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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 50 |. This is test number [ 135 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Mathematica | 100.00 ( 50 ) | 0.00 (0)
Rubi 90.00 (45) | 10.00 (5)
Maple 86.00 (43 ) | 14.00(7)
Fricas 86.00 (43 ) | 14.00 (7)
Reduce | 68.00 (34) |32.00 (16 )
Giac 64.00 (32) | 36.00 (18)
Sympy | 38.00 (19) |62.00 (31)
Mupad | 32.00 (16) | 68.00 (34)
Maxima | 24.00 (12) | 76.00 ( 38)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 84.000 6.000 0.000 10.000
Mathematica 84.000 6.000 10.000 0.000
Fricas 66.000 20.000 0.000 14.000
Maple 42.000 32.000 12.000 14.000
Giac 42.000 22.000 0.000 36.000
Sympy 38.000 0.000 0.000 62.000
Maxima 24.000 0.000 0.000 76.000
Mupad 0.000 32.000 0.000 68.000
Reduce 0.000 68.000 0.000 32.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

C
BF




CHAPTER 1. INTRODUCTION

The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Mathematica | 0 0.00 0.00 0.00

Rubi 5 100.00 0.00 0.00

Fricas 7 0.00 100.00 0.00

Maple 7 100.00 0.00 0.00

Reduce 16 100.00 0.00 0.00

Giac 18 38.89 11.11 50.00

Sympy 31 96.77 3.23 0.00

Mupad 34 0.00 100.00 0.00

Maxima 38 81.58 0.00 18.42

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.08

Reduce 0.26

Giac 0.29

Sympy 0.50

Rubi 0.94

Fricas 1.87
Mathematica 7.04

Mupad 9.62

Maple 14.97

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 86.69 0.86 61.00 0.84
Maxima 86.75 1.03 65.00 1.03
Sympy 216.11 1.39 126.00 1.17
Giac 217.84 1.42 158.50 1.01
Rubi 233.82 1.16 165.00 1.02
Reduce 516.15 2.48 144.50 1.27
Mathematica | 542.64 1.45 134.00 0.97
Fricas 841.05 2.94 222.00 1.41
Maple 425505.35 | 414.69 129.00 0.92

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much

higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to

solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20

Rubi Mma Maple
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on

CPU time used in seconds. The bin size used is 0.1 second.

Number of integrals Number of integrals

Number of integrals

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi
Mathematica
Maple
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree



CHAPTER 1. INTRODUCTION

23

1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[12)5)705,5 7 8010 1) 2 13,4 15,1677 15) 9, 20} 21, 22,23 20,25 26,
50} 5152 33,34 55,56, 57 11,2 13,445, 7} 1 )

B grade { ¥

C grade { }

F normal fail {[28}[29][39}[40}/50 }
F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade {[1,2,5)/A5)B) 75, 510, 12135, 16,7 15,0, 20,21, 22,25, 28, 25, 26,27
50)51, 32} 53,34 55,36, 57 35 11, 2} 43,14 15, 6} 7 )

B grade { }

C grade {[39[40}48|[49,[50 }
F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade { [1}[2,[3)[4}[5]6l8}[9}[20} 21} 25 26, [30} [31}[32} {36, [37} [T} 42} [46, [47] }
B grade {[7}[10,[L1}[12)[22} 27} [28} 29} 33} 38} [39] [40} 43} 48} 49} /50 }

C grade { 2324343544 |45 }

F normal fail {[13}[14}[15}[16}[17[18[19 }
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[12)5)70[5,5, 7 8910 13) 4 156, 20,21 23,27 25, 2650, 1,52 54,3556,
7 ) 44, 5 6 7 )

B grade { (T30 [522 65 5309439 }
C grade { }

F normal fail { }

F(-1) timedout fail {[19[27][29[38}[40}[48}[50| }
F(-2) exception fail { }

Maxima

A grade { [35E0/2150 5152051 A0 )
B grade { }

C grade { }

F normal fail {[4[5}[6}[10,[11}[12)[13}[14}[15}[16,[17] 18} [19}[22} 23, 24} 27} [28] 29, 33} 34} 35}
[B81[39, |40} (43} 44} 45} 48} 49} [50) }

F(-1) timedout fail { }
F(-2) exception fail { [7}[8}[9][25}[26][46147] }
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Giac

A grade { 1353 /0 75 0V0, 21 20 25 26,0, 52,5, 5 L. )
B grade {55122 33155 B

C grade { }

P normal fail {13105 1673/}

F(-1) timedout fail {[10[[12]}

F(-2) exception fail {[27)[28}[29][38][39}[40} |48} [49}[50] }

Mupad

A grade { }

B grade { (13 20,2115 26,50 51,53 56,57 I A2 017 )
C grade { }

F normal fail { }

F(-1) timedout fail {{45,[6}[7}8}[%[10,[L1}[12}[13}[14[15}[16}[17 18} 19} 22} 23} [24} [27} 28}
[29433,[34 35} 38} 39} 40} 43} A4} 45}, (48} 49} 50 }

F(-2) exception fail { }

Sympy

A grade {[1}[2,3}[7}[8}9}[20} 21} [25, [261[30} BT} 32, [36, [37} [AT} 42}, |46}, |47 }
B grade { }

C grade { }

F normal fail {[4[5}[6}[10,[11}[12,[13}[14[15}[16,[17] 18} [19}[22} 23, 24} 27} [28] 29, 33} 34} 35}
[B81[39, 40} 43} 44} 45} |48} 49 }

F(-1) timedout fail {[50|}
F(-2) exception fail { }
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Reduce
A grade { }

B grade {[1,[2,3[4,5 (67,8l 9} [10}[11} [12} 20} 21} 22} 23, 24} 25, [26} 30} 31} 32} 33} 34, 35}, 36
[B7) (A1} |42} 43} [44} 45} 46} 4T }

C grade { }

F normal fail { [13}[14,[T5,[16,[17}[18}[19}[27} 28} 29} 38} 39} {40} {48 [49} [50] }
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 100 104 68 59 81 59 114 57 83 64
N.S. 1 1.04 068  0.59 0.81 0.59 1.14  0.57 0.83 0.64
time (sec) N/A 0.215 0.232 0.363 0.031 0.092 0523 0.117 0.163 0.510

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 72 86 63 54 70 54 60 54 70 52
N.S. 1 1.19  0.88 0.75 0.97 0.75 0.83 0.75 0.97 0.72
time (sec) N/A 0.221 0.171  0.198 0.029 0.084 0416 0.121 0.153 0.106

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 50 50 48 39 51 39 44 40 48 38
N.S. 1 1.00 096  0.78 1.02 0.78 0.88 0.80 0.96 0.76

time (sec) N/A 0.177 0.094 0.141 0.028 0.077 0.271 0.110 0.152  20.969
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 67 78 71 0 7 0 81 49 0
N.S. 1 1.03  1.20 1.09 0.00 1.18 0.00 1.25 0.75 0.00
time (sec) N/A 0.216 0.315 0.092 0.000 0.084 0.000 0.129 0.163 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 83 85 69 61 0 97 0 143 107 0
N.S. 1 1.02  0.83 0.73 0.00 1.17 0.00 1.72 1.29 0.00
time (sec) N/A 0.221 0.346 0.068 0.000  0.079 0.000 0.123 0.154 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 101 105 83 69 0 129 0 184 172 0
N.S. 1 1.04 0.82 0.68 0.00 1.28 0.00 1.82 1.70 0.00
time (sec) N/A 0.226 0.391 0.073 0.000  0.110 0.000 0.125 0.162 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 303 312 260 685 0 345 1363 397 870 0
N.S. 1 1.03  0.86 2.26 0.00 1.14 4.50 1.31 2.87 0.00
time (sec) N/A 0.534 1.917 0.046 0.000  0.121 1.245 0.142 0.395 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 31
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 237 246 176 300 0 219 490 236 497 0
N.S. 1 1.04 0.74 1.27 0.00 0.92 2.07 1.00 2.10 0.00
time (sec) N/A 0.442 1.328 1.214 0.000 0.103 0.741 0.131 0.179 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 118 118 180 123 0 123 197 119 207 0
N.S. 1 1.00 1.53 1.04 0.00 1.04 1.67 1.01 1.75 0.00
time (sec) N/A 0.254 0.558 0.332 0.000 0.086 0.309 0.115 0.159 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F F(-1) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 215 222 266 1263 0 371 0 0 1760 0
N.S. 1 1.03 1.24 5.87 0.00 1.73 0.00 0.00 8.19 0.00
time (sec) N/A 0.450 1.045 0.051 0.000 2244 0.000 0.000 0.176 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 266 275 427 6305 0 826 0 1618 2122 0
N.S. 1 1.03 1.61 23.70 0.00 3.11 0.00 6.08 7.98 0.00
time (sec) N/A 0.467 2.170 0.067 0.000 1.362 0.000 4.934 0.226 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F(-1) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 330 339 300 29137 0 1954 0 0 6354 0
N.S. 1 1.03 091  88.29 0.00 5.92 0.00 0.00 19.25 0.00
time (sec) N/A 0.523 10.852 0.172 0.000 10.873 0.000 0.000 0.401 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 370 377 985 0 0 923 0 0 28 0
N.S. 1 1.02  2.66 0.00 0.00 2.49 0.00 0.00 0.08 0.00
time (sec) N/A 0.880 6.856  0.000 0.000  0.305 0.000 0.000 200.024 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 302 309 443 0 0 657 0 0 28 0
N.S. 1 1.02  1.47 0.00 0.00 2.18 0.00 0.00 0.09 0.00
time (sec) N/A 0.685 3.615 0.000 0.000 0.220 0.000 0.000 200.026 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 233 243 327 0 0 692 0 0 28 0
N.S. 1 1.04  1.40 0.00 0.00 2.97 0.00 0.00 0.12 0.00
time (sec) N/A 0.508 1.970  0.000 0.000  0.217 0.000 0.000 0.437 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 246 276 341 0 0 716 0 0 28 0
N.S. 1 1.12  1.39 0.00 0.00 291 0.00 0.00 0.11 0.00
time (sec) N/A 0.456 2.083 0.000 0.000  0.237 0.000 0.000 200.026 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 269 281 395 0 0 1456 0 0 28 0
N.S. 1 1.04 147  0.00 0.00 5.41 0.00 0.00 0.10 0.00
time (sec) N/A 0.502 3.341 0.000 0.000 0.622 0.000 0.000 200.033 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 335 354 557 0 0 2396 0 0 28 0
N.S. 1 1.06  1.66 0.00 0.00 7.15 0.00 0.00 0.08 0.00
time (sec) N/A 0.689 4.776  0.000 0.000 1.709 0.000 0.000 200.372 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-1) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 166 168 134 0 0 0 0 0 29 0
N.S. 1 1.01 0.81 0.00 0.00 0.00 0.00 0.00 0.17 0.00
time (sec) N/A 0.362 1.475 0.000 0.000  0.000 0.000 0.000 3.453 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 58 56 51 60 60 41 40 61 55
N.S. 1 1.00 097  0.88 1.03 1.03 0.71 0.69 1.05 0.95
time (sec) N/A 0.255 0.166 0.237  0.121  0.078 0.453 0.130 0.164 0.140
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 41 41 52 34 43 52 32 31 41 32
N.S. 1 1.00 127  0.83 1.05 1.27 0.78 0.76 1.00 0.78
time (sec) N/A 0.176 0.097 0.148 0.106  0.088 0.288 0.117 0.165 0.084
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F B B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 180 197 111 359 0 372 0 287 67 0
N.S. 1 1.09  0.62 1.99 0.00 2.07 0.00 1.59 0.37 0.00
time (sec) N/A 0.520 0.418 0.536 0.000 0.119 0.000 0.164 0.174 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F B B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 172 165 9 105 0 171 0 350 146 0
N.S. 1 096 0.55 0.61 0.00 0.99 0.00 2.03 0.85 0.00
time (sec) N/A 0.372 0.442 0.151 0.000  0.112 0.000 0.174 0.163 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F A B F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 311 305 115 129 0 223 0 452 389 0
N.S. 1 098  0.37 0.41 0.00 0.72 0.00 1.45 1.25 0.00
time (sec) N/A 0.551 0.543 0.145 0.000  0.078 0.000 0.167 0.159 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 158 226 156 194 0 429 345 174 368 190
N.S. 1 1.43  0.99 1.23 0.00 2.72 2.18 1.10 2.33 1.20
time (sec) N/A 0477 1.933 1.681 0.000  0.107 0.701 0.125 0.174  21.252
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 88 88 85 7 0 216 131 78 143 74
N.S. 1 1.00 097 0.88 0.00 2.45 1.49 0.89 1.62 0.84
time (sec) N/A 0.217 0.573 0.298 0.000 0.099 0.297 0.127 0.164  20.746
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B A B F F(-1) F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 361 1087 323 4879 0 0 0 0 23 0
N.S. 1 3.01 0.89 13.52 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 10.420 3.165 0.148 0.000  0.000 0.000 0.000 200.026 0.000
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Problem 28 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F B B F B F F(-2) F F(-1)
verified N/A N/A No No TBD TBD TBD TBD TBD TBD
size 394 0 2162 616160 0 6899 0 0 23 0
N.S. 1 0.00 5.49 1563.86 0.00 17.51 0.00 0.00 0.06 0.00
time (sec) N/A 0.000 19.100 1.725 0.000 19.398 0.000 0.000 200.650 0.000
Problem 29 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F B B F F(-1) F F(-2) F F(-1)
verified N/A N/A No No TBD TBD TBD TBD TBD TBD
size 1477 0 3355 6017742 0 0 0 0 23 0
N.S. 1 0.00 2.27  4074.30 0.00 0.00 0.00 0.00 0.02 0.00
time (sec) N/A 0.000 21.960 256.430  0.000  0.000 0.000 0.000 200.027 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 108 108 7 67 96 67 126 68 101 114
N.S. 1 1.00 0.71 0.62 0.89 0.62 1.17 0.63 0.94 1.06
time (sec) N/A 0.325 0.232 0.394 0.113  0.062 0.555 0.140 0.161 0.512
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 85 85 70 60 79 60 65 61 83 58
N.S. 1 1.00 0.82 0.71 0.93 0.71 0.76 0.72 0.98 0.68
time (sec) N/A 0.259 0.143 0.210 0.105 0.084 0.467 0.117 0.161  20.916
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 59 59 57 47 57 47 49 48 59 44
N.S. 1 1.00 097 0.80 0.97 0.80 0.83 0.81 1.00 0.75
time (sec) N/A 0.184 0.088 0.151 0.109 0.081 0.313 0.135 0.157 0.122
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 106 112 98 427 0 281 0 275 239 0
N.S. 1 1.06  0.92 4.03 0.00 2.65 0.00 2.59 2.25 0.00
time (sec) N/A 0.367 0.411 0.371 0.000  0.079 0.000 0.165 0.176 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 149 156 87 105 0 171 0 320 648 0
N.S. 1 1.05  0.58 0.70 0.00 1.15 0.00 2.15 4.35 0.00
time (sec) N/A 0.329 0.494 0.164 0.000 0.083 0.000 0.175 0.297 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 218 230 110 128 0 223 0 419 1122 0
N.S. 1 1.06  0.50 0.59 0.00 1.02 0.00 1.92 5.15 0.00
time (sec) N/A 0.373 0.602 0.189 0.000  0.101 0.000 0.171 2.612 0.000
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 237 237 162 205 286 438 352 179 380 203
N.S. 1 1.00  0.68 0.86 1.21 1.85 1.49 0.76 1.60 0.86
time (sec) N/A 0.480 1.115 1.761 0.039 0.094 0.710 0.159 0.175  22.857

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 92 92 124 81 117 222 134 82 147 78
N.S. 1 1.00 1.35 0.88 1.27 241 1.46 0.89 1.60 0.85
time (sec) N/A 0.217 0.299 0.298 0.030 0.089 0.290 0.113 0.164  22.957

Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A B A B F F(-1) F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 300 1084 287 4829 0 0 0 0 25 0

N.S. 1 3.61 0.96 16.10 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 10.301  1.729 0.130 0.000 0.000 0.000 0.000 200.023 0.000

Problem 39 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A F C B F B F F(-2) F F(-1)
verified N/A N/A No No TBD TBD TBD TBD TBD TBD
size 385 0 2401 508167 0 6919 0 0 25 0

N.S. 1 0.00 6.24 131991  0.00 1797  0.00  0.00 0.06 0.00

time (sec) N/A 0.000 50.690 1.246 0.000  20.290 0.000 0.000 200.040 0.000
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Problem 40 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F C B F F(-1) F F(-2) F F(-1)
verified N/A N/A No No TBD TBD TBD TBD TBD TBD
size 896 0 3628 4527517 0 0 0 0 25 0
N.S. 1 0.00 4.05 5053.03 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 0.000 75.180 114.039  0.000  0.000 0.000 0.000 200.037 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 52 52 56 48 60 58 39 36 59 55
N.S. 1 1.00 1.08 0.92 1.15 1.12 0.75 0.69 1.13 1.06
time (sec) N/A 0.251 0.167 0.234 0.113 0.089 0.485 0.144 0.153 0.143
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 37 37 52 32 41 52 29 29 37 30
N.S. 1 1.00 141 0.86 1.11 1.41 0.78 0.78 1.00 0.81
time (sec) N/A 0.166 0.101 0.143 0.124  0.098 0.316 0.122 0.150 0.082
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 124 81 370 0 187 0 197 44 0
N.S. 1 1.29 0.84 3.85 0.00 1.95 0.00 2.05 0.46 0.00
time (sec) N/A 0.338 0.349 0.518 0.000  0.087 0.000 0.124 0.157  0.000
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A C F A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 101 100 84 110 0 121 0 263 92 0

N.S. 1 0.99 0.83 1.09 0.00 1.20 0.00 2.60 0.91 0.00
time (sec) N/A 0.272 0.396 0.182 0.000 0.080 0.000 0.124 0.153 0.000

Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A C F A F B B F(-1)
verified N/A Yes  Yes Yes TBD TBD TBD TBD TBD TBD
size 174 163 109 131 0 171 0 367 135 0

N.S. 1 094 063 0.75 0.00 0.98 0.00 211 0.78 0.00

time (sec) N/A 0.333 0.490 0.305 0.000 0.096 0.000 0.141 0.154 0.000

Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F(-2) A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 243 243 165 210 0 450 357 191 617 215
N.S. 1 1.00 0.68  0.86 0.00 1.85 147  0.79 2.54 0.88
time (sec) N/A 0.496 2.219 1.754  0.000 0.096 0.768 0.133 0.244  22.319

Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F(-2) A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 94 94 134 83 0 235 138 95 232 85
N.S. 1 1.00 1.43 0.88 0.00 2.50 1.47 1.01 2.47 0.90

time (sec) N/A 0.213 0.444 0.309 0.000 0.106 0.322 0.121 0.167 0.199
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F(-1) F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 621 397 1737 4815 0 0 0 0 26 0
N.S. 1 064 2.80 7.75 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 1.878 2474 0.152 0.000  0.000 0.000 0.000 200.042 0.000
Problem 49 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B C B F B F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 463 965 2346 609986 0 6908 0 0 26 0
N.S. 1 2.08 5.07 1317.46 0.00 14.92 0.00 0.00 0.06 0.00
time (sec) N/A 4.308 49.723  1.740 0.000  20.124 0.000 0.000 200.025 0.000
Problem 50 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F C B F F(-1) F(-1) F(-2) F F(-1)
verified N/A N/A No No TBD TBD TBD TBD TBD TBD
size 1382 0 3558 5961416 0 0 0 0 26 0
N.S. 1 0.00 2.57 4313.62 0.00 0.00 0.00 0.00 0.02 0.00
time (sec) N/A 0.000 72.553 255.152  0.000  0.000 0.000 0.000 200.029 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [43]
had the largest ratio of [.666667000000000010]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
1] A ) 4 1.04 16 0.250
% A ) 4 1.19 16 0.250
3| A 1 1 1.00 14 0.071
4 A 5 4 1.03 16 0.250
i A ) 4 1.02 16 0.250
6} A ) 4 1.04 16 0.250
7] A 4 3 1.03 28 0.107
3] A 4 3 1.04 28 0.107
9) A 1 1 1.00 26 0.038
10j A 4 3 1.03 28 0.107
11 A 4 3 1.03 28 0.107
12] A 4 3 1.03 28 0.107
13] A 7 6 1.02 30 0.200
14 A 6 5 1.02 30 0.167
15) A 7 6 1.04 30 0.200
16} A 7 6 1.12 30 0.200
17] A 7 6 1.04 30 0.200
18| A 7 6 1.06 30 0.200
19 A 4 3 1.01 28 0.107
20) A 2 2 1.00 18 0.111
21] A 1 1 1.00 16 0.062
Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand ber of rdl.
# | grade sheps widie | anfideriative |t e tegrand leaf size
22/ A 12 11 1.09 18 0.611
23| A 7 6 0.96 18 0.333
24| A 8 7 0.98 18 0.389
25| A 2 2 1.43 23 0.087
26/ | A 1 1 1.00 21 0.048
27| B 2 2 3.01 23 0.087
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
30| A 2 2 1.00 18 0.111
31| A 2 2 1.00 18 0.111
32| A 1 1 1.00 16 0.062
33| A 5 4 1.06 18 0.222
34| A 7 6 1.05 18 0.333
35| A 8 7 1.06 18 0.389
36/ | A 2 2 1.00 25 0.080
37| A 1 1 1.00 23 0.043
38| B 2 2 3.61 25 0.080
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
41| A 2 2 1.00 18 0.111
42| A 1 1 1.00 16 0.062
43| A 13 12 1.29 18 0.667
44| A 6 5 0.99 18 0.278
45| A 8 7 0.94 18 0.389
46/ | A 2 2 1.00 26 0.077
47 A 1 1 1.00 24 0.042
48| A 2 2 0.64 26 0.077
49| B 2 2 2.08 26 0.077
F 0 0 N/A 0.000 N/A




oHAPTER
CHAPTER

LISTING OF INTEGRALS

3.1

3.2
3.3
3.4
3.5

3.6

3.7

3.8

3.9
3.10

3.11

3.12

3.13

3.14

3.15
3.16

3.17

f2

a+bz+ 5?52

L > dz
<d+ez+f a+br+ e2z2 )

d+ex+f

f2

1 = dr
d+ex+f, [ atbr+ 5?52 )

-\ 5/2
a+bx+%) dz

242

3/2
a+ bx + %) dx

ISH ISH
+ o+
Q) )
S 8
+ o+
\ &H

(
(
(

f2

«
SH
_|_
)
8
+
~»

L dz

a+bx+ e2g2

dtex+f 2

&

373
(d-l—ex—l—f« | a+bx+ 5332 )

44

3
a+bx+@> dr .
2
a+bz+62m2> dr .
a+bm+e;—”§2> dr . .

a+br+22dy . .

L de . . .. ..



CHAPTER 3. LISTING OF INTEGRALS 45
318 [ 1 5T o ival
e252
(d—i—ew—}-f« [a+bz+< ) ,
319 | (d +ex+ fy/a+bx+ 62“”2> de . ... 130
320 [(#4+v3=20—22) dr . . 136
321 [(z+ \/3 2z — z2) d:v .......................... 192
322 [——t— Qx AT 97
323 [ =k sAT . o 207,
+v T — T
3.24 f m dT . . . e e 219]
+v T—T
325 [ d+em+f\/a+bx+cxz) ...................... 2241
3.26 f(d+ex+f\/a+bx+cx2) ......................
32T [ oy Vammz AT . o
3.28 AT .o 245
396 f ( +ex+f\/m> dx Z2
29 [——————dr . 255
f (d+ez+f\/a+ba:+cac ) v -
330 [(z+vV-3-22 +4x2) dz .. 2611
331 f (x +v-3-2z+ 4x2) dT . . . 2671
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3.1 f(:c-l—\/—3—2:c-|—x2)3 dx

Optimal result . . . . . . . . .. . . . 4T
Mathematica [A] (verified) . . . . . . . . . ... L 47
Rubi [A] (verified) . . . . . . .. . . 48
Maple [A] (verified) . . . . . . . . . . 49
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 501
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 50
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... b1l
Giac [A] (verification not implemented) . . . . . . .. ... ... L. b1l
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. .... 52
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 52
Optimal result
Integrand size = 16, antiderivative size = 100
3 2
/<x+\/—3—2z+x2> dr = — 2—4(m+\/—3—2x+m2)
l—z—+/-3-2c+22
1 4

~(e+vB-2A @) +5(s+ VBT )

—610g<1—x—\/—3—2w+z2

¢ \ -2/ (1-x-(x72-2*x-3) " (1/2) ) -4*x-4* (x~2-2%x-3) " (1/2) - (x+(x"2-2%x-3) " (1/2) ) "2

\+1/8*(x+(x“2—2*x—3)‘(1/2))‘4—6*1n(1—x-(x“2—2*x—3)‘(1/2))

Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.68

3 2 1
/ <x+\/—3 — 2z + x2) dr = —9%—2x3+x4+§\/ —3 — 2z + 22(—9— Tz —22°+22°)

V=3 =2z + x2
-3+

— 12arctanh (

)

Integrate[(x + Sqrt[-3 - 2*x + x72])73,x]




CHAPTER 3. LISTING OF INTEGRALS 48

¢ (-9%x72)/2 - 2%x73 + x°4 + (Sqrt[-3 - 2+x + x"2]%(-9 - Tax - 2%x"2 + 26x"3

outpu
p)/z - 12%ArcTanh[Sqrt[-3 - 2*x + x"21/(-3 + x)] J

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.04,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 4 95 Ryjeg

integrand size
used = {2541, 27, 1195, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[ (Var=22-3+40) do

l 9541

(x+¢m>3<-(x+m)2+2(x+¢m)+3>
2/_ 4(—z—\/x2—2:v—3+1>2 d(x—i_ x2_2x_3)

| 27

(2 4+ Ve =22-3)’ (—<w+\/m>2+2(w+\/m> +3>

4 SR =
l 1195

i | EE e e e s
l 2009

;(i(;ﬂ—2x—3+xf—a( ﬁ—az—3+xf—8( ﬂ_aw_3+x>_—¢Piii;§—x+1_1m
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input‘ Int[(x + Sqrt[-3 - 2*x + x72])"3,x] ‘

(-4/(1 - x - Sqrt[-3 - 2#x + x°2]) - 8%(x + Sqrt[-3 - 2%x + x72]) - 2(x +
| Sqrt[-3 - 2%x + x721)72 + (x + Sqrt[-3 - 2%x + x72])"4/4 - 12+Logll - x -
| Sqrt[-3 - 2#x + x7211)/2 |

output

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1] ‘

rule 1195‘Int[((d_.) + (e_)*(x_))"(m_)*((f_.) + (g_)*(x_))"(a_.)*((a_.) + (b_.)*(x ‘
‘_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f + ‘
‘ g*x) "n*(a + bxx + c*xx~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n}, x ‘
1 & 16tQ[p, 0] |

rule 2009 LIH" [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£_.)*Sqrtl(a_.) + (b_.)*x(x_) + (c
_)*(x_)"2D) " ()" (p_.), x_Symbol] :> Simp[2 Subst[Int[(g + h*x™n) p*x((d
~2%e — (b*d - axe)*f~2 - (2xd*e - b*f~2)*x + e*x~2)/(-2*d*e + b*xf~2 + 2*e*x
)"2), x], x, d + exx + fxSqrt[a + b*x + c*x"2]], x] /; FreeQ[{a, b, c, 4, e
» £, g, h, n}, x] && EqQ[e”2 - c*£f~2, 0] && IntegerQ[p]

rule 2541

Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.59

method | result
trager M"' (8 —2?— Iz —9) V22 —22—3+6In (1 —z+ Va2 — 22— 3)

(2z—2) (w28—2z—3) + 3(2x—2)\/4x2—2x—3 _ 6 ( /22 — 9% — 3 +r— 1) 4ot 28 — % 4 3w(m2—42x_

(S

default
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input | int ((x+(x"2-2%x-3)"(1/2))"3,x,method=_RETURNVERBOSE) |

output 1/2%(2%x"2-4%x-9) %X "2+ (X"3-X"2-7/2%x-9/2) * (x"2-2%x-3) " (1/2)+6*1n (1-x+ (x"2-
| 2%x-3)"(1/2)) |

Fricas [A] (verification not implemented)
Time = 0.09 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.59

3 9 1
/<x+\/—3—2m+xz> dx=x4—2x3—§x2+§ (2x3—2x2—7x—9)\/x2—2x—3

+6log(—x+\/m+1>

e

integrate ((x+(x"2-2*%x-3)~(1/2))"3,x, algorithm="fricas")

~—

input L

‘x"4 - 2%xx73 - 9/2%x72 + 1/2%(2%x"3 - 2*x"2 - T*x - 9)*sqrt(x"2 - 2*x - 3) ‘

output
L+ 6*log(-x + sqrt(x”2 - 2*x - 3) + 1) J

Sympy [A] (verification not implemented)

Time = 0.52 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.14

3 2 1
/(9:+v—3—293+:v2> dx=z4—2x3—9i—3<§——) Va? -2z -3

2 2 2
2 3
_ofZ—_=_2 2 _9or —
<3 6 2) x z—3
3 z2 Tr 9
a2 _—or_3( > =2 _ 7
tavaet L 3(4 12 12 4)

— 6log <2x+2\/m-2)

-

input Lintegrate ((x+(x*x*2-2%x-3) ** (1/2) ) **3,x)

-/
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t‘x**4 - 2%x**3 - Oxx*%2/2 - 3%(x/2 - 1/2)*sqrt(x**2 - 2%xx - 3) - 2*(x**2/3 \
- x/6 - 3/2)*sqrt(x#*2 - 2%x - 3) + 4xsqrt(x**2 - 2%x - 3)*(xx*3/4 - x*x2/ |
(12 - T#x/12 - 9/4) - 6%log(2%x + 2ksqrt(xk*2 - 2x - 3) - 2) |

outpu

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.81

[S][ON

/<x+\/—3—2x+m2>3da:=x4—2x3+(m2—2x—3)3x—§x2+(w2—2z—3)
3 3
272 — —a2._ 2. /2 _
+2 T 2x — 3x 2 T 2x —3
—610g<2x+2\/x2—2x—3—2>

inputLintegrate((x+(x"2-2*x—3)"(1/2))"3,}:, algorithm="maxima") J

(x4 - 2%x73 + (x°2 - 2%x - 3)"(3/2)*x - 9/2*%x~2 + (x°2 - 2%x - 3)~(3/2) + |
‘3/2*sqrt(x“2 - 2xx - 3)*x - 3/2*sqrt(x"2 - 2*%x - 3) - 6xlog(2*x + 2*sqrt(x ‘
“2—2*}(—3)-2) ‘

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.57

3
/<x+\/—3—2x+x2) dx=x4—2x3—gx2

+%((2(z— )z — 7z —9)Va? —2z -3
+ 6 log (’—x+\/m+ ID

inputLintegrate((x+(x‘2—2*x—3)*(1/2))*3,x, algorithm="giac") J

x°4 - 2#x°3 - 9/2%x72 + 1/2%((2%(x - 1)*x - T*x - 9*sqre(x"2 - 2%x - 3)

output
‘+ 6*log(abs(-x + sqrt(x”2 - 2xx - 3) + 1)) ‘
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Mupad [B] (verification not implemented)

Time = 0.51 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.64

3 2 — —3(—82
/<w+v—3—2x+x2) dx=x(x2—2x—3)3/2— 2® —2x—3(=82" + 4z + 36)

8
9 22
- Vi Taa T3 1) = 0% g8 4 g
6In(z+v2a?—20-3—1) - —— 22" +3
inputtint((x + (x72 - 2%x - 3)7(1/2))°3,x) J

e

xk(x"2 - 2%x - 3)7(3/2) - ((x72 - 2*%x - 3)"(1/2)*(4*x — 8*x"2 + 36))/8 - 6
*log(x + (x72 = 2%x = 3)7(1/2) - 1) - (9%x72)/2 - 2#x73 + x"4 |

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.83

3
/<x+v—3—2x+x2> de = V1?2 —2r —32° — V22 — 22 — 32°
Wz -2z -3z 9vz®—2z-3

2 2
\AET:7ZEt?§ T 1 9$2
60g< 2 —i—2 5 +z x 5
inputLint((x+(x“2-2*x-3)*(1/2))~3’X) J
output‘(2*sqrt(x**2 - 2%x - 3)*xx*3 — 2xsqrt(x**2 — 2kx — 3)kx*k*k2 - Tksqrt(x**2 -

| 2%x - 3)*x - O¥sqrt(x**2 - 2%x - 3) - 12¢log((sqrt(x**2 - 2%x - 3) + x - |
‘1)/2) + 2kxxkd — 4xxrk3 — Okx**2)/2




e

output

CHAPTER 3. LISTING OF INTEGRALS 53

3.2 f(:c-l—\/—3—2:c-|—x2)2 dx

Optimal result . . . . . . . . .. . . . H3l
Mathematica [A] (verified) . . . . . . . . . ... L 53
Rubi [A] (verified) . . . . . . .. . . Y!
Maple [A] (verified) . . . . . . . . . . 55
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 561
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 56
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... BT
Giac [A] (verification not implemented) . . . . . . .. ... ... L. BT
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. .... byi
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... bY

Optimal result

Integrand size = 16, antiderivative size = 72

2 223
/(x+\/—3—2x+a:2> dr = -3z — 2>+ = — (1 — 2)V' =3 — 21 + 22

3
2 1-—
+ = (—3 — 2z + x2)3/2 + 4arctanh( x )
3 V—=3—2z + 22

=-3*%x-x"2+2/3*x73-(1-x) * (x"2-2%x-3) ~(1/2) +2/3* (x~2-2%x-3) ~(3/2) +4*arctanh ((
1-x)/(x"2-2%x-3)~(1/2))

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.88

/<x+\/—3—2x+x2>2 dac:%x(—9—3x+2x2)+%\/—3—2x+x2(—9—x+2x2)

V-3 -2z + 2?2
-3+

— 8arctanh (

e

input t

Integrate[(x + Sqrt[-3 - 2*x + x72])72,x]

~—
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t‘ (xx(-9 - 3xx + 2%x72))/3 + (Sqrt[-3 - 2*x + x72]*(-9 - x + 2%x72))/3 - 8xA \

outpu
chTanh[Sqrt [-3 - 2xx + x72]/(-3 + x)] J

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.19,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 4 95 Ryjeg

integrand size
used = {2541, 27, 1195, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[ (V=22 =3+40) do

l 9541

(x+¢m>2<-(x+m)2+2(x+¢m)+3>
2/_ 4(—z—\/x2—2:v—3+1>2 d(x—i_ x2_2x_3)

| 27

(2 4+ V=223’ (—<w+\/m>2+2(w+\/m> +3>

1 2 _9p —
4 S R
l 1195

—/ —(a:—i— x2—2w—3>2+ 8 + 4
2 z+v2?—20-3-1 (¢+vaT—22-3-1)

5 +4 d(a:-i- z2 — 2 -

| 2009
;(;( x2—2x—3+x>3—4( Iz_zz_3+x)_—\/:ﬁT;—?)—x-i-l_810g<_\/$2_2m_3_x+
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input‘ Int[(x + Sqrt[-3 - 2*x + x72])"2,x] ‘

(-4/(1 - x - Sqrt[-3 - 2#x + x°2]) - 4%(x + Sqrt[-3 - 2%x + x2]) + (x + S

output
‘qrt[-S - 2xx + x72])73/3 - 8xLogl[l - x - Sqrt[-3 - 2*x + x72]])/2 ‘

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((d_.) + (e_)*(x_))"(m_.)*x((£f_.) + (g_.)*(x_)) " (a_.)*((a_.) + (b_.)*(x
)+ (e_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
gxx) "n*(a + bxx + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n}, x
] && IGtQ[p, O]

rule 1195

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£_.)*Sqrtl(a_.) + (b_.)*x(x_) + (c
_O*(x)72D) " ()" (p_.), x_Symbol]l :> Simp[2 Subst[Int[(g + h*x"n) p*((d
“2xe - (b*d - a*e)*f"2 - (2*kd*e - b*f~2)*x + e*xx"2)/(-2xd*e + b*f~2 + 2kxexx
)"2), x], x, d + exx + £xSqrt[a + b*x + c*xx2]], x] /; FreeQ[{a, b, c, d, e
, £, g, h, n}, x] && EqQ[e”2 - cxf~2, 0] && IntegerQ[p]

rule 2541

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.75

method | result size

trager m+(§x2—§x—3) Va2 -2z —3+4ln(1—-z++V2>—22—-3) |54

3
default % —x2 -3+ 2(m2_§z_3)2 4 (22-2) '52_%_3 —4ln (Va2 -2z —-3+z—1) | 60
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input | int ((x+(x"2-2%x-3)"(1/2))"2,x,method=_RETURNVERBOSE) |

output‘1/3*(2*x‘2—3*x—9)*x+(2/3*x“2—1/3*x—3)*(x“2—2*x—3)‘(1/2)+4*1n(1_x+(xﬁ2_2*x_
13)7(1/2)) |

Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.75

/<x+\/—3—2x+x2>2dx=§x3—x2+%(2x2—x—9)\/x2—2x—3

—3x+4log(—w+\/m+1>

e

integrate ((x+(x"2-2*%x-3)~(1/2))"2,x, algorithm="fricas")

~—

input L

12/3#x°3 - x°2 + 1/3%(24x72 - x - 9)*sqrt(x"2 - 2%x - 3) - 3#x + 4xlog(-x +

output
L sqrt(x”2 - 2%x - 3) + 1)

Sympy [A] (verification not implemented)

Time = 0.42 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.83

2

2 273
/(x+v—3—2x+x2> dx=%—x2—3x+2(%—%—g) Va2 -2z -3

—4log (2x+2m— 2)

inputLintegrate((x+(x**2—2*x—3)**(1/2))**Q,X) J

t‘ 2%x*%3/3 - x**2 - 3kx + 2% (x**2/3 - x/6 - 3/2)*sqrt(x**2 - 2%x - 3) - 4x*lo \

outpu
‘g(2*x + 2%sqrt(x**2 - 2%x - 3) - 2) ‘
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.97

3 3
—Vﬁ—zx—3—4bg@x+2Vﬁ—2x—3—@

2 2 2 3
/<x+\/—3—2z—|—x2> dx=—m3—x2+—(x2—2x—3)g+\/x2—2x—3x—3m

input Lintegrate ((x+(x"2-2%x-3)"(1/2))"2,x, algorithm="maxima") J

e B

2/3*%x73 - x72 + 2/3*%(x"2 - 2*%x - 3)7(3/2) + sqrt(x"2 - 2%x - 3)*x - 3*x -
'sqrt(x”2 - 2#x - 3) - 4xlog(24x + 2*sqrt(x"2 - 2*x - 3) - 2)

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.75

3 3
—3m+4log<‘—x+v:32—2x—3—|—1‘>

2
/<x+\/—3—2x+x2> da::gx3—x2+1((2x—1)x—9)\/x2—2x—3

-

Lintegrate ((x+(x"2-2%x-3)~(1/2))"2,x, algorithm="giac")

~—

input

N

)
12/3%x73 - x72 + 1/3%((2%x - 1)*x - 9)*sqrt(x™2 - 2%x - 3) - 3%x + 4xlog(ab

output
‘s(—x + sqrt(x”2 - 2*x - 3) + 1)) ‘

Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.72

3
_ Va?-22-3(-82>+4x+36) ,

12 z°—3zx

/(zwm)%xﬁ_x?’_un(ﬁm_l)
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input Lint((x + (x72 - 2%x - 3)°(1/2))°2,%) J

(2#x73)/3 - 4xlog(x + (x°2 - 2%x - 3)°(1/2) - 1) - ((x"2 - 24x - 3)~(1/D*

output
\ (4%x - 8%x~2 + 36))/12 - x~2 - 3*x \

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.97

2 212 — 21 — 3 12 V2 — ¢ —
/<x+\/—3—2x+x2) dy = 22 3z ST _ VT 393 3z—3V$2—2$—3
Va? -2z — 1 223
—410g< x z 3+x >+ z 9

2 2 2

inputLint((X+(XA2_2*X'3)A(1/2))AQ,X) J

Output‘(Q*sqrt(x**Q - 2xx — 3)*x*k*2 - sqrt(x**2 — 2%x - 3)*x - 9*sqrt(x**2 - 2%x
L— 3) - 12xlog((sqrt(x**2 - 2%x - 3) + x - 1)/2) + 2kx**3 - 3*kx**2 - 9xx)/3 J
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3.3 [(z+V-3—2z+2?) dzx

Optimal result . . . . . . . . . . . . e Hl
Mathematica [A] (verified) . . . . . . . . . ... o by
Rubi [A] (verified) . . . .. . . ... .. 60
Maple [A] (verified) . . . . . . ... L 611
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 611
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 62
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 621
Giac [A] (verification not implemented) . . . . . . ... ... ... 62
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 63
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 63

Optimal result

Integrand size = 14, antiderivative size = 50

2
/<z+\/—3—2w+x2) dzzm——l(l—z)\/—3—2x+x2

2 2
1—=zx
+ 2arctanh ( )
V=3 -2z + 22

outputt

1/2%x72-1/2% (1-x) * (x~2-2%x-3) " (1/2) +2*arctanh ((1-x) / (x~2-2*x-3) ~(1/2))

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.96

|
(m+v—3—2x+x2> dm=——|—§(—1+x)\/—3—2x+x2
vV=3—-2z+ 22

2

— 4arctanh (

-3+

)

inputt

Integrate[x + Sqrt[-3 - 2*x + x72],x]
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output
L/(-s +x)]

‘x"2/2 + ((-1 + x)*Sqrt[-3 - 2*%x + x72])/2 - 4xArcTanh[Sqrt[-3 - 2*x + x72]

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.00,

number of rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

= 0.071, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(\/x2 —2x—3+x) dz
| 2009
2arctanh<1_m> + Ij - 1(1 —z)Va? -2z -3
z?—2x —3 2 2
p
input LInt [x + Sqrt[-3 - 2*x + x72],x]

-/

output
+ x72]]

N\

‘x‘2/2 - ((1 - x)*8qrt[-3 - 2*x + x72])/2 + 2*ArcTanh[(1 - x)/Sqrt[-3 - 2*x

J
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.78

method | result size
trager x—;+(§—%)\/m—21n(\/m+x—l) 39
default Z—22+(2m_2)‘/+2_T_3—21n (\/m+x—1) 40
parts z—;+@—2ln(m+x—l) 40

input Lint (x+(x~2-2%x-3) "~ (1/2) ,x,method=_RETURNVERBOSE)

OutputL1/2*x”2+(1/2*x-1/2)*(x“2—2*x-3)“(1/2)—2*1n((x“2—2*x-3)“(1/2)+x—1)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.78

1 1
/(z+v—3—2x+z2> dw=§x2+§vx2—2x—3($—1)
+210g<—a:—|—\/x2—2x—3+1>

input Lintegrate (x+(x~2-2%x-3)"(1/2) ,x, algorithm="fricas")

‘1/2*x‘2 + 1/2%sqrt(x”2 - 2*%x - 3)*(x - 1) + 2¥log(-x + sqrt(x~2 - 2*x - 3)

output
L+




CHAPTER 3. LISTING OF INTEGRALS 62

Sympy [A] (verification not implemented)
Time = 0.27 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.88

2
/(x+\/—3—2x+x2> dxz%—i—(g—%) Va?—2z—3

—2log (2x+2«/m—2)

input‘ integrate (x+(x**2-2*x-3) **(1/2) ,x) ‘

‘x**2/2 + (x/2 - 1/2)*sqrt(x*x*2 — 2xx - 3) - 2xlog(2*x + 2*sqrt(x**2 - 2%x ‘

output‘ o - o ‘

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.02

1 1 1
/<x+\/—3—2x+x2> dx=§x2+§\/x2—2x—3zv—§\/x2—2x—3
—2log<2x+2\/a:2—2a:—3—2)

e

Lintegrate (x+(x"2-2%x-3)~(1/2) ,x, algorithm="maxima")

~—

input

(1/2%x72 + 1/2%sqrt(x°2 - 2#x - 3)*x - 1/2%sqrt(x"2 - 2%x - 3) - 2¢log(2*x

output
L+ 2%sqrt(x”2 - 2*x - 3) - 2)

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.80

/<x+\/—3—2z+x2> dw=%x2+%vx2—2$—3($—1)
+ 2 log (’—x+\/ac2—2x—3+1’>
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input Lintegrate (x+(x72-2%x-3)"(1/2) ,x, algorithm="giac") J

‘1/2*}("2 + 1/2xsqrt(x”2 - 2*%x - 3)*(x - 1) + 2+log(abs(-x + sqrt(x™2 - 2#*x ‘

OUtpm\— 3) + 1)) |

Mupad [B] (verification not implemented)

Time = 20.97 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.76

/(z+¢:i:ﬂ:;3dz:(g_%)«ﬁti}t@

—2m<x+¢PTEEi§—1)+§

inputtint(x + (x72 - 2%x - 3)~(1/2),x) J

(x/2 - 1/2)*(x"2 - 2%x - 3)7(1/2) - 2*log(x + (x"2 - 2%x - 3)7(1/2) - 1) +

output ‘ o ‘

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.96

2 __ _ 2 _ _
[+ va—mora) ao = VS EE0E MRS RS

2 2
—21lo —”"1"2_2:17_3 + E — 1 + .’E_2
8 2 2 2) 72
input Lint (x+(x~2-2%x-3)"(1/2) ,x) J
Output‘ (sqrt(x**2 - 2%xx - 3)*x - sqrt(x**2 - 2%x - 3) - 4xlog((sqrt(x**2 - 2%x - ‘

3) +x - 1)/2) + xex2)/2 |




-

output
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1

34 | oym et

Optimal result . . . . . . . . . . . . e 64]
Mathematica [A] (verified) . . . . . . . .. ... L Lo 64
Rubi [A] (verified) . . . .. . . ... .. 65
Maple [A] (verified) . . . . . . . .. L 66
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 67
Sympy [F] . . . 67
Maxima [F] . . . . . .. 68
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 63
Mupad [F(-1)] . . . o o 69
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 69

Optimal result

Integrand size = 16, antiderivative size = 65

/ 1 2
dr = —
z+vV-3—-2z+ 12 l—z—+vV/-3-2z+ 22

+2log (l—x—\/m>

—glog<x+\/m>

)~(1/2))

‘ -2/ (1-x-(x"2-2%x-3) ~(1/2) ) +2*1n(1-x- (x~2-2*x-3) ~(1/2) ) -3/2*1n (x+(x~2-2*x-3

N

Mathematica [A] (verified)

Time = 0.32 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.20

/ 1 1
dz
x+vV-3—-2x+ 22 2

— Ho-vVB- 2t —log(~1-s+ VB2 %)

+410g(1+m+¢m)
— 3log (3+3m+¢m))

input L

Integrate[(x + Sqrt[-3 - 2*x + x72])~(-1),x]
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‘ (x - Sqrt[-3 - 2xx + x72] - Log[-1 - x + Sqrt[-3 - 2xx + x72]] + 4x*Log[1l +

output ‘
L X + Sqrt[-3 - 2*x + x72]] - 3#Logl[3 + 3*x + Sqrt[-3 - 2*x + x72]]1)/2 J

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.03,

number of rules _ 0.250, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {2541, 27, 1195, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
dx
/\/w2—2m—3+w
l 2541

2/_—(x+\/m>2+2(x+\/m>+3
4(_z_\/m+1)2(x+¢m)
l 27
1/_(x+¢m)2+2(x+¢m)+3
(_x_m+1) (mwm)

l 1195

d(m—i— \/m2—2a:—3)

N

d<x+ x2—2x—3)

1 3 4 4
2 r+Ve2—22-3 z+Va2-2z-3-1 <x+ ﬁ_ﬂx_3_0

<m—|—\/m2—2zv—3)

| 2009
;<_—\/Wx4—3—x+l +410g(—\/x2—2x—3—:c+1) —310g<\/m2—2m—3+:c)>

r

input LInt[(x + Sqrt[-3 - 2*x + x72])7(-1),x]

| —
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(-4/(1 - x - Sqrt[-3 - 2%x + x°2]) + 4*logl[l - x - Sqrt[-3 - 2#x + x°2]1] -

output
‘ 3xLog[x + Sqrt[-3 - 2xx + x72]])/2 ‘

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((d_.) + (e_)*(x ))"(m_.)*((£_.) + (g_.)*(x_))"(n_.)*((a_.) + (b_.)*(x
)+ (e )*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
g*x) "nx(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n}, x
1 && 1GtQ[p, 0]

rule 1195

-

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

e—

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (f_.)*Sqrtl[(a_.) + (b_.)*x(x_) + (c
_)*(x )27 (@)~ (p_.), x_Symbol]l :> Simp[2 Subst[Int[(g + h*x"n) p*((d
“2xe - (b*d - axe)*f"2 - (2xd*e - bxf"2)*x + e*x"2)/(-2xd*e + Db*f"2 + 2ke*x
)"2), x], x, d + exx + f*Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a, b, c, d, e
, £, g, h, n}, x] & EqQ[e”2 - c*£f~2, 0] && IntegerQ[p]

rule 2541

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.09

method | result

_o_10z
2 3 arctanh | ——3
4(z+3 2_50z—21 5ln( —14+z+ (ac—}-%) —5m—% 4(2+3)% _200-21
2 _|_ 2

I
default | — N + . . foo 3 n(im 43) | 71
trager | & — Y&-2e=3 _ In(Va?=22-3 2% —o*+32%V/2?—22—3—20°+V/2?—22—3 z-+40° —3V/2? 22— 3+122+9) 03
2 2 5
input Lint (1/ (x+(x~2-2%x-3)"(1/2)) ,x,method=_RETURNVERBOSE) J
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t}—1/4*(4*(x+3/2)*2—20*x—21)“(1/2)+5/4*1n(—1+x+((x+3/2)*2—5*x—21/4)*(1/2))+3

t
outpt ‘/4*arctanh(2/3*(-3-5*x)/(4*(x+3/2)“2-20*x-21)“(1/2))+1/2*x-3/4*1n(2*x+3) \

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.18

N~

Vi 253~ log (20 +3)
bg(—x+f¢57:§§i?§+1)
bg(—x4—v§7:?EF:§>
10g<—z+\/m-3>

N | =

/ V -
dz =
z+vV—-3—2x+2?

+
Al ot 8

input ‘ integrate(1/(x+(x~2-2%x-3)"(1/2)),x, algorithm="fricas") ‘

‘1/2*}( - 1/2%sqrt(x”2 - 2*%x - 3) - 3/4%log(2*x + 3) - 5/4*log(-x + sqrt(x~2 ‘

output
| - 2%x - 3) + 1) + 3/4xlog(-x + sqrt(x™2 - 2%x - 3)) - 3/4xlog(-x + sqrt(x
"2 - 2#x - 3) - 3) |
Sympy [F]
/ ! dx = / ! dx
x+vV—-3—2zx+ x2 x+Vr2—2x—3
inputLintegrate(1/(x+(x**2—2*x-3)**(1/2)),x) J

-

LIntegral(i/(x + sqrt(x*x2 - 2xx - 3)), x)

-/

output




CHAPTER 3. LISTING OF INTEGRALS 68

Maxima [F|

1

1
/ dm=/ dz
T+ +v/—-3—2z+ x2 T+vVr:—-2z-3

input Lintegrate (1/ (x+(x~2-2*x-3)~(1/2)) ,x, algorithm="maxima") J

output Lintegrate(l/(x + sqrt(x™2 - 2*%x - 3)), x) J

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.25

1 1 1 3
dr=—-z—=-Vz2—-22—-3——-log (|22 + 3
/m+\/—3—2m+x2 27 2 7 108 )

5

_ - _ 2 _ —
4log( z+Vr2 -2z 3+1>
3
2 _ 2 _ 9., _ ‘

+ 1 log ( r+vVr:i—-2zx—3 )
3

_ _ 2 _ N
1 log ( z+Vr2—-2x-3-3 >

input Lintegrate(l/(x+(x—~2_2*x_3)—~ (1/2)),x, algorithm="giac") J

¢ 1/2%x - 1/2xsqrt(x"2 - 2+x - 3) - 3/4xlog(abs(2+x + 3)) - 5/4xlog(abs(-x +
| sqrt(x™2 - 2*x - 3) + 1)) + 3/4xlog(abs(-x + sqrt(x"2 - 2%x - 3))) - 3/4%
‘1og(abs(—x + sqrt(x”2 - 2*%x - 3) - 3)) ‘

outpu
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Mupad [F(-1)]

Timed out.
31 3 ViZ—2z-3
/ ! dx:a_n(wh)_/wdx
T+ vV-3-2z+2° 2 4 22 +3
tnput Lint(i/(x + (x72 - 2%x - 3)7(1/2)),x%) J
output LX/2 - (3*log(x + 3/2))/4 - int((x™2 - 2%x - 3)7(1/2)/(2*x + 3), x) J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.75

/ 1 o — Ve -2 -3 3log(vz? — 2z — 3+ x)
T+vV—3—-2z+22 2 2

V2 —-2x—-3 z 1 z 1
t2og| o ——F573) 373

input | 10t (1/ (et (x°2-24x-3)"(1/2)) ,x) J

‘( - sqrt(x*x*2 - 2%x - 3) - 3xlog(sqrt(x**2 - 2xx - 3) + x) + 4xlog((sqrt(x ‘

output
X2 - 26x - 3) 4 x - 1)/2) +x - 1)/2




output
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3.5 [ . > dz
<w+ vV —-3—2z+22 )

Optimal result . . . . . . . . . . .. 701
Mathematica [A] (verified) . . . . . . ... ... L o 70
Rubi [A] (verified) . . . . . . . .. .. (1]
Maple [A] (verified) . . . . . . ... 72
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... (73l
Sympy [F] . . . 73]
Maxima [F] . . . . . .. (74
Giac [B] (verification not implemented) . . . . . . . . .. ... ... ... ... (74
Mupad [F(-1)] . . . o o 75
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 75

Optimal result

Integrand size = 16, antiderivative size = 83

3

b/‘ 1 2
5 dr = —
(z + V=3 -2z + 2?) 1—x—+/—3—2z + a2

+4log (1—:10—\/—3Tz—|—x2)
—4log <x+\/m>

+2(m+\/—3—2x+x2)

‘ -2/ (1-x-(x"2-2*%x-3) ~(1/2) ) +3/ (2*%x+2* (x~2-2*x-3) ~(1/2) ) +4*1n (1-x- (x~2-2*x-3

L)‘(1/2))-4*1n(x+(x‘2—2*x—3)A(1/2))

|
J

Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.83

/ ! dx
(z+v—3—2z0+2°)

-9+ 6z +42? —4(3+z)vV-3 — 2z + 22 — 32(3 + 2x)arctanh< Lte

2422+ —3—2z+22

)

4(3 + 21)
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input‘ Integrate[(x + Sqrt [-3 - 2xx + x~2])"(-2),x] ‘

(-9 + 6%x + 4#x72 - 4%(3 + x)*Sqrt[-3 - 2#x + x°2] - 32%(3 + 2*x)*ArcTanh[

output
\(1 + x)/(2 + 2%x + Sqrt[-3 - 2*%x + x°21)1)/(4%(3 + 2*x))

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.02,
_ _ 4 humber of rules _

number of steps used = 5, number of rules used = 4, infegrand size 0.250, Rules

used = {2541, 27, 1195, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/(mm)m
lz&u
O S R S8 Gl B
4(-o-Va?=2-3+1) (2+va?—22-3)
l 27
1/u(x+¢PT§I?$2+%@+¢?TEI?$+ﬁ
(~o-ve?—2-3+1) (z+va? —2-3)

l 1195

d<a:+ a:2—2a:—3)

_1/‘ 8 N 3 ~ 8 N 4 d
2 \e Vet =23 (g g —3) VRS2 3-1 (b g1

l 2009

1 4 3
—| - + +8log(—vV22 -2z —3—2+1) —8log (V2 -2z -3+
2< —Vz?2-2x—-3—-z+1 Vz2-2z-3 g< > g(

+z
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input‘ Int[(x + Sqrt[-3 - 2*x + x72])~(-2),x] ‘

‘ (-4/(1 - x - Sqrt[-3 - 2*x + x72]) + 3/(x + Sqrt[-3 - 2*x + x72]) + 8+*Logl ‘

output
‘1 - x - Sqrt[-3 - 2*x + x72]] - 8*Loglx + Sqrt[-3 - 2*x + x72]]1)/2 ‘

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((d_.) + (e_)*(x_))"(m_.)*x((£f_.) + (g_.)*(x_)) " (a_.)*((a_.) + (b_.)*(x
)+ (e_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
gxx) "n*(a + bxx + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n}, x
] && IGtQ[p, O]

rule 1195

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£_.)*Sqrtl(a_.) + (b_.)*x(x_) + (c
_O*(x)72D) " ()" (p_.), x_Symbol]l :> Simp[2 Subst[Int[(g + h*x"n) p*((d
“2xe - (b*d - a*e)*f"2 - (2*kd*e - b*f~2)*x + e*xx"2)/(-2xd*e + b*f~2 + 2kxexx
)"2), x], x, d + exx + £xSqrt[a + b*x + c*xx2]], x] /; FreeQ[{a, b, c, d, e
, £, g, h, n}, x] && EqQ[e”2 - cxf~2, 0] && IntegerQ[p]

rule 2541

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.73

method | result

trager

(B+z)z _ (3+z)Va2-—2z-3 +41n _ Vz?2—2z—3+3+z
2z+3 2z+3 2z+3

3
T 3 2—5Z—2f1 2 x 3 2— x— P
default | —2In (22 +3)+ 5 — 4(2§+3) _ (¢ +23)(w+3) ) o 2y/4( +2?3 20021 oy (_1 taty(z+:
2
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input Lint (1/ (x+(x72-2*x-3)"(1/2))~2,x,method=_RETURNVERBOSE) J

‘ (3+x) *x/ (2%x+3) - (3+x) / (2%x+3) * (x~2-2%x-3) ~ (1/2) +4%1n (- ( (x~2-2%x-3) ~(1/2) +3 ‘

output
+x)/ (2%x+3)) |

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.17

1
/ 5 dx
(z4+vV-3—2z +z?)
_ 42? —8(2x 4 3)log (22 — Va2 — 22— 3(x+1) —3) —8(2x 4 3)log (22 + 3) + 8 (2 + 3) log (—x A
B 42z +3)

inputtintegrate(1/(x+(x‘2—2*x—3)*(1/2))*2,x, algorithm="fricas") J

|1/4%(4%x72 - 8%(2%x + 3)*log(x"2 - sqrt(x"2 - 2%x - )*(x + 1) - 3) - 8x(2
‘*x + 3)*log(2*x + 3) + 8%(2xx + 3)*log(-x + sqrt(x”2 - 2*x - 3)) - 4#*sqrt(
X72 - 24x - 3)*(x + 3) + 2¢x - 16)/(2%x + 3)

output

Sympy [F]

/(z—i-\/—31—2—x—|—x2)2dw:/(z+\/x21TH)2dz

input Lintegrate (1/ (x+ (x*x*x2-2%x-3) **x (1/2) ) **2,x) J

output LIntegral((x + sqrt(x**2 - 2%x - 3))**(-2), x) J
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Maxima [F|

/(z+\/—31—2—x—|—x2)2dm=/(x+\/le—27x—3)2d$

input‘integrate(1/(x+(x‘2—2*x—3)‘(1/2))“2,x, algorithm="maxima")

Output‘integrate((x + sqrt(x~2 - 2*%x - 3))°(-2), x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 143 vs. 2(69) = 138.

Time = 0.12 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.72

/( ! )de=1 —%\/x2—2x—3

T +vV—-3—2z+2? 2
3(bz—5vVz>—21—3+3)

4((e-va?=22-3)"+32-3v2 =25 -3)
9
42z +3)

—2log <‘—x+\/m+ 1‘)
+ 2 log (‘—x—l— MD
~210g (|-o+va?—22-3-3))

—2log (|22 +3|)

e

Lintegrate(1/(x+(x“2-2*x—3)‘(1/2))‘2,x, algorithm="giac")

~—

input

output‘1/2*x - 1/2*sqrt(x”2 - 2*x - 3) - 3/4%(5xx - B*sqrt(x~2 - 2*x - 3) + 3)/((
‘x - sqrt(x”2 - 2%x - 3))72 + 3*x - 3*sqrt(x”2 - 2*x - 3)) - 9/4/(2*x + 3)
‘— 2+log(abs(2*x + 3)) - 2xlog(abs(-x + sqrt(x™2 - 2*x - 3) + 1)) + 2xlog(a

‘bs(—x + sqrt(x”2 - 2xx - 3))) - 2xlog(abs(-x + sqrt(x”2 - 2*x - 3) - 3))
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Mupad [F(-1)]

Timed out.

/(z+\/—31—2—ﬂx2)2dz:/(x+\/z21_27z_3)2dx

input Lint(l/(x + (x72 - 2%x - 3)7(1/2))"2,%) J

output Lint(l/(x + (x72 - 2%x - 3)°(1/2))"2, x) J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.29

1
/ 5 dx
(z4+V-3—-2z +z?)
—V2?2 =22 — 3z — 3Vz2 — 220 — 3 — 8log(Vz? — 2z — 3+ z) z — 12log(vz? — 2z — 3+ x) —|—810g<
2z 4+ 3

fnput Lint(l/(x+(x‘2—2*x—3)*(1/2))A2’x) J

output‘( - sqrt(x**2 - 2%x - 3)*x - 3*sqrt(x*k*2 - 2xx - 3) - 8xlog(sqrt(x**2 - 2% ‘
‘x - 3) + x)*x - 12xlog(sqrt(x**2 - 2xx - 3) + x) + 8xlog((sqrt(x**2 - 2+*x ‘
= 3) + x - 1)/2)%x + 12%log((sqrt(x+*2 - 2%x - 3) + x - 1)/2) + x**2 - B*x

|- 12)/(2%x + 3)




output
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3.6 i L - dz
<w+ vV —-3—2z+22 )

Optimal result . . . . . . . . . . .. 761
Mathematica [A] (verified) . . . . . . ... ... L o 76
Rubi [A] (verified) . . . . . . . .. .. 7
Maple [A] (verified) . . . . . . ... 79
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 79
Sympy [F] . . . 80
Maxima [F] . . . . . .. R0
Giac [B] (verification not implemented) . . . . . . . . .. ... ... ... ... R0
Mupad [F(-1)] . . . o o 1]
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 1]

Optimal result

Integrand size = 16, antiderivative size = 101

/ ! dr = — 2 +
(et V3T i) l-2—V-3-20+2 4(c+vV3_2zra)

4
+
z+vV-3—2z+ 22
—61log <x+\/—3—2x+x2>

+6log <1—w—\/m>

‘(

-2/ (1-x-(x"2-2*%x-3)~(1/2))+3/4/ (x+(x~2-2%x-3) ~(1/2) ) ~2+4/ (x+(x~2-2*x-3) " (1
/2))+6*1n(1-x-(x~2-2%x-3) " (1/2) ) -6*1n(x+(x"2-2%x-3) ~(1/2))

N

Mathematica [A] (verified)

Time = 0.39 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.82

/ 1 dr =
(m—l— v=-3 - 2x+w2)3

189 + 108z — 48x2 — 1623 + 4v/—3 — 2z + 22(33 + 31z + 42%) + 96(3 + 2x)2arctanh(

14+
242+ —3—2x+

8(3 + 2z)?
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input‘ Integrate[(x + Sqrt [-3 - 2xx + x~2])"(-3),x] ‘

-1/8%(189 + 108*x - 48%x~2 - 16%x"3 + 4*Sqrt[-3 - 2*x + x72]*(33 + 31*x + \
4%x72) + 96%(3 + 2*x)"2+ArcTanh[(1 + x)/(2 + 2*x + Sqrt[-3 - 2*x + x72])]) ‘
L/(3 + 2%x) "2 J

output ‘

Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.04,

number of rules _ 0.250, Rules

number of steps used = 5, number of rules used = 4, integrand size

used = {2541, 27, 1195, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/(\/me)?)dm
| 2501
—(e+VaZ—3=3) +2(c+VaT -2 —3) +3
2/_4E—x—¢5tﬁﬁié+1}(x+¢$ﬁﬁﬁggfﬂmw+vgk*m_3)
| 27
) —(x+vgfjﬂt§y+QCV+%Ft§;:§>+3
/ (~o-vaT—2-3+1) (a4 VP2 -3)

l 1195

d<a:+ a:2—2a:—3)

_1/ 12 n 8 n 3 _ 12 n
2I\e Vet =23 (o T2 -3) (a4 VAP o2p-3) THVESoB-1 (g

l 2009
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1 4
o + 8 + 3 2+12log(—\/m—x+ﬁ
2\ —Vaz?2-22-3-2+1 Va2-2z-3+=z 2<\/x2—2x—3+x)

-

LInt[(x + Sqrt[-3 - 2*x + x72]1)°(-3),x]

-/

input

Output‘('4/(1 - x - Sqrt[-3 - 2%x + x72]) + 3/(2*(x + Sqrt[-3 - 2%x + x72])72) +
‘8/(x + Sqrt[-3 - 2*x + x72]) + 12*Logl[l - x - Sqrt[-3 - 2*x + x72]] - 12+L ‘
‘og[x + Sqrt[-3 - 2*x + x72]]1)/2 ‘

Defintions of rubi rules used

/Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && 'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 1195 Int[((d_.) + (e_)*(x_))"(m_D)*((f_.) + (g_.)*(x_))"(n_.)*x((a_.) + (b_.)*(x
D) o+ (e_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
g*x) "nx(a + b*x + c*¥x”2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g, m, n}, x
1 && 1GtQ[p, 0]

ruk32009LInt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£_.)*Sqrtl[(a_.) + (b_.)*(x_) + (c
_O)*(x)72D)"()) " (p_.), x_Symbol]l :> Simp[2 Subst[Int[(g + h*x™n) p*((d
~2xe - (b*d - akxe)*f~2 - (2xd*e - b*f"2)*x + exx"2)/(-2*d*e + b*f~2 + 2*xex*x
)"2), x], x, d + exx + f*Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a, b, c, d, e
, £, g, h, n}, x] & EqQ[e~2 - c*f~2, 0] && IntegerQ[p]

N\ J

rule 2541
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.68

method | result

x2 T T x2 T Vr2—-2z—
trager (4 2:;11;2’6) _u +312(J;i?3)2 273 _ 6ln (3+z—+z?—2z-23)

(@9=s-2)"  (@+d?-e-2)°

9 z 27 32
default | —5%5 =3I (20 +3) + 5+ gollgm + g~ ey V4@ +3) -2
input Lint (1/ (x+(x~2-2%x-3)~(1/2)) 3, % ,method=_RETURNVERBOSE) J

t ‘ 1/2% (4%x~2+33*x+36) *x/ (2*%x+3) "2-1/2% (4*x~2+31%x+33) / (2*x+3) “2* (x~2-2%x-3) " ‘

outpu
(1/2)-6+1n(3+x-(x"2-2%x-3)"(1/2))

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.28

/r 1
5 dr
(z4+vV-3—2z +z?)
823 —102? — 12 (42* + 12z + 9)log (22 — Va? — 2z — 3(z + 1) — 3) — 12 (42* + 12z + 9) log (2z +
4422+

input Lintegrate (1/(x+(x~2-2%x-3)"(1/2))"3,x, algorithm="fricas") J

|1/4%(8%x™3 - 10%x™2 - 12%(4%x"2 + 12#x + 9)*log(x"2 - sqrt(x"2 - 2#x - 3)*
\(x + 1) - 3) - 12%x(4*x”2 + 12*%x + 9)*log(2*x + 3) + 12%(4*x™2 + 12*x + 9)* \
‘log(—x + sqrt(x”2 - 2xx - 3)) - 2x(4xx"2 + 31*x + 33)*sqrt(x”2 - 2xx - 3) ‘
- 156%x - 171)/(4%x™2 + 12%x + 9) |

output
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Sympy [F]

/(m+\/‘31‘2—“x2)3d$:/ (x+W)3dm

inputLintegrate(1/(x+(x**2—2*x—3)**(1/2))**3,x) J

output‘ Integral ((x + sqrt(x**2 - 2xx - 3))**(-3), x) ‘

Maxima [F]

/(x+\/_31_z—x+xz)3d$=/(x+\/m21_27m_3)3dx

lnput Lintegrate (1/ (X+ (XA2_2*X_3) - (1/2) ) AS s Xy algorithm:"maxima") J

output Lintegrate((x + sqrt(x™2 - 2*x - 3))~(-3), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 184 vs. 2(85) = 170.

Time = 0.12 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.82

PV S 2”72
104 (x—\/x2—2x—3)3+315 (x—\/x2—2x—3)2+162x—162\/$2—2$—3+27
8((x—\/132—2z—3)2+3x—3\/z2—2z—3)2

1 21
—M—3log(|2x+3|)—3log <‘—z+v:02—2:c—3+1‘>
8(2z + 3)

+ 3 log (‘—er\/WD — 3 log (‘—m+\/m—3‘)

/( 1 )3dm=1x—1\/m2—2m—3
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inputLintegrate(1/(x+(x“2—2*x—3)"(1/2))"3,x, algorithm="giac") J

output 1/2xx - 1/2%sqrt(x”2 - 2*%x - 3) - 1/8%(104*(x - sqrt(x™2 - 2*%x - 3))"3 + 3
15%(x - sqrt(x™2 - 2*x - 3))72 + 162%x - 162*sqrt(x”2 - 2*x - 3) + 27)/((x
- sqrt(x”2 - 2%x - 3))72 + 3*kx - 3*sqrt(x”2 - 2*%x - 3))72 - 9/8x(16*x + 2
1)/(2*x + 3)72 - 3*log(abs(2*x + 3)) - 3*log(abs(-x + sqrt(x”2 - 2*x - 3)
+ 1)) + 3xlog(abs(-x + sqrt(x~2 - 2*x - 3))) - 3*log(abs(-x + sqrt(x”2 - 2
*x - 3) - 3))
Mupad [F(-1)]
Timed out.
1 1
/ 5 dr = / 5 dr
(z+ V-3 -2z +2?) (z+ V22 -2z —3)
input Lint(i/(x + (x72 - 2%x - 3)7(1/2))73,x) J
output Lint(l/(x + (x72 - 2%xx - 3)7(1/2))73, x) J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.70

1
/ 5 dz
(z+vV-3—2z+z?)
—8vx? — 2z — 32% — 62vz% — 22 — 3z — 6622 — 2z — 3 — 96log (V22 — 2z — 3 + z) 2® — 288log(+

inputLint(l/(x+(x“2—2*x-3)*(1/2))A3’x) J




output
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(- 8*sqrt(x**2 — 2kx — 3)*x**2 — 62*sqrt(x**2 - 2%x - 3)*x - 66*sqrt (x**2

- 2xx - 3) - 96*log(sqrt(x**2 - 2%x - 3) + x)*x**2 - 288*log(sqrt(x**2 -
2xx - 3) + x)*x — 216*log(sqrt(x**2 - 2*x — 3) + x) + 96*x1log((sqrt(x**2 -
2xx - 3) + x - 1)/2)*x**2 + 288*log((sqrt(x**2 - 2*xx - 3) + x - 1)/2)*x +
216*log((sqrt(x**2 - 2%x - 3) + x - 1)/2) + 8*x**3 + 6*x**2 - 108*x - 135)
/(4% (Axx**2 + 12%xx + 9))
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2.2 3
e“xr

3.7 f(d+ex+f\/a-|—bx-l—?> dx

Optimal result . . . . . . . . .. . . . 83l
Mathematica [A] (verified) . . . . . . . . . ... k!
Rubi [A] (verified) . . . . . . ... . 85
Maple [B] (verified) . . . . . . . . . . .. R0
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 87
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... RY
Maxima [F(-2)] . . . . . . o o e 88
Giac [A] (verification not implemented) . . . . . ... ... .. L. ]9
Mupad [F(-1)] . . . . . 90)
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 90

Optimal result

Integrand size = 28, antiderivative size = 303

e2x? ’
/d-l—ea:-l—f a+bz+? dz

f2

+

_|_

_|_

(2de — bf?) (4ae? — B2 f?) (ea: ¥ fiJa+bo+ f—)
8et
27,2 2
f?(4ae? — b f?) (d—i— ez + fi/a+br + 5 >
16¢€3

4
<d+€$+f a+ bx %) B f2(2d6—bf2)3 (4ae2_b2f2)

8e 32¢5 (bf 24 2e <ex + fy/a+ —w(bfj?;e%)))

3f*(2de — bf2)2 (4ae? — b*f?)log <bf2 + 2e <€x + fy/a+ —z(bfjfz—ezm)))

32ed
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1/8%f 2% (—b*f~2+2xd*e) * (-b~2*f " 2+4*axe”2) * (e*x+f* (atb*x+e~2*xx~2/£~2)~(1/2)
)/e”4+1/16%f 2% (b~ 2%f "2+4*xa*e”2) * (d+exx+f* (a+b*x+e~2*x"2/f~2)~(1/2))"2/e"
3+1/8* (d+exx+f* (a+bxx+e~2*x"2/£72) " (1/2))~4/e-1/32*f " 2% (~b*f ~2+2*d*e) ~3* (-
b~2*f"2+4xaxe~2) /e~ 5/ (b*xf~2+2*ex (exx+f* (a+x* (b*f~2+e"2*xx) /£~2)~(1/2)))+3/3
2%f 2% (—b*f "2+2xd*xe) "2k (-b"2*f "2+4*axe”2) *1n (b*f ~2+2*e* (e*x+f* (a+x* (b*xf~2+
e"2xx)/£72)"(1/2)))/e"5

output

Mathematica [A] (verified)

Time = 1.92 (sec) , antiderivative size = 260, normalized size of antiderivative = 0.86

e2x? ’
/ d+ex+ f a+bx+? dz

= % 8:13<2d3 + 3d%ex + 6:17(3af2 + 2:17(bf2 + 62.73)) + d(6af2 + 117(3bf2 + 462:13)))

\/a +z <b + e;—f) (33 f7 — 2b%e f5(6d + ex) + 4be? f3(3d? — 2af? + 2dex + 2e222) + 83 f(2a f2(2d +

+ .
3(4ae? — b2f2) (—2def + bf3)? arctanh ex -
f(—\/a+\/a+m<b+%)>
+ =
input LIntegrate[(d + e*xx + f*Sgrt[a + b*x + (e"2*x~2)/£72])"3,x] J
output (8xx*(2%d™3 + 3%d"2%e*x + e*x*(3ka*f~2 + 2xxx(b*xf~2 + e72%x)) + d*(6*a*f"2

+ x*(3*b*f"2 + 4xe”2xx))) + (Sqrtla + xx(b + (e"2*x)/£72)]*(3*xb"3*f~7 - 2
*b"2%e*xf "5k (6%d + exx) + 4xbke 2+f 3% (3*%d"2 - 2*xa*f~2 + 2*dxe*x + ke 2*x”
2) + 8ke 3kfx(2xaxf 2% (2kd + exx) + exx*k(3*d"2 + 4xdxe*x + 2*xe"2*x"2))))/e
“4 + (3k(4xaxe”2 - b 2xf"2)*(-2*dxexf + b*f~3) 2+ArcTanh[(e*x)/(f*x(-Sqrt[a
1 + Sgrtla + xx(b + (e"2*x)/£72)]))1)/e"5)/16
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Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 312, normalized size of antiderivative = 1.03,

number of rules _ 0.107, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2541, 1195, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 2.2 5
/(f a+bx+ef:g+d+ex> dz
l2541
e2z2 3 2 2 2 e2x2 2 2
(d+ex+f 5 +ba:+a) ed” —bf?d + aef +e(d+ew+f 13 +bw+a> —(2de—bf)(d+e
3 —
(—bf2+2de—26(d+ex+f N +bx+a))
l 1195
2j/ f2(4a62——b2f2)(2de——bf2)3 +_f2(4a62——b2f2)(2de——bf2)_+ (d'Fe$'+.f\/
2 1 .
32et (—bf2+2de—26 (d-l—ea:—l—f 6;”52 +ba:+a)> 16e
| 2009
) £2(dae? — b2 f2) (2de—bf2)3 +3]‘2(4aez—b2f2) (2de—bf2)2log (—2e<f a+b:

64¢e5

64e5 (—2e (f a+ bz + &5 +d+em> —bf2 +2de)

-

input LInt[(d + exx + f*Sqrt [a + bxx + (eA2*XA2)/fA2])A3’X]

~—




CHAPTER 3. LISTING OF INTEGRALS 86

2% ((£72%(2xd*e - b*f~2)*(4*xaxe”2 - b"2*%f"2)*(d + e*x + f*Sqrt[a + bxx + (e
~2%x72)/£72]) )/ (16%xe~4) + (£72*(4*a*e”2 - b~2*f"2)*(d + exx + f*Sqrt[a + b
*x + (e72*%x72)/£72])72)/(32%e”3) + (d + exx + f*xSqrt[a + b*x + (e”2%x"2)/f
~2])74/(16xe) + (£72x(2*d*e - b*f~2) "3x(4*a*e”2 - b~2x£72))/(64*e"5x(2*d*e
- b*xf"2 - 2xex(d + e*x + fxSqrtla + bxx + (e”2*x72)/£72]))) + (3*£72x(2xd
xe — b*f~2) 2x(4*axe”2 - b~2xf"2)*Log[2*d*xe - b*f~2 - 2%ex(d + exx + f*Sqr
tla + bxx + (e™2%x72)/£72])]1)/(64*e~5))

output

Defintions of rubi rules used

rule 1195‘]:1113[(((1_-) + (e_)*(x D))" (@m_)*((£_.) + (g_)*x_))"(@_.)*x((a_.) + (b_.)*(x ‘
‘_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
‘ g*x)"n*(a + b*x + c*xx"2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n}, x
1 & 16tQ[p, 0] |

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£_.)*Sqrtl(a_.) + (b_.)*x(x_) + (c
_)x(x )72 (@) (p_.), x_Symbol]l :> Simp[2 Subst[Int[(g + h*x™n) p*((d
“2xe - (b*d - a*e)*f~2 - (2*kd*e - b*f~2)*x + e*xx"2)/(-2xd*e + b*f~2 + 2kxexx
)"2), x], x, d + exx + £xSqrt[a + b*x + c*xx2]], x] /; FreeQ[{a, b, c, d, e
, £, g, h, n}, x] && EqQle”2 - cxf~2, 0] && IntegerQ[p]

rule 2541

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 684 vs. 2(283) = 566.

Time = 0.05 (sec) , antiderivative size = 685, normalized size of antiderivative = 2.26

N

Q+% 272
3fd?In | 222 4 \/m 4
3d2f%\/a+bx + <5 b 2 2 3dB S5, fa+bo+ ZE {8 fatbo
+ - +
4e2 = 103
2\ 7
input Lint ((d+exx+f* (a+b*x+e~2*%x~2/f"2)~(1/2))"3,x) J
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3/4xd"2/e"2x£"3% (a+b*x+e~2%x"2/£72) " (1/2) ¥b+3/2*£*d"2*1n((1/2*b+e~2+x/£~2)
/(e”2/£72)~(1/2) +(at+tb*x+e”2xx~2/£72)~(1/2))/(e~2/£~2) " (1/2) *a-3/4*d/e"3*b~
2+f 5% (a+b*x+e”2xx"2/£72) " (1/2)+3/8*£75/e"2xb"2*x (a+b*x+e~2*x~2/£72) ~(1/2) *
x-3/32*%f"7/e~4xb"4*%1n((1/2*b+e"2xx/£°2) /(e"2/£72) " (1/2) + (a+b*x+e"2*xx"2/£f"2
)-(1/2))/(e”2/£72)~(1/2)-3/2*%d/exb*f~3*x1n((1/2*b+e~2*x/£"2) /(e~2/£"2)~(1/2
)+ (atb*x+e~2xx"2/£72)~(1/2))/(e”2/£72) ~(1/2) *a+f " 3* (a+b*x+e”~2*x"2/f~2) ~(3/
2)*x+e”3*x"4+1/4*d"4/e+3/8*%f~5/e " 2xax1n((1/2*%b+e”2*x/£~2) /(e~2/£72) " (1/2)+
(a+b*x+e™2xx"2/£f72)~(1/2))/(e”2/£72)~(1/2)*b"2-3/8*d~2/e"2*f~3*x1n((1/2*b+e
~2xx/£°2)/(e~2/£72) " (1/2)+(a+b*x+e~2%x~2/£~2)~(1/2))/(e~2/£~2) ~(1/2) ¥b~2-3
/2%d/exb*f 3% (a+bxx+e~2xx~2/£72) " (1/2) *x+3/8%d/e”3*%b"3*f ~5*1n ((1/2*b+e”2*x
/£72)/(e”2/£72) " (1/2)+(a+b*x+e~2*%x~2/£72)~(1/2)) /(e~2/£72) " (1/2) +2*d/exf"3
* (a+b*x+e”~2*%x"2/£72) ~(3/2) +3/2*%f*d"2* (a+b*x+e 2*xx"2/£72) ~(1/2) *x-1/2*f"5/e
~2x (a+bxx+e~2*x"2/£72) " (3/2) ¥b+3/16*£"7/e~4*xb"3* (a+b*x+e~2*%x"2/£72)~(1/2) +
2%d*e”2%x"3+f "2xx " 3*ke*xb+3/2*f " 2+x"2*a*e+3/2xf " 2xbxd*kx " 2+3*f " 2*x*a*d+3/2*ex*
x"2%d"2+x*d"3

output

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 345, normalized size of antiderivative = 1.14

e2x? ’
/ d+ex+ f a+bx+i§— dr

32e8xt + 32 (bebf2 + 2de™)x3 + 48 (d?e5 + (bde® + aeb) f2)x? + 32 (3ade® f2 + d3e5)x + 3 (b* f® — 16 ac

;
‘integrate((d+e*x+f*(a+b*x+e‘2*x‘2/f‘2)“(1/2))‘3,x, algorithm="fricas")

input

1/32%(32%e~8*x~4 + 32*%(b*e~6*f~2 + 2xd*e~7)*x"3 + 48%(d"2*e”6 + (b*d*e™5 +

a*xe”6)*f"2)*x"2 + 32%(3*a*d*e”5*f"2 + d"3*e”5)*x + 3*%(b"4*f"8 - 16*a*xd"2*
e 4*f72 - 4x(b"3xd*xe + a*b"2*e”2)*f76 + 4x(b"2xd"2*e”2 + 4*a*b*d*e”3)*f"4)
*x1log (-b*f~2 - 2xe”2xx + 2xe*xfxsqrt((b*f~2*x + e”2*x"2 + a*f72)/£72)) + 2x*(
3*%b"3*exf"7 + 16*e”7xf*x"3 — 4% (3*%b"2*d*e”2 + 2xaxbke"3)*f"5 + 4*(3*¥b*xd"2*
e”3 + 8*axd*e”4)*f"3 + 8*(b*xe"5*f73 + 4*xd*xe”6*f)*x"2 - 2% (b"2*e"3*%f"5 - 12
*Q"2%e"5xf — 4*x(b*d*e~4 + 2*axe”5)*f"3)*x)*sqrt ((b*f~2*x + e72%x"2 + a*xf~2
)/£7°2))/e”5

output
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Sympy [A] (verification not implemented)

Time = 1.25 (sec) , antiderivative size = 1363, normalized size of antiderivative = 4.50

3
22
/ (d +ex+ fi/a+bx+ %) dzx = Too large to display

p
input Lintegrate ((d+e*x+f* (a+tbkx+e**kx*k*2/f**2) ** (1/2) ) **3,x)

| —

3xaxd*kf*x2xx + 3xakexfxk2*xx*xx2/2 + akf**x3xPiecewise(((a/2 - bx*2*xf*x*x2/(8*e
*x*%2))*xPiecewise ((log(b + 2xex*2xx/f*x2 + 2ksqrt(ex*2/fx*2)*sqrt(a + b*x +
exx2xx*k*2/f*x2) ) /sqrt (ex*2/f**2) , Ne(a - b**2xf*x2/(4*xex*x2), 0)), ((b*f**2
/(2xe*xx2) + x)*Llog(b*f**2/(2%e**2) + x)/sqrt(e**2* (bxf*x2/(2xe*x*2) + x)**2
/£x%2), True)) + (bxf*x2/(4xexx2) + x/2)*sqrt(a + bkx + ex*2*xx*2/fx*2), N
e(ex*2/f**x2, 0)), (2x(a + bxx)**(3/2)/(3*b), Ne(b, 0)), (sqrt(a)*x, True))
+ 3xbxd*fx*2*x**2/2 + brexfx*2xx**3 + bxf**3*Piecewise (((—a*b*f**2/(12xex
*2) - bxf*x2%(a/3 - b**2*xf**2/(8*e**x2))/(2xe**2))*Piecewise((log(b + 2xex*
2xx/f*x2 + 2ksqrt(ex*2/fx*2)*sqrt(a + b*x + ex*2xxx*2/f**2))/sqrt (e**2/f**
2), Ne(a - bx*2xf**2/(4xe*x2), 0)), ((b*fx*2/(2%ex*2) + x)*log(b*f**2/(2*e
**2) + x)/sqrt(e*x*2x (bxf**2/(2xe*x2) + x)**2/f*x2), True)) + sqrt(a + b*x
+ e*xkx2kxx**2/f**2) *x (b*xf**x2*xx/ (12%e*x*2) + x**2/3 + f**x2x(a/3 - b**x2xf*x*x2/ (8%
e*x*2)) /exx2), Ne(ex*x2/f**x2, 0)), (2*%(-ax(a + b*x)**x(3/2)/3 + (a + b*x)*x(5
/2)/5) /bxx2, Ne(b, 0)), (sqrt(a)*x**2/2, True)) + d**x3*x + 3*xd**x2*kexx**2/2
+ 3*d**2*xf*Piecewise(((a/2 - b**2*f**2/(8*e**2))*Piecewise((log(b + 2xex*
2%x/fx*2 + 2xsqrt(exx2/f*x2)*sqrt(a + bxx + e*x*2*kx**2/f**2))/sqrt (ex*2/f*x*
2), Ne(a - b**x2%f**x2/(4*e*x2), 0)), ((bxf*x2/(2xe*x*2) + x)*Llog(b*f**2/(2%e
*%2) + x)/sqrt(e*x*2* (bxf**2/(2xe*x*2) + x)**2/f**x2), True)) + (b*xf**2/(4*e*
*¥2) + x/2)*sqrt(a + bxx + e**x2kx**x2/f**2), Ne(ex*2/fx*2, 0)), (2*(a + b*x)
**(3/2)/(3%b), Ne(b, 0)), (sqrt(a)*x, True)) + 2xd*ex*2xx**3 + Gkdxe*xfx...

output

Maxima [F(-2)]

Exception generated.

3
/ 2.2
/ <d +ex+ fi/a+bx+ %) dr = Exception raised: ValueError
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input‘integrate((d+e*x+f*(a+b*x+e"2*x"2/f"2)"(1/2))"3,}:, algorithm="maxima") ‘

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(b~2*f~2-4*a*e”2>0)', see ~assume

‘?‘ for mor

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 397, normalized size of antiderivative = 1.31

e2x? ’
/‘d+ﬁ$+f a+MH~7; dr

= bef?x® + 3zt + gbd 22?4+ gaef2w2 + 2de*x® + 3adf’z + g d’ex® + d*z
1 2e%z|f| | beCfUf| +4de” £ f]| b%e' fO|f| — 4bde®f*| f| — Bae
= 2 2,2 2 _
+m\%fx+ex+ﬂf(2e< 7 + &6 f3 )x oy
(B f7|f| — 4b3def3|f| — 4ab?e f3|f| + 4 b2d?e? f3| f| + 16 abde® f3|f| — 16 ad®e* f| f]) log (}—be —
32¢|e

3
+

;
integrate ((d+exx+f*(a+b*x+e”2*x~2/£72)~(1/2))"3,x, algorithm="giac")

N\

input

bxexf~2*x"3 + e73*%x"4 + 3/2xbxd*xf"2%x”2 + 3/2*ake*f 2*%x"2 + 2xd*xe~2*x"3 +

3xaxd*f"2xx + 3/2%d"2%e*x"2 + d73*x + 1/16xsqrt(b*f~2*x + e 2%x"2 + a*xf~2)
* (2% (4% (2xe~2xx*abs (f) /f + (b*e”6xf 4dxabs(f) + 4*xd*e”7+f " 2xabs(f))/(e"6*f~
3))*x - (b"2xe"4xf~6*xabs(f) - 4*b*d*e”5*f 4*xabs(f) - 8*akxe 6*f 4*abs(f) -

12xd"2*e”~6xf " 2*abs(f))/(e”6*xf~3) ) *x + (3*b~3*e”2*f " 8*abs(f) - 12*b~2*d*e”3
*f~6*abs(f) - 8*axbxe”4*f 6*xabs(f) + 12xb*d"2xe”~4*f 4xabs(f) + 32*a*xd*e”5*
£ 4*abs(f))/(e”6%f~3)) + 3/32%(b~4*f " T*xabs(f) - 4*b~3*d*e*xf 5xabs(f) - 4*a
*b~2%e~2xf ~B*abs(f) + 4*b~2*d"2xe"2*f 3*abs(f) + 16%axbxdxe”~3*f 3*abs(f) -

16*a*d~2xe ~4xf*abs(f))*log(abs(-b*f~2 - 2x(x*abs(e) - sqrt(b*f~2*x + e~2%
X~2 + axf~2))*abs(e)))/(e"4*xabs(e))

output
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Mupad [F(-1)]

Timed out.
3 3
/ e?x? €2 p2
/ <d+ex+f a—|—bx+?> dac=/ <d+eaz:+f\/a+baz:+—f2 ) dx
input Lint((d + exx + fx(a + b¥x + (e”2%x~2)/£°2)~(1/2))"3,%) J
outputtint“d + exx + f*(a + bxx + (e72%x72)/£72)7(1/2))73, x) J

Reduce [B] (verification not implemented)

Time = 0.39 (sec) , antiderivative size = 870, normalized size of antiderivative = 2.87

e2x? ’
/d+ex+f a+bx+? dz

60 f2x + €222 + a f2 b%e f6 + 481/b f2z + €222 + a f2 d?ePx + 64v/b f2x + €222 + a f2d ebx? + 48a €8

input Lint ((d+exx+f* (atb*x+e™2xx~2/f°2)~(1/2))"3,x) J




output
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(- 16*sqrt(a*xf**2 + bxf*x2xx + e**2*kx**2)xaxbke*x*3*f**4 + 64*sqrt (a*f**2

+ b*E**2%x + exk2xx**2)kaxdkesx4*xf*x2 + 32+sqrt(akf**2 + bkf*x2%x + ex*k2kx
*x%2) kakexkExf**x2kx + G6xsqrt(a*xf**2 + bkf**x2*x + ex*2xkx**2) *b*k*3Jke*f**6 — 2
4xsqrt (a*f**2 + bxf*x2*kx + ex*k2xx**2) *bx*k2xd*kex*2xf**4 - 4d*xsqrt(axf**x2 + b
*EAKDKX + @hkkxK*2) kbkk2ke*k kL k*dkx + 24*xsqrt(axf**2 + bkfr*k2kx + e**2xx
*%2) xbkdxk2xe**3kf*xx2 + 16xsqrt(axf**2 + bkfx*2*xx + ek*2kx**2) xbkdre**4*f*
*2%x + 16*%sqrt(axfx*2 + b*f**x2%x + ex*k2kx**2)*kbkex*kE5xf**2xx**2 + 48xsqrt(a
*Ex*%2 + DRE**2kX + ex*kkx*kx2)kd*k*x2kex*k5kx + 64*sqrt(axf**2 + b*f**2xx + ex
*2kx*kx2) kdke**k6xx*¥*x2 + 32%sqrt(akf**2 + brf*k2xx + ex*kkx**2)ke**kT*x*k*3 +
12%1og ((2*sqrt (axf**2 + bkf*kx2kx + ex*2*x**2)*ke + bxf**2 + 2ke*x*2*x)/(sqrt
(4*axe*xx2 — bxx2xf**2)*f))*ka*xbx*x2xe**2xf*x*6 — 48%log((2*sqrt(axf**2 + b*fx
*¥2%X + ex*k2kxx*k2)*ke + bxf*x2 + kex*2kx)/(sqrt(4*akex*2 — b*x2xf*x2)*f))*a
xbkdxe**x3xfx*x4 + 48xLlog((2*xsqrt(a*xf**x2 + bk fx*k2xx + e**2kx**2)*e + b*f**2
+ 2%e*x2%x) / (sqrt (4*a*e*x*2 — bx*2kfx*2)*f))*axd**2xe*x4*xf*x2 — 3*xlog((2*sq
rt(a*f**2 + bxf**x2kx + ex*2xx*k*2)*e + bxf*x2 + 2kex*2xx)/(sqrt(4*a*xex*2 -
b**2xf*x2) *xf) ) ¥b*k*x4*f**8 + 12*%1log((2*sqrt (a*xf**2 + bkEfx*2kx + e**x2*x**2) *xe
+ bkf*x2 + 2xe*x*2xx)/(sqrt(4*xa*ex*2 — bx*k2xf**2)*f)) ¥b**3xd*exf*x6 - 12x1
og((2*sqrt(a*xf**2 + bxf*x2%x + ex*kx**2)*e + bxf*x2 + 2kex*2xx)/(sqrt(4*a
*ekxk2 — bkk2kf*%k2)*f) ) *kbkk2kd*x*k2kex*2kf**4d + 9B6kakxdke*kx5xf*xk2*xx + 48*kakekx*
B x*2kx*%x2 + A8kbkdkekkSkfxk2kx**x2 + 32kbkexkGkfhkkx*k*3 + 32kd**3kexx, .,




output
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3.8 f(d+ea:+f\/a-|—bx-|—@>2da:

f2
Optimal result . . . . . . . . . . . . . e 92
Mathematica [A] (verified) . . . . . . . .. ... L 93
Rubi [A] (verified) . . . . . . ... . 93
Maple [A] (verified) . . . . . . . . . . 95
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 96
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 97
Maxima [F(-2)] . . . . . . o o e 98
Giac [A] (verification not implemented) . . . . . ... ... .. L. 99
Mupad [F(-1)] . . . . . 99
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 100

Optimal result

Integrand size = 28, antiderivative size = 237

e2x? i
/d-l—ex-i—f a-l—bx—i-? dz

3
f2(4a62_b2f2)<€$+f a+bx+e;—§2> <d+ex+f a+bx+ejc—’§2>
= +

863 Ge
_ F2(2de — bf?)” (4ae® — b2 f2)
16¢* (b £2 4 2 (em +ffart m(bfzfi-ezm)>>
f*(2de — bf?) (4ae® — b*f?) log (bf2 + 2e (636 + fy/a+ —x(bfjf+2—e2x)))

8et

_|_

1/8*f"2% (-b~2*f " 2+4*axe~2) * (exx+f* (a+tb*x+e”2xx~2/£"2) ~(1/2)) /e~ 3+1/6* (d+e*
x+f* (at+b*x+e”2*xx~2/£72) ~(1/2)) "3/e-1/16*f 2% (~b*f ~2+2*d*e) ~2% (-b~2*f ~2+4*a
xe~2) /e~ 4/ (b*f~2+2xe* (exx+f* (a+x* (b*f~2+e~2%x) /£72) ~(1/2) ) ) +1/8*f 2% (-b*f~
2+2%d*e) * (-b~2%f ~2+4xa*xe”2) *1n (b*f ~2+2*e* (e*xx+f* (at+tx* (b*f~2+e~2%x) /£~2)~ (1
/2)))/e"4
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Mathematica [A] (verified)

Time = 1.33 (sec) , antiderivative size = 176, normalized size of antiderivative = 0.74

2

e?x?
/d-i—ex-l—f a+bw+? dx

= % 23:(6d2 + 6af? + 6dex + an(3bf2 + 462$))

\/a +z (b + e;—j”) (—3b2f5 + 2bef3(3d + ex) + 4€*f(2af? + ex(3d + 2ex)))
+

e3

3f%(—2de + bf?) (—4ae? + b? f?) arctanh <
f(—\/a-i-\/a-i—x(b-i-%))

+

et

input‘ Integrate[(d + exx + f*Sqrt[a + b*x + (e™2*x~2)/£72])"2,x] ‘

p
\(2*x*(6*d“2 + 6xa*f”~2 + 6kdke*xx + x*(3*¥b*f~2 + 4%e”2xx)) + (Sqrtla + x*x(b
\+ (e”2xx) /£72) 1% (-3*%b"2*xf"5 + 2*b*e*f 3% (3*%d + e*xx) + 4*xe " 2xf*x(2*xa*xf~2 + e
‘*x*(S*d + 2%exx))))/e”3 + (3*f 2% (-2xd*e + bxf~2)*(-4*xa*xe~2 + b~2*xf~2)*Arc

output
LTanh[(e*x)/(f*(—Sqrt [al + Sqrtl[a + xx(b + (e"2%x)/£72)]1))]1)/e"4)/12 J

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.04,

number of rules _ 0.107, Rules

number of steps used = 4, number of rules used = 3, = -
integrand size

used = {2541, 1195, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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2
/ 2,.2
/(f a+bx+ef:g+d+ex> dx

l 2541

9 2
<d+ea:+f ejc9§2+b93+(1) <ed2_bf2d+aef2+e(d+ex+f e;§2+bx+a> — (2de — bf?) (d—i—e

2

(—bf2+2de— 2e (d+ex+f ejff +bm+a))2

l 1195
2
2/ B (2de — bf?) (4ae® — B2 f?) f2 +<d+e:c+f ejc—%’z+bx+a> +4ae2f2—b2f
8e3 <—bf2 + 2de — 2e <d+e:c+f ejﬁgz +b:c+a>> 4e 163
l'2009
) £2(dae? — b2£2) (2de — bf2)2 .\ f*(4ae? — b?f?) (2de — bf?) log <—2€(f a+ bz -
32¢4 (—26 (f a+ b + 6?52 +d+ ex) —bf2+ 2de) 16t

e

input LInt[(d + exx + f*Sqrt [a + b*x + (GA2*XA2)/fA2])A2’x]

-/

2% ((f~2x(4xaxe”2 - b 2xf72)*(d + exx + fxSqrt[a + b*x + (e72%x72)/£72]))/(
16%e~3) + (d + e*x + fxSqrtla + b*x + (e72%x72)/£72])73/(12%e) + (£72%(2+d
*xe — bxf72) 2% (4xaxe”2 - b"2x£72))/(32%e"4*(2*d*e - b*xf"2 - 2xex(d + e*x +
fxSqrtla + bxx + (e”2*x72)/£72]))) + (£72%x(2xd*e - b*f~2)*(4*axe”2 - b~2*
£72)*xLog[2*d*xe - b*f~2 - 2xex(d + exx + fxSqrt[a + b*x + (e”2xx"2)/£72])])
/(16%e~4))

output
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Defintions of rubi rules used

rule 1195 IRELCMA_) + (e )%~ (m_)*((£_.) + (g_.)*(x )" (a_)*((a_.) + (b_.)*(x
‘_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
‘ g*x) "nx(a + bxx + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g, m, n}, x
1 & 16tQlp, 0]

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£_.)*Sqrtl(a_.) + (b_.)*x(x_) + (c
_)x(x )72 (@) (p_.), x_Symbol]l :> Simp[2 Subst[Int[(g + h*x"n) p*((d
“2xe - (b*d - axe)*f"2 - (2xd*e - bxf"2)*x + e*x"2)/(-2xd*e + b*f"2 + 2ke*x
)"2), x], x, d + exx + £xSqrt[a + b*x + c*xx"2]], x] /; FreeQ[{a, b, c, d, e
, £, g, h, n}, x] && EqQ[e”2 - c*f~2, 0] && IntegerQI[p]

rule 2541

Maple [A] (verified)

Time = 1.21 (sec) , antiderivative size = 300, normalized size of antiderivative = 1.27

method | result

a+br+ 62f§2 >

2 4e2
€ 8e2 ;—z

b ez
4e?a ;2 21 7+Tf 4
b+2652 ) 2, Jatbot 252 (452 -0%) £ n( =
default w+%+af2x+2f d (b+27) A /=

+e

input Lint ((d+exx+f* (a+bxx+e 2%x~2/£°2)~(1/2))"2,x,method=_ RETURNVERBOSE)
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1/2xb*x~2+f"2+1/3%e”2%x"3+a*f " 2*x+2*f* (d*x (1/4* (b+2*e~2*x/£72) /e~ 2*f~2* (a+b
*x+e~2xx~2/f72) " (1/2)+1/8% (4xe~2/f~2xa-b"2) /e 2*f " 2+%1n ((1/2*b+e~2xx/f~2) / (
e"2/f72)"(1/2)+(at+b*x+e”~2xx"2/£72)~(1/2))/(e”"2/£72)~(1/2) ) +e*x (1/3* (a+b*x+e
~2%x"2/f72)"(3/2) /e"2x£"2-1/2xb/e"2*%f " 2x (1/4* (b+2*e”~2*x/£f~2) /e~ 2*xf 2% (a+bx*
x+e"2*%x"2/f72) " (1/2)+1/8* (4*%e~2/f " 2*xa-b"2) /e~ 2*xf~2x1n((1/2*b+e"2xx/£~2) /(e
~2/£72)7(1/2)+(atbxx+e”2*x~2/£72)"(1/2)) /(e~2/£72)~(1/2)) ) ) +1/3*(e*x+d) ~3/
e

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 219, normalized size of antiderivative = 0.92

e2x? i
/ d+ex+ f a+bx+iﬁ— dz

16 €823 + 12 (be* 2 + 2 ded)x? + 24 (ae* f2 + d?e*)x — 3 (B3 f¢ + 8 ade3 f2 — 2 (b?de + 2 abe?) f4) log <—6

input ‘ integrate ((d+e*x+f* (atbxx+e”2*%x"2/£72)~(1/2))"2,x, algorithm="fricas")

1/24x(16*e”6*%x"3 + 12*(b*e~4*f~2 + 2kd*e”5)*x"2 + 24x*(axe™4*xf~2 + d~2*e"4)
*x — 3% (b"3*f76 + 8kaxdxe 3*f"2 - 2% (b"2*d*e + 2*axbxe”2)*f~4)*log(-b*f~2
- 2xe"2%x + 2xe*f*xsqrt((b*f"2%x + e72*x"2 + a*xf72)/£72)) - 2%(3*b~2%e*f~5
- 8xe " b*fxx"2 - 2% (3*bxd*e”2 + 4*axe”3)*f"3 - 2x(b*e”3*f"3 + 6kd*e 4x*f)*x)
*sqrt ((b*f~2xx + e"2%x~2 + axf~2)/f72))/e~4

output
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Sympy [A] (verification not implemented)

Time = 0.74 (sec) , antiderivative size = 490, normalized size of antiderivative = 2.07

2
e2x2 b F242
d+ex+ fila+br+—-| dx=af’z+ - [ + d’z + dex?
f? 2
( 4
log (b+ 2;2“” +2\/;j2 a+bx+ ei 2) 5 2
_ b f
> for a
72
(-
2 8e? (géz +x) log (%+w> .
+odf — otherwise
e (pﬁ-z
\ 2
2(a+bx)%
3b
[ Vaz
2e213
3
(
log(b+2 1/f21/a+bz+e z )
2 2 1/
_abf? _ bf?(% 2 )
12¢2 2¢2 ( b2 ) log (bf +z)
+2ef | ¢ Jez(ge%ﬂ)
f2
\
9 <_ a(a+bz)% + (a+bz)% )
3 5
b2
Vaz?
2

\

£0

otherwise

input L

integrate ((d+e*xx+f* (a+b¥x+ex*2kxk*2/fx*2) *x (1/2) ) **2,x)

+y/a+ bz + €



output

input

output
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axf**x2kx + brxf**xkx**2/2 + dk*2xx + d¥e*xx**2 + 2+xd*xfxPiecewise(((a/2 - Db**
2xfx*2/ (8xex*2))xPiecewise ((Llog(b + 2xe**2xx/f**2 + 2xsqrt(e*x*2/f*x2)*sqrt
(a + b*x + ex*2xx*x2/fx*2))/sqrt(ex*2/f*x2), Ne(a - b**2xfx*x2/(4d*ex*2), 0)
), ((bxf**2/(2xe*x2) + x)*1log(b*f**2/(2xe**2) + x)/sqrt(ex*2* (b*f**2/(2*ex*
*¥2) + x)**k2/f*%2), True)) + (bxf*x2/(4d*ex*x2) + x/2)*sqrt(a + bxx + e**2kx*
*2/f*%x2) , Ne(ex*2/f*x2, 0)), (2*(a + b*x)**(3/2)/(3*b), Ne(b, 0)), (sqrt(a
Yxx, True)) + 2%e**2*xx*x3/3 + 2xexf*Piecewise (((—axbxf**x2/(12xe*x*2) — b*f*
*2%(a/3 — bx*2kfx*2/(8*ex*2))/(2xex*2))*xPiecewise ((log(b + 2xex*2xx/f*x2 +
2*sqrt (ex*2/f**2) xsqrt (a + b*x + ex*x2xx**x2/f*x2))/sqrt(exx2/f*x2), Ne(a -
bx*2xfx*2/ (4%ex*2) , 0)), ((bxf*x2/(2xe*x*2) + x)*log(b*f**2/(2xe*x*2) + x)/
sqrt (ex*2* (bxf**2/ (2xe**2) + x)**2/f**2), True)) + sqrt(a + b*x + ex*2xx**
2/fxx2) % (b*f*x*2%x/ (12%e*x*2) + x**2/3 + f**2%(a/3 - b**x2xf**x2/(8ke**2)) /e*x*
2), Ne(exx2/fxx2, 0)), (2x(-a*(a + b*x)**x(3/2)/3 + (a + b*x)**(5/2)/5) /b*xx*
2, Ne(b, 0)), (sqrt(a)*x**2/2, True))

Maxima [F(-2)]

Exception generated.

2
/ 2.2
/ <d +ex+ fi/a+bx+ %) dr = Exception raised: ValueError

Lintegrate((d+e*x+f*(a+b*x+e‘2*x‘2/f‘2)‘(1/2))‘2,x, algorithm="maxima")

-/

(Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(b~2*f~2-4*axe”2>0)', see ~assume
L?‘ for mor

| —
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 236, normalized size of antiderivative = 1.00

2

2,2 1 2
) dxr = Ebf2x2 + 2% + af’z + dex® + d*x

e2x
?
_|_1_12 \/bf2:c + €222 + af? (2 (4eﬂ;|f| " be3f3|f|e;|_f625de4f|f|>x B 3b26f5|f| _ 65d:j}{:|f| _ 8ae3f3|d‘
_(BF01f — 2b%def?|f| — 4abe’ f°| f| + 8 ade* f| f|) log (|=b2 — 2 (le] - VBITz T & T af?)lel])

8edle]

/<d+ex+f a+bxr+ 3

inputLintegrate((d+e*x+f*(a+b*x+e*2*x‘2/f*2)*(1/2))*2,X, algorithm="giac") J

1/2¥b*f72%x72 + 2/3%e”2%x"3 + axf~2*x + dxexx”"2 + d72xx + 1/12*sqrt(b*f 2%
X + e"2%x72 + axf~2)*(2x(4*exxxabs(f)/f + (b*e"3xf"3*abs(f) + 6*d*e”4xfxab
s(£))/(e”4*x£72))*x - (3*b~2xe*xf ~5xabs(f) - 6*bxd*e 2*xf " 3*abs(f) - 8*a*e 3%
f~3xabs(f))/(e”4xf~2)) - 1/8*%(b~3*f 5*xabs(f) - 2*xb~2*d*e*xf~3xabs(f) - 4*a*
bxe~2xf~3*abs (f) + 8*a*d*e~3*f*abs(f))*log(abs(-b*f~2 - 2*(x*abs(e) - sqrt
(b*f~2%x + e~ 2%x"2 + axf~2))*abs(e)))/(e"3*abs(e))

output

Mupad [F(-1)]
Timed out.

2

2
/<d+eac+f\/a+bx+e;—:§2> dx:/<d+ex+f\/a+bx+ej£2> dx

input‘ int((d + exx + fx(a + b*x + (e72%x~2)/f~2)"(1/2))"2,x) ‘

output 1BEC(d + exx + £x(a + brx + (e724x72)/£72)7(1/2))72, x) J
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 497, normalized size of antiderivative = 2.10

e2x?
/ d+ex+ f a+bx+iﬁ— dz

16/b f2x + €222 + a f2ae3 f2 — 64/b f2x + €222 + a f2 b%e f* + 12/b f2x + €212 + a f2bd €2 f? + 44/b.

e hY

input\int((d+e*x+f*(a+b*x+e*2*x*2/f*2)~(1/2))~2,x) ]

(16*sqrt (axf**2 + bkf*k2%kx + ex*2xx**2)*kakxex*k3*xf**2 - 6xsqrt(axf*x2 + b*f*
*kX + @kk2*kX**2) kbkkkexfHkd + 12xsqrt(a*f**2 + brkfr*2xx + e*kkx**2)xbkd
*xe*kk2kf*kx2 + 4*sqrt(a*f**2 + bkf*%x2%x + e*x*k2kx**x2)*kbkex*3kf**x2*xx + 24*sqrt
(a*fx*2 + bxf**2kx + ex*x2*x*k*2)*kdxe**4*x + 16*sqrt(axf**x2 + b*rfx*2xx + e*x
2xxx*k2) kex*k5kx**2 — 12%Log((2*sqrt(a*f**2 + bxf**2xx + e*x*2kx**2)*e + bxf*
*2 + 2kex*2%xx)/(sqrt(4*akxex*2 — b**2xf*x2)*f))*a*xbkex*2xfx*4 + 24x1og((2+*s
qrt(a*f**2 + bxf*x2xx + ex*2kx**2)*e + bxf**2 + 2kex*2*x)/(sqrt(4*akxex*2 -
bk 2k f*%2) *f) ) kakdke**x3xfx*2 + 3*log((2*sqrt(a*xf**2 + bk x2kx + ekkkxx*
2)*e + b*fx*2 + 2xexx2*x)/(sqrt(4*a*xex*2 — b¥*2xf*x2)*f) ) ¥bx*x3xf**6 - 6%lo
g((2*sqrt(a*f**2 + D*f**2xx + e**x2kx**2)*e + bxf*x2 + 2xe**2+x)/(sqrt (4*a*
ex*2 — b¥x2%xf*k*2)*kf) ) kbkk2kdkexfr*xd + 24kakerkdxfxk2xx + 12¥bkexkdkfrkkx*
*2 + 24xdx*x2kxex*xdxx + 24*kdkexk5xx*x*2 + 16kex*6*xx**3)/(24*e*x*4)

output
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3.9 f(d+ea:+f\/a+bx+ejc—§2> dx

Optimal result . . . . . . . . . . e 10Tl
Mathematica [A] (verified) . . . . . . . . . . ... 102
Rubi [A] (verified) . . . .. . . ... .. 102
Maple [A] (verified) . . . . . . ... L 103
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 104
Sympy [A] (verification not implemented) . . . ... ... ... ... ...... 104
Maxima [F(-2)] . . . . . 1051
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 105
Mupad [F(-1)] . . . oo
Reduce [B] (verification not implemented) . . . . ... ... ... ... ..... 106

Optimal result

Integrand size = 26, antiderivative size = 118

e2x? ex? f(bf? + 2€%z) a+b$+ejc—‘§2
/ d+ex+ fi/la+br+ —— | dr =dx+ — +
f? 2 4e2

2 2 2 £2 bf?+2e%x
f*(4ae® — b*f#) arctanh (—62)

2ef/a+bx+ f°2”2

_|_

8e3

p
‘d*x+1/2*e*x“2+1/4*f*(b*f“2+2*e‘2*x)*(a+b*x+e‘2*x“2/f‘2)“(1/2)/e‘2+1/8*f‘2*
‘(—b“2*f‘2+4*a*e‘2)*arctanh(1/2*(b*f“2+2*e‘2*x)/e/f/(a+b*x+e‘2*x‘2/f‘2)“(1/

output \
L2))/e‘3 J
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Mathematica [A] (verified)

Time = 0.56 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.53

/(d+ex+f~/a+bw+ejc—f2) dx

8dedz + detz? + 2be f3\/a ‘o (b n f—) + 48 fz\/a . (b + f—) + (—4a€?f? + b2 f4) log (63 (\/E i

Re3

e hY

Integrate[d + e*x + fxSqrt[a + b*x + (e72%x"2)/£72],x]

N\ J

input

output‘ (8*d*e”~3*xx + 4*e"4xx"2 + 2xbxe*f~3xSqrtla + x*(b + (e™2*x)/f72)] + 4*e”3*f ‘
*xxSqrtla + xx(b + (e2%x)/£72)] + (-4xaxe™2*f"2 + b~2%f"4)*Logle~3*(Sqrt[ |
‘al*f + exx - £xSqrtla + x*(b + (e"2%x)/£72)1)] + (4%a*xe™2+f"2 - b 2%f~4)*L

‘og[-(Sqrt [al*f) + e*x + fxSqrtla + x*(b + (e"2*x)/£°2)]1]1)/(8*e"3)

Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.038, Rules

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 2.2
/<f a+bz+efm2'+d+ez> dx

l 2009

f%(4ae? — b? f?) arctanh bf2+—262w22 —
2efatbu+ s f(bf?+2€e%z) \/a+ bz + 5 -
8e3 + 4e2 +do+ 2

input LInt [d + exx + fxSqrt[a + b*x + (e"2%x72)/£72],x] J




output

rule 2009

input
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‘d*x + (e*xx72)/2 + (fx(b*xf~2 + 2%e~2*x)*Sqrt[a + bxx + (e”2*x~2)/£72])/(4*e \
\“2) + (f72%(4*xaxe”2 - b~2xf72)*ArcTanh[(b*f~2 + 2xe~2xx)/(2xexfxSqrt[a + b \

\*x + (e~2%x~2)/£721)1)/(8%e"3)

Defintions of rubi rules used

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [A] (verified)

Time = 0.33 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.04

method | result Size
b o2
2,2 (7462“—b2>f2 In LAS i -‘r\/(m
9 (b+TQ; z) 2\ Jatbr+<5- 2 \/% 72
default dl‘ + % + f 12 _|_ f - 123
8e2,/ %
f
b 62(E
4e2a 12\ ¢2 2t o222
9 (b+%)f2 a-l—bx—i—ez;gz ( izt )f ln< 2 +y/atba+ =3
parts dr+ -+ f o + f 123
¢ 8e2 &22
f

-

Lint (d+exx+f* (a+b*x+e”~2+%x~2/£°2)~(1/2) ,x,method=_RETURNVERBOSE)

-/

output ‘ dxx+1/2xexx"2+fx (1/4% (b+2xe~2xx/£72) /e~ 2*f 2% (a+b*x+e~2%x~2/£72) " (1/2)+1/8 ‘
\ *(4xe~2/f"2xa-b"2) /e~ 2*%f " 2*1n((1/2xb+e"2xx/£72) / (e~2/£72) " (1/2) +(a+b*x+e~2 \

‘ *x72/£72)7(1/2))/(e72/£72)7(1/2))
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.04

/(d+ex+f\/a+bx+ejc—:§2> dx

4e*z® +8dedr + (B2 f* — 4ae’f?)log (—bf2 —2ée’r +2ef W#) + 2 (bef3 + 2€3fx), /2L2z

8ed
inputLintegrate(d+e*x+f*(a+b*x+e‘2*x‘2/f*2)*(1/2),X, algorithm="fricas") J
output‘ 1/8%(4*e~4*x"2 + 8*d*e"3*x + (b"2*%f~4 - 4*a*xe”2*f~2)*log(-b*f~2 - 2%e~2*x \
+ 2xexfrsqrt ((b*E™2%x + e"2¥x™2 + a*f™2)/£72)) + 2x(bkexf™3 + 2xe 3fxx)*s |
Lqrt((b*f’?*x + e™2%x"2 + a*f~2)/f"2))/e"3 J

Sympy [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.67

/ 2.2 2
/<d+ez+f a+bx+%) d;c:dx—l—%

(

.
2 2 2.2
log (b+%TZ+2, [ /a+bz+L“”7>
5 ¥ ¥ b2 f2
- fora— "7 #0
2
a b2f2> (bf2 x) e2a?
5 — o3 2 2 + (= + = a+br + &£
(2 8e (gf?—i-x) log (gf?-i-x) ) de 2 f
+f otherwise
252, \?2
° (EZ*”‘)
f2

3
2(a+bz)2
3b

Vaz

input Lintegrate (d+e*x+f* (atbrx+e**x2xx**x2/F**x2) *x* (1/2) ,%) J
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d*x + exx**2/2 + f*Piecewise(((a/2 - b**2xf*x2/(8xe*xx2))*Piecewise((log(b
+ 2%e*xx2+x/fx*2 + 2xsqrt(e**2/f*x2)xsqrt(a + bkx + e*x2*x*x2/f*x2))/sqrt(e
*x2/f*%2) , Ne(a - bx*2xf**x2/(4xe*x2), 0)), ((b*fx*2/(2*ex*2) + x)*log(b*f*
*x2/ (2%xex*x2) + x)/sqrt(ex*2x(bxf**2/(2xe**x2) + x)**2/f**2), True)) + (bxf*x
2/ (4xe*x*2) + x/2)*sqrt(a + b*x + ex*x2*x**2/f*x2), Ne(e*x*2/f*x2, 0)), (2x(a
+ b*x)*x(3/2)/(3*b), Ne(b, 0)), (sqrt(a)#*x, True))

output

Maxima [F(-2)]

Exception generated.

/ 2,2
/ <d +ex+ fi/a+bx+ %) dr = Exception raised: ValueError

integrate(d+exx+f* (a+tb*x+e”2*¥x"2/£72)~(1/2) ,x, algorithm="maxima")

-

inputt

-/

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(b~2*f~2-4*axe”2>0)', see ~assume
‘?‘ for mor ‘

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.01

e?z? 1,
d+ex+ f a+MH“?; dxzﬁab+dx

b2 ft—4ae?f?) log( |—bf2—2 (z|e|—/bf2x+e2x2+af? )|e]
(2\/bf2x+62x2+af2<bef—;+2x)+( Vi ( ) D)|f|

e’le

+ 57

input integrate (d+exx+f* (atb*x+e”2¥x~2/£72)~(1/2) ,x, algorithm="giac")
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‘1/2*e*x“2 + d¥x + 1/8*%(2xsqrt(b*f~2+x + e"2*%x"2 + axf~2)*(bxf~2/e"2 + 2xx)
|+ (b72%f74 - 4xaxe 2%f"2)*log(abs(-b*f™2 - 2k (x*abs(e) - sqrt(b*f 2%x + e |
‘“2*x“2 + axf~2))*abs(e)))/(e"2*abs(e)))*abs(f)/f

output

Mupad [F(-1)]

Timed out.

e2x? e2 2
/ d+ex+ f a+bx+? dm=/d—|—em+f a+br+ 7 dx

Lint(d + exx + fx(a + bxx + (e”2*%x~2)/£f°2)"(1/2),x)

-/

input

output Lint(d + exx + fx(a + bxx + (e72%xx72)/£72)7(1/2), %) J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.75

/(d+ez+f”a+bm—|—%) dx

2v/b f2x + €222 + a f2be f? + 4/b f2x + €222 + a f2 3z + 410g(2 Vb fPoteta?ta 2 e+bf2+262$> ae?f? —1

V/—b2f244ae? f
8e3

input Lint (d+exx+f* (atb*x+e ~2xx~2/f~2)~(1/2),x) J

/

(2*%sqrt (a*f**2 + b*f**2xx + e**x2*x*x*2)*xbkxexf**x2 + 4*sqrt(a*f**2 + bxf**x2kx
+ ex*2xx**x2) kex*k3*x + 4*log((2*sqrt(axf**2 + bxf**2kx + e**2*x**2)*e + bx*
fxk2 + 2%e*x*2%x)/(sqrt(4*a*e*x*2 — bx*k2xfx*2)*f))*axe**x2xf*x2 — log((2*sqrt
(a*xf**x2 + bxfx*k2xx + e**x2*x**2)xe + bkf**2 + 2ke*x2+x)/(sqrt(4*a*e**2 — bx
*x2xfx%2) xf) ) xbx*2xf*x4 + 8Bxdxex*3*x + 4Lke*xx4dxxx*2)/(8*e*x*3)

output

N




output
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3.10 | L dx

d+ex+f,/ a+bx+%§z

Optimalresult . . .. ... ... ... ... .. .. ... ...
Mathematica [A] (verified) . . . . . . ... ... ...
Rubi [A] (verified) . . . .. ... .. ... .. L
Maple [B] (verified) . . . . . . . ... ... ..o
Fricas [A] (verification not implemented) . . . . . . ... ... ..
Sympy [F] . . . . .
Maxima [F] . . . . ... ..
Giac [F(-1)] . . .« o oo
Mupad [F(-1)] . . .«
Reduce [B] (verification not implemented) . . ... ... ... ..

Optimal result

Integrand size = 28, antiderivative size = 215

1
/d+ex+f a+bx + €2
f2(4a€” — Bf7)

dz

2% (2de — bf?) (b2 + 2 (ex + fyfa+ 2521
2(dPe — bdf? + aef?) og (4-+ ex + f Ja+ bo + 2

* (2de — bf?)?

f2(4ae? — b f%)log (bf2 + 2e (ex + fi/a+ —x(bfjée%)))

2e (2de — bf?)®

‘—1/2*f‘2*(—b*2*f“2+4*a*e“2)/e/(—b*f”2+2*d*e)/(b*f‘2+2*e*(e*x+f*(a+x*(b*f‘2
\+e“2*x)/f“2)*(1/2)))+2*(a*e*f“2—b*d*f“2+d‘2*e)*1n(d+e*x+f*(a+b*x+e“2*x“2/f
\“2)‘(1/2))/(—b*f“2+2*d*e)‘2—1/2*f‘2*(-b‘2*f“2+4*a*e“2)*1n(b*f‘2+2*e*(e*x+f

‘*(a+x*(b*f“2+e“2*x)/f“2)“(1/2)))/e/(—b*f“2+2*d*e)“2




input L

output
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Mathematica [A] (verified)

Time = 1.04 (sec) , antiderivative size = 266, normalized size of antiderivative = 1.24

1

dx
/d+eac+f a+bx+ejc—§2

2¢%(2de — bf?) x + 2ef(—2de + bf?) \/a—l—:c (b—|— e;—f) — (—2de + bf?)’log <e<\/5f+ex—f a+z

Integrate[(d + e*x + f*Sqrt[a + b*x + (e”2*%x~2)/f"2])"(-1),x] J

(2%e~ 2% (2kd*e — b*f~2)*x + 2%e*xf*x(-2xd*e + bxf~2)*Sqrtla + xx(b + (e”2xx)/
£72)] - (-2*d*e + b*f~2) 2*Loglex(Sqrt[al*f + exx - f*Sqrt[a + xx(b + (e”2
*x)/£72)]1)] - (4xaxe”2*%f"2 - b~2*f~4)*Log[-(Sqrt[a]*f) + e*x + fxSqrtla +
xx(b + (e72%x)/£72)]] + 4xex(d"2%e - bxd*f~2 + axexf~2)*Logl[-(axf~2) + d*e
*x — b*f"2+x - dxfxSqrtla + x*x(b + (e”2#x)/£72)] + Sqrtla]l*f*(d + e*xx + f*
Sqrtla + x*(b + (e”2*x)/£72)]1)]1)/(2*%ex(-2*d*e + b*f~2)"2)

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 222, normalized size of antiderivative = 1.03,

number of rules _
integrand size 0.107, Rules

number of steps used = 4, number of rules used = 3,
used = {2541, 1195, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ — dx
fi/a+br+ €5 +d+ex

l 2541

2
ed? —bf2d+aef2+e(d+ex+f ejﬁf +bx+a> — (2de — bf?) (d+ew+f ejfé? +ba:+a)
/ dl d+ex

(d-i—ea:-l—f w -I-ba:-l-a) (—bf2+2de—2e (d-l-ew—i—f s +bx+a>>2
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l 1195
2/ ed?> — bf2d + aef? N dae?f? — b2 f4
(2de —bf2)? (d+ex+ [\ /58 +bot+a)  2(2de—bf2)? (b2 +2de — 2 (d+ex + [\ /58 + b+
l 2009
) f?(4ae® — B2 ?) 1 (40 — 02 f?) log (=2¢(f fa+ bz + °
4€@d€—bf%(—2e(f a+bx+*%¥*+d+ex>—bf2+2m0 4e (2de — bf?)

s

Int[(d + exx + f*Sqrt[a + b*x + (e"2%x~2)/£72])"(-1),x]

~—

input L

2x ((£72% (4*a*xe”2 - b"2%£72) )/ (4*e*x (2%d*e — b*f~2)*(2*d*e - b*xf~2 - 2xex(d
+ exx + fxSqrtla + b*x + (e72xx72)/£72]))) + ((d"2%e - b*d*f~2 + axexf~2)*
Logld + exx + f*Sqrt[a + b*x + (e 2*x~2)/£72]]1)/(2*d*e - b*£72)"2 - (£72x(
4xaxe”2 - b~2xf"2)*Log[2*d*e - b*f~"2 - 2%e*x(d + exx + fxSqrt[a + b*x + (e~
2xx72) /£72])1) / (4*ex (2*d*e - b*£72)72))

output

Defintions of rubi rules used

rule 1195‘Int[((d_.) + (e_)*(x )~ (m_D*((£_.) + (g_)*x))"(a_)*((a_.) + (b_.)*(x
)+ (c_)*(x_)"2)"(p_.), x_Symboll :> Int[ExpandIntegrand[(d + e¥x) mx(f +
‘ g*x) "n*(a + bxx + c*xx~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n}, x
1 && 16tQlp, O]

N\ J

/|

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 9541 TRELC(E_.) + (h_)*((d_.) + (e_)*(x)) + (£_.)#Sqrtl(a_.) + (b_)*(x)) + (c
_Ox(x )72~ (m )" (p_.), x_Symbol] :> Simp[2 Subst[Int[(g + h*x"n) p*((d
~2xe - (b*d - akxe)*f~2 - (2xd*e - b*f~2)*x + exx"2)/(-2*d*e + b*f~2 + 2*xex*x
)72), x], x, d + exx + f*Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c, 4, e
, £, g, h, n}, x] & EqQ[e”2 - c*£~2, 0] &% IntegerQ[p]




input

output
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Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1262 vs. 2(205) = 410.

Time = 0.05 (sec) , antiderivative size = 1263, normalized size of antiderivative = 5.87

method | result size

default | Expression too large to display | 1263

-

Lint(1/(d+e*x+f*(a+b*x+e‘2*x‘2/f‘2)“(1/2)),X,method=_RETURNVERBUSE)

-/

£/ (bxf£~2-2+d*e) * ((e~2* (x+(a*xf~2-d"2) / (b*£~2-2xdx*e) ) "2/£"2- (-b~2*f ~4+2*axe”
2% £~ 2+2*bkdxe*xf~2-2xd"2%e"2) /£72/ (b*f~2-2*d*e) * (x+ (a*xf~2-d"2) / (b*f~2-2+d*e
))+(a~2%e " 2%f ~4-2*axbxd*xexf ~4+b~2xd" 2k f "4+2*a*d " 2xe " 2xf ~2-2xb*xd " 3ke*xf "2+4"
4%e~2) /£72/ (b*£72-2%d*e) ~2) ~(1/2) -1/2*% (-b~2*f ~4+2*xa*xe ~2xf ~2+2xbkd*exf ~2-2*
d"2xe~2) /£72/ (b*f~2-2*d*e) *1n ((-1/2* (-b"2*f ~4+2*a*xe”2+f ~2+2*bxd*e*f ~2-2%d"
2*%e”2) /£72/ (b*xf~2-2*d*e)+e”~2/f 2% (x+(a*xf~2-d"2) / (b*xf~2-2*xd*e))) /(e"2/f"2)"
(1/2)+(e"2* (x+(a*xf~2-d"2) / (b*xf~2-2*d*e) ) "2/f " 2- (b~ 2xf ~4+2*a*xe”~2xf ~2+2*b*d
xexf~2-2xd"2xe”2) /£~ 2/ (b*f~2-2*d*e) * (x+(axf~2-d"2) / (b*f~2-2*d*e) ) +(a"2*e"2
*f ~4-2xaxbxdxexf ~4+b" 24" 2*f ~4+2%axd " 2xe”2xf " 2-2%b*d"3*e*f"2+d"4*e”2) /f~2/
(bxf~2-2xd*xe) ~2)~(1/2))/(e~2/£72)~(1/2)-(a~2%e~2*xf ~4-2*xa*b*d*e*xf ~4+b~2+d "2
*f ~A+2kaxd"2%e " 2xf " 2-2%bxd " 3ke*f"2+d"4*e"2) /£72/ (bxf~2-2*d*e) "2/ ((a~2%e” 2%
f74-2%a*xbxdke*f ~4+b " 2+xd"2*f ~4+2*a*xd " 2ke " 2*f " 2-2xb*xd " 3*xexf~2+d"4*e"2) /£~2/(
b*f~2-2xd*e) ~2) " (1/2) *1n ((2* (a~2*e~2xf~4-2%axb*d*kexf ~4+b~2xd " 2xf ~4+2*a*xd "2
*@ " 2*%f "2-2*b*d " 3ke*f ~2+d"4*e”2) /£72/ (b*xf~2-2*d*e) "2- (-b 24 f "4+2*axe”2+f "2+
2¥b*d*exf~2-2xd"2xe”2) /£72/ (b*f~2-2*d*e) * (x+ (axf~2-d"2) / (b*f~2-2*d*e) ) +2* (
(a~2%e " 2xf~4-2%axbxd*e*f ~4+b~2xd~2*f ~4+2*xa*xd "~ 2*e” 2xf ~2-2*b*d " 3xe*xf ~2+d"4*e
~2)/£72/ (b*x£~2-2%d*e) ~2) ~(1/2) * (e~ 2% (x+(a*xf~2-d"2) / (b*f~2-2*d*e) ) ~2/f"2-(-
b~ 2*f"4+2%a*xe”2+f " 2+2xbxd*xexf ~2-2xd"2*e”2) /£ 2/ (b*f ~2-2xd*e) * (x+(a*f~2-d"2
)/ (bxf~2-2%d*e) ) +(a~2*e " 2xf ~4-2*xaxbkxd*xe*xf ~4+b~2*xd " 2*f ~4+2*xa*xd " 2ke 2 f ~2-2%
b*d"3*xexf~2+d"~4*e"2) /£~2/ (b*xf~2-2xd*e) ~2) ~(1/2)) / (x+(axf~2-d"2) / (bxf~2-. ..
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Fricas [A] (verification not implemented)

Time = 2.24 (sec) , antiderivative size = 371, normalized size of antiderivative = 1.73

J/ 1
d+ex+ f a+bx+%§

2 (be?f2 — 2de)z — 2 (d?€? — (bde — ae?) f2) log ((bd — 2ae)f? — (bef? — 2de?)z + (bf* — 2de f)\/

dz =

input Lintegrate (1/(d+exx+f*(a+b*x+e”2*%x~2/£72)~(1/2)) ,x, algorithm="fricas") J

/

-1/2% (2% (b*e~2%f"2 - 2*d*e~3)*x - 2x(d"2*e”2 - (b*d*e - axe”2)*f~2)*1log((b
xd - 2%axe)*f"2 - (b*exf~"2 - 2xd*e”2)*x + (b*f~3 - 2xd*exf)*sqrt ((b*f 2*x

+ e72%x"2 + a*f~2)/£72)) - 2x(d"2*e”2 - (b*d*e - a*xe”2)*f"2)*log(axf"2 - d
2 + (b*f"2 - 2%d*e)*x) + (b"2*%f"4 + 2%d"2*e”2 - 2x(bkd*e + a*xe~2)*f~2)x*lo
g(-b*f"2 - 2xe”2xx + 2xexfxsqrt((b*f 2*x + e72%x"2 + a*xf~2)/f72)) + 2x(d"2
*e"2 - (b*d¥e - axe”2)*f"2)*log(-e*x + fxsqrt((b*f~2xx + e72xx"2 + a*f~2)/
£72) - d) - 2%(b*exf~3 - 2*d*e”2xf)*sqrt ((b*f72xx + e72%x"2 + a*f~2)/£72))
/(b"2*%e*xf~4 - 4xbxd*e”2*xf72 + 4xd"2%xe”3)

output

Sympy [F]

1 1
/ 2 dez/ 2 2Clm
d+er+fi/a+br+ 3 d+ex+ fi/a+br+ 5

e

Lintegrate(l/(d+e*x+f*(a+b*x+e**2*x**2/f**2)**(1/2)),X)

~—

input

-

LIntegral(l/(d + exx + f*sqrt(a + b¥x + exk2kx**2/f**2)), x)

~—

output
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Maxima [F]

1 1
/ 22d:17=/ P dx
d+er+fi/a+br+ S5 ez +4/bx + <5 +af +d

input Lintegrate (1/ (d+e*x+f* (at+b*x+e™2%x~2/£72)~(1/2)) ,x, algorithm="maxima")

output Lintegrate(l/(e*x + sqrt(b*x + e"2*%x"2/f°2 + a)*f + d), x)

Giac [F(-1)]

Timed out.
1
/ = dxr = Timed out
d+ex+ fy/a+br+ S5
input Lintegrate (1/ (d+exx+f* (a+b*x+e~2%x~2/£°2)~(1/2)) ,x, algorithm="giac")
output LTimed out

Mupad [F(-1)]

Timed out.
1 1
/ 2,2 dz =/ ) dx
d+ex+ fy/a+br+ <5 d+ex+f /at+bz+ 5
input Lint(l/(d + exx + fx(a + bxx + (e™2*xx~2)/£°2)"(1/2)),x)

Outputtint(l/(d + exx + fx(a + bxx + (e72%x"2)/£72)"(1/2)), x)




input

output
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 1760, normalized size of antiderivative = 8.19

J/ 1
d+ex+ f a+bx+%§

dx = Too large to display

e

Lint(1/(d+e*x+f*(a+b*x+e‘2*x“2/f‘2)‘(1/2)),x)

—

-

(- 4xsqrt(4xaxex*2 — bk*2+xf**2)*sqrt( — 4*ake**2 + bx*2*f*x2)*atan((8*sqr
t(a*xf**x2 + bxfx*k2xx + e**2*x*k*2) xakxe**x3 — 2xsqrt(axf**2 + bkEx*2kx + e*x2x
x**2)*b**2*e*f**2 + 4kaxbkexkx2*xf*x*%x2 + 8kakxekk4kx — bkk3kf*k*k4d — 2kbkkkekx*x2
*xfxx2%xx) / (sqQrt (d*axex*2 — bkx2xf*x2)*sqrt( — 4*axex*2 + bik*k2kf**2)kbxf**2

- 2xsqrt(4xake**2 — bk*k2*f**2)*xsqrt ( — 4xake**2 + bk*k2*f**2)xd*e))*kakex*2%
fx*2 + 4xsqrt(4*akex*2 — b*x2xf*x2)*sqrt( - 4xaxe*x2 + bk*2xf**2)*atan((8*
sqrt (a*f**2 + bxf**x2*kx + ex*2xx**2)*kaxe**x3 - 2ksqrt(a*xf**2 + bxf**2*x + ex
*xkx**2) kbkkke*f**x2 + 4dxaxbkexkkf**x2 + 8kakexkdxx — bx*3*kf*x4 — 2xbx*2ke
*xx2xfk%2xx) / (sqrt (dxa*ex*2 — bx*k2xf**2) *sqrt( - 4*axe*x*2 + bk*2xf*x2)xbkf*
*2 — 2ksqrt(4xaxe*x2 — bx*2xf**2)*sqrt( — 4*akex*2 + b**2xf*%x2)*d*e) ) *bkd*
exf*x2 — 4xsqrt(4*xaxex*2 — b**2xfx*2)*xsqrt( - 4*xaxex*2 + b*x2xfx*2)*atan ((
8ksqrt (a*xf**2 + Dxf**2%x + e**2kx**2)*axex*3 — 2ksqrt(axf**2 + bkf*x2xx +

e**2*x**2)*b**2*e*f**2 + 4xaxbkexx2%f*x*x2 + 8kakekkdkxx — bkkx3kf*kk4d — 2kb*x*2
xexx2xf*x2xx) / (sqrt (d*axex*2 — bxx2xf*x2)*sqrt( — 4*axex*2 + bx*2xf**2)*b*
%2 - 2+sqrt(4xaxexx2 — b**x2xf*x2)*sqrt( — 4¥axex*2 + bk*x2xf*x2)*dxe))*dx*
*x2%e*x2 + 8xsqrt(axf**2 + DkEfx*k2kx + e*x2xx*x2)kaxbrex*x3*+f**2 - 16*sqrt(ax
f*%2 + b*fkx2%x + e**2*x**2)*a*d*e**4 - 2*sqrt(a*f**2 + Dkf**2%x + e*x*k2xx*
*x2) ¥bk*3xe*xfx*4 + 4xsqrt(axf**x2 + bkEfx*k2xx + e**2kx**2) xb*k*2kd*e*x*2xf*x2 +
8xlog(4*sqrt (axf**2 + bkxf**2%x + e**2xx**2)*bkexf**x2 + 8ksqrt(axf**2 + bx
f*x*k2Q%kx + e**2*x**2)*e**3*x + 4kaxe**k2kf*x*2 + 4xbkdkexf**k2 + 8kbkex*k2kfx*x, .,




output
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i f (d—kex—l—f\/:—kbx-l—%gz)Z d‘T

Optimalresult . . .. ... ... ... ... ... .. ... .. ....
Mathematica [A] (verified) . . . . . . . .. ... ...
Rubi [A] (verified) . . . . ... .. . ... .
Maple [B] (verified) . . . . . . ... ... L
Fricas [B] (verification not implemented) . . . . .. ... ... ....
Sympy [F] . . . o
Maxima [F] . . . . . . .
Giac [B] (verification not implemented) . . . . . ... ... ... ...
Mupad [F(-1)] . . . .o
Reduce [B] (verification not implemented) . . .. ... ... ... ..

Optimal result
Integrand size = 28, antiderivative size = 266

/ ( >2 e

d+er+ fy/a+br+ <5
2(d%e — bdf? + aef?)

(2de — bf?2)’ <d—|—ex+f a+ bz + )
f2(4a€2 _ b2f2)

(2de — bf2)* (bf2+2€ (ex+f a+ w»
2f2(4ae? — b2 f?) log (d—l—ex—l—f a+br+

* (2de — bf?)?

22(4ae? — B2 f?) log (b2 + 2¢ ez + 1 fa+ ZLEE))

(2de — bf?)?

(—2xaxexf ~2+2xbxd*f ~2-2%d"2*e) / (—b*f ~2+2*xd*e) "2/ (d+e*x+f* (a+b*x+e~2*xx"2/f"
2)7(1/2))-£7 2% (-b"2*f " 2+4*axe”2) / (~b*f "2+2xd*e) “2/ (b*f ~2+2*ex (e*x+f* (a+x* (
b*f~2+e~2%x) /£72) ~(1/2)) ) +2%f~2% (-b~2%f ~2+4*a*xe~2) *1n (d+e*x+f* (a+b*x+e”~2%x
~2/£72) " (1/2) )/ (-bxf~2+2%d*e) “3-2%f ~2% (—b~2%f "2+4*a*e”2) *1n (b*f ~2+2xe* (e*x

+f* (a+x* (b*xf~2+e"2*x) /£72) " (1/2))) / (-b*f~2+2*d*e) "3




input

output
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Mathematica [A] (verified)

Time = 2.17 (sec) , antiderivative size = 427, normalized size of antiderivative = 1.61
1

/ < 5 dT

d+ex+ f a-l—ba:—i—ej;'f)

2(bf3(—d + ex) + 2ef(af? — dex)) \/a+z (b—i— e;-;)

(—2de + bf2)? (d2 4 2dex — f2(a + bz))
2(4a%e3 f2x + bdz(2d%e® — 2bde f? + b2 f* + 2de3x — be® f2x) + a(4d3e? + 2be3 f2x? + d?(—4be f? + 4¢
(bd — 2ae) (—2de + bf?)? (—d? — 2dex + f2(a + bx))
2(4ae? f2 — b2 f*) log (—\/Ef +ex+ f\/a +z (b-l- e;—f))
- (2de — bf?)?

2(4ae? f* — b f*) log (—af2+dew—bf2x—df\/a+x <b+ e;—g”) +\/Ef(d+ex+f,/a+x <b+€7f
_|_

(2de — bf?)?

Integrate[(d + e*x + f*Sqrt[a + b*x + (e”2%x~2)/£72])"(-2),x]

(2% (b*£~3*%(-d + e*x) + 2xexf*(axf~2 - dxe*x))*Sqrtla + x*(b + (e™2*x)/f72)
1)/ ((-2xd*e + bx£72)72%(d"2 + 2xdxexx - £72x(a + b*x))) - (2%(4xa"2xe"3*f"
2%x + b*dxxk (2%d"2%e”2 — 2¥bxdke*f~2 + b 2*xf"4 + 2%d*e”3*x - bke 2xf 2+*x)
+ a*x(4xd"3xe”2 + 2*%bxe " 3*xf"2xx"2 + d"2*(-4xb*exf”2 + 4xe”3*x) + dx(b"2*f"4
- 6xb*xe”2*f"2xx - 4*e"4%x72))))/((b*d - 2%a*e)*(-2*dxe + b*£~2)"2x(-d"2 -
2xdxexx + £72x(a + b*x))) - (2x(4*a*xe”2xf"2 - b~ 2xf~4)*Log[-(Sqrt[al*f) +
exx + f*Sqrtla + x*x(b + (e72%x)/£72)]]1)/(2%d*e - b*x£~2)"3 + (2% (4xa*e”2xf
"2 - b"2xf74)xLog[-(a*f~2) + dxexx - b*f~2xx - dxfxSqrt[a + x*(b + (e"2*x)
/£72)] + Sqrtl[al*f*(d + exx + f*Sqrtla + xx(b + (e72*x)/£72)]1)])/(2xd*e -
b*£~2) "3
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Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 275, normalized size of antiderivative = 1.03,

number of rules _ 0.107, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2541, 1195, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/( dz

2
f a+ﬁx+egz+d+aﬁ

below.

| 2501
2,2 2 2,2
aﬁ—bﬂd+aqﬂ+e@+ex+f 3€+wm+a>—mmw—hﬂ)@+ex+f 3$+wx+a)
2/ 5 5 d|d+ex
@+@x+f ﬁf+ﬁx+a)<—wz+mk—2e@+fx+f ﬁf+¢x+a»
| 1195
zj/ ed? — bf2d + aef? n 4aef2 — b2 f4 n
2
(e ~bf2)? (d+ex+ /% +bata)  (2e—bf2)° (dtext /5 +bata)  (2de—bf)
| 2009
) £2(dae? — b2 £2) ) f%(4ae? — b? f?) log (f a+br+ ejf +
2@@—bﬂf(—%(f w+m+ﬁ%2+d+mj—aﬂ+2@) (2de — bf?)®
inputLInt[(d + exx + fxSqrtfa + bxx + (e”2%x72)/£72])"(-2),x] J
output 2% (-((d™2%e - bxd*f~2 + axe*xf~2)/((2*d*e - bxf~2)"2*(d + exx + fxSqrt[a +

b*x + (e72*x72)/£72]))) + (£72x(4*axe”2 - b~2%£72)) /(2% (2*d*e - b*f~2)"2%(
2xd*e — bxf~"2 - 2*kex(d + exx + f*Sqrtla + b*x + (e72*xx72)/£72]))) + (£72*(
4*xaxe”2 - b"2+f"2)*Logld + exx + f*Sqrt[a + bxx + (e”2*x"2)/£72]])/(2*d*e
- b*£72)73 - (f72x(4%axe”2 - b~2xf"2)*Log[2*d*e - b*f~2 - 2xex(d + e*x + f
*Sart[a + bxx + (e”2*x72)/£72])]1)/(2*d*e - bx£~2)"3)
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Defintions of rubi rules used

rule 1105 IAtLCE_) + (el )* D™ (@_)*((£_.) + (g_)*x ) "(@_)*((a_.) + (b_)*(x |
‘_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
‘ g*x) "nx(a + bxx + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g, m, n}, x
1 & 16tQlp, 0] |

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£_.)*Sqrtl(a_.) + (b_.)*x(x_) + (c
_)x(x )72 (@) (p_.), x_Symbol]l :> Simp[2 Subst[Int[(g + h*x"n) p*((d
“2xe - (b*d - axe)*f"2 - (2xd*e - bxf"2)*x + e*x"2)/(-2xd*e + b*f"2 + 2ke*x
)"2), x], x, d + exx + £xSqrt[a + b*x + c*xx"2]], x] /; FreeQ[{a, b, c, d, e
, £, g, h, n}, x] && EqQ[e”2 - c*f~2, 0] && IntegerQI[p]

rule 2541

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 6304 vs. 2(259) = 518.

Time = 0.07 (sec) , antiderivative size = 6305, normalized size of antiderivative = 23.70

method | result size
default | Expression too large to display | 6305

inputLint(1/(d+e*x+f*(a+b*x+e‘2*x’"2/f’"2)’"(1/2))’"2,x,method=_RETURNVERBOSE) J

Output‘result too large to display
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 826 vs. 2(251) = 502.

Time = 1.36 (sec) , antiderivative size = 826, normalized size of antiderivative = 3.11

1 .
/ 5 dr = Too large to display
<d+ex+f a+ bz + jgz)
inputLintegrate(l/(d+e*x+f*(a+b*x+e‘2*x*2/f*2)*(1/2))*Q’X’ algorithm="fricas") J
output -1/2%(a*b~2*f~6 + (3%b~2%d"2 - 14*axbxdxe + 8xa~2xe"2)*f~4 - 2%(b*d~3%e -

dxaxd"2xe"2) *f"2 — 4x (b 2%e"2%f~4 - 4xbxd*xe”~3*%f"2 + 4xd"2*xe"4)*x"2 + (b~ 3%
£f76 - 8%b~2xd*exf~4 + 20%b*d"2%e"2*%f"2 - 16*%d"3*e"3)*x - 2% (a*b"2*%f"6 + 4x
axd~2%e"2*f72 - (b72*%d"2 + 4%a"2xe"2)*f"4 + (b"3*f76 + 8kaxdxe 3*f"2 - 2% (
b~2xdxe + 2xaxbxe”2)*f~4)*x)*log(-4*a*d*e”2*%f"2 - (b~2xd - 4xaxbxe)*f~4 +

4% (b*e~3*%f72 - 2xd*e"4)*x"2 + (3*b"2%e*f"4 - 4x(2xbxd*e”2 - a*e”3)*f72)*x

- (b72%f75 - 4x(b*d*e — a*e”2)*f"3 + 4*x(b*e"2*xf~3 - 2xd*e”3*f)*x)*sqrt ((b*
£f72xx + e72*%x"2 + a*xf~2)/f"2)) - 2*%(axb"2*f"6 + 4xa*d"2*%e"2xf"2 - (b"2*%d"2
+ 4*%a"2%e"2)*f"4 + (b"3*f"6 + 8kaxd*e 3*f"2 - 2x(b~2xd*e + 2*axb*e”2)*f~4
Y*¥x)*log(a*xf~2 - d72 + (b*xf~2 - 2xd*e)*x) + 2%(a*xb”™2*f76 + 4*xaxd~2%e 2*xf~2
- (b7"2%d72 + 4xa”2%e"2)*f"4 + (b"3*f"6 + 8*a*d*e 3*f72 - 2% (b~ 2*d*e + 2*a
*bke~2) *f~4)*x)*log(-e*x + fxsqrt((b*f~2*x + e72%x"2 + a*xf~2)/f72) - d) -

4x((b"2*d - 2*axbxe)*f~5 — 2k (b*d"2*e - 2*axdxe”2)*f~3 - (b"2*exf~5 - 4xb*
d*e”2%f73 + 4%d"2xe”3*f)*x)*sqrt ((b*f~2%x + e72%x"2 + a*xf~2)/£72))/(axb”~3x*
£f78 + 8+%d"5*%e”3 - (b~3*d"2 + 6*a*b~2kd*e)*f"6 + 6k (b~2xd"3*e + 2*axb*d"2*e
~2)*f~4 - 4Ax(3*bkd"4*e”2 + 2*a*d"3*e"3)*f"2 + (b"4*f"8 - 8*b"3*d*exf"6 + 2
4xb~2*%d"2*%e”"2xf~4 - 32%bxd"3*e”3*f"2 + 16*%d"4*e~4)*x)

Sympy [F]

L/“ ! 2d¢:=£/~ ! 5 dx
<d+ex+f a+bx+%§> <d+ex+f a+bx+ezﬂ

inputLintegrate(l/(d+e*x+f*(a+b*x+e**2*x**2/f**2)**(1/2))**Q,X) J
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output LIntegral((d + exx + fxsqrt(a + b¥x + exk2xx**k2/f*%2))**x(-2), x) J

Maxima [F]

d+er+ fi/a+bx+ 75 ex + ,/bx + 72

1 1
/( ezxz>2d$=/< ezx2+af+d>2dz

fnput ‘ integrate(1/(d+exx+f* (atb*x+e”2xx~2/£72)"(1/2))"2,x, algorithm="maxima"

outputtintegrate((e*x + sqrt(b*x + e"2%x"2/f"2 + a)*f + d)~(-2), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1618 vs. 2(251) = 502.

Time = 4.93 (sec) , antiderivative size = 1618, normalized size of antiderivative = 6.08

1 .
/ — 7 dz = Too large to display
<d+e:c—|—f a—l—bm+”§>

input Lintegrate (1/ (d+exx+f* (a+bxx+e~2%x~2/£72)~(1/2))"2,x, algorithm="giac") J
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2%e~2*x/(b~2*%f"4 - 4xbkd*exf~2 + 4xd"2%e"2) + 1/65%(b"2%exf 3xabs(f) - 4*ax
e~ 3xf*abs(f))*log(abs((x*abs(e) - sqrt(b*f~2+x + e72%x"2 + axf~2)) 4xb~3*f
6 - 2*(x*abs(e) - sqrt(b*f~2xx + e”2*xx"2 + a*f~2)) 2*b~3*d"2*f"6 + b~3*d~
4xf~6 + 4x(x*abs(e) - sqrt(b*f~2*x + e72%x"2 + a*xf~2)) 2%axb~2*d*exf"6 - 4
*a*xb~2*d"3*e*f~6 + 4*(x*abs(e) - sqrt(b*f~2*x + e72%x72 + a*xf~2)) "2xa"2%bx*
e"2*f"6 + 4*a~2*bxd"2*e"2*xf"6 + 4x(x*abs(e) - sqrt(b*f"2*x + e"2*%x"2 + axf
~2)) " 3*axb~"2xf"6*abs(e) - 4*(x*abs(e) - sqrt(b*f~2*x + e72%x"2 + axf~2))*a
*b~2%d"2xf 6*abs (e) + 8x(x*abs(e) - sqrt(b*f~2+x + e 2*x"2 + a*xf~2))*a~2x*b
xd*e*xf~6xabs(e) - 4*(x*abs(e) - sqrt(b*f~2*x + e72xx"2 + a*f~2)) 4*b"2xd*e
*£74 + 4x(x*abs(e) - sqrt(b*f~2+x + e"2*%x"2 + axf~2)) " 2xb~2*d"3*exf"4 + 8%
(x*abs(e) - sqrt(b*f~2*x + e72*x"2 + a*f~2)) “4d*axbxe~2*xf~4 - 24x(x*abs(e)

- sqrt(b*f~2*x + e”2*%x"2 + a*f~2)) "2+a*bxd"2+e”"2*xf~4 + 16+*(x*abs(e) - sqrt
(b*£72%x + e72%x72 + axf~2)) "2xa"2xd*e”"3*xf"4 + 2x(x*abs(e) - sqrt(b*f~2*x

+ e72%x"2 + a*f~2)) “5*b”2xf 4*abs(e) - 8x(x*abs(e) - sqrt(b*f~2*x + e~2*x”
2 + axf~2)) " 3xb"2xd"2xf"4*xabs(e) + 6*(x*abs(e) - sqrt(b*f~2*x + e”2%x"2 +

axf~2))*b"2+d"4*f"4xabs(e) - 16*(x*abs(e) - sqrt(b*f~2*x + e"2*x"2 + axf~2
) ) *axbkd~3xexf 4*abs(e) + 8*(x*abs(e) - sqrt(b*f 2xx + e"2*x"2 + axf~2))"3
*xa~2%e"2xf 4*abs(e) + 8x(x*abs(e) - sqrt(b*f~2*x + e 2*x"2 + axf~2))*a"2xd
~2xe"2xf"4xabs(e) - 4*(x*abs(e) - sqrt(b*xf~2*%x + e”2*x"2 + axf~2)) 4*bxd"2
*xe"2+%f"2 + 12x(x*abs(e) - sqrt(b*f~2+x + e"2*%x"2 + axf~2)) 2xbxd"4*e"2x. ..

output

Mupad [F(-1)]
Timed out.

/( 2dx—/( , do

d+ex+ f a+bz+ﬁf) d+ex+ f a+bx+e%ﬂ

-

input Lint(l/(d + exx + fx(a + b*x + (e”2*x"2)/f"2)"(1/2))"2,x%)

-/

int(1/(d + e*x + f*(a + b*x + (e™2*xx"2)/f~2)"(1/2))"2, x)

output

N




input

output
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Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 2122, normalized size of antiderivative = 7.98

1
/ — dxz = Too large to display
@+@x+f a+MHfﬁ>

-

Lint(1/(d+e*x+f*(a+b*x+e‘2*x‘2/f“2)“(1/2))“2,x)

| —

-

(2% ( - 2xsqrt(axf**x2 + bkfx*2xx + e**2kx**2)xa*x*2xbkexf**x6 + 4xsqrt(a*f**2
+ b*f*%x2%x + exk2kxkk2)kar*kkdkex*k2xfxk4d + sqrt(a*f**2 + brf*x2xx + ex*2*
x**x2) ¥axbx*x2xd*kf*x6 — sqrt(axf**x2 + bkfx*k2xx + e**2kx**2) xa*br*k2kxe*xf*x*6*x
+ 4dxsqrt(axf**2 + bxf*x2%x + ex*2kx**2)*kakbkdxe**x2xf*x4d*xx — 4xsqrt (axf**2
+ DxEx*2%x + ek*k2xkxx*2) kaxdx*k3kekxk2xfx*2 — Lksqrt (a*xf**2 + brkf**2%x + e**2
*kxkk2) kaxdxk2xkex*k3xfxx2xx — sqrt(axf**2 + bLk*2kx + ex*k2xx**2) kbrk2kd**k3%
fxx4d + sqrt(axf**2 + b*f**2kx + ex*2¥x**2) ¥b**2xdx*2ke*f*x4xx + 2xsqrt(axf
*¥k2 + DFf**2%x + exk2kx**2)kbkdxkdrexf*x2 — 4ksqrt(axf**2 + brf*x*2kx + e*x*
2xx**2) ¥bkd**x3kex*k2xf**2xx + 4xsqrt(a*xf**2 + bxf*x2*x + ex*2xx**2) kd**4xe*
*3%x - 4xlog( - sqrt(axf**2 + bxf*x2xx + ex*2kx**2)*¥bkf**2 + 2xsqrt (a*xf**2
+ bxf**2%x + ex*x2*x**2)*xd*xe + 2kakexf*x*2 — bkdxf**2 + bkexf**x2*xx — 2xd*e*
*2%x) ¥a*¥*x3xe*x2xf*x6 + log( - sqrt(axf**2 + bkEfx*2kx + e**x2*x*k*2) xb*f**2 +
2xsqrt (a*xf**2 + Dkfxk2kx + e*x2*x**2) kd*e + 2kaxe*f**x2 — bkdxf**2 + brexf
*kQkX — 2kdkex*k2kxx)kax*k2xbx*k2xfx*k8 — 4+log( — sqrt(axf**2 + bkf*x*2kx + e*x
2xxx*k2) ¥bkEx*2 + 2ksqrt(a*f**2 + bxf*x2xx + ex*kx**2)*d*ke + 2xakexf**2 -
bxd*f**2 + bkexfx*2xx — 2kd*ex*2*x)*a**2¥bkex*2*xf*x*6*x + 8*log( - sqrt(a*f
*¥k2 + D*f**2%x + exkkxx*k2)*bkfx*k2 + 2ksqrt(axf**2 + bxf*x2xx + ex*kkx*x*2)
*dke + 2xaxe*xf**x2 — bkxd*f**x2 + bkxexf*xk2xx — 2kdke*x*x2xx)kakxkkdr*2kxe*x*xkf k*
4 + 8xlog( - sqrt(a*f**2 + bxf**x2*kx + ex*2xx**2)*bxf**x2 + 2*ksqrt(axf**2 +

bxf*k2%x + e*x*x2kx**2)kdke + 2kakexfx*2 — bkd*fx*2 + bkexfx*2xx — 2*d*xex...
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312 L sdz
2,2
<d+ex—|— f \/ a+bx—|—e—fg§—>

Optimal result . . . ... .. .. .. ... ... .. ... .. 122
Mathematica [A] (verified) . . . . . . . .. ... ... 123
Rubi [A] (verified) . . . . ... .. . ... . 1231
Maple [B] (verified) . . . . . . ... ... L 125
Fricas [B] (verification not implemented) . . . . .. ... ... .... 126]
Sympy [F] . . . o
Maxima [F] . . . . . . . 127
Giac [F(-1)] . . . o o oo 127l
Mupad [F(-1)] . . . .o 128
Reduce [B] (verification not implemented) . . . .. ... ... ... ....... 128

Optimal result
Integrand size = 28, antiderivative size = 330
1
/ < 5 dr

d+ex+ f a+bz+e;€§2>

d*e — bdf? + aef?

2 252\ 2
(2de —bf?) <d+6x+f a+bx+”)

f2
2f2(4ae? — b2 f?%)

(2de—bf2)3 (d—l—ew-i—f a+ bx + 5;—“2”2)
2ef?(4ae? — b? f?)

(2de —b)° (bf? + 2¢ (ex + fy o+ 2273521
6ef?(dae” — b f*)log (d +ex+ fy/a+bz+ ei—f)

+

(2de — bf2)*

6ef?(4ae? — b*f?)log (bf2 + Qe(ew + fi/a+ w»

(2de — bf2)*
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- (axe*f~2-bxd*f~2+d"2%e) / (~b*f~2+2xd*e) ~2/ (d+e*x+f* (a+tb*x+e ~2xx~2/£72) ~(1/
2))"2-2+f" 2% (b~ 2%f "2+4*a*xe”2) / (~b*xf~2+2*d*e) "3/ (d+e*x+f* (a+tbxx+e " 2*xx”~2/f"
2)7(1/2) ) —2xexf~2x (-b~2*f " 2+4*a*e”2) / (-b*f~2+2xd*xe) 3/ (b*f ~2+2*e* (exx+f* (a
+xk (b*f~2+e72%x) /£72) ~(1/2) ) ) +6%e*xf " 2% (b~ 2*f "2+4*axe”2) *1n (d+e*x+f* (a+b*x
+e~2xx"2/£72) " (1/2)) / (mb*xf~2+2%d*e) “4-6*e*xf " 2x (-b"2*%f " 2+4*axe”2) x1n (b*f "2+
2xe* (e*xx+f* (atx* (b*f~2+e”~2%x) /£72)~(1/2)) )/ (-b*f~2+2xd*e) "4

output

Mathematica [A] (verified)

Time = 10.85 (sec) , antiderivative size = 300, normalized size of antiderivative = 0.91

/( eaxz)?’dx:

d+er+fy/a+br+ <5

(—2de+bf2)2(dQe—bdf2+aef2) 2f2 (—2de+bf2) (—4(162+b2f2) 2ef? (2de—bf2) (4a62—b2f2) N 6€f2(4a62 N b2f2) lo

(d+em+f ot (b+672§>>2 d+ex+f4/atx (b—}-e;—;) bf2+2e (em—i—f\/a—{—z (b—l—e;—zz))

(—2de

inputl Integrate[(d + exx + fxSqrt[a + b*x + (e"2%x"2)/£°2])"(-3),x]

p

-((((-2%d*e + b*f~2) 2x(d"2%e - bxd*f~2 + axexf~2))/(d + e*x + f*Sqrt[a +
xx(b + (e”2*x)/£72)]1)72 + (2*f"2x(-2*d*e + bxf~2)*(-4*a*xe”2 + b~2%£72))/(d
+ exx + fxSqrtfa + x*x(b + (e72*x)/£72)]) + (2xexf 2% (2*d*e - b*f~2)*(4*ax
e"2 - b 2x£"2))/(b*f~2 + 2xex(e*x + fxSqrtla + x*(b + (e”2*x)/£72)])) - 6%
exf"2x(4*axe”2 - b"2xf"2)xLogl[d + exx + f*Sart[a + xx(b + (e™2xx)/£72)]] +
Bxexf "2k (4xaxe”2 - b 2xf72)*Log[-(b*f~2) - 2%ex(exx + f*xSqrt[a + x*(b + (
e~2%x)/£72)1)1) / (-2xd*e + bxf~2)74)

output

Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 339, normalized size of antiderivative = 1.03,

number of rules _ 0.107, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2541, 1195, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.



CHAPTER 3. LISTING OF INTEGRALS 124

/ i ! da

3
a+bz+ %3 +d+aﬂ

l 2541

aﬁ—bﬂd+aqﬂ+e@+fx+f 62£‘°2-+-bac+a> (&k—hﬁ)@+@x+f eﬁ+wx+a)
2/‘ dl d+ex

(d+ex+f ) <—wﬂ+2m%—%<d+ex+f eﬁ +bx+¢»2

l 1195
d? — bf%d + aef? 3(4aed f2 — bPef*)

2b/n 5+ +
(2de —bf2)? (d+ex+ /% +hota)  (2de—bf*)! (dtext /5 +bata)  (2de—bf)

l 2009

B f2(4a62—-62f2) + ef2(4a62—-b2f2)
(Me—w%30 a+mwf%2+d+m0 (Me—w%3(2eg a+ bz + €2 +d+mj—aﬁ+2@

input‘Int[(d + exx + fxSqrtla + b*x + (e”2*x"2)/£°2])"(-3),x]

2x(-1/2%(d"2%e - b*d*f~2 + a*xe*xf~2)/((2%d*e - b*f~2)"2%(d + exx + f*Sqrt[a
+ bxx + (e72*x72)/£72])72) - (£72*(4*xa*e”2 - b"2*x£72))/((2*d*e - b*£72)"3
*(d + e*x + fxSqrt[a + b*x + (e72%x72)/£72])) + (exf~2x(4*axe”2 - b~2%f"2)
)/ ((2*%d*e - b*f~2)"3*(2*d*xe - b*f~2 - 2xe*x(d + e*xx + fxSqrt[a + bxx + (e”2
*x72)/£72]))) + (3xexf~2k(4*a*e”2 - b"2xf"2)*Logl[d + exx + f*Sqrtl[a + b*x
+ (e72xx72)/£72]1]1)/(2*%d*e - bx£72)"4 - (3*exf~2*(4*axe”2 - b~2xf~2)*Logl[2+
d¥e - b*f"2 - 2xex(d + e*x + f*Sqrtla + b*x + (e72%x72)/£72])])/(2+d*e - b
*£72)"4)

output
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Defintions of rubi rules used

rule 1195‘Int[((d_-) + (e_)*(x )" (m_)*((£f_.) + (g_)*(x))"(n_)*((a_.) + (b_.)*(x
‘_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
‘ g*x) "nx(a + bxx + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g, m, n}, x

\] && IGtQ[p, O]

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 2541

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£_.)*Sqrtl(a_.) + (b_.)*x(x_) + (c
_O)*(x )72 ()" (p_.), x_Symbol] :> Simp[2
“2xe - (b*d - axe)*f"2 - (2xd*e - bxf"2)*x + e*x"2)/(-2xd*e + b*f"2 + 2ke*x
)"2), x], x, d + exx + £xSqrt[a + b*x + c*xx"2]], x] /; FreeQ[{a, b, c, d, e
, £, g, h, n}, x] && EqQ[e”2 - c*f~2, 0] && IntegerQI[p]

Subst [Int [(g + h*x"n) “p*((d

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 29136 vs. 2(320) = 640.

Time = 0.17 (sec) , antiderivative size = 29137, normalized size of antiderivative =

88.29
method | result size
default | Expression too large to display | 29137
inputLint(1/(d+e*x+f*(a+b*x+e“2*x“2/f‘2)'"(1/2))‘3,x,method=_RETURNVERBOSE)

~—

output

Lresult too large to display




input

output

7
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1954 vs. 2(311) = 622.

Time = 10.87 (sec) , antiderivative size = 1954, normalized size of antiderivative = 5.92

1
/ 5 dz = Too large to display
<d+ex+f a+bw+e?ﬂ

integrate(1/(d+exx+f*(atb*x+e~2*x~2/£72)~(1/2))~3,x, algorithm="fricas")

((3*a*xb~3*d - 4*a~2*b~2%e)*f~8 - (b~3*d~3 + 4*axb~2*%d"2*e + 10%a"2*bxd*e~2
- 20%a”3*e"3)*f"6 - 4*(b"2+%d"4*e - 8*axb*d"3*e”~2 + 6%a”"2xd"2xe"3)*f"4 - 4
*(b~3%e"3*%f"6 - 6%b"2xdxe”4*f~4 + 12%b*d"2*e~5*xf"2 - 8xd"3*e~6)*x~3 + 2*(b
*d"5xe”2 - 6*axd"4xe”3)*f"2 - (b~ 4*exf~8 - 2xa*b~2%e"3*%f"6 - 40*d"4*e"5 -

2% (11%b"2*%d"2%e~3 - 4*axbk*d*e~4)*f~4 + 8+ (T*b*d~3*e”4 - a*d™~2xe”5)*f~2)*x~
2 + (16*%d"5*e"4 + (3*b~4*d - 5*a*b~3*e)*f~8 - (7*xb"3*d"2%e + 10*a*b~2*d*e”
2 - 28*a"2%b*e"3)*f"6 + 2x(5xb"2*%d"3*e"2 + 22*%axbx*d"2*e”~3 - 28*a”2*d*xe~4)*
£f74 - 8% (3*bxd~4*e”3 + a*d"3*e"4)*f"2)*x - 3*x(a"2*xb"2ke*f"8 - 4*a*d 4xe” 3%
£72 - 2x(axb~2*xd"2*e + 2*a”3*e"3)*f"6 + (b~2*xd"4*e + 8*a~2*%d"2*e"3)*f"4 +

(b”™4*exf~8 - 16*a*d™2xe”5+xf~2 - 4x(b"3*d*e”2 + a*b™2*xe”~3)*f~6 + 4x(b~2+d"2
*e~3 + 4xaxb*dxe”4)*f~4)*x72 + 2% (a*b”3*xexf"8 - 8*a*d"3*e”4xf"2 - (b"3*d"2
*e + 2%axb”"2xdxe”2 + 4*a”2xbke”3)*f"6 + 2k (b 2*xd"3*e”2 + 2*a*b*d"2*e”3 + 4
*a~2%d*xe"4)*f"4) *x) *¥log (-4*axdxe"2*f"2 - (b~2xd - 4*axbxe)*f~4 + 4*(b*e 3%
£72 - 2+%d*e”4)*x"2 + (3*¥b"2xe*f~4 - 4% (2*bxd*e”2 - axe”3)*f"2)*x - (b"2*f~
5 - 4x(bxd*e - axe”2)*f"3 + 4x(bxe”2+f"3 - 2xd*e”3*f)*x)*sqrt((b*f"2xx + e
~2xx72 + axf~2)/£72)) - 3*%(a"2%b"2xexf"8 - 4d*axd"4*e”3*f72 - 2x(axb~2xd"2x*
e + 2*xa~3*%e"3)*f"6 + (b"2*xd"4*e + 8*a~2xd"2*e"3)*xf~4 + (b"4*xexf~8 - 16*axd
~2xe"bxf"2 — 4x(b"3*d*e”2 + axb"2xe"3)*f"6 + 4*x(b"2*%d"2*e"3 + 4*xaxbxd*e”4)
*f74)*x"2 + 2x(axb"3*e*f"8 - 8*axd"3xe"4xf"2 - (b"3*d"2%e + 2*axb~2xd*xe”2

+ 4xa”~2*b*e"3)*f76 + 2% (b"2*%d"3*e”2 + 2*axbxd"2%e”3 + 4xa”~2+dxe”"4)*f74)...
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127

Sympy [F]

/< ezzz>3dx=/< 5 4o

d+ex+fy/a+br+ g d+ex+ f a—i—ba;—i—ejf—%z)

inputLintegrate(l/(d+e*x+f*(a+b*x+e**2*x**2/f**2)**(1/2))**3’x)

outputtlntegral((d + exx + fxsqrt(a + b*x + e**x2xxx*2/f*x2))**(-3), x)

Maxima [F]

/ L 3dx=/ L 5 dr
( 62”2> (ex—l— b + €2 -I—af—l—d)

d+ex+ fy/a+br+ 3 2

inputtintegrate(l/(d+e*x+f*(a+b*x+e‘2*x‘2/f‘2)*(1/2))*3,x, algorithm="maxima")

output Lintegrate((e*x + sqrt(b*x + e"2%x"2/£°2 + a)*f + d)~(-3), x)

Giac [F(-1)]

Timed out.

1
/ 3 dz = Timed out
(d+ez+f a+bx—|—ej£2)

inputtintegrate(l/(d+e*x+f*(a+b*x+e‘2*x*2/f*2)*(1/2))*3,x’ algorithm="giac")

Ou_,DputLTimed out
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Mupad [F(-1)]

Timed out.

/( mﬂ“w:/( %ﬂﬂm

d+er+fy/a+br+ <5 dtex+f/at+br+

input Lint(l/(d + exx + fx(a + bxx + (e™2*x~2)/£72)~(1/2))"3,x)

outpudint(i/ (d + exx + fx(a + bxx + (e72*%x72)/£72)7(1/2))"3, x)

Reduce [B] (verification not implemented)

Time = 0.40 (sec) , antiderivative size = 6354, normalized size of antiderivative = 19.25

1
/ — 3 dxz = Too large to display
<d+ex+f a+bx+ef”§>

inputLint(l/(d+e*x+f*(a+b*x+e 2%x~2/£72)"(1/2))"3,%)




CHAPTER 3. LISTING OF INTEGRALS 129

(24xsqrt (axf**2 + bkf*x2kx + ex*2*x**2)*a*kx3kbke*x*2xf**8 - 48*sqrt (a*xf**2

+ b*E**2%x + exk2kx**2)kax*3kdkex*k3xf**x6 — 4ksqrt(axfx*2 + b*f**x2%x + ex*2
*x*k*2) kaxk2xb*k*3kfxx10 + 12ksqrt(a*xf**2 + b*Lx*k2kx + e**x2kxx*k2)*ka*kx2kbr*k2x
dxe*xf*x8 + 36*sqrt(axf**2 + b*f**x2%x + exkkx**k2)kak*kkbr*kkexkkf*xk8kx —

T2*sqrt (a*f**2 + b*f**x2%x + ex*k2kx**2)*kax*2kbkd**2xe*x*x2xf*x6 — 144*sqrt (ax
Tx*2 + Dxf**2kxX + ex*x2kx*k*2)*kaxx2*xbkd*ex*3xf*+xB*x + 128*sqrt (a*f**2 + bxf*
*2%X + exkkxkk2)kakkkdkk3kexk3kfr*k4d + 144*sqrt (axf**2 + b*f**x2%x + ex*k2x*
Xxk2) kakkkdrkkex*kdxfxkdxx — 4ksqrt(axfx*2 + b f**2%x + ex*2xx**2)*kaxbx*x4
*fxx10%x + 4xsqrt(a*f*x2 + bxfx*k2kx + ek*x2xx**2)xaxbx*k3kd**x2*xf**8 + 12%sqr
t(a*f**2 + bxfxk2kxX + ek*2*x*k*2) xa*xb**x3*kd*kexf**k8xx + 8*ksqrt(axf**2 + b*f*x
2%X + ek*2¥xk*2) ka*xbkk3kekk 2k Lk kBkxk*2 — 48ksqrt(axf**2 + bkELx*2kx + e*x2x
X¥k2) kakbrkkdkkkexk2xfxx6xx — 48*sqrt(akf**2 + b*f*x2%x + ex*k2xx**2)*axb
*)kDkAkek*k kL ¥ xk6*x*k*x2 + 24*sqrt(akf**2 + bkf*x2%x + exkkx**2)*kakbkdrkdxe*k
2xf*x4 + 176xsqrt(axf**2 + bkfx*2xx + e**2kx**2)xa*bxd**3kex*3*xf**4xx + 96
xsqrt (a*xf**2 + bkfxx2%x + ek*2xx**2) xaxbxd**kexx4*fx*4xx*+*x2 — 80*sqrt (a*f
*k2 + b*f**2%x + exk2kx**k2)*kakdrxkExexk3xf**x2 — 192ksqrt(axf**2 + brf*r*2*x

+ @k*k2xx*kx2) kakdrkdkex*k4xf**x2kx — 64*sqrt(axf*x2 + bkfx*k2xx + e**2kx**2)*a
*xQx*k3kekkExfxkkx*kx2 + 4xsqrt(a*f**x2 + brf*kkx + ek*k2*x**2) ¥bkk4rdr* 2% f %
8%x — 12%sqrt(axf**2 + bxf*x2kx + e¥*k2*xx**2)xbk*x3kd*k*x3kexf**x6xx - 8*sqrt(a
*E*x%2 + DRE**k2kx + e¥*k2kx*x2) ¥bxkIkA**k2ke*x*2xf¥x6xx*¥*x2 — 12+sqrt (axf**2. ..

output
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3.13 | (d—l—e:c—l—f\/a+b:c+ 6%2)5/2 dx

f2
Optimal result . . . . . . . . . . . . . e 1301
Mathematica [B] (verified) . . . . . . . . . ... 131
Rubi [A] (verified) . . . . . . . . . . 132
Maple [F] . . . . 135
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 135
Sympy [F] . . o 136
Maxima [F] . . . . . . 137
Giac [F] . . . o o 137
Mupad [F(-1)] . . ..o 137
Reduce [F] . . . . oo e 138

Optimal result

Integrand size = 30, antiderivative size = 370

/ (d +ex
; €22 5/2 p f2(2d€ bf2) (4(],6 b2f2) \/d +ex + f a+ br + e2x2
+ f a—+oxr+ ——— f2 T = y

f2(4ae2—b2f2)<d+ex+f a—i—bx—l—‘ﬂ”ﬁ)?’/2 <d+ex+f a—l—bac+‘32””2>7/2

+ 12e3 + Te

F2(2de — bf?)? (4ae® — b2 f2) \/d +ex+ f\/a+bz+<F

16e* (bf2 + 2e (ex+ fi/a+ w»

\/5\/5\/11+ez+f1 | a+bx+ ej§2

/2de—bf?

5£2(2de — bf?)*? (4ae? — b2 f2) arctanh

16+/2¢9/2



CHAPTER 3. LISTING OF INTEGRALS 131

1/4%£ 2% (~b*f~2+2%d*e) * (-b~2%f " 2+4*axe”2) * (d+e*x+f* (a+b*x+e~2%x~2/f~2) " (1/
2))7(1/2) /e”4+1/12*%£ 2% (-b~2*f " 2+4*a*xe”2) x (d+exx+f* (a+b*x+e~2*xx"2/f~2) ~(1/
2))~(3/2)/e"3+1/7*(d+e*x+f* (a+tb*x+e~2xx"2/£72)~(1/2))~(7/2) /e-1/16*f~2x (-b
*f"2+2xd*e) "2% (-b"2xf "2+4*a*xe”2) * (d+e*xx+f* (a+tb*x+e”2xx"2/£72) " (1/2))~(1/2)
/e~4/ (bxf~2+2%e* (exx+f* (a+tx* (bkxf~2+e~2%x) /£72) " (1/2)))-5/32%f ~ 2% (—b*f ~2+2%
d*e) " (3/2)*(-b"2xf~2+4xaxe”2) *arctanh (27 (1/2) *e~ (1/2) * (d+e*x+f* (a+b*x+e 2%
x~2/£72)"(1/2))~(1/2) / (-b*xf~2+2xd*xe) ~(1/2) )*2~(1/2) /e~ (9/2)

output

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 985 vs. 2(370) = 740.

Time = 6.86 (sec) , antiderivative size = 985, normalized size of antiderivative = 2.66

5/2
/ 2.2
/ (d +ex+ fy/a+br+ ef_g) dzx = Too large to display

e

inputLIntegrate[(d + exx + f*Sgrtla + b*x + (e™2%x~2)/£°2]1)"(5/2),x]

~—
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((2*Sqrt[d + exx + fxSqrtla + x*(b + (e”2%x)/£72)]]1*(105*b~4*£f~8 + 28*b~3*
exf~6*%(-10%d + 3*e*xx + S*f*Sqrtla + xx(b + (e72xx)/£72)]) + 4xb~2xe~2%f 4*
(21%@72 - 119*%a*f~2 + 16*%exx*(2xe*x - fxSqrtla + xx(b + (e”2xx)/£72)]) - 2
*xd* (31%exx + 49xf*Sqrt[a + x*(b + (e”2*x)/£72)])) + 16%b*e”3*f~2%(3*d"3 +

T9*xaxd*f~2 + 36xd*kexx*(2*exx + f*Sqrtla + x*(b + (e™2*x)/£72)]) + 9*d"2*(3
xexx + fxSqrtla + x*(b + (e"2*x)/£72)]) + 4*(15%e"3*x"3 - 8xaxf~3xSqrt[a +
x*(b + (e72%x)/£72)] + 9xe " 2xf*x"2*Sqrt[a + x*(b + (e72*x)/£72)])) + 16%e
“4x(20*%a~2*f"4 + 6x(d + 2%e*x) "3k (e*xx + fxSqrtla + xx(b + (e”2%x)/£72)]) +
a*f 2% (-3*d"2 + 4xexx*(19xexx + 13*f*Sqrtla + xx(b + (e™2xx)/£72)]) + 4x*d
*(38*exx + 29%f*Sqrtla + x*x(b + (e”2%x)/£72)1)))))/(21xe~4*x(b*£~2 + 2xex(e
*x + fxSqrtfa + xx(b + (e72%x)/£72)]))) - (20%b~2*d~2*f 4*ArcTan[(Sqrt[2]*
Sqrt[el*Sqrt[d + e*x + fxSqrt[a + x*(b + (e"2*x)/£72)]1])/Sqrt[-2*d*e + b*f
~2]11)/ (e~ (5/2)*Sqrt [-(d*e) + (bx£~2)/2]) - (80*a*bxd*f~4*ArcTan[(Sqrt[2]*S
grt[e]*Sqrt[d + exx + f*Sqrtla + xx(b + (e”2xx)/£72)]1])/Sqrt[-2*d*e + bxf~
2]11)/(e”(3/2)*Sqrt[-(d*e) + (b*£72)/2]) + (20%b~3*d*f~6*ArcTan[(Sqrt[2]*Sq
rt[e]l*Sqrt[d + e*x + f*Sqrt[a + xx(b + (e”2*x)/£72)]1])/Sqrt[-2*d*e + bxf~2
11) /(e (7/2)*Sqrt [-(d*e) + (b*£~2)/2]) + (20*a*b~2*f 6*ArcTan[(Sqrt[2]*Sqr
t[el*Sqrt[d + e*x + f*Sqrtla + x*x(b + (e"2*x)/£72)]1])/Sqrt[-2*d*e + b*f~2]
1)/(e”(6/2)*Sqrt [-(d*e) + (b*f~2)/2]) - (5xb~4xf~8*ArcTan[(Sqrt[2]*Sqrt [e]
*Sqrt[d + exx + fxSqrtla + x*(b + (e”2*x)/£72)]1]1)/Sqrt[-2*d*e + bx£72]]...

output

Rubi [A] (verified)

Time = 0.88 (sec) , antiderivative size = 377, normalized size of antiderivative = 1.02,

number of rules _ 900, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {2541, 1192, 1580, 25, 2341, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

22 5/2
f a+bx+7+d+ex dx

l 2541

below.

d+er+ f 629”2—i—bav:—i—a)g)/z<ed2—bfzd—i-aef2+e(d—i—eﬂc+f 62952+bac+a)2—(2de—bf2) <d+
f? f?

(
2/ <_bf2+2de—2e<d+ea:+f e;§2+b"’+“>>2
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l 1192

@+@w+f ¥ﬁ+hm+¢>(aﬂ—bﬂd+aqq+e@+ww+f 22+ be + ) (Zk—hﬂ)@+@

4/) <_bf2+2de—2€<d+€w4-f e?2+bm+“0)2
l 1580

4 3 2
d-l—eac+f e z +ba:-|—a> e5—16(2de—bf?) (d-l—ea:—l—f eigz +bz+a ) e*+8f2(4ae?—b?f2?) (d—i—ea:-l—f 52’”2 -I—bz—i—a) e3+4f2 (2

—bf2+2de—2e (d—i—ex—i—f\/T +b:c+a)
64e®

l 25
[ (d—i—ew-l— £/ ej—f-l—bx—i—a) 4e5—16 (2de—bf?) (d+ew+

f2 4ae? b2f2 2de — bf2 \/f,/a—i-bx—}-ejﬂj +d+ex

)-—bf24-2de>

6464 26 f a+ bx

l 2341

3
—16(d e2x2 b 4_y
f2 4ae® — b %) (2de — bf?) \/f a+b$+ej¢-2 +d+ex ( ( tertf + x-l—a) e — 2

efz +d+eac) —bf? +2de)

64e4 26 f a+bx +

l 2009

V2y/e
5v/ef?(4ae?—b? f2) (2de—bf?) 3/2grctanh i

NE
jﬂ(4a62-b2f2)(2de-bf2)2\/f,/a-rbx-+e;f +d+ex -

64e4<—26<f a+ bz + &5 4—d—%ew)——bf24—2de)
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input‘Int[(d + exx + fxSqrtla + b*x + (e™2xx"2)/£72])"(5/2),x]

4x ((£72%(2*d*e — b*f~2) 2% (4*a*e”2 - b~2*xf"2)*Sqrt[d + exx + f*Sqrt[a + b*
x + (e72%x72)/£72]])/(64*e~4*(2*%d*e — b*f~2 - 2%e*x(d + exx + f*Sqrt[a + b*
x + (e72%x72)/£72]))) - (-4xe*xf~2%(2*dxe - b*f~2)*(4*a*e”2 - b~2xf"2)*Sqrt
[d + exx + £xSqrt[a + bxx + (e”2*x"2)/£72]] - (4*e”2*f"2x(4*a*e”2 - b™2xf~
2)*(d + exx + fxSqrt[a + b*x + (e”2%x~2)/£72]1)7(3/2))/3 - (16*%e~4*(d + e*x
+ fxSqrtla + b*x + (e72xx72)/£72]1)7(7/2))/7 + (56*%Sqrt[e]l*f~2%(2*d*e - b*f
~2)7(3/2)*(4*a*e”2 - b~2xf~2)*ArcTanh[(Sqrt[2] *Sqrt [e]*Sqrt[d + exx + f*Sq
rt[a + b*x + (e”2xx72)/£72]])/Sqrt[2*d*e - bx£~2]])/Sqrt[2])/(64*e”5))

output

Defintions of rubi rules used

e

rule zﬂm [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

A J

rule 1192 Int[((d_.) + (e_.)*(x_)) " (m_)*((f_.) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e"(n + 2*p + 1)  Subst[Int[x"(
2%m + 1)*(e*f - dxg + g*x~2) "n*(c*d”2 - b*d*e + axe”2 - (2%c*d - b*xe)*x"2 +
c*x"4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&

IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

rule 1580 Tt LG @_)*((d) + (e_.)*(x_)72)7(q)*((a) + (b_.)*(x)72 + (c_.)*(x))
~4)~(p_.), x_Symbol] :> Simp[(-d)~"(m/2 - 1)*(c*d"2 - bxd*e + axe”2) pxx*((d
+ exx”2)"(q + 1)/(2%xe”~(2%p + m/2)*(q + 1))), x] + Simp[1/(2*%e”~(2*p + m/2)*
(q + 1) Int[(d + exx"2)"(q + 1)*ExpandToSum[Together[(1/(d + e*x~2))*(2x
e"(2%p + m/2)*(q + 1)*x"m*x(a + b*x"2 + c*x”4)"p - (-d)"(m/2 - 1)*(c*xd”2 - b
*d*e + a*xe”2) p*x(d + e*x(2*q + 3)*x72))], x], x], x] /; FreeQ[{a, b, c, d, e
}, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[p, 0] && ILtQ[q, -1] && IGtQ[m/2, O]

r

rukaZOOQLInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

\ /

2341‘Int[(Pq_)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand [Pg*

rule
L(a + b*x~2)"p, x], x] /; FreeQ[{a, b}, x] && PolyQ[Pq, x] && IGtQ[p, -2]
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rule 2541 Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£_.)*Sqrtl(a_.) + (b_.)*x(x_) + (c
_x(x)721)" (L))" (p_.), x_Symbol]l :> Simp[2 Subst[Int[(g + h*x"n) px((d
“2xe - (b*d - akxe)*f~2 - (2xd*e - b*f"2)*x + exx"2)/(-2*d*e + b*f~2 + 2xe*x
)"2), x], x, d + exx + fxSqrt[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c, 4, e
,» £, g, h, n}, x] && EqQ[e”2 - c*£f~2, 0] && IntegerQ[p]

Maple [F]

ex? :
/d+e:c+f a+bx+? dx

Lint((d+e*x+f*(a+b*x+e“2*x“2/f‘2)“(1/2))“(5/2),x) J

input

e

int ((d+e*x+f* (atb*x+e~2*xx~2/f~2)~(1/2))~(5/2) ,x)

~—

outputL

Fricas [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 923, normalized size of antiderivative = 2.49

5/2
/ 2,2
/ (d +ex+ fy/a+bz+ ef_:g) dz = Too large to display

integrate ((d+exx+f*(atb*x+e”2*%x~2/£72)~(1/2))~(5/2) ,x, algorithm="fricas") J

inputt
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[1/672%(105*%sqrt (1/2) *(b~3*f"6 + 8xaxd*e 3*xf~2 - 2%(b"2*dxe + 2*axbxe~2)x*f
~4)*sqrt (- (b*xf~2 - 2xdxe)/e)*1log(-b"2*f"4 + 4x(bxd*e - a*xe”2)*f72 - 4x(b*e
“2*%f72 - 2+d*e”3)*x + 4*(2xsqrt(1/2)*e”2xf*sqrt(—(b*xf~2 - 2xd*e)/e)*sqrt ((
b*f~2*%x + e72*%x"2 + a*f~2)/£72) - sqrt(1/2)*(bxexf~2 + 2xe”3*x)*sqrt (- (b*f
~2 - 2%dxe)/e))*sqrt(exx + f*sqrt((b*f~2xx + e”™2*x"2 + axf~2)/£f72) + d) +

4% (b*exf~3 - 2kdxe”2xf)*sqrt ((b*f~2xx + e”2*x"2 + a*f~2)/£72)) + 2%(105%b~
3*xf76 + 192%xe”6%x"3 + 48xd"3%e”3 - 56x(5x¥b"2*d*e + 6*axbxe”2)*f"4 + 4*x(21x
b*d"2*%e"2 + 232xaxd*e”3)*f"2 + 144*(b*e”4*f"2 + 2xdxe”b)*x"2 + 2x(7*b"2%e”
2+%f74 + 156%d"2%e"4 - 4x(3xb*xdxe”~3 - 32*a*xe”4)*f"2)*x - 2%(35*%b"2*e*f"5 -

96xe”b*f*x"2 + 12xd"2%e"3*f - 4*(21xbxd*e”~2 + 20*a*xe”3)*f"3 - 24x(bxe 3*f"
3 + 6xdxe”4*f)*x)*sqrt ((b*f72*x + e72xx"2 + a*f~2)/f72))*sqrt(e*x + fxsqrt
((b*xf~2%x + e72%x72 + axf~2)/£72) + d))/e”4, -1/336%(105*sqrt(1/2)*(b~3*f~
6 + 8xa*dxe”3*f"2 - 2% (b"2xd*e + 2xaxbxe”2)*f~4)*sqrt((b*f~2 - 2xd*e)/e)*a
rctan(2*sqrt (1/2)*sqrt(exx + f*sqrt((b*xf~2xx + e™2*x"2 + a*xf~2)/f72) + d)*
exsqrt ((b*£~2 - 2kd*xe)/e)/(b*f~2 - 2%d*e)) - (105*%b~3*f76 + 192%e~6%x"3 +

48*d"3xe”3 - 56%(5¥b"2xd*e + 6*axb*e”2)*f~4 + 4% (21*bxd"2%e”2 + 232*axdxe”
3)*£72 + 144*(b*e”4*f72 + 2xd*e”b)*x"2 + 2x(7*b~2%e”2*f"4 + 156*d"2%e"4 -

4x(3xbxd*e”3 - 32xaxe”4)*f"2)*x - 2x(35%b"2%exf"5 - 96*%e"bxf*x"2 + 12xd"2*
e”"3*f - 4*x(21%bxd*e”2 + 20*a*e”3)*f"3 - 24x(b*e"3*f7"3 + 6xdxe”4*f)x*x)*sqrt
((bxf~2xx + e”2%x"2 + axf~2)/f72))*sqrt(e*x + fxsqrt((b*f 2*x + e™2%x"2...

output

Sympy [F]

202
t/<d+w+f a+hr+%§>

lo

5/2

e2z? )\’
d$=/~d+fx+f a+&m+73- dx

inputLintegrate((d+e*x+f*(a+b*x+e**2*x**2/f**2)**(1/2))**(5/2)’x)

| —

e

outputtlntegral((d + exx + fxsqrt(a + b*x + e**x2xx**2/f**x2))**(5/2), x)

~—
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Maxima [F]

e2x? i e2x? :
/d—l—ez—i—f a—f—bx—l—? dx=/ ex + bz—l—?—l—af—l—d dx

input tintegrate ((d+exx+f*(a+b*x+e™2xx"2/£72)7(1/2))~(5/2) ,x, algorithm="maxima")

output Lintegrate((e*x + sqrt(bxx + e 2%x"2/£72 + a)*f + d)~(5/2), x)

Giac [F]

5
e2x? i e2x? ’
/ d+ex+ f a+bx+? dx:/ er + bx+?+af+d dz

input Lintegrate ((d+e*x+f*(atb*x+e~2%x~2/£72)~(1/2))~(5/2) ,x, algorithm="giac")

outputtintegrate((e*x + sqrt(bxx + e"2%x"2/£72 + a)*f + d)~(5/2), x)

Mupad [F(-1)]

Timed out.

5/2

e2x? i e? x2
/d—i—ea:—i—f a-l—ba:—i-? dxz/ d+ex+ f a—l—bx-l—? dx

input‘ int((d + exx + fx(a + b*x + (e”2%x~2)/£72)~(1/2))~(5/2),x)

outpudint“d + exx + fx(a + bxx + (e72%x72)/£72)7(1/2))7(5/2), x)
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Reduce [F|

e2x? i 222\
/ﬁd+ﬁ$+f a+MH"?; dx=/1d+ﬁz+f a+MH~7; dx

inputtint((d+e*x+f*(a+b*x+e‘2*x*2/f*2)*(1/2))~(5/2),X)

OutputLint((d+e*x+f*(a+b*x+e‘2*x*2/f*2)*(1/2))A(5/2)’x)
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3.14 | (d—l—e:c—l—f\/a+b:c+ 6%2)3/2 dz

f2
Optimal result . . . . . . . . . . . . . e 139
Mathematica [A] (verified) . . . . . . . . . ... 140
Rubi [A] (verified) . . . . . . . . . . [141]
Maple [F] . . . . 143
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 144
Sympy [F] . . o
Maxima [F] . . . . . .
Giac [F] . . . o o 1451
Mupad [F(-1)] . . ..o 146
Reduce [F] . . . . oo e 146

Optimal result

Integrand size = 30, antiderivative size = 302

/(d—l—ew
o2 3/2 f2(4a62—bzf2)\/d+ex+f a—l—bav+62””2
+ fila+ b+ —— Tz dr = 10

—\ 5/2
(d+ex+f a+b:c—|—e””>
oe

f2(2de — bf?) (4ae? — b2 f?) \/d +er+ fy/a+be+ S5

8e3 <bf 24 2e <eac + fy/a+ —x(bfj?;e%)))

+

\/iﬁ\/d+ew+f, | a+bz+ 62°2”2
3f2v/2de — bf?(4ae? — b2 f%) arctanh !

/2de—bf2

8\/567/2
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1/4*%£72% (b~ 2*f " 2+4*a*xe”2) * (d+exx+f* (a+b*x+e™2xx~2/£72) " (1/2))~(1/2) /e”3+1
/5% (d+e*x+f* (a+tbxx+e”2*xx"2/£72) " (1/2)) ~(5/2) /e-1/8*f " 2x (-b*f ~2+2*d*e) * (-b~
2+f"2+4xaxe”2) x (d+exx+f* (a+b*x+e”2+%x"2/£72)~(1/2))~(1/2) /e~ 3/ (b*f~2+2x*ex (e
*x+f* (a+x* (b*xf~2+e”2%x) /£72) " (1/2)))-3/16*%f 2% (~b*f~2+2*d*e) ~ (1/2) * (-b~2*f
~2+4*axe~2)*arctanh (27 (1/2) *xe”~ (1/2) * (d+exx+f* (a+b*x+e~2*%x"2/f~2)~(1/2))~ (1
/2)/ (-b*£~2+2xdx*e) ~(1/2))*2°(1/2) /e~ (7/2)

output

Mathematica [A] (verified)

Time = 3.62 (sec) , antiderivative size = 443, normalized size of antiderivative = 1.47

/(d—l—ez
—\ 32 \/d+em+f\/a+x(b+e;—f)<—15b3f6—2b26f4<—5d+6em+10f a-
+f\/a+bx+%> dz =

_ \/ﬁ\/é\/d—f-e:c-i-f ata(b+57)
3af? \/ﬂ arctan V/—2de+bf?

263/2
\/iﬁ\/d+ez+f a+tzx <b+6272w)
bf2 :
3b2 f4 \/ﬂ arctan \/—2de+bf?
+ 8e7/2

e

tIntegrate[(d + exx + f*xSqrtla + bxx + (e™2*x72)/£72])~(3/2),x]

~—

input




CHAPTER 3. LISTING OF INTEGRALS 141

(Sgrt[d + exx + fxSqrtla + x*(b + (e72%x)/£72)]]1*(-15%xb"3+f"6 - 2*%b"2*xe*f"
4x(-5*d + 6%e*x + 10*fxSqrtla + x*(b + (e72*x)/£72)]) + 4¥bke~2%f 2% (2*d"2
+ 17xaxf~2 + 8xexx*(2%e*xx + f*Sqrtla + xx(b + (e72%x)/£72)]) + 4*xdx(3*xexx
+ fxSqrtla + xx(b + (e72%x)/£72)])) + 8%e”3*(2x(d + 2%e*x) "2*(exx + f*Sqr
tla + x*x(b + (e72%x)/£72)]) + a*f~2x(-d + 16%e*x + 12xfxSqrtl[a + xx(b + (e
~2xx)/£72)1))) )/ (40*%e”3* (b*xf~2 + 2xex(exx + fxSqrt[a + x*(b + (e”2*x)/f~2)
1)) - (3xaxf~2xSqrt[-(d*e) + (bx£f~2)/2]*ArcTan[(Sqrt[2]*Sqrt[el*Sqrt[d +
exx + fxSqrtla + x*(b + (e”2%x)/£72)]])/Sqrt[-2xd*e + bx£~2]])/(2*xe~(3/2))
+ (3%b~2*%f~4xSqrt [-(d*e) + (bxf72)/2]*ArcTan[(Sqrt[2]*Sqrt[e]l*Sqrt[d + ex
x + fxSqrta + xx(b + (e72xx)/£72)]]1)/Sqrt[-2*d*e + b*£72]]1)/(8%e”(7/2))

output

Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 309, normalized size of antiderivative = 1.02,

5, number of rules _ 167, Rules
integrand size

number of steps used = 6, number of rules used =
used = {2541, 1192, 1580, 2341, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

3/2

l 2541

below.

e2x2 3/2 2 p£2 2 e2x? 2_ ]
d+er+ f +br+a ed’ —bf*d+aef’+e(d+ex+ f\/5F +bz+a (2de — bf?) (d+

2/ < bf2+2de—26<d+ex+f 62x2+bx+a>>2

l 1192

2
<d+ex+f 62“2+bx+a> (ed2—6f2d+aef2+e<d+ex+f e’”2+bx+a) — (2de — bf?) <d+e

4/ ( bf2+2de—2e<d+ea:+f 62”’2+bw+a>)2

l 1580
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3
16 (d—f-ew—l—f 6;32 +bz—|—a) e*—8(2de—bf?) <d+ez+f1

F@m@—ﬁﬂ)@@—bﬂ)¢f¢wa+éf+d+at / _

4 — _
32¢e3 (—26 (f a+bz + 5 +d+eac) —bf2+2de)
| 2301
2
~8(d 2’ 1+ 322
f2(4a62—b2f2) (2de—bf2)\/f a+bx+ejc—’§2+d+ez f ( +ex+ f 72 + m+a) e fe
4 —
32¢3 (—26 <f a+bx + ejf +d-|—eac> —bf? +2de>
| 2009
V2ye | fi]atbz
3v/ef?(4ae?—b? f2) 2de—bf2arctanh Zf\/%
2de—
) f2(4a62——b2f2)(2de—-bf2)\/f\/a—kbm-+‘ﬁ§24—d—%ex 7

32¢3 (—2e (f a+ bz + &5 +d+ew> _bf? +2de>

input‘ Int[(d + exx + f*Sqrt[a + bxx + (e"2%x72)/£72])"(3/2),x]

4% ((£72%(2xd*e - b*f~2)*(4*axe”2 - b"2*%f~2)*Sqrt[d + exx + f*Sqrt[a + b*x
+ (e72%x72)/£72]1]1)/(32%e~3%(2*xd*e - b*f~2 - 2xex(d + e*x + f*Sqrt[a + b*x
+ (e72%x72)/£72]))) - (-2xexf~2x(4*a*e”™2 - b~2*xf~2)*Sqrt[d + e*xx + f*xSqrt[
a + bxx + (e72%x72)/£72]] - (8%e”3x(d + exx + f*Sqrt[a + b*x + (e"2*xx72)/f
~2])7(5/2))/5 + (3*Sqrt[e] *f~2xSqrt[2*d*e - bxf~2]*(4*axe”2 - b 2*f~2)*Arc
Tanh[(Sqrt [2]1*Sqrt [e]*Sqrt[d + e*x + f*Sqrtl[a + b*x + (e”2*x~2)/£°2]]1)/Sqr
t[2xd*e - b*f~2]])/Sqrt[2])/(32%e~4))

N\ J

output
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Defintions of rubi rules used

rule 1192 Int[((d_.) + (e_)*(x_))"(m )*((£f_.) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e"(n + 2*p + 1)  Subst[Int[x"(
2xm + 1)x(exf - d*kg + g*xx~2) n*(c*d”2 - bxd*e + axe”2 - (2%cxd - b*e)*x"2 +
c*x~4)7p, x], x, Sqrt[d + exx]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &

IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

rule 1580 It LG )T (m_)*((d) + (e_.)*(x_)72)7(q)*((a) + (b_.)*(x)72 + (c_.)*(x))
~4)~(p_.), x_Symbol] :> Simp[(-d)~(m/2 - 1)*(c*d™2 - bxd*e + a*e™2) pxx*((d
+ exx"2)7(q + 1)/(2xe”~(2*%p + m/2)*(q + 1))), x] + Simp[1/(2xe”(2*%p + m/2)*
(q + 1)) Int[(d + exx"2)"(q + 1)*ExpandToSum[Together[(1/(d + exx~2))x*(2x*
e”(2xp + m/2)*(q + D)*x"m*(a + b*xx"2 + c*x"4)"p - (-d)"(m/2 - 1)*(c*d™2 - b
xdxe + axe”2) p*x(d + ex(2*q + 3)*x~2))]1, x], x]1, x] /; FreeQl[{a, b, c, d, e
}, x] && NeQ[b~2 - 4*axc, 0] && IGtQ[p, 0] && ILtQlq, -1]1 && IGtQ[m/2, O]

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2341 It[(PaI*((a)) + (b_.)*(x.)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Pq*
(a + b*xx~2)"p, x], x] /; FreeQ[{a, b}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

rule 2541 Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£_.)*Sqrtl(a_.) + (b_.)*x(x_) + (c
_Ox(x_)721)" (L)) (p_.), x_Symbol]l :> Simp[2 Subst[Int[(g + h*x"n) px((d
“2xe - (b*d - axe)*f~2 - (2xd*e - b*f"2)*x + exx"2)/(-2*d*e + b*f~2 + 2xex*x
)"2), x], x, d + exx + fxSqrt[a + b*x + c*x"2]], x] /; FreeQ[{a, b, c, 4, e
,» £, g, h, n}, x] && EqQ[e”2 - c*£f~2, 0] && IntegerQ[p]

Maple [F]

e2x? :
/ d+ex+ f a+ﬁx+iﬁ— dz

Lint((d+e*x+f*(a+b*x+e“2*x“2/f“2)“(1/2))“(3/2),x)

input
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output | int ((d+e*x+E* (atbxx+e 2xx"2/£72)"(1/2))"(3/2) ,%)

Fricas [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 657, normalized size of antiderivative = 2.18

/ (d +ex
o\ 2 15 \/g(szm —4ae?f?) —@ log (—b2f4 + 4 (bde — ae?) f2 — 4 (be? f
+f“a+bx+fﬁ;> dx =

-

Lintegrate((d+e*x+f*(a+b*x+e‘2*x‘2/f‘2)‘(1/2))‘(3/2),X, algorithm="fricas")

~—

input

[1/80% (15xsqrt (1/2) *(b~2*f~4 - 4xa*xe”2*f~2)*sqrt(-(b*f~2 - 2*dxe)/e)*log(-
b~2%f74 + 4x(bkd*e - axe"2)*f"2 - 4x(bxe"2*f~2 - 2%d*e”3)*x - 4*(2*sqrt(1/
2)*e 2xf*sqrt (- (b*£~2 - 2*dxe)/e) *sqrt ((b*f~2*x + e72%x”2 + a*f~2)/f"2) -
sqrt (1/2) *(b*e*xf~2 + 2%e”~3*x)*sqrt (-(b*f~2 - 2xd*e)/e))*sqrt(exx + f*xsqrt(
(b*£72%x + e72%x72 + axf~2)/£72) + d) + 4x(bxe*f~3 - 2+d*e”2*f)*sqrt((b*f~
2%x + e72xx72 + axf"2)/f72)) - 2*%(15*xb"2*%f"4 - 16*e”4*x"2 - 8xd"2%e"2 - 2%
(5*b*d*e + 24xaxe”2)*f~2 + 2% (bxe”2*f~2 - 18+d*e”3)*x — 2% (5xbxe*f~3 + 8%e
“3*xfxx - 2%dxe”2*xf)*sqrt ((b*f~2*x + e72*%x"2 + a*xf~2)/£72))*sqrt(e*x + f*xsq
rt ((b*f~2%x + e72xx"2 + a*f~2)/£72) + d))/e”3, 1/40*%(15*sqrt(1/2)*(b~2*f~4
- 4xaxe”~2xf"2) *sqrt ((b*f~2 - 2*d*e)/e)*arctan(2*sqrt(1/2)*sqrt(e*xx + f*sq
rt((b*£72%x + e"2*x"2 + axf72)/£72) + d)*exsqrt((b*xf~2 - 2xdx*e)/e)/(bxf~2
- 2%dxe)) - (15%b"2*f~4 - 16%e”4*x"2 - 8+d"2xe”~2 - 2x(5xbxdxe + 24*a*xe”2)*
£72 + 2% (bxe”"2+f72 - 18xd*e”3)*x - 2% (5¥bkexf~3 + 8%e"3kf*x - 2xd*e”2%f)x*s
qrt ((b*xf~2*x + e72*%x"2 + a*f~2)/£72))*sqrt(e*x + fxsqrt((b*xf~2*x + e”2*x"2
+ axf72)/£72) + d))/e”3]

output
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Sympy [F]

e2z? V2 222\
/ d+ex+ f a—l—bx—f—? d$=/ d+ex+ f a—I—bx-l—? dx

input Lintegrate ((d+exx+f* (a+bkx+exk2xx*x*2/f+x2) k* (1/2) ) **(3/2) ,x)

output LIntegral((d + ekxx + fxsqrt(a + b*x + exk2xx**k2/f*%*2))**(3/2), x)

Maxima [F]

3
e2x? i e2x? ’
/ d+ex+ f a+bx+? dx:/ er + bx+?+af+d dz

input Lintegrate((d+e*x+f*(a+b*x+e“2*x‘2/f“2) ~(1/2))~(3/2) ,x, algorithm="maxima")
outputtintegrate((e*x + sqrt(bxx + e”2%x"2/£72 + a)*f + d)~(3/2), x)
Giac [F]
3/2 %
/ e’x? / e22
/(d—i—ez—l—f a+bx+?) dx=/<ex—|— bac—i——f2 -l-af—l—d) dz
input Lintegrate((d+e*x+f*(a+b*x+e“2*x“2/f“2) ~(1/2))"(3/2) ,x, algorithm="giac")

outputtintegrate((e*x + sqrt(b*x + e™2%x72/f72 + a)*f + d)~(3/2), x)
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Mupad [F(-1)]

Timed out.

o 3/2 oy 3/2
/d—i—ex—i—f a—l—b:c—l—? d:z::/ d+ex+ f a+bx+? dz

input Lint((d + exx + fx(a + bxx + (e"2%x~2)/£°2)"(1/2))"(3/2),x)

output 1BEC(d + exx + £x(a + brx + (e724x"2)/£72)"(1/2))7(3/2), )

Reduce [F]

3
e2x? i 2z \
/ d+ex+ f a+bz+? dxz/ d+ex+ f a+bx+7 dz

inputLint((d+e*x+f*(a+b*x+e“2*x*2/f‘2)*(1/2))*(3/2)’x)

output Lint((d+e*x+f*(a+b*x+e*2*x*2/f*2)“(1/2))“(3/2) ,X)




output
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3.15 | d+ex—|—f\/a+ba:—|—@d:c
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Mathematica [A] (verified) . . . . . . . . . . ... 148
Rubi [A] (verified) . . . .. . . ... .. 148
Maple [F] . . . . e 151
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 152
Sympy [F] . . . o 153
Maxima [F] . . . . . 1531
Giac [F] . . . . o o 153
Mupad [F(-1)] . . . oo 154
Reduce [F] . . . o . o o e 154

Optimal result

Integrand size = 30, antiderivative size = 233

e2x?
L/ d+ex+ f a+ﬁx+i§ﬂm

3/2 o2z
(d+ex+f\fa+bo+<g) f2(4a—b2€£2)\/d+ex+f a+bz+ <%

3e 4 (bf2 + 2e (ex + fy/a+ —z(b‘fj;rezz)»

\/iﬁ\/d+ex+f, [a+bz+ ej§2

\/2de—bf2

44/2€5/2,/2de — bf?

f?(4ae® — b? f2) arctanh

1/3* (d+e*xx+f* (atb*x+e™2xx~2/£72)~(1/2) )~ (3/2) /e-£~2x (4xa-b~2*xf"2/e"2) *(d+e
*xx+f*x (a+b*x+e”2*%x72/£72) ~(1/2) )~ (1/2) / (4xb*f~2+8*ex* (exx+f* (a+x* (b*xf~2+e” 2%
x)/£72)"(1/2)))-1/8*%f"2x (-b"2*f~2+4*a*xe”2) *arctanh (27 (1/2) *e~ (1/2) * (d+e*x+
f*(atb*xx+e™2xx~2/£72) " (1/2)) ~(1/2) / (-b*xf~2+2xd*e) ~(1/2) ) %2~ (1/2) /e~ (5/2) / (
-b*f72+2xd*e) ~(1/2)
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Mathematica [A] (verified)

Time = 1.97 (sec) , antiderivative size = 327, normalized size of antiderivative = 1.40

e2x?
/ d+ex+ f a+bx+7dm

\/d—i-ex—i-f\/a—l-w (b+ f—) (3b2f4+4bef2(d+3ex+f\/a+x (b+ f—)) +4e2(—af2+2(d+

12¢2 (bf2+26 <ez—|—f a+zx (b—l— e;—f)))

\/iﬁ\/d—i—ex-l—f’ |a+x <b+ e;%)

\/iﬁ\/d+ex+f\ [a+x (b-l—%)

9 2 r4

af®arctan J—2detb? b*f* arctan /—2detbf?
n —

V2\/ey/—2de 1 b]? AeP/2/~Ade + 207

-

| —

input LIntegrate [Sgrt[d + exx + fxSqrt[a + b*x + (e"2%x~2)/£72]],x]

~

(Sagrt[d + exx + f*Sqrtla + x*x(b + (e™2%x)/£72)]]1*(3*%b"2*f~4 + 4*xbxexf 2% (d
+ 3%e*xx + fxSqrtla + xx(b + (e72%x)/£72)]) + 4*e"2x(-(axf"2) + 2x(d + 2xe
*xx)*(e*x + fxSqrtla + xx(b + (e72*x)/£72)1))))/(12*%e~ 2% (b*f~2 + 2%ex(exx +
fxSqrtfa + xx(b + (e72*x)/£72)]1))) + (a*f~2xArcTan[(Sqrt[2]*Sqrt[e]*Sqrt[
d + exx + f*xSqrt[a + xx(b + (e72xx)/£72)]1])/Sqrt[-2*d*e + b*£~2]])/(Sqrt[2
1*Sqrt [e]*Sqrt [-2*d*e + b*f~2]) - (b~2*f~4*ArcTan[(Sqrt[2]*Sqrt[e]*Sqrt[d
+ exx + fxSqrtla + x*(b + (e72%x)/£72)]1])/Sqrt[-2*d*e + b*f~2]])/(4*e~(5/2
)*#Sqrt [-4*d*e + 2%b*f~2])

output

Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 243, normalized size of antiderivative = 1.04,

number of rules _ 0.200, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {2541, 1192, 1580, 25, 1467, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/ e212
/Jf a+bx + T +d+ exdx

| 2501
\/d+ezr:+f (ed2 bf2d+aef2+e<d+ex+f ) (2de—bf2) <d+em
2/ ( bf2+2de—26(d+eac+f e2z2+bx+a))2
| 1192
<d+ear;+f )( —bf2d+aef2+e<d+em+f )2—(2de—bf2) (d+em
4/ (—bf2+2de—2e<d+em+f em2+bm+a>>2

l 1580

2
d+e:c+f e 2 +bw+a) e3—4(2de—bf?) <d+ea:+f 62”52 +bz+a) e2+f2(4ae?2—b2 f2)e

dVb+em+f L tbz+ta
—bf2+2de—2e (d+ez+f\/e 2 +bx+a>

f2
16e3

| 25

2
8<d+ez+f ff +bm+a> €3 —4(2de— bf2)<d+eac+f ejgz i

[ - 62 \/f a+bx + 6;3262 +d+ex f —bf2+2de—2e (d—i—ew-l—f\/ej—gQ-l—bm—i-a
[ f

2ef a+ bz + <5 +d+w0—hﬁ+2%> 16

l1«w

ef? (4ae2 bzfz)

2 —4e? (d + ex +
2 b f \/f\/ a+ bz + ejc:g +d+ex f —bf2+2de—2e (d—f-ew—i—f\/T—i—bx—}-a)

2e f a+ bx

) —bf2+ 2de) 16



input

output

rule 25

rule 1192

rule 1467
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50

l 2009

\/2de—bf2

ﬁ\/g\/f,/a-kbw-i- 52§2 +d+ex
Ver? (4ae? b2 f2)arctanh ( ]

|

2(4 _bzfz)\/ e2x?
) f ( a—B) [\ Jatbe+ < +dtex i e

4

34

16 (—2e (f,/a+ba:+ o +d+em) —bf2 +2de)

e

LInt [Sqrt[d + exx + fxSqrt[a + b*x + (e™2%x~2)/£"2]],x]

~—

4x((f72x(4*xa - (b~2x£72)/e"2)*Sqrt[d + exx + f*Sqrt[a + b*x + (e™2*x"2)/f"
211)/(16%(2*d*e - b*f~2 - 2xex(d + exx + f*Sart[a + bxx + (e™2*x"2)/£f72]))
) - ((-4xe~2%(d + e*x + fxSqrtla + b*x + (e"2%x72)/£72]1)°(3/2))/3 + (Sqrtl[
e]*f~2x(4*a*xe”2 - b~2xf~2)*ArcTanh[(Sqrt [2]*Sqrt[e]*Sqrt[d + e*x + f*Sqrt[
a + bxx + (e”2%x72)/£72]])/Sqrt[2*d*e - bx£~2]])/(Sqrt[2]*Sqrt[2*d*e - b*f
~2]))/(16%e"3))

Defintions of rubi rules used

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

Int[((d_.) + (e_.)*(x_)) " (m)*((f_.) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e"(n + 2*p + 1)  Subst[Int[x"(
2xm + 1)x(exf - dkg + g*x~2) nk(c*d"2 - b*d*e + a*xe”2 - (2kcxd - bke)*x"2 +
c*x~4)"p, x], x, Sqrt[d + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &
IGtQLlp, 0] && ILtQ[n, O] && IntegerQ[m + 1/2]

Int[((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4)"(p_.),
x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2)"g*(a + b*x"2 + c*x~4) p, x],
x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d~2 - bxdxe

+ a*xe”2, 0] &% IGtQ[p, 0] && IGtQ[q, -2]

16e3
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Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"2)"(q_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)
~4)~(p_.), x_Symbol] :> Simp[(-d)~(m/2 - 1)*(c*d"2 - b*d*e + a*e~2) p*xx*((d
+ exx"2)7(q + 1)/(2xe~(2*%p + m/2)*(q + 1))), x] + Simp[1/(2xe~(2*p + m/2)*
(g + 1)) Int[(d + e*x"2)"(q + 1)*ExpandToSum[Together[(1/(d + exx~2))* (2%
e~ (2%p + m/2)*(q + 1)*x"m*x(a + b*x™2 + c*xx~4)"p - (-d)"(m/2 - 1)*(cxd™2 - b
*dxe + a*e”2) px(d + e*x(2xq + 3)*x~2))1, x1, x]1, x] /; FreeQ[{a, b, c, d, e
}, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[p, 0] && ILtQlq, -11 && IGtQ[m/2, 0]

rule 1580

rule 2009 mtlu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2547 ItLC(g_) + (h_)*((d_.) + (e_)*(x)) + (f_.)*Sqrtl(a_.) + (b_)*(x)) + (c
_)*(x)72D) " ()" (p_.), x_Symbol]l :> Simp[2 Subst[Int[(g + h*x™n) px((d
~2%e — (b*d - axe)*f~2 - (2kd*xe - b*f~2)*x + e*x~2)/(-2*d*e + b*xf~2 + 2kex*x
)"2), x], x, d + e*x + f*Sqrt[a + bkx + c*xx~2]], x] /; FreeQ[{a, b, c, d, e
, £, g, h, n}, x] && EqQ[e"2 - c*f~2, 0] && IntegerQ[p]

Maple [F]
2,2
/¢d+w+f¢;;;:%;m
inputLint((d+e*x+f*(a+b*x+e“2*x*2/f*2)*(1/2))*(1/2)’x)

output int ((drexx+Ex (atbrxte™2+x"2/£72)7(1/2))7(1/2) ,%)
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Fricas [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 692, normalized size of antiderivative = 2.97

e2x?
/ d+ex+ f a+bx+7dm

3 (b2 f* — 4ae®f2)/—2bef? + 4de?log <—b2f4 + 4 (bde — ae?) f2 — 4 (be? f2 — 2de®)z — 2 (2 V-2

s

inputLintegrate((d+e*x+f*(a+b*x+e‘2*x*2/f*2)*(1/2))*(1/2)’X’ algorithm="fricas")

-/

[-1/48*%(3*x(b~2*f~4 - 4xaxe~2*f~2)*sqrt (-2xb*e*f~2 + 4*d*e”2)*log(-b~2xf"4
+ 4% (bxd*e - axe"2)*f72 - 4x(b*e”2xf72 - 2xdxe”3)*x - 2% (2*sqrt(-2xb*xe*f~2
+ 4xdxe”2) xexfxsqrt ((b*f~2*x + e”2*xx~2 + a*xf~2)/f"2) - sqrt(-2*bxexf~2 +
4xd*e”2) % (b*f~2 + 2xe~2*x))*sqrt(e*x + fxsqrt((bxf~2*x + e”2%x"2 + a*xf~2)/
£72) + d) + 4x(bxe*f~3 - 2xd*e”2*f)*sqrt ((b*f~2*x + e”2*x"2 + axf~2)/£72))
- 4x(3*%b"2xe*f~4 - 2¥bxdke”2*xf"2 - 8*d"2%e”3 + 10*(b*e"3*f"2 - 2*d*e”4)*x
- 2x(b*e"2+f"3 - 2xd*e”3*f)*sqrt ((b*f~2xx + e"2*x"2 + a*xf~2)/f72))*sqrt(e
*x + frsqrt ((b*f72%x + e72%x"2 + a*f~2)/£72) + d))/(bxe 3*f~2 - 2xd*e~4),
1/24x (3x(b~2*f~4 - 4*axe”2xf~2)*sqrt (2*bxe*f~2 - 4*d*e”2)*arctan(1/2*sqrt(
exx + fxsqrt((b*£"2%x + e™2*x"2 + a*f~2)/£72) + d)*(sqrt(2*bxexf~2 - 4xd*e
~2)xfxsqrt ((b*f~2%x + e72%x"2 + a*xf~2)/f72) - sqrt(2xb*exf~2 - 4*xd*e~2)*(e
*x + d))/(axexf~2 - d"2xe + (bxe*f~2 - 2xd*e”2)*x)) + 2%(3*b~2*exf~4 - 2*b
*xd*e"2+%f72 - 8*%d"2xe”3 + 10*(bxe"3*f"2 - 2xd*e"4)*x - 2x(b*e”2xf~3 - 2xdxe
~3xf) *sqrt ((b*£"2*x + e"2*%x"2 + a*f~2)/f72))*sqrt(exx + fxsqrt((bxf 2xx +

e"2%x"2 + a*xf~2)/f72) + d))/(bxe”3*f"2 - 2xd*e”4)]

output
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Sympy [F]

/ o272 /
d+ex+ f a—l—bm—k?dx—/ d+ex+ f a+bx+7dm

inputLintegrate((d+e*x+f*(a+b*x+e**2*x**2/f**2)**(1/2))**(1/2)’X)

output LIntegral(sqrt(d + exx + fxsqrt(a + b*x + ex*2xx*x*2/f**2)), x)

Maxima [F]

/ o272 /
/ d+ex+ f a—l—bz—l-?dx—/ ex + bx-l— f2 —I—af—l—ddx

input

Lintegrate ((d+exx+f* (atb*x+e™2xx~2/£°2)~(1/2))~(1/2) ,x, algorithm="maxima") J

output Lintegrate(sqrt(e*x + sqrt(b*x + e"2%x"2/f72 + a)*f + d), x)

Giac [F]

22
/ d+ex+fw/a+bz+%dw—/ ea:-l—“bx—i— f2 —l-af—i-dda:

input tintegrate ((d+e*x+f* (atbxx+e™2*x~2/£72)~(1/2))~(1/2) ,x, algorithm="giac")

output Lintegrate(sqrt(e*x + sqrt(bkx + e 2%x"2/f°2 + a)*f + d), x)
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Mupad [F(-1)]

Timed out.

e?x? e? x2
/ d+er+ f a+baz+?da:=/ d+ex+ f a+bx+?dac

input Lint((d + exx + fx(a + bxx + (e”2*x~2)/£"2)~(1/2))~(1/2) ,x)

output| 1BE((d + exx + £x(a + bax + (e724x72)/£72)"(1/2))"(1/2), x)

Reduce [F]

/\ld+ex+f\/a+bx+—dx—/\/\/bf2x+e2x2+af2+d+exdx

input Lint ((d+exx+f*x(atb*x+e™2xx~2/£72)~(1/2))~(1/2) ,x)

output tint(sqrt(sqrt(a*f**g + bxf**2%x + ex*x2*x*%*2) + d + e*x),x)




output
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3.16

| L dx
\/ d+ex+f,/ a-l—b:c-l—%”ﬁE

Optimalresult . . . . . . . . .. .. 155

Mathematica [A] (verified) . . . . . . . .. ... L o 156
Rubi [A] (verified) . . . . . . ... .. 156
Maple [F] . . . . 159
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 160
Sympy [F] . . . 161
Maxima [F] . . . . ..o 161
Giac [F] . . . . o o 161
Mupad [F(-1)] . . . oo 162
Reduce [F] . . . . . 162

Optimal result

Integrand size = 30, antiderivative size = 246

1
dzx

\/d+ex—|—f a+bx+e;§2

\/d—|—ex+f a+bm+ejc—”§2 f2(4aez—b2f2)\/d+ex+f a+ bz + €2

f2
) 2 (2de — bf?) (bf? +2e (ex + f fa+ 25220
\/iﬁ\/d—l—em—i-f\/m
f?(4ae? — b*f?) arctanh T

+

2v/2€3/2 (2de — bf2)%/?

(d+exx+f*x (a+bxx+e~2*x"2/£72)~(1/2))~(1/2) /e-1/2*f~ 2% (-b"2*f ~2+4*axe~2) x (d+
e*xx+f* (a+b*xx+e”2xx"2/£72) " (1/2)) ~(1/2) /e/ (-b*xf~2+2*xd*e) / (b*f ~2+2*e* (exx+f*
(a+x* (bxf~2+e"2%x) /£72)~(1/2)) ) +1/4%f~2x (-b~2*f " 2+4*a*xe~2) *arctanh (2~ (1/2)
*xe” (1/2) * (d+exx+f* (atbkx+e 2xx"2/£72) ~(1/2)) ~(1/2) / (~b*f~2+2xd*e) ~(1/2) ) *2
~(1/2)/e~(3/2)/ (-bxf~2+2xd*e) ~ (3/2)
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Mathematica [A] (verified)

Time = 2.08 (sec) , antiderivative size = 341, normalized size of antiderivative = 1.39

1
dz

\/d+em+f a—l—bx-l—ejféz

4\ﬁae2f2 arcts
2\/‘;\/d+ex+f\/m<—b2f4_4bef2 (—d-i—ex—i—f\/M) +4e? (—af2+2dem+2df\/@)
+
(2de—bf?) (bf2 +2e (ez+f\/a+a: (b+ef2—2””)))
B 4e3/2
input LIntegrate [1/Sqrt[d + exx + f*Sqrt[a + b*x + (e"2*x~2)/£72]],x] J

((2*Sqrt[e]l*Sqrt[d + e*x + f*Sqrtla + xx(b + (e™2*xx)/£f"2)]1]1*(-(b"2x£"4) -
4xbxexf~2x(-d + exx + fxSqrtla + x*(b + (e”2*x)/£72)]) + 4xe"2x(-(a*f"2) +
2xdxe*x + 2xd*xf*Sqrtla + x*x(b + (e72%x)/£72)]1)))/((2*d*e - b*f~2)*(b*xf"2
+ 2%ex(e*x + fxSqrtla + x*x(b + (e72*x)/£72)]))) + (4*Sqrt[2]*a*xe~2xf 2*Arc
Tan[(Sqrt[2]*Sqrt[e]l *Sqrt[d + exx + fxSqrt[a + x*(b + (e"2*x)/£72)]1]1)/Sqrt
[-2xd*e + bx£~2]])/(-2*d*e + b*£72)~(3/2) - (Sqrt[2]*b~2*f~4*ArcTan[(Sqrt[
2]*Sqrt[e]*Sqrt[d + e*x + fxSqrt[a + x*(b + (e~2*x)/£72)]1]1)/Sqrt[-2*d*e +

bx£~2]])/(-2*d*e + bx£72)~(3/2))/(4*%e~(3/2))

output

Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 276, normalized size of antiderivative = 1.12,

number of rules __
integrand size 0.200, Rules

number of steps used = 7, number of rules used = 6,
used = {2541, 1192, 1471, 27, 299, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1 dz

\/f a+br+SF +d+en

l 2541
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)2——(2de——bf2)(d—kez—kf

ed2——bf2d4—aef24—e<d4—ex4—f
2

foee

2
v2+ex+f 622+bx+a(—wﬂ+2my—%{d+ex+f e%2+bx+a))

l 1192

4/ed2 f2d+aef2+e(d+ew+f ) (2de — bf?) (d+em+f\/ )d\ld+
e
(—bf2+2de—2e<d+6$+f efg +bx+a>>2

l 1471

4
b2S _8bdf2+4aef?+8d%e—4(2de—bf?) (d+ex—+

2
f2 4ae — bf \/f\/a+bx+ej°2 +d+ex / ( bf2+2de— 2e(d+ex+f\/T+b

2de—bf2 —2e (f

) —bf2 + 2de) 2(2d

l 27
[ —8bdf2+4aef2+8d%e— 4(2de bf2 (d+em+f,/e 22 +b:1:+a} \/
d+ex+ f

—bf2+2de— Ze(d+ex+f\/ f2 +bx+a> f2 <4ae _b
+
8 (2de — bf?) 8 (2de — bf?) (—2¢.
l 299
f(dact=b315) ] —bf2+2de 2¢ (d+e;+f\/T+bx+a \/d+ew+f\/ efg thota 2(2de be)\/h Jatba+<2 ’5 +d+ex
+
8 (2de — bf?) 8 (2de —

l 921



input L

output

rule 27

rule 221

rule 299
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V2v/e\| fi]atbz+ e2g? +d+ex
£?(4ae2-b?f2)arctanh \/ \/77? 2.2
V/2de—b2 2(2de—bf?) [ f/atbe+ 8" +dtex 242
+ S ! f? <4ae _ ¥ ) \

V/2e3/2\/2de—bf? + -
8 (2de — bf2) 8 (2de — bf?) (—2e (f\/Z

Int[1/Sqrt[d + exx + f*Sqrt[a + b*x + (e”2*x"~2)/£f72]],x] J

4x((£f~2x(4*axe - (b~2+#f"2)/e)*Sqrt[d + exx + f*Sqrtl[a + b*x + (e"2*xx"2)/f"
211) /(8% (2xd*e - b*f~2)*(2*d*e - b*xf~2 - 2*ex(d + e*x + f*Sqrt[a + bxx + (
e”2xx72) /£72]))) + ((2*x(2*d*e - b*f~2)*Sqrt[d + e*x + fxSqrt[a + bxx + (e~
2xx72)/£72]]) /e + (£72%(4*axe”2 - b~ 2*f~2)*ArcTanh[(Sqrt[2] *Sqrt [e]*Sqrt[d
+ exx + fxSqrtla + b*x + (e72xx72)/£72]])/Sqrt[2*d*e - b*£~2]]1)/(Sqrt[2]*
e~ (3/2)*Sqrt [2*d*e — b*£~2]))/(8*(2xd*e - b*£f~2)))

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int([Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

N\

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[d*x
*((a + b*x"2)"(p + 1)/(bx(2*xp + 3))), x] - Simp[(a*d - bkc*(2xp + 3))/(b*(2
*p + 3)) Int[(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c -
axd, 0] && NeQ[2xp + 3, 0]
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rule 1192

Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*(x_)) " (n_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e"(n + 2*p + 1)  Subst[Int[x"(
2xm + 1)x(exf - d*g + g*xx~2) n*(c*d”2 - bxd*e + axe”2 - (2%cxd - b*e)*x"2 +
c*x~4)7p, x], x, Sqrt[d + exx]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &

IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

rule 1471

Int[((d) + (e_.)*(x_)"2) (g )*((a)) + (b_)*(x_)"2 + (c_)*(x_)"4)"(p_.),
x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x"2 + c*x74)"p, d + e*x"2
,» x], R = Coeff[PolynomialRemainder[(a + b*x~2 + c*x"4)"p, d + e*x"2, x], X
, 01}, Simp[(-R)*x*((d + e*x72)"(q + 1)/(2%d*(q + 1))), x] + Simp[1/(2*d*(q
+ 1)) Int[(d + e*x"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + R*(2%q + 3),
x], x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~
2 - bxd*e + axe”2, 0] && IGtQ[lp, 0] && LtQ[q, -1]

rule 2541

N\

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£_.)*Sqrtl(a_.) + (b_.)*x(x_) + (c
_O)*(x)2D) "))~ (p_.), x_Symbol]l :> Simp[2 Subst[Int[(g + h*x™n) p*((d
~2xe - (b*d - axe)*f~2 - (2xd*e - b*f~2)*x + exx"2)/(-2*d*e + b*f~2 + 2*xex*x
)"2), x], x, d + exx + f*Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a, b, c, d, e
, £, g, h, n}, x] && EqQ[e~2 - c*f~2, 0] && IntegerQ[p]

Maple [F]

dx

u/“ 1
\/d+ea:+f a+b$+e;—€2

-

inputt

int (1/ (d+e*xx+f* (a+b*x+e ~2%x~2/£72)~(1/2))~(1/2) ,x)

-/

-

output

N\

int (1/ (d+e*x+f* (a+b*x+e~2%x~2/f~2)~(1/2))~(1/2) ,x)
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Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 716, normalized size of antiderivative = 2.91

1

dz

v@+ex+f a+bx+ﬁf

@Wﬂ—4a§fﬂ¢—2%j1+4ﬁﬂbg(—Wfkwﬂmk—aﬁﬁﬂ—4®§fa—mk%x+2<2¢:fﬁf

integrate (1/(d+exx+f* (a+b*x+e”2xx~2/£72)~(1/2))~(1/2) ,x, algorithm="fricas
n
)

input

[1/8%((b~2%f~4 - 4*a*xe”2*f~2)*sqrt (-2xbxexf~2 + 4xdxe~2)*log(-b~2%f~4 + 4x
(b*xd*e - axe”2)*f"2 - 4x(bxe 2*f~2 - 2*d*e"3)*x + 2% (2*sqrt(-2*b*exf~2 + 4
xdxe”2) ¥exfxsqrt ((b*f£72xx + e72*x"2 + axf~2)/f72) - sqrt(-2%b*exf~2 + 4*dx*
e~ 2)*(b*xf~2 + 2%e~2*x))*sqrt(exx + fxsqrt((b*f~2*x + e72*x"2 + a*f~2)/f"2)

+ d) + 4x(bxexf~3 - 2kd*ke”2xf)*sqrt ((b*f~2*x + e72%x"2 + a*f~2)/f72)) + 4
* (b~ 2xe*xf~4 - 6xbkd*e”2xf72 + 8+d"2xe”"3 - 2x(b*e"3*f72 - 2xdxe"4)*x + 2%(b
*xe"2%f"3 - 2kd*e”3xf)*sqrt ((b*f"2*x + e72%x"2 + a*f~2)/f"2))*sqrt(exx + f*
sqrt ((b*£72*%x + e”2*x"2 + a*f~2)/£72) + d))/(b"2%e"2xf~4 - 4xbxd*e”3*f~2 +

4xd"2xe"4), 1/4*%((b~2*f~4 - 4*axe”2xf~2)*sqrt(2*bxe*f~2 - 4+d*e”2)*arctan
(1/2xsqrt(exx + f*sqrt((b*f~2xx + e”2*xx"2 + a*f~2)/£72) + d)*(sqrt(2*bxe*f
~2 - 4xdxe”2)*fxsqrt ((b*f~2*x + e72*%x"2 + a*xf~2)/f"2) - sqrt(2xb*exf"2 - 4
xd*xe”2) *(exx + d))/(axexf"2 - d"2xe + (b*exf~2 — 2kd*e”2)*x)) + 2% (b~ 2xexf
~4 - 6*bxdxe”2*f"2 + 8*%d"2xe”3 - 2x(b*e"3*%f"2 - 2xd*e”4)*x + 2% (bxe”2*f"3
- 2%dxe”~3*f) *sqrt ((b*f~2*x + e”2*x~2 + a*xf~2)/f"2))*sqrt(e*x + fxsqrt((bxf
T2%x + e72%x72 + a*f~2)/£72) + d))/(b"2*e"2*%f"4 - 4xbkdxe”3*f"2 + 4*d"2%e”
4)]

output
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Sympy [F]
/ ! dz =/ ! dx
\/d+ex+f a+bz+e;—“§2 \/d—i-ex—i-f a,—l—b:z;—l-ejc—"ﬁ2
input Lintegrate (1/ (d+exx+E* (a+brx+erkQrxk2/Exx2) k% (1/2)) %% (1/2) ,x) J
output LIntegral(i/sqrt(d + exx + fxsqrt(a + b*x + ek*kkx**x2/f**2)), x) J
Maxima [F]
dz

1 1
/ = |
\/d—i-ex—l-f a+ bz + <5 \/ea:—i-«/bx—i-e;ﬁz—i-af-l-d

input‘integrate(l/(d+e*x+f*(a+b*x+e‘2*x*2/f‘2)*(1/2))*(1/2)’x, algorithm="maxima

") ‘
output Lintegrate(l/sqrt(e*x + sqrt(b*x + e”2*x"2/£72 + a)*f + d), x) J
Giac [F]
/ ! dr = L dz
\/d+ex+f a—l—bav—l—‘gjc—“z’2 \/ex-l— bx+e;—§2+af—|—d
inputLintegrate(l/(d+e*x+f*(a+b*x+e‘2*x‘2/f‘2)“(1/2))“(1/2),x, algorithm="giac") J

outputLintegrate(l/sqrt(e*x + sqrt(bxx + e"2%x"2/£°2 + a)*f + d), x) J
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Mupad [F(-1)]

Timed out.

dr =

1 1
/ / dz
\/d+6$+f a+bz + <% \/d+ex+f a+bx+ 2

input 1BE(1/(d + exx + £x(a + brx + (672%x72)/£72)7(1/2))"(1/2),%)

outputtint(l/(d + exx + fx(a + bxx + (e72%x"2)/£72)7(1/2))~(1/2), %)

Reduce [F|

1 1
dr = dx

/\/d+ex+f a—l—bx-l—ejféz \/d+ex+f a+bx+e;’§2

input Lint (1/ (d+exx+f* (a+bxx+e™2%x~2/£72)~(1/2))~(1/2) ,x)

output | 10t (1/ (drexx+tx (atbrxte 24x"2/£72)"(1/2))7(1/2) %)
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2,2
<d+ex+ f \/ a+bx—|—e—fg§—>
Optimalresult . . . . ... ... ... ... .. .. . . 163]
Mathematica [A] (verified) . . . . . . . . . ... .o 164
Rubi [A] (verified) . . . . .. ... . ... 1651
Maple [F] . . . . . . 167
Fricas [B] (verification not implemented) . . . . . ... ... ... .... 168
Sympy [F] . . o o 169
Maxima [F] . . . . . . 169
Giac [F] . . 1691
Mupad [F(-1)] . . . . 170
Reduce [F] . . . . . o V()

Optimal result
Integrand size = 30, antiderivative size = 269

/ .

2
d+ex+ fi/a+bx + ejf)
4(d*e — bdf? + aef?)

(2de—bf2)2\/d+ew+f a+bz+ <5

f?(4ae® — b f?) \/d—i—em—{—f a+br+ ejﬁf

(2de — bf?)’ (b 72 42 (em + ot w(bf2f42-e2x)>>

\/ﬁ\/é\/d+ea:+f1 [a+bx+ 5232”2
3f%(4ae* — b? f?) arctanh d

/2de—bf2
_|_

V2y/e (2de — bf2)**
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(—4xaxexf~2+4xbxd*f~2-4*xd"2%e) / (-b*f~2+2xd*e) ~2/ (d+exx+f* (atb*x+e " 2xx~2/f"
2)7(1/2))7(1/2) £ 2% (-b~2*f "2+4*a*xe”2) * (d+e*x+f* (a+b*x+e”~2+%x~2/£"2)~(1/2))
~(1/2)/ (-bxf~2+2*xd*e) ~2/ (b*f " 2+2%e* (exx+f* (a+x*k (b*f~2+e"2*x) /£72)~(1/2)) )+
3/2%£72% (-b"2*f " 2+4*xa*xe”2) *arctanh (27 (1/2) *e”~ (1/2) * (d+e*x+f* (a+b*x+e”2%x"2
/£72)7(1/2)) " (1/2) / (mb*x£~2+2xd*e) ~(1/2))*27(1/2) /e~ (1/2) / (-b*xf~2+2xd*e) ~ (5
/2)

output

Mathematica [A] (verified)

Time = 3.34 (sec) , antiderivative size = 395, normalized size of antiderivative = 1.47

1 b2f4<5d+e:c—|—f\/a—|—m(b+e;—§”>) —4bef2<d2—|—af2—2d<¢
/ Tk
(d+ex+fyfatbo+t ) (—2de +bf?)? | d +

ﬁ\/é\/d—f-ea:—i—f a+zx <b+ %)
\/—2d6+bf2

6v/2ae®? f2 arctan

(—2de + bf2)*?

\/5\/5\/d+ez‘+f a+z (b+e;%>
\/—2de+bf?

3b% f* arctan

+

V2\/e (—2de + bf2)*?

inputtlntegrate[(d + e*xx + fxSqrtla + bxx + (e”2*x"2)/£°2])~(-3/2),x] J

(b™2xf~4x(5*%d + e*xx + f*Sqrtla + x*x(b + (e”2%x)/£72)]) - 4*b*exf~2+(d"2 +
axf~2 - 2xdx(exx + f*Sqrtla + x*x(b + (e72%x)/£72)])) - 4*e"2x(2xd"2*(exx +
f*Sqrt[a + xx(b + (e”2xx)/£72)]) + axf~2*(d + 3*exx + 3xf*Sqrt[a + xx(b +
(e”2%x)/£72)]1)))/ ((-2xdxe + bx£~2)"2xSqrt[d + exx + f*Sqrt[a + x*(b + (e~
2%x) /£72)]11 % (b*f~2 + 2xex(exx + f*Sqrt[a + x*x(b + (e”2*x)/£72)]1))) - (6%Sq
rt[2] *a*e~(3/2) *f~2*ArcTan[(Sqrt [2] *Sqrt [e]*Sqrt[d + e*xx + f*Sqrt[a + x*(b
+ (e72%x)/£72)]1]1) /Sqrt [-2*d*e + b*£~2]]1)/(-2*d*e + b*£~2)"(5/2) + (3*xb~2*
f~4xArcTan[(Sqrt[2]*Sqrt[e]*Sqrt[d + e*xx + f*Sqrtl[a + x*x(b + (e"2%x)/f"2)]
1)/Sqrt[-2*d*e + b*f~2]1])/(Sqrt[2]*Sqrt[e]l*(-2xd*e + bxf~2)~(5/2))

output
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Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 281, normalized size of antiderivative = 1.04,

— 6, number of rules _ 200, Rules
integrand size

number of steps used = 7, number of rules used =
used = {2541, 1192, 1582, 27, 359, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/ ( = dz

3/2
Fila+ b+ +d+a0

below.

l 9541

ed2——bf2d4—a6f2+-e(d4—ew4—f @$2—rbm—ra> (2de——bf2)(d-%ew4—f @xz—rbx—ra)
2

d(d—l—ew

(d+ex+f oy +bx+a)/<—w9+2m%—%<d+ex+f s +bx+@”2

l 1192

ed2—bf2d+aef2+e(d+ea:+f 62””2-|—bav:-|— ) (2de — bf?) <d+em+f\/62x2+bm+a)
/ dy|d+ e

(d—l—e:c-i—f e2x2+bx+ )( bf2+2d6—26(d+ex—|-f e%z_'_bx_'_a))z

l 1582

2e? (4 (2de—bf2) (ed2—bf2d+aef2) - (3b2f4—4

(d+eat+f\/T +bw+a) (—bf2

f —

f%aw%—ﬁﬂ)¢f w+m+ﬂﬁz+d+ex
4

4@@—bﬂf<—%<f w+m+ﬂ%2+d+m)—aﬁ+2@>_

| 27

4(2de—bf2) (ed2—bf2d+aef2) - (3b2f4—4a62f2—8bdef2+8d2 2 (

” ) \/d+ea:+f 62$2+ba:—|—a

(d—i—ex-{—f\/ efff -I—bac-‘ra) ( bf242de—2e (d+ew+f\/ 252 +bz+a)>
4 (2de — bf2)?

_+_ .
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l 359

2_par2 g2
3f2 (4(1,62 — b2f2) f 1 — d\/d+ ex + f (3?[732:2 +bz+a— 4(aef2—bdf%+d2e)

4

4 (2de — bf?)?

| 221
V2velf atbr+ €222 Ldten
3f2(4ae*-b?f2)arctanh ( \/ \/7’(7

o—bf2
\/2d i ) o 4(aef2—bdf2+d26)

ﬂ\/é\/zde_bfz ez 2 2 2 r2
4 \/f\/m”*” £ (4ae® — b f?) W

+
4(2de — bf?)? 4(2de = bf?)” (=2¢ (ffa+bo +

-

input LInt[(d + exx + fxSqrtla + b*x + (e”2%x~2)/£°2]1)"(-3/2),x]

- 4

output 4x ((£f~2%(4*axe”2 — b~2xf"2)*Sqrt[d + e*xx + f*Sqrt[a + bxx + (e™2*x"2)/£f72]
1)/ (4x(2*d*e - bx£f72) "2+ (2xd*e - b*f~2 - 2xe*x(d + e*x + f*Sqrt[a + b*xx + (
e~2*x"2)/£72]1))) + ((-4%(d"2%e - b*d*f~2 + axexf~2))/Sqrt[d + e*x + f*Sqrt
[a + bxx + (e™2*x"2)/£72]] + (3*f~2x(4*axe”2 - b~2%f~2)*ArcTanh[(Sqrt[2]*S
grt[e]*Sqrt[d + exx + f*Sqrtl[a + b*x + (e"2*x"2)/£72]])/Sqrt[2*d*e - b*f~2
11)/(Sqrt [2] *Sqrt [e] *Sqrt [2*d*e - bx£~2]))/(4*(2%d*e - b*f~2)"2))

Defintions of rubi rules used

N

rule 27‘/Int[(a_)*(Fx_), x_Symbol]l :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !'Ma |
‘tChQ[FX, (b_)*(Gx_) /; FreeQ[b, x]] ‘

N

rule 221‘/In'c[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x ‘
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b] |
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Int[(Ce_)*(x_))"(m_.)*x((a_) + (b_)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2), x
_Symbol] :> Simp[c*(e*x)"(m + 1)*((a + b*x~2)"(p + 1)/(a*ex(m + 1))), x] +

Simp[(a*d*(m + 1) - bxc*(m + 2*p + 3))/(a*e™2x(m + 1)) Int[(exx)"(m + 2)*
(a + b*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[b*c - a*d, 0]

&& LtQ[m, -1] && !'ILtQ[p, -1]

rule 359

rule 1192 Int[((d_.) + (e_.)*(x_)) " (m_)*((£f_.) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e"(n + 2*p + 1)  Subst[Int[x"(
2¢m + 1)*(e*xf - dxg + g*x~2) "n*(c*d”2 - b*d*e + axe”2 - (2*c*d - bxe)*x"2 +
c*x"4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&
IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

Int[(x_)"(m_)*((d) + (e_.)*(x_)"2)"(q )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"
4)~(p_.), x_Symbol] :> Simp[(-d)"(m/2 - 1)*(c*d"2 - bxd*e + axe”2) pxx*((d

+ e*xx”2)"(q + 1)/(2%e~(2%p + m/2)*(q + 1))), x] + Simp[(-d)~(m/2 - 1)/(2%e”
(2#%p)*(q + 1)) Int[x"m*(d + exx"2)"(q + 1)*ExpandToSum[Together[(1/(d + e
*x72) )% (2% (-d) " (-m/2 + 1)*e~(2xp)*(q + 1)*(a + b*x"2 + c*x"4)7p - ((c*d™2 -
bkdxe + a*xe”2) p/(e”~(m/2)*x"m))*(d + ex(2xq + 3)*x~2))]1, x], x], x] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[p, 0] && ILtQlq, -1]

&& ILtQ[m/2, 0]

rule 1582

Int[((g_.) + (h_.)*((d_.) + (e_.)*x(x_) + (f_.)*Sqrtl[(a_.) + (b_.)*x(x_) + (c
_)*(x_)721) " ()" (p_.), x_Symbol] :> Simp[2 Subst[Int[(g + h*x"n) p*x((d
~2xe - (bxd - akxe)*f~2 - (2*d*e - b*f~2)*x + e*x”2)/(-2*d*e + b*f~2 + 2kxexx
)"2), x], x, d + exx + fxSqrt[a + b*x + c*xx"2]], x] /; FreeQ[{a, b, c, d, e
, £, g, h, n}, x] && EqQ[e”2 - c*£f~2, 0] && IntegerQ[p]

rule 2541

Maple [F]
1

dz

(ST

@+@x+f a+wH”?ﬁ

e

inputLint(1/(d+e*x+f*(a+b*x+e‘2*x*2/f*2)*(1/2))A(3/2),x)

~—
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output int (1/(d+exx+f* (a+bx+e 24x"2/£72)~(1/2))~(3/2) ,x)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 696 vs. 2(239) = 478.

Time = 0.62 (sec) , antiderivative size = 1456, normalized size of antiderivative = 5.41

1
/ ( ; dx = Too large to display

3/2
d+ex+ f a+bx+e%ﬂ

integrate (1/(d+e*x+f* (a+bxx+e~2%x~2/£72)~(1/2))~(3/2),x, algorithm="fricas
n)

input

[-1/4*% (3% (a*b™2*f~6 + 4*xa*d~2xe”2+%f~2 - (b~2*d"2 + 4*a~2*%e"2)*f"4 + (b~ 3*f
~6 + 8kaxd*e”3*f"2 - 2% (b"2*d*e + 2¥akxbxe”2)*f~4)*x)*sqrt(-2xbxe*f~2 + 4xd
*xe"2)*log(~-b~2*xf~4 + 4x(b*d*e - a*e”2)*f"2 - 4*(b*e"2*xf~2 - 2xd*e”3)*x + 2
* (2xsqrt (-2xbxe*f~2 + 4xd*e”2)*exfxsqrt ((b*f~2*x + e72%x"2 + axf~2)/f72) -
sqrt (-2xb*xexf~2 + 4xd*e”2)*x(b*f~2 + 2xe”2xx))*sqrt(exx + f*sqrt ((bxf 2*xx
+ e72%x"2 + a*f~2)/£72) + d) + 4x(bxexf"3 - 2xd*e”2xf)*sqrt ((b*f"2xx + e”2
*x"2 + axf~2)/£f72)) - 4*x(axb"2xe*xf~6 - 8*xd"4xe”3 - (5*b"2*d"2%e - 2kaxbkdx
e”2)*f~4 + 2% (T*bkd"3*e”2 - 4xa*d"2xe"3)*f"2 + 2x(b"2*e"3*%f"~4 - 4dxbkdre”4*
£72 + 4%d"2%e”5)*x"2 + (b~ 3*e*f~6 - 4*%d"3*e”4 - 2x(4xb"2xd*e”~2 - 3*axbxe”3
Y*£74 + 2% (T*bkd"2*e”~3 - 6*xakxd*e”4)*f~2)*x + 2% (2+%d"3*e"3*f + (2*xb~2*d*e -
3*xaxb*e”2)*f"5 - (5xbxd"2*e”"2 - 6*a*d*e”3)*f"3 - (b~ 2*e"2*f"5 - 4*b*d*e”3
*£73 + 4xd"2%e”4xf)*x)*sqrt ((b*£~2*x + e”™2*x"2 + a*f~2)/£72))*sqrt(e*xx + f
*sqrt ((b*x£72%x + e72*%x"2 + a*f72)/£72) + d))/(axb”"3xe*f~8 + 8+*d"5xe"4 - (b
“3*%d"2*e + 6*xaxb"2xd*e”2)*f"6 + 6% (b"2xd"3*e”"2 + 2*a*b*d"2*e"3)*f"4 - 4*(3
*bxd"4*e”~3 + 2xaxd"3xe”"4)*f"2 + (b"4*exf~8 - 8xb"3*d*e”"2*%f76 + 24xb”2*d"2*
e~ 3xf~4 - 32%bxd~3%e"4*f"2 + 16*%d"4*e”~5)*x), -1/2*(3*(a*xb~2xf~6 + 4*xaxd 2%
e"2xf72 - (b"2*d"2 + 4*a~2xe”2)*f"4 + (b"3*f76 + 8xaxd*e"3*xf"2 - 2x(b"2xd*
e + 2xaxbkxe”2)*f~4)*x)*sqrt (2xb*e*f~2 - 4*xd*e”2)*arctan(1/2*sqrt(exx + f*s
qrt ((b*x£~2%x + e72*%x"2 + axf~2)/f72) + d)*(sqrt(2xb*e*f~2 - 4*d*e”2)*f*sqr
t((b*£72%x + e72%x72 + a*f~2)/f72) - sqrt(2xbxexf~2 - 4xd*xe”2)*(e*x + d...

output
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Sympy [F]

/< >3/2 dw:/ dzx

d+ ez + ffa+be+ G (d+ex+f\fa+bo+ g

[

input Lintegrate (1/ (d+e*x+f* (at+bxx+ex*x2kx*x*x2/Fx*2) *x (1/2)) **(3/2) ,x)

output LIntegral((d + e*xx + fxsqrt(a + b¥x + e¥*k2kx**2/f*%2))**(-3/2), x)

Maxima [F]

(SO

/ 1 3/2dx:/ 1 dx
<d+ew—|—f a+bx+ejf§2> (em+,/bx+ej£2+af+d>

‘ integrate (1/(d+e*x+f* (a+bxx+e~2%x"2/£f°2)~(1/2))~(3/2) ,x, algorithm="maxima

input .

outputkintegrate<<e*x + sqrt(b*x + e"2%x"2/£°2 + a)*f + d)~(-3/2), x)

Giac [F]

/ ! dr = / L dz
( ) 32

d+ex+ fy/a+bx+ 72 <€ZI7+ br + 3 +af+d>

[

input

output Lintegrate((e*x + sqrt(bxx + e"2%xx"2/£°2 + a)*f + d)"(-3/2), x)

Lintegrate (1/ (d+e*x+f* (a+b*x+e™2%x"2/£°2)~(1/2))~(3/2) ,x, algorithm="giac") J
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Mupad [F(-1)]

Timed out.

ey

d+er+ fi/a+br+ 3 d+ex+fy/at+bz+FH

input 1RE(1/(d + exx + £x(a + bxx + (e724x72)/£72)7(1/2))7(3/2),%)

output 1BE(1/(d + exx + £x(a + bxx + (e724x72)/£72)7(1/2))7(3/2), x)

Reduce [F]

Nl

d+er+fy/a+bz+ <5 d+ex+ fifa+bo+ <2

/( ew)s/z dx:/( %2) dz

input Lint (1/ (d+e*x+f* (atb*x+e~2%x"2/£72)~(1/2))~(3/2) ,x)

output| 10T (1/ (d+exxrex (atbrxre™2xx"2/172)(1/2))7(3/2) ,%)
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3.18

Optimal result

Mathematica [A] (verified)
Rubi [A] (verified)
Maple [F] . . . . .
Fricas [B] (verification not implemented)
Sympy [F] . . o
Maxima [F] . . . . . .
Giac [F] . . . o o

Mupad [F(-1)]

Reduce [F] . . . . . o

1
f 5/2 dz
2.2
<d+ex+ f \/ a+br+E5- fx )

Optimal result

Integrand size = 30, antiderivative size = 335

/ .

+

2
d+ex+ fi/a+bx + ejf)
4(d*e — bdf? + aef?)

2 > 2 3/2
3 (2de — bf?) <d+ex+f a+bx+%>

412 (4ae? — b2 f?%)

(2de — bf?)? \/d+em+f a+ bz + <5

2ef?(4ae® — b f?) \/d+ex—|—f a+bz+ej—€§2

(2de — bf2)° (bf? +2¢ (ex + 1 fa+ 20212

ﬁ\/é\/d+ea:+f, | a+bz+ 6?2”2

/2de—bf2

5v/2v/ef?(4ae? — b%f?) arctanh

(2de — bf2)"/?
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1/3% (—4*xa*exf~2+4*bxd*f ~2-4*d"2xe) / (-b*xf~2+2xd*e) ~2/ (d+e*x+f* (a+b*x+e~2*xx"
2/£72)"(1/2)) " (3/2) -4*£~ 2% (-b~2*f " 2+4*a*xe”2) / (-b*f~2+2xd*e) ~3/ (d+e*x+f* (a+
bxx+e~2*x"2/£72) " (1/2)) " (1/2) —2xexf~2*% (-b~2*f ~2+4*a*xe~2) * (d+exx+f* (a+b*x+e
~2%x72/f72)7(1/2)) " (1/2) / (-b*xf~2+2*d*e) ~3/ (b*f " 2+2*xe*x (e*x+f* (at+x* (b*f~2+e”
2%x) /£72)7(1/2)))+5%27(1/2) *e”~ (1/2) *f~2* (-b~2*f ~2+4*a*e”2) *arctanh (2~ (1/2)
xe” (1/2) * (d+exx+f* (a+bkx+e~2*xx"2/£72) ~(1/2))~(1/2) / (-b*f~2+2*xd*e) ~(1/2)) /(
-b*f"2+2xd*e) ~(7/2)

output

Mathematica [A] (verified)

Time = 4.78 (sec) , antiderivative size = 557, normalized size of antiderivative = 1.66

2b3f6(4d+2lex+6f\/a—|—x <b+ e;—f)) +2b26f4(9d2—|-17aJ

/ 1 dr =
( éﬂ>w2

d+ex+ fy/a+bx+ 72

\/iﬁ\/d+ex+f1 [a+x (b+e;%>

\/—2de+bf?

20v/2ae®? f? arctan

_|_

(—2de + bf2)""*

\/5\/5\/d+ex+f1 [a+x (b_,_%)

\/—2de+bf?

5v/2b% /e f* arctan

(—2de + bf2)"?

-

input L

-/

Integrate[(d + e*x + fxSqrtl[a + b*x + (e72%x"2)/£72])"(-5/2),x]




output
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(2*b~3*f"6% (4+d + 21xexx + 6xfxSqrtla + x*(b + (e72*x)/£72)]) + 2xb~2*e*xf"

4% (9xd"2 + 17*a*f~2 + 14xd*(exx + fxSqrtla + x*(b + (e"2*x)/£72)]) + 30*ex
xx(exx + f*xSqrtla + x*(b + (e”2*x)/£72)])) - 8*bxe 2+%f"2x(d"3 + T*akxd*f~2

- 3xd"2*(e*x + fxSgrtla + x*(b + (e72*x)/£72)]) + b*a*xf~2x(4xexx + f£*Sqrt[
a + xx(b + (e72%x)/£72)])) - 8*%e"3x(15*%a"2*xf"4 + 2xd"3*(exx + f*Sqrt[a + x
*(b + (e72%x)/£72)]) + a*f~2%(3*d"2 + 20*d*(e*xx + fxSqrt[a + xx(b + (e"2#*x
)/£72)]) + 30%exx*(e*xx + f*Sqrt[a + x*x(b + (e”2*x)/£72)]1))))/(3%(2*d*e - b
*£72)"3%(d + exx + fxSqrtla + x*(b + (e72*x)/£72)]1)~(3/2)*(b*£~2 + 2%e*(ex
x + f*Sqrtla + x*(b + (e72*x)/£72)]1))) + (20%Sqrt[2]*a*e”(5/2)*f 2*ArcTan[
(Sqrt[2]*Sqrt[e]l*Sqrt[d + e*xx + f*Sqrt[a + xx(b + (e”2*x)/£72)]1]1)/Sqrt[-2*
d*e + b*f~2]]1)/(-2xd*e + bx£~2)~(7/2) - (5xSqrt[2]*b~2*Sqrt[e]*f~4*ArcTan[
(Sqrt [2]*#Sqrt [e]*Sqrt[d + exx + fxSqrtl[a + x*(b + (e"2*x)/£72)]])/Sqrt[-2*
dxe + bx£72]])/(-2*%d*e + b*£~2)~(7/2)

Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 354, normalized size of antiderivative = 1.06,

number of steps used = 7, number of rules used = 6,
used = {2541, 1192, 1582, 27, 1584, 2009}

integrand size

number of rules _ 0.200, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/( :2 dx

5/2
fi/a+bx+ fﬁ +d—|—ex>

l 92541

2
ed2—bf2d+aef2+e(d+em+f e;§2+bm+a> — (2de — bf?) (d+ea:—|—f 6?52
2/

(d+ew+f Cu +bw+a)5/2 (—bf2 + 2de — 2e (d+ex+f e +bx+a))

l 1192

+bx+a)
3 d| d+ ex

2
/edz—bf2d+aef2+e(d+ea:+f e;€2 +bgj+a) — (2d€—bf2) (d_i_em_i_f\/e;%:z

<d—|—e:v+f s +bx+a>2 (—bf2+2de—2e (d+ex+f e +bx+a))2

l 1582

+bm+a>ddd+ea
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f2

2
4 <f2 (4ae2—b2f2) <d+ez+f e2g? +b:1:+a) e342 (2de—bf2)2 (edz—bf2d+aef2)62—2(2de—bf2) (b2f4—2a62f2—2bdef2+2d2e2) (d—i—c

e2z2
f2

(d+ea:+f

2
—l—bz—}-a) (—bf2+2de—26 (d+eac+f

6?32 +bz+a>>

| 27

22
f2

2 (4ae®-b2f2) (d—l—ew-l—f

8e2 (2de — bf?)?

2
-I—bz—l—a) 342 (2de—bf2)2 (ed2—bf2d+aef2)ez—2(2de—bf2) (b2f4—2a62f2—2bdef2+2d282) (d+ez+

J :
(d—l—ex—i—f, / ei—gz—i—bx-l—a ) (—bf2+2d6—2€ (d-{—ex—l—f eigz +bz+a )
4

2¢? (2de — bf?)®

l 1584

2(4ae f2—bZe2 f4)

5 (4ae5 f? —b263f4)

2(2de—bf2) (eclz—bf2d—i-aef2)e2 €2
J — : e — - dyfd+es+f/4
<d+ex+f 67“”7+bz+a> d+em+f\/ 72 +bx+a —bf2+2de—2e (d—}-em—{—f\/ 7 +bz+a>
4
2¢? (2de — bf?)?
| 2009
V2+/e| fi]atbz+ e2g2 +d+ex
5e5/2 f2 (4ae?—b? f2) arctanh \/ \/ ZT
2de—b
d 2e2 f2 (4aez—b2f2) 2e2 (2de—bf2) (aefz—bdf2-|—d2e)
2\/2de—b 2 B N 3/2
V2V2de=bf \/ f\Jotbot S rdver 3 (f N +d+ez>
4 —

2¢2 (2de — bf2)?

-

inputLInt[(d + exx + fxSqrtla + b*x + (e”2%x~2)/£°2]1)~(-5/2),x]

-/

2(
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4x((exf~2x(4*a*e”2 - b™2*f"2)*Sqrt[d + e*xx + f*Sqrt[a + bxx + (e"2*x"2)/f"
2]1) /(2% (2*d*xe - b*f~2)"3*(2*d*e - b*f~2 - 2%e*(d + exx + fxSqrt[a + b*x +
(em™2%x72)/£72]))) + ((-2xe~2%(2xd*e - bxf~2)*(d"2%e - bxd*f~2 + axe*f~2))
/(3*%(d + exx + f*Sqrtla + bxx + (e”2*%x72)/£72])7(3/2)) - (2*e~2*f 2x(4*axe
"2 - b™2x£72))/Sqrt[d + e*x + f*Sqrtla + b*x + (e”2*x72)/£72]] + (5xe~(5/2
)*£72% (4*axe”™2 - b~ 2+f~2)*ArcTanh[(Sqrt[2]*Sqrt [e]*Sqrt[d + exx + f*Sqrt[a
+ bxx + (e”2%x72)/£72]1]1)/Sqrt[2*xd*xe - b*x£~2]]1)/(Sqrt[2]*Sqrt [2*xd*e - b*f~
2]))/(2xe~2%(2*d*e - b*x£~2)~3))

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 1192 Int[((d_.) + (e_)*(x_))"(m )*((f_.) + (g_.)*(x_)) " (m_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e~(n + 2*p + 1) Subst [Int [x~(
2xm + 1)x(exf - dkg + g*x~2) "nk(c*d"2 - b*d*ke + axe”2 - (2%cxd — b*e)*x"2 +
c*x"4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&

I1GtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

rule 1582 Int[(x_ )" (m_)*((d_) + (e_.)*(x_)"2)"(q )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"
4)~(p_.), x_Symbol] :> Simp[(-d)~"(m/2 - 1)*(c*d"2 - bxd*e + axe”2) pxx*((d

+ e*xx”2)"(q + 1)/(2%e”~(2%p + m/2)*(q + 1))), x] + Simp[(-d)~(m/2 - 1)/(2%e”
(2#%p)*(q + 1)) Int[x"m*(d + exx"2)"(q + 1)*ExpandToSum[Together[(1/(d + e
*x72) )% (2% (-d) " (-m/2 + 1)*e” (2xp)*(q + 1)*(a + b*x"2 + c*x"4)"p - ((c*d™2 -
bxd*xe + a*xe”2) p/(e”(m/2)*x"m))*(d + ex(2xq + 3)*x~2))], x]1, x], x] /; Fre
eQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && IGtQ[p, O] && ILtQ[q, -1]

&% ILtQ[m/2, 0]

Int [((£_)*(x )" (m_.)*((d) + (e_.)*(x_)"2)7(q_.)*((a_) + (b_.)*(x_)"2 + (
c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(f*x) mx(d + e*x~2) q*
(a + b*x"2 + c*x"4)"p, x], x] /; FreeQ[{a, b, c, d, e, £, m, g}, x] && NeQ[
b~2 - 4*axc, 0] & IGtQ[p, 0] && IGtQlq, -2]

rule 1584




CHAPTER 3. LISTING OF INTEGRALS 176

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 2541 Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (f_.)*Sqrtl(a_.) + (b_.)*(x_) + (c
_)*(x)72]1)"(n_))"(p_.), x_Symbol] :> Simp[2 Subst[Int[(g + h*x"n) p*x((d
~2xe - (b*d - akxe)*f~2 - (2xd*e - b*f~2)*x + exx"2)/(-2*d*e + b*f~2 + 2xex*x
)72), x], x, d + exx + f*Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c, 4, e
, £, g, h, n}, x] && EqQ[e”2 - c*£f~2, 0] &% IntegerQ[p]

Maple [F]
1
sdz
(d—i—ew—i—f a+bx+e;—”§2)2
input Lint (1/ (d+e*x+f* (a+bxx+e~2%x~2/£~2)~(1/2))~(5/2) ,x) J
output Lint (1/ (d+exx+f* (at+b*x+e™2%x"2/£72)~(1/2))~(5/2) ,x) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1105 vs. 2(298) = 596.

Time = 1.71 (sec) , antiderivative size = 2396, normalized size of antiderivative = 7.15

1
/ 52 dxr = Too large to display
(d—l—em+f a—l—bx+ej£2)

p
input \ integrate (1/(d+exx+f*(a+bxx+e~2xx~2/£°2)"(1/2))"(5/2) ,x, algorithm="fricas
n

W
J
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[-1/6%(15*sqrt (2) *(a~2+b~2*f~8 - 4xaxd~4*e”2*xf~2 - 2x(a*b~2xd"2 + 2%a~3*e”
2)*f76 + (b™2*%d~4 + 8*a~2xd"2%e"2)*f"4 + (b~4*xf~8 - 16*a*d”~2*e 4*f~2 - 4x(
b~ 3xd*e + a*b”"2%e”2)*f76 + 4x(b"2xd"2*e”2 + 4*axb*d*e”3)*f"4)*x"2 + 2*(a*b
~3%f~8 - 8*xaxd"3*e”"3*f"2 - (b"3*%d"2 + 2*axb"2kd*e + 4*a"2xbxe"2)*f"6 + 2*(
b~2*%d"3*e + 2*%axb*xd"2%e”"2 + 4*a”~2xdxe”3)*f"4)*x)*sqrt(-e/(b*xf"2 - 2xdxe))*
log(-b~2*f~4 + 4x(bxdxe - a*e”2)*f"2 - 4x(b*e”2+f"2 - 2xd*e”3)*x - 2%(2%sq
rt(2) * (b*exf~3 - 2kdxe”2xf)*sqrt(-e/(b*f~2 - 2xd*e))*sqrt ((b*f~2*x + e 2*x
2 + axf~2)/£72) - sqrt(2)*(b"2xf"4 - 2xbxd*e*xf~2 + 2k (b*e"2*xf"2 - 2xdxe”3
)xx)*sqrt (-e/(b*£72 - 2*dxe)))*sqrt(exx + fxsqrt((b*xf72%x + e 2*x"2 + axf”
2)/£72) + d) + 4*x(bxe*xf~3 - 2xd*e”2%f)*sqrt ((b*f~2*x + e"2*%x"2 + axf~2)/f"
2)) - 4%(4%d~5*%e”2 + (8*axb~2xd - 5*a~2%bxe)*f~6 - 2%(2%b~2%d~3 + axbxd~2*
e + 10*%a~2xd*xe~2)*f~4 - 6% (b"2%e"3*f"4 - 4xbxdxe~4*xf~2 + 4*d"2*e"5)*x"3 -
(9%bxd~4*xe — 32*%a*d"3*e”2)*f72 + (3*b"3xexf"6 - 16*d"3*e”4 + 4x(b~2xd*e”2
- 10*axb*e~3)*f~4 - 4*(3*b*d"2%e”3 - 20*axdxe~4)*f~2)*x"2 + 2% (d"4*e"3 + (
4xb~3*%d - a*b"2*e)*f"6 - (7*b"2xd"2%e + 6*a*b*d*e”2 + 15xa"2xe”"3)*f"4 - 2%
(5*b*d"3*e”2 - 23*a*xd"2*e”3)*f"2)*x — 2x(3*a*b"2*f"7 + d"4xe”"2*%f - (b"2xd”
2 + 2*axbxdke + 15*%a”2xe”"2)*f~5 - 2x(3*b*d"3*e - 1l*a*xd"2*e”2)*f"3 - 3* (b~
2%e"2*%f"5 — 4¥bxdke 3*%f"3 + 4*d"2%e"4*f)*x”"2 + (3*b"3*f"7 + 40*axdxe”3*f~3
- 8%d"3*e"3*f - 4x(b"2xd*e + bxaxb*e”2)*f"5)*x)*sqrt ((b*f 2*x + e”2xx"2 +
a*f~2)/£72))*sqrt (exx + fxsqrt((b*f72xx + e72xx"2 + a*xf~2)/£72) + d))/...

output

Sympy [F]

& ot

d+ex+ f a+ﬁ$+e?2 <d+ex+f a+bz+%§>i

inputLintegrate(l/(d+e*x+f*(a+b*x+e**2*x**2/f**2)**(1/2))**(5/2),X)

e

output [Rtegral((d + exx + fxsqrt(a + bxx + exx2exss2/x42))**(-5/2), x)

~—
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Maxima [F]

/ 1 dx:/ ! dx
( ay)”z —

d+ex+ fy/a+bz + 72 (ex—l— bx + 5 +af+d>§

‘integrate(l/(d+e*x+f*(a+b*x+e"2*x“2/f"2)“(1/2))"(5/2),X, algorithm="maxima ‘

input
II) ‘
output Lintegrate((e*x + sqrt(b*x + e"2%x"2/£°2 + a)*f + d)~(-5/2), x) J
Giac [F]
! 1
/ 573 4% = / = dx
(d+ew+f a+bx+ej:§2> <ex+ b:c+ej£§2+af+d)2
input Lintegrate(l/(d+e*x+f* (atb*x+e~2xx~2/£72)~(1/2))"~(5/2) ,x, algorithm="giac") J
output tintegrate((e*x + sqrt(b*x + e"2*x"2/f72 + a)*f + d)~(-5/2), x) J
Mupad [F(-1)]
Timed out.
1 1
/ 52 4% = / 577 Az
<d+ex—|—f a+b$+ej$2> <d+ex+f a—l—bx—i—if)
input Lint(l/(d + exx + fx(a + bxx + (e72%x72)/£°2)"(1/2))~(5/2),%) J

output 1EE(L/(d + exx + £x(a + bex + (e724x72)/£72)"(1/2))7(5/2), x) J
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Reduce [F|

t/n : dx==b/1 ! dx
( @ﬂ)WQ

d+ex+ fi/a+br+ 53 @+€$+f a+hn+%¥)

Njot

inputLint(1/(d+e*x+f*(a+b*x+e‘2*x*2/f*2)*(1/2))~(5/2),X)

OutputLint(l/(d+e*x+f*(a+b*x+e*2*x*2/f*2)*(1/2))A(5/2),X)
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3.19 f(d—l—e:z:—l—f\/a+b:c+@)p dz

f2
Optimal result . . . . . . . . . . . . . 1801
Mathematica [A] (verified) . . . . . . . . . ... 18T
Rubi [A] (verified) . . . . . . .. . . 181
Maple [F] . . . . . 183l
Fricas [F(-1)] . . . . . o o 183
Sympy [F] . . o e 184
Maxima [F] . . . . . . 184
Giac [F] . . . o o o 184
Mupad [F(-1)] . . . . . e 1851
Reduce [F] . . . . . . 185

Optimal result

Integrand size = 28, antiderivative size = 166

2mp2 1+
ez (d+es+fifatbo+ 22
/ d+ex+ f a+bx+? dr = 21 1)

14p 2
f?(4ae? — b2 f?) <d +ex+ fi/a+bxr+ e;—f) Hypergeometric2F1 (2, 1+ p,2+p, (

* 2e (2de — bf?)* (1 +p)

e B

1/2x (d+e*xx+f* (atb*xx+e~2*%x~2/£72)~(1/2)) "~ (p+1)/e/ (p+1)+1/2*£ 2% (-b~2%£ ~2+4x*
‘ axe”2)x (d+exx+f* (a+b*x+e”2%x"2/£72)~(1/2)) ~ (p+1) *hypergeom([2, p+1], [2+p],
\2*e*(d+e*x+f*(a+b*x+e‘2*x‘2/f‘2)‘(1/2))/(—b*f‘2+2*d*e))/e/(—b*f‘2+2*d*e)‘2

|
L/(p+1) J

output
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Mathematica [A] (verified)

Time = 1.47 (sec) , antiderivative size = 134, normalized size of antiderivative = 0.81

ex? ’
/ d+ex+ fy/la+br+ —— Tz dx

14p
(d +ex + f\/a +z b + f—x>) (—2de + bf2)* + (4aef? — b2f4) Hypergeometric2F1 | 2,1 + p,

2e (—2de + bf2)* (1 + p)

~2%x72)/£7°2])"p,x]

input |

| ((d + exx + £xSqrtla + xx(b + (e72%x)/£72)1)"(1 + p)*((-2*d*e + b £"2)72 +
‘ (4xa*xe”2xf"2 - b~2xf"4)*Hypergeometric2F1[2, 1 + p, 2 + p, (2*ex(d + exx ‘
+ fxSqrtla + xx(b + (e72%x)/£72)1))/(2%d*e - b*x£72)]1))/(2%ex(-2xd*e + b¥xf~
12)72%(1 + p)) |

output

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.01,

number of rules _
integrand size 0.107, Rules

number of steps used = 4, number of rules used = 3,
used = {2541, 1195, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
P
/(f”a+bx+f2+d+ex> dx

l 92541

e2x2 _ 2 2 e%? 2_ _ 2
d+ex+ f +br+a bf*d+ aef*+e(d+ex+ f +br+a (2de — bf?) (d+e

2/ (—bs>+2de—2¢ (d+ex+ f e;§2+bm+a))2
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| 1195
eis? ? 202 _ 124 222 P
(d+ex+f 72 +bx+a) (4ae®f —bf)(d+ex+f £ +bx+a)
2/ 4 + 5| d d+ex+f\/
i 46(_bf2+2de_2e(d+ex+f e;§2+bx+a>)
| 2009
62z2
(4o =012 (1 a+bx+62$2+d+em)pﬂﬂ ergeometric2F1 | 2,p+1,p+2, - drert || S5 romt
f? ypergeometric p+1,p+2, e

de(p+1) (2de — bf2)2

-

LInt[(d + e*xx + fxSqrtla + b*x + (e”2*x"2)/£72])"p,x]

-/

input

output‘2*((d + exx + fxSqrta + bxx + (e72*xx72)/£72])"(1 + p)/(4*ex(1 + p)) + (£~
(2% (4xaxe™2 - b 2xf"2)*(d + ekx + £xSqrtla + b¥x + (e2¥x72)/£°21)"(1 + p)*
‘Hypergeometric2F1 [2, 1 + p, 2 + p, (2%ex(d + exx + f*Sqrt[a + bxx + (e"2*x
"2)/£721))/(2*dxe - b¥£72)1)/(4%ex(2xd*e - bx£72)"2%(1 + p)))

Defintions of rubi rules used

rule 11'()&-)‘Int[((d_-) + (e_)*(x_))"(m_)*x((£_.) + (g_.)*(x_))"(@_.)*((a_.) + (b_.)*(x
)+ (c_)*(x_)"2)"(p_.), x_Symboll :> Int[ExpandIntegrand[(d + e¥x) mx(f +
‘ g*x) "n*(a + bxx + c*xx~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n}, x
1 && IGtQlp, O]

N\ J

|

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘




rule 2541

input

output

input

output
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Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (£_.)*Sqrtl(a_.) + (b_.)*x(x_) + (c
_x(x)721)" (L))" (p_.), x_Symbol]l :> Simp[2 Subst[Int[(g + h*x"n) px((d
“2xe - (b*d - akxe)*f~2 - (2xd*e - b*f"2)*x + exx"2)/(-2*d*e + b*f~2 + 2xe*x
)"2), x], x, d + exx + fxSqrt[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c, 4, e
,» £, g, h, n}, x] && EqQ[e”2 - c*£f~2, 0] && IntegerQ[p]

Maple [F]

e2x? !
/‘d+ﬁx+f a+MH“7; dx

Lint((d+e*x+f*(a+b*x+e“2*x“2/f“2)‘(1/2))AP,X)

Lint((d+e*x+f*(a+b*x+e“2*x“2/f“2)“(1/2))“p,x)

Fricas [F(-1)]

e2x? '
/ d+ex+ f a+MH"?; dr = Timed out

Timed out.

Lintegrate ((d+e*x+f*(atb*x+e™2xx~2/£72)~(1/2))"p,x, algorithm="fricas")

LTimed out
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Sympy [F]

/(d—l—ew—l—f”a—l—bx—l—ej;gz) dz:/<d+ex+f~/a+bx+ej£2> dx

input Lintegrate ((d+e*x+f* (a+b*x+ex*2xx**2/f*x2) %% (1/2) ) ¥*p,x)

output LIntegral((d + exx + f*sqrt(a + bxx + ex*2kx*x2/f*%2))**p, x)

Maxima [F]

/(d—i—ew—i—f“a—i—bz+%> d$=/<6$+~/b$+ fa;-l—af—l—d) dz

input Lintegrate ((d+exx+f* (a+bxx+e~2%x~2/£72)~(1/2))"p,x, algorithm="maxima"

output tintegrate((e*x + sqrt(b*x + e"2%x"2/f"2 + a)*f + d)”p, x)

Giac [F]

p p
222 / 222
/(d—l—ew—l—f a—+ bx + ]g) dx=/<ex+ bz—i—?—l—af—l—d) dz

input Lintegrate ((d+exx+f* (a+bkx+e~2%xx~2/£°2)~(1/2))"p,x, algorithm="giac")

outputlintegrate((e*x + sqrt(bxx + e~2%x~2/f72 + a)*f + d)~p, x)
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185

Mupad [F(-1)]

Timed out.
p p
e2x? e2 x2
/<d+ex+f\/a+bx+—f2> dm=/<d+ex+f\/a+bx+ 7 ) dz

input 1AE((d + exx + £x(a + brx + (°24x"2)/£°2)(1/2)) P, )

outputtint<(d + exx + fx(a + bxx + (e"2%x"2)/£72)~(1/2))7p, x)

Reduce [F]

e?z? ' 2 2,2 2 P
d+ex+ f a+bx+? dxr = <\/bfx+ex +af +d+ea:> dz

input Lint ((d+exx+f* (a+bkx+e2*x~2/£72)~(1/2)) "p,x)

output Lint((sqrt(a*f**2 + bxf**2%x + e**2xx**2) + d + exx)**p,x)




output

input
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2

320 [(z+V3—-2z—2a?) dz

Optimalresult . . .. ... ... . ... ... . ... .. .. ... ..
Mathematica [A] (verified) . . . . . . . . .. ... oL 186!
Rubi [A] (verified) . . . ... ... .. 187
Maple [A] (verified) . . . . . . . . . ... 188
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... 1R8]
Sympy [A] (verification not implemented) . . ... ... .. ... ... 189
Maxima [A] (verification not implemented) . . . . . . . ... ... ... 189
Giac [A] (verification not implemented) . . . . . . ... ... ... ... 190
Mupad [B] (verification not implemented) . . ... ... ... .. ... 1901
Reduce [B] (verification not implemented) . . ... ... .. ... ... 1911

Optimal result

Integrand size = 18, antiderivative size = 58

2
/<x+\/3—2z—x2> dr =3z —2° — (1 + 2)V3 — 2z — z2

2 1
- 5(3 — 27 — z2)3/2 + 4 arcsin (5(—1 — x))

| Brx-x"2- (14x) * (~x"2-2%x+3) " (1/2) -2/3% (-x"2-2%x+3) " (3/2) ~4*arcsin(1/2+1/2%x

p

J

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.97

/ (:v + m>2 de = —((-3+z)x) + %m(—Q + z + 22°)

(\/3 — 2z — x2>
+ 8arctan | ———

3+

Integrate[(x + Sqrt[3 - 2*x - x72])"2,x]
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‘-((—3 + x)*x) + (Sqrt[3 - 2*x - x72]1*(-9 + x + 2%x72))/3 + 8xArcTan[Sqrt[3 ‘

tput
outpt L - 2%x - x721/(3 + x)] J

Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(\/—x2——2x+3+m)2 dz
| 7298
‘/@—ﬁ—m+w—m+®m
| 2009

1 2
4 arcsin (2(—30 — 1)> —z?— g(—x2 — 2x+3)3/2 —(z+1)V—22—-22+3+ 3z

e

LInt[(x + Sqrt[3 - 2*x - x°2]1)72,x]

~—

input

‘S*X - x72 - (1 + x)*Sqrt[3 - 2*xx - x72] - (2%(3 - 2*xx - x72)7(3/2))/3 + 4% ‘

output
AreSinl(-1 - x)/2] )

Defintions of rubi rules used

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 7203 Imt[u_, x_Symboll :> With[{v = ExpandIntegrandlu, x1}, Intlv, x] /; SunQ[vl

] |
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Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.88

method | result

3
default | —22 + 3z — 2(-2?—2043)2 —4arcsin (2 + 2
3 2 T3

trager | —z(z —3) + (22?2 + 1z — 3) V=22 — 22+ 3 + 4RootOf (_Z* + 1) In (RootOf (_Z* + 1) z +

(—2z—2)v—x2—22+3
+ 2

input Lint ((x+(-x"2-2*x+3)~(1/2)) ~2,x,method=_RETURNVERBOSE) J

| -x"2+3%x-2/3% (~x"2-2%x+3) " (3/2) +1/2% (~2%x-2) * (-x"2-2%x+3) " (1/2) -4*arcsin(1

output ‘ ety ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.03

2
/<x+\/3—2x—x2> dac:—cc2—|—%(2x2+x—9) —22—-2x+3
\/—x2—2x+3(x+1)>

3 4 t
+ 3z + arcan( 221223

input Lintegrate ((x+(-x"2-2*%x+3)~(1/2))"2,x, algorithm="fricas") J

-x"2 + 1/3%(2#x72 + x - 9)*sqrt(-x"2 - 2%x + 3) + 3#x + 4drarctan(sqrt(-x"2

output
- 24x + B)x(x + 1)/ (x72 + 2%x - 3))
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Sympy [A] (verification not implemented)

Time = 0.45 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.71

2 2
/(x+\/3—2x—x2> dx:—x2+3a:+2\/—x2—2x+3(x—+f—§)

3 6 2
r 1
— 4 asi T4z
asm(2+2)

input ‘ integrate ((x+(—x**2-2xx+3) ** (1/2) ) **2,x)

—x*%2 + 3kx + 2*ksqrt(-x**2 - 2kx + 3)*x(x**2/3 + x/6 - 3/2) - 4*asin(x/2 +

output ‘
1/2)

Maxima [A] (verification not implemented)
Time = 0.12 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.03
2 2 3
/<x+v3—2m—x2> dxr = —m2—§ (-2 —22+3)° — V-2 —22+ 3z
1

1
+3z—+V—22—2x+ 3+ 4 arcsin (_§z_§)

input Lintegrate ((x+(-x"2-2%x+3)"(1/2))"2,x, algorithm="maxima")

—x"2 - 2/3%(-x"2 - 2%x + 3)7(3/2) - sqrt(-x"2 - 2%x + 3)*x + 3*x - sqrt(-x
\*2 - 2%x + 3) + 4*arcsin(-1/2*%x - 1/2)

output
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.69

2
/(x—l—v3—2x—w2> d$=—xz—l—%((2x+1)z—9)\/—$2—2$+3

1 1
—4 in [ 2 -
+ 3z arcsin <2x+2>

input Lintegrate ((x+(-x"2-2*x+3)~(1/2))"2,x, algorithm="giac") J

-x"2 + 1/3%((2%x + 1)*x - 9)*sqrt(-x"2 - 2#x + 3) + 3#x - 4*arcsin(1/2*x +

output ‘ 158 ‘

Mupad [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.95

2 ./ 2_9 2 4 —
/<x+v3—2x—x2> dr =3z + ad z+3(82"+ 42— 36)

12
—x2+1n(x+1—\/—:v2—2:v+31i) 4i

int((x + (3 - x72 - 2xx)~(1/2))"2,x)

input ‘\

Bkx + log(x - (3 - X2 - 2%x0)"(1/2)*1i + xdi + ((3 - x°2 - 2%0)~(1/D*(4

output
L*x + 8%x"2 - 36))/12 - x~2 J
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.05

2 1\ o/ 9z 7322
/<x+v3—2x—x2> dx:—4asin(£+§>+ ad 3x+3x

2
Y e 16
I 3$+ x—3\/—x2—2x+3—x2+3x+3

-

Lint((x+(—x“2—2*x+3)‘(1/2))“2,X)

-/

input

‘( - 12¢asin((x + 1)/2) + 2%sqrt( - x**2 - 2%x + 3)*x**2 + sqrt( - x*k*2 - 2

output
*x + 3)*x - Oksqrt( - x**2 - 2xx + 3) - 3*x**2 + Oxx + 16)/3

N\ J




output

input

output
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3.21 f(x+\/3—2x—zc2) dz

Optimal result . . . . . . . . . . . . e 192
Mathematica [A] (verified) . . . . . . . . . ... o 1921
Rubi [A] (verified) . . . .. . . ... .. 193
Maple [A] (verified) . . . . . . ... L 193
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 194
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 194
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1951
Giac [A] (verification not implemented) . . . . . . ... ... ... 195
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 195
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 196

Optimal result

Integrand size = 16, antiderivative size = 41

2
/<x+\/3—2z—x2) dx = %+%(1+x)\/3—2z—x2 — 2arcsin (%(—1 —:c))

e

L1/2*x“2+1/2* (14x) * (-x~2-2*x+3) ~(1/2) +2*arcsin(1/2+1/2%x)

~—

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.27

/(x-l-m) dz:%2+%

(1+ z)V3 — 2z — 22 — 4arctan (

3+

V3 —2x — x2>

LIntegrate[x + Sqrt[3 - 2*x - x72],x]

‘x‘2/2 + ((1 + x)*Sqrt[3 - 2*xx - x72])/2 - 4xArcTan[Sqrt[3 - 2*x - x72]/(3

L+ x)]
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00,

number of rules _ 0.062, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(\/—x2—2m+3+x) dx
| 2009
. (1 2 1
—2arcsin ( - (—z—1) | + 5+ 5(z+1)vV—22-22+3

2 2 2
e B
input LInt [x + Sqrt[3 - 2*x - x72],x] J
output Lx*z/z + ((1 + x)*Sqrt[3 - 2%x - x°2])/2 - 2*ArcSin[(-1 - x)/2] J

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J
Maple [A] (verified)
Time = 0.15 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.83
method | result
default ”2—2 — (—2:1:—2)\/4—@'2—72%#3 + 2 arcsin (% + %)
parts 2 (_29”_2)‘/‘1_””2_729”” + 2arcsin (1 + 2)
trager | 2 + (1 +2) /=22 — 2z + 3+ 2RootOf (_Z + 1) In (— RootOf (_Z + 1)z + v/—2° — 2z
input Lint (x+(-x"2-2%x+3)"(1/2) ,x,method=_RETURNVERBOSE) J
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Output‘1/2*x"2-1/4*(—2*x—2)*(-x“2—2*x+3)”(1/2)+2*arcsin(1/2+1/2*x)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.27

/<x+v3—2z—x2> dx=%x2+%\/—z2—2z+3(z—l-1)
\/—x2—2x+3(x+1)>

— 2 arct
aman( 42z -3

inputLintegrate(x+(—x“2—2*x+3)“(1/2),x, algorithm="fricas")

‘1/2*x“2 + 1/2%sqrt(-x"2 - 2*x + 3)*(x + 1) - 2*arctan(sqrt(-x~2 - 2*x + 3)

output
*(x + 1)/(x72 + 2%x - 3))

Sympy [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.78

x? x 1 (1
(x+\/3—2x—x2> dx:E—i— §—|—§ vV—z2 —2x 4+ 3 + 2asin 54—5

inputLintegrate(x+(—x**2—2*x+3)**(1/2),x)

output LX**2/2 + (x/2 + 1/2)*sqrt(-x**2 - 2*x + 3) + 2*asin(x/2 + 1/2)
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.05

1 1
/(m+\/3—2x—x2> dx=§x2+§\/—x2—2x+3x

1 1 1
+§\/—x2—2x+3—2arcsin (_Qm_ﬁ)

integrate (x+(-x"2-2*x+3)~(1/2) ,x, algorithm="maxima")

inputt

‘1/2*x“2 + 1/2%sqrt(-x"2 - 2%x + 3)*x + 1/2*sqrt(-x"2 - 2xx + 3) - 2*arcsin

output‘(_1/2*x . ‘

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.76

1 1 1 1
/(w+\/3—2x—x2) dx=§x2—|—§\/—x2—2x—|—3(x—|—1)+2 arcsin(EaH—é)

integrate (x+(-x"2-2*x+3)~(1/2) ,x, algorithm="giac")

inputt

Output“/z*xv + 1/2%sqrt(-x"2 - 2*%x + 3)*(x + 1) + 2%arcsin(1/2%x + 1/2) J

Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.78

1 x 1 x?
VA 97 _ 2) D T2\ /2 _
/(x—i— 3—2z —22) dz = 2asin 2—|—2 + 2—|-2 T 2z + 3+ >

input Lint(x + (3 - x72 - 2%x)~(1/2) ,%) J

output| 2*aSInG/2 + 1/2) + (x/2 + 1/2)%(3 - x°2 = 24)7(1/2) + x72/2 J




input

output
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00

T 1>+\/—x2—2x+3z+\/—x2—2z+3+x2

/<x+\/3—2x—x2> dx=2asz'n<2+§ —

2 2 2

Lint(x+(-x‘2—2*x+3)‘(1/2),x)

‘(4*asin((x + 1)/2) + sqrt( - x**2 - 2*%x + 3)*x + sqrt( - x**2 - 2%xx + 3) +
| xkx2)/2




output
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3.22 dx

1
f T+v3—2z—x2

Optimal result . . .. ... ... .. ........
Mathematica [A] (verified) . . . . . ... ... ...
Rubi [A] (warning: unable to verify) . . ... ...
Maple [B] (verified) . . . . . . ... ... ... ...
Fricas [B] (verification not implemented) . . . . . .
Sympy [F] . ... ... .. ..
Maxima [F] . . .. ... ... ... ... ... ..
Giac [B] (verification not implemented) . . . . . . .
Mupad [F(-1)] . . .. ... o
Reduce [B] (verification not implemented) . . . . .

Optimal result

Integrand size = 18, antiderivative size = 180

/ 1 (x/g—\/3—2x—x2
dz = arctan

T +V3 -2z — z2

X

................ 193
................ 193
................ 202
................ 209
................ 2041
................ 204
................ 200)
................ 200!
................ 200!

—Elog

T4

1 (_3—$—\/§\/23—212—x2> 1 <7+\/7>log <1

T

e P (L

—ﬁ)log(l—i-\/g-i-\ﬁ—

\/3(\/3—\/3—2:10—:02))

‘arctan((3“(1/2)-(-x“2-2*x+3)“(1/2))/x)-1/2*1n(-(3-x-3“(1/2)*(-x“2-2*x+3)”(
‘1/2))/x”2)+1/14*(7+7“(1/2))*1n(1+3“(1/2)-7A(1/2)-3*(1/2)*(3“(1/2)-(-X“2-2*
‘x+3)“(1/2))/X)+1/14*(7-7“(1/2))*1n(1+3‘(1/2)+7‘(1/2)-3“(1/2)*(3“(1/2)-(-x“

\2—2*x+3)‘(1/2))/x)




input

output
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Mathematica [A] (verified)

Time = 0.42 (sec) , antiderivative size = 111, normalized size of antiderivative = 0.62

1 1 V3 =2z — 2

dr=—| —14arctan | ———— | — 7log(—1+ =z
/x+\/3—2x—x2 14( ( 3+z ) 8l )
—(—7+\/7>10g<—2+ﬁ(—1+x)+2x—v3—2x—x2>

+ (7+ﬁ)log(2+ﬁ(—1+x)—2x+m>>

e hY

Integrate[(x + Sqrt[3 - 2*x - x72])~(-1),x]

‘ (-14*ArcTan[Sqrt[3 - 2*x - x72]/(3 + x)] - 7*Log[-1 + x] - (-7 + Sqrt[7])=*
‘Log[-2 + Sqrt[7]1*(-1 + x) + 2%x - Sqrt[3 - 2*x - x72]]1 + (7 + Sqrt[7])*Log
L[Q + Sqrt[7]1*(-1 + x) - 2*x + Sqrt[3 - 2*x - x72]])/14

Rubi [A] (warning: unable to verify)

Time = 0.52 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.09,

number of steps used = 12, number of rules used = 11, number of rules _ 0.611, Rules
integrand size

used = {7285, 2142, 27, 452, 216, 240, 1142, 27, 1083, 219, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/
XL

l 7985

V3(vV3—v=a?-22+3)’ N 2(V3—v=a?~273)

N\ J

|
|
J

T 2 T

2 / a?
((ﬁ_mf N 1) (ﬁ(ﬁ_mf _2(1+v8) (VEB-v=a-3at3) i+ 2)

l 2142

++/3 d(_ﬁ—
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T

V3(V3—v=2—227+3)
16 (1 _ ﬁ—@) 16| — +

1 V3—+vV—22—-22+3 1
_ — 5 dl — + —
32 (\/??—\/—x2—2z+3) z 32

3 +1

T 2 T

| 27

V3(vVB—va?273)"  2(14v3) (VB

21/- _ﬁW@:#*“”+¢mm d_¢iwﬁﬁiﬂﬁﬁ _1/1—\/g
2) va(va-v=er2e13)’  2(14vB)(vE-v-ar—273) z 2) (va-v=
2 - z —v3+2
1452
o| 1 _/ 1 g VB-V-2>-2+3 _/_ V3-v—a?-2+3 . V3-V
2 (va-v—a?-273)’ T <Oﬁ—¢ﬂﬁ4h+ﬂ2 >
> +1 T o +1
l216

V3—+V—22—2x+3 / V3—+v—22 -2z +3 V3—+V—22 -2z +3 1
arctan - | - > dl -
z ( <\/§—\/—x2—2w+3) > T
z2 +1

X
l 240
2(1/ —ﬁm_@)m@w d( ﬁ—\/—x2—2x+3>+1(arctan<«
5 —V—x?—-2x ? —V—z%—-2x B 5 7
v3(v3 «ﬁ) B 2(1+\/9:)(¢§x\/m) 342 x
l 1142
5 1 / 1 p _\/3—\/—:102—2:10-1—3 +1/
2 V3(va—v=a7=2213)"  2(1+v3)(V3-v-z?—2:+3) V342 T 2) va(va
2 - T -

127
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o 1 / 1 p V3—vV—2?-2c+3 +/“
2 \/5(\/5—\/—952—2904—3)2 2(1+\/:§) (ﬁ—\/—x2—2x+3> 342 x \/3’,(\/5_\,
2 - T -
l 1083
V3(vV3—vV—22—22+3
21/ ¥ - >Jr\/§+1 d_\/§—\/—x2——2az+3 _2/
2 V3(vV3—v=27=2213)°  2(14+v3) (v3—v—27—2213 x .
R R Ol e N o L
l 219
V3(v3—V—=22—22+3 -
21t/ A z +>+\/§+1 d_ﬁ—ﬁ??%?§+ﬂmmw
2 \/3(\/3—\/—902—21—1-3)2 2(1+\/§) (\/3—\/—$2—2:c+3) /3 x '
22 - z —vV3+2
l 1103
\/_ W 2 h V3222
0 1 me_vﬁ_V:ﬁtigIg —lb (3— —m—-x+@ o +1 Maw.p——ﬁ%—
2 z 2 %8 2 2 N
inputtlnt[(x + Sqrt[3 - 2*x - x°21)"(-1),x] J
output‘ 2% ((ArcTan[(Sqrt[3] - Sqrt[3 - 2*x - x~2])/x] - Logll + (Sqrt[3] - Sqrt[3

‘— 2xx - x72]1)72/x72]1/2)/2 + (ArcTanh[(Sqrt[3] - Sqrt[3 - 2*xx - x72])/(2%Sq ‘
‘rt [71%x)1/Sqrt[7] + Logl[2 - Sqrt[3] - (2%x(1 + Sqrt[3])*(Sqrt[3] - Sqrt[3 - ‘
‘ 2%x - x72]1))/x + (Sqrt[3]1*(Sqrt[3] - Sqrt[3 - 2xx - x72])72)/x721/2)/2) ‘




rule 27

rule 216

rule 219

rule 240

rule 452

rule 1083

rule 1103

rule 1142
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]1*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] || LtQ[b, 01)

Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
=2, x]1/(2*b), x] /; FreeQ[{a, b}, x]

Int[((c_) + (d_.)*(x_))/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[c Int[1/
(a + b*xx~2), x], x] + Simp[d Int[x/(a + b*x"2), x], x] /; FreeQ[{a, b, c,
d}, x] && NeQ[bxc™2 + axd~2, 0]

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

/Int[((d_) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent[a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, 4d,
e}, x] && EqQ[2*c*d - bxe, 0]

~

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*c*d - bxe)/(2xc) Int[1/(a + b*x + c*x~2), x], x] + Simp[e/(2*c)

Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]




rule 2142

rule 7285
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Int[(Px_)/(((a_) + (b_)*(x_) + (c_.)*(x_)"2)*((d_) + (£_.)*(x_)"2)), x_Sym
bol] :> With[{A = Coeff[Px, x, 0], B = Coeff[Px, x, 1], C = Coeff[Px, x, 2]
, Q = €72%d"2 + b72*d*f - 2%akckxd*f + a~2+f"2}, Simp[1/q Int[(A*c™2+d - a
*c*Ckd + A*b~2%f - axb*B*xf - axAxc*f + a~2*%Cxf + cx(Bxc*d - b*Cxd + Axb*xf -
axBxf)*x)/(a + bxx + c*x72), x], x] + Simp[1/q Int[(c*C*d~2 + b*Bxd*f -
Axcxdxf - axCkd*f + a*A*xf~2 - fx(Bkckxd — b*xCxd + Axbxf - a*B*f)*x)/(d + f*x
~2), x], x] /; NeQlq, 011 /; FreeQ[{a, b, c, d, £}, x] && PolyQ[Px, x, 2]

Int[u_, x_Symbol] :> With[{lst = FunctionOfSquareRootOfQuadraticl[u, x]}, Si
mp[2 Subst[Int[1st[[1]], x], x, 1st[[2]]1], x] /; !FalseQ[lst] && EqQ[lst
[[311, 111 /; EulerIntegrandQ[u, x]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 358 vs. 2(142) = 284.

Time = 0.54 (sec) , antiderivative size = 359, normalized size of antiderivative = 1.99

method | result

) (—1—\/7) arcsin( ztl 2) (2—§
/r _\/—4(13-1—%—4) +4(—14—ﬁ)<z+%—4)+8—2ﬁ_ \/2‘1_4+(—1—ﬁ) N

default -

trager | Expression too large to display

input Lint (1/ (x+(-x"2-2%x+3)~(1/2)) ,x ,method=_RETURNVERBOSE)
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1/7%77(1/2) % (-1/4% (4% (x+1/2-1/2%7"(1/2) ) "2+4x (-1-7"(1/2) ) *(x+1/2-1/2*7" (1
/2))+8-2%7~(1/2))~(1/2)-1/4*(-1-7"(1/2) ) *arcsin(1/(2-1/2*7~(1/2)+1/4% (-1-7
~(1/2))72)~(1/2) *(x+1) ) +1/2%(2-1/2%7~(1/2) ) / (-1/2+1/2%7~ (1/2) ) *arctanh ( (4-
7-(1/2)+(-1-7"(1/2) ) * (x+1/2-1/2*7~(1/2))) / (-1/2+1/2x7~(1/2) ) / (-4* (x+1/2-1/
277 (1/2) )" 2+4x (-1-7"(1/2) ) * (x+1/2-1/2%7~(1/2) ) +8-2*7~(1/2) ) ~(1/2) ) ) +1/T*7
~(1/2) % (1/4% (4% (x+1/2+1/2%7~(1/2) ) ~2+4* (-1+7~ (1/2) ) * (x+1/2+1/2*x7~(1/2) ) +8
+2x77(1/2))"(1/2)+1/4*x(-1+7"(1/2) ) *arcsin(1/(2+1/2*x7~(1/2)+1/4x (-1+7"(1/2)
)72)7(1/2)*(x+1))-1/2%(2+1/2x7~(1/2) ) / (1/2+1/2%7~(1/2) ) *arctanh ((4+7~(1/2)
+(=1+77(1/2) )% (x+1/2+1/2%x77(1/2))) / (1/2+1/2%7~(1/2) ) / (4% (x+1/2+1/2%7~ (1/2
))T2+4x (=1+77(1/2) ) % (x+1/2+1/2x7~ (1/2) )+8+2*%7~(1/2)) ~(1/2) ) ) +1/4*1n (2*x~2+
2xx-3)+1/14*7~(1/2) *arctanh (1/14* (4*x+2)*7~(1/2))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 372 vs. 2(136) = 272.

Time = 0.12 (sec) , antiderivative size = 372, normalized size of antiderivative = 2.07

1
dx
/m+\/3—2m—x2

_ 1o 247 +622% — 1532% + 2/7(37* + 2° — 452% + 457) — (142° — 8422 + V/7(82° — 30
eV % 4011 82° — 822 — 122+ 9
L1 Sl 24z* + 6223 — 15322 — 2/7(32* + 2® — 4527 + 457) + (142° — 84 2% — V/7(8 2% — 30
56 " %8 40t 1 82° — 822 — 12249
1 222 +V7(2z+1)+22+4\ 1 V—12 -2z +3(z+1)
il 1 —Z
+28ﬁ0g< 22° + 27 —3 p arctan 24223
1 1 2v—12—-2x+3x+2x—3
“log (222 +2x—3) — = 1
+4og(x+x 3) 80g< o )
1 2v/—1% — 2 —2
+ o - T z+3 x+3
8 x2
input Lintegrate (1/ (x+(-x"2-2*x+3)~(1/2)) ,x, algorithm="fricas") J
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1/56*sqrt (7) *1log((24*x~4 + 62%x~3 - 153%x72 + 2*sqrt(7)*(3*x~4 + x~3 - 45%
X"2 + 4b%x) - (14xx73 - 84*x72 + sqrt(7)*(8*x"3 - 30%x"2 + 27*x - 27) + 12
6xx)*sqrt(-x~2 - 2%x + 3) + 180*x - 135)/(4*x"4 + 8%x~3 - 8*x"2 - 12*x + 9
)) + 1/56%sqrt(7)*log((24*x~4 + 62%x~3 - 153*x72 - 2*sqrt(7)*(3*x"4 + x~3

- 45%x72 + 45%x) + (14#x73 - 84*x72 - sqrt(7)*(8+x"3 - 30*x"2 + 27*x - 27)
+ 126*x)*sqrt(-x~2 - 2*x + 3) + 180*x - 135)/(4*x"4 + 8%x"3 - 8%x"2 - 12x%
X + 9)) + 1/28xsqrt(7)*log((2*x”~2 + sqrt(7)*(2xx + 1) + 2%x + 4)/(2%x"2 +

2xx - 3)) - 1/2%arctan(sqrt(-x"2 - 2*x + 3)*(x + 1)/(x"2 + 2xx - 3)) + 1/4
*log(2*x~2 + 2*x - 3) - 1/8xlog((2*sqrt(-x"2 - 2%x + 3)*x + 2%x - 3)/x2)

+ 1/8*log(-(2*sqrt(-x"2 - 2%x + 3)*x - 2*x + 3)/x72)

output

Sympy [F]

1 1
dx:=t/§ dz
L/x+v3—2x—x2 T+vV—22—-2x+3

inputLintegrate(1/(x+(—x**2—2*x+3)**(1/2)),X)

Output‘lntegral(l/(x + sqrt(-x**2 - 2xx + 3)), x)

Maxima [F]

1 1
d$==t/° d
/x+v3—%%ﬂ? T+vV—22-22+3

T

-

integrate(1/(x+(-x"2-2%x+3)~(1/2)),x, algorithm="maxima")

N\

input

Output‘integrate(l/(x + sqrt(-x"2 - 2*x + 3)), x)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 287 vs. 2(136) = 272.

Time = 0.16 (sec) , antiderivative size = 287, normalized size of antiderivative = 1.59

1
dz
/x+\/3—2x—:v2

6 (m_z)

1 4z —2vT+2]\ 1 ’_2ﬁ+ il +4‘
:—2—8ﬁ10g 1o 12V 42 +%\/ﬂ°g 6 (V—a?—2213-2)
} T+ + | ’2\/7"' o1 +4‘
V=222 z+3—
‘—2\/74-2( a:+21 2 2) _4‘
—i\ﬁlog
28 V=222 7+3—
‘2\/74-2( x+21 ~ 2> _4‘

1 /1 1\ 1 ,
+ 5 arcsin (§x+§) +Zlog(|2x +2z—3|)

1 A(V=22—2z+3-2) 3(V=22—2z+3-2)

+ — log ( )+ ( : ) 1

4 z+1 (x+1)

2

1 4(vV-22-22+3-2 V—1>—23+3 -2

N R e L A ELE ) M

4 z+1 (x+1)
inputLintegrate(1/(x+(—x‘2—2*x+3)‘(1/2)),X, algorithm="giac") J
output -1/28%sqrt (7)*log(abs (4*x - 2xsqrt(7) + 2)/abs(4*x + 2*sqrt(7) + 2)) + 1/2

8*sqrt (7)*log(abs (-2*sqrt(7) + 6*(sqrt(-x"2 - 2*x + 3) - 2)/(x + 1) + 4)/a
bs(2*sqrt(7) + 6*%(sqrt(-x"2 - 2*x + 3) - 2)/(x + 1) + 4)) - 1/28*sqrt(7)*1
og(abs(-2*sqrt(7) + 2*(sqrt(-x"2 - 2*%x + 3) - 2)/(x + 1) - 4)/abs(2*sqrt(7
) + 2x(sqrt(-x"2 - 2*xx + 3) - 2)/(x + 1) - 4)) + 1/2*%arcsin(1/2*x + 1/2) +
1/4%1log(abs(2%x~2 + 2*x - 3)) + 1/4%log(abs(4*(sqrt(-x~2 - 2*x + 3) - 2)/
(x + 1) + 3*%(sqrt(-x"2 - 2*x + 3) - 2)72/(x + 1)72 - 1)) - 1/4x1log(abs(-4*
(sqrt(-x~2 - 2%x + 3) - 2)/(x + 1) + (sqrt(-x"2 - 2*%x + 3) - 2)72/(x + 1)~
2 -3))
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Mupad [F(-1)]

Timed out.
/ : dzx _/ = dz
T+v3—-2z—z? t+v—2°—22+3
input Lint(l/(x + (3 - x°2 - 2%x)~(1/2)),%) J
output | 1BEL/ G + (3 - x72 - 240)7(1/2)), %) ]

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.37
asin %—}—%
/ 1 d asin(g + %) ﬁlog(—ﬁ + 3tan (%) _ 2)
x = _
z++3 -2z —122 2 11
asin %+%
+¢ﬂ%@ﬁ+%w(_%_g_®

14
n log(@ + :v)

input | 10 (1/ (et (-x72-24x43) 7 (1/2)) , ) ]

output‘ (T*asin((x + 1)/2) - sqrt(7)*log( - sqrt(7) + 3*tan(asin((x + 1)/2)/2) - 2 \
‘) + sqrt(7)*log(sqrt(7) + 3*tan(asin((x + 1)/2)/2) - 2) + T*log(sqrt( - x* ‘
L*z - 2%x + 3) + x))/14 J




CHAPTER 3. LISTING OF INTEGRALS 207

3.23 | L dr
(x—kx/g:ZZ;::Ef)

Optimal result . . . . . . . . . . .. 207
Mathematica [A] (verified) . . . . . . . . .. ... L 208}
Rubi [A] (warning: unable to verify) . . . .. ... ... ... .. ... ... 208
Maple [C] (verified) . . . . . . . . . . . 211
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 211
Sympy [F] . . . 212
Maxima [F] . . . . . ..
Giac [B] (verification not implemented) . . . . . . . . .. ... ... ... ... 213
Mupad [F(-1)] . . . o o 214
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 214

Optimal result

Integrand size = 18, antiderivative size = 172

/(z+m)2dz

2(4_ﬂ¢§+3Qﬁ—%ijﬁ)>
7<2_“¢§_2@+¢®(w:¢pmhﬁ)+\@Q@—f?%_ﬂy)

8arctanh ( 3—w—ﬁw—f§m>
Tx
VT

_|_

(2*(4-3‘(1/2)+3*(3“(1/2)-(-x‘2-2*x+3)“(1/2))/x)/(14-7*3*(1/2)-14*(1+3*(1/2)
)*(37(1/2) - (-x"2-2%x+3) " (1/2)) /x+T*37 (1/2) % (3™ (1/2) - (-x~2-2%x+3) " (1/2)) "2/
| x72)+8/49*arctanh (1/7*(3-x-x*3" (1/2) -3~ (1/2)* (-x~2-2%x+3) " (1/2))*7~(1/2) /x

output \
L)*?*(1/2) J
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Mathematica [A] (verified)

Time = 0.44 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.55

/ 1 p 3+6\/3—2x—x2—2w(4+\/3—2x—x2)
T =
(x+‘/3—2x—x2)2 14 (—3 + 2z + 222)
2—2z+v3—2x—x2
N 8arctanh(—ﬁ(_ o) )
V7

-

inputLIntegrate[(x + Sqrt[3 - 2*x - x72])7(-2),x]

~—

output
‘+ 2%x72)) + (8*%ArcTanh[(2 - 2*x + Sqrt[3 - 2*x - x72])/(Sqrt[7]1*(-1 + x))]

((3 + 6xSqrt[3 - 2*x - x72] - 2%x*(4 + Sqrt[3 - 2*x - x72]))/(14%(-3 + 2*x |
)/ (7*8qrt [71) |

Rubi [A] (warning: unable to verify)

Time = 0.37 (sec) , antiderivative size = 165, normalized size of antiderivative = 0.96,

number of rules _ 0.333, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {7285, 25, 2191, 27, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 2cl:tc
(\/—3:2——23:4-3+a:)
l7285
V3(Vi—v=a=213)"  2(V3-v-2—20+3
—/—x2—92% —V—z2-2z
C%ﬁfﬂzw)_mWWﬁx*:H@_ﬁ+ﬁ

l25
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V3(vVB—va?273)"  2(v3—v o 2213)

B / - S + - +V3 d(_\/g - \/—x2——2m+3>
—/—z2 2z 2 —V—x%-2x 2 z
<V3¢3{ﬁ22+@ _2@hﬁﬂ%2¢22-ﬁ>_v§+2>
l 2191
21/‘ 16 d(_Vﬁ—V—ﬁ—ax+3>+
28 —V—z2-2z 2 —V —z*—-2x B
V3(v3 W) ~ 2(1+\/3)(\/§zm) /34 T : (ﬁ(ﬁ \
l 27
) 4/ 1 d<_¢§—V—ﬁ—2w+3)+
7 ——z%—-2z 2 —V —x4—2x -
V3(v3 \/ﬁ) 2(1+v3) (ﬁxm) 342 T : (ﬁ(ﬁ Ve
l 1083
3(V3-v=a?-20+3) |
2 = —V3+4 —g 1 2d(2@+\@
7(«%%Ffjunw)_g@+ﬁﬂwtwmtnﬁ)_v§+2> %_(ﬁﬁﬁi?ﬁﬁ) |
l 219
4arctanh(—‘/§_‘/2_\}7zx_m> 3(‘/§_¢m> —V3+4
2 + z
T 7<¢4w%{;¢%H®2_z@ﬂ@ﬂwtwﬂ&QWm)_v§+2>

e

Int[(x + Sqrt[3 - 2*x - x72])~(-2),x]

~—

input L
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output‘2*((4 - Sqrt[3] + (3*%(Sqrt[3] - Sqrt[3 - 2*x - x°21))/x)/(7*(2 - Sqrt[3] -
| (2%(1 + Sqrt[31)*(Sqrt[3] - Sqrt[3 - 2*x - x°21))/x + (Sqrt[31*(Sqrt[3] -
| Sqrt[3 - 2%x - x721)72)/x"2)) + (4*ArcTanh[(Sqrt[3] - Sqrt[3 - 2*x - x2]

‘)/(2*Sqrt[7]*x)])/(7*Sqrt[7]))

Defintions of rubi rules used

rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/bp] && (Gt
Qla, 0] || LtQ[b, 01)

rule 219

rule 1083 IntL@) + (b_)*(x) + (c_.)*(x_)"2)7(-1), x_Symboll :> Simp[-2  Subst[I
nt[1/Simp[b~2 - 4*axc - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 2191 TtL(Pa)*((a_.) + (b_)*(x) + (c_.)*(x.)72)7(p_), x_Symbol] :> With[{Q =
PolynomialQuotient[Pq, a + b*x + c*x”2, x], f = Coeff[PolynomialRemainder [P
g, a + b*x + c*x"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x +
c*x~2, x], x, 11}, Simp[(b*f - 2*axg + (2%c*f - bxg)*x)*((a + b*x + c*x~2)~
(p + 1)/((p + D)*x(d"2 - 4*a*c))), x] + Simp[1/((p + 1)*(b"2 - 4*axc)) Int
[(a + bxx + c*xx"2)"(p + 1)*ExpandToSum[(p + 1)*(b~2 - 4x*axc)*Q - (2%p + 3)*
(2xcxf - bxg), x], x], x]1] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x] && NeQ[b~
2 - 4xa*c, 0] && LtQ[p, -1]

rule 7285 Int[u_, x_Symbol] :> With[{lst = FunctionOfSquareRootOfQuadratic[u, x]}, Si
mp[2 Subst[Int[1st[[1]], x], x, 1st[[2]1]1], x] /; !FalseQ[lst] && EqQ[lst
[[3]1]1, 111 /; EulerIntegrandQ[u, x]
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.15 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.61

method | result

4 RootOf (_22—7) n (ROOtOf (_Z2_7> ©—3 RootOf (_ZQ—7> —7\/m>

.'13(.’17—3) _ (.’E—3)\/f2.’11+3 _ RootOf(_Z2—7)a:—z+3

14z24+14z—-21 7(222+22—3) 49

trager

default | Expression too large to display

input Lint (1/ (x+(-x~2-2*x+3)~(1/2)) ~2,%,method=_RETURNVERBOSE) J

e Y

output | 1/Tx(x-3) *x/ (2%x~2+2%x-3) -1/ T (x-3) / (2%x"2+2%x-3) % (-x"2-2%x+3) ~ (1/2)-4/49% |
'RootOf (_Z~2-7) *1n((RootOf (_Z~2-7) *x-3%Root0f (_Z"2-7)-T*(-x"2-2%x+3)~(1/2)) |

L/ (Root0f (_Z~2-7) *x-x+3)) J

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 171, normalized size of antiderivative = 0.99

1
/ 5 dx
(z+ V3 —2z — 2?)
9 \/7(2 24927 — 3)log (z4+44w3_ﬁ(333+x2_45x+45)\/—z2‘_2 x+3+26m2_276x+207) +4 \/7(2 2423 — 3) loy

4744823 —-8x2—12x+9
98222+ 2z —3)

inputLintegrate(1/(x+(-x"2-2*x+3)"(1/2))"2,x, algorithm="fricas") J

1/98% (2*sqrt (7)*(2*xx~2 + 2*x - 3)*x1log((x~4 + 44*x~3 - sqrt(7)*(3*x"3 + x72
- 45xx + 45)*sqrt(-x"2 - 2*x + 3) + 26*x72 - 276*x + 207)/(4*xx"4 + 8*x~3
- 8%x72 - 12%x + 9)) + 4xsqrt(7)*(2*x"2 + 2*x - 3)*Log((2*x~2 + sqrt(7)*(2
*x + 1) + 2%xx + 4)/(2%x72 + 2%x - 3)) - 14*xsqrt(-x"2 - 2*x + 3)*(x - 3) -

56*x + 21)/(2%x"2 + 2%x - 3)

output
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Sympy [F]

/(x+\/?>—12307—x2)2dm=/ (x+\/—x21——2x—|—3)

5 dT

inputLintegrate(1/(X+(_x**2'2*X+3)**(1/2))**2,x)

output

LIntegral((x + sqrt(-x**2 - 2*%x + 3))**(-2), x)

Maxima [F]

/(m+m)2d$:/(x+\/—x21——2x+3)2

dz

input Lintegrate (1/ (x+(-x"2-2*x+3)~(1/2))"2,x, algorithm="maxima")

outputt

integrate((x + sqrt(-x~2 - 2*x + 3))7(-2), x)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 350 vs. 2(132) = 264.

Time = 0.17 (sec) , antiderivative size = 350, normalized size of antiderivative = 2.03

1
dx
/ (z+ \/3—293—:52)2
6 (vV=27-22+3-2)

__3ﬁ10g<\4x—2\/7+2\)+3ﬁ10g '—2ﬁ+ ] +4‘
49 |4x+2\/7+2| 49 ‘2\/7—}— 6(\/—w2’z:rzlw+3—2) +4’
2 (vV—x2-22+3-2
’_2\/7+ ( z+1 ) _4'
~ 2 filog  8z-3
49 N T 14(222+22 3
274 TR (2% +22-3)

5(vV_aT-213-2) | % (m_z)2 11 (m_2)3
8 z+1 (z+1)? (z+1)3 —6

8 (V=a?-2013-2) 26 (\/M—Z)Q s(\/m_zf 3(\/m_2)4
21 o+l + (e+1)* (a+1)° B (e+1)T -3

inputLintegrate(1/(x+(—x“2-2*x+3)"(1/2))"2,x, algorithm="giac") J

-2/49%sqrt (7)*log(abs (4*x - 2*sqrt(7) + 2)/abs(4*x + 2*sqrt(7) + 2)) + 2/4
9xsqrt (7)*log(abs(-2*sqrt(7) + 6x(sqrt(-x"2 - 2*x + 3) - 2)/(x + 1) + 4)/a
bs(2*sqrt (7) + 6%(sqrt(-x"2 - 2*x + 3) - 2)/(x + 1) + 4)) - 2/49*sqrt(7)*1
og(abs(-2*sqrt(7) + 2*(sqrt(-x"2 - 2*x + 3) - 2)/(x + 1) - 4)/abs(2*sqrt(7
) + 2x(sqrt(-x"2 - 2%x + 3) - 2)/(x + 1) - 4)) - 1/14x(8*x - 3)/(2*x"2 + 2
*x — 3) - 8/21*%(5*(sqrt(-x"2 - 2%x + 3) - 2)/(x + 1) + 26x(sqrt(-x"2 - 2xx
+3) - 2)72/(x + 1)72 + 11*(sqrt(-x"2 - 2*%x + 3) - 2)73/(x + 1)"3 - 6)/(8
*(sqrt(-x"2 - 2*x + 3) - 2)/(x + 1) + 26%(sqrt(-x~2 - 2%x + 3) - 2)72/(x +
1)72 + 8*(sqrt(-x"2 - 2*%x + 3) - 2)73/(x + 1)73 - 3*(sqrt(-x"2 - 2*x + 3)
-2)74/(x + 1)°4 - 3)

output
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Mupad [F(-1)]

Timed out.
b/‘ 1 2dw:zm/a ! 5 dx
(z+v3—2z —2?) (z+vV—22— 2z +3)
inputtint(l/(x + (3 - x72 - 2%x)°(1/2))"2,%) J
output BE(L/(x + (3 = x°2 - 260°(1/2))72, ) ]

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.85

1
dx
/“@%Fv3—2x—xﬂ2
—4v/=27 =25+ 3/Tlog(—/7 + 3 tan (=232 —2) 4 427 =95+ 3v/Tlog (V7 + 3tan (=

-

inputtint(1/(x+(-x‘2—2*x+3)*(1/2))*2,X)

A J

( - 4xsqrt( - x*x2 - 2*x + 3)*sqrt(7)*log( - sqrt(7) + 3*tan(asin((x + 1)/

2)/2) - 2) + 4*xsqrt( - x*#*%2 - 2%x + 3)*sqrt(7)*log(sqrt(7) + 3xtan(asin((x
+ 1)/2)/2) - 2) - B6*sqrt( - x**2 - 2%x + 3) - 4*sqrt(7)*log( - sqrt(7) +
3xtan(asin((x + 1)/2)/2) - 2)*x + 4xsqrt(7)*log(sqrt(7) + 3*tan(asin((x +
1)/2)/2) - 2)*x - 49*x - 21)/(49*(sqrt( - x**2 - 2%x + 3) + x))

output
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324 L dzx
(a:-l-\/ 3—2x—x2)

Optimal result . . . . . . . . . . .. 215
Mathematica [A] (verified) . . . . . . . . .. ... L 276l
Rubi [A] (warning: unable to verify) . . . .. ... ... ... .. ... ... 216
Maple [C] (verified) . . . . . . . . . ... 210
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 220
Sympy [F] . . . 2201
Maxima [F] . . . . . ..
Giac [A] (verification not implemented) . . . . . . . .. ... ...
Mupad [F(-1)] . . .« 222
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 222

Optimal result

Integrand size = 18, antiderivative size = 311

/(x-I-m)?’dx

T

4 (9 _5y3 ) (V??—VW)>

T

o (2 e 2(1+v3) (V3—v3—25-27) N \/3(\/5_@

x

T

2 (43 —6y3 4 L) (ﬁ_m))

>2)2

T

19V3 (2 - 2(1+v3) (V3-v3-22—a2) N

12arctanh ( 3‘“‘\/§m—\%5\/m )
Tx

+
497

T

2

\/ﬁ(ﬁ—m)2>



output

input

output

CHAPTER 3. LISTING OF INTEGRALS 216

1/21%(-36+20%*37 (1/2) -4* (21+5%37 (1/2) ) * (37 (1/2) - (-x"2-2*x+3) ~(1/2)) /x) / (2-3
~(1/2)-2%(1+37(1/2) ) * (37 (1/2) - (-x"2-2*x+3) ~(1/2) ) /x+3~(1/2) * (3~ (1/2) - (-x"2
-2%x+3)7(1/2))"2/x72)"2-2/147% (43-6*3~ (1/2) +(49+6*3~(1/2) ) *(37(1/2) - (-x"2-
2%x+3) " (1/2)) /x)*37(1/2) /(2-37(1/2)-2% (1+37(1/2) ) * (37 (1/2) - (-x~2-2*x+3) ~ (1
/2))/x+37(1/2)* (37 (1/2) - (-x~2-2*x+3) ~(1/2) ) ~2/x~2)+12/343*arctanh (1/7* (3-x
-x*37(1/2)-37(1/2) * (-x"2-2%x+3) " (1/2) )*7~(1/2) /x) *7~ (1/2)

Mathematica [A] (verified)

Time = 0.54 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.37

/(ﬁﬁf‘“

7(—279+3002+2622 —48z3 14v/3—2z—22 (15+-83z—58x2 —34x3 _ G Po——;
( ©+260°—482%) | o—o? (15+830—582°=342%) | 4g. /Tarctanh (2=2etV3=2s—a?
(—3+2z+222) (—3+2z+222) VT(=14z)

1372

-

‘((7*(—279 + 300%x + 26%x"2 - 48%x73))/(-3 + 2*x + 2%x"2)"2 + (14*Sqrt([3 -
(2¢x - x"2]%(15 + 83%x - 58%x"2 - 34%x73))/(-3 + 2¥x + 2%x"2)"2 + 48%Sqrt[7
‘]*ArcTanh[(Q - 2%x + Sqrt[3 - 2*x - x72])/(Sqrt[7]1*(-1 + x))])/1372

Rubi [A] (warning: unable to verify)

Time = 0.55 (sec) , antiderivative size = 305, normalized size of antiderivative = 0.98,

number of rules _ 0.389, Rules

number of steps used = 8, number of rules used = 7, integrand size

used = {7285, 2191, 27, 2191, 27, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

l/‘ 1 dzx
(Va2 +3+2)

l'7285

LIntegrate[(x + Sqrt[3 - 2*x - x72])"(-3),x] J
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4 3
2/ _\/5(\/5—\/;472_2%3) N 2(\/3—\/?;2_2#3) N 2(\/?:—\/—zx42_2x+3) + \/§d<_\/§ _ \/—x2——2x+3>
—V—z2-2z ? —V—z?-2 3 z
(vaws{ﬁz2+@ _2@ﬁ@x¢2¢224§)_v§+2>
l 2191

2
8(— 21(V3-v=2?=20+3) B 42(V3—v=27=20+3) L 16VE 4 21)

| b/" = z ci( VA§__\/i:;5TI7ZETFT§>
—_—— -_ 2 - o
56 3<¢%ﬁﬂff4ﬁ@2_4ngwi¢ﬁtmw)_¢§+ﬁ ’ 21

l 27

_2%¢§WC?EZﬁ®2_:QQE—JI?:Z;Q

x2

+16v3 +21 d(_vﬁ_xﬂﬂﬂ—zm+3

21 <¢4¢%¢ﬂ¢%H@2_QQMBX¢&v:ﬁ4mw)_v§+2>2 ' >21<¢3

x2 T

. B (18+49\/§) (x/:’?—\/m) _43v3+18 .

T

[

21 7<V%V§wifLm%®2_20+V@(¢t¢:ﬂ-m&®__V§+2> 28/:_¢%¢%v;ﬂ4h%g2_z@+w

| 27

|
o
|
|

) 118/ 1 g Y3-V=2"—2%+3)
21 7 3(v3-—v—22—2273)"  2(14v3)(V3-—v—22—2213 T 3
v3(V3-v-2?20+3) (14+v3) (V3-v—2?-2273) («(

l 1083
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2 1 B (18+49\/§) (x/?i—\/m) _43v3+18 36 ) ) (2 (1
21 7<Vﬂ¢3wjfLMﬁQ2_2@+V@<¢t¢:ﬂ—hﬁﬂ__V§+2> 7 28_<V3wci—kw@2
l 219

18axctanh(sﬁinéii?éii£3) (18+49v3) (vV3—v=27—273)
T

|1 - N - —43\/3+18 L
A (e e )|,
input‘Int[(x + Sqrt[3 - 2xx - x72])7(-3),x]
output 2x((-2%(9 - 5*Sqrt[3] + ((21 + 5*%Sqrt[3])*(Sqrt[3] - Sqrtl[3 - 2*x - x72]))
/%))/(21%(2 - Sqrt[3] - (2x(1 + Sqrt[31)*(Sqrt[3] - Sqrt[3 - 2#¢x - x~21))/
x + (Sqrt[3]1*(Sqrt[3] - Sqrt[3 - 2*x - x72])72)/x"2)"2) + ((18 - 43%Sqrt[3
1 - ((18 + 49%Sqrt[3])*(Sqrt[3] - Sqrt[3 - 2*x - x721))/x)/(7*(2 - Sqrt[3]
- (2%(1 + Sqrt[3]1)*(Sqrt[3] - Sqrt[3 - 2*x - x72]))/x + (Sqrt[3]1*(Sqrt([3]
- Sqrt[3 - 2*x - x72])72)/x72)) + (18*ArcTanh[(Sqrt[3] - Sqrt[3 - 2*x - x
~2])/(2%Sqrt [71*x)]1) / (7*Sqrt [7]1))/21)
Defintions of rubi rules used
rule 27‘Int[(a-)*(FX-)’ x_Symbol] :> Simpla Int[Fx, xJ, x] /; FreeQla, x] & !Ma
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] J

e 219 T0tL((a) + (b_)*(x1)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 21))
\ArcTanh[Rt[-b, 2]*(x/Rtla, 21)1, x] /; FreeQ[{a, b}, x] &% NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 01)

N\

J
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rule 1083 Tntl(Cal) + (b_)*(x_) + (c_.)*(x_)72)7(-1), x_Symbol] :> Simp[-2  Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 2191 Int[(Pq_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{Q =
PolynomialQuotient [Pq, a + b*x + c*x”2, x], f = Coeff[PolynomialRemainder [P
q, a + b*x + c*x"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x +
c*x”2, x], x, 11}, Simp[(b*f - 2xaxg + (2xcxf - bxg)*x)*((a + b*x + c*xx~2)"
(p+ 1)/((p + 1)*%(b"2 - 4*xa*c))), x] + Simp[1/((p + 1)*(b"2 - 4*axc)) Int
[(a + b*xx + c*x"2)"(p + 1)*ExpandToSum[(p + 1)*(b~2 - 4*axc)*Q - (2%p + 3)*
(2%c*f - bxg), x]1, x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x] && NeQ[b~
2 - 4xa*c, 0] && LtQ[p, -1]

rule 7285 Int[u_, x_Symbol] :> With[{lst = FunctionOfSquareRootOfQuadraticl[u, x]}, Si
mp[2 Subst[Int[1st[[1]], x], x, 1st[[2]1]1], x] /; !FalseQ[lst] && EqQ[lst
[[311, 111 /; EulerIntegrandQ[u, x]

Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.14 (sec) , antiderivative size = 129, normalized size of antiderivative = 0.41

method | result

RootOf (_f —7> z—3 RootOf <_

6 RootOf (_Z2—7) In (

(6223+100z2—1112—36)x  (3423+5822—83x—15)v—z2—2z+3

RootOf <_Z‘277

trager 98(222+22—3)2 o 98(22+22—3)2

default | Expression too large to display

343

e

inputLint(l/(x+(-x‘2—2*x+3)’"(1/2))“3,X,method=_RETURNVERBOSE)

~—

t‘1/98*(62*x“3+100*x‘2—111*x—36)*x/(2*x‘2+2*x—3)‘2—1/98*(34*x‘3+58*x‘2—83*x—
‘15)/(2*x‘2+2*x—3)‘2*(—x‘2—2*x+3)‘(1/2)—6/343*Root0f(_Z“2—7)*1n((Rooth(_Z‘
2-7)*x-3%Root0f (_Z~2-7)-T* (-x~2-2%x+3) ~(1/2)) / (Root0f (_Z~2-7) *x-x+3))

N\

outpu
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 223, normalized size of antiderivative = 0.72

1
/ 5 dr =
(z+ V3 — 2z —2?)

3362° — 6v/T(40" +84° — 82 — 12 + 9) log (=TT B o i e R0 s 0o 0T )

-

inputt

-/

integrate(1/(x+(-x~2-2%x+3)~(1/2))"3,x, algorithm="fricas")

-1/1372%(336*%x"3 - 6*sqrt(7)*(4*x"4 + 8%x"3 - 8xx"2 - 12*x + 9)*log((x~4 +
44xx~3 - sqrt(7)*(3*x~3 + x72 - 45xx + 45)*sqrt(-x"2 - 2*x + 3) + 26%x"2
- 276%x + 207)/(4%x”4 + 8%x~3 - 8xx™2 - 12*%x + 9)) - 12*sqrt(7)*(4*x"4 + 8
*x"3 - 8xx72 - 12%x + 9)*Llog((2%x"2 + sqrt(7)*(2*x + 1) + 2%x + 4)/(2*x"2
+ 2%x - 3)) - 182%x72 + 14%(34#x”3 + 58*x"2 - 83%x - 1B5)*sqrt(-x~2 - 2*x +

3) - 2100*x + 1953)/(4*x"4 + 8*x~3 - 8%x"2 - 12%x + 9)

output

Sympy [F]

/(“\/3—12%7—%2)3@:/ ($+\/—a:21——2x+3)3dm

inputLintegrate(1/(x+(—x**2—2*x+3)**(1/2))**3,x) J

outputtlntegral((x + sqrt(—x**2 - 2xx + 3))**(-3), x) J
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Maxima [F]
/(x+m)3d$:/ (H\/_x;_—w,)rﬁdw
input Lintegrate (1/ (x+(-x~2-2*%x+3)~(1/2))"3,x, algorithm="maxima") J
output 1tegrate((x + sart(-x"2 - 2+x + 3)°(-3), ® ]

Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 452, normalized size of antiderivative = 1.45

/(Hmf’dm

6 (v-2—2z+3-2)
——iﬁlog<|4x_2ﬁ+2|>+iﬁlog ‘—2ﬁ+ T +4‘
343 4z +2v7+2|) 343 ‘2\/7+6(\/T_2>+4‘
2 (V=a?=20+3-2)
Ry ‘_2\f7+ a1 _4‘ _ 482% —264% — 300z 4 279
343 2 (V=22—22+3-2 196 (222 + 21 — 3)2
274 2 i )_4' 96 (222 + 2z — 3)

231 (\/M—Q) 3286 (\/m—zf 4441 (\/M—z)g 18906 (m-@‘l 12487(\/—7
4 =1 + ri)? - @ri)® - ri)? @

_|_

8 (V—at—2243-2) = 2 (m—z)z 8 (m—zf
441 z+1 + (z+1)2 + (z+1)3 i

input Lintegrate (1/ (x+(-x"2-2%x+3)~(1/2))"3,x, algorithm="giac") J
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-3/343%sqrt (7)*log(abs(4*x - 2*sqrt(7) + 2)/abs(4*x + 2*sqrt(7) + 2)) + 3/
343xsqrt (7) *log(abs (-2*sqrt (7) + 6*(sqrt(-x"2 - 2*x + 3) - 2)/(x + 1) + 4)
/abs (2*sqrt(7) + 6*(sqrt(-x"2 - 2*x + 3) - 2)/(x + 1) + 4)) - 3/343*sqrt(7
)*log(abs (-2*sqrt(7) + 2*(sqrt(-x~2 - 2*x + 3) - 2)/(x + 1) - 4)/abs(2*sqr
t(7) + 2%(sqrt(-x"2 - 2*%x + 3) - 2)/(x + 1) - 4)) - 1/196%(48*x"3 - 26*x"2
- 300*x + 279)/(2*x"2 + 2%x - 3)72 + 4/441%(231*(sqrt(-x"2 - 2*x + 3) - 2
)/ (x + 1) + 3286*(sqrt(-x"2 - 2*x + 3) - 2)72/(x + 1)72 - 4441x(sqrt(-x"2
- 2%xx + 3) - 2)73/(x + 1)73 - 18906*(sqrt(-x"2 - 2*%x + 3) - 2)74/(x + 1)74
- 12487*(sqrt(-x"2 - 2*%x + 3) - 2)75/(x + 1)75 + 946%(sqrt(-x"2 - 2%x + 3
) = 2)76/(x + 1)76 + 1977*(sqrt(-x"2 - 2*x + 3) - 2)77/(x + 1)°7 - 414)/(8
*¥(sqrt(-x72 - 2xx + 3) - 2)/(x + 1) + 26x(sqrt(-x"2 - 2*x + 3) - 2)72/(x +
1)72 + 8*%(sqrt(-x"2 - 2xx + 3) - 2)73/(x + 1)73 - 3x(sqrt(-x"2 - 2*x + 3)
- 2)74/(x + 1)74 - 3)72

output

Mupad [F(-1)]

Timed out.

/(Hm)?'dw:/(ﬂ\/_;_—w)sdw

inputlint(l/(x + (3 - x°2 - 2%x)~(1/2))°3,%)

outputtint(l/(X + (3 - x72 - 2%x)7(1/2))73, x)

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 389, normalized size of antiderivative = 1.25

1
/ 5 dr = Too large to display
(z+ V3 —2z — 2?)

e

input Lint (1/ (x+(-x"2-2%x+3) ~(1/2))"3,x)

~—
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(2% ( - 81*sqrt(7)*log( - sqrt(7) + 3*tan(asin((x + 1)/2)/2) - 2)*tan(asin(
(x + 1)/2)/2)**4 + 216*sqrt(7)*log( - sqrt(7) + 3*tan(asin((x + 1)/2)/2) -
2)*tan(asin((x + 1)/2)/2)**3 - 90*sqrt(7)*log( - sqrt(7) + 3*tan(asin((x
+ 1)/2)/2) - 2)*tan(asin((x + 1)/2)/2)**2 - 72*sqrt(7)*log( - sqrt(7) + 3%
tan(asin((x + 1)/2)/2) - 2)*tan(asin((x + 1)/2)/2) - 9*sqrt(7)*log( - sqgrt
(7) + 3*tan(asin((x + 1)/2)/2) - 2) + 81*sqrt(7)*log(sqrt(7) + 3*tan(asin(
(x + 1)/2)/2) - 2)*tan(asin((x + 1)/2)/2)**4 - 216*sqrt(7)*log(sqrt(7) + 3
*tan(asin((x + 1)/2)/2) - 2)*tan(asin((x + 1)/2)/2)**3 + 90*sqrt(7)*log(sq
rt(7) + 3*tan(asin((x + 1)/2)/2) - 2)*tan(asin((x + 1)/2)/2)**2 + T2*sqrt(
7)*log(sqrt(7) + 3*tan(asin((x + 1)/2)/2) - 2)*tan(asin((x + 1)/2)/2) + 9%
sqrt(7)*log(sqrt(7) + 3*tan(asin((x + 1)/2)/2) - 2) - 399*tan(asin((x + 1)
/2)/2)**4 + 770%tan(asin((x + 1)/2)/2)*x2 - 140xtan(asin((x + 1)/2)/2) - 2
59))/(1029* (9*tan(asin((x + 1)/2)/2)**4 - 24*tan(asin((x + 1)/2)/2)**3 + 1
Oxtan(asin((x + 1)/2)/2)**2 + 8xtan(asin((x + 1)/2)/2) + 1))

output




output
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3.25 Il (d—|—ea:—|—f\/a—|—ba:—|—cx2> dz

Optimal result . . . . . . . . .. . . . 224
Mathematica [A] (verified) . . . . . . .. ... .. L Lo 225
Rubi [A] (verified) . . . .. . . . . .. 225
Maple [A] (verified) . . . . . . . . . 226
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 2271
Sympy [A] (verification not implemented) . . .. . ... ... ... .. .... 228
Maxima [F(-2)] . . . . . o o 229
Giac [A] (verification not implemented) . . . . . . ... ... ... .. ... .. 229
Mupad [B] (verification not implemented) . .. ... ... ... ... ..... 230
Reduce [B] (verification not implemented) . . . ... ... ... ... ..... 2301

Optimal result

Integrand size = 23, antiderivative size = 158

d+ex + fVa+ bz + ca? 2dz
[ (+eass )

=(d*+af’)z+ = (2de+bf2) 4+ = L (€ +cf?)z®

3
4 2ef(a+ bz + cx )3/2 _ (=2cd + be) f (b + 2cz)\/a + z(b + cx)
3c 4c?
2 _ b+2cx
. (b* — 4ac) (—2cd + be)farctanh(—Qﬁ\/m>
8¢5/2

\(a*f 2+d72) *x+1/2% (b*f~2+2%d*e) *x"2+1/3* (c*f~2+e72) *x"3+2/3*exf* (c*x™2+b*x
| +a) " (3/2) /c-1/4% (bxe-2xcxd) *£* (2% ckx+b) * (a+xx (cxx+b) )~ (1/2) /c"2+1/8% (-4xax

‘c+b 2) * (b*xe-2%c*d) *f*arctanh (1/2* (2%c*x+b) /c~(1/2) / (a+x* (c*x+b) )~ (1/2)) /c”

(5/2)
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Mathematica [A] (verified)

Time = 1.93 (sec) , antiderivative size = 156, normalized size of antiderivative = 0.99

dtex+ fVatbr o) du
[ (a+e+s )

1 2z (6d> + 6af? + 6dex + z(3bf> + 2(e* + cf?) z))

T 12
N fv/a+ z(b+ cx)(—3b% + 2bc(3d + ex) + 4c(2ae + cx(3d + 2ex)))
2
3(b? — 4ac) (—2cd + be) farctanh(_ e \/‘fj_”z (b+cm)>

_|_

c5/2

e

inputLIntegrate[(d + exx + f*xSqrt[a + b*x + c*x72])72,x]

~—

Output‘ (2%x* (6%d"2 + 6*a*xf~2 + Bxdkexx + x*(3*bxf~2 + 2%(e”2 + ckxf~2)*x)) + (£*Sq ‘
‘rtla + xx(b + c*x)]*(-3%b"2%e + 2¥bkck(3%d + exx) + 4kck(2kakre + ckxx(3xd |
\+ 2%exx))))/c”2 + (3%(b"2 - 4xaxc)*(-2xc*d + bxe)*f*xArcTanh[(Sqrt[c]*x)/ (- \

‘Sqrt[a] + Sqrtfa + xx(b + c*xx)1)])/c~(5/2))/12

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 226, normalized size of antiderivative = 1.43,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 0.087, Rules
integrand size

used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(f\/a+bx+cm2+d+ew)2 dr

l 7293

2de

af? bf? cf?
/ <2df\/a+ba}+cm2+2efa:\/a+bx+cx2+d2<d2+1> +2dex( +1> +62IIJ2<62 +1>> dz
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| 2009
b
df (b* — 4ac) arctanh(W’%) bef (b? — 4ac) arctanh(ﬁ)
— _|_ —
4c3/2 8c5/2
bef(b+ 2cz)Va+br +cx?  df(b+ 2cx)Va+ bz + cz? 26f(a+bm+cx2)3/2
4c? + 2¢c + 3c +

w(af2 + d2) + %m2 (bf2 + 2de) + %x?’(cfz + 62)

-

LInt[(d + exx + fxSqrtla + b*x + c*xx2])"2,x]

~—

input

output (@72 + axf~2)*x + ((2*d*e + b*£"2)*x"2)/2 + ((e”2 + c*£72)*x73)/3 + (d*f*(
b + 2xcxx)*Sqrtla + b*x + c*x72])/(2xc) - (bxexf*(b + 2*kcxx)*Sqrtla + b*x

+ c*x72])/(4%c”2) + (2xexf*x(a + b*x + c*x72)7(3/2))/(3*%c) - ((b~2 - 4*axc)

*d*f*ArcTanh[(b + 2%c*x)/(2*Sqrt[cl*Sqrt[a + b*x + c*x~2])])/(4*c~(3/2)) +
(b*(b~2 - 4*axc)*exfxArcTanh[(b + 2%c*x)/(2*%Sqrt[c]*Sqrt[a + b*x + c*x~2]

)1)/(8%c~(5/2))

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7293111113 [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v] ‘

Maple [A] (verified)

Time = 1.68 (sec) , antiderivative size = 194, normalized size of antiderivative = 1.23

method | result

b
(4ac—b?) In (L\/gw-ﬁ/ cx2+bx+a)

default fz(%0$3+%bm2+xa) +of|d (2cz+b)\/466w2+T+a+

3
8c2

+e

(c 2 4ba
3c
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input| 10t ((d+exx+fx (cxx™2+bxx+a)~(1/2)) 2, %, method=_RETURNVERBOSE) |

£72% (1/3%c*xx"3+1/2%b*x"2+x%a) +2*f* (d* (1/4* (2*xc*xx+b) /c* (c*x™2+b*x+a) ~(1/2) +
1/8*(4*xaxc-b~2) /c~(3/2)*1n((1/2xb+c*x) /c” (1/2) +(c*x"2+b*x+a) ~(1/2)))+e*x(1/
3* (c*x™2+b*x+a) ~(3/2) /c-1/2%b/c* (1/4* (2*xc*xx+b) /cx (ckxx™2+b*x+a) ~ (1/2)+1/8%(
4xaxc-b~2)/c”(3/2) *1n((1/2%b+c*x) /c~(1/2) +(c*x~2+b*x+a) ~(1/2)))) ) +1/3* (e*x
+d)~3/e

output

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 429, normalized size of antiderivative = 2.72

d+ex+ fVatbot o) du
[ (ateass )

16 (c*f2 + *e?)z® + 3 (2 (b*c — 4ac?)d — (b® — 4 abc)e)\/cf log (—8 *a? — 8bex — b + 4 v/cx? + ba -

e

integrate((d+e*xx+f*(c*x~2+b*x+a)~(1/2))~2,x, algorithm="fricas")

~—

inputt

[1/48%(16%(c™4*f72 + c"3%e”2)*x"3 + 3*x(2*%(b~2xc - 4xaxc™2)*d - (b~3 - 4xax
b*c) *xe) *sqrt (c) *f*x1log(-8*c"2*xx"2 - 8*bxc*x - b~2 + 4*sqrt(c*x”2 + bxx + a)
*(2xcxx + b)*sqrt(c) - 4*a*xc) + 24*(bxc™3*f72 + 2%c"3*dxe)*x"2 + 48*(axc”3
*£72 + c73*d"2)*x + 4*(8*c"3xexf*x"2 + 2x(6%xc”3*d + bxcT2xe)xfxx + (6%b*c”
2%¢d - (3*%b~2%c - 8kaxc~2)*e)*f)*sqrt(c*x”2 + bxx + a))/c”3, 1/24%(8*(c"4xf
T2 + ¢c73%e”2)*x73 + 3*%(2x(b"2*c - 4*xaxc”2)*d - (b~3 - 4*xaxbxc)*e)*sqrt(-c)
xf*arctan(1/2*sqrt(c*x”2 + b*x + a)*(2*kc*xx + b)*sqrt(-c)/(c”2*x"2 + b*c*x
+ axc)) + 12x(b*c™3*f72 + 2xc”3*d*e)*x”"2 + 24x(axc”3*¥f72 + c”3*%d"2)*x + 2%
(8*c™3*exf*x"2 + 2% (6*%c"3*d + bkc~2*e)*f*xx + (6%bxc”2*d — (3*¥b~2%kc — 8*xa*c
~2)*e) *f)*sqrt (c*x~2 + bxx + a))/c"3]

output




input |

output
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Sympy [A] (verification not implemented)

Time = 0.70 (sec) , antiderivative size = 345, normalized size of antiderivative = 2.18

9 2,2 2.3
/(d+mﬁjVa+MHwﬂ)cm=afx+ng—%d;:+fx+®f

log <b+2\/5\/a+bx+cx2+2cx) b2
fora— 7 #0

e
(% - 187_2;) <i+z) log (i—i-m) + (ﬁ + %) Va + bz + C:B? for c 7& 0
2e 2°2 otherwise
+2df V(&)
2(a+bm)%

N e?z3
3
r
log (b+2\/7:\/ a+bac+cw2+2¢x) f b2
oot 7 ora— g #0
(_a_b_@) (ee)og (52
12¢ 2c >4z ) log ( 5=+x .
2e = otherwise
b
+2ef \/c(2°+x>
(a+b )% (a+b )%
a(a+bx a-+bx
2
ax?
L 2

integrate ((d+e*xx+f* (cxx**2+b*x+a)**(1/2)) **2,x)

+\/a+bx+cx2(%+

axf**x2xx + b*f*k2kx**2/2 + ckf**2xx**3/3 + d**2xx + dxexx**2 + 2*d*f*Piece
wise(((a/2 - b**2/(8%c))*Piecewise((log(b + 2*sqrt(c)*sqrt(a + b¥x + ckx¥*
2) + 2xcxx)/sqrt(c), Ne(a - bx*2/(4*c), 0)), ((b/(2*c) + x)*log(b/(2xc) +
x)/sqrt(cx(b/(2%c) + x)**2), True)) + (b/(4*c) + x/2)*sqrt(a + b*x + c*x**
2), Ne(c, 0)), (2x(a + b*x)**(3/2)/(3*b), Ne(b, 0)), (sqrt(a)*x, True)) +
e*x*x2xx**3/3 + 2xexf*Piecewise(((-a*b/(12%c) - bx(a/3 - b*x2/(8%c))/(2%c))*
Piecewise((log(b + 2*sqrt(c)*sqrt(a + b*x + c*x*x2) + 2%c*x)/sqrt(c), Ne(a

- bxx2/(4*c), 0)), ((b/(2%c) + x)*log(b/(2%c) + x)/sqrt(c*(b/(2xc) + x)*x*
2), True)) + sqrt(a + bxx + ckxx**2)*(b*x/(12%c) + x**2/3 + (a/3 - b**2/(8%
c))/c), Ne(c, 0)), (2x(-a*x(a + b*x)**(3/2)/3 + (a + bxx)*x(5/2)/5) /b**2, N
e(b, 0)), (sqrt(a)*x**2/2, True))
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Maxima [F(-2)]

Exception generated.

2
/ (d +ex+ fva+bxr+ cw2> dr = Exception raised: ValueError

inputLintegrate((d+e*x+f*(c*x"2+b*x+a)"(1/2))"2,x, algorithm="maxima") J

p
Ou_tpm‘Exception raised: ValueError >> Computation failed since Maxima requested

W
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a*xc-b~2>0)', see “assume?” for
more deta

N\ J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.10

/<d+ew+fm)2 dzx

1 1 1
= gcfzmg‘ + §bf2a:2 + -2 +afir + dex® + d*x

3
2 _ 272
v L Vem T o a(2 (defe s SCY bl Obedf =30 e +Bacef
12 62 c2
N (2b%cdf — 8ac’df — bPef + 4abcef)log (|2 (vez — Vex? + bz + a)/c + b))

5
8c2

integrate ((d+e*x+f* (c*x~2+b*x+a)~(1/2))"2,x, algorithm="giac")

input |

1/3*%c*x£72+x73 + 1/2%b*f72%x72 + 1/3%e”2*x"3 + a*f~2%x + dxexx"2 + d"2*x +
1/12*%sqrt (c*x™2 + b*x + a)*(2x(4xe*xfxx + (6xc™2xd*f + bxcxe*xf)/c”2)*x + (6
xbkxckd*f — 3*%b"2xexf + 8kaxckxe*f)/c”2) + 1/8%(2xb~2*ckd*f — 8kaxc”2*d*f -
b~3%exf + 4*axbxcxe*f)*log(abs(2*(sqrt(c)*x - sqrt(c*x™2 + b*x + a))*sqrt(
c) + b))/c7(5/2)

output




CHAPTER 3. LISTING OF INTEGRALS 230

Mupad [B] (verification not implemented)

Time = 21.25 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.20

/<d+ex+f\/a+bx—|—cx2)2 dz
=28 (£+c—f2) + 22 (%+de) +z(d+af?)+2df (§+i) Vez? + bz +a

3 3 2 4c

ef(=3v>+2czb+8c(cz®+a)) Vex?+bz+a

+
. 12 ¢?

dfIn <§;§w +\/c:c2+ba:+a> (ac— %)

+ 3/2
c

efln(ﬁ%?ﬁ+2VCx2+bx+wO (b®* —4abc)

+
8 ¢5/2

e

tint((d + exx + f*(a + b¥x + c*x2)~(1/2))"2,x%)

~—

input

x"3*%((c*£72)/3 + €72/3) + x"2x(d*e + (b*£72)/2) + x*(a*xf"2 + d~2) + 2kd*fx*
(x/2 + b/(4*c))*(a + b*x + c*x"2)7(1/2) + (e*xfx(8*c*x(a + c*x"2) - 3*b"2 +
2xbkxckx)*(a + bkx + c*xx"2)7(1/2))/(12*xc~2) + (d*f*xlog((b/2 + c*x)/c~(1/2)
+ (a + b*x + c*x72)7(1/2))*(axc - b~2/4))/c”(3/2) + (exfxlog((b + 2*c*x)/c
~(1/2) + 2x(a + b*x + c*x"2)"(1/2))*(b~3 - 4xaxbxc))/(8xc~(5/2))

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 368, normalized size of antiderivative = 2.33

2
/(d+ea:—|—f\/a+bx+cx2) dz
16vcx? + bx + aac’ef — 6vcx?2 + bx + abicef + 12vcx? + bx + abc?df + 4vcx? + bz +abcefx -

input Lint ((d+e*x+f* (cxx~2+bkx+a) ~ (1/2))"2,x) J
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(16xsqrt(a + b*x + cxx*x2)*axck*2xexf — 6*sqrt(a + bxx + c*xxx*2)*b*k*2kckex
f + 12xsqrt(a + b*x + ckxx**2)*bkcx*2*xd*f + 4*sqrt(a + b*x + ckxx**2)*xbxcx*2
xexfxx + 24xsqrt(a + bxx + ckxx*k2)*ckx3*kd*xf*x + 16*%sqrt(a + b*x + cxx**2)*
cx*3kexfxx**2 — 12xsqrt(c)*log((2*sqrt(c)*sqrt(a + bxx + ckx**2) + b + 2%c
*x) /sqrt (4*a*c - bx*2))*axbkckexf + 24*sqrt(c)*log((2*sqrt(c)*sqrt(a + b*x
+ c*x*x2) + b + 2%cxx)/sqrt(4*a*xc — bx*2))xakck*x2«d*f + 3*sqrt(c)*log((2x*
sqrt(c)*sqrt(a + b*x + c*x**2) + b + 2kcx*x)/sqrt(4*axc - b**x2))*xb*x3*xexf -
6xsqrt (c)*log((2*xsqrt(c)*sqrt(a + b*x + c*x**2) + b + 2%cxx)/sqrt(4*a*c -
b**2))*b**2*c*d*f + 24%xaxCck*k3xf**kQkx + 12%kbkCkk3kL**kQkx*k*k2 + 8kckk4qxf k%%
x*%3 + 24xck*3kd*kk2kx + 24kck*k3kdkekx**2 + 8kck*k3kek*k2kxx*%*3) /(24*c*k*3)

output




CHAPTER 3. LISTING OF INTEGRALS 232

3.26 | (d—l—e:r—l—f\/a—l—bx-l—cx2> dx

Optimal result . . . . . . . . . . . . . . e 232
Mathematica [A] (verified) . . . . . . . . . .. . 232
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . ... L 234
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ..... 234
Sympy [A] (verification not implemented) . . . .. ... ... ... .. ..... 235
Maxima [F(-2)] . . . . . . o 235
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 2361
Mupad [B] (verification not implemented) . . ... ... ... .. ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 237

Optimal result

Integrand size = 21, antiderivative size = 88

2 \/—2
/(d—i—ex—i—f\/m) dxzdx_,_%_'_f(b—l—ch) 4z—l—bx+cx

(b2_-4ac)faﬂianh<§7§%%%§TZ§>

803/2

N

B
" \ d*xx+1/2%exx"2+1/4*f* (2kc*x+b) * (c*x~2+b*x+a) ~(1/2) /c-1/8* (-4*a*xc+b~2) *f*arc \

outpu
Ltanh(1/2*(2*c*x+b)/c“(1/2)/(C*x‘2+b*x+a)“(1/2))/C“(3/2) J

Mathematica [A] (verified)

Time = 0.57 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.97

Cc

2
/<d+ew+f\/a+bx+ca:2) dx=}1(4dw+2ex2+f(b+ cx)Va+z(b+co)

(b% — 4ac) farctanh(

32

vz
+ \/a—\/a—i—x(b—i-cx)) )
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input‘ Integrate[d + e*x + fxSqrt[a + b*x + c*x"2],x] ‘

t‘ (4*xd*x + 2%exx”2 + (f*#(b + 2*cxx)*Sqrtla + x*x(b + c*x)])/c + ((b™2 - 4xa*c \

outpu
‘ )*fxArcTanh [(Sqrt[c]*x)/(Sqrt[a] - Sqrtla + x*(b + c*x)]1)]1)/c~(3/2))/4 ‘
Rubi [A] (verified)
Time = 0.22 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.00,
_ _ 1 humber of rules _
number of steps used = 1, number of rules used = 1, integrand size. 0.048, Rules
used = {2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ (f\/a+bx+cx2+d+ea:> dx
| 2009
b+2cz
f(b* — dac) arctanh(ﬁ) f(b+2cz)Va+bx + cz? ex?
- + +dr + ——
8c3/2 4c 2
input LInt [d + exx + fxSqrt[a + b*x + c*x"2],x] J
output‘d*x + (e*x72)/2 + (fx(b + 2%kcxx)*Sqrt[a + b*x + c*xx~2])/(4%c) - ((b~2 - 4x ‘

‘ a*c)*f*ArcTanh[(b + 2%c#*x)/(2*Sqrt[c]*Sqrtla + b*x + c*xx~2])]1)/(8%c~(3/2)) ‘

Defintions of rubi rules used

rule 2009 LIH" [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J
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Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.88

method | result size
b
(4ac—b%) In Lccw—i—\/cx2+bw+a
defa.u].t dx+ % +f (2C(E+b)\/46012+bw+a + ( Z% ) 77
c

b
(4ac—b2) In <¥+v cac2—|-b:c+a>

parts dx + % + f [ Geztd) fcx2+bz+a + 3 7
C
input‘int(d+e*x+f*(c*x‘2+b*x+a)*(1/2),x,method=_RETURNVERBOSE)

ut \ d¥x+1/2%exx "2+ % (1/4% (2xc*x+b) /c* (cxx™2+bkx+a) " (1/2)+1/8 (4*axc-b"2) /c™(3/ |

outp
L2)*ln( (1/2%b+cxx) /¢ (1/2) +(ckx~2+bxx+a) ~(1/2))) J

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 216, normalized size of antiderivative = 2.45

/<d+ex+f\/m) dz

| 8c%ex® + 16 Pdx — (b° — 4ac)y/cf log (=8 a? — 8bex — b* — 4+/ca? + bz + a(2 cx + b)y/c — 4 ac) -
N 16 2

input integrate (d+e*x+f* (cxx~2+bxx+a)~(1/2) ,x, algorithm="fricas")

[1/16%(8*c™2%e*x"2 + 16xc™2xd*x - (b2 - 4*a*c)*sqrt(c)*f*xlog(-8*c™2*xx"2 -
8xb*c*x - b~2 - 4xsqrt(c*x”2 + bxx + a)*(2xc*x + b)*sqrt(c) - 4xaxc) + 4%
(2%c™2*f*x + b*ckf)*sqrt(c*xx™2 + b*x + a))/c”2, 1/8x(4*c”2xe*x"2 + 8%c~2+d
*x + (b~2 - 4*axc)*sqrt(-c)*fxarctan(1/2*sqrt(c*x”2 + b*x + a)*(2*c*x + b)
*sqrt (—c)/(c™2*x"2 + bxcxx + axc)) + 2% (2kxc™2xf*xx + bkckxf)*sqrt(cxx™2 + bx

x + a))/c"2]

output
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Sympy [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.49

2

/(d-l—ex—l—f\/a—i-bx—i-c:c?) da::dx-l—%

log (b+2\ﬁ\/W+2cz) for g — Z_zc 40
(% - 1§_2> (£+2) 1og (£ +2) . + (5 +3) Vatbo+ca® forc#0
_ otherwise
+7| ¢ \/c(%-i-w)
2(a+bw)%

3b

| Vaz

inputLintegrate(d+e*x+f*(c*x**2+b*x+a)**(1/2),x)

forb#0

otherwise /

d*x + e*x**2/2 + fxPiecewise(((a/2 - b*x2/(8%c))*Piecewise((log(b + 2xsqrt
(c)*sqrt(a + bxx + cxx**2) + 2xc*x)/sqrt(c), Ne(a - bxx2/(4*c), 0)), ((b/(
2xc) + x)*log(b/(2%c) + x)/sqrt(c*(b/(2%c) + x)**2), True)) + (b/(4*c) + x
/2)*sqrt(a + b*x + c*xx*x2), Ne(c, 0)), (2x(a + b*x)*x(3/2)/(3*b), Ne(b, 0)
), (sqrt(a)*x, True))

output

Maxima [F(-2)]

Exception generated.

/ (d +ex+ fva+bx + cw2> dr = Exception raised: ValueError

-

inputLintegrate(d+e*x+f*(c*x"2+b*x+a)"(1/2),x, algorithm="maxima")

~—

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a*xc-b~2>0)', see “assume?  for
‘ more deta
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.89

/<d+ex+f\/a+bx—|—cx2) dr = %emz
(0* — 4 ac)log (|2 (vez — Vex? +bx+a)\/5+b|)>f

Njw

Cc

+é <2x/cacz+ba:+a(2z+l—c)> +

+ dx

integrate (d+exx+f*(cxx~2+b*x+a) ~(1/2) ,x, algorithm="giac")

inputt

‘1/2*e*x“2 + 1/8%(2*sqrt(c*x”2 + b*x + a)*x(2*x + b/c) + (b~2 - 4xaxc)*log(a

output
‘bs(2*(sqrt(c)*x - sqrt(c*x”2 + bxx + a))*sqrt(c) + b))/c”(3/2))*f + d*x

Mupad [B] (verification not implemented)

Time = 20.75 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.84

2
/<d+eac+f\/a+b:c+cx2> dx:dx+g+f<g+i) Vex?+bzr+a

2 4c
b
fin (2 4 Ve vt ta) (ac- %)
+ 2 c3/2
input Lint(d + exx + fx(a + b*x + c*xx~2)~(1/2),x) J

‘d*x + (e*x72)/2 + £x(x/2 + b/(4%c))*(a + b*x + c*xx"2)7(1/2) + (£fxlog((b/2 \

output
}+ c*x)/c~(1/2) + (a + b¥x + c*xx~2)~(1/2))*(axc - b~2/4))/(2xc"(3/2)) \
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.62

/<d+ex+fm) dz

2v/ea? +bo + abef +4vea? T bo + ac o+ 4y/Clog( WEVET A ) gof _ /olog(2/eVET

8c?

input | 10t (drexxtfx (cxx™2+brx+a)~ (1/2) %)

outpu
‘rt(c)*log((2*sqrt(c)*sqrt(a + b*x + cxx**2) + b + 2kcxx)/sqrt(4*a*c - bx*2

‘))*a*c*f - sqrt(c)*log((2*sqrt(c)*sqrt(a + b*x + cxx**2) + b + 2*c*x)/sqrt

t‘(2*sqrt(a + b*x + cxx*kx2)*xbxcxf + 4*sqrt(a + bkx + ckxx**2)*kck*2xf*x + 4xsq
‘(4*a*c — b*%2) ) kb*x*2*kf + 8kck*k2kd*xx + 4kck*kkexx**2)/(8*c**2)
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3.27 | : dx
d+ex+fva+bz+cx?

Optimal result . . . . . . . . . . . . . 238}
Mathematica [A] (verified) . . . . . . . . . ... 2391
Rubi [B] (verified) . . . ... ... .. .. 240
Maple [B| (warning: unable to verify) . . . . . . ... ... o L. 24T]
Fricas [F(-1)] . . . . . o o
Sympy [F] . . . o
Maxima [F] . . . . . . 243
Giac [F(-2)] . . o« o o 243
Mupad [F(-1)] . . . . . e 244
Reduce [F] . . . . . .

Optimal result

Integrand size = 23, antiderivative size = 361

/ 1 dz
d+ex+ fva+br+ cx?

24/cfarctanh (‘/a_— W)

e? — cf?

2(2cd — be) farctanh(

\/—4bde+4ae?+b2 f2+4c(d?—af?)x

2af+bfr+2d\/a+z(b+cz)—2+v/a (d+e:l:+f Vi a—i—x(b—i—cz)) )

+
(€2 — cf?) \/—4bde + dae? + b2 f2 + 4c (&2 — af?)
( (ﬁ—m)2>
elog [ c— —
e? —cf?
elog (be _ C(d—i— \/af) + (2v/ae—bf) (\/a;—\/zW) n (d—vaf) (ﬁ;;/a—ka) )
+

e — cf?
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2xc” (1/2)*f*arctanh((a~(1/2) - (c*x~2+b*x+a) ~(1/2))/c~(1/2) /x) / (~c*xf~2+e~2)+
2% (-b*xe+2xc*d) *f*xarctanh ((2*xa*f+b*f*x+2*d* (a+x* (c*xx+b) )~ (1/2)-2*%a~(1/2) *(d
+exx+f* (a+x* (c*x+b) ) ~(1/2)) )/ (-4*b*d*e+d*a*e”2+b"2*f " 2+4xc*k (—a*f~2+d4"2) ) ~(
1/2)/x) / (mcxf~2+e"2) / (-4*b*d*e+d*axe”2+b~ 2xf ~2+4*c*k (—axf~2+d"2)) ~(1/2) -e*1
n(c-(a~(1/2)-(c*x"2+b*x+a) ~(1/2))"2/x"2) / (-cxf~2+e~2) +ex1n (b*e-c*x(d+a~(1/2
Yxf)+(2%a”~ (1/2) *e-b*f)*(a~ (1/2) - (c*x"2+b*x+a) ~(1/2)) /x+(d-a~ (1/2) *f)*(a~ (1
/2) - (c*x~2+b*x+a) ~(1/2))~2/x"2) / (—c*f~2+e"2)

output

Mathematica [A] (verified)

Time = 3.17 (sec) , antiderivative size = 323, normalized size of antiderivative = 0.89

b/“ ! dx
d+ex+ fva+ bx + cx?

\/—4cd?+4bde—4ae? —b2 f2+4acf?a
2af+bfot2dy/ate(bten)—2va(d+eatf/atalbten))
\/—4cd?+4bde—4ae2 —b2 f24+-4acf?

2(2cd—be) f arctan (

) + 2\/Efarctanh<\/a_\/%> + e(— log (—2(

inputLIntegrate[(d + exx + f*Sqrtla + b*x + c*x72])"(-1),x] J

((2%(2%cxd - b*e)*f*ArcTan[(Sqrt[-4*xc*d"2 + 4xbxd*e - 4xaxe”2 - b~2xf"2 +
4xaxcxf~2]*x) /(2%a*f + b*f*x + 2*d*Sqrt[a + x*x(b + c*x)] - 2*xSqrt[al*(d +
exx + f*Sqrtla + x*(b + c*x)]))])/Sqrt[-4*c*d~2 + 4*bxdxe - 4*xaxe”2 - b~2*
£72 + 4xaxcxf~2] + 2*Sqrtlcl*f*ArcTanh[(Sqrt[c]*x)/(Sqrt[al - Sqrtla + x*(
b + c*x)])] + ex(-Log[-2%a - b*x + 2*Sqrt[a]*Sqrt[a + x*(b + c*x)]] + Logl
-2%a~ (3/2)*f + 2xax(d + e*xx + f*Sqrtl[a + x*x(b + c*x)]) + bxx*x(d + e*x + f*
Sqrt[a + x*(b + c*x)]) - 2xSqrtla]l*(bxf*x + cxf*x"2 + (d + exx)*Sqrt[a + x
*(b + c*x)1)1))/(e”2 - c*x£72)

output




input L

B
Int[(d + e*x + f*Sqrtl[a + b*x + c*xx"2])~(-1),x]
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Rubi [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 1087 vs. 2(361) = 722.
Time = 10.42 (sec) , antiderivative size = 1087, normalized size of antiderivative =

number of rules _
integrand size 0.087,

3.01, number of steps used = 2, number of rules used = 2,
Rules used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

! dx
fva+br+cx?+d+ex
| 7293
/ fva+bx + cx? N d+ex i
af? —xz(2de — bf?) —x?2(e2 —cf?)—d?> —af?+x(2de—0bf?)+x2(e2 —cf?) +d?

l 2009

_ —bf2+2de+2(e2—cf?)x ) b+2
(2cd — be) farctanh < [ /iae?—tbder B ric@—ay))  Vcfarctanh ( 3YeVea thta )

(€2 — cf?) \/4ae? — 4bde + b2 f2 + 4c (d? — af?) e? — cf?

\/2a64 2bde3 + 2cd?e? + b2 f2e2 — 2acf2e? — 2bcdf2e — (2cd — be) f/4ae? — 4bde + b2 f2 + 4c (d? — af?)e +

VA(@ ~ ef?) /hae? -

\/2(164 2bde3 + 2cd?e? + b2 f2e2 — 2acf2e? — 2bedf2e + (2cd — be) f/4ae? — 4bde + b2 f2 + 4c (d? — af?)e +

V2 (€2 — cf?) \/4ae? -
elog (d? —af? + (e? — cf?) 2% + (2de — bf?) z)
2(e2 —cf?)

~—




output
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((2%cxd - b*e)*f*ArcTanh[(2*d*e - bxf~2 + 2%(e”2 - cx£f~2)*x)/(£*Sqrt [-4*b*
dxe + 4*xaxe”2 + b"2+f"2 + 4xc*(d"2 - ax£"2)])]1)/((e”2 - c*f~2)*Sqrt [-4*bxd
xe + 4*axe”2 + b72xf"2 + 4xc*(d"2 - axf~2)]) - (Sqrtlcl*fxArcTanh[(b + 2%*c
*x) /(2*Sqrt [c]*Sqrt[a + b*x + c*x"2])]1)/(e”2 - c*£72) - (Sqrt[2*cxd~2*e~2
- 2%bkd*e”3 + 2%a*e”4 + 2%c72xd"2xf72 - 2%bxckdxe*f"2 + bT2%e"2*%f72 - 2*ax
cxe " 2*xf72 - e*x(2kcxd - b*e)*f*xSqrt[-4xb*dxe + 4*axe”2 + b"2xf"2 + 4xc*(d"2
- a*f~2)]]1*ArcTanh[(2*¥bxd*e - 4*ax(e”2 - c*f~2) - b*f*(bxf + Sqrt[-4*bxd*
e + 4*xaxe”2 + b"2*xf72 + 4xcx(d”2 - a*f"2)]) + 2x(2*ckd*e - b*e”"2 - c*f*Sqr
t[-4*bxd*e + 4%axe”™2 + b"2xf72 + 4*cx(d"2 - axf72)])*x)/(2xSqrt[2]*Sqrt [2*
c*d"2%e"2 - 2%b*d*e”3 + 2%ake”4 + 2%cT2xd"2*f72 - 2xb*ckd*e*xf~2 + b"2%e”"2x%
£72 - 2xakxcke”2xf72 - e*x(2%c*d - b*e)*xf*Sqrt[-4xbxd*e + 4*axe”2 + b"2xf"2
+ 4*c*(d"2 - axf"2)]]1*Sqrtla + bxx + c*x~2])])/(Sqrt[2]*(e”2 - cxf~2)*Sqrt
[-4xb*d*e + 4*a*e™2 + b™2*f72 + 4*kcx(d"2 - a*f~2)]) + (Sqrt[2xcxd"2*e”2 -
2%b*d*e”3 + 2%axe”4 + 2%c”2xd"2*%f72 - 2¥bkckdkexf"2 + bT2*e"2*%f72 - 2kakcx*
e"2xf72 + ex(2%cxd - bke)*f*Sqrt[-4*bxdxe + 4*axe”2 + b"2xf"2 + 4xc*(d"2 -
axf~2)]]*ArcTanh[(2*b*d*e - 4*axe™2 - b™2*f"2 + 4xa*cxf~2 + b*fxSqrt[-4*b
xd*xe + 4xaxe”2 + b"2+f72 + 4xc*(d”2 - axf"2)] + 2x(2xc*d*e - bxe”2 + cxf#*S
qrt [-4xb*d*e + 4*a*xe”™2 + b"2*f72 + 4*xcx(d"2 - a*f~2)])*x)/(2+Sqrt[2]*Sqrt[
2%c*d"2%e”"2 - 2xbxd*e”3 + 2xaxe”4 + 2xc"2*d"2+f"2 - 2*b*cxdxexf”"2 + b~2%e”
2%f72 - 2kakckxe 2xf72 + ex(2*cxd - bke)*f*Sqrt [-4xbxd*e + 4xaxe”2 + b~2...

e

Defintions of rubi rules used

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7293

~—

‘{

N

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

N

J

Maple [B]| (warning: unable to verify)

Leaf count of result is larger than twice the leaf count of optimal. 4878 vs. 2(325) = 650.

Time = 0.15 (sec) , antiderivative size = 4879, normalized size of antiderivative = 13.52

method | result size

default | Expression too large to display | 4879
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input ‘ int (1/ (d+e*x+f* (c*x~2+b*x+a) ~(1/2)),x,method=_RETURNVERBOSE)

£+ (-2%(c*xf72-e72) / (—f~ 2% (4d*a*c*f~2-b"2xf "2-4*xaxe” 2+4*b*d*e-4*c*d~2) )~ (1/2)
/ (2%c*x£72-2xe”~2) *x (1 /2% (4* (x+ (b*f~2-2*d*e+ (—f 2% (d*xakxc*f~2-b"2*f ~2-4*axe” 2+
4xbxd*e-4%c*d~2)) " (1/2) )/ (2xc*xf~2-2%e"2) ) "2*c-4* (bxe~2-2xcxd*xe+ (£~ 2% (-4*a*
cxf2+b " 2% f " 2+4*a*xe”2-4xb*dke+dxcxd"2)) " (1/2) *c) / (c*xf~2-e"2) * (x+ (b*xf~2-2%d
*xe+ (—f 2% (dxaxckxf~2-b~2*f " 2-4*axe”2+4dxbxd*xe—4*xc*d"2)) ~(1/2) )/ (2*xcxf~2-2*%e”
2) ) -2% (2*xaxcke 2xf"2-b"2ke " 2xf " 2+2xbkckd*exf "2-2xc”2+d " 2*f "2-2*%e"4*a+2*d*e
~3%b-2%d"2%e”~2%c— (£~ 2% (—4*axckxf " 2+b " 2xf " 2+4*axe”2-4xbkd*xe+d*c*d~2) )~ (1/2) *
bxe~2+2% (£ 2% (—-4*axckxf~2+b~2xf "2+4*axe”2-4xbxd*xe+d*xcxd~2)) ~(1/2) *c*xd*e) / (c
*f~2-72)72) " (1/2)-1/2*% (b*xe~2-2*cxd*e+ (£~ 2% (—4d*a*xc*f~2+b~2*f " 2+4*a*xe”2-4*b
*dxe+4*xcxd”2)) " (1/2)*c) / (cxf~2-e"2) *1n((-1/2* (b*xe ~2-2xc*d*e+ (£ 2% (—4*a*cxf
“2+b 7 2% f " 2+4*xakxe”2-4xb*d*e+4*c*xd"2) ) “(1/2) *c) / (c*f"2-e72) +c* (x+ (b*xf~2-2*xd*
e+ (—£72% (4xaxcxf~2-b"2*f " 2-4*a*e 2+4*b*d*e-4*xcxd~2) ) ~(1/2)) / (2*c*f~2-2%e"2
)))/c” (1/2) +((x+ (b*f~2-2xd*e+ (—f " 2% (dkakxc*f~2-b"2%f ~2-4*axe”2+4*xbkd*xe—-4*c*
d~2))"(1/2))/ (2*xcxf~2-2xe~2) ) “2*kc- (b*e " 2-2*c*d*e+ (f ~2x (—4*xaxc*xf ~2+b~2*f "2+
dxaxe”2-4*b*d*e+d*xcxd~2)) " (1/2) *c) / (c*f~2-e72) * (x+ (b*xf ~2-2xd*e+(—f 2% (4*a*
c*f72-b"2%f "2-4*a*xe 2+4*bkd*e-4*c*d"2)) " (1/2)) / (2xcxf~2-2xe”~2) ) -1/2x (2*a*c
*@ " 2*%f "2-b"2%e 2% f "2+2kb*ckdke*f T2-2%CcT2xd "2+ f "2-2%e " 4*xa+2+d*e " 3*¥b-2*d"2*e
~2%c- (£f~2% (-4*a*c*f~2+b~2%f ~"2+4*a*e~2-4xb*d*e+d*xc*xd~2) )~ (1/2) *bxe~2+2% (£ 2
* (—4xaxcxf ~2+b " 2xf ~2+4%akxe”2-4*bkxd*e+d*cxd~2)) ~(1/2) *cxd*e) / (cxf~2-e72) "2)
~(1/2))/c” (1/2)+(2%a*cke 2+xf~2-b"2xe " 2+f ~2+2*b*ckxd*exf ~2-2+%c 2xd"2*xf"2-. . .

output

Fricas [F(-1)]

Timed out.
1
/ dr = Timed out
d+ex+ fva+ br+ cx?
input ‘ integrate(1/(d+exx+f* (cxx~2+b*x+a)~(1/2)) ,x, algorithm="fricas")

output ‘ Timed out
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Sympy [F]

1 dac=/ 1 dz
d+ex+ fva+ bx + cx? d+ex+ fva+ bx + cx?

input Lintegrate (1/ (d+exx+f* (cx**2+b*x+a) **(1/2)) ,x)

OutputLIntegral(l/(d + e*x + fxsqrt(a + b*x + c*x**2)), x)

Maxima [F|

1 dw=/ L dx
d+ex+ fva+bzr+ cx? er+Vexr? +bx+af +d

inputLintegrate(l/(d+e*x+f*(c*x"2+b*x+a)"(1/2)),x, algorithm="maxima")

output Liﬂtegrate(l/(e*x + sqrt(c*xx™2 + bxx + a)*f + d), x)

Giac [F(-2)]

Exception generated.

1
/ dxr = Exception raised: TypeError
d+ex+ fva+bzr+ cx?

inputtintegrate(l/(d+e*x+f*(c*x*2+b*x+a)*(1/2)),X, algorithm="giac")

p
‘Exception raised: TypeError >> an error occurred running a Giac command:IN

output
‘ PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT :Error: Bad Argument Type
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Mupad [F(-1)]

Timed out.

/ 1 dxz/ 1 dx
d+ex + fva+ bx + cx? d+ex+ fvecxl+bzr+a

input Lint(l/(d + exx + fx(a + b¥x + c*x"2)"(1/2)),x%)

output Lint(l/(d + exx + f*(a + b¥x + c*x"2)"(1/2)), x)

Reduce [F]

/ ! da:z/ 1 dx
d+ex+ fva+ bx + cz? d+ex+ fvecx?+bxr+a

input Lint (1/ (d+exx+f* (c*xx~2+b*x+a) ~(1/2)) ,x)

output | 10T (1/ (drexxrx(cxx™2+bxx+a)~(1/2)) ,%)




CHAPTER 3. LISTING OF INTEGRALS 245

1
3.28 f (d-l—ea:-l— v a-l—ba:-l—ca:2> 7 42

Optimal result . . . . . . . . . . .. 245
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... 246
Rubi [F] . . . 247
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Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... 252
Sympy [F] . . . 252
Maxima [F] . . . . . .. 253
Giac [F(-2)] . . . o o 253
Mupad [F(-1)] . . . o o 253
Reduce [F] . . . o . o o 254

Optimal result

Integrand size = 23, antiderivative size = 394

/ L 5 dr =
(d+ez—|—f\/a+bz+cx2)

2 <2b(cd2 +ae?) — 4a¥2cef — B (2de — /e f) + VA I o) (Vi

T

(d - \/Ef) (4bde — 4dae? — b2f2 — 4c (d2 — afz)) (be —e (d + \/Ef) I (2+/ae—bf) (x/ﬁ—\/a+bx+carz) N &

T

2af+bfr+2d+/a+z(b —2+/a(d+ex a+z(b
45 — dac) farctanh( fHbfa+2dy/ata(bren)—2v/a(d+entf/at (+cm))>

\/—4bde+4ae2+b2 f2+4c(d2—af?)x
_|_

(—4bde + 4ae? + b* 2 + 4c (d? — af2))3/2

(—4xb*x (axe”2+c*d"2) +8*a”~ (3/2) *cxexf+2xb~ 2% (2xd*e—-a~ (1/2) *exf ) -2x (4*xa~ (3/2)
*e"2+4*a” (1/2) *d* (-b*xe+c*d) +b~2*xd*f-4*axcxd*xf) * (a~ (1/2) - (c*x~2+b*x+a) ~(1/2
))/x)/(d-a~(1/2) *f) / (4xb*d*e-4*xaxe~2-b"2xf ~2-4*c* (—axf~2+d"2) ) / (b*xe-c*(d+a
~(1/2)*£)+(2*a”~ (1/2) *e-bxf) * (a~ (1/2) - (c*x~2+b*x+a) ~(1/2)) /x+(d-a~ (1/2) *£) *
(a~(1/2)-(c*x~2+b*x+a) " (1/2)) "2/x72) +4* (—4*a*c+b~2) *f*xarctanh ( (2*xa*f+b*f*x
+2xd* (a+x* (c*x+b) )~ (1/2) -2*a” (1/2) * (d+exx+f* (a+x* (c*x+b) ) ~(1/2)) ) / (—4*b*d*
e+dxakxe 2+b " 2+f " 2+4*ck (—a*xf~2+d"2) ) " (1/2) /x) / (-4*xb*d*e+4*a*e”2+b " 2xf " 2+4*C
*(—axf~2+d~2)) "~ (3/2)

output




input

\

output
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Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 2162 vs. 2(394) = 788.

Time = 19.10 (sec) , antiderivative size = 2162, normalized size of antiderivative = 5.49

1
/ dx = Result too large to show

(d+ex+ fVa+bz+ cx2)2

Integrate[(d + exx + f*Sqrt[a + b*x + c*x~2])~(-2),x]

(-2%(2*c*xd"3%e - 2xb*d"2*%e”2 + 2%axd*e”3 + bxc*d"2*f"2 - 4*axcxd*exf"2 + a
*bke"2%xf72 + 2%ckd 2*%e"2%x — 2xb*d*e”3%x + 2%ake "4xx + 2%cT2xd"2*%f"2%x - 2
xbkckdkexf"2%x + b 2%e " 2xf72%x - 2xaxcke"2xf72+x))/((e”2 - cxf72)*(4xcxd"2
- 4xbxd*e + 4xa*xe”2 + b2*f72 - 4sakcxf72)*(d"2 - a*f"2 + 2%dkexx — b*f"2
*X + e72%x72 - c*xf72xx72)) + (2% (-(b*d*f) + 2xaxexf - 2xcxd*f*x + bxexf*x)
*Sqrt[a + b*x + c*x72])/((4*c*d™2 - 4xbkd*e + 4*a*xe”2 + b~2%f"2 - 4xakckf”
2)*(d"2 - a*f~2 + 2xd¥exx - b*xf 2xx + e72*%x"2 - cxf"2%x"2)) - (2*%(-b"2 + 4
xaxc)*f¥ArcTanh [(2xd*e - b*xf~2 + 2xe”2%x - 2xc*f~2%x)/(£*Sqrt[4*cxd™2 - 4x
b*d*e + 4*a*xe”2 + b~2*f72 - 4xaxcxf"2])])/(4*cxd"2 - 4xbxd*e + 4¥a*e”2 + b
“2%f72 - 4xaxc*£72)7(3/2) - ((-b72 + 4¥axc)*f*x(-2xc*xd*f + bxexf + exSqrt[4
*xcxd"2 - 4xbxdxe + 4xaxe”2 + b"2%f"2 - 4xaxc*f~2])*Log[2*d*e - b*f~2 - fx*S
qrt [4*c*d™2 - 4%bxd*e + 4*axe”2 + b 2*%f72 - 4xakcxf"2] + 2%ke"2*kx — 2xc*f”2
*x])/(Sqrt [2] ¥ (4*%c*d™2 - 4*bxdxe + 4*axe”2 + b™2xf"2 - 4xaxc*f~2)”~(3/2)*Sq
rt[2*%c*d"2%e”2 - 2%b*d*e”3 + 2%a*e”™4 + 2%c"2%d"2*f"2 - 2*bkckd*exf~2 + b2
*xe"2xf72 - 2xaxcxe”2xf"2 - 2xcxdxexf*Sqrt[4*c*d"2 - 4*xbxd*e + 4*xaxe”2 + b~
2x£72 - 4kxaxcxf~2] + bke”2xf*Sqrt[4*cxd”2 - 4xbxdxe + 4xaxe”2 + bT2+f"2 -
4xaxc*f72]]) + ((-b~2 + 4xaxc)*fx(-2kckd*f + bkexf - e*Sqrt[4xcxd™2 - 4xbx
dxe + 4*xaxe”2 + b"2xf"2 - 4xaxc*f~2])*Log[2xdxe - b*f~2 + f*Sqrt[4xc*d"2 -
4xbxd*e + 4xa*xe”2 + b2xf72 - 4dxaxcxf"2] + 2%e"2xx - 2*xcxf"2%x])/(Sqrt[2]
*x(4xcxd"2 - 4xbxd*e + 4xa*xe”2 + b"2*f72 - 4kakcxf~2)~(3/2)*Sqrt[2xc*d"2...
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ 5 dz
(f\/a+ba:+ca:2+d+ew)
| 7298
/ 2f%(a + bz + cz?) B 2dfva + bz + cx? 3
(—af? +z (2de — bf2) + 22 (€2 — cf2) + d2)®  (—af? +z (2de — bf2) + 22 (€2 — cf2) + d?)*> (—af2+
| 7239
2d<ew - f\/a+x(b+cw)) +w<—26f\/a+ z(b+ cx) + bf? + cf’x + e%) —i—d2(%2 + 1)
/ (—af? + x (2de — bf?) + 2 (€2 — cf2) + d?)* de
| 7293
af? + d2 2d(ex—f\/a+bm+cx2> m(—2ef«
/ (—af? + z (2de — bf?) + 2 (€% — cf2) + d?)? * (—af? + z (2de — bf?) + z2 (2 — cf2) + d2)®  (—af?+
| 7239
2d(ew — f\/a-l-a:(b-l-ca:)) -I-:c<—2ef\/a+ z(b+ cx) + bf? + cf’zx + e%) + dz(adi; + 1)
/ (—af?+ z (2de — bf2) + a2 (€2 — cf2) + d2)° &
| 7293
af? +d? 2d(ew—f\/a+bx+ca:2) :c(—2ef\
/‘ (—af2+a%2da—bf%—%x2@2—cf%—+d%2_F(—af2+ﬁv@de—bf%—%IQ@Q—cf%—%d%24_(—uf2+

l 7239

dx

/ 2d(em . Nm) +m<—2ef\/m+bf2 —|—cf2a:+e2z> +d2(“di22 n 1)

(—af? + z (2de — bf2) + z2 (€2 — cf?) + d2)?
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| 7298
af? + d2 2d(ea:—f\/a+bw+ca:2> :r(—2ef«
/ (—af? + z (2de — bf?) + 22 (2 — cf2) + d2)? * (—af? + z (2de — bf?) + 2 (€2 — cf2) + d?)? * (—af?+4

l 7239

/Zd(em — fVatab+e)) +a(-2ef/atabt ) +bf2 +cf?a+ ) + (% +1)

B dz
(—af? + z (2de — bf?) + 22 (€2 — cf?) + d?)
| 7298
af? + d? 2d(em—f\/a+bw+cx2> m(—Zefw
/ (—af? + z (2de — bf?) + 22 (2 — cf2) 4 d2)? * (—af? + x (2de — bf?) + x2 (2 — cf2) + d2)? * (—af?+

l 7239

/2d(ex — fVa+ o+ ) +a(-2efv/a+ oo+ ea) +bf? + cf?z+ o) + a2 (% +1)

5 dz
(—af? +x (2de — bf?) + 22 (€2 — cf?) + d?)
| 7293
af? + d2 2d(ex—f\/a+bm+cx2> x(—2efw
/ (—af? + z (2de — bf?) + 22 (€2 — cf2) + d?)? * (—af? + z (2de — bf?) + 2 (€2 — cf2) + d?)? - (—af?+

l 7239

/2d<ex — fVatab+c)) +a(-2efy/atab+cr) +bf2 +cf?a+ea) +d (% +1)

5 dz
(—af? +x (2de — bf?) + 22 (2 — cf?) + d?)
| 7293
af? + d2 2d(em—f\/a+bm+cx2> m(—2ef«
/ (—af? + x (2de — bf?) 4 x2 (€% — cf2) + d?)? * (—af? +  (2de — bf?) + 2 (€% — cf2) + d?)? * (—af? 4

l 7239
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/Zd(ex — fVatab+c)) +a(-2ef/atabtcr)+bf2 +cfPa+ ) + (% +1)

5 dz
(—af? + z (2de — bf?) + 22 (€2 — cf?) + d?)
| 7298
af? + d2 2d(ex—f\/a+bw+cm2> x(—Zefw
/ (—af? + z (2de — bf?) + z2 (2 — cf2) 4 d2)? * (—af? + x (2de — bf?) + z2 (2 — cf2) + d2)? * (—af?+

l 7239

/2d(ex — fVa+ o+ ) +a(-2efv/a+ oo+ ea) +bf? + cf?z+ o) + a2 (Y +1)

5 dz
(—af? +x (2de — bf?) + 22 (€2 — cf?) + d?)
| 7293
af? + d2 2d(ex—f\/a+bm+cx2> m(—2efw
/ (—af? + z (2de — bf?) + 22 (€2 — cf2) + d?)? * (—af? + z (2de — bf?) + 2 (€2 — cf2) + d?)? * (—af?+

l 7239

/2d<ex — fVatab+c)) +a(-2ef/atab+cr) +bf2 +cf?a+ea) +d(% +1)

5 dx
(—af? +z (2de — bf?) + 22 (2 — cf?) + d?)
| 7293
af? + d2 2d(em—f\/a+bm+c:c2> m(—2ef«
/ (—af? + x (2de — bf?) 4 x2 (€% — cf2) + d?)? * (—af? +  (2de — bf?) + 2 (€2 — cf2) + d?)? * (—af? 4

l 7239

2d(em—f\/a+x(b+ca:)) —I—:C<—2ef\/a+a:(b+c:v) + bf? +cf29:+ezsc> +d2(adi22 + 1)
/ (—af? + z (2de — bf?) + 2 (€2 — cf2) + d?)?
| 7293

dz

af? + d? 2d(ea:—f\/a+ba:+cw2> :c(—2ef«
/ (—af? + x (2de — bf?) + x2 (€% — cf2) + d?)? " (—af? + z (2de — bf2) + 22 (€2 — cf2) + d2)? - (—af?+



CHAPTER 3. LISTING OF INTEGRALS 250

l 7239

/ 2d(ea: . Nm) +m<—2ef\/m+bf2 —|—cf29:—|—62m> +d2(“di22 n 1)

3 dx
(—af? + z (2de — bf?) + 22 (e2 — cf?) + d?)
| 7298
af? + d2 2d(ea:—f\/a+bx+ca:2) :r(—2ef«
/ (—af? + z (2de — bf?) + 22 (2 — cf2) 4 d2)? * (—af? + z (2de — bf?) + 2 (€2 — cf2) + d?)? * (—af?+4

l 7239

/Zd(ex — fVatab+e)) +a(-2ef/atabtcn)+bf2+cfPa+ ) + (% +1)

3 dz
(—af? +z (2de — bf?) + 22 (€2 — cf?) + d?)
| 7298
af? + d2 2d(eac—f\/a+bx+cm2> x(—2efw
/ (—af? + z (2de — bf2) + z2 (€2 — cf2) + d?)? * (—af? + z (2de — bf?) + x2 (2 — cf2) + d2)? * (—af?+4

l 7239

/2d(ew — fVatab+e)) +o(-2efy/atabtcn) +bf2 +cfPa+ ) + (% +1)

5 dz
(—af? +z (2de — bf?) + 22 (€2 — cf?) + d?)
| 7293
af? + d2 2d(ex—f\/a+bm+cx2> m(—2efw
/ (—af? + z (2de — bf?) + 2 (€2 — cf2) + d?)? * (—af? + z (2de — bf?) + 2 (€2 — cf2) + d?)? * (—af?+

l 7239

2d<ew—f\/a+m(b+cac)) +w<—2ef\/a+:c(b+cx) + bf? +cf2ac+62x> +d2(%2 + 1)
/ (—af? 4z (2de — bf?) + 2 (€2 — cf2) + d?)?
| 7293

dz
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af? + d? 2d(ex—f\/a+b:c+c:c2> :c(—2ef«
/ (—af? + z (2de — bf?) + z2 (2 — cf2) + d2)? * (—af? +z (2de — bf?) + 22 (€2 — cf2) + d?)*>  (—af?+4

l 7239

dz

/2d(e:r: — fVa+ o+ ) +a(-2efv/a+ o+ ea) +bf? +cf?z+ o) +d2 (Y +1)

(—af? + z (2de — bf?) + 22 (€2 — cf?) + d?)?

-

input L

-/

Int[(d + e*x + f*Sqrtl[a + b*x + c*xx"2])~(-2),x]

output L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> With[{v = SimplifyIntegrand([u, x]}, Int[v, x] /; Simpl

erIntegrandQ[v, u, x]]

rule 7239

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

]

rule 7293

Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 1.72 (sec) , antiderivative size = 616160, normalized size of antiderivative =

1563.86
method | result size
default | Expression too large to display | 616160
input Lint (1/ (d+exx+f* (c*x~2+b*x+a) ~(1/2)) ~2,x,method=_RETURNVERBOSE) J
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outputt

result too large to display J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2867 vs. 2(359) = 718.

Time = 19.40 (sec) , antiderivative size = 6899, normalized size of antiderivative =
17.51

1
/ 5 dr = Too large to display
(d+ez+ fr/at bz T o)
input Lintegrate (1/ (d+e*xx+fx (c*x~2+bxx+a) ~(1/2))"2,x, algorithm="fricas") J
OutputtToo large to include J
Sympy [F]
1 1
/ 5 dr = / 5 dx
(d+ec+ fVatbeted) (d+ex+ fatibated)
input Lintegrate (1/ (d+e*x+E* (ckxx*2+bxx+a) ** (1/2) ) **2,x) J

-

output t

—

Integral((d + e*x + fxsqrt(a + b*x + c*x**2))**(-2), x)
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Maxima [F]

/ 1 2dx=/ ! 5 dT
(d+ezx+ fVa+ bz + cz?) (ez + Vex® + bz + af +d)

inputLintegrate(l/(d+e*x+f*(c*x“2+b*x+a)”(1/2))*2,x, algorithm="maxima") J

output Lintegrate((e*x + sqrt(c*x™2 + bxx + a)*f + d)~(-2), x) J

Giac [F(-2)]

Exception generated.

1
/ 5 dr = Exception raised: TypeError
(d+ezx+ fVa+ bz + cz?)
input Lintegrate (1/ (d+exx+f* (c*x~2+b*x+a) ~(1/2))~2,x, algorithm="giac") J

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN ‘
‘PUT:sage2:=int(sage0,sageVARx) : ;0UTPUT :Error: Bad Argument Type ‘

Mupad [F(-1)]

Timed out.

/ L 2d:c=/ 1 5 dT
(d+ex+ fva+ bz + cz?) (d+ex+ fVcz® +bz+a)

input Lin‘t(l/(d + exx + fx(a + b*x + c*x~2)~(1/2))"2,%) J

output 1BE(1/(d + exx + £x(a + bxx + cxx"2)7(1/2))72, x) J
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Reduce [F]

/ 1 2dx=/ 1 5dx
(d+ezx+ fVa+ bz + cz?) (d+ex+ fVcz® + bz +a)

tnput Lint(i/(d+e*x+f*(c*x 2+bxx+a) ~(1/2))"2,%)

output Lint (1/ (d+exx+f* (cxx™2+b*x+a) " (1/2))72,x)
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1
3-29 f (d-l—ea:-l— fv a-l—ba:-l—ca:2> 5 42

Optimalresult . . . . ... . ... ...
Mathematica [B] (warning: unable to verify) . . . . ... ... ... ... ..
Rubi [F] . ..
Maple [B] (warning: unable to verify) . . . . . .. .. ... .. L.
Fricas [F(-1)] . . . .«
Sympy [F] . . .
Maxima [F] . . . . . ..
Giac [F(-2)] . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . 0 o

Optimal result

Integrand size = 23, antiderivative size = 1477

1
/ 3 dz = Too large to display
(d +ex+ fva+bx+ ch)



output

input
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(b~4xd*exf~2-b~3*(d+a~ (1/2) *f) * (2xd*e~2+a” (1/2) e~ 2*f+cxd*f~2) -4*xb* (2*a~ (1
/2)*c”2+%d"3*%f+a~ (3/2) *xcxd*f* (—ckf~2+3*%e”2) +akc*kd "2k (—cxf~2+4*e”2) +a~ 2% (—c*
e 2+f " 2+2xe"4) ) +8*xaxckxe* (axe 2% (d+a~ (1/2) *f) +cx(d~3-a" (3/2) *£73) ) +2*¥b"2x (a
*e"3x (5xd+a” (1/2) *f) +c*e* (d"3+6*a”~ (1/2) *d~2*f-2*a*d*f~2+a~ (3/2) *£~3) ) +(4*a
~(1/2) *bxd* (-bk*e+c*d) * (~b*f~2+2*d*e) -16*a” (5/2) * (—c*e " 2*f~2+e~4) +a~2x (-4*b
kxcxe*xf~3-8*%c 2xd*xf "3+8*b*e 3*f) b~ 2kd*f* (2kc*d~2-b* (~b*f "2+3*d*e) ) +4*a~ (3/
2) % (4%c™2%d"2*f ~2+bxe 2% (-b*f ~2+6*d*e) ~4*cxd*ex (bxf~2+d*e) ) —a*f* (8*c~2*%d"3
+b”2%e* (~b*f"2+12xd*e) —6xbxckd* (b*f ~2+2*d*e) ) )*(a~ (1/2) - (c*x~2+b*x+a) ~(1/2
))/x)/(d-a~(1/2) *f) "3/ (4*b*d*e-4*a*xe~2-b~2%f ~2-4*c* (-a*xf~2+d"2)) / (b*e-c*(d
+a~(1/2) #£)+(2*a~ (1/2) *e-b*f)*(a~ (1/2) - (c*x~2+b*x+a) ~(1/2) ) /x+(d-a~ (1/2) *f
Yx(a”(1/2) - (c*xx™2+b*x+a) ~(1/2))"2/x72) “2+((b~5*d*f ~4-b~4*e*xf 2% (5xd~2+6*a"
(1/2) *¥d*f-a*f~2) -16*a*xe* (2*xa~2*%e 4+4*a*cxe 2% (—a*f~2+d"2) +c~2*x (d-a~ (1/2) *f
) T 2% (2xd"2+7*a” (1/2) *d*xf+2xaxf~2) ) —2xb~3* (3*a~ (3/2) *e~2xf ~3—a*xd*xf ~2* (=7*c*
£f72+18%e"2)+3*%a”~ (1/2) *d"2xf* (-2*c*f~2+e~2) -d"3* (c*xf~2+8%e~2) ) +8*b* (10*a~2*
dxe”4+c”2+d* (d-a~ (1/2) *f) “2x (2xd"2+4*a”~ (1/2) *d*f+5xaxf~2) +3*a*c*e 2% (4*d"3
+a”~ (1/2) *d~2*f-6*axd*f~2+a" (3/2) *£~3) ) —-4*b~2* (d*kaxe”3* (a*xf~2+4*d~2) +cke* (8
*d~4-3*a” (1/2) *d"3*f+5*%a*d~2*xf ~2-9*a”~ (3/2) *d*f~3-a"~2+%f~4)))/(d-a~(1/2) *f)~
2+2% (3*b~2%d " 2% (~b*e+2*c*xd) *f-12%a~2*ck (~bke+2xc*d) *f ~3-3*a* (~bxe+2xc*d) *f
* (b~ 2%f"2+4*xc*d"2) +16*a” (5/2) * (~cxf~2+e~2) "2+8*a” (3/2) * (2%c~2*d "2+ f " 2-b*e
~2% (-b*f~2+4*d*e) +c*k (—b~2%f ~4+bxd*exf 2+4*xd"2*e~2) )+a” (1/2) * (16%c~2%d"4. . .

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 3355 vs. 2(1477) = 2954.

Time = 21.96 (sec) , antiderivative size = 3355, normalized size of antiderivative = 2.27

1
/ 3 dr = Result too large to show
(d+ezx+ fVa+ bz + cz?)

r

LIntegrate[(d + exx + f*Sqrtla + b*x + c*x72])~(-3),x]

| —




output
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(-2x (—4*c™2xd"4*e*f"2 + B¥bkcxd"3%e " 2*f72 — b"2xd"2%e"3*f72 - 2kaxc*xd"2*e”

3*%f72 - axb*d*e”4*f"2 + 2%a"2*%e " 5*%f72 - b*cT2*d"3*%f"4 + 6kakc”2*xd 2*e*xf "4
— 3*axb*ckd*e”2*%f"4 + a*b"2*%e " 3*%f"4 - 2*%a"2kc*ke " 3*f"4 - 6%kcT2*xd"3ke 2*xf 2%
X + 9%bkckd 2*%e 3*f"2*kx - 3*b"2kdke 4*f 2%x - 6*akckdxe 4xf 2xx + 3xaxbxe”
5xf72%x — 2%c”3*%d"3*%f74*x + 3*bkcT2kd"2ke*f"4*kx — 3*%b"2kckdke 2%xf 4*x + 6%
a*c 2*d*xe"2xf"4xx + b~ 3ke"3*f "4*x - 3*axbxckxe”3*xf"4x*x))/((e”2 - c*xf72) 2% (
dxcxd"2 - 4xbxdxe + 4dxaxe”2 + bT2*%f"2 - 4xaxcxf"2)*x(d"2 - axf"2 + 2*d*e*x
- b*f72%x + e72%x72 — ckf"2%x"2)"2) + (-8*c"2*xd"4*e”"3 + 16%b*c*d"3*e”4 - 8
*b~2xd"2xe"5 - 16*axc*d"2%e”5 + 16*axbkd*xe”6 — 8*a”~2xe”7 - 24*c”~3*d 4dxexf”
2 + 48%b*c”2xd"3*%e"2xf"2 — 34xb"2*kc*kd"2%e " 3*%f72 - 8%axc 2*d"2%e"3*%f72 + Tx*
b~ 3*d*xe~4*xf~2 + 20*axbkckd*e 4*xf"2 - 4*xaxb"2%e"5*xf~2 - 8%a"2*kcxe b5*xf"2 - 6
*¥b"2%cT2%d"2%e*xf "4 + 24*axc”3*d"2*e*f"4 + 12%xb"3kckxdxe"2*xf"4 - 48kaxbkc”2*
dxe"2%xf"4 - 2%xb"4*e”"3*xf"4 - 2kaxb"2kcke 3*xf~4 + 40*a"2*kc 2*e"3*xf"4 - 3%b”3
*¥Cc"2%d*f"6 + 12*axb*c”3*%d*f"6 + 6*xaxb"2*xc"2*e*f"6 - 24*%xa~2xc 3xexf"6 - 6%*b
“2kckdke"4*xfT2%x + 24xaxc”2*xd*e”4*f"2*x + 3*%b"3*%e " 5*f"2%x — 12*axbkxcxe”5xf
T2%x + 12*%bT2%cT2xd*e"2*xf"4*xx — 48*akxc”3kdkxe 2*xf 4*x - 6*xb"3*kcxe 3xf " 4xx +
24*axbkc"2%e"3kf"4*x - 6%bT2%kc " 3*d*f"6*x + 24*xakc”4*dxf 6*x + 3*b"3kc"2*e
*f76*x — 12*axbxc”3*exf"6*x)/((e”2 — c*£f72) 2% (4*c*d~2 - 4xbxd*e + 4*axe”2
+ bT2%f"2 - 4xakxcxf"2)"2x(d"2 - a*f~2 + 2xdkexx - b*f"2%x + e"2%x"2 - cxf
"2%x72)) + Sqrtla + b*x + cxx"2]*((2%(2%c*d"3*exf - 2xbkd~2*e”2xf + 2*a...

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/” 1
3 dz
(fVa+b$+ch+d+ex)
| 7298
/ 4f%(d + ex) (a + bz + cz?) B 3fVa+ bz + cz? N
(—af? 4z (2de — bf2) + 22 (€2 — cf2) + d2)®  (—af? 4z (2de — bf?) + 22 (€% — cf2) + d2)®  (—af?+
| 7299
/ 4f%(d + ez) (a + bz + cz?) B 3fVa+ bz + cx? N
(—af?+z (2de — bf2) + 22 (2 — cf2) + d2)®  (—af? + x(2de — bf2) + 22 (€% — cf2) + d2)*  (—af?+
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input LInt[(d + exx + f*Sqrt[a + b*x + c*x~2])~(-3),x] J

output L$Aborted J

Defintions of rubi rules used

7203 Intlu_, x_Symboll :> With[{v = ExpandIntegrand[u, x]}, Intlv, x] /; SunQ[vl

] |

rule

rule 7299‘ Int[u_, x_] :> CannotIntegrate[u, x] ‘

Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 256.43 (sec) , antiderivative size = 6017742, normalized size of antiderivative

= 4074.30
method | result size
default | Expression too large to display | 6017742
input Lint (1/ (d+exx+£* (ckx~2+b*x+a) ~(1/2))~3,x,method=_RETURNVERBOSE) J

output Lresult too large to display J
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Fricas [F(-1)]

Timed out.

/ ! 5 dr = Timed out
(d+ex+ fva+ bz + cz?)

inputLintegrate(l/(d+e*x+f*(c*x*2+b*x+a)*(1/2))*3,X’ algorithm="fricas")

OutputLTimed out
Sympy [F]
1 1
/ 30T = / 5 dz
(d+ex+fVatbate?) (d+ ez + fVat bz +ca)
input Lintegrate (1/ (d+e*x+E* (crx**2+b*x+a) ** (1/2) ) ¥*3,x)

output LIntegral((d + exx + fxsqrt(a + b*x + c*x*x2))**(-3), x)

Maxima [F]

/ 1 3da:=/ 1 5 dr
(d+ex+ fva+ b+ cz?) (ez + Vez? +br + af +d)

input Lintegrate (1/ (d+e*x+fx (cxx~2+b*x+a) ~(1/2))"3,x, algorithm="maxima")

outputtintegrate<<e*x + sqrt(ckx™2 + bxx + a)*f + d)~(-3), x)
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Giac [F(-2)]

Exception generated.

1
/ 5 dr = Exception raised: TypeError
(d+ezx+ fVa+ bz + cz?)

input Lintegrate (1/ (d+e*x+f* (cxx~2+b*x+a)~(1/2))"3,x, algorithm="giac") J

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN ‘

‘ PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT :Error: Bad Argument Type ‘

Mupad [F(-1)]

Timed out.

/ L 3d93=/ 1 5 dz
(d+ex+ fva+ bz + cz?) (d+ex+ fVcz® +bz+a)

inputtint(i/(d + exx + fx(a + b*x + c*x"2)"(1/2))"3,x) J
output 1AE(1/(d + exx + £x(a + brx + cxx"2)7(1/2))73, x) ]
Reduce [F|
/(d““fm)?’dm:/(d+ex+f\/;c2+m)3dx
input Lint (1/ (d+e*x+E* (ckx~2+bkx+a) ~(1/2))"3,%) J

output Lint (1/ (d+e*x+f* (ckx~2+b*x+a)~(1/2))"3,x) J
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3.30 [ (z+V-3-2z+42) dz

Optimal result . . . . . . . . . . . . . e 2611
Mathematica [A] (verified) . . . . . . . . . ... L 261]
Rubi [A] (verified) . . . . . . .. . . 262
Maple [A] (verified) . . . . . . . . . . 263
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 2631
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 264
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2641
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 265
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. .... 2651
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 260

Optimal result

Integrand size = 18, antiderivative size = 108

3 922 13z* 105
/ <x+\/—3—2z+4x2> dz = — 22 _9g 1+ 2% 4 700 4\ "3 — 22 + da?
2 4 512
1
+ (322 42?)°? 4 1—7695(—3 — 2z +42°)
1-4x
 1865arctenh (o )
1024

e B

-9/ 2%x"2-2%x"3+13/4%x"4+105/512% (1-4%x) * (4%x~2-2%x-3) " (1/2) +1/64* (4*x~2-2%
| x-3)7(3/2)+7/16%x* (4%x~2-2%x-3) " (3/2)-1365/1024*arctanh (1/2% (1-4%x) / (4%x"2
~2%x-3)"(1/2)) |

output

Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.71

4

1
+ 53\/_3 — 2z + 422 (81 — 1108z — 4162 + 8962°)

13651og (1 — 4z + 2v/—3 — 2z + 42?)
1024

/ (e+v=3—20+ 4x2>3 dz = Lo?(—18 — 82 + 132?)
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input‘ Integrate[(x + Sqrt[-3 - 2xx + 4*x~2])"3,x]

‘(x"2*(—18 - 8%x + 13%x72))/4 + (Sqrt[-3 - 2*x + 4*x"2]*(81 - 1108*x - 416%

output
‘x‘2 + 896%x73)) /512 - (1365%Logl[l - 4*x + 2%Sqrt[-3 - 2*x + 4%x~2]])/1024

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
3
/( 4m2—2m—3+a:> dx
l 7293
/(13x3+7\/4m2—2x—3w2—63:2—2\/4:52—2:1:—330—3\/4302—2m—3—9w)dm
l 2009
1365arctanh (ﬂ) 4 2
2v/4z2—25—3 13z 3 9z 7T, 9 3/2
- —23 =T L (4 —2p
1?24 +/4 105:1: 5 +16(m z—3)" "z +
(42 9y 232 IO 2 _ 9, _
64(4x 2z — 3) + 25 (1—42)Vda? — 2z -3

number of rules _ 0.111, Rules

input‘ Int[(x + Sqrt[-3 - 2*x + 4%x72])"3,x]

output‘ (-9%x72) /2 - 2*x~3 + (13*x74)/4 + (105%(1 - 4*x)*Sqrt[-3 - 2xx + 4*x~2])/5
‘12 + (-3 - 2xx + 4%x72)7(3/2)/64 + (T*x*(-3 - 2*x + 4*x~2)~(3/2))/16 - (13
LGS*ArcTanh[(l - 4*x)/(2*Sqrt[-3 - 2*x + 4*xx72])])/1024

|
|
J
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 7293111113 [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v] ‘

] |

Maple [A] (verified)

Time = 0.39 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.62

method | result

2
(13c2-82—18)2® | (7 3 132 277 81) /iZ 95 =3 1365 In(1-42+2v427 =23
trager | ———— + (§2° — 2" — TET + 5) Vde? — 22 -3 - 1074

3 (4z—1)v4
default | €22 =22-8)% _ 105(80-2)Vi"—%=3 1365 In( “42=2 1 Va0 —22-3) V4 4 130t
erau 32 1024 2048 4

3z (45

2
s

input Lint ((x+(4%x~2-2*%x-3)~(1/2))~3,x,method=_RETURNVERBOSE) J

‘ 1/4% (13*%x"2-8%x-18) *x~2+(7/4*x~3-13/16%x"2-277/128%x+81/512) * (4*%x~2-2*x-3) ‘

output
\ ~(1/2)-1365/1024%1n (1-4%x+2% (4%x~2-2%x-3) ~(1/2)) \

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.62

3 1
/<$+\/—3—2x+4x2> dz = Z3x4—2a:3— gxz

1

+e5 (896 2° — 4162 — 1108z + 81)vV4 2% — 22— 3
1365

— P g (—4z+2vV42 — 22 —3+1
1024 °g< T+2v4s® -2z -3+ )

input Lintegrate ((x+(4*x~2-2%x-3)"(1/2))"3,x, algorithm="fricas") J
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‘13/4*}{’"4 - 2%x73 - 9/2%x72 + 1/512%(896*x"3 - 416%x"2 - 1108%x + 81)*sqrt( ‘

output
L4*x"2 - 2%x - 3) - 1365/1024%log(-4*x + 2%sqrt(4*x™2 - 2%x - 3) + 1) J

Sympy [A] (verification not implemented)

Time = 0.55 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.17

3 1 4 2 1
/<x+\/—3—2x+4x2> dx = 52 —2x3—9i—3(£——>\/4x2—2x—3

4 2 278
2?2 oz 9

—olz = _ 7 Var2 — 9p —

2(3 24 32) w23

3 2 41x 57

JAz —on (T _ T T of
HIVAT -2 -3\ T - 8 T 31 T Bo

1365 log (8 + 4v/4a? — 2z — 3 — 2)
+ 1024

input‘integrate((x+(4*x**2—2*x—3)**(1/2))**3’X)

output‘iB*x**4/4 - 2¥xkx3 - Okx*¥2/2 - 3%(x/2 - 1/8)*sqrt(dxx**2 - 2%x - 3) - 2%(
(xk%2/3 - x/24 - 9/32)*sqrt(4kx*x2 - 2xx - 3) + THsqrt(4kxxx2 - 2%x - 3)*(x
\**3/4 - x*%2/48 - 41%x/384 - 57/512) + 1365*1log(8*x + 4*xsqrt(4*x**2 - 2%x \
- 3) - 2)/1024 |

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.89

N

/<x+\/—3—2x+4x2>3 dx=§x4—2x3+l(4x2—2x—3)

16 v
—g:cz—l-él(4962—296—3)g
—%5 4x2—2x—3x+;% 422 - 22 —3
+1024 log <8m+4M—2)

inputLintegrate((X+(4*x“2—2*x—3)A(1/2))*3,x, algorithm="maxima") J
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(13/4%x"4 - 24x"3 + T/16%(4%x"2 - 2kx - 3)7(3/2)*x - 9/2%x"2 + 1/64%(4*x"2
|- 2%x - 3)7(3/2) - 105/128%sqrt(4*x~2 - 2%x - 3)*x + 105/512%sqrt(4*x™2 - |
(2%x - 3) + 1365/1024%log(8*x + 4xsqrt(4xx"2 - 2%x - 3) - 2) |

output

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.63

3 1
/<x+\/—3—2z—|—4z2> dz=Z3x4—2z3—gz2

+5@ (4(8(28z —13)x — 277)x + 81)\/4m
1365
— - Viz2 —2z—3 D
1024log(‘ 4x+2vV4z2 -2z —-3+1
tnput Lintegrate ((x+(4xx~2-2%x-3)"(1/2))"3,x, algorithm="giac") J

‘13/4*}:“4 - 2%x73 - 9/2%x72 + 1/512% (4% (8% (28*x - 13)*x - 277)*x + 81)*sqrt \

output
| (4%x72 - 2%x - 3) - 1365/1024%log(abs(-4*x + 2%sqrt(4+x™2 - 24x - 3) + 1))

Mupad [B] (verification not implemented)

Time = 0.51 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.06

351In (22 + V42 — 2z —3— 1)
256

39 In (m + —"4””2;2“’_3 - ;11>

T+ V-3 — 2z + 422 3dac:
/ )

1024
27 (2 - 1) V4z2 -2z -3
B 16
472 —2x — 3(—128 2% + 16z + 108)
‘ &
Tz (422 —2x—3) 9 22 5 13z4
+ 16 - —2x° + 1

input Lint((x + (4*%x72 - 2%x - 3)°(1/2))"3,x%) J




CHAPTER 3. LISTING OF INTEGRALS 266

Output‘(351*10g(2*x + (4*x72 - 2xx - 3)7(1/2) - 1/2))/256 - (39%log(x + (4*x"2 -
(2¢x - 3)7(1/2)/2 - 1/4))/1024 - (27x(x/2 - 1/8)*(4xx™2 - 2%x - 3)"(1/2))/1
‘6 - ((4*%x72 - 2%x - 3)7(1/2)*(16*x - 128*%x~2 + 108))/2048 + (Txx*(4*x~2 -

\2*x - 3)7(3/2))/16 - (9%x~2)/2 - 2%x"3 + (13%x74)/4

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.94

T4zt -2z — 33 B 13v/4z2 — 2z — 3 z2

/<x+\/—3—2x+4w2>3 dx

4 16
B 277\/4x2—2x—3x+81 412 — 2x — 3
128 512
2v/4x2—2x—3+4x—1
1024 4 2

input‘ int ((x+(4*x~2-2*x-3)~(1/2))"3,x) ‘

output}(1792*sqrt(4*x**2 - 2%x - 3)%xkx3 - 832%sqrt(AxxF*2 - 2kx - 3)*x**2 - 2216
*Sqrt(4*x*x2 - 2%x - 3)*x + 162%sqrt(4*x¥2 - 2kx - 3) + 1365%log((2*sqrt (
‘4*x**2 - 2xx - 3) + 4*xx - 1)/sqrt(13)) + 3328*x**4 — 2048*x**3 — 4608*x**2 \
1)/1024 |




CHAPTER 3. LISTING OF INTEGRALS 267

331  [(z+V-3-2z+42%) dz

Optimal result . . . . . . . . .. . . . 267
Mathematica [A] (verified) . . . . . . . . . ... L 267
Rubi [A] (verified) . . . . . . .. . . 268
Maple [A] (verified) . . . . . . . . . . 269
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 2691
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 270
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 270
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 271]
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. .... 27T
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 272

Optimal result

Integrand size = 18, antiderivative size = 85

2 , 5z3 1
(:c+\/—3—2x+4x2> de = -3z —x +T—E(1—4x)\/—3—2x+4x2

+ é(—3 — 2z +4w2)3/2

+ Eaurctaunh< 1 -4z )
32 2v/—3 — 2z + 4x2

-3%x-x"2+5/3%x"3-1/16% (1-4*x) * (4*xx~2-2%x-3) ~(1/2)+1/6% (4*xx~2-2%x-3) ~(3/2)+

p
output ‘
13/32*arctanh (1/2*(1-4*x) / (4*x~2-2*x-3) ~(1/2))

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.82

/<x+\/—3—2x—|—4r2>2 dr = %x(—9—3m+5x2)

1
+ 4—8\/—3 — 2z + 422(—27 — 4z + 322%)

13
+ 55 log (1 4z 4+2V/—3= 2x+4x2>
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input‘ Integrate[(x + Sqrt[-3 - 2xx + 4*x~2])"2,x]

t‘ (x*(-9 - 3#x + 5*x72))/3 + (Sqrt[-3 - 2*x + 4xx"2]*(-27 - 4xx + 32%x72))/4

outpu
'8 + (13+Logll - 4xx + 2#Sqrt[-3 - 2*x + 4%x"2]1)/32
Rubi [A] (verified)
Time = 0.26 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.111, Rules
integrand size
used = {7293, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
2
/( 4m2—2m—3+a:> dx
| 7298
/ (522 +2V/42? — 20 — 30 — 20 - 3) da
| 2009
13 1—4z 5z 5, 1, 32 1 Vi 253
32arctanh(2 I 3> t5 -2 +6(4a: — 2z — 3) —1—6(1—430) 4z2 — 2 — 3—3z
inputLInt[(x + Sqrt[-3 - 2%x + 4%x~2])"2,x] J
Output‘ -3*x - x72 + (6%x73)/3 - ((1 - 4*x)*Sqrt[-3 - 2*x + 4*x72])/16 + (-3 - 2*x ‘

L + 4xx~2)~(3/2)/6 + (13*ArcTanh[(1 - 4*x)/(2%Sqrt[-3 - 2xx + 4%x2]1)]1)/32 J




rule 2009
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Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 7293111113 [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v] ‘

input

1

Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.71

6

64

method | result o
?—3z— 131n(2v422—22—3—1+4
trager | 700 | (202 by 8 aE gy - MRS g
—9z-3)3 _ ——=  13In( 2= DVA L /a7 9,-3) V4
default 523 _ 2 — 3¢ + (422 —25-3)2 n (8 2)\/;1;2T3 _ n( 1 x2—2x ) -

Lint ((x+(4*x~2-2*x-3)~(1/2)) ~2,x,method=_RETURNVERBOSE)

output ‘ 1/3% (5xx~2-3%x-9) *x+(2/3%x72-1/12%x-9/16) * (4*x~2-2*x-3) = (1/2) -13/32*1n (2% (

input

\4*x*2—2*x—3)‘(1/2)—1+4*x)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.71

3 48

/<x+\/—3—2x+4m2)2dx=§x3—x2+i(32x2—4x—27) 422 -2z -3

1
—3cc+—3 log<—4x+2\/4x2—2x—3+1>

32

Lintegrate((x+(4*x“2—2*x—3)“(1/2))“2,x, algorithm="fricas")

output‘ 5/3*x"3 - x72 + 1/48%(32%x72 - 4*x - 27)*sqrt(4*x~2 - 2xx - 3) - 3*x + 13/

|82+log(-4*x + 2%sqrt(4*x™2 - 24x - 3) + 1)
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Sympy [A] (verification not implemented)

Time = 0.47 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.76

2 3 2
/<x+\/—3—2x+4x2) dx:%—x2—3x+2<w——£—g) 4% — 22 — 3

131log (8z + 4v/4z? — 2z — 3 — 2)
- 32

input ‘ integrate ((x+(4xx**x2-2%x-3) ** (1/2) ) **2,x)

‘5*x**3/3 - x¥*2 - 3xx + 2% (x**2/3 - x/24 - 9/32)*sqrt (4*x**2 - 2%x - 3) -

output
LlS*log(S*x + 4*sqrt(4*x**2 - 2%x - 3) - 2)/32

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.93

[V

/<x+\/—3—2x—|—4x2>2 dx=gx3—x2+é(4x2—2x—3)

1 1
+Z\/4x2—2x—3x—3x—1—6 422 -2z -3

13
— 2 _ -3
3 log(8x+4\/4m 2z -3 2)

input Lintegrate ((x+(4*x~2-2%x-3)"(1/2))"2,x, algorithm="maxima")

‘5/3*}(“3 - x72 + 1/6%(4%x72 - 2%x - 3)7(3/2) + 1/4*xsqrt(4*x”2 - 2%x - 3)*x
‘— 3*x - 1/16%sqrt(4*x~2 - 2*x - 3) - 13/32%1log(8*x + 4*sqrt(4*x~2 - 2*x -
3 -2

output

N




CHAPTER 3. LISTING OF INTEGRALS 271

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.72

2 1
/<x+\/—3—2x—|—4x2> dm=§x3—x2+E(4(8x—1)x—27)v4$2—2$—3

3
13
—3x+3—2 log (‘—4x+2\/4x2—2x—3+1’>
input Lintegrate ((x+(4%x~2-2*x-3)"(1/2))"2,x, algorithm="giac") J

output‘ 5/3%x73 - x72 + 1/48%(4*(8%x - 1)*x - 27)*sqrt(4*x~2 - 2*%x - 3) - 3*x + 13 \
| /32%log(abs (-4%x + 2%sqrt(4+x™2 - 2#x - 3) + 1)) |

Mupad [B] (verification not implemented)

Time = 20.92 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.68

2 5 23 13ln<x+@_i)
_3_ 2 _ _
/(x—lrx/ 3 2x+4x> do == -
472 —2x — 3(—1282% + 16 + 108) 0
N —z° =3z
192
input Lint((x + (4*%x"2 - 2%x - 3)7(1/2))"2,%) J
output} (5+x°3)/3 - (13*log(x + (4%x°2 - 2#x - 3)7(1/2)/2 - 1/4))/32 - ((4*%x™2 - 2

\*x - 3)7(1/2)*(16%x - 128%x~2 + 108))/192 - x~2 - 3%x \
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.98

2v4x2 — 2z — 322
3
VAaz? — 2z — 3z 9422 -2z -3
12 B 16
13 log<2\/m+4z_1> -

Vi3 2
- — -z -3
39 + 3 T T

/<x+\/—3—2x+4x2>2 dr =

-

int ((x+(4*x~2-2%xx-3) " (1/2))"2,%)

input

N\

t‘(64*sqrt(4*x**2 - 2xx — 3)*x**2 - Bksqrt(4*x**2 - 2kx - 3)*x - bdxsqrt(4*x
‘**2 - 2xx - 3) - 39%log((2*sqrt(4*xx**2 - 2%x - 3) + 4xx - 1)/sqrt(13)) + 1
|60%x*%3 — 9Bkx**2 - 288+x)/96

outpu




output

input
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3.32 | (a: + V=3 — 2z +42?) dz

Optimal result . . . . . . . . . . . . e 273
Mathematica [A] (verified) . . . . . . . . . ... o 273
Rubi [A] (verified) . . . .. . . ... .. 277
Maple [A] (verified) . . . . . . ... L 275
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 275
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 276
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 276l
Giac [A] (verification not implemented) . . . . . . ... ... ... 27T
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 27T
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 278

Optimal result

Integrand size = 16, antiderivative size = 59

2

1
/<x+\/—3—2x—|—4x2) dxzx——§(1—4x)\/—3—2x+4a:2
1—-4x

2

+Ertnh
16aca

2v/—3 — 2z + 422

)

‘1/2*x‘2-1/8*(1—4*x)*(4*x“2—2*x—3)‘(1/2)+13/16*arctanh(1/2*(1—4*x)/(4*x‘2—2

}*x—s)“(1/2))

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.97

2
1
/ (x +vV3—2z +4x2> dz =2 4 5 (-1+42)V=3 =2 + 422

2

16

1
+—310g (1—4x+2\/—3—2z+4w2>

LIntegrate [x + Sqrt[-3 - 2*x + 4xx72],x]




output

input L

output
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|
l

x72/2 + ((-1 + 4*xx)*Sqrt[-3 - 2*x + 4%x72])/8 + (13*Log[l - 4*x + 2*Sqrt[-
3 - 2xx + 4%x72]])/16

|
J

-

N\

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.00,

number of rules _ 0.062, Rules

number of steps used = 1, number of rules used = 1, 5 vo 1 e

used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(m”) do

l 2009

13 1—4z |
——arctanh 4+ - — (1 —-4x)V4z2 -2z -3
16 <2 4x:2 —2m—3> 2 8( )

Int[x + Sqrt[-3 - 2*x + 4*x~2],x]

x72/2 - ((1 - 4xx)*Sqrt[-3 - 2*x + 4%x72])/8 + (13*ArcTanh[(1 - 4*x)/(2*Sq
rt[-3 - 2*x + 4xx~2])])/16

-/

J
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.80

method | result size
9 L 131n(1—4z+2\/4z2—2x—3>
trager | % + (% — g) 42 — 2z — 3 + 1 47
2 N s 13In(Be=V4A /302 50 3) /4
default | 2’ 4 Gz=2Vlem-2e=3 (™= - ) 55
(4z—-1)v4 2
2 8z—2)vaz2—27—3 13In( 22=20V2 4 /402 20—3) /4
parts %—l-(m )lg CamL i ( : 3 ) 55
. int (x+(4*xx~2-2%x-3) ~(1/2) ,x ,method=_RETURNVERBOSE)
input
|1/2%x72+(1/2%x-1/8) * (4%x~2-2%x-3) ~ (1/2) +13/16%1n (1-dxx+2% (4%x"2-2%x-3)~(1/ |
output

\2)) \

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.80

1 1
/<x+\/—3—2x+4x2) dm=§x2+§\/4z2—2z—3(4x—l)

1
+£log<—4x+2\/4x2—2x—3+1>

inputLintegrate(x+(4*x‘2—2*x-3)*(1/2),x, algorithm="fricas") J

‘1/2*x‘2 + 1/8%sqrt(4*x72 - 2%x - 3)*(4*x - 1) + 13/16%log(-4*x + 2*sqrt (4* ‘

Output\x*z - 2%x - 3) + 1) \
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Sympy [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.83

2

1
/<x+\/—3—2x+4x2> dx:x—+<£——) 422 — 2z — 3

2 2 8
13log (8z + 4v/42? — 22 — 3 — 2)
16
inputLintegrate(x+(4*x**2—2*x_3)**(1/2),x) J
Output‘x**2/2 + (x/2 - 1/8)*sqrt(4*x**2 - 2xx - 3) - 13*xlog(8*x + 4*sqrt(4*x**2 - ‘

\ 2%x - 3) - 2)/16 \

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.97

1 1 1
/<z+\/—3—2z+4m2) dac=§x2+§\/4x2—2x—3x—§v4x2—2m—3

13
— 2 _ — 3 _
16 log <8x+4\/4x 2x—3 2)

input Lintegrate (x+(4*x~2-2%x-3)"(1/2) ,x, algorithm="maxima") J

Output‘ 1/2%x72 + 1/2%sqrt(4*x~2 - 2*x - 3)*x - 1/8*sqrt(4*x~2 - 2xx - 3) - 13/16% ‘
‘log(S*x + 4*xsqrt(4*x72 - 2*%x - 3) - 2) ‘
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.81

1 1
/<x+\/—3—2x+4m2> dmz—x2+§\/4m2—2m—3(4x—1)

2
13
+ 6 log <‘—4x+2\/4x2 —2x—3+1‘>
inputLintegrate(x+(4*x‘2—2*x—3)‘(1/2),x, algorithm="giac") J

output‘ 1/2%x72 + 1/8*sqrt(4*x~2 - 2xx - 3)*(4xx - 1) + 13/16xlog(abs(-4*x + 2*sqr ‘
‘t(4*x"2 - 2%x - 3) + 1)) \

Mupad [B] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.75

/<x+\/—3—2x+4x2> dx = (E—l) 422 -2z -3

2 8
13In (2z++vV42>—2z-3-1) 2
16 2

e hY

int(x + (4*%x”2 - 2%xx - 3)~(1/2),x)

N\ J

input

(x/2 - 1/8)%(4%x™2 - 24x - 3)"(1/2) - (13*log(2*x + (4*x™2 - 2%x - 3)~(1/2

output
\) - 1/2))/16 + x~2/2
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.00

\/4332—235—33:_ 42 — 2 — 3

/<x+\/—3—2x+4x2) der =

2 8
2v/4z2—23—3+4z—1
B 13 log( 2= ) N x_2
16 2
input Lint (x+(4xx~2-2%x-3) "~ (1/2) ,%) J

o (Bxsqrt(4xxxx2 - 2kx - 3)#x - 2+sqrt(4xxer2 - 2+x - 3) - 13xlog((2*sqrt(4x

outpu
(xHk2 = 2%x = 3) + 4kx - 1)/sqrt(13)) + Bkx**2)/16 |
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1
3.33 f z4+v —3—2z+4z2 dz

Optimal result . . . . . . . . . . . . e 279
Mathematica [A] (verified) . . . . . . . .. ... L Lo 280
Rubi [A] (verified) . . . . . . . . . . 230
Maple [B] (verified) . . . . . . . . . .. 2821
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... 283
Sympy [F] . . . 284
Maxima [F] . . . . . . . 2841
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 285
Mupad [F(-1)] . . . o 286
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 18, antiderivative size = 106

/ L dx:—i<10—\/1_0>log<l—\/m

x+v—3— 2z + 422 30
—3<2w+\/—3—2w+4x2)> . %(10%@) log (1
+x/ﬁ—3(2x+x/—3—2x+4z2)>
+ log (1 . 2<2m+ V=3-— 2x+4x2)>

output ‘ -1/30%(10-10"(1/2))*1n(1-10" (1/2) -6*x-3* (4*xx~2-2%x-3) ~(1/2) ) -1/30% (10+10~( ‘
‘1/2))*ln(1+10A(1/2)—6*x—3*(4*XA2—2*X—3)A(1/2))+1n(1—4*x-2*(4*X‘2-2*x-3)‘(1
VQ)) J
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Mathematica [A] (verified)

Time = 0.41 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.92

/z—l—\/—3i2x+4x2dx 31()(( 10+\/_)log< 1+v104+22—v/—3 — 2x+4x2)

- (10+\/ﬁ> 10g<1+\/E—2:c+\/—3—2x+4w2>
~10log (1 — 4z +2v=3 — 20 + 427 ) )

input LIntegrate[(x + Sqrt[-3 - 2*x + 4*x"2])~(-1),x] J

output
‘+ Sqrt[10])*Log[1 + Sqrt[10] - 2*x + Sqrt[-3 - 2*x + 4%x~2]] - 10*Logl[l - ‘

axx + 28qre[-3 - 2%x + 4xx°2]1)/30 |

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.06,

_ 4 number of rules
4, integrand size = 0.222, Rules

number of steps used = 5, number of rules used =
used = {7286, 25, 2462, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 dzr
Viz? — 2z —3+2
l7286
—(2x+m>2+2x+m+3
2/— 3 5 d<2:z:+\/4a:2—23:
6(2w+m) _7(2x+m) _4(2x+m)+3

| 25
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= B et I bl (20 + Vi3
6(20+V&s?—20-3) —7(2%+ V4T —20—3) —4(20+ V47 —25-3) +3
l 2462
_ 2% + V4x2 — 2z — 3 )
?/ 3@x+¢&?iiif®2—2@x+¢£??ﬂ:§)_3+1—2@x+¢57rg:3) d@x+vq
l 2009

2(-1'(uy—vﬁﬁ)bg<—3(v4x2—2x-—3+2x)-v56+1)-]'(ur+v66)bg(—s(V4x2—2x-3+2a

60 60

inputLInt[(x + Sqrt[-3 - 2%x + 4*x72])~(-1),x] J

output‘2*(_1/60*((10 - Sqrt[10])*Log[1 - Sqrt[10] - 3*(2*x + Sqrt[-3 - 2%x + 4%x~
21D1) - ((10 + Sqrt[101)*Log[1 + Sqrt[10] - 3%(2kx + Sqrt[-3 - 2%x + 4xx"2
1)1)/60 + Loglt - 2+(2%x + Sqrt[-3 - 2#x + 4¥x"21)1/2)

Defintions of rubi rules used

ruk325tlnt[_(Fx—)’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] )
rukaZOOQLInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
rule 2462 ‘ Int[(u_.)*(Px_)~(p_), x_Symbol] :> With[{Qx = Factor[Px]}, Int[ExpandIntegr

‘[Expon[Px, x], 2] & !'BinomialQ[Px, x] && !TrinomialQ[Px, x] && ILtQ[p, O

‘and[u*Qx~p, x], x] /; !SumQ[NonfreeFactors[Qx, x]1] /; PolyQ[Px, x] && GtQ
1 && RationalFunctionQ[u, x]
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rule 7286‘ Int[u_, x_Symbol] :> With[{lst = FunctionOfSquareRootOfQuadratic[u, x]}, Si ‘
‘mp[2  Subst[Int[1st[[1]], x], x, 1st[[211], x] /; !FalseQ[lst] && EqQ[lst
‘[[3]], 2]1] /; EulerIntegrandQ[u, x] ‘

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 426 vs. 2(85) = 170.

Time = 0.37 (sec) , antiderivative size = 427, normalized size of antiderivative = 4.03

method | result

_ 2
\/36<z7%7@)2+9(%+%ﬂ) (zféf m)+11+2\/ﬁ (%4-8@) In (7(41 41)\/14-\/4(1—%—@) +<%+8\31m> (“”
3V10 | - 9 - 24
default | — 20
In (7009920 RootOf (30_22 +20_Z+3) ? /27253 4% —1252800 RootOf (30_22 +20_Z+3) ? $345257440 RootOf (30_
trager -

e

int (1/ (x+(4*x~2-2%x-3)~(1/2)) ,x,method=_RETURNVERBOSE)

~—

input L

-3/20%10"(1/2) * (-1/9% (36% (x-1/3-1/3%10"(1/2) ) ~2+9% (2/3+8/3%10~ (1/2) ) * (x~-1/
3-1/3%107(1/2))+11+2%10~(1/2)) ~(1/2)-1/24%(2/3+8/3%10~(1/2) ) ¥1n (1/4* (4%x-1
) x4~ (1/2)+ (4% (x-1/3-1/3%x107(1/2)) ~2+(2/3+8/3%107(1/2) ) *(x-1/3-1/3*10"(1/2)
)+11/9+2/9%107(1/2))~(1/2) ) %4~ (1/2)+1/3%(11/9+2/9%107(1/2) )/ (1/3+1/3*10~ (1
/2))*arctanh(3/2*(22/9+4/9%107 (1/2)+(2/3+8/3%10~(1/2) ) *(x-1/3-1/3*10"(1/2)
))/(1/3+1/3%10°(1/2) )/ (36%(x-1/3-1/3%10"(1/2)) ~2+9% (2/3+8/3%10~(1/2) ) * (x-1
/3-1/3%107(1/2))+11+2%107(1/2))~(1/2)))-3/20%10~ (1/2) * (1/9* (36* (x-1/3+1/3*
107(1/2)) ~2+9%(2/3-8/3%10~(1/2) ) *(x-1/3+1/3%10~(1/2) ) +11-2%10~(1/2) ) ~(1/2)
+1/24%(2/3-8/3%107(1/2) ) *1n(1/4% (4%x-1) *4~ (1/2)+ (4% (x-1/3+1/3%10"(1/2)) "2+
(2/3-8/3%107(1/2) ) *(x-1/3+1/3*10"(1/2))+11/9-2/9%10~(1/2))~(1/2))*4~(1/2) -
1/3*(11/9-2/9%10~(1/2))/(-1/3+1/3%10~(1/2) ) *arctanh (3/2* (22/9-4/9*10~ (1/2)
+(2/3-8/3%107(1/2) ) *(x-1/3+1/3%107(1/2))) / (-1/3+1/3*107(1/2)) / (36* (x-1/3+1
/3%107(1/2))"2+9%(2/3-8/3%10"(1/2) ) *(x-1/3+1/3*10~(1/2) ) +11-2%10~(1/2))~ (1
/2)))-1/6%1n(3%x~2-2%x-3)+1/30%10"~ (1/2) *arctanh (1/20% (6*x-2) *10~(1/2))

output




input

output
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 281 vs. 2(83) = 166.

Time = 0.08 (sec) , antiderivative size = 281, normalized size of antiderivative = 2.65

2 _ —
/ 1 dz:i\/ﬁlog 922 4+24/10(3x —1) — 6z + 11
T +vV—3— 2z + 422 60 3z2—-2x—3

L Violeg (37T VI0(62% + 172 — 3) — V422 — 22 — 3(V10(3z + 19) — 60z + 10) + 28z +
60 312 —-22—3

+ L /Dlog [ Z = VI0Qa" +52—8) — Va? ~ 20— 3(VI0(z —7) ~ 202 +10) 4z~ 21
60 312 —21—3

1
+ < log (12x2—\/4x2—2x—3(6x—1)—530—6)
1
—610g<4x2— 4x2—2x—3(2x—l)—3x—6)
1 , 2
— 5 log(3a —23:—3)—5log<—4w+2\/4x2—2x—3+1>

‘integrate(1/(x+(4*x‘2-2*x—3)”(1/2)),x, algorithm="fricas")

1/60*sqrt (10) *log((9*x~2 + 2*sqrt(10)*(3*x - 1) - 6*x + 11)/(3*x"2 - 2*x -
3)) + 1/60*sqrt(10)*1og(-(3*x~2 - sqrt(10)*(6*x~2 + 17*x - 3) - sqrt(4*x"
2 - 2xx - 3)*(sqrt(10)*(3*x + 19) - 60*x + 10) + 28*x + 57)/(3*x"2 - 2%x -
3)) + 1/60*sqrt(10)*1log(-(x~2 - sqrt(10)*(2*x~2 + b*x - 3) - sqrt(4*x~2 -
2xx - 3)*(sqrt(10)*(x - 7) - 20*x + 10) - 4*x - 21)/(3*x"2 - 2*x - 3)) +
1/6%1log(12*x~2 - sqrt(4*x~2 - 2%x - 3)*(6*%x - 1) - 5xx - 6) - 1/6%log(4*x"
2 - sqrt(4*x”2 - 2%x - 3)*(2*%x - 1) - 3*x - 6) - 1/6%log(3*x~2 - 2*x - 3)
- 2/3%log(-4*x + 2*sqrt(4*x~2 - 2xx - 3) + 1)
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Sympy [F]

1 1
dr = dx
T+ V-3 —2x + 422 4+ VAz2 — 2z —3

inputLintegrate(1/(x+(4*x**2—2*x_3)**(1/2))’x)

outputtlntegral(l/(x + sqrt(4*x**2 - 2xx - 3)), x)

Maxima [F]

1 1
dzr = dx
T +vV—3 — 2z + 422 rT+V4x2—21z—3

input Lintegrate (1/ (x+(4xx~2-2*x-3)~(1/2)) ,x, algorithm="maxima")

outputtintegrate(l/(x + sqrt(4*x~2 - 2%x - 3)), x)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 275 vs. 2(83) = 166.

Time = 0.16 (sec) , antiderivative size = 275, normalized size of antiderivative = 2.59

/ 1
dz
T+ -3 — 2z + 422
1 6z —2v10—2
= ——1+v10log } * |
60 62 +2+/10 — 2|
1 —4z—-2v10+2vV422 -2z —-3+4+2
+ —+v10log } i i d |
60 |—4z+2v10+2V422 — 2z — 3+ 2|
—122 -2v10+6+v42%2 -2 —-3+2
_ L i0log —12z +6v42? —2z—3+2
60 |-12z+ 210+ 6 V42> — 2z — 3 + 2|

]_ 2
+—log(‘3<2x— 4x2—2x—3> —4x+2\/4x2—2m—3—3’>

6
1 2
5 log ('(235— 4x2—2m—3) —4x+2\/4x2—2x—3—9D
1 2
~5 log (|32% —2z — 3|) -3 log <‘—4x+2\/4x2—2x—3+1’>
inputLintegrate(1/(x+(4*x“2—2*x—3)“(1/2)),x, algorithm="giac") J
output -1/60*sqrt (10) *log(abs(6*x - 2*sqrt(10) - 2)/abs(6*x + 2xsqrt(10) - 2)) +

1/60*sqrt (10) *log(abs (-4*x - 2*sqrt(10) + 2*sqrt(4*x”2 - 2xx - 3) + 2)/abs
(-4xx + 2*sqrt(10) + 2*sqrt(4*x~2 - 2%x - 3) + 2)) - 1/60*sqrt(10)*log(abs
(-12%x - 2%sqrt(10) + 6*sqrt(4*x”2 - 2%x - 3) + 2)/abs(-12*x + 2*sqrt(10)

+ 6*sqrt(4*x~2 - 2*%x - 3) + 2)) + 1/6%log(abs(3*(2*x - sqrt(4*x~2 - 2*x -

3))72 - 4xx + 2%sqrt(4*x~2 - 2%x - 3) - 3)) - 1/6%log(abs((2*x - sqrt(4*x~
2 - 2%x - 3))72 - 4*xx + 2%sqrt(4*x”2 - 2%x - 3) - 9)) - 1/6%log(abs(3*x"2

- 2xx - 3)) - 2/3*log(abs(-4*x + 2xsqrt(4#x~2 - 2%x - 3) + 1))




CHAPTER 3. LISTING OF INTEGRALS

286
Mupad [F(-1)]
Timed out.
/ L dx :/ L dz
T+ /=3 — 2z + 422 c+VAz? —2z-3
input Lint(l/(x + (4%x72 - 2xx - 3)7(1/2)),%) J
output Lint(l/(x + (4%x72 - 2%x - 3)7(1/2)), x) J

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 239, normalized size of antiderivative = 2.25

/ 1
dx
T +vV—3 — 2z + 4z2
v10 atan<6‘/mi+12iw—3i> i atan (6\/mz'+12iw—3i> i

2v/10-1 24/10-1

30 3
V10log(144v/42? — 2z — 3z — 36v/4x? — 2z — 3 + 4v/10 + 288z — 144z — 140)

60
N V10log(6v/42? — 2z — 3 + 2v/10 + 12z — 2)

30
log (144v/4z* — 2z — 3z — 36v/42? — 2z — 3 + 4¢/10 + 28822 — 144z — 140)

6
log(6v/4z? — 2z — 3+ 2v/10 + 12z — 2) 2V4z® — 2z —3+ 4z — 1
— + log
3 V13

tnput Lint(l/(x+ (4%x~2-2%x-3)"(1/2)) ,x) J
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( - 2xsqrt(10)*atan((6*sqrt (4*x**2 — 2%x - 3)*i + 12xikx - 3%i)/(2*sqrt (10
) = 1))*i - 20*atan((6*sqrt(4*x**2 - 2xx - 3)*i + 12kixx - 3*i)/(2*sqrt (10
) - 1))*i - sqrt(10)*log(144+*sqrt (4*x**2 — 2%x — 3)*x — 36*sqrt(4*x**2 - 2
*x — 3) + 4*xsqrt(10) + 288*x**2 - 144*x - 140) + 2*sqrt(10)*log(6*sqrt (4*x
**%2 - 2%x - 3) + 2xsqrt(10) + 12%x - 2) - 10%log(144+*sqrt(4*x**2 - 2%x - 3
)*x — 36*sqrt(4*x**2 - 2%x - 3) + 4*sqrt(10) + 288xx**2 - 144xx - 140) - 2
Oxlog(B*sqrt (4*x**2 — 2%x - 3) + 2xsqrt(10) + 12*x - 2) + 60x1log((2*sqrt(4
*xx*¥%2 — 2%x - 3) + 4xx - 1)/sqrt(13)))/60

output




output
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3.34 | . > dz
(a:-l— v —3—23:-|—4a:2>

Optimal result . . . . . . . . . . .. 288]
Mathematica [A] (verified) . . . . . . ... ... L o 289
Rubi [A] (verified) . . . . . . . .. .. 289
Maple [C] (verified) . . . . . . . . . ... 291]
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 292
Sympy [F] . . . 292
Maxima [F] . . . . . .. 293
Giac [B] (verification not implemented) . . . . . . . . .. ... ... ... ... 293
Mupad [F(-1)] . . . o o 294
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 294

Optimal result

Integrand size = 18, antiderivative size = 149

1
/ 5 dx
(z 4+ V-3 — 2z + 4a?)
B 3—19(2z + V-3 — 2z + 42?)
15 <3+2 (22 ++v—-3—2z+42%) —3 (22 + V-3 — 2x+4x2)2)
_ 13log (1 - v10 - 3(2z + V-3 — 2z + 4a?))

10410
13log (1 + /10 — 3(22 + V=3 — 2z + 422))
+
10v/10

‘(3-38*x—19*(4*x“2-2*x—3)“(1/2))/(45+60*x+30*(4*x“2—2*x-3)“(1/2)-45*(2*x+(4
‘*X‘2-2*x—3)A(1/2))A2)-13/100*1n(1-10A(1/2)-6*x-3*(4*x‘2—2*x-3)*(1/2))*10‘(

‘1/2)+13/100*ln(1+10‘(1/2)-6*x—3*(4*x‘2—2*x—3)A(1/2))*10“(1/2)
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Mathematica [A] (verified)

Time = 0.49 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.58

/ 1 dx_3+11w—9\/—3—2z+4x2—3x\/—3—2x+4x2
(z+vV—=3—2z+ 4:82)2 N 90 + 60z — 90z
1—2z++—3—2z+422
N 13arctanh< 710 )
5v/10

e

Integrate[(x + Sqrt[-3 - 2*x + 4%x72])~(-2),x]

~—

input L

¢ (3 + 11¥x - 9xSqrt[-3 - 2¢x + 4xx"2] - 3xxxSqrt[-3 - 2%x + 4xx°21)/(90 + 6
‘O*x - 90%x~2) + (13*ArcTanh[(1 - 2*x + Sqrt[-3 - 2*x + 4*x~2])/Sqrt[10]11)/ ‘
(5%Sqrt [10])

N\ J

outpu

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.05,

number of rules _ 0.333, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {7286, 27, 2191, 27, 1081, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 2dw
(ViaT=25 =3 +2)

l 7986

2
2<—<2£C+\/4$2—2$—3> +2x+\/4x2—2x—3+3>

2/_< 72 + V422 ~ 22— 3)

_3(2w+m)2+2(2w+m)+3)

l27
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_4/( —(2m+M)2+2x+m+3 T

—3(2m+m)2+2(2x+m)+3)

l2191
1 26
Y Iy Az —22—3) —
Ym0 —3<2x+m>2+2(2x+m>+3d(2w+ 0 =20 =3) 6O<_3(a
l27
| B L d(20 + Vaz? — 20— 3) -

2J _3(20+ Vi —2-3) +2(20+ VT~ 25 3) +3 60(_3(@1

l 1081

39 1 1
—4| =55 (2m<—3<2x+m)—\/ﬁ+l) 2@(_3(zx+m)+\/m+1)

| 2009
3—19(V42? — 20— 3+ 23 39 <1og (-3(V42? =20 =3+ 22)
4| — _ 39
2
60 (—3 <v4x2—2x—3+2w> +2<\/4x2—2x—3+2x>+3> 20 6v10
inputLInt[(x + Sqrt[-3 - 2xx + 4xx72])~(-2),x] J
output‘-4*(-1/60*(3 - 19%(2%x + Sqrt[-3 - 2*x + 4*x72]))/(3 + 2x(2*x + Sqrt[-3 -

‘rt [10] - 3%(2*x + Sqrt[-3 - 2*x + 4%x72])]/Sqrt[10] + Log[1l + Sqrt[10] - 3

(2kx + 4%x72]) - 3x(2x + Sqrt[-3 - 2%x + 4%x72])72) - (39%(-1/6%Log[l - Sq
‘*(2*x + Sqrt[-3 - 2xx + 4*x72])]/(6*Sqrt[10])))/20)
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Defintions of rubi rules used

rule 97 Int[(a )*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

~

rule 1081/Int[((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Simp[c Int[ExpandIntegrand[1/((b/2 - q/2 + c*xx)*(b/2 + q/2
+ c*x)), x1, x1, x]]1 /; FreeQ[{a, b, c}, x] && NiceSqrtQ[b~2 - 4*axc]

rule 2009 Intlu_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2191 Int[(Pq )*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol]l :> With[{Q =
PolynomialQuotient [Pq, a + b*x + c*x"2, x], f = Coeff[PolynomialRemainder [P
q, a + b*x + c*x"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x +
c*x"2, x], x, 11}, Simp[(b*f - 2%a*xg + (2xc*f - b*g)*x)*((a + b*x + c*xx"2)"
p+ D/((p + 1)*x(b"2 - 4*a*xc))), x] + Simp[1/((p + 1)*(b"2 - 4*a*c)) Int
[(a + bxx + c*xx72) " (p + 1)*ExpandToSum[(p + 1)*(b~2 - 4*a*xc)*Q - (2%p + 3)*
(2xc*f - bxg), x1, x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x] && NeQ[b~
2 - 4xaxc, 0] && LtQ[p, -1]

7286‘ Int[u_, x_Symbol] :> With[{lst = FunctionOfSquareRootOfQuadratic[u, x]}, Si ‘
‘mp[2  Subst[Int[1st[[11], x], x, 1st[[2]]], x] /; !FalseQ[lst] && EqQllst |
‘[[3]], 211 /; EulerIntegrandQ[u, x] ‘

rule

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.16 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.70

method | result

RootOf <_ZQ—10) z+3 RootOf <_ZQ—10) —10V4z2 —2z -
RootOf <_Z2—10) r—x—3

13 RootOf(_ZQ ~10) In (

_ (+a)e (3+2)V42?—20-3 _
trager 10(3z2—2z—3) + 30z2—20x—30 100

default | Expression too large to display
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input Lint (1/ (x+(4*x~2-2%x-3) " (1/2)) "2, x,method=_RETURNVERBOSE) J

output \ =1/10%(3+x) *x/ (3*%x~2-2%x-3)+1/10* (3+x) / (3*x"2-2*x-3) * (4*xx"2-2*%x-3) ~(1/2) -1 \
‘3/100*Root0f(_Z‘2-10)*1n((RootOf(_Z‘2—10)*x+3*Root0f(_Z‘2-10)-10*(4*x‘2—2*
'x-3)7(1/2))/ (Root0f (_2~2-10) #x-x-3))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.15

1
b/“ 5 d
(z+\/—3—2x+4x2)

1681 22+4 /10 (41 22 —14—21)+2 V422 —2 73 (41 v/10(2+3)+40 24120 ) —574 2—861
13v/10(32% — 2z — 3) log ( A & 3z2_2w_3( (4 i02110) > +13Y/
a 200 (322 — 2
inputLintegrate(1/(x+(4*x‘2—2*x—3)‘(1/2))"2,x, algorithm="fricas") J

1/200% (13*sqrt (10) *(3*x~2 - 2*x - 3)*1og((1681%x~2 + 4*sqrt(10)*(41*x"2 -
14xx - 21) + 2%sqrt(4*x~2 - 2%x - 3)*(41*sqrt(10)*(x + 3) + 40*x + 120) -
574*x - 861)/(3*%x72 — 2*xx - 3)) + 13*sqrt(10)*(3*x"2 - 2*x - 3)*1log((9*x~2
- 2%sqrt(10)*(3*x - 1) - 6*x + 11)/(3*x72 - 2*x - 3)) + 40%x"2 + 20*sqrt(
4%x72 - 2xx - 3)*(x + 3) - 100*x - 60)/(3*x"2 - 2*x - 3)

output

Sympy [F]

/ 1 dw—/ 1 dx
(x+\/—3—2x+4x2)2 (x+\/4x2—2:c—3)2

inputLintegrate(1/(x+(4*x**2—2*x—3)**(1/2))**Q’X) J

Outputtlntegral((x + sqrt (4*x**2 - 2xx - 3))**(-2), x) J
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Maxima [F|

1 1
/ 2d£L’=/ 5 dT
(z 4+ V-3 — 2z + 42?) (z+ V422 -2z —3)

inputLintegrate(1/(x+(4*x‘2—2*x—3)‘(1/2))"2,x, algorithm="maxima") J

Output‘integrate((x + sqrt(4*x~2 - 2*x - 3))°(-2), x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 320 vs. 2(121) = 242.

Time = 0.17 (sec) , antiderivative size = 320, normalized size of antiderivative = 2.15

1 13 62 —2+/10 — 2|
/ 5 dr = —/10log
(z+v/—3 — 2z + 42?) 200 62+ 2+/10 — 2|
—47— 210+ 242 — 22— 3+2
—E\/Elog | z 0+ x z—3+ |
200 |—4z+2v10+2v422 — 22 — 3+ 2|

—122 —2v/10+ 6422 — 27 — 3+ 2
+B\/Elog ‘ x V10 + 64z z—3+ |
200 |-122+ 210+ 6 V422 — 2z — 3 + 2|

41 (25— VA2 —25—3)" —28 (22 — A2 — 25— 3) — 2463 + 1234 2% — ¢
15 (3 (22— V42 —22-3)" —8 (20— VA2? — 20— 3)’ ~ 26 (22— V127 —22-3) + 48z
_ 11z +3
30 (322 — 2z — 3)

inputLintegrate(1/(x+(4*x“2—2*x-3)‘(1/2))"2,x, algorithm="giac") J




CHAPTER 3. LISTING OF INTEGRALS 294

13/200*sqrt (10) *log(abs (6*%x - 2*sqrt(10) - 2)/abs(6*x + 2*sqrt(10) - 2)) -
13/200*sqrt (10) *log(abs(-4*x - 2*sqrt(10) + 2*sqrt(4*x~2 - 2*x - 3) + 2)/
abs (-4*x + 2xsqrt(10) + 2*sqrt(4*x~2 - 2%x - 3) + 2)) + 13/200*sqrt(10)*lo
g(abs(-12xx - 2*sqrt(10) + 6*sqrt(4*x~2 - 2*x - 3) + 2)/abs(-12*x + 2*sqrt
(10) + 6*sqrt(4*x™2 - 2%x - 3) + 2)) - 1/156%(41%(2*x - sqrt(4*x~2 - 2%x -
3))73 - 28%(2*x - sqrt(4*x”2 - 2%x - 3))72 - 246%x + 123*sqrt(4*x~2 - 2*x
- 3))/(3*(2*x - sqrt(4*x~2 - 2%x - 3))74 - 8%(2xx - sqrt(4*x~2 - 2%x - 3))
73 - 26%(2*x - sqrt(4*x”2 - 2%x - 3))72 + 48%x - 24*xsqrt(4*x”2 - 2*x - 3)
+ 27) - 1/30%(11xx + 3)/(3%x72 - 2*x - 3)

output

N

Mupad [F(-1)]

Timed out.

/ 1 dx—/ ! dx
(x+\/—3—2x+4x2)2 (a:+\/4x2—2x—3)2

inpu‘c‘int(l/(X + (4%x72 - 2%x - 3)7(1/2))72,x)

outputtim"(l/(X + (4%x72 - 2*x - 3)7(1/2))72, x)

Reduce [B] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 648, normalized size of antiderivative = 4.35

1
/ 5 dr = Too large to display
(z 4+ V-3 — 2z + 422)

input‘ int (1/ (x+(4%x"2-2%x-3)~(1/2))"2,x)
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( - 642798xsqrt (10)*atan((2+sqrt (4*x**2 - 2xx - 3)*i + 4xi*x - i)/(2*sqrt(
10) - 1)) *i*x**2 + 428532xsqrt(10)*atan((2*sqrt (4xx**2 — 2%x - 3)*i + 4*ix*
x - 1)/(2%xsqrt(10) - 1))*i*x + 642798*sqrt(10)*atan((2*sqrt (4*x**2 - 2%x -
3)*ki + 4*ikxx - i)/(2%sqrt(10) - 1))*i + 329640*sqrt (4*x**2 — 2%x — 3)*x +
988920*sqrt (4*x**2 — 2%x — 3) + 642798*sqrt(10)*1log( - sqrt(10) + 3*x - 1
)*x**2 - 428532*sqrt(10)*log( - sqrt(10) + 3*x - 1)*x - 642798*sqrt(10)*lo
g( - sqrt(10) + 3*x - 1) - 642798*sqrt(10)*log(sqrt(10) + 3*x — 1)*x**2 +
428532xsqrt (10) *log(sqrt (10) + 3*x - 1)*x + 642798*sqrt(10)*log(sqrt(10) +
3*x - 1) + 321399*sqrt(10)*1log(16*sqrt (4*x**2 — 2xx — 3)*x — 4*sqrt (4xx**
2 - 2xx - 3) + 4*sqrt(10) + 32xx**2 - 16%x - 52)*x**2 - 214266*sqrt(10)*lo
g(16*sqrt (4*x**2 - 2%x - 3)*x - 4*sqrt(4*x**2 - 2%x - 3) + 4*sqrt(10) + 32
*xx*x*2 — 16%x - 52)*x - 321399*sqrt(10)*log(16*sqrt (4*x**2 - 2%x - 3)*x - 4
*sqrt (4*x**2 — 2%x — 3) + 4*sqrt(10) + 32*x**x2 - 16%xx - 52) + 642798*sqrt(
10) *log(6*sqrt (4*x**2 — 2xx - 3) - 2*sqrt(10) + 12%x - 2)*x**2 - 428532%sq
rt(10) *1log(6*sqrt (4*x**2 — 2%x — 3) - 2%sqrt(10) + 12%xx - 2)*x - 642798%sq
rt(10) *1log(6*sqrt (4*x**2 — 2%x - 3) - 2%sqrt(10) + 12%xx - 2) - 642798*sqrt
(10) *log(6*sqrt (4*x**2 — 2%x — 3) + 2*ksqrt(10) + 12%x - 2)*x**2 + 428532%*s
qrt (10) *log(6*sqrt (4*x**2 — 2xx - 3) + 2%sqrt(10) + 12%x - 2)*x + 642798%s
qrt (10) *log(6*sqrt (4*x**2 - 2xx - 3) + 2%sqrt(10) + 12%x - 2) - 642798%*sqr
t(10) *log(2*sqrt (4*x**2 - 2%x - 3) - 2*sqrt(10) + 4*x - 2)*x**2 + 42853...

output




output
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3.35 [ L - dz
(a:-l—\/ —3—23:-|—4a:2>

Optimal result . . . . . . . . . . .. 296
Mathematica [A] (verified) . . . . . . . . .. ... L 297l
Rubi [A] (verified) . . . . . . . . . . 297l
Maple [C] (verified) . . . . . . . . . . .. 300
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 3011
Sympy [F] . . . 3011
Maxima [F] . . . . . ..
Giac [B] (verification not implemented) . . . . . . . . .. ... ... ... ...
Mupad [F(-1)] . . .«
Reduce [B] (verification not implemented) . . . ... ... ... . ... .....

Optimal result

Integrand size = 18, antiderivative size = 218

1
/ 5 dT
(z 4+ V-3 — 2z + 4a?)
B 123 4+ 2z + v/ —3 — 22 + 422
2
15 (3+2 20+ V=3 - 20 +40%) - 3 (20 + V-3 - 22+ 4?)")
917 — 351 (2 4+ v—3 — 2z + 42?)

900 (3+2 (20 + V=3 — 20+ 42%) — 3 (20 + V-3 - 22+ 4?)")
_ 39log (1 - V10— 3(2z + V-3 — 2z + 4a?))

_|_

2004/10
39log (1 + /10 — 3(2x + /=3 — 2z + 4a?))
+
2004/10

1/45% (123+2%x+(4*x"2-2%x-3) " (1/2) ) / (3+4*x+2* (4*x~2-2%x—-3) ~ (1/2) -3* (2%x+ (4
X"2-2%x-3)"(1/2))"2)"2+(917-702%x-351* (4*x~2-2*x-3) " (1/2)) / (2700+3600*x+18
00%* (4*x~2-2%x-3) ~(1/2)-2700% (2*x+(4*x~2-2%x-3) ~(1/2) ) ~2)-39/2000%1n(1-10"(
1/2) -6%x—-3* (4*x~2-2%x-3) ~(1/2) )*10~ (1/2)+39/2000%1n (1+107(1/2) —6*x-3% (4*x"
2-2*x-3)"(1/2))*107(1/2)
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Mathematica [A] (verified)

Time = 0.60 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.50

/ 1
3 dz
(z + V=3 —2z + 42?)
15v/—3—2z+422 (—87+113z+22122—231x3) + 5(—963—933z+949z2+351x3) +117 \/marc tanh (1_22+¢W>

— (3+22—322) (3+20—322)°
3000
input LIntegrate[(x + Sqrt[-3 - 2*x + 4*xx72])~(-3),x] J
output | ((15*Sqrt[-3 = 26x + 4xx"2]*(-87 + 113xx + 221¥x"2 - 2314x73))/(3 + 24x =

(34x72)"2 + (5%(-963 - 933kx + 949%x~2 + 351#x°3))/(3 + 2%x - 3kx"2)"2 + 11
‘7*Sqrt [10]*ArcTanh[(1 - 2*x + Sqrt[-3 - 2*x + 4*x~2])/Sqrt[10]])/3000 ‘

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 230, normalized size of antiderivative = 1.06,

number of rules __
integrand size 0.389, Rules

number of steps used = 8, number of rules used = 7,
used = {7286, 27, 2191, 27, 1159, 1081, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dzr
(m+x)3

l 7286

4(1-2(20+ Vi?—2-3)) <—<2x+\/m>2+2x+m+3>

2J[-—

3 d<2x—|—\/4a:2—
(_3 (20 + V&7 =22 =3) +2 (20 + Via? 22— 3) +3)

| 27
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(1-2(20+ Va7 =2 -3)) (—(2x+m>2+2x+\/m+3>

3 d<2x+\/4w2—f
(_3 (2x+m)2+2(2x+m)+3>

l 2191

1/_ 2(197—240(2x+\/m)) d(2x+\/m)——
2

9<_3 (2x+m)2+2<2x+m>+3> 360

l27

2 (20 + /i~ 22-3) -
(20+ V&7 =22 =3) +2 (20 + VA7 =22 =3) + 3) 360 (_.

) / 197 - 240(2z + V422 — 22 - 3
(-3

l 1159

1

( 60 (%/—3(2x+m>2+2<2x+m>+3d(

2% + \/49:2—29:—3) _

20 -

l 1081

1 1053 1 1
60(_ 20 /<2m<—3(2x+m)—\/ﬁ+1>_2\/ﬁ(—3(2x+m)+x/

l 2009
1 917 - 351(V42? — 2z — 3+ 22 1053 [ log (—3(V4a? =22 —
81360 |~ 2 20 ( 61/
zo<_3(m+zx) +2<m+2x>+3>
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input‘Int[(X + Sqrt[-3 - 2%x + 4*x72])7(-3),x]

-8%(-1/360*% (123 + 2*x + Sqrt[-3 - 2*x + 4%x72])/(3 + 2% (2*x + Sqrt[-3 - 2%
X + 4xx72]) - 3%(2*%x + Sqrt[-3 - 2*x + 4*x72])7"2)72 + (-1/20%(917 - 351x(2
*x + Sqrt[-3 - 2*x + 4*x72]))/(3 + 2% (2*x + Sqrt[-3 - 2*x + 4*x~2]) - 3*(2
*x + Sqrt[-3 - 2*x + 4%x72])72) - (1053*(-1/6*Log[1 - Sqrt[10] - 3*(2*x +
Sqrt[-3 - 2xx + 4*x~2])]/Sqrt[10] + Log[1l + Sqrt[10] - 3*(2*x + Sqrt[-3 -
2*x + 4xx~2])]1/(6xSqrt[10]1)))/20)/360)

output

Defintions of rubi rules used

ruke27‘1nt[(a-)*(FX-), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma

\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] \

rule 1081\Int[((a_) + (b_.)*(x_) + (c_.)*(x)"2)7(-1), x_Symboll :> With[{q = Rt[b™2 |
‘— 4*xaxc, 2]}, Simp[c  Int[ExpandIntegrand[1/((b/2 - q/2 + c*x)*(b/2 + q/2
L+ c*x)), x], x], x]] /; FreeQ[{a, b, c}, x] && NiceSqrtQ[b~2 - 4*axc] J

rule 1159 TotLC(d_.) + (e_)*(x))*((a_.) + (b_.)*(x_) + (c_.)*(x)72)"(p_), x_Symbol
1 :> Simp[((bxd - 2xa*e + (2xc*d - b*e)*x)/((p + 1)*(b"2 - 4*axc)))*(a + b*
X + c*x”2)"(p + 1), x] - Simp[(2*p + 3)*((2*cxd - b*xe)/((p + 1)*(b~2 - 4*ax
c))) Int[(a + bxx + c*x~2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e}, x] &
& LtQlp, -1]1 && NeQ[p, -3/2]

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

- >
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Int[(Pq_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{Q =
PolynomialQuotient [Pq, a + b*x + c*x”2, x], f = Coeff[PolynomialRemainder [P

rule 2191

q, a + b*x + c*x"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x +
c*x"2, x], x, 11}, Simp[(b*f - 2*a*xg + (2xc*f - b*g)*x)*((a + b*x + c*xx"2)"
p+ D/((p + 1)*x(b"2 - 4*a*c))), x] + Simp[1/((p + 1)*(b"2 - 4*a*c)) Int
[(a + bxx + c*xx"2) " (p + 1)*ExpandToSum[(p + 1)*(b~2 - 4*axc)*Q - (2%p + 3)*
(2xc*xf - bxg), x1, x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x] && NeQ[b~
2 - 4*axc, 0] && LtQ[p, -1]

Int[u_, x_Symbol] :> With[{lst = FunctionOfSquareRootOfQuadraticl[u, x]}, Si
mp[2 Subst[Int[1st[[1]], x], x, 1st[[2]1]1], x] /; !FalseQ[lst] && EqQ[lst
[[3]11, 2]] /; EulerIntegrandQ[u, x]

rule 7286

Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.19 (sec) , antiderivative size = 128, normalized size of antiderivative = 0.59

method | result

(32123 —31122—1832+117)z  (231z3—2212%—1132+87)v422—22—3

39 RootOf (_Z2 ~10) In (—

RootOf <_ZQ—10> z+

RootO

trager 200(3z2—22—3)* o 200(3z2—2¢—3)° +

default | Expression too large to display

2000

input‘int(1/(x+(4*x”2-2*x—3)“(1/2))“3,x,method=_RETURNVERBOSE)

t ‘ 1/200% (321%x"3-311%x"2-183%x+117) *x/ (3*x~2-2%x-3) ~2-1/200% (231%x~3-221*x"2
‘ -113*x+87) / (3*x~2-2*%x-3) " 2% (4*x~2-2%x-3) ~(1/2) +39/2000*Root0f (_Z"2-10) *1n(
'~ (RootOf (_Z~2-10) *x+10% (4%x~2-2%x-3) " (1/2) +3*Root0f (_Z~2-10))/ (Root0f (_Z~2
‘—10)*x+x+3))

outpu
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.02

1
/ 3 dr =
(z + V=3 —2z + 42?)
1681 22+4/10(4122—142—21)+2 V4222
9240 z* — 14660 2® — 39/10(9z* — 1223 — 1422 + 122 + 9) log < HVI * 3275

input integrate(1/(x+(4*x"2-2%x-3)~(1/2))"3,x, algorithm="fricas")

-1/4000%(9240%x"4 - 14660*x~3 - 39%sqrt(10)*(9*x"4 - 12%x"3 - 14*x~2 + 12%
X + 9)*1og((1681%x72 + 4*sqrt(10)*(41%x"2 - 14*x - 21) + 2xsqrt(4*x~2 - 2%
x - 3)*(41*sqrt(10)*(x + 3) + 40*x + 120) - 574xx - 861)/(3*%x"2 - 2*x - 3)
) - 39%sqrt(10)*(9*x~4 - 12%x73 - 14*x72 + 12%x + 9)*log((9*x~2 - 2*sqrt(1
0)*(3*xx - 1) - 6xx + 11)/(3*x™2 - 2*x - 3)) - 20700%x"2 + 20*(231*x"3 - 22
1%x72 - 113*x + 87)*sqrt(4*x~2 - 2*x - 3) + 18540*x + 15660)/(9*x~4 - 12#*x
"3 - 14%x72 + 12*x + 9)

output

Sympy [F]

/ 1 dw—/ ! dx
(x+\/—3—2x+4x2)3 (w+\/4x2—2x—3)3

inputtintegrate(1/(x+(4*x**2—2*x-3)**(1/2))**3,X) J

-

Integral((x + sqrt(4*x*x2 - 2xx - 3))**(-3), x)

-/

outputt




CHAPTER 3. LISTING OF INTEGRALS 302

Maxima [F|

1 1
/ 3d1'=/ 5 dT
(z 4+ V-3 — 2z + 42?) (z+ V422 -2z —3)

inputLintegrate(1/(x+(4*x‘2—2*x—3)‘(1/2))"3,x, algorithm="maxima") J

Output‘integrate((x + sqrt(4*x~2 - 2*x - 3))°(-3), x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 419 vs. 2(181) = 362.

Time = 0.17 (sec) , antiderivative size = 419, normalized size of antiderivative = 1.92

1 39 62 —2+/10 — 2|
/ sdr = -——+/10log
(z +v/—3 — 2z + 42?) 4000 62+ 2+/10 — 2|
—47—2v10+2V45%> — 22— 3+2
39 V10log ‘ x 0+ z z—3+ ‘
4000 |—4z+2v10+2v42? — 22 — 3+ 2|

—122 - 210+ 6422 — 22 — 3 +2
+ 8 i1og |—122 —2v/10+ 6 V422 — 2z |
4000 |—-122+ 210+ 6 V422 — 22 — 3+ 2|

351 (22 — VA2 —2z—3) +9796 (22 — VAz2 — 2z — 3)° — 31087 (2 — VA2® — 22 — 3)" — 63
300 (3(22 - V427 —20-3)" - 8 (22

35123 + 94922 — 933z — 963
600 (322 — 2z — 3)°

inputLintegrate(1/(x+(4*x‘2—2*x—3)‘(1/2))"3,x, algorithm="giac") J
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39/4000*sqrt (10) *1log(abs (6*xx - 2*sqrt(10) - 2)/abs(6*x + 2*sqrt(10) - 2))
- 39/4000*sqrt (10) *log(abs (-4*x - 2*sqrt(10) + 2*sqrt(4*x~2 - 2*x - 3) + 2
)/abs (-4*x + 2xsqrt(10) + 2*sqrt(4*x~2 - 2%x - 3) + 2)) + 39/4000*sqrt(10)
*log(abs(-12%x - 2*sqrt(10) + 6*sqrt(4*x~2 - 2%x - 3) + 2)/abs(-12%x + 2%s
qrt(10) + 6*sqrt(4*x~2 - 2%x - 3) + 2)) + 1/300%(351*(2*x - sqrt(4*x~2 - 2
*x = 3))77 + 9796*(2*x - sqrt(4*x~2 - 2%x - 3))76 - 31087*(2*x - sqrt(4*x”
2 - 2xx - 3))75 - 63608*(2*x - sqrt(4*x”2 - 2xx - 3))74 + 131661*(2*x - sq
rt(4*x72 - 2%x — 3))73 + 131364*(2%x - sqrt(4*x”2 - 2xx - 3))72 - 278154*x
+ 139077*sqrt (4*x~2 - 2%x - 3) - 129600)/(3*(2*x - sqrt(4*x~2 - 2*x - 3))
"4 - 8%(2*%x - sqrt(4*x”2 - 2%x - 3))73 - 26%(2*x - sqrt(4*x”2 - 2*%x - 3))~
2 + 48xx - 24*sqrt(4*x”2 - 2%x - 3) + 27)72 + 1/600%(351%x"3 + 949%x"2 - 9
33*x - 963)/(3*x72 - 2%x - 3)72

output

Mupad [F(-1)]

Timed out.

/ 1 dx—/ ! dx
(a:+\/—3—2z+4:c2)3 (x+\/4x2—2x—3)3

nput | 1RE(L/ (e + (4xx72 - 24x - 3)7(1/2))73,)

-

outputtint(l/(x + (4%x72 - 2#x - 3)7(1/2))°3, %)

~—

Reduce [B] (verification not implemented)

Time = 2.61 (sec) , antiderivative size = 1122, normalized size of antiderivative = 5.15

1
/ 3 dz = Too large to display
(z—l— \/—3—2x+4x2)

inputLint(1/(X+(4*x‘2-2*x-3)*(1/2))*3,x)
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( - 2773519866%*sqrt (10) *atan ((2*sqrt (4*x**2 - 2xx - 3)*i + 4xi*xx - i)/(2*s
qrt(10) - 1))*ikx**4 + 3698026488*sqrt(10)*atan((2*sqrt (4*x**2 - 2xx - 3)*
i+ 4*xixx - 1)/(2%sqrt(10) - 1))*i*x**x3 + 4314364236*sqrt(10)*atan((2*sqrt
(4*x*x*2 — 2xx - 3)*i + 4*ixx - i)/(2%sqrt(10) - 1))*i*x*x*2 - 3698026488*sq
rt(10) *atan ((2*sqrt (4*x**2 — 2%xx — 3)*i + 4*xixx - 1)/(2%sqrt(10) - 1))*i*x
- 2773519866*sqrt (10) *atan ((2*sqrt (4*x**2 — 2xx - 3)*i + 4*ixx - 1)/(2*sq
rt(10) - 1))*i - 36506158920*sqrt (4*x**2 - 2*x - 3)*x**3 + 34925805720*sqr
t(4*x*x2 — 2xx — 3)*x**2 + 17857991160*sqrt (4*x**2 — 2%x — 3)*x — 13749072
840*sqrt (4*xx**2 - 2xx - 3) + 2773519866*sqrt(10)*log( - sqrt(10) + 3*x - 1
)xx**x4 - 3698026488+*sqrt (10)*log( - sqrt(10) + 3*x - 1)*x**3 - 4314364236%
sqrt (10)*log( - sqrt(10) + 3*x - 1)*x*x2 + 3698026488*sqrt(10)*log( - sqrt
(10) + 3*x - 1)#*x + 2773519866*sqrt(10)*1log( - sqrt(10) + 3*x - 1) - 27735
19866*sqrt (10)*1log(sqrt(10) + 3*x - 1)#*x**4 + 3698026488*sqrt(10)*log(sqrt
(10) + 3*x — 1)#*x*%3 + 4314364236*sqrt(10)*Llog(sqrt(10) + 3*x — 1)*x**2 -
3698026488*sqrt (10) *1log(sqrt (10) + 3*x - 1)*x - 2773519866*sqrt(10)*log(sq
rt(10) + 3*x - 1) + 1386759933*sqrt(10)*1log(16*sqrt (4*x**2 — 2%x — 3)*x —
4xsqrt (4*x**2 — 2xx — 3) + 4*sqrt(10) + 32#x**2 - 16%x - 52)*x**4 - 184901
3244xsqrt (10) *log(16*sqrt (4*x**2 - 2%x - 3)*x - 4*xsqrt(4*x**x2 - 2%xx - 3) +
4xsqrt (10) + 32*x**2 - 16%x - 52)*x**3 - 2157182118*sqrt (10)*1log(16*sqrt (
4xx*k*2 — 2%x — 3)*x — 4*sqrt(4*x**2 — 2xx — 3) + 4*sqrt(10) + 32xx**2 -, ..

output
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3.36 | (d—|—6x+f\/—a—|-ba:—|-cx2)2 dx

Optimal result . . . . . . . . .. . . .
Mathematica [A] (verified) . . . . . . . . . ... L 306
Rubi [A] (verified) . . . . . . .. . . 300
Maple [A] (verified) . . . . . . . . . . 307
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 308}
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 309
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 310
Giac [A] (verification not implemented) . . . . . . .. ... ... L. BI0
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. .... B11]
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 312

Optimal result

Integrand size = 25, antiderivative size = 237

/<d+ex+f\/—a+bx—|—cx2)2 dr = (dz—af2)w+%(2de+bf2) $2+1(62+Cf2) z3

3
df (b + 2cz)v/—a + bx + cz?
+
2c
_ bef(b+ 2cx)vV—a+bx + ca?
4c?
2ef(—a + bz + cx?)*?
+ 3c

(b2 + dac) dfarctanh ;- f12= )

403/2

b(b? + 4ac) efarctanh (W%)

805/2

+

(—a*xf~2+d"2) *x+1/2% (b*f ~2+2*d*e) *x~2+1/3* (c*xf~2+e72) *x"3+1/2*d*f* (2*c*x+b)
* (c*xx~2+b*x-a) " (1/2) /c-1/4*bxe*f* (2%c*kx+b) * (ckx~2+b*x-a) ~(1/2) /c~2+2/3*exf
* (cxx~2+b*x-a) ~(3/2) /c-1/4* (4dxaxc+b~2) *dxf*arctanh (1/2* (2*xc*x+b) /c~(1/2) /(
c*xx~2+b*x-a) "~ (1/2))/c~(3/2)+1/8%b* (4*a*c+b~2) xexf*arctanh (1/2% (2*c*x+b) /c”
(1/2)/ (c*x~2+b*x-a)~(1/2)) /c~(5/2)

output
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Mathematica [A] (verified)

Time = 1.11 (sec) , antiderivative size = 162, normalized size of antiderivative = 0.68

2
/<d+em+f\/—a—|—bw+cm2) dz

= i 4z (6d* — 6af? + 6dex + z(3bf* + 2(e* + cf?) z))
N 2f+\/—a+ z(b+ cx)(—3b% + 2bc(3d + ex) + 4c(—2ae + cx(3d + 2ex)))
2
3(b% + 4ac) (2cd — be) f log <02 <b + 2cx — 2y/er/—a + (b + cm)))
+
572

e

inputLIntegrate[(d + exx + f*Sqrt[-a + b*x + c*x~2])72,x]

~—

output‘ (4*x* (6+%d"2 - 6%a*f~2 + B*dkexx + x*(3*b*f72 + 2%(e”2 + cx£72)*x)) + (2*kfx* \
'Sqrtl-a + x*(b + cxx)]*(-3%b™2%e + 2¥bxcx(3*d + exx) + Akck(-2xaxe + cxxx( |
\S*d + 2xe*x))))/c”2 + (3*%(b~2 + 4*axc)*(2*cxd - bke)*fxLoglc™2*(b + 2kc*x \

‘— 2+Sqrt [c]*Sqrt[-a + x*(b + c*x)]1)]1)/c~(5/2))/24

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 237, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 0.080, Rules
integrand size

used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(f\/—a+bx+cm2+d+ea:>2 dr

l 7293

d?2 2de

2 2 2
/<2df\/—a+bx+cw2+2efac\/—a+bm+cx2+d2<1— af> +2dem<bf+1> +62x2<cefz+1>> dz
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l 2009

b b+2
_df (4ac + b2) arctanh(ﬁ) + bef (40/0 + b2) arctanh(ﬁ) B
4c3/2 8c5/2
bef(b+ 2cz)v—a + bz + cz? n df (b + 2cz)v—a + bz + cz? N 2ef(—a+ bz + 0902)3/2 N

4c? ) 2c ) 3c
z(d?* — af?) + §m2 (bf? + 2de) + gx?’(cfz +€?)

p
input LInt[(d + e*xx + fxSqrt[-a + b*x + c*xx"2])"2,x] J

(@72 - axf~2)*x + ((2*d*e + b*£"2)*x"2)/2 + ((e”2 + c*£72)*x73)/3 + (d*f*(
b + 2xcxx)*Sqrt[-a + b*x + c*xx"2])/(2%c) - (b*exf*(b + 2%c*x)*Sqrt[-a + b*
X + c*x72])/(4%c”2) + (2%exf*(-a + b*x + c*x72)7(3/2))/(3*%c) - ((b~2 + 4*a
*xc)*d*xf*ArcTanh[(b + 2*c*x)/(2*%Sqrt[c]l*Sqrt[-a + b*x + c*x~2])])/(4*c™(3/2
)) + (bx(b~2 + 4*axc)*exfxArcTanh[(b + 2%c*x)/(2*Sqrt[c]*Sqrt[-a + b*x + c
*x72])1)/(8%c~(5/2))

output

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 7293111113 [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v] ‘

k |

Maple [A] (verified)

Time = 1.76 (sec) , antiderivative size = 205, normalized size of antiderivative = 0.86

method | result

b
(—4ac—b?) In (—2 der +¢m)

default f2(%cz3 + %bﬁ —xa) +of|d (2cw+b)\/400wz+m n

3
8c2

+e

(cz?+




input

output

input

output
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‘int((d+e*x+f*(c*x“2+b*x-a)”(1/2))”2,X,method=_RETURNVERBOSE)

£72% (1/3%c*xx"3+1/2xb*x~2-x%a) +2*f* (d* (1/4* (2*xc*xx+b) /c* (c*x~2+b*x-a) ~(1/2) +
1/8*(—4*a*xc-b~2) /c~(3/2)*1n((1/2*b+c*x) /c” (1/2)+(c*x"2+b*x-a) "~ (1/2)))+e* (1
/3% (c*x™2+b*x-a) ~(3/2) /c-1/2%b/c* (1/4* (2*c*x+b) /c*x (ckx™2+b*x-a) ~(1/2)+1/8%*
(-4*axc-b"2)/c” (3/2) *1n((1/2*b+c*x) /c~(1/2) +(c*x"2+b*x-a) ~(1/2)))))+1/3*(e
*x+d) “3/e

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 438, normalized size of antiderivative = 1.85

2
/<d+ex+f\/—a+bx+cx2> dz

16 (c*f2 + *e?)z® — 3 (2 (b*c + 4ac?)d — (b® + 4 abc)e)/cf log (8 *x? + 8bex + b* + 4 v/ cx® + ba —

e

tintegrate((d+e*x+f*(c*x‘2+b*x—a)‘(1/2))‘2,x, algorithm="fricas")

~—

[1/48%(16%(c™4*f"2 + c"3xe”2)*x"3 - 3*x(2x(b"2*c + 4*axc™2)*d - (b~3 + 4xax
bxc) *xe) *sqrt (c) *f*1og(8*c™2%x"2 + 8*b*c*x + b™2 + 4xsqrt(cxx™2 + b*x - a)*
(2%c*x + b)*sqrt(c) - 4xaxc) + 24x(b*c™3*£72 + 2%c™3*d*e)*x~2 - 48%(a*xc”3*
£72 - c73*d"2)*x + 4x(8xc"3%exf*x"2 + 2% (6*c”3xd + bxcT2xe)*f*x + (6%bxc”2
*d - (3*b~2xc + 8xaxc”2)xe)*f)*sqrt(cxx~2 + b*x - a))/c”3, 1/24x(8x(c™4*f~
2 + c"3*e”2)*x"3 + 3% (2x(b"2*c + 4¥a*xc”2)*d - (b3 + 4*axb*c)*e)*sqrt(-c)*
fxarctan(1/2*sqrt(c*x”2 + b*x - a)*(2xc*x + b)*sqrt(-c)/(c™2*x"2 + b*cxx -
axc)) + 12x(b*c~3*f72 + 2*c"3*kd*e)*x"2 - 24*(axc”3*f72 - c”3*xd"2)*xx + 2% (
8xc " 3xe*f*xx"2 + 2% (6*c”3*d + bxc"2xe)*f*x + (6xb*c”2xd - (3*%b"2%c + 8*axc”
2) *xe)*f)*sqrt (c*x~2 + b*x - a))/c”3]




input |

output
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Sympy [A] (verification not implemented)

Time = 0.71 (sec) , antiderivative size = 352, normalized size of antiderivative = 1.49

2 bf2y? 2.3
/ (d +ex+ fvV—a+bx+ cm2) de = —af’z + f2x + cf3x + d*z + dex?
(
log <b+2ﬁ\/ —a+bz+cg;2+2cz) for a 4 2 7& 0
Ve 4c
a b? b z
(—5 - 8_c> (£+a) tog (L+a) herice + (% +3) V-atbr+cr® for
+2df Ve(tra)’

3
2(—a+bzx)2
3b

\:c\/—a othe

for i

log (b+2\/5\/m+2cx)
ab b(_%_g) ve
12¢ =~ 2¢ (bec+m) log (2%4-27)
+2ef \/‘3(%”)2

( b )% ( b )%
a(—a+bx —a-+bx

b2

fora—i—f’l—zc#o

+\/—a+bx+cx2(1”—;c+
otherwise

z%v/—a
\ 2

integrate ((d+e*xx+f* (cxx**2+b*x—a)**(1/2))**2,x)

—a*xfx*k2%xx + bHFxxkxk*k2/2 + ckF**k2*x**x3/3 + d*x*x2xx + dke*xx*k*2 + 2*d*f*Piec
ewise(((-a/2 - b*x2/(8%c))*Piecewise((log(b + 2*sqrt(c)*sqrt(-a + b*x + c*
x**2) + 2xc*x)/sqrt(c), Ne(a + b¥*2/(4xc), 0)), ((b/(2*c) + x)*log(b/(2*c)
+ x)/sqrt(c*(b/(2xc) + x)**2), True)) + (b/(4*c) + x/2)*sqrt(-a + b*x + c
*xx*x*2), Ne(c, 0)), (2*(-a + b*x)**(3/2)/(3*b), Ne(b, 0)), (x*sqrt(-a), Tru
e)) + e*xx2xx**3/3 + 2xexf*Piecewise(((a*b/(12*c) - b*(-a/3 - b**2/(8*c))/(
2xc))*Piecewise((log(b + 2*sqrt(c)*sqrt(-a + b*x + cxx**2) + 2x%c*x)/sqrt(c
), Ne(a + b*x2/(4%c), 0)), ((b/(2xc) + x)*1log(b/(2*c) + x)/sqrt(c*x(b/(2*c)
+ x)**2), True)) + sqrt(-a + b*x + c*x*x2)*(bxx/(12*c) + x**2/3 + (-a/3 -
b*x2/(8%c))/c), Ne(c, 0)), (2+(ax(-a + b*x)**(3/2)/3 + (-a + bxx)**(5/2)/
5) /b*x*2, Ne(b, 0)), (x**2*xsqrt(-a)/2, True))
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 286, normalized size of antiderivative = 1.21

2 1
/<d+ex+f\/—a+bx+cm2) dl’=§621}3
1 (12\/cx2+bx—abx 3b%log (2cz +b+2+ex? + bz —ay/c)  12ablog (2¢cz + b+ 2V ca? 4

2%

c cs i
1
+ 5 (20z3 + 3bx? — 6ax)f2 + d’z

+i (4%2_'_ <4mx— b’log (2cz +b+2Ver? +br —ay/c)  4alog(2cz +b+2+ca?

Ve

N

C

input‘integrate((d+e*x+f*(c*x"2+b*x-a)“(1/2))’"2,}:, algorithm="maxima")

1/3%e"2%x"3 - 1/24%(12*sqrt(c*x~2 + b*x - a)*b*x/c - 3*b~3*log(2%c*x + b +

2xsqrt(c*x”2 + b*x - a)#*sqrt(c))/c~(5/2) - 12*axb*log(2*c*x + b + 2*sqrt(
c*x"2 + b*x - a)*sqrt(c))/c”(3/2) + 6*sqrt(c*x™2 + b*x - a)*b”2/c”2 - 16%(
c*x"2 + b*x - a)”(3/2)/c)*exf + 1/6%x(2%cxx"3 + 3*bxx"2 - 6*axx)*f"2 + d”2*
X + 1/4x(4*%exx"2 + (4*sqrt(c*x”2 + b*x - a)*x — b"2xlog(2*c*x + b + 2*sqrt
(c*x™2 + bxx - a)*sqrt(c))/c~(3/2) - 4xaxlog(2*c*x + b + 2*sqrt(cxx”2 + b*
x - a)*sqrt(c))/sqrt(c) + 2*sqrt(c*x~2 + bxx - a)*b/c)*f)*d

output

Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 179, normalized size of antiderivative = 0.76

2
/(d—l—e:v+f\/—a+bx—|—cx2) dz

1 1 1
= gcfo?’ + ibfzx2 + -2 — af’zr + dex’ + d*x

3
1 2 —3b%ef —
vl cx2+bx—a(2 <4efx—|—6c dfc—zl—bcef>$+660df 3bc2ef 8acef)

N (2b%cdf + 8 ac’df — bPef — 4abcef)log (|2 (vex — Vea? + ba — a) /e + b])

5
8c2

inputLintegrate((d+e*x+f*(c*x“2+b*x—a)“(1/2))"2,x, algorithm="giac") J
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1/3%c*f~2%x"3 + 1/2*b*f"2*x"2 + 1/3%e”2*x"3 - a*f 2*x + d*e*x"2 + d"2*x +
1/12%sqrt (c*x”2 + b*x - a)*(2k(4d*exfxx + (6xc™2kd*f + bkckxexf)/c”2)*x + (6
*bxckxd*xf — 3xb"2kexf — 8kakckxexf)/c”2) + 1/8%(2*b~2*c*d*f + 8xaxc”2xdxf -
b~3%exf - 4kaxbxcxe*f)*log(abs(2*(sqrt(c)*x - sqrt(c*x™2 + b*x - a))*sqrt(
c) + b))/c”(5/2)

output

Mupad [B] (verification not implemented)

Time = 22.86 (sec) , antiderivative size = 203, normalized size of antiderivative = 0.86

/<d+ex+f¢—a+bx+cﬂ>2M:
= g3 (e—2+£> + 22 <b2i2+de> —x(afz—dz)

373
df i (Verm oz —a+22) (& +ac)

+2df(g+£) Vex?+br—a—

4c c3/2
efln <b+2%+2 ch—i—bx—a) (b®+4ach)
+
8 c5/2
_ef(@¥ —2cazb+8c(a—ca?)) Vea?+bz—a
12 ¢?

input Lint((d + fx(b*x - a + c*x"2)7(1/2) + e*x)~2,x)

x"3*%((c*£72)/3 + 72/3) + x"2x(d*e + (b*£72)/2) - x*k(a*xf"2 - d~2) + 2kd*f*
(x/2 + b/(4xc))*(b*xx - a + c*x72)7(1/2) - (d*f*log((b*x - a + c*xx~2)"(1/2)
+ (b/2 + c*x)/c”(1/2))*(axc + b"2/4))/c”(3/2) + (exf*log((b + 2*c*x)/c” (1
/2) + 2%(b*xx - a + c*x72)7(1/2))*(b"3 + 4*xaxbxc))/(8*c”~(5/2)) - (e*xf*(8*xcx*
(a - c*x72) + 3*b"2 - 2%b*c*x)*(b*x - a + c*x"2)7(1/2))/(12%c"2)

output
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 380, normalized size of antiderivative = 1.60

2
(/<d+ex+fv;a+bx+wmﬂ dr
—16vcz? + br —aac’ef —6vcx? +br — ab’cef + 12v/cx? + bx — abPdf + 4v/cx? + bx — abclef:

;
int ((d+exx+f* (c*x~2+b*x-a) ~(1/2))"2,x)

N J

input

(- 16*%sqrt( - a + bxx + ckx¥*2)*axckx2xexf — 6xsqrt( — a + b*x + C*xxX*¥2)*
b*x2xckexf + 12xsqrt( - a + bkx + c*x**2)xbkxc*kx2+d*f + 4*sqrt( - a + bxx +
Cckxx**2) xbkckk2kxexfxx + 24*sqrt( - a + b*x + ckx**2)xc*k*3kd*xf*x + 16%sqrt(
- a + b¥x + cxx**2)*ck*k3kexf*x**x2 + 12*sqrt(c)*log((2*sqrt(c)*sqrt( - a +
b*x + cxx**2) + b + 2%c*x)/sqrt(4*axc + b**2))*axbkckexf - 24xsqrt(c)*log
((2xsqrt(c)*sqrt( - a + b*x + c*x**2) + b + 2kc*xx)/sqrt(4*a*c + b**2))*a*c
*x*x2xdxf + 3*sqrt(c)*log((2*sqrt(c)*sqrt( — a + b*x + ckx**2) + b + 2%c*x)/
sqrt (4*axc + b**x2))*b**3*kexf - 6*sqrt(c)*log((2*sqrt(c)*sqrt( - a + b*x +

c*x**2) + b + 2%c*x)/sqrt(4*akxc + bx*2))*xbk*k2kckd*f - 24kaxck*k3*kfx*k2%x + 1
2xbxckxk3kfkkDkxkk2 + 8kCkkdkfkkQkxk*k3 + 24%kCk*k3kd**k2%x + 24*Cckk3kdkekx*k*2

+ 8xck*k3kexx2kx*x3) / (24*c**3)

output
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3.37 | (d—l—ex—l—f\/—a—l—baz—l—cx?) dx

Optimal result . . . . . . . . . . . . e 313
Mathematica [A] (verified) . . . . . . . . . ... o 313l
Rubi [A] (verified) . . . .. . . ... .. 314
Maple [A] (verified) . . . . . . ... L 315
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 316
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... B17
Giac [A] (verification not implemented) . . . . . . ... ... ... B17
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... BI8
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... BI8

Optimal result

Integrand size = 23, antiderivative size = 92

2 — )
/<d+ew+f\/—a+bx+c$2> dw:dx+2+f(b+2cx)\/ atbeter

9 4c
0+ dac) arctaoh ()
8c3/2

N

p
\ d*xx+1/2%exx"2+1/4*xf* (2kc*x+b) * (c*x~2+b*x-a) ~(1/2) /c-1/8* (4*a*c+b~2) xf*arct \

output
La.nh(l/2*(2*c*x+b)/c‘ (1/2) / (c*x~2+b*x-a) ~(1/2)) /c~(3/2) J

Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.35

/(d+ea:+f\/—a+bx+cx2) dzx

5 S0420) D)
9 4c
(_b2 — 4ac) f\/—a +z(b+ cx)arctanh(w%)

8c3/2/—a + bx + cx?

+
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input‘ Integrate [d + exx + f*Sqrt [—a + b*x + C*Xx 2] ,X] ‘

output &% + (e#x72)/2 + (£x(b + 2xcxn)*Sqre-a + xx(b + *0)])/(4%c) + (D2 -
‘4*a*c)*f*Sqrt [-a + x*(b + c*x)]*ArcTanh[(b + 2*c*x)/(2*Sqrt[c]*Sqrt[-a + b ‘
L*x + cxx"2])1)/(8%c~(3/2)*Sqrt[-a + b*x + c*x~2]) J

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.00,

number of rules _ 0.043, Rules

number of steps used = 1, number of rules used = 1, = -
integrand size

used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(f\/—a+ba:+cw2+d+ew) da

l 2009

f(4ac+b )arctanh(wfa—ffiﬁrmz) N F(b+ 2cz)V—a + bz + cz? tdp4 ex?

8¢3/2 4c 2

input‘ Int[d + e*x + f*Sqrt[-a + b*x + c*x"2],x] ‘

fdxx + (exx72)/2 + (£x(b + 2xcxx)*Sqrt[-a + brx + cxx"2])/(4xc) - ((b°2 + 4
‘ xaxc)*fxArcTanh[(b + 2*c*x)/(2xSqrt[c]l*Sqrt[-a + bxx + c*x72])])/(8xc~(3/2 ‘
2 |

outpu
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.88

method | result size

b
(~dac—b?) In( 272" +vea? tha—a
default | do + 2% + f [ Certtivestiboze | ( a ) 81

8c2

b
(—4ac—b?)In (%-ﬁ-v cw2+bm—a>

8c2
input Lint (d+exx+f* (c*x~2+b*x-a) ~(1/2) ,x,method=_RETURNVERBOSE) J

output \ d*x+1/2%exx"2+f* (1/4% (2% c*x+b) /c* (c*x™2+b*x-a) ~ (1/2)+1/8* (-4*a*xc-b~2) /c”~ (3 \
/2)*1n((1/2¥b+exx) /™ (1/2)+(ckx™2+bxx-2) " (1/2)))

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 222, normalized size of antiderivative = 2.41

/<d+ex+f\/—a+bx+cx2) dz

8 Pex® + 16 dzx + (b* + 4ac)y/cf log (8 Px® + 8bex + b — 4v/ca? + bz — a(2cx + b)\/c — 4ac) +
16 ¢?

input Lintegrate (d+e*x+f*(c*x~2+b*x-a)~(1/2) ,x, algorithm="fricas") J
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[1/16%(8*c™2xexx"2 + 16%c™2xd*x + (b™2 + 4xaxc)*sqrt(c)*f*xlog(8*c™2*x"2 +

8xbxc*x + b~2 - 4ksqrt(cxx™2 + bxx - a)*(2xc*x + b)*sqrt(c) - 4xaxc) + 4*(
2xc”2xf*x + bkc*f)*sqrt(c*x™2 + b*x - a))/c”2, 1/8*%(4xc™2xe*x"2 + 8xc 2xd*
x + (b72 + 4xaxc)*sqrt(-c)*f*arctan(1/2*sqrt(c*xx”2 + b*x - a)*(2xc*x + b)*
sqrt(-c)/(c™2*%x"2 + b*c*kx — axc)) + 2x(2xc”2xf*x + bkc*f)*sqrt(c*x™2 + b*x

- a))/c2]

output

Sympy [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.46

2

[(a+erssv-artorar) o=t T

)
log (b+2y/cvV'—a+ba+ca®+2cx
g (b+2v/c \/2‘4‘ +2cz) forat £ 40

a 2 z
(‘5 - %) (2+2)1og (£ +2) ' +(2+2)vV—a+br+cz® forcs
= otherwise
+f| S Je(t+e)
3
2(—a;;)ba:)§ for b ]

v/ —a others

p

~—  /

inputLintegrate(d+e*x+f*(c*x**2+b*x—a)**(1/2),x)

d*x + exx**2/2 + f*Piecewise(((-a/2 - b**2/(8%c))*Piecewise((log(b + 2*sqr
t(c)*sqrt(-a + bxx + cxx**2) + 2xc*x)/sqrt(c), Ne(a + b*x2/(4*c), 0)), ((b
/(2xc) + x)*Llog(b/(2*c) + x)/sqrt(ckx(b/(2%c) + x)**2), True)) + (b/(4*c) +
x/2)*sqrt(-a + bxx + cxx**2), Ne(c, 0)), (2*(-a + b*x)**(3/2)/(3%b), Ne(b
, 0)), (x*sqrt(-a), True))

output
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.27

1
/<d+ex+f\/—a+bx+cx2) dw=§eac2
+é <4mx_b210g(20x+b+2\/ca:2+bx—a\/5)_4alog(2ca:—|—b+2 cr2+br—a

c2 Ve
+dz
input‘integrate(d+e*x+f*(c*x‘2+b*x—a)“(1/2),x, algorithm="maxima")
Output‘1/2*e*x"2 + 1/8%(4*sqrt(c*x”2 + b*x - a)*x - b"2*log(2*c*x + b + 2*ksqrt(c*
‘x‘2 + bxx - a)*sqrt(c))/c”(3/2) - 4xaxlog(2xcxx + b + 2xsqrt(c*x”2 + b*x -
‘ a)*sqrt(c))/sqrt(c) + 2xsqrt(c*x”™2 + b*x - a)*b/c)*f + d*x
Giac [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.89
L o
<d+eac—|—f\/—a+ba:+cm2) dx = 5 €@
1 b b +4ac)log (|2 (v/ex — Vex? +bx —a)/c+ b
+§ (2\/c:v2+bx—a<2z+—>+( )log (2 (ve 3 JVe+b) f
C c2

+ dx

input‘integrate(d+e*x+f*(c*x"2+b*x—a)"(1/2),x, algorithm="giac")

output‘ 1/2%exx"2 + 1/8%(2*sqrt(c*x”2 + bxx — a)*(2*x + b/c) + (b"2 + 4*a*xc)*log(a ‘
‘bs(2*(sqrt(c)*x - sqrt(c*x”2 + bxx - a))*sqrt(c) + b))/c~(3/2))*f + d*x
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Mupad [B] (verification not implemented)

Time = 22.96 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.85

2
/<d+ex+f\/—a+bx+cx2) dx:dx+g+f<;+i) Vex?+br—a

2 4c
b
fin(Ver T br—a+ ) (2 +ac)
B 232
input Lint(d + fx(b*x - a + c*xx"2)"(1/2) + e*x,x) J

t‘d*x + (e*xx72)/2 + £x(x/2 + b/(4*c))*(b*x - a + c*xx"2)7(1/2) - (£xlog((b*x \

outpu
‘— a + cxx72)7(1/2) + (/2 + c*x)/c”(1/2))*(a*c + b~2/4))/(2*c~(3/2)) \

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.60

/<d+ex—|—f\/—a+bx+cx2> dz

2vcz? +br —abef +4vcx? +br —actfz — 4\/Elog<2‘/5 v C"j;bci—b‘fb”“) acf — \/Elog(m— %

8c?

input Lint (d+e*x+f* (cxx~2+b*x-a) ~ (1/2) ,x) J

output‘ (2xsqrt( - a + b*x + cxx**2)*bkxcxf + 4*sqrt( — a + bkx + CHkx**2)*kCk*2kf*x ‘
‘- 4xsqrt(c)*log((2xsqrt(c)*sqrt( - a + b*x + cxx**2) + b + 2*c*x)/sqrt(4*a ‘
‘*c + b**2))*a*xc*f - sqrt(c)*log((2xsqrt(c)*sqrt( - a + b*x + c*x**2) + b + ‘
‘ 2xc*x) /sqrt (4*axc + b**2))*xb*k*2%f + 8kck*2kd*x + 4dkck*2xe*xx**2)/(8*c**2) ‘
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1
3.38 f d+ex+fv —a+br+cz? dz

Optimal result . . . . . . . . .. . . . 3191
Mathematica [A] (verified) . . . . . . . .. ... L L 320
Rubi [B] (verified) . . . .. ... .. . ... . 320
Maple [B] (warning: unable to verify) . . . . . . ... ... ... L.
Fricas [F(-1)] . . . . . .
Sympy [F] . . . o
Maxima [F] . . . . . . 324
Giac [F(-2)] . . . o o o 324
Mupad [F(-1)] . . .
Reduce [F] . . . . . o

Optimal result

Integrand size = 25, antiderivative size = 300

1
/ dx
d+ex + fv/—a+ bx + cx?
bf+2cfx+2e\/—a+z(b+cx)+2+/c| d+ex+f+/—a+z(b+cx
2(2cd — be)farctanh( frzees Falbrea)i2ve(dtent] atalb )>)

\/—4bde—4ae2+b2 f2+4c(d2+af?)

(€2 — cf?) \/—4bde — 4ae? + b2 f2 + 4c (d® + af?)
log (b + 2z + 2¢/c\/—a + (b + cz))
e—ef
elog <bd+a(e— Vef) + (2y/ed + bf) (Vex +V—a+bz +ca?) + (e + vcf) (Vex +V—a+bz +

e? —cf?

_|_

-2% (-bxe+2*c*d) *frarctanh ((b*f+2xc*f*x+2xe* (—a+x* (ckx+b) ) ~(1/2)+2%c~(1/2) *
(d+e*x+fx (—a+x*x (c*x+b)) ~(1/2)) )/ (-4*b*d*e-4*a*xe”2+b~2xf " 2+4*xc* (a*xf~2+d~2))
~(1/2))/ (-cxf~2+e"2) / (~4¥b*d*e-4*a*xe”2+b"2xf " 2+4*c* (a*f~2+d"2) )~ (1/2)-1n(b
+2xckx+2%c” (1/2) * (ma+x* (c*x+b) ) ~(1/2)) /(e-c~ (1/2) *f) +ex1n (b*d+a*(e-c~ (1/2)
*f)+(2%c”™ (1/2) *d+b*f) * (¢~ (1/2) *x+ (c*xx~2+b*x-a) ~ (1/2) ) +(e+c~ (1/2) *x£)*(c~(1/
2) *x+ (ckx~2+b*x-a) ~(1/2))"2) / (—c*£~2+e~2)

output
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Mathematica [A] (verified)

Time = 1.73 (sec) , antiderivative size = 287, normalized size of antiderivative = 0.96

1
dz
d+ex + fv/—a + bx + cx?
b cfz+2e/—a+z(b+cx)—2+/c(d+ex —a+z(btecx
2(2Cd—be)farctan< F+2cfot2e\/~ata(oten)—2v/a(drea+t\/—atabren))

4bde+4ae2—b2f2—4c(d2+af2) )
B \/4bde+4a\e/2—b2f2—4c(d2+af2) + (6 - \/Ef) log (b + 2cx — 2\/& /—a + w(b

inputtlntegrate[(d + exx + f*Sqrt[-a + b*x + c*xx~2])7(-1),x] J

((-2x(2*c*d - bxe)*f*ArcTan[(b*f + 2*cxf*x + 2*exSqrt[-a + x*x(b + c*xx)] -
2x3qrt[c]*(d + exx + f*Sqrt[-a + x*(b + c*x)]))/Sqrt[4*b*d*e + 4*a*e”2 - b
"2+f72 - 4xc*x(d”2 + axf~2)]])/Sqrt[4*b*d*e + 4*axe”2 - bT2*f72 - 4*c*(d"2
+ a*f~2)] + (e - Sqrtlcl*f)*Loglb + 2%cxx - 2*Sqrt[c]*Sqrt[-a + x*(b + c*x
)11 - exLogl[b*(d + exx - 2xSqrt[c]l*f*x + f*Sqrt[-a + xx(b + c*x)]) + 2*Sqr
tlclx(axf + (-d - exx + Sqrtlc]l*f*x)*(-(Sqrtlcl*x) + Sqrt[-a + x*(b + c*x)
1N/ (-e™2 + cx£72)

output

Rubi [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 1084 vs. 2(300) = 600.
Time = 10.30 (sec) , antiderivative size = 1084, normalized size of antiderivative =

number of rules __
integrand size 0.030,

3.61, number of steps used = 2, number of rules used = 2,
Rules used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
fv—a+bx+cxr?+d+ex
| 7293

dr
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fv—a+bx + cx? d+ex p
/ —af2—w(2de—bf2)—$2(62—cf2)—d2—i_af2+ac(2de—bf2)+302(62—cf2)+d2 v
l 2009

—bf2+2de+2(62—cf2)z

_ b+2
(2¢d — be) f arCtanh( 7/—4ae?—4bdet b f2+4c(d2+af2)) 3 vef arcmnh(wﬁ) 3

(€2 — cf?) \/—4ae? — 4bde + b2 f2 + 4c (d% + af?) e2 —cf?

\/—2ae4 — 2bde3 + 2cd2e? + b2 f2e2 + 2acf?e? — 2bcdf2e — (2cd — be) f/—4ae? — 4bde + b2 f2 + 4c (d2 + af?)e

V2 (€2 — cf?) \/—4a
\/—2(164 — 2bde3 + 2cd2e? + b2 f2e2 + 2acf2e? — 2bcdf2e + (2cd — be) f/—4ae? — 4bde + b2 f2 + 4c (d2 + af?)e

V2 (e? — cf?) \/—4a

elog (d? +af? + (e? — cf?) 2 + (2de — bf?) z)
2 (e?2 — cf?)

-

input L

Int[(d + e*x + f*Sqrt[-a + b*x + c*xx~2])~(-1),x]

-/




output
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((2%cxd - b*e)*f*ArcTanh[(2*d*e - bxf~2 + 2%(e”2 - cx£f~2)*x)/(£*Sqrt [-4*b*
dxe - 4*xaxe”2 + b"2+f"2 + 4xc*(d"2 + ax£"2)])])/((e”2 - c*xf~2)*Sqrt [-4*bxd
xe — 4*axe”2 + b72xf"2 + 4xc*x(d”2 + axf~2)]) - (Sqrtlcl*fxArcTanh[(b + 2%*c
*x) /(2*Sqrt [c] *Sqrt[-a + b*x + c*x"2])])/(e”2 - c*xf72) - (Sqrt[2*c*d~2xe"2
- 2%bk*d*e”3 - 2%a*e”4 + 2%cT2xd"2*xf72 - 2%b*ckd*e*f"2 + bT2%xe"2*%f"2 + 2%a
xcke"2+%f"2 - ex(2*cxd - bxe)*fxSqrt[-4*bxd*e - 4*xa*e”2 + b "2*xf72 + 4*cx(d”
2 + axf~2)]]xArcTanh[(2*b*d*e + 4*a*e”2 - b™2xf"2 - 4*axc*f~2 - b*f*Sqrt[-
4xb*d*e — 4xa*xe”2 + b"2*f72 + 4*ck(d"2 + axf~2)] + 2% (2xc*d*e - b*e”2 - c*
f*Sqrt [-4*b*dxe - 4*a*xe”2 + b™2+%f"2 + 4xc*x(d”2 + axf~2)])*x)/(2xSqrt [2]*Sq
rt[2*%cxd"2xe”2 - 2*bxd*e”3 - 2%axe”4 + 2%c"2*%d"2+%f"2 - 2xbkcxd*exf”"2 + b72
*xe"2*%f"2 + 2kakcke 2xf"2 - ex(2*c*xd - bke)*f*Sqrt[-4xbxd*e - 4*axe”2 + b2
*£72 + 4xcx(d"2 + axf~2)]]xSqrt[-a + b*x + c*x"2])]1)/(Sqrt[2]*(e”2 - c*xf~2
)*#Sqrt [-4*b*d*e - 4*a*e”2 + b"2*f72 + 4kcx(d"2 + a*f~2)]) + (Sqrt[2xcxd~2x*
e"2 - 2xbkxd*e”3 - 2%a*e”4 + 2xc”2xd"2xf72 - 2%bxckdxe*f~2 + b"2%e"2%xf"2 +
2xaxc*xe"2*xf72 + e*x(2*kckd - b¥e)*f*Sqrt[-4*bkdxe — 4*axe”2 + b"2xf"2 + 4xc*
(4”2 + axf~2)]]*ArcTanh[(2xb*d*e + 4*a*xe™2 - b™2%f"2 - 4xa*cxf~2 + b*f*Sqr
t[-4*bxd*e - 4xa*xe”2 + b 2*%f"2 + 4*c*(d"2 + axf"2)] + 2% (2xc*d*e - b*e”2 +
cxfxSqrt [-4*bxd*xe - 4*xaxe”2 + b 2+f72 + 4xc*(d"2 + axf~2)])*x)/(2xSqrt[2]
*Sqrt [2%c*d"2%e”2 - 2%b*d*e~3 - 2%a*e”4 + 2%c"2xd"2*f72 - 2xbkxckdxexf"2 +
b~2*e"2+f72 + 2*akxcxe”2xf"2 + ex(2xcxd - b¥e)*f*Sqrt[-4*xb*xd*e - 4*xa*xe”2...

e

Defintions of rubi rules used

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7293

~—

‘{

N

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

N

J

Maple [B]| (warning: unable to verify)

Leaf count of result is larger than twice the leaf count of optimal. 4828 vs. 2(270) = 540.

Time = 0.13 (sec) , antiderivative size = 4829, normalized size of antiderivative = 16.10

method | result size

default | Expression too large to display | 4829
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input ‘ int (1/ (d+e*x+f* (c*x~2+b*x-a) ~(1/2)) ,x,method=_RETURNVERBOSE)

output

input

output

£+ (-2%(c*x£72-e72) / (£~ 2% (4*kaxc*f~2+b"2+f ~2-4*xaxe”2-4*xbkd*e+4d*c*d~2) )~ (1/2)/
(2%c*xf~2-2%e”2) * (1/2% (4% (x+ (b*f ~2-2xd*e+ (£~ 2k (d*xa*c*f ~2+b"2xf ~2-4*xaxe”2-4*
bxdxe+d*xcxd~2)) " (1/2) )/ (2*xc*xf~2-2xe"2) ) “2kc—-4* (b*e 2-2*c*d*e+ (f 2% (d*xaxc*f
~2+b"24f"2-4*xaxe”2-4xbxd*e+d*cxd"2)) ~(1/2) *c) / (cxf~2-e"2) * (x+ (b*f~2-2*d*e+
(£72% (4xaxcxf~2+b"2%f ~2-4*a*e”2-4xbxd*xe+d*xcxd~2)) ~(1/2)) / (2*%c*xf~2-2xe~2) ) +
2% (2xa*cke”2*%f "2+b"2%e 2k f "2-2kbkckdke*f "2+2%cT2xd "2+ f "2-2*e " 4*ka-2xd*ke " 3*b
+2xd"2xe " 2xc+ (£ 72 (4*axcxf~2+b " 2xf ~2-4*akxe~2-4xb*d*e+4d*c*xd~2) )~ (1/2) xb*xe~2
2% (£~ 2% (4*axc*f ~2+b~2%f ~2-4*a*e 2-4*bkd*e+d*c*d~2) ) ~(1/2) *c*d*e) / (cxf~2-e
~2)72)7(1/2)-1/2x(b*e~2-2%c*kd*e+ (£~ 2% (4xaxc*f~2+b~2+f "2-4*xa*e”2-4xb*d*e+4x*
cxd”2))~(1/2)*c)/ (c*xf~2-e"2) *1n((-1/2* (bxe~2-2xckd*e+ (£ 2% (d*a*ckf~2+b~2*f
~2-4xaxe”2-4xbkdkxe+4d*c*d"2)) " (1/2)*c) / (c*xf~2-e"2) +c* (x+ (b*xf~2-2xd*e+ (£~ 2% (
dxakxckf~2+b"2%f "2-4*xaxe”2-4*xbkd*xe+4d*c*d"2) )~ (1/2) )/ (2xc*xf~2-2%e~2))) /c~(1/
2) + ((x+ (b*f~2-2xd*xe+ (£~ 2% (4d*xa*c*f~2+b"2*f ~2-4*axe”2-4*xbkd*xe+4d*c*d~2) )~ (1/2
))/ (2xc*xf~2-2%e"2) ) "2*c— (b*xe~2-2xcxd*xe+ (£~ 2% (4*a*c*f~2+b~2xf ~2-4*xa*xe”~2-4*b
*dxe+dxcxd~2)) " (1/2) *c) / (c*f~2-e72) * (x+ (b*f~2-2%d*e+ (£ 2% (4*axcxf " 2+b~2xf~
2-4xaxe”2-4xbxd*ke+dxcxd~2)) " (1/2))/ (2xcxf~2-2%e~2) ) +1/2% (2*axc*xe ~2%f ~2+b~2
*x@” 2%f " 2-2*b*ckdke*f "2+2+%cT2xA"2xf " 2-2%e " 4*a-2xd*e 3xb+2+xd " 2ke " 2xc+(£72* (4
xa*xcxf " 2+b " 2xf "2-4xa*xe~2-4xb¥dxe+dxcxd"2) )~ (1/2) xbkxe~2-2% (£ 2% (4*axc*f~2+b
~2%f"2-4xaxe”2-4*bxd*e+dxc*xd"2)) " (1/2) *cxd*e) /(c*xf72-e72)"2)"(1/2))/c”(1/2
)-1/2% (2*%a*xcke ~2%f~2+b " 2%xe 2% f ~2-2xbkckdke*xf "2+2%c"2%d " 2xf ~2-2xe"4*a-2*. . .

-

Fricas [F(-1)]

Timed out.

/ 1 dz = Timed out
d+ex+ fv—a+ bz + cx2

Lintegrate (1/ (d+e*x+f* (c*x~2+b*x-a)~(1/2)),x, algorithm="fricas")

~—

-

N

Timed out
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Sympy [F]

L dac=/ L dz
d+ex+ fvV—a+br + cx? d+ex + fv/—a+bx + cx?

input Lintegrate (1/ (d+exx+f* (ckx**2+b*x-a) **(1/2)) ,x) J
output LIntegral(l/(d + e*x + fksqrt(-a + bxx + cxx**2)), x) J
Maxima [F]
1 1
/ dz = / dx
d+ex+ fv/—a+ bx + cx? ex +Vex +br —af +d
input Lintegrate (1/ (d+exx+f* (c*xx~2+b*x-a) ~(1/2)) ,x, algorithm="maxima") J
output Lintegrate(l/(e*x + sqrt(c*x™2 + b*x - a)*f + d), x) J
Giac [F(-2)]
Exception generated.
1 . .
dxr = Exception raised: TypeError
d+ex+ fv/—a+bx + cx?
input Lintegrate (1/ (d+e*xx+f* (c*x~2+b*x-a)~(1/2)) ,x, algorithm="giac") J

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN ‘

‘ PUT:sage2:=int (sage0,sageVARx) : ;OUTPUT :Error: Bad Argument Type ‘
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Mupad [F(-1)]

Timed out.

/ L dxz/ L dr
d+ex + fv/—a+ bx + cx? d+ fvex?+br—a+ex

input Lint(l/(d + f*(b*X - a + C*XA2)A(1/2) + e*x),x)

output 1BE(L/(d + £x(Dx - a + cxx"2)"(1/2) + exx), x)

Reduce [F]

/ ! dx:/ 1 d
d+ex+ fv/—a+ bx + cx? d+ex+ fVcx?+bxr—a

X

input | 10t (1/ (drexx+ts (cxx™2+bxx-2)"(1/2)) ,x)

output| 18T (1/ (drexxrx(cxx™2+bax-2)"(1/2)) ,%)
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1
339 f (d-l—ea:-l— v —a+ba:+cg;2) ? dz

Optimal result . . . . . . . . . . .. 326
Mathematica [C] (warning: unable to verify) . . . . . . ... ... ... .. ... 327
Rubi [F] . o oot 328
Maple [B] (warning: unable to verify) . . . . . . ... ... .. oL 329
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... 329
Sympy [F] . . . 330
Maxima [F] . . . . . .. 330
Giac [F(-2)] . . . o o 330
Mupad [F(-1)] . . . o o 331
Reduce [F] . . . o . o o B31]

Optimal result

Integrand size = 25, antiderivative size = 385

/ ! 5 dx
(d+ex+ fv—a+ bz + cz?)

2(2b(cd? — ae?) — 4ac®?df — b%d(2e + \/cf) + (4c%%d? — 4y/ce(bd + ae) — bPef — 4a;
(e + +/cf) (4bde + 4ae? — b2 f2 — 4c (d? + af?)) (bd+ a(e—+cf)+ (2y/ed + bf) (Vez +vV—a+ bz -
bf+2cfo+2ey/—ata(brea)+2v/e(d+eatf\/—ata(bten)) >

\/—4bde—4ae2+b2 f2+4c(d?+af?)

4(b* + 4ac) farctanh(

(—4bde — dae? + b2 f2 + 4c (d2 + af?))*?

2% (2xb* (—axe~2+cxd"2) —4*a*xc” (3/2) *¥d*xf-b~2xd* (2kxe+c” (1/2) *£) +(4*c~(3/2) *d"2
-4xc”~(1/2) *e* (a*e+b*d) -b~2*e*xf-4*a*xcke*f)* (c~(1/2) *x+(c*xx~2+b*x-a) ~(1/2)))
/(e+c™(1/2) *f) / (Axbxd*e+d*axe™2-b " 2xf ~2-4*c* (a*xf~2+d~2) ) / (bxd+a*(e-c~(1/2)
*f)+(2%c”™ (1/2) *d+b*£f) * (c™ (1/2) *x+ (c*xx™2+b*x-a) ~(1/2) )+(e+c~(1/2) *£)*(c~(1/
2) #x+ (c*x"2+b*x—-a) "~ (1/2) ) ~2) -4* (4*a*xc+b~2) *f*xarctanh ( (b*f+2*c*f*x+2xex (—a+
x*k (c*x+b) ) ~(1/2)+2xc” (1/2) * (d+e*xx+f* (—a+x* (c*xx+b) ) ~(1/2))) / (-4*b*d*e-4*axe
“2+b" 2% f " 2+4*ck (axf~2+d"2) ) " (1/2) ) / (m4*xbxd*e-4*a*xe~2+b"2*f " 2+4xc* (a*f~2+d~
2))°(3/2)

output




input

output
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Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 50.69 (sec) , antiderivative size = 2401, normalized size of antiderivative = 6.24

1
/ 5 dr = Result too large to show
(d+ezx+ fv—a+ bz + cz?)

r

LIntegrate[(d + exx + fxSqrt[-a + b*x + c*x~2])"(-2),x]

| —

(—2% (-2xc*d"3*e + 2*b*d"2%e”2 + 2*axd*xe”3 — bkckd"2*f"2 - 4*axckdxexf~2 +
axbke 2*%f72 - 2%cxd"2*%e"2%x + 2*xbkd*e”3%x + 2%ake 4*x - 2%cT2xd"2*f 2%xx +
2xb*cxd*exf"2xx — b 2*e 2*f"2+x - 2kaxcke 2xf"2*x))/((e”2 - c*f72)*(-4x*c*xd
~2 + 4xbxd*e + 4*axe”2 - b"2+f72 - 4xakcxf"2)*(d"2 + a*xf”"2 + 2xd*exx - b*f
T2%x + e72%x"2 - cxf72*%x72)) + (2% (b*dxf + 2kakxexf + 2kckd*xfxx — bkexfxx)*
Sart[-a + b*x + c*x72])/((-4*c*d"2 + 4*bxd*e + 4*axe”2 - b™2+f72 - 4*axcxf
"2)x(d”2 + axf"2 + 2xdke*x — bxfT2*x + e”2%x"2 - cxf"2*x72)) + (2x(b"2 + 4
*xaxc)*fxArcTan[(2xd*e — b*xf~2 + 2%e~2kx - 2%cxf~2*x)/(£*xSqrt[-4*cxd~2 + 4%
b*d*e + 4*a*xe”2 - b"2*f72 - 4kaxcxf"2])])/(-4*c*d"2 + 4*bkdxe + 4*axe”2 -
b"2%xf72 - 4xaxc*f72)7(3/2) + ((b72 + 4*axc)*f*((-2%I)*cxd*f + I*bxe*f + ex
Sqrt [-4*c*d~2 + 4xbkd*e + 4*a*e”2 - b 2*xf~2 - 4xaxckf~2])*Log[-((Sqrt[2]*(
e”2 — c*f72)*(—-4xc*d"2 + 4¥bxdke + 4d*xakxe”2 — bT2xf72 - 4dkakxcxf~2)7(3/2)*((
-2xI)*xb*dxe - (4xI)*a*e”2 + I*b"2+f~2 + (4xI)*a*cxf~2 + bxf*xSqrt[-4*c*d~2
+ 4xbxd*e + 4xa*xe”2 - b T2xf72 - 4kaxc*f~2] - (4*xI)*ckdxe*x + (2%I)*bxe 2*x
+ 2xckf*Sqrt [-4*c*d™2 + 4xbxdxe + 4*a*xe”2 - b 2*f"2 - 4xakxcxf~2]*x))/((b”
2 + 4xaxc)*xfx(-2%c*xd*f + bkexf - Ixe*xSqrt[-4*c*d”™2 + 4xb*d*e + 4*a*e™2 - b
“2%f72 - 4xaxc*kf"2])*Sqrt[2xc*kd"2xe”2 - 2+bxdxe”3 - 2¥axe”4 + 2%cT2xd"2*f"
2 - 2xbxckd*e*f"2 + bT2%e 2xf"2 + 2%axcke 2*xf"2 + (2xI)*ckxdxexf*Sqrt[-4*cx*
d~2 + 4xbxd*e + 4xaxe”2 - b"2+f"2 - 4xakxckf~2] - Ixb*e 2xfxSqrt[-4xc*d"2 +
4xbkxdxe + 4*axe”2 - bT2+f"2 - 4xakcxf"2]]*(2%dxe - b*f~2 + Ixf*Sqrt[-4...
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ 5 dz
(f\/—a+bx+cx2 +d+em>
| 7298
/ 2f2(—a + bz + cz?) 3 2dfv/—a + bx + cx? 3 2
(af? + z (2de — bf2) + 22 (€2 — cf2) + d2)*>  (af?+ z (2de — bf?) +z2 (2 — cf2) +d2)?®  (af? +z (2d
| 7239

/ Qd(ew - f\/ﬂm) +w<—26f\/ﬂm+bf2 +cf2w+e2x) +d2(1 . “dif) ;

(af? + z (2de — bf2) + 22 (€2 — cf?) + d?)? !

| 7293

& — af? 2d(ew — f\/—a+bx+cx2) w(—Qef\/?c

/ (af? 4 = (2de — bf2) + 22 (€2 — cf?2) + d2)? * (af? + x (2de — bf2) + 22 (€% — cf?) + d2)* * (af?+x (
| 7299

& — af? 2d<em—f\/—a+bx+c:c2> a:(—2ef\/?c

/ (af? + x (2de — bf?) + a2 (€2 — cf2) + d2)° " (af? + z (2de — bf2) + 22 (2 — cf2) + d2)* " (af?+z(

input LInt[(d + e*x + fxSqrt[-a + b*x + c*xx72])"(-2),x] J

e

output t

$Aborted

~—
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Defintions of rubi rules used

Int[u_, x_Symbol] :> With[{v
erIntegrandQ[v, u, x]]

rule 7239 SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl

Int[u_, x_Symbol] :> With[{v
]

rule 7293 ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

rule 7299 LInt [u_, x_] :> CannotIntegrate[u, x] J

Maple [B]| (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 1.25 (sec) , antiderivative size = 508167, normalized size of antiderivative =

1319.91
method | result size
default | Expression too large to display | 508167
input Lint (1/ (d+exx+f* (c*x~2+b*x-a) ~(1/2)) ~2,x,method=_RETURNVERBOSE) J
output Lresult too large to display J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2877 vs. 2(346) = 692.

Time = 20.29 (sec) , antiderivative size = 6919, normalized size of antiderivative =
17.97

1
/ 5 dr = Too large to display
(d+ezx+ fv—a+ bz + cz?)

input integrate (1/(d+exx+f* (cxx~2+b*x-a)~(1/2))"2,x, algorithm="fricas")
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output LToo large to include J
Sympy [F]
/ (d—i—eac+f\/—la—i—bac—i-cav?)2 & :/ (d+ea:+f\/—1a+bx+caz2)2 &
input Lintegrate (1/ (A+e*x+E* (Chxk*2+bxx—a) ** (1/2) ) %2, x) J
output LIntegral( (d + exx + fsqrt(-a + bx + crx#*2))*x(-2), x) J
Maxima [F]
/ s 5 dT = / ! 5 dz
(d+ex+ fv—a+ bz + ca?) (e + Vea? + bz — af + d)
input Lintegrate (1/ (d+e*x+f* (c*xx~2+b*x-a) ~(1/2))"2,x, algorithm="maxima") J

Output‘integrate((e*x + sqrt(c*x™2 + b*x - a)*f + d)~(-2), x)

Giac [F(-2)]

Exception generated.

1
/ 5 dr = Exception raised: TypeError
(d+ex+ fv—a+ bz + ca?)

inputLintegrate(l/(d+e*x+f*(c*x‘2+b*x—a)“(1/2))“2,x, algorithm="giac") J

t‘Exception raised: TypeError >> an error occurred running a Giac command:IN

outpu
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Error: Bad Argument Type
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Mupad [F(-1)]

Timed out.

/ L 2dxz/ ! 5 dx
(d+ex+ fv—a+ bz + ca?) (d+ fVeca> +bz—a+ex)

input Lint(l/(d + fx(b*x - a + c*x~2)"(1/2) + e*x)"2,x)

output Lint(l/(d + fx(b*x - a + c*x72)7(1/2) + e*x)72, x)

Reduce [F]

/ ! 2dac:/ ! 5dx
(d+ex+ fv—a+ bz + cz?) (d+ex+ fVcaz® + bz —a)

input tint (1/(d+exx+fx(cxx™2+b*x-a)~(1/2))72,x)

output Lint (1/ (d+e*xx+f* (c*x~2+b*x-a) ~(1/2))"2,x)
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1
3-40 f (d-l—ea:-l— v —a+b9:+cg;2) ’ az

Optimal result . . . . . . . . . . ..
Mathematica [C] (warning: unable to verify) . . . . . . ... ... ... .. ... 333
RUDL [F] .« o o oot e e e 33
Maple [B] (warning: unable to verify) . . . . . .. ... ... oL
Fricas [F(-1)] . . . . . o 330
Sympy [F] . . . 3306
Maxima [F] . . . . . .. 336
Giac [F(-2)] . . . o o B37
Mupad [F(-1)] . . .« 337
Reduce [F] . . . o . o o B37

Optimal result

Integrand size = 25, antiderivative size = 896

/ ! 5 dr =
(d+ex+ fv—a+ bz + cz?)
b3d (22 + y/eef + cf?) + 4bed (2cd? — dae® + av/cef + acf?) — 2b? (5ed?e — ae® + ¢3/2d2 f — acef?)

(e + vef)® (4bde + dae? — B2f2 — 4c (d2 + af?)) (bd ta

8c(e+v/cf) (bd+a(e—+/cf)) (4bde+4ae?—b2 f2—4c(d?+af?))+(24/cd+bf) (3632 f+3b%\/ce f2—2bcf (Tbde—2ae?—b? f2) +8¢5/2 (2d3—adf
(et+vef)”

(dbde + 4ae? — b2f2 — de (d? + af?))? (bd +a(e—ef) + (2y/cd +1
bf+2cfr+2e/ —a+z(b-|—cx)+2\/5<d+ex-l—f\/—a—i—x(b—l—cz)) )

\/—4bde—4ae2+b2 f2+4c(d2+af?)

12(b? + 4ac) (2¢d — be) farctanh(

(—4bde — 4ae? + b2 f2 + 4c (d? + af?))*?
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- (b~3*d* (2%xe~2+c” (1/2) *exf+ckf~2) +4*xb*ckd* (2*cxd~2-4*axe~2+axc™ (1/2) xexf+a
*cxf~2) -2xb" 2% (5kc*kd~2ke-a*xe”3+c”(3/2) *d~2*xf-axcke*f~2) -8*axck (a*xe~3+c” (3/
2) *d"2*f-cxex (axf~2+d"2) ) - (~b*e+2*c*d) * (b"2xexf+4*xaxckexf-4*c™ (3/2) * (a*xf~2
+2*d"2)+c” (1/2) * (b~ 2*f ~2+8*a*xe”2+8*b*d*e) ) * (¢~ (1/2) *x+ (c*x~2+b*x-a) ~(1/2)
))/(e+c” (1/2) *£) "2/ (4*b*d*e+d*axe”2-b~2xf " 2-4*c* (a*f~2+d"2) ) / (bxd+a* (e-c”~ (
1/2)*£)+(2%c™ (1/2) *d+b*£f) * (¢~ (1/2) *x+(c*x"2+b*x-a) ~(1/2) ) +(e+c~ (1/2) *£f) *(c
~(1/2) *x+(c*x~2+b*x-a) " (1/2)) ~2) ~2-((8*c*(e+c~(1/2) *f) * (bxd+a* (e-c~ (1/2) *f
) ) * (4xbkxd*xe+d*a*e 2-b " 2xf ~2-4xcx (axf~2+d"2) ) +(2*c”™ (1/2) *d+b*f) * (3*xb~3*e " 2%
f+3*%b~3%c” (1/2) *exf~2-2xbkcxf* (-b~2*f ~2-2%a*xe~2+Txb*d*e) +8*c~ (5/2) * (—axdx*f
~2+2xd"3) -2xc” (3/2) * (—6*axbkexf " 2+b~2xd*f " 2+8*axdke 2+8xb*d " 2%e) —8xc " 2xf * (
3xaxd*e-b* (a*xf~2+d"2))) )/ (e+c” (1/2)*f) "2-6% (4*axc+b~2) * (~b*ke+2*c*d) *f* (c~ (
1/2) *x+(c*x~2+b*x-a) " (1/2))) / (4xb*d*e+d*a*e”2-b"2*f " 2-4*c*x (a*f~2+d"2) ) "2/ (
bxd+a*x(e-c”(1/2) *£)+(2*c~ (1/2) *d+b*f) * (¢~ (1/2) *x+ (c*x"2+b*x-a) ~(1/2) ) +(e+c
~(1/2)*£)*x(c” (1/2) *x+ (c*x"2+b*x-a) ~(1/2) ) "2) -12% (4*a*c+b~2) * (—b*e+2*xc*d) *f
*arctanh ( (bxf+2kxckxf*x+2*e* (—a+x* (c*xx+b) ) ~(1/2)+2*c~ (1/2) * (d+e*x+f* (—a+x*(c
*x+b) ) ~(1/2)) )/ (-4*bxd*e-4*axe”2+b~2xf ~2+4*c* (axf~2+d~2)) ~(1/2) ) / (-4*b*d*e
—4xaxe”~2+b"2xf " 2+4*cx (axf~2+d"2)) ~(5/2)

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 75.18 (sec) , antiderivative size = 3628, normalized size of antiderivative = 4.05

1
/ 5 dr = Result too large to show
(d+ex+ fv—a+ bz + ca?)

-

input LIntegrate[(d + exx + fxSqrt[-a + bxx + c*xx~2])~(-3),x]

~—
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(2% (-4xc~2xd"4*e*f~2 + Bxb*c*d~3*e"2*xf~2 - b~2xd"2%e " 3*f"2 + 2*axcxd~2*xe”3
*f72 + axbkd*e"4*xf"2 + 2*%a"2%e 5*f"2 - bkc 2*d"3*xf"4 - 6Gkakc 2xd"2xexf"4 +
3*axb*ckd*e 2*xf"4 - axb"2*%e"3*xf"4 - 2*%a~2kcke 3*xf"4 - 6xcT2xd"3xe”2xf 2%x
+ Oxb*ckd 2%e " 3*%f " 2%x — 3*%b"2kdke 4*f"2%x + 6Gkakckdke 4xf 2%xx - 3*xaxbxe”b
*f72%x — 2%c73*%d"3*%f"4*kx + 3*kbkcT2kd"2%e*xf 4*kx - 3*xb 2kxckxdxe"2xf 4*xx - 6*a
*C"2xd*xe"2xf"4*xx + b~ 3*e”3*f 4xx + 3kaxbxckxe"3kf"4x*x))/((e”2 - c*xf~2) 2% (-
dxcxd"2 + 4xbxdxe + 4dxaxe”2 — bT2*%f"2 - 4xaxcxfT2)*x(d"2 + axf"2 + 2*d*exx
- b*f72%x + e72%x72 — ckf"2%x"2)"2) + (-8*c"2*xd"4*e”"3 + 16%b*c*d"3*e”4 - 8
*b~2xd"2xe"5 + 16%axc*d~2%e”5 - 16*axbkd*e~6 — 8*a”~2xe”7 - 24*c”~3*d 4dxexf”
2 + 48%bxc”2xd"3*e " 2*xf"2 - 34%b"2%ckd"2ke 3*kf"2 + 8Skaxc 2xd ke 3kf"2 + T*
b~ 3*d*xe~4*xf~2 - 20*axb*ckd*e"4*f"2 + 4*xaxb"2%e"5*xf~2 - 8%a"2%cxe"5*xf"2 - 6
*¥b"2%cT2%d"2%e*xf "4 - 24*axc”3*d"2*e*f"4 + 12%xb"3kckxdxe”2*xf"4 + 48*axbkc”2*
dxe"2xf"4 - 2%xb"4*e”"3*xf"4 + 2ka*xb~2kcke 3*xf~4 + 40*a"2*kc 2*e"3*xf"4 - 3%b”3
*¥Cc"2%d*f"6 - 12*axb*c”3*%d*f"6 — 6*axb"2*xc"2*e*f"6 - 24*%xa~2xc"3xexf"6 - 6%*b
“2kckdke 4*xfT2%kx — 24%axc”2xd*e”4*f"2*x + 3*%b " 3*%e " 5*kf"2%x + 12*axbkxcxe”5xf
T2%x + 12*%b72%cT2xd*e"2*xf"4*xx + 48*akxc”3kdke 2*xf 4*x — 6*xb 3kckxe 3xf 4xx -
24*axbkc"2%e " 3kf"4*x - 6%bT2%kc " 3*d*xf 6*x — 24*xakc”4*dxf 6*x + 3*b"3kc"2*e
*f76%x + 12*axbkxc”3*xexf"6*x)/((e”2 — c*£f72) "2x(-4*c*d"2 + 4xbkxd*e + 4*axe”
2 - bT2+f"2 - 4dxakcxf"2)"2%(d72 + axf"2 + 2kdke*xx — bxf"2xx + e 2%x"2 - c*
£72xx72)) + Sqrt[-a + bxx + cxx"2]*((2*%(-2%c*d"3*exf + 2xb*d~2*%e™2xf + ...

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ s dz
(f\/—a+b:c+cx2+d+ex)

l 7293

/ 4f2(d + ex) (—a + bz + cz?) B 3fV—a+ bz + cx? N
(af? + x (2de — bf2) + 22 (€2 — cf2) + d2)®  (af? + =z (2de — bf2) + 22 (2 — cf2) + d2)*  (af? + z (2d

l 7299

/ 4f%(d + ex) (—a + bz + cz?) 3 3fV—a+ bz + cx? L
(af? +z (2de — bf2) + 22 (2 — cf?) + d2)®  (af? + x (2de — bf2) + 22 (2 — cf2) + d2)®  (af? + = (2d
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input LInt[(d + exx + f*Sqrt[-a + b*x + c*x~2])~(-3),x] J

output L$Aborted J

Defintions of rubi rules used

7203 Intlu_, x_Symboll :> With[{v = ExpandIntegrand[u, x]}, Intlv, x] /; SunQ[vl

] |

rule

rule 7299‘ Int[u_, x_] :> CannotIntegrate[u, x] ‘

Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 114.04 (sec) , antiderivative size = 4527517, normalized size of antiderivative

= 5053.03
method | result size
default | Expression too large to display | 4527517
input Lint (1/ (d+exx+£* (ckx~2+b*x-a) ~(1/2))~3,x,method=_RETURNVERBOSE) J

output Lresult too large to display J
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Fricas [F(-1)]

Timed out.

/ ! 5 dr = Timed out
(d+61'+f\/—a+bx+cx2)

input Lintegrate (1/ (d+e*xx+f* (c*x2+b*x-a)~(1/2))"3,x, algorithm="fricas")

OutputLTimed out
Sympy [F]
/ 1 gdr = / ! 5 dz
(d+ ez + fv—a+ bz + ca?) (d+ ez + fv—a+ bz + ca?)
input tintegrate (1/ (d+e*x+f* (crx**2+b*x—a) ** (1/2) ) **3,x)

OutputLIntegral((d + e*x + fxsqrt(-a + bkx + cxx*x2))**(-3), x)

Maxima [F]

/ L 3da:=/ L 5 dr
(d+ex+ fv—a+ bz + cz?) (ex + Vex® + bx — af +d)

inputtintegrate(l/(d+e*x+f*(c*x*2+b*x—a)‘(1/2))*3,X, algorithm="maxima")

output Lintegrate((e*x + sqrt(c*x™2 + b*x - a)*f + d)~(-3), x) J
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Giac [F(-2)]

Exception generated.

1
/ 3 dr = Exception raised: TypeError
(d+ex+ fv—a+ bz + cz?)

inputLintegrate(l/(d+e*x+f*(c*x“2+b*x—a)”(1/2))“3,x, algorithm="giac")

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘ PUT:sage2:=int (sage0,sageVARx) : ;OUTPUT:Error: Bad Argument Type

Mupad [F(-1)]

Timed out.

/ L 3dx=/ L 5 dT
(d+ex+ fv—a+ bz + ca?) (d+ fVca> +bz—a+ex)

input Lint(l/(d + fx(b*x - a + c*x~2)"(1/2) + e*x)"3,x)

output Lint(l/(d + fx(b*x - a + c*x"2)"(1/2) + e*x)"3, x)

Reduce [F]

/ ! 3d:c—/ ! sdx
(d+ ez + fv—a+ bz + ca?) (d+ex+ fVca® + bz — a)

input Lint (1/ (d+e*xx+f* (c*x~2+b*x-a) ~(1/2))"3,x)

output| 18T (1/ (drexxrx(cxx™2+bxx-2)"(1/2))73,x)




output
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2

341  [(z+V-3—4dz—2?) dzx

Optimal result . . . . . . .. . . .. ... ... .
Mathematica [A] (verified) . . . . . . . .. ... . L 338
Rubi [A] (verified) . . . ... ... ... 339
Maple [A] (verified) . . . . . . . . ... 340
Fricas [A] (verification not implemented) . . . . . . .. ... ... .... 3401
Sympy [A] (verification not implemented) . . .. .. ... ... ..... 341]
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... 3411
Giac [A] (verification not implemented) . . . . . . ... ... ... .... 341]
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. .... 3421
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 342

Optimal result

Integrand size = 18, antiderivative size = 52

2
/<x+v—3—4m—z2) dr = -3z — 22* — 2(2 + )V —3 — 4z — 22

2

- (-3-4z - x2)3/2 — 2arcsin(2 + )

3

L—B*x—Q*x’"Q—Q* (2+x) * (-x~2-4%x-3) ~ (1/2) -2/3% (-x~2-4%x-3) ~ (3/2) -2%arcsin (2+x) J

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.08

2
/<x+\/—3—4x—x2> dz = —a:(3+2x)+2\/—3—4x—z2(—3+x+x2)

<\/—3 — 4z — xz)
+ 4 arctan
3+

-

input L

Integrate[(x + Sqrt[-3 - 4xx - x72])72,x]

~—
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(x#(3 + 2%x)) + (2#Sqrt[-3 - 4*x - x"2]*(-3 + x + x"2))/3 + 4*ArcTan[Sqrt

output
[-3 - 4xx - x721/(3 + )]

Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
[(V=at-t-3+2) @
l 7293
/(2 —x2—4x—3w—4w—3>dw
| 2009
. 2 2 2 3/2 D)
—2arcsin(z + 2) — 2z —g(—w —4z - 3) —2(3:—|—2)\/—:L'——4:r—3—3z

input LInt[(x + Sqrt[-3 - 4*x - x72])72,x] J
output‘ -3xx - 2%x72 - 2%(2 + x)*Sqrt[-3 - 4*x - x72] - (2%(-3 - 4*x - x72)7(3/2)) ‘

\/3 - 2%ArcSin[2 + x] \

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

7203 Tnt[u_, x_Symboll :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SunQlv]

] |

rule
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Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.92

method | result

3
(—22—42-3)2

default | —2z% — 3z — 2 3 + (—2z —4)v/—2? — 4z — 3 — 2arcsin (2 + z)
trager | —(2z + 3)z + (22?2 + 22 — 2) vV—2? — 4z — 3 + 2RootOf (_Z*+1)In (RootOf (_Z*+1) z

input| 188 (et (-x"2-4%x-3)"(1/2)) 2, x, method=_RETURNVERBOSE) |

output ‘ -2%x"2-3%x-2/3% (-x"2-4*%x-3) ~(3/2) +(-2%x-4) * (-x~2-4%x-3) "~ (1/2) -2*arcsin (2+x ‘

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.12

2 2
/(:v+\/—3—4x—x2> dx=—2x2+§(x2+x—3) —z?2 -4z -3
\/—x2—4x—3(x+2)>

— 2 t
3+ arcan( PP

input Lintegrate ((x+(-x"2-4%x-3)"(1/2))"2,x, algorithm="fricas") J

N

§
-2%x72 + 2/3%(x72 + x - 3)*sqrt(-x"2 - 4*x - 3) - 3%x + 2*arctan(sqrt(-x"2

output
\ - 4kx - 3)*(x + 2)/(x"2 + 4%x + 3))
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Sympy [A] (verification not implemented)

Time = 0.48 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.75

2 ) 2
<x+v—3—4x—x2> dr = -2z — 3z + 2V —22 — 4z — 3 §+§_1

— 2asin (z + 2)

input ‘ integrate ((x+(-x**2-4xx-3) %% (1/2)) **2,x) ‘

output L—2*x**2 - 3xx + 2ksqrt(-x**2 - 4xx - 3)*(x¥*2/3 + x/3 - 1) - 2*asin(x + 2) J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.15

2 2 3
/(x+\/—3—4x—x2> dx=—2ac2—§(—av2—4av—3)g —2vV—22— 43— 3z
—3z—4vV—22—4x—3+ 2 arcsin (—z — 2)

-

input Lintegrate ((x+(-x"2-4%x-3)"(1/2))"2,x, algorithm="maxima")

-/

‘—2*x‘2 - 2/3%(-x"2 - 4xx - 3)7(3/2) - 2xsqrt(-x"2 - 4*x - 3)*x - 3*x - 4xs ‘
qrt(-x"2 - 4xx - 3) + 2*arcsin(-x - 2)

N\ J

output

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.69

/<x+\/m>2dm=—2x2+§((z+1)m—3)\/—x2——4x—3

— 3z — 2 arcsin (z + 2)

input Lintegrate ((x+(-x"2-4%x-3)"(1/2))"2,x, algorithm="giac") J

output L—2*x 2 + 2/3%((x + 1)*x - 3)*sqrt(-x"2 - 4*x - 3) - 3xx - 2*arcsin(x + 2) J
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Mupad [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.06

2 V—r2—41-3 2 _
[(e+vam—a) = te 300822,

—2xﬁ+m<x+2—V—ﬁ—4x—3u>m

-

inputtint<<x + (- 4¥x - x72 - 3)7(1/2))72,%)

-/

log(x - (- 4%x - x°2 = 3)7(1/2)*1i + 2)*2i - 3#x + ((- 4%x - x"2 - 3)~(1/2
)*(8%x + 8%xx~2 - 24))/12 - 2%x"2

N\ J

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.13

2 922 — 4z — 34
/<x+v—3—4z—:c2) dxr = —2asin(z + 2) + d 3x 3¢

A —72 _
i 3¢z 3x—2¢—x2—4x—3—2f—3x+§

int (Gt (~x~2-2%x-3) " (1/2)) "2, %) |

N\ J

input

‘ ( - 6*asin(x + 2) + 2*ksqrt( - x**2 - 4*x - 3)*x**2 + 2*sqrt( - x**2 - 4*x \

output
|- 3)#x - 64sqrt( - XFH2 - 4xx - 3) - Gxxk*2 - Okx + 2)/3 |




output

input

output
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3.42 f(a:—l—\/—3—433—a:2) dz

Optimal result . . . . . . . . . . . . e 343
Mathematica [A] (verified) . . . . . . . . . ... o 343]
Rubi [A] (verified) . . . .. . . ... .. 344
Maple [A] (verified) . . . . . . ... L 344
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 345
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3461
Giac [A] (verification not implemented) . . . . . . ... ... ... 346
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 346
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 347

Optimal result

Integrand size = 16, antiderivative size = 37

2 1 1
/<x+\/—3—4z—x2) d:c:%+5(2+x)\/—3—4x—$2—|—Earcsin(2+m)

L1/2*x‘2+1/2*(2+x)*(—x‘2—4*x—3)“(1/2)+1/2*arcsin(2+x)

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.41

2 2

2 1
<x+\/—3 — 4z — x2> dx=—+=(24+z)V—3 — 4z — 22 —arctan

V=3 —4x —z?
3+

LIntegrate[x + Sqrt[-3 - 4*x - x72],x]

‘x“2/2 + ((2 + x)*Sqrt[-3 - 4*x - x72])/2 - ArcTan[Sqrt[-3 - 4*x - x72]/(3

1+ x)]
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Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.00,

number of rules _ 0.062, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
[(VEm342) e
l 2009
1 . 2 1
—arcsin(z +2)+ — + = (z+2)V—22—4x -3
2 2 2
input | Int[x * Sart(-3 - 4xx - x72],x] ]
output LXAQ/Q + ((2 + x)*Sqrt[-3 - 4*x - x72])/2 + ArcSin[2 + x]/2 J

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, xI1, x] /; SumQ[u] J
Maple [A] (verified)
Time = 0.14 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.86
method | result
2 (—2z—4)v—22—4z—3 resin(24-x)
default | & — ===  HODI2
2 (=2z—4)vV—22—4z—3 arcsin(2+z)
parts 5 - 1 + 2
RootOf(__Z°+1) In(— RootOf (__Z°+1)z+v—22—4z—3—2RootOf (__Z +1
trager ””2—2+(1+§) vV—x2—4x -3+ ° <_ ) ( °° <— 2> © (— ))
input Lint (x+(-x"2-4%x-3) " (1/2) ,x,method=_RETURNVERBOSE) J
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output‘1/2*xh2‘1/4*(—2*x—4)*(-x”2—4*x—3)”(1/2)+1/2*arcsin(2+x)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.41

1 1
/(z+¢:;:gt;3dz=5x2+§«_ﬁ—4z—mz+m

1 arctan V-2 —4z—3(z+2)
224+4zx+3

inputLintegrate(x+(-x’"2—4*x—3)“(1/2),x, algorithm="fricas") J

Output‘1/2*}{"2 + 1/2%sqrt(-x"2 - 4xx - 3)*(x + 2) - 1/2xarctan(sqrt(-x"2 - 4*x -
B)k(x + 2)/(x72 + 4*x + 3))

Sympy [A] (verification not implemented)
Time = 0.32 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.78

2

/(H\/m) dx:%+<§+1>\/m+asm(;+2)

-

input Lintegrate (x+ (—x**2-4%x-3) **(1/2) ,x)

-/

output LX**2/2 + (x/2 + 1) *sqrt(-x**2 - 4*xx - 3) + asin(x + 2)/2 J
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.11

1 1
/<x+v—3—4x—x2> dx:§x2+§\/—x2—4x—3x
1
+\/—m2—4m—3—§ arcsin (—z — 2)

inputLintegrate(x+(—x"2-4*x—3)"(1/2),x, algorithm="maxima")

e

1/2%x"2 + 1/2*sqrt(-x"2 - 4%x - 3)*x + sqrt(-x~2 - 4*x - 3) - 1/2*arcsin(-
‘X - 2)

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.78

1 1 1
/<x+\/—3—4x—x2> dx=§x2+§v—932—493—3($+2)+§arCSin(x+2)

-

input integrate (x+(-x"2-4*x-3)~(1/2) ,x, algorithm="giac")

N\

outpu‘c‘l/%‘xh2 + 1/2%sqrt (-x72 - 4*x - 3)*(x + 2) + 1/2*arcsin(x + 2)

Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.81

[(o+vB—m=w) ar= 20Dy (240) o mie g4 D

input Llnt(x + (- 4xx - x~2 - 3)°(1/2) ,X)

output 28TBGX + 2)/2 + (/2 + (- 4xx - x72 - 3)7(1/2) + x°2/2
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.00

: 9)  v—2?—dz— 2
/<x+\/—3—4x—x2> dxzaszn(a:+ )+ ° 2x 3z+\/—x2—4x—3+%

2

e

Lint (x+(-x"2-4%x-3)"(1/2) ,x)

~—

input

‘(asin(x + 2) + sqrt( - x**2 — 4*kx - 3)*x + 2ksqrt( — x**2 - 4xx - 3) + x*kx* ‘

Lz)/z J

output




output
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348

3.43 dx

1
f T+v—3—4r—12

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . .. ... L Lo
Rubi [A] (verified) . . . .. . . ... ..
Maple [B] (verified) . . . . . . . . . ..
Fricas [B| (verification not implemented) . . . . . ... ... ... ... .....
Sympy [F] . . .
Maxima [F] . . . . . ..
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Mupad [F(-1)] . . . o o
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 18, antiderivative size = 96

/ 1 V=3 —4z — x2
dzr = — arctan
z++/—-3— 4z — 22 3+z
1— 3vV—3—4z—z2
— v/2arctan A
( V2 )

1 1
+§log(3—|—x)—|——lo

2

|

z+ V-3 —4x — 22
3+

)

‘{

-arctan((-x"2-4*x-3)"(1/2)/(3+x))-27(1/2) *arctan(1/2* (1-3* (-x"2-4*x-3) " (1/

2)/(3+x))*2~(1/2))+1/2%1n(3+x) +1/2*1n ((x+(-x"2-4*x-3) ~(1/2)) / (3+x))

N
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Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.84

/ 1 dr = -
43 —dz _a? 2 34z

2(1
— 2\/5 arctan \/_( + ac)
14+z2++vV/—-3—4x — 22

+ log <x+ \/m>>

1( (\/—3—4x—z2>
= —2arctan

-

inputLIntegrate[(x + Sqrt[-3 - 4*x - x72])7(-1),x]

~—

Output‘/(—2*ArcTan[Sqrt[—3 - 4xx - x72]1/(3 + x)] - 2*Sqrt[2]*ArcTan[(Sqrt[2]*(1 +
‘x))/(l + x + Sqrt[-3 - 4*x - x72])] + Loglx + Sqrt[-3 - 4*x - x72]]1)/2 ‘

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.29,

number of steps used = 13, number of rules used = 12, Bumber of rules _ 0.667, Rules
integrand size

used = {7287, 27, 1356, 27, 452, 216, 240, 1142, 27, 1083, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
[ =
| 7287
2/ 2v/—z -1 V-1
Vo3 (s +1) (B -2t ) Vet
| 27
V-z -1 Vo1

4/m(;“f:;+1) (G -2 ) Vers
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l 1356
4(1/_2(%“)01%:6-1 1/ 2(255t +1) dm)

+7

—z—1 3(—z—1)  2v/—az—1

s+l Veis ' 8) e vt Y aes
l 27

3V—a—1
(1] s L e )
3(—z—1 2/—z—1 —r— 1
4 (a:+3)_ s +1 vz +3 243 Vz+3

| 452
3v—z—1 :
nE _/ﬁ 1 vzl V—I— gYoE1) 1 /‘ Vers 1 Ve
4 ;ﬂ_gl'{'l vz +3 VZ¥3 +1) VT +3 3(—131) 2‘/7;-1;51"‘1 JT+3

l 216

(o T ren (50 st

4 4 [ 3(=z—1) 2y/—z—1
T3 (2 +1) VEH3 Vi +3 e gy Va3
l 240
4 1/ 3V;j'gl+1 d _x_l—i-l(—arctan(_x_1>—110g<_x_1+1>>)
3(—z—1)  2v/—z-1
4 (xis)_ mi?) +1 Vz+3 4 vz +3 2 z+3
l 1142
3V—z
4(1<2/‘ 1 dd—m—14_{/ f%l— @q;) dv—m—1)+¢< ammn<¢:
4 3(—z—1) _ 2/—a-1 /e +3 ' 2]  3(==-1) 2/—=z-1 Jr+3 4\ N
713 Jors T1 z+3 713 Jors T1 z+3 Ve
l 27
4(1<2/ L o1 gl d —x—1)+1< arctan( T
4 3(—a—1)  2v/—z-1 3( T 1) 2v/—z—1 ./ 4\ /
«+3  Vz+3 +1 Ve+3 Vz+3 +1 v v 3

l 1083
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1 _{/ 1 (&Am—1_2> /‘ I — Vel +1<_de<vum—1
4 _ ;ﬁ—?’l 8 VT +3 3(;151) _ 2\/;%1 +1 Vz+3 vz +3
l 217

1 Sl —2 1- Vz—1\ 1 vz -1\ 1
4 1 V2arctan | Y22 | — 3o l) oI d 3 + = | —arctan — —log
2v2 i3 e TLOVET

l 1103

1 vz -1\ 1 —z—1 1 Jors 2 1 3(—z—1)
4(4< arctan( m) 210g<x+3 +1>>+4(\/§arctan< 2v3 +210g 243

input‘ Int[(x + Sqrt[-3 - 4*x - x72])~(-1),x] ‘

. 4*((-ArcTan[Sqrt[-1 - x1/Sqrt[3 + x1] - Logll + (-1 - x)/(3 + x)1/2)/4 + (
'Sqrt[2]*ArcTan[(-2 + (6*Sqrt[-1 - x])/Sqrt[3 + x]1)/(2*Sqrt[21)] + Logli +
L<3*<-1 - x))/(3 + x) - (2*Sqrt[-1 - x])/Sqrt[3 + x11/2)/4) J

outpu

Defintions of rubi rules used

rule 27 Tntl@)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 216 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

rule 217 Intl((@) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])7(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] Il LtQ[b, 01)




rule 240

rule 452

rule 1083

rule 1103

rule 1142

rule 1356

rule 7287
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Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
=2, x]11/(2%b), x] /; FreeQ[{a, b}, x]

Int[((c_ ) + (@_.)*(x_))/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[c Int[1/
(a + bxx~2), x], x] + Simp[d Int[x/(a + b*x~2), x], x] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c~2 + axd~2, 0]

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*axc - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d*(Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

N\

Int[((d_.) + (e_.)*(x_))/((a)) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*c*xd - b*e)/(2%c) Int[1/(a + b*x + c*x~2), x], x] + Simpl[e/(2%c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x]

Int[((g_.) + (h_.)*(x_))/(((a_) + (b_.)*(x_) + (c_.)*(x_)"2)*((d_) + (f_.)*
(x_)"2)), x_Symbol] :> With[{q = Simplify[c~2*d"2 + b~2xd*f - 2*axcxd*f + a
~2%£72]}, Simp[1/q Int[Simp[g*c™2*d + gxb~2*f — axbxh*xf - a*gkc*xf + c*(hx*
cxd + g¥b*xf - axh*f)*x, x]/(a + b*x + c*x"2), x], x] + Simp[1/q Int[Simp[
bxh*xd*f - gkckd*f + axgxf~2 - fx(hkcxd + gxbxf - axh*xf)*x, x]/(d + £*x~2),

x], x] /; NeQlq, 011 /; FreeQ[{a, b, c, d, f, g, h}, x] && NeQ[b~2 - 4*axc,
0]

Int[u_, x_Symbol] :> With[{lst = FunctionOfSquareRootOfQuadraticl[u, x]}, Si
mp[2 Subst[Int[1st[[1]], x], x, 1st[[2]1]1], x] /; !FalseQ[lst] && EqQ[lst
[[3]11, 3]] /; EulerIntegrandQ[u, x]




input

output

CHAPTER 3. LISTING OF INTEGRALS 353

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 369 vs. 2(83) = 166.

Time = 0.52 (sec) , antiderivative size = 370, normalized size of antiderivative = 3.85

method | result

VeVt (_ 270_2”“) 712 | V2 arctan 7?6— Tarctanh 3 > 322 12 vavi
in(2-2) j RIS =
default arcsin T _ +

2 22,
12 | {232 2 (—g=+1
BT )

trager | Expression too large to display

-

Lint(l/(x+(-x‘2—4*x-3)A(1/2)),X,method=_RETURNVERBOSE)

-/

1/2*arcsin(2+x)-1/12*3~(1/2) %4~ (1/2)*(3*x~2/(-3/2-x) ~2-12)~(1/2)* (2~ (1/2) *
arctan(1/6+*(3*x~2/(-3/2-x) "2-12)~(1/2)*2~(1/2)) -arctanh (3*x/(-3/2-x) / (3*x~
2/(-3/2-x)"2-12)"(1/2)))/ ((x~2/(-3/2-x) ~2-4) / (x/ (-3/2-x)+1)"2) ~(1/2) / (x/ (-
3/2-x)+1)+1/3%3"(1/2)*4~(1/2) / ((x~2/(-3/2-x) ~2-4) / (x/ (-3/2-x)+1)"2)~(1/2)/
(x/(-3/2-x)+1)*(3*%x~2/(-3/2-x) ~2-12) ~(1/2) *2~(1/2) *arctan(1/6* (3*x~2/(-3/2
-x)"2-12)"(1/2)*27(1/2))-1/6%3"(1/2) ¥4~ (1/2) * (3*x~2/ (-3/2-x) "2-12) " (1/2) *(
27 (1/2)*arctan(1/6*(3*x~2/(-3/2-x)"2-12)~(1/2)*2~(1/2) )+arctanh (3*x/(-3/2-
x)/(3%x~2/(-3/2-x)"2-12) ~(1/2))) / ((x~2/(-3/2-x) "2-4) / (x/ (-3/2-x)+1)~2) ~(1/
2)/(x/(-3/2-x)+1)+1/4*%1n (2*xx~2+4*x+3)-1/2%2" (1/2) *arctan(1/4* (4*x+4) *2~ (1/
2))
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Time = 0.09 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.95

e

inputL

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 187 vs. 2(83) = 166.

1 1
dr = —=v/2arctan (V2(z + 1
/x+\/—3—4x—x2 2 ( ( )>

1 V2 +3v2v/—22 — 42 -3
-I—Z\/ﬁarctan( 2(2x—|—3)

_ N —72 _ _
+i\/§arctan<—\/§x 3\/5 7 4z -3

2(2z+3)

1 arctan V—z? -4z —3(z+2)
2 z2+4x+3

+Zi log (22° + 4z + 3)

1 (_2\/—902 —4x—3x+4x+3>
2

— -1
8Og T

1 2v/—22—4x—-3x—4x—3
+ = log
8 2

integrate(1/(x+(-x"2-4%x-3)~(1/2)) ,x, algorithm="fricas")

~—

output

-1/2xsqrt(2)*arctan(sqrt(2)*(x + 1)) + 1/4*sqrt(2)*arctan(1/2*(sqrt(2)*x +
3*sqrt (2)*sqrt (-x"2 - 4*x - 3))/(2*x + 3)) + 1/4*sqrt(2)*arctan(-1/2*(sqr
t(2)*x - 3*sqrt(2)*sqrt(-x~2 - 4xx - 3))/(2*x + 3)) - 1/2*arctan(sqrt(-x~2
- 4xx - 3)x(x + 2)/(x72 + 4xx + 3)) + 1/4%1log(2*x"2 + 4*x + 3) - 1/8%log(
-(2%sqrt(-x"2 - 4*xx - 3)*x + 4xx + 3)/x72) + 1/8%log((2*sqrt(-x"2 - 4*x -

3)*x - 4xx - 3)/x72)
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Sympy [F]

L/‘ ! dx::t/1 1 dz
z++vV-3—4dz —a? T+vV—2°—4dz—3

inputLintegrate(1/(x+(—x**2—4*x—3)**(1/2)),x)

outputtlntegral(l/(x + sqrt(-x**2 - 4xx - 3)), x)

Maxima [F]

[ vt
z++vV-3—4dz —a? c+vV—2—4dz—3

T

inputLintegrate(1/(X+(—X‘2—4*x—3)”(1/2)),x, algorithm="maxima")

outputtintegrate(l/(x + sqrt(-x"2 - 4*x - 3)), x)




input

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 197 vs. 2(83) = 166.

Time = 0.12 (sec) , antiderivative size = 197, normalized size of antiderivative = 2.05

—% 2 arctan <\/§(x + 1))
+%N@ammﬂ<%v§<3hﬁqﬁ£4x—3—1)+1)>

1
/ dzr =
z+vV—-3—4z — x2

r+2
vV—x2—-4zx-3-1
+%\/§arctan (%\/ﬁ( a: z=3 +1

z+2
1 1 ,
+3 arcsm(ac—|-2)+zl log (22° + 4z + 3)
1 (QQLﬂﬂ—4x—3—U

o1
08 42

1 2(V-22—4z-3-1)
_110g< T+ 2

‘integrate(1/(x+(—x“2—4*x—3)“(1/2)),x, algorithm="giac")

-1/2*sqrt(2)*arctan(sqrt(2)*(x + 1)) + 1/2*sqrt(2)*arctan(1/2*sqrt(2)*(3*(
sqrt(-x"2 - 4xx - 3) - 1)/(x + 2) + 1)) + 1/2*sqrt(2)*arctan(1/2*sqrt(2)*(
(sqrt(-x"2 - 4*x - 3) - 1)/(x + 2) + 1)) + 1/2%arcsin(x + 2) + 1/4*log(2*x
2 + 4*xx + 3) + 1/4*%log(2*(sqrt(-x"2 - 4*x - 3) - 1)/(x + 2) + 3*(sqrt(-x~
2 - 4%xx - 3) - 1)72/(x + 2)72 + 1) - 1/4*x1log(2*(sqrt(-x~2 - 4*x - 3) - 1)/
(x +2) + (sqrt(-x"2 - 4%x - 3) - 1)72/(x + 2)72 + 3)

N
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Mupad [F(-1)]

Timed out.
/ - dz = / = dz
T ++/-3—4dz — 2?2 z++vV—12—41x—3
inputtint(l/(x + (- 4%x - x~2 - 3)°(1/2)),x) J
output| 1BE(L/ G + (= 4xx - x72 - 3)7(1/2)), ) ]

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.46

/ 1 p _asm(x+2)_\/§amn< ( 2 >

T =
T+vV-3—4x — 22 2 V2

4 log(\/ —x? —2430 -3+ m)

input | 10 (1/ et (-x72-4%x-3)(1/2)) , ) J

output‘ (asin(x + 2) - 2xsqrt(2)*atan((3*tan(asin(x + 2)/2) - 1)/sqrt(2)) + log(sq ‘
Lrt( - x¥*2 - 4xx - 3) + x))/2
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1
3-44 f (a:-l-\/ —3—43:—3:2)2 de

Optimal result . . . . . . . . . . ..
Mathematica [A] (verified) . . . . . . ... ... L o 358
Rubi [A] (verified) . . . . . . . .. .. 359
Maple [C] (verified) . . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 3611
Sympy [F] . . . 362
Maxima [F] . . . . . .. 362
Giac [B] (verification not implemented) . . . . . . . . .. ... ... ... ... 362
Mupad [F(-1)] . . .«
Reduce [B] (verification not implemented) . . . ... ... ... . ... .....

Optimal result

Integrand size = 18, antiderivative size = 101

e v
/ 1 p 1-— @ arctan (+>
T = T +
(+vV=8—dr—at) 1B N V2

o (1= (-x"2-2%x-3)~(1/2) / (3+x)) / (1-2% (~x"2-4%x-3) " (1/2) / (3+x) 3% (x"2+4xx+3) /(|

out

TP 34m072) +1/2427 (1/2) varctan (1/2% (1-3+ (-x"2-4%x-3) " (1/2)/ (3+))%2" (1/2)) |

Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.83

1
/ 5 dx
(z+ V-3 — 4z — 2?)
34z 4 (3+2x)V/—3 — 4z — 22 + V2(3 + 4z + 222) arctan (%)
- 2(3+ 4z + 22?)

input LIntegrate[(x + Sqrt[-3 - 4xx - x72])"(-2),x] J
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. 3+ x + (3+ 20)xSqrt[-3 - 4xx - x°2] + Sqrt[2]#(3 + 4xx + 2xx"2)xArcTan

outpu
L[(Sqrt[2]*(1 +x))/(1 + x + Sqrt[-3 - 4*x - x°21)1)/(2%(3 + 4*x + 2%x~2)) J

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 100, normalized size of antiderivative = 0.99,

number of rules _ 0.278, Rules

number of steps used = 6, number of rules used = 5, integrand size

used = {7287, 27, 1159, 1083, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 5 dx
(V=a2=%—3+2)

l 7287
2/_ 2v/—z—1 p —x—1
VaTs (3l _aimd )t Vads
l 27
_4/ v-z-1 dm
vaEs (Ut - 2t ) VR
l 1159
—x—1
4(1/3(— e e )
e R e )
11083
_4(_1/ — d<6m—2>— ) )
2) —== 18\ Vz+3 4 (2GR - 2 1)
l 217
6%_2
» arctan< W) ) 1— ;1—31
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input‘ Int[(x + Sqrt[-3 - 4*x - x72])~(-2),x] ‘

output}-4*(-1/4*(1 - Sqrt[-1 - x]1/8qrt[3 + x1)/(1 + (3*(-1 - x))/(3 + x) - (2%Sqr
t[-1 - x]1)/Sqrt[3 + x]) + ArcTan[(-2 + (6%Sqrt[-1 - x])/Sqrt[3 + x])/(2*Sq
Tt[21)1/(4sSart[2]) J

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

rule 217

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

N J

rule 1083

Int[((d_.) + (e_)*(x_))*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
] :> Simp[((b*d - 2xa*e + (2kcxd - b*e)*x)/((p + 1)*(b"2 - 4x*a*c)))*(a + bx
X + cxx”2)"(p + 1), x] - Simp[(2*p + 3)*((2*cxd - b*e)/((p + 1)*(b~2 - 4*ax
c))) Int[(a + bxx + c*x~2)~(p + 1), x], x] /; FreeQ[{a, b, c, d, e}, x] &
& LtQlp, -1] && NeQ[p, -3/2]

rule 1159

Int[u_, x_Symbol] :> With[{lst = FunctionOfSquareRootOfQuadratic[u, x]}, Si
mp[2 Subst[Int[1st[[1]], x], x, 1st[[2]]], x] /; !FalseQ[lst] && EqQ[lst
[[3]1], 3]1] /; EulerIntegrandQ[u, x]

rule 7287
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.18 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.09

method | result

2 RootOf <_ZQ +2> 243 RootOf (_ZQ +2> +2v/—22—4z-3
RootOf (_Z2 +2) In

__ Qo4 (@ot8)V=a?de3 _ R°°t0f(—Z2 “)””‘2“‘3
2(2z2+4z+3) 4z2+8z+6 4

trager

default | Expression too large to display

input Lint (1/ (x+(-x"2-4*x-3)~(1/2))~2,x,method=_RETURNVERBOSE) J

( o
Output‘-1/2*(2*x+3)*x/(2*x‘2+4*x+3)+1/2*(2*x+3)/(2*x*2+4*x+3)*(_x*2_4*x_3)A(l/z)_

\ 1/4%Root0f (_Z~2+2) *1n((2*Root0f (_Z~2+2) *x+3*Root0f (_Z~2+2) +2* (-x~2-4*x-3) ~ \

L(1/2> )/ (RootOf (_Z~2+2) *x—-2%x-3) ) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.20

1
/ 5 dx
(z++vV-3—4z —z?)
- 2v2(222 + 4z + 3) arctan (v2(z + 1)) — v2(22? + 4z + 3) arctan (ﬂ(64””(2;§°+ﬁi";)+~1;ﬁ;;”‘3) +4+/
B 8(2z2+4x+3)

input Lintegrate (1/(x+(-x"2-4%x-3)"(1/2))"2,x, algorithm="fricas") J

e

1/8% (2%sqrt (2) *(2*x"2 + 4*x + 3)*arctan(sqrt(2)*(x + 1)) - sqrt(2)*(2*x~2 \‘
+ 4xx + 3)xarctan(1/4%sqrt(2)*(6%x™2 + 20%x + 15)*sqrt(-x"2 - 4xx - 3)/(2%
X73 + 11%x72 + 18%x + 9)) + 4dxsqrt(-x"2 - 4dxx - 3)x(2kx + 3) + d¥x + 12)/(
Lz*x*z + 4%x + 3) J

output
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Sympy [F]

/<x+¢mf‘“=/ (w«ﬁ)m

input Lintegrate (1/ (x+ (~x**2-4%x-3) %% (1/2) ) ¥*2, %) J
OutputLIntegral((x + sqrt(-x**2 - 4%x - 3))*x(-2), x) J
Maxima [F]
/(H\/ﬁ)m:/ (m+\/_x21_—4x_3)2d$
input Lintegrate (1/ (x+(-x"2-4%x-3)"(1/2))"2,x, algorithm="maxima") J
output| 1Btegrate((x + sqrt(-x"2 - 4xx - 3))°(-2), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 263 vs. 2(92) = 184.

Time = 0.12 (sec) , antiderivative size = 263, normalized size of antiderivative = 2.60

1
dz
/(x+¢m)2
=}1 23r0t3n<\/§(x+1)>_;11\/§arctan (%\/ﬁ<3(\/—x2;jz—3—1)+1>>

1 1 vV—x?—4x—-3-1 z+3
1 2arctan(§\/§( +1>>—|—2(

x+2 2224+ 4z +3)
10 (\/—$2—4$—3—1) 7 (\/—x2—4x—3—1)2 2 (\/—x2—4x—3—1>3
+ — +3
z+2 (£E+2)2 (:c+2)3

8 (V—e2—4z-3-1) 14(¢m_1)2 s(m_1)3 3(¢m_1)4
3 z+2 + (z+2) (z+2)° (z+2)° +3
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input‘integrate(1/(x+(—x"2—4*x—3)"(1/2))"2,x, algorithm="giac")

output 1/4*xsqrt(2)*arctan(sqrt(2)*(x + 1)) - 1/4*sqrt(2)*arctan(1/2*sqrt(2)*(3*(s
qrt(-x"2 - 4xx - 3) - 1)/(x + 2) + 1)) - 1/4*sqrt(2)*arctan(1/2*sqrt(2)*((
sqrt(-x"2 - 4xx - 3) - 1)/(x + 2) + 1)) + 1/2x(x + 3)/(2%x72 + 4*x + 3) -
1/3*%(10*(sqrt(-x"2 - 4*x - 3) - 1)/(x + 2) + 7*(sqrt(-x"2 - 4xx - 3) - 1)~
2/(x + 2)72 - 2x(sqrt(-x"2 - 4*x - 3) - 1)73/(x + 2)73 + 3)/(8*(sqrt(-x~2
- 4xx - 3) - 1)/(x + 2) + 14%(sqrt(-x"2 - 4*x - 3) - 1)72/(x + 2)72 + 8x(s
qrt(-x"2 - 4xx - 3) - 1)73/(x + 2)73 + 3x(sqrt(-x"2 - 4*x - 3) - 1)74/(x +
2)74 + 3)
Mupad [F(-1)]
Timed out.
1
/ ! 5 dr = / 5 dx
(z4+v—-3— 4z — 2?) (z++vV—-2>—4z—3)
inputtint(l/(x + (- 4%x - x72 - 3)7(1/2))72,%) J
Output‘tint(u(x + (- 4xx - X2 - 3)7(1/2))72, x) J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.91

1
/ 5 dr
(z4+ V-3 — 4z — 2?)
an asin(z+2) \ _ an asin(z+2)\ _
4\/—552—4.70—3\/§atan(3t ( \/; ) 1>+4\/§atan(3t ( \/; )1)x+7\/—x2—4x—3—x—
- 8v—22 —4x — 3+ 8z

inputLint(l/(x+(-x‘2—4*x—3)*(1/2))~2,X) J
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Output‘(4*sqrt( - x**%2 - 4xx - 3)*sqrt(2)*atan((3*tan(asin(x + 2)/2) - 1)/sqrt(2)
‘) + 4xsqrt(2)*atan((3*tan(asin(x + 2)/2) - 1)/sqrt(2))*x + Txsqrt( - x**2
- 4kx - 3) - x - 12)/(8%(sqrt( - xk*2 - 4kx - 3) + X))
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1
3-45 f (a:-l-\/ —3—43:—3:2)3 de

Optimal result . . . . . . . . . . .. 365
Mathematica [A] (verified) . . . . . . ... ... L o 360
Rubi [A] (verified) . . . . . . . .. .. 360
Maple [C] (verified) . . . . . . . . . ... 369
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 369
Sympy [F] . . . 370
Maxima [F] . . . . . .. 370
Giac [B] (verification not implemented) . . . . . . . . .. ... ... ... ... BT
Mupad [F(-1)] . . . o o
Reduce [B] (verification not implemented) . . . ... ... ... . ... .....

Optimal result

Integrand size = 18, antiderivative size = 174

v—3—4x—zx2
2 (2 - 34z >

1
/ (z+V-3—4dz— :v2)3 do=- 0v—3—dz—z? _ 3(3+dzta?))?
9 (1 - 3tz T (3+2)? >
13 — 27V —3—4zx—x2
34z

18 (1 w3 A a® _ 3<3+4z+m2))
3tz (3+x)?

V2

2v2

1—3V—3—4z—a?
3arctan [ —3=

‘ 1/9% (-4+2% (-x"2-4¥x-3) " (1/2) / (3+x) ) / (1-2% (-x~2-4*x-3) " (1/2) / (3+x) -3* (x~2+4 \
‘ *x+3) / (3+x) 72) "2-(13-27* (-x"2-4*x-3) ~(1/2) / (3+x) ) / (18-36* (-x~2-4*x-3) " (1/2 ‘
)/ (3+x)-54x (x~2+4xx+3) / (3+x) ~2)-3/4%2~ (1/2) ¥arctan (1/2% (1-3% (-x"2-4%x-3)"( |
‘ 1/2)/(3+x))*2~(1/2)) ‘

output
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Mathematica [A] (verified)

Time = 0.49 (sec) , antiderivative size = 109, normalized size of antiderivative = 0.63

1
/ 5 dr =
(z+vV-3—4z —z?)
9+ 15z 4 1622 + 623 + /=3 — 4z — 22(15 + 26z + 2222 + 823) + 3v/2(3 + 4z + 222)” arctan (1+—x
4 (3 + 4z + 222)°

tnput LIntegrate [(x + Sqrt[-3 - 4*x - x~2])"(-3),x] J

-1/4%(9 + 15%x + 16%x72 + 6%x°3 + Sqrt[-3 - 4xx - x"2]*(16 + 26%x + 224x™2
|+ 8%x73) + 3xSqrt[2]*(3 + 4x + 2%x"2)"2¢ArcTan[(Sqrt[2]*(1 + x))/(1 + x
‘+ Sqrt[-3 - 4*x - x72])]1)/(3 + 4*x + 2%xx72)72 ‘

output

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.94,

number of rules _
integrand size 0.389, Rules

number of steps used = 8, number of rules used = 7,
used = {7287, 27, 2191, 27, 1159, 1083, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
(V=22 —4z—3+2)
l7287
2/ 2m(;ﬁ§+1) N
\/x—_i_?)(3(;igl) _ 2\/%“)3 T +3
l27
4/ Ve =135+ 1) !
\/w—_i_?)(3(;_agl) _ 2%4_1)3 T+3
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l 2191
6y/—z—1 —z-1
ey (Va1 2- L2
16 9<3““_1)—-2V:5:T—k1)2 v+3 18(3@4%{)__2#—%—14_1>2
z+3 Vz+3 z+3 Vz+3
l 27
6v/—z—1 —z—1
ey RN 2-
18 3(—z—1) 2v/—az—1 27 Jx¥3 3(—z—1) 2y/—z—1 2
( T3 \/g% +1) 18( 3 \/a:i3 +1>
l 1159
97y/—a=1 ———
L 27/ 1 Mol BT _ 2= Vors
3(—z—1)  2y/—a—1 3(—z—1 - o g 2
R I L A= o)) e =ae)
l 1083
27v/—a—1 —z—1 \
W1 2 1 d<mﬁm—1_2>_ 18- B 2-Vrs
—z—1 oy o 2
18 2 ~2+3 -8 \/m 4<3(;1:it|-31) _ 2%4_1) 18 <3(;—T_g1) 2 ;_T_gl +1>
l 217
6 —w—1_2
1 27arctan.(Vfi22> 13 — ZAC;i;l 9_ 12;;
4 _ — — v
18 3(—z—1)  2y/—z—1 o V—z—1 2
42 4( (wi3 ) - Vai3 +1> 18 (3(m+31) - Q.Figl +1)

-

LInt[(x + Sqrt[-3 - 4*x - x72])"(-3),x]

| —

input

‘4*(-1/18*(2 - Sqrt[-1 - x]1/Sqrt[3 + x]1)/(1 + (3*(-1 - x))/(3 + x) - (2%Sqr
t[-1 - x1)/Sqrt[3 + x1)"2 + (-1/4%(13 - (27#Sqrt[-1 - x])/Sqrt[3 + x1)/(
‘+ (3*%(-1 - x))/(B + x) - (2*Sqrt[-1 - x])/Sqrt[3 + x]) + (27*ArcTan[(-2 +

output
L(G*Sqrt [-1 - x1)/Sqrt[3 + x1)/(2%Sqrt[21)1)/(4*Sqrt[21))/18) J
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 0])

rule 217

rule 1083 I0tLC(@) + (b_)*(x) + (c_.)*(x_)"2)7(-1), x_Symbol] :> Simp[-2  Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 1159 Int[((d_.) + (e_)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
] :> Simp[((b*d - 2%a*e + (2%c*d - b*e)*x)/((p + 1)*(b"2 - 4x*a*c)))*(a + bx*
X + c*xx”2)"(p + 1), x] - Simp[(2*p + 3)*((2*cxd - b*e)/((p + 1)*(b~2 - 4*ax
c))) Intl[(a + b*x + c*x~2)~(p + 1), x], x] /; FreeQ[{a, b, c, d, e}, x] &
& LtQlp, -1] && NeQ[p, -3/2]

rule 2191 Int[(Pq_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{Q =
PolynomialQuotient [Pq, a + b*x + c*x~2, x], f = Coeff[PolynomialRemainder [P
g, a + b*x + c*x"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x +
c*x”2, x], x, 11}, Simp[(b*f - 2*axg + (2%c*f - bxg)*x)*((a + b*x + c*x"2)~
(p+ D/((p + 1)*x(b"2 - 4*a*xc))), x] + Simp[1/((p + 1)*(b"2 - 4*a*c)) Int
[(a + b*x + c*x72) " (p + 1)*ExpandToSum[(p + 1)*(b~2 - 4x*a*c)*Q - (2*%p + 3)*
(2%c*f - bxg), x], x], x]1] /; FreeQl[{a, b, c}, x] && PolyQ[Pq, x] && NeQ[b~
2 - 4xaxc, 0] && LtQ[p, -1]

rule 7287 Int[u_, x_Symbol] :> With[{lst = FunctionOfSquareRootOfQuadratic[u, x]}, Si
mp[2 Subst[Int[1st[[1]], x], x, 1st[[2]]1], x] /; !FalseQ[lst] && EqQ[lst
[[3]1]1, 3]] /; EulerIntegrandQ[u, x]
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.30 (sec) , antiderivative size = 131, normalized size of antiderivative = 0.75

method | result

2 RootOf <_ZQ +2> x+3 RootOf <_£’
3RootOf (_ZQ +2)In| - e

(423+1002+120+9)z  (823+2222+262+15)vV—22—45—3 RoorOf (— +2) i
trager —

4(222+42+3)2 4(222+43+3)? - 8

default | Expression too large to display

input Lint (1/ (x+(-x"2-4*x-3) " (1/2)) ~3,x,method=_RETURNVERBOSE) J

output \ 1/4% (4%x~3+10%x~2+12%x+9) *x/ (2%x~2+4%x+3) "2-1/4% (8*x~3+22%xx~2+26*x+15) / (2% ‘
| X"2+4%x+3) 2% (-x"2-4%x-3) " (1/2)-3/8+*Root0f (_Z"2+2) *1n(-(2*RootOf (_Z"2+2)*x |
\ +3*%Root0f (_Z"2+2) -2% (-x~2-4*x-3) " (1/2) ) / (RootOf (_Z~2+2) *x+2%x+3)) \

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 171, normalized size of antiderivative = 0.98

1
/ 5 dr =
(z 4+ V-3 — 4z — 2?)
2423 4+ 6/2(42* + 16 2° + 2822 + 24 + 9) arctan (vV2(z + 1)) — 3v2(4z* + 16 2% +282? + 242
16 (42* + 16 x

;
integrate(1/(x+(-x"2-4*x-3)~(1/2))"3,x, algorithm="fricas")

N\ J

input

-1/16%(24*x"3 + 6xsqrt(2)*(4*%x~4 + 16*x~3 + 28*x"2 + 24*x + 9)*arctan(sqrt
(2)*(x + 1)) - 3*sqrt(2)*(4*x"4 + 16%x"3 + 28*x"2 + 24*x + 9)*arctan(1l/4*s
qrt(2)*(6*x~2 + 20*x + 15)*sqrt(-x"2 - 4*x - 3)/(2*x"3 + 11%x72 + 18*%x + 9
)) + 64xx72 + 4% (8*xx"3 + 22%x72 + 26*x + 15)*sqrt(-x"2 - 4xx - 3) + 60*x +
36)/(4xx"4 + 16%x”3 + 28*x"2 + 24*x + 9)

output
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Sympy [F]

h/1 L 3d¢==u/1 L 5 dT
(z + V-3 — 4z — z?) (z ++v—2% — 4z — 3)

inputLintegrate(1/(x+(—x**2—4*x_3)**(1/2))**S’X)

output | TBtegral((x + sqre(-xxx2 - dxx - 3))xx(-3), x)

Maxima [F]

/ (m—}-m)?’ & :/ (x_|_\/_1-21_4x_3)3 de

inputLintegrate(1/(x+(—x‘2—4*x—3)*(1/2))A3,X’ algorithm="maxima")

outputtintegrate<(x + sqrt(-x"2 - 4%x - 3))7(-3), x)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 367 vs. 2(154) = 308.

Time = 0.14 (sec) , antiderivative size = 367, normalized size of antiderivative = 2.11

Ammf’m

1 3 V-12—4r—-3-1
__3 2 arctan (\/ﬁ(az + 1)) + = \/_arctan \/5 ) +1
8 T+ 2
3 1 —4r—-3-1 623+ 1622+ 152+ 9
+—\/§a,rcta,n —\/5 +1
8 <2 ( z+2 )) 4(222 441+ 3)°
618 <\/—w2—4z—3—1> 1547 (\/—12 - 1 2362 V—2?—4z-3 )3 2223 (\/—3}2—4:0—3—1)4 1174 (\/—m2—4m—
+ =+2 @+2)” @2’ @t2)" + @12’
8 (\/—@2—4 z—3—l) 14 (\/—1:2—41:—3—1)2 8 (\/—1:2—41:—3—1)3 3 (\/
18 - + o e

p
Lintegrate(1/(x+(—x‘2—4*x—3)‘(1/2))‘3,x, algorithm="giac")

-/

input

-3/8%*sqrt(2)*arctan(sqrt(2)*(x + 1)) + 3/8*sqrt(2)*arctan(1/2*sqrt (2)*(3*(
sqrt(-x72 - 4*%x - 3) - 1)/(x + 2) + 1)) + 3/8*sqrt(2)*arctan(1/2*sqrt (2)*(
(sqrt(-x72 - 4%x - 3) - 1)/(x + 2) + 1)) - 1/4x(6*x"3 + 16%x72 + 15%x + 9)
/(2%x"2 + 4*xx + 3)72 + 1/18%(618*(sqrt(-x"2 - 4*xx - 3) - 1)/(x + 2) + 1547
*¥(sqrt(-x"2 - 4%x - 3) - 1)72/(x + 2)72 + 2362*(sqrt(-x"2 - 4*x - 3) - 1)~
3/(x + 2)73 + 2223%(sqrt(-x"2 - 4*x - 3) - 1)74/(x + 2)74 + 1174*(sqrt(-x~
2 - 4xx - 3) - 1)°5/(x + 2)75 + 377*(sqrt(-x"2 - 4*x - 3) - 1)76/(x + 2)76
+ 6x(sqrt(-x"2 - 4*x - 3) - 1)77/(x + 2)°7 + 117)/(8*(sqrt(-x"2 - 4*x - 3
) - D/(x + 2) + 14*(sqrt(-x"2 - 4*x - 3) - 1)72/(x + 2)72 + 8x(sqrt(-x"2
- 4xx - 3) - 1)73/(x + 2)73 + 3*(sqrt(-x"2 - 4*%x - 3) - 1)74/(x + 2)"4 + 3
)72

output
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Mupad [F(-1)]

Timed out.

/(w-f—\/mydx:/(x—l—\/—x:——élx—?))?’dx

inputtint(l/(x + (- 4xx - x72 - 3)7(1/2))"°3,%) J

Outputtint(l/(x + (- 4xx - x~2 - 3)~(1/2))"3, x) J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.78

1
/ 5 dr
(z4+ V-3 — 4z — 2?)
an asin(z+2) | _ an asin(z+2) | _
—36v—x2 — 4z — 3\/§ata’n<3t ( \/; ) 1) T+ 72\/§atan<3t ( \/; ) 1) T+ 54\/§atan(
B 48v/—22 — 4z — 32 — 96z —°

3tan(

input Lint(1/(x+(-x“2—4*x-3)*(1/2))A3’x) J

( - 36*sqrt( - x**2 - 4*x - 3)*sqrt(2)*atan((3*tan(asin(x + 2)/2) - 1)/sqr
t(2))*x + 72xsqrt(2)*atan((3*tan(asin(x + 2)/2) - 1)/sqrt(2))*x + 54*sqrt(
2)*atan((3*tan(asin(x + 2)/2) - 1)/sqrt(2)) - 10*sqrt( - x**2 - 4*xx - 3)*x
+ 30*sqrt( - x**2 - 4xx - 3) + 24*x**2 + 86%x + 33)/(24*(2*sqrt( - x**2 -
4xx - 3)*x - 4%x - 3))

output
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3.46 [(d+ex+ fvV—a+bz —cx2)2 dz

Optimal result . . . . . . . . .. . . .
Mathematica [A] (verified) . . . . . . . . . ... L B74
Rubi [A] (verified) . . . . . . .. . . 374
Maple [A] (verified) . . . . . . . . . . 375
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 377
Maxima [F(-2)] . . . . . . o o e B8
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 378
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. .... 3791
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 26, antiderivative size = 243

/<d+e:v+f\/—a+bw—cx2>2 dr = (dz—af2)z+%(2de+bf2) x2+%(e2—cf2) z3
df (b — 2cz)v/—a + bz — cx?

2c
bef(b— 2cx)v/—a + bx — cx?
B 4c?
2ef(—a + bz — cz?)*?
B 3c

(b2 _ 4ac) df arctan <Wi—a+w)

4¢3/2

b(b? — dac) ef arctan (W%)

805/2

(—a*xf~2+d"~2) *x+1/2% (b*f ~2+2*d*e) *x"2+1 /3% (—c*xf~2+e"2) *x"3-1/2*d*f* (—2*cxx+
b) * (—c*x"2+b*x-a) ~(1/2) /c—1/4xbxexf* (-2*kc*x+b) * (—c*x~2+b*x-a) ~(1/2) /c"2-2/
3*e*xf* (—cxx"2+b*x-a) "~ (3/2) /c-1/4* (—4*a*xc+b~2) *d*xf*arctan (1/2% (-2*c*x+b) /c”
(1/2)/ (c*x~2+b*x-a) ~(1/2)) /c~(3/2) -1/8*b* (-4*a*c+b~2) *e*xf*arctan (1/2* (-2*
c*x+b) /c~(1/2) / (—c*xx~2+b*x-a) " (1/2)) /c~(5/2)

output
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Mathematica [A] (verified)

Time = 2.22 (sec) , antiderivative size = 165, normalized size of antiderivative = 0.68

d+ex+ fvV—a+ bz — cx? de
[ (a+eass )

1 —2z(—6d* + 6af? — 6dex + z(—3bf* — 2e*x + 2cf*x))

T 12
N fv/—a+z(b— cx)(—3b% — 2bc(3d + ex) + 4c(2ae + cz(3d + 2ex)))
2
2 _ ez
3(b* — 4ac) (2¢d + be) f arctan ( = \/_Hz(b_cm))

c5/2

e

inputLIntegrate[(d + exx + f*Sqrt[-a + b*x - c*x"2])72,x]

~—

Output‘(-2*X*(-6*dA2 + B*kaxf~2 - 6kxd¥e*xx + x*(-3xb*f~2 - 2%e”2*x + 2kcxf"2Axx)) +
‘(f*Sqrt [-a + x*(b - c*x)]*(-3*b"2xe - 2xb*c*(3xd + exx) + 4xc*(2*axe + c*x ‘
\*(3*d + 2xe*x))))/c”2 - (3*%(b"2 - 4*axc)*(2*c*d + bke)*fxArcTan[(Sqrt[c]*x \

)/ (Sqrtl-al - Sqrtl-a + x*(b - cxx)1)1)/c"(5/2))/12

Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 243, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 0.077, Rules
integrand size

used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

—a+br—cx?+d+ex 2dx
| (v )

l 7293

d?2 2de

[ (pov=aria—a +oesavari- e+ (1- ) waden( L +1) v (1- % ) ) o
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| 2009
df (b* — 4ac) arctan (%) bef(b? — 4ac) arctan (W%)
4c3/2 8c5/2
bef(b—2cx)vV—a+bxr —ca?  df(b—2cx)V—a+bx—cx? 2ef(—a+bz— cac2)3/2
4c? B 2¢ B 3c +
w(d2——af2)+—%m2(bf24—2de)+—%x3(62——cf2)

e hY

input \Int[(d + exx + fxSqrt[-a + b*x - c*x~2])"2,x] /

(@72 - axf~2)xx + ((2xdxe + b*£~2)*x"2)/2 + ((e72 - c*£72)*x"3)/3 - (d*f*(
b - 2xcxx)*Sqrt[-a + b*x - c*xx"2])/(2%c) - (b*exf*(b - 2%c*x)*Sqrt[-a + b*
x - c*x72])/(4%c™2) - (2xexf*x(-a + b*x - c*x72)7(3/2))/(3*c) - ((b"2 - 4*a
xc)*d*xf*xArcTan[(b - 2*c*x)/(2*Sqrt[c]*Sqrt[-a + b*x - c*x~2])])/(4%c~(3/2)
) = (b*(b"2 - 4xaxc)*e*xfxArcTan[(b - 2*c*x)/(2*Sqrt[c]*Sqrt[-a + b*x - c*x
~21)1)/(8*%c~(5/2))

output

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 7293111113 [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v] ‘

] |

Maple [A] (verified)

Time = 1.75 (sec) , antiderivative size = 210, normalized size of antiderivative = 0.86

method | result

(4ac—b2) arctan <

default | f2(—icz® + 1b2? — za) +2f | d _(—2cw+b)\/4w _ R
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input| 10t ((d+erxtfx (-cxx"2+bx-a)~(1/2))"2,x, method=_RETURNVERBOSE) |

£72% (—1/3%c*xx"3+1/2xb*x"2-x%a) +2*f* (d* (-1/4* (-2*c*xx+b) /c* (-c*x"2+b*x-a) ~ (1
/2)-1/8*(4*a*xc-b"2)/c~(3/2)*arctan(c”(1/2) *(x-1/2*b/c) / (-cxx~2+b*x-a) ~(1/2
)))+ex (-1/3*(-ckx~2+b*x-a) ~(3/2) /c+1/2xb/c* (-1/4* (-2%c*x+b) /c* (—c*xx~2+b*x-
a)~(1/2)-1/8x(4*axc-b"2) /c~(3/2)*arctan(c”(1/2) *(x-1/2%b/c) / (-c*x~2+b*x-a)
~(1/2)))))+1/3*(e*x+d) ~3/e

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 450, normalized size of antiderivative = 1.85

/<d-|—eac+f\/—a+bsr:—cacz>2 dx

16 (c*f% — Pe?)z® — 3 (2 (b*c — 4 ac?)d + (b® — dabc)e)/—cf log (—8 *a? + 8 bex — b* — 4v/—cx? -

8(c*f? — c3e?)x® + 3 (2(b*c — 4ac?)d + (b® — 4abc)e)/cf arctan (\/maw_b)ﬁ> — 12 (bc*

2 (c2z2—bcx+ac)

-

| —

inputLintegrate((d+e*X+f*(‘C*X“2+b*X-a)“(1/2))“2,x, algorithm="fricas")

[-1/48* (16*(c™4*f~2 — c”"3*%e"2)*x"3 - 3*(2*x(b"2xc — 4*a*c”2)*d + (b~3 - 4x*a
xb*c) *xe) *sqrt (-c) *f*Llog(-8*c~2*x"2 + 8*bkc*x — b™2 - 4*sqrt(-c*x”2 + b*x -
a)*(2xc*x - b)*sqrt(-c) - 4xa*c) - 24*(b*c"3*f72 + 2xc”3xd*e)*x"2 + 48+*(a
*C"3*%f72 - c73*d"2)*x — 4% (8*kc " 3kexf*x"2 + 2% (6*c”"3*%d — b*c"2ke)*fxx - (6%
bxc2xd + (3%¥b~2%c - 8xaxc”2)*e)*f)*sqrt(-c*x~2 + bxx - a))/c”3, -1/24* (8%
(c™4x£f72 - c™3%e”2)*x"3 + 3x(2x(b™2%c - 4*axc”2)*d + (b~3 - 4*axb*c)*e)*sq
rt(c)*f*arctan(1/2*sqrt (-c*x~2 + b*x - a)*(2*c*x - b)*sqrt(c)/(c™2*x"2 - b
*cxx + axc)) - 12%(bxc”™3*f72 + 2xc”~3*d*e)*x"2 + 24*(axc”"3*%f"2 - c”3*%d"2)*x
- 2% (8*c"3*xe*xf*x"2 + 2x(6*%c”3*d - bxc”"2*e)*f*x — (6%bxc”2*%d + (3*%b"2*c -

8*axc~2)xe) *f)*sqrt(-c*x~2 + b*x - a))/c”3]

output
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Sympy [A] (verification not implemented)

Time = 0.77 (sec) , antiderivative size = 357, normalized size of antiderivative = 1.47

bf?*a®  cf’a’

2
/<d+em+f\/—a+bx—cz2) de = —af’z + 5 3 + d’z + dex?
(
log ( b—2cz+2+/—cV—a+bx—cz?
2 5 * \\/ﬁ_fc i ) fora — Z—i #0
a b b T
<_§ + 8_c> (—Q%-i-ar:) log (—2%4-%) . + (_@ + 5) \/_a + bx - ch f
~ otherwise
+2df \/—c<— 2%+m)
3
2(—a+bzx)2
3b f
\x\/ —a (

N e2z?
3
)
log (b—2cz+2+/—cV —a+bx—cz? 2
) ( — ) fora—% #0
b b(_%+%ﬂ - ‘ 2
al |
et T (& +) log (~ £ +2) , +vV-a+bz —cz?( -
2 otherwise
ey
+2ef \/ o(=5:+2)
(catba)? | (—atbe)?
a(—a T —a xT
b2
Zz\/ —a
[T 2

input integrate ((d+e*x+f* (—cxx**2+bkx—a)** (1/2) ) **2,x)

—axfrk2*x + bkf**x2kx*%2/2 — ckf**2xx*k*3/3 + d**x2*xx + dxe*x**x2 + 2xd*xf*Piec
ewise(((-a/2 + b**2/(8%c))*Piecewise((log(b - 2%c*x + 2*sqrt(-c)*sqrt(-a +
b*x - cxx**2))/sqrt(-c), Ne(a - bx*2/(4*c), 0)), ((-b/(2xc) + x)*Log(-b/(
2xc) + x)/sqrt(-cx(-b/(2*c) + x)**2), True)) + (-b/(4*c) + x/2)*sqrt(-a +

b*x - cxx*x2), Ne(c, 0)), (2x(-a + bxx)**(3/2)/(3*%b), Ne(b, 0)), (x*sqrt(-
a), True)) + exx2xx**3/3 + 2xe*xf*Piecewise(((-axb/(12*%c) + bx(-a/3 + b**2/
(8%c))/(2*c))*Piecewise((log(b - 2xc*x + 2*sqrt(-c)*sqrt(-a + b*x — ckx**2
))/sqrt(-c), Ne(a - b**2/(4*c), 0)), ((-b/(2*c) + x)*log(-b/(2*c) + x)/sqr
t(—c*(-b/(2xc) + x)**2), True)) + sqrt(-a + b*x - c*x**2)*(-b*x/(12%c) + x
**x2/3 - (-a/3 + b**2/(8*c))/c), Ne(c, 0)), (2x(ax(-a + b*x)*x(3/2)/3 + (-a
+ bxx)**x(5/2)/5) /b**2, Ne(b, 0)), (x**2xsqrt(-a)/2, True))

output
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Maxima [F(-2)]

Exception generated.

2
/ (d +er+ fvV—a+br— cx2> dr = Exception raised: ValueError

inputLintegrate((d+e*x+f*(—c*x"2+b*x—a)"(1/2))"2,x, algorithm="maxima") J

p
Ou_tpm‘Exception raised: ValueError >> Computation failed since Maxima requested

W
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a*xc-b~2>0)', see “assume?” for
more deta

N\ J

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 191, normalized size of antiderivative = 0.79

/<d+ex+f\/—a+bx—cz2>2 dz

1 1 1
=——cf’2®+ §bf2m2 + - e%2® — af’zx + dex® + d*x

3 3
2 Jf 20 f _
+é\/—cx2+bx—a(2 (4ef:v—|—66 dfc2 bcef)x_Gbcdf+3bc2ef 8acef)

(2b%cdf — 8ac®df + bPef — 4abeef)log (|2 (v/—cx — vV—ca? + bz — a)/—c+b])
8 /—cc?

inputLintegrate((d+e*x+:f*(—c*x“2+b*x—a)A(1/2))*2,x, algorithm="giac") J

—1/3%c*f72*%x"3 + 1/2%b*f"2%x"2 + 1/3%e”2%x"3 - a*xf ~2xx + d¥exx"2 + d"2%x +

1/12*sqrt (-c*x~2 + b*x — a)*(2*(4xexf*x + (6*c”2*d*f - bxckexf)/c™2)*x -

(6*b*ckd*xf + 3*b~2%e*f — 8xakckexf)/c”2) - 1/8%(2%b~2kckd*f - 8xaxc 2*d*f
+ b~ 3%exf - 4*axbxcxe*f)*log(abs(2*(sqrt(-c)*x - sqrt(-c*x~2 + b*x - a))*s
grt(-c) + b))/(sqrt(-c)*c~2)

output
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Mupad [B] (verification not implemented)

Time = 22.32 (sec) , antiderivative size = 215, normalized size of antiderivative = 0.88

/<d+ex+f\/—a+bx—cm2)2 dz
=z’ (E—l—de) —z° (c—fz—e—z) —z(af’—d*)+2df (g—i) V—cz2+bxr—a

2 3 3 4c
_ef(B¥+2caxb—8c(ca’+a)) V-ca’+bz—a
12 ¢2
b 2
. dfln <\/—cx2+ba:—a+ 5—\/;:) (ac—%)
(_0)3/2
efln <2x/—cx2—|-bx—a—+—b_2ﬁ> (b3 —4abc)
+
8(—0)5/2
inputtint((d + fx(b*x - a - c*xx"2)"(1/2) + e*x)"2,x) J
output x"2x(d*e + (b*xf~2)/2) - x~3*x((c*f~2)/3 - e72/3) - x*x(a*xf”2 - d~2) + 2xd*xf*

(x/2 - b/(4xc))*(b*x - a - c*x"2)7(1/2) - (exf*(3*b~2 - 8*cx(a + c*xx™2) +
2xbxc*x)*(b*x — a - c*x"2)7(1/2))/(12%c"2) + (d*f*log((b*x - a - c*x"2)~(1
/2) + (b/2 - c*x)/(-c)~(1/2))*(a*c - ©°2/4))/(-c)~(3/2) + (e*fxlog(2*(b*x
- a - c*x72)7(1/2) + (b - 2%cxx)/(-c)”(1/2))*(b~3 - 4xa*bxc))/(8*(-c)~(5/2
)

Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 617, normalized size of antiderivative = 2.54

/<d+ex+f\/—a+bx—cz2>2 dz

—48,/c asinh(%) a’bcPefi— 964/c asinh(\;%) a’cdfi + 24/c asinh(%) abdcefi+

input Lint ((d+e*xx+f* (—c*x~2+b*x-a) ~(1/2))"2,x) J
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( - 48*sqrt(c)*asinh((b*i - 2kc*i*x)/sqrt( - 4*xa*xc + b**2))*a**k2xbkck*2kex
fxi - 96xsqrt(c)*asinh((b*i - 2%c*i*x)/sqrt( — 4*xaxc + b**2))*axk2kcx*k3xd*
fxi + 24xsqrt(c)*asinh((b*i - 2%c*i*x)/sqrt( - 4*akc + b**2))*axb**3*kcxe*f
*i + 48+*sqrt(c)*asinh((b*i - 2%c*i*x)/sqrt( — 4*axc + b**2))*axb*x2xc**x2xd
*f*xi - 3xsqrt(c)*asinh((b*i - 2xc*i*x)/sqrt( - 4*akxc + b**2))*b**bkexf*i -

6xsqrt(c)*asinh ((b*i - 2%c*i*x)/sqrt( — 4*xa*c + b**2))*bx*kdxckd*xf*i + 16%
sqrt(a - b*x + ckx**2)*sqrt(4*a*xc — bx*2)*sqrt( — 4*xakxc + bx*2)*a*ck*2xe*f

- 6xsqrt(a - b*x + ckx*k*2)*sqrt(4*akc — b*x2)*sqrt( — 4xa*xc + bx*2)*bk*2x*
cxexf - 12xsqrt(a - b*x + cxx**2)*sqrt(4xaxc - b**2)*sqrt( — 4*xaxc + b¥*2)
*xbkck*2%d*f - 4*sqrt(a - bxx + cxx**2)*sqrt(4*axc - bx*2)*sqrt( - 4*xaxc +
b**2) ¥b*cx*2*xexfxx + 24*xsqrt(a - b*x + c*kx**2)*sqrt(4*a*xc - bx*2)*sqrt( -
4xaxc + bx*k2)*ck*3*kdkfxx + 16*sqrt(a - bxx + ckxx*2)*sqrt(4*xaxc — b**2)*sq
rt( - 4*xa*xc + b**2)*c**3*e*f*x**2 — 96*kax*k2kcxk4kfkk2*x + 24%a*kbkx*2%kCck*k3*f
*%k2%xX + 48kakxbkxckk4kfxkQkxk*k2 — 32%kakCkkHkf*kk2kx*k*k3 + 96kaxck*k4qkd*x*2*xx + 9
6kakckxkx4kdkexxk k2 + 32kakckkLkexkQkxkk3 — 12%bkk3kckkIkf*x*kQkxk*k2 + Zkbk*k2Qk
Ckk4kfhkkDkxk*k3 — 24%kbk*kQkCkk3kdkk2%kx — 24%D*k*k2*kCkk3kd*kekx*k*2 — Skbk*k2QkCc*k*3J
*ex*x2*xx**3) / (24*c*x*3% (4d*axc — b**2))

output




CHAPTER 3. LISTING OF INTEGRALS 381

3.47 f (d—l—ex—l—f\/—a—l—baz—cw?) dzx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 38Tl
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 383
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [F(-2)] . . . . . .
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 24, antiderivative size = 94

2 — — )
/(d+ex+f\/—a+bz_cx2) d:rzdx—i-%—f(b 2cm)\/4ca+ba: cT
(b% — 4ac) f arctan (W%>

803/2

N

p
\ d*xx+1/2%exx"2-1/4*f* (-2*c*xx+b) * (—c*xx~2+b*x-a) ~(1/2) /c-1/8*% (-4*a*xc+b~2) xf*a \

output
chtan(1/2* (-2%c*x+b) /c~(1/2) / (—c*x~2+b*x-a) ~(1/2))/c~(3/2) J

Mathematica [A] (verified)

Time = 0.44 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.43

/<d+ex+f\/—a+ba:—cx2> dz

ex?  f(=b+2cx)\/—a+ z(b— cz)
= 4
9 4c
(—b2 + 4ac) f\/—a + x(b - CCL‘) arctan (\/Ta_\/\—/ig:-bz—mv?)

4c3/2\/—a + bz — cx?

=dzr +

+
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input‘ Integrate[d + exx + f*Sqrt[-a + b*x - c*x~2],x] ‘

output % + (e#x72)/2 + (£x(-b + 2xckx)*Sqrtl-a + xx(b - 401/ (4xc) + (b2 +
‘ 4xaxc)*f*Sqrt[-a + x*(b - c*x)]*ArcTan[(Sqrt[cl*x)/(Sqrt[-a]l - Sqrt[-a +
Lb*x - c*x~2])1)/(4%c™(3/2)*Sqrt[-a + b*x - c*x~2]) J

Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.00,

number of rules _ 0.042, Rules

number of steps used = 1, number of rules used = 1, = -
integrand size

used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(f\/—a+ba:—cw2+d+ex) dz

l 2009

b—2
J (8~ dac) arctan (52222 ) 5, ger)/a T b a? o €T
8c3/2 - dc tart o

input‘Int[d + e*x + fxSqrt[-a + b*x - c*xx"2],x]

o dxx + (exx72)/2 - (£x(b - 2xcxx)*Sqrt[-a + bkx - cxx"2])/(4xc) - ((b°2 - 4
‘*a*c)*f*ArcTan[(b - 2%c*xx)/(2#Sqrt [c]*Sqrt[-a + b*x - c*x~2])]1)/(8%c~(3/2)
2 |

outpu
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.88

method | result size
Ve (z- &)
(4ac—v?) arctan( —m2+bw—a>
soautt | dos % +fl - (_2cm+b)W . = 83
C
Ve (=)
(4ac—b?%) arctan <\/m
parts | dz+ 2+ f _(_ZCZ%)W B = :
C
input Lint (d+exx+f*(-cxx~2+b*x-a)~(1/2) ,x ,method=_RETURNVERBOSE) J

| Qrx+1/2xexx"2+E% (~1/4% (~2kcxx+b) /cx (—cxx"2+bxx-a) " (1/2)-1/8% (4xa*c-b"2) /c~

output
L (3/2)*arctan(c~(1/2) *(x-1/2%b/c) / (-c*x~2+b*x-a) ~(1/2))) J

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 235, normalized size of antiderivative = 2.50

/<d+ex+f\/—a+bx—cz2> dz

8 clex? + 16 *dz + (b* — 4 ac)y/—cf log (—8 ?z% 4+ 8bcx — b? — 4+/—ca? + bz — a(2cx — b)y/—c — 4
16 2

input Lintegrate (d+e*x+f* (—c*x~2+b*x-a) ~(1/2) ,x, algorithm="fricas") J
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[1/16%(8*c™2xexx"2 + 16%c™2xd*x + (b~2 - 4xaxc)*sqrt(-c)*f*xlog(-8*c 2%x"2

+ 8%b*ckx - b72 - 4xsqrt(-c*x”2 + bxx - a)*(2%c*x - b)*sqrt(-c) - 4*axc) +
4% (2%c”2+f*xx — bxckf)*sqrt(-c*x™2 + b*x - a))/c”2, 1/8%(4*xc”2xe*x”"2 + 8*c
~2*%d*x - (b~2 - 4#*axc)*sqrt(c)*frarctan(1/2*sqrt(-c*x”2 + b*x - a)*(2*c*x

- b)*sqrt(c)/(c™2*x"2 - b*cxx + a*xc)) + 2x(2+c”2xf*x — bxc*f)*sqrt(-c*x”2

+ b*x - a))/c"2]

output

Sympy [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.47

2

/«ﬂ+ex+fﬂ—w+M—mﬁ>dw=dx+%§
4
log ( b—2cz+2+/—cV —a+br—cz?
2 s +>Y;;é i ) fora — 52740
(=5+8) || Corm(zn | (i tg)Voatbr—c® fo
= otherwise
+f < \/—c(—%—i—m)
3
%-7;Fﬂf for
zv/—a ot!

p

~—  /

inputLintegrate(d+e*x+f*(-c*x**2+b*x—a)**(1/2),x)

d*x + exx**2/2 + f*Piecewise(((-a/2 + b**2/(8%*c))*Piecewise((log(b - 2*c*x
+ 2xsqrt(-c)*sqrt(-a + b*x - c*x**2))/sqrt(-c), Ne(a - b**2/(4xc), 0)), (
(-b/(2xc) + x)*Llog(-b/(2*c) + x)/sqrt(-c*(-b/(2xc) + x)**2), True)) + (-b/
(4xc) + x/2)*sqrt(-a + b*x - cxx**2), Ne(c, 0)), (2*(-a + bxx)**(3/2)/(3*b

output

), Ne(b, 0)), (x*sqrt(-a), True))
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Maxima [F(-2)]

Exception generated.

/ (d +er+ fvV—a+br— cxz) dr = Exception raised: ValueError

inputLintegrate(d+e*x+f*(—c*x‘2+b*x—a)‘(1/2),x, algorithm="maxima") J

p
Ou_tpm‘Exception raised: ValueError >> Computation failed since Maxima requested

W
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a*xc-b~2>0)', see “assume?” for
more deta

N\ J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.01

/<d+ew+f\/—a+bx—cz2> dz=%ez2

1 > b (0> — 4ac)log (|2 (vV—cx — vV—ca®? + bz — a)v/—c + b|)
+§ (2\/—cx +bx—a(2x——)— W >f

c
+ dzx

-

inputLintegrate(d+e*x+f*(—c*x*2+b*x-a)*(1/2),x, algorithm="giac")

AN >

‘abs(2*(sqrt(—c)*x - sqrt(-c*x~2 + bxx - a))*sqrt(-c) + b))/(sqrt(-c)*c))*f

( hY
Output‘1/2*e*x‘2 + 1/8%(2*sqrt (-c*x™2 + b*x - a)*(2*x - b/c) - (b™2 - 4*axc)*log(
‘ + d*x ‘
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Mupad [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.90

2 b
/(d+ew+f¢—a+bx—aﬁ)dx:dx+gg—+f<g—az)xﬂmx”+bx—a

Fin (Ve ir ot h2) (ae %)
) (__0)3/2

+

-

Lint(d + fx(b*x - a - c*xx~2)"(1/2) + e*x,x)

-/

input

(d*x + (e*xx72)/2 + £x(x/2 - b/(4xc))*(b*x - a - c*x"2)~(1/2) + (f*log((b*x
‘- a - cxx"2)7(1/2) + (b/2 - c*x)/(-c)~(1/2))*(a*xc - b~2/4))/(2%(-c)~(3/2))

—

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 232, normalized size of antiderivative = 2.47

/ (d—l—ex—i—f\/—a+bx—cz2> dz
—2ciz+bi

- —164/c asinh(%) a’c®fi+8y/c asinh(%) ab’cfi— ﬁasz’nh(\/ﬁ> bt fi — 2v/cx? —

input‘int(d+e*X+f*(—C*Xﬁ2+b*X-a)”(1/2),x)

( - 16*sqrt(c)*asinh((b*i - 2*c*i*x)/sqrt( - 4*akxc + b**2))*a**x2*ck*2*f*i

+ 8*sqrt(c)*asinh((b*i - 2%c*i*x)/sqrt( - 4*axc + b**2))*axb*x2xc*f*i - sq
rt(c)*asinh((b*i - 2*c*ixx)/sqrt( - 4*axc + b**x2))*xb*x4*xfxi - 2*sqrt(a - b
xx + ckxx*2)*sqrt(4xa*xc - b**2)*sqrt( - 4*xaxc + b**2)*bxc*f + 4xsqrt(a - b
*X + ckxx*2)*sqrt(4*xaxc — b**2)xsqrt( — 4*akc + b¥*2)kck*k2kfxx + 32%a*ck*3
*d*xX + 16%akck*k3kexx**2 — 8xbkx*kck*k2kdkxx — 4kbk*k2kck*x2kexx*x*2)/(8*kc*x*2* (4

output

*xa*xc — b**2))

N\
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1
3.48 f d+ez+fv —a+bzr—cx? dz

Optimal result . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . . .. ..
Rubi [A] (verified) . . . . . . . . . . 339
Maple [B] (warning: unable to verify) . . . . . . ... ... ... L.
Fricas [F(-1)] . . . . . .
Sympy [F] . . . o
Maxima [F] . . . . . o
Giac [F(-2)] . . . o o o 393
Mupad [F(-1)] . . .
Reduce [F] . . . . .

Optimal result

Integrand size = 26, antiderivative size = 621

eV —atbz—ca?
1 L 2Vefaretan (PR

d+ex+ fv/—a+br — cx? e? + cf?
mf_4cd\/m_2(b— b2—4ac)e\/—a+bm—cm2
b

— /b2 —dac—2cz b—\/b2—4ac—2cz
\/4bde+4ae2—b2 f2+4c(d2+af?)

2(2cd + be) f arctan

+

(€2 + cf?) \/4bde + 4ae? — b2 f2 + 4c (d2 + af?)
c (b2 —4ac—bvb%2—4ac+2cVb? —4ac:t)
elog 3
(b—\/ b2—4a,c—2c:1:)
e + cf?
1 c? (b2 —4ac—b/b2 —4ac) d+2c3vV/b02 —4acdz+b2cex—4ac ex—bc? /b2 —dacex+2c3 Vb2 —dacex?+b2c2 f/—a+br—cx? —4acd f/—
elo
& (b— Vb2 —4ac—2cm> :
e + cf?

_|_
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2xc~(1/2)*f*xarctan (2xc™ (1/2) * (-cxx~2+b*x-a) ~ (1/2) / (b-(-4*axc+b~2) ~(1/2) -2%
c*x)) / (c*xf~2+e~2) +2* (bke+2*c*xd) *f*xarctan ((£* (—4*a*c+b~2) ~(1/2) -4*c*xd* (—c*x
~2+bxx-a) ~(1/2) / (b= (-4*a*c+b~2) " (1/2) -2*c*xx) —2* (b— (—4*a*c+b~2) ~(1/2) ) xex (-
c*xx"2+bxx-a) " (1/2) / (b—(-4*a*c+b~2) ~(1/2) -2*c*x) ) / (4*b*d*e+4*a*e”2-b"2xf "2+
dxcx (a*xf~2+d"2)) " (1/2))/ (c*xf~2+e"2) / (4*b*d*e+d*a*xe”2-b~2xf ~2+4*c* (axf~2+d"
2)) " (1/2)-ex1n(cx (b~ 2-4*a*xc-b* (—4*a*xc+b~2) ~(1/2) +2* (-4*a*c+b~2) ~ (1/2) *c*x)
/ (b= (-4*axc+b~2) ~(1/2)-2*c*x) ~2) / (c*xf~2+e~2) +e*1n((c"2* (b~ 2-4*a*xc-b*x (-4*ax*
c+b™2) " (1/2) ) *d+2%c” 3% (—4*a*c+b~2) ~(1/2) *d*x+b~2%c " 2%e*x-4*a*c”3*xexx-b*c”~2
* (—4*axc+b~2) ~(1/2) kexx+2%c 3k (—4*a*xc+b~2) " (1/2) *e*xx~2+b 2% c ™ 2xf* (~ckx~2+b
*xx-a) " (1/2) -4*a*xc”3*f* (-ckx"2+b*x-a) ~(1/2) -b*xc~2* (—4*a*xc+b~2) " (1/2) *f* (-c*
X" 2+b*xx-a) " (1/2)+2%c”~3* (—4*a*c+b~2) ~(1/2) *f*x* (-cxx~2+b*x-a) ~(1/2))/(b-(-4
*axc+b~2) " (1/2)-2%c*x)~2) / (c*xf~2+e”2)

output

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 2.47 (sec) , antiderivative size = 1737, normalized size of antiderivative = 2.80

1
dx = Too large to displa;
/d+®x+f¢—m+%—mﬂ 8 peay

-

input LIntegrate[(d + e*xx + f*Sgrt[-a + b*x - cxx~2])"(-1),x]

| —




output
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/ (-2%Sqrt [c] *f*ArcTan[(Sqrt [c]*x)/(Sqrt[-a] - Sqrt[-a + x*(b - c*x)])] + 2%

exLog[x] - exLog[2*a - b*x + 2xSqrt[-al*Sqrt[-a + x*(b - c*x)]] - Sqrt([-al
*x(c*d + b*e)*(e”2 + c*f~2)*RootSum[c™2*%d"2 + 2xbxcxdxe + b~2%e”2 + a*xc 2xf
T2 + 2%bxckdxf*#1 + 2%b"2xexfx#1 — 4kakckexf*#1 + kckdT2*x#172 + 2xbkdkex#
172 + 4kaxe”2%#172 + b72*f72%#172 — 2kaxckf 2%#172 + 2%bkd*f*#173 + 4kaxex
fx#17°3 + d"2*%#174 + axf~"2*#174 & , (-Logl[x] + Logl[Sqrt[-al - Sqrt[-a + b*x
- cxx72] + x*#1])/(b*ckd*f + b"2xexf — 2kaxckxe*xf + 2xc*d"2*#1 + 2xbkd*ex#
1 + 4dxakxe™2x#1 + b 2xf 2x#1 — 2xakckf 2*#1 + Ikbkd*f*#172 + Grakerf*#172 +
2%d"2x#173 + 2%a*f"2x#173) & ] + Sqrt[-al*d*(e”2 + cxf~2)*RootSum[c~2*d"2
+ 2xb*ckd*e + b72%e”2 + axcT2*f72 + 2xbkckdxfx#1 + 2%bT2xexf*#1 - 4xaxcke
*fx#1 + 2kckd"2x#172 + 2kbkxdkex#172 + 4dxakxe”2%#172 + bT2xET2x#172 - 2xaxcxk
£72x#172 + 2%bxd*xf*#173 + 4dkaxexf*#173 + d72*#174 + axf~2x#174 & , (-(Logl
x]*#17°2) + Log[Sqrt[-a] - Sqrt[-a + b*x - c*x~2] + x*#1]1*#172)/(b*ckd*f +
b~ 2%exf - 2kaxckexf + 2kckd 2*#1 + 2¥bkdxex#l + 4dxake 2*#1 + bT2xf72*#1 -
2kaxckf"2x#1 + 3xbkd*Lf*#172 + Gkakexf*#172 + 2+%d"2x#173 + 2*axf"2*#17°3) &
] + RootSum[c™2*d"2 + 2%b*cxd*e + b~2%e”2 + axc”2*f"2 + 2¥bkckd*f*#l1 + 2*b
“2kexfr#l — dkakckexfr#l + 2kckd"24#172 + 2xbkdxex#172 + 4kaxe 24#172 + b~
2£T2k#172 — 2kakckET2k#LT2 + 2kbxdkfA#173 + dxakexfx#173 + dT24#174 + axf
~2+#174 & , (-(c"2%d"2*fxLog[x]) - 2*bxcxd*exf*Loglx] - b 2*e~2xf*Logl[x] +
axcxe 2xf*Log[x] + c”2xd"2*f*Logl[Sqrt[-a] - Sqrt[-a + b*x - c*x"2] + x...

Rubi [A] (verified)

Time = 1.88 (sec) , antiderivative size = 397, normalized size of antiderivative = 0.64,

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

integrand size

number of rules _ 0.077, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
! dx
fV—a+bx—cx?+d+ex
| 7298
/‘ fv—a + bz — cx? 4 d+ex
—af? —x(2de — bf2) —x2 (cf2+e2) —d?  af?2+x(2de —bf?) + 22 (cf? + €2) + d?

l 2009

>dx
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2ae—z(be+2cd)+bd
f(be + 2Cd) arctan (\/—a—i—bx—cacQ \/4c(af2+d2)-|—4ae2—b2f2+4bd€)

(cf? + €2) \/4c(af? + d2) + 4ae? — b2 f2 + 4bde

—bf2+2z(cf2+e?)+2de > b—2cx
f(be + 2¢d) arctan (f\/4c(af2+d2)-|—4ae2—b2f2+4bd6 B Vcf arctan (m) N

(cf? + €2) \/4c(af? + d2) + 4ae? — b2 f2 + 4bde cf? + e?
eanmanh(?;i%fﬁ%j;§> +_elog(af24—w(2de——bf2)4—x2(cf24—62)4—d2)
cf?+e? 2(cf? +e2?)
input LInt[(d + e*x + fxSqrt[-a + b*x - c*x72])"(-1),x] J

e N

((2xc*d + bxe)*fxArcTan[(2xd*e - b*xf~2 + 2x(e”2 + c*f~2)*x)/(£*Sqrt [4*b*d*
e + 4*xaxe™2 - b™2xf72 + 4xcx(d”2 + a*£72)]1)])/((e”2 + cx£72)*Sqrt [4xbxdxe

+ 4¥a*xe”2 - b72*f72 + 4*xcx(d"2 + a*f~2)]) - (Sqrtlcl*f*ArcTan[(b - 2*c*x)/
(2#Sqrt[c]*Sqrt[-a + b*x - c*x72]1)]1)/(e”2 + cx£72) + ((2%c*d + b*e)*f*ArcT
an[(b*d + 2%axe - (2xc*d + b*e)*x)/(Sqrt[4*b*d*e + 4*a*xe”2 - b~2*%f"2 + 4x*c
*(d"2 + a*f~2)]#Sqrt[-a + bxx - c*x72])])/((e”2 + c*£72)*Sqrt [4xb*xd*e + 4%
a*e”2 - b"2*%f"2 + 4xc*k(d"2 + axf~2)]) + (exArcTanh[(d + ex*x)/(f*Sqrt[-a +

b*x - c*x"2])]1)/(e”2 + c*£72) + (e*xLogl[d™2 + a*xf~2 + (2*d*e - b*f~"2)*x + (
e"2 + cxf72)*x72]) /(2% (e”2 + c*£72))

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 7293‘Int [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v] ‘

] |




input

output
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Maple [B] (warning: unable to verify)

Leaf count of result is larger than twice the leaf count of optimal. 4814 vs. 2(569) = 1138.

Time = 0.15 (sec) , antiderivative size = 4815, normalized size of antiderivative = 7.75

method | result size

default | Expression too large to display | 4815

-

Lint (1/ (d+exx+fx (~c*x~2+b*x-a)~(1/2)) ,x ,method=_RETURNVERBOSE)

fx (2% (c*xf~2+e72) / (£~ 2% (d*axcxf ~2-b~2xf ~2+4*axe”2+4xbkd*e+d*cxd~2)) ~(1/2)/
(2%c*f~2+2%e"2) * (1/2% (-4* (x+ (-b*xf ~2+2xd*e+ (-f " 2% (4*axc*f ~2-b~2+f "2+4*a*xe”2
+4xbxd*e+d*c*d~2)) " (1/2)) / (2kc*f~2+2%e~2) ) "2kc+4* (bxe~2+2*ckd*e+ (£ 2% (-4*a
*Ckf " 2+b "2+ f "2-4*xaxe " 2-4xbxd*e-4*xcxd"2) )~ (1/2) *c) / (c*x£"2+e72) * (x+ (-b*f~2+2
*dxe+ (—£72x (dxaxckf~2-b~2+f " 2+4xaxe”2+4xbxdxe+4*xc*d™2) )~ (1/2) )/ (2xc*xf~2+2*
e”2))-2x (2*a*xcxe 2*xf"2-b"2xe " 2*f " 2-2xbkckd*e*f ~2-2*xc"2*d " 2xf "2+2*e " 4*a+2*d
*@ " 3xb+2xd " 2xe " 2kc+ (£ 2% (—4*a*xc*xf " 2+b"2xf "2-4*xakxe”2-4*b*d*e-4*c*xd"2) ) ~(1/2
) ¥bxe”2+2% (£~ 2% (—4*a*xc*xf " 2+b~2xf "2-4*akxe”~2-4*b*d*e-4*c*xd~2) ) ~(1/2) *c*xd*e) /
(c*xf~2+e72)"2) ~ (1/2) +1/2% (b*e~2+2*cxd*e+ (f " 2% (—4*axc*f " 2+b"2*f ~2-4*axe~2-4
*bxd*e-4xc*xd~2)) " (1/2)*c) /(cxf~2+e~2) /c~(1/2) *arctan(2*xc™ (1/2) * (x+(-b*f~2+
2kdke+ (—f 2% (d*axckxf ~2-b~2%f ~2+4*a*e 2+4xbkd*e+d*c*d~2) ) ~(1/2)) / (2*c*xf~2+2
*xe~2)-1/2% (b*xe~2+2xckd*e+ (£~ 2% (-4*xa*cxf ~2+b " 2xf ~2-4*a*xe~2-4xb*d*e-4*c*xd~2)
)~ (1/2)*c) / (cxf~2+e"2) /c) / (4% (x+ (-b*f~2+2%d*e+ (—f ~2% (d*axcxf ~2-b~2%f ~2+4x
axe 2+4xbxd*xe+d*ckxd~2)) "~ (1/2)) / (2%cxf~2+2%xe"2) ) "2xc+4x* (bxe " 2+2*xcxd*xe+ (£72%
(—4xaxcxf~2+b~2*f"2-4*a*e”2-4xbxd*xe—-4*xcxd~2) ) " (1/2) *c) / (c*£~2+e"2) * (x+(-b*
£f72+2xd*e+ (£~ 2% (d*a*c*f~2-b~2*f " 2+4*xaxe”2+4*xbkd*xe+4d*c*d~2) ) ~(1/2)) / (2xc*f
“242%e”2) ) -2% (2%axcke " 2*%f "2-b"2xe 2% f " 2-2xbkckdkexf "2-2*c"2kd " 2xf "2+2%e " 4x*
a+2*d*e”3*b+2xd"2xe”" 2kc+ (£~ 2% (—4*a*xc*xf " 2+b"2xf "2-4*xaxe”2-4*b*d*e-4*c*xd"2))
~(1/2) *bxe”~2+2* (£~ 2% (—4*a*c*xf ~2+b"2xf ~2-4*xa*xe”2-4*b*d*e-4*c*xd~2) ) ~(1/2) *c*
d*e)/(c*xf~2+e”2)"2) " (1/2) )+ (2*a*xc*xe 2xf~2-b~2ke " 2xf ~2-2xbkc*d*exf " 2-2*c. ..

-/
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Fricas [F(-1)]

Timed out.

/ = dx = Timed out
d+ ez + fv—a+ bz — cz?

input Lintegrate (1/ (d+exx+f* (—c*x~2+b*x-a)~(1/2)) ,x, algorithm="fricas")

OutputLTimed out
Sympy [F]
1
/ dz = / L dz
d+ex + fv—a+ bz — cx? d+ ez + fv/—a+ bz — ca?
input tintegrate (1/ (d+exx+f* (—ckx**2+b*x-a)**(1/2)) ,x)

output LIntegral(l/(d + exx + f*sqrt(-a + b*x — ckx**2)), x)

Maxima [F]

/ 1 da:z/ 1 dzx
d+ex + fv—a+ bz — cx? ex ++v—cx?2+br—af +d

input tintegrate (1/ (d+e*xx+f* (-c*x~2+b*x-a)~(1/2)) ,x, algorithm="maxima")

output Lintegrate(l/(e*x + sqrt(-c*x~2 + b*x - a)*f + d), x)
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Giac [F(-2)]

Exception generated.

1
/ dx = Exception raised: TypeError
d+ex+ fvV—a+ bz — cx?

input Lintegrate (1/ (d+e*x+f* (-c*x~2+b*x-a)~(1/2)) ,x, algorithm="giac") J

output‘Exception raised: TypeError >> an error occurred running a Giac command:IN ‘
‘PUT:Sage2:=int(sag90,SageVARx) : ;OUTPUT :Error: Bad Argument Type ‘

Mupad [F(-1)]

Timed out.

/ 1 dxz/ 1 dz
d+ex + fv/—a+ bx — cx? d+ fv—-cz2+br—a+ex

input Lint(l/(d + fx(b*x - a - c*x~2)"(1/2) + e*x),x) J
output Lint(l/(d + fx(bxx - a - c*xx72)7(1/2) + e*x), x) J
Reduce [F]

/ 1 d:cz/ 1 dx
d+ex + fv—a+ bx — cx? d+ex+ fv—cz2+bx—a

input Lint (1/ (d+e*x+f* (~cxx~2+b*x-a) ~(1/2)) ,x) J

output | 10T (1/ (drexxrx (-cxx™2+brx-2)"(1/2)),x) ]




output
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3.49 | . > dz
(d-l—ea:-l— v —a+b33—c:1:2)

Optimalresult . . ... .. ... ... .. .. .. .. ... ... 394
Mathematica [C] (warning: unable to verify) . . . . . ... ... ...
Rubi [B] (verified) . .. ... ... ... ... ... . ... ...
Maple [B] (warning: unable to verify) . . . . . .. ... ... ... ..
Fricas [B] (verification not implemented) . . . . . ... ... ... ..
Sympy [F] . . . . 398
Maxima [F] . . . . ... o 399
Giac [F(-2)] . . .« o oo 399
Mupad [F(-1)] . . . oo 399
Reduce [F] . . .« . . o 400

Optimal result

Integrand size = 26, antiderivative size = 463

/ 1 5 dx
(d+ex+ fv—a+ bz — cz?)

4+/b% — 4ac <2cd + (b +Vb% — 4ac) e

. 2cvb2 —4acf/—a+br—cz?

b—vb2—4ac—2cz

)

(4bde + 4ae? — b2 f2 + 4c (d? + af?)) <2cd + (b+ Vb —4dac) e

__ 4evb2—dacfv—a+tbz—cz?

4c <20d-|— (b—\/li

\/1)2_74(10]-_ 4cd/ —u+bz—car:2 _

2 (b— b2—4ac) e \/—a+bm—ca:2

_ 2_ — _ 2_ —
4(b2 _ 4ac) faI‘Ctan b—/b2—dac—2cx b b4 —4ac—2cz

\/4bde+4ae?—b2 f2+4c(d2+af?)

_|_

(4bde + 4ae? — b2 f2 + 4c (d? + an))3/2

b—vb2—4ac—2cx

4% (-4xa*xc+b~2) " (1/2) * (2*xc*kd+ (b+(-4*a*xc+b™2) ~(1/2) ) xe-2*c*x (-4*axc+b~2) ~(1/2
)xfx (—ckx~2+b*x-a) " (1/2) / (b-(-4*axc+b~2) " (1/2) -2*c*x) ) / (4*xbxd*e+4*a*e”2-b"
2%f " 2+4xcx (axf~2+d"2) ) / (2kc*d+ (b+ (—4*a*xc+b~2) ~(1/2) ) xe—4*c* (—4*a*c+b~2) " (1
/2) %% (—c*xx"2+b*x-a) " (1/2) / (b—(—4*a*c+b~2) ~ (1/2) —2*c*x) —4*c* (2*c*d+ (b- (-4x*
a*xc+b”2) " (1/2) ) *e) * (cxx~2-b*x+a) / (b—(—4*a*xc+b~2) " (1/2) —2*c*x) ~2) +4* (-4*axc
+b~2) *f*arctan ((f* (-4*a*xc+b~2) ~(1/2)-4*c*d* (-c*x~2+b*x-a) ~(1/2)/ (b-(-4*a*c
+b72) " (1/2) -2%c*x) 2% (b- (-4*a*xc+b~2) ~ (1/2) ) *ex (—c*x~2+b*x-a) ~(1/2) / (b- (-4*
a*xc+b~2) ~(1/2)-2*c*x) )/ (4xbxd*e+d*axe”2-b " 2xf " 2+4*c* (a*xf~2+d~2))~(1/2)) /(4

*bxdke+dxakxe ~2-b~2%f ~2+4*cx* (axf~2+d~2) )~ (3/2)

(b—\/ﬁ
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Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 49.72 (sec) , antiderivative size = 2346, normalized size of antiderivative = 5.07

1
/ 5 dr = Result too large to show
(d+ezx+ fv—a+ bz — cz?)

r

input LIntegrate[(d + e*x + f*Sgrt[-a + b*x - c*xx~2])"(-2),x]

(-2*% (2%c*xd"3*e + 2%bxd"2%e”2 + 2xaxd*e”3 + b*cxd"2+%f72 + 4xakckdrxexf”"2 + a
*bke 2%xf72 + 2kckxd"2%e"2%x + 2xbkdxe”3*%x + 2%ake 4kx — 2%kcT2kxd"2*f"2%x - 2
xbxckdkexf"2+x — b 2%e”"2*xf72%x + 2xaxcke"2*xf72+x))/((e”2 + cxf72)*(4xcxd"2
+ 4xbkd*e + 4*a*xe”2 — b72*xf72 + 4dkaxcxf"2)*(d72 + a*f"2 + 2kdxexx - b*xf~2
*X + e72xx72 + c*xf72xx72)) + (2% (b*d*f + 2xakexf - 2xckd*f*x - bkexf*x)*Sq
rt[-a + bxx - c*x72])/((4%c*d"2 + 4*bxdxe + 4*axe”2 - b"2+f"2 + 4*axcxf~2)
(472 + a*f"2 + 2kdke*x — bkf 2+x + e"2*%x"2 + cxf"2+x72)) - (2%(-b"2 + 4*a
xc)xfxArcTan[(2+d*e - b*f~2 + 2xe”2%x + 2%c*f~2xx)/(£*Sqrt[4*cxd™2 + 4xbxd
*xe + 4xaxe”2 - b72xf72 + 4xaxcxf72])])/(4*c*d"2 + 4*xbxdxe + 4*xaxe”2 - b72x%
£72 + 4*axc*£72)7(3/2) - ((-b"2 + 4xaxc)*fx((2*xI)*c*d*f + I*bkxexf + e*xSqrt
[4xc*xd~2 + 4xbxd*e + 4xaxe”2 - b~2xf~2 + 4xaxcxf~2])*Log[-((Sqrt[2]*(e~2 +
cxf~2) % (4*cxd"2 + 4xb*dxe + 4xa*xe”2 - bT2xf"2 + 4dkaxckxf~2) " (3/2)*((-2*I)*
b*d*e - (4xI)*axe”2 + I*b~2%f~2 - (4*I)*axcxf~2 + bxf*Sqrt[4*c*d~2 + 4*bxd
xe + 4*xaxe”2 - b"2xf72 + 4xaxc*kf"2] + (4*I)*ckdxexx + (2%I)*bke"2%x — 2%c*
f*Sqrt [4*cxd™2 + 4*bxd*e + 4*axe”™2 — b2xf72 + 4kaxckf~2]*x))/((-b"2 + 4x*a
xc)*xfx (2xcxd*f + bxexf - IxexSqrt[4xcxd™2 + 4xbxd*e + 4xaxe™2 - b~2xf"2 +
4xaxc*xf~2] ) *Sqrt [-2xcxd"2%e”2 - 2*b*dxe”3 - 2%axe”4 + 2%c"2xd"2*f"2 + 2xbx*
ckxdxexf~2 + b 2xe"2*f"2 - 2kakcke 2xf72 - (2*I)*ckd*exf*Sqrt[4*xc*d”2 + 4*b
xd*e + 4xaxe”2 - b"2+f"2 + 4xakckf~2] - Ixb*e 2xfxSqrt[4*ckd”2 + 4*bxdxe +
4xa*xe”2 - b72xf"2 + 4xaxcxf"2]]*(2+d*e — bxf~2 + Ixf*Sqrt[4*cxd”2 + 4x*...

output

\ >
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Rubi [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 965 vs. 2(463) = 926.
Time = 4.31 (sec) , antiderivative size = 965, normalized size of antiderivative = 2.08,

number of rules _
integrand size 0.077, Rules

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1
5 dz
<f\/—a+bx — cx? —|—d+ea:>
| 7298
/ 2f2(—a + bz — cz?) 3 2dfv—a + bx — cx? B 2
(af? +x (2de — bf2) + a2 (cf2 + €2) + d2)*  (af? 4z (2de — bf2) + 22 (cf2 +€2) +d2)?  (af? + z (2d

l 2009

2ev/—ca? + bx — a(2(d® + af?) + (2de — bf?) z)
f (4ae? + 4bde — b2 f2 + 4c(d? + af?)) (d? + af? + (e? + cf?) 22 + (2de — bf?) x)

2 _p2£2 2 2 —bf2+2de+2(e?+ef?)z )
4(2a€ +2bde —b f + 2C(d + 2af )) arctan (f\/4a62+4bde—b2f2+4c(d2+af2)

f (4ae? + 4bde — b2 f2 + 4c(d? + af2))3/2

—bf2+2de+2(e?+cf?)x )
2arctan ( f\/4ae? +4bde—b? f2+4c(d?+af?)

f\/4ae? + 4bde — b2 f2 + 4c (d? + af?)

2 _ bd+2ae—(2cd+be)x
(b 4(10) e(bd + 2ae)f arctan ( \/4ae?+4bde—b2 f2+4c(d? +af2)\/—cm2+bx—a>

(cd? + e(bd + ae)) (4ae? + 4bde — b2 2 + 4c (d? + af2))>/?

2 bd+2ae—(2cd+be)x
(b2 — 4ac) d(2cd + be) f arctan ( T T Py e e 3 W e

(cd? + e(bd + ae)) (4ae? + dbde — b2f2 + dc (42 + af?))*/

2((2bd? + 2aed + abf?) €? + cd(2ed® + bf2d + 4aef?) — (—((2ae® + 2bde — b2 f?) €2) — 2c(ed® — bf?d + aef?

(e2 + cf?) (4ae? + 4bde — b2 f2 + 4c (d? + af?)) (d% + af2 + (€2 + cf?) z2 + (2de — bf?) x)

2d(—bf? +2de +2(e® + cf?) z) V—cz? + bz —a
f (4ae? + 4bde — b2 f2 + 4c(d? + af?)) (&% + af? + (€2 + cf?) z% + (2de — bf?) z)

input ‘\Int[(d + exx + f*Sqrt[-a + b*x - c*x~2])"(-2),x]




output
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(-2x(e"2x(2*bxd"2 + 2xaxd*e + axb*f~2) + cxdx(2xd"2%e + bxd*f~2 + 4xake*xf”
2) - (2%c™2%d"2*f"2 - e 2% (2*bkxd*e + 2%axe”2 - b~2*f"2) - 2xcxe*(d”2*e - b
*d*f72 + axexf~2))*x))/((e”2 + c*xf~2)x(4*xbkd*e + 4*a*e”2 - b 2*xf"2 + 4kc*(
d”2 + a*xf~2))*x(d"2 + axf~2 + (2*%d*xe - b*f"2)*x + (72 + cxf~2)*x"2)) + (2%
ex(2%x(d"2 + axf~2) + (2%d*e - b*f~2)*x)*Sqrt[-a + b*x - c*x72])/(£*(4*xbxd*
e + 4¥axe”2 - b72xf"2 + 4xck(d"2 + axf"2))*x(d"2 + axf"2 + (2%d*e - b*f"2)x*
x + (€72 + c*xf72)*x72)) - (2xd*(2*d*xe - b*f~2 + 2x(e”2 + cxf~2)*x)*Sqrt[-a
+ b*x - c*x72])/(f*x(4xbxd*e + 4*a*e”2 - b 2*xf"2 + 4dxcx(d"2 + a*f~2))*(d"2
+ a*xf"2 + (2xdxe - b*f"2)*x + (e”2 + c*xf~2)*x"2)) + (2*ArcTan[(2*d*e - b*
72 + 2x(e”2 + cx£72)*x)/(£*Sqrt [4*bxd*e + 4*axe”™2 - b™2xf72 + 4*cx(d"2 +
a*f~2)]1)]1)/ (£*Sqrt [4xb*d*e + 4xa*e”2 - b 2*f~2 + 4xckx(d™2 + a*f~2)]) - (4x
(2xb*xd*e + 2%axe”2 - b~2+%f~2 + 2*cx(d"2 + 2%axf~2))*ArcTan[(2*d*e - b*f~2
+ 2%(e”2 + cxf72)*x)/(£*Sqrt [4xbxd*e + 4xaxe”2 - b™2+f"2 + 4*c*(d"2 + axf”
2)1)1)/ (£x(4xbxd*e + 4*axe”2 — b~2%f"2 + 4xc*x(d~2 + axf~2))~(3/2)) + ((b~2
- 4xaxc)*e*(bxd + 2*xaxe)*fxArcTan[(b*d + 2%axe - (2*c*d + b*e)*x)/(Sqrt[4
xbxdxe + 4*axe”2 - b72xf"2 + 4xc*(d"2 + axf"2)]*Sqrt[-a + bxx - c*x72])]1)/
((c*d™2 + e*(bxd + axe))*(4xbkxd*e + 4*axe”™2 - b"2*%f72 + 4xcx(d"2 + a*f~2))
~(3/2)) + ((b"2 - 4xaxc)*d*(2xckd + bke)*fxArcTan[(b*d + 2%a*xe - (2%cxd +
bxe)*x)/(Sqrt [4xb*d*e + 4xa*e”2 - b 2*f~2 + 4xc*x(d"2 + a*f~2)]*Sqrt[-a + b
*x - ¢c*xx72])]1)/((cxd”2 + ex(b*d + ake))*(4xbxd*e + 4*a*xe”2 - b™2+%f72 + ...

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7293

~—

‘{

N

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

N

J

Maple [B]| (warning: unable to verify)

result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 1.74 (sec) , antiderivative size = 609986, normalized size of antiderivative =

1317.46

method | result size

default | Expression too large to display | 609986
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input Lint (1/(d+exx+f* (-c*x~2+b*x-a) ~(1/2)) ~2,x,method=_RETURNVERBOSE) J

OutputLresult too large to display J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2873 vs. 2(424) = 848.

Time = 20.12 (sec) , antiderivative size = 6908, normalized size of antiderivative =
14.92

1
/ 5 dr = Too large to display
(d+ex+ fv—a+ bz — cz?)

inputLintegrate(l/(d+e*x+f*(—c*x"2+b*x-a)"(1/2))"2,}{, algorithm="fricas") J

B
tToo large to include

e—

output

Sympy [F]

/ 1 2dx=/ ! 5 dx
(d+ex+ fv—a+ bz — cz?) (d+ex+ fv—a+ bz — cz?)

input Lintegrate (1/ (d+e*x+f* (~ckx**x2+bxx-a) ** (1/2) ) **2,x) J

outputtlntegral((d + exx + fxsqrt(-a + bkx - ckx**2))*x(-2), x) J
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Maxima [F|

/ 1 2dx=/ 1 5 dT
(d+ex+ fv—a+ bz — ca?) (ex + V—cz® + bz —af + d)

inputLintegrate(l/(d+e*x+f*(—c*x‘2+b*x—a)‘(1/2))‘2,x, algorithm="maxima")

output Lintegrate((e*x + sqrt(-c*x™2 + bxx - a)*f + d)~(-2), x)

Giac [F(-2)]

Exception generated.

1
/ 5 dr = Exception raised: TypeError
(d+ezx+ fv—a+bx — ca?)

inputLintegrate(l/(d+e*x+f*(—c*x’“2+b*x—a)”(1/2))”2,x, algorithm="giac")

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Error: Bad Argument Type

Mupad [F(-1)]

Timed out.

/ ! 2dac=/ L 5 dr
(d+ex+ fv—a+ bz — cz?) (d+ fV—cz®+bz—a+ex)

input Lint(l/(d + fx(b*x - a - c*x~2)"(1/2) + e*x)"2,x)

output Lint(l/(d + fx(bxx - a - c*x"2)7(1/2) + exx)"2, x)
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Reduce [F]

/ 1 2dx=/ 1 5dx
(d+ex+ fv—a+ bz — ca?) (d+ex+ fv—cz®> + bz —a)

fnput Lint (1/ (d+e*xx+f* (-c*x~2+b*x-a) ~(1/2))"2,%)

output Lint(l/ (d+exx+f*(-cxx™2+b*x-a) ~(1/2))"2,x)
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1
3.90 f (d-l—ea:-l—f\/—a+b33—ca:2)3 da

Optimalresult . . . . ... . ... ...
Mathematica [C] (warning: unable to verify) . . . . . .. ... ... .. ...
Rubi [F] . ..
Maple [B] (warning: unable to verify) . . . . . .. .. ... .. L.
Fricas [F(-1)] . . . .«
Sympy [F(-1)] . . o o o
Maxima [F] . . . . . ..
Giac [F(-2)] . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . 0 o

Optimal result

Integrand size = 26, antiderivative size = 1382

1
/ 5 dr = Too large to display
(d+ex+ fv—a+ bz — ca?)

402
409)

400!
409}
405}
406!
400!
400!
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8% (-4*axc+b™2) " (1/2) * (c™4* (8*a*xc ™ 2xd*f ~2+e* (4*xbx (—4*a*xc+b~2) ~ (1/2) *d*e+4*
a* (—4*a*c+b”2) " (1/2)*e~2-b"3*f~2-b~2* (—4*axc+b~2) " (1/2) *£~2) +c* (4% (—4*a*c+
b~2) " (1/2) *d"2%e-2%b"2*d*f ~2+4*xax (b+(-4*a*xc+b~2) " (1/2) ) xexf~2) ) —2xc~4*f* (b
2% (b—(-4*axc+b~2) " (1/2) ) e 2+4*c"2x ((-4*xaxc+b~2) " (1/2) *d"2-2*a*xd*e+2*xax (-
dxaxc+b”2) " (1/2) *£72) +cx (8*ax (—4*xaxc+b~2) " (1/2) *e~2+4xbxex ((—4*a*xc+b~2) ~ (1
/2) *¥d-a*e)+2*xb~2x (d*xe—(—4*a*xc+b~2) ~(1/2)*£72) ) ) * (—c*x~2+b*x-a) ~(1/2) / (b-(-
dxaxc+b™2) " (1/2)-2*c*xx) )/ (2xc*xd+(b- (—4*a*c+b™2) ~(1/2) ) *xe) "2/ (4*b*d*e+4*axe
~2-b"2%f " 2+4xck (a*xf~2+d"2) ) / (c*x (2*c*xd+ (b+ (-4*axc+b™2) ~(1/2) ) *e) —4*c~ 2% (-4*
axc+b™2) ~(1/2) xfx (—c*x"2+b*x-a) ~(1/2) / (b—(-4*a*c+b~2) " (1/2) -2%c*x) —4*c~ 2% (
2xc*d+(b-(-4*xa*c+b™2) " (1/2) ) *e) x (cxx~2-b*x+a) / (b- (-4*a*c+b~2) " (1/2) -2*c*x)
~2) “2+4x (-4xa*xc+b”2) " (1/2) * (¢~ 2% (3*b~3* (b—(-4*a*c+b~2) ~(1/2) ) xe~2*%f~2+16%*c
3% (2xa~2xf"4+axd”"2*f "2+2%d"4) +2*c* (16*a~2%xe"4-2%b " 3*kd*e*xf " 2+b"4*f ~4+2*xaxb
*e" 2% (16xd*xe+3* (—4*xa*xc+b™2) " (1/2)*£72) +b~2*xe* (16*d~2*e-3* (-4*a*xc+b~2) ~(1/2
Y xdxf~2-14*a*xe*f~2) ) +c 2% (16xbxd*xe* (a*xf~2+4*%d"2) —-4*b~2*f ~2x (4xaxf~2+d~2) +8
*axex (8xd~2xe+3* (—4*a*c+b~2) " (1/2) *d*f~2+8*a*xe*xf~2))) / (2*c*d+ (b-(-4*a*xc+b™
2)7(1/2) ) xe) "2+6*xc”2* (bkxe+2*c*xd) * (b* (b— (—4*a*c+b~2) ~(1/2) ) *e-2*c* ((—4*a*c+
b~2) " (1/2) *d+2*a*e) ) *f* (—cxx~2+b*x-a) ~ (1/2) / (2*c*d+ (b- (-4*axc+b~2) ~(1/2) ) *
e)/ (b-(-4xa*xc+b~2) ~(1/2)-2%c*x) )/ (4xb*d*e+d*axe~2-b~2xf ~"2+4*c* (axf~2+d"2))
=2/ (c* (2xcxd+ (b+(-4*a*xc+b™2) ~(1/2) ) ¥e) —4*c~2* (—4*a*xc+b~2) = (1/2) *f* (-cxx~2+
b*x-a) ~(1/2)/ (b-(-4*a*xc+b~2) ~ (1/2) -2*c*x) —4*c~ 2% (2xcxd+ (b- (-4*a*xc+b~2)~. ..

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 72.55 (sec) , antiderivative size = 3558, normalized size of antiderivative = 2.57

1
/ 3 dz = Result too large to show
(d+ex+ fv—a+ bz — cz?)

input‘Integrate[(d + exx + fxSqrt[-a + b*x - c*x~2])"(-3),x]
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(2% (-4xc~2xd"4*e*f~2 - Bxb*c*d~3*e"2*xf~2 - b~ 2xd"2%e " 3*f"2 - 2xaxcxd~2*xe”3
*f72 + axbkd*e"4*xf"2 + 2*%a"2%e " 5*xf"2 - bkcT2*d"3*xf"4 - 6Gkakc 2xd " 2xexf"4 -
3*axb*ckd*e 2*xf"4 - axb"2*%e"3*xf"4 + 2%a~2kcke 3*xf"4 - 6xcT2xd"3xe”2xf 2%x
— O9%b*c*d"2*%e"3*%f"2*%x — 3*%b"2kd*e " 4*f " 2%x - 6kakckdke 4*xf 2*%x - 3*axbxe”b
*f72%x + 2%c73*%d"3*%f"4*kx + 3*kbkcT2kd"2%e*xf 4*x + 3*xb 2kxckxdxe 2xf 4*xx - 6*a
*C"2xd*xe"2xf"4*xx + b~ 3*%e " 3*f 4*x - 3*axbxckxe"3*f"4x*x))/((e”2 + cxf~2)"2x(4
*cxd~2 + 4dxbkxdkxe + 4*a*e”2 - bT2*%f72 + 4dxaxckf~2)*(d"2 + a*f"2 + 2xdxexx -
b*f"2%x + e72*x"2 + c*kf "2%x72)72) + (-8*c”2*d"4*e”3 - 16*bxc*kd"3*xe”4 - 8%
b"2xd"2*e”5 - 16*axc*d~2%e”~5 - 16*axbkd*e”6 — 8*a”~2xe”7 + 24*c”3*d 4d*exf"2
+ 48%bxc”2xd"3*%e"2%f"2 + 34%b"2xckd"2*e"3*f"2 + 8xakc 2xd"2*xe"3*f"2 + T*Db
“3*%d*e "4*xf"2 + 20*%axb*ckd*e”4*f"2 + 4*a*b " 2*%e " 5*%f72 + 8ka"2*c*ke b5*xf"2 - 6%
b"2%c"2%d"2%xexf"4 + 24*akxc”3*kd"2*e*xf"4 - 12*%b"3kckxd*e”2*xf"4 + 48*axbkc”2*d
e 2%f"4 - 2xb"4*e " 3%xf74 - 2kaxb"2kcke 3xf"4 + 40*a"2*kc 2*%e " 3*xf"4 - 3*%b"3x*
c™2xd*xf76 + 12*axbkxc~3*kd*xf~6 - 6*%axb~2xc 2xexf"6 + 24*a”2%c 3*ke*xf"6 + 6%b”
2kckd*e”4*f"2%x — 24*xaxc”2xdxe"4xf 2xx + 3*xb"3xe"b5xf"2%x - 12%axbkcke Hkxf~
2%x + 12*%b72*xc"2xd*xe"2xf 4xx — 48*akxc”3kdke " 2*xf 4*x + 6*b 3kckxe 3xf "4xx -
24*xaxbkc 2%e 3*%f 4*x + 6*b 2kc 3kdA*f"6*x — 24*axc 4*d*xfT6*x + 3*¥b"3xc”2kxe*
£76*x - 12*axbxc”3xexf~6*x)/((e”2 + c*f~2) 2% (4*xcxd"2 + 4*b*d*e + 4*axe”2
- bT2%f72 + 4dxaxckf"2) "2%x(d"2 + a*f”~2 + 2xdkexx - b*fT2%x + e72%x"2 + cxf”
2%x72)) + Sart[-a + b*x - c*xx"2]*((2%(2*c*d"3*exf + 2xb*d~2xe”2xf + 2*a...

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/P s dz
Ov—a+hv—m?+d+e@
l 7293
/‘ 4f2(d + ex) (—a + bx — cz?) B 3fV—a+ bz — cz? N
(af? + x (2de — bf2) + 22 (cf2 + €2) + d?)®  (af? + =z (2de — bf2) + 22 (cf2 +€2) + d2)*  (af? + z (2d

l 7299

/ 4f%(d + ex) (—a + bz — cz?) B 3fvV—a+br — cx? +
(af? +z (2de — bf2) + 22 (cf2 + €2) + d2)®  (af? +z (2de — bf2) + 22 (cf2 + €2) + d2)®  (af? 4 (2d



CHAPTER 3. LISTING OF INTEGRALS 404

input LInt[(d + exx + fxSqrt[-a + b*x - c*x~2])"(-3),x] J

output L$Aborted J

Defintions of rubi rules used

7203 Intlu_, x_Symboll :> With[{v = ExpandIntegrand[u, x]}, Intlv, x] /; SunQ[vl

] |

rule

rule 7299‘ Int[u_, x_] :> CannotIntegrate[u, x] ‘

Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 255.15 (sec) , antiderivative size = 5961416, normalized size of antiderivative

= 4313.62
method | result size
default | Expression too large to display | 5961416
input Lint (1/ (d+exx+f* (—c*x~2+b*x-a) ~(1/2))~3,x,method=_RETURNVERBOSE) J

output Lresult too large to display J
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Fricas [F(-1)]

Timed out.

/ ! 3 dr = Timed out
(d+ex+ fv—a+ bz — cz?)

input Lintegrate (1/ (d+e*x+f* (—c*x~2+b*x-a)~(1/2))"3,x, algorithm="fricas")

OutputLTlmed out

Sympy [F(-1)]

Timed out.

/ 1 3 dr = Timed out
(d+ezx+ fv—a+bx —ca?)

inputLintegrate(l/(d+e*x+f*(—c*x**2+b*x-a)**(1/2))**3,x)

Ou_tpudTimed out

Maxima [F]

/ ! 3dx=/ 1 5 dr
(d+ex+ fv—a+ bz — cz?) (ex + v —cx® + bz —af +d)

inputLintegrate(l/(d+e*x+f*(-c*x"2+b*x-a)"(1/2))"3,}{, algorithm="maxima")

outputtintegrate((e*x + sqrt(-c*x”2 + b*x - a)*f + d)~(-3), x)
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Giac [F(-2)]

Exception generated.

1
/ 5 dr = Exception raised: TypeError
(d+ezx+ fv—a+bx — ca?)

inputLintegrate(l/(d+e*x+f*(—c*x"2+b*x—a)"(1/2))"3,x, algorithm="giac") J

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘ PUT:sage2:=int (sage0,sageVARx) : ;OUTPUT:Error: Bad Argument Type ‘

Mupad [F(-1)]

Timed out.

/ L 3dx=/ L 3 dT
(d+ex+ fv—a+ bz — cz?) (d+ fV—cz®+bz—a+ex)

input Lint(l/(d + fx(b*x - a - c*x"2)"(1/2) + e*x)"3,x) J
output Lint(l/(d + £x(bkx - a - c*x"2)7(1/2) + e*x)73, x) J
Reduce [F]
/ (d+ea:+f\/—1a+bz—cx2)3 d:c:/ (d—l—ez—|—f\/_lcg;2+bz_a)3dz
input Lint (1/ (d+e*x+f* (—c*x~2+b*x-a) ~(1/2))~3,x) J
output Lint (1/ (A+exx+E* (-ckx™2+bkx-a) " (1/2))"3,x) J
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 407
4.2 Links to plain text integration problems used in this report for each CAS . 423l

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

407

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x+f a+b x+e^2 x^2  f^2)^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+e x+f a+b x+e^2 x^2  f^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  d+e x+f a+b x+e^2 x^2  f^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x+f a+b x+e^2 x^2  f^2)^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x+f a+b x+e^2 x^2  f^2)^5/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x+f a+b x+e^2 x^2  f^2)^p  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (x+3-2 x-x^2)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (x+3-2 x-x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  x+3-2 x-x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 1  (x+3-2 x-x^2)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 1  (x+3-2 x-x^2)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (d+e x+f a+b x+c x^2)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (d+e x+f a+b x+c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  d+e x+f a+b x+c x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [B] (verified)
	Defintions of rubi rules used

	Maple [B] (warning: unable to verify)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x+f a+b x+c x^2)^2  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [B] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x+f a+b x+c x^2)^3  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [B] (warning: unable to verify)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (x+-3-2 x+4 x^2)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (x+-3-2 x+4 x^2)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (x+-3-2 x+4 x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  x+-3-2 x+4 x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 1  (x+-3-2 x+4 x^2)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 1  (x+-3-2 x+4 x^2)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (d+e x+f -a+b x+c x^2)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (d+e x+f -a+b x+c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  d+e x+f -a+b x+c x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [B] (verified)
	Defintions of rubi rules used

	Maple [B] (warning: unable to verify)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x+f -a+b x+c x^2)^2  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [B] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x+f -a+b x+c x^2)^3  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [B] (warning: unable to verify)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (x+-3-4 x-x^2)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (x+-3-4 x-x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  x+-3-4 x-x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 1  (x+-3-4 x-x^2)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 1  (x+-3-4 x-x^2)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (d+e x+f -a+b x-c x^2)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (d+e x+f -a+b x-c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  d+e x+f -a+b x-c x^2  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (warning: unable to verify)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x+f -a+b x-c x^2)^2  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [B] (verified)
	Defintions of rubi rules used

	Maple [B] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x+f -a+b x-c x^2)^3  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [B] (warning: unable to verify)
	Fricas [F(-1)] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 
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