

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(n_))"(p_)*((d_) + (e_.)*(
x_)"(m_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[p]l/((d
+ exx"n) “FracPart[pl*(a/d + cx(x"n/e)) FracPart[p]) Int[ux(d + e*x™n) (p
+ q)*(a/d + (c/e)*x"n)"p, x], x] /; FreeQ[{a, b, ¢, d, e, n, p, q}, x] & E
qQ[n2, 2*n] && EqQ[c*d~2 - bkxdxe + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,
1] && EqQ[n, 21)
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 2394 vs. 2(194) = 388.

Time = 0.45 (sec) , antiderivative size = 2395, normalized size of antiderivative = 10.89

method | result size

default | Expression too large to display | 2395

int (1/ (exx~2+d) ~(5/2) / (a*d+ (a*e+b*d) *x~2+b*e*x~4) ~(1/2) ,x ,method=_RETURNVE

input
RBOSE)

N

-1/16%(-6*1n (2% ((b*x~2+a) " (1/2) * ((a*e-b*d) /e) " (1/2) xe-(-d*e) ~ (1/2) ¥b*x+a*e
)/ (exx+(-d*e) " (1/2)) ) *a~3*d*e”4*x~2%b~ (1/2) +6*1n (2* ((b*x~2+a) ~(1/2) * ((a*e-
b*d) /e) ~(1/2) *xe+(-d*e) ~(1/2) *xbxx+axe) / (e*x- (-d*e) ~(1/2)) ) *a~3*d*e " 4*x~2%b"~
(1/2)+8*1n (2% ((b*x~2+a) " (1/2) * ((a*xe-b*d) /e) ~ (1/2) *e-(-d*e) ~(1/2) *bxx+a*e) /
(exx+(-d*e)~(1/2)))*b~(7/2) *d"3*e~2xx~4-8*1n (2* ((b*x~2+a) ~ (1/2) * ((a*e-b*d)
/e)~(1/2)*xe+(-d*xe) " (1/2) *b*x+a*e) / (exx—(-d*e) ~(1/2))) *b~ (7/2) *d"3*e~2*xx"4+
16x1n(2* ((b*x~2+a) " (1/2)*((a*xe-b*xd) /e) " (1/2) *e—-(-d*e) ~ (1/2) *bxx+a*e) / (e*xx+
(=d*e)~(1/2)))*b~ (7/2) ¥d"4*e*xx"2-16*1n (2* ((b*x~2+a) " (1/2) * ((a*xe-b*d) /e) "~ (1
/2) *e+(-d*e) "~ (1/2) *xbxx+ax*xe) / (e*xx—(-d*e) ~(1/2)) ) *b~ (7/2) *d~4*e*x~2+11*1n (2*
((b*x~2+a) ~(1/2)*((axe-b*d) /e) ~(1/2) xe—(-d*e) ~ (1/2) *b*x+a*e) / (exx+(-d*e) ~(
1/2)))*a”~2xb~(3/2) *d"3*e~2-16*1n (2* ((b*xx~2+a) " (1/2) * ((a*e-b*d) /e) " (1/2) *e-
(-d*e) = (1/2) xbxx+axe) / (exx+(-d*e) ~(1/2))) *axb~ (5/2) *d~4*e-10%a"2*d*e 3*x*b
~(1/2)*(-d*e) "~ (1/2)*((a*xe-b*d) /e) ~(1/2) * (b*x~2+a) ~ (1/2)+18*a*b~(3/2) *d*e~3
*x" 3% (—d*e) "~ (1/2) *((a*e-b*d) /e) " (1/2) * (bxx~2+a) " (1/2) +26*a*b”~ (3/2) *d"2*xe"2
*xx (—-d*e) " (1/2) *((a*xe-b*d) /e) " (1/2) * (b*x~2+a) ~(1/2)+11x1n(2*x ((b*x~2+a) ~(1/
2) *((a*xe-bxd)/e) ~(1/2) *e-(-d*e) ~ (1/2) ¥bxx+axe) / (exx+(-d*e) ~(1/2)) ) *a~2xb~ (
3/2) *d*e~4*xx~4-16*1n (2% ((b*x~2+a) ~ (1/2) * ((a*xe-b*xd) /e) " (1/2) *e-(-d*e) ~(1/2)
*bxx+axe) / (exx+(-d*e) ~(1/2)))*a*xb~(5/2) *d~2*e”~3*x"4-11*1n (2% ((b*x"2+a) "~ (1/
2)*((axe-b*d) /e) ~(1/2)*e+(-d*e) ~(1/2) xbxx+a*e) / (e*x—(-d*e) ~(1/2)))*a~2*b~ (
3/2)*dxe~4*x"4+16*1n (2% ((b*x~2+a) " (1/2) * ((a*e-b*d) /e) " (1/2) *e+(-dxe)~(1...

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 521 vs. 2(194) = 388.

Time = 0.10 (sec) , antiderivative size = 1068, normalized size of antiderivative = 4.85

1
dx = Too large to display
/ (d + ex?)/? v/ad + (bd + ae)z? + bex*

integrate(1/(e*xx~2+d) ~(5/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(1/2) ,x, algorithm

input
="fricas")

[1/16%((8*¥b~2%d"5 - 8*a*b*d"4xe + 3*a~2+%d"3*e”2 + (8*%b~2*d"2xe”3 - 8xa*b*d
*e"4 + 3xa"2*%e”b)*x"6 + 3*(8x¥b"2*d"3%e”2 - 8*a*bxd"2*e”3 + 3xa~2*d*e”4)*x"
4 + 3%(8*%b"2xd"4*e - 8xaxbxd~3%e”2 + 3*a~2+d"2*xe”3)*x"2)*sqrt(b*d”~2 - axd*
e)*log ((2¥b*d~2*%x"2 + (2*bxd*e - axe”2)*x"4 + axd~2 + 2*sqrt(b*e*x"4 + (bx
d + a*e)*x"2 + axd)*sqrt(bxd"2 - a*dxe)*sqrt(exx~2 + d)*x)/(e"2*x"4 + 2*d*
exx"2 + d72)) - 2ksqrt(bxexx”4 + (bkd + a*e)*x"2 + axd)*(3*(2*b~2xd"3*e"2

- 3xa*b*d"2*e”3 + a"2xd*e”4)*x"3 + (8*b"2xd"4*e - 13*axbkd"3xe”2 + b5*xa”2xd
~2%e”3) *x) *sqrt(e*x”2 + d))/(b"3*d"9 - 3*a*b~2*%d"8*e + 3*a"2*bxd"T*e"2 - a
~3*xd"6%e"3 + (b"3*d"6*xe”3 - 3*a*b~2*d"5xe"4 + 3*a”2xbxd"4*e”5 - a~3*d"3xe”
6)*x76 + 3*%(b"3*%d"T*e"2 - 3*axb~2*%d"6%e”3 + 3*a~2%b*d"5*xe”4 - a~3xd"4*e”5)
*x"4 + 3x(b~3*%d"8%e - 3*axb"2xd"Txe”2 + 3*a"2xb*d"6%e”"3 - a~3*d"5*e"4)*x"2
), -1/8%((8%b~2%d"5 - 8*axbkd"4*e + 3*a~2%d"3%e”2 + (8%b~2xd"2%e~3 - 8*axb
*d*e”~4 + 3*a"2%e"5)*x"6 + 3*(8xb"2*d"3%e”2 - 8*axbxd"2*e”3 + 3*a~2*d*e"4)*
X~4 + 3%(8%b"2xd"4*e - 8*xaxb*d"3*e”2 + 3*a”2xd"2*e”3)*x"2)*sqrt(-bxd"2 + a
xd*e) *arctan(sqrt (b*e*x~4 + (bxd + a*e)*x"2 + axd)*sqrt(-b*d~2 + a*d*e)*sq
rt(exx”2 + d)*x/(b*d*exx~4 + axd~2 + (b*d"2 + a*d*e)*x"2)) + sqrt(bkxexx~4

+ (bxd + a*xe)*x”2 + a*d)*(3*x(2*¥b~2*%d"3*e"2 - 3kaxbxd"2*e”"3 + a~2*kd*e”4)*x"
3 + (8*xb~2%d"4*e - 13*a*b*d~3*e”2 + 5xa”2*d"2*e”3)*x)*sqrt(e*xx”2 + d))/ (b~
3*d~9 - 3*a*b”"2xd"8%e + 3*a~2xb*d"7*xe"2 - a"3*d"6*e”3 + (b"3*d"6*e”3 - 3*a
*b~2xd"5*e"4 + 3*a~2xbxd"4*e”5 - a~3*d"3%e"6)*x"6 + 3*x(b"3*%d"T*e”2 - 3*...

output
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Sympy [F]

1 1
dr = / dzx
/ (d + ex?)*? \/ad + (bd + ae)z? + bea? V(@ +ba?) (d+ ez?) (d + ex?)*

input Lintegrate (1/ (exx**2+d) *x (5/2) / (a*d+ (axe+bkd) *x**2+bkexx*kd) ** (1/2) ,X) J
output LIntegral(l/(sqrt((a + bxx**2)*(d + exx**2))*(d + e*x**x2)*x(5/2)), x) J
Maxima [F]

1 1
da:—/ dx
/ (d + ex?)*? \/ad + (bd + ae)z? + bex? Vbext + (bd + ae)z? + ad(ex? + d)?

‘ integrate(1/(e*x~2+d)~(5/2)/(axd+(axe+b*d) *x~2+b*exx~4)~(1/2) ,x, algorithm \

input
="maxima") ‘

output Lintegrate(1/(sqrt(b*e*x“4 + (b*d + axe)*x”2 + a*xd)*(e*x”2 + d)~(5/2)), x) J

Giac [F]

1 1

dw=/ dx
/2 ) 1 5
/ (d+ex?)”? \/ad + (bd + ae)z? + bex Vbext + (bd + ae)x? + ad(ex? + d)?

input ‘ integrate(1/(e*x~2+d) ~(5/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(1/2) ,x, algorithm ‘
‘=“giac") ‘

output 1RteETate(1/(sqrt(brexx™d + (bxd + axe)*x"2 + axd)*(exx™2 + A"(5/2)), ) |
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Mupad [F(-1)]

Timed out.

1 1
dwz/ dz
/ (d + ex?)’? \/ad + (bd + ae)z? + bea? (ez? +d)** \/bez  + (ae+bd) 2> +ad

input Lint(l/((d + exx"2)"(5/2)*(a*d + x"2*(a*e + b*d) + b*exx~4)~(1/2)),x) J

output Lint(i/((d + e*x72)7(5/2)x(axd + x"2*(axe + b*d) + bxexx"4)7~(1/2)), x) J

Reduce [B] (verification not implemented)

Time = 0.88 (sec) , antiderivative size = 2020, normalized size of antiderivative = 9.18

/ 5/2 ! dz = Too large to display
(d+ ex?)”’* \/ad + (bd + ae)z? + bex?

input Lint (1/(e*x~2+d) ~(5/2) / (a*d+ (a*e+bxd) *x~2+b*e*x~4) ~(1/2) ,x) J




output

CHAPTER 3. LISTING OF INTEGRALS

( - 6xsqrt(d)*sqrt(axe - b*d)*atan((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b*x

*%2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a*x*3xd**2*e*x*3 - 12*sqrt(d)*s
grt(axe - b*d)*atan((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b*x*x2) - sqrt(e)=*
sqrt (b) *x) / (sqrt (d) *sqrt (b)) ) *ax*3*d*e**4*x**x2 — 6*sqrt(d)*sqrt(axe — b*d)
xatan((sqrt(a*e - bxd) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/(sq
rt(d) *sqrt (b) )) xax*3*xe*x5xx*x*4 + 28xsqrt(d)*sqrt(axe - b*d)*atan((sqrt(axe
- b*d) - sqrt(e)*sqrt(a + bxx*x2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))
*xa*xx2xbkd**3ke**2 + 56*sqrt(d)*sqrt(axe - bxd)*atan((sqrt(a*e - bxd) - sqr
t(e)*sqrt(a + bkxx**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*ka**2*bkd**2x*
e*xx3kx**x2 + 28*sqrt(d)*sqrt(a*e - b*d)*atan((sqrt(a*e - bxd) - sqrt(e)*sqr
t(a + bxx**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a**2kbkd*ex*d*x**4d -
48*sqrt(d) *sqrt(axe - b*d)*atan((sqrt(a*e - bxd) - sqrt(e)*sqrt(a + bkxxx*
2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a*b**2xd**4d*e — 96*sqrt(d)*sqrt
(a*e - bxd)*atan((sqrt(a*e - bxd) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqr
t(b)*x)/(sqrt (d) *sqrt (b)) ) *a*xbx*2xd**3kex*2xx**2 — 48xsqrt(d)*sqrt(a*e - b
*d)*atan((sqrt(a*e - bxd) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/
(sqrt (d) *sqrt (b)) ) *a*bx*2*d**2xe**x3*x**4 + 32*sqrt(d)*sqrt(axe — bxd)*atan
((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)
*sqrt (b)) ) *b**3*d**5 + 64*sqrt(d)*sqrt(axe - b*d)*atan((sqrt(a*xe - b*d) -
sqrt(e)*sqrt(a + bxx**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*b**3x*d. ..




output
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9/2

(d+ex?)
3.8 f (ad+(bd+ae)z2+bex?)

Optimalresult . . .. ... ... ... ... ... .. .. ...
Mathematica [A] (verified) . . . . . . . . ... ... . L.
Rubi [A] (verified) . . . ... ... ... ...
Maple [A] (verified) . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . .. ... ... ..
Sympy [F(-1)] . . .«
Maxima [F] . . . . ... ..
Giac [A] (verification not implemented) . . . . . . ... ... .. ..
Mupad [F(-1)] . . .«
Reduce [B] (verification not implemented) . . . ... ... .....

Optimal result

Integrand size = 37, antiderivative size = 237

(bd — ae)3xz/d + ex?

/ (d + ex?)”? .
(ad + (bd + ae)z? + bex?)*/? ab®+\/ad + (bd + ae)z? + bex!
N e*(12bd — Tae)z+/ad + (bd + ae)z? + bext  e*z\/ad + (bd + ae)x? + bex?

8b3+v/d + ex?

4b%+/d + ex?

36(8b2d2 — 12abde + 5a2€2) a’rCta’nh<\/ad-|t/£Z%bez4

+ 8b7/2

90!

a*e+b*d) *x~2+b*exx~4)~(1/2)) /b~ (7/2)

(—axe+b*xd) “3*x* (e*xx~2+d) ~(1/2) /a/b~3/ (axd+(a*e+b*d) *x~2+b*e*x~4)~(1/2)+1/8
*e” 2% (—7T*a*e+12%bxd) *x* (a*xd+ (a*e+b*d) *x~2+b*e*x~4) ~(1/2) /b~3/ (e*xx~2+d) ~(1/
2)+1/4%e~3*xx"3* (a*xd+ (axe+b*d) *x " 2+b*e*x~4) " (1/2) /b~2/ (e*x~2+d) ~(1/2)+3/8*e
* (5*%a”2xe”2-12*a*b*d*e+8*b~2*d"2) *arctanh (b~ (1/2) *x* (e*xx~2+d) " (1/2) / (a*xd+(

~
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Mathematica [A] (verified)

Time = 0.26 (sec) , antiderivative size = 171, normalized size of antiderivative = 0.72

(d + ez?)®” ‘WFEE%VMQ@ﬁ—1@%@+ﬁm%%d—&ﬁy+mwd—m£
dr =
(ad + (bd + ae)z? + bezt)*? 8ab™
input‘ Integrate[(d + exx~2)~(9/2)/(a*d + (b*d + a*e)*x~2 + bxexx~4)~(3/2),x] ‘

output‘ (Sqrt[d + e*x~2]*(Sqrt [b]*x*(8xb~3*d"3 - 15*a~3*e”3 + a~2xb*e”2%(36*d - 5* \
\e*x‘2) + 2xaxb"2xex(-12%d"2 + 6*d*e*x"2 + e72*%x"4)) - 3*axe*x(8*xb"2xd"2 - 1 \
‘2*a*b*d*e + 5¥xa”~2*%e"2)*Sqrt[a + b*x"2]*Log[-(Sqrt[b]l*x) + Sqrtl[a + b*x"2]] ‘

1))/ (8%axb™(7/2)*Sqrt[(a + bxx"2)*(d + exx"2)])

Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 226, normalized size of antiderivative = 0.95,

=7, number of rules _ — 0.189, Rules
integrand size

number of steps used = 8, number of rules used =
used = {1395, 315, 27, 403, 299, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

219/2

/ (d + ex )
x
(z2(ae + bd) + ad + bex?)*/?
l 1395

\/a—l-bav2\/d-|—eanf%ﬂ;/2 T

\/z2(ae + bd) + ad + bez?
| 315

e(ez2+d) (ad— (4bd—5ae)z2)
Va + bx2/d + ex? b2 +ta * + @ (d+ex?)®(bd—ae)
a4 v e ab abva+bx?

v/72(ae + bd) + ad + bex*
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l 27

(ez2+d) (ad— (4bd—5ae):v2)

e dx 2)2
3 3 bo?+a z(d+ex?)” (bd—ae)
Va + bx2\/d + ex s + B
V/x2(ae + bd) + ad + bex?
| 403
2
I ad(de_SGE)_(ZZi;iZe)(4bd_3ae)x dz z\/m(d+ez2)(4bd—5ae)
€ 15 - 15 ( 2)2(
3 3 z(d+ex bd—ae)
Va+bz2Vd+ ex o + T varie?

\/72(ae + bd) + ad + bez?
| 299

3a(5a2e?—12abde+8b2d?) | ——

dx
5 bz24+a _=x a+bx2(2bd;b5ae)(4bd—3ae) oV atba? (d+em2) (4bd—5ae)
e —

1) 4b
z(d+ex?
Va + bx2v/d + ex? - 42 ab\/a)
\/z2(ae + bd) + ad + bez*
l 224
3a(5a252—12abde+8b2d2> / 1 d Z
N b2 vV z24q
s bz=+ _ @\/a+ba?(2bd—5ae) (4bd—3ae) a:\/m(d-kea:Q) (4bd—5ae)
€ 2 b 2 - b

va + bz?vd + ex? —5 +Z

\/z2(ae + bd) + ad + bez*
| 219
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3aarctanh(J%)(sa%tlzabdemb%z)
a+bx
2b3/2

b2 (2bd—5ae) (4bd—3
_ avatba?( >5ae)( ae) oV/a+ba? (d+ea?) (4bd—5ac)

e 15

4b

Va + bx2v/d + ex? 5

v/72(ae + bd) + ad + bex*

-

inputLInt[(d + exx72)7(9/2)/(a*d + (b*d + a*e)*x™2 + bxe*x~4)"(3/2),x]

-/

(Sqrtl[a + b*x~2]*Sqrt[d + exx"2]*(((bxd - axe)*x*(d + e*x~2)~2)/(axb*Sqrt[
a + bxx"2]) + (e*x(-1/4x((4*b*d - 5*a*e)*x*Sqrt[a + bxx"2]*(d + exx"2))/b +
(-1/2%((2*%b*d - bxaxe)*(4*bxd - 3*a*e)*x*Sqrt[a + b*x~2])/b + (3*ax(8*b~2
*d"2 - 12*axbxdxe + 5*a~2xe”~2)*ArcTanh[(Sqrt[bl*x)/Sqrt[a + b*x~2]1]1)/(2*b"
(3/2)))/(4%b)))/(axb))) /Sqrt[a*d + (b*d + a*e)*x"2 + bxe*x"4]

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol]l :> Subst[Int[1/(1 - b*x~2), x],
X, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

rule 224

rule 299 IntLC(@) + (b_)*(x)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[d+x
\*((a + b*x"2)"(p + 1)/(bx(2*%p + 3))), x] - Simp[(a*d - bxcx(2*p + 3))/(b*(2
‘*p + 3)) Int[(a + b*x"2)7p, x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc -
| axd, 0] &k NeQ[2*p + 3, 0]




rule 315

rule 403

rule 1395
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Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(a*d - c*b)*x*(a + bxx"2)"(p + 1)*((c + d*x"2)"(q - 1)/(2*%axb*x(p + 1))),

x] - Simp[1/(2*a*b*x(p + 1)) Int[(a + b*x"2)"(p + L) *(c + d*x"2)"(q - 2)*S
imp[c*(a*d - cxbx(2%p + 3)) + dx(axd*(2x(q - 1) + 1) - bkc*x(2x(p + q) + 1))
*x"2, x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - a*d, 0] && LtQ[p, -
1] &% GtQlq, 1] && IntBinomialQ[a, b, ¢, 4, 2, p, q, X]

Int[((a_) + (b_.)*(x_)"2) " (p_.)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (£_.)*(
x_)"2), x_Symbol] :> Simp[f*x*(a + b*x"2)"(p + 1)*((c + d*x~2)"q/(b*x(2*(p +
q+ 1) +1))), x] + Simp[1/(bx(2%(p + q + 1) + 1)) Int[(a + b*x"2) p*(c
+ d*x"2)"(q - 1)*Simp[c*(b*e - axf + bxex2*(p + q + 1)) + (d*(bxe - axf) +
f*2xq* (b*c - a*xd) + bxdxex2x(p + q + 1))*x”2, x], x], x] /; FreeQ[{a, b, c,

d, e, f, p}, x] && GtQlq, 0] && NeQ[2*#(p + q + 1) + 1, 0]

Int[(u_.)*((al) + (c_)*(x_)"(m2_.) + (b_)*(x_)" (@ )) " (p_)*((d_) + (e_.)*(
x_)"(n_))"(g_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) “FracPart[p]/((d

+ e*x"n) "FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx™n) (p

+ q)*(a/d + (c/e)*x"n) p, x1, x] /; FreeQ[{a, b, ¢, d, e, n, p, q}, x] & E
qQ[n2, 2*n] && EqQ[c*d"2 - bxd*e + axe”2, 0] && !'IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 2])

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 221, normalized size of antiderivative = 0.93

method | result
In(vVbz+Vbz2+a
3be (5a?e?—12abde+8b2d?) [ — 2 n( il . o “) + 7a2(;3m 4o
risch _ 2 (“Phea?+Tae—12bd) (ba? ta)VeaTtd | bvbatta b3 Vba2ta | a
8b3 \/(6 z24+d)(bz?+a) 8b3 \/(ex2+d)(bx2+a)
5 3 5 {
default (ez?+d)(bz’+a) (2‘“’733%5—5@25?63w3+12ab7de2x3+151n(\/5m+\/bx2+a)a3e3\/bz2+a—361n<\/5w+\/W)a2bde‘
erau '
8b2vez2+d (bx2+a)a

input \ int ((e*xx~2+d)~(9/2) / (a*xd+ (axe+b*d) *x~2+b*exx~4)~(3/2) ,x,method=_RETURNVERB \

}OSE)
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-1/8%x*xe”2% (-2¥bxe*x~2+T*a*xe-12+b*d) * (b*x~2+a) /b~3/ ((e*x~2+d) * (b*x"2+a) ) ~ (
1/2) *(exx~2+d) " (1/2)+1/8/b" 3% (3*xb*xe* (5*xa~2*e~2-12*a*xb*d*e+8*b~2+xd~2) * (-x/b
/ (b*x~2+a)~(1/2)+1/b~(3/2) *1n (b~ (1/2) *x+ (b*x"2+a) ~(1/2) ) ) +7*a"2*e"3*x/ (b*x
~2+a) " (1/2)+8*%b~3*d~3*x/a/ (b*x~2+a) ~ (1/2) -12*a*b*d*xe~2*x/ (b*x~2+a) ~(1/2) ) *
(bxx~2+a) " (1/2)/ ((e*xx~2+d) * (b*x~2+a) ) ~(1/2) * (exx~2+d) ~(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 677, normalized size of antiderivative = 2.86

(d+ ex?)”? 3 (8 a’b?d3e — 12 a3bd?e® + 5 a*de® + (8 abdd?e® — 12 a*b?de3 + 5 a

dz =
(ad + (bd + ae)x? + bex?)*/?

integrate ((exx~2+d) ~(9/2) / (a*d+(axe+b*d) *x~2+b*e*x~4) ~(3/2) ,x, algorithm="

input
fricas")

[1/16% (3% (8*a~2xb"2*%d"3*e - 12*a~3*b*xd"2*e”~2 + b*xa~4*dxe”3 + (8*a*b~3*d~2*
e”2 - 12%a"2xb"2xd*e”3 + 5*a”3*b*e”4)*x"4 + (8*axb~3*d"3ke - 4*a”2%b"2*d"2
*e”2 — Txa"3%b*d*e”3 + b*a~4xe”4)*x"2)*sqrt(b)*log((2*b*exx~4 + (2*%b*d + a
xe)*x"2 + 2xsqrt(bxe*x~4 + (bxd + a*e)*x~2 + a*xd)*sqrt(exx™2 + d)*sqrt(b)=*
x + axd)/(e*x”2 + d)) + 2*x(2xa*b"3*e”"3*x”5 + (12*axb~3*d*e”2 - 5xa”~2xb"2xe
"3)*x73 + (8%b~4xd"3 - 24*a*b”3*d"2*e + 36%a”2xb"2xdxe”2 - 15*a”~3*b*e”3)*x
)*sqrt(b*xe*xx~4 + (b*d + a*e)*x~2 + axd)*sqrt(exx”2 + d))/(axb 5*xexx"4 + a~
2%b~4*d + (axb~5xd + a”~2%b"4*e)*x"2), -1/8%(3*x(8*a”~2*b"2*d"3*e - 12*a~3*bx
d"2*e”~2 + 5*a”4*d*xe”3 + (8*a*b~3*kd"2*e”2 - 12*%a"2*b”"2*d*e”~3 + 5*xa”3*b*xe”4)
*x~4 + (8xaxb~3*d"3*e - 4*a"2%b"2*xd"2xe"2 — T*a"3*b*d*e”3 + 5¥xa~4xe"4)*x"2
)*sqrt (-b) *arctan(sqrt(e*x~2 + d)*sqrt(-b)*x/sqrt(b*e*x"4 + (b*d + axe)*x~
2 + a*d)) - (2*xaxb”3*e"3*x"5 + (12*xa*b”3xd*e”2 - 5*a~2xb"2*e"3)*x"3 + (8*b
“4%d"3 - 24xa*b~3*d"2%e + 36*a”2*b”"2xd*e”2 - 15*a”3xb*e”3)*x)*sqrt (b*exx"4
+ (b*d + ax*e)*x”2 + axd)*sqrt(exx”2 + d))/(a*b~b*exx"4 + a~2%b~4xd + (a*b
“Bxd + a~2*b"4xe)*x"2)]

output
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Sympy [F(-1)]

Timed out.
219/2
/ (d+ ez”) 372 dx = Timed out
(ad + (bd + ae)z? + bex*)
input Lintegrate ((e*x**2+d) ** (9/2) / (a*d+ (a*xe+bxd) *x**2+bke*xx**4) ** (3/2) ,x) J
OutputLTimed out J
Maxima [F]

(d + ex?)”? (ex? + d)g

dz = / dx
(ad + (bd + ae)z? + bex?)*? (bezx* + (bd + ae)z? + ad)%

‘ integrate ((e*x~2+d) ~(9/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(3/2) ,x, algorithm=" ‘

input
maxima") ‘

outputtintegrate((e*x? + d)~(9/2)/ (bxexx~4 + (b*d + axe)*x~2 + a*d)~(3/2), x) J
Giac [A] (verification not implemented)
Time = 0.15 (sec) , antiderivative size = 157, normalized size of antiderivative = 0.66
(d+ ex?)’ /2 ; ((262z2 412 ab4dezb—55 a2b3e3> 22 + 8b5d3—24ab4d26+31()35a2b3d62—15 a3b‘~’e3) T
€Tr =
(ad + (bd + ae)z? + bext)>/? 8vbx? +a
3 (8022 — 12 abde? + 5 a%e?) log (‘ bz + Vb + aD
- 8 b’
input| integrate((exx2+d)7(9/2)/ (axd+ (aretrbrd) sx"2+brexx™4)~(3/2) ,x, algorithm="

‘giac") ‘
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Outputll/S*((2*e“3*x”2/b + (12%a*b~4*d*e”2 - 5*a~2%b~3%e~3)/(axb”5))*x"2 + (8*b"5
*d™3 - 24*axb~4*d"2%e + 36%a"2%b 3kd*e"2 - 15*a~3xb"2xe"~3)/(axb"5))*x/sqrt
‘ (b*x~2 + a) - 3/8%(8*b~2*d"2%e - 12*axb*d*e”2 + b*a~2*e~3)*log(abs(-sqrt(b ‘
D*x + sqrt(b*x"2 + a)))/b(7/2)

Mupad [F(-1)]
Timed out.

(d + ex?)”? (ex? +d)””

dr = / dz
(ad + (bd + ae)z? + bext)*/ (bezt+ (ae+bd) 22 + ad)®?

input Lint((d + exx"2)7(9/2)/(axd + x~2x(a*e + b*d) + bxe*x~4)~(3/2),x) J

-

int((d + e*x"2)"(9/2)/(a*d + x"2*(a*e + bxd) + b*e*xx~4)~(3/2), x)

—

output t

Reduce [B] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 458, normalized size of antiderivative = 1.93

(d+ em2)9/2 —15vbz2 + aalbedz + 36vbax? + aa’b’*d e’x — 5vVbz? + aa’b?e3x
dzr =
(ad + (bd + ae)x? + bex?)*/?

input ‘ int ((e*xx™2+d) " (9/2)/ (a*xd+(axe+bxd) *x"2+b*e*x"4) " (3/2) ,x) J




output
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( - 15*sqrt(a + bkxx**2)*ax*3xbkxex*3xx + 36*sqrt(a + b*x**2)*ka*xkx2kb**2kd*e*

*2xx — bxsqrt(a + bkx**2)*a*x*x2xbx*k2ke*x*3*x**3 — 24*sqrt(a + bxx**2)*axbx*3
xd**x2kexx + 12*sqrt(a + b*x**2)*kaxb**3kdxe**2xx**3 + 2+sqrt(a + b*x*x*2)*ax
b**3*e*x3*x**x5 + 8*ksqrt(a + bkx**2)*b*x4*xd**3*x + 15*sqrt(b)*log((sqrt(a +
b*x**2) + sqrt(b)*x)/sqrt(a))*a*x*4*xex*3 - 36%sqrt(b)*log((sqrt(a + b*x**2
) + sqrt(b)*x)/sqrt(a))*a**3xbxd*ex*2 + 165xsqrt(b)*log((sqrt(a + bxx**2) +
sqrt (b) *x) /sqrt (a) ) ¥a**3*xb*ex*3*x**2 + 24*sqrt(b)*log((sqrt(a + bxx*x2) +
sqrt (b) *x) /sqrt (a) ) kax*2xbx*2xdx*2xe — 36*sqrt(b)*log((sqrt(a + bxx**2) +
sqrt (b) *x) /sqrt (a) ) kax*2kbx*2kdxe*x*2xx**2 + 24*sqrt(b)*log((sqrt(a + bxx*
*x2) + sqrt(b)*x)/sqrt(a))*a*b**x3xd*x*2ke*xx**2 — 10*sqrt (b)*ax*4d*e**3 + 27*s
grt (b) *a**3*xb*d*ex*2 — 10*sqrt (b) *a**3*b*ex*3*x**2 — 24*sqrt (b) *a**2kb**2*
dx*2xe + 27*sqrt(b) *a**x2*xb**2*xd*kex*2kx**2 + 8*sqrt(b) *a*xb**3*d**3 - 24*sqr
t (b) *axb*x3*kd**2xe*xx*x*2 + 8*sqrt (b) *b**4*d**3*x**2) / (8*a*xb*k*4*x(a + bxx**2)
)
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(d+ex?)"/?
3.9 | 375 A2
(ad+(bd+ae)z2+bex?)

Optimal result . . . . . . . . . . .. O8]
Mathematica [A] (verified) . . . . . . . .. ... L Lo 98
Rubi [A] (verified) . . . . . . . .. .. 99
Maple [A] (verified) . . . . . . . . . . 10Tl
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 102
Sympy [F(-1)] . . . o 1021
Maxima [F] . . . . ... 103
Giac [A] (verification not implemented) . . . . . . . . ... ... L. 103
Mupad [F(-1)] . . . o 104
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 104

Optimal result

Integrand size = 37, antiderivative size = 165

/ (d+ ex?)"? i — (bd — ae)?®x/d + ex?
(ad + (bd + ae)z? + bext)>/ ab?\/ad + (bd + ae)z? + bex!

Vbzvd+ex?
e*z+/ad + (bd + ae)z? + bex* N e(4bd — 3ae)arctanh ( \/ad+(bd+a$z2+bez4>

2b%2v/d + ex? 2b5/2

(—axe+b*d) ~2*xx* (exx~2+d) ~(1/2) /a/b~2/ (a*xd+ (a*xe+b*d) *x~2+b*e*x~4) ~(1/2)+1/2
*e~2xx* (a*d+ (a*e+b*d) *x~2+b*e*xx~4) ~(1/2) /b"2/ (exx~2+d) ~(1/2) +1/2%e* (-3*a*e
\+4*b*d)*arctanh(b‘(1/2)*x*(e*x‘2+d)‘(1/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)‘(1/2
))/b~(5/2)

N J

e B
output ‘
|

Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.75

(d + ex?)™? Vd+ ex? (x/gx(2b2d2 + 3a?e? + abe(—4d + ex?)) + ae(—4bd + 3ae)

dx =
(ad + (bd + ae)z? + bez?)*? 2ab5/2\/(a + bx?) (d + ex?)
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input‘ Integrate[(d + e*x"2)~(7/2)/(a*d + (b*xd + a*e)*x"2 + bxexx~4)~(3/2),x]

t‘ (Sqrt[d + exx”2]*(Sqrt[b]*x*(2*¥b~2*d"2 + 3*a~2*e”2 + axbkex(-4xd + e*x"2))
+ axe*(-4xbxd + 3*axe)*Sqrt[a + b*x~2]*Log[-(Sqrt[bl*x) + Sqrtl[a + b*x~2]
10)/(2%axb™(5/2)*Sqrt [(a + bxx"2)*(d + exx™2)])

outpu

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 158, normalized size of antiderivative = 0.96,

number of rules _ 0.162, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {1395, 315, 27, 299, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

7/2

/ (d + eac2) d
z
(22(ae + bd) + ad + bext)®/?
| 1395

er 2
Va+bx?Vd+ex? [ ﬁdm

\/z2(ae + bd) + ad + bez*
| 315

(ad—(2bd—3ae)z?) p
— Y ax 2 _
\/a+bw2\/d+ex2( Vba?+a 4 z(dter?)(bd ae))

ab abva+bx2

\/z2(ae + bd) + ad + bez*

| 27

_ _ 2
ad—(2bd—3ae)zx dx

Vva + bz?vd + ex? (ef W + x(d+ex2)(bd_ae)>

abva+bxz?

V/x2(ae + bd) + ad + bex?
| 299
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e<a(4bd—3ae) S 7@@ . ﬁ+bz2(2bd—3ae)>
2b 2b 2
2 2 z(d+ex?) (bd—ae)
Va+ bx2vVd + ex > + Y
\/z2(ae + bd) + ad + bez*
| 224
a(4bd—3ae) [ 71‘7;2 d—F2
( - b:f?+a beta zv/a+bz2(2bd—3ae) )
€ 2b - 2b
D) D) x(d+ex2) (bd—ae)
Va + bx2\/d + ex — + 8

\/z2(ae + bd) + ad + bez*

l 219
Vbx —3ae
(aarctanh( T+bz2)(4bd 3 )_m /7a+b:v2(2bd—3ae)>
26

253/2

va + bz?Vd + ex? — +

e

z(d+ex?) (bd—ae)
abVa+bx?

\/z2(ae + bd) + ad + bez*

e hY

Int[(d + e*x~2)"(7/2)/(a*d + (b*d + a*e)*x~2 + bxe*x~4)~(3/2),x]

N\ J

input

output‘ (Sqrtl[a + b*x~2]*Sqrt[d + exx~2]*(((bxd - axe)*x*(d + e*x~2))/(a*b*Sqrt[a ‘
+ bxx"2]) + (ex(-1/2%((2¥b*d - 3xake)*xxSqrtla + bxx"2])/b + (a*(4%bxd - 3 |
‘*a*e)*ArcTanh[(Sqrt [bl*x)/Sqrtla + b*x~2]11)/(2%¥b~(3/2))))/(a*b)))/Sqrt [a*d ‘
|+ (b*d + ake)*x"2 + brexx"4] |

Defintions of rubi rules used

/Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 219
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rule 224

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

rule 299

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol]l :> Simp[d*x
*((a + bxx~2)"(p + 1)/ (x(2*p + 3))), x] - Simp[(axd - b*cx(2*p + 3))/(b*(2
*p + 3)) Int[(a + b*x"2)7p, x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c -
axd, 0] && NeQ[2+p + 3, 0]

rule 315

Int[((a ) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(axd - cxb)*xx(a + b*x"2)"(p + 1)*((c + d*x"2)"(q - 1)/(2xa*xb*x(p + 1))),

x] - Simp[1/(2*a*b*(p + 1)) Int[(a + b*x"2)"(p + L) *(c + d*x"2)"(q - 2)*S
imp[cx(a*d - c*bx(2%p + 3)) + dx(axd*(2x(q - 1) + 1) - b*cx(2*x(p + q) + 1))
*x~2, x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - a*d, 0] && LtQ[p, -
1] && GtQlq, 1] && IntBinomialQ[a, b, c, 4, 2, p, q, x]

rule 1395

Int[(u_.)*((a)) + (c_)*(x_)"(m2_.) + (b_)*(x_)"(n)) " (p_)*((d_) + (e_.)*(
x_)"(n_))"(g_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) “FracPart[p]/((d

+ exx"n) “FracPart[pl*(a/d + c*x(x"n/e)) FracPart[p]) Int[ux(d + e*x™n)~(p

+ q)*(a/d + (c/e)*x"n)"p, x1, x] /; FreeQ[{a, b, ¢, d, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQ[c*d~2 - bkxdxe + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 2])

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.92

method | result
3 3
default v/ (ez2+d)(bz?+a) (—abf62x3+3ln(x/Ex+\/bx2+a)a262\/bx2+a—4ln(\/l;x+\/bx2+a>abde\/bx2+a—3a262x\/l;+4abfc
erau -
2b%\/ez2+d(bz2+a)a
ae2m _ _ x ln(\/ga:-&- bz2+a) _ 2b2d2m 2 2
o o (ba?+a)Ver < ﬁb12+a+be(3ae 4bd)< e e 3 i vbz?tavexi4d
risc 262 /(e x2+d)(bx2+a) 2b2 /(e x2+d)(bz2+a)

input ‘

LOSE

int ((exx~2+d) ~(7/2) / (a*d+ (a*xe+b*d) *x~2+b*e*x~4) ~(3/2) ,x,method=_RETURNVERB
)
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‘-1/2*((e*x“2+d)*(b*x”2+a))”(1/2)/b”(5/2)*(—a*b“(3/2)*e“2*x“3+3*1n(b”(1/2)*
\x+(b*x“2+a)“(1/2))*a“2*e‘2*(b*x‘2+a)“(1/2)-4*1n(b“(1/2)*x+(b*x“2+a)“(1/2)) \
\*a*b*d*e*(b*x‘2+a)‘(1/2)—3*a‘2*e‘2*x*b‘(1/2)+4*a*b‘(3/2)*d*e*x—2*b‘(5/2)*d
"2*x)/(e*x“2+d)‘(1/2)/(b*x“2+a)/a

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 507, normalized size of antiderivative = 3.07

(d + ex?)™? (4a%bd?e — 3a3de? + (4 ab’de? — 3 a?bed)z* + (4 ab’d?e + a’bde’
dr= |-
/ (ad + (bd + ae)z? + bext)>/?

p
‘integrate((e*x‘2+d)A(7/2)/(a*d+(a*e+b*d)*x“2+b*e*x“4)A(3/2),X, algorithm="

input
fricas")

\

[-1/4%((4*a"~2%b*d"2%e - 3*a"3*d*e”2 + (4*axb~2*d*e”2 - 3*a~2*bxe"3)*x"4 +

(4*a*b”~2xd"2%e + a~2%b*d*e”2 - 3*a~3xe”3)*x"2)*sqrt(b)*log((2*bxexx~4 + (2
*b*d + axe)*x”2 - 2xsqrt(bxe*x"4 + (bxd + a*e)*x"2 + a*d)*sqrt(e*x”2 + d)*
sqrt(b)*x + axd)/(e*x"2 + d)) - 2*(axb™2%e"2*x"3 + (2¥b~3*%d"2 - 4*xaxb~2*d*
e + 3%a”2*%bxe”2)*x)*sqrt(bxe*x"4 + (bxd + a*xe)*x”~2 + a*d)*sqrt(e*x~2 + d))
/(axb~4xe*x"4 + a~2*%b"3*d + (a*b”4*d + a~2*%b"3*xe)*x"2), -1/2*((4*a”~2xbxd~2
xe — 3*%a~3xd*e”2 + (4xaxb”2*d*e”2 - 3*a"2xb*e”3)*x"4 + (4*a*xb”"2*d"2xe + a”
2xbxd*e”2 - 3*a”3*e”"3)*x"2)*sqrt(-b)*arctan(sqrt(exx~2 + d)*sqrt(-b)*x/sqr
t(bxexx~4 + (b*d + a¥e)*x”2 + a*xd)) - (a*b™2%e"2*x"3 + (2*%b~3*d~2 - 4*a*b”
2k¢d*e + 3*a”2%bxe”2)*x)*sqrt(bxexx"4 + (b*d + axe)*x"2 + a*d)*sqrt(e*x~2 +
d))/(a*b~4*e*x~4 + a~2*b~3*d + (axb~4*d + a~2%b~3%e)*x"2)]

output

Sympy [F(-1)]

Timed out.

dz = Timed out

/ (d+ ex?)"?
(ad + (bd + ae)z? + bex)*?

input integrate ((e*xx**2+d) **(7/2) / (axd+ (a*e+b*d) *x**2+bke*xx**4) *x*(3/2) ,x)
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OutputLTlmed out J

Maxima [F]

(d+ ex?)"/? dz_/* (ez? + d)? "
(ad + (bd + ae)a? + bex)*? (bex* + (bd + ae)z? + ad)g

input| 1ntegTate((exx"2+d)~(7/2)/ (akd+ (aretbrd) *x 2+brexx™4)~(3/2) ,x, algorithm="
Lmaxima") J

output Lintegrate((e*x’? + d)"(7/2)/(bxexx~4 + (b*d + a*e)*x~2 + axd)~(3/2), x) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.56

/ (d+ (23:2)7/2 (# + 2b3d2_4“§;g6+3a2be2>x
T =
(ad + (bd + ae)z? + bex4)3/2 2VbzZ + a
(4bde — 3 ae?) log (‘—\/l_)x + MD
) 2b2

integrate ((e*x~2+d) ~(7/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(3/2) ,x, algorithm="

input
giac")

1/2%(e72*x"2/b + (2%b~3*d"2 - 4*xa*b~2*d*e + 3xa~2%bxe~2)/(a*b~3))*x/sqrt(b
*x"2 + a) - 1/2+(4xbxd*e - 3xa*xe”2)*log(abs(-sqrt(b)*x + sqrt(b*x"2 + a)))
/b~ (5/2)

output
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Mupad [F(-1)]

Timed out.

(d + ex?)"? dp — / (ex?+d)""
(ad + (bd + ae)a? + bex?)*? (bezt + (ae+bd) 22 + ad)®?

dz

input Lint((d + e*xx~2)"(7/2)/(a*xd + x"2*(a*e + bxd) + bxe*xx~4)"(3/2),x) J

output Liﬂt((d + exx~2)7(7/2)/(a*d + x"2%(ake + bxd) + bxexx~4)~(3/2), x) J

Reduce [B] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 284, normalized size of antiderivative = 1.72

2\7/2 12v/0 22 + aa?be’zr — 16v/bz? + aab?dex + 4vVb 12 + a a b?e®x® + ¢
(d+ ex?)
dx =
(ad + (bd + ae)z? + bezt)*?
input Lint ((exx~2+d) ~ (7/2) / (a*d+ (axe+b*d) *x~2+bxe*x~4) ~(3/2) ,x) J
output (12xsqrt(a + bkx**2)*a**x2*bkex*2kx — 16xsqrt(a + bkx**2)*akbx*2kdxe*xx + 4x

sqrt(a + bxx*kx2)*axbx*2xex*2+x**3 + 8xsqrt(a + b*x**2)*b**xJkd**2kx - 12%sq
rt(b)*log((sqrt(a + bxx**2) + sqrt(b)*x)/sqrt(a))*a*x*3*e*x*2 + 16*sqrt(b)*1
og((sqrt(a + bxxx*2) + sqrt(b)*x)/sqrt(a))*a*x2xb*d*e - 12xsqrt(b)*log((sq
rt(a + b*x**2) + sqrt(b)*x)/sqrt(a))*a**2kbxex*2xx**2 + 16*sqrt(b)*log((sq
rt(a + b*x**2) + sqrt(b)*x)/sqrt(a))*axbx*2xd*xe*x**2 + 9*sqrt (b)*ax*3kex*2
- 16*sqrt(b) *a**2*¥bxdxe + 9*sqrt(b)*ax*2xbxe**2xx**2 + 8*ksqrt(b)*axbx*2xd
**2 — 16*xsqrt(b)kaxb**2xd*e*xx*x*2 + 8*sqrt (b) ¥b**3*kd**2*x**2) / (8xa*b**3* (a
+ bxx**2))




CHAPTER 3. LISTING OF INTEGRALS 105

5/2
d+ex?
(ad+(bd+ae)z2+bex?)

Optimal result . . . . . . . . . . .. 105
Mathematica [A] (verified) . . . . . . . . . ... L 1051
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . . 17
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 108
Sympy [F] . . . 108
Maxima [F] . . . . ... 109
Giac [A] (verification not implemented) . . . . . . . . ... ... L. 109
Mupad [F(-1)] . . . o 110
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 110
Optimal result

Integrand size = 37, antiderivative size = 104

/ (d + ex?)”? e — (bd — ae)zv/d + ex?
(ad + (bd + ae)z? + bex?)*/? ab\/ad + (bd + ae)x? + bex?

Vbzvd+ex?
earctanh ( V/ad+(bd+ae)z2+bext

t b3/2

" \ (-axe+b*d) *x* (e*xx~2+d) ~(1/2) /a/b/ (a*d+ (axe+b*d) *x"2+bxe*x"4) ~ (1/2) +e*arcta \

t
o 'nh (b (1/2) *x* (exx~2+d) " (1/2) / (a*d+(axe+b*d) xx~2+bxe*x"4) " (1/2)) /b~ (3/2) |

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.88

(d+ ex2)5/2 Vd + ex? (\/E(bd — ae)z — aeva + bz?log <—\/l_)x +Va+ bx2)>
dr =
(ad + (bd + ae)z? + bezt)*? ab’3/2\/(a + bz?) (d + ex?)

input LIntegrate[(d + exx"2)"(5/2)/(a*d + (b*d + axe)*x"2 + b*e*xx~4)~(3/2),x] J




output

input
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‘ (Sqgrt[d + exx~2]*(Sqrt[b]l*(b*d - axe)*x - akexSqrt[a + b*x~2]*Log[-(Sqrt[b
L] *x) + Sqrtla + b*x~2]]1))/(a*b~(3/2)*Sqrt[(a + bxx~2)*(d + e*x"2)])

|
J

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.98,

number of steps used = 5, number of rules used = 4,

number of rules

used = {1395, 298, 224, 219}

integrand size

= (0.108, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

5/2

/ (d + ex?)

372 dx
(z2(ae + bd) + ad + bez*)
| 1395

2 2 [ _ex’+d
Va+bz?Vd+ ex f(bz2+a)3/2dac

V/x2(ae + bd) + ad + bex?

l 208

e[ ——dx
2 2 Vbz2+a z(bd—ae)
Va+bz2V/d +ex ( z + ab\/a—i-bx?)

\/z2(ae + bd) + ad + bez*
| 224

ef lz2 d T
Va+ bz2Vd + ex? ( 1_b}sza VeaZ+a 4 @(bd—ae) )

abva+bx?

V/x2(ae + bd) + ad + bex?

l 219

earctanh —Ybe__
va + br2v/d + ex? ( b3/(2\/m> + z(bd—ae) )

abva+bx?

V/x2(ae + bd) + ad + bex?

LInt[(d + exx~2)~(5/2)/(axd + (b*d + axe)*x~2 + bke*x~4)~(3/2),x]




CHAPTER 3. LISTING OF INTEGRALS 107

Output‘ (Sqrt[a + b*x~2]*Sqrt[d + exx~2]*(((bxd - axe)*x)/(axb*Sqrtl[a + b*x~2]) + ‘

| (exArcTanh[(Sqrt[bl*x)/Sqrtla + b*x~211)/b"(3/2)))/Sqrtaxd + (b*d + axe)* |
‘X‘Q + bxexx"4] ‘
Defintions of rubi rules used

rule 219 Intl((a) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 9294 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],

x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[(-(
b*c - axd))*x*((a + b*xx"2)"(p + 1)/(2*axb*(p + 1))), x] - Simp[(a*d - b*cx(
2xp + 3))/(2xa*xbx(p + 1)) Int[(a + b*x"2)"(p + 1), x]1, x] /; FreeQl[{a, b,
c, d, p}, x] & NeQ[b*c - a*d, 0] && (LtQ[p, -1] || ILtQ[1/2 + p, 0])

rule 298

Int[(u_.)*((a)) + (c_)*(x_)"(m2_.) + (b_.)*(x_)"(n_))~(p)*((d_) + (e_.)*(
x_)"(n_))"(g_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[p]/((d

+ e*x"n) FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx"n) (p

+ @)*(a/d + (c/e)*x"n)7p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] && E
qQ[n2, 2#n] && EqQlc*d~2 - b*d*e + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 21)

rule 1395

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.83

method | result size
V(ex2+d)(bz2+a) <ln (\/I; z+vb a:2+a> aev'b :c2+a—ae:c\/5—|—b% dac)
b3 Vez2+d (bz2+a)a

default 86
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int ((exx~2+d) ~(5/2) / (a*d+ (a*xe+b*d) *x~2+b*e*x~4) ~(3/2) ,x,method=_RETURNVERB

input
0SE)

((exx~2+d) *(b*x~2+a) ) ~(1/2) /b~ (3/2) *(In (b~ (1/2) *x+ (b*x~2+a) ~ (1/2) ) *a*xe* (b*

output
x"2+a) " (1/2) —a*exx*b~(1/2)+b~ (3/2) *d*x) / (exx~2+d) ~(1/2) / (b*x~2+a) /a

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 364, normalized size of antiderivative = 3.50

(d+ ex?)™? 2 \/bext + (bd + ae)x? + ad(b*d — abe)vex? + dzx + (abe?z* + a’¢

T =
(ad + (bd + ae)a? + bex?)*/? 2 (abex* +

integrate ((e*x~2+d) ~(5/2)/(a*d+(axe+b*d) *x~2+b*e*x~4)~(3/2) ,x, algorithm="

input
fricas")

[1/2%(2*%sqrt (b*exx"4 + (b*d + axe)*x”2 + axd)*(b~2*d - axb*e)*sqrt(e*x~2 +
d)*x + (axbxe”™2*x"4 + a~"2xdxe + (a*b*d*e + a~2%e”2)*x"2)*sqrt(b)*Llog((2*b
xe*x"4 + (2xb*d + axe)*x”2 + 2xsqrt(bxe*x"4 + (bxd + axe)*x"2 + ax*d)*sqrt(
exx”2 + d)*sqrt(b)*x + axd)/(exx"2 + d)))/(a*b"3*e*xx"4 + a~2xb"2xd + (axb”
3*%d + a"2*%b"2%e)*x72), (sqrt(b*exx”4 + (b*d + axe)*x~2 + a*d)*(b~2*d - a*b
*xe)*sqrt (exx™2 + d)*x - (a*b*e™2*x"4 + a~2*d*e + (a*bxd*e + a~2xe”2)*x"2)*
sqrt (-b)*arctan(sqrt(exx”2 + d)*sqrt(-b)*x/sqrt(b*e*x~4 + (bxd + a*e)*x"2

+ a*xd)))/(axb~3*e*x"4 + a~2%b"2xd + (a*b~3*d + a~2*b"2xe)*x"2)]

output

Sympy [F]

dz

(d + ex?)™? B / (d+ e:vz)g
(ad + (bd + ae)z? + bext)*” ((a + bz?) (d + ex?))>

input integrate ((e*xx**2+d) **(5/2) / (axd+ (a*e+b*d) *x**2+bke*xx**4) *x*(3/2) ,x)
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output LIntegral((d + exxkx2)*x(5/2)/((a + b*x**2)*x(d + e*xx**2))**(3/2), x) J

Maxima [F]

(d + ex?)”? / (ex? + d)g

(bex* + (bd + ae)x? + ad)g

dz = dz
(ad + (bd + ae)a? + bex)*?

. integrate((exx"2+d)~(5/2)/(axd+(are+b*d)*x"2+brexx"4)"(3/2),x, algorithm="

inpu
Lmaxima") J

output Lintegrate((e*x’? + d)"(5/2)/(bxexx~4 + (b*d + a*e)*x~2 + axd)~(3/2), x) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.48

/ (d+ex2)5/2 x__elog <‘—\/5x+\/bx2+a‘> N (bd — ae)z
(ad + (bd + ae)z? + bezt)/? bs Vox? + aab

N

p
\ integrate ((e*x~2+d) ~(5/2)/ (a*d+(a*e+b*d) *x~2+b*e*x~4)~(3/2) ,x, algorithm=" \

input ‘ giach) ‘

t‘ -exlog(abs(-sqrt(b)*x + sqrt(b*x~2 + a)))/b~(3/2) + (b*d - axe)*x/(sqrt(b* ‘

outpu ‘x“2 + a)*ax*b) ‘
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Mupad [F(-1)]
Timed out.

(d + ex?)™? (ez? + d)*?

dz :/ dz
(ad + (bd + ae)a? + bex?)*? (bezt + (ae+bd) 22 + ad)®?

input Lint((d + e*x~2)"(5/2)/(a*xd + x"2*(a*e + bxd) + bxe*xx~4)"(3/2),x) J

output Liﬂt((d + exx~2)7(5/2)/(a*d + x"2%(ake + bxd) + bxexx~4)~(3/2), x) J

Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.28

(d+ ez2)5/2 —vVbz2 + aabex + Vbz? + ab?dx + ﬁlog(—@‘f{r‘/g”) aZe + Vb
dr =
(ad + (bd + ae)z? + bezt)*? ab? (b
input Lint ((exx~2+d) ~ (5/2) / (a*d+ (axe+b*d) *x~2+bxe*x~4) ~(3/2) ,x) J

‘ ( - sqrt(a + b*x**2)*axbke*x + sqrt(a + b*x**2)*b*x2xd*x + sqrt(b)*log((sq ‘
‘rt(a + bxx*x2) + sqrt(b)*x)/sqrt(a))*ax*2xe + sqrt(b)*log((sqrt(a + b*x**2 ‘
‘) + sqrt(b)*x)/sqrt(a))*a*bxexx**2 - sqrt(b)*a**2*e + sqrt(b)*axb*d - sqrt ‘
| (b)*asbrexxx*2 + sqrt (b) ¥ba+2kdkx+*2) / (a*bk+2+(a + bhx+*2)) |

output




CHAPTER 3. LISTING OF INTEGRALS 111

3/2
d+ex?
311 [ — el g
(ad+(bd+ae)z2+bex?)
Optimal result . . . . . . . . . . 111
Mathematica [A] (verified) . . . . . . . .. ... L Lo 111
Rubi [A] (verified) . . . . . . . .. .. 112
Maple [A] (verified) . . . . . . . .. L 113
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 113l
Sympy [F] . . . 114
Maxima [F] . . . . ... 114
Giac [A] (verification not implemented) . . . . . . . . ... ... L. 114
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 115
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 115
Optimal result
Integrand size = 37, antiderivative size = 41
/ (d + ex?)*/? i — zvd + ex?
(ad + (bd + ae)z? + bext)/ ay/ad + (bd + ae)z? + bex*

output Lx* (e*x~2+d)~(1/2) /a/ (a*d+ (a*xe+b*d) *x~2+b*e*x~4) ~(1/2)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.85

/ (d + ex?)*/? i — zvd + ex?
(ad + (bd + ae)z? + bezt)*? av/(a + bz?) (d + ex?)

input Llntegrate[(d + exx72)7(3/2)/(a*xd + (b*d + a*e)*x"~2 + bkxe*x"4)~(3/2),x]

output L(X*Sql”t [d + exx~2])/(a*Sqrt[(a + b*x~2)*(d + e*x~2)])




input

output

rule 208

rule 1395
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00,

number of rules _ (j g5 4, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1395, 208}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3/2

/ (d + ez?) p
x
(z2(ae + bd) + ad + bex*)®/?
l 1395

\/a+bx2\/d+ex2fmdx
\/z2(ae + bd) + ad + bez*
l 208

zvVd+ ex?
a+/z%(ae + bd) + ad + bex?

-

LInt[(d + exx~2)"(3/2)/(axd + (bk*d + axe)*x~2 + bke*x~4)~(3/2),x]

-/

‘ (x*Sqrt[d + exx~2])/(a*Sqrt[a*d + (bk*d + a*e)*x~2 + bxexx~4])

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[x/(a*Sqrtla + b*x~2]),
x] /; FreeQ[{a, b}, xl]

Int[(u_.)*((a)) + (c_)*(x_)"(m2_.) + (b_.)*(x_)"(n_))~(p)*((d_) + (e_.)*(
x_)"(n_))"(g_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) “FracPart[p]/((d

+ exx™n) "FracPart[pl*(a/d + cx(x"n/e)) FracPart[p]) Int[ux(d + e*x™n)~(p

+ q)*(a/d + (c/e)*x"n)"p, x], x] /; FreeQ[{a, b, ¢, d, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQ[c*d~2 - bkxdxe + a*e~2, 0] && !IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 2])
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00

method | result size
v/ (ex?2+d)(bx2+a)x
default | =0 (baPia)a 41
3
orering (ba’+a)a(ea’+d)® s |45
a(ad+(ae+bd)z2+be z4)2
3
(bz?+a)z(ex?+d)2
gosper a(be z%+ae x2+bd z2+ad) 3 46

int ((exx"2+d) "~ (3/2)/ (axd+(axe+b*d) *x"2+bke*x"4) " (3/2) ,x,method=_RETURNVERB
OSE) |

input

outputti/(e*xﬁ2+d)A(1/2)*((e*XA2+d)*(b*XA2+a))“(1/2)/(b*x‘2+a)*x/a J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.54

(d + ex?)*? dp — Vbext + (bd + ae)z? + advex? + dx
(ad _+_ (bd + a,e)mQ + be$4)3/2 abe.’lt4 + a2d + (abd + a2e).’172

integrate ((e*x~2+d) ~(3/2)/ (a*d+(a*e+b*d) *x~2+b*e*x~4)~(3/2) ,x, algorithm="

input
fricas")

sqrt(b*e*x”4 + (bxd + a*e)*x”2 + axd)*sqrt(e*x”2 + d)*x/(a*bxe*x™4 + a~2%d

output
+ (axb*d + a~2%e)*x"2)
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Sympy [F]
(d+ ex?)*” i @+e??
(ad + (bd + ae)z? + bez?)*? ((a + ba?) (d + emz))%
input Lintegrate ((exx*+2+d) % (3/2) / (a*d+ (a*e+bd) kx+*2+bkerx*4) ¥+ (3/2) ,x) J
outputllntegral((d + exx**x2)*%(3/2)/((a + b*x*x2)*(d + exx**2))*x(3/2), x) J
Maxima [F]
(d + ex?)*? (ex® + d)%

dz

d.’I?:/ 3
(ad + (bd + ae)z? + bex*)*/? (bez* + (bd + ae)z? + ad)?

N

p
\ integrate ((e*x~2+d) ~(3/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(3/2) ,x, algorithm=" \

input
‘maxima") ‘
output Lintegrate((e*x’? + d)~(3/2)/(bxexx~4 + (b*d + a*e)*x~2 + a*xd)~(3/2), x) J
Giac [A] (verification not implemented)
Time = 0.12 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.34
/ (d + ex?)*/? i — T
(ad + (bd + ae)z? + bezt)*? Vbz? + aa
input \ integrate ((e*x~2+d) ~(3/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(3/2) ,x, algorithm=" \
Lgiac") J

Outputtx/(sqrt(b*x*2 + a)*a) J
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Mupad [B] (verification not implemented)

Time = 17.36 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.59

(d+eav2)3/2 m_x\/ex2+d\/ad+aex2+bdx2+bex4
(ad + (bd + ae)z? + bezt)*? N ea’z?+da?+beaz*+bdax?

e

int((d + e*x"2)"(3/2)/(a*d + x~2*(a*e + bxd) + b*exx~4)~(3/2),x)

~—

input t

t‘ (xx(d + e*xx”2)"(1/2)*(a*d + a*e*x~2 + b*xd*x~2 + b*e*xx~4)~(1/2))/(a"2*%d + a \

outpu
~Okexx"2 + akbkd*x~2 + axbkekx~4) J

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.95

/ (d + ex?)*/? dr — Vba2 +abz +vVba + Vbba?
(ad + (

T =
bd + ae)x? + bex?)*/ ab(bz® + a)

input  int ((exx~2+d) " (3/2)/ (axd+ (axe+b*d) *x~2+bkexx~4) "~ (3/2) ,x) |

output L (sqrt(a + bxx**2)*b*x + sqrt(b)*a + sqrt(b)*bxx*x2)/(axb*(a + b*x**2)) J




CHAPTER 3. LISTING OF INTEGRALS 116

3.12 | Vd+es” da
(ad+(bd+ae)z?+bex?) 3/2

Optimal result . . . . . . . . . . . .. 116
Mathematica [A] (verified) . . . . . . . . . ... 116
Rubi [A] (verified) . . . . . . . . . .. 117
Maple [B] (verified) . . . . . . . . . ... 119
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 119
Sympy [F] . . . o 120
Maxima [F] . . . . . . 120
Giac [F] . . . o o 1211
Mupad [F(-1)] . . . .o 121
Reduce [B] (verification not implemented) . . . . ... ... ... ... ..... 1211
Optimal result
Integrand size = 37, antiderivative size = 129

Vd+ ex? bxvd + ex?

dr =
(ad + (bd + ae)z? + bext)/ a(bd — ae)\/ad + (bd + ae)z? + bex?

Vbd—aex/d+ex?
earctanh ( Vd+/ad+(bd+ae)x2+-bext

Vd(bd — ae)3/?

output \(b*X* (e*x~2+d) ~(1/2) /a/ (~axe+b*d) / (a*xd+ (a*e+b*d) *x~2+b*e*xx~4) ~(1/2) -e*arcta
\ nh((-axe+b*d) ~ (1/2) *x* (e*x~2+d) ~(1/2)/d~(1/2) / (axd+(axe+b*d) *x~2+b*xexx~4) "
(1/2))/d7(1/2)/ (~are+bxd)~ (3/2)

————————

Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.05

/(ad+( vd+ ex? _

dr =
bd + ae)x? + bext)*

Vd + ex? <b\/c_i\/mx + aeva + bz? arctan <—ex Vatba®+vb(d+ea?) ))

Vdv/—bd+ae
aV/d(—bd + ae)3/2\/(a + bx?) (d + ex?)
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input‘ Integrate[Sqrt[d + exx~2]/(a*d + (bxd + a¥e)*x~2 + bkexx~4)~(3/2),x] ‘

output‘ -((Sqrtld + e*x~2]*(b*Sqrt[d]*Sqrt[-(b*d) + a*el*x + axexSqrtl[a + bxx~2]*A ‘
'rcTan[(-(exx*Sqrt[a + bxx"2]) + Sqrt[bl*(d + e*x~2))/(Sqrt [d]*Sqrt [-(b*d)
P axe])1))/(a*Sqrt [d]*(-(b*d) + a*e)~(3/2)*Sqrt[(a + bxx"2)*(d + e*x~2)1)) J

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 127, normalized size of antiderivative = 0.98,

— 4, number of rules _ 108, Rules

number of steps used = 5, number of rules used =
integrand size

used = {1395, 296, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ Vd+ ex? i
(z2(ae + bd) + ad + bex*)*/

| 1395
P )
Va+br2V/d+ ex? [ e 3/2(ex2+d) T
V/x2(ae + bd) + ad + bex?
| 296

ef ——L——~dz
V bm2+a (ea:2+d)
2 2 bz _
Va+bz*Vd+ex (a\/a+bz2(bd—ae) bd—ae >

\/z2(ae + bd) + ad + bex?

l 201

1
ef e (bd—ae)z? d br2+a
2 2 bx _ b:v7+a
Va+bz2v/d + ex avaTte? (bd—ag) o s

\/z2(ae + bd) + ad + bez*
| 221
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earctanh( ovbd_ac )
ava+bz?(bd—ae) Vd(bd—ae)3/?

Va + bz?Vd + ex? ( bz v atba?

\/z2(ae + bd) + ad + bez*

inputtlnt[Sqrt[d + exx"2]/(a*xd + (b*d + a*e)*x~2 + bxexx~4)~(3/2),x] J

output ‘{(Sqrt [a + bxx~2]*Sqrt[d + exx 2]*((b*x)/(a*x(b*d - axe)*Sqrtl[a + b*x~2]) - \‘
\(e*ArcTanh[(Sqrt[b*d - axel*x)/(Sqrt[d]*Sqrt[a + b*x~2]1)1)/(Sqrt[d]*(b*d -

L a*e)~(3/2))))/Sqrt[a*xd + (b*d + a*e)*x~2 + b*e*x"4] ‘

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

rule 221

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]1*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtl[a + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, 0]

rule 291

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (a_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*x*x(a + b*x~2)"(p + 1)*((c + d*x"2)"(q + 1)/(2xax(p + 1)*(b*c - a*xd))
), x] + Simp[(bxc + 2*(p + 1)*(b*c - axd))/(2*a*x(p + 1)*(b*c - axd)) Int[
(a + b*x~2)~(p + 1)*(c + d*x~2)"q, x], x] /; FreeQ[{a, b, c, d, q}, x] & N
eQ[b*c - a*d, 0] && EqQ[2x(p + q + 2) + 1, 0] && (LtQlp, -1]1 || 'LtQlq, -1
1) && NeQ[p, -1]

rule 296

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(n_))"(p_)*((d_) + (e_.)*(
x_)"(m_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[p]l/((d
+ exx"n) “FracPart[pl*(a/d + c*x(x"n/e)) FracPart[p]) Int[ux(d + e*x™n)~(p
+ q)*(a/d + (c/e)*x"n)"p, x], x] /; FreeQ[{a, b, ¢, d, e, n, p, q}, x] && E
qQ[n2, 2#n] && EqQLc*d~2 - bkxdxe + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,
1] && EqQ[n, 21)

rule 1395




input

output
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 426 vs. 2(113) = 226.

Time = 0.42 (sec) , antiderivative size = 427, normalized size of antiderivative = 3.31

method | result

. 214 /ae=bd o /—gqc 2 [ae—bd —
(em2+d)(bz2+a)b26<ln<2 bz4+a = e—2 debw+2ae>abez2_ln<2 bz4+a < e+2+/ debz+2ae>abem2_2 '7—de

ex++/—de ex—+/—de

default
2vez2+d vVbz2+a+/—de (v—deb+ev/—ab) (v

e B

int ((e*xx~2+d) "~ (1/2) / (a*d+(a*e+b*d) *x~2+b*e*x~4)~(3/2) ,x,method=_RETURNVERB
\OSE) ‘

1/2% ((exx~2+d) * (b*x~2+a)) ~(1/2) *b~2*e* (1n (2% ((b*x~2+a) ~(1/2) * ((a*xe-b*d) /e)
~(1/2)*e-(-d*e) ~(1/2) *bxx+a*e) / (e*xx+(-d*e) " (1/2)) ) *axbxe*x~2-1n (2* ((b*x~2+
a)~(1/2)*((axe-bx*d) /e) ~(1/2) *e+(-d*e) ~ (1/2) xbxx+axe) / (exx-(-dx*e) ~(1/2)))*a
*xbxexx~2-2x (-dxe) " (1/2) * ((a*e-b*d) /e) " (1/2) * (-1/b* (b*xx+(-axb) ~ (1/2) ) * (-b*x
+(=axb) ~(1/2))) " (1/2) #*b*x+1n (2* ((b*x~2+a) ~(1/2) * ((a*e-b*d) /e) ~(1/2) xe—(-d*
e) " (1/2)*b*x+axe) / (e*x+(-d*xe) ~(1/2)))*a"2*e-1n(2*x ((b*x~2+a) ~(1/2) * ((a*xe-b*
d)/e) " (1/2) *xe+(-d*e) " (1/2) *b*x+axe) / (e*x-(-d*e) ~(1/2)))*a~2*e) / (exx~2+d) ~(
1/2)/ (b*x~2+a)~(1/2) / (-d*e) ~(1/2) / ((-d*e) " (1/2) *b+e* (-a*b) ~(1/2) ) / ((-d*e) "
(1/2) ¥b-e*(-a*b) ~(1/2) )/ ((a*e-b*d) /e) ~(1/2) /a/ (b*x-(-a*b) "~ (1/2) ) / (b*x+(-a*
b)~(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 289 vs. 2(113) = 226.

Time = 0.09 (sec) , antiderivative size = 606, normalized size of antiderivative = 4.70

Vit ez® 2 \/bext + (bd + ae)x? + ad(b*d® — abde)Vex? + dx — (abe’z* + ¢
(ad + (b -+ ac)a? + beat)? 2 (@i — 20 + P + (abd

input ‘ integrate ((e*x~2+d) ~(1/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(3/2) ,x, algorithm=" ‘

Lfricas") J
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[1/2%(2xsqrt (bxexx™4 + (b*d + a*e)*x~2 + a*xd)*(b~2*%d"2 - axb*d*e)*sqrt(e*x
"2 + d)*x - (a*bxe”2%x"4 + a"2*d*e + (axbxd*e + a~2%e”2)*x"2)*sqrt(bxd"2 -
axd*e) *log((2*b*d~2*x"2 + (2*bxd*e — a*xe”2)*x"4 + a*d~2 + 2*sqrt(b*exx”4
+ (b*d + axe)*x”2 + a*xd)*sqrt(bxd™2 - axd*e)*sqrt(e*x~2 + d)*x)/(e"2*xx"4 +
2xdxe*x"2 + d72)))/(a"2*b"2*%d"4 - 2*xa”3*bxd"3*e + a~4xd"2%e”2 + (axb"3*d”
3xe - 2+a”"2%b"2xd"2xe”2 + a~3*bxd*e”3)*x"4 + (a*b"3*d"4 - a~2*b"2*d"3*e -
a~3*bxd"2xe"2 + a"4xd*e~3)*x72), (sqrt(b*exx”4 + (b*d + a*e)*x"2 + a*xd)*(b
~2%d"2 - axb*d*e)*sqrt(e*x”2 + d)*x + (a*b*e”2xx"4 + a"2+d*e + (axbxdxe +
a"2%e”2)*x"2) *sqrt (-b*d"2 + axd*e)*arctan(sqrt(b*exx~4 + (bxd + axe)*x"2 +
a*d) *sqrt (-bxd~2 + axdxe)*sqrt(exx~2 + d)*x/(b*d*e*x~4 + a*d~2 + (bxd~2 +
axdxe)*x~2)))/(a"2%b"2*d"4 - 2xa”~3%bxd"3xe + a~4*d"2*e”2 + (a*b~3*d"3*xe -
2*xa"2*xb"2xd"2*%e”2 + a”3xb*d*e”3)*x"4 + (a*b”"3*d"4 - a~2%b"2*d"3*e - a~3*b

*d"2%e”2 + a"4xdxe”3)*x72)]

output

Sympy [F]

Vit ez /m N

(ad + (bd + ae)x? + bex?) o7 ¢ ((a+ bz2) (d + ex?))?

1ntegrate((e*x**2+d)**(1/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(3/2) x)

Output‘lntegral(sqrt(d + exx**2) /((a + bxx*x*2)*(d + e*xx**2))**(3/2), x)

Maxima [F]

Vd+ ex? ex? +d
37 4T = dz
(ad + ( (bez* + (

bd + ae)z? + bex?) + (bd + ae)z? + ad)?

‘integrate((e*x*2+d)‘(1/2)/(a*d+(a*e+b*d)*x“2+b*e*x‘4)‘(3/2),x, algorithm="

input
maxima")

\ _

Output\integrate(sqrt(e*x“z + d)/(bxexx~4 + (b*d + axe)*x~2 + a*d)~(3/2), x)
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Giac [F]

dz

vVd + ex? / ex?+d
(bex* + (

dx = 3
(ad + (bd + ae)z? + bext)*/? + (bd + ae)z? + ad)?

lnput‘lntegrate((e*x 2+d) ~(1/2) / (a*d+(axe+b*d) *x~2+b*e*x~4) ~(3/2) ,x, algorithm="
‘glac") ‘

output Lintegrate(sqrt(e*x? + d)/(bke*x~4 + (b*d + a*e)*x~2 + a*d)~(3/2), x) J

Mupad [F(-1)]

Timed out.
Vd + ex® / Ver?+d i
(ad + (bd + ae)z? + bex?) 3/2 (bezt + (ae+bd) 22 + ad)®?
input Lint((d + e*x~2)"(1/2)/(a*xd + x"2*(a*e + bxd) + bxe*xx~4)~(3/2),x) J
output Liﬂt((d + exx~2)7(1/2)/(a*d + x"2%(ake + bxd) + bxexx~4)~(3/2), x) J

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 361, normalized size of antiderivative = 2.80

Vd + ex? —Vd+/ae —bd atan(‘/“e_bd_‘/g\‘//;%ﬂ“/é‘/am) a%e — Vd+/ae — bd ¢
dx =
(ad + (bd + ae)z? + bezt)*?

input Lint ((exx~2+d) ~ (1/2) / (a*d+ (axe+b*d) *x~2+bxe*x~4) ~(3/2) ,x) J
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( - sqrt(d)*sqrt(a*e - bxd)*atan((sqrt(axe - bxd) - sqrt(e)*sqrt(a + bxx*x
2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a**2xe - sqrt(d)*sqrt(axe - b*d
)*atan((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/(s
grt(d)*sqrt (b)) ) *a*bxe*x**2 — sqrt(d)*sqrt(a*e - bxd)*atan((sqrt(axe - bxd
) + sqrt(e)*sqrt(a + b*x**2) + sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*xa**2x*
e - sqrt(d)*sqrt(a*e - b*d)*atan((sqrt(a*xe - b*d) + sqrt(e)*sqrt(a + b¥x*x*
2) + sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a*bxe*xx**2 - sqrt(a + b*x**2)*a
*xb*xd*e*xx + sqrt(a + bxx**2)*bx*2kd**2*x — sqrt(b)*a*x2xd*e + sqrt(b)*axbx*d
**x2 — sqrt(b)*axbkd*e*x**2 + sqrt(b) *b**2*d**2*x**2) / (axd* (ax*3*ex*2 — 2%a
*x%2kbkdke + akk2kbkekkkx*k*x2 + axbkkkd**2 — 2kaxbkkkdkexx**2 + bkk3kd**2
*X**2))

output




output
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3.13 | s 5 A
Vd+ez? (ad+(bd+ae)z2+bez?) /

Optimal result . . . . . . . . .. . . 123]
Mathematica [A] (verified) . . . . . . . .. ... L L 124
Rubi [A] (verified) . . . . . . ... . 124
Maple [B] (verified) . . . . . . . . . .. 127
Fricas [B| (verification not implemented) . . . . . . ... ... ... ....... 128
Sympy [F] . . . 129
Maxima [F] . . . . . . o 130
Giac [F] . . . o o 130
Mupad [F(-1)] . . . o 130
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 1311

Optimal result

Integrand size = 37, antiderivative size = 209

1
dz =
/ Vd ¥ ez? (ad + (bd + ae)z? + bext)>/

ex
" 2d(bd — ae)vd + ez? vad + (bd + ae)x? + bez?
b(2bd + ae)zv/d + ex?
2ad(bd — ae)?y/ad + (bd + ae)z? + bex?

vbd—aex/d+ex?
_ ¢(4bd — ae)arctanh ( \/E\/al:;i+(bd+az;c2+bex4 )

2d3/2(bd — ae)5/?

‘-1/2*e*x/d/(-a*e+b*d)/(e*x“2+d)“(1/2)/(a*d+(a*e+b*d)*x“2+b*e*x“4)”(1/2)+1/
\2*b*(a*e+2*b*d)*x*(e*x‘2+d)‘(1/2)/a/d/(—a*e+b*d)‘2/(a*d+(a*e+b*d)*x‘2+b*e*
\x‘4)‘(1/2)—1/2*e*(—a*e+4*b*d)*arctanh((—a*e+b*d)‘(1/2)*x*(e*x‘2+d)‘(1/2)/d

‘“(1/2)/(a*d+(a*e+b*d)*x“2+b*e*x‘4)‘(1/2))/d‘(3/2)/(—a*e+b*d)“(5/2)




input

output
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Mathematica [A] (verified)

Time = 0.63 (sec) , antiderivative size = 186, normalized size of antiderivative = 0.89

| Vdz (a—i—bzz) (a262 +abe?z? +2b2d(d+ez2 )) e(4bd—ac) (a+l
d+ ex’ a(bd—ae)? +

1
dr =
/ Vd + ez? (ad + (bd + ae)z? + bext)*/ 2d3/2 ((a + bz?) (d + ex
{Integrate [1/(Sqrt[d + e*x~2]*(axd + (b*d + axe)*x~2 + b*exx~4)~(3/2)),x] J

(Sagrt[d + exx~2]*((Sqrtld]l*x*(a + b*x~2)*(a"2%e"2 + a*b*e”2%x"2 + 2%b~2%d*
(d + e*x”2)))/(ax(bxd - axe)”2) + (ex(4*bxd - axe)*(a + b*x~2)~(3/2)*(d +
exx”2)*ArcTan[(-(e*x*Sqrt[a + b*x"2]) + Sqrt[bl*(d + e*x~2))/(Sqrt[d]*Sqrt
[-(b*xd) + a*e])])/(-(bxd) + axe)~(5/2)))/(2%d"(3/2)*((a + b*x"2)*(d + e*x”
2))~(3/2))

Rubi [A] (verified)

Time = 0.56 (sec) , antiderivative size = 201, normalized size of antiderivative = 0.96,

number of rules _ 0.162, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {1395, 316, 402, 27, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

1
dz
/ Vd + ex? (z2(ae + bd) + ad + bext)>/?

| 1395
Va+bz2V/d+ ex? [ (bx2+a)3/12(6w2+d)2 dz
\/z2(ae + bd) + ad + bez?
| 316
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_ —2bex®+2bd—ae

d
(bz2+a)3/2 (ea:2+d) “

exr

va+bz?Vd + ex? 3d(bd—ae)

"~ 2dva+ba?(d+ea?)(bi—ae)

V/z2(ae + bd) + ad + bex*

| 402
__ae(dbd—ae) _ ..
bz (ae+2bd) _ \/m(ez2+d)
2 2| aVatba2(bd—ae) a(bd—ae) _ ex
Va +bz2y/d + ex 2d(bd—ae) 2dvat 522 (d+ea?)(bd—ae)

V/z(ae + bd) + ad + bex?

| 27
e(4bd—ae) [ 1 4x
bx(ae+2bd) _ \/m(ez2+d)
2 3| aVatba2(bd—ae) bd—ae _ .
Va + bx2\/d + ex 2d(bd—ae) 2dv/a+bz2 (d+ex?) (bd—ae)

V/z2(ae + bd) + ad + bex*

l 201

1
e(4bd—ae) [ o (bd—ae)z? d b;2+a
bz (ae+2bd) _ W
2 5| aVatbz2(bd—ae) bd—ae _ o
Va + bx2Vd + ex 2d(bd—ae) 2dv/atba?(d+ex?)(bd—ae)
\/z%(ae + bd) + ad + bez?
l 291
—ae @
bo(aer2bd) P4 )aI'CtaIlh( ﬁm)
\/a + b.’l:2\/d + ex2 aVa+bz2(bd—ae) Vd(bd—ae)3/2 ex

2d(bd—ae)

" 2dva+ba?(d+ex?)(bd—ae)

Vz%(ae + bd) + ad + bezx*

e

input L

Int[1/(Sqrtld + exx"2]*(axd + (b*d + axe)*x™2 + b¥e*x"4)7(3/2)),x]

~—
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output (Sqgrtl[a + b*x"2]*Sqrt[d + exx~2]*(-1/2*(e*x)/(d*(bxd - axe)*Sqrt[a + b*x"2
Ix(d + e*x72)) + ((b*x(2*bxd + a*e)*x)/(ax(bxd - a*xe)*Sqrtl[a + b*x"2]) - (e
*(4xbxd - axe)*ArcTanh[(Sqrt[b*d - axel*x)/(Sqrt[d]l*Sqrtla + b*x~2])]1)/(Sq
rt[d] *(b*d - axe)~(3/2)))/(2xdx(bxd - a*e))))/Sqrtl[a*d + (b*d + a*e)*x"2 +

b*e*x~4]
Defintions of rubi rules used

rule 27 Int[(@)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 291 IntL((al) + (b_.)*(x_)72)7(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 291‘(Int[1/(Sqrt[(a_) + (b_.)*(x_)"2]*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
‘[Int[l/(c - (bxc - a*d)*x~2), x], x, x/Sqrt[a + b*x~2]] /; FreeQl{a, b, c,
Ld}, x] && NeQ[bxc - axd, 0]

~

Int[((a)) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pL(-D)*x*x(a + b*x~2)~(p + L) *((c + d*x~2)"(q + 1)/(2*a*x(p + 1)*(b*c - axd))
), x] + Simp[1/(2%a*(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)~q*Simp[b*c + 2x(p + 1)*(bxc - a*d) + d*bx(2*(p + q + 2) + 1)*x"2, x], x
1, x]1 /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQlq, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 4, x]

rule 316

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)72), x_Symbol] :> Simp[(-(b*e - a*f))*x*(a + b*x"2)"(p + 1)*((c + d*x~2)~
(q + 1)/ (ax2x(b*c - axd)*(p + 1))), x] + Simp[1/(a*2*(bxc - axd)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2) q*Simp[cx(b*e - a*f) + e*2x(bkc - a*d)
*(p + 1) + dx(b*xe - axf)*x(2x(p + q + 2) + 1)*x"2, x], x], x] /; FreeQ[{a, b
, ¢, d, e, £, q}, x] &% LtQlp, -1]

rule 402
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Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(@m_)) (p_)*((d_) + (e_.)*(
x_)"(n_))"(g_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) “FracPart[p]/((d
+ e*x"n) FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx"n)”(p
+ *(a/d + (c/e)*x"n)7p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQ[c*d~2 - b*d*e + a*e~2, 0] && !IntegerQ[p] && !(EqQlq,
1] && EqQ[n, 21)

rule 1395

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 3489 vs. 2(183) = 366.

Time = 0.48 (sec) , antiderivative size = 3490, normalized size of antiderivative = 16.70

method | result size
default | Expression too large to display | 3490

int(1/ (exx~2+d) " (1/2)/ (axd+ (axe+bxd) *x 2+b*exx~4)~(3/2) ,x ,method=_RETURNVE

input
' RBOSE)
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1/4* (-4*1n (2% ((b*xx~2+a) ~ (1/2) *((a*e-b*d) /e) ~ (1/2) *e+(-d*e) ~ (1/2) *b*x+a*e) /
(exx-(-d*e) ~(1/2)))*a*xb™ (9/2) *d"3*e*x~4-3*1n (2* ((b*x~2+a) ~(1/2) * ((a*e-b*d)
/e)~(1/2)*e-(-dxe) " (1/2) *b*xx+a*e) / (e*xx+(-d*e) ~(1/2)) ) *a"~4*b~ (3/2) *d*e~3*x~
2-6*1n (2% ((b*x~2+a) "~ (1/2) *((a*e-b*d) /e) ~(1/2) xe—(-d*e) " (1/2) ¥b*x+axe) / (e*xx
+(-d*e) " (1/2)))*a~3*b~ (5/2) *d~2*e~2*x~2+8*1n (2* ((b*x~2+a) "~ (1/2) * ((a*e-b*d)
/e)”(1/2) *xe-(-d*e) ~(1/2) *b*x+a*e) / (e*xx+(-d*e) ~(1/2))) *a~2xb~ (7/2) *d"3*e*x"
2+3*1n (2% ((b*xx"2+a) ~(1/2) * ((a*e-b*d) /e) " (1/2) xe+(-d*e) ~ (1/2) xb*x+a*e) / (e*x
-(-d*e)~(1/2)))*a~4%b~(3/2) *d*e~3*x~2+6*1n (2% ((b*x~2+a) "~ (1/2) *((a*xe-b*d) /e
)~ (1/2) xe+(~d*xe) ~ (1/2) *b*x+axe) / (e*xx—(-d*e) ~(1/2))) *a~3*b~ (5/2) *d~2*e~2*x"
2-8*1n (2% ((b*x~2+a) " (1/2) * ((a*e-b*d) /e) ~(1/2) *e+(-d*e) ~(1/2) *b*xx+axe) / (e*x
-(=dxe) "~ (1/2)))*a~2xb~ (7/2) *d"3*e*x~2+1n (2* ((b*x~2+a) ~(1/2) * ((a*xe-b*d) /e) "
(1/2) *e-(-d*e) " (1/2) ¥xbxx+axe) / (exx+(-d*e) ~(1/2)))*a"5*e~4*x"2*%b~(1/2)-1n(2
*((bxx~2+a) " (1/2) *((a*e-b*d) /e) " (1/2) xe+(-d*e) ~ (1/2) ¥b*x+ax*e) / (exx—(-d*xe)~
(1/2)))*a~5xe”4*x~2*%b~ (1/2) +1n (2% ((b*x~2+a) "~ (1/2) *((a*e-b*d) /e) ~(1/2) xe—- (-
dxe) " (1/2) ¥b*x+axe) / (exx+(-d*e) " (1/2))) *a"5*d*e~3*b~ (1/2)-1n(2* ((b*x~2+a) "~
(1/2)*((a*e-b*d) /e) ~(1/2) *e+(-d*e) ~(1/2) *b*x+ax*e) / (e*x-(-d*e) ~(1/2))) *a~5*
d*e”3*b~ (1/2)-1n(2* ((b*x~2+a) " (1/2) *((a*e-b*d) /e) ~(1/2) xe+(-d*e) " (1/2) ¥b*x
+axe)/ (e*x—(-d*e)~(1/2)))*a"3*b~ (5/2) *xe~4*x~6+2*1n (2% ((b*x~2+a) ~ (1/2) * ((a*
e-bxd) /e) " (1/2) *e-(-d*e) ~(1/2) *bxx+a*e) / (exx+(-d*e) ~(1/2)) ) *a~4xb~(3/2) xe”
4xx~4-2%1n (2% ((b*x~2+a) ~ (1/2) * ((a*e-b*d) /e) ~ (1/2) *e+(-d*e) ~(1/2) *b*x+a*. ..

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 553 vs. 2(183) = 366.

Time = 0.10 (sec) , antiderivative size = 1132, normalized size of antiderivative = 5.42

1

dz = Too large to display
Vd + ez? (ad + (bd + ae)z? + bex?)*/?

e

integrate(1/(exx~2+d) ~(1/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4) " (3/2) ,x, algorithm

input
="fricas")
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[-1/4% ((4xa~2+%b*d"3xe - a"3*d"2*e”2 + (4xaxb~2*d*e~3 - a"2xb*e”4)*x"6 + (8
*a*xb~2+%d"2%e”"2 + 2%a”2xb*d*e”3 - a"3*e”"4)*x"4 + (4*axb"2xd"3*e + Txa " 2xb*d
“2%e”2 - 2#a”3*d*e”3)*x"2)*sqrt(b*d"2 - axd*e)*log((2*b*d"2*xx"2 + (2*bxd*e
- a*e”2)*x"4 + axd"2 + 2*sqrt(b*e*xx"4 + (b*d + axe)*x”~2 + axd)*sqrt(b*d”~2
- a*dxe)*sqrt(e*xx”2 + d)*x)/(e”2*x~4 + 2*d*e*x”2 + d72)) - 2xsqrt(bxe*x~4
+ (bxd + a*xe)*x”2 + a*d)*((2¥b~3*d"3%e - a*xb"2*d"2xe”2 - a~2*b*d*e~3)*x"3
+ (2%b~3%d"4 - 2%a*b”"2xd"3%e + a"2%b*d"2*e”2 - a~3xd*e”3)*x)*sqrt(e*x"2 +
d))/(a”2+%b"3*d"7 - 3*a~3*%b”"2*d"6%e + 3*a~4*b*d"5*e”2 - a~bxd"4*e”"3 + (axb
“4*xd"5%e”2 - 3*a”2¥b”"3*d"4xe”3 + 3*a~3*b~2*d"3*e"4 - a~4*b*d"2*e”5)*x"6 +
(2%a*b~4xd"6*e - 5x¥a~2*%b"3xd"b*e”"2 + 3*a”~3*b"2+%d"4*e"3 + a"4xbxd"3*e"4 - a
“5*d"2%e”"5)*x"4 + (a*b~4*d"7 - a~2*b"3*d"6*e - 3*a~3*b"2*d"5*e”2 + 5*a~4#Db
*d"4*xe~3 - 2*%a”~5xd~3*%e"4)*x"2), 1/2%x((4*a~2*%b*d"3%e - a~3*d"2xe"2 + (4*xaxb
~“2*%d*e”3 - a"2*b*e”4)*x"6 + (8*a*b"2xd"2xe”2 + 2*a”2xb*d*e”3 - a”~3xe”4)*x”
4 + (4%a*b”2xd"3%e + T*a~2%b*d"2%e”2 - 2¥a"3*d*e”3)*x"2)*sqrt(-b*xd"2 + axd
xe)*arctan(sqrt (b*exx"4 + (b*d + a*e)*x™2 + a*xd)*sqrt(-b*d~2 + a*d*xe)*sqrt
(exx™2 + d)*x/(b*d*e*x~4 + a*d”2 + (bxd"2 + a*xd*e)*x”"2)) + sqrt(b*e*x~4 +
(b*d + axe)*x"2 + axd)*((2x¥b~3*d"3*e - a*b~2xd"2*e"2 - a~2*bxd*e”3)*x"3 +
(2%¥b~3%d"4 - 2*axb~2xd"3%e + a"2%b*d"2%e”2 - a~3*d*e”3)*x)*sqrt(exx~2 + d)
)/ (a~2xb~3*d"7 - 3*a~3*b"2xd"6*e + 3xa~4*b*d"5xe”2 - a~bxd"4*e”3 + (a*xb 4x
d~5%e”2 - 3%a”2*b"3*%d"4*e”"3 + 3*%a"3*¥b"2*%d"3*e”4 - a"4xb*d"2*e"5)*x"6 + ...

output

Sympy [F]

1 1

d$:=t/m dx
/ Vd+ ex? (ad + (bd + ae)z? + bex?)/? ((a + bx?) (d + emz))g Vd+ ex?

.
jnput‘integrate(1/(e*X**2+d)**(1/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(3/2),x)

output\lntegral(l/(((a + bxx*x2)x(d + exx**x2))**(3/2)*sqrt(d + e*xx**2)), x)
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Maxima [F]

1 1
d:c=/ dx
/ Vd + ex? (ad + (bd + ae)z? + bext)*? (bex? + (bd + ae)z? + ad) 2 vex® + d

input ‘ integrate(1/(e*x~2+d) ~(1/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4) "~ (3/2) ,x, algorithm ‘
‘=“maxima“ ‘

output tintegrate(l/((b*e*x% + (bxd + a*xe)*x”2 + a*d) ~(3/2)*sqrt(e*xx”2 + d)), x) J

Giac [F]

1 1
da::/ dx
/ Vd+ ex? (ad + (bd + ae)z? + bext)*/ (bex + (bd + ae)z? + ad)2vex® T d

‘ integrate(1/(e*xx~2+d) ~(1/2)/(axd+(a*e+b*d) *x~2+b*e*x"4) ~(3/2) ,x, algorithm ‘

input
=“giac") ‘

output Lintegrate(l/((b*e*x’il + (b*d + a*e)*x”2 + axd)~(3/2)*sqrt(e*x~2 + d)), x) J

Mupad [F(-1)]
Timed out.

1 1
d:v=/
Vd+ ex? (ad + (bd + ae)z? + bex?)*/ Vez? +d(bezt+ (ae+bd) 22+ ad)*/?

dz

inputtint(l/((d + e*x72) " (1/2)*(axd + x"2*(axe + b*d) + bxexx~4)"(3/2)),x) J

output Lint(l/((d + e*x"2)"(1/2)*(axd + x"2%(a*e + bxd) + bxe*x~4)~(3/2)), x) J




input

output

\

p

CHAPTER 3. LISTING OF INTEGRALS 131

Reduce [B] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 1275, normalized size of antiderivative = 6.10

1
Vd + ez? (ad + (bd + ae)z? + bex?)*/?

dx = Too large to display

int (1/(exx~2+d) ~(1/2) / (a*d+(a*xe+b*xd) *x~2+b*exx~4) " (3/2) ,x)

( - sqrt(d)*sqrt(axe - bxd)*atan((sqrt(a*xe - b*d) - sqrt(e)*sqrt(a + b*x**
2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a*x*3xd*xe*x2 - sqrt(d)*sqrt(a*e
- b*xd)*atan((sqrt(a*xe - b*d) - sqrt(e)*sqrt(a + bxx**2) - sqrt(e)*sqrt(b)=*
x)/ (sqrt (d) *sqrt (b)) ) xax*3*ke**x3xx**2 + 4*xsqrt(d)*sqrt(a*xe - b*d)*atan((sqr
t(a*e - bxd) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt
(b))) *ax*2xbxd**2xe + 3*sqrt(d)*sqrt(a*xe - bkxd)*atan((sqrt(axe - b*d) - sq
rt(e)*sqrt(a + b*x*x2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a*x*2*xbkdxe*
*2*x**2 - sqrt(d)*sqrt(a*e - b*d)*atan((sqrt(a*e - bxd) - sqrt(e)*sqrt(a +
b*x**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a**2xbkex*3xx**4 + 4*sqrt
(d) *sqrt (a*e - bxd)*atan((sqrt(a*e - bxd) - sqrt(e)*sqrt(a + b*x**2) - sqr
t(e)*sqrt(b)*x)/(sqrt (d) *sqrt (b)) ) xaxb**2xd**x2xe*xx**2 + 4*sqrt(d)*sqrt(axe
- bxd)*atan((sqrt(a*xe - b*d) - sqrt(e)*sqrt(a + b*x*x2) - sqrt(e)*sqrt(b)
*x) / (sqrt (d) *sqrt (b)) ) *a*xbx*2xdxe*x*2xx**x4 — sqrt(d)*sqrt(a*e - b*d)*atan ((
sqrt(a*xe - bxd) + sqrt(e)*sqrt(a + b*x**2) + sqrt(e)*sqrt(b)*x)/(sqrt(d)*s
qrt (b)) ) *a**3*d*e*x*2 - sqrt(d)*sqrt(a*e - bkxd)*atan((sqrt(axe - b*d) + sqr
t(e)*sqrt(a + bxx**2) + sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*ka**3*ex*3*kx*
*2 + 4*xsqrt(d)*sqrt(axe - b*d)*atan((sqrt(a*e - bxd) + sqrt(e)*sqrt(a + bx
x*x2) + sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a**2xb*d**2xe + 3*sqrt(d)*sq
rt(a*e - bxd)*atan((sqrt(a*e - b*d) + sqrt(e)*sqrt(a + b*x**2) + sqrt(e)x*s
grt (b)*x) / (sqrt (d) *sqrt (b)) ) xa**2*bxd*ex*2xx**2 - sqrt(d)*sqrt(axe - b*...




output
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3.14 L dz
(d+ex?) 3/2 (ad+(bd+ae)z?+bex?) 3/2

Optimal result . . . . . . . . .. . . 1321
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... ... 133
Rubi [A] (verified) . . . . . . ... . 134
Maple [B] (warning: unable to verify) . . . . . .. ... ... ... 137
Fricas [B| (verification not implemented) . . . . . . ... ... ... ....... 138
Sympy [F] . . . 139
Maxima [F] . . . . . . o 139
Giac [F] . . . o o 139
Mupad [F(-1)] . . . o 140
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 1401

Optimal result

Integrand size = 37, antiderivative size = 296

1

dr =
/ (d + ex?)*? (ad + (bd + ae)z? + bex?)*
ex

4d(bd — ae) (d + ex?)*? vad + (bd + ae)x? + bex?
e(8bd — 3ae)z
- 8d2(bd — ae)?V/d + ex?+/ad + (bd + ae)z? + bex?
b(4bd — ae)(2bd + 3ae)z/d + ex?
8ad?(bd — ae)3+/ad + (bd + ae)z? + bex!

—aex ex?
36(8b2d2 — 4abde + a2e2) arCt&Ilh(\/Em_i_%beﬁ)

8d%/2(bd — ae)"/?

-1/4xexx/d/ (—axe+b*d) / (exx~2+d) ~(3/2) / (a*d+ (a*e+b*d) *x~2+b*xe*x~4) ~(1/2)-1/
8xe* (—3*axe+8*b*d) *x/d"2/ (—axe+b*d) "2/ (e*x~2+d) " (1/2) / (axd+ (a*xe+b*d) *x~2+b
*exx~4) " (1/2)+1/8%b* (—a*e+4*b*d) * (3xaxe+2*b*d) *x* (e*x~2+d) ~(1/2) /a/d"2/(-a
xe+b*d) "3/ (a*d+(a*e+b*d) *x"2+b*e*x"4) " (1/2)-3/8*ex (a~2*e”2-4*axb*d*e+8%b~2
*d~2) *arctanh ( (—a*e+b*d) ~ (1/2) *x* (e*x~2+d) ~(1/2)/d~ (1/2) / (a*d+ (a*e+b*d) *x~
2+bxe*x~4)~(1/2))/d~(5/2) / (—a*xe+b*xd) ~(7/2)




input

output
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Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 13.45 (sec) , antiderivative size = 1402, normalized size of antiderivative = 4.74

1
(d+ ex?)*? (ad + (bd + ae)z? + bext)*/?

dx = Too large to display

e

LIntegrate[l/((d + exx”"2) " (3/2)*(axd + (bxd + axe)*x~2 + b*exx~4)~(3/2)),x]

-/

(x*(-108045*Sqrt [((bxd - a*e)*x~2)/(d*(a + b*x"2))] - (324135%exx~2xSqrt [(
(b*d - a*e)*x”2)/(d*(a + b*x"2))])/d - (324135*%e”2xx"4*Sqrt [((bxd - a*e)*x
~2)/(d*(a + b*x~2))])/d"2 - (103320*e~3*x"6*Sqrt [((bxd - a*e)*x~2)/(d*(a +
b*x72))]1)/d"3 + 42735%(((b*d - axe)*x~2)/(d*(a + b*x~2)))~(3/2) + (128205
xe*x" 2% (((bxd - a*e)*x~2)/(d*(a + b*x~2)))~(3/2))/d + (139545%e~2*x"4*(((b
*d - axe)*x~2)/(d*(a + b*x"2)))~(3/2))/d"2 + (46200%e~3*x"6*(((b*d - axe)*
x72)/(d*(a + b*x72)))"(3/2))/d"3 - 3864*(((b*d - a*xe)*x~2)/(d*(a + b*x~2))
)~(5/2) - (4032*e*x~2x(((bxd - a*e)*x~2)/(d*(a + b*x~2)))~(5/2))/d - (4032
xe"2xx 4x (((b*d - axe)*x”2)/(dx(a + b*x"2)))~(5/2))/d"2 - (1344*e~3*x~6* ((
(b*d - axe)*x~2)/(d*(a + b*x"2)))~(5/2))/d"3 + 108045*ArcTanh[Sqrt[((b*d -
axe)*x”~2)/(d*(a + b*x~2))]] + (324135%e*xx"2xArcTanh[Sqrt[((b*xd - axe)*x"2
)/(dx(a + bxx~2))]11)/d + (324135%e”~2*x"4*ArcTanh[Sqrt[((bxd - a*e)*x~2)/(d
*(a + b*x"2))]1]1)/d"2 + (103320*e~3*x~6*ArcTanh[Sqrt [((bxd - a*e)*x~2)/(d*(
a + b*x72))]1]1)/d"3 + (8505%(bxd - ake) 2*x"4xArcTanh[Sqrt[((b*d - a*e)*x"2
)/(@*(a + b*x72))]]1)/(d"2*(a + b*x"2)72) + (17955*xex(bxd - ake) "2*x~6*ArcT
anh[Sqrt[((bxd - a*e)*x~2)/(d*(a + b*x"2))]1])/(d"3*(a + b*x~2)"2) + (21735
xe”"2x(bxd - a*e) 2xx"8xArcTanh[Sqrt[((b*d - a*e)*x"2)/(d*(a + b*x~2))]11)/(
d~4x(a + b*x"2)72) + (7560%e~3*(b*d - axe) "2*x~10*ArcTanh[Sqrt[((b*d - axe
)*x72)/(d*(a + b*x~2))1]1)/(d"5*(a + b*x"2)"2) - (78750*(b*d - a*e)*x 2*Arc
Tanh[Sqrt [((b*d - axe)*x~2)/(d*(a + b*x~2))]]1)/(d*x(a + bxx"2)) + (23625...
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Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 298, normalized size of antiderivative = 1.01,

number of rules _ 0.216, Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {1395, 316, 402, 27, 402, 27, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
dz
/ (d + ex?)*’? (z2(ae + bd) + ad + bezt)>/?

l 1395
\/a + ba? \/d +ex? f (bz2-1-11)3'/12(1'5m2—+-d)3
\/z2(ae + bd) + ad + bez*
l 316

dz

—4bez§-/|—24bd—3ae S dz
b2+ 24d
va+bm2¢d+ew2( et

_ ez
4d+/a+bz2 (d+ex?)? (bd—ae) )

\/z2(ae + bd) + ad + bez*

| 402
e(a(de—3ae)—2b(4bd+ae)z2)
3 dx
bz (ae+4bd) _ VbaZ+a(ea2+d)
— a(bd—ae)
2 D) aVa+bz2 (d+em2> (bd—ae) _ ex
Va+bz2Vd+ex 4d(bd—ae) 1dvatb22 (d+ez?)? (bd—ae)

\/z2(ae + bd) + ad + bez?
| 27

2
. - a(8bd—3ae)—2b(4bd+ae)x do

2
bz (ae+4bd) _ Vba2ta(ea?+d)
Va+ bz?Vd + ex? avatba? (dtes? ) (bd—ac) a(bd—ae) o
4d(bd—ac) 1dva+ba? (d+ea?)? (bd—ae)

v/72(ae + bd) + ad + bex*
| 402
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3a(8b%d2 —4abed-+aZe?) .
T
e br?+a(ex?+d _zV a+bx2 (4bd—ae) (3ae+2bd)
2d(bd—ae) 2d(d+ezz) (bd—ae)
bz (ae+4bd) _
_ a(bd—ae)
3 3 a\/a+bz2 (d+em2)(bd ae) _ er
va+be®Vd +ex 4d(bd—ae) 4d+/a+bx? (d+ex?)? (bd
\/z2(ae + bd) + ad + bez*
| 27
3a a2e274abde+8b2d2 / %dz
. ( ) VbaZta (ezz +d) _zV a+bz2(4bd—ae)(3ae+2bd)
2d(bd—ae) 2d(d+ez2) (bd—ae)
bz (ae+4bd) _
_ a(bd—ae)
3 3 a a+b12 (d+emz)(bd ae) .
va+bz?vVd + ex Td(bd—ae) yrN/
\/72(ae + bd) + ad + bex*
| 291
22 2 2 1 z
3a(a e2—4abde+8b2d )f . (bd—zae)z2 d o i
e bz4+a _ zVa+bx4(4bd—ae)(3ae+2bd)
2d(bd—ae) 2d(d+ez2)(bd7ae)
beae+4bd)) _ e ;
3 3 aVa+bz2 (d+ex? ) (bd—ae) alba—ae o
Va + bz2V/d + ex 4d(bd—ae) 4dy
\/z2(ae + bd) + ad + bez?
| 221
2.2 44 2,2 z+/bd—ae
. 3a(a e? —4abde+8b2d )arctanh( > a+bz2) | o/aTba% (4bd—ae) (Bact2bd)
2d3/2 (bd—ae)3/2 2d(d+ea?) (bd—ae)
bz (ae+4bd) _
_ a(bd—ae)
3 3 a a+bm2 (d+em2>(bd ae) _
va+bz?vVd + ex 1d(bd—ae) 4dv/

\/z2(ae + bd) + ad + bez?



input

output

rule 27

rule 221

rule 291

rule 316
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‘Int[1/((d + e*xx"2)"(3/2)*(a*xd + (b*d + axe)*x™2 + bxexx~4)"(3/2)),x]

(Sqrt[a + b*x"2]*Sqrt[d + e*xx~2]*(-1/4*(exx)/(d*(b*d - a*e)*Sqrt[a + bxx~2
I*x(d + e*x72)72) + ((b*x(4*bxd + axe)*x)/(a*(b*d - axe)*Sqrtl[a + b*x~2]*(d
+ e*x72)) - (ex(-1/2%((4*b*d - axe)*(2¥bxd + 3*axe)*x*Sqrt[a + b*x~2])/(d*
(bxd - axe)*(d + exx"2)) + (3*a*x(8%b~2%d"2 - 4*axb*d*e + a~2%e”2)*ArcTanh[
(Sqrt[b*d - axel*x)/(Sqrt[d]*Sqrtla + b*x~2])]1)/(2%d"(3/2)*(b*d - a*xe)~(3/
2))))/(a*x(b*d - axe)))/(4*dx(b*d - a*e))))/Sqrt[axd + (bxd + axe)*x"2 + bx*

exx~4]

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x

/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, 0]

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pL(-b)*x*x(a + b*x"2)"(p + 1)*((c + d*x"2)"(q + 1)/(2*%a*x(p + 1)*(b*c - axd))
), x] + Simp[1/(2*a*x(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)"g*Simp[b*c + 2x(p + 1)*(b*c - a*d) + d¥bx(2x(p + q + 2) + 1)*x"2, x], x
1, x]1 /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - axd, 0] && LtQlp, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQlq, -1]) && IntBinomialQ[a, b, c, d, 2,

P, q, x]

~
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Int[((a) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)"2), x_Symbol] :> Simp[(-(bxe - axf))*x*(a + b*x~2)"(p + 1)*((c + d*x~2)"
(q + 1)/ (ax2*(b*c - axd)*(p + 1))), x] + Simp[1/(a*2x(b*c - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2) g*Simp[cx(b*e - a*f) + e*2x(b*c - a*d)
*(p + 1) + d*(bxe - axf)*(2*%(p + q + 2) + 1)*x~2, x], x], x] /; FreeQ[{a, b
, ¢, d, e, £, q}, x] && LtQ[p, -1]

rule 402

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(n_)) " (p_)*((d_) + (e_.)*(
x_)"(@m_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[pl/((d
+ exx"n) “FracPart[pl*(a/d + cx(x"n/e)) FracPart[p]) Int[ux(d + e*x™n) (p
+ @*(a/d + (c/e)*x"n)7p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] && E
qQ[n2, 2#n] && EqQlc*d~2 - bkxdxe + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,
1] && EqQ[n, 21)

rule 1395

Maple [B]| (warning: unable to verify)

Leaf count of result is larger than twice the leaf count of optimal. 5948 vs. 2(264) = 528.

Time = 0.52 (sec) , antiderivative size = 5949, normalized size of antiderivative = 20.10

method | result size
default | Expression too large to display | 5949

input‘int(1/(e*X‘2+d)‘(3/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)“(3/2),x,method=_RETURNVE
| RBOSE)

output‘result too large to display
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 890 vs. 2(264) = 528.
Time = 0.16 (sec) , antiderivative size = 1806, normalized size of antiderivative = 6.10

1
(d+ ex?)*? (ad + (bd + ae)z? + bext)*/?

dx = Too large to display

input‘integrate(l/(e*x‘2+d)‘(3/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)*(3/2)’X, algorithm |
="fricas")
output [-1/16*% (3% (8%a~2*¥b~"2xd"5*xe - 4*a”3*b*d~4*e~2 + a~4*d"3*e~3 + (8*a*b~3*d~2*

e”4 - 4%a”2%b"2xd*e”5 + a"3*xb*e"6)*x"8 + (24*a*b~3*d"3*e”3 - 4*a”~2%b”"2xd"2
*e”"4 — a~3%bxd*e”5 + a~4*e"6)*x"6 + 3x(8*a*b~3*d"4*e”2 + 4*a”~2%b"2xd"3*e”3
- 3*%a”3%bxd"2%e"4 + a~4*d*e"b)*x"4 + (8*axb~3*d"5ke + 20*a”2xb"2+d"4*e”2
- 11*%a~3%b*d"3*e”3 + 3*a~4*xd"2%e"4)*x"2)*sqrt(b*d~2 - axd¥e)*log((2¥b*d~2*
X2 + (24bxd*e - a*e”2)*x"4 + axd”2 + 2xsqrt(bxe*x"4 + (bxd + a*e)*x"2 + a
*d) *sqrt (b*d~2 - axd*e)*sqrt(exx™2 + d)*x)/(e"2*x"4 + 2xd*exx"2 + d~2)) -
2xsqrt (bxe*x”4 + (bxd + a*e)*x”2 + a*xd)*((8%b~4xd~4*e”2 + 2%a*b~3xd"3*e”3
- 13%a"2xb"2+d"2%e"4 + 3*a"3*b*d*e”5)*x"5 + (16xb~4*xd"5xe - 4xaxb~3xd"4xe”
2 - Txa"2xb"2*d"3*e~3 - 8*a~3*bxd"2*e"4 + 3*a~4*dxe”5)*x"3 + (8%¥b"4xd"6 -
8*%a*b~3*d"5*e + 12%a”2%b"2%d"4*e”2 - 17*a"3*bxd"3*e”3 + 5xa~4xd"2%e”4)*x)*
sqrt(exx~2 + d))/(a"2*%b"4*d"10 - 4*a~3xb~3*d"9%e + 6*a"4*b"2%d"8%e”2 - 4*a
“B*bxd"T*e"3 + a"6+xd"6xe”4 + (a*b~5*d"7*e"3 - 4*a”2%¥b”"4xd"6xe”4 + 6*a”3*b”
3*%d"5*e”5 - 4*a~4*b"2xd"4*e”6 + a~bxb*d"3xe”7)*x"8 + (3*a*b~5xd"8%e"2 - 11
*a"2%b"4*d"7*e"3 + 14*%a”"3*xb"3*xd"6%e"4 - 6%a"4*b"2*d"5*e”5 - a"bxbxd"4*xe”6
+ a"6xd"3xe”7)*x"6 + 3*%(a*b~5*d"9*e - 3*a"2*b"4*d"8*e"2 + 2*a”~3*b"3*xd"T*xe”
3 + 2*xa”4xb"2*d"6*e~4 - 3*a~b*b*d"b*e”5 + a"6xd"4*e"6)*x"4 + (axb"5xd~10 -
a”"2xb"4*d"9%e - 6*a”3*b"3*d"8%e”2 + 14*a"4*b"2%d"7*e”3 - 11*xa~b*b*d 6xe"4
+ 3%a”6*d"5*e”5)*x72), 1/8%(3*(8*a~2%b"2xd"5*e - 4xa~3*bkd"4xe”2 + a~4*d”
3%e”3 + (8xaxb~3*d"2xe"4 - 4*a"2xb"2*d*e”5 + a~3*b*e”6)*x"8 + (24%axb”3...

\
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Sympy [F]
/ (d+ 6$2)3/2 (ad + (bld + ae)z? + bear;‘l)?’/2 do= / ((a+ bz?) (d + ;2))3 (d+ exZ)% de
input Lintegrate (1/ (e*x**2+d) ** (3/2) / (a*d+ (axe+b*d) *x**2+bkexx**4) ** (3/2) ,x) J
output‘ Integral(1/(((a + bxx**2)*(d + e*x**2))**(3/2)*(d + exx**2)**(3/2)), x) ‘

Maxima [F]

1 1

dxr= / 5 - dx
/ (d+ ex?)’? (ad + (bd + ae)z? + bex?)*? (bex* + (bd + ae)x? + ad)? (ex? + d)?

integrate(1/(e*x~2+d)~(3/2) / (axd+(axe+b*d) *x~2+b*e*x~4) ~(3/2) ,x, algorithm

input
="maxima")

integrate(1/((b*exx~4 + (b*d + a*e)*x~2 + axd)~(3/2)*(e*x"2 + d)~(3/2)), x

output )

Giac [F]

/ 1 dr = / ! dz
(d+ ex?)’? (ad + (bd + ae)z? + bex?)*? (bex* + (bd + ae)x? + ad)g (ex? + d)%

input ‘ integrate(1/(e*x~2+d) ~(3/2)/(a*d+(a*e+b*d) *x~2+b*e*xx~4)~(3/2) ,x, algorithm ‘
‘=“giac") ‘

output‘ integrate(1/((b*e*xx~4 + (bxd + a*e)*x~2 + axd)~(3/2)*(e*xx~2 + d)~(3/2)), x ‘
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Mupad [F(-1)]
Timed out.
1 1

dxz/ dx
(d+ ex?)*? (ad + (bd + ae)z? + bex?)*? (ez? +d)** (bezt + (ae+bd) 22 + ad)®?

input Lint(l/((d + e*x~2)"~(3/2)*(a*d + x~2*(axe + bxd) + bxexx~4)~(3/2)),x) J

output‘ int(1/((d + exx~2)"(3/2)*(a*d + x"2*(a*e + b*d) + b*exx~4)~(3/2)), x)

Reduce [B] (verification not implemented)

Time = 5.36 (sec) , antiderivative size = 3380, normalized size of antiderivative = 11.42

/ L dx = Too large to display
(d+ ex?)®? (ad + (bd + ae)z? + bex?)*?

input Lint (1/ (e*x~2+d) ~(3/2) / (a*xd+ (a*e+bxd) *x~2+b*e*x~4) ~(3/2) ,x) J
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( - 9xsqrt(d)*sqrt(axe - b*d)*atan((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b*x
**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a*x*5xd**2*e*x*4 - 18*sqrt(d)*s
grt(axe - b*d)*atan((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b*x*x2) - sqrt(e)=*
sqrt (b) *x) / (sqrt (d) *sqrt (b)) ) *ax*5xd*e**5xx*x2 — 9*ksqrt(d)*sqrt(a*e — b*d)
xatan((sqrt(a*e - bxd) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/(sq
rt(d) *sqrt (b)) ) xax*5*xe*x6xx**4 + 60*sqrt(d)*sqrt(axe - b*d)*atan((sqrt(axe

- b*d) - sqrt(e)*sqrt(a + bxx*x2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))
xaxx4xbkd**x3ke**x3 + 111xsqrt(d)*sqrt(a*xe - bkd)*atan((sqrt(axe - b*d) - sq
rt(e)*sqrt(a + bxx*x2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt (b)) )*a*xx4*xb*d**2
xexx4xx*kx2 + 42xsqrt(d)*sqrt(axe - b*d)*atan((sqrt(axe - b*d) - sqrt(e)*sq
rt(a + b*xx**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*ax*4xbkd*er*x5kx**4
- 9xsqrt(d) *sqrt(a*xe - bxd)*atan((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b¥x**
2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a*xd*bxe**xB*xx*x*x6 — 168*sqrt(d) *
sqrt (a*e - bxd)*atan((sqrt(a*e - b*d) - sqrt(e)*sqrt(a + bxx**2) - sqrt(e)
*sqrt (b) *x) / (sqrt (d) *sqrt (b)) ) *a**3*xb**2kd**4*kex*2 — 276*sqrt(d) *sqrt(a*e
- bxd)*atan((sqrt(a*e - bxd) - sqrt(e)*sqrt(a + bxx*x2) - sqrt(e)*sqrt(b)*
x)/ (sqrt(d) *sqrt (b)) ) *a**3*xbx*2xd**3ke**x3*x*x*2 — 48*sqrt(d)*sqrt(axe — bxd
)*atan((sqrt(a*e - b*d) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/(s
qrt (d) *sqrt (b) ) ) xa**x3kb**2kd**2ke*xxd*xx*k*x4 + 60*sqrt(d)*sqrt(axe - bxd)*ata
n((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/(sar...

output




output
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(d+ex?) M/
3.15 | 575 A
(ad+(bd+ae)z2+bex?)
Optimal result . . . . . . . . . . .. 142]
Mathematica [A] (verified) . . . . . . . . . ... L 143]
Rubi [A] (verified) . . . . . . . . . . T43]
Maple [A] (verified) . . . . . . . . . . 146
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 147
Sympy [F(-1)] . . . o 148}
Maxima [F] . . . . ... 148
Giac [A] (verification not implemented) . . . . . . . . ... ... L. 149
Mupad [F(-1)] . . . o 149
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 150
Optimal result
Integrand size = 37, antiderivative size = 236
/ (d + ex?)"/? _ (bd — ae)3z(d + ex?)*/?

(ad + (bd + ae)z? + bext)™? x_3dﬁmd+Wd+a®ﬁ+hmﬂwz

(bd — ae)?(2bd + Tae)zv/d + ex?  e3z\/ad + (bd + ae)z? + bex?

3a2b3+\/ad + (bd + ae)x? + bex* 203v/d + ex?

N e2(6bd — 5ae)arctanh( 7 dﬁg%beﬁ)
207/2

1/3*(—a*e+b*d) ~3*x* (e*x~2+d) " (3/2) /a/b~3/ (a*d+ (a*e+b*d) *x~2+b*e*x~4) ~(3/2)
+1/3* (—a*e+b*xd) ~2*x (7T*a*e+2*xb*d) *x* (exx”~2+d) ~(1/2) /a”~2/b~3/ (a*d+ (a*e+b*d) *x
“2+b*exx"4) " (1/2) +1/2*e"3*x* (a*d+ (a*e+b*d) *x " 2+b*e*x~4) ~(1/2) /b~3/ (e*x~2+d
)" (1/2)+1/2xe~ 2% (-5*axe+6xb*d) *arctanh (b~ (1/2) *x* (exx~2+d) ~(1/2) / (a*xd+(axe
+b*d) *x~2+b*exx~4)~(1/2)) /b~ (7/2)
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Mathematica [A] (verified)

Time = 0.28 (sec) , antiderivative size = 177, normalized size of antiderivative = 0.75

(d + ea?) 12 (d + ex?)*? (x/l_)x(15a4e3 + 4b*d3x? + 3a’b?e*z%(—8d + ex?) + 6ab’

dr =
(ad + (bd + ae)z? + bext)/ (

-/

p
input Llntegrate[(d + exx"2)7(11/2)/(a*xd + (b*d + a*e)*x™2 + bke*x"4)~(5/2),x]

(((d + e*x72)7(3/2) *(Sqrt [b] *x* (16%xa~4*e”~3 + 4*b~4*d"3*x"2 + 3%a”2¥b"2xe” 2
‘x“2*(—8*d + exx”"2) + 6%a*b”3*%d"2*(d + exx"2) + 2*%a 3*kbke 2% (-9*d + 10%e*x”
12)) + 3xa”2%e"2x(-6xbxd + Gxaxe)*(a + bxx"2)"(3/2)*Log[-(Sqrt[bl*x) + Sqrt
L[a + b*x72]11))/(6*xa~2%b~(7/2)*((a + bxx~2)*(d + e*xx~2))~(3/2))

output

B ——

Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 235, normalized size of antiderivative = 1.00,

=7, number of rules _ 189, Rules
integrand size

number of steps used = 8, number of rules used =
used = {1395, 315, 401, 27, 299, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

o\ 11/2

/ (d+ ex?) J
x
(x2(ae + bd) + ad + bex*)*/?
l 1395

\/(JL+bac2\/d-|—eac?f#ﬂ;ls/2 T

V/x2(ae + bd) + ad + bex?

l 315

(ez2+d) (d(2bd+ae) —e(2bd—5ae)z2)

372 z 2
5 3 (bo2+a) z(d+ex?)” (bd—ae)
Va+bz?V/d + ex 3ab 3ab(a+bx?)>/?

\/z2(ae + bd) + ad + bez*
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l 401
_ &z a 2
. 5 i ab z(d+ex?)” (bd—ae)
Va +bz2V/d + ex 3ab + 3ab(a+ba?)3/?

v/72(ae + bd) + ad + bex*
| 27

4b2d2 +8abed—15a2e2 ) 22 +ad(2bd—5
x(d+ez2) (%—#-&-Sde) ef ( +8abe : ;+)w +ad( ae) "
—_ T a 9
& ab z(d+ex?)” (bd—ae)
a + bx?v/d + ex? atbz
\/ + \/ + 3ab 3ab(a+bx2)3/2

\/z%(ae + bd) + ad + bex*

| 299
Va+ba? (—15a2e? +8abde+4b%d?) 3a”e(6bd—5ac) [ mdw
(ares?) (2" o5 roac) © 7 - &
2 - ab w(d+ew2)2(bd-
a + bz?v/d + ex? athe ﬂ
Va+ Vd+ 3ab 3ab(a+bx2)*

\/z2(ae + bd) + ad + bez?

l 924
2 g 1 x
3a“e(6bd—5ae) [ ———5—d
2Va+be2 (—15a2e2 +8abde+4b%d?) 1—b;’§ﬁ VbzrZta
€ 25 - 25
2 2
w(d+ez2) (%—&‘75-&-&16)
2 - ab x (d4-e
Va + bx2vVd + ex? nohe 3ab + (

3ab|

\/z2(ae + bd) + ad + bez?
| 219
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2 Voz -
= arba2 (_15a2222+8abde+4b2d2) 3a mrctanh(W) (6bd 5ae))
2b

2 2
x (d+ez2) (% — &Lbe +3de)

2 2 a+bx2 ab ﬂ)(d+(
Va + bzx2V/d + ex 3ab T 3ab

\/z2(ae + bd) + ad + bez*

input‘ Int[(d + exx~2)"(11/2)/(a*d + (bxd + axe)*x~2 + bke*xx~4)~(5/2),x] ‘

(Sqgrt[a + bxx~2]*Sqrt[d + e*x"2]*(((b*d - a*e)*x*(d + exx~2)~2)/(3*a*bx(a
+ b*x72)7(3/2)) + ((((2¥b*d"2)/a + 3*d*e - (5*a*xe~2)/b)*x*(d + e*x~2))/Sqr
tla + b*x"2] - (ex(((4%¥b~2%d~2 + 8*a*bk*d*e — 15%a~2*e”~2)*x*Sqrt[a + b*x"2]
)/ (2%b) - (3*a~2*ex(6xb*d - bxa*e)*ArcTanh[(Sqrt[bl*x)/Sqrtla + b*x"2]1)/(
2%b~(3/2))))/(a*b))/(3*a*b)))/Sqrt [axd + (bxd + a*e)*x"2 + bxe*x"4]

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*#Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !GtQ[a, 0]

rule 224

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[d*x
*((a + bxx"2)"(p + 1)/(b*(2*p + 3))), x] - Simp[(a*d - bxc*x(2*p + 3))/(b*(2
*p + 3)) Int[(a + b*x"2)"p, x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c -
axd, 0] && NeQ[2*xp + 3, 0]

rule 299




rule 315

rule 401

rule 1395
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Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(a*d - c*b)*x*(a + bxx"2)"(p + 1)*((c + d*x"2)"(q - 1)/(2*%axb*x(p + 1))),

x] - Simp[1/(2*a*b*x(p + 1)) Int[(a + b*x"2)"(p + L) *(c + d*x"2)"(q - 2)*S
imp[c*(a*d - cxbx(2%p + 3)) + dx(axd*(2x(q - 1) + 1) - bkc*x(2x(p + q) + 1))
*x"2, x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - a*d, 0] && LtQ[p, -
1] &% GtQlq, 1] && IntBinomialQ[a, b, ¢, 4, 2, p, q, X]

Int[((a)) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (f_)*(x
_)72), x_Symbol] :> Simp[(-(b*e - a*f))*x*(a + b*x"2)~(p + 1)*((c + d*x~2)~
q/ (a*b*2*x(p + 1))), x] + Simp[1/(a*b*2*(p + 1)) Int[(a + b*x"2)"(p + 1)*(
c + d*x”2)7(q - 1)*Simp[c*(b*ex2*(p + 1) + bxe - axf) + dx(bxex2x(p + 1) +
(bxe - a*xf)*(2xq + 1))*x~2, x], x], x] /; FreeQ[{a, b, c, d, e, £}, x] & L
tQlp, -11 && GtQlq, O]

Int[(u_.)*((al) + (c_)*(x_)"(m2_.) + (b_)*(x_)" (@ )) " (p_)*((d_) + (e_.)*(
x_)"(n_))"(g_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) “FracPart[p]/((d

+ e*x"n) "FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx™n) (p

+ q)*(a/d + (c/e)*x"n) p, x1, x] /; FreeQ[{a, b, ¢, d, e, n, p, q}, x] & E
qQ[n2, 2*n] && EqQ[c*d"2 - bxd*e + axe”2, 0] && !'IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 2])

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 292, normalized size of antiderivative = 1.24

method | result
5

v/ (ez2+d)(bz%+a) (—3b7 a’e3z5+15 ln(\/gx-l—\/bﬂ-l—a)a:‘b e3z2v/bx2+a—18 ln(\/gac—i—\/bﬁ—i—a) a?b?d e?x2v/bx2+a—20b

default | —
2
\/b(z_ivgab) +2\/_Tb<z_@
(a3e3—3a2bd62+3ab2d26—b3d3) —
62(5ae—6bd) 1n(x/§z+ Vb z2+a>
NG —
risch e3z(ba?+a)Vez2+d _
203/ (e z2+d)(bx2+a)
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int ((exx~2+d) ~(11/2)/ (a*xd+(a*e+b*d) *x~2+b*e*x~4) " (5/2) ,x,method=_RETURNVER

input
BOSE)

-1/6x((e*x~2+d) *(b*x"2+a) ) ~(1/2) /b~ (7/2)*(-3*%b~ (5/2) *a~2*e~3*x~5+15%1n (b~ (
1/2) *x+(bxx~2+a) ~(1/2) ) *a~3*b*e~3*x~2* (b*x~2+a) ~(1/2)-18*1n (b~ (1/2) *x+ (b*x
~2+a) " (1/2))*a~2*b~2xd*e " 2xx~ 2% (b*xx~2+a) ~(1/2) -20%b~ (3/2) *a~3*e~3*x"3+24*b
~(5/2) *a~2*d*e~2*x~3-6*b" (7/2) *a*d~2*e*x~3-4*b~ (9/2) *d~3*x~3+15*1n (b~ (1/2)
*x+(b*x~2+a) ~(1/2) ) *a~4*e~3* (b*x~2+a) ~(1/2)-18*1n (b~ (1/2) *x+(b*x~2+a) ~(1/2
)) *a~3*bkdxe” 2% (b*x~2+a) " (1/2)-15%b~ (1/2) *a~4*e " 3*x+18xb~ (3/2) *a~3*d*e~2*x
-6%b~ (7/2) *a*d~3*x) / (exx~2+d) ~(1/2) / (b*x~2+a) ~2/a"2

output

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 777, normalized size of antiderivative = 3.29

dxr = Too large to display

/ (d + ex?)"/?

(ad + (bd + ae)z? + bex?)™*

input‘integrate((e*x“2+d)“(11/2)/(a*d+(a*e+b*d)*x*2+b*e*x*4)*(5/2),X, algorithm=
‘"fricas")




CHAPTER 3. LISTING OF INTEGRALS 148

[-1/12% (3% (6*a~4*b*d"2*e~2 - 5*a~5*d*e”~3 + (6*a~2*%b~3*d*e”3 - 5*a~3*b~2xe”
4)*x76 + (6*a”2%b~3*d"2*e”2 + T*a"3*b"2*d*e”3 - 10*a~4xb*e”4)*x"4 + (12*a”
3*xb"2xd"2*e"2 - 4*a~4*bxd*e”3 - 5*a~bxe”4)*x"2)*sqrt(b)*log((2*b*e* x4 + (
2xb*d + axe)*x”2 - 2xsqrt(bxe*x"4 + (bxd + a*e)*x"2 + axd)*sqrt(e*x”2 + d)
*sqrt(b)*x + a*xd)/(e*x”2 + d)) - 2*(3*a"2*b~3*%e"3*x"5 + 2% (2*¥b~5%d”3 + 3*a
*b~4*xd"2xe — 12*%a”2*%b"3*d*e”2 + 10*a~3*b"2*e”3)*x"3 + 3*(2*axb~4*d"3 - 6*a
“3*b~2xd*e”2 + 5xa~4xbxe”3)*x)*sqrt(b*e*x"4 + (bxd + axe)*x"2 + a*d)*sqrt(
exx”2 + d))/(a"2*xb"6*exx"6 + a"4*b~4*d + (a"2%b"6*d + 2*xa”~3*b"5*e)*x"4 + (
2xa"3*xb"bxd + a~4*b~4*e)*x"2), -1/6*%(3*x(6*xa"4xb*d"2%e"2 - 5xa~5xd*e~3 + (6
*¥a"2*%b"3xd*e”3 - 5¥a”3*%b"2xe"4)*x"6 + (6*a"2x¥b"3*d"2xe”2 + Txa~3*%b"2xdxe”3
- 10*%a~4xbxe~4)*x~4 + (12*%a"3*b"2+%d"2*e"2 - 4xa~4*xbkxd*e~3 - 5*a”~5*e”4)*x~
2)*sqrt (-b) *arctan(sqrt(e*x~2 + d)*sqrt(-b)*x/sqrt(b*e*x"4 + (bxd + a*e)*x
~2 + axd)) - (3*a"2*b"3*e"3*x"5 + 2x(2xb"5*d"3 + 3*a*b”4*d"2xe - 12*xa”~2*b”
3kd*xe~2 + 10*%a~3*b"2*%e”3)*x"3 + 3*(2*xaxb~4*d"3 - 6*a”3*b"2xd*e”2 + 5*xa~4#*b
*xe”3) xx) *sqrt (b*e*x~4 + (bxd + a*e)*x~2 + a*d)*sqrt(e*xx~2 + d))/(a"2*b~6%*e
*x"6 + a~4*b~4xd + (a"2*%b"6xd + 2*xa”"3*b"bke)*x"4 + (2*xa”"3*b"5*kd + a"4*b~4x*
e)*x~2)]

output

Sympy [F(-1)]

Timed out.

dz = Timed out

/ (d + ex?)"/?
(ad + (bd + ae)z? + bezt)*?

inputLintegrate((e*X**2+d)**(11/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(5/2),X)

Output‘\Tlmed out

Maxima [F]

(d+ ea?)"? [ (ea? +d)* ’”
(bex* +

dx = 5
(ad + (bd + ae)z? + bext)®/ (bd + ae)z? + ad)?
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t‘integrate((e*x"2+d)”(11/2)/(a*d+(a*e+b*d)*x"2+b*e*x"4)"(5/2),x, algorithm=

inpu
‘"maxima" ‘

outputlintegrate((e*x‘Q + d)~(11/2)/ (bxe*xx~4 + (b*d + a*xe)*x”~2 + axd)~(5/2), x) J

Giac [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 161, normalized size of antiderivative = 0.68

/ (d + ex?)"/? e Vba? + ae’z
(ad + (bd + ae)z? + bext)*? 203
( (2 b7d3+3 abbd2e—12 a2b%de2+7 a3b4e3)a:2 3 (ab6d3—3 a3bide2+2 a4b3e3) )
z a2bb + a2
+_

3 (bx? +a)g
(6 bde? — 5ae®) log (‘—\/Ex + Vbx? + a))
232

integrate ((exx~2+d)~(11/2) / (a*d+(a*xe+b*d) *x~2+b*e*xx~4) ~(5/2) ,x, algorithm=

input
"giac")

1/2*%sqrt (b*x~2 + a)*e”~3*x/b~3 + 1/3*x*((2%¥b~7*d"3 + 3*a*b~6xd"2%e - 12*a~2
*b"5xd*e”2 + T*a"3*%b~4*xe”3)*x"2/(a"2%b”6) + 3*(axb"6xd"3 - 3*a~3*b~4*xdxe”2
+ 2%a”4*b~3%e"3)/(a~2%b"6))/(b*x~2 + a)~(3/2) - 1/2*(6*bxd*xe”2 - 5xa*xe~3)
*log(abs (-sqrt(b)*x + sqrt(b*x~2 + a)))/b~(7/2)

output

Mupad [F(-1)]
Timed out.

(d + ex?)"/? ex?+d)"’

52dx=/ : 5z 4%
(ad + (bd + ae)z? + bezt)® (bext+ (ae+bd) 22+ ad)®

input Lint((d + exx~2)"(11/2)/(axd + x~2x(axe + bxd) + bxe*x~4)~(5/2),x) J
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Output‘int((d + e*xx72)7(11/2)/(a*d + x"2*(a*xe + b*d) + bxexx~4)~(5/2), x)

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 519, normalized size of antiderivative = 2.20

(d+ ex2)11/2 30vbx2? + aa*b ez — 36v/ba? + aa’b?d e’z + 40V/bz? + a a®b?e32f

5/2dac—

(ad + (bd + ae)z? + bex?)

( N

inputLint((e*XA2+d)A(11/2)/(a*d+(a*e+b*d)*XA2+b*e*XA4)A(5/2),X) J

(30*sqrt(a + bkx**2)*a*x*x4d*bkex*3*kx — 36xsqrt(a + bkxx*2)*kak*3*kbk*2kdkex*k2x
X + 40*sqrt(a + bxx**2)*a*x*3*b**2ke**3*kx**3 — 48*sqrt(a + bxx**2)*kax*2*b*x*
3*kd*ex*2+xx*3 + 6xsqrt(a + b*x**2)*a*x2xb*kx3ke*xx3xx*x5 + 12xsqrt(a + b¥x**
2) xaxb*x4kd**3*kx + 12%sqrt(a + bxx**2)*axbx*k4xdx*2*exx**3 + 8*ksqrt(a + b*x
*%2) ¥bkkEkd**3*kx**3 - 30*sqrt(b)*log((sqrt(a + b*x**2) + sqrt(b)*x)/sqrt(a
)) *ax*bxe*x3 + 36*sqrt(b)*log((sqrt(a + b*x**2) + sqrt(b)*x)/sqrt(a))*a**4
*xbxd*e*x*2 - 60*sqrt(b)*log((sqrt(a + b*x**2) + sqrt(b)*x)/sqrt(a))*a*x*4*xb*
ex*3xxx*2 + 72xsqrt(b)*log((sqrt(a + b*xx**2) + sqrt(b)*x)/sqrt(a))*a*x*3xb*
*x2kd*kex*2xx**2 - 30*sqrt(b)*log((sqrt(a + b*x**2) + sqrt(b)*x)/sqrt(a))*a*
*3*xb*x2*e*x3*x**x4 + 36%sqrt(b)*log((sqrt(a + b*x**2) + sqrt(b)*x)/sqrt(a))
*kaxx2xb**k3xd*ke*x*2*xx*k*4 — Bxsqrt(b)*ax*5xex*3 — 10*sqrt (b) *a*x4xbke*x*3*kx*k*2
+ 12xsqrt (b) *ax*3xbx*2xd**2xe - 5*xsqrt(b)*a*x3xb*x2xe*xx3xx**x4 — 8*sqrt(b)
*a*x*k2xbx*x3xd**3 + 24*xsqrt (b) *ax*2xb**3*xdx*2xe*x**2 — 16%sqrt (b)xa*b¥*4xd**
3kx**2 + 12*%sqrt (b) kaxb*xdxd**2ke*x**4 — 8xsqrt (b) *b**5*xd**3*x**4) / (12%a**
2%bxx4* (a**2 + 2ka*xb*x**2 + b¥*k2kxk*x4))

output
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219/2
3.16 [— ) gy
(ad+(bd+ae)z2+bex?) /
Optimal result . . . . . . . . . . .. 151
Mathematica [A] (verified) . . . . . . . .. ... L Lo 152
Rubi [A] (verified) . . . . . . . .. .. 152
Maple [A] (verified) . . . . . . . . . . 154
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 155
Sympy [F(-1)] . . . o 1551
Maxima [F] . . . . ... 156
Giac [A] (verification not implemented) . . . . . . . . ... ... L. 156
Mupad [F(-1)] . . . o 157
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 157
Optimal result
Integrand size = 37, antiderivative size = 174
/ (d + ex?)”? _ (bd — ae)?z(d + ex?)*/?
(ad + (bd + ae)z? + bext)™? v 3ab? (ad + (bd + ae)z? + bext)/

Vbx+/dtex?
2(bd — ae)(bd + 2ae)zv/d + ex? n e%rctanh( \/ad+(bd+a:)x2+bex4>

3a2b?\/ad + (bd + ae)x? + bex* b5/2

output‘1/3*(—a*e+b*d)“2*x*(e*X“2+d)*(3/2)/a/bAQ/(a*d+(a*e+b*d)*XA2+b*e*xﬁ4)A(S/z)
‘ +2/3% (—a*e+bxd) * (2ka*xe+b*d) *x* (exx~2+d) ~(1/2) /a~2/b"2/ (a*xd+(a*e+b*d) *x~2+b
‘*e*x‘4)“(1/2)+e“2*arctanh(b”(1/2)*X*(e*x“2+d)”(1/2)/(a*d+(a*e+b*d>*XA2+b*e
*x74)7(1/2)) /b~ (5/2)
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Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 127, normalized size of antiderivative = 0.73

(d + ea?)”? (d + ex?)*? (x/l_)(bd — ae)z(3a’e + 2b%dz? + ab(3d + 4ex?)) — 3a’e

dr =
(ad + (bd + ae)z? + bext)/ 3a2b5/2 ((a + ba?) (d + ex?))®

-

LIntegrate[(d + e*x72)7(9/2)/(axd + (b*d + a*e)*x~2 + bke*x~4)~(5/2),x]

-/

input

d + 4*e*x"2)) - 3%a"2%e"2%x(a + bxx~2)7(3/2)*Log[-(Sqrt[bl*x) + Sqrt[a + b*

output‘(((d + exx"2)7(3/2)*(Sqrt [b]*(b*d - ake)*x*(3*a~2xe + 2xb~2*d*x"2 + axb*(3x* \\
\x“2]]))/(3*a”2*b“(5/2)*((a + bxx"2)*(d + exx72))7(3/2)) \

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.94,

number of rules _ 0.135, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {1395, 315, 298, 224, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (d+ ex?)” N
(#2(ae + bd) + ad + bex?)*/?
l 1395
(ex?+d)*

p p
Va+bz?Vd+ ex f(bz2+a)5/2

v/x2(ae + bd) + ad + bex*

l 315
2 2
3a8(:m;j:§gd/;ae)dz z(d+ex?) (bd—ae)
a + bx2\/d + ex? -
\/ + \/ T 3ab 3ab(a+bx2)3/?

\/z2(ae + bd) + ad + bez*
| 208
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2 1
3 ——d
ae”J Vbz2+a w+z(bd7ae)(3ae+2bd)
b

a a 1'2
Va + bx2vVd + ex? 525 by ath

z(d+ez?) (bd—ae)
3ab(a+bz2)3/?

\/z2(ae + bd) + ad + bez?

l 224
3(182 [ 1 d z
X b2 Vbz2+a
- 52 x+a bz + n z(bd—ae)(3ae+2bd) (d 2) (bd )
b 2 z(d+ex —ae
a + bx2v/d + ex? abvatbe
\/ + \/ + 3ab 3ab(a+bz2)3/?

\/z2(ae + bd) + ad + bez*
| 219

ae? Vb:
3 arCtanh< Vi a+:z2 ) + z(bd—ae)(3ae+2bd)

3/2
Va + bz2V/d + ex? b3/ ) ab/a-tba?

z(d+ex?) (bd—ae)
3ab(a+bx2)>/?

\/z%(ae + bd) + ad + bex*

input LInt[(d + exx"2)7(9/2)/(a*xd + (b*d + a*e)*x™2 + bxe*xx~4)~(5/2),x]

‘ (Sqrtl[a + b*x~2]*Sqrt[d + exx"2]*(((bxd - a*e)*x*(d + e*x~2))/(3*axb*(a +
\b*x‘2)“(3/2)) + (((bxd - axe)*(2¥b*d + 3xaxe)*x)/(a*bxSqrt[a + b*x~2]) + (
‘3*a*e"2*ArcTanh[(Sqrt [b]*x) /Sqrt[a + b*x~2]]1)/b~(3/2))/(3*a*xb)))/Sqrt [a*d
+ (b*d + ake)*x"2 + brexx"4]

output

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
X, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

rule 224
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rule 298 Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[(-(
b*c - axd))*x*((a + b*x"2)"(p + 1)/(2%a*bx(p + 1))), x] - Simp[(a*d - b*c*(
2%p + 3))/(2*axbx(p + 1)) Int[(a + b*x~2)~(p + 1), x], x] /; FreeQ[{a, b,
c, d, p}, x] & NeQ[bxc - axd, 0] && (LtQ[p, -1]1 || ILtQ[1/2 + p, 01)

rule 315 IntL((@) + (b_)*(x_)"2)7(p)*((c_) + (d_.)*(x.)72)7(q_), x_Symbol] :> Sim
pl(a*xd - cxb)*xx(a + b*x"2)"(p + 1)*((c + d*x"2)"(q - 1)/(2*a*xb*x(p + 1))),
x] - Simp[1/(2*axbx(p + 1)) Int[(a + b*x"2)"(p + 1)*(c + d*x"2)"(q - 2)*S
imp[cx(a*xd - c*bx(2*p + 3)) + dx(axd*(2x(q - 1) + 1) - b*c*x(2*%(p + q) + 1))
*x~2, x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - a*d, 0] && LtQ[p, -
1] && GtQlq, 1] && IntBinomialQ[a, b, c, d, 2, p, q, x]

rule 1395 Int[(u_)*((a)) + (c_)*(x_)"(@2_.) + (b_)*(x_)" (@ )) " (p_)*((d_) + (e_.)*(
x_)"(@_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[p]/((d

+ e*xx"n) “FracPart[p]*(a/d + c*(x"n/e)) FracPart[p]) Int[u*(d + e*x"n) (p

+ g)*(a/d + (c/e)*x"n)"p, x]1, x] /; FreeQ[{a, b, ¢, 4, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQ[c*d~2 - b*dxe + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 21)

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.99

method | result
7
(ex2+d)(bz2+a) (3 In (\/l; z+Vbx? +a> a?be?x2/b z2+a—4b% a262x3+2b% ade x34+2b2d?23+4-31n (\/I; z+vb a:2+a) ale?\bx
3b3 Vez?+d (bz2+a)’a?

default

int ((e*xx~2+d) ~(9/2) / (a*d+ (a*xe+b*d) *x~2+b*e*x~4) ~(5/2) ,x,method=_RETURNVERB

input
0SE)

1/3% ((e*xx~2+d) * (b*x~2+a) ) ~(1/2) /b~ (5/2) * (3*1n (b~ (1/2) *x+(b*x~2+a) "~ (1/2) ) *a
~2xbxe”2xx" 2% (bkx~2+a) " (1/2) -4%b~ (3/2) *a~2xe”~2*x"3+2*b"~ (5/2) *a*d*e*xx~3+2*b
~(7/2) *d"2*x"3+3*1n (b~ (1/2) *x+(b*x~2+a) ~(1/2) ) *a~3*e~2* (b*x~2+a) ~ (1/2) -3*b
~(1/2)*a”~3*%e " 2xx+3*b~ (5/2) *a*xd"2*x) / (e*x~2+d) ~(1/2) / (b*x"2+a) ~2/a"~2

output
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 575, normalized size of antiderivative = 3.30

(d + ex?) 3 (a?b?e3z8 + a'de? + (a?b?de? + 2 a®be®)z* + (2 abde? + a'ed)z?)

dr =
(ad + (bd + ae)z? + bezt)*?

integrate ((e*x~2+d) ~(9/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(5/2) ,x, algorithm="

input
fricas")

[1/6%(3*(a"2%b"2%e~3%x"6 + a~4*d*e”2 + (a"2*%b~2*d*e”2 + 2¥a~3*b*e~3)*x"4 +
(2%a~3*bxd*e”2 + a~4*e”3)*x"2)*sqrt(b)*log((2*bxexx~4 + (2*bxd + a*e)*x"2
+ 2*sqrt(b*exx"4 + (b*d + axe)*x”2 + axd)*sqrt(e*x”2 + d)*sqrt(b)*x + axd
)/ (exx™2 + d)) + 2xsqrt(bxe*x~4 + (bxd + a*e)*x"2 + a*d)*(2x(b~4*d"2 + a*b
“3*d*e - 2%a”2*%b"2%e"2)*x"3 + 3x(a*b~3*%d"2 - a~3*b*e”~2)*x)*sqrt(e*x~2 + d)
)/ (a"2%b"5*xexx"6 + a~4*b"3*d + (a”2*b”5*d + 2%a”3*b~4*e)*x"4 + (2*%a~3xb"4x
d + a~4%b"3*xe)*x"2), -1/3%(3*%(a"2*xb"2*e"3*x"6 + a~4*d*xe”2 + (a~2*xb~2*d*e”2
+ 2*a~3*bxe"3)*x"4 + (2xa~3xbxdxe”2 + a~4xe”3)*x"2)*sqrt(-b)*arctan(sqrt(
e*x”2 + d)*sqrt(-b)*x/sqrt(b*exx"4 + (b*d + a*e)*x~2 + a*d)) - sqrt(bkxe*x”
4 + (bxd + axe)*x"2 + a*d)*(2x(b~4*d"2 + axb~3*d*e - 2*a~2*b"2xe"2)*x"3 +
3*%(a*b”3%d"2 - a"3*bxe”2)*x)*sqrt(exx”2 + d))/(a"2%b"5xe*x"6 + a~4*b"3*d +
(a”2xb~5xd + 2xa~3xb"4xe)*x"4 + (2¥a”3%b~4xd + a~4*b"3%e)*x"2)]

output

Sympy [F(-1)]

Timed out.
/ (d+ ez) 572 dz = Timed out
(ad + (bd + ae)z? + bex*)
input [integrate ((exx**2+d) ** (9/2) / (a*d+ (a*e+b*d) xx**x2+bke*x**4) ** (5/2) ,x) J
Ou_,EputkTimed out J
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Maxima [F|

/’ (d + ex?)”” dm—:/ (ex? +d)* i
(ad + (bd + ae)x? + bex?)®? (bez* + (bd + ae)z? + ad)g

‘integrate((e*x‘2+d)‘(9/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)“(5/2),x, algorithm="

input
‘maxima")

outputtintegrate((e*xv + d)~(9/2)/ (bxexx~4 + (b*d + axe)*x~2 + a*d)~(5/2), x)

Giac [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.60

2 (b5d2+ab4de—2 a2b362)x2 3 (ab4d2—a3b262)
(d + 6.’132)9/2 . 113( a?b* + a?bt >
(ad + (bd + ae)z? + bezt)*? 3 (ba? + a)%
e? log (’—\/l_)m + vVbx? + a‘)
_ "

integrate ((exx~2+d) ~(9/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4) " (5/2) ,x, algorithm="

input
giac")

1/3%x* (2% (b~5xd"2 + a*b~4xdke - 2%a~2*¥b~3*e"2)*x"2/(a"~2%b~4) + 3x(a*b~4*xd"
2 - a"3xb"2%e”"2)/(a"2%b"4))/(b*x"2 + a)~(3/2) - e"2+log(abs(-sqrt(b)*x + s
qrt(b*x~2 + a)))/b~(5/2)

output
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Mupad [F(-1)]

Timed out.

(d + ex?)”? dp — / (ez? + d)*"
(ad + (bd + ae)a? + bex?)*? (bezt + (ae+bd) 22 + ad)®?

dz

input Lint((d + e*x72)7(9/2)/(a*xd + x"2*(a*e + bxd) + bxexx~4)"(5/2),x) J

output Liﬂt((d + exx~2)7(9/2)/(a*d + x"2%(ake + bxd) + bxexx~4)~(5/2), x) J

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 300, normalized size of antiderivative = 1.72

(d+ ez2)9/2 —3vbz2 +aadbe’r — 4Vbz? + aa’b?e®zd + 3vVba? + aa b3d?x + ¢

dr =
(ad + (bd + ae)z? + bezt)*?

input Lint ((exx~2+d) = (9/2) / (a*d+ (axe+b*d) *x~2+bxe*x~4) ~(5/2) ,x) J

( - 3*sqrt(a + bxx**2)*ax*3*kbke*x*2%x — 4*sqrt(a + bxx**2)kax*2*kbkkx2kex*2*x
**3 + Jksqrt(a + bxx**2)*axb**3*xd**2+x + 2kxsqrt(a + b*x**2)*kaxb¥*k3*kd*exx**
3 + 2ksqrt(a + b*x**2)*xb*x*x4*xd**2*x**3 + 3*sqrt(b)*log((sqrt(a + bxx**2) +

sqrt (b) #x) /sqrt (a) ) kax*4*xex*2 + 6+sqrt(b)*log((sqrt(a + bxx**2) + sqrt(b)x*
x)/sqrt(a)) *a**x3*bkxex*2xx**2 + 3*sqrt(b)*log((sqrt(a + bxx**2) + sqrt(b)*x
)/sqrt(a)) *ax*2xb**2xe*x*2xx**x4 + 2*ksqrt(b)*a**3*xbxdxe — 2*sqrt(b)*kax*2kb*x*
2xd**2 + 4*sqrt(b)*a**x2*b**x2*kd*kexx**2 — 4*sqrt(b) *axbx*3kd**2kx**2 + 2%sqr
t (b) *axb**3*kdxe*xx*4 — 2xsqrt(b) kb**4d*xd**2xx**4) / (3kax*2xb*k*3* (ax*2 + 2xa*
b*xx*%*2 + bk*2%kx*x%x4))

output




output

input
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7/2
d+ex?
(ad+(bd+ae)z2+bex?)

Optimal result . . . . . . . . . . .. 158]
Mathematica [A] (verified) . . . . . . . .. ... L Lo 158
Rubi [A] (verified) . . . . . . . .. .. 159
Maple [A] (verified) . . . . . . . . . . 160
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 161
Sympy [F(-1)] . . . o 161l
Maxima [F] . . . . ... 161
Giac [F] . . . . o o 162
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 162
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 162
Optimal result

Integrand size = 37, antiderivative size = 111

/ (d+ ex?)"? dr — (bd — ae)z(d + ex?)*?
(ad + (bd + ae)z? + bex?)™? 3ab (ad + (bd + ae)z? + bex?)*”

(2bd + ae)xv/d + ex?
3a2by/ad + (bd + ae)z? + bex?

‘1/3*(—a*e+b*d)*x*(e*x‘2+d)”(3/2)/a/b/(a*d+(a*e+b*d)*x“2+b*e*x“4)“(3/2)+1/3

‘ * (axe+2xbxd) *x* (exx~2+d) ~(1/2) /a~2/b/ (a*xd+ (a*e+b*xd) *x~2+b*e*xx~4) "~ (1/2)

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.50

/ (d + ex?)"/? . z(d + ex?)*? (3ad + 2bdz? + aex?)
(ad + (bd + ae)z? + bex?)™? 3a2 ((a + bz?) (d + ex?))*?

LIntegrate[(d + exx”2)7(7/2)/(a*d + (b*d + a*e)*x~2 + bxexx"4)~(5/2),x]
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‘ (x*¢(d + e*x72)7(3/2)*(3*axd + 2xbxd*x~2 + a*exx~2))/(3*a"2x((a + b*x"2)*(d \

tput
ot + er2))"(3/2)) J

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.86,

number of rules _ 0.081, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {1395, 292, 208}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

7/2

/ (d + ex?)

5/ dx
(z2(ae + bd) + ad + bez*)
| 1395

2 2 [ _ex’+d
Va+bz?Vd+ ex f(bz2+a)5/2dx

V/x2(ae + bd) + ad + bex?

l 292

2df ﬁdﬂ:
Va + bz2y/d + ex? (bw?a) 4 _e(dtes?)
a

3a(a+bx2)%/?

\/z2(ae + bd) + ad + bez?
| 208

3 3(__2du z(d+es?) )
Va +bx2V/d + ex ( 37vatts® T Ba(atbe?)’?

\/z2(ae + bd) + ad + bez*

input LInt[(d + exx”2)"(7/2)/(axd + (b*d + a*e)*x~2 + bxexx~4)~(5/2),x] J

p
t‘ (Sqrt[a + b*x"2]*Sqrtl[d + e*xx~2]*((2*d*x)/(3*xa"2xSqrt[a + b*xx"2]) + (x*(d ‘

outpu
L+ exx~2))/(3*a*(a + b*x~2)"(3/2))))/Sqrt[a*d + (b*d + axe)*x~2 + bke*x"4] J
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[x/(a*Sqrt[a + b*x"2]),
x] /; FreeQ[{a, b}, x]

rule 208

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_.), x_Symbol] :> Si
mp[(-x)*(a + b*x"2)"(p + 1)*((c + d*x"2)"q/(2*ax(p + 1))), x] - Simp[lc*(q/(
ax(p + 1))) Int[(a + b*x"2)"(p + 1)*(c + d*x"2)"(q - 1), x], x] /; FreeQ[
{a, b, c, d, p}, x] && NeQ[b*c - axd, 0] && EqQ[2*(p + 9 + 1) + 1, 0] && Gt
Qlq, 0] && NeQ[p, -1]

rule 292

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(@m_)) (p_)*((d_) + (e_.)*(
x_)"(n_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[p]/((d
+ e*x"n) FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx"n)”(p
+ )*(a/d + (c/e)*x"n)7p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQlc*d~2 - b*dxe + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,
1] && EqQ[n, 21)

rule 1395

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.54

method | result size
V/(ex2+d)(bz2+a) z(ae x2+2bd 22 +3ad)
default Vel T (b ta) a2 60

5
orering x(ae x24-2bd x2+3ad) (e z2+4d) 2 (g x2+a) 64
3a2(ad+(ae+bd)z2+be %) 2
5
(b a:2+a)z(ae 224-2bd x2+3ad) (e z2+d) 2 65

3a2(be z*+ae x2+bd z2+ad) 3

gosper

int ((exx~2+d) ~(7/2) / (a*d+ (a*xe+b*d) *x~2+b*e*x~4) ~(5/2) ,x,method=_RETURNVERB

input
0SE)

1/3/ (e*x~2+d) ~(1/2) * ((e*x~2+d) * (b*x~2+a) ) " (1/2) *x* (a*e*x~2+2*bxd*x~2+3*a*d

output
)/ (b*xx~2+a)~2/a"2
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.97

(d + ex?)"? . Vbext + (bd + ae)z? + ad((2bd + ae)z® + 3adz)Vex? + d
(ad + (bd + ae)x? + be:c‘*)‘r’/2 3 (a?b2ex + atd + (a2b2d + 2 a3be)zt + (2 a3bd + ate)x?)

integrate((e*x~2+d) ~(7/2)/ (a*d+(a*xe+b*d) *x~2+b*e*x~4)~(5/2) ,x, algorithm="

input
fricas")

1/3*sqrt(bxexx”4 + (b*d + a*e)*x"2 + axd)*((2%b*d + a*e)*x~3 + 3*xa*d*x)*sq
rt(exx”2 + d)/(a"2*%b"2xe*xx"6 + a~4*d + (a"2%b"2+d + 2*a~3*bke)*x"4 + (2%a”
3*bxd + a~4*e)*x"2)

output

Sympy [F(-1)]

Timed out.
(d+ ex?)™” .
dzr = Timed out
/ (ad + (bd + ae)z? + bex)™?
inputLintegrate((e*X**2+d)**(7/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(5/2),x) J
OutputLTimed out J
Maxima [F]
(d+ ex?)"”? _ / (ex® + d)% s
(ad + (bd + ae)a? + bex?)*? (bex* + (bd + ae)x? + aal)g

inpus| 1RtegTate((exx2+d)~(7/2)/ (akd+ (aretrbrd) x2+brexx~4)~(5/2) ,x, algorithm="

maxima") J

output Lintegrate((e*x’? + d)~(7/2)/(bxexx~4 + (b*d + axe)*x~2 + a*xd)~(5/2), x) J
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Giac [F]

(d+ ex?)"? (ex? + d)%

dr = / =dr
(ad + (bd + ae)z? + bex?)*? (bex* + (bd + ae)x? + ad)?

‘integrate((e*x‘2+d)“(7/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)‘(5/2),x, algorithm="

iHPUt‘giac") ‘

output Lintegrate((e*x‘z + d)~(7/2)/(b*e*x~4 + (bxd + a*e)*x~2 + a*d)~(5/2), x) J

Mupad [B] (verification not implemented)

Time = 17.52 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.24

s o3Jex?4d (e 2bd
(dz ertd 4 - (3+ ) )) \/bew4+(ae+bd) 22+ ad

(d_|_ 6:1,'2)7/2 able a?b2e
€T =
(ad + (bd + ae)z? + bext)*/? 26+ 2d | T Rocthd) 7 (eati2biad)
input Lint((d + e*xx"2)"(7/2)/(axd + x~2*(a*xe + b*d) + b*e*x~4)~(5/2),x) J

¢ (((@rxx(d + exx"2)"(1/2))/(axb™2%e) + (x73+(d + exx™2)~(1/2)*((a%e)/3 + (2
(¥b*d)/3))/(a”2¥b"2%e) ) x(axd + x"2%(axe + bxd) + bxexx"4)~(1/2))/(x°6 + (a~
(2%d)/(b"2xe) + (x"4*(2xaxe + bxd))/(bxe) + (x"2%(a"4*e + 2%a 3xbxd))/(a"2%
\b~2*e>> \

outpu

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.27

(d + ex?)"* g 3Vba? +aab’dr + Vba? + aabPex® + 2vba? + abPdz® + vVbale
(ad + (bd + ae)z? + bext)?/ a 3a?b? (b*z* 4

input Lint ((exx~2+d) ~(7/2) / (a*d+ (a*e+bxd) *x~2+b*e*x~4) ~(5/2) ,x) J




output
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‘(3*sqrt(a + b¥x**2) xaxb**2xd*x + sqrt(a + b x**2)*axb*x2ke*x**3 + 2xsqrt(a
\ + b*x**2) xb**3xd*x**3 + sqrt(b)*ax*3*e - 2+sqrt(b)*a**2+b*xd + 2*sqrt(b)*a
‘**2*b*e*x**2 - 4x*sqrt (b) *axb**2*xd*x**2 + sqrt(b)*a*xb**2xe*x**4 — 2xsqrt(b)
‘*b**3*d*x**4)/(3*a**2*b**2*(a**2 + 2kaxbkxx**x2 + bk*2kx*k*x4))




output

input
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5/2
d+ex?
(ad+(bd+ae)z2+bex?)

Optimal result . . . . . . . . . . .. 164
Mathematica [A] (verified) . . . . . . . .. ... L Lo 164
Rubi [A] (verified) . . . . . . . .. .. 165
Maple [A] (verified) . . . . . . . . . . 166
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 167
Sympy [F(-1)] . . . o 167l
Maxima [F] . . . . ... 167
Giac [F] . . . . o o 168
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 168
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 168
Optimal result

Integrand size = 37, antiderivative size = 89

/ (d + ex?)”? . z(d + ex?)*/?
(ad + (bd + ae)z? + bex)™? 3a (ad + (bd + ae)x? + bext)*?

2z/d + ex?
3a%y\/ad + (bd + ae)z? + bex*

‘1/3*x*(e*x“2+d)“(3/2)/a/(a*d+(a*e+b*d)*x“2+b*e*x”4)“(3/2)+2/3*x*(e*x“2+d)“

‘ (1/2)/a~2/ (a*d+(a*xe+b*d) *x~2+b*xe*xx~4) ~(1/2)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.54

/ (d + ex?)”/? . (d + ex?)*? (3az + 2b2°)
(ad + (bd + ae)z? + bext)/ 3a2 ((a + bz?) (d + ex?))*?

LIntegrate[(d + exx72)7(5/2)/(a*d + (b*d + a*e)*x~2 + b*xexx"4)~(5/2),x]
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((d + exx"2)7(3/2)%(3xaxx + 2+bx"3))/(3+a"2x((a + brx"2)x(d + exx"2))"(3/

|
L2)) J

Rubi [A] (verified)

output

Time = 0.34 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.98,

number of rules _ 0.081, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {1395, 209, 208}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

5/2

/ (d + ex?)

dxr
(z2(ae + bd) + ad + bex?)®/?
l 1395
Va +bz?V/d +ex? [ de
\/z2(ae + bd) + ad + bez*
l 209

1

2f mdﬂ:
\/a + bz \/d tex 3a + 3a(a+bz2)3/2

\/z2(ae + bd) + ad + bez*
| 208

S 2 2z x / 2
a+bz (3@2\/a+bm2 3a(a+bm2)3/2) d+ex

\/z2(ae + bd) + ad + bez*

e

LInt[(d + exx"2)7(5/2)/(axd + (bxd + a*e)*x~2 + b*exx"4)~(5/2),x]

~—

input

B
output | (Sartla + bxx"2]Sqrt[d + exx™2]*(x/(3*ax(a + bxx"2)"(3/2)) + (2+x)/(3+a"2
L*Sqrt [a + bxx"2])))/Sqrt[a*xd + (b*d + a*e)*x"2 + bxe*x"4]

~




rule 208

rule 209

rule 1395

input

output
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[x/(a*Sqrt[a + b*x"2]),
x] /; FreeQ[{a, b}, x]

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x~2)~(p + 1)
/(2%a*x(p + 1))), x] + Simp[(2*p + 3)/(2*a*x(p + 1)) Int[(a + b*x"2)"(p + 1
), x1, x] /; FreeQ[{a, b}, x] && ILtQ[p + 3/2, 0]

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(n_))"(p_)*((d_) + (e_.)*(
x_)"(_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[pl/((d
+ e*x"n) FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx"n) (p
+ *(a/d + (c/e)*x"n)"p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] && E
qQ[n2, 2#n] && EqQlc*d~2 - bkxdxe + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,
1] && EqQ[n, 21)

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.58

method | result size
V/(ex2+d)(bx2+a) (2bx%+3a)
default Ve Td (b ta)a? 52

5

x(Qb z2+3a) (b x2 -I—a) (e x2 -I—d) 2 56
3a2(ad+(ae+bd)z2+be z*) 3

orering

bax? 2bx2+3 24+d
gosper ( T +a)z( T+ a) (ez + )5 57
3a2(be zt+ae z2+bd z2+ad) 2

int ((e*x~2+d) " (5/2)/ (a*d+(a*e+bxd) *x~2+b*e*x~4) ~(5/2) ,x,method=_RETURNVERB
0SE)

1/3/ (exx~2+d) ~(1/2) * ((e*x~2+d) * (b*x~2+a) ) ~ (1/2) *x* (2%b*x~2+3%a) / (b*x~2+a) ~
2/a~2
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.13

(d + ex?)”/? . Vbext + (bd + ae)z? + ad(2bz® + 3az)Vex? +d
(ad + (bd + ae)x? + bex?)®? 3 (a2b%exb + atd + (a2b%d + 2 a3be)z? + (2 a3bd + a’e)r?)

integrate((e*x~2+d) ~(5/2)/ (a*d+(a*xe+b*d) *x~2+b*e*x~4)~(5/2) ,x, algorithm="

input
fricas")

1/3*sqrt(bxexx~4 + (b*d + a*e)*x”2 + axd)*(2*b*x~3 + 3*axx)*sqrt(e*x”2 + d
)/ (a"2%b"2xexx"6 + a~4xd + (a~2*xb~2xd + 2%a~3xb*e)*x"4 + (2*a”3*bxd + a~4x*
e)*x~2)

output

Sympy [F(-1)]

Timed out.
(d + ex?)” .
dzr = Timed out
/ (ad + (bd + ae)z? + bex)™?
inputLintegrate((e*X**2+d)**(5/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(5/2),x) J
OutputLTimed out J
Maxima [F]
(d + ex?)*? _ / (ex® + cl)g s
(ad + (bd + ae)a? + bex?)*? (bex* + (bd + ae)x? + aal)g

inpus| 1RtegTate((exx"2+d)~(5/2)/ (akd+ (aretbrd) x 2+brexx~4)~(5/2) ,x, algorithm="

maxima") J

Outputtintegrate((e*x‘2 + d)~(5/2)/(bxexx~4 + (b*d + a*e)*x~2 + a*xd)~(5/2), x) J
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Giac [F]

(d + ex?)™” dp — / (ex? +d)* i
(ad + (bd + ae)x? + bex?)®? (bez* + (bd + ae)z? + ad)g

. integrate((exx"2+d)~(5/2)/ (axd+(are+b*d)*x"2+brexx"4)"(5/2) ,x, algorithm="

opu ‘ giac") ‘

outputtintegrate((e*xv + d)~(5/2)/(bxexx~4 + (b*d + axe)*x~2 + a*d)~(5/2), x) J

Mupad [B] (verification not implemented)

Time = 17.33 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.45

(d+ ea?)?” (22565252 + 2059) \foewt+ e+ 5d) o+ ad
T =
(ad + (bd + ae)z? + bext)?/? 26 + 224 +_w4(2zz+bd>4_aﬂ(ezzt33da@
input Lint((d + exx~2)"(5/2)/(a*d + x"2x(axe + b*d) + bxe*x~4)"(5/2),x) J

| (((2#x73%(d + e*x72)"(1/2))/(3%a~2#bke) + (x*(d + e*xx~2)"(1/2))/(a*b"2+e))
(*(axd + x"2x(axe + bxd) + brexx™4)7(1/2))/(x76 + (a"2xd)/ (b 2xe) + (x"4*(2
\*a*e + b*d))/(b*e) + (x72x(a"4xe + 2+a~3*b*d))/(a"2¥b~2%e)) \

output

Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.94

(d + ex?)** dpe 3vb 2?2 + aabz + 2vba? + ab’z® — 2vba? — 4v/babx® — 2v/b bzt
(ad + (bd + ae)z? + bext)®? 3a2b (b2z* + 2abz? + a?)

input Lint ((e*x~2+d) ~(5/2) / (a*d+ (a*xe+b*d) *x~2+bke*xx~4) ~(5/2) ,x) J
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Output‘(3*sqrt(a + bkx**2)*axbkx + 2xsqrt(a + b¥xk*2)*bx*x2kx**3 - 2%sqrt (b)*a**2
\- 4xsqrt (b) xaxb*x**2 - 2xsqrt (b) xb**2xx**x4) / (3kakx*2*xbk (a**2 + 2xaxb*x**2 +
‘ bk*2%x*%4) )
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3/2
d+ex?
(ad+(bd+ae)z2+bex?)
Optimal result . . . . . . . . . . 1701
Mathematica [A] (verified) . . . . . . . .. ... L Lo Ival
Rubi [A] (verified) . . . . . . . .. .. Ival
Maple [B] (verified) . . . . . . . . . .. Ive!
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ...... 175
Sympy [F(-1)] . . . o 176l
Maxima [F] . . . . ... v
Giac [F] . . . . o o I
Mupad [F(-1)] . . . o 177
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 178
Optimal result
Integrand size = 37, antiderivative size = 197
/ (d + ex?)*/? i — bz(d + ex?)*
(ad + (bd + ae)z? + bex?)™? 3a(bd — ae) (ad + (bd + ae)x? + bex?)/?
Jbd—aea/dres?
b(2bd — bae)x/d + ex? e*arctanh < \/E\/al:;l+(bd+acel;;cz+bex4>
3a%(bd — ae)?/ad + (bd + ae)z? + bex* Vd(bd — ae)3/?

output \ 1/3¥bxx* (exx~2+d) " (3/2) /a/ (-a*xe+b*d) / (axd+(a*e+b*d) ¥x"2+b*e*x~4) " (3/2)+1/3 \
| ¥bx (-Bxake+2xbkd) xx* (exx~2+d) " (1/2) /a~2/ (-axe+b*d) "2/ (axd+ (ake+b*d) *x"2+b% |
|exx"4)" (1/2)+e~2xarctanh((-axe+bxd) ~(1/2)*x* (exx~2+d)~(1/2)/d~(1/2)/(axd+( |
‘ axe+bxd) *x"2+b*e*x"4) " (1/2))/d~(1/2) / (-a*e+b*d) ~(5/2) ‘




input

output
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Mathematica [A] (verified)

Time = 0.42 (sec) , antiderivative size = 171, normalized size of antiderivative = 0.87

(d + ex?)*?

(d+ ez2)3/2 (b\/(j\/ —bd + aex(—6a’e + 2b%dz?* + ab(3d — 5ex?)) —

dr =
(ad + (bd + ae)z? + bezt)*?

3a2\/3(—bd + ae)®? ((a + bx?)

LIntegrate[(d + e*xx72)7(3/2)/(a*d + (bxd + axe)*x~2 + bkexx~4)~(5/2),x] J

| ((d + e%x72)"(3/2)*(b*Sqrt [d]*Sqrt [-(b*d) + akel x*(-6xa~2ke + 2¥b"2%d*x"2

‘ + b*x~2]) + Sqrt[bl*(d + e*x~2))/(Sqrt[d]*Sqrt[-(b*d) + a*e]l)]))/(3*a~2*S

\ + a*xb*(3*d - 5xe*xx”2)) - 3*a~2%e"2x(a + b*x~2)~(3/2)*ArcTan[(-(exx*Sqrt[a \

‘qrt [dl*(-(b*d) + a*xe)~(5/2)*((a + b*x"2)*(d + e*x~2))"(3/2))

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 187, normalized size of antiderivative = 0.95,

number of steps used = 8, number of rules used = 7,

used = {1395,

number of rules

316, 25, 402, 27, 291, 221}

integrand size

= 0.189, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

(d+ ex?)*?

dx
(z2(ae + bd) + ad + bex?)®/

/
l'1395

2 2 1
Va+bz?Vd+ ex? [ e et d) dx

v/x2(ae + bd) + ad + bex*
| 316

(bz2 +a) 3/2 ex?2 —+d

2bea:2 +2bd—3ae

3a(bd—ae)

\/a+b:c2\/d+ex2( bz

3a(a+b32)%/%(bd—ae) N

dz
)

v/x2(ae + bd) + ad + bex*

| 25
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2bex?+2bd—3ae de

/2
N eerd MMM XY s
\/a + bx \/d +er 3a(bd—ae) 3a(a+b22)%/? (bd—ae)

\/z2(ae + bd) + ad + bez*

J,402
f_%dz
bo(2bd—5ae) Vba2+a(ea?+d)
ava+bz2 —ae a(bd—ae) b
a + bz?v/d + ex? +b22 (bd—ae)
Va+ Vvd+ 3a(bd—ae) +3a(a+bx2)3/2(bd—ae)

v/x2(ae + bd) + ad + bex*

| 27

3ae? I ﬁdz
m(ew +d) ba(2bd—5ae)
bd—ae 2 — b
a bx2 d exz av/a+bz4(bd—ae) T
Va + Vid+ 3a(bd—ae) + 3a(a+bx2)%/?(bd—ae)

v/72(ae + bd) + ad + bex*

l 201
2 r 1 x
sac” d— (bd—ae)a? d\/bm2+a
" bz24a bz (2bd—5ae)
bd—ae a+bx2 bd—ae) bz
a + bx2v/d + ex? oy erbe |
\/ + \/ + 3a(bd—ae) + 3a(a+b22)/? (bd—ae)

V/x2(ae + bd) + ad + bex?

l 921

3ae2arctanh( o+/bd—ae )

\/3/1 /a+bx2 + bz (2bd—5ae)

—ae)3/2 aVa+bz2(bd—ae) bx

a + bx2v/d + ex? Vd(bd—ac) bt

Va + Vd+ 3a(bd—ae) + 3a(a+bz2)%/?(bd—ae)

V/x2(ae + bd) + ad + bex?

input LInt[(d + e*x72)7(3/2)/(axd + (bxd + a*e)*x~2 + bkxe*x~4)~(5/2),x] J

t‘ (Sgrt[a + b*x~2]*Sqrt[d + exx~2]*((b*xx)/(3*a*(b*xd - axe)*(a + bxx~2)~(3/2) ‘
‘) + ((b*(2*b*d - B*a*e)*x)/(ax(b*d - a*xe)*Sqrt[a + b*x~2]) + (3*a*e 2*ArcT ‘
‘anh[(Sqrt[b*d - axel*x)/(Sqrt[dl*Sqrtla + b*x~21)1)/(Sqrt[dl*(bxd - axe)~(
‘3/2)))/(3*a*(b*d - a*e))))/Sqrtlaxd + (bxd + a*e)*x"2 + b*e*xx"4] ‘

outpu
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, 0]

rule 291

Int[((a_) + (b_)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*xx(a + bxx"2)"(p + 1)*((c + d*x"2)7(q + 1)/(2*a*x(p + 1)*(bxc - axd))
), x] + Simp[1/(2*a*x(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)"g*Simp[b*c + 2x(p + 1)*(b*c - a*d) + d*bx(2x(p + q + 2) + 1)*x"2, x], x
1, x] /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQlq, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 4, x]

rule 316

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c ) + (@_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)"2), x_Symbol] :> Simp[(-(b*e - a*f))*xx(a + b*x"2)"(p + 1)*((c + d*x"2)~
(q + 1)/(a*2x(bxc - a*d)*(p + 1))), x] + Simp[1/(a*2x(bxc - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2) g*Simp[c*(b*e - a*f) + e*2x(b*c - a*d)
*(p + 1) + dx(bxe - a*f)*(2*(p + q + 2) + 1)*x"2, x], x], x] /; FreeQ[{a, b
, ¢, d, e, £, q}, x] && LtQ[p, -1]

rule 402
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Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(@m_)) (p_)*((d_) + (e_.)*(
x_)"(n_))"(g_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) “FracPart[p]/((d
+ e*x"n) FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx"n)”(p
+ *(a/d + (c/e)*x"n)7p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQ[c*d~2 - b*d*e + a*e~2, 0] && !IntegerQ[p] && !(EqQlq,
1] && EqQ[n, 21)

rule 1395

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 839 vs. 2(173) = 346.

Time = 0.29 (sec) , antiderivative size = 840, normalized size of antiderivative = 4.26

method | result

V(ex2+d)(bx2+a) eb? <4\/—de vbz?+a L;bd ab’exd—4y/—devVbz2+a ./ ‘wffbd b3d 234-6v/—de \/ “E;bd \/ = (bat+/=ab,

default | —

int ((exx"2+d) "~ (3/2)/ (axd+(axe+b*d) *x"2+bxe*x~4) " (5/2) ,x,method=_RETURNVERB

nput 0SE) |




output

inpu
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/-1/6*((e*x“2+d)*(b*x”2+a))”(1/2)*e*b“2*(4*(-d*e)”(1/2)*(b*x“2+a)”(1/2)*((a

*e-b*d) /e) " (1/2) *a*b~2*ke*x~3-4* (-d*e) ~ (1/2) * (b*xx~2+a) ~(1/2) *((a*e-b*d) /e)~
(1/2) *b~3%d*x~3+6% (-d*e) ~(1/2) * ((a*xe-b*d) /e) ~(1/2) * (-1/b* (bxx+(-axb) ~(1/2)
)* (=b*xx+(-a*b) ~(1/2))) " (1/2) *axb~2xe*xx"3+3* (b*x~2+a) ~ (1/2) *1n (2* ((b*x~2+a)
~(1/2)*((axe-bxd) /e) ~(1/2) *e+(-d*e) ~ (1/2) ¥b*x+a*e) / (exx—-(-d*e) ~(1/2)) ) *(-1
/b* (bxx+(—a*xb) ~(1/2)) *(-bxx+(-a*b) ~(1/2)) )~ (1/2) *a~2*b*e”~2xx~2-3* (b*x~2+a)
~(1/2)*1n(2* ((b*x~2+a) ~(1/2) * ((a*xe-b*d) /e) ~(1/2) *e-(-d*e) ~ (1/2) ¥b*x+a*e) / (
exx+(-d*e) ~(1/2))) *(-1/b* (b*x+(-a*xb) ~(1/2) ) * (-b*x+(-axb) ~(1/2)))~(1/2)*a"2
*bxe”2xx"2+6x (—dxe) " (1/2) * (b*xx~2+a) " (1/2) * ((a*e-b*d) /e) ~ (1/2) *a~2xbxexx—6%
(—d*xe) ~(1/2) * (b*x~2+a) ~(1/2) * ((a*xe-b*d) /e) ~(1/2) *a*xb~2*d*x+6* (-d*e) ~ (1/2) *
((a*e-b*d) /e) ~(1/2) * (-1/b* (b*xx+(-axb) ~(1/2) ) * (~b*x+(-a*b) ~(1/2))) " (1/2)*a"
2¥bxe*xx+3* (b*x~2+a) ~ (1/2) *1n (2% ((b*x~2+a) ~(1/2) * ((a*e-b*d) /e) ~(1/2) xe+(-d*
e) " (1/2)*bxx+axe) / (exx—(-d*e) ~(1/2)))*(-1/b*x (bxx+(-a*b) ~(1/2) ) * (-b*x+(-a*xb
)" (1/2))) " (1/2)*a~3*%e~2-3* (b*x~2+a) ~(1/2) *1n (2% ((b*x~2+a) ~(1/2) * ((a*e-b*d)
/e)”(1/2)*e-(-d*e) ~(1/2) *b*x+ax*e) / (e*x+(-d*e) ~(1/2))) *(-1/b* (b*x+(-a*b) ~ (1
/2))*(~b*x+(-a*b) ~(1/2)))~(1/2)*a~3*e"~2) / (exx~2+d) ~(1/2) / (b*x~2+a) / (-d*e) ~
(1/2)/((-d*e)~(1/2) *¥b+e*x (-a*b) ~(1/2))/ ((-d*e) ~ (1/2) *b-ex(-a*xb) ~(1/2)) / (a*e
-bxd)/a"~2/ ((a*e-b*d) /e) ~(1/2) / (b*x-(-a*b) ~(1/2) )/ (-1/b* (b*x+(-axb) ~(1/2) ) *

(-b*x+(-axb) ~(1/2))) ~(1/2) / (b*x+(-axb) ~(1/2))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 499 vs. 2(173) = 346.

Time = 0.10 (sec) , antiderivative size = 1023, normalized size of antiderivative = 5.19

dx = Too large to display

/ (d + ex?)*/?

(ad + (bd + ae)z? + bex?)™?

t‘integrate((e*x"2+d)“(3/2)/(a*d+(a*e+b*d)*x"2+b*e*x"4)"(5/2),x, algorithm="
Lfricas")

*\1
J
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[1/6%(3*(a"2*%b"2%e"3%x"6 + a~4*d*e”2 + (a~2xb~2xd*e”2 + 2*a~3*b*e~3)*x"4 +

(2%a~3*bxd*e”2 + a~4*e”3)*x"2)*sqrt(b*d~2 - akdxe)*log((2xb*d~2*x~2 + (2%
b*dxe - a*e”2)*x"4 + a*d"2 + 2*sqrt(b*exx”"4 + (b*d + a*e)*x”2 + axd)*sqrt(
b*d~2 - a*d*e)*sqrt(exx”2 + d)*x)/(e"2%x"4 + 2xd*exx”2 + d~2)) + 2*sqrt(b*
exx”"4 + (b*d + axe)*x”2 + axd)*((2*xb~4*d"3 - T*axb"3*xd"2*e + 5*a~2xb~2xd*e
“2)*x73 + 3x(a*b"3*%d"3 - 3*a"2*xb"2*xd"2*e + 2*a”3xb*d*e”2)*x)*sqrt(e*x"2 +
d))/(a~4%b"3*d"5 - 3*a~5*xb"2*d"4xe + 3*a~6xb*d"3*e”2 - a~7xd"2*e”3 + (a"2*
b~5xd"4xe - 3*a”~3*¥b"4xd"3*e”2 + 3*a~4*b~3*d"2%e”"3 - a~b*b~2*dxe”4)*x"6 + (
a"2xb~b*d"5 - a"3*b"4xd"4*e - 3*a"4*b"3*%d"3*e"2 + b*ka~5xb"2*d"2xe”3 - 2xa”
6*bxd*e~4)*x"4 + (2*a~3*b~4*d"5 - 5xa~4xb~3xd"4xe + 3*xa~5xb"2xd"3%e”2 + a”
6*%b*d"2%e"3 - a~Txd*xe"4)*x"2), -1/3*%(3*%(a"2*xb"2*xe"3*x”"6 + a"~4*d*e”2 + (a~2
*b"2%d*e”2 + 2*a~3xb*e”3)*x"4 + (2xa"3*bkd*e”2 + a~4xe”3)*x"2)*sqrt(-bxd"2
+ axdxe)*arctan(sqrt(b*exx"4 + (b*d + a*e)*x”2 + axd)*sqrt(-bxd~2 + axdxe
Y*sqrt(e*xx~2 + d)*x/(b*d*e*x~4 + a*d™2 + (bxd™2 + axd*e)*x72)) - sqrt(b*ex
x4 + (b*d + a*e)*x”2 + a*d)*((2*¥b~4*d"3 - T*axb~3*d"2*e + 5xa”~2xb"2xd*e”2
)*x73 + 3%(axb”3*d"3 - 3*%a"2xb"2*%d"2%e + 2%a~3xb*d*e”2)*x)*sqrt(e*x~2 + d)
)/ (a~4%b"3%d"5 - 3*a~5*b~2*d"4xe + 3*a~6*b*d"3*e”2 - a~7xd"2*e”"3 + (a~2*b”
Bxd~4*e - 3*a~3*b"4*d"3*e”2 + 3*a"4xb~3*xd"2*e"3 - a~5xb"2xdxe"4)*x"6 + (a”
2xb~5%d"5 - a”3%b"4xd"4*e - 3*¥a~4*b"3xd"3%e”"2 + b*a"bxb~2+%d"2*e”3 - 2*a~6%
bxdxe~4)*x"4 + (2%a"3%b"4*d"5 - 5*a"4*b"3*%d"4*e + 3*a”5*¥b"2*d"3*e”2 + a...

output

Sympy [F(-1)]

Timed out.

dz = Timed out

/ (d + ex?)*/?
(ad + (bd + ae)z? + bex)™?

input ‘ integrate ((e*xx**2+d) **(3/2) / (axd+ (a*e+b*d) *x**2+bke*xx**4) *x*(5/2) ,x)

output LTimed out
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Maxima [F]

3
2

/ (d + ex?)*/? gy — / (ex? + d) s
(ad + (bd + ae)x? + bex?)*? (bez* + (bd + ae)z? + ad)g

input ‘ integrate ((e*x~2+d) ~(3/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(5/2) ,x, algorithm="
‘maxima")

outputtintegrate((e*x‘2 + d)~(3/2)/(b*e*x~4 + (bxd + a*e)*x~2 + a*d)~(5/2), x)

Giac [F]

3
2

(d+ 499v2)3/2 _ / (ex? +d) i

(ad + (bd + ae)a? + bex)*? (bex* + (bd + ae)x? + aal)g

input ‘ integrate ((exx~2+d) ~ (3/2) / (a*d+ (a*e+b*d) *x"2+b*e*x~4) "~ (5/2) ,x, algorithm="
‘giac")

outputtintegrate((e*x? + d)~(3/2)/(bxexx~4 + (b*d + axe)*x~2 + a*d)~(5/2), x)

Mupad [F(-1)]

Timed out.

(d + ex?)®” dp — / (ex? + d)*?
(ad + (bd + ae)z? + bez?)*? (bezt + (ae+bd) 22 + ad)®?

dz

input Lint((d + exx”"2)7(3/2)/(a*d + x"2x(a*e + b*d) + b*e*x~4)~(5/2),x)

output Lint((d + e*x72)7(3/2)/(axd + x"2*(a*e + bxd) + bxe*x~4)~(5/2), x)
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Reduce [B] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 768, normalized size of antiderivative = 3.90

(/ (d + ex?)*? —3¢EVae—bdaMn(V“_M‘ﬁvgﬁ*”Va@“>d%”—6VEVae—.
(

5/2 T =
ad + (bd + ae)z? + bex?)

s

Lint((e*x‘2+d)‘(3/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)“(5/2),x)

-/

input

( - 3xsqrt(d)*sqrt(axe - b*d)*atan((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b*x
*x2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*arxd*re**2 — 6*sqrt(d)*sqrt(ax
e - bxd)*atan((sqrt(a*e - bxd) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b
)*x) / (sqrt (d) *sqrt (b)) ) *a**3xbxex*2*x**2 — 3xsqrt(d)*sqrt(a*e - b*d)*atan(
(sqrt(axe - b*d) - sqrt(e)*sqrt(a + bxx*x2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)=*
sqrt (b)) ) *a*x*2kbx*2kex*2xx*x*4 — 3*sqrt(d)*sqrt(a*e - b*d)*atan((sqrt(axe -
b*d) + sqrt(e)*sqrt(a + bxx*x2) + sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a
x*x4xe*x*2 — 6xsqrt(d)*sqrt(axe - bxd)*atan((sqrt(a*e - bxd) + sqrt(e)*sqrt(
a + bxx*x2) + sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*ax*3xbkex*2*xx**2 — 3*s
agrt(d)*sqrt(a*e - bxd)*atan((sqrt(a*e - b*d) + sqrt(e)*sqrt(a + b*x**2) +

sqrt(e) *sqrt (b) *x) / (sqrt (d) *sqrt (b)) ) ka**2*xb**2xe*x*2%x**4 — 6*sqrt(a + b*x
*k2) kak*3kbkdkex*2xx + ksqrt(a + b xk*2)xa*x2xb*x2*d*x2%e*x - bxsqrt(a +
bkx**2) kax*k2kb**k2kd*ex*2*xx**3 — 3ksqrt(a + b*x**2)*ka*xb**3*kd**3*x + T*sqrt(
a + b¥x**2) xaxb*x3*xd*x2ke*x**3 — 2xsqrt(a + bxx**2)*bk*dkd**3kx**3 + 3*sqr
t (b) *ax*4xd*ex*2 — Bxsqrt(b)*a**x3*bxd**2*e + 6xsqrt(b)*a**3¥bxd*e*x*2xx**2
+ 2%sqrt (b) *a**x2*b**x2+d**3 — 10*sqrt (b) *a**2¥b**2*xd**2*xe*xx**2 + 3*sqrt(b)*
ax*2xbk*2xd*ex*2xx**x4 + 4*sqrt (b) *axbx*3*xd**3xx**x2 — 5*sqrt (b) *axb**3*d**2
xe*xxx*kd + 2xsqrt (b) xb*x4*xd**3*xx*k*4) / (3kax*x2*xd* (ax*b5*xe*x*3 — 3Ikaxx4dsbrxd*e**2
+ 2kaxk4dkbkexk3kxk*k2 + 3kakk3kbkk2kdk*k2ke — Gkak*k3kbkkkdke**kkxk*k2 + ak*
3xb**kek*3kxk*k4d — ax*k2xkb**x3kd**3 + Gka**kbkk3kd*kkekx**k2 — 3Jka**kkbk. ..

& J

output




output
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3.20 | Vd+es” da
(ad+(bd+ae)z?+bex?) 5/2
Optimal result . . . ... ... ... ... .. ... ... ... ... 179
Mathematica [A] (verified) . . . . . . . .. ... ... 180
Rubi [A] (verified) . . . . ... .. .. ... 1801
Maple [B] (verified) . . . . . . .. .. ..o 184
Fricas [B] (verification not implemented) . . . . ... ... ...... 185
Sympy [F] . . . . 186
Maxima [F] . . . . . . .
Giac [F] . .« e 136!
Mupad [F(-1)] . . ..o 187
Reduce [B] (verification not implemented) . . . ... ... .. .. .. 187
Optimal result
Integrand size = 37, antiderivative size = 293
/ Vd+ ex? dr — bxvd + ex?
(ad + (bd + ae)z? + bex?)™? 3a(bd — ae) (ad + (bd + ae)z? + bext)/

N e(2bd + 3ae)z
6ad(bd — ae)2v/d + ex?\/ad + (bd + ae)z? + bex!
b(4b%d? — 16abde — 3a%e?) z+/d + ex?
6a2d(bd — ae)®+/ad + (bd + ae)z? + bex?

Vbd—aezxv/d+ex?
¢*(6bd — ae)arctanh ( \/E\/al:il—(bdwtaz;c? “bez? )

2d3/2(bd — ae)7/?

+

1/3*bxx* (exx~2+d) ~(1/2) /a/ (-a*e+b*d) / (a*d+ (a*e+b*d) *x~2+b*exx~4) ~(3/2)+1/6
xe* (3xaxe+2xb*d) *x/a/d/ (-axe+bxd) ~2/ (exx~2+d) ~ (1/2) / (a*d+(axe+b*d) *x~2+b*e
*x74) " (1/2) +1/6*b* (-3*a~2*e~2-16*a*xb*d*e+4*b~2*xd~2) *x* (e*x~2+d) ~(1/2) /a~2/
d/ (-a*e+b*d) "3/ (a*xd+(axe+b*xd) *x~2+b*e*x~4) " (1/2)+1/2*e”~2x (—a*e+6*b*d) *arct
anh ((—a*xe+b*d) ~(1/2) *x* (e*xx~2+d) ~(1/2) /d~(1/2) / (a*d+ (a*e+b*d) *x~2+b*e*x"4)

~(1/2))/d7(3/2) / (-axe+b*d) = (7/2)
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Mathematica [A] (verified)

Time = 1.31 (sec) , antiderivative size = 255, normalized size of antiderivative = 0.87

n3/2 | Vdx (a+b2?) (3ae3+6a3be3z2—4b*d22? (d+ex?) +3a2b2e (6d2+6dex>+
(d + ex?) a?(—bd-+ae)?
Vvd+ ex?
dr =
(ad + (bd + ae)z? + bext)>/ 6d3/2 ((

-

| —

inputtlntegratefsqrt [d + exx"2]/(a*d + (bxd + a*e)*x~2 + bxe*x"4)~(5/2),x]

((d + e*x72)"(3/2)*((Sqrt [d]*x*(a + b*x~2)*(3*a~4*e”3 + 6%a~3*b*e~3*x"2 -

45b~4xd"2xx"2x(d + exx”2) + 3*%a"2*b"2*ex(6%d”2 + 6xd*e*x"2 + e"2xx"4) + 2%
axb~3*d* (-3*d"2 + 5xdxe*x”2 + 8*e”2*x"4)))/(a"2x(-(b*xd) + a*e)~3) + (3*xe"2
*(6xbxd - axe)*(a + bxx"2)"(5/2)*(d + exx"2)*ArcTan[(-(e*x*Sqrt[a + b*x~2]
) + Sqrt[bl*(d + exx~2))/(Sqrt[d]*Sqrt[-(b*d) + a*e]l)])/(-(bxd) + a*xe)~(7/
2)))/(6*%d~(3/2)*((a + b*x"2)*(d + exx~2))~(5/2))

output

Rubi [A] (verified)

Time = 0.77 (sec) , antiderivative size = 276, normalized size of antiderivative = 0.94,

number of rules _ 915 Ryles
integrand size

number of steps used = 9, number of rules used = 8,
used = {1395, 316, 402, 25, 402, 27, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ Vd + ex? i
(#2(ae + bd) + ad + bex?)®/?
| 1395
\/G, + bCL‘Z\/d + ex? f (bz2+a)5/12(€ﬂ’32+d)2
\/z2(ae + bd) + ad + bez*

l 316

dz
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—4bex?+2bd—ae d
(bz2+a)5/2(ex2+d) “

Va+ba?Vd + ex? 2d(bd—ae)

_ ex
2d(a+b22)%/? (d+ex?)(bd—ae)

\/z2(ae + bd) + ad + bez*

| 402
4b2d2—12abed+3a2e2+2be(2bd+3ae)z2
- 2 3/2 2 dx
b (3ae+2bd) . (bz +a) (61 +d)
3/2 3a(bd—ae)
3a(a+bm2) (bd—ae)
a + bx?vVd + ex? - e
\/ + vd+ 2d(bd—ae) 2d(a+bx2)%/2 (d+ex2?) (bd—ae)

\/z%(ae + bd) + ad + bex*
| 25

- 4b%2d2 —12abed+3a2e2+2be(2bd+3ae)z>
J 372 dz
(b:c2+a) (ea:2+d)
3a(bd—ae) +

Va+ bz?Vd + ex? 2d(bd—ae)

bz (3ae+2bd)
3a (a+bz2)3/2 (bd—ae)

_ ex
2d(a+bx2)3/? (d+ex2) (bd—ae)

V/z2(ae + bd) + ad + bez?
| 402

3a2e2 (6bd—ace)

bz (—3a2e? —16abde+4b2d? ) /= Va2 +a(ea?+d) “
aVa+bz2(bd—ae) B a(bd—ae) bz (3ae+2bd)
3a(bd—ae) 3/2
Va + bx2\/d + ex? e 3a(a+b22)"™" (bd—ac) ex
2d(bd—ae) 2d(a+b22)%/? (d+ex?)(bd—ae)

\/z2(ae + bd) + ad + bez*

| 27

2 _ 1
Sae”(6bd—ae) f vV bm2+a(emz+d) e bz(—3a2ez—16abde+4b2d2)
bd—ae + a\/a+bz?2(bd—ae) + bz (3ae+2bd)
3a(bd—ae) ( 2)3/2
3a(a+bz (bd—ae)
a+ bx?vd + ex? — or
\/ + \/ + 2d(bd—ae) 2d(a+b22)%/? (d+ex?)(bd

v/72(ae + bd) + ad + bex*
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l 201

2 g 1 x
3ae“(6bd—ae d
( )] d— (bd—ae)a:2 bz2+a

bz2ta 4 bz(73a2e2716abde+4b2d2)
bd—ae : : ava+bz2(bd—ae) + bz(sae4;2bd)
3a(bd—ae 3/2
3a(a+bz? (bd—ae)
Va + bx2\/d + ex? a— (atba?) _ -
(bd—ae) 2d(a+bx?)° “(d+ex?

\/z2(ae + bd) + ad + bez*

| 221
bo(~302e? —10abde+46a%) 3ae2(6bd—ae>arctanh(f37 %)
av/a+ba2 (bd—ae) + Vd(bd—ae)3/2 ba(3ae+2bd)
3a(bd—ae) 3/2
3a (a+b12) (bd—ae)
a + br2v/d + ex? - ez
\/ T \/ + 2d(bd—ae) 2d(a+bx2)3/? (d+ex?),

\/z%(ae + bd) + ad + bex*

.
Int[Sqrt[d + e*x~2]/(a*d + (b*d + a*e)*x~2 + bxe*x~4)~(5/2),x]

N

input

output (Sqrt[a + b*x~2]*Sqrtld + exx~2]*(-1/2*(e*x)/(d*(bxd - a*e)*(a + b*x~2)"(3
/2)*(d + e*xx”2)) + ((b*(2*bxd + 3*a*xe)*x)/(3*a*x(b*xd - axe)*(a + bxx~2)~(3/
2)) + ((b*x(4*%b~2%d"2 - 16*ax*bxd*e - 3*a~2%e”2)*x)/(ax(bxd - a*xe)*Sqrt[a +
b*x"2]) + (3*a*e”2x(6*bxd - a*e)*ArcTanh[(Sqrt[b*d - axe]*x)/(Sqrt[d]*Sqrt
[a + bxx"2])1)/(Sqrt [d]*(b*d - axe)~(3/2)))/(3*ax(bxd - a*e)))/(2xd*(b*xd -
axe))))/Sqrt[axd + (bxd + akxe)*x™2 + bke*xx~4]

Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma ‘

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rtl[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 221

Int[1/(Sqrtl(a_) + (b_.)*(x_)"21*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtl[a + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, 0]

rule 291

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*xx(a + b*xx"2)~(p + 1)*((c + d*x~2)"(q + 1)/(2*ax(p + 1)*(bxc - axd))
), x] + Simp[1/(2*a*x(p + 1) *(b*c - a*d)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)"g*Simp[b*c + 2x(p + 1)*(bkc - a*d) + dxbx(2x(p + q + 2) + 1)*x"2, x], x
1, x] /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - a*d, 0] && LtQ[p, -1] && !
( 'IntegerQ[p] && IntegerQ[ql && LtQ[q, -1]) &% IntBinomialQ[a, b, c, d, 2,

Ps 9, x]

rule 316

Int[((a_) + (b_.)*(x_)"2) " (p_)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)"2), x_Symbol] :> Simp[(-(b*e - axf))*x*x(a + b*x"2)"(p + 1)*((c + d*x~2)"
(q + 1)/(ax2x(bxc - a*d)*(p + 1))), x] + Simp[1/(ax2x(bxc - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2) "q*Simp[cx(b*e - a*f) + e*2x(b*c - a*d)
*(p + 1) + dx(bxe - axf)*(2%(p + q + 2) + 1)*x~2, x], x], x] /; FreeQ[{a, b
, €, d, e, £, q}, x] && LtQ[p, -1]

rule 402

Int[(u_.)*((a)) + (c_)*(x_)"(m2_.) + (b_)*(x_)" (0 ))~(pL)*((d_) + (e_.)*(
x_)"(@_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[p]/((d

+ e*x"n) “FracPart[p]*(a/d + c*(x"n/e)) FracPart[p]) Int[u*(d + e*x"n) (p

+ g)*(a/d + (c/e)*x"n)"p, x], x] /; FreeQ[{a, b, ¢, 4, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQ[c*d~2 - b*dxe + a*e~2, 0] && !IntegerQ[pl && !(EqQlq,

1] && EqQ[n, 21)

rule 1395

N\
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 2066 vs. 2(261) = 522.

Time = 0.46 (sec) , antiderivative size = 2067, normalized size of antiderivative = 7.05

method | result size

default | Expression too large to display | 2067

int ((exx~2+d) ~(1/2)/ (axd+(a*e+b*d) *x~2+b*e*x~4) ~ (5/2) ,x ,method=_RETURNVERB

input
0SE)

N

-1/12%(-3*1n (2% ((b*x~2+a) " (1/2) * ((a*e-bxd) /e) " (1/2) *e-(-dx*e) ~(1/2) *bxx+a*e
)/ (exx+(-d*e) ~(1/2)))*a"~5xd*e~3+3*1n (2% ((b*x~2+a) ~ (1/2)*((a*e-b*d) /e)~(1/2
Yke+(-d*xe) " (1/2) #¥bxx+a*e) /(e*x-(-d*e) ~(1/2)))*a"5*xe 4*x~2-3*1n (2* ((b*x~2+a
)~ (1/2)*((axe-b*d) /e) ~(1/2) *e-(-d*e) ~ (1/2) ¥b*x+a*xe) / (e*x+(-d*e) ~(1/2)) ) *a”
5%e”4*x"2+3x1n (2x ((b*x~2+a) ~ (1/2) * ((a*xe-b*d) /e) " (1/2) *e+(-d*e) ~ (1/2) *b*x+a
xe) / (exx—(-d*e) " (1/2))) *a"5*d*e~3-6*a~2xb~2*e " 3*x"5* (b*x"2+a) ~(1/2) *((a*xe-
bxd)/e) " (1/2) *(-d*e) ~(1/2)-18*1n (2% ((b*x~2+a) ~ (1/2) * ((a*xe-b*d) /e) ~(1/2) xe+
(-d*e) "~ (1/2) *bxx+ax*e) / (e*x-(-d*e) ~(1/2)) ) *a"4*xb*d"2*xe”2+18*1n (2* ((b*x~2+a)
~(1/2)*((axe-b*d)/e) ~(1/2) xe-(-d*e) " (1/2) ¥*b*x+axe) / (e*x+(-d*e) ~(1/2)))*a~4
*bxd~2xe~2+3*1n (2% ((b*x~2+a) ~(1/2) * ((a*xe-bxd) /e) ~(1/2) ¥e+(-d*e) ~ (1/2) ¥b*x+
axe) / (exx— (-d*e) ~(1/2)))*a"3%b~2%e 4*x~6-3%1n (2% ((b*x~2+a) ~ (1/2) * ((a*e-b*d
)/e)”(1/2)*xe-(-d*e) " (1/2) xb*x+a*e) / (exx+(-d*e) ~(1/2)))*a"3*¥b"2xe ~4*x~6+6%*1
n(2x ((bxx~2+a) ~(1/2) * ((a*e-b*d) /e) ~ (1/2) xe+(-d*e) ~ (1/2) *b*x+axe) / (e*x— (-d*
e)~(1/2)))*a~4xbxe~4*xx~4-6%1n (2% ((b*x~2+a) ~(1/2)*((a*e-b*d) /e) ~(1/2) *e-(-d
*e) "~ (1/2) xbxx+ax*e) / (e*x+(—-d*e) ~(1/2)) ) *a”~4*xbke ~4*x~4-32*a*b~3*d*e~2xx " 5* (-
1/b* (b*x+(-a*b) ~(1/2) ) * (-b*x+(-a*b) ~(1/2))) ~(1/2) *((a*e-b*d) /e) ~(1/2) * (-dx*
e) " (1/2)-36*a~2xb~2xd*e”2*xx"3* (—1/b* (b*x+(—-a*xb) ~(1/2) ) * (-b*x+(-a*xb) ~(1/2))
)~ (1/2)*((a*xe-b*d) /e) ~(1/2) *(-d*e) ~ (1/2) -20*a*b~3*d~2*e*x~3* (-1/b* (b*x+(-a
*b) ~(1/2)) * (~b*x+(-axb) ~(1/2)) )~ (1/2) *((a*e-b*d) /e) " (1/2) * (-d*e) ~(1/2) -36%
a~2*%b~2*xd"2*xexx* (-1/b* (b*x+(-a*b) ~(1/2) ) * (-b*x+(-a*b) ~(1/2)))~(1/2)*((a...

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 851 vs. 2(261) = 522.

Time = 0.16 (sec) , antiderivative size = 1727, normalized size of antiderivative = 5.89

dx = Too large to display

[

(ad + (bd + ae)z? + bex)™?

integrate((exx~2+d) ~(1/2) / (axd+(axe+b*d) *x~2+b*e*x~4) ~(5/2) ,x, algorithm="

input
fricas")

-

[1/12% (3% (6*a~4*xbxd"3*e”"2 - a~5*%d"2*e"3 + (6*xa~2*xb"3*d*e”4 - a~3*b~2*e"5)*
X"8 + 2% (6*a”2%b"3*d"2*e"3 + 5*a”~3*%b"2*d*e”4 - a~4*xbxe”5)*x"6 + (6*%a”2%b"3
*d"3%e”2 + 23*%a”"3*b"2*%d"2%e”3 + 2*xa~4xbxd*e"4 - a"“5*e"5)*x"4 + 2x(6*a”~3*b”
2xd"3%e”2 + b5¥a"4*bxd"2+e”3 - a~bkd*e~4)*x"2)*sqrt(b*d"2 - axd*e)*log((2*b
*d"2%x72 + (2xbxd*e - axe”2)*x"4 + a*d”2 + 2*sqrt(b*exx"4 + (bxd + axe)*x”
2 + axd)*sqrt(bxd”2 - a*dxe)*sqrt(exx”2 + d)*x)/(e”2*x"4 + 2xd*exx”2 + 472
)) + 2+sqrt(b*exx~4 + (bxd + a*e)*x"2 + axd)*((4xb~5*xd"4*e - 20*a*xb~4*d~3x*
e”2 + 13*%a"2xb~3xd"2*e”3 + 3*a"3*b"2*d*e~4)*x~5 + 2% (2*b"5%d"5 - Txaxb~4*xd
“4%e - 4*a~2*%b"3*d"3*e”2 + 6*a~3*%b"2*d"2*xe"3 + 3*a~4xb*d*e”"4)*x"3 + 3*x(2*a
*¥b"4xd"5 - 8*a"2%b"3*d"4*e + 6*%a"3*b"2*d"3*e”"2 - a"4*bxd"2*e”3 + a"bxd*xe"4
)*x)*sqrt(e*xx”2 + d))/(a"4*b~4%d"8 - 4*a~b*b~3*d"T*e + 6%¥a”6*%b"2*xd"6*e"2 -
4*%a”T7*b*d"5%e”3 + a~8xd"4*e"4 + (a"2*%b"6*d"6*e”2 - 4*a~3*b"5*d"5*%e”~3 + 6%
a~4%b~4*xd"4*e"4 - 4*xa”5xb"3*d"3*e”5 + a~6*b"2xd"2*e”"6)*x"8 + 2*(a”2*b"6*d”
Txe — 3%a~3*b"bxd"6*%e”2 + 2*%a~4xb"4*d"b*e"3 + 2*%a"b¥b~3*d"4*xe"4 - 3*xa~6%b”
2*%d"3*e”5 + a"Txb*d"2*e”6)*x"6 + (a"2*%b"6*d"8 - 9*a~4*xb"4*d"6*e”2 + 16*a”5
*b~3*d"5*e”"3 - 9*a"6*b"2*d"4*e”4 + a”~8+d"2*e”6)*x"4 + 2% (a~3*b"5%d"8 - 3*a
T4xbT4*xd"Txe + 2*%a"b*b"3*%d"6*e”2 + 2*%a"6xb"2*d"bxe"3 - 3*a"7*bxd"4*e"4 + a
~8%d"3%e~5)*x"2), -1/6%(3%x(6*a~4*xb*d"3*e”2 - a"~5xd"2*xe"3 + (6%a~2*%b"3xd*xe”
4 - a"3%b"2%e”5)*x"8 + 2x(6*a"2*b"3*d"2*e”3 + 5*a~3*b"2xd*e"4 - a~4*b*e”5)
*X76 + (6*xa”2*xb"3*d"3*e”2 + 23*a"3*b"2xd"2*e”"3 + 2*a"4*b*d*e”4 - a~bxe”...

output
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Sympy [F]
Vd+ ex? _ / Vi Fer? .
(ad + (bd + ae)z? + bezt)*? ((a + bz?) (d + ez2))g
input, integrate ((erxxx2ed) o (1/2)/ (axd+ (are+brd) xxrs2+brexirsd) b (5/2) %) J
output LIntegral(sqrt(d + exxx*2)/((a + brxk*2)*(d + exx**2))**(5/2), x) J

Maxima [F]

\/d+€$2 ea;2_|_d

dr = / dx
(ad + (bd + ae)x? + bex?)*? (bez* + (bd + ae)z? + ad)

5
2

input‘integrate((e*x“2+d)“(1/2)/(a*d+(a*e+b*d)*x”2+b*e*x”4)”(5/2),x, algorithm="

‘maxima")

outputtintegrate(sqrt(e*x‘2 + d)/(b*xexx~4 + (b*d + axe)*x~2 + a*xd)~(5/2), x) J

Giac [F]

5
2

\Vd + ex? B / er?+d s
(bex* + (

dz =
(ad + (bd + ae)a? + bex?)*? bd + ae)zr? + ad)

input ‘ integrate((e*x~2+d) ~(1/2)/(a*d+(axe+b*d) *x~2+b*e*x~4)~(5/2) ,x, algorithm="

‘giac")

OutputLintegrate(sqrt(e*x“Q + d)/(b*xexx~4 + (bkxd + a*e)*x~2 + axd)~(5/2), x) J
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Mupad [F(-1)]

Timed out.

52 4%

vd+ ex? / Ver?+d
(ad + (bd + ae)z? + bex?) 5/2 (bezt+ (ae+bd) 22+ ad)

inputtint((d + e*x72)7(1/2)/(a*d + x"2*(axe + bxd) + bxe*x"4)"~(5/2),x)

output Lint((d + exx"2)"(1/2)/(a*d + x"2x(axe + b*d) + bxe*x~4)~(5/2), x) J

Reduce [B] (verification not implemented)

Time = 2.20 (sec) , antiderivative size = 2710, normalized size of antiderivative = 9.25

dxz = Too large to display

/(ad—i—( e

bd + ae)x? + bext)®/

input Lint ((e*xx™2+d) " (1/2)/ (a*d+(a*e+bxd) *x " 2+bxe*x~4) ~(5/2) ,x)
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( - 3xsqrt(d)*sqrt(a*e - bxd)*atan((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b*x
**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a**6*xd*ex*4 - 3xsqrt(d)*sqrt(
axe - b*d)*atan((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b*x*x2) - sqrt(e)*sqrt
(b)*x)/ (sqrt (d) *sqrt (b)) ) *a**B*e**5*xx**2 + 6xsqrt(d)*sqrt(axe - b*xd)*atan(
(sqrt(axe - b*d) - sqrt(e)*sqrt(a + bxx*x2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)=*
sqrt (b)) ) *a*x*5xbxdx*2xex*3 — 6*sqrt(d)*sqrt(ake - b*d)*atan((sqrt(axe - bx*
d) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a**5
*brex*5xx*k*4 + T2xsqrt(d)*sqrt(a*e - b*d)*atan((sqrt(a*xe - bxd) - sqrt(e)*
sqrt(a + bxx**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a**kd*xbx*2xd**3*e*
*2 + 84xsqrt(d)*sqrt(a*e - b*d)*atan((sqrt(axe - bxd) - sqrt(e)*sqrt(a + b
*xx*x2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt (b)) ) *ax*4*xb**2*xd**2*ke*x*3*x**2 +
9xsqrt (d) *sqrt (axe - bkd)*atan((sqrt(a*e - b*d) - sqrt(e)*sqrt(a + bxx**2)
- sqrt(e)*sqrt(b)*x)/(sqrt(d) *sqrt (b)) ) *ax*4*b**2xd*ex*4xx**4 - 3*sqrt(d)
xsqrt (axe - b*d)*atan((sqrt(axe - b*d) - sqrt(e)*sqrt(a + bxx**2) - sqrt(e
)*sqrt (b) *x) / (sqrt (d) *sqrt (b)) ) *ax*4xb**2xex*5xx**6 + 144*sqrt(d)*sqrt(axe
- bxd)*atan((sqrt(a*xe — b*d) - sqrt(e)*sqrt(a + b*x*x2) - sqrt(e)*sqrt(b)
*x) / (sqrt (d) *sqrt (b)) ) *a**3*xbk*3*kd**3kex*2xx**2 + 150*sqrt(d)*sqrt(a*e - b
*d) *atan((sqrt(axe - bxd) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/
(sqrt (d) *sqrt (b)) ) ¥a**3*xb*x3*xd*x2*xe**3*x**4 + 6xsqrt(d)*sqrt(axe - bxd)*at
an((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/(sq...

output
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3.21 [ L — d
Vd+ez? (ad+(bd+ae)z2+bez?) /

Optimalresult . . . . ... ... ... .. .. 189
Mathematica [A] (verified) . . . . . . .. . ... 1901
Rubi [A] (verified) . . . . .. ... . .. 191
Maple [B] (warning: unable to verify) . . . . . ... ... ... ...
Fricas [B] (verification not implemented) . . . . . .. ... .. ...... 196
Sympy [F] . . . . 197
Maxima [F] . . . . . .. . 197
Giac [F] . . . . o o 197
Mupad [F(-1)] . . . o o 198
Reduce [F] . . . . . . 198}

Optimal result

Integrand size = 37, antiderivative size = 402

1
dz =
/ Vd ¥ ez? (ad + (bd + ae)z? + bext)/

ex
_4d(bd — ae)Vd + ex? (ad + (bd + ae)z? + bex?)*/?
b(4bd + 3ae)z\/d + ex?
12ad(bd — ae)? (ad + (bd + ae)z? + bez?)*?
N e(8b%d* + 36abde — 9a’e?) ©
24ad?(bd — ae)3V/d + ex?+/ad + (bd + ae)z? + bex?
b(166%d® — 88ab’d?e — 42a%bde? + 9a’e®) x+/d + ex?
24a2d?(bd — ae)*+/ad + (bd + ae)z? + bex!

* 8d5/2(bd — ae)9/?
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-1/4*exx/d/ (-axe+b*d) / (exx~2+d) ~(1/2) / (a*d+(a*e+b*d) *x~2+b*exx~4) ~(3/2)+1/
12*b* (3ka*e+4*xb*xd) *x* (e*x~2+d) ~(1/2) /a/d/ (—axe+b*d) ~2/ (a*d+ (a*e+b*d) *x~2+b
*exx~4) " (3/2)+1/24*e* (-9*a~2*e"2+36*axbxd*e+8*b~2*d"2) *x/a/d~2/ (—axe+b*xd) ~
3/ (e*xx™2+d) "~ (1/2) / (a*d+(a*xe+b*d) *x"2+b*exx~4) ~(1/2) +1/24%b* (9*a~3*e~3-42*a
~2xbxd*xe~2-88*a*b”~2*xd"2*e+16*b"3*d"3) *x* (e*x”2+d) ~(1/2) /a~2/d"2/ (-a*e+b*d)
~4/ (a*d+(a*xe+bxd) *x"2+b*e*x~4) " (1/2) +1/8*e”2* (3*xa"2*e”~2-16*a*b*d*e+48*b~ 2%
d~2) *arctanh ((-a*e+b*d) ~(1/2) *x* (e*x~2+d) ~(1/2) /d~(1/2) / (a*d+ (a*e+b*d) *x~2
+b*exx~4)~(1/2))/d~(5/2)/ (-a*e+b*xd) ~(9/2)

output

N

Mathematica [A] (verified)

Time = 3.50 (sec) , antiderivative size = 424, normalized size of antiderivative = 1.05

m Vdz (a—i—bzz) (16b5d3x2 (d+ex2) 2—i—8ab4d2 (3d—1lex2) (d+ew2)
exr

1

dx =
/ Vd + ez? (ad + (bd + ae)z? + bex?)®/?

input‘Integrate[l/(Sqrt[d + exx~2]x(axd + (bxd + a*e)*x~2 + bxexx~4)"(5/2)),x]

(Sgrtld + e*xx~2]*((Sqrt[d]l*x*(a + b*x"2)*(16%b~5*d"3*x"2x(d + exx"2)"2 + 8
*a*xb~4*d" 2+ (3*%d - 1l*xexx"2)*(d + e*xx~2)"2 + 3*a~bkxe 4*(5xd + 3*e*x~2) + 3%
a~3*b"2%e"3*kx"2x (-32+%d"2 - 23*d*e*x”"2 + 3*e”2%x"4) + 6*xa”4*bxe 3% (-8*d"2 -
2%d*exx"2 + 3*%e"2*%x"4) - 6*a~2*%b " 3kdxex (16*%d"3 + 32*%d"2*e*xx"2 + 24*xd*xe”2*
X"4 + T*%e"3%x76)))/(a"2x(bxd - akxe)”4) - (9%e"2x(-4*xbxd + axe) " 2*(a + b*x~
2)7(5/2)*(d + e*x~2) " 2*ArcTan[(-(exx*Sqrt[a + b*x"2]) + Sqrt[bl*(d + exx"2
))/(Sqrt [d]l*Sqrt [-(b*d) + a*e])])/(-(bxd) + a*e)~(9/2) + (24*axbxd*e~3*(a
+ b*x72) " (56/2)*(d + e*x"2) "2*ArcTanh[(-(exx*Sqrt[a + b*x~2]) + Sqrt[b]l*(d
+ e*x72))/(Sqrt [d]*Sqrt[b*d - a*e])])/(b*d - a*e)~(9/2)))/(24*d"(5/2)*((a
+ b*x"2)*(d + e*xx~2))"(5/2))

N J

output
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Rubi [A] (verified)

Time = 0.97 (sec) , antiderivative size = 401, normalized size of antiderivative = 1.00,

number of steps used = 12, number of rules used = 11, Bumber of rules _ 4 997 Ryyjes
integrand size

used = {1395, 316, 402, 25, 402, 25, 27, 402, 27, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
dz
/ Vd + ez? (z2(ae + bd) + ad + bex?)>/?

l 1395
\/a + ba? \/d +ex? f (bz2-1-11)5/12(1'5m2—+-d)3
\/z2(ae + bd) + ad + bez*
l 316

dz

—6bex?+4bd—3ae d
(b:c2+a) 5/2 (ez2+d) 2 “

Va+bz?Vd + ex? ( 1d(bd—ae)

_ ez
4d(a+b22)%/? (d+ex2)? (bd—ae) )

\/z2(ae + bd) + ad + bez*
| 402
8b2d2724abed+9a2e2+4be(4bd+3ae)z2d
- 10240132 (o2 1a)2 *
bz (3ae+4bd) _ (m +a) (ez + )
et e L R L s R o
4d(bd—ae) 4d(a+b32)3/? (d+ex?)? (bd—ae)

V/x%(ae + bd) + ad + bex?
| 25

- 86%d% —24abed+9a%e? +4be(4bd+3ae)a? |

(ba2+a) 3/2 (ez2+d)2 bz (3ae+4bd)
3a(bd—ae) 3a (a+bz2)3/2 (d+612)(bd—ae)

va + bx2v/d + ex? Td(d—ac)

_ ex
4d(a+bx2)3/? (d+ex2)? (bd—ae)

\/z2(ae + bd) + ad + bez?
| 402
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e (2b(8b2 d2 —40abed—3a2 52)w2+a(8b2d2 +36abed—9a2 82)) i

bz(—3a2e2—40abde+8b2d2) \/bz2+a(ex2+d)2
aVa+bz2 (d+ez2)(bd7ae) - a(bd—ae) bz(3aet4bd)
Va+bz?Vd + ex? . 1d(bd—ae) 3a(a+022)"* (dtes?) o
—ae
v/72(ae + bd) + ad + bex*
l 25
(2b(8b2 d2—40abad—3a2 52)z2+a(8b2d2 +36abed—9a2 82)) a
T
\/bz2+a(ew2+d)2 ba (—3a2e? —d0abde+8b%d?)
a(bd—ae) aVa+bx? (d+em2) (bd—ae) ba(3ae+4bd)
3a(bd—ae) 3a (a+ba:2)3/2 (d+ex2)(bd—
Va + bx2\/d + ex?
4d(bd—ae)
\/z2(ae + bd) + ad + bez*
l 27
21)(81)2 d2—40abed—3a2 82)z2+a(8b2d2 +36abed—9a2 82) a
‘ \/bz2+a(ez2+d)2 ¢ bw(—3a2e2—40abde+862d2)
a(bd—ae) aVa+ba? (d+ex?) (bd—ae) be(3ac+4bd)
Ve N S sofarae?) ases?) 00

4d(bd—ae)

v/72(ae + bd) + ad + bex?
| 402
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3a2e (48b2 d2 —16abed+3a2e2)

bm2+a ex? —+d x\/ a+ba:2 (90,3&3 —42a2 bde2 —88ab2d26+16b3d3)
e 2d(6d—ae) + 2d(d+ea?) (bd—ac)
bx (—3a282—40abde+8b2d2)
a(bd—ae) + avat+bz2 (d+ea:2)(bd—ae)
3a(bd—ae) +;
2 2
Va + bx2Vd + ex 1d(bd—ae)
\/z%(ae + bd) + ad + bex*
l 27
3a2e(3a2e? —16abde+48b2d2) [ 1 d
a%e(3a¢? —16abde+ ) ba? +a(ex?+d) " avarba? (9a%¢® ~42a%bde? ~88ab2 dc160%4°)
€ 2d(bd—ae) 2 _
2d(d+e:l: )(bd ae) bm(73a26274c
a(bd—ae) + ava+ba?2 (d+‘
3a(bd—ae)
2 2
Va + bz2vVd + ex 1d(bd—ae)
v/x2(ae + bd) + ad + bex?
l 201
3aze(3a262—16abde+48b2d2) I 1 o d——Z
— 2
de (b(;w ai)aw bx“+a z /a,+b1:2 (9a3e3_42a2bde2—88ab2d2€+16b3d3)
e 2d(bd—ae) + 2d(d+ez2) (bd—ae)
bx (—3:12 e
a(bd—ae) ava+bx2
3a(bd—ae)
Va + bx2vd + ex?

4d(bd—ae)

l 921

\/72(ae + bd) + ad + bex?
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2, (30202 2,42 Vod—
3aZe(3a%e? ~16abde+48b2d )arctanh(ﬁ) o/atba? (9a3¢3 —42a2bde? —88al
+

€

3/2 _ 3/2
bm(—3a2e2—40abde+8b2d2) 2d / (bd—ae) /

2d (d+ea:2) (bd—ae)

ava+bz2 (d+ew2> (bd—ae) a(bd—ae)

3a(bd—ae)

Vva + bx2v/d + ex? Td(bi—ad)

V/x2(ae + bd) + ad + bex?

-

input

Int[1/(Sqrt[d + e*xx"2]*(axd + (b*d + axe)*x~2 + b*e*x"4)~(5/2)),x]

-

output

N\

(Sqrtla + b*x"2]*Sqrt[d + exx~2]*(-1/4*(e*x)/(d*(bxd - a*e)*(a + bxx~2)"(3
/2)*x(d + e*x”2)72) + ((bx(4*bxd + 3*axe)*x)/(3*ax(b*d - axe)*(a + b*x"2)"(
3/2)*(d + e*x”2)) + ((b*x(8*%b"2xd"2 - 40*axbk*dxe - 3*a~2*e”2)*x)/(a*x(b*d -
axe)*Sqrt[a + b*x"2]*(d + e*x"2)) + (ex(((16%¥b~3*d~3 - 88*a*b~2*d"2%e - 42
*a"2%bkd*e”2 + 9*a~3xe”3)*x*Sqrt[a + b*x"2])/(2xd*(b*d - a*xe)*(d + e*x"2))
+ (3*%a"2%ex(48*b~2*d"2 - 16*a*bxd*e + 3*a~2*e”2)*ArcTanh[(Sqrt[b*d - axel
*x) /(Sqrt [d]*Sqrt[a + b*x~2])])/(2xd~(3/2)*(b*d - axe)~(3/2))))/(a*x(b*d -
axe)))/(3xa*x(b*d - axe)))/(4*dx(bxd - a*e))))/Sqrt[axd + (bxd + a*e)*x~2 +
b*e*xx~4]

Defintions of rubi rules used

cule 25LInt [-(Fx_), x_Symboll :> Simp[Identity[-1] Int[Fx, x], x]

rule 27

rule 221

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]
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Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]1*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtl[a + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, 0]

rule 291

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*x*x(a + b*x~2)"(p + 1)*((c + d*x"2)"(q + 1)/(2*xax(p + 1)*(b*c - a*xd))
), x] + Simp[1/(2*a*x(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)~g*Simp[b*c + 2%(p + 1)*(b*c - axd) + dxbx(2x(p + q + 2) + D)*x"2, x], x
1, x]1 /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQlq, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 9, x]

rule 316

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)"2), x_Symbol] :> Simp[(-(b*e - a*f))*xx(a + b*x"2)"(p + 1)*((c + d*x~2)~
(q + 1)/(a*2x(bxc - a*d)*(p + 1))), x] + Simp[1/(a*2x(bxc - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2)"g*Simp[cx(bxe - a*f) + e*2x(bxc - a*d)
*(p + 1) + dx(bke - axf)*(2x(p + q + 2) + 1)*x~2, x], x], x] /; FreeQ[{a, b
, C, d, e, £, q}, x] && LtQ[p, -1]

rule 402

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(m_)) (p_)*((d_) + (e_.)*(
x_)"(n_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[p]/((d
+ e*x"n) FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx"n)”(p
+ )*(a/d + (c/e)*x"n)7p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] && E
qQ[n2, 2#n] && EqQ[c*d~2 - b*d*e + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,
1] && EqQ[n, 21)

rule 1395

Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 8016 vs. 2(364) = 728.

Time = 0.55 (sec) , antiderivative size = 8017, normalized size of antiderivative = 19.94

method | result size
default | Expression too large to display | 8017
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input ‘ int (1/ (e*x“2+d) - (1/2) / (a*d+ (a*e+b*d) *x“2+b*e*x“4) -~ (5/2) ,X, meth0d=_RETURNVE ‘

LRBOSE) J
ou_tputtresult too large to display J
Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1333 vs. 2(364) = 728.
Time = 0.36 (sec) , antiderivative size = 2691, normalized size of antiderivative = 6.69
! dzx = Too large to displ
z = Too large to display
Vd + ex? (ad + (bd + ae)z? + bex?)®?
input integrate(1/(exx~2+d) ~ (1/2) / (a*d+ (a*e+b*d) *x~2+b*exx~4) ~(5/2) ,x, algorithm
="fricas")
output [1/48% (3% (48%a~4*b~2%d"5*%e"2 - 16*a"bxbxd~4*e”3 + 3*a~6*d"3*e”4 + (48*a”2x

b~4*%d"2*e”5 - 16*a~3*b"3*d*e”6 + 3*a~4*xb"2%e”~7)*x"10 + (144*a"2*xb”~4*d"3*e”
4 + 48%a"3%b"3*%d"2*e”5 - 23*a”~4*b"2*d*e”6 + 6*a"5xbxe”7)*x"8 + (144*a”2%b”
4xd"4xe”3 + 240%a”3*%b"3*d"3*e"4 - 39*%a”4xb"2xd"2%e”5 + 2%a~b*bxd*e~6 + 3*a
“6xe”T7)*x"6 + (48*%a"2xb"4*d"5*e”2 + 272*a”3*%b"3*d"4*e"3 + 51lxa~4*b"2*d"3*e
~4 - 30*a”5*bxd"2*e”5 + 9*a~6*d*e”6)*x74 + (96*a”3*b"3*d"5*xe”"2 + 112*a~4x*b
“2*%d"4*e”"3 - 42xa"bxb*d"3*e”"4 + 9*¥a”~6xd"2xe”5)*x"2)*sqrt (b*d"2 - axd*e)*lo
g((2xb*d"2%x"2 + (2xb*d*e - a*e"2)*x"4 + axd~2 + 2+sqrt(bxexx"4 + (b*d + a
*xe)*x"2 + axd)*sqrt(b*xd~2 - a*dxe)*sqrt(exx”2 + d)*x)/(e"2%x"4 + 2*kd¥exx"2
+ d72)) + 2x((16%b"6*%d"5*e”2 - 104*a*b~5*d"4*e”3 + 46xa”2xb"4xd"3xe"4 + 5
1*%a~3*%b~3*%d"2%e”5 — 9*a”4xb"2xd*e”"6)*x"7 + (32%b"6+xd"6%e - 184*a*b~5*d"5*e
"2 + 8*%a"2xb"4*d"4*xe”3 + 75*%a"3*b"3*d"3*%e"4 + 87*a"4*b"2*d"2*%e”5 - 18%a”~b*
bxd*xe~6)*x"5 + (16%b~6*%d"7 - 56*a*xb~5xd"6%e — 152*%a~2*b~4*d"5xe”"2 + 96*a”3
*b"3*%d"4*xe”3 + 84*a~4xb"2+%d"3*e”4 + 21*a~b*b*d"2*e”5 - 9*a~6*xd*e”6)*x"3 +
3% (8*a*b~5xd"7 - 40*a~2*xb"4*d"6*e + 32*%a~3*b"3*d"5*e”2 - 16*a~4*b"2xd"4*e”
3 + 21*a~b*bxd"3*e”4 - b5*a~6*d"2*e~5)*x)*sqrt (b*exx"4 + (b*d + axe)*x"2 +
axd)*sqrt(e*x”2 + d))/(a"4*b"5%d"11 - 5*a~b*b~4*d~10*e + 10*a”6xb~3*d"9*e”
2 - 10*a~7*b~2*%d"8%e”"3 + 5*¥a"8xb*d~7*e"4 - a~9*d"6*e”5 + (a~2*b~7*d"8*e”3
- 5%a"3*b~6*d"7*e"4 + 10*a~4*b~5xd"6*e”5 - 10%a"5xb~4*d"5*e~6 + 5*a”6xb”~3x*
d"4xe”7 - a"Txb"2xd"3xe"8)*x710 + (3*a~2*b"7*d"9*e”"2 - 13*a~3%b~6%d"8xe...
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Sympy [F]
1 1
/\/ 5/2 dz =/ 5 dx
d+ ex? (ad + (bd + ae)x? + bex?) ((a+ b22) (d + ex?))? V/d + ex?
inputLintegrate(1/(e*x**2+d)**(1/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(5/2),x) J
outputtlntegral(l/(((a + brxk*k2) % (d + exx**x2))**(5/2)*sqrt(d + e*x**2)), x) J
Maxima [F]

1 1
dr= / dx
/ Vd + ex? (ad + (bd + ae)x? + bext)*? (bex? + (bd + ae)z? + ad)vex® + d

input ‘ integrate (1/ (exx~2+d) ~ (1/2) / (a*d+(a*e+b*d) *x~2+b*exx~4)~(5/2) ,x, algorithm ‘
‘=“maxima") ‘

Ou_tputtintegrate(l/((b>|=e>|=x"4 + (b*xd + axe)*x”~2 + a*xd)~(5/2)*sqrt(e*x~2 + d)), x) J

Giac [F]

1 1
dx:/ = dx
/ Vd+ ex? (ad + (bd + ae)z? + bext)*/ (bez* + (bd + ae)z? + ad)?+ex? + d

input ‘ integrate(1/(e*x~2+d) ~(1/2)/(axd+(axe+b*d) *x~2+bkexx~4)~(5/2) ,x, algorithm ‘
‘=“giac") ‘

output Lintegrate(l/((b*e*x% + (bxd + a*xe)*x”2 + a*d) " (5/2)*sqrt(e*x”2 + 4)), x) J
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Mupad [F(-1)]
Timed out.

1 1

d:vz/ dz
Vd+ ea? (ad + (bd + ae)z? + bex?)®/? VezZ +d(bext+ (ae+bd) 32+ ad)®/?

input Lint(l/((d + exx~2)"(1/2)*(a*d + x"2*(a*e + b*d) + b*e*x~4)~(5/2)),x) J
output Lint(l/((d + exx"2)"(1/2)*(a*d + x"2*(axe + bxd) + bkexx~4)~(5/2)), x) J
Reduce [F|
1 1
5/2 dx =/ s dx
Vd+ ex? (ad + (bd + ae)x? + bex?) Vex? +d (ad + (ae + bd) z% + be z4)>
input Lint (1/ (exx~2+d) ~(1/2) / (a*d+ (a*xe+b*d) *x~2+b*e*x~4) ~(5/2) ,x) J

output Lint (1/ (e*x~2+d) " (1/2) / (a*d+ (axe+b*d) *x~2+b*e*x~4) " (5/2) ,x) J
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322 L dz
(d+ex?) 3/2 (ad+(bd+ae)z?+bex?) 5/2

Optimalresult . . . . .. .. . .. . .. 199
Mathematica [A] (verified) . . . . . . ... ... L Lo 200
Rubi [A] (verified) . . . . . ... .. ..
Maple [B] (warning: unable to verify) . . . . . ... ... ... L. 207
Fricas [B] (verification not implemented) . . . . . .. ... ... ....... 207
Sympy [F] . . . 208
Maxima [F] . . . . . . .
Giac [F] . . . . o o 208
Mupad [F(-1)] . . . o o 209
Reduce [F] . . . . . o o e 2091

Optimal result

Integrand size = 37, antiderivative size = 511

1

dz =
/ (d + ex2)*? (ad + (bd + ae)z? + bex?)®
ex

_6d(bd — ae) (d + ex?)*? (ad + (bd + ae)z? + bex?)*?
3 e(14bd — 5ae)z
24d2(bd — ae)2y/d + ex? (ad + (bd + ae)z? + bex?)*/
b(4bd — ae)(2bd + 5ae)z/d + ex?
24ad?(bd — ae)? (ad + (bd + ae)x? + bext)>/?
e(16b3d® + 144ab’d?e — 70a?bde® + 15a°€®) =
48ad3(bd — ae)*v/d + ex?\/ad + (bd + ae)z? + bex*

N b(32b*d* — 224ab3d®e — 188a2b%d%e® + 80a3bde® — 15ae?) z+/d + ex?

48a2d3(bd — ae)5+/ad + (bd + ae)z? + bex*

5e%(4bd — ae) (8b%d? — 2abde + a%e?) arctanh( vbd—aery/dtes?

Vd+/ad+(bd+ae)x2+bex?

+ 16d7/2(bd — ae)'1/2
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-1/6*exx/d/ (-axe+b*d) / (exx~2+d) ~(3/2) / (axd+(axe+b*d) *x~2+b*exx~4) ~(3/2)-1/
24xe* (—5xa*xe+14%b*xd) *x/d~2/ (-a*e+b*d) ~2/ (exx~2+d) ~(1/2) / (a*d+ (a*xe+b*d) *x~2
+bkxe*x~4) "~ (3/2)+1/24xb*x (—axe+4*b*d) * (5*a*e+2xbxd) *x* (exx~2+d) ~(1/2) /a/d"2/
(—axe+b*xd) ~3/ (a*xd+(a*e+b*d) *x"2+b*e*xx"4) ~(3/2)+1/48%e* (15*%a~3*e~3-70*a"~2*b
*dxe”2+144*a*xb~2*d " 2*xe+16*b"3*d"3) *x/a/d"3/ (—axe+b*d) "4/ (exx~2+d) ~(1/2)/(a
*d+ (a*e+b*xd) *x~2+b*exx"4) ~(1/2) +1/48*b* (—15*%a~4*e”~4+80*a"3*b*d*e~3-188+*a"~2
*b~2xd " 2*xe"2-224*a*xb”"3*d"3*e+32*%b~4*d"4) *x* (exx”2+d) ~(1/2) /a~2/d"3/ (-axe+b
*d) “5/ (axd+ (a*xe+b*d) *x~2+b*e*xx"4) ~(1/2)+5/16%e”2* (—axe+4*b*xd) * (a~2*e”~2-2*a
*bxd*e+8*b~2xd"2) *arctanh ((-a*xe+b*d) ~(1/2) *x* (exx~2+d) ~(1/2)/d~(1/2) / (axd+
(axe+bxd) *x~2+b*e*x~4)~(1/2))/d~(7/2) / (—a*xe+b*xd) " (11/2)

output

Mathematica [A] (verified)

Time = 16.75 (sec) , antiderivative size = 321, normalized size of antiderivative = 0.63

5/2 3 4 32b%(—b
(d + ex?)® (%x(a + bz?) (a(bd_aj)ib(ﬁbmz)? + a2(—bd-(i-ae

L/“ ! dz =
(d+ ex?)®? (ad + (bd + ae)z? + bext)®?

-

Integrate[1/((d + e*x"2)"(3/2)*(axd + (bxd + a*e)*x~2 + b*e*x~4)~(5/2)),x]

| —

inputt

((d + exx™2)"(5/2)*((x*(a + b*x"2)"3*x((16*b~4)/(a*(b*d - a*e) 4x(a + b*x"2
)"2) + (32%b74*x(-(bxd) + T*xa*xe))/(a"2x(-(b*d) + a*e) 5*(a + b*x~2)) - (8*e
~3)/(d*(b*d - a*e)~3x(d + e*x”2)73) + (2%e”3*(-22*%b*d + 5*a*xe))/(d~2*(b*d
- axe)"4x(d + e*x”2)"2) - (e”"3*(188*b~2+%d"2 - 80*axb*d*e + 15*a~2%e~2))/(d
“3x(b*d - a*e) 6x(d + e*x72))))/3 - (56%xe”2*(4*b*d - a*xe)*(8*b~2xd"2 - 2*ax
b*d*e + a~2*e"2)*(a + b*x"2)"(5/2)*ArcTan[(Sqrt[-(bxd) + a*e]l*x)/(Sqrt[d]*
Sqrtfa + b*x72]1)]1)/(@~(7/2)*(-(bxd) + axe)~(11/2))))/(16*%((a + b*x"2)*(d +
exx~2))"(5/2))

output
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Rubi [A] (verified)

Time = 1.25 (sec) , antiderivative size = 509, normalized size of antiderivative = 1.00,

number of steps used = 13, number of rules used = 12, Bumber of rules _ 4 304 Ry
integrand size

used = {1395, 316, 402, 27, 402, 25, 27, 402, 402, 27, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
dz
/ (d + ex?)*’? (z2(ae + bd) + ad + bezt)®/?

l 1395
\/a + ba? \/d +ex? f (bz2-1-11)5/12(1'5m2—+-d)4
\/z2(ae + bd) + ad + bez*
l 316

dz

—8bex2+6bd—5ae
(b:c2+a) 5/2 (e:v2 +d)

Va+bz?Vd + ex? ( 6d(bd—ae)

zdz

_ ez
6d(a+bx2)3/?(d+ex?)? (bd—ae) )

\/z2(ae + bd) + ad + bez*
| 402

X 3(6be(2bd+ae)a:2+(2bd—5ae)(2bd—ae))

bz (ae+2bd) _ (bw2+a)3/2 (e:c2+d)3
a(a+bz2)3/2 (d+€12)2(bd—ae) 3a(bd—ace) "

2 2 —
Va+bz?Vd + ex 6d(bd—ae) 6d(a+bx2)%/? (d+ex?)® (bd—ae)

dx

\/z%(ae + bd) + ad + bex*
| 27

. Gbe(2bd+ae)m2+(2bd—5ae)(2bd—ae)d
J 2. \3/2/ 5.3 e
(bx +a) (e:c +d) + bz (ae+2bd)
a(bd—ae) a(a+bw2)3/2 (d+e$2)2(bd—ae)

va + br2v/d + ex? 6d(od—ac) -

ex
6d(a+bx2)3/? (d+ex?)® (bd—ae)

v/72(ae + bd) + ad + bex*
| 402
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e(4b (4b2d2 —24abed—a2e2) z2+a(4bd—ae)(2bd+5ae))

dx

ba(—a?e? —24abde+4b%d?) ~ \/bx2+a(ezz+d)3
av/a+ba? (d+ea?)” (bd—ac) . a(bd—ae) bofecabe)
alpa—ae +ba2 d+ex2)” (bd—ae)
\/z2(ae + bd) + ad + bez?
l 25
e(4b (4[)2 d2 —24abed—a? 62)zz+a(4bd7ae)(2bd+5ae)) 4
V br2+a (ezz +d> 3 ‘ + bx (—a2e2 —24abde+4b2d2)
a(bd—ae) - : aVa+bx2 (d+ex2)2(bd—as) " §7§ae+2bd) ,
albe—ae a(a+bx? d+ex2)” (bd—ae)
Va + bx2vVd + ex? ST ( ) ( ) _
V/x%(ae + bd) + ad + bex?
l 27
; 4b (4b2 d2 —24abed—a? e2>z2+a(4bd—ae)(2bd+5ae) J
c vV bzz+a(em2+d)3 1‘+ bm(—a2e2—24abde+4b2d2)
a(bd—ae) aVa+bz? (d+ez2)2(bd—ae) + ba(ae-+2bd)
\/a + bm2\/d + ex2 a(bd—ae) a(a+bx2)3/2 (d+612)2(bd—ae) _

6d(bd—ae)

\/z2(ae + bd) + ad + bez*
| 402
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2b(16b3d3—104ab26d2—22a2 be2d+5a353) z2+a (16b3d3+144ab2 ed?—70a2be?d+1543 53)
dx

vV bz2+a(ew2+d)2 x\/ a+bm2 (5a363—22a2bd62
2d(bd—ae) + v (d+m2> z
a(bd—ae)
a(bd—ae)
2 2
Va + bx2V/d + ex Sabd—ae)
\/z2(ae + bd) + ad +
| 402
. 1502 e(4bd—ae) (Sb2 d2 —2abed+a262) u
j b12+a (ez2+d) b x/ a+bz2 (715a4e4+80a3bd637188a2b2d2627224ab3d36+32b4d4)
2d(bd—ae) + 2d(d+e:c2)(bd—ae) zv a+bz
1d(bd—ae) +
a(bd—ae)
a(bd—ae)
Va + bz2Vd + ex?

6d(bd—ae)

z2(ae + bd) -

| 27
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150,26(4bd—(l€) (0.262 —2abde+862d2) I

1
bx2 “+a (ez2 +d) da

v a+bz2 (—15a4e4+80a3bde3 —188a2b2d2e2 —224ab3 d3 e+32
+

2d(bd—ae) 2d(d+ez2)(bd7ae)
e 4d(bd—ae)
a(bd—ae)
a(bd—ae)
2 2
Va + bz2V/d + ex 6d(bd
z2(ae -
| 201
15a2e(4bd—ae) (a2e2—2abde+8b2d2) I 1 o d z2
d—‘Q—(b‘z;“jZf befta o atba? (—15a%e%+80a3bde3 — 1880202 d2e? 22400343
2d(bd—ae) + 2d (d+ez2) (bd—ae)
e 4d(bd—ae)
a(bd—ae)
a(bd—ae)
Va + bz2vd + ex? 6d(
z2(ac

l 921



CHAPTER 3. LISTING OF INTEGRALS 205

15a25(4bd—ae) (a2 e2—2abde+8b2d2 ) ar(
zVa+bx2 (5(1363 —22a2bde? —104ab?d2e+16b63 d3) 243/2 (bd—ae)3/2
+

4d (d+ez2 ) 2 (bd—ae)

e

bx (—a2 82 —240.bd(»3<|—4b2 d2)

+
ava+bx2 (d+e:c2) 2 (bd—ae)

a(bd-

a(bd—ae)

Va + bz2v/d + ex? 6t

Vx2%(ae

e

tInt[l/((d + exx”~2)"(3/2)*%(axd + (bxd + axe)*x~2 + b*xexx~4)~(5/2)),x]

~—

input

(Sgrt[a + b*x"2]*Sqrt[d + e*xx"2]*(-1/6*(exx)/(d*(b*d - a*xe)*(a + b*x"2)~(3
/2)x(d + e*x72)73) + ((bx(2*bxd + a*e)*x)/(a*x(bxd - axe)*(a + b*xx~2)~(3/2)
*(d + exx”2)72) + ((b*x(4xb~2%d"2 - 24*xa*bxd*e - a~2xe”~2)*x)/(a*x(b*d - axe)
*Sqrt[a + b*x"2]*(d + exx"2)72) + (ex(((16%b~3*d"3 - 104*a*b~2*%d"2*e - 22%
a~2xbkxdxe~2 + 5*a~3*e”3)*x*Sqrt[a + b*x~2])/(4xd*(b*d - a*e)*(d + e*x~2)"2
) + (((32%b"4*d"4 - 224*axb~3*d"3xe - 188*a~2+b"2xd"2%e”2 + 80*a~3*b*d*e”3
- 16*%a~4xe~4)*x*Sqrt[a + b*x"2])/(2*d*(bxd - a*e)*(d + e*x~2)) + (15xa”2%
ex(4*bxd - a*e)*(8%b~2*d"2 - 2*axbxd*e + a~2%e”2)*ArcTanh[(Sqrt[b*d - axe]
*xx)/(Sqrt [d]*Sqrt[a + b*x72]1)]1)/(2%d~(3/2)*(bxd - a*e)~(3/2)))/(4*d*(b*d -
a*xe))))/(ax(b*xd - a*xe)))/(ax(bxd - a*e)))/(6*d*(b*d - axe))))/Sqrt[a*xd +
(b*d + a*e)*x~2 + bkexx"4]

output

Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

‘Int[(a_)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma

rule 27
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rtl[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 221

Int[1/(Sqrtl(a_) + (b_.)*(x_)"21*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtl[a + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, 0]

rule 291

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*xx(a + b*xx"2)~(p + 1)*((c + d*x~2)"(q + 1)/(2*ax(p + 1)*(bxc - axd))
), x] + Simp[1/(2*a*x(p + 1) *(b*c - a*d)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)"g*Simp[b*c + 2x(p + 1)*(bkc - a*d) + dxbx(2x(p + q + 2) + 1)*x"2, x], x
1, x] /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - a*d, 0] && LtQ[p, -1] && !
( 'IntegerQ[p] && IntegerQ[ql && LtQ[q, -1]) &% IntBinomialQ[a, b, c, d, 2,

Ps 9, x]

rule 316

Int[((a_) + (b_.)*(x_)"2) " (p_)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)"2), x_Symbol] :> Simp[(-(b*e - axf))*x*x(a + b*x"2)"(p + 1)*((c + d*x~2)"
(q + 1)/(ax2x(bxc - a*d)*(p + 1))), x] + Simp[1/(ax2x(bxc - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2) "q*Simp[cx(b*e - a*f) + e*2x(b*c - a*d)
*(p + 1) + dx(bxe - axf)*(2%(p + q + 2) + 1)*x~2, x], x], x] /; FreeQ[{a, b
, €, d, e, £, q}, x] && LtQ[p, -1]

rule 402

Int[(u_.)*((a)) + (c_)*(x_)"(m2_.) + (b_)*(x_)" (0 ))~(pL)*((d_) + (e_.)*(
x_)"(@_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[p]/((d

+ e*x"n) “FracPart[p]*(a/d + c*(x"n/e)) FracPart[p]) Int[u*(d + e*x"n) (p

+ g)*(a/d + (c/e)*x"n)"p, x], x] /; FreeQ[{a, b, ¢, 4, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQ[c*d~2 - b*dxe + a*e~2, 0] && !IntegerQ[pl && !(EqQlq,

1] && EqQ[n, 21)

rule 1395

N\




CHAPTER 3. LISTING OF INTEGRALS 207

Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 11430 vs. 2(467) = 934.

Time = 0.66 (sec) , antiderivative size = 11431, normalized size of antiderivative =
22.37

method | result size

default | Expression too large to display | 11431

input \ int (1/ (e*xx~2+d) ~ (3/2) / (a*d+ (a*e+bd) *x~2+bke*x~4) ~ (5/2) ,x ,method=_RETURNVE \
\ RBOSE) ‘

output Lresult too large to display J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1863 vs. 2(467) = 934.

Time = 0.88 (sec) , antiderivative size = 3751, normalized size of antiderivative = 7.34

/ L dxz = Too large to display
(d + ex?)*? (ad + (bd + ae)z? + bex?)*?

t‘integrate(l/(e*x"2+d)"(3/2)/(a*d+(a*e+b*d)*x"2+b*e*x"4)"(5/2),x, algorithm

inpu :
‘=“fr1cas")

/

LToo large to include

~—

output
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Sympy [F]
/ (d+ 6$2)3/2 (ad + (bld + ae)z? + bear;4)5/2 do= / ((a+ bz?) (d + ;2))3 (d+ exZ)% de
input Lintegrate (1/ (e*x**2+d) ** (3/2) / (a*d+ (axe+b*d) *x**2+bke*xx**4) ** (5/2) ,x) J
output‘ Integral(1/(((a + bxx**2)*(d + e*x**2))**(5/2)*(d + exx**2)**(3/2)), x) ‘

Maxima [F]

1 1

dxr= / = - dx
/ (d+ ex?)’? (ad + (bd + ae)z? + bex?)™? (bex* + (bd + ae)x? + ad)? (ex? + d)?

integrate(1/(e*x~2+d)~(3/2) / (axd+(axe+b*d) *x~2+b*e*x~4)~(5/2) ,x, algorithm

input
="maxima")

integrate(1/((b*exx~4 + (b*d + a*e)*x~2 + axd)~(5/2)*(e*x~2 + d)~(3/2)), x

output )

Giac [F]

/ 1 dr = / ! dz
(d+ ex?)’? (ad + (bd + ae)z? + bex?)™? (bex* + (bd + ae)x? + ad)g (ex? + d)%

input ‘ integrate(1/(e*x~2+d) ~(3/2)/(axd+(a*e+b*d) *x~2+b*e*xx~4)~(5/2) ,x, algorithm ‘
‘=“giac") ‘

output‘ integrate(1/((b*e*xx™4 + (bxd + ak*e)*x~2 + axd)~(5/2)*(e*xx~2 + d)~(3/2)), x ‘
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Mupad [F(-1)]
Timed out.
1 1

(d+ ex?)*? (ad + (bd + ae)z? + bex?)*? do= / (ez? +d)** (bezt + (ae+bd) 22 + ad)®? &

input Lint(l/((d + exx~2)"(3/2)*(a*d + x~2*(axe + bxd) + bxexx~4)~(5/2)),x) J
output Lint(l/((d + e*x"2) " (3/2)*(a*d + x"2*(axe + bxd) + bkexx~4)~(5/2)), x) J
Reduce [F|

1

/ L dm—/ dz
(d+ ex)*? (ad + (bd + ae)z? + bez?)*? (ex? + d)% (ad + (ae + bd) z% + be av4)g

input Lint (1/ (exx~2+d) ~(3/2) / (a*d+ (axe+b*d) *x~2+b*e*x~4) ~(5/2) ,x) J

output Lint (1/ (e*x~2+d) ~(3/2) / (a*d+ (axe+b*d) *x~2+b*e*x~4) ~ (5/2) ,x) J




output
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210

11/2

(d+ez?)
3.23 f (ad+(bd+ae)$2+bew4)

Optimal result . . . . . . . . . . ..
Mathematica [A] (verified) . . . . . . . .. ... L Lo
Rubi [A] (verified) . . . . . . . .. ..
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ......
Sympy [F(-1)] . . . o
Maxima [F] . . . . ...
Giac [F] . . . . o o
Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... . ... .....

Optimal result

Integrand size = 37, antiderivative size = 210

(d + ex?)"/? _ (8b?d® + 4abde + 3a%e?) zv/d + ex?
/ (ad + (bd + ae)z? + bex?)"/? v 15a3b%+/ad + (bd + ae)z? + bex?
(bd — ae)’z\/d + ex?
5ab? (a + bx?)* \/ad + (bd + ae)z? + bex?
2(bd — ae)(2bd + 3ae)r/d + ex?
15a2b? (a + bz2) \/ad + (bd + ae)z? + bex*

‘1/15*(3*a‘2*e“2+4*a*b*d*e+8*b“2*d“2)*x*(e*x“2+d)“(1/2)/a“3/b‘2/(a*d+(a*e+b
‘*d)*x‘2+b*e*x‘4)‘(1/2)+1/5*(—a*e+b*d)‘2*x*(e*x‘2+d)‘(1/2)/a/b‘2/(b*x‘2+a)‘
‘2/(a*d+(a*e+b*d)*x‘2+b*e*x“4)‘(1/2)+2/15*(—a*e+b*d)*(3*a*e+2*b*d)*x*(e*x‘2

‘ +d) " (1/2)/a~2/b72/ (b*xx~2+a) / (a*d+(a*e+b*d) *x~2+b*e*xx~4) " (1/2)
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Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.48

(d + ex?)"? Vd + ex?(8b?d*z® + 4abdz®(5d + ex?) + a?(15d%z + 10dex® + 3e*z

xr=
(ad + (bd + ae)z? + bext)"/* 1503 (a + ba2)® \/(a + bz?) (d + ex?)

-

input Llntegrate[(d + exx"2)7(11/2)/(a*xd + (b*d + a*e)*x™2 + bkxe*x"4)~(7/2),x]

~—

'x + 10%dkexx™3 + 3%e"2%x"5)))/(15%a"3x(a + b¥x"2) 2%Sqrt[(a + bxx"2)*(d +

( hY
output‘ (Sqrtd + e*x~2]*(8*b~2xd~2*x"5 + 4*axbkd*x~3*(5*d + e*x~2) + a~2*(15*d~2* ‘
Le¥x™2)1) |

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 132, normalized size of antiderivative = 0.63,

number of rules _ 0.108, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {1395, 292, 292, 208}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

11/2

/ (d + ex?) J
z
(#2(ae + bd) + ad + bex?)™/?
l 1395

2 5 [ _(ex?+d)’
Va+bz?Vd+ex? [ e ra) T

V/x2(ae + bd) + ad + bex?

l 292
4df ( 82z2+)d5/2 dzx ( 2)2
5 5 bz24a z(d+ex
\/a + b.’I; \/d + ex Ba + 5a(a+bx2)5/2

v/x2(ae + bd) + ad + bex*
| 292



CHAPTER 3. LISTING OF INTEGRALS 212

1
b12+a)3/2 dz_‘r z(d+ez2)

<2df (
4d 3a 3/2)

3a<a+bm2) 2\2
2 2 @ (d+ez?)
Va +bz?Vd + ex = + Saatba?)?

\/z2(ae + bd) + ad + bex?

l 208
2
d( 2da n x(d+ew )
302/ at+ba? 3a(a+b12)3/2 2\2
. 5 z(d+ex?)
Va+bz?Vd+ ez 5a 5a(a+ba?)"/?

\/z2(ae + bd) + ad + bez*

input LInt[(d + e*xx”2)"(11/2)/(a*xd + (bxd + a*xe)*x~2 + b¥exx~4)~(7/2),x] J

(Sqrtla + bxx"2]*Sqrt[d + exx"2]*((x*(d + e*x~2)"2)/(5xax(a + b*x"2)"(5/2)
‘) + (4*d*((2*d*x)/(3*%a"2*Sqrt[a + b*xx~2]) + (x*(d + exx"2))/(3*a*x(a + b*x~ ‘
L2)‘(3/2))))/(5*a)))/Sqrt [a*d + (bxd + a*e)*x~2 + bke*xx~4] J

output

Defintions of rubi rules used

rule 208 IntL((a) + (b_.)*(x_)72)7(-3/2), x_Symbol] :> Simp[x/(a*Sqrt[a + b*x"2]),
x] /; FreeQ[{a, b}, x]

rule 292 10t LC(a) + (b_)*(x)"2)~(p_)*((c) + (d_.)*(x)"2)"(g_.), x_Symbol] :> Si
mp[(-x)*(a + b*x"2)"(p + 1)*((c + d*x"2)"q/(2*ax(p + 1))), x] - Simp[c*(q/(
ax(p + 1))) Intl[(a + b*x™2)"(p + 1)*(c + d*x~2)"(q - 1), x], x] /; FreeQl
{a, b, ¢, d, p}, x] & NeQ[b*c - axd, 0] && EqQ[2*(p + q + 1) + 1, 0] && Gt
Qlq, 01 & NeQlp, -1l
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Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(@m_)) (p_)*((d_) + (e_.)*(
x_)"(n_))"(g_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) “FracPart[p]/((d

+ e*x"n) FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx"n)”(p

+ *(a/d + (c/e)*x"n)7p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQ[c*d~2 - b*d*e + a*e~2, 0] && !IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 21)

rule 1395

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.49

method | result size
v (ex2+d)(bz?+ 3a2e?zt+4abde x44+8b%d2 x4 +10a2de 22+20a d2?b 2 +15a2d?
default (co?+d)(ba?+a) o(3a 3 ) 102
15vex2+d (bx2+a)’ad
7
. x (3a262x4+4abde z44+8b2d224+10a2de 22+20a d2b 2 +15a2 d2) (e z? +d) 2 (b x? +a)
orering 7 106
15a3 (ad+(ae+bd)z2+be %) 2
7
(b m2+a) T (3a262:1:4+4abde z4+4+8b2d2z%+10a2de 22 +20a d?b m2+15a2d2) (e a:2+d) 2
gosper 107

7
1503 (be z4+ae z2+bd x2+ad) 2

int ((exx~2+d) ~(11/2)/ (a*xd+(a*e+b*d) *x~2+b*e*x~4) ~(7/2) ,x,method=_RETURNVER

input
BOSE)

1/15/ (e*x~2+d) " (1/2) *((e*x~2+d) * (b*x"2+a) ) ~ (1/2) *x* (3*a~2xe~2xx~4+4*a*xbxd*
exx~4+8%b~2%d"2*%x~4+10%a " 2*d*e*xx " 2+20*axb*xd"2*xx"2+15%xa"~2*xd"2) / (b*xx~2+a) "3/
a~3

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 168, normalized size of antiderivative = 0.80

(d + ez?)"? dp— Vbext + (bd + ae)z? + ad((8 b2d* + 4 abde + 3 a’e®)z® + 15 a’d>x -
(ad + (bd + ae)z? + bezt)™? B 15 (a3b3ex® + abd + (a®b3d + 3 a*b?e)xb + 3 (a*b?d + aSbe)

t‘integrate((e*x‘2+d)A(11/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)A(7/2),X, algorithm=
‘"fricas")

N\ J

inpu
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Output‘1/15*sqrt(b*e*x“4 + (bxd + axe)*x"2 + a*xd)*((8%b~2xd"2 + 4*axbxd*e + 3%a”2
\*e‘2)*x“5 + 15%a~2+d"2*x + 10*(2*axb*d”~2 + a~2*d*e)*x"3)*sqrt(exx”2 + d)/(
‘a‘3*b“3*e*x“8 + a"6xd + (2a"3*b"3*d + 3*xa"4*xb"2*xe)*x”"6 + 3*x(a~4*b"2*%d + a”5
(*bke)*x~4 + (3*a 5kbkd + a"6%e)*x"2)

Sympy [F(-1)]

Timed out.
/ (d+ ex2)11/2 dz = Timed out
(ad + (bd + ae)z? + bext)™?
jnputlintegrate((e*x**2+d)**(11/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(7/2),X)
output LTimed out
Maxima [F]

(d + ex®)"/” / (ex® + d)%
(bex* +

(bd + ae)z? + ad)

2 4)\7/2 dr = 7 4z
(ad + (bd + ae)x? + bex?) 2

t‘integrate((e*x"2+d)"(11/2)/(a*d+(a*e+b*d)*x"2+b*e*x"4)"(7/2),x, algorithm=

inpu
‘“maxima")

output Lintegrate((e*x? + d)~(11/2)/ (b*exx~4 + (bxd + a*e)*x~2 + axd)~(7/2), x)
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Giac [F]

11
2

/ (d + ex?)"/? dp — / (ex? + d) i
(ad + (bd + ae)x? + bext)™? (bez* + (bd + ae)z? + ad)g

input‘integrate((e*x‘2+d)‘(11/2)/(a*d+(a*e+b*d)*x*2+b*e*x*4)*(7/2),x’ algorithm=

‘"giac")

Outputtintegrate((e*x? + d)~(11/2)/(bxe*x~4 + (b*d + a*e)*x”2 + axd)~(7/2), x) J

Mupad [B] (verification not implemented)

Time = 17.79 (sec) , antiderivative size = 205, normalized size of antiderivative = 0.98

25 Vez2+d ﬁ+4abde+sb2d2
(d+ex2)11/2 \/bex4+(ae+bd) x2—|—ad( ( 23b3615 15 )+d2x£
xTr =
(ad + (bd + ae)x? + bext)™/? 28 4 Bd 4 zf (3ZZ+bd) 4 2 (ezf;:g:daf’) N 3”4;
inputLint((d + exx"2)"(11/2)/(a*d + x~2*(a*xe + bxd) + b*e*xx~4)~(7/2),x) J

output ((2%d * X"2%(ake + bxd) + brexx™4)"(1/2)*((x75%(d + exx"2)(1/2)*((a"24e"2

)/5 + (8%b~2%d~2)/15 + (4*axbkd*e)/15))/(a~3%b~3%e) + (d~2%x*(d + e*xx~2)"(
1/2))/(axb™3%e) + (2+d*x"3%(d + exx"2)7(1/2)*(axe + 2¥b*d))/(3xa~2xb"3xe))
)/ (x"8 + (a~3*d)/(b~3*e) + (x"6x(3*axe + b*d))/(bxe) + (x"2x(a"6*e + 3*a~5
*b*d) )/ (a~3%b~3*e) + (3xaxx"4*(a*e + bxd))/(b~2%e))
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 326, normalized size of antiderivative = 1.55

(d + ex?)"? _ 15vba? + aa®®dP*c 4+ 10vVb2? + aa®bPdex® + 3Vbz? + aa’bPe’s®

(ad + (bd + ae)z? + bext)"/*

e

int ((e*x~2+d) " (11/2) / (a*d+(a*e+b*d) *x~2+bxe*x"4) ~(7/2) ,x)

~—

input L

(16*sqrt(a + b*x*k*2)*ax*2*xb**3xd**x2*%x + 10*sqrt(a + bkx**2)xa**x2kbx*3*xd*re*
x**3 + 3*sqrt(a + bxx**2)*xax*2kbk*x3kex*k2xx**5 + 20*sqrt(a + b*x**2)*a*xb**x4
*Q*xx2xx**3 + 4ksqrt(a + b*x**2)xaxbkxd*d*kexx**5 + 8+sqrt(a + bxx**2)*bx*k5x
d*x2xx*x5 + 3*sqrt(b)*a*x5xe*xx2 - 4*sqrt(b)*a**4*bkdxe + 9*sqrt (b)*a*x4xbx*
exx2kx**2 — 8*sqrt(b)*a*kx3xb**2kd**2 — 12ksqrt (b) *a**3xbk*2xdke*x**2 + O*s
qrt (b) ¥a*x3*xb**x2ke*x*x2¥x*k*4 — 24*xsqrt (b) *ax*2kbx*3kdx*2xx*x*2 - 12xsqrt(b)*a
**k2xbk*3xd*kexx**x4d + 3*sqrt(b) *a*x*2xb**3kex*2xx**6 — 24*sqrt (b) *akbxx4*d**2
*xx**4 — 4*xsqrt(b)*axbx*4kdxexx**x6 — 8*ksqrt (b) kbx*5kxd**2xx**6) / (15*a**3xb**
3x (a**3 + 3ka*xkx2kxb*xx*x*2 + 3kaxbx*2xx*k*4 + b**x3%*x**6))

output
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9/2
d+ex?
324 [— W) g
(ad+(bd+ae)z2+bex?)
Optimal result . . . . . . . . . . 217
Mathematica [A] (verified) . . . . . . . .. ... L Lo 217
Rubi [A] (verified) . . . . . . . .. .. 218
Maple [A] (verified) . . . . . . . . . . 220
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 220
Sympy [F(-1)] . . . o 2271
Maxima [F] . . . . ...
Giac [F] . . . . o o 221]
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 222
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 222
Optimal result
Integrand size = 37, antiderivative size = 166
/ (d + ex?)”? . (bd — ae)z(d + ex?)?
(ad + (bd + ae)z? + bext)™? 5ab (ad + (bd + ae)z? + bext)®/?
(4bd + ae)z(d + ex?)* 2(4bd + ae)zv/d + ex?

15a2b (ad + (bd + ae)z? + bez?)*? ~ 15a3b+/ad + (bd + ae)z? + bex*

B
\1/5*(—a*e+b*d)*x*(e*x‘2+d)‘(5/2)/a/b/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)‘(5/2)+1/1
output
\5*(a*e+4*b*d)*x*(e*x“2+d)‘(3/2)/a‘2/b/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)‘(3/2)+2/
‘15*(a*e+4*b*d)*x*(e*x‘2+d)‘(1/2)/a‘3/b/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)“(1/2)

————————

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.47

(d + ex?)”? (d + ex?)*? (8b2dz® + 2aba®(10d + ex?) + 5a2(3dz + ex®))

€T =
(ad + (bd + ae)x? + bex?)™/? 15a3 ((a + ba?) (d + ex?))*”

input LIntegrate[(d + exx"2)7(9/2)/(axd + (b*d + axe)*x~2 + bxexx~4)~(7/2),x] J
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‘((d + e*x72)7(5/2) % (8¥b"2%d*x"5 + 2kakbxx"3*%(10*d + e*x”"2) + bka~2x(3*d*x

output
L+ e*xx”3)))/(15%a"~3x((a + b*x"2)*(d + exx~2))"(5/2)) J

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.82,

number of rules _ 0.108, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {1395, 298, 209, 208}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

9/2

/ (d + ex?)

772 dx
(z2(ae + bd) + ad + bez*)
| 1395

2 2 [ _ex’+d
Va+bz?Vd+ ex f(bz2+a)7/2dac

V/x2(ae + bd) + ad + bex?

l 208

(ae+bd) [ — L do

VaTbiviy ( o+ Méiii’i;;z?s/z)

\/z2(ae + bd) + ad + bez?
l 209
T

(ae+4bd) (2 : (bxz;afm - + SIL )
va+be?Vd + e’ 5ab ) SGIjE(S)—i;;e))B/2

V/x2(ae + bd) + ad + bex?
| 208
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2
(st e
a + bx2v/d + ex? —
\/ T vd+ 5ab 5ab(a+bx2)%/?

v/72(ae + bd) + ad + bex*

-

inputLInt[(d + exx72)7(9/2)/(a*xd + (b*d + a*e)*x™2 + bxe*x~4)~(7/2),x]

‘ (Sqrtla + b*x~2]*Sqrt[d + exx"2]*(((bxd - axe)*x)/(5*a*bx(a + b*xx"2)~(5/2)
\) + ((4xb*xd + axe)*(x/(3*ax(a + b*x"2)7(3/2)) + (2xx)/(3*a"2xSqrt[a + b*x~
121)))/(5%axb)))/Sqrtlaxd + (b*d + ake)*x"2 + bxekx 4]

output

-/

Defintions of rubi rules used

/Int[((a_) + (b_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[x/(a*Sqrtl[a + b*x~2]),
x] /; FreeQ[{a, b}, x]

rule 208

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x~2)~(p + 1)
/(2xax(p + 1))), x] + Simp[(2*p + 3)/(2*xax(p + 1)) Int[(a + b*x"2)"(p + 1
), x], x] /; FreeQ[{a, b}, x] && ILtQ[p + 3/2, 0]

rule 209

Int[((a ) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[(-(

b*c - axd))*x*((a + b*x"2)"(p + 1)/(2%a*bx(p + 1))), x] - Simp[(a*d - b*c*(
2xp + 3))/(2%axb*x(p + 1)) Int[(a + b*x"2)"(p + 1), x], x] /; FreeQ[{a, b,
c, d, p}, x] && NeQ[b*c - a*d, 0] & (LtQ[p, -1] || ILtQ[1/2 + p, 01)

rule 298

Int[(u_.)*((a_) + (c_.)*(x_)"(@2_.) + (b_.)*(x_)"(@m_)) " (p_)*((d_) + (e_.)*(
x_)"(m_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[p]l/((d

+ exx"n) “FracPart[pl*(a/d + c*x(x"n/e)) FracPart[p]) Int[ux(d + e*x™n)~(p

+ *(a/d + (c/e)*x"n)"p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] && E
qQ[n2, 2#n] && EqQLc*d~2 - bkxdxe + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 21)

rule 1395
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.50

method | result size
default /(e x2+d)(bz2+a) z(2abe x4 +8b%d 2*+5a%e 22 +20abd z2+15a2d) 83
15vex2+d (b zz+a)3a3
7
. z(2abe £4+8b2d 4 +5a2%e £2+20abd 2 +15a2d) (e z2+d) 2 (bz2+a
orering ( )1( )2 ) | g7
15a3 (ad+(ae+bd)z2+be z4) 2
7
gosper (b :c2+a)z(2abe z448b%d x4 +5a2e m2+20abdx2+15a2d) (e :c2+d) 2 38

7
15a3 (be z4+ae x2+bd z2+ad) 2

int((e*x~2+d)"(9/2)/ (a*d+(ake+bxd) ¥x"2+bxe*x"4)~(7/2) ,x,method=_RETURNVERB

tput 0SE) |

‘1/15/(e*xA2+d)“(1/2)*((e*X‘2+d)*(b*x“2+a))‘(1/2)*x*(2*a*b*e*x‘4+8*b‘2*d*x‘

output
‘4+5*a‘2*e*x‘2+20*a*b*d*x“2+15*a“2*d)/(b*x‘2+a)“3/a‘3

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 152, normalized size of antiderivative = 0.92

(d + ex?)”? x_V%mﬂ+@d+m¢ﬁ+aﬂ2@§d+awn&+wa%x+5ﬂdd+
(ad + (bd + ae)x? + bext)™? 15 (a3b3ex® + abd + (a3b3d + 3 a*h2e)z + 3 (a4b2d + aSbe)rt + (3

integrate((exx~2+d) ~(9/2) / (a*d+(axe+b*d) *x~2+b*exx~4)~(7/2) ,x, algorithm="

input
fricas")

1/15*sqrt (bxe*xx"4 + (b*d + axe)*x”2 + axd)*(2*(4*b~2*d + axb*e)*x~5 + 15*a
“2*%d*x + b5*(4*axb*d + a"2xe)*x"3)*sqrt(exx”2 + d)/(a"3*b"3*e*x"8 + a”"6%xd +
(a"3*b"3*d + 3*a”"4xb"2xe)*x"6 + 3*(a~4*b~2*d + a~b¥bxe)*x"4 + (3*a~b*bxd

+ a~6xe)*x"2)

output
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Sympy [F(-1)]

Timed out.

(d + ex?)”? o — Timed out
(ad + (bd + ae)z? + bext)™? v et

inputLintegrate((e*X**2+d)**(9/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(7/2),x)

ou_tpudTimed out

Maxima [F]

7 dz
2

(d+ ez o / (ez? + d)’}
"2 (bex* +

(ad + (bd + ae)z? + bex?) (bd + ae)z? + ad)

‘integrate((e*x”2+d)“(9/2)/(a*d+(a*e+b*d)*x“2+b*e*x”4)“(7/2),x, algorithm="

input
‘maxima")

outputtintegrate((e*x‘2 + d)~(9/2)/(b*e*x~4 + (bxd + a*e)*x~2 + a*xd)“~(7/2), x)

Giac [F]

(d + ex?)”? i — / (ex? + d)g
(ad + (bd + ae)z? + bext)™? (bez* + (bd + ae)z? + ad)

- dx
2

input ‘ integrate ((exx~2+d)~(9/2)/ (axd+(a*e+b*d) *x~2+bxe*x~4)~(7/2) ,x, algorithm="
‘giac")

Outputtintegrate((e*x‘2 + d)"(9/2)/(bxexx~4 + (b*d + axe)*x~2 + a*xd)~(7/2), x)
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Mupad [B] (verification not implemented)

Time = 17.54 (sec) , antiderivative size = 194, normalized size of antiderivative = 1.17

23 Vezitd (e’ 4 4bda z
(d+ ez?)"? \ﬂka+me+b®aﬂ+ad<“ﬁxﬁd+ ﬁ%i 3 >+_
dz = z6 (3ae z2 (eab a® azt(ae
(ad + (bd + ae)x? + becc4)7/2 8 + ZZ—‘: + (3be+bd) + = a;g?fd ) 4 3 ,fzeJr
input Lint((d + e*xx”2)"(9/2)/(axd + x~2x(a*e + b*d) + bkexx~4)~(7/2),x) J

output

input

output

((a*xd + x"2*x(a*e + b*d) + b¥exx"4)"(1/2)*((d*x*x(d + e*x"2)"(1/2))/(axb”3*e
) + (x73*%(d + e*x"2)7(1/2)*((a"2*%e)/3 + (4*axbxd)/3))/(a~3*b~3xe) + (x~5x(
d + e*x™2) " (1/2)*((8%b~2%d) /15 + (2*axb*e)/15))/(a~3*%b~3%e)))/(x"8 + (a~3*
d)/(b~3*xe) + (x~6x(3*a*xe + b*d))/(bxe) + (x72x(a"6*e + 3*a~5*b*d))/(a"3*b™
3xe) + (3*axx~4*(a*xe + bxd))/(b~2x%e))

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.34

(d + ex?)”? _ 15vba? + aa’bPdz + 5vba? + aa’bPex® + 20vVba? +aabPda® +

T =
(ad + (bd + ae)z? + bezt)”/?

-

Lint((e*x“2+d)“(9/2)/(a*d+(a*e+b*d)*x“2+b*e*x“4)“(7/2),x)

| —

(16*sqrt(a + b*x*k*2)*ax*x2+b**2xd*x + bksqrt(a + b*x**2)*xa*x*2xb**x2kexx**3 +
20*sqrt(a + b*x**2)*axb*x3*xd*x**3 + 2xsqrt(a + bkx**2)*axbx*3kexx**5 + 8
sqrt(a + b*x**2)*b*x4*d*x**x5 — 2*sqrt(b)*a*x*4d*e — 8xsqrt(b)*a**x3*bxd - 6+*s
qrt (b) xa**x3xbke*x**2 — 24*sqrt (b) *xa**x2kb**2kd*x**2 — 6xsqrt (b) *ax*2*xbx*2%e
*xx*kx4 — 24xsqrt(b) xaxb*x3xd*xx**4 — 2+sqrt(b)*a*b**3*exx**6 — 8xsqrt(b)*xb**
Axd*xx*x*6) / (15*%a**x3xb**2% (a**3 + 3ka*x*x2kbkx**2 + 3kakxb**x2*x**4 + b**x3*xx**6)

)
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7/2
d+ex?

(ad+(bd+ae)z2+bex?)
Optimal result . . . . . . . . . . .. 223]
Mathematica [A] (verified) . . . . . . . .. ... L Lo
Rubi [A] (verified) . . . . . . . .. .. 227
Maple [A] (verified) . . . . . . . . . . 226
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 220
Sympy [F(-1)] . . . o 2271
Maxima [F] . . . . ... 227
Giac [F] . . . . o o 227
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 228
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 228
Optimal result
Integrand size = 37, antiderivative size = 133

/ (d+ ex?)"? i — z(d + ex?)”/?
(ad + (bd + ae)z? + bext)™? 5a (ad + (bd + ae)x? + bext)™?
4z(d + ex?)*? 8zvd + ex?

+ +
15a2 (ad + (bd + ae)z? + bex?)*?  15a3+/ad + (bd + ae)z? + bex?

p

output ‘ 1/5%x* (e*xx~2+d) ~(5/2) /a/ (a*d+(a*xe+b*d) *x~2+b*e*xx~4) ~(5/2) +4/15*x* (exx~2+d)
"(3/2)/a‘2/(a*d+(a*e+b*d)*x“2+b*e*x“4)‘(3/2)+8/15*x*(e*x‘2+d)“(1/2)/a“3/(a
\*d+(a*e+b*d)*x‘2+b*e*x‘4)‘(1/2)

\‘

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.44

€T =
bd + ae)x? + bex?)™/? 153 ((a + ba?) (d + ex?))

/ (d+ ex?)"? (d + ex?)*? (15a%z + 20abz® + 8b%2”)
(ad + (

input LIntegrate[(d + exx"2)"(7/2)/(axd + (b*d + axe)*x~2 + bxexx~4)~(7/2),x] J
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‘((d + exx"2) " (5/2)*(15%a"~2*x + 20*a*b*x~3 + 8*%b~2%x~5))/(156%a~3*((a + b*x~

output
L2)*(d + exx~2))~(5/2)) J

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.86,

number of rules _ 0.108, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {1395, 209, 209, 208}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

7/2

/ (d + ex?)

dxr
(x2(ae + bd) + ad + bex) "/
l 1395
Va +bz?V/d +ex? [ de
\/z2(ae + bd) + ad + bez*
l 209

1

4f mdﬂ:
\/a + bz \/d tex 5a + 5a(a+bz2)5/2

\/z2(ae + bd) + ad + bez*

l 209
2/ (bm2+a)3/2 de )
2 i 4 32 +3a(a+b$2)3/2
T
va+bz?vVd + ex 5a + 5a(a+bx2)>/?

v/72(ae + bd) + ad + bex*
| 208



input

output

rule 208

rule 209

rule 1395
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4 2z x
3a2 \/a+bm2 + 3a (a+bz2>3/2 )

m( .

Vd + ex?

x
5a(a+bx2)5/2

v/72(ae + bd) + ad + bex*

-

LInt[(d + exx~2)~(7/2)/(a*d + (b*d + a*e)*x~2 + bxexx~4)~(7/2),x]

-/

‘ (Sqrtl[a + b*x~2]*Sqrt[d + exx"2]*(x/(5*ax(a + b*xx"2)7(5/2)) + (4*(x/(3*ax*(
‘a + bxx~2)7(3/2)) + (2%x)/(3*a~2*Sqrt[a + b*x~2])))/(5*a)))/Sqrt[a*d + (b*
'd + a%e)*x"2 + bxekx"4]

Defintions of rubi rules used

/Int[((a_) + (b_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[x/(a*Sqrtl[a + b*x~2]),
x] /; FreeQ[{a, b}, x]

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x~2)~(p + 1)
/(2xax(p + 1))), x] + Simp[(2*p + 3)/(2*xax(p + 1)) Int[(a + b*x"2)"(p + 1
), x], x] /; FreeQ[{a, b}, x] && ILtQ[p + 3/2, 0]

Int[(u_.)*((a_) + (c_)*(x_)"(m2_.) + (b_.)*(x_)" (@ )) " (p_)*((d_) + (e_.)*(
x_)"(@_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[p]/((d
+ e*xx"n) “FracPart[p]*(a/d + c*(x"n/e)) “FracPart[p]) Int[u*(d + e*x"n) (p
+ g)*(a/d + (c/e)*x"n)"p, x]1, x] /; FreeQ[{a, b, ¢, 4, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQ[c*d~2 - b*d*e + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 21)
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Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.47

method | result size
/(e z2+d)(bx2+a) z(8b22*+20ab 22+ 15a2)
default 15VesTTd (b2 Ta)’ad 63
7
. 8b%z%+20abz2+15a2) (b2 + 24d)2
orerlng m( x abz“+15a )( x a) (e7z + ) 67
15a3 (ad+(ae+bd)z2+be %) 2
7
bx?+a)x(8b2x44+20ab x2+15a2) (e z2+d) 2
gosper | sl earat | eo
15a3 (be z4+ae x2+bd z2+ad) 2

int ((exx~2+d) " (7/2)/ (a*d+(ake+bxd) ¥x"2+bxe*x"4)~(7/2) ,x,method=_RETURNVERB

tput 0SE) |

‘ 1/15/ (exx~2+d) ~(1/2) * ((exx~2+d) * (b*x~2+a) ) ~ (1/2) *x* (8%b~2*x~4+20%a*b*x~2+1 \

output
‘5*a‘2)/(b*x‘2+a)“3/a“3 \

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.01

(d + ex?)”? (8225 + 20 abz® + 15 a’x)/bex* + (bd + ae)z? + ady/ex?

(ad + (bd + ae)x? + bext)™/? do= 15 (a®b3ex8 + a®d + (a3b3d + 3 a*b?e)z® + 3 (a*b?d + abbe)z* + (3 a!

integrate((exx~2+d) ~(7/2) / (a*d+(axe+b*d) *x~2+b*exx~4)~(7/2) ,x, algorithm="

input
fricas")

1/15%(8*xb~2*x~5 + 20*a*b*x~3 + 15*a~2*x)*sqrt(bxe*x"4 + (bxd + axe)*x”~2 +
axd)*sqrt(e*x”2 + d)/(a”3*b"3*exx"8 + a"6xd + (a~3*b~3*d + 3*xa"4xb"2xe)*x”
6 + 3x(a~4*b~2*d + a~b¥bxe)*x"4 + (3*a~b*bxd + a~6*e)*x"2)

output




CHAPTER 3. LISTING OF INTEGRALS 227

Sympy [F(-1)]

Timed out.

(d + ex?)"? o — Timed out
(ad + (bd + ae)z? + bext)™? v et

inputLintegrate((e*X**2+d)**(7/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(7/2),x)

ou_tpudTimed out

Maxima [F]

7
2

7 dz
2

(d + ex?)"? i — / (ex? + d)
"2 (bex* +

(ad + (bd + ae)z? + bex?) (bd + ae)z? + ad)

‘integrate((e*x”2+d)“(7/2)/(a*d+(a*e+b*d)*x“2+b*e*x”4)“(7/2),x, algorithm="

input
‘maxima")

outputtintegrate((e*x‘2 + d)~(7/2)/(b*e*x~4 + (bxd + a*e)*x~2 + axd)“~(7/2), x)

Giac [F]

7
2

(d + ex?)"? i — / (ex? + d)
(ad + (bd + ae)z? + bext)™? (bez* + (bd + ae)z? + ad)

- dx
2

input ‘ integrate ((exx~2+d)~(7/2)/ (axd+(a*e+b*d) *x~2+bxe*x~4)~(7/2) ,x, algorithm="
‘giac")

output Lintegrate((e*xﬁ + d)"(7/2)/(b*xexx~4 + (b*xd + a*e)*x”2 + axd)~(7/2), x)
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Mupad [B] (verification not implemented)

Time = 17.61 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.29

(d+ ez Vbea+ (ae+bd) ¥ +ad (g 4 St 4 Vet
T =
(ad + (bd + ae)z? + bext)"/? 78 4 04 4 2 Bactbd) | z2(catiBbda’) | ez’ (actbd)

e

~—

inputlint((d + e*x72)7(7/2)/(axd + x"2%(a*e + bxd) + bkexx~4)~(7/2),x)

output‘ ((axd + x"2%(a*e + bxd) + bxe*x™4)~(1/2)*((4*x"3*(d + e*x~2)~(1/2))/(3*a"2 \
(¥b~2xe) + (8xx"5x(d + exx"2)7(1/2))/(15%a~3xbxe) + (x*(d + exx™2)"(1/2))/(
'a¥b™3%e)))/(x"8 + (a~3%d)/(b"3xe) + (x"6%(3xaxe + bxd))/(bxe) + (x"2%(a"6x

\e + 3*%a~5*bxd))/(a~3*b~3*e) + (3*a*x"4*(axe + bxd))/(b~2*e))

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 127, normalized size of antiderivative = 0.95

(d + ex?)"* dpe 15vb 22 + a a®bx + 20v/bx? + aab?z® + 8vbx? + ab®z® — 8vba? -

€T =
(ad + (bd + ae)z? + bezt)”/ 15a3b (6326 4 3a b2 + 3a2b 2
input Lint ((exx~2+d)~(7/2)/ (axd+(a*e+bxd) *x~2+bre*x~4) ~(7/2) ,x) J
output‘(15*sqrt(a + bkx**2)*ka**2xb*x + 20%sqrt(a + bxx**2)*akbx*2kx**3 + 8*sqrt(a

\ + bkx**2) xb**3*kx*x5 — 8*sqrt(b)*a**3 - 24*sqrt (b)*a*x*2xb*x**2 - 24*sqrt (b
‘)*a*b**2*x**4 - 8xsqrt (b) ¥*b**3xx*x6) / (15%a**3*b* (a**3 + 3kax*2xbxx**2 + 3
‘a*b**2*x**4 + b**3%x**6))




output
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5/2
d+ex?
(ad+(bd+ae)z2+bex?)

Optimal result . . . . . . . . . . .. 229
Mathematica [A] (verified) . . . . . . . .. ... L Lo 230
Rubi [A] (verified) . . . . . . . .. .. 230
Maple [B] (verified) . . . . . . . . . .. 234
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ...... 235
Sympy [F(-1)] . . . o 2361
Maxima [F] . . . . ... 237
Giac [F] . . . . o o 237
Mupad [F(-1)] . . . o 237
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 238
Optimal result
Integrand size = 37, antiderivative size = 316

/ (d + ex?)*? - b(8b%d? — 26abde + 33a%e?) zv/d + ex?

(ad + (bd + ae)z? + bez?)™? 15a3(bd — ae)3\/ad + (bd + ae)z? + bex*
+ bxvd + ex?

5a(bd — ae) (a + bx?)* \/ad + (bd + ae)z? + bex*
+ b(4bd — 9ae)xv/d + ex?
15a2(bd — ae)? (a + bz?) \/ad + (bd + ae)z? + bex?

e/a+ ba?V/d + exfarctanh (e )

Vd(bd — ae)7/2\/ad + (bd + ae)z? + bex’

1/15%b* (33*%a~2*e"2-26*a*b*xd*e+8*xb~2*d"2) *x* (e*x~2+d) ~(1/2) /a~3/ (-a*xe+b*d) "
3/ (a*d+ (a*xe+b*d) *x~2+b*e*x~4) ~ (1/2) +1/5*b*x* (exx~2+d) ~(1/2) /a/ (—a*xe+b*d) / (
bxx~2+a) "2/ (a*d+ (a*xe+b*d) *x~2+b*e*xx"~4) = (1/2) +1/15%b* (—9*a*e+4*xb*d) *x* (e*x”
2+d) ~(1/2)/a~2/ (-a*e+b*d) "2/ (b*x~2+a) / (a*d+ (axe+b*d) *x~2+b*exx~4) " (1/2)-e~
3% (b*x~2+a) " (1/2) * (e*x~2+d) ~(1/2) *arctanh ( (-a*e+b*xd) ~(1/2) *x/d~ (1/2) / (b*x~
2+a)~(1/2))/d" (1/2) / (maxe+bxd) ~(7/2) / (a*d+ (a*e+b*d) *x~2+b*e*x"4) ~(1/2)
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Mathematica [A] (verified)

Time = 0.75 (sec) , antiderivative size = 225, normalized size of antiderivative = 0.71

(d + €.’IJ2)7/2 _ bz (a+bx?) (45a*e2+8b*d2xt+2ab3 dx? (10d—13:21}2)+15a;§76(—3d+56
a3(—bd+ae
(d + ex?)**
dx =
(ad + (bd + ae)z? + bext)”/ 15 ((a + ba?

-

| —

inputtlntegrate[(d + e*¥x72)"(5/2)/(axd + (bxd + a*e)*x~2 + bxe*x~4)~(7/2),x]

((d + exx™2)"(7/2) *(-((b*x*(a + b*x"2)*(45*a"4*e”2 + 8*b~4*d"2*x"4 + 2*xaxb
“3xd*x"2x (10*d — 13%e*x"2) + 15%a~3*bxex(-3*d + 5*e*x"2) + a~2*%b"2x(15*d"2
- 65*d*e*xx"2 + 33*%e"2*x74)))/(a"3*(-(b*d) + a*e)”3)) - (15*%e~3*(a + b*x"2
)~ (7/2)*ArcTan[(-(e*x*Sqrt[a + b*x~2]) + Sqrt[bl*(d + exx~2))/(Sqrt[d]*Sqr
t[-(b*d) + axe])])/(Sqrtl[dl*(-(bxd) + a*e)~(7/2))))/(156%((a + b*x"2)*(d +
exx~2))"(7/2))

output

Rubi [A] (verified)

Time = 0.70 (sec) , antiderivative size = 260, normalized size of antiderivative = 0.82,

number of rules _ 0.243, Rules
integrand size

number of steps used = 10, number of rules used = 9,
used = {1395, 316, 25, 402, 25, 402, 27, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

5/2

/ (d + ez?) J
x
(#2(ae + bd) + ad + bex?)™/?
l 1395

Va+lm2¢d+ex?f®ﬁ+®5%m%d)x

\/z2(ae + bd) + ad + bez*
| 316
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_ __4dbex®+dbd—5ae ;.

/2
2 p be I G Nl G
Va + bz?vVd + ex 5a(a-+b22)°"% (bd—ae) 5a(bd—ae)

\/z2(ae + bd) + ad + bez*

| 25

4bex? +4bd—5ae

/2
N v MDA ) "
\/a + bz \/d +ex 5a(bd—ace) 5a(a+ba:2)5/2(bd—ae)

\/z2(ae + bd) + ad + bez?

| 402
242 2.2 2
I_Sb d —18abej+15%/§ +2;)e(4bd—9ae)z d
bz (4bd—9ae) _ (bz +a) (ez +d)
3a (a+bz2)3/2(bd_ae) 3a(bd—ae) .
a + bx?v/d + ex? p
Va+ Vd+ 5a(bd—ae) 5a(a+b22)°"2 (bd—ae)

\/z%(ae + bd) + ad + bex*
| 25

I 8b2d2 —18abed+15a2e2 +2be(4bd—9ae) x>
2.,\372(, 2
(bw +a) (e:c +d)
3a(bd—ae) +

Va + bz?V/d + ex? 5a(bd—ae)

dx

bz (4bd—9ae)
3a (a+bz2)3/2(bd—ae) b
5a(a+bx2)5/2(bd—ae)

V/72(ae + bd) + ad + bex*

| 402
I 15033 dx
bx (33(12 e2 —26a.bde+8b2 d2) Vbz2+a (em2+d)
aVa+bz2(bd—ae) B a(bd—ae) + bx(4bd—9ae)
3a(bd—ae) ( 2)3/2
3a(a+bx (bd—ae) b
a + bx?vd + ex? z
\/ + vd+ 5a(bd—ae) 5a(a+bx2)5/2(bd—ae)

v/72(ae + bd) + ad + bez*

l 27
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15a283 I [ T
bo (33022 —26abde+8b%d?) Vba2ta(ea2+d)
a\V/a+bz?(bd—ae) - bd—ae + bz (4bd—9ae)
3a(bd—ae) 3/2
3a (a+bz2) (bd—ae) b
a + bx2v/d + ex? cd
\/ + \/ + 5a(bd—ae) 5a(a+bx2)%/2 (bd—ae)

\/z2(ae + bd) + ad + bex*

l 291

15a2e3 | bdl 5 d 12
bx (33a262—26abde+8b2d2) _ d_(ﬁ% bzS+a
a\/a+bz2(bd—ae) bd—ae + bz (4bd—9ae)
3a(bd—ae) ( 2\3/2
3a(a+bx ) (bd—ae) b
a + bx?vVd + ex? =
\/ + \/ + 5a(bd—ae) 5a(a+bx2)5/2 (bd—ae)

\/z2(ae + bd) + ad + bez?

l 221

bx (33(12 (22—26abde+8b2 d2) _ 15a2 esarCtanh(;a\/b%>
aVa+bz2(bd—ae) Vd(bd—ae)3/2 " ba(4bd—9ae)
3a(bd—ae) 3/2
3a(a+bz2) (bd—ae) b
a + bx2v/d + ex? ey
\/ + \/ + 5a(bd—ace) 5a(a+bx2)5/2(bd—ae)

V/x%(ae + bd) + ad + bex?

>

LInt[(d + exx~2)~(5/2)/(a*d + (b*d + axe)*x~2 + bxexx~4)~(7/2),x]

~—

input

(Sgrt[a + b*x~2]*Sqrt[d + exx~2]*((b*x)/(5*a*(b*xd - axe)*(a + bxx~2)~(5/2)
) + ((b*(4*b*xd - 9*a*e)*x)/(3*ax(b*xd - a*e)*(a + b*x~2)"(3/2)) + ((bx(8+b~
2xd"2 - 26%a*bxdxe + 33%a"2xe"2)*x)/(ax(b*d - axe)*Sqrt[a + b*x~2]) - (15%
a~2*e~3*ArcTanh [(Sqrt [bxd - a*el*x)/(Sqrt[d]*Sqrtla + b*x~2])])/(Sqrt[d]*(
bxd - a*e)~(3/2)))/(3xax(bxd - a*e)))/(5*a*x(b*d - axe))))/Sqrt[a*xd + (b*d

+ ake)*x”"2 + b*xe*xx"4]

output
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, 0]

rule 291

Int[((a_) + (b_)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*xx(a + bxx"2)"(p + 1)*((c + d*x"2)7(q + 1)/(2*a*x(p + 1)*(bxc - axd))
), x] + Simp[1/(2*a*x(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)"g*Simp[b*c + 2x(p + 1)*(b*c - a*d) + d*bx(2x(p + q + 2) + 1)*x"2, x], x
1, x] /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQlq, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 4, x]

rule 316

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c ) + (@_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)"2), x_Symbol] :> Simp[(-(b*e - a*f))*xx(a + b*x"2)"(p + 1)*((c + d*x"2)~
(q + 1)/(a*2x(bxc - a*d)*(p + 1))), x] + Simp[1/(a*2x(bxc - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2) g*Simp[c*(b*e - a*f) + e*2x(b*c - a*d)
*(p + 1) + dx(bxe - a*f)*(2*(p + q + 2) + 1)*x"2, x], x], x] /; FreeQ[{a, b
, ¢, d, e, £, q}, x] && LtQ[p, -1]

rule 402
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Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(@m_)) (p_)*((d_) + (e_.)*(
x_)"(n_))"(g_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) “FracPart[p]/((d
+ e*x"n) FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx"n)”(p
+ *(a/d + (c/e)*x"n)7p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQ[c*d~2 - b*d*e + a*e~2, 0] && !IntegerQ[p] && !(EqQlq,
1] && EqQ[n, 21)

rule 1395

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1515 vs. 2(282) = 564.

Time = 0.29 (sec) , antiderivative size = 1516, normalized size of antiderivative = 4.80

method | result size
default | Expression too large to display | 1516

int ((exx"2+d) "~ (5/2)/ (axd+(axe+b*d) *x"2+bxe*x~4) "~ (7/2) ,x,method=_RETURNVERB

input
|0SE)




output

input
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-1/30%b" 3% (156%1n (2% ((b*x~2+a) ~(1/2) * ((axe-b*d) /e) ~(1/2) xe+(-d*e) ~ (1/2) *b*x
+axe) / (e*x-(-d*e) ~(1/2)))*a"3*b~2*xe~3*x"4* (-1/b* (b*x+(—a*xb) ~(1/2) ) * (~b*x+(
-a*b)~(1/2)))"(1/2) *(b*x~2+a) " (1/2) -15*1n (2* ((b*x~2+a) " (1/2) * ((a*e-b*d) /e)
~(1/2)*e-(-d*e) " (1/2) ¥b*x+ax*e) / (exx+(-d*e) " (1/2))) *a~3*b"2*xe"3*x"4* (-1/b*(
b*x+(-a*b) ~(1/2) ) *(~b*x+(-a*b) ~(1/2))) ~(1/2) *(b*x~2+a) ~(1/2) +50* (-d*e) ~(1/
2) *b~3* (-1/b* (b*x+(-a*b) ~(1/2) ) * (-b*x+(-a*xb) ~(1/2)) )~ (1/2) * ((a*e-b*d) /e) ~ (
1/2)*a”2*%e”2*%x"5+16*a~2*¥b~3*e~2xx " 5* (b*x~2+a) ~ (1/2) * ((a*xe-b*xd) /e) ~(1/2) * (-
dxe) ~(1/2)-20%(-d*e) " (1/2) ¥b~4* (-1/b* (b*x+(-axb) ~(1/2) ) * (-b*x+(-a*b) ~(1/2)
))~(1/2)*((a*xe-b*xd) /e) ~(1/2) *a*d*e*x~5-32*a*b~4*d*xe*xx 5% (b*x~2+a) ~ (1/2) * ((
axe-b*d)/e) " (1/2)*(-d*e) ~(1/2)+16*b~5xd~2*x"5* (b*x~2+a) "~ (1/2) * ((a*xe-bxd) /e
)~ (1/2)*(-d*e) " (1/2)+30*1n (2% ((bxx~2+a) ~(1/2) * ((a*e-b*d) /e) " (1/2) *e+(-d*e)
~(1/2) *bxx+axe) / (exx-(-d*e) ~(1/2)))*a"~4*bke~3*x~2* (-1/b* (b*x+(-a*b) ~(1/2))
* (-bxx+(-axb) ~(1/2))) " (1/2) *(b*x~2+a) ~(1/2) -30*1n (2% ((b*x"2+a) ~(1/2) *((axe
-b*d) /e) ~(1/2) *e-(-d*e) " (1/2) ¥b*x+a*e) / (exx+(-d*e) " (1/2))) *a~4*b*e"3*x~ 2% (
-1/b* (b*x+(—a*xb) ~(1/2) ) * (-bxx+(-a*b) ~(1/2))) ~(1/2) *(b*xx~2+a) ~(1/2)+110*(-d
*xe) ~(1/2) *a~3%b~2% (-1/b* (b*x+(-axb) = (1/2) ) * (-b*x+(-a*b) ~(1/2))) ~(1/2) *((a*
e-b*d)/e) ~(1/2) e~ 2*x~3+40%a"~3*b~2*e~2xx~3* (b*x~2+a) ~(1/2) * ((a*e-b*d) /e) ~(
1/2)*(=d*e) ~(1/2)-50* (—d*e) ~ (1/2) *a~2*b~ 3% (-1/b* (b*x+ (—a*xb) ~(1/2) ) * (~b*x+(
-a*xb)~(1/2))) " (1/2)*((a*xe-b*d) /e) ~(1/2) *d*xe*x~3-80*a~2*b~3*d*e*x " 3* (b*x~2+
a) "~ (1/2)*((axe-bx*d) /e) ~(1/2) *(-d*e) ~ (1/2) +40*a*b~4*d~2*x~3* (b*x~2+a) ~(1...

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 743 vs. 2(282) = 564.

Time = 0.15 (sec) , antiderivative size = 1512, normalized size of antiderivative = 4.78

d 2\5/2
/ (d+ ez?) 7 dx = Too large to display
(ad + (bd + ae)z? + bex*)

}integrate((e*x‘2+d)‘(5/2)/(a*d+(a*e+b*d)*x*2+b*e*x‘4)‘(7/2),x, algorithm="
Lfricas")

N

J
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[-1/30*%(15%(a"3%b"3*e"4*x"8 + a~6*d*e”3 + (a~3*b"3*dxe”3 + 3*a~4xb~2*e"4)*
X"6 + 3x(a”4*b"2*d*e”3 + a"b*b*e”4)*x"4 + (3*%a"b*b*d*e"3 + a"6%e”"4)*x"2)*s
qrt(b*d~2 - axd*e)*log((2*b*xd~2*xx"2 + (2*bxd*e - a*e”2)*x"4 + a*d™2 + 2xsq
rt(b*exx™4 + (b*d + a*e)*x”2 + axd)*sqrt(b*d™2 - axd+*e)*sqrt(e*x~2 + d)*x)
/(e"2xx"4 + 2xd*e*x~2 + d72)) - 2*sqrt(b*exx”4 + (b*d + a*xe)*x”2 + axd)*((
8xb"6xd"4 - 34*axb”5xd"3*e + 59*a”2*b~4*d"2*e"2 - 33*a"3*b"3xd*e"3)*x”5 +
5x(4*xa*b~b*d~4 - 17*a"2xb"4xd"3*e + 28*a”3*b~3*d"2*e"2 - 15%¥a”4xb"2xd*e”3)
*x"3 + 16%(a"2%¥b"4xd"4 - 4xa~3xb~3*d"3%e + 6%a"4*xb"2+%d"2%e”2 - 3*a”b*b*d*e
~3)*x)*sqrt(exx”2 + d))/(a"6%¥b~4*d"6 - 4*a”T7xb~3%d"5*e + 6%a~8*b"2*d"4*e”2
- 4*%a”~9%b*d"3*e"3 + a~10%d"2*e"4 + (a"3*b~7*d"5xe - 4*xa~4xb~6xd"4*e"2 + 6
*a"5xb"5xd"3*e”3 - 4*a~6*b~4*d"2*e"4 + a~T*b~3*dxe”5)*x"8 + (a~3*b"7*d"6 -
a~4xb"6*d"5*e — 6*%a~b*b"5*d"4*e”2 + 14*xa”"6xb"4*xd"3*e”3 - 11*%a~7*b~3*d"2*e
4 + 3*a”~8*b"2xd*e”5)*x"6 + 3*(a~4*xb"6+%d"6 - 3*a~5*¥b~5*kd"bxe + 2*xa~6%b~4x*d
“4xe”2 + 2*%a”Txb"3*%d"3*%e”3 - 3*a~8*xb"2+*d"2*e"4 + a~9xbxd*e~5)*x"4 + (3*a”5
*b"5*%d"6 - 11*%a"6%b"4*d"b*xe + 14*a”7*b"3*%d"4*e”2 - 6%xa”"8*b"2*d"3*e”3 - a”9
*b*d"2%e~4 + a~10*d*e”5)*x"2), 1/15%(15%(a~3*%b " 3*e~4*x"8 + a~6xd*e”3 + (a~
3*¥b~3*d*e”"3 + 3*%a"4xb"2%e"4)*x"6 + 3*(a"4*b"2xdxe”3 + a~b*b*e"4)*x"4 + (3%
a~bxb*d*e”"3 + a"6%e"4)*x"2)*sqrt(-b*d~2 + akdxe)*arctan(sqrt(b*e*xx~4 + (b*
d + axe)*x"2 + axd)*sqrt(-b*d~2 + a*dxe)*sqrt(exx~2 + d)*x/(bxd*e*x~4 + ax*
d™2 + (b*d™2 + axd*e)*x"2)) + sqrt(bxexx”4 + (b*d + axe)*x~2 + a*d)*((8...

output

Sympy [F(-1)]

Timed out.

dz = Timed out

/ (d + ex?)”?
(ad + (bd + ae)z? + bex*)™?

input"integrate((e*x**2+d)**(5/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(7/2)’x)

outputLTimed out
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Maxima [F]

5
2

/ (d + ex?)”/? gy — / (ex? + d) s
(ad + (bd + ae)x? + bext)™? (bez* + (bd + ae)z? + ad)%

input ‘ integrate ((e*x~2+d) ~(5/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(7/2) ,x, algorithm="
‘maxima")

outputtintegrate((e*x‘2 + d)~(5/2)/(b*e*x~4 + (bxd + a*e)*x~2 + a*xd)~(7/2), x)

Giac [F]

5
2

(d+ eav2)5/2 _ / (ex? +d) i

(ad + (bd + ae)x? + bex*)™? (bex* + (bd + ae)x? + ad)%

input‘integrate((e*x‘2+d)‘(5/2)/(a*d+(a*e+b*d)*x‘2+b*e*x*4)“(7/2)’x’ algorithm="
‘giac")

outputtintegrate((e*x? + d)~(5/2)/(bxexx~4 + (b*d + axe)*x~2 + a*d)~(7/2), x)

Mupad [F(-1)]

Timed out.

(d + ex?)*” dp — / (ex? +d)**
(ad + (bd + ae)z? + bezt)™? (bezt+ (ae+bd) 22+ ad)”?

dz

input Lint((d + e*xx"2)7(5/2)/(a*d + x"2*(axe + bxd) + bxe*x"4)7(7/2),x)

output Lint((d + e*xx72)7(5/2)/(axd + x"2*(a*e + bxd) + bxe*xx~4)~(7/2), x)




input

output
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Reduce [B] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 1279, normalized size of antiderivative = 4.05

d 2\5/2
/ (d+ ez?) -73 dz = Too large to display
(ad + (bd + ae)a? + bex?)

e

Lint((e*x“2+d)“(5/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)“(7/2),x)

~—

( - 16xsqrt(d)*sqrt(a*e - b*d)*atan((sqrt(a*e - b*d) - sqrt(e)*sqrt(a + b*
x*x2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a**6*e**3 - 45*xsqrt(d)*sqrt(
a*e - bxd)*atan((sqrt(a*e - b*d) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt
(b) *x) / (sqrt (d) *sqrt (b) ) ) *ax*5xbkxex*3xx**x2 - 465xsqrt(d)*sqrt(axe - b*d)*at
an((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/(sqrt(
d)*sqrt (b)) ) *xax*kdxb**2xe*x3*x*x4 — 15*sqrt(d)*sqrt(a*e - b*d)*atan((sqrt(a
xe - b*d) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)
)) *a*x*3xb**3*xe**x3*x**x6 — 15*sqrt(d)*sqrt(a*e - b*d)*atan((sqrt(axe - bxd)

+ sqrt(e)*sqrt(a + b*x**2) + sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a*x*6xe*
*3 - 45%sqrt(d)*sqrt(a*e - bxd)*atan((sqrt(a*e - bxd) + sqrt(e)*sqrt(a + b
*xx*%2) + sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a*x5*xbkex*3*kx**2 — 45*sqrt(
d)*sqrt(axe - b*d)*atan((sqrt(a*e - bxd) + sqrt(e)#*sqrt(a + b*xx*x2) + sqrt
(e)*sqrt (b)*x)/ (sqrt (d) *sqrt (b) ) ) *a**4*b**2*e*x*3*x**4 - 15ksqrt(d)*sqrt(ax
e - bxd)*atan((sqrt(a*e - bxd) + sqrt(e)*sqrt(a + b*x**2) + sqrt(e)*sqrt(b
)*x) / (sqrt (d) *sqrt (b)) ) *xax*3xbx*3xe*x*3xx**x6 — 45xsqrt(a + bxx**2)*ax*5xbxd
xe*xx3xx + 90*sqrt(a + bxx**x2)*kaxkdxbxk2xd*x*2xe*x*x2xx — Th*sqrt(a + b¥x**x2)x*
ax*4xbx*k2kd*e*x*3xx**3 — 60*sqrt(a + bxx**2)*kax*3*bx*k3kd**3kexx + 140*sqrt(
a + bxx*x2)*ax*3kb**x3kdx*2kxe*x*2xx**x3 — 33xsqrt(a + b*x*k*2)*kax*3xbk*3xd*e**
3xxx*5 + 15xsqrt(a + bkx**2)*a*x*2¥kbk*4*kd**4*x — 85xsqrt(a + bkx**2)*a*x*x2*b

*kAxd*xxk3kexx**3 + 59xsqrt(a + bkxk*2)kak*x2xbkkdkdk*2ke*x*2xx**5 + 20*sqr. ..
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3/2
d+ex?
(ad+(bd+ae)z2+bex?)
Optimalresult . . . . . ... . . ... .. 239

Mathematica [A] (verified) . . . . . . ... ... L Lo
Rubi [A] (verified) . . . . .. . ... ..
Maple [B] (verified) . . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . . ... ... ... ......
Sympy [F(-1)] . . . o o
Maxima [F] . . . . . ..
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [B] (verification not implemented) . . . ... ... ... .......

Optimal result

Integrand size = 37, antiderivative size = 437

/ -~ 3352)3/2 dx =
(ad + (bd + ae)z? + bext)™?
ex

* 2d(bd — ae) (a + bz2)® Vd + ez? vad + (bd + ae)x? + bez?
b(16b3d® — T2ab*d?e + 146a%bde?® + 15a°€®) 2+/d + ex?
30a3d(bd — ae)*\/ad + (bd + ae)x? + bex*
N b(2bd + 5ae)z\/d + ex?
10ad(bd — ae)? (a + bx2)® \/ad + (bd + ae)x? + bex*
b(8b%d? — 28abde — 15a%€®) zv/d + ex?
30a2d(bd — ae)3 (a + bz?) \/ad + (bd + ae)z? + bex?

e3(8bd — ae)va + br2v/d + eﬂarctanh(%)

2d3/2(bd — ae)?/?/ad + (bd + ae)z? + bex*

2400
246
124 (]
243
249
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-1/2xexx/d/ (—axe+b*d) / (b*x~2+a) "2/ (e*x~2+d) " (1/2) / (a*d+ (axe+b*d) *x~2+b*e*x
~4)~(1/2)+1/30*b* (15*%a~3*e~3+146*a” 2*b*d*e”~2-72*xa*b~2*xd"2*e+16*b~3*d"3) *x*
(exx~2+d)~(1/2)/a~3/d/ (—a*xe+b*d) ~4/ (axd+(a*e+b*d) *x~2+b*e*x~4) "~ (1/2)+1/10%
bx (5xa*xe+2*xb*d) *x* (e*xx~2+d) ~(1/2) /a/d/ (-a*xe+b*d) ~2/ (b*x"2+a) “2/ (a*d+(a*xe+b
*d) *x"2+b*e*xx"4) " (1/2) +1/30%b* (-15%a~2xe~2-28*a*b*d*e+8*b~2*d~2) *x* (e*xx "2+
d)~(1/2) /a~2/d/ (—a*xe+b*d) ~3/ (b*x~2+a) / (a*d+(a*xe+b*d) *x~2+b*exx~4) " (1/2)-1/
2%e” 3% (—axe+8*bxd) * (b*xx~2+a) ~(1/2) * (e*x~2+d) " (1/2) *arctanh ( (—a*xe+b*xd) ~ (1/2
)*xx/d~(1/2) / (bxx~2+a) ~(1/2))/d"~(3/2) / (—axe+b*d) = (9/2) / (a*xd+(a*e+b*d) *x~2+b
*xe*xx"4)~(1/2)

output

Mathematica [A] (verified)

Time = 1.78 (sec) , antiderivative size = 335, normalized size of antiderivative = 0.77

n5/2 Vidz (a+bz2) <15a6e4+45a5be4x2+16b6d3z4 (d+ex2)+45a4b262 (2d+em2
(d + ex?)

(d + ex?)*?
(ad + (bd + ae)x? + bexz?)

7/2 L=

4 hY

Integrate[(d + e*x"2)~(3/2)/(axd + (bxd + a*e)*x™2 + bxexx"4)~(7/2),x]

N\ J

input

((d + e*x"2)"(5/2)*((Sqrt[d]*x*(a + b*x~2)*(15%a~6*e~4 + 45*%a”5xb*e~4*x"2

+ 16*%b”"6+d"3*x"4*(d + exx”2) + 45*%a~4*b"2*e”2*(2*xd + e*xx”~2)"2 + 8*axb~5*d”
2%x72% (5%d"2 - 4xdxe*xx”"2 - 9%e”2%x"4) + 5xa”3xb"3ke*x(-24*d"3 + 40*d"2*exx”
2 + 64xd*e”2*%x"4 + 3*%e”3*%x"6) + 2*%a"2xb~4*d*(15%d"3 - 75kd"2xe*x"2 - 17*xd*
e”2%x"4 + T3*e"3*x76)))/(a"3*%(b*d - a*xe)~4) + (15%e”3*(8*b*d - a*xe)*x(a + b
*x72)7(7/2)*(d + exx"2)*ArcTan[(-(e*x*Sqrt[a + b*xx"2]) + Sqrt[bl*(d + e*x~
2))/(Sqrt[d]*Sqrt [-(b*d) + a*xe])])/(-(bxd) + a*e)~(9/2)))/(30*d~(3/2)*((a

+ b*x"2)*(d + exx~2))"(7/2))

output

\
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Rubi [A] (verified)

Time = 0.92 (sec) , antiderivative size = 363, normalized size of antiderivative = 0.83,

number of rules _ 0.270, Rules
integrand size

number of steps used = 11, number of rules used = 10,
used = {1395, 316, 402, 25, 402, 25, 402, 27, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3/2

/ (d + ea®) dz
(¢%(ae + bd) + ad + bext) /2
l 1395
Va+ba2Vd+ex? [ (bm2_|_a)7/12(ezz+d)2 de
V/2*(ae +bd) + ad + bex?
l 316

—6bez2+2bd—ae

J b’
Va+ba?Vd+ ex? ( LaLlCar)

_ ex
2d(a-+bz2)%/? (d+ex?)(bd—ae) )

\/z2(ae + bd) + ad + bez*

l 402
8b2d2 —20abed+5a2 e +4be(2bd+5ae)z2
/- 5. \5/2/ o dz
bz (5ae+2bd) _ (bz +ll) (ez +d)
5a(a+ba?) 572 (ba—ae) 5a(bd—ae)
a b$2 d em2 _ ex
Va+ bz2V/d + 2d(bd—ae) 2d(a+b22)%2 (d+ex?) (bd—ae)

V/x%(ae + bd) + ad + bex*
| 25

- 86%d% —20abed+5a%e? +4be(2bd+5ae)a? ;-

(bx2+a)5/2 (ex2+d) 4 ba(saet2bd)
5a(bd—ae) 2\5/2
. > sa(atbs?)” " (bd—ac) ex
Va +bz2v/d + ex 2d(bd—ae) 2d(a+bx2)°/? (d+ex?) (bd—ae)
\/72(ae + bd) + ad + bex*

l 402
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166343 —56ab2ed2+90a2be2d—15a3 €3 +2be (8b2 d2—28abed—15a262) z2

373 dx
bx (—15&2 e2 —28abde+8b2 d2) (bz2+a) (ez2+d)
3a (a+bz2)3/2(bd7ae) Sa(bd—ae) be(5aet2
5a(bd—ae) 2)5/2
5 3 5a(a+bz )
Va + bx2Vd + ex 2d(bd—ae)
\/z2(ae + bd) + ad + bez?
l 25
1663 d3 —56ab2ed2+90a2be?d—15a3 €3 +2be (8b2d2—28abed—15a2 62)372 .
(ba:2 +a) 3/2 (em2+d) bx (—15a252—28abde+8b2d2)
3a(bd—ae) 3a (a+bl‘2)3/2(bd—ae) S
5a(bd—ae) 2\5/2
5a(a+bx (¢
2 2 ( )
Va + bz2vVd + ex 2d(bd—ae)
V/72(ae + bd) + ad + bex*
l 402
I 15a3¢3 (8bd—ae) e
b (15a353+146a2bd52—72ab2d2e+16b3d3) \/bz2+a(em2+d)
a\/a+bz2(bd—ae) - a(bd—ae) bz(715a262728abde+8b2d2)
3a(bd—ae) 3a (a+bx2) 3/2 (bd—ac) b (5 2ba)
5a(bd—ae) 2\5/2
3 3 5a (a+ba: ) (bd—ae)
va+bz?vVd + ex Sd(bd—ae)

l27

V/72(ae + bd) + ad + bex*
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input L

a2€3 —ae 71 T
b (15a353+146a2bd62—72ab2d2e+16b3d3) 16a%e" (Bbd—ae) | Vba2+a(ea2+d) ¢
ava+bz2 (bd—ae) - bd—ae bx(—15a262—28abde+8b2d2)
Sa(bd=ae) 3a(a+bx2)3/2(bd—ae) b
5a(bd—ae) +5 ( R
2 2 al|la
Va + bx2V/d + ex =)
\/72(ae + bd) + ad + bez?
l 291
15a263(8bd—ae) 1 1 5d z
bo (15033 +146a2bde? —72ab2d%e+1663d° ) d—% bz?+a
av/atbz2 (bd—ae) - bd—ae bo (—15a2¢? —28abde+8b2d? )
3a(bd—ae) 3a(a+b:v2)3/2(bd—ae)
5a(bd—ae) 5
2 2 r
Va + bzx2V/d + ex (=)
v/z2(ae + bd) + ad + bex?
l 221
bw(15a3e3+14602bd62_72ab2d2e+16b3d3) 15a2e3(8bd7ae)arctanh(f37 V\/b%)
bx (—15a262—28abde+8b2d2) a a+ba:2(bd—ae) - \/E(bd—ae)3/2
3a (a+bx2)3/2(bd—ae) 3a(bd—ae)
5a(bd—ae) +;
2 2 |
\/a + bz \/d Tex 2d(bd—ae)
V/x%(ae + bd) + ad + bex?
Int[(d + e*x"2)~(3/2)/(a*d + (b*xd + a*e)*x~2 + b*e*xx~4)~(7/2),x] J




output
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(Sqrt[a + b*x"2]*Sqrt[d + e*x"2]*(-1/2%(e*x)/(d*(b*xd - axe)*(a + b*x"2)"(5
/2)*x(d + exx”2)) + ((bx(2*%b*xd + 5*axe)*x)/(5*ax(b*d - akxe)*(a + b*xx~2)~(5/
2)) + ((b*x(8*b~2xd"2 - 28*a*b*d*e - 15*xa~2xe”"2)*x)/(3*a*(b*d - a*xe)*(a + b
*x72)7(3/2)) + ((b*(16%b~3*%d"3 - 72*xaxb~2xd"2*e + 146*a”2*b*d*e”2 + 15*a”3
xe~3)*x)/(ax(b*d - axe)*Sqrt[a + b*x~2]) - (15%a"2%e"3*(8*b*d - axe)*ArcTa
nh[(Sqrt[b*d - axel*x)/(Sqrt[d]l*Sqrt[a + b*x~2])1)/(Sqrt[d]l*(b*d - axe)~(3
/2)))/(3%ax(b*d - a*e)))/(5xa*(bxd - a*e)))/(2*xd*(b*d - axe))))/Sqrt[axd +
(bxd + axe)*x~2 + b¥exx"4]

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27

rule 221

rule 291

rule 316

/Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

N\

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]1*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, 0]

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim

pl(-b)*x*(a + b*x~2)"(p + 1)*((c + d*x"2)"(q + 1)/(2*xax(p + 1)*(b*c - a*xd))
), x] + Simp[1/(2*a*(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)~g*Simp[bxc + 2%(p + 1)*(b*c - axd) + dxbx(2x(p + q + 2) + D)*x"2, x], x
1, x1 /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1] && !
( 'IntegerQ[p] && IntegerQ[ql && LtQ[q, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 9, x]
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Int[((a) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)"2), x_Symbol] :> Simp[(-(bxe - axf))*x*(a + b*x~2)"(p + 1)*((c + d*x~2)"
(q + 1)/ (ax2*(b*c - axd)*(p + 1))), x] + Simp[1/(a*2x(b*c - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2) g*Simp[cx(b*e - a*f) + e*2x(b*c - a*d)
*(p + 1) + d*(bxe - axf)*(2*%(p + q + 2) + 1)*x~2, x], x], x] /; FreeQ[{a, b
, ¢, d, e, f, qF}, x] && LtQ[p, -1]

rule 402

Int[(u_.)*((a_) + (c_)*(x_)"(@2_.) + (b_.)*(x_)"(n_))"(p_)*((d_ ) + (e_.)x*(
x_)"(@m_))"(q_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) FracPart[pl/((d
+ exx"n) “FracPart[pl*(a/d + cx(x"n/e)) FracPart[p]) Int[ux(d + e*x™n) (p
+ @*(a/d + (c/e)*x"n)7p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] && E
qQ[n2, 2#n] && EqQlc*d~2 - bkxdxe + a*e”2, 0] && !IntegerQ[p] && !(EqQlq,
1] && EqQ[n, 21)

rule 1395

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 3525 vs. 2(395) = 790.

Time = 0.33 (sec) , antiderivative size = 3526, normalized size of antiderivative = 8.07

method | result size
default | Expression too large to display | 3526

input‘int((e*x‘2+d)A(3/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)“(7/2),x,method=_RETURNVERB
\OSE)




output

input
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1/60% (225%1n (2% ((b*x~2+a) ~(1/2) *((a*xe-b*d) /e) " (1/2) xe+(-d*e) ~ (1/2) ¥b*x+axe
)/ (exx-(-d*e) ~(1/2)))*a"~4xb~2xd*e " 4*x~4* (b*x~2+a) ~ (1/2) * (-1/b* (b*x+(-a*xb) ~
(1/2)) *(~b*x+(-axb) ~(1/2)) )~ (1/2)+120*1n (2% ((b*x~2+a) ~ (1/2) * ((a*e-b*d) /e) =
(1/2) *e+(-d*xe) " (1/2) ¥b*x+a*e) / (exx—(-d*e) ~(1/2))) *a"~3*b"3*d"2*e"3*x"4* (b*x
~2+a) " (1/2) *(-1/b* (b*x+(-axb) = (1/2) ) * (-b*x+(-a*b) ~(1/2)) )~ (1/2) -90*1n (2% ((
bxx~2+a) ~ (1/2) *((a*e-b*d) /e) ~(1/2) xe—(-d*e) ~ (1/2) ¥b*x+axe) / (exx+(-d*e) ~(1/
2)))*a"~5xbxd*e~4*xx"2* (b*xx~2+a) " (1/2) * (-1/b* (b*x+(-a*b) ~(1/2) ) * (-b*x+(-a*b)
~(1/2))) 7 (1/2) -144*a*xb~5xd"2%e " 2*x "7+ (—d*e) ~ (1/2) * (bxx~2+a) ~(1/2) * ((a*e-b*
d)/e)~(1/2)+280*a"~3*b~3*d*e~3*x~5* (—d*e) ~(1/2) * (b*x~2+a) ~ (1/2) * ((a*xe-b*d) /
e) " (1/2)+360*a”~3*b~3*d*e~3*x"5* (-d*e) ~(1/2) * ((axe-b*d) /e) ~(1/2) *(-1/b* (b*x
+(-a*xb) " (1/2) ) * (~b*x+(-axb) ~(1/2))) ~(1/2) -248*a"2*b~4*d~2*e~2*xx~5* (—~d*e) ~(
1/2) *(b*x~2+a) " (1/2) *((a*xe-b*d) /e) " (1/2)+180*a~2*b~4*d " 2*e~2*x"5*x (-d*e) ~ (1
/2)*((a*e-b*d) /e) = (1/2) *(-1/b* (b*x+(-a*b) =~ (1/2) ) * (-b*x+(-a*b) ~(1/2)))~(1/2
) —64*xaxb~5xd"3*e*x"5* (—d*e) ~(1/2) *(b*x~2+a) " (1/2) * ((a*xe-b*xd) /e) " (1/2) +180%
a~4%b"2xd*e”3*x"3*x (—d*e) " (1/2) * (b*x"2+a) ~(1/2) *((a*e-b*d) /e) " (1/2)+180*a"4
*b~2*d*e~3*x"3* (-d*e) " (1/2) *((a*e-b*d) /e) " (1/2) * (=1/b* (b*x+(-a*b) ~(1/2) ) *(
-b*x+(—a*xb) ~(1/2))) " (1/2) +40*a"3*%b~3*d"2*e”~2*x"3* (-d*e) ~(1/2) * (b*x~2+a) ~ (1
/2)*((a*e-b*xd) /e) ~(1/2) +360*a~3*b~3*d~2xe~2xx~3* (-d*e) ~ (1/2) * ((a*e-b*d) /e)
~(1/2) *(-1/b* (b*x+(-a*b) ~(1/2) ) * (-b*x+(-a*xb) ~(1/2))) ~(1/2) +112*%a~2*b"4*d*e
~3*x7 7k (—dxe) "~ (1/2) % (b*x~2+a) "~ (1/2) * ((axe-b*d) /e) ~(1/2) +30*a~3*b"3*e"4x*. . .

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1237 vs. 2(395) = 790.

Time = 0.38 (sec) , antiderivative size = 2500, normalized size of antiderivative = 5.72

2\3/2
/ (d+ ex?) 7 dx = Too large to display
(ad + (bd + ae)z? + bex*)

}integrate((e*x‘2+d)‘(3/2)/(a*d+(a*e+b*d)*x*2+b*e*x‘4)‘(7/2),x, algorithm="
Lfricas")

N

J
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[-1/60*% (15*% (8*xa~6*b*d"3*e”~3 — a~7*d"2%e”"4 + (8*a~3*b~4*d*e”"5 - a~4*b~3*e”6
)*#x710 + (16%a”3*%b"4xd"2%e"4 + 22xa~4*b"3xdxe”5 - 3xa”b*b"2xe"6)*x"8 + (8%
a~3%b"4*d"3*e"3 + 4T7*a"4*b"3*d"2*e"4 + 18*a~5xb"2xd*e”5 - 3*a~6*b*e”6)*x"6
+ (24*a"4xb"3*%d"3*e”3 + 45*%a~bxb"2+%d"2*e”4 + 2*a~6*b*d*e”5 - a~7T*e"6)*x"4
+ (24%a”5*b"2%d"3*e”3 + 13%a”6*bxd"2*e"4 - 2%a”T*xd*e”5)*x"2)*sqrt(b*d~2 -
axdxe) *Llog((2*b*d~2*x"2 + (2%b*d*e — a*e”2)*x"4 + a*d™2 + 2*sqrt(b*exx~4
+ (b*d + axe)*x"2 + a*xd)*sqrt(bxd™2 - axd*e)*sqrt(e*x”2 + d)*x)/(e"2*xx"4 +
2xd*exx"2 + d72)) - 2% ((16*¥b~7*d"bxe - 88xa*b~6*d"4*e”2 + 218*a~2*b~5+%d"3
*e”~3 - 131%a”3%b"4xd"2xe"4 - 15*a~4*b~3*d*e”5)*x~7 + (16*b~7*d"6 - 48*a*b”
6*d"5xe - 2%a"2%xb"b*d"4*e”2 + 354*a”"3*xb"4*d"3*%e”3 - 275%a"4*xb"3*d"2*e”"4 -
45%a"5xb"2xd*e”~5)*x"5 + 5*(8*a*b~6+%d"6 - 38*a~2*b~5*d"5*xe + TO*a~3*b~4*d"4
*@"2 - 4*a”4%b~3*d"3*e”~3 - 27*a"5xb"2+%d"2*e"4 - 9*a~6xbkd*e~5)*x"3 + 15%(2
*a"2xb"5*%d"6 - 10*%a”3*b"4*d"bxe + 20*%a"4*xb"3*d"4*e”"2 - 12*%a”~5*b"2*%d"3*e”"3
+ a”6*b*d"2%e”4 - a~T*d*e”5)*x)*sqrt(b*exx”4 + (b*d + axe)*x”2 + axd)*sqrt
(exx”2 + d))/(a"6*%b~5*xd"9 - 5*a~7xb"4*d"8*e + 10*a~8xb~3*d"7*e"2 - 10*a~9%*
b"2*%d"6*e”3 + 5*a”~10*b*d"5*e”"4 - a~11xd"4*e”5 + (a~3*b"8+d"7*e"2 - 5*a~4x*b
“T7Txd"6*%e”3 + 10*a~5*b"6*%d"5*e"4 - 10*a~6*%b"5*%d"4*xe”5 + H5*a~7*b"4*d"3*e"6 -
a~8xb”"3*d"2*e"T7)*x"10 + (2*a~3*b"8*d"8*e — T*a~4*xb"7*d"7*e"2 + 5*a~b5*b" 6%
d"6xe”3 + 10*%a~6%b"b*d"5xe”4 - 20*%a~7*b"4*d"4*xe”5 + 13%a"8%b"3*d"3*%e”6 - 3
*a~9xb~2xd"2xe”~7)*x"8 + (a"3*¥b"8%d"9 + a"4xb"7*d"8%e - 1T7*a"5xb~6xd"Txe...

output

Sympy [F(-1)]

Timed out.

dz = Timed out

/ (d + ex?)*/?
(ad + (bd + ae)z? + bex*)™?

input"integrate((e*x**2+d)**(3/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(7/2)’x)

outputLTimed out
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Maxima [F]

3
2

/ (d + ex?)*/? gy — / (ex? + d) s
(ad + (bd + ae)x? + bext)™? (bez* + (bd + ae)z? + ad)%

input ‘ integrate ((e*x~2+d) ~(3/2)/(a*d+(a*e+b*d) *x~2+b*e*x~4)~(7/2) ,x, algorithm="
‘maxima")

outputtintegrate((e*x‘2 + d)~(3/2)/(b*e*x~4 + (bxd + a*e)*x~2 + a*xd)~(7/2), x)

Giac [F]

3
2

(d+ 499v2)3/2 _ / (ex? +d) i

(ad + (bd + ae)x? + bex*)™? (bex* + (bd + ae)x? + ad)%

input‘integrate((e*x‘2+d)‘(3/2)/(a*d+(a*e+b*d)*x‘2+b*e*x*4)“(7/2)’x’ algorithm="
‘giac")

outputtintegrate((e*x? + d)~(3/2)/(bxexx~4 + (b*d + axe)*x~2 + a*d)~(7/2), x)

Mupad [F(-1)]

Timed out.

(d + ex?)®” dp — / (ex? + d)*?
(ad + (bd + ae)z? + bezt)™? (bezt+ (ae+bd) 22+ ad)”?

dz

input Lint((d + e*x"2)7(3/2)/(a*d + x"2*(axe + bxd) + bxe*x"4)7(7/2),x)

output Lint((d + e*x72)7(3/2)/(axd + x"2*(a*e + bxd) + bxe*xx~4)~(7/2), x)




input

output
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Reduce [B] (verification not implemented)

Time = 8.74 (sec) , antiderivative size = 4031, normalized size of antiderivative = 9.22

d 213/2
/ (d+ ez?) -73 dz = Too large to display
(ad + (bd + ae)a? + bex?)

e

Lint((e*x“2+d)“(3/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)“(7/2),x)

~—

( - 45xsqrt(d)*sqrt(a*e - b*d)*atan((sqrt(a*e - b*d) - sqrt(e)*sqrt(a + b*
x*x2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a**8*d*ex*5 — 45*sqrt(d)*sqr
t(a*e - bxd)*atan((sqrt(a*xe - bxd) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sq
rt(b)*x) / (sqrt (d) *sqrt (b) ) ) *ax*8xe*x6*x**2 + 300*sqrt(d)*sqrt(a*xe - bxd)*a
tan((sqrt(axe - bxd) - sqrt(e)*sqrt(a + b*xx**2) - sqrt(e)*sqrt(b)*x)/(sqrt
(d) *sqrt (b)) ) xa*x7xb*d**2*e**4 + 165*sqrt(d)*sqrt(a*e - bxd)*atan((sqrt(ax
e - bxd) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b))
) ¥a*x*xT*bkd*ex*5xx**2 — 135*sqrt(d)*sqrt(a*xe - b*d)*atan((sqrt(a*e - bxd) -
sqrt(e) *sqrt(a + bxx**2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a*x*7*b*e
*x*¥6*x**x4 + 480*sqrt(d)*sqrt(a*e - b*d)*atan((sqrt(a*e - b*d) - sqrt(e)*sqr
t(a + bxx*x*2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*xa*x*6xb**2xd**3*e**3
+ 1380*sqrt(d) *sqrt(a*e - b*d)*atan((sqrt(a*xe - bxd) - sqrt(e)*sqrt(a + b*
x*x2) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a*x*G*xb**2kd**2ke**kd*xx**2 + 7
65*sqrt (d)*sqrt (axe - b*d)*atan((sqrt(a*e - bxd) - sqrt(e)*sqrt(a + bxx**2
) - sqrt(e)*sqrt(b)*x)/(sqrt(d)*sqrt(b)))*a**E*xb**2xd*ke**5*x**x4 - 135*sqrt
(d)*sqrt(a*xe - bxd)*atan((sqrt(axe - b*d) - sqrt(e)*sqrt(a + b*x**2) - sqr
t(e) *sqrt (b) *x) / (sqrt (d) *sqrt (b) ) ) *a**Bxb**x2*ex*6xx**6 + 1440%*sqrt(d)*sqrt
(a*e - bxd)*atan((sqrt(a*e - bxd) - sqrt(e)*sqrt(a + b*x**2) - sqrt(e)*sqr
t(b)*x)/(sqrt (d) *sqrt (b)) ) *a**5*xb**3*kd**3*ke**3kx**2 + 2340*sqrt (d) *sqrt (a*
e - bxd)*atan((sqrt(a*xe - bxd) - sqrt(e)*sqrt(a + bxx**2) - sqrt(e)*sqr...
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3.28 | Vd+es” da
(ad+(bd+ae)z?+bex?) 772

Optimal result . . . . . . . . . . . . . . e 250
Mathematica [A] (verified) . . . . . . . . . ... 251]
Rubi [A] (verified) . . . . . . . . . .. 2521
Maple [B] (verified) . . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 258
Sympy [F] . . . o 258
Maxima [F] . . . . . . 258
Giac [F] . . . o o 2591
Mupad [F(-1)] . . . .o 259
Reduce [F] . . . . o o e 259

Optimal result

Integrand size = 37, antiderivative size = 566

/ (ad+( Vd+ ex?

dr =
bd + ae)x? + bex?)™/?
ex

_4d(bd — ae) (a + bz2?)? (d + ex?)/ vad + (bd + ae)x? + bex?

3e(4bd — ae)z

- 8d2(bd — ae)? (a + bx?)* V/d + ex?+/ad + (bd + ae)x? + bex*

N b(64b*d* — 368ab3d3e + 1024a?b?d?e? + 270a3bde® — 45ate?) z/d + ex?

120a3d?(bd — ae)5+/ad + (bd + ae)z? + bex*

b(8b2d? + 70abde — 15a%€?) x+/d + ex?
40ad?(bd — ae)3 (a + bx?)? \/ad + (bd + ae)x? + bex*
b(326%d® — 152ab?*d?e — 240a%bde? + 45a°€3) zv/d + ex?
120a2d2(bd — ae)* (a + bz?) \/ad + (bd + ae)z? + bex?
e3(80b%d? — 20abde + 3a’e®) Va + bx2v/d + ez%rctanh(

Vbd—aex
Vdva+bz?

)

8d%/2(bd — ae)'/2\/ad + (bd + ae)z? + bex!
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-1/4xexx/d/ (—axe+b*d) / (b*x"2+a) "2/ (e*x~2+d) " (3/2) / (a*d+ (axe+b*d) *x~2+b*e*x
~4)~(1/2)-3/8*e*x (—a*xe+4*b*d) *x/d"2/ (~a*xe+b*d) ~2/ (b*x~2+a) "2/ (e*x~2+d) ~(1/2
)/ (axd+(a*xe+b*d) *x"2+b*exx~4) ~(1/2)+1/120%b* (-45%a~4*e~4+270*a" 3*b*d*e~3+1
024*a”~2xb~2*d"2*xe~2-368*a*xb~3*d"3*e+64*xb~4*d"4) xx* (e*x~2+d) ~(1/2)/a~3/d"2/
(—axe+b*xd) "5/ (a*xd+(a*e+b*d) *x"2+b*e*xx~4) ~ (1/2) +1/40%b* (-15%a~2*xe~2+70*axbx*
d*e+8*xb~2+d"~2) *x* (e*x~2+d) " (1/2) /a/d~2/ (—axe+b*d) ~3/ (b*x~2+a) ~2/ (a*d+(a*xe+
bxd) *x~2+b*e*x~4) " (1/2)+1/120*b* (45*%a~3*e”~3-240*a~2*xb*xd*e~2-152*%a*xb~2*d "~ 2%
e+32%b~3%d"3) *x* (e*x~2+d) ~(1/2) /a~2/d"2/ (—axe+b*d) ~4/ (b*x~2+a) / (a*d+ (a*e+b
*d) *x"2+b*exx~4) " (1/2)-1/8*e~3* (3*xa~2xe~2-20*a*b*d*e+80*xb~2*xd~2) * (b*x~2+a)
~(1/2) *(e*xx~2+d) " (1/2) *arctanh ((—a*e+b*d) ~(1/2) *x/d~(1/2) / (b*x~2+a) ~(1/2))
/4" (5/2) / (—axe+b*d) ~(11/2) / (a*d+ (a*e+b*d) *x~2+bxe*xx~4) " (1/2)

output

Mathematica [A] (verified)

Time = 5.26 (sec) , antiderivative size = 553, normalized size of antiderivative = 0.98

N 3/2 Vdz (a—}-bzz) (64b7d4a:4 (d+ez2 ) 2 116ab8d322 (10d—23ew2) (d+em2) 2
(d + ex?) -

Vd+ ex?
(ad + (bd + ae)z? + bex?)

7/2d:c—

input‘lntegrate[Sqrt[d + exx~2]/(a*d + (b*d + a*e)*x~2 + bke*x~4)~(7/2),x] ‘

((d + e*x72)"(3/2)*(-((Sqrt [d]l *x*(a + b*x"2)*(64*b~7*d"4*x"4*(d + e*x"2)"2
+ 16%a*b”6+%d"3*x" 2% (10*xd — 23*e*x"2)*(d + e*x"2)72 - 15xa”~7*e 5k (5xd + 3%
e*x"2) + 15*a~6xbxe”4*(20%d"2 + 3*d*e*x"2 - 9*e"2*x"4) + 45%a"5*b"2%e"4xx”
2% (20*%d"2 + 13*d*e*x”2 — 3*e"2*x"4) + 8%a~2*b"5xd"2*(d + e*x"2) 2% (15%d"2

- 115%d*e*xx~2 + 128*%e”2*x"4) + 15%a~4*b~3*e"2*x(80*d"4 + 160*d"3*exx"2 + 14
0*d~2*e"2*xx"4 + 49*d*e”3*x"6 — 3*e~4*x"8) + 10*a~3*b~4xd*xe*(-60*d"4 + 100%*
d~3xexx~2 + 380%d"2%e"2*x"4 + 250%d*e”3*x"6 + 27*e”~4*x"8)))/(a"3*(-(b*d) +
axe)”5)) - (45%e~3%(24*b~2%d"2 - 8*axbkxd*e + a"2%e~2)*(a + b*xx"2) " (7/2)*(
d + e*x"2) 2xArcTan[(-(e*x*Sqrt[a + b*x~2]) + Sqrt[bl*(d + e*x~2))/(Sqrtl[d
I*Sqrt[-(b*d) + axe]l)])/(-(b*d) + axe)”~(11/2) - (60*bxd*e~3*(2*¥b*d + a*e)*
(a + b*x~2)~(7/2)*(d + e*x~2) " 2xArcTanh[(-(e*x*Sqrt[a + b*x~2]) + Sqrt[b]l*
(4 + exx~2))/(Sqrt[d]*Sqrt[b*d - axel)])/(b*d - axe)~(11/2)))/(120*d"~(5/2)
*((a + bxx"2)*(d + exx"2))~(7/2))

output
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Rubi [A] (verified)

Time = 1.22 (sec) , antiderivative size = 511, normalized size of antiderivative = 0.90,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 4 351 Ryjeq
integrand size

used = {1395, 316, 402, 25, 402, 25, 402, 25, 27, 402, 27, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ Vd + ex? i
(z2(ae + bd) + ad + bex)"/?

l 1395

2 2 1

Va+bz?Vd+ex? [ LT dx

v/z2(ae + bd) + ad + bex*

l 316
—8bea:2+4bd—3ae
\/ +b 2\/d + ex? (bm2+a)7/2 (ez2+d)2 _ ex
a r er 4d(bd—ae) 4d(a+b22)°/? (d+ex?)? (bd—ae)

v/z2(ae + bd) + ad + bex*
l 402
= 16b2 d2—40abed+155722e2 +6be(412>d+5ae)w2 4o

2 (5ae bz2+a ezz+d
N e e — }
@+ oz +ex 4d(bd—ae) N 4d(a+bx2)5/? (d+ex2)? (bd—ae)
\/z2(ae + bd) + ad + bex?
l 25
r 16b2d2 —40abed+15a% €%+ 6be(4bd+5ae)a? |
(bz2+a) 5/2 (ez2+d)2 " ba(5ae+4bd)
5a(bd—ae) 2\5/2 2
3 3 5a(a+b:v ) (d+ew )(bd—ae) . ex
va+ba?vd+ ez 4d(bd—ae) 4d(a+bx?)5/? (d+ex?)? (bd—ae)

\/z2(ae + bd) + ad + bez*
| 402
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3263d3 —104ab2ed?+180a2be2d—45a3 3 +4be (16b2 d2—64abed—15a2e2) z2

2 2 2.2 2 3/2/ o 2 de
bx (—15a e“—64abde+16b“d ) (bz +a) (ez +d)
3a (a+bz2)3/2 (d+ea?)(bd—ae) Sa(bd—ae)
5a(bd—ae) + 5a(a+bz‘
2 2
Va + bx2V/d + ex 1d(bd—ae)
V/z2(ae + bd) + ad + bez*
l 25
326343 —104ab2ed?+180a2be? d—45a3 €3 +4be (16b2d2 —64abed—l5a2e2)m2 .,
T
(bm2+a) 3/2 (ez2+d) 2 bx (—15(12 62 —64abde+1ﬁb2d2)
+
3a(bd—ae) 3a (a+bz2)3/2 (d+ez2) (bd—ae) b
5 5 5a(bd—ae) +5a (a+bw2\
)
Va + bx2V/d + ex Ta(bd—ae)
v/72(ae + bd) + ad + bex*
l 402
e(2b(32b3d3—168ab2ed2+436a2be2d+15a363)w2+a(32b3d3—152ab2ed2—2A
ba (15a3e3+436a2bd52—168ab2d25+32b3d3) \/bm2+a(ea:2+d 2
aVa+bz2 (d+ez2) (bd—ae) - a(bd—ae)
3a(bd—ae)
5a(bd—ae)
Va + bx2\/d + ex?

4d(bd—ae)

V/72(ae + bd) + ad +

| 25
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e (2b(32b3d3—168ab2 ed? +436a2 b62d+15a363) 224a (321)3 d3—152ab%ed? —240a2be2d+ 4503 e3))

dx

V b:v2+a (ex2+d)2 bx(15a363+436a2bd62—
a(bd—ae) + ava+bx2 (dJre
3a(bd—ae)
5a(bd—ae)
2 2
Va + bx?Vd + ex T —ae)
Vz%(ae + bd) + ad +
l 27
; 2b(3203d% —168ab?ed? +436a%be? d+150% €% ) 2?0 (3207 a5~ 152ab% ed? ~240a%be? d+ 45053 ) .
e T
vV bm2+a(e22+d)2 bm(15a353+436a2bd62—1
+ ;
a(bd—ae) avatbx2 (d+ew‘
3a(bd—ae)
5a(bd—ae)
2 2
Va + bz2V/d + ex 1d(d—ae)
\/z2(ae + bd) + ad +
l 402
15032 (80b2d2 —20abed+3a2 e2) .
ba2 +a(ez2+d) * eVatba? (—45a4e4+270a3bd53+1024a2 b2 d2e2—368ab3d3e+64b4d4)
e 2d(bd—ae) + 2d(d+em2) (bd—ae)
bx (15aE
a(bd—ae)
3a(bd—ae)
5a(bd—ae)
2 2
Va + bz2V/d + ex Td(bd—ae)

Vv a?(ae + bd) +
| 27
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15a3¢2 (30262 —20abde+80b2d2) [ ————1
z\/a+bz2(—45a464+270a3bde3+1024a2b2d262—368ab3d36+64b4d4) “e ( *e avaee )f \/bw2+a(622+d
‘ 2d(d+ew?) (bd—ae) 2d(bd—ae)
a(bd—ae)
3a(bd—ae)
5a(bd—ae)
va+ bzx?vd + ex? (T
Vz2(ae +
l 201
15a3¢2 (3022 —20abde+8062d2) | Ww
@V/atb22 (—450%e? +270a%bdeB +1024a262d2 2 —368ab% a3 e +64b%a% ) A= af_f
‘ 2d(d+ex?) (bd—ae) 2d(bd—ae)
a(bd—ae)
3a(bd—ae)
5a(bd—ae)
Va + bz2v/d + ex? 4d(ba
z%(ae
l 221
2\ a+ba2 (—45a4e4+270a3bde3+1024a2b5
e
2
b:v(15a3e3+436a2bde2—168ab2d26+32b3d3) Qd(‘“'ew )(bd_“
bx (715112 e2 764abde+16b2d2) ava+bx?2 (d+ez2) (bd—ae)
3a (a+bz2)3/2 (d+ew?) (bd—ae) Sa(bd
5a(bd—ae)
va + bz?V/d + ex? oI

z2(ae -
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input‘ Int[Sqrt[d + exx~2]/(a*d + (b*d + a*e)*x~2 + bke*xx~4)~(7/2),x] ‘

(Sqrt[a + b*x"2]*Sqrt[d + e*xx~2]*(-1/4*(exx)/(d*(b*d - a*e)*(a + b*x"2)~(5
/2)*%(d + e*x~2)72) + ((b*(4xb*d + bS*axe)*x)/(5*xax(b*d - a*e)*(a + bxx~2)"(
5/2)*(d + e*x”2)) + ((bx(16*b~"2xd"2 - 64*axb*d*e - 15xa~2*xe”2)*x)/(3*ax*(b*
d - a*e)*(a + b*x"2)7(3/2)*(d + e*xx"2)) + ((b*x(32x¥b~3%d"3 - 168%axb~2xd~2#
e + 436*a”2*b*d*e”2 + 15*a~3*e~3)*x)/(a*x(b*d - axe)*Sqrt[a + b*x"2]*(d + e
*x72)) + (ex(((64*%b"4*d"4 - 368*a*b~3*d"3*e + 1024*a"2%b~2+d"2%e”2 + 270%*a
~3%bxd*e~3 - 45%a~4*e”4)*x*Sqrt[a + bxx"2])/(2*d*(b*d - axe)*(d + exx"2))

- (15%a~3*e~2*(80*b~2+d"2 - 20*a*b*d*e + 3*a~2xe~2)*ArcTanh[(Sqrt[b*d - ax
el*x)/(Sqrt [d]*Sqrt[a + b*x~2])])/(2*%d~(3/2)*(b*d - a*e)~(3/2))))/(ax(b*d

- axe)))/(3*a*x(b*d - a*e)))/(5*a*x(b*d - axe)))/(4xd*(bxd - axe))))/Sqrt[ax
d + (bxd + axe)*x”~2 + bxe*x"4]

output

Defintions of rubi rules used

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]1, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

rule 221

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]1*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (bxc - a*d)*x~2), x], x, x/Sqrtla + b*xx~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, 0]

rule 291




rule 316

rule 402

rule 1395
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Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*xx(a + b*x"2)"(p + 1)*((c + d*x"2)"(q + 1)/(2*a*x(p + 1)*(bxc - axd))
), x] + Simp[1/(2%a*(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)~g*Simp[b*c + 2x(p + 1)*(b*c - a*d) + d*bx(2*x(p + q + 2) + 1)*x"2, x], x
1, x1 /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - axd, 0] && LtQlp, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQlq, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 4, x]

input

output

N\

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)72), x_Symbol] :> Simp[(-(b*e - a*f))*x*(a + b*x"2)~(p + 1)*((c + d*x~2)~
(q + 1)/ (ax2x(b*c - a*d)*(p + 1))), x] + Simp[1/(a*2*(bxc - axd)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2) "q*Simp[cx(b*e - a*f) + e*x2x(bkc - a*d)
*(p + 1) + dx(bxe - a*f)*(2x(p + q + 2) + 1)*x~2, x], x], x] /; FreeQ[{a, b
, ¢, d, e, £, q}, x] &% LtQlp, -1]

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(n_))"(p_)*((d_) + (e_.)*(
x_)"(n_))"(g_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) “FracPart[p]/((d

+ exx"n) "FracPart[pl*(a/d + c*x(x"n/e)) FracPart[p]) Int[ux(d + e*x™n)~(p

+ @)*(a/d + (c/e)*x"n)"p, x], x] /; FreeQ[{a, b, ¢, d, e, n, p, q}, x] && E
qQ[n2, 2#n] && EqQ[c*d~2 - bkxdxe + a*e~2, 0] && !IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 2])

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 5252 vs. 2(518) = 1036.

Time = 0.50 (sec) , antiderivative size = 5253, normalized size of antiderivative = 9.28

method | result size
default | Expression too large to display | 5253

p
 int ((exx~2+d) " (1/2)/ (axd+(axe+b*d)*x~2+b*e*x~4)~(7/2) ,x ,method=_RETURNVERB
OSE)

N

-

result too large to display
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1806 vs. 2(518) = 1036.

Time = 1.07 (sec) , antiderivative size = 3638, normalized size of antiderivative = 6.43

dxr = Too large to display

/ - Vvd+ ex?

bd + ae)x? + bext)™/?

‘integrate((e*x”2+d)“(1/2)/(a*d+(a*e+b*d)*x‘2+b*e*x”4)“(7/2),x, algorithm="

input
‘fricas")
outputLToo large to include J
Sympy [F]
\/d+e$2 / \/d+ea;2 de
(ad + (bd + ae)z? + bex*) 72 ((a + bz?) (d + ez2))%
input Lintegrate ((exx*x2+d) ** (1/2) / (axd+ (axe+bxd) *x**¥2+bxe*x**4) ** (7/2) ,x)

output LIntegral(sqrt (d + e*xx**2)/((a + bxx**2)*(d + exx**2))**(7/2), x)

Maxima [F|

vVd + ex? dw—/ ex?+d
72 (bex* + (

= dr
(ad + (bd + ae)z? + bex*) + (bd + ae)z? + ad)?

mput‘lntegrate((e*x 2+d) ~(1/2) / (a*d+(axe+b*d) *x~2+b*e*x~4) ~(7/2) ,x, algorithm="
maxima")

OutputLintegrate(sqrt(e*x“Q + d)/(bxexx~4 + (b*d + a*xe)*x~2 + axd)~(7/2), x)
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Giac [F]

= dx
2

Vd + ex? / ex?+d
(bex* + (

dr =
(ad + (bd + ae)z? + bext)”/? + (bd + ae)z? + ad)

lnput‘lntegrate((e*x 2+d) ~(1/2) / (a*d+(axe+b*d) *x~2+b*e*x~4) ~(7/2) ,x, algorithm="
‘glac") ‘

output Lintegrate(sqrt(e*x? + d)/(bke*x~4 + (b*d + a*e)*x~2 + a*d)~(7/2), x) J

Mupad [F(-1)]

Timed out.
Vd + ex® / Ver?+d .
(ad + (bd + ae)z? + bex?) 7/2 (bezt + (ae+bd) 22+ ad)"”
input Lint((d + e*x~2)"(1/2)/(axd + x"2*(a*e + bxd) + bxexx~4)"(7/2),x) J
outputtint((d + exx~2)7(1/2)/(a*d + x"2%(ake + bxd) + bxexx~4)~(7/2), x) J
Reduce [F|
/ Vd + ex? dx—/ ex?+d i
(ad + (bd + ae)z? + bez*)"” (ad + (ae + bd) x% + be x4)%
inputLint((e*x"2+d)"(1/2)/(a*d+(a*e+b*d)*x“2+b*e*x*4)*(7/2)’x) J
OutputLint((e*x‘2+d)‘(1/2)/(a*d+(a*e+b*d)*x‘2+b*e*x‘4)“(7/2),x) J




CHAPTER 3. LISTING OF INTEGRALS 260

3.29 [ : — dx
Vd+ez? (ad+(bd+ae)z2+bez?) /

Optimal result . . . . . . . . . . . . . e 260!
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . . 2621
Maple [B] (warning: unable to verify) . . . . . .. ... ... ... 269
Fricas [B| (verification not implemented) . . . . . . ... ... ... ....... 269
Sympy [F] . . . 2701
Maxima [F] . . . . . o 2701
Giac [F] . . . o o 270
Mupad [F(-1)] . . . o 271]
Reduce [F] . . . . . 271]

Optimal result

Integrand size = 37, antiderivative size = 709

1
dr =
/ Vd + ez? (ad + (bd + ae)z? + bext)”/?
ex

6d(bd — ae) (a + bz2)? (d + ex?)*? vad + (bd + ae)x? + bex?
B e(16bd — 5ae)z

24d2(bd — ae)? (a + bz?)® (d + ex?)** \/ad + (bd + ae)z? + bex?

e(152b?d? — 68abde + 15a%€?) ©
~ 48d3(bd — ae)? (a + bz2)? VA + ex? vad + (bd + ae)z? + bex?
N b(128b°d° — 896ab*d*e + 3168a%b3d3e? + 1480a°b?de® — 490a*bde* + T5a’e®) xv/d + ex?
240a3d3(bd — ae)®\/ad + (bd + ae)z? + bex!

b(16b3d® + 320ab*d?e — 130a%bde? + 25a°€®) x+/d + ex?

80ad?(bd — ae)* (a + ba2)® \/ad + (bd + ae)z? + bex*

b(64b*d* — 384ab3d3e — 1200a2b%d?e? + 440a3bde?® — T5a'e?) zv/d + ex?

240a2d3(bd — ae)’ (a + bz?) \/ad + (bd + ae)z? + bex?
e3(32003d3 — 120abd?e + 36a%bde? — 5ae®) Va + bx?v/d + ex2arctanh< v/bd—aez )

Vdva+bx?
16d7/2(bd — ae)'3/2\/ad + (bd + ae)x? + bex*
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-1/6xexx/d/ (—axe+b*d) / (b*x~2+a) "2/ (e*x~2+d) " (5/2) / (a*d+ (axe+bxd) *x~2+b*e*x
~4)~(1/2)-1/24*e* (-b*xa*xe+16*b*xd) *x/d"2/ (—a*e+b*d) ~2/ (b*x"2+a) "2/ (exx~2+d) "~
(3/2) / (axd+(a*e+b*d) *x~2+b*e*x"4) "~ (1/2)-1/48*e* (15*%a~2*e~2-68*axbxd*xe+152*
b~2*%d"2) *x/d"3/ (—a*e+b*d) ~3/ (b*x~2+a) "2/ (exx~2+d) " (1/2) / (a*d+ (a*xe+b*d) *x~2
+bxe*x"4) " (1/2)+1/240*%b* (75*%a"~5*e~5-490*a"~4*xbxd*e~4+1480*a~3*b~2*xd~2*e~3+3
168*a”~2*b~3*d"3*e"2-896*a*b~4*d~4*e+128*b"5%d"5) *x* (exx~2+d) ~(1/2) /a~3/d4"3
/ (—axe+b*d) ~6/ (axd+(a*xe+b*d) *x"2+b*e*xx"4) ~(1/2)+1/80*b* (25*%a~3*e~3-130*a"~2
*bxd*e”2+320*a*xb”~2+d " 2*e+16*b~3*d~3) *x* (exx~2+d) " (1/2) /a/d"3/ (-a*xe+b*d) ~4/
(b*x~2+a) "2/ (a*d+(axe+b*xd) *x~2+b*exx~4) ~ (1/2) +1/240%b* (-75%a"4*e~4+440%*a"3
*b*d*e~3-1200%a~2%b~2xd~2%e~2-384*a*b~3*d " 3*e+64*b~4*d~4) *x* (e*x~2+d) ~ (1/2
)/a~2/d"3/ (-axe+b*d) ~5/ (b*x~2+a) / (a*d+ (a*e+b*d) *x~2+b*e*x~4) ~(1/2)-1/16%e"
3% (—-5*a~3*e”~3+36*a"2*b*d*e”~2-120*a*xb~2*d " 2*e+320*b~3*d~3) * (b*xx~2+a) ~(1/2) *
(exx~2+d) " (1/2)*arctanh((—a*e+b*d) ~(1/2) *x/d~(1/2) / (b*x~2+a)~(1/2)) /4~ (7/2
)/ (—axe+b*d) " (13/2) / (a*d+ (a*xe+b*xd) *x~2+b*e*x~4) ~(1/2)

output

Mathematica [A] (verified)

Time = 8.62 (sec) , antiderivative size = 686, normalized size of antiderivative = 0.97

JiTer Vo (a-+b2?) (1285 d°a* (d-+ew?)+64ab”d*a? (5d—14ea?) (d+
er

1

dz =
/ Vd+ ex? (ad + (bd + ae)z? + bext)"/

input LIntegrate [1/(Sqrt[d + e*x~2]*(axd + (bxd + axe)*x~2 + bxe*x"4)"(7/2)),x] J
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(Sqrt[d + e*x~2]*((Sqrt[d]l*x*(a + bxx~2)*(128*b~8*d " 5*x~4*(d + e*x~2)"3 +
64*axb”~T+*d"4*xx"2x (5%d - 14%e*xx~2)*(d + e*x"2)"3 + 5*a~8%e”~6%(33*%d"2 + 40*d
*exx"2 + 15%e"2*%x"4) + 16%a”2%b"6*d"3*(d + e*x”2) " 3*%(15%d"2 - 140*d*e*xx"2
+ 198%e”2%x74) + 5xa”Txbxe 5% (-180*%d"3 - 163*d"2xe*xx”"2 + 22*d*e”2*x"4 + 45
*@"3%x"6) + 5*a”"bkb"3*e 4*x"2%(1080*%d"4 + 1404*d"3*e*x"2 + 135%d"2*e"2*x"4

- 254%d*e"3*x"6 + 15*%e”4*x"8) + 5*a”6*b"2*e"4*(360*d"4 + 108*d"3*e*x"2 -
391*%d"2%e"2%x"4 - 174*d*e”3*x"6 + 45%e”4*x"8) + 10*a”~4*b~4*xd*e”2*(360*d"5
+ 1080*%d"4*e*x"2 + 1620*%d"3*e"2*x"4 + 1242%d"2%e " 3%x"6 + 313*d*e"4*x"8 - 4
9%e~5*x"10) - 40*a”3*b~5*xd"2*e*(36*%d"5 - 60*d"4*e*xx"2 - 396*d"3*e 2*xx"4 -
513*%d"2%e"3*x"6 - 249*d*e”4*x"8 - 37*e"5%xx710)))/(a"3*(b*d - a*xe)"6) + (24
00*b~3*d~3*e"3*(a + b*x~2)~(7/2)*(d + exx”~2) " 3*ArcTan[(-(e*x*Sqrt[a + b*x~
2]) + Sqrt[bl*(d + exx~2))/(Sqrt[d]*Sqrt[-(bxd) + a*xel)])/(-(b*d) + axe)~(
13/2) - (15%e~3%(160%b~3*d~3 - 120*a*b~2*d"2*e + 36*a~2xbxd*xe”2 — 5*a~3*e”
3)*(a + b*x~2)"(7/2)*(d + e*x~2) 3xArcTanh[(-(e*x*Sqrt[a + b*x~2]) + Sqrtl[
bl*(d + e*x~2))/(Sqrt[d]*Sqrt[b*d - a*el)])/(bxd - axe)~(13/2)))/(240*d~ (7
/2)*((a + bxx~2)*(d + e*xx~2))~(7/2))

output

Rubi [A] (verified)

Time = 1.47 (sec) , antiderivative size = 640, normalized size of antiderivative = 0.90,

_ _ number of rules _
number of steps used = 15, number of rules used = 14, integrand size 0.378, Rules

used = {1395, 316, 402, 25, 402, 27, 402, 25, 27, 402, 402, 27, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
dz
/ Vd + ez? (z2(ae + bd) + ad + bex?)"/?

l 1395
Va+bz2Vd+ex? [ (bz2+a)7/12(em2+d)4 dz
v/x2(ae + bd) + ad + bex*

| 316

—10bez2+6bd—5ae d
(ba:2+a> 7/2 (em2+d) 3 “

va + br2v/d + ex? =)

_ ex
6d(a+bx2)5/2(d+ex?)? (bd—ae)

v/72(ae + bd) + ad + bex*
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l 402
_ 24b2d2—60abed+25a2 % +8be(6bd+5ae)x? |
5/2 3
bz (5ae+6bd) (bm2+a) / (ex2+d)
JaTiEaTeaz | solertet)” (areet) vaa) e _ e
6d(bd—ae) 6d(a+bx2)5/?(d+ex?)? (bd—ae)
\/72(ae + bd) + ad + bez?
l 25
24b2d2 —60abed+25a2 €2 +8be(6bd+5ae) x> dn
5/2 3
(bz2+a) / (ezz+d) + bz (5ae+6bd)
5a(bd—ae) 5/2 2
Va T bV e sofarse?) " (ares? i e _ e
6d(bd—ae) 6d(a+bx2)%/?(d+ex?)® (bd—ae)
V/z2(ae + bd) + ad + bez?
l 402
3(16b3d3—48ab2ed2+90a2be2d—25a353+6be 8b2d2—36abed—5a2e2)z2) .
bx —5a262—36abde+8b2d2) (bm2+a) 3/2 (ez2+d)3
a(a+bz2)3/2 (d+ea:2)2(bd—ae) 3a(bd—ae)
5 5 5a(bd—ace) + 5a(a+bw2
Va + bx2V/d+ ex Sd(bd—ae)
\/72(ae + bd) + ad + bez?
l 27
1663 d3 —48ab2ed?+90a2be2d—25a3 3 +6be (8b2d2 —36abed—5a2 62)w2 .
T
(bz2 +a) 3/2 (ew2+d) 8 ba (—5a2e2—36abde+8b2d2)
a(bd—ae) a(a+bz2)3/2 (d+ez2)2(bd—ae) ba(5
5 5 5a(bd—ae) + 5a (a+ba:2)5/2
va+bz?2vVd + ex Sd(bd—ae)

\/72(ae + bd) + ad + bex*
| 402
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e(4b(16b3d3 —96ab2ed?+306a2 b62d+5a363) z2+a (32b3d3—168ab26d2 —120a2

ba (5a3 €3+306a2bde? —96ab2d? e+16b3d3) Voz2+a (e:52+d)3
ava+bx2 (d+ez2)2(bd—ae) a(bd—ae)
a(bd—ae)
5a(bd—ae)
2 2
Va + bx?vVd + ex Sd(bd—ae)
\/z2(ae + bd) + ad +
l 25
e (4b(16b3d3—96ab26d2+306a2b52d+5a3 63)z2+a (32b3d3 —168ab2ed? —120a2 b62d+25a353)) .
T
VbeZta (ew2 +d) 8 bo(5a3e3+306a2bde? —96
a(bd—ae) aV/ a+ba:2 (d+ez2)
a(bd—ae)
5a(bd—ae)
2 2
Va + bx2V/d + ex Sd(bd—ae)
V/z2(ae + bd) + ad + 1
l 27
; 4b(16b3d3796ab2ed2+306a2be2d+5a3 63)z2+a(32b3d3 —168ab2ed? —120a2 b52d+25a3e3) .
e T
’ vV b12+a(ezz+d)3 bx (5a3e3+306a2bd62—96ab
a(bd=ae) av/atba? (d+ea?)’
a(bd—ae)
5a(bd—ae)
2 2
Va + bz2V/d + ex Sd(bd—ae)

l 402

V/z%(ae + bd) + ad + b
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2b (64b4d4—416a63ed3+1392a2b2e2d2+140a3 be3d—25a4e4) wz+a(64b4d4—384a636d3—1200a2b262d2+440a3b63d—75a4e

V bz2+a (e:c2+d) 2
€ 4d(bd—ae)
a(bd—ae)
a(bd—
va + bx?V/d + ex?
l 402
15032 (320b3d3 —120ab2ed?+36a2be2d—5a3¢3 .
B be2+ta (ez2+d) ? aVarba2 (75a5e5—490a4bde4+1480a3b2d253+3168a2b3d352—89
+
2d(bd—ae) 2d(d+ea:2)(bd—ae)
€ 4d(bd—ae)
a(bd—ae)
va + bx?v/d + ex?

| 27
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v/ a+bz2 (75a5e5—490a4bde4+1480a3 b2d2e3+3168a2b3d3 2 —896abt dte+128b° d5)

15032 (—5a363+36a2bd62 —120ab2.

2d(d+ez2) (bd—ae) 2d(b
4d(bd—ae)
a(bd—ae)
Va + bx2\/d + ex?
l 201
15(13 82 (—5&363+36a2bd62 — 120ab21
v/ at+bz2 (75a5e5—490a4bde4+1430a3 b2d2e3+3168a2b3d3 2 —896abt dte+128b° d5)
2d(d+ea}2)(bd—ae) - 2d
4d(bd—ae)
a(bd—ae)
Vva + bx?V/d + ex?

l 221



input

output

CHAPTER 3. LISTING OF INTEGRALS 267

(=

2V a+ba2 (—25a4e4+140a3bde3+1392a2 b2d

ba (5(13 e3+306a2bde? —96ab2 d? e+16b3d3)

4d(d+ez2) 2 bd—ae

b (—5a2 e2 —36abde+8b2 d2) avatbz2 (d+ew2) 2 bd—ae)

a (a+bz2)3/2 (d+e12) 2 (bd—ae)

Va + bz2v/d + ex?

/Int[l/(Sqrt[d + e*xx"2]*(a*d + (b*d + axe)*x"2 + b*e*x~4)~(7/2)),x]

\

(Sqrt[a + b*x"2]*Sqrt[d + e*x"2]*(-1/6%(e*x)/(d*(b*xd - axe)*(a + b*x"2)"(5
/2)*%(d + e*x~2)73) + ((b*x(6xb*d + 5S*axe)*x)/(5*xa*x(b*d - axe)*(a + bxx~2)~(
5/2)*(d + e*x"2)"2) + ((b*(8*xb"2+#d~2 - 36*a*b*dxe - bxa~2*e~2)*x)/(a*(b*d
- axe)*(a + b*x"2)7(3/2)*(d + e*x72)"2) + ((b*(16*b~3*%d"3 - 96*a*xb~2*d"2*e
+ 306%a”2xbxd*e”~2 + 5*a~3*e~3)*x)/(ax(b*d - axe)*Sqrt[a + b*x"2]*(d + e*x
~2)72) + (ex(((64*b~4%d~4 - 416%axb~3*d"3*e + 1392*a”~2*b~2*d"2*e”2 + 140*a
“3*%bxd*e”3 - 25xa"4xe”4)*xxSqrt[a + bxx"2])/(4*dx(b*d - a*e)*(d + exx"2)"2
) + (((128%b~5*d"5 - 896*a*xb~4*d"4*e + 3168*a”~2*b~3*d"3*e”2 + 1480*a~3*b~2
*d"2xe”3 - 490*a”4xbxd*e~4 + 75¥a~B*e~5)*x*Sqrt[a + bxx"2])/(2*d*(b*xd - ax
e)*x(d + exx™2)) - (15%a~3*e"2x(320%b"3*%d"3 - 120*a*b”2*d"2*e + 36%a~2xbxd*
e"2 - 5xa~3%e”3)*ArcTanh[(Sqrt[bxd - a*el*x)/(Sqrt[d]*Sqrt[a + bxx~2])]1)/(
2%d~(3/2)*(b*d - a*e)~(3/2)))/(4*dx(b*d - a*e))))/(ax(b*d - a*e)))/(a*(b*xd
- axe)))/(5xax(bxd - axe)))/(6*dx(bxd - a*e))))/Sqrtl[a*d + (bxd + a*e)*x”
2 + b*e*x~4]
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, 0]

rule 291

Int[((a_) + (b_)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*xx(a + bxx"2)"(p + 1)*((c + d*x"2)7(q + 1)/(2*a*x(p + 1)*(bxc - axd))
), x] + Simp[1/(2*a*x(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)"g*Simp[b*c + 2x(p + 1)*(b*c - a*d) + d*bx(2x(p + q + 2) + 1)*x"2, x], x
1, x] /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQlq, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 4, x]

rule 316

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c ) + (@_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)"2), x_Symbol] :> Simp[(-(b*e - a*f))*xx(a + b*x"2)"(p + 1)*((c + d*x"2)~
(q + 1)/(a*2x(bxc - a*d)*(p + 1))), x] + Simp[1/(a*2x(bxc - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2) g*Simp[c*(b*e - a*f) + e*2x(b*c - a*d)
*(p + 1) + dx(bxe - a*f)*(2*(p + q + 2) + 1)*x"2, x], x], x] /; FreeQ[{a, b
, ¢, d, e, £, q}, x] && LtQ[p, -1]

rule 402
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Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(@m_)) (p_)*((d_) + (e_.)*(
x_)"(n_))"(g_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) “FracPart[p]/((d

+ e*x"n) FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx"n)”(p

+ *(a/d + (c/e)*x"n)7p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQ[c*d~2 - b*d*e + a*e~2, 0] && !IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 21)

rule 1395

Maple [B] (warning: unable to verify)

Leaf count of result is larger than twice the leaf count of optimal. 14221 vs. 2(655) =
1310.

Time = 0.73 (sec) , antiderivative size = 14222, normalized size of antiderivative =
20.06

method | result size

default | Expression too large to display | 14222

N

p
" ‘ int (1/ (exx~2+d) ~(1/2)/ (a*d+(a*xe+b*d) *x~2+b*e*x~4) ~(7/2) ,x ,method=_RETURNVE ‘

inpu
'RBOSE) |

e hY

result too large to display

- J

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2466 vs. 2(655) = 1310.

Time = 2.43 (sec) , antiderivative size = 4958, normalized size of antiderivative = 6.99

1
Vd + ex? (ad + (bd + ae)z? + bext)"?

dx = Too large to display

‘ integrate(1/(e*xx~2+d) ~(1/2)/(a*d+(a*xe+b*d) *x~2+b*e*x~4)~(7/2) ,x, algorithm ‘

input
L="fricas") J

output LToo large to include J
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Sympy [F]
/ . dz = / ! dz
Vd + ex? (ad + (bd + ae)z? + bext)"? ((a+ bz?) (d + exz))% Vd+ ex?
inputLintegrate(1/(e*x**2+d)**(1/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(7/2),x) J
OutputLIntegral(l/(((a + bxxkx2)x(d + exx*kx2))**(7/2)*sqrt(d + e*x**2)), x) J
Maxima [F]
u/1 1 a!.'l:'_b/n 1 dx
Vd + ex? (ad + (bd + ae)x? + bext)™/? (bex? + (bd + ae)z? + ad)vex® + d

input ‘ integrate (1/ (exx~2+d) ~ (1/2) / (a*d+(a*e+b*d) *x~2+b*exx~4)~(7/2) ,x, algorithm ‘
‘=“maxima") ‘

Ou_tputtintegrate(l/((b>|=e>|=x"4 + (b*xd + axe)*x”~2 + a*xd)~(7/2)*sqrt(e*x~2 + d)), x) J

Giac [F]

1 1
dx:/ dx
/ Vd+ ex? (ad + (bd + ae)z? + bext)"/? (bex + (bd + ae)z? + ad)?vez® + d

input‘integrate(l/(e*x“2+d)“(1/2)/(a*d+(a*e+b*d)*x“2+b*e*x‘4)‘(7/2),X’ algorithm
‘=“giac") ‘

output Lintegrate(l/((b*e*x’@ + (bxd + ake)*x”2 + a*d) ~(7/2)*sqrt(e*x”2 + 4)), x) J
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Mupad [F(-1)]
Timed out.

1 1

d:vz/ dz
Vd+ ea? (ad + (bd + ae)z? + bext)"/? VezZ +d(bezt+ (ae+bd) 32+ ad)”/?

input Lint(l/((d + exx~2)"(1/2)*(a*d + x"2x(a*e + b*d) + b*e*xx~4)"(7/2)),x) J
output Lint(l/((d + exx"2)"(1/2)*(a*d + x~2*(axe + bxd) + bkexx~4)~(7/2)), x) J
Reduce [F|
1 1
772 dx =/ -dx
Vd+ ex? (ad + (bd + ae)x? + bex?) Vex? +d (ad + (ae + bd) z% + be 14)?
input Lint (1/ (exx~2+d) ~(1/2) / (a*d+ (a*xe+b*d) *x~2+b*e*x~4) ~(7/2) ,x) J

output Lint (1/ (e*x~2+d) ~(1/2) / (a*d+ (axe+bd) *x~2+b*e*x~4) " (7/2) ,x) J
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3.30 | L dz
(d+ew2)3/ 2 (ad+(bd+ae)z?+bex?) 72

Optimal result . . . . . . . . .. . . 2772
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . . 274
Maple [B] (warning: unable to verify) . . . . . .. ... ... ... 28]
Fricas [B| (verification not implemented) . . . . . . ... ... ... ....... 28]
Sympy [F(-1)] . . . . 282
Maxima [F] . . . . . o
Giac [F] . . . o o 2821
Mupad [F(-1)] . . . o 283
Reduce [F] . . . . . 283]

Optimal result

Integrand size = 37, antiderivative size = 866

1

/ (d+ ex?)’? (ad + (bd + ae)z? + bext)?
ex

8d(bd — ae) (a + bz2)? (d + ex?)™? vad + (bd + ae)x? + bex?
B e(20bd — Tae)z

48d2(bd — ae)? (a + baz2)® (d + ex?)** \/ad + (bd + ae)z? + bex?

e(248b?d* — 140abde + 35a%€?) x
- 192d3(bd — ae)? (a + bz?)* (d + ex?)/ vad + (bd + ae)z? + bex?
e(2176b%d® — 1344ab*d?e + 560a?bde® — 105a3€3) =
- 384d4(bd — ae)* (a + ba2)> Vd + ex?\/ad + (bd + ae)z? + bex*
N b(1024b°d° — 8448ab°d°e + 36224ab*d*e? + 25520a3b3d3e® — 12600a*b%d?e* + 3850a°bde® — 525a°€%) x
1920a3d*(bd — ae)”+/ad + (bd + ae)z? + bex*
N b(128b*d* + 4800ab®d’e — 2800a%b?d?e? + 1050a%bde® — 175ae?) zv/d + ex?
640ad*(bd — ae)® (a + bx2)* \/ad + (bd + ae)x? + bex?
N b(5126°d°® — 3712ab*d*e — 19200a%b°d®e? + 10360a°b%d?e® — 3500a*bde* + 525a°€®) x+/d + ex?
1920a2d*(bd — ae)® (a + bx?) \/ad + (bd + ae)z? + bex*
7€3(640b*d* — 320ab3d3e + 144a?b*d?e* — 40a3bde® + 5a'e*) va + bx2v/d + exzarctanh< /bd—aez )

Vdva+bx?
128d9/2(bd — ae)'5/2,/ad + (bd + ae)z? + bex?

dzr =
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-1/8xexx/d/ (—axe+b*d) / (b*x~2+a) "2/ (e*x~2+d) " (7/2) / (a*d+ (axe+b*d) *x~2+b*e*x
~4)~(1/2)-1/48*e* (-T*a*e+20*b*d) *x/d"2/ (—a*e+b*d) ~2/ (b*x~2+a) "2/ (exx~2+d) "~
(5/2) / (axd+(a*e+b*d) *x~2+b*e*x"4) "~ (1/2)-1/192*e* (35*%a~2*e~2-140*a*bxd*e+24
8*b~2xd"2) *x/d"3/ (-a*e+b*xd) ~3/ (b*x~2+a) ~2/ (exx~2+d) " (3/2) / (a*d+ (a*e+b*d) *x
~2+b*exx~4) " (1/2)-1/384*e* (-105*%a~3*e”~3+560*a"2*xbxd*xe~2-1344*a*xb~2*d "~ 2*e+2
176xb~3*d"3) *x/d"4/ (—axe+b*d) ~4/ (b*x~2+a) "2/ (e*x~2+d) " (1/2) / (axd+ (a*e+b*d)
*xX " 2+b*exx~4) " (1/2)+1/1920%b* (-525*a~6*e”~6+3850*a " 5*b*d*e”~5-12600*a~4*xb~2x*
d"2xe"4+25520*%a”3*%b"3*d"3*e"3+36224*a"2*¥b"4*d"4*xe"2-8448*axb " 5*xd"bxe+1024*
b~ 6*d"6) *x* (exx~2+d) ~(1/2)/a~3/d"4/ (—axe+b*d) "7/ (a*d+(a*e+b*d) *x~2+b*e*xx~4
)~ (1/2)+1/640%b* (-175%a"~4*e~4+1050*a"~3*b*xd*e~3-2800*a~2*b~2*d~2*e~2+4800*a
*b"3%d"3*e+128%b"4xd"4) *x* (exx~2+d) " (1/2) /a/d"4/ (—a*xe+b*xd) "5/ (b*x~2+a) ~2/(
a*d+(a*e+b*xd) *x~2+b*e*xx”"4) ~(1/2)+1/1920%b* (525*a~5*%e~5-3500*a"~4*b*d*e~4+10
360*a~3*%b~2*%d"2*xe~3-19200*a~2*¥b~3*d"3*e~2-3712*a*xb~4*d"4*e+512*%b"5*d"5) *x*
(exx~2+d)~(1/2)/a~2/d"4/ (—axe+b*d) ~6/ (b*x~2+a) / (a*d+ (a*e+b*d) *x~2+b*e*x~4)
~(1/2)-7/128*e" 3% (5*xa~4*e”~4-40*a~3*b*d*xe~3+144*a”~2xb~2*d " 2*e~2-320*a*xb~3*d
~3*e+640*b~4*d"4) * (b*xx~2+a) " (1/2) * (e*x~2+d) ~ (1/2) *arctanh ( (-a*e+b*d) ~(1/2)
*x/d~(1/2) / (b*x~2+a) " (1/2))/d~(9/2) / (—a*e+b*d) = (15/2) / (a*d+ (a*xe+b*d) *x~2+b
*xe*xx~4)~(1/2)

output

Mathematica [A] (verified)

Time = 17.67 (sec) , antiderivative size = 455, normalized size of antiderivative = 0.53

7/2 1 4 3845 128
(d + ex?) <E$@+4m% <_M—wﬂmqﬁmﬂ3+a%w

/ ! dz
(d+ ex?)’? (ad + (bd + ae)z? + bex?)"?

input‘ Integrate[1/((d + exx~2)~(3/2)*(a*d + (b*d + axe)*x~2 + bxe*x~4)~(7/2)),x] ‘




output
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/((d + exx”"2) " (7/2)*((x*(a + b*x"2) 4% ((-384*b~5)/(ax(-(b*d) + axe) 5x(a +

b*x"2)"3) + (128%b~5*x(4*bxd - 29*a*e))/(a"2*(b*d - akxe) “6x(a + b*x"2)72) +
(128*b~5*(8*b~2*d"2 — 66+*a*b*d*e + 283*xa~2*e~2))/(a"3*(b*d - axe) 7x(a +
bxx~2)) + (240%e”4)/(d*(bxd - axe) 4*(d + e*x"2)74) + (40*e”~4*x(38*b*d - 7*
axe))/(d"2*%(bxd - a*e) 5x(d + e*x"2)7"3) + (10*e”"4*(632*%b~2*xd~2 - 224*a*xb*d
xe + 35%a”~2xe”2))/(d"3*(b*d - ake) 6%(d + e*x~2)"2) + (5xe~4*(5104*b~3*d"3
- 2520%a*xb~2%d"2%e + 770%a"2%b*d*e~2 - 105%a~3%e~3))/(d"4*(b*d - axe) 7*(
d + exx"2))))/15 + (7T*e~3*(640*b~4*d~4 - 320*a*b~3*d"3*e + 144*a”2*b~2*d"2
xe~2 - 40%a”~3xb*d*e”3 + b*a"4xe~4)*(a + b*x"2)"(7/2)*ArcTan[(Sqrt[-(b*d) +
a*e]*x)/(Sqrt[d]*Sqrt[a + b*x~2]1)]1)/(d~(9/2)*(-(bxd) + a*xe)~(15/2))))/(12

8%((a + b*x"2)*(d + e*x~2))~(7/2))

Rubi [A] (verified)

Time = 1.78 (sec) , antiderivative size = 796, normalized size of antiderivative = 0.92,

number of steps used = 15, number of rules used = 14, Bumber of rules _ 4 376 Ryjjeq
integrand size

used = {1395, 316, 402, 25, 402, 25, 402, 27, 402, 402, 402, 27, 291, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
dz

/ (d + ex?)*'? (22(ae + bd) + ad + bezt)"/?

| 1395

2 2 1
Va+bz2y/d + ex? [ TERL T dz
\/z2(ae + bd) + ad + bez*
| 316

—12bex?+8bd—Tae

1)2 a 7/2 6(B2 4
va+bwd+ew2( et

_ ez
8d(a+bx2)5/?(d+ex?)* (bd—ae) )

\/z2(ae + bd) + ad + bez*
| 402
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= 32b2d2 —80abed+35a2e2+10be(8bd+5ae)z? d

5/2 1
bz (5ae+8bd) _ (bz2+a) / (ez2+d)
Va + bx2\/d + ex? 5“(‘””’”2)5/2 (‘””2)3(”‘1_“) palbaac) _ ex
8d(bd—ae) 8d(a+bx2)5/2 (d+ex2)* (bd—ae)
\/z%(ae + bd) + ad + bex*
l 25
I 326%d% —80abed+35a 2 +10be(8bd+5ae)a? |
5/2 1
(bz2+a) / (€z2+d) n bz (5ae+8bd)
5a(bd—ae) 5/2 3
\/a + bx? \/d + ex? 5a(a+bz2) (d+ez2) (bd—ae) .
8d(bd—ae) 8d(a+bx2)%/? (d+ex?)* (bd—ae)
v/72(ae + bd) + ad + bex?
l 402
64b3d3 —176ab2ed?+360a2be2d—105a3 3 +8be (32b2d2—160abed—15a2 62)1‘2 .
—_ T
bx (715(12 2 7160abde+32b2d2) (bm2+a) 3/2 (ez2 +d)4
3a (a+bz2)3/2 (d+ea:2)3(bd—ae) 3a(bd—ae)
5a(bd—ae) + 5a(a
2 2 -
va+bz?vVd + ex Sd(bd—ac)
\/z%(ae + bd) + ad + bex*
l 25
 64b3d3 —176ab%ed?+360a%be? d— 10503 3 +8be (3267 d% —160abed—15a%e? ) .
T
(bz2+a) 3/2 (ex2+d)4 bx (—150.262 —1600,bde+32b2 d2)
+
3a(bd—ae) 3a(a+b:v2)3/2 (d+ex2)3(bd—as)
5a(bd—ae) + 5a (a+b
Vva + bx?V/d + ex?

8d(bd—ae)

\/72(ae + bd) + ad + bez?
| 402



CHAPTER 3.

LISTING OF INTEGRALS

276

3e(2b (64b3d3 —432ab2ed?+1640a2be? d+15a3 e3)z2+a<6463d3 —368ab2ed?

ba (15a3e3+1640a2bde2 —432ab2d2e+64b3 d3) VbzZta (322+d)4
avatbz? (d+em2)3(bd—ae) a(bd—ae)
3a(bd—ae)
5a(bd—ae)
2 2
Va+bz?Vd+ex 8d(bd—ac)
V/z%(ae + bd) + aa
l 27
; 2b(64b3d3 —432ab2ed?+1640a2be? d+15a3e3)z2+a (64b3d3 —368ab2ed? —160a2 be2d+35a353)
3e dx
Vb2 ta (ew2+d) 4 ba (15a3 €3+1640a2bde?
a(bd—ae) aV a+b12 (d+e
3a(bd—ae)
5a(bd—ae)
2 2
Vva+bz?vVd + ex Sd(bd—ac)
\/72(ae + bd) + ad -
l 402
b (128b4d4—928ab3 ed3+3648a2b2¢2 d2+190a3be3d—35a4e4) z2+a (256b4d4—1664ab3ed3—2400a2b2 e2d2? +980a3be3d—1'
V b2 “+a (ez2 +d) 3
3e 6d(bd—ae)
a(bd—ae)
3
va + bx?Vd + ex?

l 402
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2b (512b5 d®—3968ab%ed? +16256a2b3e2d3+3160a3b2e3d2 —1120a%be?d+1754° e5)w2+a (512b5d5 —3712ab%ed? —19200a2t

vV bz2+a(ez2+d)2
4d(bd—ae)
3e
Vva + bz2v/d + ex?
l 402
105a3¢2 (640b4d4—320ab3ed3+144a2b252d2 —40a3b53d+5a4e4)
_ d
ba2+a (e:52+d) ¥ eatba? (—525a656+3850a5bd55 —12600a452 42
2d(bd—ae) Qd(
4d(bd—ae)
3e
Va + bx2\/d + ex?

l27
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3 2
105a”e
zv/ a+bz2 (—525(1666 +3850a5bde® —12600a4b2d2e? +25520a3b3 d3 3 +36224a2b%d%e2 —8448ab® d5e+1024b6d6) (
2d(d+ez2) (bd—ae)
4d(bd—ae)
3e
Va + bx2\/d + ex?
l 201
(1
3e| ~—
b(64b3d3—432ab2ed2+1640a2 be2d+15a3e3) P
b(32b2d2 7160abed715a2e2)z a(bd—ae)Vba2+a (ez2 +d) 3
372 3
b(8bd-+5ae)z 3a(bd—ae) (lm:2+a) (em2+d)

5a(bd—ae) (bx2+a) 5/2 (e12+d)3

Vbz? + avez? +d

l 921



input

output
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b(64b3d3—432ab26d2+1640a2b62d+15a363)m

+

b(32b2d2 —160abed—15a252)a: a(bd—ae)V ba:2+a. (ez2+d) 3

b(8bd+5ae)z " 3a(bd—ae) (ba:2+a)3/2 (ew2+d)3

5a(bd—ae) (bz2+a) 5/2 (ez2+d)3

Vbz2 + avex? +d

(Int[l/((d + exx"2)"(3/2)*(axd + (b*d + a*e)*x~2 + bxexx~4)~(7/2)),x]

(Sqrt[a + b*x"2]*Sqrt[d + e*x~2]*(-1/8%(e*x)/(d*(b*xd - axe)*(a + b*x"2)"(5
/2)*x(d + exx"2)74) + ((b*(8+bxd + 5*xaxe)*x)/(5*ax(b*d - a*e)*(a + bxx~2)~(
5/2)*%(d + exx"2)7"3) + ((b*(32%b"2+%d"2 - 160*axbxd*e — 15*%a”2*e”2)*x)/(3*ax
(b*d - axe)*(a + bxx"2)"(3/2)*(d + e*x"2)"3) + ((bx(64*%b~3*d~3 - 432*a*xb~2
*d"2%e + 1640*a~2%b*d*e”2 + 15%a~3*e~3)*x)/(a*(b*d - axe)*Sqrt[a + b*x~2]*
(d + exx"2)73) + (3*ex(((128*b~4*d"4 - 928*a*b~3*d"3*e + 3648%a~2xb~2*d 2%
e”2 + 190*a~3*bxd*e~3 - 3bxa~4xe”4)x*x*Sqrt[a + b*x"2])/(6*d*(b*d - axe)*(d
+ e*xx"2)"3) + (((512*%b~5*d"5 - 3968*a*b~4*d"4*e + 16256%a~2*%b~3*d"3*e”2 +
3160*a~3%b~"2*d"2%e”3 - 1120*a~4*b*d*e~4 + 175xa"b*e”5)*x*Sqrt[a + b*x"2])
/ (4xd*(bxd - a*e)*(d + exx~2)"2) + (((1024*b~6*%d"6 - 8448+a*b”~5xd"5*e + 36
224%a”2¥b"4*d"4*e”2 + 25520*%a”3*%b"3*d"3*%e”"3 - 12600*a"4*b~2*xd"2%xe"4 + 3850
*a~b¥bkdxe~5 - 525xa”6*e”6)*x*Sqrt[a + b*x"2])/(2*d*(b*d - axe)*(d + exx"2
)) - (105*%a~3*%e"2*(640*b~4*%d"4 - 320*a*b”~3*d"3*e + 144*a~2%b~2*xd"2*xe"2 - 4
O*a”~3*b*d*e~3 + 5*a~4*e”~4)*ArcTanh[(Sqrt[b*d - a*e]*x)/(Sqrt[d]*Sqrt[a + b
*x72]1)1)/(2%d~(3/2) *(b*xd - axe)~(3/2)))/(4*d*(b*d - a*xe)))/(6xd*(b*d - axe
))))/(ax(bxd - axe)))/(3*ax(b*d - axe)))/(5*xa*x(bxd - axe)))/(8xdx(b*d - ax*
e))))/Sqrta*xd + (bxd + a*e)*x~2 + b*e*x~4]
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, 0]

rule 291

Int[((a_) + (b_)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*xx(a + bxx"2)"(p + 1)*((c + d*x"2)7(q + 1)/(2*a*x(p + 1)*(bxc - axd))
), x] + Simp[1/(2*a*x(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)"g*Simp[b*c + 2x(p + 1)*(b*c - a*d) + d*bx(2x(p + q + 2) + 1)*x"2, x], x
1, x] /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQlq, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 4, x]

rule 316

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c ) + (@_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)"2), x_Symbol] :> Simp[(-(b*e - a*f))*xx(a + b*x"2)"(p + 1)*((c + d*x"2)~
(q + 1)/(a*2x(bxc - a*d)*(p + 1))), x] + Simp[1/(a*2x(bxc - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2) g*Simp[c*(b*e - a*f) + e*2x(b*c - a*d)
*(p + 1) + dx(bxe - a*f)*(2*(p + q + 2) + 1)*x"2, x], x], x] /; FreeQ[{a, b
, ¢, d, e, £, q}, x] && LtQ[p, -1]

rule 402
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Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(@m_)) (p_)*((d_) + (e_.)*(
x_)"(n_))"(g_.), x_Symbol] :> Simp[(a + b*x"n + c*x~(2*n)) “FracPart[p]/((d

+ e*x"n) FracPart[pl*(a/d + c*(x"n/e)) FracPart[p]) Int[ux(d + exx"n)”(p

+ *(a/d + (c/e)*x"n)7p, x], x] /; FreeQ[{a, b, c, 4, e, n, p, q}, x] & E
qQ[n2, 2#n] && EqQ[c*d~2 - b*d*e + a*e~2, 0] && !IntegerQ[p] && !(EqQlq,

1] && EqQ[n, 21)

rule 1395

Maple [B] (warning: unable to verify)

Leaf count of result is larger than twice the leaf count of optimal. 18658 vs. 2(806) =
1612.

Time = 1.00 (sec) , antiderivative size = 18659, normalized size of antiderivative =
21.55

method | result size

default | Expression too large to display | 18659

N

p
" ‘ int (1/ (exx~2+d) ~(3/2)/ (a*d+(a*xe+b*d) *x~2+b*e*x~4) ~(7/2) ,x ,method=_RETURNVE ‘

inpu
'RBOSE) |

e hY

result too large to display

- J

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3196 vs. 2(806) = 1612.

Time = 5.67 (sec) , antiderivative size = 6418, normalized size of antiderivative = 7.41

1
/ (d+ ex?)®”? (ad + (bd + ae)z? + bex?)™?

dxz = Too large to display

‘ integrate(1/(e*x~2+d) ~(3/2) / (axd+(axe+b*d) *x~2+b*exx~4)~(7/2) ,x, algorithm ‘

input
L="fricas") J

output LToo large to include J
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Sympy [F(-1)]

Timed out.
1 .
/ 32 7 dx = Timed out
(d + ex?)”” (ad + (bd + ae)x? + bex?)
inputLintegrate(1/(e*X**2+d)**(3/2)/(a*d+(a*e+b*d)*x**2+b*e*x**4)**(7/2),x) J
OutputLTimed out J
Maxima [F]
1 1
/ 3/2 7/2 d:1:=/ 7 5 dr
(d + ex?)”” (ad + (bd + ae)z? + bex?) (bez* + (bd + ae)z? + ad)? (ex? + d)?
input integrate (1/(e*x~2+d) ~(3/2)/(a*d+(a*e+b*d) *x~2+bke*x~4)~(7/2) ,x, algorithm
="maxima")
output integrate(1/((bxexx~4 + (b*d + a*e)*x~2 + a*d)~(7/2)*(exx~2 + d)~(3/2)), x
)
Giac [F]
1 1
/ 3/2 7/2 dx = / 7 g dr
(d + ex?)”" (ad + (bd + ae)x? + bex*) (bez* + (bd + ae)z? + ad)? (ex? + d)?

input ‘ integrate(1/(e*x~2+d) ~(3/2)/(axd+(a*e+b*d) *x~2+b*e*xx~4)~(7/2) ,x, algorithm ‘
‘=“giac") ‘

output‘ integrate(1/((b*e*xx~4 + (bxd + ake)*x~2 + axd)~(7/2)*(e*xx~2 + d)~(3/2)), x ‘
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Mupad [F(-1)]
Timed out.
1 1

(d+ ex?)*? (ad + (bd + ae)z? + bext)"? do= / (ez? +d)** (bezt + (ae+bd) 22 +ad)”? &

input Lint(l/((d + exx"2)"(3/2)*(a*d + x~2*(axe + bxd) + bxexx~4)~(7/2)),x) J
output Lint(l/((d + e*x"2)7(3/2)*(a*d + x~2*(axe + bxd) + bkexx~4)~(7/2)), x) J
Reduce [F|

1

/ L dm—/ dz
(d+ ex)*? (ad + (bd + ae)z? + bex?)™? (ex? + d)% (ad + (ae + bd) x% + be x*)

7
2

input Lint (1/ (exx~2+d) ~(3/2) / (a*d+ (axe+b*d) *x~2+b*e*x~4) ~(7/2) ,x) J

output Lint (1/ (e*x~2+d) ~(3/2) / (a*d+ (axe+b*d) *x~2+b*e*x~4) ~(7/2) ,x) J
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 284
4.2 Links to plain text integration problems used in this report for each CAS .

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

284
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[List,expn]],7]],
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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