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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 134 ]. This is test number [ 122 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 35.07 ( 47 ) | 64.93 ( 87)
Maple | 35.07 (47) | 64.93 (87)
Rubi 34.33 (46 ) | 65.67 (88)
Fricas | 11.94 (16 ) | 88.06 ( 118)
Giac 746 (10) | 92.54 (124)
Reduce 149 (2) | 9851 (132)
Mupad 0.75 (1) | 99.25 (133)
Maxima 0.00 (0) | 100.00 ( 134 )
Sympy 0.00 (0) | 100.00 ( 134 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 34.328 0.000 0.000 65.672
Maple 22.388 4.478 8.209 64.925
Fricas 11.194 0.746 0.000 88.060

Mathematica 9.701 0.000 25.373 64.925
Giac 5.224 2.239 0.000 92.537

Mupad 0.000 0.746 0.000 99.254

Maxima 0.000 0.000 0.000 100.000

Reduce 0.000 1.493 0.000 98.507
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

IIIIII .A

35 07%

Rubi Mathematica Maple FriCAS Giac Maxima Sympy Mupad Reduce
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Mathematica | 87 100.00 0.00 0.00
Maple 87 100.00 0.00 0.00
Rubi 88 100.00 0.00 0.00
Fricas 118 72.03 27.97 0.00
Giac 124 95.16 1.61 3.23
Reduce 132 100.00 0.00 0.00
Mupad 133 0.00 100.00 0.00
Maxima 134 98.51 0.00 1.49
Sympy 134 97.01 2.99 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)

Giac 0.15

Reduce 0.26

Rubi 0.71

Mupad 0.79

Maple 2.29

Fricas 3.26

Mathematica 7.73

Sympy -nan(ind)

Maxima -nan(ind)

Table 1.5: Time performance for each CAS
System Mean size | Normalized Median Normalized
mean size median

Giac 163.80 1.44 80.50 1.40
Reduce 185.00 2.70 185.00 2.70
Rubi 309.76 1.13 279.00 1.03
Mathematica | 326.11 1.17 310.00 1.05
Maple 347.77 1.33 339.00 1.27
Fricas 363.19 2.46 119.00 1.30
Mupad 397.00 5.16 397.00 5.16
Sympy -nan(ind) | -nan(ind) nan nan
Maxima -nan(ind) | -nan(ind) nan nan
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more

complicated to solve.

Rubi Mma Maple
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Rubi number of rules

Figure 1.1: Solving statistics per number of Rubi

Rubi number of rules

rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much

higher than the number of rules, as the same rule could be used more than once.

Rubi Mma Maple
100fee o o cecccce 100fee o o cccccce 100fee o o cecccce
80f 80f 80f
el el el
£ e60f £ 60f £ e60f
[} [} [}
40t 2 40f 2 40f
X ES B
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Fricas Giac Maxima
100F 100F 100F
80F A 80f 80f
kel . o o
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Rubi number of steps

Rubi number of steps

Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to

solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {90]}
Mathematica {[33]}

Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . e 25
Mma . . . . . e e e e
Maple . . . . . . e 29
Fricas . . . . . . e 29
Maxima . . . . . . . . e e e e e e e e 30
Gilac . . . . e e 30
Mupad . . . . . . . 31
SYMPY . . . o o e e BT
Reduce . . . . . . . . . e
Rubi

A grade {[12)B)705,5, 7, 8010 1) 2 13,4 15,16, 77 15) 9, 20} 21, 22,23 20,25 26,
725,29} 30,51 52, 00, 01} 02,53,04, 55} 06,7, 05 P9, 100, 101} 102} 108

B grade { }
C grade { }

F normal fail {[33}[34,35[36} 37, [38) [39} |40} [41} |42} |43 [44] [45 46, [47} [48] 49} [50} 511 [p2} [53)
(52 (55,56, 573 58, 593 0L B} 623 631 62 65, 651 67, 68} 9L 70, 71} [724 73, 7375, 76, 77, 78}
(79, 80}, BT, 524 83, 5,55 86, 87} 55 89} [0% (LU, [L06, 07} (108, [9, [0} [L 11 [T2, [[T3} [ 14,
ﬁmmmmmmmmmmmmmmmmmm
}

F(-1) timedout fail { }

F(-2) exception fail { }

Mma
A grade {[21}[22,23|[24)[25] 26} 27}[93} 04} [95}[961[97} 98] }
B grade { }

C grade {[1}[23}[4[5}[6}[7} 8} [} L0} [LT} 12} L3} [14} [15} 16} [L 7}, [18} [19} [20} [28} 29} 30} 1} 32} B3}
[90}[01}92,[99}[100}, (101}, [102}[103] }

F normal fail { (54555657, 55) 59, 0} 1, 23, 5 4, 7 45,0, 0L 52 53,5
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[5 56, 57, 55 59, 601 BT, 62 63} 67 53 65, 57, 653 69 [0 71 72 73 74 [75, 76, [T, 73,7,
(50, 8T, 52, 83} 57355 86, 57} 53} 89} 104 [[05} (06} 107, [0, [09, (110} T} [12} LT3, 114,
ﬁmmmmmmmmmmmmmmmmmm
}

F(-1) timedout fail { }

F(-2) exception fail { }

Maple

A grade { 12,56} B)0) 10} T2 3} 103 20) 21 2 2527 25,26, 27 90,0 92,63,
[94,/95,[96}[97,[98) }

B grade { [3|[14,[15,[I6[17,[18] }

C grade {[2829,50,31,52, 33,99, [0} 101} 102} 103}

F normal fail {B7[55)56,57) 55,50}, 1) 3, 5, 7 5, 50, 51, 52,53
[55} 56} (671, 68} 59} (60} [611, 62} [63} (641, [65}, 66} 67, [68, 69} [70} [7 T, [72, [73} [74}, [75,[76}, [7 7} [78, [T},
B0} BT, B2 B3}, B4, 85} [86}, 87} 88}, 89, [L04},[T05}, [T08}, 107} [T08}, [L09} [TT0}, [TTT} 112} T3} [TT4],
ﬁmmmmmmmmmmmmmmmmmm
}

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas
A grade { [23}[25}]26][27,[93}[94,[95}[06} 97} [98}[09} 100} 101} [102}[103] }

B grade {00}

C grade { }

F normal fail {[7}[8[L1}[13,[1720,[33[34[35}[36,(37] 38} {3} [40} [41} {42} [43, [44} [45} [46} [47] 45}
49,50}, p T 52 53} 54 55} 56} 57 58, B9} 1604 6T} (62} 163464, (65} 1664 67} [70} [7 T4 72} [73} [ 4} 75

(77,78, 79} 180, BT}, [82; 84} [85), 86}, [B7}, 88, [89} (104} [106} [T07} [108} [T09} 110} [TTT} 112, 113} [T15,
[116} [L17}[118} [L19} [120} [121} [124} 125} [126} [127} [120} [130} [L31} [132} 133} [134] }

F(-1) timedout fail { [1}23}[4[5}[6}[0}[10}[12}[14} [15}[16}[18} [19}, 21} [22} 24} [28} [29} 30} B1]
[32,(68}69}[761,[83}[91} 92} [105, [1 14} [122} [123}[128] }

F(-2) exception fail { }
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Maxima

A grade { }
B grade {}
C grade { }

F normal fail { [1))B,M 5,6, 80 10U} (23} (45} 16,7} (5,0, 20| 2 P2 ) 2
25,26} [27], 28, [29} 30}, 3T}, [32} 33, 134} 35}, 364 37} 38}, [39, 40} (41}, 42} 3} 44}, (45, 46, [£7], 43, 49,
50,61}, 52, 53} 64} 551, [56} 67}, 58, [59} (60}, 611, (62} (63}, 64, [65} (66, (67, (68} (69} [704 [T}, [72, [73} [T}
[75} 76}, [77} [78,, [79} |80 {81}, [82} {83} 84, [85), 86} [87], B8} [89}, [90} (93, [94} [95, [96}, 97, [98}, 99} 100, [10T}
[102,[103},[104, 105}, 106}, 107, [T08},[109} [TT0}, 11T}, 112} [TT3} [TT4} [TT5], 116} 117, [T18} [TT9}, 120,
[T21,[T22) 123 (24 125} 26,127 128 129} 130, 131, 132, 133 134 )

F(-1) timedout fail { }
F(-2) exception fail {[91][92] }

Giac
A grade {[25[26}[00}[93}[94}[95}[96] }

B grade {[27,97,[98 }
C grade { }

F normal fail {[1}[21(34[51(6}7][8} 0} [L0}[L1}[12} 13} 14}[L5} [16}[17} 8} 19} (20} 28} 29} 30} 31
B2, 83,3455}, 36, (37} 8, B9 [0} AT, 42 3, A4, 45 {6, 47, 48, {49, 50, 5T, 52 3} 54 55 56,
7, 58 5960, 613 6263, 64 65} 66, 67 63} 69 10, (71472, 3, [74 75} 76, [77 78, 1% B0, BT,
[82 /83, (8% 18536, 87 {83} 89}, 99} (.00} (LU, (102} 1073} [0 (10} (06 107} (LU} 09} L0} (L1
[T} (LT3} T4 [TT5 [T16, [TT7, [TT8} [T9), (120 (21} (122} 123 (124} (125 (126, [[27, [[28, [129), [[30)
[131}[[32}[33}[134] }

F(-1) timedout fail {[91[02}
F(-2) exception fail {[21[22/[23/[24 }
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Mupad
A grade { }

B grade {00}
C grade { }
F normal fail { }

F(-1) timedout fail {[1}[2}[3} 4[5} [6}[7,8}[9%} [0} 11} [12}[13}[14}[15}[16} 17, 18} 19} 20} |21} ]2}
[23}[24}[25} 126} [27, 28}, 29,130} 31}, 32, 33}, 34,135}, 136}, 37}, B8}, 39} [0, A1}, 12, 13}, A4, 45, 46, A7,
48,149, 50} 51} 52, 53} 54} (55 (56} 57} [68) 59} 60} (611 [62} 63} (64} (65} (66} (67, 68} (69} [70} [7 1} [72,
[73}[74} [75, 76} [77,[78} [79} 180}, BT} 82} 183, [84}, 85}, [86}, 87} 88} [89, 91}, 92, 93} 94}, 95}, 96}, 57}, 08,
(99} [T00} [0} 102}, [L03} (104} [T05} [L06), 07} (108} [T09) [T10} I}, 112} [TT3} [[14} TT5} 116} 117,
[118} [L19}[120} [121} [122} 123} [124} 125} [126} [127} [128) [129} 130} [131} 132}, [L33] [134] }

F(-2) exception fail { }

Sympy

A grade { }
B grade { }
C grade { }

F normal fail {[L},[2}[3} 4} 5,[6} [7}[8 % [L0} [L1} [[2}[[3} 18} 19} 20} 21} 22} 23} [24} [25} [26} 27} 28}
29,80, 81}, 82, 33, 34, 35}, 36, 37, 38, 39, A0, AT, A2, A3, 44, (45, (46, (47, A48, 49, 50, 5T, 52, 53,
54,55, 56, 57, 58, 59, 60, 6T}, 62, 63, 64, 65, 66, 67, 68, 69 [70, [714 [724[73} [74, [75, [764[7 7, [78),
79,180}, 81},82, 83, 84, 85}, 86}, 87, 88, 89, 90, 9T}, 92, 93, 94, 95, 96, [97], 98, 99, [100, [10T}, 102,
[L03}[104} 105, [106}, 107}, [108} [109} 110}, 11T} 112} [T13, 114} [T15} 116} 117} 118} [119}[120} 12T}
[122][123}[124] [125][126][127][128][129}[130} [131],[132], [133] [134] }

F(-1) timedout fail {[14[15/[16/17 }
F(-2) exception fail { }
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Reduce
A grade { }

B grade {[90}[96] }
C grade { }

F normal fail { [1))B,M 5,6, 80 10U} (23} (45} 16,7} (5,0, 20| 2 P2 ) 2
25,26} [27], 28, [29} 30}, 3T}, [32} 33, 134} 35}, 364 37} 38}, [39, 40} (41}, 42} 3} 44}, (45, 46, [£7], 43, 49,
50,61}, 52, 53} 64} 551, [56} 67}, 58, [59} (60}, 611, (62} (63}, 64, [65} (66, (67, (68} (69} [704 [T}, [72, [73} [T}
[75} 76}, [77} [78,, [79} (80 {81}, [82} {83} 84, [85), 86} [87], B8} [89}, 91} [92, [93} 94} [95}, 97, (98}, 99} 100, [10T}
[102,[103},[104, 105}, 106}, 107, [T08},[109} [TT0}, 11T}, 112} [TT3} [TT4} [TT5], 116} 117, [T18} [TT9}, 120,
[T21,[T22) 123 (24 125} 26,127 128 129} 130, 131, 132, 133 134 )

F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 405 706 817 434 0 0 0 0 613 0

N.S. 1 1.74  2.02 1.07 0.00 0.00 0.00  0.00 1.51 0.00
time (sec) N/A 0.934 11911 5.352 0.000  0.000 0.000 0.000 0.400  0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A F  F() F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 336 554 362 368 0 0 0 0 386 0

N.S. 1 165 108 110 000 000 000 000 115  0.00
time (sec) N/A | 0801 11.620 2309  0.000 0.00 0.00 0.000 0.343  0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C B F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 274 375 497 456 0 0 0 0 249 0

N.S. 1 1.37 181 1.66 0.00 0.00 0.00  0.00 0.91 0.00

time (sec) N/A 0.562 11.093 2.340 0.000 0.000 0.000 0.000 0.290 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 259 398 490 385 0 0 0 0 253 0
N.S. 1 1.54  1.89 1.49 0.00 0.00 0.00 0.00 0.98 0.00
time (sec) N/A 0.695 11.059 2.500 0.000  0.000 0.000 0.000 0.311 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 293 377 613 404 0 0 0 0 270 0
N.S. 1 1.29  2.09 1.38 0.00 0.00 0.00 0.00 0.92 0.00
time (sec) N/A 0.626 11.220 4.392 0.000  0.000 0.000 0.000 0.417  0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 355 523 781 455 0 0 0 0 462 0
N.S. 1 147 220 1.28 0.00 0.00 0.00 0.00 1.30 0.00
time (sec) N/A 0.801 11.635 4.948 0.000  0.000 0.000 0.000 0.502 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 330 346 352 357 0 0 0 0 389 0
N.S. 1 1.06  1.07 1.08 0.00 0.00 0.00 0.00 1.18 0.00
time (sec) N/A 1.248 11.484 5.097  0.000 0.000 0.000 0.000 0.371 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 268 276 367 430 0 0 0 0 206 0
N.S. 1 1.03  1.37 1.60 0.00 0.00 0.00 0.00 0.77 0.00
time (sec) N/A 0.888 10.983 4.679 0.000  0.000 0.000 0.000 0.294 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 212 215 193 329 0 0 0 0 89 0
N.S. 1 1.01 091 1.55 0.00 0.00 0.00 0.00 0.42 0.00
time (sec) N/A 0.639 10.518 1.128 0.000  0.000 0.000 0.000 0.219 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 136 136 129 173 0 0 0 0 86 0
N.S. 1 1.00  0.95 1.27 0.00 0.00 0.00 0.00 0.63 0.00
time (sec) N/A 0.373 10.385 0.669 0.000  0.000 0.000 0.000 0.214 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 208 208 318 214 0 0 0 0 86 0
N.S. 1 1.00  1.53 1.03 0.00 0.00 0.00 0.00 0.41 0.00
time (sec) N/A 0.480 10.554 1.618 0.000  0.000 0.000 0.000 0.290 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 275 314 460 314 0 0 0 0 212 0
N.S. 1 1.14  1.67 1.14 0.00 0.00 0.00 0.00 0.77 0.00
time (sec) N/A 0.578 10.961 2.092 0.000  0.000 0.000 0.000 0.378 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 353 494 650 441 0 0 0 0 336 0
N.S. 1 140 1.84 1.25 0.00 0.00 0.00 0.00 0.95 0.00
time (sec) N/A 0.765 11.519 3.824 0.000  0.000 0.000 0.000 0.454 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F(-1) F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 405 597 577 704 0 0 0 0 1571 0
N.S. 1 1.47  1.42 1.74 0.00 0.00 0.00 0.00 3.88 0.00
time (sec) N/A 0.995 11.771 12373 0.000 0.000 0.000 0.000 1.355 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F(-1) F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 367 493 358 975 0 0 0 0 919 0
N.S. 1 1.3 0.98 2.66 0.00 0.00 0.00 0.00 2.50 0.00
time (sec) N/A 0.841 11.624 2.362 0.000  0.000 0.000 0.000 1.067  0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F(-1) F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 319 366 417 850 0 0 0 0 587 0
N.S. 1 1.15 131 2.66 0.00 0.00 0.00 0.00 1.84 0.00
time (sec) N/A 0.689 11.199 1.728 0.000  0.000 0.000 0.000 0.836 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 311 311 307 742 0 0 0 0 131 0
N.S. 1 1.00  0.99 2.39 0.00 0.00 0.00 0.00 0.42 0.00
time (sec) N/A 0.624 11.522 1.158 0.000  0.000 0.000 0.000 0.696 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 306 306 407 530 0 0 0 0 128 0
N.S. 1 1.00 1.33 1.73 0.00 0.00 0.00 0.00 0.42 0.00
time (sec) N/A 0.585 11.032 0.663 0.000  0.000 0.000 0.000 0.721 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 388 448 534 486 0 0 0 0 579 0
N.S. 1 1.15  1.38 1.25 0.00 0.00 0.00 0.00 1.49 0.00
time (sec) N/A 0.806 11.279 4.950 0.000  0.000 0.000 0.000 0.695 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 460 546 727 663 0 0 0 0 909 0
N.S. 1 1.19  1.58 1.44 0.00 0.00 0.00 0.00 1.98 0.00
time (sec) N/A 0.889 11.683 7.480 0.000  0.000 0.000 0.000 0.602 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-1) F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 254 272 226 295 0 0 0 0 103 0
N.S. 1 1.07  0.89 1.16 0.00 0.00 0.00 0.00 0.41 0.00
time (sec) N/A 1.318 1.113 0.937 0.000  0.000 0.000 0.000 0.261 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-1) F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 191 202 184 243 0 0 0 0 103 0
N.S. 1 1.06  0.96 1.27 0.00 0.00 0.00 0.00 0.54 0.00
time (sec) N/A 0.954 0.801 0.761 0.000  0.000 0.000 0.000 0.245 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 138 142 144 198 0 863 0 0 101 0
N.S. 1 1.03 1.04 1.43 0.00 6.25 0.00 0.00 0.73 0.00
time (sec) N/A 0.627 0.623 0.630 0.000 46.114 0.000 0.000 0.219 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-1) F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 143 143 164 208 0 0 0 0 98 0
N.S. 1 1.00 1.15 1.45 0.00 0.00 0.00 0.00 0.69 0.00
time (sec) N/A 0.484 1.015 0.518 0.000  0.000 0.000 0.000 0.232 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 138 138 155 209 0 902 0 153 97 0
N.S. 1 1.00 1.12 1.51 0.00 6.54 0.00 1.11 0.70 0.00
time (sec) N/A 0.454 0.724 0.654 0.000 0.828 0.000 0.154 0.280 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 189 207 190 252 0 1266 0 311 98 0
N.S. 1 1.10 1.01 1.33 0.00 6.70 0.00 1.65 0.52 0.00
time (sec) N/A 0.544 1.377 0.763 0.000 1.867 0.000 0.181 0.327 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 253 282 246 309 0 1609 0 556 100 0
N.S. 1 1.11 097 1.22 0.00 6.36 0.00 2.20 0.40 0.00
time (sec) N/A 0.605 1.712 1.102 0.000 2.328 0.000 0.209 0.400 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 702 675 406 405 0 0 0 0 363 0
N.S. 1 096  0.58 0.58 0.00 0.00 0.00 0.00 0.52 0.00
time (sec) N/A 1.815 11.740 6.059 0.000  0.000 0.000 0.000 0.381 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 581 591 456 546 0 0 0 0 186 0
N.S. 1 1.02  0.78 0.94 0.00 0.00 0.00 0.00 0.32 0.00
time (sec) N/A 1.258 11.111 5.199 0.000  0.000 0.000 0.000 0.315 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 516 529 211 370 0 0 0 0 121 0
N.S. 1 1.03 041 0.72 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 0.875 10.598 1.156 0.000  0.000 0.000 0.000 0.228 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 534 554 422 317 0 0 0 0 121 0
N.S. 1 1.04  0.79 0.59 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 1.118 10.938 1.856 0.000  0.000 0.000 0.000 0.306 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 593 613 549 345 0 0 0 0 201 0
N.S. 1 1.03  0.93 0.58 0.00 0.00 0.00 0.00 0.34 0.00
time (sec) N/A 1.669 11.148 3.979 0.000  0.000 0.000 0.000 0.427 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F C C F F F F F F(-1)
verified N/A N/A No Yes TBD TBD TBD TBD TBD TBD
size 723 0 822 494 0 0 0 0 316 0
N.S. 1 0.00 1.14 0.68 0.00 0.00 0.00 0.00 0.44 0.00
time (sec) N/A 0.000 11.680 4.448 0.000  0.000 0.000 0.000 0.615 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 874 0 0 0 0 0 0 0 1029 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.18 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.584 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 737 0 0 0 0 0 0 0 737 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.205 0.000
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 623 0 0 0 0 0 0 0 458 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.74 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.937  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 530 0 0 0 0 0 0 0 482 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.91 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.143 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 524 0 0 0 0 0 0 0 454 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.87 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.659 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 551 0 0 0 0 0 0 0 1526 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 2,77 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 6.282 0.000
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 488 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 8.081 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 583 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 18.179  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 700 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 105.305 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 874 0 0 0 0 0 0 0 1029 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.18 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 2.051 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 732 0 0 0 0 0 0 0 737 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.01 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.886 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 620 0 0 0 0 0 0 0 690 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.11 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.662 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 569 0 0 0 0 0 0 0 806 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.42 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 2.238 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 592 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 7.971 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 637 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 16.342  0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 582 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 23.670 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 700 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 126.287 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 825 0 0 0 0 0 0 0 32 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.029 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 738 0 0 0 0 0 0 0 737 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.274 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 629 0 0 0 0 0 0 0 459 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.73 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.991 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 538 0 0 0 0 0 0 0 291 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.54 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.731 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 488 0 0 0 0 0 0 0 244 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.50 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.898 0.000
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 486 0 0 0 0 0 0 0 308 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.63 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.311 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 413 0 0 0 0 0 0 0 1063 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 2.57 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 3.619 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 492 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 8.644 0.000
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 588 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 18.494  0.000
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 673 0 0 0 0 0 0 0 1491 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 2.22 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 2.861 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 580 0 0 0 0 0 0 0 1070 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.84 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.567  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 546 0 0 0 0 0 0 0 679 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.24 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.227  0.000
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 518 0 0 0 0 0 0 0 855 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.65 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.278 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 431 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 4.848 0.000
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 503 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 6.617 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 593 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 19.154 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 668 0 0 0 0 0 0 0 461 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.69 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.119 0.000
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 551 0 0 0 0 0 0 0 234 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.42 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.792 0.000
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 476 0 0 0 0 0 0 0 151 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.32 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.429 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 427 0 0 0 0 0 0 0 131 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.31 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.617 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 368 0 0 0 0 0 0 0 254 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.69 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.432 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 445 0 0 0 0 0 0 0 1063 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 2.39 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 4.157 0.000
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 546 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 7.610 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 662 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 17.122  0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 815 0 0 0 0 0 0 0 933 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.14 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.864 0.000
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 676 0 0 0 0 0 0 0 517 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.76 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.295 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 558 0 0 0 0 0 0 0 350 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.63 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.951 0.000
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 501 0 0 0 0 0 0 0 185 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.37 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.085 0.000
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 497 0 0 0 0 0 0 0 311 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.63 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 2.074 0.000
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 452 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 5.475 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 561 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 11.869  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 691 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 29.875  0.000
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 842 0 0 0 0 0 0 0 1657 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.97 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 2.885 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 717 0 0 0 0 0 0 0 1418 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.98 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 2.378 0.000
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 658 0 0 0 0 0 0 0 669 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.02 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.499 0.000
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 547 0 0 0 0 0 0 0 503 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.92 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.343 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 529 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 5.503 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 55
Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 669 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 10.317  0.000
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 840 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 25.513  0.000
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F B F A B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 7 114 81 81 0 150 0 80 268 397
N.S. 1 1.48 1.05 1.05 0.00 1.95 0.00 1.04 3.48 5.16
time (sec) N/A 0.368 0.199 0.481 0.000 0.066 0.000 0.114 0.235 0.788
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F(-2) F(-1) F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 273 273 310 366 0 0 0 0 114 0
N.S. 1 1.00 1.14 1.34 0.00 0.00 0.00 0.00 0.42 0.00
time (sec) N/A 0.416 0.286 0.970 0.000  0.000 0.000 0.000 0.351 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F(-2) F(-1) F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 421 438 310 364 0 0 0 0 115 0
N.S. 1 1.04 0.74 0.86 0.00 0.00 0.00 0.00 0.27 0.00
time (sec) N/A 0.610 10.694 0.990 0.000  0.000 0.000 0.000 0.336 0.000
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 82 88 72 69 0 81 0 81 67 0
N.S. 1 1.07  0.88 0.84 0.00 0.99 0.00 0.99 0.82 0.00
time (sec) N/A 0.567 0.247 0.026 0.000 0.079 0.000 0.142 0.264 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 64 63 49 0 74 0 74 67 0
N.S. 1 1.02  1.00 0.78 0.00 1.17 0.00 1.17 1.06 0.00
time (sec) N/A 0.465 0.178 0.410 0.000  0.077 0.000 0.130 0.262 0.000
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 45 49 37 0 62 0 62 65 0
N.S. 1 096 1.04 0.79 0.00 1.32 0.00 1.32 1.38 0.00
time (sec) N/A 0.274 0.163 0.171 0.000 0.083 0.000 0.119 0.248 0.000
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 42 42 0 78 0 78 102 0
N.S. 1 1.00 0.79 0.79 0.00 1.47 0.00 1.47 1.92 0.00
time (sec) N/A 0.295 0.179 0.212 0.000 0.081 0.000 0.130 0.291 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 40 42 0 67 0 80 137 0
N.S. 1 1.00 0.87 0.91 0.00 1.46 0.00 1.74 2.98 0.00
time (sec) N/A 0.323 0.192 0.163 0.000  0.073 0.000 0.123 0.249 0.000
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 93 93 68 79 0 119 0 163 67 0
N.S. 1 1.00 0.73 0.85 0.00 1.28 0.00 1.75 0.72 0.00
time (sec) N/A 0.387 0.255 0.431 0.000 0.082 0.000 0.151 0.227  0.000
Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 152 154 159 239 0 124 0 0 111 0
N.S. 1 1.01  1.05 1.57 0.00 0.82 0.00 0.00 0.73 0.00
time (sec) N/A 0.592 10.339 1.175 0.000  0.109 0.000 0.000 0.198 0.000
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 138 140 126 308 0 119 0 0 69 0
N.S. 1 1.01 091 2.23 0.00 0.86 0.00 0.00 0.50 0.00
time (sec) N/A 0.489 10.238 0.574 0.000  0.110 0.000 0.000 0.179 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 69 69 95 188 0 52 0 0 66 0
N.S. 1 1.00 1.38 2.72 0.00 0.75 0.00 0.00 0.96 0.00
time (sec) N/A 0.304 10.172 0.553 0.000  0.097 0.000 0.000 0.187  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 155 155 164 241 0 115 0 0 65 0
N.S. 1 1.00  1.06 1.55 0.00 0.74 0.00 0.00 0.42 0.00
time (sec) N/A 0.388 10.309 0.812 0.000  0.095 0.000 0.000 0.183 0.000
Problem 103] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 180 180 217 339 0 130 0 0 124 0
N.S. 1 1.00 1.21 1.88 0.00 0.72 0.00 0.00 0.69 0.00
time (sec) N/A 0.454 10.444 1.139 0.000  0.095 0.000 0.000 0.217  0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 1604 0 0 0 0 0 0 0 36 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.028 0.000
Problem 105 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 1229 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 4.858 0.000
Problem 106| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 964 0 0 0 0 0 0 0 1034 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.07 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 2.786 0.000
Problem 107| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 805 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 3.734 0.000
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Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 760 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 13.685  0.000
Problem 109 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 816 0 0 0 0 0 0 0 36 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.027 0.000
Problem 110, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 726 0 0 0 0 0 0 0 36 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.027 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 958 0 0 0 0 0 0 0 36 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.026 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 1295 0 0 0 0 0 0 0 36 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.027 0.000
Problem 113 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 1576 0 0 0 0 0 0 0 36 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.023 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 1241 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 4.540 0.000
Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 993 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 6.062 0.000
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Problem 116| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 874 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 15.508  0.000
Problem 117| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 882 0 0 0 0 0 0 0 36 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.031 0.000
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 1013 0 0 0 0 0 0 0 36 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.164 0.000
Problem 119 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 954 0 0 0 0 0 0 0 36 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.026 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 63
Problem 120, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 1306 0 0 0 0 0 0 0 36 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.027 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 1746 0 0 0 0 0 0 0 36 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.026 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 806 0 0 0 0 0 0 0 360 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.45 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.879 0.000
Problem 123 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 697 0 0 0 0 0 0 0 33 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.200 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 634 0 0 0 0 0 0 0 37 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.368 0.000
Problem 125 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 483 0 0 0 0 0 0 0 1105 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 2.29 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 5.458 0.000
Problem 126| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 619 0 0 0 0 0 0 0 0 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 44.399 0.000
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 851 0 0 0 0 0 0 0 41 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.025 0.000
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Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 1032 0 0 0 0 0 0 0 1178 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 1.14 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 3.372 0.000
Problem 129, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 819 0 0 0 0 0 0 0 575 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.70 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 1.859 0.000
Problem 130, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 722 0 0 0 0 0 0 0 1487 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 2.06 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 2.636 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 719 0 0 0 0 0 0 0 1508 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 2.10 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 5.281 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 66
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 626 0 0 0 0 0 0 0 46 0
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.031 0.000
Problem 133 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 865 0 0 0 0 0 0 0 46 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.030 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 1220 0 0 0 0 0 0 0 46 0
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.027 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio I%ﬁg?;&fi glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[7] had the largest ratio of [.468750000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of no‘rmajlize'd integrand umber of rules
# | grade Slfseepds u;z;il;e antlf;ns‘i’:zwe leaf size integrand leaf size
1] A 2 2 1.74 32 0.062
% A 2 2 1.65 32 0.062
3| A 2 2 1.37 29 0.069
4 A 2 2 1.54 32 0.062
i A 2 2 1.29 32 0.062
6} A 2 2 1.47 32 0.062
7] A 15 15 1.05 32 0.469
3] A 13 13 1.03 32 0.406
9 A 10 10 1.01 32 0.312
10j A ) ) 1.00 29 0.172
11 A 2 2 1.00 32 0.062
12} A 2 2 1.14 32 0.062
13] A 2 2 1.40 32 0.062
14] A 2 2 1.47 32 0.062
15 A 2 2 1.34 32 0.062
16} A 2 2 1.15 32 0.062
17] A 2 2 1.00 32 0.062
g | A 2 2 1.00 29 0.069
19 A 2 2 1.15 32 0.062
20) A 2 2 1.19 32 0.062
21] A 15 14 1.07 36 0.389
Continued on next page
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Table 2.1 — continued from previous page
number of number of normalized . d
# grade steps unique antiderivative 1111(::;5:; iﬁ%ggﬁﬁ%ié?ﬁi o
used rules leaf size
22 | A 14 13 1.06 36 0.361
23 | A 12 11 1.03 34 0.324
o4 | A 2 2 1.00 36 0.056
25 | A 2 2 1.00 36 0.056
26 | A 2 2 1.10 36 0.056
21 | A 2 2 1.11 36 0.056
28 | A 11 11 0.96 36 0.306
29 | A 9 9 1.02 36 0.250
300 | A 7 7 1.03 33 0.212
31 [ A 9 9 1.04 36 0.250
B | A 12 12 1.03 36 0.333
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand sumber of rules
# | grade Slf:fj u:;i;e antlfaefrlsflf::ve leaf sige | Mtegrand leaf size
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
67 | F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
7 grade Slf::: u:li;i:e antlfaefrls\;:zwe leaf size integrand leaf size
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
90l | A 11 10 1.48 28 0.357
91 | A 1 1 1.00 41 0.024
92 | A 3 3 1.04 42 0.071
93 | A 10 9 1.07 30 0.300
94 | A 10 9 1.02 30 0.300
95 | A 7 6 0.96 28 0.214
96 | A 2 2 1.00 30 0.067
97 | A 2 2 1.00 30 0.067
98 | A 2 2 1.00 30 0.067
99 | A 10 9 1.01 30 0.300
100/ A 7 6 1.01 30 0.200
101/ A 5 4 1.00 27 0.148
102 A 2 2 1.00 30 0.067
o3| A 2 2 1.00 30 0.067
F 0 0 N/A 0.000 N/A
105|| F 0 0 N/A 0.000 N/A
l106/| F 0 0 N/A 0.000 N/A
7| F 0 0 N/A 0.000 N/A
108/| F 0 0 N/A 0.000 N/A
109/| F 0 0 N/A 0.000 N/A
110|| F 0 0 N/A 0.000 N/A

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand sumber of rules
# grade Slf::: uz;i:e antlfaefr;:zlve leaf size integrand leaf size
11| F 0 0 N/A 0.000 N/A
112)| F 0 0 N/A 0.000 N/A
13| F 0 0 N/A 0.000 N/A
14| F 0 0 N/A 0.000 N/A
115 F 0 0 N/A 0.000 N/A
l116/| F 0 0 N/A 0.000 N/A
17| F 0 0 N/A 0.000 N/A
118| F 0 0 N/A 0.000 N/A
19| F 0 0 N/A 0.000 N/A
20| F 0 0 N/A 0.000 N/A
121| F 0 0 N/A 0.000 N/A
122/| F 0 0 N/A 0.000 N/A
23| F 0 0 N/A 0.000 N/A
24| F 0 0 N/A 0.000 N/A
125/ F 0 0 N/A 0.000 N/A
126/| F 0 0 N/A 0.000 N/A
27| F 0 0 N/A 0.000 N/A
128 | F 0 0 N/A 0.000 N/A
29| F 0 0 N/A 0.000 N/A
1130/ F 0 0 N/A 0.000 N/A
131 F 0 0 N/A 0.000 N/A
132]| F 0 0 N/A 0.000 N/A
1133/| F 0 0 N/A 0.000 N/A
134| F 0 0 N/A 0.000 N/A
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3.84 f x2 (A—}-BzQ—l—C:c‘l—}-Dzs) d

(dree? P acat T oo e e e e e e e e e e e e e e e
3.85 @f;;gffj% 2
3.86 A(;fmztcfjffi AT .
3.87 f&fﬁcfj’fil AT .
3.88 g‘(j;fxwtgx“jfji dT .
3.89 ;“&fgt%ﬁi dT .
390 [ m+’;2+z4) AT . .
B9l [ —dr .
392 [ bl e dm. .
893 [ il dT
3.04 | m&% AT .
895 [ ol dn
396 [- q ﬂfﬁfﬂﬁ —dT
397 [ mmradT
398 [ g AT
899 [l dm
3.100 [ m% AT . .
BI0L [ qrfrde oo
3.102 [ g +5>+3T2+z2 —dT
3.103 [ g +z§)+jﬁm2 —dT
3104 [z*(A+ Bz®)Vd+ex®>Va+br?+cexidr . .. ..o
3105 [z?(A+ Bz?)Vd+ex®Va+br?+cxidr . .. ...
3.106 [(A+ Bz?)vVd+er*Va+bz?+cztdr . ... ...
3107 [UWHBEVEreRVatbeTtel g
3108 [ UAHBEIVdelVatbettert g0
3109 [ ABEVarerVarbetet gy
3110 | <A+Bx2)‘/d+;§”“+”“2+“4 AT ..
3111 [ BEVdrerVarbe berl gy
3112 [ B VdvertVarbebel g

3.113 [z2(A+ Ba?) (d+ex®)**Va+ b +catdr . ... ...
3114 [(A+Baz?) (d+ex?)**Va+bZ+edd. .. ... ...
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3115 [ AHBe)ate) W arbetvert g Y
3116 | (A+Bx2)(d+e’2)/ e RS
3117 [ AtBr)(dre 2)3/ e R3]
3.118 [ (A+Be])(dte 2)/ e B30
3119 [ (A+B’”2)(d+“;20/ R RAT]
3120 [ B ket Patblbent g 816
gag1 [ WHBE) ety Patbtbert g 851
3122 [ d+2j5::§i Lz R56]
3123 [ABEEOT _dp . L 62
3124 [ AABTACR __dp 67
3125 [ ABTACR__dp. BT
31260 [ ATBTAC _dp . L B8
3127 [ BTG —dp . RRA]
3128 [ ’”i/(;“j fj”jjf::;r’z;f) AT . . RRE
3120 [ BELOTADT p
3130 [ ARBLHOEEDY _qp 901l
3181 [ AEBTCEDS gy 907
3182 [ AEBTHCEDT qp 913
3183 [ AEBLORADS qp 918
3.134 ALB? 04 Da® gy 923

210\/d+ex2v/a+bxr2+cx?
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f zt (A—I—BCE2) Va—cz?

3.1 dx

c+dz?
Optimal result . . . . . . . . . . . . e rdr
Mathematica [C] (verified) . . . . . . . . . ... . L 78
Rubi [A] (verified) . . . . . . . . . 79
Maple [A] (verified) . . . . . . . . . . 82
Fricas [F(-1)] . . . . . o o B3
Sympy [F] . . o e ’3
Maxima [F] . . . . . . ]R3
Giac [F] . . . o o o k!
Mupad [F(-1)] . . . .o !
Reduce [F] . . . . . o o e !

Optimal result

Integrand size = 32, antiderivative size = 405

/ z*(A+ Bz?) Va — cxt
dx
c + dz?
_ (1B = TA*d — 2aBd*) xv/a — cx*  (Bc— Ad)z*va — ca? N Bz®va — cx*
B 21cd3 5d? 7d
3/4(Be — 3_ 9,72 ot (Ve )|
+a, (Bc — Ad) (5¢* — 2ad?) /1 CE]:'](arcsm({/a)’ 1)
5¢3/4d*/a — cxt
va(21y/a\/cd(Bc — Ad) (5¢ — 2ad?) — 5(7TAPd(3c® — 2ad?) — B(21¢® — 14ac®d® — 2a%d*))) /1 —

105c5/4d5/a — cx*
4
Vac*4(Bc — Ad) (¢® — ad?) /1 — % EllipticPi <—%, arcsin <%> ,—1>

_|_
d®va — cxt
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1/21% (=T*A*xc~2xd-2xB*a*xd~2+7*Bxc~3) *x* (—c*x~4+a) ~(1/2) /c/d~3-1/5% (-A*d+B*c
Y*x" 3% (—c*x~4+a) " (1/2) /d"2+1/T*Bxx"5* (—c*x~4+a) " (1/2) /d+1/5*%a~ (3/4) * (~A*d+
B*c) * (—2*a*xd~2+5*c”3) *(1-c*x~4/a) " (1/2)*EllipticE(c~ (1/4)*x/a~(1/4) ,I)/c~(
3/4)/474/ (-c*x~4+a) " (1/2)-1/105*%a~ (1/4) *(21*a~ (1/2) *c~(1/2) *d* (-A*d+Bx*c) * (
—2%a*d"2+5%c"3) —35xAxc” 2kd* (-2%a*d"2+3*c"3) +5xBx (—2*a~2kd"4-14*a*c”3*d"2+2
1%c”6))*(1-c*x~4/a) "~ (1/2) *E1llipticF(c~(1/4)*x/a~(1/4) ,I1)/c~(5/4) /d"5/ (-c*x
~4+a)~ (1/2)+a~(1/4) *c~(3/4) * (~A*d+B*c) * (—a*d~2+c~3) *(1-c*x~4/a) ~(1/2) *E11li
pticPi(c~(1/4)*x/a"~(1/4),-a~(1/2)*d/c~(3/2) ,I)/d"5/(-c*xx~4+a) ~(1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.91 (sec) , antiderivative size = 817, normalized size of antiderivative = 2.02

¢+ dx? dz

_ 35aB —\/igc?’dzx — 35aA,/ —\/igczd?’x —10a’B,/ —\/igd‘lx —21aB,/ —\/igczd?’w?‘ +21aA,/ —\/igcd‘lac3 -

/ 1*(A + Bx?)Va — cat

input Integrate[(x~4*(A + B*x~2)*Sqrt[a - c*x~4])/(c + d*x~2),x]




output
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(35xaxB*Sqrt [-(Sqrt [c]/Sqrt[al)]*c~3*d"2*x - 35xaxA*Sqrt[-(Sqrtlc]/Sqrt[al

)Ixc™2+%d"3*x - 10%a~2*BxSqrt[-(Sqrt[c]/Sqrtl[al)]*d”~4*x - 21xa*B*Sqrt[-(Sqr
t[cl/Sqrt[al)]*c™2*d"3*x~3 + 21*a*AxSqrt[-(Sqrt[c]/Sqrt[al)]*c*d"4*x~3 - 3
5xBxSqrt [- (Sqrt [c]/Sqrt[al)]*c™4*d~2%x"5 + 35*AxSqrt[-(Sqrt[c]/Sqrtlal)]*c
~3%d"3*x"5 + 25%a*B*Sqrt[-(Sqrt[cl/Sqrt[al)]*c*d~4*x~5 + 21*B*Sqrt[-(Sqrt[
cl/8qrt[al)I*c~3*d"3*x~7 - 21*A*Sqrt[-(Sqrt[cl/Sqrtl[al)]*c”2+%d"~4*x~7 - 15%
BxSqrt [-(Sqrt [c]/Sqrt[al)]1*c™2xd~4*x~9 + (21*I)*Sqrt[al*Sqrt[c]*d*(B*c - A
*d) * (-5*c~3 + 2*a*d~2)*Sqrt[1 - (c*x~4)/a]*EllipticE[I*ArcSinh[Sqrt[-(Sqrt
[c]1/Sqrtl[al)]*x], -1] - Ix(7*A*Sqrtl[c]l*d*(15*c~(9/2) + 15*Sqrt[al*c”3*d -
10*a*xc™(3/2)*d"2 - 6%a~(3/2)*d"3) + B*(-105%c”6 - 105%Sqrt[al*c~(9/2)*d +
TOxaxc™3%d~2 + 42*a”~(3/2)*c~(3/2)*d"3 + 10*a~2*d"4))*Sqrt[1 - (c*x"4)/al*E
1lipticF[I*ArcSinh[Sqrt [-(Sqrt[c]l/Sqrt[al)]*x], -1] - (105%I)*Bxc~6+Sqrt[1
- (c*x”4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlc]l/
Sqgrt[al)I*x], -1] + (105*I)*Axc”~5*d*Sqrt[1 - (c*x~4)/al*EllipticPi[-((Sqrt
[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrt[c]/Sqrtlal)l*x], -1] + (105%I)*axB*
c~3*d"2#Sqrt[1 - (c*x~4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[S
qrt [-(Sqrt[cl/Sqrtl[al)]*x], -1]1 - (105*I)*a*Axc~2*d~3*Sqrt[1 - (c*x"4)/al*
EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrt[cl/Sqrt[al)]*x],

-11)/(105*Sqrt [-(Sqrt [c]/Sqrt [a])I*c*d~5*Sqrt[a - c*x~4])

Rubi [A] (verified)

Time = 0.93 (sec) , antiderivative size = 706, normalized size of antiderivative = 1.

number of steps used = 2, number of rules used =
used = {2249, 2009}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

dz

(/ z*va — cz*(A + Bz?)

c+ dz?
l 92249

74,

—2 number of rules _ 062, Rules

/ ( c(c® —ad?) (Bc— Ad)  2?(c® —ad?) (Bc— Ad) a*(—aBd? — Ac?d + Bc®)  aAc?d® — aBc’d? — A

_|_ i
d®va — cz? d4a — cz? d3va — cx?
l 2009

d®va — czt (c+
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4
3a7/4,/1 — %(Bc — Ad) EllipticF <arcsin < {ﬁ) ,—1)
- +

5c3/4d2v/a — cxt

7/4 __cx? . . 3 Cx _

3a’/*\/1 - “~(Bc Ad)E(arcsm( %N 1) )
5c3/4d2\/a — cx?
4 . . [ Ve
a3/ (c3 — ad2) \/1— %-(Bc — Ad) EllipticF (arcsm < \4/\/_5> ,—1) N
YTy e
4
a®/*(c® — ad?) /1 — %(Bc - Ad)E<arcsin < \4/\/55> ' - 1>

Slidina = ot -

4 oo g . y Cx

a®*\/1 — <= (—aBd? — Ac*d + Bc?) EllipticF (arcsm ( \{//_a ) , —1>

3c5/4d3v/a — czt

9/an . [1 _ cxt Tilings . ez

5a”/*B4/1 — < EllipticF (arcsm < a ) , 1> B
21c%/4dva — cxt
4
Vac*/4(c® — ad?) /1 — %4(36 — Ad) EllipticF <arcsin < {\%ﬂ) , —1)
_+_
d5va — cxt
4
Yac34(3 — ad?) /1 — <*(Bc — Ad) EllipticPi <—;§‘§fj arcsin ( {ﬁ) ,—1)
d®va — cx*
zva — cz*(Ac’d — B(c® — ad?)) _ 2*va — ce*(Bec — Ad) N 5aBzva — czt + Bz5va — cxt
3cd? 5d? 2lcd 7d
input LInt[(x"4* (A + B*x~2)*Sqrt[a - c*x"4])/(c + d*x~2),x] J
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(5*a*Bxx*Sqrt[a - c*x74])/(21xc*d) - ((A*c™2xd - B*(c™3 - a*d~2))*x*Sqrt[a
- cxx74])/(3*%cxd"3) - ((B*c - A*d)*x"3*Sqrtl[a - c*x74])/(5%d"2) + (Bxx"5*
Sqrtla - c*x74]1)/(7xd) + (3*a~(7/4)*(Bkc - A*d)*Sqrt[1 - (c*x"4)/al*Ellipt
icE[ArcSin[(c™(1/4)*x)/a~(1/4)]1, -11)/(56%c~(3/4)*d"2*Sqrt[a - c*x"4]) + (a
~(3/4)*(B*c - A*d)*(c”3 - a*d~2)*Sqrt[1l - (c*x~4)/a]l*EllipticE[ArcSin[(c~(
1/4)*x)/a~(1/4)]1, -11)/(c™(3/4)*d"4*Sqrt[a - c*x74]) - (5*a”(9/4)*B*Sqrt[1
- (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(21*c~(5/4)*d*Sq
rtla - c*x74]) - (3*a~(7/4)*(B*c - Axd)*Sqrt[1 - (c*x"4)/al*EllipticF[ArcS
in[(c™(1/4)*x)/a~(1/4)], -11)/(5%c™(3/4)*d"2xSqrt[a - c*x74]) - (a~(1/4)*c
~(3/4)*(B¥c - A*d)*(c”3 - axd"2)*Sqrt[1 - (c*x"4)/al*EllipticF[ArcSin[(c™(
1/4)*x)/a~(1/4)], -11)/(d"6xSqrt[a - c*x74]) - (a~(3/4)*(B*c - A*d)*(c"3 -
axd~2)*Sqrt[1 - (c*x"4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(c
~(3/4)*d"4xSqrta - cxx~4]) - (a~(5/4)*(B*c™3 - Axc™2*d - a*B*d~2)*Sqrt[1

- (c*x74)/al*EllipticF[ArcSin[(c™(1/4)*x)/a~(1/4)], -11)/(3*c~(5/4)*d~3*Sq
rtla - c*x74]) + (a~(1/4)*c~(3/4)*(B*c - A*d)*(c”3 - a*d~2)*Sqrt[1l - (c*x~
4)/a]*EllipticPi[-((Sqrt[al*d)/c~(3/2)), ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)
/(a"5*Sqgrt[a - c*x~4])

output

Defintions of rubi rules used

r

rukaZOOQLInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

\ /

rule 2949 TAt LPE*((E_ 0% (1))~ (m_)*((d)) + (e )*(x1)"2)7(q)*((a) + (c_)*(x)
“4)‘(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x"4], Px*(f*x) m*(d
|+ exx™2)"gqx(a + cxx"4)"(p + 1/2), x], x] /; FreeQl{a, c, d, e, £, m}, x] & |
‘& PolyQ[Px, x] & IntegerQlp + 1/2] && IntegerQ[q] |
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Maple [A] (verified)

Time = 5.35 (sec) , antiderivative size = 434, normalized size of antiderivative = 1.07

method | result

5 (14aA c2d3-214c%d—242B d4—14aB c3d2

o

z(—15Bz*cd?—21Acd?z?+21B c2dx?+35A c2d+10Ba d>—35B c3)v—cz¥+a

risch — 08B +
21— \/Ew 1+‘ﬁz ElllptlcF 21 ff 1— \/Ez 1+‘ﬁ”” Elhptu:F 21 ffdl \/Ez ,/
c?(Ad—Bc)
dzwl a\/—cm +a ,/ \/—cz +a
default

elliptic | Expression too large to display

input Lint (x~4% (B*x~2+A) * (~c*x~4+a) ~ (1/2) / (d*x~2+c) ,x,method=_RETURNVERBOSE) J

-1/105%x* (—15%Bxcxd~2*%x"4-21%A*c*d ™~ 2%x"2+21*%Bxc~2*d*x " 2+35*%A*c”2*d+10*B*ax*
d"2-35*%B*c~3) * (—c*x"4+a) ~(1/2) /c/d"3+1/105/c/d"3* (-5* (14*xA*a*xc~2%d~3-21*A*
c~5*d-2*B*xa~2*%d"4-14*B*a*c”~3*xd~2+21*%B*c~6)/d"2/(c"(1/2)/a~(1/2))~(1/2)*x(1-
c~(1/2)*x72/a~(1/2))~(1/2)*(1+c~(1/2)*x~2/a~ (1/2) ) ~(1/2) / (-c*x"4+a) " (1/2) *
EllipticF(x*(c™(1/2)/a~(1/2))"(1/2),1)-21%c~(1/2) /d* (2*xA*a*d~3-5xA*c~3*d-2
*Bxa*xckxd~2+5%Bxc”4)*a~ (1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/2)
)~ (1/2)*(1+c™(1/2)*x72/a~(1/2) )~ (1/2) / (-c*x~4+a) =~ (1/2) * (E1lipticF (x*(c~ (1/
2)/a~(1/2))~(1/2),I)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2),I))+105*c"~2* (Axa*
d~3-A*c”3*d-B*akcxd"2+B*c~4)/d"2/(c"(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a"
(1/72))~(1/2)*(1+c~(1/2)*x~2/a"~ (1/2) ) ~(1/2) / (-c*x~4+a) "~ (1/2) *E11lipticPi (x*(
c~(1/2)/a~(1/2))~(1/2) ,-a~(1/2)*d/c~(3/2) ,(-c~(1/2)/a~(1/2))~(1/2) /(c~(1/2
)/a~(1/2))"(1/2)))

output
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Fricas [F(-1)]

Timed out.
4 A B 2 [h 1
/a:( + Br’) Va—cx dz = Timed out
c+ dx?
inputLintegrate(x“4*(B*x‘2+A)*(-c*x“4+a)‘(1/2)/(d*x*2+c),x, algorithm="fricas")
outputkTimed out
Sympy [F]

¢+ dz? ¢+ dz?

/ (A—l—sz)\/m / (A+Bx2)\/m

input Lintegrate (x**4* (Bxx**x2+A) * (—ckx**k4+a) ¥* (1/2) / (d*x**2+c) ,x)

output LIntegral(x**Ll*(A + B¥x**2)*sqrt(a - c*x*x*4)/(c + d*x**2), x)

Maxima [F]

dx

/x4(A+Bx) a—cx4 /\/WBx + A)z?
¢+ da? dz? + c

inputLintegrate(x“4*(B*x‘2+A)*(-c*x“4+a)‘(1/2)/(d*x*2+c),x, algorithm="maxima")

outputtintegrate(sqrt(—c*x‘4 + a)*(Bxx~2 + A)*x~4/(d*x"2 + c), x)
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Giac [F]
1*(A + Bx?)Va — cat V—cz* + a(Bz® + A)z?
dz = dx
c + dz? dx2 +e
input tintegrate (x~4% (B*x"2+A) * (-c*xx~4+a) " (1/2) / (d*x~2+c) ,x, algorithm="giac") J
output Lintegrate(sqrt(-C*x% + a)*(B*x™2 + A)*x~4/(d*x"2 + c), x) J

Mupad [F(-1)]

Timed out.

¢+ dx? dz2 +c

/a:“(A-I—BxQ)\/md _/ (B z? +A)\/m

inputtint((xm*(A + Bxx"2)*(a - c*x"4)7(1/2))/(c + d*x~2),x) J
output Lint((x“4*(A + Bxx"2)*(a - c*x"4)"(1/2))/(c + d*x~2), x) J
Reduce [F]

/ z*(A + Bx?)Va — cm4
¢+ dx?

—10vV/—cz* + aabd?x — 35v/—cx* + aa c?dx + 21/ —cx* + aac d®x® + 35/ —cx* + abclz — 21/ —c

input Lint (x~4% (B*x~2+A) * (-c*x~4+a) ~(1/2) / (d*x~2+c) , %) J




output
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( - 10*sqrt(a - ckxx**4)*axbkxd**x2xx — 35ksqrt(a — ckxxk*4)*akxcx*2*d*x + 21*s

grt(a - cxx**x4)*axckxd*x2+x*x3 + 35*sqrt(a - cxx**x4)*bxc**3xx - 21*sqrt(a -
cxx**x4) xbkck*2xd*kx*x*3 + 15xsqrt(a — cxx**4)*bkckxd**2xx*x5 + 10*int(sqrt(a
- c*xx**x4) /(a*xc + akd*x*k*2 — ckx*kkx**k4d — ckxd*x*k*6) ,x)*kaxk2kbkxckd**x2 + 35%i
nt(sqrt(a - c*xx**4)/(akc + axd*x**2 — cx*2*x*k*4 — ckd*x**6) ,X)*a*x*x2*kcx*3xd
- 35xint(sqrt(a — cxx**4)/(a*xc + axd*x**2 — cx*k2xx**4 - ckd*x**6) ,x)*axb*
cx*4 + 42*xint ((sqrt(a — c*x*k*4)*xx*4)/(a*xc + axdxx**2 — Ck*2kx**4 — c*xd*kx*
*6) ,x)*kax*k2xckd**3 — 42xint((sqrt(a - cxx**4)*x**4)/(a*xc + axd*x**x2 — c**2
*xxkk4d — CkA*X**6) ,x)*kakbkckk2xd**2 - 105*int ((sqrt(a - c*x**4)*x**4)/(a*c
+ akxdkxk*k2 — cHk2xkx**k4 — ckdkx**6),x)*akck*kd*kd + 105*%int ((sqrt(a - c*x**x4)
*xxkx4) /(a*c + axdkx*k*2 — Ckkkx**4 — ckxd*xx**6) ,X)*b*c**5 + 10*int ((sqrt(a
- cxx*xx4)*x**2) /(a*xc + akdxx**2 - ckx2kx**4 — cxd*x**6),x)*a*x*2xbkxd*x*x3 - 2
8xint ((sqrt(a - ckx*x*4)*x**2)/(a*xc + axd* x**2 — cx*k2xx**4 — ckd*x**6),x)*a
*xk2kckk2kd**2 + 28xint ((sqrt(a — cxx**4)*x**2)/(axc + akd*x**2 — cH*x2*x*x4
- c*xd*x**6) ,x) *axbxck*x3*d) / (105*c*d**3)
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f z2 (A—I—BCE2) Va—cz?

3.2 dx

c+dz?
Optimal result . . . . . . . . . . .. . 86
Mathematica [C] (verified) . . . . . . . . . ... . L 87
Rubi [A] (verified) . . . . . . . . . 87
Maple [A] (verified) . . . . . . . . . . 89
Fricas [F(-1)] . . . . . o o 90
Sympy [F] . . o e OT]
Maxima [F] . . . . . . 1]
Giac [F] . . . o o o OT]
Mupad [F(-1)] . . . .o 92
Reduce [F] . . . . . o o e 92

Optimal result

Integrand size = 32, antiderivative size = 336

/ z?(A + Bz?) vVa — cz? dr — — (Bc— Ad)zva — cz* N Bz3va — cx*

¢ + dz? 342 5d
a®/*(5Bc® — 5Ac*d — 2aBd?) /1 — < E| arcsin @ -1
_ a \/a
5c¢3/4d3v/a — cxt
Va(5v/c(Be — Ad) (3¢* — 2ad®) + 3/ad(5Bc® — 5Ac*d — 2aBd?)) /1 - e EllipticF <arcsin ( \4\//_06_2
_|_
1563/4d%/a — cat
Va(Be — Ad) (¢* - ad®) \/1 — <" EllipticPi (_Zs%i arcsin ( \‘{//_(_Z) : —1)
) ved*a — cxt

-1/3% (—A*d+B*c) *x* (—c*x"4+a) " (1/2) /d"2+1/5+B*x~3* (—c*x~4+a) ~(1/2) /d-1/5*a"
(3/4) % (-5*A*c~2%d-2*B*a*d~2+5*%B*c~3) * (1-c*x~4/a) ~(1/2) *E1lipticE(c~ (1/4) *x
/a~(1/4),1)/c~(3/4)/d"3/(-cxx~4+a)~(1/2)+1/15*a~ (1/4) * (5xc~ (1/2) * (~A*d+B*c
Yk (—2*a*xd"2+3*c”3) +3*a” (1/2) *d* (-5*A*c~2*d-2*B*a*d~2+5*%B*xc~3) ) * (1-c*x~4/a)
~(1/2)*EllipticF(c~(1/4)*x/a~(1/4),1)/c~(3/4)/d"4/(~c*x"4+a)~(1/2)-a"~(1/4)
* (—A*d+B*c)* (—a*d~2+c~3)*(1-c*x~4/a) ~(1/2)*EllipticPi(c~(1/4)*x/a~(1/4) ,-a
~(1/2)*d/c~(3/2),1)/c~(1/4)/d"4/ (—c*x"4+a)~(1/2)

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.62 (sec) , antiderivative size = 362, normalized size of antiderivative = 1.08

/ z?(A + Bx?)Va — cx4
¢+ dx?

_3i\/ad(—5Bc* + 5ARd + 2aBd?) /1 — %E(iarcsmh( —§x> ‘ _ 1) +i(5AV/ed (3¢ + 3/acY/?d

input LIntegrate[(x‘%(A + B*x~2)*Sqrt[a - c*x~4])/(c + d*x~2),x] J

s >N

((-3*I)*Sqrt[al*d* (-5*B*c~3 + BkAxc™2*d + 2*a*xBxd~2)*Sqrt[1 - (c*x~4)/al*E
11ipticE[I*ArcSinh[Sqrt [-(Sqrt[c]l/Sqrt[al)]*x], -1] + Ix(5xA*Sqrt[c]*d*(3*
c~3 + 3*Sqrtlal*c~(3/2)*d - 2*a*d~2) + Bx(-15xc~(9/2) - 15#Sqrt[al*c~3xd +

10*a*c~(3/2)*d"2 + 6*a~(3/2)*d"~3))*Sqrt[1 - (c*x"4)/al*EllipticF[I*ArcSin
h[Sqrt[-(Sqrt[cl/Sqrt[al)l*x], -1] + Sqrtlcl*(Sqrt[-(Sqrtlc]/Sqrt[al)]*d~2
*x* (5*%Bxc - BxA*d - 3*Bxd*x"2)*(-a + c*x"4) - (16*I)*(B*c - A*d)*(-c”3 + a
*d"2)*Sqrt[1 - (c*x"4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), IxArcSinh[Sqr
t[-(Sqrtlcl/Sqrtlal)]*x], -11))/(15%Sqrt[-(Sqrt[c]l/Sqrt[al)]*Sqrt[c]*d~4*S
grtla - c*xx74])

output

Rubi [A] (verified)

Time = 0.80 (sec) , antiderivative size = 554, normalized size of antiderivative = 1.65,

_ o number of rules
2, integrand size = 0.062, Rules

number of steps used = 2, number of rules used =
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dxr

/ z2v/a — cz*(A + Bz?)

c+ dx?
l 9949
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cx(Bc — Ad)

/ ( (3 —ad?) (Bc— Ad) z?(—aBd? — Ac’d+ Bc®)  —aAcd® + aBAd? + Ac*d — B

- +
d*va — czt d3va — cxt d*va — czt (c + dz?)
| 2009

@34 /1 — 2 2 3\ Bllinti Az
1 ( aBd? — Ac*d + Bc?) EllipticF (arcsm ( %> , 1> )
c3/4d3va — czt
4 . S C:
a®/4 /1 — <= ( aBd? — Ac?d + Bc3) E<arcs1n < l{/;;) ’ — 1)
c3/4d3v/a — cxt
5/4 __cz?t _ g . %z‘ _
a’/*y/1 — €= (Bc — Ad) EllipticF <arcsm< %> , 1)
3/cd?va — cxt
7/4n 1 _ ezt Wiliag; Ve \
3a’/*B\/1 — - EllipticF (arcsm ( a > , 1> B
5c3/4dv/a — cx?
7/4g. /1 _ et Ve \| _
3a'/*By/1 aE<arcsm<\/a)’ 1>+
5c3/4dv/a — cx?
4
Va(c® — ad?) /1 — = (Bc — Ad) EllipticF (arcsin ( \4/\/5_””
Ved*va — cxt
va(c® —ad?) /1 — ‘”‘74(30 — Ad) EllipticPi ( ‘{/2 ,arcsin (

Ved*va — cxt
zva — cx*(Bc — Ad) Bx3va — cz*
3d? 5d

)
:))

d*v/a — cz? i

p
input LInt[(x‘2*(A + B*x~2)*Sgrt[a - c*x~4])/(c + d*x~2),x]

-/
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-1/3%((B*c - A*d)*x*Sqrt[a - c*x74])/d"2 + (B*x"3*Sqrt[a - c*x~4])/(5%d) -

(3*%a~(7/4)*B*Sqrt[1 - (c*x~4)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)], -
11)/(6*%c~(3/4)*d*Sqrt[a - c*x"4]) - (2~ (3/4)*(B*c~3 - A*c™2xd - a*Bxd~2)*S
grt[1 - (c*x74)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(c~(3/4)*d"
3xSqrtla - c*x"4]) + (3*%a~(7/4)*B*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~
(1/4)*x)/a~(1/4)], -11)/(6%c~(3/4)*d*Sqrt[a - c*x"4]) + (a~(5/4)*(B*c - Ax
d)*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(3*c~(1
/4)*d"2*%Sqrt[a - c*x74]) + (a~(1/4)*(B*c - A*d)*(c”3 - a*d~2)*Sqrt[1 - (c*
x~4)/a]*EllipticF[ArcSin[(c™(1/4)*x)/a~(1/4)], -11)/(c~(1/4)*d"4*Sqrt[a -
c*xx~4]) + (a~(3/4)*(B*c™3 - A*c™2xd - a*B*xd~2)*Sqrt[1 - (c*x~4)/al*Ellipti
cF[ArcSin[(c~(1/4)*x)/a~(1/4)], -11)/(c”(3/4)*d"3xSqrt[a - c*x74]) - (a~(1
/4)*(Bxc - A*d)*(c™3 - axd"2)*Sqrt[1 - (c*x"4)/al*EllipticPi[-((Sqrt[al*d)
/c”(3/2)), ArcSin[(c~(1/4)*x)/a~(1/4)], -11)/(c~(1/4)*d"4xSqrt[a - c*xx"4])

output

Defintions of rubi rules used

§
rule 2009 \\Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

e 2240 TRELPED*((E_)* ()™ (@m_)* (@) + (e_)*(x)"2)"(q_)*((a) + (c_)*(x)
‘“4)“(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x74], Px*(f*x) m*(d
‘ + exx"2)"g*x(a + cxx~4)"(p + 1/2), x], x] /; FreeQ[{a, c, 4, e, £, m}, x] &

‘& PolyQ[Px, x] && IntegerQ[p + 1/2] && IntegerQ[q]

Maple [A] (verified)

Time = 2.31 (sec) , antiderivative size = 368, normalized size of antiderivative = 1.10
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method | result

2 2
5(24ad%~34 c3d—2Bacd?+3B c*) 17% \ /1+% EllipticF(z

z) 3 (5A c2d+2Ba d?
a

elliptic | Expression too large to display

. z(3B z2d+5Ad—5Bc)vV—czi+a d? \/ % —calta
risch T +
2a4/1— ‘ﬁm 1+ ‘/5“’ ElhptlcF 2a 2 1— \[ 1+ ‘/E”‘ ElhptlcF
Ad zx/—cz4+a+ +Bd z —cz +a
1/ \/ 7cz4+a \/ 7czl+a\/>
default Ve

d2

input Lint (x72* (B*x~2+A) * (-c*x~4+a) " (1/2) / (d*x~2+c) ,x ,method=_RETURNVERBOSE)

1/15*%x* (3*B*d*x~2+5%A*d-5*B*c) * (—c*x"4+a) " (1/2) /d"2+1/15/d"2* (5% (2*A*a*d~3
-3*%Axc~3*d-2*Bxaxc*xd~2+3*Bxc~4) /d"2/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2) *x"2
/a~(1/2))~(1/2)*(1+c~(1/2)*x"~2/a~(1/2) )~ (1/2) / (-c*x"4+a) " (1/2) *EllipticF (x
*(c™(1/2)/a~(1/2))~(1/2) ,I)-3/d* (5xAxc~2xd+2%Bxaxd~2-5%B*c~3) *a~ (1/2) / (c~(
1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x"2/a~ (1/2))~(1/2)*(1+c~ (1/2) *x~2/a~(1/2) )~
(1/2)/ (-c*x~4+a)~(1/2) /c~(1/2) *(EllipticF (x*(c~(1/2) /a~(1/2))~(1/2) ,I)-Ell
ipticE(x*(c~(1/2)/a~(1/2))~(1/2),I))-15*%(A*a*d~3-Axc~3*d-B*axcxd~2+B*c~4)/
d~2/(c”(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/2)) ~(1/2) *(1+c~ (1/2) *x"2/a
~(1/2))~(1/2) / (-c*x~4+a) " (1/2) *E1llipticPi (x*(c~(1/2) /a~(1/2))~(1/2) ,-a~(1/
2)*d/c”(3/2),(-c~(1/2)/a~(1/2))~(1/2)/(c~(1/2)/a~(1/2))~(1/2)))

output

Fricas [F(-1)]
Timed out.

dxr = Timed out

/ 1?(A + Bx?)Va — cat

¢+ dx?

inputLintegrate(x"2*(B*x“2+A)*(-c*x"4+a)"(1/2)/(d*x"2+c),x, algorithm="fricas")

Ou_tputLTimed out
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Sympy [F]

/ (A+Bx2)\/m / (A+Bx2)\/mx

¢+ dz? ¢+ dz?

inputtintegrate(X**2*(B*X**2+A)*(_C*X**4+a)**(1/2)/(d*X**2+C),X)

output LIntegral(x**Q*(A + B¥x*x2)xsqrt(a - ckxx*4)/(c + d*xx**2), x)

Maxima [F]

/-’Ez(A"'BCUz)Va—aﬂ4 /\/—c:v“-}— a(Bz? + A)z? dr

¢+ da? dr? +c

inputLintegrate(x‘Q*(B*x‘2+A)*(—c*x“4+a)‘(1/2)/(d*x*2+c),X’ algorithm="maxima")

outputLintegrate(sqrt(-C*X“‘L + a)*(B*x~2 + A)*x72/(d*x"2 + c), x)

Giac [F]

dx

/‘T2(A+Bx) a—05'34 /\/—ca:4+ a(Bz? 4+ A)z?

c + dx? dz? + ¢

inputtintegrate(x‘2*(B*x‘2+A)*(—c*x‘4+a)*(1/2)/(d*x*2+c),X, algorithm="giac")

output Lintegrate(sqrt(-c*x‘tl + a)*(B*xx~2 + A)*x"2/(d*x~2 + c), x)




CHAPTER 3. LISTING OF INTEGRALS

92

Mupad [F(-1)]

Timed out.

/x%A+Eh%VErE; / Bm-+A)¢ErEF

c+dz? dz?+c

inputtint((X‘Q*(A + B¥x~2)*(a - c*x~4)~(1/2))/(c + d*x"2),x)

outputLint((x‘a*(A + B*x"2)*(a - c*x"4)"(1/2))/(c + d*x"2), x)

input

output

Reduce [F]

/ z*(A + Ba?) \/m

¢+ dx?

5v—£x4+aa¢r—5v—£x4+abmr+3v—cx*+abdfy—S(f_wﬂi;ﬁﬁﬁﬂ+mdx>¢%d+5<f:a

{int(x“2*(B*x“2+A)*(-c*x“4+a)”(1/2)/(d*x“2+c),x)

| —

(5*sqrt(a - cxx**4)*axd*x - bxsqrt(a — ckx**4)*bkckx + 3*sqrt(a - c*x**x4)x*
b*d*x**3 - bxint(sqrt(a - c*x**4)/(a*c + akxd*x**2 — c**x2*xx*x4 — ckxd*x**6),
x)*xa**x2kcxd + S*int(sqrt(a - c*x**4)/(axc + axdkx**2 — ckx*x2*kx*x*4 — cxd*xk*
6) ,x) *a*xbkcx*2 + 6*xint((sqrt(a - cxx**x4)*x*x*4)/(a*c + axd*x**2 — ck*2kx**4
- c*d*x**6) ,x)*a*b*xd**2 + 15*int ((sqrt(a — ckxx**x4)*xx*4)/(axc + a*xd*xx**2
— CHRkkx**k4 - cxd*x*k*6) ,X)*karck*2*%d - 15*int((sqrt(a - ckx**x4)xx**4)/(a*c
+ akxdkxk*2 — cxk2xkx¥*k4 — ckdkx**6) ,x)*¥b*c*k*3 + 10*int ((sqrt(a - cHx**4)*x*
x2) /(akc + akxdkx**2 — Ck*2xx**4 — Ckd*x**6) ,x)*a**x2¢d**2 - 4xint((sqrt(a -

ckxx*x*x4) xx*x*2) /(axc + a*xd*x*k*2 — c*x*2kx*k*x4d — ckd*xx**6) ,x)*axbxcxd)/ (15kd*x*
2)
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f (A—I—Bx2) Va—czt

3.3 dx

c+dz?
Optimal result . . . . . . . . . . .. . 93]
Mathematica [C] (verified) . . . . . . . . . ... . L 94
Rubi [A] (verified) . . . . . . . . . 94
Maple [B] (verified) . . . . . . . . . ... 961
Fricas [F(-1)] . . . . . o o 97
Sympy [F] . . o e 97
Maxima [F] . . . . . . 98
Giac [F] . . . o o o 98
Mupad [F(-1)] . . . .o
Reduce [F] . . . . . o o e 99

Optimal result

Integrand size = 29, antiderivative size = 274

/ (A+ Bz*)va — cxt
dx
¢+ dx?
3/4 4 _ _ ezt i Ve —
s, ol ()]
3d d?va — cxt
Va(3Bc® — 3Ac*d — 2aBd? + 3+/av/cd(Bc — Ad)) y/1 — < EllipticF (arcsin < \fa) : —1>
B 3/cd3va — cx?
s _ 3 ad?®) /1 — < EllinticPi [ — Y4 aresin [ Y2\ _
N va(Bc — Ad) (¢ — ad?) /1 - EllipticPi < Y377, arcsin < %> , 1>

c?/4d3v/a — cxt

1/3*B*x* (-c*xx~4+a) " (1/2) /d+a” (3/4) *c~ (1/4) * (-A*d+B*c) * (1-c*xx~4/a) ~ (1/2) *E1
lipticE(c™(1/4)*x/a”~(1/4),1)/d"2/(~c*x"4+a) " (1/2)-1/3*a”~ (1/4) * (3*B*c~3-3*A
*C"2xd-2xBxaxd~2+3*a~ (1/2) *c~ (1/2) *d* (—~A*d+B*c) ) * (1-c*x~4/a) ~(1/2) *E1llipti
cF(c™(1/4)*x/a~(1/4) ,1)/c~(1/4)/d"3/(-c*x~4+a) " (1/2)+a~ (1/4) * (~Axd+B*c) * (-
axd~2+c”3)*(1-c*x"4/a) " (1/2)*EllipticPi(c~(1/4)*x/a~(1/4) ,-a~(1/2)*d/c~(3/
2),I)/c”(5/4)/d"3/(-c*x"4+a)~(1/2)

output




-

inputt

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.09 (sec) , antiderivative size = 497, normalized size of antiderivative = 1.81

/ (A+ Bz?) va — cxt

¢+ dx?
aB —\/igcd% - B —\/igcde 5 — 3iy/ac’/?d(Bc — Ad)4/1 — %E(iarcsinh( —

dz

Vo) =1) —ie(3

Integrate[((A + B*x"2)*Sqrt[a - c*x74])/(c + d*x~2),x]

| —

(a*B*Sqrt [-(Sqrt [c]/Sqrt[a]l)]*c*xd~2*x - B*Sqrt[-(Sqrt[cl/Sqrtl[al)]*c~2xd"2
*x~5 - (3*I)*Sqrt[al*c~(3/2)*d*x(Bxc - A*d)*Sqrt[l - (c*x"4)/al*EllipticE[I
*ArcSinh[Sqrt [-(Sqrt[c]/Sqrtlal)]*x], -1] - I*c*x(3*AxSqrt[c]l*d*(c~(3/2) +

Sqrt[al*d) + B*(-3%c~3 - 3*Sqrt[a]l*c”(3/2)*d + 2*a*d~2))*Sqrt[1 - (c*x~4)/
a]*EllipticF [I*ArcSinh[Sqrt[-(Sqrt[c]l/Sqrt[a])]*x], -1] - (3*I)*B*c~4*Sqrt
[1 - (c*x"4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlc
1/8qrtl[al)I*x], -1] + (3*I)*Axc~3*d*Sqrt[1 - (c*x"4)/al*EllipticPil[-((Sqrt
[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtl[c]l/Sqrtl[al)]l*x], -1] + (3%I)*a*Bxc*
d~2#Sqrt[1 - (c*x~4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[
-(8qgrtlcl/Sqrtlal)]*x], -1] - (3*I)*axA*d~3*Sqrt[1 - (c*x"4)/a]l*EllipticPi
[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlcl/Sqrt[al)]*x], -11)/(3*Sq
rt[-(Sqrt[c]l/Sqrt[al)]*cxd"3*Sqrt[a - c*xx~4])

Rubi [A] (verified)

Time = 0.56 (sec) , antiderivative size = 375, normalized size of antiderivative = 1.37,

number of steps used = 2, number of rules used = 2,
used = {2259, 2009}

integrand size

number of rules _ 0.069, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
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/ Va — cz*(A + Bz?)
dx
¢+ dx?
l 2259
/ (aAd?’ —aBcd? — Ac’d + Bc* B —aBd? — Ac’d + Bc? n cx?(Bc — Ad) 3 Beax* > i

d®vVa — cz? (c + dz?) d3va — cz* d?>va—crt dva-—crt

| 2009
4
a?/en /1 — “74(Bc — Ad) EllipticF <arcsin ( v c;) ,—1)
- +
d?va — cx?t
a3/4 /1 ca:4 _ Ve \|
Ve (Bc— Ad)E (arcsm< \/_>‘ 1) )
d2va — cr*
a®4B\/1— “74 EllipticF (arcsm < \/\/__x) ,—1>
_+_
3v/cdva — cxt
ezt et D ad . Ve
{4/5(03 — ad2) \/1— %-(Bc — Ad) EllipticPi <—c‘3[/2,arcs1n ( \4/\/_5) ,—1) B
cS/4d3v/a — cxt
4 _ ezt 2 2 3 s s \/_x _
Vay/1 ( —aBd* — Ac*d + Bc )ElhptlcF (arcsm < \/_) , 1> N Bava — oot
Ved3vVa — cxt 3d
inputLInt[((A + B*x"2)*Sqrt[a - c*x74])/(c + d*x~2),x] J
output (BxxxSqrt[a - c*x"4])/(3*d) + (a~(3/4)*c”(1/4)*(Bxc - Axd)*Sqrt[1 - (c*x"4

)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)], -11)/(d"2*Sqrt[a - c*x~4]) - (
a~(5/4)*B*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/
(3%c~(1/4)*d*Sqrt[a - c*xx"4]) - (a~(3/4)*c™(1/4)*(B*c - Axd)*Sqrt[1 - (c*x
~4) /al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)], -11)/(d"2*Sqrt[a - c*x~4]) -

(a~(1/4)*(Bxc™3 - A*c™2xd - a*B*d~2)*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin
[(cm(1/4)*x)/a~(1/4)], -11)/(c”(1/4)*d"3*Sqrt[a - c*xx"4]) + (a~(1/4)*(Bxc
- Axd)*(c"3 - a*d~2)*Sqrt[1 - (c*x~4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2))
» ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(c”(5/4)*d"3*Sqrt[a - c*x~4])
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

e 9950 IRELPXO*(() + (e_)*(x)72)7(q_)*((a) + (c_)*(x 1))~ (p_), x_Symbol]

‘ :> Int[ExpandIntegrand[1/Sqrt[a + c*x"4], Px*(d + e*x~2)"gx(a + c*x"4)"(p ‘
‘+ 1/2), x], x] /; FreeQl{a, c, d, e}, x] && PolyQ[Px, x] && IntegerQ[p + 1/ ‘
‘2] && IntegerQ[ql ‘

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 455 vs. 2(224) = 448.

Time = 2.34 (sec) , antiderivative size = 456, normalized size of antiderivative = 1.66

method | result
c —Bc)va 7\&12 Vea? ipticF( = ﬁz —EllipticE( = ﬁz 3 77\/6952 7\/512.
_3fd(Ad Be)yva /1 NG \J1+ NG (Ellpt F( 1/‘/a,) Ellipt E( ﬁ’))+3B W1 N ER haiev ol
@/% \/—cz4+a % vV —ca?
risch Bzv 52”4” -
c2,/1—‘ﬁ””2 1/14-\57“”2 EllipticF 2,/ ¥<,i) e+va
211,/17‘/sz 14 ¥e2? EllipticF(z,/ﬁ,i) (Ad—Bc) Ve Ve ( Ve )+
B| &V —cm4+a+ e Va va d2 % —czd+a
8 3,/% V—czt+a “
default P +
elliptic | Expression too large to display
input Lint ((B*x"2+A) * (-c*x"4+a) ~(1/2)/ (d*x~2+c) ,x ,method=_RETURNVERBOSE) J




output

input

output

input

outputt
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1/3*Bxx* (—c*x~4+a) " (1/2)/d-1/3/d*(1/d" 2% (-3*c~ (1/2) *d* (Axd-B*c) *a~ (1/2) /(c
~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x"2/a~(1/2))~(1/2) *(1+c~(1/2)*x~2/a~ (1/2)
)~ (1/2) / (-c*x~4+a) " (1/2)*(E1lipticF (x*(c~(1/2)/a~(1/2))~(1/2),I)-EllipticE
(xx(c™(1/2)/a~(1/2))~(1/2) ,1))+3*B*c~3/(c~(1/2)/a~(1/2))~(1/2)*(1-c~ (1/2) *
x72/a~(1/2))~(1/2)*(1+c~(1/2)*x~2/a~(1/2))~(1/2) / (-c*x~4+a) ~(1/2) *Elliptic
F(x*(c™(1/2)/a~(1/2))~(1/2) ,1)-3%A*xc~2*d/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2
)*xx~2/a~(1/2))~(1/2)*(1+c~(1/2)*x~2/a~(1/2))~(1/2) / (-c*x~4+a) ~(1/2) *Ellipt
icF(x*(c~(1/2)/a~(1/2))~(1/2),I)-2%B*a*d~2/(c~(1/2)/a~(1/2))~(1/2)*(1-c~ (1
/2)*x72/a”~(1/2))~(1/2)*(1+c~(1/2)*x~2/a~ (1/2))~(1/2) / (-c*x"4+a) " (1/2) *E11i
pticF(x*(c~(1/2)/a~(1/2))~(1/2),I))-3*(A*a*d~3-Axc~3*d-B*a*c*d~2+B*c~4)/d~
2/c/(c™(1/2)/a"(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/2)) " (1/2)*(1+c~(1/2)*x"2/a
~(1/2))°(1/2)/ (-c*x"4+a) " (1/2) *E1lipticPi (x*(c~(1/2) /a~(1/2))~(1/2) ,~a~(1/
2)*d/c”(3/2),(-c~(1/2)/a~(1/2))~(1/2)/(c~(1/2)/a~(1/2))~(1/2)))

Fricas [F(-1)]
Timed out.

dxr = Timed out

/(A+Bm2)\/m

¢+ dx?

Lintegrate((B*x“2+A)*(—c*x“4+a)‘(1/2)/(d*x“2+c),x, algorithm="fricas")

LTimed out

Sympy [F]

dz

(A+Bz*)va—ca? [ (A+Bz*)vVa—cz?
/ = |

c+ dx? c+ dx?

Lintegrate((B*x**2+A)*(-c*x**4+a)**(1/2)/(d*x**2+c),x)

Integral ((A + Bxx**2)*sqrt(a - c*x**4)/(c + d*x**2), x)
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Maxima [F]

dx

/(A—i—Bx) a—ca:“d _/me + A)

¢+ dx? dz? + ¢

inputtintegrate((B*XA2+A)*(_C*XA4+a)A(1/2)/(d*XA2+C),X, algorithm="maxima")

output Lintegrate(sqrt(-C*x% + a)*(B*x"2 + A)/(d*x"2 + c), x)

Giac [F]

(A+Bz*)Va—ca* , [ +v/—ca?+a(Bz® + A)
/ o= | i

¢+ dz? dz? + ¢

input Lintegrate ((Bxx~2+A) * (-c*x~4+a)~(1/2)/(d*x"2+c) ,x, algorithm="giac")

OutputLintegrate(sqrt(-c*x*4 + a)x(B*x"2 + A)/(d*x"2 + ¢), x)

Mupad [F(-1)]

Timed out.

dz

Ut BOVEET ,, _ [ (B4 VimeT
c + dz? B dz? + ¢

inputtint(((A + B¥x"2)*(a - c*x~4)~(1/2))/(c + d*x"2),x)

output 1EE(C(A + Bxx"2)x(a - cxx"9)~(1/2))/(c + dx72), x)
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Reduce [F]

(A+ BJ:Q) va —cx?

dz
¢+ dz?
—cr? — 7 — .

,/__cx4-+¢sz-+-3<15_cdx6!;£§;i§m2+acdx) a?d — (j)—cdx6!2531i2m2+acdz> abc-—-3<j“_cdw&_§24izgz2

. 3d
inputLint((B*x“2+A)*(-c*x‘4+a)*(1/2)/(d*x~2+c)’x) J
output (sqrt(a - c*x*x4)*b*x + 3*xint(sqrt(a - c*x**4)/(axc + axd*x**2 — Ck*x2xx**4

- c*d*x*x6) ,x)*ax*2xd - int(sqrt(a - cxx**4)/(a*c + axd*x**2 — cx*k2xx**4
- c*d*x*x6) ,x)*axb*c - 3*xint((sqrt(a - ckx**4)*x**x4)/(a*c + axd*x**2 - ck*
2xx**4 — ckd*x**6) ,x)*axckd + 3xint((sqrt(a - ckx**4)*x*x4)/(a*c + axd*x**
2 - c*k*2xx*x4 — ckd*x**6) ,x)*¥bkcx*2 + 2xint((sqrt(a - cxx**4)*x**2)/(axc +

axdkx**k2 — ckk2kxk*k4 — cxd*x*k*6),x)*axbkxd)/(3*d)

N



output
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3.4 f (A—I—Bx2) Va—cz? dx

) 22 (c+dz?)
Optimal result . . . . . . . . .. .. 100
Mathematica [C] (verified) . . . . . . . . ... ... L o 10T
Rubi [A] (verified) . . . . . . ... .. 10T
Maple [A] (verified) . . . . . . . . . . 103
Fricas [F(-1)] . . . . . o 104
Sympy [F] . . . 104
Maxima [F] . . . . . .o 105
Giac [F] . . . . o o 105
Mupad [F(-1)] . . . o o 105
Reduce [F] . . . . 0 o 106
Optimal result
Integrand size = 32, antiderivative size = 259

(A + Bz?)va — czt
dz
z2 (c+ dz?)
3/4 _at in (Ve | _
__Am_a (Bc+ Ad)/1 aE(arcsm(%)‘ 1)
N cx c3/4dva — cx*
4 3/2 _ _ % g . %z _
N va(c*?(Bc — Ad) + v/ad(Bc+ Ad)) /1 — <= EllipticF (arcsm ( %) , 1)
¥

Va(Bc — Ad) (¢® — ad?) /1 — <" EllipticPi ( \gf/z ,arcsin ( \/\/__x

cd/4d?2\/a — cx?

-

—-A*(-c*x~4+a) " (1/2) /c/x-a" (3/4) * (A*d+B*c) * (1-c*x~4/a) ~(1/2) *E1llipticE(c~ (1
/) *x/a~(1/4) ,1)/c”(3/4) /d/ (-c*x"4+a) " (1/2)+a~ (1/4) *(c~ (3/2) *(-A*d+B*c) +a”
(1/2) *d* (A*d+B*c) ) *(1-c*x~4/a) " (1/2) *E1llipticF(c~(1/4)*x/a~(1/4) ,I)/c~(3/4
)/d~2/ (—c*x~4+a) " (1/2)-a~ (1/4) * (-A*d+B*c) * (-a*d~2+c"3) *(1-c*xx"4/a) " (1/2) *E
1llipticPi(c™(1/4)*x/a~(1/4) ,-a~(1/2)*d/c~(3/2),I)/c”(9/4)/d~2/ (-c*x~4+a)~(
1/2)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.06 (sec) , antiderivative size = 490, normalized size of antiderivative = 1.89

(A + Bz?)Va — cx*

22 (c + dz?)
B —aA —\/igcd2 + A —\/igc?d%“ +iy/ac’?d(Bc+ Ad)z\/1 — %E(iarcsinb( —\%x) ’ — 1) — ic?/?

dz

input |

Integrate[((A + Bxx~2)*Sqrt[a - c*x~4])/(x"2x(c + d*x"2)),x]

output

(-(a*A*Sqrt [-(Sqrt[c]/Sqrt[al)]*c*d~2) + AxSqrt[-(Sqrt([c]/Sqrt[al)]*c 2*d~
2xx~4 + IxSqrtl[al*c”(3/2)*d*(Bkc + A*d)*x*Sqrt[1 - (c*x~4)/al*EllipticE[I*
ArcSinh[Sqrt[-(Sqrt[cl/Sqrtlal)]*x], -1]1 - I*c~(3/2)*(A*d*(-c~(3/2) + Sqrt
[al*d) + B*(c~(5/2) + Sqrtl[al*c*d))*x*Sqrt[1 - (c*x"4)/al*EllipticF[I*ArcS
inh[Sqrt[-(Sqrt[c]/Sqrt[al)]*x], -1] + I*Bkc~4*x*Sqrt[1 - (c*x~4)/al*Ellip
ticPi[-((Sqrt[al*d)/c~(3/2)), IxArcSinh[Sqrt[-(Sqrtlc]l/Sqrtlal)]l*x], -1] -
IxAxc~3*d*x*Sqrt[1 - (c*x"4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcS
inh[Sqrt [-(Sqrt[c]l/Sqrt[al)]*x], -1] - Ixa*Bxckd~2xx*Sqrt[1 - (c*x~4)/al*E
1lipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtl[cl/Sqrt[al)l*x], -
1] + IxaxA*d~3*x*Sqrt[1 - (c*x~4)/al*EllipticPil[-((Sqrtl[al*d)/c~(3/2)), I*
ArcSinh[Sqrt [-(Sqrt[cl/Sqrt[al)]*x], -11)/(Sqrt[-(Sqrtlcl/Sqrtl[al)]*c~2xd"
2xxxSqrt[a - c*xx~4])

Rubi [A] (verified)

Time = 0.70 (sec) , antiderivative size = 398, normalized size of antiderivative = 1.54,

number of rules _ ( o6, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/\/a—cw4 (A + Bz?)
dx

z2 (¢ + dz?)
| 2249

/ (c¢* —ad?) (Bc— Ad)  ¢(Bc— Ad) aA __ Be?

cd?va — cxt (c+ dx?)  d2va — ca? ch\/a —cx* dva-—cxt
| 2009
4 4
ad/tA /1 — % EllipticF <arcsin < \{g) , —1> a®/tA\/1 — ‘”fE<arcsin < \4/\/%6) ’ - 1)
- +
VT Aia—cat
a3/4BWey /1 — &2 L EllipticF <arcs1n < \/\/__> 1)
Va — cxt B
a¥/4Bcy /1 — <= E<arcsm< )'—1)
+
dva — cx?
YVacdlty 1 — <=t “(Bc — Ad) EllipticF <arcsm < \/\/E_x> 1>
d2va — crt -
cr? s e T ad . Vex
\4/5(03 — ad2) 1 — €= (Bc — Ad) EllipticPi (—c‘gfm,arcsm ( \4/\/_5> ,—1> ) AvVa—
¥/4d2v/a — cxt cx
inputtlnt[((A + Bxx"2)*Sqrt[a - c*x"4])/(x"2*(c + d*x"2)),x] J

-((AxSgrt[a - c*x"4])/(c*x)) - (a~(3/4)*A*Sqrt[1 - (c*x~4)/al*EllipticE[Ar
cSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(c~(3/4)*Sqrt[a - c*x~4]) - (a~(3/4)*B*c"(
1/4)*Sqrt[1 - (c*x~4)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(d*Sq
rt[a - c*x74]) + (a~(3/4)*A*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*
x)/a~(1/4)1, -11)/(c~(3/4)*Sqrt[a - c*x~4]) + (a~(3/4)*B*c~(1/4)*Sqrt[1 -

(c*x~4)/a]*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(d*Sqrt[a - c*x~4])
+ (a~(1/4)*c~(3/4)*(B¥c - Axd)*Sqrt[1 - (c*x"4)/al*EllipticF[ArcSin[(c~(1
/4)*x)/a~(1/4)]1, -11)/(d"2*Sqrtl[a - c*xx~4]) - (a~(1/4)*(Bxc - Axd)*(c"3 -

a*d~2)*Sqrt[1 - (c*x"4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), ArcSin[(c~(1
/4)*x)/a~(1/4)1, -11)/(c"(9/4)*d"2*xSqrt[a - c*x"4])

output
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2249‘Int[(PX_)*((f_.)*(x_))"(m_.)*((d_) + (e_)*(x_)"2)"(q_)*((a) + (c_.)*(x.) ‘
“4)‘(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x"4], Px*(f*x) m*(d
|+ exx™2)"gqx(a + cxx"4)"(p + 1/2), x], x] /; FreeQl{a, c, d, e, £, m}, x] &

‘& PolyQ[Px, x] & IntegerQlp + 1/2] && IntegerQ[q]

Maple [A] (verified)

Time = 2.50 (sec) , antiderivative size = 385, normalized size of antiderivative = 1.49

method | result
[1_ eaz? Vea? e [Ve . I [Ve . [1_ ecx? Vez?
. _d(Ad+Bc)ﬁ 1— % 1+ \C/g (Elhpth(z TaS,z)—Enlme<z 7§,z>>+Acd 1—% 1+% El
Ve —czd+ta/c Ve —cz-
Ve Voesttave Vva Y
d2
. Ny
risch —4 ey e
- 2 oot e
Vea? Vea? - Ve . e Ve . _ il a
4 _\/m+2ﬁ\/a 1—% 1+% (ElhptlcF(z ﬁ,z)—ElhptlcE(z 72,1)) (Ad BC) d2\/E\/
z 1/% \/7cm4+a \/E
default - _
Veaz? Veaz? it [e ; Vea? Vea? g [e ;
elhptlc  AV—orita c\/l— \C/g \/1+ \C/g ElhptlcF(x Tg,z)A N 02\/1— \C/g 1+ \c/g ElhptlcF(x 72,7,)3 N ﬂ
o d %\/—cm4+a d? %\/—cz‘l-l-a
input Lint ((B*x~2+A)*(-c*x"4+a)~(1/2) /x72/ (d*x"2+c) ,x ,method=_RETURNVERBOSE) J
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—-Ax (-c*x~4+a) " (1/2) /c/x-1/cx(c/d~ 2% (-d* (A*d+Bxc) *a~(1/2) /(c~(1/2) /a~(1/2))
~(1/2)*(1-c~(1/2)*x~2/a~(1/2) )~ (1/2) *(1+c~(1/2) *x~2/a”~ (1/2))~(1/2) / (-c*x~4
+a)~(1/2)/c~(1/2)*(EllipticF (x*(c™(1/2)/a~(1/2))~(1/2) ,I)-EllipticE(x*(c~(
1/2)/a~(1/2))~(1/2) ,I))+A*c*d/ (c~(1/2) /a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/
2))7(1/2)*x(1+c™(1/2)*x"2/a~ (1/2)) " (1/2) / (-c*x"4+a) " (1/2) *E11lipticF (x*(c~ (1
/2)/a”~(1/2))~(1/2) ,1)-Bxc~2/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/2)
)7 (1/2)x(1+c™(1/2) *x~2/a" (1/2)) " (1/2) / (-c*x"4+a) "~ (1/2) *E1lipticF (x* (¢ (1/2
)/a~(1/2))7(1/2) 1)) +(Axa*d~3-A*c~3*d-B*axc*kd~2+Bxc~4) /d~2/c/(c~(1/2)/a~ (1
/2))7(1/2)*(1-c~(1/2)*x~2/a~ (1/2)) " (1/2) *(1+c~ (1/2)*x~2/a~(1/2))~(1/2)/ (-c
*x~4+a)~(1/2)*E1llipticPi(x*(c~(1/2)/a~(1/2))"(1/2) ,-a~(1/2)*d/c~(3/2) , (¢~
(1/2)/a~(1/2))~(1/2)/(c™(1/2)/a~(1/2))~(1/2)))

output

Fricas [F(-1)]
Timed out.

dz = Timed out

/(A+Bx2)m
22 (¢ + dx?)

inputLintegrate((B*XA2+A)*(_C*XA4+3)A(1/2)/XA2/(d*XA2+C),X, algorithm="fricas")

Output‘Timed out

Sympy [F]

(/(AA—Bﬁﬂv@iT&;dm__ (A4<BﬁUvG:TEde

z2 (c + dz?) 22 (c + dz?)

input| integrate ((Brarx2+A)* (-cxxrxd+a)x(1/2) /xx¥2/ (drxr*2+c) ,x)

outputtlntegral((A + Bkx*¥2)*sqrt(a - cxx**4)/(x*x*2%(c + dxx**2)), x)
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Maxima [F]

dz

(A + Bx?) a,—ca:4 V—czt + a(Bz? + A)
/ ==/

z2 (c + dx?) (dz? + )22

inputLintegrate((B*XA2+A)*(‘C*XA4+a)”(1/2)/X“2/(d*X“2+c),x, algorithm="maxima")

outputtintegrate(sqrt(‘c*xﬁ4 + a)*x(B*x"2 + A)/((d*x"2 + c)*x"2), x)

Giac [F]

/(A+Bx2)\/m /mm va)

z2 (¢ + dx? dz? + ¢)z2

inputtintegrate((B*x‘2+A)*(—c*x‘4+a)‘(1/2)/X*2/(d*x*2+c),X, algorithm="giac")

OutputLintegrate(sqrt(—c*x‘4 + a)*x(Bxx"2 + A)/((d*x"2 + c)*x"2), x)

Mupad [F(-1)]

Timed out.

dx

/(A+Bx2)mdx:/(BxQ+A) va—czt

z? (c + dz?) 2? (da? + ¢)

inpu‘ctint(((A + Bxx"2)*(a - c*xx"4)7(1/2))/(x"2*%(c + d*x~2)),x)

outputtint(((A + B*x"2)*(a - c*x74)~(1/2))/(x"2x(c + d*x"2)), x)
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Reduce [F|
(A+ Bz*)va — cxt
dx
22 (c + dz?)
. —czt+aa+2 <f —cd18—\c/zfi:i_i‘l—i—acx2 d.’E) a’cz + (f —cdz‘i%xz—kacdaj) a’dx + <f —cdeYc_z;Tjjzz

CT

-

Lint((B*x‘2+A)*(-c*x‘4+a)‘(1/2)/x‘2/(d*x“2+0),X)

—

input

(sqrt(a - c*x**4)*a + 2*int(sqrt(a - c*x**4)/(axckx**2 + a*xd*xx*4d — CH*2xx
*¥*k6 — ckdkx**8),x)*xa*x2xckx + int(sqrt(a - cxx**x4)/(akxc + a*xd*xk*2 — cx*k2x
x*x4 — ckd*x**6) ,x)*a**2xd*x + int(sqrt(a - c*x**4)/(axc + axd*x**2 — cx*2
*xx*k*4 — ckd*x**6) ,x)*axbkcxx + int((sqrt(a - c*x**4)*x*x4)/(a*xc + axd*x**2
— cHk*2kx*x*x4 — c*xdkx**6) ,x)*akckxd*x — int((sqrt(a - c*xx**4)*x*x*4)/(axc + a
*Qkxkk2 — CHR*k2kxkkd — ckd*kxk*6) ,x)*bkck*k2xx) / (c*x)

output




output
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3.5 f (A—I—B:I:Q)\/OL—C:B‘—1 d
) 74 (c+dz?) L

Optimal result . . . . . . . . .. .. 107
Mathematica [C] (verified) . . . . . . . . ... ... L o 108
Rubi [A] (verified) . . . . . . ... .. 108
Maple [A] (verified) . . . . . . . . . . 110
Fricas [F(-1)] . . . . . o 111l
Sympy [F] . . . 11T
Maxima [F] . . . . . .o 112
Giac [F] . . . . o o 112
Mupad [F(-1)] . . . o o 112
Reduce [F] . . . . 0 o 113l

Optimal result

Integrand size = 32, antiderivative size = 293

(Bc— Ad)va — cz*

/ (A+ Bz*)va — cz* i _Ava—czt
x4 (¢ + dz?) N 3cx?

a¥/4(Bc — Ad) \/@E(arcsm ( \&%) ‘ - 1)

/4 a — et
) B s _ et o e : %x -
) \/6(3\/5d(BC Ad) — ¢*/*(3Bc¢ Ad)) \/ﬁElhmeF <arcsm ( %), 1)
367/4d\/m
Va(Be - Ad) (¢ — ad?) /1 — = EllipticP; ( ¥4, arcsin (\g—w) : —1)
+
c13/4d\/a — cxt

-

-1/3*%A* (—c*xx"4+a) " (1/2) /c/x"3-(-A*d+B*c) * (-c*x~4+a) " (1/2) /c~2/x-a~ (3/4) * (-
Axd+B*c) *(1-c*x~4/a) "~ (1/2)*E1llipticE(c~(1/4)*x/a~(1/4) ,I)/c”(7/4) / (-cxx~4+
a)~(1/2)+1/3*%a~(1/4)*(3*a~ (1/2) *d* (-A*d+B*c) —c~ (3/2) * (-A*d+3*B*c) ) * (1-c*x~
4/a)~(1/2)*EllipticF(c”~(1/4)*x/a~(1/4) ,I)/c~(7/4)/d/ (-cxx"4+a)~(1/2)+a~(1/
4)* (~A*d+B*c) * (—axd~2+c~3) *(1-c*x~4/a) " (1/2)*EllipticPi(c~(1/4) *x/a~(1/4),

-a~(1/2)*d/c~(3/2),1)/c~(13/4) /d/ (—c*x~4+a)~(1/2)
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Mathematica [C] (verified)

Result contains complex when optimal does not.
Time = 11.22 (sec) , antiderivative size = 613, normalized size of antiderivative = 2.09
(A + Bz?)va — cx*
zt (c+ dz?)

—aA —\/igczd — 3aB —\/igchxz + 3aA,/ —\/igchxQ + A —\/igc:jdw4 + 3B,/ —\/igc?’d:c6 —3A,/ _\/ig

dz

;
input‘lntegrate[((A + Bkx~2)*Sqrt[a - c*xx~4])/(x"4*(c + d*x~2)),x]

(-(a*A*Sqrt [-(Sqrt[cl/Sqrt[al)]*c™2*d) - 3*axB*Sqrt[-(Sqrt[cl/Sqrtl[al)]*c”
2xd*x"2 + 3xaxA*Sqrt[-(Sqrt[c]l/Sqrt[a])]l*cxd"2*x"2 + A*Sqrt[-(Sqrt[c]l/Sqrt
[al)]*c™3*d*x~4 + 3*B*Sqrt[-(Sqrtlcl/Sqrt[al)]*c”3*d*x"6 - 3*xA*Sqrt[-(Sqrt
[c]/Sqrtlal)]*c™2*xd"2*x"6 + (3*I)*Sqrtl[al*c”(3/2)*d*(B*c - Ax*d)*x~3*Sqrt[1
- (c*x~4)/al*EllipticE[I*ArcSinh[Sqrt[-(Sqrt[c]/Sqrtlal)]*x], -1] - I*c~(
3/2)*(Axd*(c~(3/2) - 3*Sqrtl[al*d) - 3*Bx(c~(5/2) - Sqrt[al*c*d))*x"3*Sqrt[
1 - (c*x”4)/al*EllipticF[I*ArcSinh[Sqrt[-(Sqrt[c]l/Sqrtl[al)]#*x], -1] - (3*I
)*B*c~4*x"3*Sqrt[1 - (c*x~4)/al*EllipticPi[-((Sqrtl[al*d)/c~(3/2)), IxArcSi
nh[Sqrt [-(Sqrt [c]/Sqrt[al)]*x], -1] + (3*I)*A*c~3*d*x~3*Sqrt[1 - (c*x74)/a
1*E1lipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrt[c]/Sqrt[al)]x*x]
, —1] + (3*I)*a*Bkc*d~2*x~3*Sqrt[1 - (c*x~4)/al*EllipticPil[-((Sqrt[al*d)/c
~(3/2)), IxArcSinh[Sqrt[-(Sqrtlcl/Sqrtlal)l*x], -1] - (3*I)*a*A*d~3*x"3*Sq
rt[1 - (c*x~4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrt
[c]/Sqrtlal)]*x], -11)/(3*Sqrt[-(Sqrtlcl/Sqrt[al)]*c 3*d*x~3*Sqrt[a - c*x”
4])

output

Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 377, normalized size of antiderivative = 1.29,

number of rules _ 962, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.



CHAPTER 3. LISTING OF INTEGRALS 109

/\/a—cw4 (A + Bz?)
dx
z4 (¢ + dz?)
| 2249
/ a(Bc — Ad) + (¢ — ad?) (Bc — Ad) + aA _ Bc iz
A2z2Va—czt  Adva—cxt(c+dz?)  cx*Va—czt  dva-—cz?
| 2009
3/4 _ 74 _ e s . %x _
a’*\/1 — € (Bc — Ad) EllipticF <arcsm< %), 1> )
c’/4\/a — cxt
3/4 _ czt \/Ez _
a’/ =/ —(Bc— Ad)E(arcsm( ﬁ)’ 1> N
Tia = oot
o (S — ad®) /1 — <= (Be — ipticPi [ —¥2¢. Ves) _
\/E(c ad ) 1 — - (Bc— Ad) ElhptlcP1< T rcsm< \/5> , 1> N
c13/4dv/a — cat
1_ et Vea) _
\/_A 1 ElllpthF (arcsln ( \/a y 1 ~ m(BC _ Ad) ~ A\/m ~
3eva — cx? 2z 3ca3
4 3/4 1 _ ezt it Ve
vaBc 1 — <2 EllipticF (arcsm ( \/E> , 1)
dva — cx?

input [Int[((A + B*x~2)*Sqrt[a - c*x~4])/(x"4*(c + d*x"2)),x]

~—

-1/3%(AxSqrt[a - c*x"4])/(c*x"3) - ((B*c - A*d)*Sqrtl[a - c*x~4])/(c™2*x) -
(a~(3/4)*(B*xc - Axd)*Sqrt[1 - (c*x~4)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(
1/4)1, -11)/(c~(7/4)*Sqrt[a - c*x"4]) + (a~(1/4)*AxSqrt[1 - (c*x~4)/al*Ell
ipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(3*%c~(1/4)*Sqrt[a - c*x~4]) - (a~
(1/4)*B*c~(3/4)*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)],
-1])/(d*Sqrt[a - c*x~4]) + (a~(3/4)*(B*c - A*d)*Sqrt[1 - (c*x"4)/al*Ellip
ticF[ArcSin[(c~(1/4)*x)/a~(1/4)], -11)/(c~(7/4)*Sqrt[a - c*x~4]) + (a~(1/4
)*(Bxc - Axd)*(c”3 - a*d"2)*Sqrt[1 - (c*x~4)/al*EllipticPil[-((Sqrtl[al*d)/c
~(3/2)), ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(c”~(13/4)*d*Sqrt[a - c*x"4])

output




rule

rule
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Defintions of rubi rules used

2009‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] ‘

2249\Int[(Px_)*((f_.)*(x_))‘(m_.)*((d_) + (e_.)*(x_)72)7(q_)*((al) + (c_.)*(x)) \
"‘4)"(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x"4], Px*(f*x) m*(d ‘
|+ exx2)"gqk(a + c*x™4)"(p + 1/2), x], x] /; FreeQl{a, c, d, e, £, m}, x] & |
‘& PolyQ[Px, x] & IntegerQlp + 1/2] && IntegerQ[q] |

Maple [A] (verified)

Time = 4.39 (sec) , antiderivative size = 404, normalized size of antiderivative = 1.38

method | result
c —3d<Ad_BC)\/E 1_\/51 1+\[6722 <E11ipticF(z\/%’i)_EllipticE(z
Ve vV eatiave
; —czt —3Ad x2+3Bcx2+ A
risch _ V—cat+ta( 302534— cz?+Ac) i
2¢cy/1— \/Ez 1+\ﬁa7 ElhptlcF 2ve va /1 N
a| et V%) o e
default _ _
\/ \/512 \/1+\/Ex2 EllipticF(x\/z i)Bc \/1—‘/5’”2
elliptic _AvV—caita  (Ad- Bc)\/m Va NCL N o
e VEV=caitad
input Lint ((Bx~2+A)*(-c*x~4+a) " (1/2)/x74/(d*x"2+c) ,x ,method=_RETURNVERBOSE) J
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-1/3%(—c*x~4+a) " (1/2) * (-3*A*d*x~2+3*Bxc*xx~2+A*c) /c~2/x"3+1/3/c~2* (c/d* (-3*
d* (A*d-Bxc)*a~(1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/2) )~ (1/2) *
(1+c™(1/2)*x~2/a~(1/2))~(1/2) / (-c*x~4+a) ~(1/2) /c~ (1/2) * (E11lipticF (x*(c~ (1/
2)/a~(1/2))"(1/2) ,1)-E1lipticE(xx(c~(1/2) /a~(1/2))"~(1/2) ,I))+Axcxd/ (c™ (1/2
)/a”(1/2)) " (1/2) % (1-c~ (1/2)%x~2/a" (1/2)) ~ (1/2) * (1+c~ (1/2) %x~2/a" (1/2)) ~ (1/
2)/ (—cxx~4+a) " (1/2)*E1lipticF (x*(c”(1/2)/a~(1/2))~(1/2) ,I)-3+Bxc~2/ (c” (1/2
)/a~(1/2)) " (1/2)* (1-c~ (1/2) *xx~2/a~ (1/2))~ (1/2) * (1+c™ (1/2) *x~2/a~ (1/2))~ (1/
2)/ (—c*x~4+a)~ (1/2)*EllipticF (x*(c~(1/2)/a~(1/2))~(1/2) ,1))+3*(A*a*d"~3-A*c
~3*d-Bkaxc*xd~2+Bxc~4)/d/c/(c”(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2))"
(1/2)*(1+c~(1/2)*x~2/a~(1/2))~(1/2) / (-c*x~4+a) ~(1/2) *E11lipticPi (x*(c~(1/2)
/a~(1/2))"(1/2) ,-a~(1/2)*d/c~(3/2) ,(-c~(1/2) /a~(1/2))~(1/2)/(c~(1/2) /a~(1/
2))~(1/2)))

output

Fricas [F(-1)]

Timed out.

/ (A+ Bz?) va —cxt

(4 d2?) dz = Timed out

input ‘ integrate ((Bxx~2+A)*(-c*x~4+a)~(1/2)/x~4/(d*x~2+c) ,x, algorithm="fricas")

output LTlmed out

Sympy [F]

dz

/ (A + Bx?)Va — cz* dp — (A+ Bz?) va — cxt

z* (c + dz?) z (c + dz?)

input Lintegrate ((B*x**2+A) * (—cxx**4+a) ** (1/2) /x**4/ (d*x**2+C) ,X)

output LIntegral( (A + B*x**2)*sqrt(a - ckx**4)/(x**4*(c + d*x**2)), x)




CHAPTER 3. LISTING OF INTEGRALS 112

Maxima [F]

dz

(A + Bx?) a,—ca:4 V—czt + a(Bz? + A)
/ ==/

z (c+ dx?) (dz? + c)z*

inputLintegrate((B*XA2+A)*(‘C*XA4+a)”(1/2)/X“4/(d*X“2+c),x, algorithm="maxima")

outputtintegrate(sqrt(‘c*xﬁ4 + a)*x(B*x"2 + A)/((d*x"2 + c)*x"4), x)

Giac [F]

/(A+Bx2)\/m /mm va)

z (¢ + dx? dz? + ¢)z*

inputtintegrate((B*x‘2+A)*(—c*x‘4+a)‘(1/2)/X*4/(d*x*2+c),X, algorithm="giac")

OutputLintegrate(sqrt(—c*x‘4 + a)*x(Bxx"2 + A)/((d*x"2 + c)*x"4), x)

Mupad [F(-1)]

Timed out.

dx

/(A+Bx2)mdx:/(BxQ+A) va—czt

z* (c + dz?) 2t (da? + )

inpu‘ctint(((A + Bxx"2)*(a - c*xx"4)7(1/2))/(x"4*(c + d*x"2)),x)

outputtint(((A + B*x"2)*(a - c*x74)~(1/2))/(x"4*x(c + d*x"2)), x)
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Reduce [F]
QL+Bﬁ)Va—aﬁdx
z (c + dz?)
__—V—cz4+aa——3(f_wﬁ_ﬁgf£%+mﬁd$>¢ﬂ$3+3<f—wﬁ—ggfii+wﬁdz)dwx3_2<f:a7

3cz3

;
input int ((B*x~2+A) * (-cxx~4+a)~(1/2) /x"4/ (d*x"2+c) ,x) /

N

( - sqrt(a - ckxx*4)*a - 3xint(sqrt(a - c*x**x4)/(akckx**2 + akdkxx*4d - c**
2xx¥*k6 — ckdkx**8),x)*a*x2*xd*x*k*3 + 3xint(sqrt(a - c*x**4)/(axcxx**2 + a*xd
*xx*k*k4 — Ck*¥2kx*k%x6 — ckdkx**8),x)*axbxckx*x*3 — 2xint(sqrt(a - cxx*x*4)/(a*c

+ akd*x*k*2 — ck*¥2xx*x4 — ckd*x**6) ,x)*kaxckx2+x*x*3 + int((sqrt(a - cxx**4)*
x*%2) /(a*c + akd*x**2 — cx*2xx*x4 - ckd*x**6) ,x)*axckd*x**3 - 3*int ((sqrt(
a - cxx**4)xx**2) /(a*c + axd*x**2 — ckx*x2*x*k*k4d — ckd*x*k*6) ,xX)*bkckkkx**3)/

output

(3%c*kx**3)
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3.6

Optimal result
Mathematica [C] (verified)
Rubi [A] (verified)
Maple [A] (verified)
Fricas [F(-1)]
Sympy [F]
Maxima [F]
Giac [F]
Mupad [F(-1)]
Reduce [F]

f (A—I—Bx2) Va—cz? dx

x0 (c+daz2)

Optimal result

Integrand size = 32, antiderivative size = 355

Vo

S5ac3x

(A + Bz?)va — czt
dz
z% (¢ + dz?)
Ava—ca*  (Bc— Ad)va—ca! N (2Ac® + 5aBcd — 5aAd?) v/a — cxt
Scxd 3c2x3
(2Ac® + 5aBed — 5aAd?) /1 — cz74E<aurcsin (

+

Va

)|

5+/acll/4\/a — cx*

(6Ac® — 5y/ac**(Bc — Ad) + 15ad(Bc — Ad)) 1/1 — < EllipticF (arcsin <

Ve
Va

)

15v/actl/4\/a — cx*

Jad

Va(Bc — Ad) (¢® — ad?) /1 — <" EllipticPi (_W’ arcsin (

Ve
Va

)

cl’4/a — cxt
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-1/5%Ax (—c*x~4+a) " (1/2) /c/x~5-1/3*% (—A*d+B*c) * (-cxx~4+a) ~(1/2) /c~2/x"3+1/5%
(-5*A*axd”~2+2*xAxc”3+5xBka*xcxd) * (—cxx~4+a) ~(1/2) /a/c”3/x+1/5* (-5*A*xa*xd~2+2*
Axc~3+5*Bxa*xcxd) * (1-c*x~4/a)~(1/2)*E1lipticE(c~(1/4) *x/a~(1/4) ,I)/a~(1/4)/
c~(11/4)/ (-c*x"4+a) " (1/2)-1/15% (6*xA*xc~3-5*%a” (1/2) *c~ (3/2) * (~A*d+B*c) +15*ax*
d* (-A*d+B*c) ) *(1-c*x~4/a) ~(1/2)*EllipticF(c~(1/4)*x/a"~(1/4) ,1)/a~(1/4) /c~(
11/4) / (—c*x~4+a) " (1/2)-a~ (1/4) * (-A*d+B*c) * (~a*d~2+c~3) * (1-c*x~4/a) ~ (1/2) *E
1llipticPi(c™(1/4)*x/a"~(1/4),-a~(1/2)*d/c~(3/2),I)/c~(17/4)/ (-c*x"4+a)~(1/2
)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.64 (sec) , antiderivative size = 781, normalized size of antiderivative = 2.20

(A + Bz?)va — cz*

z8 (c + dz?)
—3a2A —%@—5&B f32+5ﬁAw Sc?dz® + 9aA ‘[44+B¥B —%é@%—wd

dz

input LIntegrate[((A + B*x~2)*Sqrt[a - c*x~4])/(x"6%(c + d*x"2)),x] J
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(-3xa~2+A*Sqrt [-(Sqrt[c]/Sqrt[a]l)I*c~3 - 5xa~2%B*Sqrt[-(Sqrt[c]l/Sqrt[a]l)]x*
c"3*x"2 + bxa~2+A*Sqrt[-(Sqrt[c]l/Sqrt[al)]l*c™2+d*x"2 + 9*a*AxSqrt[-(Sqrt[c
1/Sqrt[al)]*c”4*x~4 + 15%a~2*BxSqrt[-(Sqrt[c]/Sqrt[al)]*c™2*d*x~4 - 15%a”2
*A*xSqrt [-(Sqrt[c]/Sqrt[al)]*c*d~2*x~4 + 5xa*B*xSqrt[-(Sqrt[c]l/Sqrtl[al)]*c~4
*x"6 - bxa*AxSqrt[-(Sqrtlcl/Sqrtl[al)]l*c”3*d*x"6 - 6xA*Sqrt[-(Sqrtlcl/Sqrtl
a])]*c”5xx"8 - 1b*axB*Sqrt[-(Sqrt[c]l/Sqrt[al)]*c~3*d*x"8 + 15*axA*Sqrt[-(S
qrt[cl/Sqrt[al)]*c™2xd~2+%x"8 - (3*I)*Sqrtl[al*c~(3/2)*(2*%A*c~3 + 5S*a*Bxc*d
- bxa*xA*d~2)*x"5xSqrt[1 - (c*x"4)/al*EllipticE[I*ArcSinh[Sqrt[-(Sqrt[c]/Sq
rt[al)]*x], -1] + IxSqrtlal*c”(3/2)*(6xA*c™3 + 15*axd*(Bxc - Axd) + 5*Sqrt
[al*c~(3/2)*(-(B*c) + Axd))*x"5xSqrt[1 - (c*x~4)/al*EllipticF[I*ArcSinh[Sq
rt[-(Sqrtlcl/Sqrt[al)I*x], -1] + (15*I)*a*Bxc 4*x"5*Sqrt[1 - (c*x"4)/al*El
lipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlc]/Sqrtl[al)]*x], -
1 - (15%I)*axAxc~3*d*x~5%Sqrt[1 - (c*x"4)/al*EllipticPi[-((Sqrt[al*d)/c~(3
/2)), IxArcSinh[Sqrt[-(Sqrtlc]l/Sqrtlal)]l*x], -1] - (15%I)*a”2*Bxc*d~2*x"5%
Sqrt[1 - (c*x~4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sq
rt[c]/Sqrt[al)I*x], -1] + (16%I)*a”2*%A*d~3*x"5*Sqrt[1 - (c*x"4)/al*Ellipti
cPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlcl/Sqrtl[al)]l*x], -11)/(1
5*axSqrt [- (Sqrt [c]/Sqrt[a])]*c™4*x~5xSqrt[a - c*x~4])

output

Rubi [A] (verified)

Time = 0.80 (sec) , antiderivative size = 523, normalized size of antiderivative = 1.47,

— 2 number of rules _ 062, Rules
integrand size

number of steps used = 2, number of rules used =
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/\/a—cac4 (A + Bz?)
dz
z8 (¢ + dz?)
| 2249
/ B (¢ — ad?) (Bc — Ad) N aAd? — aBed — Ac? N a(Bc — Ad) + aA
A3va — czt (¢ + dz?) A3zr2va — cxt rtva —crt  cxbva — cxt

l 2009
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V/ay/1 - < (Bc — Ad) EllipticF (arcsm ( \/\/% > ,-1) )

365 /g — cat
/1 — <t - (A(c® — ad?) + aBcd) EllipticF (arcsm ( \/\/__w) , —1>
Vac /g — ot *
cxt . Ve
A /11— (A(c —ad2)+chd)E<arcs1n<\{\/_a>‘ —1) B
Yacll/4/a — ezt
C(L'4 . . . T
{4/5(03 — ad2) /1 — %-(Bc — Ad) EllipticPi ( ‘3[/2 ,arcsin ( \\//_—> , —1) .
A7/4/a — cx?t
czt \/_ _ 4 __cz* . %x _
3Ay/cq\/1 - EllipticF <arcsm < Va 1 B 3A/cq\/1 o E | arcsin Va 1 N
5v/ava — cx? 5v/ava — cxt
VG—CW%A@3—af)+aBaﬂ__Va—cr%Bc—Ad)_3AVa—aﬂ__AVa—aﬁ
ac3t 3c2x3 S5azx 5cxd
inputLInt[((A + B*x"2)*Sqrt[a - c*x74])/(x"6x(c + d*x"2)),x] J

-1/5%(AxSqrt[a - c*x"4])/(c*x"5) - ((B¥c - A*d)*Sqrtl[a - c*x"4])/(3%c"2*x"
3) - (3xAxSgrt[a - c*x”4])/(5*a*x) + ((axB*c*d + Ax(c™3 - a*d~2))*Sqrt[a -
c*xx~4])/(axc~3*x) - (3*%Axc~(1/4)*Sqrt[1 - (c*x~4)/al*EllipticE[ArcSin[(c”
(1/4)*x)/a~(1/4)], -11)/(5*a~(1/4)*Sqrt[a - c*x~4]) + ((a*xBxc*d + A*(c"3 -
axd~2))*Sqrt[1 - (c*x~4)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(
a~(1/4)*c~(11/4)*Sqrt[a - c*xx"4]) + (3xA*c~(1/4)*Sqrt[1 - (c*x"4)/al*Ellip
ticF[ArcSin[(c™(1/4)*x)/a~(1/4)]1, -11)/(6%xa~(1/4)*Sqrt[a - c*x~4]) + (a~(1
/4)*(Bxc - A*d)*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1,
-11)/(3*c™(5/4)*Sqrt[a - c*x74]) - ((a*Bxc*d + Ax(c”3 - a*d™2))*Sqrt[l -
(c*x74) /al*EllipticF [ArcSin[(c™(1/4)*x) /a~(1/4)], -1]1)/(a~(1/4)*c~(11/4)%*S
artla - c*xx"4]) - (@~ (1/4)*(Bxc - A*d)*(c™3 - a*d~2)*Sqrt[1 - (c*x"4)/al+*E
1lipticPi[-((Sqrt[al*d)/c~(3/2)), ArcSin[(c~(1/4)*x)/a~(1/4)1, -11)/(c~(17

/4)*Sqrt[a - c*x~4])

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2249\Int[(Px_)*((f_.)*(x_))‘(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a) + (c_.)*(x_)
"‘4)"(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x"4], Px*(f*x) m*(d
|+ exx"2)"qx(a + c*xx"4)~(p + 1/2), x], x] /; FreeQl{a, c, d, e, £, m}, x] &
‘& PolyQ[Px, x] & IntegerQlp + 1/2] && IntegerQ[q]

Maple [A] (verified)

Time = 4.95 (sec) , antiderivative size = 455, normalized size of antiderivative = 1.28

method | result

3¢ (5Aa d2-24 c3—5chd) Va|1-vezZ

isch _\/—cx4+a (15Aad2:1:4—6A03z4—15Bacdx4—5Aacd:c2+5Ba02x2+3Aa02) _
I1sC 15c3a x
3 2 2
Al oy revmamins PPV Ve e (Bipticn (s ¥ ) ~Bttptien (= ¥2.4) ) (AdBo)
52 bz sva\[Ye V=cotta
N
default

elliptic | Expression too large to display

input Lint ((B*x~2+A)* (-c*x~4+a) "~ (1/2) /x"6/(d*x~2+c) ,x ,method=_RETURNVERBOSE)




output

input

output

input

output
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-1/15% (—c*x"4+a) ~(1/2) * (15*%A*a*d"~2*x"4-6*A*xc”3*x~4-15*B*a*c*d*x~4-5xA*xa*c*
d*x~2+5*%B*axc”2+x"2+3*A*xaxc”2) /c~3/a/x"5-1/15/a/c”3*% (-3*c~ (1/2) * (5¢A*xa*xd "2
-2%A*xc~3-5*Bxaxcxd)*a”~ (1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a"~ (1/2)
)" (1/2)*(1+c™(1/2)*x~2/a~ (1/2))~(1/2) / (-c*x~4+a) ~(1/2) * (E1lipticF (x* (c~(1/
2)/a~(1/2))~(1/2),I)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2),I))-5*%B*c~3*a/(c”
(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/2) )~ (1/2) * (1+c~(1/2) *x~2/a~ (1/2))
~(1/2)/ (-c*x~4+a) " (1/2) *EllipticF (x*(c~(1/2)/a~(1/2))~(1/2) ,I)+156* (A*a*d~3
—Axc~3*%d-Bkaxc*d~2+Bxc~4)*a/c/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/
2))"(1/2)*x(1+c~(1/2)*x~2/a~(1/2) )~ (1/2) / (-c*x"4+a) ~(1/2) *E11lipticPi (x* (¢~ (
1/2)/a~(1/2))~(1/2) ,-a~(1/2)*d/c~(3/2) ,(-c~(1/2) /a~(1/2))~(1/2)/(c~(1/2)/a
~(1/2))7(1/2)) +6xAxaxc~2xd/(c~(1/2)/a~(1/2))~(1/2)*(1-c~ (1/2)*x"2/a"~ (1/2))
~(1/2)*(1+c~(1/2)*x~2/a~(1/2) )~ (1/2) / (—c*x~4+a) " (1/2) *EllipticF (x*(c~(1/2)
/a~(1/2))~(1/2),1I))

Fricas [F(-1)]
Timed out.

dxr = Timed out

/(A+Bm2)\/m

z8 (c + dz?)

Lintegrate((B*x”2+A)*(-c*x“4+a)“(1/2)/x“6/(d*x“2+c),x, algorithm="fricas")

LTimed out

Sympy [F]

dz

/(A+Ba:2)\/a—ca:4d _ (A+ Bz*)va — cxt

z8 (c + dz?) v z8 (c + dz?)

Lintegrate((B*x**2+A)*(—c*x**4+a)**(1/2)/x**6/(d*x**2+c),x)

e

tIntegral((A + Bxx*x2)*sqrt(a - c*x*x4)/(x*x*6x(c + d*xx**2)), x)

~—
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Maxima [F]

dz

(A + Bx?) a,—ca:4 V—czt + a(Bz? + A)
/ ==/

% (c + dz?) (dz? + c)zb

input Lintegrate ((B*x™2+A)*(-c*x"4+a) ~(1/2) /x76/(d*x"2+c) ,x, algorithm="maxima")

output Lintegrate(sqrt(—c*x‘zl + a)*x(Bxx"2 + A)/((d*x"2 + c)*x76), x)

Giac [F]

/(A+Bx2)\/m /mm va)

% (c+ da? dz? + ¢)xb

input tintegrate ((B*x~2+A)* (—c*x~4+a) ~(1/2) /x~6/(d*x~2+c) ,x, algorithm="giac")

output Lintegrate(sqrﬂ-C*x“l + a)*(B*x~2 + A)/((d*x~2 + c)*x76), x)

Mupad [F(-1)]

Timed out.

dx

/(A+Bx2)mdx:/(BxQ+A) va—czt

z8 (c + dz?) z8 (dz? + c)

input Lint(((A + Bxx"2)*(a - c*xx"4)7(1/2))/(x"6*%(c + d*x"2)),x)

output tint(((A + B*x"2)*(a - c*x74)~(1/2))/(x"6*(c + d*x"2)), x)
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Reduce [F]

(A+ Bz*)va — cxt

z8 (c + dz?)

—9v/—cz* 4+ aac+ 25vV/—cz* + aadx?® — 15v/—cz* + abcz? + 30 <f —cdxlo—vc;xcsil;—iax6+acx4 dx) a’cd x®

dz

int ((Bx~2+A) % (~cxx~4+a)~ (1/2) /x~6/ (d*x~2+c) ,x)

N J

input

( - 9xsqrt(a - c*x¥*4)*a*xc + 25*sqrt(a - ckxx*x4)*axd*x*x2 - 16xsqrt(a - c*
x¥k4) ¥bkckx*x*2 + 30xint(sqrt(a - c*x**4)/(axckx**4 + akd*x**k6 — Ckx2*x**8
- c*d*x*x10) ,x) *a*x*2xc*kd*x**x5 + 7bxint(sqrt(a - cxx**4)/(a*xckxx**x2 + akxd*x*
x4 — CHk*x2kx*k*6 — Cckdkx**8) ,X)*a**2xd*¥*x2*+x**5 — 45xint(sqrt(a - c*x**4)/(ax
cxx**2 + akxdxx**k4 — CHkxk2kx**k6 — cxd*kx**8),x)*a*bxckdxx* x5 - 18xint(sqrt(a
- cxxx*x4) /(akckxx*x2 + akdxxkk4d — Ckk2kx**6 — ckdkx**8) ,xX)kakck*3kxkk5 + 2%
int(sqrt(a - c*x**4)/(axc + akd*x**2 — c*k*x2*x*k*4d — cxd*x**6) ,X)*ka*ck*k2xd*x
*x5 — 30xint(sqrt(a - cxx**4)/(a*xc + axd*x*x2 — ck*x2kx**4 — c*d*x**6) ,X)*Db
*xckx3xkx*kxk5 — 26xint ((sqrt(a - ckx**4)*x**x2)/(a*xc + akd*x**2 — c*x*2kx**4d -
C*d*x**6) ,x)kakxckd*x*2*x**5 + 15*int ((sqrt(a - ckxx**x4)*x**2)/(axc + axdxx**
2 - cx*2%xx**4 — cxd*x**6) ,x)*b*ck*x2kdxx**5) / (45kCcKk*2*xx**5)

output
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28 (A+Bz?
3.7 f (c+d(ﬂv2)\/a—lx4 dz

Optimal result . . . . . . . . .. . .. 1221
Mathematica [C] (verified) . . . . . . . . . .. ... L 123
Rubi [A] (verified) . . . . . . . . . . 123
Maple [A] (verified) . . . . . . . . . . 129
Fricas [F] . . . . . . 1301
Sympy [F] . . . o 130
Maxima [F] . . . . . . o e 130
Giac [F] . . . o o 131
Mupad [F(-1)] . . . 131
Reduce [F] . . . . . o 1311

Optimal result

Integrand size = 32, antiderivative size = 330

z5(A + Bz?) i — (Bc— Ad)zva—ca*  Bz’va —ca?
(c+ dx?) Va — cx* 3cd? 5cd

3/4(5Bc3 — 5Ac2 Bd2 1—c='R i @ -1
+a (6Bc® — 5Ac*d + 3aBd?) 4/ z (arcsm(va

5c7/4d3v/a — cxt
) Va(5y/c(Bc — Ad) (3¢® + ad?) + 3v/ad(5Bc® — 5Ac*d + 3aBd?)) /1 — <" EllipticF (arcsin ( i\//_(_:/
15¢7/4d4/a — cxt

4 cxd . . . a . S Cx

. \/507/4(Bc — Ad)\/1— < EllipticPi (—;3[—/§l,arcsm ( {ﬁ) , —1)
d*va — cx*

1/3% (mA*d+B*c) *x* (-c*xx~4+a) ~(1/2) /c/d"2-1/5*B*x"3* (-c*xx~4+a) ~(1/2) /c/d+1/5
*¥a” (3/4) * (-5*A*xc~2xd+3*B*axd~2+5*%B*c~3) * (1-c*x"4/a) ~(1/2) *EllipticE(c~(1/4
Yxx/a”~(1/4) ,1)/c”(7/4)/d"3/(-c*x~4+a) " (1/2)-1/15%a~ (1/4) * (5xc~ (1/2) * (-A*d+
B*c)*(a*d~2+3*c~3)+3*a~ (1/2) *d* (-5*A*xc”2*d+3*B*a*xd~2+5+%B*xc~3) ) * (1-c*x~4/a)
~(1/2)*E1lipticF(c~(1/4)*x/a~(1/4),1)/c~(7/4)/d"4/(-c*x"4+a)~(1/2)+a"(1/4)
*xCc” (7/4)* (—Axd+Bxc) * (1-c*x~4/a) " (1/2)*EllipticPi(c~(1/4)*x/a~(1/4) ,-a~(1/2
)*d/c”(3/2),1)/d"4/ (—cxx~4+a)~(1/2)

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.48 (sec) , antiderivative size = 352, normalized size of antiderivative = 1.07

/ 2%(A + Bz?)
da;
(c+ dz?)va — cx*

—3iv/ad(5Bc® — 5Ac*d + 3aBd?) \/1 — %E(iarcsinh( —%x) ‘ — 1) + i(—5A/ed(3c® + 3v/ac®/2d

input | Integrate[(x 6%(A + B*x~2))/((c + d*x~2)*Sqrt[a - c*x~4]),x]

((-3*I)*Sqrt[a]*d* (5*%B*c~3 - B*A*c~2+d + 3*axB*d~2)*Sqrt[1 - (c*x~4)/al*El
lipticE[I*ArcSinh[Sqrt[-(Sqrt[cl/Sqrt[al)]*x], -1] + I*(-5xA*Sqrt[c]*d*(3*
c”3 + 3xSqrt[al*c”(3/2)*d + axd™2) + B*(15*c~(9/2) + 15xSqrt[al*c~3*d + 5%
axc~(3/2)*d"2 + 9*a~(3/2)*d"3))*Sqrt[1 - (c*x~4)/a]*EllipticF[I*ArcSinh[Sq
rt[-(Sqrt[cl/Sqrt[al)I*x], -11 + Sqrtlcl*(Sqrt[-(Sqrtlcl/Sqrt[al)]*d ~2*xx*(
5xBxc — bxA*xd - 3*Bxd*x"2)*(a - c*x74) - (156*I)*c”3*(B*c - Axd)*Sqrt[1 - (
c*x74) /al *E1llipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh([Sqrt[-(Sqrt[c]/Sqrt
[al)1#*x], -11))/(15%Sqrt[-(Sqrt[cl/Sqrtlal)]*c”~(3/2)*d"4*Sqrt[a - c*x~4])

output

Rubi [A] (verified)

Time = 1.25 (sec) , antiderivative size = 346, normalized size of antiderivative = 1.05,

number of steps used = 15, number of rules used = 15, number of rules _ = 0.469, Rules
integrand size

used = {2237, 25, 2237, 2235, 25, 27, 1513, 27, 765, 762, 1390, 1389, 327, 1543, 1542}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

b (A + Ba:2)
Vva —cz* (c+ dz?)
l 2237

dr
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f . 5(;cl(Bar:2 -I—A) z6+B (da:2+c) (3a—5cx4)z2 dr 3
(dz2+4-c)Va—czt _ Bz’va — cx?

5cd 5cd

| 25

5cd(Bw2+A) z5+B (d:z:2 -I—c) (30,—5011:4);1:2
f dz B 3 _ 4
(dz2+4-c)Va—cz* r°va—cx
5cd 5cd
l 2237
5¢(Bc—Ad) (da:2+c) (a—30z4) —3cd(5cd(Bz2+A>26+B (d:c2+c) (3a—5cz4>z2) d
X
5zva—cat(Bc—Ad) (da2+4c) Va—cat
3d 3cd _
5cd
Bz*vVa — czt
5cd
l 2235
5 . 1 c(5(Be—Ad)(3c3+ad?)—3d(5Bc3 —5Adc?+3aBd?)z2
15¢°(Bc—Ad) [ (dm2+c) ﬁ_cgfldz = ( ( ) a_(cw4 ) )dw
5zva—cx?(Bc—Ad)  — 2 - a2
3d 3cd
5cd
Bz*vVa — czt
5cd
l 25
c(5(Bc—Ad) (3c3+ad?)—3d(5Bc® —5A4dc?+3aBd?)z? 5 1
( ( ) a_(cw4 ) )dw 15¢°(Bc—Ad) [ (dmz+c)mdz
5zva—czt(Bc—Ad) 2 - a2
3d 3cd _
5cd
Bz*vVa — czt
5cd
l 27
5(Bc—Ad) (3c3+ad?)—3d(5Bc® —5Adc?+3aBd? ) 22 5 1
of ( )( ) a_(cm4 ) dw  15¢ (Bc—Ad)fmdz
5zva—cx?(Bc—Ad) 2 - a2
3d 3cd _
5cd
Bz*vVa — czt
5cd

l 1513
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2 2 3\  vez?+va
3vad(3aBd?—5Ac2d+5B3) 3vad(3aBd?—54c%d+5Bc3) [ LE VL gp
2 3 1 Vay 4
c <5<ad +3c )(Bc—Ad)+ 7z a_ca;4dx_ 7 aVv a—cx .
5zva—cx?(Bc—Ad) P S
3d 3cd
5cd
Bx?Va — ca?
5cd
| 27
_ 3vad(3aBd?—54c2d+5Bc3) 3d(3aBd®~54c%d+5Bc%) j'Mdaﬂ
1 a—cx
¢ <5(ad +oe )(Bc—Ad)+ Ve ) a—ca? o Ve 1505(3.
5zva—cx(Bc—Ad) 2 -
3d 3cd
5cd
Bzx?Va — ca?
5cd
| 765
1 2 .3 3v/ad(3aBd?-5A4c2d+5Bc%) L
1-€Z_ | 5(ad“+3c®)(Bc—Ad)+ d
‘ ( (et +3%) (Bemt ve \/1_¢ ) 3d(3a3d2—5Ac2d+5Bc3)f@+\fdm
c a _ a—czx
a—cxt Ve
5zva—cx?(Bc—Ad) 2
3d 3cd
5cd
Bzx?Va — ca?
5cd
| 762

2 2 3 4
4 ) 5 .3 3ﬁd(3aBd —5Ac2d+5B¢ ) o ‘ Cao
\/6\/1— z <5<ad +3c )(Bc—Ad)+ 7o EllipticF | arcsin % ,—1 3d(3aBd275Ac2d+5
c p—

%\/ a—ca? v
5zva—cx?(Bc—Ad) 2
3d

3cd

5cd
Bava —cat
5cd

l 1390
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=

2 2 3 4
4 / 3v/ad(3aBd“—5Ac“d+5Bc [{_cxz? 2 _
\/E 1— % <5(ad2+3c3) (Bc—Ad)+ ( /e ) > EllipticF (arcsin ( z) ,—1) 3dy/1 a (BaBd

=

c —

%\/ G—Cl'4 v
5zva—cx?(Bc—Ad) 2
3d 3cd
5cd
Bx3va — ¢t
5cd
l 1389

'
S
8

4
2 2 3 _cx -
3v/ad(3aBd“—5Ac“d+5Bc SﬁdF— 3aBd
%\/17% (5 (ad2+363)(BC7Ad)+ ( 7o ) ) EllipticF (arcsin( > ,4) @ (
c

<

Veva—at
5zva—cx(Bc—Ad) 2
3d 3cd
5cd
Bx3va — ¢zt
5cd
l 327

8

3vad(3aBd%-54c2d+5Bc3 2
%,/1—%<5(ad2+3c3)(Bc—Ad)+ vad( 7z ) Blliptic  arcsin [ Y2 | 1 3a3/4d\/@(3az

c —

S

Yeva—et
5zva—cx?(Bc—Ad) 2
3d 3cd
5cd
Bx3vVa — ¢zt
5cd
l 1543

3/ad(3aBd?—5Ac2d+5Bc3 4
%\/1—% <5(ad2+3c3)(Bc—Ad)+ Ve ( ) EllipticF | arcsin Ce) 4 3a3/4d\/1—¢(3ai
Ve a
c _

% V CL—CZ4
5zva—cx?(Bc—Ad) d2
3d

S

3cd

5ed
Bx3va — czt
5cd

l 1542
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——y 3yad(3aBd?2—5Ac2d+5Bc3 y
% 1— % <5(ad2+363) (Bc—Ad)+ Ve ( 7o ) EllipticF | arcsin Co ,—1 3a3/4d\/ 1—% (3(11

c Va -
Veva—eat
5zva—cz¥(Bc—Ad) 2
2 3cd
5cd
Bz'va —cat
5cd
input LInt [(x"6x(A + Bxx"2))/((c + d*x"2)*Sqrt[a - c*xx"4]),x] J
output -1/5%(Bxx~3xSqrt[a - c*x74])/(c*d) + ((5x(Bxc - Axd)*xxSqrt[a - c*x~4])/(3

*d) - ((c*((-3*a~(3/4)*d*(5*B*c~3 — SxA*c™2xd + 3*a*Bxd~2)*Sqrt[1 - (cxx~4
)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(c~(3/4)*Sqrt[a - c*x~4])
+ (a~(1/4)* (5% (Bxc - A*d)*(3*c~3 + a*d~2) + (3*Sqrt[al*d*(5*B*c~3 - 5xA*c
~2%d + 3%axB*d~2))/Sqrtlcl)*Sqrt[l - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*
x)/a~(1/4)]1, -11)/(c”(1/4)*Sqrt[a - c*x~4]1)))/d"2 - (15*%a~(1/4)*c~(15/4)*(
Bxc - Axd)*Sqrt[1 - (c*x"4)/al*EllipticPil[-((Sqrt[al*d)/c~(3/2)), ArcSin[(
c~(1/4)*x)/a~(1/4)]1, -11)/(d"2xSqrt[a - c*x~4]))/(3*c*d))/(5xc*d)

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

rule o7 Int[(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 327 Int[Sqrt[(a_) + (b_.)*(x_)"21/Sqrt[(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]1))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(axd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]

rule 762‘Int[1/sq.rt[(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[(1/(Sqrt[al*Rt[-b/a, 4]) ‘

‘)*EllipticF[ArcSin[Rt [-b/a, 4]1*x], -1], x] /; FreeQ[{a, b}, x] && NegQ[b/al ‘
&& GtQ[a, O]

- J




rule 765

rule 1389

rule 1390

rule 1513

rule 1542

rule 1543

rule 2235
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Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[Sqrt[1 + b*(x"4/a)]/Sqrt
[a + bxx"4] Int[1/Sqrt[1 + bx(x"4/a)], x], x] /; FreeQ[{a, b}, x] && NegQ
[b/a] && 'GtQ[a, O]

/Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> Simp[d/Sq
rt[a]l Int[Sqrtl[l + ex(x"2/d)1/Sqrtl[l - ex(x~2/d)]1, x], x] /; FreeQl{a, c,
d, e}, x] && EqQ[c*d™2 + a*e”2, 0] && NegQlc/al &% GtQ[a, O]

~

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> Simp[Sqrt
[1 + cx(x"4/a)]/Sqrt[a + c*x"4] Int[(d + e*x"2)/Sqrt[l + c*(x"4/a)], x],
x] /; FreeQ[{a, c, d, e}, x] && EqQ[c*d"2 + axe”2, 0] && NegQ[c/al && !GtQ
[a, 0] && !(LtQ[a, O] && GtQ[c, 0])

Int[((d.) + (e_.)*(x_)"2)/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[-c/a, 2]}, Simp[(d*q - e)/q Int[1/Sqrtl[a + c*x"4], x], x] + Simple/q

Int[(1 + g*x~2)/Sqrtla + c*x~4], x], x]] /; FreeQl[{a, c, d, e}, x] && Neg
Qlc/al && NeQ[cxd~2 + axe™2, 0]

Int[1/(((d_) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]), x_Symbol] :> With[
{q = Rt[-c/a, 4]}, Simp[(1/(d*Sqrt[al*q))*EllipticPi[-e/(d*q~2), ArcSin[q*x
1, -11, x11 /; FreeQ[{a, c, d, e}, x] && NegQ[c/al && GtQ[a, O]

Int[1/C((A@_) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :> Simp[
Sqrt[1 + c*(x"4/a)]/Sqrtla + c*x~4] Int[1/((d + e*x~2)*Sqrt[l + c*(x"4/a)
1), x1, x] /; FreeQ[{a, c, d, e}, x] && NegQ[c/al && !GtQ[a, O]

Int[(P4x_)/(((d.) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]1), x_Symbol] :>
With[{A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff[P4x, x, 4]}, Si
mp[-(e~2)~(-1) Int[(C*d - B*e - Cxe*x"2)/Sqrtl[a + c*x74], x], x] + Simp[(
Cxd"2 - Bxdxe + Axe~2)/e”2 Int[1/((d + exx"2)*Sqrt[a + c*x~4]), x], x1] /
; FreeQ[{a, c, d, e}, x] && PolyQ[P4x, x~2, 2] && NeQ[c*d"2 - a*e”2, 0]
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Int[(Px_)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]), x_Symbol] :> W
ith[{q = Expon[Px, x]}, Simp[Coeff[Px, x, ql*x~(q - 5)*(Sqrtl[a + c*x~4]/(c*
ex(q - 3))), x] + Simp[1/(cxex(q - 3)) Int[(cxex(q - 3)*Px - Coeff[Px, x,
ql*x~(q - 6)*(d + e*x"2)*(ax(q - 5) + cx(q - 3)*x74))/((d + exx"2)*Sqrt[a
+ c*x74]1), x], x] /; GtQlq, 41] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x]

rule 2237

Maple [A] (verified)

Time = 5.10 (sec) , antiderivative size = 357, normalized size of antiderivative = 1.08

method | result
~ 5 (Aa d343Ac3d—Bacd?—3B c4) \1- 7\/‘5/;2 1+ \/\E/? EllipticF (m \/%,z) ~ 3(5A 2d—3Ba
risch . z(3B z2d+5Ad—52Bc) vV—czi+ta _ a2,/ % V—caztta
15cd
\/gmz \ﬁa:2 L NP \/gmz \ﬁa;2 L ﬁ
d2 (Ad_Bc) B z\/m_"_ ay/1— Va 1+T EllipticF (z, / ﬁ,l) N Vcd(Ad—Bc)ya \/? 1+ Va (ElhptlcF (z,/ Va
3e 3¢, /% V—cztta \/%\/m
default
elliptic | Expression too large to display
inputLint(XAG*(B*XA2+A)/(d*XA2+C)/(‘C*XA4+a)A(1/2),x,method=_RETURNVERBOSE) J
output —-1/15%x* (3*%Bxd*x~2+5%A*d-5*%B*c) * (~c*x~4+a) ~(1/2) /c/d"2-1/15/c/d" 2% (-5x (A*a

*d~3+3*Axc~3xd-Bxaxcxd~2-3xBxc~4)/d"2/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2) *x
~2/a”(1/2)) " (1/2)*(1+c~(1/2)*x~2/a~ (1/2)) ~(1/2) / (-c*x~4+a) = (1/2) *E11lipticF
(xx(c~(1/2)/a~(1/2))~(1/2) ,1)-3/d* (5xAxc~2*xd-3*B*a*d~2-5%B*xc~3)*a~(1/2)/(c
~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/2)) " (1/2) *(1+c~(1/2) *x~2/a~ (1/2)
)~ (1/2)/ (—cxx~4+a)~(1/2) /c~(1/2) *(EllipticF (x*(c~(1/2)/a~(1/2))~(1/2) ,I1)-E
1lipticE(x*(c™(1/2)/a~(1/2))~(1/2) ,1))+15%c~3* (A*d-B*c) /d~2/(c~(1/2) /a~(1/
2))"(1/2)*(1-c~(1/2)*x~2/a~(1/2)) " (1/2) *(1+c~(1/2)*x~2/a~ (1/2)) ~(1/2) / (—c*
x"4+a)~ (1/2)*EllipticPi(x*(c~(1/2)/a~(1/2))~(1/2) ,-a~(1/2)*d/c”~(3/2) , (-c~(
1/2)/a~(1/2))~(1/2)/(c~(1/2)/a~(1/2))~(1/2)))
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Fricas [F]

T dz
o+ de?) va — oot V=cat talda® 1 o)

/ z%(A + Bz?) (Bz?® 4+ A)z®
(

inputLintegrate(x‘6*(B*x“2+A)/(d*x‘2+c)/(—c*x*4+a)*(1/2),x, algorithm="fricas")

output‘ integral (-(B*x"8 + A*x"6)*sqrt(-c*x"4 + a)/(ckd*x"6 + c”2%x"4 - axd*x"2 -

‘a*c), X)
Sympy [F]
/ z°(A + Bz?) dp — 2%(A + Bz?) i
(c+ dz?) va — cat va — cz* (c + dx?)
input Lintegrate (xx*6% (Bxx*x*2+A) / (d*x**2+c) / (~ckx**4+a) **(1/2) ,x)
output LIntegral(x**G* (A + B*x**2)/(sqrt(a - ckx**4)*x(c + d*x**2)), x)
Maxima [F]
/ z%(A + Bz?) i — (Bx? + A)xb i
(c+ dz?) va — ca? v—czt + a(dx? + ¢)

inputLintegrate(x“6*(B*x“2+A)/(d*x“2+c)/(-c*x*4+a)*(1/2),x, algorithm="maxima")

output Lintegrate((B*x"z + A)*x"6/(sqrt(-cxx~4 + a)*(d*x™2 + c)), x)
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Giac [F]
z%(A + Bz?) (Bz?® 4+ A)z®
/ (c+dz?) Va — ca? “T V—czt + a(dz? + ¢) de
input Lintegrate (x~6% (B*x~2+A) / (dxx~2+c) / (—c*x~4+a)~(1/2) ,x, algorithm="giac") J
output Lintegrate((B*x*Q + A)*x"6/(sqrt(-cxx~4 + a)*(d*x™2 + c)), x) J

Mupad [F(-1)]

Timed out.
/ z5(A + Bz?) i — z% (Bz? + A) i
(c+dz?) vVa — cxt Va—czt (dz2 +c)
input Lint ((x"6%x(A + B*x"2))/((a - c*x~4)~(1/2)*(c + d*x"2)),x) J
Outputtint((x‘G*(A + Bxx"2))/((a - c*x74)~(1/2)*(c + d*x"2)), x) J
Reduce [F|
2%(A + Bz?) o
(c+dz?)va —czt

—5v/—cz* + aadx + 5v/—cxt + aber — 3v/—cxt +abd x® + 5<f — st ;‘;ﬁtgwuacdx) a’cd — 5<f -

input Lint (x~6* (B*x~2+A) / (d*x"~2+c) / (~c*x"4+a) " (1/2) ,%) J
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( - Bxsqrt(a - c*x¥*4)*a*xd*x + bxsqrt(a - c*x**4)*bkc*x - 3*sqrt(a - cxx**
4)*bxd*x**3 + Bkint(sqrt(a - ckxxx*4)/(a*xc + axd*x**2 — ck*2kxx*4d — cxd*xk*
6) ,x)*a*x2kcxd - S*int(sqrt(a - c*x**4)/(axc + a*xd*kx**2 — c**x2*x*x*4 — cxd*
x*%6) ,x) *axb*xck*2 + 9xint((sqrt(a - ckx**4)*x**x4)/(a*c + akd*x**2 — ckx*2*x
*¥*4 — cxd*kx**6) ,x)*a*bxd**2 - 16*int ((sqrt(a - cxx**4)*x**4)/(axc + axd*rx*
*¥2 — cHkx2kxx*4 — cxd*kx**6),x)*akcxk*x2xd + 16*int ((sqrt(a - cxx*x4)*x**4)/(a
*C + akdxx**2 — cHk*2kx*k*k4 — cxdkx**6),x)*¥bkcx*3 + 5xint((sqrt(a - ckxx**x4)x*
xx*k2) /(a*c + axd*x*k*2 — cx*kkx**k4 — ckd*kx**6),X)*a*x2xd*x2 + 4*xint((sqrt(a
- ckxk*4)kx*k*2) / (akxc + akd¥x**2 — ck*kx**x4 — cxd*xx**6) ,x)*axbkckd)/(15%c
*d*x2)

output




output
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3.8 f z*(A+Bz?) da

) (c+dz?)Va—cz?
Optimal result . . . . . . . . .. . .. 133]
Mathematica [C] (verified) . . . . . . . . . . ... 134
Rubi [A] (verified) . . . . . . . . . . 134
Maple [A] (verified) . . . . . . . . . . 139
Fricas [F] . . . . . . 1401
Sympy [F] . . . o 140
Maxima [F] . . . . . . o e 141
Giac [F] . . . o o 141]
Mupad [F(-1)] . . . 141]
Reduce [F] . . . . . o 142
Optimal result
Integrand size = 32, antiderivative size = 268

z*(A + Bz?) d
(c+dz?)va — cz?
3/4(Be — Ad)+/1 — < in [
- _me ) a’’*(Bc— Ad)\/1 - < E(arcsm ( -
N 3cd c3/4d?v/a — cx*
4 cxt . . . Y Cx
N va(3Bc® — 3Ac*d + aBd? + 3y/a\/cd(Bc — Ad)) /1 — <= EllipticF (arcsm ( \{//_E
30 a = oot

Vac*(Be — Ad)4/1 — <" EllipticPi (—ﬂ

d3va — cxt

-1/3*%Bxx* (-c*x"4+a)~(1/2)/c/d-a~(3/4) * (~A*d+B*c) * (1-c*x~4/a) ~(1/2)*Ellipti
cE(c™(1/4)*x/a~(1/4) ,1)/c™(3/4)/d"2/ (-c*x"4+a) ~(1/2)+1/3%a” (1/4) * (3*B*c~3-
3kA*c~2*d+B*a*d~2+3*a” (1/2) *c~ (1/2) *d* (-A*xd+B*c) ) * (1-c*x~4/a) ~(1/2) *Ellipt
icF(c~(1/4)*x/a~(1/4),1)/c”(5/4)/d"3/ (-cxx"4+a)~(1/2)-a~ (1/4) *c~ (3/4) * (-A*
d+Bxc) *(1-c*x~4/a) "~ (1/2)*EllipticPi(c~(1/4)*x/a~(1/4) ,-a~(1/2)*d/c”~(3/2),1I

)/d"3/(-c*x~4+a) ~(1/2)




input |

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 10.98 (sec) , antiderivative size = 367, normalized size of antiderivative = 1.37

/ z*(A + Bz?)
da;
(c+ dz?)va — cx*

~ —aB —%d% + B\/T%cd2x5 + 3iy/av/cd(Bc — Ad)y/1 — c””74l*'](iaurcsinh( —%x)’ - 1) —i(-3.

Integrate[(x"4*(A + B*x~2))/((c + d*x~2)*Sqrt[a - c*x"4]),x]

Sqrt[al)]*c*d~3*Sqrt[a - c*x~4])

(-(axB*Sqrt [-(Sqrt [c]l/Sqrt[a])]*d"2*x) + B*Sqrt[-(Sqrt[cl/Sqrt[al)]*c*xd™2*
x75 + (3*I)*Sqrt[a]l*Sqrt[c]*d*(Bxc - A*d)*Sqrt[1l - (c*x~4)/al*EllipticE[I*
ArcSinh[Sqrt[-(Sqrt[cl/Sqrt[al)]*x], -1] - I*(-3*AxSqrt[c]*d*(c~(3/2) + Sq
rt[al*d) + B*(3*%c~3 + 3*Sqrt[al*c”(3/2)*d + a*d~2))*Sqrt[1 - (c*x"4)/al*El
lipticF[I*ArcSinh[Sqrt[-(Sqrt[c]l/Sqrtlal)]l*x], -1] + (3*I)*Bxc~3*Sqrt[1 -

(c*x~4) /al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), IxArcSinh[Sqrt[-(Sqrt[c]/Sqr
t[al)]*x], -1] - (3*I)*A*c™2*d*Sqrt[1 - (c*x~4)/al*EllipticPil[-((Sqrt[al*d
)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlc]l/Sqrt[al)]l*x], -11)/(3*Sqrt[-(Sqrtlc]/

Rubi [A] (verified)

Time = 0.89 (sec) , antiderivative size = 276, normalized size of antiderivative = 1.03,

number of steps used = 13, number of rules used = 13, number of rules _ = 0.406, Rules
integrand size

used = {2237, 25, 2235, 25, 1513, 27, 765, 762, 1390, 1389, 327, 1543, 1542}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z? (A + Bac2)
z
Vva —cz* (c+ dz?)
l 2237
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30d(Bx2+A) z4+B (dwz—l—c) (a—3cac4)
_ f B (dz?+c)vVa—ca? dz _ Bzva — cx?
3cd 3ed

| 25

3cd (B:lc2 +A) z4+B (dx2+c) (a—30w4)
J (dz?+c)v/a—ca? dz _ Bazva—cat
3cd 3cd
l 2235

3 1 3 2 2 2
3c (Bc—Ad)fmdx f_SBc —3Adc —3:2(13;1,4(1)75 ctaBd? 5 .
_ &2 - &2 Bzva — cx
3cd 3cd
l 25
I 3Bc3—3Adc? —3d(Bc—Ad)z?c+aBd? do  3¢(Be—Ad) [ ﬁdx
a—czd (dz +c) Va—cx B \/74
2 - 2 _ Bxzva-—cx
3ed 3cd
| 1513
2 3 _ 1
(3vav/ed(Be—Ad)+aBd®~3Ac?d+3Bc%) [ L de—3+/ay/ed(Be—Ad) fiﬁm%ﬁidx 3c®(Be—Ad) [ (47 7<) Va—eat dx
d? - a2
3cd
Bz+va — czt
3cd

l 27
1

2
(3vay/ed(Be—Ad)+aBd?~3Ac2d+3Bc®) [ ——— de—3/cd(Be—Ad) [ YE V2 gy 3c*(Be—Ad) [ (42 4e) Va oot T

a—caz? a—cx
2 - 2 _
3cd
Bzva — cxt
3cd
l 765

\J1-2 (3vayed(Be—Ad)+aBd? ~34c?d+3B3) [ — L —dx

1-cg® 2 3 1
= B Jex?1-/a 33(Be—Ad) [ ———L — _dz
ozl 3\/Ed(BC Ad) f Va—cz? dz _ (dzz+c) Va—ca?
d? a2
3cd
Bzva — cxt
3cd

l 762
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4
%\/1— et (3\/6\/Ed(Bc—Ad)+aBd2—3Ac2d+3Bc3) EllipticF | arcsin Ce) 4
’ Va _3/ed(Be—Ad) [ Y2 HVa gy 3.3(Be_ Aq) I ——
%\/ a—czd Va—caz? (da:2+c) Va
d? — d?
3cd
Bz+va — cxt
3cd
l 1390

QI
o
8

_cx
1 a

- 3c3(Bc—Ad) [ —

4 - ez ++/a
Ya/1- czt (3vaved(Be—Ad)+aBd? 342 d+3Bc3 ) Blliptick (arcsm< ) ,_1> 3vedy\/1- G~ (Be—Ad) [ ¥ =—CZdx

=

%\/ a—czd a—czd (d:vz
d? B d?
3ed
Bz+va — cxt
3cd
l 1389
Vea? )
4/0 [ et /e, syayedy/1- 2t (Be—ad) [ L Yo 4o
\/E 1-cz® (Sﬁﬁd(Bc—Ad)+aBd2—3Ac2d+33c3) EllipticF | arcsin | —¥ —1 1 Vea?
Ya va 3
%\/ﬁ N a—cxd 3¢ (Bc_Ad)fZ
d? — (
3cd
Bz+va — cxt
3cd
l 327

4 4
%\/ 1— % (3\/5\/Ed(Bc—Ad)+aBd2—3Ac2d+3Bc?’) EllipticF (arcsin < '\/(_Z:c) ,—1> 3a3/4 %d 1— % (Bc—Ad)E (arcsin ( \4/Ez> —1)
— \/a 363(1

=

%\/ Glfcftl a—cw4
d? -
3cd
Bzva — cxt
3cd
l 1543
4 4
%,/17% (3\/5\/Ed(Bc7Ad)+aBd273Ac2d+3Bc3) EllipticF (arcsin( %//_E””) ,71> 343/4 4\/Ed 17%(BcfAd)E (arcsin( }{//_Ez> 71> s
a _ a 3c?y
%\/ 0—014 a—cz4
d? -
3cd

Bzva — cxt
3cd
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l 1542
4 4
%\/1—¢(3ﬁﬁd(3c—Ad)+aBd2—3Ac2d+3Bc3) EllipticF | arcsin \/E”” —1] 3¢3/43/ca/1— <2t (Be—ad)E| arcsin \/Ew -1
a % 3 a % 3%
%\/ G—CZI (Z—CIL‘4
d?2 -
3cd
Bzva — cxt
3cd

input‘lnt[(x”4*(A + B*x72))/((c + d*x~2)*Sqrt[a - c*x"4]),x]

-1/3*(B*x*Sqrt[a - c*x"4])/(cxd) + (((-3*a~(3/4)*c~(1/4)*d*(B*c - A*d)*Sqr
t[1 - (c*x74)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)], -11)/Sqrt[a - c*x~
4] + (a~(1/4)*(3*%B*c™3 - 3*A*c™2xd + a*Bxd"2 + 3*Sqrt[a]*Sqrt[c]*d*(Bxc -
Axd))*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(c(
1/4)*Sqrtla - c*x~4]))/d"2 - (3*a~(1/4)*c”(7/4)*x(Bxc - A*d)*Sqrt[1 - (c*x™
4)/a]*EllipticPi[-((Sqrt[al*d)/c~(3/2)), ArcSin[(c~(1/4)*x)/a~(1/4)], -11)
/(d"2*Sqrt[a - c*x"4]))/(3*c*d)

output

Defintions of rubi rules used

rule 25 106[-(Fx.), x Symboll :> Simp[ldentity[-1]  Int[Fx, x], x] J
rule 27 It[(@ )*x(Fx ), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 327 Int [Sqrt[(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simpl[
(Sqrtl[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]1*x], bx(c/(a*d)
)1, x]1 /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]
rule 762 Int[1/8qrt[(a ) + (b_.)*(x_)"4], x_Symbol] :> Simp[(1/(Sqrt[a]l*Rt[-b/a, 41)
)*EllipticF[ArcSin[Rt[-b/a, 4]*x], -1], x] /; FreeQ[{a, b}, x] &% NegQ[b/al
&& GtQ[a, 0]




rule 765

rule 1389

rule 1390

rule 1513

rule 1542

rule 1543

rule 2235
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Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[Sqrt[1 + b*(x"4/a)]/Sqrt
[a + bxx"4] Int[1/Sqrt[1 + bx(x"4/a)], x], x] /; FreeQ[{a, b}, x] && NegQ
[b/a] && 'GtQ[a, O]

/Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> Simp[d/Sq
rt[a]l Int[Sqrtl[l + ex(x"2/d)1/Sqrtl[l - ex(x~2/d)]1, x], x] /; FreeQl{a, c,
d, e}, x] && EqQ[c*d™2 + a*e”2, 0] && NegQlc/al &% GtQ[a, O]

~

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> Simp[Sqrt
[1 + cx(x"4/a)]/Sqrt[a + c*x"4] Int[(d + e*x"2)/Sqrt[l + c*(x"4/a)], x],
x] /; FreeQ[{a, c, d, e}, x] && EqQ[c*d"2 + axe”2, 0] && NegQ[c/al && !GtQ
[a, 0] && !(LtQ[a, O] && GtQ[c, 0])

Int[((d.) + (e_.)*(x_)"2)/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[-c/a, 2]}, Simp[(d*q - e)/q Int[1/Sqrtl[a + c*x"4], x], x] + Simple/q

Int[(1 + g*x~2)/Sqrtla + c*x~4], x], x]] /; FreeQl[{a, c, d, e}, x] && Neg
Qlc/al && NeQ[cxd~2 + axe™2, 0]

Int[1/(((d_) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]), x_Symbol] :> With[
{q = Rt[-c/a, 4]}, Simp[(1/(d*Sqrt[al*q))*EllipticPi[-e/(d*q~2), ArcSin[q*x
1, -11, x11 /; FreeQ[{a, c, d, e}, x] && NegQ[c/al && GtQ[a, O]

Int[1/C((A@_) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :> Simp[
Sqrt[1 + c*(x"4/a)]/Sqrtla + c*x~4] Int[1/((d + e*x~2)*Sqrt[l + c*(x"4/a)
1), x1, x] /; FreeQ[{a, c, d, e}, x] && NegQ[c/al && !GtQ[a, O]

Int[(P4x_)/(((d.) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]1), x_Symbol] :>
With[{A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff[P4x, x, 4]}, Si
mp[-(e~2)~(-1) Int[(C*d - B*e - Cxe*x"2)/Sqrtl[a + c*x74], x], x] + Simp[(
Cxd"2 - Bxdxe + Axe~2)/e”2 Int[1/((d + exx"2)*Sqrt[a + c*x~4]), x], x1] /
; FreeQ[{a, c, d, e}, x] && PolyQ[P4x, x~2, 2] && NeQ[c*d"2 - a*e”2, 0]




rule 2237

input
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Int[(Px_)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]), x_Symbol] :> W
ith[{q = Expon[Px, x]}, Simp[Coeff[Px, x, ql*x~(q - 5)*(Sqrtl[a + c*x~4]/(c*
ex(q - 3))), x] + Simp[1/(cxex(q - 3)) Int[(cxex(q - 3)*Px - Coeff[Px, x,
ql*x~(q - 6)*(d + e*x"2)*(ax(q - 5) + cx(q - 3)*x74))/((d + exx"2)*Sqrt[a
+ c*x74]1), x], x] /; GtQlq, 41] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x]

Maple [A] (verified)

Time = 4.68 (sec) , antiderivative size = 430, normalized size of antiderivative = 1.60

method | result
_ [1_ vea? Vea? ipti [e 4
N N vy _£ d(Ad—Bc)+/a /1 Ja 1+ Ja (ElllptlcF(z \/E’Z)
c(Ad—Bc)\/l— Vo 1+ Vo EllipticPi | Var c% R % /% J—eshtave
default “ L —
ds,/ % V—czt+a
3y/cd(Ad—Bc)va | 1—7\/\5/;2 1+ ‘/\5/22 (EllipticF (a:, / %,i) —EllipticE (a:, / %,i)) . Ba d2'/l— \/\5/22 1+
1/ % VvV —c z4+a
. —crd
I'lSCh __ Bzv—cz*+a _|_
3cd
_ﬁz2 ez s e Ve _ﬁzz Vcz? s Ve o\ 2 _
elhptlc _Bm\/m B \/1 Ve \/H— Ve EllipticF (:c ﬁ,z)cA 4 \/1 NG \/1+ Vo ElhptlcF(z ﬁ,z)c B +l
d
3e & V=crraad & V=caTrad

Lint(x“4*(B*x“2+A)/(d*x“2+c)/(—c*x“4+a)‘(1/2),x,method=_RETURNVERBOSE) J
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c*(A*d-Bxc)/d~3/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2) ) ~(1/2) *(1+c
~(1/2)*x~2/a~(1/2))~(1/2) / (-c*x~4+a) ~(1/2)*E1lipticPi (x* (¢~ (1/2) /a~(1/2))"
(1/2) ,-a~(1/2)*d/c~(3/2) , (-c~(1/2) /a~(1/2))~(1/2)/(c~(1/2) /a~(1/2))~(1/2))
-1/d"3*(d* (Axd-B*c)*a~(1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/2)
)~ (1/2)*(1+c~ (1/2)*x~2/a~(1/2) )~ (1/2) / (-c*x"4+a) ~(1/2) /c~(1/2) * (E1lipticF(
x*(c™(1/2)/a~(1/2))~(1/2) ,I1)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2) ,I))+A*xc*d
/(c™(1/2)/a~(1/2))~(1/2)*(1-c~ (1/2)*x~2/a~ (1/2) )~ (1/2) *(1+c~(1/2) *x~2/a~ (1
/2))~(1/2)/(-c*x~4+a)~(1/2)*E1lipticF (x*(c~(1/2) /a~(1/2))~(1/2) ,I)-B*c~2/(
c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2) )~ (1/2) *(1+c~(1/2)*x~2/a"~ (1/2
))~(1/2)/ (-c*x~4+a) ~(1/2)*E1llipticF (x*(c~(1/2)/a~(1/2))~(1/2) ,I)-B*d~2* (-1
/3/cxx*(—c*xx~4+a) " (1/2)+1/3*a/c/(c”(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x"2/a" (
1/2))°(1/2)*(1+c~(1/2) *x"2/a~ (1/2))~(1/2) / (~c*x"4+a) " (1/2) #*E1lipticF (x* (c”
(1/2)/a~(1/2))~(1/2),1)))

output

Fricas [F]

/ z*(A + Bz?) dr — (Bx? + A)zx? .
(

¢+ dz?)va — cz? Vv —cz* + a(dz? + ¢)

-

integrate (x~4* (Bxx~2+A)/(d*x~2+c)/(-c*x"4+a)~(1/2) ,x, algorithm="fricas")

input

N

‘integral(—(B*x“6 + A*x"4)*sqrt(-c*x"4 + a)/(c*d*x"6 + c"2%x"4 - a*xd*x"2 -

output
La*C), x)

Sympy [F]

/ z*(A + Bz?) . z*(A + Bz?) .
(c+ dx?) vVa — cz? Va — cz* (¢ + dz?)

inputLintegrate(x**4*(B*x**2+A)/(d*x**2+c)/(_c*x**4+a)**(1/2)’X)

output‘Integral(x**4*(A + Bxx*x2) /(sqrt(a - ckx**4)*(c + d*x**2)), x)
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Maxima [F|
/ z*(A + Bz?) . (Bz? + A)z* "
(c+ds?)Va—cat ~  J V—ca®+a(da® +c)

inputLintegrate(x“4*(B*x“2+A)/(d*x‘2+c)/(—c*x*4+a)*(1/2),x, algorithm="maxima")

output Lintegrate ((B*¥x~2 + A)*x~4/(sqrt(-c*x~4 + a)*(d*x"2 + c)), x)

Giac [F]

/ z*(A + Bz?) i — (Bz? + A)z* s
(c+ dz?)va — cx* v —cz* + a(dz? + ¢)

inputLintegrate(x“4*(B*x“2+A)/(d*x‘2+c)/(—c*x*4+a)*(1/2),x, algorithm="giac")

output Lintegrate ((B*x~2 + A)*x”4/(sqrt(-c*x~4 + a)*(d*x"2 + c)), x)

Mupad [F(-1)]

Timed out.

/ z*(A + Bz?) i — 2t (Bz? + A) e
(c+dz?)va — cxt va—czt (dx? +c)

input Lint((x‘4*(A + Bxx~2))/((a - c*x~4)~(1/2)*(c + d*x~2)),x)

output Lint((x"4*(A + B*x"2))/((a - c*xx"4)"(1/2)*(c + d*x~2)), x)
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Reduce [F|

z*(A + Bz?)
(c+dz?)va — cx?
_ oV —czt+abr + <f —cde—c_zfcf:;;x2+acdx> abc + 3<f —cdxs—_cczgacciizgiz+acdx> acd — 3 (f —cdxﬁ—_cgzijl_—zs
- 3cd

dz

inputLint(x‘4*(B*x“2+A)/(d*x‘2+c)/(—c*x*4+a)*(1/2)’x) J

( - sqrt(a - c*x**4)*bxx + int(sqrt(a - c*x**4)/(axc + a*d*x**2 — CH*k2xx**

4 - ckxd*x**6) ,x)*axb*c + 3*int((sqrt(a - cxx**x4)*x**4)/(a*c + a*xdxx**2 - c
*kkx¥k4 — ckdkx**6) ,x)*a*ckd - 3*int((sqrt(a - cxx**x4)*x**4)/(a*xc + axd*x
*¥kD — CHkk2kx*kk4 — ckd*x**6) ,x)*¥bkck*2 + int((sqrt(a - ckxx*4)*x**2)/(axc +
axdxx*k*2 — Cck*¥kxkkd — ckd*x**6) ,x)*axb*d)/(3*c*d)

output




output
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3.9 f z?(A+Bz?) da
) (c+dz?)Va—cz?

Optimal result . . . . . . . . .. . .. 143]
Mathematica [C] (verified) . . . . . . . . . . ... 144
Rubi [A] (verified) . . . . . . . . . . 144
Maple [A] (verified) . . . . . . . . . . 148
Fricas [F(-1)] . . . . . . T49]
Sympy [F] . . . o 149
Maxima [F] . . . . . . o e 150
Giac [F] . . . o o o 150
Mupad [F(-1)] . . . 150
Reduce [F] . . . . . o 1511

Optimal result

Integrand size = 32, antiderivative size = 212

/ z?(A + Bz?) i
(c+dz?)vVa — cx?

4
a®*By/1 — %E(arcsin (%) ‘ — 1>

B

c3/4dv/a — cxt
{‘/E(Ad — B(c + %)) \/1— “74 EllipticF (arcsin (
" Jeda—cat
Va(Bc — Ad)\/1 — < EllipticPi <—

_|_

Ved?v/a — cxt

a~(3/4)*B*x(1-c*x~4/a)~ (1/2)*EllipticE(c~(1/4)*x/a~(1/4),1)/c”(3/4)/d/ (-c*x
“4+a)~(1/2)+a” (1/4)* (A*d-B*(c+a~(1/2)*d/c~(1/2)))*(1-c*x~4/a) ~(1/2) *E1llipt
icF(c~(1/4)*x/a~(1/4),1)/c™(1/4)/d"2/ (~cxx~4+a) " (1/2)+a~ (1/4) * (~A*d+Bx*c) *(
1-c*x~4/a)~(1/2)*EllipticPi(c~(1/4)*x/a~(1/4) ,-a~(1/2)*d/c~(3/2) ,I)/c~(1/4

)/d"2/ (~c*x~4+a) ~(1/2)




input

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 10.52 (sec) , antiderivative size = 193, normalized size of antiderivative = 0.91
z?(A + Bz?)
(c+dz?)va — cx?
B ih/1— % <\/EBdE<iarcsinh< —%CE) ) - 1) — (Bc*? + \/aBd — Ay/cd) EllipticF (iarcsinh(, / —%
= 3/2
Va (—\/i;) d?va — cz*

dz

-

LIntegrate[(x‘?*(A + Bxx72))/((c + d*x~2)*Sqrt[a - c*x"4]),x] J

(I*Sqrt[1 - (c*x~4)/al*(Sqrt[a]*B*d*EllipticE[I*ArcSinh[Sqrt[-(Sqrt[c]/Sqr
tlal)]*x], -1] - (Bxc~(3/2) + Sqrt[al*Bxd - A*Sqrt[c]l*d)*EllipticF[I*ArcSi
nh[Sqrt[-(Sqrt[c]l/Sqrt[al)]*x], -1] + Sqrtlc]l*(Bxc - Axd)*EllipticPi[-((Sq
rt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlcl/Sqrtlal)]*x], -11))/(Sqrt[al*(
-(8qrt[cl/Sqrt[al))~(3/2)*d~2*Sqrt[a - c*xx~4])

Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 215, normalized size of antiderivative = 1.01,

number of steps used = 10, number of rules used = 10, Bumber of rules _ 4 319 Ryjeg
integrand size

used = {2235, 1513, 27, 765, 762, 1390, 1389, 327, 1543, 1542}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x2 (A + BIEQ)
va — czt (¢ + dz?)
l 2235

dxr

c(Bc _ dz f —Bd.’l,'2+BC—Addx

1
Ad) f (dz2+c)vVa—cz? Va—cz*
d? d?

l 1513
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2
VaBd [ ez Ve g,

B0 e (=5 )) ) ) L
d? B d2

| 27

2
Bd [ Yertva gy

oBe— A | g remamde —((4d=B(F +¢)) | Jatode) - ——0=
d? N d2
| 765
CZ4
1 = (4B () S 1_1% Y paf Y
e(Be~Ad) | tarrgvaen®®  — Ve -
d? N d2
| 762
d? N
4
B Bd [ %dm _ %\/ 1—% (Ad—B(%-i—c)) EllipticF (arcsin( }//_E;> ,—1)
Ve Yova—cat
d2
l 1390
1
d2
_614 fw +va cx a o g . % Cx
) Bdy/1 S ,71 - 2 dx %\/ 1—74 (Ad—B(%—i—c)) EllipticF (arcsm( \4\//_(_1 > ,—1>
Veva—ca? Veva—ct
d2
l 1389
1
d? N
2 +1
_% 4
vaBdy1== [ \\f/g Vay/1-2 (4d-B (L +c) ) EllipticR (arcsin( }é%) ,—1)
Veva—cat B Yeva—cat
d2

l 327
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1
o(Be—Ad) | Garg e ®
d2
a3/4Bd@E (arcsin ( 4\%//%> —1> %\/@(Ad—B (%"1‘6)) EllipticF <arcsin < 4\‘\1//%> ,_1>
— c3/4\/a—cxt - %\/m
d2
l 1543
/1= (Be—Ad) [ —— 1 _dx
VimE e ag ]
d?va — cxt
A 4
a3/4Bd@E <arcsin ( }{//_Ez> _1> %\/@(Ad_B (%4‘0)) EllipticF <arcsin ( \4/\/E—z> 7_1>
a a
- c3/4\/a—cxt - %m
d2
l 1542

4 3 : : ad . $ Cx
%\/@(Bc — Ad) EllipticPi (—;{/2, arcsin ( \4/\/_& ) , —1) )

vcd?va — cxt
A 4
a3/4Bd\/@E (arcsin ( \%//_Ex > _1> %\/@(Ad_B (%4-0)) EllipticF <arcsin ( \%//—Ez ) ,—1>
a a
_ /tVa-cat B Yeva—cat
d?

-

input LInt[(x"2*(A + B+x~2))/((c + d*xx~2)*Sqrtla - c*x~4]1),x]

= J

output -((-((a~(3/4)*Bxd*Sqrt[1 - (c*x"4)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)
1, -11)/(c”(3/9)*Sqrt[a - cxx™4D)) - (a™(1/4)*(Axd - Bx(c + (Sqrt[al+d)/Sq
rt[c]))*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)], -11)/(c
~(1/4)*Sqrt[a - c*x~4]1))/d"2) + (a~(1/4)*(Bkc - A*d)*Sqrt[1 - (c*x~4)/al+E
1lipticPi[-((Sqrt[al*d)/c~(3/2)), ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(c~(1/
4)*d~2+Sqrt[a - c*xx~4])




rule 27

rule 327

rule 762

rule 765

rule 1389

rule 1390

rule 1513
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

/Int[Sqrt[(a_) + (b_.)*(x_)"2]1/8qrt[(c_) + (d_.)*(x_)"2], x_Symbol] :> Simpl[
(Sqrt[al/(Sqrt[c]*Rt[-d/c, 21))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] &% GtQ[c, 0] && GtQ[a, O]

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[(1/(Sqrt[al*Rt[-b/a, 4])
)*EllipticF [ArcSin[Rt[-b/a, 4]*x], -1], x] /; FreeQ[{a, b}, x] && NegQ[b/al
&& GtQ[a, 0]

‘Int [1/8qrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[Sqrt[1 + b*(x"4/a)]/Sqrt
‘ [a + b*x~4] Int[1/Sqrt[1 + bx(x~4/a)], x], x] /; FreeQ[{a, b}, x] && NegQ
L[b/a] && GtQ[a, 0]

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> Simp[d/Sq
rt[a]l] Int[Sqrtl[l + ex(x"2/d)]1/Sqrtl[l - ex(x"2/d)], x], x] /; FreeQl{a, c,
d, e}, x] && EqQ[c*d™2 + a*e™2, 0] && NegQlc/al && GtQ[a, O]

N\

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> Simp[Sqrt
[1 + cx(x"4/a)]/Sqrt[a + c*x"4] Int[(d + e*x"2)/Sqrt[l + c*(x"4/a)], x],
x] /; FreeQl[{a, c, d, e}, x] && EqQ[c*d"2 + axe”2, 0] && NegQ[c/al && !GtQ
[a, 0] & !(LtQ[a, 0] && GtQlc, 0])

‘(Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
‘ Rt[-c/a, 21}, Simp[(d*q - e)/q Int[1/Sqrt[a + c*x~4], x], x] + Simp[e/q
‘ Int[(1 + g*x~2)/Sqrt[a + c*xx~4], x], x]] /; FreeQ[{a, c, d, e}, x] && Neg
Qlc/al && NeQ[c*d™2 + axe™2, 0]




rule 1542

rule 1543

rule 2235
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Int[1/(((d.) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]), x_Symbol] :> With[
{q = Rt[-c/a, 4]}, Simp[(1/(d*Sqrt[al*q))*EllipticPi[-e/(d*q~2), ArcSin[q*x
1, -11, x11 /; FreeQ[{a, c, d, e}, x] && NegQ[c/al && GtQ[a, O]

Int[1/(C(A) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]), x_Symbol] :> Simp[
Sqrt[1 + c*x(x"4/a)]/Sqrtla + c*x~4] Int[1/((d + exx~2)*Sqrt[1 + c*x(x"4/a)
1), x1, x] /; FreeQ[{a, c, d, e}, x] && NegQ[c/al && !'GtQ[a, O]

input L

Int[(P4x_)/(((d.) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]1), x_Symbol] :>
With[{A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff[P4x, x, 4]}, Si
mp[-(e”2)~(-1) Int[(Cxd - Bk*e - Cke*x"2)/Sqrtl[a + c*x"4], x], x] + Simp[(
Cxd"2 - Bxdxe + Axe~2)/e”2 Int[1/((d + exx"2)*Sqrtl[a + c*x~4]), x], x1] /
; FreeQ[{a, c, d, e}, x] && PolyQ[P4x, x~2, 2] && NeQ[c*d"2 - a*e”2, 0]

Maple [A] (verified)

Time = 1.13 (sec) , antiderivative size = 329, normalized size of antiderivative = 1.55

method | result

Ad,/1—f°T22 14-\[0722 EllipticF (z\/%z) Bul\/a,u—‘fCT22 '/H—% (EllipticF (z\/%,i)—EllipticE(z %

9) Bof1- Lo

default 7

2 2 . . 2 2 s ) / 2 .,
\/1—‘/\5/2 \/1+‘/\E/2 ElhptlcF(a: %,Z)A \/1—‘/\5/2 \/1+‘/\E/§ ElhptlcF(a: %,z)Bc By/a 1—‘/% 1+£\ﬂ

elliptic

dy[ e V=ca+a &\ | Ve V=caTta
int (x~2% (Bxx~2+A) / (d*x~2+c) / (-c*x~4+a) ~(1/2) ,x,method=_RETURNVERBOSE) J
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1/d~2% (A*d/ (c™(1/2) /a~(1/2))~(1/2)*(1-c~ (1/2)%x~2/a~ (1/2)) ~ (1/2) * (1+c~ (1/2
)*x~2/a~(1/2))~(1/2) / (-c*x~4+a) ~ (1/2) *E1lipticF (x*(c~(1/2) /a~(1/2))~(1/2),
I)-Bxd*a~(1/2)/(c™(1/2)/a~(1/2))~(1/2)*(1-c" (1/2)*x~2/a"~ (1/2))~(1/2) * (1+c”
(1/2)*x~2/a~(1/2))~(1/2) / (-c*x~4+a)~(1/2) /c~ (1/2) *(E11lipticF (x*(c~(1/2) /a~
(1/2))7(1/2) ,I)-E11lipticE (x*(c~(1/2)/a~(1/2))~(1/2) ,I))-Bxc/(c~(1/2) /a~(1/
2)) 7 (1/2)*(1-c~(1/2)*x~2/a~ (1/2))~ (1/2) * (1+c~ (1/2) *x~2/a~ (1/2) )~ (1/2) / (~c*
x"4+a)"~ (1/2)*E11lipticF (x*(c™(1/2)/a~(1/2))~(1/2),1))-1/d"2% (A*d-Bxc)/ (c~ (1
/2)/a~(1/2))~(1/2)*(1-c~(1/2) *x~2/a~ (1/2) )~ (1/2) * (1+c~ (1/2) *x~2/a~ (1/2) ) ~(
1/2)/ (~c*x~4+a)~ (1/2)*E11ipticPi (x*(c”(1/2) /a~(1/2))~(1/2) ,-a~(1/2)*d/c" (3
/2), (¢~ (1/2)/a~(1/2))~(1/2) /(c~(1/2) /a~(1/2))~(1/2))

output

Fricas [F(-1)]

Timed out.

dz = Timed out

/ z*(A + Bz?)
(c+ dz?) vVa — cxt

-

inputLintegrate(x“2*(B*x“2+A)/(d*x‘2+c)/(—c*x*4+a)*(1/2)’X, algorithm="fricas")

-/

OutputLTimed out

Sympy [F]

/ z?(A + Bz?) gy — z2(A + Bz?) .
(c+ dz?) va — cz?* Vva — czt (c + dx?)

-

input Lintegrate (x**2% (Bxx**x2+A) / (d*x**2+c) / (—ckx**4+a) **x(1/2) ,x)

-/

output LIntegral(x**g*(A + Bxx*x2)/(sqrt(a - c*x*x4)*(c + d*x**x2)), x)
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Maxima [F|
/ z*(A+ Bz?) . (Bz? + A)z? .
(c+ds?)Va—cat ~  J V—ca®+a(da® +c)

inputLintegrate(x“2*(B*x“2+A)/(d*x‘2+c)/(—c*x*4+a)*(1/2),x, algorithm="maxima")

output Lintegrate((B*x"Q + A)*x~2/(sqrt(-c*x~4 + a)*(d*x"2 + c)), x)

Giac [F]

/ z*(A + Bz?) i — (Bz? + A)z? s
(c+ dz?)va — cx* v —cz* + a(dz? + ¢)

inputLintegrate(x“2*(B*x“2+A)/(d*x‘2+c)/(—c*x*4+a)*(1/2),x, algorithm="giac")

output Lintegrate((B*x‘Q + A)*x"2/(sqrt(-c*xx~4 + a)*x(d*x"2 + c)), x)

Mupad [F(-1)]

Timed out.

/ z?(A + Bz?) i — 2?2 (Bx? + A) e
(c+dz?)va — cxt va—czt (dx? +c)

input Lint((X'Q*(A + Bxx~2))/((a - c*x~4)~(1/2)*(c + d*x~2)),x)

output Lint((x"2*(A + B*x"2))/((a - c*xx"4)"(1/2)*(c + d*x~2)), x)
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Reduce [F|

/( z2(A + Ba?) (/ v—cz® +azt d)b

T
¢+ dx?)va— cx4 —cdzb — 2zt + adz? + ac

+(/ vzt taz’ d>a

z
—cdx8 — 2zt 4+ ad 22 + ac

input Lint (x~2% (B*x~2+A) / (d*x~2+c) / (-c*x~4+a) ~(1/2) ,x)

‘int((sqrt(a — cHx¥*4) xx*kx4) /(akc + axdkx*k*2 — CHk*kkx**4 - cxd*x**6) ,X)*b +

output
\ int ((sqrt(a - c*x*x4)*x*x2)/(axc + axd*x**2 — Ck*2*x**4 — cxd*x**6),X)*a




output
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A+Bg?

3.10 f (c+dz?)Va—cz? dx

Optimal result . . . . . . . . . . . . . 1521
Mathematica [C] (verified) . . . . . . . . . .. ... L 153
Rubi [A] (verified) . . . . . . .. . . 153
Maple [A] (verified) . . . . . . ... 155
Fricas [F(-1)] . . . . . o e 156
Sympy [F] . . o o 156
Maxima [F] . . . . . . 157
Giac [F] . . . o o 157l
Mupad [F(-1)] . . ..o 157
Reduce [F] . . . . o o 158

Optimal result

Integrand size = 29, antiderivative size = 136

/ A + Bz? I
(c+dz?) va — cx?

VaB,/1 — % EllipticF (arcsin (

Ve
Va

)

Vedva — cxt

a(Bc — Ad)y/1 — <" EllipticPi (-Q

arcsin (

c?/4dv/a — cxt

‘a‘(1/4)*B*(1—c*x‘4/a)‘(1/2)*EllipticF(c“(1/4)*x/a“(1/4),I)/c‘(1/4)/d/(-c*x
"4+a)‘(1/2)-a‘(1/4)*(—A*d+B*c)*(1-c*x‘4/a)‘(1/2)*EllipticPi(c‘(1/4)*x/a“(i
‘/4),-a‘(1/2)*d/c‘(3/2),I)/c“(5/4)/d/(—c*x‘4+a)‘(1/2)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 10.38 (sec) , antiderivative size = 129, normalized size of antiderivative = 0.95

A + Bz? dp —
(c+dz?)va — cx?
iy/1— <t <Bc EllipticF (iarcsinh( —§x) ,—1) + (= Bc + Ad) EllipticPi (-[—/d iarcsinh( Y
\ /—%cd\/a —cxt
input LIntegrate [(A + Bxx~2)/((c + d*x~2)*Sqrt[a - c*x~4]),x] J
output | ((-D)#Sqrt[1 - (c*x"4)/al*(B*c*EllipticF [I*ArcSinh[Sqrt[-(Sqrt[c]/Sqrt([al)

‘ rt[-(Sqrt[cl/Sqrt[al)I*x], -11))/(Sqrt[-(Sqrtlcl/Sqrt[al)]*c*d*Sqrt[a - c*

\]*x], -1] + (-(Bxc) + Axd)*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sq \
‘x"4]) ‘

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 5, Bumber of rules _ 4 179 Ryjes

integrand size
used = {2229, 765, 762, 1543, 1542}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

A + Bx? e
va —cz* (c+ dz?)
l 9229

B[ fiade (Be—Ad)[ ol mda

d d
l 765
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B\/l—cff\/l_lﬁdx (BC—Ad

) f (dz2+c)1\/ a—cz? dz

dva — cz* d
| 762
4 _ @ T . %:E _ 1
\/EB\/ﬁ EllipticF <a,rcsm ( %> ; 1) B (Be— Ad) [ mdﬂt
Vedva — cxt d
| 1543
4 4
%B\/@EllipticF (arcsin < \{ﬁ) ,—1> B 1—<-(Bc— Ad) [ m @dac
vedva — cxt dva — cz*
| 1542
4
%B\/@ EllipticF <arcsin ( \“/\/Ec_j> , —1)
Vedva — cxt N
4
V/ay/1 - < (Bc — Ad) EllipticPi (—{:}3 arcsin ( \{ﬁ) , —1)
c®/4dv/a — cxt

input‘ Int[(A + Bxx"2)/((c + d*x~2)*Sqrt[a - c*x~4]),x] ‘

output‘(a‘(1/4)*B*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)], -11) }
‘/(C”(1/4)*d*Sqrt [a - c*x™4]) - (a~(1/4)*(Bxc - Axd)*Sqrt[1 - (c*x~4)/al*El ‘
\ lipticPi[-((Sqrt[al*d)/c~(3/2)), ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(c"(5/4 \

‘ )*d*Sqrt[a - c*x~4])

Defintions of rubi rules used

260 Int[1/8qrt[(a ) + (b_.)*(x_)"4], x_Symbol] :> Simp[(1/(Sqrt[al*Rt[-b/a, 4])
‘ )*EllipticF[ArcSin[Rt[-b/a, 41*x], -11, x] /; FreeQ[{a, b}, x] && NegQ[b/al ‘
\ && GtQ[a, 0] \

rule




rule 765

rule 1542

rule 1543

rule 2229

input L
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Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> Simp[Sqrt[1 + b*(x"4/a)]/Sqrt
[a + bxx"4] Int[1/Sqrt[1 + bx(x"4/a)], x], x] /; FreeQ[{a, b}, x] && NegQ
[b/a] && 'GtQ[a, O]

Int[1/(C(A) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]), x_Symbol] :> With[
{q = Rt[-c/a, 41}, Simp[(1/(d*Sqrt[al*q))*EllipticPil[-e/(d*q~2), ArcSin[q*x
1, -11, x11 /; FreeQl{a, c, 4, e}, x] && NegQlc/al && GtQ[a, O]

Int[1/(((d_) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]), x_Symbol] :> Simp[
Sqrt[1 + cx(x"4/a)]/Sqrtla + c*xx"4] Int[1/((d + e*x"2)*Sqrt[1 + cx(x"4/a)
D, x1, x] /; FreeQ[{a, c, d, e}, x] && NegQ[c/al && !'GtQ[a, O]

Int[(CA_) + (B_.)*(x_)"2)/(((d.) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]1)
» X_Symbol] :> Simp[B/e Int[1/Sqrtl[a + c*x~4], x], x] + Simp[(e*A - d*B)/
e Int[1/((d + exx~2)*Sqrtl[a + c*x~4]), x], x] /; FreeQl[{a, c, 4, e, A, B}
» x] && NeQ[c*d™2 - axe™2, 0] && NegQ[c/al

Maple [A] (verified)

Time = 0.67 (sec) , antiderivative size = 173, normalized size of antiderivative = 1.27

method | result

d %\/—cx‘l-i—a c %\/—cx‘l-l—a

C
_ _ /e z2 \/ \/E T Ve _ad ~Va
B\/l— \/\5/;2 \/H- \/\5/52 EllipticF (w /%,i) (Ad—Bc) \/1 va \/ 1T EllipticPi (x 3 )
default +
d % V—czt+a dey / % V—czt+a
2 2 - e 2
_ ez JVez e Ty Ve _ +ad va _ ez
1— Vf/;? 1+ Vf/gQ EllipticF (x, / %z) \/1 Va \/1+ Va_ EllipticPi (”” Vva ™ 3 e ) A Va
elliptic + - -

int ((B*x~2+A)/ (d*x~2+c)/(-c*x~4+a)~(1/2) ,x,method=_RETURNVERBOSE)
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B/d/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/2))~(1/2) *(1+c~(1/2)*x"2/a
~(1/2))7(1/2)/ (-c*x~4+a) " (1/2) *EllipticF (x*(c~(1/2)/a~(1/2))~(1/2) ,I)+(A*d
-Bxc)/d/c/(c™(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2)) ~(1/2) *(1+c~(1/2)
*x~2/a~(1/2))~(1/2) / (-c*x~4+a) " (1/2) *E1llipticPi (x*(c~(1/2)/a~(1/2))~(1/2),
-a~(1/2)*d/c~(3/2),(-c~(1/2)/a~(1/2))~(1/2)/(c~(1/2)/a~(1/2))~(1/2))

output

Fricas [F(-1)]

Timed out.

A+ Ba? _
/ (c+ dz?) oot dz = Timed out

inputLintegrate((B*x”2+A)/(d*x“2+c)/(—c*x*4+a)*(1/2)’x, algorithm="fricas")

OutputLTimed out
Sympy [F]
/ A+ B dx = A+ Ba” dx
c+dt)Va—eot ) Va— e (c+do?)
input  integrate ((Bxx#2+A) / (dxx**2+c) / (~ckxxxd+a) *x(1/2) %)

output LIntegral((A + Bxx**2)/(sqrt(a - cxx*x*4)*(c + d*x**2)), x)
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Maxima [F]
/ A+ Ba dr = Bz +4 dz
(c+dz?) va — cz* v—cz* + a(dz? + ¢)
inputLintegrate((B*x*2+A)/(d*x“2+c)/(—c*x*4+a)*(1/2)’x, algorithm="maxima")
output Lintegrate ((B*x~2 + A)/(sqrt(-c*x™4 + a)*(d*x"2 + c)), x)
Giac [F]
/ A+ B dz = Be” + 4 dx
(c+dz?) Va — cz* V—czt + a(dz? + c)

inputLintegrate((B*x”2+A)/(d*x“2+c)/(—c*x‘4+a)*(1/2)’x, algorithm="giac")

output Lintegrate((B*x’Q + A)/(sqrt(-c*x~4 + a)*(d*x™2 + c)), x)

Mupad [F(-1)]

Timed out.
/ AYBr gy Bo+d 4,
(c+dz?)vVa — czt va—cz* (dx?+c)

input Lint((A + B*xx"2)/((a - c*x"4)~(1/2)*(c + d*x"2)),x)

output Lint((A + B*xx"2)/((a - c*xx74)"(1/2)*(c + d*x72)), x)
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Reduce [F|

A+ Ba? dr — / vV—czt+a iz ) a
(c+dz?)vVa—ct® —cdz® — c2x4 + ad 2 + ac

P} 2
+< v—cz*+ax d)b

x
—cdzb — 2zt + ad 22 + ac

inputLint((B*x‘2+A)/(d*x‘2+c)/(—c*x‘4+a)‘(1/2),x)

‘int(sqrt(a - cxxx*4)/(axc + axdxx**2 — Ckx2kxkx4 — ckd*x**6) ,x)*a + int((s

output
\qrt(a - cxxk*x4) xxk%x2) /(akc + akdkx**2 - ckxx2kx**x4 — ckxd*x**6),x)*b




output
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A+ Bx?

3.11 f 22 (c+dz?)vVa—cz? dz

Optimal result . . . . . . . . . . . . . 159
Mathematica [C] (verified) . . . . . . . . . .. ... L 160
Rubi [A] (verified) . . . . . . .. . . 160
Maple [A] (verified) . . . . . . ... 162
Fricas [F] . . . . . o e 162
Sympy [F] . . o o 163
Maxima [F] . . . . . . 163l
Giac [F] . . . o o 163l
Mupad [F(-1)] . . ..o 164
Reduce [F] . . . . o o 164

Optimal result

Integrand size = 32, antiderivative size = 208

/ A + Bx? e
22 (c+ dx?) va — cz?
B _A\/a —cxt B

Ay/1— %E(arcsin (

)=

acc vacd*/a — cxt

4
Ay/1— “74 EllipticF (arcsin ( \%//—Eax

+

)

Vacd/*\/a — cx?

Va(Bc — Ad)\/1 — < EllipticPi (

arcsin (

=

_|_

c4\/a — cxt

-Ax(-c*x~4+a)~(1/2)/a/c/x-Ax(1-c*x"4/a) " (1/2)*EllipticE(c~(1/4)*x/a~(1/4),
I)/a~(1/4)/c~(3/4) / (—c*x"4+a) " (1/2) +A*(1-c*xx~4/a) ~(1/2)*E1llipticF (c~(1/4) *
x/a~(1/4) ,I)/a~(1/4)/c~(3/4)/(-c*x~4+a) " (1/2)+a~ (1/4) * (~A*d+Bxc) * (1-c*x~4/
a)~(1/2)*EllipticPi(c~(1/4)*x/a~(1/4),-a~(1/2)*d/c~(3/2),1)/c~(9/4) / (-c*x~

4+a)~(1/2)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 10.55 (sec) , antiderivative size = 318, normalized size of antiderivative = 1.53

/ A + Bzr? i
22 (c+ dx?) va — czt
—aA —\/igc +A —%02934 +iy/aAc 2z 1 — %E(iarcsinh( —\/igw) ‘ - 1) — iy/aA Pz /1 - ©

input Integrate[(A + B*x~2)/(x"2%(c + d*x~2)*Sqrt[a - c*x~4]),x]

(-(axA*Sqrt [-(Sqrt[c]l/Sqrt[al)]*c) + A*Sqrt[-(Sqrtlc]/Sqrtlal)]*c”2xx"4 +

I*Sqrt[a] *Axc~(3/2)*x*Sqrt[1 - (c*x"4)/al*EllipticE[I*ArcSinh[Sqrt[-(Sqrt[
c]/Sqrtl[al)]#*x], -1] - I*Sqrtl[al*Axc~(3/2)*x*Sqrt[1 - (c*x74)/al*EllipticF
[IxArcSinh[Sqrt [-(Sqrtlcl/Sqrtl[al)]*x], -1] - I*a*B*cxx*Sqrt[l - (c*x"4)/a
1*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrt[c]l/Sqrtl[a])]*x]
, =11 + I*a*xAxd*x*Sqrt[1 - (c*x~4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I
*ArcSinh [Sqrt [-(Sqrt [c]/Sqrt[al)I*x], -11)/(a*Sqrt[-(Sqrt[c]/Sqrt[al)]*c~2
*x*xSqrt[a - c*x~4])

output

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 208, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.062, Rules

number of steps used = 2, number of rules used = 2,
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

A+ Bz? i
z2Va — cx? (¢ + dz?)
| 2249

J[ < Bc — Ad n A ) da
eva—crt(c+dz?)  cx?va— cz?
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| 2009
cxt . . . ad . 4 Cz
%E(Bc — Ad) EllipticPi (—c‘{m, arcsin ( \“/\/_E ) ) —1> .
4/a — cxt
3 4
A\/@Ellip‘cicF (arcsin ( \4/\/%> , —1> AME(&I‘CSin < \{J%) ’ _ 1)

Vacd/4v/a — cat - Vacd/4/a — cat -

Ava —czt
acx
inputLInt[(A + Bxx~2)/(x"2*(c + d*x~2)*Sqrtla - c*x~4]),x] J
output -((AxSqrt[a - c*x~4])/(a*c*x)) - (A*Sqrt[1 - (c*x"4)/al*EllipticE[ArcSin[(

c~(1/4)*x)/a~(1/4)]1, -11)/(a~(1/4)*c”~(3/4)*Sqrt[a - c*x~4]) + (AxSqrt[1l -
(c*x"4) /al*EllipticF [ArcSin[(c~(1/4)*x)/a~(1/4)], -1]1)/(a~(1/4)*c~(3/4)*Sq
rtla - c*x74]) + (a~(1/4)*x(Bkc - A*d)*Sqrt[1 - (c*x"4)/al*EllipticPi[-((Sq
rt[al*d)/c~(3/2)), ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(c"(9/4)*Sqrt[a - c*x
~4])

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2249\Int[(Px_)*((f_.)*(x_))“(m_.)*((d_) + (e_)*(x_)"2)~(q_)*((a) + (c_.)*(x.) ‘
"‘4)"(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrtl[a + c*x74], Px*(f*x) m*(d ‘
|+ exx"2)"qx(a + c*xx"4)~(p + 1/2), x], x] /; FreeQl{a, c, d, e, £, m}, x] &
‘& PolyQ[Px, x] & IntegerQlp + 1/2] && IntegerQlq] |




input

output

input
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Maple [A] (verified)

Time = 1.62 (sec) , antiderivative size = 214, normalized size of antiderivative = 1.03

method | result
o1 Yoz vee? ipticF ( 2,/ ¥C i) —EllipticE 2,/ ¥< i
e 2 e G - D e ) e
o va\[YE V=calta (Ad—Bc)\/ 1- ez \/ 14+52” Bllip
default _ B
o2/ e V=c
\/61:2 \/EwQ L. NG L. N (Ad*Bc)a\/W 1+\/\E/§2 Elli
_A\/E\/E\/; 14V (ElhptlcF (z\/%,z)—ElllptlcE<z\/%,z)> N
\/E C
; AvV—cata e V=catta
risch — _
acxr e
_\/Ez2 Vez? s Ve . _\/512 \/571’2 L NP d\/:
e].llpth _AV-calta + A\/l Ve \/1+ Va EllipticF (w \/E’l) _ A\/l Ja \/1+ Ja ElllptlcE(x \/E’l)
ace \/a\/% V=caita /e va \E e v
Lint ((B*x~2+A) /x~2/ (d*x~2+c) / (-c*x~4+a) " (1/2) ,x ,method=_RETURNVERBOSE) J

A/cx(-1/ax(-c*x~4+a) ~(1/2) /x+c~(1/2)/a~(1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~
(1/2)*x~2/a~(1/2)) "~ (1/2)*(1+c~ (1/2)*x~2/a"~ (1/2)) " (1/2) / (—c*xx"4+a) " (1/2) *x(E
1lipticF(x*(c~(1/2)/a~(1/2))~(1/2),I)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2),
I)))-(A*xd-Bxc)/c”2/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/2)) " (1/2) *(
1+c™(1/2)*x72/a~(1/2))~(1/2) / (mc*x~4+a) " (1/2) *E1llipticPi (x*(c~(1/2) /a~(1/2
))~(1/2) ,-a~(1/2)*d/c~(3/2) , (-c~(1/2)/a~(1/2))~(1/2)/(c~(1/2) /a~(1/2))~(1/
2))

Fricas [F|
/ A+ Bz? dp — Bz’ + A I
z2 (c+ dz?) va — czt V—cz* + a(dx? + ¢)z?

Lintegrate((B*x‘2+A)/X‘2/(d*x“2+c)/(-c*x“4+a)‘(1/2),X, algorithm="fricas") J
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t‘integral(—sqrt(—c*x“ll + a)*x(Bxx"2 + A)/(cxd*x™8 + c™2*x"6 - axd*x"4 - axcx

outpu ‘x“2), x)
Sympy [F]
/ A+ Bz? s — A+ Bz? i
z2 (c + dz?) Va — cx? r2v/a — cxt (c + dz?)
input Lintegrate ((B¥x**2+A) /x**2/ (d*x**2+c) / (—crx**4+a) ¥+ (1/2) ,x)
output LIntegral((A + Bkx**2)/ (xx*2xsqrt(a - ckxx*k4)*(c + d*x**2)), x)
Maxima [F]
/ A+ Bx? i — Bz?+ A i
22 (c 4 dz?) Va — cat V—cz* + a(dz? + c)x2
inputLintegrate((B*x”2+A)/x”2/(d*x“2+c)/(-c*x“4+a)“(1/2),x, algorithm="maxima")
output Lintegrate((B*x’? + A)/(sqrt(-c*x~4 + a)*(d*x~2 + c)*x"2), x)
Giac [F]
/ A+ Bz? i — Bz’ + A e
22 (¢ + dz?) va — cxt V—cz* + a(dx? + c)z?
input Lintegrate ((B*x™~2+A) /x~2/ (d*x"2+c) / (-c*x"4+a)~(1/2) ,x, algorithm="giac")

output Lintegrate((B*x*2 + A)/(sqrt(-c*x~4 + a)*(d*x~2 + c)*x~2), x)
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Mupad [F(-1)]

Timed out.
/ A+ Bx? dp — Bz’ + A e
Plerd)va—at ") #vacat (@19
input Lint ((A + Bxx"2)/(x"2%(a - c*x"4)"(1/2)*(c + d*x"2)),x) J
outputLint((A + B*x72)/(x72%(a - c*x74)7(1/2)*(c + d*x72)), x) J
Reduce [F]
/ A+ Ba” dr = / —calta dr | a
22 (c+dz?)vVa—czt —cdx® — 22 + ad x* + ac 2
V—czt+a
+ dz | b
—cdx8 — 2zt + ad 2 + ac
input Lint ((B*x™2+A) /x~2/ (d*x~2+c) / (-c*x~4+a) ~(1/2) ,x) J

B
Ou_tput\int(sqrt(a - cHkxx*4) [/ (axckx**2 + axd*xk*k4 — Cx*k2xx*¥*6 — ckd*xx**8) ,x)*a + i
‘nt(sqrt(a - ckxx*4)/(axc + a*dkx**2 — cHkx22*kxx*k4d — cxd*x**6),x)*b




output
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2
3.12 f 4 (c—l—é;?\/m a—czt d.TJ

Optimal result . . . . . . . . . . . . . 165]
Mathematica [C] (verified) . . . . . . . . . .. ... L 166
Rubi [A] (verified) . . . . . . .. . . 166
Maple [A] (verified) . . . . . . ... 168
Fricas [F(-1)] . . . . . o e 169
Sympy [F] . . o o 169
Maxima [F] . . . . . . 170
Giac [F] . . . o o 1701
Mupad [F(-1)] . . ..o 170
Reduce [F] . . . . o o Ival

Optimal result

Integrand size = 32, antiderivative size = 275

/ A+ Bz? "
zt (c+ dx?) va — czt

_ _ et (e | _
Ava—e (Be— AdyJa—er PO ADYI aE(arcsm(% 1

3(103)3 CLC2$U \4/507/4\/ a — 01'4
4
(Ac*? + 3y/a(Bc — Ad)) /1 — % EllipticF (arcsin <\%//—%) ) —1)
+ 3(1,3/467/4\/0: —cxt
cxd . s Tye ad : Ve
) vad(Bc — Ad)y/1 — ¢ EllipticPi (—;{T,arcsm ( \4/_\/5) 3 —1)
ct3/4/a — cx?

-

-1/3%A* (—c*x~4+a) " (1/2) /a/c/x"3-(—A*d+B*c) * (—c*x"4+a) " (1/2) /a/c~2/x- (-A*d+
Bxc)*(1-c*x~4/a)~(1/2)*EllipticE(c~(1/4)*x/a~(1/4),I)/a~(1/4)/c~(7/4) / (—c*
x~4+a) "~ (1/2)+1/3% (A*xc~(3/2) +3%a~ (1/2) * (-A*d+B*c) ) * (1-c*x~4/a) ~ (1/2) *E11lipt
icF(c~(1/4)*x/a~(1/4),1)/a~(3/4)/c~(7/4)/ (-c*x~4+a)~(1/2)-a~ (1/4) *xd* (-Axd+
Bxc)*(1-c*xx~4/a) " (1/2)*EllipticPi(c~(1/4)*x/a~(1/4),-a~(1/2)*d/c"~(3/2),1)/
c~(13/4) / (-cxx~4+a)~(1/2)




input |

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 10.96 (sec) , antiderivative size = 460, normalized size of antiderivative = 1.67

/w

A+ Bzx?

dz

—aA

c+ da:z) Va —czt

— 3aB \/7021;2 + 3aA\/70dac +A ‘[03334 + 3B \/70 z8 3A\/7 2dxS

Integrate[(A + B*x"2)/(x"4*(c + d*x~2)*Sqrt[a - c*x"4]),x]

(-(a*A*Sqrt [-(Sqrt[c]/Sqrt[al)]*c~2) - 3xaxB*Sqrt[-(Sqrt[cl/Sqrt[al)]l*c”2*
X"2 + 3*axAxSqrt[-(Sqrtlcl/Sqrtl[al)]*cxd*x~2 + AxSqrt[-(Sqrtlc]/Sqrt[al)]*
c"3*x~4 + 3*BxSqrt[-(Sqrtlc]/Sqrtl[al)]*c”~3*x~6 - 3*AxSqrt[-(Sqrt[c]/Sqrt([a
1)1*c™2*xd*x"6 + (3*I)*Sqrtlal*c~(3/2)*(B*c - Axd)*x~3*Sqrt[1 - (c*x~4)/al*
EllipticE[I*ArcSinh[Sqrt[-(Sqrt[cl/Sqrtl[al)]*x], -1]1 - I*c~(3/2)*(A*c~(3/2
) + 3*Sqrt[al*(Bxc - A*d))*x"3%Sqrt[1 - (c*x~4)/al*EllipticF[I*ArcSinh[Sqr
t[-(Sqrt[c]/Sqrt[al)I*x], -1] + (3*I)*a*Bkckd*x~3*Sqrt[1 - (c*x~4)/al*Elli
pticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlc]l/Sqrtlal)]l*x], -1]
- (3*I)*a*A*d~2*x"3*3qrt[1 - (c*x74)/a]*EllipticPi[-((Sqrt[al*d)/c~(3/2)),
IxArcSinh[Sqrt [-(Sqrt[c]l/Sart[al)]1*x], -11)/(3*axSqrt[-(Sqrt[cl/Sqrt[al)]
*c"3xx"3xSqrt[a - c*x"4])

Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 314, normalized size of antiderivative = 1.14,

number of steps used = 2, number of rules used =

2, number of rules _ 062, Rules
integrand size

used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A + Bz?
z*Va —cxt (c+ d:c2)
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| 2249
/(_ d(Be—Ad)  Be—Ad A )dm
Va—czt(c+dz?)  Az?Va—czt  crtva—crt
| 2009

cxd . e . %z
A4/1— <= EllipticF <arcsm ( %> ,—1)
3a3/4/cva — cxt
\/1— <*(Bc — Ad) EllipticF ( arcsin Ve -1
a P a ) B
Vaca—cat
czt : %w
/1— < (Bc— Ad)E(arcsm ( %>‘ — 1> )
Vaca—cxt
4 _ @ _ . . . _@ . %z _
vady/1 — <-(Bc — Ad) Ell1ptlcP1< 63/2,341r051n< %> , 1) ) Va—cai(Be — Ad) )

c13/4\/q — ezt ac’x
Ava — cx?

3acx3

+

input!’ Int[(A + B*x"2)/(x74*(c + d*x"2)*Sqrtla - c*x74]),x]

-1/3*(A*Sqrt[a - c*x74])/(axc*x~3) - ((Bxc - A*d)*Sqrtl[a - c*x74])/(axc™2*
x) - ((Bkc - A*d)*Sqrt[1 - (c*x~4)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)
1, -11)/(a~(1/4)*c~(7/4)*Sqrt[a - c*x~4]) + (A*Sqrt[1l - (c*x~4)/al*Ellipti
cF[ArcSin[(c™(1/4)*x)/a~(1/4)], -11)/(3*a~(3/4)*c~(1/4)*Sqrt[a - c*x~4]) +

((Bxc - A*d)*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)#*x)/a~(1/4)]1, -
11)/(a~(1/4)*c~(7/4)*Sqrt[a - c*x~4]) - (a~(1/4)*d*(Bxc - A*d)*Sqrt[l - (c
*x~4)/al*E1lipticPi[-((Sqrt[al*d)/c~(3/2)), ArcSin[(c~(1/4)*x)/a~(1/4)], -
11)/(c~(13/4)*Sqrt[a - c*x~4])

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 2249\Int[(Px_)*((f_.)*(x_))‘(m_.)*((d_) + (e_.)*(x_)72)7(q_)*((al) + (c_.)*(x)) \
"‘4)"(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x"4], Px*(f*x) m*(d ‘
|+ exx™2)"gqx(a + cxx"4)"(p + 1/2), x], x] /; FreeQl{a, c, d, e, £, m}, x] &
‘& PolyQ[Px, x] & IntegerQlp + 1/2] && IntegerQ[q] |

Maple [A] (verified)

Time = 2.09 (sec) , antiderivative size = 314, normalized size of antiderivative = 1.14

method | result
_ Jea? Jea? . e . \/ﬁ Jea? (o
Ny cm 1+ Va Elhpth(z \/ayl) N o Vel Vo 1+ Vo (Elhptch(ac\
Al -t (Ad—Bc) | —Y=cz"tay
- sey Y Voertie va [ =
default - _ .
+
risch _ Y=catta(-3Ada’+3Bca’+A) | Y V=eatta VY V=es
sc 3c2ax3
2 2 2 2
Ay[1-ez \/1 vez® EllipticF \/E \/1—*5”0 \/1 vez® RilipticF
elhptlc _A\/W‘F (Ad—Bc)\/m_F \/ Va e IPUCE| &4/ g _ Va +¥7a iptic (
3 3 2
aee G 3a\/%\/74+a cdva /Y2 vV=erry

-

input {iﬂt ((B*x~2+A) /x~4/ (d*x"~2+c) / (-c*x"4+a)~(1/2) ,x,method=_RETURNVERBOSE)

A J
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A/cx(-1/3/ax(-c*x~4+a) ~(1/2) /x~3+1/3*c/a/(c~(1/2)/a~(1/2)) " (1/2)* (1-c~(1/2
)*x72/a”(1/2))~(1/2)*(1+c~ (1/2)*x~2/a~(1/2))~(1/2) / (-c*x~4+a) " (1/2) *Ellipt
icF(x*(c~(1/2)/a~(1/2))~(1/2),I))-(A*d-B*c)/c~2x(-1/a*(-c*x~4+a) ~(1/2) /x+c
~(1/2)/a~(1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~ (1/2) *x~2/a~ (1/2)) ~(1/2) * (1+c~
(1/2)*x72/a~(1/2))~(1/2) / (~cxx~4+a) " (1/2) * (E1lipticF (xx(c~(1/2)/a~ (1/2)) " (
1/2),I)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2),1)))+d*(A*d-B*c)/c~3/(c~(1/2)/
a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2))~(1/2) *(1+c~ (1/2)*x~2/a~(1/2))~(1/2)
/(~c*x~4+a)~(1/2)*E1lipticPi (x*(c™(1/2)/a~(1/2))~(1/2) ,-a~(1/2)*d/c~(3/2),
(-c~(1/2)/a~(1/2))~(1/2)/(c~(1/2)/a~(1/2))~(1/2))

output

Fricas [F(-1)]

Timed out.

A + Bx?
dz = Timed out
t/xﬂc+dﬁ)Va—aﬁ

e

inputtintegrate((B*x‘2+A)/x‘4/(d*x‘2+c)/(—C*X*4+a)*(1/2)’x, algorithm="fricas")

—

outputLTimed out
Sympy [F]
/ At Bo dz = A+ B’ T
z* (c + dz?) Va — cat z4va — cz* (c + dx?)
input[integrate((B*X**2+A)/x**4/(d*x**2+c)/(—c*x**4+a)**(1/2),x)

~—

Outputtlntegral((A + Bkx**2)/(x**4*xsqrt(a - c*x**4)*(c + d*x**2)), x)
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Maxima [F]
/ At Br dz = Ba” + 4 dx
z* (c+ dz?) vVa — cat V—czt + a(dz? + ¢)z*
input Lintegrate ((B*x~2+A) /x~4/ (d*x~2+c) / (-c*x~4+a) ~(1/2) ,x, algorithm="maxima")
output Lintegrate ((Bxx~2 + A)/(sqrt(-c*x"4 + a)*(d*x~2 + c)*x"4), x)
Giac [F]
/ At Br dz = Bz’ + 4 dx
x4 (c+ dz?) vVa — cat V—czt + a(dz? + ¢)z*

input Lintegrate ((B*x~2+A) /x~4/ (d*x~2+c) / (-c*x~4+a)~(1/2) ,x, algorithm="giac")

output Lintegrate ((B*x~2 + A)/(sqrt(-c*x™4 + a)*(d*x"2 + c)*x"4), x)

Mupad [F(-1)]

Timed out.
/ At Bo dz = Ba’ + 4 dx
gt (c+dz?) Va — czt ztva —cz* (dz? + )

input Lint((A + Bxx"2)/(x"4x(a - c*x"4)~(1/2)*(c + d*x"2)),x)

output Lint((A + B*x~2)/(x"4%(a - c*x~4)~(1/2)*(c + d*x~2)), x)
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Reduce [F]

/ A + Bzx? s
z* (c+ dz?) va — cat

ol _ 4 —
B —V—czt+a-— 3(.[ —cdxs—m4+acx2 d.’lf) adz® + 3<f —cdxs—m4+a0$2 d.’L') bez® + <f —cdxs\—/cji
= 3cxd

inputLint((B*x‘2+A)/x‘4/(d*x‘2+c)/(—c*x*4+a)*(1/2)’x) J

( - sqrt(a - c*x**4) - 3*int(sqrt(a - ckx**4)/(axckx**2 + akd*x**4 — Cx*2%
X*%6 — ckd*x**8) ,x)*axd*x**3 + 3*xint(sqrt(a - c*x**4)/(axckx**2 + akxd*xx*4

= Cx*k2xx¥*k6 — ckdkx**8),x)*b*kckx*x*3 + int(sqrt(a - c*x**x4)/(axc + akdkxx*
2 = cHk*2xx*kxk4 — ckd*x¥*6) ,x)*kck*k2*xx*k*3 + int ((sqrt(a - ckxk*4)*x**x2)/(akc
+ akxdxx*k*k2 - ckx*kx**4 — ckd*x*k*6) ,x)*kckd*x*k*3)/(3kckx**3)

output
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A+ Bx?

3.13 f 20 (c+dz?) va—cz? dz

Optimal result . . . . . . . . . . . . .
Mathematica [C] (verified) . . . . . . . . . .. ... L 173
Rubi [A] (verified) . . . . . . .. . . 174
Maple [A] (verified) . . . . . . ... 175
Fricas [F] . . . . . o e 176
Sympy [F] . . o o 177
Maxima [F] . . . . . . 177
Giac [F] . . . o o e
Mupad [F(-1)] . . ..o 178
Reduce [F] . . . . o o 178

Optimal result

Integrand size = 32, antiderivative size = 353

/ A+ Bz? i
z8 (c+ dx?) va — cz*

_ _Ava—cz' (Be—Ad)vVa—ca* (3Ac’ —5baBed +5aAd?) Va — cxt

5acz® 3ac?z?

(3Ac® — 5aBed + 5aAd?) /1 — <°E (arcsin (

%x
4\1/5

5a2c3z

)

)

5a5/4c1/4/a — cx*

+

(9Ac? 4 5v/ac®?(Bc — Ad) — 15ad(Bc — Ad)) /1 — “74 EllipticF (arcsin (

15a5/4ct1/4/a — cxt

+

4
Vad?(Bc — Ad)y/1 — < EllipticPi (—L,d arcsin ( Ve

Va

)

cl74\/a — cxt
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-1/5%Ax(—c*x"4+a) "~ (1/2) /a/c/x"5-1/3*% (—A*d+B*c) * (-cxx~4+a) ~(1/2) /a/c"2/x"3-
1/5% (5%xA*axd~2+3*%Axc~3-5*Bxa*xc*d) *x (—c*x~4+a) " (1/2) /a~2/c”3/x-1/5% (5*xAxa*xd”
2+3*Axc~3-5*B*axc*d) *(1-c*x~4/a) " (1/2)*EllipticE(c~(1/4)*x/a~(1/4) ,I)/a~ (5
/4)/c”(11/4) / (—c*x~4+a) ~(1/2) +1/15% (9*A*c~3+5%a~ (1/2) *c~(3/2) * (~A*d+B*c) -1
Bxa*xd* (—A*d+B*c))*(1-c*x~4/a)~(1/2)*EllipticF(c~(1/4)*x/a~(1/4),1)/a~(5/4)
/c~(11/4) / (—cxx~4+a) = (1/2)+a~ (1/4) *d~2* (—A*d+B*c) * (1-c*x~4/a) ~(1/2) *E1lipt
icPi(c™(1/4)*x/a~(1/4) ,-a~(1/2)*d/c~(3/2),1)/c~(17/4) / (—c*x~4+a) " (1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.52 (sec) , antiderivative size = 650, normalized size of antiderivative = 1.84

/‘ A+ Bx? di
z8 (¢ + dz?) va — cxt

—3a2A, /=¥ —5a2B,/ Y5322 4+ 5a2A —izczdxz — 6aA,/—YE

Ve Ve NG ﬁc4x4 + 15a%B —\/igcmx“ — 15a

inputtlntegrate[(A + B*x"2)/(x"6*(c + d*x"2)*Sqrtla - c*x~4]),x] J

(-3*a~2*A*Sqrt [-(Sqrt [c]/Sqrt[al)]*c™3 - b5*a~2*BxSqrt[-(Sqrt[c]l/Sqrt[al)]=*
c"3*x72 + b5xa”2xA*Sqrt[-(Sqrt[c]/Sqrt[al)]*c™2*d*x"2 - 6*a*A*Sqrt[-(Sqrtlc
1/Sqrt[al)]*c~4*x~4 + 15%a~2*B*Sqrt[-(Sqrt[c]/Sqrt[al)]*c 2*d*x~4 - 15%a~2
*A*Sqrt [-(Sqrt [c]/Sqrt[a]l)I*c*d"2xx"4 + b*axBxSqrt[-(Sqrt[c]/Sqrtl[al)]*c”4
*x~6 - bxaxA*Sqrt[-(Sqrt[c]/Sqrt[al)]*c~3*d*x~6 + 9xA*Sqrt[-(Sqrt[cl/Sqrt[
al)]l*c~5*x~8 - 15%a*B*Sqrt[-(Sqrt[c]/Sqrt[al)]*c~3*d*x~8 + 15*axA*Sqrt[-(S
agrt[c]/Sqrt[al)I*c™2*%d"2xx~8 - (3*I)*Sqrt[al*c”(3/2)*(-3*A*c™3 + Exa*B*cxd
- BxaxA*d~2)*x"5xSqrt[1 - (c*x74)/al*EllipticE[I*ArcSinh[Sqrt[-(Sqrt[c]/S
grtlal)]#*x], -1] + I*Sqrtlal*c~(3/2)*(-9*A*c~3 + 15*axd*(Bxc - A*d) + 5%Sq
rt[al*c~(3/2)*(-(B*c) + A*d))#*x"5*Sqrt[1l - (c*x"4)/a]l*EllipticF[I*ArcSinh[
Sqrt[-(Sqrt[cl/Sqrt[al)I*x], -1] - (15%I)*a~2*Bxc*d~2*x~5*Sqrt[1 - (c*x~4)
/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), IxArcSinh[Sqrt[-(Sqrt[c]l/Sqrt[al)]*
x], -1]1 + (15%I)*a”2*A*d"3*x"5*Sqrt[1 - (c*x"4)/al*EllipticPi[-((Sqrt[al*d
)/c~(3/2)), IxArcSinh[Sqrt[-(Sqrtlcl/Sqrt[al)]*x], -1]1)/(15*%a~2xSqrt[-(Sqr
tlcl/Sqrt[al)]l*c 4*x~5xSqrt[a - c*x~4])

output
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Rubi [A] (verified)

Time = 0.77 (sec) , antiderivative size = 494, normalized size of antiderivative = 1.40,

number of rules _ 0.062, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
26+/a — cxt (c + dz?)
| 2249
d2(Bc — Ad) d(Be—Ad) =~ Be—Ad A do
3vVa — cxt (¢ + dx?) C AVa—ct | 2aVa-crt | cadVa— ot
| 2009
4
\/—7“74 (Bc — Ad) EllipticF (arcsin ( Z{/%) ) —1>
3a3/4¢5/4\/a — cat "
4 4
3AYc\/1 — % EllipticF (arcsin ( \4/\/%> ,—1> 3AV/e\/1 - cflE<arCSin < \“/\/Eaf) ‘ B 1)
505/4v/a — cat B Sa¥/ia - ol _
N oo vad (Ve
3AVa e Vod 1~ f (Be — AdyBlliptiehs < 7 T < \/E> ’ 1) _
aZa cl7/4/a — ca?t
4
di/1— %(Bc — Ad) EllipticF <arcsin < l/\/%) ,—1>
Yactl/A/a — cz?t "
cxd _ : %z —
z e a — cx*(Bc —
dv/1 (Bc— Ad)E( arcsin Va 1 N dva — cz*(Bc — Ad _
Yac''/A/g — et ac’z
va—cal(Be— Ad)  Ava—cat
3ac2z3 S5acx®

input LInt[(A + B*XA2)/(XA6*(C + d*XA2)*Sqr't [a - C*XA4]),X]
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-1/5%(A*Sqrt[a - c*x74])/(a*cxx”5) - ((B*c - A*d)*Sqrt[a - c*x74])/(3*a*c™
2xx73) - (3xAxSqrtla - cxx"4])/(5*a"2xx) + (d*x(Bkc - A*d)*Sqrtla - c*xx"4])
/(axc™3*x) - (3*%A*c~(1/4)*Sqrt[1 - (c*x~4)/al*EllipticE[ArcSin[(c~(1/4)*x)
/a~(1/4)], -11)/(6%a~(5/4)*Sqrtla - c*x~4]) + (d*(B*c - A*d)*Sqrt[1l - (c*x
~4)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)], -11)/(a~(1/4)*c~(11/4)*Sqrt[
a - cxx"4]) + (3xA*c”(1/4)*Sqrt[1 - (c*x"4)/al*EllipticF[ArcSin[(c™(1/4)*x
)/a~(1/4)]1, -11)/(5*%a~(56/4)*Sqrt[a - c*x74]) + ((Bxc - A*d)*Sqrt[1 - (c*x~
4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(3*a~(3/4)*c~(5/4)*Sqrt [
a - c*xx74]) - (d*(B*c - Axd)*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)
*x)/a~(1/4)]1, -11)/(a~(1/4)*c~(11/4)*Sqrt[a - c*x~4]) + (a~(1/4)*d~2*(B*c

- Axd)*Sqrt[1 - (c*x~4)/al*EllipticPil[-((Sqrt[al*d)/c~(3/2)), ArcSin[(c~(1
/4)*x)/a~(1/4)]1, -11)/(c~(17/4)*Sqrt[a - c*x~4])

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 2249\Int[(Px_)*((f_.)*(x_))‘(m_.)='=((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x.) ‘
‘“4)‘(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x74], Px*(f*x) m*(d
‘ + exx"2)"q*(a + c*x”4)~(p + 1/2), x], x] /; FreeQ[{a, c, d, e, £, m}, x] &
L& PolyQ[Px, x] && IntegerQ[p + 1/2] && IntegerQ[q] J

Maple [A] (verified)

Time = 3.82 (sec) , antiderivative size = 441, normalized size of antiderivative = 1.25
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method | result

2
3ve (54ad?+34 P —5aBed) va 1- ez \/;

N
isch V—czt+ta (15Aa d?z*+9A Bzt —15Bacd t*—5Aacd z2+5Ba c?2z2 +3Aa 02) ﬁ
T1sC - 15c3a225 -
3 2 2
1/ _ez? [y, VJea? ipti Ve i) _Ellipti Ve s
Al — \/—c zt+ta _ 3c\/—cz4+a+302 ! Va " Va (EH pHick (:v \/E,l) Pllipt CE(E \/E,z)) (Ad—BC) _ —czi4a
5a 5a2z 5a%\/E~/—cz4+a saw
default ve _

1—vee? iy vee? piinticR (o, /2 i
elliptic | —Av=cz'Fe | (Ad-BolV-criia _ (5Aad+3Ac5aBed)V=caita _ Ve Ve Uk
Sacz® 3c2az3 5a’c3z 3cay | % V—czita

input Lint ((B*x~2+A) /x~6/ (d*x~2+c)/ (-c*x~4+a)~(1/2) ,x ,method=_RETURNVERBOSE) J

-1/15% (—c*xx"4+a) "~ (1/2) * (15*%A*xa*xd "~ 2*x"4+9*Axc~ 3*x~4-15*Bxa*xc*d*x~4-5xA*xa*c*
d*x~2+5*B*axc”2*x"2+3*A*xaxc”2) /c"3/a~2/x"5-1/15/a"2/c"3* (-3*%c~ (1/2) * (5xA*a
*d~2+3*Axc~3-5xBxaxcxd)*a~ (1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a"~(
1/2))°(1/2)*(1+c~(1/2)*x~2/a~(1/2))~(1/2) / (—c*x"4+a) " (1/2) * (E11lipticF (x*(c
~(1/2)/a~(1/2))~(1/2),I)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2),1I))-5*%B*c”~3*a
/(c™(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2) )~ (1/2)*(1+c~(1/2)*x~2/a" (1
/2))7(1/2)/ (-cxx~4+a) "~ (1/2)*EllipticF (x*(c~(1/2)/a~(1/2))~(1/2) ,I)+5xAxa*c
~2x%d/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2) )~ (1/2) * (1+c~(1/2) *x~2/
a~(1/2))~(1/2)/(—c*x~4+a) " (1/2) *EllipticF (x*x(c~(1/2)/a~(1/2))~(1/2) ,I1)+15%
a~2xd~2*% (A*d-Bx*c)/c/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2)) ~(1/2) *
(1+c~(1/2)*x~2/a~(1/2))~(1/2) / (-c*x~4+a) ~(1/2) *E1lipticPi (xx(c~(1/2) /a~(1/
2))~(1/2),-a~(1/2)*d/c”~(3/2),(-c~(1/2)/a~(1/2))~(1/2)/(c~(1/2)/a~(1/2))~(1

output

/2)))
Fricas [F]
/ A+ Bx? i — Bz?+ A i
28 (c+da2)Va—czt ) vV—cz* + a(dz? + ¢)ab

inputLintegrate((B*x”2+A)/x‘6/(d*x‘2+c)/(—c*x“4+a)“(1/2),x, algorithm="fricas") J
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t‘ integral (-sqrt(-c*x"4 + a)*(B*x~2 + A)/(c*d*x"12 + c"2*%x"10 - a*d*x"8 - a* ‘

out
e ‘ c*x"6), x) ‘
Sympy [F]
/ A+ Bo dz = A+ B” dx
26 (c + dz?) Va — ca?* 25v/a — cz* (c + dx?)
input Lintegrate ((Bxx**2+A) /x*x*6/ (d*x**2+C) / (—cxx**4+a) ** (1/2) ,%) J
output LIntegral( (A + Bxx**2)/(x*x6xsqrt(a - ckx**4)*(c + d*x**2)), x) J
Maxima [F]
/ A+ Bzx? i — Bz’ + A i
26 (¢ + dz?) va — cxt V—czt + a(dz? + ¢)zb
input Lintegrate ((B*x~2+A) /x~6/(d*x"2+c) /(-c*x~4+a)~(1/2) ,x, algorithm="maxima") J
output tintegrate ((B*x~2 + A)/(sqrt(-c*x~4 + a)*(d*x"2 + c)*x"6), x) J
Giac [F]
/ A+ Bz? i — Br?+ A e
26 (¢ + dz?) va — cxt V—czt + a(dz? + c)xb
input Lintegrate ((B*x~2+A) /x~6/ (d*x~2+c) / (-c*x~4+a)~(1/2) ,x, algorithm="giac") J
output Lintegrate ((B*x~2 + A)/(sqrt(-c*x~4 + a)*(d*x~2 + c)*x"6), x) J
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Mupad [F(-1)]

Timed out.
/ A+ Bx? dp — Bz?+ A i
26 (c + dz?) Va — cxt 26 +v/a — cz* (dz2 + ¢
input Lint((A + Bxx~2)/(x"6x(a - c*x"4)~(1/2)*(c + d*x~2)),x) J
Outputtint((A + B*x72)/(x76%(a - c*x74)7(1/2)*(c + d*x72)), x) J
Reduce [F]

/ A+ Bzx? p
T
z% (c + dz?) vVa — cz*
e T a0~ 5V e T abe? - 15( | e atda® — 15( | e

inputLint((B*x‘2+A)/x‘6/(d*x‘2+c)/(—c*x“4+a)‘(1/2),x) J

( - 3xsqrt(a - cxxx*4)*a - 5S*sqrt(a - cxx**4)*bxx**2 - 16xint(sqrt(a - c*x
**4) / (axckx**4 + axd*x**6 — ckx*x2*xx**8 — ckxd*x**10),x)*a**2kd*x*x*x5 - 15%int
(sqrt(a - cxxx*4)/(a*ckx**2 + axd*x**x4d — Cx*2kx**6 — c*xd*x**8) ,X)*kaxb*d*kx*
*5 + 9xint(sqrt(a - c*xx*4)/(axckx**2 + a*xdxx**4 — Ck*x2xx**x6 — ckd*x**8),x
)xaxckx2xx*kx5 + 9kint(sqrt(a - ckx**4)/(a*xc + akd*x**2 - cx*2*x**4d - ckxd*x
*%6) ,x)*a*ckdxx**5 + Bkint(sqrt(a - ckx**x4)/(a*xc + akd*x**2 — Ck*2*x**4 —
ckd*x**6) ,x) ¥bkck*2kx*x*5 + Sxint((sqrt(a - cxx**x4)*xx*2)/(a*c + axd*x**2 -
Cck*2%xxkkd — ckd*x**6) ,x)*bkckdxx**5)/(15%a*c*x**5)

output
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8 (A+Bx2)
C+d£B2) (a—cw4) 3/2

3.14 [ (

Optimal result . . . . . . . . . . . e 179
Mathematica [C] (verified) . . . . . . . . . . ... L 1801
Rubi [A] (verified) . . . .. . . ... .. 181
Maple [B] (verified) . . . . . . . . . ... 182
Fricas [F(-1)] . . . . o o 184
Sympy [F(-1)] . . o o o 184
Maxima [F] . . . . . 184
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . oo

Optimal result

Integrand size = 32, antiderivative size = 405

78(A + Bz?) . ar(A— B2+ (B—44)2%)  Bzva— cat
(¢ + dz?) (a — cz?)*/? 2(c® —ad?) Va — cz* 3c2d

3/4(Be — 3 _ o 12 ot (Ve )|
+a (Bc — Ad) (2¢° — 3ad?) /1 — < E(arcsm(%)‘ 1)
2c¢7/4d? (¢® — ad?) va — cxt
V/a(6Bc® — 6Ac°d + 2aBc*d? + 3aAc?d® — 50> Bd* + 3+/a+/cd(Bc — Ad) (2¢° — 3ad?)) /1 — < Ellipt
6¢%4d3 (c3 — ad?) va — cz?
4 cxd . . . a . % Cx
\/5011/4(36 — Ad)\/1— <= EllipticPi (—%, arcsin ( \4/_\/5> , —1)
d3(c® — ad?) vVa — czt

+
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output

1/2xa*x* (A-a*Bxd/c~2+(B-A*d/c) *x~2) / (-a*d~2+c"3) / (—c*x~4+a) " (1/2) +1/3*B*x*
(-c*x~4+a)~(1/2)/c~2/d+1/2xa~ (3/4) * (~A*d+B*c) * (-3*a*xd~2+2*c~3) * (1-c*x~4/a)
~(1/2)*EllipticE(c~(1/4)*x/a~(1/4),1)/c~(7/4)/d"2/(-a*d~2+c~3) / (-c*x"4+a)~
(1/2)-1/6*%a" (1/4) * (6*%B*c~6-6*A*xc~5xd+2*xa*xBkc~3*d"~2+3*a*A*c~2*xd~3-5xa”~2*B*d
~4+3*a”~ (1/2) *c” (1/2) *d* (~A*d+B*c) * (-3*axd~2+2*c~3) ) * (1-c*x~4/a) ~(1/2)*E11i
pticF(c~(1/4)*x/a~(1/4),1)/c~(9/4)/d"3/(~a*d~2+c~3) / (—c*x~4+a) "~ (1/2)+a~(1/
4)*c™(11/4) * (-A*d+B*c) *(1-c*x~4/a) " (1/2) *E1llipticPi(c~(1/4)*x/a~(1/4) ,—a~(

1/2)*d/c~(3/2),1I)/d"3/(-a*d~2+c~3)/(-c*x~4+a) ~(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.77 (sec) , antiderivative size = 577, normalized size of antiderivative = 1.42

—3aB+/—

§%c2d

3/2

Ve Ve N
/ 8(A + Bz?) i —2aB\/ -Vl d’x — 3aA\ /-l dx + 5a° B |- o d'x
(c

+ dz?) (a — cz?)

inputt

Integrate[(x"8%(A + B*x~2))/((c + d*x~2)*(a - c*x~4)~(3/2)),x]

output

/(—Z*a*B*Sqrt[—(Sqrt[c]/Sqrt[a])]*C‘S*d‘Z*x - 3*axA*Sqrt [-(Sqrt[c]/Sqrt[al)

I*c~2xd"3*x + 5xa~2xBxSqrt[-(Sqrt([c]l/Sqrt[al)]*d~4*x - 3*a*B*Sqrt[-(Sqrtlc
1/Sqrt[al)]*c™2xd"3*x"3 + 3%axA*Sqrt[-(Sqrtlc]l/Sqrt[al)]*cxd"4*xx"3 + 2*BxS
art [-(Sqrt[c]/Sart[al)]*c 4*d"2*x"~5 - 2xaxB*Sqrt [-(Sqrt[c]/Sqrt[a])]l*c*d"4
*x~5 - (3*I)*Sqrt[al*Sqrt[c]l*d*(Bxc - A*d)*(-2%c~3 + 3*a*d~2)*Sqrt[1 - (c*
x~4)/al*EllipticE[I*ArcSinh[Sqrt[-(Sqrt[c]/Sqrt[al)]*x], -1]1 + I*(-c~(3/2)
+ Sqrt[al*d)*(-3*A*Sqrt [c]*d*(2*%c~3 + 4*Sqrt[al*c”(3/2)*d + 3*axd~2) + Bx
(6%c~(9/2) + 12xSqrtl[al*c”3*d + 14*a*c”(3/2)*d"2 + 5*xa~(3/2)*d~3))*Sqrt[1

- (c*x74)/al*EllipticF [I*ArcSinh[Sqrt [-(Sqrtlcl/Sqrt[al)]*x], -1]1 + (6*I)=*
Bxc~6*%Sqrt[1 - (c*x~4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqr
t[-(Sqrt[cl/Sqrtlal)]*x], -1]1 - (6*I)*A*c~5xd*xSqrt[1 - (c*x~4)/al*Elliptic
Pi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlc]l/Sqrtl[al)]=*x], -11)/(6*

Sart [-(Sqrt[c]/Sqrt[al)]*c™2*d"3*(-c~3 + a*d~2)*Sqrt[a - c*x"4])
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Rubi [A] (verified)

Time = 0.99 (sec) , antiderivative size = 597, normalized size of antiderivative = 1.47,

number of rules _ 0.062, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z8(A + Bz?)
z
(a — czt)®? (c + da?)
| 2249
/ a?(—aBd + cz?(Bc — Ad) + Ac?) c*(Bc — Ad) N Ac’d — B(ad® + ¢3) N x2(Bc — ¢
2 (3 — ad?) (a — cat)®/? d3 (ad? — 3) Va — cxt (c + dz?) Ad3va — ezt cd?va — ¢
| 2009
3/4 __czt _ e e . %:1; _
) a®/*y/1 — “-(Bc — Ad) EllipticF (arcsm ( Va > , 1) N
c’/4d?v/a — cxt
czt . Ve
a3/t /1 — & (Bc— Ad)E<arcsm < \4/\/_5 ) ’ - 1> N
c"/4d?Va — cxt
4
a®*,/1 — <= (\/aB + Ay/c) EllipticF (arcsin < \{\fg) , —1>
2¢%4 (y/ad + ¢3/2) Va — ca* -
4
a7/t /1 — %(Bc - Ad)E(arcsin ( l/\/i—f) ’ - 1)
2¢7/4 (c3 — ad?) Va — cx? B
5/4 _ cxt g . %x _
a*’*By/1 — <~ EllipticF <arcs1n < Va > , 1) N

3c%4dv/a — cx?
4
Yach/ \/@ (Bc — Ad) EllipticPi <—\§§;’ arcsin ( {ﬁ) , —1)
d3 (¢ — ad?)Va — cx?*
4
\4/5\/_76%4(,402(1 — B(ad? + ¢%)) EllipticF <arcsin < \4/\/%> , —1>

d/4d3/a — cxt
az(—aBd + cz?(Bc — Ad) + Ac?)  Bzva — cat

+
2¢2 (c3 — ad?) vVa — czt 3c%d
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input\Int[(x“S*(A + B¥x~2))/((c + d*x~2)*(a - c*x~4)"(3/2)),x]

(a*x*x(A*c™2 — a*xB*d + c*x(Bxc - A*d)*x72))/(2%c”™2x(c”3 - a*d~2)*Sqrt[a - c*
x74]) + (B*x*Sqrtla - c*x"4])/(3*%c™2*d) + (a~(3/4)*(B*c - A*d)*Sqrt[1 - (c
*x~4) /a]*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)], -11)/(c~(7/4)*d"2*Sqrt[a -
c*x~4]) - (a~(7/4)*(Bxc - A*d)*Sqrt[1 - (c*x~4)/al*EllipticE[ArcSin[(c~(1
/4)*x)/a~(1/4)], -11)/(2*c”(7/4)*(c”3 - a*d"2)*Sqrt[a - c*xx"4]) - (a~(5/4)
*B*Sqrt[1 - (c*x74)/al*EllipticF[ArcSin[(c”~(1/4)*x)/a~(1/4)], -11)/(3*c™(9
/4)*d*Sqrt[a - c*xx"4]) + (a~(5/4)*(Sqrt[a]l*B + A*Sqrt[c])*Sqrt[1 - (c*x~4)
/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(2%c~(9/4)*(c”~(3/2) + Sqrt
[al*d)*Sqrt[a - c*x~4]) - (a~(3/4)*(B*c - Axd)*Sqrt[1 - (c*x"4)/a]l*Ellipti
cF[ArcSin[(c™(1/4)*x)/a~(1/4)], -11)/(c~(7/4)*d"2xSqrt[a - cxx~4]) + (a~(1
/4)*(A*xc™2*%d - Bx(c™3 + a*d~2))*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1
/4)*x)/a~(1/4)]1, -11)/(c~(9/4)*d"3*Sqrt[a - c*x"4]) + (a~(1/4)*c”(11/4)*(B
*c — A*d)*Sqrt[1 - (c*x~4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), ArcSin[(c
~(1/4)*x)/a~(1/4)]1, -11)/(d"3%(c"3 - a*xd~2)*Sqrtla - c*x~4])

output

Defintions of rubi rules used

rukaZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2249 IRELPE*((£_)*(x))~(m_)*((d)) + (e_)*(x)"2)7(q_)*((a)) + (c_)*(x)
“4)‘(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x"4], Px*(f*x) m*(d
|+ exx"2)"qx(a + c*xx"4)~(p + 1/2), x], x] /; FreeQl{a, ¢, d, e, £, m}, x] &
‘& PolyQ[Px, x] & IntegerQlp + 1/2] && IntegerQ[q] |

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 703 vs. 2(349) = 698.

Time = 12.37 (sec) , antiderivative size = 704, normalized size of antiderivative = 1.74



CHAPTER 3. LISTING OF INTEGRALS 183

method | result

~ 3y/cd(Ad—Bc)va (|1— \/\E/;2 1+ ‘/\E/§2 (EllipticF (m, / % ,i) —EllipticE (m % ,’L)) . 3B 031 1—‘/ETZ2 \ 1+\/ET:2 :

@/% \/—c:c4+a % vV —cat
. —crd
risch 3“303; ta _

default | Expression too large to display

elliptic | Expression too large to display

e

inputL

int (x78* (Bxx~2+A) / (d*x~2+c) / (-c*x~4+a) " (3/2) ,x ,method=_RETURNVERBOSE)

~—

output

1/3*B¥x*x (—cxx~4+a)~(1/2) /c~2/d-1/3/c~2/d*(1/d"2x (-3*c~ (1/2) *d* (A*d-B*c) *a~
(1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2) )~ (1/2) * (1+c~ (1/2) *x~2
/a~(1/2))"(1/2)/(-cxx~4+a) " (1/2) *(E1lipticF (x*(c~(1/2)/a~(1/2))~(1/2),I)-E
1lipticE(x*(c~(1/2)/a~(1/2))~(1/2) ,1))+3*Bxc~3/(c~(1/2)/a~(1/2))~(1/2)*(1-
c~(1/2)*x"2/a~(1/2))~(1/2)*(1+c~(1/2)*x"2/a~(1/2))~(1/2) / (-c*x~4+a) " (1/2) *
EllipticF(x*(c~(1/2)/a~(1/2))~(1/2) ,I)-3*%Axc”2xd/(c~(1/2)/a~(1/2))~(1/2) *(
1-c~(1/2)*x~2/a~(1/2) )~ (1/2) *(1+c~(1/2)*x"2/a~ (1/2) )~ (1/2) / (~c*x~4+a) ~(1/2
)*E1lipticF(x*(c”™(1/2)/a~(1/2))~(1/2),I)+4*B*axd~2/(c~(1/2)/a~(1/2))~(1/2)
*(1-c~(1/2)*x72/a~(1/2))~(1/2)*(1+c~ (1/2)*x~2/a"~ (1/2) ) ~(1/2) / (-c*x~4+a) ~ (1
/2)*EllipticF (x*(c~(1/2)/a~(1/2))~(1/2) ,I))+3*a~2*d/ (a*d"2-c~3) * (2*cx(-1/4
* (Axd-Bxc) /axx”~3+1/4% (A*c™2-B*ax*d) /a/c*x) /(- (x"4-a/c) *c) " (1/2)+1/2x (A*xc~2-
B*axd)/a/(c”(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2))~(1/2) * (1+c~(1/2) *
x"2/a"(1/2))~(1/2) / (-cxx~4+a) " (1/2) *E1llipticF (x*(c~(1/2)/a~(1/2))~(1/2) ,I)
-1/2*(A*d-Bxc)*c~(1/2)/a~(1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x"2/a~ (1
/2))°(1/2)*(1+c~(1/2)*x"2/a~ (1/2))~(1/2) / (—c*x"4+a) " (1/2) * (E11lipticF (x*(c”
(1/2)/a~(1/2))~(1/2) ,I)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2) ,I)))-3*c~5x(A*
d-B*c)/d~2/(a*xd"2-c~3)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2))~(1/
2)*x(1+c~(1/2)*x~2/a~(1/2))~(1/2) / (-c*x~4+a) ~(1/2) *E11lipticPi(x*(c~(1/2)/a"
(1/2))~(1/2) ,-a~(1/2)*d/c~(3/2) ,(-c~(1/2)/a~(1/2))~(1/2) /(c~(1/2) /a~(1/2))
~(1/2)))
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Fricas [F(-1)]
Timed out.
z3(A+ Bz?)

(C + d.’,(:2) (a — C:I?4)3/2 dx = Timed out

input tintegrate (x~8* (B*x~2+A) / (d*x~2+c) / (-c*x~4+a) ~(3/2) ,x, algorithm="fricas")

output LTimed out

Sympy [F(-1)]
Timed out.
z%(A + Bzx?)

(c+dz?) (a— cx4)3/2 dx = Timed out

input Lintegrate (x**8% (Bxx**x2+A) / (d*x**2+c) / (—ckx**4+a) **(3/2) ,x)

output LTlmed out

Maxima [F]

/( z8(A + Bz?) dx=/( (Bz® + A)z® e

¢+ dz?) (a — czt)*? —ext + a)%(dﬁ to)

input tintegrate (x~8* (B*x~2+A) / (d*x~2+c) / (-c*x~4+a) ~(3/2) ,x, algorithm="maxima")

output Lintegrate((B*x‘z + A)*x"8/((-c*x~4 + a)~(3/2)*(d*x"2 + c)), x)
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Giac [F]

/ ( z°(A + Bz?) e = /( (Bz®+ A)e®

¢+ dz?) (a — cz?) —czt +a)? (da? + c)

inputtintegrate(x‘8*(B*x‘2+A)/(d*x‘2+c)/(-C*X*4+a)*(3/2),X, algorithm="giac")

output Lintegrate((B*x‘Q + A)*x"8/((-c*x~4 + a)~(3/2)*(d*x"2 + c)), x)

Mupad [F(-1)]

Timed out.

z3(A + Bz?) . z® (Bz®+ A)
/ (c+ dz?) (a — czt)/? 4 / (a—czt)*? (dz? +c)

input Lint((XAB*(A + B*x"2))/((a - c*x74)~(3/2)*(c + d*x"2)),x)

output TRE(CTBX (A + Bxx"2))/((a - cxx"4)"(3/2)*(c + d*x"2)), x)

Reduce [F]

dx = Too large to display

/ ( 28(A + Bz?)

¢+ dz?) (a — czt)®?

input tint (x78*(B*x"2+A) / (d*x~2+c) / (-c*x74+a) " (3/2) ,x)
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(9*sqrt(a - cxxx*4)*a*xx2kd**2*x — 4xsqrt(a - c*x**4)*axb*ckd*xx - 3*sqrt(a
— cxx¥x4)kaxckx2xd*x**3 + 3ksqrt(a — ckxk*4)¥bkck*3*x**3 - sqrt(a - ckx*x*4
) ¥bxc*k*2kd*x**5 — 9*kint(sqrt(a - ckx*x*4)/(ax*2*c + a*x*2kd*x*k*2 — 2kaxck*2*
x*x4 — 2%axckdkx**x6 + CHkxk3*kx**k8 + cx*k22xd*kx**10) ,x)*a*xdkckd**2 + 4*xint(sqr
t(a - ckx**4)/(a**2%c + a*x*2kd*x**2 — 2kakck*kx*kk4d — 2kakxckd*xx*k*k6 + Ck*k3I*
x*x8 + cHkx2kd*x**10) ,x) *a**3xb*kcx*2xd + 9*int(sqrt(a - c*x**4)/(ax*2xc + a
*k2kAkx Kk — kakckkkxkk4d — 2kakxckdkxkk6 + Ckk3Ikxkk8 + ckk2xd*x**10),x)*a
*k3kcHk kA *2xx*¥*4 — 4*xint(sqrt(a — ckxx*4)/(a**2xc + ax*2kd*x**2 — 2kakck
*2%xkkd — 2kakxckdxxkk6 + Ckk3Ikx**8 + Ck*k2kd*x*%*10) ,x)*a**2kbkck*x3kdkxk*kd -

9*int ((sqrt(a — ckxx*x4)*xx*6)/(ax*2xCc + a**x2kd*x**2 — 2xaxckx2xx*kx4d — 2%a
*kCkA*¥xk*kB + CHkIkx*k*k8 + Ck*k2xd*x*k*10) ,x)*a**3kckd*x*3 + 9*int((sqrt(a - c*x
**4)*x**6)/(a**2*c + akk2kdkxxk*k2 — 2kakCkkkxk*k4 — kakckdkxkkB + CkkIkxkk
8 + cx*k2xd*kx*x*10) ,x)*a**x2*kbkck*x2kd**2 — 3xint ((sqrt(a - c*xx**x4)*x**6)/ (a**
2%Cc + a*xx2kdkxk*k2 — 2kakCkkkxkk4d — kakckdkxk*k6 + Ck*k3kxXkk8 + CckkDkdkxkk]
0) ,x)*a*x2kcx*xd*xd + 9*int ((sqrt(a — c*xx**4)*x**6)/(ax*2*xc + a*x*2kd*x*k*2 -
2ka*xckk2kxkk4d — 2kaxckdkx**k6 + Ckk3kxkk8 + ckk2kdkx*k*10) ,X) ka*kkckk2kd**3
*x*k*4 + 3kint ((sqrt(a — c*x*k*4)*x*x*6)/(a*x*2*c + ak*2xd*x**2 — 2ka*Ch*kkx**
4 - 2%akckd*x*x6 + ck*k3kx**k8 + cx*2xd*x**10) ,x)*a*bkcx*5 - 9*int((sqrt(a -

cxx*x*4) xx*x%6) / (a*x*2kCc + ak*kkdkxk*2 — kakckkkxk*kqd — kakckdkxx**6 + Cc**3

*xX**%8 + Ck*x2xdxx**10) ,x)*axbkck*kIkd**x2*x**4 + 3xint((sqrt(a - cxx**4)*x...

output
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2% (A+Bz?)
3.15 f (c—l—dx2) (a—ca:4)3/2 dz

Optimal result . . . . . . . . . . . e (187
Mathematica [C] (verified) . . . . . . . . . . ... L 1R8]
Rubi [A] (verified) . . . .. . . ... .. 188
Maple [B] (verified) . . . . . . . . . ... 190
Fricas [F(-1)] . . . . o o 191
Sympy [F(-1)] . . o o o 192
Maxima [F] . . . . . 192
Giac [F] . . . . o o 192
Mupad [F(-1)] . . . o o 193
Reduce [F] . . . . . o 193

Optimal result

Integrand size = 32, antiderivative size = 367

2%(A + Bx?) e z(a(Bc — Ad) + (A — “5%) z?)
(c+ dz?) (a — czt)*/? B 2¢(c — ad?) vVa — czt

a**(2Bc® + Ac*d — 3aBd?) \/@E (arcsin ( Z%:) ‘ — 1)

2¢7/4d (¢® — ad?) va — cx*

+ va(2Bc® + 4y/aBc**d — 2Ac*d + 3aBd? — \/aA/cd?) \/1- e EllipticF (arcsin ( \4\//%> , —1>
2c7/4d? (32 + y/ad) Va — cz*
crt s L Ds ad . Ve
%07/4(30 — Ad)4/1— <= EllipticPi <_C{T’ arcsin < \4/_\/5> , —1)
d2 (c3 — ad?) Va — cat
output | 1/2*x* (a% (-Axd+Bxc) +c2x (A-axBxd/c™2) *x72) /c/ (-a*d"2+c"8) / (~c*x"4+a) " (1/2)

-1/2%a”~ (3/4)* (A*c~2xd-3*B*a*d~2+2*B*c~3) * (1-c*x~4/a) ~(1/2)*EllipticE(c~(1/
4)*x/a”~(1/4) ,1)/c~(7/4)/d/ (—axd~2+c~3) / (-c*x~4+a) " (1/2)+1/2*a” (1/4) * (2*B*c
“3+4*a” (1/2) #B*c” (3/2) *d-2xA*xc~2*d+3*B*a*d~2-a~ (1/2) *Axc~ (1/2) *d"2) * (1-c*x
~4/a)~(1/2)*EllipticF(c~(1/4)*x/a~(1/4),1)/c”(7/4)/d"2/(c~(3/2)+a~(1/2)*d)
/(-c*x~4+a)~(1/2)-a" (1/4) *c~ (7/4) * (-A*d+B*c) * (1-c*x~4/a) " (1/2) *E1lipticPi(
c~(1/4)*x/a~(1/4) ,-a~(1/2)*d/c~(3/2) ,1)/d"2/(-a*d~2+c~3) / (-c*x~4+a) ~(1/2)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.62 (sec) , antiderivative size = 358, normalized size of antiderivative = 0.98

A5

25(A + Bz?) iv/ad(—2Bc® — Ac*d + 3aBd?) /1 — %E(iarcsinh( ——:v)‘ — 1) — 3
dz =
(c+ dz?) (a — czt)/?

e hY

Integrate[(x"6*%(A + B*x~2))/((c + d*x"2)*(a - c*x~4)~(3/2)),x]

N\ J

input

(I*Sqrt[a]*d*(-2xBxc™3 - Axc™2*d + 3*a*B*d~2)*Sqrt[1 - (c*x"4)/a]l*Elliptic
E[I*ArcSinh[Sqrt[-(Sqrt[cl/Sqrt[al)]*x], -1]1 - Ix(-c~(3/2) + Sqrtl[al*d)*(-
(A*Sqrt [c]*d* (2%c~(3/2) + Sqrtl[al*d)) + B*(2xc™3 + 4xSqrt[al*c”(3/2)*d + 3
*a*xd~2))*Sqrt[1 - (c*x74)/al*EllipticF[I*ArcSinh[Sqrt[-(Sqrt[c]/Sqrtl[al)]*
x], -1] + Sartlcl*(Sqrt[-(Sqrtlc]l/Sqrtl[al)]*d~2*x*(-(A*c~2*xx"2) + a*x(-(B*c
) + Axd + Bxd*x"2)) - (2*I)*c”3*(B*c - Axd)*Sqrt[1 - (c*x~4)/al*EllipticPi
[-((Sqrtl[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlcl/Sqrtlal)]*x], -11))/(2%S
qrt [-(Sqrt [c]/Sqrt[al)]1*c~(3/2)*d"2*(-c~3 + a*d~2)*Sqrt[a - c*x~4])

output

Rubi [A] (verified)

Time = 0.84 (sec) , antiderivative size = 493, normalized size of antiderivative = 1.34,

number of rules _ 0.062, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z°(A + Bz?)

(a — cx®)*? (c + da?)
| 2249

/ c3(Bc — Ad) N a(z?(Ac® — aBd) + a(Bc — Ad)) L Be—4d Bz? e
d? (ad? — 3)va — cx* (c + dz?) c(c3 —ad?) (a — c:1:4)3/2 cd?va —cr* cdva— crt
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l 2009
ozt .. . 3 Cx
a3/4\/_77(\/53 + A\/E) EllipticF (arcsm < l/\/_a ) , —1) -
2¢7/4 (y/ad + c3/2) va — ca?

C(B4 . 3 X
a’/*\/1 — <= (Ac® — aBd) E<arcs1n < \{1//_% > ' - 1)
2c7/4(c3 — ad?) Va — cx*

4 4
a3/4B\/1 — % EllipticF <arcsin ( {ﬁ) , —1) a’/4B\/1— cfE(arcsin < \4/\/5(_:> ' — 1)

+

+
c’/4dva — cxt c’/*dva — cxt
4
%\/@ (Bc — Ad) EllipticF <arcsin ( {\%’”) , —1>
cA/4d?\/a — cxt -

Yacl4\ /1 - %(Bc — Ad) EllipticPi <—;§§§, arcsin (Yﬁ) ,—1)
d? (3 — ad?)Va — cx?*
z(2%(Ac® — aBd) + a(Bc — Ad))
2¢(c® — ad?)Va — cx*

_|_

-

inputtlnt[(XAG*(A + Bxx2))/((c + d*x"2)*(a - c*x"4)"(3/2)),x]

~—

(xx(ax(Bxc - A*d) + (A*c™2 - axB*d)*x72))/(2*%c*(c™3 - axd~2)*Sqrt[a - c*x~
4]) - (a~(3/4)*BxSqrt[1 - (c*x~4)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)]
, =11)/(c™(7/4)*d*Sqrt[a - cxx~4]) - (a~(3/4)*(A*c™2 - axB*d)*Sqrt[1 - (c*
x~4)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(2*c~(7/4)*(c"3 - axd”
2)*Sqrt[a - c*x~4]) + (a~(3/4)*BxSqrt[1 - (c*x74)/al*EllipticF[ArcSin[(c™(
1/4)*x)/a~(1/4)], -11)/(c~(7/4)*d*Sqrt[a - cxx"4]) + (a~(3/4)*(Sqrt[a]*B +
AxSqrt[c])*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -1]
)/ (2%c™(7/4)*(c~(3/2) + Sqrtl[al*d)*Sqrtla - c*x~4]) + (a~(1/4)*(Bxc - Axd)
*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c™(1/4)*x)/a~(1/4)]1, -11)/(c~(5/4)*
d"2*Sart[a - c*xx"4]) - (a~(1/4)*c”(7/4)*(Bxc - A*d)*Sqrt[1 - (c*x"4)/a]l*El
lipticPi[-((Sqrt[al*d)/c~(3/2)), ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(d"2x(c
"3 - axd"2)*Sqrt[a - c*x74])

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 2249 IRELPE*((£_)*(x))~@m_)*((d)) + (e_)*(x)"2)7(q_)*((a)) + (c_.)*(x)
"‘4)"(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x"4], Px*(f*x) m*(d ‘
|+ exx2)"gqk(a + c*x™4)"(p + 1/2), x], x] /; FreeQl{a, c, d, e, £, m}, x] & |
‘& PolyQ[Px, x] & IntegerQlp + 1/2] && IntegerQ[q] |

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 974 vs. 2(307) = 614.

Time = 2.36 (sec) , antiderivative size = 975, normalized size of antiderivative = 2.66

method | result size

default | Expression too large to display | 975

elliptic | Expression too large to display | 1087

-

int (x"6x (Bxx~2+A) / (d*x"2+c) / (-c*x~4+a) ~(3/2) ,x ,method=_RETURNVERBOSE)

| —

input L




output

input

output
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1/d"4* (d"2* (A*xd-B*c) *(1/2/c*x/ (- (x~4-a/c)*c)~(1/2)-1/2/c/(c~(1/2)/a~(1/2))
~(1/2)*(1-c~(1/2)*x72/a~(1/2)) ~(1/2) * (1+c~(1/2) *x~2/a~ (1/2) )~ (1/2) / (-c*x~4
+a) " (1/2)*EllipticF(x*(c~(1/2)/a~(1/2))~(1/2) ,I))-c*d*(A*d-Bxc)*(1/2/a*x"3
/(-(x"4-a/c)*c)~(1/2)+1/2/a~(1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x"2/a
~(1/2))"(1/2)*(1+c~(1/2)*x~2/a~(1/2))~(1/2) / (-c*x"4+a) ~(1/2) /c~ (1/2) *(E11li
pticF(x*x(c~(1/2)/a~(1/2))~(1/2),I1)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2),1))
)+Axc~2*d*(1/2/a*xx/ (- (x"4-a/c)*c)~(1/2)+1/2/a/(c~(1/2)/a~(1/2))~(1/2)*(1-c
~(1/2)*x72/a~ (1/2) )~ (1/2)*(1+c”~ (1/2)*x~2/a~ (1/2) )~ (1/2) / (~cxx~4+a) ~ (1/2) *E
1lipticF(x*(c~(1/2)/a~(1/2))~(1/2),1I))+B*d~3*(1/2/c*x~3/(-(x"4-a/c)*c)~(1/
2)+3/2/c~(3/2)*a~(1/2)/(c~(1/2) /a~(1/2))~(1/2)*(1-c~(1/2)*x"2/a~ (1/2))~(1/
2)*(1+c™(1/2)*x"2/a~(1/2))~(1/2) / (—c*x"4+a) " (1/2) * (E1lipticF (x*(c~(1/2) /a~
(1/2))~(1/2) ,I)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2),I)))-B*c~3*(1/2/a*x/ (-
(x~4-a/c)*c)~(1/2)+1/2/a/(c"(1/2)/a~(1/2))~(1/2)*(1-c~ (1/2)*x~2/a~ (1/2)) ~(
1/2)*(1+c~(1/2)*x~2/a~(1/2))~(1/2) / (-cxx~4+a) ~(1/2) *E1llipticF (x*(c~(1/2) /a
~(1/2))°(1/2),1)))-c"~3*(A*d-B*c) /d~4* (2*c*x(1/4/a*xd/ (axd~2-c~3) *x~3-1/4*c/a
/(axd~2-c~3)*x) /(- (x"4-a/c)*c)~(1/2)-1/2*xc"2/a/(a*d"2-c~3) /(c~(1/2) /a~(1/2
N-@W/2)*x(1-c~(1/2)*x72/a~(1/2)) " (1/2) *(1+c~(1/2)*x~2/a~ (1/2)) ~(1/2) / (-c*x
“4+a)~(1/2)*EllipticF(x*(c~(1/2)/a~(1/2))~(1/2),I)+1/2%c~(1/2)/a~(1/2)*d/(
axd~2-c¢~3)/(c”(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/2) )~ (1/2) *(1+c~(1/2
)*x72/a~(1/2))~(1/2) / (~c*x"4+a) " (1/2) *E1llipticF (x*(c~(1/2)/a~(1/2))~(1/...

Fricas [F(-1)]
Timed out.

dz = Timed out

3/2

/( z%(A + Bx?)

c+ dz?) (a — cz?)

Lintegrate(x“G*(B*x“2+A)/(d*x‘2+c)/(—c*x“4+a)“(3/2),x, algorithm="fricas")

e

LTimed out

~—
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Sympy [F(-1)]
Timed out.
z5(A + Bz?)

(C + d.’,(:2) (a — C:I?4)3/2 dx = Timed out

input tintegrate (x*%6% (Bxxx*2+A) / (d*x**2+c) / (~crx**kd+a) %% (3/2) ,x)

output LTimed out

Maxima [F]

[ e I (B + A

c+ dz?) (a — cz* —czt + a)? (dz? + c)

input Lintegrate (x~6% (B*x~2+A) / (d*x~2+c) / (-c*xx~4+a) ~(3/2) ,x, algorithm="maxima")

output| 1EteBTate(Bxx"2 + A)xx"6/((-cxx™4 + a)"(3/2)(d*x"2 + <)), x)

Giac [F]

/( z%(A + Bz?) d :/( (Bx? + A)xb e

¢+ dz?) (a — cz?)*? —czt +a)? (da? + c)

input tintegrate (x~6% (B*x~2+A) / (d*x~2+c) / (-c*x~4+a) ~(3/2) ,x, algorithm="giac")

output Lintegrate((B*x‘Q + A)*x"6/((-c*x~4 + a)~(3/2)*(d*x"2 + c)), x)
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Mupad [F(-1)]

Timed out.
JRCLY s N T LY
(c+ da?) (a — cat)*/? (a—cat)*? (dz2 +c)
il’lput Lint((x‘ﬁ*(A + B*XA2))/((a - C*x“4)"(3/2)*(c + d*XAQ)),x)

output tint((xAs*(A + Bxx72))/((a - c*x74)7(3/2)*(c + d*x72)), x)

Reduce [F]

dx = Too large to display

/ ( z%(A + Bx?)

¢+ dz?) (a — cxt)®?

input Lint (x~6%(B*x~2+A) / (d*x~2+c) / (-c*x~4+a) ~(3/2) ,x)
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(3xsqrt(a - cxx**4)*a*xbxdxx - sqrt(a - cxx**4)*b*xcx*2*x**3 - 3*xint(sqrt(a

— ckx**x4) /(a*x*2%c + a**kd*xk*2 — kakCk*kkxkk4d — kakckd*x*k*k6 + Ckk3kx*k*kS
+ ck*2xd*x**10) ,x) *a*x*3*bkcxd + 3*xint(sqrt(a - c*x**4)/(ax*2*c + a*x*2xd+*x
*%k2 — kakckkkxkk4d — kaxckdkx**k6 + Ckk3kxkk8 + ckk2kxdkx**10) ,x) *ka**k2xbkc
*x*k2xd*x**x4 — 3xint ((sqrt(a — c*x*k*4)*x*x6)/(a**2*kc + a*x*2xd*x**2 — 2kaxck*
2xx*k*4 — kaxckd*x*¥*¥6 + Ck*x3kx*k*8 + CcHk*xkd*x**10) ,x)*a**kbkxckd**2 + int ((
sqrt(a - c*x**4)*x*x6) /(a*x*x2*Cc + ax*2xd*x**2 — 2kakcr*k2xx*k*4d — kaxckdrx**
6 + CH*3xx**8 + ck*¥2kdkx**10) ,x)*ax*k2xc*x*3xd - int((sqrt(a - c*x**4)*x**6)
/(a**2*c + akxk2kdkxkk2 — 2%kakckk2kxkkd — 2kgkckdkx*k*k6 + Ckk3Ikx*k%k8 + Cck*k2%d
*xx*x10) ,x) *a*b*c**4 + 3xint ((sqrt(a — c*x**4)*xx*x6)/(a**2kc + ax*2*kd*xx**2

— 2%axCk*k2kxkk4 — 2kakckdkx*k*k6 + CkkIkX*k*k8 + c**2*d*x**10),x)*a*b*c**Q*d**
2xxx*k4 - int((sqrt(a - cxx**4)*xx*6)/(a*x*2xc + ak*2kdxx**2 — 2kakck*kkx*x*4
— 2%axckd*x**x6 + cHk*x3*kx*x*8 + cxk*2*kd*x**x10) ,x)*a*kck*kdxd*x*x*4 + int((sqrt(a
— c*xx*%4) *kx*%%6) / (ax*k2*kc + a*k2kd*kx*k*k2 — 2kakckkkx*k*k4d — kakckdkxk*k6 + c*
*3kxx*k8 + cx*k2*kd*kx**10) ,x) ¥bkcx*kE5xx*k*4 - 3*xint ((sqrt(a - c*x*k*4)*x*x*2)/(a*x
*2kC + akk2kdxxk*k2 — 2kakCkk2kxkk4d — 2kakckdkxkkB6 + CkkIkXxk*k8 + Ckkkdkxk*
10) ,x) ¥a*x*3xb*d**2 + 3*xint((sqrt(a - ckxx*4)*x**x2)/(a**x2*%c + ax*2xd*rx**2 -
2kakckkQkxx* k4 — 2kakxckdkxk*k6 + CkkIkxk*k8 + Ckkkdkx**10) ,X) *kax*k2¥xbkck*k3 +
3xint ((sqrt(a — cxx**4)*x**2)/(ax*2*c + a**2xdxx**2 — 2¥ka*xcx*2*xx**4 — 2%a
*kCkA*Xk*kB + CHkIkX¥k*kB + Ck*k2kd*xk*10) ,X)*kax*kkbrkckd*s*x2*x**x4 — 3xint ((sq...

output




output
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z*(A+Bz?)
3.16 f (c—l—dx2) (a—ca:4)3/2 dz

Optimal result . . . . . . . . . . . e 195
Mathematica [C] (verified) . . . . . . . . . . ... L 1961
Rubi [A] (verified) . . . .. . . ... .. 196
Maple [B] (verified) . . . . . . . . . ... 198
Fricas [F(-1)] . . . . o o 199
Sympy [F(-1)] . . o o o 200
Maxima [F] . . . . . 2001
Giac [F] . . . . o o 200
Mupad [F(-1)] . . . o o 201]
Reduce [F] . . . . oo 201]

Optimal result

Integrand size = 32, antiderivative size = 319

€Tr =
¢+ dz?) (a — czt)®? 2(c® —ad?)va — czt
3/4(Be — Ad)\ /1 — =* i (Ve |
) a’’*(Bc— Ad)\/1 - < E(arcsm( %)’ 1)
2¢3/4 (¢® — ad?) va — cx*
4 3/2 _ _cxt o e . %m _
va(2Bc*? + \/aBd — Ay/cd) \/1 — <= EllipticF (arcsm < %) , 1)
265/4d (3% + \/ad) Va — cz?
4 3/4 _ _cxt o g . _@ . %z .
vac**(Bc — Ad)4/1 ~ EllipticPi ( Y3/, arcsin ( %> , 1>
d(c® —ad?) va—czt

/ z*(A+ Bz2?) z(Ac— B¢ + (Bc— Ad)z?)
(

+

1/2%x* (A*xc—a*xB*d/c+(—-A*d+B*c) *x~2)/ (-a*xd~2+c~3) / (-c*x~4+a) ~(1/2)-1/2%a"~ (3/
4)x (-Axd+Bxc)*(1-c*x~4/a) " (1/2)*EllipticE(c~(1/4)*x/a~(1/4),1)/c~(3/4)/(-a
*d~2+c”~3)/(-c*x"4+a) " (1/2)-1/2*a~ (1/4) * (2¥B*c~ (3/2) +a” (1/2) *Bxd-A*c~ (1/2) *
d)*(1-c*x~4/a) "~ (1/2)*EllipticF(c~(1/4)*x/a~(1/4),1)/c~(5/4)/d/(c~(3/2)+a"(
1/2)*d) / (—c*x~4+a) "~ (1/2)+a~ (1/4) *c~ (3/4) * (-A*d+B*c) * (1-c*x~4/a) " (1/2) *E11i
pticPi(c~(1/4)*x/a"~(1/4),-a~(1/2)*d/c~(3/2) ,1)/d/(~a*d~2+c~3) / (-c*x"4+a) " (
1/2)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.20 (sec) , antiderivative size = 417, normalized size of antiderivative = 1.31

z*(A + Bz?) | —A\=Yecda+aB\[=Yed’s - B\ Yddat + A\ = Feed's —iv/ay
(c+dx?) (a — 0934)3'/2 B

input (Integrate[(x%*(A + B*xx~2))/((c + d*x~2)*(a - c*x~4)"(3/2)),x]

(-(A*Sqrt [-(Sqrt[c]l/Sart[al)]*c”2*d*x) + axB*Sqrt[-(Sqrt[c]l/Sqrt[al)]l*d"2*
x - B*Sqrt[-(Sqrt[c]l/Sqrt[al)]l*c~2+d*x"3 + A*Sqrt[-(Sqrtlc]/Sqrtl[al)]*cxd”
2xx~3 - I*Sqrt[al*Sqrt[c]*d*(Bkc - A*d)*Sqrt[l - (c*x"4)/al*EllipticE[I*Ar
cSinh[Sqrt[-(Sqrtlcl/Sqrtlal)]*x], -1]1 + I*(-c~(3/2) + Sqrtlal*d)*(2*B*c~(
3/2) + Sqrt[a]l*Bxd - A*Sqrt[c]*d)*Sqrt[1l - (c*x~4)/a]*EllipticF[I*ArcSinh[
Sqrt[-(Sqrt[c]l/Sqrt[al)]*x], -1] + (2*I)*Bxc~3*Sqrt[1l - (c*x~4)/al*Ellipti
cPi[-((8Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt([-(Sqrtl[c]l/Sqrtlal)l=*x], -1]1 - (
2xI) *Axc~2*d*Sqrt [1 - (c*x~4)/al*EllipticPil[-((Sqrtl[al*d)/c~(3/2)), I*ArcS
inh[Sqrt[-(Sqrt[c]/Sqrt[al)]*x], -1])/(2*Sqrt[-(Sqrtlc]l/Sqrtlal)]*(-(c~4*d
) + axc*d~3)*Sqrtla - c*x"4])

output

Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 366, normalized size of antiderivative = 1.15,

number of rules _ 0.062, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z*(A + Bz?) i
(a — cx®)*? (c + da?)

l 9249
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/ c?(Bc — Ad) a(—aBd + cz?(Bc — Ad) + Ac?) B p
— - x
d(ad? — 3) vVa — cx?* (c + dz?) c(c3 — ad?) (a — cxt)®/? cdva — cxt
| 2009

3/4 _ cz? \/Ea: .
_a \/ —(Bc— Ad)E <arcsm< ﬁ)‘ 1) N
2c3/4 (c3 — ad?) Va — cx?
C:L'4 . . N ¢ Cx
va\/1— 2= (,/aB + A/c) EllipticF <a,rcsm < \{4//_5> ,—1) N
2¢5/4 (ad + ¢3/2) Va — ca*
Yac**\/1 — <*(Bc — Ad) EllipticPi < \3[/2 ,arcsin ( \\//__ > )
+
d(c —ad?)Va — czt
4 _ cx74 . . . _
:E(—aBd—l- cz?(Be — Ad) +Ac2) vaBy/1 ~- EllipticF (arcsm ( %> , 1>
2¢c(c® — ad?)Va — cx* cd/4dv/a — cxt

§
o
8

input | Int[(x‘4*(A + Bxx~2))/((c + d*x"2)*(a - c*xx~4)~(3/2)),x] |

(x*(A*c™2 - a*B*d + c*x(Bxc - Axd)*x72))/(2*%c*(c”3 - a*xd”2)*Sqrt[a - c*x"4]
) - (a7 (3/4)*(Bxc - A*d)*Sqrt[1 - (c*x~4)/al*EllipticE[ArcSin[(c~(1/4)*x)/
a~(1/4)1, -11)/(2*c~(3/4)*(c"3 - axd~2)*Sqrtla - c*x~4]) - (a~(1/4)*B*Sqrt
[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(c~(5/4)*d*Sqr
tla - c*x"4]) + (a~(1/4)*(Sqrt[al*B + A*Sqrt[cl)*Sqrt[1 - (c*x"4)/al*Ellip
ticF[ArcSin[(c™(1/4)*x)/a~(1/4)], -11)/(2%c~(5/4)*(c~(3/2) + Sqrtl[al*d)*Sq
rtla - c*x”4]) + (2~ (1/4)*c~(3/4)*(B*c - Axd)*Sqrt[1 - (c*xx"4)/al*Elliptic
Pi[-((Sqrt[al*d)/c~(3/2)), ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(d*(c"3 - a*d
~2)*Sqrt[a - c*xx~4])

N\ J

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 2249\Int[(Px_)*((f_.)*(x_))‘(m_.)*((d_) + (e_.)*(x_)72)7(q_)*((al) + (c_.)*(x)) \
"‘4)"(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x"4], Px*(f*x) m*(d ‘
|+ exx2)"gqk(a + c*x™4)"(p + 1/2), x], x] /; FreeQl{a, c, d, e, £, m}, x] & |
‘& PolyQ[Px, x] & IntegerQlp + 1/2] && IntegerQ[q] |

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 849 vs. 2(261) = 522.

Time = 1.73 (sec) , antiderivative size = 850, normalized size of antiderivative = 2.66

method | result
3
2 (4d—Bo) 20(4,1(&2”3_03) _4a(a ;§_63)> _c2 1— ‘/\5/22 1+ \/\5/22 EllipticF(z %1 fd 1— ‘/\5/22 1+ \/\5/22 ElllptlcF(z
\/—(14—%)0 2(1(0.(12—63)1/% V—czd+ta Qﬁ(adz—c:”) \\/[2\/7
default po
2 (Ad—Bc)z® _ (A C2_Bad)z Vex? Vea2 L. Ve Jez? Jez? L. N
1 " 4c(ad2—c3) 12 (a d2_C3) 1— Vo 1+T EllipticF (9: %,z)B 1— Va 1+ Va ElhptlcF(x by
elliptic — —
V- (E=2)e L vemTacd 2,/ YE V=caTFa (ad2—c?)

input Lint (x~4% (B*x~2+A) / (d*x~2+c) / (—c*x~4+a) ~(3/2) ,x,method=_RETURNVERBOSE) J




output

input

output
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¢~ 2% (Axd-Bxc) /d~3%(2xc*(1/4/a*d/ (a*d~2-c~3) *x~3-1/4%c/a/ (a*d~2-c~3) *x) / (- (
x~4-a/c)*c) "~ (1/2)-1/2xc"2/a/(a*d~2-c~3) /(c~(1/2) /a~(1/2))~(1/2)*(1-c~(1/2)
*x~2/a” (1/2))~(1/2)*(1+c~(1/2)*x"2/a~(1/2))~(1/2) / (-c*x"4+a) " (1/2) *E1lipti
cF(x*(c™(1/2)/a~(1/2))~(1/2) ,1)+1/2*c~(1/2)/a~(1/2)*d/(a*d~2-c~3) /(c~(1/2)
/a~(1/2))"(1/2)*(1-c~(1/2)*x~2/a~(1/2)) " (1/2)*(1+c~(1/2)*x~2/a~(1/2))~(1/2
)/ (mc*x~4+a) "~ (1/2)*EllipticF (x*(c~(1/2)/a~(1/2))~(1/2),1)-1/2*c~(1/2)/a~ (1
/2)*d/(a*d~2-c~3)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2) )~ (1/2)* (1
+c~(1/2)*x72/a~(1/2))~(1/2) / (-c*x~4+a) " (1/2) *E1lipticE(x*(c~(1/2)/a~(1/2))
~(1/2),1)+1/(a*d"~2-c~3)*d"2/c/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/
2))~(1/2)*(1+c~(1/2)*x~2/a~(1/2)) ~(1/2) / (-c*x~4+a) ~(1/2) *E11lipticPi (x* (c~(
1/2)/a~(1/2))~(1/2) ,-a~(1/2)*d/c~(3/2) , (-c~(1/2) /a~(1/2))~(1/2)/(c~(1/2) /a
~(1/2))7(1/2)))-1/d"3%(-d* (A*xd-B*c) *(1/2/a*x"3/ (- (x"4-a/c) *c) ~(1/2)+1/2/a"
(1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2)) " (1/2) * (1+c~ (1/2) *x~2
/a~(1/2))°(1/2)/ (mc*x~4+a)~(1/2) /c~(1/2) *(E1lipticF (x*(c~(1/2)/a~(1/2))~ (1
/2) ,I)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2),I)))+Axc*d*(1/2/a*x/(-(x~4-a/c)
xc)~(1/2)+1/2/a/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2) )~ (1/2) *(1+c
~(1/2)*x~2/a"~(1/2))~(1/2) / (-c*x"4+a) " (1/2) *E1lipticF (x*(c~(1/2) /a~(1/2))~(
1/2),1))-Bxc~2%(1/2/a*x/ (- (x~4-a/c)*c)~(1/2)+1/2/a/(c~(1/2)/a~(1/2))~(1/2)
*(1-c~(1/2)*x72/a"~(1/2)) " (1/2)*(1+c~(1/2)*x~2/a~ (1/2) )~ (1/2) / (-c*x"4+a) " (1
/2)*E1llipticF(x*(c~(1/2)/a~(1/2))~(1/2),1I))-B*xd~2*(1/2/c*x/(-(x"4-a/c)*. ..

Fricas [F(-1)]
Timed out.

dz = Timed out

3/2

/( z*(A + Bx?)

c+ dz?) (a — cz?)

Lintegrate(x“4*(B*x“2+A)/(d*x‘2+c)/(—c*x“4+a)“(3/2),x, algorithm="fricas")

e

LTimed out

~—
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Sympy [F(-1)]
Timed out.
z*(A+ Bz?)

(C + d.’,(:2) (a — C:I?4)3/2 dx = Timed out

input tintegrate (x*k4* (Bxxx*2+A) / (d*x**2+C) / (~crx**kd+a) %% (3/2) ,x)

output LTimed out

Maxima [F]

[ e I (B + At

c+ dz?) (a — cz* —czt + a)? (dz? + c)

inputLintegrate(x‘4*(B*x‘2+A)/(d*x*2+c)/(—C*x*4+a)*(3/2),x, algorithm="maxima")

output| 1EteBTate(Bxx"2 + A)xx"4/((-cxx™4 + a)"(3/2)*(d*x"2 + <)), x)

Giac [F]

/( z*(A + Bx?) d :/( (Bz® + A)x* i

¢+ dz?) (a — cz?)*? —czt +a)? (da? + c)

inputtintegrate(x‘4*(B*x‘2+A)/(d*x‘2+c)/(-C*X*4+a)*(3/2),X, algorithm="giac")

Outputtintegrate((B*x‘Q + A)*x”4/((-c*x~4 + a)~(3/2)*(d*x"2 + c)), x)
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Mupad [F(-1)]

Timed out.

/( z*(A + Bz?) )3/2dx=/(a 2t (Ba? + A)

¢+ dz?) (a — cz? —czt)*? (dz2 + )

il’lput Lint((x‘4*(A + B*XA2))/((a - C*XA4)A(3/2)*(C + d*XAQ)),x)

e

outputLim-’((xw*(A + Bxx72))/((a - c*x74)7(3/2)*(c + d*x72)), x)

~—

Reduce [F]

/4 _ vV—cz*+ta 3 -
1174(14. + BCL'Q) cz® +aar (f c2da:10+c3zs—2acdz6—2ac2x4+a2d:c2+azcdx> a“c+ (f c2d 2104

T =
(¢ + dz?) (a — cz?)*/?

input‘int(XA4*(B*XA2+A)/(d*xﬁ2+c)/(‘C*XA4+a)“(3/2),x)

(sqrt(a - cxxx*4)*axx - int(sqrt(a - c*x*k*4)/(ax*2xc + a**x2kd*kx**2 - 2xa*c
*kkxk*k4 — kakxckd*x*k*6 + Ck*k3xx*kx8 + cHk*x2kd*x*+*10) ,x)*a**3*xc + int(sqrt(a
— c*xx*%4) /(ax*2%kc + a**x2kxd*xx*k*k2 — 2kakckkkx*k*k4d — kakckdkxk*k6 + Chkk3Ikxkk
8 + cx*k2xd*kx*x*10) ,x)*a*x2kcx*k2xx**4 — int((sqrt(a - ckxx**x4)*x**6)/(a**2*xc

+ ax*2kdkxk*k2 — kakckk2kx**4 — kakckd*xkk6 + Cckk3kXkk8 + cHk*2kdkx*k*x10) ,x
Y*kax*2xckd + int((sqrt(a — cxx**4)*xx*6)/(ax*k2*xc + a*k*2kd*x*k*2 — 2ka*xck*2*
X¥k4 — 2kakckdxx**6 + Ck*k3*kxk*k8 + cx*k2xdxx**10),x)*a*bxcx*2 + int((sqrt(a

— ckxx¥k4) *x*%6) / (a*x*2*kCc + a*k2kdkx*k*k2 — kakckkkxk*k4d — 2kakckdkxk*k6 + ck*
3kxk*x8 + cH*kkd*x**10) ,x)*kakck*2*xd*x* x4 - int((sqrt(a - cxx**4)*x**6)/(a**
2%C + ax*k2kdkxk*k2 — 2%kakckk2kxkk4 — 2kakckd*kx*k*k6 + Ck*k3Ikx*k*k8 + CkkDkdkx*k*k1
0) ,x) ¥b*cx*3*kx**4 - int((sqrt(a — ckxx*4)*x*k*2)/(ax*k2xc + ax*2kdkx**2 - 2%
axck*2kx*kx4 — 2kakckd*kx*x*6 + Ck*k3*kx**k8 + cx*k2xd*kx**10) ,x)*a**x3*d + int((sq
rt(a - cxx**x4)*x*%*2) /(a*x*2*%c + a**xkd*kx*k*2 — 2kakckkkxxkx*k4d — 2kakckd*xx**x6

+ Cckk3*xk*k8 + cHkkxd*x*k*x10) ,x) kakx*k2kckdkx**4) /(ck*x2*(a - cxx**xd))

output
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22 (A+Bz?
3.17 f( (A+Ba’) s dx

c—l—d:zz) (a—ca:4) 3/

Optimal result . . . . . . . . . . . e 202
Mathematica [C] (verified) . . . . . . . . . . ... L 2031
Rubi [A] (verified) . . . .. . . ... .. 203
Maple [B] (verified) . . . . . . . . . ... 205
Fricas [F] . . . . . o o 200
Sympy [F(-1)] . . o o o
Maxima [F] . . . . .
Giac [F] . . . . o o 207
Mupad [F(-1)] . . . o o 207
Reduce [F] . . . . oo 207

Optimal result

Integrand size = 32, antiderivative size = 311

/ z?(A + Bx?) - z(a(Bc — Ad) + (Ac? — aBd) z?%)
(¢ + dz?) (a — cat)*/? 2a (c? — ad?) vVa — cz?

~ (A02 — aBd) \/@ (arcsin ( i//_i’”)

_ 1)
2v/ac’/t (¢ — ad?) va — cxt

_ % . . . %x _
(vVaB + Ay/c) /1 — <= EllipticF (arcsm ( Vs ) 1
2v/ac’/* (32 + y/ad) Va — cz*

va(Bc — Ad)y/1 — % EllipticPi (—%, arcsin ( %%) ,—1>
v (e — ad?)va — cx?

_|_

1/2xx* (ax (~A*d+Bxc)+(A*c™2-Bxa*xd) *x~2) /a/ (-a*d~2+c”3) / (-c*x"4+a) ~(1/2)-1/2
* (Axc~2-B*axd) * (1-c*x"4/a) "~ (1/2)*EllipticE(c~(1/4)*x/a~(1/4),I)/a~(1/4)/c”
(3/4)/(-a*d~2+c"3) /(-c*x~4+a) " (1/2)+1/2*%(a” (1/2) *B+A*c~(1/2) ) *(1-c*x"4/a) "
(1/2)*EllipticF(c~(1/4)*x/a~(1/4),1)/a~(1/4)/c”(3/4)/(c~(3/2)+a~(1/2)*d) /(
-cxx”4+a) " (1/2)-a”~ (1/4) * (~A*d+B*c) * (1-c*x~4/a) ~(1/2) *EllipticPi(c~(1/4) *x/
a~(1/4),-a~(1/2)*d/c~(3/2),1)/c~(1/4) / (-a*d~2+c~3) / (-c*x"4+a) " (1/2)

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.52 (sec) , antiderivative size = 307, normalized size of antiderivative = 0.99

z?(A + Bz?) e
(¢ + dz?) (a — cz?)*/?

ir/a(—Ac + aBd) /1 — %‘E(iamsinh< —%;Q ’ _ 1) — iva(yv/aB + AVe) (=32 + ad) /1 — ¢

input LIntegrate[(x“Q*(A + B*x~2))/((c + d*x~2)*(a - c*x~4)~(3/2)),x] J

-1/2*(I*#Sqrt[a]l*(-(A*xc™2) + a*Bxd)*Sqrt[1 - (c*x"4)/al*EllipticE[I*ArcSinh
[Sqrt [-(Sqrt[cl/Sqrt[al)]#*x], -1] - IxSqrt[al*(Sqrtl[al*B + A*Sqrt[c]l)*(-c~
(3/2) + Sqrtlal*d)*Sqrt[1 - (c*x"4)/al*EllipticF[I*ArcSinh[Sqrt[-(Sqrt[cl/
Sqrt[al)I*x], -1] + Sqrtlcl*(Sqrt[-(Sqrtlc]l/Sqrtl[al)]*x*(-(A*c™2xx"2) + ax*
(-(B*c) + A*d + Bxd*x"2)) - (2xI)*ax(Bxc - A*d)*Sqrt[1 - (c*x"4)/a]l*Ellipt
icPi[-((Sqrt[al*d)/c~(3/2)), IxArcSinh[Sqrt[-(Sqrtlcl/Sqrtlal)l#*x], -11))/
(2~ (3/2)*(-(8qrt[c]l/Sqrt[al))~(3/2)*(-c~3 + a*d~2)*Sqrt[a - c*x"4])

output

Rubi [A] (verified)

Time = 0.62 (sec) , antiderivative size = 311, normalized size of antiderivative = 1.00,

number of rules _ 0.062, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ z%(A + Bz?) i
x
(a — czt)®? (c + da?)

l 9249

/ <w2 (A — aBd) + a(Bc — Ad) ¢(Bc — Ad) ) s
)

(3 — ad?) (a — czt)>/? (c® — ad?)va — cx* (c + dx?
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| 2009
[1 _ cat - (vaB + Ay/c) EllipticF (arcsm < {{//_5 1) )
2v/ac’/* (vad + ¢3/2) Va — ca*

4
Vay/1— %(Bc — Ad) EllipticPi <—;3[/2, arcsin t‘{/%) ,—1)
Ve (e —ad?) vVa — ca?t

J1— < (A — aBd) B (arcsin ( Yﬁ)

B 1) N z(z%(Ac? — aBd) + a(Bc — Ad))

2ac3/4 (c3 — ad?) Va — cxt 2a (c3 — ad?) vVa — cxt
inputLInt[(xAQ"‘(A + Bxx"2))/((c + d*xx"2)x(a - c*x74)7(3/2)) ,x] J
output (xx(a*(Bxc - Axd) + (A*c™2 - axBxd)*x~2))/(2%a*(c”3 - a*d"2)#*Sqrt[a - c*x~

4]1) - ((A*c™2 - axBxd)*Sqrt[1 - (c*x~4)/al*EllipticE[ArcSin[(c~(1/4)*x)/a"
(1/4)1, -11)/(2*a~(1/4)*c~(3/4)*(c"3 - axd~2)*Sqrt[a - c*x"4]) + ((Sart[al
*B + A*Sqrt[c])*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a"~(1/4)],
-11)/(2*a~(1/4)*c~(3/4)*(c~(3/2) + Sqrtl[al*d)*Sqrt[a - c*x~4]) - (a~(1/4)
*(Bxc - A*d)*Sqrt[1 - (c*x~4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), ArcSin
[(c™(1/4)*x)/a~(1/4)]1, -11)/(c”(1/4)*(c"3 - a*d~2)*Sqrt[a - c*x~4])

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2249‘Int[(Px_)*((f_.)*(X_))‘(m_.)*((d_) + (e_)*(x_)72)"(q_.)*((al) + (c_.)*(x_) ‘
“4)‘(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x74], Px*(f*x) m*(d ‘
|+ exx"2)"gq(a + c*x"4)"(p + 1/2), x], x] /; FreeQl{a, c, d, e, £, m}, x] & |
‘& PolyQ[Px, x] && IntegerQ[p + 1/2] && IntegerQ[q] ‘




input

output
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 741 vs. 2(255) = 510.

Time = 1.16 (sec) , antiderivative size = 742, normalized size of antiderivative = 2.39

method | result

1— \f\c/gz 1+\fCT22 EllipticF (z, / % z) 3 1— \/\E/gz 1+\[°TZ2 (EllipticF (z, / %
Ad z + +Bd z +
2a\/—(w4—%)c 2a‘/% \/—cz4+a 2a\/—(z4—%)c 2\/5@/%\/—01‘44—0,
default pe

(Ac2—13(zd)cz:3
(Ad—Be)x 2 2 3 2
e e I e i G L e

elliptic

\/_(”74_%)‘3 2(ad2—c3),/%\/—0$4+a 2(ad2—c3)\/%v—cm4+
Lint (x~2% (Bxx~2+A) / (d*x~2+c) / (-c*x"4+a) " (3/2) ,x,method=_RETURNVERBOSE) J

1/d7 2% (A*d* (1/2/a*x/(-(x"4-a/c)*c)~(1/2)+1/2/a/(c”(1/2) /a~(1/2))~(1/2)*(1-
c~(1/2)*x~2/a~(1/2))~(1/2) *(1+c~(1/2)*x~2/a~(1/2) )~ (1/2) / (-c*x~4+a) " (1/2) *
EllipticF(x*(c~(1/2)/a~(1/2))~(1/2),I))+B*d*(1/2/a*x~3/(-(x"4-a/c)*c)~(1/2
)+1/2/a~(1/2)/(c™(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2) )~ (1/2) * (1+c~(
1/2)*x72/a”~(1/2))"(1/2) / (-c*x"4+a) ~(1/2) /c~ (1/2) *(E11lipticF (x*(c~(1/2) /a~(
1/2))°(1/2) ,I)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2),1)))-Bxcx(1/2/a*x/ (- (x~
4-a/c)*c)~(1/2)+1/2/a/(c”(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2))~(1/2
Yx(1+c~(1/2)*x~2/a~(1/2))~(1/2) / (-c*x"4+a) " (1/2) *E1l1lipticF (x*(c~(1/2)/a~ (1
/2))7(1/2),1I)))-c/d"2*% (A*xd-B*c) * (2xc* (1/4/a*d/ (a*d"2-c~3) *x~3-1/4*c/a/(a*xd
~2-¢c"3)*x) /(- (x"4-a/c)*c) " (1/2)-1/2*c"2/a/(a*d~2-c~3) /(c~(1/2)/a~(1/2))~ (1
/2)*(1-c~(1/2)*x72/a~(1/2) )~ (1/2) *(1+c~(1/2)*x72/a~(1/2) ) ~(1/2) / (-c*x"4+a)
~(1/2)*EllipticF (x*(c~(1/2)/a~(1/2))~(1/2) ,I)+1/2*c~(1/2) /a~(1/2)*d/ (a*d~2
-c~3)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2)) " (1/2) *(1+c~(1/2) *x~2
/a~(1/2))"(1/2)/ (-cxx~4+a) ~(1/2)*E1llipticF (x*(c~(1/2)/a~(1/2))~(1/2),I1)-1/
2xc~(1/2)/a~(1/2)*d/(a*xd~2-c~3)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a" (
1/2))~(1/2)*(1+c~(1/2)*x~2/a~(1/2) )~ (1/2) / (-c*x~4+a) ~(1/2) *E11lipticE (x* (c”
(1/2)/a"(1/2))"(1/2) ,1)+1/(a*d~2-c~3)*d"2/c/(c~(1/2) /a~(1/2))~(1/2)*(1-c~(
1/2)*x~2/a”~(1/2))~(1/2)*(1+c~(1/2)*x~2/a~(1/2))~(1/2) / (-c*x"4+a) ~ (1/2) *E11
ipticPi(x*(c~(1/2)/a~(1/2))~(1/2),-a~(1/2)*d/c~(3/2),(-c~(1/2)/a~(1/2))~(1
/2)/(c~(1/2)/a~(1/2))~(1/2)))
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Fricas [F]

/ ( z?(A + Bz?) do — / ( (Bx? + A)z? e

¢+ dz?) (a — czt)®? —czt +a)? (da? + c)

input tintegrate (x~2% (B*x~2+A) / (d*x~2+c) / (-cxx~4+a) ~(3/2) ,x, algorithm="fricas") J

output‘ integral ((Bxx~4 + A*x~2)*sqrt(-c*x~4 + a)/(c™2%d*x~10 + c~3*x"8 - 2¥axcxdx ‘
\x*s - 2%a*xc”2*x"4 + a~2xd*x"2 + a~2%c), x) ‘

Sympy [F(-1)]

Timed out.
2 A B 2
v(A+ Bz’ 3/ dx = Timed out
(c+ dz?) (a — cz*)
input Lintegrate (x**2% (Bxx**2+A) / (d*x**2+c) / (—c*xx*x*4+a) ** (3/2) ,x) J
output LTimed out J
Maxima [F]

/ ( z*(A + Bz?) e = /( (Bz®+ A)e®

¢+ dz?) (a — cz?) —czt +a)? (da? + c)

input Lintegrate (x~2% (B*x~2+A) / (d*x~2+c) / (-c*x~4+a) ~(3/2) ,x, algorithm="maxima") J

output Lintegrate((B*x‘2 + A)*x~2/ ((~c*x~4 + a)~(3/2)*(d*x™2 + c)), x) J
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Giac [F]

/ ( z*(A + Bz?) e = /( (Bz®+ A)e®

¢+ dz?) (a — cz?) —czt +a)? (da? + c)

inputtintegrate(x‘2*(B*x‘2+A)/(d*x‘2+c)/(—c*x*4+a)*(3/2),x, algorithm="giac") J

output Lintegrate((B*x‘Q + A)*x72/((-c*x~4 + a)~(3/2)*(d*x"2 + c)), x) J

Mupad [F(-1)]

Timed out.
/ z*(A+ Bz?) i — / z? (Bz®+ A)
(c+ da?) (a — czt)*/? (a—czt)*? (dz? +c)
input Lint ((x"2%(A + B*x"2))/((a - c*x~4)~(3/2)*(c + d*x"2)),x) J
Outputtint((x*Q*(A + Bxx"2))/((a - c*x74)~(3/2)*(c + d*x"2)), x) J
Reduce [F]
z?(A + Bx?) o — / V—czi+azt 2\
(c+ dz?) (a — czt)/? B c2d z19 + 328 — 2acd 28 — 2a 2z* + a2d 22 + a’c

dz
c2d 210 + 328 — 2acd 26 — 2a c2zt 4 a?d x2 + a’c

input Lint (x~2% (B*x~2+A) / (d*x~2+c) / (—c*xx~4+a) " (3/2) ,x) J
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output‘int((sqrt(a = cHx¥*4) kxkx4) [ (a¥*2kC + ax*k2kAkXK*2 — kA*CHkR¥X*k*k4 — 2kakck
‘d*x**G + CHkx3xx*x8 + ck*k2kd*x**10) ,x)*b + int((sqrt(a - c*x**4)*xx**x2)/(a**
‘Q*C + axk2kdkxk*k2 — 2%kakckk2kxkk4 — 2kakckd*kx*k*k6 + Ckk3kx*k*k8 + CckkDkdkxk*k1
‘O),x)*a




output
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2
(c+d.’172) (a—cx4)
Optimal result . . . . . . . . . . . .. . e 209

Mathematica [C] (verified) . . . . . . .. ... .. L oo
Rubi [A] (verified) . . . . . . . .. .
Maple [B] (verified) . . . . . . . . . ...
Fricas [F(-1)] . . . . . .
Sympy [F] . . . o
Maxima [F] . . . . . .
Giac [F] . . . o o
Mupad [F(-1)] . . . o
Reduce [F] . . . . . o e

Optimal result

Integrand size = 29, antiderivative size = 306

/ A+ Ba? i — z(Ac? — aBd + ¢(Bc — Ad)z?)
(c+ dz?) (a — czt)/? 2a (c® — ad?) vVa — cx*

Ye(Be — Ad) \/@E(arcsin ( ‘\/g) — 1)
- 2¥/a (c — ad?) va — cz*

= o (anes ()
(vVaB + Ay/c) /1 — <= EllipticF (arcsm ( Ve ) 1
2a3/%3/c (32 + v/ad) Va — cz*

vad(Bec — Ad)\/1 — % EllipticPi (—%, arcsin (%) ,—1)

_|_

+

/4 (3 — ad?) va — cxt

1/2%x* (A*xc~2-Bxaxd+c* (—Axd+B*c) *x"2) /a/ (-axd~2+c~3) / (-c*x"4+a) ~(1/2) -1/2%c
~(1/4) * (-Axd+Bxc) * (1-c*x~4/a) " (1/2)*EllipticE(c~ (1/4)*x/a"~(1/4) ,I)/a~(1/4)
/(—axd~2+c”3) / (-c*x"4+a) " (1/2)+1/2*(a~ (1/2) *B+A*xc~ (1/2) ) *(1-c*x~4/a) ~(1/2)
*E1lipticF(c~(1/4)*x/a~(1/4),1)/a"~(3/4)/c~(1/4)/(c™(3/2)+a~(1/2)*d) / (-c*x~
4+a)~(1/2)+a~ (1/4) *d* (-A*xd+B*c) * (1-c*x~4/a) "~ (1/2)*E1lipticPi(c~ (1/4) *x/a"(

1/4) ,-a~(1/2)*d/c~(3/2),I)/c~(5/4)/(-a*xd~2+c~3)/(-c*x"4+a) ~(1/2)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.03 (sec) , antiderivative size = 407, normalized size of antiderivative = 1.33

A+ Bx? —A —\/igc?’x +aB —\/igcd:v — B —%0%3 +A —\/igczdx:” —iy/ac®?
/ (c+ dz?) (a — czt)*/? do=

p
input ‘\Integrate[(A + Bxx~2)/((c + d*x~2)*(a - C*XA4)A(3/2)),x]

(-(AxSqrt [-(Sqrt[c]/Sqrt[al)I*c~3*x) + axB*Sqrt[-(Sqrt[cl/Sqrt[al)]*c*d*x

- BxSqrt[-(Sqrt[cl/Sqrt[al)]*c~3*xx~3 + AxSqrt[-(Sqrtlc]/Sqrt[al)]*c 2xd*x"
3 - IxSqrtlal*c”(3/2)*(Bxc - A*d)*Sqrt[1 - (c*x~4)/al*EllipticE[I*ArcSinh[
Sqrt[-(Sqrtlcl/Sqrtlal)]*x], -1]1 - I*(Sqrtl[al*B + A*Sqrt[c])*c*(-c~(3/2) +
Sqrt[al*d)*Sqrt[1 - (c*x~4)/a]*EllipticF[I*ArcSinh[Sqrt[-(Sqrt[c]/Sqrt[al
)1*x], -1] + (2*I)*a*Bxcxd*Sqrt[1 - (c*x~4)/al*EllipticPi[-((Sqrt[a]l*d)/c”
(3/2)), I*ArcSinh[Sqrt[-(Sqrtlc]l/Sqrtlal)]l*x], -1] - (2*I)*axAxd~2*Sqrt[1

- (c*x74)/a]*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrt[c]/S
grtlal)]#*x], -11)/(2*a*Sqrt[-(Sqrtlc]/Sqrt[al)]*c*x(-c~3 + a*d~2)*Sqrt[a -

c*xx~4])

output

Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 306, normalized size of antiderivative = 1.00,
number of rules _ () oG9 Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2259, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

A+ Bx?
3/2 dz
(a —cx*)”* (c + d=z?)

l 9959

/ —aBd + cz®(Bc — Ad) + Ac® d(Ad — Be) e
(3 — ad?) (a — czt)>/? (¢ — ad?) vVa — cx* (c + dx?)
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l 2009

\/_7% (\/EB + A\/E) EllipticF (arcsm < Va ) , —1>
2a%/V/c (vad + ¢*?) va — ca l

%\/@(Bc — Ad)E(arcsin ( Y\jﬁ) ‘ - 1>
2% (03 — ad2) m
crt o e . ad i A Ce
%dE(BC — Ad) EllipticPi (—c{/z,arcsm ( %) ,—1)

c5/4 (3 — ad?) Va — cxt
z(—aBd + cz*(Bc — Ad) + Ac?)

2a (¢ — ad?) Va — cxt

+

_|_

e

tInt[(A + B*x~2)/((c + d*x~2)*(a - c*x~4)"(3/2)),x]

~—

input

(x*(A*xc™2 - a*Bxd + c*(B*c - Axd)*x72))/(2*ax(c”3 - a*d~2)*Sqrt[a - c*x"4]
) - (c™(1/4)*(Bxc - A*d)*Sqrt[1 - (c*x~4)/al*EllipticE[ArcSin[(c~(1/4)*x)/
a~(1/4)1, -11)/(2%a~(1/4)*(c"3 - a*d~2)*Sqrt[a - c*x74]) + ((Sqrt[al*B + A
*Sqrt [c])*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/
(2%a~(3/4)*c~(1/4)*(c~(3/2) + Sqrtlal*d)*Sqrtla - c*x~4]) + (a~(1/4)*d*(B*
c - A*d)*Sqrt[1 - (c*x~4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), ArcSin[(c~
(1/4)*x)/a~(1/4)], -11)/(c"(5/4)*(c"3 - a*d"2)*Sqrt[a - c*x74])

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2259 IAtLPX)*((A) + (e_)*(x)"2)7(q_.)*((a) + (c_.)*(x))"4)"(p_), x_Symboll
:> Int[ExpandIntegrand[1/Sqrt[a + c*x"4], Px*(d + exx~2)"gx(a + c*x"4)"(p ‘

‘+ 1/2), x], x] /; FreeQ[{a, c, 4, e}, x] && PolyQ[Px, x] && IntegerQ[p + 1/ ‘

‘2] && IntegerQ[ql ‘
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 529 vs. 2(250) = 500.

Time = 0.66 (sec) , antiderivative size = 530, normalized size of antiderivative = 1.73

method | result

2c da _ cx ) W\/
) ) (Ad—Bc) <4“(“d2_°3) ta(aa2=c¥) ) 10
_|_

Vea? vea? piio [Ne
1— 1+ Y—— EllipticF( z,/ Y=
B K + Ve va ’ ( Ve ) \/—(m4—%)c 20.(0,d2
20.\/—(:1:4—%)0 204/%\/—0:04-#0,
default ;|
_Be)z3 Ac?2_Bad)z
Lot 26(;:& df_)ca) - Ea(a dz_cs)c> \/ 1-Ye2? \/ 142> BllipticF (m v z) Ac? N \/ 1- e \/ 1422 BlipticF (wv
elliptic —
\/—(m4—%)c 2a(ad2—c3),/%\/T4+a 2(ad2—c3)1/%\/74+a
input Lint ((B*x~2+A)/(d*x~2+c)/(-c*x"4+a)~(3/2) ,x,method=_RETURNVERBOSE) J

B/dx(1/2/a*x/(-(x"4-a/c)*c)~(1/2)+1/2/a/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)
*x~2/a~(1/2)) " (1/2)*(1+c~(1/2)*x~2/a~(1/2))~(1/2) / (-c*x"4+a) ~(1/2) #*E11lipti
cF(x*(c~(1/2)/a~(1/2))"(1/2) ,1))+(A*d-B*c) /d* (2xc*(1/4/a*d/ (a*xd~2-c~3) *x~3
-1/4xc/a/(axd"2-c"~3)*x) /(- (x"4-a/c)*c) ~(1/2)-1/2%c"2/a/ (axd~2-c~3) /(c~(1/2
)/a~(1/2))"(1/2)*(1-c~(1/2)*x~2/a~(1/2)) " (1/2)*(1+c~(1/2)*x~2/a~ (1/2))~(1/
2)/ (—c*x~4+a)~ (1/2)*EllipticF (x*(c~(1/2)/a~(1/2))~(1/2) ,I)+1/2*c~(1/2)/a~(
1/2)*d/(a*d~2-c~3)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/2) ) ~(1/2) *(
1+c~(1/2)*x~2/a~(1/2) )~ (1/2) / (-c*x"4+a) ~(1/2) *E11lipticF (x*(c~(1/2) /a~(1/2)
)~ (1/2),1)-1/2*c”~(1/2) /a~ (1/2)*d/ (a*d~2-c~3) /(c~(1/2) /a~(1/2))~(1/2)*(1-c~
(1/2)*x~2/a~(1/2))~(1/2)*(1+c~(1/2)*x~2/a~(1/2) )~ (1/2) / (-c*x~4+a) " (1/2) *E1
lipticE(x*(c~(1/2)/a~(1/2))~(1/2),I)+1/(a*xd"2-c~3)*d"2/c/(c~(1/2)/a~(1/2))
~(1/2)*(1-c~(1/2)*x"2/a~(1/2))~(1/2)*(1+c~(1/2)*x~2/a~ (1/2) ) ~(1/2) / (-c*x~4
+a)~(1/2)*EllipticPi(x*(c~(1/2)/a~(1/2))~(1/2),-a~(1/2)*d/c~(3/2) ,(-c~(1/2
)/a~(1/2))~(1/2)/(c™(1/2)/a~(1/2))~(1/2)))

output
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Fricas [F(-1)]
Timed out.
A+ Bzx?

(C + d.’,(:2) (a — C:I?4)3/2 dx = Timed out

input tintegrate ((B*x~2+A) / (d*x~2+c) / (-c*x~4+a)~(3/2) ,x, algorithm="fricas")

output LTimed out

Sympy [F]

/ A+ Bz? d:v—/ A+ Ba? .
(¢ + da?) (a — cat)*/? (a— cx4)% (c + dz?)

input Lintegrate ((Bxx**2+A) / (d*x**2+c) / (—~c*xx**4+a) ** (3/2) ,x)

outputtlntegral((!\ + B¥x##2)/((a - cxxx*4)**(3/2)*(c + d¥x**2)), x)

Maxima [F]

/ A+ Bz? dx—/ Bz + A e
(c+ dz?) (a — cx*)*? (—cz* + a)% (dz? +¢)

input tintegrate ((B*x~2+A) / (d*x~2+c) / (-c*x~4+a)~(3/2) ,x, algorithm="maxima")

output Lintegrate((B*x‘Q + A)/((-c*x"4 + a)~(3/2)*(d*x"2 + c)), x)
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Giac [F]
A+ Bz? Bz’ + A
3/2 dr = 3 dz
(c+ da?) (a — ca?) (Cest +a)t (de? 1 0
input Lintegrate((B*x"2+A)/(d*x"2+c)/(—c*x*4+a)*(3/2) ,x, algorithm="giac") J
output Lintegrate((B*x? + A)/((-c*x™4 + a)~(3/2)*(d*x"2 + c)), x) J

Mupad [F(-1)]

Timed out.
A+ Ba? Bz?+ A
372 4T = 372 dx
(c+ dx?) (a — cz?) (a—cx*)”* (dz? +c)
inputLint((A + B*xx"2)/((a - c*x"4)~(3/2)*(c + d*x~2)),x) J
output Lint((A + B*xx"2)/((a - c*x"4)"(3/2)*(c + d*x"2)), x) J
Reduce [F]

A+ Bz? . / vV—czt+a iz )
(c+dz?) (a—czt)®? c2dx'0 + 328 — 2acd 28 — 2a 2zt + a?d x? + a’c
+</ V—cz*+az? )b

dz
c2d x10 4+ 328 — 2acd 26 — 2a c2zt + a?d x2 + a’c

input Lint ((B*xx~2+A) / (d*x~2+c) / (-c*x~4+a) ~(3/2) ,x) J

‘int(sqrt(a — cxxx*4) /[ (ax*2xC + a**2kd*¥x**2 — 2kakCk*kkx*kx4 — 2¥kaxckd*x**6 \
\+ Ck*3*x*k*8 + cx*k2xd*x**10) ,x)*a + int((sqrt(a - c*x*k*4)*x**x2)/(a**2*c + a \
‘**2*d*x**2 - 2kaxck*x2¥x*kk4d — 2kakxckdkxk*k6 + ckk3kxk*k8 + ckk2xd*x**10),x)*b ‘

output
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2
3.19  [——A4BT _qg
72 (c+dz?) (a—cz?)

Optimal result . . . . . . . . . . . . 2T5]
Mathematica [C] (verified) . . . . . . . .. . ... . L 216!
Rubi [A] (verified) . . . . . . . . . . 217
Maple [A] (verified) . . . . . . . . . . 218
Fricas [F(-1)] . . . . . . AR
Sympy [F] . . o o 219
Maxima [F] . . . . . . o 220
Giac [F] . . . . o o 220
Mupad [F(-1)] . . . 220
Reduce [F] . . . . . o e 2271

Optimal result

Integrand size = 32, antiderivative size = 388

A+ Bz? Ac? — aBd + ¢(Bc — Ad)z?

xr =
/ 22 (¢ + dz?) (a — czt)*/?

+

(3Ac® — aBed — 2aAd?) va — cz*
2a%¢c(c® —ad?) x

3 _ _ 2aAd?) /1 — =t i (Ve
(3Ac’ — aBcd — 20Ad?) /1 — < E(arcsm(%

2a (3 — ad?) xv/a — cz?

)=

2a%/4¢3/4 (¢ — ad?) vVa — cx*

(3Ac*? + \/a(Bc + 2Ad)) /1 — < EllipticF (arcsin (

2a5/4c3/4 (32 + v/ad) Va — cz*
V/ad?(Bc — Ad)y/1 — < EllipticPi (—Q arcsin

A4 (3 — ad?) vVa — cxt
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1/2% (A*c~2-B*a*d+c*x (~A*d+B*xc) *x~2) /a/ (—a*d~2+c~3) /x/ (-c*x~4+a) ~(1/2) -1/2%(
-2xAxa*d~2+3*%A*c~3-B*axc*d) * (—c*x"4+a) " (1/2) /a~2/c/(—a*xd~2+c~3) /x-1/2*% (-2*
Axa*xd~2+3xA*c~3-Bxa*c*d) *(1-c*x~4/a) " (1/2)*EllipticE(c~(1/4)*x/a~(1/4) ,I)/
a~(5/4)/c~(3/4)/(-a*d~2+c”3)/(-c*x"4+a) ~(1/2)+1/2* (3*A*c~ (3/2)+a~ (1/2) * (2*
Axd+Bxc))*(1-c*x~4/a) " (1/2)*E1lipticF(c~(1/4) *x/a~(1/4) ,I)/a~(5/4)/c~(3/4)
/(c™(3/2)+a" (1/2)*d) / (-c*x~4+a) " (1/2)-a”~ (1/4) *d~2* (-A*d+B*c) * (1-c*x~4/a) " (
1/2)*EllipticPi(c~(1/4)*x/a~(1/4) ,-a~(1/2)*d/c~(3/2),1)/c~(9/4)/(-a*d~2+c~
3)/(—c*x~4+a)~(1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.28 (sec) , antiderivative size = 534, normalized size of antiderivative = 1.38

/ A4 Ba? - 20 A —\/igc‘1 —2a%A,/ —\/igccﬂ —aB —%04332 +aA —\/igc?’dan2 — 3.
x2 (

T =
¢+ dz?) (a — cz)®?

input, Tategrate[(A + Brx"2)/(x"2+(c + dx"*(a - cxx"0)"(3/2)),x] J

(2xa*xA*Sqrt [-(Sqrt [c]/Sqrt[al)]*c™4 - 2*a~2%AxSqrt[-(Sqrt[c]/Sqrt[al)]*c*xd
~2 - a*BxSqrt[-(Sqrt[cl/Sqrt[al)]*c 4*x~2 + axA*Sqrt[-(Sqrt[c]/Sqrtl[al)]l*c
“3%d*x"2 - 3%AxSqrt[-(Sqrtlcl/Sqrt[al)]*c~5*x~4 + a*B*Sqrt[-(Sqrt[c]/Sqrt[
al)]*c”3*d*x"4 + 2*axAxSqrt[-(Sqrtlcl/Sqrt[al)]*c”2*d"2*x~4 + I*Sqrt[a]*c”
(3/2)%(-3*%A*c”™3 + a*Bxcxd + 2%a*xA*d~2)*x*Sqrt[1 - (c*x~4)/al*EllipticE[I*A
rcSinh[Sqrt [-(Sqrt[c]/Sqrtlal)I*x], -1] - I*Sqrtl[al*c~(3/2)*(-c~(3/2) + Sq
rt[al*d) * (3*A*c~(3/2) + Sqrtl[al*(B*c + 2xA*d))*x*Sqrt[1 - (c*x"4)/al+*Ellip
ticF[I*ArcSinh[Sqrt[-(Sqrtlcl/Sqrtlal)]*x], -1] - (2+I)*a”~2+Bxc*d”~2*x*Sqrt
[1 - (c*x~4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlc
1/Sqrtlal)]=*x], -1] + (2*I)*a~2*A*d~3*x*Sqrt[1 - (c*x~4)/al*EllipticPi[-((
Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlcl/Sqrtl[al)l*x], -11)/(2*a~2xSq
rt[-(Sqrt[c]l/Sqrt[al)]*c™2*(-c"3 + a*d~2)*x*Sqrt[a - c*x"4])

output
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Rubi [A] (verified)

Time = 0.81 (sec) , antiderivative size = 448, normalized size of antiderivative = 1.15,

number of rules _ 0.062, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
A + Bz?
/ 3/ dx
z2 (a — cx*)”’* (c + dz?)
| 2249
/ d*(Bc — Ad) cz?(Ac? — aBd) + ac(Bc — Ad) 4 A p
— z
c(c® — ad?) vVa — cx?* (c + dz?) a(c® — ad?) (a — cxt)®? acr?va — cxt
| 2009
czt e . ez
vey/1— €= (\/aB + A/c) EllipticF <arcsm ( \4/\/55 > , —1) )
2a%/* (y/ad + ¢3/?) Va — ca?

ey /1 — %(Ac2 — aBd) E(arcsin ( Y\fg) ‘ - 1>
2a5/4 (c3 — ad?) Va — cxt

cxt e s . %z cat i %z
A\/;ElhpmcF (arcsm < %) ) —1> ~ A\/; <arcsm < Va ) ’ B 1)

_+_

ab/4e3/4/a — cz? ab/4c3/4/a — cz? +
cz(z?(Ac? — aBd) + a(Bc— Ad))  Ava — cx*
2a? (3 — ad?) Va — czt a’cx

4
Vad?\/1 — %(Bc — Ad) EllipticPi (—:ﬁ‘j, arcsin < \,‘/\/Eg) , —1>
94 (c3 — ad?) va — cxt

input | TREL(A + B*x72)/(x"2%(c + d*x"2)*(a -~ c*x74)7(3/2)) ,x]
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(c*kx*(ax(Bxc - A*d) + (A*c™2 - a*Bxd)*x~2))/(2*a~2%(c"3 - a*d~2)*Sqrtl[a -
c*x~4]) - (A*Sqrtla - cxx"4])/(a"2xcxx) - (AxSqrt[1 - (c*x74)/al*EllipticE
[ArcSin[(c~(1/4)*x)/a~(1/4)], -11)/(a~(5/4)*c~(3/4)*Sqrt[a - c*x"4]) - (c~
(1/4)*(A*xc™2 - a*Bxd)*Sqrt[1 - (c*x"4)/a]*EllipticE[ArcSin[(c™(1/4)*x)/a~(
1/4)]1, -11)/(2*%a~(5/4)*(c~3 - a*xd~2)*Sqrt[a - c*x"4]) + (A*Sqrt[1l - (c*x~4
)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(a~(5/4)*c~(3/4)*Sqrt[a -
c*x~4]) + ((Sqrtl[al*B + AxSqrtl[c]l)*c~(1/4)*Sqrt[1 - (c*x"4)/al*EllipticF[
ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(2*a~(5/4)*(c~(3/2) + Sqrt[al*d)*Sqrt[a

- c*x74]) - (a~(1/4)*d"2*(Bxc - Axd)*Sqrt[1 - (c*x74)/al*EllipticPi[-((Sqr
t[al*d)/c~(3/2)), ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(c~(9/4)*(c"3 - axd~2)
*Sqrt[a - cxx"4])

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 92249 TRELPR*((E_D)* ()" (@_)*((d) + (e_)*(x)"2)7(q_)*((a)) + (c_)*(x)
“4)‘(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x~4], Px*(f*x) m*(d
|+ exx"2)"gq(a + cxx"4)"(p + 1/2), x1, x] /; FreeQl{a, c, d, e, £, m}, x] & |
‘& PolyQ[Px, x] && IntegerQ[p + 1/2] && IntegerQ[ql]

Maple [A] (verified)

Time = 4.95 (sec) , antiderivative size = 486, normalized size of antiderivative = 1.25

method | result

S } NPT = =3
A\/E\/Eﬁ 1+ \C/g (EllipticF(m\/%,i)—EllipticE(m 701)) Va Va

Vo

+
b | _AV=caita _ V¥V Voeetee (2-2)ey
T1SC calx
2c<4 d
s — [1— \/\5/22 1+ \(c/;z (Euipticp<x,/%,i) —EnipticE<x,/%,i)) (Ad—Bc) G
A — V —CXI ll+
22 [ (st-2)e O 5 veeatia
default _

c

elliptic | Expression too large to display
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input\int((B*X”2+A)/X“2/(d*X“2+c)/(-c*x“4+a)“(3/2),x,method=_RETURNVERBOSE)

-A*x(-c*xx~4+a) ~(1/2) /c/a~2/x-1/a~2/cx(-A*xc~ (1/2)*a~(1/2) /(c~(1/2)/a~(1/2))"
(1/2)*x(1-c~(1/2)*x~2/a~ (1/2) )~ (1/2) *(1+c~(1/2)*x~2/a~ (1/2) )~ (1/2) / (-c*x~4+
a)~(1/2)*(EllipticF(x*(c~(1/2)/a~(1/2))~(1/2) ,I)-EllipticE(x*(c~(1/2)/a~ (1
/2))7(1/2),1))+a~2% (Axd-Bxc) *d~2/ (a*d~2-c~3) /c/ (¢~ (1/2) /a~ (1/2))~ (1/2) * (1-
c~(1/2)*x72/a~(1/2))~(1/2)* (1+c~(1/2) *x~2/a~ (1/2) )~ (1/2) / (~c*x~4+a) ~ (1/2) *
EllipticPi(x*(c~(1/2)/a~(1/2))~(1/2),-a~(1/2)*d/c~(3/2),(-c~(1/2)/a~(1/2))
~(1/2)/(c™(1/2)/a~(1/2))~(1/2))-a*c~2/ (a*d"2-c~3) * (2*c* (-1/4* (A*xc~2-B*xa*xd)
/a/cxx~3+1/4% (Axd-Bxc) /cxx) / (- (x~4-a/c)*xc) ™ (1/2)+(1/2xA*d-1/2%Bxc) / (c~(1/2
)/a~(1/2))"(1/2)*(1-c~(1/2)*x~2/a~ (1/2))~(1/2) *(1+c~(1/2) *x~2/a~ (1/2) )~ (1/
2)/ (-c*x"~4+a) " (1/2)*E1lipticF (x*(c™(1/2) /a~(1/2))~(1/2) ,I)-1/2% (Axc"2-Bxa*
d)/a~(1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2) )~ (1/2) *(1+c~(1/2
Y*x~2/a~(1/2))~(1/2) / (-c*x~4+a)~(1/2) /c~(1/2) *(EllipticF (x*(c~(1/2) /a~(1/2
))~(1/2),I)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2),1))))

output

Fricas [F(-1)]

Timed out.

A+ Bz?
/ o 373 dx = Timed out
z2 (¢ + dz?) (a — cx?)

inputLintegrate((B*XA2+A)/XA2/(d*XA2+C)/(_C*XA4+a)A(3/2),X, algorithm="fricas")

OutputLTlmed out

Sympy [F]

A+B.’L'2 A+ BZEQ
3/2 dr = 3 dx
z? (c+ dz?) (a — cz*) 22 (a — cz?)? (c + dz?)

inputLintegrate((B*X**2+A)/x**2/(d*x**2+c)/(—c*x**4+a)**(3/2),x)
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output LIntegral( (A + Bxxx*2)/(x*x2x(a - ckx**x4)**x(3/2)*(c + d*x**2)), x)
Maxima [F]
A+ Ba? Bz?+ A
3/2 dx = 3 dx
22 (c + dz?) (a — cz?) (—cxt + a)? (da? + ¢)x?

input Lintegrate ((B*x"2+A) /x~2/ (d*x"2+c) / (-c*x~4+a) " (3/2) ,x, algorithm="maxima")

output Lintegrate ((B*x~2 + A)/((-c*x™4 + a)~(3/2)*(d*x"2 + c)*x~2), x)
Giac [F]
A+ Ba? Bz’ + A
3/2 dx = 3 dz
22 (c + dz?) (a — cz?) (—czt + a)? (da? + ¢)x?

input Lintegrate ((B*x~2+A) /x~2/ (d*x~2+c) / (-c*x~4+a)~(3/2) ,x, algorithm="giac")

output Lintegrate((B*x*g + A)/((—c*xx™4 + a)~(3/2)*(d*x"2 + c)*x~2), x)

Mupad [F(-1)]

Timed out.
A+ Ba? Bz2+ A
372 4% = 3/2 dz
z2 (¢ + dz?) (a — cz?) 22 (a — cz?)®? (dz2? + )
input Lint((A + Bxx~2)/(x"2x(a - c*x"4)~(3/2)*(c + d*x"2)),x)

output Lint((A + Bxx~2)/(x"2x(a - c*x74)"(3/2)*(c + d*x~2)), x)
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Reduce [F]
/ A+ B$2 d —V —cz* ta— (f c2dm10+c3a:8—2acd_x66z—42-t1ac2x4+a2dx2+a2cdx> a2dm + (f 2d
xTr =
22 (c + dz?) (a — cz?)*?

-

Lint((B*x‘2+A)/x‘2/(d*x‘2+c)/(-C*x“4+a)‘(3/2),x)

~—

input

( - sart(a - c*xx*x4) - int(sqrt(a - cxx**x4)/(ax*x2kc + a**x2kdxx**2 - 2ka*ck
*kkxkk4 — 2kakxCkAkXkKk6 + CHRRIkX*¥*k8 + CH*k2*xd*x**10) ,X)*ax*2+d*x + int(sqrt(
a - ckx**4)/(a*x*2%xc + ax*2kdkx**x2 — kakckkkx*k*k4d — kakckdkxk*6 + Ck*k3kx*
*8 + ck*k2kdxx**10) ,x)*axb*ckx + int(sqrt(a - c*x**4)/(ax*2kc + a*x2*xd*x*k*2
— 2%akCkk2%kxkk4 — 2kakxckdkxxkk6 + Ckk3kx*k*k8 + c**2*d*x**10),x)*a*c*d*x**S
- int(sqrt(a - cxx*x4)/(a**2kc + ax*2kd*kx**2 — 2kakck*x2*x*x*4d — 2kakckxd*xk*
6 + C*k*3xx**8 + ck*2kd*x**10) ,X)*bkck*2*x**x5 + 3*int ((sqrt(a — ckx**4)*x**
4) / (a*x*2%c + a**2kd*xx*k*2 — kakck*kkxk*k4d — kakckdkx*k*x6 + Ck*k3kx**k8 + Cc*k*2
*d*x**10) ,x) *a*ckd*x - 3*xint((sqrt(a — c*xx*k*4)*xx*4)/(a*x*2*c + ak*2xd*x**2
— 2kakxCck*kkxkk4 — 2kgkckdkx*k*k6 + Ckk3kx*k*k8 + c**2*d*x**10),x)*c**2*d*x**5
+ 3*int ((sqrt(a - cxx**4)*x**2)/(ax*2%Cc + a**x2xd*kx**2 — 2¥axck*2xx**4 — 2
*kakCkdkx**k6 + CHk*k3xkx*¥*8 + Ck*k2kdkx**10) ,x)*axck*x2xx — 3xint ((sqrt(a - ckx*
*¥4) xx*%2) / (a*x*2%kCc + a*x*kkdkx**x2 — kakckkkx*k*k4d — kakckd*xk*6 + Ck*k3kx**8
+ cx*2%d*x**10) ,x) *kck*k3xx**x5) / (ckx*(a - ckxx**4))

output




CHAPTER 3. LISTING OF INTEGRALS 222
2
320 AtBr - d
74 (c+dz?) (a—cz?) /

Optimal result . . . . . . . . . . . . 222
Mathematica [C] (verified) . . . . . . . .. . ... . L
Rubi [A] (verified) . . . . . . . . . . 2241
Maple [A] (verified) . . . . . . . . . . 225
Fricas [F] . . . . . 2271
Sympy [F] . . o o
Maxima [F] . . . . . . o
Giac [F] . . . . o o 228
Mupad [F(-1)] . . . 228
Reduce [F] . . . . . o e 228]

Optimal result

Integrand size = 32, antiderivative size = 460

Ac? — aBd + ¢(Bc — Ad)z?

/ A + Bz? =
24 (c+ da?) (a — czt)?/? 2a (c3 — ad?) x3va — czt

_ (5Ac® —3aBcd — 2aAd*) Va — cx*  (Bc— Ad) (3c® — 2ad?) va — ca

6a%c(c3 — ad?) 3

2a2¢% (c® — ad?) x

| (Bo- Ad) (3~ 2u?) \/@E(amsm ( \&%) ' _ 1)

2a%/4c7/4 (3 — ad?) vVa — cxt

) (5Ac3 + /ac*’?(9Bc — 4Ad) + 6ad(Bc — Ad)) \/1— % EllipticF (arcsin < i\//—E;) , —1)
6a7/4c7/* (32 + v/ad) Va — cz*
%d3(Bc — Ad)\/1— % EllipticPi (—;%i, arcsin (i//—é(:) , —1)
+

ct3/4 (¢ — ad?) Va — cx?



output

input

output
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1/2% (A*c~2-B*axd+c* (~A*d+B*c) *x~2) /a/ (~a*d~2+c~3) /x"3/ (-c*x"4+a)~(1/2)-1/6
* (-2 A*axd”~2+5xAkxc”~3-3*B*a*ckxd) * (—cxx~4+a) ~(1/2)/a~2/c/(-a*xd~2+c~3) /x~3-1/
2% (A*d+B*c) * (—2*xaxd~2+3*c”3) * (-c*x"4+a) "~ (1/2) /a~2/c"2/(-a*d"2+c"3) /x-1/2%
(-A*d+B*c) * (-2*a*d~2+3*c~3) * (1-c*x~4/a) " (1/2) *EllipticE(c~ (1/4)*x/a~ (1/4),
I)/a~(5/4)/c~(7/4)/(-a*xd~2+c~3) /(-c*x~4+a) ~(1/2)+1/6* (5xAxc~3+a”~ (1/2)*c~ (3
/2) * (—4*Axd+9*Bx*c) +6*a*d* (~A*d+B*c) ) * (1-c*x"4/a) ~(1/2) *E11lipticF(c~(1/4) *x
/a~(1/4) ,1)/a~(7/4)/c~(7/4)/ (¢~ (3/2)+a~ (1/2) *d) / (-c*x~4+a) ~(1/2)+a”~ (1/4) *d
~3%(-A*d+Bxc) *(1-cxx~4/a) " (1/2)*EllipticPi(c~(1/4)*x/a~(1/4) ,~a~(1/2)*d/c”

(3/2),I)/c~(13/4) / (ma*d~2+c~3) / (~c*xx~4+a) ~(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.68 (sec) , antiderivative size = 727, normalized size of antiderivative = 1.58

—\/igc‘ldcc2 -

3/2 =

A+ Bx? 2aA —%05 —2a%A —%02612 + 6aB _%0%2 — 6aA
/ x4 (

c+ dz?) (a — cz?)

LIntegrate[(A + B*x72)/(x"4*(c + d*x~2)*(a - c*x~4)~(3/2)),x]

(2*a*xA*Sqrt [-(Sqrt[c]/Sart[al)]*c™5 - 2xa~2*A*Sqrt[-(Sqrt[cl/Sqrt[al)]*c~2
*d"2 + 6xaxB*Sqrt[-(Sqrt[c]l/Sqrt[al)]*c~5%x"2 - 6xa*A*Sqrt[-(Sqrt[c]l/Sqrt[
al)]*c”4xd*x"2 - 6*a~2+BxSqrt[-(Sqrtlc]l/Sqrtl[al)l*c™2xd"2*xx"2 + 6*a~2*A*Sq
rt[-(Sqrt[c]/Sqrt[al)]*c*d~3*x~2 - 5xA*Sqrt[-(Sqrtlc]l/Sqrtl[al)]l*c 6%x~4 +

3*axB*Sqrt [-(Sqrt [c]/Sqrt[al)]*c~4*d*x~4 + 2%axA*Sqrt[-(Sqrt[c]/Sqrt[al)]*
c"3*d"2*x"4 - 9*BxSqrt[-(Sqrtlcl/Sqrt[al)]l*c”6*x~6 + 9xA*Sqrt[-(Sqrt[cl/Sq
rt[al)]*c~5*d*x"6 + 6+a*BxSqrt[-(Sqrtlc]/Sqrt[al)]*c”3*d"2*x"6 - 6xa*A*Sqr
t[-(Sqrt[cl/Sqrt[al)I*c”2xd"3*x~6 + (3*I)*Sqrt[al*c~(3/2)*(B*c - A*d)*(-3*
c”3 + 2xa*xd~2)*x"3*Sqrt[1 - (c*x"4)/al*EllipticE[I*ArcSinh[Sqrt[-(Sqrt([c]l/
Sqrt[al)]*x], -1] - I*c™(3/2)*(-c~(3/2) + Sqrt[a]*d)*(5*A*c™3 + Sqrt[a]*c”
(3/2)*(9*B*c - 4xAxd) + 6%axd*(Bkc - A*d))*x"3*Sqrt[1 - (c*x~4)/al*Ellipti
cF[I*ArcSinh[Sqrt[-(Sqrt[c]l/Sqrtl[al)]*x], -1] + (6%I)*a~2*B*c*d 3*x~3*Sqrt
[1 - (c*x"4)/al*EllipticPi[-((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlc
1/Sqrt[al)l*x], -1]1 - (6*I)*a~2*A*d~4*x~3*Sqrt[1 - (c*x~4)/al*EllipticPil-
((Sqrt[al*d)/c~(3/2)), I*ArcSinh[Sqrt[-(Sqrtlcl/Sqrtlal)]l*x], -11)/(6*a~2*
Sart [-(Sqrt[c]l/Sqrt[al)]*c~3*(-c~3 + a*d~2)*x"3*Sqrt[a - c*x~4])




input
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Rubi [A] (verified)

Time = 0.89 (sec) , antiderivative size = 546, normalized size of antiderivative = 1.19,

=2, number of rules _ 062, Rules
integrand size

number of steps used = 2, number of rules used =
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ A+ Ba?
2t (a — cx)®? (c+ d:cz)
| 2249
/ Bc— Ad + c(—aBd + cz?(Bc — Ad) + Ac?) + d?(Bc — Ad) + A
ac?x?v/a — cxt a(c — ad?) (a — czt)>/? (3 —ad?)Va—czt(c+dz?)  acz*va— ca?
| 2009
— ezt - (Bc — Ad) EllipticF <arcsm ( \/\/EE , —1>
ab/4c7/4/a — cx* *
3/4, AN
c (\/_B + Ay/c) EllipticF <arcsm < \/_) , 1> )
2a"/* (y/ad + ¢3/?) Va — ca*
cz4 \/E:c _
\/ —(Bc Ad)E(arcsm ( Va ) ‘ 1> )
ab/4c7/4\/a — czt

/41— = (Be Ad)E<arcs1n ( Vﬁ) ’ _ 1)

2a%/4 (c3 — ad?) va — cx?
ot s Vea ) _
A\/i EllipticF (arcsm ( \/E> ) 1) va — cx}(Bc — Ad) 4

3a7/4{/cva — cxt a a?c?z
cz(—aBd + cz?(Bc — Ad) + Ac?)  Ava — ca?
2a2 (¢ — ad?) vVa — cx* 3a?cx?

4
Vad3,/1 — <2 — (Bc — Ad) EllipticPi < ‘[—/ arcsin < {/%) , —1)
c13/4(c3 — ad?) va — cxt

[Int[(A + B*xx"2)/(x"4*x(c + d*x~2)*(a - c*x~4)~(3/2)),x]

~—

) ‘
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(c*x*x (Axc™2 - a*Bxd + cx(Bxc - A*d)*x"2))/(2%a"2*(c"3 - axd~2)*Sqrt[a - c*
x74]) - (AxSqrtl[a - c*x74])/(3*a~2*c*x"3) - ((B*c - Axd)*Sqrtl[a - c*x"4])/
(a~2*%c™2xx) - ((B*c - A*d)*Sqrt[1 - (c*x"4)/al*EllipticE[ArcSin[(c”(1/4)*x
)/a~(1/4)]1, -11)/(a~(6/4)*c™(7/4)*Sqrt[a - c*x74]) - (c”(5/4)*(Bxc - A*xd)*
Sqrt[1 - (c*x~4)/al*EllipticE[ArcSin[(c~(1/4)*x)/a~(1/4)], -11)/(2*a~(5/4)
*(c”™3 - axd~2)*Sqrt[a - c*x74]) + (A*Sqrt[1 - (c*x"4)/al*EllipticF[ArcSin[
(c™(1/4)*x)/a~(1/4)], -11)/(3*a~(7/4)*c”(1/4)*Sqrt[a - c*x~4]) + ((Sqrt[al
*B + A*Sqrt[c])*c~(3/4)*Sqrt[1 - (c*x"4)/al*EllipticF[ArcSin[(c~(1/4)#*x)/a
~(1/4)1, -11)/(2%a~(7/4)*(c~(3/2) + Sqrtl[al*d)*Sqrtl[a - c*x~4]) + ((B*c -

Axd)*Sqrt[1 - (c*x~4)/al*EllipticF[ArcSin[(c~(1/4)*x)/a~(1/4)]1, -11)/(a~ (5
/4)*c~(7/4)*Sart[a - cxx"4]) + (a~(1/4)*d"3*(B*c - Axd)*Sqrt[1 - (c*x"4)/a
1*EllipticPi[-((Sqrt[al*d)/c~(3/2)), ArcSin[(c~(1/4)*x)/a~(1/4)1, -11)/(c”
(13/4)*(c”3 - a*d"2)*Sqrt[a - cxx~4])

output

Defintions of rubi rules used

§
rule 2009 \\Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

2249‘Int[(Px_)*((f_.)*(x_))“(m_.)*((d_) + (e_)*(x_)72)"(q_.)*((a) + (c_.)*(x_)
‘“4)“(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x74], Px*(f*x) m*(d
‘ + exx"2)"q*(a + c*x~4)"(p + 1/2), x], x] /; FreeQ[{a, c, d, e, £, m}, x] &
‘& PolyQ[Px, x] && IntegerQ[p + 1/2] && IntegerQ[q]

rule

Maple [A] (verified)

Time = 7.48 (sec) , antiderivative size = 663, normalized size of antiderivative = 1.44



input

output
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method | result

Ac2 [1— \(f 1/1-4-‘/\6/E Elhptu:F z —z 3Bc2f 1— ‘ﬁm 1/1+‘/5z Elhp

V—cz?+a (—3Adz%+3Bcz?+Ac) \/ :/[5 V—cz®ta

risch — S Pa?a3 +

\/512 \/5z2 s NG
A \/m_’_ . \/; 1+T ElllpthF(.’t\/%,z)

5¢ 3

- + Ad—B e -
30223 2a2\/—(z4—%)c 6a2 /%‘/—Cw‘l-ﬁ-a ) ( C)<2a2\/_(w4_g)c
default —

c

elliptic | Expression too large to display

Lint ((B*x~2+A) /x~4/ (d*x~2+c) / (~c*x~4+a) "~ (3/2) ,x,method=_RETURNVERBOSE) J

-1/3%(—c*x~4+a) "~ (1/2) ¥ (-3%A*d*x"2+3*B*c*xx~2+A*c) /c"2/a"2/x"3+1/3/a~2/c~2*(
Axc~2/(c™(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2))~(1/2) * (1+c~(1/2) *x~2
/a~(1/2))~(1/2)/(-cxx~4+a) " (1/2)*E1llipticF (x*(c~(1/2)/a~(1/2))~(1/2) ,I)+3*
Bxc~(3/2)*a~(1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2))~(1/2)*(1
+c~(1/2)*x72/a~(1/2))~(1/2) / (—c*x~4+a) ~(1/2) * (E1lipticF (x*(c~(1/2) /a~(1/2)
)" (1/2),I)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2) ,I))-3*A*xc~ (1/2)*d*a~(1/2)/(
c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x"2/a~ (1/2)) " (1/2)*(1+c~ (1/2)*x~2/a~ (1/2
))~(1/2)/ (-c*x~4+a) ~(1/2) *(E1lipticF (x*(c~(1/2)/a~(1/2))~(1/2) ,I)-Elliptic
E(xx(c~(1/2)/a~(1/2))~(1/2) ,I))-3*axc”3/(a*xd"2-c"3) * (2xc* (-1/4* (Axd-B*c) /a
*x"3+1/4* (Axc~2-B*a*d) /a/c*x) /(-(x"4-a/c)*c) " (1/2)+1/2% (Axc~2-B*axd) /a/(c”
(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~ (1/2) )~ (1/2) * (1+c~(1/2) *x~2/a~ (1/2))
~(1/2)/ (-c*x~4+a) " (1/2) *EllipticF (x*(c~(1/2)/a~(1/2))~(1/2) ,I)-1/2% (A*xd-B*
c)*xc”(1/2)/a~(1/2)/(c~(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2) )~ (1/2) *(
1+c”(1/2)*x"2/a~(1/2)) "~ (1/2) / (—c*x"4+a) " (1/2) * (E1lipticF (x* (c~(1/2) /a~(1/2
))~(1/2),I)-EllipticE(x*(c~(1/2)/a~(1/2))~(1/2),I)))+3*a~2*d~3* (A*d-B*c) /(
axd™2-c”3)/c/(c™(1/2)/a~(1/2))~(1/2)*(1-c~(1/2)*x~2/a~(1/2) )~ (1/2) *(1+c~ (1
/2)*x72/a~(1/2))~(1/2) / (-c*x~4+a) ~(1/2) *E11lipticPi(x*(c~(1/2)/a~(1/2))~(1/

2),-a~(1/2)*d/c~(3/2),(-c~(1/2)/a~(1/2))~(1/2)/(c™(1/2) /a~(1/2))~(1/2)))
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Fricas [F]

A+ Bz? Bz*+ A
372 dx = 5 dz
z* (¢ + dz?) (a — cx?) (—czt + a)2 (dz? + )zt

input tintegrate ( (B*XA2+A) /XA4/ (d*XA2+C) / (—C*XA4+a) - (3/2) ,X, algorithm="fricas n) J

‘integral(sqrt(—c*x‘4 + a)*(Bxx"2 + A)/(c™2%d*x"14 + c”3*x"12 - 2¥a*ckd*x"1

output
‘O - 2%axc”2*x"8 + a~2*d*x"6 + a~2*c*x"4), x)

Sympy [F]

A+ Bz? A+ Bz?
372 dx = 3 dx
z* (c + dz?) (a — cz?) z* (a — cz?)? (c + dz?)

input Lintegrate ((Brx#*2+A) /xxx4/ (A*x**2+C) / (~c*xxk*4+a) ** (3/2) ,x) J
output LIntegral( (A + Bxxx*2)/(x**4*(a - ckxxx*d)*x(3/2)*(c + d*x**2)), x) J
Maxima [F]
A+ Bz? Bz + A
3/2 dx = 3 dz
z* (¢ + dz?) (a — cz?) (—czt + a)2 (dz? + ¢)z*

input tintegrate ( (B*XA2+A) /XA4/ (d*XA2+C) / (—C*XA4+a) - (3/2) ,X, algorithm="maxima") J

output Lintegrate((B*x*z + A)/((-cxx™4 + a)~(3/2)*(d*x"2 + c)*x74), x) J
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Giac [F]

A+ Bz? Bz2+ A
3/2 dx = 3 d.’IZ
z* (c+ dx?) (a — cz?) (—czt + a)2 (dz? + ¢)z*

inputtintegrate((B*x‘2+A)/x‘4/(d*x‘2+c)/(-C*X*4+a)*(3/2),X, algorithm="giac")

output Lintegrate((B*x‘Q + A)/((~c*x~4 + a)~(3/2)*(d*x"2 + c)*x~4), x)

Mupad [F(-1)]

Timed out.

A+ Bzx? B2+ A
32 4T = 372 dz
zt (c+da?) (a — ca?) 4 (a — cz4)*? (da? + ¢)

input Lint((A + Bxx"2)/(x"4x(a - c*x"4)~(3/2)*(c + d*x"2)),x)

output Lint((A + Bxx"2)/(x"4x(a - c*x74)~(3/2)*(c + d*x~2)), x)

Reduce [F]

A+ Bzr?
/ + o 3/ dzx = Too large to display
z* (c + dz?) (a — cz?)

input | 106 C(BYX"2+4) /x74/ (dxx"2+c) / (-cxx"4+a)~ (3/2) ,x)
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( - sqrt(a - c*x**4)xa - 3*sqrt(a - cxx*x4)*bxx**2 - 3*xint(sqrt(a - ckxx*x4
)/ (a*x*x2kckx**2 + a*xkkd*kx**k4d — 2kakck*kxk*kB6 — 2kakckdkx**8 + ckx*3kx*k*x10 +
cx*k2xd*x**12) ,x) *kax*3*xd*x*x*3 + 3*xint(sqrt(a — cxx**4)/(a**2kc*x**2 + a*x*2
*Qkx*kd — kakckk2kxkk6 — 2kakxckdkx**k8 + CkkJkxk*10 + ck*kkdkx*k*k12) ,x)*ak*
2xcxd*x**7 — 3xint(sqrt(a — cxx**4)/(a**2*c + ax*k2kxd*x**2 — 2kakCck*k2kx**4
— 2xa*ckd*x**k6 + CHk*3kx*¥*x8 + Ck*2kd*x**10) ,X)*ax*2xb*xd*x**3 + 5xint(sqrt(a
— c*xx*¥%4) /(ax*2*c + a**k2xd*xx*k*k2 — 2kakckkkxk*k4 — kakckdkxk*kB6 + Chkk3Ikxkk
8 + cH*2xd*x*k*10) ,X)*ax*kkck*2kx**3 + 3*xint(sqrt(a - c*x**4)/(ax*2xc + a*x
2%d*kx*k*k2 — 2kakCkk2kxk*k4d — kakckd*kxkk6 + Ckk3kx*k*k8 + c**2*d*x**10),x)*a*b
*xckd*x**7 - bxint(sqrt(a - c*x**4)/(a**2xc + a*x*x2kd*x**2 — 2¥akck*k2kx**x4 -
2kakckdkxk*6 + CkkIkx*k*8 + cHA*k2xdxx**10) ,x) *axcx*3*xx*x7 + 9xint ((sqrt(a -
ckx*k4) xx*k*x4) / (a**2%C + a*xk2kd*x*k*2 — 2kakCck*kkxk*k4 — 2kakckd*kx**6 + c*x*3
*x**8 + ck*2xd*x**10) ,x) *axbkckxd*x**3 — 9xint((sqrt(a - ckx**4)*x*x4)/(a**
2%C + axk2kdkxkk2 — 2kakckk2kxkk4 — 2kakckdkx*k*k6 + Ckk3kx*k*k8 + ckkDkdkx*k*k1
0) ,x) *b*cx*2xd*x**7 + bxint ((sqrt(a - ckx**4)*x*x2)/(a**2kc + ax*2*xd*kx**2
- 2kakxck*2kxkkd — kakckdrxk*k6 + CkkIkx*k*8 + Ckk2kxd*x*k*10) ,x) ka*rkkckdrxk*
3 + 9xint((sqrt(a - ckx**4)*xx*x2)/(a**2kc + ax*k2*xdkx*x*2 — 2¥xakckx**kx*k*4d -
2xaxckd*x**¥6 + Crxk3kx*k*k8 + CHk*k2*d*kx**10) ,X)*axbkxck*x2*x*x3 — bxint ((sqrt(a
— ckx¥k4) *kx*%2) / (ax*2*kCc + a*k2kdkx*k*k2 — 2kakckkkxk*k4d — 2kakckdkxk*6 + ck*

3*kx**8 + CH*k2xA*x**10) ,X) *axck*2xdxx*k*x7 — 9*xint ((sqrt(a — ckxxk*4)*x**2). ..

output




output
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5(A+Bz?+Cx?
3.21 f gs(c(ﬂdeQ)w\/cz,—kc:l:;r:‘l) dz

Optimal result . . . . . . . . . . .. . 2301
Mathematica [A] (verified) . . . . . . . . . ... 2311
Rubi [A] (verified) . . . . . . . . . . 231]
Maple [A] (verified) . . . . . . . . ... 2351
Fricas [F(-1)] . . . . . o o 230
Sympy [F] . . o e 237
Maxima [F] . . . . . . 237
Giac [F(-2)] .« o o o o e 237
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . . 238

Optimal result

Integrand size = 36, antiderivative size = 254

5 2 4
/x (A+ Bz +Cx)dx

(c+ dz?) Va + cz?
_ (3¢C = 3BEd+ 34cd’ — 200d) Vatert _ (cC — BdjwVa+ et
= 602d3 4ed?
Orvat et (2¢'C —2BAd+ 243 — acCd? + aBd®) arctaﬂh(«%)
6ed dcd!
) 02(620 — Bed + Ad2) arctanh<\/,$ii+\/fw>
2d4V/c3 + ad?

1/6% (3*xA*xc*d~2-3*%Bxc~2*%d-2*C*a*xd~2+3*%Cxc~3) * (c*xx"4+a) ~(1/2)/c~2/d"3-1/4* (-
B*d+C*c) *x"2* (c*x~4+a) ~(1/2) /c/d"2+1/6%C*x"4* (c*x~4+a) ~(1/2) /c/d-1/4* (2*A*
c"2xd"2+B*axd~3-2*B*c~3*d-C*a*c*d~2+2*xCxc~4) *arctanh(c” (1/2) *x~2/ (c*xx"~4+a)
~(1/2))/c~(3/2)/d"4-1/2%c” 2% (A*xd~2-B*c*d+C*c~2) *arctanh ((-c~2xx~2+a*d) / (ax*
d"2+c~3) " (1/2)/(c*x"4+a)~(1/2))/d"4/ (a*xd"2+c~3) " (1/2)




input

output
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Mathematica [A] (verified)

Time = 1.11 (sec) , antiderivative size = 226, normalized size of antiderivative = 0.89

/ z5(A + Bx® + Cz*)
(c+ dz?)va + cx*
12¢* (CzC—Bcd—l-AdQ) arctan (ﬁ

dva + cxt(6c3C — 4aCd? — 3¢?d(2B + Cx?) + cd?(6A + 3Bz? + 2Cxt)) — e
12¢%d4

-

LIntegrate[(x“S*(A + B*x"2 + C*x~4))/((c + d*x"2)*Sqrt[a + c*x"4]),x]

-/

(d*Sqrtla + c*x~4]1*(6%c™3*C - 4*a*xCxd~2 - 3*c™2xd*(2*B + C*x~2) + cxd~2*(6
*A + 3%Bxx"2 + 2+Cxx74)) - (12xc”™4*(c"2*C - Bxcxd + A*d~2)*ArcTan[(c~(3/2)
+ Sqrt[c]*d*x~2 - dxSqrtl[a + c*x74])/Sqrt[-c™3 - a*d~2]]1)/Sqrt[-c”3 - a*d
~2] + 3#Sqrtlc]*(2xc™4*C - 2+B*c”™3*d + 2%A*c"2+%d"2 - axc*C*d~2 + a*Bxd~3)x*
Log[-(Sqrt[c]l*x~2) + Sqrtla + c*x"4]1])/(12%c~2*d"4)

Rubi [A] (verified)

Time = 1.32 (sec) , antiderivative size = 272, normalized size of antiderivative = 1.07,

number of steps used = 15, number of rules used = 14, Bumber of rules _ 4 399 Ryjeg
integrand size

used = {2237, 27, 2237, 27, 2237, 27, 2253, 2239, 27, 719, 224, 219, 488, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

x° (A + Bx? + Cm4)

va+ czt (¢ + dz?)
l 2237
2(0z3 (da:2+c) (3ca:4+2a) —3cdz’ (Cz4+Bz2 +A))
f - (dz2+c)Vexi+a dx C$4 va-—+ crt
+
6cd 6cd

l27

Cz3 (dar:2+c) (3cz4+2a) —3cdxb (Cm4+B12+A)
C-'E4 va-—+ crt _ f (dz2+c)Vexi+a dx
6cd 3cd
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l 92937
Cz*vVa + czt

2 (3c(cC—Bd)a: (dm2+c) (203:4+a) —ZCd(Cms (da:2+c) (3cz4+2a) —3cda:5 (C:z:4+Ba:2+A) ))
(d12+c) cz4+a

4cd +
3cd

l 27

Cz*va + czt

- dz

322+ a+cz*(cC—Bd)
4d

6cd
f 3c(cC—Bd)x (dm2+c) (20m4+a) —2cd (Cm3 (dm2+c) (309:4+2a> —SCd.’Z)s (C:1:4+Bm2+A)) da
3z%Va+cz%(cC—Bd) (dz2+c) Veal+ta
4d — 2cd
3cd
| 2237

Cz*va + czt B
6cd

B 2 (202 (30c3—33d02 +3Ad2c—2acd2) m3 (dm2+c) —d(302 (cC—Bd)x (dm2+c) (2cm4+a) —202d(Cz3 (dz2+c) (3cm4+2a) —3cdx

I
d12+c cz4+a
3z2Va+cz?(cC—Bd) ( 22d
4d

l 27

Cz*Va + czt

2cd

3ed

6cd
s 2¢2 (3Cc3 _3Bdc? +3Ad20—2a0d2)z3 (dz2+c) —d (302 (cC—Bd)x (dwz +c> (2cz4+
vV a+ca:4 —2aCd2+3Acd2—3Bc2d+303C da:2+c ca:4+a
322va+cz(cC—Bd) ( i ) - ( )cd
4d 2cd
3cd
l 2253
Cz*va + cxt
6cd
© (3c2 (2004—2Bdc3+2Ad2c2—aCd2c+aBd3) z? —3a03d(cC’—Bd)) .
Vatcz? —2aCd2-4—3Acd2 —3302d+3030 ’ dz2+4c)vVezd+a i
3.’E2 \Y4 a+C-T4(CC—Bd) _ ( d ) - ( )Cd
4d 2cd
3cd
l 2239
4 4
Cz*Va+cr
6cd
32 (acd(cC—Bd)— (2Cc4—23dc3+2Ad2c2 —aCd2c+aBd3) a:z) a2
V a+cm4 72aCd2+3Acd2 73Bc2d+3c30 B d12+c cz4+a “
3z2Va+ca?(cC—Bd) ( ri ) — ( 2)cd
4d 2cd

3ed
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l 27
Cz*va + czt B
6cd

acd(cC—Bd)— (2Cc4—2Bdc3+2Ad2c2 —aCd2c+aBd3) z2

da?

Cc o

(dz2+c) cz4+a

Vatert (—2aCd2+3Acd2 —3Bc? d+3c3o)

d

3z2va+czt(cC—Bd) 5d
4d

2cd

3cd
l 719

Cz*vVa + cz*

6cd -
1

263 (Ad?—Bed+¢2C) | (402+0) Vorta

3c

dz?

(aBd®—accd?+24c2d?—2Bc3d+2ciC) [ —L—da?

vV cz4+a
d

d

A% a+cm4 (—2aC‘
+

2d

322va+czi(cC—Bd)
4d

2cd

l 9224

Cz*va + czt B
GCcli

2¢3(Ad?~Bed+c2C) [ (%)
T c

dx
cx? “+a

3cd

(aBd3—accd?+24c2d?—2Bc3d+2ctc) [ —L 4

2
d—2x
l—cx Vezt+a
d

3c a

vV a+cz4 (—

2d +

3z2Va+czt(cC—Bd)
4d

2cd

l 219

Cz*vVa + czt B
6cd

3c

3/, .2 2 . 1 2 2
2¢ (Ad —Bed+c o) | mdz arctanh< Ve

3cd

) (aBd3 —acCd2+2Ac2 d2—2Bc3d+2c4o)

vV a+cz4

d

Jed

Va+tcx
+

2d

322va+cz(cC—Bd)
4d

2cd

l 488
Cxz*Va + czt

ad—c’x

3cd

6cd
2¢3(Ad?~Bed+c2C) [ —

242 arctanh( V/ez®

) (aBd3—acC’d2+2Ac2d2 —2Bc3d+2c4C)

vV a+ca)ZI

1
z4+c3+ad?
3c| — 3

cx*+ta

Jed

3z2va+cz(cC—Bd)
4d

2cd

l 219

3cd
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Cz*Va + cz* 3
6cd

2
2c3arctanh(%) (Ad2_Bcd+02 c) arctanh < \/%) (aBd3—ac0d2+2Ac2d2 —2Bc3d+2c4C)
3c| — a c®Va+tcx a+cx

dvad2+c3 Ved

3z2Va+czi(cC—Bd) 2
4d

2cd

3cd

input LInt[(x‘S*(A + B*x"2 + C*x~4))/((c + d*x~2)*Sqrt[a + c*x~4]),x] J

(C*+x~4*Sqrt[a + c*x”"4])/(6xc*d) - ((3*(c*C - B*d)*x~2*Sqrt[a + c*x"4])/(4x*
d) - (((3%c™3*%C - 3*B*c™2%d + 3*A*c*d~2 - 2%a*Cxd~2)*Sqrt[a + c*x~4])/d +

(3*c* (- (((2%c™4%C - 2xB*c™3%d + 2%A*c™2%xd"2 - a*c*xC*d~2 + a*B*d~3)*ArcTanh
[(Sqrt[c]l*x~2)/Sqrtla + c*x~4]11)/(Sqrtlcl*d)) - (2%c™3x(c™2xC - B*c*d + Ax*
d~2)*ArcTanh[(a*d - c™2*%x72)/(Sqrt[c~3 + a*d~2]*Sqrt[a + c*x~4])])/(d*Sqrt
[c™3 + axd™2])))/(2%d))/(2%c*d) )/ (3*c*d)

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Q[a, 0] || LtQ[b, 0]1)

rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, O]

rule 224

Int[1/(((c_) + (d_.)*(x_))*Sqrtl[(a_) + (b_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(b*c™2 + a*d™2 - x72), x], x, (a*d - bxc*x)/Sqrtl[a + b*x~2]] /; FreeQ
[{a, b, c, 4}, x]

rule 488
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Int[((d_.) + (e_.)*(x_)) " (m )*((£f_.) + (g_.)*x(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[g/e Int[(d + e*x)"(m + 1)*(a + c*x"2)7p, x], x] +
Simp[(exf - dx*g)/e Int[(d + exx)"m*(a + c*x72)"p, x], x] /; FreeQ[{a, c,
d, e, f, g, m, p}, x] & !IGtQ[m, O]

rule 719

Int[(Px_)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]), x_Symbol] :> W
ith[{q = Expon[Px, x]}, Simp[Coeff[Px, x, ql*x~(q - 5)*(Sqrtl[a + c*x~4]/(c*
ex(q - 3))), x] + Simp[1/(c*ex(q - 3)) Int[(cxex(q - 3)*Px - Coeff[Px, x,
ql*x~(q - 6)*(d + exx"2)*(a*(q - 5) + cx(q - 3)*x74))/((d + e*x~2)*Sqrt[a
+ c*x~4]), x]1, x] /; GtQlq, 411 /; FreeQl[{a, c, 4, e}, x] && PolyQ[Px, x]

rule 2237

Int [(Px_)*(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_S
ymbol] :> Simp[1/2 Subst[Int[(Px /. x -> Sqrt[x])*(d + e*x)"g*(a + c*x"2)
°p, x1, x, x72], x] /; FreeQl{a, c, d, e, p, q}, x] && PolyQ[Px, x72]

rule 2239

Int [(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol]

:> With[{m = Expon[Px, x, Min]}, Int[x"m*ExpandToSum[Px/x"m, x]*(d + e*x"2
)~gx(a + c*x~4)7p, x] /; GtQ[m, 0] && !MatchQ[Px, x"m*(u_.)]] /; FreeQ[{a,
c, d, e, p, qF, x] && PolyQ[Px, x]

rule 2253

Maple [A] (verified)

Time = 0.94 (sec) , antiderivative size = 295, normalized size of antiderivative = 1.16
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method | result

(2A c2d2 4 Bad3—2B c3d—Cacd?+2C c4) ln(\/E 224

(2Cc d2z4+3Bcd?x2—-3C c?2d £24+6Acd?—6d c? B—4Ca d?4+6C c3) Vezi+ta

risch s
2(z24¢ 2( .24 C
2ad?tac3 2% (s?+§) ad2+c3\/ 2 )2, 22(524§)  ad24c3
c2(Ad?—~Bcd+Cc?) In d? d +2\/72 C(x +d) ° d T ,
ot —d2(Bd—C’c)<’”
default | — _
2 3
2d5\/add;—c
2 1 24Veatt d(Ad?—Bcd+C c? 1y 4 5
d2(Bd_CC)<z 354“—“(\/% T a)>+ ( — ) Ves a+Cd3(z g:4+a_2a@)+d0731n(\/5x?
] ] 2c2
elliptic -

input \ int (x"5* (Cxx~4+B*x~2+A) / (d*x~2+c) / (c*x~4+a) "~ (1/2) ,x ,method=_RETURNVERBOSE)

1/12% (2%Cxc*xd~2*x"4+3*Bxc*d~2%x"2-3*C*c~2kd*x~2+6*A*cxd~2-6*B*c”~2xd—-4*C*a*
d~2+6*C*c~3) *(c*x"4+a) ~(1/2)/c~2/d"3-1/2/d"3/c* (1/2*% (2xA*c~2*d~2+B*xa*d~3-2
*Bxc~3*d-Cxaxcxd~2+2*%C*c~4) /d*1n(c~(1/2) *x"2+(c*x"4+a) ~(1/2))/c~(1/2) +c"3*
(Axd~2-Bxc*d+Cxc~2) /d~2/ ((a*xd~2+c~3)/d"2) " (1/2)*1n((2* (a*d~2+c~3) /d~2-2*c~
2/d*(x~2+c/d)+2* ((a*xd~2+c~3)/d~2) " (1/2) * ((x~2+c/d) “2*c-2*c~2/d* (x"2+c/d) +(
axd~2+c~3)/d"2)"(1/2))/(x"2+c/d)))

output

Fricas [F(-1)]

Timed out.
z5(A + Bz? + Cz*)
(c+dz?)vVa + cxt

dz = Timed out

input ‘ integrate (x~5* (C*x~4+B*x~2+A) / (d*x~2+c) /(c*x"4+a)~(1/2) ,x, algorithm="fric
‘ as")

output LTlmed out
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Sympy [F]
/ z5(A + Bx? + Cz?) dp — z5(A + Bx?® + Cz*)
(c+ dx?) vVa + cz* Va + cz* (c + dz?)
input{integrate(x**5*(C*x**4+B*x**2+A)/(d*x**2+c)/(c*x**4+a)**(1/2),X)

A J

Outputtlntegral(x**S*(A + Bkx**2 + Cxx**4)/(sqrt(a + c*x**4)*(c + d*x**2)), x)

Maxima [F]

/ z5(A + Bx? + Cz*) p / (Cz* + Bz? + A)z® e

Tr =
(c+ dx?)Va + czt Vert + a(dzx? + ¢)

input ‘ integrate (x~5* (C*x~4+B*x~2+A) / (d*x~2+c) /(c*x~4+a)~(1/2) ,x, algorithm="maxi
Lmau)

output 10tegrate((Cxx™4 + Bxx"2 + A)*x"5/(sqrt(cxx™4 + a)x(d*x"2 + ©)), x)

Giac [F(-2)]

Exception generated.

/ 1°(A + Bz? 4+ Cx?)
(c+ dz?) va + cx*

dr = Exception raised: TypeError

input integrate (x~5* (C*xx~4+B*x~2+A) /(d*x~2+c)/(c*x~4+a)~(1/2) ,x, algorithm="giac
p II)
output Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT:index.cc index_m i_lex_is_greater E
rror: Bad Argument Value
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Mupad [F(-1)]

Timed out.
/x5(A+Bx2+C’x4) i — z° (Cz* + Bz? + A)
(c+ dz?) Va + cz?* Vert+a (dz? +c)
input Lint((XAs*(A + B*x"2 + C*x~4))/((a + c*x~4)~(1/2)*(c + d*x~2)),x) J
output Lint((x“S*(A + B*¥x~2 + C*x~4))/((a + c*x~4)~(1/2)*(c + d*x~2)), x) J
Reduce [F|

/xs(A+Bx2 + Cz*) s — (/ z° da:) .
(c+ dz?)va + cz? Vezt +ac+Vert +ada?

7
T
dz

+

(/ crt+ac+Vexrt+ada? )

5

SR
Vert+ac+Vert +ada?

b

a

input Lint (x"5% (C*xx~4+B*x~2+A) / (d*x~2+c) / (c*x~4+a) " (1/2) ,x) J

output‘ int (x**9/(sqrt(a + cxx**4)*c + sqrt(a + ckxkkd)*d*x**2),x)*c + int (x**7/(s ‘
‘qrt(a + ckx**4)xc + sqrt(a + c*x**4)*xd*x**x2) ,x)*b + int(x**5/(sqrt(a + c*x ‘
‘**4)*c + sqrt(a + ckx**4)*d*x**2),x)*a ‘




outpu
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3 2 4
3.99 f z°(A+Bz*+Cxz*) da

(c+dz?)Va+cz?

Optimal result . . . . . . . . . . .. .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . ...
Fricas [F(-1)] . . . . . o o
Sympy [F] . . o e
Maxima [F] . . . . . .
Giac [F(-2)] .« o o o o e
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . .

Optimal result

Integrand size = 36, antiderivative size = 191

4cd

/w3(A+ Bzx? + Cxz%) dp — _ (€ — Bd)Va + cz* N Cz*va + cx*

T =
(c+dz?) vVa+ czt 2cd?

(2¢3C — 2Bc*d + 2Acd? — aCd?) arctanh( ez

va+cxt

239
240
240
244
249
249)
240
246
240)
246

)

+

+

4c3/243

c(c*C — Bed + Ad?) arctanh(

ad—c?z?

vc3+ad?v/a+cxt

2d3+/¢c3 + ad?

t‘—1/2*(—B*d+C*c)*(c*x‘4+a)‘(1/2)/c/d‘2+1/4*C*x‘2*(c*x‘4+a)‘(1/2)/c/d+1/4*(2

‘*A*c*d‘2—2*B*c‘2*d-C*a*d“2+2*C*c“3)*arctanh(c‘(1/2)*x“2/(c*x“4+a)‘(1/2))/c
\‘(3/2)/d‘3+1/2*c*(A*d‘2—B*c*d+C*c‘2)*arctanh((—c*2*x‘2+a*d)/(a*d‘2+c‘3)‘(1

/2)/ (c*x~4+a)~(1/2))/d"3/ (a*d"2+c~3) " (1/2)
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Mathematica [A] (verified)

Time = 0.80 (sec) , antiderivative size = 184, normalized size of antiderivative = 0.96

/ z3(A + Bx® + Cz*)
(c+ dz?)va + cx*
_ (—2cC +2Bd + Cdz?) Va + ca*
N 4ed?
¢(c*C — Bed + Ad?) arctan <c3/2+\\//6:1:32__jd2a+w4>
+
- —ad
(—=2¢3C + 2Bc*d — 2Acd? + aCd?) log (—/cz? + Va + cz?)
+ 4c3/2d3
input LIntegrate [(x~3%x(A + B*x~2 + C*x~4))/((c + d*x~2)*Sqrt[a + c*xx~4]),x] J

\(((—2*c*c + 2*Bxd + Ckd*x"2)*Sqrt[a + c*x~4])/(4*c*d”2) + (cx(c™2*C - Bxc*d
‘ + A*d"2)*ArcTan[(c~(3/2) + Sqrtlcl*d*x"2 - d*Sqrt[a + c*x"4])/Sqrt[-c”3 -
\ a*d~2]]1)/(d"3*Sqrt[-c”3 - a*d"2]) + ((-2%c”3*C + 2%Bkc™2%d - 2%A*xc*d™2 +
axCxd~2)*Log[-(Sqrt [c]*x~2) + Sqrt[a + c*x~4]]1)/(4*c~(3/2)*d"3)

N J

output

\‘

Rubi [A] (verified)

Time = 0.95 (sec) , antiderivative size = 202, normalized size of antiderivative = 1.06,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 0.361, Rules
integrand size

used = {2237, 27, 2237, 27, 2253, 2239, 25, 27, 719, 224, 219, 488, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
x3 (A + Bx2 + O.’L‘4) p
T
va+ cx? (c + dz?)
l 9937
2(Cz(dz?+c) (2cz*+a) —2cda® (Cxt+Bz2+A))
f - (dz2+c)Vext+a dzx 03»'2 va-—+ cr?
_+_
4ed 4ed

| 27
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Cx (de +c) (20x4+a) —2cdx’ (Cm4+Bz2+A)
Cz?va + czt B J (dz2+c)Veztta dz
4ed 2cd
l,2237

Cz%Va + cz*

C
2 (262 (cC'—Bd)z3 (dzz+c) —cd (Cz (dz2+c) (2cz4+a) —2¢dz3 (Cz4+Bz2+A) ))

_ dz
/ (d22+c)Veat+a Va+ter®(cC—Bd)
3cd + d
2cd
l 27
202(cC—Bd)z3 d22+c —cd(Czx d:v2+c 20x4+a —2cdz3 Cz4+Bx2+A
9 v va+czt(cC—Bd) ( ) ((dac(2+C)\/)cgz+a ) ( ))dx
Cz“vVa+cx B d - d
4cd 2cd
l 2953
z(c(2Cc372Bdc2+2Ad2c7aCd2)mzfacsz) 4
Z2 c CZ4 a *
Ca?Va + ozt ~ WécC—Bd) . (d=2+ )cd +
4cd 2cd
l 2239
f c(ach—(2003—2Bdc2+2Ad2c—aCd2)z2)d 2
_ - 22 +c \/ca:4 a *
C2 /—a+cx4 ~ \/a+cm4((ic0 Bd) (d +2)Cd +
4cd 2cd

| 25

I c(accd— (2Cc3—2Bdc2+2Ad2c—aCd2)m2) 42

dz2+c cz4+a m C'—Bd
Cz’>Va+ czt ( )20d Yot (cO-Bd)

4cd 2cd

l 27

acCd— (2Cc3—2Bdc2+2Ad2c—aCd2)w2

dz?

J

dz2+c)Vczd+a 4(cC—Bd
CxQ /a+ cxl ( )2d + va+tcx ((lc )
4ed 2cd
l 719
Cz?vVa + czt
2( 2 2 ) 1 2 ded
2¢“(Ad®—Bcd+c“C) [ ——F———dx 2 2 2 3 . 1 2
I a2y Zn (ﬂsz +2Acd2—2Bc2d+2c c) .
d( T c) cx*+a _ - \/m + W(CC—Bd)
2d d

2cd
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l 924
Cz%Va + czt
2(aa? 20) 1 2 ded
2¢*(Ad“—Bcd+c“C) [ —F—~F———d=z 2 2 2 3 1 z2
d224c) Veokia (-acd?+24cd®—2B?d+2c3C) [ L a2
- ( ) _ , l—cx Ver*+a a+c:c4(cC—Bd)
4+ Y
2d d
2cd
l 219
Cz?vVa + cat
4cd \
2( a2 24 1 2
2¢ (Ad Bed+c C)./ (dz2+c)\/mdm arctanh(%) (—aCd2+2Acd2—QBc2d+263C)
d - /ed Va+cz?(cC—Bd)
+
2d d
2cd
l 488
Cz?vVa + cazt
4cd \
. a —czzz Ve 2 2 2 3
262 (Ad?— Bod+c2C) | —:v4+cl3+ad2d dcz4+a arctanh(ﬁ) (-aCcd?+24cd® —2Bc?d+2c3C)
— d - Ved + Va+czi(cC—Bd)
2d d
2cd
l 219
Cz%vVa + czt
4cd ,
2 d—c222 2 2 ez 2 2 op.2 3
_2(; arctanh(m)(“ —Bed+e c) _arctanh(\/m)( aCd2+2Acd?—2Bc2d+2c c)
dvad2+c3 Ved + Va+czt(cC—Bd)
2d d
2cd

>

LInt[(x“S*(A + B*xx"2 + Cxx74))/((c + d*x~2)*Sqrt[a + c*x"4]),x]

N J

input

(Cxx~2*xSqrt[a + cxx"4])/(4*c*d) - (((c*C - Bxd)*Sqrtla + c*x~4])/d + (-(((
2%c”"3*%C - 2*¥Bkc"2*%d + 2%A*c*d"2 - a*Cxd~2)*ArcTanh[(Sqrt[c]*x~2)/Sqrtl[a +
c*x~4]11)/(Sqrt[cl*d)) - (2xc™2*(c™2*%C - B*c*d + A*d"2)*ArcTanh[(axd - c”2x%
x72)/(Sqrt[c™3 + a*d~2]*Sqrtl[a + c*x"4]1)])/(d*Sqrt[c”3 + axd~2]))/(2%d))/(
2%c*d)

output
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

rule 224

Int[1/(((c_) + (d_.)*(x_))*Sqrtl[(a_) + (b_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(b*c™2 + a*d™2 - x72), x], x, (a*d - bxc*x)/Sqrt[a + b*x~2]] /; FreeQ
[{a, b, c, d}, x]

rule 488

Int[((d_.) + (e_.)*(x_))"(m_)*((£_.) + (g_.)*(x_))*x((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[g/e Int[(d + exx)"(m + 1)*(a + c*x"2)7p, x], x] +
Simp[(exf - d*g)/e Int[(d + e*x)"m*(a + c*x~2)7p, x], x] /; FreeQ[{a, c,
d, e, f, g, m, p}, x] & !'IGtQ[m, O]

rule 719

Int[(Px_)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]), x_Symbol] :> W
ith[{q = Expon[Px, x]}, Simp[Coeff[Px, x, ql*x~(q - 5)*(Sqrt[a + c*x~4]/(c*
ex(q - 3))), x] + Simp[1/(cxex(q - 3)) Int[(cxex(q - 3)*Px - Coeff[Px, x,
gql*x~(q - 6)*(d + e*x"2)*(ax(q - 5) + cx(q - 3)*x74))/((d + exx"2)*Sqrt[a
+ c*x74]1), x1, x] /; GtQlq, 41] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x]

rule 2237

Int [(Px_)*(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_S
ymbol] :> Simp[1/2 Subst[Int[(Px /. x -> Sqrtl[x])*(d + exx)"g*(a + c*x~2)
°p, x], x, x72], x] /; FreeQl{a, c, d, e, p, q}, x] && PolyQ[Px, x72]

rule 2239
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rule 2253 TAtLPX)*((A) + (e_)*(x)"2)"(q_.)*((a) + (c_.)*(x))"4)"(p_), x_Symboll
‘ :> With[{m = Expon[Px, x, Min]}, Int[x"m*ExpandToSum[Px/x"m, x]*(d + e*x~2 ‘
\)‘q*(a + c*x”4)7p, x] /; GtQ[m, 0] && !'MatchQ[Px, x™m*(u_.)]] /; FreeQl[{a, ‘
‘ c, d, e, p, 9}, x] && PolyQ[Px, x] ‘

Maple [A] (verified)

Time = 0.76 (sec) , antiderivative size = 243, normalized size of antiderivative = 1.27

method | result
2a d2+263 202 (1:2-4—%
2 (A d2—Bcd+C c2) In a2 d
(2Ac d?2—2dc2B—Ca d2+2C 03) ln(\/E:zZ-i-\/ c w4+a) "
PENG
isch (Cda?+2Bd—2Cc)Vczi+a + ¢ d2
T1sC 4cd? 2cd?
d(Bd—C;)\/c m1+a+ (A d?—Bed+C 62) in[(\/Eszr\/chra) O <z2 fl904_“ B aln(\/Em2+3\/ch+a) ) c(Ad?—Bcd+C c?)In (
C 2./c c )
2
default pe de +
Ad?1 24 Vel 1 2. Vord+ra
p(Ver 2 Vertte) |, 0.ob in(Vea?+verthe)+ ABA=CaVertia , o o ( oetis_ein(VEett Vertre) ) ~Byedin
. . 2¢2
elliptic 575

input Lin‘t (x~3%(C*x~4+B*x~2+A) / (d*x~2+c) / (c*x~4+a) ~(1/2) ,x ,method=_RETURNVERBOSE) J

1/4% (Cxd*xx~2+2*B*d-2*C*c) * (c*x~4+a) ~(1/2) /c/d~2+1/2/c/A"2* (1/2* (2xA*c*xd~2-
2%B*c"2%d-Cxaxd~2+2*Cxc~3) /d*1n(c™ (1/2) *x~2+(c*xx"4+a) ~(1/2)) /c~ (1/2) +c~2*(
Axd~2-B*c*xd+Cxc~2) /d"2/((a*d~2+c~3)/d"2) " (1/2)*1n((2* (a*xd~2+c~3) /d~2-2*c"2
/d*(x"2+c/d)+2* ((a*d~2+c~3) /d~2) ~(1/2) * ((x~2+c/d) ~2*c-2xc~2/d* (x"2+c/d) +(a
*d~2+c~3)/d"2)~(1/2))/ (x"2+c/d)))

output
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Fricas [F(-1)]
Timed out.
13(A + B2? + Cz2?)

(c+ dz?) Va+ czt

dz = Timed out

tnput ‘ integrate (x~3*(C*x~4+B*x~2+A) / (d*x~2+c) /(c*x~4+a)~(1/2) ,x, algorithm="fric ‘
‘ as") ‘

OutputLTimed out J

Sympy [F]

/ z3(A+ Bx? + Cz?) - z3(A + Bx® + Cz*)
(c+ dx?) vVa + cz* Va+ cz* (c + dz?)

input Lintegrate (x**3% (Ckxx*k4+Bkx*k*2+A) / (d*x**2+c) / (c*xx*x*x4+a) *x*(1/2) ,x) J

output tlntegra]_(x**g*(A + Bxx**2 + Ckx**x4)/(sqrt(a + ckx**4)*(c + d*x**2)), x) J

Maxima [F]

T

/ z3(A + Bz? + Cz?) p / (Cz* + Bz? + A)z?

€Tr =
(c+ dz?) va + cx? Vex* + a(dz? + c)

input ‘ integrate (x~3* (C*x~4+B*x~2+A) /(d*x~2+c) /(c*x~4+a) ~(1/2) ,x, algorithm="maxi ‘
‘ ma") ‘

output Lintegrate((C*x‘4 + B*x"2 + A)*x"3/(sqrt(c*x~4 + a)*(d*x~2 + c)), x) J




input

output

input

output
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Giac [F(-2)]

Exception generated.

dx = Exception raised: TypeError

/ z3(A + Bz? + Cz?)
(c+ dz?) va + cx*

integrate (x~3*(C*x~4+B*x~2+A) /(d*x~2+c) /(c*x~4+a) ~(1/2) ,x, algorithm="giac
II)

Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ;OUTPUT:index.cc index_m i_lex_is_greater E

rror: Bad Argument Value

Mupad [F(-1)]

Timed out.

/$3(A+Bx2+C’x4) - 3 (Cz*+ Bz? + A)
(c+dz?)vVa+crt ) Vezrt+a (dz?+c)

{int((x“B*(A + B*x"2 + C*x74))/((a + c*x~4)~(1/2)*(c + d*x~2)),x)

—

Lint((x“S*(A + Bxx~"2 + C*xx"4))/((a + c*x~4)~(1/2)*(c + d*x~2)), x)

Reduce [F]
23(A + B2? + Cz2?) z’
dxr = dzx | c
(c+ dz?) va + cxt Vezrt +ac+ ezt + adx?

5
b
< Vert+ac+Vert+ adx? )
a
</\/cm4—|—ac—|—\/c:r4+ad:v2 )
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input‘int(x"3*(C*x"4+B*x“2+A)/(d*x“2+c)/(c*x*4+a)~(1/2)’X)

‘int(x**?/(sqrt(a + ckxx*x4)xc + sqrt(a + cxx*x4)*d*x**2) ,x)*c + int(x**5/(s
‘qrt(a + ckx*x4)xc + sqrt(a + c*x**4)*d*x**2),x)*b + int(x**3/(sqrt(a + c*x
‘**4)*c + sqrt(a + ckxk*d)*d*x**2),x)*a

output




output
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248

e

~(1/2)/ (c*x"4+a)~(1/2))/d72/ (a*d~2+c"3) " (1/2)

T (A+Bx2+0x4) d
(c+dz?)Va+cz?

3.23 |

Optimal result . . . . . . . . . . .. . 248]
Mathematica [A] (verified) . . . . . . . . . ... 248
Rubi [A] (verified) . . . . . . . . . . 249
Maple [A] (verified) . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . ... ... .. ... .. ... 253
Sympy [F] . . o e 253
Maxima [F] . . . . . . 257
Giac [F(-2)] .« o o o o e 254
Mupad [F(-1)] . . . o o 2551
Reduce [F] . . . . . . 255

Optimal result

Integrand size = 34, antiderivative size = 138

\/ea? >

/ r(A+ Bx? + Cz?) o Ovatezd (cC— Bd)arctanh(m

(c+dz?)Va+cat 2cd

2 /ed?

(cC — Bed + Ad?) arctanh( ad_c*s? )

VS tad2y/at et

2d2+/c3 + ad?

1/2*Cx (c*xx~4+a) ~(1/2) /c/d-1/2*% (-B*d+C*c)*arctanh(c~(1/2) *x~2/ (c*x~4+a) ~(1/
‘2))/c‘(1/2)/d‘2—1/2*(A*d‘2-B*c*d+C*c‘2)*arctanh((—c‘2*x‘2+a*d)/(a*d‘2+c‘3)

Mathematica [A] (verified)

Time = 0.62 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.04

z(A+ Bz? + Cz*) i
(c+ dz?)Va + cxt

3/2 DN s
2(c2C—Bcd+Ad?) arctan ( ¢/ +\ff$3:dd2a+cz4 )

CdvVa+tczt
c

v—c3—ad?

N (cC—Bd) log(—fca:Q-l-\/m)

Ve

2d?

A\
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input ‘ Integrate[(x*(A + B*x~2 + C*x"4))/((c + d*x"2)*Sqrt[a + c*xx~4]),x] ‘

output‘ ((Cxd*Sqrt[a + c*x~4])/c - (2%(c™2*C - B*c*d + A*d~2)*ArcTan[(c~(3/2) + Sq ‘
'rt[cl*d*x"2 - d*Sqrtla + c*x~41)/Sqrt[-c3 - a*d~2]11)/Sqrt[-c™3 - a*d™2] +
L ((cxC - B*d)*Log[-(Sqrt[cl*x~2) + Sqrt[a + c*x~4]1])/Sqrtlc]l)/(2%d~2) J

Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.03,

_ number of rules
number of steps used = 12, number of rules used = 11, integrand size — = 0.324, Rules

used = {2237, 27, 2253, 2239, 25, 27, 719, 224, 219, 488, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

m(A + Bz? + Cw4)

va+ cz? (c+ dz?)
l 2237
2 (cCac3 (dzz—l—c) —cdx (C’x4+Bx2 +A) )
f - (dz2+4c)Vexi+a dz Cva+ crt
+
2cd 2cd

l 27

f cCz?(dz?+c)— cdx(Cz4+Ba:2+A)d

Cm _ (dz2+c)Vezt+a
2cd cd
l 2253
cvarar | ol e
2cd cd
l 2239

c(Ad—(cC—Bd)z?) ; o
Cva+czt /= (dm2+c Vezita O
2cd 2cd

| 25

c(Ad—(cC—Bd)z?) ; o
f (dz?2+c)Veztta dz Cva+ cxt
+
2cd 2cd
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| 27

—(cC—Bd)z? ; 2
f (dm2+c)\/cm4+a d.f() Cva + cr*
+

2d 2cd

| 79
(Ad?~Bed+c?0) [ 5y g da®  (cC—Bd) [ —L—da?
d(d re) et - eetde + Cva + cx?

2d 2cd

l 224
(LBt ) | G Vartea ™ (e0-Bd) [ had 2
ey et , CVatet

2d 2cd

| 219
(Ad?—Bed+c*C) [ mdﬁ arctanh(%)(cC—Bd)
d B Jed 4 CvVa+ cxt

2d 2cd

l’488
2
(Ad®—Bcd+c2C) [ —r L —s adc:fwz arctanh( -2 )(cC-Bd)
B T vertte — (\;cd> +C’\/a+cac4

2d 2cd

| 219
arctanh ( \/%CCQ %1624 ) (Ad®-Bed+c*C)  arctanh (7*%; ; ) (cC—Bd)
B dvad>+c3 - Ved Cva + czt
_+_
2d 2cd

input |

‘Int[(x*(A + B*x"2 + C*x74))/((c + d*x~2)*Sqrt[a + c*x~4]),x]

output

‘(C*Sqrt [a + cxx74])/(2*%cxd) + (-(((cxC - Bxd)*ArcTanh[(Sqrt[c]*x"2)/Sqrt[a
‘ + c*x74]1]1)/(Sqrtlcl*d)) - ((c™2*%C - Bxc*d + Axd"2)*ArcTanh[(a*xd - c™2*x"2

‘ )/ (Sqrt[c~3 + a*d~2]*Sqrt[a + c*x74]1)]1)/(d*Sqrt[c”3 + a*d~2]))/(2*d)
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

rule 224

Int[1/(((c_) + (d_.)*(x_))*Sqrtl[(a_) + (b_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(b*c™2 + a*d™2 - x72), x], x, (a*d - bxc*x)/Sqrt[a + b*x~2]] /; FreeQ
[{a, b, c, d}, x]

rule 488

Int[((d_.) + (e_.)*(x_))"(m_)*((£_.) + (g_.)*(x_))*x((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[g/e Int[(d + exx)"(m + 1)*(a + c*x"2)7p, x], x] +
Simp[(exf - d*g)/e Int[(d + e*x)"m*(a + c*x~2)7p, x], x] /; FreeQ[{a, c,
d, e, f, g, m, p}, x] & !'IGtQ[m, O]

rule 719

Int[(Px_)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]), x_Symbol] :> W
ith[{q = Expon[Px, x]}, Simp[Coeff[Px, x, ql*x~(q - 5)*(Sqrt[a + c*x~4]/(c*
ex(q - 3))), x] + Simp[1/(cxex(q - 3)) Int[(cxex(q - 3)*Px - Coeff[Px, x,
gql*x~(q - 6)*(d + e*x"2)*(ax(q - 5) + cx(q - 3)*x74))/((d + exx"2)*Sqrt[a
+ c*x74]1), x1, x] /; GtQlq, 41] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x]

rule 2237

Int [(Px_)*(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_S
ymbol] :> Simp[1/2 Subst[Int[(Px /. x -> Sqrtl[x])*(d + exx)"g*(a + c*x~2)
°p, x], x, x72], x] /; FreeQl{a, c, d, e, p, q}, x] && PolyQ[Px, x72]

rule 2239
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rule 2253 TAtLPX)*((A) + (e_)*(x)"2)"(q_.)*((a) + (c_.)*(x))"4)"(p_), x_Symboll
‘ :> With[{m = Expon[Px, x, Min]}, Int[x"m*ExpandToSum[Px/x"m, x]*(d + e*x~2 ‘
\)‘q*(a + c*x”4)7p, x] /; GtQ[m, 0] && !'MatchQ[Px, x™m*(u_.)]] /; FreeQl[{a, ‘
‘ c, d, e, p, 9}, x] && PolyQ[Px, x] ‘

Maple [A] (verified)

Time = 0.63 (sec) , antiderivative size = 198, normalized size of antiderivative = 1.43

method | result

2 3 2¢2(z24¢ = 3\/ S 22(a71¢
(Ad?_Bcd+ch) n Zaddi{—2c _ (d d)+2\/add? (9:24»%) o (d S

(Bd—Cc) ln(\/Ez2+\/cw4+a) " CcdvVezita 22+§
default 2/e e
d? d24-¢3
2d3 \/a d;—c
2(.2
2a d?+2c3 _26 (z +5) +2 ad2+c3 \/(12+£)26_ 2c2 (Z2+§) 4
(Ad?-Bed+Cc?)In d? d Va2 d T
a:2+%
(Bd—Cc) ln(ﬁz2+\/cz4+a)
2d\/c - o [ad2+c3
isch CVczt+a 2d \/adizc
T1SC ocd —+ 7

2ad2+203_2cz(z2+§) +2 ad2+c3‘
(Ad2—Bed+Cc?) In a2 d Va2

n(veaz? calta z2
o Bdl (xf \/—é—v + )_I_Cd ez ta_o/c ln<\/Ez2+ /7cz4+a> +
elliptic oTE - ——
2d3, /2 pe
input Lint (x* (Cxx~4+B*x"~2+A) / (d*x"2+c) / (c*x"4+a) " (1/2) ,x,method=_RETURNVERBOSE) J

output‘1/d“2*(1/2*(B*d‘C*C)*1n(C“(1/2)*X“2+(C*x“4+a)“(1/2))/c“(1/2)+1/2*C*d/c*(c*
x"4+a) " (1/2))-1/2*% (A*d~2-B*c*d+Cxc~2) /d~3/ ((a*d~2+c~3)/d~2) ~(1/2) *1n((2*(a
| *d"2+c"3) /d"2-2%c™2/d* (x~2+c/d) +2% ((axd"2+c~3) /d"2) " (1/2) * ((x~2+c/d) ~2xc-2
‘ *c"2/d* (x"2+c/d)+(a*d"2+c~3)/d"2) " (1/2))/ (x"2+c/d))
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Fricas [A] (verification not implemented)

Time = 46.11 (sec) , antiderivative size = 863, normalized size of antiderivative = 6.25

A+ Bz?+ Ca
/.’E( + Bx® + Cx )dm=T00 large to display

(c+dz?)va + cx?

p
‘integrate(x*(C*x‘4+B*x“2+A)/(d*x‘2+c)/(c*x“4+a)“(1/2),x, algorithm="fricas

input "

N

[-1/4%((Cxc™4 - Bxc™3*d + Cxaxcxd™2 - Bxaxd~3)*sqrt(c)*log(-2xc*x~4 - 2*sq
rt(cxx™4 + a)*sqrt(c)*x"2 - a) - (Cxc™3 - Bxc™2+d + Axc*xd"2)*sqrt(c”3 + ax
d"2) *log((2*a*xc™2xd*x"2 - (2*%c™4 + a*cxd™2)*x"4 - a*c”3 - 2#a~2+%d"2 - 2xsq
rt(c*x™4 + a)*(c™2*x"2 - a*d)*sqrt(c”™3 + a*xd~2))/(d"2*x"4 + 2*c*xd*x"2 + c~
2)) - 2%(C*c~3*%d + Cxa*d~3)*sqrt(c*x”4 + a))/(c™4*xd"2 + axc*xd™4), 1/4*(2*(
Ckc™4 - Bxc~3*d + Cxa*c*d™2 - B*a*d~3)*sqrt(-c)*arctan(sqrt(c*x~4 + a)*sqr
t(-c)/(c*x72)) + (Cxc™3 - Bxc™2xd + Axcxd~2)*sqrt(c”3 + axd~2)*log((2*a*c™
2xd*xx"2 - (2*%c"4 + a*ckd"2)*x"4 - akc”3 - 2*%a"2xd"2 - 2xsqrt(c*x”4 + a)*(c
"2%x72 - axd)*sqrt(c”3 + a*d”2))/(d72*x"4 + 2*cxd*x"2 + c72)) + 2% (C*c"3*d
+ Cxa*d~3)*sqrt(c*x~4 + a))/(c™4*xd™2 + a*xcxd™4), -1/4%(2%(Cxc™3 - B*c™2*d
+ Axc*d~2)*sqrt(-c”3 - axd"2)*arctan(sqrt(c*x”4 + a)*(c”™2*x"2 - a*d)*sqrt
(-c”3 - a*d™2)/((c™4 + a*c*d~2)*x"4 + a*c™3 + a"2*%d"2)) + (Cxc™4 - B*c™3*d
+ Ckaxc*d™2 - B#axd~3)*sqrt(c)*log(-2*c*xx~4 - 2*sqrt(c*x”4 + a)*sqrt(c)*x
2 - a) - 2x(C*kc"3*d + C*axd~3)*sqrt(c*x”"4 + a))/(c™4*d"2 + a*xcxd~4), -1/2
*((C*c™3 - B*c™2xd + A*xc*d~2)*sqrt(-c”3 - a*d~2)*arctan(sqrt(c*x~4 + a)*(c
“2xx72 - axd)*sqrt(-c”3 - a*d"2)/((c”4 + a*xc*d"2)*x"4 + axc”3 + a"2xd"2))
- (C*c™4 - Bxc"3xd + C*axc*d™2 - Bxa*d~3)*sqrt(-c)*arctan(sqrt(cxx™4 + a)*
sqrt(-c)/(c*x"2)) - (C*c™3*d + Ckaxd~3)*sqrt(c*x”4 + a))/(c"4*d"2 + axc*d”
4)]

output

Sympy [F]

/ z(A+ Bz +Cz*) | [ xz(A+ Ba?+ Czx?) .

T =
(c+ dz?)va + cx* Va+ cxt (¢ + dz?)

input integrate (x* (Ckxx*4+Bxx**2+A) / (d*x**2+c) / (ckxk*d4+a) *x(1/2) ,x)
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output

LIntegral(x*(A + Bxx*x2 + Cxx**x4)/(sqrt(a + c*xx*4)*(c + d*x**2)), x)

Maxima [F]

/ z(A + Bz? + Cz*) p / (Cz* + Bx? + A)x

xr =
(c+ dz?) va + cx* Vezt + a(dz? + c)

input‘

integrate (x* (Ckx~4+B*x~2+A) / (d*x~2+c)/(c*x"4+a)~(1/2) ,x, algorithm="maxima
n

output

tintegrate((C*x‘4 + B*x"2 + A)*x/(sqrt(c*x™4 + a)*(d*x"2 + c)), x)

Giac [F(-2)]

Exception generated.

-/

z(A + Bz? + Cz* , ,
/ ( ) dxr = Exception raised: TypeError
(c+ dx?)Va + cxt
p
inputLintegrate(x*(C*x’"4+B*x‘2+A)/(d*x"2+c)/(c*x‘4+a)"(1/2),x, algorithm="giac")
Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:index.cc index_m i_lex_is_greater E
‘rror: Bad Argument Value
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Mupad [F(-1)]

Timed out.
/x(A+Bx2—|—C'x4) i — z(Cz*+ Bx? + A) .
(c+ dz?) va + cz* Vext+a (dx? +c)
inputtint((x*(A + B*x~2 + C*x~4))/((a + c*x~4)~(1/2)*(c + d*x~2)),x) J

output‘ int((x*(A + Bxx"2 + C*x74))/((a + c*xx"4)~(1/2)*(c + d*x~2)), x) ‘

Reduce [F|

/I(A+ Bz’ + C') dr = (/ @ dx> c
(c+ dz?)va + cz? Vezt +ac+Vert +ada?

3
T
dz

+

(/ cxt+ac+Vezxt+ada? )

Ry MG
Vert+ac+Vert +ada?

b

a

input Lint (x* (C*xx~4+B*x~2+A) / (d*x~2+c) / (c*x~4+a) ~(1/2) ,x) J

output‘ int (x*+5/(sqrt(a + chxxrd)*c + sqrt(a + ckxsrd)*daxk*2),x)*c + int(xk*3/(s |
‘qrt(a + cxx*xx4)xc + sqrt(a + cxx**4)*d*x**2) ,x)*b + int(x/(sqrt(a + c*x**4 ‘
‘)*c + sqrt(a + cxx**4)*d*x**2),x)*a ‘
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A+ Bz?+Cu?

3.24 f z(c+dz?)Vater? dz

Optimal result . . . . . . . . . . e 256
Mathematica [A] (verified) . . . . . . . . . .. .. 257
Rubi [A] (verified) . . . .. .. ... .. 257
Maple [A] (verified) . . . . . . ... L 258
Fricas [F(-1)] . . . . o o e 259
Sympy [F] . . . o 259
Maxima [F] . . . . . . 2601
Giac [F(-2)] . . . . o oo 260
Mupad [F(-1)] . . . o o 260
Reduce [F] . . . o . o o 261]

Optimal result

Integrand size = 36, antiderivative size = 143

C$2
/ A+ Bz? + Cat C'arctanh(\)iﬁ)
xTr =
2 (c+ da?) va + cat 2¢/cd
. (c2C — Bcd + Ad?) arctanh(#%)
2¢d\/c + ad?

Vateca®

~ Aarctanh(T)

2V/ac

output |1/2+C*arctanh(c™(1/2)*#x~2/ (ckx~4+a) " (1/2))/c”(1/2) /d+1/2% (A*d~2-Bkckd+Crc™
|2)*arctanh((-c~2xx"2+a*d)/(axd~2+c"3)~(1/2)/ (c¥x~4+a)~(1/2))/c/d/ (a*d~2+c™ |
‘ 3)~(1/2)-1/2*xA*xarctanh((c*x~4+a)~(1/2)/a~(1/2))/a~(1/2)/c ‘
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Mathematica [A] (verified)

Time = 1.01 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.15

/ A+ Bx?+Cz* d
T
z (c+dz?) va + cz?
3/2 2 ST
2 czc’—Bcd-Q—Ad2 arctan| & ++/cdz dvatcx
2Aarctanh(\/5w2+ Yorent ) ( ) ( —c3—ad? ) e log(— Jew? +vateat +cx4)

— 3 —ad?
Va + ) d
2c

-

LIntegrate[(A + Bxx"2 + C*x74)/(x*(c + d*x~2)*Sqrt[a + c*x~4]),x]

| —

input

‘ ((2%A*ArcTanh[(Sqrt[c]*x~2 - Sqrtl[a + c*x~4])/Sqrtl[all)/Sqrtlal + ((2x(c"2
‘ *C - Bxcxd + Axd~2)*ArcTan[(c~(3/2) + Sqrtlcl*d*x~2 - d*Sqrt[a + c*x74])/S
‘ grt[-c”3 - a*d~2]])/Sqrt[-c~3 - axd~2] - Sqrt[c]*C*Log[-(Sqrt[cl*x~2) + Sq

output
|
Tla + cxx411)/)/ (2%0) )

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.056, Rules

number of steps used = 2, number of rules used = 2,
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
A+ Bz? + Czt iz
zva + czt (¢ + dz?)
l 9249
/ z(Ad? — Bed + ¢*0) N A N Cx i
— x
cdvVa+cxt (c+dz?)  cxva+czt  dva+ cxt
l 2009

arctanh(#%) (Ad? — Bed + ¢*C) ~ Aarctanh<7‘/“j/}?) N Carctanh( ﬁi 4)

2cdvad? + c3 2V/ac 2y/cd
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input LIn‘t[(A + Bxx"2 + Cxx74)/(xx(c + d*x"2)*Sqrt[a + c*x74]),x] J

output‘(C*ArcTanh[(Sqrt[c]*x“2)/Sqrt[a + c*x~4]1)/(2xSqrt [c1*d) + ((c™2%C - Bxc*d
|+ Axd"2)*ArcTanh[(a*d - c"2%x72)/(Sqrt[c™3 + a*d~2]*Sqrtla + cxx~41)1)/(2
‘*c*d*Sqrt [c™3 + a*d™2]) - (AxArcTanh[Sqrt[a + c*x~4]/Sqrt[all)/(2*Sqrt[a]l* ‘

‘c)

Defintions of rubi rules used

ruke2009t1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2249 IRELE*((£_)*(x))~@m_)*((d)) + (e_)*(x)"2)7(q_)*((a)) + (c_)*(x)
"‘4)"(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x”4], Px*(f*x) “m*(d ‘
|+ exx"2)"qx(a + cxx"4)~(p + 1/2), x], x] /; FreeQl{a, c, d, e, £, m}, x] &
‘& PolyQ[Px, x] & IntegerQlp + 1/2] && IntegerQ[q] |

Maple [A] (verified)

Time = 0.52 (sec) , antiderivative size = 208, normalized size of antiderivative = 1.45

method | result

) ) 2a dig—2cs _ 2 (zd2+%) +2 /adj;—c'?’ 1 (z2+§):
(Ad?—Bcd+Cc?)In 225§

2a+2va Vet
default Aln(L@#’W) N Cln(ﬁw2+ /76w4+a)
erau —
2cv/a 2d+/c 9%e d2 \/adzg_cs
282 22+£ <
) ) 2adzék2c3_ (d d)+2 /adi;ca 1/(22“'%)
2at2vaverTia (Ad —Bcd+C c )ln P
it Aln(W) C’ln(\/Ex2+ /7”4_'_(1) d
e lptlc - 26\/& + 2d\/6 + 2Cd2\/ad2;63
d

input | int ((C*x~4+B*x"2+A) /x/ (d*x"2+c)/ (c*x~4+a)~(1/2) ,x,method=_RETURNVERBOSE) |
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‘-1/2*A/c/a‘(1/2)*1n((2*a+2*a“(1/2)*(c*x*4+a)*(1/2))/x~2)+1/2*c/d*1n(c~(1/2
)*x2+(c*x"4+a) " (1/2)) /¢ (1/2) +1/2% (A*d~2-Bxc*d+Cxc™2) /c/d~2/ ((axd"~2+c"3) /
‘d“2)“(1/2)*1n((2*(a*d‘2+c‘3)/d‘2-2*c‘2/d*(x‘2+c/d)+2*((a*d*2+c*3)/d*2)~(1/
\2)*((X"2+C/d)“2*0-2*C‘2/d*(x‘2+c/d)+(a*d‘2+c‘3)/d*2)‘(1/2))/(x*2+c/d))

output

Fricas [F(-1)]
Timed out.

dxr = Timed out

/ A+ Bz? + Cz*
z (c+dz?)va + cz?

input‘integrate((C*x“4+B*x‘2+A)/x/(d*x‘2+c)/(c*x*4+a)*(1/2)’x, algorithm="fricas

n)

Ou_tputkTimed out

Sympy [F]

dz

/ A+ Bx?+Czx* dp — A+ Bx?+Czx*
z (c+ dz?) Va + ca* zva + cx* (c + dz?)

input tintegrate ((Cxx**4+Bxx**x2+A) /x/ (d*x**2+C) / (ckx**4+a) ** (1/2) ,x)

output LIntegral((A + Bkx**2 + Ckx**4)/(x*sqrt(a + ckx**4)x(c + d*x**x2)), x)
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Maxima [F]
/ A+ Bz? + Cz? dp — Cz*+ Bzx2+ A i
z(c+d2)Vat+cezt ) Vet + a(ds? + o)z

‘integrate((C*x‘4+B*x“2+A)/x/(d*x‘2+c)/(c*x“4+a)“(1/2),x, algorithm="maxima

input .

output Lintegrate((C*x’A + B*x"2 + A)/(sqrt(c*x~4 + a)*(d*x~2 + c)*x), x)

Giac [F(-2)]

Exception generated.

/ A+ Bz? + Cz*
z (c + dz?) Va + cz*

dz = Exception raised: TypeError

-

input Lintegrate ( (C*XA4+B*XA2+A) /X/ (d*xA2+C) / (c*x‘4+a) -~ (1/2) ,X, a1g0rith.m=“giac n)

\ )

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Error: Bad Argument Type

Mupad [F(-1)]

Timed out.
/ A+Be’+Cat Ca'+Ba*+4
r (c+dx?)vVa + cxt zvcext+a (dz? +c)
input Lint((A + B*x"2 + C*x~4)/(x*(a + c*x~4)~(1/2)*(c + d*x~2)),x)

output Lint((A + B*x"2 + Cxx~4)/(x*(a + c*x~4)~(1/2)*(c + d*x~2)), x)
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Reduce [F]

/“ A+ Bz’ +Cxz dx—( x3 Mﬁc
z (¢ + dz?) Va + cxt Vezt +ac+Vezt +ada?

b

(/\/cx4+ac+\/cx4+adz2 )

dx

(/\/cx4+acx+\/cx4+adx3 )

input Lint ((C*x~4+B*x~2+A) /x/ (d*x"2+c) / (c*x~4+a) ~(1/2) ,x) J

‘int(x**S/(sqrt(a + cxx*x4)*c + sqrt(a + c*xx**x4)*d*x**2),x)*c + int(x/(sqrt ‘
(a + cxxkxd)*c + sqrta + ckxxxd)*dsx**2),x)*b + int(1/(sqrt(a + cxxxd)*c |
‘*x + sqrt(a + c*x**4)*d*x**3) ,x)*a ‘

output
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A+Bz?4Cz*

3.25 f 23 (c+dz?) Va+ter? dz

Optimal result . . . . . . . . . . e 262
Mathematica [A] (verified) . . . . . . . . . .. .. 263
Rubi [A] (verified) . . . .. .. ... .. 263
Maple [A] (verified) . . . . . . ... L 264
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 265)
Sympy [F] . . . o
Maxima [F] . . . . . . 266l
Giac [A] (verification not implemented) . . . . . . .. ... ... 260
Mupad [F(-1)] . . . o o 267
Reduce [F] . . . o . o o 267

Optimal result

Integrand size = 36, antiderivative size = 138

T = —
(c+ dx?)vVa + czt 2aczr?
(c2C — Bed + Ad?) arctanh( ad_c%? )

/ A+ Bx?+ Cx* p Ava + cxt
73

_ vc3+ad?va+cxt
2c¢24/c3 + ad?
_ Va+tcz?t
(Bc — Ad)arctanh ( v )
2+/ac?

output -1/2%Ax(cx~4+a)~ (1/2) /a/c/x"2-1/2% (A*d~2-Bxcrd+Ckc 2) ¥arctanh ((-c~2+x"2+a
*d)/(a*d"2+c™3) " (1/2) / (ckx~4+a) " (1/2)) /c™2/ (axd"2+c™3) " (1/2)-1/2% (-A*d+Bxc
‘ Y*arctanh((c*x~4+a)~(1/2)/a~(1/2))/a~(1/2)/c"2 ‘
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Mathematica [A] (verified)

Time = 0.72 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.12

/ A+ Bz? + Cz* p
x
z3 (c + dz?) va + cx?
9 / car- — a-1+Ccx CT™ — a-1+Ccx
e 2(c2C—Bcd+Ad2)arctan( B 4) 2(Bc—Ad)arctanh(f2f ates] )
_ az? + V—C—ad? - Ja
2¢?
input LIntegrate[(A + Bxx~2 + Cxx~4)/(x"3%(c + d*x~2)*Sqrt[a + c*x~4]),x] J
Output‘ -1/2%((A*cxSqrt[a + c*x74])/(a*xx"2) + (2%(c”2%C - B*c*d + A*d~2)*ArcTan[(c

‘ ~(3/2) + Sqrtlcl*d*x~2 - dxSqrt[a + c*x~4])/Sqrt[-c”3 - ax*d~2]]1)/Sqrt[-c~3 ‘
‘ - axd"2] - (2% (Bxc - A*d)*ArcTanh[(Sqrt([c]*x"2 - Sqrtl[a + c*x"4])/Sqrt[a] ‘
1/sqrtlal)/c™2 |

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.00,

number of rules _ () 56 Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A+ Bx? + Cz* i
z3va + czt (c + dz?)

l 9249

/ z(Ad? — Bed + ¢*C) L Be—Ad A p
X
2vVa+cxt(c+dz?)  Azva+crt  cxdvVa+ crt

l 2009

arctanh<7"‘”\/§’”4> (Bc — Ad) arctanh(#%) (Ad* = Bed +¢*0) Ao ozt

2v/ac? 2c2vVad? + 3 2acz?
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input LInt [(A + B*x™2 + C*x~4)/(x"3x(c + d*x~2)*Sqrt[a + c*x~4]),x] J

-1/2*(A*Sqrt[a + c*x"4])/(axc*x"2) - ((c™2*C - B*c*d + Axd~2)*ArcTanh[(a*xd ‘
- ¢"2*x72)/(Sqrt[c”3 + axd"2]*Sqrt[a + c*x74])])/(2xc"2xSqrt[c”3 + a*d~2] ‘
) - ((B#c - Axd)*ArcTanh[Sqrt[a + c*x~4]1/Sqrt[all)/(2*Sqrt[al*c2) |

output ‘

Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2249\Int[(Px_)*((f_.)*(x_))“(m_.)*((d_) + (e_)*(x_)"2)~(q_)*((a) + (c_.)*(x.) ‘
"‘4)"(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrtl[a + c*x~4], Px*(f*x) “m*(d ‘
|+ exx”2)"qx(a + c*xx"4)~(p + 1/2), x], x] /; FreeQl{a, ¢, d, e, £, m}, x] &
\& PolyQ[Px, x] && IntegerQ[p + 1/2] && IntegerQ[q] \
Maple [A] (verified)
Time = 0.65 (sec) , antiderivative size = 209, normalized size of antiderivative = 1.51
method | result
ad?242¢3 2{"2 ‘T2+£ ad?4c3 c)2 2
(Ad>—Bed+C ) In faddie - (d d)+2\/ P2\ (24§) %= =
(Ad—Bc) In (?a+2\/5 V cw4+a> o?+§
default | —Avez'ta 4 — — —
2acx 2c2+/a 202d\/add;-c
ad?+2c3 2 z2+£ ad?4c3 c)2 2
Vo (Ad?—Bcd+Cc?)In : dul;2 - (d d)+2\/ dd; (e2+§) =
(Ad—Bc) ln(72a+2ﬁ 2 CZ4+E> z2+%
elliptic | —Avez'ta 4 : -
2ac x2 2c2\/a 2c2d\/“d2+c3
d2
ad?42c3 2¢2 (224 ¢ wd2+c3 . 2¢2 ( o
(Ad?-Bed+Cc?)1n : dd?z _ (d d)HV dd;— (z2+3)20* (d
(Ad—Bc)1n <?a+2ﬁ ch4+a> a?+3
- z J’_
2cv/a ad24+c3
: AVieczita 2Cd\/T
risch T 2acx? c
input Lin‘t((C*x”4+B*x“2+A) /x~3/(d*x~2+c) / (c*x~4+a) ~(1/2) ,x,method=_RETURNVERBOSE) J
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{—1/2*A*(c*x“4+a)“(1/2)/a/c/x”2+1/2*(A*d—B*c)/c“2/a”(1/2)*1n((2*a+2*a“(1/2)
‘ *(cxx~4+a)~(1/2))/x"2)-1/2% (A*d~2-B*c*xd+Cxc~2) /c~2/d/ ((a*d~2+c~3) /d~2) ~(1/
‘ 2)*1n((2* (a*d~2+c~3) /d"2-2*c~2/d* (x"2+c/d) +2* ((a*xd~2+c~3) /d~2) ~(1/2) *((x~2
’+c/d)‘2*c—2*c‘2/d*(x‘2+c/d)+(a*d‘2+c‘3)/d‘2)‘(1/2))/(x‘2+c/d))

output

Fricas [A] (verification not implemented)

Time = 0.83 (sec) , antiderivative size = 902, normalized size of antiderivative = 6.54

A+ Bz? + Ca*
[ -
i

(c+ dz?) va + cx*

integrate ((C*x~4+B*x~2+A) /x~3/(d*x~2+c) /(c*x~4+a)~(1/2) ,x, algorithm="fric

input
as")

[1/4%((C*a*c™2 - B¥akcxd + A*a*d~2)*sqrt(c”3 + a*d~2)*x"2xlog((2*a*c~2*d*x
"2 - (2%c”4 + axc*d"2)*x"4 - a*c”3 - 2%a”"2*d"2 - 2*ksqrt(c*x”4 + a)*(cT2*x"
2 - a*d)*sqrt(c”™3 + a*d"2))/(d"2*x"4 + 2xc*d*x"2 + c72)) - (B*c™4 - A*xc"3x
d + B¥akxcxd™2 - A*axd~3)*sqrt(a)*x~2*log(-(c*x~4 + 2*sqrt(c*x~4 + a)*sqrt(
a) + 2%a)/x"4) - 2x(A*c™4 + Axaxcxd™2)*sqrt(c*x™4 + a))/((axc™b + a~2%c”2x
d"2)*x"2), -1/4*(2%(C*a*xc™2 - Bkaxcxd + A*axd~2)*sqrt(-c”3 - a*d~2)*x~2*ar
ctan(sqrt(c*x”4 + a)*(c™2*x"2 - axd)*sqrt(-c~3 - a*d~2)/((c"4 + axc*d~2)*x
4 + axc”3 + a”2%d"2)) + (B*c"4 - A*c”3*d + Bkaxcxd"2 - Axaxd”3)*sqrt(a)*x
~“2x1log(-(c*x"4 + 2xsqrt(c*x”4 + a)*sqrt(a) + 2%a)/x"4) + 2x(A*c™4 + A*akcxk
d~2)*sqrt(c*x”4 + a))/((axc™5 + a~2xc™2*%d"2)*x"2), 1/4x(2*x(B*c™4 - A*c~3*d
+ Bxakxckd™2 - A*axd"3)*sqrt(-a)*x"2*arctan(sqrt(c*x~4 + a)*sqrt(-a)/a) +
(C*axc™2 - B¥axck*d + A*axd~2)*sqrt(c™3 + a*d™2)*x"2+log((2*axc~2*d*x"2 - (
2%c™4 + axc*d"2)*x"4 - axc”™3 - 2%xa"2*d"2 - 2xsqrt(ckx”4 + a)*(cT2*x"2 - ax*
d)*sqrt(c”3 + a*d~2))/(d"2*%x"4 + 2%c*kd*x"2 + c72)) - 2% (A*c"4 + Akakcxd"2)
*sqrt(c*x~4 + a))/((a*c™5 + a~2+c™2xd"2)*x"2), -1/2*((Cxaxc™2 - Bxaxckd +
Axaxd~2)*sqrt(-c~3 - axd"2)*x"2*arctan(sqrt(c*x”4 + a)*(c"2*x"2 - a*d)*sqr
t(-c”3 - a*d”2)/((c™4 + axcxd"2)*x"4 + a*c™3 + a"2%d"2)) - (B*c"4 - Axc~3*
d + B¥akcxd™2 - Axaxd~3)*sqrt(-a)*x"2*arctan(sqrt(c*x~4 + a)*sqrt(-a)/a) +
(A*c™4 + Axa*c*d~2)*sqrt(c*x™4 + a))/((a*c™5 + a~2%c"2xd"2)*x"2)]

output
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Sympy [F]
/ A+ Bz® +Cx* i — A+ Bz® +Cx* i
z3 (¢ + dz?) vVa + cxt r3va + cxt (c + da?)

input Lintegrate ((CHx**4+Bxx**2+A) /x**3/ (d*xx**2+C) / (Ckx**4+a) **(1/2) ,x)

output tIntegral((A + B¥x**2 + Cxx*xx4)/(x*x3xsqrt(a + c*x*x*4)*(c + d*x**2)), x)
Maxima [F]
/ A+ Bz? + Cz* dp — Cz*+ Bx?+ A "
23 (c + dz?) Va + cxt Vezt + a(dz? + c)z3

‘ integrate ((C*x~4+B*x~2+A) /x~3/(d*x~2+c) /(c*x~4+a)~(1/2) ,x, algorithm="maxi

input ‘ ")

output Lintegrate((C*x‘AL + Bxx"2 + A)/(sqrt(c*x~4 + a)*(d*x"2 + c)*x~3), x)

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.11

/ A+ Bz*+Czt A
2 (c+ da?) Va+ ca? ((\/Exz—\/M)z—a>\/E

V—c3—ad?

(Cc?® — Bed + Ad?) arctan (—
V—3 — ad2c?
- _ ez’ ~Veztta
(Bc — Ad) arctan ( e )
/—ac?

(\fczz— cx4-|—a> d+c% )
+

_|_
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integrate ((Ckx~4+B*x~2+A) /x~3/(d*x"2+c)/(c*x"4+a)~(1/2) ,x, algorithm="giac
n
)

input

A/(((sqrt(c)*x~2 - sqrt(c*x~4 + a))~2 - a)*sqrt(c)) + (Cxc™2 - Bxcxd + Axd
~2)*arctan(-((sqrt(c)*x~2 - sqrt(c*x~4 + a))*d + c~(3/2))/sqrt(-c~3 - a*xd~
2))/(sqrt(-c~3 - a*d~2)*c~2) + (Bxc - Axd)*arctan(-(sqrt(c)*x~2 - sqrt(c*x
~4 + a))/sqrt(-a))/(sqrt(-a)*c~2)

output

Mupad [F(-1)]

Timed out.
/ A+Be’+ 0ot Ca'+Ba’+A
z? (¢ +dz?) Va + cat w3vext +a (dz?+c)
input Lint((A + B*x~2 + Cxx~4)/(x"3*(a + c*x~4)~(1/2)*(c + d*x~2)),x)

outputlint((A + B*x72 + C*x74)/(x"3*(a + c*x74)"(1/2)*(c + d*x"2)), x)

Reduce [F|

/ A+ Bx?+ Czt da;—(/ x dw)c
23 (¢ + dx?) Va + cx? Vezt +ac+Vert +ada?
+ (;/1 1 dx) a
Vext+acxd+Vext +adx’
+ (;/ﬁ 1 dx) b
Vext+acr+vVext+adzxd

inputLint((C*x‘4+B*x‘2+A)/x‘3/(d*x‘2+c)/(c*x‘4+a)*(1/2),X)

Output‘int(x/(sqrt(a + ckx**4)xc + sqrt(a + cxx*x4)*d*x**2) ,x)*c + int(1/(sqrt(a
\+ cHxx*4)kckx**3 + sqrt(a + ckx*k*4)xdxx*x5) ,x)*a + int(1/(sqrt(a + c*x**4)
‘*c*x + sqrt(a + cxx**4)*d*x**3) ,x)*b
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A+Bz?4Cz*

3.26 f z° (c+dz?) Va+ter? dz

Optimal result . . . . . . . . . . e 268
Mathematica [A] (verified) . . . . . . . . . .. .. 269
Rubi [A] (verified) . . . .. .. ... .. 269
Maple [A] (verified) . . . . . . ... L 271]
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 271]
Sympy [F] . . . o 272
Maxima [F] . . . . . . 273l
Giac [A] (verification not implemented) . . . . . . .. ... ... 273
Mupad [F(-1)] . . . o o 274
Reduce [F] . . . o . o o 274

Optimal result

Integrand size = 36, antiderivative size = 189

/ A+ Bz? + Cz* p Ava+czt  (Bc— Ad)Va+ cxt

z° (¢ + dz?) Va + cxt T T dacat 2ac?2?
N d(CQC — BCd + Ad?) arctanh(#f/%)
2¢3/c® + ad?
(2ac(cC — Bd) — A(c® — 2ad?)) arctanh( v “\J/rg’”‘l>

4@3/2C3

‘ 2%d* (A*d~2-B*c*d+Cxc~2) *arctanh ( (-c~2*x~2+a*d) / (a*xd~2+c~3) ~(1/2) / (c*x~4+a)
|7(1/2))/c73/ (a*d~2+c"3) " (1/2)-1/4% (2xaxc* (-Bxd+Cxc) -A% (-2xa*xd"2+c~3) ) *arct

output \(-1/4*1\* (c*x™4+a) "~ (1/2) /a/c/x"4-1/2% (~A*d+Bxc) * (c*x~4+a) ~(1/2) /a/c~2/x"2+1/ \‘
‘anh((c*x4+a)~(1/2)/a>(1/2))/a"(3/2)/c"3




input

output
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Mathematica [A] (verified)

Time = 1.38 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.01

/ A+ Bz? + Cz* da
z% (c+ dz?) va + czt

cvVa+cz?(2Bcx?+ A(c—2dz?))

—e3_ad?

—2ad?))arctanh

azr? v —c3—ad?

3/2 2_ gtk
4d(c?C—Bed+Ad?) arctan(c /2 +/eda? —dVates ) 2(2ac(—cC+Bd)+A(c
+

o372

4¢3

-

LIntegrate[(A + B*x"2 + C*x~4)/(x"5*(c + d*x"2)*Sqrt[a + c*x"4]),x]

-/

-1/4%((c*Sqrt[a + cxx"4]*(2+B*c*x~2 + Ax(c - 2*d*x"2)))/(a*x"4) - (4*dx(c”
2%C - Bxckd + A*d"2)*ArcTan[(c~(3/2) + Sqrt[c]l*d*x~2 - dxSqrt[a + c*x74])/
Sart[-c~3 - a*xd"2]1)/Sqrt[-c”3 - a*d~2] + (2*(2xa*xc*(-(c*C) + Bxd) + Ax(c”
3 - 2*axd~2))*ArcTanh[(Sqrt[c]*x~2 - Sqrtl[a + c*x~4])/Sqrtl[al]l)/a~(3/2))/c
-3

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.10,

number of rules _ 0.056, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ A+ Bz? +Czt e
z5va + czt (c + dz?)
| 2249
/‘ Be—Ad | Ad—Bed+dC _do(AP - Bed+JC) A .
2z3vVa + czt Azva + cat Ava+czt(c+dz?)  crdva+ ca?

l 2009
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Aarctanh(iv‘”“”‘l) arctanh<7va+cw4) (Ad? — Bed + ¢*0)

Va Va n
4a3/2 2y/ac?
ad—c?z?
darctanh<m> (Ad2 — BCd + 020) W(BC _ Ad) Am
2¢3v/ad? + ¢3 2ac2x? 4acxt

-

LInt[(A + B*x"2 + C*x74)/(x"5*(c + d*x"2)*Sqrt[a + c*x~4]),x]

-/

input

-1/4x(A*Sqrt[a + c*x74])/(a*cxx"4) - ((B*c - A*d)*Sqrtla + c*x74])/(2¥a*c”
2%x72) + (d*(c™2*C - B*c*d + Axd~2)*ArcTanh[(axd - c™2%x72)/(Sqrtl[c~3 + ax
d~2]*Sqrt[a + c*x~4]1)])/(2xc~3%Sqrt[c”3 + a*d~2]) + (A*ArcTanh[Sqrt[a + c*
x~4]1/8qrt[all)/(4xa~(3/2)) - ((c”2*%C - Bxc*d + Axd"2)*ArcTanh[Sqrt[a + c*x
~4]/8qrt[all)/(2xSqrt[a]l*c~3)

output

Defintions of rubi rules used

ruka2009t1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2249 TRELPE*((E_)*(x_))~(@_)*((d)) + (e_)*(x)"2)7(q_)*((a)) + (c_.)*(x.)
"‘4)"(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x74], Px*(f*x) m*(d ‘
‘ + exx"2)"qx(a + c*x~4)~(p + 1/2), x], x] /; FreeQ[{a, c, d, e, £, m}, x] & ‘
‘& PolyQ[Px, x] && IntegerQ[p + 1/2] && IntegerQ[q] ‘
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Maple [A] (verified)

Time = 0.76 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.33

method | result
2a d2;203 _‘f
~« a(Ad?®-Bcd+Cc2)In| —d=
(2Aa d2-A c3—2chd+2Ca 02) ln<w) ( )
2¢cv/a -
isch _\/cac4+a (—2Adx2+2Bcx?+Ac) . ve
I1sC 4c?a 2c2a
. cln<2a+2\/ﬁzvcz4+a> N )
_ Vecz%+ta d“—Bed+(
A tash T 4a% (Ad—BoVerita (Ad%?—Bcd+C c?) ln(72a+2\/azz CZ4+E) (
default c + 2c2x2a - 2¢3+/a +
Cln<2a+2\/5\/cm4+a
Veztta z2 Ad?—Bcd+(
Al - 2a 4 + 3 Ad2—B d+C 2 1 2a+2\/E\/cz1+a ( cat
2a2 a ( cd+Cc ) n 2
elliptic 4 (Ad=Bovealia : +
P 2c 2c2z2a 2¢3+/a

input

Lint((C*x‘4+B*x‘2+A)/x‘5/(d*x‘2+c)/(c*x‘4+a)‘(1/2),x,method=_RETURNVERBOSE) J

-1/4x%(c*x"4+a) " (1/2) * (-2%A*d*x~2+2*Bxcxx~2+A*c) /c~2/a/x"4-1/2/c"2/a* (1/2%(
2% Axa*xd"~2-A*xc”3-2*B*axcxd+2+xCxa*xc”2) /c/a” (1/2) *1n((2*a+2*a~ (1/2) * (cxx"4+a)
~(1/2))/x"2)-ax(A*d~2-B*c*d+C*c~2) /c/ ((a*xd"2+c~3) /d"2) ~(1/2) *1n ((2* (a*d~2+
c"3)/d"2-2*%c"2/d* (x"2+c/d)+2*x ((a*d~2+c~3) /d"2) " (1/2) * ((x~2+c/d) "2*c-2*c~2/
d* (x~2+c/d)+(a*d~2+c~3)/d~2)~(1/2))/ (x~2+c/d)))

output

Fricas [A] (verification not implemented)

Time = 1.87 (sec) , antiderivative size = 1266, normalized size of antiderivative = 6.70

/ A+ Bz? + Cz*
z° (¢ + dz?) va + czt

dxz = Too large to display

‘integrate((C*x‘4+B*x‘2+A)/x“5/(d*x“2+c)/(c*x‘4+a)“(1/2),x, algorithm="fric

iHPUt‘as")




output

input‘

output
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[1/8* (2% (C*a~2xc~2*d — B*a~2*c*d"2 + A*a~2xd"3)*sqrt(c™3 + a*d~2)#*x"4*log(
(2%a*c™2xd*x"2 - (2%c™4 + akcxd"2)*x"4 - axc™3 - 2*xa~2+%d"2 + 2*sqrt(c*x”4
+ a)*(c™2xx"2 - axd)*sqrt(c”3 + a*d~2))/(d"2*x"4 + 2*c*kd*x"2 + c72)) + (2%
C*axc™5 - Axc™6 - 2*Bkaxc™4*d - 2*Bxa”~2*c*d"3 + 2xA*a~2xd"4 + (2*C*a~2%c"2
+ Axa*xc”3)*d"2)*sqrt(a)*x~4xlog(-(c*x"4 - 2xsqrt(c*x”4 + a)*sqrt(a) + 2xa
)/x"4) - 2x(A*a*xc”5 + A*a"2%c”2%d"2 + 2% (Bxaxc”5 - A*axc”4xd + Bxa"2xc”2xd
~2 - A*a”"2%cxd"3)*x"2)*sqrt(c*x”4 + a))/((a"2xc”6 + a"3*c"3*xd"2)*x"4), 1/8
* (4% (Cka~2xc™2*%d - B¥a~™2*%c*xd"2 + A*a~2+%d"3)*sqrt(-c”3 - a*xd~2)*x"4*arctan(
sqrt(c*x™4 + a)*(c™2*x"2 - a*xd)*sqrt(-c”3 - a*d~2)/((c™4 + axc*d™2)*x"4 +
a*c™3 + a"2*%d"2)) + (2xC*xa*c™5 - A*c”6 - 2xBkxakxc”4xd - 2*B*a"2xc*d"3 + 2xA
*a"2%d"4 + (2xCxa”~2*c”2 + Axa*xc”3)*d"2)*sqrt(a)*x~4*log(-(c*x"4 - 2xsqrt(c
*x~4 + a)*sqrt(a) + 2xa)/x"4) - 2+ (Axa*c”5 + A*a"2%c"2+%d"2 + 2% (Bxa*xc”5 -
Axaxc~4*d + Bxa~2xc”2*d"2 - A*a"2*cxd"3)*x"2)*sqrt(c*x"4 + a))/((a"2xc”6 +
a~3*xc~3*%d"2)*x"4), 1/4%((2xCxa*c”™5 - A*c™6 - 2*Bxaxc~4*d - 2xB*xa~2*c*xd”~3
+ 2%A*a"2xd"4 + (2*%C*a~2%c”2 + Axa*xc”3)*d"2)*sqrt(-a)*x~4*arctan(sqrt(cxx”
4 + a)*sqrt(-a)/a) + (Cxa~2xc”2xd - Bxa~2xc*d"2 + A*a~2xd"3)*sqrt(c~3 + a*
d~2) *x"4*log((2*a*xc™2xd*x"2 - (2*%c”4 + a*c*d"2)*x"4 - a*c™3 - 2%a”2%d"2 +
2xsqrt(c*x™4 + a)*(c™2*x"2 - a*xd)*sqrt(c™3 + a*d~2))/(d"2*x"4 + 2xc*d*x"2
+ c72)) - (Axaxc”™5 + A¥a"2%c”2%d"2 + 2% (B*axc”5 - A*axc”4%d + Bka~2%c”2*d”

2 - A¥xa”2xcxd"3)*x"2)*sqrt(c* x4 + a))/((a"2%c”6 + a~3*%c”"3*d"2)*x"4), 1...

Sympy [F]

/ A+ Bx? + Cx* = A+ Bz? + Cz* i
z% (c+ dz?) vVa + czt z3va + cx* (¢ + dz?)

integrate ((C*x**4+B*x**2+A) /x**5/ (d*x**2+c) / (cxx**4+a) **(1/2) ,x)

-

LIntegral((A + Brxkx2 + Chkx**4)/(x**5*sqrt(a + ckx**4)*(c + d*kx**2)), x)

>

J
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Maxima [F|
/ A+ Ba? + Cz* i — Cz*+ Bz?> + A .
x% (¢ + dz?) va + cx? Vext + a(dx? + ¢)x®

e B

integrate ((Cxx~4+B*x~2+A) /x"5/(d*x~2+c)/(c*x~4+a)~(1/2) ,x, algorithm="maxi
=) \

input

Outputtintegrate((C*x‘4 + B*x~2 + A)/(sqrt(c*x”4 + a)*(d*x~2 + c)*x~5), x) J

Giac [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 311, normalized size of antiderivative = 1.65

2_Vecxzt+a c%
(C’czd— Bed? —I—Ad3) arctan (_ (\/Ex ﬁ)d—k )

A+ Bx? + Cz* Yy
/z5(c+dw2)\/m e V=3 — el
(2Cac® — Ac® — 2 Bacd + 2 Aad?) arctan (—%)
+ 2+/—aac3

N (Vez? — Vert + a)3A02 + 2 (Vez? — Vezt + a)QBac% — 2 (yex® — Vert + a)2Aa,\/Ed + (vez? —
2 ((\/Exz — Vert + a)2 - a>2a02

integrate ((C*x~4+B*x~2+A)/x~5/(d*x~2+c)/(c*x"4+a)~(1/2) ,x, algorithm="giac
n)

input

-(C*c™2#%d - B*c*d™2 + Axd"3)*arctan(-((sqrt(c)*x~2 - sqrt(c*x™4 + a))*d +
c”(8/2))/sqrt(-c”3 - a*d"2))/(sqrt(-c~3 - a*d~2)*c”3) + 1/2x(2xC*axc”2 - A
*C~3 - 2xBxakckd + 2¥A*axd~2)*arctan(-(sqrt(c)*x”"2 - sqrt(c*x”4 + a))/sqrt
(-a))/(sqrt(-a)*a*c™3) + 1/2*((sqrt(c)*x~2 - sqrt(c*x™4 + a)) " 3*xA*c™2 + 2%
(sqrt(c)*x"2 - sqrt(c*x™4 + a)) " 2xBkaxc™(3/2) - 2*(sqrt(c)*x”"2 - sqrt(c*x”
4 + a)) " 2xAxa*sqrt(c)*d + (sqrt(c)*x”2 - sqrt(c*x”4 + a))*A*axc™2 - 2*%Bxa”
2*%c™(3/2) + 2*Axa~2xsqrt(c)*d)/(((sqrt(c)*x"2 - sqrt(c*x™4 + a))~2 - a) 2%
a*xc~2)

output
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Mupad [F(-1)]

Timed out.

/ A+ Bz? + Cz* i — Cz*+ Bz’ + A "
25 (c + dz?) Va + cz?* z5vczt+a (d2? + ¢

input Lint((A + B*x"2 + C*x~4)/(x"5%(a + c*xx~4)~(1/2)*(c + d*x~2)),x) J

outputLint((A + Bxx"2 + C*x~4)/(x"5%(a + c*x~4)~(1/2)*(c + d*x~2)), x) J

Reduce [F|

/ A+ Bx? + Cz* dx—(/ 1 dm)a
z° (¢ + dx?) va + cz* Vet +aczd+vVext +ada’

1
+ dr )b
(/\/cx4+acx3+\/cx4+adx5 )
+(/ 1 dx)c
cx*+acr++Vezt +adrd

input Lint ((C*x~4+B*x~2+A) /x~5/(d*x~2+c) / (c*xx~4+a) ~(1/2) ,x) J

output‘ int(1/(sqrt(a + ckx**4)*cxx**5 + sqrt(a + ckx**4)*d*x*x7),x)*a + int(1/(sq ‘
‘Tt(a + ckxxkd)kcrx#x3 + sqrt(a + ckxxxd)*drx#*5),x)*b + int(1/(sqrt(a + cx
‘X**4)*c*x + sqrt(a + cxx**4)*d*x**3),X)*C ‘




output
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A+Bz?4Cz*

3.27 f z’(c+dz?)Va+ter? dz

Optimal result . . . . . . . . . . e 275
Mathematica [A] (verified) . . . . . . . . . .. .. 276
Rubi [A] (verified) . . . .. .. ... .. 276
Maple [A] (verified) . . . . . . ... L 278
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 278
Sympy [F] . . . o 279
Maxima [F] . . . . . . 2801
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... 280
Mupad [F(-1)] . . . o o 28]
Reduce [F] . . . o . o o 2831

Optimal result

Integrand size = 36, antiderivative size = 253

6a2c3z2

/ A+ Bzr? + Cz* I
z7 (¢ + dz?) Va + cxt
Ava+cr* (Bc— Ad)Va+cr®  (3ac(cC — Bd) — A(2¢® — 3ad?)) vVa + ca*
~ 7 6acz® dac?zt B
d*(c*C — Bed + Ad?) arctanh(#%)
- 2c4/c3 + ad?

_|_

(Bc* — Ac’d + 2ac*Cd — 2aBed? + 2aAd?) arctanh(

Va+tcz?
Va

)

40,3/264

-

-1/6xA* (c*x"4+a)~(1/2)/a/c/x"6-1/4*% (-A*d+B*c) *(cxx~4+a) ~(1/2)/a/c"2/x~4-1/
6% (3*a*xc* (-Bxd+Cxc) —A*x (-3*a*d~2+2%c~3) ) *(c*x~4+a) " (1/2)/a"2/c"3/x"2-1/2*d"
2% (A*d~2-B*c*xd+C*c~2) *arctanh ((-c~2*x~2+a*d) / (a*d~2+c~3) ~(1/2) / (c*x~4+a) ~(
1/2))/c™4/ (a*xd~2+c~3) " (1/2)+1/4* (2%A*axd~3-A*c~3*d-2*B*a*c*d " 2+Bxc~4+2*C*a

*c~2xd) *arctanh ((c*x~4+a) ~(1/2)/a~(1/2))/a~(3/2)/c"4
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Mathematica [A] (verified)

Time = 1.71 (sec) , antiderivative size = 246, normalized size of antiderivative = 0.97

/ A+ Bz? + Cz* da
z" (c+ dx?) vVa + czt

3/2 2 / 1
12d2(c2C—Bcd+Ad2)arctan(c ! /o et ) 6
—c’—a

cVa+cr? (4Ac3 zt—a (3C$2 (Bc+2cCa:2 —2Bdz? ) +A (2c2 —3cdx? +6d2m4) ) )

— a?z® B V—c3—ad? + -
12¢4
( N
input LIntegrate[(A + B*x~2 + C*x~4)/(x"7*(c + d*x~2)*Sqrt[a + c*x~4]),x] J
output ((c*xSqrt[a + c*x"4]*(4*A*c™3*x"4 - ax(3kc*x"2%(Bkc + 2%cxCkx~2 - 2xBkd*x~2

) + A%(2%c72 - 3xckd*x"2 + 6xd"2%x74))))/(a"2%x"6) - (12%d"2x(c"2*C - Bxcx
d + Axd~2)*ArcTan[(c~(3/2) + Sqrtlcl*d*x~2 - d*Sqrtl[a + c*x~4])/Sqrt[-c~3
- axd"2]]1)/Sqrt[-c”3 - axd"2] + (6x(-(B*c™4) + Axc~3*d - 2xaxc”2*Cxd + 2*a
*Bxc*d"2 - 2%a*Axd~3)*ArcTanh[(Sqrt[c]*x"2 - Sqrt[a + c*x~4])/Sqrtl[all)/a”
(3/2))/(12%c™4)

Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 282, normalized size of antiderivative = 1.11,

number of rules _ () 56 Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2249, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ A+ Bz? + Cz* i
z'vVa+ czt (c+ dz?)
| 2249
/‘ Bc— Ad dMﬁ—Bm+&®+@%M¥—Bm+8m+A£—Bm+éc+ A p
— ;
c2x5va + czt ctrva + cxt ctVa + czt (¢ + dz?) Ar3va+ cxt cx’™Va + cxt

l 2009
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arctanh<7”’+“4) (Bc — Ad) .\ AVa Tt ozt darctanh(iv‘”“‘l) (Ad? — Bed + ¢*0)

Vva Vva
4a3/2¢ 3a2x? 2y/act
d?arctanh ( —24=C2"__) (Ad2 — Bed + 2C) /oot
arctanh =g 2y cd+c  Va+ i (Be—Ad)
2c4Vad? + 3 dac?z*
Va+czt(Ad? — Bed+ 2C)  Ava + ca®
2ac3z? 6acxb

input Int[(A + B*¥x"2 + Cxx"4)/(x"7x(c + d*x~2)*Sqrt[a + c*x74]),x]

-1/6*(A*Sqrt[a + c*x74])/(axcxx"6) - ((Bxc - A*d)*Sqrtl[a + c*x74])/(4*xaxc”
2%x74) + (AxSqrtl[a + c*x~4])/(3*a"2*x72) - ((c™2*%C - B*c*d + A*d~2)*Sqrt[a
+ c*xx”"4])/(2*%a*c”3%x72) - (d"2%(c”2%C - Bxcxd + A*d~2)*ArcTanh[(a*d - c~2
*x72)/(Sqrt[c™3 + a*d"2]*Sqrt[a + c*x"4])])/(2*c™4xSqrt[c”3 + a*xd"2]) + ((
Bxc - A*d)*ArcTanh[Sqrt[a + c*x74]/Sqrtl[al]l)/(4*a~(3/2)*c) + (d*(c~2+#C - B
*xc*d + A*d~2)*ArcTanh[Sqrt[a + c*x~4]/Sqrtl[al]l)/(2xSqrt[al*c~4)

output

Defintions of rubi rules used

-

2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

| —

rule

rule 2249‘Int[(Px_)*((f_.)*(x_))"(m_.)*((d_) + (e_)*(x2)72)"(qu)*((al) + (c_.)*(x) ‘
"‘4)"(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + c*x~4], Px*(f*x) m*(d ‘
|+ exx™2)"qx(a + cxx"4)"(p + 1/2), x], x] /; FreeQl{a, c, d, e, £, m}, x] &
L& PolyQ[Px, x] && IntegerQ[p + 1/2] && IntegerQ[q] J
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Maple [A] (verified)

Time = 1.10 (sec) , antiderivative size = 309, normalized size of antiderivative = 1.22

method | result

(2Aa d3—Ac3d—2Bacd?+B ct+2Ca c2 d)

Vezi+ta (6Aa d?z%—4A Bzt —6Bacd *+6Ca c2z*—3Aacd 2 +3Ba c2x2+2Aa 02)

I'lSCh - 1203(1216 +
2a+2\/E \/cz4+a>
1
sareve per wa
(Ad—BC) _\/cw42—a+c n( z
4a x 3
default _ Avezita (—2cz*+a) . 4a2 . (Ad?—Bcd+C c?)Vezt+a .
elan 6czba2 c? 2c3z2a
2a+2+y/a czdta
cln
T
Al - ca:4+a_|_2¢: cm4+a (Ad_BC) - 2cazz4a+ %
11. t. 3a z6 30272 2a (A d2—BCd+C C2)'\/ cm4+a
elliptic 2% - 2c2 - 2c3z2a o

input L

int ((Cxx~4+B*x~2+A) /x~7/(d*x"2+c) / (c*x~4+a) " (1/2) ,x ,method=_RETURNVERBOSE) J

output

-1/12x(c*x~4+a) ~(1/2) * (6*A*xaxd~2*x~4-4xA*c” 3*x"4-6*Braxckxd*x~4+6*Ckaxc™2*x
~4-3xA*axckd*x"2+3*¥BraxcT2xx"2+2*Axa*xc”2) /c”3/a"2/x76+1/2/c”3/ax (1/2* (2*A*
a*d~3-A*c~3*d-2*Bka*c*xd~2+B*c~4+2+Cxa*xc”2xd) /c/a”~ (1/2) *1n ((2*a+2*a~(1/2) *(
c*xx~4+a)~(1/2))/x"2) -d*a* (Axd~2-Bxcxd+C*xc~2) /c/ ((a*d"2+c~3)/d~2) ~(1/2) *1n(
(2% (a*xd~2+c"3) /d"2-2*c"2/d* (x"2+c/d) +2* ((a*d~2+c~3) /d"2) ~(1/2) *((x~2+c/d) "~
2%c-2%c"2/d* (x~2+c/d)+(a*d"2+c~3) /d~2) ~(1/2)) / (x~2+c/d)))

e

input

Fricas [A] (verification not implemented)

Time = 2.33 (sec) , antiderivative size = 1609, normalized size of antiderivative = 6.36

A+ Ba? + Ca?
[T -
X

(c+ dz?) va + cx*

integrate ((C*xx~4+B*x~2+A) /x~7/(d*x~2+c)/(c*x"4+a)~(1/2) ,x, algorithm="fric

st \




output

input‘

output
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[1/24% (6% (Cxa~2%c™2*xd"2 - B*a~2xc*d~3 + A*a~2+d"4)*sqrt(c”3 + a*d~2)*x~6*1
og((2%a*c™2xd*x"2 - (2*c™4 + akcxd~2)*x"4 - axc™3 - 2*a~2+%d"2 - 2xsqrt(c*x
4 + a)*x(c”2*x"2 - a*d)*sqrt(c”3 + axd”2))/(d"2*x"4 + 2xc*kd*x"2 + c”2)) +
3*%(B*c™7 - Bkaxc™4*d"2 - 2#Bxa”2*cxd"4 + 2xA*a~2xd"5 + (2*%C*a~2*c”2 + Axax
c"3)*d"3 + (2xCxa*c”™5 - A*c”6)*d)*sqrt(a)*x~6*log(-(c*x~4 + 2*sqrt(c*x~4 +
a)*sqrt(a) + 2%a)/x”4) - 2+ (2xA*axc™6 + 2xA*xa~2xc"3*d"2 + 2x(3*C*a*c”6 -
2xA*c”7 - 3*Bkaxc”5xd - 3*¥Bxa”"2xc”2*d"3 + 3*kAxa"2xc*d"4 + (3*xC*a"2*c”3 + A
*¥a*xc~4)*d"2)*x"4 + 3*(Bxa*xc”™6 - Axa*c"bxd + B*a"2xc”3*%d"2 - A*a”2%c~2%d"3)
*xx"2)*sqrt (c*xx~4 + a))/((a~2%c™7 + a~3%c™4*d"2)*x"6), —1/24*(12*(C*a~2%c”2
*d"2 - B¥a"2%c*d"3 + A*a"2%d"4)*sqrt(-c~3 - a*d"2)*x"6*arctan(sqrt(c*x~4 +
a)*(c”2*x"2 - axd)*sqrt(-c”3 - a*d"2)/((c™4 + axc*d"2)*x"4 + axc”3 + a"2x%
d"2)) - 3*x(B*c”7 - BkakcT4*d"2 - 2*B*a”"2%c*d"4 + 2%A*a"2*d"5 + (2xCxa~2xc”
2 + Axa*c”3)*d"3 + (2*Cxa*c”5 - A*c”6)*d)*sqrt(a)*x~6*xlog(-(c*x~4 + 2*sqrt
(c*x™4 + a)*sqrt(a) + 2%a)/x"4) + 2% (2%A*a*xc™6 + 2kA*xa~2%c~3*d"2 + 2% (3*Cx*
a*c”6 - 2xA*xc”7 - 3*Bxakc"bxd - 3*%B*a"2*c”2*d"3 + 3*A*xa”"2*cxd"4 + (3*C*a”~2
*C"3 + Axaxc”4)*d"2)*x"4 + 3x(Bkaxc™6 - A*akc~5xd + B*a"2%c"3*d"2 - A*a"2x%
c"2%d"3)*x"2) *sqrt (c*x~4 + a))/((a"2*c”7 + a~3*%c"4*d"2)*x"6), -1/12*(3*(B*
Cc”7 - B¥a*xc"4xd"2 - 2xBxa"2%c*d"4 + 2kA*xa~2+%d"5 + (2%xCxa”2%c”2 + Akxaxc”3)x*
d”"3 + (2%C*axc™5 - A*c~6)*d)*sqrt(-a)*x~6*arctan(sqrt(c*x~4 + a)*sqrt(-a)/

a) - 3*(Cxa~2+c™2xd"2 - B¥a"2xc*d~3 + A*a~2*d"4)*sqrt(c”3 + axd~2)*x"6*...

Sympy [F]

/ A+ Bx? + Cx* = A+ Bz? + Cz* i
z" (c+dz?) va + czt z’Va + cx* (c+ dz?)

integrate ((Ckx**4+B*x**2+A) /x**7/ (d*x**2+c) / (cxx**4+a) **(1/2) ,x)

-

LIntegral((A + Brxkx2 + Chkx**d)/(x**T*sqrt(a + ckx**4)*(c + d*kx**2)), x)

| —
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Maxima [F|
/ A+ Bz? + Cz* i — Cz*+ Bx?+ A i
z" (c+dz?) vVa + cz? Vezt + a(dz? + )z’

input ‘ integrate ((C*x~4+B*x~2+A) /x~7/(d*x"~2+c) /(c*x~4+a)~(1/2) ,x, algorithm="maxi ‘
‘ ma") ‘

-

tintegrate((C*x‘ll + B*x"2 + A)/(sqrt(cxx™4 + a)*(d*x~2 + c)*x77), x)

e—

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 556 vs. 2(226) = 452.

Time = 0.21 (sec) , antiderivative size = 556, normalized size of antiderivative = 2.20

2_Vexd+a c%
(Cc?d? — Bed® + Ad*) arctan (— (ves ta)at )

/ A+Bs?+Cat Voeed
z7 (¢ + dz?) Va + cz* V=c —ad’ct
(Bc* +2Cac*d — Ac*d — 2 Bacd? + 2 Aad®) arctan (_—\[cﬁ\—ézm)

2y/—aact
+3 (Vea? — Vea* + CL)5BC3 — 3 (ex?® — Vert + a)sACQd + 6 (vcz? — Vezt + a)4C'acg — 6 (y/cz? —

‘ integrate ((C*x~4+B*x~2+A) /x~7/(d*x"2+c) /(c*x~4+a)~(1/2) ,x, algorithm="giac ‘
n

input
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(C*c™2*%d™2 - Bxc*d™3 + Axd~4)*arctan(-((sqrt(c)*x~2 - sqrt(c*x™4 + a))*d +
c~(3/2))/sqrt(-c"3 - a*d"2))/(sqrt(-c”3 - a*d"2)*c"4) - 1/2%(Bxc"4 + 2xCx
axc™2xd - A*c”3xd - 2#Bxa*cxd"2 + 2*Axa*d~3)*arctan(-(sqrt(c)*x~2 - sqrt(c
*x~4 + a))/sqrt(-a))/(sqrt(-a)*a*xc~4) + 1/6%(3*(sqrt(c)*x~2 - sqrt(c*x~4 +
a)) "5*B*c”3 - 3*(sqrt(c)*x~2 - sqrt(c*x™4 + a)) “5*A*xc~2xd + 6*(sqrt(c)*x"
2 - sqrt(c*x™4 + a)) 4*Ckaxc”(5/2) - 6x(sqrt(c)*x"2 - sqrt(c*x™4 + a)) 4B
*¥a*xc~(3/2)*d + 6*(sqrt(c)*x"2 - sqrt(c*x~4 + a)) “4*Axa*sqrt(c)*d~2 - 12*(s
qrt(c)*x~2 - sqrt(c*x™4 + a)) "2*Cxa~2*c”(5/2) + 12*(sqrt(c)*x~2 - sqrt(c*x
"4 + a)) 2xAxaxc”(7/2) + 12x(sqrt(c)*x~2 - sqrt(c*x™4 + a)) 2%Bxa~2xc”(3/2
)xd - 12x(sqrt(c)*x”2 - sqrt(c*x™4 + a)) 2*A*a"2xsqrt(c)*d~2 - 3*(sqrt(c)*
X"2 - sqrt(c*x"4 + a))*Bxa"2*%c”3 + 3*(sqrt(c)*x~2 - sqrt(c*x”™4 + a))*A*a~2
*c"2%d + 6xC*a~3%c~(5/2) - 4xAxa”~2%c”(7/2) - 6%Bxa~3*c”(3/2)*d + 6%A*a"3*s
qrt(c)*d~2)/(((sqrt(c)*x~2 - sqrt(c*x™4 + a))~2 - a) 3*a*c”3)

output

Mupad [F(-1)]

Timed out.
/ A+ Ba? + Cz* dp — Cz*+ Bz’ + A "
z7 (c+ dx?) va + cxt z"Vext +a (dx? +c)
input Lint((A + Bxx"2 + C*x~4)/(x"7*(a + c*x"4)~(1/2)*(c + d*x"2)),x)

Output‘int((A + Bxx"2 + Cxx~4)/(x"7x(a + c*x”4)~(1/2)*(c + d*x~2)), x)

Reduce [F|

/ A+ Bx? + Cz* dx—(/ 1 dx)a
z" (c+ dz?) va + czt Vezt+acz'++vert +adad

1
x

+
(/ Vet +acx® +Vezrt +adz” )

U

b

1
+
(/ Vert +acad +Vext +adad

U

T |cC

input Lin‘t ((C*x~4+B*x~2+A) /x~7/(d*x~2+c) / (c*xx~4+a) ~(1/2) ,x)
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output‘ int (1/(sqrt(a + ckx*x4)*ckx*x7 + sqrt(a + ckx*x4)*d*x**9),x)*a + int(1/(sq
\rt(a + cxx*x4)xcxx*x5 + sqrt(a + ckxx*x4)*xd*x*x7),x)*b + int(1/(sqrt(a + c*
‘x**4)*c*x**3 + sqrt(a + cxx*#*4)*d*x**5) ,x)*c
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4 2 4
3.98 f z*(A+Bz*+Cxz*) da

(c+dz?)Va+cz?

Optimal result . . . . . . . . . . .. .
Mathematica [C] (verified) . . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [C] (verified) . . . . . . . . . ...
Fricas [F(-1)] . . . . . o o
Sympy [F] . . o e
Maxima [F] . . . . . .
Giac [F] . . . o o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . .

Optimal result

Integrand size = 36, antiderivative size = 702

/ z*(A + Bz? + Cz?) g — (cC — Bd)zva + cx*

T =
(c+dz?) vVa+ czt 3cd?

N Cz3va + cxt N (5¢3C — 5Bc?d + 5Acd? — 3aCd?) zv/a + cx?

5cd 5c32d3 (/a + /cz?)

c*?(c*C — Bed + Ad?) arctan < JE—%

+
2d7/2/c3 + ad?

va(5¢3C — 5Bc*d + 5Acd® — 3aCd?) (va + y/cz?)

a+cx?

(Vartver?)”

264
290
291]
292
292

B zaran (42) 1)

5c¢7/4d3v/a + cxt

va(30c¢”2C — 30Bc™%d — 10y/ac’Cd + 10y/aBc2d* + 30Ac®2d? — 14ac®*Cd? + 5aB+/cd® — 151/a.

_|_

30c7/4d3 (32 — \/ad) Va +

2
¢34(3? + y/ad) (¢*C — Bed + Ad?) (y/a + /cz?) % EllipticPi (—%T‘ﬁ?, 2 arctan (

4v/ad* (3 — \/ad) Va + cz*
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-1/3% (-B*d+C*c) *x* (c*x~4+a) ~ (1/2) /c/d~2+1/5*Cxx~3* (c*x~4+a) ~(1/2) /c/d+1/5%
(5*A*c*d~2-5*%Bxc”2+%d-3*C*a*xd~2+5+xCxc~3) *x* (c*x~4+a) ~(1/2) /c~(3/2)/d"3/(a"(
1/2)+c”(1/2) *x~2)+1/2%c”~ (3/2) * (Axd~2-B*c*d+C*c~2) *arctan((a*xd~2+c~3) " (1/2)
*x/c~(1/2)/d~(1/2) / (c*x~4+a) ~(1/2))/d~(7/2) / (a*d~2+c~3) ~(1/2)-1/5%a" (1/4) *
(5%Axc*xd~2-5*Bkc”2*%d-3*C*a*d~2+5xCxc~3) *(a~ (1/2)+c~ (1/2) *x~2) * ((c*x~4+a) / (
a~(1/2)+c~(1/2)*x~2)"2)~(1/2) #*EllipticE(sin(2*arctan(c” (1/4)*x/a~(1/4))),1
/2%27(1/2))/c~(7/4)/d"3/ (c*x"4+a) " (1/2)+1/30*a”~ (1/4) * (30*c~ (9/2) *C-30*B*c~
(7/2)*d-10*a”~ (1/2) *c~3*C*d+10*a~ (1/2) ¥B*xc~2*%d~2+30*A*c” (5/2) *d~2-14*a*c”~ (3
/2) *C*d~2+5xaxB*c” (1/2) *d~3-15*a” (1/2) *Axcxd~3+9*a” (3/2) *Cxd~3)*(a~ (1/2)+c
~(1/2)*x~2)* ((c*x~4+a) / (a~ (1/2)+c~(1/2)*x~2) ~2) ~(1/2) *InverseJacobiAM (2*ar
ctan(c~(1/4)*x/a~(1/4)),1/2%27(1/2)) /c~(7/4)/d~3/(c”~(3/2)-a"~ (1/2)*d) / (c*x~
4+a)~(1/2)-1/4%c~(3/4)*(c~(3/2)+a~ (1/2) *d) * (Axd~2-Bkc*d+C*c~2) * (a~ (1/2) +c~
(1/2)*x~2) *((c*x"4+a)/(a~ (1/2)+c~(1/2)*x~2) "2) " (1/2)*E1llipticPi(sin(2*arct
an(c~(1/4)*x/a~(1/4))) ,-1/4x(c~(3/2)-a~(1/2)*d)"2/a~(1/2)/c~(3/2)/d,1/2%2"
(1/2))/a~(1/4)/d"4/(c~(3/2)-a~(1/2)*d) / (c*x"4+a) " (1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.74 (sec) , antiderivative size = 406, normalized size of antiderivative = 0.58

dz

/ 1*(A + B2? + Cz%)
(c+ dx?)Va + cx*

~3v/ad(~5¢C + 5Bc*d — 5Ac + 3aCdP) /1 + = iaxcsinh (/%22 )| — 1) + (15ic"/2C — 15iBc

inputtlntegrate[(x“4*(A + B*#x"2 + C*x74))/((c + d*x~2)*Sqrt[a + c*x74]),x] J
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(-3*Sqrt [a] *d* (-5*c~3*%C + B*Bxc~2*d - BxA*c*d"2 + 3*a*Cxd~2)*Sqrt[1 + (c*x
~4)/al*EllipticE[I*ArcSinh[Sqrt [(I*Sqrt[c]l)/Sqrtlall*x], -11 + ((156xI)*c~(
9/2)*C - (15*%I)*B*c~(7/2)*d - 15xSqrt[al*c~3*C*d + 15*Sqrt[a]*Bxc~2+%d"2 +
(16*I) *Axc~(5/2)*d"2 - (5*I)*axc”(3/2)*Cxd~2 + (5*I)*a*B*Sqrt[c]*d~3 - 15%
Sqrt[a] *A*cxd™3 + 9*a~(3/2)*Cxd~3)*Sqrt[1 + (c*x~4)/al*EllipticF[I*ArcSinh
[Sqrt [(I*Sqrtlcl)/Sqrtl[all*x], -1]1 + Sqrtlcl*(-(Sqrt[(I*Sqrtlc])/Sqrtlall=*
d~2#x* (5*c*C — 5#Bkd - 3*Ckd*x~2)*(a + c*x"4)) - (15*%I)*c”2x(c™2*C - B*cxd

+ A*d"2)*Sqrt[1 + (c*x"4)/al*EllipticPi[((-I)*Sqrt[al*d)/c~(3/2), I*ArcSi
nh[Sqrt [(I*Sqrt[c])/Sqrt[all*x], -11))/(16xSqrt [(I*Sqrt[c])/Sqrt[al]l*c~(3/
2)*d~4*xSqrt[a + c*x~4])

output

Rubi [A] (verified)

Time = 1.82 (sec) , antiderivative size = 675, normalized size of antiderivative = 0.96,

number of steps used = 11, number of rules used = 11, Bumber of rules _ 0.306, Rules
integrand size

used = {2237, 25, 2237, 25, 2233, 27, 1510, 2227, 27, 761, 2221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
z? (A + Bz? + C’x4) p
Xr
va+ czt (¢ + dz?)
l_2237
. Cz? (d:c2+c) (50w4+3a) —5cdx? (Cm4+Bz2 +A)
f (dz'~’+c)\/ca:4+a dw + C:I}S a + C$4
5cd 5cd
l 25
Cz? (dx2+c) (5cw4+3a) —5cdr? (Cz4+Bz2+A)
Cz3Va + cxt _ J (dz?4-c)vezt+a dz
5cd 5cd
l'2237
Cz3va + czt 3
5c
f _ 5¢(cC—Bd) (da:2+c) (3024+a) —3cd (Cz2 (dz2+c) (56:04+3a) —5edz? (Cz4+B22+A))
(dx2 +c) Veztta ¥ + 5zv a+cz?(cC—Bd)
3cd 3d
5cd

| 25
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Cz3vVa + cz*

C
5¢(cC—Bd) (dzz+c) (3cz4+a) —3cd(Cz2 (dz2 +c) (53z4+3a) —56dz4 (Cz4+Bz2+A)) d

5cvatce(cC—Bd) / (d22+c)Veal+a *
3d 3cd
5cd
| 2233

Cz3va + czt
5cd
i c(ﬁc3/2 (5\/5\/Ed(cC—Bd)+3 (5cc3 —5Bdc2+5Ad2c—3aCd2)) - (ac(4cC+5Bd)d2+3(c2 —\/E\/Ed) (5cc3 —5Bdc2+54d2c—3ac

(dm2+c) cz4+a
5zvatcxt(cC—Bd) od
3d

l 27

Cz3va + czt
5cd
Vac3/2 (5\/aﬁd(c0—3d)+3(50c3—53dc2+5Ad2c—3aCd2))— (ac(4cC+SBd)d2+3 (02—\/5\/&1) (50c3 —5Bdc2+5A4d2c—3aCd
] (d12+c) cz4+a

3cd

5cd

5zvatcxt(cC—Bd)
3d 3cd

5cd
l 1510

Cz3va + czt
5cd

; Vac3/? (Sﬁ\/éd(cC—Bd)-Hi (5C03—5Bd02 +5Ad2c—3a0d2) ) - (ac(4cC+5Bd)d2+3 (02—\/5\/611) (5Cc3—5Bdc2+5Ad2c—3aCd’
(dw2+c) c:c4+a
d

5zvatcxt(cC—Bd)
3d 3cd

5cd
l 99927

Cx3va + czt
5cd

40452
Vave(9a3/20a3 5 /acd (3442 —2Bed+2¢2C ) —ay/ed? (14cC—5Bd)+30¢%/ 2 (4d2 — Bed+c2C) ) [ ﬁdz 15v/act (4d®—Be

3/2_/a
5zva+cx?(cC—Bd) vad q
3d

l 27

5ed
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5zvatcxt(cC—Bd)
3d

Cz3vVa + cz*
5cd

4042
Vav/e(9a3/2Cd3 ~5 /acd(34d2 ~2Bed+2¢2C ) —ay/ed? (14¢C~5Bd)+30¢%/2 (Ad2 — Bed+c2C) ) [ 14+ 4w 15¢*(A4d®—Bed+,
CcT a

cs/z—ﬁd

d

5cd
l 761

Cz3va + czt
5cd

__ 4
% 4\/5(\/5+\/E:1:2) % EllipticF <2 arctan( \/Ez) ,%) (9a3/20d3—5\/acd (3Ad2—2Bcd+2c2C) —a\/Ed2(14cC—l
)

2(03/2 —\/Ed) a+cz?

d

5zva+cxi(cC—Bd)
3d

l’2221

Cz3vVa + czt
Hed

% A\L/E(\/E+\/Ez2) %42 EllipticF <2 arctan (

(Vatves?)

) %) (9a3/20d3 —5y/acd (3Ad2 —2Bcd+2c20) —ay/ed2(14cC—!

2 (c3/2 - \/Ed) a+tczd

5zvatcxt(cC—Bd)
3d

input

LInt[(x‘4*(A + B¥x~2 + C*x~4))/((c + d*x~2)*Sqrtla + c*x~41),x] J
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(C*x~3*Sqrt[a + cxx"4])/(6xc*d) - ((5%(cxC - Bxd)*x*Sqrt[a + c*x~4])/(3*d)
- ((-3%Sqrt[c]*(5*c~3*C - 5*Bxc~2*d + 5xAxcxd~2 - 3*axCxd~2)*(-((x*Sqrt[a
+ c*x74])/(Sqrt[a]l + Sqrtlcl*x~2)) + (a~(1/4)*(Sqrt[a] + Sqrt[c]l*x~2)*Sqr
t[(a + c*x74)/(Sqrt[a]l + Sqrtlcl*x"2)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a"
(1/4)1, 1/21)/(c”(1/4)*Sqrtla + c*x~41)))/d + ((a~(1/4)*c”~(1/4)*(9*a~(3/2)
*C*d~3 - a*Sqrt[c]*d"2x(14xc*C - 5*B*d) + 30*c”(5/2)*(c~2*C - Bxc*d + A*d~
2) - 5xSqrtl[al*cxd*(2%c”™2*C - 2*Bkcxd + 3*%A*d~2))*(Sqrt[a]l + Sqrtlc]l*x"2)=*
Sqrt[(a + c*x"4)/(Sqrt[al + Sqrtlcl*x~2)"2]*EllipticF[2*ArcTan[(c~(1/4)*x)
/a~(1/4)1, 1/2]1)/(2x(c~(3/2) - Sqrt[al*d)*Sqrtl[a + c*x"4]) - (15xc”4*(c™2%*
C - Bkc*d + Axd~2)*(-1/2%((c~(3/2) - Sqrtl[al*d)*ArcTan[(Sqrt[c~3 + axd~2]*
x)/(Sqrt [c]*Sqrt [d]*Sqrt[a + c*x~4])]1)/(Sqrt[cl*Sqrt[d]*Sqrt[c~3 + a*xd~2])
+ ((c™(3/2) + Sqrtl[al*d)*(Sqrt[a]l + Sqrtlcl*x~2)*Sqrt[(a + c*x"4)/(Sqrt[a
1 + Sqrt[cl*x~2)~2]*EllipticPi[-1/4*(Sqrt[al*(c~(3/2)/Sqrt[a] - d)~2)/(c~(
3/2)*d), 2xArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(4*a~(1/4)*c~(5/4)*d*Sqrt [a
+ ¢c*xx74])))/(c™(3/2) - Sqrtlal*d))/d)/(3*c*xd))/(5*c*d)

output

Defintions of rubi rules used

ruk>25\Int[_(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[l/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simp[(
1 + q72*%x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2*x"2)"2)]1/(2*q*Sqrt[a + b*x~4]))=*
EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/al

rule 761

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =

Rtlc/a, 41}, Simp[(-d)*x*(Sqrtla + cxx~4]/(ax(1 + q~2%x72))), x] + Simp[d*
(1 + q72*x"2)*(Sqrt[(a + c*x~4)/(ax(1 + q~2*x"2)"2)]1/(g*Sqrt[a + c*x"4]))*E
1lipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQl[{a, c, d, e
}, x] && PosQ[c/al

rule 1510
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rule 2991 Int[(CA_) + (B_.)*(x_)"2)/(((d)) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"41)
, X_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(ArcTan[Rt[c*(d/e
) + ax(e/d), 2]*(x/Sqrtla + c*x~4])]1/(2*d*exRt[cx(d/e) + ax(e/d), 21)), x]
+ Simp[(B*d + A*e)*(1 + g~2*x"2)*(Sqrt[(a + c*xx"4)/(ax(1 + q~2%x~2)"2)]/ (4%
dxe*q*Sqrt[a + c*x74]))*EllipticPi[-(e - d*q~2)~2/(4*d*exq~2), 2*ArcTan[q*x
1, 1/21, x11 /; FreeQl{a, c, d, e, A, B}, x] && NeQ[c*xd~2 - a*e~2, 0] && Po
sQlc/al && EqQ[c*A~2 - a*B~2, 0] && PosQ[B/A] && PosQlcx(d/e) + ax(e/d)]

rule 9997 IntLCCAL) + (B_.)*(x_)72)/(((d)) + (e_.)*(x_)"2)*Sqrtl(a ) + (c_.)*(x_)74])
, x_Symbol] :> With[{q = Rtlc/a, 2]}, Simp[(A*(c*d + axe*xq) - a*B*(e + d*q)
)/(cxd™2 - axe”2) Int[1/Sqrtla + c*x~4], x], x] + Simp[a*(Bxd - Axe)*((e
+ d*q)/(cxd"2 - axe”2)) Int[(1 + g*x~2)/((d + e*x"2)*Sqrt[a + c*x74]), x]
, xJ1 /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d"2 - axe”2, 0] && PosQ[c/al
&& NeQ[c*A~2 - axB~2, 0]

Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]), x_Symbol] :>
With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff
[P4x, x, 41}, Simp[-C/(e*q) Int[(1 - g*x~2)/Sqrtl[a + c*x"4], x], x] + Sim
pl1/(c*xe) Int[(Axc*e + a*Cxd*q + (Bkckxe - Cx(cxd - axe*q))*x72)/((d + e*x
~2)*Sqrt[a + c*x~4]), x], x]] /; FreeQl{a, c, d, e}, x] && PolyQ[P4x, x~2,
2] && NeQ[c*d"2 - axe™2, 0] && PosQ[c/al

rule 2233

Int[(Px_)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :> W
ith[{q = Expon[Px, x]}, Simp[Coeff[Px, x, ql*x~(q - 5)*(Sqrt[a + c*x~4]/(c*
ex(q - 3))), x] + Simp[1/(cxex(q - 3)) Int[(cxex(q - 3)*Px - Coeff[Px, x,
gl*x~(q - 6)*(d + e*x"2)*(ax(q - 5) + cx(q - 3)*x74))/((d + exx"2)*Sqrt[a
+ c*x74]1), x1, x] /; GtQlq, 41] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x]

rule 2237

N
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 6.06 (sec) , antiderivative size = 405, normalized size of antiderivative = 0.58

method | result

5(34¢?d%+Bad3-3B 3d—Cacd?+30 ) \/1J \;gz 142 \%”2 EllipticF (z Z\‘//EE,Z) +3i(5AC(
. z(3Cdz2+5Bd—5Cc)Vezi+a d2 % Vealta
risch > +
15¢cd
e Cc3\/1—% \/1-4-" jgz EllipticF(:c ’—ﬁ
2 2 iv/cx? iv/ex2 ot D ive ivad V Va -
c(Ad —Bcd+Cc )\/1— V2 \/1+ Ve EllipticPi (m/ﬁ, C% s \/E ) % JorhTa
default va / _

d4,/ % Verita

elliptic | Expression too large to display

input Lint (x~4* (Cxx~4+B*x~2+A) / (d*x~2+c) / (c*xx~4+a)~(1/2) ,x ,method=_RETURNVERBOSE)

1/15%x* (3*%Cxd*x~2+5%B*d-5%C*c) /c* (c*x~4+a) ~(1/2) /d~2+1/15/d~2/c* (-5* (3*xA*c
~2xd"2+B*a*xd~3-3*Bxc~3*d-Cxaxc*xd~2+3*%Cxc~4)/d~2/ (I*c~(1/2)/a~(1/2))~(1/2)*
(1-I*xc~(1/2)*x"2/a~(1/2))~(1/2) *(1+I*c~(1/2)*x"2/a~(1/2))~(1/2) / (c*x"4+a) "
(1/2)*E1llipticF (x*(I*c~(1/2)/a~(1/2))"(1/2) ,I)+3*I/d* (5xA*xc*d~2-5*B*c~2*d-
3*Cxaxd~2+5%Cxc~3)*a~ (1/2) /(I*c~(1/2)/a~(1/2))~(1/2)*(1-I*xc~(1/2)*x~2/a~ (1
/2))7(1/2)*(1+Ixc™(1/2)*x72/a~(1/2))~(1/2) / (c*x"4+a)~(1/2) /c~(1/2) *(Ellipt
icF(x*(I*c™(1/2)/a~(1/2))~(1/2),1)-EllipticE(x*(I*c~(1/2)/a~(1/2))~(1/2),1
))+15%c”2x (A*d~2-B*cxd+C*xc~2) /d~2/(I*c~(1/2)/a~(1/2))~(1/2) *(1-Ixc~(1/2) *x
~2/a”(1/2)) " (1/2)*(1+I*c~(1/2)*x~2/a~(1/2))~(1/2) / (cxx~4+a) ~(1/2) *Elliptic
Pi(x*(I*xc~(1/2)/a~(1/2))"(1/2),1/c~(3/2)*a~(1/2)*d, (-I/a~(1/2)*c~(1/2))~(1
/2)/(I*xc~(1/2)/a~(1/2))~(1/2)))

output
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Fricas [F(-1)]
Timed out.
1*(A + B2? + Cz2?)

(c+ dz?) Va+ czt

dz = Timed out

tnput ‘ integrate (x~4* (C*x~4+B*x~2+A) / (d*x~2+c) /(c*x~4+a)~(1/2) ,x, algorithm="fric ‘
‘ as") ‘

OutputLTimed out J

Sympy [F]

/ z*(A + Bx? + Cz?) . (A + Bx® + Cz*)
(c+ dx?) vVa + cz* Va+ cz* (c + dz?)

input Lintegrate (x**4x (Crxx*x4+Bkx*x*2+A) / (d*x**2+c) / (cxx*x*x4+a) *x*(1/2) ,x) J

output tlntegral(x**tl*(A + Bxx**2 + Ckx**x4)/(sqrt(a + ckx**4)*(c + d*x**2)), x) J

Maxima [F]

T

/ z*(A + Bz? + Cz?) p / (Cz* + Bz? + A)z*

€Tr =
(c+ dz?) va + cx? Vex* + a(dz? + c)

input ‘ integrate (x~4* (C*x~4+B*x~2+A) /(d*x~2+c) /(c*x~4+a) ~(1/2) ,x, algorithm="maxi ‘
‘ ma") ‘

output Lintegrate((C*x‘4 + B*x"2 + A)*x"4/(sqrt(c*x~4 + a)*(d*x~2 + c)), x) J
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Giac [F]

/ 1*(A + Bx? + Cx?) i — (Cz* + Bz? + A)x*

T =
(c+ dz?) va + cx* Vext + a(dz? + ¢)

input ‘ integrate (x"4* (Cxx~4+Bxx~2+A) /(d*x~2+c)/(c*x~4+a)~(1/2) ,x, algorithm="giac ‘

n)

tintegrate((C*x‘ll + Bxx"2 + A)*x"4/(sqrt(c*x"4 + a)*(d*x"2 + c¢)), x) J

output

Mupad [F(-1)]

Timed out.

/x4(A+Bw2—|—Cw4)d z* (Cz* + Bz? + A) .

T =
(c+dz?)va + cx* vert+a (dz? +c)

Lint((x*4*(A + B*xx"2 + Cxx74))/((a + c*x~4)~(1/2)*(c + d*x~2)),x) J

input

Lint((x"ll*(A + B*x"2 + C*x~4))/((a + c*x~4)~(1/2)*(c + d*x~2)), x) J

output

Reduce [F]

/ (A + Bx® + Cz*) i
(c+ dz?) va + cx*
Veztta d.’l}) abed + 5(f Vezt

5Vezt +abdr — 5vVcazt + ac’z + 3Vezt +acda® — 5(f o e P

Lint (x~4* (C*x~4+B*x~2+A) / (d*x~2+c) / (c*x~4+a) ~(1/2) ,x) J

input



output
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N

(5xsqrt(a + cxx**4)*b*d*x - Bksqrt(a + cxx**4)*c**2*x + 3xsqrt(a + c*x**4)
xckd*x*k*3 - Bxint(sqrt(a + cxx*x4)/(akc + akrdkx**2 + cx*k2xx**4 + ckdkx**6)
,X)*a*xbxckd + bkint(sqrt(a + ckx**4)/(axc + akxd*x**2 + ck*2kx**4 + ckxd*kx**
6) ,x)*xa*cx*3 + 6xint((sqrt(a + ckx**4)*x*x4)/(a*c + axd*x**2 + ckx*2xx*x4 +
cxd*x**6) ,x)*a*xckd**2 - 16xint((sqrt(a + ckx*x*4)*x*x4)/(a*c + axd*x**2 +
Cx*2xx*k*x4 + ckd*x**6) ,x)*bxck*x2kd + 15xint ((sqrt(a + c*x**4)*xx*4)/(a*xc +
axd*xx*k2 + cxk2*xx*k*4 + ckd*x*k*6) ,x)*kc*kx4 - Hxint ((sqrt(a + cxx**4)*x**2)/(
axc + akxdxx**2 + cHk*x2xx*x4 + ckd*x**6) ,x)*axbxd**2 - 4*xint((sqrt(a + cHx**
4)*x*x2) /(axc + axdxx**2 + Ck*x2xx**4 + ckdkx*k*6) ,x)*akck*x2xd)/(15*xckd**2)
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3.99 f 2?(A+Bz?+Cxz) da
) (c+dz?)Va+cz?
Optimal result . . . . . . . . . . .. . 294
Mathematica [C] (verified) . . . . . . . . . ... ...
Rubi [A] (verified) . . . . . . . . . . 296
Maple [C] (verified) . . . . . . . . . ... 3001
Fricas [F(-1)] . . . . . o o
Sympy [F] . . o e
Maxima [F] . . . . . .
Giac [F] . . . o o o
Mupad [F(-1)] . . . o o 3021
Reduce [F] . . . . . .
Optimal result
Integrand size = 36, antiderivative size = 581
/ z?(A + Bx® + Cz*) i
(c+ dz?) va + cx*
Vcdtad?z
_ Cazva+ czt  (cC — Bd)zva+cz* Ve(e*C — Bed + Ad?) arctan (Waﬁ?)

+

+

3cd Ved? (va+ /cx?)

(Vartver?)

Va(cC — Bd) (va+ /cz?) | = L F (2 arctan ( Ve

2d°/2+/c3 + ad?

Va

1)

A2V a + cat

Va(6c*C — 6Bc*d — 2+/ac’/?Cd + 3\/aBy/cd? + 3Acd® — aCd?) (va + \/cz?) , / M:# Elliptic

(32 + /ad) (c*C — Bed + Ad?) (va + y/cz?)

6c5/4d2 (03/2 — \/ad) VvVa + ezt

a+czt

(Va+vea?)®

EllipticPi (

_(&P—vaa)®
4ﬁc3/2d )

2 arctan (

Vs
Va

4+/av/ed? (¢3/? — v/ad) Va + cz?
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1/3%Cxx* (cxx~4+a) ~(1/2) /c/d- (-B*d+C*c) *x* (c*x~4+a) ~(1/2) /c~(1/2) /d~2/(a~ (1
/2)+c~(1/2) *x~2)-1/2*c~ (1/2) * (Axd~2-B*c*d+C*xc~2) *arctan((a*d~2+c~3) ~(1/2) *
x/c”(1/2)/d"(1/2)/(c*x"4+a)~(1/2))/d~(5/2) / (a*d~2+c~3) ~(1/2)+a~ (1/4) * (-Bxd
+C*xc)*x(a~(1/2)+c~(1/2)*x~2) * ((c*x"4+a) /(a~(1/2)+c~(1/2)*x~2)~2) " (1/2) *E11li
pticE(sin(2*arctan(c~(1/4)*x/a~(1/4))),1/2%2°(1/2))/c~(3/4)/d"2/(c*x"4+a)"
(1/2)-1/6%a" (1/4) * (6*xCkxc~3-6*B*c~2xd-2*a” (1/2) *c~ (3/2) *C*d+3*a~ (1/2) *B*c" (
1/2)*d"2+3*A*cxd"2-C*axd~2) *(a~ (1/2)+c~ (1/2) *x~2) * ((c*x~4+a) /(a~ (1/2)+c~ (1
/2)*x72)"2) " (1/2) *InverseJacobiAM(2*arctan(c” (1/4)*x/a~(1/4)),1/2%¥2~(1/2))
/c=(56/4)/d72/(c”(3/2)-a~(1/2)*d) / (c*xx~4+a) ~(1/2)+1/4*(c~(3/2)+a~ (1/2)*d) *(
Axd~2-Bxcxd+Cxc~2) *(a~ (1/2)+c~(1/2) *x~2) * ((c*x~4+a) /(a~ (1/2)+c~(1/2) *x~2) ~
2)~(1/2)*EllipticPi(sin(2*arctan(c~(1/4)*x/a~(1/4))) ,-1/4%(c~(3/2)-a~(1/2)
*d)~2/a~(1/2)/c~(3/2)/d,1/2%2°(1/2)) /a~(1/4) /c~(1/4)/d~3/(c"(3/2)-a"~ (1/2) *
d)/(c*x"4+a)~(1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.11 (sec) , antiderivative size = 456, normalized size of antiderivative = 0.78

dz

/ z?(A + Bx® + Cz*)
(c+ dz?)va + cz?
a %C’dzx + %fc()’d%‘r’ —3y/a\/cd(cC — Bd)y/1 + c”574E(’iau‘csinh(, / %fx) ‘ - 1) + (—3ic3C +:

input Integrate[(x"2%(A + B*x"2 + C*x74))/((c + d*x~2)*Sqrt[a + c*x~4]),x]




output

CHAPTER 3. LISTING OF INTEGRALS 296

/ (axSqrt [(I*Sqrt[cl)/Sqrt[a]l]l*Cxd~2*x + Sqrt [(I*Sqrt[c]l)/Sqrt[a]l]*c*C*d 2xx

=5 - 3*Sqrt[al*Sqrt[c]*d*(c*C - B*d)*Sqrt[1 + (c*x"4)/al*EllipticE[I*ArcSi
nh[Sqrt [(I*Sqrt[c]l)/Sqrtlall*x], -11 + ((-3*I)*c~3*%C + (3*I)*Bxc~2%d + 3*S
grt[al*c~(3/2)*C*d - 3*Sqrt[a]*B*Sqrt[c]*d~2 - (3*I)*A*c*d~2 + I*a*xCxd~2)=*
Sqrt[1 + (c*x"4)/al*EllipticF[I*ArcSinh[Sqrt[(I*Sqrt[c])/Sqrtlall*x], -1]
+ (3*%I)*c~3*CxSqrt[1 + (c*x~4)/al*EllipticPil[((-I)*Sqrt[al*d)/c~(3/2), IxA
rcSinh[Sqrt [(I*Sqrt[cl)/Sqrt[all*x], -1]1 - (3*I)*Bxc~2xd*Sqrt[1 + (cxx~4)/
a]*EllipticPi[((-I)*Sqrt[al*d)/c~(3/2), I*ArcSinh[Sqrt[(I*Sqrt[c])/Sqrt[al]
I1*x], -1]1 + (3*I)*Axc*d~2xSqrt[1 + (c*x~4)/al*EllipticPi[((-I)*Sqrt[al*d)/
c~(3/2), IxArcSinh[Sqrt[(I*Sqrt[c]l)/Sqrt[all*x], -11)/(3*Sqrt[(I*Sqrtlc]l)/
Sqrt[a]l]*c*d~3*Sqrt[a + c*x"4])

Rubi [A] (verified)

Time = 1.26 (sec) , antiderivative size = 591, normalized size of antiderivative = 1.02,

number of rules _ 0.250, Rules
integrand size

number of steps used = 9, number of rules used = 9,
used = {2237, 25, 2233, 27, 1510, 2227, 27, 761, 2221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
x2 (A + Bx? + C’w4)
va+ czt (¢ + dz?)
l 2237
C (da:2+c) (3cz4+a) —3cdz? (Ca:4+Ba:2+A)
f - (dw2+c)\/cw4+a dx + C.'L' VvV a + C$4
3cd 3cd
l 25
C'(dz2 +c) (30m4+a) —3cdz? (C’z4+Bz2 +A)
Czva+czt J (de2+c)Ver +a az
3cd 3cd
l 2233
Czva+ cx? B
cQﬁq¢am+aﬁ@c_B@}{@Abﬂcm1w¢d&Vggé@@c_B@)ﬂ) 2
f (dw2+c)d c:c4+a de _ 3\/5\/E(CC_Bd()1f g]ﬁ%dz
C

3cd
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l 27

Czva + cxt

3cd
_ _ _ 2 3/2_ _ 2
I Vac(y/aCd+3+/c(cC—Bd)) ((3;1c aC)d4+3\/E(c ﬁd)(co Bd)):v & 3\/E(CC—Bd)f‘/E_‘/Ex2dm
(dz +C) cx*+a Vezt+a
A _
3cd
l 1510
Czva + cx?
3ed i/
4\/&(\/54‘\/5:62) %E(Zarctan({zx
(vVa+vea?) Va,
3/c(cC—Bd)
Vae(vaCd+3ye(cC—Bd)) - ((34c—aC)d?+3(3/2— /ad) (cC—Bd) )22 %‘ fateak
J dzx
(d22+c) cz4+a
d - d
3ed
l 9997
Czva + cx?
3cd
Vay,
2(Ad?—Beatrclc) [ — Yerttva 3/e(cC—Bd)
Va(3vaBy/ed? —2y/ac®/2Cd—aCd®+3Acd? ~6Bc2d+6c3C) [ Cz14+ad:c_3‘/ac ( cd+c20) | Va(da?+c) Veatta ‘”
03/2_\/5(1 cs/z—ﬁd _
d

3ed

%(ﬁ%ﬁ
2( 442 2 Vea?+y/a 3Vc(cC—Bd
Va(3vaByed? ~2/ac3/2Cd—aCd? +34cd® ~6Bc2d+6¢3C) [ TE14+(ldz 3¢% (4d?—Bed+e C”m” vel )
c3/2—\/ad - c3/2—\/5d _
d
3cd

l 761

Cxva + cxt
3cd

4
%(\/64.\/512) (ﬁirijz;l?f EllipticF <2 arctan( \{//_E;> %) (3\/EBﬁd2_2\/EC3/2Cd—aCd2 +3Acd2_eBc2d+6c30) 3c2 (Adszcd+C20) I (dwg

2%(&”/27\/511)@ 312_ Jad

3cd
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l 92221

Czva + cxt
3cd

(vae

3c2 (Ad2 —Bcd+c20)

4
1
%(ﬁ+ﬁx2) ——0FeTT __ EllipticF <2 arctan ( \/_z ) %) (3\/EB\/Ed2—2\/Ec3/2Cd—aCd2 +3Acd? —6Bc2d+6c3C)

(Vatves?) Va

23/¢(e3/2—/ad) Vateat

input LInt[(x‘2*(A + B*x"2 + C*x~4))/((c + d*x~2)*Sgrt[a + c*x~4]),x] J

(CxxxSqrt[a + c*x74])/(3xcxd) - ((-3*Sqrt[c]*(c*C - B*xd)*(-((x*Sqrt[a + c*
x~4])/(Sqrtla] + Sqrtlcl*x~2)) + (a~(1/4)*(Sqrt[al + Sqrtl[cl*x~2)*Sqrt[(a

+ cxx"4)/(Sqrt[a] + Sqrtl[c]l*x~2)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a"~(1/4)
1, 1/21)/(c"(1/4)*Sqrt[a + c*x"4])))/d + ((a~(1/4)*(6%c™3*C - 6*%Bxc~2*d -

2*Sqrt [a]l*c~(3/2)*Cxd + 3xSqrt[a]l*BxSqrt[cl*d~2 + 3*A*cxd~2 - a*Cxd~2)*(Sq
rt[a] + Sqrt[c]l*x~2)*Sqrt[(a + c*x~4)/(Sqrt[al + Sqrt[c]l*x~2) 2]*EllipticF
[2xArcTan[(c™(1/4)*x) /a~(1/4)]1, 1/2]1)/(2xc~(1/4)*(c”~(3/2) - Sqrt[al*d)*Sqr
tla + c*x"4]) - (3*%c™2x(c”2%C - Bxcxd + Axd~2)*(-1/2*%((c~(3/2) - Sqrt[al*d
)*ArcTan[(Sqrt[c™3 + a*xd~2]*x)/(Sqrt[c]*Sqrt[d]*Sqrtla + c*x~4]1)])/(Sqrtlc
]#Sqrt [d]*Sqrt[c™3 + a*d~2]) + ((c~(3/2) + Sqrtl[al*d)*(Sqrtl[al + Sqrtlcl*x
~2)*Sqrt[(a + c*x74)/(Sqrt[a] + Sqrtlcl*x~2)~2]*EllipticPi[-1/4*(Sqrt[a]*(
c~(3/2)/8qrt[al - d)~2)/(c”(3/2)*d), 2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/21)/
(4xa~(1/4)*c”(5/4)*d*Sqrt[a + c*x~4])))/(c"(3/2) - Sqrt[al*d))/d)/(3*cxd)

output

Defintions of rubi rules used

-

ruk325LInt[-(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

| —

e B

Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && 'Ma
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x11 J

rule 27
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Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol]l :> With[{q = Rt[b/a, 4]}, Simpl[(

le 761
e 1 + g7 2*x72)*(Sqrt[(a + b*x"4)/(a*x(1 + q~2%x72)72)]/(2xg*Sqrt[a + b*x"4]))=*
EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]
rulel510/lnt[((d_) + (e_)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symboll :> With[{q = \

Rtlc/a, 41}, Simp[(-d)*x*(Sqrt[a + c*x~4]/(a*x(1 + q~2%x~2))), x] + Simp[dx*
(1 + qg72*xx"2)*(Sqrt[(a + cxx"4)/(ax(1 + q~2*%x"2)"2)]1/(g*Sqrt[a + c*x"4]))*E
llipticE[2*ArcTan[qg*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQl{a, c, 4, e
}, x] && PosQ[c/al

rule 2221 Int [((AD) + (B_.)*(x_)"2)/(((d_) + (e_.)*x(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4])
, X_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(ArcTan[Rt[c*(d/e
) + ax(e/d), 2]*(x/Sqrtla + c*x74]1)]/(2*d*exRt[cx(d/e) + ax(e/d), 2])), xI]
+ Simp[(B*d + A*e)*(1 + g~2*x"2)*(Sqrt[(a + c*xx"4)/(ax(1 + q~2*%x~2)"2)]/ (4%
dxe*q*Sqrt[a + c*x74]))*EllipticPi[-(e - d*q~2)~2/(4*d*exq~2), 2*ArcTan[q+*x
1, 1/21, x11 /; FreeQl{a, c, d, e, A, B}, x] && NeQ[c*xd~2 - a*e~2, 0] && Po
sQlc/al &% EqQlc*A~2 - a*B~2, 0] && PosQ[B/A] && PosQlcx(d/e) + ax(e/d)]

rule 92997 IntLCAL) + (B_.)*(x)72)/(((d)) + (e_.)*(x_)"2)*Sqrtl(a ) + (c_.)*(x_)74D)
, x_Symbol] :> With[{q = Rtlc/a, 2]}, Simp[(A*(c*d + axe*q) - a*Bx(e + dxq)
)/(c*d™2 - axe”2) Int[1/Sqrtla + c*x~4], x], x] + Simp[a*(B*d - Axe)*((e
+ d*q)/(cxd"2 - axe”2)) Int[(1 + g*x"2)/((d + e*x"2)*Sqrt[a + c*x74]), x]
, x]J]1 /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d"2 - a*xe”2, 0] && PosQ[c/al
&& NeQ[c*A"2 - axB~2, 0]

Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]1), x_Symbol] :>
With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff
[P4x, x, 41}, Simp[-C/(e*q) Int[(1 - g*x~2)/Sqrtl[a + c*x"4], x], x] + Sim
pl1/(cxe) Int[(Axc*e + a*Cxd*q + (Bkcxe - Cx(cxd - axe*q))*x72)/((d + e*x
~2)xSqrt[a + c*x~4]1), x], x]] /; FreeQ[{a, c, 4, e}, x] && PolyQ[P4x, x"2,
2] && NeQ[c*d"2 - axe™2, 0] && PosQ[c/al

rule 2233




rule 2237

input
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Int[(Px_)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]), x_Symbol] :> W
ith[{q = Expon[Px, x]}, Simp[Coeff[Px, x, ql*x~(q - 5)*(Sqrtl[a + c*x~4]/(c*
ex(q - 3))), x] + Simp[1/(cxex(q - 3)) Int[(cxex(q - 3)*Px - Coeff[Px, x,
ql*x~(q - 6)*(d + e*x"2)*(ax(q - 5) + cx(q - 3)*x74))/((d + exx"2)*Sqrt[a
+ c*x74]1), x], x] /; GtQlq, 41] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x]

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 5.20 (sec) , antiderivative size = 546, normalized size of antiderivative = 0.94

method | result
Ad2\/l—%\/1+% EnipticF(z,/i\/\/EE,i) cc2\/1—%\/1+% EllipticF(z,/%,i) id(Bd—cc)ﬁ,/l—%duL‘{
; + - +
% ca:4+a. % ca:4+a. \
default
i —Co)veva,|1-iee? ivea? (prinsicr (/1Y ;) —EnipticE (o, /1Y i 3 —i°w2\/ iv/ea?
3id(Bd C)ff\/1 e \/1+ o (Ellpth( 1/\/E,) EllptcE( ,/ﬁ,))+3c \/1 e\
i\/\/ag \/cz4+a i\/\/ag cx’
. v
risch CzvVcezx+a +
3cd
elliptic | Expression too large to display

Lint(x‘2*(C*x‘4+B*x‘2+A)/(d*x“2+c)/(c*x“4+a)“(1/2),x,method=_RETURNVERBDSE) J
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1/d73* (A*d"2/(I*xc™(1/2)/a~(1/2))~(1/2)*(1-I*c™(1/2)*x~2/a~ (1/2)) " (1/2) *(1+
Ixc~(1/2)*x~2/a~(1/2))~(1/2) / (c*x~4+a)~(1/2)*EllipticF (x*(I*xc~(1/2)/a~(1/2
))7(1/2) ,1)+Cxc~2/(I*c™(1/2) /a~(1/2)) " (1/2) *(1-I*c~(1/2)*x"2/a"(1/2))~(1/2
Y*(1+I*xc™(1/2)*x~2/a~(1/2))~(1/2)/ (c*x~4+a) ~(1/2) *E1lipticF (x* (I*c~(1/2)/a
~(1/2))7(1/2) , T)+T*d* (Bxd-Cxc) ¥a™ (1/2)/(Txc™ (1/2) /a™(1/2))~ (1/2)*(1-Txc™ (1
/2)*x72/a”~(1/2)) " (1/2) * (1+I*c~(1/2)*x~2/a~(1/2))~(1/2) / (c*x~4+a) " (1/2) /c~(
1/2)*(E11lipticF (x* (I*xc~(1/2)/a~(1/2))~(1/2) ,I)-E1lipticE(x*(I*c"(1/2)/a~ (1
/2))~(1/2) ,1))+C*d~2% (1/3/c*x* (ckx~4+a) ~(1/2)-1/3*a/c/(I*xc~(1/2) /a~(1/2))"
(1/2)*(1-I*c~(1/2)*x~2/a~ (1/2)) ~(1/2) * (1+I*xc~(1/2)*x~2/a~ (1/2))~(1/2) / (c*x
~4+a)~(1/2)*EllipticF (x*(I*xc~(1/2)/a~(1/2))~(1/2),1I))-B*xc*d/(Ixc~(1/2)/a~(
1/2))7(1/2)*(1-Ixc~(1/2)*x~2/a~ (1/2) )~ (1/2) * (1+I*c~ (1/2)*x~2/a~(1/2))~(1/2
)/ (c*xx~4+a) " (1/2)*E1lipticF (x* (Ixc™(1/2) /2" (1/2))7(1/2) ,1)) - (A*d"2-Bxc*d+C
*c"2)/d"3/ (Ixc™(1/2)/a~(1/2))~(1/2)* (1-T*c™ (1/2) *x~2/a" (1/2) )~ (1/2) * (1+Ixc
~(1/2)*x~2/a”~(1/2))~(1/2) / (c*x~4+a) " (1/2) *E11lipticPi (x* (I*xc~(1/2)/a~(1/2))
~(1/2) ,1/c~(3/2) %a~ (1/2)*d, (~I/a~ (1/2)*c~ (1/2))~(1/2) / (Txc~(1/2) /a=~ (1/2))
(1/2))

output

Fricas [F(-1)]
Timed out.

dz = Timed out

/ 2(A+ Bz? + Cz%)
(c+ d=z?) Va + ezt

t‘1ntegrate(x"2*(C*x“4+B*x 2+A) / (d*x~2+c) /(c*x~4+a)~(1/2) ,x, algorithm="fric

- >

inpu ‘as")
output[Timed out
Sympy [F]
/ z%(A + Bz? + Cx* )d [ 2*(A+ Bz? +Cz?)
(c+ dz?) vVa + cz* Va + cz* (¢ + dz?)

p
inputLintegrate(X**2*(C*X**4+B*X**2+A)/(d*X**2+C)/(c*x**4+a)**(1/2),x)

- 4
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output LIntegl”al(x**Q*(A + Bix**2 + Ckx*x4)/(sqrt(a + ckx**4)*(c + d*xx**2)), x)

Maxima [F]

dx

/ z?(A+ Bx? + Cz?) p / (Cz* + Bx? + A)z?

Tr =
(c+ dz?) vVa + cz?* Vex* + a(dz? + c)

‘ integrate (x~2* (Cxx~4+B*x~2+A) / (d*x~2+c)/(c*x"4+a)~(1/2) ,x, algorithm="maxi

input
‘ mau )

outputtintegrate((C*x‘tl + Bxx"2 + A)*x72/(sqrt(c*x”4 + a)*(d*x"2 + c)), x)

Giac [F]

/ 1%(A + Bz? + Cx?) dp — (Cz* + Bz? + A)z? i
(c+dz?)vVa+ct ) ezt +a(dz? + o)

input ‘ integrate (x~2% (Ckx~4+Bxx~2+A) / (d*x~2+c) /(c*x~4+a)~(1/2) ,x, algorithm="giac

II)

output Lintegrate((C*x‘AL + B*x~2 + A)*x~2/(sqrt(c*x~4 + a)*(d*x~2 + c)), x)

Mupad [F(-1)]

Timed out.

/:vQ(A—i-B:vQ—i-Cx“) i — z? (Cz* + Bz* + A)
(c+ dx?) vVa + caz* Vert+a (dz?+c)

inputtint((xﬁ2*(A + B*x™2 + C*¥x74))/((a + c*x™4)"~(1/2)*(c + d*x2)),x)




CHAPTER 3. LISTING OF INTEGRALS 303

output Lint((x"2*(A + B*#x~2 + C*x~4))/((a + c*x~4)~(1/2)*(c + d*x~2)), x) J
Reduce [F|
/ 1?(A+ Bz? + Cz?)
(c+dz?)va + cx?
/ / 4+ 4+ 4 4+ 4 b
. czt+az— (f cdx6+c2§cf+a3x2+acdx> ac+ 3<f cdx6+cczfc4+25x2+acdx> bd — 3<f cdz6+cc2iﬂr4+2§x2+acdx> ¢
N 3d
inputLint(XA2*(C*XA4+B*XA2+A)/(d*xA2+°)/(C*XA4+3)A(1/2),X) J
output (sqrt(a + cxx**4)*x - int(sqrt(a + cxx**4)/(axc + akdxx**2 + Cx*x2*x**4d + C

*dkx**6) ,x) *axc + 3*xint ((sqrt(a + cxxk*4)*x¥*4)/(axc + a*d*x**2 + Ch*2xx*k*
4 + ckdkx**6) ,x)*b*d - 3*int((sqrt(a + cxx**4)*x**4)/(axc + axd*x**2 + c**
2xx**4 + ckd*x**6) ,x)*cx*2 + 2xint((sqrt(a + ckx*x*4)*x*x2)/(a*xc + axd*x**2

+ ck*2%x**4 + ckxd*x**6) ,x)*axd)/(3*d)
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A+Bz?4+Cz*

3.30 f (c+dz?)Va+cz? dz

Optimal result . . . . . . . . . . .. .. .
Mathematica [C] (verified) . . . . . . . . . ... L
Rubi [A] (verified) . . . .. .. ... .. 306
Maple [C] (verified) . . . . . . . . . ... 309
Fricas [F(-1)] . . . . o o e 310
Sympy [F] . . o o 310
Maxima [F] . . . . . . B111
Giac [F] . . . . o o B3I
Mupad [F(-1)] . . . o o B11]
Reduce [F] . . . . . o 312

Optimal result

Integrand size = 33, antiderivative size = 516

A+ Bz? + Cz* .
(c+dz?)Va + cxt
Vci+ad?z
_ Caxva + cat . (c*C — Bed + Ad?) arctan (W)
Ved (va+ \/ex?) 2y/cd3/2+/c3 + ad?

vaC(y/a+ \/ca?) /MEL—\‘Z;VE (2 arctan <

Ve
Va

D

c3/4dv/a + cx?

_|_

(Acd — aCd + \/a\/c(2¢C — Bd)) (va + y/cz?) /(f;"'—\%;f EllipticF (2 arctan (

%))

2v/acd/4d (3% — \/ad) va + cz*

(03/2 + \/Ed) (¢2C — Bed + Ad?) (\/5+ \/512) /(\fﬁ—% EllipticPi (—%,Zarctan (%/cg

4v/ac’/4d? (32 — \/ad) Va + cz*
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Cxx* (c*xx~4+a) "~ (1/2) /c~(1/2)/d/(a~(1/2)+c~(1/2) *x~2) +1/2% (A*d~2-B*c*d+C*c~2
Y*arctan((a*d~2+c~3) " (1/2)*x/c~(1/2)/d~(1/2)/(c*x~4+a)~(1/2)) /c~(1/2)/d" (3
/2)/(a*d~2+c~3) " (1/2)-a"~ (1/4)*Cx(a~ (1/2)+c~(1/2) *x~2) *((c*x~4+a) /(a~(1/2) +
c”(1/2)*x72)"2)~(1/2)#*E1llipticE(sin(2*arctan(c”(1/4)*x/a~(1/4))) ,1/2*2~(1/
2))/c~(3/4)/d/ (c*x~4+a) ~(1/2)+1/2* (A*c*d-Cxa*xd+a~ (1/2) *c™ (1/2) * (-B*d+2*C*c
N *(a~(1/2)+c™(1/2)*x"2) *((c*x~4+a) /(a~(1/2)+c~ (1/2) *x~2) ~2) ~ (1/2) *Inverse
JacobiAM(2*arctan(c”~(1/4)*x/a~(1/4)),1/2%2°(1/2))/a~(1/4)/c~(3/4)/d/(c~(3/
2)-a~(1/2)*d) / (c*xx~4+a) " (1/2)-1/4%(c~ (3/2)+a~ (1/2) *d) * (A*xd~2-B*c*d+C*xc~2) *
(@~ (1/2)+c” (1/2) *x~2) * ((c*x~4+a) / (a~ (1/2)+c~ (1/2) *x~2) ~2) ~(1/2) *E11lipticPi
(sin(2*arctan(c”(1/4)*x/a"~(1/4))),-1/4%(c~(3/2)-a"~(1/2)*d)~2/a~(1/2)/c~(3/
2)/d,1/2%2~(1/2))/a~(1/4)/c~(5/4) /d"2/(c"(3/2)-a"~ (1/2)*d) / (c*xx"4+a) "~ (1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 10.60 (sec) , antiderivative size = 211, normalized size of antiderivative = 0.41

/ A+ Bzx?+ Czt

(c+ dx?) va + cz* N
- /14 % (ﬁﬁCdE(iarcsinh(@w) ‘ — 1) + i<(cQC’ — Bed + i4/ay/cCd) EllipticF <iarcsinh<\ﬁ
B \/T%cdzx/m

Integrate[(A + Bxx"2 + C*x"4)/((c + d*x"2)*Sqrt[a + c*x74]),x]

input |

(Sqrt[1 + (c*x~4)/al*(Sqrt[al*Sqrt[c]*Cxd*EllipticE[I*ArcSinh[Sqrt[(I*Sqrt
[c])/Sqrt[all#*x], -1] + I*((c"2*%C - Bxc*d + IxSqrt[a]l*Sqrt[c]*Cxd)*Ellipti
cF[I*ArcSinh[Sqrt [(I*Sqrt[c])/Sqrtlall*x], -1] - (c™2*%C - Bxc*d + Axd"2)*E
11ipticPi[((-I)*Sqrt[al*d)/c~(3/2), I*ArcSinh[Sqrt[(I*Sqrt[c])/Sqrt([al]*x]
, =11)))/(Sqrt [(I*xSqrt[c]l)/Sqrt[al]l*c*d~2*Sqrt[a + c*x~4])

output
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Rubi [A] (verified)

Time = 0.87 (sec) , antiderivative size = 529, normalized size of antiderivative = 1.03,

=7, number of rules _ 212, Rules
integrand size

number of steps used = 7, number of rules used =
used = {2233, 27, 1510, 2227, 27, 761, 2221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

A+ Bz? + Cz*
va+ cx? (c+ dz?)

l 9233

dz

Ve(ve(va/eC+Ad)—(Cc®/2—Bdy/c—+/aCd) z?) Va—+/cz?
f (dz2+c)Veztta dz \/_Cf vaveztta dz

cd Ved

l 27

f ve(var/eC+Ad)— (Cc3/2— Bdy/c—+/aCd) z? dr C f f_\/cw

(dz2+4c)Vexi+a N
Jed Jed
| 1510
f ve(var/eC+Ad)—(Cc3/?2—Bdy/c—+/aCd) z? d
(dz2+c)Vexita T o
Jed
4
% Va++/cx? atert E<2 arctan( \/EZ> |1>
o| YN G ey Va)?®)  aaman
Vevateat Vaty/ea?
Jed
| 2227
(Vay/e(2eC—Bd)—aCd+Acd) [ L —de ~ VaVe(Ad?=Bed+c*C) [ %d
arv/c(2¢ a c N (dz +c)m
32—\ /ad - 32— \/ad _
Jed
4
%\/:I—\[ 2) [__atea? E<2 rct n<\/Ez>|l>
c verver) (varves2) \" T\ 4a ) _ sateat
Vevateat vatyea?

Jed

l 27
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2_ 2 Vez?+y/a
(vVave(2eC—Bd)—aCd+Acd) [ —L—do Ve(Ad?—Bed+c*C) [ (4 +c) veetra —dz
32—\ Jad 32— Jad

Jed
S a++/cxz? __atea? arctan @ 1)
inio [l )

¢ Vevarest Vatea?

Jed
l 761

4
s Cz 2
Va++/cx? %ElhptlcF (2 arctan< \/— >,1> Vav/¢(2¢C—Bd)—aCd+Acd 2 2 Vex?+/a
( | Garvey? Va)?)! ) Ve(Ad-Bedte0) | (42 1) VeaTra

23/a/c(c3/2—/ad) Vateat 37— Jad
Ved

w|

4
{1/5(\/54—\/5902) (\/;:\C/Ziz)zE<2 arctan< Z&%) |§> jp—
¢ Vevateat - Ve
Ved
l 9921
(vaese?/2) (vatves?)
Vc(Ad?—Bcd+c2C)
4
(Va+y/cz?) (\;:7\6;42)2 EllipticF (2 arctan < }1\//_5;> ,;) (vVav/e(2¢C—Bd)—aCd+Acd)
24/a v/c(3/>—/ad)atoa® B
Ved

N[

> zva+cx?t

4
%(\/E+\/Ex2) / 7(\/;:;:;12)2 E (2 arctan < \/Ez> |
C —

Vevatet Va+yea?

Jed

B

-

LInt[(A + B*x™2 + C*x~4)/((c + d*x~2)*Sqrt[a + c*x~4]),x]

N J

input
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-((Cx(-((x*Sqrt[a + c*x"4])/(Sqrt[al + Sqrtlcl*x~2)) + (a~(1/4)*(Sqrtl[a]l +
Sqrt[c]*x~2)*Sqrt[(a + cxx~4)/(Sqrt[a]l + Sqrt[c]l*x~2)"2]*EllipticE[2*ArcT
an[(c™(1/4)*x)/a~(1/4)1, 1/21)/(c”(1/4)*Sqrt[a + c*xx~4])))/(Sqrtlcl*d)) +
(((A*c*d - a*Cxd + Sqrt[al*Sqrt[c]*(2*cxC - B*d))*(Sqrtl[a] + Sqrt[c]l*x"2)*
Sqrt[(a + c*x"4)/(Sqrt[a] + Sqrtlcl*x~2) 2]*EllipticF[2*ArcTan[(c”~(1/4)*x)
/a~(1/4)]1, 1/21)/(2*a~(1/4)*c”~(1/4)*(c~(3/2) - Sqrt[al*d)*Sqrt[a + c*x~4])
- (Sqrt[cl*(c™2*%C - B*cxd + A*d~2)*(-1/2%((c~(3/2) - Sqrt[al*d)*ArcTan[(S
qrt[c™3 + a*d~2]*x)/(Sqrt[c]*Sqrt[d]*Sqrt[a + c*x~4]1)])/(Sqrt[c]*Sqrt[d]*S
qrt[c™3 + a*d~2]) + ((c~(3/2) + Sqrt[al*d)*(Sqrt[a] + Sqrt[c]*x~2)*Sqrt[(a
+ cxx”4)/(Sqrt[a] + Sqrtlc]l*x~2) 2]*EllipticPil[-1/4*(Sqrt[a]l*(c~(3/2)/Sqr
tla]l - d)~"2)/(c”(3/2)*d), 2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/21)/(4*a~(1/4)*
c~(5/4)*d*Sqrt[a + c*x74]1)))/(c~(3/2) - Sqrt[al*d))/(Sqrt([cl*d)

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/Sqrtl[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simp[(
1 + @™2*x72)*(Sqrt[(a + b*x~4)/(a*x(1 + q~2%x72)"2)]/(2*q*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/al

rule 761

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =

Rtlc/a, 41}, Simp[(-d)*x*(Sqrt[a + c*x~4]/(a*x(1 + q~2%x"2))), x] + Simp[dx*
(1 + qg72*xx"2)*(Sqrt[(a + c*xx"4)/(ax(1 + q~2*%x"2)"2)]1/(g*Sqrt[a + c*x"4]))*E
1lipticE[2*ArcTan[qg*x], 1/2]1, x] /; EqQle + d*xq~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

rule 1510

rule 2991 Int[(CA_) + (B_.)*(x_)"2)/(((d)) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]1)
, X_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(ArcTan[Rt[c*(d/e
) + ax(e/d), 2]*(x/Sqrtla + c*x~4])]1/(2*d*exRt[cx(d/e) + a*x(e/d), 21)), x]
+ Simp[(B*d + A*e)*(1 + g~2*x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x~2)"2)]/ (4%
dxe*q*Sqrt[a + c*x74]))*EllipticPi[-(e - d*q~2)~2/(4*d*exq~2), 2*ArcTan[q+*x
1, 1/2]1, %11 /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*xd"2 - a*e”2, 0] && Po
sQlc/al && EqQ[c*A~2 - a*B~2, 0] && PosQ[B/A] && PosQlcx(d/e) + ax(e/d)]
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e 2997 TRELCCAD) + (B_)*(x)72)/(((d)) + (e_.)*(x ) 2)#Sqrtl(a ) + (c_.)*(x_)"4])

, x_Symbol] :> With[{q = Rtlc/a, 2]}, Simp[(A*(c*d + axe*q) - a*Bx(e + dxq)
)/(c*d™2 - axe”2) Int[1/Sqrtla + c*x~4], x], x] + Simp[a*(B*d - Axe)*((e
+ d*q)/(c*xd"2 - a*xe”2)) Int[(1 + g*x~2)/((d + e*x"2)*Sqrt[a + c*x74]), x]
, x]J]1 /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d"2 - a*xe”2, 0] && PosQ[c/al
&& NeQ[c*A"2 - axB~2, 0]

rule 2933 Int[(P4x_)/(((d) + (e_.)*(x_)"2)*Sqrtl(a ) + (c_.)*(x_)74]), x_Symbol] :>

With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff
[P4x, x, 41}, Simp[-C/(e*q) Int[(1 - g*x~2)/Sqrtl[a + c*x"4], x], x] + Sim
pl1/(c*e) Int[(Axc*e + a*Cxd*q + (Bkc*xe - Cx(cxd - a*e*xq))*x72)/((d + e*x
~2)*Sqrtla + c*x~4]), x1, x11 /; FreeQl{a, c, d, e}, x] && PolyQ[P4x, x72,
2] && NeQ[c*d~™2 - axe”2, 0] && PosQ[c/al

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.16 (sec) , antiderivative size = 370, normalized size of antiderivative = 0.72

method | result

Bd\/l—% \/1+% EllipticF (w\/%'L) iCdva \/1—% \/1+% (EllipticF (w\/%o _EllipticE (:c\/%'L)) Cc\/:

J’_

dq/%\/0z4+a d21/%\/ca¢4+a

iv/e \/cx1+a iy/c \/czl+a\/E
default Ve v/ pp
i/cx? i/ex? EllioticF ic B i/ecx? 1 i/cx2 EllipticF ivc C iC 1 iy/cx? 1
o 1= [ 1+ EllipticF{ z, [ =7=.i 1=272 [ 14+ EllipticF( =,/ =7.i | Cc iCv/a -
elliptic — + '
d. |

inputLint((C*x‘4+B*x‘2+A)/(d*x‘2+c)/(c*x‘4+a)“(1/2),x,method=_RETURNVERBOSE)
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1/a72% (B*d/ (Ixc~(1/2)/a~(1/2))~(1/2)*(1-Ixc~(1/2)*x~2/a~(1/2))~(1/2) * (1+I*
c~(1/2)*x"2/a~(1/2))~(1/2) / (c*x~4+a) ~(1/2)*E11lipticF (x* (I*xc~(1/2)/a~(1/2))
~(1/2) ,I1)+I*Cxd*a~(1/2) / (I*xc™(1/2)/a~(1/2))~(1/2)*(1-I*c~(1/2)*x"2/a~ (1/2)
)7 (1/2)*(1+Ixc™(1/2)*x72/a~ (1/2))~(1/2) / (c*x"4+a)~(1/2) /c~(1/2) *(E1llipticF
(x*(I*c~(1/2)/a~(1/2))~(1/2),I)-E1lipticE(x*(I*c~(1/2)/a~(1/2))~(1/2),I))-
Cxc/(Ixc™(1/2)/a~(1/2))~(1/2)*(1-Ixc~(1/2)*x~2/a"~(1/2))~(1/2) * (1+I*c”~(1/2)
*x~2/a~(1/2))~(1/2)/ (c*x~4+a) = (1/2) *E1lipticF (x*(I*c~(1/2)/a~(1/2))~(1/2),
I))+(A*d~2-Bxc*d+Cxc~2)/d"2/c/ (I*c~(1/2)/a~(1/2)) " (1/2)*(1-I*c~(1/2)*x"2/a
~(1/2))7(1/2) % (1+4I*c™ (1/2)*x~2/a~(1/2)) ~(1/2) / (c*x~4+a) ~ (1/2) *E1lipticPi(x
*(Ixc™(1/2)/a~(1/2))~(1/2) ,1/c~(3/2)*a~(1/2)*d, (-I/a~(1/2)*c~(1/2))~(1/2)/
(Ixc~(1/2)/a~(1/2))~(1/2))

output

Fricas [F(-1)]
Timed out.

A+ Bz? + Cz*
(c+ dz?)Va + cxt

dz = Timed out

inputLintegrate((C*x‘4+B*x‘2+A)/(d*x‘2+c)/(c*x‘4+a)*(1/2),x, algorithm="fricas") J

Output‘Timed out ‘
Sympy [F]
A+ Bz? + Cz* i — A+ Bz? + Cz* .
(c+ dz?) va + cz? Va+ cz* (c + dx?)
input Lintegrate ((Crxxx4+Bxxx*x2+A) / (d¥x**2+c) / (ckxkkd+a) **(1/2) ,x) J
outputtlntegral((A + Bkx**2 + Ckx**4)/(sqrt(a + ckx**4)*(c + d*x**2)), x) J
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Maxima [F]

A+ Bx? + Czx* e — Czt+ B2+ A s
(c+dz?) Va+ cz? Vvezt + a(dz? + ¢)

inputLintegrate((C*x“4+B*x”2+A)/(d*x“2+c)/(c*x*4+a)*(1/2),x’ algorithm="maxima")

output Lintegrate((C*x*z; + Bxx"2 + A)/(sqrt(c*x~4 + a)*(d*x"2 + c)), x)

Giac [F]

A+ Bz? + Cz* dp — Cz*+Bx?+ A
(c+dz?) Va + cz* Veat +a(da? + ¢)

i

input tintegrate ((C*x~4+B*x~2+A) / (d*x~2+c) / (c*x~4+a) ~(1/2) ,x, algorithm="giac")

output Lintegrate((C*x‘AL + B*x"2 + A)/(sqrt(c*x~4 + a)*(d*x~2 + c)), x)

Mupad [F(-1)]

Timed out.

/ A+ Bz? + Cz* o — Cz*+ B2+ A s
(c+dz?) Va+ cat Vezt +a (dz? + ¢

inputtint((A + B*x~2 + Cxx~4)/((a + c*x~4)~(1/2)*(c + d*x~2)),x)

outpudint“A + B¥x"2 + C*x~4)/((a + cxx~4)~(1/2)*(c + d*x~2)), x)
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Reduce [F|

A+ Bz? + Czt _(/ Vezrt +a )a

do =
(c+dz?)vVa + cxt * cda + 2zt + ada® +ac

Vezrt +axt
+ dzr | c
cd x8

+ 2zt +adx? + ac

+</ Veal+aa? d)b

o
cdzb + c2x* + ad 22 + ac

input Lint ((C*x~4+B*x~2+A) / (d*x~2+c) /(c*x~4+a) " (1/2) ,x)

‘int(sqrt(a + cxx*k*x4) /(axc + akdsx*x*2 + cxk2kx*x4 + ckxdkx**6),x)*a + int((s
\qrt(a + cxxkx4)xx*kx4) /(axc + akdxxk*2 + crx¥kkx**4 + ckdxx**6) ,x)*c + int ((
\sqrt(a + ckxxxkd) *x**2) /(akc + akxdkx*x*2 + ckxkx**4 + ckxd*xx**6),x)*b

output
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A+Bz?4Cz*

3.31 f 72 (c+dz?)Va+er? dz

Optimal result . . . . . . . . . . e 313
Mathematica [C] (verified) . . . . . . . . . ... L 314
Rubi [A] (verified) . . . .. .. ... .. 315
Maple [C] (verified) . . . . . . . . . ... 319
Fricas [F(-1)] . . . . o o e 320
Sympy [F] . . o o 320
Maxima [F] . . . . . . 3201
Giac [F] . . . . o o 3211
Mupad [F(-1)] . . . o o B21]
Reduce [F] . . . . . o 3211

Optimal result

Integrand size = 36, antiderivative size = 534

A+ Bx? + Cx*
2 v

(c+ dz?) va + cx*

_AVa+ Azva + ezt (c*C — Bed 4 Ad?) arctan <

Vcdtad?x >
Vevdyatcat

ace + a/c (\/54_ \/ExQ) -
A(Va + /cz?) /ﬁE(2 arctan ( %_i‘”

268/ AS T o

D

a?/4c3*a + cxt

_|_

(Ac3/2 — ay/cC + /a(Bc — 2Ad)) (\/E + \/Ex2) /(\[ﬂf—% EllipticF (2 arctan <

%))

2a3/4¢c3/4 (03/2 _ \/6d) vVa + cxt
3/9 2 4
(32 + /ad) (2C — Bed + Ad?) (va + +/ca?) /ﬁ EllipticPi <—(Ziﬁ_+‘;?, 2 arctan ( \4/\/%

_|_

4v/ac¥*d (32 — \/ad) Va + cz*
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—-Ax(c*x~4+a) " (1/2) /a/c/x+A*x* (c*x~4+a)~(1/2) /a/c~(1/2)/(a~(1/2)+c~(1/2) *x~
2)-1/2*% (Axd~2-B*c*d+C*xc~2) *arctan ((a*d~2+c~3) ~(1/2) *x/c~(1/2)/d~(1/2) / (c*x
~4+a)~(1/2))/c~(3/2)/d~(1/2) /(a*d~2+c~3) ~(1/2)-A*x(a~ (1/2)+c~(1/2) *x~2) *((c
*x"4+a) /(a~(1/2)+c~(1/2)*x~2)~2) ~(1/2) *EllipticE(sin(2*arctan(c” (1/4) *x/a"
(1/4))),1/2x27(1/2))/a~(3/4) /c~(3/4) / (cxx~4+a) " (1/2)+1/2% (A*xc~ (3/2) —a*c~ (1
/2)*C+a” (1/2) *(-2xA*d+B*c) ) *(a~(1/2)+c~(1/2) *x~2) * ((c*x"4+a) /(a~(1/2)+c~ (1
/2)*x72)"2) " (1/2) *InverseJacobiAM(2*arctan(c” (1/4)*x/a~(1/4)),1/2%¥2~(1/2))
/a~(3/4)/c™(3/4)/(c™(3/2)-a~(1/2)*d) / (c*x"4+a) " (1/2)+1/4x(c~ (3/2)+a~ (1/2) *
d) * (A*d~2-B*c*d+Cxc~2) *(a~ (1/2)+c~ (1/2) *x~2) * ((c*x~4+a) / (a~ (1/2)+c~ (1/2) *x
~2)~2)~(1/2)*EllipticPi(sin(2*arctan(c~(1/4)*x/a~(1/4))),-1/4%(c~(3/2)-a"~(
1/2)*d)~2/a~(1/2)/c~(3/2)/d,1/2%2~(1/2)) /a~(1/4) /c~(9/4) /d/(c~(3/2)-a~(1/2
)*d) / (c*x~4+a)~(1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 10.94 (sec) , antiderivative size = 422, normalized size of antiderivative = 0.79

dz

/ A+ Bz? + Cz*
z2 (c+ dz?) va + cz?

—aA %Ecd - A %602d1174 +aAc *dx /1 + %E(iarcsinh(%%z) ‘ — 1) — iy/ac*?(yay/cC —

input Integrate[(A + B*x~2 + Cxx~4)/(x"2*(c + d*x~2)*Sqrt[a + c*x~4]),x]

(-(a*A*Sqrt [(I*Sqrt[c])/Sqrt[al]l*cxd) - AxSqrt[(I*Sqrt([c])/Sqrtl[al]*c 2*dx*
x~4 + Sqrtl[al*A*xc”~(3/2)*d*x*Sqrt[1 + (c*x"4)/al*EllipticE[I*ArcSinh[Sqrt[(
I*xSqrtlcl)/Sqrtlall*x], -1] - I*Sqrt[al*c”(3/2)*(Sqrt[al*Sqrt[c]*C - I*Axd
Y*#x*Sqrt[1 + (c*x~4)/al*EllipticF[I*ArcSinh[Sqrt[(I*Sqrt[c])/Sqrt[all*x],
-1] + I*axc™2*Cxx*Sqrt[1 + (c*x"4)/al*EllipticPi[((-I)*Sqrt[al*d)/c~(3/2),
I*ArcSinh[Sqrt [(I*#Sqrt[c]l)/Sqrtlall#*x], -1] - Ixa*Bxc*d*x*Sqrt[l + (c*x"4
)/a]*E1lipticPi[((-I)*Sqrt[al*d)/c~(3/2), I*ArcSinh[Sqrt[(I*Sqrt([c])/Sqrtl[
all*x], -1] + I*axAxd~2xx*Sqrt[1 + (c*x”4)/al*EllipticPil[((-I)*Sqrt[al*d)/
c~(3/2), IxArcSinh[Sqrt[(I*Sqrt[c]l)/Sqrt[all*x], -1])/(a*Sqrt[(I*Sqrtlc]l)/
Sqrt[a]l]*c~2*d*x*Sqrt[a + c*xx~4])

output
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Rubi [A] (verified)

Time = 1.12 (sec) , antiderivative size = 554, normalized size of antiderivative = 1.04,

number of rules _ 0.250, Rules
integrand size

number of steps used = 9, number of rules used = 9,
used = {2245, 25, 2233, 27, 1510, 2227, 27, 761, 2221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

A+ Bz? + Cz* de
z2va + czt (c + dz?)
| 2245
_ Acdz*+c(ActaC)z?+a(Bc—Ad)
_ f (dz2+c)Veztta dx _ Ava + cx?
ac acxr

| 25

f Acdz*+c(ActaC)x?+a(Bc—Ad) dx

(dz2+c)Vezt+a _ Ava+czt
ac acxr
| 2233
I «acd(ﬁ(ﬁﬁT:d)ﬁji/%ﬁwc—Ad)) . ]
(zﬂgm+a —v@A¢?f%%%%3@7 W

ac acx

l 27

¢(v/ay/cC+Ad)z2+Ac3/? a(Bc—Ad a—+/cx?
\/(—fo(ff+)+ +v/a( )dx_Aﬁf%dx W

(dz2+4c)Vexi+a
ac acr
| 1510
4
o s %(\/ﬁ—i—ﬁﬂ) ;+—%2E<2arctan< \4/\/E_w>| >
va/ Ve(VaveC+Ad)a? +AS  +/a(Be-Ad) 4 4 Y (va+ves?) a ev/ated®
a (dz2+c)Vext+a T ¢ %‘ atcz?
ac

Ava + czt

acxr

l 99927
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2_ 2 Vez?+va % Va++/cx? a-
\/E(\/E(Bc—2Ad)—aﬁC+A03/2)fﬁdw a(Ad?—Bcd+c20) [ ﬁ(dm2+c) Cm4+adz M ( ) Jar
\/a 32— /ad + 32— /ad - \/E {1/
ac
Ava+ czt
acx

| 27

Jea?+/a Va(Va+ty/ez?) |—oat

Ja [ Y ABe A e A [ e VAL BP0 | G Ve ® _ (va+-
a 32— Jad + 32— Jad - Ay/c Y
ac
Ava+cat
acx
| 761

4
2_ 2 Vea?+y/a Ye(Vatryer?) |—ates?  ElipticE <2 arctan< \/E’”> ,1> Va(Bc—2Ad)—a+/cC-
Va(Ad?—Bed+c2C) [ oI N Ye( ) (Varvea)? a ) (

\/a 372 \Jad 2%(03/2—\/&1) a+cxd
ac
Ava+ ezt
acxr
l 9921

(vaass2
Va(Ad?—Bcd+c2C)

4
%(\/E+\/Ex2) (\ﬁi:—i\;;i?)z EllipticF (2 a.rctan( \%//_E;> ,%) (\/E(Bc—QAd)—a\ﬁC+Ac3/2)

2 %(c3/2—\/5d) Va+czt +

Ava + cx?

acxr
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input‘ Int[(A + B*¥x"2 + Cxx~4)/(x"2*%(c + d*XA2)*SqI't [a + C*X“4]),x]

-((AxSqrt[a + c*x"4])/(axc*x)) + (-(A*Sqrtlcl*(-((x*Sqrt[a + c*x~4])/(Sqrt
[a] + Sqrtlcl*x~2)) + (a~(1/4)*(Sqrtl[al + Sqrtlcl*x~2)*Sqrt[(a + c*xx~4)/(S
grtlal + Sqrtlc]l*x~2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(c
~(1/4)*Sqrt[a + c*x74]))) + Sqrtlal*((c™(1/4)*(A*c™(3/2) - axSqrt[c]*C + S
grt[al*(Bxc - 2*Axd))*(Sqrt[a]l + Sqrtlcl*x~2)*Sqrtl[(a + c*x~4)/(Sqrtla]l +
Sart [c]*x~2) 2] *EllipticF [2*ArcTan[(c~(1/4)*x)/a~(1/4)1, 1/21)/(2*a~(1/4)*
(c™(3/2) - Sqrtlal*d)*Sqrt[a + c*x"4]) + (Sqrtl[al*(c”2*C - Bxcxd + Axd~2)x*
(-1/2%((c~(3/2) - Sqrtl[al*d)*ArcTan[(Sqrt[c~3 + a*d~2]*x)/(Sqrt[c]l*Sqrt[d]
*Sqrt[a + c*x74])]1)/(Sqrt[c]*Sqrt[d]*Sqrt[c™3 + a*d~2]) + ((c~(3/2) + Sqrt
[al*d)*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrtl[a] + Sqrt[cl*x~2)"2]
*EllipticPi[-1/4*(Sqrt[al*(c~(3/2)/Sqrtlal - d)~2)/(c~(3/2)*d), 2*ArcTan[(
c™(1/4)*x)/a~(1/4)]1, 1/2]1)/(4*a~(1/4)*c™(5/4)*d*Sqrt[a + c*x"4])))/(c™(3/2
) - Sqrtlal*d)))/(axc)

output

Defintions of rubi rules used

rule 25 Int[-(Fx_), x_Symbol]l :> Simp[Identity[-1]  Int[Fx, x], x]

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 761 Imt[1/8qrel(a ) + (b_.)*(x_)"4], x_Symboll :> With[{q = Rt[b/a, 4]}, Simp[(
1 + q72*%x"2)*(Sqrt[(a + b*xx~4)/(ax(1 + q~2*x"~2)"2)]1/(2*q*Sqrt[a + b*x~4]))=*
EllipticF[2*ArcTan[qg*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/al

rule 1510 IRELCED) + (e_)*(x)"2)/Sqrt[(a ) + (c_.)*(x_)"4], x_Symbol] :> With[{q =

Rtlc/a, 41}, Simp[(-d)*x*(Sqrtl[a + cxx~4]/(ax(1 + q~2%x72))), x] + Simp[d*
(1 + g~2*x"2)*(Sqrt[(a + c*x~4)/(ax(1 + q~2*x~2)"2)]1/(g*Sqrt[a + c*x~4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al
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rule 2991 Int[(CA_) + (B_.)*(x_)"2)/(((d)) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"41)
, X_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(ArcTan[Rt[c*(d/e
) + ax(e/d), 2]*(x/Sqrtla + c*x~4])]1/(2*d*exRt[cx(d/e) + ax(e/d), 21)), x]
+ Simp[(B*d + A*e)*(1 + g~2*x"2)*(Sqrt[(a + c*xx"4)/(ax(1 + q~2%x~2)"2)]/ (4%
dxe*q*Sqrt[a + c*x74]))*EllipticPi[-(e - d*q~2)~2/(4*d*exq~2), 2*ArcTan[q*x
1, 1/21, x11 /; FreeQl{a, c, d, e, A, B}, x] && NeQ[c*xd~2 - a*e~2, 0] && Po
sQlc/al && EqQ[c*A~2 - a*B~2, 0] && PosQ[B/A] && PosQlcx(d/e) + ax(e/d)]

rule 9997 IntLCCAL) + (B_.)*(x_)72)/(((d)) + (e_.)*(x_)"2)*Sqrtl(a ) + (c_.)*(x_)74])
, x_Symbol] :> With[{q = Rtlc/a, 2]}, Simp[(A*(c*d + axe*xq) - a*B*(e + d*q)
)/(cxd™2 - axe”2) Int[1/Sqrtla + c*x~4], x], x] + Simp[a*(Bxd - Axe)*((e
+ d*q)/(cxd"2 - axe”2)) Int[(1 + g*x~2)/((d + e*x"2)*Sqrt[a + c*x74]), x]
, xJ1 /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d"2 - axe”2, 0] && PosQ[c/al
&& NeQ[c*A~2 - axB~2, 0]

rule 2933 Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]), x_Symbol] :>
With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff
[P4x, x, 41}, Simp[-C/(e*q) Int[(1 - g*x~2)/Sqrtl[a + c*x"4], x], x] + Sim
pl1/(c*xe) Int[(Axc*e + a*Cxd*q + (Bkckxe - Cx(cxd - axe*q))*x72)/((d + e*x
~2)*Sqrt[a + c*x~4]), x], x]] /; FreeQl{a, c, d, e}, x] && PolyQ[P4x, x~2,
2] && NeQ[c*d"2 - axe™2, 0] && PosQ[c/al

rule 2245 Int [((Px_)*(x_)"(m_))/(((d.) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_
Symbol] :> With[{A = Coeff[Px, x, 0], B = Coeff[Px, x, 2], C = Coeff[Px, x,
4]}, Simp[A*x~(m + 1)*(Sqrt[a + c*x~4]/(axd*(m + 1))), x] + Simp[1/(a*d*(m
+ 1)) Int[(x"(m + 2)/((d + e*x"2)*Sqrt[a + c*x74]))*Simp[a*xB*d*x(m + 1) -
Axaxex(m + 1) + (a*xCxdx(m + 1) - A*c*d*(m + 3))*x"2 — A*xckex(m + 3)*x74, x
1, x1, x1] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x~2, 2] && ILtQ[m/2, 0]
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.86 (sec) , antiderivative size = 317, normalized size of antiderivative = 0.59

method | result
nE m_}_i\/& \/1—% \/1+% (EllipticF (.7; %z) —EllipticE(z‘
default o\/1—i\/\§g2 \/1+i C EuipticF<z\/%,i) “ va e Vealta
c€rau
di | ™E JezEita + ¢
V2 cxr*+a
. i/ x2 iv/caz? s [iv/e . - [iv/e . iv/C 2 ivex? o
zA\/E\/E\/l—% \/1-4—% (ElllptlcF((L‘ %,1) —EllipticE (w %,z)) +Cca\/1_’ \;Em \/14,.1 \;g EllipticF
ive e fod
risch _ AVeztia n Ve Vealta a2 Vealta
acxr
: 2 . 2 . . 2 . 2 .
C\/l—‘ cx \/1+@ °z® Elli ticF(z,/M,') '14\/1—7“/5z \/1+7’ cz Bl ticF(z,/M i
elliptic —Avezlta | v ve 7P vl + : v a7 Ve
acr dw/%\/cw‘l—ka \/E,/%\/cx‘l—i-aﬁ

inputt

int ((Cxx~4+B*x~2+A) /x~2/(d*x"2+c) / (c*x"4+a) " (1/2) ,x,method=_RETURNVERBOSE) J

output

C/d/(Ixc~(1/2)/a~(1/2))~(1/2)*(1-Ixc~(1/2)*x~2/a~(1/2) )~ (1/2)* (1+I*c~(1/2)
*x~2/a~(1/2))~(1/2) / (c*x~4+a) " (1/2) *E1lipticF (x*(I*xc~(1/2)/a~(1/2))~(1/2),
I)+A/c*(-1/ax(cxx"4+a) ~(1/2) /x+I*c~(1/2) /a~(1/2)/ (I*c~(1/2)/a~(1/2))~(1/2)
*(1-I*xc™(1/2)*x~2/a~(1/2))~(1/2) *(1+Ixc~(1/2)*x~2/a~(1/2))~(1/2) / (c*x"4+a)
~(1/2)*(EllipticF (x*(I*c~(1/2)/a~(1/2))~(1/2),I)-EllipticE(x*(I*c~(1/2)/a"
(1/2))7(1/2),1))) - (A*xd~2-B*c*d+C*c~2) /c~2/d/ (I*c~(1/2) /a~(1/2))~ (1/2)*(1-1
xc~(1/2)*x~2/a”~ (1/2)) " (1/2)* (1+I*c~(1/2)*x~2/a~(1/2))~(1/2) / (c*x"4+a) " (1/2
)*E1lipticPi(x*(I*c”(1/2)/a~(1/2))"(1/2),1/c”(3/2)*a"~(1/2)*d, (-I/a~ (1/2)*c
~(1/2))7(1/2)/ (I*xc~(1/2) /a~(1/2))~(1/2))
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Fricas [F(-1)]
Timed out.

dz = Timed out

/ A+ Bz? + Cz*
z2 (c+ dx?) vVa + czt

‘ integrate ((Cxx~4+Bxx~2+A)/x"2/(d*x"2+c)/(c*x"4+a)~(1/2) ,x, algorithm="fric ‘

input ‘ . ‘

output LTimed out J
Sympy [F]
/ A+ Bz? + Cz* i — A+ Bz* + Cz* "
z2 (c + dz?) vVa + cxt r2v/a + cxt (c + dx?)
input Lintegrate ((CHx*x4+Bxx**2+A) /x**2/ (d*x**2+c) / (ckx**4+a) **(1/2) ,x) J
output LIntegral((A + Bxx*x2 + Ckxx*4)/(x**2xsqrt(a + cxxx*4)*(c + dxx**2)), x) J
Maxima [F]

/ A+ Bz? + Cz* dp — Cz*+ B>+ A i
22 (c+dz?) vVa + cz? Vezt + a(dz? + ¢)x?

‘ integrate ((Cxx~4+B*x~2+A) /x"2/(d*x~2+c)/(c*x~4+a)~(1/2) ,x, algorithm="maxi ‘

input ‘ P ‘

output Lintegrate((C*x‘4 + B*xx"2 + A)/(sqrt(c*x~4 + a)*(d*x~2 + c)*x72), x) J




inpu

output

input

output

input
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Giac [F]
/ A+ Bz? + Cz* dp — Cz*+Bz>+ A i
22 (c+dz2)Va+ert ) Vert + a(da? + o)z

t‘integrate((C*x‘4+B*x‘2+A)/x“2/(d*x‘2+c)/(c*x‘4+a)“(1/2),x, algorithm="giac
n

Lintegrate((C*x“4 + B*x"2 + A)/(sqrt(c*x™4 + a)*(d*x"2 + c)*x72),

x)

Mupad [F(-1)]

Timed out.

/ A+ Bz? + Cz* i — Cz*+ Bz’ + A "
z2 (c+ dz?)va + cz? z2Vcx* +a (dz? +c)

Lint((A + B*x"2 + C*x~4)/(x"2x(a + c*x~4)~(1/2)*(c + d*x~2)),x)

Lint((A + B*x"2 + C*x~4)/(x"2*(a + c*x~4)~(1/2)*(c + d*x~2)), %)

Reduce [F]

/ A+ Bz? + Czt p _(/ Vert +a
72

T =
(c+dz?) vVa+ czt cd 28 + c?2% + ad 2 + acx?

+</ Vert +a

cdzb + 2zt + ad x2 + ac

/ Vezrt +azx?
_|_
cd x8

+ 2zt +adz? + ac

dx) a
dx) b
dm) c

Lint((C*x“4+B*x“2+A)/x‘2/(d*x‘2+c)/(c*x“4+a)“(1/2),X)
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output‘ int(sqrt(a + ckx**4)/(akckx**x2 + akdxxk*4 + Ckx2kx**k6 + Ckd*kx**8),x)*a + i
‘nt(sqrt(a + ckx**4) /(axc + axd*x**2 + ck*2xx**4 + ckxd*kx**6),x)*b + int((sq
‘rt(a + ckxkx4) kx**2) /(akc + akxdkx**2 + ck*x2*xk*x4 + ckd*kx**6) ,X)*C
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A+Bz?4Cz*

3.32 f 74 (c+dz?) Va+ter? dz

Optimal result . . . . . . . . . . .. .. .
Mathematica [C] (verified) . . . . . . . . . ... L 324
Rubi [A] (verified) . . . .. .. ... .. 325
Maple [C] (verified) . . . . . . . . . ... 330
Fricas [F(-1)] . . . . o o e B31
Sympy [F] . . o o B31]
Maxima [F] . . . . . . 3311
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . o 3321

Optimal result

Integrand size = 36, antiderivative size = 593

Ava+czt  (Bc— Ad)va+ cat

/ A+ Bx? 4+ Czx* P
z* (c+ dz?) va + czt 3acz?

(Bc — Ad)zva + cz* Vd(c?C — Bed + Ad?) arctan (
+ +

ac’xt

vc3+ad?z
Vevdyatcrt

ac®? (/a + \/ca?) 2¢%/24/c3 + ad?
(Bc — Ad) (va + y/cz?) ﬁE@ arctan ( ‘\%) I%)

a3/4c’/4\/a + cxt

(Ac® — \/ac**(3Bc — 2Ad) — 3a(c*C — 2Bcd + 2Ad?)) (y/a + y/cz?)

(Vartve?)

—ater’ _ FllipticF (2 arct;

6a5/4c7/4 (32 — \/ad) Va + cz*

(¢¥? + /ad) (> C — Bed + Ad?) (va + +/cx?)

a+cr?
(Vart Ve

EllipticPi (—

(22 /ad)*
4\/603/2d )

2 arctan (

{ca
Va

4v/act3/4 (32 — \/ad) Va + cz*



output

input
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-1/3*%A*(c*x"4+a)~(1/2) /a/c/x"3-(-A*d+B*c) * (cxx~4+a) " (1/2) /a/c”2/x+(-A*d+Bx*
c)*xx(c*xx"4+a) ~(1/2)/a/c”(3/2)/(a~(1/2)+c~(1/2) *x~2)+1/2*d~ (1/2) * (Axd~2-B*
c*xd+Cxc”~2)*xarctan((a*d~2+c~3) " (1/2)*x/c~(1/2) /4" (1/2) / (c*x~4+a)~(1/2)) /c~(
5/2)/(a*d~2+c~3) " (1/2) - (-A*d+B*c)*(a~ (1/2)+c~ (1/2) *x~2) * ((c*x"4+a) /(a~ (1/2
)+c~(1/2)*#x2)~2) "~ (1/2)*EllipticE(sin(2*arctan(c”(1/4)*x/a~(1/4))) ,1/2x2~(
1/2))/a~(3/4)/c~(7/4)/ (c*xx~4+a) ~(1/2)-1/6% (A*xc~3-a~ (1/2) *c~ (3/2) * (-2*A*d+3
*Bxc) —3%a* (2xA*xd"2-2xBxc*xd+Cxc~2) ) *(a~ (1/2)+c~ (1/2) *x~2) * ((c*x~4+a) / (a~ (1/
2)+c”(1/2)*x72)"2) " (1/2) *InverseJacobiAM(2*arctan(c”™ (1/4) *x/a~ (1/4)) ,1/2%2
~(1/2))/a~(6/4)/c~(7/4)/(c~(3/2)-a~(1/2)*d) / (c*x~4+a) " (1/2)-1/4*(c"(3/2)+a
~(1/2) *d) * (A*d"~2-Bxcxd+C*xc~2) *(a~ (1/2)+c~ (1/2) *x~2) * ((c*x~4+a) / (2~ (1/2) +c~
(1/2)%x72)~2)~(1/2)*EllipticPi(sin(2*arctan(c~(1/4)*x/a~(1/4))),-1/4*(c" (3
/2)-a~(1/2)*d)"2/a~(1/2)/c~(3/2)/4,1/2*%2~(1/2)) /a~(1/4) /c~(13/4) /(c~(3/2) -
a~(1/2)*d) /(c*x~4+a)~(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.15 (sec) , antiderivative size = 549, normalized size of antiderivative = 0.93

/ A+ Bx? +Cx* p
x
z* (c+ dz?) va + cx?
B —aA iTaccz — 3aB %fczxz + 3aA %‘Ecdar:2 —A %50%4 — 3B %Ec%ﬁ +3A

iT:chzﬁ + 34/ac’

Integrate[(A + B*x™2 + Cxx"4)/(x"4x(c + d*x~2)*Sqrt[a + c*x"4]),x]
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(-(axA*Sqrt [(I*xSqrt[c]l)/Sqrt[all*c™2) - 3*axB*Sqrt[(I*Sqrtlcl)/Sqrt[all*c”
2xx~2 + 3*xaxA*xSqrt[(I*Sqrt([c])/Sqrtlal]l*c*d*x~2 - A*Sqrt[(I*Sqrtlc])/Sqrtl
all*c™3*x"4 - 3*B*Sqrt[(I*Sqrt[cl)/Sqrt[al]l*c~3*x"6 + 3xAxSqrt[(I*Sqrt([c])
/Sqrt[al]l*c”2*d*x~6 + 3*Sqrt[al*c”(3/2)*(Bxc - A*d)*x~3*Sqrt[1 + (c*x"4)/a
]*E1lipticE[I*ArcSinh[Sqrt [(I*Sqrtlc])/Sqrtlall*x], -1] - c~(3/2)*((-I)*A*
c”(3/2) + 3xSqrtl[al*(Bxc - A*d))*x"3*Sqrt[1 + (c*xx"4)/al*EllipticF[I*ArcSi
nh[Sqrt [(I*Sqrtlc]l)/Sqrtlall*x], -1] - (3*I)*axc 2xCxx~3*Sqrt[1 + (c*x~4)/
a]*EllipticPi[((-I)*Sqrt[al*d)/c~(3/2), I*ArcSinh[Sqrt[(I*Sqrt[c])/Sqrt[al]
I1*x], -1] + (3*I)*axB*cxd*x~3*Sqrt[1 + (c*x~4)/al*EllipticPi[((-I)*Sqrt[al]
*d)/c”(3/2), I*ArcSinh[Sqrt[(I*Sqrtlc])/Sartl[all*x], -1] - (3*I)*a*A*xd~2*x
~3*Sqrt[1 + (c*x74)/al*EllipticPi[((-I)*Sqrt[al*d)/c~(3/2), I*ArcSinh[Sqrt
[(I*Sqrtlc]l)/Sqrtlall*x], -1])/(3*axSqrt[(I*Sqrt[c])/Sqrt[a]]l*c~3*x"3*Sqrt
[a + c*x74])

output

Rubi [A] (verified)

Time = 1.67 (sec) , antiderivative size = 613, normalized size of antiderivative = 1.03,

number of steps used = 12, number of rules used = 12, Bumber of rules _ 333 Ryjeq
integrand size

used = {2245, 25, 2245, 25, 2233, 25, 27, 1510, 2227, 27, 761, 2221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
A+ Bz? 4+ C2* i
z*va + czt (c + dz?)
l 2245
_ —Acdz*—c(Ac—3aC)z%+3a(Bc—Ad)
. f z2(dz2+c)vVext+a dzx _ Ava + cxr?
3ac 3acx3
l 25
— Acdz*—c(Ac—3aC)z%+3a(Bc—Ad)
f 22(dx2+c)Vext+a dx _ Ava + cx?
3ac 3acx®
l 2245
f _ 3acd(Bc—Ad)z4+a62 (3Bc—4Ad)z2 +a (3ac(cC—Bd) —A (63 —3ad? ) ) .

ac

(dw2+c) czt+ta 3va+crt(Bc—Ad)
— — A/ 4
o Ava +cx

3ac 3acz3
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l 25

3acd(Bc—Ad)w4+ac2(3Bc—4Ad)w2+a (3ac(cC—Bd)—A(03—3ad2))
dx

(dz2+c) czd+a 3W(BC—Ad)
_ 1
e o B Ava+cx
3ac 3acx3

l 9233

acd (Ac373\/E(BcfAd)c3/2+d(Ac3/2 —Va(3Bc-3Ad) )22 \/a—3a(Cc?— Bdet+Ad?))

= dx

(d:c2+c) c:c4+a 3 _ 2
—3g3/2 _ Va—\cx®
2 3a3/2,/c(Bc—Ad) [ o r4+adz _ 3vatci(Be—Ad)
ac cx
3ac
Ava + cx?
3acx3

| 25

. acd(A03—3\/E(Bc—Ad)c3/2+d(Ac3/2—\/E(SBC—BAd))m2ﬁ—3a(Cc2—Bdc+Ad2))

2 7
_343/2 _ va—yez? o (ds+e) VeaTta
3a3/2,/c(Bc—Ad) [ Va Cm4+adac cd _ 3Va+cz*(Be—Ad,
cT

ac

dx

3ac
Ava + cx?

3acx?
l 27

Ac3—3y/a(Be—Ad)3/21d(Ac3/2_ /a(3Bc—3Ad))z2/c—3a(Cc? —BdetAd? 2
—af " —SValBem AT T ( ¢ vashe ))w ve a( c ot )dm—3aﬁ(Bc—Ad)f7‘/a_‘/Ez dx

(dz2+c) Vezdta Vezt+a _ 3vVa+tcxt (BC—Ad)
ac c _
3ac
Ava + cx?
3acx3
l 1510

Valvorvet) [ oo s (2ot

(va+ves?
%\/ a+ca:4

Ac3—3/a(Be—Ad)c3/2+d (Ac3/2 7\/5(3Bc73Ad)) z2,/c—3a (Cc2dec+Ad2)
(dw2+c) cw4+a

—af

dz—3a+/c(Bc—Ad)

ac

3ac
Ava + cx?

3acx3
l 92927
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2, 4
3a3/2d(Ad2_Bcd+c20) I %dz ﬁ(—ﬁc3/2(3Bc—2Ad)—3a(2Ad2—23cd+c2(1)+Ac3) [l _do \/Z
a " Veslta | 34 /6(Be—Ad)| —
03/2—\/5(1 03/2_\/5(1
ac
3ac
Ava + cx?
3acx3
l 27
2 4
3ad(Ad?—Bed+c%C) | %‘” ve(—vac®/2(3Bec—24d) 30 (2442 —2Bed+c2C) +A%) [ 14+ da \/a(ﬁJr
—a R TER + 372 Jad —3av/c(Bc—Ad)
ac
3ac
Ava + cx?
3acx3
l 761
3 d(Ad2_B ai 2c)f Vezltva %(\/E+\/Em2) %EllipticF 2 arctan 4\1/_”” . (—ﬁc3/2(SBc—zAd)—aa(2Ad2—2B
¢ eare (dm2+c) Vezd+a * ’ (\/E+\/Ea:2) 4\/5
—a
63/2,\/5(1 2 %(cg/z—ﬁd)m
ac
3ac
Ava + cx?
3acz3
l 9921
(va

3ad (Ad2 —Bcd+c2C) —

__ 4
%(\/a+\/5z2) ch‘l? EllipticF (2 arctan< \/Ez) ,%) (—\/503/2(3B0—2Ad)—3a (2Ad2—2Bcd+c2C) +A03)

(vatves?) Va
23/a(3/2- yad) Varest

+

Ava + czt

3acz3
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input‘ Int[(A + B¥x"2 + Cxx~4)/(x~4*(c + d*XA2)*SqI't [a + C*X“4]),x]

-1/3*%(A*Sqrt[a + c*x"4])/(a*xc*x~3) + ((-3*(B*c - A*d)*Sqrt[a + c*xx~4])/(c*
x) + (-3%a*Sqrt[c]*(Bxc - Axd)*(-((x*Sqrt[a + c*x~4])/(Sqrt[a] + Sqrtlcl*x
~2)) + (a~(1/4)*(Sqrtl[al] + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrt[a] + Sqrtlc
1*x72)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(c~(1/4)*Sqrt[a +
c*x~4])) - a*x((c~(1/4)*(A*xc~3 - Sqrt[al*c~(3/2)*(3*xBxc - 2%Axd) - 3*a*x(c”
2*C - 2*Bkckxd + 2*xA*d~2))*(Sqrt[al + Sqrtlcl*x"2)*Sqrt[(a + c*x~4)/(Sqrt[a
1 + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2])/(2*a~(1
/4)*(c~(3/2) - Sqrtl[al*d)*Sqrt[a + c*x~4]) + (3*axd*(c™2*C - Bxcxd + A*d"2
)*x(-1/2%((c~(3/2) - Sqrtl[al*d)*ArcTan[(Sqrt[c~3 + axd~2]*x)/(Sqrt[c]l*Sqrt[
d]*Sqrt[a + c*x"4]1)]1)/(Sqrt[cl*Sqrt[d]*Sqrt[c~3 + a*d~2]) + ((c~(3/2) + Sq
rt[a]l*d) *(Sqrt[a] + Sqrtlcl*x"2)*Sqrtl[(a + c*x~4)/(Sqrtl[al + Sqrtlcl*x~2)~
2] *E1lipticPi[-1/4*(Sqrt[al*(c~(3/2)/Sqrt[al - d)~2)/(c~(3/2)*d), 2%ArcTan
[(c™(1/4)*x)/a~(1/4)]1, 1/2])/(4*a~(1/4)*c™(5/4)*d*Sqrt[a + c*x74])))/(c™(3
/2) - Sqrtlal*d)))/(a*c))/(3*axc)

output

Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simp[(
1 + q"2*x"2)*(Sqrt[(a + b*x"4)/(a*x(1 + q~2*x72)"2)]/(2xg*Sqrt[a + b*x"4]))=*
EllipticF[2*ArcTan[q*x], 1/2], x]1] /; FreeQ[{a, b}, x] && PosQ[b/al

rule 761

Int[((d_ ) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =

Rtlc/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(a*x(1 + q~2*x"2))), x] + Simp[d*
(1 + g~2*x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2*x"2)"2)]/(g*Sqrt[a + c*x~4]))*E
1lipticE[2*ArcTan[qg*x], 1/2], x] /; EqQ[e + d*q"2, 0]] /; FreeQl{a, c, d, e
}, x] && PosQ[c/al

rule 1510
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rule 2991 Int[(CA_) + (B_.)*(x_)"2)/(((d)) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"41)
, X_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(ArcTan[Rt[c*(d/e
) + ax(e/d), 2]*(x/Sqrtla + c*x~4])]1/(2*d*exRt[cx(d/e) + ax(e/d), 21)), x]
+ Simp[(B*d + A*e)*(1 + g~2*x"2)*(Sqrt[(a + c*xx"4)/(ax(1 + q~2%x~2)"2)]/ (4%
dxe*q*Sqrt[a + c*x74]))*EllipticPi[-(e - d*q~2)~2/(4*d*exq~2), 2*ArcTan[q*x
1, 1/21, x11 /; FreeQl{a, c, d, e, A, B}, x] && NeQ[c*xd~2 - a*e~2, 0] && Po
sQlc/al && EqQ[c*A~2 - a*B~2, 0] && PosQ[B/A] && PosQlcx(d/e) + ax(e/d)]

rule 9997 IntLCCAL) + (B_.)*(x_)72)/(((d)) + (e_.)*(x_)"2)*Sqrtl(a ) + (c_.)*(x_)74])
, x_Symbol] :> With[{q = Rtlc/a, 2]}, Simp[(A*(c*d + axe*xq) - a*B*(e + d*q)
)/(cxd™2 - axe”2) Int[1/Sqrtla + c*x~4], x], x] + Simp[a*(Bxd - Axe)*((e
+ d*q)/(cxd"2 - axe”2)) Int[(1 + g*x~2)/((d + e*x"2)*Sqrt[a + c*x74]), x]
, xJ1 /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d"2 - axe”2, 0] && PosQ[c/al
&& NeQ[c*A~2 - axB~2, 0]

rule 2933 Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4]), x_Symbol] :>
With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff
[P4x, x, 41}, Simp[-C/(e*q) Int[(1 - g*x~2)/Sqrtl[a + c*x"4], x], x] + Sim
pl1/(c*xe) Int[(Axc*e + a*Cxd*q + (Bkckxe - Cx(cxd - axe*q))*x72)/((d + e*x
~2)*Sqrt[a + c*x~4]), x], x]] /; FreeQl{a, c, d, e}, x] && PolyQ[P4x, x~2,
2] && NeQ[c*d"2 - axe™2, 0] && PosQ[c/al

rule 2245 Int [((Px_)*(x_)"(m_))/(((d.) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_
Symbol] :> With[{A = Coeff[Px, x, 0], B = Coeff[Px, x, 2], C = Coeff[Px, x,
4]}, Simp[A*x~(m + 1)*(Sqrt[a + c*x~4]/(axd*(m + 1))), x] + Simp[1/(a*d*(m
+ 1)) Int[(x"(m + 2)/((d + e*x"2)*Sqrt[a + c*x74]))*Simp[a*xB*d*x(m + 1) -
Axaxex(m + 1) + (a*xCxdx(m + 1) - A*c*d*(m + 3))*x"2 — A*xckex(m + 3)*x74, x
1, x1, x1] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x~2, 2] && ILtQ[m/2, 0]
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.98 (sec) , antiderivative size = 345, normalized size of antiderivative = 0.58

method | result
Vedtta C\/l_i \;Ezz \/Hi \5612 El]ime(”” i\/@ﬂ) Py iﬁ\/l—ii \;‘%2 \/1+7i %2 (EllipticF(ay
Al —Yeatya_ T (Ad—Bc) | —Yezltay o
ay/ W cx*+a a ./ Vo c
default . — =
Ac2\/1—% \/H_i \%02 ElnpucF(z,/%,z‘) 3iB c%ﬁ\/l—% \/1+% (Ellipti
isch Vezt+a (—3Adx?+3Bca?+Ac) % Veztta % Ve
I1SC — 32a 3 —
A 1_1} cx2 1+i cx? EllipticF e . . l_i\/Ex2 1+i cx? EllipticF
elliptic | _Aves'Ta | (Ad-BoverTa e VT ve TR Ve (N ve VT ve PR
3acz ac’z 3a % czita Veva | e ezt
\ Va v \ va
. int ((Cxx~4+B*x~2+A) /x~4/ (d*x"2+c) / (c*x"4+a) " (1/2) ,x,method=_RETURNVERBOSE)
input

output

A/cx(-1/3/ax(c*x"4+a) ~(1/2) /x~3-1/3*c/a/(I*c~(1/2)/a~(1/2))~(1/2) *(1-I*c"(
1/2)*x72/a~(1/2))~(1/2) *(1+I*c~(1/2)*x~2/a~(1/2))~(1/2) / (c*xx~4+a) " (1/2) *E1
lipticF(x*(I*c~(1/2)/a~(1/2))~(1/2),I))-(A*d-B*c)/c"2*(-1/a*(c*x"4+a)~(1/2
)/x+I*c™(1/2)/a~(1/2)/(I*c~(1/2)/a~(1/2))~(1/2)*(1-I*c~(1/2)*x"2/a~(1/2)) "
(1/2)*(1+Ixc™(1/2)*x~2/a~(1/2))~(1/2) / (c*x"4+a) ~(1/2) * (E11lipticF (x* (I*c~ (1
/2)/a~(1/2))~(1/2) ,I)-EllipticE(x*(I*c~(1/2)/a~(1/2))~(1/2),1I)))+(A*d~2-B*
c*d+C*c~2) /c~3/(I*c~(1/2)/a~(1/2))~(1/2)*(1-Ixc~(1/2)*x~2/a~(1/2) )~ (1/2)*(
14+I*xc™(1/2)*x"2/a~(1/2) )~ (1/2) / (c*x~4+a) " (1/2) *E1lipticPi (x* (I*xc~(1/2) /a"~(
1/2))°(1/2),1/c”(3/2)*a~(1/2)*d, (-I/a~(1/2)*c~(1/2))~(1/2)/(I*c~(1/2)/a~ (1
/2))~(1/2))
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Fricas [F(-1)]
Timed out.

dz = Timed out

/ A+ Bz? + Cz*
z* (c+ dx?) vVa + czt

‘ integrate ((Cxx~4+Bxx~2+A)/x"4/(d*x"2+c)/(c*x"4+a)~(1/2) ,x, algorithm="fric ‘

input ‘ . ‘

output LTimed out J
Sympy [F]
/ A+ Bz? + Cz* i — A+ Bz* + Cz* "
z* (c + dz?) Va + cxt r*v/a + cxt (c + dx?)
input Lintegrate ((CHx*x4+Bxx**2+A) /x**4/ (d*x**2+C) / (ckx**4+a) **(1/2) ,x) J
output LIntegral((A + Bxx*x2 + Ckxx*4)/(x**x4xsqrt(a + cxxx*4)*(c + dxx**2)), x) J
Maxima [F]

/ A+ Bz? + Cz* dp — Cz*+ B>+ A i
z* (c+dz?) vVa + cz? Vezt + a(dz? + c)z?

‘ integrate ((Cxx~4+B*x~2+A)/x~4/(d*x~2+c)/(c*x~4+a)~(1/2) ,x, algorithm="maxi ‘

input ‘ P ‘

output Lintegrate((C*x‘4 + B*xx"2 + A)/(sqrt(c*x”4 + a)*(d*x~2 + c)*x~4), x) J
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Giac [F]

/ A+ Bz? +Cx* i — Cz*+Bx*+ A i
z (c+ dz?) Va + ezt Vvezt + a(dz? + c)zt

input ‘ integrate ((Cxx~4+B*x~2+A) /x~4/ (d*x~2+c)/(c*x~4+a)~(1/2) ,x, algorithm="giac ‘

n) ‘

output Lintegrate((C*x*zl + Bxx"2 + A)/(sqrt(c*x™4 + a)*(d*x~2 + c)*x~4), x) J

Mupad [F(-1)]

Timed out.
/ A+ Bx? + Cz* i — Cz*+Bzx?+ A .
z* (c+ dx?) Va + cx? ztvcxt +a (d2? +c)
tnput Lint((A + B*x"2 + C*xx~4)/(x"4*(a + c*x~4)~(1/2)*(c + d*x~2)),x) J
output Lint((A + B*x"2 + C*x~4)/(x"4*(a + c*xx~4)~(1/2)*(c + d*x~2)), x) J
Reduce [F|
/ A+ Bz? + Cz* i
z* (c+dz?) vVa + cx?
—Veat+a-3 (‘[ cdzs—i—c?m‘i—i—acx? d.’l)) adz” +3 (f Cdxs-i—c?ng:—g;‘l-‘racwz d.’E) bea’ +2 (f cdzﬁ—i-%‘
- 3cx3

input Lint ((C*x~4+B*x~2+A) /x~4/ (d*x~2+c) / (c*xx~4+a) ~(1/2) ,x) J
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( - sgrt(a + cxx*x4) - 3xint(sqrt(a + ckx**4)/(a*cxx**2 + axd*x**4 + Cx*2x
X¥*k6 + ckdkx**8),x)*a*dkx**3 + 3xint(sqrt(a + c*x**4)/(axckx**2 + akdxx**x4
+ Ck*2xx*x6 + ckd*x**8),x)*bxc*kx**3 + 2xint(sqrt(a + c*xx**x4)/(a*c + axd+*x
*¥%2 + Ckx2kxk*k4 + cxdFx*k*6) ,x)*kck*x2*kx*x*3 — int((sqrt(a + c*x*k*4)*x**2)/(a*x
Cc + akdxx**2 + cx*x2kx**4 + ckd*xx*k*6) ,x)*kckd*xx**3)/(3kckx**3)

output
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334

A+Bz?4Cz*

3.33 f 26 (c+dz?) Va+er? dz

Optimal result . . . . . . . . . . .. .. . 3341
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ...
Rubi [F] . . . 336
Maple [C] (verified) . . . . . . . . . ...
Fricas [F] . . . . o . o o 344
Sympy [F] . . o o 344
Maxima [F] . . . . . . [344]
Giac [F] . . . . o o 345
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . o

Optimal result

Integrand size = 36, antiderivative size = 723

i

/ A+ Bz? + Cz*
z8 (¢ + dz?) va + cx?

_ _Avatcat (Be—Ad)Va+cxt  (5ac(cC — Bd) — A(3¢® — 5ad?)) Va + cx*

Sacx® 3ac?z3
N (5ac(cC — Bd) — A(3¢® — 5ad?)) zv/a + cxt
5a2¢5/2 (v/a + y/cz?)
3/2(p20) — 2 V3 tad?z
d*'?(c*C — Bed + Ad?) arctan (ﬁﬁm)
2¢724/c3 + ad?

(5ac(cC — Bd) — A(3c® — 5ad?)) (v/a + /cz?)

5a2c3z

atcxt %Z 1
WE(Q arctan ( % ) |2)

5a7/4c11/4\ /g + et
(9Ac%% + \/ac*(5Bc — 14Ad) + 30a*2d(c*C — Bed + Ad?) — 5ac®?(3¢2C' — 2Bed + 2Ad?)) (va +

30a7/4c11/4 (32 — \/ad) Va + cz?

d(c2 + Vad) (*C — Bed + Ad®) (Va + Ver?) | [ —2H5 EllipticPi (—ﬂ[f—f‘f}

2 arctan (

Y

Vi

_|_

4+/act/4 (32 — \/ad) Va + cz*



output

input
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-1/5%A* (cxx~4+a)~(1/2)/a/c/x"5-1/3* (-A*d+B*c) * (cxx~4+a) " (1/2)/a/c~2/x"3-1/
5% (5xa*c* (-B*d+Cxc) —A* (-5*a*xd~2+3*c~3) ) * (c*xx"4+a) ~(1/2) /a~2/c~3/x+1/5*%(5*a
*c* (—-Bxd+Cxc) —A* (-5*a*d~2+3*c~3) ) *x* (cxx"4+a) " (1/2)/a~2/c~(5/2)/(a~(1/2)+c
~(1/2)*x72)-1/2*%d" (3/2) * (A*d~2-B*c*d+C*xc~2) *arctan((a*xd~2+c~3) ~(1/2) *x/c” (
1/2)/d4~(1/2)/ (c*xx~4+a)~(1/2))/c~(7/2) / (a*xd~2+c~3) " (1/2) -1/5*% (5xa*xc* (-Bxd+C
*xc) —A* (-5*a*d~2+3%c~3) ) *(a~(1/2)+c~(1/2) *x~2) * ((c*x~4+a) /(a~ (1/2)+c~(1/2) *
x72)72)~(1/2)*EllipticE(sin(2*arctan(c”(1/4)*x/a"~(1/4))) ,1/2%2~(1/2))/a"~ (7
/4)/c”(11/4) / (c*x~4+a) ~(1/2)-1/30% (9*A*c™(9/2) +a~ (1/2) *c~3% (-14*A*d+5*B*c)
+30%a” (3/2) *d* (A*d~2-B*c*d+C*c~2) -5xa*xc™ (3/2) * (2xA*d~2-2xB*c*d+3*Cxc~2) ) * (
a~(1/2)+c~(1/2)*x72) % ((c*x~4+a) /(a~(1/2)+c~(1/2)*x~2)~2) " (1/2) *InverseJaco
biAM(2*arctan(c~(1/4)*x/a~(1/4)),1/2x2~(1/2))/a~(7/4) /c~(11/4)/(c~(3/2)-a~
(1/2)*d)/ (c*x~4+a) " (1/2)+1/4*d* (c~(3/2)+a~ (1/2) *d) * (Axd~2-B*c*d+Cxc~2) *(a~
(1/2)+c~(1/2)*x~2) * ((c*x"4+a) /(2= (1/2)+c~(1/2)*x~2)~2) ~(1/2) *E11lipticPi(si
n(2*arctan(c~(1/4)*x/a~(1/4))) ,-1/4x(c~(3/2)-a~(1/2)*d)~2/a~(1/2)/c~(3/2)/
d,1/2%2°(1/2))/a~(1/4)/c~(17/4) / (c~(3/2)-a~ (1/2)*d) / (cxx"4+a) ~(1/2)

Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 11.68 (sec) , antiderivative size = 822, normalized size of antiderivative = 1.14

dz

/ A+ Bz? + Cz*
z8 (¢ + dz?) va + cz*

Ja

—3a%A %Ec?’ — 5a2B./ ™32 + 5024 %fczdﬁ + 6aA,/ %5041'4 — 15a24/ %50301'4 + 15a%B

e
Ja

LIntegrate[(A + Bxx"2 + Cxx"4)/(x"6%(c + d*x~2)*Sqrt[a + c*x74]),x]
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(-3xa~2*A*Sqrt [(I*Sqrt[c])/Sqrt[al]*c~3 - 5xa~2*B*Sqrt [(I*Sqrt[c])/Sqrt[al
I*c™3%x"2 + B*a~2xAxSqrt [(I*Sqrt([c])/Sqrt[al]l*c”2*d*x~2 + 6*axA*xSqrt[(I*Sq
rt[c])/Sqrt[al]l*c™4*x"4 - 15*a~2xSqrt[(I*Sqrt[c]l)/Sqrt[al]l*c”3*C*x~4 + 15%
a~2xB*Sqrt [(I*Sqrt[c])/Sqrt[al]l*c™2*d*x~4 - 15*%a~2xA*Sqrt[(I*Sqrt[c])/Sqrt
[a]]*c*xd~"2*x~4 - b*a*BxSqrt[(I*Sqrt[c]l)/Sqrtl[all*c~4*x~6 + 5S*a*xA*Sqrt [(I*S
grt[cl)/Sqrt[all*c~3*d*x~6 + 9*A*Sqrt[(I*Sqrt[c])/Sqrtl[al]l*c~5*x~8 - 15*xa*
Sqrt [(I*Sqrt[c]l)/Sqrt[all*c 4*C*x~8 + 15xa*B*Sqrt[(I*Sqrt[cl)/Sqrt[a]]l*c~3
*d*x~8 - 1b5*axAxSqrt[(I*Sqrt[c]l)/Sqrtl[al]*c”2*d"2*x"8 + 3*Sqrt([a]l*c~(3/2)*
(B*axcx(c*C - B*d) + A*(-3*c”3 + b¥axd~2))*x"5xSqrt[1 + (c*x"4)/al*Ellipti
CE[I*ArcSinh[Sqrt [(I*Sqrt[c])/Sqrt[all*x], -1] - Sqrt[al*c~(3/2)*(-9%A*c~3
- (6xI)*Sqrt[al*c”(3/2)*(B*c - A*d) + 156%a*(c”2xC - Bxcxd + A*xd~2))*x"5%S
grt[1 + (c*x~4)/al*EllipticF[I*ArcSinh[Sqrt [(I*Sqrt[c])/Sqrtlall*x], -1] +
(15%I)*a~2%c~2*Cxd*x~5*Sqrt [1 + (c*x~4)/al*EllipticPi[((-I)*Sqrt[al*d)/c”
(3/2), IxArcSinh[Sqrt[(I*Sqrtlc])/Sqrtlall*x], -1]1 - (15*I)*a”~2*B*c*xd 2*x~
5xSqrt[1 + (c*x"4)/al*EllipticPi[((-I)*Sqrt[al*d)/c~(3/2), IxArcSinh[Sqrt[
(IxSqrtlcl)/Sqrt[all*x], -1]1 + (15*I)*a~2*A*d~3*x~5*Sqrt[1 + (c*x~4)/al*El
lipticPi[((-I)*Sqrt[al*d)/c~(3/2), I*ArcSinh[Sqrt[(I*Sqrtlc])/Sqrtl[all*x],
-11)/(15%a~2*Sqrt [(I*Sqrt [c]) /Sqrt[al]l*c~4*x~5*Sqrt[a + c*x"4])

output

N

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A+ Bz?2 + Czt iz
z%va + cx? (¢ + dz?)
l 9245
_ —3Acdz*—c(3Ac—5aC)x2+5a(Bc—Ad)
_ f z4(dz2+c)Vert+ta dz _ Ava + crt
5ac 5acz®

| 25

f —3Acdz*—c(3Ac—5aC)z%+5a(Bc—Ad) dx

z4(dz2+c)Veztta _ Ava + czt
5ac 5acr®
| 2245
5acd(Bc—Ad)m4+ac2(5Bc+4Ad).7;2+3a<(3Ac—5aC)c2+5ad(Bc—Ad))
T
2 (dz2+’3) Vezd+a 5va+cz?(Bc—Ad) %
— 3ac — 3cz3 Ava + czt

5ac 5aczd
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l 92245

r 3acd((3Acf5aC)c2+5ad(BcfAd)> zt—ac? (5&c(3c074Bd)7A (903 720ad2)) 224502 (Bc4 —Adc3+3aCdc? 73aBd2c+3aAd3)

(d:cz +c) c:c4+a

T
3V a+cxt (5ad(Bc

—_ ac

3ac

bac
Ava + cx?

5acx’

| 25

—3ac c—5aC)c“+5a c— T —ac c®—15aCc“+20a c—20a x“+5a c® —3a c“—3a — c*—3ac
3acd((3Ac—5aC)c?+5ad(Bc—Ad) )zt —ac? (9Ac3 —15aCc? +20a Bdc—20aAd? ) 22 +5a2 ( Ade® —3aCdc? —3aAd3 — B (c*—3acd?

f (d:z:2+c) c:z:4+a

dx
3 a+cz4 (5ad(£

—_ ac

3ac

Sac
Ava + cx?

5acz®

l 25

[ 3acd ((3Ac—5aC)c2+5ad(Bc—Ad)) % —ac? (5ac(3cC—4Bd)—A (9(:3 —20ad2)) 22 +5a2 (Bc4 —Adc3+3aCdc? —3aBd2c+3aAd3)

(dw2 +c) c:c4+a

x

3V a+cxt (Sad(Bc

—_ ac

3ac

bac

AvVa + cz?

5acxd

| 25

—Bacd((3Ac—5aC’)c2+5ad(Bc—Ad)) % _ac? (9Ac3—15aCc2+20aBdc—20aAd2)w2+5a2 (Adc?’ —3aCdc2—3aAd3—B (c4—3acd2))

f (dm2+c) ca:4+a

dx
3 a+ca:4 (Sad(f

R ac

Jac

Sac

Ava + cx?

5acz®

| 25

[ 3acd((3Ac—5aC)c2+5ad(Bc—Ad)) zt—ac? (5ac(SCC—4Bd)—A (9c3—20ad2))z2+5a2 (Bc4—Adc3+3aC’dc2 —3aBd2c+3aAd3>
- d

(dzz +c) cz4+a

x

3va+czt (Sad(Bc

—_ ac

3ac

bac

Ava + czt

5acx’

| 25
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—3acd((3Ac—5aC’)c2+5ad(Bc—Ad)) % —ac? (QACS—15aCc2+2OaBdc—20aAd2)z2+5a2 (Adc3 —3aCdc2—3aAd3—B (04—3acd2))
(dm2+c) ca:4+a

_ ac

J

dx
3 a+c:t4 (Sad(f

3ac

Sac

Ava + cx?

5acx®
l 25

I 3acd ((3Ac—5aC)02+5ad(Bc—Ad)) zt—ac? (5ac(300—4Bd)—A (9c3 —20ad2) ) 22 +5a2 (Bc4 —Adc343aCdc? —3aBd2c+3aAd3>
- d
’ (dz2+c) cz4+a

_ ac

z
3vatczt (5ad(Bc

3ac

5ac
Ava + cx?

S5acx®
| 25

—3acd((3Ac—5aC)c2 +5ad(Bc—Ad)) z%—ac? (QAES - 15aCc2+20aBdc—20aAd2)z2+5a2 (Adc3 —3aCdc?—3aAd3— B (04 —3acd2) )
(dw2+c) cz4+a

_ ac

S

dx
3 a+c:c4 (5ad(£

3ac

Bac
Ava + cx?

5acx®
l 25

s 3acd ((3Ac—5ac)c2+5ad(Bc—Ad)) zt—ac? (50.(;(300—4Bd)—A (903 —20ad2) ) 224502 (Bc4 —Adc34+3aCdc? —3aBd20+3aAd3)
(dz2 +c) cz4+a

_ ac

dx
3vVa+cz? (Sad(Bc

3ac

5ac
Ava + cx?

5acr®
l 25

73acd((3AC75aC)62 +5ad(BcfAd)) z%—ac? (QACB - 15aCc2+20aBdcf20aAd2>z2+5a2 (Adc3 —3aCdc?—3aAd3—B (c4 73acd2) ) J
- £
(dx2+c) cx4+a 3 a+cz4 (Sad(f

—_ ac

J

3ac

Bac
Ava + cx?

5acx’

| 25
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3acd((3Ac—5a0)02+5ad(BC—Ad)) z%—ac? (5ac(3cC—4Bd)—A (963 —20ad2) ) z2+5a2 (Bc4 —Adc3+3aCdc? —3aBd20+3aAd3) 4
— T
(da:2+c) ca:4+a 3 a+cx4 (5ad(Bc

_ ac

3ac

bac
Ava + cx?

5acx®
l 25

—3acd((3Ac—5aC)c2 +5ad(Bc—Ad)) z4—ac? (9Ac3 - 15aCc2+20aBdc—200.Ad2)352-Hia2 (Adc3 —3aCdc?—3aAd3—B (04 —3acd? ) )
- dx
(dz2+c) cz4+a 3\/a+cz4 (5ad(£

_ ac

3ac

Sac
Ava + cx?

S5acx®
| 25

3ac 3Ac—5aC)c“+5ad(Bc— z*—ac®(5ac(3cC—4Bd)— 9c® —20a z“+5a“ | Bc*— c’+3a c“—3aBd“c+3a
d((3a C)c?+5ad Ad))z*—ac? C—4Bd)—A(9c3 d2))z2+5a2 (Bt — AdcB +3aCdc? d? Ad3
(dw2+c) ca:4+a

_ ac

dz
3 a+cz4 (5ad(Bc

3ac

bac
Ava + cx?

5acx®
l 25

—3acd((3Ac—5aC’)02 +5ad(Bc—Ad)) z4—ac? (9A03 - 15a002+20aBdc—20aAd2) 224542 (Adc3 —3aCdc2—3aAd3—B (64 —3acd? ) )
- dx
(dz2+c) czdta 3V a+czd (5ad(£

_ ac

3ac

Sac

Ava + cx?

5acr®
l 25

r 3acd((3Acf5aC)c2+5ad(BcfAd)> zt—ac? (Saa(3c074Bd)7A (903 720ad2)) 224542 (Bc4 —Adc3+3aCdc? 73aBd2c+3aAd3)
: (dx2+c) cxdta

—_ ac

dz
3\/a+cz4 (5ad(Bc

3ac

bac

Ava + cx?

5acx’

| 25
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—3acd((3Ac—5aC’)c2+5ad(Bc—Ad)) % —ac? (QACS—15aCc2+2OaBdc—20aAd2)z2+5a2 (Adc3 —3aCdc2—3aAd3—B (04—3acd2))
(dm2+c) ca:4+a

_ ac

J

dx
3 a+c:t4 (Sad(f

3ac

Sac

Ava + cx?

5acx®
l 25

I 3acd ((3Ac—5aC)02+5ad(Bc—Ad)) zt—ac? (5ac(300—4Bd)—A (9c3 —20ad2) ) 22 +5a2 (Bc4 —Adc343aCdc? —3aBd2c+3aAd3>
- d
’ (dz2+c) cz4+a

_ ac

z
3vatczt (5ad(Bc

3ac

5ac
Ava + cx?

S5acx®
| 25

—3acd((3Ac—5aC)c2 +5ad(Bc—Ad)) z%—ac? (QAES - 15aCc2+20aBdc—20aAd2)z2+5a2 (Adc3 —3aCdc?—3aAd3— B (04 —3acd2) )
(dw2+c) cz4+a

_ ac

S

dx
3 a+c:c4 (5ad(£

3ac

Bac
Ava + cx?

5acx®
l 25

s 3acd ((3Ac—5ac)c2+5ad(Bc—Ad)) zt—ac? (50.(;(300—4Bd)—A (903 —20ad2) ) 224502 (Bc4 —Adc34+3aCdc? —3aBd20+3aAd3)
(dz2 +c) cz4+a

_ ac

dx
3vVa+cz? (Sad(Bc

3ac

5ac
Ava + cx?

5acr®
l 25

73acd((3AC75aC)62 +5ad(BcfAd)) z%—ac? (QACB - 15aCc2+20aBdcf20aAd2>z2+5a2 (Adc3 —3aCdc?—3aAd3—B (c4 73acd2) ) J
- £
(dx2+c) cx4+a 3 a+cz4 (Sad(f

—_ ac

J

3ac

Bac
Ava + cx?

5acx’

| 25
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3acd((3Ac—5a0)02+5ad(BC—Ad)) z%—ac? (5ac(3cC—4Bd)—A (963 —20ad2) ) z2+5a2 (Bc4 —Adc3+3aCdc? —3aBd20+3aAd3) 4
— T
(da:2+c) ca:4+a 3 a+cx4 (5ad(Bc

_ ac

3ac

bac
Ava + cx?

5acx®
l 25

—3acd((3Ac—5aC)c2 +5ad(Bc—Ad)) z4—ac? (9Ac3 - 15aCc2+20aBdc—200.Ad2)352-Hia2 (Adc3 —3aCdc?—3aAd3—B (04 —3acd? ) )
- dx
(dz2+c) cz4+a 3\/a+cz4 (5ad(£

_ ac

3ac

Sac
Ava + cx?

S5acx®
| 25

3ac 3Ac—5aC)c“+5ad(Bc— z*—ac®(5ac(3cC—4Bd)— 9c® —20a z“+5a“ | Bc*— c’+3a c“—3aBd“c+3a
d((3a C)c?+5ad Ad))z*—ac? C—4Bd)—A(9c3 d2))z2+5a2 (Bt — AdcB +3aCdc? d? Ad3
(dw2+c) ca:4+a

_ ac

dz
3 a+cz4 (5ad(Bc

3ac

bac
Ava + cx?

5acx®
l 25

—3acd((3Ac—5aC’)02 +5ad(Bc—Ad)) z4—ac? (9A03 - 15a002+20aBdc—20aAd2) 224542 (Adc3 —3aCdc2—3aAd3—B (64 —3acd? ) )
- dx
(dz2+c) czdta 3V a+czd (5ad(£

_ ac

3ac

Sac

Ava + cx?

5acr®
l 25

r 3acd((3Acf5aC)c2+5ad(BcfAd)> zt—ac? (Saa(3c074Bd)7A (903 720ad2)) 224542 (Bc4 —Adc3+3aCdc? 73aBd2c+3aAd3)
: (dx2+c) cxdta

—_ ac

dz
3\/a+cz4 (5ad(Bc

3ac

bac

Ava + cx?

5acx’

| 25
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342

s —3accl((31‘14:—5(10)62 +5ad(Bc—Ad)) z4—ac? (9Ac3 — 15aCc2+20aBdc—20aAd2)z2+5a2 (Adc3 —3aCdc?—3aAd3—B (04 —3acd? ) )

(da:2 +c) ca:4+a

ac

dx

3 a+ca:4 (Sad(f

3ac

Sac
Ava + cx?

5acz®

| 25

I 3acd((3Ac—5aC)02+5ad(Bc—Ad)) zt—ac? (5ac(300—4Bd)—A (9c3—20ad2) ) 22 +5a2 (Bc4—Adc3+3aC’dz:2 —3aBd2c+3aAd3)
- d

_ (dzz +c) cz4+a

ac

3vatczt (5ad(Bc

3ac

5ac
Ava + cx?

5acxd

input LInt[(A + Bxx"2 + Cxx"4)/(x76x(c + d*x~2)*Sqrt[a + c*x~4]),x]

s

output L$Aborted

~—

Defintions of rubi rules used

rule 25 Imt[-(Fx_), x_Symbol]l :> Simp[Identity[-1]  Int[Fx, x], x]

rule 2245 IRELCPx)*(x )~ @_))/(((A) + (e_)*(x)"2)*Sqrtl(a)) + (c_.)*(x_)™4D), x_
:> With[{A = Coeff[Px, x, 0], B = Coeff[Px, x, 2], C = Coeff[Px, x,

4]}, Simp[A*x~(m + 1)*(Sqrt[a + c*x~4]/(a*d*(m + 1))), x] + Simp[1/(a*d*(m
Int[(x"(m + 2)/((d + e*x~2)*Sqrt[a + c*x74]))*Simp[a*B*d*(m + 1) -
Axaxex(m + 1) + (a*xCxdx(m + 1) - A*c*d*(m + 3))*x"2 — A*xckex(m + 3)*x74, x

Symbol]

+ 1))

1, x1, x1] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x~2, 2] && ILtQ[m/2, 0]




input L

output
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 4.45 (sec) , antiderivative size = 494, normalized size of antiderivative = 0.68

method | result

3iv/c (5Aa d2-3A c375chd+5C’a 02)

vezi+ta (15Aa d2z*—9A Bzt —15Bacd z*+15Ca c?z*—5Aacd £2+5Ba c?x2+3Aa 02)

risch — +

15c3a2z®

5ax 5a“x 50,% %m
default —

3 ivex? ivez2 s [iy/c . . e .
Vea Ta | 3cv/ea Ta 3ic2 \/1—7 \/1+T (ElllpthF (:z W,z) —EllipticE (z %,1>>
A| —Vez’ta3everiia (Ad—Bg) | —

vV cz4+a _

3azx

elliptic | Expression too large to display

int ((C*x~4+B*x~2+A) /x76/ (d*x~2+c) / (c*x~4+a) " (1/2) ,x ,method=_RETURNVERBOSE)

-1/15x(c*x~4+a) ~(1/2) * (15%A*xa*d~2%x"4-9kA*xc~3*x"4-15*Bkaxckd*x"4+15xCxaxc”
2xx~4-5*Axa*xckd*x"2+5*Braxc 2¢x"2+3*A*xaxc~2) /c~3/a~2/x"5+1/15/a"2/c” 3% (3*I
*C~(1/2) * (5xAxa*xd~2-3*A*xc~3-5xBxa*cxd+5xCkxaxc™2)*a~ (1/2)/(I*c~(1/2)/a~(1/2
D)7 (1/2)*(1-I*xc~(1/2)*x~2/a~(1/2)) " (1/2) *(1+I*c~(1/2)*x"2/a"~ (1/2))~(1/2) /(
c*xx~4+a) " (1/2) * (EllipticF (x*(I*c~(1/2)/a~(1/2))~(1/2),I)-EllipticE(x* (I*c~
(1/2)/a~(1/2))~(1/2) ,1))-5%Bxc~3*a/(I*c~(1/2)/a~(1/2))~(1/2) *(1-I*c~(1/2)*
x72/a”(1/2)) " (1/2) % (1+I*xc~(1/2)*x"2/a~(1/2))~(1/2) / (cxx~4+a) ~(1/2) *Ellipti
cF(xx(I*c~(1/2)/a~(1/2))~(1/2) ,I)+5*A*a*xc~2*d/ (I*c~(1/2)/a~(1/2))~(1/2)*(1
-Ixc~(1/2)*x~2/a~(1/2))~(1/2)*(1+I*c~(1/2)*x"2/a~(1/2))~(1/2) / (c*x~4+a) ~ (1
/2)*E1lipticF (x*(I*xc~(1/2)/a~(1/2))~(1/2) ,I)-15*d*a”~2x (A*d~2-B*c*d+C*c~2) /
c/(Ixc~(1/2)/a~(1/2))"(1/2)*(1-I*xc~(1/2)*x~2/a~(1/2) )~ (1/2) * (1+I*c~(1/2) *x
~2/a”~(1/2))~(1/2)/ (c*x~4+a)~(1/2) *E1lipticPi (x*(I*c~(1/2)/a~(1/2))~(1/2),I
/c”(3/2)*a~(1/2)*d, (-I/a~(1/2)*c~(1/2))~(1/2)/ (I*c~(1/2)/a~(1/2))~(1/2)))
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Fricas [F]
/ A+ Be®+ 0t Cz'+Ba®+4
r = €T
2% (c+ d2?) va + czt Vet + a(dz? + ¢)xb
input integrate ((C*x~4+B*x~2+A) /x~6/(d*x~2+c)/(c*x~4+a)~(1/2) ,x, algorithm="fric

as")

output integral ((Cxx~4 + B*x~2 + A)*sqrt(c*x~4 + a)/(c*xd*x~12 + ¢ 2*%x~10 + akxd*x"
8 + a*c*x"6), x)

Sympy [F]
/ A+ Bx? +Czt dp — A+ Bz? + Cz? i
28 (c 4 dz?) va + cat 28v/a + cxt (c + da?)
inputLintegrate((C*X**4+B*X**2+A)/X**6/(d*x**2+c)/(c*x**4+a)**(1/2),x)

LIntegral((A + Bxx**2 + Ckx*x*4)/(x**6xsqrt(a + cxxx*4)*(c + d*xx**2)), x)

output
Maxima [F]
/ A+ Bzr? + Cz* d — Cz*+Bz*+ A i
28 (c + dz?) Va + cz* Vext + a(dx? + ¢)xb
—  integrate ((Ckx~4+B*x"2+A) /x"6/ (d*x"2+c) /(ckx"4+a)~(1/2) ,x, algorithm="maxi

‘ma")

output‘ integrate((C*x~4 + Bxx~2 + A)/(sqrt(c*x~4 + a)*(d*x"2 + c)*x"6), x)
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Giac [F]

/ A+ Bz? + Cz* i — Cz*+ Bx?+ A i
2 (¢ + dz?) vVa + cxt Vezt + a(dz? + c)xb

‘integrate((C*x“4+B*x”2+A)/x”6/(d*x‘2+c)/(c*x“4+a)”(1/2),x, algorithm="giac

input "

outputtintegrate((C*x‘4 + B*x~2 + A)/(sqrt(c*x”4 + a)*(d*x~2 + c)*x"6), x) J

Mupad [F(-1)]

Timed out.
/ A+ Bx? + Cz* i — Cz*+ B2+ A .
z8 (¢ + dz?) va + cx* z6+vcxt+a (d2? +c)
tnput Lint ((A + B*x"2 + Cxx~4)/(x"6x(a + c*xx~4)~(1/2)*(c + d*x~2)),x) J

outputLint((A + B*x"2 + C*x"4)/(x"6x(a + c*x”4)~(1/2)*(c + d*x~2)), x) J

Reduce [F|

/ A+ Bz? + Cz* i

z8 (c + dz?) va + cx?

- ! - 4 2 — Vea'ta 2 5 _ cztta
3Vezt+aa—5vVcrt+abzx 15<f AR raeaa 4T | a?dx® — 15( [ e et da

input Lint ((C*x~4+B*x~2+A) /x~6/ (d*x~2+c) / (c*xx~4+a) ~(1/2) ,x) J
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( - 3xsqrt(a + c*x**4)*a - b*sqrt(a + ckx**x4)xbxx*x2 - 15xint(sqrt(a + c*x
*%4) / (axckx**4 + axd*x**6 + cx*x2*xx**8 + cxd*x**10),x)*a**2xd*xx**5 - 15%int
(sqrt(a + cxx**4)/(akxckxx**2 + akxd*x**4 + Ck*2xx**x6 + c*d*x**8) ,x)*axb*d*rx*
x5 + 6*int(sqrt(a + c*x**4)/(axc*x**2 + axd*x**4 + ckx*2xx**x6 + ckd*x*x8),x
) *axcx*2kxx*x*5 — 9xint(sqrt(a + c*x**4)/(axc + axd*x**2 + c*k*x2*x**x4d + cxd*x
**6) ,x) ¥akckxd*x*x*5 — bxint(sqrt(a + cxx*x4)/(a*c + axd*x**2 + cx*2xx**x4 +
cxd*x**6) ,x) ¥b*xck*2xx*¥x5 - b*int ((sqrt(a + cxx**4)*x*x*2)/(axc + a*dxx**2 +

CHk*2%kxkkd + ckd*x**6) ,x)*bkckdrx**5) / (15*axckx**5)

output

N
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3.34 [ z*(A+ Bz?)vVd + ex?va — cxtdx

Optimal result . . . . . . . . . . .. . . . e 347
Mathematica [F] . . . . . . . . . . . 348]
Rubi [F] . . . 349
Maple [F] . . . . 349
Fricas [F] . . . . . . o 350
Sympy [F] . . o o 350
Maxima [F] . . . . . . 3501
Giac [F] . . . . o o B85l
Mupad [F(-1)] . . . o o B51]
Reduce [F] . . . o . o o B51]

Optimal result

Integrand size = 34, antiderivative size = 874

/x4(A + Bz?) Vd + ex?vVa — czt dz
_ (50Acde(3cd? — 4ae?) — B(105¢%d* — 92acd?e? + 256a%e*)) vd + ex?v/a — cx?

3840c2etx
(35Bcd?® — 50Acd?e — 28aBde? — 120aAe®) zv/d + ex?Va — cxt
+ 1920ce?
(7TBcd? — 10Acde + 16aBe?) z3v/d + ex?v/a — cx*

480ce?

Bd + 10Ae)x5/d 2 —cxt 1
+( + 104e)x g/oevLe:c Va—cz +IOBx7\/d+ex2\/a—cx4

(d + fe) (50Acde(3cd® — 4ae?) — B(105¢%d* — 92acd?e® + 256a%¢*)) \/1 — Za? ﬁ(ff/iflz (z

_|_

3840ce*vd + ex?va — cxt
Va(10Acde(5cd® — 44ae?) — B(35c2d* — 36acd®e? + 256a%¢%)) /1 — La°, /% EllipticF (

3840c3/2e3+/d + ex?v/a — cxt
(24e(5c*d* — 8acd®e? + 16a%e*) — B(7c*d® — 8acd®e® — 16a*de?)) /1 — ;a3 /(‘f:ﬁ—m Ellipticl

256¢ce4/d + ex?va — czt

+
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1/3840% (50xAxc*d*xex (—4*a*xe”2+3*c*d”~2) -B* (256%a~2*e~4-92*a*cxd "~ 2*e~2+105%c”
2%d"4) ) * (exx~2+d) ~(1/2) *(-c*x"4+a) " (1/2) /c"2/e~4/x+1/1920% (-120*A*a*e~3-50
*Axcxd~2xe—-28*Bxaxd*e”~2+35*%B*c*d~3) *x* (exx~2+d) " (1/2) ¥ (—c*x~4+a)~(1/2) /c/e
~3-1/480* (—10*A*c*d*e+16*B*axe”2+7*Bxcxd~2) *x~3* (e*x~2+d) ~ (1/2) * (—c*x"4+a)
~(1/2)/c/e"2+1/80* (10*A*e+B*xd) *x~5* (exx~2+d) ~(1/2) * (-c*x"4+a) ~(1/2) /e+1/10
*Bxx~7* (exx~2+d) " (1/2) *(—c*x~4+a) "~ (1/2)+1/3840* (d+a~ (1/2) *e/c~(1/2) ) * (50*A
*cxd*ex (—4*xaxe”2+3*cxd”2) -Bx (256*a”2*e 4-92*axc*xd"2*xe”~2+105*xc”2*d~4) ) *(1-a
/c/x74) " (1/2)*x~3*%(a~ (1/2) *(e*x~2+d) / (¢~ (1/2) *d+a~(1/2) *e) /x~2) ~(1/2) *E11i
pticE(1/2*x(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2) ,27(1/2)*(d/ (d+a~ (1/2) *e/c”
(1/2)))°(1/2)) /c/e”4/ (exx~2+d) ~(1/2) / (—c*x~4+a) " (1/2)-1/3840%a~ (1/2) * (10*A
xckdxe* (—44xa*xe~2+5xc*d~2) -B* (256*a"~2xe~4-36*a*cxd"2xe”~2+35xc"2*xd"4) ) *(1-a
/c/x”4) " (1/2)*x~3*%(a~ (1/2) *(e*x~2+d) / (¢~ (1/2) *d+a~(1/2) *e) /x~2) ~(1/2) *E11i
pticF(1/2*%(1-a~(1/2)/c~(1/2)/x"2)~(1/2)*2~(1/2) ,2"(1/2)*(d/(d+a~ (1/2)*e/c”
(1/2)))7(1/2))/c~(3/2) /e~3/ (e*x~2+d) ~(1/2) / (-c*x"4+a) " (1/2) +1/256* (2%A*ex* (
16*a~2%e”~4-8*a*c*d"2xe~2+5%c”~2*xd~4) -B* (-16*a~2*d*e”~4-8*a*c*d " 3xe~2+7*c~2*d
~6))*(1-a/c/x"4)~(1/2)*x~3*(a~ (1/2) *(exx~2+d) / (c~(1/2) *d+a~(1/2) *e) /x~2) ~(
1/2)*EllipticPi(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2),2,2"(1/2)*(d/ (d+
a~(1/2)*e/c~(1/2)))~(1/2))/c/e"4/ (exx~2+d) ~(1/2) / (-c*x"4+a) ~(1/2)

output

Mathematica [F]

/x4(A+Bx2) \/d+ex2\/a—cx4dx=/z4(A+Bx2) Vd+ ex?vVa — cxt dx

p
input‘ Integrate [x~4*% (A + B*x~2) *Sqrt [d + exx™2] *Sqrt [a - c*x~4],x]

Output‘lntegrate[x‘4*(A + B*x"2)*Sqrt[d + exx"2]*Sqrt[a - c*x~4], x]
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
[ Vaet(a+Ba?) Vi et o
| 2251
/ #'va— (A + Br?) i+ ea’de
input[lnt[xA4*(A + Bx"2)*Sqrt[d + exx"2]*Sqrt[a - c¥x"4],x] }

Output‘$Aborted ‘

Defintions of rubi rules used

rule 9251 b LX) *((E_D*(x 1)~ (m_)*((d) + (e_)*(x)"2)7(q . )*((a) + (c_)*(x)
“4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + exx"2)~q*(a + c*x"4)7p ‘
L, x] /; FreeQ[{a, c, d, e, £, m, p, q}, x] && PolyQ[Px, x] J

Maple [F]

/x4(Bx2—|—A) Ver2+dvV—czt+ adx

input Lint (x~4* (B*x~2+A) * (e*x~2+d) ~ (1/2) * (—c*x~4+a)~(1/2) ,x) J

OutputLint(x‘4*(B*x‘2+A)*(e*x‘2+d)‘(1/2)*(—c*x‘4+a)‘(1/2),x) J
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Fricas [F]

/m4(A+Bz2) \/d+em2\/a—cx4dx=/\/—cm4+a(Bm2—I—A)\/ex2+dm4dm

input‘integrate(x“4*(B*x“2+A)*(e*x“2+d)‘(1/2)*(-c*x“4+a)*(1/2),x, algorithm="fri
‘cas")

-

output Lintegral((B*x*e + A*x~4)*sqrt(-c*x~4 + a)*sqrt(e*x”2 + d), x)

A J

Sympy [F]

/x4(A+Bx2) \/d+ex2\/a—cx4dx=/x4(A+Bx2) Va — cx*Vd + ex? dx

input tintegrate (x*kd* (Bxxx*2+A) * (@xxkk2+d) ** (1/2) * (—ckx**kd+a) **(1/2) ,x)

output Llntegral(x*m*(A + Bix**2)*sqrt(a - c*x**4)*sqrt(d + exx**2), x)

Maxima [F]

/x4(A+Bx2) \/d+ex2\/a—ca:4da::/\/—cx4+a(Bac2+A)\/ex2+dx4dx

p
input \ integrate (x4 (B*x~2+A) * (e*x~2+d) ~(1/2) *(-c*x~4+a) " (1/2) ,x, algorithm="max
‘ima")

OutputLintegrate(sqrt(—c*x‘4 + a)*(B*x~2 + A)*sqrt(e*x”2 + d)*x~4, x)
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Giac [F]

/m4(A+Bz2) \/d+em2\/a—cx4dx=/\/—cm4+a(Bm2—I—A)\/ex2+dm4dm

inte rate (x~4* (Bxx~2+A) *x (e*x~2+d) ~(1/2) * (-c*x~4+a) ~(1/2) ,x, algorithm="gia
integ g g

input‘c“)

-

output  1ntegTate(sart(-cxx™4 + a)*(B+x"2 + M*sqrt(exx™2 + d)*x™4, 1)

A J

Mupad [F(-1)]

Timed out.

/z4(A+Bx2) \/d+e$2\/a—ca:4dx=/m4 (Bx2+A) Va—cztVez? +ddx

input Lint(x‘4*(A + B*xx"2)*(a - c*x"4)"(1/2)*(d + e*x"2)"(1/2),x)

outputtint(}c“‘L*(A + B*x"2)*(a - c*x”4)"(1/2)*(d + e*x~2)~(1/2), x)

Reduce [F|

/ zt (A + Bz2) Vd + ex?Va — cx* dz = Too large to display

input Lint (x74% (B*x~2+A) * (e*x™2+d) ~ (1/2) * (-c*x"4+a) " (1/2) ,x)
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(- 120*sqrt(d + e*xx**2)*sqrt(a — cxxk*4)*a*xk2ke**3*x — 28*sqrt(d + exx**2
Y*sqrt(a - c*x**x4)*axbkdkex*2kx - 64xsqrt(d + exxx*2)*sqrt(a - c*x**x4)*axb
xe**3*kx*x*x3 — 50*sqrt(d + exx*x2)*sqrt(a - c*x**4)*axckd**2xe*xx + 40*sqrt(d
+ exx*x2)*xsqrt(a — ckxx*4)*akckd*e* x2*x**x3 + 240*sqrt(d + exx**2)*sqrt(a
— cxx¥*x4)*kaxckxe* x3*xx* x5 + 35ksqrt(d + exx**2)*sqrt(a — ckx**4)*bkckd**3*x
- 28xsqrt(d + exx**2)*sqrt(a - ckx**4)*xbkckxd*x2*kexx**3 + 24*sqrt(d + e*x**
2)*sqrt(a - ckx**x4)xbkckxd*ex*2xx**5 + 192xsqrt(d + exx**2)*sqrt(a - ckx*x*4
) ¥bkckex*k3xx**7 + 2656%int ((sqrt(d + e*x**2)*sqrt(a - cxx**4)*x**4)/(axd +
akexxk*2 — ckxd¥x**4 — ckexx**6) ,X)*a*x2xbxex*4d + 200*int ((sqrt(d + e*x*x2)
*xsqrt(a — c*xx*4)*x**x4)/(a*xd + akxe*x**2 — ckxdxx**x4d — cke*x**6) ,X)*ax*2xckd
*xe*x3 — 92xint ((sqrt(d + exx**2)*sqrt(a - cxx**4)*x**4)/(axd + ake*x**2 -
ckdxx¥*k4 — ckexxx*6),x)*a*bkckdxk2xex*2 - 150*%int ((sqrt(d + e*x**2)*sqrt(a
- cxxkx4) kx*x*x4) /(axd + axe*xk*x2 — ckdxx**k4d - ckexx*k*6),xX)*akck*k2kd**3xe +
105*%int ((sqrt(d + e*x**2)*sqrt(a — c*xx**4)*x**4)/(axd + akexx**2 — ckdkx*
x4 — ckexx**6) ,x)*¥bkck*2kd**4 + 240*int ((sqrt(d + e*x**2)*sqrt(a — ckx**4)
*x*%%2) /(a*d + axe*xx*2 — ckxdkxx*k4d — cke*x**6),x)*a**x3kexx4 + 248*int((sqrt
(d + e*xxx*2)*xsqrt(a - ckx**x4)*xx**2)/(axd + axe*xx*2 — cxd*xx*4d — cke*x**6)
,X)*kax*2kbxdxe*x3 — 20*int ((sqrt(d + exx**2)*sqrt(a - ckx**4)*x*x2)/(axd +
axexx**2 — ckdkx* k4 — CkexxX**6) ,X)*karkkckd k2ke*x*2 + 14*xint ((sqrt(d + ex
x*x2) *sqrt(a — ckx*k*4)*xx**2)/(axd + axexx**x2 — ckd*sx**4d — ckexx**6),X)*...

output
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3.35 [ z?(A+ Bz?)vVd + ex?va — cxtdx

Optimal result . . . . . . . . . . .. . . . e
Mathematica [F] . . . . . . . . . . .
RUbE [F] o o o oo e e e e e
Maple [F] . . . . o
Fricas [F] . . . . . . o
Sympy [F] . . . o 3561
Maxima [F] . . . . . . 3561
Giac [F] . . o o 3561
Mupad [F(-1)] . . .«
Reduce [F] . . . . .

Optimal result

Integrand size = 34, antiderivative size = 737

/x2(A + Bz?) Vd + ex?vVa — czt dz
_ (15Bcd® — 24Acd?e — 20aBde® — 64aAe®) v/d + ex?v/a — cat

384ce3x
B (5Bcd? — 8Acde + 12aBe?) z+/d + ex?va — czt
192ce?
Bd Ae)x? 2 —czt 1
+ (Bd + 8Ae)x \i;l;ea: Vva—cx +§Bx5\/d+ex2\/a—cz4

<d + fe) (8A4e(3cd? + 8ae?) — 5B(3cd® — 4ade?)) /1 — #3”3\/ %E (arcsin (

HE

1= cx
7z |

384e3v/d + ex2va — cxt

(Vcd++/ae)x?

Va(5Bcd® — 8Acd’e — 44aBde® — 64aAe®) /1 — La? Valdtes) plinticF (arcsin (

s

1—
V2

384+/ce?\/d + ex®va — cxt

(8Acde(cd? — dae?) — B(5cd* — Bacd?e? + 16a%")) /T — Zia®\ [ otter),

EllipticPi

(

2, arcsin

128ce3v/d + ex2v/a — cx?
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1/384* (—64xA*xa*xe”~3-24*Axc*d " 2ke—20*Bxa*xd*e~2+15%Bxc*d~3) * (e*xx~2+d) ~ (1/2) *(
-cxx”4+a) " (1/2) /c/e”3/x-1/192*% (-8*A*xc*kd*e+12*B*axe”2+5xBkc*d~2) *x* (exx~2+d
)" (1/2)*(-c*x"4+a) " (1/2) /c/e"2+1/48* (8*A*xe+B*d) *x"3* (exx~2+d) ~(1/2) * (-c*x~
4+a)~(1/2) /e+1/8*Bxx"5* (exx~2+d) " (1/2) * (—c*x~4+a) ~(1/2)-1/384*(d+a~ (1/2) *e
/c”(1/2) ) *(8xAxex (8*axe”2+3*c*d~2) -5*B* (—4*axd*xe”~2+3*c*d"3) ) *(1-a/c/x"4) " (
1/2)*x~3*%(a”~ (1/2) * (e*x~2+d) / (¢~ (1/2) *d+a~ (1/2) *e) /x~2) ~(1/2) *E11lipticE(1/2
*(1-a~(1/2)/c=(1/2)/x~2) " (1/2)*2~(1/2) ,2~(1/2) *(d/ (d+a~ (1/2) *e/c~(1/2))) " (
1/2)) /e~ 3/ (exx~2+d) ~(1/2)/ (-c*x~4+a) ~(1/2)-1/384*a"~ (1/2) * (-64*A*xa*xe”~3-8*xA*
c*d~2xe-44xB*axdxe”2+5*¥Bkcxd~3) *(1-a/c/x"4) " (1/2) *x~3* (a~ (1/2) * (exx~2+d) / (
c~(1/2)*d+a~(1/2)*e) /x~2) " (1/2)*EllipticF(1/2*(1-a~(1/2)/c~(1/2)/x"2)~(1/2
)*%27(1/2) ,27(1/2)*(d/(d+a~(1/2)*e/c”(1/2)))~(1/2)) /c~(1/2) /e 2/ (exx~2+d) ~(
1/2)/ (—c*x~4+a) " (1/2) -1/128% (8*Axckd*ex (-4*axe”2+c*xd”~2) -Bx (16*a~2*e ~4-8*a*
c*xd"2xe"2+5xc"2*d"4) ) *(1-a/c/x"4) "~ (1/2) *x"3*(a~ (1/2) * (e*x"2+d) / (¢~ (1/2) *d+
a~(1/2)*e)/x~2)~(1/2)*E1llipticPi(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2)
,2,27(1/2)*(d/(d+a~(1/2)*e/c~(1/2)))~(1/2))/c/e”3/ (exx~2+d) " (1/2) / (-c*x~4+
a)~(1/2)

output

Mathematica [F]

/xQ(A+Bx2) \/d+ex2\/a—cx4dx:/xz(A+Bx2) Vd+ ex?vVa — cxt dx

-

input LIntegrate [x~2%(A + B*x~2)*Sqrt[d + e*x~2]*Sqrtl[a - c*x~4],x]

output ‘\VIntegrate [x~2%(A + B*x~2)*Sqrt[d + e*x~2]*Sqrtl[a - c*x~4], x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/;L'2\/a — ca:4(A+Ba:2) v d+ ex?dx

l 2251
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/wQ\/ a—czt(A+ B:cz) Vd+ ex?dz

input LInt [x"2x(A + Bxx~2)*Sqrt[d + e*x~2]*Sqrt[a - c*x~4],x] J

outputL$Aborted J

Defintions of rubi rules used

rule 9251 TE LX) *((E_D*(x )~ (m_)*((d) + (e_)*(x)"2) (g )*((a) + (c_)*(x)
“4)‘(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + e*x~2)"g*(a + c*x74)7p ‘
, x] /; FreeQ[{a, c, d, e, f, m, p, q}, x] && PolyQ[Px, x]

Maple [F]
/1’2(31}2 +A) Vex? +dv—czt + adx
inputtint(x‘2*(B*x‘2+A)*(e*x‘2+d)‘(1/2)*(_C*X*4+a)A(1/2)’x) J
output| 18T (2% (BHx"24A) % (exx"2+d) " (1/2) ¥ (~cxx"4+2) " (1/2) ,%) J
Fricas [F|

/a:2(A+Bac2) \/d+e:c2\/a—ca:4da:=/\/—cx4+a(Ba:2+A)\/ex2+dz2da:

‘integrate(x‘Q*(B*x‘2+A)*(e*x“2+d)“(1/2)*(—c*x‘4+a)“(1/2),x, algorithm="fri

input‘cas") ‘

output Lintegral((B*x’A + Axx~2)*sqrt(-c*x~4 + a)*sqrt(exx~2 + d), x) J
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Sympy [F]

/xZ(A—FBxZ) \/d+ex2\/a—cx4dx=/mQ(A+Bx2) Va — czivVd + ex? dx

input‘integrate(x**2*(B*x**2+A)*(e*x**2+d)**(1/2)*(_c*x**4+a)**(1/2)’x)

outputtlntegral(x**2*(A + Brx*x2)*sqrt(a - cxx**4)*sqrt(d + e*x**2), x)

Maxima [F]

/xQ(A+Bx2) \/d+ex2\/a—cx4dx=/\/—cx4—|-a,(Bac2+A)\/eac2+dx2dx

input‘integrate(x"2*(B*x“2+A)*(e*x"2+d)"(1/2)*(-c*x"4+a)"(1/2),x, algorithm="max
‘ima")

OutputLintegrate(sqrt(—c*x‘4 + a)*(B*xx~2 + A)*sqrt(e*x”2 + d)*x~2, x)

Giac [F]

/x2(A+Bx2) \/d+ex2\/a—ca:4da::/\/—cx4+a(Bac2+A)\/ex2+dx2dx

B
‘integrate(x“Q*(B*x‘2+A)*(e*x‘2+d)“(1/2)*(-c*x‘4+a)‘(1/2),x, algorithm="gia

input‘cn)

N

OutputLintegrate(sqrt(—c*x‘4 + a)*(B*x~2 + A)*sqrt(e*x”2 + d)*x~2, x)
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Mupad [F(-1)]

Timed out.

/xQ(A—l-sz) \/d+ew2\/a—ca:4da::/a:2 (Bx2—|—A) Va—cx*Ver?+ddx

input Lint(x‘2*(A + Bxx"2)*(a - c*x"4)~(1/2)*(d + e*xx~2)"(1/2),%) J
output Lint(x‘z*(A + B¥x"2)*(a - c*x~4)~(1/2)*(d + e*x~2)"(1/2), x) J
Reduce [F]

/z2(A+Bz2) Vd + ex?vVa — cxt dx

—12vex2 +dv/—cz* + aabe’x + 8Vex? + dV/—cz* + aacdex + 32vVex2 + dvV/—cx* + aace?x® — !

inputLint(x“2*(B*x“2+A)*(e*x‘2+d)‘(1/2)*(—c*x*4+a)*(1/2)’X) J
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( - 12#sqrt(d + exx**2)*sqrt(a - ckx**4)*xaxbke**2*x + 8xsqrt(d + e*x**2)x*s
grt(a - cxx**x4)*axckxd*e*xx + 32xsqrt(d + e*xx**2)*sqrt(a - cxx**x4)*kakxcre*x2x*
x*x3 - b*sqrt(d + e*x**2)*sqrt(a - ckx**x4)*xbkckd**x2*x + 4xsqrt(d + exx**2)
*sqrt(a — ckxxx*4)*bkckdke*x**3 + 24*xsqrt(d + e*x**2)*sqrt(a — ckx**4)*bkck
ex*2xx*x*5 + 64*xint ((sqrt(d + e*xx**2)*sqrt(a - c*x**x4)*x**4)/(a*xd + axe*x**
2 - cxd¥xx*k4d — cre*x**k6),x)*a*k*x2kckxe**3 + 20*int ((sqrt(d + exx**2)*sqrt(a
- cxxxk4)*x*k*k4) /(axd + akexx**2 — ckdxx**4 — ckexx**6),x)*axbkckdkex*x2 + 2
4xint ((sqrt(d + exxx*2)*sqrt(a — c*x*k*4)*xx**x4)/(a*xd + ake*x**2 — cxd*x*x4
— Cc*exx**6) ,x)*akck*2kd**2ke - 15*xint((sqrt(d + exx**2)*sqrt(a - ckx**4)*x
*x*x4) /(axd + axexx*k*2 — Ckd*x**4 — Ckexx**6),X)*bkxck*2xd**3 + 24xint ((sqrt(
d + exx**2)*sqrt(a - cxx**4)*x**2)/(a*xd + ake*x**2 - cxd*x**x4 - cke*x**6),
x)*kax*2kbxex*3 + 80*int ((sqrt(d + exx**2)*sqrt(a - c*x**4)*x**x2)/(a*xd + a*
exx**x2 — ckdxx**4 — ckexx**6) ,x)*kax*k2kckdxe**2 - 2xint((sqrt(d + e*x**2)x*s
grt(a — cxx**4)*x*x*2)/(axd + akxexx**2 — ckd*kx**x4d — cke*xx**6) ,X)*axb*ckd**2
xe + 12xint((sqrt(d + e*xx**2)xsqrt(a — cxx*+*4))/(a*d + akexx**2 - ckd*x**4
- ckexx*x6) ,x)*ax*2xbkdxe**x2 - 8*xint((sqrt(d + exx**2)*sqrt(a - c*x**4))/
(a*xd + axe*x**2 — cxd*x**4 — cxe*x**6) ,X)*a*x2*kcxd**x2*e + 5xint((sqrt(d +

exxx*2)*sqrt(a — c*x*x4))/(a*d + axe*x*k*2 — ckd*x*x4 — ckexx**6) ,x)*axbxcx
d**3) / (192*c*e**2)

output
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3.36 [ (A+ Bz*) v/d+ ex?va — cxtdz

Optimal result . . . . . . . . . . . . e 359
Mathematica [F] . . . . . . . . . . . 3601
Rubi [F] . . . 3601
Maple [F] . . . . o
Fricas [F] . . . . . . o
Sympy [F] . . . o 3621
Maxima [F] . . . . . . 362
Giac [F] . . o o 362
Mupad [F(-1)] . . .« 3631
Reduce [F] . . . . . 3631

Optimal result

Integrand size = 31, antiderivative size = 623

(3Bcd? — 6Acde + 8aBe?) v/ d + ex?va — cx?

/ (A+B:c2) Vd + ex?vVa — cxtdr = —

48ce2x

(Bd + 6Ae)zv/d + ex?va — cz?
+
24e 6

1
+ =Bz*Vd + ex?Va — czt

48e2v/d + ex2va — cxt

_|_

Va
<d - *&) (3Bed? — 6Acde + 8aBe?) /T = &a\ [ (v E (arcsin ( o
/ Va
Vea?
V2

Va(Bed? + 30Acde + 8aBe?) /T — z®, [ AT EllipticF (arcsin (

48,/cev/d + ex?v/a — cz?

(Bed® — 2Acd’e — 4aBde? — 8aAe?) \/1 — Lo (

va(d+tez?)

Vcd++/ae)x?

EllipticPi (2, arcsin (

16e2v/d + ex?v/a — cxt
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-1/48% (-6*Axc*xd*e+8xBxa*xe~2+3xB*xc*d~2) * (e*x~2+d) " (1/2) * (-c*x~4+a)~(1/2)/c/
e”2/x+1/24x (6*%Axe+B*d) *x* (e*xx”~2+d) ~(1/2) *(-c*x~4+a) " (1/2) /e+1/6*%B*x~3* (e*x
~2+d) "~ (1/2)*(-c*x"4+a) " (1/2)-1/48*(d+a”~ (1/2) *e/c” (1/2) ) * (-6*A*xcxd*e+8*B*xax
e 2+3*Bxc*d"2) *(1-a/c/x"4) " (1/2) *x"3*(a~ (1/2) *(exx~2+d) /(c~(1/2) *d+a~ (1/2)
*xe) /x72)~(1/2)*EllipticE(1/2*(1-a~(1/2)/c”~(1/2)/x~2)~(1/2)*2~(1/2),27(1/2)
*x(d/(d+a~(1/2)*e/c~(1/2)))~(1/2))/e"2/ (exx~2+d) ~(1/2) / (-c*x"4+a) ~(1/2)+1/4
8*a~ (1/2)* (30*A*xckd*e+8+Braxe~2+B*cxd~2)*x(1-a/c/x"4) ~(1/2)*x~3*(a~(1/2)* (e
*x~2+d) / (c™(1/2)*d+a~ (1/2)*e) /x~2) "~ (1/2)*E1lipticF (1/2*(1-a~(1/2)/c~(1/2)/
X"2)7(1/2)*%27(1/2),27(1/2)*(d/ (@+a~(1/2)*e/c”(1/2)))~(1/2))/c~(1/2) /e/ (exx
~2+d) ~(1/2)/ (—c*x~4+a) " (1/2) -1/16% (-8*Axa*xe~3-2xA*xc*d " 2xe-4*Bkaxdxe ~2+B*c*
d~3)*(1-a/c/x"4) " (1/2)*x~ 3% (a~(1/2) *(exx~2+d) / (c~(1/2) *d+a~ (1/2) *e) /x~2) ~(
1/2)*E1llipticPi(1/2*%(1-a~(1/2)/c~(1/2)/x"2)~(1/2)*2~(1/2),2,2"(1/2)*(d/ (d+
a~(1/2)*e/c™(1/2)))~(1/2))/e~2/ (exx~2+d) ~(1/2) / (-c*x"4+a) ~(1/2)

output

Mathematica [F]

/(A—I—B:c2) \/d—l-ex2\/a—cx4dx=/(A+Ba:2) Vd + ex2vVa — cxt dx

inputtlntegrate[(A + Bxx"2)*Sqrt[d + exx"2]*Sqrt[a - c*x~4],x]

e

outputLIntegrate[(A + Bxx"2)*Sqrt[d + exx"2]*Sqrt[a - c*x~4], x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/\/a— cw4(A+Ba:2) Vd+ ex?dz

l 2261

/ Va—czt(A+ Bz?) \/d + ex?dz

~—
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inputLInt[(A + B*x~2)*Sqrt[d + exx~2]*Sqrt[a - c*x~4],x] J

outputL$Aborted J

Defintions of rubi rules used

rle 2261 TREIPE*((@) + (e_)*(x1)72)7(q_)*((a) + (c_.)*(x.)"4)~(p_.), x_Symbol
1 :> Unintegrable[Px*(d + e*x"2)"g*(a + c*x"4)7p, x] /; FreeQl{a, c, d, e,
‘P, q}, x] && PolyQ[Px, x] ‘

Maple [F]
/ (Bz®+ A)Vez? +dvV—cazt + adz
input lint ((B*x"2+A) * (e*x72+d) " (1/2) * (—c*xx~4+a) " (1/2) ,x) J
OutputLint((B*x‘2+A)*(e*x‘2+d)‘(1/2)*(—c*x“4+a)‘(1/2),x) J
Fricas [F|
/ (A+ sz) Vd+ex2Va — cxtdx = / V—cz*+ a(Ba:2 + A)Vez? + ddzx
input| 1ntegrate((Bxx"2+A)* (exx"2+d)~(1/2)*(-cxx"4+a)~(1/2) ,x, algorithm="fricas"

OutputLintegral(sqrt(—c*x*4 + a)*(B*x~2 + A)*sqrt(e*x~2 + d), x) J
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Sympy [F]

/(A+Bx2) \/d+ex2\/a—cm4dx=/(A+B:c2) Va — cz*Vd + ex? dx

input ‘ integrate ((B¥x**2+A) * (e*xx**2+d) %% (1/2) * (—c*xx**4+a) **(1/2) ,x) ‘

outputllntegral((l\ + Bkx*k*k2)xsqrt(a - ckxk*k4)xsqrt(d + e*x**2), x) J

Maxima [F]

/(A+Bx2) \/d+ex2\/a—cx4dx=/\/—cx4—|-a,(Bac2+A)\/eac2+ddx

input ‘ integrate ((Bxx~2+A)* (exx~2+d) ~(1/2)*(-c*x~4+a)~(1/2) ,x, algorithm="maxima"

output Lintegrate(sqrt(-c*x’@ + a)*(B*x~2 + A)*sqrt(e*x™2 + d), x) J
Giac [F]
/ (A+ Bz®) Vd+ex®*Va— cxtdr = /\/W—l—a(Bac2 + A)Vea? +ddz
input [integrate ((B*x~2+A) * (exx~2+d) ~ (1/2) * (-c*x~4+a)~(1/2) ,x, algorithm="giac") J

output Lintegrate(sqrt(-c*x% + a)*x(Bxx~2 + A)*sqrt(e*x™2 + d), x) J
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Mupad [F(-1)]

Timed out.

/(A+Ba;2) \/d+eac2\/a—ca:4dx:/(Bz2+A) Va—cx*Ver?+ddx

inputLint((A + B*x"2)*(a - c*x"4)"(1/2)*(d + exx~2)"(1/2),x) J

output IBE((A + Bxx"2)x(a - cxx™)"(1/2)%(d + exx2)"(1/2), ) |

Reduce [F]

/ (A+Ba:2) Vd + ex?vVa — cxt dx

6\/ex2+d\/—cx4+aaex+\/ex2+d\/—cx4+abdx+4\/ex2+d\/—cx4+abex3+8<f VezZ+d,

—cexb—cd

-

input L

\ 4

int ((B*x~2+A) * (e*x~2+d) " (1/2) * (-c*xx~4+a) ~(1/2) ,x)

(6xsqrt(d + e*xx*x2)*sqrt(a - c*x**4)*ake*x + sqrt(d + exx**2)*sqrt(a - c*x
*%4) ¥b*d*x + 4*sqrt(d + exx**2)*sqrt(a - ckx**x4)*bxexx*x3 + 8*int((sqrt(d
+ exx*x2)xsqrt(a - c*x**4)*x*x4)/(axd + akxe*x**2 — cxd*kx**4d — ckexx**6),x)
*xaxbxex*2 - 6*%int((sqrt(d + e*xx**2)*sqrt(a - c*x**4)*x**4)/(axd + axexx**2
- cxd¥x**4 - ckxexx**6) ,x)*axckxd*e + 3xint((sqrt(d + exx**2)*sqrt(a - c*x*
*x4) xx*k*4) /(axd + axe*x**2 — ckxd*kxx*4 — cxe*x**6),x)*bkcxd*x2 + 12xint((sqr
t(d + exxx*2)*sqrt(a — c*x*x4)*x**2)/(a*d + axe*x**2 — ckxd*x**4 — Cke*X**6
) ,x)*a*x2%e**x2 + 10*%int ((sqrt(d + exx**2)*sqrt(a — ckx**4)*x**2)/(axd + ax*
exx**2 — ckdxx**4 - ckexx**6),x)*axbkdxe + 18xint((sqrt(d + e*x**2)*sqrt(a
- cxx**x4))/(axd + axexx**2 — ckd*x¥*4 — cke*xx**6),x)*a*x2*d*e - int((sqrt
(d + exx*x*2)xsqrt(a - c*x**4))/(a*xd + akxe*x**2 — cxdxx*kx4 — cke*xx**6),x)*a
*bxd**2) / (24%e)

output
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3.37 f (A-l—sz) Vd+ex?vVa—cxt da

2
Optimal result . . . . . . . . . .
Mathematica [F] . . . . . . . . . .
Rubi [F] . .
Maple [F] . . . o o 360
Fricas [F] . . . . . . o 360
Sympy [F] . . . 3671
Maxima [F] . . . . . o . 367l
Giac [F] . . . o o 367l
Mupad [F(-1)] . . . o
Reduce [F] . . . . o o
Optimal result
Integrand size = 34, antiderivative size = 530
/ (A + Bz?)Vd + ex?va — cxt
5 dz
x
Bd + 4Ae)vd 2Va—czt 1
= (Bd +44e)vd + ex’va - co + -BzVd + ex?vVa — cz?
8ex 4
|__a
Vae _Va(dtex?) . Vea? 2d
c(Bd + 12Ae) ( + > V11— 2o Wedtvae2 & | aresin 7 |d+%
_|_
8evd + ex?v/a — czt
a a(d+ex? e . . 1_\[7\/55
vay/c(5Bd — 44e) /1 — L3, /% EllipticF | arcsin 7 : dﬁ%
+
8vd + ex®va — cxt
|_ a
2 2 — a .3 va(d+ex?) . e e . Vex2 2
(Bcd? — 4Acde 4 4aBe?) /1 — 2z \ (Vedtvac)o? EllipticPi | 2, arcsin 7 Y
+

8evd + ex?\/a — czt



CHAPTER 3. LISTING OF INTEGRALS 365

1/8% (4%A*e+B*d) * (exx~2+d) ~(1/2) * (—c*x~4+a) ~ (1/2) /e/x+1/4*B*x* (exx~2+d) ~(1/
2)*x(—c*x~4+a) " (1/2)+1/8*c* (12*xA*xe+B*d) * (d+a~ (1/2)*e/c~(1/2))*(1-a/c/x"4) " (
1/2)*x~3*%(a~ (1/2) *(e*x~2+d) / (c~ (1/2) *d+a~(1/2) *e) /x~2) ~(1/2) *E11lipticE(1/2
*(1-a~(1/2)/c”(1/2)/x"2)~(1/2)*27(1/2) ,27(1/2)*(d/ (d+a~(1/2) *e/c~(1/2)) ) ~(
1/2))/e/(exx~2+d) ~(1/2) / (-c*x~4+a) = (1/2)+1/8*a”~ (1/2) *c~ (1/2) * (-4*A*e+5xB*d
)*x(1-a/c/x"4) "~ (1/2)*x~3*(a”~ (1/2) *(e*x~2+d) / (¢~ (1/2) *d+a~ (1/2) *e) /x~2) " (1/2
)*EllipticF(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*27(1/2),2~(1/2)*(d/(d+a~(1/2
Yxe/c”(1/2)))~(1/2))/(e*xx~2+d) " (1/2) / (-cxx~4+a) = (1/2) +1/8% (-4*A*c*kd*e+4*Bx*
axe”2+Bxcxd~2)*(1-a/c/x"4) ~(1/2)*x~3*(a~ (1/2) *(exx~2+d) / (¢~ (1/2) *d+a~(1/2)
*xe) /x72)~(1/2)*EllipticPi(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*27(1/2),2,2" (1
/2)*(d/(d+a”(1/2)*e/c~(1/2)))~(1/2))/e/ (exx~2+d) ~(1/2) / (-c*x"4+a) ~(1/2)

output

Mathematica [F]

dz

/(A+B:v2)\/d+ex2\/a—cw4 d:c—/(A+Bx2) Vd + ex?va — cxt

T2 2

input LIntegrate [((A + Bxx~2)*Sqrt[d + e*x~2]*Sqrt[a - c*x~4])/x"2,x]

Outputtlntegrate[((A + Bxx~2)*Sqrt[d + e*x2]*Sqrtl[a - c*x~4])/x"2, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ va— cm4(A—|—Bz2) vd+ ex? p
3 o

x
l 2951
/ va— cm4(A+B$2) \/d+ex2d
x
72

input Int[((A + Bxx~2)*Sqrt[d + exx~2]*Sqrt[a - c*x~4])/x"2,x]
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OutputL$Aborted

Defintions of rubi rules used

rule 9251 TE LX) *((E_D*(x 1)~ (m_)*((d) + (e_.)*(x)"2)7(q . )*((a) + (c_)*(x)
“4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + exx"2)"q*(a + c*x"4)"p ‘

, x] /; FreeQ[{a, c, d, e, £, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

dz

/(Bz2+A) Ver2+dv—czt+a

2

inputLint((B*x‘2+A)*(e*x“2+d)‘(1/2)*(_C*X~4+a)A(1/2)/xA2,X)

output| 06 ((BFX2H) (exx"24d) " (1/2)(-crx"442) " (1/2)/x72,%)

Fricas [F]

dx

/(A+Bx2) Vd+ ex?va — cxt dx_/\/—ca:4+a(Bx2+A)\/ea:2+d

2 z2

‘integrate((B*x‘2+A)*(e*x‘2+d)‘(1/2)*(—c*x‘4+a)‘(1/2)/x‘2,x, algorithm="fri

input
‘cas")

Outputtintegral(sqrt(—c*x“ll + a)*(B*x"2 + A)*sqrt(e*x”2 + d)/x"2, x)
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Sympy [F]

dz

/(A+Bx2)\/d+ex2\/a—cw4 dac_/(A—I—Bav2)\/ou—car:‘lx/d-l-eac2

2 2

-

input Lintegrate ((Brx#*2+A) * (exx*x2+d) ** (1/2) * (-cxxk*d+a) ¥k (1/2) /x**2,x) J
output LIntegral((A + Bxxx*2)ksqrt(a - ckxx*4)xsqrt(d + exx**2)/x**2, x) J
Maxima [F]
/ (A+ Bz Vd —2|- ex2va — cxt i — / \/M(Bx22+ A)er? +d i
T T

t‘integrate((B*x"2+A)*(e*x"2+d)"(1/2)*(—c*x"4+a)"(1/2)/x"2,x, algorithm="max

inpu
‘ima") ‘

OutputLintegrate(sqrt(—c*x‘4 + a)*(B*xx~2 + A)*sqrt(e*x”2 + d)/x"2, x) J

Giac [F]

dz

/ (A+ Bz?) Vd + ex?va — ca* d — / vV—cz* + a(Bz? + A)Ver? +d

T2 2

integrate ((B*x~2+A)* (exx~2+d) "~ (1/2)* (-c*x~4+a)~(1/2) /x"2,x, algorithm="gia
lon \
C")

inpu

outputLintegrate(sqrt(—c*x“ll + a)*(B*x"2 + A)xsqrt(e*x”2 + d)/x72, x) J
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Mupad [F(-1)]

Timed out.

/(A+Bx2)\/d+ea:2\/a—cx4 dx_/(Bx2+A) \/a—ca:4\/ex2+ddx

2 2

inputLint(((A + Bxx"2)*(a - cxx"4)"(1/2)*(d + e*x~2)"(1/2))/x"2,%) J
outpudint“(f* + Bxx"2)x(a - c*x"4)~(1/2)*(d + exx~2)~(1/2))/x2, x) J
Reduce [F]
/ (A+ Bz?)Vd + ex?va — cxt
5 dx
x
—2Vex? +dv—cazl + aabe +4Vex? + dv—cxt + aacd + Ver? + dv—caxt + abed 2° —4<f ez
inputLint((B*x‘2+A)*(e*x‘2+d)‘(1/2)*(—c*x*4+a)*(1/2)/x~2’x) J

( - 2xsqrt(d + exxx*2)*sqrt(a - c*x*x4)*axb*e + 4xsqrt(d + exxx*2)*sqrt(a
- cxxx*4)*axckd + sqrt(d + exxx*2)*sqrt(a - cxx**4)*bkcxd*x*x2 - 4*xint((sq
rt(d + exx**2)*sqrt(a - ckx*kd)*x**4)/(a*d + akexx**2 — ckdxxkx4d - cke*xk*
6) ,x)*axbkcke*x*2*%x + 4xint((sqrt(d + e*x**2)*sqrt(a - c*x**4)*x**x4)/(a*xd +

akexx*k*x2 — ckxd¥x**4 — Ckexx*k*6) ,X)*akrck*x2xdxexx - int((sqrt(d + exx**2)x*s
grt(a - cxx**x4)*xx*4)/(a*xd + axexx**2 — ckdxxx*k4d — cke*x**6),X)kbkck*x2*d**
2xx - 2*int((sqrt(d + exx*x*2)*sqrt(a - c*x**4))/(a*xd*x**2 + akexx**4 - c*d
*X**6 — Ckexx**B),x)*a**x2*bkd*exx + 8*int ((sqrt(d + e*xx**2)*sqrt(a - cxx**
4))/ (a*d*x**2 + ake*xxkkd — ckd*x*k*6 — cke*xx*k*8),x)*kark2xckd**2*x + 4xint ((
sqrt(d + e*x**2)*sqrt(a - ckx**4))/(axd + axe*xx**2 — c*xdkx*x*4 — C*xe*x**6),
x)*kax*k2kckd*xe*xx + 3xint((sqrt(d + exxx*2)*sqrt(a - c*x*x4))/(a*xd + axe*x**
2 - cxd¥x*x4 — c*xe*x**6) ,X)*axbkckd¥*2xx)/(4dxckd*x)

output
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(A-l—sz) Vd+ex?va—cxt
dx

3.38 |

!
Optimalresult . . . . . . . . .. .. 369
Mathematica [F] . . . . . . . ... . B7a
Rubi [F] . . . 370
Maple [F] . . . o o B71]
Fricas [F] . . . . . . o B71]
Sympy [F] . . .
Maxima [F] . . . . . .
Giac [F] . . . . o o 372
Mupad [F(-1)] . . . o
Reduce [F] . . . . o o

Optimal result

Integrand size = 34, antiderivative size = 524

z? 3x3 2x

/(A+Bx2) Vd+ ex?va — cxt i _A\/d+ex2\/a—cx4 N BvVd + ex?\/a — cx?

1— Va
ae a a(d+ex? . Vex?
c(9Bd +24e) <d+ %> V1= g’ (f\/cji(-i-Tﬁ)ﬁE (arcsm ( V2 ) |d+2§} )
6dv/d + ex?va — czt

a(d+ex s . \/ 1_%
Vc(4Acd® + 3aBde + 2aAe?) \ /1 — 22°, / % EllipticF (arcsm ( f;f ) , df\‘fie)

+

7

6+/advd + ex?va — cxt
| a

a CCEZ . . . . ca2
c(Bd+24e)\/1 — Lz, (‘fw(f#))ﬁ EllipticPi | 2, arcsin 7 , df\%g

Ve

2v/d + ex2\/a — cxt
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—1/3%A* (exx~2+d) ~(1/2) * (~c*x~4+a) ~(1/2) /x~3+1/2%Bx (exx~2+d) ~ (1/2) * (—~c*xx~4+
a)~(1/2) /x+1/6%c* (2 Axe+9%Bxd) * (d+a” (1/2) *e/c™ (1/2))*(1-a/c/x"4) " (1/2)%x"3
*(a”(1/2) % (exx~2+d) /(c™(1/2) *d+a~ (1/2) *e) /x72) " (1/2) *E1llipticE(1/2*(1-a~ (1
/2)/c™(1/2)/x72)~(1/2)%27(1/2) ,27(1/2)*(d/ (d+a~ (1/2) *e/c~(1/2)))~(1/2)) /d/
(exx™2+d)~(1/2) / (-c*x~4+a) ~(1/2)-1/6%c™ (1/2) * (2kAxaxe 2+4xAxc*d"~2+3*Brakd*
e)*(1-a/c/x~4) "~ (1/2)*x~ 3% (a~ (1/2) * (e*x~2+d) / (c~ (1/2) *d+a~ (1/2) *e) /x~2)~(1/
2)*E1lipticF(1/2%(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*27(1/2) ,27(1/2)*(d/ (d+a"~(1/
2)*xe/c™(1/2)))°(1/2))/a~(1/2) /d/ (e*xx~2+d) ~(1/2) / (~c*x~4+a) ~(1/2) -1/2%c* (2%
Axe+B*d) * (1-a/c/x~4)~(1/2)*x~ 3% (a~ (1/2) * (e*x~2+d) / (¢~ (1/2) *d+a~ (1/2) *e) /x~
2)~(1/2)*EllipticPi(1/2% (1-a~(1/2)/c™(1/2) /x~2) ~(1/2)*27(1/2) ,2,2°(1/2)*(d
/(d+a”~(1/2)*e/c~(1/2)))~(1/2))/(exx~2+d) ~(1/2) / (-c*x"4+a) " (1/2)

output

Mathematica [F]

dz

/(A+B:v2)\/d+ex2\/a—cw4 d:c—/(A+Bx2) Vd + ex?va — cxt

T 24

inputLIntegrate[((A + B*x~2)*Sqrt[d + e*x"2]*Sqrtla - c*x"4]1)/x"4,x]

Outputtlntegrate[((A + Bxx~2)*Sqrt[d + e*x~2]*Sqrtl[a - c*x~4])/x74, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ va—cal(A+ Ba®) Vd+ea® |
4 XL

X
l 2951
/ va— cm4(A+B$2) \/d—l—e:EQd
i
$4

input Int[((A + Bxx~2)*Sqrt[d + e*x~2]*Sqrt[a - c*x~4])/x"4,x]
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OutputL$Aborted

Defintions of rubi rules used

rule 9251 TE LX) *((E_D*(x 1)~ (m_)*((d) + (e_.)*(x)"2)7(q . )*((a) + (c_)*(x)
“4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + exx"2)"q*(a + c*x"4)"p ‘

, x] /; FreeQ[{a, c, d, e, £, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

dz

/(Bz2+A) Ver2+dv—czt+a

rd

inputLint((B*x‘2+A)*(e*x“2+d)‘(1/2)*(_C*X~4+a)A(1/2)/xA4,X)

output| 0E((BFX24A) (exx"24d) " (1/2)(-orx"442) " (1/2)/x74,%)

Fricas [F]

dx

/(A+Bx2) Vd+ ex?va — cxt dx_/\/—ca:4+a(Bx2+A)\/ea:2+d

4 zt

‘integrate((B*x‘2+A)*(e*x‘2+d)‘(1/2)*(—c*x‘4+a)‘(1/2)/x‘4,x, algorithm="fri

input
‘cas")

Outputtintegral(sqrt(—c*x“ll + a)*(B*x~2 + A)*sqrt(e*x”2 + d)/x74, x)
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Sympy [F]

dz

/(A+Bx2)\/d+ex2\/a—cw4 dac_/(A—I—Bav2)\/ou—car:‘lx/d-l-eac2

4 Tt

-

input Lintegrate ((Brx#*2+A) * (exx**x2+d) ** (1/2) * (-cxx*k*d+a) ¥k (1/2) /x**4,x) J
output LIntegral((A + Bxxx*2)ksqrt(a - ckxx*4)xsqrt(d + exx**2)/xx*4, x) J
Maxima [F]
/ (A+ Bz Vd —4|— ex2va — cxt i — / \/M(Bx24+ A)er? +d i
T T

t‘integrate((B*x"2+A)*(e*x"2+d)"(1/2)*(—c*x"4+a)"(1/2)/x"4,x, algorithm="max

inpu
‘ima") ‘

OutputLintegrate(sqrt(—c*x‘4 + a)*(B*xx~2 + A)*sqrt(e*x”2 + d)/x"4, x) J

Giac [F]

dz

/ (A+ Bz?) Vd + ex?va — ca* d — / vV—cz* + a(Bz? + A)Ver? +d

4 z

t‘integrate((B*x“2+A)*(e*x“2+d)’"(1/2)*(-c*x”4+a)“(1/2)/x“4,x, algorithm="gia
‘C") ‘

inpu

outputLintegrate(sqrt(—c*x“ll + a)*(B*x"2 + A)xsqrt(e*x”2 + d)/x74, x) J
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Mupad [F(-1)]

Timed out.
(A+ Bz?)Vd + ex®>va — cz* (Bz? + A) Va—catVez® + d
4 dz = 7 dx
T T
input 1BECC(A + Bxx"2)x(a - cxx™)7(1/2)*(d + exx™2)7(1/2))/x74,%) J
outpudint“(f* + Bxx"2)x(a - c*x"4)~(1/2)*(d + exx~2)~(1/2)) /x4, x) J
Reduce [F]

dz

/ (A+ Bz?)Vd + ex?va — cxt

xrd

—Vex2+dvV—cz*+aade+Ver2+dv—cri+aae’z? —vVer2+dv—czi+abd®+Vex?+d/

input Lint ((B*x~2+A) * (exx~2+d) ~ (1/2) * (-c*x~4+a) ~ (1/2) /x"4,%) J

( - sqrt(d + exx**2)*sqrt(a - cxx**x4)*axd*xe + sqrt(d + e*x**2)*sqrt(a - c*
x**4) xaxex*2xx*¥x2 — sqrt(d + e*x**2)*sqrt(a — cxx**4)xbxd**2 + sqrt(d + ex
x*x2) *sqrt (a — ckx**4)xbxdre*x**2 + 2xint((sqrt(d + e*x**2)*sqrt(a - c*x**
4)xx**x4) /(axd + akxexx*k*2 — ckd*xk*4d — ckxerx**6),x)*axckex*3*x**x3 + int((sq
rt(d + e*x**2)xsqrt(a — ckxxx*4)*x*k*4)/(axd + akexx¥*2 — ckdkxx*4d - cre*xk*
6) ,x) ¥bkckdxe*x*2xx*x3 — 2xint ((sqrt(d + e*x**2)*sqrt(a - cxx**x4))/(axd*x**
4 + axe*xxx*6 — ckxd*kx**8 — cxe*xxx*x10) ,x)*a**xkd**2xe*x*x*3 — 3*int((sqrt(d +
exxx*2)*sqrt(a — c*x*x4))/(a*d*x**4 + axe*x**6 — cxd*x**8 — ckexx**10),Xx)
xa*xbxd**x3*xx*x*3 + int((sqrt(d + e*x**2)*sqrt(a - c*x**4))/(axd + akrexx*x2 -
ckd*x*k*4 — ckexx*k*6) ,x)*axbkdxe**2xx**x3 + int((sqrt(d + e*x**2)*sqrt(a -

ckx**4))/(a*xd + axexx**2 - ckxdxx**4 - ckxexx**6),x)*bkckd**3kx**3)/(d*e*x*k*
3)

output
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3.39 f (A-l—sz) Vd+ex?vVa—cxt da

6
Optimalresult . . . . . . . . .. .. 3741
Mathematica [F] . . . . . . . ... .
Rubi [F] . . .
Maple [F] . . . o o 376
Fricas [F] . . . . . . o 376
Sympy [F] . . . 377
Maxima [F] . . . . . . B
Giac [F] . . . . o o B
Mupad [F(-1)] . . . o
Reduce [F] . . . . o o

Optimal result

Integrand size = 34, antiderivative size = 551

/ (A + Bz?)Vd + ex?va — cxt
5 dx

x
_ _A\/d + ex2va — cxt _ (5Bd + Ae)Vd + ex?v/a — cz*
N 5 15dx3

Va
ae a a ex2 . —\/gzz
c<d + \55 ) (6Acd® — 5aBde + 2aAe?) \/1 — La? (‘f{ﬁ#fﬁE (arcsm ( 7 ) |d+2\‘f\/5;>

15ad?v/d + ex?\/a — cx*
\__a
V/c(10Bcd? + 2Acd®e 4 5aBde* — 2aAe?) \ /1 — 2;a°, /(\fc‘ﬁ—m EllipticF (arcsin ( f?) )

15y/ad?v/d + ex?\a — cx*
va

a ex . . . . B CZQ
Bee \/@z:” (\fcﬁ—wElhpthPl 2, arcsin \/\; > fgae

Jc

Vd+ ex?va — czt
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-1/5%A* (exx~2+d) ~(1/2) * (-c*x"4+a) ~(1/2) /x~5-1/15% (A*e+5*B*d) * (exx~2+d) ~(1/
2)*(-c*x~4+a) " (1/2) /d/x"3-1/15*%c*(d+a~ (1/2)*e/c~(1/2) ) * (2*A*axe” 2+6xA*xc*d™
2-5*B*axd*e)*(1-a/c/x"4) " (1/2) *x"3*(a~ (1/2) *(exx~2+d) /(c~(1/2) *d+a~ (1/2) *xe
)/x72)~(1/2)*E1llipticE(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2) ,27(1/2) *(
d/(d+a~(1/2)*e/c~(1/2)))~(1/2))/a/d"2/ (e*x~2+d) ~(1/2) / (-c*x~4+a)~(1/2)-1/1
5%c” (1/2) % (—2xAxaxe”3+2kAxc*d"~2*e+5*%B*a*d*e”2+10*Bxc*xd~3) *(1-a/c/x"4)~(1/2
Y*x"3*(a” (1/2) *(exx"2+d) / (¢~ (1/2) *d+a~ (1/2) *e) /x~2) ~(1/2)*EllipticF(1/2*(1
-a~(1/2)/c~(1/2)/x72)~(1/2)*2~(1/2) ,27(1/2)*(d/(d+a~ (1/2) *e/c~(1/2)))~(1/2
))/a~(1/2)/d~2/ (e*xx~2+d) ~(1/2) / (-c*x~4+a) ~(1/2) -Bxcxe*x (1-a/c/x~4) " (1/2) *x~
3x(a”(1/2)*(exx~2+d) /(c~(1/2) *d+a~ (1/2) *e) /x~2) ~(1/2)*E11lipticPi(1/2*(1-a"
(1/2)/c~(1/2)/x72)~(1/2)*27(1/2) ,2,27(1/2)*(d/ (d+a~ (1/2)*e/c~(1/2)))~(1/2)
)/ (exx~2+d) ~(1/2) / (-c*x~4+a) " (1/2)

output

Mathematica [F]

dz

/(A+Bx2) Vd+ ex?vVa — cxt dx_/(A+Bx2) Vd+ ex?va — czt

6 z6

input‘ Integrate[((A + Bxx"2)*Sqrt[d + e*x"2]*Sqrtl[a - c*x"4])/x"6,x]

output LIntegrate[((A + B*x"2)*Sqrt[d + exx"2]*Sqrtl[a - c*x~4])/x"6, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

va— cx4(A + sz) Vd + ex?

76
l 2251
/ va— cac4(A + Bm2) Vd+ ex?
6

x

dz

dx

input Int[((A + Bxx~2)*Sqrt[d + exx~2]*Sqrt[a - c*x~4])/x76,x]
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OutputL$Aborted

Defintions of rubi rules used

rule 9251 TE LX) *((E_D*(x 1)~ (m_)*((d) + (e_.)*(x)"2)7(q . )*((a) + (c_)*(x)
“4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + exx"2)"q*(a + c*x"4)"p ‘

, x] /; FreeQ[{a, c, d, e, f, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

dz

/(Bz2+A) Vex2 +dv—czt+a

6

input Lint ((B*x~2+A) * (e*xx~2+d) ~(1/2) *(-c*x~4+a)~(1/2) /x~6,x)

output| 05 ((BFX24A) (exx"24d) " (1/2)(-cx"442) ~(1/2)/x76,x)

Fricas [F]

dx

/(A+Bx2) Vd+ ex?va — cxt dx_/\/—ca:4+a(Bx2+A)\/ea:2+d

6 26

‘integrate((B*XA2+A)*(e*XA2+d)A(1/2)*(‘C*XA4+a)‘(1/2)/x“6,x, algorithm="fri

input
‘cas")

OutputLintegral(sqrt(—c*x‘4 + a)*(B*x~2 + A)*sqrt(e*x”2 + d)/x76, x)
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Sympy [F]

dz

/(A+Bx2)\/d+ex2\/a—cw4 dac_/(A—I—Bav2)\/ou—car:‘lx/d-l-eac2

z6 z6

-

input Lintegrate ((Brx#*2+A) * (exx**x2+d) ** (1/2) * (-cxx*k*d+a) ** (1/2) /x**6,x) J
output LIntegral((A + Bxxx#2)ksqrt(a - ckxx*4)xsqrt(d + exx**2)/x**6, x) J
Maxima [F]
/ (A+ Bz Vd —6|- ex2va — cxt i — / \/M(Bx26+ A)er? +d i
T T

t‘integrate((B*x"2+A)*(e*x"2+d)"(1/2)*(—c*x"4+a)"(1/2)/x"6,x, algorithm="max

inpu
‘ima") ‘

OutputLintegrate(sqrt(—c*x‘4 + a)*(B*xx~2 + A)*sqrt(e*x”2 + d)/x"6, x) J

Giac [F]

dz

/ (A+ Bz?) Vd + ex?va — ca* d — / vV—cz* + a(Bz? + A)Ver? +d

il 6

|inte rate ((Bxx~2+A) * (exx~2+d) ~(1/2) *(-c*x~4+a) ~(1/2)/x"6,x, algorithm="gia
fen \
C")

inpu

outputLintegrate(sqrt(-c*x‘4 + a)*(B*xx~2 + A)*sqrt(e*x”2 + d)/x"6, x) J




CHAPTER 3. LISTING OF INTEGRALS 378

Mupad [F(-1)]

Timed out.

dz

/(A+Bx2)\/d+ex2\/a—cx4 dx_/(Bx2+A) Va—cz*Vex?+d

6 26

input Lint(((A + Bxx"2)*(a - c*xx~4)~(1/2)*(d + e*x"2)"(1/2))/x76,x)

output 1BEC((A + Brx"2)x(a - cxx"4)~(1/2)*(d + exx"2)"(1/2))/x76, ¥)

Reduce [F]

5 dxz = Too large to display
x

/ (A+ Bz?)vd + ex?va — cx*

input Lint ((B*x~2+A) * (e*x~2+d) " (1/2) * (—~c*xx~4+a) ~(1/2) /x~6,%)
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( - 2xsqrt(d + e*x**2)*sqrt(a - c*xx*4)*a*xe — Sxsqrt(d + e*x**2)*sqrt(a -
Ckxx*4) ¥bkexxx*2 + 2+sqrt(d + exx**2)*ksqrt(a - ckxk*4)*ckdkx**2 - 40*int ((
sqrt(d + e*x**2)*sqrt(a - ckx*x*4)*x*x2)/(4d*ax*k2xd*kex*2 + 4xakx*2kexk3*x**2
+ 3kakxckd**3 + 3kakckdkk2kexxk*k2 — 4dkakckdrexkkxkkd — dkakckexk3kx**6 - 3
*kCk*kkd**k3kxk*k4 — kCk*k22kd**k2xe*x**6) ,X) *a*bkckex*4dxx*k*5 - 30*int ((sqrt(d
+ exx*xx2)xsqrt(a — cxx**4)*xx*2)/ (dxa**x2kdxe**2 + 4dkaxx2kxe*x*3xx*x2 + 3*axc
*d**3 + 3kakckdkk2kexx*k*2 — 4kakckdkex*kkxkkd — 4kakckexk3kxkk6 — 3Ikckkkd
*k3kxKkkG — BkCk*k2kAk*¥2kekX**6) ,X) ¥bkCk*¥2kdk*2kex*2kx**5 + 8xint ((sqrt(d +
exxx*x2) xsqrt(a — c*x**4))/(4*ax*2xd*rex*2xx**4 + 4rar*k2¥xex*k3xx**6 + 3*axckd
*k3kx*k*k4 + 3kakxckdk*k2kekxk*x6 — 4dkakckdikek *2*kxx**8 — 4xakckexk3kxkk10 — 3kc*k
* 2k Q¥ *3*¥Xk*8 — JkCH*KDkA**2xe*x**10) ,x) kak*3ker*kdkxk*5 - 20%int ((sqrt(d + e
*x*xx2)ksqrt(a — ckxk*4) )/ (dkax*kdrexk2xx**4 + Lkak*kkex*3kxx*6 + 3kxakckdk
*3kxx*k4 + 3Jkakckd**2xe*x**x6 — 4xakckdkek *2xx**8 — 4kxakxckex*x3*kx**x10 — 3kck*
2k d**k3kx**8 — Jkck*k2kd*k*¥2kexx**10) ,X) *a*x*2xb*d*kex*3*kx**5 + 30*int ((sqrt(d
+ exx*xx2)xsqrt(a — cxx**4))/(4d*ax*2xd*kex*2xx**4 + 4dkaxx2xe*x*3xx*x6 + 3*axc
*d**k3kxkkd + 3kakckdkkkekx**6 — dkakckdkerkkx*k*8 — 4kakckekx*k3kxkx10 — 3%
CH*2kdkk3kx**8 — Ikck*xkd*kkkexx**10) ,X) *a*x*2kckdr*k2ke*x*2xx*k*k5 — 15¢int ((s
qrt(d + exx**2)*sqrt(a — c*x**4))/(4d*ax*kd*ex*2xx**4 + 4kak*2kex*3kxx*6 +
3kakxckd**k3kx*k*k4d + 3Ikakckdkk2kekx*k*kB — 4dkakckdkekkQkx*k*k8 — 4kakckekk3Ikxkk]l
0 — 3xCHk*2kd*x*3*x*k*8 — Jkck*x2*kd**2xe*x*x*10) ,X) kaxbkckd**3kexx**5 + 18+%i...

output
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2 2/ g—cnd

3.40 f (A+Bz )\/ci—élg—e:v Va—cz da

Optimalresult . . . . . . . . .. .. 380
Mathematica [F] . . . . . . . . . .
Rubi [F] . .
Maple [F] . . . o o
Fricas [F] . . . . . . o
Sympy [F] . . .
Maxima [F] . . . . . o .
Giac [F] . . . o o 3831
Mupad [F(-1)] . . . o
Reduce [F] . . . . .

Optimal result

Integrand size = 34, antiderivative size = 488

AVd + ex?va — czt

/(A-I—Bac \/d+e:c2\/a—cx4d

Tx?

(7TBd + Ae)\/d +ex2va — cxt N (10Acd? — TaBde + 4aAe?) /d + ex2v/a — cz*

35dz5 105ad?x3

2c<d + ‘{f;) (21Bcd® + 8Acd?e + TaBde? — 4aAe®) \ /1 — La?, /%E (arcsin

~

105ad3v/d + ex?va — czt

2\/c(cd® — ae®) (5Acd? + TaBde — 4aAe?) \/1 — L, /% EllipticF (arcsin (

105a3/2d3v/d + ex?v/a — cxt
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-1/7*Ax(exx~2+d) ~(1/2) * (—c*x~4+a) " (1/2) /x~7-1/35* (A*e+7*B*d) * (exx~2+d) ~(1/
2)*(-c*x~4+a) " (1/2) /d/x"5+1/105% (4*A*xa*e”2+10*A*xcxd~2-T*B*xa*d*e) * (exx”~2+d)
~(1/2)*(-c*x"4+a) " (1/2)/a/d"2/x"3-2/105*c*x(d+a~ (1/2) *e/c~ (1/2) ) * (-4*A*xa*xe”
3+8*A*xc*xd"2xe+7*Bxaxd*e " 2+21*%B*c*d"3)*(1-a/c/x"4) " (1/2) *x~3*(a~ (1/2) * (exx~
2+d)/(c™(1/2)*d+a~ (1/2) *e) /x~2) ~(1/2)*E1llipticE(1/2*%(1-a~(1/2) /c~(1/2) /x"2
)= (1/2)*27(1/2) ,27(1/2)*(d/(d+a~(1/2)*e/c~(1/2)))~(1/2)) /a/d"3/ (exx~2+d) ~(
1/2)/ (—c*x~4+a) " (1/2)-2/105%c~ (1/2) * (—a*xe”2+c*d~2) * (-4*xA*xaxe 2+5*xAxc*d~2+7
*Bxaxdxe)*x(1-a/c/x"4) ~(1/2)*x~3*(a~(1/2) *(exx~2+d) / (c~(1/2) *d+a~(1/2) *e) /x
~2)~(1/2)*EllipticF(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2"(1/2) ,2"(1/2) *(d/(
d+a~(1/2)*e/c”(1/2)))~(1/2))/a~(3/2)/d"3/ (exx~2+d) ~(1/2) / (—c*x~4+a)~(1/2)

output

Mathematica [F]

dz

/(A+B:c2) Vd+ ex?Va — czt dx_/(A—i-Ba:Q) Vd+ ex?va — czt

z8 x8

input LIntegrate[((A + Bxx~2)*Sqrt[d + exx~2]*Sqrt[a - c*x~4])/x"8,x]

-

LIntegrate[((A + Bxx~2)*Sqrt[d + exx~2]*Sqrt[a - c*x~4])/x"8, x]

-/

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ va— cac4(A+Bx2) Vd + ex? p
x

o
l 2251
va — car;4(A + Bm2) vd+ exzd
i
8

-

input LInt[((A + B*x~2)*Sqrt[d + e*x~2]*Sqrtla - c*x"4]1)/x"8,x]

-/
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OutputL$Aborted

Defintions of rubi rules used

rule 9251 TE LX) *((E_D*(x 1)~ (m_)*((d) + (e_.)*(x)"2)7(q . )*((a) + (c_)*(x)
“4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + exx"2)"q*(a + c*x"4)"p ‘

, x] /; FreeQ[{a, c, d, e, f, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

dz

/(Bz2+A) Vex2 +dv—czt+a

8

input Lint ((B*x~2+A) * (e*xx~2+d) ~(1/2) *(-c*x~4+a)~(1/2) /x"8,x)

output| 05 ((BFX2H) (exx"24d) " (1/2)(-cx"442) ~(1/2)/x78,%)

Fricas [F]

dx

/(A+Bx2) Vd+ ex?va — cxt dx_/\/—ca:4+a(Bx2+A)\/ea:2+d

Ul 8

‘integrate((B*XA2+A)*(e*XA2+d)A(1/2)*(‘C*XA4+a)‘(1/2)/x“8,x, algorithm="fri

input
‘cas")

OutputLintegral(sqrt(—c*x‘4 + a)*(B*x~2 + A)*sqrt(e*x”2 + d)/x78, x)
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Sympy [F]

dz

/(A+Bx2)\/d+ex2\/a—cw4 dac_/(A—I—Bav2)\/ou—car:‘lx/d-l-eac2

z8 z8

-

input Lintegrate ((Brx#*2+A) * (exx**x2+d) ** (1/2) * (-cxx*k*d+a) ** (1/2) /x**8,x) J
output LIntegral((A + Bxxx#2)ksqrt(a - ckxx*4)xsqrt(d + exx**2)/x**8, x) J
Maxima [F]
/ (A+ Bz Vd —8|- ex2va — cxt i — / \/M(Bx28+ A)er? +d i
T T

t‘integrate((B*x"2+A)*(e*x"2+d)"(1/2)*(—c*x"4+a)"(1/2)/x"8,x, algorithm="max

inpu
‘ima") ‘

OutputLintegrate(sqrt(—c*x‘4 + a)*x(B*xx~2 + A)*sqrt(e*x”2 + d)/x"8, x) J

Giac [F]

dz

/ (A+ Bz?) Vd + ex?va — ca* d — / vV—cz* + a(Bz? + A)Ver? +d

8 8

|inte rate ((Bxx~2+A) * (exx~2+d) " (1/2) *(-c*x~4+a) ~(1/2)/x"8,x, algorithm="gia
fen \
C")

inpu

outputLintegrate(sqrt(-c*x‘4 + a)*(B*xx~2 + A)*sqrt(e*x”2 + d)/x"8, x) J
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Mupad [F(-1)]

Timed out.

dz

/(A+Bx2)\/d+ex2\/a—cx4 dx_/(Bx2+A) Va—cz*Vex?+d

8 78

input Lint(((A + Bxx"2)*(a - c*xx~4)~(1/2)*(d + e*x~2)"(1/2))/x78,x)

output 1BEC((A + Brx"2)x(a - cxx™4)~(1/2)*(d + exx"2)"(1/2))/x78, ¥)

Reduce [F]

5 dx = too large to display
x

/ (A + Bz?)vd + ex?va — cz*

input Lint ((B*x~2+A) * (e*x~2+d) ~ (1/2) * (—~c*xx~4+a) ~(1/2) /x~8,x%)
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( - 24*sqrt(d + exx*x2)*sqrt(a - ckx**x4)xax*xdxdxe*xx4d — 84xsqrt(d + e*x**2)
x¥sqrt(a — ckxxx*4)*ak*x3*kbkdrexkdxx*x*x2 + 2ksqrt(d + e*x**2)*sqrt(a — ckx*x*4)
*xa*k*x3kckd*k*3ke*xx2 — 24xsqrt(d + exx**2)*sqrt(a - ckxx*4)*kaxk3*kckd*sx2kex*k3*
x*x*2 + 48xsqrt(d + exx**2)*sqrt(a — c*x**4)*ax*3kxckdkex*d*xx**4 - 24*xsqrt(d
+ exx*x2)*xsqrt(a — ckxx*4)*ak*3kckex*kbxx*x*6 + 9lxsqrt(d + exx**2)*sqrt(a
= ckxxk4) xa*kxk2kbrckdrkIke**kx*x*x2 — 168*sqrt(d + exx*x*2)*xsqrt(a — cxx**4)*
ax*2xbkckd**2ke*xx3*kxx*4 + 252+¢sqrt(d + e*x**2)*sqrt(a - ckxx**x4)*a*x*2xb*xckxd
xexx4xx*x6 + 30%sqrt(d + exx**2)*ksqrt(a — ckxk*4)*a*rk2kckx2kd*k*d*kekx**2 —
60*xsqrt(d + exx**2)*sqrt(a — c*x**4)*a*k2kck*2kd**3kex*2*xx*x4 + 42*sqrt(d
+ e*xx**2) *xsqrt(a — cHkx**4)kakk2kck*x2kd**k2ke**x3kx**x6 + 35xsqrt(d + exx**2)x*
sqrt(a - cxxkx4)*axbkxck*x2xdx*x5xx**2 — TOxsqrt(d + e*xx**2)*sqrt(a - c*x**4)
xaxbkck*k2kdr*kdkexxx*kd + 399*ksqrt(d + e x**2)*xsqrt(a — ckxx¥*4)*kakbrckk2xd**
3xe**x2kx*x*x6 + 90*sqrt(d + exx**x2)*sqrt(a - c*x**4)*axc*k*x3kdx*x4d*xe*xx*xx6 + 10
Bxsqrt(d + e*xx**2)*sqrt(a — cxx**4)*bkxc*x*3xd**5xx**6 — 576*int ((sqrt(d + e
*x*¥*2) *sqrt(a — ckxx*k4)*xx**x4) [ (12xa**2kd*e**2 + 12*ax*kDxe**3Jkx*x*2 — axckd*
*3 — akckdk*k2Qkekxx*k*k2 — 12kakckdkex*kQkxkk4 — 12*%gkckex*k33kxkkB + Chx*k2kdk*k3*kx
*¥k4 + Ckxkdr*kDke*x**k6) ,X) ka*k*kLkck*x2kek*8xx*¥x7 + 6048*int ((sqrt(d + e*x**2
Yksqrt(a - cxx*x4)*xxx*k4)/(12%a*x*2xd*e**2 + 12%a**2ke*x*3*kx**2 — axckd**3 -
akckdxk2kekx**k2 — 12%akckdke**k2xx*k*k4 — 12kakxcke*k3kx*k*k6 + Ckk2xd**kJkxk*4 +
CHk*2xd**¥2¥e*¥X*¥*6) ,X) ¥ax*3kbkCk*k2xdkex*T*x**x7 + 1056*%int ((sqrt(d + exxx*...

output
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2 —cx
3.41 f (A-I-Bw )\/d+e:v2\/a 4 dr

210
Optimalresult . . . . . . . . .. .. 386
Mathematica [F] . . . . . . . . . .
Rubi [F] . .
Maple [F] . . . o o
Fricas [F] . . . . . . o
Sympy [F] . . .
Maxima [F] . . . . . o .
Giac [F] . . . o o 3891
Mupad [F(-1)] . . . o 390
Reduce [F] . . . . . 3901

Optimal result

Integrand size = 34, antiderivative size = 583

(A + Bz?)Vd + ex?va — cxt AVd + ex?va — cxt
10 dr = — 9

T 9x

(9Bd + Ae)Vd + ex?va — cxt N (14Acd? — 9aBde + 6aAe?) v/d + ex2v/a — cz*

63dx" 315ad?x5
2(15Bcd® + 4Acd?e + 6aBde? — 4aAe?) v/d + ex?va — czt

315ad3x3
2c(d - ‘{f;) (12aBde(2cd® — ae?) + A(21c?d* — 9acd?e® + 8a’e?)) /1 — L3 /%E (arcs
315a2d4v/d + ex?v/a — cxt
2/c(cd® — ae?) (15Bcd® — 3Acd®e — 12aBde? + 8aAe?) \ /1 — La?, / % EllipticF (arcsin

315a3/2d4\/d + ex2va — czt
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-1/9%A* (exx~2+d) ~(1/2) * (-c*x"4+a) ~(1/2) /x~9-1/63* (A*e+9*B*d) * (exx~2+d) ~(1/
2)*(-c*x~4+a) " (1/2) /d/x"7+1/315*% (6*xA*xa*e”2+14*A*xcxd~2-9*B*xa*d*e) * (exx~2+d)
~(1/2)*(-c*xx"4+a) " (1/2) /a/d"2/x"5+2/315x (—4*xA*a*xe” 3+4*A*c*d~2*xe+6xBxaxd*xe”
2+15*B*xc*d"3) * (exx~2+d) "~ (1/2) *(-c*x~4+a) "~ (1/2) /a/d~3/x"3-2/315*c*(d+a~(1/2
Yxe/c” (1/2)) * (12*a*B*d*e*x (—axe~2+2*c*d"2) +A* (8*a~2*xe~4-9*axcxd ™ 2ke”~2+21*c”
2xd~4))*(1-a/c/x"4)~(1/2) *x~3*(a~ (1/2) * (exx~2+d) / (¢~ (1/2) *d+a~ (1/2) *e) /x~2
)~ (1/2)*EllipticE(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2) ,2~(1/2) *(d/ (d+
a~(1/2)*e/c”(1/2)))~(1/2))/a~2/d~4/ (exx~2+d) ~(1/2) / (-c*x~4+a) ~(1/2)-2/315*
c~(1/2)*(—axe”2+c*d~2) * (8*A*axe~3-3kAxc*d~2*e-12*xBraxd*e~2+15*Bxc*d~3) * (1-
a/c/x"4)~(1/2)*x~3*(a~(1/2)*(exx~2+d) / (c~ (1/2) *d+a”~ (1/2) *e) /x~2) " (1/2) *E11
ipticF(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2) ,2"(1/2)*(d/ (d+a~ (1/2) *e/c
~(1/2)))°(1/2))/a~(3/2)/d"4/ (exx~2+d) " (1/2) / (-cxx~4+a) " (1/2)

output

Mathematica [F]

dz

/(A+Bx2) Vd+ ex?vVa — cxt dx_/(A+Bx2) Vd+ ex?va — czt

210 x10

input‘ Integrate[((A + B*x~2)*Sqrt[d + exx"~2]*Sqrt[a - c*x~4])/x"10,x]

output | Tntegrate[((A + Bxx"2)xSqrtld + exx~2]#Sqrtla - cxx"41)/x710, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

va— cx4(A + sz) Vd + ex?

210

dz

l 2251
va— cac4(A + Bm2) Vd+ ex?

dx
210

input Int[((A + B*x"2)*Sqrt[d + e*x"2]*Sqrtla - c*x"4])/x710,x]
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OutputL$Aborted

Defintions of rubi rules used

rule 9251 TE LX) *((E_D*(x 1)~ (m_)*((d) + (e_.)*(x)"2)7(q . )*((a) + (c_)*(x)
“4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + exx"2)"q*(a + c*x"4)"p ‘

, x] /; FreeQ[{a, c, d, e, £, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

dz

/(Bz2+A) Ver2+dv—czt+a

210

input Lint(<B*X‘2+A>*(e*x‘2+d)‘<1/2>*(—c*x*4+a>*(1/2)/x*1o,x)

output Lint ((B*xx~2+A) * (exx~2+d) " (1/2) *(-c*x~4+a)~(1/2) /x~10,x)

Fricas [F]

/(A+Bx2) Vd+ ex?va — cxt dx_/\/—ca:4+a(Bx2+A)\/ea:2+d

10 210

input
‘icas")

‘integrate((B*x‘2+A)*(e*x‘2+d)‘(1/2)*(—c*x‘4+a)‘(1/2)/x‘10,x, algorithm="fr

outputt

integral(sqrt(-c*x~4 + a)*(B*x"2 + A)*sqrt(exx”2 + d)/x"10, x)
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Sympy [F]

dz

/(A+Bx2)\/d+ex2\/a—cw4 dac_/(A—I—Bav2)\/ou—car:‘lx/d-l-eac2

210 10

-

input Lintegrate ((Bkx*x2+A) * (exx**2+d) ** (1/2) * (-ckx**4+a) ¥* (1/2) /x**10,x) J
output LIntegral((A + Bxxx#2)ksqrt(a - cxxx*kd)*sqrt(d + exx**2)/x**10, x) J
Maxima [F]
/ (A + Bz?) \/dj; ex2va — cxt i — / \/M(ijo+ A)er? +d i
T i

t‘integrate((B*x"2+A)*(e*x"2+d)"(1/2)*(—c*x"4+a)"(1/2)/x"10,x, algorithm="ma

inpu
‘xima") ‘

Ou_tputLintegrate(sqr1:(—c*x“4 + a)*(B*x"2 + A)xsqrt(e*x”2 + d)/x710, x) J

Giac [F]

dz

/ (A+ Bz?) Vd + ex?va — ca* d — / vV—cz* + a(Bz? + A)Ver? +d

210 210

t‘integrate((B*x“2+A)*(e*x‘2+d)’"(1/2)*(-c*x”4+a)“(1/2)/x“10,x, algorithm="gi

i P |

outputLintegrate(sqrt(—c*x“ll + a)*(B*x~2 + A)*sqrt(e*xx”2 + d)/x~10, x) J
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Mupad [F(-1)]

Timed out.

dz

/(A+Bx2)\/d+ex2\/a—cx4 dx_/(Bx2+A) Va—cz*Vex?+d

10 210

inpu‘ctint(((A + B*x"2)*(a - c*x74)7(1/2)*(d + e*x72)7(1/2))/x710,x)

output BE(((A + Brr2)x(a - oxx"8)~(1/2)#(d + exx"2)7(1/2))/x710, x)

Reduce [F]

m dx = too large to display
x

/ (A + Bz?)vd + ex?va — cz*

input Lint ((B*x~2+A) * (e*x~2+d) " (1/2) * (—c*x~4+a)~(1/2) /x~10,x)
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( - 1440xsqrt(d + e*x**2)xsqrt(a - c*x**4)*a*x5xd*x2xe*x6 + 1440*sqrt(d +
exxx*k2)*sqrt(a - c*x*x4)xaxkbxdkre*x7T+x**x2 - 1728*sqrt(d + e*x**2)*sqrt(a -
cxx**x4) xa*x*kbkexx8xxx*k4 — 1440*sqrt(d + exx**2)*sqrt(a - ckx**4)*a*xd*xbxd*
*x2ke*x6*x**2 — 864xsqrt(d + e*xx**2)*sqrt(a — cxx**x4)*axkdxbkdre*x*xT*x**4d +
2640*sqrt(d + e*x**2)*sqrt(a — cxx**4)*kax*kdkckd**3ke*x*x5xx*x2 — 2592*sqrt(d
+ exx*xx2)xsqrt(a — cxx**4)*kaxkdxckdr*k2xe**6kx*xx4 + 288*sqrt(d + e*xx**2)*s
grt(a — cxx**4)*axkdxckdxe**x7T*x*x*x6 + 1620*sqrt(d + e*x**2)*sqrt(a - ckxx**x4
) *a*x*3¥kbkckdkkdrexxdxx*¥x2 — 1944*sqrt(d + exx**2)*sqrt(a — ckx*x*4)*a*x3*bx*
ckxdx*3xex*5*xxx*4 + 2304xsqrt(d + e*x**2)*sqrt(a — c*x**4)*a*xx3xbkckd**2*ex*
*6*x*¥*6 + 10*sqrt(d + exx**2)*sqrt(a — cxxk*4)*ax*3*kck*2xd**6*xe*x*2 + 2290%
sqrt(d + exx*x2)*sqrt(a — ckx**x4)*ax*3*xcx*2xdx*5*xex*3*x**2 — 2748*sqrt(d +
exxx*k2)*sqrt(a - c*x*x4)kaxk3kckx2xd*kdxe*rxdxx* x4 + 1392*sqrt(d + e*x**2)
xsqrt(a — cxx**4)*kax*k3kck*2kd**3*kex*5xx**x6 + 1485*sqrt(d + e*xx**2)*sqrt(a
— CxX¥*4)kaxk2kbkCk*2kd¥k6*ke**x2*¥x*k*2 — 1764*sqrt(d + e*x**2)*sqrt(a - c*xx*
*4) *a*x*2xbkck*k2xd*x5kex*3*xx*k*4 + 324*sqrt(d + exx**2)*sqrt(a - ckxx*x4)*xa*x
2xb*cxk2xd*k*k4kexxd*xx*6 + 840*sqrt(d + e x**2)*xsqrt(a — cxx**x4)*xakx*2xc**3*
A*xT*exx*¥x2 - 1012*sqrt(d + e*xx*x*2)xsqrt(a — cxx**4)*kax*2xc*k*3kd**x6*e*x*2xx
*x*¥4 + 458%sqrt(d + exx**2)*sqrt(a — ckx**4)*ka*x*2*ck*3xd*x*5ke**x3xx*x*6 + 945
*sqrt(d + exxx*2)*sqrt(a — cxx**4)*a*xbkxcx*3xd**8*x**2 — 1134xsqrt(d + e*x*
*x2) xsqrt (@ — Ckx**4)*xakbkckkIkd*skTre*x**4 + 279xsqrt(d + e*x**2)*sqrt(a...

output
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(A-l—sz) Vd+ex?va—cr?

3.42 | s da

Optimalresult . . . . . . . . .. .. 392
Mathematica [F] . . . . . . . . . .
Rubi [F] . .
Maple [F] . . . o o 394
Fricas [F] . . . . . . o 394
Sympy [F] . . .
Maxima [F] . . . . . o .
Giac [F] . . . o o
Mupad [F(-1)] . . . o
Reduce [F] . . . . .

Optimal result

Integrand size = 34, antiderivative size = 700

/(A+Bac2) Vd+ ex?va — cxt i _A\/d+ex2\/a—cx4

12 11zt
_ (11Bd + Ae)vd + ex®va — czt N (18 Acd? — 11aBde + 8aAe?) vd + ex?v/a — cx*
99dx® 693ad?x”
2(77Bcd® + 16 Acd?e + 33aBde? — 24aAe?®) v/d + ex?va — cxt
* 3465ad3x>
2(44aBde(cd? — ae?) + A(75c?d* — 23acd?®e? + 32a%¢*)) v/d + ex2va — cz?
* 3465a%d4x3

2c<d + ‘{f;) (24e(39c%d* + 27acd?e? — 32a%e*) + 11B(21c*d® — 9acde® + 8a’de?)) /1 — sz”\/%

3465a2d5/d + ex?va — cxt
2 2 2 2 2 74 2,2 2,4 a .3 Va(d+ez?) '
2/c(cd® — ae?) (11aBde(3cd” — 8ae?®) — A(75c%d* + 6acd’e® — 64a’e*)) \/1 — Sz \/ Wed+vae)a? B

3465a5/2d5v/d + ex?va — czt

_|_
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-1/11xA* (exx~2+d) " (1/2) *(-c*xx~4+a) ~(1/2) /x~11-1/99% (Axe+11*B*d) * (e*x~2+d) "
(1/2) % (—c*x~4+a) " (1/2)/d/x~9+1/693* (8*A*xaxe”~2+18*A*cxd~2-11*Bxa*d*e) * (exx™
2+d) " (1/2)*(—c*x"4+a) " (1/2) /a/d"2/x"7+2/3465*% (—24xA*xaxe” 3+16*A*c*d "~ 2*e+33*
Bxaxd*e 2+77*Bxc*d~3) * (exx~2+d) ~(1/2) *(-c*x"4+a) "~ (1/2) /a/d~3/x"5+2/3465%* (4
dxa*xBkxd*e* (—a*xe 2+cxd"2) +A* (32*%a”2%e ~4-23*a*xc*xd"2*xe"2+75*c"2*d"4) ) * (e*x "2+
d)~(1/2) *(-c*x~4+a) ~(1/2) /a~2/d~4/x~3-2/3465*cx(d+a~ (1/2) *e/c” (1/2) ) x (2xA*
ex (—-32*a~2*xe 4+27*a*ckxd"2*%e 2+39*%c"2*d"4) +114B* (8*a~2xd*e " 4-9*ka*cxd " 3*e” 2+
21xc~2%d~5) ) *(1-a/c/x~4) " (1/2) *x~3*(a~ (1/2) * (exx~2+d) / (c~ (1/2) *d+a”~(1/2) *e
)/x72)~(1/2)*E1llipticE(1/2*x(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2) ,27(1/2) *(
d/(d+a~(1/2)*e/c~(1/2)))~(1/2))/a~2/d"5/ (exx~2+d) ~(1/2) / (—c*x~4+a) " (1/2)+2
/3465xc™ (1/2) % (—axe~2+c*xd~2) * (11*a*xBkxd*e* (—8*a*e 2+3*c*xd~2) —-A* (-64*a"~2*e~4
+6*axckd"2xe”~2+75xc"2+%d~4) ) *(1-a/c/x"4) " (1/2) *x~3*(a~ (1/2) * (exx~2+d) /(c~ (1
/2)*d+a” (1/2)*e) /x~2) "~ (1/2)*E1llipticF(1/2*x(1-a~(1/2)/c~(1/2)/x"2)~(1/2) %2~
(1/2),27(1/2)*(d/(d+a~(1/2)*e/c(1/2)))~(1/2))/a~(56/2) /d"5/ (exx~2+d) ~(1/2)
/ (—c*x~4+a)~(1/2)

output

Mathematica [F]

dz

/(A+B:v2)\/d+ex2\/a—cw4 d:c—/(A+Bx2) Vd + ex?va — cxt

x12 x12

-

input Integrate[((A + B*x~2)*Sqrt[d + e*x~2]*Sqrtl[a - c*x~4])/x"12,x]

N\

output ‘ Integrate[((A + B*x"2)*Sqrt[d + e*x~2]*Sqrt[a - c*x~4])/x"12, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

va— ca:4(A + Ba:2) Vd + ex?

12

dx
T

l 2951
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dr

/ Va — cz*(A+ Bz?) Vd + ex?

rl2

input LInt [((A + B*x"2)*Sqrt[d + exx~2]*Sqrt[a - c*x~4])/x"12,x]

output L$Aborted

Defintions of rubi rules used

rule 2251‘In‘c[(Px_)*((f_.)*(x_))“(m_.)*((d_) + (e_)*(x)"2)"(q_.)*((a_) + (c_.)*(x)) ‘
‘“4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*x(d + e*x~2)"g*(a + c*x~4)7p ‘

, x] /; FreeQ[{a, c, d, e, f, m, p, q}, x] & PolyQ[Px, x]

Maple [F]
/ (Bz? + A)Vez? +dvV—cz*+a
3 dx
X
input | 10T ((BFx"2+A) % (exx72+d) ™ (1/2)% (-cxx"4+a) " (1/2) /%712, %)

output | 10T ((BFE"2+8) % (exx"2+) ™ (1/2) % (-cxx"4+a) ~ (1/2) /%712, %)

Fricas [F]

/ (A+ Bz?) Vd + ex?va — ca* e — / vV—cz* + a(Bz? + A)Ver? +d

12 212

dz

input
‘ icas")

‘ integrate ((B*x~2+A) * (exx~2+d) ~(1/2) *(-c*x~4+a) ~(1/2) /x~12,x, algorithm="fr ‘

output Lintegral(sqrt (-c*xx"4 + a)*(B*x~2 + A)*sqrt(e*xx~2 + d)/x"12, x)
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Sympy [F]

dz

/(A+Bx2)\/d+ex2\/a—cw4 dac_/(A—I—Bav2)\/ou—car:‘lx/d-l-eac2

xl2 xrl2

-

input Lintegrate ((Bxx##2+A) * (e*xk*2+d) ** (1/2) * (—ckxk*kd+a) ** (1/2) /x**12,x) J
output LIntegral((A + Bxxx#2)ksqrt(a - cxxxkd)*sqrt(d + exx**2)/x**12, x) J
Maxima [F]
/ (A + Bz?) \/d;|2- ex2va — cxt i — / \/M(ij; A)er? +d i
T i

t‘integrate((B*x"2+A)*(e*x"2+d)"(1/2)*(—c*x"4+a)"(1/2)/x"12,x, algorithm="ma

inpu
‘xima") ‘

OutputLintegrate(sqrt(—c*x‘4 + a)*(Bxx~2 + A)*sqrt(e*x”2 + d)/x"12, x) J

Giac [F]

dz

/ (A+ Bz?) Vd + ex?va — ca* d — / vV—cz* + a(Bz? + A)Ver? +d

xrl2 x12

t‘integrate((B*x“2+A)*(e*x‘2+d)’"(1/2)*(-c*x”4+a)“(1/2)/x“12,x, algorithm="gi

i P |

outputLintegrate(sqrt(—c*x“ll + a)*(B*x"2 + A)xsqrt(e*xx”2 + d)/x712, x) J
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Mupad [F(-1)]

Timed out.

dz

/(A+Bx2)\/d+ex2\/a—cx4 dx_/(Bx2+A) Va—cz*Vex?+d

12 712

inpu‘ctint(((A + B*x"2)x(a - c*x74)7(1/2)*(d + exx72)7(1/2))/x712,%)

output BE(((A + Brr2)x(a - oxx"8)~(1/2)#(d + exx"2)7(1/2))/x712, x)

Reduce [F]

12 dx = too large to display

/ (A + Bz?)vd + ex?va — cz*

input Lint ((B*x~2+A) * (e*x~2+d) " (1/2) * (—c*x~4+a)~(1/2) /x~12,x)
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( - 120960*sqrt(d + e*x**2)*sqrt(a - c*x**4)*a*xTxd**x2xe*x8 — 221760*sqrt(
d + e*xx*k*2)*sqrt(a - cxx**4)*kax*Bxbkxd**2xe**x8xx**x2 + 63360*sqrt(d + exx**2
)*sqrt(a - ckx**4)*a*xBxbkxdkex*k9xx**4 + 2016*sqrt(d + exx**x2)*sqrt(a - c*x
*x*k4) kak*kBkckdxkdkex*6 — 40320*sqrt(d + exx**2)*sqrt(a — cxx**4)*kax*kGkckd**
Sxkex*kTxx**2 + 80640*sqrt(d + e*xx**2)*sqrt(a — c*xx**x4)*kax*kGxckxd**x2ke**xB*x**
4 + 77616xsqrt(d + exx**2)*sqrt(a - ckx*x*4)*ka*xxbxbrxckdr*sxe**xB*xxx*2 — 8553
6xsqrt(d + exx**2)*sqrt(a - ckxx*4)*ka*xxbxbrxckdr*3xe*x7T*xxx*4 — 158400*sqrt (
d + exx*x*2)*xsqrt(a - ckx**4)*a*xxbxbkxckxd*x*2ke*x*8*x**6 + 316800*sqrt(d + e*xx
**x2) *sqrt(a — ckxx*x4)*ax*bxbxckd*e**x9xx**x8 — 380160*sqrt(d + exx**2)*sqrt(
a — cxxx*4)*a*xkbkbkckxex*10*x*¥*x10 + 3528*sqrt(d + e*x**2)*sqrt(a — cxx**4)x*
a*xExckx2kd*x6ke*xx4d — 20496xsqrt(d + e*x**2)*sqrt(a — c*x**4)*ka*rxEkckx2kdx*
*x5xe*xk5¥x*k*2 + 22848*sqrt(d + exx**2)*ksqrt(a — ckxk*d)ka*xxSkck*x2kdk*4*e*x*6
*xx**%4 — 80640*sqrt(d + e*xx**2)*xsqrt(a — cxx**4)*kax*bkck*x2kd**3*xe*x*Txx**x6 +

161280*sqrt (d + exx**2)*sqrt(a — ckx**4)*a*x*x5kck*2kd**2ke*x*8*xx**8 + 12166
Oxsqrt(d + e*xx**2)*sqrt(a — cxx**x4)*axkdxbkckx2*xd**6*e*x*x4*x**2 — 133496*sq
rt(d + e*x**2)*sqrt(a - ckx**4)*xa**xdkbxck*2kd*x5kex*5xx**x4 - 7920*sqrt(d +

exxx*k2)ksqrt(a — c*x**4)*kaxx4dxbkck*x2kd*k*4*kex*B*xx**6 + 15840*sqrt(d + e*xx*
*¥2)xsqrt(a — ckxx*4)ka*xxdkbkck*2kd**Jkex*Txx*x*k8 — 849024*sqrt(d + exx**2)x*
sqrt(a — ckxxkx4)*ax*kdxbxck*2xd**2xex*8xx**10 + 210*sqrt(d + e*x**2)*sqrt(a

— Ccxx**4)kakkdkckxIkd*xk8ke**2 + T5180*sqrt(d + e*x**2)*sqrt(a - cxx*x*4...

output
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3.43 [ z*(A+ Bz?) (d+ ex2)3/2 Vva — cxtdx

Optimal result . . . . . . . . . . . . . . e 398
Mathematica [F] . . . . . . . . . . 399
Rubi [F] . . oo 400
Maple [F] . . . o o 4001
Fricas [F] . . . . o . o e 40T
Sympy [F] . . o Z
Maxima [F] . . . . . . Z0
Giac [F] . . . o o 402
Mupad [F(-1)] . . . o 4021
Reduce [F] . . . . . o 4021

Optimal result

Integrand size = 34, antiderivative size = 874

/xQ(A + Bz?) (d+ ex2)3/2 Va—cztdx =
(30Acde(3cd? + 28ae?) — B(45c*d* — 108acd?e? — 256a%e*)) Vd + ex?v/a — cx?

3840c?e3x
(15Bcd? — 30Acd?e + 148aBde? + 120aAe?®) z+/d + ex?va — cz?
1920ce?
N (3Bcd? + 90Acde — 16aBe?) z3v/d + ex?va — cxt

480ce
1 1
+ %(HBd + 104e)z°Vd + ex®Va — cxt + 1—OBex7\/d + ex?Va — cxt

(ved + /ae) (30Acde(3cd? + 28ae?) — B(45¢%d* — 108acd®e® — 256a%¢%)) /1 — Za (ﬂj—mE |

3840c3/2e3+/d + ex®v/a — cx*

Va(30Acde(cd? + 36ae?) — B(15c%d* — 404acd?e® — 256a%e%)) /1T — S z°, /(ﬁ(j—y)) EllipticF | arc
3840c3/2e2/d + ex?v/a — cx*

(B(3c*d® — 8acd®e® + 48a*de*) — A(6c*d*e — 48acd?e® — 32a%€%)) /1 — a3, /% EllipticPi

256¢ce3v/d + ex?va — czt

_|_

_|_
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-1/3840%* (30*%Axc*d*xe* (28xa*xe~2+3*c*d~2) -B* (-256*a~2*e~4-108*a*c*d~2*e”~2+45%
c™2xd~4) ) *x (exx~2+d) ~(1/2) *(—c*x~4+a) ~(1/2) /c"2/e"3/x-1/1920* (120*A*xa*xe~3-3
O*A*c*d™2*e+148*Bxaxd*e”2+15*%B*xc*d~3) *x* (exx~2+d) ~(1/2) * (-c*x~4+a)~(1/2) /c
/e”2+1/480* (90*Axcxd*e—16*B*xa*xe 2+3*B*xc*xd~2) *x~3* (e*x~2+d) " (1/2) * (—c*x~4+a
)~(1/2)/c/e+1/80% (10*xAxe+11*B*d) *x~5* (e*xx”~2+d) ~(1/2) *(-c*x"4+a) ~(1/2)+1/10
*Bxexx~T* (exx~2+d) ~(1/2) % (—c*x~4+a) ~(1/2)-1/3840*(c~(1/2)*d+a~ (1/2) *e) * (30
*Axckd*ex (28*axe”2+3*xckd"2) —B* (-256*a~2xe"4-108*a*c*xd~2*e 2+45*%c~2*d"4) ) *(
1-a/c/x"4)~(1/2)*x~3*% (a2~ (1/2) *(exx~2+d) / (c~ (1/2) *d+a~ (1/2) *xe) /x~2) ~(1/2) *E
1lipticE(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*27(1/2) ,27(1/2)*(d/ (d+a~ (1/2) *e
/c”(1/2)))°(1/2))/c~(3/2) /e~3/(exx~2+d) " (1/2) / (-cxx"4+a) ~(1/2)+1/3840*a"~ (1
/2) % (30%Axc*d*e* (36%xaxe~2+cxd"2) -Bx (-256%a"~2%e~4-404*a*ckxd~2xe " 2+15xc~2*d"
4))*x(1-a/c/x"4) " (1/2)*x~3*x(a~ (1/2) *(e*x~2+d) / (c~(1/2)*d+a~(1/2)*e) /x~2)~ (1
/2)*E1lipticF(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2) ,2"(1/2)*(d/ (d+a~ (1
/2)*e/c”(1/2)))~(1/2))/c~(3/2)/e~2/(e*x~2+d) ~(1/2) / (—c*x~4+a) " (1/2)+1/256%
(B*(48*a”~2xd*e”4-8*a*c*d " 3*e 2+3*c~2*xd"5) —A* (-32*a"2*e"5-48*a*xcxd~2xe”3+6*
c~2xd"4*e)) *(1-a/c/x~4) " (1/2) *x~3*(a~ (1/2) * (exx~2+d) / (c~ (1/2) *d+a~ (1/2) *e)
/x~2)~(1/2)*E1llipticPi(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)%27(1/2),2,27(1/2)
*x(d/(d+a~(1/2)*e/c~(1/2)))~(1/2))/c/e”3/(e*xx~2+d) " (1/2) / (-c*x~4+a) ~(1/2)

output

Mathematica [F]

/wz(A-I-BxQ) (d+ea:2)3/2\/a—cx4da:=/z2(A+Bx2) (d+ex2)3/2\/a—cw4da:

p
input‘lntegrate[x“Q*(A + B¥x"2)*(d + e*x"2)"(3/2)*Sqrt[a - c*x~4],x]

Output‘lntegrate[x‘Q*(A + B*x"2)*(d + e*x"2)"(3/2)*Sqrt[a - c*x~4], x]
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 2*a—cat(A+ Ba®) (d+ ea?)¥? do
l 2951
/x2m(A + Bm2) (d + ew2)3/2 dx
fnput [Int [x~2%(A + B*x~2)*(d + e*xx"2)~(3/2)*Sqrtl[a - c*x~4],x] }

output ‘ $Aborted ‘

Defintions of rubi rules used

rule 9251 b LX) *((E_D*(x 1)~ (m_)*((d) + (e_)*(x)"2)7(q . )*((a) + (c_)*(x)
"‘4)"(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + exx"2)~q*(a + c*x"4)7p ‘
L, x] /; FreeQ[{a, c, d, e, £, m, p, q}, x] && PolyQ[Px, x] J

Maple [F]

/z‘2(Bm2—|—A) (emQ—l—d)% vV —cz*+ adx

input Lint (x~2% (B*x~2+A) * (e*x~2+d) " (3/2) * (—c*x~4+a) ~(1/2) ,x) J

output Lint (x~2% (Bxx~2+A) * (exx~2+d) ~ (3/2) * (—~c*x~4+a) ~(1/2) ,x) J
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Fricas [F]

/932(A—|—B:v2) (d+e$2)3/2\/a—cx4dx=/\/—cx4—|—a(B:v2+A) (em2+d)%x2dx

integrate (x~2* (Bxx~2+A) * (exx~2+d) ~(3/2) *(-c*x"4+a) " (1/2) ,x, algorithm="fri

input
cas")

integral ((Bxexx"6 + (B*d + A¥e)*x"4 + Axd*x~2)*sqrt(-c*x”4 + a)*sqrt(e*x"2

output v D). 0
Sympy [F]
/xQ(A + Bz?) (d+ exz)?’/2 Va — cztds = /xz(A + Bz?) Va — czt(d + exz)% dz
input Lintegrate (xxk2k (Bhxkk2+A) * (ekxk*2+d) %% (3/2) * (~crxk*d+a) *x* (1/2) , %) J
output LIntegral(x**Zk(A + Bx**2)*sqrt(a - cxx*x4)*(d + exx*x2)**(3/2), x) J
Maxima [F]

/az2(A+Ba:2) (d+ew2)3/2\/a—cx4da:=/\/—cx4+a(Bcc2+A) (ex2+d)%x2dx

input‘integrate(x‘Q*(B*x‘2+A)*(e*x“2+d)“(3/2)*(—c*x‘4+a)*(1/2),X, algorithm="max
ima") ‘

output 1RTeErate(sqrt(-cax"a + a)*(Bsx"2 + M*(exx"2 + A (3/2)*x"2, x) ]
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Giac [F]

/932(A—|—B:v2) (d—l—em2)3/2\/a—cx4dx=/\/—cx4—|—a(B:v2+A) (ex2+d)%x2dx

e rate (x~2% (Bxx~2+A) * (exx~2+d) ~ (3/2) * (~c*x~4+a)~(1/2) ,x, algorithm="gia ‘
g g g

input‘c“)

-

A J

outputtintegrate(sqrt(-C*X% + a)*(B*x"2 + A)*x(e*xx"2 + d)~(3/2)*x~2, x)

Mupad [F(-1)]

Timed out.

/l‘2(A+Bx2) (d—|—6x2)3/2 /_a—ca:4dx=/a:2 (B:E2+A) m(6$2+d)3/2d:1;

input Lint(x‘Q*(A + Bxx"2)*(a - c*x74)"(1/2)*(d + e*x~2)"(3/2),x) J
output Lint(x’?*(A + Bxx"2)*(a - c*x74)"(1/2)*(d + exx~2)7(3/2), x) J
Reduce [F|

/m2 (A+ Bm2) (d+ ex2)3/2 Va — cx* dx = Too large to display

input Lint (x~2% (B*x~2+A) * (e*x~2+d) ~ (3/2) * (-c*xx~4+a) ~(1/2) ,x) J
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( - 120*sqrt(d + exx**2)*sqrt(a — cxxk*4)*ax*k2*xe*x*3*x — 148*sqrt(d + exx**
2)*sqrt(a - c*x**x4)*xaxbkdkex*2kx — 64xsqrt(d + exxx*2)*sqrt(a - c*x**4)*xax
b*ex*3xx**3 + 30*sqrt(d + e*x**2)*sqrt(a - ckx**x4)*akxckd**x2kexx + 360*sqrt
(d + exx*x*2)*sqrt(a — cxx**x4)*axckdkex*2xx**3 + 240*sqrt(d + exx**2)*sqrt(
a - c*x**4)*xaxckex*3*kx**¥5 — 15ksqrt(d + e*x**2)*sqrt(a — cxx**4)*kbkckxd**3*
X + 12xsqrt(d + exx**2)*sqrt(a - c*x**4)*xbxckd**2ke*xx**3 + 264*sqrt(d + ex
x*¥x2) *sqrt(a — c*x**4)*bxckdxe**x2xxx*5 + 192*sqrt(d + e*x**2)*sqrt(a - c*x
*¥*k4) ¥bkckex*k3xx*¥*7 + 266*%int ((sqrt(d + e*x**2)*sqrt(a - cxx**x4)*x**4)/(axd
+ axe*xk*2 — ckd*x**4 — Ckexx**6) ,x)*ak*2¥bkex*4d + 840*int((sqrt(d + e*x*
*x2)xsqrt(a — ckx**4)xx*kx4)/(a*d + axexx**2 — ckd*x**4 — Cke*x**6),X)*ax*2x*
ckxdxex*3 + 108*int((sqrt(d + exx*x2)*sqrt(a - ckxx**x4)*x**4)/(axd + akexx**
2 - ckdkxk*k4 - crexx**6) ,X)*axbkckdk*k2kex*2 + 90*int ((sqrt(d + e*x**2)*sqr
t(a - ckx*x*x4)*xx**4)/(axd + akxexx**2 — ckdxx*k*kd - cke*xx**6),X)*kakxcrk2xd**x3*
e - 45xint((sqrt(d + e*xx**2)*sqrt(a — c*x**4)*x**4)/(a*d + axe*x**2 — cxd*
X**k4 — cke*xx**6),X)¥bkck*2*d**4 + 240*int ((sqrt(d + exx**2)*sqrt(a - cHx**
4)xx*%2) /(a*d + axe*x**2 — cxd*x**4 — cxe*x**6),x)*a*x3*kex*4 + 488+int((sq
rt(d + e*x**2)*sqrt(a - ckx**4)*xx**x2)/(a*d + axe*x**2 — cxd*x**4 — cke*xk*
6) ,x) *a**x2+bkd*ex*3 + 780*int ((sqrt(d + e*x**2)*sqrt(a — cxx**x4)*x**2)/(ax
d + axexx**2 — ckdkx**4 — ckxexx*k*6),X)*karkkckd¥*2*ex*2 - 6xint((sqrt(d +

e*xx**2) xsqrt(a — c*x**4)*x*x2)/(a*d + ake*xx**2 — ckxdxx**4 — cke*x**6),X...

output
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3.44 [ (A+ Bz?) (d+ ea:2)3/2 Vva — cxtdz

Optimal result . . . . . . . . . . . . . . e 404
Mathematica [F] . . . . . . . . . . 405
Rubi [F] . . . 405
Maple [F] . . . . 06
Fricas [F] . . . . o . o e 00
Sympy [F] . . o 407
Maxima [F] . . . . . . 407
Giac [F] . . . o o 407
Mupad [F(-1)] . . . o 408]
Reduce [F] . . . . . o 408}

Optimal result

Integrand size = 31, antiderivative size = 732

/ (A + Bz?) (d+ew2)3/2\/a —crtdr =

(9Bcd? — 24 Acd?e + 84aBde? + 64aAe®) Vd + ex?v/a — cxt

384ce2x
N (3Bcd? + 56 Acde — 12aBe?) z+/d + ex2v/a — cz*

192ce
1 1
+ 4—8(93d + 84e)x*Vd + ex?Va — cxt + §Bex5\/d + ex2va — cx*

d+ex? 1_\/\52
(d + %) (9Bed® — 24AcPe + 8aBde? + 64aAc®) \/T— Lz [ V22D B | arcsin -

384e2v/d + ex?va — cxt
1— Ve
Va(3Bed® + 248 Acd’e + 108aBde? + 64aAc®) \/T = Zia® | Joe ), EllipticF (arcsin ( S )
384+/cev/d + ex?\/a — cxt
(8Acde(cd? + 12ae?) — B(3c*d* — 24acd®e® — 16a%¢Y)) /T — %13, /% EllipticPi (2, arcsin (

128ce?v/d + ex?v/a — cx?

+

_|_
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-1/384* (64%A*axe~3-24*A*xc*xd ™ 2xe+84*B*axd*e~2+9%Bxcxd~3) * (exx~2+d) ~(1/2) * (-
cxx”4+a)~(1/2)/c/e”2/x+1/192* (56*Axc*d*e—12*%B*axe”2+3*Bkxc*d™~2) *x* (e*x~2+d)
~(1/2)*(-c*x"4+a) " (1/2) /c/e+1/48* (8*xAxe+9*B*xd) *x~3* (e*x~2+d) ~(1/2) * (-c*x~4
+a) ~(1/2)+1/8*B*exx”5* (exx~2+d) ~(1/2) *(-c*x~4+a) ~(1/2)-1/384*(d+a~ (1/2) *e/
c™(1/2) ) *x(64xA*xaxe”3-24*A*c*d~2*xe+84*Bxaxd*xe”2+9*Bxc*d~3) *(1-a/c/x"4)~(1/2
Y*¥x”3*(a” (1/2) % (exx™2+d) / (c~(1/2) *d+a~ (1/2) *e) /x~2) ~(1/2)*E1llipticE(1/2* (1
-a~(1/2)/c~(1/2)/x~2) " (1/2)*2~(1/2) ,27(1/2)*(d/(d+a~ (1/2)*e/c~(1/2))) ~(1/2
))/e"2/(exx~2+d) ~(1/2) / (—c*x~4+a) " (1/2)+1/384*a~ (1/2) * (64*A*a*xe~3+248*A*xc*
d~2*e+108*Bxaxd*e~2+3*B*xc*d~3) *(1-a/c/x"4) "~ (1/2) *x~3*(a~ (1/2) *(exx~2+d) / (c
~(1/2)*d+a~(1/2)*e) /x~2)~(1/2)*E1llipticF (1/2*(1-a~(1/2)/c~(1/2) /x~2)~(1/2)
*27(1/2),27(1/2)*(d/(d+a”~ (1/2)*e/c~(1/2)))~(1/2)) /c~(1/2) /e/ (exx~2+d) " (1/2
)/ (—c*x”4+a) "~ (1/2)+1/128* (8*A*cxd*xe* (12*xa*e”2+c*d~2) -B* (-16*a"~2*xe~4-24*ax*c
*d"2xe"2+3xc"2*d"4) ) * (1-a/c/x"4) " (1/2) *x"3*(a~ (1/2) * (e*x~2+d) / (¢~ (1/2) *d+a
~(1/2)*e)/x~2)~(1/2)*E1llipticPi(1/2%(1-a~(1/2)/c~(1/2) /x~2)~(1/2)*2~(1/2),
2,27(1/2)*(d/(d+a~(1/2)*e/c"(1/2)))~(1/2)) /c/e”2/ (exx~2+d) ~(1/2) / (-c*x"4+a
)" (1/2)

output

Mathematica [F]

/(A+Bx2) (d+ea:2)3/2\/a—cx4dx:/(A+B:c2) (d+ex2)3/2\/a—cx4dx

-

input LIntegrate[(A + B*x"2)*(d + e*x~2)"(3/2)*Sqrt[a - c*x"4],x]

output ‘\VIntegrate[(A + Bxx"2)*(d + e*x"2)"(3/2)*Sqrt[a - c*x"4], x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ va — cxt (A + Bw2) (d + ez2)3/2 dx

l 2261
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/ W(A + Bz?) (d+ e:c2)3/2 dz

input LInt[(A + Bxx"2)*(d + e*x"2)~(3/2)*Sqrt[a - c*x"4],x] J

OutputL$Aborted J

Defintions of rubi rules used

rule 2261 IRELE*((A) + (e_)*(x)"2)7(q_.)*((a)) + (c_.)*(x))"4)"(p_.), x_Symbol
1 :> Unintegrable[Px*(d + e*x"2)"g*(a + c*x™4)7p, x] /; FreeQl{a, c, d, e,
‘P, q}, x] && PolyQ[Px, x] ‘

Maple [F]

3
2

/(Bx2+A) (ea:2—|-d) V—cz* + adz

input | int ((B*x"2+A)* (exx~2+d) " (3/2) * (-c*x~4+a) ~(1/2) ,x) |

output 186 ((BHE"2+A)* (exx™2+a) " (3/2)% (~cxx"4+a)~(1/2) %) J

Fricas [F]

/(A+Bx2) (d+ex2)3/2x/a—cr4dr=/v—cw4+a(3x2+f4)(6$2+d)gdf”

input ‘ integrate ((B*x~2+A)* (e*x~2+d) ~(3/2) *(-c*x~4+a)~(1/2) ,x, algorithm="fricas" ‘

‘integral((B*e*x‘él + (Bxd + Axe)*x"2 + A*d)*sqrt(-c*x"4 + a)*sqrt(e*x”2 + d ‘

output
), x) ‘
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Sympy [F]

/(A+Bx2) (d+e:c2)3/2\/a—cm4dm=/(A—I—Bx2) \/a—cz4(d+ex2)% dz

input \ integrate ((B*x**2+A) * (e*x**2+d) x* (3/2) * (—c*x**4+a) **(1/2) ,x)

outputtlntegral((A + B¥x**k2)xsqrt(a - ckx#*d)*(d + ekx*x2)**(3/2), x)

Maxima [F]

/(A+Ba:2) (d+em2)3/2\/a—caz4dx=/\/—cx4+a(Ba:2+A)(ex2+d)gda:

input‘integrate((B*x“2+A)*(e*x‘2+d)*(3/2)*(-c*x*4+a)*(1/2),X, algorithm="maxima"

OutputLintegrate(sqrt(—c*x*4 + a)*x(B*xx"2 + A)*(exx™2 + d)7(3/2), x)

Giac [F]

/(A+Bx2) (d+ex2)3/2\/a—cx4dw=/v—cx4+a(Bx2+A)(ew2+d)gdx

-

inputLintegrate((B*x‘2+A)*(e*x‘2+d)‘(3/2)*(-c*x*4+a)*(1/2)’X, algorithm="giac")

N 4

output Lintegrate(sqrt(-c*x% + a)x(Bxx"2 + M) x(exx"2 + d)~(3/2), x)
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Mupad [F(-1)]

Timed out.

/ (A+Ba®) (d+e?)”* Va— ol do = / (Ba® + A) Va—cat (ea® + ) da

input Lint((A + B*x"2)*(a - c*xx~4)~(1/2)*(d + e*XA2)A(3/2),x) J
output 1AEC(A + BRE2x(a - oxd)(1/2%(d + exx"2)"(3/2), %) J
Reduce [F]

/ (A+ Ba?) (d
+eacz)3/2 Va —cxtdr=

—12vex? + dv/—cz* + aabe’x + 56V ex? + dv/—cz* + aacdex + 32vex?2 + d

input Lint ((B*x~2+A) * (e*x~2+d) " (3/2) *(-c*xx"4+a) ~(1/2) ,x) J
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( - 12#sqrt(d + exx**x2)*sqrt(a - c*x**4)*xaxbke**2*x + 56%sqrt(d + exx*x2)*
sqrt(a - c*x*x4)*xaxckdkexx + 32xsqrt(d + exx*x*2)*sqrt(a - c*x**4)*xakcke*x*2
*x*%%3 + 3ksqrt(d + e*xx**2)*sqrt(a — cxx**4)*bkckxd**2xx + 36*sqrt(d + exx*x
2)*sqrt(a - c*x**x4)*bxckd*kexx**3 + 24xsqrt(d + exx**2)*sqrt(a - c*x*x4)*bx
ckex*2xx**5 + 64*xint ((sqrt(d + e*xx**2)*sqrt(a - cxx**4)*x**4)/(a*xd + axexx
*¥%k2 — ckdkx*x*k4 — crxe*x**6),x)*ka*k*kkckxe*x*3 + 84*int ((sqrt(d + exx**2)*sqrt(
a - cxx**4)*xx*k*kd)/(a*d + akxexx**2 — ckxd*x**4 — ckxexx**6),x)*axbkckdrexx2 -
24*xint ((sqrt(d + e*x*x2)*sqrt(a — ckx**4)*x*k*4)/(axd + akexx**2 — ckdkx**
4 - ckexx**6) ,x)*akck*2kd**2ke + 9xint((sqrt(d + e*x**2)*sqrt(a - c*xx**4)x*
x*x4) /(a*d + axexx**2 — ckxdxx**4 — cke*x**6),x)*bxck*x2xd**3 + 24xint ((sqrt
(d + exx**2)*sqrt(a - ckxx**4)*x**2)/(a*xd + akexx**2 — ckd*x**4 — Cke*x**6)
,X)kax*2kbxex*3 + 176*%int ((sqrt(d + e*xx**2)*sqrt(a - cxx**x4)*xx*2)/(a*xd +
axe*xx*2 — ckxd*xx*k4d — cke* x**6) ,x)*a*kx2kckdkex*2 + T8kint ((sqrt(d + e*x**2
Y*ksqrt(a - ckxx*4)*x*x2)/(a*d + akxexx**2 - ckd*x**4 - ckexx**6),x)*axbkcxd
**x2xe + 12+int ((sqrt(d + exx*x2)*sqrt(a - c*x**4))/(a*d + axe*x**2 - cxd+*x
*¥*4 — cxe*xxx*6) ,x)*a*x*2xb*xdrex*x2 + 136*int ((sqrt(d + e*x**2)*sqrt(a - c*x*
*¥4))/(axd + akexx**2 - ckdxx**x4 - ckexx**6),x)*ax*k2xckdx*2*xe - 3*int((sqrt
(d + exxx*2)*sqrt(a - cxx**x4))/(a*xd + axexx**x2 — ckd*x**4 — cke*xx**6),x)*a
*bkcxd**3) / (192%c*e)

output
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(A+Bz?) (d+ex?) 32 a—ca®

Optimal result . . . . . . . . . . 410
Mathematica [F] . . . . . . . . . . . 411
Rubi [F] . . 41Tl
Maple [F] . . . . 412
Fricas [F] . . . . . o o 412
Sympy [F] . . o o 413
Maxima [F] . . . . . 4T3l
Giac [F] . . . . o o A13
Mupad [F(-1)] . . . o o 414
Reduce [F] . . . . . o 414

Optimal result

Integrand size = 34, antiderivative size = 620

(A + Bz?) (d + ex?)*’* Va — ca® i (3Bcd? + 30Acde — 8aBe?) v/d + ex?va — cx?

2

1 1
+ ﬂ(7Bd + 6Ae)zVd + ex?Va — cxt + éBez?’\/d + ex2Va — cxt

+

ae a a(d+ex? . 1_7@2
<d + %) (3Bcd? + T8Acde — 8aBe?) /1 — Lz, /%E (arcsm ( = ) |d+2$j;)
48ev/d + ex?/a — cx?
a(d+ex < s . 1_%
Va(31Bcd® + 6Acde + 8aBe?) \ /1 — 212°, / (f:d(i—:r/a:;l? EllipticF (arcsm ( ﬂf ) , d+2\d/5€)

+

v

48,/c\/d + ex®va — cxt

(Bed® — 6Acd®e + 12aBde® + 8aAe?) \ /1 — 223, / % EllipticPi [ 2, arcsin

_|_

1- e
N 2d
) Va
V2 d+7

16ev/d + ex2va — cx*



CHAPTER 3. LISTING OF INTEGRALS 411

1/48% (30*A*xckd*xe-8xB*axe ~2+3*Bkxcxd~2) * (exx~2+d) ~(1/2) *(-c*x~4+a) ~(1/2)/c/e
/x+1/24% (6xA*xe+T*B*xd) *x* (e*x~2+d) ~(1/2) * (—c*x"4+a) " (1/2) +1/6*Bxe*x~3* (e*x~
2+d) " (1/2)*(—c*x"4+a) " (1/2)+1/48* (d+a~ (1/2) *e/c” (1/2) ) * (78*A*c*d*e-8*B*axe
~2+3xBxcxd"2) % (1-a/c/x~4) ~(1/2) *x~ 3% (a~ (1/2) * (e*xx~2+d) / (c~ (1/2) *d+a~ (1/2) *
e)/x"2)"(1/2)*EllipticE(1/2*x(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*27(1/2) ,2"(1/2) *
(d/(d+a~(1/2)*e/c”(1/2)))~(1/2)) /e/(e*x~2+d) ~(1/2) / (-c*x~4+a) " (1/2) +1/48*a
~(1/2) *(6%A*xcxd*e+8*B*axe~2+31xB*xcxd~2) *(1-a/c/x~4) ~(1/2) *x~ 3% (a~ (1/2) * (e*
x~2+d)/(c~(1/2)*d+a~ (1/2)*e) /x~2) ~(1/2)*E1llipticF (1/2*(1-a~(1/2)/c~(1/2) /x
~2)7(1/2)*27(1/2) ,27(1/2)*(d/ (d+a~(1/2)*e/c~(1/2)))~(1/2)) /c~(1/2) / (exx~2+
d)~(1/2)/(-cxx~4+a) ~(1/2) +1/16* (8*A*xa*e ~3-6*A*xc*d " 2*e+12*xBxa*d*e~2+B*c*d ™3
)x(1-a/c/x"4) " (1/2)*x~3*(a”~ (1/2) *(e*x~2+d) / (¢~ (1/2) *d+a~ (1/2) *e) /x~2) " (1/2
)*EllipticPi(1/2*(1-a~(1/2)/c~(1/2)/x72)~(1/2)*2~(1/2),2,2~(1/2)*(d/ (d+a"(
1/2)*e/c™(1/2)))~(1/2)) /e/ (exx~2+d) ~(1/2) / (-c*x"4+a) ~(1/2)

output

Mathematica [F]

dx

/ (A+ Ba?) (d + ex?)** Va — ca® dp — / (A + Bz?) (d + ex?)** Va — cz?

2 2

input LIntegrate[((A + B*x~2)*(d + e*x~2)"(3/2)*Sqrt[a - c*x~4])/x"2,x]

-

output LIntegrate[((A + B¥x~2)*(d + exx~2)~(3/2)*Sqrtla - c*x~4]1)/x"2, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

va — cxt (A + Bmz) (d + ex2)3/2
)
l 2251
Va—czt(A+ Bz?) (d+ e:c2)3/2

2

dz

dz

N )
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inputt

Int[((A + B*xx"2)*(d + e*x"2)~(3/2)*Sqrt[a - c*x74])/x"2,x]

outputt

$Aborted

Defintions of rubi rules used

e 9251 TEE LX) *((E_D*(x )~ (m_)*((d) + (e_)*(x) 27 (q . )*((a) + (c_)*(x)
~4)~(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + e*x~2)"g*(a + c*x~4)7p ‘

, x] /; FreeQ[{a, c, d, e, f, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

dz

x2

/ (Ba?+ A) (ez? +d)? vV—cal +a

inputt

int ((B*x~2+A) * (e*xx~2+d) " (3/2) * (-c*x~4+a) ~(1/2) /x~2,x)

-

outputt

int ((Bxx~2+A) * (exx~2+d) "~ (3/2) *(-c*x"4+a) ~(1/2) /x"2,x)

\ )

Fricas [F|

3
2

dx

/ (A + Bz?) (d+ ex?)** Va — cz? dr = / vV —cz* + a(Bx? + A)(ex? + d)

x2 2

input

integrate ((B*x~2+A)* (e*x~2+d) ~(3/2) *(-c*x~4+a) ~(1/2)/x"2,x, algorithm="fri
cas")

output

integral ((Bxe*x~4 + (Bxd + Axe)*x~2 + A*d)*sqrt(-c*x~4 + a)*sqrt(e*x”2 + d
)/x72, x)
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Sympy [F]

dz

2 x2

/(A+Bx2)(d+ex2)/1/ — /(A+B$)‘/a_cw4(d+ex)g

inputLintegrate((B*x**2+A)*(e*x**2+d)**(3/2)*(—c*x**4+a)**(1/2)/}{**2’}{)

ou‘cputtlntegral((A + B¥x**2)*xsqrt(a - ckx*x*4)*(d + exx**2)**(3/2)/x**2, x)

Maxima [F]

dx

/<A+Bx2> (@d+e?)’ Va—crt /mmx + A)(ea? + )}

x2 x2

t‘integrate((B*x”2+A)*(e*x‘2+d)“(3/2)*(—c*x‘4+a)*(1/2)/x~2,x, algorithm="max

inpu
‘ima"

outputtintegrate(sqrt('c*xﬁ4 + a)*x(Bxx"2 + A)x(exx"2 + d)~(3/2)/x"2, x)

Giac [F]

dx

/(A+Ba:2) (d+ ex® )3/ va /\/—cx4+a(Bx + A)(ex? +d)g

x2 72

lnput‘lntegrate((B*x 2+A) * (exx~2+d) ~ (3/2) * (-c*x~4+a) ~(1/2) /x"2,x, algorithm="gia
‘ c")

outputtintegrate(sqrt('c*xﬁ4 + a)*x(B*x~2 + A)*(exx”2 + d)~(3/2)/x"2, x)
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Mupad [F(-1)]

Timed out.
(A+ Bz?) (d+ez?)** Va— ca (Ba? + A) Va— czt (ex? + d)*”
72 dz = 2 dx
input/int(((A + B¥x"2)*(a - c*x"4)~(1/2)*(d + e*x~2)"(3/2))/x"2,%) )

output 1EE(((A + Bxx"2)x(a - cxx™)7(1/2)%(d + exx"2)7(3/2))/x72, ) |

Reduce [F]

/ (A + Bz?) (d + ea?)*? mdw- —12vez? +dv/—cxt + aa’e® — 22v/ex? + dv/—cz* + aabde

x2

input‘int((B*x“2+A)*(e*x“2+d)*(3/2)*(_c*x~4+a)~(1/2)/x~2,x)

( - 12%sqrt(d + e*x**2)*sqrt(a - c*xx**x4)*a*x*2kxe*xx2 — 22xsqrt(d + exx**2)*s
grt(a - cxx**4)*axb*dxe + 24xsqrt(d + exx*x2)*sqrt(a - cHx*x*4)*axckd**2 +
6xsqrt(d + e*xx**2)*sqrt(a — cxx**x4)*axckdkexxx*2 + T*sqrt(d + exx**2)*sqrt
(a - cxx**4)xbxcxd**2kx**2 + 4xsqrt(d + exx**2)*sqrt(a - ckx**x4)*bkckd*e*x
**4 — 24xint ((sqrt(d + e*x**2)xsqrt(a - cxx*x4)*x**4)/(axd + axe*x*x*2 - c*
dkx*k*4 — ckexx**6) ,X)*kark2kcke**3*xx — 36*int ((sqrt(d + exx**2)*sqrt(a - cx*
xk*4) *x**4) / (axd + akxexx**2 — ckdkx**4 — ckxexx**6),X)*arbkxckdkexx2xx + 18%
int((sqrt(d + e*x**2)*sqrt(a - c*x**4)*x*x4)/(axd + axe*x**2 — cxd*x**4 -
Cxexx**B) ,X) kakxckx2kd**2xexx — 3*kint((sqrt(d + e*x**2)*sqrt(a - ckx**4)*x*
x4) /(axd + ake*xx**2 — cxd¥x**4d — ckexx**6),X)*bkck*k2xd**3xx - 12+int((sqrt
(d + e*x*x*2)*xsqrt(a - ckx**x4))/(axd*x**2 + axe*x**4 — cxd*x**6 — cke*x**8)
»X)kax*k3kdxex*2xx — 22*int ((sqrt(d + exx**2)*sqrt(a - c*x**4))/(akxd*x**2 +
axe*xx*k4d — cxd*kxx*k6 — cke* x**8),x)*a**kbxd**2kexx + 48+int((sqrt(d + exx
**x2)xsqrt(a — cxx**4))/(a*xd*x**2 + ake*xx**x4 — c*xd*x**6 — Cke*xx**8),x)*ak*2
xckd*x*3xx + 42*int ((sqrt(d + exx*x2)*sqrt(a - c*x**4))/(a*xd + axe*x**2 - ¢
*xAkxk*k4 — CRexX**6) ,X)karkkckd k2ke*xx + 17*int ((sqrt(d + exx**2)*sqrt(a -
cxx*x4))/(axd + ake*xx**2 — ckdxx*k*4 — ckexx**6),X)*arbkckd*k3%x)/(24*cxdx*

x)

output




CHAPTER 3. LISTING OF INTEGRALS 415

(A—I—BZL’2) (d—l—ea:2) 3/ 2 a—cz?

3.46 | dz

74
Optimal result . . . . . . . . . . 415
Mathematica [F] . . . . . . . . . . . 416
Rubi [F] . .. 4106
Maple [F] . . . . 417
Fricas [F] . . . . . o o 417
Sympy [F] . . o o 418
Maxima [F] . . . . . AT8]
Giac [F] . . . . o o 418
Mupad [F(-1)] . . . o o 419
Reduce [F] . . . . . o AT9l

Optimal result

Integrand size = 34, antiderivative size = 569

(A + Bz?) (d + ex?)*’* Va — ca® i _Advd + ex?va — ca?
xt 33
B 4A 2Va—cxt 1
+ (5Bd + e)\/g;_ ewva—ca + ZBem\/d + ex2vVa — cxt

va
W e ez ) R i I
c(39Bd + 44 Ae) <d + e ) m z (\/Ed—i—\/ﬁe)ﬂE arcsin = ) |d+%

+
24+/d + ex?\/a — cx*
1—_Va_
V(16 Acd? — 3aBde + 20aAe?) \ /1 — 2ix® (ﬁ(jﬁ;ﬂz >3 EllipticF | arcsin ffzz : dﬁ@

Ve

24+/a\/d + ex?v/a — cx*

[1— a_
(3Bcd? + 12Acde — 4aBe?) \ /1 — Lo? Yaldtes) pipticPi (2, arcsin ( e ) 24 )

(Ved++/ae)x? V2 T d+oe

8vd + ex?va — cxt
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-1/3*%A*d* (e*x~2+d) ~(1/2) * (-c*x~4+a) ~(1/2) /x~3+1/8* (4*xA*e+5*B*d) * (exx~2+d) ~
(1/2) % (—c*x~4+a) " (1/2) /x+1/4*Bke*x* (e*x~2+d) ~(1/2) * (—c*xx"4+a) " (1/2)+1/24*c
* (44xAxe+39*B*xd) * (d+a~ (1/2)*e/c~(1/2))*(1-a/c/x"4) " (1/2) *x"3*(a~ (1/2) * (e*xx
~2+d)/(c~(1/2)*d+a~(1/2)*xe) /x~2) ~(1/2) *E1lipticE(1/2*(1-a~(1/2) /c~(1/2) /x~
2)"(1/2)*27(1/2),27(1/2)*(d/(d+a~ (1/2)*e/c~(1/2)))~(1/2)) / (exx~2+d) ~(1/2) /
(—c*x~4+a) " (1/2)-1/24%c” (1/2) * (20*%A*xa*xe~2+16*A*xckd~2-3*B*a*d*e) * (1-a/c/x"4
)7 (1/2)*x~ 3% (2~ (1/2) * (exx~2+d) / (c~(1/2) *d+a~ (1/2) *e) /x~2) ~(1/2) *E1llipticF(
1/2x(1-a~(1/2)/c~(1/2) /x~2)~(1/2)*2~(1/2) ,2~(1/2)*(d/(d+a"~ (1/2) *e/c~(1/2))
)~ (1/2))/a”~(1/2)/ (e*x~2+d) ~(1/2) / (mc*x~4+a) ~(1/2) -1/8% (12*%A*c*d*e-4*B*axe™
2+3*B*xc*d~2)*(1-a/c/x~4) "~ (1/2)*x~3*(a~ (1/2) *(e*x~2+d) / (c~ (1/2) *d+a~ (1/2) *e
)/x"2)~(1/2)*E1llipticPi(1/2%(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2),2,2~(1/2
)x(d/(d+a~(1/2)*e/c~(1/2)))~(1/2))/(e*x~2+d) ~(1/2) / (-c*x~4+a) ~(1/2)

output

Mathematica [F]

dx

l/(AfFBx%(d+ex%WQVa—wn4¢r_l/(ArFBx%(d+ex%w2Va—cx4

4 4

input LIntegrate[((A + Bxx~2)*(d + e*x~2)"(3/2)*Sqrtla - c*x~4])/x"4,x]

e

Ou_tputLIntegrate[((A + Bxx~2)*(d + e*x"2)"(3/2)*Sqrt[a - c*x~4])/x"4, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

va — cxt (A + B:cz) (d + ew2)3/2
4

l 2951

va — cxt (A + Bm2) (d + ew2)3/2

s

dz

dz
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inputt

Int [((A + B*xx"2)*(d + e*x"2)~(3/2)*Sqrt[a - c*x74])/x"4,x]

outputt

$Aborted

Defintions of rubi rules used

e 9251 TEE LX) *((E_D*(x )~ (m_)*((d) + (e_)*(x) 27 (q . )*((a) + (c_)*(x)
~4)~(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + e*x~2)"g*(a + c*x~4)7p ‘

, x] /; FreeQ[{a, c, d, e, f, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

dz

xr

/ (Ba?+ A) (ez? +d)? vV—cal +a

inputt

int ((B*x~2+A) * (e*xx~2+d) " (3/2) * (-c*x"4+a) ~(1/2) /x~4,x)

-

outputt

int ((Bxx~2+A) * (exx~2+d) ~(3/2) * (-c*x"4+a) ~(1/2) /x"4,x)

\ )

Fricas [F|

3
2

dx

/ (A + Bz?) (d+ ex?)** Va — cz? dr = / vV —cz* + a(Bx? + A)(ex? + d)

xt z?

input

integrate ((B*x~2+A)* (e*x~2+d) ~(3/2) *(-c*x~4+a) ~(1/2) /x~4,x, algorithm="fri
cas")

output

integral ((Bxe*x~4 + (Bxd + Axe)*x~2 + A*d)*sqrt(-c*x~4 + a)*sqrt(e*x”2 + d
)/x"4, x)
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Sympy [F]

dz
4 74

/(A+Bx2)(d+ex2)/1/ — /(A+B$)‘/a_cw4(d+ex)g

inputLintegrate((B*x**2+A)*(e*x**2+d)**(3/2)*(—c*x**4+a)**(1/2)/}{**4’}{)

ou‘cputtlntegral((A + B¥x**2)*xsqrt(a - ckx**4)x(d + exx*x2)**(3/2)/x**4, x)

Maxima [F]

dx

/<A+Bx2> (@d+e?)’ Va—crt /mmx + A)(ea? + )}

x4 x4

t‘integrate((B*x”2+A)*(e*x‘2+d)“(3/2)*(—c*x‘4+a)*(1/2)/x~4,x, algorithm="max

inpu
‘ima"

outputtintegrate(sqrt('c*xﬁ4 + a)*x(Bxx"2 + A)x(exx"2 + d)~(3/2)/x"4, x)

Giac [F]

dx

/(A+Ba:2) (d+ ex® )3/ va /\/—cx4+a(Bx + A)(ex? +d)g

xt 4

lnput‘lntegrate((B*x 2+A) * (exx~2+d) ~ (3/2) * (-c*x~4+a) ~(1/2) /x"4,x, algorithm="gia
‘ c")

outputtintegrate(sqrt('c*xﬁ4 + a)*x(B*x"2 + A)*(exx”2 + d)~(3/2)/x74, x)
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Mupad [F(-1)]

Timed out.
(A+ Bz?) (d + ex?)** Va — cz? (Bz? + A) Va—cz® (ez? + d)*/*
o dz = o dz
inputtint(((A + B¥x"2)*(a - c*x~4)~(1/2)*(d + e*x~2)"(3/2))/x"4,x) J
OutputLint(((A + Bxx"2)*(a - c*xx"4)"(1/2)*(d + exx~2)"(3/2))/x"4, x) J
Reduce [F|

/(A+Bac2) (d+ex2)3/2mdx— vez?+dv—czt+aabde® —2vex? + dv—czt + aabeds?

x4

input Lint ((Bxx™2+A) * (e*x"2+d) " (3/2) *(-c*x"4+a) " (1/2) /x74,%) J
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(sqrt(d + e*x**2)*sqrt(a - c*x**4)*a*xbxdxex*2 - 2xsqrt(d + exx**2)*sqrt(a
- cxx¥*x4)kaxbkxe*x3*xx*kx2 — 8ksqrt(d + e*x**2)*sqrt(a - ckxx¥*4)*axckd* x2xe +
8xsqrt(d + exx**2)*sqrt(a - ckx**4)*akckd*ex*2xx* x2 — 4*xsqrt(d + e*x**2)x*
sqrt(a - c*x**x4)*bxc*d**3 + 4*xsqrt(d + e*xx**2)*sqrt(a — c*x**4)*bxckd**x2*e
*x**2 + sqrt(d + exx**2)*sqrt(a - ckx**4)*xbkckxd*ex*2xx*x4 - 4*int((sqrt(d
+ e*x**2)*sqrt(a - c*xxkx4) kx*x*x4) /(axd + axe*xx**2 — ckdxx**4d - cxe*x**6),Xx)
xaxbxckex*k4xx**3 + 12+int ((sqrt(d + exx*x2)*sqrt(a - c*x**4)*xx*x4)/(axd +
axexx**2 — ckdxx¥*k4d — cke*x**6),X)*akck*k2kdkex*3xxx*3 + 3*int((sqrt(d + ex
x*x2) *sqrt(a — ckx**4)*xx**4)/(axd + axexx**2 — ckd*x**4 — cxexx**6),X)*b*c
*x2kdk*2kexx2kx*¥*3 + 3*xint ((sqrt(d + exx*x2)*sqrt(a - c*x**4))/(a*dxx**4 +
axexx**x6 — ckxd*x**8 — ckexxk*10),X)*ka**2*xb*xd**2xex*2+x**3 - 20*int ((sqrt(
d + exxx*2)xsqrt(a - c*x**x4))/(a*xd*x**x4 + axexx**6 — cxd*x**8 — cke*x**10)
,X) ¥a*k*2kckd**3ke*xx**3 - 12+¢int ((sqrt(d + exx**2)*sqrt(a - c*x**4))/(axd*x
**4 + axe*xxx*6 — cxdkx*x*8 — cxe*xxx*x10),x)*a*bkckdr*4xx*x3 + 4*int((sqrt(d
+ exx*xx2)xsqrt(a — cxx*+*4))/(a*d + akexx**2 - ckd*x**4 - ckexx**6) ,x)*kax*2
xckdxe**x3*kxx*3 + 6xint ((sqrt(d + exx**x2)*xsqrt(a - c*x**4))/(a*d + axe*x**2
— ckdxx**4 - ckexx**6),x)*axbkckd*x2kex*2xx*¥*3 + 4*xint ((sqrt(d + exx**2)*
sqrt(a - c*xx**x4))/(a*xd + axexx**2 — ckd*x**4 — Ccke*xx**B6),X)*kakck*2kd**3kex
x*x3 + 4*xint ((sqrt(d + exx*x2)*sqrt(a - ckxx**x4))/(axd + axexx**2 — ckd*x**
4 - c*xexx**6) ,X)*kbkCkkkd*k4*x**3) / (d*crxd*e*x**3)

output
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f (A+Bz?) (d—|-6:172)3/ 2Va—ci®

3.47 dx

6
Optimal result . . . . . . . . . . . . . . . e 427
Mathematica [F] . . . . . . . . . . . 422
Rubi [F] . . . 4221
Maple [F] . . . o o 423
Fricas [F] . . . . . o o 123
Sympy [F] . . . o 4241
Maxima [F] . . . . . 424
Giac [F] . . . o o 4241
Mupad [F(-1)] . . . o 4251
Reduce [F] . . . . . o 4251

Optimal result

Integrand size = 34, antiderivative size = 592

(A + Bz?) (d + ex?)*’* Va — ca® i — Adv/d + ex®v/a — cz*

x6 5x5

(5Bd + 6Ae)Vd + ex®va — cxt  Beyd+ ex?Va — cxt

= +
1523 2z
x2

c(d - %) (12Acd? — 55aBde — 6aAe?) /1 — L a? (\ﬁ(j\*/‘iﬁ > E | arcsin f d+ fe

- 30adv/d + ex?v/a — cz*
s
V¢(20Bcd® + 24Acd?e + 25aBde? + 6aAe?) /1 — L a? (ﬁ(i:“;fﬁ EllipticF | arcsin ffzz

30y/adv/d + ex?v/a — cxt

=
e(3Bd + 2Ae) /1 z3,/ ﬁ(f'\'/efi))Q EllipticPi (2 arcsin ( ff u ) ,d+2\%e)
Ve

2v/d + ex?\/a — cxt
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-1/5%A*d* (e*x~2+d) ~(1/2) * (-c*x~4+a) ~(1/2) /x"~5-1/15* (6*%A*xe+5*B*d) * (exx~2+d)
~(1/2)*(-c*x~4+a) ~(1/2) /x~3+1/2*B*e* (e*x~2+d) ~ (1/2) * (-c*xx~4+a) ~(1/2) /x-1/3
Oxcx(d+a~(1/2) *e/c™(1/2) ) * (-6*A*are~2+12xAxcxd~2-55%Bxa*d*e) * (1-a/c/x~4) ~(
1/2)*x~3*%(a~ (1/2) * (e*x~2+d) / (c~ (1/2) *d+a~ (1/2) *e) /x~2) ~(1/2) *E11lipticE(1/2
*(1-a~(1/2) /¢~ (1/2) /x~2) " (1/2) %27 (1/2) ,2~(1/2) *(d/ (d+a~ (1/2) *e/c~(1/2)))~(
1/2))/a/d/ (e*xx~2+d) ~(1/2) / (-c*x"4+a) " (1/2)-1/30%c™ (1/2) * (6*A*a*xe”3+24*A*c*
d~2%e+25%B*a*d*xe~2+20*Bxcxd~3) *x (1-a/c/x"4) " (1/2) *x~3*(a~ (1/2) * (e*x~2+d) / (c
~(1/2)*d+a”~(1/2)*e) /x~2)~(1/2)*E1llipticF (1/2*(1-a~(1/2)/c~(1/2) /x"2)~(1/2)
*27(1/2),27(1/2)*(d/(d+a~(1/2)*e/c”(1/2)))~(1/2))/a~(1/2) /d/ (exx~2+d) " (1/2
)/ (-cxx~4+a) " (1/2) -1/2%cke* (2xAxe+3%B*d) * (1-a/c/x~4) " (1/2) *x~3*(a” (1/2) * (e
*x~2+d) /(c~(1/2)*d+a”~ (1/2) *e) /x~2)~(1/2)*E1lipticPi(1/2*(1-a~(1/2)/c~(1/2)
/x72)7(1/2)%27(1/2),2,27(1/2)*x(d/(d+a~ (1/2)*e/c™(1/2)))~(1/2)) / (e*x~2+d) ~ (
1/2)/ (-cxx"4+a)~(1/2)

output

Mathematica [F]

dx

/ (A+ Ba?) (d + ex?)** Va — ca® dp — / (A + Bz?) (d + ex?)** Va — cz?

6 z6

inputtlntegrate[((A + Bxx"2)*(d + e*x~2)"(3/2)*Sqrtl[a - c*x~4])/x"6,x]

-

Ou_tpmLIn’cegrate[((A + B*x"2)*(d + e*x72)7(3/2)*Sqrt[a - c*x74]1)/x76, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

Va—ca*(A+ Ba?) (d+ ex?)*’
8

l’2251
Va—cz?(A+ Ba?) (d + ex?)??

6

dz

dz

N )
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inputt

Int[((A + B*xx"2)*(d + e*x"2)~(3/2)*Sqrt[a - c*x74])/x"6,x]

outputt

$Aborted

Defintions of rubi rules used

e 9251 TEE LX) *((E_D*(x )~ (m_)*((d) + (e_)*(x) 27 (q . )*((a) + (c_)*(x)
~4)~(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + e*x~2)"g*(a + c*x~4)7p ‘

, x] /; FreeQ[{a, c, d, e, f, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

dz

6

/ (Ba? + A) (ex? +d)% V—czt+a

inputt

int ((B*x~2+A) * (e*xx~2+d) " (3/2) * (-c*x~4+a) ~(1/2) /x~6,x)

-

outputt

int ((Bxx~2+A) *(exx~2+d) ~(3/2) * (-c*x"4+a) ~(1/2) /x"6,x)

-/

Fricas [F|

3
2

dx

/ (A + Bz?) (d+ ex?)** Va — cz? dr = / vV —cz* + a(Bx? + A)(ex? + d)

x6 z6

input

integrate ((B*x~2+A)* (exx~2+d) ~(3/2) *(-c*x~4+a) ~(1/2)/x"6,x, algorithm="fri
cas")

output

integral ((Bxe*x~4 + (Bxd + Axe)*x~2 + A*d)*sqrt(-c*x~4 + a)*sqrt(e*x”2 + d
)/x76, x)
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Sympy [F]

dz
6 26

/(A+Bx2)(d+ex2)/1/ — /(A+B$)‘/a_cw4(d+ex)g

inputLintegrate((B*x**2+A)*(e*x**2+d)**(3/2)*(—c*x**4+a)**(1/2)/}{**6’}{)

ou‘cputtlntegral((A + B¥x**2)*xsqrt(a - ckx**4)x(d + exx**2)**(3/2)/x**6, x)

Maxima [F]

dx

/(A+B$2) (d+ez)*”Va /\/—cx4+a(Bx + A)(ex? +d)g

x6 x5

t‘integrate((B*X”2+A)*(e*X“2+d)“(3/2)*(—c*x‘4+a)“(1/2)/x“6,x, algorithm="max

inpu
‘ ima"

output kintegrate(sqrt(—c*x*zl + a)*(B*x"2 + A)*(exx"2 + d)~(3/2)/x76, x)

Giac [F]

dx

/ (A+ Bz?) (d+ex )3/ va / V—czt + a(Bx? + A)(ex? + d)g

x6 26

input ‘ integrate ((B*x~2+A) * (e*x~2+d) ~(3/2) *(-c*x~4+a)~(1/2) /x"6,x, algorithm="gia
‘ c")

output kintegrate(Sqrt(—c*x*zl + a)*x(B*x"2 + A)*(exx"2 + d)~(3/2)/x76, x)
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Mupad [F(-1)]

Timed out.

(A+ Bz?) (d + ex?)** Va — cz? dx—/(Bx2+A) Va—czt (ex? + d)*?
= 6

dz
x6 T

input 1BECC(A + Brx"2)%(a - cxx™4)7(1/2)*(d + exx"2)7(3/2))/x76,%)

output Lint(((A + Bxx"2)*(a - c*x74)7(1/2)*(d + exx"2)~(3/2))/x"6, x)

Reduce [F|

dxr = too large to display

/ (A + Bz?) (d + ex?)*’* Va — ca*
6

X

input Lint ((B*x~2+A) * (e*x~2+d) ~ (3/2) * (-c*xx~4+a) ~(1/2) /x~6,x%)
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( - sqrt(d + exx*x2)*sqrt(a - ckx**4)*axd**2%e - bxsqrt(d + e*x**2)*sqrt(a
- ckxkxd)kakdkex*x2xx**2 + Bksqrt(d + exx**2)*sqrt(a - cxxx*4)*kakex*3*x**x4
- 10*xsqrt(d + exx**2)*sqrt(a - c*x**4)*xb*d**2xe*x**2 + 10*sqrt(d + e*xx**2

Y*sqrt(a - ckx**4)xbkdke*x*x2*xx*4 + sqrt(d + e*x**2)*sqrt(a - cxx**x4)*ckd**

3xxx*2 + 40*int ((sqrt(d + exx**2)*sqrt(a — c*x**4)*x**x4)/(4d*a*x*2kd*rex*2 +

Axkaxk2kekk3kxk*k2 + Jkakckd*k*k3 + IJkakckdkk2kekxkk2 — Ldkakckdkex*kQkxkk4 — 4x

akckexk3*xx*k*k6 — 3kCkkkAkk3kx**k4 — Ikck*2kdkkkekx**6) ,X) kakk2kckekkGrxk*5
+ 60*int ((sqrt(d + exx**2)*sqrt(a — cxx**x4)*xxx*4)/(4d*a*x*x2kd*kex*2 + 4xa*x2

kekx*k3kxk*k2 + 3kgkckd**3 + 3kakckdkkQkekxk*k2 — 4dkgkckdkekk2xxkk4d — 4kakckexk

*3kXkk6 — kCkkkdkk3kx*kk4d — 3kck*2kdkkkekx**6) ,xX) *akxbkckdkexx5xx**5 + 30

*int ((sqrt(d + e*x**2)*sqrt(a — c*xx**4)*x**x4)/(d*ax*2*xdxex*2 + 4kakxx2ke*x3

*x*k*k2 + 3kakckd**3 + 3Ikakckd**2kexx**2 — 4xakxckdrexk2kx*k*kd - 4dkakckek*k3kxk

*6 — Jkck*kkd*x*k3kxk*x4 - 3*c**2*d**2*e*x**6),x)*a*c**2*d**2*e**4*x**5 + 45x%

int ((sqrt(d + exx**2)*sqrt(a — ckx**4)*x**4)/(4*ax*2xd*e**2 + dkax*k2kex*k3*

x*k%k2 + Jkaxckd*k*k3 + Jkakckdkk2kekxk*x2 — 4dxgkckdkekkQkxkk4 — 4kgkckekkIkxkk

6 — 3kck*k2kd**k3kx*kkd — Ikckk2kd*kk2kekx**6) ,X) kbkCkk2kAk*k3kek*k3kx*k*k5 — 36%i

nt((sqrt(d + exx*x2)*sqrt(a - c*x**4))/(4d*axx2*xdre*x*x2*¥xx*4 + Lxa*r*x2kex*3*x

*%6 + 3kakckdkk3kxkk4 + Jkakckdkk2kekxkkB — 4dxakckdkek*kQkx*k*k8 — 4kgkckex*3

*x*%%10 — 3kCkkkd*k3kx**8 — Ikck*2kdkk2kexx**10) ,x) ka*x*3kdkk2kex*4kx*k*k5 -

100*int ((sqrt(d + e*x**2)xsqrt(a — c*x**4))/(4d*ax*2xdrex*2xx*x4 + 4dxakk. ..

output
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3.48 f (A+Bz?) (ol—l—e:z:z)3/2\/a—cac‘—1 da

8
Optimal result . . . . . . . . . . 427
Mathematica [F] . . . . . . . . . . . 428
Rubi [F] . . . 428]
Maple [F] . . . . 429
Fricas [F] . . . . . o o 129
Sympy [F] . . . o 430
Maxima [F] . . . . . 4301
Giac [F] . . . o o 4301
Mupad [F(-1)] . . . o o 431
Reduce [F] . . . . . o 431

Optimal result

Integrand size = 34, antiderivative size = 637

(A + Bz?) (d + ex?)*’* Va — ca® i — Adv/d + ex®v/a — cz*

z8 77
_ (7Bd +8Ae)Vd + ex*Va — cz’ N (10Acd? — 42aBde — 3aAe?) v/d + ex?v/a — cz?
3525 105adz3

[1— Va_
c(d + %) (42Bcd® + 58 Acd®e — 21aBde® + 6aAe?) /1 — Zz? —(\/@j;‘;ﬁm arcsin \}2/5 i |

105ad2v/d + ex?v/a — cz*

vc(21aBde(4cd? + ae?) + 2A(5c%d* — 2acd?e? — 3ae?)) /1 — Lo e cdif;flz, EllipticF [ arcsin

105a3/2d2+/d + ex2v/a — cx*
__Va_

23, [ aldter®) pilinticPi | 2, arcsin e 2d
~ @i\ (Ve vae)o? EAIP ) VER s

Vd+ ex?va — czt
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-1/T*Axd* (exx~2+d) ~(1/2) * (—c*x~4+a) ~ (1/2) /x~7-1/35% (8*Axe+7*B*d) * (e*x~2+d)
~(1/2)*(-c*x~4+a) " (1/2) /x~5+1/105* (-3*A*xa*xe”2+10*A*cxd~2-42*Bxa*d*e) * (exx™
2+d) " (1/2)*(-c*x~4+a) " (1/2) /a/d/x"3-1/105*c* (d+a”~ (1/2) *e/c” (1/2) ) ¥ (6*A*axe
~3+58*Axcxd"2*e—21*Bxa*d*e 2+42*%Bxcxd~3) *(1-a/c/x"4) " (1/2)*x"3*(a~ (1/2) *(e
*x"2+d) / (c~(1/2)*d+a~ (1/2)*e) /x~2)~(1/2) *E1llipticE(1/2*(1-a~(1/2) /c~(1/2)/
x72)7(1/2)%27(1/2) ,27(1/2)*(d/(d+a~(1/2)*e/c~(1/2)))~(1/2)) /a/d"2/ (e*x~2+d
)" (1/2)/ (c*x~4+a) "~ (1/2)-1/105%c™ (1/2) * (21*a*B*d*e* (axe~2+4*cxd~2) +2*xA* (-3
*a " 2xe"4-2xaxckd"2%e " 2+5%c"2x%d~4) )*(1-a/c/x"4) " (1/2) *x"3* (a~ (1/2) * (exx~2+d
)/ (c™(1/2)*d+a~(1/2)*e) /x~2)~(1/2)*E1lipticF(1/2%(1-a~(1/2) /c~(1/2) /x~2) ~(
1/2)*27(1/2) ,27(1/2)*(d/(d+a~(1/2)*e/c~(1/2)))~(1/2)) /a~(3/2) /d"2/ (e*x"2+d
)~ (1/2)/ (—c*x~4+a) " (1/2)-Bxcxe~2x(1-a/c/x"4) " (1/2)*x~3*(a~ (1/2) *(e*x~2+d) /
(c™(1/2)*d+a~(1/2)*e) /x~2)~(1/2)*E1lipticPi(1/2*x(1-a~(1/2)/c~(1/2)/x"2)~ (1
/2)%27(1/2),2,27(1/2)*(d/(d+a~(1/2)*e/c~(1/2)))~(1/2)) /(exx~2+d) ~(1/2) / (-c
*x"4+a)~(1/2)

output

Mathematica [F]

8 x8

l/(ArFBxﬂ(d+ex%W2Va—wm4¢E_1/(ArFBx%(d+ex%W2Va—wm4dx

e

inputLIntegrate[((A + Bxx"2)*(d + exx"2)7(3/2)*Sqrt[a - c*x74])/x"8,x]

~—

output LIntegrate[((A + B*x"2)*(d + e*x~2)"(3/2)*Sqrt[a - c*x74])/x78, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

va — cxt (A + Bm2) (d + ex2)3/2
8
l 2251

va — cxt (A + sz) (d + e:c2)3/2

8

dzx

dz




CHAPTER 3. LISTING OF INTEGRALS 429

inputt

Int [((A + B*xx"2)*(d + e*x"2)~(3/2)*Sqrt[a - c*x74])/x"8,x]

outputt

$Aborted

Defintions of rubi rules used

e 9251 TEE LX) *((E_D*(x )~ (m_)*((d) + (e_)*(x) 27 (q . )*((a) + (c_)*(x)
~4)~(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + e*x~2)"g*(a + c*x~4)7p ‘

, x] /; FreeQ[{a, c, d, e, f, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

dz

8

/ (Ba? + A) (ex? +d)% V—czt+a

inputt

int ((B*x~2+A) * (e*xx~2+d) ~(3/2) * (-c*x~4+a) ~(1/2) /x~8,x)

-

outputt

int ((Bxx~2+A) * (exx~2+d) ~(3/2) * (-c*x"4+a) ~(1/2) /x"8,x)

-/

Fricas [F|

3
2

dx

/ (A + Bz?) (d+ ex?)** Va — cz? dr = / vV —cz* + a(Bx? + A)(ex? + d)

x8 x8

input

integrate ((B*x~2+A)* (exx~2+d) ~(3/2) *(-c*x~4+a) ~(1/2)/x"8,x, algorithm="fri
cas")

output

integral ((Bxe*x~4 + (Bxd + Axe)*x~2 + A*d)*sqrt(-c*x~4 + a)*sqrt(e*x”2 + d
)/x78, x)
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Sympy [F]

dz
8 78

/(A+Bx2)(d+ex2)/1/ — /(A+B$)‘/a_cw4(d+ex)g

inputLintegrate((B*x**2+A)*(e*x**2+d)**(3/2)*(—c*x**4+a)**(1/2)/}{**8’}{)

ou‘cputtlntegral((A + B¥x**2)*xsqrt(a - ckx**4)*(d + exx*x2)**(3/2)/x**8, x)

Maxima [F]

dx

/(A+B$2) (d+ex2)/ va /\/—cx4+a(Bx + A)(ex? +d)g

x8 x8

t‘integrate((B*X”2+A)*(e*X“2+d)“(3/2)*(—c*x‘4+a)“(1/2)/x“8,x, algorithm="max

inpu
‘ ima"

output kintegrate(sqrt(—c*x*zl + a)*(B*x"2 + A)*(exx"2 + d)~(3/2)/x78, x)

Giac [F]

dx

/ (A+ Bz?) (d+ex )3/ va / V—czt + a(Bx? + A)(ex? + d)g

x8 78

input ‘ integrate ((B*x~2+A) * (e*x~2+d) ~(3/2) *(-c*x~4+a)~(1/2) /x"8,x, algorithm="gia
‘ c")

output kintegrate(Sqrt(—c*x*zl + a)*x(B*x"2 + A)*(exx"2 + d)~(3/2)/x78, x)
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Mupad [F(-1)]

Timed out.

(A+ Bz?) (d + ex?)** Va — cz? dx—/(Bx2+A) Va—czt (ex? + d)*?
= 8

dz
8 T

input 1BECC(A + Brx"2)%(a - cxx™4)7(1/2)*(d + exx"2)7(3/2))/x78,%)

output Lint(((A + Bxx"2)*(a - c*x74)7(1/2)*(d + exx"2)~(3/2))/x"8, x)

Reduce [F|

dxr = too large to display

/ (A + Bz?) (d + ex?)*’* Va — ca*
8

X

input Lint ((B*x~2+A) * (e*x~2+d) ~ (3/2) * (-c*xx~4+a) ~(1/2) /x~8,x)
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(336*sqrt(d + exx**2)*sqrt(a — ckxx**x4)*ax*kdkex*6*x**2 + 840*sqrt(d + exx**
2)*sqrt(a - c*x**x4)*xaxk3xbkxdrex*kbxxk*2 - 120*sqrt(d + exx**2)*sqrt(a - c*x
*x*k4) xa*k*x3kckd**3kex*x3 — 532ksqrt(d + e*xx*x*2)xsqrt(a — cxx**4)*kax*k3kckd *2x
ex*4xxx*2 + 1344*xsqrt(d + exx**2)*sqrt(a — c*x**x4)*ax*k3kckxdre*x*xbxx**x4d - 16
80*sqrt(d + exx*x2)*sqrt(a — ckx**4)*a*x*x3kckex*Bxx*x*6 — 1078*sqrt(d + exx*
*x2) *sqrt(a — c*xk*4)*kax*k2xbkckd**3kexx3*xxx*2 + 2940*sqrt(d + exx**2)*sqrt(
a — cxx*x4)*kax*2xbkcxdkx2kex*kdxx*k*4 - 4200*sqrt(d + exx**2)*sqrt(a - c*xk*
4)*ax*2kbkckxd*kex*5xxk*¥6 — 150*sqrt(d + exx**2)*ksqrt(a — ckxk*4)xa*x2xckx2x*
d*x5xe — 918xsqrt(d + e*x**2)*sqrt(a — c*x**4)*ka*kx2kCk*xkd*kk4ke**x2kx**2 +
1752*sqrt (d + e*xx**2)*sqrt(a — ckx**4)*ar*x2xck*x2xd**3xex*3xx**4 — 3900*sqr
t(d + exx**2)*sqrt(a — cxxkx4)*ax*2kck*2xdx*2*xex*4*x**6 — 1960*sqrt(d + ex*
xx*k2)ksqrt(a — ckxk*4)xaxbkck*2kdx*5kexx*x*2 + 3003*sqrt(d + exx**2)*sqrt(a
— ckxx*k4)*xaxbkckx2kdr*k4re**x2kx*x*x4d — 9450*%sqrt(d + e*x**2)*sqrt(a - ckxx**x4
) ¥axbkck*k2kd**k3ke*x*3xx**x6 — 1650*sqrt(d + e*x**2)*sqrt(a — cxx**4)*kakcx*k3*d
*kGxx**2 + 678*%sqrt(d + e*x**2)*sqrt(a — c*xx**4)*kakck*k3xd*x*kE5xexx* x4 — 2610
*xsqrt(d + exxx*2)*sqrt(a — c*xx**x4)*axckx3xd*sxd*e**x2+x**x6 + 210*sqrt(d + ex
x*¥x2) *sqrt(a — c*x**4)*bxc*k*x3kd*x*x6*x*k*4 — 5250*sqrt(d + exx**x2)*sqrt(a - c
*xx**4) kbkCk*k3kd*x*E5xe*xx**x6 — 450*sqrt(d + exxx*2)*sqrt(a — ckx**4)kck*xdxd**
6*x**6 - 13440*int ((sqrt(d + exx**2)*sqrt(a - ckxx**4)*x**4)/(4*a**2xd*e**2
+ 4xaxk2kex*k3kx*x*x2 + Bxaxckd**k3 + Bkakckdkkkekxkk2 — 4dkakckdkekkQkxkk, .,

output
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f (A+Bz?) (d—|-6:172)3/ 2Va—ci®

3.49 10 dx
Optimal result . . . . . . . . . . 433
Mathematica [F] . . . . . . . . . . . 434
Rubi [F] . .. 434
Maple [F] . . . . 435
Fricas [F] . . . . . o o 435
Sympy [F] . . o o 130
Maxima [F] . . . . . 1361
Giac [F] . . . . o o 136
Mupad [F(-1)] . . . o o 437
Reduce [F] . . . . . o 437
Optimal result
Integrand size = 34, antiderivative size = 582
(A + Bz?) (d + ex?)*? \/7 _ AdVd+ ex®Va — ca*
210 - 919
(9Bd + 10Ae)Vd + ex?va — cz* = (14Acd? — T2aBde — 3aAe?) v/d + ex®v/a — cx?
63" + 315adz5
(30Bcd?® + 38 Acd?e — 9aBde® + 4aAe?) v/d + ex?va — cx?
+
315ad?z3

2c <d + %) (3aBde(29cd? + 3ae®) + A(21c%d* + 15acd®e?® — 4a’e?)) \ /1 — Za? (ﬁg‘f;ﬁi e (arcs

315a2d3v/d + ex?v/a — cxt

2y/c(cd® — ae®) (15Bcd® + 12Acd®e + 9aBde? — 4aAe?) \ /1 — a3, /(‘f:ﬁ—m EllipticF (arcsin (l

315a3/2d3v/d + ex?va — czt
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-1/9%Axd* (exx~2+d) ~(1/2) * (—c*x~4+a) " (1/2) /x~9-1/63* (10%A*e+9*B*d) * (e*xx~2+d
)" (1/2)*(—c*x~4+a) ~(1/2) /x~7+1/315% (-3*xA*a*e~2+14*Axckd~2-72*B*axd*e) * (e*xx
~2+d) " (1/2)*(-c*x"4+a) " (1/2) /a/d/x"5+1/315*% (4*A*a*xe”3+38*A*xcxd~2xe—-9*B*ax*d
*e”2+30*Bxc*d~3) * (exx~2+d) ~(1/2)*(-c*x"4+a) "~ (1/2) /a/d~2/x"3-2/315*c* (d+a" (
1/2)*e/c” (1/2)) * (3*a*Bxd*e*x (3*xaxe”2+29*kc*d"2) +A* (—4*a~2xe~4+15*xa*xckd"2*e”2
+21*c”~2%d"4) ) *(1-a/c/x"4) " (1/2)*x"3*(a~ (1/2) * (e*xx~2+d) / (¢~ (1/2) *d+a~(1/2) *
e)/x"2)"(1/2)*EllipticE(1/2*x(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2) ,2"(1/2) *
(d/(d+a~(1/2)*e/c”(1/2)))~(1/2))/a~2/d"3/ (e*x~2+d) " (1/2) / (—~c*x~4+a)~(1/2) -
2/315%c™(1/2) % (—axe~2+c*d"2) * (—4xA*a*e”~3+12kAxc*xd " 2ke+9*Brardre~2+15xB*c*d
~3)*(1-a/c/x74) " (1/2)*x"3*(a”~ (1/2) *(e*x~2+d) / (c~ (1/2) *d+a~ (1/2) *e) /x~2)~ (1
/2)*E1lipticF(1/2*(1-a~(1/2)/c~(1/2)/x"2)~(1/2)*2~(1/2) ,2~(1/2)*(d/ (d+a~ (1
/2)*e/c”(1/2)))"(1/2))/a~(3/2)/d~3/ (e*x~2+d) ~(1/2) / (—c*x~4+a) " (1/2)

output

Mathematica [F]

dx

l/(AfFBx%(d+ex%WQVa—wn4¢r_l/(ArFBx%(d+ex%w2Va—cx4

10 210

input LIntegrate[((A + B*x"2)*(d + e*x~2)"(3/2)*Sqrt[a - c*x~4])/x~10,x]

e

OutputLIntegrate[((A + Bxx"2)*(d + exx"2)7(3/2)*Sqrt[a - c*x~4])/x~10, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

va — cxt (A + B:cz) (d + ew2)3/2

210

dz

l 2951
va — cxt (A + Bm2) (d + ew2)3/2

dz
210
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inputt

Int[((A + Bxx"2)*(d + e*x"2)~(3/2)*Sqrt[a - c*x~4])/x"10,x]

outputt

$Aborted

Defintions of rubi rules used

e 9251 TEE LX) *((E_D*(x )~ (m_)*((d) + (e_)*(x) 27 (q . )*((a) + (c_)*(x)
~4)~(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + e*x~2)"g*(a + c*x~4)7p ‘

, x] /; FreeQ[{a, c, d, e, f, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

dz

210

/ (Ba? + A) (ex? +d)% V—czt+a

inputt

int ((B*x~2+A) * (e*xx~2+d) " (3/2) * (-c*x"4+a) ~(1/2) /x~10,x%)

-

outputt

int ((B*x~2+A) * (exx~2+d) ~(3/2) *(-c*x~4+a)~(1/2) /x~10,x)

-/

Fricas [F|

3
2

dx

/ (A + Bz?) (d+ ex?)** Va — cz? dr = / vV —cz* + a(Bx? + A)(ex? + d)

210 210

input

integrate ((B*x~2+A) * (exx~2+d) ~(3/2) *(-c*x~4+a) ~(1/2) /x~10,x, algorithm="fr
icas")

output

integral ((Bxe*x~4 + (Bxd + Axe)*x~2 + A*d)*sqrt(-c*x~4 + a)*sqrt(e*x”2 + d
)/x~10, x)
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Sympy [F]

T

/(A+Bx2)(d+€x2)/1/ /(A+B$)'/G—C$4(d+€$)gd

10 210

input Lintegrate ((Bxx**2+A) * (e*x**2+d) ** (3/2) * (~c*x**4+a) ** (1/2) /x**10,x)

output LIntegral((A + B¥x**2)*sqrt(a - ckx**kd)*(d + exx**2)**(3/2)/x*%10, x)

Maxima [F]

/(A+Bx ) ([d+e?)? Va—ea® _/f—cx4+a'(3x + A)(ex? +d)3d

10 210

integrate ((Bxx"2+A)* (exx"2+d) " (3/2)* (-c*x"4+a)"(1/2)/x°10,%, algorithm="ma

input
‘ xima"

output kintegrate(sclrt(-c*x*zl + a)*(B*x"2 + A)x(exx”2 + d)~(3/2)/x710, x)

Giac [F]

/(A+Baf2) (d+e2)*” Va /\/— T a(B + A)er? +d)f

10 210

lnput‘ integrate ((B*x~2+A)* (e*x~2+d) ~(3/2) *(-c*x~4+a)~(1/2)/x~10,x, algorithm="gi
‘ ac")

outputFn‘t"‘gl‘a13"'(Sql‘t('C*X“1 + a)*(Bxx"2 + A)*(exx~2 + d)~(3/2)/x710, x)
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Mupad [F(-1)]

Timed out.

(A+ Bz?) (d + ex?)** Va — cz? dx—/(Bx2+A) Va—czt (ex? + d)*?

dx
z10 210

input 1BECC(A + Brx"2)#(a - cxx™4)7(1/2)*(d + exx"2)7(3/2))/x710,x)

Outputtint(((A + B*xx"2)*(a - c*x"4)"(1/2)*(d + e*x~2)"(3/2))/x"10, x)

Reduce [F|

(A + Bz?) (d + ex?)*’* Va — ca*

210

dxr = too large to display

input Lint ((B*x"2+A) * (e*x~2+d) " (3/2) *(-c*x"4+a) " (1/2) /x710,x)
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(6760*sqrt(d + e*x**2)*sqrt(a - c*x**4)*a*x5kbkd*ex*8*x**2 - 6912*sqrt(d +
exxx*k2)*sqrt(a - c*x**4)*xaxkbxbke*x9*x**x4 - 1440*sqrt(d + e*x**2)*sqrt(a
— ckxx*k4)*xa*xxkbkckd*x3kex*k6 — 2592xsqrt(d + exx**2)*sqrt(a - ckxx*4)*xa*xbkc
*xd*e*x8*x**x4 + 9720*%sqrt(d + e*x**2)*sqrt(a — ckxx**4)*akx*dxbkckd**3ke*x*6xx
**%2 — 16848*sqrt(d + e*x**2)*sqrt(a — cxx**4)*kax*kdkbkckd*s*x2kxe*xT*x* x4 + 11
52xsqrt(d + exx**2)*sqrt(a — cxx**4)*ax*kdxbkckxd*ex*8xx**6 + 4260*sqrt(d +
exx**2) ¥sqrt(a — ckxx*4)*kaxxdkcxk2xd**kdkexxSxxx*2 — 4536*sqrt(d + exx**2)*
sqrt(a — cxx**x4)*xaxkdkck*x2xd**x3xe*x6xx* x4 + 2592*%sqrt(d + e*x**2)*sqrt(a -
CHX**A) kaxkAkCkkkdx*kke**xTrx**x6 + 11430*sqrt(d + e*x**2)*sqrt(a - c*x**4
) ¥ax*3xbkckx2kd*kxkEkexxdxxkx2 — 13716*sqrt(d + e*x**2)*sqrt(a — c*x**4)*akk
3*bkcx*2kdx*k4*ex*b*xx**4 + T128*sqrt(d + e*xx**2)xsqrt(a - ckx**4)*ax*x3xbkcx*
*2xd*kx3ke**x6*x*k*6 + 10*sqrt(d + e*x**2)*xsqrt(a — ckxx*4)*ak*3*kck*k3kdr*7kex
*2 + 3775*%sqrt(d + e*xx*x*2)*sqrt(a — cxx**4)*a*x*3xckx3kd*x*xB6xe**3xx**x2 - 451
2xsqrt(d + e*xx**2)*sqrt(a — cxx**4)*ax*k3kck*k3kd*x*E5xexx4dxx* x4 + 1716%sqrt(d
+ exx*x2)*xsqrt(a — ckxx*4)*ax*k3*kck*3kd*k*4*kex*5xx**6 + 5895xsqrt(d + e*xx*x*
2)*sqrt(a - ckx**x4)*xa*x*2kb*ck*3xd*xTkex*k2xx**2 — T038*sqrt(d + e*xx**2)*sqr
t(a - ckxx*x4)xa**2kbxck*3kd*xx6kex*3xx**4 + 2286*sqrt(d + e*xx**2)*sqrt(a -
Ckx**4) ka**k2¥bkck*3kd*kEkex*k4kxx*k6 + 1785xsqrt(d + exxx*2)*sqrt(a - c*x*x4
) kax*2kcrkdxdxx8xexx*kx2 — 2146*sqrt(d + exx**2)*sqrt(a — cxxx*4)*a**2kc**4
*xdkxkTrekx2kx*kx4 + T3T*sqrt(d + exx**2)*sqrt(a - ckx**4)xar*k2kck*kdxd**6x. ..

output




CHAPTER 3. LISTING OF INTEGRALS 439

f (A+Bz?) (d—|-6:172)3/ 2Va—ci®

3.50 i dz

Optimal result . . . . . . . . . . 439
Mathematica [F] . . . . . . . . . . . 440
Rubi [F] . .. 440
Maple [F] . . . . 441
Fricas [F] . . . . . o o 441]
Sympy [F] . . o o 442
Maxima [F] . . . . . 142
Giac [F] . . . . o o 447
Mupad [F(-1)] . . . o o 143
Reduce [F] . . . . . o 443]

Optimal result

Integrand size = 34, antiderivative size = 700

(A + Bz?) (d + ex?)*’* Va — ca® o —

xrl2

_Advd+ex?Va—cx*  (11Bd +124e)Vd + ex*Va — cz?

11z 99x9
N (18Acd? — 110aBde — 3aAe?) v/d + ex?Va — cx?
693adx”
N (154Bcd® + 186 Acd?e — 33aBde? + 18aAe®) vd + ex?va — cx?
3465ad?x°
2(75Ac2d* + 209aBcd3e + 21aAcd?e? + 22a%Bde® — 12a2 Ae*) v/ d + ex?\/a — cx?
+
3465a2d3x3

2 (d + &) (34€(103¢%d" — 15acd?? + 8a%e") + 11B(21d° + 15acd’e? — da?det)) \/T— Za®, [

3465a2d4v/d + ex?v/a — cxt
2y/c(cd? — ae?) (44aBde(3cd® — ae?) + 3A(25c¢*d* — 9acd?e?® + 8a’e?)) /1 — Ha?,/ % Ellipt;

3465a5/2d4\/d + ex?va — czt
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-1/11*%A*d* (e*x~2+d) ~(1/2) * (—c*x"4+a) " (1/2) /x"11-1/99* (12*A*e+11*B*d) * (e*x~
2+d) " (1/2) *(—c*x~4+a) ~(1/2) /x~9+1/693* (-3*xA*a*e~2+18*A*xc*xd"2-110*B*axd*e) *
(exx~2+d) " (1/2) *(-c*x~4+a) "~ (1/2) /a/d/x"7+1/3465% (18*A*a*e”3+186*A*xcxd " 2xe—
33*Bxa*xd*e”2+154*B*xc*d~3) *x (e*xx~2+d) ~(1/2) *(-c*x~4+a)~(1/2) /a/d"2/x"5+2/346
5k (—12%A*a~2%e~4+21*A*axcxd~2*xe 2+75xA*xc”2*%d"4+22*B*a~2*xd*e~3+209*B*xaxc*d”
3xe) * (e*x~2+d) " (1/2)*(—c*x~4+a) ~(1/2) /a~2/d"3/x"3-2/3465*c* (d+a~ (1/2) *e/c”
(1/2) ) *(3xAxe*x (8*a~2%e 4-15*a*c*xd~2*xe~2+103*c”~2%d"4) +11*B* (-4*a~2*xd*e~4+15
*xaxckd~3xe”~2+21*c”2xd"5) ) *(1-a/c/x"4) ~(1/2) *x~3*(a~ (1/2) * (exx~2+d) / (c~(1/2
Y*d+a” (1/2)*e) /x"2) " (1/2)*E1llipticE(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~ (1
/2),27(1/2)*(d/(d+a~ (1/2)*e/c~(1/2)))~(1/2)) /a~2/d"4/ (exx~2+d) ~(1/2) / (—c*x
~4+a)~(1/2)-2/3465%c~ (1/2) * (—~a*e~2+c*d~2) * (44*a*Bxd*e* (—axe 2+3*%cxd~2) +3*A
* (8*a~2xe " 4-9*akckd " 2xe " 2+25xc"2xd"4) ) *(1-a/c/x"4) ~(1/2) *x~3*(a~ (1/2) * (e*x
~2+d) /(c~(1/2)*d+a~(1/2)*e) /x~2) " (1/2) *EllipticF(1/2*(1-a~(1/2)/c~(1/2) /3~
2)~(1/2)%27(1/2) ,27(1/2)*(d/ (d+a~(1/2) *e/c~(1/2)))~(1/2)) /a~(5/2) /d~4/ (e*x
~2+d)~(1/2) / (-c*x~4+a) ~(1/2)

output

Mathematica [F]

dz

rl2 xrl2

t/(Ar%Bx%(d+ex%W2Va—wm4dx_:/(ArFBxﬂ(d+ex%W2Va—wm4

s

LIntegrate[((A + B*x"2)*(d + e*x~2)"(3/2)*Sqrt[a - c*x74])/x712,x]

|

input

output \\;ntegrate[((A + Bkx~2)*(d + exx"2)"(3/2)*Sqrt[a - c*x~4]1)/x"12, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dr

/ Va—czi(A+ Ba?) (d + ex?)*?

rl2

l 9951
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dz

/ Va—cz(A+ Ba?) (d + ex?)*”

rl2

inputtlnt[((A + B*x"2)*(d + e*x~2)"(3/2)*Sqrt[a - c*x~4])/x"12,x] J

ou_tput“;Aborted J

Defintions of rubi rules used

rule 2251‘In‘c[(Px_)*((f_.)*(x_))“(m_.)*((d_) + (e_)*(x)"2)"(q_.)*((a_) + (c_.)*(x)) ‘
‘“4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*x(d + e*x~2)"g*(a + c*x~4)7p ‘
, x] /; FreeQl{a, c, d, e, £, m, p, q}, x] & PolyQ[Px, x] |

Maple [F]
(Bz?+ A) (ea® +d)* V—ca' +a
712 dx
input Lint ((B*x~2+A) * (e*x~2+d) ~(3/2) *(-c*xx~4+a) ~(1/2) /x~12,x) J
output Lint ((Bxx~2+A) * (exx~2+d) ~(3/2) *(—c*x~4+a)~(1/2) /x"12,x) J
Fricas [F|

3
2

dx

/ (A + Bz?) (d + ex?)*’* Va — ca* i — / V—czt + a(Bz? + A)(ex? + d)

12 212

" ‘ integrate ((B*x~2+A) * (exx~2+d) ~(3/2) * (-c*x~4+a) ~(1/2) /x~12,x, algorithm="fr ‘

inpu
icas") ‘
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Output‘lntegral((B*e*x“4 + (Bxd + Axe)*x~2 + A*d)*sqrt(-c*x~4 + a)*sqrt(exx”2 + d

)/x712, %)
Sympy [F]
/(A+Bfﬁu+eﬁf/¢———— /(A+B$)¢Ejzﬁw+fwﬁdx
x12 212
inputLintegrate((B*x**2+A)*(e*x**2+d)**(3/2)*(—c*x**4+a)**(1/2)/x**12,x)
OutputLIntegral((A + Brx#*2)*sqrt(a - ckxx*d)*(d + exx**2)*x(3/2)/x%*12, x)
Maxima [F]
[ B ) Va—at _ [ ERAB ¢ A +d)?
x12 212

lnput‘lntegrate((B*x 2+A) * (e*xx~2+d) " (3/2) * (-c*x~4+a) ~(1/2) /x~12,x, algorithm="ma
‘x1ma")

outputtintegrate(sqrt('c*xﬁ4 + a)x(B*x~2 + A)*(exx”2 + d)~(3/2)/x"12, x)

Giac [F]

dx

/(A+B$2) (d+ex® )3/ \/7 /\/W(Bx + A)(ex? +d)%

12 712

t‘integrate((B*x‘2+A)*(e*x‘2+d)‘(3/2)*(—c*x‘4+a)*(1/2)/x~12,x, algorithm="gi

inpu ‘ac")
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output 1RTeErate(sqrt (-cxx"a + a)*(Bax"2 + M*(exx™2 + d)7(3/2)/x712, x)

Mupad [F(-1)]

Timed out.

dz
12 212

(A+ Bz?) (d + ex?)** Va — cz? dx_/(sz—l—A) Va—czt (ex? + d)*?

input 1BECC(A + Brx"2)#(a - cxx™)7(1/2)*(d + exx™2)7(3/2))/x712,%)
output 1RECC(A + Br2)x(a - o)~ (1/2)*(d + exx"2)"(3/2))/x712, ©)
Reduce [F|

dxr = too large to display

/ (A+ Ba?) (d + ex?)* va — ca?
12

T

input Lint ((B*x~2+A) * (e*xx~2+d) ~(3/2) *(-c*x~4+a)~(1/2) /x~12,%)
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( - 120960*sqrt(d + e*x**2)*sqrt(a - c*x**4)*a*xTxd*x3xe*x8 — 221760*sqrt(
d + e*xxk*2)*sqrt(a - cxx¥*x4)kax*k7Tkdx*kkex*kOxxx*k2 + 63360*sqrt(d + e*xx*x*2)*
sqrt(a - c*x*x*4)*kaxx7*dke*xx10*x**4 - 221760*sqrt(d + e*x**2)*sqrt(a - c*x*
*4) xax*kGxbkd**3*ke**xB*xx*¥*x2 — 126720*sqrt(d + e*xx**2)*sqrt(a — cxx**4)*ax*6%
b*d**2%e*x*9*x**4 + 2016*sqrt(d + e*xx**2)*sqrt(a — cxx**4)*ax*kGxckxd**x5xe**6
+ 37296*sqrt(d + e*xx**2)*xsqrt(a — cxx**4)*ak*Gxckdr*kdxe**xT*rx*x*x2 — 4896*sq
rt(d + e*xx**2)*sqrt(a - ckx**4)*a**xGkcxd**3kexx8*xx**4 — 158400*sqrt(d + e*
xx*k2)ksqrt(a — c*x**4)ka*xx6xckd**x2*ke*x*9*xx**6 + 316800*sqrt(d + exx**2)*sqr
t(a - cxxx*4)*a*xk6rckdxex*10*x**8 - 380160*sqrt(d + e*xx**2)*sqrt(a - ckx*x*
4)xax*x6xcrexx11*xx*10 + 3696*sqrt(d + exx*x2)*sqrt(a — ckxx**x4)*ax*5xbxckdx*
*5ke*xkGkx*k*x2 + 2112%sqrt(d + exx*x2)*sqrt(a - ckx**4)xax*5xbkckd*kdke*xxT*x
*x*k4 - 348480*sqrt(d + exx**2)*sqrt(a — ckx*x*4)*a*x*xbxbkckd**k3xe*x*x8xx**6 + 6
96960*sqrt (d + exx*x2)*sqrt(a - c*x**4)*kaxx5xbkckdk*2xe**x*x*x*8 — 570240%s
qrt(d + exx**2)*sqrt(a - c*x**4)*a*xxbxbkckd*ex*10*x**10 + 3528*sqrt(d + e*
x*x*k2)ksqrt(a — c*x**4)*ka*x*xbxckx2xd*xT*e**x4d + 101164*sqrt(d + e*x**2)*sqrt(
a — cxx**4)*kak*kbxck*xkdx*k6*xex*bxx*¥x2 - 110648*sqrt(d + exx**2)*sqrt(a - c*
X*k4) karkEkckkkdxkExexkB6xx*xk4d — 88560*sqrt(d + exx**2)*sqrt(a - c*x*x4)*a
*kExCHK kAN *GKex*Txx*¥*x6 + 177120*%sqrt(d + e*x**2)*sqrt(a — cxx**4)*kax*bkck
*22kd*¥*k3ke**8kx*¥*8 — 849024*sqrt(d + exx**2)*sqrt(a — ckx**4)*xar*kSxcr*2xd**
2ke**Q*kx**10 + 215292*sqrt(d + exx**2)*sqrt(a - ckxxk*4)kaxkdkxbkxck*2xd*x*. ..

output
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2 23/2
(A+Bz?) (d+ez?)” “Va—cz?
X
Optimalresult . . . . . ... .. . 445
Mathematica [F] . . . . . . . . . . . 446
Rubi [F] . . 447
Maple [F] . . . . 447
Fricas [F] . . . . . o o 448
Sympy [F] . . o o 448
Maxima [F] . . . . . 148]
Giac [F] . . . . o o 449
Mupad [F(-1)] . . . o o 449
Reduce [F] . . . . . o 449]

Optimal result

Integrand size = 34, antiderivative size = 825

(A + Bz?) (d + ex?)*’* Va — ca® o —

xrl4

_Advd+ex?Va—cx*  (13Bd + 144e)Vd + ex*Va — cz?

13213 14311
N (22Acd? — 156aBde — 3a.Ae?) v/ d + ex?Va — cxt
1287adx®

N (234Bcd?® + 274 Acd?e — 39aBde? + 24aAe?) v/d + ex?v/a — cx?

9009ad?x”

N 2(39aBde(31cd? + 3ae?) + A(539c%d* + 8lacd?e? — T2a%e*)) Vd + ex?v/a — cxt

45045a2d3 x>

N 2(Ae(1193c2d* — 113acd?e® + 96a’e*) + 39B(25c2d° + Tacd?e? — 4a’de?)) vd + ex?v/a — cx?

45045a2d4z3

2 (d + &) (39aBde(1032d* — 15acd?e® + 8a%e) + A(161763d8 + 597ac*d e? + 250a%cd®e* — 192a%

2v/c(cd? — ae?) (2Ae(327c2d* + 53acd?e? — 96ae*) + 39B(25c2d® — 9acde? + 8a’de?)) /1 — #:ﬁ\/—

45045a3d°v/d + ex2va — czt

(

45045a5/2d5+/d + ex®\/a — cx*
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-1/13*%A*d* (e*x~2+d) ~(1/2) * (—c*x"4+a) " (1/2) /x"13-1/143* (14*A*xe+13*%B*d) * (e*x
~2+d) ~(1/2) % (—c*x"4+a) " (1/2) /x"11+1/1287* (-3*A*xa*xe 2+22*%A*cxd~2-156*B*a*d*
e)*(e*xx™2+d) ~(1/2) *(-c*x"4+a) ~(1/2) /a/d/x~9+1/9009% (24*A*a*xe”3+274*A*c*d~2
*e-39*Bxaxdxe”~2+234*B*c*d"3) * (exx"2+d) ~(1/2) *(-c*x"4+a)~(1/2) /a/d~2/x"7+2/
45045% (39*a*B*d*ex (3*xaxe”2+31*kc*d"2) +A* (-72*xa"2*xe~4+81*a*xc*d~2*e”~2+539*c™2
*d~4) ) *(exx~2+d) " (1/2) *(—c*x~4+a)~(1/2) /a~2/d"3/x"5+2/45045* (A*xe*x (96*a”2*e
~4-113*axcxd"2%e”"2+1193*%c"2+%d"4) +39*B* (—4*a”~2kd*e ~4+T*a*ckxd " 3*xe~2+25*%c”"2*d
~5)) *(exx~2+d) ~(1/2)*(-c*x~4+a) ~(1/2) /a~2/d"4/x~3-2/45045%c* (d+a~(1/2) *e/c
~(1/2)) *(39*axB*d*e* (8*a~2xe~4-15%a*xc*xd~2%e " 2+103*c~2*d~4) +A* (-192*a~3*e~6
+250%a”~2*cxd " 2%e~4+597*axc~2xd"4*e 2+1617*c~3*%d"~6) ) *x (1-a/c/x~4) ~(1/2) *x"3x
(2~ (1/2)*(exx~2+d) /(c~(1/2)*d+a~(1/2)*e) /x~2) " (1/2) #*E1lipticE(1/2*(1-a~(1/
2)/c™(1/2)/x72)~(1/2)*27(1/2) ,27(1/2)*(d/ (d+a~(1/2)*e/c~(1/2)))~(1/2)) /a"3
/d°5/ (exx~2+d) ~(1/2) / (-c*x"4+a) " (1/2)-2/45045*c” (1/2) * (—a*xe”2+c*d~2) * (2*Ax*
e* (-96*a~2xe~4+53xaxcxd”2ke”"2+327*c"2*%d"4) +39*B* (8*a”~2kd*e~4-9*a*c*d"3*e”"2
+25%c~2%d"5) ) *(1-a/c/x"4) " (1/2)*x"3*(a~ (1/2) * (e*xx~2+d) / (¢~ (1/2) *d+a~(1/2) *
e)/x"2)"(1/2)*EllipticF(1/2*x(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*27(1/2) ,2"(1/2) *
(a/(@+a~(1/2)*e/c”(1/2)))~(1/2))/a~(5/2)/d"5/ (exx~2+d) ~(1/2) / (—c*x"4+a)~ (1
/2)

output

Mathematica [F]

x4

l/(Af%Bx%(d+ex%WzVa—wm4dz_l/(Akaxﬂ(d+ez%WQVa—wm4dx
rl4 -

-

Integrate[((A + Bxx"2)*(d + e*x~2)~(3/2)*Sqrtl[a - c*x~4])/x"14,x]

input

N\

output\ Integrate[((A + B*x~2)*(d + e*x~2)~(3/2)*Sqrt[a - c*x~4])/x"14, x]
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
Va—cz*(A+ Bz?) (d+ ea:2)3/2
214 dzx
| 2251
va—cal(A+ Ba?) (d+ ea?)*?
14 dz
inputtlnt[((A + B*x"2)*(d + e*x~2)"(3/2)*Sqrt[a - c*x~4])/x"14,x] J
output t$Aborted J

Defintions of rubi rules used

2251‘Int[(Px_)*((f_.)*(x_))’“(m_.)*((d_) + (e_)*(x_)"2)"(q_)*((a) + (c_.)*(x.) ‘
‘“4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*x(d + e*x~2)"g*(a + c*x~4)7p ‘
, x] /; FreeQl{a, c, d, e, £, m, p, q}, x] & PolyQ[Px, x] |

rule

Maple [F|
(Bx?+ A) (ex? + d)g V—czt+a
L1 dx
input | 106 C(BYX"2+A)* (exx"2+d) " (3/2) ¥ (~cxx"4+a) " (1/2) /%714, %) J

output| 106 ((BFX24A)(e3x"24d) (3/2) % (~crx"4+2) " (1/2) /%714, %) )
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Fricas [F]

dx

/(A—I—Bm ) (d + ex?)*? \/7 /\/W(Bm + A)(ex? +d)%

1'14 1’14

integrate ((B*x~2+A) * (exx~2+d) ~(3/2) * (-c*x~4+a) ~(1/2) /x"14,x, algorithm="fr

input
icas")

integral ((Bxexx~4 + (B*d + Axe)*x"2 + Axd)*sqrt(-c*x~4 + a)*sqrt(e*x”2 + d

tput

ourpt )/x"14, x)

Sympy [F]

(A + Bz?) (d + ex?)*/* Va — ca* (A+ Bx?)va — cxi(d + emz)%
14 dz = m dz
z T
inputLintegrate((B*x**2+A)*(e*x**2+d)**(3/2)*(—C*x**4+a)**(1/2)/x**14,x)

outputLIntegral((A + Bxx**2)*sqrt(a - c*x**4)*(d + exx**2)**(3/2)/x*x14, x)

Maxima [F]

/ (A+ Bz?) (d + ex?)** Va— /\/—c:v4 a(Bz? + A)(ez? + d)? N

rl4 214

1nput‘1ntegrate((B*X 2+A) *(exx~2+d) " (3/2) ¥ (-c*x"4+a)~(1/2) /x"14,x, algorithm="ma
‘x1ma")

output 1RTeErate(sqrt (-cxx"a + a)*(Bsx"2 + M*(exx™2 + d)7(3/2)/x714, x)
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Giac [F]

dx

rl4 214

/ (A+ Bz?) (d + ez®)”’ Va / V—czT + a(Ba? + A)(ea? + d)*

lnput‘1ntegrate((B*x”2+A)*(e*x“2+d) (3/2)*(-c*x~4+a)~(1/2)/x"14,x, algorithm="gi
‘acn)

output{iﬂtegrate(sqrt(-C*x‘4 + a)*x(B¥x"2 + A)*(exx™2 + d)~(3/2)/x"14, x)

Mupad [F(-1)]

Timed out.

dz

(A + Bz?) (d + ex?)*’* Va — ca* dx_/(Bw2+A) Va—cz(ex? +d)**

zl4 214

nput | 1RECCCA + Bxx2)x(a - cxx™4)"(1/2)%(d + exx72)7(3/2))/x714,%)

output | 1BECC(A + BXx"2)x(a - cxx™)7(1/2)*(d + exx"2)7(3/2))/x"14, %)

Reduce [F|

dz

/(A—|—Ba:2)(d+ex 2 Va d%_/(B3:2—I—A)(ex2+d)g V—czrt+ta

zl4 214

inputLint((B*x“2+A)*(e*x“2+d)‘(3/2)*(—c*x‘4+a)‘(1/2)/x*14,x)

output | 1B C(BXX™2+A)* (exx"2+d) " (3/2)* (~cxx"4+a) " (1/2) /%714, %)
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z? (A+B x2) Va—czt
3.52 | dx
Vd+ex?

Optimal result . . . . . . . . . . . 450
Mathematica [F] . . . . . . . ... .. 45T
RUDL [F]  © o o o oot e e e 45T
Maple [F] . . . . 152
Fricas [F] . . . . . . o 452
Sympy [F] . . . 453
Maxima [F] . . . . ... 453
Giac [F] . . . . o o 153
Mupad [F(-1)] . . . o 457
Reduce [F] . . . . 0 o 457

Optimal result

Integrand size = 34, antiderivative size = 738

/ z*(A+ Bz?)Va — czt e
Vd + ex?

(105Bcd® — 120Acd?e — 44aBde? + 64aAe?) v/d + ex?v/a — cx?

384cetx

4 (35Bcd? — 40Acde — 12aBe?) zv/d + ex®v/a — cx*

192¢e3

_ (7Bd - 8Ae)z®v/d + ex?va — cxt N Bx5v/d + ex?va — cxt

48¢? 8e
Y
(d - %) (105Bcd® — 120Acd®e — 44aBde?® + 64aAe?) \/1 — L3, /%E arcsin ff
384e*v/d + ex?v/a — czt
1--/e |
\/Ez2

Va(35Bcd® — 40Acd?e — 20aBde? + 64aAe®) /1 — 21a® Yaldtes)) BjinticF | arcsin

+

(Ved++/ae)x?

384+/ced/d + ex?va — cxt

_I_

(8Acde(5cd? — 4ae®) — B(35c%d* — 24acd®e® — 16a%e%)) /T — %13, /(ﬁ(j—;); EllipticPi (2, arcs

128cetv/d + ex?v/a — cx?
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output

input L

-1/384* (64%A*axe~3-120%A*xc*d " 2ke-44*Bxa*xd*e~2+105*%Bxc*xd~3) * (exx~2+d) ~(1/2)
*(—c*x~4+a) " (1/2) /c/e”4/x+1/192% (—40*A*xcxd*e-12*B*axe” 2+35*xBkc*d~2) *x* (e*x
~2+d) "~ (1/2)*(-c*x"4+a) " (1/2) /c/e"3-1/48* (-8*A*e+T7*B*d) *x~3* (exx~2+d) ~(1/2)
*(—c*x"4+a) " (1/2) /e~ 2+1/8*Bxx"5* (exx~2+d) ~ (1/2) * (~c*x~4+a) ~(1/2) /e-1/384x*(
d+a” (1/2)*e/c”(1/2) ) *(64xAxaxe”~3-120*%A*c*d " 2*e-44*Bxaxd*xe~2+105*B*xc*d~3) * (
1-a/c/x"4)~(1/2)*x"3*% (a2~ (1/2) *(exx~2+d) / (c™ (1/2) *d+a~ (1/2) *xe) /x~2) ~(1/2) *E
1llipticE(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2) ,27(1/2) *(d/ (d+a~ (1/2) *e
/c(1/2)))~(1/2))/e"4/ (exx~2+d) ~(1/2) / (—c*x"4+a) " (1/2)+1/384*a~ (1/2) x (64*A
*a*xe~3-40*kAxckd~2*%e-20*Bxaxd*e~2+35%Bxc*d~3) *(1-a/c/x"4) " (1/2) *x~3*(a~(1/2
)x(exx~2+d) /(c~(1/2)*d+a~(1/2)*e) /x~2) ~(1/2)*E1lipticF(1/2*(1-a~(1/2)/c~(1
/2)/x72)"(1/2)*2~(1/2) ,2~(1/2)*(d/ (d+a~ (1/2) *e/c~(1/2)))~(1/2)) /c~(1/2) /e”
3/ (exx~2+d) " (1/2)/ (—c*x~4+a) ~(1/2)+1/128* (8*kA*cxd*xe* (—4*xa*e 2+5*xc*d~2) -B* (
-16*a"2%e~4-24xaxcxd"2*e”"2+35*%c"2+%d"4) )*(1-a/c/x"4) " (1/2) *x~3*(a~ (1/2) * (ex*
x72+d) /(c~(1/2)*d+a~(1/2)*e) /x~2)~(1/2)*E1llipticPi(1/2*(1-a~(1/2)/c~(1/2)/
x"2)7(1/2)*%27(1/2),2,27(1/2)*(d/(d+a~ (1/2)*e/c~(1/2)))~(1/2)) /c/e”4/ (e*x~2
+d)~(1/2) / (—cxx~4+a)~(1/2)

Mathematica [F]

/ (A + Bx?)va — cxt dp — / (A + Bx?)va — cxt i
vd+ ex? B Vvd+ ex?

p
Integrate[(x"4*(A + B*x~2)*Sqrt[a - c*x"4])/Sqrtl[d + exx"2],x]

~—

output ‘\

Integrate[(x"4*(A + Bxx"2)*Sqrt[a - c*x"4])/Sqrt[d + exx"2], x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

dxr

/ \/a—ca:4 A+Ba:)
Vd + ex?

l 2251
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dr

/ x*a — cx? (A + Bx2)
Vd + ex?

input LInt [(x74x(A + B*x"2)*Sqrt[a - c*x74])/Sqrtld + e*x"2],x]

output L$Aborted

Defintions of rubi rules used

rule 2251‘Int[(Px_)*((f_.)*(x_))‘(m_.)*((d_) + (e_)*(x)"2)"(q_.)*((a_) + (c_.)*(x)) ‘
"’4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*x(d + e*x~2)"g*(a + c*x"4)7p ‘

, x] /; FreeQl{a, c, d, e, £, m, p, qF}, x] && PolyQ[Px, x]

Maple [F]

dz

/$4(B:C2+A)\/—ca:4+a
ex?+d

input Lint (x74x (Bxx~2+A) * (-c*x"4+a) " (1/2) / (e*x~2+d) ~(1/2) ,x)

output | 1B (X ™4% (B¥x"2+A) % (-cx"4+2) " (1/2)/ (e¥x"2+d) " (1/2) %)

Fricas [F]

dz

/ (A+Bx2)\/md _/mb + Azt

d+e.'L'2 ex2+d

integrate (x~4* (Bxx"2+A)* (-ckx"4+a) " (1/2)/(e*x~2+d)"(1/2) ,x, algorithm="fri

input
‘ cas")

output Lintegral( (B*xx76 + A*xx"4)*sqrt(-c*x”4 + a)/sqrt(exx”2 + d), x)
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Sympy [F]

B e, B famen,

Vd + ex? Vd+ ex?
input Lintegrate (xkkd* (Brxk*2+A) * (—cxxk*kd+a)k*k (1/2) / (exx**k2+d) ** (1/2) ,x) J
output Llntegral(x*m*(A + B#x**2)*xsqrt(a - c*x**4)/sqrt(d + e*x**2), x) J
Maxima [F]

dz

/ (A+Bx2)«/m /mb + Azt

d+e.'L'2 x2+d

integrate (x"4x (Brx"2+A) % (-cxx"4+a) ~(1/2)/ (exx"2+d)~(1/2) ,x, algorithn="max |

input ‘ ina" ‘

output Lintegrate (sqrt(-c*x~4 + a)*(B*x~2 + A)*x"4/sqrt(exx”2 + d), x) J

Giac [F]

/ z*(A + Bz®) a—cx4 /\/—c:c“-i—an + A)z*
Vd+ ex? Vex? +d

dz

‘1ntegrate(x“4*(B*x“2+A)*( c*x~4+a)~(1/2)/ (exx~2+d)~(1/2) ,x, algorithm="gia ‘
" |

input

output tintegrate (sqrt(-c*x~4 + a)*(Bxx~2 + A)*x~4/sqrt(exx”2 + d), x) J
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Mupad [F(-1)]

Timed out.
/ (A+Bx)\/md / (B z? +A)¢m
d+ €$2 eg:;2 d
fnput Lint((x‘tl*(A + Bxx~2)*(a - c*x~4)~(1/2))/(d + e*x~2)~(1/2),x) J

output Lint((x"ll*(A + Bxx"2)x(a - c*x74)7(1/2))/(d + exx"2)7(1/2), x) J

Reduce [F|

/ z*(A+ Bz?) Va — cxt de

vd+ ex?

—12vex? +dv/—cz* + aabe’x — 40V ex? + dv/—cx* + aacdex + 32vex2 + d/—cz* + aace?z® +

input Lin‘t (x~4* (Bxx~2+A) * (-c*x~4+a) ~(1/2) / (exx~2+d) ~(1/2) ,x) J
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( - 12#sqrt(d + exx**2)*sqrt(a - c*x**4)*xaxbke**2*x — 40*sqrt(d + exx*x2)*
sqrt(a - c*x*x4)*xaxckdkexx + 32xsqrt(d + exx*x*2)*sqrt(a - c*x**4)*xakcke*x*2
*xx**3 + 3b*sqrt(d + e*x**2)*sqrt(a - ckx**4)*xbkckxd**x2*x — 28*sqrt(d + e*x*
*x2)*xsqrt(a — ckx**4)*bkckdxexx**3 + 24*sqrt(d + exx**2)*sqrt(a — c*x**4)*b
kxcke*x*x2+x**x5 + 64*int ((sqrt(d + e*x**2)*sqrt(a — ckx**4)*x**4)/(axd + akex
X**2 — ckdxx**4 — ckexx**6),x)*ax* 2xckex*3 — 44*xint((sqrt(d + exx**2)*sqrt
(a - cxx*xx4)*x**4)/(axd + akexx**2 — cxdxx**4d — cke*xx**6),x)*axbkxckdxex*2
- 120*int ((sqrt(d + exx**2)*sqrt(a — ckx**4)*x*x4)/(axd + ake*xx**2 — cxd*x
**k4 — Ccke*x**6) ,X)*axckx2xdk*x2xe + 105*int((sqrt(d + e*xx**2)*sqrt(a - c*x*
*x4)xxx*4) / (a*d + axexxk*2 — Ckd*x**4 — ckexx*k*6),X)*bkxck*2xdx*3 + 24xint ((
sqrt(d + exx*x2)*sqrt(a - ckx**x4)xx**2)/(a*d + axexx**x2 — ckd*x**4 — cke*x
*%6) ,x) ka**x2kbke**3 - 16*%int ((sqrt(d + exx**2)*sqrt(a - ckxxk*4)*x**2)/(axd

+ akexx*k*2 — ckd*x*k*4 — ckexx*k*6),x)*kaxx2kckd*ex*2 + 14*xint((sqrt(d + e*x
**x2)xsqrt(a — cxx**4)*x**2)/(axd + axe*xx*x*2 — ckxdkx*x*x4 — c*xe*x**6),X)*a*xbx
cxd*x2%e + 12*¢int((sqrt(d + exx**2)*sqrt(a - c*x**4))/(axd + axe*x**2 - c*
d*x*k*4 — cxexx*k*6) ,X)*a*x2*¥bxd*ex*2 + 40*int ((sqrt(d + exx**2)*sqrt(a - c*
x*xx4)) /(axd + akxe*x*k*2 — ckxd*x*kkd — ckxe*x*k*6),x)*a*rk2kckxd**2*xe - 35xint ((s
qrt(d + exx**2)*sqrt(a — c*x**4))/(axd + ake*x**2 — cxd*x**4d — ckexx**6) ,X
) xaxbxckd**3) / (192*c*e**3)

output

\




CHAPTER 3. LISTING OF INTEGRALS 456
2 (A+Bx2) a—cx
3.53 | Vorer gy
Vd+ex
Optimal result . . . . . . . . . . . 456]
Mathematica [F] . . . . . . . ... .. 457
Rubi [F] . . o
Maple [F] . . . . 458
Fricas [F] . . . . . . o 458
Sympy [F] . . . 459]
Maxima [F] . . . . ... 459
Giac [F] . . . o o 4591
Mupad [F(-1)] . . . o 460
Reduce [F] . . . . 0 o 460
Optimal result
Integrand size = 34, antiderivative size = 629
/ z?(A+ Bz?)vVa — cxt e — (15Bcd? — 18 Acde — 8aBe?) v/d + ex?va — cxt
Vd+ ex? B 48ce3x
(5Bd — 6Ae)zv/d + ex?v/a — cx*  Bz?Vd + ex?Va — cx?
—~ +
24¢? e
_ e
Vae 2 2 a .3 Va(d+tex?) : cx 2d
<d+ \/5> (15Bcd? — 18Acde — 8aBe?) \/1 — Lz ’/WE arcsin 7 |d+%
_|_
48e3+/d + ex?v/a — cxt
1- e
va(5Bcd? — 6Acde — 8aBe?) oc d(jrif/?”i )ZQ EllipticF | arcsin 7 d+2$j;
B 48,/ce2v/d + ex?v/a — cx*
I Va
(5Bcd® — 6Acd’e — 4aBde® + 8aAe®) \ /1 — 223, /% EllipticPi [ 2, arcsin f?g

+

16e3v/d + ex?v/a — czt
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output

1/48% (-18%Axc*d*e-8*Bxakxe~2+15*Bxcxd~2) * (e*x~2+d) ~ (1/2) * (—c*x~4+a)~(1/2) /c
/e~ 3/x-1/24* (-6xA*xe+5xB*xd) *x* (e*x~2+d) ~(1/2) * (—c*x"4+a) ~(1/2) /e 2+1/6*B*x~
3% (e*xx™2+d) " (1/2) *(-c*x"4+a) ~(1/2) /e+1/48x(d+a~ (1/2) *e/c”(1/2) ) * (-18*Axc*xd
*e-8xBxaxe~2+15*Bxc*d~2) * (1-a/c/x"4) " (1/2) *x~3*(a~ (1/2) * (exx~2+d) / (c~(1/2)
xd+a”~(1/2) *e) /x~2) " (1/2)*E1lipticE(1/2*(1-a~(1/2)/c~(1/2) /x~2)~(1/2)*2~(1/
2),27(1/2)%(d/(d+a~(1/2)*e/c~(1/2)))~(1/2))/e~3/ (exx~2+d) ~(1/2) / (-c*x~4+a)
~(1/2)-1/48%a" (1/2) * (-6*%A*c*d*e—8*Bxa*e~2+5*Bxcxd~2) *(1-a/c/x~4) ~(1/2)*x~3
*x(a~(1/2)*(exx~2+d) /(c~(1/2)*d+a~(1/2)*e) /x~2) ~(1/2) *E1lipticF (1/2*(1-a~ (1
/2)/c”(1/2)/x~2)~(1/2)*2~(1/2) ,2"(1/2)*(d/ (d+a~ (1/2) *e/c~(1/2)))~(1/2)) /c”
(1/2)/e72/(exx~2+d) " (1/2) / (-c*x~4+a) ~(1/2) +1/16% (8¢A*a*xe~3-6*A*c*d~2*e-4*B
*xa*xd*e~2+5*%Bxcxd~3)*(1-a/c/x"4) ~(1/2)*x~ 3% (a~ (1/2) * (exx~2+d) / (¢~ (1/2) *d+a~
(1/2)*e) /x72) " (1/2)*E1llipticPi(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2),2
,27(1/2)*(d/(d+a~(1/2)*e/c~(1/2)))~(1/2))/e~3/ (exx~2+d) " (1/2) / (-c*x"4+a) ~(
1/2)

Mathematica [F]

/z2(A+Bx2) Va—cxt dx_/zQ(A-l-sz) va—crt i

Vd + ex? Vd+ ex?
input LIntegrate [(x72%(A + B*x"2)*Sqrt[a - c*x74])/Sqrt[d + e*x™2],x]
e
output LIntegrate [(x"2*%(A + B*x~2)*Sqrt[a - c*x~4])/Sqrt[d + e*x~2], x]
Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z’Va — cz?( A+Bm)d
x

Vd + ex?

l 2251
z2Va — cx A-I-B:c)

Vd + ex?

dr

N J
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input LInt [(x~2*%(A + B*x~2)*Sqrt[a - c*xx~4])/Sqrt[d + e*x~2],x]

outputL$Aborted

Defintions of rubi rules used

e 9251 TEE LX) *((E_D*(x )~ (m_)*((d) + (e_)*(x) 27 (q . )*((a) + (c_)*(x)
“4)‘(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*x(d + e*x~2)"g*(a + c*x~4)7p ‘

, x] /; FreeQ[{a, c, d, e, £, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

dz

/ t*(Bz®*+ A)vV—czi+a

ex?4d

input | 1BE (87 2% (BHx"240) % (-cxx"4+2) " (1/2) / (exx™2+) " (1/2) ,%)

OutputLint(x‘2*(B*x‘2+A)*(—c*x‘4+a)“(1/2)/(e*x‘2+d)“(1/2),x)

Fricas [F]

/ z’(A + Br?) a—0954 /v—x4+an + A)z?
Vd + ex? Vex? +d

input
‘cas")

‘1ntegrate(x 2% (B*x"2+A) ¥ (-c*x~4+a) " (1/2) / (e*x~2+d) ~(1/2) ,x, algorithm="fri

outputtintegra]‘((B*Xﬁ4 + Axx~2)*sqrt(-c*x”4 + a)/sqrt(e*x”"2 + d), x)
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Sympy [F]

[PUrBR e, [P BE) famen,

Vd + ex? Vd+ ex?
input Lintegrate (xkk 2% (Bxxk*2+A) * (—cxxk*k4+a)k*k (1/2) / (exx**k2+d) ** (1/2) ,x) J
output Llntegral(x**%(A + B#x**2)*xsqrt(a - c*x**4)/sqrt(d + e*x**2), x) J
Maxima [F]

dz

/ (A+Bx2)«/m /mb + A)z?

d+e.'L'2 x2+d

integrate (x"2% (Brx"2+A)* (-cxx"4+a) " (1/2)/ (exx"2+d)~(1/2) ,x, algorithn="max |

input ‘ ina" ‘

output Lintegrate (sqrt(-c*x~4 + a)*(B*x~2 + A)*x"2/sqrt(exx”2 + d), x) J

Giac [F]

/ z*(A + Bz?) a—cx4 /\/—c:c“-i—an + A)z?
Vd+ ex? Vex? +d

dz

‘1ntegrate(x“2*(B*x“2+A)*( c*x~4+a)~(1/2)/ (exx~2+d)~(1/2) ,x, algorithm="gia ‘
" |

input

output tintegrate (sqrt(-c*x~4 + a)*(B*xx~2 + A)*x~2/sqrt(exx”2 + d), x) J
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Mupad [F(-1)]

Timed out.

/xz(A+Bx2) \/a—cx4 / (Bx? + A) \/a—cz4
Vd + ex? Ver?+d

1nt((x 2x(A + Bxx"2)*(a - c*x~4)~(1/2))/(d + e*xx~2)~(1/2),x)

Output\int((x“2*(A + Bxx"2)*(a - c*x"4)7(1/2))/(d + e*x"2)"(1/2), x)

Reduce [F]

dx

/xQ(A—I— Bz?)Va — cz*
Vd+ ex?
6vezr2 +dv—cxt+aaex —5vVex? +dv/—cxzt + abdx + 4vex? + dv/—cx* + abez? —|—8<f _—vcgggjf;

input int (x72% (Bxx~2+A) * (-c*x"4+a) ~(1/2) / (exx~2+d) " (1/2) ,x)

(6*sqrt(d + exx**x2)*sqrt(a - ckx*k*4)*a*e*xx - b*sqrt(d + exx*x2)*sqrt(a - ¢
*xx**4) ¥bxd*x + 4*xsqrt(d + e*xx*x*2)*sqrt(a — cxx**4)*bxe*xx**3 + 8*int ((sqrt(
d + exx**2)*sqrt(a - ckxx*4)*x*x4)/(a*d + axe*x**2 — cxd*x*k*4 — cke*x**6),
x)*axbxe**x2 + 18+int((sqrt(d + exx**2)*sqrt(a - ckx**4)*x*x4)/(axd + akxe*x
**2 — cxdkxx*k4 — cxe*xx**6),x)*akcxd*e - 15¢int((sqrt(d + exx**2)*sqrt(a -
ckxkkd) xx*x*4) /(axd + ake*x*k*2 — ckxd*xkkd — ckxe*x*k*6),x)*bkckd**x2 + 12*int(
(sqrt(d + exxx*2)*sqrt(a - c*x*x4)*x**2)/(a*d + axe*x**2 — cxd*x*x4 — ckex
X*%6) ,x) *a*x*2ke*x*2 — 2xint ((sqrt(d + e*xx**2)*sqrt(a - c*x**4)*x*x2)/(a*xd +
akxexx**2 — ckxdkx**4 — ckxexx**6),x)*a*bkxdxe - 6*%int((sqrt(d + exx*x2)*sqrt
(a - c*x**x4))/(a*d + ake*x**2 - ckdrx**4d — ckexx**6),x)*a*x*2kd*e + 5*int ((
sqrt(d + exx*x2)*xsqrt(a - c*x**4))/(axd + ake*xx**2 — cxd*x**4d — ckexx**6),
x) *axb*xd**2) / (24*e**2)

output
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461

(A—I—Bx2) Va—cr?
Vd+ex?

3.54 |

Optimal result . . . . . . . . . . . 461
Mathematica [F] . . . . . . . . ... 1621
Rubi [F] . . . 1621
Maple [F] . . . . 163
Fricas [F] . . . . . . o 163
Sympy [F] . . . 464
Maxima [F] . . . . . . . 4641
Giac [F] . . . o o 4641
Mupad [F(-1)] . . . o 465
Reduce [F] . . . . 0 o 465

Optimal result

Integrand size = 31, antiderivative size = 538

(A+ Bz?) vVa — cxt dpe (3Bd — 4Ae)Vd + ex?v/a — cxt +Bac\/d +ex2va — cxt
Vd+ ex? B 8e2r 4e
J/a
ae Va(d+ex?) .  Vea? d
c(3Bd — 4Ae) <d+ Va > V11— 2o (\[d(hfe L E | arcsin 7 df%
8e2v/d + ex?va — cx?
1_L
61‘2 . . . 09:2
Va\/c(Bd+ 44e)\ /1 — Za? ﬁ(ﬁi}e l EllipticF | arcsin 7 , df%
_|_
8evd + ex?\/a — cxt
|_ va
(3Bcd? — 4Acde — 4aBe?) /1 — La? e dff/‘if; EllipticPi | 2, arcsin f? : df%

8e2v/d + ex?v/a — cx?



CHAPTER 3. LISTING OF INTEGRALS 462

-1/8% (-4xA*xe+3*Bxd) * (e*x~2+d) " (1/2) ¥ (—c*x~4+a) " (1/2) /e~ 2/x+1/4*B*xx* (e*x~ 2+
d) " (1/2) % (—cxx~4+a) ~(1/2) /e-1/8%c* (~4*A*xe+3*Bxd) * (d+a~(1/2) *e/c~(1/2) ) *(1-
a/c/x"4)"(1/2)*x"3*%(a~ (1/2) *(e*x~2+d) / (c~(1/2) *d+a~ (1/2) *e) /x~2) ~(1/2) *E11l
ipticE(1/2%(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*27(1/2) ,2"(1/2)*(d/ (d+a~ (1/2) *e/c
~(1/2)))°(1/2))/e~2/ (exx~2+d) ~(1/2) / (-c*x"4+a) ~(1/2)+1/8%a~ (1/2) *c~(1/2) *(
4xAxe+B*xd)*(1-a/c/x"4) "~ (1/2)*x~3*(a~(1/2) *(exx~2+d) / (c~(1/2) *d+a~ (1/2) *e) /
x"2)"(1/2)*EllipticF(1/2*%(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2) ,2~(1/2)*(d/
(d+a~(1/2)*e/c~(1/2)))~(1/2))/e/ (e*xx~2+d) ~(1/2) / (-c*x~4+a) " (1/2)-1/8% (-4*A
xckxd*e-4*xBxaxe 2+3*xBxcxd~2)*(1-a/c/x~4) "~ (1/2)*x~3*(a~ (1/2) *(exx~2+d) /(c~ (1
/2)*d+a” (1/2)*e) /x~2)~(1/2)*E1lipticPi(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2
~(1/2),2,27(1/2)*(d/(d+a"~ (1/2)*e/c~(1/2)))~(1/2)) /e~2/ (e*x~2+d) " (1/2) / (-cx*
x"4+a) " (1/2)

output

Mathematica [F]

/ (A + Bz?)vVa — cz? dp — (A+ Bz*)va — cxt i

vd+ ex? B Vd + ex?

inputtlntegrate[((A + B¥x"2)*Sqrt[a - c*x~4])/Sqrtld + exx~2],x]

outputtlntegrate[((A + Bxx"2)*Sqrt[a - c*x~4])/Sqrt[d + exx"2], x] J

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

‘/WFIFA+Bx)

Vd + ex?
l'2261
/\/a—ca:4 A+Bm )d
XL

Vd + ex?
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input LIn‘t [((A + Bxx"2) *Sqrt [a - c*xx~4] )/Sqrt [d + exx~2],x]

outputL$Aborted

Defintions of rubi rules used

ruke2261‘Int[(PX I)*((A) + (e_)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol

‘] :> Unintegrable[Px*(d + e*x~2)"q*(a + c*x~4)"p, x] /; FreeQl{a, c, d, e,
‘P, q}, x] && PolyQ[Px, x]

Maple [F]
(Bz?+ A)v/—ca* + a.

ex?4d

inputLint((B*XA2+A)*(_C*XA4+a)A(1/2)/(9*XA2+d)A(1/2),x)

outputLint((B*XA2+A)*(_C*XA4+3)A(1/2)/(9*X‘2+d)‘(1/2),x)

Fricas [F]

/(A+Bx) a—0$4 /\/— z1 + a(Bz? + A)
Vd + ex? Vex? +d

dx

input‘integrate((B*x”2+A)*(—c*x‘4+a)“(1/2)/(e*x*2+d)*(1/2)’X’ algorithm="fricas"

output Lintegral(sqrt (-c*x™4 + a)*(Bxx~2 + A)/sqrt(e*x”2 + d), x)
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Sympy [F]

dz

/ (A+B2*)Va—cat . [(A+Bs*)Va—cat
Vd + ex? Vd+ ex?

input Lintegrate ((Bxx**2+A) * (—cxxk*d+a) ¥* (1/2) / (e*xx**2+d) ** (1/2) ,x)

output LIDtegral((A + Bkx**2)*sqrt(a - ckx**4)/sqrt(d + e x**2), x)

Maxima [F]

dz

/<A+Bw2)¢a—cw4‘ /mbJrA)
Vd + ex? Ver? +d

input integrate ((Bx"2+A)* (-cxx~4+a) " (1/2)/ (exx"2+d)~(1/2) ,x, algorithn="naxima"

output Lintegrate(sqrt(—c*x’@ + a)*(B*x~2 + A)/sqrt(e*x~2 + d), x)

Giac [F]

dz

/(A-i-Bx) a—cx4 /\/me + A)
Vd+ ex? Vexr? +d

input 1ntegrate (Bxx"2+A)* (-cxx™4+a)"(1/2)/(exx™2+d)"(1/2) ,x, algorithm="giac")

output tintegrate(sqrt(—c*x% + a)*(B*x~2 + A)/sqrt(e*x”2 + d), x)
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Mupad [F(-1)]

Timed out.
(A4<Rﬁ)Va—aﬂdx_l/(Bxl+A)Ja_cx4m7
vd+ ez’ Vver?+d
inputLint(((A + Bxx~2)*(a - c*x~4)"(1/2))/(d + exx~2)~(1/2),x) J

Output\ int (((A + B*x"2)*(a - c*x"4)7(1/2))/(d + e*x"2)"(1/2), x) |

Reduce [F|

dz

/(A—I—Bac2) Vva— cx?
Vvd+ ex?
\/6$2+d\/—cx4+abz—4<f Vea?+dy—czttaa? diL') ace+3<f Vez?+dv—cattazt dx) bcd+2<f__\£eg

—cexb—cd zt+ae x?+ad —cexb—cd zt+aex?+ad

- 4e

tnput Lint ((B*x~2+A) * (-c*x~4+a) ~(1/2) / (exx~2+d) ~(1/2) ,x) J

(sqrt(d + exxx*2)*sqrt(a - c*x**4)*b*x - 4xint((sqrt(d + e*xx**2)*sqrt(a -

cxx*x4) xx**4) /(a*d + axe* x**2 — ckxd*xx*4 — ckxe*x**6),x)*a*cxe + 3*xint((sqr
t(d + exxx*2)*sqrt(a — c*x**4)*x**4)/(a*d + axe*x**2 — ckxd*x**4 — Cke*X**6
) ,x)*bxckd + 2*xint((sqrt(d + e*xx*x*2)*sqrt(a — cxx**4)*x**2)/(axd + axe*xx**
2 - cxd¥xx*k4 — cxe*x**6),x)*a*bxe + 4*int((sqrt(d + exx*x2)*sqrt(a - c*x**
4))/(axd + axe*xx*x*2 — c*xdkx¥*4 — cxe*xx*x*6),x)*a**2xe — int((sqrt(d + e*x**
2)*sqrt(a - c*x**x4))/(a*d + axe*x*x2 — cxd*x**4 — cke*xx**6),x)*a*xb*d)/(4*e

)

output
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) 12V d+ex?
Optimal result . . . . . . . . . . . 466]
Mathematica [F] . . . . . . . . ... 467l
Rubi [F] . . . 467l
Maple [F] . . . . 168
Fricas [F] . . . . . . o 168
Sympy [F] . . . 469]
Maxima [F] . . . . . . . 1691
Giac [F] . . . o o 1691
Mupad [F(-1)] . . . o 470
Reduce [F] . . . . . A70)
Optimal result
Integrand size = 34, antiderivative size = 488
(A + Bz?)va — czt g — B+vd + ex?va — cxt
2/ d + ex? 2ex
NN
Vae a Va(d+ex?) : 1_W 2d
c(Bd + 2Ae) <d+ ﬁ)‘/l_@x?"/WE arcsin 7 |d+%
+
2dev/d + ex?+/a — cxt
1- /2,
Vay/c(Bd — 24e)\/1 — a3 e Cdff/fz 262 EllipticF | arcsin \/‘{ , dﬁ%
_|_
2dv/d + ex?va — cxt
ex . \/ 1_%
o(Bd —24e)\/1 - Hzb oc d(fff:ﬁ EllipticPi | 2, arcsin f‘zf , df%
+

2ev/d + ex?v/a — czt
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1/2xB* (exx~2+d) ~(1/2) *(-cxx~4+a) ~(1/2) /e/x+1/2%c* (2xA*e+B*d) * (d+a~(1/2) *xe/
c~(1/2))*x(1-a/c/x"4) " (1/2)*x"3*(a~ (1/2) *(exx~2+d) / (¢~ (1/2)*d+a~(1/2) *xe) /x~
2)~(1/2)*EllipticE(1/2*%(1-a~(1/2)/c~(1/2)/x"2)~(1/2)*2~(1/2) ,2"(1/2)*(d/(d
+a~(1/2)*e/c”(1/2)))~(1/2))/d/e/(e*x~2+d) ~(1/2) / (-c*x~4+a) " (1/2)+1/2*a~ (1/
2)*c” (1/2) % (—2xAxe+Bxd) * (1-a/c/x"4) " (1/2)*x"3*(a~ (1/2) * (e*x"2+d) / (c~(1/2) *
d+a~ (1/2)*e) /x~2)~(1/2)*E1lipticF(1/2*%(1-a~(1/2)/c~(1/2) /x~2)~(1/2)*2~(1/2
),27(1/2)*(d/(d+a~(1/2)*e/c~(1/2)))~(1/2))/d/ (exx~2+d) ~(1/2) / (-c*xx~4+a) ~ (1
/2)+1/2*%c*x (-2xA*e+B*d) *(1-a/c/x~4) ~(1/2) *x~3*(a~ (1/2) * (e*x~2+d) / (¢~ (1/2) *d
+a”~ (1/2)*e) /x72) " (1/2)*E1llipticPi(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2
),2,27(1/2)*(d/ (d+a~(1/2)*e/c~(1/2)))~(1/2)) /e/(e*x~2+d) ~(1/2) / (—c*x"4+a) "~
(1/2)

output

Mathematica [F]

dz

/ (A+ Bz?)va — cz* dp — / (A+ Bz?)va — cz*
x2y/d + ex? x2y/d + ex?

input LIntegrate [((A + B*x"2)*Sqrt[a - c*x~4])/(x"2xSqrt[d + e*x~2]),x]

~4])/(x"2*Sqrt[d + exx~2]), x]

output |

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/\/a—cw4 A-}-Ba:)d
x

z2v/d + ex?
l2251
/\/a—cx A+Bw)

Vd + ex?

dz

input Int[((A + Bxx"2)*Sqrt[a - c*x"4])/(x"2+Sqrt[d + e*x~2]),x]
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OutputL$Aborted J

Defintions of rubi rules used

e 9251 TE LX) *((E_D*(x 1))~ (m_)*((d) + (e_.)*(x)"2)7(q_)*((a)) + (c_)*(x))
“4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + exx"2)"q*(a + c*x"4)"p ‘
, x] /; FreeQ[{a, c, d, e, £, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

/(Bx2+A) \/—cx4+adx

2\ex? +d

—

input{int((B*x’"2+A)*(—c*x‘4+a)’"(1/2)/x’"2/(e*x’"2+d)’"(1/2),x)

OutputLint((B*x‘2+A)*(—c*x‘4+a)‘(1/2)/x‘2/(e*x‘2+d)‘(1/2),x) J

Fricas [F|

dx

/QHJ%%%FZFd_i/JZ%:EBm+A)

Vd + ex? Ver? + dx?

integrate ((Bx"2+A)* (-cxx~4+a) " (1/2) /x"2/ (exx~2+d) " (1/2) ,x, algorithm="fri

input‘cas") ‘

outputLiﬂtegral(sqrt(-C*X“‘l + a)*(B*x~2 + A)*sqrt(e*x™2 + d)/(e*x"4 + d*x”2), x) J
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Sympy [F]

dz

/ (A + Bz?)vVa — cz? dp — (A+ Bz*)va — cxt
z2v/d + ex? z2v/d + ex?

input Lintegrate ((B*x**2+A) * (—cxx**4+a) *x* (1/2) /x**2/ (exx**x2+d) ** (1/2) ,x)

OutputLIntegral((A + Bkxx*2)xsqrt(a - cxx**x4)/(x**x2*sqrt(d + e*x**2)), x)

Maxima [F]

dz

/ (A+ B:vz) Vva— c:v4 vV—czt + a(Bz? + A)

Vd + ex? Ver? + dr?

lnput‘lntegrate((B*x 2+A) * (-c*x~4+a) " (1/2) /x~2/ (e*x~2+d) ~(1/2) ,x, algorithm="max
‘1ma")

output Lintegrate(sqrt(—c*x% + a)*(B*x~2 + A)/(sqrt(e*x~2 + d)*x”~2), x)

Giac [F]

dx

/(A—i—B:c) a—cx4 vV—czt + a(Bz? + A)

Vd + ex? Ver? + dr?

‘integrate((B*x“2+A)*(-c*x“4+a)“(1/2)/x*2/(e*x”2+d)”(1/2),X, algorithm="gia
‘cu)

input

Ou_tputtintegrate(sqrt(—c*x"4 + a)*(B*x"2 + A)/(sqrt(exx™2 + d)*x~2), x)
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Mupad [F(-1)]

Timed out.
(A+Bed)Va—a / (Bo*+A) Va—eat
22/ d + ex? z2vex? +d
inputLint(((A + Bxx~2)*(a - c*xx~4)~(1/2))/(x~2%(d + e*x~2)~(1/2)),x) J

Output‘int(((A + Bxx"2)*(a - c*xx~4)~(1/2))/(x~2%(d + e*x~2)~(1/2)), x)

Reduce [F]

/(A—i—BxQ)\/m

dx
22v/d + ex?
| Ve +dv—cat +aa+2( [ LR do ) aces — ([ YLt da ) beda +2( [ =

N dz

input Lint ((B*x™2+A) * (—c*xx~4+a) " (1/2) /x~2/ (exx~2+d) ~(1/2) ,x) J

(sqrt(d + exxx*2)*sqrt(a - c*x*x4)*a + 2xint ((sqrt(d + e*x**2)*sqrt(a - cx*
x*x4) xx**4) /(a*d + axe*xx*x*2 — cxd*kxx*4d — cxe*xx**6),x)*akxckxe*x — int((sqrt(
d + exx**2)*sqrt(a - ckxx*4)*x*x4)/(a*d + axe*x**2 — cxd*x*k*4 — cke*x**6),
x)*b*cxd*x + 2*int((sqrt(d + e*x**2)*sqrt(a - ckx**4))/(axd*x**2 + axe*x**
4 - cxdkx*x*6 — cxe*xx**8),x)*a**2xd*x + int((sqrt(d + e*x**2)*sqrt(a - cxx*
*4)) /(axd + akxexx*x*x2 — ckdkxk*x4d - cke*xx**6) ,x)*axbxd*x)/(d*x)

output
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(A—I—Bx2) Va—cr?
z4v/ d+ex?

3.56 [

Optimal result . . . . . . . . . . . Zyal
Mathematica [F] . . . . . . . ... .. AT72
Rubi [F] . . . 72
Maple [F] . . . . 473
Fricas [F] . . . . . . o 473
Sympy [F] . . . 474
Maxima [F] . . . . ... a7
Giac [F] . . . . o o Zye!
Mupad [F(-1)] . . . o 475
Reduce [F] . . . . 0 o 475

Optimal result

Integrand size = 34, antiderivative size = 486

(A + Bz?)va — czt g — _AVd+ex®va - cat
ztv/d + ex? B 3dx?

1— Va_
Vae _Va(d+ex?) : Vea? 2d
e(3Bd —240) (d-+ ) I= i\ [l ( ( 7 ) '9)
3d2v/d + ex?va — czt

-5
Vc(2Acd? + ae(3Bd — 24e)) /1 — P % EllipticF (arcsin ( 7 ) , d+2$58>

_|_

Ve

3v/ad?\/d + ex®va — cxt

1--o, Va
m z ﬁ (jriir/‘ii ) EllipticPi (2 arcsin ( f‘f ) ,d+2% )

Vd + ex?va — cx?
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-1/3%A* (exx~2+d) ~(1/2) *(—c*x~4+a) "~ (1/2) /d/x"3+1/3*c* (-2xAxe+3*Bxd) * (d+a~ (1
/2)*xe/c”(1/2))*(1-a/c/x~4) "~ (1/2)*x~ 3% (a~ (1/2) * (e*x~2+d) / (c~ (1/2) *d+a"~ (1/2)
*xe) /x72)~(1/2)*E1llipticE(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2) ,2"(1/2)
x(d/(d+a~(1/2)*e/c~(1/2)))~(1/2))/d"2/ (exx~2+d) ~(1/2) / (-c*x~4+a)~(1/2)-1/3
*c” (1/2) * (2xAxckxd™2+a*e* (-2*xA*xe+3*Bxd) )*x(1-a/c/x"4) " (1/2)*x~3*(a~ (1/2) *(ex*
x"2+d)/(c~(1/2)*d+a~(1/2)*e) /x"2) " (1/2)*EllipticF (1/2*(1-a~(1/2)/c~(1/2) /x
~2)°(1/2)*27(1/2) ,27(1/2)*(d/(d+a~(1/2)*e/c~(1/2)))~(1/2)) /a~(1/2) /d"2/ (e*
x~2+d) " (1/2) / (—c*x~4+a) ~(1/2) -Bxc*x(1-a/c/x"4) "~ (1/2) *x~3*(a”~ (1/2) * (e*x~2+d)
/(c™(1/2)*d+a~(1/2)*e) /x~2)~(1/2)*E1lipticPi(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(
1/2)%27(1/2) ,2,27(1/2)*(d/(d+a~(1/2)*e/c~(1/2)))~(1/2) )/ (e*x~2+d) " (1/2) / (-
c*xx~4+a)~(1/2)

output

Mathematica [F]

dz

/ (A+ Bz?)va — cz* dp — / (A+ Bz?)va — cz*
x4/ d + ex? z4/d + ex?

input LIntegrate [((A + B*x"2)*Sqrt[a - c*x~4])/(x"4xSqrt[d + e*x~2]),x]

~4])/(x"4*Sqrt[d + exx~2]), x]

output |

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/\/a—cw4 A-}-Ba:)d
x

z4/d + ex?
l 92251

/\/a—cx A+Bw)
Vd + ex?

dz

input Int[((A + Bxx"2)*Sqrt[a - c*x"4])/(x"4*Sqrt[d + e*x~2]),x]
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OutputL$Aborted J

Defintions of rubi rules used

e 9251 TE LX) *((E_D*(x 1))~ (m_)*((d) + (e_.)*(x)"2)7(q_)*((a)) + (c_)*(x))
“4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + exx"2)"q*(a + c*x"4)"p ‘
, x] /; FreeQ[{a, c, d, e, £, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

/ (Bx? + A)v/—caz? ta,
x*Vex?+d

—

input{int((B*x’"2+A)*(—c*x‘4+a)’"(1/2)/x’"4/(e*x’"2+d)’"(1/2),x)

OutputLint((B*x‘2+A)*(—c*x‘4+a)‘(1/2)/x‘4/(e*x‘2+d)‘(1/2),x) J

Fricas [F|

dx

/QHJ%%%FZFd_i/JZ%:EBm+A)

z4/d + ex? Ver? + dzt

integrate ((Bx"2+A)* (-cxx~4+a) " (1/2) /x"4/ (exx™2+d) " (1/2) ,x, algorithm="fri

input‘cas") ‘

outputLiﬂtegral(sqrt(-C*X“‘l + a)*(B*x~2 + A)*sqrt(e*xx™2 + d)/(e*x"6 + d*x~4), x) J
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Sympy [F]

dz

/ (A + Bz?)vVa — cz? dp — (A+ Bz*)va — cxt
ztv/d + ex? ziv/d + ex?

input Lintegrate ((B*x**2+A) * (—cxx**4+a) *x* (1/2) /x**4/ (exx**x2+d) ** (1/2) ,x)

OutputLIntegral((A + Bkxx*2)xsqrt(a - cxx**x4)/(x*x4d*sqrt(d + e*x**2)), x)

Maxima [F]

dz

/ (A+ Bz?)va — c:v4 vV—czt + a(Bz? + A)

z4/d + ex? Ver? + dzt

lnput‘lntegrate((B*x 2+A) * (-c*x~4+a) "~ (1/2) /x~4/ (e*x~2+d) ~(1/2) ,x, algorithm="max
‘1ma")

output Lintegrate(sqrt(—c*x% + a)*(B*x~2 + A)/(sqrt(e*x™2 + d)*x~4), x)

Giac [F]

dx

/(A—i—B:c) a—cx4 vV—czt + a(Bz? + A)

z4/d + ex? Ver? + dzt

‘integrate((B*x“2+A)*(-c*x“4+a)“(1/2)/x*4/(e*x”2+d)”(1/2),X, algorithm="gia
‘cu)

input

Ou_tputtintegrate(sqrt(—c*x"4 + a)*(B*x"2 + A)/(sqrt(exx™2 + d)*x"4), x)
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Mupad [F(-1)]

Timed out.
(A+ Ba?)Va—crt (Bo?+ A) Va—cal
dr = dx
r*v/d + ex? z*vVex?+d
inputLint(((A + Bxx~2)*(a - c*xx~4)~(1/2))/(x~4x(d + e*x~2)~(1/2)),x) J

output\ int (((A + B¥x~2)*(a - c*x~4)~(1/2))/(x~4*(d + e*x~2)"(1/2)), x)

Reduce [F]

dz

/(A—i—BxQ)\/m

z4/d + ex?
—Vezr2+dv—cri+ab— 2<f Ver?+dy—ca'tac? dx> bee 23 + 2<f vezitdy—cata dx) alexd —

—cexb—cd z%+ae x?+ad —cex10—cd x8+ae x6+ad x4

input Lint ((B*x™2+A) * (—c*xx"4+a) " (1/2) /x~4/ (exx~2+d) ~(1/2) ,x) J

( - sqrt(d + exxx*2)*sqrt(a - cxx**4)*b - 2*int((sqrt(d + e*x**2)*sqrt(a -
ckxx*x4) xx**2) /(axd + akxe*xx**2 — ckd*x*k*4 - ckxe*xx**6),x)*kbkckexx**3 + 2*in
t((sqrt(d + e*x**2)*sqrt(a - c*x**4))/(axd*x**4 + akexx**6 — ckd*x**8 - c*
exx*x*10) ,x) ¥a*x*2xe*xx**x3 — 3*xint ((sqrt(d + e*xx**2)*sqrt(a - cxx**4))/(axd*x
*¥*4 + axe*xxx*6 — cxd*kx**k8 — cxe*xx**10),x)*axbkd*x**3 - 2*xint((sqrt(d + e*x
**x2)xsqrt(a — cxx**4))/(a*xd + akexx**2 - ckd*x**4 — ckexx**6) ,X)*kakxckexx**
3 + int((sqrt(d + exxx*2)*sqrt(a - c*x*x4))/(a*d + axe*x**2 — cxd*x*x4 - c
*@*X**6) ,X) ¥bkckd*x**3) / (2*e*x**3)

output
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f (A+B£I}2) Va—cz?

3.57 26/ d+ex?

Optimal result . . . . . . . . . . . 476
Mathematica [F] . . . . . . . ... .. 477
Rubi [F] . . . Zyi
Maple [F] . . . . 478
Fricas [F] . . . . . . o 478
Sympy [F] . . . 478
Maxima [F] . . . . ... AT79
Giac [F] . . . . o o 479
Mupad [F(-1)] . . . o o 479
Reduce [F] . . . . 0 o 430

Optimal result

Integrand size = 34, antiderivative size = 413

dr =
d Vd+ ex? 5dz5 15d2z3

/ (A+ Bac Va — cxt _ _A\/d+e:c2\/a —czt (5Bd — 4Ae)v/d + ex?v/a — cxt

Va

ae a a ex? . 1- a2
20<d + ‘@ > (3Acd® + baBde — 4aAe?) \ /1 — La?, /%E (arcsm ( 7 ) Idﬁ\?f;)

15ad3v/d + ex®\/a — cx*

a(d+ex < s . 1_%
2¢/c(5Bd — 4Ae) (cd® — ae®) \/1 — L,/ % EllipticF (arcsm ( \/‘; ) : d+2$f;)

15y/ad3v/d + ex?\a — cx*

-1/5%A* (exx~2+d) ~(1/2)*(-c*x~4+a) ~(1/2) /d/x"5-1/15% (4*xA*e+5xB*xd) * (exx~2+d
)" (1/2)*(-c*x"4+a) "~ (1/2)/d"2/x"3-2/15*%c* (d+a~ (1/2) *e/c~ (1/2) ) x (—4*xA*a*xe™ 2+
3*A*c*d"2+5xBxaxdxe) *(1-a/c/x"4) " (1/2)*x"3*(a~ (1/2) * (e*xx~2+d) / (¢~ (1/2) *d+a
~(1/2)*e)/x~2) " (1/2)*E1llipticE(1/2*x(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2"(1/2),2
~(1/2)*(d/(d+a~(1/2)*e/c”(1/2)))~(1/2)) /a/d"3/ (exx~2+d) ~(1/2) / (-c*x"4+a) ~ (
1/2)-2/15%c™ (1/2) * (-4*A*e+5*%B*d) * (—a*xe~2+c*d~2) *(1-a/c/x~4) ~(1/2) *x~3*(a~(
1/2)*(exx~2+d) / (¢~ (1/2) *d+a”~ (1/2)*e) /x~2) " (1/2) *E1lipticF (1/2*(1-a~(1/2)/c
~(1/2)/x72)"(1/2)*27(1/2) ,27(1/2)*(d/(d+a~(1/2)*e/c~(1/2)))~(1/2)) /a~(1/2)
/d"~3/(e*x~2+d) ~(1/2)/ (—c*x~4+a)~(1/2)

output
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Mathematica [F]

/(A+Bx2)\/mdx= (A+Bx2)mdx
26/d + ex? 26/d + ex?
inputtlntegrate[((A + Bxx~2)*Sqrt[a - c*x~4])/(x"6*Sqrt[d + e*x~2]),x] J
output LIntegrate[((A + B*x"2)*Sqrt[a - c*x74])/(x"6*Sqrt[d + e*x~2]), x] J
Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/\/a—cm A+B:c 2) i
Vd + ex?
l 2251
/ \/a—i A+Ba?)
T
Vd + ex?
( R
input LInt [((A + Bxx"2)*Sqrt[a - c*x~4])/(x"6*Sqrt[d + e*x~2]),x] J
output L$Aborted J

Defintions of rubi rules used

2251‘Int[(PX_)*((f_.)*(x_))"(m_.)*((d_) + (e_)*(x_)"2)"(q_)*((a) + (c_.)*(x.) ‘
"‘4)"(p_.), x_Symbol] :> Unintegrable[Px*(f*x) “m*(d + exx"2) gx(a + c*x"4)"p ‘
L, x] /; FreeQ[{a, c, d, e, £, m, p, q}, x] && PolyQ[Px, x] J

rule
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Maple [F]
(Ba+ 4)V=erita,
x8vex? +d
inputLint((B*x‘2+A)*(-c*x‘4+a)‘(1/2)/x‘6/(e*x‘2+d)*(1/2),X) J

output | int ((B*x"~2+A)* (-cxx"4+a) " (1/2)/x"6/ (exx~2+d) "~ (1/2) ,x) |

Fricas [F]

dx

/(A—i—Ba:) a,—ca:4 vV —cz* + a(Bz? + A)

26+/d + ex? Vex? + dzb

¢ ‘ integrate ((B*x~2+A)* (-c*x~4+a)~(1/2) /x"6/(exx~2+d)~(1/2) ,x, algorithm="fri ‘

inpu cas ‘
output Lintegral(sqrt(—c*x“ll + a)*(Bxx"2 + A)*sqrt(exx”2 + d)/(exx"8 + d*x"6), x) J
Sympy [F]
26+/d + ex? 26/d + ex?
input Lintegrate ((BHx#k2+A) * (—chxkkd+a) %k (1/2) /x%*6/ (exxxk2+d) %% (1/2) ,X) J

output LIntegral((A + B#x**2)*sqrt(a - c*x**4)/(xx*6xsqrt(d + e*x**2)), x) J
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Maxima [F]

dx

/(A—i—Bx) a—ca:“ v —cz* + a(Bz? + A)

6 d'+6$2 em2 dxb

‘integrate((B*x“2+A)*(—c*x“4+a)‘(1/2)/x‘6/(e*x‘2+d)‘(1/2),x, algorithm="max

input ‘ 1ma") ‘

OutputLintegrate(sqrt(—c*x‘4 + a)*(B*x~2 + A)/(sqrt(e*x~2 + d)*x"6), x) J

Giac [F]

dx

/(A+B:c2)\/m /mBm + A)

z6/d + ex? Vex? + dxb

‘integrate((B*x‘2+A)*(—c*x“4+a)‘(1/2)/x‘6/(e*x‘2+d)‘(1/2),x, algorithm="gia
‘C") ‘

input

Output‘integrate(sqrt(—c*x”4 + a)*(Bxx"2 + A)/(sqrt(e*x”2 + d)*x"6), x)

Mupad [F(-1)]

Timed out.
(A+ Bz?)va — cxt (Bz?+ A) Va—cxt
dr = dz
z8v/d + ex? z6vex?+d
inputtint(((A + B*x"2)*(a - c*x~4)"(1/2))/(x"6%(d + exx~2)~(1/2)),x) J

output Lint(((A + B*x"2)*(a - c*x74)7(1/2))/(x76%(d + e*x2)7(1/2)), x) J
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Reduce [F]

dx = Too large to display

/ (A + Bz?)Va — cz?
z%v/d + ex?

‘int((B*x‘2+A)*(—c*x“4+a)‘(1/2)/x‘6/(e*x‘2+d)“(1/2),x)

\

input

( - 2xsqrt(d + exxx*2)*sqrt(a - c*x**4)*ax*2xd*e**x2 + 10*sqrt(d + e*x**2)x*
sqrt(a - c*x*x*4)*axbkdxe**2kxx*xx2 — 20*sqrt(d + exx*x2)*sqrt(a - ckx**4)*ax
b¥e**3*x*k*4 — 3xsqrt(d + exxx*2)*sqrt(a — c*x*x4)*axckd**2ke*xx**2 + 10*sqr
t(d + exx**2)*sqrt(a — cxx**4)*axckxdre*xx2xx*x4 + 16xsqrt(d + e*x**2)*sqrt(
a — cxx**4)*bkcxdx*3xx**2 — 30*sqrt(d + e*xx**2)xsqrt(a - ckx**4)xbkckd**2x*
e*xx**4 - 40*int ((sqrt(d + exx*x2)*sqrt(a - ckx**4)*x**4)/(axd + axexx**2 -
Ckdxx**k4 — cke*xx**6),x)*xa*xbkrckexkdxxx*k5 + 20xint ((sqrt(d + exxx*2)*sqrt(a
- c*xxkx4) kx*x*4) /(axd + axe*xk*2 — ckdxx**k4d - ckxe*x*k*6),x)*kakckkkxdrex*x3*x
*%5 — 60*int ((sqrt(d + e*xx**2)*sqrt(a — c*x**4)*x**4)/(a*d + axe*x**2 - c*
d*x**4 — ckexxX**6) ,X)¥bkck*kkd**2kex*k2xx**5 — 20*int ((sqrt(d + e*xx**2)*sqr
t(a - ckxkkd)*xx**2)/(axd + akexxk*x2 — ckdkxk*x4d - cke*xx**6),x)*axbkckd*e**3
*x*%*%5 + 10*int ((sqrt(d + exx**x2)*sqrt(a - c*x**4)*x*x*2)/(axd + akexx*x2 -
Cckdxx**k4 — ckexx**6) ,X)kakck*k2kdk*2kex*2kx**5 — 30*int ((sqrt(d + e*x**2)*s
art(a - cxx*x4)*xx*2)/(axd + akxexx**2 — ckd*x**4 — C*xexX**6) ,X)¥b*kCk*2*d**
3kxexx* x5 - 8xint((sqrt(d + e*x**2)*sqrt(a - c*x**4))/(a*xd*x**4 + axe*x**6
— c*xdxx**8 - cke*x**10),x)*a**3*kd*ex*3*x**5 + 40*int ((sqrt(d + exx**x2)*sqr
t(a - ckx**4))/(a*d*x**x4 + akxe*xx**x6 — ckd*x**8 — cke*xx*x*x10),x)kaxx2xb*xd**2
xe*x*x2xx*xx5 — 9*xint ((sqrt(d + exx*x2)*sqrt(a - c*x**4))/(a*d*x**x4 + akexx**
6 — cxd*x**8 — cxe*x**10),x)*ax*2*ckd**3*exx*x5 + 45xint ((sqrt(d + e*x**2)

xsqrt(a — cxx*+*4))/(a*d*x**x4 + akexx*x6 — ckd*x**x8 - ckexx**x10),x)*a*bx...

output
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3.58 f (A—}-BxQ)\/a—cav‘—l d
) 28V d+ex? T

Optimal result . . . . . . . . . . . [48T]
Mathematica [F] . . . . . . . ... .. 482
Rubi [F] . . . 482
Maple [F] . . . . 483
Fricas [F] . . . . . . o 483
Sympy [F] . . . [4841
Maxima [F] . . . . ... (434
Giac [F] . . . . o o (434
Mupad [F(-1)] . . . o
Reduce [F] . . . . 0 o

Optimal result

Integrand size = 34, antiderivative size = 492

(A+ Bz?) vVa — cxt g — _A\/d + ex2v/a — cxt B (7TBd — 6Ae)vVd + ex?v/a — cxt
28v/d + ex? B 7dx" 35d?z°
N 2(5Acd? + 14aBde — 12aAe?) v/d + ex?v/a — cz*
105ad3z3
Y
2c(d+Y£) (21Bed® — 13AcdPe — 28aBde? + 2ade’) \/T= Zab, [ Lol | (arcsin ( ﬁ
Bl 105ad4v/d + ex?2va — czt
| a

2y/c(cd? — ae?) (5Acd? — 28aBde + 24aAe?) \/T— iz (ﬁ<d+ex2>

Vcd++/ae)x?

EllipticF (arcsin (

105a3/2d4v/d + ex?\/a — cxt
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-1/T*A* (exx~2+d) ~(1/2) * (—c*x~4+a) " (1/2) /d/x"7-1/35* (-6%A*e+7*B*d) * (e*xx~2+d
)" (1/2)*(—c*x~4+a)~(1/2) /d"2/x"5+2/105* (-12*xAxa*e”2+5*xA*cxd~2+14*B*xa*d*e) *
(e*x~2+d) " (1/2) *(-c*x~4+a) ~(1/2) /a/d"3/x"3-2/105*c*x(d+a~ (1/2) *xe/c~(1/2) ) *(
24%A*axe”3-13*xAxcxd~2*xe—28*B*a*d*e 2+21*Bxcxd~3)*(1-a/c/x"4) " (1/2) *x~3*(a”
(1/2)*(exx~2+d) /(c~(1/2)*d+a~(1/2)*e) /x~2) ~(1/2) *E1lipticE(1/2*(1-a~(1/2)/
c~(1/2)/x72)"(1/2)*27(1/2) ,2"(1/2)*(d/(d+a~ (1/2)*xe/c~(1/2)))~(1/2)) /a/d"4/
(exx~2+d) " (1/2)/ (—c*xx~4+a) "~ (1/2)-2/105*%c~ (1/2) * (—a*xe~2+c*xd"2) * (24*Axa*xe” 2+
BxAxcxd~2-28*Bxaxd*e)* (1-a/c/x~4) ~(1/2)*x~ 3% (a~ (1/2) *(e*xx~2+d) / (c~ (1/2) *d+
a~(1/2)*e)/x~2)~(1/2)*EllipticF(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2),
27 (1/2)*(d/(d+a~(1/2)*e/c”(1/2)))~(1/2))/a~(3/2)/d"4/ (exx~2+d) ~(1/2) / (—c*x
~4+a)~(1/2)

output

Mathematica [F]

dz

/ (A+ Bz?)va — cz* dp — / (A+ Bz?)va — cz*
x8y/d + ex? x8v/d + ex?

input LIntegrate [((A + Bxx"2)*Sqrt[a - c*x~4])/(x"8*Sqrt[d + e*x"2]),x]

~4])/(x"8*Sqrt[d + exx~2]), x]

output |

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/\/a—cw4 A-}-Ba:)d
x

z8v/d + ex?

l 2251

/\/a—cx A+Bw)
Vd + ex?

dz

input Int[((A + Bxx~2)*Sqrt[a - c*x"4])/(x"8%Sqrt[d + e*x~2]),x]




CHAPTER 3. LISTING OF INTEGRALS 483

OutputL$Aborted J

Defintions of rubi rules used

e 9251 TE LX) *((E_D*(x 1))~ (m_)*((d) + (e_.)*(x)"2)7(q_)*((a)) + (c_)*(x))
“4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + exx"2)"q*(a + c*x"4)"p ‘
, x] /; FreeQ[{a, c, d, e, £, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

/(Bx2+A) \/—cx4+adx

8vex? +d

—

input{int((B*x’"2+A)*(—c*x‘4+a)’"(1/2)/x’"8/(e*x’"2+d)’"(1/2),x)

OutputLint((B*x‘2+A)*(—c*x‘4+a)‘(1/2)/x“8/(e*x‘2+d)‘(1/2),x) J

Fricas [F|

dx

/QHJ%%%FZFd_i/JZ%:EBm+A)

z8/d + ex? Ver? + d8

integrate((Bx"2+A)* (-cxx"4+a) " (1/2) /x"8/ (exx™2+d) " (1/2) ,x, algorithm="fri

input‘cas") ‘

ou‘cpu‘cLintegra]‘(s‘qrt(-C*Xﬁ4 + a)*(Bxx"2 + A)*sqrt(exx”2 + d)/(exx"10 + d*x"8), x) J
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Sympy [F]

dz

/(A+Ba;2)\/mdx_ (A+ Bz?) va — czt
28v/d + ex? 28+/d + ex?

input Lintegrate ((B*x**2+A) * (—cxx**4+a) *x* (1/2) /x**8/ (exx**x2+d) ** (1/2) ,x)

output LIntegral((A + Bix**2)*xsqrt(a - ckxx**4)/(x**8*sqrt(d + exx**2)), x)

Maxima [F]

dz

/(A+B:B2) \/a—cx“ V—cz* + a(Bz? + A)

z8v/d + ex? Vex? + dz8

mput‘lntegrate((B*X 2+A) * (-c*x~4+a) " (1/2) /x~8/ (e*x~2+d) ~(1/2) ,x, algorithm="max
‘1ma")

output Lintegrate (sqrt(-c*x~4 + a)*(B*xx~2 + A)/(sqrt(exx”2 + d)*x78), x)

Giac [F]

dx

/(A—i—B:c) a—cx4 vV —cz* + a(Bz? + A)

28+/d + ex? Vex? + dz8

‘integrate((B*x“2+A)*(-c*x‘4+a)“(1/2)/x*8/(e*x*2+d)*(1/2)’x’ algorithm="gia
‘cu)

input

OutputLintegrate(sqrt(—c*x‘4 + a)*(B*xx~2 + A)/(sqrt(exx”2 + d)*x"8), x)
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Mupad [F(-1)]

Timed out.
(A+ Ba?) Va—cat /(Bqu)\/m
dx = dzx
x8v/d + ex? z8vVex?+d
inputLint(((A + B*x"2)*(a - c*x74)"(1/2))/(x"8*(d + exx~2)"(1/2)),x)
OutputLint(((A + Bxx"2)*(a - c*x74)7(1/2))/(x"8x(d + e*xx"2)"(1/2)), x)
Reduce [F|
(A+ Bz?)va — cz* _
dx = too large to displa;
/ w8\/d + ex? s play

input Lint ((B*x~2+A) * (—c*xx~4+a) ~(1/2) /x~8/ (exx~2+d) ~(1/2) ,x)
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( - 24*sqrt(d + exx**x2)xsqrt(a - ckx**4)*xaxxdxdxe*xx4d + 2*sqrt(d + exx*x2)*
sqrt(a - cxx*x4)*xaxk3kckd*sx3*xe*x2 + 60*sqrt(d + exx**2)*sqrt(a - ckx**4)*a
*)k3kckd**k2kex*3xkx*¥*x2 — 120*sqrt(d + exx**2)*sqrt(a — c*x**4)*ax*x3*xckdxe**4
*xx**4 + 144*xsqrt(d + e*x**2)*sqrt(a — cxx**4)*kax*3kckex*5xx**x6 — 84xsqrt(d
+ exx*x2)xsqrt(a — ckxx*4)*ak*2kbkckd**3ke*x*2xx**x2 + 168*sqrt(d + e*xx**2)
xsqrt(a — cxx**4)kax*2xbkckd*x2kex*3*xx**4 - 168*sqrt(d + exx**2)*sqrt(a -
Cxx*x4) xa*x*2xbkckd*ex*4*xx*x6 — Sksqrt(d + e*x**2)*sqrt(a — ckx**4)*xa*x*x2kc*
*x2xd*kxdke*xxx*2 + 10ksqrt(d + e*x*k*2)xsqrt(a — cxx**4)kax*k2kck*kkdr*k3kex*k2k
xkx4 + 168*sqrt(d + exx**2)*sqrt(a — ckx**4)*ax*x2xck*2xd**2xex*3*xx**6 + 35
*sqrt(d + exx**2)*sqrt(a — cxx**4)*a*xbkxcx*2*xdx*5*x**2 — 70*sqrt(d + exx**2
Yxsqrt(a — ckx**4)*akbkrck*k2kd**kdkexx**4 — 126*%sqrt(d + exx**2)*sqrt(a - c*
X¥k4) kakbrckk2xdxx3ke*x2xx*x6 — 15*sqrt(d + exx**2)*ksqrt(a — ckxk*4)*akck*
3xd**4*kexx**6 + 106xsqrt(d + exx*+*2)*sqrt(a - c*x**4)*b*xck*3xd*x5*xx**6 + 3
456*int ((sqrt(d + exx**2)*sqrt(a — ckx**4)*x**4)/(12%a**2*kd*kex*2 + 12ka**2
kekxk3kxkk2 — akxckdk*k3 — akckdkkkekxk*k2 — 12kakckdkex*kQkxk*x4 — 12*gkckex*3
*Xkk6 + Ckk2kdkk3kxkkd + CHRkkd*k2kekX*k*6) ,X) kakkdkckkDkexk8xkx*kk7 — 4032%i
nt((sqrt(d + exx*x2)*sqrt(a - ckx*x*4)*x**x4)/(12xa**x2kdxe**2 + 12*a*x*2xe**3
*kxk%k2 — akckd*x*k3 — akxckdkk2kekxkk2 — 12kakchkdkek*kQkxkk4 — 12%akcke**kJkx*k*6
+ cx*x2*xQkk3kxkk4 + Chk2kd*x*x2kekX*k*6) ,X) kakk3Ikbkck*2kdkexkTHx**7 + 3744%*in
t((sqrt(d + e*x**2)*sqrt(a — ckx**4)*x**x4)/(12%a**x2kd*ke*x*2 + 12ka*x2kex*. ..

output
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3.59 f (A—}-BxQ)\/a—cav‘—l dx
) 710/ d+ex?

Optimal result . . . . . . . . . . . 487
Mathematica [F] . . . . . . . ... .. 488
Rubi [F] . . . 188
Maple [F] . . . . 489
Fricas [F] . . . . . . o 489
Sympy [F] . . . 490
Maxima [F] . . . . ... 90
Giac [F] . . . . o o 900
Mupad [F(-1)] . . . o 491
Reduce [F] . . . . 0 o 491

Optimal result

Integrand size = 34, antiderivative size = 588

(A + Bz?)va — czt g —

_AVd+er®Va—crt  (9Bd - 8Ae)Vd + ex’va — cat

219v/d + ex? B 9dz®

63d2x7

N 2(7TAcd? + 27aBde — 24aAe?) v/d + ex?va — cz*

315ad3z®

N 2(15Bcd® — 11 Acd?e — 36aBde? + 32aAe®) vVd + ex?v/a — cxt

315ad4z3

2c<d + %) (3aBde(13cd? — 24ae?) — A(213d* + 30acd®e® — 64ae!)) \/T— Lo\ [ ) (

_|_

2¢/c(cd? — ae?) (15Bcd® — 18 Acd’e + T2aBde? — 64aAe’) \ /1 — La?

315a2d%v/d + ex?va — cxt

Va(d+tez?)
(Ved++/ae)x?

EllipticF (arcsi

315a3/2d5v/d + ex2\/a — czt



output

input

output L
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-1/9*%A* (exx~2+d) ~(1/2)*(-c*x~4+a) ~(1/2) /d/x"9-1/63* (-8*xA*e+9*B*d) * (exx~2+d
)" (1/2) % (—c*x~4+a) ~(1/2) /A" 2/x"T+2/315* (-24*Axa*xe”2+7*A*xcxd”~2+27*B*xa*d*e) *
(exx~2+d) ~(1/2) *(-c*x~4+a) "~ (1/2) /a/d"3/x"5+2/315% (32*A*a*e”3-11*xAxcxd " 2*xe—
36*Bxa*xd*e”2+15*xBxc*d~3) * (exx~2+d) ~(1/2) *(-c*x~4+a)~(1/2) /a/d"4/x"3+2/315%
cx(d+a~(1/2)*e/c” (1/2)) * (3*a*Bxd*e*x (—24*xa*xe”2+13*c*d"2) —A* (-64*a~2xe~4+30%*
axcxd"2*e~2+21*%c~2xd"4) ) *x(1-a/c/x"4) " (1/2)*x~3*(a~ (1/2) * (e*x~2+d) / (¢~ (1/2)
xd+a”~(1/2) *e) /x~2) " (1/2)*E1lipticE(1/2*(1-a~(1/2)/c~(1/2) /x~2)~(1/2)*2~(1/
2),27(1/2)*(d/(@+a~(1/2)*e/c~(1/2)))~(1/2))/a~2/d"5/ (e*x~2+d) "~ (1/2) / (-c*x~
4+a)~ (1/2)-2/315%c™ (1/2) * (maxe”2+c*d"~2) x (-64*Axa*xe~3-18*Axc*d~2*e+72*B*xaxd
*xe~2+16*%B*c*d~3) *(1-a/c/x74) ~(1/2)*x~3*(a”~ (1/2) * (e*x~2+d) / (c~ (1/2) *d+a~ (1/
2)xe)/x"2)~(1/2)*EllipticF(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2) ,2"(1/
2)*(d/(a+a~(1/2)*e/c”(1/2)))~(1/2))/a~(3/2)/d"5/ (exx~2+d) ~(1/2) / (—c*x"4+a)
~(1/2)

Mathematica [F]

dz

/ (A + Bz?)vVa — cz? dp — / (A+ Bz*)va — cxt
719/d + ex? 710v/d + ex?

LIntegrate[((A + B*x"2)*Sqrt[a - c*xx"4])/(x"10*Sqrt[d + e*x~2]),x]

~—

p
Integrate[((A + B*x"2)*Sqrt[a - c*x"4])/(x"10*Sqrt[d + e*x~2]), x]

~—

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed

below.

i

/\/a—cx4 A+B:c )
z10/d + ex?
12251

/\/a—ca:4 A+Ba: )

z10v/d + ex?

dzr
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inputLInt[((A + Bxx"2)*Sqrt[a - c*x74])/(x"10*Sqrt[d + exx~2]),x] J

outputL$Aborted J

Defintions of rubi rules used

e 9251 TEE LX) *((E_D*(x )~ (m_)*((d) + (e_)*(x) 27 (q . )*((a) + (c_)*(x)
“4)‘(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*x(d + e*x~2)"g*(a + c*x~4)7p ‘
, x] /; FreeQ[{a, c, d, e, f, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

(Bz?+ A)v/—czt + a.
z0/ez? +d

input Lint ((Bxx~2+A) * (—c*xx~4+a) ~(1/2) /x~10/ (e*xx~2+d) ~(1/2) ,x) J

output Lint ((B*x~2+A) *(—c*xx~4+a) " (1/2) /x~10/ (exx~2+d) ~(1/2) ,x) J

Fricas [F]

/(A+Bx) a—cx4 vV—cz* + a(Bz? + A)

z10v/d + ex? Ver? + dzlo

dx

integrate ((Bxx~2+A)*(-c*x~4+a)~(1/2)/x~10/ (exx~2+d)~(1/2) ,x, algorithm="fr

input
icas")

integral(sqrt(-c*x~4 + a)*(B*x"2 + A)*sqrt(e*x”2 + d)/(e*x”12 + d*x~10), x

output )
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Sympy [F]

dz

/ (A + Bz?)vVa — cz? dp — / (A+ Bz*)va — cxt
719/d + ex? 110/d + ex?

inputLintegrate((B*x**2+A)*(—c*x**4+a)**(1/2)/x**1o/(e*x**2+d)**(1/2)’x)

output LIntegral((A + Bix**2)*xsqrt(a - ckxx**4)/(x**10*sqrt(d + exx**2)), x)

Maxima [F]

dz

/(A+Bx2)\/m /mb + A)

219v/d + ex? Ver? + drl0

input ‘ integrate ((B*x~2+A)*(-c*x~4+a)~(1/2) /x~10/ (exx~2+d)~(1/2) ,x, algorithm="ma
‘x1ma")

output Lintegrate(sqrt(—c*x% + a)*(B*x"2 + A)/(sqrt(e*x~2 + d)*x~10), x)

Giac [F]

/(A—i—B:c) a—cx4 v —cz* + a(Bz? +A)d

£10v/d + ex? Ver? + dzlo

‘integrate((B*XA2+A)*(‘C*X*4+a)”(1/2)/X“10/(e*X“2+d)”(1/2),x, algorithm="gi

input‘ac")

Ou_tputtintegrate(sqrt(—c*x"4 + a)*(B*x~2 + A)/(sqrt(e*xx”2 + d)*x~10), x)
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Mupad [F(-1)]

Timed out.
(A+ Ba?)Va—crt (Bo? + A) Va—ca?
dr = dz
x10v/d + ex? x0+ex?+d
inputLint(((A + B¥x"2)*(a - c*x74)7(1/2))/(x"10*%(d + e*x~2)~(1/2)),x)
OutputLint(((A + Bxx"2)*(a - c*x74)7(1/2))/(x"10%(d + e*x"2)"(1/2)), x)
Reduce [F|
A+ Bz*)va — cxt
/ (A+ Bo) va—cz dx = too large to display
TN

input Lint ((B*x~2+A) * (-c*x~4+a) ~(1/2) /x~10/ (e*x~2+d) ~(1/2) ,x)
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(- 1440*sqrt(d + exx**2)xsqrt(a - c*x**4)*ax*x5xdkxe*x6 + 1440*sqrt(d + e*x
*¥*k2) ksqrt(a - c*x**4)xaxxdxbkxdker*Bxxk*2 - 1728xsqrt(d + e*xxx*2)*sqrt(a -
cxx**x4) xa*x*kdxbkex*Txx* x4 — 1680*sqrt(d + e*x**2)*sqrt(a — cxx*x4)*akx*dxc*d
**kQkex*kExx**2 + 2592%sqrt(d + exx**2)*ksqrt(a — cHxk*4)xaxkdxckdkex*Bkx**4
+ 4320*sqrt(d + exx*x*2)*sqrt(a — c*x**4)*ax*3xbkckd**3kex*4*kx**2 — 5184*sq
rt(d + e*x**2)*sqrt(a - ckx**x4)*xa*x*3kbkxckd**2*xex*b5xx*x4 + 288xsqrt(d + exx
**x2)xsqrt(a — cxx**4)*ax*3xb*rckxd*ex*6xx*x6 + 10*sqrt(d + exx**2)*sqrt(a -
CHx**x4) ka*xk3kck*k2kd*kxkbkex*2 — 1400*sqrt(d + e*xx**2)*sqrt(a — c*x**4)*a*x3*
CH*k2kd**k4*kex*3*kx**2 + 1680*sqrt(d + exx**2)*sqrt(a — ckx**4)*xar*k3xck*2xd**
3kex*4*x**4 + 528xsqrt(d + e*x**2)*sqrt(a — c*xx*4)*ka*rk3kckk2kd**x2ke**xE5xx*
*6 + 3690*sqrt(d + exx*x2)*sqrt(a — ckx**4)*ax*2xbkckx2xd*xkSkex*x2xx**x2 — 4
428*sqrt(d + exx**x2)*sqrt(a — ckxk*4)*ka*xx2*xbkck*kdx*dkex*3kxx*k4d + 864*sqr
t(d + e*xx*x*x2)*xsqrt(a — cxx**x4)*a*x*2xb*ckx*2xd**x3*kex*4*x**6 — 106*sqrt(d + e
*xx*%2) ksqrt(a — ckxk*4)xa*xx2kxck*x3*xd**k6*e*xx**2 + 122+sqrt(d + exx**2)*sqrt(
a — C*x**4)kax*2xck*3kd*kkEGkxe*x2*xx*k*x4 — 280*sqrt(d + exx**2)*sqrt(a - cHx**
4) xa*x*x2kcrkx3xdkkdxe*x3*kxx*k6 + 945*%sqrt(d + e*x**2)*sqrt(a - cxx**4)*akxbxcxk
*3kd*kTxx*k*2 — 1134xsqrt(d + exx**2)*sqrt(a — c*x**4)*kaxb*cx*k3xd**xBkexx**4
+ 738xsqrt(d + e*x**x2)*sqrt(a - cxx**4)*axbkxcx*3kd**5*xe*x*2xx**6 — 27*sqrt
(d + exx*x*2)*sqrt(a — cxxx*4)*akxck*d*d*x*G*e*xx*x*6 + 189*sqrt(d + exx**2)*sq
rt(a - ckx**4)*xbkckxdxd*xTxx**x6 — 1658880*int ((sqrt(d + e*x**2)*sqrt(a ...

output
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z (A+Bx2) a—cx
3.60 [ Vo dw
(d+ea?)

Optimal result . . . . . . . . .. .. 493]
Mathematica [F] . . . . . . . ... .. 4941
Rubi [F] . . oo 497
Maple [F] . . . . o 495
Fricas [F] . . . . . . o 495
Sympy [F] . . . o 496
Maxima [F] . . . . . . o 196
Giac [F] . o o o 496
Mupad [F(-1)] . . . o 497
Reduce [F] . . . . . 497

Optimal result

Integrand size = 34, antiderivative size = 673

/ z*(A+ Bz?)Va — cxt e — _d(Bd - Ae)zva — czt
(d + ex?)/? e3vVd + ex?

N (105Bcd? — 90Acde — 8aBe?) v/d + ex?va — cx*

48cex

11Bd — 6Ae)zv/d + ex®va — cxt  Bz3v/d + ex?vVa — cxt
= +

243

_|_

6e2

1— Y2
(Ved + /ae) (105Bed? — 90Acde — 8aBe?) /T — Zz®, | ) B (arcsin ( —

48,/ce*v/d + ex?v/a — cz*

Va(35Bed® — 30Acde — 8aBe?) /T — La | [ Atve); EllipticF (arcsin (

V2

[1__a
Vea? ) 2d

48,/ce3v/d + ex?v/a — cx*

35Bcd® — 30Acd?e — 12aBde? + 8aAe®) /T — 223, / ~Laldtes®) FiinticPi | 2, arcsin
cx (Ved++/ae)x

+

16e4v/d + ex?v/a — czt
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—d* (-Axe+B*d) *x* (-c*xx~4+a) ~(1/2) /e~ 3/ (e*xx~2+d) ~(1/2) +1/48* (-90*A*c*d*xe—-8*B
*axe”~2+105*%B*xcxd~2) * (exx~2+d) ~(1/2) * (—c*xx~4+a) ~(1/2) /c/e"4/x-1/24* (-6*Axe+
11xBxd) *x* (e*x~2+d) " (1/2) * (—c*x"4+a) " (1/2) /e”3+1/6*B*x"3* (exx~2+d) ~(1/2) *(
-c*x74+a) " (1/2)/e~2+1/48*%(c~ (1/2) *d+a”~ (1/2) *e) * (-90*A*c*d*e—8*B*a*e 2+105*
Bxcxd~2) *(1-a/c/x"4)~(1/2) *x"3*(a~ (1/2) * (exx~2+d) /(c~(1/2) *d+a~ (1/2) *e) /x"
2)"(1/2)*EllipticE(1/2%(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2),2"(1/2)*(d/ (4
+a~(1/2)*e/c”(1/2)))~(1/2))/c~(1/2) /e~4/ (e*x~2+d) ~(1/2) / (—c*x~4+a) " (1/2)-1
/48%a” (1/2) * (-30*Axcxd*e—-8*B*a*e 2+35*%B*xc*xd~2)*(1-a/c/x"4) ~(1/2)*x~3*(a~ (1
/2)*(exx~2+d) /(c~(1/2)*d+a~(1/2) *e) /x~2) " (1/2) *E1llipticF(1/2*(1-a~(1/2) /c”
(1/2)/x72)~(1/2)*2~(1/2) ,2~(1/2)*(d/(d+a~ (1/2) *e/c~(1/2)))~(1/2)) /c~(1/2)/
e~ 3/ (exx~2+d) " (1/2) / (-c*xx"4+a) ~(1/2)+1/16%* (8*Axa*xe”~3-30*A*c*d”~2*e—-12*B*a*xd
*@~2+35*Bxc*d~3)*(1-a/c/x"4) " (1/2)*x"3*(a~ (1/2) *(e*x~2+d) / (c~(1/2) *d+a~ (1/
2)*e)/x"2) " (1/2)*EllipticPi(1/2*x(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2),2,2"
(1/2)*(d/(d+a~(1/2)*e/c”(1/2)))~(1/2)) /e~4/ (exx~2+d) ~(1/2) / (-c*x"4+a) " (1/2
)

output

Mathematica [F]

/ (A + Bx?)va — cxt dp — / (A + Bx?)Va — cx4
(d + ex?)*? (d + ex?)®?

input\ Integrate[(x74*(A + Bxx"2)*Sqrt[a - c*x74]1)/(d + e*x"2)7(3/2),x]

p
output LIntegrate[(x*z;*(A + B*x~2)*Sqrt[a - c*xx"4]1)/(d + e*x~2)"(3/2), x]

\ >

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dr

/ z*Va — czt(A+ Ba?)

(d+ ex?) 3/2
l 92251
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*Va —cx .A+Bx)d
x
(d+ ea:2)3/2
input LInt[(x“4*(A + Bxx~2)*Sqrt[a - c*x~4])/(d + e*x~2)~(3/2),x] J
OutputL$Aborted J

Defintions of rubi rules used

rule 2251‘Int[(PX_)*((f_,)*(X_))A(m_,)*((d_) + (e_,)*(X_)‘Q)‘(q_.)*((a_) + (c_.)*(x)) ‘
"‘4)"(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + exx"2)"q*(a + c*x"4)"p ‘
, x] /; FreeQ[{a, c, d, e, £, m, p, q}, x] && PolyQ[Px, x] ‘

Maple [F]
/ e (Ba® +A)v—catta,
(22 +d)?
input Lint (x4 (B*x~2+A) * (—cxx"4+a) " (1/2) / (exx~2+d) ~(3/2) ,x) J

[int(x‘4*(B*x“2+A)*(-c*x‘4+a)‘(1/2)/(e*x“2+d)‘(3/2),x)

\ 4

output

Fricas [F]

dx

/ (A + Bx?)Va — c:v4 / vV —czt + a(Bz? + A)z*
(d + ex?)’/? (ex? +d)2

‘ integrate (x~4* (Bxx~2+A) * (—c*x"4+a) " (1/2)/(e*x~2+d) " (3/2) ,x, algorithm="fri ‘

input ‘ S ‘
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‘1ntegra1((B*x 6 + Axx~4)*sqrt(-c*x~4 + a)*sqrt(e*xx”2 + d)/(e”2*x"4 + 2*d*e

output
\*x*z +d°2), x)

Sympy [F]

dxr

/ z*(A + Bx?) Va — cz* o — / z4(A + Bz?) Va — ca?
(d+ ex?)*? (d + ex?)?

inputLintegrate(x**4*(B*X**2+A)*(_C*x**4+a)**(1/2)/(9*X**2+d)**(3/2),X)

output LIntegral(x*M*(A + Bix*x2)*sqrt(a - cxx**4)/(d + exx**2)*x(3/2), x)

Maxima [F]

dx

/ﬂv‘l(A—i-B:rﬁ)\/a—icx4 /\/WBm + A)z?
(d + ex?)*? (ex? + d) 2

lnPUt‘lntegrate(xﬁ4*(3*xﬁ2+A)*( c*x~4+a) " (1/2)/ (exx~2+d) " (3/2) ,x, algorithm="max
‘1ma")

outputtintegrate(sqrt(—c*x‘4 + a)*(B*x"2 + A)*x"4/(exx"2 + d)~(3/2), x)

Giac [F]

/w4(A+Bx2)\/m /mb + Azt s

(d + ex?)/? (ex2 + d)2 2

t‘integrate(x‘4*(B*x‘2+A)*(—c*x‘4+a)‘(1/2)/(e*x‘2+d)*(3/2),x, algorithm="gia
C")

inpu
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OutputLintegrate(sqrt(—c*x”4 + a)*(B*x"2 + A)*x"4/(exx"2 + d)~(3/2), x)

Mupad [F(-1)]

Timed out.
/x4(A+Bm)\/a—cr4 / (B 2 +A)1/a—cm4
(d+ ex2 3/2 6.’1}2 + d)3/2
inputtint((x”4*(A + Bxx"2)*(a - c*x"4)"(1/2))/(d + e*x"2)~(3/2),x)

output{inﬂ(x“l*(#\ + Bxx"2)*(a - c*x74)7(1/2))/(d + e*x~2)"(3/2), x)

Reduce [F]

dxz = Too large to display

/ (A + Ba?) va =
(d + ex?)*?

input Lint (x~4* (Bxx~2+A) * (-c*x~4+a) " (1/2) / (exx~2+d) ~(3/2) ,x)




CHAPTER 3. LISTING OF INTEGRALS 498

( - 4xsqrt(d + e*x**2)*sqrt(a - c*xx**4)*a*x2ke*x*x2kx + 2xsqrt(d + e*x**2)x*s
grt(a - cxx**x4)*axbxd*e*xx + 6*sqrt(d + exx**2)*sqrt(a - c*xk*4)*xakckdrexx*
*3 - T*sqrt(d + e*x**2)*sqrt(a - c*xx**x4)*bkckd**2xx**3 + 4*sqrt(d + e*x**2
Y*¥sqrt(a - c*x**x4)*bxckdkexx**5 — 8*int((sqrt(d + exx**2)*sqrt(a — ckx**4)
*x*%%6) / (a*xd**2 + 2kakxdke*xx**2 + akex*kkxk*k4d — ckd**kkxk*k4d — 2kckdkekx**x6 —
ckexx2*xx**k8) ,x) ¥a**x2kckd*rex*3 — 8xint ((sqrt(d + e*xx**2)xsqrt(a — cxx**4)*
x*%6) / (a*xd**2 + 2kakxdke*xx**2 + akekxkkxk*k4d — ckd*k2kxk*k4d — 2kckdkekx**x6 —
Ckex*2kx**8) ,x) ka*kx2kckex*kLkxx*2 + 12%xint ((sqrt(d + e*xx**2)*sqrt(a - cxx**
4)xx*x%6) / (a*xd**2 + 2kakdke*x**x2 + akek*kx*kkd — ckd*x*kx*k*k4d — 2kckdke*xx**6
- CHex*2*x**8) ,x) xakbkckd**2*xe*x*2 + 12*int ((sqrt(d + exx*x2)*sqrt(a - c*x
*x4) *x*%%6) / (a*xd**2 + 2kakdke*xxk*2 + akekk2kxk*k4d — ckdkkQkx*k*k4d — 2kckdkekxk
*6 — Ckex*k2xxx*8) ,x)*akbkckdre* x3*x**x2 + 30*int ((sqrt(d + e*x**2)*sqrt(a -
cxxx*k4) xx*x*6) / (a*xd*x*2 + 2kakxd*e*x**2 + akex*kx*kk4d — cxdx*kkxkk4d — 2kckdx*
exX**6 — Ccke**k2*x**8) ,x)*axckx2*xd*x3*%e + 30*%int ((sqrt(d + e*x**2)*sqrt(a -
cxx*x*4) xx*x*6) / (a*xd**2 + 2kakxd*e*x**2 + akex*kx*kk4d — cxdx*kxkk4d — 2kckd*
exX**6 — Ckexk2*x*k*8) ,X)*ka*ck*k2xd*kx2kex*k2xx*k*2 — 35*int ((sqrt(d + exx**2)*
sqrt(a - c*x**4)*x*x6)/(a*xd**2 + 2kaxdkexx**2 + akexx2kx*k*4 — cxd*x2*x*x*4
— 2kckdkexx**6 — Cckxex*2kxx**8) ,x)*bkck*2xd**4 - 35xint ((sqrt(d + exx**2)*sq
rt(a - ckxk*4)*xx*x6)/ (a*d**2 + 2kakrdkexx**k2 + aker*x2kxk*x4d — CkA*xk2kx**4 —
2kCkdkexxk*k6 — Cre¥*kkx**8) ,X) ¥b*kck*2xdx*3*ke*x*x2 - 18*int((sqrt(d + ex...

output
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z2 (A+Bx2) Va—cr?

3.61 |

(d-+ex2)®/?
Optimal result . . . . . . . . . . . . e 499
Mathematica [F] . . . . . . . . . . 5001
Rubi [F] . . oo oo e 500
Maple [F] . . . . o
Fricas [F] . . . . . . o 5011
Sympy [F] . . . o
Maxima [F] . . . . . o
Giac [F] . . . . o o
Mupad [F(-1)] . . . o 503
Reduce [F] . . . . . 503

Optimal result

Integrand size = 34, antiderivative size = 580

/ z?(A+ Bz?)vVa — czt e — (Bd — Ae)zva — czt
(d + ex?)/? e2vd + ex?
3(5Bd — 4Ae)v/d + ex?v/a — cx*  Bz+/d+ ex?va — cxt
- +
8e3x 4e?
ex2 1_%
3vc(y/ed + v/ae) (5Bd — 4Ae) /1 — %2,/ fcd(fi}e;zE(arcsm( f‘f ) |d+2%;)

8e3v/d + ex?v/a — cxt

ex 1_%
vay/c(5Bd — 44e) /1 — L a? ﬁ(i:}e ~3 EllipticF (arcsm ( f;f ) wﬁ% )

+
8e2v/d + ex?v/a — cx?
1— Va_
a 6:1}2 . . . N cx?
(15Bcd? — 12Acde — 4aBe?) /1 — 2 a?, /(\[‘/c;(j#))ﬁ EllipticPi | 2, arcsin ﬁf , d+2356

Ve

8e3v/d + ex?/a — cxt
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(—Axe+B*d) *x* (-c*xx~4+a) ~(1/2) /e~2/ (e*xx~2+d) ~ (1/2) -3/8% (—4*A*e+5*B*d) * (e*x™
2+d) " (1/2) x (~c*x~4+a) ~(1/2) /e~ 3/x+1/4*B*x*x (e*x~2+d) ~ (1/2) * (~cxx~4+a) ~(1/2)
/e~2-3/8xc™ (1/2)*(c~ (1/2) *d+a~ (1/2) *e) * (~4*Axe+5xBxd) * (1-a/c/x~4) ~(1/2) *x~
3x(a~(1/2)*(e*x~2+d) /(¢ (1/2) *d+a~ (1/2) *e) /x~2) ~(1/2) *E1lipticE(1/2*(1-a~(
1/2)/c~(1/2)/x~2)~(1/2)*27(1/2) ,27(1/2)*(d/ (d+a~ (1/2)*e/c~(1/2)))~(1/2)) /e
=3/ (exx~2+d) " (1/2) / (-c*x"4+a) " (1/2)+1/8%a~ (1/2) *c~ (1/2) * (-4*A*e+5xBxd) * (1-
a/c/x~4) " (1/2)*x~3%(a~ (1/2) * (exx~2+d) / (¢~ (1/2) *d+a~ (1/2) *e) /x~2) ~ (1/2) *E11
ipticF(1/2x(1-a~(1/2)/c~(1/2)/x"2)~(1/2)*27(1/2) ,2"(1/2)*(d/(d+a"~ (1/2) *e/c
~(1/2)))°(1/2))/e”2/ (exx~2+d) " (1/2) / (-c*x~4+a) " (1/2) -1/8* (-12*A*c*d*e-4*B*
a*e 2+15%Bxcxd~2) * (1-a/c/x"4) " (1/2) *x~3*(a~ (1/2) * (exx~2+d) / (¢~ (1/2) *d+a~ (1
/2)*e)/x~2)" (1/2)*E1lipticPi(1/2*%(1-a~(1/2)/c~(1/2)/x72)~(1/2)*27(1/2) ,2,2
~(1/2)*(d/ (d+a~(1/2)*xe/c™(1/2)))~(1/2)) /e~3/ (exx2+d) " (1/2) / (-cxx"4+a) "~ (1/
2)

output

Mathematica [F]

/xQ(A+Bx2)\/mdx / (A-I—sz)\/m
(d + ex?)*? (d + ex?)*?

p
inputLIntegrate[(xAQ*(A + Bxx~2)*Sqrt[a - c*x~4])/(d + e*x~2)~(3/2),x]

N J

output\ Integrate[(x™2+(A + B*x"2)*Sqrtla - c*x~4]1)/(d + e*x"2)"(3/2), x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dr

,/ 22/a — cz*(A + Bz?)

(d+ ex?) 3/2
l 92251

/‘ VE?EF14+Bx)d
T
(d + ex?)*/?
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input LInt[(x"2*(A + B*x~2)*Sqrt[a - c*xx~4]1)/(d + exx"2)"(3/2),x]

outputL$Aborted

Defintions of rubi rules used

e 9251 TEE LX) *((E_D*(x )~ (m_)*((d) + (e_)*(x) 27 (q . )*((a) + (c_)*(x)
“4)‘(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*x(d + e*x~2)"g*(a + c*x~4)7p ‘

, x] /; FreeQ[{a, c, d, e, f, m, p, q}, x] && PolyQ[Px, x]

Maple [F]

dz

/ z?(Bx®+ A)vV—cz*+a
(ex? + d)%

input Lint (x~2% (B*x~2+A) * (-c*x~4+a) " (1/2) / (exx~2+d) ~(3/2) ,x)

output Lint (x~2% (B¥x~2+A) * (~c*x~4+a) ~ (1/2) / (e*xx~2+d) ~(3/2) , %)

Fricas [F]

/m2(A+Bx) a—cx4 /\/—cx4+a (Bz? +A)

(d + ex?)*? (ex? +d)2

integrate (x~2* (Bxx~2+A) * (-c*x"4+a) " (1/2) /(e*x~2+d) " (3/2) ,x, algorithm="fri

input
cas")

integral ((B*x~4 + A*x~2)*sqrt(-c*x~4 + a)*sqrt(e*xx”~2 + d)/(e"2*x"4 + 2xd*e

output
*x~2 + d72), x)
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Sympy [F]

/ (A+Bx2)md / (A+Bx2)\/m

(d+ ex?)*’? (d + ex?)?
input tintegrate (xkk 2% (Brxk*2+A) * (—cxxk*k4+a)k*k (1/2) / (exx**k2+d) **(3/2) ,x) J
outputLIntegral(x**z*(A + B#x**2)xsqrt(a - c*x**4)/(d + exx*x2)**(3/2), x) J
Maxima [F]
/ (A+B:c2)\/m /mBm +A)?
(d + ex?)*? (ex? _|_d)2
input‘ integrate (x~2* (Bxx~2+A) *(—c*x~4+a) " (1/2) /(e*x~2+d) ~(3/2) ,x, algorithm="max ‘
‘ ima") ‘
output Lintegrate(sqrt(—c*x‘@ + a)*(B*x"2 + A)*x"2/(e*x"2 + d)~(3/2), x) J
Giac [F]
/xQ(A+Ba:) a—ca:4d /\/MBx + A)z? i
(d + ex?)’/? (ex? + d) 2
input‘ integrate (x~2* (B*x~2+A) * (—c*x~4+a)~(1/2) / (e*x~2+d) ~(3/2) ,x, algorithm="gia ‘

‘Cu) ‘

output TATEETate(Sqrt(-cxx™4 + a)*(Bxx"2 + A)xx"2/(exx"2 + )7(3/2), x) )
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Mupad [F(-1)]

Timed out.
/mz(A+Bx W=t / (B2 +4) Va—cat
(d+€.’1}2 3/2 er +d)3/2
input Lint((x“2*(A + B*x~2)*(a - c*x~4)~(1/2))/(d + e*x~2)~(3/2),%)

outputtint((x?*(A + Bxx"2)*(a - c*x74)7(1/2))/(d + e*x~2)7(3/2), x)

Reduce [F]

dxz = Too large to display

/ r?(A + Bx?) Va — cxt
(d + ex?)*/?

input Lint (x72% (Bxx~2+A) * (-c*x"4+a) " (1/2) / (e*x~2+d) ~(3/2) ,x)
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( - 2#sqrt(d + exx**2)*sqrt(a - ckx**4)*axbxe*x + 3*sqrt(d + e*x**2)*sqrt(
a - c*x**4)xbkxckdkxx*3 - 4*xint((sqrt(d + exx**2)*sqrt(a - c*x**4)*x*x6)/(a
*d**2 + 2kakdkexx*k*k2 + akex*k2kxkk4 — ckd**k2kx*x*k4 — 2kckdkexx* k6 — ChRek*x2*x
**8) ,x) ¥axbkckd*xe**x2 — 4*xint ((sqrt(d + e*xx**2)*sqrt(a — cxx**4)*x**6)/(axd
*%2 + 2kxakdkexx*k*k2 + akekk2kxxkk4 — cCkhkdkk2kx*k*k4 — 2kckdkekXkkB — Ckekkkxkk
8) ,x) *a*bxckex*3xx**x2 - 12xint ((sqrt(d + exx**x2)*sqrt(a - c*x**4)*x*x*6)/(a
kd*x*2 + 2kakdkekx*k*k2 + akexkQkxkk4d — ckdk*kQkxkk4 — 2kckdkexx* k6 — Chekk2kx
**8) ,x) kakck*2kd**2ke — 12xint ((sqrt(d + exx**2)*sqrt(a - c*x*x4)*x**6)/(a
*d*k*2 + 2kakdkexx*k*k2 + akexkQkxkk4 — ckd**kQkxkk4 — 2kckdkexx* *kB6 — Chkekkx2*x
*%8) ,X) kakxckk2kdkex*2*xx**2 + 15*int ((sqrt(d + exx**2)*sqrt(a - ckx**4)xx**
6)/ (axd**2 + 2%axd¥exx**2 + akex*2xx*¥x4d — ckdx*k2xx**4 - kckdkexx**x6 - cke
*k kX **k8) , X ) ¥bkck*2kd**3 + 15kint ((sqrt(d + e*xx**2)*sqrt(a - cxx**4)*x**6)
/(a*d**2 + 2kxakdkxexx*x*2 + akekxkx2kxxkk4d — ckd**k2kx**k4 — 2kckdkexx*k*6 — ckekk
2xx**8) ,x) ¥bkck*¥2kd**2kexx**2 + 12*int((sqrt(d + exx**2)*sqrt(a — ckx**4)*
x*%2) / (axd**2 + 2*axdke*x**2 + akekxkx2kxx**x4 — ckd**x2kxx**x4 — 2kckdkexx*k*6 —
Cckexx2*¥xx*k8) , x) ¥a**x2kckd**2kxe + 12xint((sqrt(d + e*x**2)*sqrt(a - ckxx**x4)x*
x*%2) / (axd**2 + 2*axdke*x**2 + akekx*x2kx**x4 — ckd*k2kxx**x4 — 2kckdkexx*k*6 —
Ckex*2kx**8) ,x) ka*x2kckdkex*2xxx*k2 — 9*int ((sqrt(d + exx**2)*sqrt(a — ckx*
*4) xx*%2) / (axd**2 + 2kakdkexx**2 + akex*kkx*k*k4 — ckd**2kx*k*k4d - 2kckd*ke*xxkk
6 - cxex*2xx**8) ,x)*axbkckxd*x*3 - 9xint((sqrt(d + e*x**2)*sqrt(a - c*x*x*...

output
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3.62 f (A—}-BxQ)\/a—cav‘—l dx
(d+ex?)/?

Optimal result . . . . . . . . . . . . . . . . e
Mathematica [F] . . . . . . . . . . 506!
Rubi [F] . . oo oo e 506
Maple [F] . . . . o 607
Fricas [F] . . . . . . o 607
Sympy [F] . . . o
Maxima [F] . . . . . o
Giac [F] . . . o o e
Mupad [F(-1)] . . . o 509
Reduce [F] . . . . . 509

Optimal result

Integrand size = 31, antiderivative size = 546

(A+Ba)va—ca* ,  (§-%) x\/a—cx4+

(3Bd — 2Ae)V/d + ex?v/a — cxt

Xz

(d+ ex?)*? a Vd + ex? 2dez
Va
a a(d+ex? . VezZ
ve(ved + v/ae) 3Bd — 24e) /1 — %23,/ %E arcsin |d+2%
+
2de2\/d + ex?va — cxt
ex? . . . -
Vvay/c(Bd — 2Ae) /1 o cﬁj’fe 3»2 EllipticF | arcsin 7 , df%
2dev/d + ex?\/a — cx?
~Valdter?) ~e
-|-e;13 . N N cx 2d
c(3Bd — 24e)\/1 — Ha? Vet vae) o2 EllipticPi 7 Frrwc

+

2e2v/d + ex?\/a — cz*



output

input

output |
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(A/d-B/e) *x* (-c*x~4+a) ~(1/2) / (exx~2+d) ~(1/2) +1/2% (-2*A*e+3*B*d) * (e*x~2+d) ~
(1/2) % (—c*x~4+a)~(1/2)/d/e"2/x+1/2xc” (1/2) *(c~(1/2) *d+a~ (1/2) *e) * (-2*A*e+3
*B*d) *(1-a/c/x"4) " (1/2)*x"3*(a~ (1/2) *(exx~2+d) / (¢~ (1/2)*d+a~ (1/2) *e) /x~2) "
(1/2)*EllipticE(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2~(1/2) ,2~(1/2) *(d/ (d+a~
(1/2)*e/c=(1/2)))~(1/2))/d/e"2/ (e*x~2+d) ~(1/2) / (-cxx~4+a) ~(1/2)-1/2%a~ (1/2
)*xc~(1/2) *(-2*A*e+B*d) * (1-a/c/x"4) " (1/2) *x"3*(a~ (1/2) * (exx~2+d) / (c~(1/2) *d
+a~(1/2)*e) /x72) " (1/2)*E1llipticF(1/2*(1-a~(1/2)/c~(1/2)/x~2)~(1/2)*2"~(1/2)
,27(1/2)*(d/ (@+a~ (1/2)*e/c~(1/2)))~(1/2))/d/e/ (e*x~2+d) ~(1/2) / (—c*x~4+a) " (
1/2)+1/2%cx (-2xA*e+3*%Bxd) *(1-a/c/x"4) " (1/2) *x~3*(a~ (1/2) * (exx~2+d) / (c~(1/2
Y*d+a” (1/2)*e) /x~2) "~ (1/2)*E1lipticPi(1/2*(1-a~(1/2)/c~(1/2) /x~2)~(1/2) %2~ (
1/2),2,27(1/2)*(d/(d+a~(1/2)*e/c”(1/2)))~(1/2)) /e~2/ (exx~2+d) ~(1/2) / (~c*x~
4+a)~(1/2)

Mathematica [F]

/ (A + Bz?)vVa — cz? dp — (A+ Bz*)va — cxt i

(d + ex?)’/? (d + ex?)’/?

\ >

[Integrate[((A + B*x~2)*Sqrt[a - c*x74]1)/(d + e*x~2)"(3/2),x]

~4]1)/(d + e*x~2)~(3/2), x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

X

/\/mﬁm)

(d + ex?) 3/2
l 2261

/\/mwa)

X
(d + ex?)®/?
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input | TRELCCA + Bxx"2)xSqrtfa - cxx™41)/(d + exx"2)"(3/2) ,x] J

outputL$Aborted J

Defintions of rubi rules used

ruke2261‘Int[(PX I¥((d) + (e_)*(x)"2)7(q_.)*((a ) + (c_.)*(x_)"4)"(p_.), x_Symbol
‘] :> Unintegrable [Px*(d + e*x~2)"q*(a + c*x~4)7p, x] /; FreeQ[{a, c, d, e,
‘P, q}, x] && PolyQ[Px, x]

Maple [F]
(Bz? + A) V—C$4+a
(ex? + d)
inputLint((B*XA2+A)*(_C*XA4+a)A(1/2)/(9*XA2+d)A(3/2),X) J
output Lin‘t ((B*xx~2+A) *(-c*x~4+a) ~(1/2) / (exx~2+d) ~(3/2) , x) J
Fricas [F]

dx

/(A—i—Bx) a—cx4 /\/MBx + A)

(d + ex?)*? (ex? 4 d)>

integrate ((B*x~2+A)* (-c*x"4+a) "~ (1/2) / (exx~2+d) ~(3/2) ,x, algorithm="fricas"
)

input

integral(sqrt(-c*x~4 + a)*(B*x"2 + A)*sqrt(exx”2 + d)/(e”"2*x"4 + 2*kd*exx"2

output
+d72), x)
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Sympy [F]
/ (A+Bz*)Va—ca* , _ [(A+Bs’)Va—cat
(d + ex?)*’? (d+ ex?)?
input tintegrate ((Bxx**2+A) * (—ckxk*d+a) ** (1/2) / (exx*x*x2+d) ** (3/2) ,x) J
output LIntegral( (A + Bxx**2)*sqrt(a - ckx*x4)/(d + e*xx*x2)*%(3/2), x) J
Maxima [F]
/(A+Bm2)va—0$4 /\/—c:v4+ a(Bz? —I—A)d
(d + ex?)*? (ex? + d
input ‘ integrate ((Bxx~2+A)* (-c*x"4+a) "~ (1/2) / (exx~2+d) ~(3/2) ,x, algorithm="maxima" ‘

output Lintegrate(sqrt(-c*x"ll + a)*(B*x"2 + A)/(exx"2 + d)~(3/2), x) J
Giac [F]
/(A—i—Bac) a—ca:4 /\/MBx +A)d
(d + ex?)®? (ex? 4 d)?
inpup | 1ntegTate((Brx"2+h)* (~cxx"4+a)~(1/2)/ (exx"2+d)"(3/2) %, algorithm="giac") |

outputLintegrate(sqrt(-C*x‘ﬁl + a)*x(B*x"2 + A)/(exx"2 + d)~(3/2), x) J
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Mupad [F(-1)]

Timed out.
(A+ Bz*) Va —ct | _/(Bx2+A) Va—cat
(d+ eacz)?’/2 (ex? + d)3/2
inputtint(((A + B*x"2)*(a - c*x74)7(1/2))/(d + exx~2)~(3/2),x) J
output 1BE(((A + Bx"2x(a — cxx")(1/2))/(@ + exx"D)"(3/2), © J
Reduce [F]

(A + B$2) va— crt \/6 z? +d \/_C'T'A +aazr +2 <f —c62z8—2cde;gj-:z2w‘:fcm;;;ca4f2ade z2+a d? d.’L') acd
(d+ ex?)*? -

r

Lint((B*x“2+A)*(-c*x‘4+a)“(1/2)/(e*x”2+d)“(3/2),X)

| —

input

(sqrt(d + exx**2)*sqrt(a - c*x**4)*a*x + 2*xint((sqrt(d + e*x**2)*sqrt(a -

ckx*x4) xx*x*x6) / (a*d*x*2 + 2kaxd*xe*xx**2 + axex*x2kx**x4d — ckxdk*x2kx**x4 — 2xckdke
*X*¥*%6 — Ckex*x2xx*k*8) ,x)*axckdxe + 2*int((sqrt(d + exx**2)*sqrt(a - c*x*x*4)
*x*%6) / (axd**2 + 2xakxdkexx*x*2 + akex*k2kxkx*k4 — ckd**2kx*x*k4 — 2kckd*ke*xx**6 —
Ckex*2%x**8) ,x) kakcke*x*k2kx*x*2 - 3*int((sqrt(d + e*xx**2)*sqrt(a - ckx**4)x*
x*%6) / (axd**x2 + 2kaxdke*x**2 + akek*x2kx**k4 — ckd*k2kx**x4 — 2kckdkexx*k*6 —

ckex*2*xx*8) ,x) ¥bkckd**2 - 3xint((sqrt(d + e*xx**2)xsqrt(a - c*x**4)*x**6)/
(a*xd**2 + 2kaxdke*xx**2 + ake*kkx**x4d — ckd*kkx*k*k4d — 2kckdke*x*k*6 — ckex*2
*x**8) ,X) ¥bkckd*e*x*k*2 + 3xint ((sqrt(d + exxx*2)*sqrt(a - c*x**x4)*x**2)/(a
*d*k*k2 + 2kakdke* x*k*2 + akek *k2kx**4 — ckxd**2xx*x*x4 — 2%kckdke*x*k*kB6 — ckekx*k2Qkx
**8) ,x) *a*xbxd**2 + 3*int((sqrt(d + exx**2)*sqrt(a — ckx**4)*x**2)/(a*xd**2
+ 2kakxdke*x**2 + akexkkxkkd — ckdkk2*kx**4 — 2kckdkexx**kB — ckex*k2*kx**8),x
) *axb*dxe*x**2 + 2xint((sqrt(d + e*x**2)*sqrt(a - c*xx**4))/(axd**2 + 2*axd
*eXX*k*2 + akekkkx*k4 — ckdkkkx*kk4d — 2kckdkekxkkB — Cke**kkx*k*8) ,x)kakkk
d*x2 + 2*%int((sqrt(d + exx*x2)*sqrt(a - ckx**x4))/(axd**2 + 2¥axdxexx**2 +

akexx2kx**x4d — ckxd*x*2*xkkd — 2kckdkexxk*k6 — Ckexkkxx**8),x)kak*2kdkexxk*2)/
(3%d*(d + exx**2))

output
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3.63 z2 (d+6x2)3/2

f (A—}-BxQ)\/a—cav‘—l dx

Optimal result . . . . . . . . .. ..
Mathematica [F] . . . . . . . ... ..
Rubi [F] . . .
Maple [F] . . . . o
Fricas [F] . . . . . . o
Sympy [F] . . . o
Maxima [F] . . . . . . o
Giac [F] . . . . o o
Mupad [F(-1)] . . . o
Reduce [F] . . . . .

Optimal result

Integrand size = 34, antiderivative size = 518

(Bd — Ae)Vd + ex®v/a — cx?

/ (A+ Bz?)va — cz? i — (Bd — Ae)zva — cz*
22 (d + ex?)*/? d*vd + ex?

c(Bd — 2Ae) <d+ %) V11— Zad /%E (arcsin (

d?ex

1—_Va

ez

V2

I

2d
Vae
d+ L

d?ev/d + ex?v/a — cxt

vay/c(Bd —24Ae)\/1 — a3,/ (‘f:ﬁ—m EllipticF (arcsin ( 7

1— —\}@

2d

|

) Vae
d+7

|

+

d2\/d + ex?va — cx*

Bey/1 - L /% EllipticPi (2, arcsin (

[1_ Va_
Vea?

2d

V2

|

eV

)

evd+ ex?va — czt
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(-A*e+B*d) *x* (—c*x~4+a) ~(1/2) /d~2/ (e*x~2+d) ~(1/2) - (~A*e+B*d) * (exx~2+d) ~(1/
2) % (—cxx~4+a) " (1/2) /d"2/e/x-c* (-2xA*e+B*d) * (d+a~ (1/2) *e/c~(1/2) ) *(1-a/c/x"
4)~(1/2)*x"3x(a”~ (1/2) * (exx~2+d) / (¢~ (1/2) *d+a" (1/2) *e) /x~2) " (1/2) *E11ipticE
(1/2%(1-a~(1/2)/c™(1/2) /x~2)~(1/2)*27(1/2) ,27(1/2) *(d/ (d+a~ (1/2) *e/c" (1/2)
))~(1/2))/d"2/e/ (exx~2+d) ~(1/2) / (-c*x~4+a) ~(1/2)+a~ (1/2) *c~ (1/2) * (-2*A*e+B
*xd)* (1-a/c/x~4) ~(1/2) *x~ 3% (a~ (1/2) * (e*x~2+d) / (c~ (1/2) *d+a~(1/2)*e) /x~2)~ (1
/2)*E11lipticF(1/2%(1-a~(1/2)/c~(1/2)/x72)~(1/2)*2~(1/2) ,27 (1/2)*(d/ (d+a~ (1
/2)*e/c~(1/2)))~(1/2))/d°2/ (exx~2+d) ~(1/2) / (~c*x~4+a) ~ (1/2) -Bxc*(1-a/c/x"4
)~ (1/2) ¥x~3%(a~ (1/2) * (e*xx~2+d) / (¢~ (1/2) *d+a~ (1/2) *e) /x~2) ~(1/2) *E1lipticPi
(1/2%(1-a~(1/2)/c~(1/2) /x72)~(1/2)*27(1/2) ,2,27 (1/2)*(d/ (d+a~ (1/2) *e/c” (1/
2)))7(1/2))/e/ (exx~2+d) " (1/2) / (-c*x~4+a) " (1/2)

output

Mathematica [F]

Xz

/1A+Bﬁhﬂizﬁw: (A+ Bz?)Va — cx*
z?(d+ ex2)3/2 2 (d+ ez2)3/2

inputLIntegrate[((A + Bxx~2)*Sqrt[a - c*xx~4])/(x"2*(d + e*x~2)~(3/2)),x]

output‘\lntegrate[((A + Bxx"2)*Sqrt[a - c*x74])/(x72x(d + e*x"2)7(3/2)), x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

L/W;EFA+Bx)

x2 (d+ear:2)3/2
l 92251
/\/mmm)d
XL

22 (d + ex?) 3/2

input Int[((A + B*x"2)*Sqrt[a - c*x"4])/(x"2x(d + e*x~2)~(3/2)),x]
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outputt

$Aborted

Defintions of rubi rules used

rule 9251 TE LX) *((E_D*(x 1)~ (m_)*((d) + (e_.)*(x)"2)7(q . )*((a) + (c_)*(x)
“4)“(p_.), x_Symbol] :> Unintegrable[Px*(f*x) m*(d + exx"2)"q*