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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 56 |. This is test number [ 127 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (56 ) | 0.00 (0)
Mathematica | 67.86 ( 38 ) | 32.14 (18)
Sympy 28.57 (16 ) | 71.43 (40)
Maple 93.21 (13) | 76.79 (43 )
Fricas 14.29 (8) | 85.71 (48)
Mupad 12.50 (7) | 87.50 (49 )
Giac 12.50 (7)) | 87.50 (49)
Reduce 12.50 (7) |87.50 (49)
(51)

Maxima 893(5) |91.07

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 85.714 3.5971 5.357 5.357
Mathematica 53.571 1.786 7.143 37.500
Giac 5.357 1.786 0.000 92.857
Maxima, 3.571 0.000 0.000 96.429
Sympy 3.571 0.000 25.000 71.429
Maple 1.786 1.786 14.286 82.143
Fricas 1.786 7.143 0.000 91.071
Mupad 0.000 7.143 0.000 92.857
Reduce 0.000 7.143 0.000 92.857

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

””|7“./ III | II
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'

>
oy
O

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 18 100.00 0.00 0.00
Sympy 40 37.50 55.00 7.50
Maple 43 100.00 0.00 0.00
Fricas 48 91.67 8.33 0.00
Mupad 49 0.00 100.00 0.00
Giac 49 95.92 0.00 4.08
Reduce 49 100.00 0.00 0.00
Maxima o1 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.09

Fricas 0.22

Giac 0.24

Rubi 0.39

Maple 0.46

Reduce 1.61
Mathematica 3.02

Mupad 9.92

Sympy 44.73

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maxima 132.00 1.04 23.00 1.10
Rubi 202.59 1.17 143.00 1.00
Sympy 204.88 1.69 113.00 0.80
Giac 267.00 1.22 283.00 1.10
Maple 269.38 2.11 36.00 1.00
Mathematica | 483.29 3.20 133.50 0.86
Reduce 761.43 25.09 820.00 1.79
Mupad 1091.00 3.61 1293.00 4.00
Fricas 1105.00 3.65 827.00 2.93

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals

based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution



CHAPTER 1. INTRODUCTION 15

1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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1.9 list of integrals with no known antideriva-
tive

(10,22, 53)

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi (616I3I81)
Mathematica 6],
Maple BEEE
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade { [123,,5,7 8,0 11) 2, 13,145} 20|21, 23) 24,25 26,27 25,29, 50} BT, 52
53) 5435, 35,57, 339} 40} 11,2 43,14 45, 7 45,19} 0, 51 52, 4, o} 6 )

B grade {[[1§}

C grade { }
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade { [12) BB\ 15,6} [7 1S} 20} 2} 26,27} 25,2, 50} 1) 52 53, 5 55, 55,571 55
B9} 0, ) 7 8 19

B grade {5}
C grade {[Bl/619 }

F normal fail { 7 7L1) 2 (03 23,24, 253 34,45, 16, 60 5L 52, 54,66 )
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade {[16]}

B grade {[7}

C grade {[1[234[ 61415 }

F normal fail {[5)0}[T1)[2)[[3,7) 15} 20} 21,25} 24 25 26) 27 25) 29,50, 5T, 2 B3
55) 56,57, 55 39, 0} 41 42, 3} o, 6, 47, s, 49} 0, 51 52 54,5556 }

F(-1) timedout fail { }
F(-2) exception fail { }

Fricas

A grade {[7}

B grade { [I2l[14)[15 }
C grade { }

F normal fail {[80}[11}[12,[13}[16} 17,18} 19} 20} 21} 23| 24, 25} 26} 27} 28 [20} 30} 31} 32} 33,
[B41[35,[36, 37,38} 39} 40} A1} 42, (43} [44} 45, 46, 47} [48, [49}, 50} 5T} 52} 54551 56) }

F(-1) timedout fail {[3,[4[}6 }
F(-2) exception fail { }

Maxima

A grade { }
B grade {}

C grade { }

F normal fail {[3,[4}[5,6}[7 89} [L1}[12}[13}[14}[15}[16}[17 [I8) [19} 20} 21} 23} 24} 25 26} 27)
[28}129}130} 31}, 32, 33} 34}, 135} 136} 37, 8}, 139} 0, LT}, 12, 113} A4}, (45, 46, 7], 18}, 49}, 50} B 1} 62,
[64[55,56 }

F(-1) timedout fail { }
F(-2) exception fail { }
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Giac

A grade {[12}[15}
B grade {[14}

C grade { }

F normal fail { B}15)6)(7)8)0)(T3, 2 [3) 06, 7 15,9, 20} 21,25 24,25, 26) 27, 28 20
50,5152 33,4, 35} 3, 57, 35,30} 40| 11} 42} 43, 14 45,6}49, 50, 5.1} 52,5 5,50

F(-1) timedout fail { }
F(-2) exception fail {[47,[48}

Mupad

A grade { }

B grade { [I2l[14)[15 }
C grade { }

F normal fail { }

F(-1) timedout fail {[3}[4[5}6}[7}8}0}[11}[12,[I3,[16,[I7 [I§ [L% [20, 21} [23, 24} [25} [26}[27)
[28,129, 30, 81},82, B3} 34} 135}, 36} 37} [38; 39} [0, 11}, A2} A3} 14 45}, 46, 7} 48} 49}, b0} 5 1} 52,
64[65,56) }

F(-2) exception fail { }

Sympy

A grade {[I[2]}

B grade { }

C grade { [8,[9}[16}[17}[18}[L9} 20} 21} [26} 27, 28, 31} [34, 49 }

F normal fail {[3|[4[5[6[7}[11} [23, 32} [33) [42} (43} 44} [45] [46}, 5] }

F(-1) timedout fail {[T0}[[2L3)[[3T5)22, 4 25,55, 56,57 53,50, 0, 7,5 51,52
536459 }

F(-2) exception fail {[29,[30}[50| }
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Reduce

A grade { }

B grade {[1[2}[14}[15] }
C grade { }

F normal fail {[3,[4[5,6}[7 89} [L1}[12}[13} 16}[17}[18} 19} 20} 21} 23} 24} 25} 26 27} [28} [29)
?@@@@@M@@L@@@@@@@@@@@
56

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A C A B A A B B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 305 352 334 34 282 1631 165 283 276 1331
N.S. 1 1.15 110 0.11 0.92 5.35 054  0.93 0.90 4.36
time (sec) N/A 0.649 0.109 0.148 0.115 0.144 1918 0.129 0.253 0.946

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A C A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 323 279 337 36 313 1613 168 303 328 1293
N.S. 1 0.86 1.04 0.11 0.97 4.99 0.52 0.94 1.02 4.00
time (sec) N/A 0.456 0.117 0.139 0.122 0.148 1.853 0.143 0.250 11.900

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A F C F F(-1) F F F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD TBD
size 142 142 0 902 0 0 0 0 48 0

N.S. 1 1.00  0.00 6.35 0.00 0.00 0.00 0.00 0.34 0.00

time (sec) N/A 0.312 0.000 0.722 0.000 0.000 0.000 0.000 0.734 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F(-1) F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 140 140 5647 605 0 0 0 0 20 0
N.S. 1 1.00 40.34  4.32 0.00 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 0.291 21.193 0.346 0.000  0.000 0.000 0.000 0.295 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F(-1) F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 140 140 932 595 0 0 0 0 35 0
N.S. 1 1.00  6.66 4.25 0.00 0.00 0.00 0.00 0.25 0.00
time (sec) N/A 0.295 19.887 0.322 0.000  0.000 0.000 0.000 0.246 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B C C F F(-1) F F F F(-1)
verified N/A No No No TBD TBD TBD TBD TBD TBD
size 146 438 5979 937 0 0 0 0 59 0
N.S. 1 3.00 4095 6.42 0.00 0.00 0.00 0.00 0.40 0.00
time (sec) N/A 0.977 21.281 0.365 0.000  0.000 0.000 0.000 0.337 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F B F A F F F F(-1)
verified N/A Yes N/A Yes TBD TBD TBD TBD TBD TBD
size 120 120 0 221 0 41 0 0 28 0
N.S. 1 1.00  0.00 1.84 0.00 0.34 0.00 0.00 0.23 0.00
time (sec) N/A 0.218 0.000 0.267 0.000  0.070  0.000 0.000 0.202 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 98 98 75 0 0 0 78 0 547 0
N.S. 1 1.00 0.77 0.00 0.00 0.00 0.80 0.00 5.58 0.00
time (sec) N/A 0.252 0.572  0.000 0.000  0.000 39.398 0.000 0.311 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 96 96 75 0 0 0 75 0 535 0
N.S. 1 1.00 0.78 0.00 0.00 0.00 0.78 0.00 5.57 0.00
time (sec) N/A 0.240 0.567  0.000 0.000  0.000 39.303 0.000 0.320 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 19 21 21 0 21 1249 21
N.S. 1 1.00 1.11 1.00 1.11 1.11 0.00 1.11  65.74 1.11
time (sec) N/A 0.159 0.208 0.066 0.069 0.177 0.000 0.306 0.855 10.794
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 23 23 0 0 0 0 0 0 199 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 8.65 0.00
time (sec) N/A 0.168 0.000 0.000 0.000  0.000 0.000 0.000 0.205 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 32
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F(-1) F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 92 92 0 0 0 0 0 0 659 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 7.16 0.00
time (sec) N/A 0.261 0.000 0.000 0.000  0.000 0.000 0.000 0.263 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F(-1) F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 0 0 0 0 0 0 23 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 1.35 0.00
time (sec) N/A 0.157 0.000 0.000 0.000  0.000 0.000 0.000 0.201 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F B F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 263 293 425 36 0 2741 0 625 375 2438
N.S. 1 1.11  1.62 0.14 0.00 10.42  0.00 2.38 1.43 9.27
time (sec) N/A 0.531 0.201 0.082 0.000 0.387 0.000 0.170 0.205 11.464
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F B F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 578 849 534 34 0 2749 0 593 1033 2510
N.S. 1 1.47  0.92 0.06 0.00 4.76 0.00 1.03 1.79 4.34
time (sec) N/A 1.501 0.690 0.089 0.000 0.368 0.000 0.173 0.221  11.778
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F C F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 52 85 52 43 0 0 78 0 28 0
N.S. 1 1.63  1.00 0.83 0.00 0.00 1.50 0.00 0.54 0.00
time (sec) N/A 0.263 10.034 3.301 0.000  0.000 1.051 0.000 0.216 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F C F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 118 84 87 0 0 0 78 0 26 0
N.S. 1 0.71  0.74 0.00 0.00 0.00 0.66 0.00 0.22 0.00
time (sec) N/A 0.252 10.056 0.000 0.000  0.000 1.081 0.000 0.206 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B A F F F C F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 102 482 7 0 0 0 82 0 52 0
N.S. 1 473  0.75 0.00 0.00 0.00 0.80 0.00 0.51 0.00
time (sec) N/A 0.617 10.053 0.000 0.000  0.000 0.958 0.000 0.274 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C C F F F C F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 905 433 7 0 0 0 78 0 48 0
N.S. 1 048  0.09 0.00 0.00 0.00 0.09 0.00 0.05 0.00
time (sec) N/A 0.493 10.055 0.000 0.000  0.000 1.004 0.000 0.384 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 98 98 75 0 0 0 78 0 547 0
N.S. 1 1.00 0.77 0.00 0.00 0.00 0.80 0.00 5.58 0.00
time (sec) N/A 0.233 0.569  0.000 0.000  0.000 150.529 0.000 0.338 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 96 96 75 0 0 0 75 0 535 0
N.S. 1 1.00 0.78 0.00 0.00 0.00 0.78 0.00 5.57 0.00
time (sec) N/A 0.227 0.572  0.000 0.000  0.000 154.484 0.000 0.437 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 19 21 21 0 21 1249 21
N.S. 1 1.00 1.11 1.00 1.11 1.11 0.00 1.11  65.74 1.11
time (sec) N/A 0.157 0.205 0.071 0.082 0392 0.000 0.607 9.236 11.175
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 23 23 0 0 0 0 0 0 199 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 8.65 0.00
time (sec) N/A 0.163 0.000 0.000 0.000  0.000 0.000 0.000 0.249 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F(-1) F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 92 92 0 0 0 0 0 0 659 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 7.16 0.00
time (sec) N/A 0.262 0.000 0.000 0.000  0.000 0.000 0.000 0.297 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F(-1) F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 0 0 0 0 0 0 23 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 1.35 0.00
time (sec) N/A 0.155 0.000 0.000 0.000  0.000 0.000 0.000 0.227 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 141 141 127 0 0 0 466 0 207 0
N.S. 1 1.00 0.90 0.00 0.00 0.00 3.30 0.00 1.47 0.00
time (sec) N/A 0.327 0.739  0.000 0.000  0.000 4.490 0.000 0.238 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 107 107 107 0 0 0 296 0 62 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 2,77 0.00 0.58 0.00
time (sec) N/A 0.281 0.304 0.000 0.000  0.000 3.099 0.000 0.232 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 83 83 83 0 0 0 209 0 35 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 2.52 0.00 0.42 0.00
time (sec) N/A 0.214 0.092 0.000 0.000  0.000 2.367 0.000 0.241 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 152 152 131 0 0 0 0 0 30 0
N.S. 1 1.00 0.86 0.00 0.00 0.00 0.00 0.00 0.20 0.00
time (sec) N/A 0.305 0.232 0.000 0.000  0.000 0.000 0.000 0.238 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 224 205 186 0 0 0 0 0 58 0
N.S. 1 092 0.83 0.00 0.00 0.00 0.00 0.00 0.26 0.00
time (sec) N/A 0.394 0.361 0.000 0.000  0.000 0.000 0.000 0.250 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 81 81 81 0 0 0 214 0 41 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 2.64 0.00 0.51 0.00
time (sec) N/A 0.220 0.116  0.000 0.000  0.000 2.397 0.000 0.268 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 210 288 188 0 0 0 0 0 1562 0
N.S. 1 1.37  0.90 0.00 0.00 0.00 0.00 0.00 7.44 0.00
time (sec) N/A 0.462 0.503 0.000 0.000  0.000 0.000 0.000 0.227 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 166 203 136 0 0 0 0 0 351 0
N.S. 1 1.22  0.82 0.00 0.00 0.00 0.00 0.00 2.11 0.00
time (sec) N/A 0.373 0.288 0.000 0.000  0.000 0.000 0.000 0.212 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 134 133 83 0 0 0 994 0 61 0
N.S. 1 099 0.62 0.00 0.00 0.00 7.42 0.00 0.46 0.00
time (sec) N/A 0.281 0.096 0.000 0.000  0.000 173.594 0.000 0.197 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 249 333 227 0 0 0 0 0 58 0
N.S. 1 1.3 091 0.00 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 0.489 0.367  0.000 0.000  0.000 0.000 0.000 0.215 0.000
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 347 410 298 0 0 0 0 0 105 0
N.S. 1 1.18 0.86 0.00 0.00 0.00 0.00 0.00 0.30 0.00
time (sec) N/A 0.632 0.652 0.000 0.000  0.000 0.000 0.000 0.210 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 259 424 188 0 0 0 0 0 0 0
N.S. 1 1.64 0.73 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.613 0.896 0.000 0.000  0.000 0.000 0.000 0.234 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 221 272 136 0 0 0 0 0 710 0
N.S. 1 1.23  0.62 0.00 0.00 0.00 0.00 0.00 3.21 0.00
time (sec) N/A 0.456 0.530  0.000 0.000  0.000 0.000 0.000 0.222 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 184 194 83 0 0 0 0 0 87 0
N.S. 1 1.06  0.45 0.00 0.00 0.00 0.00 0.00 0.47 0.00
time (sec) N/A 0.367 0.112  0.000 0.000  0.000 0.000 0.000 0.222 0.000
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 462 582 346 0 0 0 0 0 86 0
N.S. 1 1.26  0.75 0.00 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 0.753 0.574  0.000 0.000  0.000 0.000 0.000 0.213 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 660 701 426 0 0 0 0 0 152 0
N.S. 1 1.06  0.65 0.00 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 0.998 1.017  0.000 0.000  0.000 0.000 0.000 0.226 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 146 146 0 0 0 0 0 0 52 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.36 0.00
time (sec) N/A 0.339 0.000 0.000 0.000  0.000 0.000 0.000 0.257  0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 144 144 0 0 0 0 0 0 22 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 0.317 0.000 0.000 0.000  0.000 0.000 0.000 0.203 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 144 144 0 0 0 0 0 0 39 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.27 0.00
time (sec) N/A 0.317 0.000 0.000 0.000  0.000 0.000 0.000 0.195 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 150 260 0 0 0 0 0 0 67 0
N.S. 1 1.73  0.00 0.00 0.00 0.00 0.00 0.00 0.45 0.00
time (sec) N/A 0.976 0.000 0.000 0.000  0.000 0.000 0.000 0.309 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 171 171 0 0 0 0 0 0 41 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.24 0.00
time (sec) N/A 0.362 0.000 0.000 0.000  0.000 0.000 0.000 0.194 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 263 299 213 0 0 0 0 0 0 0
N.S. 1 1.14  0.81 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.416 0.350 0.000 0.000  0.000 0.000 0.000 0.342 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 201 217 171 0 0 0 0 0 0 0
N.S. 1 1.08 0.85 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.342 0.209 0.000 0.000  0.000 0.000 0.000 0.239 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 135 135 110 0 0 0 144 0 0 0
N.S. 1 1.00 0.81 0.00 0.00 0.00 1.07 0.00 0.00 0.00
time (sec) N/A 0.268 0.117  0.000 0.000  0.000 138.224 0.000 0.218 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F(-2) F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 167 167 0 0 0 0 0 0 23 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 0.346 0.000 0.000 0.000  0.000 0.000 0.000 0.205 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F(-1) F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 261 261 0 0 0 0 0 0 36 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 0.473 0.000 0.000 0.000  0.000 0.000 0.000 0.216 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F(-1) F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 357 357 0 0 0 0 0 0 49 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 0.608 0.000 0.000 0.000  0.000 0.000 0.000 0.223 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 21 21 23 21 23 23 0 23 820 23
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.00 1.10  39.05 1.10
time (sec) N/A 0.162 0.383 0.093 0.084 0.081 0.000 0.181 0.262 11.377
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F(-1) F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 99 99 0 0 0 0 0 0 31 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.31 0.00
time (sec) N/A 0.294 0.000 0.000 0.000  0.000 0.000 0.000 0.201 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 44 44 199 0 0 0 0 0 24 0
N.S. 1 1.00 4.52 0.00 0.00 0.00 0.00 0.00 0.55 0.00
time (sec) N/A 0.176 0.398  0.000 0.000  0.000 0.000 0.000 0.216 0.000
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A F F F F F(-1) F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 44 44 0 0 0 0 0 0 26 0

N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.59 0.00

time (sec) N/A 0.185 0.000 0.000 0.000 0.000 0.000 0.000 0.216 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [14]
had the largest ratio of [.722222000000000031]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
#laade | s | i | ot || e,
il A 12 11 1.15 17 0.647
2 A 11 10 0.86 18 0.556
3 A 4 4 1.00 21 0.190
4 A 4 4 1.00 21 0.190
5 A 4 4 1.00 21 0.190
6 B 5 5 3.00 21 0.238
7 A 3 3 1.00 23 0.130
8 A 2 2 1.00 18 0.111
9| A 2 2 1.00 17 0.118
N/A 1 0 1.00 19 0.000
11| A 2 2 1.00 19 0.105
12| A 4 4 1.00 24 0.167
13| A 2 2 1.00 21 0.095
14| A 14 13 1.11 18 0.722
15| A 12 11 1.47 17 0.647
16/| C 4 4 1.63 25 0.160
17| C 4 4 0.71 24 0.167
18| B 2 2 4.73 20 0.100
19| C 2 2 0.48 19 0.105
20| A 2 2 1.00 18 0.111
21| A 2 2 1.00 17 0.118
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade s;:; ui?eze antlléiaefrlsvi:(:we leaf size | tegrand leaf size
N/A 1 0 1.00 19 0.000
23| A 2 2 1.00 19 0.105
24| A 4 4 1.00 24 0.167
25| A 2 2 1.00 21 0.095
26| A 2 2 1.00 21 0.095
27| A 2 2 1.00 21 0.095
28| A 3 3 1.00 19 0.158
29| A 2 2 1.00 21 0.095
30| A 2 2 0.92 21 0.095
31| A 3 3 1.00 20 0.150
32| A 2 2 1.37 21 0.095
33| A 2 2 1.22 21 0.095
34| A 4 4 0.99 19 0.211
35| A 2 2 1.34 21 0.095
36| A 2 2 1.18 21 0.095
37| A 2 2 1.64 21 0.095
38| A 2 2 1.23 21 0.095
39| A 5 5 1.05 19 0.263
40/ A 2 2 1.26 21 0.095
41| A 2 2 1.06 21 0.095
42/ A 3 3 1.00 23 0.130
43| A 3 3 1.00 23 0.130
44| A 3 3 1.00 23 0.130
45/| A 5 5 1.73 23 0.217
46/ | A 2 2 1.00 23 0.087
47 A 2 2 1.14 21 0.095
48 | A 2 2 1.08 21 0.095
49| A 2 2 1.00 19 0.105
50/ A 2 2 1.00 21 0.095
51| A 2 2 1.00 21 0.095
52| A 2 2 1.00 21 0.095
N/A 1 0 1.00 21 0.000

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand b ¢ rul
#mmade| st | e | aidesaiive | P | bl
54 A 4 4 1.00 29 0.138
@ A 1 1 1.00 22 0.045
56| A 2 2 1.00 24 0.083
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3.1 d+er’ 1.

a-+cx

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . .
Maple [C] (verified) . . . . . . . . . ... L
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ......
Sympy [A] (verification not implemented) . . . ... ... ... ... ......
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... ..
Giac [A] (verification not implemented) . . . . . . .. ... .. ... L.
Mupad [B] (verification not implemented) . . ... ... ... .. ... .....
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 17, antiderivative size = 305

d arctan ( \/Ex) (ved + v/31/ae) arctan (\/§ _ 2% c’”)

d+ex B $/a $/a
atcat 3a5/69c 6a5/6c2/3
_ 2%10
(ved — v/34/ae) arctan (\/5 + W ) elog ({/a+ /ea?)
+ 6a5/6c2/3 - 6ac?/?
(VByed - Vae) log (Va — V3¥/ad/e + Jex)
o 12a5/6¢2/3
. (VBVEd-+ ae) log (Va -+ VBYaYe + Ver?)
12a5/6¢2/3

1/3*d*arctan(c~(1/6)*x/a~(1/6))/a~(5/6)/c~(1/6)+1/6%(c™(1/2) *d+3~(1/2) *a"(
1/2)*e)*arctan (-3~ (1/2) +2%c~ (1/6)¥x/a~ (1/6)) /a~(5/6) /c~ (2/3)+1/6% (¢~ (1/2) *
d-3"(1/2)*a~(1/2)*e)*arctan(3~(1/2)+2*c~(1/6)*x/a~(1/6))/a~(5/6)/c~(2/3)-1
/6%ex1n(a”~(1/3)+c~(1/3)*x72)/a~(1/3)/c~(2/3)-1/12% (37 (1/2) *c~(1/2) *d-a~ (1/
2)*e)*1n(a~(1/3)-37(1/2)*a~(1/6)*c~(1/6)*x+c~(1/3)*x~2) /a~(5/6) /c~(2/3)+1/
12% (3~ (1/2) *c~(1/2) *d+a~(1/2) *e) *1n(a~ (1/3)+3~(1/2) *a~ (1/6) *c~ (1/6) *x+c~ (1
/3)*x~2) /a~(5/6) /c~(2/3)

output
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Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 334, normalized size of antiderivative = 1.10

d arctan (@) (Yay/cd + v/3a?/3¢) arctan (—\/5 %/6352 %a:)

/ d+er® Ya N
atcas T 3a5/6+/c 6ac?/3
6 _ 2/3 v3¥/a+23/cz
(v/ay/cd — /3a*3¢) arctan (—% elog (Va+ Ver?)
+ 6ac2/3 - 6-/ac?/3
(VBayad - a¥/%e) log (Ya — vBY/aves + Ya?)
12ac?/3
(—VBYayed - %) log (/a + V3¥ad/er + ¥er?)
B 12ac?/3

;
Integrate[(d + e*x"3)/(a + c*x76),x]

N\

input

(d*ArcTan[(c~(1/6)*x)/a~(1/6)]1)/(3*xa~(5/6)*c~(1/6)) + ((a~(1/6)*Sqrt[cl*d
+ Sqrt[3]*a~(2/3)*e)*ArcTan[(-(Sqrt[3]1*a~(1/6)) + 2xc~(1/6)*x)/a~(1/6)1)/(
6xa*xc~(2/3)) + ((a~(1/6)*Sqrtlcl*d - Sqrt[3]*a~(2/3)*e)*ArcTan[(Sqrt[3]*a”
(1/6) + 2xc~(1/6)*x)/a~(1/6)]1)/(6*axc™(2/3)) - (exLogla~(1/3) + c~(1/3)*x~
21)/(6%a”(1/3)*c~(2/3)) - ((Sqrt[3]*a~(1/6)*Sqrtlcl*d - a~(2/3)*e)*Logla™(
1/3) - Sqrt[3]*a~(1/6)*c”™(1/6)*x + c~(1/3)*x~2])/(12%axc~(2/3)) - ((-(Sqrt
[31*a~(1/6)*Sqrt[c]*d) - a~(2/3)*e)*Logla~(1/3) + Sqrt[3]1*a~(1/6)*c~(1/6)*
x + ¢~ (1/3)*x~2])/(12*%a*c™(2/3))

output

N

Rubi [A] (verified)

Time = 0.65 (sec) , antiderivative size = 352, normalized size of antiderivative = 1.15,

number of steps used = 12, number of rules used = 11, number of rules _ 0.647, Rules
integrand size

used = {1746, 27, 452, 218, 240, 1142, 25, 27, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/d+em3
6dac
a—+ cr

below.
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l’1746
f 2%(1—%/_(\/3\/\45(1—6)33(1 f 2%d+§/_(\/§\/6d+e>md
Veiae g aliea_wife \© ) (Ve w¥e )
| ¥ eaa e +\/_<f f*) +*f<f+f+>
3a2/3Yc 6a2/3/c 6a2/3 ¢

| 27
f2%d—%(‘/§\/‘§d—e)xd f 2%d+%<\/§\)§zd+e)xd
f\/_d \/_ex %wQ_\/gs C:v+1 T %z2+\/§6 Cz+1 T
Vi fa ™ + Va % Va ~ %a

3a2/3Yc 6a-/c + 6a/c
l 452
2\/_d \/_(f‘[d e)x
d
Yod [ st dz — Ve [ 5ty da I ute,
Vea2+¥/a Ve /e ™ Va Ve 4
3a2/3/c 6a/c
2¥/ca+ V/a( B ve)a
f %m2 \/56 Cz dx
Ve + Va +1
6a/c
l 218
3/, 3/~ (\3/ed _
\/_darcta,n<\/_ > f2\/§d \/a( 6\/5 e)zd.’L'
70 SR 123130
Va Ve /e ™ Va  ¥Ya +
3a2/3/c 6a/c
2\/_d+\/_(‘ffd+e) s
I \/a” “+1
Va ' %
6a/c
l 240
f23 Cd—%(ﬂ\/\?d—e)xdm IQ\/_d-i-\/_( +e)xdw
330z2_\/§66 Cz+1 \{Eaﬁ
Va  ¥Ya n Va \/_ +
6a/c 6a/c
\/—darctan< \\//—_j> %elog(%-{— %xz)
Va B 2¥/c
3a2/3\3/5

l 1142
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Ve(vsa2Ver)
ae++/c 1 i a Yoyed ) f- :
(V3vae+ed) f Ve volfes ) %(%Zz‘ﬁ%“)d
S/c

2y/c
6a+/c
6 6 4
(Vo) e ter—ds Ya(vaorvavat) [V V)
\/Ezz ﬁ\/Ez_H %( \/Ez2+\/§\/_z+1>
Va  Ya
2¥/c +

6a/c
6
%d arctan ( \%//—E;> %e 10g< %—i— %/Em?)
Va ___ aVe
3a2/3/c

l 25
Ve(vs¥ai/e)
dx ae++/cd ’ de
%(Y\;ﬁz_ﬁé/ful) <\/§f +\[)f Yca? \/3%’%1
a a
2%/c ' -
6a/c

(o) g V) s )
23/c -

a2/3 < ‘/5\/\25‘1 —e) f

S
o

Va ' Ya +
2¥/c

6a+/c
$ Cz
%d arctan( \6/_\/5 > B %e log( %—i— %ﬂ)
Va 2Ve
3a?/3/c
l 27
(Vavae+vad) | : a a5 pe¥eade
%z2_\/§%x+1 v \/EZ2 f\/E””

i Vo Ya
Vo 2¥/c -
6a+/c

. _ . e \/EaH—\[\/_
(Vetovie) | et (Vaesvived) [ 73 f\/&w+1

% + % +1 + \/a \/_
2a /e N
6a+/c

§/ce
%d arctan ( \6\//_5 > %e log( %-{— %002)
Va oV
3a2/3/c
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| 1082
3 \/3\/&1_6 \/5%—2 %z - 6 \/§ ae od 1 d(l— 2 %‘E )
\/&( Va >f 33{Cm2_\/§)6{Ca:+1d \/a( f+f>f_<1_2601>2_1 \/5%
VYa  ¥Ya + vitfa) °
2%/c v3¥/c n
6a+/c
2%“’\/5% S cd— ae 1 <2%$ >
(\/Ee+\/§\/5d)f Vo vson dz \/E(fd V3yva )f Ve . 1al ﬁ%+1
Va %a \sva)
a a 3V a
2¢/a¥/c v3i/e 4
6a/c
Yea
%darctan( \6/_\/5> %elog(%-l— %xz)
Va v
3a2/3\3/5
| 217
6 6
Va (L) g s a726\/Ez s .
\3/\/522_x/§§/\/6_z+1 %arctan(ﬁ(l—jﬁ%j&)) (\/?;\/ae—i-ﬁd)
2¥/c - Ve +
6a/c
(Vae+v3yed) [ Vzﬁ/fﬁ “i\;\@ do Ve
Cx Czx z
% +\/§% +1 N %arctan(ﬁ(%%—i—l))(ﬁd—\/ﬁ\/ﬁe)
2¥/a¥/c Ve 4
6a/c
ea
%darctan( % %elog(%-l- %mQ)
YVa B 23/c
3a2/3/c
| 1108
g Czx
%darctan( \6/_\/& > %elog<%+ %:ﬁ)
Va - 23/c 4
30,2/3\3/(_3
6
a2/3 <7‘/§\/\§d —e) log(—x/ﬁ % %x-ﬁ- %+ %x2> %arctan <\/§ <1_ j;g;%) > (ﬁﬁe+ﬁd)
- 2¥/c - Ve +
6a/c
26 Cz

% arctan (\/?: <

vi¥/a

+1> ) (ved-vayae) N Va(vaetvayed) tog(v3¥/a/ca+ Y a+¥/ca?)

Ve 2/c

6a+/c



input

output

rule 25

rule 27

rule 217

rule 218

rule 240

rule 452
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‘Int[(d + exx~3)/(a + c*x76),x]

((c™(1/6) *d*ArcTan[(c~(1/6)*x)/a~(1/6)]1)/a~(1/6) - (a~(1/3)*e*Logla~(1/3)
+ c7(1/3)*x72]) /(2%c™(1/3)))/ (3*a~(2/3)*c~(1/3)) + (-((a~(1/6)*(Sqrt[c]*d
+ Sqrt[3]*Sqrt [a] *e) *ArcTan [Sqrt [3]*(1 - (2%c™(1/6)*x)/(Sqrt[3]*a~(1/6)))]
)/c~(1/3)) - (a~(2/3)*((Sqrt[3]*Sqrt[cl*d)/Sqrt[a] - e)*Logla~(1/3) - Sqrt
[31*a~(1/6)*c~(1/6)*x + c~(1/3)*x~2])/(2%c~(1/3)))/(6*%a*c~(1/3)) + ((a~(1/
6)*(Sqrt[cl*d - Sqrt[3]*Sqrt[al*e)*ArcTan[Sqrt[3]1*(1 + (2*c~(1/6)*x)/(Sqrt
[31*a~(1/6)))1)/c~(1/3) + (a~(1/6)*(Sqrt[3]*Sqrt[c]l*d + Sqrt[a]*e)*Logla~(
1/3) + Sqrt[3]1*a~(1/6)*c~(1/6)*x + c~(1/3)*x72])/(2%c~(1/3)))/(6%a*xc~(1/3)
)

Defintions of rubi rules used

-

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

N\

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

rInt[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R |
tla/b, 2]1, x] /; FreeQ[{a, b}, x] && PosQ[a/bl

Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
"2, x]11/(2%b), x] /; FreeQ[{a, b}, x]

Int[((c_) + (d_.)*(x_))/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[c Int[1/
(a + b*x~2), x], x] + Simpld Int[x/(a + b*x~2), x], x] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c™2 + axd~2, 0]
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Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%S
implify[a*(c/b"2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*cx(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c])] /; Fre
eQ[{a, b, c}, x]

rule 1082

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

rule 1103

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*cxd - b*e)/(2+%c) Int[1/(a + b*x + c*x"2), x], x] + Simp[e/(2%*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]

rule 1142

Int[((d_) + (e_.)*(x_)"3)/((a.) + (c_.)*(x_)"6), x_Symbol] :> With[{q = Rt[
c/a, 61}, Simp[1/(3*a*q~2) Int[(q"2*d - e*x)/(1 + q"2*x72), x], x] + (Sim
pl1/(6xa*xq~2)  Int[(2*q~2*d - (Sqrt[3]1*q~3*d - e)*x)/(1 - Sqrt[3]*g*x + q~
2xx~2), x], x] + Simp[1/(6*a*q~2) Int[(2%q~2*d + (Sqrt[3]1*q~3*d + e)*x)/(
1 + Sqrt[3]*qg*x + q"2*x~2), x], x])] /; FreeQl[{a, c, d, e}, x] && NeQ[c*d"2
+ a*e™2, 0] && PosQ[c/al

rule 1746

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.15 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.11

method | result
<_R3e+d> In (z—_R)
> 5
. _R:Rootof(_zﬁc+a) _R
risch =
2 x a
1n(z2—\/§(%)%z+(%)%> (2)3e ln(m2—\/§(%)%m+(%)%>\/§(%)%d (2)3 arctan<(j)% —\/5) V3e (%)
default 50 = o + o

input‘int((e*x“3+d)/(C*X“6+a),x,method=_RETURNVERBOSE)
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output | 1/6/c*sun((_R"3ve+d)/_R"5+1n(x-_R),_R=Root0f (_Z"6*c+a))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1631 vs. 2(207) = 414.
Time = 0.14 (sec) , antiderivative size = 1631, normalized size of antiderivative = 5.35

d 3
/ —|—_ea:6 dxz = Too large to display
a+cx

( N

input integrate ((e*x~3+d)/(c*x"6+a),x, algorithm="fricas")

-1/12%(sqrt(-3) + 1)*((a"2*%c"2*sqrt(-(c™2*d"6 - 6*a*kckd~4*e”2 + 9*a~2xd~2x
e”4)/(a”6*%c™3)) + 3*xckd"2*e - a*xe"3)/(a"2%c”2)) " (1/3)*Llog(-(c"2xd"5 - 2¥ax
c*d"3xe”2 - 3xa”2*dke"4)*x + 1/2k(a*c”2xd"4 - 3*a~2%c*kd"2xe”2 + sqrt(-3)*(
axc™2xd"4 - 3*%a~2kcxd"2xe”2) + (sqrt(-3)*a”4xc”2xe + a~4xc”2xe)*sqrt(-(c”2
*d~6 - 6xaxckd~4*e”2 + 9*a~2xd"2*e"4)/(a~5*c”3)))*((a~2xc 2*sqrt(-(c"2*d"6
- 6*axckd~4*e”2 + 9*a~2xd"2*e”~4)/(a"5*c”3)) + 3xcxd"2xe - axe”3)/(a"2xc”2
))~(1/3)) + 1/12%(sqrt(-3) - 1)*((a"2*c"2*sqrt(-(c™2*d"6 - 6*axc*d"4*e”2 +
9*a~2*d"2*e"4)/(a"b*c"3)) + 3*cxd"2xe - axe”3)/(a"2xc~2))~(1/3)*1log(-(c~2
*d"5 - 2%axcxd"3*e”2 - 3xa"2xdxe"4)*x + 1/2*(a*c”2%d"4 - 3%a”2*c*kd"2%e”2 -
sqrt (-3)*(a*c™2*d"4 - 3xa~2*kc*kd"2%e”2) - (sqrt(-3)*a”4*c”2xe - a~4*c"2*e)
*sqrt (-(c"2%d"6 - 6*axcxd~4*e”2 + 9xa~2*d"2xe”~4)/(a"5xc~3)))*((a~2*c"2*sqr
t(-(c"2%d"6 - 6*a*xcxd"4xe”2 + 9*ka"2xd"2xe"4)/(a"bxc"3)) + 3xckd"2xe - axe”
3)/(a"2%c”2))"(1/3)) - 1/12x(sqrt(-3) + 1)*(-(a"2xc"2xsqrt(-(c"2*d"6 - 6*a
xc*d~4*e”2 + 9*a~2xd"2*e”"4)/(a"b*c"3)) - 3*cxd"2*e + axe”3)/(a"2%c”2))"(1/
3)*log(-(c™2*%d"5 - 2%a*kcxd~3%e”2 - 3*a”2*xd*e"4)*x + 1/2x(a*c”2*%d"4 - 3*a"2
xc*xd"2%e"2 + sqrt(-3)*(a*c”2*%d"4 - 3xa”2*kc*xd"2%e”2) - (sqrt(-3)*a~4*c”2*e
+ a”4xc”2xe)*sqrt (-(c™2*d"6 - 6*akckd~4xe”2 + 9*a~2xd"2*e"4)/(a~5*c"3)))*(
—(a~2xc™2*sqrt (-(c™2+%d"6 - 6*a*xc*d”4*e”2 + 9*a~2+d"2*e"4)/(a"5*c”3)) - 3*c
*d"2%e + axe”3)/(a”2xc72))7(1/3)) + 1/12%(sqrt(-3) - 1)*(-(a™2*c™2*sqrt (- (
c72%d"6 - 6*axcxd"4*e”2 + 9*a~2*d"2xe”"4)/(a"5xc"3)) - 3xcxd"2%e + axe”3...

\ J

output
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Sympy [A] (verification not implemented)

Time = 1.92 (sec) , antiderivative size = 165, normalized size of antiderivative = 0.54

/d—l—em?’
——dzx
a4+ cxb

= RootSum (46656t6a5c4 +t. (432(146263 — 1296a3c3d2e) + a®e® + 3a’cd®e* + 3ac’d*e® + AdS, <t — tl

inputLintegrate((e*x**3+d)/(c*x**6+a),x) J

RootSum(46656*_t**6*a**5*c**4 + _t**3*(432*a**4*c**2*e**3 - 1296*a**x3*c**3
*d**k2%e) + akxk3kexx6 + Jkakk2kckdkk2kexkd + 3Jkakckk2kdxkdkex*x2 + ckk3kdx*6
, Lambda(_t, _t*log(x + (-1296%_tx*4*xaxkdkcx*k2ke — Bk _tkax*3kex*4d + 36%_tx*
a**k2kckd**x2kexx2 — Gk _tkakckk2kd**4) / (Sxax*x2xdxex*xd + kakckd**3*ke**2 - cx

*2%d**5))))

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 282, normalized size of antiderivative = 0.92

1
1 c3zx
x2+a§> darctan< - 1)
3c3

Wl

d+ ex® elog (c
/ 6 dr = — 12 + 2 1"' 1
atce 6ascs 3asVascs
(\/ga%\/éd + a%e> log (c%aﬂ ++/3adciz + a%>
+ 3
12 acs
(x/gaé\/Ed — a%e> log (c%x2 —V/3asciz + a%>
- 12acs
( Sascie — ascs d) arctan (M)
. a%c%
6ac% aics
( 3atcie + aicid) arctan (203“”_‘/5“%0% >
n adcs

inputLintegrate((e*x”3+d)/(c*x*6+a),x’ algorithm="maxima") J
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output -1/6%exlog(c”(1/3)*x~2 + a~(1/3))/(a~(1/3)*c~(2/3)) + 1/3*d*arctan(c”(1/3)
*x/sqrt(a~(1/3)*c~(1/3)))/(a~(2/3)*sqrt(a~(1/3)*c~(1/3))) + 1/12%(sqrt(3)*
a~(1/6)*sqrt(c)*d + a~(2/3)*e)*log(c”(1/3)*x"2 + sqrt(3)*a~(1/6)*c~(1/6)*x
+ a~(1/3))/(axc™(2/3)) - 1/12x(sqrt(3)*a~(1/6)*sqrt(c)*d - a~(2/3)*e)*log
(c™(1/3)*x~2 - sqrt(3)*a~(1/6)*c~(1/6)*x + a~(1/3))/(a*xc~(2/3)) - 1/6*(sqr
t(3)*a~(5/6)*c~(1/6)*e - a~(1/3)*c”~(2/3)*d)*arctan((2*c~(1/3)*x + sqrt(3)*
a~(1/6)*c”(1/6))/sqrt(a~(1/3)*c~(1/3)))/(axc™(2/3) *sqrt(a~(1/3)*c~(1/3)))
+ 1/6x(sqrt(3)*a~(5/6)*c~(1/6)*e + a~(1/3)*c~(2/3)*d)*arctan((2*c~(1/3)*x
- sqrt(3)*a~(1/6)*c~(1/6))/sqrt(a~(1/3)*c~(1/3)))/(a*c~(2/3) *sqrt(a~(1/3) *
c~(1/3)))

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 283, normalized size of antiderivative = 0.93

5 elc|log (22 + (2 5 (ac5)6darctan< awé)
/d+ex dr = — ( ()>+ (%)

ot e 6 (005)% 3ac
((ac5)% ccd — \/g(acf))% e) arctan (MT{#)
" 6 act ‘ 1
((%5)% c’d + \/g(ac"’)% 6) arctan <2””‘_(‘f(;i)
’ 6 act : 1 1
(\/g(ac5)5 cA3d + (ac5)§ e) log <x2 + \/gx(%)g n <%)§>
’ 12 act 1 1
<\/§(ac5)€ c3d — (ac5)§ 6) lOg (.’L‘2 _ \/gx(%>E n <%)§>
B 12 act

;
integrate((e*x~3+d)/(c*x~6+a) ,x, algorithm="giac")

N\

input
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-1/6*e*abs(c)*log(x~2 + (a/c)~(1/3))/(axc™5)~(1/3) + 1/3*(a*c”5)~(1/6)*d*a
rctan(x/(a/c)~(1/6))/(a*xc) + 1/6x((a*xc™5)~(1/6)*c~3*d - sqrt(3)*(a*c™5)~ (2
/3)*e)*arctan((2*x + sqrt(3)*(a/c)~(1/6))/(a/c)~(1/6))/(axc™4) + 1/6*((a*c
~5)~(1/6)*c~3*d + sqrt(3)*(a*xc~5)~(2/3)*e)*arctan((2*x - sqrt(3)*(a/c)~(1/
6))/(a/c)~(1/6))/(a*c™4) + 1/12*%(sqrt(3)*(a*c™5)~(1/6)*c~3*d + (axc~5)~(2/
3)*e)*log(x~2 + sqrt(3)*x*(a/c)~(1/6) + (a/c)~(1/3))/(axc™4) - 1/12%(sqrt(
3)*(axc~5)~(1/6)*c~3*d - (axc~5)~(2/3)*e)*log(x~2 - sqrt(3)*x*(a/c)~(1/6)
+ (a/c)~(1/3))/(axc™4)

output

Mupad [B] (verification not implemented)

Time = 0.95 (sec) , antiderivative size = 1331, normalized size of antiderivative = 4.36

d 3
/ + ex6 dxz = Too large to display
a+cx

input‘int((d + exx~3)/(a + c*x"6),x)

log(a~3*c~3*(-(a"4*c™2%e"3 + c*d~3*(-a~b*c~5)~(1/2) - 3*a~3*c~3*d"2%e - 3
a*d*e”2*(-a~5xc~5)~(1/2))/(a"5%c"4))~(1/3) + exx*x(-a~5*%c~5)~(1/2) + a~2xc~
3*d*x) * (- (a~4*xc"2xe”3 + c*d"3*%(-a~5*c”5)"(1/2) - 3*a”~3*c”"3*d"2*e - 3*axd*e
~2%(-a~bxc”5) " (1/2))/(216*a"5%c”4)) " (1/3) + log(a~3*c~3*(-(a"4*c"2xe”3 - ¢
*d"3*%(-a~5*%c”5) " (1/2) - 3*a~3*xc"3*d"2*e + 3*a*dxe”2x(-a~5*c”~5)~(1/2))/(a"5
*C~4))~(1/3) - exxx(-a~5xc”5)7(1/2) + a~2*c ™ 3*kd*x)*(-(a~4*c 2*xe~3 - cxd"3*
(-a"5*c~5) " (1/2) - 3*a”3*c~3*d"2*e + 3*axd*e”2x(-a~5xc”5)"(1/2))/(216*a~5*
c~4))~(1/3) - log(a~3*c™3x(-(a~4*xc™2%e"3 + c*d"3*(-a~5*c~5)~(1/2) - 3*a~3*
c"3*%d"2%e - 3*akxd*e 2% (-a~5*c”~5)"(1/2))/(a"5*%c"4))"(1/3) - 2%e*x*(-a"b*c”b
)7 (1/2) + 37(1/2)*a”~3*c"3*(-(a~4*xc"2*%e"3 + c*xd"3*(-a~5*c~5)~(1/2) - 3*a”3*
c"3xd"2%e - 3xaxd*e”2x(-a”b*c"5)7(1/2))/(a"5*c”4)) " (1/3)*1i - 2*a~2%c”3*d*
x)*((37(1/2)*11) /2 + 1/2)*(-(a~4*c™2*e”3 + c*d"3*(-a"5*c~5)~(1/2) - 3*a~3*
c"3*%d"2xe - 3*axd*e”2*(-a"b*c~5)"(1/2))/(216%a"5xc"4))~(1/3) + log(e*x*(-a
“5%c”5)"(1/2) - (a”3*c"3*(-(a~4*c"2*%e”"3 + c*d"3*(-a~5*c~5)~(1/2) - 3*a”3*c
~3*%d"2*%e - 3*akxdxe~2x(-a"5*%c”5)~(1/2))/(a"5%c~4))~(1/3))/2 + (37(1/2)*a"3x*
c"3*k(-(a"4*c"2xe”"3 + c*d"3*x(-a"5*c”5) " (1/2) - 3*a”3*c"3*d"2xe - 3*xakd*e 2%
(-a~5%c”5)~"(1/2))/(a"5%c”4))~(1/3)*1i) /2 + a~2%c " 3*d*x)*((3~(1/2)*1i)/2 -

1/2)*(-(a~4*c"2xe”3 + cxd"3*(-a"bxc~5)~(1/2) - 3*a”3*c~3*xd"2*e - 3*akxd*e”2
*(-a"b*c~5)"(1/2))/(216*a~5*c"4))~(1/3) + log(a~3*c 3% (-(a"4xc"2*e”3 - c*d
~3x(-a~5%c~5) " (1/2) - 3%a~3%c”~3*%d"2%e + 3kakxdke 2% (-a~5xc~5)~(1/2))/(a"...

output




input

output
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Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 276, normalized size of antiderivative = 0.90

/d+ez3
dz
a + cxb

_ c%a%\/g—2c%x _ c%a%\/g—Zc%x —c%a%\/g—ldc%
2v/c/a atan  £a8Y372632 ) g _ 9./3 atan ( <2e8y372¢32 ) e 4 2. /c\/a atan

1 1
c6ab

[

1
cba

!int((e*x“3+d)/(c*x“6+a),X)

( - 2*sqrt(c)*sqrt(a)*atan((c**x(1/6)*a*x*(1/6)*sqrt(3) - 2xc*x*(1/3)*x)/(c**
(1/6)*a*x(1/6)))*d - 2*sqrt(3)*atan((c**x(1/6)*ax*(1/6)*sqrt(3) - 2*kcx*(1/3
)*x)/(cx*x(1/6)*a**(1/6)))*a*e + 2xsqrt(c)*sqrt(a)*atan((c*x*(1/6)*a*x*(1/6)*
sqrt(3) + 2kxcx*x(1/3)*x)/(cx*(1/6)*a**x(1/6)))*d — 2*sqrt(3)*atan((c**(1/6)*
ax*x(1/6)*sqrt(3) + 2xc*x(1/3)*x)/(cx*(1/6)*a*x(1/6)))*a*e + 4*xsqrt(c)*sqrt
(a)*atan((c**(1/3)*x)/(c*x*(1/6)*ax*(1/6)))*d - sqrt(c)*sqrt(a)*sqrt(3)*log
( - cx*x(1/6)*a*x(1/6)*sqrt(3)*x + ax*(1/3) + c**(1/3)*x**2)*d + sqrt(c)*sq
rt(a)*sqrt (3) *log(cx*(1/6) *a*x(1/6) *sqrt (3) *x + ax*(1/3) + c*k*x(1/3)*x**2)*
d - 2+log(a**x(1/3) + cx*(1/3)*x**2)*axe + log( - c**(1/6)*ax*(1/6)*sqrt(3)
*x + ax*x(1/3) + c*kx(1/3)*xx*2)*are + log(cx*(1/6)*a*x(1/6)*sqrt(3)*x + a**
(1/3) + c**(1/3)*x**2)*a*xe)/ (12xc**(2/3)*a*x*(1/3)*a)




output
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3.2 d+er’ 1.

a—Ccx

Optimalresult . . . .. ... .. ... ... ...........
Mathematica [A] (verified) . . . . . . .. ... ... ... ..
Rubi [A] (verified) . . . ... ... ... . Lo L
Maple [C] (verified) . . . . . . ... ... .. L
Fricas [B] (verification not implemented) . . . . . .. ... ...
Sympy [A] (verification not implemented) . . . ... ... ...
Maxima [A] (verification not implemented) . . . . . . ... ...
Giac [A] (verification not implemented) . . . . . . .. ... ...
Mupad [B] (verification not implemented) . ... .. ... ...
Reduce [B] (verification not implemented) . . . ... ... ...

Optimal result

Integrand size = 18, antiderivative size = 323

ae

$/a—2% Cz> ) (v/ed + /ae) arctan (

Ya+2 %x)

dr=—

a— cxb 24/3a5/6/¢c

/ d+ ez <d — %) arctan <\/§—6\/E

2\/§a5/602/3
(Vd+ vae) og (Ya— fez) (4= Y ) log (Va+ Vez)

6a5/6c2/3

(d= %) tog (VVa — Vav/ew + Yea?)

12a5/6/c

(Ved + /ae) log (/a + v/av/cx + /ca?)

+ 12a5/602/3

-1/6x(d-a~(1/2)*e/c~(1/2))*arctan(1/3*(a~(1/6)-2*xc~(1/6)*x)*3~(1/2)/a~(1/6
))*37(1/2)/a~(5/6)/c”(1/6)+1/6*(c~(1/2) *d+a”~ (1/2) *e) *arctan(1/3*(a~(1/6)+2
*c~(1/6)*x)*37(1/2)/a~(1/6))*37(1/2) /a~(5/6) /c~(2/3)-1/6%(c~(1/2)*d+a~(1/2
Y*xe)*1n(a”~(1/6)-c~(1/6)*x)/a~(5/6)/c~(2/3)+1/6*(d-a~(1/2)*e/c"(1/2))*1n(a”
(1/6)+c~(1/6)*x)/a~(5/6)/c~(1/6)-1/12*(d-a~ (1/2)*e/c~(1/2))*1n(a~(1/3)-a"(
1/6)*c~(1/6)*x+c~(1/3)*x~2)/a~(5/6) /c~(1/6)+1/12%(c” (1/2)*d+a~ (1/2) *e) *1n(
a~(1/3)+a"~(1/6)*c~(1/6)*x+c~(1/3)*x~2)/a~(5/6)/c~(2/3)
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Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 337, normalized size of antiderivative = 1.04

d+ ex?
5 dz
a—cx
6
1_2‘\/Ez 1+2

—2v/3(y/ed — \/ae) arctan \/6\5/5 + 2v/3(y/ed + /ae) arctan \/ga — 2y/cdlog (va — Ve

T

<

<

inputtlntegrate[(d + exx"3)/(a - c*x76),x] J

(-2#Sqrt [3]*(Sqrt[cl*d - Sqrtlal*e)*ArcTan[(1 - (2*c~(1/6)#*x)/a~(1/6))/Sqr
t[3]] + 2xSqrt[3]1*(Sqrtlcl*d + Sqrt[al*e)*ArcTan[(1 + (2*c~(1/6)*x)/a~(1/6
))/Sqrt[3]1] - 2+Sqrtl[cl*d*Logla~(1/6) - c~(1/6)*x] - 2xSqrt[al*exLogla”~(1/
6) - c~(1/6)*x] + 2xSqrt[cl*dxLogla~(1/6) + c~(1/6)*x] - 2xSqrt[al*exLogla
~(1/6) + c~(1/6)*x] - Sqrtlcl*d*Logla~(1/3) - a~(1/6)*c~(1/6)*x + c~(1/3)*
x~2] + Sqrtl[al*exLogl[a~(1/3) - a~(1/6)*c~(1/6)*x + c~(1/3)*x"2] + Sqrtlcl*
d*Logl[a~(1/3) + a~(1/6)*c~(1/6)*x + c~(1/3)*x~2] + Sqrt[al*e*Logla~(1/3) +
a~(1/6)*c~(1/6)*x + c~(1/3)*x~2]1)/(12%a~(5/6)*c"~(2/3))

output

Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 279, normalized size of antiderivative = 0.86,

number of steps used = 11, number of rules used = 10, Bumber of rules _ 4 556 Ryjjeg
integrand size

used = {1747, 750, 16, 27, 1142, 25, 27, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

3
/d+6x6dm
a — Cx

l 1747

(Ve +0) [ amvavms (-8 [ vavasva®

below.
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l 750
%(2 Va- %z)

1
) Vave v ®

L(,_ Vae / Valfer—yalearan ™
2 \/E 3a2/3

Ya(eer2a)

3a2/3

f ﬁdw
L VaYaVe

Ve 3a2/3

| 16

Ya(2a- Vee)

; <\/Ee + d> ! %%ﬂhﬁ%ﬂﬁ/?’da)

3a2/3

1 d— \/(_]’e f %%xz—ﬁ%x+a2/3 de 4 log (%+ %x)
2 Ve 302/3 3a5/6./c
I Va(¥/co+2¥/a) p
1(vae 4 Yai/ervjafcararrn™  log (Ya — Jex)
2\ Ve 3q2/3 3a5/6 ¢
l 27
2¥/a-Y/cz
1 d— \/E’e f %%xz—ﬁ%x+a2/3 dz n log (%+ %x)
2 Ve 3Va 3a5/6 /¢
Veet2¥/a

¥ log (Va— {/ex)

3Va

l 1142

; <\/ae + d> ! %%x2+\/a%x+a2/3d

3a5/6\6/5

+
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I %%(%—2 %/&)
3V 1 — - %%xQ—ﬁ%m+a2/3

5 d- vae aa %%EQ_ﬁ%eraz/sdm 2%/a/c n log (V/a+ /cx)

2 3va 30576 /e

dzx

| VAY(Ye vl
38 1 %%w2+\/5 %w+a2/3

1 (ae +d 2V %%z2+\/5%w+a2/3dm+ 23/a¥/c _ log (vVa— V/cx)
3va 3a%/6 /¢

dzr

| 25

(=]

| ae)
39 1 Ve2-§/a’/co+Y/a ’

1y e\ | 2V e e e s (9t )
3\/5 3a5/6\6/5

%)

| VaYe(:ve- V)

38 1 %%Z2+\/E %x+a2/3

1 @ﬁ—d :Va/ %%ﬂc%ﬁ%ﬁa?/?’dﬂv—'_ 23/a¥/c _ log (Va— Vez)
3Vva 3a5/6 /¢

dzr

g%f 1 dg; a
1 d— Vae 2 Ya¥ca?—ya/cora?/’ 2%/a N log ({7& + \6/5.’17)
2 3va 345/6. 3/

38 1 1 98 Cm+%
(Ve Ve Va¥fersyalfeesan ™ 2 / Vaersvaezrais ™ _ log (Va— Vez)
3va 3a5/6 /¢

l 1082
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6
3_[ 1 . d 1_2 Cw>
" Ver-a¥erifa™ | ( \/a> ’

Ya¥/e ;. Jog (Va+ Vez)
3va 3a5/6/c

29 Cm+%

() 2 Yatersaaerran® Vaye  log (¥ - ¥er)

L[ e Va T Weve | log(Va+ V)
2<d_ ) 2 3va LY

1 2¥/ca+¥/a dz +
1(vae N | 2] VaVersyaerars
3va 36 §c

l 1103
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| 2Ye
\/3 arctan \/\g/a
log(— ¥Y/a/co+ ¥/a+3/ca?)
1<d__vﬁe) log (Va+ Vex)  — v ~ 2{/a¥/c +
2 Ve 3a5/6{/c 3va

V/3arctan \/\/Eg
log( % %m-{- %-l— %m2>
1<¢6e+d> Va¥e " 2y/al/ec _ log (V/a— Yca)
2\ Ve 3va 3a5/6/c

input‘Int[(d + exx"3)/(a - c*x76),x]

((d - (Sqrt([alxe)/Sqrtlc]l)*(Logla~(1/6) + c~(1/6)*x]/(3*a~(5/6)*c~(1/6)) +
(-((8qrt[3]*ArcTan[(1 - (2xc~(1/6)*x)/a~(1/6))/Sqrt[311)/(a~(1/3)*c~(1/6)
)) - Logla~(1/3) - a~(1/6)*c~(1/6)*x + c~(1/3)*x~2]/(2*xa~(1/3)*c~(1/6)))/(
3%Sqrt[al)))/2 + ((d + (Sqrtlal*e)/Sqrtlc])*(-1/3*Logla~(1/6) - c~(1/6)*x]
/(a~(5/6)*c~(1/6)) + ((Sqrt[3]*ArcTan[(1 + (2*c~(1/6)*x)/a”~(1/6))/Sqrt[3]]
)/(a~(1/3)*c~(1/6)) + Logla~(1/3) + a~(1/6)*c~(1/6)*x + c~(1/3)*x"2]/(2*a"
(1/3)*c~(1/6)))/(3%Sqrt[al)))/2

output

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol]l :> Simp[c*(Log[RemoveContent[a +
Lb*x, x]11/b), x1 /; FreeQ[{a, b, c}, x]

rukaz5tlnt['(FX->’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]




rule 27

rule 217

rule 750

rule 1082

rule 1103

rule 1142

rule 1747
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Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Simp[1/(3*Rt[a, 3]172) Int[1/
(Rt[a, 3] + Rt[b, 3]*x), x], x] + Simp[1/(3*Rt[a, 3]172) Int[(2*Rt[a, 3] -
Rt[b, 3]*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]"2*x~2), x], x] /;
FreeQ[{a, b}, x]

Int[((a_) + (b_.)*x(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%S
implify[a*(c/b~2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b
)1, x] /; RationalQ[q] &% (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c])] /; Fre
eQ[{a, b, c}, x]

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*%c*d - b*e)/(2%c) Int[1/(a + b*x + c*x"2), x], x] + Simple/(2%c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]

Int[((d_) + (e_.)*(x_)"(m_))/((a_) + (c_.)*(x_)"(n2_)), x_Symbol] :> With[{
q = Rt[-a/c, 2]}, Simp[(d + exq)/2 Int[1/(a + cxg*x"n), x], x] + Simp[(d
- exq)/2 Int[1/(a - c*q*x"n), x], x]] /; FreeQ[{a, c, d, e, n}, x] && EqQ
[n2, 2xn] && NeQ[c*d"2 + axe”2, 0] && NegQ[a*c] && IntegerQ[n]




input t
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.14 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.11

method | result
(_R3e+d) n(=-_R)
Z R5
. _R:RootOf(_ZGC—a) N
risch — -
2 T

e(2)? ln(w2+(%)%w+(%)%) e(2)? V3 arctan (:ﬁ +33> d(2)® 1n(z2+(g)%m+(g)%) d(2) V3 arctan

default a + 6a + 12a 6a
int ((exx~3+d)/(-c*x~6+a) ,x,method=_RETURNVERBOSE) J

output

L—l/S/c*sum( (_R~3*e+d)/_R~5%1ln(x-_R), R=Root0f(_Z 6*c-a))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1613 vs. 2(223) = 446.

Time = 0.15 (sec) , antiderivative size = 1613, normalized size of antiderivative = 4.99

d 3
/ + exﬁ dx = Too large to display
a—cx

input L

integrate((e*x~3+d)/(-c*x"6+a) ,x, algorithm="fricas") J
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-1/12%(sqrt (-3) + 1)*(-(a"2*c"2*sqrt((c"2*d"6 + 6*a*xcxd"4*e”2 + 9*ka~2xd~ 2%
e"4)/(a"b*c”"3)) + 3*xcxd"2*xe + axe”3)/(a"2xc”2))~(1/3)*1log(-(c™2%d"5 + 2xax
cxd"3*%e”2 - 3*%a"2+d*e”4)*x + 1/2*(a*c”2+%d"4 + 3*a”2xc*d"2*e”2 + sqrt(-3)*(
axc”2+%d™4 + 3%a”2kcxd"2%e”2) - (sqrt(-3)*a~4*c”2*%e + a~4*xc”2xe)*sqrt((c”2*
d"6 + 6xaxcxd~4*e”2 + 9*a~2xd"2xe"4)/(a"5*xc”3)))*(-(a~2*c"2*sqrt ((c"2*d"6
+ Bxaxckd"4*e”2 + 9xa~2+d"2*e"4)/(a"5*c"3)) + 3*cxd"2*e + axe”3)/(a"2%c”2)
)7(1/3)) + 1/12%(sqrt(-3) - 1)*(-(a~2*c~2*sqrt((c™2*d"6 + 6*axc*d 4*e”2 +
9*a~2*d"2*e"4)/(a"b*c"3)) + 3xcxd"2xe + axe~3)/(a"2xc~2))~(1/3)*1log(-(c~2*
d"5 + 2xaxcxd"3%e”2 - 3*a"2xdxe"4)*x + 1/2x(a*c”2xd"4 + 3%a"2xcxd"2%e”2 -
sqrt (-3)*(a*c™2*xd"4 + 3*a~2*kc*kd"2%e”2) + (sqrt(-3)*a~4*c”2%e - a~4*c"2xe)*
sqrt ((c™2*%d"6 + 6*akxc*d~4*e”2 + 9*a~2xd"2+e~4)/(a~5*c~3)))*(-(a~2xc 2*sqrt
((c™2%d"6 + B*a*xckd™4*e”2 + 9*a~2xd"2*e"4)/(a"6*c”3)) + 3xcxd"2xe + axe”3)
/(@™2xc~2))~(1/3)) - 1/12*%(sqrt(-3) + 1)*((a"2*c"2*sqrt((c™2*xd"6 + 6*axc*d
“4xe”2 + 9*a~2xd"2%e~4)/(a"b*c"3)) - 3*cxd"2*e - a*e”3)/(a"2xc”2))"(1/3)*1
0og(-(c™2%d"5 + 2%a*xc*d~3%e”2 - 3*a”2*d*e”4)*x + 1/2x(a*c”2*d"4 + 3*a~2%c*d
~2xe"2 + sqrt(-3)*(axc”2xd"4 + 3*a"2xc*d"2%e”2) + (sqrt(-3)*a~4*xc 2*xe + a”
4xc~2%e) *sqrt ((c™2*d"6 + 6*akxckd~4*e”2 + 9*a~2xd"2*e~4)/(a~5*c~3)))*((a~2x*
c~2xsqrt ((c™2*d"6 + 6xakc*d™4*e”2 + 9*xa~2xd"2%e~4)/(a~5*c~3)) - 3*cxd 2*e
- axe”3)/(a”2xc”2))"(1/3)) + 1/12x(sqrt(-3) - 1)*((a"2*c 2*sqrt((c”2*d"6 +
Bxaxcxd~4*e”2 + 9*a~2+d"2xe"4)/(a"bxc"3)) - 3xckd"2*e - a*e~3)/(a”2*c”...

output

Sympy [A] (verification not implemented)

Time = 1.85 (sec) , antiderivative size = 168, normalized size of antiderivative = 0.52

d 3
/+_€~’”6dx=
a— Cr

—Rmﬁm{%%%ﬁf+ﬁ@%%%&—H%ﬁ&%%m%kﬂﬁﬁ&+m&%%w%ﬂGH

input integrate((e*xx**3+d)/(-c*x**6+a) ,x)

—RootSum(46656*_t**6*a**5*c**4 + _t**3*(-432*a**4*c**2*e**3 - 1296%a**x3*c*
*¥3kdkk2ke) + akxk3kex*k6 — Jkakk2kckdkkkexk4 + Jkakckkkdkkdkexk2 — ckxkx3kd*
*6, Lambda(_t, _t*log(x + (-1296%_t*x4*ak*4dkck*2ke + 6%_txa*x3xe*x4d + 36%_
thakk2kckd**2kex*x2 + Bx_tkakckk2kd**4) / (Skaxx2xdxexkd — kakckd**3ke**2 -
cx*2xd**5))))

output
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 313, normalized size of antiderivative = 0.97

A(e+(5))
V3(y/ed + v/ae) arctan — 7
d+ ex? (%)
/ et ® = :
o )

V3(y/ed — y/ae) arctan

3 ()"
+ 2
v ()
WHIM%”M%Y(%?
+ P
12 ac (%)’
(\/_d Vae) log (m -z ‘/7‘3) <‘/7‘z>3>
12 /ac (ﬁ)§
(ved — v/ae) log (x + (‘%)é) (ved + +/ae) log <:c — <‘/7‘E)é>
+ 2 o 2
v () v ()

input tintegrate ((exx~3+d) /(-c*x~6+a) ,x, algorithm="maxima")




output

input
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1/6*xsqrt(3)*(sqrt(c)*d + sqrt(a)*e)*arctan(1/3*sqrt(3)*(2*x + (sqrt(a)/sqr
t(c))~(1/3))/(sqrt(a)/sqrt(c))~(1/3))/(sqrt(a)*cx(sqrt(a)/sqrt(c))~(2/3))
+ 1/6xsqrt(3)*(sqrt(c)*d - sqrt(a)*e)*arctan(1/3*sqrt(3)*(2*x - (sqrt(a)/s
qrt(c))~(1/3))/(sqrt(a)/sqrt(c))~(1/3))/(sqrt(a)*c*(sqrt(a)/sqrt(c))~(2/3)
) + 1/12%(sqrt(c)*d + sqrt(a)*e)*log(x~2 + x*(sqrt(a)/sqrt(c))~(1/3) + (sq
rt(a)/sqrt(c))~(2/3))/(sqrt(a)*c*x(sqrt(a)/sqrt(c))~(2/3)) - 1/12*(sqrt(c)*
d - sqrt(a)*e)*log(x~2 - x*(sqrt(a)/sqrt(c))~(1/3) + (sqrt(a)/sqrt(c))~(2/
3))/(sqrt(a)*c*(sqrt(a)/sqrt(c))~(2/3)) + 1/6x(sqrt(c)*d - sqrt(a)*e)*log(
x + (sqrt(a)/sqrt(c))~(1/3))/(sqrt(a)*c*(sqrt(a)/sqrt(c))~(2/3)) - 1/6%(sq
rt(c)*d + sqrt(a)*e)*log(x - (sqrt(a)/sqrt(c))~(1/3))/(sqrt(a)*c*x(sqrt(a)/
sqrt(c))~(2/3))

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 303, normalized size of antiderivative = 0.94

Ol

dz = +

/d+ex3 elc| log (x + (- )%) (—ac®)s darctan((_; >

a— cxb 6 (—ac5) T2
< ac5)6 fd—3(~a )% 6) arctan (2”‘[(_ )
6act
(( ac5)6 3d + v3(—ac®)? e) arctan_( a)G )
6ac4
, (V(ac)i éd (cad)ie)log (a*+ Vaa(~2)" + (-2)')
12 act
<\/§ — (—ac® )% )log( \/3_1;(_%)% + (_%)%>
12 act

integrate((e*x~3+d)/(-c*x"6+a) ,x, algorithm="giac")




output

input

output
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1/6%exabs(c)*log(x~2 + (-a/c)~(1/3))/(-a*c~5)~(1/3) + 1/3*(-axc”5)~(1/6)*d
*arctan(x/(-a/c)~(1/6))/(axc) + 1/6*%((-a*c”5)~(1/6)*c”~3*d - sqrt(3)*(-a*xc”
5)~(2/3)*e)*arctan((2*x + sqrt(3)*(-a/c)~(1/6))/(-a/c)~(1/6))/(axc”4) + 1/
6x((-a*c~5) " (1/6)*c~3*d + sqrt(3)*(-a*c~5)~(2/3)*e)*arctan((2*x - sqrt(3)=*
(-a/c)~(1/6))/(-a/c)~(1/6))/(a*xc™4) + 1/12%(sqrt(3)*(-a*xc~5)~(1/6)*c~3*d +

(-axc”5)~(2/3)*e)*log(x~2 + sqrt(3)*x*(-a/c)~(1/6) + (-a/c)~(1/3))/(a*c™4
) - 1/12%(sqrt(3)*(-a*c~5)~(1/6)*c~3*d - (-a*xc~5)~(2/3)*e)*log(x~2 - sqrt(

3)*xx*x(-a/c)~(1/6) + (-a/c)~(1/3))/(axc™4)

Mupad [B] (verification not implemented)

Time = 11.90 (sec) , antiderivative size = 1293, normalized size of antiderivative = 4.00

d 3
/ + ex6 dxz = Too large to display
a—cT

(int((d + e%x°3)/(a - c*x°6),%)

log(a~3*c~3*(-(a"4*c™2xe"3 + c*d"3*(a~5*c”~5)~(1/2) + 3*a~3*c”3xd"2*e + 3xa
*dxe”~ 2% (a~5*%c~5)~(1/2))/(a~5*c”4))~(1/3) + e*x*x(a~5*xc”~5)~(1/2) + a~2*c~3*d
*x)*(—(a~4*xc"2*e"3 + c*d"3*(a”5*xc”5)"(1/2) + 3*a~3*c”3*d"2xe + 3*xaxdkxe”2*(
a~5*%c~5)~(1/2))/(216*a~5xc~4))~(1/3) + log(a~3*c~3*(-(a~4*c"2*e”3 - c*d~3*
(a"5*%c”5)~(1/2) + 3*a~3*c~3*d"2xe - 33*axdxe~2*(a”~5*c~5)"(1/2))/(a"5*c"4))"~
(1/3) - exx*(a~5%c~5)~(1/2) + a~2*%c”~3*d*x)*(-(a~4*c™2*xe~3 - cxd~3*(a~5*c”5
)" (1/2) + 3*a”3*c”3*xd"2%e — 3*axdke”2x(a"5*c~5)"(1/2))/(216*a"~5xc"4))~(1/3
) - log(a~3xc~3*(-(a"4*c™2%e”3 + c*d~3*(a~bxc”5)~(1/2) + 3*a~3*c~3*d"2*e +
3xaxd*e~2x(a"bxc”5)~(1/2))/(a~b*c"4))~(1/3) - 2*e*xx*(a~bxc~5)~(1/2) + 37(
1/2)*a~3*%c"3*(-(a~4*c"2xe"3 + c*d"3*(a~5*c”5)~(1/2) + 3*a~3*c~3*d"2*xe + 3%
axd*e~2*(a~5*%c~5)~(1/2))/(a~5*c~4)) " (1/3)*1i - 2*a~2*c ~3*kd*x)*((3~(1/2)*1i
)/2 + 1/2)*%(-(a"4*c"2*%e"3 + c*d~3*(a”5*xc”5)~(1/2) + 3*a~3*c”~3*d"2*e + 3*a*
d*e~2x(a"5xc”5) " (1/2))/(216*a"5xc”4))~(1/3) + log(e*x*(a~bxc~5)~(1/2) - (a
~3%c” 3% (- (a"4*xc"2*%e"3 + c*d"3*(a"5*xc”5)"(1/2) + 3*a"3*c"3*d"2*e + 3*xaxd*xe”
2% (a"5%c~5)"(1/2))/(a~5*c”4))~(1/3))/2 + (37 (1/2)*a"3*c"3*(-(a"~4*c"2*e"3 +
cxd"3*(a"5*%c”5) " (1/2) + 3*a~3*c"3*d"2%e + 3*axd*e”2x(a"5*c~5)"(1/2))/(a"5
*c~4))"(1/3)*1i) /2 + a”2%c”3*d*x)*((37(1/2)*1i)/2 - 1/2)*(-(a~4*c™2*e"3 +
cxd~3*(a~5%c”5) ~(1/2) + 3%a~3*c~3*d"2*e + 3*axdxe~2%(a~5*xc~5)~(1/2))/(216%
a"b*xc~4))~(1/3) + log(a™3xc™3*(-(a"4*c"2%e"3 - c*d"3x(a"bxc~5)~(1/2) + 3xa
“3%c”3%d"2%e - 3%axdxe”2%(a"5*c”5)7(1/2))/(a"5*%c"4))~(1/3) + 2xe*xx*(a”5...




input

output
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Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 328, normalized size of antiderivative = 1.02

d 3
/ + ezﬁ da
a—cCcx

—2\/_\/_\/3 atan(c%“

1 1
c6ab

cn\u
wb—‘
mH
w\»-t

—2c
c

’”) d+2vV3 atan(c%“ 2

1 1
c6ab6+/3

w

””) ae + 2\/_\/_\/§atan<c%“

2c

w\»-t

3

w)d+2\/§a

Lint((e*x“3+d)/(—c*x“6+a),x)

/( - 2*sqrt(c)*sqrt(a)*sqrt(3)*atan((c*x*(1/6)*a*xx(1/6) — 2xc*x*(1/3)*x)/(cxx*

(1/6) *a**(1/6) *sqrt (3)))*d + 2*sqrt(3)*atan((c**(1/6)*ax*(1/6) - 2*c**(1/3
)*x) / (c**(1/6)*a**(1/6) *sqrt(3)) ) *a*xe + 2*sqrt(c)*sqrt(a)*sqrt(3)*atan((c*
*(1/6)*ax*(1/6) + 2kcx*(1/3)*x)/(cx*(1/6)*a*xx(1/6)*sqrt(3)))*d + 2*sqrt(3)
*xatan ((cx*(1/6)*a*x(1/6) + 2xcx*(1/3)*x)/(cx*(1/6)*a**(1/6)*sqrt(3)))*axe
- sqrt(c)*sqrt(a)*log( - c*x(1/6)*a*x*x(1/6)*x + a*x(1/3) + cx*(1/3)*x**x2)*d
+ 2*sqrt(c)*sqrt(a)*log( - c**(1/6)*ax*x(1/6) - cx*(1/3)*x)*d + sqrt(c)*sq
rt(a)*log(c**(1/6) *ax*x(1/6)*x + a**x(1/3) + c**(1/3)*x**2)*d - 2*sqrt(c)*sq
rt(a)*log(c*x*x(1/6)*a**(1/6) - c**x(1/3)*x)*d + log( — c**(1/6)*ax*(1/6)*x +
a*x(1/3) + cx*(1/3)*x**2)*axe - 2*log( - cx*(1/6)*a*x(1/6) - cx*(1/3)*x)x*
axe + log(ckx(1/6)*ax*(1/6)*x + a**x(1/3) + c**(1/3)*x**2)*axe - 2*log(c**(
1/6)*ax*(1/6) - c**x(1/3)*x)*a*e)/(12%c**(2/3)*a*x*(1/3)*a)




output

input
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3/2
3.3 [l g,

a—+cxb

Optimal result . . . . . . . . .. . ..
Mathematica [F] . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [C] (warning: unable to verify) . . . . . .. ... ... ... L.
Fricas [F(-1)] . . . . . o o
Sympy [F] . . . o
Maxima [F] . . . . . .
Giac [F] . . . o o
Mupad [F(-1)] . . . . . e
Reduce [F] . . . . . .

Optimal result

Integrand size = 21, antiderivative size = 142

dx\/d + ex3 AppellF1 <% -3,

313/2
/(d+ex) p

a + cxb

dz+/d + ex3 AppellF1 (%, 1,4 3

2a\/1+§

em3 \[C-’E?’
T d \/Ta>

_|_

2a4/1 + <

(O

(o)

[()

(Y
(Y

‘1/2*d*x*(e*x 3+d)~(1/2)*AppellF1(1/3,1,-3/2,4/3,-c~(1/2)*x~3/(-a)~(1/2) ,-e
*x73/d) /a/ (1+exx~3/d) " (1/2)+1/2*d*x* (exx~3+d) " (1/2) *AppellF1(1/3,1,-3/2,4/

‘3 c~(1/2)*x~3/(-a)~(1/2) ,-exx~3/d) /a/(1+exx~3/d) ~(1/2)

Mathematica [F]

3/2

/ (d + ex?) i — / (d + ex?)*/?
a+ cxb o a + cxb

dz

LIntegrate[(d + e*x~3)"(3/2)/(a + c*x76),x]
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output‘ Integrate[(d + e*X“3)”(3/2)/(a + C*XA6) s x]

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.00,

= 4, number of rules _ 190, Rules
integrand size

number of steps used = 4, number of rules used =
used = {1759, 27, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
d 3 3/2
/(—l—ea:)dx
a + cxb
l 1759
ex3+d 3/2 ex3+d 3/2
Vel Gt Vel ety
2v/—a 2v/—a
l 27
ea:3+d 3/2 ea:3+d 3/2
f V—a— \/Ex?’dx f \/EacS-l—\/ja
2v/—a 2v/—a
l 937

( 23 )3/2 ( 3+)3/2
d\/d+eac f\ﬁ\f dz d\/d+ea: f\[m3+rdx

2v—ay/ < +1 2v/—ay/ < +1

l 936

dzv/d + ex?® AppellF1 (%, 1, —%, %, —%, —%)

3

2a4/ & +1
3
dz+/d + ex3 AppellF1 (%,1, 3.8, \f_ia,_%)

2a 7+1

tnput Int[(d + exx"3)"(3/2)/(a + c*x76),x]




output

rule 27

rule 936

rule 937

rule 1759
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‘ (d*x*Sqrt[d + exx~3]*AppellF1[1/3, 1, -3/2, 4/3, -((Sqrtlcl*x~3)/Sqrtl[-al)

, —((e*xx~3)/d)])/(2*a*Sqrt[1 + (exx"3)/d]) + (d*x*Sqrt[d + e*x~3]*AppellF1
‘[1/3, 1, -3/2, 4/3, (Sqrtlcl*x~3)/Sqrtl-al, -((e*x~3)/d)]1)/(2*a*Sqrt[1 + (
‘exx"3)/d])

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_)*x(x_)"(@_)) " (p)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll
:> Simp[a~p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQ[{a, b, c, d, n, p, g}, x] && NeQ[b*c - a*d, 0] && NeQ[n, -1]
&% (IntegerQ[pl || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

Int[((a_) + (b_.)*(x_)"(m_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll
:> Simp[a~IntPart[pl*((a + b*x"n) FracPart[p]l/(1 + b*(x"n/a)) FracPart[pl)

Int[(1 + bx(x"n/a)) px(c + d*x™n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q
}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQ[p] || GtQ[a, 01)

Int[((d_) + (e_)*(x_)"(n_))"(q )/((a)) + (c_.)*(x_)"(n2_)), x_Symbol] :> W
ith[{r = Rt[(-a)*c, 2]}, Simp[-c/(2*r) Int[(d + e*xx"n)"q/(r - c*x"n), x],
x] - Simp[c/(2*r) Int[(d + e*x"n)"q/(xr + c*x"n), x], x]1] /; FreeQ[{a, c,
d, e, n, qF, x] && EqQ[n2, 2*n] && NeQ[c*d"2 + axe”2, 0] && !IntegerQl[ql

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 6.

Time = 0.72 (sec) , antiderivative size = 902, normalized size of antiderivative = 6.35

method | result size
default | Expression too large to display | 902

elliptic | Expression too large to display | 902




input

output

input

output
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‘int((e*x“3+d)”(3/2)/(c*x“6+a),x,method=_RETURNVERBOSE)

-2/3*I*e/c*x37 (1/2) *(~d*xe~2) ~(1/3) *(I*(x+1/2/e*(-d*e”2)~(1/3)-1/2*%I*3"(1/2)
/ex(-d*e~2)~(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2) *((x-1/e*(-d*e~2)~(1/3))
/(-3/2/e*(-d*e~2)~(1/3)+1/2xI*37(1/2) /ex(-d*e~2)~(1/3)))~(1/2) * (-I*(x+1/2/
ex(-d*xe~2)~(1/3)+1/2%I*37(1/2) /ex(-d*e~2)~(1/3))*3~(1/2) *e/ (-d*e~2)~(1/3))
~(1/2)/ (e*x~3+d) ~(1/2)*E11lipticF (1/3%3~(1/2) * (I*(x+1/2/e*(-d*e~2)~(1/3)-1/
2xI*37(1/2) /ex(-d*e~2)~(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2) ,(I*37(1/2) /e
*x(-d*e~2)~(1/3)/(-3/2/e*x(-d*e~2) ~(1/3)+1/2%I*3~(1/2) /e*x(-d*e~2)~(1/3)))~ (1
/2))-1/6%1/c/e"2x2~ (1/2) *sum((-2*_alpha~3*c*d*e+a*xe~2-c*xd~2) /_alpha~5/(a*e
~2+cxd~2) % (-d*e”2) ~(1/3) * (1/2%I*xe* (2*x+1/e*x (-I%*3~(1/2) *(-d*e~2) ~ (1/3) +(-d*
e”2)7(1/3)))/(-d*xe~2)~(1/3))~(1/2) * (ex(x-1/e*(-d*e~2)~(1/3)) / (-3*(-d*e~2) "
(1/3)+Ix37(1/2)*(=d*e~2)~(1/3)))~(1/2) *(-1/2*Ixe* (2*x+1/e* (I*3~ (1/2) * (-d*e
~2)7(1/3)+(-d*e~2)~(1/3)))/(-d*e~2)~(1/3))~(1/2) / (e*x~3+d) " (1/2) * (2%e~2* (-
_alpha~5*e+_alpha~2*d)-I*(-d*e~2)~(1/3)*_alpha~4*3~(1/2)*e~2+I%_alpha~3*3~
(1/2)*(-d*e~2) " (2/3) *e+(-d*e~2) " (1/3) *_alpha~4*e~2+I*(-d*xe~2) " (1/3)*d*_alp
ha*3~(1/2)*e+_alpha~3*(-d*xe~2) ~(2/3) *e-I*3"(1/2) *(-d*e~2)~(2/3) *d—-(-d*e~2)
~(1/3)*d*_alphax*e-(-d*e~2)~(2/3)*d) *E1lipticPi(1/3*37(1/2) *(I*(x+1/2/ex(-d
*e72)~(1/3)-1/2%I*37(1/2) /ex(-d*e~2)~(1/3))*3~(1/2) *e/(-d*e~2)~(1/3))~(1/2
) ,=1/2%c/ex(-2+%I*3~ (1/2) *(-d*e~2) ~(1/3)*_alpha~5*e ~2+I*3~(1/2)*(-d*e~2) (2
/3)*_alpha~4*e-I*3~(1/2)*_alpha~3*d*e~2+2*I*3~(1/2)*(-d*e~2) ~(1/3)*_alpha”
2xdxe+3% (-dxe~2) ~(2/3)*_alpha~4*e-I*3~(1/2)*(-d*e~2) ~(2/3)*_alpha*d+3*_. ..

Fricas [F(-1)]

Timed out.

dz = Timed out

/ (d + ex?)*/?

a4+ cxb

{integrate((e*x“3+d)”(3/2)/(c*x“6+a),x, algorithm="fricas")

LTimed out
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Sympy [F]

/ (@d+ec®)? [ (d+es®)

a+ cxf a + cxb

dz

inputLintegrate((e*X**3+d)**(3/2)/(c*x**6+a),x)

output LIntegral((d + exx**3)*x(3/2)/(a + c*x**6), x)

Maxima [F]

313/2 3 %
s, ool

a+ cxb cxb+a

inputLintegrate((e*x”3+d)*(3/2)/(c*x“6+a),x, algorithm="maxima")

outputtintegrate((e*x‘s + d)~(3/2)/(c*x"6 + a), x)
Giac [F]
@+, [ rdl,
a+Cl'6 - C$6 +a

inputLintegrate((e*x”3+d)”(3/2)/(c*x*6+a)’x, algorithm="giac")

output Lintegrate((e*x‘% + d)A(3/2)/(C*Xﬁ6 + a), X)




input

output

input

output
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Mupad [F(-1)]
Timed out.

(d + ex?)*/? dp — (ex® +d)*”
a + cxb czb+a

dz

Lint((d + exx"3)"(3/2)/(a + c*x76),x)

Lint((d + exx~3)~(3/2)/(a + c*x"6), x)

Reduce [F]

/(d+eac3)3/2 (/m )d—i—( \/Wlx )e

a + cxb 6 +a Ccxb+a

Lint((e*x‘3+d)‘(3/2)/(C*X“6+a),x)

‘int(sqrt(d + exx*x3)/(a + c*x*x6) ,x)*d + int((sqrt(d + exx**3)*x**3)/(a +
‘c*x**G),x)*e
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3.4 [ Ydier gy

a+cz®
Optimalresult . . . . . . . . .. . . 801
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... ... R0
Rubi [A] (verified) . . . . . . ... .. B
Maple [C] (warning: unable to verify) . . . . . . . .. ... ... L. R3
Fricas [F(-1)] . . . . . o kX!
Sympy [F] . . . k!
Maxima [F] . . . . . .. 85
Giac [F] . . . . o o 85
Mupad [F(-1)] . . . o 85
Reduce [F] . . . . 0 o R0

Optimal result

Integrand size = 21, antiderivative size = 140

/\/d +ea? zv/d + ex® AppellF1 (é,—é e’ VL
xTr =
6
a+cx 9 1+%
N zv/d + ex3 AppellF1 <%, —11,4 = \f_ij)
2a4/1+ <

output | 1/2#%* (e%x73+d)"(1/2) *Appel1F1(1/3,1,-1/2,4/3,~c" (1/2)xx"3/ (-a)~(1/2) ,~e*x

“3/d)/a/(1+e*x“3/d)‘(1/2)+1/2*x*(e*x”3+d)‘(1/2)*Appe11F1(1/3,1,-1/2,4/3,c”
\<1/2>*x*3/(-a>*<1/2>,-e*x*s/d)/a/(1+e*x*s/d)*(1/2)

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 21.19 (sec) , antiderivative size = 5647, normalized size of antiderivative =
40.34

dz = Result too large to show

[

a+ czb
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input‘ Integrate[Sqrt[d + exx"3]/(a + c*x76),x]

LResult too large to show
output

Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.00,

= 4, number of rules _ 190, Rules
integrand size

number of steps used = 4, number of rules used =
used = {1759, 27, 937, 936}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

/ vd+ eac3
a+cw6

l 1759

Vez3+d Vex3+d
Vel mEevendt Vel wjavea®®
2y/—a 2y/—a

l 27

Vez3+d ex3
I oERe [

9v—a 9/—a
l 937

\/ +1 Vex +1
\/d+ex3frdﬁm3da: \/d+ea:3f\[ oy

2v—a\/%5 +1 2v/—ay/ < +1

l 936
zv/d + ex? AppellF1 (%,1, % %,—%,—%)
+
2a ng-rl




input

CHAPTER 3. LISTING OF INTEGRALS 82

‘ Int[Sqrt[d + exx~3]/(a + c*x76),x]

output ‘ (X*Sqrt [d + e*xAs] *AppellFl [1/3 ’ 1 ) -1/2, 4/3 s = ( (Sqrt [C] *XA3) /Sqrt [_a.] ) N

rule 27

rule 936

rule 937

rule 1759

‘ -((e*x~3)/d)])/(2*axSqrt[1 + (e*x~3)/d]) + (x*Sqrtl[d + e*x~3]*AppellF1[1/3

, 1, -1/2, 4/3, (Sqrtlcl*x~3)/Sqrtl[-al, -((exx~3)/d)])/(2*a*Sqrt[1 + (e*x”

\3)/d])

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a)) + (b_.)*(x_)"(@_))"(p)*((c ) + (d_)*(x_)"(n_))"(q_), x_Symboll]
:> Simp[a~p*c~g*x*AppellF1[1/n, -p, —-q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x]1 /; FreeQ[{a, b, ¢, d, n, p, g}, x] && NeQ[b*c - a*xd, 0] && NeQ[n, -1]
&& (IntegerQ[pl || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

Int[((a_) + (b_.)*(x_)"(m_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll
:> Simp[a~IntPart[pl*((a + b*x"n) FracPart[p]l/(1 + b*(x"n/a)) FracPart[pl)
Int[(1 + bx(x"n/a)) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q

}, x] && NeQ[b*c - a*d, 0] && NeQ[n, -1] && !(IntegerQ[p]l || GtQ[a, 01)

Int[((d_) + (e_)*(x_)"(n_))"(q )/((a ) + (c_.)*(x_)"(n2_)), x_Symbol] :> W
ith[{r = Rt[(-a)*c, 2]}, Simp[-c/(2*r) Int[(d + exx"n)"q/(r - c*x"n), x],
x] - Simp[c/(2*r) Int[(d + e*x"n)"q/(xr + c*x"n), x], x]] /; FreeQ[{a, c,

d, e, n, q}, x] && EqQ[n2, 2*n] && NeQ[c*d"2 + axe”2, 0] && !IntegerQ[ql

~




input
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Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 6.

Time = 0.35 (sec) , antiderivative size = 605, normalized size of antiderivative = 4.32

method | result
ie <2z+ —iv3 (—de2)e%+(—d62)% ) e(z— (_dZQ)% ) ie(
1
—eias—d —d82 3\/5 P
( )2 (~ae2)8 —a(~ac2)3 4iv3(-ac2)3
V2
7a=RootOf(_Z60+a)
default | —
ie 2z+—i\/§(—de2):1§+(_d52)%) e(z— (—d:z)%) ie(
1
—eias—d —de? 32 -
( )yt (~ae2)8 ~3(~ac2)3 4iv3 (-ac2)B
V2
7a=RootOf(_Zﬁc+a)
elliptic | —

-

Lint ((exx~3+d)~(1/2)/(c*x~6+a) ,x,method=_RETURNVERBOSE)

—




output

input

output

input
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-1/6%I/e~2%27 (1/2) *sum((-_alpha~3*e-d)/_alpha~5/(a*xe~2+c*d~2)*(-d*e~2)~(1/
3)*x(1/2%I*xex (2*x+1/ex (I3~ (1/2) *(-d*e~2)~(1/3)+(-d*e~2)~(1/3)))/(-d*e~2)"~
(1/3))7(1/2) *(ex(x-1/ex(-d*e”2) ~(1/3) ) / (-3* (-d*e~2) " (1/3) +I*37 (1/2) * (-d*e™
2)7(1/3)))~(1/2) % (-1/2xI*e* (2*x+1/ex (I*3~(1/2) *(-d*e~2) ~(1/3) +(-d*e~2) ~(1/
3)))/(-d*e~2)~(1/3))~(1/2)/ (exx~3+d) ~(1/2) * (2¥e~2* (-_alpha~5*e+_alpha~2*d)
-I*x(-d*e~2)~(1/3)*_alpha~4*3~(1/2)*e~2+I*_alpha~3%3"(1/2)*(-d*e~2)~(2/3) *e
+(-d*e~2)~(1/3) *_alpha~4*xe~2+I*(-d*e~2) " (1/3)*d*_alpha*3~(1/2)*e+_alpha~3*
(-d*e~2)~(2/3) *e-Ix3~(1/2) *(-d*e~2) "~ (2/3) *d- (-d*e~2) ~(1/3) *d*_alphaxe- (-d*
€72)7(2/3)*d) *E11lipticPi (1/3%37(1/2) * (I*(x+1/2/e*(-d*e~2) ~(1/3)-1/2*I*3~ (1
/2) /ex(-d*e~2)~(1/3))*3"(1/2)*xe/(-d*e~2)~(1/3))~(1/2) ,-1/2*c/e*x (-2*xI*3~(1/
2)*(-d*e~2)~(1/3)*_alpha~5*e~2+I*3~ (1/2)*(-d*e~2)~(2/3)*_alpha~4*e-I*3~(1/
2)*_alpha”3*d*e”2+2xI*3~ (1/2) * (-d*e~2) " (1/3) *_alpha~2*xd*e+3* (-d*xe~2) ~(2/3)
*_alpha~4*e-I%3~(1/2)*(-d*e~2)~(2/3)*_alpha*d+3+*_alpha~3*d*e~2+I*3~(1/2)*d
~2%e-3*(-d*e~2) ~(2/3) #_alpha*d-3*d~2+*e)/(a*e~2+c*xd"2) , (I*3~(1/2) /ex(-d*e~2
)~ (1/3)/(-3/2/ex(-d*e~2)~(1/3)+1/2xI*37(1/2) /ex(-d*e~2)~(1/3)))~(1/2)),_al
pha=Root0f (_Z~6*c+a))

Fricas [F(-1)]
Timed out.

dz = Timed out

/m

a+ cxb

>

Lintegrate((e*x‘3+d)‘(1/2)/(c*x‘6+a),x, algorithm="fricas")

~—

‘Timed out

Sympy [F]

/\/d-l—ex?’dx_/\/d-i-ex?’dx

a + cxb a+ cxb

Lintegrate((e*x**3+d)**(1/2)/(c*x**6+a),X)
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outputLIntegral(Sqrt(d + exx**3)/(a + cxx**6), Xx)

Maxima [F]

/\/m /\/exT

a + cxb cxb +a

input Lintegrate ( (e*XA3+d) - (1/2) / (C*XAG"’a) ,X, algorithm="maxima")

output  1ntegTate(sqrt(exx3 + d)/(cxx"6 + a), x)

Giac [F]

L/“VGZJTEEE Ve +d

a + cxb cx6+a

inputtintegrate((e*x‘3+d)‘(1/2)/(C*X*6+a),x, algorithm="giac")

OutputLintegrate(sqrt(e*x*s + d)/(c*x"6 + a), x)

Mupad [F(-1)]

Timed out.

/m /W

a/+Cx6 x6+a,

inputtint((d + exx~3)~(1/2)/(a + c*x6),x)

Outputtint((d + e*xx73)7(1/2)/(a + c*x76), x)




input

output
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Reduce [F|

[ e [

a + cxb

vexd+d

xﬁ—i-a

Lint((e*x‘3+d)‘(1/2)/(c*x“6+a),x)

Lint(sqrt(d + exx**x3)/(a + cxx**6),X)




output

inputt
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1
3.9 f Vd+ex3(a+czb) dz

Optimal result . . . . . . . . . . . . . . . e

Mathematica [C] (warning: unable to verify)

Rubi [A] (verified) . . . . . . . . . .
Maple [C] (warning: unable to verify) . . . . . . . ... ... ..o L.
Fricas [F(-1)] . . . . . o o

Sympy [F] . . .
Maxima [F] . . . . . .

Optimal result

Integrand size = 21, antiderivative size = 140

11 z3 _ cad
/ 1 dm:x\/1+ AppellFl <3’2’1’3’_T’_¢Ta)
Vd + ex? (a + cxb) 2avd + ex3
CIS
+x\/1+§AppellF1 <é,;,1,3, d3,¢5a>

2avd + ex3

o8
90
91l
92
92
92
93
99

| 1/2%x* (1+e*x"3/d) "~ (1/2) *AppellF1(1/3,1,1/2,4/3,~c" (1/2)*x"3/ (-a) " (1/2) , ~e*
‘X“B/d)/a/(e*x 3+d) " (1/2)+1/2xxx (1+exx~3/d) " (1/2) *AppellF1(1/3,1,1/2,4/3,c”

‘(1/2)*){”3/( a)~(1/2) ,-e*xx"3/d)/a/(exx~3+d)~(1/2)

Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 19.89 (sec) , antiderivative size = 932, normalized size of antiderivative = 6.66

/ \/ml(a + cx)

dxz = Too large to display

Integrate[1/(Sqrt[d + exx~3]*(a + c*x76)),x]
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(2% (-1)"(2/3)*a~(1/3)*Sqrt [(d~(1/3) + e~ (1/3)*x)/((1 + (-1)~(1/3))*d~(1/3)
)1*Sqrt[1 - (e~ (1/3)*x)/d~(1/3) + (e~ (2/3)*x72)/d~(2/3)]1*(((-1)~(2/3)*E1li
pticPi[((-1)"(1/6)*(1 + (-1)~(1/3))*c~(1/6)*d~(1/3))/((-1)~(1/6)*c~(1/6)*d
~(1/3) - a~(1/6)*e~(1/3)), ArcSin[Sqrt[(d~(1/3) + (-1)~(2/3)*e~(1/3)*x)/ ((
1+ (-1)7(1/3))*d~(1/3))11, (-1)°(1/3)1)/(-2*a~(2/3)*c~(1/6)*d~(1/3) + (-I
+ Sqrt[3])*a~(5/6)*e~(1/3)) - EllipticPil[((1 + (-1)~(1/3))*c~(1/6)*d~(1/3
))/(c™(1/6)*d~(1/3) - I*a~(1/6)*e~(1/3)), ArcSin[Sqrt[(d~(1/3) + (-1)"(2/3
Yxe~(1/3)*x)/((1 + (-1)~(1/3))*d~(1/3))11, (-1)~(1/3)1/((I + Sqrt[3])*a~(2
/3)*(Ixc~(1/6)*d~(1/3) + a~(1/6)*e~(1/3))) + (3*EllipticPil[(I*Sqrt[3]*c~(1
/6)*d~(1/3))/((-1)~(1/3)*c~(1/6)*d~(1/3) - I*a~(1/6)*e~(1/3)), ArcSin[Sqrt
[(@~(1/3) + (-1)"(2/3)*e~(1/3)*x)/((1 + (-1)~(1/3))*d~(1/3))11, (-1)~(1/3)
1)/(6*%a~(2/3)*c~(1/6)*d~(1/3) - 3*(I + Sqrt[3])*a~(5/6)*e~(1/3)) - Ellipti
cPi[((1 + (-1)7(1/3))*c~(1/6)*d~(1/3))/(c”~(1/6)*d~(1/3) + I*a~(1/6)*e”~(1/3
)), ArcSin[Sqrt[(d~(1/3) + (-1)"(2/3)*e~(1/3)*x)/((1 + (-1)~(1/3))*d~(1/3)
)11, (-1)7(1/3)1/((I + Sqrt[31)*a~(2/3)*((-I)*c~(1/6)*d~(1/3) + a~(1/6)*e"
(1/3))) - EllipticPi[(I*Sqrt[31*c~(1/6)*d~(1/3))/((-1)~(1/3)*c~(1/6)*d~(1/
3) + I*a~(1/6)*e~(1/3)), ArcSin[Sqrt[(d~(1/3) + (-1)~(2/3)*e~(1/3)*x)/((1
+ (-1)7(1/3))*d~(1/3))11, (-1)~(1/3)1/(2*%a~(2/3)*c~(1/6)*d~(1/3) + (I + Sq
rt[3])*a~(5/6)*e~(1/3)) + ((-1)~(2/3)*EllipticPi[((-1)~(1/6)*(1 + (-1)~(1/
3))*c~(1/6)*d~(1/3))/((-1)~(1/6)*c~(1/6)*d~(1/3) + a~(1/6)*e~(1/3)), Ar...

output

Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.00,

number of rules _ 19, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {1759, 27, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
dx
/ (a+ czb) vVd + ex?
l 1759

1 1
_\/Ef \/E(\/Ta—ﬁx3)\/ew3+ddm _ \/Ef ﬁ(ﬁw3+H)Vez3+ddx
2v/—a 2v/—a

l27
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1 1
_f (\/Ta—fcac?’)\/eﬁ’—i—ddm _ f (ﬁx3+Jja)Vex3+ddx
2V —a 2v/—a
l 937
3 3
et ] est dx
§ e \/Ea:3 v cm3+F et
2\ﬁ—avd—Fex3 2\ﬁ—avd—%ex3
l.936
3 4 3 3 4 3 3
:mﬂ%+1Ammm1QJéﬂp ﬁi,ﬁ§)+ w“’+1mwdm1g,ézp§g,£%)
2aV/d + ex3 2av/d + ex3

input ‘ Int[1/(Sqrt[d + exx~3]*(a + c*x76)),x] ‘

‘(X*Sqrt[l + (e*x73)/d]*AppellF1[1/3, 1, 1/2, 4/3, -((Sqrtlc]l*x~3)/Sqrt[-al
‘), -((e*x~3)/d)])/(2*a*Sqrt[d + e*x~3]) + (x*Sqrt[1 + (e*x~3)/d]*AppellF1i[
'1/3, 1, 1/2, 4/3, (Sqrtlcl*x~3)/Sqrt[-al, -((exx~3)/d)1)/(2*a*Sqrtld + e¥x
3D |

output

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma

rule
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] J

rule 936 Int[((a_) + (b_)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll
:> Simp[a~p*c~g*x*AppellF1[1/n, -p, —-q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x]1 /; FreeQ[{a, b, c, d, n, p, g}, x] && NeQ[b*c - a*xd, 0] && NeQ[n, -1]
&% (IntegerQ[pl || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

rule 937 IELC@) + (b_)*(x)~(@ ) (p_)*((c) + (d_.)*(x_)"(n_))"(q ), x_Symbol]
:> Simp[a~IntPart[p]*((a + b*x"n) FracPart[p]/(1 + b*(x"n/a)) FracPart[p])

Int[(1 + bx(x"n/a)) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, c, d, n, p, q
}, x] && NeQ[b*c - a*d, 0] && NeQ[n, -1] && !(IntegerQ[p]l || GtQ[a, 01)
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rule 1759‘Int[((d_) + (e_)*(x_)"(m.))"(q)/((a_) + (c_.)*(x_)"(n2_)), x_Symbol] :> W ‘
‘ith[{r = Rt[(-a)*c, 21}, Simp[-c/(2%r) Int[(d + exx™n)"q/(r - c*x™n), x], |
‘ x] - Simp[c/(2*r) Int[(d + e*x™n)"q/(r + cxx"n), x], x]] /; FreeQ[{a, c, ‘
4, e, n, qF, x] & EqQ[n2, 2#n] & NeQ[c*d"2 + a*e”2, 0] && !IntegerQlq]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 6.

Time = 0.32 (sec) , antiderivative size = 595, normalized size of antiderivative = 4.25

method | result

(=2

1 1 1
—iv3 (—de2) 34 (—ae2)3 ) e(m_ (_dzz) 5 ) (mm (—de?

. ie (2m+
(—deQ) 32

(-ae2)8 ~3(-de2) 5 v (~ae2) 2(~d

2
7a=RootOf(_Zec+a)
default
5 1 5 1 9 1 5
1
—de2)3 .2 —
(=) (-4e2)8 _a(~ac2)3 4iv3(-ac2)3 2(~ae
iv2

_ _a=RootOf (_Zﬁc+a)

elliptic
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input‘

int (1/(exx~3+d) ~(1/2)/(c*x"6+a) ,x,method=_RETURNVERBOSE)

output

r

inputt

outputt

1/6xI/e"2%27(1/2)*sum(1/_alpha~5/(a*xe”~2+c*d~2) * (-d*e~2) = (1/3) * (1/2*I*e* (2%
x+1/e*x (-Ix37(1/2)*(-d*e~2) " (1/3)+(-d*e~2)~(1/3)))/(-d*e~2)~(1/3))~(1/2) * (e
*(x-1/e*x(-d*e~2)~(1/3) )/ (-3*(-d*e~2) ~(1/3)+I*3~(1/2) *(-d*e~2)~(1/3)))~(1/2
)*x(-1/2%T*ex (2xx+1/e* (I*37(1/2) *(-d*e”2) " (1/3)+(-d*e~2)~(1/3)))/(-d*e~2)~(
1/3))7(1/2)/ (exx~3+d) ~(1/2) *(2*xe~2* (-_alpha~5*e+_alpha~2*d)-I*(-d*e~2) ~(1/
3)*_alpha~4%3~(1/2)*e~2+I*_alpha~3*3~(1/2)*(-d*e~2)~(2/3) *e+(-d*e~2)~(1/3)
*_alpha~4*e~2+I*(-d*e~2)~(1/3)*d*_alpha*3~(1/2)*e+_alpha~3*(-d*e~2)~(2/3)*
e-I*37(1/2)*(-d*e~2) " (2/3) *d-(-d*e~2) " (1/3) *d*_alpha*e-(-d*e~2) ~(2/3) *d) *E
11ipticPi(1/3%37(1/2)* (I*(x+1/2/e*(-d*xe~2)~(1/3)-1/2%I*3"(1/2)/e*x(-d*e~2)"
(1/3))*37(1/2)xe/ (-d*e~2)~(1/3))~(1/2) ,-1/2*c/ex(-2xI*3~ (1/2) *(-d*e~2) " (1/
3)*_alpha~5*e”~2+I*3~(1/2)*(-d*e~2)~(2/3) *_alpha~4*e-I*3~(1/2)*_alpha~3*d*e
~2+2xI*37(1/2) *(-d*e~2) " (1/3) *_alpha~2*d*e+3* (-d*xe~2) " (2/3) *_alpha~4*e-I*3
~(1/2)*(-d*e~2)~(2/3) #_alpha*d+3+*_alpha~3*d*e”~2+I*3~(1/2) *d~2*e-3* (-d*e~2)
~(2/3)*_alpha*d-3*d"~2xe) / (a*xe~2+c*d"~2) , (I*3~(1/2)/ex(-d*e~2)~(1/3)/(-3/2/e
*(-d*xe~2) " (1/3)+1/2%Ix3"(1/2) /ex(-d*e~2)~(1/3)))~(1/2)),_alpha=Root0f (_Z"6

*c+a))

Fricas [F(-1)]
Timed out.

dz = Timed out

/ \/ml(a + czf)

integrate(1/(e*xx~3+d)~(1/2)/(c*x"6+a) ,x, algorithm="fricas")

| —

Timed out
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Sympy [F]

i

1 1
dr = d
/\/d+ex3(a+cx6) ! /(a—l—cmﬁ)\/m

input Lintegrate (1/ (exx**3+d) ** (1/2) / (c*x**6+a) ,x)

OutputLIntegral(l/((a + cxx*%6)*sqrt(d + e*x**3)), x)

Maxima [F]

1

1
dx = d
/\/d+ez3(a+cx6) v /(cw6—|—a) ex3+d !

input Lintegrate (1/ (e*XA3+d) - (1/2) / (c*x“6+a) ,X, algorithm=“maxima")

Outputtintegrate(l/((c*x‘s + a)*sqrt(exx~3 + d)), x)

Giac [F]

1 1
dx =
/ Vd+ ex? (a+ czf) v / (cxb + a)Vexd +d

dz

input tintegrate (1/(e*x~3+d)~(1/2)/(c*x~6+a) ,x, algorithm="giac")

output Lintegrate(l/((c*x“G + a)*sqrt(e*x”3 + d)), x)




CHAPTER 3. LISTING OF INTEGRALS

93

Mupad [F(-1)]

Timed out.
1

1
dzr = d
/\/d+ex3(a+cx6) ! /(ca:ﬁ-l—a)\/m v

input tint(l/((a + c*xx"6)*(d + e*xx~3)"(1/2)),x)

output Lint(l/((a + c*x"6)*(d + e*x73)7(1/2)), x)
Reduce [F]
/ 1 dr = / exd+d I
Vd + ex? (a + czb) cex® + cdx® + aex3 + ad
input 18t (1/(exx73+d)"(1/2)/ (cxx"6+a) ,x)

output Llnt(sqrt(d + exx**x3)/(axd + ake*xx**3 + ckd*x**6 + ckexx**9),x)




output

CHAPTER 3. LISTING OF INTEGRALS

94

3.6 dx

1
f (d+ex3) 3/2 (a+czb)

Optimal result . . . . . . . . .. . .
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... ...
Rubi [B] (warning: unable to verify) . . . .. ... ... ... ... .. ...
Maple [C] (warning: unable to verify) . . . . . . ... ... ... .. ..
Fricas [F(-1)] . . . .« . o o
Sympy [F] . . .
Maxima [F] . . . . . . o
Giac [F] . . . o o
Mupad [F(-1)] . . . o
Reduce [F] . . . . . o

Optimal result

Integrand size = 21, antiderivative size = 146

1 x\/1+§AppellF1 (;,3,1,3,—73,

dr =

vea?
V—a

)

(d + ex3)*? (a + czf)

Ty/1+ % ® AppellF1 (;,g,l,g, ds, C_wz

)

+
2ad+v/d + ex3

2ad+\/d + ex3

\1/2*x*(1+e*x 3/d)~(1/2)*AppellF1(1/3,1,3/2,4/3,-c~(1/2)*x"3/(-a) ~(1/2) ,-e*

‘x‘3/d)/a/d/(e*x‘3+d) (1/2)+1/2*x*(1+e*x~3/d) ~(1/2) *AppellF1(1/3,1,3/2,4/3,

\c (1/2)*x~3/(-a)~(1/2) ,-e*x~3/d) /a/d/ (exx~3+d) ~(1/2)

\‘

Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 21.28 (sec) , antiderivative size = 5979, normalized size of antiderivative =

40.95

/ 1
(d + ex?)*? (a + czf)

dzr = Result too large to show
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input‘ Integrate[1/((d + e*x~3)~(3/2)*(a + c*x76)),x] ‘

LResult too large to show J
output

Rubi [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 438 vs. 2(146) = 292.
Time = 0.98 (sec) , antiderivative size = 438, normalized size of antiderivative = 3.00,

_ ¢ number of rules
5, integrand size = 0.238, Rules

number of steps used = 5, number of rules used =
used = {1757, 749, 759, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ 372 dx
(a + cxb) (d + ex?)
| 1757

d—
de ¢ f \/We(gcch-i-a) dz

ae? + cd? ae? + cd?

l 749

2 1
e — 375
f (ew3+d)3/ 2

f 1

2 vV ez3+d

‘ < S e ) o] gatagde
ae? + cd? ae? + cd?

l 759

d—

Cf Vex3+d ezac:xﬁ-l—a,)d
ae? + cd?
3 3 3
ﬁ2+\/§< N %Z> a2/3_ \/C_ls%z+e2/3m22 EllipticF (arcsm (W) ,_7_4\/§>
((+v8) Ve /e ) Y ewr (14va) Vd
e’ dalVd i/e + 3d\/flﬁ-ex3
d( Vd+3/ex
s4/343/e ( : i )

((1+\/§) \/(_14- %z)

>Vd+ex3

ae? + cd?

l'7276
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Cf ( —y/cd—+/—ae _ ved—/—ae ) d
2v/—av/c(vexd+v/—a)Vexd+d  2v/—ar/c(v/—a—+/cxd)Vexd+d n
ae? + cd?
3 3 3
2v/2+/3 (W+ %x) 2/2-VdR e/ °+? BllipticF  arcsin \/Em+(l—_‘/§);/;l —7T—4/3
<(1+\/§) N %/@) {/ear (14v3) Vd
¢’ 3 3 + 3d\/?lj-ez3
4 Va(Va: ve.)
3v/3d¥/e - V7w
<(1+\/§) V- %z)
ae? + cd?
l 2009

Wl

1.1 4 \/523 _ezs
’ 72737_\/?017 d

ex3 — 1 14 \c: 3 ezs ex3 —
(m\/d+1(\/\/§€+d>AppellF1(3,1,2,3,\/c%, ¢ +w z +1(d—7‘/\[ge>AppellF1

¢ 2a+/d+ex3 2av/dtes?
ae? + cd? +
3 3 3
2v/2+v3 ( Vd+ %w) ek \/83%“62/3222 EllipticF (arcsin (W) 74 \/§>
((1+\/§) n %/&) {ear (14v3) Vd
¢ + 3d\/¢21x 3
Vd(Vd: /e ez
3%‘1% ( 3 ’ ) >V d+ex3
((1+\/§) Vds+ %z)
ae? + cd?
input Llnt [1/((d + exx"3)"(3/2)*(a + c*x76)),x] J
output | (¢*(((d + (Sqrt[-a]*e)/Sqrt[c])*x*Sqrt[1 + (exx"3)/d]*AppellF1[1/3, 1, 1/2

, 4/3, -((Sqrtlcl*x~3)/Sqrt[-al), -((e*x~3)/d)]1)/(2*a*Sqrt[d + e*x~3]) + (
(d - (Sqrtl[-al*e)/Sqrtlcl)*x*Sqrt[1 + (exx~3)/d]*AppellF1[1/3, 1, 1/2, 4/3
, (Sqrtlcl*x~3)/Sqrt[-al, -((exx~3)/d)]1)/(2*a*Sqrt[d + e*x~3])))/(cxd"2 +
a*xe”2) + (e”2x((2*x)/(3*d*Sqrt[d + exx~3]) + (2*Sqrt[2 + Sqrt[3]11*(d~(1/3)
+ e7(1/3)*x)*Sqrt [(d~(2/3) - d~(1/3)*e~(1/3)*x + e~ (2/3)*x~2)/((1 + Sqrt[
31)*d~(1/3) + e~ (1/3)*x)"2]*EllipticF[ArcSin[((1 - Sqrt[3])*d~(1/3) + e~ (1
/3)*x)/((1 + Sqrt[3]1)*d~(1/3) + e~ (1/3)*x)], -7 - 4%Sqrt[3]1]1)/(3%3"(1/4)*d
*e~(1/3)*Sqrt [(d~(1/3)*(d~(1/3) + e~ (1/3)*x))/((1 + Sqrt[3]1)*d~(1/3) + e~ (
1/3)*x)"2]1*Sqrt[d + e*x~3])))/(c*d"2 + a*e~2)
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Defintions of rubi rules used

Int[((a_) + (b_)*(x_)"(n))"(p_), x_Symbol]l :> Simp[(-x)*((a + b*x™n)~(p +

1)/(axnx(p + 1))), x] + Simp[(ax(p + 1) + 1)/(a*nx(p + 1)) Int[(a + b*x~
n)~(p + 1), x], x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQ[p, -1] && (Inte
gerQ[2*p] || Denominator([p + 1/n] < Denominator[p])

rule 749

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 3]]1}, Simp[2*Sqrt[2 + Sqrt[3]1]1*(s + r*x)*(Sqrt[(s”2 - r*s
*x + r-2%x72)/((1 + Sqrt[3])*s + rxx)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*xx)/((1 + Sqrt[3])*s + r+*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s

+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]1]1, x]] /; FreeQ[{a, b}, x] &
& PosQ[al

rule 759

rule 1757 Int[((d)) + (e_)*(x_)"(n_))"(q_)/((a_) + (c_.)*(x_)"(n2_)), x_Symbol] :> S
imp[e~2/(c*d"2 + a*xe”2) Int[(d + e*x™n)"q, x], x] + Simp[c/(c*d"2 + a*e”2
)  Int[(d + e*x"n)"(q + 1)*((d - e*xx™n)/(a + c*x~(2*n))), x], x] /; FreeQ[
{a, c, 4, e, n}, x] && EqQ[n2, 2*n] && NeQ[c*d"2 + axe”2, 0] && !IntegerQ[
ql && LtQlq, -1]

rule 2009\1nt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] \

rule 7276\/Int[(u_)/ (@) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
‘xpand[u/(a + b*x"n), x1}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
‘ [n, O]

\‘

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 6.

Time = 0.36 (sec) , antiderivative size = 937, normalized size of antiderivative = 6.42

method | result size
default | Expression too large to display | 937

elliptic | Expression too large to display | 937




input

output

input

output
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‘int(1/(e*x“3+d)“(3/2)/(c*x“6+a),x,method=_RETURNVERBOSE)

2/3xe~2%x/d/ (a*xe~2+c*d~2) / ((x~3+d/e) *e) ~(1/2)-2/9%I/d*e/ (a*xe~2+c*d~2)*3~ (1
/2)*(-d*e~2)~(1/3) *(I*(x+1/2/e*x(-d*e~2)~(1/3)-1/2%I*3"~(1/2) /ex(-d*e~2)~(1/
3))*37(1/2)*xe/ (-d*e~2)~(1/3)) " (1/2) *((x-1/ex(-d*e~2)~(1/3)) / (-3/2/ex (-d*e~
2)7(1/3)+1/2xI*37(1/2) /ex(-d*e~2)~(1/3)))~(1/2) * (-I*(x+1/2/e*(-d*e~2) " (1/3
)+1/2%I*37(1/2) /ex(-d*e~2)~(1/3))*37(1/2) *e/ (-d*e~2)~(1/3))~(1/2) / (e*x~3+d
)~ (1/2)*E11ipticF(1/3%37 (1/2) *(I*(x+1/2/e*(-d*e~2)~(1/3)-1/2*xI*37(1/2) /e*(
-d*e~2)~(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2), (I*x37(1/2) /ex(-d*e~2)~(1/3)
/(-3/2/e*x(-d*e~2)~(1/3)+1/2*I*37(1/2) /ex(-d*e~2)~(1/3)))~(1/2))-1/6*I*c/e”
2%27(1/2)*sum((_alpha~3*e-d)/(a*xe~2+c*d~2) "2/_alpha~5*(-d*e~2)~(1/3)*(1/2*
Ixex (2%x+1/ex (-I*37(1/2)*(-d*e~2) ~(1/3)+(-d*e~2) " (1/3)) )/ (-d*e~2) ~(1/3) )~ (
1/2)*(ex(x-1/ex(-d*e”2) ~(1/3)) / (-3*(-d*e~2) " (1/3)+I*37 (1/2) * (-d*e~2) ~(1/3)
)) 7 (1/2) % (-1/2%Ixe* (2xx+1/ex (I*37 (1/2) *(-d*e~2) ~(1/3) +(-d*e~2)~(1/3))) /(-d
*xe~2)7(1/3))"(1/2) / (e*x~3+d) ~(1/2) *(2*e~2* (-_alpha~b*e+_alpha~2*d)-I*(-d*e
~2)~(1/3)*_alpha~4*3~ (1/2)*e”2+I*_alpha~3*3~(1/2)*(-d*e~2) ~(2/3) *e+(-d*e~2
)~ (1/3)*_alpha~4*e~2+I*(-d*e~2)~(1/3)*d*_alpha*3~(1/2)*e+_alpha~3*(-d*e~2)
~(2/3)*e-I1*37(1/2) *(-d*e~2) ~(2/3) *d- (-d*e~2) " (1/3) *d*_alpha*e-(-d*e~2) ~(2/
3)*d)*E1lipticPi(1/3%37(1/2)*(I*(x+1/2/ex(-d*e~2)~(1/3)-1/2*I*3~(1/2) /e*x (-
d*e”~2)~(1/3))*37(1/2)*e/ (-d*e~2)~(1/3))~(1/2) ,-1/2%c/e*(-2%¥I*3~ (1/2) * (-d*e
~2)~(1/3)*_alpha”~5xe~2+I*3~(1/2)*(-d*e~2) ~(2/3)*_alpha~4*e-I*3~(1/2)*_alph
a~3xd*e”2+2xI*37 (1/2) * (-~d*e~2) " (1/3) *_alpha~2*d*e+3* (-d*xe~2) ~(2/3) *_alp. ..

Fricas [F(-1)]

Timed out.

1
dz = Timed out
(d + ex?)*? (a + czb)

‘integrate(l/(e*x“3+d)‘(3/2)/(c*x“6+a),x, algorithm="fricas")

lTimed out
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Sympy [F]
/ 3}2 dr = / ! 5 dz
(d+ ex?)”" (a + czf) (a + cz6) (d + ex?)?
input Lintegrate (1/ (exx**x3+d) ** (3/2) / (c*x**6+a) ,x)
output | [RtegTal(1/((a + cxxxx6)x(d + exxxx3)**(3/2)), x)
Maxima [F]
1
dzx

/ (d+ eﬂcf”)?’/1 *(a+ czd) = / (cad + a) (ea® + d)?

inputLintegrate(l/(e*x“3+d)“(3/2)/(c*x*6+a),X’ algorithm="maxima"

outputtintegrate(l/((C*XA6 + a)x(exx™3 + d)~(3/2)), x)

Giac [F]

(d+ ex®)*” (a + czf) (czb + a)(ex® + d)%

inputLintegrate(l/(e*x‘3+d)‘(3/2)/(C*X*6+a),X, algorithm="giac")

Ou_tputtintegrate(l/((c>|=x"6 + a)*(exx~3 + d)~(3/2)), x)
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Mupad [F(-1)]

Timed out.

/ ! dx = / 1 dz
(d+ e2)*? (a + ca®) (ca® +a) (ez3 +d)**

input Lint(l/((a + cxx~6)*(d + e*x~3)"(3/2)),x)

ou‘cpu‘ctint(l/((a + ckx76)*(d + e*x”3)7(3/2)), x)

Reduce [F|

dz

/ 1 dp — / vexd+d
(d + ex3)*"? (a + czf) ) ce2r'2 + 2cde x® + a €2z + cd?x6 + 2ade 3 + a d?

input Lint (1/(e*x~3+d) ~(3/2) /(c*x~6+a) ,x)

output‘ int(sqrt(d + e*x**3)/(a*xd**2 + 2¥akxdkexx**3 + ake¥*2kx**6 + CkAk*2xx**6 +

‘2*c*d*e*x**9 + Chex*k2%x**12) %)
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3.7 | v1=a o

1—z3
Optimal result . . . . . . . . .. . .. [LOTl
Mathematica [F] . . . . . . . ... . 102
Rubi [A] (verified) . . . . . . . . . . 102
Maple [B] (verified) . . . . . . . . . .. 103l
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... . ... 104
Sympy [F] . . o o 105
Maxima [F] . . . . . . o e 105
Giac [F] . . . o o o 105
Mupad [F(-1)] . . . 106
Reduce [F] . . . . . .

Optimal result

Integrand size = 23, antiderivative size = 120

-2 dz
V1-—2g3
2
=_—zvV1+23
)
3/4 1—z+a? gk : 1—v34x\ =
23%4/2+3(1+z) | (irviea) EllipticF (arcsm <—1+\/§+x> ,—7 4\/§>
+
ERETERY e
(14+v3+2)

output ‘ 2/5%x% (x~3+1) ~(1/2) +2/5%3~ (3/4) * (1/2%6~ (1/2)+1/2%2~(1/2) ) * (1+x) * ((x~2-x+1) ‘
|/ (1+x+37(1/2))72) " (1/2) *E1LipticF ((1+x-37(1/2))/ (1+x+37(1/2)) , I*3~ (1/2) +2%
I/ ((14x) / (14x+37(1/2))72) 7 (1/2) / (x3+1) " (1/2)
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Mathematica [F]

N

—dr = | ——=dz
Vi VI

inputLIntegrate[Sqrt[l - x6]/Sqrt[1 - x°31,x]

output LIntegrate [Sqrt[1 - x76]/Sqrt[1 - x~3], x]

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.00,

_ o number of rules
3, integrand size = 0.130, Rules

number of steps used = 3, number of rules used =
used = {1386, 748, 759}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

m
\/m
l 1386

[ Vet ido

l.748

dr + %Mx
l 759

9 33/4 2+¢ax+n/—ﬁiﬂjmmM@(mwm(+§ﬂ) 7 4¢j
(x+\/2§+1> n gmx

a1l 3 5
(z+f+1> vo 1

1
vad+1

input LInt [Sqrt[1 - x"6]/Sqrt[1 - x~3],x]




output

rule

rule 759
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‘(2*x*Sqrt[1 + x73]1)/5 + (2%x37(3/4)*Sqrt[2 + Sqrt[3]11*(1 + x)*Sqrt[(1 - x +
‘ x72)/(1 + Sqrt[3] + x)~2]*EllipticF[ArcSin[(1 - Sqrt[3] + x)/(1 + Sqrt[3]
‘ + x)], -7 - 4xSqrt[3]1]1)/(6*%Sqrt[(1 + x)/(1 + Sqrt[3] + x)~2]*Sqrt[1 + x~3
D

Defintions of rubi rules used

t

748‘ Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p

+ 1)), x] + Simp[a*n*(p/(n*p + 1)) Int[(a + b*x"n)~(p - 1), x], x] /; Fre
eQ[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || LtQ[Denominat
or[p + 1/n], Denominator[p]])

B —

N\

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol]l :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 3]]1}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s”2 - r*s
*x + r~2%x72)/((1 + Sqrt[3])*s + r*x)~2]/(3"(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4%Sqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[a]

e 1386 TEL_D*(@) + (c_)*(x) (@m2_))"(p_)*((d) + (e_)*(x))"(n))"(q_.),
‘X_Symbol] :> Simp[(-e~2/c)~q Int[u*x(d - e*x™n)"p, x], x] /; FreeQl{a, c,

d, e, n, p, 9}, x] && EqQ[n2, 2*n] && EqQlc*d~2 + a*e”2, 0] && EqQ[p + q, O
] && GtQ[d, 0] && LtQ[c, 0] && GtQ[e~2, 0]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 220 vs. 2(97) = 194.

Time = 0.27 (sec) , antiderivative size = 221, normalized size of antiderivative = 1.84
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method | result
—1:6+1 —z3+1 . — m,I,iﬁ z p _
2zv/z3+1 ((933)_(1)2) (z3—1) 6(%—‘\2@) %_4?23 \/—;—ig \/ ft? ElhptlcF( / 't13, _gil\[
risch o 5v—a64+1v/—23+1 o 5\/x3+1\/—x6+1\/ 311
V_ab+1 (32'\/?? [~ \/1\/15\/—52-:0;1 \/1{}29031 Elhpth( meIcERY /_ z:;Jrg) [EicEE i i—got1 /zf+2
default | — s g +1)
input Lint ((-x~6+1)~(1/2)/(-x~3+1)~(1/2) ,x,method=_RETURNVERBOSE) J
output| ~2/5¥* (X73+1) 7 (1/2) ¢ ((-x76+1)* (-x73+1) / (x73-1)72) " (1/2) / (-x"6+1)"(1/2) / (-

x"3+1)7(1/2)*(x73-1)-6/5%(3/2-1/2*%I*3~(1/2) ) * ((x+1) / (3/2-1/2*%I*3~(1/2)) ) ~(
1/2)*((x-1/2-1/2%I*3~(1/2))/(-3/2-1/2*I*3~(1/2))) " (1/2) * ((x-1/2+1/2%I*3"~ (1
/2))/(=3/2+1/2%I*37(1/2)))~(1/2) / (x~3+1)~(1/2) *E1lipticF (((x+1)/(3/2-1/2*1
*37(1/2)))7(1/2), ((-3/2+1/2%I*37(1/2)) / (-3/2-1/2*%I*37(1/2))) ~(1/2) ) *((-x"6
+1)*(-x"3+1)/(x73-1)"2)"(1/2) / (-x~6+1) " (1/2) / (-x~3+1) ~(1/2) *(x~3-1)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.34

Vi—2b a:G 2 (V=28 + 1v/—2?® + 1z + 3 (z® — 1)weierstrassPInverse(0, —4, z))
v1- 303 5(x3 —1)
input Lintegrate((—x“6+1)*(1/2)/(-X*3+1)*(1/2) ,X, algorithm="fricas") J
output‘ -2/5%(sqrt(-x76 + 1)*sqrt(-x"3 + 1)*x + 3*(x"3 - 1)*weierstrassPInverse(0, ‘

\ -4, x))/(x"3 - 1)
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Sympy [F]
/ 1—:1;6 /\/ x+1)($2—x+1)(z2+x+1)
dx
Vi — - (@ +z+1)
inputLintegrate((—x**6+1)**(1/2)/(-x**3+1)**(1/2),x) J

output‘Integral(Sqrt( (x - D)*(x + 1)*(x*k*x2 - x + 1)*(x**2 + x + 1)) /sqre(-(x - 1
Dx(xk2 + x + 1)), x)

Maxima [F]
”ﬁr:fggcz = -XEEE{EZidx
V1—g3 -3 +1
inputtintegrate((-x‘6+1)”(1/2)/(-x‘3+1)“(1/2),x, algorithm="maxima") J
Ou_tputLintegrate(sqr1:(—x"6 + 1)/sqrt(-x"3 + 1), x) J
Giac [F]
VT:ZE —x6+1
vffi?}g vff}gif_
inputLintegrate((-x‘6+1)“(1/2)/(—x‘3+1)“(1/2),x, algorithm="giac") J

OutputLintegrate(sqrt(—x“e + 1)/sqrt(-x~3 + 1), x) J
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Mupad [F(-1)]

Timed out.
\/1—x6d V1—g¢

T = dz
V1—23 Vv1-—23

Lint((l - x76)"(1/2)/(1 - x°3)~(1/2) ,%)

input

output 1BE((1 = x°6)7(1/2)/(1 - x°3)(1/2), x)

Reduce [F]

1—:1:6 \/—x3+1\/—z6+1
\/1—x3 (/ dx)

Lint((—x“6+1)‘(1/2)/(—x“3+1)‘(1/2),X)

input

outputt - int((sqrt( - x**3 + 1)*sqrt( - x**6 + 1))/(x**3 - 1),x)
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3.8 [(d+ ex?) (a — cxb)’ dz

Optimal result . . . . . . . . . . . . e 107
Mathematica [A] (verified) . . . . . . . . . ... o 107
Rubi [A] (verified) . . . .. . . ... .. 108
Maple [F] . . . . 109
Fricas [F] . . . . . . o 109
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 1101
Maxima [F] . . . . . . 1101
Giac [F] . . . . o o 111
Mupad [F(-1)] . . . o o 111
Reduce [F] . . . . . 111

Optimal result

Integrand size = 18, antiderivative size = 98

6\ —P
/ (d + ex3) (a — ch)p dr = dz (a — ch)p (1 — %) Hypergeometric2F'1 (%,

7 cxb 1, 6P
—p,6,7> +16!IJ (CL—C:I?) 1

cxb 5 cx

—p 9 6
_ Hypergeometric2F1 ( -, —p, =, —
a 3 3 a

output ‘ d*x* (-c*xx~6+a) “p*hypergeom([1/6, -pl,[7/6],c*x"6/a)/((1-c*x~6/a) "p)+1/4*e* ‘
\ x~4* (-c*x~6+a) “pxhypergeom([2/3, -pl, [6/3],c*x"6/a)/((1-c*xx"6/a)"p) \

Mathematica [A] (verified)

Time = 0.57 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.77

/ (d + ez3) (a — cwﬁ)p dr = iz(a — czﬁ)p (1
—p 6
— —) <4d Hypergeometric2F1 (é, —p, g, C—)

9 6
+ ex® Hypergeometric2F1 (5, —D, g, = ))
a
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input‘ Integrate[(d + exx~3)*(a - c*x76) p,x] ‘

t‘ (xx(a - c*x"6) “p*(4*xd*Hypergeometric2F1[1/6, -p, 7/6, (c*xx"6)/al + e*x~3*H ‘

outpu
‘ ypergeometric2F1[2/3, -p, 5/3, (c*x~6)/al))/(4x(1 - (c*x~6)/a)”p) ‘
Rubi [A] (verified)
Time = 0.25 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.111, Rules
integrand size
used = {1763, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ (d+ ez?) (a — cz®)” dz
| 1763
/ (d(a — cz®)? + ex®(a — cz®)) dz
| 2009
6\ —P 6
dx (a — ca:6)p 1- & Hypergeometric2F1 1, —p, z, “@ +
a 6 6" a
Loty (1= " cor1 (2, _p 5 2
4ex (a cx ) (1 . Hypergeometric2F1 3 D, 3 g
input LInt [(d + exx~3)*x(a - c*x76) p,x] J
output‘ (d*x*(a - c*x~6) “pxHypergeometric2F1[1/6, -p, 7/6, (c*x"6)/al)/(1 - (c*x"6 |

‘)/a)“p + (exx”4*(a - c*x"6) pxHypergeometric2F1[2/3, -p, 5/3, (c*x76)/al)/ ‘
| (4x(1 - (c*x76)/a)"p)
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Defintions of rubi rules used

e 1763 IELC(AD) + (e_)*(x )" (@)*((al) + (c_)*(x)"(n2))~(p)), x_Symboll :> I
nt [ExpandIntegrand[(d + e*x"n)*(a + c*x~(2%n))~p, x], x] /; FreeQ[{a, c, d,
‘ e, n}, x] && EqQ[n2, 2#n]

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [F]

/(ew3 +d) (—cz®+a)"ds

imput | 156 ((04X"340)x (~oxx"6+2) p, ) J
output Lint((e*x"3+d)*(-c*x"6+a) “p,x) J
Fricas [F]
/ (d+ez®) (a— cz®)’ do = / (e2® + d) (—cz® + a)? dz
input Lintegrate ((e*x"3+d)*(-c*x"6+a) "p,x, algorithm="fricas") J

Ou_tputtintegral((e*x’? + d)*(-c*x"6 + a)”p, x) J
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 39.40 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.80

7 a
d+ex®) (a — cz®)’ dz = 6
[ @+ est) = e
2 —p ‘
a”em“l"(%) o Fy 3’5 cx6§2”
3
“+
6 (3)
input Lintegrate ((e*xx**3+d) * (—c*x**6+a) **p, X) J

t‘a**p*d*x*gamma(l/G)*hyper((1/6, -p), (7/6,), cxxx*6xexp_polar(2*I*pi)/a)/( ‘
'6*gamma(7/6)) + axkpkexx+*dkgamma(2/3)*hyper((2/3, -p), (5/3,), ckxx6xexp |
L_polar(2*I*pi)/a)/(6*gamma(5/3)) J

outpu

Maxima [F]

/ (d+ex®) (a —cz®)’ dz = / (ex® + d) (—ca® + o) da

input Lintegrate ((exx~3+d) *(-c*x"6+a) "p,x, algorithm="maxima") J

integrate((e*x~3 + d)*(-c*x"6 + a)"p, x)

output ‘\
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Giac [F]

/ (d + ex3) (a — cms)p dz = / (ez3 + d) (—cac6 + a)p dz

input Lintegrate ((e*xx~3+d) * (-c*x~6+a) “p,x, algorithm="giac")

output tintegrate((e*x‘B + d)*(-c*x"6 + a)7p, x)

Mupad [F(-1)]

Timed out.

/ (d + ez?) (a— cxﬁ)p dz = / (a— ch)p (ex®+ d) dz

input Lint((a - c*x76) "px(d + e*x"3),x)

output Lint((a - cxx76) "p*(d + e*x"3), x)

Reduce [F]

/ (d+ex?) (a— ca®)’ da

6(—cz® + a)’ dpz + 4(—cz® + a)’ dzx + 6(—cx5 + a)’ epz* + (—cx% + a)’ ez + 648 <f —T8ep?

(_

26 —15cp x6

input tint ((e*x~3+d)* (-c*x"6+a) "p,x)




CHAPTER 3. LISTING OF INTEGRALS 112

(6%(a - c*x**6)**p*d*p*x + 4% (a - c*x**6)**p*d*x + 6%(a - c*x**6)**p*e*p*x
*¥*k4 + (a - c*x*k*6)xkpkexx*x4 + 648xint((a — ckx**6)*xp/(18*axpx*2 + 15xaxp
+ 2%a — 18k%ckp*k*2xx**x6 — 15kCkpxx**6 — 2%kckx**6),x)*axd*px*4 + 972+int((a
— c*x**6)*x*p/ (18*a*p**2 + 1b5*kaxp + 2%a — 18*cxp**2*kx**6 — 15kc*p*kx**6 — 2
*kC*kx*%6) ,x)*axd*p**3 + 432xint((a — c*x**6)*xp/(18*axp**2 + 16xa*p + 2%a -
18*Ckp*x*2*x**6 — 15kCkp*kx**k6 — 2*xCkx**6) ,x)*axd*p**2 + 48+int((a - c*x**6
Y**p/ (18*axp**2 + 15*axp + 2%a — 18*Ckp**2*¥x**6 — 15kC*p*kx*k*6 — 2*CkxX**6) ,
x)*axdxp + 648xint(((a - c*x*k*6)*x*pxx**3)/(18xa*p**2 + 1b*a*xp + 2%a - 18%c
*phKkkX*kKkE — 15kCHphx**k6 — 2%kCkx**6) ,X)*akexpkx*k4 + 648*int (((a - ckx**6)**
p*x**3) / (18%axpx*2 + 15kaxp + 2ka — 18kxCkp**2*x**6 — 15*CkpkX**6 — 2k Ckx**
6) ,x) *axexp**3 + 162xint (((a - ckx**6)**p*x**3)/(18*axp**2 + 15xa*p + 2%a
= 18kCkp**2xx**6 — 15kCHkpkx**6 — 2%CHkx*k*6) ,X)*kaxe*spk*2 + 12xint(((a - cxx*
*x6) *xp*x**3) / (18*%axp**2 + 15*axp + 2%a — 18*ckp**2*x**6 — 15kckp*kx**6 — 2%
cxx**6) ,x) *axexp) /(2% (18*px*2 + 15%p + 2))

output
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3.9 [(d+ex®) (a+ cx®)’ dx

Optimal result . . . . . . . . . . . . e 113
Mathematica [A] (verified) . . . . . . . . . ... o 113l
Rubi [A] (verified) . . . .. . . ... .. 114
Maple [F] . . . . 115
Fricas [F] . . . . . . o 115
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 116
Maxima [F] . . . . . . 176!
Giac [F] . . . . o o 117
Mupad [F(-1)] . . . o o 117
Reduce [F] . . . . . 117

Optimal result

Integrand size = 17, antiderivative size = 96

6\ —P
/ (d+ ez?) (a+ cz®)” dz = dz(a+ czb)” (1 - %) Hypergeometric2F1 (é,

6 1
-, g, —%) + Ze:c‘*(a + czf)” (1

6 6

W ) !
+ = Hypergeometric2F1 | =, —p, =, @
a 3 3 a

output ‘ d*x* (c*xx~6+a) “p*hypergeom([1/6, -pl,[7/6],-c*x~6/a)/((1+c*xx"6/a) "p)+1/4*e* ‘
‘ x"4* (cxx~6+a) “p*hypergeom([2/3, -pl, [6/3],-c*x~6/a)/((1+c*x"6/a) "p) ‘

Mathematica [A] (verified)

Time = 0.57 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.78

(d+ex®) (a+czb)’ dz = }lx(a +ez®)? (1
/

czb

-p 1 6
+ — 4d Hypergeometric2F1 ( —, —p, z, _=
a 6 6 a

9 6
+ ez® Hypergeometric2F1 (57 —p, g, _£> )
a
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input‘ Integrate[(d + exx~3)*(a + c*x76) p,x] ‘

t‘ (x*(a + c*x~6) "p*(4xd*Hypergeometric2F1[1/6, -p, 7/6, -((c*x"6)/a)] + e*x~ ‘

outpu
‘ 3xHypergeometric2F1[2/3, -p, 5/3, -((c*x~6)/a)]))/(4*x(1 + (c*x"6)/a)"p) ‘
Rubi [A] (verified)
Time = 0.24 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.118, Rules
integrand size
used = {1763, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ (d+ ez®) (a + cz®)? dz
| 1763
/ (d(a+ cz®)? + ex®(a + cz®)”) dz
| 2009
6 -p 6
dz(a+ czb)” i Hypergeometric2F1 1, —p, Z, )4
a 6 6 a
Loat(at ety (< 41) or1 (2, _p 3 o2
4ex (a + cx ) < 4 +1 Hypergeometric2F1 3 D, 3,
input LInt [(d + exx~3)*(a + c*x76) "p,x] J
output‘ (d*x*(a + c*x~6) “pxHypergeometric2F1[1/6, -p, 7/6, -((c*x~6)/a)]1)/(1 + (cx* |

‘X‘G)/a)‘p + (exx~4x(a + c*x”6) pxHypergeometric2F1[2/3, -p, 5/3, -((c*x"6) ‘
/a)1)/(4%(1 + (c*x"6)/a)"p) |
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Defintions of rubi rules used

e 1763 IELC(AD) + (e_)*(x )" (@)*((al) + (c_)*(x)"(n2))~(p)), x_Symboll :> I
nt [ExpandIntegrand[(d + e*x"n)*(a + c*x~(2%n))~p, x], x] /; FreeQ[{a, c, d,
‘ e, n}, x] && EqQ[n2, 2#n]

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [F]

/ (ex3 +d) (ca® +a)pdx

input 10t ((e*x73+d)* (crx"6+a) "p, ) ]
output Lint ((e*xx"3+d) * (c*x"6+a) “p,X) J
Fricas [F]
/ (d+ ez®) (a+ cz®)? dz = / (ez® + d) (ca® + )’ do
input Lintegrate ((e*x~3+d)*(c*x~6+a) "p,x, algorithm="fricas") J

Ou_tputtintegral((e*x’? + d)*(c*x"6 + a)7p, x) J
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 39.30 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.78

i _p 4
apdxf(%) 2F1 6,7 cx(;e”
d+ez®) (a+ cz®)’ dz = 6
[ (@+es’) @+ ex) .
2 —p ‘
a”em‘*l"(%) o 3’5 ax‘;e”
3
+
6 (3)
input Lintegrate ((exx**3+d) * (c*x**6+a) **p,x) J

t‘a**p*d*x*gamma(l/G)*hyper((1/6, -p), (7/6,), c*xx*6*exp_polar(Ixpi)/a)/(6* ‘
‘gamma(7/6)) + ax*pxexx*x4*xgamma (2/3) *hyper ((2/3, -p), (5/3,), c*x**6*kexp_p ‘
Lolar(I*pi)/a)/(6*gamma(5/3))

outpu

Maxima [F]

/ (d+ex®) (a+czb)’ do = / (ez® + d) (c2® + a)’ dz

lnput Lintegra’te ( (e*XA3+d) 3 (C*XA6+a) A:p 2 X, algoritM=llmaXimall ) J

Output‘ integrate((e*x~3 + d)*(c*x"6 + a)”p, x)




CHAPTER 3. LISTING OF INTEGRALS

117

Giac [F]

/ (d + e:v3) (a + cmﬁ)p dz = / (e$3 + d) (ca:6 + a)pdw

input Lintegrate ((e*xx~3+d) * (c*x"6+a) "p,x, algorithm="giac")

output tintegrate((e*x‘B + d)*(c*x"6 + a)7p, x)

Mupad [F(-1)]

Timed out.

/(d+ex3) (a+ cz®)? dz = / (cz®+a)" (ez® +d) dz

input Lint((a + c*x76) "p*(d + e*x73),x)

output Lint((a + cxx76) "p*(d + exx"3), x)

Reduce [F]

/ (d+ ez?) (a+ czf)’ da

6(cz® + a)’ dpz + 4(cz® + a)’ dz + 6(cz® + a)’ epz* + (cz® + a)’ ex* + 648<

f (c w6+a)p
18cp2x6+15cp z8+2c 6+18a

input tint ((e*x~3+d)* (c*x~6+a) “p,x)
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(6%(a + c*x**6)**p*d*p*x + 4%(a + c*x**6)**p*d*x + 6%(a + c*x**6)**p*e*p*x
*¥*k4 + (a + c*x*k*6)xkpkexx*x4 + 648xint ((a + ckx**6)*xp/(18*axpx*2 + 15xaxp
+ 2%a + 18*%ckp**2xx**x6 + 15kxckpxx**x6 + 2kckx**6) ,x)*axd*px*4 + 972+int((a
+ ckx*x6) xxp/ (18*a*px*2 + 15xa*p + 2%ka + 18*kc*p**2xx**x6 + 15xckpxx**6 + 2
*xCkx**6) ,x) ¥a*d*xp**3 + 432xint((a + cxx**6)*xp/(18*axp**2 + 16*a*xp + 2xa +
18*Ckp*x*2*x**6 + 15kCkp*kx**6 + 2*xCkx**6) ,x)*axd*xp**2 + 48+int((a + c*x**6
Y**p/ (18*axp**2 + 15*axp + 2%a + 18*Ckp**2*x**6 + 15kC*p*x**6 + 2*Ckx**6) ,
x)*axdxp + 648xint(((a + c*x*k*6)*x*pxx**3)/(18xa*p**2 + 1b*a*xp + 2%a + 18%c
*phk2kx*kk6 + 15kCkpkx**k6 + 2%kCkx**6) ,X)*akxexpx*k4 + 648*int (((a + ckx**6)**
p*x**3) / (18%a*px*2 + 15kaxp + 2ka + 18xCkp**2*x**6 + 15kCkpkX**6 + 2kCkx**
6) ,x) *axexp**3 + 162xint (((a + ckx**6)**p*x**3)/(18*axp**2 + 15xa*p + 2%a
+ 18*CHp**2%x*%x6 + 15*CkprX**k6 + 2¥Ckx*k*6) ,x)*ake*rpk*2 + 12xint(((a + cxx*
*x6) *xp*x**3) / (18*%axp**2 + 15*axp + 2%a + 18*ckp**2*x**6 + 15kckp*x**6 + 2%
cxx**6) ,x) *axexp) /(2% (18*px*2 + 15%p + 2))

output




CHAPTER 3. LISTING OF INTEGRALS 119

3.10 [(d+ex®)! (a+ cz®) dx

Optimal result . . . . . . . . . . . . e 119
Mathematica [N/A] . . . . . . . . 1191
Rubi [N/A] . . . o oo T20
Maple [N/A] . . . . 120
Fricas [N/A] . . . o o 121
Sympy [F(-1)] . . o oo 121]
Maxima [N/A] . . . . . 1211
Giac [N/A] . . . e 122
Mupad [N/A] . . . o 122
Reduce [N/A] . . . o o 123

Optimal result

Integrand size = 19, antiderivative size = 19

/ (d+ez®)? (a+ ca®)” do = Int((d + e2®) (a + )" , 2)

-

output LDefer(Int) ((e*x~3+d) ~q* (c+x~6+a)~p, %)

-/

Mathematica [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/(d—l—e:v3)q (a+ czf)” d:c=/(d+e:c3)q (a+c2®)’ dx

input ‘\Integrate[(d + e*x73)"gx(a + c*x”6) p,x]

output‘ Integrate[(d + e*x"3)“q*(a + C*X“G)”p, x]
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Rubi [N/A]
Not integrable
Time = 0.16 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {1770}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a+cw6)p (d+ex3)q dz
l 1770

/ (a+ ca®)? (d+ ez®)" dz

input‘ Int[(d + e*x"3)"g*(a + c*x~6) p,x] ‘

output L$Aborted J

Defintions of rubi rules used

rule 1770‘Int[((d_) + (e_)*(x_)" (@) (q)*((a_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol] ‘
:> Unintegrable[(d + e*x™n) gq*(a + c*x~(2*n))"p, x] /; FreeQ[{a, c, d, e, ‘
n, p, q}, x] & EqQ[n2, 2+n]

Maple [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ (ex® + d)q (cz®+ a)pdw

input \int ((e*xx~3+d) “g*(c*x~6+a) "p,x)
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output Lint ((exx~3+d) “g*(c*x~6+a) "p,x)

Fricas [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ (d+ ez®)? (a+ cz®)? dz = / (cz® +a)"(ez® + d)! dx

-

input tintegrate ((e*x~3+d) “q*(c*x~6+a) “p,x, algorithm="fricas")

e—

output Lintegral((c*x“G + a)px(exx”3 + d)~q, x)

Sympy [F(-1)]

Timed out.

/ (d + ex3)q (a + cmﬁ)p dz = Timed out

input tintegrate ((exx**3+qd) **q* (ckx**6+a) **p, X)

-

output LTimed out

-/

Maxima [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ (d+ex®)? (a+ cz)’ dz = / (c2® + a)P(ex® + d)? dx

tnput Lintegrate ((exx~3+d) “q*(c*x"6+a) "p,x, algorithm="maxima")
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output Lintegrate((c*x“S + a)“px(exx"3 + d)"q, x)

Giac [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ (d+ ez®)? (a + cz®)? dz = / (cz® +a)"(ez® + d)! dz

input Lintegrate ((exx~3+d) “q* (c*x"6+a) “p,X, algorithm="giac“)

Outputtintegrate((c*x‘G + a) px(exx~3 + d)"q, x)

Mupad [N/A]
Not integrable

Time = 10.79 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/(d+ez3)q (a+ cz®)” da:z/(ca:G—l-a)p (ex® +d)?dx

inputLint((a + c*x76) "p*(d + e*xx"3)7q,x)

OutputLint((a + c*x76) "p*(d + e*x"3)"q, x)




input

output
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Time = 0.85 (sec) , antiderivative size = 1249, normalized size of antiderivative = 65.74

Reduce [N/A]

Not integrable

/ (d+ ex*)? (a + cz°)” dz = Too large to display

e

int ((e*x~3+d) “q* (c*x~6+a) “p,x)

‘/

-

((@ + exx**3)**q*k(a + cxx*x6)*xp*x + 18*int (((d + exx**3)**qk(a + c*xx**6)*
*p*x*%6) / (6*axd*p + 3xaxd*q + axd + Gkaxexp*x*k*3 + 33kakexqkx**3 + ake*rx*k*3
+ 6*c*d*p*x**6 + 3*c*d*q*x**6 + ckd*x**x6 + 6*c*e*p*x**9 + 3*c*e*q*x**9 +
ckxexx**9) ,x) *ckdkpkq + 9*xint (((d + exx**3)*xq*(a + Ckx**6)**kp*x**6)/(6xa*d
*p + 3*a*d*q + axd + 6*a*e*p*x**3 + 3*a*e*q*x**3 + axexx**x3 + 6*c*d*p*x**6
+ 3*c*d*q*x**6 + cxd*x**6 + 6*c*e*p*x**9 + 3*c*e*q*x**9 + c*e*x**g),x)*c*
d*q**2 + 3xint(((d + e*x**3)**kgx(a + c*xx**6)**p*x**6)/(6*axd*xp + 3*axd*q +
axd + 6*a*e*p*x**3 + 3*a*e*q*x**3 + axexx**3 + 6*c*d*p*x**6 + 3*c*d*q*x**
6 + cxd*x**6 + Gkxckexp x*k*9 + 3kckexqrx*k*9 + ckexx*k*9),x)*ckxdkq + 36*int ((
(d + e*xx*3)**kgx(a + cxx**6)**p*kx**3)/(6*a*xd*p + 3*kaxd*q + axd + 6*akexp*x
**3 + Jxakexqkx**k3 + axerxx*k3 + Gkckdkpkx**k6 + JkckdkqFx**k6 + cxdkx**6 + 6
kCke*phx**k9 + 3kckekqkx¥*9 + ckexx**9),x)*akerpx*2 + 18%int (((d + exx**3)x*
xq*(a + ckx**6)*xpxx**3)/(6*axdxp + 3kaxd*q + axd + Bkaxexp*x**3 + 3kaxe*q
*x*%3 + akexx*k*k3 + Gkckd*kpkx**6 + 3kckdkqkxk*k6 + ckd*x**6 + 6kckexpxx**9 +
3xkckexqxx**9 + ckexx**x9),x)*axexpxq + 6xint (((d + exx**3)**q*(a + c*x**6)
*kpxx**3) / (6*axdxp + 3kakdxq + akd + Gkakexpxx**3 + Ikakekxqkx*k*3 + akexxkk
3 + 6*c*d*p*x**6 + 3*c*d*q*x**6 + ckd*xx*k*6 + 6*c*e*p*x**9 + 3*c*e*q*x**9 +
ckxexx**9) ,x)*axe*xp + 36*int(((d + e*x**3)**kgx(a + cxx**6)**p)/(6*axd*p +
3*a*d*q + axd + G*a*e*p*x**s + 3*a*e*q*x**3 + akxe*xx**x3 + 6*c*d*p*x**6 + 3%
cxd*q*x**6 + Ckdkx**6 + BkCkexpkx*k*9 + Jkckexqkx*k*9 + crxe*xx*k*9),x)*akdx. ..
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3.11 [(1—23)"(1—2%" dzx

Optimal result . . . . . . . . . . . . e 124
Mathematica [F] . . . . . . . . . . . 1241
Rubi [A] (verified) . . . . . . . . .
Maple [F] . . . . o 1261
Fricas [F] . . . . . . o 126
Sympy [F] . . . o 1261
Maxima [F] . . . . . . 127l
Giac [F] . . o o
Mupad [F(-1)] . . .«
Reduce [F] . . . o . o o 128

Optimal result

Integrand size = 19, antiderivative size = 23

/ (1 — a:3)p (1 — zﬁ)p dx = z AppellF1 (%, —2p, —p, —, 3, —w3>

-

Lx*AppellFl(1/3,—2*p,—p,4/3,x*3,—x“3)

e—

output

Mathematica [F]

/ (1-2*7 (1-2%" dz = / (1-2*7(1-2%" da

-

tIntegrate[(l - x73)7p*x(1 - x76)7p,x]

e—

input

output LIntegrate[(l - x73)7p*x(1 - x76)7p, x] J




input

output

rule 936

rule 1388
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Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00,

number of rules _ 0.105, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1388, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (1237 (1- 2% do
| 1388

/ (1—2%)% (¢ +1)7 do
| 936

x AppellF'1 (;, —2p, —p, %, z3, —x?’)

e

LInt[(l - x73)"px(1 - x76)"p,x]

~—

Lx*AppellFl[l/S, -2xp, -p, 4/3, x°3, -x"3]

Defintions of rubi rules used

Int[((a_) + (b_)*(x_ )" (@ )" (p)*((c_) + (d_.)*(x_)"(m_))"(q_), x_Symboll
:> Simp[a~p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQ[{a, b, c, d, n, p, g}, x] && NeQ[b*c - a*d, 0] && NeQ[n, -1]
&% (IntegerQ[pl || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.))"(p_.)*x((d_) + (e_.)*(x_)"(m_))"(q_.),
x_Symbol] :> Int[ux(d + exx™n) (p + @)*(a/d + (c/e)*x"n)"p, x] /; FreeQ[{a,
c, d, e, n, p, qt, x] && EqQ[n2, 2*n] && EqQ[c*d"2 + axe”2, 0] && (Integer
Qlpl Il (GtQl[a, 0] && GtQ[d, 01))
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Maple [F|
/ (—2® +1)° (—a° + 1) da
— Lint ((-x"3+1) “p* (-x"6+1) "p,x) J
OutputLint((-x“3+1)*p*(-x‘6+1)“p,x) J
Fricas [F|
[a=a (- do= [ (" +1)" (=" +1)ds
input Lintegrate ((-x~3+1) "p*(-x"6+1)"p,x, algorithm="fricas") J
outputtintegral((-xAG + 1) px(-x"3 + 1)"p, x) J
Sympy [F]
/(1_953)1’ (1— 2% dzz/(—(x—l) (@tz+1) (~@—1)(@+1) (2
+1) (e +z+1))" do
inputLintegrate((-x**3+1)**p*(-x**6+1)**p,x) J
output TREEETAl((=(x = 1 (xek2 + x + D)wapa(-(x = Dx(x + Dx(oek2 = x + Dk

‘*2 + x + 1))**p, x)
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Maxima [F|

L/(l—xﬂp(l—x%pdm=i/(—x6+IYX—x&+lfdx

inputLintegrate(('xh3+1)ﬁp*(‘X“6+1)”p,x, algorithm="maxima"

outputtintegrate((-x‘G + 1)"p*x(-x"3 + 1)7p, x)

Giac [F]

/ (1-2%)°(1-25%" dz = / (=2 +1)"(—2* +1)"dz

inputkintegrate((—x‘3+1)‘p*(-x*6+1)*p,x, algorithm="giac")

Outputtintegrate((-x‘G + 1)7p*(-x"3 + 1)7p, x)

Mupad [F(-1)]
Timed out.

/u_ﬁya_ﬁVM=/a_fy@_ﬁym

inputtint((l - x73)"px(1 - x76)"p,x)

Outputtint((l - x73)"px(1 - x"6)"p, x)
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Reduce [F|

/u—ﬁfu—ﬁfm

(_x:’, + l)p (_wG + l)pw _97 (f (—a341)P (—ab+41)Pa3 dx) P — 3<f (—a341)P (—ab+41)Pa3 dx) p—8l (f (341

. 9p 6+2%—9p—1 9p £6+26—9p—1 9p 26
B Ip+1
input Lint ((-x"3+1) "p*(-x"6+1) "p,x) J
output (C = x**3 + 1)*k*p*k( — x**6 + 1)**pxx — 27*int ((( - x**3 + 1)**px( — x**6 +

1) **kpkx**k3) / (I*p*kx**6 — 9*p + x**6 — 1) ,x)*p**2 — 3*xint ((( - x**3 + 1)**p
*¥( = k6 + 1)*k*p*xk*3)/(9*xp*x**x6 — 9*kp + x*¥*x6 — 1),x)*p — 81*int ((( - x*x*
3 + 1)*xpk( — x**%6 + 1)**p)/(9*pxx**6 — O*p + x**6 — 1),x)*p**2 - 9xint (((

= xx*k3 + 1)x*kpk( - x*k%6 + 1)*xp)/(9kpxx**6 — 9*p + x¥*6 — 1) ,x)*p)/(9*p +

i)
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3.12 [ (d+ ex®)? (d? — e?z°)’ dx

Optimal result . . . . . . . . . . . . e 129
Mathematica [F] . . . . . . . . . . . 1291
Rubi [A] (verified) . . . . . . . . . 130
Maple [F] . . . . 131
Fricas [F] . . . . . . o 131
Sympy [F(-1)] . . o 1321
Maxima [F] . . . . . . 1321
Giac [F] . . o o 1321
Mupad [F(-1)] . . .« 133l
Reduce [F] . . . . . 133l

Optimal result

Integrand size = 24, antiderivative size = 92

3\ P 3\ ~P—¢q
[ (@t ey (@ = 22t do = n(a - ea?) (1 _ %) <1 ; %) (&

1 4 ex® ex’
_,2,.6\P - o s =
e’z®)" AppellF1 (3, A e )

‘ x* (e*x”~3+d) "g*(1+e*x~3/d) ~ (-p—q) *(—e~2*x~6+d~2) “p*AppellF1(1/3,-p,-p—q,4/3

output ‘
,exx"3/d,-exx"3/d)/ ((1-exx~3/d) "p)
Mathematica [F]
/ (d + ea:g)q (d2 — eQmﬁ)p dr = / (d + ex3)q (d2 — ezxﬁ)p dx
input tIntegrate[(d + exx"3)"q*(d"2 - e"2%x76) "p,x] J

-

LIntegrate[(d + e*x"3)7q*(d"2 - e"2%x76)"p, x]

-/

output
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Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.00,

number of rules _ 0.167, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {1396, 937, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (d* — 22°%)” (d + ex®)? da
l 1396
d—ex®) P (d+ex®) ? (d? — e228) d—ex3)? (ex® + d)"  dz
( )
l 937
3\ —P 3\ P
(d+ ew3)_p <1 — ez) (d2 — e2x6)p/ (ew3 + d)p+q <1 — 62> dz
l 937
ez3\ P exd —p—q ez3\? /3 p+g
(1 — d) (d2 — 62I6)p (d+ em?’)q (d + 1) / (1 — d) (d + 1) dzx
l 936

3 3

3\ P —p—q 1 4
o(1-2) T @ -a (aret) (S 1) appeltfL (Go-pp-arg, S -

input LInt[(d + e*x73)7q*(d"2 - e"2*x"6) "p,x]

‘ (x*x(d + e*x"3)"g*x(1 + (exx"3)/d)"(-p - @)*(d"2 - e"2xx"6) "p*AppellF1[1/3,

output
‘-p, -p - q, 4/3, (exx”3)/d, -((exx~3)/d)]1)/(1 - (exx~3)/d)"p
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"(@_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll
:> Simp[a~p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQ[{a, b, ¢, d, n, p, q}, x] && NeQ[bxc - a*d, 0] && NeQ[n, -1]
&% (IntegerQ[p] || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

rule 936

rule 937 T0ELC(@) + (b_)*(x )" (@ )~ (p)*((c.) + (d_.)*(x_)"(n_))"(q ), x_Symboll
:> Simp[a~IntPart[p]*((a + b*x"n) FracPart[p]/(1 + b*(x"n/a)) FracPart[p]l)

Int[(1 + bx(x"n/a)) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q
}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQlp]l || GtQ[a, 01)

rule 1396 IEL_D*((a) + (c_)*(x)"(@2_.)) " (p)*((d) + (e_)*(x))"(m.))"(q_.), x
_Symbol] :> Simp[(a + c*x~(2%n)) FracPart[p]l/((d + e*x"n) FracPart [p]*(a/d
+ c*(x"n/e)) “FracPart[p]) Int[u*x(d + e*x"n) (p + q@)*(a/d + (c/e)*x"n) p,
x], x] /; FreeQl{a, c, d, e, n, p, q}, x] && EqQ[n2, 2*n] && EqQ[c*d~2 + a*
e”2, 0] && !'IntegerQ[p] && !'(EqQlq, 1] && EqQ[n, 2]1)

Maple [F]

/ (e 2+ d)q (—62.’116 + dz)pdz

input  int ((exx"3+d) “gx(-e"2%x"6+d~2)"p,x)

output Lint ((e*x~3+d) ~q*(-e~2%x"6+d"2) “p,x)

Fricas [F]

/ (d+ ex®)? (d* — €%2°%)" dz = / (—€*2® + d*)"(ex® + d)" dz

input Lintegrate ((exx~3+d) "q*(-e"2*x"6+d"2) "p,x, algorithm="fricas")




output

input

output

input

output

input

output
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Lintegral((—e”Z*x“G + d"2)"p*(e*x”3 + d)"q, x)

Sympy [F(-1)]

Timed out.

/ (d + ez3)q (d2 — e2x6)p dx = Timed out

Lintegrate ((e*x**3+d) k*q* (—~ex*2%x*k*6+d**2) **p, X)

LTimed out

Maxima [F]

/ (d + ez3)q (d2 — e2x6)p dr = / (—e2x6 + d2)p(e$3 + d)q dx

Lintegrate ((exx~3+d) “g*(-e~2*x~6+d"2) "p,x, algorithm="maxima")

Lintegrate((-e"2*x“6 + d"2)"p*(e*x”3 + d)~q, x)

Giac [F]

/ (d + ex3)q (d2 — e2x6)p dr = / (—e2zv6 + dz)p(e$3 + d)q dx

Lintegrate ((exx~3+d) "q*(-e"2*x"6+d"2) "p,x, algorithm="giac")

tintegrate((-e‘2*x"6 + d72)"p*(exx~3 + d)"q, x)
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Mupad [F(-1)]

Timed out.

/ (d—l— ex3)q (d2 — 62x6)p dr = / (d2 —e? xG)p (e 2 + d)qdz

input‘ int((d72 - e72*x76) "p*(d + e*x"3)7q,x) \

outputLint((d'? - e72xx76) "px(d + e*xx"3)"q, x) J

Reduce [F]

/ (d+ex®) (& — °)" do

3 q(_ .26 2\P . _ (ex3+d)? (—e?z0+d?)Pa® _ (ex3+d)?(—e2z6+
(61’ +d) ( ez +d) z 18<f —662pm6—3ezqa:6—ezm6+6d2p+3d2q+d2dx depq 9 f—ﬁezpm6—3e2qm6—ezm6+l

inputLint((e*x"3+d)"q*(-e"2*x"6+d"2)"p,x) J

e N

((@ + exxk*3)**xqk (d*x*2 — ex*2xx*k*6)**p*x — 18*int (((d + e*x**3)**kq*(d**2 -
ex*k2xxk*6) **¥pkx*k*3) / (6*%d*k*2*p + I*kdk*2xq + d**2 — G*ek*2xp*kx**6 — ke k*k2k
QFx**6 — ex*k2xx**6) ,x)*kdxe*pxq — 9*int (((d + exx**3)*xq* (dk*2 — ex*2xx**6)
*kkpxx**k3) [/ (B4d**2%p + 3kd**2%q + d**2 — BG*xe*k2kp*kxk*B — 3Jkek*k2kQFX**6 — ex
*2%x*%6) ,x) kdke*xqr*2 — 3xint (((d + e*xx**3)*kq* (d**2 — e**k2*xX**6) k*prx**3)/
(6%d**2+p + 3kd**2%q + d**2 — B*e*k2kp*Xk*B — Jkek*k2kQ*¥X**6 — ex*kkx**6) ,X
Y*dkexq + 36xint (((d + e*xk*3)*kqx (d**2 — ex*k2xx**6)**p) / (6xA**2xp + Ikd**
2xqQ + d*k*2 — Bkexk2kpkX*¥Kk6 — JkekkkQRX*¥K6 — @k*k2*kxk*6) ,X) kA*¥*k2xp**2 + 36%
int (((d + exx**3)*xq* (d**2 — ex*2xx**6)*xp) / (6*%d**2xp + 3*kd**2xq + d**2 -

Bre**2kpxx*k*6 — Jkex*k2kQkX*¥*6 — e**k2kx**6) ,x)*d**2kpxq + 6*xint (((d + e*x**
3)kkqx (d*x*2 — ex*2*x**6)**p)/ (6*d**2+p + 3kd**2%q + d*k*2 — Bke**x2*pxx**6 -
Bkek*k2xQFx**¥6 — ex*k2xx*k*6) ,x)kd*x*2*p + 9*kint (((d + e*x*k*3)*k*kgx(d**2 — exx*
2xx*%6) ¥xp) / (6%d**2*p + Ikd**k2xq + d*¥*2 — Gkex*k2*kpkx*k*6 — 3Jke*k*kQ*X*k*6 -

e**x2kx*¥*6) ,X) *A*x*2*q**2 + 3*xint (((d + exx*k*3)*x*kq* (d**2 — e**2xx**6)**p)/ (6
*Q**¥2*%p + 3kdkk2kqQ + AKk*k2 — BREkK2KDARXKKE — JkERk2KQFXK¥*E — eX*¥2*¥X**6) ,X)*
d*x2xq) /(6%p + 3*q + 1)

output
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3.13 [(1—237" (1 —2%" do

Optimal result . . . . . . . . . . . . . . e 134
Mathematica [F] . . . . . . . . . . . 134
Rubi [A] (verified) . . . . . . . . . .. 1351
Maple [F] . . . . 136
Fricas [F] . . . . . o e 136
Sympy [F(-1)] . . o o 136
Maxima [F] . . . . . . 137
Giac [F] . . . o o 137
Mupad [F(-1)] . . . . o e 137
Reduce [F] . . . . o o e 138

Optimal result

Integrand size = 21, antiderivative size = 17

/ (1—2%)"" (1 —2°%?" dz = z Hypergeometric2F1 (% —P, g, —w3)

output LX*hYPergeom( [1/3, -pl,[4/3]1,-x73) J

Mathematica [F]

/(1_953)—1’ (1— %" dx=/(1—:v3)_p (1— 2% da

inputLIntegrate[(l - x76)"p/(1 - x°3)7p,x] J

outputtlntegrate[(l - x76)7p/(1 - x°3)7p, x] J




input

output

rule 778

rule 1386
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1386, 778}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (1—2%) 7" (1257 da
| 1386
/Xz3+1fdx
| 778

1 4
z Hypergeometric2F1 <3, -, 3’ —w3>

e

LInt[(l - x°6)"p/(1 - x°3)7p,x]

~—

Lx*HypergeometricQFl [1/3, -p, 4/3, -x"3] J

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] & 'IGtQlp
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQla, 0]1)

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.))"(p_.)*x((d_) + (e_.)*(x_)"(m_))"(q_.),
x_Symbol] :> Simp[(-e~2/c)"q Int[ux(d - e*x"n)"p, x], x] /; FreeQl{a, c,
d, e, n, p, q}, x] & EqQ[n2, 2*n] && EqQ[c*d~2 + a*e~2, 0] && EqQ[p + q, O
] && GtQ[d, 0] && LtQlc, 0] && GtQ[e~2, 0]
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Maple [F|

[tarpiroya

input Lint(('fsﬂrp/ ((-x"3+1)7p) ,x)

output Lint ((-x"6+1)"p/ ((-x"3+1) "p) ,x)

Fricas [F]

/(1—x3)_p (1—2%7 dx=/%dx

input Lintegrate ((-x"6+1)"p/((-x"3+1)"p) ,x, algorithm="fricas")

output kintegral((—x*s +1)7p/(-x73 + 1)7p, x)

Sympy [F(-1)]

Timed out.

/ (1—2%) 7" (1—2%?" dz = Timed out

input Lintegrate ((=x**6+1) x*p/ ((—x**3+1) *x*p) ,x)

output tTimed out
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Maxima [F]

/(1—x3)_p (1—2%7 dx:/tzz—iiﬁdx

input tintegrate ((-x~6+1)"p/ ((-x~3+1)"p) ,x, algorithm="maxima")

output Lintegrate((—x‘e + 1)7p/(-x"3 + 1)7p, x)

Giac [F]

/(1—x3)_p (1—z°)° dx=/%dx

input Lintegrate ( (—XA6+1) Ap/ ( (—x“3+1) ‘“p) ,X, algorithm="giac")

output Lintegrate((—x‘s +1)7p/(-x"3 + 1)7p, x)

Mupad [F(-1)]

Timed out.

/(1—m3)_p (1—2)° dx=/%dx

input 186((1 ~ x"©)°p/( - x"3)"p,x)

output Lint((1 - x76)7p/(1 - x73)7p, x)
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Reduce [F]

/(1—x3)_p (1—2%7 darz/%dx

input tint ((-x76+1)"p/((-x"3+1)"p) ,x)

Outputtint(( - x*%6 + 1)%#kp/( — x**3 + 1)%*p,x)




output

CHAPTER 3. LISTING OF INTEGRALS 139
3.14 dies
’ a—ca8 4

Optimal result . . . . . . . . . . . . e 139
Mathematica [A] (verified) . . . . . . . . . ... 1401
Rubi [A] (verified) . . . .. . ... .. I41]
Maple [C] (verified) . . . . . . . . . ... 146
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 147
Sympy [F(-1)] . . . oo 148
Maxima [F] . . . . . .. 148
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 148
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 149
Reduce [B] (verification not implemented) . . . ... ... ... ......... 150

Optimal result

Integrand size = 18, antiderivative size = 263

(v/ed + +/ae) arctan < \!\/%) i (a-

Vae

e

a

8
> arctan (1 — ﬁs_\/Em

")

/d+6x4da:=

a — cx8 4a7/8¢5/8

8
<d — %) arctan (1 + ﬁT\{le

4\/§a7/8\8/5
Yo
{a

N—

+
4\/50,7/8\8/5

Ve
_|_

_ ae h vay/a/c
<d ) arctan ( Var /e

4\/§a7/8\8/5

) (ved + +/ae) arctanh(
+

4a7/3c5/8

1/4x(c™(1/2)*d+a" (1/2)*e)*xarctan(c” (1/8)*x/a~(1/8))/a~(7/8)/c~(5/8)+1/8*(d
-a~(1/2)*e/c~(1/2))*arctan(-1+27(1/2)*c~(1/8)*x/a~(1/8))*2~(1/2) /a~(7/8) /c
~(1/8)+1/8x(d-a"~(1/2)*e/c”(1/2))*arctan(1+2~(1/2) *c~(1/8) *x/a~(1/8))*2~(1/
2)/a~(7/8)/c~(1/8)+1/4x(c~ (1/2) *d+a~ (1/2) *e) *arctanh(c~(1/8) *x/a"~(1/8))/a"
(7/8)/c~(5/8)+1/8x(d-a"~(1/2)*e/c”~(1/2))*arctanh (27 (1/2)*a~ (1/8) *c~(1/8) *x/

(@™ (1/4)+c™(1/4)*x~2))*27(1/2) /a~(7/8) /c~(1/8)
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Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 425, normalized size of antiderivative = 1.62

8 5/8 %/Ez
/d+ex4 o (Vay/cd + a®Be) arctan( %)
a—cx® 4acd/®

—v2y/a+2¥/ca
(—%\/Ed + a5/8e) arctan (\/\/;—8\;(—1>
4+/2ac5/8
8 8
(—+v/ay/cd + a®/3e) arctan (M)

va¥a
4+/2ac5/®
(¥ay/cd + a®/%€) log (¥/a — /cz)

8acd/8
(—+/av/cd — a®/%e) log (¥/a + ¥/cx)
8acd/8
(— ¥/aed + ") log (¥/a - V3¥ades + ¥er?)
8v/2ac5/8
(—¥/ay/ed + a¥/%) log (Ya+ vEYaes + er?)
8+/2ac?/8

+

inputtlntegrate[(d + exx"4)/(a - c*x78),x]

((a~(1/8)*Sqrt[c]l*d + a~(5/8)*e)*ArcTan[(c~(1/8)*x)/a~(1/8)]1)/(4*a*xc~(5/8)
) - ((-(a~(1/8)*Sqrt[cl*d) + a~(5/8)*e)*ArcTan[(-(Sqrt[2]*a~(1/8)) + 2%c~(
1/8)*x)/(Sqrt[2]*a~(1/8))]1)/(4*Sqrt [2]*a*c~(5/8)) - ((-(a”~(1/8)*Sqrt[c]*d)
+ a~(5/8)*e)*ArcTan[(Sqrt [2]*a~(1/8) + 2%c~(1/8)*x)/(Sqrt[2]*a~(1/8))1)/(
4*Sqrt [2]*a*xc~(5/8)) - ((a~(1/8)*Sqrt[cl*d + a~(5/8)*e)*Logl[a~(1/8) - c~(1
/8)*x])/(8xa*c~(5/8)) - ((-(a~(1/8)*Sqrtlcl*d) - a~(5/8)*e)*Logla~(1/8) +
c~(1/8)*x])/ (8*axc~(5/8)) + ((-(a~(1/8)*Sqrtlcl*d) + a~(5/8)*e)*Logla~(1/4
) - Sqrt[2]*a~(1/8)*c™(1/8)*x + c~(1/4)*x72])/(8xSqrt[2]*axc™(5/8)) - ((-(
a~(1/8)*Sqrt[c]l*d) + a~(5/8)*e)*Logla~(1/4) + Sqrt[2]*a~(1/8)*c~(1/8)*x +
c~(1/4)*x~2])/(8xSqrt [2] *a*xc~(5/8))

output




CHAPTER 3. LISTING OF INTEGRALS 141

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 293, normalized size of antiderivative = 1.11,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 799 Ryjjeg
integrand size

used = {1747, 755, 27, 756, 218, 221, 1476, 1082, 217, 1479, 25, 27, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
4
/d+ew8dm
a — Cx
l_1747
1/ ae 1 1 Jae 1
2(«6”) a—ﬁﬁx4d”+z<d‘ fc>/¢w&m4+ad°'”
l 755
YVa— ¥/ cx? Vw21 ¥a
1<‘w+d> 1 (1+1<d_¢%> fvgiﬁiﬁﬂx+f«%¥ﬁK;ﬂm
2\ Ve a—vave' T 2\"T e 2¥/a 2¥/a

| 27

Va-V/ca? Y2+ /a
1(,_ Vae e Rl I i L1 ae
2 2a3/4 2a3/4 2

l 756

2 2a3/4 2a3/4

/e
Ya— o2 A ex21 t
o vae (1 Yede | Y e
\/E 2a3/4 2a3/4

(o) | vatven® | Garea®™

1
2

l 218
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1 Yca
Jae Ny J mdaz arctan < \/E> N
2 Ve 2a3/4 2a7/8 /¢
—_ s 12
1, ae\ (I il a Ve Y
2 Ve 2a3/4 2a3/4
l 221
T $2
(oo (1 )
9 Ve 243/4 243/4
1 \/Ee arctan < \/\/Eg) arctanh< {/%)
2 et 2a7/83/c 2a7/3/c
l 1476
1 dx 1 dz
f$2_ﬁ;\éaz+g_a f z24 \S/\/__ z_a \/_ \/_
c c o
1 d— Vae 23/c i 24/c J \fcz‘“nf n
\/E a3/4 2a3/4
8
1 @ Ny arctan < \/\/%z) arctanh< \8/\/55>
2\ e 2a7/8/c 2a7/8/c
l 1082
L d 1—‘/§%’”> 1 d(ﬁs Cx 1>
SRITAY () o ate v U a
\/_ \/_ —[1- % -1 - % +1| -1
cz? —
1, Vae | ey @ L vz¥a¥/e v2¥/av/c
Ve 2a3/4 2a3/4
8 8
1 @ y arctan < \8/\/% ) N arctanh< \8/\/% )
2\ Ve 2a7/83/c 2a7/3/c
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l 217

Va-ca? Va

8
arctan < f +1> arctan (1— V2 \/Em >

wVa¥e  ~ »ta

(o) | TR

\/E 2a3/4 2a3/4

arctan < ?ﬁ) arctanh< ?\E)

(V)

2\ ¢ 2a7/8 ¢ + 2a7/8 ¢
| 1479
f \/58 a728 Cz d \/5(\/5%1+ %) d
z —
S\/E(ZQ_ﬁs//Eaz-r;\é—i) \/E(z2+\/§§//_cam+4}/i> arctan(ﬁ;/\{_fw—id) arctan(l—‘@é
1 d_\/ae - 2v2y/a¥/c - 2v2¥a/c n v2§/al/c B v2§/al/
2 Ve 2a3/4 2a3/4

8 8
arctan < \8/\/%‘7") arctanh< \/Ex>

2a7/8\8/5 + 2a7/8\8/6

| 25

(2 +)

kO

8
arctan

SR

v2¥/a

S

Va |
2a7/8\8/5 2a7/8\8/z

| 27

arctan ( %z> arctanh( %Z>

(549

2a3/4
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i \/5%—2 %m d f ﬁ%“**‘%
xﬁ—ﬂ%x-&-‘l—\/a x2+‘/§%x+£ arctan( > arctan(l—\/§8 Cm)
Ve Ve, U We ‘Ao Va
1(,_ Vae 2v2y/aV/c 2¥/a/c va¥/a¥/c v2¥/a¥/c 4
2 Ve 2a3/4 2a3/4
8
Jae arctan < \/\/%z) arctanh< \8/\/55>
2< Ve +d> 2wiSe T 2dYe
l 1103
1 e arctan < i/\/%) arctanh< \/\/E(_:)
—(—=4+d + +
2\ ¢ 2a7/8 ¢ 2a7/8 ¢
NV NV
arctan 2%_ +1> arctan (1_ 2% > log(\/ﬁ % %x+ %+ %aﬂ) log(—\/i % %z‘+ %+ “
1(, Vae Vay/a/c veVa¥e 2v2yay/c 2v2¥/a¥/c
2 Ve 2a3/4 2a3/4

p
input LInt[(d + exx"4)/(a - c*x78),x]

| —

output ((@ + (Sqrt[al*e)/Sqrtlcl)*(ArcTan[(c~(1/8)*x)/a~(1/8)]1/(2*a~(7/8)*c~(1/8)
) + ArcTanh[(c~(1/8)*x)/a~(1/8)]1/(2%a~(7/8)*c~(1/8))))/2 + ((d - (Sqrtl[a]*
e)/Sqrt[c])*((-(ArcTan[1 - (Sqrt[2]*c~(1/8)*x)/a~(1/8)1/(Sqrt[2]*a~(1/8)*c
~(1/8))) + ArcTan[1 + (Sqrt[2]*c~(1/8)*x)/a~(1/8)]1/(Sqrt[2]*a~(1/8)*c~(1/8
)))/(2xa~(3/4)) + (-1/2xLogla~(1/4) - Sart[2]*a~(1/8)*c”~(1/8)*x + c~(1/4)*
x~2]/(Sqrt[2]*a~(1/8)*c~(1/8)) + Logla~(1/4) + Sqrt[2]*a~(1/8)*c~(1/8)*x +
c~(1/4)*x~2]/(2*Sqrt [2]*a~(1/8)*c~(1/8)))/(2%a~(3/4))))/2




CHAPTER 3. LISTING OF INTEGRALS 145

Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 217 Intl((@) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])7(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 01 Il LtQ[b, 01)

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

rule 218

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

rule 221

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
1, s = Denominator[Rt[a/b, 2]]1}, Simp[1/(2*r) Int[(r - s*x~2)/(a + b*x"4)
, x1, x] + Simp[1/(2*r) Int[(r + s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct [SumBaseQ, bl]))

rule 755

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[-a/b, 2
11, s = Denominator[Rt[-a/b, 211}, Simpl[r/(2*a) Int[1/(r - s*x~2), x], x]
+ Simp[r/(2*a) Int[1/(r + s*x~2), x], x]] /; FreeQ[{a, b}, x] & !GtQ[a
/b, 0]

rule 756

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[a*(c/b~2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*cx(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Fre
eQ[{a, b, c}, x]

rule 1082




rule 1103

rule 1476

rule 1479

rule 1747

input
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Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

/Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol]l :> With[{q = Rt[
2x(d/e), 21}, Simple/(2xc) Int[1/Simp[d/e + g*x + x~2, x], x], x] + Simpl[
e/(2¥c) Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x]

&& EqQ[c*d~2 - axe™2, 0] && PosQ[dxel

Int[((d.) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 21}, Simpl[e/(2*c*q) Intl[(q - 2*x)/Simp[d/e + g*x - x"2, x], x],
x] + Simpl[e/(2%c*q) Int[(q + 2*x)/Simp[d/e - gq*x - x72, x], x], x]1]1 /; F
reeQ[{a, c, d, e}, x] &% EqQlcxd"2 - axe~2, 0] && NegQ[dxe]

Int[((d)) + (e_.)*(x_)"(n_))/((al) + (c_.)*(x_)"(n2_)), x_Symbol] :> With[{ |

q = Rtl[-a/c, 21}, Simp[(d + exq)/2 Int[1/(a + cxq*x"n), x], x] + Simp[(d
- exq)/2 Int[1/(a - cxg*x"n), x], x]] /; FreeQl[{a, c, d, e, n}, x] && EqQ

[n2, 2*n] && NeQ[c*d~2 + a*e™2, 0] && NegQ[axc] && IntegerQ[n]

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.08 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.14

method | result size
<_R4e+d> In (zf_R)
R= t(c_ 78 R7
default | —=— (c2-) = — 36
(_R4e+d> In (m—_R)
=Root c —a _R7
risch ] ) ” 36

-

Lint ((e*x~4+d)/(-c*x~8+a) ,x,method=_RETURNVERBOSE)

~—
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output| ~1/8/c*sun((_R™4xe+d)/_R°T*ln(x-_R), R=RootOf (_Z"8*c-a))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2741 vs. 2(176) = 352.
Time = 0.39 (sec) , antiderivative size = 2741, normalized size of antiderivative = 10.42

d 4
/ —|—_ea:8 dxz = Too large to display
a—cr

( N

input integrate((e*x~4+d)/(-c*x"8+a) ,x, algorithm="fricas")

1/8*sqrt (-sqrt ((a"3*c™2*sqrt ((c™4*d™8 + 12*a*xc™3*d"6%e”2 + 38xa~2*c”2%d 4x*
e”4 + 12%a"3%c*d"2xe”6 + a~4xe”8)/(a”T*c"5)) + 4*c*kd"3xe + 4*xaxdxe~3)/(a"3
*c"2)))*log(-(c™3*%d"6 + b¥akxc~2xd"4*e”2 - b*a"2xcxd"2*e"4 - a"3*e"6)*x + (
a~5*c"3*exsqrt ((c™4*d"8 + 12*axc”~3*xd"6*e”2 + 38*a~2*c”2xd"4xe”4 + 12*%a~3*c
*d"2xe”6 + a"4%e”8)/(a”7*c~5)) - axc”3*d"5 - 6*a"2*c"2*d"3*e”2 - a~3*cxd*e
~4)*sqrt (-sqrt ((a~3*c"2*sqrt ((c~4*d™8 + 12*axc~3*d"6*e”2 + 38*a~2xc~2*d 4%
e”4 + 12%a"3*c*d"2%e"6 + a"4*e"8)/(a"7*c"5)) + 4*cxd"3%e + 4xaxd*e~3)/(a”3
*c"2)))) - 1/8*sqrt(-sqrt((a~3*c”2*sqrt((c"4*d"8 + 12*axc”~3*d"6*e”2 + 38+*a
“2%cT2%d"4*e”4 + 12*%a"3*xckd"2%e”6 + a~4*e”8)/(a”T*c"5)) + 4*xckd"3*e + 4¥ax
d*e~3)/(a"3*c"2)))*log(-(c"3*d"6 + Bbxaxc~2xd"4*e”2 - B*ka"2xc*d"2*e”4 - a”3
*e"6)*x — (a"b*c"3xexsqrt((c”4*d"8 + 12*a*c”3*d"6%e”2 + 38%a~2*c"2+d 4*e”4
+ 12xa”3*cxd"2xe”6 + a~4xe”8)/(a"7*c”5)) - a*c~3xd"5 - 6*a”2*c"2*d"3%e”2

- a”3*c*kd*e”"4)*sqrt (-sqrt ((a~3*c”2*sqrt ((c"4*d"8 + 12xaxc~3xd"6xe”2 + 38%a
T2xcT2xd"4*xe"4 + 12%a”3*ckd"2*%e”6 + a"4*e”8)/(a"7*c”5)) + 4xcxd"3*e + 4xax
d*e”~3)/(a"3*c”2)))) - 1/8xsqrt(-sqrt(-(a”~3*c"2*sqrt((c"4*d"8 + 12xaxc~3*d"
6*e”2 + 38%a”2%c”2*d"4*e”4 + 12*xa"3xcxd"2xe”6 + a~4xe"8)/(a”7xc”5)) - 4xc*
d~3%e - 4xaxd*e”3)/(a"3*%c”2)))*1log(-(c~3*%d"6 + bxa*xc™2xd"4*e”2 - 5¥xa~2*c*xd
“2*%e"4 - a"3*e"6)*x + (a"bxc " 3xe*sqrt((c”4*d"8 + 12xa*xc”3*d"6*e”2 + 38*a"2
*C"2xd"4%e"4 + 12xa”3xcxd"2xe”6 + a~4*e”8)/(a”7xc”"5)) + axc"3%d"5 + 6*%a”2%
c"2xd"3%e”2 + a~3*ckdxe”4)*sqrt(-sqrt(-(a”3*c"2xsqrt((c"4*d"8 + 12*axc”...

\

output
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Sympy [F(-1)]

Timed out.
d+ ex* .
/ 5 dx = Timed out
a—cx
inputLintegrate((e*x**4+d)/(_c*x**8+a)’x) J
( DY
Ou_tpudTlmed out J
Maxima [F]
d+ext ext+d
/ ) dr = /_ ) dzx
a—cx czs —a
inputLintegrate((e*x‘4+d)/(—c*x*8+a),x, algorithm="maxima") J
output L—integrate((e*x’“él + d)/(cxx"8 - a), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 625 vs. 2(176) = 352.

Time = 0.17 (sec) , antiderivative size = 625, normalized size of antiderivative = 2.38

d 4
/ + exs dxz = Too large to display
a—cz

inputLintegrate((e*x‘4+d)/(—c*x‘8+a),x, algorithm="giac") J




output
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/-1/8*(e*sqrt(—sqrt(2) + 2)x(-a/c)~(56/8) - d*sqrt(sqrt(2) + 2)*(-a/c)~(1/8)

)*arctan((2*x + sqrt(-sqrt(2) + 2)*(-a/c)~(1/8))/(sqrt(sqrt(2) + 2)*(-a/c)
~(1/8)))/a - 1/8*(exsqrt(-sqrt(2) + 2)*(-a/c)~(5/8) - d*sqrt(sqrt(2) + 2)*
(-a/c)~(1/8))*arctan((2*x - sqrt(-sqrt(2) + 2)*(-a/c)~(1/8))/(sqrt(sqrt(2)
+ 2)*(-a/c)”~(1/8)))/a + 1/8*(e*sqrt(sqrt(2) + 2)*(-a/c)~(5/8) + d*sqrt(-s
qrt(2) + 2)*(-a/c)~(1/8))*arctan((2*x + sqrt(sqrt(2) + 2)*(-a/c)~(1/8))/(s
qrt(-sqrt(2) + 2)*(-a/c)~(1/8)))/a + 1/8*(e*sqrt(sqrt(2) + 2)*(-a/c)~(5/8)
+ dxsqrt(-sqrt(2) + 2)*(-a/c)~(1/8))*arctan((2*x - sqrt(sqrt(2) + 2)*(-a/
c)~(1/8))/(sqrt(-sqrt(2) + 2)*(-a/c)~(1/8)))/a - 1/16%(e*sqrt(-sqrt(2) + 2
)x(-a/c)~(5/8) - dxsqrt(sqrt(2) + 2)*(-a/c)~(1/8))*log(x~2 + x*sqrt(sqrt(2
) + 2)x(-a/c)~(1/8) + (-a/c)~(1/4))/a + 1/16x(e*sqrt(-sqrt(2) + 2)*(-a/c)”
(56/8) - d*xsqrt(sqrt(2) + 2)*(-a/c)~(1/8))*log(x~2 - x*sqrt(sqrt(2) + 2)*(-
a/c)~(1/8) + (-a/c)~(1/4))/a + 1/16*(exsqrt(sqrt(2) + 2)*(-a/c)~(5/8) + d*
sqrt(-sqrt(2) + 2)*(-a/c)~(1/8))*log(x~2 + x*sqrt(-sqrt(2) + 2)*(-a/c)~(1/
8) + (-a/c)~(1/4))/a - 1/16%x(e*xsqrt(sqrt(2) + 2)*(-a/c)~(5/8) + d*sqrt(-sq
rt(2) + 2)*(-a/c)~(1/8))*log(x"2 - x*sqrt(-sqrt(2) + 2)*(-a/c)~(1/8) + (-a
/c)~(1/4))/a

Mupad [B] (verification not implemented)

Time = 11.46 (sec) , antiderivative size = 2438, normalized size of antiderivative = 9.27

d 4
/ + exg dx = Too large to display
a—cr

input{int((d + exx~4)/(a - c*x~8),x)
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(atan((a~3%e”~6*x + c~3*d"6*x - a*c~2*%d"4*e”2*x - a"2xc*d 2%e”4xx + (2xd*ex
x*(a~2%e”4x(a”~7*c~5) " (1/2) + c~2*d"4*(a"7*c~5) " (1/2) + 4*a~4*c~4*d"3*e + 4
*a"5xc"3xd*e”3 + 6*akxc*d"2*e”2x(a"7xc"5)"(1/2)))/(a"3%c"2))/(axc"3*xd"5*((a
~2%e”4x(a~T*c"5) " (1/2) + c~2xd"4*(a"~7*c"5)"(1/2) + 4*xa~4*c”4*xd"3*e + 4*a”5
*c"3*%d*e~3 + 6xakckd~2%e " 2x(a”~7*c~5) " (1/2))/(a~7*c”5)) " (1/4) + a~b*kc " 3*ex*(
(a~2%e”4x(a~7xc"5) " (1/2) + c™2*%d"4*(a”~T7xc~5)~(1/2) + 4xa~4*c~4xd"3*e + 4*a
“Bxc"3xdxe”3 + 6xaxcxd”2xe”2x(a~7*c"5)"(1/2))/(a"7*c"5))"(5/4) + 2*a"2*c"2
*d"3xe " 2x ((a~2%e”4*(a~7*c~5) ~(1/2) + c~2*%d"~4*(a~7*c~5)~(1/2) + 4*a~4*c~4*d
~3%e + 4xa”bkxc"3xd*xe”3 + 6xaxckd"2xe”2*(a”7*c~5)"(1/2))/(a~7*c"5))"(1/4) -
3xa~3*ckdxe~4* ((a~2xe 4*(a~7*c"5)"(1/2) + c”2xd"4*(a"7*c"5)"(1/2) + 4*xa~4
*C~4*d"3*e + 4*a~5xc”3*d*e”3 + 6kaxcxd"2xe"2x(a~7*c"5)~(1/2))/(a"7*c”5)) " (
1/4)))*((a"2*%e"4*(a~7*c~5)~(1/2) + c~2*d"4*(a"7*c~5)~(1/2) + 4*xa~4*c~4*d"3
*e + 4xa~bxc”3*xd*e”3 + 6*akc*d"2xe"2x(a"7xc"5)"(1/2))/(a”7*c"5))"(1/4))/4
- (atan((a*c™2xd"4*xe”"2*x — c~3*d"6*x - a~3*e"6*xx + a~2kckd"2*e"4*x + (2xd*
exx*x(a~2*%e"4*x(a~7*c”5) " (1/2) + c~2xd"4*x(a"7*c~5)~(1/2) - 4*xa~4*c”4*xd"3*e -
4xa~b*xc"3xd*e”3 + 6*akckd 2xe 2% (a"~7*c~5)~(1/2)))/(a~3*c~2))/ (a*xc”~3*d"5*(
-(a"2%e"4x(a”7*c"5)"(1/2) + c™2+%d"4*(a"7*c~5)"(1/2) - 4xa~4*c"4xd"3*e - 4x
a~bkc~3*d*e~3 + 6*xakxckxd 2xe 2x(a”~7*c”5)"(1/2))/(a”7*c~5))"(1/4) + a~5xc"3*
ex(-(a"2xe”~4*(a~7*c~5)~(1/2) + c 2xd"4*(a~7*c~5)"(1/2) - 4xa~4xc~4*xd"3*e -
4%a~5%c~3*d*e~3 + 6xaxcxd~2xe~2%(a~7*c~5)~(1/2))/(a~7*c~5))"(5/4) + 2%...

output

Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 375, normalized size of antiderivative = 1.43
1

d 4
y/n_;tfﬁggdx
a—cx
1 1 1 1 1
2v@¢§ﬂm%gil%%ﬁﬁe—2v@v5wm%ii%?——)d QVrVEMMKS 2;&

ol

1
cle > e+ 24/cy,

0ol
0ol

C

| —

p
inputLint((e*x"4+d)/(—c*x"8+a),x)
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(cx*(3/8) *a*x(1/8) * (2*sqrt (a) *sqrt (2) *atan ((cx*(1/8) ¥a** (1/8) xsqrt (2) - 2%
c*x(1/4)*x) / (cx*(1/8) *a*x(1/8) *sqrt (2)))*e - 2xsqrt(c)*sqrt(2)*atan((c**(1
/8)*ax*(1/8)*sqrt(2) - 2xc*x(1/4)*x)/(c**(1/8)*a*xx(1/8)*sqrt(2)))*d - 2xsq
rt(a)*sqrt(2)*atan((c**x(1/8)*a**(1/8)*sqrt(2) + 2*c**(1/4)*x)/(c**(1/8)*ax
*(1/8)*sqrt(2)))*e + 2*sqrt(c)*sqrt(2)*atan((c**(1/8)*a**(1/8)*sqrt(2) + 2
xc*k*(1/4)*x) / (cx*x(1/8) xa**(1/8) *sqrt(2)))*d + 4*sqrt(a)*atan((cx*(1/4)*x)/
(c**x(1/8)*ax*(1/8)))*e + 4*sqrt(c)*atan((ck*(1/4)*x)/(c**(1/8)*a*x*(1/8)))*
d + sqrt(a)*sqrt(2)*log( - c*x(1/8)*a**(1/8)*sqrt(2)*x + a*x(1/4) + cx*(1/
4)xx**2)*e - sqrt(a)*sqrt(2)*log(ck*(1/8)*a**(1/8)*sqrt(2)*x + a*x(1/4) +
cx*x(1/4) xxx*2)*e + 2xsqrt(a)*log( - c**(1/8)*a**x(1/8) - cx*(1/4)*x)*e - 2%
sqrt(a)*log(cx*(1/8)*xa*x(1/8) - cx*(1/4)*x)*e - sqrt(c)*sqrt(2)*log( - c**
(1/8) *a*x(1/8)*sqrt (2)*x + a*x(1/4) + cx*(1/4)*x**2)*d + sqrt(c)*sqrt(2)*1
og(c*xx(1/8) *a*x*(1/8)*sqrt(2)*x + ax*x(1/4) + cx*x(1/4)*x**x2)*d + 2*sqrt(c)*1
og( - c*x(1/8)*ax*(1/8) - cx*x(1/4)*x)*d - 2*sqrt(c)*log(cx*(1/8)*a*x(1/8)
- c*xx(1/4)*x)*d))/(16*a*c)

output
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d+ex?

3.15 . dx

Optimal result . . . . . . . . . . . . . e 152
Mathematica [A] (verified) . . . . . . . . . ... 153
Rubi [A] (verified) . . . . . . . . . . 154
Maple [C] (verified) . . . . . . . . . . .. 1601
Fricas [B] (verification not implemented) . . . . . . .. ... ... ... ..... 161
Sympy [F(-1)] . . . o o 162
Maxima [F] . . . . . . 1621
Giac [A] (verification not implemented) . . . . . . . . ... .. L. 162
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 163
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 164

Optimal result

Integrand size = 17, antiderivative size = 578

Vo ey a—23¥/co

(d +/2d— ) arctan (

V2rv2¥/a

)

/d+ex4
dr = —
a+ cx®

_.|_

((1 — v/2) y/ed — y/ae) arctan (

2 (2++2)a"/8/c

V228 a—23¥/cz

\/2—\@%

)

44/2 (2 —/2)a™/8c5/8

_|_

(d+ V2d - fe) arctan(

V2—v2§/a+2

S

°)

44/2 (24 V2)a"/8/c

(1= V) Vad — /ae) arctan (

Varv23/a+2¥/ca

\/2—\@%

)

44/2 (2 — \/ﬁ)cﬂ/scf’/s

((1 = v2) /ed — v/ae) arctanh(

\/_+\/52

)

44/2 (2 = V/2)a"/5c5/8

_|_

(d +v/2d — ) arctanh< VarvaVai/ea

Va+i/co

)

44/2 (2 +V/2)a"/8/c



output

input

output
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-1/4%(d+2~(1/2)*d-a~(1/2)*e/c~(1/2) ) *arctan(((2-2"(1/2))~(1/2)*a~ (1/8) -2*c
~(1/8)*x) /(2427 (1/2))~(1/2)/a~(1/8)) / (4+2%2~(1/2))~(1/2) /a~(7/8) /c~(1/8) +1
/4% ((1-27(1/2))*c~(1/2)*d-a~(1/2) *e) *arctan(((2+2~(1/2))~(1/2)*a~ (1/8) -2*c
~(1/8)*x)/(2-2"(1/2))~(1/2)/a~(1/8)) /(4-2%2~(1/2))~(1/2) /a~(7/8) /c~(5/8) +1
/4% (d+2~(1/2)*d-a~(1/2)*e/c~(1/2)) *arctan(((2-2"(1/2))~(1/2)*a~ (1/8) +2xc~(
1/8)*x)/(2+27(1/2))~(1/2)/a~(1/8))/(4+2%2~(1/2))~(1/2) /a~(7/8) /c~(1/8)-1/4
*((1-27(1/2) ) *c~(1/2)*d-a~ (1/2) *e) *arctan (((2+27(1/2)) ~(1/2) *a~ (1/8) +2*c"(
1/8)*x)/(2-27(1/2))~(1/2)/a~(1/8))/ (4-2%2~(1/2))~(1/2) /a~(7/8) /c~(5/8)-1/4
*((1-27(1/2) ) *c~(1/2)*d-a~ (1/2) *e) *arctanh ((2-27(1/2) ) ~(1/2)*a~(1/8) *c~ (1/
8)*x/(a~(1/4)+c~(1/4)*x72))/ (4-2%2~(1/2))~(1/2) /a~(7/8) /c~(5/8) +1/4*(d+2~ (
1/2)*d-a~(1/2)*e/c~(1/2))*arctanh ((2+2~(1/2))~(1/2)*a~ (1/8)*c~(1/8) *x/ (a~(

1/4)+c~(1/4)*x72)) / (4+2%27(1/2))~(1/2) /a~(7/8) /c~(1/8)

Mathematica [A] (verified)

Time = 0.69 (sec) , antiderivative size = 534, normalized size of antiderivative = 0.92

/ d+ ezt
dz
a+ cx8

—2+/a arctan <cot (%) - M) (Vaecos (§) + y/cdsin (%)) + 2v/aarctan (cot (%) +

Ya

%z csc(ﬂE )

{a

-

LIntegrate[(d + e*x~4)/(a + c*x78),x]

(-2%a”~(1/8) *ArcTan[Cot [Pi/8] - (c~(1/8)*x*Csc[Pi/8])/a”(1/8)]1*(Sqrt[a]*e*C
os[Pi/8] + Sqrtlcl*d*Sin[Pi/8]) + 2*a~(1/8)*ArcTan[Cot[Pi/8] + (c~(1/8)*x*
Csc[Pi/8])/a~(1/8)1*(Sqrt[al*e*Cos[Pi/8] + Sqrt([c]l*d*Sin[Pi/8]) - a~(1/8)*
Logla~(1/4) + c~(1/4)*x"2 - 2*a”~(1/8)*c”~(1/8)*x*Sin[Pi/8]]*(Sqrt [a]*e*Cos[
Pi/8] + Sqrtl[c]l*d*Sin[Pi/8]) + a~(1/8)*Logla~(1/4) + c~(1/4)*x"2 + 2¥a~(1/
8)*c~(1/8) *x*Sin[Pi/8]]*(Sqrt [a]l *exCos[Pi/8] + Sqrt[c]l*d*Sin[Pi/8]) + a~(1
/8)*Logla~(1/4) + c~(1/4)*x~2 - 2*a~(1/8)*c~(1/8)*x*Cos[Pi/8]]*(-(Sqrt[c]=*
d*Cos[Pi/8]) + Sqrt([al*e*Sin[Pi/8]) - a~(1/8)*Logla~(1/4) + c~(1/4)*x"2 +
2xa~ (1/8)*c~(1/8) *x*Cos [P1/8]]1* (- (Sqrt [c]*d*Cos[Pi/8]) + Sqrt[al*exSin[Pi/
8]) + 2*ArcTan[(c~(1/8)*x*Sec[Pi/8])/a~(1/8) - Tan[Pi/8]]*(a~(1/8)*Sqrt[c]
*d*Cos [Pi/8] - a~(5/8)*exSin[Pi/8]) + 2*ArcTan[(c~(1/8)*x*Sec[Pi/8])/a"~(1/
8) + Tan[Pi/8]1*(a~(1/8)*Sqrt[c]*d*Cos[Pi/8] - a~(5/8)*e*xSin[Pi/8]))/(8*ax
c~(5/8))
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Rubi [A] (verified)

Time = 1.50 (sec) , antiderivative size = 849, normalized size of antiderivative = 1.47,

number of steps used = 12, number of rules used = 11, Bumber of rules _ 4 g47 Ryjes
integrand size

used = {1745, 27, 1483, 27, 27, 1142, 25, 27, 1083, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ d+ ezt
dz
a+ cx8

l 1745
fﬁ%d Ve(a- ) i‘/_( o) 2+f\/_d
g ) g
2\/_0,3/4\/_ 2v/2a3/4 /¢

l 27

Ve(a- fe)2+f\/_d

Ve Vel i)t
m4_\/5\/‘_1z2+ﬁ 4+f\/_m2
Ve ° Ve .
2\/5‘13/4\/5 2\/_0,3/4\/_
l 1483
oy VA Ve ) V() Vs V(e )
%/E(xz Va—vEY/as f) f<2+¢ﬁf f)
Ve Ao .\ Ve Ao
2v/2—/243/8 21/2—1/243/8
2v2a3/4\/c
s Valypber) VasVe(puaGe)o) o Va( () VauVe(vanaF)e) |
i/E(xz Varva Y/ f) f<z+Wf f)
Ve Ao s Ve e
2v/2++/2a3/8 21/2+v/2a3/8
2v2a3/4\/c

| 27
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,/ 2-v2) Y/ac¥/3a-((1-v2) ved- fe):cdx ,/ (2-v2) Yaar¥/c ( Vad+d— ‘(fe) i

( \/7\/_ \/_) 22— ‘/7\/_z+£
Ve e n Ve {e
2v/2—v2Va 2v/2—v2Va i
2v/2a3/4\/c
e J2(2+v2) Vaa-{/c (fd+d §e>wdx \/_f‘/ (2+v2) Yaa+ /e (fd+d 05) .
2 VEvaY/a., Va 2, V24202, Ya
Ve e, Ve ‘e
2v2+v2¥/a 2v2+v2Va
2v/2a3/4 /e
l 27
1/ 2-V2) \/5c3/8d V2)yed— fe)z e ,/ 2-v2) Yaar¥/c ( V2d+d— &e) s
e f +Va 2 V2viY/a: i/a
Ve e n Ve e
Wavita¥e it N
2v/2a3/4,/c
Yo V2(2+v2) Yaa-%/c (\Fd-i-d ‘G) w Yo \/2(2+v2) Yaar§/c (fd_;,_d \Ge) ,
2 VEvaY/a., Ya 22 +@@+ﬁ
2v2+v2Va 2v2+v2Va
2v/2a3/4\/c
l 1142
4 ¥ e s de Va—vay/a-2/c:
Ve — +2\/E(—\/§d+d—‘$>f—%<m2 alar \/_) dz -
Ve e
2v2—v2%/a +
2v/2a3/4,/c
Varva Va((1-va) ved—vae) | z_@%uiidz 8 8
Ve| - O —;%<ﬁd+d—“ff>f‘%(;f ”ffi) "
Ve e
2v/21v/2¥a "
2\/§a3/4\/‘
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8 .
\/2—\/5\/5((14—\/5)\/511—\/56)] o 2_\/5%/62+47\/adz 7=V
4 Ve  ie 5 Jae Va- \/5 2¥/cx
\/E 2y/c _%\/E(_\/id'Fd—\/E)f ( o \f Ca,a: i)
Ve o {e
2v2—v2%/a +
2\/§a3/4\/5
Norevoi —V3) Ved—vae 1 -
2+ 2\/6((1 e s $2_V2+«/§%z+47\/5d
4 Jae varvay/a—2¥/ce Ve  {e /] 18
\/E \/_(fd-i—d f)f%<m2 V2132 \/_ \/_> 2v/c \/E 2\
Ve e
2v/2+v2Va +
2v/2a3/4,/c
l 27
m%((wﬁ)ﬁd—ﬁe) I = ﬁl%/amﬂdm
Ve Ve Ve ~3(-vad+a-L2) | iva¥fas¥fe. va=va/a((u+v
2ve ? ve 2 2—\/5%3:_’_47\/5
Ve o {e
22—v28¥/a +
2v/2a3/4\/c
NCTVoE vz e 1 o
(e e
8 8 8 4
V| 3 (vauramr) | VRV, Ve Ve | el 1 (vaara
2v2+v2¥/a +
2v/2a3/4,/c

l 1083
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VavaR/a((14v3) ved-yae) | =

Ve| -4 (~vana-iir) § BV

2v/2-v2¥a
p
8
Verva/a((1-v3)ved—vae) | - d(”“ =2y
(( ) ) _<2z_m%>2_(2—\/§)% %
8 8 3 A
Vel i (vadtd—ee varvaVaaNes . Ve ve
\/_ 2(f ﬁ)‘f 9 2+\/§%w 47\/6 ’ v
e Ve +4c
2v/21v2Ya

\/ﬁ( (1+\/§) Ved— \/Ee) arctan V3 %

8 8
e (v i) VAV,
12_\/m az+ a

N

%

=

222 ((14v2)

242

N

+
2\/50,3/4\/5

V2ivz ¥a
el 48
va—vzi/a

2v2—v2¥/a

VEEZR (1-v3) vot- o) s

A va varva§/a—2¥/ce
Vel s(Vaara) I e 2™ -

el 3(vatras
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%<2z— 2_\/58 a)
2_ﬁ((1+\/§) \ﬁd—\/ae) arctan %
v vava
% 3/8 +% %(—\/id-l-d—%) log<%x2—\/2—7\/§%%z+ %)
2-
2-
N +—
2\/5(13/4\/6

o

va—viy/a

Ye| - 75 —1¥/e(Vadrd— L2 ) 1og( /e~ V2rv2¥/a Y/ cat Va) Ve

(&

% ( (1— \/5) \cd— \/Ee) arctan

+ -
2v/2a3/4,/c

2v2+v2¥/a

input\Int[(d + e*xx~4)/(a + c*x78),x] |
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((c™(1/4)*((Sqrt[(2 - Sqrt[2])/(2 + Sqrt[2])1*((1 + Sqrt[2])*Sqrtlcl*d - S
grt[al*e)*ArcTan[(c~(1/8)*(-((Sqrt[2 - Sqrt[2]]1*a~(1/8))/c~(1/8)) + 2x*x))/
(Sqrt[2 + Sqrt[2]1]1*a~(1/8))1)/c~(3/8) + (c~(1/8)*(d - Sqrt[2]*d - (Sqrt[al
xe) /Sqrt [c])*Logl[a~(1/4) - Sqrt[2 - Sqrt[2]]1*a~(1/8)*c~(1/8)*x + c~(1/4)*x
~2])/2))/(2%Sqrt[2 - Sqrt[2]1*a~(1/8)) + (Sqrtl[(2 - Sqrt[2])/(2 + Sqrt[2])
I*((1 + Sqrt[2])#*Sqrt[c]l*d - Sqrtl[al*e)*ArcTan[(c™(1/8)*((Sqrt[2 - Sqrt[2]
1*a~(1/8))/c~(1/8) + 2*x))/(Sqrt[2 + Sqrt[2]1]1*a~(1/8))] - (((1 - Sqrt[2])=*
Sqrt[c]l*d - Sart[al*e)*Logla~(1/4) + Sart[2 - Sqrt[2]]1*a~(1/8)*c~(1/8)*x +
c~(1/4)*x~2])/2)/(2*%Sqrt[2 - Sqrt[2]]1*a~(1/8)*c~(1/8)))/(2*Sqrt[2]*a~(3/4
)*xSqrtc]l) + ((c~(1/4)*(-((Sqrt[(2 + Sqrt[2]1)/(2 - Sqrt[2])1*((1 - Sqrt[2]
)*Sqrt [c]*d - Sqrt[al*e)*ArcTan[(c™(1/8)*(-((Sqrt[2 + Sqrt[2]]1*a~(1/8))/c”
(1/8)) + 2*x))/(Sqrt[2 - Sqrt[2]]1*a~(1/8))1)/c~(3/8)) - (c~(1/8)*(d + Sqrt
[2]*d - (Sqrtl[al*e)/Sqrtlc]l)*Logla~(1/4) - Sqrt[2 + Sqrt[2]]1*a~(1/8)*c~(1/
8)*x + ¢~ (1/4)*x72])/2))/(2*Sqrt[2 + Sqrt[2]]1*a~(1/8)) + (c~(1/4)*(-((Sqrt
[(2 + Sqrt[2])/(2 - Sqrt[2])]1*((1 - Sqrt[2])#*Sqrt[cl*d - Sqrt[al*e)*ArcTan
[(c™(1/8)*((Sqrt[2 + Sqrt[2]]1*a~(1/8))/c~(1/8) + 2*x))/(Sqrt[2 - Sqrt[2]]*
a~(1/8))1)/c~(3/8)) + (c~(1/8)*(d + Sqrt[2]*d - (Sqrt[al*e)/Sqrtlcl)*Logla
~(1/4) + Sqrt[2 + Sqrt[2]]1*a~(1/8)*c~(1/8)*x + c~(1/4)*x~2])/2))/(2*Sqrt[2
+ Sqrt[2]1]1*a~(1/8)))/(2xSqrt [2]*a” (3/4)*Sqrt[c])

output

N\

Defintions of rubi rules used

rule 25]Int [-(Fx_), x_Symboll :> Simp[Identity[-1] Int[Fx, x], x]

rule 27‘/71nt[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
‘tChQ[FX, (b_)*(Gx_) /; FreeQ[b, x]1]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

rule 217

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*c - x~2, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x]

rule 1083
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Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

rule 1103

/Int[((d_.) + (e_)*(x))/((al) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S ]
imp[(2*c*d - bxe)/(2%c) Int[1/(a + b*x + c*xx"2), x], x] + Simpl[e/(2*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]

rule 1142

Int[((d ) + (e_)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[a/c, 2]}, With[{r = Rt[2*xq - b/c, 2]}, Simp[1/(2*cxq*r) In
t[(d*xr - (4 - exq)*x)/(q - r*x + x72), x], x] + Simp[1/(2*c*q*r) Int[(d*r
+ (d - exq)*x)/(q + r*x + x~2), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] & N
eQ[b~2 - 4*axc, 0] && NeQ[c*xd~™2 - b*xdxe + a*e”2, 0] && NegQ[b~2 - 4*axc]

rule 1483

Int[((d_) + (e_)*x(x_)"(n ))/((a)) + (c_.)*(x_)"(n2_)), x_Symbol] :> With[{

q = Rtla/c, 41}, Simp[1/(2*%Sqrt[2]*c*q~3) Int[(Sqrt[2]*d*q - (d - exq~2)*

x~(n/2))/(q"2 - Sqrt[2]*g*x~(n/2) + x"n), x], x] + Simp[1/(2*Sqrt[2]*c*q~3)
Int [(Sqrt[2]*d*q + (d - e*q~2)*x~(n/2))/(q"2 + Sqrt[2]*q*x~(n/2) + x"n),

x], x]]1 /; FreeQ[{a, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[c*d~2 + axe~2, 0]

&& NeQ[c*d"2 - a*e”2, 0] && IGtQ[n/2, 0] && PosQ[axc]

rule 1745

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.09 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.06

method | result size
(_R4e+d) n(+-_R)

_R:RootOf(c_Z8+a) _R7
8¢

<_R4e+d> In (m—_R)

_R=R00t0f(c_Z8+a> _R7
8c

default 34

34

risch
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input ‘ int ((exx~4+d)/(c*x"8+a) ,x,method=_RETURNVERBOSE) ‘

output Ll/S/c*sum( (_R~4xe+d)/_R~7*1n(x-_R), R=Root0f(_Z~8xc+a)) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2749 vs. 2(391) = 782.
Time = 0.37 (sec) , antiderivative size = 2749, normalized size of antiderivative = 4.76

d 4
/ ater dxz = Too large to display
a + cx®

tnput integrate((e*x~4+d)/(c*x"8+a) ,x, algorithm="fricas")

1/8*sqrt (-sqrt (-(a~3*c"2*sqrt (-(c"4*d"8 - 12*%axc~3*d"6*e”2 + 38%a”~2xc~2*d”
4xe~4 - 12*%a~3xc*d"2*e"6 + a~4*e”8)/(a"7*c”B)) + 4*c*d"3xe - 4*axd*e”3)/(a
~3%c”2)))*log((c"3*%d"6 - bxaxc~2*d"4*e”2 - 5xa~2*c*kd"2xe”4 + a"3%e”6)*x +

(a~bxc”3xe*sqrt (-(c"4*%d"8 - 12xa*c”3*d"6*e”2 + 38*a~2kc"2*d"4*e"4 - 12xa"3
*xckd"2%e”6 + a"4%e”8)/(a”7*c"5)) + a*c”3*d"5 - 6*a”2%c"2*d"3xe"2 + a~3xc*xd
*xe~4) xsqrt (-sqrt (- (a~3*c"2xsqrt (-(c"4*d"8 - 12%a*c”~3*xd"6*e”2 + 38*a~2%c 2%
d"4*xe”4 - 12%a”3%c*d"2%e”6 + a"4*e”8)/(a”7*c"5)) + 4*cxd"3*e - 4*xaxd*e~3)/
(a™3%c”2)))) - 1/8*sqrt(-sqrt(-(a~3*c™2xsqrt(-(c™4*d"8 - 12*a*c”3*d"6xe”2

+ 38%a”2*c"2xd"4xe"4 - 12xa”3xc*d"2*e”6 + a~4xe”8)/(a”7xc”5)) + 4xc*xd"3*e

- 4xaxdxe”3)/(a"3%c”2)))*1log((c~3*xd"6 - Bkaxc™2+d"4*e”2 - 5xa~2xcxd 2xe”4

+ a”3*%e”"6)*x - (a~5*c " 3*exsqrt(-(c"4*d"8 - 12%a*c”3*xd"6*e”2 + 38xa”2*c”"2xd
“4xe”4 - 12*%a~3*c*d"2*e"6 + a~4*e”8)/(a"7*c”B)) + a*c”3*d"5 - 6*%a"2%c”2%d”
3*e”2 + a~3xcxd*e”4)*sqrt(-sqrt(-(a~3*xc 2*sqrt(-(c~4*d~8 - 12*axc~3*d"6*e”
2 + 38xa”2%c”2xd"4%e"4 - 12xa~3*c*kd"2xe”6 + a~4*e”8)/(a”7*c”5)) + 4*xcxd"3*
e - 4*xaxd*e~3)/(a"3*c”2)))) - 1/8*xsqrt(-sqrt((a~3*c 2*sqrt(-(c~4*d~8 - 12%
axc~3*d"6*e”"2 + 38%a"2%c”2+d"4*e”4 - 12*a~3xcxd"2*e”6 + a~4xe~8)/(a"7*xc”5)
) - 4%cxd"3*xe + 4xaxdxe”3)/(a"3*c”2)))*1log((c™3*d"6 - bxakxc~2*d"4xe”2 - b
a"2*cxd"2*e"4 + a~3*e”6)*x + (a"b*c 3xexsqrt(-(c"4*d"8 - 12*a*xc”3*d"6*e”2

+ 38%a”2*c"2xd"4xe"4 - 12xa”3xc*d"2*e”6 + a~4xe”8)/(a”7xc”5)) - axc~3%d"5

+ 6%a”2xc”2*d"3%e”2 - a"3*cxdxe”4)*sqrt(-sqrt((a~3*c 2xsqrt(-(c"4*d"8 -...

output
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Sympy [F(-1)]

Timed out.

d 4
/ + ex8 dz = Timed out
a+cx

input Lintegrate ((e*x**4+d) / (c*xx**8+a) ,x)

-

—

output tTimed out
Maxima [F]
/d+e$4dw=/ex4+ddz
a + cx8 cx8+a
input Lintegrate ((exx~4+d) /(c*x~8+a) ,x, algorithm="maxima")

output Lintegrate((e*x“4 + d)/(c*x"8 + a), x)

Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 593, normalized size of antiderivative = 1.03

d 4
/ + eacs dx = Too large to display
a+cx

input tintegrate ((exx~4+d) /(c*xx~8+a) ,X, algCI'ithIﬂ:"giaC ")




output

input

CHAPTER 3. LISTING OF INTEGRALS 163

-1/8%(exsqrt (-sqrt(2) + 2)*(a/c)~(5/8) - d*sqrt(sqrt(2) + 2)*(a/c)~(1/8))*
arctan((2*x + sqrt(-sqrt(2) + 2)*(a/c)~(1/8))/(sqrt(sqrt(2) + 2)*(a/c)~(1/
8)))/a - 1/8x(exsqrt(-sqrt(2) + 2)*(a/c)~(5/8) - d*sqrt(sqrt(2) + 2)*(a/c)
~(1/8))*arctan((2*x - sqrt(-sqrt(2) + 2)*(a/c)~(1/8))/(sqrt(sqrt(2) + 2)*(
a/c)”~(1/8)))/a + 1/8*(e*sqrt(sqrt(2) + 2)*(a/c)~(5/8) + d*sqrt(-sqrt(2) +

2)*(a/c)~(1/8))*arctan((2*x + sqrt(sqrt(2) + 2)*(a/c)~(1/8))/(sqrt(-sqrt(2
) + 2)x(a/c)”(1/8)))/a + 1/8*(exsqrt(sqrt(2) + 2)*(a/c)~(5/8) + d*sqrt(-sq
rt(2) + 2)*(a/c)~(1/8))*arctan((2*x - sqrt(sqrt(2) + 2)*(a/c)~(1/8))/(sqrt
(-sqrt(2) + 2)*(a/c)~(1/8)))/a - 1/16%(exsqrt(-sqrt(2) + 2)*(a/c)~(5/8) -

d*sqrt(sqrt(2) + 2)*(a/c)~(1/8))*log(x~2 + x*sqrt(sqrt(2) + 2)*(a/c)~(1/8)
+ (a/c)~(1/4))/a + 1/16%(exsqrt(-sqrt(2) + 2)*(a/c)~(5/8) - d*xsqrt(sqrt(2
) + 2)x(a/c)~(1/8))*1log(x~2 - x*sqrt(sqrt(2) + 2)*(a/c)~(1/8) + (a/c)~(1/4
))/a + 1/16%(exsqrt(sqrt(2) + 2)*(a/c)~(5/8) + d*sqrt(-sqrt(2) + 2)*(a/c)”
(1/8))*log(x~2 + x*sqrt(-sqrt(2) + 2)*(a/c)~(1/8) + (a/c)~(1/4))/a - 1/16%
(e*sqrt(sqrt(2) + 2)*(a/c)~(5/8) + d*sqrt(-sqrt(2) + 2)*(a/c)~(1/8))*log(x
~2 - x*sqrt(-sqrt(2) + 2)*(a/c)~(1/8) + (a/c)~(1/4))/a

Mupad [B] (verification not implemented)

Time = 11.78 (sec) , antiderivative size = 2510, normalized size of antiderivative = 4.34

d 4
/ ez dxz = Too large to display
a + cx®

/int((d + exx~4)/(a + c*x78),x)

N\




output

input
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(atan((c™3*%d"6*x - a”~3*e”6*x + a*c~2*d"4*e”2*x - a 2xc*d 2%e”4xx + (2xd*ex
x*(a~2%e"4x(-a"~7*c™5) " (1/2) + c~2*%d"4*x(-a~7*c~5)~(1/2) - 4*a~4*xc”4*d"3*e +
4*a~5*c”3*d*e”3 - B6xaxcxd"2xe"2*x(-a"~7*c”5)"(1/2)))/(a"3*c”2))/(a*c”~3*d"5*
((a~2*%e~4x(-a~7*c"5)~(1/2) + c~2*xd"4*(-a~7*c~5)~(1/2) - 4*a~4*xc~4*d"3*e +
4%a”5*c~3xd*e~3 - G*akckd 2%e"2x(-a~7*c~5)"(1/2))/(a"T*c"5))"(1/4) + a~5*c
~3*xex((a~2%e~4*(-a~7*c~5) " (1/2) + c"2*xd"4*x(-a~7*c~5)"(1/2) - 4%a~4*c”4*d"3
*xe + 4*a~5xc"3*kd*e”3 - 6kxaxckxd"2*xe”2x(-a~T*xc~5)~(1/2))/(a~7*c"5))"(5/4) -
2*a”~2*%c"2xd"3*e" 2% ((a~2*xe 4% (-a~7*c~5) " (1/2) + c~2*d"4*x(-a"T7*c"5)"(1/2) -
4xa~4%c~4xd"3%e + 4*a~Bkc~3xd*e”3 - 6¥akxckd 2xe 2% (-a~7*c”5)~(1/2))/(a"T*c
~5))~(1/4) - 3*a”3xckdxe”4x((a~2%e”~4x(-a~7*c~5)"(1/2) + c~2xd"4*(-a"~7*c"5)
~(1/2) - 4%a~4*xc™4*d"3%e + 4*a”bkxc~3xd*e”~3 - 6¥axckxd"2%e 2% (-a~7*c~5)"(1/2
)) /(@ 7*%c”5))~(1/4)))*((a~2%e”~4x(-a~7*c~5) " (1/2) + c~2*xd~4*(-a~7*c~5)~(1/2
) — 4xa”4*xc”4*d"3%e + 4*a~5xc”3xd*xe”3 - 6kakckd"2*e”2*(-a"7xc"5)"(1/2))/(a
“T%c”5))"(1/4))/4 - (atan((a"3*e"6*x - c~3*%d"6*x — axc™2*d"4*xe~2*x + a”~2*c
*q"2xe " 4*xx + (2*d*e*xx*(a~2xe”4*(-a~7*c”5) " (1/2) + c 2*d~4*(-a"T*c~5)~(1/2)
+ 4xa”4*c”4xd"3%e — 4*a~bkc"3xd*e”3 - 6*axcxd"2*e”2*x(-a~7*c"5)"(1/2)))/(a
~3%c”2))/(a*xc”3*d"5x (- (a"2*%e~4x (-a~7*c~5)~(1/2) + c~2xd"4*(-a"~7xc~5)"(1/2)
+ 4xa”4*c”4*xd"3%e — 4*a~bkc " 3xd*e”3 - 6*axcxd"2*e”2x(-a~7*c"5)~(1/2))/(a"
Txc”5))~(1/4) + a~bxc " 3xe*x(-(a~2*e~4*(-a"7*xc~5)~(1/2) + c~2%d"4*(-a~7*c”5)

~(1/2) + 4%a~4xc~4*d"3%e - 4*xa~5*xc”3kd*e”3 - 6xakxckd " 2xe”~2%(-a~T7*c~5) (...

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 1033, normalized size of antiderivative = 1.79

d 4
/ +—ew8 dx = Too large to display
a—+cx

Lint ((exx~4+d)/(cxx~8+a) ,x)

\
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(cx*(3/8) *a*x(1/8) * (2*sqrt (a) *sqrt (sqrt (2) + 2)*sqrt(2)*atan((cx*(1/8)*a**
(1/8)*sqrt( - sqrt(2) + 2) - 2xc**x(1/4)*x)/(cx*(1/8)*a**x(1/8)*sqrt(sqrt(2)
+ 2)))*e - 2xsqrt(a)*sqrt(sqrt(2) + 2)*atan((cx*(1/8)*a**(1/8)*sqrt( - sq
rt(2) + 2) - 2xc*x(1/4)*x)/(c**x(1/8)*a*x*(1/8)*sqrt(sqrt(2) + 2)))*e - 2%sq
rt(c)*sqrt(sqrt(2) + 2)*atan((c**(1/8)*ax*(1/8)*sqrt( - sqrt(2) + 2) - 2*c
*x*x (1/4) *x) / (c**(1/8) *ax*(1/8) *sqrt (sqrt(2) + 2)))*d - 2*xsqrt(a)*sqrt(sqrt(
2) + 2)*sqrt(2)*atan((c**(1/8)*ax*(1/8)*sqrt( - sqrt(2) + 2) + 2xc**(1/4)*
x)/(c**x(1/8)*xax*(1/8) *sqrt(sqrt(2) + 2)))*e + 2*sqrt(a)*sqrt(sqrt(2) + 2)*
atan((cx*(1/8)*a*x(1/8)*sqrt( - sqrt(2) + 2) + 2kc**(1/4)*x)/(c**(1/8)*a*x*
(1/8)*sqrt(sqrt(2) + 2)))*e + 2xsqrt(c)*sqrt(sqrt(2) + 2)*atan((cx*(1/8)*a
**%(1/8)*sqrt( - sqrt(2) + 2) + 2kcx*(1/4)*x)/(cx*(1/8)*a*x(1/8)*sqrt (sqrt(
2) + 2)))*d - 2*sqrt(a)*sqrt( - sqrt(2) + 2)*sqrt(2)*atan((cx*(1/8)*a**(1/
8)*sqrt(sqrt(2) + 2) - 2kc*xx(1/4)*x)/(c**(1/8)*a*xx(1/8)*sqrt( - sqrt(2) +
2)))*e - 2*sqrt(a)*sqrt( - sqrt(2) + 2)*atan((c**(1/8)*a**(1/8)*sqrt(sqrt(
2) + 2) - 2%cx*(1/4)*x)/(c*x(1/8) *ax*(1/8)*sqrt( - sqrt(2) + 2)))*e - 2xsq
rt(c)*sqrt( - sqrt(2) + 2)*atan((c**(1/8)*a**(1/8)*sqrt(sqrt(2) + 2) - 2*c
*x%(1/4)*x) / (c**(1/8) *ax*(1/8)*sqrt ( - sqrt(2) + 2)))*d + 2*sqrt(a)*sqrt( -
sqrt(2) + 2)*sqrt(2)*atan((cx*(1/8)*a**(1/8)*sqrt(sqrt(2) + 2) + 2*c**(1/
4)*x) / (cxx(1/8) *a*x*(1/8)*sqrt( - sqrt(2) + 2)))*e + 2*sqrt(a)*sqrt( - sqrt
(2) + 2)*atan((c**(1/8)*a**(1/8)*sqrt(sqrt(2) + 2) + 2*cx*x(1/4)*x)/(c*x*. ..

output




output
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d+ex?
3.16 [ -dte’ gy
1— 62.’E8
42
Optimal result . . . . . . . . . . .. 166]
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [C] (warning: unable to verify) . . . . ... ... ... .. ... ... .. 167
Maple [A] (verified) . . . . . . . . . . 169
Fricas [F] . . . . . . 1691
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 169
Maxima [F] . . . . . .o 17
Giac [F] . . . o o e 170
Mupad [F(-1)] . . . 170
Reduce [F] . . . . . o 171l

Optimal result

Integrand size = 25, antiderivative size = 52

d 4 11
/ +ex dzr = dz Hypergeometric2F1 <§, oL

2.8
Vi-%

1
+ gem‘r’ Hypergeometric2F1 (

Y

)

‘ d*x*hypergeom([1/8, 1/2],[9/8],e"2%x"8/d~2)+1/5%e*x"5xhypergeom([1/2, 5/8]

, [13/8] ,e72%x~8/d"2)

Mathematica [A] (verified)

Time = 10.03 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.00

4
/ dtez dr = dx Hypergeometric2F'1 (

e2z8
VI

5

872’8 (2

1109 62x8>

1
+ —ex® Hypergeometric2F1 (

15 13 e2x8

2

’8’87d2

)
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input‘ Integrate[(d + e*x™4)/Sqrt[1 - (e"2%x~8)/d"~2],x]

‘d*x*Hypergeometric2F1 [1/8, 1/2, 9/8, (e"2*x78)/d~2] + (exx"b*Hypergeometri

output
\c2F1[1/2, 5/8, 13/8, (e~2%x~8)/d~2])/5

Rubi [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.
Time = 0.26 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.63,

_ 4 number of rules
4, integrand size = 0.160, Rules

number of steps used = 4, number of rules used =
used = {1396, 937, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
d dtex” ex?
e2x8

l'1396
VTEe - Y

2.8
1- <2

l 937
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w(d—i— ea:4) v/ 1— %AppeHFl <i, %, —%, %, %, —%)
NS

-

LInt[(d + e*x”4)/Sqrt[1 - (e”2xx78)/d4"2],x]

| —

input

| (xx(d + exx~4)*Sqrt[1 - (e*x"4)/d]*AppellFi[1/4, 1/2, -1/2, 5/4, (e*xx"4)/d

output
L, -((e*x~4)/d)1)/(Sqrt[1 + (e*xx~4)/d]*Sqrt[1 - (e~2%x78)/d"2]) J
Defintions of rubi rules used

rule 936 Tt + (b_)*(x 1)~ (@)~ (p)*((c) + (d_.)*(x_)"(m_))"(q_), x_Symboll

:> Simp[a~p*c~g*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x] /; FreeQ[{a, b, c, d, n, p, q}, x] && NeQ[b*c - a*d, 0] && NeQ[n, -1]
&& (IntegerQ[p] || GtQ[a, 0]) && (IntegerQlql || GtQlc, 01)

Int[((a_) + (b_.)*(x_)"(@_))~(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll

:> Simp[a~IntPart[p]*((a + b*x"n) FracPart[p]l/(1 + b*(x"n/a)) FracPart[p])
Int[(1 + bx(x"n/a)) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, c, d, n, p, q
}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQ[p] || GtQ[a, 01)

rule 937

Int[(u_.)*((a_) + (c_)*(x_)"(@2_.))"(p)*((d_) + (e_)*(x_)"(n_))"(q_.), x
_Symbol] :> Simp[(a + c*x~(2%n)) FracPart[p]/((d + e*x"n) FracPart [p]*(a/d
+ c*(x"n/e)) FracPart[p]) Int[ux(d + exx™n)"(p + q)*(a/d + (c/e)*x"n) p,
x], x] /; FreeQl{a, c, d, e, n, p, q}, x] && EqQ[n2, 2*n] && EqQ[c*d~2 + a*
e”2, 0] && !IntegerQ[p] && !'(EqQlq, 1] && EqQ[n, 2])

rule 1396
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Maple [A] (verified)

Time = 3.30 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.83

method | result o
5 h; 151718 ’e2m8
meijerg dz hypergeom <[é, %} , [%] ,ez_(gs> ex ypergeom(gz 8] [8} a2 ) 43
input Lint ((e*x"4+d)/(1-e"2*x~8/d"2)~(1/2) s X ,method:_RETURNVERBDSE) J

¢ ‘ d*x*hypergeom([1/8,1/2],[9/8],e"2%x~8/d~2)+1/5*e*x"5xhypergeom([1/2,5/8], [ ‘

outpu
113/8] ,e72%x"8/d"2) |

Fricas [F|
d + ex? ext -|- d
62:1:8 e2:c8 dz
input Lintegrate ((exx~4+d)/(1-e"2%x"8/d4"2)~(1/2) ,x, algorithm="fricas") J
output Lintegm('d“?*sqrt (-(e™2%x~8 - d72)/d"2)/(e*x™4 - d), x) J

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 1.05 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.50

1 ,
aon (om (2 | (g an (7 e
/ d + ex* i — 8 N 8
1— e2x8 B 8 (g) &I (%)

d2

input Lintegrate ((e*x**4+d) / (1-ex*2*x*x8/d**2) x* (1/2) ,x) J
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Output‘d*x*gamma(l/S)*hyper((1/8, 1/2), (9/8,), ex*2*x*x8xexp_polar (2*I*pi)/d**2)
‘/(8*gamma(9/8)) + exx*x5*gamma (5/8) *hyper ((1/2, 5/8), (13/8,), ex*2kxx*8*e
‘xp_polar(2*I*pi)/d**2)/(8*gamma(13/8))

Maxima [F]
d+ ext ex? +d
/ dz = / dx
2.8 2,.8
1=z e t1
inputLintegrate((e*x”4+d)/(1—e“2*x‘8/d“2)”(1/2),x, algorithm="maxima") J
outputtintegrate((e*x‘4 + d)/sqrt(-e~2*x78/d"2 + 1), x) J
Giac [F]
d+ ext ex? +d
248 2,8
]_ edzs 6d.’§ + 1
inputLintegrate((e*x”4+d)/(1—e“2*x‘8/d*2)*(1/2),x, algorithm="giac") J
outputtintegrate((e*x“4 + d)/sqrt(-e~2*x~8/d"2 + 1), x) J

Mupad [F(-1)]

Timed out.
4 4
/ d+em28dx:/ ex +2d8 i
1 edg 1 edg
tnput Lint((d + exx"4)/(1 - (e”2%x78)/d~2)"(1/2),x%) J
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outputtint((d + exx74)/(1 - (e72%x78)/d"2)"(1/2), x)
Reduce [F]
/ d+ ex* B \/m
1 e2z8 - —e x4 +d
input | 10t ((e°4+0)/ (1-6724x°8/d"2)"(1/2) )

output Lint(sqrt(d**Q - ex*x2xx**8) /(d - exx**4),x)*d
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3.17 | \/%daz

Optimalresult . . . . . . . . .. .. . 172
Mathematica [A] (verified) . . . . . . . .. ... L 172
Rubi [C] (warning: unable to verify) . . . .. ... ... ... ... ... . ... 173
Maple [F] . . . . o 174
Fricas [F] . . . . . . o 175
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 1751
Maxima [F] . . . . . . o 175
Giac [F] . . . . o o 176
Mupad [F(-1)] . . .« o 176
Reduce [F] . . . o . oo 176

Optimal result

Integrand size = 24, antiderivative size = 118

d+ ezt ; _dx\/l

d? — e2a8 v d? — e2a8
N ex’y/1— & ” Hypergeometric2F1 (% g %”, efgs)
5vd? — e2a®

‘d*x*(l e~2%x78/d"2) " (1/2) *hypergeom([1/8, 1/2]1,[9/8],e"2*x"8/d"2)/(-e~2*x"~ ‘
‘8+d 2)~(1/2)+1/5*%e*x~5% (1-e~2*x~8/d"2) ~(1/2) *hypergeom([1/2, 5/8],[13/8],e ‘
"2¢x°8/d72) /(- 2%x"8+d"2) " (1/2)

output

Mathematica [A] (verified)

Time = 10.06 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.74

d+ex*

d2 — e218

\/1_7 <5dx Hypergeometric2F1 (%, %, 2 62x ) + ex® Hypergeometric2F1 (% g ?3

OOI

- wm



inpu

outpu
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t

‘Integrate[(d + exx"4)/Sqrt[d"2 - e"2*x"8],x]

. (Sart[1 - (e"2xx"8)/d"2]*(5xd*x+Hypergeometric2F1(1/8, 1/2, 9/8, (e"2+x"8)
‘/d"2] + exx"5xHypergeometric2F1[1/2, 5/8, 13/8, (e~2*x78)/d"2]))/(5*Sqrt[d ‘

L*z - e~2*x78])

J

Rubi [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 0.25 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.71,

number of steps used = 4, number of rules used =

— 4 number of rules _ 167, Rules
integrand size

used = {1396, 937, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

d+ ex* de
Vd2 — 218
l 1396
Vd —ex*Vd+ ezt | 7V%§”i;fdm
d? — e2g8
l’937
Vd+exty/1 e””4 Vexltd ¢ dx
f 1 e(t
d2 _ 62 8
l 937

4 ” +1
(d+ext) /1< [
1 em

4
€ +1vd? — 228

l 936

2(d+ex?) /1 - * AppellF1 (},1,-1,5, <, —<2*)

\/%-i-l d? — e2g8
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input‘Int[(d + e*x74)/Sqrt[d"2 - e”2*x"8],x]

| (x#(d + exx"4)*Sqrt[l - (exx~4)/dl*AppellFi[1/4, 1/2, -1/2, 5/4, (exx"4)/d

output
, —((exx"4)/d)]1)/(Sqrt[1 + (exx"4)/d]l*Sqrt[d~2 - e~2*x~8])

Defintions of rubi rules used

rule 936 TnEL(@) + (b_)*(x )" (@ )" (p)*((c) + (d_.)*(x)"(n_))"(q), x_Symbol]
:> Simp[a~p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x] /; FreeQ[{a, b, c, d, n, p, q}, x] && NeQ[b*c - a*d, 0] && NeQ[n, -1]
&& (IntegerQ[p] || GtQ[a, 0]) && (IntegerQlql || GtQlc, 01)

rule 937 Int[((a)) + (b_.)*(x_)"(@_))"(p)*((c ) + (d_)*(x_)"(n_))"(q_), x_Symboll]
:> Simp[a~IntPart[p]*((a + b*x"n) FracPart[p]/(1 + b*(x"n/a)) “FracPart[p]l)

Int[(1 + b*x(x"n/a)) px(c + d*x"n)"q, x]1, x] /; FreeQ[{a, b, ¢, 4, n, p, q
}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQ[p] || GtQ[a, 0])

rule 1396 Int[(u_.)*((a_) + (c_)*(x_)"(@2_.))"(p)*((d_) + (e_.)*(x_)"(n_))"(q_.), x
_Symbol] :> Simp[(a + c*x~(2#n)) FracPart[p]/((d + e*x"n) FracPart[p]*(a/d

+ cx(x"n/e)) FracPart[p]) Int[ux(d + exx™n) (p + g)*(a/d + (c/e)*x"n) p,

x], x] /; FreeQ[{a, c, 4, e, n, p, q}, x] && EqQ[n2, 2*n] &% EqQ[c*d"2 + ax
e”2, 0] && !'IntegerQ[p] && !'(EqQlq, 1] && EqQ[n, 2]1)

Maple [F]

zle+d

—d
Varr

input | 10t ((exx74+d)/ (-e™2xx"8+d°2) 7 (1/2) ,x) |

output | 10t ((e¥X"8+d)/ (-e72+x78+4°2) " (1/2) 1) J
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Fricas [F]
d+ ezt ezt +d
—dr = | ———dx
Vd?2 — e2x8 —e2x8 + d2

inputtintegrate((e*x‘4+d)/(-e*2*x~8+d*2)*(1/2),x, algorithm="fricas")

-

output Lintegral(‘sqrt(-e?*x‘s + d"2)/(e*xx"4 - d), x)

- )

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.08 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.66

d + ex?

8
E e 8T (2)

input Lintegrate ((exx**4+d) / (—e¥*%xx**8+d**2) ** (1/2) ,x)

e

output

‘_polar(2*I*pi)/d**2)/(8*d*gamma(13/8))

x*gamma (1/8) *hyper ((1/8, 1/2), (9/8,), ex*2xx**8xexp_polar (2*I*pi)/d**2)/(
‘8*gamma(9/8)) + e*x*x5*gamma (5/8) *hyper ((1/2, 5/8), (13/8,), ex*2xx**8*exp

Maxima [F]

d+ ezt - ezt +d i
d? — e2g8 v/ —e2z8 + d?

inputLintegrate((e*x‘4+d)/(-e‘2*x‘8+d‘2)A(1/2),x, algorithm="maxima")
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Outputtintegrate((e*x”4 + d)/sqrt(-e"2*x"8 + 4d72), x)
Giac [F]
d+ ex? ext +d
————dr= | ————=dz
Vd? — e?z8 —e2z8 4 d?
input Lintegrate ((exx~4+d)/(-e"2*x"8+d"2)~(1/2) ,x, algorithm="giac")

output Lintegrate ((exx~4 + d)/sqrt(-e~2*x"8 + d472), x)

Mupad [F(-1)]

Timed out.
d‘F€$4 ex44_d

4T e =
d? — e2a8 A2 — 2 28

inputtint((d + exx"4)/(d72 - e"2xx"8)"(1/2),x)

output 1BE(( + e5X°D)/(@"2 - €°24x°8)"(1/2), )
Reduce [F|
_dtext V—e2z8 + d2
V& — 58 esz —ezt+d

inputLint((e*x‘4+d)/(—e*2*x*8+d*2)A(1/2),X)

output Lint(sqrt(d**Q - e*x*x2xx**8) /(d - exx**4),x)
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3.18 [t dy

Optimalresult . . . . . . . . .. .. . 177
Mathematica [A] (verified) . . . . . . . .. ... L 177
Rubi [B] (warning: unable to verify) . . . ... ... ... .. ... .. .. ... 178
Maple [F] . . . . o 179
Fricas [F] . . . . . . o 180
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 1801
Maxima [F] . . . . . . o 180
Giac [F] . . . . o o 18T
Mupad [F(-1)] . . .« o 181
Reduce [F] . . . o . oo 181

Optimal result

Integrand size = 20, antiderivative size = 102

d+ ex* dr\/1— “TS Hypergeometric2F1 (%, 18 TS>

2T dr =
Voo Va - e
. ews\/@HypergeometridFl (%, g, 17,3, %)
5va — cx®

. d*xx(1-c*x"8/a)" (1/2) *hypergeom([1/8, 1/2],[9/8],c*x"8/a)/(-cxx"8+a)~(1/2)
‘ +1/6%e*x"5* (1-c*x~8/a) " (1/2) *hypergeom([1/2, 5/8],[13/8],c*x"8/a)/(-c*x"8+ ‘
a)7(1/2) |

outpu

Mathematica [A] (verified)

Time = 10.05 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.75

d + ex*
va — cx®
V1-—< <5dx Hypergeometric2F1 (%, 23, ‘””TS> + ex® Hypergeometric2F1 <%, 3 %))

dz

5va — cx®
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input‘ Integrate[(d + e*x~4)/Sqrtla - cxx"8],x]

output‘ (Sqrt[1 - (c*x"8)/a]*(5*d*x*Hypergeometric2F1[1/8, 1/2, 9/8, (c*x"8)/al +
‘e*x"5*Hypergeometric2F1[1/2, 5/8, 13/8, (c*x78)/al))/(6xSqrt[a - c*x78])

Rubi [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 482 vs. 2(102) = 204.

Time = 0.62 (sec) , antiderivative size = 482, normalized size of antiderivative = 4.73,

number of rules _ 0.100, Rules

number of steps used = 2, number of rules used = 2, = -
integrand size

used = {1763, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
d+ ex* e
va — cx8
l 1763
d ex?
d
/ (\/a—cxs + \/a—ca:8> v
l 2009
4 2 4
V=a( Yen) Y= e, )
= 1
{“/Eda:3\l {‘/Em_za / \/‘57;4 EllipticF | arcsin % Vo —a , —2(1 - \/i)
4
2v/2 4 /2 —a<%{c_i; +1) va —cx8
4 2 4
V—a <1— A}/Eﬂ) 4 /_a_<\/§\/5134+2 Cz2 +ﬁ>
/= 1t
{‘/Edac?’\l — Vo —a 1/\/%3;4 EllipticF | arcsin | 3 —a ,—2(1—v/2)

2V/2+v2¥/=a (1— \\/f‘j—a> Va—c®

5 5 . 15
ex \/@ Hypergeometric2F1 (5, 39

5va — cz8

ool
a8,
~—
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input‘Int[(d + e*x"4)/Sqrt[a - c*x78],x]

(c™(1/4) *d*x~3*Sqrt [((-a)~(1/4)*(1 + (c™(1/4)*x"2)/(-a)~(1/4))"2)/(c~(1/4)
*x~2)]*Sqrt[(a - c*x78)/(Sqrt[-al*Sqrt[c]*x~4)]*EllipticF [ArcSin[Sqrt [-(((
-a)~(1/4)*(Sqrt[2] - (2xc~(1/4)*x72)/(-a)~(1/4) + (Sqrt[2]*Sqrt[cl*x~4)/Sq
rt[-al))/(c”(1/4)*x~2))]1/2], -2*x(1 - Sqrt[2])])/(2*Sqrt[2 + Sqrt[2]]*(-a)~
(1/4)*(1 + (c~(1/4)*x"2)/(-a)~(1/4))*Sqrt[a - c*x~8]) - (c~(1/4)*d*x"3*Sqr
t[-(((-a)~(1/4)*(1 - (c~(1/4)*x"2)/(-a)~(1/4))"2)/(c~(1/4)*x~2))]1*Sqrt[(a

- c*x78)/(Sqrt[-al*Sqrt[c]*x~4)]1*EllipticF[ArcSin[Sqrt [((-a)~(1/4)*(Sqrt[2
1 + (2%c~(1/4)*x72)/(-a)~(1/4) + (Sqrt[2]*Sqrt[cl*x~4)/Sqrt[-al))/(c~(1/4)
*x72)1/2], -2%(1 - Sqrt[2]1)])/(2*Sqrt[2 + Sqrt[2]1]1*(-a)~(1/4)*(1 - (c~(1/4
)*x72)/(-a)~(1/4))*Sqrt[a - c*x"8]) + (e*x"5*Sqrt[1 - (c*x78)/al]*Hypergeom
etric2F1[1/2, 5/8, 13/8, (c*x78)/al)/(5*Sqrtla - c*x~8])

output

Defintions of rubi rules used

ruk31763‘Int[((d_) + (e_)*(x_)" (@ ))*((a_) + (c_)*(x_)"(m2.))"(p_), x_Symbol] :> I
nt [ExpandIntegrand[(d + e*x"n)*(a + c*x~(2*n))~p, x], x] /; FreeQl[{a, c, d,
‘ e, n}, x] & EqQ[n2, 2*n]

-

rukaQOOQLInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

Maple [F|
_wletd
inputLint((e*x“4+d)/(—c*x‘8+a)“(1/2),X) J
outputLint((e*xﬁ4+d)/(‘C*X“8+a)“(1/2),x) J
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Fricas [F]

d + ezx? ex* +d

—dr = | ——=dz
va — cz8 vV—cz®+a

input tintegrate ((exx~4+d)/(-c*x~8+a)~(1/2) ,x, algorithm="fricas")

-

output Lintegral(-sqrt(-c*x“8 + a)*(e*x™4 + d)/(c*x"8 - a), x)

- )

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.96 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.80

11
dzl(3)oF1 | 52| | ea®T(2) P
d+ ex? dr — 8 N
Va—c® 8v/al (%) 8v/al (

input Lintegrate ((exxx*4+d) / (—c*xx*x8+a) ** (1/2) ,x)

e

output

‘ p_polar (2xI*pi)/a)/(8*sqrt(a)*gamma(13/8))

d*x*gamma (1/8) *xhyper ((1/8, 1/2), (9/8,), c*x**8xexp_polar (2xI*pi)/a)/(8*sq
‘rt(a)*gamma(9/8)) + exx*x5xgamma (5/8) *hyper ((1/2, 5/8), (13/8,), c*x**8*ex

B

Maxima [F]
d+ex! ez +d
——dr = [ ————=dx
Va—cx? vV—cz®+a

input Lintegrate ((exx~4+d)/(-c*x~8+a)~(1/2) ,x, algorithm="maxima")
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OutputLintegrate((e*x“tl + d)/sqrt(-c*x"8 + a), x)
Giac [F]
d + ex* dter . _ ex? _|_d
inputLintegrate((e*x‘4+d)/(—c*x*8+a)*(1/2),x, algorithm="giac")

output Lintegrate ((e*x™4 + d)/sqrt(-c*x~8 + a), x)

Mupad [F(-1)]

Timed out.
d+ex ex? —|—d
\/a—cac8 \/a—ca;8

iput 12E((d + ")/ (2 - cxx78)7(1/2),%)

output 10t((d + &40/ (a - xx"8)"(1/2D), ©

Reduce [F]

dter 4o T VeeF s\
va—cx? —cafta T ez +a

input Lint ((exx~4+d)/(-c*x~8+a) "~ (1/2) , x)

output‘ int(sqrt(a - c*x**8)/(a - c*x**8),x)*d + int((sqrt(a - c*x**8)*x*x4)/(a -
‘c*x**S) X)*e
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3.19 [ gy

Optimalresult . . . ... ... ... ... .. .........
Mathematica [C] (verified) . . . . . . ... ... ... ...
Rubi [C] (warning: unable to verify) . . ... ... ... ...
Maple [F] . . . . . . .
Fricas [F] . . . . . . .
Sympy [C] (verification not implemented) . . ... ... ...
Maxima [F] . . .. ... .. .
Giac [F] . . . . . o
Mupad [F(-1)] . . .«
Reduce [F] . . . . . . o

Optimal result

Integrand size = 19, antiderivative size = 905

d+ ezt

va + cx8

dxz = Too large to display

182
183

1851
136!
1361
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1/4%(2+27(1/2))~(1/2)*(c~(1/2) *d+a~(1/2) xe) *x~3* ((-a~(1/2)) ~(1/2) * (1+c~(1/
4)*x72/(-a~(1/2))~(1/2))~2/c~(1/4) /x~2)~(1/2) *((c*x~8+a) /a~(1/2) /c~(1/2) /x
~4)~(1/2)*EllipticE(1/2*(-(-a~(1/2))~(1/2)*(27(1/2)-2*c~ (1/4)*x~2/(-a~ (1/2
))~(1/2)-27(1/2)*c~(1/2)*x~4/a~(1/2)) /c~(1/4) /x~2)~(1/2) , (-2+2%27(1/2) )~ (1
/2))/(-a~(1/2))~(1/2)/c~(1/4) / (1+c~(1/4)*x~2/ (~a~ (1/2))~(1/2)) / (c*x~8+a) ~(
1/2)-1/4%(2+27(1/2))~(1/2) *(c™ (1/2) *d+a”~ (1/2) *e) *x~3* (- (-a~ (1/2) )~ (1/2)*(1
-c~(1/4)*x~2/(-a~(1/2))~(1/2))72/c~(1/4) /x~2) "~ (1/2) *((c*x"8+a) /a~(1/2) /c~(
1/2)/x74)~(1/2)*EllipticE(1/2*%((-a~(1/2))~(1/2)* (27 (1/2)+2*c~ (1/4) *x"2/ (-a
~(1/2))7(1/2)-27(1/2)*c~(1/2)*x~4/a~(1/2)) /c~(1/4) /x72) " (1/2) , (-2+2%27(1/2
)~ (1/2))/(-a~(1/2))~(1/2) /c~(1/4) / (1-c~ (1/4)*x~2/ (-a~(1/2))~(1/2)) / (c*x"8
+a) " (1/2)+1/4%(2+27(1/2))~(1/2)*(c~ (1/2) *d-a”~ (1/2) xe) *x~3* ((a~ (1/4)+c~ (1/4
)*¥x72)"2/a~(1/4)/c~(1/4) /x72) ~(1/2) * (- (c*x"8+a) /a~(1/2) /c~(1/2) /x~4) " (1/2)
*E11ipticE(1/2%(-a~(1/4)* (27 (1/2)-2*c~(1/4)*x~2/a~(1/4)+2~(1/2)*c~ (1/2) *x~
4/a~(1/2))/c~(1/4)/x72)~(1/2) , (-2+2%27(1/2))~(1/2)) /c~(1/4) / (a~(1/4)+c~(1/
4)*x72) / (c*x~8+a) ~(1/2)-1/4%(2+27(1/2) )~ (1/2) *(c~ (1/2) *d-a~ (1/2) *e) *x~3* (-
(a~(1/4)-c~(1/4)*x~2)"2/a~(1/4) /c~(1/4) /x72) " (1/2) * (- (c*x"8+a) /a~ (1/2) /c"(
1/2)/x~4)~(1/2)*E1lipticE(1/2*(a~ (1/4)* (27 (1/2)+2xc~(1/4)*x~2/a~ (1/4)+2~ (1
/2)*c™(1/2)*x"4/a~(1/2))/c™(1/4) /x72)~(1/2) , (-2+2%27(1/2))~(1/2)) /c~(1/4)/
(a~(1/4)-c~(1/4)*x~2) / (c*xx~8+a) ~(1/2)

output

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 10.06 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.09

d + ex*
——dzx
Va+ cz?
1+ <5dx Hypergeometric2F1 (;1;, 2.2, —C“”Ts> + ex® Hypergeometric2F1 <%, 2 —“78»
B 5va + cx8
inputLIntegrate[(d + e*x~4)/Sqrt[a + c*x~8],x] J

Output‘(sqrtfl + (c*x°8)/al* (5*d*x*Hypergeometric2F1[1/8, 1/2, 9/8, -((c*x"8)/a)]
‘ + exx”b*Hypergeometric2F1[1/2, 5/8, 13/8, -((c*x~8)/a)]))/(5*Sqrt[a + c*x
~81)

N\ J
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Rubi [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.
Time = 0.49 (sec) , antiderivative size = 433, normalized size of antiderivative = 0.48,

_ o number of rules
2, integrand size = 0.105, Rules

number of steps used = 2, number of rules used =
used = {1763, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

d+ ex?
va + cx®
l 1763

/( d + ex’ )dw
Va+cx®  Va+cxd

l 2009

dxr

4 V2/czd 2 %mz
z2 \/5< Vet 2V +x/§>
Yedz \/\;f\‘gcﬁ /_ a+cz8 1 EllipticF | arcsin %\l - %mz\/a , —2(1 - \/i)
2vV2+2 2(Va+ \/Eazz) a—l—c:vs
4
4 4 2 \/Ez2 +v2
4 3,/ (\/__ \/Ex2> _ _a+cz8® 4\/6 _ _
Vedz \/ Vai/cr Javer EllipticF | arcsin Vo , 2(1 \/§)

224 V2 ({fa— Yer?) Vat e

ex®/ % + 1 Hypergeometric2F1 (% g %3 %)

5vVa + cx8

inputLInt[(d + exx~4)/Sqrtla + c*x~8],x] J
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(c™(1/4)*d*x~3xSqrt[(a~(1/4) + c~(1/4)*x~2)"2/(a~(1/4)*c~(1/4)*x~2)]1*Sqrt [
-((a + c*x78)/(8qrt[al*Sqrt[c]*x~4))]*EllipticF [ArcSin[Sqrt[-((a~(1/4)*(Sq
rt[2] - (2xc~(1/4)*x"2)/a~(1/4) + (Sqrt[2]*Sqrtlcl*x"4)/Sqrtlal))/(c~(1/4)
*x72))1/2], -2%(1 - Sqrt[2])]1)/(2*Sqrt[2 + Sqrt[2]]1*(a~(1/4) + c~(1/4)*x"2
)*xSqrt[a + c*x78]) - (c™(1/4)*d*x"3*Sqrt[-((a~(1/4) - c~(1/4)*x"2)"2/(a~ (1
/4)*c”(1/4)*x~2))]1*Sqrt [-((a + c*x78)/(Sqrt[al*Sqrt[c]*x~4))]*EllipticF[Ar
cSin[Sqrt[(a~(1/4)*(Sqrt[2] + (2*c~(1/4)*x"2)/a~(1/4) + (Sqrt[2]*Sqrt[c]*x
~4)/Sart[al))/(c~(1/4)*x~2)1/2], -2*%(1 - Sqrt[2]1)])/(2+Sqrt[2 + Sqrt[2]]*(
a~(1/4) - c~(1/4)*x"2)*Sqrt[a + c*xx"8]) + (e*x~5*Sqrt[1 + (c*x78)/a]*Hyper
geometric2F1[1/2, 5/8, 13/8, -((c*x~8)/a)])/(5*Sqrt[a + c*x~8])

output

Defintions of rubi rules used

‘Int[((d_) + (e_)*x(x )" (n))*((a_) + (c_.)*x(x_)"(n2_))"(p_), x_Symbol] :> I
‘nt[ExpandIntegrand[(d + exx"n)*(a + cxx~(2*n))"p, x], x] /; FreeQ[{a, c, d,
e, n}, x] & EqQ[n2, 2+n]

rule 1763

-

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2009

N\

Maple [F]

/ zle+d iz
Vexd +a

-

input Lint ((e*x~4+d)/(c*x~8+a)~(1/2),x)

~—

-

int ((e*x~4+d)/ (c*x~8+a)~(1/2) ,x)

output

N\




CHAPTER 3. LISTING OF INTEGRALS

186

Fricas [F]
d+ ezt e ext +d i
va+ crd Vexd® +a

inputLintegrate((e*x‘4+d)/(c*x‘8+a)‘(1/2),x, algorithm="fricas")

-

Ou_tputLin’cegral((e*x’@ + d)/sqrt(c*x”8 + a), x)

- )

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.00 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.09

1] 1
wr(t)om (5] | er(g)an (?
d+ ex?* dp — 8 N
Vare T T wa( Svar (2]

inputLintegrate((e*x**4+d)/(c*x**8+a)**(1/2),x)

e

output

\ polar (I*pi)/a)/(8*sqrt(a)*gamma(13/8))

d*x*gamma (1/8) *hyper((1/8, 1/2), (9/8,), c*x*x8xexp_polar(Ixpi)/a)/(8*sqrt
‘(a)*gamma(9/8)) + exx*x5*gamma (5/8) *hyper ((1/2, 5/8), (13/8,), c*x**8*exp_

Maxima [F]
d+ ezt ezt +d
——dr = | ——dx
va+ cx® Vexr® +a

inputLintegrate((e*x‘4+d)/(c*x‘8+a)*(1/2),x, algorithm="maxima")
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OutputLintegrate((e*x“tl + d)/sqrt(c*x™8 + a), x)
Giac [F]
d+ ex* d — ex*+d s
Vat o Vet a
inputLintegrate((e*x‘4+d)/(c*x‘8+a)*(1/2),x, algorithm="giac")

output Lintegrate ((e*x™4 + d)/sqrt(c*x"8 + a), x)

Mupad [F(-1)]

Timed out.
d+€.’l} eg; _|_d
Va+C.'I38 \/cx8+a,

inputtint((d + e*xx~4)/(a + c*x78)~(1/2),x)

output 10t + &40/ (a + xx"8)"(1/D), ©

Reduce [F]

cr8+a

va+ cx8

d+eat d_( Verb+a, >d+( Vet Tast

cxd+a

i)

inputLint((e*x‘4+d)/(c*x*8+a)*(1/2)’X)

output‘ int(sqrt(a + c*x**8)/(a + c*x**8),x)*d + int((sqrt(a + c*x*x8)*x*x4)/(a +

‘c*x**S) X) *e
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3.20 [(d+ex*) (a — cx®) dz

Optimal result . . . . . . . . . . . . e 188
Mathematica [A] (verified) . . . . . . . . . ... o 1R8]
Rubi [A] (verified) . . . .. . . ... .. 189
Maple [F] . . . . 190
Fricas [F] . . . . . . o 190
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 191]
Maxima [F] . . . . . . 1911
Giac [F] . . . . o o 192
Mupad [F(-1)] . . . o o 192
Reduce [F] . . . . . 192

Optimal result

Integrand size = 18, antiderivative size = 98

8\ P
/ (d + ex4) (a — cxs)p dr = dz (a — cxs)p (1 — %) Hypergeometric2F'1 (%,

8 1
) ga %) + 36-755 (a - st)p (1

cr® 13 cx?®

-p
- Hypergeometric2F'1 §, 2
a 8 8 a

¢ ‘ d*x* (-c*x~8+a) “pxhypergeom([1/8, -pl,[9/8],c*x"8/a)/((1-c*xx~8/a) p)+1/5*xe* ‘

outpu
\ x~5% (-c*x~8+a) “pxhypergeom([5/8, -pl, [13/8],c*x~8/a)/((1-c*x~8/a) "p) \

Mathematica [A] (verified)

Time = 0.57 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.77

/ (d+ ez4) (a— cws)p dz = %z(a — czs)p (1

cx®

—-p ) 1 9 cx8
_ 5d Hypergeometric2F1 | =, —p, -, —
a 8 8

4 ] 5 13 8
+ ex” Hypergeometric2F'1 §’_p’§’ .
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input‘ Integrate[(d + exx~4)*(a - c*x78) p,x] ‘

t‘ (x*(a - c*x~8) "p*(5xd*Hypergeometric2F1[1/8, -p, 9/8, (c*x"8)/al + e*x~4x*H ‘

outpu
‘ ypergeometric2F1[5/8, -p, 13/8, (c*x~8)/al))/(5*(1 - (c*x78)/a) p) ‘
Rubi [A] (verified)
Time = 0.23 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.111, Rules
integrand size
used = {1763, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ (d+ ez?) (a — cz®)’ dz
| 1763
/ (d(a—cz®)? + ex*(a — cz®)’) dz
| 2009
8\ —P 8
dx (a — cmg)p 1- & Hypergeometric2F1 1, —p, g, “@ +
a 8 8" a
15 sy (1) " ; 5 13 ca®
5ew (a cx ) (1 . Hypergeometric2F1 3’ D, 3 4
input LInt[(d + e*xx"4)*(a - c*x"8)7p,x] J
output‘ (d*x*(a - c*x~8) “pxHypergeometric2F1[1/8, -p, 9/8, (c*x"8)/al)/(1 - (c*x"8 |

1)/a)7p + (e*x"5%(a - c*x"8) pxHypergeometric2F1[5/8, -p, 13/8, (c*x"8)/al)
/(5%(1 - (c*x"8)/a)"p)
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Defintions of rubi rules used

e 1763 IELC(AD) + (e_)*(x )" (@)*((al) + (c_)*(x)"(n2))~(p)), x_Symboll :> I
nt [ExpandIntegrand[(d + e*x"n)*(a + c*x~(2%n))~p, x], x] /; FreeQ[{a, c, d,
‘ e, n}, x] && EqQ[n2, 2#n]

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [F]

/ (z'e+d) (—cz®+a)" dz

imput| 156 ((04X" 40 (-cxx"8+2) p, ) J
output Lint((e*x"4+d)*(-c*x"8+a) “p,x) J
Fricas [F]
/ (d+ex?) (a—cz®)’ da = / (ez* + d) (—cz® + a)? dz
input Lintegrate ((e*x~4+d)*(-c*x"8+a)"p,x, algorithm="fricas") J

Ou_tputtintegral((e*x"ll + d)*(-c*x"8 + a)”p, x) J
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 150.53 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.80

9 a
d+ez?) (a—cz®)’ dz = 8
[ @+ eat) (aea) o
5 —p ‘
weal (3) o1 ¥y |
8
: ()
inputLintegrate((e*x**4+d)*(—c*x**8+a)**p,x) J

t‘a**p*d*x*gamma(l/8)*hyper((1/8, -p), (9/8,), c*xx**B8xexp_polar(2*I*pi)/a)/( ‘
'8gamma(9/8)) + ax¥prexx**5kgamma(5/8)*hyper ((5/8, -p), (13/8,), ckxxx8kex
Lp_polar(2*I*pi)/a)/(8*gamma(13/8)) J

outpu

Maxima [F]

/ (d+ez*) (a —cz®)’ dz = / (ex? + d) (—cz® + o) da

input Lintegrate ((exx~4+d) *(-c*x~8+a) "p,x, algorithm="maxima") J

integrate((e*x~4 + d)*(-c*x"8 + a)”p, x)

output ‘\
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Giac [F]

/ (d + ex4) (a — cms)p dz = / (em4 + d) (—cac8 + a)p dz

inputLintegrate((e*x‘4+d)*(-c*x*8+a)*P,x’ algorithm="giac")

outputtintegrate((e*x‘ll + d)*(-c*x"8 + a)7p, x) J

Mupad [F(-1)]

Timed out.
/ (d-i— ez4) (a — cxs)p dr = / (a — c:cs)p (ex4 4 d) dz
input Lint((a - c*x"8)"px(d + e*x"4),x) J
output Lint((a - cxx"8)"px(d + e*x”4), x) J
Reduce [F]

/ (d+ext) (a— ca®)’ do

8(—cz® +a)’ dpx + 5(—cz® + a)’ dx + 8(—cx® + a)’ epz® + (—cx® + a)’ e 5 + 4096 <f —_6401721:8_4801,5

input tint ((e*x~4+d)* (-c*x"8+a) "p,x) J
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(8*%(a - c*x**8)**p*d*p*x + Bx(a - c*x**8)**p*d*x + 8%(a - c*x**8)**p*e*p*x
*¥*k5 + (a - c*x*k*8)x*kprexx* x5 + 4096*int ((a - c*x**8)**p/(64*a*p*k*2 + 48*ax
P + 5%a — B64*cxp**x2*kx**k8 — 48kcHpkx**8 — bkckx**8) ,x)*axd*p**4 + 5632*xint (
(a - c*x**8)**p/(64*xa*px*2 + 48*axp + 5ka — BAkCkp**2kx**8 — 4BkCHpxx**8 -
Bxcxx**8) ,x)*axd*xp**3 + 2240*int((a - c*x**8)**p/(64*a*p**2 + 48*a*p + 5
a — B4xcxp**2xx*x8 — 4ABkckpxx**k8 — Lkckx**8),x)*akd*kpx*2 + 200*int((a - c*
x*x8) ¥xp/ (B4*axp*x*2 + 48xa*p + bka — BA*CHpk*2xx**8 — 4B*Ckpxx**8 — Lkckx*
*8) ,x)*axd*p + 4096*%int (((a - cxx**8)**pkx**4)/(64*axp**2 + 48xa*p + bxa -
BAxCHpH*2kx*¥*8 — ABkCHkp*x**8 — Lxckx**8),x)*axexpx*4 + 3584xint(((a - c*x
*k8) kxp*x**4) / (64*axpx*2 + 48*axp + Bka — B4xcHp**2*x*k*8 — 48*kckpxx**8 — 5
*C*kx**8) ,X) ¥akexpx*3 + 704*int (((a - c*x**8)x*pxx**4)/(64xa*xp**2 + 48*a*p
+ 5¥a — B4kCrpHk2xx**8 — ABxCHpkx**8 — BxcHx*k*8) ,x)*axe*p**2 + 40*int(((a
— ckx**k8) *x*kpxx**4) / (64*axp**x2 + 48xa*p + bka — B4xcHkpr*k2xx*k*8 — 4ABkCHprxkk
8 — bxc*x**8) ,x)*a*exp)/(64xp*x2 + 48xp + 5)

output
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3.21 [(d+ex*) (a+ cx®)’ dx

Optimal result . . . . . . . . . . . . e 194
Mathematica [A] (verified) . . . . . . . . . ... o 194
Rubi [A] (verified) . . . .. . . ... .. 195
Maple [F] . . . . 196
Fricas [F] . . . . . . o 196
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 197
Maxima [F] . . . . . . 197
Giac [F] . . . . o o 198
Mupad [F(-1)] . . . o o 198
Reduce [F] . . . o . o o 198

Optimal result

Integrand size = 17, antiderivative size = 96

8\ P
/ (d+ ez?) (a+ cz®)’” dz = dz(a+ cz®)” (1 - %) Hypergeometric2F1 (é,

9 8 1
—p, = _ﬁ) + ez’ (a+ cz®)” (1
a

8’ 5
8\ ~P 1 5
+ ) Hypergeometric2F1 ( 2, —p, 20 %
. 8 8 a

¢ ‘ d*x* (c*xx~8+a) “p*hypergeom([1/8, -pl,[9/8],-c*x~8/a)/((1+c*x~8/a) "p)+1/5*xe* ‘

outpu
‘ x"5* (cxx~8+a) “p*hypergeom([5/8, -pl, [13/8],-c*x"8/a)/((1+c*x~8/a) p) ‘

Mathematica [A] (verified)

Time = 0.57 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.78

(d+ex?) (a+cz®)’ dz = éx(a + )’ (1
/

cz®

-p 1 8
+ — 5d Hypergeometric2F1 | -, —p, ?, -=
a 8 8 a
cx

A , 5 13 8
+ ez” Hypergeometric2F'1 3’ —D, 3 a4
a
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input‘ Integrate[(d + exx~4)*(a + c*x78) p,x] ‘

t‘ (x*(a + c*x~8) “p*(5xd*Hypergeometric2F1[1/8, -p, 9/8, -((c*x"8)/a)] + e*x~ ‘

outpu
‘ 4*Hypergeometric2F1[5/8, -p, 13/8, -((c*x~8)/a)]1))/(5*(1 + (c*x~8)/a) p) ‘
Rubi [A] (verified)
Time = 0.23 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.118, Rules
integrand size
used = {1763, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ (d+ ez?) (a + cz®)’ dz
| 1763
/ (d(a+cz®)? + ex*(a + cz®)’) d
| 2009
8 -p 8
dz(a+ cz®)’ i Hypergeometric2F1 1, —p, 2, ) 4
a 8 8 a
1.5 sy (e 1\ : 5 18 o
5ex (a + cx ) ( . +1 Hypergeometric2F'1 g D, 3 4
input LInt [(d + exx~4)*(a + c*x78) p,x] J
output‘ (d*x*(a + c*x~8) “pxHypergeometric2F1[1/8, -p, 9/8, -((c*x~8)/a)]1)/(1 + (cx* |

‘x"s)/a)‘p + (exx”b*(a + c*x~8) pxHypergeometric2F1[5/8, -p, 13/8, -((c*x"8 ‘
)/a)1)/(5%(1 + (c*x"8)/a)"p)
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Defintions of rubi rules used

e 1763 IELC(AD) + (e_)*(x )" (@)*((al) + (c_)*(x)"(n2))~(p)), x_Symboll :> I
nt [ExpandIntegrand[(d + e*x"n)*(a + c*x~(2%n))~p, x], x] /; FreeQ[{a, c, d,
‘ e, n}, x] && EqQ[n2, 2#n]

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [F]

/ (x4e +d) (c2®+ a)p dx

input 10t ((e*x74+d)* (crx"8+a) "p, ) ]
output Lint ((e*x™4+d) * (c*x"8+a) “p,X) J
Fricas [F]
/ (d+ ex®) (a+ cz®)? dz = / (ea* + d) (cc® + )’ do
input Lintegrate ((e*x~4+d)*(c*x"8+a)"p,x, algorithm="fricas") J

Ou_tputtintegral((e*x"ll + d)*(c*x"8 + a)7p, x) J
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 154.48 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.78

1 —p 4
apdxf(%) 2F1 8,9 cxie“’
d+ ez?) (a+cz®)’ do = 8
[ (@+eat) @+ es) i
5 —p ‘
e’ T()afs| Ny |
8
+
8r' (¥)
input Lintegrate ((e*xx**4+d) * (c*x**8+a) **p ,X) J

t‘a**p*d*x*gamma(l/8)*hyper((1/8, -p), (9/8,), c*x**8*exp_polar(Ixpi)/a)/(8* ‘
'gamma(9/8)) + axxprexx*x5xgamma(5/8)*hyper((5/8, -p), (13/8,), ckx**8xexp_
Lpolar(I*pi)/a)/(8*gamma(13/8)) J

outpu

Maxima [F]

/ (d+ex*) (a+cz®)’ do = / (ez' + d) (cz® + a)’ dx

lnput Lintegra’te ( (e*XA4+d) 3 (C*XA8+a) A:p 2 X, algoritM=llmaXimall ) J

integrate((e*x~4 + d)*(c*x"8 + a)”p, x)

output ‘\
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Giac [F]

/ (d + e:v4) (a + cmS)p dz = / (e$4 + d) (ca:8 + a)p dz

input Lintegrate ((e*xx~4+d) * (c*x"8+a) "p,x, algorithm="giac")

outputtintegrate((e*x‘ll + d)*(c*x"8 + a)7p, x)

Mupad [F(-1)]

Timed out.

/(d+ex4) (a+cz®)? dzz/(czs—i-a)p (ex* +d) dz

inputtin‘c((a + c*x78) "p*(d + e*x"4),x)

output Lint((a + cxx78) "p*(d + exx"4), x)

Reduce [F]

/ (d+ ez*) (a+cz®)’ da

8(cx® + a)’ dpz + 5(cz® + a)’ dz + 8(cx® + a)’ epx® + (cx® + a)’ e 25 + 4096 (f Sl Bz

(c ac8+a)p

8+5c x8+64

input tint ((e*x~4+d)* (c*x~8+a) “p,x)
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(8*%(a + c*x**8)**p*d*p*x + Bx(a + c*x**8)**p*d*x + 8%(a + c*x**8)**p*e*p*x
*¥*k5 + (a + c*x*k*8)x*kprexx* x5 + 4096*int ((a + c*x**8)*x*p/(64*a*p*k*2 + 48*ax
P + 5%a + B64*cxp**x2*kx**8 + 48kcHpkx**8 + bkckx**8) ,x)*axdxp**4 + 5632*int (
(a + c*xx*8)**p/(64*xa*px*2 + 48*kaxp + 5ka + BAkckp**2kx**8 + 4B*CcHpxx**8 +
Bxcxx**8) ,x) *axd*xp**3 + 2240*int((a + c*x**8)**p/(64*a*p**2 + 48*a*p + 5
a + B4kcxpk*2kx**x8 + 4ABkcHkpxx**8 + Lkcxkx**8) ,x)*axd*spx*2 + 200*int((a + c*
X**8) **p/ (64*a*xp**2 + 4A8*a*xp + 5ka + BAkxCKkpH*kkx**x8 + ABkCkphX*k*8 + Skckx*
*8) ,x)*axd*p + 4096*%int (((a + cxx**8)**pkx**4)/(64*axp**2 + 48xa*p + bxa +
B4AxCHp*k*2kx*¥*8 + ABkCHkp*x**8 + Lrckx**8),x)*axexpx*4 + 3584xint(((a + c*x
*k8) kxkp*x**4) / (64*axpx*2 + 48kaxp + bka + B4xcHp**2*x*k*8 + 48*kcxpxx**8 + 5
*C*kx**8) ,X) ¥akexpx*3 + 704*int (((a + c*x**8)**pxx**4)/(64xa*p**2 + 48*a*p
+ 5¥a + B4kcrpxk2xx**8 + ABxCHpkx**8 + BxcHkx*k*8) ,x)*axe*p**2 + 40*int(((a
+ Ckx**8) x*xpxx*k*4) /[ (64*%axp**x2 + 48xa*xp + bkxa + B64xCkpx*k2xx*k*8 + 4Bkckprxkk
8 + bxc*x**8) ,x)*a*exp)/(64xp*x2 + 48xp + b)

output
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3.22 [(d+ex*)! (a+ cz®) dx

Optimal result . . . . . . . . . . . . e 200
Mathematica [N/A] . . . . . . . . 2001
Rubi [N/A] . . . o oo 20T
Maple [N/A] . . . . 201]
Fricas [N/A] . . . o o 202
Sympy [F(-1)] . . o oo 202
Maxima [N/A] . . . . .
Giac [N/A] . . . e 203
Mupad [N/A] . . . o 203
Reduce [N/A] . . . o o 204

Optimal result

Integrand size = 19, antiderivative size = 19

/ (d+ ez*)? (a+ c®)” do = Int((d + ) (a + )", 2)

-

OUtputLDefer(Int)((e*xA4+d)Aq*(c*x‘8+a)*p,x)

-/

Mathematica [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/(d+e:v4)q (a+cz®)” d:c=/(d+e:c4)q (a+c2®)’ dx

input‘\lntegrate[(d + e*x"4) gqx(a + c*x”8) p,x]

output‘ Integrate[(d + e*x"4)“q*(a + C*X“S)”p, x]
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Rubi [N/A]
Not integrable
Time = 0.16 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {1770}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a+cw8)p (d—i—ex"‘)q dz
l 1770

/ (a+ ca®)? (d+ ez?) " dz

input‘ Int[(d + e*x"4)"gq*(a + c*x~8)7p,x] ‘

output L$Aborted J

Defintions of rubi rules used

rule 1770‘Int[((d_) + (e_)*(x_)" (@) (q)*((a_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol] ‘
:> Unintegrable[(d + e*x™n) gq*(a + c*x~(2*n))"p, x] /; FreeQ[{a, c, d, e, ‘
n, p, q}, x] & EqQ[n2, 2+n]

Maple [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ (z'e + d)q (cz®+ a)pda:

input \int ((e*xx~4+d) “g*(c*x~8+a) "p,x) |
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output Lint ((exx~4+d) “g*(c*x~8+a) "p,x)

Fricas [N/A]
Not integrable

Time = 0.39 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ (d+ ez*)? (a+cz®)’ dz = / (cz® +a)"(ez* + d)! dz

-

input tintegrate ((e*x~4+d) “q*(c*x~8+a) “p,x, algorithm="fricas")

e—

output Lintegral((c*x“S + a) px(exx"4 + d)~q, x)

Sympy [F(-1)]

Timed out.

/ (d + ex4)q (a + cms)p dz = Timed out

input tintegrate ((exx**4+qd) **q* (ckx**8+a) **p, X)

-

output LTimed out

-/

Maxima [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ (d+ex")? (a+ cz®)’ dz = / (c2z® +a)P(ez* + d)? dz

tnput Lintegrate ((exx~4+d) “q*(c*x"8+a) "p,x, algorithm="maxima")
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output Lintegrate ((c*x"8 + a) p*x(exx™4 + d)~q, x)

Giac [N/A]
Not integrable

Time = 0.61 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ (d+ ez*)? (a+ cz®)’ dz = / (cz® +a)"(ez* + d)! dz

inputtintegrate((e*x‘4+d)‘q*(c*x*8+a)*p,x, algorithm="giac")

Outputtintegrate((c*x‘S + a)"px(exx~4 + d)"q, x)

Mupad [N/A]
Not integrable

Time = 11.17 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/(d+ez4)q (a+cz®)” da:z/(ca:8+a)p (ex* +d)?dx

inputLint((a + c*x78) "p*(d + e*x"4)"q,x)

OutputLint((a + c*x78)"p*(d + e*x"4)"q, x)




input

output
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Reduce [N/A]
Not integrable

Time = 9.24 (sec) , antiderivative size = 1249, normalized size of antiderivative = 65.74

/ (d+ ex")? (a + cz®)” dz = Too large to display

e

Lint((e*x‘4+d)‘q*(c*x“8+a)“p,x)

~—

((@ + exx*k*4)**q*k(a + cxx*x8)*xp*x + 32*int (((d + exx**4)**xqk(a + cxx**8)x*
*p*x*x8) / (8kaxd*p + 4xaxd*q + axd + Bkaxexp*x*k*4d + 4xaxexqkx*k*d + axexx*x4d
+ 8kckd*p*x**8 + 4xckdxqkx**k8 + ckd*x**8 + 8kckexpkxk*k12 + 4kckekxqkx**12
+ cxexx**12) ,x)*ckdxpxq + 16*int (((d + e*x**4)**kq*(a + c*x**8)**pxx**8) /(8
*axdxp + 4xaxdxq + axd + 8kakexpxx**4d + 4dxakxexqxxkkd + akexxkxd + 8kckxdxpx
x*¥%8 + 4xckdxqkxx**8 + cxd*x**8 + 8kckexpkxk*k12 + 4kckexqkx**12 + crexx**12
) ,x)kckdkg*x*2 + 4xint (((d + exx*x4)*xq*(a + c*x**8)**pxx**8)/(8*axd*p + 4%
axdxq + a*xd + 8xaxexpkxkkd + 4kakexqkx**4 + akexx**x4 + 8kckxdxp*x**8 + 4xc*
d*q*x**8 + ckxdkx**8 + Bkckexpkxx*12 + 4xckexqrx*k*12 + ckexx**12),x)*ckd*q
+ 64*int (((d + exx**4)**qk(a + cxx**8)*xxp*x**4)/(8xa*d*p + 4xaxdxq + a*d +
8xakexpkxx*x4d + 4xakexqkxx*k4d + axerxxkd + xckdxpkx**k8 + 4xckdxq¥x*k*8 + C*
dxx**8 + Bkckexp*x*k*x12 + 4kckexqrxx* x12 + cke*xx**12),x)*axexp*x2 + 32+int ((
(4 + exxx*k4)*xq*(a + ckx**8)*xpxx**x4)/(8*axd*p + 4xaxd*q + axd + 8kaxexp*x
*%4 + 4dxaxexqkxkkd + akekxx**4 + Bkckdxpxx**8 + 4dkckdkgkx**8 + ckd*x**8 + 8
kCke¥p*X**12 + 4dkcrxexqQrx**12 + ckexx**12),x)*akrexpxq + 8*int (((d + e*x**4)
xkqk (a + Ckxx*x8)x*pkxx*4)/(8*a*xdkp + 4*akxdkxq + akd + 8xakerpxx¥*4d + 4diakex
qxx**4 + akexx**4 + 8kckxd*p*x**8 + 4xckdxqkx**8 + ckdxx**8 + 8kckexpkxk*x12
+ 4dkcxexqxx**12 + cke*xx**x12) ,x)*a*exp + 64xint (((d + e*xx**4)*xxq*(a + c*x*
*x8) xxp) / (8*axd*p + 4*axd*q + axd + 8xakexpkxx*d + 4xakexqkxx*k4d + axe*rxx*4d
+ 8kckdkpxx**8 + 4dkckdkqQrkx*¥*8 + Ckd*x*¥*8 + 8Bkcke prx*¥x12 + 4xckexqrxxkl. ..
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3.23 [(1—2*) (1 -2 dzx

Optimal result . . . . . . . . . . .. . . . e
Mathematica [F] . . . . . . . . . . . 2051
Rubi [A] (verified) . . . . . . . . . 200
Maple [F] . . . . o
Fricas [F] . . . . . . o
Sympy [F] . . . o 207l
Maxima [F] . . . . . . 208}
Giac [F] . . o o
Mupad [F(-1)] . . .«
Reduce [F] . . . . . 2091

Optimal result

Integrand size = 19, antiderivative size = 23

/ (1 — a:4)p (1 — zs)p dx = z AppellF1 (i, —2p, —p, Z, zt, —w4>

-

Lx*Appe11F1(1/4,—2*p,—p,5/4,x*4,—x*4)

e—

output

Mathematica [F]

/ (1-2?(1-2%7 dz = / (1—2%7(1-2%" d

-

tIntegrate[(l - x74)"p*(1 - x78)7p,x]

e—

input

output LIntegrate[(l - x74)"p*x(1 - x78)7p, x] J




input

output

rule 936

rule 1388
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00,

number of rules _ 0.105, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1388, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (1-2Y? (1-2%) do
| 1388

/ (1— 2% (o1 +1)7 do
| 936

x AppellF'1 (i, —2p, —p, Z, :1:4, —x4>

e

LInt[(l - x~4)"p*(1 - x78)"p,x]

~—

Lx*AppellF1[1/4, -2xp, -p, 5/4, x~4, -x"4]

Defintions of rubi rules used

Int[((a_) + (b_)*(x_ )" (@ )" (p)*((c_) + (d_.)*(x_)"(m_))"(q_), x_Symboll
:> Simp[a~p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQ[{a, b, c, d, n, p, g}, x] && NeQ[b*c - a*d, 0] && NeQ[n, -1]
&% (IntegerQ[pl || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.))"(p_.)*x((d_) + (e_.)*(x_)"(m_))"(q_.),
x_Symbol] :> Int[ux(d + exx™n) (p + @)*(a/d + (c/e)*x"n)"p, x] /; FreeQ[{a,
c, d, e, n, p, qt, x] && EqQ[n2, 2*n] && EqQ[c*d"2 + axe”2, 0] && (Integer
Qlpl Il (GtQl[a, 0] && GtQ[d, 01))
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Maple [F|
/ (—2* +1)° (—® + 1) da

— Lint ((-x~4+1) “p* (-x"8+1) "p,x) J

OutputLint((-x“4+1)*p*(—x“8+1)‘p,x) J
Fricas [F|

[a-a (-2 do= [ (-2 +1)" (=" + 1) ds

input Lintegrate ((-x"4+1) "p*(-x"8+1)"p,x, algorithm="fricas") J

output Lintegral((-x”S + 1) px(-x~4 + 1)°p, x) J
Sympy [F]

[a=a (=2 do= [ (~e-1 e+ 1 @+ D) (- =D+ 1) (@

+1) (z*+1))° do

— Lintegrate ((~x**4+1) *xpk (—x**8+1) **p, X) J

Output‘Integral((_(X - Dx(x + Dx(x**2 + 1)) *xpk(-(x - 1)*(x + 1)*(x*x2 + 1)*(x* \

%4 + 1))**p, X) |
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Maxima [F|

L/(l—xﬂp(l—xﬂpdx=i/(—x8+IYX—x4+1fdx

inputLintegrate(('xh4+1)ﬁp*(‘X“8+1)”p,x, algorithm="maxima"

outputtintegrate((-x‘S + 1)"px(-x"4 + 1)7p, x)

Giac [F]

/ (1-2*)"(1-2%)"dz = / (=2 +1)"(—z* +1)"dz

inputkintegrate((—x‘4+1)‘p*(-x*8+1)*p,x, algorithm="giac")

Outputtintegrate((-x‘S + 1)7p*(-x"4 + 1)7p, %)

Mupad [F(-1)]
Timed out.

/u_ﬁya_ﬁVM=/a_ﬁy@_ﬁym

inputtint((l - x74)"px(1 - x78)"p,x)

Outputtint((l - x"4)"p*(1 - x78)"p, x)
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Reduce [F]

/u—#fu—ﬁfm

S P(_.8 P4 _zt P(_.8 P4 gt
__(_x4+50p(—$8+50pw'_48<f( H;;L£&4;21 d$>p2-4<f(<m;;Lé&4;21 dx)p-—144<f£ﬁ;£
N 12p+1

input Lint ((-x"4+1) "p* (-x~8+1)"p,x) J

(C = xk*%4 + 1)**p*k( — x**8 + 1)**pxx — 48*int ((( - x**4 + 1)**px( — x**8 +
1) *xphx**4) / (12%p*x**8 — 12%p + x**8 — 1) ,x)*p**2 — 4xint ((( - x**4 + 1)*
*xpk (= X**k8 + 1)%kphx**4)/(12%p*x**8 — 12%p + x**8 - 1),x)*p - 144*int (((
= x¥*%4 + 1)*xpk( — x*¥*8 + 1)%*p)/(12*%p*x**8 — 12%p + x**8 — 1) ,x)*p**2 - 1
2xint ((( = x*k*4 + 1)*xp*x( - x**8 + 1)*x*p)/(12*pxx**8 — 12%p + x**8 - 1),x)
*p) /(12xp + 1)

output




output

input

output
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3.24 [ (d+ ex*)? (d* — e?z®)’ dx

Optimal result . . . . . . . . . . . . e 210
Mathematica [F] . . . . . . . . . . . 2101
Rubi [A] (verified) . . . .. . . ... .. 211
Maple [F] . . . . 212
Fricas [F] . . . . . . o 212
Sympy [F(-1)] . . o oo 213
Maxima [F] . . . . . . 2131
Giac [F] . . . . o o 213
Mupad [F(-1)] . . . o o 214
Reduce [F] . . . o . o o 214

Optimal result

Integrand size = 24, antiderivative size = 92

4N\ —P 4\ —b—¢q
[ (@t eat) (@ = ta) do = n(a et (1 _ %) <1 ; %) (&

1 5 ex* ext
_2,.8\P - o s o= =
e’z®) AppeHF1(4, PP = )

‘ x* (e*x”~4+d) "g*(1+e*x~4/d) " (-p-q) *(—e~2*x~8+d"2) “p*AppellF1(1/4,-p,-p-q,5/4

,exx~4/d,-exx~4/d) / (1-exx~4/d) "p)
Mathematica [F]
/ (d+ ex*)? (d* — €?2%)" dz = / (d+ ex*)? (d* — €°3%) da
tIntegrate[(d + e*x~4)"q*(d"2 - e"2%x"8)"p,x] J

-

LIntegrate[(d + e*x74)"qx(d"2 - e"2*x78)"p, xI]

-/
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Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.00,

number of rules _ 0.167, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {1396, 937, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(dQ—ezws)p (d+ex*)? dzx
l1396
d—ex*) " (d+ex*) " (d° —ex d—ex ex*+d dx
(4= eat) 7 (d+ ea?) ™ (& = )P [ (- eat)? (eat + )"
l 937
4N\ —P A\ P
(d+ew4)_p <1_ez> (d2—62x8)p/(6x4+d)p+q <1—62> dz
l 937
e\ o s i [ ex? -p—q ez \P / ez’ p+aq
l 936
ex*\" o 5 g nq [ex? P 1 5 ez ex
:E(l — d> (d —e'x ) (d—l—ea: ) <d —I—l) AppellF1 (4,—p, PG T
input LInt[(d + e*x74)"q*(d"2 - e"2*x"8) "p,x]

‘ (x*x(d + e*x"4)"g*x(1 + (exx"4)/d)"(-p - @)*(d"2 - e~2xx"8) “p*AppellF1[1/4,

output
‘-p, -p - q, 5/4, (exx"4)/d, -((exx~4)/d)]1)/(1 - (exx~4)/d)"p
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"(@_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll
:> Simp[a~p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQ[{a, b, ¢, d, n, p, q}, x] && NeQ[bxc - a*d, 0] && NeQ[n, -1]
&% (IntegerQ[p] || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

rule 936

rule 937 T0ELC(@) + (b_)*(x )" (@ )~ (p)*((c.) + (d_.)*(x_)"(n_))"(q ), x_Symboll
:> Simp[a~IntPart[p]*((a + b*x"n) FracPart[p]/(1 + b*(x"n/a)) FracPart[p]l)

Int[(1 + bx(x"n/a)) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q
}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQlp]l || GtQ[a, 01)

rule 1396 IEL_D*((a) + (c_)*(x)"(@2_.)) " (p)*((d) + (e_)*(x))"(m.))"(q_.), x
_Symbol] :> Simp[(a + c*x~(2%n)) FracPart[p]l/((d + e*x"n) FracPart [p]*(a/d
+ c*(x"n/e)) “FracPart[p]) Int[u*x(d + e*x"n) (p + q@)*(a/d + (c/e)*x"n) p,
x], x] /; FreeQl{a, c, d, e, n, p, q}, x] && EqQ[n2, 2*n] && EqQ[c*d~2 + a*
e”2, 0] && !'IntegerQ[p] && !'(EqQlq, 1] && EqQ[n, 2]1)

Maple [F]

/ (a:4e + d)q (—e%s + d2)p dx

input  int ((exx~4+d) “gx(-e"2%x"8+d"2)"p,x)

output Lint ((e*x~4+d) ~q*(-e~2%x"8+d"2) "p,x)

Fricas [F]

/ (d+ ex*)? (d? — €?2%)" dz = / (—€*2® + d*)"(ex* + d)" dz

input Lintegrate ((exx~4+d) "q*(-e~2¥x"8+d"2) "p,x, algorithm="fricas")




output

input

output

input

output

input

output
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Lintegral((—e”Z*x“S + d"2)"p*(e*x”4 + d)"q, x)

Sympy [F(-1)]

Timed out.

/ (d + ez4)q (d2 — e2x8)p dx = Timed out

Lintegrate ((ekx**4+d) ¥xq* (~ex*2%x*k*B+d**2) **p, X)

LTimed out

Maxima [F]

/ (d + ez4)q (d2 — e2x8)p dr = / (—e2x8 + d2)p(e$4 + d)q dx

Lintegrate ((exx~4+d) “g*(-e~2*x"8+d"2) "p,x, algorithm="maxima")

Lintegrate((-e’?*x“s + d"2)"p*(e*x”4 + d)"q, x)

Giac [F]

/ (d + ex4)q (d2 — e2x8)p dr = / (—e2zv8 + dz)p(em4 + d)q dx

Lintegrate ((exx~4+4d) ~q*(-e~2%x"8+d"2) "p,x, algorithm="giac")

tintegrate((-e‘2*x"8 + d72)"p*(exx~4 + d)"q, x)
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Mupad [F(-1)]

Timed out.

/ (d—l— ex4)q (d2 — ezxs)p dr = / (d2 —e? xs)p (e zt + d)qdz

input‘ int((d72 - e72*x78)"p*(d + e*x74)7q,x) \

outputLint((d'? - e"2xx78) "px(d + exx"4)"q, x) J

Reduce [F]

/ (d+ ex®) (& — %) do

(6 1’4 + d)q (—621;8 + d2)p xr — 32 <f -y (ez*+d)? (—e?a®+d?)Pat dl’) depq —16 (f o (ex*+d)? (—e22®

p 8 —4de?q z8 —e2x8+8d2p+4d2q+d? px8—4e2q z8—e2x8-

inputLint((e*x"4+d)"q*(-e"2*x"8+d"2)"p,x) J

e N

((@ + exxk*4)**xqk (d**2 — ex*x2xx*k*8)**p*xx — 32xint (((d + e*x**4)**kq*(d**2 -
ex*k2xxk*8) k*kpkx**4) / (8*%d*k*2*p + 4A*xdk*2xq + d**2 — Bkek*xp*kx**8 — 4ke**2k
Q*x**8 — ex*2xx**8) ,x)*dxe*pxq — 16*int (((d + e*x**4)*x*xq* (d**2 — e**2kx**8
) kxpxx*kx4) / (8kd**2xp + 4kdk*2%kq + d**2 — Bkex*kkpxx**k8 — 4dke**¥2kqkx**8 - e
**%2%x*x8) ,x) *dkexq*x*2 — 4*xint (((d + exxk*4)k*xq* (d**2 — e**2xx**8) *k*phx**4)
[ (8%A**2%p + 4Axd¥*2kq + d¥*2 — Skek*kkpkX**kB — LAkek*k2kQkX**k8 — e¥*k2kx**8),
x)*d¥xe*xq + 64xint (((d + exx**4)x*xq* (d**2 — e**x2xx**8) *x*p) / (8*d**2%p + 4*d*
*¥2%q + d¥*k2 — Brekk2AkpFk*8 — Akek*kkQkX*}*8 — ex*kkx**8) ,x) *d*¥*k2*p**2 + 64
*int (((d + exx**x4)*xxq* (d**2 — e**2xx*x8)**xp) / (8*d**2xp + 4*d**2xq + d**2 -
Bke**2xp*x**k8 — 4ke*kk22kQrkx*¥*x8 — e**¥2kx**8) ,x) *d*k*2xp*q + 8*int (((d + e*xx*
*4) kxqk (Ak*2 — ek*2xx*x8) *xp) / (8*d**2xp + 4*d*k*2xq + d**2 — 8*ex*xp*x**8
= 4dkex*k2xqkx**k8 — ex**kx*k*8) ,x)*kd*¥*2*p + 16*%int (((d + exx*k*4)**xq*k(d**2 - e
*k2kxk*%8) k*p) / (8kA**2+p + 4kd**2%q + dk*2 — Bkex*k2kpkx*¥*8 — 4dkex*kkqkx**8
— e¥*2*x**8) ,x) xd**¥2xq**2 + 4*xint (((d + e*x**4)*x*xq* (d**2 — ex*2*x**8)*xp)/
(8xAx*2*p + 4kxd*k*2%q + d¥*2 — Bkex*2*p*x**8 — 4kex*k2¥q*¥x*¥*8 — ex**kx**8) ,x
)*kd**2%q) /(8*p + 4%q + 1)

output
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3.25 [Q1—zH" (1 -2 do

Optimal result . . . . . . . . . . . . . . e
Mathematica [F] . . . . . . . . . . .
Rubi [A] (verified) . . . . . . . . . .. 276l
Maple [F] . . . . 217
Fricas [F] . . . . . o e 217
Sympy [F(-1)] . . o o 217
Maxima [F] . . . . . . 218
Giac [F] . . . o o 2T8]
Mupad [F(-1)] . . . . o e
Reduce [F] . . . . o o e

Optimal result

Integrand size = 21, antiderivative size = 17

/ (1—2%) 7" (1 - 2%?" dz = z Hypergeometric2F1 (;l’ —D, Z, —x4)

output LX*hYPergeom( [1/4, -pl,[5/4]1,-x"4) J

Mathematica [F]

/(1_954)—1’ (1— %) dx=/(1—:v4)_p (1—2%) do

inputLIntegrate[(l - x78)7p/(1 - x74)"p,x] J

outputtlntegrate[(l - x78)7p/(1 - x°4)"p, x] J




input

output

rule 778

rule 1386
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Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1386, 778}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (1—2") " (127 da
| 1386
/ (z* +1)"dz
| 778

1 )
z Hypergeometric2F1 <4, -, 1 —w4>

e

LInt[(l - x°8)7p/(1 - x74)"p,x]

~—

Lx*HypergeometricQFl [1/4, -p, 5/4, -x"4] J

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] & 'IGtQlp
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQla, 0]1)

Int[(u_.)*((a_) + (c_.)*(x_)"(m2_.))"(p_.)*x((d_) + (e_.)*(x_)"(m_))"(q_.),
x_Symbol] :> Simp[(-e~2/c)"q Int[ux(d - e*x"n)"p, x], x] /; FreeQl{a, c,
d, e, n, p, q}, x] & EqQ[n2, 2*n] && EqQ[c*d~2 + a*e~2, 0] && EqQ[p + q, O
] && GtQ[d, 0] && LtQlc, 0] && GtQ[e~2, 0]
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Maple [F|

[tarpitoyra

input Lint ((-x"8+1)7p/ ((-x"4+1)7p) ,%)

output Lint ((-x78+1)"p/ ((-x"4+1)"p) ,x)

Fricas [F]

/(1—x4)_p (1—2%)7 dx=/%dx

input Lintegrate ((-x~8+1)"p/((-x"4+1)"p) ,x, algorithm="fricas")

output tintegral((—x*s +1)7p/(-x"4 + 1)7p, x)

Sympy [F(-1)]

Timed out.

/ (1—2*)""(1—2%?" dz = Timed out

input Lintegrate ((=x**8+1) x*p/ ((—x**4+1) *x*p) ,x)

output tTimed out
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Maxima [F]

/(1—x4)_p (1—2%)? da::/E:Zi—ii;de

input tintegrate ((-x~8+1)"p/ ((-x~4+1)"p) ,x, algorithm="maxima")

output Lintegrate((—x‘s + 1)7p/(-x"4 + 1)7p, x)

Giac [F]

/(1—x4)_p (1-2%)° dx=/%dx

input Lintegrate ( (—XA8+1) Ap/ ( (—x“4+1) ‘“p) ,X, algorithm="giac")

output Lintegrate((—x‘s +1)7p/(-x"4 + 1)7p, x)

Mupad [F(-1)]

Timed out.

/(1—m4)_p (1-2%)"° dx=/%dx

input 18t((1 ~ X8/ - x"9)7p,x)

output Lint((1 - x78)7p/(1 - x”4)"p, x)
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Reduce [F]

/(1—x4)_p (1—28)? darz/%dx

input tint ((-x78+1)"p/((-x"4+1)"p) ,x)

Outputtint(( - x*%8 + 1)%#p/( — xk*4 + 1)%*p,x)




outpu
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3.26 [ @) g,

a+cxn

Optimal result . . . . . . . . . . . ..
Mathematica [A] (verified) . . . . . . . .. ... L
Rubi [A] (verified) . . . . . . . .. .
Maple [F] . . . . o
Fricas [F] . . . . . .
Sympy [C] (verification not implemented) . . . ... ... ... ... .....
Maxima [F] . . . . . .
Giac [F] . . . o o
Mupad [F(-1)] . . .
Reduce [F] . . . . . o

Optimal result

Integrand size = 21, antiderivative size = 141

/ (d + ez™)® dp — 3de*z N edgitn
at+cr™ T ¢ c(1+n)

d(cd?® — 3ae?) z Hypergeometric2F1 (1

1 1(2_'_%),_&0

)

)21 2

a

+

ac

e(3cd? — ae?) £'*™ Hypergeometric2F1 (1 Lin 1

? 2n 7 2

B+3)

01)277’

a

)

_|_

ac(l+n)

t‘3*d*e"2*x/c+e"3*x“(1+n)/c/(1+n)+d*(—3*a*e"2+c*d"2)*x*hypergeom([1, 1/2/n],

‘[1+1/2/n],-c*x“(2*n)/a)/a/c+e*(-a*e“2+3*c*d“2)*x“(1+n)*hypergeom([1, 1/2%(

‘ 1+n)/n], [3/2+1/2/n] ,-c*x~ (2*n) /a)/a/c/(1+n)
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Mathematica [A] (verified)

Time = 0.74 (sec) , antiderivative size = 127, normalized size of antiderivative = 0.90

d n)3
d+es”) o
a + cz?n
x(d(cd2 — 3ae?) (1 + n) Hypergeometric2F1 <1, .12+ ’_chZn) + e(ae(3d(1 1) + ex™) + (3cd
) ac(l+n)
input‘ Integrate[(d + exx"n)"3/(a + c*x~(2*n)),x] ‘
Output‘ (x*(d*(c*d™2 - 3*a*e~2)*(1 + n)*Hypergeometric2F1[1, 1/(2%n), (2 + n~(-1))

"‘n*Hypergeometric2F1 [1, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*x~(2%n))/a)]))
)/ (a*ck(1 + n))

/2, -((c*x™(2%n))/a)] + ex(axex(3*d*(1 + n) + exx™n) + (3kc*d™2 - axe™2)*x |

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.00,

number of rules _ 095 Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1755, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(d + ex™)?
a+ cx?n
l 1755
/ z"(3cd?e — ae®) — 3ade? + cd®  3de? 3"
+ dz
c(a+ cx?m) c c

l 2009
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ex™+!(3cd? — ae?) Hypergeometric2F1 (1 ntl 1(3+1), —“—Zn)

Y 2n 02 a "
ac(n+1)
dz(cd? — 3ae®) Hypergeometric2F1 (1, >, 32+ 1), —%) 3de2r 3zl
ac c + c(n+1)
input tInt [(d + e*x™n)"3/(a + c*x~(2%n)),x] J

t‘((3*d*e"2*x)/c + (e73*%x"(1 + n))/(c*(1 + n)) + (d*(c*d™2 - 3*axe”2)x*x*xHyper
‘geometric2F1 [1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/(a*xc) + (e*x(3x%
‘c*d“2 - axe”2)*x~ (1 + n)*Hypergeometric2F1[1, (1 + n)/(2*n), (3 + n~(-1))/
2, -((c*x~(2*n))/a)])/(a*xc*(1 + n))

N\ J

N
outpu
|

Defintions of rubi rules used

rule 1755‘Int[((d_) + (e_)*(x)" (@ ))"(q)/((a) + (c_.)*(x_)"(n2_)), x_Symbol] :> I ‘
‘nt [ExpandIntegrand[(d + e*x"n)"q/(a + c*x~(2*n)), x], x] /; FreeQ[{a, c, d, ‘
‘ e, n}, x] && EqQ[n2, 2*n] && NeQ[c*d"2 + axe”2, 0] && IntegerQ[q] ‘

rule 2009 LInt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J
Maple [F]
n 3
(d+ezx™) i
a+cx?
input Lint ((d+e*x"n) "3/ (a+c*x~(2*n)),x) J

output ‘ int ((d+e*x"n) ~3/(a+c*x~(2*n)),x) ‘
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Fricas [F]
d n\3 n d 3
/ (d+ex)” , _ [lez"+d)]
[0 + C.’I?Z” cx2'n, + a
input Lintegrate ((d+e*x"n) ~3/(a+c*x~(2*n)) ,x, algorithm="fricas") J

output‘ integral((e~3*x~(3*n) + 3*d*e”2xx~(2*n) + 3*d"2*exx"n + d~3)/(c*x”~(2*n) +

‘a,x)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 4.49 (sec) , antiderivative size = 466, normalized size of antiderivative = 3.30

1 cz2nelm 1 1
e, sbe (= )1
a + cx?n - 4n2T (1 + —)
.\ 3073 2ma? +2ne3x3”+1<1><c’” <, L3+ 2n> (3 +3)
4nl (5 + 2)
X a i dalthelrm e (22 14 L)T(3+ 4)
4T (3+ 1)
. 3073 daithder 1022 1,1+ L)T(3 + 2)
4nl (3 + L)
3073 daithder™ 0= 1,1+ L) T(3 + 2)

input Lintegrate ((d+e*x**n) **3/ (a+ckx**(2*n)) ,x)
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ax*(1/(2*n) ) *ax* (-1 - 1/(2%n))*d**3*x*xlerchphi (ckx** (2+n)*exp_polar (I*pi)/
a, 1, 1/(2%n))*gamma(1/(2*n))/(4xn**2xgamma(1l + 1/(2%n))) + 3*ax*(-5/2 - 1
/(2*n))*a**(3/2 + 1/(2*n))*e**3*x**(3*n + 1)*lerchphi (cxx**(2*n)*exp_polar
(I*pi)/a, 1, 3/2 + 1/(2*n))*gamma(3/2 + 1/(2*n))/(4*n*gamma(5/2 + 1/(2*n))
) + ax*(-5/2 - 1/(2%n))*ax*(3/2 + 1/(2*n))*e**3*x**(3*n + 1)*lerchphi (c*xx*
*(2*n) *exp_polar(Ixpi)/a, 1, 3/2 + 1/(2*n))*gamma(3/2 + 1/(2*n))/(4*n**2x*g
amma(5/2 + 1/(2*n))) + 3*a*x(-3/2 - 1/(2*n))*a*x(1/2 + 1/(2%n))*d**2ke*xx**
(n + 1)*lerchphi (c*x**(2*n)*exp_polar(I*pi)/a, 1, 1/2 + 1/(2+%n))*gamma(1/2
+ 1/(2*n))/(4*n*gamma(3/2 + 1/(2%n))) + 3*a*x(-3/2 - 1/(2*n))*a*x(1/2 + 1
/(2xn) ) *d**2*exx**(n + 1)*lerchphi (c*x**(2*n)*exp_polar(I*pi)/a, 1, 1/2 +

1/(2*n) )*gamma (1/2 + 1/(2#n))/(4*n**2xgamma (3/2 + 1/(2*n))) - 3*xa**x(1 + 1/
(2#n) ) kcx*x (1/(2#n) )kcx* (-1 - 1/(2+%n))*d*e**2xx*lerchphi (a*xexp_polar (I*pi)/
(c*x*x*x(2*n)), 1, exp_polar(I*pi)/(2+n))*gamma(1/(2+n))/(4*a*a**(1/(2%n))+*n
**2xgamma (1 + 1/(2x*n)))

output

Maxima [F]

(d + ex™)? (ex” + d)*
/[—————————-dx u/n—————————dx

a + cx? cx’™ 4 a

integrate((d+e*x"n) "3/ (atc*x~(2*n)),x, algorithm="maxima")

inputt

Output‘(s*d*e‘2*(n + 1)*x + e"3xx*x"n)/(cx(n + 1)) - integrate(-(cxd~3 - 3xaxd*e”
‘2 + (3*cxd"2*xe - a*e~3)*x"n)/(c”2*xx~(2*n) + a*c), x)

Giac [F]
n 3 mn 3
[Urer [l
a + C.'L'zn chn _|_ a
inputLintegrate((d+e*x‘n)A3/(a+c*x‘(2*n)),x, algorithm="giac") J

output‘integrate((e*x”n + d)~3/(cxx~(2*n) + a), x) J
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Mupad [F(-1)]

Timed out.
n\3 n\3
[ty @iy,
a -+ C.Z'zn a+ CxZn
input 10EC(d + e¥x™0)73/(a + cxx”(2¥m)) %) ]

-

Lint((d + exx"n)"3/(a + cxx~(2*n)), x)

N

output

Reduce [F]

n\3
(d+ez™) I
a+ cx?"

% ([ i) adn = ([ iggds) a6 +3() péiggds) edfen + 3(J ide) ode ~3() o
) c(n+
input Lint ((d+e*x~n) "3/ (a+c*x~(2*n)) ,x) J

(x**nkex*3xx - int (x**n/(x**(2*n)*c + a),x)*akxex*3*n - int (x**n/ (x**(2*n)*
c + a),x)*axe*x*3 + 3kint (xk*n/(x**(2¥n)*c + a),x)*ckd*+*2*exn + 3xint (x**n/
(x**(2%n) *c + a),x)*ckd**2ke - 3%int(1/(x**(2*n)*c + a),x)*akdkex*2%n - 3%
int (1/ (x** (2%n)*c + a),x)*akdkex*2 + int(1/(x**(2%n)*c + a),x)*cxd**k3*n +
int (1/(x**(2*%n) *c + a),x)*cxd**3 + Jkd*ex*2kn*x + 3*xd*e**2*x)/(c*x(n + 1))

output
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3.27 | (@rer)” 1o

a+cz?n
Optimal result . . . . . . . . . . . ..
Mathematica [A] (verified) . . . . . . . . . ... 2261
Rubi [A] (verified) . . . . . . . .. . 227
Maple [F] . . . . o 228
Fricas [F] . . . . . . 228]
Sympy [C] (verification not implemented) . . . ... ... ... ... ..... 229
Maxima [F] . . . . . . 229
Giac [F] . . . o o 230
Mupad [F(-1)] . . . 230
Reduce [F] . . . . . o 2301

Optimal result

Integrand size = 21, antiderivative size = 107

a + cx-m c ac

/ (d+ ex™)? o2y  (cd® — ae®) x Hypergeometric2F1 <1, = 1(2+2), —%)

n : n szn
2dex't" Hypergeometric2F1 (1, e 2341, _T)

+ a(l+n)

e

e~ 2xx/c+(-axe”2+c*d"2) *x*xhypergeom([1, 1/2/n],[1+1/2/n],-c*x~(2*n)/a)/a/c+

tput
ourpt ‘2*d*e*x‘(1+n)*hypergeom([1, 1/2*(1+n)/n], [3/2+1/2/n] ,-c*x~ (2*n) /a) /a/(1+n)

Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.00

S—dr=— +
a + cxm C ac

/ (d + ez™)? ek (cd? — ae?) r Hypergeometric2F1 <1, 32+ 1), —%)

2dex'*™ Hypergeometric2F1 (1 Lin 1(3+1), _“2">

) 2n 7 2 a

* o(l+n)

inputtlntegrate[(d + exx"n)"2/(a + c*x~(2*n)),x]
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t‘ (e™2xx)/c + ((c*d"2 - axe”2)*xxHypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/ ‘

outpu
‘2, -((c*x~(2*n))/a)])/(a*xc) + (2xd*e*x~(1 + n)*Hypergeometric2F1[1, (1 + n
)/(2#m), (3 + 0~ (-1))/2, -((c*x"(2%n))/a)])/(a*(1 + n)) |
Rubi [A] (verified)
Time = 0.28 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Bumber of rules _ 4 95 Ryjes
integrand size
used = {1755, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
n\2
j[(d—ker) dx
a + cx“m
| 1755
ae? 2 no 2
/ ae” + cd” + 2cdex + €\ de
c(a+ cx?) c
| 2009
:1c(cd2 - aeQ) Hypergeometric2F1 <1, %, %(2 + %) ,—“T%>
ac , +
2dex™ ! Hypergeometric2F1 (1, ntl 1(3+1), —C‘CT> . ezl
a(n+1) c
inpudxnt[(d + e*x"n)~2/(a + c*x~(2%n)),x] J
output‘(eA2*X)/c + ((c*d™2 - axe”2)*x*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/

2, —=((c*x~(2*n))/a)])/(a*c) + (2*d*exx~ (1 + n)*Hypergeometric2F1i[1, (1 + n ‘
)/(2%n), (3 + n~(-1))/2, -((c*x~(2*n))/a)])/(ax(1 + n))

N J
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Defintions of rubi rules used

e 1755 IELC(AD) + (e_)*(x))"(@))7(q)/((al) + (c_.)*(x)"(n2))), x_Symboll :> I
nt [ExpandIntegrand[(d + e*x™n)"q/(a + c*x~(2*n)), x]1, x] /; FreeQ[{a, c, d,
‘ e, n}, x] & EqQ[n2, 2*n] && NeQ[c*d"2 + a*e”2, 0] && IntegerQ[ql ‘

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J
Maple [F]
n\2
/ (d+ezx™) e
a+cz
input Lint ((d+exx"n) "2/ (a+c*x~(2%n)) ,x) J
output Lint ((d+e*x"n) "2/ (at+c*x~(2*n)) ,x) J
Fricas [F|

n\2 n 2
/(d—i—e:c) dr — (ex™ +d) s

a + cx?n cx?m™ +a

input Lintegrate ((d+e*x"n) "2/ (at+c*x~(2*n)) ,x, algorithm="fricas") J

outputLintegral((e?*X‘(Z*n) + 2kdxexx™n + d72)/(c*x~(2*n) + a), x) J
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 3.10 (sec) , antiderivative size = 296, normalized size of antiderivative = 2.77

[y, ot Pad (=51, T(3)

a+czr 4n?T (14 1)
a"2 a *+2ndex”+1<1>(cx N ) (3 + )
+ 2nl (3 + )
a3 a3 2ndex"+1¢>(“ e 1, % + —n> F(% + %)
+ 2n21"( )

1 1 1 —2n
a"2maltmemcTme x@( .1, §n> L(5)

4an?T’ (1 + %)

§
input Llntegrate ((d+exxk#n) *x2/ (a+ckx**(2*n)) ,x)

~—

ax*(1/(2xn) ) *ax* (-1 - 1/(2+n))*d**2*x*xLlerchphi (ckx** (2+n)*exp_polar (I*pi)/
a, 1, 1/(2*n))*gamma(1/(2*n))/(4*n**2*gamma (1 + 1/(2*n))) + a*x(-3/2 - 1/(
2#n))*ax*(1/2 + 1/(2*n))*d*e*x**(n + 1)*lerchphi (cxx**(2*n)*exp_polar (I*pi
)Y/a, 1, 1/2 + 1/(2*n))*gamma(1/2 + 1/(2*n))/(2*n*gamma(3/2 + 1/(2*n))) + a
*x(-3/2 - 1/(2#n))*a**(1/2 + 1/(2*n))*d*exx**x(n + 1)*1lerchphi (cxx**(2+n)*e
xp_polar(I*pi)/a, 1, 1/2 + 1/(2*n))*gamma(1/2 + 1/(2%n))/(2*n**2*gamma (3/2
+ 1/(2%n))) - ax*(1 + 1/(2*n))*c**x(1/(2*n))*cx*(-1 - 1/(2*n))*e**2*x*lerc
hphi (a*exp_polar(I*pi)/(cxx**(2*n)), 1, exp_polar(I*pi)/(2+#n))*gamma(1l/(2x*
n) )/ (4*xaxa**(1/(2*n) ) *n**2xgamma (1 + 1/(2*n)))

output

Maxima [F]

/ (d + ex™)? dr — / (ex™ + d)? i
a+cx ) cx®"+a

p
input Lintegrate ((d+e*x"n) "2/ (a+c*x~(2*n)),x, algorithm="maxima")

| —
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output Le“2*x/c + integrate((2kcxd*e*x™n + c*d”"2 - a*e~2)/(c~2*x~(2%n) + a*c), x) J
Giac [F]
(d + ex™)? (ex™ + d)?
CEL) = [ TD 4y
a + C$2n C$2n + a
inputLintegrate((d+e*x‘n)‘2/(a+c*x‘(2*n)),x, algorithm="giac") J
Outputtintegrate((e*x‘n + d)~2/(cxx”(2%n) + a), x) J

Mupad [F(-1)]

Timed out.
n\2 n\2
/(d+er) do — (d+ezx™) e
a + C.’L'2n a _|_ Cx2"’
inputLint((d + exx"n)"2/(a + c*x~(2%n)),x) J
output Lint((d + exx"n)"2/(a + c*xx~(2%n)), x) J
Reduce [F]
d n)2 2n n 1
MCW: / T dz)er42 / T dr)de+ / dz | d?
a+ cz?" z?nc+a z2nc+a r2nc+a
inputLint((d+e*xAn)A2/(a+C*XA(2*n))sX) J
Output‘int(x**(2*n)/(x**(2*n)*c + a),x)*ex*x2 + 2xint (x**n/ (x**(2*n)*c + a),x)*d*e

\ + int (1/ (x**(2*n)*c + a),x)*d**2 \
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3.28

Optimal result

d+ex"™
a+cxn dx

Mathematica [A] (verified)
Rubi [A] (verified)
Maple [F]
Fricas [F]

Sympy [C] (verification not implemented)
Maxima [F]

Giac [F]

Mupad [F(-1)]
Reduce [F]

Optimal result

Integrand size = 19, antiderivative size = 83

/

d + ez™ dx Hypergeometric2F'1 (1, %, %(2 + %) ,—%)
at+cam T a
ex't" Hypergeometric2F1 (1, Ln 134+ 1), —%)
+ a(l+mn)

output

‘ d*xxhypergeom([1, 1/2/n],[1+1/2/n],-c*x~(2*n)/a)/ate*x” (1+n)*hypergeom([1,
‘ 1/2%(1+n)/n], [3/2+1/2/n] ,-c*x~(2*n) /a) /a/(1+n)

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.00

/

d+ ez dx Hypergeometric2F1 (1, %, %(2 + %) , _%)
atcz a
N ex't" Hypergeometric2F1 (1, 124‘—n”, %(3 + %) , _%)
a(l + n)

input L

Integrate[(d + exx"n)/(a + c*x~(2*n)),x]
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‘ (d*x*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/a + ‘
(exx” (1 + n)#*Hypergeometric2F1[1, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*x~(2 ‘
*0))/2)1)/(a*(1 + n)) |

output

Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.00,

— 3, number of rules _ 158, Rules

number of steps used = 3, number of rules used =
integrand size

used = {1748, 778, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
d n
/ +ex iz
a+ cx?"
| 1748
1 n
¢ amratete | Gayets
| 778
" dx Hypergeometric2F1 (1, =, 2(2+1), _cmTZ” )
6/ zida: +
cx™ +a a
| 88
dx Hypergeometric2F1 (1, £ 12+ 1 cx;n>
a +
extl Hypergeometric2F1 (1, %—";Zl, % (3 + ﬁ) ’ _chQ">
a(n+1)
input LInt [(@ + exx™n)/(a + c*x”(2*n)),x] J
output | » 1/(2xn), (2 + n~(-1))/2, -((c*x"(2*n))/a)])/a + ‘

‘(e*x“(l + n)*Hypergeometric2F1[1, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*x~(2 ‘
#n))/2)1)/(a*(1 + n)) |
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Defintions of rubi rules used

rule 778 Int[((a_) + (b_)*(x_)"(n.))"(p_), x_Symbol] :> Simp[a p*x*Hypergeometric2F
il-p, 1/n, 1/n + 1, (-b)*(x"n/a)]l, x] /; FreeQl{a, b, n, p}, x] && !'IGtQlp
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQ[a, 0])

rule 8gg TtL[(e_)*(x_))"(m_)*((a) + (b_.)*(x)"(m_))"(p_), x_Symboll :> Simp[ap
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQla, 01)

rule 1748 Int[((d)) + (e_)*(x_)"(n_))/((a_) + (c_.)*(x_)"(n2_)), x_Symbol] :> Simp[d

Int[1/(a + c*x~(2*n)), x], x] + Simple Int[x"n/(a + c*x~(2*n)), x], x]
/; FreeQ[{a, c, d, e, n}, x] &% EqQ[n2, 2*n] && NeQ[c*d~2 + a*e~2, 0] && (
PosQ[a*c] || !IntegerQ[n])

Maple [F]

/d—i—ex"
—2dx
a-+cxm

-

input Lint ((d+exx™n)/(a+c*x™(2*n)) ,x)

hS J

Ou_,DputLin’c((d+e*x"n)/(a+c*x“(2*n)),x)

Fricas [F|

d+ ex™ ex" +d
de = | —————dzx
a + cx?n cx?™ +a

input Lintegrate ((d+e*x"n)/(a+c*x~(2*n)) ,x, algorithm="fricas")
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Output‘integral((e*x*n + d)/(c*x~(2*n) + a), x)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 2.37 (sec) , antiderivative size = 209, normalized size of antiderivative = 2.52

/d+6xn ] ada! “Hde® (=T, 1, LT ()

atczn T 4n?T (1+ 4)
a i daitherrto( = 1 Ly LIT(L+ L)
+ 4nT (2 + 5)
a3 amaktanegn g (e ,1,;+ L)TG+4)
* 4n?T (3 + 1)

input‘integrate((d+e*x**n)/(a+c*x**(2*n)),x)

ax*(1/(2*n))*a**(-1 - 1/(2+*n))*d*x*1lerchphi (c*x**(2+n)*exp_polar (I*pi)/a,
1, 1/(2*n))*gamma(1/(2*n))/(4*n**2*gamma(l + 1/(2*n))) + a**x(-3/2 - 1/(2*n
))xaxx(1/2 + 1/(2+*n))*exx**(n + 1)*lerchphi (c*x**(2*n)*exp_polar(I*pi)/a,
1, 1/2 + 1/(2*n))*gamma(1/2 + 1/(2*n))/(4*n*gamma(3/2 + 1/(2*n))) + a**(-3
/2 - 1/(2*n))*a**(1/2 + 1/(2#n))*e*x**x(n + 1)*Llerchphi(c*x**(2*n)*exp_pola
r(I*pi)/a, 1, 1/2 + 1/(2*n))*gamma(1/2 + 1/(2*n))/(4*n**2*gamma(3/2 + 1/(2

output

\*n)))
Maxima [F]
/ d+ ex™ dx=/ ex” +d e
a+ cx? cx?™ +a
inputLintegrate((d+e*x’"n)/(a+c*x“(2*n)),x, algorithm="maxima")

output Lintegl”ate((e*x“n + d)/(c*x~(2%n) + a), x)
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Giac [F]

d+ex" ex" +d
dr = | ———dz
a4—C$m1 cz2n4_a

inputLintegrate((d+e*x‘n)/(a+c*x*(2*n)),x, algorithm="giac")

output Lintegrate((e*x*n + d)/(c*x~(2%n) + a), x)

Mupad [F(-1)]

Timed out.

d4‘€$n d4—ex"
dr = | ———dz
a + cr?n a -+ cx2n

inputtint((d + exx"n)/(a + C*XA(Q*D)),X)

output 18E((d + exx"n)/(a + exx”(26m)), ®)

Reduce [F]

d n n 1
/ tea” / ) et / o
a + cx?n z2ne 4+ q ¢ + a

)a

input Lint ((d+e*x~n)/(at+c*x~(2*n)) ,x)

output Lint(x**n/(x**(z*n)*c + a),x)*e + int(1/(x**(2*n)*c + a),x)*d




outpu
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1

3.29 f (d+ez™)(a+cz??) dz

Optimalresult . . . . . . . . .. . . 236
Mathematica [A] (verified) . . . . . . . .. ... Lo 237
Rubi [A] (verified) . . . . . . ... .. 237
Maple [F] . . . . 238
Fricas [F] . . . . . . o 239
Sympy [F(-2)] . . .« 2391
Maxima [F] . . . . .. 239
Giac [F] . . . . o o 2400
Mupad [F(-1)] . . . oo 240
Reduce [F] . . . o . o o 240

Optimal result

Integrand size = 21, antiderivative size = 152

cdzx Hypergeometric2F'1 (1, L 1241, _ﬂ)

a

1
/ (d+ ez™) (a + cx?") de =

N e’z Hypergeometric2F1 (1,114 1 —2)

a (cd? + ae?)

ex”

d

d (cd? + ae?)

cex'*" Hypergeometric2F1 (1

14n 1
? 2n 2

B+3)

CIT
a

_a)

a(cd? + ae?) (1+n)

t‘c*d*x*hypergeom([l, 1/2/n], [1+1/2/n] ,—c*x~ (2#n) /a) /a/ (axe~2+c*d~2) +e~2*x*h

‘ ypergeom([1, 1/n],[1+1/n],-e*x"n/d)/d/(a*e”2+c*d"2)-c*e*x” (1+n)*hypergeom(
‘ [1, 1/2*x(1+n)/n], [3/2+1/2/n] ,-c*x”~(2*n)/a)/a/(a*xe”~2+c*d~2)/(1+n)
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Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 131, normalized size of antiderivative = 0.86

/ L dz
(d+ ez™) (a + cx?)
x(cd2(1 + n) Hypergeometric2F1 <1, 324 1), —“2n> + e(ae(l + n) Hypergeometric2F1 (1, £,1-

ad (cd? + ae?) (1 +n)

input‘ Integrate[1/((d + exx"n)*(a + c*x~(2%n))),x] ‘

output‘ (x*(c*d~2#(1 + n)*Hypergeometric2F1[1, 1/(2#n), (2 + n~(-1))/2, -((c*x~(2%
‘n))/a)] + ex(axe*(1 + n)*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), -((e*x"n ‘
)/d)] - cxd*x~nsHypergeometric2F1[1, (1 + n)/(2#n), (3 + n~(-1))/2, -((c*x |

~(2#n))/2)1)))/ (a*d*(c*d™2 + a*e~2)*(1 + n))

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.095, Rules

number of steps used = 2, number of rules used = 2,
used = {1755, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[ ez
(a+ ca?) (d+ex™)
l 1755

/ ((ae2 + che)z(d +exn)  (ae? —f(cilx;; (—ac-?cac%)> de
| 2009
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cex™ ! Hypergeometric2F1 (1, "2—4711, %(3 + %) ,— % )
a(n + 1) (ae? + cd?)
cdx Hypergeometric2F1 (1 L i+ %) — cx2">

13m0 2 A

_|_

a (ae? + cd?) +
e’z Hypergeometric2F1 (1, 1,1+ 1 —ez?)
d (ae? + cd?)
input LInt [1/((d + exx"n)*(a + c*x~(2*n))),x] J

output‘ (cxd*x*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/(a ‘
‘*(c*d"Q + a*e”2)) + (e"2xx*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), -((e*x ‘
‘An)/d)])/(d*(c*d'? + a*e”2)) - (c*exx~(1 + n)*Hypergeometric2F1[1, (1 + n) ‘
‘/(2*n), (3 + n~(-1))/2, -((c*x~(2*n))/a)])/(a*x(c*d"2 + a*e~2)*(1 + n)) ‘

Defintions of rubi rules used

rule 1755‘Int[((d_) + (e_)*x(x_)"(m_))"(q)/((a) + (c_.)*(x_)"(n2_)), x_Symbol] :> I ‘
‘nt [ExpandIntegrand[(d + e*xx"n)"q/(a + c*x~(2*n)), x], x] /; FreeQ[{a, c, d, ‘
e, n}, x] & EqQ[n2, 2#n] && NeQ[c*d™2 + a*e™2, 0] && IntegerQlq] |

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

Maple [F]

1
/ (d+ezx™) (a+ chn)dx

input Lint (1/(d+e*x"n)/(a+c*x~(2*n)) ,x) J

output Lint (1/(d+e*x"n) /(a+c*x™(2%n)) ,x) J




CHAPTER 3. LISTING OF INTEGRALS

239

Fricas [F]

(d+ezn) (a+cx2) | (cx?™+ a)(ex™ + d)

inputLintegrate(1/(d+e*x‘n)/(a+c*x‘(2*n)),x, algorithm="fricas")

OutputLintegral(l/(a*e*x“n + axd + (c*e*x™n + c*d)*x~(2%n)), x)

Sympy [F(-2)]

Exception generated.

1
/ dx = Exception raised: HeuristicGCDFailed

(d+ ex™) (a + cz?™)

inputLintegrate(1/(d+e*x**n)/(a+c*x**(2*n))’x)

LException raised: HeuristicGCDFailed >> no luck
output

Maxima [F]

: dr = / ! dz
(d+ex™) (@a+cx?) ) (cx®™ + a)(ex™ + d)

inputLintegrate(1/(d+e*x‘n)/(a+c*x“(2*n)),x, algorithm="maxima")

OutputLintegrate(l/((c*x“(Q*n) + a)x(e*xx™n + d)), x)
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Giac [F]

(d+exm) (a+ca?) ) (ca?"+ a)(ex™ + d)

input Lintegrate (1/(d+e*x~n)/(a+c*x~(2%n)) ,x, algorithm="giac")

OutputLintegrate(l/((c*x“(Q*n) + a)x(e*xx™n + d)), x)

Mupad [F(-1)]

Timed out.

1 1
/(d—i—ea:")(a-i—cx?") dw:/(a—i—cx%) (d+ez) dz

inpu’ctim"(l/((a + cxx7(2xn))*(d + e*x™n)),x)

outputtint(l/((a + c*x~(2*n))*(d + e*x"n)), x)

Reduce [F]

/ = dr = / = dz
(d+ex) (a+cx?) ) a3nce+ x?rcd + zmae + ad

inputLint(1/(d+e*xﬁn)/(a+c*xﬁ(2*n)),X)

outputtiﬂt(l/(X**(S*n)*c*e + xkx(2%n) *ckd + Xkknkake + axd),x)




output
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3.30

Optimalresult . . . ... ... ... ... ... ... .....
Mathematica [A] (verified) . . . . . . ... ... ...
Rubi [A] (verified) . . ... ... .. ... ..
Maple [F] . . . . . . o
Fricas [F] . . . . . . .
Sympy [F(-2)] . . .«
Maxima [F] . . .. ... ..
Giac [F] . . . . . o
Mupad [F(-1)] . . . . .
Reduce [F] . . ... . ... .

Optimal result

Integrand size = 21, antiderivative size = 224

/ 1
5 dz
(d+ ezx™)” (a + cx?)
e2x
d (cd? + ae?) n (d + ex™)
c(cd? — ae?) z Hypergeometric2F1 (1, > 3(2+1),—

_|_

......... 241]
......... 242
......... 242
......... 243
......... 2441
......... 2441
......... 2441
......... 240
......... 249
......... 245

CxZn
a

a (cd? + ae?)?

€*(cd*(1 — 3n) + ae*(1 — n)) z Hypergeometric2F1 (1,

1 1 ex”
oL =)

d? (cd? + ae?)’ n

2

n : 1+n 1 1 cx“"
2cdex'*t" Hypergeometric2F1 (1, Ln 234+ 1) ,——)

a

a (cd? + ae?)® (1 +n)

e~ 2+x/d/ (a*e~2+cxd"2) /n/ (d+e*x"n) +c* (-a*e~2+c*d~2) *x*xhypergeom([1, 1/2/n],
[1+1/2/n] ,-c*x~ (2*n) /a) /a/ (a*xe”2+c*d"2) "2-e~2*% (c*xd~2* (1-3*n) +a*e 2% (1-n) ) *
xxhypergeom([1, 1/n],[1+1/n],-e*x"n/d)/d~2/(a*xe 2+c*d"2) “2/n-2*c”~2*d*e*x" (
1+n)*hypergeom([1, 1/2*(1+n)/n], [3/2+1/2/n],-c*x”~(2*n)/a)/a/(a*xe”2+c*xd~2)"

2/ (14n)
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Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 186, normalized size of antiderivative = 0.83

1
5 dx
(d+exn)” (a+ cz?™)
av(cdz(cd2 — ae?) (1 + n) Hypergeometric2F1 (1, = 3(2+1), —“2n> + e<2acd26(1 + n) Hypergeome

a

input Integrate[1/((d + exx™n)~2%(a + c*x~(2%n))),x]

(x*(c*d"2*%(c*d"2 - a*e”2)*(1 + n)*Hypergeometric2F1[1, 1/(2%n), (2 + n~(-1
))/2, -((c*x~(2*n))/a)] + e*(2*axc*d"2*ex(1l + n)*Hypergeometric2F1[1, n~ (-
1), 1 +n7(-1), -((exx"n)/d)] - 2*c~2*d~3*x"n*Hypergeometric2F1[1, (1 + n)
/(2*n), (3 + n~(-1))/2, -((c*x~(2%n))/a)] + axex(cxd"2 + a*e”2)*(1 + n)x*Hy
pergeometric2F1[2, n~(-1), 1 + n~(-1), -((exx™n)/d)])))/(a*(c*d"3 + axd*e”
2)72%(1 + n))

output

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 205, normalized size of antiderivative = 0.92,

number of rules __
integrand size 0.095, Rules

number of steps used = 2, number of rules used = 2,
used = {1755, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
u/‘ 1 5 dT
(@ + cz?) (d + ex™)
| 1755
/ 2cde? N e? c(ae? — cd® + 2cdex™) p
- T
(ae? 4 cd?)? (d +ex™)  (ae? + cd?) (d+ exn)® (a2 + cd?)? (a + ca??)

l 2009
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a(n + 1) (ae? + cd?)?
cz(cd? — ae?) Hypergeometric2F1 <1, > 3(24+1), -
a (ae? + cd?)®
2ce?z Hypergeometric2F1 (1,1,1 4+ 1 —e2%) N e?z Hypergeometric2F1 (2, 1,1+ 1 —e2)

(ae? + cd?)? d? (ae? + cd?)

2c2dex™ ! Hypergeometric2F1 (1, ntl 23+1),- c””;n)

input \Int [1/((d + e*x~n)"2%(a + c*xx~(2*n))),x]

(cx(cxd™2 - axe”2)*xxHypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~
(2#n))/a)])/(ax(c*d™2 + a*e”™2)72) + (2*c*e”2xx*Hypergeometric2F1[1, n~(-1)
» 1 +n7(-1), -((exx"n)/d)])/(c*d"2 + a*e”2)~"2 - (2%c"2*d*exx~ (1 + n)=*Hype
rgeometric2F1[1, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*x~(2*n))/a)])/(ax(c*xd
2 + a*e”2)"2x(1 + n)) + (e"2*xxHypergeometric2F1[2, n~(-1), 1 + n~(-1), -
((exx"n)/d)1)/(d"2%(c*d"2 + a*e™2))

output

Defintions of rubi rules used

e 1755 IRELC(AD) + (e_)*(x))"(@))7(q)/((a)) + (c_.)*(x)"(n2))), x_Symboll :> I
‘nt [ExpandIntegrand[(d + e*x"n)~q/(a + c*x~(2*n)), x], x] /; FreeQ[{a, c, d, ‘
‘ e, n}, x] & EqQ[n2, 2*n] && NeQ[c*d~2 + a*e™2, 0] && IntegerQ[q] ‘

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

e—

Maple [F]

/ ! dx
(d+ exn)? (a+ cx?)

input Lint (1/(d+e*x"n) "2/ (a+c*x~(2%n)) ,x) J

output ‘ int (1/(d+e*x"n) "2/ (a+c*x”(2*n)) ,x) J
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Fricas [F]

/ ! dx = / ! dz
(d+ex™)’ (a+cz?) ) (cz® +a)(ez” + d)*

-

inputLintegrate(1/(d+e*XAn)A2/(a+C*X“(2*n)),x, algorithm="fricas")

A J

output‘ integral(1/(axe”2*x~ (2*n) + 2*axd*e*x™n + a*d™2 + (cxe”2*x~(2*n) + 2xcxd*e
‘*x‘n + c*d"2)*x~(2*n)), x)

Sympy [F(-2)]

Exception generated.

1
/ 3 dx = Exception raised: HeuristicGCDFailed
(d+ ezx™)” (a + cz?)

input‘integrate(1/(d+e*x**n)**2/(a+c*x**(2*n))’x)

LException raised: HeuristicGCDFailed >> no luck
output

Maxima [F]

/ ! dr = / ! dz
(d+ex")? (a+cz?) ) (cz®™ + a)(ez” + d)®

inputtintegrate(l/(d+e*xﬁn)A2/(a+C*X“(2*n)),X, algorithm="maxima")

e~ 2*x/(cxd"4*n + a*d"2*e”2*n + (c*d"3*e*n + axd*e”3*n)*x"n) + (cxd"2*xe 2% (
3*xn - 1) + a*e"4x(n - 1))*integrate(1/(c”2*%d"6*n + 2%a*ckd~4*e”2*n + a~2*d
“2%e~4*n + (cT2xd"B*e*n + 2*kakxc*d"3xe”~3*n + a~2*xd*e~5*n)*x"n), x) - integr
ate((2xc™2*d*e*x"n - c”2*d"2 + a*xcxe”2)/(axc”2*d"4 + 2*a~2*cxd"2*e”2 + a”3
xe~4 + (c™3%d"4 + 2xaxc”2+xd"2%e”2 + a~2%c*xe~4)*x~(2*n)), x)

output
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Giac [F]

(d + 6$")2 (a + C.’L'zn) (Cx2’l‘b + a) (exn + d)2

input tintegrate (1/ (d+e*XAn) A2/ (a+C*XA (2*11) ) ,X, algorithm="giac ||)

output Lintegrate(l/((C*x“@*n) + a)x(exx™n + d)~2), x)

Mupad [F(-1)]

Timed out.

dr =

/ (d+ exn)21(a + cz?) / (a+ cxzn)l(d T dx

input Lint(l/((a + c*xx~(2%n))*(d + e*x"n)"2),x)

outputtint(l/((a + c*x~(2*n))*(d + e*x"n)"2), x)

Reduce [F]

/ ! dx
(d+ ezn)? (a + cx?n)

1
= dx
/ z4rce? + 2x3"cde + r2"a e? + x2"cd? + 2x"ade + a d?

input Lint (1/(d+e*x"n) "2/ (a+c*x~(2%n)) ,x)

output
‘**2 + 2xx*x*n*akxdxe + axd**2),x)

‘int(l/(x**(4*n)*c*e**2 + 2xxkk (3*n)kckdxe + x*x(2%n)*ake**x2 + x**(2%n)*cxd \




output
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3.31 der
a— cxzn

Optimal result . . . . . . . . . . . . e 246
Mathematica [A] (verified) . . . . . . . . . . ... o o 2761
Rubi [A] (verified) . . . . . . . . . 247
Maple [F] . . . o o
Fricas [F] . . . . . . o 248
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 2491
Maxima [F] . . . . . . 249
Giac [F] . . . o o 2501
Mupad [F(-1)] . . . o o 2501
Reduce [F] . . . . . o 2501

Optimal result

Integrand size = 20, antiderivative size = 81

/

d+ex”

a — cx?r

xTr =

dz Hypergeometric2F'1 (1, %, %(2 + %) , %)

a

.\ ez'*" Hypergeometric2F1 (1, Hn 234+ 1)

cz2n
)

a

a(l+n)

‘d*x*hypergeom([l, 1/2/n], [1+1/2/n] ,c*x~(2%n) /a) /a+e*x™ (1+n) *hypergeom([1,
‘ 1/2%(14n)/n], [3/2+1/2/n] ,c*x~ (2#n) /a) /a/(1+n)

Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.00

/

d+ ex"”

a — cx?n

dz Hypergeometric2F'1 (1, L 1(2+1), cw2n>

a

a
ex'T" Hypergeometric2F1 (1 Ln 1(34+1),¢

=)

+ a(l+n)

inputt

Integrate[(d + exx"n)/(a - c*x~(2*n)),x]




CHAPTER 3. LISTING OF INTEGRALS 247

‘ (d*x*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, (c*xx~(2*n))/al)/a + (ex ‘
x~(1 + n)*Hypergeometric2F1[1, (1 + n)/(2*n), (3 + n~(-1))/2, (c*x~(2*n))/ ‘
aD)/@x( + m) |

output

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 3, Bumber of rules _ 15, Ryjes
integrand size

used = {1748, 778, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
d n
/ dtea”
a — cx<"
l 1748
1 o
d/ a—cgm®Te / a_
| 778
" dz Hypergeometric2F1 (1, ﬁ, %(2 + %) ’ %)
a—cx a
| ss8
1 2n
dz Hypergeometric2F1 (1, i, %(2 + %) , e ) .
: 2
ex™ 1 Hypergeometric2F1 (1, "2—’;1, %(3 + %) 7 %)
a(n+1)
input LInt[(d + exx™n)/(a - c*x”(2*n)),x] J

e B

(d*x*Hypergeometric2F1[1, 1/(2*%n), (2 + n~(-1))/2, (c*x~(2*n))/al)/a + (ex*
‘x"(l + n)*Hypergeometric2F1[1, (1 + n)/(2*n), (3 + n~(-1))/2, (c*x~(2*n))/ ‘
a)/(ax(1 + ) |

output
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Defintions of rubi rules used

rule 778 Int[((a_) + (b_)*(x_)"(n.))"(p_), x_Symbol] :> Simp[a p*x*Hypergeometric2F
il-p, 1/n, 1/n + 1, (-b)*(x"n/a)]l, x] /; FreeQl{a, b, n, p}, x] && !'IGtQlp
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[1/n + p], 0] && (IntegerQlp] ||
GtQ[a, 0])

rule 8gg TtL[(e_)*(x_))"(m_)*((a) + (b_.)*(x)"(m_))"(p_), x_Symboll :> Simp[ap
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQla, 01)

rule 1748 Int[((d)) + (e_)*(x_)"(n_))/((a_) + (c_.)*(x_)"(n2_)), x_Symbol] :> Simp[d

Int[1/(a + c*x~(2*n)), x], x] + Simple Int[x"n/(a + c*x~(2*n)), x], x]
/; FreeQ[{a, c, d, e, n}, x] &% EqQ[n2, 2*n] && NeQ[c*d~2 + a*e~2, 0] && (
PosQ[a*c] || !IntegerQ[n])

Maple [F]

d+ex™
—2ndm
a—cz

-

inputLint((d+e*x"n)/(a—c*x‘(2*n)),x)

hS J

Ou_,DputLin’c((d+e*x"n)/(a—c*x“(2*n)),x)

Fricas [F|

/d—i—ew” dm—/ ew”+ddx
a—cr cx’™ —a

jnputLintegrate((d+e*Xﬁn)/(a-c*x“(2*n)),X, algorithm="fricas")
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output‘ integral(-(e*x™n + d)/(c*x~(2*n) - a), x)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 2.40 (sec) , antiderivative size = 214, normalized size of antiderivative = 2.64

1 cm2n6217r 1 1
d+ ex” amna” %dz@( Jq%>rfg)
a—cx 4n2T (1 + )
. a‘%‘zia%%ew”“@(“iem, 1,5+ %) (5 + )
1
) a_%_ia%%ex”“@(“%m, 1,5+ %) (3 + )

4nT (3 + L)

input integrate((d+e*x+*n)/(a-chx+*(2+n)) ,x)

ax*(1/(2*n))*a**(-1 - 1/(2+*n))*d*x*lerchphi (cxx**(2+n)*exp_polar(2*I*pi)/a
» 1, 1/(2%n))*gamma(1/(2*n))/(4*n*x*2xgamma(l + 1/(2*n))) + a**(-3/2 - 1/(2
*n) ) *xa*x(1/2 + 1/(2*n) ) *exx**(n + 1)*lerchphi (c*x**(2*n)*exp_polar (2*I*pi)
/a, 1, 1/2 + 1/(2*n))*gamma(1/2 + 1/(2*n))/(4*n*xgamma(3/2 + 1/(2*n))) + ax
*x(-3/2 - 1/(2*n))*a**x(1/2 + 1/(2*n))*e*x**(n + 1)*lerchphi (c*x**(2*n)*exp_
polar(2*Ixpi)/a, 1, 1/2 + 1/(2*n))*gamma(1/2 + 1/(2*n))/(4*n**2*gamma (3/2

+ 1/(2*n)))

output

Maxima [F]
/ d—i_—ex:dx = / —M dx
a— cz®" cx?™ —a
input Lintegrate ((d+e*x"n)/(a-c*x~(2*n)) ,x, algorithm="maxima") J
OutputL—integrate((e*x“n + d)/(c*x~(2*n) - a), x) J
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Giac [F]

/d—l—ex" x—/ ex”+ddx
a—cz cr?™ —a

Lintegrate ((d+e*x"n)/(a-c*x~(2*n)) ,x, algorithm="giac")

input

output Lintegrate(—(e*x*n + d)/(c*xx~(2*n) - a), x)

Mupad [F(-1)]

Timed out.

input Lin‘t((d + e*x"n)/(a - c*x~(2%n)),x)

output 18E((d + exx"n)/(a - exx”(2:m)), ®)

Reduce [F]

/d—l—ez dr = — / ad dz | e — / 1 dz | d
a — cxn 2ne — @ 22" —a

iIlpllt Lint ((d+e*x"n)/(a-c*x~(2*n)) ,X)

outputt - (int(x**n/(x**(2*n)*c - a),x)*e + int(1/(x**(2*n)*c - a),x)*d)
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3.32 [ & g,

(a—l—ch”)
Optimal result . . . . . . . . . . e 251]
Mathematica [A] (verified) . . . . . . . . . . ... 2521
Rubi [A] (verified) . . . .. . . ... .. 252
Maple [F] . . . . 257
Fricas [F] . . . . . o o 257
Sympy [F] . . . o 257
Maxima [F] . . . . . . 2551
Giac [F] . . . . o o 255
Mupad [F(-1)] . . . o o 255
Reduce [F] . . . . . o 250

Optimal result

Integrand size = 21, antiderivative size = 210

/ (d+ ex™)? s

(a + caxn)?
__3de’z ezttt p(d+ ex)?
2acn 2acn 2an(a+ cx®)
d(3ae? — cd*(1 — 2n)) z Hypergeometric2F1 <1, 32+ 1), —%)
+ 2a%cn

2n

e(3cd*(1 — n) — ae*(1 + n)) z'*" Hypergeometric2F1 (1, L 23+ 1), —%)
2a%cn(1+n)

output ‘ -3/2*d*e"2xx/a/c/n-1/2xe”~3*x~ (1+n) /a/c/n+1/2xx* (d+e*x"n) “3/a/n/ (atc*x”~ (2*n ‘
‘ ))+1/2xd* (3*xaxe~2-c*d~2* (1-2*n) ) *x*hypergeom([1, 1/2/n], [1+1/2/n],-c*x~ (2% ‘
\ n)/a)/a"~2/c/n-1/2%ex(3xcxd~2* (1-n) -a*xe~2% (1+n) ) *x~ (1+n) *hypergeom([1, 1/2% ‘
(14n)/n], [3/2+1/2/n] ,-c*x™ (2%n) /a) /a~2/c/n/ (1+n) |
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Mathematica [A] (verified)

Time = 0.50 (sec) , antiderivative size = 188, normalized size of antiderivative = 0.90

(d+ ex™)?
(a4 caz?r)®

n 827 Hypergeometric2F1 (1,140 1 (34.1) _ca®®
x(?)ade? Hypergeometric2F'1 (1, L 1241 7_%) . 2@ Hypergeometric 1+El 22,1 (3+2),—=") ¢ d(e

input ‘\VIntegrate[(d + exx"n)"3/(a + c*x~(2*n))~2,x]

(x* (3*xaxd*e~2+Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/
a)] + (axe”3*x"nxHypergeometric2F1[1, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*
x~(2*n))/a)])/(1 + n) + dx(cxd~2 - 3*axe~2)*Hypergeometric2F1[2, 1/(2*n),

(2 + n7(-1))/2, -((c*x”(2%n))/a)] + (e*(3*c*d"2 - a*e”2)*x n*Hypergeometri
c2F1[2, (1 + n)/(2*n), (3 + n7(-1))/2, -((c*x~(2*n))/a)])/(1 + n)))/(a~2*c
)

output

Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 288, normalized size of antiderivative = 1.37,

number of rules __
integrand size 0.095, Rules

number of steps used = 2, number of rules used = 2,
used = {1767, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(d + ex™)?
(a + cz?n)?

l 1767

/ 2" (3cd’e — ae®) — 3ade® + cd®  €2(3d + ex™)
¢ (a + czn)? c(a+ ca?)

l 2009
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2

e(1 — n)z"*!(3cd? — ae?) Hypergeometric2F1 (1, ntl 23+ 1), —%)
2a2cn(n+1)
d(1 — 2n)z(cd? — 3ae?) Hypergeometric2F1 (1, =, 5(2+1), —cwzn)

a

2a2cn + ,
z(ez™ (3cd? — ae?) + d(cd? — 3ae?)) . 3de?x Hypergeometric2F1 (1, = 5(2+2), —%)
2acn (a + cz?m) ac
e3z" 1 Hypergeometric2F1 (1, ntl 1(3+1), _chQ")
ac(n +1)

e

inputpm;[(d + exx"n)"3/(a + c*x~(2%n))"~2,x]

~—

(x*(d*(c*xd"2 - 3*axe”2) + e*x(3*c*kd"2 - a*e”2)*x"n))/(2*a*c*nx(a + c*x~(2*n
))) + (3xd*e~2*x*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n
))/a)1)/(a*xc) - (d*(cxd™2 - 3*axe”2)*(1 - 2*n)*x*Hypergeometric2F1[1, 1/(2
*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/(2*a"2*%c*n) + (e"3*x~(1 + n)*Hyper
geometric2F1[1, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*x~(2*n))/a)])/(axc*(1
+ n)) - (ex(3*%ckd™2 - a*e”2)*(1 - n)*x~ (1 + n)*Hypergeometric2F1[1, (1 + n
)/(2*¥n), (3 + n~(-1))/2, -((c*x~(2*n))/a)])/(2*a"2*c*n*(1 + n))

output

Defintions of rubi rules used

Int[((d_) + (e_.)*(x_)"(n_))"(q)*((a_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x"n) g*(a + c*xx~(2*n))"p, x], x] /; FreeQ[{a
, ¢, d, e, n, p, 9}, x] & EqQ[n2, 2*n] && NeQ[c*d"2 + axe”2, 0] && ((Integ
ersQlp, q] && !IntegerQ[n]) || IGtQ[p, 0] || (IGtQ[q, 0] && 'IntegerQ[nl])
)

rule 1767

rule 2009{111t fu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]
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Maple [F|
/ dtea)

(a4 cxm)?

fnput Lint ((d+e*x~n) "3/ (a+c*x~(2%n))"2,x)

output| 10T ((drexx™n) 73/ (aroxx™ (2%m))"2,x)
Fricas [F]
input Lintegrate ((d+e*x"n)~3/(at+c*x”~(2*n))"2,x, algorithm="fricas")

¢ \ integral ((e”3*x~(3*n) + 3xd*e”2+x~(2#n) + 3*d"2*e*x"n + d~3)/(c”2*x~ (4*n)

outpu
"" 2xaxc*x”(2#n) + a~2), x)

Sympy [F]
n)\3 3
[lrery g [Urer),
(a + cz?) (a + cz?)
input Lintegrate ((d+e*x**n) *x3/ (a+ckxk* (2%n) ) **2, %)

output LIntegl”al((d + exxk*n)**3/(a + cxxx*(2*n))**2, x)
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Maxima [F]
n 3 n 3
/(d+—ex)2dx:/ (ex +d)2dx
(a + cz?) (cx?™ + a)
input tintegrate ((d+e*x"n) "3/ (atc*x”~(2*n))~2,x, algorithm="maxima") J

t‘ 1/2%((3*c*xd"2*xe - a*e”~3)*x*x"n + (c*xd™3 - 3*axd*e~2)*x)/(axc”~2xn*x~(2*n) + \

outpu
| a"2xc*n) + integrate(1/2*(c*d™3%(2%n - 1) + 3*axdxe”2 + (axe™3x(n + 1) +
LB*c*d“2*e*(n - 1))*x"n)/(a*xc™2*xn*x~ (2*n) + a"2*c*n), x) J
Giac [F]

/dez/wdx

(a + cx2n)? (cz2™ 4 a)®

input Lintegrate ((d+e*x"n) "3/ (a+c*x~(2*n))~2,x, algorithm="giac") J

outputtintegrate((e*xhn + d)~3/(c*x~(2%n) + a)~2, x) J

Mupad [F(-1)]

Timed out.
n\3 3
/—(d+ex)2dx= (CZL‘I)zd{L‘
(a + cz®) (a+ca?n)
input Lint ((d + e*xx™n)"3/(a + c*x~(2*n))~2,x) J

output BE((@ + e¥x)3/(a + oox” (24m))"2, 1) J
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Reduce [F]

/ (d + ex™)®

dz = Too large to displa;
(a+ 031:2")2 & play

|int ((d+exx™n) "3/ (atckx™ (2*n))"~2,%)

\

input

(x** (2%n) *xint (x** (3*%n) / (x** (4*n) *ckx*2%n + x**(4*n)*kc**x2 + 2xx*x* (2*n)*a*xc*n
+ 2xx** (2%n) kaxc + akk2xn + a**2),x)*akckerk3knk*x2 + kxkk (2*n) kint (x** (3
*n) / (x** (4*n) *c*x*2*xn + x**(4%n)*kc*k*2 + 2xx*x* (2*n)*axckn + 2*x**(2*n)*a*xc +
ax*x2xn + a¥*2),x)*kakcker*x3*n + x¥*k(2#n)*int (xk* (3*n)/ (x** (4*n) *c**2*n + X
*k (4xn) kc*k*2 + 2xxxk (2xn)*kakckn + 2kxk*(2kn)*axc + a*x*2xn + ax*2),x)*akcke
**3 + 3kxkx (2+n) ¥int (xx* (3*n) / (x** (4*n) kck*2%n + x** (4*n)*cx*2 + 2¥x** (2%n
Yxaxckn + 2xx** (2%n)*akxc + akk2xn + a*x*2),x)*kck*kkdkk2ke¥xn*k*2 — 3kx**(2%n)
*int (x** (3%n) / (x** (4%n) *c**2*%n + xk*(4*n)*kc*k*x2 + 2xx*x*(2%n)*kakxckn + 2%kx**(
2*n) kaxc + a*xk2xn + a**2) ,x)*kckk2xd*k2kxe + 3kxkk (2*n)*kint (xokx (2%n) / (xx* (4*
n)*ck*x2%n + xkk(4*xn)kck*x2 + 2kxxkk(2%n)kakckn + 2kx*k* (2%n)*akxc + ax*2*%n + a
*%2) ,x) *kakckdkerk2xn**2 + Gxxkk (2*n)kint (x** (2*n) / (x** (4*n) kcx*x2*n + x*x*x(4
*n) kCkk2 + 2kxkok (2kn) kakckn + 2kxkk (2kn)*kakc + akk2xn + a*x*2),x)*akckdkexx
2%n + 3%x**(2*n)*int (x*k* (2%n) / (x** (4*n) *xc*x*2*n + x**(4*n)*kc**x2 + 2kx*x*(2*n
)kakxckn + 2kxkk (2kn)*kaxc + ax*2kn + a*xx2),x)*akckdkex*2 + 2#xx*(2*n)*int (x
*% (2%n) / (x*x* (4%n) *ckx*2*n + xk*k(4*n)*ck*x2 + 2%xkx (2%n)*akckn + 2%xx*x* (2%n)*a
*C + axx2xn + a*x*x2),x)*ckkkdx*x3*kn**3 + 3Ikxk* (2%n)*kint (x** (2%n) / (x** (4*n)*
ck*2%n + x*k*k(4*n)*kck*2 + kxkk (2kn)kakckn + 2kx*kk(2kn)kakc + ax*k2kn + ax*2
), X)) kckk2xAkk3knk*k2 — x*kk (2*n) *xint (x** (2*n) / (x*k*k (4*n) *ck*2*xn + x**(4*n)*c*
*2 + kxxk(2xn)kakckn + 2kxkk(2*n)*kakc + akk2kn + akx*x2),x)*kckk2kd*x*x3 + 3*x
kxnkd**k2ke*xx + int (x*k*(3*n)/(x*k* (4*n)*kc*k*x2%xn + x*k*k(4*n)*kc*k*2 + 2kx**x (2%, ..

output
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3.33 [ &< g,

(a—l—ch”)
Optimal result . . . . . . . . . . e 257
Mathematica [A] (verified) . . . . . . . . . . ... 258]
Rubi [A] (verified) . . . .. . . ... .. 258
Maple [F] . . . . 259
Fricas [F] . . . . . o o 260
Sympy [F] . . o o 260
Maxima [F] . . . . . . 2601
Giac [F] . . . . o o 261]
Mupad [F(-1)] . . . o o 261]
Reduce [F] . . . . . o 261]

Optimal result

Integrand size = 21, antiderivative size = 166

/ (d+ ex™)? s

(a + cz?n)?
_ éx z(d + ex™)’
~ 2acn 2an(a+ cx?)
. chn
(ae? — cd?(1 — 2n)) z Hypergeometric2F1 (1, > 52+ 1) ,—T>
+
2a%cn
n : n cx?n
de(1 — n)z**™ Hypergeometric2F1 <1, 234+ 1) 7_T>
a’n(l+n)

output ‘ -1/2%e”2*x/a/c/n+1/2*x* (d+e*x"n) "2/a/n/ (atcxx™ (2*n) ) +1/2* (a*xe~2-c*d "2 (1-2 ‘
‘ *n) ) *x*hypergeom([1, 1/2/n],[1+1/2/n],-c*x”(2*n)/a)/a"~2/c/n-d*e*(1-n)*x~ (1 ‘
‘ +n) *hypergeom([1, 1/2%(1+n)/n], [3/2+1/2/n],-c*x~(2#*n)/a)/a~2/n/(1+n) ‘
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Mathematica [A] (verified)

Time = 0.29 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.82

(d+ ex™)?
(a + ca?n)?
x(ae2(1 + n) Hypergeometric2F1 (1, %, %(2 + %) ,_chQ"> + (cd? — ae?) (1 + n) Hypergeometric2F1 (
) a’c(l+n)
inputLIntegrate[(d + exx"n)"2/(a + cxx~(2%n))"2,x] J
Output‘ (x*(axe~2*(1 + n)*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*xx~(2*

‘n))/a)] + (cxd™2 - axe”2)*(1 + n)*Hypergeometric2F1[2, 1/(2*n), (2 + n~(-1 ‘
‘))/2, -((c*x~(2*n))/a)] + 2*c*d*exx n*Hypergeometric2F1[2, (1 + n)/(2*n), ‘
(3 + 07 (-1))/2, -((c*x™(2%n))/a)]1))/(a"2%c*(1 + n)) |

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.22,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1767, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(d + ex™)?
(a + cz?n)?
l1m7
—ae? + cd? + 2cdex™ e?
3 + 3 dx
c(a+ cx?) c(a+ cx?)

l 2009
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(1 — 2n)z(cd® — ae®) Hypergeometric2F1 (1, =, 3(2+12), _ﬂ)

a

2a2cn
de(1 — n)z"+! Hypergeometric2F1 (1, ntl 23+ 1), —%) z(—ae? + cd? + 2cdez™)
a’n(n+1) + 2acn (a + cz?")
e?z Hypergeometric2F1 (1, ﬁ, %(2 + %) ,—”—2")

a

ac

Int[(d + e*x™n)"2/(a + c¥x~(2%n))~2,x]

N J

input

(x*(c*xd™2 - a*e™2 + 2%ckdxe*x™n))/(2%axc*n*(a + c*x~(2*n))) + (e~ 2*x*Hyper
geometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*xx~(2*n))/a)])/(a*c) - ((cxd~
2 - axe”2)*(1 - 2*n)*x*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*
x~(2*n))/a)])/(2*%a"2*c*n) - (d*ex(1 - n)*x~(1 + n)*Hypergeometric2F1i[1, (1
+ n)/(2%n), (3 + n7(-1))/2, -((c*x~(2*n))/a)])/(a~2*n*(1 + n))

output

Defintions of rubi rules used

Int[((d_) + (e_.)*(x_)"(n_))"(q)*((a)) + (c_.)*(x_)"(n2_))"(p_), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x"n) qg*(a + c*x~(2*n))"p, x], x] /; FreeQ[{a
, ¢, d, e, n, p, 9}, x] && EqQ[n2, 2xn] && NeQ[c*d"2 + axe”2, 0] && ((Integ
ersQ[p, q] & !IntegerQ[n]) || IGtQlp, O] Il (IGtQlq, O] && !IntegerQ[n])
)

rule 1767

-

ruka2009£1nt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

Maple [F]
/ (d+ ez™)? i

(a + ca?n)’

input Lint ((d+e*x~n) ~2/ (a+c*x~(2%n))"2,x) J

-

Lint((d+e*x‘n)‘2/(a+c*x‘(2*n))A2,X)

-/

output
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Fricas [F]
n)2 n 2
/(d—f-e:c)de:/ (ex +d)2dx
(a + cz?) (cx?™ + a)
inputLintegrate((d+e*x‘n)‘2/(a+c*x‘(2*n))‘2,x, algorithm="fricas") J

‘integral((e“2*x‘(2*n) + 2xdxexx"n + d72)/(c”2*x~(4*n) + 2%axc*x~(2*n) + a”

output‘2)’ x) ‘
Sympy [F]
/ ((j : f;;); dr= ((: : ce;;); &
input Lintegrate ((d+exxx+n) **2/ (a+ckxk* (2+n) ) ¥%2,X) J
output LIntegral( (d + exx*x*n)*x2/(a + ckx*k*(2%n))**2, x) J
Maxima [F]
/ ((j - (f;;); dr= / (((:;nnic(?; &
input Lintegrate ((d+e*x"n) "2/ (a+c*x~(2*n))~2,x, algorithm="maxima" J

p
‘1/2*(2*c*d*e*x*x‘n + (c*d™2 - a*e™2)*x)/(axc”2*n*x~(2*%n) + a~2*c*n) + inte
‘grate(1/2*(2*c*d*e*(n - 1)*x"n + c*d"2x(2*n - 1) + a*e”2)/(akxc”2*n*x~ (2*n)
‘ + a~2%c*n), x)

output

\‘
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261

Giac [F]

(d + ez")’ _ (ex™ + d)?
/ — 5 de / —5dr

(a + cx?n)® (cx2?" + a)

input tintegrate ((d+e*x"n)~2/(a+c*x~(2*n))"2,x, algorithm="giac")

output Lintegrate ((exx™n + d)~2/(c*x~(2%n) + a)~2, x)

Mupad [F(-1)]

Timed out.
/(d+efv")2 i [ (e’

(a + cz?n)? N (a+ ca?n)?

input Lint((d + exx™n)"2/(a + c*x"(2%n))"~2,x)

output Lint((d + exx™n)"2/(a + c*x”(2%n)) "2, x)

Reduce [F]

(d + ez™)’ i
(a + ca?n)?

([ 2 mf____a¥ 272 %
’ <f zinct+2ainacta’ dm) ace” + 2z (f et {2am acta? dx) cdn-—z (f

x2n

T4 c2+2z2nac+a?

dx) Ad? + 2z

input Lint((d+e*x n) "2/ (a+c*x~(2%n))"2,x)
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(x**x (2%n) *int (xk*x (2%n) / (xkk (4*n) *c**2 + 2xx** (2%n)*axc + a*x*2),x)*akxckex*x2
+ 2xx** (2%n) *int (x** (2%n) / (x** (4*kn) *c*x*2 + 2kx** (2*n)*axc + a*x*2),x)*c**2
*Qkx2kn — xkk (2kn)*kint (xokx (2%n) / (xk* (4*n) kckx*2 + kx** (2*n)*kaxc + a*x*2),x)
*Ckkkdx*2 + 2kxkk (2kn) kint (xk*kn/ (x** (4*n) kc*x*2 + kx**(2*n)*a*xc + a**x2),x
Y*akxckdke + int (xx*(2*n)/(x**(4*n)*c**2 + 2kx**(2*n)*a*xc + a*x*x2),x)*a*x*x2ke
*%2 + 2xint (xkk(2xn) / (xk*k (4*xn) *c**2 + 2kx** (2%n) *axc + a*x*2),x)*a*ckdx*x2*n
- int (x**x(2*n) / (xk* (4*n) *kc**2 + 2*x*kk (2*n)*a*c + a**2),x)*axckd**2 + 2*in
t (xxxn/ (xkk (4xn) *ck*2 + 2xx** (2kn)*xaxc + a*x*2),x)*a**k2kdxe + d**2*x)/(a*(x
**(2¥n)*c + a))

output

\
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n
3.34 et
(a+cz®n)

Optimalresult . . . . . . . . .. . .. 263]
Mathematica [A] (verified) . . . . . . . . . ... L 2641
Rubi [A] (verified) . . . . . . . .. . 264
Maple [F] . . . . o 260
Fricas [F] . . . . . . o 260
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 260
Maxima [F] . . . . . . . 267
Giac [F] . . . . o o 268
Mupad [F(-1)] . . . 268
Reduce [F] . . . . . o 268]

Optimal result

Integrand size = 19, antiderivative size = 134

d+ ez" .- z(d + ex™)
(a+cz?)® " 2an(a+ cz?)

d(1 — 2n)x Hypergeometric2F'1 (1

)

e(1 — n)z'™™ Hypergeometric2F1 (1, 12‘"—n", %(3 + %) ,

_cx ™
a

)

2a’n(1+n)

output | 1/2#x* (d+e*x"n) /a/n/ (a+tcrx™ (2#n)) -1/2%d* (1-2#n) xx*hypergeom([1, 1/2/n],[1+
11/2/n],-c*x~(2%n) /a) /a~2/n-1/2xe* (1-n) *x~ (1+n) *hypergeom([1, 1/2%(1+n)/nl,

N\

[3/2+1/2/n] ,-c*x~(2*n)/a)/a~2/n/(1+n)

J
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.62

/ d+ ez i dz Hypergeometric2F'1 (2, > 3(2+ 1) ,_chQ")
Tr =

(a + ca?n)® a?
ex'*" Hypergeometric2F1 <2, 12+—n", % (3 + %) — mjn)
" a?(l1+n)
input LIntegrate [(d + exx"n)/(a + c*x~(2*n))"2,x] J
output‘<d*X*Hypergeometric2F1[2, 1/(2%n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/a"2

'+ (exx™(1 + n)*Hypergeometric2F1[2, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*x"
L(2*n))/a)])/(a‘2*(1 + 1)) J

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 133, normalized size of antiderivative = 0.99,

number of rules __
integrand size 0.211, Rules

number of steps used = 4, number of rules used = 4,
used = {1761, 1748, 778, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

d+ex"
———de
(a + cx?n)
| 1761
z(d + ex™) / e(l_nz;ljfil_%) dz

2an (a + ca?r) 2an

l 1748

z(d + ex™) d(1=2n) [ opgde+e(l—n) [ cxaanJradw

2an (a + cz??) 2an

l 778
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n d(1—2n)z Hypergeometric2F1 1,%}(2-{-%),—#
x(d+ ewn) _ 6(1 - ’I'L) f cxzz"—i-adx + a ( o )
2an (a + cx??) 2an
| 8ss
z(d+ ex™)

2an (a + cz?")
2 2
d(1—2n)z Hypergeometric2F1 (1v ﬁ ,% (2+%) — %) n e(1—n)z™ ! Hypergeometric2F1 (1 ntl 1 (3—}—%) ez i )

' 2n '2
a a(n+1)
2an
inputLInt[(d + exx"n)/(a + c*x~(2*n))~2,x] J
output‘(x*(d + e*x"n))/(2xaxn*(a + c*x~(2*n))) - ((d*(1 - 2*n)*x*xHypergeometric2F

101, 1/(2%n), (2 + n~(-1))/2, -((c*x~(2*n))/a)1)/a + (ex(1 - m)*x"(1 + n)*
‘HypergeometricQFl[l, (1 + n)/(2%n), (3 + n~(-1))/2, -((c*x~(2*n))/a)])/(a*
(1 + n)))/(2%a*n) |

Defintions of rubi rules used

rule 778 Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] && !'IGtQ[p
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[i/n + pl, 0] && (IntegerQ[pl ||
GtQ[a, 0])

rule 888 Int[((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simpl[a”p
*((c*x)~(m + 1)/(cx(m + 1)))+*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 01 |l GtQla, 01)

rule 1748 IRt LC@) + (e_)*(x)"(n))/((al) + (c_.)*(x))"(n2))), x_Symbol] :> Simp[d

Int[1/(a + c*xx~(2%n)), x], x] + Simp[e Int[x"n/(a + c*x~(2*n)), x], x]

/; FreeQ[{a, c, d, e, n}, x] && EqQ[n2, 2*n] && NeQ[c*d~2 + axe~2, 0] && (
PosQ[a*c] || !IntegerQ[n])
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rule 1761 Int[((d)) + (e_)*(x_)"(n))*((a_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol] :> S
imp[(-x)*(d + exx™m)*((a + c*x™(2%n))"(p + 1)/ (2xaxnx(p + 1))), x] + Simp[1
/(2xaxnx(p + 1))  Int[(dx(2*n*p + 2%n + 1) + ex(2%n*p + 3*n + 1)*x"n)*(a +
c*x~(2*n))~(p + 1), x]1, x] /; FreeQ[{a, c, d, e, n}, x] && EqQ[n2, 2*n] &&
ILtQlp, -1]

Maple [F]

/ d+ez™ s
(a + ca?n)’

input Lint ((d+exx"n)/(a+cxx™ (2*n))~2,x)

output Lint ((d+e*x™n)/(a+c*x~(2%n))~2,x)
Fricas [F]
input Lintegrate ((d+e*x"n)/(atc*x~(2*n))"2,x, algorithm="fricas")

output‘ integral((exx"n + d)/(c™2*x~(4*n) + 2*axc*x~(2%n) + a~2), x)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 173.59 (sec) , antiderivative size = 994, normalized size of antiderivative = 7.42

d n
(_:_—62)2 dz = Too large to display
a + cr"

input Lintegrate ((d+exxk*n) / (at+ckxr (2%n) ) **2, x)
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dx (2*a*a**x (1/(2*n))*ax* (-2 - 1/(2*n))*n*x*lerchphi (ckx**(2*n)*exp_polar (I*
pi)/a, 1, 1/(2#n))*gamma(1/(2*n))/(8*axn**3xgamma (1l + 1/(2%n)) + 8*cknk*3x
x**x(2*n) *gamma (1 + 1/(2#n))) + 2xa*a*x*(1/(2*n))*a*xx(-2 - 1/(2*n))*n*x*gamm
a(1/(2*n))/(8*a*n**3*gamma (1 + 1/(2%n)) + 8*cknx*3*x**(2*n)*gamma(l + 1/(2
*n))) - akxax*x(1/(2*n))*a**(-2 - 1/(2+#n))*x*lerchphi (c*x**(2*n)*exp_polar (I
*pi)/a, 1, 1/(2*n))*gamma(1/(2*n))/(8*a*n**3*gamma (1l + 1/(2*n)) + 8xckn**3
*xx*x (2%n) *gamma (1 + 1/(2*n))) + 2%a*x(1/(2*n))*a**x (-2 - 1/(2%n))*cknxx*x**
(2#n) ¥*1lerchphi (c*x** (2*n) *exp_polar(I*pi)/a, 1, 1/(2*n))*gamma(1/(2%n))/(8
xa*n*sx3*xgamma (1 + 1/(2*n)) + 8*cknx*3kxx* (2+n)*gamma(l + 1/(2%n))) - ax*(1
/(2xn) ) *ax* (-2 - 1/(2*n))*cxx*x**(2*n)*lerchphi (c*x** (2*n)*exp_polar (I*pi)
/a, 1, 1/(2*n))*gamma(1/(2*n))/(8*a*n**3*gamma(l + 1/(2%n)) + SkcHn**3*x**
(2#n)*gamma (1 + 1/(2%n)))) + e*x(a*xa**x(-5/2 - 1/(2+*n))*ax*(1/2 + 1/(2*n))*n
**x2*x*k*(n + 1)*lerchphi(c*x*#*(2*n)*exp_polar(I*pi)/a, 1, 1/2 + 1/(2*n))*ga
mma(1/2 + 1/(2*n))/(8*a*n**3*xgamma(3/2 + 1/(2%n)) + 8*c*xnx*3*x** (2*n)*gamm
a(3/2 + 1/(2*n))) + 2xa*a*x*x(-5/2 - 1/(2*n))*a**(1/2 + 1/(2*n))*n**2*x**(n

+ 1)*gamma(1/2 + 1/(2*n))/(8*a*n**3*gamma(3/2 + 1/(2*n)) + 8*cxnk*3*kxx* (2%
n)*gamma(3/2 + 1/(2%n))) + 2xaxa*x(-5/2 - 1/(2*n))*a**(1/2 + 1/(2%n))*n*x*
*(n + 1)*gamma(1/2 + 1/(2%n))/(8*a*n**3kgamma(3/2 + 1/(2*n)) + 8*ckn**3*x*
*(2*n)*gamma (3/2 + 1/(2*n))) - a*a**(-5/2 - 1/(2*n))*a**(1/2 + 1/(2%n))*x*
*(n + 1)*lerchphi(c*x**(2*n)*exp_polar(I*pi)/a, 1, 1/2 + 1/(2*n))*gamma. ..

output

Maxima [F]

d—+ex™ ex" +d
——————7;:§-dx = ———5;————§-dw
(a + cz?) (cx?™ + a)

p
input‘integrate((d+e*x’"n)/(a+c*x"(2*n))"2,x, algorithm="maxima")
N

‘1/2*(e*x*x‘n + d*x)/(axc*n*x~(2*%n) + a”"2*n) + integrate(1/2*(ex(n - 1)*x"n

output
L + d*(2%n - 1))/(a*c*n*x~(2%n) + a~2%n), x)




CHAPTER 3. LISTING OF INTEGRALS 268

Giac [F]
sy e= o o
input tintegrate ((d+e*x~n)/(a+c*x~(2*n))~2,x, algorithm="giac") J
output Lintegrate((e*x*n + d)/(cxx~(2%n) + a)~2, x) J

Mupad [F(-1)]

Timed out. i i
/%dw = (a,d—:_c—exf”)de
input{int((d + e*x"n)/(a + c*x~(2%n))"2,x) J
output Lint((d + e*x"n)/(a + c*x~(2%n))"2, x) J
Reduce [F]
(:_':—e;:)zdx - (/ zine? + ;;;nac_F azdx) e+ (/ zine? + 29162"ac—|— a2d$> d
input 10t ((@+exx™n)/ (averx™(24m))"2,0) |
output‘ int (x**n/ (x*k* (4*n) *c*x*2 + 2kxk* (2*kn)*a*xc + a**2),x)*e + int (1/(x** (4*n)*c* ‘

‘*2 + 2kxkk (2%n) ¥axc + a**2) ,x)*d




CHAPTER 3. LISTING OF INTEGRALS 269

1 dx

3.35 f (d+ez™) (a+cz?") 2

Optimalresult . . . . . . . . .. . .. 269
Mathematica [A] (verified) . . . . . . . .. ... L Lo 270
Rubi [A] (verified) . . . . . . . .. . 270
Maple [F] . . . . o 272
Fricas [F] . . . . . . o 272
Sympy [F(-1)] . . . o o 272
Maxima [F] . . . . . . . 273
Giac [F] . . . . o o 273
Mupad [F(-1)] . . . 273
Reduce [F] . . . . . o 274

Optimal result

Integrand size = 21, antiderivative size = 249

/ 1
5 dx
(d+ez™) (a + cx?")
cx(d — ex™)

2a (cd? + ae?) n (a + cx?")

cd(ae*(1 — 4n) + cd?(1 — 2n)) z Hypergeometric2F1 (1, L1241y, _%)
2a2 (cd? + ae?)’ n
e*z Hypergeometric2F1 (1,114 1 —2)
d (cd? + ae?)®

ce(ae2(1 —3n)+ Cd2(1 —n)) z1+" Hypergeometric2F1 (1 14+n 1(3 n %) ’ _ﬁ)

) om0 2 a
202 (cd? + ae?)* n(1 + n)

_|_

1/2*c*x*(d-e*x"n) /a/(a*e”2+c*d~2) /n/ (a+c*x™ (2*n) ) -1/2*c*d* (a*e”2* (1-4*n)+c
*d~2% (1-2*n) ) *x*xhypergeom([1, 1/2/n],[1+1/2/n],-c*x~(2#n)/a)/a~2/(a*xe™2+c*
d~2)~2/n+e"4*xxhypergeom([1, 1/n], [1+1/n],-e*x"n/d)/d/(a*e”2+c*d~2) ~2+1/2*
ckex*(axe”2x(1-3*n)+cxd~2*(1-n) ) *x~ (1+n) *hypergeom([1, 1/2*(1+n)/n], [3/2+1/
2/n] ,-c*x~(2%n) /a)/a~2/(a*xe~2+c*d"2) ~“2/n/ (1+n)

output
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Mathematica [A] (verified)

Time = 0.37 (sec) , antiderivative size = 227, normalized size of antiderivative = 0.91

/ 1
5 dx
(d+ ex™) (a + cx?")
x(acd%z(l + n) Hypergeometric2F 1 (1, = 3(2+1), —“T%> + a?e*(1 + n) Hypergeometric2F1 (1, 1,

input Integrate[1/((d + exx™n)*(a + c*x~(2%n))"2),x]

(x* (axc*d"2xe~2%(1 + n)*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c
*x~(2*n))/a)] + a"2*xe”4*x(1 + n)*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), -
((exx"n)/d)] + c*xd*(-(axe”3*x n*Hypergeometric2F1[1, (1 + n)/(2*%n), (3 + n
“(-1))/2, -((c*x~(2*n))/a)]) + (c*d"2 + axe”2)*(d*(1 + n)*Hypergeometric2F
1[2, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)] - e*x " n*Hypergeometric2F1[
2, (1 +n)/(2*%n), (B + n~(-1))/2, -((c*x~(2*n))/a)]))))/(a"2*d*(c*d"2 + ax
e~2)72x(1 + n))

output

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 333, normalized size of antiderivative = 1.34,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1767, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ 5 dz
(a+ cz?")” (d + ex™)
l 1767

/ <_ ce?(ex™ — d) 3 clex™ — d) + et > i
(ae? +cd?)? (a + ca®)  (ae? + cd?) (a + ca®)?  (ae? + cd?)? (d + ex™)
| 2009
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2

ce(1 — n)z™ ! Hypergeometric2F1 <1, ntl 23+ 1), —%)
2a2n(n + 1) (ae? + cd?)
cd(1 — 2n)z Hypergeometric2F1 (1, >, 52+ 1), —“—2”>

a

2a%n (ae? + cd?) +
cde?x Hypergeometric2F1 <1, %, %(2 + %) ) —CZT%) cx(d — ex™)
a (ae? + cd?)? 2an (ae? + cd?) (a + cz?n)
e*z Hypergeometric2F1 (1, %, 1+ %, —%)
d (ae? + cd?)?

ce3z™ ! Hypergeometric2F1 (1, ntl 13+ 1), —@)

a
a(n+ 1) (ae? + cd?)?

inputtlnt[l/((d + exx"n)*(a + c*x~(2%n))"2),x]

(c*x*(d - exx"n))/(2%a*x(c*d™2 + a*e”2)*n*(a + c*xx~(2*n))) + (c*d*e”2xx*Hyp
ergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/(a*x(c*d~2 +

axe”2)72) - (cxdx(1 - 2#n)=*x*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2,
-((c*x~(2*n))/a)])/(2*a~2*(c*d~2 + a*e~2)*n) + (e 4*x*Hypergeometric2F1[1
, n7(-1), 1 + n~(-1), -((exx"n)/d)])/(d*(c*d"2 + axe”2)"2) - (c*e™3*x~(1 +
n) *Hypergeometric2F1[1, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*x~(2*n))/a)])
/(ax(cxd”2 + a*e”2)"2x(1 + n)) + (ckex(1 - n)*x~ (1 + n)*Hypergeometric2F1[
1, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*xx~(2*n))/a)])/(2*a~2*%(c*xd~2 + a*xe”2
)*nx(1 + n))

output

Defintions of rubi rules used

Int[((d_) + (e_.)*(x_)"(n_))"(q)*((a_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x"n) g*(a + c*xx~(2*n))"p, x], x] /; FreeQ[{a
, ¢, d, e, n, p, 9}, x] && EqQ[n2, 2*n] && NeQ[c*d"2 + axe”2, 0] && ((Integ
ersQ[p, q] & !IntegerQ[n]) || IGtQ[p, O] Il (IGtQlq, O] && !IntegerQ[n])
)

rule 1767

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—
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Maple [F|
1
/ 5dx
(d+ezm) (a+cx?)

input tint(1/(d+e*x‘n)/(a+c*x*(2*n))AQ,X) J

output Lint (1/(d+e*x"n)/ (at+c*x™(2%n)) "2,x) J
Fricas [F]

1 1
/ 2 dx = / 5 dz
(d+ ex™) (a + cz?™) (cz2™ + a)?(ez™ + d)
input Lintegrate (1/(d+e*x"n)/(a+c*x~(2*n)) ~2,x, algorithm="fricas") J
output ‘ integral(1/(a”2*%e*x™n + a™2xd + (c”2%e*x™n + c"2xd)*x”(4*n) + 2% (axc*e*x™n ‘

‘ + axc*xd)*x~(2*n)), x) ‘

Sympy [F(-1)]

Timed out.
1
/ 5 dz = Timed out
(d+ex™) (a + cx?")
input Lintegrate (1/ (d+exx**n) / (at+ckx** (2%n) ) **2,x) J

output LTimed out J
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Maxima [F]

/ 1 / :
2 dz = P} dx
(d+ez”) (a + cz®) (cz2™ + a)*(ez™ + d)

input Lintegrate (1/ (d+e*XAn) / (a-{-c*x" (2*n) ) ~92 ,X, algorithm="maxima“)

e~4xintegrate(1/(c”2%d"5 + 2%a*xcxd"3*e”2 + a~2*xd*e”4 + (c"2xd"4*e + 2xaxcxk
d"2%xe”~3 + a~2%e”5)*x"n), x) - 1/2%(ckxe*xx*x"n - c*xd*x)/(a"2%c*d~2*n + a~3*e
“2#n + (a*c”2*d"2*n + a"2*c*e”2xn)*x”(2*%n)) - integrate(-1/2x(axckdxe”~2x%(4
*n — 1) + c”2%d"3%(2%n - 1) - (axc*xe™3%(3*n - 1) + c™2%d"2*e*x(n - 1))*x"n)
/(@”2xc™2xd"4*n + 2*a”3xc*d"2%e”2%n + a~4xe”4xn + (axc"3*d"4*n + 2%a”2xc”2
*Q"2%e”"2*n + a~3*xc*e”"4*n)*x"(2*n)), x)

output

Giac [F]

2 dz = P} dx
(d + ex") (a + chn) (cx2n + Cb) (exn + d)

input Lintegrate (1/(d+e*x"n)/(a+c*x~(2%n)) "2 ,X, algorith.m=“giac D)

OutputLintegrate(l/((c*x‘(Q*n) + a)~2%(exx™n + d)), x)

Mupad [F(-1)]
Timed out.

/ 1 / 1
5 A 3 dx
(d+ez™) (a + cz™) (a+cx?)” (d+ezn)

input Lint(l/((a + c*x~(2%n)) "2%(d + e*x"n)),x)

OutputLint(l/((a + c*x~(2%n))"2x(d + e*x"n)), x)
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Reduce [F]

1 1
dz = d
/ (d + ex") (a 4 cz?)? v / wonce + zinc2d + 20 ace + 2x2acd + z"a’e + a?d.

input Lint (1/(d+e*x"n)/ (a+c*x~(2%n))"2,x)

‘int(i/(x**(S*n)*c**Q*e + x*x (4*n) *xckx*2%d + 2kx*k* (3%n)*akxcke + 2kx**(2%n)*a

output
‘*c*d + x¥knkxa*x*2ke + ax*2*d),x)
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3.36 | - > dz
(d+ez™)* (a+cz?")

Optimalresult . . . . . . . . .. . .. A
Mathematica [A] (verified) . . . . . . . .. ... L Lo 276
Rubi [A] (verified) . . . . . . . .. . 276
Maple [F] . . . . o 278
Fricas [F] . . . . . . o 278
Sympy [F(-1)] . . . o o 279
Maxima [F] . . . . . . . 279
Giac [F] . . . . o o 280
Mupad [F(-1)] . . . 280
Reduce [F] . . . . . o 2801

Optimal result

Integrand size = 21, antiderivative size = 347

1
(d + ex")” (a + cx?n)?
. e?(cd? — ae?) N cr(d — ex™)
" ad(cd+ae?)’n(d+ex?)  2a(cd?+ ae?)n(d+ ez™) (a + cz?)
c(a?e*(1 — 4n) — c?d*(1 — 2n) + 6acd?e*n) r Hypergeometric2F1 (1, L1241, _ﬂ)

dz

_|_

2a2 (cd? + ae?)’ n
e*(cd?(1 — 5n) + ae?(1 — n)) z Hypergeometric2F1 (1, 1,1+ 1, —<2%)
d? (cd? + ae?)’ n
c2de(ae*(1 — 5n) + cd?(1 — n)) z'*™ Hypergeometric2F1 (1, n 2341, —ﬂ>

a

+
a? (cd? + ae?)’ n(1 4 n)

-e" 2% (—axe"2+cxd"2)*x/a/d/ (a*e”2+c*d"2) "2/n/ (d+e*xx"n)+1/2*c*x* (d-e*x"n) /a/
(axe~2+c*d"2) /n/ (d+e*x"n) / (a+c*x™ (2*n) ) +1/2*c* (a"2%e 4% (1-4*n) -c~2*xd~4* (1-
2*n)+6*axc*d”~2*e~2#n) *x*hypergeom([1, 1/2/n],[1+1/2/n],-c*x~(2*n)/a)/a~2/(
axe”2+c*d"2) "3/n-e 4% (c*d~2* (1-5*%n)+axe”2*(1-n) ) *x*xhypergeom([1, 1/n], [1+1
/n] ,-exx"n/d)/d"2/(a*e”2+c*xd~2) “3/n+c 2*d*e* (a*xe~2* (1-5%n) +c*xd~2* (1-n) ) *x~
(1+n) *hypergeom([1, 1/2*(1+n)/n], [3/2+1/2/n],-c*x”(2*n)/a)/a~2/(axe"2+cxd”
2)~3/n/(1+n)

output
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Mathematica [A] (verified)

Time = 0.65 (sec) , antiderivative size = 298, normalized size of antiderivative = 0.86

1
5 5 dz
(d+exn)” (a+ cz?™)
<ce2 (3cd2—a62) Hypergeometric2F1 (1, ﬁ ,% (2+%) ,— <& n 4c?ded
X

2n

-) + 4ce* Hypergeometric2F1 (1,1,1+ 1 —e22)

a

-

input L

~—

Integrate[1/((d + e*x"n) 2x(a + c*x~(2%n))~2),x]

(x*((c*e™2x(3xc*d™2 - axe”2)*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2,
-((c*x~(2*n))/a)])/a + 4xcxe~4xHypergeometric2F1[1, n~(-1), 1 + n~(-1), -
((exx"n)/d)] - (4*c~2xdxe”3*x nxHypergeometric2F1[1, (1 + n)/(2*n), (3 + n
“(-1))/2, -((c*x~(2*n))/a)])/(ax(1 + n)) + (ckx(c*d™2 - a*e™2)*(c*d"2 + a*xe
~2) *Hypergeometric2F1[2, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/a~2 +
(e”4*(c*d™2 + axe”2)*Hypergeometric2F1[2, n~(-1), 1 + n~(-1), -((e*x"n)/d
)1)/d"2 - (2*c™2xd*e*x(cxd™2 + axe”2)*x n*Hypergeometric2F1[2, (1 + n)/(2*n
), 3 +1n7(-1))/2, -((c*x"(2%n))/a)])/(a"2*%(1 + n))))/(c*d"2 + a*e~2)"3

output

Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 410, normalized size of antiderivative = 1.18,

number of rules __
integrand size 0.095, Rules

number of steps used = 2, number of rules used = 2,
used = {1767, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
(a4 cz?)? (d + exn)?
l 1767

/ ce? (a62 —3cd? + 4cdex"’) c(ae2 —cd? + 2cdewn) 4 4edet n et
(ae? + cd?)? (a + cz?n) (ae? + cd?)? (a + cz?)?  (ae? + cd?)® (d+ex”)  (ae? + cd?)? (d + ex™)
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l 2009

2n

c?de(1 — n)z" ! Hypergeometric2F1 (1, ntl 13+ 1), —%)
a?n(n + 1) (ae? + cd?)?
. 2n
c(1 — 2n)z(cd® — ae?) Hypergeometric2F1 (1, =, 2(2+1), —“T)
2a2n, (ae? + cd?)?
4c?de3z™ ! Hypergeometric2F1 (1, ”2—“;1, %(3 + %) , —“T%)
a(n+ 1) (ae? + cd?)?
. 2n
ce%(3cd2 - ae2) Hypergeometric2F1 (1, %, %(2 + %) , —%)
a (ae? 4 cd?)®
c:c(—ae2 +cd? — 20dem”) 4ce*z Hypergeometric2F1 (1, %, 1+ %, —%)
2an (ae? + cd?)? (a + cz?n) (ae? + cd?)®
e*z Hypergeometric2F1 (2 L4+ 1 —%)

') n

d? (ae? + cd?)?

-

input Unt“/ ((d + exx™n)"2%(a + c*x~(2%n))"2),x]

(c*x*(c*d™2 - a*xe™2 - 2xc*d*exx"n))/(2%a*(c*d™2 + a*e”2) 2*n*(a + c*x~(2*n
))) + (cxe™2%(3xc*d™2 - axe”2)*x*Hypergeometric2F1[1, 1/(2%n), (2 + n~(-1)
)/2, -((c*x~(2%n))/a)])/(ax(c*d™2 + a*xe”2)73) - (cx(c*d™2 - axe™2)*(1 - 2%
n) *x*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/(2*a
"2+ (c*d"2 + axe”2)"2#n) + (4*c*e”4xxxHypergeometric2F1[1, n~(-1), 1 + n~(-
1), -((exx"n)/d)])/(cxd”™2 + a*xe”2)"3 - (4*c~2*d*e”3*x~ (1 + n)*Hypergeometr
ic2F1[1, (1 + n)/(2*n), (3 + n™(-1))/2, -((c*x~(2*n))/a)])/(a*x(c*d"2 + axe
~2)73%(1 + n)) + (c"2*dxe*(1 - n)*x~ (1 + n)*Hypergeometric2F1[1, (1 + n)/(
2%n), (3 + n7(-1))/2, -((c*x"(2#n))/a)])/(a"2*(c*xd"2 + a*e”2) 2*n*(1 + n))

+ (e~4*x*Hypergeometric2F1[2, n~(-1), 1 + n~(-1), -((e*x™n)/d)])/(d~2*(c*
d~2 + a*xe”2)72)

output

-/

\
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Defintions of rubi rules used

rule 1767 Int[((d_ ) + (e_.)*(x_)"(@m_))"(q)*((a_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x"n) q*(a + c*x~(2*n))"p, x], x] /; FreeQ[{a
, c, d, e, n, p, 9}, x] && EqQ[n2, 2*n] && NeQ[c*d~2 + a*e”2, 0] && ((Integ
ersQ[p, q] && !'IntegerQ[n]) || IGtQ[p, 0] || (IGtQ[q, O] && !IntegerQ[n])

)

rule 2009 LInt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [F]
1
3 5dx
(d+ezxz™)” (a+cx?™)

tnput Lint (1/(d+e*x"n) 2/ (at+c*x~(2%n)) ~2,x) J

outpup 118 (1/ (drexx™m) "2/ (averx” (240))72,) J
Fricas [F]

1 1
/ 2 g dz = / 3 5 dz
(d+ exm)” (a + cx?) (cz®™ + a)*(ez™ + d)
input Lintegrate (1/(d+e*x~n) "2/ (a+c*x~(2*n)) "2,x, algorithm="fricas") J

output‘ integral(1/(a”2*e”2xx~(2*n) + 2%a”2%d*e*x™n + a~2*d"2 + (c"2%e”2xx~(2*n) + ‘
‘ 2%cT2xd*e*x"n + c”2%d"2)*x”(4*n) + 2% (akcke”2xx”(2%n) + 2*akxckdkexx™n + a ‘
‘*c*d‘2)*x‘(2*n)), x) ‘
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Sympy [F(-1)]

Timed out.

1
/ 3 5 dr = Timed out
(d+exn)” (a + cz?™)

.
input L

integrate(1/(d+exx**n)**2/ (a+c*x** (2*n) ) **2,x)

-

output L

Timed out

Maxima [F]

1 1
n)2 Qnde: 2n 2 n 2d$
(d+ ez™)” (a + cz?) (cx?™ 4 a)”(ex™ + d)

-

input t

integrate(1/(d+e*x"n) "2/ (atc*x~(2%n))~2,x, algorithm="maxima")

~—

output

(c*d"2*e~4*(5xn - 1) + a*e”6*(n - 1))*integrate(1/(c”3*d"8*n + 3*a*xc~2xd"6
*e~2xn + 3*a~2kckd"4*e"4*n + a~3*d"2*xe"6*xn + (c"3*d"T*e*n + 3xaxc”2xd"5*xe”
3*n + 3*a~2kc*d"3*e”5*n + a~3xd*e”7*n)*x°n), x) - 1/2%(2*x(c"2*d"2*e"2 - ax
cke~4)*xxx~(2*n) + (c™2%d"3%e + akckd*e”3)*x*x"n - (c"2%d"4 - axcxd"2%e”2

+ 2%a~2%e~4)*x)/(a"2*%c”"2*xd"6*n + 2%a”~3xckd~4*e”~2%n + a~4*xd"2xe"4*n + (axc”
3*%d"5*e*n + 2*a~2*c"2*%d"3*e”3*n + a~3*kckd*e”~5*n)*x”(3*n) + (axc”3*d"6*n +

2%a"2%c"2*%d"4*e"2xn + a“3*kc*kd"2%e"4#*n)*x"(2*n) + (a"2kc"2*d"5*e*n + 2%a~ 3%
c*d"3*e”3*n + a~4*d*e~5*n)*x"n) - integrate(l/2*(a"2*c*e”4*(4*n - 1) - c~3
*d"4*(2*xn — 1) - 6*a*xc”2+%d"2*e"2*n + 2x(axc”2kd*e 3% (5%n - 1) + c~3*d"3*ex*
(n - 1))*x"n)/(a"2%c™3*d"6*n + 3*a~3*c"2*xd"4*e”2*n + 3*a~4dxckd"2*e"4*n + a
~b*xe”6*n + (axc"4*d~6*n + 3*a~2xc”3*d 4xe”2*n + 3*a”~3*kc 2xd"2*e~4*n + a~4x*

cke~6xn)*x~(2*n)), x)
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Giac [F]
/ (d+ ea:”)21(a + cx?n)? dr = / (cx?™ + a)i(eac" +d)? de
input Lintegrate (1/(d+exx"n) "2/ (a+c*x~ (2%n))~2,x, algorithm="giac") J
output Lintegrate(l/((c*x‘ (2%n) + a)~2*(exx"n + d)~2), x) J

Mupad [F(-1)]

Timed out.
1 1
2 5 de = / 3 5 dz
(d+ex")” (a + ca®) (a+ca?n)” (d+ezxn)
input Lint(l/((a + c*x~(2%n)) 2% (d + e*x"n)"2),x) J
output tint(l/((a + cxx”(2%n))"2%(d + e*x"n)"2), x) J
Reduce [F]
1
3 5 dx
(d+ ezx™)” (a + cz?)
1
B d
/ 26nc2e2 § 275nc2de + 2znac €2 + AP d? + drPnacde + z2rate? + 2z2nac d? + 2zalde + a2d?
input Lint (1/(d+e*x"n) "2/ (a+c*x~(2%n)) ~2,x) J

‘int(1/(x**(6*n)*c**2*e**2 + 2xxkk (5kn) kCcHk*2kxd*e + 2kx*k (4*n)*axckex*2 + x* \
‘*(4*n)*c**2*d**2 + 4xxxx (3%n)kaxckdke + xk*(2%n)kax*kkex*k2 + kxkk(2*n)kax ‘
‘c*d**Q + 2xx¥x*knkaxx2xdkxe + axk2xd*x*2),x) ‘

output




output
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3.37 [ &< gy

(a—l—ch”)
Optimal result . . . . . . . . . . e 2&1]
Mathematica [A] (verified) . . . . . . . . . . ... 2821
Rubi [A] (verified) . . . . . . . . .
Maple [F] . . . . 284
Fricas [F] . . . . . o o 284
Sympy [F(-1)] . . o oo 284
Maxima [F] . . . . . .
Giac [F] . . . . o o 285
Mupad [F(-1)] . . . o o 285
Reduce [F] . . . . . o 280

Optimal result

Integrand size = 21, antiderivative size = 259

(d + ex™)? dp — z(d + ex)’
(a + cz?)® v 4an (a + cz?n)?
z(d(cd*(1 — 4n) — 3ae®(1 — 2n)) + e(3cd*(1 — 3n) — ae®*(1 — n)) z™)
B 8a%en? (a + cx?)

d(3ae? — cd*(1 — 4n)) (1 — 2n)z Hypergeometric2F1 <1, > 32+ 1), —&>

a

8adcn?
e(1 —n) (3cd?(1 — 3n) — ae’(1 + n)) z'*" Hypergeometric2F1 (1, L l(34+1),—

2n

c

a

)

* 8a3cn?(1+n)

1/4x*x*(d+e*xx"n) ~3/a/n/ (a+cxx” (2+n) ) "2-1/8*x* (d* (c*d~2* (1-4*n) -3*a*e 2% (1-2
*n) ) +e* (3%c*d~2* (1-3*n) -a*xe~2*(1-n) ) *x"n) /a~2/c/n"2/ (atc*x™(2*n) ) -1/8*d* (3
xaxe”~2-cxd" 2% (1-4*n)) * (1-2*n) *x*xhypergeom([1, 1/2/n], [1+1/2/n],-c*x~(2*n)/
a)/a"~3/c/n"2+1/8xe* (1-n) * (3*xcxd~2* (1-3*n) -a*e”2x(1+n) ) *x~ (1+n) *hypergeom ([
1, 1/2%(1+n)/n], [3/2+1/2/n] ,-c*x~(2*n) /a)/a~3/c/n~2/(1+n)
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Mathematica [A] (verified)

Time = 0.90 (sec) , antiderivative size = 188, normalized size of antiderivative = 0.73

(d+ ex™)?
(a4 caz?r)®

n 827 Hypergeometric2F1 (2,140 1 (34.1) _ce®®
x(?)ade? Hypergeometric2F'1 (2, L 1241 7_%) . 2@ Hypergeometric 1+El 22,1 (3+2),—=") ¢ d(e

input ‘\VIntegrate[(d + exx"n)"3/(a + c*x~(2*n))~3,x]

(x* (3*xaxd*e~2+Hypergeometric2F1[2, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/
a)] + (axe”3*x"nxHypergeometric2F1[2, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*
x~(2*n))/a)])/(1 + n) + dx(cxd~2 - 3*axe~2)*Hypergeometric2F1[3, 1/(2*n),

(2 + n7(-1))/2, -((c*x”(2%n))/a)] + (e*(3*c*d"2 - a*e”2)*x n*Hypergeometri
c2F1[3, (1 + n)/(2*n), (3 + n7(-1))/2, -((c*x~(2*n))/a)])/(1 + n)))/(a~3*c
)

output

Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 424, normalized size of antiderivative = 1.64,

number of rules __
integrand size 0.095, Rules

number of steps used = 2, number of rules used = 2,
used = {1767, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(d + ex™)?
(a+ cacQ")?’

l 1767

2" (3cd’e — ae®) — 3ade® + cd®  €2(3d + ex™)
/ aiel | Pl
c(a+ cx?n) c(a+ cx?n)

l 2009
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2

e(1 —3n)(1 — n)z"*! (3cd? — ae?) Hypergeometric2F1 (1, ntl 23+ 1), —%)
8a3cn?(n+1)
d(1 — 4n)(1 — 2n)z(cd? — 3ae?) Hypergeometric2F1 (1, =52+ 1), —cx%)

a

+

8a3cn?
z(e(1 — 3n)z™(3cd? — ae?) + d(1 — 4n) (cd? — 3ae?))

8a2cn? (a + cx?™)
3de?(1 — 2n)x Hypergeometric2F1 (1, %, %(2 + %) , —“—Qn)

a

2a2%cn
e3(1 — n)z™+! Hypergeometric2F1 (1, ntl 23+ 1), —@>

a

+

2a2cn(n +1)
z(ez"(3cd? — ae®) + d(cd? — 3ae?))  e?x(3d + ex™)

4acn (a + cz?n)? 2acn (a + cx?")

-

input LInt[(d + e*xx"n)"3/(a + c*xx~(2*n))"3,x]

~—

(x*x(d*(c*xd~2 - 3*axe”2) + e*x(3*xc*xd™2 - a*xe”2)*x"n))/(4*axc*n*(a + c*xx”~(2%n
))"2) + (e”2*x*x(3*d + e*x"n))/(2xa*cxn*(a + c*x~(2%n))) - (x*(d*(cxd"2 - 3
xaxe"2)*(1 - 4*n) + ex(3*c*d™2 - a*e”2)*(1 - 3*n)*x"n))/(8*a"2xc*n"2*(a +

cxx~(2*n))) + (dx(c*d™2 - 3*a*e”2)*(1 - 4xn)*(1 - 2#n)*x*Hypergeometric2F1
[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/(8*a~3*c*n"2) - (3*d*xe~2*(
1 - 2#n)*xxHypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)]
)/ (2%a~2*%c*n) + (ex(3*c*d”2 - a*e”2)*(1 - 3#n)*(1 - n)*x~(1 + n)*Hypergeom
etric2F1[1, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*x~(2*n))/a)])/(8*a~3*c*n"~2
*(1 + n)) - (e73*(1 - n)*x~ (1 + n)*Hypergeometric2F1i[1, (1 + n)/(2*n), (3

+ n7(-1))/2, -((c*x~(2*n))/a)])/(2*a"2*c*n*(1 + n))

output

Defintions of rubi rules used

Int[((d_) + (e_.)*(x_)"(n_))"(q)*((a)) + (c_.)*(x_)"(m2_))"(p_), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x"n) g*(a + c*x~(2*n))"p, x], x] /; FreeQ[{a
, ¢, d, e, n, p, 9}, x] && EqQ[n2, 2*n] && NeQ[c*d"2 + axe”2, 0] && ((Integ
ersQ[p, ql & !IntegerQ[nl]) || IGtQ[p, O] Il (IGtQ[q, O] && !IntegerQ[n])
)

rule 1767

rule 2009 mtlu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]
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Maple [F|
/ dtea)

(a4 cxm)?

fnput Lint ((d+e*x~n) "3/ (a+c*x~(2%n))"3,x)

output| 10T ((drexx™n) 73/ (aroxx™ (2%n))3,x)
Fricas [F]
input Lintegrate ((d+e*x"n)~3/(at+c*x”~(2*n))"3,x, algorithm="fricas")

‘ integral ((e™3*x~(3*n) + 3*d*e~2*x~(2%n) + 3*d"2*exx™n + d~3)/(c”3*x~(6*n)

output
‘+ 3*a*xc~2%x~(4%n) + 3*a~2%c*x~(2*n) + a~3), x)

Sympy [F(-1)]

Timed out.
d n)3
/ (+—e:v)3 dr = Timed out
(a + cx?)
input Lintegrate ((d+exx**n) **x3/ (a+ckx** (2%n) ) **3,x)

output LTimed out
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Maxima [F]

/ (d + ex™)’ s :/ (ex” + d)® i

(a + cz?n)® (cx?™ + a)®

inputLintegrate((d+e*x“n)‘3/(a+c*x”(2*n))”3,x, algorithm="maxima")

1/8x((3*c™2*d"2%e*(3*n - 1) + axcxe"3*(n + 1))*x*x~(3*n) + (c”2*d"3*(4*n -
1) + 3*akckd*e™2)*x*x~(2*n) + (3*axckd"2*e*(5%n - 1) - a™2xe"3x(n - 1))*x
*x"n + (axcxd"3*%(6*%n - 1) - 3*a"2xd*xe”2x(2*n - 1))*x)/(a”2*c”3*n"2*x" (4*n)
+ 2%a”3*%c"2*n"2%x"(2*%n) + a~4*c*n”2) + integrate(1/8*((8*n~2 - 6%n + 1)*c
*d"3 + 3*xakxd*e”2x(2*n - 1) + (3*%(3*n"2 - 4*n + 1)*cxd"2*e + (n"2 - 1)*axe”
3)*x"n)/(a"2%c”2*xn"2*x~ (2*n) + a”~3*c*n~2), x)

output

Giac [F]
n 3 n 3
/(d-l—ex )3dx=/ (ex +d)3dx
(a + C$2n) (c:pzn + a)
input[integrate((d+e*x‘n)‘3/(a+c*x*(2*n))*3,x, algorithm="giac")

N >

output Lintegrate ((exx™n + d)~3/(c*x~(2%n) + a)~3, x)

Mupad [F(-1)]
Timed out.

n\3 n\3
/(d+ex)3d _ (d+ex)3dx
(a + cx?") (a+ cx2n)

inputtint((d + e*xx"n)"3/(a + c*xx~(2%n))"3,x)

outputtint((d + exx™n)"3/(a + c*x”(2%n)) "3, x)
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Reduce [F]

d + ex")’
% dxr = too large to display
a + cx“"

|int ((d+e*x™n) "3/ (atckx™ (2*n))"~3,x)

\

input

(x** (4*n) *int (x** (3*%n) / (x** (6*%n) *c*x*3*n + x**(6*n)*kc**x3 + 3kxk*(4*n)*kakckk
2%n + 3%x*k(4*n)*kakxck*2 + 3kxkk(2kn)kakxk2kckn + 3kxkk(2%n)kakxk2kc + ax*3*n
+ ax*3) ,x)kakxckk2kexk3knk*x2 + kxkk (4*n)*kint (x** (3*n) / (x** (6*n) *kcx*x3*n +
Xk (6*n) *Ck*3 + Jkxkk (4kn)kakxckx2xn + Jkxkk (4xn)kakck*x2 + 3xxkk (2¥n) kak*2x*
cHn + 3kxkx (2¥n) kax*k2kC + a*x3xn + ax*3),X)*kakckx2kxex*k3kn + xk*(4*n)*int(x
*% (3%n) / (xx* (6*%n) kCk*3kn + x** (6*kn) *Ck*3 + Jkx*k (4xn)*axck*2xn + 3*x** (4*n
Y*axckk2 + 3kxkk (2kn)kax*x2kckn + 3kx*k(2kn)*kax*2kxc + ax*x3%n + ax*x3),x)*axc
*xk2ke*x*k3 + Okxk*k (4*n)*int (x** (3*n)/ (x** (6%n) *xc*x*3*n + x**(6%n)*c**3 + 3kx*
* (4*xn) kakxck*2*xn + 3Ikx*k (4*n)kakck*2 + Ikxkk(2kn)kax*k2kckn + Ikxk*k (2%n)ka**
2%c + a**3*xn + a*x*3),x)*kck*k3kd*k2ke*knk*2 + Gkxx*k (4*kn)*kint (xxk* (3*n) / (xx* (6%
n)*xck*3*%n + x**(6%n)kc*k*3 + Jkxkk(4*n)*kakckk2kxn + Jkxkk(4*n)*kakxck*x2 + 3Ikxk
* (2%n) kax*x2kxckn + 3kxkk (2%n) kaxk2*xc + axx3kn + a*x*k3),x)*kck*k3kdxk2kxe*n - 3%
x*% (4*n) *int (x** (3%n) / (x** (6*%n) *c*x*3*%n + x**(6%n)*kc*k*x3 + 3kx*k* (4*n)*ka*xck*2
*n + 3kxkk(4xn)kakckk2 + 3kxkk(2kn)*kakk2kckn + 3kxkk(2%n)*kakxk2kxc + akx*k3%n
+ ax*3) ,X)*ck*3xdx*2%e + Ikxkx (4*n)*xint (x** (2xn)/ (x** (6*n) *kck*3*n + x** (6%
n)*ck*3 + Jkxkk(4kn)kakckk2kn + 3kxkk(4kn)kakck*k2 + 3kxkk(2¥n)*ax*k2kckn +
3kxkk (2%n) kaxk2xc + a**3*kn + a*x*3),x)*akck*2kdkex*x2kxn**2 + Gxx** (4*n)*int (
x*% (2%n) / (x*x* (6%n) kc**3%n + x**x(6*n)*ck*3 + 3kx**(4*n)*kakxck*2xn + 3Ikxx*x*(4*
n)kaxck*x2 + 3kxkk(2kn)kakk2kckn + Ikxkk(2*n) kakk2kxc + akk3kn + a*x*k3),x)*ak
ck*x2xdke*x*x2*xn + 3kxxkk(4*n)*xint (x**(2%n)/ (x** (6*n)*c**3*%n + x**x(6*n)*kckx*. ..

output




output
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Mathematica [A] (verified) . . . . . . . . . . ... 288
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . 290
Fricas [F] . . . . . o o 290
Sympy [F(-1)] . . o oo 290
Maxima [F] . . . . . .
Giac [F] . . . . o o 291]
Mupad [F(-1)] . . . o o 291]
Reduce [F] . . . . . o 292

Optimal result

Integrand size = 21, antiderivative size = 221

/ (d 4 ex™)? i

(a + cz?)?

z(d + ex™)’ z(cd*(1 — 4n) — ae*(1 — 2n) + 2cde(1 — 3n)z™)

" dan (a + cx2n)? B 8aZen? (a + cz??)

(ae? — cd?(1 — 4n)) (1 — 2n)x Hypergeometric2F1 <1, > 5(24+ 1),

)

8a3cn?
de(1 — 3n)(1 — n)z'*™ Hypergeometric2F1 (1, 12+—n", %(3 + 7—11) y T

_|_

4a3n2(1 4+ n)

1/4xx*(d+e*x"n) "2/a/n/ (atcxx™(2*n) ) “2-1/8*x* (c*xd~2* (1-4*n) —a*e™2% (1-2%n) +2
xcxdxex (1-3*n) *x"n) /a~2/c/n"2/ (a+c*x~(2*n) ) -1/8% (a*e”2-c*d~2* (1-4*n) ) *(1-2
*n) xxxhypergeom([1, 1/2/n], [1+1/2/n],-c*x~(2*n)/a)/a~3/c/n"~2+1/4*d*ex (1-3%
n)*(1-n)*x~ (1+n) *hypergeom([1, 1/2*%(1+n)/n], [3/2+1/2/n],-c*x~(2*n)/a)/a~3/

n~2/(1+n)
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Mathematica [A] (verified)

Time = 0.53 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.62

(d+ ex™)?
(a + ca?n)®
x(ae2(1 + n) Hypergeometric2F1 (2, %, %(2 + %) , _chQ"> + (cd? — ae?) (1 + n) Hypergeometric2F1 (
) adc(l+n)
inputLIntegrate[(d + exx"n)"2/(a + cxx~(2%n))"3,x] J
Output‘(x*(a*e‘2*(1 + n)*Hypergeometric2F1[2, 1/(2*%n), (2 + n~(-1))/2, -((c*x~ (2%

‘n))/a)] + (cxd™2 - axe”2)*(1 + n)*Hypergeometric2F1[3, 1/(2*n), (2 + n~(-1 ‘
‘))/2, -((c*x~(2*n))/a)] + 2*c*d*exx n*Hypergeometric2F1[3, (1 + n)/(2*n), ‘
(3 + 07 (-1))/2, -((c*x™(2%n))/a)]1))/(a"3*c*(1 + n)) |

Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 272, normalized size of antiderivative = 1.23,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1767, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(d + ex™)?
(a + cz?n)?

l1m7

—ae? + cd? + 2cdex™ e?
3 + 3 dz
c(a+ cx?) c(a+ ca?)

l 2009
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(1 - 4n)(1 - 2n)a(ed? - ae?) Hypergeometric2F1 (1, 4, 5 (2 + 1) , =" )

_|_
8a3cn? ,
de(1 — 3n)(1 — n)z™+! Hypergeometric2F1 (1, ntl 23+ 1), —cxa")
4a3n2(n + 1) Bl
z((1 — 4n) (cd? — ae?) + 2cde(1 — 3n)z")
8a2cn? (a + cx?™)
e?z Hypergeometric2F1 (2, %, %(2 + %) ,—%) N w(—ae2 +ed? + 2cdem”)
a’c 4acn (a + ca?r)?

input \rInt[(d + e*x"n)"2/(a + c*x~(2%n))"3,x]

(x*(c*d"2 - axe”2 + 2xc*d*e*xx~n))/(4*a*xcknx(a + c*x”(2%n))"2) - (x*k((c*xd"2

- axe”2)*(1 - 4xn) + 2xckd*e*(1 - 3*n)*x"n))/(8*a"2*c*n"2x(a + c*x”(2*n))
) + ((c*¥d™2 - axe”2)*(1 - 4#n)*(1 - 2*n)*x*Hypergeometric2F1[1, 1/(2*n), (
2 + n7(-1))/2, -((c*x"(2%n))/a)])/(8*a"3*c*n~2) + (d*e*x(1 - 3*n)*(1 - n)*x
~(1 + n)*Hypergeometric2F1[1, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*x~(2*n))
/a)1)/(4*a~3*n"2*%(1 + n)) + (e 2xx*Hypergeometric2F1[2, 1/(2*n), (2 + n~(-
1))/2, -((c*x~(2*n))/a)])/(a~2%c)

output

Defintions of rubi rules used

Int[((d_) + (e_.)*(x_)"(m_))"(gq)*((a_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x"n) g*(a + c*x~(2*n))"p, x], x] /; FreeQ[{a
, c, d, e, n, p, 9}, x] && EqQ[n2, 2*n] && NeQ[c*d~2 + a*e”2, 0] && ((Integ
ersQ[p, ql && !'IntegerQ[n]) || IGtQlp, 0] || (IGtQ[q, O] && !IntegerQ[n])
)

rule 1767

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]
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Maple [F|
/ dtea)

(a4 cxm)?

fnput Lint ((d+e*x~n) "2/ (a+c*x~(2%n))"3,x)

output| 10T ((drexx™n) 72/ (aroxx™ (2%0))3,x)
Fricas [F]
input Lintegrate ((d+e*x"n)~2/(at+c*x”(2*n))"3,x, algorithm="fricas")

t‘integral((e“2*x‘(2*n) + 2xd*exx"n + d72)/(c”3*x~(6%n) + 3*axc”2*x~(4*n) +

outpu
‘3*a“2*c*x‘(2*n) + a~3), x)

Sympy [F(-1)]
Timed out.

/ (d+ ex™)?

5 dz = Timed out
(a + cx?)

inputLintegrate((d+e*x**n)**2/(a+c*x**(2*n))**3,x)

OutputLTimed out




CHAPTER 3. LISTING OF INTEGRALS 291

Maxima [F]

(d+ ex™)? _ (ex™ + d)°
/ — 5 dr / ——=dx

(a + cz?n)’® (cx?™ + a)®

input Lintegrate ((d+e*x"n) "2/ (a+c*x~(2%n))~3,x, algorithm="maxima")

1/8%(2*c”2*%d*e* (3*%n - 1)*x*x~(3*n) + 2kakxckd*e*(5%n - 1)*x*x"n + (c™2%d"2%
(4xn - 1) + axcke™2)*x*x~(2*n) + (a*ckxd™2x(6%n - 1) - a”2xe”2x(2*n - 1))*x
)/ (a~2%c™3*n"2*x~ (4%n) + 2*a~3*kc"2*n"2%x”(2*n) + a~4*c*n”2) + integrate(1l/
8x (2% (3*%n"2 - 4#n + 1)*ckxd*e*x™n + (8*n~2 - 6*n + 1)*c*d™2 + axe 2% (2*n -

1))/(a"2%c™2*n"2%x~ (2*n) + a~3*%c*n~2), x)

output

Giac [F]

/ (d+ ex")” s =/ (ex” + d)* "

(a + cx?n)’ (cz?™ + a)®

inputLintegrate((d+e*x‘n)‘2/(a+c*x‘(2*n))*3,x’ algorithm="giac")

output Lintegrate((e*x*n + d)"2/(c*xx”(2*n) + a)~3, x)

Mupad [F(-1)]

Timed out.
/ (d+ ex™)? do — (d+ ez™)?
(a + cz?n)® (a+ cz2m)

inputtint((d + e*xx"n)"2/(a + c*xx~(2%n))"3,x)

output Lint((d + exx™n)"2/(a + c*x”(2*%n)) "3, x)




input

output
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Reduce [F]

(d + ex™)?

dz
(a + cz?n)?

4n 2" 2,2 4n z2r 372, ..4n
z (f 67 c34-3z4a c2+3x2"a%c+a3 d.’l}) ac’e” +4x <f zG"c3+3z4"a02+3x2"a2c+a3dx) cd'n—zx (f

2673 4-3z4nq

s

Lint((d+e*x‘n)‘2/(a+c*x‘(2*n))‘3,x)

~—

(x** (4*n) *int (x** (2*n) / (x** (6%n) *c*x*3 + 3*x**(4*n)*kakxcx*2 + 3kx**(2%n)kakxk
2kC + a*x*3) ,X)*akxck*kkex*2 + 4¥xkx (4*n)*int (xx* (2xn)/ (x** (6*n)*c**3 + 3*x*
* (4*n) xaxcx*2 + 3kxkk (2kn)¥ax*2kc + a*x*3) ,x)*ck*kJkd**2+n — x** (4*n)*int (x*
*(2*n) / (x** (6*n) kc**3 + Bkxxk (4xn)*xakc**2 + *xx*(2+n)*xa**x2kc + a**3),x)*c
*k3kd**2 + kx*kx(4*n)*int (x**n/ (x** (6*n) *c*x*3 + 3kx*k*(4*n)*kakxck*2 + 3kx*k(
2%n) xa*x*x2%c + ax*3),x)*kakck*x2kxdke + 2xx** (2%n)*int (x**(2*n)/ (x** (6%n) *c*x*3
+ 3kxkk (4kxn) kaxck*k2 + Ikxkk(2*n) ka*xk2kxc + a**k3) ,x)kakk2kckex*2 + Skxkk (2x
n)*int (x** (2*n) / (x** (6%n) *xc*x*3 + 3kx*k*k (4*n)*kaxc*k*x2 + 3kx*k*(2*n)*a**x2*xc + a
*%3) ,x) *kakckk2kdx*x2kn — 2kxkk (2*n)*int (x**(2*n) / (x*k* (6*n) *c*k*3 + 3*x*k*x(4*n
Ykakxckk2 + 3kxkk (2kn)kak*2kc + ax*x3),x)kakckk2kxd**2 + 4xxk* (2%n)*xint (x**n/
(x** (6*n) *c*x*3 + 3xkxkk (4*n)kaxck*x2 + Ikxkk (2*n)kakxk2xc + a*x*3),x)*a**2kxckd
xe + int (xx*(2xn)/ (x** (6%n)*c*k*3 + 3*x** (4*n)*axck*2 + 3*x**(2¥n)*ax*2*c +
a*x*3) ,x)*a**k3kexx2 + 4xint (x**(2%n)/ (x** (6*n)kcx*x3 + 3Jkxxkk(4*n)*akckx2 +

3kxokk (2kn) ¥a*x*k2kc + a*x*3) ,x)*a*k2xckd*x*2+n - int (x** (2*n) / (x** (6*n) xcx*3 +
3xxkk (4*n) kaxck*x2 + Ikxkk (2%n) kaxx2xc + a*x*3),x)*axkkckd**2 + 2kint (x**n
/ (x*% (6%n) xc**3 + 33kx*k(4*n)*kakck*x2 + 3kxkk (2kn)*ax*x2kc + a*x*x3),x)*ka*xx3kdx*
e + d**x2%x)/(a*x(x**x(4*n)*xc*x*2 + 2kxx*x*(2%n)*a*c + a**2))




CHAPTER 3. LISTING OF INTEGRALS 293

3.39 _dber® oy

(a+ca:2”)
Optimalresult . . . . . . . . .. . .. 293]
Mathematica [A] (verified) . . . . . . . .. ... L Lo 297
Rubi [A] (verified) . . . . . . . .. . 294
Maple [F] . . . . o 290
Fricas [F] . . . . . . o 297
Sympy [F(-1)] . . . o o 297
Maxima [F] . . . . . . . 297
Giac [F] . . . . o o 298
Mupad [F(-1)] . . . 298
Reduce [F] . . . . . o 298]

Optimal result

Integrand size = 19, antiderivative size = 184

/ d+ ex" de
(a + cz?n)?

z(d + ex™) z(d(1 — 4n) + e(1 — 3n)z")

 dan (a + cz?)? 8a?n? (a + cx?)
d(1 — 6n + 8n?) z Hypergeometric2F1 (1, > 35(24+ 1), —“%n)
+
8a*n?

n . n chn
e(1 — 3n)(1 — n)z'*" Hypergeometric2F1 (1, 12%, %(3 + %) ,——)

+ 8a3n?(1+n)

output \ 1/4xx* (d+e*x"n) /a/n/(a+c*x~(2#n)) “2-1/8*x* (d* (1-4*n)+e* (1-3*n)*x"n) /a~2/n" ‘
‘ 2/ (at+cxx™(2*n) ) +1/8*d* (8*n~2-6*n+1) *x*xhypergeom([1, 1/2/n], [1+1/2/n],-c*x” ‘
‘ (2#n) /a) /a~3/n"2+1/8%e* (1-3*n) * (1-n) *x~ (1+n) *hypergeom([1, 1/2*(1+n)/n], [3 ‘
|/2+1/2/n] ,~c*x~(2*n) /a) /a~3/n"2/ (1+n) |
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Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.45

d + ex™ dz Hypergeometric2F1 (3, = 2(2+1), _chQ")
———=dr =
/ (a+ cx2”)3 a3
ex'*" Hypergeometric2F1 <3, 12+_n", %(3 + % ) : _ca:;n>
" ad(l+n)
input LIntegrate [(d + exx"n)/(a + c*x~(2*n))~3,x] J

e B

(d*x*Hypergeometric2F1[3, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/a"3
'+ (exx™(1 + n)*Hypergeometric2F1[3, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*x~ |
L(2*n))/a)])/(a‘3*(1 + 1)) J

output

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 194, normalized size of antiderivative = 1.05,

number of rules _ 0.263, Rules

number of steps used = 5, number of rules used = 5, integrand size

used = {1761, 1761, 1748, 778, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
d+ex”
——————=dz
(a + cx?n)
l 1761
e(1—3n)z"+d(1—4n)
z(d+ex") J (cx?"+a)? dz
4an (a + cz2n)? 4an
l 1761
e(1—3n)(1—n)zn+d(8n2—6n+1)
d(1—4n)+e(1—3n)z" / =?hia dz
z(d + ex™) widt 2a:()a+e§x2")n)x ) — Sam

4an (a + cx?n)? B 4an
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l’1748

1 n
z(d(1—4n)+e(1-3n)z™) d(8n®—6n+1) [ cxzn+adw+e(1—3n)(1—n)fcz%”ﬁdw

.’E(d + exn) _ 2an(a+cz?") 2an
4an (a + ca?r)?

4an

l 778

z(d+ ex™)
4an (a + cx?n)?

2n
d (871.2 —6n+1) x Hypergeometric2F1 (1 s % s % (2+ %) — L)

o(d(1—dn)+e(1—-3n)zn)  e(1=3n)(1-n) [ _Fi—da+ a -
2an(a+cz?™) - 2an
4an
| sss
z(d+ ex™)

4an (a + cxn)?

2n
d 8n2—6n+1 x Hypergeometric2F1 l,i,l 24—l ,— & e(1-3n)(1—n wn+1 Hypergeometric2F1( 1,
2n°2 n a
+

z(d(1—4n)+e(1-3n)z™) a a(n+1)

2an(a+cz?™) 2an

4an

input Int[(d + exx"n)/(a + c*x~(2*n))~3,x]

(x*(d + e*x"n))/(4*a*n*(a + c*x~(2%n))~2) - ((x*(d*(1 - 4%n) + e*x(1 - 3+*n)
*x"n))/(2*a*n*(a + c*x~(2*n))) - ((d*(1 - 6%n + 8*n~2)*x*Hypergeometric2F1
[1, 1/(2*n), (2 + n~(-1))/2, -((c*x"(2*n))/a)])/a + (ex(1 - 3*n)*(1 - n)*x
~(1 + n)*Hypergeometric2F1[1, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*x~(2*n))
/a)]1)/(ax(1 + n)))/(2*a*n))/(4*a*n)

output
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Defintions of rubi rules used

rule 778 Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] & !IGtQlp
, 0] && !IntegerQ[1/n] && !'ILtQ[Simplify[i/n + pl, 0] && (IntegerQlp] ||
GtQla, 01)

rule 8gg TtL[(e_)*(x_))"(m_)*((a) + (b_.)*(x)"(m_))"(p_), x_Symboll :> Simp[ap
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQla, 01)

rule 1748 Int[((d)) + (e_)*(x_)"(n_))/((a_) + (c_.)*(x_)"(n2_)), x_Symbol] :> Simp[d

Int[1/(a + c*x~(2*n)), x], x] + Simple Int[x"n/(a + c*x~(2*n)), x], x]

/; FreeQ[{a, c, d, e, n}, x] &% EqQ[n2, 2*n] && NeQ[c*d~2 + a*e~2, 0] && (
PosQ[a*c] || !IntegerQ[n])

rule 1761 Int[((d)) + (e_.)*(x_)"(n ))*((a_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol] :> S
imp[(-x)*(d + exx™n)*((a + c*xx~(2*n))"(p + 1)/(2*%a*n*(p + 1))), x] + Simp[1
/(2xa*nx(p + 1))  Int[(d*(2*n*p + 2*n + 1) + e*x(2*n*p + 3*n + 1)*x"n)*(a +
c*x~(2*n))~(p + 1), x], x] /; FreeQ[{a, c, d, e, n}, x] && EqQ[n2, 2*n] &&

Maple [F|
/ _dted” 4
(a+ca?)
inputLint((d+e*x‘n)/(a+c*x*(g*n))A3,x)

output ' int((d+e*x"n)/ (a+c*x™(2%n))"3,x)




CHAPTER 3. LISTING OF INTEGRALS 297

Fricas [F]

d+ex” ex" +d
—( o3 dr = — 3 dz
a+ cx®) (cz?™ + a)

Lintegrate ((d+e*x"n)/(a+c*x~(2*n)) "3,x, algorithm="fricas")

e—

input
output ‘ integral((e*x™n + d)/(c™3*x™(6*n) + 3*axc™2*x”(4*n) + 3*a~2*c*x”(2*n) + a”
\3), x)
Sympy [F(-1)]
Timed out.
d+ ex”
_ater dx = Timed out
(a + cxn)?
input Lintegrate ((d+e*x**xn) / (a+cxx** (2xn) ) **3,x)
output LTimed out
Maxima [F]
d + ex™ ex™ + d
/ 2n)3 dz = / 2n 3 dx
(a + cx ) (c:]; + a)
p
input tintegrate ((d+e*x"n)/(at+c*x~(2*n))~3,x, algorithm="maxima")
Output‘ 1/8% (ckex (3*%n - 1)*x*x~(3#n) + c*d*k(4*n - 1)*x*x~(2%n) + akrex(5*n - 1)*x*x

n o+ axdk(6%n - 1)%x)/(a”2%cT2%n"2%x” (4%n) + 2%a"3xcHn"2xx”(2%n) + a~4xn"2
\) + integrate(1/8*((3*n~2 - 4%n + 1)*exx™n + (8*n"2 - 6%n + 1)*d)/(a"2*c*n
‘“2*x“(2*n) + a~3*n"2), x)
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Giac [F]

d+ ez” ex" +d
v T ] e @
a-+cxr ) (c;]; +G/)

inputLintegrate((d+e*x‘n)/(a+c*x*(2*n))*3,x, algorithm="giac")

output Lintegrate((e*x‘n + d)/(c*xx~(2*n) + a)~3, x)

Mupad [F(-1)]

Timed out.
[ e [Ty,
(a + cx?) (a+ cz?")
inputtint((d + exx™n)/(a + c*x~(2%n))~3,x)

output‘int((d + exx™n)/(a + c*x~(2%n))~3, x)

Reduce [F]

/ d+ ex™ d / " .
s T z)e
(a + cz?n)® 26nc3 + 3xing 2 + 3x2nq2c + g3

inputLint((d+e*x‘n)/(a+c*x*(z*n))*3’x)

‘int(x**n/(x**(G*n)*c**S + 3xxkk (4*n)kakckx2 + 3kxkk (2kn)ka**x2xc + ax*3),x)
\*e + int (1/ (x*x* (6*n) *c*k*3 + 3*x**(4*n)*xaxc* *2 + J*kxkx(2*n)*akx*2*xc + a*x*3),
‘x)*d

output
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3.40 [ 1 - dz
(d+ez™) (a+cz?")

Optimalresult . . . . . . . . .. . .. 299
Mathematica [A] (verified) . . . . . . . .. ... L Lo 300
Rubi [A] (verified) . . . . . . . .. .
Maple [F] . . . . o
Fricas [F] . . . . . . o 303
Sympy [F(-1)] . . . o o 303
Maxima [F] . . . . . . . 303
Giac [F] . . . . o o 304
Mupad [F(-1)] . . . 304
Reduce [F] . . . . . o

Optimal result

Integrand size = 21, antiderivative size = 462

cx(d — ex™)

/ 1
(d+ exn

Y@t e " da(cd + ae®)n (a+ cz™)?
_ cx(d(ae’(1 = 8n) + cd*(1 — 4n)) — e(ae*(1 — Tn) + cd?(1 — 3n)) z™)

+

+

8a2 (cd? + ae?)’ n? (a + cx?n)

4 : 11 1 cz?n
cde*z Hypergeometric2F1 (1, > 32+ 1), ——>

a

a (cd? + ae?)’

cd(ae?(1 — 8n) + cd?(1 — 4n)) (1 — 2n)z Hypergeometric2F1 (1, -, 1 (2 + 1)
2n? 2 n

2
a

_M>

8a3 (cd? + ae?)® n?

Sz Hypergeometric2F1 (1, %, 1+ %, _%)
d (cd? + ae?)?
ceSz! ™™ Hypergeometric2F1 (1, 13+ 1),

_ca®

a

)

a(cd? + ae?)® (1 +n)

ce(ae?(1 — ™) + cd?(1 — 3n)) (1 — n)z'*™ Hypergeometric2F1 (1, 13+ 1),

cx2n

a

)

8a3 (cd? + ae?)* n2(1 + n)
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1/4*cxx*(d-e*x"n) /a/ (a*e”~2+cxd"2) /n/ (atc*x™ (2%n) ) "2-1/8*cxx* (d* (a*e~2*(1-8
*n)+c*d”~2% (1-4*n) ) -ex (a*e”~2* (1-7*n) +c*d~2* (1-3*n) ) *x"n) /a~2/ (a*e”2+c*d~2) =
2/n~2/ (a+c*x” (2%n) ) +cxd*e”4*xxxhypergeom([1, 1/2/n], [1+1/2/n],-c*x~(2*n)/a)
/a/(axe”2+c*d~2) “3+1/8*c*d* (a*e” 2% (1-8*n) +c*d~2* (1-4*n) ) * (1-2*n) *x*hyperge
om([1, 1/2/n],[1+1/2/n],-c*x~(2#n) /a)/a~3/(a*e”2+c*d"2) “2/n"2+e”~6*x*hyperg
eom([1, 1/n],[1+1/n],-e*x"n/d)/d/(a*e”2+c*d~2) "3-c*e~5*x~ (1+n) *hypergeom ([
1, 1/2x(1+4n)/nl, [3/2+1/2/n] ,-c*x”~(2*n)/a) /a/(a*e”2+c*d"2) “3/(1+n)-1/8*c*e*
(a*xe” 2% (1-7*n)+cxd~2*(1-3%n) ) *(1-n) *x~ (1+n) *hypergeom([1, 1/2*(1+n)/n], [3/
2+1/2/n] ,-c*x~(2*n) /a) /a~3/ (a*xe”2+c*xd~2) ~2/n"2/ (1+n)

output

Mathematica [A] (verified)

Time = 0.57 (sec) , antiderivative size = 346, normalized size of antiderivative = 0.75

1
j/ 5 dz
(d+ ez™) (a + cz?)
14n

2
( cde? Hypergeometric2F1 (1, i ,% (2+%) — %) " €8 Hypergeometric2F1 (1, % ,1+%,— %) ceSz™ Hypergeometric2F1 (1 T ,% [
x —

a d a(l+n)

e

tIntegrate[l/((d + exx"n)*(a + c*x”(2%n))"3),x]

~—

input

(x* ((c*d*e~4*xHypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2%n))/a
)1)/a + (e~6xHypergeometric2F1[1, n~(-1), 1 + n~(-1), -((e*x™n)/d)1)/d - (
cxe”b*x n*Hypergeometric2F1[1, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*x~(2*n)
)/a)]1)/(a*(1 + n)) + (c*kd*e~2*(c*d~2 + a*e”2)*Hypergeometric2F1[2, 1/(2#n)
, (2 +1n7(-1))/2, -((c*x~(2%n))/a)]) /a2 - (cxe"3x(c*d"2 + axe”2)*x " nxHype
rgeometric2F1[2, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*x~(2*n))/a)])/(a~2*(1
+ n)) + (ckd*x(c*d™2 + axe”2) 2xHypergeometric2F1[3, 1/(2*n), (2 + n~(-1))
/2, -((c*x~(2*n))/a)])/a"3 - (c*e*(c*d™2 + axe”2) ~2*x nxHypergeometric2F1[
3, (1 +n)/(2%n), (B + n7(-1))/2, -((c*x~(2*n))/a)])/(a"3*(1 + n))))/(c*d~
2 + a*e”2)73

output
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Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 582, normalized size of antiderivative = 1.26,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1767, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ 3 dx
(a + cx?n)” (d + ex™)
| 1767
/ (_ ce?(ex™ — d) 3 clex™ — d) + eb B cet(ex™ — d) >
(ae? + cd?)? (a+ ca?)?  (ae? +cd?) (a+ca?)®  (ae? +cd?) (d+ex) (a2 + cd?)? (a + ca?n)

| 2009

ce(1 — 3n)(1 — n)z™+! Hypergeometric2F1 (1, ntl 23+ 1), —“‘—2”)

a
Bl 8a3n?(n + 1) (ae? + cd?) +
cd(1 — 4n)(1 — 2n)x Hypergeometric2F1 (1, =, 3(2+12), —Cx;n>
8a3n? (ae? + cd?) a
cde?(1 — 2n)z Hypergeometric2F1 (1, >, 3(2+1) ,—Cz;n) cx(d(1 — 4n) — e(1 — 3n)z™)
2a2n (ae? + cd?)? ~ 8a2n? (ae® + cd?) (a + cz?")
ce3(1 — n)z" ! Hypergeometric2F1 (1, ntl 23+ 1), —#) ce?z(d — ex™)
2a2n(n + 1) (ae? + cd?)* 2an (ae? + cd?)? (a + cz?")
cx(d — ex™) eSz Hypergeometric2F1 (1,1,1 + 1 _ez?)
4an (ae? + cd?) (a + cx?)? d (ae? + cd?)?
. 2n
ceS2" ! Hypergeometric2F1 (1, ntl 1(3+1), —%)
a(n+ 1) (ae? + cd?)?
. 2n
cde*z Hypergeometric2F1 (1, =, (2+2), —&>

a (ae? + cd?)?

input \rInt [1/((d + e*x"n)*(a + c*x~(2%n))"3),x] ]
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output

(cxx*(d - exx"n))/(4*a*(c*d™2 + a*e”2)*n*(a + c*x”(2*n))~2) + (c*xe ™ 2*x*(d

- e*xx"n))/(2*%a*x(c*d~2 + a*e”2) " 2*n*(a + c*x~(2*n))) - (c*x*x(d*(1 - 4*n) -

ex(1 - 3*n)*x"n))/(8*a"2*(c*xd"2 + a*e”2)*n"2*(a + c*xx~(2*n))) + (ckd* e 4*x
xHypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/(a*(c*d~
2 + a*e”™2)73) + (c*d*(1 - 4*n)*(1 - 2*n)*x*Hypergeometric2F1[1, 1/(2*n), (
2 + n7(-1))/2, -((c*x~(2*n))/a)])/(8*a~3*(cxd"2 + a*e~2)*n"2) - (cxd*e 2x(
1 - 2xn)*x*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)]
)/ (2%a"2%(c*d"2 + a*e”2)"2*n) + (e~ 6*xxHypergeometric2Fi[1, n~(-1), 1 + n~
(-1), -((exx"n)/d)]1)/(d*(c*d”2 + axe"2)"3) - (cxe"5*x”~ (1 + n)*Hypergeometr
ic2F1[1, (1 + n)/(2*n), (3 + n~(-1))/2, -((c*xx~(2*n))/a)])/(a*x(cxd"2 + a*e
~2)7"3%(1 + n)) - (c*ex(1 - 3*n)*(1 - n)*x~(1 + n)*Hypergeometric2F1[1, (1

+ n)/(2*n), (3 + n7(-1))/2, -((c*x~(2*n))/a)])/(8*a~3*(c*xd"2 + axe”2)*n"2x
(1 + n)) + (cxe”3*%(1 - n)*x~(1 + n)*Hypergeometric2F1[1, (1 + n)/(2%n), (3
+ n"(-1))/2, -((c*x~(2*n))/a)])/(2*a"2*(c*d"2 + a*e”2) 2+n*(1 + n))

Defintions of rubi rules used

rule 1767

Int[((d_) + (e_.)*(x_)"(n_))"(q)*((a ) + (c_.)*(x_)"(n2_))"(p_), x_Symbol]

:> Int[ExpandIntegrand[(d + e*x"n) g*(a + c*xx~(2*n))"p, x], x] /; FreeQ[{a
, ¢, d, e, n, p, 9}, x] && EqQ[n2, 2*n] && NeQ[c*d"2 + axe”2, 0] && ((Integ
ersQ[p, q] & !IntegerQ[n]) || IGtQ[p, O] || (IGtQlqg, O] && !IntegerQ[n])
)

e

mﬂe2009L

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

~—  /

inputt

Maple [F]

1
L/ﬁ sdx
(d+ezx™) (a+ cx?)

int (1/(d+e*x"n)/(atc*x~(2*n))~3,x)

outputt

int (1/(d+e*x"n)/(a+c*x~(2*n))~3,x)
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Fricas [F]

1 1
/ 5 dr = / 3 dz
(d+ ex™) (a + cz?™) (cx?™ + a)’(ex™ + d)

inputLintegrate(1/(d+e*x‘n)/(a+c*x‘(2*n))‘3,x, algorithm="fricas")

t‘ integral(1/(a"3*e*x™n + a~3*d + (c"3%exx™n + c”3xd)*x~(6%n) + 3x(a*xc™2xe*x

outpu
“‘n + akc™2%d) *x~ (4*n) + 3*(a~2%cxexx"n + a~2%c*d)*x~(2*%n)), x)

Sympy [F(-1)]

Timed out.
1
/ 5 do = Timed out
(d+ ex™) (a + ca?)
input Lintegrate (1/ (d+exx**n) / (a+ckx** (2%n) ) **3,x)
outputLTimed out
Maxima [F]

/ 1 / 1
5 dr = 3 dz
(d+ ez™) (a + cz?) (cx?™ 4 a)’(ex™ + d)

input tintegrate (1/(d+e*x"n)/(atc*x~(2*%n))~3,x, algorithm="maxima")




output

input

output

input

output
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e"6*xintegrate(1/(c”3%d~7 + 3%a*c”2*%d"b*e”2 + 3*a”2*c*d"3*%e”"4 + a”~3*d*e”6 +
(c™3%d"6xe + 3*axc™2*xd"4*e”3 + 3*xa~2%cxd"2*xe”5 + a~3*%e"7)*x"n), x) - 1/8%
((axc™2xe”3*(7*n - 1) + c”3*d"2*xex(3*n — 1))*x*x~(3*%n) - (a*xc”2xd*xe”2*(8*n
- 1) + c73*%d"3*(4*n - 1))*x*x~(2%n) + (a"2xcxe”3*(9*n - 1) + a*c™2*d " 2*ex
(5%n - 1))*x*x"n - (a"2%c*d*e”2*x(10*n — 1) + a*c™2*%d"3*(6*n - 1))*x)/(a"4x*
c"2%d"4*n"2 + 2*%a~bxckxd"2*%e"2*n"2 + a~6xe~4*n"2 + (a~2*%c"4*d"4*n"2 + 2*a”3
*C"3%d"2%e"2*n"2 + a”4*c”2%e"4*n"2)*x”(4*n) + 2% (a"3*%c"3*d"4*n"2 + 2*xa~4dx*c
“2%d"2%e"2¥n"2 + a~b*c*e"4*n"2)*x~(2*n)) - integrate(-1/8*((8%n"2 - 6%n +
1)*¢c™3*%d"5 + 2+(12*n~2 - 8*n + 1)*a*xc”™2*d"3*e”2 + (24#n"2 - 10*n + 1)*a”2%*
ckdxe™4 - ((3*n"2 - 4*n + 1)*c~3*d"4xe + 2*x(5*n~2 - 6%n + 1)*a*xc”~2%d"2%e"3
+ (15%n"2 - 8%n + 1)*a~2xc*e”5)*x"n)/(a"3*%c"3*xd"6*n"2 + 3*a~4xc”2+d"4*xe”2
*n"2 + 3*xa~bxckd"2*%e"4*n"2 + a~6xe”6xn"2 + (a"2*%c"4*d"6*n"2 + 3*a~3xc”3*d”
4dxe~2*xn"2 + 3*a~4*xc 2xd"2*%e~4*n"2 + a~bkcxe"6*xn"2)*x~(2*n)), x)

Giac [F]

1 1
/f 3d¢:=u/“ 3 dz
(d+ ez™) (a + cx?) (cx?™ 4 a)’(ex™ + d)

integrate(1/(d+e*x"n)/(at+c*x~(2*n))~3,x, algorithm="giac")

N

Lintegrate(l/((c*x“(Q*n) + a)~3*(exx™n + d)), x)

Mupad [F(-1)]

Timed out.

| e | ey
5 dr 3 dz
(d+ ez™) (a + cz??) (a+cx?")” (d+ ezxn)

Lint(l/((a + c*xx~(2%n))"3%(d + e*x"n)),x)

-

Lint(l/((a + c*x~(2%n))"3*(d + e*x"n)), x)

-/
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Reduce [F]

1
/ 5 dz
(d+ ex™) (a + cx?)

1
= d
/xm@&+ﬁ%%+3ﬁWw%+&ﬁm§d+&&ﬁw+ﬂﬁw%d+ﬂﬁe+ﬁdm

input Lint (1/(d+e*x"n)/(a+c*x~(2%n))"3,x)

‘int(l/(x**(?*n)*c**B*e + xx*(6%n)*kc**3*kd + 3*kx**x(5%n)*kakck*2ke + 3kx**(4*n
‘)*a*c**Q*d + 3kxkk (3kn) kaxk2kcke + 3kxkk (2kn) *ka*x*k2kckd + xkknkakk3ke + akxk
13%d),x)

output
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1

3.41 f (d+ez™)? (a+cw2n)3 dz

Optimalresult . . . . . . . . .. . .. 306]
Mathematica [A] (verified) . . . . . . . .. ... L Lo
Rubi [A] (verified) . . . . . . . .. . 308
Maple [F] . . . . o 310
Fricas [F] . . . . . . o 310
Sympy [F(-1)] . . . o o 3101
Maxima [F] . . . . . . . B11]
Giac [F] . . . . o o B11
Mupad [F(-1)] . . . 312
Reduce [F] . . . . . o 312

Optimal result

Integrand size = 21, antiderivative size = 660

1 dp — cx(d — ex™)
(d + ezx™)? (a + cz?n)® 4a (cd? + ae?) n (d + ex") (a + czr)?
N cr(a?e*(1 — 8n) — c?d*(1 — 4n) + 8acd?e®n + 2cde(ae’(1 — 9In) + cd?(1 — 3n)) z™)
8a2 (cd? + ae?)’ n? (a + cx?n)
c(1 — 2n) (a?e*(1 — 8n) — c*d*(1 — 4n) + 8acd?e®n) z Hypergeometric2F1 (1, > 5(2+1), —%)
8a3 (cd? + ae?)® n?
ce?(acd?e?(1 — 12n) + c*d*(1 — 2n) + 2ae*n) x Hypergeometric2F1 (1, > 52+ 1), —%)
2a2 (cd? + ae?)* n
ce*(ae*(1 — 13n) + cd?(1 — n)) z Hypergeometric2F1 (1, 1,1 + 1, —<2)
2a (cd? + ae?)*n
c*de(ae’(1 — 9n) + cd?(1 — 3n)) (1 — n)z'™ Hypergeometric2F1 (1, Ln 134+ 1), —%)
4a3 (cd? + ae?)® n2(1 +n)
ctde®(ae?(1 — 13n) + cd?(1 — n)) '™ Hypergeometric2F1 (1, 134+ 1), —C’”Tz")
202 (cd? + ae?)* n(1 + n)
e*(cd® — 2ae?) z Hypergeometric2F1 (2, 1,1+ 1, —<%)
2ad? (cd? + ae?)?

_|_
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1/4xc*x*(d-e*x"n)/a/(a*e”2+c*d"2) /n/ (d+e*x"n) / (atc*xx™ (2*n) ) "2+1/8*c*x*(a”2
*e”4x (1-8%n) —c~2*d"4* (1-4#*n) +8*a*cxd ™~ 2xe 2*n+2*cxd*ex (axe”~2x (1-9*n) +c*xd 2%
(1-3*n))*x"n)/a"~2/(a*e”2+c*d"2) ~3/n"2/ (a+c*x” (2*n) ) -1/8*c* (1-2*n) * (a~2*e"4
*(1-8*n) -c~2%d"4* (1-4*n) +8*a*c*d~2*e~2#n) *x*hypergeom([1, 1/2/n],[1+1/2/n]
,—c*x~(2*n) /a)/a"~3/(axe~2+c*d"2) ~3/n"2-1/2*c*xe”2* (a*cxd~2*xe” 2% (1-12*n)+c~2
*d~4% (1-2%n)+2*a”~2xe~4*n) *x*hypergeom([1, 1/2/n],[1+1/2/n],-c*x~(2*n)/a)/a
~2/(a*e”2+c*d”2) “4/n-1/2*cxe"4* (a*e”~ 2% (1-13*n)+c*d~2*(1-n) ) *x*xhypergeom( [1
, 1/n],[1+1/n] ,-e*x"n/d)/a/(a*xe”2+c*d"2) “4/n-1/4*c"2*xd*e*x (axe~ 2% (1-9%n) +c*
d~2*(1-3#%n) ) *(1-n) *x~ (1+n) *hypergeom([1, 1/2*(1+n)/n], [3/2+1/2/n],-c*x~ (2%
n)/a)/a~3/(a*e”2+cxd"2) "3/n"2/ (1+n) +1/2*c"2xd*e”~3* (a*e~2* (1-13*n) +c*d~2* (1
-n))*x~ (1+n) *xhypergeom([1, 1/2x(1+n)/n], [3/2+1/2/n],-c*x”(2*n)/a)/a~2/(axe
~2+c*d”2)"4/n/(1+n)-1/2xe~4* (-2xa*xe”2+c*xd"2) *x*hypergeom([2, 1/n], [1+1/n],
-e*x"n/d)/a/d"2/ (axe”"2+c*d"2) "3

output

Mathematica [A] (verified)

Time = 1.02 (sec) , antiderivative size = 426, normalized size of antiderivative = 0.65

= dz
(d + ez)? (a + cz?)?

( ce* (5cd?—ae?) Hypergeometric2F1 (1, % , % (2+ %) ——
X

a

6c2de’x

: 1 1 ex™
)+ 6ce® Hypergeometric2F1 (1, 14l ety

-

LIntegrate[i/((d + exx"n) "2*%(a + c*x~(2*n))~3),x]

~—

input

(x*((c*xe™4x(5xc*d™2 - axe”2)*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2,
-((c*x~(2*n))/a)])/a + 6*cxe”6xHypergeometric2F1[1, n~(-1), 1 + n~(-1), -
((exx"n)/d)] - (6*xc~2*d*e~5*x n*Hypergeometric2F1[1, (1 + n)/(2*n), (3 + n
~(-1))/2, -((c*x~(2*n))/a)])/(a*x(1 + n)) + (c*xe"2x(3*c*d™2 - a*e”2)*(c*d"2
+ a*xe”2)*Hypergeometric2F1[2, 1/(2#n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])
/a”2 + (e"6x(c*d"2 + a*xe”2)*Hypergeometric2F1[2, n~(-1), 1 + n~(-1), -((e*
x™n)/d)]1)/d72 - (4*c”2*d*e”3*(c*d"2 + axe”2)*x n*Hypergeometric2F1[2, (1 +
n)/(2%n), (3 + n7(-1))/2, -((c*x~(2*n))/a)])/(a"2%(1 + n)) + (c*(cxd™2 -
axe”2)*(cxd"2 + akxe”2) 2xHypergeometric2F1[3, 1/(2*n), (2 + n~(-1))/2, -((
cxx~(2*%n))/a)])/a~3 - (2xc”2*d*e*(c*d”2 + a*e”2) 2*x " nxHypergeometric2F1[3
,», (1 +n)/(2*n), (3 + n~(-1))/2, -((c*x~(2%n))/a)])/(a"3*(1 + n))))/(c*d"2
+ axe”2)74

output
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Rubi [A] (verified)

Time = 1.00 (sec) , antiderivative size = 701, normalized size of antiderivative = 1.06,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1767, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ 3 5 dT
(a + cx?n)” (d + ex™)
| 1767
/ ce?(ae? — 3cd? + dcdea™) c(ae? — cd?® + 2cdex™) 4 6cde® + eb
(ae? + cd?)? (a + cz?)? (a2 + cd?)? (a + ca?)®  (ae? + cd?)* (d + ex”)  (ae? + cd?)® (d + ex™)

l 2009

c*de(1 — 3n)(1 — n)z"*! Hypergeometric2F1 <1, ntl 13+ 1), —@)

a

- 4a3n2(n + 1) (ae? + cd?)? *

c(1 — 4n)(1 — 2n)z(cd? — ae?) Hypergeometric2F1 (1, >, 3(2+1) ,—%)
8a3n? (ae? + cd?)?

2c2de3(1 — n)xz™ ! Hypergeometric2F1 (1, ntl 13+1),- cx%)

_|_

a

a?n(n+1) (ae? + cd?)®
ce?(1 — 2n)z(3cd? — ae?) Hypergeometric2F1 (1, =, 3(2+2), _szn)

2a2n (ae? + cd?)®
cz((1 — 4n) (cd? — ae?) — 2cde(1 — 3n)z")
8a2n? (ae? + cd?)? (a + ca?n)
6c2de®z™t! Hypergeometric2F1 (1, "Tle, %(3 + %) , —c"”zn> ce?z(—ae? + 3cd? — dcdex™)

a

a(n + 1) (a62 + Cd2)4 2an ((162 + Cd2)3 ((I + 0172")
cz(—ae? + cd? — 2cdex™)  6ceSz Hypergeometric2F1 (1,2,1+ 1, —e2%) )
dan (ae? + cd?)” (a + ca®)’ (ae? + cd?)*
eSz Hypergeometric2F1 (2, %, 1+ %, _%) .
d? (ae? + cd?)®
ce*z (5cd® — ae®) Hypergeometric2F1 (1, L (24+1), - cmjn)

a (ae? + cd?)*
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input‘Int[l/((d + e*x"n)"2%(a + c*x~(2*n))~3),x]

(c*xx*x(c*xd™2 — a*e”™2 - 2*c*d*exx"n))/(4*xax(c*d"2 + a*e”2) 2*n*x(a + c*xx”(2*n
))"2) + (c*e”2kx*(3*xc*d™2 - a*e”2 - 4xckd*exx"n))/(2*a*(cxd"2 + a*xe”2) 3*n
*(a + cxx”(2*n))) - (ckx*((c*xd™2 - a*e™2)*(1 - 4*n) - 2*ckdxe*x(1l — 3*n)*x~
n))/(8*xa"2x(c*d"2 + axe”2) "2*n"2x(a + c*xx~(2*n))) + (cxe”4x(5xc*d~2 - a*e”
2) *x*Hypergeometric2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/(a*(
c*d"2 + a*e”2)74) + (ckx(cxd™2 - axe”2)*(1 - 4*n)*(1 - 2xn)*x*xHypergeometri
c2F1[1, 1/(2*n), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/(8*a~3*(cxd"2 + axe”2)
~2¥n"2) - (c*e”2%(3%c*d"2 - a*e”2)*(1 - 2+*n)*x*Hypergeometric2F1[1, 1/(2*n
), (2 + n~(-1))/2, -((c*x~(2*n))/a)])/(2%xa~2x(c*xd"2 + a*e~2) 3*n) + (6*c*e
~6*x*Hypergeometric2F1[1, n~(-1), 1 + n~(-1), -((e*x"n)/d)])/(c*d"2 + a*e”
2)~"4 - (6xc”2*d*e”5*x” (1 + n)#*Hypergeometric2F1[1, (1 + n)/(2*n), (3 + n~(
-1))/2, -((c*x~(2*n))/a)])/(a*(c*d"2 + a*e”2)"4*(1 + n)) - (c"2*d*e*(1 - 3
*n)*(1 - n)*x~ (1 + n)*Hypergeometric2F1i[1, (1 + n)/(2*n), (3 + n~(-1))/2,
-((c*x~(2*n))/a)]) /(4*a~3*(c*d"2 + a*e”2)"2*n~2*(1 + n)) + (2kxc~2*xd*xe”3*(1

- n)*x~ (1 + n)*Hypergeometric2F1[1, (1 + n)/(2*%n), (3 + n~(-1))/2, -((c*x
~(2*n))/a)])/(a"2x(cxd™2 + axe”2)"3*n*(1 + n)) + (e 6*x*Hypergeometric2F1i[
2, n°(-1), 1 + n~(-1), -((exx™n)/d)])/(d"2%(c*d"2 + axe~2)"3)

output

Defintions of rubi rules used

rule 1767 TRELC) + (e_)*(x )" ()" (q)*((a)) + (c_.)*(x_)"(n2.))"(p_), x_Symbol]

:> Int[ExpandIntegrand[(d + e*x"n) g*(a + c*x~(2*n))"p, x], x] /; FreeQ[{a
, ¢, d, e, n, p, q}, x] & EqQ[n2, 2*n] && NeQ[c*d~2 + a*e~2, 0] && ((Integ
ersQlp, q] && !IntegerQ[n]) || IGtQ[p, 0] || (IGtQ[q, 0] && !IntegerQ[nl])
)

N

rule 2009\'1111: [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]
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Maple [F|

/ ! dz
(d+ez)? (a+ ca)®

input Lint (1/ (d+e*x"n) "2/ (a+c*x~(2%n)) ~3,x)

output Lint (1/(d+e*x"n)~2/ (a+c*x~(2*n))~3,x)

Fricas [F]

1 1
2 o3 4T = P~ 5, 5 dx
(d+ez")” (a + ca) (ca?n + a)’(ex™ + d)

inputLintegrate(1/(d+e*xﬁn)A2/(a+C*X”(2*n))“3,x, algorithm="fricas")

‘integral(l/(a‘3*e‘2*x‘(2*n) + 2%a"3*xd*exx"n + a~3*xd"2 + (c”"3%e”2*x”(2*n) +
| 2xcT3xdkexx™n + c"3*d"2)*x”(6%n) + 3x(axcT2xe”2kx™(2%n) + 2kaxc 2kdkexx n
\ + a*xc”2*%d"2)*x” (4*n) + 3x(a"2xc*xe”2%x”(2%n) + 2*a~2kckdrexx"n + a~2*cxd”2
‘)*x‘(2*n)), x)

output

Sympy [F(-1)]

Timed out.

1
/ 2 5 dr = Timed out
(d “+ 61}”) (a + cx?n)

inputLintegrate(l/(d+e*x**n)**2/(a+c*x**(2*n))**B’X)

ou_tpudTimed out




-

input |
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Maxima [F|

u/1 L dx-—t/p L dz
(d + ex”)? (a + cz)® (cz?™ + a)®(ex™ + d)*

integrate(1/(d+e*x"n) "2/ (a+c*x~(2*n))~3,x, algorithm="maxima")

output

(c*d~2*e"6x(7*n - 1) + axe”8+(n - 1))*integrate(1/(c"4*d"10*n + 4*axc~3*d"

8*e"2%n + 6xa~2xc”2xd"6*e”4*n + 4*a”3*xckxd~4*xe"6*n + a~4*d"2*e"8*n + (c~4*d
“Okxe*n + 4*xaxc”3*kd"7*e " 3*n + 6*%a"2%c 2*d"bke"bkn + 4*%a~3*xckxd"3*xe"7*n + a~4
*d*e”~9*n)*x"n), x) - 1/8%(2x(a*xc”3*d"2*e~4*(11*%n - 1) + c”4*d"4*e"2*%(3*n -
1) - 4*a”2%c"2%e”6#*n)*x*x~(4*n) + (a"2%c"2*d*e”5*(8*n - 1) + 2kakc~3*d"3*
e"3%(5%n - 1) + c74*xd"5*e*x(2*%n - 1))*x*x~(3*n) + (a"2%c"2*%d"2%e"4*(34%n -
3) - c4xd"6%(4xn - 1) - 2%axc”3*d"4*xe”2x(n + 1) - 16*a”3*c*e”6*n)*x*x” (2%
n) + (a"3*cxd*e”5%(10*n - 1) + 2*a”2*c”2*d"3*e"3*(7*n - 1) + axc~3*d 5*xe*(
4%n - 1))*x*x"n + (a”3%cxd"2%xe~4x(10*%n — 1) - a*xc™3*d"6%(6%n — 1) - 12%a”2
*C"2*%d"4*e"24n - 8xa~4*e”6xn)*x)/(a4*c"3*%d"8*n"2 + 3*ka~5kxc"2*d"6xe”2*n"2
+ 3*a~6*c*d"4*e”4*n"2 + a~T7*d"2*e”6+n"2 + (a"2*%c”5xd"T*exn"2 + 3*a”3*c”4*d
“Bxe~3*n"2 + 3*%a”~4*c"3*d"3*e"5*%n"2 + a~bxc 2xd*e " 7*n"2)*x~(5%n) + (a~2*c”5
*d"8*%n"2 + 3*%a"3*%c 4*xd"6*e”2*n"2 + 3*a~4*kc 3kd"4*e"4*n"2 + a~bxc"2*xd"2*xe”6
*n"2)*x~ (4*n) + 2x(a~3*c”4*xd"7Txe*n"2 + 3*a~4*c"3*xd"5*xe”3*n"2 + 3*a”~5*kxc~2xd
“3%e"5*n"2 + a“6kckd*e”7#n"2)*x”(3*n) + 2*x(a"3*c"4*d"8*n"2 + 3*a~4*xc~3*d"6
*e~24n"2 + 3*a~bkcT2xd"4*e"4*n"2 + a”“6xcxd"2*e"6*n"2)*x” (2*xn) + (a"4*c”3*d
“Txe*n”2 + 3*a~bkc"2xd"5*e”3*n"2 + 3*a~6xc*kd"3*e”5*n"2 + a~7*xd* e 7*n"2)*x"
n) - integrate(-1/8*%((8*n~2 - 6%n + 1)*c"4*d"6 + (32*n~2 - 18%n + 1)*a*c”3
*d"4xe”2 + (48%n"2 - 2*n - 1)*a”~2xc"2xd"2*e”4 - (24*n"2 - 10*n + 1)*a~3*c*
e”6 - 2%((3*n"2 - 4*n + 1)*c~4*d"5*e + 2% (7*n"2 - 8%n + 1)*axc~3*%d"3*e”...

Giac [F]

1 1
(d_|_ n)2 2n3dx: 2n 3 ) de
ex™)” (a + cx®) (cz?™ 4 a)’(ex™ + d)

s

inputt

integrate(1/(d+e*x"n) ~2/(at+c*x”(2%n))~3,x, algorithm="giac")

-/
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output Lintegrate(l/((c*x“(Q*n) + a)~3%(exx™n + d)"2), x) J

Mupad [F(-1)]

Timed out.
/ 21 5 dr = / 3} 5 dx
(d+ez")” (a+ cz®) (a+cz?n)’ (d+ez)
inputtint(l/((a + c*x~(2%n))"3%(d + e*x"n)"2),x) J
outputtint(l/((a + c*x”(2%n))"3%(d + e*x"n)"2), x) J
Reduce [F]

1

dz
(d + ezn)” (a + ca?)

3

1
N / x8ncde? + 2z c3de + 3x%ma c2e? + x5ncEd? + 6x5ma c2de + 3xima’ce? + 3xina c2d? 4 6x3"a2cde + x?

input Lint (1/(d+e*x~n) "2/ (at+c*x~(2%n)) ~3,x) J

‘int(1/(x**(8*n)*c**3*e**2 + 2kxkx (7*n) kckx*k3kdke + 3*xkk (6%n)*kaxckkke*x*x2 +
‘ x*% (6*n) kCck*3kd**2 + Gkx*k (5kxn)*kakxckk2kdkxe + 3kxkk(4*n)*akk2kckex*2 + 3kx
‘**(4*n)*a*c**2*d**2 + 6kxk*x (3kn) kaxk2kckdke + xkk (2kn)kaxk3kex*x2 + Jkxk*k (2

‘*n)*a**2*c*d**2 + 2xxk*knkark3kdke + akk3kdx*2),x)

output




output

input
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(d+ez™)3/?

3.42 | S da

Optimal result . . . . . . . . .. . . 313}
Mathematica [F] . . . . . . . ... . 313
Rubi [A] (verified) . . . . . . ... . B14
Maple [F] . . . . o
Fricas [F] . . . . . 316l
Sympy [F] . . . o 316
Maxima [F] . . . . . . 316
Giac [F] . . . o o BI7]
Mupad [F(-1)] . . . B17
Reduce [F] . . . . . o B17

Optimal result

Integrand size = 23, antiderivative size = 146

n’

/ (d + ez™)*? o dz+/d + ex™ AppellF1 <l -31,1+

a + cx?n

n’?

+

dz+/d + ex" AppellF1 (1 -$1,1+1

_er
) d

2aw/1+%

n ﬁ:ﬂ‘b)

2a4/1+ <F

‘1/2*d*x*(d+e*x”n)“(1/2)*Appe11F1(1/n,1,—3/2,1+1/n,—c“(1/2)*x“n/(—a)“(1/2),
‘-e*x“n/d)/a/(1+e*x“n/d)“(1/2)+1/2*d*x*(d+e*x“n)“(1/2)*Appe11F1(1/n,1,-3/2,
‘1+1/n,c“(1/2)*x“n/(-a)“(1/2),-e*x“n/d)/a/(1+e*x“n/d)‘(1/2)

Mathematica [F]

/%d+aﬂfmdr_/
a + cx?n o

(d+ exm)/?

a + cx?n

LIntegrate[(d + e*x"n)~(3/2)/(a + c*x~(2%n)),x]
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output‘ Integrate[(d + e*x"n)~(3/2)/(a + c*x~(2*n)), x]

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.00,

= 3, number of rules _ — 0.130, Rules

number of steps used = 3, number of rules used =
integrand size

used = {1759, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

n3/2
s,

a + cx2n
l 1759
(e:z:"-i—d)3/2 (em"+d)3/2
Vel e ¥ Vel wrsan®
2v—-a 2v/—a
l 937

™ 3/2 3/2
\/Ed\/d—l—ex"f\(/_%\;l_)cwdm Vedvd+exn [ c<m”+\/l\fdw

2v=a,/%" +1 2v/=a\/%" +1

l 936

dz+/d + ex™ AppellF1 (n, , %,14—%,—%,_%)

+
20/ 41
dx+/d + ex™ AppellF'1 (;, ,—% 1+ %, %,—%)

2a\/%

input Llnt[(d + e*x"n)~(3/2)/(a + c*x~(2*n)),x]




output

rule 936

rule 937

rule 1759

input

output
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‘(d*x*Sqrt [d + exx"n]*AppellFi[n~(-1), 1, -3/2, 1 + n~(-1), -((Sqrtlcl*x"n) ‘
/Sqrt[-al), -((exx™n)/d)1)/(2*axSqrt[1 + (exx™n)/d]) + (d*x*Sqrtld + exx™n

‘]*AppellFl [n~(-1), 1, -3/2, 1 + n~(-1), (Sqrtlcl*x"n)/Sqrt[-al, -((e*x"n)/ ‘
‘)1)/(2xaxSqre[1 + (exx™n)/dl) |

Defintions of rubi rules used

‘Int[((a_) + (b_)*(x_)"(m_))"(p)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol] \
‘:> Simp [a“p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQl{a, b, ¢, d, n, p, q}, x] && NeQ[b*c - a*d, 0] & NeQ[n, -1] |
| & (IntegerQlp] || GtQ[a, 0]1) && (IntegerQlql || GtAlc, 01

Int[((a)) + (b_.)*(x_)"(@_))"(p)*((c ) + (d_)*(x_)"(n_))"(q_), x_Symboll]
:> Simp[a~IntPart[p]*((a + b*x"n) FracPart[p]/(1 + b*(x"n/a)) “FracPart[p]l)

Int[(1 + b*(x"n/a)) p*(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q
}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQ[p] || GtQ[a, 0])

Int[((d_) + (e_.)*(x_)"(m_))"(q)/((a_) + (c_.)*(x_)"(n2_)), x_Symbol] :> W
ith[{r = Rt[(-a)*c, 2]}, Simp[-c/(2*r) 1Int[(d + e*x"n)"q/(r - c*x"n), x],
x] - Simp[c/(2*r) Int[(d + e*x"n)"q/(xr + c*x"n), x], x]] /; FreeQl{a, c,
d, e, n, q}, x] && EqQ[n2, 2*n] && NeQ[c*d"2 + axe”2, 0] && !IntegerQl[ql

Maple [F]

3
/(d—i—ex ) d

a+cx?

e

Lint((d+e*x“n)“(3/2)/(a+c*x“(2*n)),X)

p >

Lint((d+e*x“n)“(3/2)/(a+c*x“(2*n)),x) J
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Fricas [F]
/(d—kear:")?’/2 dr = (ex"+d)% i
a+ cx? cx?" +a
input Lintegrate ((d+e*x"n)~(3/2)/(atc*x™(2*n)) ,x, algorithm="fricas")
output 1RteETal((exx™n + )7 (3/2)/(cxx™(24m) + 2), ¥)
Sympy [F]

n3/2 n%
/(d+e$) dx:/(d+ez) .

a + cx®n a + cx?n

inputLintegrate((d+e*x**n)**(3/2)/(a+c*x**(2*n)),X)

Outputtlntegral((d + exx*kxn)*x(3/2)/(a + cxx*x(2*n)), x)

Maxima [F]

/ (d+ eac")?’/2 dr — (ex™ + d)% s
a+ cx2n crin +a

input Lintegrate ((d+e*x"n)~(3/2)/(atc*x~(2%n)),x, algorith.m="maxima")

outputtintegrate((e*x*n + d)~(3/2)/(c*x~(2*n) + a), x)
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Giac [F]
n\3/2 n 3
a+ cx®n cr?™ +a
inputLintegrate((d+e*x‘n)‘(3/2)/(a+c*x*(2*n))’x, algorithm="giac") J
output Lintegrate((e*x“n + d)~(3/2)/(c*x~(2*n) + a), x) J
Mupad [F(-1)]
Timed out.
n)3/2 n\3/2
l/(d+e$) dr — (d+ezx™) "
a + cz?n a+ cx2n
inputtint((d + exx"n)~(3/2)/(a + c*x~(2%n)),x) J
OutputLint((d + exx"n)"(3/2)/(a + cxx~(2%n)), x) J
Reduce [F|
/(d+e$ﬂ)3/2 / /1,’"6—|— / /—.’En€+
a + cx?" x2"0-+-a 2"c+a
input tint ((d+e*x"n)~(3/2)/(a+c*x~(2%n)),x) J
output‘ int (sqrt (x**n*e + d)/(x**(2*n)*c + a),x)*d + int((x**n*sqrt(x**n*xe + d))/( ‘

‘x**(2*n)*c + a),x)*e
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3.43 f va+tex" d-l—e:z;”

a-l—ca:zn
Optimalresult . . . . . . . . . . ..
Mathematica [F] . . . . .. . ... .. 318
Rubi [A] (verified) . . . .. . ... .. 310
Maple [F] . . . . 320
Fricas [F] . . . . . . o B21]
Sympy [F] . . . 321
Maxima [F] . . . . .. . B21]
Giac [F] . . . . o o
Mupad [F(-1)] . . . oo 322
Reduce [F] . . . o oo

Optimal result

Integrand size = 23, antiderivative size = 144

/,/ﬁemn zV/d+ e AppellF1 (1,-1,1,14 1, —=2*, )

a+ ce® 2a/1+ <"

zv/d + ex™ AppellF'1 (%, ,1,1 —|— = —%, %)

Qa,/l-l—e‘”"

o 1/2%x% (d+exxn)~ (1/2) *Appel1F1(1/n,1,-1/2,1+1/n,-c~ (1/2)¥x"n/ (-a)~(1/2) ,~e |
*x"n/d) /a/ (1+e¥x"n/d) " (1/2)+1/2%x* (d+exx"n) " (1/2) *AppellF1(1/n,1,-1/2,1+1/ |
‘n c~(1/2)*x"n/(-a)~(1/2) ,-e*x"n/d) /a/(1+e*x"n/d) ~(1/2) ‘

_|_

output

Mathematica [F]

/\/d+ex" dm_/\/d—l-ex"

a + cx?n a + cx?n

input Integrate[Sqrt[d + e*x™n]/(a + c*x~(2*n)),x]




output

input
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‘Integrate [Sqrt[d + exx™n]/(a + c*x~(2*n)), x]

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.00,

= 3, number of rules _ 130, Rules

number of steps used = 3, number of rules used =
integrand size

used = {1759, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/\/d+e:1:"
a + cx?n
l 1759
Vez"+d Vex"+d
\/_f\/Ta c—cm"dm \/_f cx"+rfdx
2v/—a 2v/—a
l’937
V &+ V &+
\/_\/d+e:r"fr\% cmndw Vevd+exn [ n+\dﬁfd
2v/—a\/ < + 1 2v/—a\/ 5 +1
l 936

ar:\/d—i-eavnAppellF1<1 1,—3,1+ 2% —%,—%)
2 /ex"+1
zv/d + ex™ AppellF1 <%,1,—7 1+ Tll, %,—%)

20/ +1

+

[Int [Sqrt[d + exx"nl/(a + c*x~(2*n)),x]

-/
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Output‘(x*Sqrt[d + exx"n]*AppellFi[n~(-1), 1, -1/2, 1 + n~(-1), -((Sqrtlcl*x"n)/S
\qrt[-a]), -((e*x™n)/d)])/(2*a*Sqrt[1 + (e*x"n)/d]) + (x*Sqrt[d + e*x"n]*Ap
‘pellFl[n‘(-l), 1, -1/2, 1 + n~(-1), (Sqrtlcl*x"n)/Sqrt[-al, -((exx"n)/d)]1)
‘/(2*a*Sqrt[1 + (e*x"n)/d])

Defintions of rubi rules used

ruleg%‘lnt[((a_) + (b_)*(x_)" (@)~ (p)*((c ) + (d_.)*(x_)"(n_))"(q ), x_Symbol] ‘
‘:> Simp [a“p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQl{a, b, ¢, d, n, p, q}, x] && NeQ[b*c - a*d, 0] & NeQ[n, -1] |
| & (IntegerQlp] || GtQ[a, 0]1) && (IntegerQlql || GtAlc, 01

rule 937 T0ELC(@) + (b_)*(x )" (@ )~ (p)*((c)) + (d_.)*(x)"(n_))"(q ), x_Symboll
:> Simp[a~IntPart[p]*((a + b*x"n) FracPart[p]/(1 + b*(x"n/a)) “FracPart[p]l)

Int[(1 + b*(x"n/a)) p*(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q
}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQ[p] || GtQ[a, 0])

rule 1759 IntLCd ) + (e_)*(x_)"(_))"(q)/((a) + (c_.)*(x.)"(n2))), x_Symbol] :> W
ith[{r = Rt[(-a)*c, 2]}, Simp[-c/(2*r) 1Int[(d + e*x"n)"q/(r - c*x"n), x],
x] - Simp[c/(2*r) Int[(d + e*x"n)"q/(xr + c*x"n), x], x]] /; FreeQl{a, c,
d, e, n, q}, x] && EqQ[n2, 2*n] && NeQ[c*d"2 + axe”2, 0] && !IntegerQl[ql

Maple [F]
/ Vd+ezx”
——dzx

a+ cx?n

-

Lint((d+e*x‘n)‘(1/2)/(a+c*x“(2*n)),X)

-/

input

output ‘ int ((d+e*x"n) ~(1/2)/(atc*x~(2*n)) ,x) ‘
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Fricas [F]

/m Ver+d

a + cx?" 2" +a

input Lintegrate ((d+e*x"n)~(1/2) /(a+c*x~(2*n)) ,x, algorithm="fricas")

output Lintegral(sqrt (exx"n + d)/(c*x~(2*%n) + a), x)

Sympy [F]

/\/d+ex"d$_/\/d+ex"

a + cx?n a -+ cx2n

input Lintegrate ((d+e*x**xn)*x(1/2) / (a+ckx**(2*n)) ,x)

output LIntegral(sqrt (d + exx**n)/(a + cxx*x*(2*n)), x)

Maxima [F]

/m Ver+d

a+ cx?" x2"+a

input Lintegrate ((d+exx"n)~(1/2)/(a*+c*x~(2#n)) ,x, algorithm="maxima")

output kintegrate(sqrt(e*x'h + d)/(c*xx~(2*n) + a), x)
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Giac [F]

/m Ve +d

a + cx?" 2" +a

inputLintegrate((d+e*x“n)”(1/2)/(a+c*x*(2*n))’x, algorithm="giac")

outputLintegrate(sqrt(e*xkn + d)/(c*xx~(2%n) + a), x)

Mupad [F(-1)]
Timed out.

T

/\/d+€$"dz_/w/d+ex"

inputtint((d + exx™n) "~ (1/2)/(a + c*x~(2*n)),x)

Outputtint((d + e*x™n)"(1/2)/(a + c*x~(2*n)), x)

Reduce [F|

a+ C$2" zc+a a

inputLint((d+e*xAn)A(1/2)/(a+C*XA(2*n)),X)

outputtint(sqrt(X**n*e + d)/ (x**(2*n)*c + a),x)
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344 ! dz
Vd+ez™ (a+cz?")

Optimal result . . . . . . . . . . . . . e 323
Mathematica [F] . . . . . . . ... .. B23
Rubi [A] (verified) . . . . . . . . . . 324
Maple [F] . . . . o
Fricas [F] . . . . . . o 325
Sympy [F] . . . o 3261
Maxima [F] . . . . . o 3261
Giac [F] . o o o 376
Mupad [F(-1)] . . .
Reduce [F] . . . . .
Optimal result
Integrand size = 23, antiderivative size = 144

/ ) dm:x./1+%AppeuF1 (%,5,1,1+%,—%,—%)

Vd+ ez (a + cz?) 2av/d + ez
N x\/1+ %AppeHFl <%, %, 1,1+ %, —%, ‘f_ia)
2av/d + ex™

output ‘ 1/2*x*(1+exx"n/d) ~(1/2) *AppellF1(1/n,1,1/2,1+1/n,-c~(1/2)*x"n/(-a) ~(1/2) ,- ‘
‘ e*x"n/d)/a/(d+e*xx"n) "~ (1/2)+1/2*x* (1+exx"n/d) ~(1/2) *AppellF1(1/n,1,1/2,1+1/ ‘
Ln, c~(1/2)*x"n/(-a)~(1/2) ,-exx"n/d)/a/(d+e*x"n) "~ (1/2) J

Mathematica [F]

dz

1 1
dx =
/ Vd+ ex™ (a + cz®) v / Vd+ ex™ (a + cz?™)

input LIntegrate [1/(Sqrt[d + e*x"nl*(a + c*x~(2*n))),x] J
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Output‘ Integrate[1/(Sqrt[d + e*x"nl*(a + c*x~(2%n))), x]

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.00,

= 3, number of rules _ 130, Rules
integrand size

number of steps used = 3, number of rules used =
used = {1759, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
dzr
(a+ ca®)d + ez
l 1759
L 1
—\/Ef (‘/jaﬁ_cz")\/ez""‘ddx _ vel (cz"+¢ja\ﬁ)Vemn+ddx
2v/—a o—g
l 937
c = + 1 1 dx ex™
—\/_\/dif (vV=aye—e) \/%‘H \/_\/7‘[ cx“-h/—Tzf)\/%n
2v=avd+ea v —avd T o
l 936
x\/%AppellFl (%, 1, %, 14+ %,_%,_%> .
2av/d + ex”
x\/%AppellFl (1 1,1+ %,_%>
2a+v/d + ex™

input |

‘(x*Sqrt [1 + (e*x"n)/d]l*AppellF1i[n~(-1), 1, 1/2, 1 + n~(-1), -((Sqrtlcl*x"n ‘
\)/Sqrt [-al), -((e*x n)/d)])/(2*%a*Sqrt[d + exx"n]) + (x*Sqrt[1 + (e*x"n)/d] ‘
‘*AppellFl [n~(-1), 1, 1/2, 1 + n~(-1), (Sqrtlcl*x"n)/Sqrt[-a], -((e*x"n)/d) ‘
1)/ (2%a*Sqrt[d + e*x"n]) |

output




rule 936

rule 937

rule 1759
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"(@_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll
:> Simp[a~p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQ[{a, b, ¢, d, n, p, q}, x] && NeQ[bxc - a*d, 0] && NeQ[n, -1]
&% (IntegerQ[p] || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

Int[((a_) + (b_.)*(x_)"(m_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll
:> Simp[a~IntPart[p]*((a + b*x"n) FracPart[p]/(1 + b*(x"n/a)) FracPart[p]l)

Int[(1 + bx(x"n/a)) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q
}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQlp]l || GtQ[a, 01)

Int[((d_) + (e_.)*(x_)"(n_))"(q )/((a)) + (c_.)*(x_)"(n2_)), x_Symbol] :> W
ith[{r = Rt[(-a)*c, 2]}, Simp[-c/(2+*r) Int[(d + exx"n)~q/(r - c*x"n), x],
x] - Simpl[c/(2*r) Int[(d + e*x"n)"q/(xr + c*x"n), x], x]1] /; FreeQ[{a, c,
d, e, n, qF, x] && EqQ[n2, 2*n] && NeQ[c*d"2 + axe”2, 0] && !IntegerQl[ql

Maple [F]

1

d
/\/d+ex" (a+cx?) v

input \ int(1/(d+e*x"n)~(1/2)/(atc*x~(2*n)) ,x)

output

input

Lint(1/(d+e*x“n)‘(1/2)/(a+c*x“(2*n)),X)

Fricas [F]

1

1
dr = d
/\/d+ex"(a+cx2”) v /(cx2”+a)\/ex”+d !

Lintegrate(l/(d+e*x“n)“(1/2)/(a+c*x“(2*n)),x, algorithm="fricas")
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OutputLintegral(sqrt(e*x“n + d)/(axexx™n + axd + (cxe*xx™n + cxd)*x~(2%n)), x)

Sympy [F]

1

1
dzr = d
/ Vit e (ate) / (a+c®)Viter

inputLintegrate(1/(d+e*x**n)**(1/2)/(a+c*x**(2*n)),X)

outputtlntegral(l/((a + c*x**(2xn) ) *sqrt(d + exx**n)), x)

Maxima [F]

1

1
dz = d
/vd-l—ex"(a—i—cz?”) o /(cw2n+a)1/exn+d L

inputLintegrate(1/(d+e*x*n)*(1/2)/(a+c*x*(Q*n)),x, algorithm="maxima")

Ou_,DputLin’cegrate(l/((C*1("(2=l<n) + a)*sqrt(e*xx™n + d)), x)

Giac [F]

1 1
dr =
/\/d+6mn(a—+—cz’2n) v /(Cx2n+a)1/€l'n—+—d

dz

inputLintegrate(1/(d+e*x“n)‘(1/2)/(a+c*x‘(2*n)),X, algorithm="giac")

OutputLintegrate(l/((c*x“@*n) + a)*sqrt(e*x™n + d)), x)
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Mupad [F(-1)]

Timed out.

1 1
dr = d
/ \/d+€$n(a+cx2n) T /(a+cx2n) ‘/d_i_exn x

input Lint(l/((a + cxx~(2*n))*(d + exx"n)~(1/2)),x)

outputtint(i/((a + cxx~(2%n))*(d + e*x"n)~(1/2)), x)

Reduce [F|

/ 1 p / Vzre +d
€T =
Vd + ex™ (a + cx?) z3rce + z?cd + zae + ad

T

input Lint (1/(d+exx"n) "~ (1/2)/ (a+c*x™(2%n)) ,x)

output Lint(sqrt(x**n*e + d)/(xk*(3*n) *c*e + x**(2#n)*c*kd + X**nxaxe + axd),x)
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1
Optimal result . . . . . . . . . . . . . e 328
Mathematica [F] . . . . . . . . . .
Rubi [A] (verified) . . . . . . . . . 329
Maple [F] . . . . o B31]
Fricas [F] . . . . . . o B31]
Sympy [F] . . . o 332
Maxima [F] . . . . . o
Giac [F] . o o o 337
Mupad [F(-1)] . . .
Reduce [F] . . . . .

Optimal result

Integrand size = 23, antiderivative size = 150

1 ] zy/1+ < AppellF1 (1,3,1,1+ 1, —2 _¥x")
T =
(d+ ex™)*? (a + ca?") 2adv/d + ez
. zy/1+ <= AppellF1 (%, 1,141 —et \/c_iz>
2adv/d + ex™

¢ ‘ 1/2*xx* (1+e*x"n/d) ~(1/2) *AppellF1(1/n,1,3/2,1+1/n,-c~(1/2)*x"n/(-a) ~(1/2) ,-
‘ exx"n/d)/a/d/(d+exx"n) ~(1/2)+1/2*x* (1+exx"n/d) ~(1/2) *AppellF1(1/n,1,3/2,1+
\1/n,C”(1/2)*x‘n/(—a)‘(1/2),—e*x”n/d)/a/d/(d+e*x‘n)‘(1/2)

outpu

Mathematica [F]

/ ! dr = / ! dz
(d+ ex™)*? (a + cz?") (d + ez™)** (a + ca?)

input [ntegrate[1/((d + exx™n)~(3/2)*(a + cx™(2%n))),x] J
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Output‘ Integrate[1/((d + e*x™n)~(3/2)*(a + c*x~(2*n))), x]

Rubi [A] (verified)

Time = 0.98 (sec) , antiderivative size = 260, normalized size of antiderivative = 1.73,

=5, number of rules _ 217, Rules
integrand size

number of steps used = 5, number of rules used =
used = {1757, 779, 778, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ 3/ dx
(a+ cx?") (d + ex™)
l1%7
2 (__ 1 d—ex
efwwwm+fﬂﬁwmﬂ
ae? + cd? ae? + cd?
l 779
62\/%+1fﬁdx Cf  d—ex™ d
(T‘H) 4 Vern+d(cz?m+a)
d (ae? + cd?) v/d + ex™ ae? + cd?
l 778

cf \/ﬁ?fm%ﬂ)d e?z\/ <" + 1 Hypergeometric2F1 (3,11 1 _ez?)
ae? + cd? d (ae? + cd?) v/d + ex™

l 7293

—d— V/—ae d— V—ae
cf NG _ e
2Jjaﬁ<w"+ L ) Vez"+d 2\/Ta\/5< Lo
ae? + cd?
e’z\/ %" + 1 Hypergeometric2F1 (3,11 1 —ezt)
d(ae? + cd?) v/ d + ex™

l 2009

dz

)m)

+
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V—ae n 111 1 _ fea" n V—ae n 141 1 ez n
. o( Y22 +d) /2 +1 AppellF1 (L,1,4,14 L e _eal) +x(d— 2e) /<2 +1 AppellF1 (11,1142, Y _eal)
2a+v/d+ex™ 2a+v/d+ex™
_+_

ae? + cd?

e’/ % + 1 Hypergeometric2F1 (%, %, 1+ %, —%)
d(ae? + cd?) v/d + ex™

e

Int[1/((d + exx"n)~(3/2)*(a + c*x~(2*n))),x]

A >

input L

(cx(((d + (Sqrt[-al*e)/Sqrtlc])*x*Sqrt[1 + (exx"n)/d]l*AppellFi[n~(-1), 1,

1/2, 1 + n~(-1), -((Sgrtlcl*x"n)/Sqrt[-al), -((exx"n)/d)])/(2*a*Sqrt[d + e
*x"n]) + ((d - (Sqrt[-al*e)/Sqrtlcl)*x*Sqrt[1 + (e*x"n)/d]*AppellF1i[n~(-1)
,» 1, 1/2, 1 + n~(-1), (Sartlcl*x"n)/Sqrt[-al, -((exx"n)/d)])/(2*axSqrt[d +
exx™n])))/(c*d™2 + axe”™2) + (e 2*x*Sqrt[1 + (exx"n)/d]*Hypergeometric2F1i[
3/2, n~(-1), 1 + n~(-1), -((exx"n)/d)])/(d*(cxd"2 + axe”2)*Sqrt[d + e*x"n]
)

output

Defintions of rubi rules used

rule 778 Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p*x*Hypergeometric2F
1[-p, 1/n, 1/n + 1, (-b)*(x"n/a)], x] /; FreeQ[{a, b, n, p}, x] && !'IGtQ[p
, 0] & !IntegerQ[1/n] && !'ILtQ[Simplify[i/n + pl, 0] && (IntegerQ[pl ||
GtQla, 0]1)

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~IntPart[pl*((a + b*x
“n) “FracPart[p]/(1 + bx(x"n/a)) FracPart[p]) Int[(1 + b*(x"n/a))”p, x], x
1 /; FreeQ[{a, b, n, p}, x] && !'IGtQ[p, 0] && !IntegerQ[1/n] && !ILtQ[Si
mplify[1/n + p]l, 0] && !(IntegerQ[p] || GtQ[a, 0])

rule 779

rule 1757 Int[((d_) + (e_.)*(x_)"(n_))"(q )/((a)) + (c_.)*(x_)"(n2_)), x_Symbol] :> S
imp[e~2/(c*d"2 + axe”2) Int[(d + e*x"n)"q, x], x] + Simp[c/(c*d"2 + a*e™2
)  Int[(d + e*x™n)"(q + 1)*((d - e*x™n)/(a + c*x~(2*n))), x], x] /; FreeQl
{a, c, 4, e, n}, x] && EqQ[n2, 2*n] && NeQ[c*d"2 + axe”2, 0] && !'IntegerQ[
ql && LtQ[q, -1]
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rule 2009LInt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruk37293‘IDtEU_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

! |

Maple [F]
1
/ 3 dw
(d+ex)? (a+ cx®)

inputLint(l/(d+e*xAn)A(3/2)/(a+C*XA(2*n))’X) J

OutputLint(1/(d+e*x"n)“(3/2)/(a+c*x"(2*n)),x) J
Fricas [F]

1 1
/ 3/2 dr = / 5 dz
(d+ exn)” (a + cx®) (cz?™ + a)(ez™ + d)?
inputLintegrate(1/(d+e*x‘n)“(3/2)/(a+c*x‘(2*n)),x, algorithm="fricas") J
Output‘ integral (sqrt(exx™n + d)/(axe"2+x~(2+n) + 2xakdkexxn + a*d"2 + (cke"2%x~( |

‘Q*n) + 2%cxd*exx™n + c*d~2)*x~(2*n)), x) ‘
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Sympy [F]

1 1
/ 3/2 dz = / 5 dT
(d+ex”)™" (a + ca®) (a+ ca®) (d+ exm)?

inputLintegrate(1/(d+e*x**n)**(3/2)/(a+c*x**(2*n)),x)

outputtlntegral(l/((a + cxx**(2%n) ) *(d + exx**n)**(3/2)), x)

Maxima [F]

/ : dz = / ! dz
(d+ ex)*’? (a + ca®) (cz®™ + a)(ez” + d)*

inputLintegrate(l/(d+e*x*n)*(3/2)/(a+c*x*(2*n)),x, algorithm="maxima"

0utputLintegrate(l/((c*x‘@*n) + a)*(e*xx™n + d)~(3/2)), x)

Giac [F]

(d+ ezn)*? (a + cz?) (cx?™ + a)(ez™ + d)%

inputLintegrate(l/(d+e*x“n)‘(3/2)/(a+c*x*(2*n)),x’ algorithm="giac")

outputkintegrate(l/((c*x*@*n) + a)x(exx™n + d)~(3/2)), x)




CHAPTER 3. LISTING OF INTEGRALS 333

Mupad [F(-1)]
Timed out.

/ ! dr = / ! dz
(d + ex™)*? (a + ca?) (a+cz?n) (d+ezn)®?

input 1RE(L/ (@ + coxx™(2#m))*(d + exx™m)(3/2)),%) J
output 1BE(L/((@ + cxx™(24m))*(d + exx™n)~(3/2)), x) J
Reduce [F|
/ ; do= / retd dz
(d+ exn)3/2 (a + cx?) ] zince? 4 2x3ncde + 22na e 4 x2ncd? + 2zmade + a d?
input 10t (1/ (d+exx™n)"(3/2)/ (arcxx” (2%m)) , %) ]

t‘ int (sqrt (x**nxe + d)/(x**(4*n)*ckex*2 + 2*x**(3*n)*ckd*e + x**(2¥n)*akxe**2 \

outpu
‘ + xkk(2%n) *ckd*x*2 + 2kx*k*nkakxdke + axd**2),x) ‘




output
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1

3.46 f (d+ex™)Va+cx’n dz

Optimal result . . . . . . . . . . . . . . . e 3341
Mathematica [F] . . . . . . . . . . .
Rubi [A] (verified) . . . . . . . . . . 3351
Maple [F] . . . . e 336
Fricas [F] . . . . o . o o e 336
Sympy [F] . . o o B37
Maxima [F] . . . . . . . B37
Giac [F] . . . . o o 337
Mupad [F(-1)] . . . o o
Reduce [F] . . . . o o e 338

Optimal result

Integrand size = 23, antiderivative size = 171

1
dz
/ (d+ ex™) va + cx?

x,/1+°w”Appe11F1(2 L111(241), ﬁéi,é§f>

dva + cx?"

L AppelFL (52,3138 + 1), -, )

d2(1 +n)va + cz?"

‘x*(1+c*x (2%n) /a)~(1/2) *AppellF1(1/2/n,1,1/2,1+1/2/n,e"2*x~(2*n) /d~2,-c*x"

\(2*n)/a)/d/(a+c*x (2%n) )~ (1/2)-e*x”~ (1+n) * (1+c*x~ (2*n) /a) ~ (1/2) *AppellF1(1/
‘2*(1+n)/n 1,1/2,3/2+1/2/n,e"2*x~(2*n) /d"2,-c*x~ (2*n) /a)/d"2/(1+n) / (a+c*xx~(

\2*n)>*(1/2)




CHAPTER 3. LISTING OF INTEGRALS 335

Mathematica [F]

1 1
dz = d
/ (d+ ezx™) vVa + cx® ! / (d+ ezx™) va+ cx® !

input LIntegrate [1/((d + exx"n)*Sqrt[a + c*x~(2*n)]),x] J

output LIntegrate [1/((d + e*x"n)*Sqrt[a + c*x~(2*n)]), x] J

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.00,

number of rules _ 0.087, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1768, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

1
/ va+ cx? (d + exm)
| 1768

d ex”
+ dr
/ <\/a + cx?n (d? — e222™)  Va + cx?" (e?z? — d2))

l 2009
/<" 41 AppellF1 (% 11,i(2+1), -2 62;22")
dva+ cz? -
ew"“\/%AppellFl ("2—*7;1, %, 1, %(3 + %) ,—Cz:n, 62;2%)
d2(n+1)va + cz?

inputtlnt[l/((d + exx"n)*Sqrtla + c*x~(2*n)]1),x]
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Output‘ (x#Sqrt[1 + (c*x~(2*n))/al*AppellF1[1/(2%n), 1/2, 1, (2 + n~(-1))/2, -((c* ‘
'x~(2%n))/a), (e~2%x~(2#n))/d"2]1)/(d*Sqrtla + c¥x~(2*n)]) - (exx™(1 + n)*Sq |
‘rt[1 + (c*x~(2#n))/al*AppellF1[(1 + n)/(2#n), 1/2, 1, (3 + n~(-1))/2, -((c |

‘*x‘(2*n))/a), (e™2xx~(2*n))/d~2])/(d"2*(1 + n)*Sqrt[a + c*x~(2*n)])

Defintions of rubi rules used

rule 1768‘Int[((d-) + (e_)*(x_)"(n )" (g )*((a) + (c_.)*(x_)"(n2_))"(p_), x_Symbol] ‘
‘ :> Int[ExpandIntegrand[(a + c*x~(2%n))~p, (d/(d"2 - e"2*x~(2*n)) - ex(x"n/
\(d“z - e"2%x~(2*n))))~(-q), x], x] /; FreeQ[{a, c, d, e, n, p}, x] && EqQ[n \
‘2, 2xn] && NeQ[cxd™2 + axe”2, 0] && !'IntegerQ[p] &% ILtQ[q, O]

rule 2009 {Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [F]
1
dx
(d-l— ewn) va -+ chn

inputLint(l/(d+e*x‘n)/(a+c*x‘(2*n))*(1/2)’X) J

OutputLint(l/(d+e*x‘n)/(a+c*x‘(2*n))*(1/2),x) J
Fricas [F|

1 1
/ V/ dz = / dz
(d+ ez") Va + ca™ Vez?™ + a(ex™ + d)
inputLintegrate(1/(d+e*x"n)/(a+c*x*(2*n))“(1/2),x, algorithm="fricas") J

( N
output Lintegral(sqrt(c"*x*@*n) + a)/(a*exx™n + axd + (c*e*x™n + cxd)*x~(2%n)), x) J
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Sympy [F]
1 1
t/n dx:=t/n dz
@rer)Vatam ) Varer @+ er)
inputLintegrate(1/(d+e*x**n)/(a+c*x**(2*n))**(1/2),x)
OutputLIntegral(l/(sqrt(a + ckxx*x(2%n))*x(d + exx**n)), x)
Maxima [F]
dz

1 1
dxr =
/(d—i—em")m v /m(mn+d>

inputt

integrate (1/(d+e*x"n)/(a+c*x~(2*n)) ~(1/2) ,x, algorithm="maxima")

OutputLintegrate(l/(sqrt(c*x‘(2*n) + a)*(exx™n + d)), x)

Giac [F]

1 1
dr = d
/ (d+ez™) Vat e / Jemm fa(erm +d)

inputtintegrate(1/(d+e*x*n)/(a+c*x*(2*n))*(1/2),x’ algorithm="giac")

Ou_,ﬁputLintegrate(1/(sqrt(c=l=x‘(2=o=n) + a)x(exx"n + d)), x)
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Mupad [F(-1)]

Timed out.

1 1
dr = d
/(d—i-ex”)\/a—i-c:c?" ’ /\/a+cz2” (d+ezn) !

input tint(l/((a + c*xx”(2%n)) " (1/2)*(d + e*x"n)),x)

output Lint (1/((a + c*xx~(2*%n))~(1/2)*(d + e*x"n)), x)
Reduce [F]
/ ! dz = / Vae +a x
(d + ex") vVa + ca?n x3nce + x2ncd + xae + ad
input Lint (1/(d+e*x"n)/ (a+cxx™(2*n)) "~ (1/2) ,x)

output

Lint(sqrt(x**(Q*n)*c + a)/(x**(3*n)*cxe + x**(2%n)*cxd + x**nkxaxe + a*d),x) J
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3.47 [ (d+ ex™?® (a+ cz®) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3401
Rubi [A] (verified) . . . .. . . ... .. 340
Maple [F] . . . . 342
Fricas [F] . . . . . . o
Sympy [F(-1)] . . o oo 342
Maxima [F] . . . . . .
Giac [F(-2)] . . .« o oo 343
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . 344

Optimal result

Integrand size = 21, antiderivative size = 263

3de2 2n\1+p 3,.14n 2n\14+p
/(d+ex”)3(a+cx2”)pdx= e’z(a + cx’) e’z " (a + cz”™)

c(1+2n(1+p)) c(1+n(3+2p))
d(3ae? — cd*(1 + 2n(1 + p))) z(a + cz®)” <1 + “;n> ' Hypergeometric2F1 (%, —p,i(2+1),-<
B c(1+2n(1+p))
3d? ae? 1+ 2n\P
— " " 1
+e<1+n c+cn(3+2p))x (a+c2™) (

2n P 1 1 1 2n
+ ca; ) Hypergeometric2F1 < ;;ln,—p —(3+ —) ,_c:c )

n a

3*d*e”2xx* (a+ckx™ (2*n) ) ~(p+1) /c/ (1+2*n* (p+1) ) +e~3*x~ (1+n) * (a+c*x~ (2*n) ) ~ (p
+1) /c/ (1+n* (3+2%p) ) —d* (3xa*xe~2-c*d~2* (1+2*n* (p+1) ) ) *x* (a+c*x™ (2*n) ) “p*hype
rgeom([-p, 1/2/n],[1+1/2/n],-c*x~(2*n)/a)/c/ (1+2*n* (p+1))/((1+c*x~ (2*n) /a)
~p)+ex(3*xd~2/ (1+n) —a*e”2/ (c+cxn* (3+2*p) ) ) *x~ (1+4n) * (a+c*x~ (2#n) ) “pxhypergeo
m([-p, 1/2%(1+4n)/n], [3/2+1/2/n],-c*x~(2#n)/a)/((1+c*x~(2*n)/a) “p)

output
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Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 213, normalized size of antiderivative = 0.81
/ (d+ez™)? (a+ cx™)? dx
=z(a+ cx2")p (1

. CZ2n
c:v2”) -p [ 3de*z?" Hypergeometric2F1 (% 2+3),—p3(a+3), __>

+

a 1+2n

2

e3z°" Hypergeometric2F1 (% (3+1),-pi(5+1), _M>

a

* 14 3n
1 1 1 n
+ d? | d Hypergeometric2F1 [ —, —p, =2+ = |, &
2n 2 n a

a

3ex™ Hypergeometric2F'1 (l;—nn, -p,3(3+2), —@>

+ 1+n

-

LIntegrate[(d + exx"n) "3x(a + c*x”(2*n)) p,x]

-/

input

(xx(a + c*x~(2*n)) “px ((3*d*e~2xx~ (2*n) *Hypergeometric2F1[(2 + n~(-1))/2, -
p, (4 + n(-1))/2, -((c*x~(2*n))/a)])/(1 + 2*n) + (e"3*x~(3*n)*Hypergeomet
ric2F1[(3 + n~(-1))/2, -p, (6 + n~(-1))/2, -((c*x~(2*n))/a)])/(1 + 3*n) +
d~2*(d*Hypergeometric2F1[1/(2*n), -p, (2 + n~(-1))/2, -((c*x~(2%n))/a)] +
(3*e*x"nxHypergeometric2F1[(1 + n)/(2*n), -p, (3 + n~(-1))/2, -((c*x~(2*n)
)/2)1)/(1 + 1n))))/(1 + (c*x™(2*n))/a)”p

output

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 299, normalized size of antiderivative = 1.14,

number of rules _ 995 Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1767, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/ (d+ ez™)? (a + ca®™)’ da
l1m7
/ (d3 (a + cm2")p + 3d2%ez™ (a + c:c2”)p + 3de?z®™ (a + c:vzn)p + 3z (a + ca:2")p) dz

l 2009

2n —-p 1 1 1 2n
d3x(a + cacQ")p ad +1 Hypergeometric2F1 | —,—p, -2+ — |, & +
a 2n 2 n a
n -p n
3d%ez" 1 (a + cz®™)” (% + 1) Hypergeometric2F1 ("TJ:Zl, -p,3(3+2), —%)
n+1
n —-p n
3@%@”%w+m%y(%f+i) Hmmmmm%mmﬂ(ﬂ2+%%—@%@+%%—%ﬁ)
2n+1
n 4 n
323t (a + cz?)? (% + 1) Hypergeometric2F1 <% (B+1),-p366+1%), —wj )
3n+1

input\In’c[(d + e*x"n) "3*(a + c*xx~(2*n)) "p,x] |

(3xd*e~2*x~ (1 + 2*n)*(a + c*xx~(2*n)) “p*Hypergeometric2F1[(2 + n~(-1))/2, -
p, (4 + n(-1))/2, -((c*x~(2%n))/a)])/((1 + 2*n)*(1 + (cxx~(2*n))/a)7p) +

(e”3*x" (1 + 3*n)*(a + c*x~(2+*n)) “pxHypergeometric2F1[(3 + n~(-1))/2, -p, (
5 + n~(-1))/2, -((c*x"(2*n))/a)])/((1 + 3*n)*(1 + (c*x~(2*n))/a)”p) + (473
*xx*(a + c*x”(2*n)) “p*Hypergeometric2F1[1/(2*n), -p, (2 + n"(-1))/2, -((c*x
~(2%n))/a)])/(1 + (c*xx~(2*n))/a)"p + (3*d"2xe*x~(1 + n)*(a + c*x~(2%n)) “p*
Hypergeometric2F1[(1 + n)/(2*n), -p, (3 + n~(-1))/2, -((c*x~(2*n))/a)])/((
1 + n)*(1 + (c*x~(2%n))/a)"p)

output

Defintions of rubi rules used

Int[((d_) + (e_.)*x(x_)"(n_))"(q)*((a_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x"n) g*(a + c*x~(2*n))"p, x], x] /; FreeQ[{a
, c, d, e, n, p, 9}, x] && EqQ[n2, 2*n] && NeQ[c*d~2 + a*e~2, 0] && ((Integ
ersQ[p, ql & !IntegerQ[n]) || IGtQ[p, O] || (IGtQlg, O] && !IntegerQ[n])
)

rule 1767




rule 2009

input

output

input

output‘integral((e*s*xﬁ(3*n) + 3%d*e”2xx” (2%n) + 3*d"2%e*x"n + d~3)*(c*x”(2%n) +

input

output
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LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [F]

/(d+ ez™)’ (a + cz®™)’ dx

Lint ((d+e*x"n) "3*(a+c*x~(2*n)) “p,x)

Lint((d+e*x‘n)‘3*(a+c*x‘(2*n))‘p,x)

Fricas [F|

/ (d+ex™)? (a+ cx™)’ dx = / (ex™ + d)*(ca®" + a)” dx

Lintegrate((d+e*x‘n)‘3*(a+c*x‘(2*n))‘p,x, algorithm="fricas")

‘a)“p, x)

Sympy [F(-1)]

Timed out.

/ (d+ ez™)? (a+ cz™)? dz = Timed out

Lintegrate((d+e*x**n)**3*(a+c*x**(2*n))**p,x)

LTimed out
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Maxima [F]

/ (d+ex™)? (a+ ca™)’ dx = / (ex™ + d)*(ca®" + a)” dx

input Lintegrate ((d+e*x"n) "3*(a+c*x” (2*n)) "p,x, algorithm="maxima")

Ou_tputLintegrate((e*x"n + d)"3x(c*xx~(2%n) + a)~p, x)

Giac [F(-2)]

Exception generated.

/ (d + ez™)? (a + cz®)” dz = Exception raised: TypeError

input Lintegrate ((d+e*x"n) ~3*(a+c*x~(2*n)) "p ,X, algorithm="giac D)

B
ou_tput‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx) :;0UTPUT:Unable to divide, perhaps due to ro
‘unding error’%%%{96,[1,0,6,4,3,5,4,1,21%%%}+%%%{480,[1,0,6,4,3,4,4,1,21%%%}

L+%%%{960,

AN J

Mupad [F(-1)]

Timed out.

/(d+ex”)3 (a+ cz®™)’ d:v=/(a+cm2")p (d+ez™)®dx

inputtint((a + cxx”(2%n)) "p*(d + e*x"n)"3,x)

output Lint((a + c*x”(2%n)) "p*(d + e*x"n)"3, x)
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Reduce [F]

/ (d + ex™)® (a+ ch”)p dz = too large to display

p
input‘int((d+e*x"n)"3*(a+c*x“(2*n))"p,x)
N\

output

(8*xx*x (3xn) * (x** (2*n) *¥Cc + a)*kpkcre**knx*3*p*k*3*xx + 12xx** (3*n)* (x*k* (2*n)
*xC + a)*kxphcrexk3knkkIkpk*k2kx + 4xxkk (3*n)*k (xxk (2kn)*c + a)*k*kprckex*x3*¥nk*3
*p*kx + 12%xxk (3kn) * (x*#* (2*n) *¥C + a)k*pkcre**Jkn**2*¥pk*2xx + 12xx** (3*n)* (x
*¥k (2xn) ¥C + @) kkphcre*xk3knkk2*xpkx + kxk* (3*n)* (xk* (2kn)*c + a)*kprckex*k3*
n¥*2%x + 6xxxk (3*n) ¢ (x** (2kn) *c + a)*k*pkckex*k3xnxp*x + 33xx** (3*n)* (x**(2*n
Y*c + a)kkpkckex*k3knkx + xkk(3*n)* (xx* (2%n) *c + a)*kkpkckex*k3kx + 24xxxk (2%
n)* (x** (2%n)*c + a)**kpkckdrkex*2¥n**3xpx*3*x + 48xx** (2xn)* (x** (2*n)*c + a)
*kprCRAkeFk2¥ Nk ¥ ph*k2*kx + 18kxk (2+n) * (x¥*k (2kn) *Cc + a)*k*pkckdrex*2xn**3*p
*X + 36%x*k% (2xn) * (xk* (2%n) *C + a)k*kprckdkerkknk*kkpr*kkx + 48xx** (2kn)* (x
*xk (2xn) *Cc + a)*kphckdrex*k2xn*k*x2kpxx + Okxxk (2xn)* (x**(2*n) *c + a)**pkcxd*e
*k ¥k k%X + 18kxk* (24n) * (xk* (2*kn) *c + a)**kprckdre* *x2knxp*kx + 12%x** (2*xn)*
(x**(2*%n)*kc + a)**pxckdre**x2knxx + 3J*xk*k (2kn)* (x*x* (2xn)*c + a)**xpkcxd*e*x*2
*x + 8kxxknk (x*x(2¥n) *Cc + a)kxkpkaxe* *3knk*3*pk*3xx + Bkxk*knk (x*x*(2xn)*c +
a)k*kprakrex*k3xknk*x3kpxk*k2*kx + Skxkknk (Xk*(2¥n)*C + a)*k*pkraxer*3kn*kxk2*¥prk2xx +
4xxxxnx (xxk (2%n) *C + a)*k*pkakex*3knx*k2xpxx + 2kxx*knk (xk*(2*n)*c + a)**pxa
*ke*x*3xkn*p*x + 24xxxknk (k*k (2¥n) *C + a) kkprckdk*2keknk*k3kprk*k3kx + B0*x**n* (
x*x (2%n) *c + a)**p*c*d**2*e*n**3*p**2*x + 36*xx**kn* (x*x*(2%n)*c + a)**p*c*d*
*2ke*nk*k3kpkx + 36xx**kn* (x** (2%n) *c + a)**p*c*d**2*e*n**2*p**2*x + B60*x**n
* (xxk (2%n) *C + a)kxprckdr*kkexnxk2xpxx + 18*xkknk (x*x (2kn)*kc + a)xkpkcxd*x
2xe* nx*k2xx + 18*xk*nk (xx*k (2*xn)*c + a)*k*pkckd**2kexn*p*x + 15xx*kxn* (x*k*(...




output
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n\2 2n)\P

3.48 [ (d+ex™)” (a+ cx®™)" dx

Optimal result . . . . . . . . . . . . e 345
Mathematica [A] (verified) . . . . . . . . . ... o 3461
Rubi [A] (verified) . . . .. . . ... .. 346
Maple [F] . . . . 347
Fricas [F] . . . . . . o 348
Sympy [F(-1)] . . o oo 348
Maxima [F] . . . . . .
Giac [F(-2)] . . .« o oo 349
Mupad [F(-1)] . . . o o 349
Reduce [F] . . . . .

Optimal result

Integrand size = 21, antiderivative size = 201

_ ez(a+ca®)' P
c(1+2n(1+p))

/ (d+ez™)? (a+ cz™)? dx

W\ —P
(a€? — cd*(1 + 2n(1 + p))) z(a + cx®)? (1 + %) Hypergeometric2F1 (%, -p,3(2+32),—

2n

@

a

)

c(1+2n(1 +p))
W\ —P
2dex**™(a + cx®™)” (1 + %) Hypergeometric2F1 (1;—:, -p,3(3+2),

CcT
a

_a)

+ 14+n

‘ e~ 2*xx (atc*x™(2*n)) ~(p+1) /c/ (1+2*n* (p+1) ) - (a*e”2-c*d~2* (1+2*n* (p+1) ) ) *x* (a
‘ +c*x~(2#n)) “pxhypergeom([-p, 1/2/n], [1+1/2/n],-c*x~(2*n)/a)/c/(1+2*n* (p+1)
‘)/((1+c*x‘(2*n)/a)“p)+2*d*e*x‘(1+n)*(a+c*x“(2*n))“p*hypergeom([—p, 1/2%(1+

‘ n)/n], [3/2+1/2/n] ,-c*x~(2*n)/a)/(1+n) / ((1+c*x~(2*n) /a) “p)
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Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 171, normalized size of antiderivative = 0.85

/ (d + ex™)’ (a+ cz®™)’ dz

2n

z(a + cx®)’ <1 + <=

a

_p n
) <e2(1 + n)z?" Hypergeometric2F1 (% (2+3),-p5(4+1), —%) +d(1 -

input LIntegrate[(d + exx"n) "2*(a + cxx~(2*n)) "p,x] J

(x*(a + c*x~(2*n)) “p*(e~2%(1 + n)*x~(2%n)*Hypergeometric2F1[(2 + n~(-1))/2
» ~p, (4 + n7(-1))/2, -((c*x~(2#n))/a)] + d*(1 + 2*n)*(d*(1 + n)*Hypergeom
etric2F1[1/(2*n), -p, (2 + n~(-1))/2, -((c*x~(2*n))/a)] + 2*e*x"nxHypergeo
metric2F1[(1 + n)/(2*n), -p, (3 + n~(-1))/2, -((c*x~(2*n))/a)]1)))/((1 + n)
*(1 + 2%n)*(1 + (c*x~(2x*n))/a)"p)

N J

output

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.08,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {1767, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d+ ez™)? (a + ca®™)? dx
l1m7
/ (d2 (a+ cmzn)p + 2dez™ (a + szn)p + 2z (a+ c:cQ")p) dz

l 2009
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2n

dzw(a + ca:z”)p (c:r

2n
+ H 1 1 1
1> Iypelgeometric%l <, —D, <2 ) : CT >
2n n +

2 a
n —-p n
2dex™t1 (a + cx2")p (% + 1) Hypergeometric2F'1 (”2—‘;1, —p, %(3 + %) , _ ca? )

a

n+1 +
2n

n -p
e2g?ntl (a + cm2")p (% + 1) Hypergeometric2F1 <% (2 + %) , —D, %(4 + %) , —“T>
2n+1

input \Int[(d + e*x"n) "2*(a + c*x~(2%n)) "p,x]

(e”2*x~ (1 + 2xn)*(a + c*x~(2+n)) “pxHypergeometric2F1[(2 + n~(-1))/2, -p, (
4 + n7(-1))/2, -((c*x~(2*n))/a)])/((1 + 2*n)*(1 + (c*x~(2%n))/a)7p) + (d°2
*xx*(a + c*x~(2+*n)) “p*Hypergeometric2F1[1/(2*n), -p, (2 + n~(-1))/2, -((c*x
~(2%n))/a)])/(1 + (c*x~(2%n))/a)"p + (2*kd*e*x~(1 + n)*(a + cxx~(2%n)) “p*Hy
pergeometric2F1[(1 + n)/(2*n), -p, (3 + n7(-1))/2, -((c*x~(2*n))/a)]1)/((1
+ n)*(1 + (c*x”~(2*n))/a) p)

output

Defintions of rubi rules used

rule 1767 TRELCEA) + (e_)*(x)"(m )" (g)*((al) + (c_.)*(x.)"(n2.))"(p_), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x"n) qg*(a + c*x~(2*n))"p, x], x] /; FreeQ[{a
, c, d, e, n, p, 9}, x] && EqQ[n2, 2*n] && NeQ[c*d~2 + a*e”2, 0] && ((Integ
ersQ[p, ql && !'IntegerQ[nl]) || IGtQlp, 0] || (IGtQ[q, O] && !IntegerQ[n])
)

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [F]

/(d—l— ez")? (a+cz®)"dz

input Lint ((d+e*x"n) ~2*(at+c*x~(2*n)) “p,x)
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output Lint ((d+e*x~n) ~2* (a+c*x~(2%n)) “p,x)

Fricas [F]

/ (d + ex™)’ (a+cz®™)’ dz = / (ex™ + d)° (cz®™ +a)’ dx

inputLintegrate((d+e*x“n)‘2*(a+c*x”(2*n))‘p,x, algorithm="fricas")

output | 1ntegral((e72+x™(24n) + 2+dexx™n + d"2)*(c*x"(2+n) + a)7p, x)

Sympy [F(-1)]

Timed out.

/ (d + ex™)’ (a+ cz®™)? dz = Timed out

tnput Lintegrate ((d+e*xk*n) **2% (a+cxx** (2%n) ) ¥*p, x)

OutputLTlmed out

Maxima [F]

/ (d + ex™)® (a+cz®™)’ dz = / (ex™ + d)° (cz®™ +a)’ dx

input Lintegrate ((d+e*x"n) "2x(a+c*x~(2*n)) "p,x, algorithm="maxima")

output tintegrate((e*x‘n + d)"2x(c*xx~(2*n) + a)~p, x)
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Giac [F(-2)]

Exception generated.

/ (d + ex™)? (a+ ch")p dx = Exception raised: TypeError

input tintegrate ((d+e*x"n) "2*(a+c*x~(2*n)) "p ,X, algorithm="giac "

p
Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx) : ;0UTPUT:Unable to divide, perhaps due to ro
‘unding error’%%{64,[1,0,4,3,1,4,3,1,11%%%}+%%%{256,[1,0,4,3,1,3,3,1,11%%%}

L+%%%{384,

\ )

Mupad [F(-1)]

Timed out.

/(d+eaz:”)2 (a+ cz®™)” dx=/(a+cx2")p (d+ez™)’dz

inputtint((a + c*x”(2%n)) "p*(d + e*x"n)"2,x)

output Lint((a + c*x”(2*n)) "p*(d + e*x™n)"2, x)

Reduce [F]

/ (d + ex™)” (a + cz®™)? dz = too large to display

§
inputtlnt((d+e*x n) ~2* (a+c*x™ (2*%n)) "p,x)

N )
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(4xxxx (2+n) * (xk* (2%n) *C + @) k*kphCkex*2¥N**2¥pH*2¥xX + kx** (2xn) * (x** (2%n) *
C + a)k¥pkckexkknxk2xpxx + Akxxk (2+n) * (x¥*k (2*n)*c + a)k*pkckex*kknkp*x +
X% (2%n) * (x** (24n) *Cc + a)*k*pkckex*2xn*x + xk* (2*n)* (x** (2*n)*c + a)**p*cke
*k2xx + Skxxknk (x*k*(2%n) *c + a)*k*pkckdkexnk*kpx*x2*x + Skxk*kn* (x** (2+n)*c

+ a)*xpkckdkexn*k*2kpxx + Bkxxknk (x**(2*n)*c + a)*k*pkcxdkexn*kpxx + 4d¥xxknk(
x*x(2%n) *c + a)*xpkckxdkexn*x + 2kx*kxnk (x*k*(2*n)*c + a)*k*pxckdrexx + 4k (xk*
(2*%n)*c + a)*x*kprakex*k2xnk*2xp**x2*x + 2k (xx*k (2xn) *C + a)*kkpraxe*x2*knx*k2*xp*x
+ 2% (xxk (2*%n) *C + a)kkpkrakex*k2xnxp*x + 4x (xk*(2¥n)*c + a)kkprckdk*k2*knk*2*
P*¥*2%x + 6% (xk*(2¥n) *C + a)k*prckdF*2*knk*2*pkx + 2% (x*k*(2kn)*c + a)**pkcxd
*xk2knk*k2kx + 4k (x**(2%n)*kc + a)**p*c*d**Q*n*p*x + 3% (x*x*(2%n)*c + a)**p*c*
dx*2+n*x + (x**(2*n)*c + a)**kpkckd**x2xx — 32%int ((x**(2*n)*c + a)**p/(8*x*
* (2xn) kckn**k3xkp**3 + 12%xkx (2kn)kcknkk3kpk*2 + Lkxokk (2+n) kcHkn**3*p + 12kx*
* (24n) kCkn*k*2*¥px*k2 + 12kx**k (2%n) *Ckn**2+p + 2kx** (2%n) *ckn*x*2 + Gxx*k* (2%n)
xcknxp + 3kxkk (2kn)*kcHkn + xk*k(2*kn)*kc + Bxaknk*k3*pk*3 + 12kaxn*k*3*kpx*2 + 4x
a*n**S*p + 12*a*n**2*p**2 + 12*a*n**2*p + 2%a*n*x*x2 + 6*a*n*p + 3xaxn + a),
X) *¥a*k*x2kex*x2*xnk*k5xp*kx5 — 64xint ((x**(2xn)*c + a)*xp/ (8*kx** (2xn) *ckn**3*p**
3 + 12kx*x (2%n) *Ckn**3*¥pk*2 + 4xxk* (2¥n) kcxn*k*x3*kp + 12%kx** (2kn) *Ckn*x*2*pk*
2 + 12xxxx (2kn) kcknx*2kp + 2kxkk (2%n) kcHkn*k*2 + Gxxxk (2*n) kcknxp + Ikxkk (2%
n)xc*xn + xx*(2+n)*c + 8kaxn**3xp**3 + 12¥a*nk*3*pk*2 + 4xa*n**x3*p + 12%a*n
**2*p**2 + 12*a*n**2*p + 2%axnx*x2 + 6*a*n*p + 3%axn + a),x)*a**2*e**2*n. ..

output
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3.49 [ (d+ex") (a+ cx®™)’ dz

Optimal result . . . . . . . . . . . . e 3511
Mathematica [A] (verified) . . . . . . . . . ... o 3511
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . .
Fricas [F] . . . . . . o
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 354
Maxima [F] . . . . . . 3541
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 19, antiderivative size = 135

/ (d+ ex™) (a+ cz®)? dz

2n\ —P 1 1 1 on
= dzx (a + C$2n)p 1+ & Hypergeometric2F1 ({ —, —p, =2+ — | ,— cx
a 2n 2 n a

n\ P .
ex't(a + cx®)” (1 + ca:; ) Hypergeometric2F1 (1;'—71", -p,3(3+2), _%)
1+n

+

output ‘ d*x* (a+c*x~(2+#n) ) “pxhypergeom([-p, 1/2/n], [1+1/2/n],-c*x~(2*n)/a)/((1+c*x™
‘ (2#n) /a) “p) +exx~ (1+n) * (a+c*x~ (2*n) ) “pxhypergeom([-p, 1/2*(1+n)/n], [3/2+1/2

L/n] ,—c*x”~(2+n) /a) / (1+n) / ((1+c*x™ (2+*n) /a) “p) J

Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.81

/ (d+ez™) (a + cz®)’ dx

n _p n
z(a + cz®)’ <1 + cx; ) (d(l + n) Hypergeometric2F1 (%, -p,3(2+2), —C””: ) + ex™ Hypergeom
14+n
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input‘ Integrate[(d + exx"n)*(a + c*x~(2+%n)) p,x]

‘ (xx(a + c*x~(2#n)) “p*(d*(1 + n)*Hypergeometric2F1[1/(2*n), -p, (2 + n~(-1)
‘)/2, -((c*x~(2*n))/a)] + exx"n*Hypergeometric2F1[(1 + n)/(2*n), -p, (3 + n
L‘(-l))/Q, -((c*x~(2*n))/a)1))/((1 + n)*(1 + (c*x”(2%n))/a)"p)

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.00,

number of rules _ 0.105, Rules

number of steps used = 2, number of rules used = 2, = -
integrand size

used = {1763, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d+ez™) (a + cz®)’ da
| 1763

/ (d(a+ cz™)? + ex™(a + cz®™)’) dx

l 2009
2n -p om,
1 1 1
dm(a—i— szn)p <Cl‘ + 1) Hypergeometric2F1 <, —p, = (2 + > ,_ca: ) n

a 2n 2 n a

n -p n

ext1 (a + cm2n)p <% + 1) Hypergeometric2F1 (”2—4;1, —p, %(3 + %) , _%>
n+1

‘Int[(d + e*xx"n)*(a + c*x~(2%n)) "p,x]

output‘ (d*x*(a + c*xx~(2*n)) “p*Hypergeometric2F1[1/(2*n), -p, (2 + n~(-1))/2, -((c

\*X‘(2*n))/a)])/(1 + (c*x7(2*n))/a)"p + (exx™(1 + n)*(a + c*x”(2*n)) “p*Hype
\rgeometriCZFl[(l + n)/(2%n), -p, (3 + n7(-1))/2, -((c*x~(2*n))/a)]1)/((1 +
‘n)*(l + (c*xx~(2*n))/a)"p)

J
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Defintions of rubi rules used

e 1763 IELC(AD) + (e_)*(x )" (@)*((al) + (c_)*(x)"(n2))~(p)), x_Symboll :> I
nt [ExpandIntegrand[(d + e*x"n)*(a + c*x~(2%n))~p, x], x] /; FreeQ[{a, c, d,
‘ e, n}, x] && EqQ[n2, 2#n]

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [F]

/(d—i— ez”) (a+cz™)’ dz

input Lint ((d+e*x~n)* (a+c*x~(2*n)) "p,x) J
output Lint ((d+e*x~n)* (a+c*x~(2%n) ) “p,x) J
Fricas [F]
/ (d+ez™) (a+ cz®™)’ dz = / (ex" +d)(cz®" + a)" dz
input Lintegrate ((d+e*x"n)*(atc*x~ (2*n) ) "p,x, algorithm="fricas") J

ou_tputtintegral((e*x"n + d)*(c*x~(2*n) + a)7p, x) J
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 138.22 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.07

/ (d+ex™) (a+ cz®)’ dz

1
%’ _p CwZneiw

1+ 5
2nT (1+ &)

1 1
1 o, 1 1
aznaP 2nde‘(%) o -

1,1 p7§+2_ 2n im
abthar i her D (34 ) oFy |2 et
2T on
+
3 4 1
2nl (3 + 3,)

-

~—

inputtintegrate((d+e*x**n)*(a+c*x**(2*n))**p,x)

ax*(1/(2*n) ) *ax*(p - 1/(2*n))*d*x*gamma(1/(2*n))*hyper((1/(2*n), -p), (1 +

1/(2*n),), cxx*x(2*n)*exp_polar(I*pi)/a)/(2*n*gamma(l + 1/(2*n))) + ax*(1
/2 + 1/(2*n))*ax*(p - 1/2 - 1/(2*n))*e*x**(n + 1)*gamma(1/2 + 1/(2*n))*hyp
er((-p, 1/2 + 1/(2%n)), (3/2 + 1/(2*%n),), c*x**(2*n)*exp_polar(I*pi)/a)/(2
*n*xgamma (3/2 + 1/(2*n)))

output

Maxima [F]

/ (d+ez™) (a+ cz®™)’ dz = / (ex" +d)(cz®" + a)” dz

input ‘ integrate((d+e*x"n)*(atc*x~(2*n)) "p,x, algorithm="maxima")

outputtintegrate((e*x“n + d)*(c*x~(2*n) + a)7p, x)
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Giac [F]

/ (d+ez™) (a+ cz®™)’ dz = / (ex" +d)(cz®" + a)” dz

inputLintegrate((d+e*x“n)*(a+c*x"(2*n))"p,x, algorithm="giac")

outputtintegrate((e*x‘n + d)*(c*x~(2*n) + a)7p, x)

Mupad [F(-1)]

Timed out.

/(d—i—ea:") (a+cz®™)’ dz = / (a+cz®")? (d+ez™) dx

input 1B((@ + cxx”(2m))7pr(d + exx"n),x)

output Lint((a + cxx~(2%n) ) "p*(d + exx"n), x)

Reduce [F]

/ (d+ex”™) (a+ cx2")p dzx = too large to display

input Lint ((d+exx"n)*(a+cxx”(2*n)) "p,x)
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(2kxkxnk (x** (2%n) *kC + a)*k*kprern*p*x + Xkxnk (Xx**(2kn)*c + a)*kxpkexx + 2% (x*
*(2xn)*kc + a)x*kpxdxn¥p*x + (k*(2*n)*c + a)*xpkxdsnkx + (xx*(2%n)*c + a)**xp
xd*x + 16*%int ((x**(2*n)*c + a)**p/(4*xk* (2*n)kcknk*2xp**2 + 2*x** (2*kn)*c*n
**k2%p + 4kxxk (2xn)*cknxp + x*k*(2#n)*kckn + x*k*(2*n)*c + 4dkaxnk*2xp**2 + 2%a
*N*k*2%p + 4xaknxp + a*n + a),x)*axdinx*k4dxpk*4 + 16+int ((x**(2+n)*c + a)**p
[ (A*xxk (2xn) kCknxk2*xp*k*2 + 2kx** (2%n) *ckn**2+p + 4kx*x (2%n) *ckn*xp + x** (2%
n)*ckn + xxx(2xn)*c + 4*kaxn*kx2*kpx*k2 + 2xaknk*k2xp + 4*kaxn*p + axn + a),x)*a
*xQ*n*x4*p**3 + 4xint ((xx*(2*kn)*c + a)**p/ (4*xk* (2+n) kCkn*k*2*¥p*k*2 + 2xx** (2
*N) kCHRN¥X2KD + 4xxxk (2*n)kcknkp + x*k*k(2xn)*kckn + xkk(2*n) *c + 4kaknkk2xprx
2 + 2kaknk*2%p + 4¥a*n¥p + a*n + a),x)*akdinkxdxpx*2 + 24xint ((x*k*(2*n)*c
+ a)x*kp/ (dkxxk (2+n) *Cknk*2*¥pk*2 + 2kxkk (2kn) kcknx*2kp + 4kxokk (2%n) xc*n*p +

x**(2*n)*c*n + x**(2*n)*c + 4*a*n**2*p**2 + 2*a*n**2*p + 4*a*n*p + axn +
a) ,x)*xa*d*n**3*%px*3 + 16%int ((x*x* (2*n)*c + a)**p/(4*xk* (2*n)*kcknk*2xp**2 +

2xxk* (24n) kCkn*k*2*%p + 4xxk* (24n) kckn*p + xk*k(2*kn)*kc*kn + x*k*(2*n)*kc + 4xaxk
D¥*2kpk*2 + 2kaknx*2*p + 4kaxn*p + axn + a),x)*akdxn*k*3*kpx*2 + 2xint ((x**(

2xn)*c + a)*xp/ (Lkx*x (2xn) *Ckn**2*¥p*k*2 + 2kx** (2*n) kckn**2*p + 4xx*x (2%n) *
cxn¥p + xk*k(2*n)kckn + x*k*(2*n)kc + 4xaknkk2xpk*2 + kaxnk*2*p + 4xaknxp +

a*n + a),x)*axdsnk*3*p + 12%int ((x**(2*kn)*c + a)**p/ (4*xk* (2¥n) kCHkn*k*2*p*
*¥2 + 2kxaok (24n) kCHknk*k2%p + 4xxkk (2kn)kckn¥p + xkk(2¥n)*ckn + xxk(2*n)*c +
4xa¥n*k*2+p*k*2 + 2kaxn*kx2+p + 4xaxn¥p + axn + a),x)*akdknk*kkpx*2 + 4xin...

output




utput
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(a+cz?™)P

3.50 [ dy

Optimal result . . . . .. . . . . . . . . . . e
Mathematica [F] . . . . . . . . . .. 358
Rubi [A] (verified) . . . . . . . . . . 358
Maple [F] . . . . o 3591
Fricas [F] . . . . . . o 359
Sympy [F(-2)] . . . 3601
Maxima [F] . . . . . . 3601
Giac [F] . . . o o 3601
Mupad [F(-1)] . . . 3611
Reduce [F] . . . . .

Optimal result

Integrand size = 21, antiderivative size = 167

2n\P
/(a+cx ) i

d+ ex™

z(a + cz®)’ <1 + “T%)_p AppellF1 (%, —p, 1, %(2 + %) ,—“M

a !

62$2n

d2

)

d

ex'™(a + cz®)” (1 4 et > AppellF1 <

14+n
y —D,

L(+1),-=

2n

)

62z2n

d2

2(1 + n)

‘x*(a+c*x (2*n) ) “p*AppellF1(1/2/n,1,-p,1+1/2/n,e"2*x~ (2*n) /d~2,-c*x” (2*n) /a ‘
‘)/d/((1+c*x (2*n) /a) “p) —exx~ (1+n) * (a+c*x~ (2#n) ) “p*AppellF1(1/2*(1+n)/n,1,-
1p 3/2+1/2/n,e”2xx~(2*n) /d"2,-c*x~ (2*n) /a) /d~2/ (1+n) / ((1+c*x~(2#*n) /a) "p)
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Mathematica [F]

[ (a+ cx®)P

d
d+ ex™ v

input

output

input L

/ (a+ cx®)P dr =
d+ ex”

LIntegrate[(a + c*x~(2*%n))"p/(d + e*x"n),x]

~—

-

Integrate[(a + c*x”~(2*n)) p/(d + e*x"n), x]

N\

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 167, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2,

used = {1768, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ (a+ CfL‘Qn)p dm

number of rules

integrand size

d+ ex™

| 1768
d(a+cz®)?  ex"(a+ cz)?
/ ( &z T g @ de
| 2009
z(a+ cx%)f” (% + 1) P AppellF1 (ﬁ, -p,1,2(2+1), _cx;n, ezgjn)
st (a+ ca™)” (22 +1) " AppellF1 (%L, p 13 (3+ 1) - =, %)
d’(n+1)

= 0.095, Rules

Int[(a + cxx~(2*n))"p/(d + e*x"n),x]
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‘(x*(a + c*x”~(2%n)) “p*AppellF1[1/(2*n), -p, 1, (2 + n~(-1))/2, -((c*x"~(2*n)
‘)/a), (e~2%x™~(2*%n))/d~2])/(d*(1 + (c*x~(2%n))/a)"p) - (e*xx~(1 + n)*(a + cx
%~ (2#n)) "p*AppellF1[(1 + n)/(2#n), -p, 1, (3 + n~(-1))/2, -((c*x"(2*n))/a)
, (e72%x~(2%n))/d"2])/(d"2*(1 + n)*(1 + (c*x~(2*n))/a)"p)

output

Defintions of rubi rules used

rule 1768‘Int[((d-) + (e_)*(x_)"(n )" (g )*((a) + (c_.)*(x_)"(n2_))"(p_), x_Symbol]
‘ :> Int[ExpandIntegrand[(a + c*x~(2%n))~p, (d/(d"2 - e"2*x~(2*n)) - ex(x"n/
\(d“z - e"2%x~(2*n))))~(-q), x], x] /; FreeQ[{a, c, d, e, n, p}, x] && EqQ[n
‘2, 2xn] && NeQ[c*d~™2 + a*e”2, 0] && !IntegerQ[p] && ILtQ[q, O]

rule 2oogt1nt fu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [F]
/ (a+ cavzn)]"d:C

d+ex™

-

inputtint((a+C*XA(2*n))“p/(d+e*x‘n),x)

e—

output Lint ((atc*x~(2#n)) “p/ (d+e*x"n) ,x)

Fricas [F|

2n\P an | \P
/(a—i-ca: ) dx:/(cx + a) "

d4‘€$n exn4_d

inputLintegrate((a+c*x‘(2*n))“p/(d+e*x*n),x, algorithm="fricas")

Outputlintegral((c*x‘(2*n) + a)~p/(exx™n + d), x)
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Sympy [F(-2)]

Exception generated.

dr = Exception raised: HeuristicGCDFailed

/ (a+ cz®)?
d—+ ex™

inputLintegrate((a+c*x**(2*n))**P/(d+e*x**n),x)

Output‘Exception raised: HeuristicGCDFailed >> no luck

Maxima [F]

2n\P 2n p
/(a+cz ) dx:/(cz +a) i

d+€.’17" exn+d

input Lintegrate ((atc*x~(2*n)) "p/ (d+e*x"n),x, algorithm="maxima")

output 1Btegrate(cxx™(2em) + 2)°p/(evxn + @), ©)

Giac [F]

2n\P 2n p
/(a—i—cw ) dxz/(cx +a) i

d+€$” exn+d

input tintegrate ((atc*x™(2*n)) Ap/ (d+e*x"n) ,X, algorithm="giac "

output Lintegrate((c*x"@*n) + a)"p/(e*x™n + d), x)
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Mupad [F(-1)]

Timed out.

2n\P 2n\P
R

d+ ez d+ezxn

nput 106((@ + cxx™(2+m))7p/(d + exx"n) ,x)

output Lint((a + c*x”(2*%n))"p/(d + e*x"n), x)

Reduce [F]

2n\P 2n p
/(a+cx ) d:v:/(x c+a) e

d+ ez e +d

input Lint ((at+c*x™(2*n)) "p/ (d+e*x"n) , x)

output tint ((x**x(2%n)*c + a)**p/(xx*n*e + d),x)




output
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(a+cz?™)P

3.51 | e 0@

Optimal result . . . . . . . . . . . . . e 362
Mathematica [F] . . . . . . . . . . 3631
Rubi [A] (verified) . . . . . . . . . . 363
Maple [F] . . . . o 364
Fricas [F] . . . . . . 364
Sympy [F(-1)] . . . o o 3651
Maxima [F] . . . . . . 3651
Giac [F] . o o o 365
Mupad [F(-1)] . . . o 360
Reduce [F] . . . . .

Optimal result

Integrand size = 21, antiderivative size = 261

(a + cz™)? i

(d+ ex)?
2z (q + cx?)P (1 + == - AppellF1 (L(2+ 1), —p,2, 1 (4+ 1), —e e
i a 2 n 2 n a d
B d*(1+ 2n)
n —p n n
z(a+cz™) (1+ <)  AppellF1 (L, —p,2,1(2+ 1), —= &2
a 2n 2 n a d
+ 7
ez +(a + ca?) (14 =) " AppellF1 (L2 _p 2 1(34 L) _ca® cla2n
a 2n 2 n a d
d3(1+n)

e~ 2*x” (1+2*n) * (a+c*x~ (2*n) ) “p*AppellF1(1+1/2/n,2,-p,2+1/2/n,e"2%x~ (2*n) /4"
2,-c*x”(2*n)/a)/d~4/ (1+2*n) / ((1+c*x~ (2*n) /a) “p) +x* (a+c*x~ (2*n) ) “p*AppellF1
(1/2/n,2,-p,1+1/2/n,e"2*x~(2*n) /d~2,-c*x~ (2*n) /a) /d~2/ ((1+c*x~(2%n) /a) "p) -
2xexx” (1+n) * (a+c*x~ (2*n) ) "pxAppellF1(1/2x(1+n)/n,2,-p,3/2+1/2/n,e"2%x" (2*n
)/d"2,-c*x”(2*n)/a) /d"3/(1+n) / ((1+c*x~(2*n) /a) "p)
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Mathematica [F]

2n)P 2n\P
/ m dx = M du
(d + e.'L‘”) (d + €$n)
input LIntegrate[(a + c*x~(2%n))"p/(d + e*x"n)"2,x] J

Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 261, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.095, Rules

number of steps used = 2, number of rules used = 2,
used = {1768, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2n\P
/ (a + cx )2 de
(d + exn)
l 1768
/ e?z?(a+cx®™)”  d?(a+cz®™)’  2dez™(a+ cz®™)” p
— i
(62x2n _ d2)2 (d2 _ 62x2n)2 (e2m2n _ d2)2
l 2009
m(a + chn)p (cz;” + 1) P AppellF1 (ﬁ, -p,2, %(2 + %) , —Cz;n, 62;2%)
&2 +
e2gntl (a + cm2”)p (“Th + 1) pAppellFl (%(2 + %) ,—D, 2, %(4 + %) ,—%, 62;2%) ~
d*(2n+1)
2ex™ 1 (a+c:r2”)p (ﬁ + 1) _pA 11F'1 ("—H —p,2,1(34 1) _a¥
a ppe 2n ! p”2( +n)’ a ' d?
d(n+1)

input LInt[(a + cxx”(2%n))"p/(d + e*x™n)"2,x]




output

rulel768‘lnt[((d_) + (e_)*(x_)"(n_))"(q)*((a) + (c_.)*(x_)"(n2_))"(p_), x_Symbol]

:> Int[ExpandIntegrand[(a + c*x~(2*n)) p, (d/(d"2 - e~2*x~(2*n)) - e*(x"n/
\(d~2 - e"2%x~(2*n))))~(-q), x], x] /; FreeQl{a, c, 4, e, n, p}, x] & EqQ[n
‘2, 2xn] && NeQ[c*d~2 + a*e”2, 0] && !'IntegerQlp] && ILtQ[q, O]
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(e”2*%x~ (1 + 2#n)*(a + c*x~(2%n)) “p*AppellF1[(2 + n~(-1))/2, -p, 2, (4 + n~
(-1))/2, -((c*x~(2*n))/a), (e”2*x~(2%n))/d"2])/(d"4*(1 + 2xn)*(1 + (cxx~(2
*n))/a)"p) + (xx(a + c*x”(2*n)) “p*AppellF1[1/(2*n), -p, 2, (2 + n~(-1))/2,
-((c*x~(2*n))/a), (e"2*x~(2*n))/d~2])/(d"2*x(1 + (c*x~(2*n))/a)"p) - (2xe*
x"(1 + n)*x(a + c*x~(2*n)) “p*xAppellF1[(1 + n)/(2*n), -p, 2, (3 + n~(-1))/2,
-((c*x~(2*n))/a), (e”2*x~(2*n))/d~2]1)/(d"3*(1 + n)*(1 + (c*x~(2*n))/a)"p)

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

inputt

input

-/

Maple [F]
/ (a+ cxzn)pdx

(d+ ezn)?

int ((a+c*x~ (2*n)) “p/ (d+e*x"n) ~2,x)

-

outputt

int ((a+c*x™(2%n)) “p/(d+e*x"n) ~2,x)

-/

Fricas [F|

2n\P 2n P
/ (a+cx )2 dr — / (cx +a)2 s
(d + exn) (ex™ + d)

Lintegrate((a+c*x‘(2*n))‘p/(d+e*x“n)“2,x, algorithm="fricas")




CHAPTER 3. LISTING OF INTEGRALS

365

output Lintegral((c*f(g*n) + a)~p/(e"2%x~(2%n) + 2%d*e*x"n + d~2), x)

Sympy [F(-1)]

Timed out.

dz = Timed out

tnput Lintegrate ((a+ckx** (2+n) ) *+p/ (d+e*x**n) %*2,X)

output LTimed out
Maxima [F]
ey ke
inputLintegrate((a+c*x‘(2*n))‘p/(d+e*x‘n)‘2,x, algorithm="maxima")

output Lintegrate ((c*x~(2#n) + a)~p/(e*x"n + d)~2, x)

Giac [F]

2n\P 2n p
/ (a+cx )2 dp — / (cx®™ + a,)2 i
(d+ ex™) (exm + d)

input Lintegrate ((a+c*x~(2%n)) “p/ (d+e*x"n) “2,x, algorithm="giac")

output Lintegrate ((c*x~(2*n) + a)"p/(exx"n + d)~2, x)
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Mupad [F(-1)]

Timed out.

2n\P 2n\P
[laret g o [t

(d + ezm)? (d + ezn)”

input Lint((a + c*x”(2%n))"p/(d + e*x"n)"2,x)

output Lint((a + c*xx”(2*n))"p/(d + e*x"n)"2, x)

Reduce [F]

Jsten [t

d
z2me2 + 2znde + d? T

inputtint((a+C*XA(2*n))‘p/(d+e*x*n)A2’x)

output

Lint((x**(Q*n)*c + a)x*p/ (x**(2%n) *ex*2 + 2*x*k*nkdke + d**2),x)




output
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(a+cz?™)P

3.52 | et 0@

Optimal result . . . . . . . . .. .. 367
Mathematica [F] . . . . .. . ... .
Rubi [A] (verified) . . . .. . . .. ..
Maple [F] . . . . o 369
Fricas [F] . . . . . . 370
Sympy [F(-1)] . . . o o 370
Maxima [F] . . . . . .o e 370
Giac [F] . . . o o o BTl
Mupad [F(-1)] . . . o B71]
Reduce [F] . . . . . 371l

Optimal result

Integrand size = 21, antiderivative size = 357

62$2n
d2

e2z2n
d2

(a + cz™)?
(d + exn)®
32zt (g + cx®)? <1 + “Tzn>_p AppellF1 (%(2 + %) ,—D,3, %(4 + %) —
d>(1+ 2n)
ez (a+ co™)? (14 =22 ) AppellF1 (3(3+1),—p,3,3(5+ 1), —=
d®(1+ 3n)

n

z(a + cz®)’ (1 4 o
4_

- )_pAppellFl (ﬁ, -p, 3, %(2 + %) ,—

d3

3ex ™ (a + cx®™)” (1 + c"”;n>_p AppellF1 (

3,383+ 5), -

d*(1+ n)

3*e~2%x” (1+2*n) * (a+c*x~ (2*n) ) “p*AppellF1(1+1/2/n,3,-p,2+1/2/n,e"2*x~ (2*n) /
d~2,-c*x”(2*n) /a) /d~5/ (1+2*n) / ((1+c*x~(2*n) /a) “p) —e~3*x~ (1+3+*n) * (a+c*x~ (2%
n)) “p*AppellF1(3/2+1/2/n,3,-p,5/2+1/2/n,e"2*x" (2*n) /d~2,-c*x" (2*n) /a) /d~6/
(1+3*n) / ((1+c*x~(2*n) /a) “p) +x* (a+c*x~ (2#n) ) “p*AppellF1(1/2/n,3,-p,1+1/2/n,
e~ 2*x” (2*n) /d"2,-c*x~(2*n) /a) /d~3/ ((1+c*x~ (2*n) /a) “p) -3*exx” (1+n) * (a+c*x™ (
2*n)) “p*AppellF1(1/2+(1+n)/n,3,-p,3/2+1/2/n,e"2xx" (2*n) /d"2,-c*x" (2*n) /a) /

d~4/(1+n) / ((1+c*x~ (2*n) /a) "p)
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Mathematica [F]

2n\P 2n\P
/(a—i—cz )3 dp — (a+cx )3 i
(d+ ezxn) (d + exn)
input LIntegrate [(a + c*xx~(2*n))"p/(d + e*x"n)~3,x] J

-

LIntegrate[(a + c*x~(2*n)) p/(d + e*x"n)~3, x]

-/

output

Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 357, normalized size of antiderivative = 1.00,
number of rules _
integrand size 0.095, Rules

number of steps used = 2, number of rules used = 2,
used = {1768, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+ cz?™)? s

(d + exn)?
l 1768

3de?z? (a + cz®)?  3d%ex"(a+cz®)’ €32 (a+cz™)’  d3(a+ cz™)? p

/ T (2 — 2)° (e2z2n — d2)? (e2z2n — d2)3 (d2 — e2z2n)? v
l 2009

323t (a + cz?)? (% + 1) F AppellF1 (% (3+ %) ,—p,3,5(5+ %) , —c””;n , 62;2271)
B dS(3n+1) +
3e2z?+1 (q + )P (“j” + 1) pAppellFl <%(2 +1),-p,3, (a4 1), —e= 62522n> ~
d°(2n+1)
3ez"1(a + ca®)” (C”;n + 1) ? AppellF1 ("2—*7;1, -p, 3, %(3 + %) , —Cx;n , 62;2%)
Fn+1) +

n —-p n "
x(a + cxzn)p (ij + 1) AppellFl (ﬁ’ —p,3, %(2 + %) ’ _szj ’ 62;22 )
a3




CHAPTER 3. LISTING OF INTEGRALS 369

input‘lnt[(a + c*x~(2%n))"p/(d + e*x"n)"3,x]

(3%xe~2%x~ (1 + 2*n)*(a + c*x~(2%n)) p*AppellF1[(2 + n~(-1))/2, -p, 3, (4 +
n~(-1))/2, -((c*x~(2*n))/a), (e 2*x~(2*n))/d"2]1)/(d"5*%(1 + 2*xn)*(1 + (c*x~
(2%n))/a)"p) - (e”3*x~(1 + 3*n)*(a + c*x”(2*n)) “p*AppellF1[(3 + n~(-1))/2,
=P, 3, (6 + n7(-1))/2, -((c*x™(2*m))/a), (e”2%x"(2%n))/d72])/(d76*(1 + 3«
n)*(1 + (c*x~(2*%n))/a)"p) + (x*(a + c*x~(2*n)) p*AppellF1[1/(2*n), -p, 3,

(2 + 07(-1))/2, -((c*xx~(2%n))/a), (e"2xx"(2%n))/d~21)/(d"3*(1 + (c*x~(2*n)
)/a)"p) - (3xe*x~(1 + n)*(a + c*x~(2%n)) “pAppellF1[(1 + n)/(2*n), -p, 3,

(3 + n~(-1))/2, -((c*x~(2%n))/a), (e~2%x~(2%n))/d~2])/(d~4*(1 + n)*(1 + (c
*x™~(2%n)) /a)"p)

output

Defintions of rubi rules used

rule 1768‘Int[((d-) + (e_)*(x_)" (@ ))"(q)*((a_) + (c_.)*(x_)"(n2_.))"(p_), x_Symbol]
‘ :> Int[ExpandIntegrand[(a + c*x~(2%n))~p, (d/(d"2 - e~2*x~(2*n)) - ex(x"n/
(d72 - e™2xx™(2%n))))"(-q), x], x] /; FreeQl{a, c, d, e, n, p}, x] & EqQ[n
2, 2*n] && NeQ[c*d~2 + a*e”2, 0] && !IntegerQ[p] && ILtQ[q, 0]

h J

\‘

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

Maple [F|

/ (a+ ch")pdx
(d+ ezn)?

( hY

int ((a+c*x~ (2*n)) “p/ (d+e*x"n) "3,x)

) J

input

Output‘int((a+c*xﬁ(2*n))AP/(d+e*X”n)“3,X)
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Fricas [F]

2n\P 2n P
/ (a+cx )3 dr — / (cx*™ + a)3 .
(d + ex) (ex™ + d)

inputtintegrate((a+C*XA(2*n))AP/(d+e*X“n)“3,x, algorithm="fricas")

Output‘ integral((c*x~(2*n) + a)~p/(e~3*x~(3%n) + 3*kd*xe 2*x~(2*n) + 3*d"2%e*x"n +
‘d‘3), x)

Sympy [F(-1)]

Timed out.
2n\P
/ m dr = Timed out
(d + ez™)
inputLintegrate((a+c*x**(2*n))**p/(d+e*x**n)**3,x)

OutputLTlmed out

Maxima [F]

2n\P 2n p
[lerey e,

(d+ exn)® (ex™ + d)°

inputLintegrate((a+c*x‘(2*n))*p/(d+e*x*n)~3’x’ algorithm=“maxima")

outputLintegrate((c*xﬁ(2*n) + a)"p/(exx"n + d)73, x)
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Giac [F]

2n\P 2n P
/ (a+cx )3 dp — / (cx®™ + a)3 e
(d+ exn) (ex™ + d)

inputtintegrate((a+c*x‘(2*n))‘p/(d+e*x*n)~3,x, algorithm="giac")

output Lintegrate((c*x‘@*n) + a)~p/(e*x"™n + d)73, x)

Mupad [F(-1)]

Timed out.
(d+€xn)3 - (d+6$n)3
inputtint((a + c*x~(2%n)) "p/(d + e*x"n)"3,x)

outpu‘ntim’((a + cxx”(2%n))"p/(d + e*x™n)"3, x)

Reduce [F]

[ [l

z3ned + 3z2nd e? + 3znd?e + d3

input Lint ((a+c*x~(2*n)) “p/(d+e*x"n) ~3,x)

output
‘ + d**3),x)

‘int((x**(2*n)*c + a)**p/ (x** (3%n) *e**3 + Jkxkk(2kn)*kdkek*2 + 3xxkknkxd**2ke
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3.53 [(d+ex™)!(a+ cz®™)’ dx

Optimal result . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . .
Rubi [N/A] . . o
Maple [N/A] . . . . 373
Fricas [N/A] . . . o o 374
Sympy [F(-1)] . . o oo 374
Maxima [N/A] . . . . . 374
Giac [N/A] . . . e
Mupad [N/A] . . . o
Reduce [N/A] . . . o o

Optimal result

Integrand size = 21, antiderivative size = 21

[+ ey (@t do = Tas((d+ o) (a ™)’ )

-

output LDefer (Int) ((d+e*x~n) “g*(a+c*x~(2%n)) “p,x)

= J

Mathematica [N/A]

Not integrable

Time = 0.38 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

[@ren ety do= ey o)

input ‘\Integrate[(d + exx™n)"g*(a + c*x~(2*n)) p,x]

output‘ Integrate[(d + e*x"n)“q*(a + C*XA(Q*n))“p, x]
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Rubi [N/A]
Not integrable
Time = 0.16 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {1770}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+cz®™)? (d + ex™)? dx
| 1770

/ (a+ cz®™)? (d + ex™) dz

input‘Int[(d + e*x"n) g*(a + cxx~(2*n)) p,x]

outputL$Aborted J

Defintions of rubi rules used

rule 1770‘Int[((d_) + (e_)*(x_)" (@) (q)*((a_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol] ‘
:> Unintegrable[(d + e*x™n) gq*(a + c*x~(2*n))"p, x] /; FreeQ[{a, c, d, e,
n, p, q}, x] & EqQ[n2, 2+n]

Maple [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

/(d—i— ex™)? (a+cz®)’ dx

input int ((d+e*x"n) “q* (a+c*x~(2*n)) “p,x)
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output Lint ((d+e*x"n) “g*(at+c*x~(2*n)) "p,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

/ (d+ez™)? (a+ cz®™)’ dz = / (cz®™ + a)’(ex™ + d)? dx

-

inputtintegrate((d+e*x"n)"q*(a+c*x"(2*n))"p,x, algorithm="fricas")

e—

Ou_,GputLin’cegral((c*x“@*n) + a) “px(exx™n + d)"q, x)

Sympy [F(-1)]

Timed out.

/ (d+ ez™)? (a+ cz®™)” dz = Timed out

inputtintegrate((d+e*x**n)**q*(a+c*x**(2*n))**p,x)

-

output LTimed out

-/

Maxima [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

/ (d+ex™)? (a+ cz®™)’ dz = / (cz®™ + a)"(ez™ + d)? dz

input Lintegrate ((d+e*x"n) “q* (a+c*x~ (2*n)) "p,x, algorithm="maxima")
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output Lintegrate ((c*x~(2*%n) + a) px(e*x”n + d)~q, x)

Giac [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

/ (d+ez™)? (a+cz®™)’ dz = / (cz®™ + a)’(ex™ + d)? dzx

inputtintegrate((d+e*x‘n)‘q*(a+c*x*(2*n))~p,x, algorithm="giac")

output Lintegrate((c*x*(z*n) + a)"p*x(exx™n + d)7q, x)

Mupad [N/A]
Not integrable

Time = 11.38 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

/(d—l—ex”)q (a + cz®™)? dxz/(a+cz2”)p(d+ew")qdz

inputtint((a + c*x~(2%n)) "px(d + e*x"n)"q,x)

Outputtint((a + c*x~(2%n)) "p*(d + e*x"n)"q, x)
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Reduce [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 820, normalized size of antiderivative = 39.05

d+ex™)? (a+ cz®™)’ dzx
( ) (

n q(,.2n P (z"e+d)? (2" c+a)® 9 9 L
(IL' e+ d) ($ c+ CL) T+ 4<f 2z3"cenp+a:3"ce+2w2”cdnp+z2”cd+2z”aenp+w"ae+2adnp+addx adn p°+ 2 f 2x3n

s

input |

int ((d+e*x"n) “q* (a+c*x~(2*n)) “p,x)

output

((x**n*e + d)**xq*(x**(2%n)*c + a)**p*x + 4xint (((x**n*e + d)**q* (x**(2*n)*
c + a)*x*p)/(2xx*x(3*n)*ckexn*p + xx*(3*n)*cke + 2xx*x(2xn)kckxd*n*p + x** (2
*n)*ckd + 2xx*k*nkaxernkp + x*kknkaxe + 2%axdinkp + axd) ,x)*kaxdFnk*k2xp*k*2 +
2xint (((x*x*nxe + d)**xq*(x**(2+n)*c + a)**p)/(2*kx**(3*n)*cke*n*p + x**(3*n)
xcke + 2xx*x(2#n)*cxd*nkp + x*xx(2xn)*ckd + 2xx*k*nkaxe*rnxp + x*kknkaxe + 2%a
xd*nxp + a*d),x)*axd*nxp - 2*int ((x**(3*n)* (x*k*nxe + d)**xq*(x**(2*n)*c + a
)**p) / (2kx** (3*n) *ckexn*p + xx*k(3*n)*xcke + 2xx*x(2*n)*cxd*nkp + x**x(2xn)*c
*d + kxk*knkakeinkp + Xkknkake + 2xakdinkp + akxd),x)*ckxern**k2*pxq - int((x
*% (3*n) * (xx*nxe + d)*x*q* (x**(2xn)*c + a)**p)/ (2xx** (3*n) *c*xexnxp + x**(3*n
Ykcke + 2¥x*kx(2xn)kckxd*n*p + ¥k (2kn)*ckd + 2kxk*knkakexnkp + xkinkake + 2k
a*d*nxp + a*d) ,x)*cke*n*q + 4xint ((x*k*n* (xx*n*xe + d)**q*(x**(2*n)*c + a)*x*
p)/ (2xxx* (3%n) *ckexnxp + xk*(3*n)*ckxe + 2kxx*(2*n)*ckdxnxp + xk*(2%n)*c*d
+ 2kx*knkaxe*nkp + xkknkake + 2xakxdxn*p + axd),x)*akexn*k*2kp*x2 - 2*int ((x
*xxnk (xk*nke + d)*k*kqx (xx*(2xn)*c + a)**xp)/(2*x** (3*n)*ckexn*p + x**(3*n)*c*
e + 2xx*x(2#n)*ckxd*snxp + x**x(2*n)*ckd + 2xxk*knkaxekn*p + xk*nkaxe + 2kaxd*
n*p + axd),x)*akexn* *2kp*q + 2*kint ((x*k*n* (xx*kn*xe + d)**xq* (x*k*(2*n)*c + a)x*
*p) / (2%xx* (3kn) xckexn*p + xk*(3*n)*kckxe + 2kxx*k (2xn)*ckd*n*p + x*x* (2kn)*c*d
+ 2%x*kxn¥akxexnkp + xkinkakxe + 2*akdxnxp + akxd),x)*akexnxp — int ((xx*n* (x*
xn¥xe + d)*kxqk (x*x*(2kn)*c + a)**p)/(2xx**x(3*n)*kckexn*p + x**(3*n)*cke + 2x*x
*k (2+n) kckdknxp + xk*k(2%n) xc*xd + 2kx¥knkaxe*snkp + xkknkxake + 2xakdknxp ...
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3.54 [ (d+ ex™)? (cd? — ce?z™)" dz

Optimal result . . . . . . . . . . . . e 377
Mathematica [F] . . . . . . . . . . . Birdrd
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . 379
Fricas [F] . . . . . . o 379
Sympy [F(-1)] . . o oo 330
Maxima [F] . . . . . . 3801
Giac [F] . . . . o o 380
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 29, antiderivative size = 99

NG (g2 2. 20\P g nya [ €T" - ex” IR
(d+ex™)? (cd® — ce’s”™)" dz = z(d + ez™)? ( 1 y 1+ y (cd

1 1 n
— ce’z®™)"” AppellF1 <—, —p,—p—q 1+,
n n d

_eat
d

x* (d+exx"n) "g* (1+e*x"n/d) " (-p—q) * (cxd~2-c*e”2*x~ (2*n) ) “p*AppellF1(1/n,-p,-
p-q,1+1/n,e%x"n/d,-e*x"n/d) / ((1-e*x"n/d) "p) |

p
output ‘

Mathematica [F]

/(d + ex™)? (cd? — ce®z™)’ dz = / (d+ ez™)? (cd?® — ce®z™)" dx

input LIntegrate[(d + exx™n) "q*(cxd”2 - cxe”2xx”~(2%n)) "p,x] J

output LIntegrate[(d + exx™n) ~qx(cxd™2 - c*e”2*x~(2*n)) p, x] J
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Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.00,

number of rules _ 0.138, Rules

number of steps used = 4, number of rules used = 4, 5 Fo 1

used = {1396, 937, 937, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex™)? (cd? — ce?z®")? dx
| 1396

(d+ ez™) 7P (cd — cex™) P (cd® — ceQxQ")p/ (ex™ + d)*T9 (cd — cex™)? dx

| 937
n —p—q n ptq
(d+ ex™)? (cd — cex™) 7P (cd? — ce?z®™)” <efl + 1> / (cd — cex™)? <6f1 + 1> dx
| 937
n\ —P n —p—q n\ P n pt+q
(1-5F) syt ety (Fea) T (1) (T )
| 936

d n

-p n —pP—q 1 1
I<1 _ ew) (A ea™)? (ed? — ce?a2n)? (ew +1) AppellF1 <,_p, pog 1l e

e A
Int[(d + exx"n) g*(c*xd™2 - cxe”2*x~(2*n)) p,x]

N\ J

input

Output‘ (x%(d + e*x™n)"q*(1 + (e*x™n)/d)~(-p - q)*(c*d™2 - c*e~2*x~(2*n)) “pxAppell ‘
Filn"(-1), -p, -p - q, 1 + n"(-1), (e*x™n)/d, -((exx™n)/d)1)/(1 - (e*x"n)/
‘d)‘p ‘




rule 936

rule 937

rule 1396

input

output

input
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Defintions of rubi rules used

Int[((a_) + (b_)*(x_)"(n)) " (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Simp[a~p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQ[{a, b, ¢, d, n, p, q}, x] && NeQ[bxc - a*d, 0] && NeQ[n, -1]
&% (IntegerQ[p] || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

Int[((a_) + (b_.)*(x_)"(m_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll
:> Simp[a~IntPart[p]*((a + b*x"n) FracPart[p]/(1 + b*(x"n/a)) FracPart[p]l)

Int[(1 + bx(x"n/a)) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q
}, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQlp]l || GtQ[a, 01)

Int[(u_)*((a)) + (c_)*(x_)"(@2_.))"(p)*((d)) + (e_.)*(x_)"(n_))"(q_.), x
_Symbol] :> Simp[(a + c*x~(2%n)) FracPart[p]l/((d + e*x"n) FracPart [p]*(a/d
+ c*(x"n/e)) “FracPart[p]) Int[u*x(d + e*x"n) (p + q@)*(a/d + (c/e)*x"n) p,
x], x] /; FreeQl{a, c, d, e, n, p, q}, x] && EqQ[n2, 2*n] && EqQ[c*d~2 + a*
e”2, 0] && !'IntegerQ[p] && !'(EqQlq, 1] && EqQ[n, 2]1)

Maple [F]

/ (d+ez™)? (cd® — ce’z™) P da

‘int((d+e*x“n)“q*(c*d“2-c*e“2*x“(2*n))”p,x)

Lint ((d+e*x"n) “q*(c*xd"2-c*e”2*x~ (2*n) ) “p,x)

Fricas [F]

/ (d+ ez™)? (cd® — ce’2™)" dx = / (—ce®z®™ + cd?)? (ex™ + d)? dx

Lintegrate ((d+e*x"n) “g*(c*xd~2-c*e”~2*x~ (2*n) ) "p,x, algorithm="fricas")
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OutputLintegral((—c*e“2*x“(2*n) + c*d~2)“p*(e*x°n + d)°q, x)

Sympy [F(-1)]

Timed out.
/ (d + ex™)? (cd® — ce?2")? dz = Timed out
inputLintegrate((d+e*x**n)**q*(c*d**2—c*e**2*x**(2*n))**p,x)
OutputLTimed out
Maxima [F]

/ (d+ ez™)? (cd® — ce’2®)" dx = / (—ce®z®™ + cd?)? (ex”™ + d)? da

inputLintegrate((d+e*x“n)‘q*(c*d*z—c*e“z*x*(z*n))*p,x’ algorithm="maxima")

OutputLintegrate((-c*e"2*x“(2*n) + c*d~2)"px(exx°n + d)~q, X)

Giac [F]

/ (d+ ez™)? (cd® — ce’2®")" dx = / (—ce®z®™ + cd?)? (ex™ + d)? dz

inputLintegrate((d+e*x“n)‘q*(c*d“2-c*e‘2*x*(2*n))*p,x’ algorithm="giac")

output Lintegrate((-c*e"2*x‘(2*n) + c*d~2)“p*(exx"n + d)~q, x)
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Mupad [F(-1)]

Timed out.

/ (d+ ex™)? (cd® — ce®2®")? dz = / (cd® —ce?z*™)’ (d+ ex™)!dx

inputLint((c*d"2 - c*e”2*x”(2*n) ) "p*(d + e*x"n) q,x)

output Lint((c*d‘Q - c*e”2xx”(2*n)) "p*(d + e*x"n)"q, x)

Reduce [F]

/ (d+ ez™)? (cd® — ce’z™)" dz = / (z"e + d)? (—2*"ce® + cd?)’ dx

input Lint ((d+e*x"n) “q* (c*d~2-c*e~2%x~ (2*n)) “p,x)

Outputtint((x**n*e + d)xkqk (- xkx(2kn)kckex*k2 + ckdk*2)**p,x)




output

input
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3.55 [(2—ex™P (2+ ex™)P™ da

Optimal result . . . . . . . . . . . . e
Mathematica [B| (warning: unable to verify) . . . . . ... ... ... ... ...
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . .
Fricas [F] . . . . . . o
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 22, antiderivative size = 44

1 1
/ (2 — ez™)? (2 + ex™)?™ dx = 2% AppellF1 <ﬁ’ —p,—p—q,1+ — ez’

n 2

)

ex
2

__”>

084

289)

LQ" (2*p+q) *x*AppellF1(1/n,-p-q,-p,1+1/n,-1/2*%e*x"n,1/2*xe*x"n)

~—

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 199 vs. 2(44) = 88.

Time = 0.40 (sec) , antiderivative size = 199, normalized size of antiderivative = 4.52

/ (2 — ex™)? (2 + ex™)"" dx

2(1 4+ n)z(2 — ex™)? (2 + ex™)P™ AppellFl (%, —p, -

—enpx™ AppellF'1 (1 + le 1—-p,—p—q,2+ %, ezn, ) + en(p + q)z™ AppellF1 (1 +

Integrate[(2 - exx™n) p*(2 + exx"n) " (p + q),x]

-p,1—p—
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(2%(1 + n)*x*(2 - exx"n) px(2 + e*x"n) " (p + q)*AppellF1[n~(-1), -p, -p - q
, 1 +n7(-1), (exx"n)/2, -1/2*(e*x"n)])/(-(exn*p*x"n*AppellF1[1 + n~(-1),

1-p, -p-4g, 2 +n°(-1), (exx"n)/2, -1/2*(e*x"n)]) + e*n*(p + q)*x n*App
ellF1[1 + n~(-1), -p, 1 - p - q, 2 + n~(-1), (e*x"n)/2, -1/2x(exx"n)] + 2%
(1 + n)*AppellF1[n~(-1), -p, -p - q, 1 + n™(-1), (exx"n)/2, -1/2*%(e*x"n)])

output

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.00,
number of rules _
integrand size 0.045, Rules

number of steps used = 1, number of rules used = 1,
used = {936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (2 — ex™)P (ex™ + 2)P*? dx
| 936
£2?P+9 AppellF1 (711, -p,—p—q,1+ %, %, _ea;”)
input“nt[@ - exx™n) "px(2 + exx™n) " (p + q),x] J

‘2"(2*p + q)*x*AppellF1[n~(-1), -p, -p - q, 1 + n~(-1), (exx"n)/2, -1/2*(e* ‘

output Lx’"n) ] J

Defintions of rubi rules used

rule 936‘Int[((a—) + (b_)*(x_)" (@)~ (p)*((c ) + (d_.)*(x_)"(n_))"(q_), x_Symbol] ‘
‘:> Simp [a"p*c~q*x*AppellFi[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c) ‘
1, x1 /; FreeQl{a, b, ¢, d, n, p, q}, x] && NeQ[bxc - a*d, 0] & NeQ[n, -1] |
‘ && (IntegerQ[p] || GtQ[a, 0]) && (IntegerQlql || GtQlc, 01) ‘
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Maple [F|

/ (2—ez™)? (24 ez dx

inputLint((2—e*x“n)“p*(2+e*x‘n)*(p+q)’x)

outputLint((2_e*xAn)AP*(2+e*x*n)“(p+q),x)

Fricas [F]

/ (2 —ex™)? (2 + ex")P" dx = / (ex™ + 2)P Y (—ex™ + 2)P dx

inputLintegrate((Q_Q*XAD)AP*(2+9*X“D)‘(p+q),x, algorithm="fricas")

Outputtintegral((e*x‘n +2)7(p + @*(-exx™n + 2)7p, x)

Sympy [F]

/ (2~ ea")" (2 + ey do = / (—ea™ +2)7 (ea™ + 2" do

inputLintegrate((2—e*x**n)**p*(2+e*x**n)**(P+q)’X)

outputtlntegral((-e*x**n + 2)x*pk(e*xxk¥n + 2)**x(p + q), x)




CHAPTER 3. LISTING OF INTEGRALS

385

Maxima [F]

/ (2 — ex™)? (2 + ex™)P™ dx = / (ex™ 4 2)P19(—ex™ + 2)P dx

input  integrate((2-e*x"n) “p*(2+e*x"n) " (p+q) ,x, algorithm="maxima"

outputtintegrate((e*x‘n +2)°(p + Q*(-e*x™n + 2)7p, x)

Giac [F]

/ (2 — ex™)? (2 + ex™)" " dx = / (ex™ + 2)P Y (—ex" 4 2)P dx

inputtintegrate((2_e*XAn)AP*(2+e*XAn)A(p+q),X, algorithm="giac")

output Lintegrate((e*x"n +2)"(p + @Q)*(-e*x™n + 2)7p, x)

Mupad [F(-1)]

Timed out.

/ (2 - ea")" (24 ea™)"™ do = / (2 - ea") (ea” +2)" da

inputtint((Q - e*xx"n) “px(exx™n + 2)"(p + q),x)

output Lint((2 - exx™n) px(exx™n + 2)~(p + q), x)
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Reduce [F]

/ (2 — ex™)? (2 + ex™)P™ dx = / (z"e 4 2)P*? (—z"e + 2)P dx

input‘int((2-e*x"n)"p*(2+e*x"n)"(p+q),x)

output tint((x**n*e + 2)*x(p + q)*( — x*x*n*e + 2)**p,x)
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3.56 [(2+ex™)(4— 2™ dx

Optimal result . . . . . . . . . . .. . . . e
Mathematica [F] . . . . . . . . . . .
Rubi [A] (verified) . . . . . . . . .
Maple [F] . . . . o
Fricas [F] . . . . . . o
Sympy [F(-1)] . . o
Maxima [F] . . . . . . 3901
Giac [F] . . o o 3901
Mupad [F(-1)] . . .« 3901
Reduce [F] . . . . .

Optimal result

Integrand size = 24, antiderivative size = 44

1 1 n n
/ (2 + exn)q (4 - e2x2n)p dz = 22p+q$ AppeHFl <_7 -p,—P—gq, 1+ = %, _%>
n n

-

27~ (2*p+q) *x*AppellF1(1/n,-p-q,-p,1+1/n,-1/2*%e*xx"n,1/2*e*x"n)

e—

output t

Mathematica [F]

/ (2+ex")? (4 - €*2*")" do = / (2 +ex™)? (4 — €*a®™)" da

-

inputtlntegrate[(2 + e*x"n)"q*(4 - e~2*x~(2*n)) p,x]

e—

OutputLIntegrate[(2 + exx"n) "q*(4 - e"2*x~(2*n)) "p, x] J




input

output

rule 936

rule 1388

CHAPTER 3. LISTING OF INTEGRALS 388

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.00,

number of rules _ 0.083, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {1388, 936}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (4 — e*2®™)" (ex™ +2)? da
| 1388
/ (2 — ez™)P (ex™ + 2)P 1 dx
| 936
1 ez™ ezx"

1
w22p+q AppellFl ——P,—P—(q, 1 + T v T o
n n 2 2

e

LInt[(2 + e*x"n)"q*(4 - e"2%x~(2+%n)) "p,x]

‘2‘(2*p + q)*x*AppellF1[n~(-1), -p, -p - q, 1 + n~(-1), (e*x"n)/2, -1/2*(ex
‘ x"n)]

Defintions of rubi rules used

Int[((a_) + (b_)*(x_ )" (@ )" (p)*((c_) + (A_.)*(x_)"(m_))"(q_), x_Symboll
:> Simp[a~p*c~q*x*AppellF1[1/n, -p, -q, 1 + 1/n, (-b)*(x"n/a), (-d)*(x"n/c)
1, x1 /; FreeQ[{a, b, ¢, d, n, p, g}, x] && NeQ[b*c - a*d, 0] && NeQ[n, -1]
&% (IntegerQ[pl || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 01)

Int[(u_.)*((a_) + (c_)*(x_)"(@2_.))"(p_.)*((d_) + (e_.)*(x_)"(m_))"(q_.),
x_Symbol] :> Int[ux(d + exx™n) (p + @)*(a/d + (c/e)*x"n)"p, x] /; FreeQ[{a,
c, d, e, n, p, qt, x] && EqQ[n2, 2*n] && EqQ[c*d"2 + axe”2, 0] && (Integer
Qlpl Il (GtQ[a, 0] && GtQ[d, 01))

~—

J
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Maple [F]

/ (2+ez™)? (4 e*2*) dz

input Lint ((2+e*x7n) “q*(4-e~2*x~(2*n)) “p,x)

output Lint ((2+e*x"n) “g*(4-e~2*x~(2*n)) "p,x)

Fricas [F]

/ (2+ ex™)? (4 — e*2?")? dz = / (—e*z®" +4)"(ex™ + 2)"dx

input Lintegrate ((2+e*x"n) “q*(4-e~2*x~(2*n)) "p,x, algorithm="fricas")

output Lintegral((-e“2*x“(2*n) + 4)"px(exx™n + 2)7q, Xx)

Sympy [F(-1)]

Timed out.

/ (24 ez™)? (4 — €?2?")” dz = Timed out

input Lintegrate ((2+e*x**n) *xq (4-e**2%x** (2%n) ) **p, X)

output LTlmed out
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Maxima [F|

/ (2+ez™)? (4 — 22")’ dz = / (—e*2*" +4)"(ez™ + 2)? dz

input‘integrate((2+e*x"n)"q*(4-e"2*x"(2*n))"p,x, algorithm="maxima")

outputLintegrate((—e‘Q*x‘(Q*n) + 4)"px(exx™n + 2)7q, Xx)

Giac [F]

/ (2+ez™)! (4 — 22*")” dz = / (—e*2*" +4)"(ez™ + 2)? dz

inputkintegrate((2+e*xﬁn)AQ*(4‘9A2*XA(2*H))AP,X, algorithm="giac")

outputLintegrate(('eAQ*XA(Q*n) + 4)"px(exx™n + 2)7q, X)

Mupad [F(-1)]

Timed out.

/ (2+ezx™)? (4 — €2®")" dz = / (4—e*z*™)’ (ex" +2)%dx

inputLint((4 - e72xx”~(2*n)) “p*(exx"n + 2)7q,x)

Outputtint((4 - e72xx~(2*n)) "px(exx"n + 2)7q, x)
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Reduce [F]

/ (2+ez™)? (4 — 22")’ dz = / (z"e +2)! (=27’ +4)" dz

input‘int((2+e*x"n)"q*(4-e"2*x"(2*n))"p,x)

output tint((x**n*e + 2)#kqk (= xkk(2%n) *e**2 + 4)**p,x)
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 392
4.2 Links to plain text integration problems used in this report for each CAS . HI0

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

392

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:




CHAPTER 4. APPENDIX

406

if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (1-x^3)^-p (1-x^6)^p  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+e x^4  a-c x^8  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 d+e x^4  a+c x^8  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 d+e x^4  1-e^2 x^8  d^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+e x^4  d^2-e^2 x^8  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+e x^4  a-c x^8  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [B] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+e x^4  a+c x^8  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [C] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^4) (a-c x^8)^p  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^4) (a+c x^8)^p  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^4)^q (a+c x^8)^p  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [F(-1)] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (1-x^4)^p (1-x^8)^p  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^4)^q (d^2-e^2 x^8)^p  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (1-x^4)^-p (1-x^8)^p  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^n)^3  a+c x^2 n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^n)^2  a+c x^2 n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+e x^n  a+c x^2 n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x^n) (a+c x^2 n)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-2)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x^n)^2 (a+c x^2 n)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-2)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+e x^n  a-c x^2 n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^n)^3  (a+c x^2 n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^n)^2  (a+c x^2 n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+e x^n  (a+c x^2 n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x^n) (a+c x^2 n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x^n)^2 (a+c x^2 n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^n)^3  (a+c x^2 n)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^n)^2  (a+c x^2 n)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+e x^n  (a+c x^2 n)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x^n) (a+c x^2 n)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x^n)^2 (a+c x^2 n)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^n)^3/2  a+c x^2 n  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+e x^n  a+c x^2 n  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  d+e x^n (a+c x^2 n)  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x^n)^3/2 (a+c x^2 n)  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x^n) a+c x^2 n  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^n)^3 (a+c x^2 n)^p  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^n)^2 (a+c x^2 n)^p  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^n) (a+c x^2 n)^p  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+c x^2 n)^p  d+e x^n  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-2)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+c x^2 n)^p  (d+e x^n)^2  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+c x^2 n)^p  (d+e x^n)^3  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^n)^q (a+c x^2 n)^p  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [F(-1)] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (d+e x^n)^q (c d^2-c e^2 x^2 n)^p  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (2-e x^n)^p (2+e x^n)^p+q  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (2+e x^n)^q (4-e^2 x^2 n)^p  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 
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